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A perturbation result for the layer potentials of

general second order differential operators with

constant coefficients

Matteo Dalla Riva & Massimo Lanza de Cristoforis

Abstract: We consider a hypersurface in Euclidean space Rn parametrized by
a diffeomorphism of the boundary of a regular domain in Rn to Rn, and a den-
sity function on the hypersurface, which we think as points in suitable Schauder
spaces, and a family of second order differential operators with constant co-
efficients and a corresponding family of fundamental solutions depending on
a parameter. Then we investigate the dependence of the corresponding layer
potentials, which we also think as points in suitable Schauder spaces, upon vari-
ation of the diffeomorphism and of the density and of the parameter, and we
show a real analyticity theorem for such a dependence.

Keywords: Layer potentials, second order differential operators with constant
coefficients, domain perturbation, special nonlinear operators.
2000 Mathematics Subject Classification: 31B10, 47H30.

1 Introduction.

As is well known, the potential theoretic method is a powerful tool to analyze
boundary value problems for elliptic differential equations and systems and can
be used in particular to study boundary perturbation problems (cf. e.g., Fichera
[2].) Thus it is clear that it is important to understand the dependence of layer
potentials both on variation of the support of integration and on data such as
the integral kernel and the density (or moment.) In [5], [6], [7], those authors
have considered layer potentials associated to the Laplace equation and to the
Helmholtz equation. In this paper, we shall extend the methods of those papers
to consider general strongly elliptic operators of second order with complex
coefficients, as a preliminary step for a later analysis of the case of elliptic
operators of higher order.

We fix a bounded open connected subset Ω of Rn with Rn \ clΩ connected,
which we consider as a “base domain”. We assume that Ω is of class Cm,α for
some integer m ≥ 1 and α ∈]0, 1[. Then we consider a class of diffeomorphisms
A∂Ω of ∂Ω into Rn. If φ ∈ A∂Ω, the Jordan-Leray separation theorem ensures

1
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that Rn \ φ(∂Ω) has exactly two open connected components, and we denote
by I[φ] and E[φ] the bounded and unbounded open connected components of
Rn \ φ(∂Ω), respectively.

Next we introduce a family of differential operators. Let N denote the
number of multi-indexes α ∈ Nn with |α| ≤ 2. For each a ≡ (aα)|α|≤2 ∈ CN , we
set

a(2) ≡ (a(2)
lj )l,j=1,...,n a(1) ≡ (aj)j=1,...,n

with a(2)
lj ≡ ael+ej and aj ≡ aej , where {ej : j = 1, . . . , n} is the canonical basis

of Rn. We note that the matrix a(2) is symmetric. Then we set

E ≡
{

a ≡ (aα)|α|≤2 ∈ CN : inf
ξ∈Rn,|ξ|=1

Re
{∑
|α|=2

aαξ
α

}
> 0
}
.

Clearly, E coincides with the set of coefficients a ≡ (aα)|α|≤2 such that the
differential operator

P [a, D] ≡
∑
|α|≤2

aαD
α

is strongly elliptic and has complex coefficients. Then we shall consider the
following assumption.

Let K be a real Banach space. Let O be an open subset of K. (1.1)
Let a(·) be a real analytic map of O to E .
Let S(·, ·) be a real analytic map of (Rn \ {0})×O to C such that S(·, κ)
is a fundamental solution of P [a(κ), D] for all κ ∈ O .

For all continuous functions f of ∂Ω to C and φ ∈ A∂Ω, one can consider the
function f ◦ φ(−1) defined on φ(∂Ω), and it makes sense to consider the simple
layer potential

v[φ, f, κ](ξ) ≡
∫
φ(∂Ω)

S (ξ − η, κ) f ◦ φ(−1)(η) dση ∀ξ ∈ Rn .

Then we introduce the function

V [φ, f, κ](x) ≡ v[φ, f, κ] ◦ φ(x) ∀x ∈ ∂Ω . (1.2)

We prove that the map V [·, ·, ·] of (Cm,α(∂Ω,Rn)∩A∂Ω)×Cm−1,α (∂Ω)×O to
Cm,α (∂Ω) which takes (φ, f, κ) to the function V [φ, f, κ] defined in (1.2) is real
analytic (see Theorem 5.6.) Then we consider the functions of ∂Ω to C defined
by

Vl[φ, f, κ](x) ≡
∫
φ(∂Ω)

∂ξlS(φ(x)− η, κ)f ◦ φ(−1)(η) dση, (1.3)

V∗[φ, f, κ](x) ≡
∫
φ(∂Ω)

DξS(φ(x)− η, κ)a(2)(κ)νφ(φ(x))f ◦ φ(−1)(η)dση, (1.4)

2
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for all x ∈ ∂Ω, and for all (φ, f, κ) ∈ (Cm,α(∂Ω,Rn)∩A∂Ω)×Cm−1,α (∂Ω)×O,
and for all l ∈ {1, . . . , n}, and by

W [φ, f, κ](x) ≡ −
∫
φ(∂Ω)

DξS(φ(x)− η, κ)a(2)(κ)νφ(η)f ◦ φ(−1)(η)dση (1.5)

−
∫
φ(∂Ω)

S(φ(x)− η, κ)νtφ(η)a(1)(κ)f ◦ φ(−1)(η)dση,

for all x ∈ ∂Ω and for all (φ, f, κ) ∈ (Cm,α(∂Ω,Rn)∩A∂Ω)×Cm,α (∂Ω)×O. Here
∂ξlS(·, κ) and DξS(·, κ) denote the derivative with respect to ξl and the gradient
of S(ξ, κ) with respect to the first argument, respectively, and νφ denotes the
exterior unit normal field to I[φ]. The functions Vl, V∗, W are associated to the
φ-pull backs on ∂Ω of the derivatives of the simple layer and of the double layer
potential and are well known to intervene in the integral equations associated
to boundary value problems for the elliptic operator P [a(κ), D]. We prove that
Vl and V∗ are real analytic from (Cm,α(∂Ω,Rn) ∩ A∂Ω) × Cm−1,α (∂Ω) × O
to Cm−1,α (∂Ω) and that W is real analytic from (Cm,α(∂Ω,Rn) ∩ A∂Ω) ×
Cm,α (∂Ω)×O to Cm,α (∂Ω).

We note that Potthast [10], [11], [12] has proved a Fréchet differentiability
result, at least in case f is of class C0,α and when P [a(κ), D] is the Helmholtz
operator by exploiting a different method. Our work stems from that of [5] for
the Cauchy integral operator, and from that of [6] and [7] for the Laplace and
for the Helmholtz operator, respectively.

The paper is organized as follows. Section 2 is a section of preliminaries. In
section 3, we introduce some basics on elliptic operators and on corresponding
layer potentials. In section 4, we introduce an auxiliary boundary value problem.
In section 5, we prove our main results.

2 Technical preliminaries

We denote the norm on a (real) normed space X by ‖ · ‖X . Let X and Y be
normed spaces. We endow the product space X × Y with the norm defined by
‖(x, y)‖X×Y ≡ ‖x‖X + ‖y‖Y for all (x, y) ∈ X × Y, while we use the Euclidean
norm for Rn. For standard definitions of Calculus in normed spaces, we refer to
Prodi and Ambrosetti [13]. The symbol N denotes the set of natural numbers
including 0. Throughout the paper,

n ∈ N \ {0, 1} .

The inverse function of an invertible function f is denoted f (−1), as opposed
to the reciprocal of a complex-valued function g, or the inverse of a matrix
A, which are denoted g−1 and A−1, respectively. A dot “·” denotes the inner
product in Rn, or the matrix product between matrices. Let A be a matrix.
Then At denotes the transpose matrix of A and Aij denotes the (i, j) entry of
A. If A is invertible, we set A−t ≡

(
A−1

)t. Let D ⊆ Rn. Then cl D denotes
the closure of D and ∂D denotes the boundary of D. For all R > 0, x ∈ Rn,

3
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xj denotes the j-th coordinate of x, |x| denotes the Euclidean modulus of x
in Rn or in C, and Bn(x,R) denotes the ball {y ∈ Rn : |x − y| < R}. Let
Ω be an open subset of Rn. The space of m times continuously differentiable
complex-valued functions on Ω is denoted by Cm(Ω,C), or more simply by
Cm(Ω). D(Ω) denotes the space of functions of C∞(Ω) with compact support.
The dual D′(Ω) denotes the space of distributions in Ω. Let f ∈ (Cm(Ω))n.
The s-th component of f is denoted fs, and Df denotes the gradient ma-
trix

(
∂fs
∂xl

)
s,l=1,...,n

. Let η ≡ (η1, . . . , ηn) ∈ Nn, |η| ≡ η1 + . . . + ηn. Then

Dηf denotes ∂|η|f
∂x
η1
1 ...∂xηnn

. The subspace of Cm(Ω) of those functions f whose
derivatives Dηf of order |η| ≤ m can be extended with continuity to cl Ω is
denoted Cm(cl Ω). The subspace of Cm(cl Ω) whose functions have m-th or-
der derivatives that are Hölder continuous with exponent α ∈]0, 1] is denoted
Cm,α(cl Ω) (cf. e.g., Gilbarg and Trudinger [3].) The subspace of Cm(cl Ω)
of those functions f such that f|cl(Ω∩Bn(0,R)) ∈ Cm,α(cl(Ω ∩ Bn(0, R))) for all
R ∈]0,+∞[ is denoted Cm,αloc (cl Ω). Let D ⊆ Cn. Then Cm,α(cl Ω,D) denotes
{f ∈ (Cm,α(cl Ω))n : f(cl Ω) ⊆ D}.

Now let Ω be a bounded open subset of Rn. Then Cm(cl Ω) and Cm,α(cl Ω)
are endowed with their usual norm and are well known to be Banach spaces
(cf. e.g., Troianiello [15, §1.2.1].) We say that a bounded open subset of Rn
is of class Cm or of class Cm,α, if it is a manifold with boundary imbedded in
Rn of class Cm or Cm,α, respectively (cf. e.g., Gilbarg and Trudinger [3, §6.2].)
For standard properties of functions in Schauder spaces, we refer the reader to
Gilbarg and Trudinger [3] and to Troianiello [15] (see also [4, §2, Lem. 3.1, 4.26,
Thm. 4.28], [6, §2].)

If M is a manifold imbedded in Rn of class Cm,α, with m ≥ 1, α ∈]0, 1[, one
can define the Schauder spaces also on M by exploiting the local parametriza-
tions. In particular, one can consider the spaces Ck,α(∂Ω) on ∂Ω for 0 ≤ k ≤ m
with Ω a bounded open set of class Cm,α, and the trace operator of Ck,α(clΩ)
to Ck,α(∂Ω) is linear and continuous. Moreover, for each R > 0 such that
clΩ ⊆ Bn(0, R), there exists a linear and continuous extension operator of
Ck,α(∂Ω) to Ck,α(clΩ), and of Ck,α(clΩ) to Ck,α(clBn(0, R)) (cf. e.g., Troia-
niello [15, Thm. 1.3, Lem. 1.5].)

We note that throughout the paper “analytic” means “real analytic”. For
the definition and properties of analytic operators, we refer to Prodi and Am-
brosetti [13, p. 89]. In particular, we mention that the pointwise product in
Schauder spaces is bilinear and continuous, and thus analytic, and that the
map which takes a nonzero function to its reciprocal, or an invertible matrix of
functions to its inverse matrix is real analytic in Schauder spaces (cf. e.g., [6,
pp. 141, 142].)

Now let Ω be a bounded open connected subset of Rn of class C1 such that
Rn \ clΩ is connected. We denote by A∂Ω and by AclΩ the sets of functions
of class C1(∂Ω,Rn) and of class C1(clΩ,Rn) which are injective and whose
differential is injective at all points x ∈ ∂Ω, and at all points x ∈ clΩ, respec-
tively. One can verify that A∂Ω is open in C1(∂Ω,Rn) and that AclΩ is open in

4
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C1(clΩ,Rn) (cf. [4, Cor. 4.24, Prop. 4.29], [6, Lem. 2.5].) Moreover, if φ ∈ A∂Ω,
the Jordan-Leray separation theorem ensures that Rn \ φ(∂Ω) has exactly two
open connected components, and we denote by I[φ] and E[φ] the bounded and
unbounded open connected components of Rn \ φ(∂Ω), respectively. Then we
have the following two Lemmas (cf. [7, §2].)

Lemma 2.1 Let m ∈ N \ {0}, α ∈]0, 1[. Let Ω be a bounded open subset
of class Cm,α of Rn such that both Ω and Rn \ clΩ are connected. Let νΩ

denote the outward unit normal field to ∂Ω. Let ω ∈ Cm,α(∂Ω,Rn), |ω(x)| = 1,
ω(x) · νΩ(x) > 1/2 for all x ∈ ∂Ω. Then the following statements hold.

(i) If φ ∈ Cm,α(∂Ω,Rn) ∩ A∂Ω, then I[φ] is a bounded open connected set of
class Cm,α and ∂I[φ] = φ(∂Ω) = ∂E[φ].

(ii) There exists δΩ ∈]0,+∞[ such that the sets

Ωω,δ ≡ {x+ tω(x) : x ∈ ∂Ω, t ∈]− δ, δ[} ,
Ω+
ω,δ ≡ {x+ tω(x) : x ∈ ∂Ω, t ∈]− δ, 0[} ,

Ω−ω,δ ≡ {x+ tω(x) : x ∈ ∂Ω, t ∈]0, δ[} ,

are connected and of class Cm,α, and

∂Ωω,δ = {x+ tω(x) : x ∈ ∂Ω, t ∈ {−δ, δ}} ,
∂Ω+

ω,δ = {x+ tω(x) : x ∈ ∂Ω, t ∈ {−δ, 0}} ,
∂Ω−ω,δ = {x+ tω(x) : x ∈ ∂Ω, t ∈ {0, δ}} ,

and Ω+
ω,δ ⊆ Ω, Ω−ω,δ ⊆ Rn \ clΩ, for all δ ∈]0, δΩ[.

(iii) Let δ ∈]0, δΩ[. If Φ ∈ AclΩω,δ , then φ ≡ Φ|∂Ω ∈ A∂Ω.

(iv) If δ ∈]0, δΩ[, then the set A′clΩω,δ
≡
{

Φ ∈ AclΩω,δ : Φ(Ω+
ω,δ) ⊆ I[Φ|∂Ω]

}
is

open in AclΩω,δ and Φ(Ω−ω,δ) ⊆ E[Φ|∂Ω] for all Φ ∈ A′clΩω,δ
.

(v) If δ ∈]0, δΩ[ and Φ ∈ Cm,α (clΩω,δ,Rn) ∩ A′clΩω,δ
, then both Φ(Ω+

ω,δ) and
Φ(Ω−ω,δ) are open sets of class Cm,α, and

∂Φ
(

Ω+
ω,δ

)
= Φ

(
∂Ω+

ω,δ

)
, ∂Φ

(
Ω−ω,δ

)
= Φ

(
∂Ω−ω,δ

)
.

Then we have the following lemma (cf. e.g., [7, Prop. 2.5, 2.6].)

Lemma 2.2 Let m, α, Ω, ω, δΩ be as in Lemma 2.1. Let φ0 ∈ Cm,α(∂Ω,Rn)∩
A∂Ω. Then the following statements hold.

(i) There exist δ0 ∈]0, δΩ[ and Φ0 ∈ Cm,α(clΩω,δ0 ,Rn) ∩ A′clΩω,δ0
such that

φ0 ≡ Φ0|∂Ω.

(ii) Let δ0, Φ0 be as in (i). Then there exist an open neighborhood W0 of φ0

in Cm,α (∂Ω,Rn)∩A∂Ω, and a real analytic operator E0 of Cm,α (∂Ω,Rn)
to Cm,α (clΩω,δ0 ,Rn) which maps W0 to Cm,α (clΩω,δ0 ,Rn)∩A′clΩω,δ0

and
such that E0[φ0] = Φ0 and E0[φ]|∂Ω = φ for all φ ∈ W0.

5
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3 Some basic properties of elliptic operators and
of layer potentials

As is well known, the differential operator P [a, D] has at least a fundamental
solution Sa(·) for each a ∈ E . The membership of a in E ensures that P [a, D] is
elliptic and that accordingly Sa(·) is real analytic on Rn\{0}, and that any other
fundamental solution of P [a, D] differs from Sa(·) by a real analytic function
defined on the whole of Rn. We collect in the following statement some known
facts on the layer potentials associated to Sa(·). We find convenient to set

Ω− ≡ Rn \ clΩ ,

for all open subsets Ω of Rn.

Theorem 3.1 Let α ∈]0, 1[, m ∈ N\{0}. Let Ω be a bounded open subset of Rn
of class Cm,α. Let a ∈ E. Let Sa be a fundamental solution of P [a, D]. Then
the following statements hold.

(i) If µ ∈ C0,α(∂Ω), then the function vSa [∂Ω, µ] of Rn to C defined by

vSa [∂Ω, µ](ξ) ≡
∫
∂Ω

Sa(ξ − η)µ(η) dση ∀ξ ∈ Rn ,

is continuous.

(ii) If µ ∈ Cm−1,α(∂Ω), then the function v+
Sa

[∂Ω, µ] ≡ vSa [∂Ω, µ]|clΩ belongs
to Cm,α(clΩ) and the operator which takes µ to v+

Sa
[∂Ω, µ] is continuous

from Cm−1,α(∂Ω) to Cm,α(clΩ).

(iii) If µ ∈ Cm−1,α(∂Ω), then the function v−Sa
[∂Ω, µ] ≡ vSa [∂Ω, µ]|clΩ− belongs

to Cm,αloc (clΩ−). If R ∈]0,+∞[ and clΩ ⊆ Bn(0, R), then the operator of
Cm−1,α(∂Ω) to Cm,α(clBn(0, R)\Ω) which takes µ to v−Sa

[∂Ω, µ]|clBn(0,R)\Ω
is continuous.

(iv) If µ ∈ Cm−1,α(∂Ω), l ∈ {1, . . . , n}, then the integral

vSa,l[∂Ω, µ](ξ) ≡
∫
∂Ω

∂ξlSa(ξ − η)µ(η) dση ∀ξ ∈ Rn ,

converges in the sense of Lebesgue for all ξ ∈ Rn \ ∂Ω and in the sense of
a principal value for all ξ ∈ ∂Ω.

(v) Let l ∈ {1, . . . , n}. If µ ∈ Cm−1,α(∂Ω), then vSa,l[∂Ω, µ]|Ω admits a
continuous extension v+

Sa,l
[∂Ω, µ] to clΩ and v+

Sa,l
[∂Ω, µ] ∈ Cm−1,α(clΩ),

and vSa,l[∂Ω, µ]|Ω− admits a continuous extension v−Sa,l
[∂Ω, µ] to clΩ− and

v−Sa,l
[∂Ω, µ] ∈ Cm−1,α

loc (clΩ−), and

v±Sa,l
[∂Ω, µ](ξ) =

∂

∂ξl
v±Sa

[∂Ω, µ](ξ)

= ∓ (νΩ(ξ))l
2νΩ(ξ)ta(2)νΩ(ξ)

µ(ξ) + vSa,l[∂Ω, µ](ξ) ,

6
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(Dv±Sa
[∂Ω, µ](ξ))a(2)νΩ(ξ)

= ∓1
2
µ(ξ) +

∫
∂Ω

(DSa(ξ − η))a(2)νΩ(ξ)µ(η) dση

for all ξ ∈ ∂Ω.

(vi) Let l ∈ {1, . . . , n}. The operator of Cm−1,α(∂Ω) to Cm−1,α(clΩ) which
takes µ to v+

Sa,l
[∂Ω, µ] is continuous. If R ∈]0,+∞[ and clΩ ⊆ Bn(0, R),

then the operator of Cm−1,α(∂Ω) to Cm−1,α(clBn(0, R)\Ω) which takes µ
to v−Sa,l

[∂Ω, µ]|clBn(0,R)\Ω is continuous.

(vii) Let wSa [∂Ω, µ,a] be the function of Rn to C defined by

wSa [∂Ω, µ,a](ξ) ≡ −
∫
∂Ω

(DSa(ξ − η))a(2)νΩ(η)µ(η) dση

−
∫
∂Ω

Sa(ξ − η)νtΩ(η)a(1)µ(η) dση ∀ξ ∈ Rn ,

for all µ ∈ C0,α(∂Ω). If µ ∈ Cm,α(∂Ω), then the restriction wSa [∂Ω, µ,a]|Ω
can be extended uniquely to an element w+

Sa
[∂Ω, µ,a] of Cm,α(clΩ) and

the restriction wSa [∂Ω, µ,a]|Ω− can be extended uniquely to an element
w−Sa

[∂Ω, µ,a] of Cm,αloc (clΩ−) and we have

w+
Sa

[∂Ω, µ,a]− w−Sa
[∂Ω, µ,a] = µ on ∂Ω ,

(Dw+
Sa

[∂Ω, µ,a])a(2)νΩ − (Dw−Sa
[∂Ω, µ,a])a(2)νΩ = 0 on ∂Ω .

(viii) If µ ∈ C0,α(∂Ω), then we have

wSa [∂Ω, µ,a](ξ) = −
n∑

j,l=1

a
(2)
lj

∂

∂ξl

∫
∂Ω

Sa(ξ − η)(νΩ(η))jµ(η) dση

−
∫
∂Ω

Sa(ξ − η)νtΩ(η)a(1)µ(η) dση ∀ξ ∈ Rn \ ∂Ω .

(ix) If µ ∈ Cm,α(∂Ω) and U is an open neighborhood of ∂Ω in Rn and µ̃ ∈
Cm(U), µ̃|∂Ω = µ, then the following equality holds

∂

∂ξr
wSa [∂Ω, µ,a](ξ)

=
n∑

j,l=1

a
(2)
lj

∂

∂ξl

{∫
∂Ω

Sa(ξ − η)

·
[
(νΩ(η))r

∂µ̃

∂ηj
(η)− (νΩ(η))j

∂µ̃

∂ηr
(η)
]
dση

}
+
∫
∂Ω

[
(DSa(ξ − η))a(1) + a0Sa(ξ − η)

]
(νΩ(η))rµ(η) dση

−
∫
∂Ω

∂ξrSa(ξ − η)νtΩ(η)a(1)µ(η) dση ∀ξ ∈ Rn \ ∂Ω .
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(x) The operator of Cm,α(∂Ω) to Cm,α(clΩ) which takes µ to w+
Sa

[∂Ω, µ,a] is
continuous. If R ∈]0,+∞[ and clΩ ⊆ Bn(0, R), then the linear operator of
Cm,α(∂Ω) to Cm,α(clBn(0, R)\Ω) which takes µ to w−Sa

[∂Ω, µ,a]|clBn(0,R)\Ω
is continuous.

For a proof and appropriate references of Theorem 3.1 (i)–(vi), we refer to
[1]. Statements (vii)–(x) can be proved by exploiting exactly the same classical
computations which can be found for example in the proof of [7, Thm. 3.4 (ii),
(iii), (iv)].

Next we introduce the following result, which shows that the homogeneous
equation P [a, D]u = 0 has a unique solution u in W 1,2

0 (Ω′) if the volume of the
domain of definition Ω′ is small enough and if a ranges in bounded subsets of
E which are away from its boundary. Here W 1,2(Ω′) denotes the Sobolev space
of functions of L2(Ω′) which have first order distributional derivatives in L2(Ω′)
with its usual norm and W 1,2

0 (Ω′) denotes the closure of D(Ω′) in W 1,2(Ω′)
(cf. e.g., Gilbarg and Trudinger [3, p. 153].) Also, we find convenient to set

E(η) ≡
{

a ≡ (aα)|α|≤2 ∈ E : inf
ξ∈Rn,|ξ|=1

Re
{∑
|α|=2

aαξ
α

}
> η, max

|α|≤2
|aα| < η−1

}
,

for all η ∈]0, 1[. Obviously E =
⋃
η∈]0,1[ E(η) and each E(η) is open in CN , where

N denotes the number of multi-indexes α ∈ Nn with |α| ≤ 2.

Lemma 3.2 Let η ∈]0, 1[. Then there exists M(η) ∈]0,+∞[ such that equation

P [a, D]u = 0 , (3.3)

has the unique weak solution u = 0 in W 1,2
0 (Ω′), for all a ∈ E(η) and for all

open subsets Ω′ of Rn such that meas(Ω′) < M(η).

Proof. Let u ∈W 1,2
0 (Ω′) solve (3.3) for some a ∈ E(η). Then we have∫

Ω′
(Dv)a(2)(Du)t − va(1)(Du)t − a0uv dx = 0 ∀v ∈W 1,2

0 (Ω′) . (3.4)

By exploiting the membership of a in E(η), we deduce that

Re
{∫

Ω′
(Du)a(2)(Du)t dx

}
≥ η

∫
Ω′
|Du|2 dx ∀u ∈W 1,2

0 (Ω′) .

Hence,

Re
{∫

Ω′
(Du)a(2)(Du)t − ua(1)(Du)t − a0|u|2 dx

}
≥
∫

Ω′
η|Du|2 − |a(1)||Du||u| − |a0||u|2 dx

≥
∫

Ω′
(η − ε)|Du|2 − 1

4ε
|a(1)|2|u|2 − |a0||u|2 dx ,

8
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for all ε ∈]0, η[. Since Ω′ has finite measure, we know that there exists a constant
cP > 0 such that∫

Ω′
|u|2 dx ≤ cP (meas(Ω′))2/n

∫
Ω′
|Du|2 dx ∀u ∈W 1,2

0 (Ω′) , (3.5)

for all open subsets Ω′ of Rn of finite measure (cf. e.g., Tartar [14, p. 50]) and
thus by taking ε = 1

2η, inequality (3.5) implies that

Re
{∫

Ω′
(Du)a(2)(Du)t − ua(1)(Du)t − a0|u|2 dx

}
(3.6)

≥
[
η

2
−
(

1
2η
|a(1)|2 + |a0|

)
cP (M(η))2/n

] ∫
Ω′
|Du|2 dx

≥
[
η

2
−
(
n

2η3
+

1
η

)
cP (M(η))2/n

] ∫
Ω′
|Du|2 dx

for all open subsets Ω′ of Rn of finite measure less or equal to a constant M(η),
which we can choose so small that the term in brackets in the right hand side
of (3.6) is positive. Finally, by equation (3.4) and inequality (3.6), we deduce
the validity of the lemma (see also (3.5).) 2

Then we have the following immediate consequence of the classical elliptic
theory.

Theorem 3.7 Let m ∈ N \ {0}, α ∈]0, 1[. Let η ∈]0, 1[. Let M(η) > 0 be as
in Lemma 3.2. If Ω′ is a bounded open connected subset of Rn of class Cm,α

such that meas(Ω′) < M(η), and if a ∈ E(η), and if (f, g) ∈ Cm−2,α(clΩ′) ×
Cm,α(∂Ω′), then there exists a unique u ∈ Cm,α(clΩ′) such that{

P [a, D]u = f in Ω′ ,
u = g on ∂Ω′ . (3.8)

Here C−1,α(clΩ) denotes the space of distributions in Ω which equal the diver-
gence of an element of class C0,α(clΩ,Cn) endowed with the quotient norm.

Proof. As is well known, g is the trace of a function of class Cm,α(clΩ′). Then
the existence of a solution of problem (3.8) follows from that of the corresponding
problem for g = 0. Existence of a solution in W 1,2

0 (Ω′) follows by the Lax-
Milgram Lemma and by inequalities (3.5), (3.6). Then by the classical Schauder
regularity theory, we deduce that the solution is actually of class Cm,α(clΩ′)
(cf. e.g., Morrey [9, Thm. 6.4.8].) The uniqueness of problem (3.8) follows by
Lemma 3.2. 2

9
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4 An auxiliary boundary value problem

For each m, α, Ω, ω, δΩ as in Lemma 2.1, δ ∈]0, δΩ[, Φ ∈ Cm,α(clΩω,δ,Rn) ∩
A′clΩω,δ

, a ∈ E , we set

SΦ ≡ Cm−2,α(clΦ(Ω+
ω,δ))× C

m−2,α(clΦ(Ω−ω,δ))× C
m,α(Φ(∂Ω)) (4.1)

×Cm−1,α(Φ(∂Ω))× Cm,α(Φ((∂Ω+
ω,δ) \ ∂Ω))× Cm,α(Φ((∂Ω−ω,δ) \ ∂Ω))

and

B[a,Φ](v+, v−) ≡ (Dv+)|Φ(∂Ω)a(2)νΦ|∂Ω − (Dv−)|Φ(∂Ω)a(2)νΦ|∂Ω ,

for all (v+, v−) ∈ Cm,α(clΦ(Ω+
ω,δ)) × Cm,α(clΦ(Ω−ω,δ)). Then we have the fol-

lowing.

Theorem 4.2 Let m, α, Ω, ω, δΩ be as in Lemma 2.1. Let η ∈]0, 1[. Then
there exists δη ∈]0, δΩ[ such that if δ ∈]0, δη], and if (a,Φ) belongs to E(η) ×(
Cm,α(clΩω,δ,Rn) ∩ A′clΩω,δ

)
, and if |det(DΦ)| ≤ η−1 on clΩω,δ, then the bound-

ary value problem

P [a, D]v+ = f+ in Φ
(

Ω+
ω,δ

)
,

P [a, D]v− = f− in Φ
(

Ω−ω,δ
)
,

v+ − v− = g on Φ (∂Ω) ,
B[a,Φ](v+, v−) = g1 on Φ (∂Ω) ,
v+ = h+ on Φ

(
(∂Ω+

ω,δ) \ ∂Ω
)
,

v− = h− on Φ
(

(∂Ω−ω,δ) \ ∂Ω
)
,

(4.3)

admits a unique solution (v+, v−) ∈ Cm,α(clΦ(Ω+
ω,δ)) × Cm,α(clΦ(Ω−ω,δ)) for

each given (f+, f−, g, g1, h
+, h−) in SΦ.

Proof. Let M(η) > 0 be as in Lemma 3.2. We take δη ∈]0, δΩ[ such that
η−1meas(Ωω,δ) ≤ M(η) for all δ ∈]0, δη]. Then we also have meas(Φ(Ωω,δ)) ≤
M(η), for all δ ∈]0, δη]. Now let δ ∈]0, δη] and (f+, f−, g, g1, h

+, h−) ∈ SΦ. We
first show existence for (4.3). By Theorem 3.7, there exist ṽ+ ∈ Cm,α(clΦ(Ω+

ω,δ))
and ṽ− ∈ Cm,α(clΦ(Ω−ω,δ)) such that

P [a, D]ṽ+ = f+ in Φ
(

Ω+
ω,δ

)
,

ṽ+ = g on Φ (∂Ω) ,
ṽ+ = h+ on Φ

(
(∂Ω+

ω,δ) \ ∂Ω
)
,

and 
P [a, D]ṽ− = f− in Φ

(
Ω−ω,δ

)
,

ṽ− = 0 on Φ (∂Ω) ,
ṽ− = h− on Φ

(
(∂Ω−ω,δ) \ ∂Ω

)
.
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Next we note that the boundary value problem
P [a, D]u+ = 0 in Φ

(
Ω+
ω,δ

)
,

P [a, D]u− = 0 in Φ
(

Ω−ω,δ
)
,

u+ − u− = 0 on Φ (∂Ω) ,
B[a,Φ](u+, u−) = −g1 +B[a,Φ](ṽ+, ṽ−) on Φ (∂Ω) ,

has a solution (u+, u−) ∈ Cm,α(clΦ(Ω+
ω,δ)) × Cm,α(clΦ(Ω−ω,δ)). Indeed, we can

take u+ ≡ v+
Sa

[Φ(∂Ω), µ] and u− ≡ v−Sa
[Φ(∂Ω), µ] with µ ≡ g1−B[a,Φ](ṽ+, ṽ−),

where Sa is a fundamental solution of P [a, D] (cf. Theorem 3.1.) Then boundary
value problem (4.3) has a solution (v+, v−) ∈ Cm,α(clΦ(Ω+

ω,δ))×Cm,α(clΦ(Ω−ω,δ))
if and only if system

P [a, D]V + = 0 in Φ
(

Ω+
ω,δ

)
,

P [a, D]V − = 0 in Φ
(

Ω−ω,δ
)
,

V + − V − = 0 on Φ (∂Ω) ,
B[a,Φ](V +, V −) = 0 on Φ (∂Ω) ,
V + = u+ on Φ

(
(∂Ω+

ω,δ) \ ∂Ω
)
,

V − = u− on Φ
(

(∂Ω−ω,δ) \ ∂Ω
)
,

(4.4)

has a solution (V +, V −) ∈ Cm,α(clΦ(Ω+
ω,δ)) × Cm,α(clΦ(Ω−ω,δ)), and in case

of existence, V ± = v± − ṽ± + u±. Then we now turn to consider problem
(4.4). By a standard argument based on the Green identity for P [a, D] (cf. e.g.,
Miranda [8, p. 12]), problem (4.4) admits a solution (V +, V −) if and only if
problem 

P [a, D]V = 0 in Φ (Ωω,δ) ,
V = u+ on Φ

(
(∂Ω+

ω,δ) \ ∂Ω
)
,

V = u− on Φ
(

(∂Ω−ω,δ) \ ∂Ω
)
,

has a solution V ∈ Cm,α(clΦ(Ωω,δ)), and in case of existence, V + = V|clΦ(Ω+
ω,δ)

and V − = V|clΦ(Ω−ω,δ)
. Since the existence for such a system follows by Theorem

3.7, the proof of the existence for problem (4.3) is complete.
We now turn to consider uniqueness for problem (4.3). Let the pair (v+, v−)

in Cm,α(clΦ(Ω+
ω,δ))×Cm,α(clΦ(Ω−ω,δ)) solve (4.3) with (f+, f−, g, g1, h

+, h−) =
0. Then we define a function v of clΦ(Ωω,δ) to C by setting v = v+ on clΦ(Ω+

ω,δ)
and v = v− on clΦ(Ω−ω,δ). Clearly, v satisfies P [a, D]v = 0 in Φ(Ω+

ω,δ)∪Φ(Ω−ω,δ)
and is continuous on clΦ(Ωω,δ). Since v+ − v− = 0 and B[a,Φ](v+, v−) = 0
on Φ(∂Ω), a standard argument based on the Green identity for P [a, D] shows
that v solves P [a, D]v = 0 in Φ(Ωω,δ) in the sense of distributions (cf. e.g.,
Miranda [8, p. 12].) Since v equals 0 on ∂Φ(Ωω,δ), our choice of δη and Lemma
3.2 imply that v = 0. Hence, (v+, v−) = (0, 0). 2
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We note that if Sa is a fundamental solution of the differential operator
P [a, D], then (v+

Sa
[Φ(∂Ω), µ]|clΦ(Ω+

ω,δ)
, v−Sa

[Φ(∂Ω), µ]|clΦ(Ω−ω,δ)
) is the only solu-

tion of problem (4.3) with

f+ = 0 , f− = 0 , g = 0 , g1 = −µ ,
h+ ≡ v+

Sa
[Φ(∂Ω), µ]|Φ((∂Ω+

ω,δ)\∂Ω) , h− ≡ v−Sa
[Φ(∂Ω), µ]|Φ((∂Ω−ω,δ)\∂Ω) .

Thus problem (4.3) with such data identifies the pair

(v+
Sa

[Φ(∂Ω), µ]|clΦ(Ω+
ω,δ)

, v−Sa
[Φ(∂Ω), µ]|clΦ(Ω−ω,δ)

) .

In order to obtain a problem which identifies the pair

(v+
Sa

[Φ(∂Ω), µ] ◦ Φ|clΩ+
ω,δ
, v−Sa

[Φ(∂Ω), µ] ◦ Φ|clΩ−ω,δ
) ,

we wish to change the variable in (4.3) with the above data by means of the
function Φ. However, we note that if m = 1, then the map Φ is only one time
continuously differentiable, while the differential operator P [a, D] is of order 2.
Thus we now follow [7] and we introduce the following Lemmas.

Lemma 4.5 Let m,m′ ∈ N, m > 0, m ≥ m′. Let α ∈]0, 1[. Let Ω be an open
bounded subset of Rn of class Cm,α. Then the operator div of Cm

′,α(clΩ,Cn)
to Cm

′−1,α(clΩ) is bounded linear continuous open and surjective.

Lemma 4.5 follows by the definition of C−1,α(clΩ) as the space of distribu-
tions in Ω which equal the divergence of an element of class C0,α(clΩ,Cn) en-
dowed with the quotient norm and by standard results in elliptic theory (cf. e.g.,
Gilbarg and Trudinger [3, Thms. 6.14, 6.19] and Troianiello [15, Thm. 1.3,
Lem. 1.5].) Then by Lemma 4.5, we have the following (see also [7, Lem. 4.5]
for a proof.)

Lemma 4.6 Let m ∈ N, α ∈]0, 1[. Let Ω be an open bounded connected subset
of Rn of class Cmax{1,m},α. The set

Ym,α (Ω) ≡
{
w ∈ Cm,α (clΩ,Cn) :

∫
Ω

(Dϕ)w dx = 0 ∀ϕ ∈ D (Ω)
}

is a closed linear subspace of Cm,α(clΩ,Cn) and the quotient

Zm,α (Ω) ≡ Cm,α (clΩ,Cn) /Ym,α (Ω)

is a Banach space. Moreover, if we denote by ΠΩ the canonical projection
of Cm,α(clΩ,Cn) onto Zm,α (Ω), there exists a unique homeomorphism d̃iv of
Zm,α(Ω) onto Cm−1,α(clΩ) such that div = d̃iv ◦ΠΩ.

Then we have the following lemma, which generalizes the corresponding Lemma
of [6], [7].
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Lemma 4.7 Let m ∈ N\{0}, α ∈]0, 1[. Let Ω be a bounded open connected sub-
set of Rn of class Cm,α. Let A[·, ·, ·] be the map of E×(Cm,α (clΩ,Rn) ∩ AclΩ)×
Cm,α (clΩ) to the space Cm−1,α (clΩ,Cn) defined by

A[a,Φ, u] ≡
{

(DΦ)−1a(2)(DΦ)−t(Du)t + (DΦ)−1a(1)u
}
|detDΦ|

∀(a,Φ, u) ∈ E × (Cm,α (clΩ,Rn) ∩ AclΩ)× Cm,α (clΩ) .

Let Q[·, ·, ·] be the map of E×(Cm,α (clΩ,Rn) ∩ AclΩ)×Cm,α (clΩ) to Zm−1,α(Ω)
defined by

Q[a,Φ, u] ≡ ΠΩA[a,Φ, u] + a0d̃iv
(−1)

(u|detDΦ|) , (4.8)

for all (a,Φ, u) ∈ E × (Cm,α (clΩ,Rn) ∩ AclΩ)× Cm,α (clΩ). Then we have

Q[a,Φ, u] = ΠΩf (4.9)

if and only if

P [a, D](u ◦ Φ(−1)) = div
{

((DΦ)f) ◦ Φ(−1)|detD
(

Φ(−1)
)
|
}
, (4.10)

in the sense of distributions in Φ (Ω), for all f in Cm−1,α (clΩ,Cn) and for all
(a,Φ, u) in E × (Cm,α (clΩ,Rn) ∩ AclΩ)× Cm,α (clΩ).

Proof. Since u|detDΦ| ∈ Cm−1,α(clΩ), Lemma 4.5 ensures that there exists
g ∈ Cm,α(clΩ,Cn) such that

d̃iv
(−1)

(u|detDΦ|) = ΠΩg . (4.11)

Thus equation (4.9) is equivalent to equation ΠΩA[a,Φ, u] = ΠΩ(f − a0g), an
equation which we rewrite in the following form∫

Ω

Dϕ

{
A[a,Φ, u] + a0g − f

}
dx = 0 ∀ϕ ∈ D(Ω) . (4.12)

By equality (4.11), we have∫
Ω

ϕu|detDΦ| dx = −
∫

Ω

(Dϕ)g dx ∀ϕ ∈ D(Ω) .

Hence, by changing the variables in the integral of equation (4.12), we obtain∫
Φ(Ω)

D(ϕ ◦ Φ(−1))a(2)D(u ◦ Φ(−1))t +D(ϕ ◦ Φ(−1))a(1)u (4.13)

−a0(ϕ ◦ Φ(−1))(u ◦ Φ(−1)) dy

=
∫

Φ(Ω)

D(ϕ ◦ Φ(−1))((DΦ)f) ◦ Φ(−1)|detD
(

Φ(−1)
)
| dy ∀ϕ ∈ D(Ω) .
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By exploiting a standard argument based on the convolution with a family of
mollifiers, equation (4.13) is easily seen to be equivalent to the same equation
with ϕ ◦ Φ(−1) replaced by an arbitrary ψ of D(Φ(Ω)). Hence, equation (4.13)
is equivalent to equation (4.10) and thus the proof is complete. 2

We now transplant boundary value problem (4.3), which is defined on the
pair of sets (Φ(Ω+

ω,δ),Φ(Ω−ω,δ)) to the pair of sets (Ω+
ω,δ,Ω

−
ω,δ) by means of the

function Φ. We do so by means of the following.

Theorem 4.14 Let m, α, Ω, ω, δΩ be as in Lemma 2.1. Let δ ∈]0, δΩ[. Let T
denote the map of E×(Cm,α(clΩω,δ,Rn)∩A′clΩω,δ

)×Cm,α(clΩ+
ω,δ)×Cm,α(clΩ−ω,δ)

to the Banach space

Z ≡ Zm−1,α
(

Ω+
ω,δ

)
×Zm−1,α

(
Ω−ω,δ

)
× Cm,α (∂Ω)× Cm−1,α (∂Ω) (4.15)

×Cm,α
(

(∂Ω+
ω,δ) \ ∂Ω

)
× Cm,α

(
(∂Ω−ω,δ) \ ∂Ω

)
,

which takes (a,Φ, V +, V −) to

T [a,Φ, V +, V −] ≡ (Q[a,Φ, V +], Q[a,Φ, V −], V + − V −, (4.16)
J [a,Φ, V +, V −], V +

|(∂Ω+
ω,δ)\∂Ω

, V −|(∂Ω−ω,δ)\∂Ω
) ,

where we have set

J [a,Φ, V +, V −] ≡ DV +(DΦ)−1a(2)n[Φ]−DV −(DΦ)−1a(2)n[Φ] on ∂Ω ,
(4.17)

and

n[Φ](x) ≡ (DΦ(x))−tνΩ(x)
|(DΦ(x))−tνΩ(x)|

∀x ∈ ∂Ω .

Then the following statements hold.

(i) Let (a,Φ) ∈ E × (Cm,α(clΩω,δ,Rn)∩A′clΩω,δ
), (F+, F−, G,G1, H

+, H−) ∈
Z. Then a pair (V +, V −) of Cm,α(clΩ+

ω,δ) × Cm,α(clΩ−ω,δ) satisfies the
equation

T [a,Φ, V +, V −] = (F+, F−, G,G1, H
+, H−) (4.18)

if and only if the pair (V + ◦ Φ(−1), V − ◦ Φ(−1)) ∈ Cm,α(clΦ(Ω+
ω,δ)) ×

Cm,α(clΦ(Ω−ω,δ)) satisfies problem (4.3) with

g ≡ G ◦ Φ(−1), g1 ≡ G1 ◦ Φ(−1), h± ≡ H± ◦ Φ(−1)

|Φ((∂Ω±ω,δ)\∂Ω)
,

f± ≡ div{((DΦ)f̃±) ◦ Φ(−1)|det(DΦ(−1))|},

where f̃± ∈ Cm−1,α(clΩ±ω,δ,Cn) and ΠΩ±ω,δ
f̃± = F±.

(ii) Let η ∈]0, 1[. Let δη be as in Theorem 4.2. If δ ∈]0, δη], (a,Φ) ∈ E(η) ×
(Cm,α(clΩω,δ,Rn)∩A′clΩω,δ

), |det(DΦ)| ≤ η−1, then T [a,Φ, ·, ·] is a linear
homeomorphism of Cm,α(clΩ+

ω,δ)× Cm,α(clΩ−ω,δ) onto Z.
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Proof. Let (V +, V −) satisfy equation (4.18). By Lemma 4.6, there exist f̃± as
in statement (i). By elementary calculus, we know that

n[Φ](x) = νΦ|∂Ω ◦ Φ(x) ∀x ∈ ∂Ω ,

(cf. e.g., [7, Lem. 4.2].) Then Lemma 4.7 and standard calculus imply that
(V + ◦ Φ(−1), V − ◦ Φ(−1)) satisfies problem (4.3). The proof of the converse is
similar. Hence, statement (i) holds.

We now prove statement (ii). By continuity of the pointwise product in
Schauder spaces and by elementary properties of functions in Schauder spaces
(cf. e.g., [4, §2]), the map T [a,Φ, ·, ·] is linear and continuous. Then by the
Open Mapping Theorem it suffices to show that T [a,Φ, ·, ·] is a bijection. If
(F+, F−, G,G1, H

+, H−) ∈ Z, then elementary properties of functions in Schau-
der spaces imply that the sextuple (f+, f−, g, g1, h

+, h−) defined as in statement
(i) belongs to SΦ (cf. (4.1).) Then Theorem 4.2 ensures that problem (4.3)
admits a unique solution (v+, v−). Then statement (i) ensures that the pair
(V +, V −) ≡ (v+◦Φ, v−◦Φ) solves problem (4.18). If (F+, F−, G,G1, H

+, H−) =
0, then (f+, f−, g, g1, h

+, h−) must vanish and accordingly both (v+, v−) and
(v+ ◦ Φ, v− ◦ Φ) must vanish. 2

By Theorem 4.2 and by Theorem 4.14 and by Theorem 3.1, we immediately
deduce the validity of the following (see also [7, Lem. 4.2] for the form of the
area element σn[Φ] below.)

Corollary 4.19 Let m, α, Ω, ω, δΩ be as in Lemma 2.1. Let δ ∈]0, δΩ[. Let
a ∈ E, Φ ∈ Cm,α(clΩω,δ,Rn) ∩ A′clΩω,δ

. Let f ∈ Cm−1,α(∂Ω). Let Sa be
a fundamental solution of P [a, D]. Then a pair (V +, V −) ∈ Cm,α(clΩ+

ω,δ) ×
Cm,α(clΩ−ω,δ) satisfies the equation

T [a,Φ, V +, V −] = (0, 0, 0,−f, h+, h−)

with

h+(x) ≡
∫
∂Ω

Sa(Φ(x)− Φ(y))f(y)σn[Φ](y) dσy ∀x ∈ (∂Ω+
ω,δ) \ ∂Ω ,

h−(x) ≡
∫
∂Ω

Sa(Φ(x)− Φ(y))f(y)σn[Φ](y) dσy ∀x ∈ (∂Ω−ω,δ) \ ∂Ω ,

where σn[Φ] ≡ |det(DΦ)||(DΦ)−tνΩ|, if and only if

V + = v+
Sa

[Φ(∂Ω), f ◦ Φ(−1)] ◦ Φ|clΩ+
ω,δ
,

V − = v−Sa
[Φ(∂Ω), f ◦ Φ(−1)] ◦ Φ|clΩ−ω,δ

.

5 Real analyticity of layer potentials correspond-
ing to families of fundamental solutions

In this section, we shall prove our main result, which concerns layer potentials
associated to families of fundamental solutions of families of elliptic differential
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operators of second order. We first introduce the following Lemma, which can
be proved by the same argument of [7, Lem. 4.8].

Lemma 5.1 Let m, α, Ω, ω, δΩ be as in Lemma 2.1. Let δ ∈]0, δΩ[. Let
assumption (1.1) hold. Then the map Vδ of(

Cm,α (clΩω,δ,Rn) ∩ A′clΩω,δ

)
× Cm−1,α(∂Ω)×O

to Cm,α(∂Ωω,δ) defined by

Vδ[Φ, f, κ](x) ≡
∫
∂Ω

S(Φ(x)− Φ(y), κ)f(y)σn[Φ](y) dσy ∀x ∈ ∂Ωω,δ ,

for all (Φ, f, κ) ∈
(
Cm,α (clΩω,δ,Rn) ∩ A′clΩω,δ

)
×Cm−1,α(∂Ω)×O is real ana-

lytic.

We now introduce some notation. Let m, α, Ω, ω, δΩ be as in Lemma 2.1.
If (1.1) holds, we set

v+[φ, f, κ](ξ) ≡
∫
φ(∂Ω)

S (ξ − η, κ) f ◦ φ(−1)(η) dση ∀ξ ∈ clI[φ] ,

v−[φ, f, κ](ξ) ≡
∫
φ(∂Ω)

S (ξ − η, κ) f ◦ φ(−1)(η) dση ∀ξ ∈ clE[φ] ,

for all (φ, f, κ) ∈ (Cm,α(∂Ω,Rn) ∩ A∂Ω)× Cm−1,α(∂Ω)×O, and

Uη,δ ≡
{

Φ ∈ Cm,α (clΩω,δ,Rn) ∩ A′clΩω,δ
: |det(DΦ)| < 1/η

}
,

O(η) ≡ {κ ∈ O : a(κ) ∈ E(η)} ,

for all η ∈]0, 1[, δ ∈]0, δΩ[. Then we have the following result.

Proposition 5.2 Let m, α, Ω, ω, δΩ be as in Lemma 2.1. Let assumption
(1.1) hold. Let η ∈]0, 1[. Let δη ∈]0, δΩ[ be as in Theorem 4.2. Let δ ∈
]0, δη]. Let V ±[Φ, f, κ] ≡ v±[Φ|∂Ω, f, κ] ◦ Φ|clΩ±ω,δ

on clΩ±ω,δ for all (Φ, f, κ) ∈
(Cm,α (clΩω,δ,Rn) ∩ A′clΩω,δ

) × Cm−1,α(∂Ω) × O. Then the maps of Uη,δ ×
Cm−1,α(∂Ω)×O(η) to Cm,α(clΩ+

ω,δ) and to Cm,α(clΩ−ω,δ), which take (Φ, f, κ)
to V +[Φ, f, κ] and to V −[Φ, f, κ] are real analytic, respectively.

Proof. First we set

X ≡ Cm,α(clΩω,δ,Rn)× Cm−1,α(∂Ω)×K ,
Y ≡ Cm,α(clΩ+

ω,δ)× C
m,α(clΩ−ω,δ) ,

Vη,δ ≡ Uη,δ × Cm−1,α(∂Ω)×O(η) .
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Then we consider the map Λ of U ≡ Vη,δ × Y to the Banach space Z of (4.15)
defined by

Λ[Φ, f, κ, V +, V −] ≡ T [a(κ),Φ, V +, V −]
−(0, 0, 0,−f, V +[Φ, f, κ]|(∂Ω+

ω,δ)\∂Ω, V
−[Φ, f, κ]|(∂Ω−ω,δ)\∂Ω)

for all (Φ, f, κ, V +, V −) ∈ U . By Corollary 4.19, the set of zeros of Λ in U
coincides with the graph of the map (V +[·, ·, ·], V −[·, ·, ·]). Thus we can deduce
the real analyticity of the operator (V +[·, ·, ·], V −[·, ·, ·]) by showing that we can
apply the Implicit Function Theorem for real analytic operators (cf. e.g., Prodi
and Ambrosetti [13, Thm. 11.6]) to the equation

Λ[Φ, f, κ, V +, V −] = 0

around the point (Φ1, f1, κ1, V
+[Φ1, f1, κ1], V −[Φ1, f1, κ1]) for all (Φ1, f1, κ1)

in Vη,δ. The domain U = Vη,δ × Y of Λ is clearly open in X × Y. Since
|det(DΦ)| ∈ Cm−1,α(clΩω,δ), the continuity of the imbedding of C0(clΩω,δ) into
C−1,α(clΩω,δ) in case m = 1 (cf. [7, Lem. 4.4]) and Lemma 4.6 imply that the
operator which takes (Φ, V ±) in (Cm,α(clΩ±ω,δ,Rn) ∩ A′

clΩ±ω,δ
) × Cm,α(clΩ±ω,δ)

to d̃iv
(−1)

(V ±|det(DΦ)|) in Zm−1,α(Ω±ω,δ) is bilinear and continuous. Then by
the real analyticity of the map which takes an invertible matrix with Schauder
functions as entries to its inverse, we conclude that both Q[·, ·, ·] and J [·, ·, ·, ·] are
real analytic (cf. (4.8), (4.16), (4.17).) Then Lemma 5.1 and the linearity and
continuity of the trace operator on the boundary, imply that Λ is real analytic.
Thus it suffices to show that the differential

d(V +,V −)Λ[Φ1, f1, κ1, V
+[Φ1, f1, κ1], V −[Φ1, f1, κ1]]

is a homeomorphism. Now by standard rules of calculus in Banach space, such a
differential coincides with T [a(κ1),Φ1, ·, ·]. Since δ ∈]0, δη], a(κ1) ∈ E(η), Φ1 ∈
Uη,δ, Theorem 4.14 (ii) ensures that T [a(κ1),Φ1, ·, ·] is a linear homeomorphism
of Y onto Z, and thus the proof is complete. 2

Corollary 5.3 Let the assumptions of Proposition 5.2 hold. Let W+[Φ, f, κ]
and W−[Φ, f, κ] denote the continuous extensions to clΩ+

ω,δ and to clΩ−ω,δ of the
functions

−
∫

Φ(∂Ω)

DξS(Φ(x)− η, κ)a(2)(κ)νΦ|∂Ω(η)f ◦ Φ(−1)(η) dση

−
∫

Φ(∂Ω)

S(Φ(x)− η, κ)νtΦ|∂Ω
(η)a(1)(κ)f ◦ Φ(−1)(η) dση ∀x ∈ Ω+

ω,δ ,

−
∫

Φ(∂Ω)

DξS(Φ(x)− η, κ)a(2)(κ)νΦ|∂Ω(η)f ◦ Φ(−1)(η) dση

−
∫

Φ(∂Ω)

S(Φ(x)− η, κ)νtΦ|∂Ω
(η)a(1)(κ)f ◦ Φ(−1)(η) dση ∀x ∈ Ω−ω,δ ,
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for all (Φ, f, κ) ∈
(
Cm,α(clΩω,δ,Rn) ∩ A′clΩω,δ

)
× Cm,α(∂Ω) × O, respectively.

Then the maps of Uη,δ×Cm,α(∂Ω)×O(η) to Cm,α(clΩ+
ω,δ) and to Cm,α(clΩ−ω,δ)

which take (Φ, f, κ) to W+[Φ, f, κ] and to W−[Φ, f, κ] are real analytic, respec-
tively.

Proof. We proceed as in [6, Prop. 3.11]. We first considerW+[·, ·, ·]. We observe
that the map Γ of Cm,α

(
clΩ+

ω,δ

)
to Cm−1,α

(
clΩ+

ω,δ

)
× Cm−1,α

(
clΩ+

ω,δ,Cn
)

defined by

Γ[g] ≡ (g, ∂x1g, . . . , ∂xng) ∀g ∈ Cm,α
(

clΩ+
ω,δ

)
,

is a linear homeomorphism of Cm,α
(

clΩ+
ω,δ

)
onto the image space Im Γ, a sub-

space of Cm−1,α
(

clΩ+
ω,δ

)
×Cm−1,α

(
clΩ+

ω,δ,Cn
)

. Thus it suffices to show that

the nonlinear maps W+[·, ·, ·] and ∂
∂xs

W+[·, ·, ·] for s = 1, . . . , n are real analytic

from Uη,δ×Cm,α (∂Ω)×O(η) to Cm−1,α
(

clΩ+
ω,δ

)
. Now let R > supx∈Ω∪Ωω,δ

|x|.
By Troianiello [15, Thm. 1.3, Lem. 1.5], there exists a linear and continuous
operator F of Cm,α (∂Ω) to Cm,α (clBn(0, R)) such that F[f ]|∂Ω = f , for all
f ∈ Cm,α (∂Ω). By Theorem 3.1 (viii), (ix), we have the following identities

W+[Φ, f, κ] (5.4)

= −
n∑

l,s,j=1

a
(2)
lj (κ)

∂

∂xs
(V +[Φ,nj [Φ]f, κ])((DΦ)−1)sl − V +[Φ,nt[Φ]a(1)f, κ],

and
∂

∂xs

(
W+[Φ, f, κ]

)
(5.5)

=
n∑
r=1

∂Φr
∂xs

n∑
l,j=1

a
(2)
lj (κ)

n∑
t=1

∂

∂xt

(
V + [Φ,Mrj [f,Φ], κ]

) (
(DΦ)−1

)
tl

+
n∑
r=1

∂Φr
∂xs

D
(
V +[Φ,nr[Φ]f, κ]

)
(DΦ)−1 · a(1)(κ)

+
n∑
r=1

∂Φr
∂xs

a0(κ)V +[Φ,nr[Φ]f, κ]− ∂

∂xs
V +[Φ,nt[Φ]a(1)f, κ] ,

for all s ∈ {1, . . . , n}, where

Mrj [f,Φ] =
∣∣∣(DΦ)−t · νΩ

∣∣∣−1

·

·

{[
n∑
l=1

(
(DΦ)−1

)
lr

(νΩ)l

][
n∑
l=1

∂(F[f ])
∂xl

(
(DΦ)−1

)
lj

]

−

[
n∑
l=1

(
(DΦ)−1

)
lj

(νΩ)l

][
n∑
l=1

∂(F[f ])
∂xl

(
(DΦ)−1

)
lr

]}
.
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Then by the real analyticity of the pointwise product in Schauder spaces and by
the real analyticity of the map which takes an invertible matrix with Schauder
functions as entries to its inverse, and by the real analyticity of the linear and
continuous map F[·] and of the trace operator, and by the real analyticity of
V +[·, ·, ·], and by assumption (1.1), and by identities (5.4) and (5.5), we conclude
that W+[·, ·, ·] and ∂

∂xs
W+[·, ·, ·] are real analytic from Uη,δ×Cm,α (∂Ω)×O(η)

to Cm−1,α
(

clΩ+
ω,δ

)
. Similarly, we can show that W−[Φ, f, κ] depends real an-

alytically on (Φ, f, κ). 2

We are now ready to prove our main result.

Theorem 5.6 Let m ∈ N \ {0}, α ∈]0, 1[. Let Ω be a bounded open subset of
Rn of class Cm,α such that both Ω and Rn \ clΩ are connected. Let assumption
(1.1) hold. Then the following statements hold.

(i) The map V [·, ·, ·] of (Cm,α (∂Ω,Rn) ∩ A∂Ω)×Cm−1,α (∂Ω)×O to the space
Cm,α (∂Ω) defined by (1.2) is real analytic.

(ii) The map Vl[·, ·, ·] of (Cm,α (∂Ω,Rn) ∩ A∂Ω)×Cm−1,α (∂Ω)×O to the space
Cm−1,α (∂Ω) defined by (1.3) is real analytic for all l ∈ {1, . . . , n}.

(iii) The map V∗[·, ·, ·] of (Cm,α (∂Ω,Rn) ∩ A∂Ω) × Cm−1,α (∂Ω) × O to the
space Cm−1,α (∂Ω) defined by (1.4) is real analytic.

(iv) The map W [·, ·, ·] of (Cm,α (∂Ω,Rn) ∩ A∂Ω)×Cm,α (∂Ω)×O to the space
Cm,α (∂Ω) defined by (1.5) is real analytic.

Proof. We first consider statements (i)–(iii). It clearly suffices to show that if
(φ0, f0, κ0) ∈ (Cm,α (∂Ω,Rn) ∩ A∂Ω)×Cm−1,α (∂Ω)×O, then the operators of
(i)–(iii) are real analytic in a neighborhood of (φ0, f0, κ0). Now let ω, δ0, W0,
E0 be as in Lemma 2.2 for φ0. Possibly shrinkingW0, we can assume that there
exists η ∈]0, 1[ such that

sup
φ∈W0

sup
x∈clΩω,δ0

|det(DE0[φ](x))| < η−1 , κ0 ∈ O(η) .

Now by definition of the operators in (i)–(iii), and by Theorem 3.1, we have

V [φ, f, κ] = v+[φ, f, κ] ◦ φ = V +[E0[φ], f, κ] ,

Vl[φ, f, κ] =
nl[E0[φ]]

2nt[E0[φ]]a(2)n[E0[φ]]
f +

∂

∂ξl
(v+[φ, f, κ]) ◦ φ

=
nl[E0[φ]]

2nt[E0[φ]]a(2)n[E0[φ]]
f +

(
(DV +[E0[φ], f, κ]) · (DE0[φ])−1

)
l
,

V∗[φ, f, κ] =
1
2
f +

(
(Dv+[φ, f, κ]) ◦ φ

)
a(2)(κ)νφ ◦ φ

=
1
2
f + (DV +[E0[φ], f, κ])(DE0[φ])−1 · a(2)(κ) · n[E0[φ]] ,
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on ∂Ω for all (φ, f, κ) ∈ W0×Cm−1,α(∂Ω)×O(η) where V + is as in Proposition
5.2 for some arbitrary δ ∈]0,min{δη, δ0}]. Hence, statements (i)–(iii) follow by
Lemma 2.2 and Proposition 5.2.

In order to prove statement (iv), we just note that

W [φ, f, κ] = −1
2
f +W+[E0[φ], f, κ] on ∂Ω ,

for all (φ, f, κ) ∈ W0 × Cm,α (∂Ω) × O(η), and then we argue as above by
exploiting Corollary 5.3 instead of Proposition 5.2. 2
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Let A ∈ R
d×d be a matrix that preserves the lattice Z

d and |a| := detA.
In [8], the author studied the properties of wavelet systems in L2(Rd) of the
form {|a|j/2ψℓ(A

jt + k); j ∈ Z, k ∈ Z
d, 1 ≤ ℓ ≤ m} that are associated with a

multiresolution analysis of multiplicity n generated by A. The purpose of the
present paper is to extend those results to wavelet systems in L2(Rd) of the form
{|a|j/2ψℓ(A

jt + Bk); j ∈ Z, k ∈ Z
d, 1 ≤ ℓ ≤ m} that are associated with a mul-

tiresolution analysis of multiplicity n generated by A and B, where A ∈ R
d×d is a

matrix that preserves the lattice Z
d and B ∈ R

d×d is a nonsingular matrix.

1. Introduction

In what follows, Z will denote the set of integers, T := [0, 1], and T
d will denote

the d–dimensional torus. The underlying space will be L2(Rd), where d ≥ 1 is
an integer and R is the set of real numbers, I will stand for the identity matrix,
A,B ∈ R

d×d, a := detA, b := detB, C := (A−1)T , and D := (B−1)T . Boldface
lowcase letters will denote elements of R

d, which will be represented as column
vectors; x · y will stand for the standard dot product of the vectors x and y;
||x||2 := x · x. The inner product of two functions f, g ∈ L2(Rd) will be denoted
by 〈f, g〉, their bracket product with respect to B by [f, g]B, and the norm of f by
||f ||; thus,

〈f, g〉 :=

∫

Rd

f(t)g(t) dt,

||f || :=
√
〈f, f〉,

and
[f, g](t) := [f, g]I(t).

The Fourier transform of a function f will be denoted by f̂ . If f ∈ L(Rd),

f̂(x) :=

∫

Rd

e−i2πx·tf(t) dt.

For every j ∈ Z and k ∈ Z
d the dilation operator DA

j and the translation operator

TB
k are defined on L2(Rd) by

DA
j f(t) := |a|j/2f(Ajt)

and
TB
k f(t) := f(t + Bk).

In particular,
Tkf(t) := T I

kf(t).
1
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A function f will be called BZ
d–periodic if it is defined on R

d and TB
k f = f for

every k ∈ Z
d . A set S ⊂ L2(Rd) is called B shift–invariant if f ∈ S implies that

TB
k f ∈ S for every k ∈ Z

d. If B = I, then we speak of a Z
d – periodic function f

and of a shift – invariant space S, omitting mention of the matrix I.
If f is a BZ

d–periodic function and b := detB, then

(1) fB(t) := DB
1 f(t) = |b|1/2f(Bt)

is Z
d–periodic.

Let u ⊂ L2(Rd); then

TB(u) := {TB
k u;u ∈ u,k ∈ Z

d}

and

SB(u) := spanTB(u),

where the closure is in L2(Rd). In particular,

T (u) := T I(u)

and

S(u) := SI(u)

If u = {u1, · · · , um} then SB(u) is called a finitely generated B shift–invariant
space and the functions uℓ are called the generators of SB(u). In this case we
will also use the symbols TB(u1, · · · , un) and SB(u1, · · · , un) to denote SB(u) and
TB(u) respectively.

Let H be a (separable) Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖ :=
〈·, ·〉1/2. A sequence F = {fk, k ∈ Z} ⊂ H is called a Riesz sequence if there are
constants 0 < A ≤ B such that for every sequence {ck, k ∈ Z} ⊂ ℓ2

A
∑

k∈Zd

|ck|
2 ≤

∥∥∥∥∥∥
∑

k∈Zd

ckfk

∥∥∥∥∥∥

2

≤ B
∑

k∈Zd

|ck|
2.

F is called a Riesz basis of H if it is a Riesz sequence and its linear span is dense in
H. The constants A and B are called (lower and upper) bounds of the Riesz basis.
Clearly, every orthonormal basis is a Riesz basis with bounds A = B = 1. The
theory of Riesz bases is discussed in, e.g., [3, 7].

Let Λ ⊂ Z and u = {uk; k ∈ Λ} ⊂ S ⊂ L2(Rd). If S is a B shift–invariant space
then u is called a basis generator of S, and we say that u provides a basis for S,
if for every f ∈ S there are BZ

d–periodic functions pk, uniquely determined by f
(up to a set of measure 0), such that

f̂ =
∑

k∈Λ

pkûk.

If u is a finite set, the uniqueness of the functions pk is equivalent to GB
u (x) being

nonsingular for almost every x ∈ T
d.

The theory of basis generators has been extensively developed by De Boor, De-
Vore, Ron and Shen in [1, 2, 5], under the assumption that B = I. In [8] we
applied some of these results to the study of Schauder basis generators, Riesz basis
generators and orthonormal basis generators, i.e. sets u such that T (u) is either a
Schauder basis, a Riesz basis, or an orthonormal basis of S(u). Note that a Riesz
basis generator is a basis generator. In the following section we will extend some
of the results of [8] to the case of an arbitrary lattice BZ

d, where B is nonsingular.
2
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2. Some theorems on Riesz bases of translates and Linear

Transformations

Given a sequence of functions u := {u1, · · · , um} in L2(Rd) and B ∈ R
d×d, by

GB[u1, · · · , um](x) or GB
u (x) we will denote its B Gramian matrix, viz.

GB
u (x) :=

(
[ûℓ, ûj]

B(x)
)m

ℓ,j=1
.

In particular,

Gu(x) := GI
u(x).

If u = {u1, · · ·un} and the functions uB
ℓ are defined as in (1), then

(2) uB := {uB
1 , · · · ,u

B
n }.

We begin with the following simple but important result:

Lemma 1. Let b ∈ L2(Rd×d be a nonsingular matrix, u ∈ L2(Rd), D := (B−1)T ,
and let uB(x) be given by (1). Then

(a) TB(u) is an orthogonal basis of SB(u) if and only if T (uB) is an orthogonal
basis of S(uB).

(b) TB(u) is a Riesz basis in SB(u) if and only if T (uB) is a Riesz basis in
S(uB). Moreover, TB(u) and T (uB) have the same Riesz bounds.

Proof. Part (a) follows from a change of variables, whereas part (b) follows from
the following computations:

||
∑

k∈Zd

ckT
B
k (u)|| = ||

∑

k∈Zd

cke
2πix·Bkû(x)|| = |b|−1/2||

∑

k∈Zd

cke
2πis·Bkû(Bs)||,

and

||
∑

k∈Zd

ckTk(uB)|| = |b|−1/2||
∑

k∈Zd

cke
2πiDx·Bkû(Bx)|| = |b|−1/2||

∑

k∈Zd

cke
2πis·Bkû(Bs)||.

�

The remaining results in this section will follow from Lemma 1 and the corre-
sponding results in [8].

Theorem 2. Let u := {u1, · · · , un} and v := {v1, · · · , vm}, and let B ∈ R
d×d be

nonsingular. Then

(a) If TB(u) and TB(v) are Riesz bases of the same shift–invariant space S ⊂
L2(Rd), then n = m.

(b) If TB(u) and TB(v) are Riesz sequences such that n = m and SB(u) ⊂
SB(v), then TB(u) is a Riesz basis of SB(v).

(c) Let TB(u) and TB(v) be Riesz sequences in L2(Rd), and assume that SB(u)
is a proper subset of SB(v). Then n < m and there are functions w1, · · · , wm−n

such that

TB(w1, · · · , wm−n)

is an orthonormal basis of the orthogonal complement SB(u)⊥ of SB(u) in
SB(v), and

TB(u1, · · · , un, w1, · · · , wm−n)

is a Riesz basis of SB(v1, · · · , vm).

3
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Proof. The assertion follows from [8, Theorem 1] applied to uB and vB. �

From the identity

(3) ûB(x) = |b|−1/2û(Dx),

we obtain

Theorem 3. Let u := {u1, · · · , un} ∈ L2(Rd), h := {h1, · · · , hm} ∈ L2(Rd), let
B ∈ R

d×d be a nonsingular matrix, b := detB, D := (B−1)T , and assume that

SB(u) ⊂ SB(h).

Then there are DZ
d–periodic functions qℓ,j(x) such that

ûℓ(x) =
m∑

j=1

qℓ,j(x)ĥj(x) a.e.; ℓ = 1, · · · , n.

Proof. The hypotheses imply that

S(uB) ⊂ S(hB)

Applying [8, Theorem F] we see that there are Z
d–periodic functions pℓ,j(x) such

that

ûB
ℓ (x) =

m∑

j=1

pℓ,j(x)ĥB
j (x) a.e.; ℓ = 1, · · · , n.

Setting qℓ,j(x) := pℓ,j(B
Tx) and applying (3) to uj and hj , the assertion follows. �

The DZ
d–periodic matrix

QD(x) :=
(
qℓ,j(x)

)n,m

ℓ,j=1

will be called a transition matrix from the sequence TB(h) to the sequence TB(u).
If h is a basis generator of SB(h), then QD(x) is unique (up to a set of measure 0).

Lemma 4. Let B ∈ R
d×d be nonsingular and u = {u1, · · · , um} ⊂ L2(Rd). Then

TB(u) is an orthonormal sequence in L2(Rd) if and only if GD
u (x) = |b|I a.e. In

particular if n = 1, then TB(u) is an orthonormal sequence in L2(Rd) if and only
if ∑

k∈Zd

|û(x + Dk)|2 = |b|.

Proof. From (3) we deduce that

(4) GuB(x) = |b|−1GD
u (Dx),

and the assertion follows from, e.g. [8, Lemma D]. �

Lemma 5. Let B ∈ R
d×d be nonsingular, D := (B−1)T , and assume that TB(u)

and TB(v1, · · · , vm) are orthonormal sequences in L2(Rd), and that there are DZ
d–

periodic functions pℓ such that

û(x) =

m∑

ℓ=1

pℓ(x)v̂ℓ(x) a.e.

Then
m∑

ℓ=1

|pℓ(x)|2 = 1 a.e.

4
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Proof. The hypotheses imply that

û(Dx) =
m∑

ℓ=1

pℓ(Dx)v̂ℓ(Dx) a.e.

Setting qℓ(x) := pℓ(Dx) and applying (3) to u and the functions vℓ we see that

ûB(x) =

m∑

ℓ=1

qℓ(x)v̂ℓ
B(x) a.e.

Since T (uB) and T (vB1 , · · · , v
B
m) are orthonormal sequences in L2(Rd), and the

functions qℓ(x) are Z
d–periodic, the assertion follows by an application of [8, Lemma

E]. �

Recall that if u is a finite set of functions such that T (u) is a Riesz basis, then
Gu is positive definite for almost every x ∈ T

d. Thus the square root of Gu (i.e.
the unique positive definite matrix Hu such that H2

u = Gu) exists for almost every
x ∈ T

d. Thus, (4) implies that also the square root of GD
u exists.

Proposition 6. Let B ∈ R
d×d be nonsingular, and assume that u := {u1, · · · , um} ⊂

L2(Rd) is such that TB(u) is a Riesz sequence. Let

RD(x) :=
[
GD

u (x)
]−1/2

and
(ĥ1(x), · · · , ĥm(x))T := |b|1/2RD(x)(û1(x), · · · , ûm(x))T .

Then TB(h) is an orthonormal basis of SB(u).

Proof. Lemma 1 implies that T (uB) is a Riesz sequence. The hypotheses and (3)
imply that

(ĥB
1 (x), · · · , ĥB

m(x))T = |b|1/2RD(Dx)(ûB
1 (x), · · · , ûB

m(x))T .

But (4) implies that

|b|1/2RD(Dx) = [GuB(x)]
−1/2

.

Thus, [8, Proposition G] implies that T (hB) is an orthonormal basis of S(hB), and
the assertion follows from Lemma 1. �

Theorem 7. Let B ∈ R
d×d be nonsingular, let D := (B−1)T , assume that TB(h) is

an orthonormal sequence in L2(Rd), that u is a set of functions such that SB(u) ⊂
SB(h), and let QD(x) denote the transition matrix from TB(h) to TB(u). Then

(5) GD
u (x) = |b|QD(Dx)(QD(Dx))∗ a.e.,

and the following statements are equivalent:

(a) TB(u) is a Riesz basis of SB(h) with bounds 0 < A ≤ B.
(b) r = m and for almost every x ∈ T

d

||GD
u (x)|| ≤ |b|B and ||

(
GD

u (x)
)−1

|| ≤ |b|−1A−1.

(c) r = m and for almost every x ∈ T
d

||QD(x)|| ≤ B1/2 and ||
(
QD(x)

)−1
|| ≤ A−1/2.

In particular, TB(u) is an orthonormal basis of SB(h) if and only if r = m and
GD
ψ (x) = |b|I for almost every x ∈ T

d, or, equivalently, if and only if r = m and

QD(x) is a unitary matrix for almost every x ∈ T
d.

5
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Proof. The hypotheses imply that T (hB) is an orthonormal sequence in L2(Rd)
and that S(uB) ⊂ S(hB). If Q(x) denotes the transition matrix from T (hB) to
T (uB) then [8, Theorem 5] implies that

GuB(x) = Q(x) (Q(x))∗ a.e.

By definition,

(ûB
1 (x), · · · , ûB

m(x))T = Q(x)(ĥB
1 (x), · · · , ĥB

m(x))T

or, from (3),

(û1(Dx), · · · , ûm(Dx))T = Q(x)(ĥ1(Dx), · · · , ĥm(Dx))T .

This implies that

(6) Q(x) = QD(Dx)

and (5) follows from (4) and (6).
Assume now that (a) holds; then T (uB) is a Riesz basis of S(uB) with bounds

0 < A ≤ B, and [8, Theorem 5] implies that r = m and for almost every x ∈ T d

(7) ||GuB(x)|| ≤ B and || (GuB(x))
−1

|| ≤ A−1,

and (b) follows from (4).
If (b) is satisfied, then (4) implies (7), and (c) follows from [8, Theorem 5] and

(6).
Finally, if (c) is satisfied then (6) implies that ||Q(x)|| ≤ B1/2 and ||(Q(x))−1|| ≤

A−1/2; thus [8, Theorem 5] implies that T (uB) is a Riesz basis of S(hB) with bounds
A and B, and (a) follows from Lemma 1.

Let us now prove the last paragraph in the statement of the theorem: TB(u)
is an orthonormal basis of S(hB) if and only if T (uB) is an orthonormal basis of
S(hB), and [8, Theorem 5] and (4) imply that this is equivalent to GD

u (Dx) = |b|I.
Finally, (4) and (5) imply that T (uB) is an orthonormal basis of S(hB) if and only
if QD(x) is unitary. �

3. Wavelets

A ∈ R
d×d is called a dilation matrix preserving the lattice Z

d if AZ
d ⊂ Z

d

and all its eigenvalues have modulus greater than 1. These conditions imply that
A ∈ Z

d×d, and that if a := detA then |a| is an integer larger than 1 (cf. Madych
[4]).

Assume that A ∈ R
d×d is a dilation matrix preserving the lattice Z

d. A coset of
AZ

d is a set of the form

j + AZ
d = {j + Ar; r ∈ Z

d},

where j ∈ Z
d. An element of a coset is called a representative of the coset. Any pair

of cosets are either identical or disjoint, and the union of all disjoint cosets equals
Z

d. There are exactly |a| disjoint cosets. (cf. Wojtaszczyk [6]). The collection of all
disjoint cosets is denoted by Z

d/AZ
d. A set J ⊂ Z

d is said to be a full collection
of representatives of Z

d/AZ
d if it contains exactly |a| elements and

⋃

j∈J

(j + AZ
d) = Z

d.

6
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Theorem 8. Let B ∈ R
d×d be a nonsingular matrix, u = {u1, · · · , un} ⊂ L2(Rd),

and assume that TB(u) is an orthonormal sequence. Let A be a dilation matrix
preserving the lattice Z

d, a := detA, m := |a|n, let J be a full collection of repre-
sentatives of Z

d/AZ
d. For x > 0 define I(x) := [1, x] ∩ Z, and let

p = (p1, p2) : I(m) −→ I(n) × J

be a bijection. If

vℓ(t) := |a|1/2up1(ℓ)(At+ Bp2(ℓ))

and v := {v1, · · · , vm}, then TB(v) is an orthonormal basis of SB(A;u), and every
Riesz basis generator of SB(A;u) has exactly m functions.

Proof. The hypotheses imply that T (uB) is an orthonormal basis of S(uB), and
from [8, Theorem 3] we conclude that if

wℓ(t) := |a|1/2uB
p1(ℓ)

(At+ p2(ℓ))

and W := {w1, · · · , wm}, then T (w) is an orthonormal basis of S(A;uB). Let
b := detB and

L : SB(A, u) −→ S(A;uB); Lf := fB.

Since LTkvℓ = Tkwℓ, proceeding as in the proof of Lemma 1 we see that L is an
isometry from S(A, uB) onto SB(A;u), and the assertion follows. �

Note. There is a typographical error in the statement of [8, Theorem 3]: The
range of the function p described in that theorem is I(n) × J.

Let A ∈ R
d×d be a dilation matrix preserving the lattice Z

d, and assume that
B ∈ R

d×d is nonsingular. A multiresolution analysis (MRA) of multiplicity n in
L2(Rd) (generated by A and B) is a sequence {Vj ; j ∈ Z} of closed linear subspaces
of L2(Rd) such that:

(i) Vj ⊂ Vj+1 for every j ∈ Z.

(ii) For every j ∈ Z, f(t) ∈ Vj if and only if f(At) ∈ Vj+1.

(iii)
⋃

j∈Z
Vj is dense in L2(Rd).

(iv) There are functions u := {u1, · · · , un} such that TB(u) is an orthonormal
basis of V0.

From Proposition 6 we deduce that the condition that TB(u) be an orthonormal
basis may be replaced by the condition that TB(u) be a Riesz basis.

It follows from the definition of multiresolution analysis that there are DZ
d–

periodic functions pℓ,j ∈ L2(Td) such that the functions uℓ satisfy the scaling iden-
tity

ûℓ(A
T x) =

n∑

j=1

pℓ,j(x)ûj(x), j, ℓ = 1, · · · , n a.e.,

The functions uℓ are called scaling functions for the multiresolution analysis, and
the functions pℓ,j are called the low pass filters associated with u.

7
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Assume that A is a dilation matrix preserving the lattice Z
d and that B ∈ Z

d×d

is nonsingular. A finite set of functions ψ = {ψ1, · · · , ψm} ∈ L2(Rd) will be called
an orthonormal or Riesz wavelet system if the affine sequence

⋃

j∈Z

TB(Aj ;ψ) = {DA
j T

B
k ψℓ; j ∈ Z,k ∈ Z

d, ℓ = 1, · · · ,m}

is respectively an orthonormal basis or a Riesz basis of L2(Rd). If d = 1 we omit
the word “system”. If we need to emphasize the connection with the matrices A

and B we will say that the wavelet system is generated by A and B.
Let ψ := {ψ1, · · · , ψm} be a Riesz wavelet system in L2(Rd) generated by ma-

trices A and B; for j ∈ Z we define Pj := SB(Aj ;ψ) and Vj :=
∑

r<j Pr, i.e.,

Vj =
⋃

r<j

SB(Ar ;ψ).

We say that ψ is associated with an MRA, if M := {Vj ; j ∈ Z} is a multiresolution
analysis. If this is the case, we also say that ψ is associated with M . Let Wj denote
the orthogonal complement of Vj in Vj+1. Then ψ is an orthonormal wavelet
system associated with M if and only if Pj = Wj for every j ∈ Z, and T (ψ) is
an orthonormal basis of W0. This implies that φ is another orthonormal wavelet
system associated with the same multiresolution analysis M if and only if TB(ψ)
is an orthonormal basis of W0.

Theorem 9. Let M := {Vj ; j ∈ Z} be a multiresolution analysis of multiplicity n,
generated by a dilation matrix A that preserves the lattice Z

d and a nonsingular
matrix B, and having scaling functions u1, · · · , un. Let a := detA, m := |a|n,
D := (B−1)T , and let {v1, · · · , vm} be an orthonormal basis generator of V1 (such
as the one given in Theorem 8). The following propositions are equivalent:

(a) {w1, · · ·wm−n} is an orthonormal wavelet system associated with M .
(b) There is an m×m matrix Q(x) of DZ

d–periodic and measurable functions,
a.e. unitary on DT d, such that, if

(ŷ1(x), · · · , ŷm(x))T := Q(x)(v̂1(x), · · · , v̂m(x))T ,

then
y(ℓ−1)|a|+1 = uℓ; 1 ≤ ℓ ≤ n

and

y(ℓ−1)|a|+k+1 = w(ℓ−1)|a|+k−ℓ+1; 1 ≤ ℓ ≤ n, 1 ≤ k ≤ |a| − 1.

Proof. Let v := {v1, · · · , vn} be such that TB(v) is an orthonormal basis of V0,
vBℓ (t) := |b|1/2vℓ(Bt), wB

ℓ (t) := |b|1/2wℓ(Bt),

Uj := {f : f(B−1t) ∈ Vj},

and let W ∗
0 be the orthogonal complement of U0 in U1. From Lemma 1 we deduce

that N := {Uj; j ∈ Z} is a multiresolution analysis of multiplicity n generated by
A and I, with scaling functions vB := {vB1 , · · · , v

B
n }.

Clearly (a) is equivalent to wB := {wB
1 , · · · , w

B
m−n} being an orthonormal

wavelet system associated with N . On the other hand, we see from (3) that (b)
is equivalent to the existence of an m ×m matrix R(x) (i.e., Q(D−1)(x)) of Z

d–
periodic and measurable functions, and a.e. unitary on T

d, such that if

(ŷB1 (x), · · · , ŷBm(x))T := R(x)(v̂B1 (x), · · · , v̂Bm(x))T ,
8
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then
yB(ℓ−1)|a|+1 = uB

ℓ , 1 ≤ ℓ ≤ n

and
yB(ℓ−1)|a|+k+1 = wB

(ℓ−1)|a|+k−ℓ+1; 1 ≤ ℓ ≤ n, 1 ≤ k ≤ |a| − 1,

whence the assertion follows by an application of [8, Theorem 8]. �

Let M := {Vj ; j ∈ Z} be a multiresolution analysis of multiplicity n with scaling
functions u := {u1, · · · , un}, generated by a matrix A that preserves the lattice Z

d

and a nonsingular matrix B. By orthogonality we know that

V1 = SB(A, u1) ⊕ SB(A, u2) ⊕ · · · ⊕ SB(A, un).

Theorem 8 implies that there are functions vℓ,k such that

(8) {vℓ,1, · · · , vℓ,|a|}

is an orthonormal basis generator of SB(A, uℓ). It follows that

{vℓ,k; 1 ≤ ℓ ≤ n, 1 ≤ k ≤ |a|}

is an orthonormal basis generator of V1.
For k > 1 let diag {−eiω, 1, · · · , 1}k denote the k × k diagonal matrix with

−eiω, 1, · · · , 1 as its diagonal entries.

Theorem 10. Let M := {Vj ; j ∈ Z} be a multiresolution analysis of multiplicity
n, generated by a matrix A that preserves the lattice Z

d and a nonsingular matrix
B, with scaling functions u := {u1, · · · , un}. Let a := detA, b := detB, m := |a|n,
e := (1, 0, · · · , 0) ∈ R

|a|, and for 1 ≤ ℓ ≤ n let (8) be an orthonormal basis generator
of SB(A, uℓ). Let

(9) ûℓ(x) =

|a|∑

j=1

cℓ,j(x)v̂ℓ,j(x),

and define

wℓ,j(t) := |b|1/2vℓ,j(Bt); 1 ≤ ℓ ≤ n, bℓ,j(t) := cℓ,j(Bt),

bℓ(x) := (bℓ,1(x), · · · , bℓ,|a|(x))T , δℓ(x) := eiArg bℓ,1(x), qℓ(x) := bℓ(x) + δℓ(x)e,

W(x) := (w1,1(x), · · · , w1,|a|(x), · · · , wn,1(x), · · · , wn,|a|(x))T ,

and

Qℓ(x) := diag {−δℓ(x), 1, · · · , 1}|a|

[
I − 2qℓ(x)qℓ(x)∗/qℓ(x)∗qℓ(x)

]
.

Let

Q(x) =
(
qℓ,k(x)

)m

ℓ,k=1

be the m×m block diagonal matrix

Q1(x) ⊕ Q2(x) ⊕ · · · ⊕Qn(x) =




Q1(x) 0

. . .

0 Qn(x)


 .

If
(ŷ1(x), · · · , ŷm(x))T := Q(x)W(x)

and
zℓ(t) := |b|−1/2yℓ(B

−1t), 1 ≤ ℓ ≤ m,
9
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then

(10) z(ℓ−1)|a|+1 = uℓ; 1 ≤ ℓ ≤ n,

and

(11) {z(ℓ−1)|a|+k; 1 ≤ ℓ ≤ n, 2 ≤ k ≤ |a|}

is an orthonormal wavelet system associated with M .

Proof. Let uB
ℓ (t) := |b|1/2uℓ(t) and

Uj := {f : f(B−1t) ∈ Vj}.

Then N := {Uj; j ∈ Z} is a multiresolution analysis of multiplicity n generated by
A and I, with scaling functions uB := {uB

1 , · · · , u
B
n }. Moreover, the hypotheses

imply that {wℓ,j; 1 ≤ ℓ ≤ |a|} is an orthonormal basis generator of S(A, uB
ℓ ),

whereas (9) implies that

ûB
ℓ (x) =

|a|∑

j=1

bℓ,j(x)ŵj(x).

Applying [8, Theorem 9] we conclude that

(12) y(ℓ−1)|a|+1 = uB
ℓ ; 1 ≤ ℓ ≤ n,

and that
{y(ℓ−1)|a|+k; 1 ≤ ℓ ≤ n, 2 ≤ k ≤ |a|}

is an orthonormal wavelet system associated with N . The definitions of U0 and uB

together with (12) imply (10). Finally, if WB
0 denotes the orthogonal complement

of U0 in U1 and W0 denotes the orthogonal complement of V0 in V1, it is clear that

WB
0 = {f : f(B−1·) ∈ W0},

and we conclude that (11) is an orthonormal wavelet system associated with M . �

Corollary 11. Let M := {Vj ; j ∈ Z} be a multiresolution analysis of multiplicity
1, generated by a matrix A that preserves the lattice Z

d and a nonsingular matrix
B, with scaling functions u. Let a := detA, b := detB, m := |a|, and let {vk; 1 ≤
k ≤ m} be an orthonormal basis generator of SB(A, u). Let

û(x) =

m∑

j=1

cj(x)v̂j(x),

and define

wj(t) := |b|1/2vj(Bt), δ(x) := eiArg c1(Bx),

q(x) := (c1(Bx), · · · , bm−1(Bx), bm(Bx) + δ(x))T ,

W(x) := (w1(x), · · · , wm(x))T ,

and

Q(x) := diag {−δ(x), 1, · · · , 1}m

[
I− 2q(x)q(x)∗/q(x)∗q(x)

]
.

If
(ŷ1(x), · · · , ŷm(x))T := Q(x)W(x)

and
zk(t) := |b|−1/2yk(B−1t), 1 ≤ k ≤ m,

10
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then z1 = u, and
{zk; 2 ≤ k ≤ m}

is an orthonormal wavelet system associated with M .

Corollary 12. Let M be a multiresolution analysis of multiplicity n, generated by
a matrix A that preserves the lattice Z

d and a nonsingular matrix B. Then there
is an orthogonal wanelet system of (|a| − 1)n functions associated with M .

Theorem 13. Let M be a multiresolution analysis of order n generated by a matrix
A that preserves the lattice Z

d and a nonsingular matrix B, let k := (|a| − 1)n,
and assume that w := {w1, · · · .wk} is an orthonormal wavelet system associated
with M . Let y := {y1, · · · , yr} ⊂ L2(Rd). Then y is an orthonormal wavelet
system associated with M if and only if r = k and there is a k × k matrix P (x) of
DZ

d–periodic and measurable functions, a.e. unitary on DT
d, such that

(y1(x), · · · , yk(x))T = P (x)(w1(x), · · · , wk(x))T .

Proof. y is an orthonormal wavelet system associated with M if and only if TB(y)
is an orthonormal basis of W0, and the assertion follows from Theorem 7. �
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Abstract

The basic fuzzy wavelet type operators Ak; Bk; Ck; Dk; k 2 Z were studied
in [3], [5], for their pointwise and uniform convergence with rates to the fuzzy
unit operator. Also they were studied in [6], in terms of estimating their fuzzy
di¤erences and giving their pointwise convergence with rates to zero.
For prior related and similar study of convergence to the unit of real analogs

of these wavelet type operators see [1], section II.
Here in Section 1 we present the complete study of �nding uniform estimates

for the distances between the real Wavelet type operators Ak; Bk; Ck; Dk; k 2 Z:
Their di¤erences converge to zero with rates. This is done via elegant tight

Jackson type inequalities involving the modulus of continuity of the higher order
derivative of the engaged real function. Based on these real analysis results
in Section 2 we establish the corresponding fuzzy results regarding uniform
estimates for the fuzzy di¤erences between the fuzzy wavelet type operators.
These fuzzy diferences converge to zero with rates give via fuzzy Jackson type
tight inequalities. The last inequalities involve the fuzzy modulus of continuity
of the higher order fuzzy derivative of the engaged fuzzy function.
The de�ning all these operators real scaling function is not assumed to be

orthogonal and is of compact support.
Another motivation for this work is [10].
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1 Estimates for Distances of Real Wavelet type
Operators

The real wavelet type operators Ak; Bk; Ck; Dk; k 2 Z we study here converge
to the unit operator I; and in that respect were studied extensively in [1], section
II.
We need
De�nition. Let f : R! R be continuous function. We de�ne the �rst

modulus of continuity of f by

!1 (f; �) = sup
x;y

jx�yj��

jf (x)� f (y)j ; � > 0:

We give
Theorem 1. Let f 2 CN (R) ; N � 1; x 2 R; and k 2 Z: Let ' be a bounded

function of compact support � [�a; a] ; a > 0 such that
1P

j=�1
' (x� j) = 1; all

x 2 R: Suppose ' � 0: Put

(Bkf) (x) =

1X
j=�1

f

�
j

2k

�
'
�
2kx� j

�
;

(Dkf) (x) =

1X
j=�1

�kj (f)'
�
2kx� j

�
;

where

�kj (f) =
nX
r=0

wrf

�
j

2k
+

r

2kn

�
;

n 2 N; wr � 0;
nP
r=0
wr = 1: Then

E1k (x) =

�����(Dkf) (x)� (Bkf) (x)�
NX
i=1

�
Bkf

(i)
�
(x)

2kinii!

 
nX
r=1

wrr
i

!�����
�

nP
r=1
wrr

N!1
�
f (N); r

2kn

�
2kNnNN !

: (1)

Remark. (i) Given that f (N) is continuous and bounded or uniformly
continuous we have that !1

�
f (N); r

2kn

�
< 1; and E1k (x) ! 0; x 2 R; as

k !1:

2
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(ii) One also has

kE1kk1 =






Dkf �Bkf �
NX
i=1

Bkf
(i)

2kinii!

 
nX
r=1

wrr
i

!





1

�

nP
r=1
wrr

N!1
�
f (N); r

2kn

�
2kNnNN !

:

Under the assumptions of (i) we get also kE1kk1 ! 0; as k !1:
(iii) By (1) we get

j(Dkf) (x)� (Bkf) (x)j �
NX
i=1

��Bkf (i) (x)��
2kinii!

 
nX
r=1

wrr
i

!

+

nP
r=1
wrr

N!1
�
f (N); r

2kn

�
2kNnNN !

: (2)

Given that


f (i)

1 <1; for i = 1; : : : ; N; we obtain

��Bkf (i) (x)�� � 

f (i)

1 ;
and

j(Bkf) (x)� (Dkf) (x)j �
NX
i=1



f (i)

1
2kinii!

 
nX
r=1

wrr
i

!

+

nP
r=1
wrr

N!1
�
f (N); r

2kn

�
2kNnNN !

: (3)

Clearly we get

j(Bkf) (x)� (Dkf) (x)j �
NX
i=1



f (i)

1
2kii!

+
!1
�
f (N); 1

2k

�
2kNN !

=: T1

and
kBkf �Dkfk1 � T1: (4)

So as k !1; we have kBkf �Dkfk1 ! 0:
Proof of Theorem1. Because f 2 CN (R) ; N � 1 we have

nX
r=0

wrf

�
j

2k
+

r

2kn

�
= f

�
j

2k

�
+

NX
i=1

f (i)
�
j
2k

�
i!

nX
r=0

wr

�
ri

2kini

�

+

nX
r=0

wr

Z (j=2k)+ r

2kn

j=2k

�
f (N) (t)� f (N)

�
j=2k

�� � j
2k
+ r

2kn
� t
�N�1

(N � 1)! dt:
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Hence we get

1X
j=�1

�kj (f)'
�
2kx� j

�
=

1X
j=�1

f

�
j

2k

�
'
�
2kx� j

�

+
NX
i=1

1P
j=�1

f (i)
�
j
2k

�
'
�
2kx� j

�
2kii!ni

 
nX
r=0

wrr
i

!

+
nX
r=0

wr

1X
j=�1

'
�
2kx� j

� Z (j=2k)+ r

2kn

j=2k

�
f (N) (t)� f (N)

�
j=2k

�� � j
2k
+ r

2kn
� t
�N�1

(N � 1)! dt:

So, we observe that

(Dkf) (x)� (Bkf) (x)�
NX
i=1

�
Bkf

(i)
�
(x)

2kinii!

 
nX
r=0

wrr
i

!
= R1;

where

R1 =
nX
r=1

wr

1X
j=�1

'
�
2kx� j

� Z (j=2k)+ r

2kn

j=2k

�
f (N) (t)� f (N)

�
j=2k

�� � j
2k
+ r

2kn
� t
�N�1

(N � 1)! dt:

Set

�jr =

�����
Z (j=2k)+ r

2kn

j=2k

�
f (N) (t)� f (N)

�
j=2k

�� � j
2k
+ r

2kn
� t
�N�1

(N � 1)! dt

����� :
So that

jR1j �
nX
r=1

wr

1X
j=�1

'
�
2kx� j

�
�jr:

Next we see that

�jr �
Z (j=2k)+ r

2kn

j=2k

���f (N) (t)� f (N) �j=2k���� � j2k + r
2kn

� t
�N�1

(N � 1)! dt

�
Z (j=2k)+ r

2kn

j=2k
!1

�
f (N);

��t� (j=2k)��� � j2k + r
2kn

� t
�N�1

(N � 1)! dt

� !1
�
f (N);

r

2kn

�Z (j=2k)+ r

2kn

j=2k

�
j
2k
+ r

2kn
� t
�N�1

(N � 1)! dt

= !1

�
f (N);

r

2kn

� � r
2kn

�N
N !

:

That is

�jr � !1
�
f (N);

r

2kn

� � r
2kn

�N
N !

:

4
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So we have found that

jR1j �

nP
r=1
wrr

N!1
�
f (N); r

2kn

�
2kNnNN !

:

The proof of the theorem is complete. �

We continue with

Theorem 2. Let f 2 CN (R) ; N � 1; x 2 R; and k 2 Z: Let ' be a bounded
function of compact support � [�a; a] ; a > 0 such that

1P
j=�1

' (x� j) = 1; all

x 2 R: Suppose ' � 0: Put

(Bkf) (x) =
1X

j=�1
f

�
j

2k

�
'
�
2kx� j

�
;

(Ckf) (x) =
1X

j=�1

kj (f)'

�
2kx� j

�
;

where


kj (f) = 2
k

Z 2�k(j+1)

2�kj

f (t) dt = 2k
Z 2�k

0

f

�
t+

j

2k

�
dt:

Then

E2k (x) =

�����(Ckf) (x)� (Bkf) (x)�
NX
i=1

�
Bkf

(i)
�
(x)

2ki (i+ 1)!

�����
�
!1
�
f (N); 1

2k

�
2kN (N + 1)!

: (5)

Remark. (i) Given that f (N) is continuous and bounded or uniformly
continuous we have that !1

�
f (N); 1

2k

�
<1; and E2k (x)! 0; x 2 R; as k !1:

(ii) One also has

kE2kk1 =






Ckf �Bkf �
NX
i=1

Bkf
(i)

2ki (i+ 1)!







1

�
!1
�
f (N); 1

2k

�
2kN (N + 1)!

:

Under the assumptions of (i) we get also kE2kk1 ! 0; as k !1:
(iii) By (5) we get

j(Bkf) (x)� (Ckf) (x)j �
NX
i=1

���Bkf (i)� (x)��
2ki (i+ 1)!

+
!1
�
f (N); 1

2k

�
2kN (N + 1)!

: (6)

5
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Given that


f (i)

1 <1; for i = 1; : : : ; N; we obtain

j(Bkf) (x)� (Ckf) (x)j �
NX
i=1



f (i)

1
2ki (i+ 1)!

+
!1
�
f (N); 1

2k

�
2kN (N + 1)!

=: T2;

and
kBkf � Ckfk1 � T2: (7)

So as k !1; we get kBkf � Ckfk1 ! 0:
Proof of Theorem2. Because f 2 CN (R) ; N � 1 we have

f

�
t+

j

2k

�
= f

�
j

2k

�
+

NX
i=1

f (i)
�
j
2k

�
i!

ti

+

Z t+(j=2k)

j=2k

�
f (N) (s)� f (N)

�
j=2k

�� �t+ j
2k
� s
�N�1

(N � 1)! ds:

Hence we get


kj (f) = 2
k

Z 2�k

0

f

�
t+

j

2k

�
dt = f

�
j

2k

�
+

NX
i=1

f (i)
�
j
2k

�
2ki (i+ 1)!

+2k
Z 2�k

0

 Z t+(j=2k)

j=2k

�
f (N) (s)� f (N)

�
j=2k

�� �t+ j
2k
� s
�N�1

(N � 1)! ds

!
dt:

Hence we get

1X
j=�1


kj (f)'
�
2kx� j

�
=

1X
j=�1

f

�
j

2k

�
'
�
2kx� j

�
+

NX
i=1

1X
j=�1

f (i)
�
j
2k

�
'
�
2kx� j

�
2ki (i+ 1)!

+
1X

j=�1
'
�
2kx� j

�
2k
Z 2�k

0

 Z t+(j=2k)

j=2k

�
f (N) (s)� f (N)

�
j=2k

�� �t+ j
2k
� s
�N�1

(N � 1)! ds

!
dt:

So, we see that

(Ck (f)) (x)� (Bk (f)) (x)�
NX
i=1

�
Bk
�
f (i)
��
(x)

2ki (i+ 1)!
= R2;

where

R2 =

1X
j=�1

'
�
2kx� j

�
2k
Z 2�k

0

 Z t+(j=2k)

j=2k

�
f (N) (s)� f (N)

�
j=2k

�� �t+ j
2k
� s
�N�1

(N � 1)! ds

!
dt:

Set

�j (t) =

�����
Z t+(j=2k)

j=2k

�
f (N) (s)� f (N)

�
j=2k

�� �t+ j
2k
� s
�N�1

(N � 1)! ds

����� :
6
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So that

jR2j �
1X

j=�1
'
�
2kx� j

�
2k
Z 2�k

0

�j (t) dt:

Next we observe that

�j (t) �
Z t+(j=2k)

j=2k

���f (N) (s)� f (N) �j=2k���� �t+ j
2k
� s
�N�1

(N � 1)! ds

�
Z t+(j=2k)

j=2k
!1

�
f (N);

��s� (j=2k)��� �t+ j
2k
� s
�N�1

(N � 1)! ds

� !1
�
f (N); t

�Z t+(j=2k)

j=2k

�
t+ j

2k
� s
�N�1

(N � 1)! ds

= !1

�
f (N); t

� tN
N !
:

I.e. we get

�j (t) � !1
�
f (N); t

� tN
N !
;

and

2k
Z 2�k

0

�j (t) dt � 2k
Z 2�k

0

!1

�
f (N); t

� tN
N !
dt

� 2k

N !
!1

�
f (N);

1

2k

�Z 2�k

0

tNdt

=
2k

(N + 1)!
!1

�
f (N);

1

2k

�
2�k(N+1)

=
1

2kN (N + 1)!
!1

�
f (N);

1

2k

�
:

That is we obtain

2k
Z 2�k

0

�j (t) dt �
1

2kN (N + 1)!
!1

�
f (N);

1

2k

�
:

It is clear that

jR2j �
!1
�
f (N); 1

2k

�
2kN (N + 1)!

:

The proof of the theorem is now �nished. �

We continue with

Theorem 3. Let f 2 CN (R) ; N � 1; x 2 R; and k 2 Z: Let ' be a bounded

function of compact support � [�a; a] ; a > 0 such that
1X

j=�1
' (x� j) = 1; all

7
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x 2 R: Suppose ' � 0: Put

(Ckf) (x) =
1X

j=�1

kj (f)'

�
2kx� j

�
;

where


kj (f) = 2
k

Z 2�k(j+1)

2�kj

f (t) dt = 2k
Z 2�k

0

f

�
t+

j

2k

�
dt;

and

(Dkf) (x) =
1X

j=�1
�kj (f)'

�
2kx� j

�
;

where

�kj (f) =
nX
r=0

wrf

�
j

2k
+

r

2kn

�
;

n 2 N; wr � 0;
nX
r=0

wr = 1: Then

E3k (x) =

�����(Ckf) (x)� (Dkf) (x)�
NX
i=1

�
Dkf

(i)
�
(x)

2ki (i+ 1)!

��
1� r

n

�i+1
� (�1)i+1

� r
n

�i+1������
�

 
nX
r=0

wr

h�
r
n

�N+1
+
�
1� r

n

�N+1i!
2kN (N + 1)!

!1

�
f (N);

1

2k

�
: (8)

Remark (i) Given that f (N) is continuous and bounded or uniformly con-
tinuous we have that !1

�
f (N); 1

2k

�
<1; and E3k (x)! 0; x 2 R; as k !1:

(ii) One also has

kE3kk1 =






Ckf �Dkf �
NX
i=1

Dkf
(i)

2ki (i+ 1)!

��
1� r

n

�i+1
� (�1)i+1

� r
n

�i+1�





1

�

 
nX
r=0

wr

h�
r
n

�N+1
+
�
1� r

n

�N+1i!
2kN (N + 1)!

!1

�
f (N);

1

2k

�
:

Under the assumption of (i) we get also kE3kk1 ! 0; as k !1:
(iii) By (8) we get

j(Ckf) (x)� (Dkf) (x)j �
NX
i=1

���Dkf (i)� (x)��
2ki�1 (i+ 1)!

+

 
nX
r=0

wr

h�
r
n

�N+1
+
�
1� r

n

�N+1i!
2kN (N + 1)!

!1

�
f (N);

1

2k

�
: (9)

8
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Clearly then

j(Ckf) (x)� (Dkf) (x)j �
NX
i=1

���Dkf (i)� (x)��
2ki�1 (i+ 1)!

+
!1
�
f (N); 1

2k

�
2kN�1 (N + 1)!

: (10)

Given that


f (i)

1 <1; for i = 1; : : : ; N; we get����Dkf (i)� (x)��� � 


f (i)




1
;

and

j(Ckf) (x)� (Dkf) (x)j �
NX
i=1



f (i)

1
2ki�1 (i+ 1)!

+
!1
�
f (N); 1

2k

�
2kN�1 (N + 1)!

=: T3 (11)

and
k(Ckf) (x)� (Dkf) (x)k1 � T3: (12)

So as k !1; we get kCkf �Dkfk1 ! 0:
Proof of Theorem 3. Because f 2 CN (R) ; N � 1 we have

f

�
t+

j

2k

�
= f

�
j

2k
+

r

2kn

�
+

NX
i=1

f (i)
�
j
2k
+ r

2kn

�
i!

�
t� r

2kn

�i
+

Z t+(j=2k)

(j=2k)+ r

2kn

�
f (N) (s)� f (N)

�
j

2k
+

r

2kn

�� �
t+ j

2k
� s
�N�1

(N � 1)! ds:

Hence we get


kj (f) = 2
k

Z 2�k

0

f

�
t+

j

2k

�
dt =

nX
r=0

wrf

�
j

2k
+

r

2kn

�

+
NX
i=1

nX
r=0

wrf
(i)
�
j
2k
+ r

2kn

�
i!

2k
Z 2�k

0

�
t� r

2kn

�i
dt

+
nX
r=0

wr2
k

Z 2�k

0

 Z t+(j=2k)

(j=2k)+ r

2kn

�
f (N) (s)� f (N)

�
j

2k
+

r

2kn

�� �
t+ j

2k
� s
�N�1

(N � 1)! ds

!
dt:

9
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That is we have

1X
j=�1


kj (f)'
�
2kx� j

�
=

1X
j=�1

�kj (f)'
�
2kx� j

�

+
NX
i=1

1X
j=�1

�kj
�
f (i)
�
'
�
2kx� j

�
2ki (i+ 1)!

��
1� r

n

�i+1
� (�1)i+1

� r
n

�i+1�

+
1X

j=�1
'
�
2kx� j

� nX
r=0

wr2
k

�
Z 2�k

0

 Z t+(j=2k)

(j=2k)+ r

2kn

�
f (N) (s)� f (N)

�
j

2k
+

r

2kn

��
�
t+ j

2k
� s
�N�1

(N � 1)! ds

!
dt:

Consequently we get

(Ckf) (x)�(Dkf) (x)�
NX
i=1

�
Dkf

(i)
�
(x)

2ki (i+ 1)!

��
1� r

n

�i+1
� (�1)i+1

� r
n

�i+1�
= R3;

where

R3 =
1X

j=�1
'
�
2kx� j

� nX
r=0

wr2
k

�
Z 2�k

0

 Z t+(j=2k)

(j=2k)+ r

2kn

�
f (N) (s)� f (N)

�
j

2k
+

r

2kn

�� �
t+ j

2k
� s
�N�1

(N � 1)! ds

!
dt:

Set

�jr (t) =

�����
Z t+(j=2k)

(j=2k)+ r

2kn

�
f (N) (s)� f (N)

�
j

2k
+

r

2kn

�� �
t+ j

2k
� s
�N�1

(N � 1)! ds

����� :
So that

jR3j �
1X

j=�1
'
�
2kx� j

� nX
r=0

wr2
k

Z 2�k

0

�jr (t) dt:

Next we observe that

10
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(i) Case of r
2kn

� t: So we have

�jr (t) �
Z t+(j=2k)

(j=2k)+ r

2kn

����f (N) (s)� f (N)� j2k + r

2kn

�����
�
t+ j

2k
� s
�N�1

(N � 1)! ds

�
Z t+(j=2k)

(j=2k)+ r

2kn

!1

�
f (N);

����s� j

2k
� r

2kn

�����
�
t+ j

2k
� s
�N�1

(N � 1)! ds

� !1
�
f (N); t� r

2kn

�Z t+(j=2k)

(j=2k)+ r

2kn

�
t+ j

2k
� s
�N�1

(N � 1)! ds

� !1
�
f (N); t

� �t� r
2kn

�N
N !

� !1
�
f (N);

1

2k

� �
t� r

2kn

�N
N !

:

So we obtain

�jr (t) � !1
�
f (N);

1

2k

� �
t� r

2kn

�N
N !

:

(ii) Case of r
2kn

� t: We have

�jr (t) =

�����
Z (j=2k)+ r

2kn

t+(j=2k)

�
f (N) (s)� f (N)

�
j

2k
+

r

2kn

�� �
s�

�
t+ j

2k

��N�1
(N � 1)! ds

�����
�
Z (j=2k)+ r

2kn

t+(j=2k)

����f (N) (s)� f (N)� j2k + r

2kn

�����
�
s�

�
t+ j

2k

��N�1
(N � 1)! ds

�
Z (j=2k)+ r

2kn

t+(j=2k)

!1

�
f (N);

�
j

2k
+

r

2kn
� s
�� �

s�
�
t+ j

2k

��N�1
(N � 1)! ds

� !1
�
f (N);

r

2kn
� t
�Z (j=2k)+ r

2kn

t+(j=2k)

�
s�

�
t+ j

2k

��N�1
(N � 1)! ds

= !1

�
f (N);

r

2kn
� t
� � r

2kn
� t
�N

N !

� !1
�
f (N);

1

2k

� � r
2kn

� t
�N

N !
:

So we derive

�jr (t) � !1
�
f (N);

1

2k

� � r
2kn

� t
�N

N !
:

Therefore we have found

�jr (t) �
!1
�
f (N); 1

2k

�
N !

���t� r

2kn

���N :
11
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Furthermore we see thatZ 2�k

0

�jr (t) dt �
!1
�
f (N); 1

2k

�
N !

Z 2�k

0

���t� r

2kn

���N dt
=
!1
�
f (N); 1

2k

�
N !

"Z r

2kn

0

� r

2kn
� t
�N

dt+

Z 2�k

r

2kn

�
t� r

2kn

�N
dt

#

=
!1
�
f (N); 1

2k

�
(N + 1)!

"� r

2kn

�N+1
+

�
1

2k
� r

2kn

�N+1#

=
!1
�
f (N); 1

2k

�
(N + 1)!

1

2k(N+1)

�� r
n

�N+1
+
�
1� r

n

�N+1�
:

Thus

2k
Z 2�k

0

�jr (t) dt �
!1
�
f (N); 1

2k

�
2kN (N + 1)!

�� r
n

�N+1
+
�
1� r

n

�N+1�
:

Finally we derive that

jR3j �
 
!1
�
f (N); 1

2k

�
2kN (N + 1)!

!
nX
r=0

wr

�� r
n

�N+1
+
�
1� r

n

�N+1�
;

proving the theorem. �
We continue with

Theorem 4. Let f 2 CN (R) ; N � 1; x 2 R and k 2 Z; also


f (i)

1 <1;

i = 1; : : : ; N: Let ' be a bounded function of compact support � [�a; a] ; a > 0

such that
1X

j=�1
' (x� j) = 1 all x 2 R: Suppose ' � 0 and ' is Lebesgue

measurable (then
R1
�1 ' (x) dx = 1): De�ne

'kj (x) := 2
k=2'

�
2kx� j

�
all k; j 2 Z;



f; 'kj

�
=

Z 1

�1
f (t)'kj (t) dt;

and

(Akf) (x) =
1X

j=�1



f; 'kj

�
'kj (x)

=
1X

j=�1

�Z 1

�1
f
� u
2k

�
' (u� j) du

�
'
�
2kx� j

�
;

also de�ne

(Bkf) (x) =

1X
j=�1

f

�
j

2k

�
'
�
2kx� j

�
:

12
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Then

j(Akf) (x)� (Bkf) (x)j � kAkf �Bkfk1

�
NX
i=1



f (i)

1
2kii!

ai +
aN

2kNN !
!1

�
f (N);

a

2k

�
; (13)

x 2 R:
So as k !1; we get kAkf �Bkfk1 ! 0:

Proof. By
1X

j=�1
'
�
2kx� j

�
= 1 we have that

R1
�1 ' (u� j) du = 1:

Notice that

(Akf) (x)� (Bkf) (x) =
1X

j=�1



f; 'kj

�
'kj (x)�

1X
j=�1

f

�
j

2k

�
'
�
2kx� j

�
=

1X
j=�1

�Z 1

�1
f
� u
2k

�
' (u� j) du

�
'
�
2kx� j

�
�

1X
j=�1

f

�
j

2k

�
'
�
2kx� j

�
=

1X
j=�1

�Z 1

�1
f
� u
2k

�
' (u� j) du� f

�
j

2k

��
'
�
2kx� j

�
=

1X
j=�1

�Z 1

�1

�
f
� u
2k

�
� f

�
j

2k

��
' (u� j) du

�
'
�
2kx� j

�
:

That is

(Akf) (x)�(Bkf) (x) =
1X

j=�1

�Z 1

�1

�
f
� u
2k

�
� f

�
j

2k

��
' (u� j) du

�
'
�
2kx� j

�
:

By supp ' � [�a; a] we have that ' (u� j) is nonzero when �a � u� j � a;
that is when j � a � u � j + a: Hence

(Akf) (x)�(Bkf) (x) =
1X

j=�1

�Z j+a

j�a

�
f
� u
2k

�
� f

�
j

2k

��
' (u� j) du

�
'
�
2kx� j

�
:

Next we see that

f
� u
2k

�
� f

�
j

2k

�
=

NX
i=1

f (i)
�
j
2k

�
i!

(u� j)i

2ki
+R4;

where

R4 =

Z u=2k

j=2k

�
f (N) (t)� f (N)

�
j

2k

�� � u
2k
� t
�N�1

(N � 1)! dt:

13
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(i) Case of j � u: We have

jR4j �
Z u=2k

j=2k

����f (N) (t)� f (N)� j2k
�����
�
u
2k
� t
�N�1

(N � 1)! dt

�
Z u=2k

j=2k
!1

�
f (N);

�
t� j

2k

�� � u
2k
� t
�N�1

(N � 1)! dt

� !1
�
f (N);

(u� j)
2k

�Z u=2k

j=2k

�
u
2k
� t
�N�1

(N � 1)! dt

= !1

�
f (N);

(u� j)
2k

�
(u� j)N

2kNN !
:

(ii) Case of j � u: We have

jR4j =
�����
Z j=2k

u=2k

�
f (N) (t)� f (N)

�
j

2k

�� �
t� u

2k

�N�1
(N � 1)! dt

�����
�
Z j=2k

u=2k

����f (N) (t)� f (N)� j2k
�����
�
t� u

2k

�N�1
(N � 1)! dt

�
Z j=2k

u=2k
!1

�
f (N);

�
j

2k
� t
�� �

t� u
2k

�N�1
(N � 1)! dt

� !1
�
f (N);

j � u
2k

�Z j=2k

u=2k

�
t� u

2k

�N�1
(N � 1)! dt

= !1

�
f (N);

j � u
2k

�
(j � u)N

2kNN !
:

So we have proved that

jR4j � !1
�
f (N);

ju� jj
2k

�
ju� jjN

2kNN !
� !1

�
f (N);

a

2k

� aN

2kNN !
;

i.e.

jR4j �
aN

2kNN !
!1

�
f (N);

a

2k

�
:

Furthermore we observe thatZ j+a

j�a

�
f
� u
2k

�
� f

�
j

2k

��
' (u� j) du =

NX
i=1

f (i)
�
j=2k

�
2kii!

Z j+a

j�a
(u� j)i ' (u� j) du

+

Z j+a

j�a
R4' (u� j) du:

Therefore����Z j+a

j�a

�
f
� u
2k

�
� f

�
j

2k

��
' (u� j) du

���� � NX
i=1



f (i)

1
2kii!

ai+
aN

2kNN !
!1

�
f (N);

a

2k

�
:
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The last proves the theorem. �

We continue with

Theorem 5. Let f 2 CN (R) ; N � 1; x 2 R and k 2 Z; also


f (i)

1 <1;

i = 1; : : : ; N: Let ' be a bounded function of compact support � [�a; a] ; a > 0

such that
1X

j=�1
' (x� j) = 1 all x 2 R: Suppose ' � 0 and ' is Lebesgue

measurable (then
R1
�1 ' (x) dx = 1): De�ne

'kj (x) := 2
k=2'

�
2kx� j

�
all k; j 2 Z;



f; 'kj

�
=

Z 1

�1
f (t)'kj (t) dt;

and

(Akf) (x) =

1X
j=�1



f; 'kj

�
'kj (x)

=

1X
j=�1

�Z 1

�1
f
� u
2k

�
' (u� j) du

�
'
�
2kx� j

�
:

Also de�ne

(Dkf) (x) =
1X

j=�1
�kj (f)'

�
2kx� j

�
;

where

�kj (f) =
nX
r=0

wrf

�
j

2k
+

r

2kn

�
;

n 2 N; wr � 0;
nX
r=0

wr = 1: Then

j(Akf) (x)� (Dkf) (x)j � kAkf �Dkfk1 (14)

�
NX
i=1



f (i)

1
2kii!

(a+ 1)
i
+
(a+ 1)

N

N !2kN
!1

�
f (N);

(a+ 1)

2k

�
:

So as k !1; we get kAkf �Dkfk1 ! 0:

Proof. By
1X

j=�1
'
�
2kx� j

�
= 1 we have that

R1
�1 ' (u� j) du = 1:

15
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Notice that

(Akf) (x)� (Dkf) (x) =
1X

j=�1



f; 'kj

�
'kj (x)�

1X
j=�1

�kj (f)'
�
2kx� j

�
=

1X
j=�1

�
2k=2



f; 'kj

�
� �kj (f)

�
'
�
2kx� j

�
=

1X
j=�1

 Z 1

�1
f
� u
2k

�
' (u� j) du�

nX
r=0

wrf

�
j

2k
+

r

2kn

�!
�'
�
2kx� j

�
=

1X
j=�1

"
nX
r=0

wr

�Z 1

�1
f
� u
2k

�
' (u� j) du� f

�
j

2k
+

r

2kn

��#
�'
�
2kx� j

�
=

1X
j=�1

"
nX
r=0

wr

�Z 1

�1

�
f
� u
2k

�
� f

�
j

2k
+

r

2kn

��
' (u� j) du

�#
�'
�
2kx� j

�
:

That is, by the compact support of ' we have

(Akf) (x)� (Dkf) (x) =
1X

j=�1

"
nX
r=0

wr

�Z j+a

j�a

�
f
� u
2k

�
� f

�
j

2k
+

r

2kn

��
' (u� j) du

�#
�'
�
2kx� j

�
:

Next we see that

f
� u
2k

�
� f

�
j

2k
+

r

2kn

�
=

NX
i=1

f (i)
�
j
2k
+ r

2kn

�
i!

�
u� j � r

n

�i
2ki

+R5;

where

R5 =

Z u

2k

j

2k
+ r

2kn

�
f (N) (t)� f (N)

�
j

2k
+

r

2kn

�� � u
2k
� t
�N�1

(N � 1)! dt:

(i) Case j + r
n � u: We have easily that

jR5j �
!1
�
f (N); 1

2k

�
u� j � r

n

��
N !2kN

�
u� j � r

n

�N
:
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(ii) Case j + r
n � u: We have that

jR5j =
�����
Z j

2k
+ r

2kn

u

2k

�
f (N)

�
j

2k
+

r

2kn

�
� f (N) (t)

� �
t� u

2k

�N�1
(N � 1)! dt

�����
�
Z j

2k
+ r

2kn

u

2k

����f (N)� j2k + r

2kn

�
� f (N) (t)

����
�
t� u

2k

�N�1
(N � 1)! dt

�
!1
�
f (N); 1

2k

�
j + r

n � u
��

N !2kN

�
j +

r

n
� u
�N

:

So we have proved that

jR5j �
!1
�
f (N); 1

2k

��j + r
n � u

���
N !2kN

���j + r

n
� u
���N � !1

�
f (N); a+1

2k

�
N !2kN

(a+ 1)
N
;

i.e.

jR5j �
(a+ 1)

N

N !2kN
!1

�
f (N);

a+ 1

2k

�
:

Furthermore we observe thatZ j+a

j�a

�
f
� u
2k

�
� f

�
j

2k
+

r

2kn

��
' (u� j) du =

NX
i=1

f (i)
�
j
2k
+ r

2kn

�
i!2ki

Z j+a

j�a

�
u� j � r

n

�i
�' (u� j) du+

Z j+a

j�a
R5' (u� j) du:

Therefore����Z j+a

j�a

�
f
� u
2k

�
� f

�
j

2k
+

r

2kn

��
' (u� j) du

���� � NX
i=1



f (i)

1
2kii!

(a+ 1)
i

+
(a+ 1)

N

N !2kN
!1

�
f (N);

(a+ 1)

2k

�
:

The last proves the theorem. �

We continue with

Theorem 6. Let f 2 CN (R) ; N � 1; x 2 R and k 2 Z; also


f (i)

1 <1;

i = 1; : : : ; N: Let ' be a bounded function of compact support � [�a; a] ; a > 0

such that
1X

j=�1
' (x� j) = 1 all x 2 R: Suppose ' � 0 and ' is Lebesgue

measurable (then
R1
�1 ' (x) dx = 1): De�ne

'kj (x) := 2
k=2'

�
2kx� j

�
all k; j 2 Z;
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f; 'kj

�
=

Z 1

�1
f (t)'kj (t) dt;

and

(Akf) (x) =
1X

j=�1



f; 'kj

�
'kj (x)

=
1X

j=�1

�Z 1

�1
f
� u
2k

�
' (u� j) du

�
'
�
2kx� j

�
:

Also de�ne

(Ckf) (x) =
1X

j=�1

kj (f)'

�
2kx� j

�
;

where


kj (f) = 2
k

Z 2�k(j+1)

2�kj

f (t) dt = 2k
Z 2�k

0

f

�
t+

j

2k

�
dt:

Then

j(Akf) (x)� (Ckf) (x)j � kAkf � Ckfk1 (15)

�
NX
i=1



f (i)

1
i!2ki

(a+ 1)
i
+
(a+ 1)

N

2kNN !
!1

�
f (N);

(a+ 1)

2k

�
:

So as k !1; we get kAkf � Ckfk1 ! 0:

Proof. By
1X

j=�1
'
�
2kx� j

�
= 1 we have that

R1
�1 ' (u� j) du = 1:

Notice that

(Akf) (x)� (Ckf) (x) =
1X

j=�1



f; 'kj

�
'kj (x)�

1X
j=�1


kj (f)'
�
2kx� j

�

=
1X

j=�1

�
2k=2



f; 'kj

�
� 
kj (f)

�
'
�
2kx� j

�
=

1X
j=�1

 Z 1

�1
f
� u
2k

�
' (u� j) du� 2k

Z 2�k

0

f

�
t+

j

2k

�
dt

!
'
�
2kx� j

�
=

1X
j=�1

"
2k
Z 2�k

0

�Z 1

�1
f
� u
2k

�
' (u� j) du

�
dt� 2k

Z 2�k

0

f

�
t+

j

2k

�
dt

#
'
�
2kx� j

�
=

1X
j=�1

"
2k
Z 2�k

0

��Z 1

�1
f
� u
2k

�
' (u� j) du

�
� f

�
t+

j

2k

��
dt

#
'
�
2kx� j

�
=

1X
j=�1

"
2k
Z 2�k

0

�Z 1

�1

�
f
� u
2k

�
� f

�
t+

j

2k

��
' (u� j) du

�
dt

#
'
�
2kx� j

�
:
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That is, by the compact support of ' we have

(Akf) (x)� (Ckf) (x) =
1X

j=�1

"
2k
Z 2�k

0

�Z j+a

j�a

�
f
� u
2k

�
� f

�
t+

j

2k

��
' (u� j) du

�
dt

#
�'
�
2kx� j

�
:

Next we see that

f
� u
2k

�
� f

�
t+

j

2k

�
=

NX
i=1

f (i)
�
t+ j

2k

�
i!

�
u

2k
� t� j

2k

�i
+R6;

where

R6 =

Z u

2k

t+ j

2k

�
f (N) (s)� f (N)

�
t+

j

2k

�� � u
2k
� s
�N�1

(N � 1)! ds:

(i) Case t+ j
2k
� u

2k
: We have easily that

jR6j � !1
�
f (N);

�
u

2k
� t� j

2k

�� � u
2k
� t� j

2k

�N
N !

:

(ii) Case t+ j
2k
� u

2k
: We have that

jR6j =
�����
Z t+ j

2k

u

2k

�
f (N)

�
t+

j

2k

�
� f (N) (s)

� �
s� u

2k

�N�1
(N � 1)! ds

�����
�
Z t+ j

2k

u

2k

����f (N)�t+ j

2k

�
� f (N) (s)

����
�
s� u

2k

�N�1
(N � 1)! ds

� !1
�
f (N); t+

j

2k
� u

2k

� �
t+ j

2k
� u

2k

�N
N !

:

So we have proved that

jR6j � !1
�
f (N);

����t+ (j � u)2k

�����
���t+ (j�u)

2k

���N
N !

� !1
�
f (N);

(a+ 1)

2k

�
(a+ 1)

N

2kNN !
:

I.e. we found that

jR6j �
(a+ 1)

N

2kNN !
!1

�
f (N);

(a+ 1)

2k

�
:

Furthermore we observe thatZ j+a

j�a

�
f
� u
2k

�
� f

�
t+

j

2k

��
' (u� j) du =

NX
i=1

f (i)
�
t+ j

2k

�
i!

Z j+a

j�a

�
(u� j)
2k

� t
�i

�' (u� j) du+
Z j+a

j�a
R6' (u� j) du:
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Therefore����Z j+a

j�a

�
f
� u
2k

�
� f

�
t+

j

2k

��
' (u� j) du

���� � NX
i=1



f (i)

1
i!2ki

(a+ 1)
i

+
(a+ 1)

N

2kNN !
!1

�
f (N);

(a+ 1)

2k

�
:

The last proves the theorem. �

We give

Theorem 7. Let f 2 CN (R) ; N � 1; x 2 R and k 2 Z: Let ' be a bounded

function of compact support � [�a; a] ; a > 0 such that
1X

j=�1
' (x� j) = 1 all

x 2 R: Suppose ' � 0: Assume further


f (i)

1 <1; i = 1; : : : ; N: Put

(Bkf) (x) =
1X

j=�1
f

�
j

2k

�
'
�
2kx� j

�
;

(Ckf) (x) =

1X
j=�1


kj (f)'
�
2kx� j

�
;

where


kj (f) = 2
k

Z 2�k

0

f

�
t+

j

2k

�
dt;

and

(Dkf) (x) =
1X

j=�1
�kj (f)'

�
2kx� j

�
;

where

�kj (f) =
nX
r=0

wrf

�
j

2k
+

r

2kn

�
;

n 2 N; wr � 0;
nX
r=0

wr = 1: Then

(i)

j(Bkf) (x)� (Dkf) (x)j � kBkf �Dkfk1

�
NX
i=1



f (i)

1
2kii!

+
!1
�
f (N); 1

2k

�
2kNN !

; (16)

(ii)

j(Bkf) (x)� (Ckf) (x)j � kBkf � Ckfk1

�
NX
i=1



f (i)

1
2ki (i+ 1)!

+
!1
�
f (N); 1

2k

�
2kN (N + 1)!

; (17)
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(iii)

j(Ckf) (x)� (Dkf) (x)j � kCkf �Dkfk1

�
NX
i=1



f (i)

1
2ki�1 (i+ 1)!

+
!1
�
f (N); 1

2k

�
2kN�1 (N + 1)!

: (18)

So as k !1; we get kBkf �Dkfk1 ! 0; kBkf � Ckfk1 ! 0; kCkf �Dkfk1 !
0:
Proof. By Theorems 1-3 and especially use of (4), (7) and (12). �

2 Estimates for Distances of FuzzyWavelet type
Operators

We need the following background

De�nition (see [7]). Let � : R! [0; 1] with the following properties
(i) is normal, i.e., 9x0 2 R;� (x0) = 1:
(ii) � (�x+ (1� �) y) � min f� (x) ; � (y)g ; 8x; y 2 R;8� 2 [0; 1] (� is called

a convex fuzzy subset).
(iii) � is upper semicontinuous on R; i.e., 8x0 2 R and 8" > 0; 9 neighbor-

hood V (x0) : � (x) � � (x0) + ";8x 2 V (x0) :
(iv) The set supp (�) is compact in R (where supp (�) := fx 2 R : � (x) > 0g):

We call � a fuzzy real number. Denote the set of all � with RF :
E.g., �fx0g 2 RF ; for any x0 2 R; where �fx0g is the characteristic function

at x0:
For 0 < r � 1 and � 2 RF de�ne [�]r := fx 2 R : � (x) � rg and

[�]
0
:= fx 2 R : � (x) � 0g:

Then it is well known that for each r 2 [0; 1] ; [�]r is a closed and bounded
interval of R:
For u; v 2 RF and � 2 R; we de�ne uniquely the sum u� v and the product

�� u by
[u� v]r = [u]r + [v]r ; [�� u]r = � [u]r ; 8r 2 [0; 1] ;

where [u]r+[v]r means the usual addition of two integrals (as subsets of R) and
� [u]

r means the usual product between a scalar and a subset of R (see, e.g., [7]).
Notice 1� u = u and it holds u� v = v � u; �� u = u� �: If 0 � r1 � r2 � 1
then [u]r2 � [u]r1 : Actually [u]r =

h
u
(r)
� ; u

(r)
+

i
; where u(r)� � u(r)+ ; u

(r)
� ; u

(r)
+ 2 R;

8r 2 [0; 1] : For � > 0 one has �u(r)� = (�� u)(r)� ; respectively.
De�ne

D : RF � RF ! R+
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by

D (u; v) := sup
r2[0;1]

max
n���u(r)� � v(r)�

��� ; ���u(r)+ � v(r)+
���o ;

where [v]r =
h
v
(r)
� ; v

(r)
+

i
; u; v 2 RF :

We have that D is a metric on RF :
Then (RF ; D) is a complete metric space, see [7] :
Let f; g : R! RF : We de�ne the distance

D� (f; g) = sup
x2R

D (f (x) ; g (x)) :

Here
P� stands for fuzzy summation and e0 := �f0g 2 RF is the neutral element

with respect to �; i.e., u� e0 = e0� u = u; 8u 2 RF :
We need
Remark([4]). Here r 2 [0; 1] ; x(r)i ; y

(r)
i 2 R; i = 1; : : : ;m 2 N: Suppose that

sup
r2[0;1]

max
�
x
(r)
i ; y

(r)
i

�
2 R; for i = 1; : : : ;m:

Then one sees easily that

sup
r2[0;1]

max

 
mX
i=1

x
(r)
i ;

mX
i=1

y
(r)
i

!
�

mX
i=1

sup
r2[0;1]

max
�
x
(r)
i ; y

(r)
i

�
:

De�nition. Let f : R! RF ; we de�ne the (�rst) fuzzy modulus of conti-
nuity of f by

!
(F)
1 (f; �) = sup

x;y2R
jx�yj��

D (f (x) ; f (y)) ; � > 0:

We de�ne CUF (R) the space of uniformly continuous functions from R! RF ;
also C (R;RF ) the space of fuzzy continuous functions on R:

Proposition 8 ([4]). Let f 2 CUF (R) : Then !
(F)
1 (f; �) <1; any � > 0:

Proposition 9 ([4]). It holds lim
�!0

!
(F)
1 (f; �) = !

(F)
1 (f; 0) = 0; i¤ f 2

CUF (R) :

Proposition 10 ([4]). Let f : R! RF be a fuzzy real number valued

function. Assume that !(F)1 (f; �) ; !1

�
f
(r)
� ; �

�
; !1

�
f
(r)
+ ; �

�
are �nite; for � > 0;

all r 2 [0; 1] : Then

!
(F)
1 (f; �) = sup

r2[0;1]
max

n
!1

�
f
(r)
� ; �

�
; !1

�
f
(r)
+ ; �

�o
:
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Note. It is clear from Propositions 9, 10 that if f 2 CUF (R) ; then f
(r)
� 2

CU (R) (uniformly continuous on R).

De�nition. Let x; y 2 RF : If there exists z 2 RF : x = y � z; then we call
z the H-di¤erence of x and y; denoted x� y:
De�nition ([7]). Let T := [x0; x0 + �] � R; with � > 0: A function f :

T ! RF is H-di¤erentiable at x 2 T if there exists an f 0 (x) 2 RF such that
the limits (with respect to D) lim

h!0+

f(x+h)�f(x)
h ; lim

h!0+

f(x)�f(x�h)
h exist and are

equal to f 0 (x) : We call f 0 the H-derivative or fuzzy derivative of f at x:
Above is assumed that the H-di¤erences f(x + h) � f(x); f(x) � f(x � h)

exist in RF in an neighborhood of x:

We denote by CN (R;RF ) ; N � 1; the space of all N�times continuously
fuzzy di¤erentiable functions from R into RF :

We mention
Theorem 11 ([11]). Let f : [a; b] � R ! RF be H�fuzzy di¤erentiable.

Let t 2 [a; b] ; 0 � r � 1: Clearly

[f (t)]
r
=
h
(f (t))

(r)
� ; (f (t))

(r)
+

i
� R:

Then (f (t))(r)� are di¤erentiable and

[f 0 (t)]
r
=

��
(f (t))

(r)
�

�0
;
�
(f (t))

(r)
+

�0�
:

I.e. (f 0)(r)� =
�
f
(r)
�

�0
; 8r 2 [0; 1]:

Remark ([4]). Let f 2 CN (R;RF ) ; N � 1: Then by Theorem 11 we

obtain
�
f (i) (t)

�r
=

��
(f (t))

(r)
�

�(i)
;
�
(f (t))

(r)
+

�(i)�
; for i = 0; 1; 2; : : : ; N; and

in particular we have that �
f (i)
�(r)
�
=
�
f
(r)
�

�(i)
;

for any r 2 [0; 1] :

Note. (i) Let f : R ! RF fuzzy continuous, then f (r)� : R ! R are
continuous, 8r 2 [0; 1] :
(ii) Let f 2 CN (R;RF ) ; N � 1: Then by Theorem 11, we have f (r)� 2

CN (R) ; for any r 2 [0; 1] :

We need
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De�nition. Denote by CNBF (R) := ff : R ! RF j such that all fuzzy
derivatives f (i) : R ! RF ; i = 0; 1; : : : ; N exist and are fuzzy continuous and

furthermore D�
�
f (i);e0� <1; for i = 1; : : : ; Ng; N � 1:

Notice here that

D�
�
f (i);e0� = sup

r2[0;1]
max

�



�f (i)�(r)�





1
;





�f (i)�(r)
+






1

�
= sup
r2[0;1]

max

�



�f (r)�(i)�





1
;





�f (r)�(i)
+






1

�
; i = 1; : : : ; N:

Notice also that
D�
�
f (i);e0� <1; implies 


�f (i)�(r)� 


1 <1; i = 1; : : : ; N; 8r 2 [0; 1] :

We need
De�nition ([8], p. 644). Let f : [a; b] ! RF : We say that f is Fuzzy-

Riemann integrable to I 2 RF if for any " > 0; there exists � > 0 such that for
any division P = f[u; v] ; �g of [a; b] with the norms �(P ) < �; we have

D

 X�

P

(v � u)� f (�) ; I
!
< ":

We write I := (FR)
R b
a
f (x) dx:

We mention
Theorem 12 ([9]). Let f : [a; b]! RF be fuzzy continuous. Then (FR)

R b
a
f (x) dx

exists and belongs to RF ; furthermore it holds"
(FR)

Z b

a

f (x) dx

#r
=

"Z b

a

(f)
(r)
� (x) dx; (f)

(r)
+ (x) dx

#
;

8r 2 [0; 1] :
Clearly f (r)� : [a; b]! R are continuous functions.

In this section we study the fuzzy corresponding analogs of real wavelet type
operators Ak; Bk; Ck; Dk; k 2 Z; of �rst section. For simplicity we keep the
same notation at the fuzzy level. So, depending on the context we understand
accordingly whether our operator is real of fuzzy, that is whether is operating
on real valued functions or on fuzzy valued functions.

We present the next main fuzzy wavelet type result.
Theorem 13. Let f 2 CNBF (R) ; N � 1; x 2 R; and k 2 Z: Let ' be a

bounded real valued function of compact support � [�a; a] ; a > 0 such that
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1P
j=�1

' (x� j) = 1; all x 2 R: Suppose ' � 0: Put

(Bkf) (x) =

1X�

j=�1
f

�
j

2k

�
� '

�
2kx� j

�
;

(Ckf) (x) =

1X�

j=�1

 
2k � (FR)

Z 2�k

0

f

�
t+

j

2k

�
dt

!
� '

�
2kx� j

�
;

and

(Dkf) (x) =

1X�

j=�1
�kj (f)� '

�
2kx� j

�
;

where

�kj (f) =

nX�

er=0 wer � f
�
j

2k
+

er
2kn

�
;

n 2 N; wer � 0; nP�

er=0wer = 1:
Then
(i)

D ((Bkf) (x) ; (Dkf) (x)) � D� (Bkf;Dkf)

�
NX
i=1

D�
�
f (i);e0�
2kii!

+
!
(F)
1

�
f (N); 1

2k

�
2kNN !

; (19)

(ii)

D ((Bkf) (x) ; (Ckf) (x)) � D� (Bkf; Ckf)

�
NX
i=1

D�
�
f (i);e0�

2ki (i+ 1)!
+
!
(F)
1

�
f (N); 1

2k

�
2kN (N + 1)!

; (20)

and
(iii)

D ((Ckf) (x) ; (Dkf) (x)) � D� (Ckf;Dkf)

�
NX
i=1

D�
�
f (i);e0�

2ki�1 (i+ 1)!
+
!
(F)
1

�
f (N); 1

2k

�
2kN�1 (N + 1)!

: (21)

Note. We see that

D
�
f (N) (x) ; f (N) (y)

�
� D

�
f (N) (x) ;e0�+D �f (N) (y) ;e0�

� 2D�
�
f (N);e0� <1:
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Thus !(F)1

�
f; 1

2k

�
<1;8k 2 Z:

Consequently as k !1 we obtainD� (Bkf;Dkf) ; D
� (Bkf; Ckf) ; D

� (Ckf;Dkf)!
0 with rates.
Proof. (i) We observe the following

D ((Bkf) (x) ; (Dkf) (x)) = sup
r2[0;1]

max
n���((Bkf) (x))(r)� � ((Dkf) (x))(r)�

��� ;���((Bkf) (x))(r)+ � ((Dkf) (x))(r)+
���o

= sup
r2[0;1]

max
n����Bk �f (r)�

��
(x)�

�
Dk

�
f
(r)
�

��
(x)
��� ;����Bk �f (r)+

��
(x)�

�
Dk

�
f
(r)
+

��
(x)
���o

� sup
r2[0;1]

max
n


Bk �f (r)�

�
�Dk

�
f
(r)
�

�



1
;


Bk �f (r)+

�
�Dk

�
f
(r)
+

�



1

o
(16)

� sup
r2[0;1]

max

8>><>>:
NX
i=1





�f (r)�

�(i)




1

2kii!
+

!1

��
f
(r)
�

�(N)
; 1
2k

�
2kNN !

;

NX
i=1





�f (r)+

�(i)




1

2kii!
+

!1

��
f
(r)
+

�(N)
; 1
2k

�
2kNN !

9>>=>>;

= sup
r2[0;1]

max

8><>:
NX
i=1




�f (i)�(r)� 


1
2kii!

+
!1

��
f (N)

�(r)
� ; 1

2k

�
2kNN !

;

NX
i=1




�f (i)�(r)
+





1

2kii!
+
!1

��
f (N)

�(r)
+
; 1
2k

�
2kNN !

9>=>;
�

NX
i=1

1

2kii!
sup
r2[0;1]

max

�



�f (i)�(r)�





1
;





�f (i)�(r)+





1

�
+

1

2kNN !
sup
r2[0;1]

max

�
!1

��
f (N)

�(r)
�
;
1

2k

�
; !1

��
f (N)

�(r)
+
;
1

2k

��

=
NX
i=1

1

2kii!
D�
�
f (i);e0�+ 1

2kNN !
!
(F)
1

�
f (N);

1

2k

�
;

proving the theorem�s (19).
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(ii) We observe the following

D ((Bkf) (x) ; (Ckf) (x)) = sup
r2[0;1]

max
n���((Bkf) (x))(r)� � ((Ckf) (x))(r)�

��� ;���((Bkf) (x))(r)+ � ((Ckf) (x))(r)+
���o

= sup
r2[0;1]

max
n����Bk �f (r)�

��
(x)�

�
Ck

�
f
(r)
�

��
(x)
��� ;����Bk �f (r)+

��
(x)�

�
Ck

�
f
(r)
+

��
(x)
���o

� sup
r2[0;1]

max
n


Bk �f (r)�

�
� Ck

�
f
(r)
�

�



1
;


Bk �f (r)+

�
� Ck

�
f
(r)
+

�



1

o
(17)

� sup
r2[0;1]

max

8>><>>:
NX
i=1





�f (r)�

�(i)




1

2ki (i+ 1)!
+

!1

��
f
(r)
�

�(N)
; 1
2k

�
2kN (N + 1)!

;

NX
i=1





�f (r)+

�(i)




1

2ki (i+ 1)!
+

!1

��
f
(r)
+

�(N)
; 1
2k

�
2kN (N + 1)!

9>>=>>;

= sup
r2[0;1]

max

8><>:
NX
i=1




�f (i)�(r)� 


1
2ki (i+ 1)!

+
!1

��
f (N)

�(r)
� ; 1

2k

�
2kN (N + 1)!

;

NX
i=1




�f (i)�(r)
+





1

2ki (i+ 1)!
+
!1

��
f (N)

�(r)
+
; 1
2k

�
2kN (N + 1)!

9>=>;
�

NX
i=1

1

2ki (i+ 1)!
sup
r2[0;1]

max

�



�f (i)�(r)�





1
;





�f (i)�(r)+





1

�
+

1

2kN (N + 1)!
sup
r2[0;1]

max

�
!1

��
f (N)

�(r)
�
;
1

2k

�
; !1

��
f (N)

�(r)
+
;
1

2k

��

=
NX
i=1

1

2ki (i+ 1)!
D�
�
f (i);e0�+ 1

2kN (N + 1)!
!
(F)
1

�
f (N);

1

2k

�
;

proving the theorem�s (20).
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(iii) We observe the next

D ((Ckf) (x) ; (Dkf) (x)) = sup
r2[0;1]

max
n���((Ckf) (x))(r)� � ((Dkf) (x))(r)�

��� ;���((Ckf) (x))(r)+ � ((Dkf) (x))(r)+
���o

= sup
r2[0;1]

max
n����Ck �f (r)�

��
(x)�

�
Dk

�
f
(r)
�

��
(x)
��� ;����Ck �f (r)+

��
(x)�

�
Dk

�
f
(r)
+

��
(x)
���o

� sup
r2[0;1]

max
n


Ck �f (r)�

�
�Dk

�
f
(r)
�

�



1
;


Ck �f (r)+

�
�Dk

�
f
(r)
+

�



1

o
(18)

� sup
r2[0;1]

max

8>><>>:
NX
i=1





�f (r)�

�(i)




1

2ki�1 (i+ 1)!
+

!1

��
f
(r)
�

�(N)
; 1
2k

�
2kN�1 (N + 1)!

;

NX
i=1





�f (r)+

�(i)




1

2ki�1 (i+ 1)!
+

!1

��
f
(r)
+

�(N)
; 1
2k

�
2kN�1 (N + 1)!

9>>=>>;

= sup
r2[0;1]

max

8><>:
NX
i=1




�f (i)�(r)� 


1
2ki�1 (i+ 1)!

+
!1

��
f (N)

�(r)
� ; 1

2k

�
2kN�1 (N + 1)!

;

NX
i=1




�f (i)�(r)
+





1

2ki�1 (i+ 1)!
+
!1

��
f (N)

�(r)
+
; 1
2k

�
2kN�1 (N + 1)!

9>=>;
�

NX
i=1

1

2ki�1 (i+ 1)!
sup
r2[0;1]

max

�



�f (i)�(r)�





1
;





�f (i)�(r)+





1

�
+

1

2kN�1 (N + 1)!
sup
r2[0;1]

max

�
!1

��
f (N)

�(r)
�
;
1

2k

�
; !1

��
f (N)

�(r)
+
;
1

2k

��

=
NX
i=1

1

2ki�1 (i+ 1)!
D�
�
f (i);e0�+ 1

2kN�1 (N + 1)!
!
(F)
1

�
f (N);

1

2k

�
;

proving the theorem�s (21).
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Above we need that ([5])

(Bkf)
(r)
� = Bk

�
f
(r)
�

�
;

(Ckf)
(r)
� = Ck

�
f
(r)
�

�
; and

(Dkf)
(r)
� = Dk

�
f
(r)
�

�
;

8r 2 [0; 1]: �

Denote by Cb (R;RF ) the space of bounded fuzzy continuous functions on R
with respect to metric D:
We �nish with the following fuzzy wavelet type main result

Theorem 14. Let f 2 CNBF (R) \ Cb (R;RF ) ; N � 1; x 2 R; and k 2 Z:
Let the scaling function ' (x) a real valued function with supp ' (x) � [�a; a] ;
0 < a < +1; ' is continuous on [�a; a] ; ' (x) � 0; such that

1P
j=�1

' (x� j) = 1

on R (then
R1
�1 ' (x) dx = 1):

De�ne
'kj (t) := 2

k=2'
�
2kt� j

�
all k; j 2 Z; t 2 R



f; 'kj

�
:= (FR)

Z j+a

2k

j�a
2k

f (t)� 'kj (t) dt;

and the fuzzy wavelet type operator

(Akf) (x) =

1X�

j=�1



f; 'kj

�
� 'kj (x) ; x 2 R:

The fuzzy wavelet type operators Bk; Ck; Dk are as in Theorem 13.
Then
(i)

D ((Akf) (x) ; (Bkf) (x)) � D� (Akf;Bkf)

�
NX
i=1

D�
�
f (i);e0�
2kii!

ai +
aN

2kNN !
!
(F)
1

�
f (N);

a

2k

�
; (22)

(ii)

D ((Akf) (x) ; (Ckf) (x)) � D� (Akf; Ckf)

�
NX
i=1

D�
�
f (i);e0�
i!2ki

(a+ 1)
i
+
(a+ 1)

N

2kNN !
!
(F)
1

�
f (N);

(a+ 1)

2k

�
; (23)
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and
(iii)

D ((Akf) (x) ; (Dkf) (x)) � D� (Akf;Dkf)

�
NX
i=1

D�
�
f (i);e0�
2kii!

(a+ 1)
i
+
(a+ 1)

N

N !2kN
!
(F)
1

�
f (N);

(a+ 1)

2k

�
:

(24)

Notice that D� (Akf;Bkf) ; D
� (Akf; Ckf) ; D

� (Akf;Dkf) ! 0 as k ! 1
with rates.

Proof. Similar to the proof of Theorem 13. Also notice here (see also [5])

that (Akf)
(r)
� = Ak

�
f
(r)
�

�
; 8r 2 [0; 1] :

It is based on (13), (14) and (15). �

Note. In [3] we proved, for f 2 CUF (R) as k ! 1; we get uniformly that
Ak; Bk; Ck; Dk ! I unit operator with rates in the D metric. In the case of
Ak we need also f be fuzzy bounded. As related work we mention [2].
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Abstract

Based on the notion of A−monotonicity and the general firm nonexpansiveness of the resol-
vent operator corresponding to A−monotonicity, the convergence analysis of the over-relaxed
proximal point algorithm in the context of the approximation solvability of a class of nonlinear
variational inclusions is examined. Several results on the general firm nonexpansiveness are also
established. The obtained results generalize the results on firm nonexpansiveness.

2000 Mathematics Subject Classifications: 49J40, 47H10, 65B05

Keywords: General firm nonexpansiveness, Variational inclusions, Maximal monotone map-
ping, A-monotone mapping, Relaxed proximal point algorithm, generalized resolvent operator.

1. Introduction

Let X be a real Hilbert space with the norm ‖ · ‖ and the inner product 〈., .〉. We consider the
nonlinear inclusion problem: determine a solution to

0 ∈ M (x), (1)

where M : X → 2X is a set-valued mapping on X. Rockafellar [24] generalized the algorithm of
Martinet [17] in the context of convex programming, which is referred to as the proximal point
algorithm in the literature. This work includes the general convergence and rate of convergence
analysis for solving (1) when M is monotone. Then in [25], Rockafellar has shown as how the prox-
imal point algorithm can be formulated in conjunction with convex programming duality theory to
present a general convergence analysis for the multiplier method in convex programming. Eckstein
and Bertsekas [6] introduced the relaxed proximal point algorithm and applied to the solvability
of inclusion problems of the form (1). Furthermore, they demonstrated that the Douglas-Rachford
splitting method [2] for convex programming was, in fact, a special case of the proximal point al-
gorithm. Next, we state the following theorem of Eckstein and Bertsekas [6], which presents the
convergence analysis for the relaxed proximal point algorithm.
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Theorem 1.1. [6, Theorem 3] Let M : X → 2X be a set-valued maximal monotone mapping on X
with 0 ∈ range(M ), and let the sequence {xk} be generated by the iterative algorithm

xk+1 = (1 − αk)xk + αkwk ∀ k ≥ 0, (2)

where wk is such that
‖wk − (I + ckM )−1(xk)‖ ≤ εk ∀ k ≥ 0,

and the scalar sequences {εk}, {αk} and {ck} satisfy

Σ∞
k=0εk < ∞, inf αk > 0, sup αk < 2, c = infck > 0.

Then the sequence {xk} converges weakly to a zero of M.
In [32− 37, 39], the author introduced and studied the notion of A−monotonicity in the context

of solving variational inclusion problems based on the resolvent operator techniques. The notion
of A−monotonicity generalizes the general theory of multivalued maximal monotone mappings,
including the notion of H−monotonicity introduced by Fang and Huang [8], and provides a general
framework to examining variational inclusion problems. Resolvent operator methods have been used
in literature for a while and are still being applied to a broad spectrum of problems arising from
several fields, such as equilibria problems, optimization and control theory, operations research, and
mathematical programming.

In this paper, we generalize the relaxed proximal point algorithm to the case of A−monotone
mappings, and then we apply it to the approximation solvability of a class of nonlinear inclusion
problem involving A− monotone set-valued mappings in a Hilbert space setting. The convergence
analysis for the generalized relaxed proximal point algorithm is discussed in detail. Also, several
results on the generalized firm nonexpansiveness, Lipschitz continuity of the generalized resolvent
operator corresponding to A− monotone mappings are included. The obtained results generalize
a number of results on the general maximal monotonicity, resolvent operator technique and firm
nonexpansiveness by Eckstein [5], Eckstein and Bertsekas [6], Rockafellar [24, 25], and others. For
more literature, we recommend the reader [1-40].

The contents are organized as follows: section 1 deals with a historical development of the
proximal point algorithm in conjunction with the maximal monotonicity, and with the approximation
solvability of a class of nonlinear inclusion problems based on the proximal point algorithm. Section
2 introduces the notion of A−monotonicity and general firm nonexpansiveness, and then presents
a number of results connecting A−monotonicity, general firm nonexpansiveness and generalized
resolvent operator, while Section 3 presents the generalized version of the relaxed proximal point
algorithm of Eckstein and Bertsekas [6] to the case of A−monotone mappings. Section 4 contains
specializations to maximal relaxed monotone mappings and applications.

2. A-Monotonicity and Firm Nonexpansiveness

In this section we first explore some basic properties derived from the notion of A− monotonicity.
Then we establish some results involving A − monotonicity and the firm nonexpansiveness. Let X
denote a real Hilbert space with the norm ‖ · ‖ and inner product < ., . > . Let M : X → 2X be a
multivalued mapping on X. We shall denote both the map M and its graph by M, which means,
the set {(x, y) : y ∈ M (x)}. This is equivalent to stating that a mapping is any subset M of X ×X,
and M (x) = {y : (x, y) ∈ M}. If M is single-valued, we shall still use M (x) to represent the unique
y such that (x, y) ∈ M rather than the singleton set {y}. This interpretation shall much depend on
the context. The domain of a map M is defined (as its projection onto the first argument) by

dom(M ) = {x ∈ X : ∃y ∈ X : (x, y) ∈ M} = {x ∈ X : M (x) 6= ∅}.
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dom(M)=X, shall denote the full domain of M, and the range of M is defined by

range(M ) = {y ∈ X : ∃x ∈ X : (x, y) ∈ M}.

The inverse M−1 of M is {(y, x) : (x, y) ∈ M}. For a real number ρ and a mapping M, let ρM =
{x, ρy) : (x, y) ∈ M}. If L and M are any mappings, we define

L + M = {(x, y + z) : (x, y) ∈ L, (x, z) ∈ M}.

Definition 2.1. Let M : X → 2X be a multivalued mapping on X. The map M is said to be:

(i) (r)− strongly monotone if there exists a positive constant r such that

〈u∗ − v∗, u − v〉 ≥ r‖u − v‖2 ∀(u, u∗), (v, v∗) ∈ Graph(M ).

(ii) (r)−strongly pseudomonotone if
〈v∗, u− v〉 ≥ 0

implies
〈u∗, u− v〉 ≥ r‖u− v‖2 ∀(u, u∗), (v, v∗) ∈ Graph(M ).

(iii) pseudomonotone if
〈v∗, u− v〉 ≥ 0

implies
〈u∗, u − v〉 ≥ 0 ∀(u, u∗), (v, v∗) ∈ Graph(M ).

(iv) (m)−relaxed monotone if there exists a positive constant m such that

〈u∗ − v∗, u− v〉 ≥ (−m)‖u − v‖2 ∀(u, u∗), (v, v∗) ∈ Graph(M ).

(v) (c)− cocoercive if there is a positive constant c such that

〈u∗ − v∗, u − v〉 ≥ c‖u∗ − v∗‖2 ∀(u, u∗), (v, v∗) ∈ Graph(M ).

Definition 2.2. A mapping M : X → 2X is said to be maximal (m)− relaxed monotone if

(i) M is (m)−relaxed monotone,

(ii) For (u, u∗) ∈ X × X, and

〈u∗ − v∗, u− v〉 ≥ (−m)‖u − v‖2 ∀(v, v∗) ∈ Graph(M ),

we have u∗ ∈ M (u).

Definition 2.3. Let M : X → 2X be a mapping on X. The map M is said to be:
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(i) Nonexpansive if
‖u∗ − v∗‖ ≤ ‖u − v‖ ∀(u, u∗), (v, v∗) ∈ Graph(M ).

(ii) Firmly nonexpansive if

‖u∗ − v∗‖2 ≤ 〈u∗ − v∗, u− v〉 ∀(u, u∗), (v, v∗) ∈ Graph(M ).

(iii) (c)−firmly nonexpansive if there exists a constant c > 0 such that

‖u∗ − v∗‖2 ≤ c〈u∗ − v∗, u− v〉 ∀(u, u∗), (v, v∗) ∈ Graph(M ).

Definition 2.4. (Alternative) Let A : X → X be a single-valued mapping. The map M : X → 2X

is said to be A−monotone if

(i) M is (m)−relaxed monotone

(ii) R(A + ρM ) = X for ρ > 0.

Proposition 2.1. Let A : X → X be an (r)-strongly monotone single-valued mapping and let
M : X → 2X be an A− monotone mapping. Then M is maximal (m)−relaxed monotone for
0 < ρ < r

m .

Proposition 2.2. Let A : X → X be an (r)−strongly monotone single-valued mapping and let
M : X → 2X be an A− monotone mapping. Then (A + ρM ) is maximal monotone for 0 < ρ < r

m .

Proof. Since A is (r)−strongly monotone and M is A−monotone, it implies that A + ρM is
(r − ρm)−strongly monotone. This in turn implies that A + ρM is pseudomonotone, and hence
A + ρM is maximal monotone under the given conditions.

Proposition 2.3. Let A : X → X be an (r)−strongly monotone mapping and let M : X → 2X be
an A−monotone mapping. Then the operator (A + ρM )−1 is single-valued.

Definition 2.5. Let A : X → X be an (r)−strongly monotone mapping and let M : X → 2X be
an A−monotone mapping. Then the generalized resolvent operator JM

ρ,A : X → X is defined by

JM
ρ,A(u) = (A + ρM )−1(u).

Definition 2.6. Let A, T : X → X be two mappings. Then map T is said to be:

(i) Monotone with respect to A if

〈T (x) − T (y), A(x) − A(y)〉 ≥ 0 ∀(x, y) ∈ X.

(ii) (r) − strongly monotone with respect to A if there exists a positive constant r such that

〈T (x) − T (y), A(x) − A(y)〉 ≥ r‖x− y‖2 ∀(x, y) ∈ X.
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(iii) (γ, α)-relaxed cocoercive with respect to A if there exist positive constants γ and α such that

〈T (x) − T (y), A(x) − A(y)〉 ≥ −γ‖T (x) − T (y)‖2 + α‖x − y‖2

∀(x, y) ∈ X.

Theorem 2.1. Let X be a real Hilbert space, and let M : X → 2X be (m)−relaxed monotone.
Then M : X → 2X is A− monotone if and only if

(A + ρM )(X) = X for ρ > 0.

Proof. It follows from the definition of A− monotonicity of M. 2

3. A−Proximal Point Algorithm and Application

This section primarily deals with the relaxed A−proximal point algorithm and its application to
approximation solvability of the inclusion problem (1). Several results connecting the generalized
A−monotonicity and corresponding resolvent operator are established, which unify the results on
the firm expansiveness from Eckstein and Bertsekas [6]. Furthermore, some auxiliary results on
A−monotonicity, maximal relaxed monotonicity, and maximal monotonicity are obtained.

The solvability of the problem (1) depends on the equivalence between (1) and the problem of
finding the fixed point of the associated generalized resolvent operator.

Lemma 3.1. Let X be a real Hilbert space, let A : X → X be (r)−strongly monotone, and let
M : X → 2X be A− monotone. Then the generalized resolvent operator associated with M and
defined by

JM
ρ,A(u) = (A + ρM )−1(u) ∀u ∈ X,

is ( 1
r−ρm )−Lipschitz continuous r − ρm > 0.

Lemma 3.2. Let X be a real Hilbert space, let A : X → X be (r)−strongly monotone, and let
M : X → 2X be A− monotone. Then the generalized resolvent operator associated with M and
defined by

JM
ρ,A(u) = (A + ρM )−1(u) ∀u ∈ X,

is ( 1
r−ρm )−firmly nonexpansive for r − ρm > 0.

Proof. For any u, v ∈ X, it follows from the definition of the resolvent operator JM
ρ,A that

1
ρ
[u − A(JM

ρ,A(u))] ∈ M (JM
ρ,A)(u),

and
1
ρ
[v − A(JM

ρ,A(v))] ∈ M (JM
ρ,A)(v).

Since M is (m)−relaxed monotone, we have

1
ρ
〈u − v − [A(JM

ρ,A(u)) − A(JM
ρ,A(v))],

JM
ρ,A(u) − JM

ρ,A(v)〉
≥ −m‖JM

ρ,A(u) − JM
ρ,A(v)‖2. (3)
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In light of (3), we have

〈u − v, JM
ρ,A(u) − JM

ρ,A(v)〉
≥ 〈A(JM

ρ,A(u)) − A(JM
ρ,A(v)),

JM
ρ,A(u) − JM

ρ,A(v)〉 −
ρm‖JM

ρ,A(u) − JM
ρ,A(v)‖2

≥ (r − ρm)‖JM
ρ,A(u) − JM

ρ,A(v)‖2. 2

Lemma 3.3. Let X be a real Hilbert space, let A : X → X be (r)−strongly monotone, and let
M : X → 2X be A− monotone. Then I − JM

ρ,A is firmly nonexpansive for r − ρm > 1.

Theorem 3.1. Let X be a real Hilbert space, let A : X → X be (r)−strongly monotone, and let
M : X → 2X be A−monotone. Then the following statements are mutually equivalent:

(i) An element u ∈ X is a solution to (1).

(ii) For an u ∈ X, we have
u = JM

ρ,A(A(u)),

where
JM

ρ,A(u) = (A + ρM )−1(u).

Proof. It follows from the definition of the generalized resolvent operator corresponding to M.

Theorem 3.2. Let X be a real Hilbert space, let A : X → X be (r)−strongly monotone and
(s)−Lipschitz continuous, and let M : X → 2X be A−monotone. For an arbitrarily chosen element
x0, let the sequence {xk} be generated by the relaxed A−proximal point algorithm

xk+1 = (1 − αk)xk + αkyk for k ≥ 0

with
‖yk − JM

ρ,A(A(xk))‖ ≤ δk‖yk − xk‖,

where δk → 0,
yk+1 = (1 − αk)xk + αkJM

ρ,A(A(xk)),

〈xk − x∗, JM
ρk,A(A(xk)) − JM

ρk,A(A(x∗))〉 ≥ γ‖JM
ρk,A(A(xk)) − JM

ρk,A(A(x∗))‖2, (4)

for γ > 0, JM
ρ,A = (A + ρkM )−1, and sequences {δk}, {αk} and {ρk} satisfy αk > 1,

∑∞
k=0 δk ≤ ∞,

and ρk ↑ ρ.
Then the sequence {xk} converges linearly to a unique solution x∗ of (1) with rate

√
1 − α[2(1 −

s2

(r − ρm)2
) − α(1 − (2γ − 1)

s2

(r − ρm)2
)] < 1,

VERMA: NONLINEAR VARIATIONAL INCLUSIONS78



where α2
k + 2αk(1 − αk)γ > 0 and α = lim supk→∞ αk.

Proof. Applying Theorem 3.1, x∗, a solution to (1), satisfies the relaxed proximal point algorithm.
It further follows from Theorem 3.1 that any solution to (1) is a fixed point of JM

ρk,AoA for all k ≥ 0.

Next, using (4), we find the estimate

‖yk+1 − x∗‖2 = ‖(1 − αk)xk + αkJM
ρk,A(A(xk)) −

[(1 − αk)x∗ + αkJM
ρk,A(A(x∗))‖2

= ‖(1 − αk)(xk − x∗) − αk(JM
ρk,A(A(xk)) − JM

ρk,A(A(x∗)))‖2

= (1 − αk)2‖xk − x∗‖2 + 2αk(1 − αk)〈xk − x∗, JM
ρk,A(A(xk)) − JM

ρk,A(A(x∗))〉 +

α2
k‖JM

ρk,A(A(xk)) − JM
ρk,A(A(x∗))‖2

≤ (1 − αk)2‖xk − x∗‖2 + 2αk(1 − αk)γ‖JM
ρk,A(A(xk)) − JM

ρk,A(A(x∗))‖2 +

α2
k‖JM

ρk,A(A(xk)) − JM
ρk,A(A(x∗))‖2

= (1 − αk)2‖xk − x∗‖2 + [α2
k + 2αk(1 − αk)γ]‖JM

ρk,A(A(xk)) − JM
ρk,A(A(x∗))‖2

≤ (1 − αk)2‖xk − x∗‖2 + [α2
k + 2αk(1 − αk)γ]

s2

(r − ρkm)2
‖xk − x∗‖2

= {(1 − αk)2 + [α2
k + 2αk(1 − αk)γ]

s2

(r − ρkm)2
}‖xk − x∗‖2

= {1 − αk[2(1 − s2

(r − ρkm)2
) − αk(1 − (2γ − 1)

s2

(r − ρkm)2
)]}‖xk − x∗‖2,

where s < r − ρkm, and α2
k + 2αk(1 − αk)γ > 0.

Therefore,
‖yk+1 − x∗‖ ≤ θk‖xk − x∗‖ for s < r − ρkm,

where α2
k + 2αk(1 − αk)γ > 0, and

θk =

√
1 − αk[2(1 − s2

(r − ρkm)2
) − αk(1 − (2γ − 1)

s2

(r − ρkm)2
)].

Clearly, it follows that

‖xk+1 − yk+1‖
= ‖(1 − αk)xk + αkyk − [(1 − αk)xk + αkJM

ρ,A(A(xk))]‖
= ‖αk(yk − JM

ρ,A(A(xk)))‖
≤ αkδk‖yk − xk‖.

Since
xk+1 = (1 − αk)xk + αkyk,

it implies that
αk(yk − xk) = xk+1 − xk.
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Now we estimate

‖xk+1 − x∗‖ = ‖yk+1 − x∗‖ + ‖xk+1 − yk+1‖
≤ ‖yk+1 − x∗‖ + ‖xk+1 − yk+1‖
≤ ‖yk+1 − x∗‖ + αkδk‖yk − xk‖
= ‖yk+1 − x∗‖ + δk‖xk+1 − xk‖
≤ θk‖xk − x∗‖ + δk‖xk+1 − x∗‖ + δk‖xk − x∗‖. (5)

(6)

Therefore, we have

‖xk+1 − x∗‖ ≤ θk + δk

1 − δk
‖xk − x∗‖, (7)

where

lim sup
θk + δk

1 − δk
= lim sup θk

=

√
1 − α[2(1− s2

(r − ρm)2
) − α(1 − (2γ − 1)

s2

(r − ρm)2
)] < 1.

Finally, to show the uniqueness of the solution, assume that x∗
1 and x∗

2 are two distinct solutions
of (1). By Theorem 3.1, we have

x∗
1 = JM

ρk,A(A(x∗
1)),

and
x∗

2 = JM
ρk,A(A(x∗

2)).

Since JM
ρk,A is ( 1

r−ρkm )− Lipschitz continuous and A is (s)− Lipschitz continuous, we arrive at

‖x∗
1 − x∗

2‖ = ‖JM
ρk,A(A(x∗

1)) − JM
ρk,A(A(x∗

2))‖

≤ 1
r − ρkm

‖A(x∗
1) − A(x∗

2)‖

≤
s

r − ρkm
‖x∗

1 − x∗
2‖.

Therefore, we find
[1 − s

r − ρkm
]‖x∗

1 − x∗
2‖ ≤ 0 for s < r − ρkm.

It follows from this that
‖x∗

1 − x∗
2‖ = 0for s < r − ρkm. 2

4. Some Applications

In this section, based on results from Sections 2 and 3, we derive some special cases of Theorem
3.2 for the H− monotone mapping – introduced and studied by Fang and Huang [8].

Definition 4.1. Let H : X → X be a single-valued mapping. The map M : X → 2X is said to be
H−monotone if
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(i) M is monotone,

(ii) R(H + ρM ) = X for ρ > 0.

Lemma 4.1. [8] Let X be a real Hilbert space, let H : X → X be (r)−strongly monotone, and let
M : X → 2X be H− monotone. Then the generalized resolvent operator associated with M and
defined by

JM
ρ,H (u) = (H + ρM )−1(u) ∀u ∈ X,

is (1
r
)−Lipschitz continuous for r > 0.

Lemma 4.2. Let X be a real Hilbert space, let H : X → X be (r)−strongly monotone, and let
M : X → 2X be H− monotone. Then the generalized resolvent operator associated with M and
defined by

JM
ρ,H (u) = (H + ρM )−1(u) ∀u ∈ X,

is (1
r )−firmly nonexpansive for r > 0.

Lemma 4.3. Let X be a real Hilbert space, let H : X → X be (r)−strongly monotone, and let
M : X → 2X be H−monotone. Then the following statements are mutually equivalent:

(i) An element u ∈ X is a solution to (1).

(ii) For an u ∈ X, we have
u = JM

ρ,H (H (u)).

where
JM

ρ,H (u) = (H + ρM )−1(u).

Theorem 4.1. Let X be a real Hilbert space, let H : X → X be (r)−strongly monotone and
(s)−Lipschitz Continuous, and let M : X → 2X be H−monotone. For an arbitrarily chosen element
x0, let the sequence {xk} be generated by the relaxed H−proximal point algorithm

xk+1 = (1 − αk)xk + αkyk for k ≥ 0

with
‖yk − JM

ρ,H (H(xk))‖ ≤ δk‖yk − xk‖,

where δk → 0,
yk+1 = (1 − αk)xk + αkJM

ρ,H (H(xk)),

〈xk − x∗, JM
ρk,H(H(xk)) − JM

ρk,H(H(x∗))〉 ≥ γ‖JM
ρk,H(H(xk)) − JM

ρk,H(H(x∗))‖2, (8)

for γ > 0, JM
ρ,H = (H + ρkM )−1, and sequences {δk}, {αk} and {ρk} satisfy αk > 1,

∑∞
k=0 δk ≤ ∞,

and ρk ↑ ρ.
Then the sequence {xk} converges linearly to a unique solution x∗ of (1) with rate

√
1 − α∗[2(1− s2

r2
) − α∗(1 − (2γ − 1)

s2

r2
)] < 1,
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where α∗ = lim supk→∞ αk and s < r

Theorem 4.2. Let X be a real Hilbert space, and let M : X → 2X be maximal monotone. For
an arbitrarily chosen element x0, let the sequence {xk} be generated by the relaxed proximal point
algorithm

xk+1 = (1 − αk)xk + αkyk) for k ≥ 0

with
‖yk − JM

ρ (xk)‖ ≤ δk‖yk − xk‖,

where δk → 0,

yk+1 = (1 − αk)xk + αkJM
ρ (xk),

JM
ρ = (I + ρkM )−1, and sequences {δk}, {αk} and {ρk} satisfy αk > 1,

∑∞
k=0 δk ≤ ∞, and ρk ↑ ρ.

Then the sequence {xk} converges linearly to a unique solution x∗ of (1) with rate
√

1 − α∗[2 − α∗] < 1,

where
α∗ = lim supk→∞ αk.
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Abstract

In this paper, some properties of solutions of a system of nonlinear ordinary differen-

tional equationa are obtained. Above system describes a flow on the graph of ”flower with

n petals” type when the flow mass is constant.

1 Introduction

Let A = (aij) be a stochastic square matrix n ∗ n, i.e. aij ≥ 0 ∀i, j,

n∑

j=1

aij = 1, i = 1..., n. (1)

We assume, that ~ρ = (ρ1..., ρn) is a vector with non-negative coordinates, 0 ≤ ρi ≤ 1,

i = 1..., n,

‖~ρ‖ln1
= ρ1 + ... + ρn = C. (2)

Let f(x) = x (1 − x) χ[0,1] (x) , and χ[0,1] be the characteristic function of a segment

[0, 1].

Then the system of ODE





ρ̇1 = (a11 − 1)f(ρ1) + a21f(ρ2) + ... + an1f(ρn)

ρ̇2 = a12f(ρ1) + (a22 − 1) f(ρ2) + ... + an2f(ρn)

................................................................

ρ̇n = a1nf(ρ1) + a2nf(ρ2) + ... + (ann − 1) f(ρn),

(3)

describes traffic on the graph, representing ”flower” - general vertex + a crossroad, where

the closed identical edges in quantity of n pieces, (Fig. 1) are united. The function f(x) is

1
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Figure 1: The traffic flower with six petals

a classic model of intensity of movement which depends on density and is called as main

diagram, [1].

Further in (3) we will consider a value of density on the appropriate petal ρi = ρi(t),

0 ≤ ρi ≤ 1, i = 1, ..., n. Thus the matrix A is a matrix of hashing of flows in the vertex

O. The entering flow from i petal is redistributed in the vertex O according to the shares

determined in the line i of the matrix A, for this reason the condition (1) is true. Let’s

consider further, that in (2) C is a constant, i.e. the flow is closed and, hence, it is described

by system (3). The purpose of work consists of research of qualitative properties of flow ,

i.e. solutions of (3). Thus the stationary point is a solution of (3) ~ρ(t) ≡ ρ(0), satisfying

condition (2). The solution ~ρ(t) such that

‖~ρ‖ln∞
= max

1≤i≤n
|ρi| = 1 (4)

is called critical. According to physics of the system it means that, at least on one edge

flow density is maximal and also speed of leaving flow is equal to 0. Hence, the edge ceases

to pass a flow, ”the petal falls down ”.

Thus, in case , when the system (3) with n petals is in a critical mode it is reduced to a

flower with smaller number of petals and, accordingly, smaller mass. There exists different

scenarios of a transformation of the matrix A to a stochastic matrix of the smaller size

, i.e. different scenarios of movement control in a critical mode. We will postulate the

following rules

2
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(1) If the edge with number i has critical density, and next (i−1) and (i+1) edges are

in an operating conditions, then line i of the matrix A shares half-and-half between (i− 1)

(mod n) and (i + 1) (mod n), the column i deletes.

(2) If the critical condition i comes simultaneously with the next one, then transfor-

mation (I) is made above the sum of lines from cluster of critical edges and accordingly

columns delete.

2 Flower with Two Petals

Let n = 2, a11 = a1, a22 = a2. Then the system (3) becomes




ρ̇1 = (a1 − 1) f (ρ1) + (1− a2) f (ρ2)

ρ̇2 = (1 − a1) f (ρ1) + (a2 − 1) f (ρ2)
(5)

with the following conditions




0 ≤ ρ1 ≤ 1, 0 ≤ ρ2 ≤ 1,

ρ1 + ρ2 = C.
(6)

Figure 2: Double petal flower

As ρ2 = C − ρ1, then (5) - (6) are reduced to the problem (see Fig. 2)




ρ̇1 = (a1 − 1)f(ρ1) + (1− a2)f(ρ2)

0 ≤ ρ1 ≤ 1, 0 ≤ C − ρ1 ≤ 1,
, (7)

where Cis a parameter, 0 < C < 2.

Because of symmetry we will consider, that

1 ≥ a2 ≥ a1 ≥ 0.

3
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Lemma 2.1. If 0 < a1 = a2 < 1, then for any initial conditions ρ1(0) 6= C/2

(a) if C > 1 then the solution goes into a critical mode in finite time;

(b) if 0 < C < 1 then the solution converges to a stationary point ρ1 ≡ C/2.

Proof. If 0 ≤ ρ1 ≤ 1, and 0 ≤ C − ρ1 ≤ 1, that

ρ̇1 = (1− a2)(f(C − ρ1) − f(ρ1)) = (1 − a2)(C − 2ρ1)(1− C),

whence everything also follows.

Lemma 2.2. Let 0 < a1 < a2 < 1. Then the problem (7) has the unique stationary

solution.

Proof. If C < 1, then ρ1 ∈ [0, C], and function

g(x) = (a1 − 1)f(x) + (1 − a2)f(C − x)

at x = 0 satisfies to an inequality g(0) = (1 − a2)f(C) > 0, and at x = C it is fair

g(C) = (a1 − 1)f(C) < 0. Thus, from a continuity g(x) it follows that there is at least one

zero. However, as

g(x) = (1 − a1)f(C − x) + (a1 − a2)f(C − x) + (a1 − 1)f(x) =

= (1 − a1)(C − 2x)(1− C) + (a1 − a2)f(C − x),

that,

first number of critical points is no more than two, i.e. g(x) is parabola,

second by virtue of the above mentioned condition g(0)g(C) < 0 in an interval [0, C] there

is only one zero g(x).

If C > 1, then x ∈ [C − 1, 1], And on the same reasons there is exactly one critical

point. The lemma 2.2 is proved.

Theorem 2.1. If 0 < a1 < a2 < 1, than for any initial conditions ρ1(0) such, that

g(ρ1(0)) 6= 0

(a) If C > 1 then the solution (7) monotonously turns to a critical mode in finite time;

(b) If 0 < C < 1 then the solution (7) monotonously converges to the stationary point

ρ1(t) ≡ C1, g(C1) = 0.

4
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Proof. System




ρ̇1 = (a1 − 1)ρ1(1 − ρ1) + (1− a2)ρ2(1 − ρ2)

ρ̇2 = (−a1 + 1)ρ1(1 − ρ1) + (−1 + a2)ρ2(1− ρ2)
(8)

has the following vector field (see Fig. 3).

B(1,1)C(0,1)

A(0,1)O

X2

X1

Figure 3: The vector field of system (8)

The set of stationary points ( Fig. 3) consists of two fragments of the hyperbole

described by the equation

(a1 − 1)x1(1− x2) + (1− a2)x2(1− x2) = 0

at the square OABC. The direction of the vector field is checked directly. The theorem is

proved.

More general formulation of the problem for two petals has been considered in [3],[5].

3 General Properties of System (3)Solutions

We research a question of stationary points (3). Let ~ρ∗ = (ρ∗1...ρ
∗
n) be a stationary point,

~f∗ = (f(ρ∗1)...f(ρ∗n)),

(A − E)~f∗ = ~0. (9)

As det(A − E) = 0, then a nontrivial solution of the system (A − E)~x = ~0, ~x ∈ Rn

exists. As AT is a stochastic matrix, for spectral radiuses ρ(A) and ρ(AT ) the following

5
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inequality is true

ρ(AT) = 1 ≤ ρ(A.) (10)

If A is a double stochastic matrix, i.e. A and AT are stochastic, then under condition

of positivity of all elements A the Perron-Frobenius theorem [2] is true.

Lemma 3.1. There exists and unique to within normalize a vector ~f∗ = (f∗
1 ...f∗

n) ∈ Rn
+

with positive elements such, that

A~f∗ = ~f∗. (11)

It is obvious, that

~f∗ = λ∗(1, 1, ...1). (12)

Suppose that

λ∗ = 0.25. (13)

The equation

f (ρ) = a (14)

has no more than two solutions, at a < 0 or at a > 1
4 it is insoluble. If 0 < a < 1

4 then

there exists numbers ρ1, ρ2, 0 < ρ1 < 1
2 < ρ2 < 1, ρ1 + ρ2 = 1 such, that

f(ρ1) = f (ρ2) = a. (15)

Thus, we will denote by

ρ1 = f−1
− (a), ρ2 = f−1

+ (a.) (16)

Let C > 0 is fixed, λ > 0, ~f∗ is the solution of (12). We consider the following equation

ϕ~δ(λ) = f−1
δ1

(λf∗
1 ) + f−1

δ2
(λf∗

2 ) + .... + f−1
δn

(λf∗
n) = C. (17)

The function ϕ~δ
(λ), where ~δ is the fixed set of ±1, ~δ ∈ (±1,±1.....,±1) is continuous

and determined on an interval λ ∈ [0, 1]. As A and AT are stochastic matrixes, then

f∗ = (1/4)(1, 1...1),

ϕ~δ
(λ) = f−1

δ1
(λ/4) + f−1

δ2
(λ/4) + .... + f−1

δn
(λ/4), (18)

where δi = 1 or δi = −1. As

f−1
− (a) + f−1

+ (a) = 1, (19)

6
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then

ϕ~δ
(λ) = s + (n − 2s) f−1

+ (λ/4) , (20)

where [~δ] = n − 2s is the signature, excess of quantity of coordinates pluses of a vector ~δ

above quantity of minuses (n ≥ 2s) , or

ϕ~δ
(λ) = s + (n − 2s) f−1

− (λ/4) (21)

if of quantity of coordinates minuses of a vector ~δ excess above quantity of pluses one.

Let us denote ~δ± = (~δ ∪ −~δ). Lemma 3.2. Two-value function

ϕ~δ±
(λ) = s + (n − 2s) f−1

± (λ/4) (22)

has the continuous plot from two monotonous components with area of values [s, n − s].

Proof follows from an explicitfunction of f(x).

Corollary. For any C ∈ [s, n − s], [~δ] = n − 2s, n ≥ 2s there exists and unique

λ ∈ [0, 1], wich satisfies the equation

ϕ~δ±
(λ) = s + (n − 2s) f−1

± (λ/4) = C. (23)

As at fixed s, that conterminous on parity with n it is possible to choose Cn−s
n ways of

distribution of marks ± in a chain from n symbols so, that signature will be equal n − 2s

(n > 2s), at C ∈ [s, n−s] there is an appropriate quantity of branches of stationary points.

Theorem 3.1. If A is a double stochastic matrix with positive elements, then for

every s = 0, 1...., [n/2] exists Cn−s
n branches of stationary points with a range of definition

C ∈ [s, n − s].

For n = 3 this result is present in [6] for partial singular case of an one-dimensional

chain.

4 Traffic Stability on Double Petal Flower for One-parametrical

Families of State Functions

Let’s consider double petal traffic flower with state function , i.e. dependence of flow speed

from density of the following type v(x) = (1− x)γ , 0 ≤ x ≤ 1, i.e.,

f(x) = f(x, γ) = x(1 − x)γ , 0 ≤ x ≤ 1. (24)

7
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α1

α2

1 2

1-α1
1-α2

Figure 4: The dual image of a 2-flower.

In case of a stochastic matrix of transition we have

α1 = α2 = α.

Thus, the equation for density, for example, on the first petal looks like

ρ̇ = −αf(ρ) + αf(C − ρ) = −αf(ρ, γ) + αf(C − ρ, γ) = g(ρ, γ,C) (25)

with following conditions

max(0, C − 1) ≤ ρ ≤ min(1, C). (26)

At γ = 1 we receive model of paragraph 2, i.e. the solution (25) is stable in and only

if C < 1. If γ = 0, that

ρ̇ = −αρ + α(C − ρ) = α(C − 2ρ.) (27)

The equation (27) has a stationary point ρ∗ = C/2,, which is stable for any permitted

initial conditions.

We research a problem of stability of the equation (25) - (26) at any γ ∈ [0,∞).

Lemma 4.1. (1) Function f(x, γ) = x(1 − x)γ achieves a maximum in the unique

critical point f ′(x∗, γ) = 0, x∗ = 1
1+γ ;

(2) Function f(x, γ) increases on an interval [0, 1
1+γ ] and also decreases on an interval

[ 1
1+γ , 1];

(3) If 1 < C < 2(1 + γ)−1, then on an interval [max(0, C − 1
1+γ ), min( 1

1+γ , C)] the

function f(x) increases, and function f(C − x) decreases.

Proof. It is checked directly.

8
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C1C-1 C

/
2

f(c-x, )γ f(x, )γ

x

Figure 5: 0 < γ < 1, 1 < C < 2.

Lemma 4.2. (1) Function g(x, γ,C) is determined on an interval [max(0, C−1), min(1, C)];

(2) g(x, γ, C) is symmetric concerning the point (C/2, g(C/2, γ,C) = 0), i.e. is odd

relative to x = C/2;

(3) Let C > 1. If C − 1
1+γ < 1

1+γ , that on the interval (C − 1, C − 1
1+γ ) function

g(x, γ,C) has at least one zero.

Proof. It is checked directly.

lemma 4.3. If 1 < C < 2
1+γ , and if C − 1 < x < C − 1

1+γ , then function g(x, γ,C)

has only one zero.

Proof. It is directly calculated, that

f”(x) = (1− x)γ−2(−2γ + (γ2 + γ)x).

Similarly,

g”(x) = (1− (C − x))γ−2(−2γ + (γ2 + γ)(C − x))−

−(1 − x)γ−2(−2γ + (γ2 + γ)x). (28)

On an considered interval the following is true g”(x, γ,C) < 0. Therefore, if quantity

of zero g(x, γ,C) is more than one, then as this function has on the ends of an interval

values of different marks, then quantity of zeroes is not less than three, otherwise from

Roll’s theorem g”(x, γ,C) should not have not than one zero.

Lemma 4.4. The quantity of zero of functions g(x, γ,C) and g(1 − x, 1
γ , 2 − C)

coincides.

9
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Proof. The equation f(x, γ) = f(C − x, γ) is equivalent to the following

f
1
γ (x, γ) = f

1
γ (C − x, γ), x∈ [0, 1],

which is in turn equivalent

f
1
γ (1 − x, γ) = f

1
γ (C − 1 + x, γ), x ∈ [0, 1].

However

f
1
γ (1 − x, γ) ≡ f(x,

1
γ

),

and also

f
1
γ (C − x, γ) ≡ f(2 − C − x,

1
γ

),

whence all follows.

Theorem 4.1. (1) Let 0 < γ < 1. Then for the equation (25) the following is true

(1.1) If 0 < C < 1, then there is a unique stationary point ρ ≡ C/2 with area of an

attraction [0, C].

(1.2) If 1 ≤ C ≤ 2
γ+1 , then there is a stationary point ρ ≡ C/2 with area of an

attraction x∗
1 < ρ < x∗

2, and unstable stationary points ρ ≡ ρ∗1 with an achive in a critical

mode ρ < ρ∗1 and ρ ≡ ρ∗2 with an achive in a critical mode at ρ > ρ∗2.

(1.3) If C > 2
γ then there is unique and unstable stationary point ρ ≡ C/2 with area

of achive in critical mode [C − 1, C/2), (C/2, 1].

(2) Let 1 < γ < ∞. Then

(2.1) If 1 < C < 2, then there is a unique stationary point ρ ≡ C/2 with area of an

achive in the critical mode [C − 1, C/2), (C/2, 1].

(2.2) If 2
γ+1 < C < 1, then there is the unstable stationary point ρ ≡ C/2 and two

stable stationary points ρ ≡ ρ∗1 with area of an attraction 0 < ρ < C/2, and ρ ≡ ρ∗2 with

area of the attraction C/2 < ρ < C.

(2.3) If 0 < C < 2
γ+1 then there is the unique stationary point ρ ≡ C/2 with area of

attraction [0, C].

Proof. The proof follows from Lemmas 4.1-4.4.

5 Linear Traffic Flower

Let’s consider the case, when the intensity of movement linear depends on density, i.e.

speed is constant.

10
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5.1 Some Special Case

Let’s consider the following traffic flower with a matrix which is not being double stochastic




dρ1
dt = −n−1

n ρ1 + ρ2 + ... + ρn

dρ2
dt = 1

nρ1 − ρ2

dρ3
dt = 1

nρ1 − ρ3

............................................

dρn

dt = 1
nρ1 − ρn

(29)

For the equations (29), since the second, linear be relative appropriate variables, solu-

tions can be written down as

ρk(t) =
1
n

∫
ρ1(t)e−tdt, k ≥ 2, (30)

and by virtue of a condition ρ1 + ... + ρn ≡ C the first equation (29) will become

ρ̇1(t) = −n − 1
n

ρ1 + (C − ρ1) = −2n − 1
n

ρ1 + C.

It is clearly, that if

−2n − 1
n

ρ1(0) + C > 0, (31)

then the solution ρ1(t) increases until the condition −2n−1
n ρ1(t) + C = 0. will not be

executed yet. Therefore, if
Cn

2n − 1
≥ 1, (32)

the system (23) passes gets into a critical mode, as (25) in this case it is carried out

automatically. If Cn
2n−1 < 1, then by virtue (32) ρ1(0) < Cn

2n−1 and ρ1(t) increases on t

ρ1(t) ↗
Cn

2n − 1
,

and if ρ1(0) > Cn
2n−1 , then

ρ1(t) ↘
Cn

2n − 1
.

Thus ρ1(t) does not get a critical mode.

As the obvious kind of the solution (28) looks like

ρ1(t) =
Cn

2n − 1
+ Ae−

2n−1
n

t, (33)

that at k ≥ 2

ρk(t) =
1
n

∫
(

Cn

2n− 1
+ Ae−

2n−1
n

t)e−tdt =

11
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= − C

2n − 1
e−t − A

3n − 1
e−

3n−1
n

t + Bk. (34)

If A > 0, i.e. ρ1(0) > Cn
2n−1 , then (34) decreases on t and all ρk(t), k ≥ 2 are noncritical.

If ρ1(0) < Cn
2n−1 , then A = ρ1(0)− Cn

2n−1 ,

ρk(t) = − C

2n − 1
e−t +

Cn

(2n − 1)(3n− 1)
e−

3n−1
n

t−

−
ρ1(0)

3n − 1
e−

3n−1
n

t + Bk < − ρ1(0)
3n − 1

e−
3n−1

n
t + Bk ↘ Bk ,

k ≥ 2.

Hence, all functions ρk also are noncritical. Theorem 4. The system (29) gets into a

critical mode if and only if Cn
2n−1 > 1.

5.2 Stochastic Flow

As before A = (aij) is the double stochastic matrix n ∗ n, i.e. aij > 0, ∀i, j
∑n

j=1 aij = 1,

i = 1, ..., n. Therefore ~ρ = (ρ1, ..., ρn) is the vector with not negative coordinates, 0 ≤ pi ≤

1, i = 1, ..., n,

‖~ρ‖ln1
= ρ1 + ... + ρn = C. (35)

Let’s consider a system




ρ̇1 = (a11 − 1)ρ1 + a21ρ2 + ... + an1ρn

ρ̇2 = a12ρ1 + (a22 − 1)ρ2 + ... + an2ρn

................................................................

ρ̇n = a1nρ1 + a2nρ2 + ... + (ann − 1)ρn,

(36)

Under the condition of the Perron-Frobenius theorem the system (36) has unique

stationary point

f∗ = C(1, 1, ...1)/n (37)

Theorem 5.1.

For any allowable initial conditions ~ρ(0), ‖~ρ‖ln∞
= max

1≤i≤n
|ρi| < 1, a solution(35)-(36)

converges to the stationary (37) for any allowable loading 0 < C < n.

Proof. See also [8].

Lemma 5.1. If ~ρ(t) is the solution of the system (37) with initial conditions, wich

satisfies (35) and (36), then

lim
t→∞

~ρ(t) = ~f∗.

12
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Lemma 5.2. If ~ρ(t) is the solution of the system (37), then ~ρ(t) is separated from

critical modes max
1≤i≤n

|ρi| = 1.

6 Optimization and Control on Traffic Flower

The traffic flow on a flower is characterized by a vector of density ~ρ = (ρ1..., ρn) (pic. 4,

n = 4) and a intensity vector ~q = (q1 = f(ρ1)..., qn = f(ρn)).

№1

№4№2

№3

Figure 6: Traffic 4 - a flower

As the length of each edge is equal to unit, as well as weight of each particle of flow,

then qi, i = 1..., n is capacity of a flow on an edge with number i, and the value

Σiqi = Q

is the capacity of a flow on a transport flower at fixed t, and the value

∫ t1

t0

Q(t)dt = A(t)

is the flow work in a time interval [t0, t1]. One of probable criterias of control is

Q(t) → max, ‖ρ‖l1 = ρ1(t) + ... + ρn(t) ≡ C

i.e.

f(ρ1) + ... + f(ρn) → max, ρ1(t) + ... + ρn(t) ≡ C. (38)

13
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№2

№1

№4

№3

Figure 7: The dual image of a 4-flower.

Necessary conditions of extremum of a problem (38) are

f ′(ρ∗i ) = λ,

or ρ∗i = 0.

If f ′is monotonously decreases, then within normalized critical points iof the problem

(38) looks like

ρ∗1 = ρ∗2 = ... = ρ∗m, ρm+1 = ... = ρn = 0.

Hence, ρ∗i = C/m, 1 ≤ i ≤ m and we have

Qm = mf(C/m) → max, 1 ≤ m ≤ n.

We assume that function H(x) = f(x)/x, 0 ≤ x ≤ C. If function H(x) decreases on

an interval [0, 1], then a sequence Qm grows on parameter m. So in a case f(x) = x(1−x)

we will receive H(x) = (1 − x), i.e. H ′(x) < 0. So maxm(mf(C/m)) is reached at m = n.

Thus, it is true.

Theorem 6.1. If f ′(x) and H(x) monotonously decrease on an interval [0, 1], then

the maximal capacity at any allowable loading 0 < C < n it is reached for equaldistributed

flow ρ∗i = C/n, i = 1.., n.
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Abstract 

 This research work establishes necessary and sufficient conditions for relative controllability and minimum 

control energy of linear time varying systems with delays in state and control variable. The aim is to use the 

integral equivalence of our system to deduce our controllability matrix and the reachable set. With the aid 

of the properties of these matrices, we achieve our results by some equivalent relationship. 

Keywords: Relative controllability, control energy, linear system, controllability matrix, reachable set. 
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1. INTRODUCTION                                                                                                                                                                   

The study of controllability of systems, first carried out in details by Kalman [11] has attracted lots of 

interest in modern research notably from Davies and Jackreece [5],  Jackreece and Davies [10],  

Obukhovskii and Rubbioni [13] etc. because of it’s direct connectivity with variety of mathematical 

models. Controllability of systems can be encountered in many fields of science, engineering and amongst 

others environmental management, industrial processes, medicine, biology, economy.                                                         

This research work is not only interested in the controllability of systems but also in reaching the targets of 

systems with minimum wastage of control energy. It is evident that successes in life pursuits are predicated 

upon our ability to direct our energies in reaching the desired target. This enigma has created the necessity 

for us to sort out for ways of achieving this success with minimum energy control in the shortest possible 

time. However, the need to steer the state of a system from an initial point to a desired target with minimum 

energy control poses a challenge despite the pioneering and ambitious work on the optimal control problem 

of single degree-of-freedom differential system of the form 

                                                                                                                   (1.1) uxxfx =+ ),( &&&

 1
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by Lee and Markus [2] where they found controllers for the system (1.1) which steers the initial states of 

the system to the equilibrium time optimally, and then indicatated how these controllers so found for each 

initial state can be used to construct the feedback controller synthesis. Hermes and Lasalle [3] gave the 

linear time optimal control problem for the ordinary differential system  

  )()()()()( tutBtxtAtx +=&                                                     (1.2) 

by finding a control subject to its constraints in such a way that the solution of (1.2) reaches a continuously 

moving target in the state space in minimum time. They further gave this minimum energy control required 

to transfer the system from an initial state to target and defined the energy control on the assumption that 

the system is controllable. 

The dividend of these earlier works is in lending focus and clarity of definition to the minimum energy 

control problem. Recently, Iheagwam [12], Davies [4] working independently gave answers to the 

following questions that form the crux of the minimum energy control problem. Does a minimum energy 

control for the pursuit of a moving target in a context described by a differential system exist? What is the 

form of this energy control? Is it unique? Sebakhy and Bayoumi [9] studied the controllability of linear 

time-varying systems with delay in control of the form  

                      )()()()()()()( htutCtutBtxtAtx −++=&                                              (1.3) 

were they gave an expression for the control required to transfer the system (1.3) from a given state to any 

desired state using minimum control energy. Klamka [6], using the relative controllability matrix of a linear 

time varying system with distributed delays in the control of the form 

                                                                            (1.4) [ ] )(),()()()(
0

stustdHtxtAtx
h

++= ∫
−

&

 examined the minimum control energy and derived the control law for the system (1.4). 

The objective of this research is to extend the work in Klamka [6] by establishing necessary and sufficient 

condition for the relative controllability and also derive control laws which establishes the minimum energy 

control required to transfer a class of linear time varying systems with delays in state and control variables 

given by 

∑∑
==

−++−=
h

i
ii

h

i
ituDtuBitxAtx

10
)()()()(&                                       (1.5)                           
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]0,[,)()(,],[ 10 httxttt −∈=∈ φφ  

An example is also given 

2.   BASIC NOTATIONS AND PRELIMINARIES 

Consider the system (1.5), where is an n-vector, are )(tx iA nn×  matrices and  are iDB , mn×  

matrices. The control function  is a measurable mEtu ∈)( −m vector. Here ),( ∞−∞=E  is the real 

line and nE  is the n-dimensional Euclidean space with norm ⋅ .  We let  be the 

Banach space of continuous functions and the norm of an element 

),]0,[( nEhCC −=

φ  in  by C

 )(sup
0

s
sh

φφ
≤≤−

=  

We let   be the space of Lebesgue integrable functions taking  into ),],([1
mEbaL ],[ ba nE  with  

 ( )∫ ∈=
b

a

nEbaLdss ,],[,)( 1φφφ . 

),],([2
mEbaL  is the space of square integrable functions taking  mEba →],[

If  for any , then for each fixed ),],([ nEbaCx∈ ba < ],[ bat ∈ , the symbol  denotes an element 

of  given by . For functions the symbol  is similarly defined. 

tx

C )()( stxsxt += ),],([2
mEbaLu∈ tu

In this paper, the control space will be ( )mloc EbaL ,],[2 , the space of essentially bounded measurable 

functions on finite intervals with values in mE . The control constraint set will be denoted by 

( )mloc EbaLU ,],[2= , where { }mjuEuC j
mm ,......,1,1: =≤∈=   

The above conditions on  and  ensure that for each initial data BAi , iD ),( 0 φt , a unique solution of 

(1.5) exists through ),( 0 φt  (see Hale [7], p. 142) which is continuous in ),( 0 φt .The solution of system 

(1.5) at  following Sebakhy and Bayoumi [9], Manitius and Olbrot [1] will be given as  1tt =

 3
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 ∫

∫ ∑

∑ ∫

∑ ∫

∫ ∑

∑ ∫

−

−

=

= −

− −

=

= −

+

+++

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+++

+=

−++

++=

1

1

1

0

0

0

0

1

0

0

)(),(

)(),(),(

)(),()(),(

)(),(),,,(

)()(),(

)(),()(),(),,,(

1

1
11

1
001

1
101

1
1

1
100101

t

it

it

t

h

i
i

h

i

t

i
ti

h

i

t

i
i

t

t
i

h

i

h

i

t

i
i

dssuBstX

dssuDistXBstX

dssuDistXtttX

dssAistXuttx

or

dsisuDsuBstX

dssAistXtttXuttx

φ

φφ

φφφ

  (2.1) 

where  is the fundamental solution  of (1.5) which satisfies the equation  ),( stX

 ∑
=

>−=
∂
∂ h

i
i stsitXAstX

t 0
,),(),(      (2.2) 

  
⎩
⎨
⎧

<
=

=
st
stI

stX
,0
,

),(

                                           or 

 ∑
=

>+−=
∂
∂ h

i
i stsAistXstX

s 1
,)(),(),( φ     (2.3) 

Following the methods of Dauer and Gahl [8], we define a matrix function Z  by 

  (2.4) 
⎪⎩

⎪
⎨

⎧

≤≤−

−<≤++
= ∑

=

111

1
1011

0

),(

),(),(
),,(

tsitforBstX

itstforDistXBstX
zltZ

h

i
i

We now give some definition upon which our study hinges. 
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Definition 2.1 

The complete state at time t  of system (1.5) is said to be { }tutxtz ,,)()( φ= . 

Definition 2.2 

 Following Arstein [14], we define relative controllability of system (1.5). That, system (1.5) is relatively 

controllable on , if for every  and every vector , there exists a control , such 

that the corresponding trajectory of system (1.5) satisfies 

],[ 10 tt )( 0tz nEx ∈1 Bu∈

11)( xtx = . 

We now define the symmetric and semi positive controllability matrix of our system as nn×

∫=
1

0t
0

T
010  ), ,( ), ,(),,(

t

dlzltZzltZzttW                                                   

where the symbol T denotes the matrix transpose. The controllability matrix satisfies the condition 

              0),,(,),,( 2

),,(1010
2

10
≥==

zttW
xxzttWxxzttWx   for all  nEx∈

where ⋅⋅,  denotes the inner product space in nE   

 
The reachable set of (1.5) at is given by 1t

                                                      (2.5) 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈= ∫
1

0

210 :)(),,(),,(
t

t

LudlluzltZzltR

here is an continuous symmetric matrix defined on  such that 

exists for all . We now introduce the following notation for brevity. 

) , ,( 0 zltR mm× ],[ 10 tt

),,( 0 zltR − ],[ 10 ttt ∈

                                                (2.6) [ ]∫=
1

0t
0

T
0

-
0101 ) , ,(. ), ,( ) , ,(),,(

t

dlzltZzltRzltZzttW

             ) , ,(),,(). , ,() , ,( 010
1

10
T

0
- zltRzttWzltZzltRu −=                                           (2.7) 

3.   CONTROLLABILITY RESULTS 

Here sufficient conditions for the controllability of system (1.5) when  control is assumed are 

formulated and proved. 

2L
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Theorem 3.1 

The following are equivalent 

(i)  is non singular for each t  ),,( 10 zttW

(ii) System (1.5) is proper in nE  for each interval  ],[ 10 tt

(iii) System (1.5) is relatively controllable on each interval  ],[ 10 tt

Proof: We shall show that (i) ⇒ (ii), (ii) ⇒ (iii) and (iii) ⇒ (i) to complete the proof. Let us show first that   

(i) ⇒ (ii) 

Define the operator,     by nm
102   ) ], ,([ : EEttLK →

                                                                                         (3.1)     )( ),,(    )(
1

0

0 dlluzltZuK
t

t
∫=

where K  is a continuous linear operator from one Hilbert space to another. Thus, is a linear 

subspace and its orthogonal complement satisfies the relation 

nEKR ⊆)(

{ } )()( ∗⊥ = KNKR                                                                                         (3.2) 

where ∗K  is the adjoint of K ,   by the non-singularity of the controllability matrix 

, the symmetric operator  is positive definite and hence 

2: LUEK n ⊆→∗

),,( 10 zttW ),,( 10 zttWKK =∗

       { }                                                                                               (3.3)               {0)( =⊥KR }

That is,                                                                                                            (3.4) { }0)( =∗KN

For any ,   ,  nEc∈ 2Lu∈ ><=>< ∗ ucKKuc ,,

            (3.5)                                                

Thus, 

[ ]∫∫ =><=><
1

0

1

0

t

t
0

 T
t

t
0   (l)),,(   (l) ),,( ,       , dluzltZcdluzltZcuKc

∗K  is given by .  is therefore the set of all  

such that 

[ ] ] ,[t  ;),,(  100
 T tlzltZcc ∈→ )( ∗KN nEc∈

                                                                             (3.6) [ ] 0),,( 0
 T =zltZc
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almost everywhere in , since ],[ 10 tt { }0)( =∗KN  all such  are equal to zero, that is  .This 

establishes the properness of system (1.5). 

c 0=c

                                             (ii) ⇒ (iii) 

We now show that system (1.5) is relatively controllable on each interval .  ],[ 10 tt

Let , if system (1.5) is proper then  nEc∈ [ ] 0),,( 0
 T =zltZc    

almost everywhere such that  for each  implies ],[ 10 ttl ∈ 1t 0=c . Thus 

               [ ]∫ =
1

0

t

0
 T 0)(),,( 

t

dlluzltZc

for . It follows that the only vector orthogonal to the set 2Lu∈

       
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈= ∫
1

0

t

200 L    :   )( ),,(    ),,(
t

T udlluzltZczltR

is the zero vector. Hence 

        { } 0),,(  0 =⊥zltR { }

That is, . This establishes relative controllability on  of  nEzltR =  ),,( 0 ],[ 10 tt

system (1.5). 

                                                 (iii) ⇒  (i) 

We now show that if the system (1.5) is relatively controllable then  is non-singular. Let us 

assume for contradiction that W  is singular, then, there exists an n  vector  

),,( 10 zttW

0≠V  such that 

                                                                                                              (3.7) 0=TVWV

Then 

 0)],,([
1

0

2
0 =∫

t

t

dlzltZV                                                                                      (3.8) 

 This implies that 

0)],,([ 2
0 =dlzltZV  

almost everywhere, hence 
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                                                                               (3.9) 0)],,([ 0 =zltZV

almost everywhere for . This contradicts the assumption of properness of the system since 

 and this completes the proof. 

],[ 10 ttl ∈

0≠V

Corollary 3.1 

System (1.5) is relatively controllable on  if and only ],[ 10 tt

                nzttWrank =),,( 10

Proof: This is Corollary 1 of Sebaky and Bayoumi [9]  

Theorem 3.2 

System (1.5) is relatively controllable if and only if ),,(int0 0 zltR∈  for each  01 tt >

Proof:  If  is a closed and convex subset of ),,( 0 zltR nE , then a point  on the boundary of 

 implies that, there is a support plane 

1y

),,( 0 zltR Π  of  through , that is  

for each  where  is an outward normal to 

),,( 0 zltR 1y 0)( 1 ≤− yycT

),,( 0 zltRy∈ 0≠c Π . If  is the control corresponding to 

, we have  

1u

1y

                   [ ] [ ] dlluzltZcdlluzltZc
t

t

T
t

t

T )(),,()(),,( 100

1

0

1

0

∫∫ ≤

for each . Since U  is a unit sphere, this last inequality holds for each Uu∈ Uu∈ , if and only if           

                   

[ ] [ ]

[ ] dlzltZc

dlluzltZcdlluzltZc

t

t

T

t

t

T
t

t

T

∫

∫∫

≤

≤

1

0

1

0

1

0

),,(

)(),,()(),,(

0

100
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and as  is on the boundary. Since we always have . If 0  

were not in the interior of  then 0  is on the boundary, hence, from the foregoing, this implies 

),,(sgn)( 01 zltZctu T= 1y ),,(0 0 zltR∈

),,( 0 zltR

[ ] dlzltZc
t

t

T∫=
1

0

),,(0 0   so that [ ] 0),,( 0t =zlZTc  almost everywhere ],[ 10 ttt ∈ . This by our 

definition implies that the system is not proper since . This completes the proof. 0≠Tc

Theorem 3.3 - If system (1.5) is relatively controllable on  for each , then the domain of 

null controllability of system (1.5) contains zero in its interior 

],[ 10 tt 01 tt >

Proof - Assume that system (1.5) is relatively controllable on ,  then by Theorem 3.2, 

, for each . Since 

],[ 10 tt 01 tt >

),,(int0 0 zltR∈ 01 tt > 0=x  is a solution of system (1.5) with , we have 

. Hence, If , then there exists a sequence  such that 

0=u

D∈0 Dint0∉ n
m E⊆φ 0→mφ  as ∞→m  

and no mφ  is in , that is D 0≠mφ . From (2.1), we have  

        

∫ ∑

∑ ∫

−++

++=≠

=

= −

1

0

0

)()(),(

)(),()(),(),,,(0

1
1

1
100101

t

t
i

h

i

h

i

t

i
i

dsisuDsuBstX

dssAistXtttXuttx φφφ

 

for any  and any . Hence, for 01 tt > Uu∈ 0=u ,                           

                , ∑ ∫
= −

++==
h

i

t

i
i

def

m dssAistXtttXttxz
1

100101

0

)(),()(),()0,,,( φφφ

 is not in  for any . Therefore the sequence  is such that 

, , but  as 

),,( 0 zltR 01 tt > n
m Ez ⊆

),,( 0 zltRzm ∉ 0≠mz 0→mz ∞→m . Therefore, ),,(0 0 zltR∉ . This is a contradiction 

and hence proves that . Dint0∈

4.   THE MINIMUM ENERGY CONTROL  

Here we derive an explicit expression for the control that transfers system (1.5) from  to  at time 

 and examine the minimum energy control required for this transfer. 

)( 0tz 1x

1t
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Theorem 4.1 

Let )(tu  be any control which transfer  with the initial control  to  at time  and let 

 be the control defined by (2.7), then  

)( 0tz )( 0tu 1x 1t

)(tu∗

          ∫∫ ∗≥
1

0
0

1

0

0

2

),,(

2

),,(
)()(

t

t
zltR

t

t
zltR

dlludllu                                                                   (4.1) 

almost everywhere on  and the minimum control energy required for the transfer ( assuming the 

transfer is possible ) is given by  

],[ 10 tt

∫ −== ∗∗
1

0

10
1

10

2

),,(0

2

),,(
),,()()(

t

t
zttWzltR

zltRdlluuE                                                    (4.2) 

Proof: substituting (2.7) into (2.1), it is easy to verify that the control  transfers the complete state 

 to  at time . Since 

)(tu∗

)( 0tz 1x 1t )(tu and  transfer to  at time , we have the following 

equalities 

)(tu∗ )( 0tz 1x 1t

∫∫ ∗=
1

0

1

0

)(),,()(),,( 00

t

t

t

t

dlluzltZdlluzltZ                                                                         (4.3) 

subtracting both sides and using the inner product gives  

          0),,(),,(. ))()()(, ,(
1

0t
010

1
10 =−∫ −∗

t

zltRzttWdlluluzltZ                           (4.4) 

using (2.7) and the properties of the inner product, we obtain 

             0)(),()(
1

0

=−∫ ∗∗
t

t

dllululu                                                                                (4.5) 

 By some easy manipulation and using (4.5) we derive 

            ∫∫ ∗≥
1

0
0

1

0

0

2

),,(

2

),,(
)()(

t

t
zltR

t

t
zltR

dlludllu                                                               (4.6) 
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The minimal value of the control energy in transferring  to  at time  by using the control  

is given by 

)( 0tz 1x 1t )(tu∗

∫ ∫ −−∗∗ ==
1

0

1

0
0

),,(),,(),,().,,(),,()()( 0

2

010
1

00
12

),,(

t

t

t

t

T

zltR
zltRdlzltRzttWzltZzltRdlluuE   

(4.7)  Since the matrix  is symmetric, by the properties of the inner product and by (4.7), we 

have 

),,( 011 zttW

[ ][ ][ ]

2

),,(0

010
1

10

010
1

100
1

001
1

10

10
1

1

1

0

),,(

),,(),,(),,,(

),,(),,(),,(.),,(),,(.),,(),,()(

zttW

t

t

T

zltR

zltRzttWzltR

dlzltRzttWzltZzltRzltZzttWzltRuE

−=

=

=

−

−−−∗ ∫

 This completes the proof. 

5.   EXAMPLE 

Consider the system 

              )1()()()1()()( 2110 −+++−+= tDtuDtButxAtxAtx&                               (5.1) 

where 

                       

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−
=

1
0

,
0
1

1
0

,
01
00

,
20
01

10

10

DD

BAA

To verify relative controllability of (5.1), it is easily seen that, the principal fundamental matrix solution is 

given by 

                                         ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
=

−−−

−

ttt

t

eee
e

stX
2211

0
),(
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and the matrix   as defined in  (2.4) will be given by . The controllability 

matrix is given by ,  while 

),,( 0 zltZ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−te
zltZ

0
),,( 0

dt
e

zltW
t

t
t∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−

1

0

20 0
00

),,( 1),,( 0 =zltWrank . This implies that 

system (5.1) is relatively controllable by Corollary 3.1. Furthermore, we verify the minimum control 

energy for system (5.1) as follows; we require the reachable set defined in (2.5) with  and is given by 1=u

                                
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫ −

1

0

20

0
),,(

t

t
t

dt
e

zltR

Hence, the minimum control energy will be given as 

                                      

2

2

1

0

0
)( ∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

−
∗

t

t
t

dt
e

uE  

                                         

CONCLUSION 

From the sequel, the relative controllability of system (1.5) has been established. Also established is the 

relationship between relative controllability of the system (1.5) and the domains of relative controllability. 

This study has been able to show that, if a system is relatively controllable then zero is in the interior of the 

domain of the reachable set. From the above results,  the minimum control energy required to transfer 

system (1.5) from an initial state to a targeted state within a specified time limit in the state space has also 

been established. 

 

 

 

 
 

 
 

 12

IYAI: ON RELATIVE CONTROLLABILITY... 111



REFERENCES 
 

                   1. A. Manitius and A. W. Albrot, Controllability conditions for linear systems with delayed state and 
control, Arch. Automatic Tele mech. 17119 – 131 (1972). 

  
                  2. E. B. Lee and L. Markus, Foundations of optimal control theory, John Wiley New Yok 1967.   

  
                  3. H. Hermes and J. P. Lassale, Functional analysis and time optimal control, Academic Press, New 

York, 1969.  
 

                 4. I. Davies optimal control of linear discrete systems with delay in state and control. ABCUS: The 
Journal of the Mathematical Association of Nigeria 33(2B) 451-461 (2006) 

 
                5. I. Davies and P. Jackreece, Controllability and null controllability of linear systems,  J. Appl. Sci. 

Environ. Mgt. 9 31-36 (2005). 
            

                6. J. Klamka, Relative controllability and minimum energy control of linear systems with distributed 
delays in control, IEE Transaction on Automatic Control AC-21 594-595 (1976). 

            
               7. J. K. Hale, Theory of functional differential equations, Springer – Verlag, New York, 1977. 

  
               8. J. P. Dauer and R. D. Gahl, Controllability of nonlinear delay systems, Journal of Optimization 

Theory and Application, 21 59 – 70 (1977). 
 

              9. O. Sebakhy and M. N. Bayoumi, Controllability of linear time varying systems with delay in the 
control, Int. Journal of control, 17 127 – 135 (1973). 

 
             10. P. Jackreece and I. Davies, Euclidean null controllability of nonlinear infinite delay systems with 

varying multiple delays in control and implicit derivative,  J. Appl. Sci. Environ. Mgt. 9 57-62 
(2005). 

            
             11. R. E. Kalman Contributions to the theory of optimal control, Bol. Soc. Mat. Mex. 5 102-119 (1960). 

 
             12. V. A. Iheagwarm, The Minimum control energy problem for differential systems with distributed 

delays in control, Journal of the Nigeria Mathematical Society, 21 85-96 (2002), 
 

             13. V. Obukhovskii and P. Rubbioni, On a controllability problem for systems governed by semi linear 
functional differential inclusion in Banach spaces. Journal of the Juliusz Schauder Center, 15 141-
151 (2000). 

 
                14. Z. Arstein, Linear systems with delayed control: A reduction, IEEE Trans. Aut. Control, A C – 27 
                          869 – 879 (1982). 

 
 

 
 

 13

IYAI: ON RELATIVE CONTROLLABILITY...112



Global Existence of Solutions for Nonlinear
integral equations of second order

H. L. Tidke

Department of Mathematics

NorthMaharashtraUniversity, Jalgaon, India,

tharibhau@gmail.com

ABSTRACT

We prove the existence of mild solutions of nonlinear mixed Volterra-Fredholm in-
tegrodifferential equations with nonlocal conditions in Banach spaces. The results are ob-
tained by using the theory of strongly continuous cosine family, application of the topological
transversality theorem known as Leray-Schauder alternative and rely on a priori bounds of
solutions.

1. Introduction

Let X be a Banach space with norm ‖.‖. Let B = C([0, b], X) be the Banach space
of all continuous functions from [0, b] into X endowed with supremum norm

‖x‖B = sup{‖x(t)‖ : t ∈ [0, b]}.

This paper concerns the mixed Volterra-Fredholm integrodifferential equation of the type:

x′′(t) = Ax(t) + f
(
t, x(t),

∫ t

0
k(t, s, x(s))ds,

∫ b

0
h(t, s, x(s))ds

)
, t ∈ J = [0, b] (1.1)

x(0) + g(x) = x0, x′(0) = η, (1.2)

where A is an infinitesimal generator of a strongly continuous cosine family {C(t) : t ∈ R}
in Banach space X, f : J ×X ×X ×X → X, k, h : J × J ×X → X, g : C(J ;X)→ X are
functions, and x0 is a given element of X.

The existence, uniqueness and other properties of solutions of these equations (1.1) or
special forms with classical conditions have been studied by many authors by using different
techniques, see [10, 11, 12, 13, 14, 22].

The work on nonlocal initial value problem(IVP for short) was initiated by Byszewski.
In [6, 7] Byszewski using the method of semigroups and the Banach fixed point theorem
proved the existence and uniqueness of mild, strong and classical solution of first order
IVP. For the importance of nonlocal conditions in different fields, the interesting reader is
referred to [1, 2, 3, 4, 9, 20, 21, 24, 25, 26, 27] and the references are given therein. For
properties of semigroup theory, we refer the reader to the books [8, 18, 19, 23]

The objective of the present paper is to study the global existence of solutions of the
equations (1.1)–(1.2). The main tool used in our analysis is based on an application of the
topological transversality theorem known as Leray-Schauder alternative, rely on a priori
bounds of solutions and the theory of strongly continuous cosine family. The interesting
and useful aspect of the method employed here is that it yields simultaneously the global
existence of solutions and the maximal interval of existence.

The paper is organized as follows. In section 2, we present the preliminaries and
hypotheses. Section 3 deals with main result.

1
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2. Preliminaries and Hypotheses

Before we state our main result, we list the some preliminaries and hypotheses that
will be used in our subsequent discussion.

In many cases it is advantageous to treat second order abstract differential equations
directly rather than to convert them to first order systems. We will make use of some of the
basic ideas from cosine family and it is useful machinery for the study of abstract second
order equations. We say that a family {C(t) : t ∈ R} of operators in the space L(X) of
bounded linear operators on X is a strongly continuous cosine family if

(i) C(0) = I (I is the identity operator);
(ii) C(t)x is strongly continuous in t on R for each fixed x ∈ X;

(iii) C(t+ s) + C(t− s) = 2C(t)C(s) for all t, s ∈ R.
The strongly continuous sine family {S(t) : t ∈ R}, associated to the given strongly contin-
uous cosine family {C(t) : t ∈ R}, is defined by

S(t)x =
∫ t

0
C(s)xds, x ∈ X, t ∈ R.

The infinitesimal generator A : X → X of a cosine family {C(t) : t ∈ R} is defined by

Ax =
d2

dt2
C(t)x|t = 0, x ∈ D(A),

where D(A) = {x ∈ X : C(.)x ∈ C2(R,X)}. For more details on strongly continuous cosine
and sine families, we refer the reader to the book of Goldstein [19] and to the papers of
Fattorini [16, 17] and Travis and Webb [26, 27].

Definition 2.1. A continuous solution x(t) of the integral equation

x(t) = C(t)[x0 − g(x)] + S(t)η

+
∫ t

0
S(t− s)f

(
s, x(s),

∫ s

0
k(s, τ, x(τ))dτ,

∫ b

0
h(s, τ, x(τ))dτ

)
ds, t ∈ J

is called a mild solution of (1.1)–(1.2) on J .

Let us list the following hypotheses:
(H1) A is the infinitesimal generator of a strongly continuous cosine family {C(t) : t ∈ R}

compact for t > 0, and there exists a constant M such that

‖C(t)‖L(X) ≤M, for all t ∈ R.

(H2) There exists a constant G such that

‖g(x)‖ ≤ G, for x ∈ X.

(H3) There exists a continuous function p : [0, b]→ R+ such that

‖
∫ t

0
k(t, s, x(s))ds‖ ≤ p(t)‖x‖,

for every t, s ∈ [0, b] and x ∈ X.
(H4) There exists a continuous function q : [0, b]→ R+ such that

‖
∫ b

0
h(t, s, x(s))ds‖ ≤ q(t)‖x‖,

for every t, s ∈ [0, b] and x ∈ X.
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(H5) There exists a continuous function l : [0, b] → R+ and a continuous increasing
function K : R+ → (0,∞) such that

‖f(t, x, y, z)‖ ≤ l(t)K(‖x‖+ ‖y‖+ ‖z‖),

for every t ∈ [0, b] and x, y, z ∈ X.
(H6) For each t ∈ [0, b] the function f(t, ., ., .) : [0, b]×X×X×X → X is continuous and

for each x, y, z ∈ X the function f(., x, y, z) : [0, b]×X ×X ×X → X is strongly
measurable.

(H7) For each t, s ∈ [0, b] the functions k(t, s, .), h(t, s, .) : [0, b] × [0, b] × X → X are
continuous and for each x ∈ X the functions k(., ., x), h(., ., x) : [0, b]×[0, b]×X → X
are strongly measurable.

(H8) For every positive integer m there exists αm ∈ L1(0, b) such that

sup
‖x‖≤m,‖y‖≤m,‖z‖≤m

‖f(t, x, y, z)‖ ≤ αm(t), for t ∈ [0, b] a. e.

In the sequel we will use the following results:

Lemma 2.2 ([27]). Let C(t), (resp.S(t)), t ∈ R be a strongly continuous cosine (resp.
sine) family on X. Then there exist constants N∗ ≥ 1and w ≥ 0 such that

‖C(t)‖ ≤ N∗e|t|, for all t ∈ R,

‖S(t1)− S(t2)‖ ≤ N∗|
∫ t2

t1

ew|s|ds|, for all t1, t2 ∈ R.

Lemma 2.3 ([15], p-61). Let S be a convex subset of a normed linear space E and assume
0 ∈ S. Let F : S → S be a completely continuous operator, and let ε(F ) = {x ∈ S : x =
λFx for some 0 < λ < 1}. Then either ε(F ) is unbounded or F has a fixed point.

3. Existence of Mild solutions

Theorem 3.1. Let g : B → X be a continuous function. Assume that the hypotheses
(H1)− (H8) hold and if b satisfies the following condition

Mb

∫ b

0
l(s)[1 + p(s) + q(s)]ds <

∫ ∞
c

ds

K(s)
, (3.1)

where

c = M(‖x0‖+G+ b‖η‖).

Then problem (1.1)-(1.2) has at least one mild solution on J .

Proof. To prove the existence of a mild IVP (1.1)-(1.2), we apply Lemma 2.3. First we
establish the priori bounds for the mild solutions of the parameterized problem with pa-
rameter λ ∈ (0, 1) such that

x′′(t) = Ax(t) + λf
(
t, x(t),

∫ t

0
k(t, s, x(s))ds,

∫ b

0
h(t, s, x(s))ds

)
, (3.2)

x(0) + λg(x) = λx0, x′(0) = λη, (3.3)

and show that the solutions to this system are bounded. First it is not hard to see that
system (3.2)-(3.3) has a mild solution satisfying the integral equation

x(t) = λC(t)[x0 − g(x)] + λS(t)η

+ λ

∫ t

0
S(t− s)f

(
s, x(s),

∫ s

0
k(s, τ, x(τ))dτ,

∫ b

0
h(s, τ, x(τ))dτ

)
ds.
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Using hypotheses (H1)− (H5) and the fact that λ ∈ (0, 1), we have

‖x(t)‖ ≤ ‖λ[C(t)(x0 − g(x))]‖+ ‖λS(t)η‖

+ ‖λ
∫ t

0
S(t− s)f

(
s, x(s),

∫ s

0
k(s, τ, x(τ))dτ,

∫ b

0
h(s, τ, x(τ))dτ

)
ds‖

≤M(‖x0‖+G) +Mb‖η‖

+
∫ t

0
Mb‖f

(
s, x(s),

∫ s

0
k(s, τ, x(τ))dτ,

∫ b

0
h(s, τ, x(τ))dτ

)
‖ds

≤M [‖x0‖+G+ b‖η‖] +Mb

∫ t

0
l(s)K(‖x(s)‖+ p(s)‖x(s)‖+ q(s)‖x(s)‖)ds

≤M [‖x0‖+G+ b‖η‖] +Mb

∫ t

0
Mbl(s)[1 + p(s) + q(s)]K(‖x(s)‖)ds. (3.4)

Define a function u(t) by right-hand side of (3.4). Using the fact that K is continuous
increasing function, we obtain

u(t) = M [‖x0‖+G+ b‖η‖] +Mb

∫ t

0
Mbl(s)[1 + p(s) + q(s)]K(‖x(s)‖)ds.

Then ‖x(t)‖ ≤ u(t) and u(0) = M [‖x0‖+G+ b‖η‖] = c. Therefore,

u(t) = c+Mb

∫ t

0
l(s)(1 + p(s) + q(s))K(‖x(s)‖)ds

u(t) ≤ c+Mb

∫ s

0
l(s)(1 + p(s) + q(s))K(u(s))ds.

Differentiating the above inequality and using the fact that K is increasing continuous, we
get

u′(t) ≤Mbl(t)(1 + p(t) + q(t))K(u(t))

u′(t)
K(u(t))

≤Mbl(t)(1 + p(t) + q(t)). (3.5)

Integrating (3.5) from 0 to t and using change of variables t → s = u(t) and the condition
(3.1), we obtain ∫ u(t)

u(0)

ds

K(s)
≤Mb

∫ t

0
l(s)(1 + p(s) + q(s))ds

≤Mb

∫ b

0
l(s)(1 + p(s) + q(s))ds <

∫ ∞
c

ds

K(s)
. (3.6)

From inequality (3.6) and mean value theorem we observe that there exists a constant γ,
independent of λ ∈ (0, 1) such that u(t) ≤ γ for t ∈ J and hence ‖x(t)‖ ≤ γ for t ∈ J and
consequently, we have

‖x‖B = sup{‖x(t)‖ : t ∈ J} ≤ γ.
In order to apply Lemma 2.3, we must prove that the operator F : B → B defined

for t ∈ J by

(Fy)(t) = C(t)[x0 − g(y(t))] + S(t)η

+
∫ t

0
S(t− s)f

(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
ds (3.7)

is completely continuous operator.
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Let Bm = {y ∈ B : ‖y‖B ≤ m} for some m ≥ 1. We first show that F maps Bm into
an equicontinuous family of functions with values in X. Let y ∈ Bm and t1, t2 ∈ J . Then
if 0 < ε < t1 < t2 ≤ b, we have

‖(Fy)(t2)− (Fy)(t1)‖
= ‖C(t2)[x0 − g(y)] + S(t2)η

+
∫ t2

0
S(t2 − s)f

(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
ds

− C(t1)[x0 − g(y)]− S(t1)η

−
∫ t1

0
S(t1 − s)f

(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
ds‖

≤ ‖C(t2)− C(t1)‖L(X)(‖x0‖+G) + ‖S(t2)− S(t1)‖L(X)‖η‖

+
∫ t1−ε

0
‖S(t2 − s)− S(t1 − s)‖L(X)

× ‖f
(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
‖ds

+
∫ t1

t1−ε
‖S(t2 − s)− S(t1 − s)‖L(X)

× ‖f
(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
‖ds

+
∫ t2

t1

‖S(t2 − s)‖L(X)‖f
(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
‖ds

≤ ‖C(t2)− C(t1)‖L(X)(‖x0‖+G) + ‖S(t2)− S(t1)‖L(X)‖η‖∫ t1−ε

0
‖S(t2 − s)− S(t1 − s)‖L(X)αm(s)ds

+
∫ t1

t1−ε
‖S(t2 − s)− S(t1 − s)‖L(X)αm(s)ds

+
∫ t2

t1

‖S(t2 − s)‖L(X)αm(s)ds. (3.8)

The right hand side of (3.8) is independent of y ∈ Bm and tends to zero as t2− t1 → 0 and
ε sufficiently small, since C(t), S(t) are uniformly continuous for t ∈ J and the compactness
of C(t), S(t) for t > 0 imply the continuity in the uniform operator topology (see Lemma
2.2). Thus FBm is an equicontinuous family of functions with values in X.

We next show that FBm is uniformly bounded. From the definition of operator F
and using the hypotheses (H1)− (H5) and the fact that ‖y‖B ≤ m, we obtain

‖(Fy)(t)‖ = ‖C(t)[x0 − g(y)] + S(t)η

+
∫ t

0
S(t− s)f

(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
ds‖

≤ c+
∫ t

0
‖S(t− s)‖L(X)αm(s)ds

≤ c+
∫ t

0
Mbαm(s)ds
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≤ c+Mb

∫ b

0
αm(s)ds.

This implies that the set {(Fy)(t) : ‖y‖B ≤ m, 0 ≤ t ≤ b} is uniformly bounded in X and
hence FBm is uniformly bounded.

We have already shown that FBm is an equicontinuous and uniformly bounded
collection. To prove that F maps Bm into a precompact set in B, it is sufficient, by Arzela-
Ascoli’s Theorem, to show that the set {(Fy)(t) : y ∈ Bm} is precompact in X for each
t ∈ J .

Let 0 < t ≤ b be fixed and ε real number satisfying 0 < ε < t. For y ∈ Bm, we define

(Fεy)(t) = C(t)[x0 − g(x)] + S(t)η

+
∫ t−ε

0
S(t− s)f

(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
ds. (3.9)

Since C(t), S(t) are compact operators, the set Yε(t) = {(Fεy)(t) : y ∈ Bm} is precompact
in X, for every ε, 0 < ε < t. Moreover, for every y ∈ Bm, we get

‖(Fy)(t)− (Fεy)(t)‖ ≤
∫ t

t−ε
‖S(t− s)‖L(X)

× ‖f
(
s, y(s),

∫ s

0
k(s, τ, y(τ))dτ,

∫ b

0
h(s, τ, y(τ))dτ

)
‖ds

≤Mb

∫ t

t−ε
αm(s)ds.

This shows that there exists precompact sets arbitrarily close to the set {(Fy)(t) : y ∈ Bm}.
Hence the set {(Fy)(t) : y ∈ Bm} is precompact in X.

It remains to show that F : B → B is continuous. Let {un} be a sequence of elements
of B converging to u in B. Then there exists an integer r such that ‖un‖ ≤ r for all n and
t ∈ J . By hypotheses (H6)− (H8), we have

f
(
t, un(t),

∫ t

0
k(t, s, un(s))ds,

∫ b

0
h(t, s, un(s))ds

)
→ f

(
t, u(t),

∫ t

0
k(t, s, u(s))ds,

∫ b

0
h(t, s, u(s))ds

)
for each t ∈ J , and since

‖f(t, un(t),
∫ t

0
k(t, s, un(s))ds,

∫ b

0
h(t, s, un(s))ds)

− f(t, u(t),
∫ t

0
k(t, s, u(s))ds,

∫ b

0
h(t, s, u(s)))ds‖ ≤ 2αr(t).

Then by by dominated convergence theorem, we have

‖Fun − Fu‖B = sup
t∈[0,b]

‖(Fun)(t)− (Fu)(t)‖

= sup
t∈J
‖C(t)[g(u)− g(un)]

+
∫ t

0
S(t− s)

[
f
(
s, un(s),

∫ s

0
k(s, τ, un(τ))dτ,

∫ b

0
h(s, τ, un(τ))dτ

)
− f

(
s, u(s),

∫ s

0
k(s, τ, u(τ))dτ,

∫ b

0
h(s, τ, u(τ))dτ

)]
ds‖
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≤ ‖C(t)‖L(X)‖g(u)− g(un)‖

+
∫ t

0
‖S(t− s)‖L(X)‖

[
f
(
s, un(s),

∫ s

0
k(s, τ, un(τ))dτ,

∫ b

0
h(s, τ, un(τ))dτ

)
− f

(
s, u(s),

∫ s

0
k(s, τ, u(τ))dτ,

∫ b

0
h(s, τ, u(τ))dτ

)]
‖ds

≤M‖g(u)− g(un)‖

+Mb

∫ t

0

[
‖f
(
s, un(s),

∫ s

0
k(s, τ, un(τ))dτ,

∫ b

0
h(s, τ, un(τ))dτ

)
− f

(
s, u(s),

∫ s

0
k(s, τ, u(τ))dτ,

∫ b

0
h(s, τ, u(τ))dτ

)
‖
]
ds→ 0.

Thus F is continuous. This completes the proof that F is completely continuous operator.
Finally, the set ε(F ) = {y ∈ B : y = λFy, λ ∈ (0, 1)} is bounded in B as we proved

in the first part. Consequently, by Lemma 2.3, the operator F has a fixed point in B. This
means that the IVP (1.1)-(1.2) has a solution. �

Remark 3.2. We note that in the special case, if we take (i) Mbl(s)[1 + p(s) + q(s)] = 1
in condition (3.1) and the integral on the right side in (3.1) is assumed to diverge, then the
solutions of equations (1.1)− (1.2) exist for every b <∞.
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Abstract

In this paper, we use the technique of tensor product of Banach spaces to

study the Abstract Cauchy Problem in Banach spaces. We also introduce semi-

diagonal operators on Hilbert spaces and discuss the solution of the Cauchy

problem for such operators.
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1 Introduction

Let I be the unit interval [0; 1] and C(I) be the Banach space of all real valued

continuous functions on I under the sup-norm, and C1(I) be the Banach space

of all continuously di¤erentiable functions under the norm kfk = kfk1 +

kf 0k1. If X is a Banach space, then C1 (I;X) is the Banach space of all
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continuously di¤erentiable functions de�ned on I with values in X, under the

norm kuk = kuk1 + ku0k1 for all u 2 C1 (I;X) :

One of the classical di¤erential equations in Banach spaces is the so called

Abstract Cauchy Problem. The general form of such equation is

Bu0(t) = Au(t) + F (t)z

whereA;B are densely de�ned linear operators on the codomain of the function

u , where u is continuously di¤erentiable on I = [0; 1] or [0;1) with values in

the Banach space X:

If B 6= I, the identity operator, then the equation is called degenerate.

Otherwise, it is called non-degenerate. If f = 0 or z = 0 , then the equation is

homogeneous, otherwise it is called nonhomogeneous.

The non-degenerate Cauchy problem has been investigated by many au-

thors using di¤erent techniques to solve it. If B = I, f = 0 and A densely

de�ned linear operator , the abstract Cauchy problem has been studied exten-

sively. We refer the reader to Pazy, 1983, and the references there in.

A. Favini (1979) investigated the degenerate Cauchy problem of parabolic

type in Banach space. F. Nneubrander,1994, and Bäumer, B. and F. Nneubran-

der 1994 used Laplace-Stieltjes transform to obtain existence and uniqueness

results for exponentially bounded solutions of the homogeneous degenerate

Cauchy problem where A and B are closed operators. A. Lorenzi (2001) used

the projection method to derive existence and uniqueness of the solution of

�rst-order degenerate abstract Cauchy problem. M. Alhorani (2004) studied

the inverse problem of the degenerate abstract Cauchy problem where suitable

hypotheses on the involved operators are made to reduce the given problem to

a non-degenerate case. Thaller, B. and Thaller, S. 1995, and 1996 studied the

Cauchy problem Bu0 = Au; under six assumptions on A and B:

In this paper, we use tensor product technique to get solutions of the de-

generate homogeneous abstract Cauchy problem.

2
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2 Basics and Background

Let K be a compact Hausdor¤ space, X be a Banach space. C(K;X) denotes

the Banach space of all continuous functions from K into X with the norm

kfk1 = sup
t2K

kf(t)k IfX = R we writeC(K) forC(K;R):

Let X and Y be Banach spaces with duals X�and Y �respectively and

T : D(T ) � X ! Y be linear. T is called closed operator if its graph G(T ) =

f(x; Tx) : x 2 D(T )g is closed in the normed space X � Y , where the norm

on X � Y is de�ned by k(x; y)k = kxk+ kyk.

. For x 2 X and y 2 Y , we de�ne the map:x
y : X� ! Y withx
y (x�) =

hx; x�iy: Clearly x 
 y is a bounded linear operator and kx
 yk = kxk kxk :

We call x
 y an atom: Let K = fx
 y : x 2 X and y 2 Y g : We shall write

X 
 Y for the span of K in L (X�; Y ) : For T =
nP
i=1

xi 
 yi 2 X 
 Y , de�ne

kTk_ = sup
�

nP
i=1

jhxi; x�ihyi; y�ij : x� 2 B1 (X�) and y� 2 B1 (Y �)
�
:So, kk_ is

just the operator norm on L (X�; Y ) : This is called the injective norm of

T . The space (X 
 Y; kk_) need not be complete. We let X
_

 Y denote the

closure of X 
 Y in L (X�; Y ) and it is called the completed injective tensor

product of X with Y:

One of the nice features of the injective tensor product of normed spaces

is the fact that For any compact Hausdor¤ space K, and any Banach space

X;C(K;X) is isometrically isomorphic to C(K)
_

X: In particular, C(S�K) =

C(S)
_

 C(K); for S; and K are compact metric spaces.

Another norm that one can de�ne is the projective norm. For T 2

X 
 Y the projective norm of T is kTk^ = inf

�
nP
i=1

kxik kyik
�
, where the

in�mum is taken over all representations of T in X
Y: The space X
Y with

the(X 
 Y; kk^) need not be complete. So, we let X
^

Y to be the completion

of (X 
 Y; kk^) :One of the nice features of the projective tensor product of

two Banach spaces is the following result: Let (I; �) be any �nite measure

3
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space. Then L1 (I;X) is isometrically isomorphic to L1 (I)
^

X:We refer to [4

], for more on tensor products.

3 The Function Space

Through out this paper we let `2 be the classical Hilbert space of square sum-

mable sequences which is f(an) :
P
janj2 < 1, an 2 Rg:C(I; `2) is the space

of continuos functions on the compact interval I = [0; 1] with values in `2:

The subspace of continuously di¤erentiable functions on I will be denoted by

C1(I; `2): Any function in C(I; `2) can be written in the form u(t) =
1P
i=1

ui(t)�i;

where (�i) is the natural basis of `2:However, we don�t have guarantee that
1P
i=1

kuik1 < 1: But we know that C(I)
^

 `2 and C1(I)

^

 `2 are both in

C(I; `2): This is because for any two normed spaces X; Y we have X
^

Y �

X
_

 Y; and C(I; `2) = C(I)

_

 `2 as was pointed out in section2. So, we can

introduce the following subspace of functions in C(I; `2)

W =

�
u 2 C1(I; `2) : u =

1P
i=1

ui 
 �i , kuk1 =
1P
i=1

kuik1 +


u�i

1 <1� :

We know that W is a huge space sinceC1(I) 
 `2 � W: A function of

the form u = v 
 x will be called an atomic function. A function of the

form f(t) =
nkP
i=n1

ui 
 �i will be called a �nite rank function. It is known

that if uk 2 C1 [a; b] ; and u =
1P
i=1

ui ,
1P
i=1

u0i converge uniformly on [a; b] then

u0 =
1P
i=1

u0i: The idea of the proof of the following theorem is classical and will

be omitted.

Lemma 3.1 :W with the norm kuk1 =
1P
i=1

kuik1 + ku0ik1 is a Banach

space.

In this paper, we assume that A and B are densely de�ned linear opera-

tors on `2 whose domains contain the elements of the natural basis of `2;and

4
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satisfy the property Au(t) =
1P
i=1

ui(t)A�i and Bu(t) =
1P
i=1

ui(t)B�i: It should

be remarked that If T is a densely de�ned closed linear operator on `2 then

Tu(t) =
1P
i=1

ui(t)T�i :

4 Solution For The Atomic Case

In this section we solve the degenerate abstract Cauchy problem for atomic

functions.

Let A : Dom(A) � `2 ! `2 , B : Dom(B) � `2 ! `2, be two linear

operators, and suppose that u(t) 2 Dom(A) \Dom(B) and u0(t) 2 Dom(B)

for all t 2 I = [0; 1]:

The homogeneous degenerate abstract Cauchy problem is

Bu�(t) = Au(t)

u(0) = z0

(P1)

Now, we would like to solve such a problem using the tensor product

technique. The �rst step is to look for a solution to problem (P1) among

atomic functions of the form

u(t) = g(t)x

where g 2 C1(I) ,x 2 Dom(A) \Dom(B) . This is the object of this section.

The main result of this section is the following theorem:

Theorem 4.1. For u(t) = g(t)x; g 2 C1(I) and x =2 KerA \ KerB

problem (P1) has a unique solution.

Proof. There are two cases which are easy to handle.:

(i) If x 2 kerA and x =2 kerB, then g0(t)Bx = 0: But since x =2 kerB

then g0(t) = 0. Hence g(t) = � constant and u(t) = �x such that �x = z0 is a

unique solution of problem (P1) .

5
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(ii) If x 2 kerB and x =2 kerA. Then g(t)Ax = 0 and hence g(t) = 0 since

x =2 kerA. Thus u(t) = 0 is the unique solution of problem (P1) .

So the case which needs to be handled deeply is:x =2 KerA[KerB: Now, if

g is a constant function , then g(t)Ax = 0. But since x =2 kerA we get g(t) = 0

,8t 2 I: Hence u(t) = 0 is the unique solution of problem (P1). Therefore, g

can not be non-zero constant.

Since u(t) = g(t)x;we have g0(t)Bx = g(t)Ax: If g(t) = 0 on E � I , then

Ec = ft 2 I; g(t) 6= 0g = ft 2 I : g(t) > 0g [ ft 2 I : g(t) < 0g

Since Ec is open set, it can be written as a countable union of disjoint open

intervals, say Ec =
1
[
i=1
(�i; �i):Now, on each (�i; �i) , i = 1; 2; :::; g(t) 6= 0, so

we have
g0(t)

g(t)
Bx = Ax , 8t 2 (�i; �i) ; i = 1; 2; :..

This implies that

g0(t)

g(t)
= �i (constant) , on (�i; �i); i = 1; 2; :::

So g0(t)� �ig(t) = 0, on (�i; �i) ; i = 1; 2; :::, and

g(t) = cie
�it 8t 2 (�i; �i); i = 1; 2; :::

Now, we claim that (�i; �i) ; i = 1; 2; :::are adjacent intervals. Indeed, if

g(t) = cke
�kt on (�k; �k) and if on the interval (�k; �k+1); g(t) = 0; then by the

continuity of g(t) at �k, we have cke
�k�k = 0 which is impossible unless ck = 0:

This implies g = 0 on (�k; �k) contradicting the assumption that g(t) 6= 0 on

(�k; �k). Hence we can assume that

Ec =
1
[
i=1
(�i; �i+1)

and therefore g(t) can be written

g(t) =

8>>><>>>:
c1e

�1t ; t 2 (�1; �2)

c2e
�2t ; t 2 (�2; �3)
...

...

6
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Finally, we show that g(t) 6= 0, 8t 2 I: In fact, since g is continuos at

t = �k; k = 2; 3; :::, we have lim
t!��k

cke
�kt = lim

t!�+k
ck+1e

�k+1t = 0. This implies

that cke�k�k = ck+1e�k+1�k = 0, which is impossible unless ck; ck+1 both equal

zero. Hence g(t) 6= 0 , 8t 2 I. Therefore, g�(t)
g(t)
Bx = Ax, 8t 2 I: Hence

g�(t)
g(t)

= �; 8t 2 I, which implies g(t) = ce�t 8t 2 I , where g(0)x = z0 = cx:

Thus, u(t) = e�tz0:

Corollary 4.2. For u(t) = g(t)x; g 2 C1(I) problem (P1) has a solution.

Proof If x =2 KerA \KerB then by Theorem 4.1 has a unique solution.

If x belongs to KerA \KerB, then

Bu0(t) = Bg0(t)x = g�(t)Bx = 0 and Au(t) = Ag(t)x = g(t)Ax = 0

Thus u(t) = g(t)x is a solution to (P1) for all g 2 C1(I) such that z0 = g(0)x:

5 Solution For The Finite Rank Functions Case

Here we are looking for a solution for (P1) among functions of the form

u(t) =
n2P

ik=n1

uik(t)�ik, where ui 2 C1(I) ; i = 1; 2; :::; n. Such functions are

called �nite rank functions. First we assume that B = I , so problem (P1)

becomes

u0(t) = Au(t)

u(0) = z
(P2)

Theorem 5.1. Problem P2 has a unique solution for any densely de�ned

linear operator A on `2:

Proof. Let for simplicity u(t) =
nP
i=1

ui(t)�i: Then u0(t) =
nP
i=1

u�i(t)�i: So

nP
i=1

u�i(t)�i =
nP

i=1

ui(t)A�i ......................................(1)

7
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Since u0(t) is a linear combination of �1; :::; �n; thenAu(t) belongs to [�1; �2; :::; �n]

: Thus Y = [�1; �2; :::; �n] is an invariant subspace of A; and we can consider

the restriction of A on [�1; �2; :::; �n];
^
A : [�1; �2; :::; �n]! [�1; �2; :::; �n]: Hence

^
A has a matrix representation (i.e

^
A = [aij] where aij = hA�i; �ji). Taking the

inner product of �j with both sides of equation (1) we get

nX
i=1

u�i(t)h�i; �ji =
nX
i=1

ui(t)hA�i; �ji

Since {�ig is an orthonormal set, we have

u0j(t) =
nP
i=1

ui(t)aij .....................................................(2)

Then equation (2) represents a system of n linear di¤erential equations,

which can be solved by �nding the spectrum of
^
A; which is a standard proce-

dure. Further, with the initial condition in (P2), the solution is unique.

Now, we try to solve (P1) in case B is not the identity, and u(t) is a �nite

rank function. Without loss of generality, we look for a solution of the form

u(t) =
nP
i=1

ui(t)�i . Further, we assume that A;B are densely de�ned operators

on `2: Since Bu�(t) = Au(t), then A([�1; �2; :::; �n]) = B([�1; �2; :::; �n]): So to

simplify the notation, we can assume that [�1; �2; :::; �n] is invariant under both

A and B, and An and Bn are the restriction of A and B to [�1; �2; :::; �n]:

With this setup, we can prove the following theorem.

Theorem 5.2. Let Bn = B
��
[�1;�2;:::;�n] be orthogonally diagonalizable lin-

ear operator such that A jkerB is invertible. Then, problem (P1) has a unique

solution.

Proof. Since Bn is diagonalizable, there exists a basis # = f�1; :::; �ng such

that the matrix representation of Bn with respect to # is D = diag(�1; :::; �n)

where �1; :::; �n are the eigenvalues of B and �1; :::; �n are the corresponding

eigenvectors. Further, since B is orthogonally diagonalizable; (�i) is orthonor-

mal.

8
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Now, if �i 6= 0 ,8i = 1; :::; n; then Bn is invertible and hence problem (P1)

becomes u0(t) = B�1n Anu(t), which has a unique solution by Theorem 5.1.

Assume �i 6= 0 for i = 1; :::; r. Let u(t) =
nP
i=1

�i(t)�i: Then Bnu0(t) =
nP
i=1

�0i(t)Bn�i; and Anu(t) =
nP
i=1

�i(t)An�i . Hence
nP
i=1

�0i(t)Bn�i =
nP
i=1

�i(t)An�i.................................................:(3)

Taking the inner product of �i with both sides of (3) we get
nP
i=1

�0i(t)hBn�i; �ji =
nP
i=1

�i(t)hAn�i; �ji .....................................(4)

Let ~A = AjkerB = [hA�i; �ji]i;j=r+1;��� ;n :

From (3.3.5), we have266666664
�1 0

. . .

0 �r

0

0 0

377777775

2666664
�01

:
:
:

�0n

3777775 =
24 A1 A2

A3 ~A

35
2666664
�1

:
:
:

�n

3777775 ::::::::::(5)

Multiplying (5) from left by the matrix

24 Ir 0

0 ~A�1

35 ; we get:
266666664
�1 0

. . .

0 �r

0

0 0

377777775

26664
�01
...

�0n

37775 =
24 A1 A2

~A�1A3 In�r

35
26664
�1
...

�n

37775
So, we have

26664
�1 0

. . .

0 �r

37775
26664
�01
...

�0r

37775 = A1
26664
�1
...

�r

37775+ A2
26664
�r+1
...

�n

37775
and

0 = ~A�1A3

26664
�1
...

�r

37775+ In�r
26664
�r+1
...

�n

37775 ::::::::::::::::::(6)
Hence from(6) we get

9
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26664
�r+1
...

�n

37775 = � ~A�1A3
26664
�1
...

�r

37775 :::::::::::::::::::::::(7)
Substituting (7) in (5) we get ,

26664
�1 0

. . .

0 �r

37775
26664
�01
...

�0r

37775 = (A1 � A2 ~A�1A3)
26664
�1
...

�r

37775
Let D = diag(�1; : : : ; �r)::Hence26664
�01
...

�0r

37775 = D�1(A1 � A2 ~A�1A3)

26664
�1
...

�r

37775 .................(8)

Let V1(t) =

26664
�1(t)

...

�r(t)

37775 ;M = D�1(A1 � A2 ~A�1A3). ThenV 01(t) = MV1(t).

For such M we have the following cases:

Case 1. M has �1; � � � ; �r distinct eigenvalues, then the general solution

of the system is of the form

V1(t) =
rX
i=1

�iEie
�it

where Ei is the corresponding eigenvector

Case 2. M has �1; � � � ; �k eigenvalues with multiplicitym1; � � � ;mk (m1+

� � �+mk = r): For such case we have the following sub-cases

Case 2.1. For each p = 1; � � � ; k; �p has mp linearly independent eigenvec-

tors. Hence the general solution of the system is of the form

V1(t) =

kX
p=1

(�p1Ep1 + � � �+ �pmpEpmp)e
�pt

Case2.2. For each p = 1; � � � ; k; �p has a single linearly independent

eigenvector. Then

10
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V1(t) =
kP
p=1

h
(�p1Ep1 + �p2(Ep1t+ Ep2) � � �+ �pmp(�p1Ep1t

mp�1 + � � �+ �pmp
Epmp)

i
e�pt:(9)

Case 2.3. �p has 1 < m0
p < mp linearly independent eigenvectors, then

the solution of the system is of the form

V1(t) =

kX
p=1

(�p1Ep1 + � � �+ �pm0
p
Epm0

p
)e�pt + � � �+h

�pm0
p+1(Qp1t+Qp2) + � � �+ �pmp(�p1Qp1t

mp�m0
p�1 + � � �+ �p(mp�m0

p)
Qp(mp�m0

p))
i
e�pt

where �p1; � � � ; �pmp
; p = 1; � � � ; k are known constant ,Qp1 is a linear combi-

nation of Ep1; � � � ; Epm0
p
and

Qpq = (M � �pI)Qpq�1;

For simplicity we may assume that V1(0) =

26664
c1
...

cr

37775 ; and we consider the
general solution which is given by (9), since other cases can be treated in a

similar way with slight di¤erence in notations. Then26664
c1
...

cr

37775 = kP
p=1

�p1Ep1 � � �+ �pmp(�pmp
Epmp)::::::::::::::::::::(10)

Let P = [E11 : � � � : E1m1 : � � � : Ek1 : � � � : Ekmk
], then

[c1; � � � ; cr]T = P [�11; � � � ; �1m1 ; � � � ; �k1; � � � ; �kmk
]T ::::::::::::::(11)

Now we can choose Epq; q = 1; � � � ;mp; p = 1; � � � ; k such that

(i)kP�1k � 1

Proof

Case 5.1 (ii) j�pj



�p1Ep1tmp�1 + � � �+ �pmp

Epmp




 � 1
(iii)




�p1(mp � 1)Ep1tmp�2 + � � �+ �pmp�1Epmp�1




 � 1
Then from (10) we have
kP
p=1

j�p1j+ � � �+
���pmp

�� � rP
i=1

jcij ::::::::::::::::::::::::(12)

11
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If we assume that <�(M) � ! <1, then from (9),(10) and (11) we get

kX
p=1

h
k�p1Ep1k+ � � �+




�pmp(�p1Ep1t
mp�1 + � � �+ �pmp

Epmp)



i 

e�pt



� e!
kX
p=1

j�p1j kEp1k+ � � �+
���pmp

�� 


(�p1Ep1tmp�1 + � � �+ �pmp
Epmp)





� e!

kX
p=1

j�p1j+ � � �+
���pmp

�� � e! rX
i=1

jcij

Also, if we di¤erentiate V1(t) we get

V 01(t) =
kX
p=1

�p

h
(�p1Ep1 + �p2(Ep1t+ Ep2) � � �+ �pmp(�p1Ep1t

mp�1 + � � �+ �pmp
Epmp)

i
e�pt +

kX
p=1

h
�p2Ep1 � � �+ �pmp(�p1(mp � 1)Ep1tmp�2 + � � �+ �pmp�1Epmp�1)

i
e�pt

Thus

kX
p=1

j�pj
h
j�p1j kEp1k+ � � �+

���pmp

�� 


(�p1Ep1tmp�1 + � � �+ �pmp
Epmp)




i 

e�pt

+
kX
p=1

h
j�p2j kEp1k+ � � �+

���pmp

�� 


�p1(mp � 1)Ep1tmp�2 + � � �+ �pmp�1Epmp�1




i 

e�pt


� 2e!

kX
p=1

j�p1j+ � � �+
���pmp

�� � 2e! rX
i=1

jcij

Therefore u 2 W:

Here we give an example as an application of Theorem 5.1 on R2 which can

be considered as a �nite dimensional subspace of `2:

Example 5.1. Let B ,A be two linear operators on R2 such that the

conditions in Theorem 5.1 are satis�ed and the matrix representation of B

and A are

B =

24 1 1

1 1

35 ; A =
24 2 1

3 0

35 .
12
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The eigenvalues ofB are 2; 0 and the corresponding eigenvectors are

24 1p
2

1p
2

35
,

24 1p
2

�1p
2

35 :
Let u(t) = �1(t)

24 1p
2

1p
2

35+ �2(t)
24 1p

2

�1p
2

35 ,then
�01(t)B

24 1p
2

1p
2

35+�02(t)B
24 1p

2

�1p
2

35 = �1(t)A
24 1p

2

1p
2

35+�2(t)A
24 1p

2

�1p
2

35 ::::::::(13)
:Taking the inner product of (13) with

24 1p
2

1p
2

35 ,
24 1p

2

�1p
2

35 to get

2�01(t) = �1(t)hA

24 1p
2

1p
2

35 ;
24 1p

2

1p
2

35i+ �2(t)hA
24 1p

2

�1p
2

35 ;
24 1p

2

1p
2

35i
and

0 = �1(t)hA

24 1p
2

1p
2

35 ;
24 1p

2

�1p
2

35i+ �2(t)hA
24 1p

2

�1p
2

35 ;
24 1p

2

�1p
2

35i
Thus

2�01(t) = 3�1(t) + 2�2(t)

0 = ��2(t)

Hence u(t) = cp
2
e
3
2
t

24 1
0

35+ cp
2
e
3
2
t

24 0
1

35 :
6 Solutions for In�nite Rank functions

In this section, we are going to solve problems (P1) and (P2) among functions

of the form u(t) =
1P
j=1

uj(t)�j 2 W . We make the following assumptions

Assumption 6.1. Assume that A is a densely de�ned linear operator on

`2 such that [�1; �2; � � � ] is invariant under A and <� � ! <1, 8� 2 � (A) :

13
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Assumption 6.2. Assume that (jcjj) and (jcj�jj) belong to `1, where

f�i; �2; � � � g is the set of eigenvalues of A.

We call A : [�1; �2; � � � ] ! `2 diagonal linear operator if the matrix repre-

sentation of A with respect to the basis f�jg is diagonal.

Theorem 6.1. Let A be a diagonal linear operator, such that Assump-

tion 6:1and 2:2 are satis�ed. Then problem (P2) has a unique solution.

Proof. Since
1P
j=1

uj 
 �jand
1P
j=1

u0j 
 �j converge uniformly in C (I; `2),

then u0(t) =
1P
j=1

u0j(t)�j. Also, since Au(t) =
1P
j=1

uj(t)A�j then,

1X
j=1

u0j(t)�j =
1X
j=1

uj(t)A�j =
1X
j=1

uj(t)�j�j

So,
1P
j=1

(u0j(t) � uj(t)�j)�j = 0: Hence u0j(t) � uj(t)�j = 0 for every j and

uj(t) = cje
�jt where cj = uj(0): Thus u(t) =

1P
j=1

cje
�jt�j: Now,

��e�it�� = e<�jt.
But, <� � ! and t 2 [0; 1] : Hence

kuik = sup
t2I

��cie�it�� = jcij sup
t2I
e�it �

8<: jcij e! , if ! > 0

jcij , if ! � 0

and

ku0ik = sup
t2I

��ci�ie�it�� = j�icij sup
t2I
e�it �

8<: j�icij e! , if ! > 0

j�icij , if ! � 0

Thus,

kuk =
1X
i=1

kuik+ ku0ik �

8>><>>:
e!

1P
i=1

jcij+ j�icij ,if ! > 0

1P
i=1

jcij+ j�icij ,if ! � 0

From assumption 6.2, we see that kuk1 <1 , so u 2 W:

De�nition 6.2. A linear operator B de�ned on a Hilbert space H is called

semi-diagonal if there exist orthogonal subspaces fWjg1j=1, such that

14
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1. dimWj <1;8j

2. B(Wj) � Wj;8j

3. H =
1
�
j=1
Wj

Theorem 6.3. Let A be semi-diagonal linear operator, such that assump-

tions 6.1 and 6.2 are ful�lled. Then problem (P2) has a unique solution .

Proof. since A is semi-diagonal, there exist W1;W2,...orthogonal subspace of

`2 such that for each j dimWj <1; A(Wj) � Wj and `2 =
1
�
j=1
Wj . With out

loss of generality, according to the decomposition of `2, we may assume that�
�nj�1+1; � � � ; �nj

	
where n0 = 0; j = 1; 2; � � � ; is the corresponding basis for

Wj . Since
1P
j=1

uj(t)�j and
1P
j=1

u0j(t)�j converge uniformly in C (I; `
2), we have

u0(t) =
1P
j=1

u0j(t)�j, and by assumption onA; we have Au(t) =
1P
j=1

uj(t)A�j: Now,

u(t) =
1P
k=1

uk(t)�k =
1P
j=1

njP
k=nj�1+1

uk(t)�k where
njP

k=nj�1+1
uk(t)�k 2 Wj. Hence we

can write u0(t) = Au(t) as
1X
j=1

njX
k=nj�1+1

u0k(t)�k =
1X
j=1

njX
k=nj�1+1

uk(t)A�k

Since the subspacesW1;W2,... are orthogonal, A(Wj) � Wj and
njP

k=nj�1+1
uk(t)�k 2

Wj we have
njX

k=nj�1+1

u0k(t)�k =

njX
k=nj�1+1

uk(t)A�k

This system, together with the initial condition u(0) restricted to Wj,has a

unique solution. So, on each Wj , we have a unique solution w0i(t). Apply the

same argument as in the last part of the proof of Theorem 5.2 for A
��
Wj
=Mj

we conclude that
1X
j=1

kuj k1 � e
!

1X
j=1

njX
k=nj�1+1

jckj <1

and
1X
j=1



u0j 

1 � e! 1X
j=1

njX
k=nj�1+1

j�kckj <1

15
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Therefore, kuk1 <1 and so u 2 W .

Now we are going to solve problem (P1). But �rst we need to assume the

following assumptions on the operators A and B in order to make sure that

the desired solution belong to the spaceW

Assumption 6.3. A and B are semi-diagonal linear operators with the

same decomposition (i.e there exist orthogonal subspaces fWjg1j=1 such that

1. dimWj <1;8j

2. Wj is invariant under A and B for every j

3. `2 =
1
�
j=1
Wj

Assumption 6.4. Bj = B
��
Wj

is orthogonally diagonalizable such that

~Aj = Aj jkerBj is invertible for every j.

From the proof of Theorem 5.2 we have on each Wj

Mj = D
�1
j (Aj1 + Aj2

~A�1j Aj3)

Assumption 6.5. For each j , <�(Mj) � ! <1

Theorem 6.4. Let A;B be two linear operators such that assumptions

(6.3),(6.4),(6.5) are satis�ed. Then for (ci) 2 `1 problem (P4) has a unique

solution.

Proof As in the proof of Theorem 6.3 we can assume that
�
�nj�1+1; � � � ; �nj

	
where n0 = 0; j = 1; 2; � � � ; is the corresponding basis for Wj . Also, since
1P
j=1

uj
�j and
1P
j=1

u0j
�j converge uniformly inC (I; `2), then u0(t) =
1P
j=1

u0j(t)�j.

Further, by assumption on A, we have Au(t) =
1P
j=1

uj(t)A�j and Bu0(t) =

1P
j=1

u0j(t)B�j . Now, u(t) =
1P
k=1

uk(t)�k =
1P
j=1

njP
k=nj�1+1

uk(t)�k =
1P
j=1

wj(t). Thus,

1X
j=1

Bw0j(t) =

1X
j=1

Awj(t)

16
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Since the subspaces W1;W2,... are orthogonal, Wj is invariant under A and B

for every j and wj(t) =
njP

k=nj�1+1
uk(t)�k 2 Wj we have

Bw0j(t) = Awj(t);8j and wj(0) = (cnj�1+1; � � � ; cnj) (1)

By Theorem5.2 problem (1) has a unique solution which satis�es

njX
k=nj�1+1

kukk+ ku0kk � 2e!
njX

k=nj�1+1

jckj

Thus,

kuk1 =
1X
k=1

kukk+ ku0kk

=
1X
j=1

njX
k=nj�1+1

kukk+ ku0kk

� 2e!
1X
k=1

jckj

Therefore, u 2 W:

17
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REPRESENTATION OF QUASI QUADRATIC FUNCTIONALS BY
SESQUILINEAR ONES AND JORDAN *-DERIVATIONS

MEHMET AÇIKGÖZ AND ALIAKBAR GOSHABULAGHI

Abstract. In this study, we will mainly try to give an answer to the question
of representability of quasi quadratic functional on modules over general *-ring
including complex (Banach) *-algebras by using Jordan *-derivations.

1. Introduction

Let R be an *-ring with identity such that 2 is a unit in R and M be left R-
module. The mapping Q : M ! R is said to be quasi quadratic functional if for
any x; y 2M and a 2 R the parallelogram law

(1.1) Q (x+ y) +Q (x� y) = 2Q (x) + 2Q (y)
and the homogeneity equation

(1.2) Q (ax) = aQ (x) a�

holds. A biadditive mapping S :M �M ! R satisfying

(1.3) S (a1x1 + a2x2; y) = a1S (x1; y)+a2S (x2; y) (a1; a2 2 R; x1; x2; y 2M) ;

(1.4) S (x; a1y1 + a2y2) = S (x; y1) a�1 + S (x; y2) a
�
2 (a1; a2 2 R; x; y1; y2 2M)

is a sesquilinear functional. One can check that for any sesquilinear functional S
the functional Q de�ned by Q (x) = S (x; x) ; x 2 M; is quasi quadratic. Now it is
interesting to know that for a quasi quadratic functional Q is there a sesquilinear
functional S such that Q (x) = S (x; x) for any x 2 M? In 1963, Halperin in his
lecture on Hilbert spaces posed this problem for the special case that M is a vector
space over F 2 fR;C;Hg : Here, R and C denote the �eld of real and complex
numbers respectively and H denotes the skew-�eld of quaternions. In 1987 �emrl
[7] gave a positive answer to Halperin�s problem for quasi-quadratic functionals
de�ned on a vector space over a complex *-algebra with an identity. It was proved
that if Q is a quasi-quadratic functional on a module over a complex *-algebra with
an identity element, then the mapping S de�ned by

S (x; y) =
1

4
(Q (x+ y)�Q (x� y)) + i

4
(Q (x+ iy)�Q (x� iy))

is sesquilinear functional and satis�es Q (x) = S (x; x) : This result is an extension
of the Jordan-Von Neumann theorem [14] which characterises pre-Hilbert spaces
among all normed spaces.

Date : September 05, 2008.
2000 Mathematics Subject Classi�cation. Primary 11E04, 46C05, Secondary 11D09.
Key words and phrases. Quasi-quadratic functional, sesquilinear functional, Jordan *-

derivation, inner jordan *-derivation.
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2 MEHMET AÇIKGÖZ AND ALIAKBAR GOSHABULAGHI

An additive mapping J : R ! R de�ned on a *-ring R is called a Jordan
*-derivation if J

�
a2
�
= aJ (a) + J (a) a� for any a 2 R: A mapping Ja on R;

a 2 R; de�ned by Ja (b) = ba� ab� is called an inner Jordan *-derivation. Jordan
*-derivations play an important role in solution of the representability of quasi
quadratic functionals by sesquilinear functionals (See [2], [3], [5], [6], [8] ). Here
we will use Jordan *-derivations to solve the problem of representability of quasi
quadratic functionals on general *-rings including complex (Banach) *-algebras.

2. Main Results

In this section we will consider R as a *-ring with identity 1 in which 2 is a unit
in R: Also M is a left R-module. Now let there exists an element a0 2 R such that
(2.1) a0 + a

�
0 = 0; a0a

�
0 = 1

(2.2) a0a = aa0 (a 2 R) :
Let J : R ! R be a Jordan *-derivation then J 0 : R ! R de�ned by J 0 (a) =
(J (a))

� is a Jordan *-derivation. Also for each c 2 Z (R) the functional J 0 :
R ! R de�ned by J 0 (a) = cJ (a) is a Jordan *-derivation too. So for any Jordan
*-derivation J : R ! R by choosing J1 (a) = 1

2

�
J (a) + J (a)

�� and J2 (a) =
a�0
2

�
J (a)� J (a)�

�
it is seen that J (a) = J1 (a) + a0J2 (a) which J1 and J2 are

Jordan *-derivations and J1 (a) = J1 (a)
�
; J2 (a) = J2 (a)

�
: Moreover for each

�xed a0 such representation of a Jordan *-derivation is unique.

Theorem 1. Let J : R! R be additive. The following conditions are equivalent:

(1) J is a Jordan *-derivation.
(2) For any a; b 2 R;

(2.3) J (aba) = abJ (a) + aJ (b) a� + J (a) b�a�:

Proof. (2))(1); By giving b = 1 in (2:3) we see that J is a Jordan *-
derivation.
(1))(2); By giving a + b replace of a in J

�
a2
�
= aJ (a) + J (a) a�; we

get the identity

J (ab) + J (ba) = bJ (a) + aJ (b) + J (a) b� + J (b) a�:

Now let x = J [a (ab+ ba) + (ab+ ba) a] : Then

x = (ab+ ba) J (a) + aJ (ab+ ba) + J (a) (b�a� + a�b�) + J (ab+ ba) a�

= 2abJ (a) + a2J (b) + aJ (a) b� + 2aJ (b) a� + baJ (a)

+bJ (a) a� + 2J (a) b�a� + J (b) a�2 + J (a) a�b�:(2.4)

On the other hand

x = J (a (ab+ ba) + (ab+ ba) a)

= J
�
a2b+ aba+ aba+ ba2

�
= 2J (aba) + J

�
a2b
�
+ J

�
ba2
�

= 2J (aba) + bJ
�
a2
�
+ a2J (b) + J

�
a2
�
b� + J (b) a�2

= 2J (aba) + baJ (a) + bJ (a) a� + a2J (b)

+aJ (a) b� + J (a) a�b� + J (b) a�2;
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This and (2:4) yields

J (aba) = abJ (a) + aJ (b) a� + J (a) b�a�:

�

Corollary 1. Each Jordan *-derivation on R is inner.

Proof. Give a = a0 in (2:3). Then

2J (b) = J (a0) b
�a0 � a0bJ (a0) = (a0J (a0)) b� � b (a0J (a0)) ;

so

J (b) = �1
2
(b (a0J (a0))� (a0J (a0)) b�) :

Hence for b0 = � 1
2a0J (a0) ; J = Jb0 . �

Theorem 2. Let Q :M ! R be a quasi quadratic functional. Then the functional
S :M �M ! R de�ned by

S (x; y) =
1

4
(Q (x+ y)�Q (x� y)) + a0

4
(Q (x+ a0y)�Q (x� a0y)) ;

is sesquilinear and S (x; x) = Q (x) :

Proof. Give S1 (x; y) = Q (x+ y) � Q (x� y) and de�ne J1 : R ! R by J1 (a) =
S1 (ax; y) � aS1 (x; y) : Then S1 is biadditive so S is biadditive and hence J1 is
additive. Moreover

aJ1 (a) + J1 (a) a
� � J1

�
a2
�
= aQ (ax+ y)� aQ (ax� y)� a2Q (x+ y)

+a2Q (x� y) +Q (ax+ y) a� �Q (ax� y) a�

�Q (ax+ ay) +Q (ax� ay)�Q
�
a2x+ y

�
+Q

�
a2x� y

�
+ a2Q (x+ y)� a2Q (x� y)

= aQ (ax+ y)� aQ (ax� y) +Q (ax+ y) a�

�Q (ax� y) a� + 1
2
[Q
��
a2 + a

�
x� (a+ 1) y

�
+Q

��
a2 � a

�
x+ (a� 1) y

�
�Q

��
a2 + a

�
x+ (a+ 1) y

�
�Q

��
a2 � a

�
x� (a� 1) y

�
]

= aQ (ax+ y)� aQ (ax� y) +Q (ax+ y) a�

�Q (ax� y) a� + 1
2
[(a+ 1)Q (ax� y) (a� + 1)

+ (a� 1)Q (ax+ y) (a� � 1)
� (a+ 1)Q (ax+ y) (a� + 1)� (a� 1)Q (ax� y) (a� � 1)]

= aQ (ax+ y)� aQ (ax� y) +Q (ax+ y) a�

�Q (ax� y) a� + aQ (ax� y) +Q (ax� y) a�

�aQ (ax+ y)�Q (ax+ y) a�

= 0:

Similarly for J2 (a) = S2 (ax; y) � aS2 (x; y) in which S2 (x; y) = Q (x+ a0y) �
Q (x� a0y) it is seen that J2 : R! R is a Jordan *-derivation too. So the functional
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J : R! R de�ned by J (a) = J1 (a)+a0J2 (a) is a Jordan *-derivation and hence is
an inner Jordan *-derivation with J (a) = � 1

2 (a (a0J (a0))� (a0J (a0)) a
�) : Since

Q (a0x+ y) = Q (x� a0y) and Q (a0x� y) = Q (x+ a0y)

so

J (a0) = Q (a0x+ y)�Q (a0x� y)� a0Q (x+ y) + a0Q (x� y)
+a0 [Q (a0x+ a0y)�Q (a0x� a0y)� a0Q (x+ a0y) + a0Q (x� a0y)]

= Q (a0x+ y)�Q (a0x� y)� a0Q (x+ y) + a0Q (x� y)
+a0Q (x+ y)� a0Q (x� y) +Q (x+ a0y)�Q (x� a0y)

= 0:

Thus for any a 2 R; J (a) = 0 and hence

(2.5) S (ax; y) = aS (x; y) :

Clearly for any c 2 R the identity S (cx; cy) = cS (x; y) c� holds and so by giving
c = a+ 1;

S (ax; ay)+S (ax; y)+S (x; ay)+S (x; y) = aS (x; y) a�+aS (x; y)+S (x; y) a�+S (x; y)

This with (2:5) yields

aS (x; y) + S (x; y) a� = S (ax; y) + S (x; ay) = aS (x; y) + S (x; ay) ;

Therefore S (x; ay) = S (x; y) a�: The identity S (x; x) = Q (x) is clear. �

Proposition 1. Let R be a unital commutative *-ring with trivial involution such
that 2 is a unit in R then each Jordan *-derivation on R is inner and hence zero if
and only if each quasi quadratic functional on any R�module M be quadratic.

Proof. If the only Jordan *-derivation on R be equal to zero then similar to Theorem
2 it is seen that for any quasi quadratic functional Q : M ! R the functional
S :M �M ! R de�ned by

S (x; y) =
1

4
(Q (x+ y)�Q (x� y)) ;

is sesquilinear and S (x; x) = Q (x) for any x 2 M . Conversely, let there exists a
Jordan *-derivation J on R which is not inner then the functional Q : R�R! R
de�ned by

Q ((a; b)) = J (ba)� bJ (a)� J (a) b� = aJ (b)� bJ (a) ;

is quasi quadratic [4; theorem 2] : If there exists a sesquilinear functional S which
generates Q then

S ((a; b) ; (c; d)) = aS ((1; 0) ; (1; 0)) c+ aS ((1; 0) ; (0; 1)) d

+bS ((0; 1) ; (1; 0)) c+ bS ((0; 1) ; (0; 1)) d

= aS ((1; 0) ; (0; 1)) d+ bS ((0; 1) ; (1; 0)) c

So

�J (a) = Q ((a; 1)) = S ((a; 1) ; (a; 1)) = a (S ((1; 0) ; (0; 1)) + S ((0; 1) ; (1; 0))) ;

Now since J (1) = 0 so we get J = 0 which is a contradiction. �
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REPRESENTATION OF QUASI-QUADRATIC FUNCTIONALS BY SESQUILINEAR ONES 5

Example 1. Consider R the �eld of reals with trivial involution. De�ne the func-
tional J on R by

J (a) =

�
a log jaj ; a 6= 0
0; a = 0

�
Clearly D

�
a2
�
= 2aD (a) but J is not a Jordan *-derivation because it is not

additive. In fact the only continuous Jordan *-derivation on R is equal to zero
since it is zero on the dense subset, rational numbers so any nontrivial Jordan
*-derivation on R should be discontinuous.
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Abstract

Having de�ned spaces of ultradi�erentiable functions along with an as-

signed spaces of tempered ultradistributions, certain spaces of multipliers

are investigated and various continuous mappings are obtained.

Keywords: Tempered Ultradistribution; Hankel-type transform; Multipliers;
Roumieu-type ultradistributions; Beurling-type ultradistributions.

1 Introduction

The generalization of the Schwartz space of distributions D
0

[5] was one of the in-
terests of many authors in the last few decades, such as, Roumieu, C. [2], Beurling,
A. [1], Patbak, R.S. [9, 10], Banerji, P.K. and Al-omari, S.K. [8] and, Al-omari,
S.K.Q. [12, 13] and others. Among others who contributes much to the theory,
Komatsu [4] introduce a uni�ed treatment for the ultradistributions de�ned in [1]
and [2]. However, ultradistributions introduced here di�er from that appears
in [11] which are duals of test function space of Fourier transforms of functions in
D(Schwartz space of test functions).
We, in [7], de�ne certain spaces of ultradi�erentiable functions of rapid descent
(rapidly decreasing functions) for the Hankel-type transform so that the set of con-
tinuous linear forms are ultradistributions of slow growth. The object of �nding
the corresponding spaces of multipliers is ful�lled and the spaces are well-de�ned.
In our present paper, we shall build upon analysis of [7]. Not merely we extend the
analysis but we shall make ideas more precise. We devote Section 3 to necessary
conditions for an in�nitely smooth function (C1-function) to play the role of a
multiplier under certain topology. In Sections 4 and 5, we establish separately
continuous mappings (for de�nition see Treves [3]) from test function spaces into
corresponding spaces of multipliers and from one space of multipliers into itself.

1Auther to whom all correspondence should be addressed
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2 De�nitions and Notations

Let N be the set of natural numbers and N0 = N [ f0g. Let ai; bi; i; j = 0; 1; 2; :::
be sequences of positive real numbers satisfying some of the following constraints

a2i � ai�1ai+1; for all i 2 N
b2j � bj�1bj+1; for all j 2 N:

(2.1)

For some constants S; S1 > 0 and T; T1 > 1, we have

ai � S T imin0�k�i ak ai�k; i 2 N

bj � S1 T
j
1 min0�k�j bk bj�k; j 2 N:

(2.2)

As a consequence of (2.1), we have [cf. [7]]

aiak � a0ai�k; i; k 2 N0

bjbk � b0bj+k; j; k 2 N0:
(2.3)

For sequences above, we have the following:

De�nition 2.1 (i) Denote by H�;faig;a the set of all those in�nitly smooth func-
tions �(x) such that for some positive constants C�;�

j and a dependent on
� ���(1 + x2)i(x�1D)jx�����1�(x)

��� � C
�;�
j (a+ �)iai; (2.4)

holds true for arbitrary � > 0 and i; j 2 N0.
On the other hand, let H�;(ai);a be the set of all C1-functions �(x) satisfy-
ing (2.4) for all a > 0.

(ii) An in�nitly smooth functions �(x) 2 H�;fbig;b
� (respectively, H�;(bi);b

� ) if for
some constant b > 0 (respectively, for all b > 0), there is C�;�

j > 0 both of
which depend on � where���(1 + x2)i(x�1D)jx�����1�(x)

��� � C
�;�
j (a+ �)ibi; (2.5)

for arbitrary � > 0, where D = d
dx
.

(iii) De�ne H
�;fbjg;b
�;faig;a

(respectively, H
�;(bj);b
�;(ai);a

) if for some constant C�;� > 0 there
are constants a > 0 and b > 0 (respectively, for arbitrary a > 0, b > 0) we
have ���(1 + x2)i(x�1D)jx�����1�(x)

��� � C
�;�
j (a+ �)ibj(b+ �)jaibj; (2.6)

where � and � are arbitrary positive constants.

2
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Spaces, so obtained, consist of ultradi�erentiable functions of rapid descent which

are, indeed, subspaces of H�;� de�ned in [6]. Furthermore, H�;(ai);a, H
�;(bj);b
� and

H
�;(bj);b
�;(ai);a

are contained in H�
�;faig;a

, H
�;fbjg;b
� and H

�;fbjg;b
�;faig;a

, respectively. The set of

all continuous linear forms on H�;(ai);a, H
�;(bj);b
� and H

�;(bj);b
�;(ai);a

is denoted by �H�;(ai);a,

�H
�;(bj);b
� and �H

�;(bj);b
�;(ai);a

, respectively and are tempered ultradistributions of Beurling-

type. Similarly, �H�
�;faig;a

, �H
�;fbjg;b
� and �H

�;fbjg;b
�;faig;a

are spaces of tempered (temperate)
ultradistributions of Roumieu-type. It is interesting to observe that the tempered
ultradistributions of Roumieu-type can be characterized as subspaces of the tem-
pered ultra-distributions of Beurling type.
Owing to the fact that both types of tempered (slow growth) ultra-distributions
assume analysis which is similar, we intend to direct the investigations to ultradis-
tributionsof Roumieu-type. In view of above constructions we assign to H�

�;faig;a
,

H
�;fbjg;b
� and H

�;fbjg;b
�;faig;a

the topologies generated by the respective collections of
seminorms



�;�
j;� (�) = sup

x2(0;1)

j(1 + x2)i(x�1D)jx�����1�(x)j

(a+ �)iai
; i 2 N0 (2.7)



�;�
i;� (�) = sup

x2(0;1)

j(1 + x2)i(x�1D)jx�����1�(x)j

(b+ �)jaj
; j 2 N0 (2.8)



�;�
�;�(�) = sup

x2(0;1)

j(1 + x2)i(x�1D)jx�����1�(x)j

(a+ �)i(b+ �)jaibj
; (2.9)

for conditions already mentioned.

3 Operators for Multiplication and Necessary

Conditions

De�nition: For some positive constants a and b, denote by �faig;a, �
fbjg;b and

�
fbjg;b
faig;a

the set of all those C1-functions �(x), over (0;1), such that for all positive
integers i; j, their respective formulae

���(x�1D)i�(x)
��� � C(1 + x2)iaiai; (3.1)

���(x�1D)j�(x)
��� � F (1 + x2)jbjbj; (3.2)

3
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���(x�1D)i�(x)
��� � E(1 + x2)iaibjaibj; (3.3)

hold good where C, F and E are certain positive constants. Spaces �faig;a, �
fbjg;b

and �
fbjg;b
faig;a

and the spaces �faig;a, �
fbjg;b and �

fbjg;b
faig;a

in [7] are quitely equivalent and

are shown to be multipliers for respective spaces H�
�;faig;a

, H
�;fbjg;b
� and H

�;fbjg;b
�;faig;a

.
For detailed analysis see [ [7],Theorems 11,12,13].

Proposition 1 (a) Let � 2 �faig;a and � 2 H�;faig;a, then

(x�1D)i�(x) 2 �faig;a

.
(b) Let � 2 �fbjg;b and � 2 H

�;fbjg;b
� , then

(x�1D)j�(x) 2 �fbjg;b

.
(c) Let � 2 �

fbjg;b
faig;a

and � 2 H
�;fbjg;b
�;faig;a

, then

(x�1D)j�(x) 2 �
fbjg;b
faig;a

.

Proof The proof can be easily established by induction on i, taking into account
that

�(x)(x�1D)�(x) = x�+�+1(x�1D)x�+�+1�(x)�(x)

��(x)x�+�+1(x�1D)x�����1�(x);

together with the fact that if � belongs to eitherH�
�;faig;a

, H
�;fbjg;b
� orH

�;fbjg;b
�;faig;a

, then

x�+�+1(x�1D)ix�����1�(x) belongs to the same space. Details are thus avoided.
Therefore, the derived proposition suggests to introduce on �faig;a, �

fbjg;b and

�
fbjg;b
faig;a

the respective seperating collections of seminorms

`
�;�;a
�;i (�) = sup

x2(0;1)

jx�����1�(x)(x�1D)i�(x)j

aiai
; i 2 N (3.4)

`
�;�;b
�;j (�) = sup

x2(0;1)

jx�����1�(x)(x�1D)j�(x)j

bjbj
; j 2 N (3.5)

`
�;�;b
�;a (�) = sup

x2(0;1)

jx�����1�(x)(x�1D)j�(x)j

aibjaibj
; (3.6)

for all � 2 �faig;a;�
fbjg;b and �

fbjg;b
faig;a

, respectively where, � belongs to the respec-

tive spaces H�
�;faig;a

, H
�;fbjg;b
� and H

�;fbjg;b
�;faig;a

.

4
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Theorem 1 Let � 2 H�
�;faig;a

and the sequence ai, i = 1; 2; 3; � � � satisfy (2.6).
Then a necessary condition for a C1-function �(x) to be in �faig;a is

`
�;�;a
�;i (�) <1;

for all i 2 N .

Proof: Let � 2 H�
�;faig;a

, i; j 2 N and x 2 (0;1). Leibnitz rule being employed
leads directly to���(1 + x2)i(x�1D)jx�����1(��)(x)

��� �
Pj
r=0

 
j

r

!
jx�����1�r(x)(x

�1D)r�(x)j ;

(3.7)

where
�r(x) = (1 + x2)ix�����1(x�1D)j�rx�����1�(x): (3.8)

The fact that �(x) 2 H�
�;faig;a

, implies that x�����1(x�1D)j�rx�����1�(x) and

(1 + x2)i�(x) belong to H�
�;faig;a

. This together with the de�nition of the Hankel
type integral, we can inferre that � 2 H�

�;faig;a
.

Upon multiplying (3.7) by
1

(a+ �)iai
, we obtain

j(1 + x2)i(x�1D)jx�����1(��)(x)j

(a+ �)iai
<

jX
r=0

 
j

r

!
jx�����1�r(x)(x

�1D)r�(x)j

aiai
;

(3.9)

where �r satis�es (3.8) and � > 0. For i > r, we infer from (2.6) that

1

ai
�

a0

arai�r
: (3.10)

Using (3.10) in (3.9) and considering supremum over all x 2 (0;1), i; r 2 N ,
yields



�;�
j;� (��) <

jX
r=0

 
j

r

!
a0

ai�rai�r
`
�;�;a
�;r (�)

<
iX

r=0

 
i

r

!
a0

ai�rai�r
`
�;�;a
�;r (�);

for i > j. This completes the proof of the theorem.

Theorem 2 Let � 2 H
�;fbjg;b
� and j 2 N , then the necessary condition for a

function �(x) to be in �fbjg;b is to be in�nitly smooth and

`
�;�;b
�;j (�) <1; (3.11)

for sequences (bj) having (2.3) imposed.

5
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Proof: Let � 2 H
�;fbjg;b
� and i; j 2 N , then analysis similar to that of the proof

of Theorem 2 leads directly to the relation

(1 + x2)i(x�1D)jx�����1(��)(x)

(b+ �)jbj
<

F
jX
r=0

 
j

r

!
jx�����1�r(x)(x

�1D)r�(x)j

brbr

b0

bj�rbj�r
:

(3.12)

Once again, letting j and r traverse the set of natural numbers and considering
supremum over all x 2 (0;1) we obtain



�;�
i;� (��) < F

jX
r=0

 
j

r

!
b0

bj�rbj�r
`
�;�;b
�;r (�):

Thus the proof of the theorem is completed.

Theorem 3 Let a and b be certain positive constants and the sequences (ai) and

(bj) satisfy (2.6). Then, it is necessary for � 2 C1(0;1) to be in �
fbjg;b
faig;a

is that

`
�;�;b
�;a (�) <1;

for all � 2 H
�;fbjg;b
�;faig;a

.

Proof: Let � 2 H
�;fbjg;b
�;faig;a

. Analysis analogous to the proof of Theorems 1 and 2,
the relation (3.7) implies

j(1 + x2)i(x�1D)jx�����1(��)(x)j

(a+ �)i(b+ �)jaibj
<

E
jX
r=0

 
j

r

!
jx�����1�r(x)(x

�1D)r�(x)j

aibjaibj
;

(3.13)

where �r have expresion (3.8).
Having (2.3) employed for (ai) and (bj) and allowing x to traverse the real numbers
in (0;1), then (3.13) can be put in the form



�;�
�;�(��) < E

jX
r=0

 
j

r

!
a0b0

ai�rai�rbj�rbj�r
`
�;�;b
�;a (�);

by which we complete the proof of the theorem.

4 Operators On Multipliers

The present section is devoted for operators continuous on the de�ned spaces that
precisely constructed in such a way they consist of ultra di�erentiable functions of
rapid decent. However, the results are established by virtue of the new equipped
topology.

6
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Theorem 4 The mapping

�faig;a � �faig;a ! �faig;a

de�ned by
(�;  )! � 

is separately continuous.

Proof: Let � and  be two elements in �faig;a and i 2 N be such that for some
positive constants a and C we have���(x�1D)i�

��� � C(1 + x2)iaiai; (4.1)

for all x 2 (0;1).
Let � 2 H�

�;faig;a
, then Leibnitz rule implies

���x�����1�(x)(x�1D)i(� )(x)
��� �

jX
r=0

 
j

r

! �����x�����1�r(x)(x
�1D)r�(x)

(1 + x2)r
(x�1D)i�r (x)

����� ;
(4.2)

where �r(x) = (1 + x2)r�(x) which is, in fact, a function in H�
�;faig;a

.

Invoking (4.1) and multiplying by
1

aiai
we obtain from (4.2) that

j(x�1D)�(x)x�����1(� )(x)j

aiai
<

C
jX
r=0

 
j

r

!
arar

jx�����1�r(x)(x
�1D)r�(x)j

aiai
;

(4.3)

where C and a are certain positive constants.
Under the assumption that (3.10) holds true and allowing x to traverse the set of
real numbers in (0;1) and i 2 N , we obtain from (4.3) that

`
�;�;a
�;i (� ) < C

iX
r=0

 
i

r

!
a0ai

arar
`
�;�;a
�r;i�r( ):

This proves the theorem.
Next, analogous to Theorem 4 we state the following:

Theorem 5 The mapping

�fbjg;b � �fbjg;b ! �fbjg;b

de�ned by
(�;  )! � 

is separately continuous.

7
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Theorem 6 The mapping

�
fbjg;b
faig;a

� �
fbjg;b
faig;a

! �
fbjg;b
faig;a

de�ned by
(�;  )! � 

is separately continuous.

Theorem 7 Let ai, i = 1; 2; 3; : : : be a sequence imposed with (2.2). The map

�faig;a ! �faig;a

de�ned by
�(x)! (x�1)k�(x)

is continuous for any k.

Proof: Owing to (2.7) together with (2.2) we have the existence of the positive
constants S, T and a such that

`
�;�;a
 ;i ((x�1D)k�) � ST i+kak

ak

ai
`
�;�;a
 ;i+k(�):

Which proves the theorem.

Theorem 8 Let the sequences ai and bj, i; j = 1; 2; 3; : : : satisfy (2.2). Then for
any k
(i) The map

�fbjg;b ! �fbjg;b

de�ned by
�(x)! (x�1)k�(x)

is continuous.

(ii) The map

�
fbjg;b
faig;a

! �
fbjg;b
faig;a

de�ned by
�(x)! (x�1)k�(x)

is continuous.

5 Continuous Maps Related To Ultra-Di�erentiable

Functions And Corresponding Multiplier

In contrast to section 4, the present section deals with continuous maps related to
investing spaces of testing functions together with their corresponding multipliers.
However, proofs are followed analogously.

8
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Theorem 9 The map
H�
�;faig;a

! �faig;a

de�ned by
�(x)! x�����1�(x)

is continuous

Proof: Let  (x) 2 H�
�;faig;a

. For any �(x) 2 H�
�;faig;a

we have

`
�;�;a
 ;i

�
x�����1�(x)

�
< sup

x2(0;1)

���x�����1 (x)���

sup
x2(0;1)

���(x�1D)kx�����1
���

aiai
�

(a+ �)i

(a+ �)i
;

where � > 0, being arbitrary.
That is,

`
�;�;a
 ;i

�
x�����1�(x)

�
�

(a+ �)i

ai
sup

x2(0;1)

���x�����1 (x)��� 
�;�a;� (�):
The proof is, therefore, completed.

Theorem 10 The mapping

H�;fbjg;b
� ! �fbjg;b

de�ned by
�(x)! x�����1�(x)

is continuous.

Theorem 11 The mapping

H
�;fbjg;b
�;faig;a

! �
fbjg;b
faig;a

de�ned by
�(x)! x�����1�(x)

is continuous.

Theorems 10 and 11 concern the proof similar to that of Theorem 9 and, thus,
avoided.

De�nition: Let f 2 �H�
�;faig;a

(the dual of H�
�;faig;a

) and � 2 �faig;a then we,
in view of [7], de�ne

h�f; �i = hf; ��i ; � 2 �H�
�;faig;a

which states that the space of multiplier of the ultra-distribution space �H�
�;faig;a

can be considered as the space of multipliers for its predual space of ultradi�er-
entiable functions. The previous theorems justify the case for ultra-distribution

f 2 �H
�;fbjg;b
� and �H

�;fbjg;b
�;faig;a

.
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Abstract–The objective of this study, is to present the multiquadric approximation
scheme on numerical solution of delay differential systems. For this purpose, some
advantages of using the method and compare it with other methods are presented.
In the sequel, presented numerical solutions of some experiments, illustrate the high
accuracy and the efficiency of the proposed method even where the data points are
scattered.

Key-words: Multiquadric approximation scheme; Delay differential systems; Numerical com-
parison of the solutions; Scattered date points.
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1. Introduction

Multiquadric (MQ) approximation scheme is a useful method for the numerical solution of
ordinary and partial differential equations (ODEs and PDEs). It is a grid-free spatial approxi-
mation scheme which converges exponentially for the spatial terms of ODEs and PDEs. The MQ
approximation scheme was first introduced by Hardy [1] who successfully applied this method
for approximating surface and bodies from field data. Hardy [2] has written a detailed review
article summarizing its explosive growth in use since it was first introduced. In 1972, Franke [3]
published a detailed comparison of 29 different scattered data schemes against analytic prob-
lems. Of all the techniques tested, he concluded that MQ performed the best in accuracy, visual
appeal, and ease of implementation, even against various finite element schemes. The object of
this paper is the development of the MQ approximation scheme on the numerical solution of
delay differential systems (DDSs). A time delay phenomenon is encountered in a wide variety of
scientific and engineering applications; including infectious diseases, population dynamics, phys-
iological and pharmaceutical kinetics and chemical kinetics, the navigational control of ships and
aircrafts, circuit analysis, computer-aided design, real-time simulation of mechanical systems,
chemical process simulation, and optimal control. Time delay arises naturally in connection
with system process and information flow for different part of dynamical systems. For more
information of delay systems, see Refs. ([4] and [5]). The theory of DDSs is of both theoretical
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and practical interest. For instance; functional differential equations are the natural models of
fluctuations of voltage and current in problems arising in transmission lines. In Salamon [6], a
four-dimensional linear system was derived for the current and voltage in a lossless transmis-
sion line. Also, the delay systems often appear in the study of automatic control, population
dynamics, and vibrating masses attached to an elastic bar.

The organization of this paper is as follows: Section 2 is devoted to introduce the MQ ap-
proximation scheme and its preliminary concepts. In Section 3, we have applied the method for
delay differential systems. In Section 4, we present some experiments in which their numerical
results illustrate the accuracy and efficiency of the proposed method even where the data points
are scattered and finally in Section 5, we present some conclusions.

2. MQ approximation scheme

The basic MQ approximation scheme assumes that any function can be expanded as follows
as a finite series of upper hyperboloids,

x(t) =
N∑

j=1

ajh(t− tj), t ∈ R, (1)

where N is the total number of data centers under consideration, and

h(t− tj) = ((t− tj)2 + R2)
1
2 , j = 1, 2, . . . , N,

(t− tj)2 is the square of Euclidean distances in R and R2 > 0 is an input shape parameter. Note
that, the basis function h is infinitely differentiable, and is a type of spline approximation.

The expansion coefficients aj are found by solving a set of full linear equations as follows:

x(ti) =
N∑

j=1

ajh(ti − tj), i = 1, 2, . . . , N. (2)

The system in above sometimes is ill-conditioned, because the parameter h(ti − tj) is the
square of Euclidean distances and then produce a matrix of coefficients in which its condition
number may be greater than 1 [7].
Zerroukat et al [8] found that a constant shape parameter (R2) has achieved a better accu-
racy. Nam and Tranh [9] have developed new methods based on radial basis function networks
(RBFNs) for the approximation of both functions and their first and higher derivatives. The so
called direct RBFN (DRBFN) and indirect RBFN (IRBFN) to methods were studied and it was
found that the IRBFN method yields consistently better results for both functions and their
derivatives. Recently, Aminataei and Mazarei ([10] and [11]) and Mazarei and Aminataei [12]
have introduced a variant of direct nd indirect RBFNs for the numerical solution of Poisson’s
equation. They have used transformation from Cartesian coordinates to polar ones and have
used DRBFN and IRBFN methods on the basis of a MQ approximation scheme. They have
experienced that the results shows better accuracy that previously known ones. Also, their new
way of solution does not influence the condition number.

Micchelli [13] proved that MQ belongs to a class of conditionally positive definite RBFNs.
He showed that the equation (2) is always solvable for distinct points. Madych and Nelson [14]
proved that the MQ interpolation always produces a minimal semi-norm error, and that the
MQ interpolant and derivative estimates converge exponentially as the density of data centers
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increases. However, the theoretical exponential accuracy is unreachable when solving equation
(2) using standard algorithms in floating point arithmetic. It is well-known that increasing N
while keeping the shape parameter constant results in severe ill-conditioning that destroys ex-
ponential accuracy and that decreasing the shape while increasing N allow destroys exponential
accuracy.

The MQ interpolant is continuously differentiable over the entire domain of data centers, and
the spatial derivative approximations were found to be excellent, most especially in very steep
gradient regions where traditional methods fail. This excellent ability to approximate spatial
derivatives is due in large part by a slight modification of the original MQ scheme by permitting
the shape parameter to vary with the basis function.

Instead of using the expansion in equation (1), we have used from ([15]− [17]) the following:

x(t) =
N∑

j=1

ajh(t− tj), t ∈ R, (3)

where
h(t− tj) = ((t− tj)2 + R2

j )
1
2 , j = 1, 2, . . . , N, (4)

R2
j = R2

min(
R2

max

R2
min

)(
j−1
N−1

), j = 1, 2, . . . , N,

and
R2

min > 0.

R2
max and R2

min are two input parameters chosen so that the ratio

R2
max

R2
min

∼= 10 to 106.

In [18], Madych proved that under circumstances very large values of a shape parameter are
desirable. The ad-hoc formula in equation (4) is a way to have at least one very large value of
a shape parameter without incurring the onset of severe ill-conditioning problems.

Spatial partial derivatives of any function are formed by differentiating the spatial basis
functions. Consider a one dimensional problem. The first derivative is given in the same line by
simple differentiation:

ẋ(ti) =
N∑

j=1

aj(ti − tj)
hij

, hij = ((ti − tj)2 + R2
j )

1
2 , i = 1, 2, . . . , N.

3. Numerical solution of DDSs

In this section, we intend solve DDSs by the MQ approximation scheme. Let us consider the
following DDSs,

ẋ(t) = A(t)x(t) + B(t)x(α(t)) + C(t)ẋ(β(t)) + F (t), t ∈ [t1, tf ],
x(t) = φ(t), t ≤ t1,

(5)

where
x(t) = (x1(t), x2(t), . . . xm(t))T , xk(t) ∈ C, k = 1, 2, . . . , m, (6)

3

VANANI-AMINATAEI: DELAY DIFFERENTIAL SYSTEMS 171



is the state vector, and

x(α(t)) = (x1(α1(t)), x2(α2(t)), . . . xm(αm(t)))T ,
ẋ(β(t)) = (ẋ1(β1(t)), ẋ2(β2(t)), . . . ẋm(βm(t)))T ,

(7)

such that {αk ≤ tf}m
k=1 and {βk ≤ tf}m

k=1 are delay functions; A(t), B(t) and C(t) are m-
dimensional matrices which their elements are complex functions of t and F (t) ∈ Cm×1 is
the vector of continuous complex functions. Also φ(t) ∈ Cm×1 represents the vector of initial
functions or initial data points.

For the solution of equation (5), it is sufficient to suppose that the approximate solution for
each xk(t) is as

xk(t) =
N∑

j=1

akjh(t− tj), t1 ≤ t ≤ tf . (8)

Choosing ti, i = 1, 2, . . . , N , as collocating points, we have:

xk(ti) =
N∑

j=1

akjh(ti − tj), (9)

and

ẋk(ti) =
N∑

j=1

akj(ti − tj)
hij

, (10)

also, for k = 1, 2, . . . , m,

xk(αk(ti)) =
N∑

j=1

akjh(αk(ti)− tj), (11)

ẋk(βk(ti)) =
N∑

j=1

akj(βk(ti)− tj)

h
(βk)
ij

, (12)

where
h

(βk)
ij = h(βk(ti)− tj) = ((βk(ti)− tj)2 + R2

j )
1
2 . (13)

By substituting equations (9)-(12) to equation (5), and imposing the supplementary con-
ditions {xk(t1) = φk(t1)}m

k=1to the problem, we gain m(N − 1) equations of differential forms
and initial conditions to produce m equations. Hence, the system of mN equations with mN
unknowns is available. Then, we must solve this system to find the unknown coefficients. Hence,
we have used the Gauss elimination method with total pivoting to solve such a system.

Remark. It is noticeable that collocating points can be scattered. This is one of the most
important advantages of the MQ approximation scheme. In Section 4, the numerical results
demonstrate this issue easily, and the efficiency of the MQ approximation scheme in this sense,
is observable.

4. Numerical experiments

In this section, two experiments are presented in which their numerical solutions illustrate
some advantages of the method with high accuracy and efficiency and we compare it with the
other numerical schemes.

4
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Problem 1. Consider the following DDS,




ẋ1(t) = −2(1− cos(t))(t− sin(t))x2(t− sin(t)) + ẋ3(sin(t))− x3(sin(t)), 0 ≤ t ≤ 1,
ẋ2(t) = −2tx2(t) + ẋ1(t) + 2(1− cos(t))(t− sin(t))x2(t− sin(t)), 0 ≤ t ≤ 1,

ẋ3(t) = −ẋ2(
√

t)− 2
√

tx2(
√

t) + x3(t), 0 ≤ t ≤ 1,
x1(t) = t2 + 1, t ≤ 0,
x2(t) = 1− t3, t ≤ 0,
x3(t) = et, t ≤ 0.

The exact solution in the interval [0, 1] is

x1(t) = e−(t−sin(t))2 , x2(t) = e−t2 , x3(t) = et.

The MQ approximate solution is obtained with Rmax = 50, Rmin = 1.1 and 10 scattered data
points (N = 10). Also, we have compared the method with 10 terms of Taylor series expansion
and Chebyshev collocation method [19] with scattered data points. Then, we have found that
the proposed method is more reliable and powerful than the aforesaid methods. The results are
given in Tables 1-3 and Figures 1-3.

Table 1: Comparison of the Taylor series expansion, Collocation method, MQ approximation scheme, exact

solution and maximum absolute error of x1(t) of problem 1

t Taylor
approximation

Collocation
method

MQ approximation
scheme

Exact
solution

Maximum
absolute error

0.000 1.0000000 1.0000000 1.0000000 1 0
0.031 1.0000010 1.0000001 1.0000000 0.9999999 1× 10−7

0.085 1.0000018 1.0000002 0.9999999 0.9999999 0
0.351 0.9999508 0.9999489 0.9999487 0.9999486 1× 10−7

0.370 0.9999318 0.9999299 0.9999296 0.9999297 1× 10−7

0.452 0.9997701 0.9997681 0.9997679 0.9997679 0
0.690 0.9971479 0.9971460 0.9971457 0.9971458 1× 10−7

0.850 0.9903040 0.9903020 0.9903018 0.9903017 1× 10−7

0.999 0.9753258 0.9753237 0.9753235 0.9753235 0
1.000 0.9751828 0.9751819 0.9751817 0.9751817 0

Table 2: Comparison of the Taylor series expansion, Collocation method, MQ approximation scheme, exact

solution and maximum absolute error of x2(t) of problem 1

t Taylor
approximation

Collocation
method

MQ approximation
scheme

Exact
solution

Maximum
absolute error

0.000 1.0000000 1.00000000 1.0000000 1 0
0.031 0.9990388 0.9990402 0.9990394 0.9990394 0
0.085 0.9922799 0.9928022 0.9928010 0.9928010 0
0.351 0.8840848 0.8840869 0.8840859 0.8840859 0
0.370 0.8720563 0.8720584 0.8720573 0.8720574 1× 10−7

0.452 0.8152134 0.8152154 0.8152144 0.8152145 1× 10−7

0.690 0.6212005 0.6212020 0.6212013 0.6212013 0
0.850 0.4855362 0.4855374 0.4855368 0.4855368 0
0.999 0.3686145 0.3686160 0.3686155 0.3686155 0
1.000 0.3678783 0.3678799 0.3678794 0.3678794 0
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Table 3: Comparison of the Taylor series expansion, Collocation method, MQ approximation scheme, exact

solution and maximum absolute error of x3(t) of problem 1

t Taylor
approximation

Collocation
method

MQ approximation
scheme

Exact
solution

Maximum
absolute error

0.000 1.0000000 1.0000000 1.0000000 1 0
0.031 1.0314854 1.0314854 1.0314855 1.0314855 0
0.085 1.0887170 1.0887169 1.0887170 1.0887170 0
0.351 1.4204873 1.4204817 1.4204873 1.4204873 0
0.370 1.4477345 1.4477344 1.4477346 1.4477346 0
0.452 1.5714519 1.5714517 1.5714519 1.5714519 0
0.690 1.9937155 1.9937153 1.9937155 1.9937155 0
0.850 2.3396469 2.3396466 2.3396468 2.3396468 0
0.999 2.7155661 2.7155645 2.7155649 2.7155649 0
1.000 2.7182831 2.7182814 2.7182818 2.7182818 0

Exact solution                
MQ approximation scheme

t
0.0 0.2 0.4 0.6 0.8 1.0

x_1

0.980

0.985

0.990

0.995

1.000
Figure 1

Exact solution               
MQ approximation scheme

t
0.0 0.2 0.4 0.6 0.8 1.0

x_2

0.4

0.5

0.6

0.7

0.8

0.9

1.0
Figure 2

Exact solution               
MQ approximation scheme

t
0.0 0.2 0.4 0.6 0.8 1.0

x_3

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

2.6

Figure 3

Since DDSs are depended on delay parameters, thus when we apply any collocation methods
then delay parameters cause to produce scattered data and the considered method does not
work well. We have observed that, this method (the MQ approximation scheme) is not depen-
dent on collocating points. But, when we apply other methods which need collocating points, if
scattered data points are used, the round off error may occurs soon. This is an other excellent
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advantage on the application of the MQ approximation scheme.

Problem 2. Consider the following DDS,




ẋ1(t) = tx1(t2)− tx1( t
2) + tẋ2( t

2) + 1
2x3(t3)− 1

2 ẋ3(t3), 0 ≤ t ≤ 1,
ẋ2(t) = ẋ2(t2) + x2(t)− x1(t4), 0 ≤ t ≤ 1,
ẋ3(t) = x1( t

2)− tẋ2( t
2) + 1

2 ẋ2( t
2)− t

3x3( t
3) + ẋ4(t), 0 ≤ t ≤ 1,

ẋ4(t) = 1
3 ẋ2( t

3)− x2( t
2) + x3(t), 0 ≤ t ≤ 1,

x1(t) = t, t ≤ 0,
x2(t) = t2, t ≤ 0,
x3(t) = t3, t ≤ 0,
x4(t) = t4, t ≤ 0.

The exact solution in the interval [0, 1] is

x1(t) = t, x2(t) = t2, x3(t) = t3, x4(t) = t4.

Table 4: Maximum absolute error of x1(t), x2(t), x3(t) and x4(t) for MQ approximation scheme with different

Rmax, Rmin and N

N Rmax Rmin x1(t) x2(t) x3(t) x4(t)
8 80 .95 2.2× 10−4 1.9× 10−4 2.5× 10−4 2.5× 10−4

10 70 .96 7.3× 10−6 6.5× 10−6 5.8× 10−6 5.8× 10−6

12 60 .97 4.7× 10−7 4.0× 10−7 5.8× 10−7 5.8× 10−7

14 50 .98 4.9× 10−7 4.0× 10−7 5.9× 10−7 5.9× 10−7

16 40 .99 4.9× 10−8 3.0× 10−8 3.0× 10−8 3.0× 10−8

Numerical results show that, the MQ approximation scheme in the required domain needs
the minimum number of data points for the solution. This demonstrates one of the advantages
of MQ approximation scheme in spite of its simplicity.

5. Conclusion

As shown by the above numerical results, MQ approximation scheme benefits from the fol-
lowing advantages:
i. being easy to implement.
ii. being independent of the collocating points in large scales.
iii. being well-applicable for the first three and the last three collocating points which have a
very small metric.
iv. requiring the minimum number of data points in the required domain.

It should be noted that the computations associated in the experiments discussed above were
performed by using Maple 10.
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PORTFOLIO SELECTION BASED ON A SIMULATED
COPULA

Abstract: In this paper, we propose a methodology to value the portfolio
choices based on the prediction of future returns where the dependence structure
of joint returns and the behavior of single returns are estimated separately.
In particular, we assume the marginals evolve as an ARMA(0,2)-GARCH(0,2)
model with stable paretian residuals and the joint distribution of residuals is
estimated with an asymmetric t-copula. Then, we compare the ex-post �nal
wealth sample paths of di¤erent strategies based on reward/risk ratios. Doing
so we examine and discuss the impact of the forecasting method with respect
to classic myopic portfolio strategies based on the same reward/risk ratios.
Key words: performance ratios, asymmetric t copula, stable distributions,
dynamic mesures.
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1 Introduction

This paper analyses and discusses the pro�tability of some reward risk strategies
based on a forecasted evolution of returns. In particular, we examine the impact
of a simulated copula on the investors choices. We �rst try to approximate as
much as possible the joint behavior of future returns taking into account their
distributional characteristics. Then we compare ex post the choices based on
this approximations.
The motivations behind this paper comes from three stylized facts about

real world �nancial markets. First, �nancial return series are asymmetric and
heavy tailed and they cannot be approximated with a normal distribution that
is symmetric and has too light tails to match market data. Second, there is
volatility clustering in time series since calm periods are generally followed by
highly volatile periods and vice versa. Finally, a dependence structure of multi-
variate distribution is needed beyond simple linear correlation. The dependence
model has to be �exible enough to account for several empirical phenomena
observed in the data, in particular asymmetry of dependence and dependence
of the tail events (see among others Rachev and Mittnik (2000), Rachev et
al. (2005), Rachev et al. (2007)). Therefore the dependence model cannot be
approximated with a multivariate normal distribution that fails to describe both
phenomena (i.e., the covariance is a symmetric dependence concept and the tail
events are asymptotically independent). In searching for an acceptable model to
describe these three stylized facts, we examine the behavior of marginals with a
time series process belonging to the ARMA-GARCH family with stable paretian
innovations and we suggest to model dependencies with an asymmetric t copula
valued on the innovation of the marginals. As a matter of fact, the use of a
copula function allows to take into account of phenomena such as clustering of
the volatility e¤ect, heavy-tails, and skewness and then separately model the
dependence structure between them. By a practical point of view, the problem
to �t the model to the market data can be solved in two steps, indeed marginals
and copula can be estimated separately.
In order to value the impact of this methodology that simulate the joint

behavior of future returns we compare the performance of several reward risk
strategies based either on simulated data or on historical ones. In particular,
we use the STARR ratio (see Martin et al. (2003)), and we introduce two
new reward/risk ratios based on some dynamic measures recently proposed in
literature (see, Rachev et al. (2008), Chekhlov, et al (2005)). As we expect the
comparison con�rms the better performance of strategies valued on simulated
data with respect to those valued on historical data.
The remainder of the paper is organized as follows: Section 2 provides a

brief description of the methodology to build scenarios based on a simulated
copula. Section 3 provides a comparison among di¤erent strategies and Section
4 concludes the paper.
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2 Generation of scenarios based on ARMA-GARCH
and Copula Models

So far a systematic methodology to forecast, control and model portfolios in
volatile markets has not been developed. If we observe the behaviour of the
returns we notice several anomalies: heavy tailed distributions, volatility clus-
tering, non Gaussian copula dependence (see, among others, Rachev and Mittnik
(2000), Rachev et al. (2005), Rachev et al. (2007)). The empirical evidence re-
marks the opportunity and the necessity of properly considering the dependence
structure of �nancial variables. In order to describe the dependence structure we
discuss a copula approach combined with an opportune valuation of the single
return series.

2.1 Methodology to model time series

Let us consider the problem of time series modeling. We propose the following
model to simulate future scenarios taking into account the �nancial structure
of the market.

� Step 1. Assume we have d series of size T of (closing) daily returns, i.e.,
r
(j)
t is the daily return of the asset j (j=1,..., d) at day t (t=1,...,T ).

� Step 2. Carry out maximum likelihood parameter estimation of ARMA(p,q)-
GARCH(s,u) of each serie:

r
(j)
t = aj;0 +

pX
i=1

aj;ir
(j)
t�i +

qX
i=1

bj;i"j;t�i + "j;t (1)

"j;t = �j;tzj;t (2)

�2j;t = Kj +
sX
i=1

cj;i�
2
j;t�i +

uX
i=1

ej;i"
2
j;t�i; (3)

j = 1; :::; d; t = 1; :::; T:

� Step 3.Approximate with �j�stable distribution S�j (�j ; �j ; �j) the em-
pirical standardized innovations

bzj;t = b"j;t=�j;t (4)

where the innovations

b"j;t = r(j)t � aj;0 �
pX
i=1

aj;ir
(j)
t�i �

qX
i=1

bj;i"j;t�i; j = 1; :::; d

are obtained from (1) (we refer to Samorodnitsky and Taqqu (1994) and
Rachev and Mittnik (2000), for a general discussion on properies and use
of stable distributions).
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� Step 4.Simulate S stable distributed scenarios for each of the future stan-
dardized innovations series and compute the sample distribution functions
of these simulated series:

F
(j)bz (x) =

1

S

SX
s=1

Inbu(j;s)T+1�x
o; x 2 <; j = 1; :::; d

where bu(j;s)T+1( 1 � s � S) is the s-th value simulated with the �tted
�j�stable distribution for future standardized innovation (valued in T+1)
of the j-th asset.

Remark: Steps 3-4 provide the marginal distributions for standardized
innovations each of the d assets used to simulate the next-period returns.
In the following steps we will estimate the dependence structure of the
vector of standardized innovations with an asymmetric t-copula.

� Step 5 Fit the d -dimensional vector of empirical standardized innovations

bz = [bz1; :::; bzd]0
obtained by (4) with a d -dimensional asymmetric t-distribution1 . So, let
the d-dimensional vector V = [V1; :::; Vd]

0
be asymmetric t-distributed. It

has the form:
V = �Y + �Y � Z (5)

where � is a constant, � is a positive constant, Y �Z = [Y (1)Z(1); :::; Y (d)Z(d)]0;
and Y = [Y (1); :::; Y (d)]0 is a d -dimensional vector with positive compo-

nents distributed as: Y (j) d
= 1p

�2(�j)
, where �2(�j) is chi-squared dis-

tributed random variable with �j degrees of freedom. We assume that
the components Y (j) (j = 1; :::; d) are independent and vector Y is in-
dependent of the vector Z = [Z(1); :::; Z(d)]0. The vector Z is normally
distributed with zero mean and covariance matrix �. We use the maxi-
mum likelihood method to estimate all the parameters of the asymmetric
t-distribution FV (x1; :::; xd) for bz, given by (4). Thus, the asymmetric
t-copula is given by:

C(t1; :::; td) = FV (F
�1
V1
(t1); :::; F

�1
Vd
(td)); 0 � ti � 1; 1 � i � d (6)

where F�1Vi (ti) is the left inverse of the i-th marginal distribution of FV .

� Step 6. Since we have estimated all the parameters of Y and Z as
well as the constants � and � we can generate S scenarios for Y and,
independently, S scenarios for Z, and using (5) we obtain S scenarios for
the vector of standardized innovations z; that is asymmetric t-distributed.
Denote these scenarios (V (s)1 ; :::; V

(s)
d ), s = 1; :::; S and denote the marginal

1Clearly many other possible heavy tailed, asymmetric multivariate distributions can be
considered in this step.
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distributions FVj (x), 1 � j � d of the estimated d -dimensional asymmetric
t- distribution:

FV (x1; :::; xd) = P (V1 � x1; :::; Vd � xd):

Then considering U (s)j = FVj (V
(s)
j ); 1 � j � d; 1 � s � S; we can gener-

ate S scenarios (U (s)1 ; :::; U
(s)
d ); s = 1; :::; S of the uniform random vector

(U1; :::; Ud) that has support on the d -dimensional unit cube and whose
distribution is given by the copula C(t1; :::; td) of formula (6).

Remark: Steps 5-6 serve to estimate the dependence structure among
the innovations with an asymmetric t-copula. The next step combines the
marginal distributions and the scenarios for the copula into scenarios for
the vector of returns.

� Step 7. On one side, we have determined the stable distributed marginal
sample distribution function of the j-th standardized innovation F (j)z (x);

j = 1; :::; d (see step 4), on the other side we have the scenarios U (s)j for
1 � j � d; 1 � s � S (see step 6). Then we generate S scenario of the
vector of standardized innovations z(s)T+1 = (z

(1;s)
T+1 ; :::; z

(d;s)
T+1 ); s = 1; :::; S

valued at time T + 1 (taking into account of the dependence structure of
the vector) assuming

z
(j;s)
T+1 =

�
F (j)z

��1 �
U
(s)
j

�
; 1 � j � d; 1 � s � S;

Doing so, we generate the vector of standardized innovation assuming that
the marginal distributions are �j�stable distributions and considering the
copula dependence, given by (6).

� Step 8 Once we have described the multivariate behavior of standardized
innovation at time T+1 using relation (2) we can generate S scenario of the

vector of innovation "(s)T+1 =
�
"
(1;s)
T+1 ; :::; "

(d;s)
T+1

�
=
�
�1;T+1z

(1;s)
T+1 ; :::; �d;T+1z

(d;s)
T+1

�
;

s = 1; :::; S where �j;T+1 are de�ned by (3). Thus, using relation (1), we
can generate S scenario of the vector of returns

rT+1;s = [r
(1;s)
T+1 ; :::; r

(d;s)
T+1 ]

0:

Observe steps 4-7 can be always used to generate a distribution with some
given marginals and a given dependence structure (see among others Rachev
et al. (2005), Sun et al. (2008a-2008b), Biglova et al. (2008), Cherubini et al.
(2004) for the de�nition of some classical copula used in �nance literature)..

3 An empirical comparison among some reward/risk
ratios

Let us consider the optimal portfolio choice problem among d risky assets assets
with log-returns rt = [r

(j)
t ; :::; r

(d)
t ]0 and assume that there exist a risk-free bench-
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mark with log-return rt;b all valued at time t. When no short selling is allowed,
every portfolio of returns is a convex combination of the risky log-returns r(j)t

i.e:; x0rt =
dP
i=1

xir
(i)
t where x = (x1; :::; xd)0 2 C =

�
y 2 <d

����yi � 0; dP
i=1

yi = 1

�
is the vector of weights. In order to value the impact of the previous model,
we provide an empirical ex-post comparison among several strategies based on
simulated data and on historical one. As initial data we use the daily return
series of the benchmark three months treasury bill and n =5 daily returns on US
stock indexes 2 from 12/14/1992 till 2/27/2008 for a total of 3831 observations.
First of all we decide the type of ARMA-GARCH model should be used

for the simulation of future scenarios. From this preliminary analysys we de-
duce that the above asset returns are well approximated by an ARMA(2,0)-
GARCH(0,2) model. That is, for each series (j = 1; :::; 5) the formulas (1, 2, 3)
are represented by:

r
(j)
t = C +AR(1)r

(j)
t�1 +AR(2)r

(j)
t�2 + "t

"j;t = �j;tzj;t

�2j;t = K +ARCH(1)"2j;t�1 +ARCH(2)"
2
j;t�2:

Then we suppose that decision makers invest their wealth purchasing the mar-
ket portfolio taking into account that each investor has a diverse reward/risk
perception. In the last years, several performance measures have been proposed
and used in portfolio theory to capture the di¤erent perception of reward and
risk (see Biglova et al. (2004) (2008)). Among these we recall the STARR ratio
and we propose two other alternative performance measures. Thus, we assume
that the market portfolio is determined by maximizing one of the following
performance measures.

3.1 Performance measures

STARR ratio (STARR). The STARR ratio (see Martin et al. (2003)) serves
to value the expected excess return for unity of risk represented by the Expected
Tail Loss (ETL).i.e.:

STARR(x0rT+1; �) =
E(x0rT+1 � rT+1;b)

ETL�(x0rT+1 � rT+1;b)
:

The Expected Tail Loss , also known as Conditional Value-at-Risk (CVaR) , is
de�ned as

ETL�(X) =
1

�

Z �

0

V aRq(X)dq;

where V aRq(X) = �F�1X (q) = � inf fx jP (X � x) > q g is the Value-at-Risk
(VaR) of the random return X. If we assume a continuous distribution for the

2The indexes are: Dow Jones Industrials, NYSE, Major Market Index, DJ composite,
DJAIG Commodity.
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probability law of X, then ETL�(X) = �E (X jX � �V aR�(X) ) and thus,
ETL can be interpreted as the average loss beyond VaR. In our comparison we
consider the STARR ratio with parameters � = 0:01; 0:05:
Rachev maximum drawup/down ratio (R-maxdud) With this dynamic
performance ratio we introduce the concept of drawup measure and we suggest
the use of the drawdown in a reward/risk plane. The absolute drawdown process
dd(x) = fddt(x)gt=1;:::;T of a portfolio x has been proposed in portfolio literature
by Grossman and Zohu (1993), Cvitanic and Karatzas (1995) (see also Chechkov
et al. (2005)) as function of the uncompunded cumulative excess portfolio rate
wt(x) valued at time t, that is:

wt(x) =
tX

s=1

x0rs � rt;b; t = 1; :::; T:

Analogously we can de�ne the absolute drawup process du(x) = fdut(x)gt=1;:::;T .
Thus we call drawup and drawdown of the portfolio x respectively the processes
given by:

dut(x) = wt(x)� min
s=1;:::;t

ws(x)

ddt(x) = max
s=1;:::;t

ws(x)� wt(x)

for t = 1; :::; T: Then the Rachev maximum drawup/down ratio is a performance
ratio between the maximum drawup and the maximum drawdown that is

R �maxdud(x 0rT+1 ) =
maxt=1;:::;T dut(x)

maxt=1;:::;T ddt(x)

Rachev average drawup/down ratio (R-avedud) The Rachev average drawup/down
ratio is still de�ned as function of the absolute drawdown and drawup processes
dd(x); du(x): However, instead of the maximum we consider the empirical mean,
that is:

R � avedud(x 0rT+1 ) =
1
T

PT
t=1 dut(x)

1
T

PT
t=1 ddt(x)

Moreover as in the Chechkov et al. (2005) analysis we can introduce futher
ratios that value the ETL ratio of absolute drawdown and drawup processes, but
these further performance measures will be object of future empirical analysis.
Next we summarize the empirical comparison among di¤erent portfolio strate-
gies.

3.2 A �rst ex-post empirical comparison among di¤erent
portfolio strategies

Let us summarize the empirical ex-post comparison between historical and sim-
ulated data and among di¤erent portfolio strategies. For any optimal portfolio
chosen on a daily basis, when we use the dynamic performance measures R-
avedud and R-maxdud we consider a window of two years T = 500 of historical
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obervations, while we adopt a window of one year T = 250 when we use the
STARR ratio with parameters � = 0:01; 0:05: We use these observations:

a) to compute the performance measures if we use historical data, and

b) to generate S = T future scenarios of returns according to the algorithm
proposed in the previous section when we use simulated data.

Therefore, for any reward/risk criterion measure �(x0r), we can compute the
optimal portfolio as solution the following optimization problem:

max
x2C

�(x0r)

subject toPn
i=1 xi = 1;xi � 0; i = 1; :::; n

(7)

Since we assume that decision makers invest their wealth in the market
portfolio (solution of (7)), we consider the sample path of the �nal wealth and
of the cumulative return obtained from the di¤erent approaches. Then, we
compare the e¢ ciency of alternative performance measures. We assume that
the investor has an initial wealth W0 equal to 1 and an initial cumulative return
CR0 equal to 0 (at the date 12/5/1994 when we use T = 500 and at the
date 12/8/1993 when we use T = 250) and at the k-th recalibration (k =
0; 1; 2; :::), three main steps are performed to compute the ex-post �nal wealth
and cumulative return:
Step 1 Choose a performance ratio. Generate scenarios with the algorithm of
the previous section if we use simulated data. Determine the market portfolio
x
(k)
M that maximizes the performance ratio �(:) associated to the strategy, i.e.
the solution of optimization problem of (7).
Step 2 The ex-post �nal wealth is given by:

Wk+1 =Wk

��
x
(k)
M

�0
(1 + rkT+1)

�
; (8)

where rkT+1 is the vector of observed returns between kT and kT+1. The
ex-post cumulative return is given by:

CRk+1 = CRk +
�
x
(k)
M

�0
rkT+1:

Step 3 The optimal portfolio x(k)M is the new starting point for the (k + 1)-th
optimization problem (7).

Steps 1, 2 and 3 are repeated until there are observations available and for
all the performance ratios.
The output of this analysis is represented in Figures 1,2,3,4,5,6. All �gures

show a greater performance for the reward/risk ratios based on simulated data.
STARR ratio with � = 0:05 presents better performance with respect to STARR
ratio with � = 0:01 (see Figures 1,2): Moreover the most relevant impact is due
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Figure 1: This �gure compares the ex-post cumulative return obtained maxi-
mizing the STARR ratio (with 1�� = 99%; 95%) and using either real data or
simulated data.

to the use of simulated data with respect to the historical observations. Figures
3,4 reports the ex-post �nal wealth and cumulative return processes when we
use the Rachev average drawup/down ratio and even in this case we observe
an higher �nal wealth and cumulative return using simulated data. This di¤er-
ence is a little bit greater (see Figures 5,6) when we use the Rachev maximum
drawup/down ratio that presents better performance even with respect to the
Rachev average drawup/down ratio.

4 Conclusion

The fundamental contribution of this paper consists in the methodology to solve
dynamic portfolio strategies considering realistic assumptions on the returns. In
particular, we examine the impact of simulating a copula with opportune mar-
ginals in optimal portfolio choices. We �rst describe how to generate scenarios
that take into account of return anomalies: heavy tailed distributions, volatil-
ity clustering, non Gaussian copula dependence. Then, we discuss the use of
reward/risk criteria to select optimal portfolios and we propose the use of the
STARR ratio and two new dynamic performance measures. Finally, we propose

10
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Figure 2: This �gure compares the ex-post �nal wealth obtained maximizing the
STARR ratio (with 1� � = 99%; 95%) and using either real data or simulated
data.
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Figure 3: This �gure compares the ex-post cumulative return obtained maxi-
mizing the R-averagedrawup/down ratio and using either real data or simulated
data.
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Figure 4: This �gure compares the ex-post �nal wealth obtained maximizing
the R-average drawundown ratio and using either real data or simulated data.
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Figure 5: This �gure compares the ex-post cumulative return obtained maximiz-
ing the R-maximum drawup/down ratio and using either real data or simulated
data.
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Figure 6: This �gure compares the ex-post �nal wealth obtained maximizing the
R-maximum drawup/down ratio and using either real data or simulated data.
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an empirical comparison among �nal wealth and cumulative return processes
obtained either using historical observations or using the simulated data. As
we expect the ex-post empirical comparison among classic myopic approaches
based on historical observations and those based on simulated data shows the
greater predictable capacity of the latter.
Acknowledgement: Rachev�s research was supported by grants from the
Division of Mathematical, Life and Physical Science, College of Letters and Sci-
ence, University of California, Santa Barbara, and the Deutschen Forschungs-
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A NOTE ON THE IMPACT OF NON LINEAR
REWARD AND RISK MEASURES

Abstract: In this note, we examine the impact of non linear reward and risk
measures on portfolio selection. In particular, we compare the ex-post �nal
wealth sample paths of strategies based on the Sharpe ratio and strategies based
on non-linear reward/risk measures. As suggested by the recent literature, we
model dependencies with an asymmetric t copula estimated on the innovations
of the marginals that follow an ARMA-GARCH type model. Therefore, we �rst
simulate future scenarios, on the basis of which allocation decisions are made,
and then we compare the ex-post �nal wealth obtained with non-linear risk and
reward strategies and the wealth obtained with classic portfolio strategies .
Key words: Sharpe ratio, portfolio choice, asymmetric t copula.

1 Introduction

This paper critically reviews the non-linearity property of risk and reward mea-
sures in order to determine its e¤ects on portfolio strategies. In particular,
we show with an ex-post empirical analysis how important it is to model it
appropriately.
In portfolio-choice theory, a consistency between risk measures and investor�s

preferences is viewed as desirable and has been explored in the literature. See
Rachev et al (2008) and the reference therein for a classi�cation of basic portfolio
selection problems with respect to types of investor�s behavior. In particular,
Ortobelli et al. (2008b) discuss how to compute optimal choices consistent with
any admissible preference ordering. Clearly, in portfolio selection theory the
criteria of choice represent the factor with highest impact for the investors.
Therefore, we should guarantee that these criteria are consistent with orderings
of preferences that consider all intuitive characteristics of investors�attitude.
It is well known that a measure of uncertainty is not necessarily adequate

in measuring risk which is asymmetric as it is related to downside outcomes
only. In particular, any realistic way of optimizing risk should maximize upside
potential outcomes and minimize the downside outcomes. Artzner et al. (1999)
de�ne some intuitive characteristics of investment risk in the concept of a coher-
ent risk measure. However, as observed by Balzer (2001), Rachev et al. (2008)
even coherent risk measures cannot consider exhaustively all investment charac-
teristics. According to recent studies (see Balzer (2001), Okuyama and Francis
(2007), Farinelli et al. (2008)), investor�s attitude is non-linear with respect to
di¤erent sources of risk . Thus, even the celebrated expected shortfall, which is
a coherent risk measure, does not take into account that most investors perceive
a low probability of a large loss to be far more risky than a high probability
of a small loss. Therefore, investors perceive risk to be non-linear (see Olsen
(1997)).
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In this note, we value the impact of non-linearity of risk perception and we
propose a new di¤erent reward/risk ratio that takes into account some standard-
ized moments of upside and downside outcomes. Moreover, in order to value
correctly the evolution of wealth, we generate the future multivariate returns
as suggested by Biglova et al. (2008) (see also Sun et al. (2008) and Ortobelli
et al. (2008a)). Thus, we approximate the behavior of the corresponding mar-
ginals with an ARMA(2,0)-GARCH(0,2) model with stable paretian innovations
and we approximate the dependencies of the innovation of the marginals with an
asymmetric t copula. Finally, we compute the ex post �nal wealth sample paths
obtained with the new ratios and with the Sharpe ratio (see Sharpe (1994)). The
empirical analysis demonstrates the superiority of the new reward/risk measures
with respect to the classical mean variance analysis.
Section 2 describes the empirical comparison and we summarize our principal

�ndings in the last Section.

2 On the portfolio selection problem: choices
consistent with investor behavior and empiri-
cal evidence

Suppose we have a frictionless market in which no short selling is allowed and
all investors act as price takers. Given a risk-free benchmark with log-return rb
and n risky securities with a vector of log-returns r = [r1; :::; rn]0, the classical
portfolio selection problem in the reward-risk plane consists of minimizing a
given risk measure � provided that the expected reward v is constrained by
some minimal value m, i.e.:

min
x
� (x0r � rb)

s:t:

v (x0r � rb) � m

xi � 0;
nX
i=1

xi = 1

where the vector notation x0r =
nP
i=1

xiri stands for the returns of a portfolio with

composition x = (x1; :::; xn)0. Along the e¢ cient choices obtained by varying the
value of the constraint m; there is a portfolio (often called the market portfolio)
that provides the maximum expected reward v per unit of risk �. So, assuming
that the reward and risk are both positive the market portfolio is obtained as
the solution of the optimization problem

3
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max
x

v(x0r�rb)
�(x0r�rb)
s:t:

xi � 0;
nP
i=1

xi = 1

(1)

Starting from the original Markowitz�analysis, Sharpe suggestedthat investors
should maximize the so called Sharpe ratio (see Sharpe (1994) and the reference
therein).
Sharpe ratio (SR). The Sharpe ratio computes the expected excess return for
unity of risk, i.e.:

SR(x0r) =
E(x0r � rb)
STD(x0r � rb)

:

In the Sharpe ratio, risk is proxied by the standard deviation STD(x0r� rb) of
excess returns. Thus, maximizing the Sharpe ratio, we get a market portfolio
that is not dominated in the sense of second-order stochastic dominance and
therefore it should be optimal for non-satiable risk averse investors.
Almost in contrast with the tendency of these �rst studies, behavioral �nance

(see Friedman and Savage (1948), Markowitz (1952), Tversky and Kahneman
(1992), Levy and Levy (2002), Ortobelli et al. (2008b)) suggests that most
investors are clearly non-satiable but they are neither risk averse nor risk loving.
To identify optimal portfolios selected by these investors, Rachev et al. (2008)

propose to maximize reward-risk ratios G(X) =
v (X)

� (X)
, (where v is a positive

reward measure, � is a positive generic risk measure for all X) isotonic with non-
satiable investors�preferences (i.e. if X � Y , then G(X) � G(Y )), and that are
not isotonic neither with risk averse investors�choices (that is G(X + Y ) is not
greater or equal to G(X)+G(Y ) for all admissible X and Y ) nor with risk lover
investors�preferences (that is G(X+Y ) is not smaller or equal to G(X)+G(Y )
for all admissible X and Y ) (see also Ortobelli et al. (2008b) and Bauerle and
Müller (2006) for a classi�cation of risk measures consistent with orderings):
Next we propose a new type of reward/risk ratio that takes into account the

non-linearity of reward and risk measures according to the evidence on investors�
risk perception (see Balzer (2001), Okuyama and Francis (2007), Olsen (1997)).
Rachev High Moments Ratio (RHMR).With this performance ratio, we pro-
pose a reward-risk ratio isotonic with the preferences of non-satiable investors
who are neither risk averse nor risk loving. Moreover, we suggest to approxi-
mate the non-linearity attitude to risk of decision makers considering the �rst
four moments of the standardized tails of the return distribution. Rachev high
moments ratio is given by:

RHMR(x0r) =
v1(x

0r � rb)
�1(x0r � rb)

where
v1(x

0r � rb) = E(x0r � rb=x0r � rb > F�1x0r�rb(p1))+

4
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+
4X
i=2

aiE

 �
x0r � rb
�x0r�rb

�i ��x0r � rb > F�1x0r�rb(pi)
!
;

�1(x
0r � rb) = �E(x0r � rb=x0r � rb < F�1x0r�rb(q1))�

�
4X
i=2

biE

 �
x0r � rb
�x0r�rb

�i ��x0r � rb < F�1x0r�rb(qi)
!
;

F�1X (q) = inf fx jP (X � x) > q g ; �x0r�rb is the standard deviation of x0r � rb
, ai; bi 2 R and pi; qi 2 (0; 1) . As we can observe from the de�nition, the
Rachev high moments ratio is very versatile and depends on many parameters.
To simplify our analysis in the following empirical comparison, we assume ai =
bi = 2 for i = 2; 3, a4 = b4 = 1; p1 = 0:99; p2 = 0:97; p3 = 0:95; p4 = 0:5; and
qi = 0:5; i = 1; 2; 3; 4 (here the values of qi are big enough to guarantee that the
risk measure �1(x0r � rb) is positive for all portfolios).

2.1 An empirical comparison between two di¤erent port-
folio strategies

In order to value the impact of non-linear reward-risk measures, we provide an
empirical ex-post comparison among the above strategies. The data includes
the daily return series of the three-months treasury bill used as benchmark and
the daily returns of the following US stock indexes: DJIA, NYSE, Major Mar-
ket Index, DJ composite, DJAIG Commodity. As observed by Ortobelli et al.
(2008a), we can generate future scenarios by �tting to these marginal series
an ARMA(2,0)-GARCH(0,2) model with stable innovations and then estimat-
ing the dependence structure for the innovations with an asymmetric t-copula.
Using the �tted model, we generate future scenarios for the vector of returns
rT+1;s = [r

(1;s)
T+1 ; :::; r

(n;s)
T+1 ]

0 (where r(i;s)T+1 is the s-th scenario of the i -th return
at time T + 1): In this way, we consider realistic models for marginals and the
dependence structure (see also, Sun et al. (2008), Biglova et al. (2008)).
As a next step, we suppose that decision makers invest their wealth pur-

chasing the market portfolio determined by maximizing either the Sharpe ratio
or the Rachev high moments ratio. For any optimal portfolio chosen on a daily
basis, we consider a window of one year T = 250 of historical observations. We
use these observations to generate S = T future scenarios of returns according
to the algorithm proposed by Ortobelli et al. (2008a). We assume that the
investor has an initial wealth W0 equal to 1 and an initial cumulative return
CR0 equal to 0 at the date 12/8/1993.
Therefore, for both ratios (Sharpe ratio and Rachev high moments ratio), we

can compute the optimal portfolio as a solution of the optimization problem (1).
Since we want to compare the ex post sample path of the �nal wealth and of the
cumulative return obtained from the two approaches, we assume that investors
recalibrate their portfolio every day investing their wealth in the market portfolio
obtained from solving (1) on the simulated data. Therefore, after k days we
compute the ex-post �nal wealth and cumulative return determining �rst the

5
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Figure 1: This �gure compares the ex-post �nal wealth obtained by maximizing
the RHM ratio and the Sharpe ratio.

market portfolio x(k)M that maximizes one of the two performance ratios (the
solution of problem (1)). The ex-post �nal wealth is given by:

Wk+1 =Wk

��
x
(k)
M

�0
(1 + rk+1)

�
;

and the ex-post cumulative return is given by:

CRk+1 = CRk +
�
x
(k)
M

�0
rk+1:

where rk+1 is the vector of observed returns at (k+1)-th day. We repeat this
computation for both ratios (Sharpe ratio and Rachev high moments ratio) till
the end of the period.
The output of this analysis is represented in Figures 1,2. The two �gures

show the superiority of the approach based on Rachev high moments ratio with
respect to the classic approach. Therefore, we can conclude that the applica-
tion of non-linear reward and risk measures which are consistent with realistic
investors�preferences1 has an important impact in portfolio selection theory.

1We implicity consider non-satiable investors who are neither risk averse nor risk loving.
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Figure 2: This �gure compares the ex-post cumulative return obtained by max-
imizing the RHM ratio and the Sharpe ratio.

3 Conclusions

This paper examines and shows the impact of non-linear reward, risk measures
in portfolio selection theory. In particular, we �rst discuss the use of opportune
reward/risk criteria to select optimal portfolios. Then, we simulate realistic fu-
ture scenarios using a copula approach and, �nally, we compare the ex-post �nal
wealth and cumulative return processes obtained using either a new reward/risk
ratio or the classical Sharpe ratio. As anticipated, the ex-post empirical com-
parison shows the greater predictable capacity of the non-linear reward and risk
measures.
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Recently, Glasser [1] proposed the following definite integral for evaluation.

Problem. Show that∫ +∞

0

z8 − 4z6 + 9z4 − 5z2 + 1
z12 − 10z10 + 37z8 − 42z6 + 26z4 − 8z2 + 1

dz =
π

2
.

When trying to work out a solution, the author establishes a general theorem on
definite integrals of a large class of rational functions.

For a given polynomial p(z), denote by LC(p) the leading coefficient of p(z) and by
p̄(z) the conjugate polynomial of p(z) with the coefficients being replaced by their
conjugate ones.

Theorem. Let h(z) be a monic polynomial of degree n + 1 with distinct zeros
{αk}n

k=0 having positive imaginary parts and w(z) a polynomial of deg(w) ≤ n.
When deg(w) = n, we suppose further that the leading coefficient of w(z) is purely
imaginary. Further define two rational functions by

g(z) =
w(z)
h(z)

+
w̄(z)
h̄(z)

and f(z) = g(z) + g(−z).

Then there holds the following definite integral formula:
∫ +∞

0

f(z)dz =
∫ +∞

−∞
g(z)dz =

{
2πi × LC(w), deg(w) = n;
0, deg(w) < n.
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Proof. According to the definition of g(z), we have

g(z) =
w(z)
h(z)

+
w̄(z)
h̄(z)

=
w(z)h̄(z) + w̄(z)h(z)

h(z)h̄(z)
.

We see that g(z) is a rational function with the numerator degree being less than the
denominator degree by at least 2. Further the denominator polynomial has no real
zeros. Therefore both definite integrals displayed in the theorem are convergent.
Denote by ΓM the contour consisting of the real axis from −M to +M and the
semicircle over the real axis with its center at the origin and the radius equal to
M . Then the residue theorem (cf. [3, §3.11] for example) affirms that

∫ +∞

0

f(z)dz =
∫ +∞

−∞
g(z)dz = lim

M→+∞

∮

ΓM

g(z)dz

= 2πi

n∑

k=0

Res
{
g(z)

}
z=αk

.

Note that the residue of g(z) at the single pole z = αk

Res
z=αk

{
g(z)

}
= lim

z→αk

(z − αk)g(z)

= lim
z→αk

(z − αk)
w(z)
h(z)

=
w(αk)∏n

j=0
j 6=k

(αk − αj)
.

It follows that
n∑

k=0

Res
z=αk

{
g(z)

}
z=αk

=
n∑

k=0

w(αk)∏n
j=0
j 6=k

(αk − αj)

= ∆[α0, α1, · · · , αn]w(z)

where ∆[α0, α1, · · · , αn]w(z) stands for the divided differences of w(z) at the uneven
grids {αk}n

k=0.

Recall that the last divided differences (cf. [2, §2.3] for example) results in zero for
deg(w) < n and the leading coefficients of w(z) for deg(w) = n, i.e.,

∆[α0, α1, · · · , αn]w(z) =

{
LC(w), deg(w) = n;
0, deg(w) < n.

We establish the integral formula stated in the theorem. �

By means of the theorem, we are now ready to present a solution to the problem
announced at the beginning of the paper.

204



W. Chu: Definite Integrals of a Class of Rational Functions 3

Let f(z) stand for the integrand:

f(z) =
z8 − 4z6 + 9z4 − 5z2 + 1

z12 − 10z10 + 37z8 − 42z6 + 26z4 − 8z2 + 1
.

According to its denominator factorization

z12 − 10z10 + 37z8 − 42z6 + 26z4 − 8z2 + 1
= (1 − 2z2 + 3z4 + z6)2 − (2z − 4z3 + 4z5)2

= (1 + 2z − 2z2 − 4z3 + 3z4 + 4z5 + z6)
× (1 − 2z − 2z2 + 4z3 + 3z4 − 4z5 + z6)

we have the following partial fraction decomposition:

f(z) = g(z) + g(−z) where g(z) =
(1 + 2z + z2)/2

1 + 2z − 2z2 − 4z3 + 3z4 + 4z5 + z6
.

Reformulate further the denominator of g(z) as

1 + 2z − 2z2 − 4z3 + 3z4 + 4z5 + z6

= (1 + z − 2z2 − z3)2 + (z + z2)2

=
{
(z3 + 2z2 − z − 1) − i(z + z2)

}

×
{
(z3 + 2z2 − z − 1) + i(z + z2)

}
.

From the second line just displayed we can check without difficulty that g(z) has
no real poles. All the poles of g(z) are zeros of two conjugate polynomials displayed
in the last two lines.

Now we show further that the polynomial defined by

h(z) := (z3 + 2z2 − z − 1) − i(z + z2)

has three distinct zeros with positive imaginary parts.

First, h(z) has no multiple zeros because the resultant between h(z) and h′(z) does
not vanish:

ρ[h(z), h′(z)/3] =
12i − 35

27
.

Replacing z by x− iy, we can write h(x− iy) = u(x, y) + iv(x, y) by separating the
real and imaginary parts:

u(x, y) = x3 + 2x2 − x(1 + 2y + 3y2) − (1 + y + 2y2)
v(x, y) = x2(−1 − 3y) − x(1 + 4y) + (y + y2 + y3).

Then for any fixed y > 0, two polynomials u(x, y) and v(x, y) in real variable x
have no common zeros because their resultant is negative:

ρ
[
u(x, y),

v(x, y)
−1 − 3y

]
=

−1
(1 + 3y)2

{
1+16y+85y2+241y3+468y4

+644y5+624y6+448y7+192y8+64y9

}
.
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Therefore, all the three zeros of h(z) have positive imaginary parts.

According to the denominator factorization h(z)h̄(z) of g(z), we can further de-
compose g(z) into partial fractions:

g(z) =
w(z)
h(z)

+
w̄(z)
h̄(z)

where

h(z) = (z3 + 2z2 − z − 1) − i(z + z2)

w(z) =
−i

4
{
(z2 + 2z − i(1 + z)

}
.

Then h(z) and w(z) satisfy all the conditions stated in the theorem. Hence the
integral in question can be evaluated as

∫ +∞

0

f(z)dz = 2πi × LC(w) = 2πi × −i

4
=

π

2
.

As a byproduct, we have also the following integral evaluation
∫ +∞

−∞

1 + 2z + z2

1 + 2z − 2z2 − 4z3 + 3z4 + 4z5 + z6
dz = π. (1)

This proves the formula stated in the Problem proposed by Glasser. �

As exercises, we invite the reader to check the following challenging examples.

Example 1. For two polynomials defined by

h(z) = 1 + i − (5 + i)z + z2 and w(z) = 1 − 2iz

the corresponding integral evaluations read as
∫ +∞

−∞

1 − 7z + 3z2

2 − 12z + 28z2 − 10z3 + z4
dz = 2π (2a)

∫ +∞

0

2 − 50z2 + 15z4 + 3z6

4 − 32z2 + 548z4 − 44z6 + z8
dz = π. (2b)

Example 2. For two polynomials defined by

h(z) = 1 + i − (5 + i)z + z2 and w(z) = 1

the corresponding integral evaluations read as
∫ +∞

−∞

1 − 5z + z2

2 − 12z + 28z2 − 10z3 + z4
dz = 0 (3a)

∫ +∞

0

2 − 30z2 − 21z4 + z6

4 − 32z2 + 548z4 − 44z6 + z8
dz = 0. (3b)

Example 3. For two polynomials defined by

h(z) = −1 − (1 + i)z + (3 − i)z2 + z3 and w(z) = 1 + 2z − 3iz2
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the corresponding integral evaluations read as
∫ +∞

−∞

−1 − 3z + z2 + 10z3 + 5z4

1 + 2z − 4z2 − 6z3 + 8z4 + 6z5 + z6
dz = 3π (4a)

∫ +∞

0

−1 + 11z2 − 45z4 + 65z6 − 19z8 + 5z10

1 − 12z2 + 56z4 − 122z6 + 128z8 − 20z10 + z12
dz =

3
2
π. (4b)

Example 4. For two polynomials defined by

h(z) = −1 − (1 + i)z + (3 − i)z2 + z3 and w(z) = 1 + 2z

the corresponding integral evaluations read as
∫ +∞

−∞

−1 − 3z + z2 + 7z3 + 2z4

1 + 2z − 4z2 − 6z3 + 8z4 + 6z5 + z6
dz = 0 (5a)

∫ +∞

0

−1 + 11z2 − 42z4 + 59z6 − 25z8 + 2z10

1 − 12z2 + 56z4 − 122z6 + 128z8 − 20z10 + z12
dz = 0. (5b)

Example 5. For two polynomials defined by

h(z) = 5 + 7(1 + i)z − 5(2 − i)z2 − 3(1 + i)z3 + z4

w(z) = 1 + 2z + 3z2 − 4iz3

the corresponding integral evaluations read as
∫ +∞

−∞

5 + 17z + 19z2 − 2z3 − 63z4 − 27z5 + 15z6

25 + 70z − 2z2 − 100z3 + 51z4 + 44z5 − 2z6 − 6z7 + z8
dz = 4π (6a)

∫ +∞

0

125−725z2+482z4+2402z6−5786z8+2086z10−255z12+15z14

625−5000z2+16554z4−16464z6+12299z8−3344z10+634z12−40z14+z16 dz = 2π. (6b)

Example 6. For two polynomials defined by

h(z) = 5 + 7(1 + i)z − 5(2 − i)z2 − 3(1 + i)z3 + z4

w(z) = 1 + 2z + 3z2

the corresponding integral evaluations read as
∫ +∞

−∞

5 + 17z + 19z2 − 2z3 − 35z4 − 7z5 + 3z6

25 + 70z − 2z2 − 100z3 + 51z4 + 44z5 − 2z6 − 6z7 + z8
dz = 0 (7a)

∫ +∞

0

125−725z2+1182z4+646z6−2334z8+538z10−83z12+3z14

625−5000z2+16554z4−16464z6+12299z8−3344z10+634z12−40z14+z16 dz = 0. (7b)

Example 7. For two polynomials defined by

h(z) = (1 + 4i) − (18 + 14i)z + (28 + 12i)z2 − (10 + 2i)z3 + z4

w(z) = 1 + 2z + 3z2 − 4iz3

the corresponding integral evaluations read as
∫ +∞

−∞

1−16z−5z2−24z3+121z4−76z5+11z6

17−148z+672z2−1380z3+1346z4−644z5+160z6−20z7+z8 dz = 4π (8a)

∫ +∞

0

17−1781z2−25589z4+20257z6+48803z8−15263z10+361z12+11z14

289+944z2+88868z4−280560z6+243430z8−37872z10+2532z12−80z14+z16 dz = 2π. (8b)
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Example 8. For two polynomials defined by

h(z) = (1 + 4i) − (18 + 14i)z + (28 + 12i)z2 − (10 + 2i)z3 + z4)
w(z) = 1 + iz + z2

the corresponding integral evaluations read as
∫ +∞

−∞

1−14z+15z2−16z3+27z4−10z5+z6

17−148z+672z2−1380z3+1346z4−644z5+160z6−20z7+z8 dz = 0 (9a)

∫ +∞

0

17−1145z2−9803z4+5935z6+15031z8−1079z10−13z12+z14

289+944z2+88868z4−280560z6+243430z8−37872z10+2532z12−80z14+z16 dz = 0. (9b)

Example 9. For two polynomials defined by

h(z) = (−2 − i) + (5 − i)z + (7 + 8i)z2 − (16 − 2i)z3 − (2 + 2i)z4 + z5

w(z) = 1 + 2z + 3z2 + 4z3 − 5iz4

the corresponding integral evaluations read as
∫ +∞

−∞

−2+z+11z2+5z3+12z4−18z5−108z6−15z7+14z8

5−18z−18z2+114z3−39z4−212z5+210z6+70z7−24z8−4z9+z10 dz = 5π (10a)

∫ +∞

0

−10+109z2−84z4−2287z6+6676z8+3762z10−25403z12+6522z14−504z16+14z18

25−504z2+4038z4−17124z6+44577z8−76554z10+76528z12−16754z14+1556z16−64z18+z20 dz =
5
2
π.

(10b)

Example 10. For two polynomials defined by

h(z) = −i + (5 − i)z + (7 + 8i)z2 − (16 − 2i)z3 − (2 + 2i)z4 + z5

w(z) = 1 + 2z + 3z2 + 4z3 − 5iz4

the corresponding integral evaluations read as
∫ +∞

−∞

z(5+17z+13z2+12z3−18z4−108z5−15z6+14z7)
1+2z+10z2+50z3−47z4−208z5+210z6+70z7−24z8−4z9+z10 dz = 5π (11a)

∫ +∞

0

z2(7−94z2−361z4+5224z6+3444z8−25417z10+6522z12−504z14+14z16)
1+16z2−194z4−2188z6+26881z8−70466z10+75896z12−16738z14+1556z16−64z18+z20 dz =

5
2
π.

(11b)
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1. Introduction

In order to treat boundary value problem for higher order complex partial
differential equations, special kernel functions have to be constructed. The
complex form of the Gauss theorem and Cauchy- Pompeiu formula in the
upper half plane can be obtained as the limiting case of the corresponding
formula for the regular domains [1], [8]. There are three basic boundary
value problems for complex partial differential equations, namely, Schwarz,
Dirichlet and Neumann problems. To find the solutions in explicit form
they are investigated for particular domains e.g. the unit disc, half planes,
quarter planes [2, 3, 4, 6, 7, 8, 10]. Let Fk be the space of functions w
in W k,1(H, C) for which lim

R→∞
RνM(∂ν

z̄ w,R) = 0, 0 ≤ ν ≤ k − 1, where

M(∂ν
z̄ w,R) = max

|z|=R
0≤Imz

|∂ν
z̄ w(z)| and zk−2∂k

z̄ w ∈ L1(H, C).

Any w ∈ Fk can be represented as

w(z) =
k−1∑
ν=0

1

2πi

∞∫
−∞

1

ν!

(z − ζ)
ν

(ζ − z)
∂ν

ζ
w(ζ)dζ

− 1

π

1

(k − 1)!

∫
H

(z − ζ)
k−1

(ζ − z)
∂k

z w(ζ)dξdη (1)
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for z ∈ H . Moreover,

(−1)n

(n− 1)!

1

π

∫
H

∂n
ζ
w(ζ)

(
ζ − z

)n−1 dξdη

(ζ − z)

= −
n−1∑
λ=0

1

2πi

(−1)λ

λ!

∞∫
−∞

∂λ
ζ
w(t) (t− z)λ dt

(t− z)
. (2)

In the following sections, we investigate mixed boundary value problem
arising from (n-1) Dirichlet and a Neumann, (n-1) Dirichlet and a Schwarz
boundary value condition. Our proofs are independent of n- Dirichlet,
Neumann, Schwarz problems for the inhomogeneous Cauchy Riemann
equation and do not utilize any iteration process. Last section deals with
the Schwarz problem for the Poisson equation on the upper half plane.

2. Dirichlet - Neumann problem

In this section, we consider the inhomogeneous polyanalytic equation with
first (n-1) factors having Dirichlet boundary conditions and the last factor
with Neumann condition. Basic techniques used are the representation
formulae (1), (2), Cauchy Pompeiu formula, Gauss theorem and higher
order Pompeiu operators [5, 7].

Theorem 1:- For w ∈ Fn , the mixed (n−1) Dirichlet and a Neumann
problem for the inhomogeneous polyanalytic equation in the upper half
plane H ,

∂n
z̄ w = f in H, ∂λ

z̄ w = γλ on R, 0 ≤ λ ≤ n− 2
∂y(∂

n−1
z̄ w) = iγn−1 on R, ∂n−1

z̄ w(i) = c (3)
is uniquely solvable for f ∈ Lp,2(H,C) ∩ C(H,C), p ≥ 2,

tλγλ(t) ∈ Lp(R,C) ∩ C(R,C), 0 ≤ λ ≤ n − 1 if and only if for
0 ≤ ν ≤ n− 2,

(−1)n−ν

(n−ν−1)!
1
π

∫
H f(ζ)

(
(ζ−z)n−ν−1

ζ−z
− zn−ν−1

ζ−i

)
dξdη

+ (−1)n−ν−1

(n−ν−1)!
zn−ν−1c +

n−2∑
λ=ν

1
2πi

(−1)λ−ν

(λ−ν)!

∞∫
−∞

γλ(t)
(t−z)λ−ν

t−z̄
dt

+ 1
2πi

(−1)n−ν

(n−ν−1)!

∞∫
−∞

(2f(t) + γn−1(t))(hν(t, z)− zn−ν−1 log(t− i))dt = 0 (4)
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where

hν(t, z) = (t− z)n−1−ν log(t− z̄)

+
n−ν∑
µ=2

(−1)µ−1(n− ν − 1) . . . (n− ν − µ + 1)(t− z)n−ν−µIµ−1(t, z)

Iµ(t, z) =
(t− z̄)µ

µ!

(
log(t− z̄)−

µ∑
r=1

1

r

)
(5)

and
1

2πi

∞∫
−∞

{γn−1(t)+f(t)} dt

t− z̄
− 1

π

∫
H

fζ(ζ)
dξdη

ζ − z̄
= 0. (6)

The solution then is given by

w(z) =
c(−z̄)n−1

(n− 1)!
+

n−2∑
λ=0

1

2πi

∞∫
−∞

1

λ!

(z − t)λ

t− λ
γλ(t)dt

− (−1)n−1

(n− 1)!

1

2πi

∞∫
−∞

(2f(t) + γn−1(t))(h0(t, z̄))− z̄n−1 log(t− i))dt

+
(−1)n

(n− 1)!

1

π

∫
H

f(ζ)

(
(ζ − z)n−1

ζ − z
− z̄n−1

ζ − i

)
dξdη. (7)

Proof. Applying the representation formula (1) and the Cauchy-
Pompeiu formula, we obtain

(−1)n

(n− 1)!

1

π

∫
H

f(ζ)

(
(ζ − z)n−1

ζ − z
− z̄n−1

ζ − i

)
dξdη

= −
n−2∑
λ=0

1

2πi

∞∫
−∞

1

ν!

(z − t)λ

t− z
γλ(t)dt+w(z)−c(−z̄)n−1

(n− 1)!
−I1+

(−z̄)n−1

(n− 1)!
I2, (8)

where

I1 =
(−1)n−1

2πi

1

(n− 1)!

∞∫
−∞

(t− z)n−1

t− z
∂n−1

ζ̄
w(t)dt

and I2 =
1

2πi

∞∫
−∞

∂n−1

ζ
w(t)

t− i
dt.
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Let h0(t, z̄) be as in (5) above so that d
dt

(h0(t, z̄)) = (t−z)n−1

t−z
.

Integrating by parts I1 and using regularity conditions of ∂n−1

ζ
w , we have

I1 =
(−1)n

(n− 1)!

1

2πi

∞∫
−∞

(∂ζ∂
n−1

ζ
w(t) + ∂n

ζ
w(t))h0(t, z̄)dt

=
(−1)n

(n− 1)!

1

2πi

∞∫
−∞

(2f(t) + γn−1(t))h0(t, z̄)dt

and

I2 = − 1

2πi

∞∫
−∞

(2f(t) + γn−1(t)) log(t− i)dt.

Substituting these values in (8), we obtain (7).For 0≤ ν ≤n-2, using (2)
and Cauchy- Pompeiu formula, we have

(−1)n−ν

(n− ν − 1)!

1

π

∫
H

f (ζ)

(
(ζ − z)n−ν−1

ζ − z
− zn−ν−1

ζ − i

)
dξdη

= −
n−2∑
λ=ν

1

2πi

(−1)λ−ν

(λ− ν)!

∞∫
−∞

γλ(t)
(t− z)λ−ν

t− z̄
dt

− (−1)n−1−ν

(n− 1− ν)!

1

2πi

∞∫
−∞

∂n−1

ζ
w(t)

(t− z)n−1−ν

t− z̄
dt

− (−1)n−ν

(n− ν − 1)!

1

2πi

∞∫
−∞

∂n−1

ζ
w(t)

t− i
dt + ∂n−1

ζ
w(i). (9)

Again integrating by parts and noting that d
dt

hν(t, z) = (t−z)n−1−ν

t−z̄
, we have

1

2πi

∞∫
−∞

∂n−1

ζ
w(t)

(t− z)n−1−ν

(t− z̄)
dt = − 1

2πi

∞∫
−∞

(2f(t) + γn−1(t))hν(t, z)dt

and
1

2πi

∞∫
−∞

∂n−1

ζ
w(t)

t− i
dt = − 1

2πi

∞∫
−∞

(2f(t) + γn−1(t)) log(t− i)dt.
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Substituting these values in (9), we obtain (4). Using Gauss theorem, we
have

1

π

∫
H

ζf(ζ)
dξdη

ζ − z̄
=

1

2πi

∞∫
−∞

∂ζ(∂
n−1

ζ
w)

ζ − z̄
dζ

=
1

2πi

∞∫
−∞

(f(t) + γn−1(t))
dt

t− z̄
.

Hence we have the solvability conditions (5).
Let T0,n be higher order Cauchy Pompeiu operators onH [5], [7]. Since

∂z̄T0,nw = T0,n−1w , it follows that (7) indeed satisfy ∂n
z̄ w = f . For a fix

k, 0 ≤ k ≤ n - 2, note that ∂k
z̄ h0(t, z̄) = hk (t, z). Subtracting (4) for

ν = k from ∂k
z̄ w , we have

∂k
z̄ w(z) =

(−1)n−k−1

(n− k − 1)!
c[z̄n−k−1 − zn−k−1]

+
n−2∑
λ=k

1

2πi

(−1)λ−k

(λ− k)!

∞∫
−∞

γλ(t)

[
(t− z̄)λ−k

t− z
− (t− z)λ−k

t− z̄

]
dt

− (−1)n−k−1

(n− k − 1)!

1

2πi

∞∫
−∞

(2f(t) + γn−1(t)) log(t− i)(zn−k−1 − zn−k−1)dt

+
(−1)n−k

(n− k − 1)!

1

π

∫
H

f(ζ)

(
(ζ − z)n−k−1

ζ − z
− z̄n−k−1

ζ − i

−(ζ − z)n−k−1

ζ − z
+

zn−k−1

ζ − i

)
dξdη.

Since lim
z→t0

1

π

∞∫
−∞

γλ(t)y

|t− z|2
dt = γλ(t0) so ∂k

z̄ w = γk on R.

Also ∂z(∂
n−1
z̄ w)(z)− ∂z̄(∂

n−1
z̄ w)(z)

=
1

2πi

∞∫
−∞

(γn−1(t) + 2f(t))
dt

t− z
− 1

π

∫
H

f(ζ)

(ζ − z)2
dξdη − f(z).

So subtracting (6) and using Plemelj-Sokhotzki formula [9], we obtain
∂y(∂

n−1
z̄ w) = γn−1 on R. �
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3. Dirichlet-Schwarz Problem

This section deals with the first (n-1) Dirichlet and the last component as
Schwarz boundary condition.

Theorem 2. For w ∈ Fn , the mixed (n - 1)-Dirichlet and a Schwarz
problem for the inhomogeneous polyanalytic equation in the upper half
plane H ,

∂n
z̄ w = f in H, ∂λ

z̄ w = γλ on R, 0 ≤ λ ≤ n− 2
Re(∂n−1

z̄ w) = γn−1 on R, Im ∂n−1
z̄ w(i) = c (10)

is uniquely solvable for f∈Lp,2 (H,C), p > 2, tλγλ(t) ∈ Lp(R, C)∩C(R, C),
0 ≤ λ ≤ n− 1 if and only if for 0 ≤ ν ≤ n− 2.

(z − i)n−ν−1

(n− ν − 1)!
ic +

n−2∑
λ=ν

1

2πi

(−1)λ−ν

(λ− ν)!

∞∫
−∞

γλ(t)(t− z̄)λ−ν−1dt

+
(−1)n−ν−1

(n− ν − 1)!

1

πi

∞∫
−∞

γn−1(t)

(
(t− z̄)n−ν−1

t− z
− (i− z)n−ν−1 t

t2 + 1

)
dt

+
(−1)n−ν

(n− ν − 1)!

1

π

∫
H

[f(ζ)

(
(ζ − z)n−1−ν

ζ − z̄
− (i− z)n−1−ν ζ

ζ2 + 1

)

− f(ζ)

(
(ζ − z)n−ν−1

ζ − z
− ζ

ζ
2
+ 1

(i− z)n−ν−1

)
]dξdη = 0. (11)

The solution then is given by

w(z) =
(z − i)n−1ic

(n− 1)!
+

n−2∑
λ=0

1

2πi

1

λ!

∞∫
−∞

γλ(t)
(z̄ − t)λ

t− z
dt

+
1

(n− 1)!

1

πi

∞∫
−∞

γn−1(t)

(
(z̄ − t)n−1

t− z
− (z̄ − i)n−1t

t2 + 1

)
dt

+
(−1)n

(n− 1)!

1

π

∫
H

[f(ζ)

(
(ζ − z)n−1

ζ − z
− ζ(i− z̄)n−1

ζ2 + 1

)

−f(ζ)

(
(ζ − z)n−1

ζ − z
− ζ(i− z̄)n−1

ζ
2
+ 1

)
]dξdη. (12)
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Proof: Using (1) and the Gauss theorem, we have

(−1)n

(n− 1)!

1

π

∫
H
(

f(z)

ζ − z
− f(z)

ζ − z
)(ζ − z)n−1dξdη

= w(z)−
n−1∑
λ=0

1

2πi

(−1)λ

λ!

∞∫
−∞

∂λ
ζ
w(t)

(t− z̄)λ

t− z
dt

+
1

2πi

∞∫
−∞

∂n−1
ζ w̄(t)

(t− z)n−1

t− z
dt. (13)

Repeated applications of Gauss theorem and Cauchy Pompeiu formula give

1

π

∫
H

(
f(ζ)ζ

ζ2 + 1
− f(ζ)ζ

ζ
2
+ 1

)
dξdη

=
1

2

 1

2πi

∞∫
−∞

(
∂n−1

ζ
w(t)

t + i
+

∂n−1

ζ
w(t)

t− i
+

∂n−1
ζ w(t)

t− i
+

∂n−1
ζ w(t)

t + i

)
dt

−∂n−1
z̄ w(i) + ∂n−1

z w̄(i)
]

=
1

2πi

∞∫
−∞

γn(t)
t

t2 + 1
dt− ic. (14)

Combining (13) and (14), we have

(−1)n

(n− 1)!

1

π

∫
H

[
f(ζ)

(
ζ − z

n−1

ζ − z
− ζ(i− z̄)n−1

ζ2 + 1

)

− f(ζ)

(
ζ − z

n−1

ζ̄ − z
− ζ̄(i− z̄)n−1

ζ̄2 + 1

)]
dξdη
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= w(z)−
n−1∑
λ=0

1

2πi

(−1)λ

λ!

∞∫
−∞

∂λ
ζ
w(t)

(t− z̄)λ

t− z
dt

−(−1)n−1

(n− 1)!

1

2πi

∞∫
−∞

∂n−1
ζ w̄(t)

(t− z̄)n−1

t− z
dt

+
(−1)n−1

(n− 1)!

(i− z̄)n−1

2πi

∞∫
−∞

γn−1(t)
t

t2 + 1
dt− (−1)n−1

(n− 1)!
(i− z̄)n−1ic

= w(z)− (z̄ − i)n−1

(n− 1)!
c−

n−2∑
λ=0

1

2πi

(−1)λ

λ!

∞∫
−∞

γλ(t)
(t− z̄)λ

(t− z)
dt

(−1)n−1

(n− 1)!

1

πi

∞∫
−∞

γn−1(t)

(
(t− z̄)n−1

t− z
− (i− z̄)n−1t

t2 + 1

)
dt.

Hence (12) follows. In order to obtain (11), we apply Gauss theorem
successively and (2) to obtain

(−1)n−ν

(n− ν − 1)!

1

π

∫
H

f(ζ)(ζ − z)n−ν−1

ζ − z̄
dξdη

=
n−1∑
λ=ν

(−1)λ−ν

(λ− ν)!

1

2πi

∞∫
−∞

∂λ
ζ̄ w(t)(t− z̄)λ−ν−1dt, (15)

− 1

π

∫
H

f(ζ)(ζ − z)n−ν−1

ζ − z̄
dξdη =

1

2πi

∞∫
−∞

∂n−1
ζ̄

w(t)(t− z̄)n−ν−2dt, (16)

and

1

π

∫
H

(
f(ζ)ζ

ζ2 + 1
− f(ζ)ζ

ζ
2
+ 1

)
dξdη =

1

πi

∞∫
−∞

γn−1(t)
t

t2 + 1
dt− ic. (17)

Combining (15), (16), (17), we obtain (11). The verification part is
similar to that in Theorem 1. �
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4. Schwarz Problem

In this section we explicitly represent the solution of the Schwarz problem
for the Poisson equation. The following lemma is a simple application of
usual complex analytic methods. We leave the details for the reader.

Lemma 1. For w, wζ ∈ F1 and ζ = ξ + iη, we have the following

(i) I1 =
1

π

∫
H

∂ζζw(ζ) log |ζ − z|2dξdη

=
1

2πi

∞∫
−∞

∂ζw(t) log |t− z|2dt +
1

2πi

∞∫
−∞

w(t)

t− z̄
dt + w(z)

(ii) I2 =
1

π

∫
H

∂ζζw(ξ) log |ζ2 + 1|2dξdη

=
1

2πi

∞∫
−∞

∂ζw(t) log(t2 + 1)dt +
1

πi

∞∫
−∞

w(t)
t

t2 + 1
dt + w(i)

(iii) I3 =
1

π

∫
H

∂ζζw(ζ) log |ζ − z|2dξdη

= − 1

2πi

∞∫
−∞

∂ζw(t) log |t− z|2dt− 1

2πi

∞∫
−∞

w(t)

t− z̄
dt

�
Theorem 3: Let w,wζ ∈ F1 , the Schwarz problem for the Poisson
equation in the upper half planeH .

∂z̄zw = f in H, Re w = γ0, Re wz = γ1 on R
Im w(i) = c0, Im wz(i) = c1

is uniquely solvable for f ∈ Lp,2(H, C), γ0(t), tγ1(t) ∈ Lp(H, C), p> 2 and
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the solution is given by

w(z) = ic0 + i(z + z̄)c1 −
1

πi

∞∫
−∞

(
γ0(t)

t− z̄
− γ0(t)

t

t2 + 1

)
dt

− 1

πi

∞∫
−∞

{
(z + z̄)t

t2 + 1
+ log |t− z|2 − log(t2 + 1)

}
γ1(t)dt

+
(z + z̄)

π

∫
H

(
f(ζ)

ζ2 + 1
− ζf(ζ)

ζ
2
+ 1

)
dξdη

+
1

π

∫
H

(
f(ζ) log

|ζ − z|2

|ζ2 + 1|
− f(ζ) log

|ζ − z|2

|ζ2
+ 1|

)
dξdη. (18)

Proof: Express the last two area integrals in (18) as

z + z̄

2π

∫
H

(
1

ζ + i
+

1

ζ − i

)
∂ζ(∂ζw(ζ))dξdη

− z + z̄

2π

∫
H

(
1

ζ + i
+

1

ζ − i

)
∂ζ(∂ζw̄(ζ))dξdη

+
1

π

∫
H

(
log |ζ − z|2 − log |ζ2 + 1|

)
∂ζζw(ζ)dξdη

− 1

π

∫
H

(
log |ζ − z|2 − log |ζ2 + 1|

)
∂ζζw(ζ)dξdη

=
z + z̄

2
[I4 + I5]−

z + z̄

2
[Ī4 + Ī5] +

(
I1 −

1

2
I2

)
−
(

I3 −
1

2
Ī2

)
, (19)

where I1 , I2 , I3 are as in Lemma 1 and

I4 =
1

π

∫
H

∂ζζw(ζ)

ζ + i
dξdη =

1

2πi

∞∫
−∞

∂ζw(t)

t + i
dt

and

I5 =
1

π

∫
H

∂ζζw(ζ)

ζ − i
dξdη =

1

2πi

∞∫
−∞

∂ζw(t)

t− i
dt−wz(i). (20)
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Using Lemma 1 and (20),(19) can be expressed as

z + z̄

2

 1

2πi

∞∫
−∞

(∂ζw(t) + ∂ζw(t))
dt

t + i
+ wz(i)

+
1

2πi

∞∫
−∞

(∂ζw(t) + ∂ζw(t))
dt

t− i
− wz(i)


+

1

2πi

∞∫
−∞

(∂ζw(t) + ∂ζw(t)) log |t− z|2dt

+
1

2πi

∞∫
−∞

w(t) + w(t)

t− z̄
dt + w(z)− 1

2πi

∞∫
−∞

(∂ζw(t) + ∂ζw(t)) log(t2 + 1)dt

− 1

2πi

∞∫
−∞

(w(t) + w(t))
t

t2 + 1
dt +

1

2
(w(i)− w(i)).

Using the boundary values, we obtain (18). Verification of (18) to be indeed
a solution involves simple computations. �
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ON A�ASYMPTOTICALLY LACUNARY STATISTICAL
EQUIVALENT SEQUENCES

AYHAN ESI

Abstract. In this paper we present the following new de�nitions which is
natural combination of the de�nition for A�asymptotically equivalence and
[S]A;�-statistically convergence . Using these de�nitions we have proved the st-

[S]LA;� �asymptotically equivalence analogues of Fridy and Orhan�s theorems
in [3] :

1.Introduction

The idea of statistical convergence was introduced by Fast [2] and studied
by Fridy [4] ;Connor [5] ;Salat [9] and many others: A sequence x = (xk) is said to
be statistically convergent to number L if for every " > 0

lim
n

1

n
jfk � n : jxk � Lj � "gj = 0;

where the vertical bars indicate the number of elements in the enclosed set. In this
case, we write S� limx = L or xk ! L (S) and S denotes the set of all statistically
convergent sequences.

Let A = (aik) (i; k = 1; 2; :::) be an in�nite matrix of complex numbers. A
complex number sequence x = (xk) is said to be A�statistically convergent to the
number L [1] if for every " > 0

lim
n

1

n
jfi � n : jAi (x)� Lj � "gj = 0;

in this case, we write SA � limx = L or xk ! L (SA) and SA denotes the set of all
statistically convergent sequences, where

Ax = (Ai (x)) and Ai (x) =
X
k

aikxk converges for each i:

By a lacunary sequence � = (kr); r = 0; 1; 2; :::where k0 = 0, we shall mean
an increasing sequence of nonnegative integers with kr�kr�1 !1 as r !1: The
intervals determined by � will be denoted by Ir = (kr�1; kr] and hr = kr � kr�1.
The ratio kr

kr�1
will be denoted by qr:

In 1993, Marouf [6] presented de�nitions for asymptotically equivalent se-
quences and asymptotic regular matrices. In 2003, Patterson [7] extended these
concepts by presenting an asymptotically statistical equivalent analog of these de-
�nitions and natural regularity conditions for nonnegative summability matrices.

Date : May,8, 2008.
2000 Mathematics Subject Classi�cation. 40A99, 40A05.
Key words and phrases. Asymptotic equivalence, statistical convergence, lacunary sequence.
This paper is in �nal form and no version of it will be submitted for publication elsewhere.
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2 AYHAN ESI

In 2006, Patterson and Savaş [8] extended these de�nitions by using lacunary se-
quences.

2. De�nitions and Notations

De�nition 2.1. (Marouf [6]) Two nonnegative sequences x, y are said to
be asymptotically equivalent if

lim
k

xk
yk
= 1 (denoted by x � y):

De�nition 2.2. (Patterson [7]) Two nonnegative sequences x, y are said
to be asymptotically statistical equivalent of multiple L provided that for " > 0

lim
n

1

n

�����k � n : ����xkyk � L
���� � "����� = 0 (denoted by x SL� y)

and simply asymptotically statistical equivalent, if L = 1:
De�nition 2.3. (Patterson and Savaş [8]) Let � = (kr) be a lacunary

sequence, the two nonnegative sequences x and y are said to be asymptotically
lacunary statistical equivalent of multiple L provided that for every " > 0

lim
r

1

hr

�����k 2 Ir : ����xkyk � L
���� � "����� = 0 (denoted by x SL�� y)

and simply asymptotically lacunary statistical equivalent, if L = 1:

De�nition 2.4. (Patterson and Savaş [8]) Let � = (kr) be a lacunary se-
quence, the two nonnegative sequences x and y are said to be strong asymptotically
lacunary equivalent of multiple L provided that

lim
r

1

hr

X
k2Ir

����xkyk � L
���� = 0 (denoted by x NL

�� y)

and simply strong asymptotically lacunary equivalent, if L = 1:

In this paper we present the following new de�nitions which is natural com-
bination of the de�nition for A�asymptotically equivalence and [S]A;�-statistically
convergence .

Throughout the paper A = (aik) (i; k = 1; 2; :::) be an in�nite matrix of
nonnegative complex numbers such that

kAk = sup
i

X
k

aik <1:

De�nition 2.5.Two nonnegative sequences x and y are said to beA�asymptotically
equivalent if

lim
i

Ai (x)

Ai (y)
= 1 (denoted by x A� y);

Let [w]A denotes the set of all x and y such that x
A� y:

De�nition 2.6. Two nonnegative sequences x and y are said to be st �
A�asymptotically equivalent of multiple L provided that for every " > 0

lim
n

1

n

�����i � n : ����Ai (x)Ai (y)
� L

���� � "����� = 0 (denoted by x st�[S]LA� y)
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and simply [S]A�asymptotically statistical equivalent, if L = 1: Let [S]A denotes
the set of all x and y such that x

st�[S]A� y:

De�nition 2.7. Let � = (kr) be a lacunary sequence, the two nonnegative
sequences x and y are said to be st � A��asymptotically equivalent of multiple L
provided that for every " > 0

lim
r

1

hr

�����i 2 Ir : ����Ai (x)Ai (y)
� L

���� � "����� = 0 (denoted by x st�[S]LA
�� y)

and simply [S]A�
�asymptotically statistical equivalent, if L = 1: Furthermore, let

[S]A�
denotes the set of all x and y such that x

st�[S]A
�� y:

De�nition 2.8. Let � be a lacunary sequence, the two nonnegative se-
quences x and y are strong A�asymptotically lacunary equivalent to multiple L
provided that

lim
r

1

hr

X
i2Ir

����Ai (x)Ai (y)
� L

���� = 0 (denoted by x NL
A
�� y)

and simply strong A�asymptotically lacunary equivalent, if L = 1: In addition, let

NA�
denotes the set of all x and y such that x

NA
�� y:

If we take A = I (Identity matrix) ; then [w]�m -asymptotically equivalence,
st-[S]A�asymptotically equivalence, st-[S]A�

�asymptotically lacunary equivalence
and NA�

�asymptotically equivalence reduce to ordinary asymptotically equiva-
lence [6] ;asymptotically statistical equivalence [7] ; asymptotically lacunary statis-
tical equivalence and strong asymptotically lacunary equivalence [8] ;respectively.

3. Main Results

Theorem 3.1. Let � = (kr) be a lacunary sequence, then

(a) If x
NL
A
�� y then x

st�[S]LA
�� y ,

(b) If x; y 2 l1 and x
st�[S]LA

�� y then x
NL
A
�� y ,

(c) [S]LA�
\ l1 = NL

A�
\ l1.

Proof.(a) If " > 0 and x
NL
A
�� y thenX

i2Ir

����Ai (x)Ai (y)
� L

���� � X
i2Ir����Ai(x)Ai(y)

�L
�����"

����Ai (x)Ai (y)
� L

���� � " �����i 2 Ir : ����Ai (x)Ai (y)
� L

���� � "����� :

Therefore x
st�[S]LA

�� y .
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(b) Suppose that x; y 2 l1 and x
st�[S]LA

�� y . Then we can assume
that ����Ai (x)Ai (y)

� L
���� �M for all i:

Given " > 0

1

hr

X
i2Ir

����Ai (x)Ai (y)
� L

���� = 1

hr

X
i2Ir����Ai(x)Ai(y)

�L
�����"

����Ai (x)Ai (y)
� L

����+ 1

hr

X
i2Ir����Ai(x)Ai(y)

�L
����<"

����Ai (x)Ai (y)
� L

����

� M

hr

�����i 2 Ir : ����Ai (x)Ai (y)
� L

���� � "�����+ ":
Therefore x

NL
A
�� y .

(c) This immediately follows from (a) and (b).

In order to show that the converse of Theorem 3.1.(a) is not generally
true, we now give the following simple example.

Example. Let A = I (Identity matrix) and the sequence x be de�ne as
follows xk to be 1; 2; :::;

�p
hr
�
at the �rst

�p
hr
�
integers in Ir and zero otherwise.

yk = 1 for all k. These two satis�es x
st�[S]LA

�� y, but it fails x
NL
A
�� y .

Theorem 3.2. Let � = (kr) be a lacunary sequence with lim inf qr > 1;

x
st�[S]LA� y implies x

st�[S]LA
�� y .

Proof. Suppose that lim inf qr > 1; then there exists a � > 0 such
that qr � 1 + � for su¢ ciently large r, which implies

hr
kr
� �

1 + �
:

If x
st�[S]L�m� y , then for every " > 0 and for su¢ ciently

large r, we have

1

kr

�����i � kr : ����Ai (x)Ai (y)
� L

���� � "����� � 1

kr

�����i 2 Ir : ����Ai (x)Ai (y)
� L

���� � "�����
� �

1 + �

1

hr

�����i 2 Ir : ����Ai (x)Ai (y)
� L

���� � "����� ;
this completes the proof.

Theorem 3.3. Let � = (kr) be a lacunary sequence with limsupqr <
1;

x
st�[S]LA

�� y implies x
st�[S]LA� y .
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Proof. Suppose that limsupqr < 1, then there exists B > 0 such

that qr < B for all r � 1:Let x
st�[S]LA

�� y and " > 0: There exists R > 0 such that
for every j � R

Aj =
1

hj

�����i 2 Ij : ����Ai (x)Ai (y)
� L

���� � "����� < ":
We can also �nd K > 0 such that Aj < K for all j = 1; 2; :::: Now let n be any
integer with kr�1 < n < kr , where r > R:Then

1

n

�����i � n : ����Ai (x)Ai (y)
� L

���� � "����� � 1

kr�1

�����i � kr : ����Ai (x)Ai (y)
� L

���� � "�����
=

1

kr�1

�����i 2 I1 : ����Ai (x)Ai (y)
� L

���� � "�����+ 1

kr�1

�����i 2 I2 : ����Ai (x)Ai (y)
� L

���� � "�����
+:::+

1

kr�1

�����i 2 Ir : ����Ai (x)Ai (y)
� L

���� � "�����
=

k1
kr�1k1

�����i 2 I1 : ����Ai (x)Ai (y)
� L

���� � "�����+ k2 � k1
kr�1 (k2 � k1)

�����i 2 I2 : ����Ai (x)Ai (y)
� L

���� � "�����
+:::+

kR � kR�1
kr�1 (kR � kR�1)

�����i 2 IR : ����Ai (x)Ai (y)
� L

���� � "�����
+:::+

kr � kr�1
kr�1 (kr � kr�1)

�����i 2 Ir : ����Ai (x)Ai (y)
� L

���� � "�����
=

k1
kr�1k1

A1 +
k2 � k1

kr�1 (k2 � k1)
A2

+:::+
kR � kR�1

kr�1 (kR � kR�1)
AR + ::::+

kr � kr�1
kr�1 (kr � kr�1)

Ar

�
�
sup
j�1

Aj

�
kR
kr�1

+

�
sup
j�R

Aj

�
kr � kR
kr�1

� K kR
kr�1

+ "B:

This completes the proof.

Theorem 3.4. Let � be a lacunary sequence with 1< lim inf qr �
limsupqr <1;then

x
st�[S]LA

�� y , x
st�[S]LA� y .

Proof. This immediately follows from Theorem 3.2. and Theorem 3.3.

4. Conclusion

Taking special matrices, we may obtain some classes of sequences of
asymptotically equivalence that we have de�ned. The most of the results proved in
the previous section will be true for these classes.
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Abstract: In this paper, a class of nonlinear third order vector differential equations is 

considered. It is obtained some sufficient conditions for solutions of these equations to be 

uniform stable and bounded, which substantially extend and improve some important results 

in the literature. Two examples are also introduced throughout the paper for illustrations of 

the topic. 

 

 

1. Introduction 

 

By a recent paper, which was published in 2007, Yan [3] studied the stability of solutions 

to nonlinear third order scalar differential equations: 

 

0)()( =+′+′′+′′′ xgxfxax  

and  

0)()( =+′+′′+′′′ xgxbxfx , 

where a  and b  are some  positive constants. 

More recently, Tunç [5] investigated the stability and boundedness of solutions of non-

linear vector differential equation: 

 

)()( tPcXXBXXX =++Ψ+ &&&&&&& , 

when 0)( =tP  and 0)( ≠tP , respectively. 

This paper concerns with the problems of stability and boundedness of solutions to 

nonlinear third order vector equations of the form: 
 

),,,()(),,,(
............

XXXtPcXXGXXXXtFX =+++ .                                (1) 

 

_________ 
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The associated system of (1) is  








+−−−=

==

),,,,()(),,,(

,

.

..

ZYXtPcXYGZZYXtFZ

ZYYX
                                 (2) 

which was obtained from (1)  by setting YX =& , ZX =&& , where +ℜ∈t , ),0[ ∞=ℜ+   and 
nX ℜ∈ ; c  is a positive constant, F  is an nn × - continuous symmetric matrix function for  

the arguments displayed explicitly; nn
G ℜ→ℜ: , 0)0( =G  and 

nnnn
P ℜ→ℜ×ℜ×ℜ×ℜ+: ; the dots indicate differentiation with respect to t .   It is also 

assumed that the functions G  and P  are continuous for the arguments displayed explicitly. 

Moreover, the existence and the uniqueness of the solutions of equation (1) will be assumed 

(see Ahmad and  Rama Mohana Rao [1]). Let )(YJG  denote the linear operator from the 

vector )(YG  to the matrix 

)(YJG = 










∂

∂

j

i

y

g
, ),...,2 ,1  ,( nji = , 

where  ),...,,( 21 nyyy  and )( ig  are components of  Y   and  G , respectively. Besides, 

throughout the paper, it is also assumed as basic that )(YJ G  exists and is symmetric and 

continuous.  

The motivation for the present work comes from the papers of Yan [3], Tunç [5] and Tunç 

and Ateş [6].  The aim of this paper is to prove two theorems for uniform stability of zero 

solution of (1) when 0≡P  and boundedness of all solutions of the same equation when 

0≠P , respectively.  We also introduce two examples for the illustrations of the subject. It is 

also worth mentioning that Yan [3] only studied the stability of solutions to nonlinear third 

order scalar differential equations aforementioned, without giving any example on the topic. 

Further, it is well known that nearly all the papers published in the literature on the stability 

and  boundedness of solutions of nonlinear third order scalar and vector differential equations 

do not include an any example on the subject (see in particular the book of  Reissig et al.[4]).  

It should be noted  that by this way our results include and improve the stability results 

obtained by Yan [3] when cxxg =)(  ( −c constant), which are  related to  the scalar nonlinear 

third order differential equations aforementioned,  to the stability and boundedness  of 

solutions of nonlinear and non-autonomous third order vector differential equations 

considered here. In the special case, our assumptions are also less restrictive than those in 

Tunç and Ateş [6, Theorem 1 and Theorem 2], and our results extend the results of Tunç [5, 

Theorem 1 and Theorem 2].  The equation considered, the assumptions and Liapunov 

function will be established here are completely different than that mentioned in the literature.     

 

 

Notation: 

Throughout this paper, the symbol YX ,  will be used to denote the usual scalar product 

in nℜ  for given any vectors X , Y  in nℜ , that is, YX , =∑
=

n

i

ii yx
1

, thus 
2

X = XX , . It 
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should be noted that the matrix  A  is said to be negative-definite, when 0, <XAX  for all 

non-zero X  in nℜ ,  and )(Aiλ , ),...,2,1( ni = , are eigenvalues of the nn × - matrix A . 

 

 

2. Preliminaries 

 

Before introducing our main results, we state some basic information which will be 

required in future.  

Consider the non-autonomous differential system 

 

),( xtF
dt

dx
= ,                                                                             (3) 

where  x  is an n -vector, [ )∞∈ ,0t . Suppose that ),( xtF  is continuous in ),( xt  on DI × , 

where I  denotes the interval ∞<≤ t0  and D  is a connected open set in nℜ , nℜ denotes 

Euclidean n -space.  

Now, we shall dispose of the following theorems and the lemmas which will be required 

in the proof of our main results. 

 

Theorem 1. Suppose that 0)0,( =tF  in (3) and there exists a Lyapunov function 

),( xtVV =  defined on ∞<≤ t0 ,  Hx < , 0>H , which satisfies the following conditions;  

(i) 0)0,( =tV , 

(ii) )(),()( xbxtVxa ≤≤ , where CIPra ∈)(  and CIPrb ∈)(  (CIP  denotes the families 

of continuous increasing and positive definite functions). 

(iii) 0),( ≤xtV& .    

Then the solution 0)( ≡tx  of system (3) is uniform stable.  

 

Proof: See Yoshizawa [7].  

 

Lemma. Let  A  be a real symmetric nn × -matrix. Then for any n
X ℜ∈  

  
22

, XXAXX aa ∆≤〉〈≤δ  , 

where aδ  and a∆   are, respectively, the least and greatest eigenvalues of the matrix A . 

 

Proof. See Bellman [2]. 

 

3. Main Results 

 

In the case 0),,,( ≡ZYXtP , we introduce the following theorem: 

 

Theorem  2. Let all the basic assumptions imposed on F , G  and  c  hold. We further 

assume that there are positive constants a , b , c  and η  such that the following conditions 

hold: 
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),,,( ZYXtF  and )(YJG  are symmetric,  bYJb Gi ≥≥+ ))((λη  

and  

2

)(4
)),,,(((0

a

cab
aIZYXtFi

−
<−≤ λ  with  0>− cab . 

Then, the zero solution of system (2) is uniform stable. 

 

Proof. We introduce a Liapunov function V = ),,,( ZYXtV , which is defined as the 

following: 
 

V = 〉++〈+〉〈+〉〈+〉〈 ∫ ZaYZaYYcXdYYGXacX ,
2

1
,),(,

2

1
1

0

σσ .                  (4) 

Now, it is clear from (4) that  

0)0,0,0,( =tV . 

On the other hand, since  

0)0( =G , YYJYG G )()( 11

1

σσ
σ

=
∂

∂
, 

then we have  

∫=
1

0

11 )()( σσ YdYJYG G . 

Hence, 

∫ ∫ ∫ 〉〈=〉〈
1

0

1

0

1

0

21212 ,)(),( σσσσσσσ ddYYYJdYYG G . 

By using the assumption bYJ Gi ≥))((λ , it follows  that  

∫ ∫ ∫ 〉〈=〉〈
1

0

1

0

1

0

21212 ,)(),( σσσσσσσ ddYYYJdYYG G  

≥ ∫ ∫ 〉〈
1

0

1

0

212 , σσσ ddYbY ≥
2

2
Y

b
.                                

In view of the above discussion, one can conclude the following:  

V ≥
2

2

1
Xac +

2

2
Y

b
Xc− Y +

2

2

1
ZaY +  

 =
2221

2
1

2

1
)(

2

1

2
ZaYXcbacXcbY

b
++−+− −−
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≥
2

1 XD + 
2

2 YD +
2

3 ZD ,                                                              (5) 

where  1D ,  2D  and 3D   are sufficiently small positive constants.  

In addition to the above discussion, subject to the assumptions of Theorem 2, one can 

easily show that the function ),,,( ZYXtV satisfies the right hand side of the assumption (ii) of 

Theorem 1, )(),( xbxtV ≤ . That is, subject to the assumptions of Theorem 2, it is obvious 

that there are positive constants 4D ,  5D  and 6D  such that   
 

),,,( ZYXtV ≤
2

4 XD + 
2

5 YD +
2

6 ZD . 

                                                              

Now, let ),,( ZYX = ))(),(),(( tZtYtX  be any solution of the differential system (2). 

Differentiating the function ),,,( ZYXtV  with respect to t  along system (2), we obtain 
 

),,,( ZYXtV
dt

d
= YcY , ZZZYXtF ,),,,(− + ZaZ ,  

aYZZYXtF ,),,,(− + aYaZ , ZYG ),(−   

      aYYG ),(− + ∫ 〉〈
1

0

),( σσ dYYG
dt

d
.                                          (6) 

Now, we recall 

∫ ∫∫ +=
1

0

1

0

1

0

),(,)(),( σσσσσσσ dZYGdYZYJdYYG
dt

d
G

 

= ∫ ∫+
∂

∂
1

0

1

0

),(),( σσσσ
σ

σ dZYGdZYG  

= ZYGZYG ),(),( 1

0 =σσ . 

 

Substituting aforementioned estimate into (6), we get  

),,,( ZYXtV
dt

d
= YcY , ZZZYXtF ,),,,(− + ZaZ ,  

aYZZYXtF ,),,,(− + aYaZ , aYYG ),(− .                    (7) 

Now, since  

∫=
1

0

11 )()( σσ YdYJYG G  and  bYJ Gi ≥))((λ  

then we have  
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aYYG ),(− = ><− ∫ aYYdYJ G ,)(

1

0

11 σσ ≤
2

Yab− . 

Subject to the assumptions of Theorem 2, it is also clear the following:  

 

ZZZYXtF ,),,,(− + ZaZ , = ZZaIZYXtF ,)),,,(( −− , 

aYZZYXtF ,),,,(− + aYaZ , = aYZaIZYXtF ,)),,,(( −− . 

In view of aforementioned relations and (7), we have 

),,,( ZYXtV
dt

d
≤ YYcab ,)( −− ZZaIZYXtF ,)),,,(( −−  

 aYZaIZYXtF ,)),,,(( −− . 

Now, since  

2

)(4
)),,,(((0

a

cab
aIZYXtFi

−
<−≤ λ  

one can write  

cabaIZYXtF
a

i −<− )}),,,((({
4

2

λ .                                                     (8) 

Making use of (8), we obtain 

),,,( ZYXtV
dt

d
≤

4

2
a

− YYaIZYXtF ,)),,,(( − ZZaIZYXtF ,)),,,(( −−  

aYZaIZYXtF ,)),,,(( −−  

 ≤ [ ] 02)),,,((
21 ≤+−− − ZYaaIZYXtF .                               (9) 

The whole discussion shows that the zero solution of equation (1) is uniform stable. 

 

Example 1.  As a special case of the system (2), let us take for 2=n  that 

),,,( ZYXtF =



















+++++++
+

+++++++
+

  
1

1
10            2    

2          
1

1
10

2

2

2

1

2

2

2

1

2

2

2

1

2

2

2

2

1

2

2

2

1

2

2

2

1

2

zzyyxxt

zzyyxxt
,  
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  )(YG = 








+

+

22

11

8

8

arctgyy

arctgyy
  

and 2=c . 

Clearly, ),,,( ZYXtF  is a symmetric matrix. Now, by an easy calculation, we have 

)(YJG =



















+
+

+
+

2

2

2

1

1

1
8             0    

0            
1

1
8

y

y
 

 

and obtain eigenvalues of the matrices ),,,( ZYXtF  and )(YJG  as the following: 

 

)),,,((1 ZYXtFλ =    ,
1

1
8

2

2

2

1

2

2

2

1

2

2

2

1

2
zzyyxxt +++++++

+  

)),,,((2 ZYXtFλ =    ,
1

1
12

2

2

2

1

2

2

2

1

2

2

2

1

2
zzyyxxt +++++++

+  

 

2

1

1
1

1
8))((

y
YG

+
+=λ    

and   

2

2

2
1

1
8))((

y
YG

+
+=λ . 

Next, it is also clear the following: 

aZYXtFi =>≥ 68)),,,((λ ,   

bYGi =≥≥ 8)((9 λ , 2)  ,1( =i   

046 >=− cab , 

9

46
)6),,,(((0 <−≤ IZYXtFiλ . 

Thus, all the assumptions of Theorem 2 hold. When we take into account the above choices, 

then the corresponding Liapunov function V = ),,,( ZYXtV  can also be rearranged as in (5) 

and (9). These facts show that the zero solution of the system corresponding to 

aforementioned choices is uniform stable. 

In the case 0),,,( ≠ZYXtP , the second and last main result of this paper is the following 

theorem. 
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Theorem 3.  Let us assume that all the assumptions of Theorem 2 hold. In addition, we 

assume the following: 
 

  )(),,,( tZYXtP θ≤  for all 0≥t ,  and   θ ),0(1 ∞∈ L ,  

where ),0(1 ∞L is space of integrable Lebesgue functions.  

Then there exists a constant 0>D  such that any solution ))(),(),(( tZtYtX  of system (2) 

determined by  

0)0( XX = , 0)0( YY = , 0)0( ZZ =  

satisfies 

DtX ≤)( , DtY ≤)( , DtZ ≤)(  

for all ).,0[ ∞∈t . 

 

Proof. Our main tool for the proof of Theorem 3 is also the Liapunov function  V , which 

is defined in (4). Then, under the assumptions of Theorem 3, we have 

  

)(
222

7 ZYXDV ++≥ ,                                                                   

where 7D = { }321 ,,min DDD , and since 0),,,( ≠ZYXtP , it is also clear from (4), (2) and  (9) 

that  

),,,( ZYXtV
dt

d
≤ ),,,(, ZYXtPZaY + . 

Now, taking into account the assumptions of Theorem 3 and using Schwarz’s inequality, we 

obtain   

 ),,,( ZYXtV
dt

d
≤ ),,,()( ZYXtPZYa ×+  

≤ )()( tZYa θ×+  

≤ )()(8 tZYD θ×+ ,                                                               

where }.,1max{8 aD = . 

The rest of the proof is similar to that of Tunç [5, Theorem 2]. Therefore, we omit the 

details of the proof.  

Example 2.  We assume that ),,,( ZYXtF , )(YG  and c  is given as the same as in 

Example 1. Further, we choose 

)(tP =    .

1

1

1

1

2

2

2

1

2

2

2

1

2

2

2

1

2

2

2

2

1

2

2

2

1

2

2

2

1

2



















+++++++

+++++++

zzyyxxt

zzyyxxt
 

Clearly,  it follows that  
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)(tP =
2

2

2

1

2

2

2

1

2

2

2

1

21

2

zzyyxxt +++++++
≤

21

2

t+
= )(tθ  

 and  

π=
+∫

∞

dt
t

0

21

2
,  

respectively. That is,   

θ ),0(1 ∞∈ L . 

Thus, all the conditions of Theorem 3 hold. These facts show that all solutions of the 

corresponding system to the above choices are bounded. 
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ESSENTIAL NORMS OF WEIGHTED COMPOSITION OPERATORS
BETWEEN HARDY SPACES IN THE UNIT BALL

ZHONG-SHAN FANG AND ZE-HUA ZHOU ∗

Abstract. Let ϕ(z) = (ϕ1(z), · · · , ϕn(z)) be a holomorphic self-map of Bn and ψ(z)
a holomorphic function on Bn, and H(Bn) the class of all holomorphic functions on
Bn, where Bn is the unit ball of Cn, the weight composition operator Wψ,ϕ is defined
by Wψ,ϕ = ψf(ϕ) for f ∈ H(Bn). In this paper we estimate the essential norm
for the weighted composition operator Wψ,ϕ acting from the Hardy space Hp to Hq

(0 < p, q ≤ ∞). When p = ∞ and q = 2, we give an exact formula for the essential
norm. As their applications, we also obtain some sufficient and necessary conditions
for the bounded weighted composition operator to be compact from Hp to Hq.

1. Introduction

Let Bn be the unit ball of Cn with boundary ∂Bn, σ the normalized rotation invariant
measure on ∂Bn. The class of all holomorphic functions on domain Bn will be denoted
by H(Bn). Let ϕ(z) = (ϕ1(z), · · · , ϕn(z)) be a holomorphic self-map of Bn and ψ(z)
is in H(Bn). Multiplication operator, Composition operator and weighted composition
operator are defined as follows:

Mψ(f)(z) = ψ(z) · f(z);

Cϕ(f)(z) = f(ϕ(z));
Wψ,ϕ(f)(z) = ψ(z) · f(ϕ(z))

for any f ∈ H(Bn) and z ∈ Bn.
If let ψ ≡ 1, then Wψ,φ = Cφ; if let φ = Id, then Wψ,φ = Mψ. So we can regard

weighted composition operator as a generalization of a multiplication operator and a
composition operator. It is easy to show that Cφ and Wψ,φ take H(Bn) into itself.
Shapiro’s monograph [Shap1] gives an interesting account of these developments. See
also Cowen and MacCluer’s book [CowMac] for a comprehensive treatment of these and
other related problems with composition operators.

In the recent years, boundedness and compactness of composition operators between
several spaces of holomorphic functions have been studied by many authors: by Smith
[Smi1] between Bergman and Hardy spaces, by Jarchow and Ried [JarR] between gener-
alized Bloch-type spaces and Hardy spaces, between Bloch spaces and Besov spaces and
BMOA and VMOA in Tian’s thesis [JarR], on BMOA by Simth [Smi2], and by Simth
and Zhao [SmiZ] from Bergman and Hardy spaces and Bloch space into Qp spaces. All
of papers above focus on studying the composition operators in function spaces for 1-
dimensional case.

More recently, there have been many papers focused on studying the same prob-
lems for n-dimensional case : by Luo and Shi [LS1] between Hardy spaces on the
unit ball,[LS2] weighted Bergman spaces on bounded symmetric domains, by Zhou and

2000 Mathematics Subject Classification. Primary: 47B38; Secondary: 47B33,26A16, 32A16, 32A26,
32A30, 32A37, 32A38, 32H02.

Key words and phrases. Essential norm, Weighted composition operator, Bloch-type space, Hardy
space, Several complex variables.

∗Ze-Hua Zhou, corresponding author. Supported in part by the National Natural Science Foundation
of China (Grand Nos.10671141, 10371091).
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2 Z.S. FANG AND Z.H.ZHOU

Shi[ZS1][ZS2][ZS3] on the Bloch space in polydisk or classical symmetric domains, Gorkin
and MacCluer [GorM] between hardy spaces in the unit ball, and Lipschitz space in
polydisc by Zhou [Zho]. In all these works the main goal is to relate function theoretic
properties of φ to boundedness and compactness of Cφ.

The essential norm of an operator T is by definition its distance to the compact oper-
ators; that is

||T ||e := inf{||T −K|| : K compact}.
Notice that ‖T‖e = 0 if and only if T is compact, so that estimates on ‖T‖e lead to the
conditions for T to be compact.

In general, there is no easy way to determine the essential norms of composition
operator or weighted composition operator.

Let f be in H(Bn). For 0 < p < ∞, f is said to be in the Hardy space Hp(Bn)
provided that

||f ||pp = sup
0<r<1

∫
∂Bn

|f(rξ)|pdσ(ξ) <∞.

The Banach space of bounded holomorphic functions on Bn in the sup norm is donated
by H∞.

When f ∈ Hp, then f has radial limits at almost every ([dσ]) point of ∂Bn, and its
Hp norm is also given by the Lp(dσ) norm of its radial limit function f∗. That is

||f ||pp =
∫
∂Bn

|f∗(ξ)|pdσ(ξ).

Typically we continue to write f(ξ) for the radial limit; occasionally for clarity we use the
special notation f∗(ξ) for limr→1 f(rξ). In the whole of paper, E = {ξ ∈ ∂Bn : |ϕ∗(ξ)| =
1}, which we call it the extreme set of ϕ.

It is well known that Cϕ is always bounded on Hp(D) for 0 < p ≤ ∞, this is a
consequence of a theorem of J. Littlewood, see [CowMac], where D = B1 is an unit disk.
In 1987, J.Shapiro [Shap2] determined precisely when Cϕ acts compactly on Hp(D), for
p < ∞, and gave a formula for the essential norm of Cϕ acting on H2(D) in terms of
the Nevanlinna counting function for ϕ. In 2002, L. Zheng [Zhe] proved the essential
norm of Cϕ acting on H∞(D) is 1 whenever Cϕ is not compact on H∞(D) (equivalently,
whenever ‖ϕ‖∞ = 1); it is also true when D is replaced by the unit ball [GorMS]. For
∞ ≥ p > q > 0, Cϕ acting from Hp(D) to Hq(D) will of course be bounded. H. Jarchow
[JarR] and T. Goebeler [Goe] shew independently that Cϕ is compact if and only if
|E| = 0.

It seems reasonable to expect the essential norm to be given by a formula that involves
|E|. In fact, P.Gorkin and B.MacCluer [GorM] pointed out the essential norm of Cϕ
acting from H∞(D) to H2(D) is precisely |E|

1
2 , and they have obtained the same results

in the setting of Hardy spaces Hp(Bn) (we write it Hp in the following) and also gave
some simple estimates for the essential norm of a composition operator acting from H∞

to Hq for q 6= 2 and for q < p <∞, from Hp to Hq under a natural additional condition.
Here the additional condition is that there exists 0 < p < ∞ such that Cϕ : Hp → Hp

is bounded, which is naturally satisfied in the case n = 1. This assumption has two
properties of interest to us:

(1) No set of positive measure in ∂Bn is mapped by ϕ∗ to a set of measure 0 in ∂Bn
(see Corollary 3.38 of [GorM]);

(2) If f ∈ Hp(Bn),then for a.e. [dσ]ξ ∈ ∂Bn, (f ◦ ϕ)∗(ξ) = f∗(ϕ∗(ξ)) (see Lemma 1.6
in [Mac]).

In our paper, in addition to extend corresponding cases in [GorM] to the weighted
composition operator, we also get the lower estimates for the essential norm of a weighted
composition operator from Hp to Hq for 1 < p ≤ q ≤ ∞.

252



ESSENTIAL NORMS OF WEIGHTED COMPOSITION OPERATORS 3

The remainder of the present paper is assembled as follows: In section 2, we re-
fer the reader some Lemmas which needs in next sections. In section 3, we will show
that the essential norm of the bounded weighted composition operator Wψ,ϕ is precisely
(µψ,ϕ,2(ϕ(E)))1/2 for the case p = ∞, q = 2 (Theorem 3.1), and give a estimate for the
case p = ∞, q 6= 2 (Theorem 3.2). In section 4, we give the upper estimate for the case
1 < p <∞ (Theorem 4.1) and lower estimate for the case 1 < q < p <∞ (Theorem 4.2).
The fundamental ideas of the proof are those used by Gorkin and MacCluerin in [GorM],
but some new techniques are still used in this section because of the citation of the new
measure induced by ψ and φ and the difference between weighted composition operator
and composition operator. If ψ = 1, Wψ,ϕ = Cϕ, we can completely the corresponding
results in [GorM].

In sections 5 and 6 (not be considered in Gorkin and MacCluerin’s paper), using
different methods, we obtain some estimates for the essential norms of the weighted
operator acting from Hp to H∞ for p > 1 (Theorem 5.2) and from Hp to Hq for 1 < p ≤
q <∞ (Theorem 6.2).

All of them are done under the same additional condition. As their applications,
we also obtained some sufficient and necessary conditions for the weighted composition
operator to be compact from Hp to Hq for the above cases. For convenience, we always
abbreviate Hp(Bn) to Hp.

2. Some Lemmas

Lemma 2.1. Let ϕ is holomorphic self-map of Bn and ψ ∈ Hp, where 0 < p <∞. For
any measurable subset E of ∂Bn, denote µψ,ϕ,p(E) =

∫
ϕ−1(E)∩∂Bn |ψ|

pdσ. Then∫
Bn

gdµψ,ϕ,p =
∫
∂Bn

|ψ|p(g ◦ ϕ)dσ,

where g is an arbitrary measurable positive function in Bn.

Proof If g is a measurable simple function defined on Bn given by g =
n∑
i=1

αiχEi ,

then ∫
Bn

gdµψ,ϕ,p =
n∑
i=1

αiµψ,ϕ,p(Ei) =
n∑
i=1

αi

∫
ϕ−1(Ei)∩∂Bn

|ψ|pdσ

=
∫
∂Bn

|ψ|p(
n∑
i=1

αiχϕ−1(Ei)∩∂Bn)dσ

=
∫
∂Bn

|ψ|p(g ◦ ϕ)dσ.

Now, if g is a measurable positive function in Bn, then we can take an increasing sequence
{gm} of positive and simple functions such that gm(z) → g(z) for all z ∈ Bn, it follows
that ∫

Bn

gmdµψ,ϕ,p →
∫
Bn

gdµψ,ϕ,p.

On the other hand, |ψ|p(gm ◦ ϕ) is an increasing sequence such that

|ψ(z)|p(gm(ϕ(z)) → |ψ(z)|p(g(ϕ(z))

for all z ∈ Bn, so∫
Bn

gmdµψ,ϕ,p =
∫
∂Bn

|ψ|p(gm ◦ ϕ)dσ →
∫
∂Bn

|ψ|p(g ◦ ϕ)dσ.

And the conclusion follows by the uniqueness of the limit.
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Lemma 2.2. (See p116 in [Zhu2]) Suppose 0 < p < ∞ and f ∈ Hp. Then |f(z)| ≤
||f ||p

(1−|z|2)n/p
for all z ∈ Bn.

Lemma 2.3. Let Ω be a domain in Cn, f ∈ H(Ω). If a compact set K and its neigh-
borhood G satisfy K ⊂ G ⊂⊂ Ω and ρ = dist(K, ∂G) > 0, then

sup
z∈K

| ∂f
∂zj

(z)| ≤
√
n

ρ
sup
z∈G

|f(z)|.

Proof Since ρ = dist(K, ∂G) > 0, for any a ∈ K, the polydisc

Pa =
{

(z1, · · · , zn) ∈ Cn : |zj − aj | <
ρ√
n
, j = 1, · · · , n

}
is contained in G. Using Cauchy inequality, we have∣∣∣∣ ∂f∂zj (a)

∣∣∣∣ ≤ √
n

ρ
sup

z∈∂0Pa
|f(z)| ≤

√
n

ρ
sup
z∈G

|f(z)|.

So the Lemma follows.

Lemma 2.4. For fixed 0 < δ < 1, let G = {z ∈ Bn : |z| ≤ 1− δ}. Then

lim
r→1

sup
z∈G

|f(z)− f(rz)| = 0

for any f ∈ Hp(Bn).

Proof

sup
z∈G

|f(z)− f(rz)| = sup
z∈G

|
n∑
j=1

(f(rz1, rz2, · · · , rzj−1, zj , · · · , zn)

− f(rz1, rz2, · · · , rzj , zj+1, · · · , zn))|

≤ sup
z∈G

n∑
j=1

|
∫ 1

r
|zj

∂f

∂zj
(rz1, rzj−1, tzj , zj+1, · · · , zn)dt|

≤ (1− r)n sup
z∈G

| ∂f
∂zj

(z)|.

Define G1 = {z ∈ Bn : |z| ≤ 1− δ
2}, then G ⊂ G1 and dist(G, ∂G1) = δ

2 .
It follows from Lemma 2.3 that

sup
z∈G

| ∂f
∂zj

(z)| ≤ 2
√
n

δ
sup
z∈G1

|f(z)|.

If p = ∞, then

sup
z∈G

|f(z)− f(rz)| ≤ 2(1− r)n
√
n

δ
||f ||∞.

For 0 < p <∞, it follows from Lemma 2.2 that

sup
z∈G

|f(z)− f(rz)| ≤ 2(1− r)n
√
n

δ
sup
z∈G1

||f ||p
(1− |z|2)n/p

≤ 2(1− r)n
√
n

δ
sup
z∈G1

||f ||p
(1− |z|)n/p

≤ 2(1− r)n
√
n

δ

||f ||p
( δ2)n/p

.

Let r → 1, the conclusion follows.

Lemma 2.5. (See corollary 1.3 in [CowMac]) A sequence in a reflexive functional Ba-
nach space converges weakly if and only if it is bounded and converges point-wise.
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Lemma 2.6. Assume {fm} is a bounded sequence in Hp(Bn)(p > 1), and {fm} converges
weakly to 0, then for any compact operator K from Hp(Bn) to Y (Y is a normalized linear
space), we have ‖Kfm‖Y → 0.

Proof This is easily followed by Lemma 2.5 and the property of compact operator.

3. From H∞ to Hq

Case 1. p = ∞, q = 2
It is well known that for any f ∈ H(Bn), f has homogeneous expansion f(z) =

∞∑
s=0

Fs(z), where Fs(z) is the homogeneous polynomial
∑
|α|=s

c(α)zα, zα = zα1 · · · zαn ,

α = (α1, · · · , αn), and |α| = α1 + · · ·αn.
If f ∈ H2(Bn), then

||f ||22 =
∑
α

|c(α)|2||zα||22,

where

||zα||22 =
(n− 1)!α!

(n− 1 + |α|)!
,

where { zα

||zα||2 } is an orthonormal basis for H2(Bn), and c(α) = Dαf(0)/α! with α! =
α1! · · ·αn!. If necessary, we refer the reader to see [Rud].

For m a positive integer, define the operators from H2(Bn) to itself:

Rm(
∞∑
s=0

Fs) =
∞∑

s=m+1

Fs

and
Qm = I −Rm.

It is easy to show that Rm is compact and ‖Rm‖ = 1.

Lemma 3.1. Wψ,ϕ : H∞ → Hq, 0 < q <∞ is bounded if and only if ψ ∈ Hq.

Proof If Wψ,ϕ is bounded, let f = 1, then Wψ,ϕf = ψf(ϕ) = ψ ∈ Hq. Conversely,
apparently we have ||Wψ,ϕf ||q ≤ ||ψ||q||f ||∞ for any f ∈ H∞, that is, ||Wψ,ϕ|| ≤ ||ψ||q.

Using the same methods as that of Gorkin-MacCluer in [GorM], with minor modifica-
tions, we can obtain the following Lemmas 3.2 and 3.3. But for the reader’s convenience,
we give still the detail proof for the results.

Lemma 3.2. If Wψ,ϕ : H∞ → H2 and ψ ∈ H2, then

‖Wψ,ϕ‖e = lim
m→∞

‖RmWψ,ϕ‖.

Proof On one hand, by hypothesis and Lemma 3.1, we know Wψ,ϕ is bounded, so
the compactness of Qm implies that QmWψ,ϕ is also compact,

‖Wψ,ϕ‖e = ‖(Rm +Qm)Wψ,ϕ‖e = ‖RmWψ,ϕ‖e ≤ ‖RmWψ,ϕ‖,

it follows that
‖Wψ,ϕ‖e ≤ lim inf

n→∞
‖RmWψ,ϕ‖.

On the other hand, let K : H∞ → H2 be compact. Since ‖Rm‖ = 1,

||Wψ,ϕ −K|| ≥ ||Rm(Wψ,ϕ −K)||
= ||RmWψ,ϕ −RmK|| ≥ ||RmWψ,ϕ|| − ||RmK||.
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Note that K is compact, the image of the unit ball in H∞ under K has compact closure
in H2. Since ||Rm|| = 1 and RmK tends to 0 point-wise in H2, RmK tends to 0 uniformly
on the unit ball of H∞, that is ||RmK|| → 0 as n→∞. It follows that

||Wψ,ϕ||e ≥ lim sup
m→∞

||RmWψ,ϕ||,

this completes the proof.

Lemma 3.3. For Wψ,ϕ : H∞ → H2 and ψ ∈ H2, if k is fixed positive integer and g is
any non-constant holomorphic function on Bn with ||g||∞ ≤ 1, then ||QkWψ,ϕ(gm)||2 → 0
as m→∞.

Proof If α is a multi-index with |α| ≤ k, then

||zα||22 =
(n− 1)!α!

(n− 1 + |α|)!
≤ (k!)n ≡ c(n, k).

Since Dn(0, 1
2n) ⊆ Bn and Cauchy’s estimates, for any holomorphic function F in Bn, we

have
DαF (0)
α!

≤ (2n)|α|||F ||∞,D
n
(0, 1

2n
)

where||F ||∞,D
n
(0, 1

2n
) denotes the maximum modulus of F on the polydisc D

n(0, 1
2n).

Since the series coefficients for F are c(α) = DαF (0)
α! , we get the series coefficients for

ψ · gm ◦ ϕ are bounded above by

(2n)|α|||ψ · gm ◦ ϕ||∞,D
n
(0, 1

2n
).

Let c = max|ψ| and s = max|g ◦ ϕ| on D
n(0, 1

2n), then s < 1 by hypothesis. This
implies that ||ψ · gm ◦ ϕ||∞,D

n
(0, 1

2n
) ≤ csm, which tends to 0 as m → ∞. For fixed

k, ||QkWψ,ϕ(gm)||22 =
∑

|α|≤k |c(α)|||zα||22, where c(α) is the coefficients of zα in the
expansion of ψ · (g ◦ ϕ)m. By the above estimate, we have

||QkWψ,ϕ(gm)||22 ≤
∑
|α|≤k

((2n)kcsm)2c(n, k) ≤ c′(n, k)s2m.

For fixed k, the last expression tends to 0 as m→∞.

Lemma 3.4. Let ε > 0, set Eε = {ξ ∈ ∂Bn : |ϕ(ξ)| ≥ 1 − ε} and let Ecε denote its
complement in ∂Bn, ψ ∈ H2. Define an operator K : H∞ → H2 by K(f) = P (χEcεψ ·(f ◦
ϕ)), where P is the orthogonal projection of L2 onto H2 (where we identify a function in
H2 with its radial limit function). Then K is compact from Hp to H2, for any 2 < p ≤ ∞.

Proof Let {fm} be a sequence from the unit ball of Hp. By Lemma 2.4, {fm} is
a normal family when 2 < p < ∞, and this is obviously true for p = ∞. So there is a
subsequence which converges uniformly on compact subset of Bn, to say f . For simplicity
we still denote this subsequence as {fm}. Clearly f ∈ Hp. So

||Kfm −Kf ||22 ≤ ||P ||2||χEcεψ · (fm ◦ ϕ)− χEcεψ · (f ◦ ϕ)||22

≤
∫
∂Bn

|χEcεψ · (fm ◦ ϕ)− χEcεψ · (f ◦ ϕ)|2dσ

=
∫
Ecε

|ψ · (fm ◦ ϕ)− ψ · (f ◦ ϕ)|2dσ.

Since {fm} are uniformly bounded on Ecε and ψ ∈ H2, the above expression tends to 0
as n→∞ by Lebesgue’s dominated convergence theorem. This verifies the compactness
of K.

Theorem 3.1. For Wψ,ϕ : H∞ → H2 and ψ ∈ H2, then ||Wψ,ϕ||e = (µψ,ϕ,2(ϕ(E)))1/2,
where E = {ξ ∈ ∂Bn : |ϕ∗(ξ)| = 1}.
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Proof we consider the lower estimate first.
Let g be a non-constant inner function on Bn and set h = gm for a positive integer m,

then

||Wψ,ϕ(gm)||22 =
∫
∂Bn

|ψ∗ · (h∗ ◦ ϕ∗)|2dσ =
∫
Bn

|h∗|dµψ,ϕ,2

≥
∫
ϕ(E)

|h∗|dµψ,ϕ,2 ≥ µψ,ϕ,2(ϕ(E))

where the last inequality follows by the fact that |h∗| = 1 a.e [dµ] on ϕ(E), this is true
that h is inner and the restriction of µψ,ϕ,2 to ∂Bn is absolutely continuous with respect
to σ.

In fact, for any measurable subset E of ∂Bn,

µψ,ϕ,2(E) =
∫
ϕ−1(E)∩∂Bn

|ψ|2dσ,

by hypothesis of Cϕ, if σ(E) = 0, then σ(ϕ−1(E)) = 0, and µψ,ϕ,2(E) = 0 follows. So

||RkWψ,ϕ|| ≥ ||RkWψ,ϕ(gm)|| ≥ ||Wψ,ϕ(gm)|| − ||QkWψ,ϕ(gm)||
≥ µψ,ϕ,2(ϕ(E))− ||QkWψ,ϕ(gm)||.

for all m.
Fix k and let m→∞ and apply Lemma 3.2 we obtain

||RkWψ,ϕ|| ≥ (µψ,ϕ,2(ϕ(E)))1/2

for any k. Now let k →∞, by Lemma 3.1 we have the desired lower estimate on ||Wψ,ϕ||e.
Now we turn to the upper estimate.
Take K as in Lemma 3.3, for any g ∈ H∞ with ||g||∞ = 1, we have

||Wψ,ϕ(g)−K(g)||2 = ||ψ · g ◦ ϕ− P (χEcεψ · (f ◦ ϕ))||2
= ||P (χEεψ · (f ◦ ϕ))||2 ≤ ||χEcεψ · (f ◦ ϕ)||2

= (
∫
Eε

|ψ · g ◦ ϕ|2dσ)
1
2 ≤ ||g ◦ ϕ||∞(

∫
Eε

|ψ|2dσ)
1
2

≤ ||g ◦ ϕ||∞(
∫
ϕ−1(ϕ(Eε))∩∂Bn

|ψ|2dσ)
1
2

= ||g ◦ ϕ||∞(µψ,ϕ,2(ϕ(Eε)))1/2.

Let εm ↓ 0 and Km the corresponding operator defined by

Km(f) = P (χEcεmψ · (f ◦ ϕ)).

For p = ∞ we have

||Wψ,ϕ||e ≤ ||Wψ,ϕ −Km|| ≤ (µψ,ϕ,2(ϕ(Eεm)))1/2

for all m, and let m→∞, as desired.

Corollary 3.1. Wψ,ϕ : H∞ → H2 is compact if and only if ψ ∈ H2 and σ(E) = 0.

Proof If Wψ,ϕ is compact, it is obviously bounded, it follows from Lemma 3.1 that
ψ ∈ H2. From Theorem 3.1, the compactness of Wψ,ϕ implies µψ,ϕ,2(ϕ(E)) = 0, so
σ(ϕ−1(ϕ(E))∩∂Bn) = 0 (see 5.5.9 in [Rud]), therefore 0 ≤ σ(E) ≤ σ(ϕ−1(ϕ(E))∩∂Bn) =
0, σ(E) = 0.

On the other hand, if ψ ∈ H2, from the proof of theorem 3.1, it follows that

||Wψ,ϕ||e ≤ (
∫
Eε

|ψ|2dσ)
1
2

when ε→ 0 and since σ(E) = 0, we get ||Wψ,ϕ||e = 0, so Wψ,ϕ is compact.
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In the above proof, set ψ = 1 ∈ H2, then ||W1,ϕ||e = ||Cϕ||e ≤ σ(E)1/2. And if set
ψ = 1 in theorem 3.1, then

||Cϕ||e ≥ (µ1,ϕ,2(E))1/2 = σ(ϕ−1(ϕ(E)))1/2,

so σ(ϕ−1(ϕ(E))) = σ(E), we have the following Corollary

Corollary 3.2. (Theorem 1 in[GorM]) Cϕ : H∞ → H2 is bounded and

||Cϕ||e = σ(E)1/2.

Case 2. p = ∞, q 6= 2

Theorem 3.2. Suppose Wψ,ϕ : H∞ → Hq (q > 1), and ψ ∈ Hq, then

1
2
(µψ,ϕ,q(ϕ(E)))1/q ≤ ||Wψ,ϕ||e ≤ 2(µψ,ϕ,q(ϕ(E)))1/q.

Proof We consider upper estimate first. Obviously Wψ,rϕ is compact for any fixed
0 < r < 1. Let Eε = {ξ ∈ ∂Bn : |ϕ(ξ)| ≥ 1 − ε} and let Ecε denote its complement in
∂Bn. So

||Wψ,ϕ −Wψ,rϕ|| = sup
||f ||∞=1

||(Wψ,ϕ −Wψ,rϕ)f ||q

= sup
||f ||∞=1

(
∫
∂Bn

|ψ(f ◦ ϕ)− ψ(f ◦ (rϕ))|qdσ)1/q

= sup
||f ||∞=1

(
∫
Eε

|ψ(f ◦ ϕ)− ψ(f ◦ (rϕ))|qdσ)1/q

+ sup
||f ||∞=1

(
∫
Ecε

|ψ(f ◦ ϕ)− ψ(f ◦ (rϕ))|qdσ)1/q.

Apply Lemma 2.4, we can choose r sufficiently close to 1 to make the second term less
than ε||ϕ||q. For the first term, the triangle inequality yields

|f ◦ ϕ(ξ)− f ◦ (rϕ)(ξ)| ≤ 2

So, the first term is less than

2(
∫
Eε

|ψ|qdσ)1/q ≤ 2(
∫
ϕ−1(ϕ(Eε))∩∂Bn

|ψ|qdσ)1/q = 2(µψ,ϕ,q(ϕ(Eε)))1/q.

Let εm ↓ 0, and Eεm = {ξ ∈ ∂Bn : |ϕ(ξ)| ≥ 1− εm}, then µψ,ϕ,q(ϕ(Eεm)) → µψ,ϕ,q(ϕ(E)),
the upper estimate follows.

Now we turn to lower estimate. Let f be a non-constant inner function in Bn, K is
any compact operator. For any positive integer m, the sequence {fm} are in the unit
ball of H∞, So there exists a subsequence {fmk} such that {K(fmk)} converges in norm.
Therefore, given ε > 0, there exists M such that ||K(fmk) − K(fml)||q < ε for any
k, l > M . Fix k > M , there exists r with 0 < r < 1 such that (ψ(f ◦ ϕ)mk)r(z) =
ψ(rz)(f ◦ ϕ(rz))mk satisfies

||(ψ(f ◦ ϕ)mk)r||q ≥ ||(ψ(f ◦ ϕ)mk)|| − ε.

Thus, for m ≥M

||Wψ,ϕ −K|| ≥ ||(Wψ,ϕ −K)
fmk − fml

2
||q

≥ (1/2)||(ψ(f ◦ ϕ)mk)− (ψ(f ◦ ϕ)ml)||q − ε/2
≥ (1/2)(||(ψ(f ◦ ϕ)mk)||q − ||(ψ(f ◦ ϕ)ml)||q)− ε/2
≥ (1/2)(||(ψ(f ◦ ϕ)mk)||q − ||(ψ(f ◦ ϕ)ml)r||q)− ε.
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letting l→∞ and h = fmk , we have

||Wψ,ϕ −K|| ≥ (1/2)(||(ψ(f ◦ ϕ)mk)||q − ε

= (1/2)(
∫
∂Bn

|ψ∗ · (h∗ ◦ ϕ∗)|qdσ)1/q − ε

= (1/2)(
∫
Bn

|h∗|qdµψ,ϕ,q)1/q − ε

≥ (1/2)(
∫
ϕ(E)

|h∗|qdµψ,ϕ,q)1/q − ε

≥ (1/2)(µψ,ϕ,q(ϕ(E)))1/q − ε

Now letting ε→ 0 yields the result.

Corollary 3.3. Wψ,ϕ : H∞ → Hq is compact if and only if ψ ∈ Hq and σ(E) = 0.

Proof Combining Lemma 3.1 and Theorem 3.2, the corollary follows.

Corollary 3.4. (Theorems 2 and 3 [GorM] Cϕ : H∞ → Hq is bounded and

1
2
σ(E)1/q ≤ ||Cϕ||e ≤ 2σ(E)1/q.

Proof Let ψ = 1 ∈ Hq, then Wψ,ϕ = Cϕ, the corollary follows by Theorem 3.2.

4. From Hp to Hq for 1 < q < p <∞

Theorem 4.1. Assume Wψ,ϕ : Hp → Hq (1 < p < ∞) is bounded, then ||Wψ,ϕ||e ≥
(µψ,ϕ,q(ϕ(E)))1/q.

Proof Let g be a non-constant inner function on Bn and set h = gm for a positive
integer m. Then ||gm||p = 1 for any m, and gm converges weakly to 0 as m → ∞, thus
||Kfw|| → 0 for any compact operator from HP to Hq when |w| → 1. Like in Theorem
3.1, we have

||Wψ,ϕ −K|| ≥ lim sup
m→∞

||(Wψ,ϕ −K)(gm)||q

≥ lim sup
m→∞

||Wψ,ϕ(gm)||q − lim sup
m→∞

||K(gm)||q

= lim sup
m→∞

||Wψ,ϕ(gm)||q = lim sup
m→∞

(
∫
∂Bn

|ψ∗ · (h∗ ◦ ϕ∗)|qdσ)1/q

= lim sup
m→∞

(
∫
Bn

|h∗|dµψ,ϕ,q)1/q ≥ lim sup
m→∞

(
∫
ϕ(E)

|h∗|dµψ,ϕ,q)1/q

≥ (µψ,ϕ,2(ϕ(E)))1/q.

This ends the proof.

Corollary 4.1. Assume Wψ,ϕ : Hp → Hq, p > 1, 0 < q <∞ is compact, then σ(E) = 0.

Remark 1. We will show that when 0 < p < q <∞ and Wψ,ϕ : Hp → Hq is bounded,
then µψ,ϕ,q(ϕ(E)) = 0 (see Corollary 6.1), So the above estimate is useless.

Theorem 4.2. Suppose 1 < q < p <∞ and there exists r > q such that Wψ,ϕ : Hp → Hr

(1 < p <∞) is bounded, then

||Wψ,ϕ||e ≤ ||P || · ||Wψ,ϕ||p,r · σ(E)
r−q
qr

where P is the Szegö projection of Lq(σ) onto Hq.
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Proof We consider the operator K : Hp → Hq defined by

K(f) = P (χEcεψ · (f ◦ ϕ)),

where P is the Szegö projection of Lq(σ) onto Hq. Like in Lemma 3.3, K is compact
operator from Hp to Hq. So for any g ∈ Hp with ||g||p = 1, we have

||Wψ,ϕ(g)−K(g)||q = ||ψ · g ◦ ϕ− P (χEcεψ · (f ◦ ϕ))||q
= ||P (χEεψ · (f ◦ ϕ))||q
≤ ||P || · ||χEcεψ · (f ◦ ϕ)||q

= ||P || · (
∫
Eε

|ψ · g ◦ ϕ|qdσ)
1
q

≤ ||P || · (
∫
∂Bn

χEcε |ψ · g ◦ ϕ|
qdσ)

1
q

≤ ||P || · ||Wψ,ϕ(g)||rσ(Eε)
r−q
qr

≤ ||P || · ||Wψ,ϕ||p,r · σ(Eε)
r−q
qr .

Letting ε→ 0 yields the conclusion.

5. From Hp to H∞

Theorem 5.1. For Wψ,ϕ : Hp → H∞, and 0 < p < ∞, then Wψ,ϕ is bounded if and
only if sup

z∈Bn

|ψ(z)|
(1−|ϕ(z)|2)n/p

<∞.

Proof ” ⇒ ” For any w ∈ Bn, define fw(z) = (1−|w|2)n/p

(1−<z,w>)2n/p
, and it is easy to check

||fw||p = 1. So

C ≥ ||Wψ,ϕ|| = sup
||f ||p=1

||Wψ,ϕf ||∞ ≥ sup
z∈Bn

||Wψ,ϕfw||∞

= sup
w∈Bn

sup
z∈Bn

|ψ(z)||fw(ϕ(z))|

setting w = ϕ(z), as desired.
” ⇐ ”

||Wψ,ϕ|| = sup
||f ||p=1

||Wψ,ϕ||∞ = sup
||f ||p=1

sup
z∈Bn

|ψ(z)f(ϕ(z))|

≤ sup
||f ||p=1

sup
z∈Bn

|ψ(z)| ||f ||p
(1− |ϕ(z)|2)n/p

= sup
z∈Bn

|ψ(z)|
(1− |ϕ(z)|2)n/p

Theorem 5.2. For Wψ,ϕ : Hp → H∞ (p > 1), and Wψ,ϕ is bounded, then

lim
δ→0

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)|
(1− |ϕ(z)|2)n/p

≤ ||Wψ,ϕ||e

≤ 2 lim
δ→0

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)|
(1− |ϕ(z)|2)n/p

.

Proof We consider the upper estimate first.
For any fixed 0 < r < 1, it is easy to check that Wψ,rϕ is compact. Thus

||Wψ,ϕ||e ≤ ||Wψ,ϕ −Wψ,rϕ||.
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Now for any 0 < δ < 1

||Wψ,ϕ −Wψ,rϕ|| = sup
||f ||p=1

||(Wψ,ϕ −Wψ,rϕ)f ||∞

= sup
||f ||p=1

sup
z∈Bn

|ψ(z)| · |f(ϕ(z))− f(rϕ(z))|

≤ ||ψ||∞ sup
||f ||p=1

sup
dist(ϕ(z),∂Bn)≥δ

|f(ϕ(z))− f(rϕ(z))|

+ sup
||f ||p=1

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)| · |f(ϕ(z))− f(rϕ(z))|.

From Lemma 2.4, we can choose r sufficiently close to 1 such that the first term of the
right hand side is less than any given ε. And we denote the second term by I. Then,

I ≤ sup
||f ||p=1

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)| · (|f(ϕ(z))|+ |f(rϕ(z))|)

≤ sup
||f ||p=1

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)|( ||f ||p
(1− |ϕ(z)|2)n/p

+
||f ||p

(1− |rϕ(z)|2)n/p
)

≤ 2 sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)|
(1− |ϕ(z)|2)n/p

.

Now let r → 1 first, then let δ → 0, we get the desired upper estimate.
We now turn to the lower estimate.
Let K be any compact operator from Hp to H∞. For any w ∈ Bn define fw(z) =

(1−|w|2)n/p

(1−<z,w>)2n/p
, it is easy to check ||fw||p = 1 and fw converge weakly to 0 as |w| → 1, thus

||Kfw|| → 0 when |w| → 1.
So for any 0 < δ < 1

||Wψ,ϕ −K|| ≥ lim sup
|w|→1

||(Wψ,ϕ −K)fw||∞

≥ lim sup
|w|→1

||Wψ,ϕfw||∞ − lim sup
|w|→1

||Kfw||∞

= lim sup
|w|→1

sup
z∈Bn

|ψ(z)||fw(ϕ(z))|

≥ lim sup
|w|→1

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)||fw(ϕ(z))|

Let δ → 0 then |ϕ(z)| → 1 and set w = ϕ(z), we obtain the lower estimate of ||Wψ,ϕ||e.

Corollary 5.1. Assume Wψ,ϕ : Hp → H∞ is bounded, then it is compact if and only if

lim
δ→0

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)|
(1− |ϕ(z)|2)n/p

= 0.

Remark 2. If ||ϕ||∞ < 1, then E = {z ∈ Bn|ϕ(z) = 1} = ∅, without the loss of
generality, we set

lim
δ→0

sup
dist(ϕ(z),∂Bn)<δ

|ψ(z)|
(1− |ϕ(z)|2)n/p

= 0.

6. From Hp to Hq for 1 < p ≤ q <∞

Definition Let β ≥ 1. A finite and positive measure µ on is called a β − Carleson
measure. If there is a constant M ≤ ∞ such that µ(Sh(ξ)) ≥Mhnβ for all ξ ∈ ∂Bn and
0 < h < 2, and it is called vanishing β − Carleson measure if lim

h→0
sup
ξ∈∂Bn

µ(Sh(ξ))
hnβ

= 0.
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Lemma 6.1. (see corollary 2 in [LS1]). Let µ be a finite and positive measure on Bn,
and 0 < p ≤ q <∞, then the following statement are equivalent:

(i) µ is a bounded q
p − Carleson measure.

(ii) There is a constant C <∞ so that∫
Bn

|f |pdµ ≤ C||f ||qp

for all f in Bn.

Lemma 6.2. ([X]) Suppose that 0 < p ≤ q <∞ and Wψ,ϕ : Hp → Hq is bounded, then
the following conditions are equivalent:

(i) µψ,ϕ,q is vanishing q
p − Carleson measure

(ii) Wψ,ϕ : Hp → Hq is compact operator.

Theorem 6.1. For Fixed 0 ≤ p ≤ q <∞, then the following statement are equivalent:
(i) µψ,ϕ,q is a bounded q

p − Carleson measure.
(ii) Wψ,ϕ : Hp → Hq is bounded.
(iii)

sup
z∈Bn

∫
Bn

(1− |z|2)nq/p

|1− < w, z > |2nq/p
dµψ,ϕ,q(w) <∞.

Proof (i) ⇒ (ii)
From Lemma 3.4 , if µψ,ϕ,q is bounded q

p −Carleson measure, then there exists constant
C such that ∫

Bn

|f |pdµψ,ϕ,q ≤ C||f ||qp

for any f ∈ Hp(Bn). Apply Lemma 2.1, and put g = |f |q, we have∫
Bn

|f |qdµψ,ϕ,q =
∫
∂Bn

|ψ|q|f ◦ ϕ|qdσ = ||Wψ,ϕf ||qq.

So
||Wψ,ϕ(f)||q ≤ C1/q||f ||p

for any f ∈ Hp(Bn). That is, Wψ,ϕ : Hp → Hq is bounded.
(ii) ⇒ (iii)

For any z ∈ Bn , set fz(w) = (1−|z|2)n/p

(1−<w,z>)2n/p
, then ||fw||p = 1

C ≥ ||Wψ,ϕ||q = sup
||f ||p=1

||Wψ,ϕf ||qq ≥ sup
z∈Bn

||Wψ,ϕfz||qq

= sup
z∈Bn

(
∫
∂Bn

|ψ|p|fz ◦ ϕ|qdσ) = sup
z∈Bn

∫
Bn

|fz|qdµψ,ϕ,q

= sup
z∈Bn

∫
Bn

(1− |z|2)nq/p

|1− < w, z > |2nq/p
dµψ,ϕ,q(w)

(iii) ⇒ (i)
Assume that

M = sup
z∈Bn

∫
Bn

(1− |z|2)nq/p

|1− < w, z > |2nq/p
dµψ,ϕ,q(w) <∞

we show that µψ,ϕ,q is a bounded q
p − Carleson measure.

First let z = 0, then µψ,ϕ,q(Bn) ≤ M . Thus µψ,ϕ,q is finite and hence µψ,ϕ,q(Sh(ξ)) ≤
M ≤ 4Mhnq/p for all ξ ∈ ∂Bn and h ≥ (1

4)
1

nq/p . Suppose h ≤ (1
4)

1
nq/p and ξ ∈ ∂Bn. Let
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ξ0 = (1− h
2 )ξ, then for any w ∈ Sh(ξ),

|1− < w, ξ0 > | = |1− h

2
+
h

2
− < w, ξ0 > |

= |(1− h

2
)(1− < w, ξ >) +

h

2
|

≤ |(1− h

2
)h|+ h

2
≤ 3h

2
and 1− |ξ0|2 = (1− |ξ0|)(1 + |ξ0|) ≥ (1− |ξ0|), we have

(1− |ξ0|2)nq/p

|1− < w, ξ0 > |2nq/p
≥ (1− |ξ0|)nq/p

3h
2

=
c

hnq/p
.

So

M ≥
∫
Bn

(1− |ξ0|2)nq/p

|1− < w, ξ0 > |2nq/p
dµψ,ϕ,q(w)

≥
∫
Sh(ξ)

c

hnq/p
dµψ,ϕ,q ≥

cµψ,ϕ,q(Sh(z))
hnq/p

.

Therefore, µψ,ϕ,q is bounded q
p − Carleson measure.

Corollary 6.1. If 0 < p < q <∞ and Wψ,ϕ : Hp → Hq is bounded, then µψ,ϕ,q(ϕ(E)) =
0.

Proof Denote g the Radon − Nikodým derivative of µψ,ϕ,q|∂Bn with respect to σ,
µψ,ϕ,q is absolutely continuous with respect to σ on ∂Bn, so it follows that

g(b) = lim
h→0

1
σ(Sh(b))

∫
Sh(b)

gdσ = lim
h→0

µψ,ϕ,q(Sh(b))
σ(Sh(b))

≥ lim
h→0

Chnq/p−n = 0

almost everywhere in ∂Bn. Where the penultimate inequality uses the fact that σ(Sh(b))
is roughly proportional to hn(see P67 in [Rud]). Now we have µψ,ϕ,q|∂Bn=0, the corollary
is proved.

Theorem 6.2. For fixed 1 < p ≤ q < ∞ and weighted composition operator Wψ,ϕ :
Hp → Hq is bounded, then

||Wψ,ϕ||e ≥ lim
|w|→1

∫
Bn

(1− |w|2)nq/p

|1− < z,w > |2nq/p
dµψ,ϕ,q(z).

Proof Let K be any compact operator from Hp to H∞. For any w ∈ Bn define
fw(z) = (1−|w|2)n/p

(1−<z,w>)2n/p
, it is easy to check ||fw||p = 1 and fw converge weakly to 0 as

|w| → 1, thus ||Kfw|| → 0 when |w| → 1. So for any 0 < δ < 1,

||Wψ,ϕ −K|| ≥ lim sup
|w|→1

||(Wψ,ϕ −K)fw||q

≥ lim sup
|w|→1

||Wψ,ϕfw||q − lim sup
|w|→1

||Kfw||q

= lim sup
|w|→1

∫
∂Bn

|ψ(z)|q (1− |w|2)nq/p

|1− < ϕ(z), w > |2nq/p
dσ(z)

≥ lim sup
|w|→1

∫
Bn

(1− |w|2)nq/p

|1− < z,w > |2nq/p
dµψ,ϕ,q(z)

The conclusion follows.
We cannot give the upper estimate in the above form, but we have the following

theorem.
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Theorem 6.3. Assume 1 < p ≤ q < ∞ and Wψ,ϕ : Hp → Hq is bounded, then Wψ,ϕ :
Hp → Hq is compact if and only if

lim
|w|→1

∫
Bn

(1− |w|2)nq/p

|1− < z,w > |2nq/p
dµψ,ϕ,q(z) = 0.

Proof The necessary condition follows by theorem 6.2. We consider the sufficient
condition. By Lemma 6.2, we only have to show µψ,ϕ,q is vanishing q

p−Carlesonmeasure.
From the proof of (iii) ⇒ (i) in theorem 6.1, for any z ∈ ∂Bn, set |z0| = 1− h

2 . Suppose

lim
|w|→1

∫
Bn

(1− |w|2)nq/p

|1− < z,w > |2nq/p
dµψ,ϕ,q(z) = 0.

That is , ∀ε > 0,∃1 > r > 0, when |w| > r we have

|
∫
Bn

(1− |w|2)nq/p

|1− < z,w > |2nq/p
dµψ,ϕ,q(z)| < ε.

When h < 2(1− r), for any z ∈ ∂Bn, the corresponding |z0| > r, so

ε >

∫
Bn

(1− |z0|2)nq/p

|1− < w, z0 > |2nq/p
dµψ,ϕ,q(w)

≥
∫
Sh(z)

c

hnq/p
dµψ,ϕ,q

≥
cµψ,ϕ,q(Sh(z))

hnq/p
.

This is true for any z ∈ ∂Bn. So µψ,ϕ,q is vanishing q
p − Carleson measure.
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1. Introduction

The continuous wavelet transform for a given signal f is a time-frequency localization

method and it is considered as an alternative of the windowed Fourier transform. The

wavelet transform determines better than the windowed Fourier transform the localization

of high and low-frequencies w for a specific time t [1].

The continuous wavelet transform with respect to an “admissible” function has been

used to detect singularities of functions in the Hilbert space L2.R/. For example, by using

a reconstruction formula given by Grossmann-Morlet-Paul [4], and the locally compact

topological group

G D f .a; b/ j a 2 R n f0g; b 2 R g; (1)

and a group representation U acting on the Hilbert space L2.R/ given by

U.a; b/h .x/ D
1p
jaj
h

�
x � b

a

�
; (2)

it was proved that for a given function f in L2.R/, the singularities of the continuous

wavelet transform .Lhf /.a; b/ are the singularities of f [7].
1
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2 THE ABSTRACT WAVELET TRANSFORM

In two dimensions, the continuous wavelet transform has been used to study singularities

of distributions u in S 0.R2/. In this case, the wavelet transform of u yields a function on

phase space whose high-frequency singularities are precisely the elements in the wave front

set of u [9].

For n dimensions [6], one option is to consider a radially symmetric function h. In this

case, the group is given by

G D f.a; b/ j a > 0 and b 2 R
ng (3)

and the representation U of G acting on L2.Rn/ is taken as

.U.a; b/h/.x/ D 1

a
n
2
h.x�b

a
/. As before, the singularities of f in L2.Rn/ are the singu-

larities of .Lhf /.a; b/ [8].

In [10], we consider a second option for h, with just two conditions; h in C1
0 .Rn/ and

yh.0/ D 0. That is, if we drop the condition that h is radially symmetric, then we need

extra parameters besides a in R
C and b 2 R

n to define a locally compact topological group

G so that the representation U of G acting on L2.Rn/ satisfies the condition that as a ! 0,

then .U.g/h/.x/ with g in G concentrates around x D b. In this case, the locally compact

topological group is taken as

G D
˚
.a; b; �/ j a > 0; b 2 R

2; and � 2 Œ0; 2�/
	
; (4)

and then, it is proved again that the singularities of f are the singularities of .Lhf /.a; b/.

For a product of two locally compact groups, the wavelet transform as well as its inverse

were studied by means of a special homogeneous space [2].

In this paper, we follow the locally compact topological groups point of view, to define

the wavelet transform, where our group G is given as the product of n C 1 locally com-

pact topological groups A1; A2; : : : ; An; B, by means of a square integrable, irreducible, and

unitary representation acting on the Hilbert space L2.
Qn

iD1Ai /, where this representation

depends of nC 1 parameters ai 2 Ai , with i D 1; 2; : : : ; n, and b 2 B so that the inversion

formula is obtained for a given function f 2 L2.
Qn

iD1Ai /. A reproducing kernel Hilbert

space on L2.G/ is given as well as a sampling formula for functions in the image of the

wavelet transform. Moreover, we study different characterizations of the wavelet transform

by using the Fourier transform, and the convolution of two functions.

2. Notations and definitions

Let us begin by defining a homomorphism for an Abelian locally compact topological

group. So, consider n C 1 locally compact topological groups A1; A2; : : : ; An and B where

267



JAIME NAVARRO 3

A1; A2; : : : ; An are Abelian. Now, for each b 2 B consider the map

�b W A ! A, where A D
Qn

iD1 Ai such that for a D .a1; a2; : : : ; an/ 2 A,

a ! �b.a/ D .�b.a1/; �b.a2/; : : : ; �b.an//

is a homeomorphism. Note that for i D 1; 2; : : : ; n the homomorphism � from B into the

group of all automorphisms of Ai given by .ai ; b/ ! �b.ai / is continuous on Ai � B to Ai .

On the other hand, for a D .a1; a2; : : : ; an/ and a0 D .a0
1; a

0
2; : : : ; a

0
n/ in A define

aa0 D .a1; a2; : : : ; an/.a
0
1; a

0
2; : : : ; a

0
n/ D .a1a

0
1; a2a

0
2; : : : ; ana

0
n/:

So, A is an Abelian group, where eA D .e1; e2; : : : ; en/ is the identity with ei the identity in

Ai , and a�1 D .a1; a2; : : : ; an/
�1 D .a�1

1 ; a�1
2 ; : : : ; a�1

n / is the inverse with a�1
i the inverse in

Ai , for i D 1; 2; : : : ; n.

Definition 1. Define G as the product of A and B. That is, consider G D A � B D

f.a; b/ j a 2 A; and b 2 Bg : In G define

.a; b/.a0; b0/ D .a�b.a
0/; bb0/: (5)

Then, with this product G becomes a group, where eG D .eA; eB/ is the identity (eA is

de identity in A and eB is the identity in B), and where .a; b/�1 D .�b�1 .a�1/; b�1/ is the

inverse.

Note also that G D A � B is a locally compact topological group. Then we will denote

by d�G.a; b/ the left Haar measure on G, the left Haar measure on A by d�A.a/ and the

left Haar measure in B by d�B.b/.

Definition 2. Given a group G and a set E, an action of G on E is a map

.s; x/ ! sx of G � E ! E such that

1) ex D x for any x in E, and where e is the identity in G

2) s.tx/ D .st/x for any x in E, and where s; t are in G.

Then we have the following Lemma.

Lemma 1. The function � W G � A ! A given by .a; b/ � x D a�b.x/ is an action of G on

A where .a; b/ 2 G and x 2 A.

Proof.

1) Let eG D .eA; eB/ be the identity in G, and let x be in A. Then

eG � x D .eA; eB/ � x D eA�eB
.x/ D �eB

.x/ D x:

2) Let .a; b/ and .a0; b0/ be in G, and let x be in A. Then

.a; b/
�
.a0; b0/ � x

�
D .a; b/

�
a0�b0 .x/

�
D a�b

�
a0�b0.x/

�

D a�b.a
0/�bb0.x/ D .a�b.a

0/; bb0/ � x D
�
.a; b/.a0; b0/

�
� x:
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2

Definition 3. Let G be a locally compact topological group. The support of the function

f W G ! C denoted by supp.f / is defined as the closure of fx 2 Gjf .x/ ¤ 0g, and C0.G/

is defined as the set of continuous functions f W G ! C such that supp.f / is compact.

Definition 4. Let G be a locally compact topological group, H a closed subgroup of G. A

measure � ¤ 0 on G=H is said to be relatively invariant under G if for each s 2 G there is

a function � W G ! .0;1/ such that for every function h 2 C0.G=H/, we have
Z

G=H

h.s�1z/d�.z/ D �.s/

Z

G=H

h.z/d�.z/

In this case, the function � W G ! .0;1/ is a continuous homomorphism such that

�.z/ D �H .z/
�G .z/

with z 2 H and where �H and �G are the modular functions on H and G

respectively.

Lemma 2. Let G be a locally compact topological group, and let H be a closed subgroup of

G. If there is a continuous positive homomorphism � on G satisfying �.g/ D �H .g/
�G .g/

with

g 2 H , then there exists on G=H a relatively invariant measure � [11].

In our case, for G D A�B, there is a positive continuous homomorphism � W G ! .0;1/

that satisfies Lemma 2 for h in C0.A/ [2]. That is, for any h 2 C0.A/ we have
Z

A

h
�
.a; b/�1 � x

�
d�A.x/ D �.a; b/

Z

A

h.x/d�A.x/: (6)

Definition 5. For 1 � p < 1 and for a complex valued function defined on the locally

compact topological group A, define

Lp.A/ D

�
h W A ! C

ˇ̌ Z

A

jh.x/jpd�A.x/ < 1

�

where d�A.x/ is the left Haar measure on A.

Formula (6) can be extended for all h 2 L1.A/ [11]. So, from now on consider � W G !

.0;1/ satisfying (6) for h 2 L1.A/.

3. Unitary operators

Definition 6. For h 2 L2.A/ define the following operators

1/ .Jah/.x/ D
1p

�.a; eB /
hŒ.a; eB/

�1 � x�;

where .a; eB/ 2 G; x 2 A, and a 2 A:

2/ .Tbh/.x/ D
1p

�.eA; b/
hŒ.eA; b/

�1 � x�;

where .eA; b/ 2 G; x 2 A; and b 2 B:
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Lemma 3. For the operators Ja and Tb,

1/ JaJa0 D Jaa0; where a; a0 2 A:

2/ TbTb0 D Tbb0; where b; b0 2 B:

3/ TbJa D J�b.a/;Tb; and JaTb D TbJ�
b�1 .a/; where a 2 A; and b 2 B:

Proof.

1)

.JaJa0h/.x/ D ŒJa.Ja0h/�.x/ D
1p

�.a; eB/
.Ja0h/Œ.a; eB /

�1 � x�

D
1p

�.a; eB/

1p
�.a0; eB/

hŒ.a0; eB/
�1.a; eB /

�1 � x�

D
1p

� Œ.a; eB/.a0; eB/�
h
�
..a; eB /.a

0; eB//
�1 � x

�
D

1p
�.aa0; eB/

hŒ.aa0; eB/
�1 � x� D .Jaa0h/.x/:

2)

.TbTb0h/.x/ D ŒTb.Tb0h/�.x/ D
1p

�.eA; b/
.Tb0h/Œ.eA ; b/

�1 � x�

D
1p

�.eA; b/

1p
�.eA; b0/

hŒ.eA; b
0/�1.eA; b/

�1 � x�

D
1p

�Œ.eA; b/.eA; b0/�
h
�
..eA; b/.eA; b

0//�1 � x
�

D
1p

�.eA; bb0/
hŒ.eA; bb

0/�1 � x� D .Tbb0h/.x/:

3) On one hand,

.TbJah/.x/ D ŒTb.Jah/�.x/ D
1p

�.eA ; b/
.Jah/Œ.eA; b/

�1 � x�

D
1p

�.eA; b/

1p
�.a; eB /

hŒ.a; eB/
�1.eA; b/

�1 � x�

D
1p

�Œ.eA; b/.a; eB/�
h
�
..eA; b/.a; eB//

�1 � x
�

D
1p

�.�b.a/; b/
hŒ.�b.a/; b/

�1 � x�:

On the other hand,

.J�b.a/Tbh/.x/ D
1p

�.�b.a/; eB /
.Tbh/Œ.�b.a/; eB /

�1 � x�

D
1p

�.�b.a/; eB /

1p
�.eA; b/

hŒ.eA; b/
�1.�b.a/; eB /

�1 � x�

D
1p

�Œ.�b.a/; eB /.eA; b/�
hŒ..�b.a/; eB /.eA; b//

�1 � x�

D
1p

�.�b.a/�eB
.eA/; eBb/

hŒ.�b.a/�eB
.eA/; eBb/

�1 � x� D
1p

�.�b.a/; b/
hŒ.�b.a/; b/

�1 � x�:

In a similar way, it can be proved that JaTb D TbJ�
b�1 .a/: �

Lemma 4. For a 2 A and b 2 B, the operators Ja and Tb are unitary operators.
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Proof. Let h be in L2.A/. Then by (6),

1)

jjJahjj2 D

Z

A

j.Jah/.x/j
2 d�A.x/ D

Z

A

.Jah/.x/.Jah/.x/d�A.x/

D

Z

A

1p
�.a; eB /

h..a; eB /
�1 � x/

1p
�.a; eB /

h..a; eB /
�1 � x/d�A.x/

D
1

�.a; eB /

Z

A

.hh/..a; eB /
�1 � x/d�A.x/

D
1

�.a; eB /
�.a; eB /

Z

A

.hh/.x/d�A.x/ D

Z

A

jh.x/j2d�A.x/ D jjhjj2:

2)

jjTbhjj2 D

Z

A

j.Tbh/.x/j
2d�A.x/ D

Z

A

.Tbh/.x/.Tbh/.x/d�A.x/

D

Z

A

1p
�.eA; b/

h..eA ; b/
�1 � x/

1p
�.eA; b/

h..eA ; b/
�1 � x/d�A.x/

D
1

�.eA ; b/

Z

A

.hh/..eA ; b/
�1 � x/d�A.x/

D
1

�.eA ; b/
�.eA; b/

Z

A

.hh/.x/d�A.x/ D

Z

A

jh.x/j2d�A.x/ D jjhjj2:

Moreover, since J �
a D J�1

a D Ja�1; and T �
b

D T �1
b

D Tb�1 ; it follows that both, Ja and

Tb are unitary. �

4. Fourier transform

Definition 7. Let G be a locally compact topological Abelian group, and let

T D fz 2 C j jzj D 1g. We say that the function � W G ! T is a character on G if �

is a continuous homomorphism.

Definition 8. Given a locally compact topological Abelian group G, we define the dual group

of G as

bG D f� W G ! T j � is a characterg

In this case we denote �.g/ D hg; �i where g 2 G and � 2 bG:

Note that bG is clearly an Abelian group under pointwise multiplication

.�1�2/.g/ D �1.g/�2.g/. Its identity element is the constant function 1 and the inverse

element is ��1.g/ D �.g/ D �.g�1/.

The dual group of a locally compact topological Abelian group is used to define an

abstract version of the Fourier transform.

Definition 9. Given h 2 L1.G/, the Fourier transform of h is the function bh W bG ! C

defined by

bh.�/ D

Z

G

h.g/�.g/d�G.g/; (7)
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where the integral is relative to the left Haar measure on G.

Definition 10. For a function h 2 L1.bG/, the inverse Fourier transform of h is the function

zh W G ! C defined as

zh.g/ D

Z

bG
h.�/�.g/d�bG .�/; (8)

where d�bG.�/ is the left Haar measure on bG.

Then for h 2 L1.G/ andbh 2 L1.bG/,

h.g/ D

Z

bG
bh.�/�.g/d�bG .�/:

Lemma 5. For h 2 C0.A/ we have

1/ 1.Jah/.�/ D
p
�.a; eB / �.a/ bh.�/

2/ 1.Tbh/.�/ D
p
�.eA; b/ bh.� ı �b/;

where � 2 bA; a 2 A, and b 2 B.

Proof.

1) Note that since

1.Jah/.�/ D

Z

A

.Jah/.x/�.x/d�A.x/ D

Z

A

1p
�.a; eB /

h..a; eB /
�1 � x/�.x/d�A.x/;

and by Lemma 1,

�.x/ D �Œaa�1�eB
.x/� D �.a/�Œ.a�1; eB/ � x� D �.a/�Œ.a; eB/

�1 � x�;

it follows from (6) that

1.Jah/.�/ D

Z

A

1p
�.a; eB /

h..a; eB /
�1 � x/ �.a/ �..a; eB /�1 � x/d�A.x/

D
1p

�.a; eB/
�.a/

Z

A

.h�/..a; eB /
�1 � x/d�A.x/

D
1p

�.a; eB/
�.a/�.a; eB /

Z

A

.h�/.x/d�A.x/

D
p
�.a; eB/ �.a/

Z

A

h.x/�.x/d�A.x/ D
p
�.a; eB / �.a/ bh.�/:

2) Similarly, since

1.Tbh/.�/ D

Z

A

.Tbh/.x/�.x/d�A.x/ D

Z

A

1p
�.eA; b/

h..eA ; b/
�1 � x/�.x/d�A.x/;

and

�.x/ D � Œ�bb�1.x/� D � Œ�b.�b�1.x//� D � Œ�b.eA�b�1.x//�

D �
�
�b..eA ; b

�1/ � x/
�

D �
�
�b..eA; b/

�1 � x/
�

D .� ı �b/..eA ; b/
�1 � x/;
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it follows from (6) that

1.Tbh/.�/ D

Z

A

1p
�.eA; b/

h..eA; b/
�1 � x/.� ı �b/..eA ; b/�1 � x/d�A.x/

D
1p

�.eA; b/

Z

A

.h � � ı �b/..eA ; b/
�1 � x/d�A.x/

D
1p

�.eA; b/
�.eA ; b/

Z

A

.h � � ı �b/.x/d�A.x/

D
p
�.eA; b/

Z

A

h.x/.� ı �b/.x/d�A.x/ D
p
�.eA; b/ bh.� ı �b/:

�

Corollary 1. Let h be in L1.A/. Then for a in A

3.JaTbh/.�/ D
p
�.a; b/ �.a/ bh.� ı �b/:

Proof. It comes from Lemma 5. �

Lemma 6. The function � W G � yA ! yA given by

Œ.a; b/ � ��.x/ D �Œ.a; b/ � x�

is an action of G on yA where x 2 A.

Proof.

1) .eG � �/.x/ D Œ.eA; eB/ � ��.x/ D �Œ.eA; eB/ � x� D �.x/.

2) One one hand,

.a; b/
�
.a0; b0/ � �

�
.x/ D ..a; b/ � �/

�
.a0; b0/ � x

�
D Œ.a; b/ � ��

�
a0�b0 .x/

�

D �
�
.a; b/ � a0�b0.x/

�
D �

�
a�b.a

0�b0.x//
�

D �
�
a�b.a

0/�bb0 .x/
�
:

On the other hand,

�
.a; b/.a0; b0/ � �

�
.x/ D

�
.a�b.a

0/; bb0/ � �
�
.x/

D �
�
.a�b.a

0/; bb0/ � x
�

D �
�
a�b.a

0/�bb0 .x/
�
:

This proves Lemma 6. �

Corollary 2. Let h be in L1.A/. Then for a 2 A,

1/ 1.Jah/.�/ D .Ja�1
bh/.�/

2/ 1.Tbh/.�/ D .Tb�1
bh/.�/

3/ 3.JaTbh/.�/ D .Ja�1Tb�1
bh/.�/:

Proof. Note that from Lemma 6,
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1)

.Ja�1
bh/.�/ D

1p
�.a�1; eB/

bh..a�1; eB/
�1 � �/ D

p
�.a; eB /

Z

A

h.x/Œ.a; eB/ � �� .x/d�A.x/

D
p
�.a; eB /

Z

A

h.x/�Œ.a; eB/ � x�d�A.x/ D
p
�.a; eB /

Z

A

h.x/�Œa�eB
.x/�d�A.x/

D
p
�.a; eB / �.a/

Z

A

h.x/�.x/d�A.x/ D
p
�.a; eB / �.a/bh.�/ D 1.Jah/.�/:

2)

.Tb�1
bh/.�/ D

1p
�.eA ; b�1/

bh..eA; b
�1/�1 � �/ D

p
�.eA; b/

Z

A

h.x/Œ.eA; b/ � �� .x/d�A.x/

D
p
�.eA ; b/

Z

A

h.x/�Œ.eA; b/ � x�d�A.x/ D
p
�.eA; b/

Z

A

h.x/�Œ.eA/�b.x/�d�A.x/

D
p
�.eA ; b/

Z

A

h.x/�.�b.x//d�A.x/ D
p
�.eA; b/bh.� ı �b/ D 1.Tbh/.�/:

3)
3.JaTbh/.�/ D .Ja�1

bTbh/.�/ D .Ja�1Tb�1
bh/.�/:

�

5. Unitary representation

Definition 11. For .a; b/ in G D A � B, define the n C 1 parameter family of operators

U.a; b/ D JaTb. Note that U.a; b/ acts on the Hilbert space L2.A/ by:

.U.a; b/h/.x/ D .JaTbh/.x/ D .Ja.Tbh//.x/ D
1p

�.a; eB/
.Tbh/

�
.a; eB /

�1 � x
�

D
1p

�.a; eB/

1p
�.eA; b/

h
�
.eA; b/

�1.a; eB /
�1 � x

�

D
1p

�..a; eB /.eA; b//
h
�
..a; eB /.eA; b//

�1 � x
�

D
1p

�.a; b/
h
�
.a; b/�1 � x

�
:

Lemma 7. U.a; b/ D JaTb is a unitary representation of G acting on the Hilbert space

L2.A/.

Proof. Note that since the operators Ja and Tb are unitary (Lemma 4), it follows that

U.a; b/ is unitary.

Now, let us prove that U.a; b/ is a representation of G acting on L2.A/.

On one hand, from Lemma 3,

U
�
.a; b/.a0; b0/

�
D U.a�b.a

0/; bb0/ D Ja�b.a0/Tbb0

D JaJ�b.a0/TbTb0 D JaTbJa0Tb0 D U.a; b/U.a0; b0/:
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On the other hand, since U.eA; eB/ D JeA
TeB

D I , where I is the identity operator, it

follows that U.a; b/ is a representation of G acting on L2.A/. �

Lemma 8. The left Haar measure on G D A � B is given by :

d.a; b/ D
1

�.a; b/
d�A.a/d�B .b/:

Proof. Let h be in L1.G/, then by (6)

Z

G

h
�
.a0; b0/�1.a; b/

�
d�A.a/d�B .b/ D �.a0; b0/

Z

G

h.a; b/d�A.a/d�B .b/:

Now, replacing h by h
�

we have

Z

G

h
�
.a0; b0/�1.a; b/

�

� Œ.a0; b0/�1.a; b/�
d�A.a/d�B .b/ D �.a0; b0/

Z

G

h.a; b/

�.a; b/
d�A.a/d�B .b/:

Then
Z

G

h
�
.a0; b0/�1.a; b/

� 1

�.a; b/
d�A.a/d�B .b/ D

Z

G

h.a; b/
1

�.a; b/
d�A.a/d�B .b/:

That is Z

G

h
�
.a0; b0/�1.a; b/

�
d.a; b/ D

Z

G

h.a; b/d.a; b/:

This shows that d.a; b/ is a left Haar measure on G. �

6. Admissibility condition

Definition 12. A function h in L2.A/ is said to be admissible if
Z

G

j hh; U.a; b/hi j2d.a; b/ < 1:

Lemma 9. Let h be in L1.A/ \L2.A/. If �.B/ < 1, then

Ch �

Z

B

jbh.� ı �b/j
2d�B.b/

is uniformly bounded for � 2 yA:

Proof. Note that since

bh.� ı �b/ D

Z

A

h.x/.� ı �b/.x/d�A.x/;

it follows that

jbh.� ı �b/j �

Z

A

jh.x/j j�.�b.x//jd�A.x/ D

Z

A

jh.x/jd�A.x/ D jjhjj1:

Hence, Ch � jjhjj21 �.B/ < 1: �

Lemma 10. Let h be in L1.A/ \ L2.A/ if

0 < Ch �

Z

B

jyh.� ı �b/j
2d�B.b/
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is uniformly bounded for � 2 yA, then h is admissible.

Proof. Since 0 < Ch < 1 for any � 2 yA and h is in L2.A/, it follows that

R � jjhjj2Ch D jjbhjj2Ch

D

�Z

yA
jbh.�/j2d� yA.�/

��Z

B

jbh.� ı �b/j
2d�B .b/

�
< 1:

Then R can be written as

R D

Z

B

Z

yA

ˇ̌
ˇbh.�/j2 jbh.� ı �b/

ˇ̌
ˇ
2

d� yA.�/d�B.b/

D

Z

B

�Z

yA

ˇ̌
ˇbh.�/

p
�.eA; b/ bh.� ı �b/

ˇ̌
ˇ
2

d� yA.�/
�

1

�.eA ; b/
d�B.b/:

Then by Corollary 1,

R D

Z

B

�Z

yA
jbh.�/bTbh.�/j

2d� yA.�/
�

1

�.eA; b/
d�B.b/

D

Z

B





bhbTbh






2

L2. yA/

1

�.eA; b/
d�B.b/

D

Z

B







S
�
bhbTbh

�






2

L2.A/

1

�.eA; b/
d�B.b/

D

Z

B

0
@
Z

A

ˇ̌
ˇ̌
ˇ
S
�
bhbTbh

�
.a/

ˇ̌
ˇ̌
ˇ

2

d�A.a/

1
A 1

�.eA; b/
d�B.b/

D

Z

B

 Z

A

ˇ̌
ˇ̌
Z

yA
.bhbTbh/.
/ 
.a/d� yA.
/

ˇ̌
ˇ̌
2

d�A.a/

!
1

�.eA; b/
d�B.b/

D

Z

B

Z

A

ˇ̌
ˇ̌
Z

yA
bh.
/

p
�.a; eB/ 
.a/ bTbh.
/d� yA.
/

ˇ̌
ˇ̌
2

1

�.a; b/
d�A.a/d�B .b/

D

Z

G

ˇ̌
ˇ̌
Z

yA
bh.
/.J.a/�1

bTbh/.
/d� yA.
/

ˇ̌
ˇ̌
2

d.a; b/

D

Z

G

ˇ̌
ˇ̌
D
bh; 1JaTbh

E
L2. yA/

ˇ̌
ˇ̌
2

d.a; b/

D

Z

G

ˇ̌
hh; JaTbhiL2.A/

ˇ̌2
d.a; b/

D

Z

G

j hh; U.a; b/hi j2d.a; b/:

That is Z

G

j hh; U. b/hi j2d.a; b/ D Chjjhjj2 < 1; (9)

which means that h is admissible. �
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7. The abstract wavelet transform

Definition 13. Given .a; b/ in G D A�B and h admissible in L2.A/, the abstract wavelet

transform with respect to h is defined as the linear operator

Lh.a; b/ W L2.A; d�A/ ! L2.G; d.a; b//

such that for any f in L2.A/ we have

.Lhf /.a; b/ D hf; U.a; b/hiL2.A/ :

That is,

.Lhf /.a; b/ D

Z

A

f .x/.U.a; b/h/ .x/d�A.x/ D

Z

A

f .x/
1p

�.a; b/
h..a; b/�1 � x/d�A.x/:

Now, in order to get back the function f from the abstract wavelet transform .Lhf /.a; b/,

we will apply the Grossmann-Morlet-Paul theorem [4], where the hypotheses for the repre-

sentation U.a; b/ are: unitary, irreducible and strongly continuous. In our case, our repre-

sentation is unitary, so the following lemmas will show that U.a; b/ D JaTb is irreducible

and strongly continuous.

Lemma 11. The representation U.a; b/ of the group G D A � B acting on L2.A/ is irre-

ducible.

Proof. Suppose h 2 L2.A/ n f0g and suppose f 2 L2.A/ is such that hf; U.a; b/hi D 0

for all .a; b/ in G. To show the representation U.a; b/ is irreducible [5], we will show that

f D 0 in L2.A/:

Under the assumptions we have
Z

G

j hf; U.a; b/hi j2d.a; b/ D 0;

but by (9),

0 D

Z

G

j hf; U.a; b/hi j2d.a; b/ D Chjjf jj2:

Since h is not identically zero, it follows that jjf jj D 0. Thus f D 0. �

Definition 14. For a function h W A ! C, define the left and right translations of h by

.Iah/.x/ D h.a�1x/ and .Dah/.x/ D h.xa/; where a; x 2 A:

Definition 15. For a function h W A ! C, we say that:

a) h is left uniformly continuous if jjIah� hjj1 ! 0 as a ! eA

b) h is right uniformly continuous if jjDah� hjj1 ! 0 as a ! eA,

where jj jj1 is the uniform norm.

Lemma 12. If h 2 C0.A/, then h is left and right uniformly continuous [3].

Lemma 13. If h is in C0.A/, then
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a) jjJah� hjj1 ! 0 as a ! eA

b) jjTbh� hjj1 ! 0 as b ! eB :

Proof.

a) Note that

j.Jah/.x/ � h.x/j D

ˇ̌
ˇ̌
ˇ

1p
�.a; eB /

h..a; eB /
�1 � x/ � h.x/

ˇ̌
ˇ̌
ˇ D

ˇ̌
ˇ̌
ˇ

1p
�.a; eB /

h.a�1x/ � h.x/

ˇ̌
ˇ̌
ˇ

�
1p

�.a; eB/
jh.a�1x/� h.x/j C

ˇ̌
ˇ̌
ˇ

1p
�.a; eB /

� 1

ˇ̌
ˇ̌
ˇ jh.x/j:

Then, since �.a; eB / is continuous at .eA; eB/, it follows from Lemma 12 that

jjJah� hjj1 ! 0 as a ! eA:

b) Similarly, since

j.Tbh/.x/ � h.x/j D

ˇ̌
ˇ̌
ˇ

1p
�.eA; b/

h..eA; b/
�1 � x/� h.x/

ˇ̌
ˇ̌
ˇ

�
1p

�.eA; b/
j .h ı �b�1/ .x/ �

�
h ı �eB

�
.x/j C

ˇ̌
ˇ̌
ˇ

1p
�.eA; b/

� 1

ˇ̌
ˇ̌
ˇ jh.x/j

and �.eA; b/ is continuous at .eA; eB/, it follows that jjTbh � hjj1 ! 0 as b ! eB . �

Lemma 14. Let h be in L2.A/. Then

1) jjJah� hjj2 ! 0 as a ! eA

2) jjTbh� hjj2 ! 0 as b ! eB :

Proof. Let � > 0 be given. Since C0.A/ is dense in L2.A/ , there is l 2 C0.A/ such that

jjh � l jj2 <
�
3
.

Now, since l is uniformly continuous, it follows from Lemma 13 that there is a neighbor-

hood V of eA such that jjJal � l jj1 < �
3

1p
m.S/

for all a 2 V and where S D supp.l/.

Then

jjJal � l jj22 D

Z

S

j.Jal/.x/ � l.x/j2d�A.x/ � jjJal � l jj21m.S/:

Thus, jjJal � l jj2 � jjJal � l jj1
p
m.S/: Hence, jjJal � l jj2 <

�
3
.

Therefore, for a 2 V we have from Lemma 4,

jjJah� hjj2 � jjJah� Jal jj2 C jjJal � l jj2 C jjh� l jj2

D jjJa.h� l/jj2 C jjJal � l jj2 C jjh� l jj2

D jjh� l jj2 C jjJal � l jj2 C jjh� l jj2 <
�

3
C
�

3
C
�

3
D �:

2) In a similar way, it can be proved that jjTbh� hjj2 ! 0 as b ! eB : �

Lemma 15. Let h be in L2.A/. Then jjU.a; b/h � hjj2 ! 0 as .a; b/ ! .eA; eB/:
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Proof. By Lemma 12,

jjU.a; b/h � hjj2 D jjJaTbh� hjj2 D jjJaTbh� JahC Jah� hjj2

� jjJa.Tbh� h/jj2 C jjJah� hjj2 D jjTbh � hjj2 C jjJah� hjj2 ! 0

as a ! eA and b ! eB . �

Lemma 16. The representation U.a; b/ is strongly continuous.

Proof. Let us prove that jjU.a; b/h � U.a0; b0/hjj2 ! 0 as .a; b/ ! .a0; b0/ for any h in

L2.A/.

Consider a; a0 in A. Then for b; b0 in B, and Lemma 3

JaTbh D .JaTbT.b0/�1J.a0/�1/.Ja0Tb0h/ D .JaTb.b0/�1J.a0/�1/.Ja0Tb0h/

D Ja.J�
b.b0 /�1 ..a0/�1/Tb.b0/�1/.Ja0Tb0h/ D .Ja�

b.b0/�1 ..a0/�1/Tb.b0/�1/.Ja0Tb0h/:

Then for u D Ja0Tb0h;

JaTbh� Ja0Tb0h D Ja�
b.b0/�1 ..a0/�1/Tb.b0/�1u� u

D Ja�
b.b0/�1 ..a0/�1/Tb.b0/�1u � Ja�

b.b0/�1 ..a0/�1/uC Ja�
b.b0/�1 ..a0/�1/u � u

D Ja�
b.b0/�1 ..a0/�1/

�
Tb.b0/�1u � u

�
C
h
Ja�

b.b0/�1 ..a0/�1/u � u
i
:

Then by Lemma 14,

jjJaTbh � Ja0Tb0hjj2

� jjJa�
b.b0/�1 ..a0/�1/

�
Tb.b0/�1u� u

�
jj2 C jjJa�

b.b0/�1 ..a0/�1/u� ujj2

D jjTb.b0/�1u � ujj2 C jjJa�
b.b0/�1 ..a0/�1/u� ujj2 ! 0

as .a.a0/�1; b.b0/�1/ ! .eA; eB/:

Thus, jjJaTbh � Ja0Tb0hjj2 ! 0 as .a; b/ ! .a0; b0/: �

8. Inversion formula

Lemma 17. For any f; g in L2.A/ and an admissible non-zero function h in L2.A/, we

have the following identity in the weak sense

f D
1

Ch

Z

G

.Lhf /.a; b/U.a; b/h d.a; b/:

Proof. The representation U.a; b/ is a strongly continuous irreducible unitary representa-

tion of the locally compact topological group G D A�B acting on the Hilbert space L2.A/.

So, if there is a non-zero admissible vector h in L2.A/, then by the Grossmann-Morlet-Paul

theorem [4], for f; g in L2.A/,

279



JAIME NAVARRO 15

Z

G

hf; U.a; b/hi hg; U.a; b/hid.a; b/ D Ch hf; gi : (10)

Hence,

f D
1

Ch

Z

G

.Lhf /.a; b/U.a; b/h d.a; b/

in the weak sense. �

9. Isometry

Lemma 18. Given f; g in L2.A/,

hf; giL2.A/ D
1

Ch

hLhf; LhgiL2.G/ (11)

for any non-zero admissible function h in L2.A/.

Proof. It comes from (10). �

Lemma 19. For f; g in L2.A/,

jjf jj2
L2.A/

D
1

Ch

jjLhf jj2
L2.G/

: (12)

Proof. If f D g, then from Lemma 18,

hf; f iL2.A/ D
1

Ch

hLhf; Lhf iL2.G/ :

That is,

jjf jj2
L2.A/

D
1

Ch

jjLhf jj2
L2.G/

:

�

Note that from Lemma 19,
Z

A

jf .a/j2d�A.a/ D
1

Ch

Z

G

j.Lhf /.a; b/j
2d.a; b/:

10. Co-variance properties

In this section, the co-variance of wavelet transforms is given as well as with respect to

admissible functions.

Lemma 20. If h in L2.A/ is admissible, then for f in L2.A/ and for a0 in A and b0 in B,

1/ .LhTb0f /.a; b/ D .Lhf /.�.b0/�1.a/; .b0/�1b/

2/ .LhJa0f /.a; b/ D .Lhf /..a
0/�1a; b/:

Proof. From Lemma 3,

1)

.LhTb0f /.a; b/ D hTb0f; JaTbhi D
˝
f; T.b0/�1JaTbh

˛

D
D
f; J�

.b0/�1 .a/T.b0/�1Tbh
E

D
D
f; J�

.b0/�1 .a/T.b0/�1bh
E

D .Lhf /.�.b0/�1.a/; .b0/�1b/:
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16 THE ABSTRACT WAVELET TRANSFORM

2)

.LhJa0f /.a; b/ D hJa0f; JaTbhi

D
˝
f; J.a0/�1JaTbh

˛
D
˝
f; J.a0/�1aTbh

˛
D .Lhf /..a

0/�1a; b/:

�

Corollary 3. If h 2 L2.A/ is admissible, then for f 2 L2.A/ and for a0 2 A and b0 2 B,

.LhJa0Tb0f /.a; b/ D .Lhf /.�.b0/�1..a0/�1a/; .b0/�1b/: (13)

Proof. It comes from Lemma 20. �

Lemma 21. If f 2 L2.A/ and h is admissible in L2.A/, then for a0 2 A and b0 2 B, we

have Ja0h and Tb0h are admissible. Moreover

1/ .LJa0 hf /.a; b/ D .Lhf /.a�b .a
0/; b/

2/ .LTb0 hf /.a; b/ D .Lhf /.a; bb
0/:

Proof. First, we will show that Ja0 and Tb0 are admissible. It is clear that Ja0h and Tb0h

are in L2.A/.

By Lemma 10, since

CJa0 h �

Z

B

j 1.Ja0h/.� ı �b/j
2d�B.b/

D

Z

B

ˇ̌
ˇ
p
�.a0; eB/ .� ı �b/.a0/ bh.� ı �b/

ˇ̌
ˇ
2

d�B.b/ D �.a0; eB/

Z

B

jbh.� ı �b/j
2d�B.b/ < 1;

it follows that Ja0h is admissible.

Also, since

CTb0 h �

Z

B

j 1.Tb0h/.� ı �b/j
2d�b.b/

D

Z

B

ˇ̌
ˇ
p
�.eA; b0/bh.� ı �b ı �b0/

ˇ̌
ˇ
2

d�B.b/ D �.eA; b
0/
Z

B

jbh.� ı �bb0/j2d�B.b/ < 1;

it follows that Tb0h is admissible.

Now, note that

1)

.LJa0 hf /.a; b/ D hf; JaTbJa0hi D
˝
f; JaJ�b.a0/Tbh

˛
D .Lhf /.a�b.a

0/; b/;

and

2)

.LTb0 hf /.a; b/ D hf; JaTbTb0hi D hf; JaTbb0hi D .Lhf /.a; bb
0/:

�

Corollary 4. If f 2 L2.A/ and h is admissible in L2.A/, then

.LJa0 Tb0 hf /.a; b/ D .Lhf /.a�b.a
0/; bb0/: (14)

281



JAIME NAVARRO 17

Proof. It comes from Lemma 21. �

Corollary 5. If f 2 L2.A/ and h is admissible in L2.A/, then

.LJa0 Tb0 hJa0Tb0f /.a; b/ D .Lhf /.�.b0/�1..a0/�1a�b.a
0//; .b0/�1bb0/: (15)

Proof. It comes from (13) and (14). �

11. Main Results

We now give a characterization of the image of the wavelet transform by a

reproducing kernel. Note that not every function F.a; b/ in L2.G/ is the wavelet trans-

form of some function f in L2.A/. That is,

Im.Lh.a; b// D
˚
F.a; b/ j .Lhf /.a; b/ D F.a; b/ for somef 2 L2.A/

	

is a proper subspace of L2.G/.

To see this, note that for F.a; b/ D .Lhf /.a; b/, we have F.a; b/ is bounded since

jF.a; b/j D j.Lhf /.a; b/j D j hf; U.a; b/hi j � jjf jj2jjhjj2:

Hence, any unbounded and square integrable function F.a; b/ is not in Im.Lh.a; b//.

Then we have the following result.

Theorem 1. The image of the wavelet transform with respect to an admissible

function h in L2.A/ is the closed subspace of functions F.a; b/ in L2.G/ that satisfy

F.a; b/ D
1

Ch

Z

G

F.a0; b0/K.a; b I a0; b0/d.a0; b0/

where

K.a; b I a0; b0/ D ŒLhU.a; b/h�.a0; b0/

is the reproducing kernel associated with h.

Proof. If F is in Im.Lh.a; b//, there is f 2 L2.A/ such that .Lhf /.a; b/ D F.a; b/. Then

by (11) with g D U.a; b/h,

F.a; b/ D .Lhf /.a; b/ D hf; U.a; b/hi D
1

Ch

hLhf; Lhgi

D
1

Ch

Z

G

.Lhf /.a
0; b0/ .Lhg/.a0; b0/ d.a0; b0/:

Now by taking

K.a; b I a0; b0/ D .Lhg/.a0; b0/;

we have

F.a; b/ D
1

Ch

Z

G

F.a0; b0/K.a; b I a0; b0/d.a0; b0/: (16)

This shows that the image of Lh.a; b/ is a reproducing kernel Hilbert space embedded as

a close subspace of L2.G; 1
Ch
d.a; b//, where by Corollary 3,
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18 THE ABSTRACT WAVELET TRANSFORM

K.a; b I a0; b0/ D ŒLhJaTbh� .a0; b0/ D .Lhh/.�b�1 .a�1a0/; b�1b0/

is the reproducing kernel. �

Now, we will develop a sampling formula for functions in the reproducing Hilbert Space

Im.Lh.a; b//. Thus, for a.k/ D .a
.k/
1 ; a

.k/
2 ; : : : ; a

.k/
n / in A, consider a countable set

f.a.k/; b.k//gkD1;2;::: in G D A�B such that fU.a.k/; b.k//hgkD1;2;::: is an orthonormal basis of

L2.A/ where h is admissible in L2.A/. Then since the wavelet transform is an isometry (11),

it follows that fLhU.a
.k/; b.k//hgkD1;2;::: is an orthonormal basis for Im.Lh.a; b//. Then we

have the following expression for the L2 norm for LhU.a; b/h.

Lemma 22. For .a; b/ in G and an admissible function h in L2.A/, set g D U.a; b/h, and

for a given countable set f.a.k/; b.k//gkD1;2;::: in G, set gk D U.a.k/; b.k//h. Then

jjLhgjj2
L2.G/

D C 2
h

1X

kD1

j.Lhgk/.a; b/j
2:

Proof. Since fLhgkgkD1;2;::: is an orthonormal basis for Im.Lh.a; b// and

.Lhg/.a; b/ 2 Im.Lh.a; b//, it follows that

.Lhg/.a; b/ D

1X

kD1

dk.Lhgk/.a; b/; (17)

where dk D hLhg; Lhgki :

Note that from (11),

dk D hLhg; Lhgki D Ch hg; gki D Chhgk; gi

D Chhgk; U.a; b/hi D Ch.Lhgk/.a; b/:
(18)

Then by (17) and (18),

jjLhgjj2 D hLhg; Lhgi D

* 1X

kD1

dkLhgk;

1X

kD1

dkLhgk

+

D

1X

kD1

dk

* 1X

kD1

dkLhgk; Lhgk

+
D

1X

kD1

dkdk hLhgk; Lhgki

D

1X

kD1

dkdk D

1X

kD1

jdkj2 D C 2
h

1X

kD1

j.Lhgk/.a; b/j
2 :

�

Lemma 23. Suppose that h in L2.A/ is admissible. Then the series representation for Lhg

in Im.Lh.a; b//, where g D U.a; b/h is absolutely convergent in G.
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Proof. Since fLhgkgkD1;2;::: is an orthonormal basis for Im.Lh.a; b//, it follows from (17)

that,

.Lhg/.a; b/ D

1X

kD1

dk.Lhgk/.a; b/;

where dk D Ch.Lhgk/.a; b/. So, the series converges in L2.G/:

Then from Lemma 22,

1X

kD1

jdk .Lhgk/.a; b/j D

1X

kD1

ˇ̌
ˇCh.Lhgk/.a; b/.Lhgk/.a; b/

ˇ̌
ˇ

D Ch

1X

kD1

j.Lhgk/.a; b/j
2 D Ch

1

C 2
h

jjLhgjj2 D
1

Ch

jjLhgjj2 < 1:

Thus, the series converges absolutely in G. �

Now, we will give our second main result.

Theorem 2. For a wavelet h in L2.A/ we have that any F in Im.Lh.a; b// can be recon-

structed in terms of its sampled values fF.a.k/; b.k//gkD1;2;::: by the following interpolation

formula

F.a; b/ D Ch

1X

kD1

F.a.k/ ; b.k//.Lhgk/.a; b/; (19)

where gk D U.a.k/; b.k//h:

Proof. Since fLhgkgkD1;2;::: is an orthonormal basis for Im.Lh.a; b//, it follows that for

F in Im.Lh.a; b//,

F.a; b/ D

1X

kD1

hF;LhgkiL2.G/ .Lhgk/.a; b/:

First note that from Lemma 23, this series representation for F is absolutely convergent.

Moreover,

F.a; b/ D

1X

kD1

�Z

G

F.a0; b0/.Lhgk/.a0; b0/d.a0; b0/
�
.Lhgk/.a; b/:

Then by Theorem 1,

F.a; b/ D

1X

kD1

�Z

G

F.a0; b0/K.a.k/; b.k/I a0; b0/ d.a0; b0/
�
.Lhgk/.a; b/

D

1X

kD1

ChF.a
.k/; b.k// .Lhgk/.a; b/:

�
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20 THE ABSTRACT WAVELET TRANSFORM

12. Characterization of the wavelet transform

In this section, we will see that the wavelet transform can be written in different ways by

using the co-variance properties, the Fourier transform, and the convolution of two functions.

Lemma 24. Suppose f 2 L2.A/ and h is admissible in L2.A/, then

1/ .Lhf /.a; b/ D .LJa0 hJa0f /.a0a�b..a
0/�1/; b/

2/ .Lhf /.a; b/ D .LTb0 hTb0f /.�b0 .a/; b0b.b0/�1/;

where .a; b/ and .a0; b0/ are in G.

Proof. It comes from Lemmas 20 and 21. �

Corollary 6. Suppose f 2 L2.A/ and h in L2.A/ is admissible, then

.Lhf /.a; b/ D .LJa0 Tb0 hJa0Tb0f /.a0�b0 .a/�b..a
0/�1/; b0b.b0/�1/:

Proof. It comes from Corollary 5. �

Lemma 25. If f 2 L2.A/ and h in L2.A/ is admissible, then

.Lhf /.a; b/ D .Lbh yf /.a�1; b�1/:

Proof. By Corollary 2,

.Lbh yf /.a�1 ; b�1/ D
D

yf ; Ja�1Tb�1
bh
E

D
D

yf ; 1JaTbh
E

D hf; JaTbhi D .Lhf /.a; b/:

�

Lemma 26. Suppose f and h in L2.A/ are admissible, then

.Lhf /.a; b/ D .Lf h/.a; b/
�1:

Proof. By Definition 13 and Lemma 3,

.Lhf /.a; b/ D hf; JaTbhi D hTb�1Ja�1f; hi D
D
J�

b�1 .a�1/Tb�1f; h
E

D
D
h; J�

b�1 .a�1/Tb�1f
E

D .Lf h/.�b�1 .a�1/; b�1/ D .Lf h/.a; b/
�1:

�

Definition 16. If f; g 2 L1.G/, then the convolution of f and g is defined as the function

.f � g/.x/ D

Z

G

f .y/g.y�1x/d�G.y/;

where x; y 2 G

Lemma 27. If h 2 C0.A/ is admissible and f 2 L2.A/, then

.Lhf /.a; b/ D
1p

�.a; eB /

h
f � .Tbh/

�
i
.a/; (20)

where � means  �.x/ D  .x�1/.
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Proof.

1p
�.a; eB/

h
f � .Tbh/

�
i
.a/

D
1p

�.a; eB /

Z

A

f .x/.Tbh/
�.x�1a/d�A.x/

D
1p

�.a; eB /

Z

A

f .x/.Tbh/.a
�1x/d�A.x/

D
1p

�.a; eB /

Z

A

f .x/.Tbh/..a; eB /
�1 � x/d�A.x/

D
1p

�.a; eB /

Z

A

f .x/
1p

�.eA; b/
h..eA; b/

�1.a; eB /
�1 � x/d�A.x/

D

Z

A

f .x/
1p

�.a; b/
h..a; b/�1 � x/d�A.x/

D .Lhf /.a; b/:

:

�

Lemma 28. If f 2 L1.A/ and g 2 C0.A/ is admissible, then f � g is admissible.

Proof. Note that since f 2 L1.A/ and g 2 L2.A/, it follows that f � g 2 L2.A/ and

jjf � gjj2 � jjf jj1jjgjj2, [3]. Also since 1f � g D yf yg, [11], then

Cf �g �

Z

B

ˇ̌
ˇ1f � g.� ı �b/

ˇ̌
ˇ
2

d�B.b/ D

Z

B

ˇ̌
ˇ yf .� ı �b/yg.� ı �b/

ˇ̌
ˇ
2

d�B .b/

D

Z

B

j yf .� ı �b/j
2 jyg.� ı �b/j

2d�B.b/ � jjf jj21

Z

B

jyg.� ı �b/j
2d�B.b/ < 1:

�

Corollary 7. Suppose h 2 L2.A/ is admissible. If f 2 C0.A/ and g 2 C0.A/ is

admissible, then

.Lh.f � g//.a; b/ D .L
f �g

h/.a; b/�1 (21)

Proof. By Lemma 29, f � g is admissible. Then, the result comes from Lemma 26. �

13. Example

We will give now an example related to the definition of the abstract wavelet transform.

According to section 2, let us consider the additive group R
n with identity eRn D .0; 0; : : : ; 0/

and the multiplicative group R
C with identity eRC D 1.

Now, let us take the homomorphism � from R
C to the group of all automorphisms of

R
n. That is, for each s 2 R

C, the map �s W R
n ! R

n is defined as �s.k1; k2; : : : ; kn/ D

.�s.k1/; �s.k2/; : : : ; �s.kn// D .sk1; sk2; : : : ; skn/, where .k1; k2; : : : ; kn/ 2 R
n.

In this case, the product in

G D R
n � R

C D
˚
.k1; k2; : : : ; kn; s/j.k1; k2; : : : ; kn/ 2 R

n and s 2 R
C	
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is defined as

.k1; k2; : : : ; kn; s/.k
0
1; k

0
2; : : : ; k

0
n; s

0/ D .k1 C �s.k
0
1/; k2 C �s.k

0
2/; : : : ; kn C �s.k

0
n/; ss

0/

D .k1 C sk0
1; k2 C sk0

2; : : : ; kn C sk0
n; ss

0/:

Note that with this product, G becomes a locally compact topological group where the

identity is eG D .eRn ; eRC/ D .0; 0; : : : ; 0; 1/ and

.k1; k2; : : : ; kn; s/
�1 D .�s�1 .�k1/; �s�1.�k2/; : : : ; �s�1.�kn/; s

�1/

D .�s�1k1;�s
�1k2; : : : ;�s

�1kn; s
�1/:

Moreover, G acts on R
n with the following action � W G � R

n ! R
n given by

.k1; k2; : : : ; kn; s/ � .x1; x2; : : : ; xn/ D .k1 C �s.x1/; k2 C �s.x2/; : : : ; kn C �s.xn//

D .k1 C sx1; k2 C sx2; : : : ; kn C sxn/;

where .x1; x2; : : : ; xn/ 2 R
n.

On the other hand, the function � W G ! .0;1/ satisfying

Z

Rn

h..k1 ; k2; : : : ; kn; s/
�1 � x/d�Rn.x/ D �.k1; k2; : : : ; kn; s/

Z

Rn

h.x/d�Rn.x/

is given by �.k1; k2; : : : ; kn; s/ D sn, where h 2 L1.Rn/.

Also note that d�Rn.x/ D dx, and

.k1; k2; : : : ; kn; s/
�1 � x D .�s�1k1;�s

�1k2; : : : ;�s
�1kn/ � .x1; x2; : : : ; xn/

D .�s�1k1 C �s�1 .x1/;�s
�1k2 C �s�1 .x2/; : : : ;�s

�1kn C �s�1.xn//

.�s�1k1 C s�1x1;�s
�1k2 C s�1x2; : : : ;�s

�1kn C s�1xn/

D

�
x1 � k1

s
;
x2 � k2

s
; : : : ;

xn � kn

s

�
:

Now following Section 5, for .k1; k2; : : : ; kn; s/ 2 G define the family of two operators

U.k1; k2; : : : ; kn; s/ D J.k1;k2;:::;kn/Ts . Then for h 2 L2.Rn/,

.J.k1;k2;:::;kn/h/.x/ D
1p

�.k1; k2; : : : ; kn; 1/
h
�
.k1; k2; : : : ; kn; 1/

�1 � x
�

D
1p
.1/n

h

�
x1 � k1

1
;
x2 � k2

1
; : : : ;

xn � kn

1

�

D h.x1 � k1; x2 � k2; : : : ; xn � kn/;

where x 2 R
n and .k1; k2; : : : ; kn/ 2 R

n, and

.Tsh/.x/ D
1p

�.0; 0; : : : ; 0; s/
h
�
.0; 0; : : : ; 0; s/�1 � x

�

D
1p
.s/n

h

�
x1 � 0

s
;
x2 � 0

s
; : : : ;

xn � 0

s

�
D

1

.s/
n
2

h
�x1

s
;
x2

s
; : : : ;

xn

s

�
;
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where x D .x1; x2; : : : ; xn/ 2 R
n; and s 2 R

C.

Then U.k1; k2; : : : ; kn; s/ is a unitary representation of G acting on L2.Rn/ by

ŒU.k1; k2; : : : ; kn; s/h�.x/ D .J.k1;k2;:::;kn/Tsh/.x/

D .Tsh/.x1 � k1; x2 � k2; : : : ; xn � kn/ D
1

s
n
2

h

�
x1 � k1

s
;
x2 � k2

s
; : : : ;

xn � kn

s

�
:

Moreover since the left Haar measure on R
C is d�RC D 1

s
ds, it follows from Lemma 8,

that the left Haar measure on G is

d.k1; k2; : : : ; kn; s/ D
1

�.k1; k2; : : : ; kn; s/
d�Rn.k1; k2; : : : ; kn/ d�RC.s/

D
1

sn
d.k1; k2; : : : ; kn/

1

s
ds D

1

snC1
d.k1; k2; : : : ; kn/ds:

Thus, the admissibility condition for a radially symmetric function h 2 L2.Rn/ (Lemma

10) becomes

Ch �

Z

RC

ˇ̌
ˇyh.� ı �s/

ˇ̌
ˇ
2

d�RC.s/ D

Z

RC

jyh.�s/j2
1

s
ds;

where � 2 R
n, and bh.r/ D b�.jr j/. Then, if we apply the change of variable y D j�sj, we

get

Ch �

Z

RC

jb�.y/j2 1
y
dy:

Hence, for .k1; k2; : : : ; kn; s/ 2 G and h admissible in L2.Rn/, the continuous wavelet

transform for f 2 L2.Rn/ with respect to h is given by

.Lhf /.k1; k2; : : : ; kn; s/ D
˝
f; J.k1;k2;:::;kn/Tsh

˛

D

Z

Rn

f .x1; x2; : : : ; xn/
1

s
n
2

h

�
x1 � k1

s
;
x2 � k2

s
; : : : ;

xn � kn

s

�
d.x1; x2; : : : ; xn/

D

Z

Rn

f .x/
1

s
n
2

h

�
x � k

s

�
dx;

which agrees with the one given in [1].

Also, the inverse formula according to Lemma 17 is given by

f D
1

Ch

Z

G

.Lhf /.k1; k2; : : : ; kn; s/ŒU.k1; k2; : : : ; kn; s/h�d.k1; k2; : : : ; kn; s/

in the weak sense.

288



24 THE ABSTRACT WAVELET TRANSFORM

That is,

f D
1

Ch

Z

RC

Z

Rn

hf; U.k1; k2; : : : ; kn; s/hiU.k1; k2; : : : ; kn; s/hd.k1; k2; : : : ; kn/
ds

snC1

D
1

Ch

Z

G

hf; U.k; s/hiU.k; s/h d.k; s/;

which also agrees with the one given in [8].
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On the Green Function of the Operator (¢B + m6)k

Related to the Bessel Helmholtz Operator and the

Bessel Klein-Gordon Operator

E. Suntonsinsoungvon and A. Kananthai∗

Department of Mathematics, Chiang Mai University, Chiang Mai, 50200 Thailand.

Abstract

In this article, we study the Green function of the form (¢B + m6)k which is
iterated k-times and is defined by

(¢B + m6)k =




(
p∑

i=1

Bxi

)3

+




p+q∑

i=p+1

Bxi




3

+ m6




k

where p + q = n is the dimension of R+
n , Bxi = ∂2

∂x2
i

+ 2vi
xi

∂
∂xi

, 2vi = 2αi + 1,

αi > −1
2 , xi > 0, i = 1, 2, . . . , n, m is a positive real number and k is a positive

integer. At first, we study the Green function or elementary solution of the
operator (¢B + m6)k. Moreover, the operator (¢B + m6)k can be related to the
Bessel Helmholtz operator (4B + m2)k and the Bessel ultra-hyperbolic Klein-
Gordon operator (¤B + m2)k. After that, we apply such a Green function to
solve the solution of the equation (¢B+m6)ku(x) = f(x) where f is a generalized
function and u(x) is an unknown function for x ∈ Rn.

Keywords: Green function, Bessel Helmholtz operator, Bessel Ultra-hyperbolic Klein-
Gordon operator
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1 Introduction

The operator ¢B can be expressed in the form

¢B =

(
p∑

i=1

Bxi

)3

+

(
p+q∑

i=p+1

Bxi

)3

=

[
p∑

i=1

Bxi
+

p+q∑
i=p+1

Bxi

] 


(
p∑

i=1

Bxi

)2

−
p∑

i=1

Bxi

p+q∑
i=p+1

Bxi
+

(
p+q∑

i=p+1

Bxi

)2



= 4B

[
42

B −
3

4
(4B + ¤B) (4B −¤B)

]

=
3

4
4B¤2

B +
1

4
43

B (1.1)

where p + q = n is the dimension of R+
n , Bxi

= ∂2

∂x2
i

+ 2vi

xi

∂
∂xi

, 2vi = 2αi + 1, αi > −1
2
,

xi > 0, i = 1, 2, . . . , n, 4B is the Laplace-Bessel operator which is defined by

4B = Bx1 + Bx2 + · · ·+ Bxn , (1.2)

and ¤ is the Bessel ultra-hyperbolic operator which is defined by

¤B = Bx1 + Bx2 + · · ·+ Bxp −Bxp+1 −Bxp+2 − · · · −Bxp+q . (1.3)

Furthermore, Yildirim et al. [8] first introduced the Bessel diamond operator ♦B

which is defined by

♦B =
(
Bx1 + Bx2 + · · ·+ Bxp

)2 − (
Bxp+1 + Bxp+2 + · · ·+ Bxp+q

)2
. (1.4)

The Bessel diamond operator can also be expressed in the form ♦B = 4B¤B = ¤B4B,
from (1.1) we have

¢B =
3

4
♦B¤B +

1

4
43

B. (1.5)

Later, Bunpog and Kananthai [2] have studied the elementary solution or Green
function of the operator (♦B + m4)k which related to the Bessel Helmholtz operator
4B + m2 and the Bessel Klein-Gordon operator ¤B + m2 and obtained the function

G(x) = (T2k(x) ∗W2k(x)) ∗ (
C∗k(x)

)−1
(1.6)

which is a Green function for the operator

(♦B + m4)k =




(
p∑

i=1

Bxi

)2

−
(

p+q∑
i=p+1

Bxi

)2

+ m4




k

, (1.7)

2

SUNTON-KANANTHAI: ON THE GREEN FUNCTION... 291



where the symbol ∗k denotes the convolution of itself k-times and the symbol ∗ − 1 is
an inverse of the convolution algebra, T2k(x) is the elementary solution of the Bessel
Helmholtz operator (4B + m2)k iterated k-times, that is T2k(x) satisfy the equation

(4B + m2)ku(x) = δ(x), (1.8)

W2k(x) is the elementary solution of the Bessel Klein-Gordon operator (¤B + m2)k

iterated k-times, that is W2k(x) satisfy the equation

(¤B + m2)ku(x) = δ(x) (1.9)

and C(x) is defined by

C(x) = δ(x)−m2 (T2(x) + W2(x)) + 2m4 (T2(u) ∗W2(x)) . (1.10)

The purpose of this work is to find the elementary solution or Green function of
the operator (¢B + m6)k, that is

(¢B + m6)kG(x) = δ(x), (1.11)

where G(x) is the Green function, δ is the Direc-delta distribution, m is a positive real
number, k is a nonnegative integer and x = (x1, x2, . . . , xn) ∈ R+

n . We then find the
solution of the equation (¢B +m6)ku(x) = f(x) where f is a given generalized function
and u(x) is an unknown function.

2 Preliminaries

Before reaching the main results, the following definitions and the basic concepts are
needed. At first, the generalized shift operator T y

x has the following form [5],

T y
x =C∗

v

∫ π

0

· · ·
∫ π

0

ϕ(s1, . . . , sn)

(
n∏

i=1

sin2vi−1 θi

)
dθ1 · · · dθn,

where s2
i = x2

i + y2
i − 2xiyi cos θi, x, y ∈ R+

n and C∗
v =

∏n
i=1

Γ(vi+1)

Γ( 1
2
)Γ(vi)

. We remark that

this shift operator is closely connected with the Bessel differential operator [5],

d2ϕ

dx2
i

+
2vi

xi

dϕ

dxi

=
d2ϕ

dy2
i

+
2vi

yi

dϕ

dyi

,

ϕ(xi, 0) = f(x),

ϕyi
(xi, 0) = 0,

3
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where xi, yi ∈ R+
n for i = 1, 2, . . . , n. The convolution operator determined by the T y

x

is as follows

(f ∗ ϕ)(x) =

∫

R+
n

f(y)T y
x ϕ(x)

(
n∏

i=1

y2vi
i

)
dy. (2.1)

Convolution in (2.1) is known as a B-convolution. We note the following properties of
the B-convolution and the generalized shift operator,

(a) T y
x · 1 = 1.

(b) T 0
x · f(x) = f(x).

(c) If f(x), g(x) ∈ C(R+
n ), g(x) is a bounded function for x ∈ R+

n and

∫

R+
n

|f(x)|
(

n∏
i=1

x2vi
i

)
dx < ∞,

then ∫

R+
n

T y
x f(x)g(y)

(
n∏

i=1

y2vi
i

)
dy =

∫

R+
n

f(y)T y
x g(x)

(
n∏

i=1

y2vi
i

)
dy.

(d) From (c), we have the following equality for g(x) = 1,

∫

R+
n

T y
x f(x)

(
n∏

i=1

y2vi
i

)
dy =

∫

R+
n

f(y)

(
n∏

i=1

y2vi
i

)
dy.

(e) (f ∗ g)(x) = (g ∗ f)(x).

The Fourier-Bessel transformation and its inverse transformation are defined as follows
[7],

(FBf)(x) = Cv

∫

R+
n

f(y)

(
n∏

i=1

Jvi− 1
2
(xiyi)y

2vi
i

)
dy,

(F−1
B f)(x) = (FBf)(−x), Cv =

(
n∏

i=1

2vi− 1
2 Γ

(
vi +

1

2

))−1

,

where Jvi− 1
2
(xiyi) is the normalized Bessel function which is the eigenfunction of the

Bessel differential operator. There are following equalities for Fourier-Bessel transfor-
mation [7],

FBδ(x) = 1 and FB(f ∗ g)(x) = FBf(x) · FBg(x).

4
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Lemma 2.1 There is a following equality for Fourier-Bessel transformation

FB(|x|−α) = 2n+2|v|−2αΓ

(
n + 2|v| − α

2

) [
Γ

(α

2

)]−1

|x|α−n−2|v|,

where |v| = v1 + v2 + · · ·+ vn.

Proof. See [7]. ¤
Lemma 2.2 Given the equation 4k

Bu(x) = δ(x) for x ∈ R+
n , where 4k

B is the Laplace-
Bessel operator iterated k-times defined by (1.2). Then u(x) = (−1)kS2k(x) is an
elementary solution of the operator 4k

B, where

S2k(x) =
2n+2|v|−4kΓ(n+2|v|−2k

2
)

Πn
i=12

vi− 1
2 Γ(vi + 1

2
)Γ(k)

|x|2k−n−2|v|. (2.2)

Proof. See [8]. ¤
Lemma 2.3 Given the equation ¤k

Bu(x) = δ(x) for x ∈ Γ+ = {x ∈ R+
n : x1 > 0, x2 >

0, · · · , xn > 0 and V > 0}, where ¤k
B is the Bessel-ultra-hyperbolic operator iterated

k-times defined by (1.3). Then u(x) = R2k(x) is an elementary solution of the operator
¤k

B, where

R2k(x) =
V

2k−n−2|v|
2

Kn(2k)
(2.3)

for
V = x2

1 + x2
2 + · · ·+ x2

p − x2
p+1 − · · · − x2

p+q

and

Kn(2k) =
π

n+2|v|−1
2 Γ(2+2k−n−2|v|

2
)Γ(1−2k

2
)Γ(2k)

Γ(2+2k−p−2|v|
2

)Γ(p−2k
2

)

Proof. See [8]. ¤
Lemma 2.4 The functions S2k(x) and R2k(x) are homogeneous distributions of order
(2k− n− 2|v|) for Re(2k) < n + 2|v|. In particular, the B-convolution S2k(x) ∗R2k(x)
exists and is a tempered distribution.

Proof. See [8]. ¤
Lemma 2.5 (The elementary solution of Bessel Helmholtz operator)

Given the equation (4B + m2)ku(x) = δ(x) for x ∈ R+
n , where 4B is defined by

(1.2). Then u(x) = T2k(x,m) is an elementary solution of the operator (4B + m2)k

where

T2k(x,m) =
∞∑

r=0

( −k
r

)
(m2)r(−1)k+rS2k+2r(x) (2.4)

for S2k+2r is defined by (2.2).

5
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Proof. Since the operator 4B is a linearly continuous and have 1− 1 mapping, it has
an inverse. By Lemma 2.2, we obtain

T2k(x,m) =
∞∑

r=0

( −k
r

)
(m2)r4−k−r

B δ(x) = (4B + m2)−kδ(x),

where (4B + m2)−k is the inverse operator of the operator (4B + m2)k. By applying
the operator (4B + m2)k to both sides of the above equation, we have

(4B + m2)kT2k(x, m) = (4B + m2)k(4B + m2)−kδ(x).

Therefore,
(4B + m2)kT2k(x,m) = δ(x).

This completes the proof. ¤

Lemma 2.6 (The elementary solution of Bessel Klein-Gordon operator)
Given the equation (¤B + m2)ku(x) = δ(x) for x ∈ R+

n , where ¤B is defined by
(1.3). Then u(x) = W2k(x, m) is an elementary solution of the operator (¤B + m2)k

where

W2k(x,m) =
∞∑

r=0

( −k
r

)
(m2)rR2k+2r(x) (2.5)

for R2k+2r is defined by (2.3).

Proof. The proof of Lemma 2.6 is similar to the proof of lemma 2.5. ¤

Lemma 2.7 (The B-convolution of tempered distribution)
Let k and r be nonnegative integer.

(a) Let T2k(x,m) and T2r(x,m) be defined by (2.4), then

T2k(x,m) ∗ T2r(x,m) = T2k+2r(x,m).

(b) Let W2k(x,m) and W2r(x,m) be defined by (2.5), then

W2k(x,m) ∗W2r(x,m) = W2k+2r(x, m).

(c) Let S2k(x) and S2r(x) be defined by (2.2), then

S2k(x) ∗ S2r(x) = S2k+2r(x).

(d) Let R2k(x) and R2r(x) be defined by (2.3), then

R2k(x) ∗R2r(x) = R2k+2r(x).

6
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Proof. (a) From the equation (4B+m2)k+rG(x) = δ(x), we obtain G(x) = T2k+2r(u,m)
by Lemma 2.5. For any nonnegative integer r, we write

(4B + m2)k+rG(x) = (4B + m2)k(4B + m2)rG(x) = δ(x),

then by Lemma 2.5 again we have the following equation

(4B + m2)rG(x) = T2k(u,m).

Convoluing both sides of the above equation by W2r(u,m), we obtain

T2r(u,m) ∗ (4B + m2)rG(x) = T2r(u,m) ∗ T2k(u,m)

or
(4B + m2)rT2r(u,m) ∗G(x) = T2r(u,m) ∗ T2k(u,m).

Hence, by Lemma 2.5 we have

δ(x) ∗G(x) = T2r(u,m) ∗ T2k(u,m).

It follows that
G(x) = T2r(u,m) ∗ T2k(u,m).

From the fact that G(x) = T2k+2r(u,m), we obtain

T2k(u, m) ∗ T2r(u,m) = T2k+2r(u,m).

The proof of (b), (c) and (d) are similar to (a). ¤

Lemma 2.8 Let k and r be nonnegative integer.

(a) Let S2r(x) and S2r−2k(x) be defined by (2.2), then 4k
BS2r(x) = (−1)kS2r−2k(x).

(b)Let R2r(x) and R2r−2k(x) be defined by (2.3), then ¤k
BR2r(x) = R2r−2k(x).

Proof. (a) By Lemma 2.7 (c), we obtain

S2k(x) ∗ S2r−2k(x) = δ(x) ∗ S2r(x).

By Lemma 2.3 we have

S2k(x) ∗ S2r−2k(x) = 4k
B(−1)kS2k(x) ∗ S2r(x) = S2k(x) ∗ 4k

B(−1)kS2r(x).

Therefore,
4k

BS2r(x) = (−1)kS2r−2k(x).

(b) The proof is similar to (a). ¤

7
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Lemma 2.9 Let k be nonnegative integer.

(a) Let T2k(x,m) and S−2k(x) be defined by (2.4) and (2.2) respectively, then

4k
BT2k(x,m) = T2k(x,m) ∗ (−1)kS−2k(x).

(b) Let W2k(x,m) and R−2k(x) be defined by (2.5) and (2.3) respectively, then

¤k
BW2k(x,m) = W2k(x, m) ∗R−2k(x).

Proof. (a) From (2.4) we have

4k
BT2k(x,m) =

∞∑
r=0

( −k
r

)
(m2)r(−1)k+r4k

BS2k+2r(x).

By Lemma 2.8 (a), we have

4k
BT2k(x,m) = T2k(x,m) ∗ (−1)kS−2k(x).

(b) The proof is similar to (a). ¤

Lemma 2.10 (The existence of the convolution T6k(x,m) ∗W4k(x,m))
The convolution T6k(x, m) ∗W4k(x,m) exists and is a tempered distribution where

T6k(x,m) = T2k(x, m) ∗ T2k(x,m) ∗ T2k(x,m) and W4k(x,m) = W2k(x,m) ∗W2k(x,m)
such that T2k(x,m) and W2k(x,m) are defined by (2.4) and (2.5), respectively.

Proof. From (2.4) and (2.5), we have

T2k(x, m) ∗W2k(x,m)

=

( ∞∑
r=0

( −k
r

)
(m2)r(−1)k+rS2k+2r(x)

)
∗

( ∞∑
r=0

( −k
r

)
(m2)rR2k+2r(x)

)

=
∞∑

r=0

∞∑
s=0

( −k
r

)( −k
s

)
(m2)r+s(−1)k+rS2k+2r(x) ∗R2k+2s(x).

By Lemma 2.6, the B-convolution of S2k+2r(x)∗R2k+2r(x) exists and is also a tempered
distribution. Then T2k(x,m) ∗ W2k(x,m) exists and is also a tempered distribution.
Since T2k(x,m), W2k(x,m) and T2k(x,m) ∗ W2k(x,m) exists and is also a tempered
distribution, by Donoghue [2, p. 152] we obtain T6k(x,m)∗W4k(x,m) exists and is also
a tempered distribution. ¤

Lemma 2.11 Let T6(x,m) and W4(x,m) be defined by (2.4) and (2.5) with k = 3 and
k = 2, respectively. Then

8
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(a) (4B + m2) (¤B + m2)
2
(T6(x,m) ∗W4(x,m)) = T4(x,m)

(b) (4B + m2)
3
(T6(x,m) ∗W4(x,m)) = W4(x,m)

(c) (4B + ¤B) (T6(x,m) ∗W4(x,m)) = (T6(x,m) ∗W4(x,m)) ∗ (R−2(x)− S−2(x))

(d) (4B + ¤B)2 (T6(x,m) ∗W4(x,m))

= (T6(x,m) ∗W4(x,m)) ∗ (S−4(x)− 2S−2(x) ∗R−2(x) + R−4(x))

where S−2(x), S−4(x) are defined by (2.2) and R−2(v), R−4(x) are defined by (2.3).

Proof. (a) We have

(4B + m2
) (

¤B + m2
)2

(T6(x, m) ∗W4(x,m))

=
(4B + m2

)
T2(x,m) ∗ T4(x,m) ∗ (

¤B + m2
)2

W4(x,m)

= δ(x) ∗ T4(x,m) ∗ δ(x), by Lemma 2.5 and 2.6,

= T4(x,m).

(b) We get

(4B + m2
)3

(T6(x,m) ∗W4(x,m)) =
(4B + m2

)3
T6(x,m) ∗W4(x,m)

= δ(x) ∗W4(x,m), by Lemma 2.5,

= W4(x,m).

(c) We obtain

(4B + ¤B) (T6(x,m) ∗W4(x,m))

= 4BT2(x,m) ∗ T4(x,m) ∗W4(x,m) + T6(x,m) ∗¤BW2(x,m) ∗W2(x,m)

= T6(x,m) ∗W4(x,m) ∗ (−1)S−2(x) + T6(x, m) ∗W4(x,m) ∗R−2(x), by Lemma 2.9

= (T6(x,m) ∗W4(x,m)) ∗ (R−2(x)− S−2(x)) .

(d) We have

(4B + ¤B)2 (T6(x,m) ∗W4(x,m))

=
(42

B + 24B¤B + ¤2
B

)
(T6(x,m) ∗W4(x,m))

= 42
BT4(x,m) ∗ T2(x, m) ∗W4(x,m) + 24BT2(x,m) ∗ T4(x,m) ∗¤BW2(x,m) ∗W2(x,m)

+ T6(x,m) ∗¤2
BW4(x,m)

= T6(x, m) ∗W4(x,m) ∗ (−1)2S−4(x) + 2T6(x, m) ∗W4(x,m) ∗ (−1)S−2(x) ∗R−2(x)

+ T6(x,m) ∗W4(x,m) ∗R−4(x), by Lemma 2.9

= (T6(x,m) ∗W4(x, m)) ∗ (S−4(x)− 2S−2(x) ∗R−2(x) + R−4(x)) .

¤

9
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3 Main results

Theorem 3.1 Given the equation

(¢B + m6)kG(x) = δ(x), (3.1)

then G(x) = T6k(x,m) ∗W4k(x,m) ∗ (
C∗k(x)

)∗−1
is a Green function for the operator

(¢B + m6)k iterated k-times where ¢B is defined by (1.1), δ is the Direc-delta distri-
bution, x = (x1, x2, . . . , xn) ∈ R+

n , k is a nonnegative integer, m is a nonnegative real
number and

C(x) =
3

4
T4(x,m) +

1

4
W4(x,m)− 3m4

2
(T4(x,m) ∗W6(x,m)) ∗ (R−2(x)− S−2(x))

− 3m2

4
(T4(x,m) ∗W6(x,m)) ∗ (S−4(x)− 2S−2(x) ∗R−2(x) + R−4(x)) . (3.2)

C∗k(x) denotes the convolution of C itself k-times,
(
C∗k(x)

)∗−1
denotes the inverse of

C∗k(x) in the convolution algebra. Moreover C∗k(x) is a tempered distribution.

Proof. Since

¢B+m6 =
3

4

(4B + m2
) (

¤B + m2
)2

+
1

4

(4B + m2
)3−3m4

2
(4B + ¤B)−3m2

4
(4B + ¤B)2 ,

by (3.1) we have

δ(x) = (¢B + m6)(¢B + m6)k−1G(x)

=

[
3

4

(4B + m2
) (

¤B + m2
)2

+
1

4

(4B + m2
)3 − 3m4

2
(4B + ¤B)

− 3m2

4
(4B + ¤B)2

][
3

4

(4B + m2
) (

¤B + m2
)2

+
1

4

(4B + m2
)3

− 3m4

2
(4B + ¤B)− 3m2

4
(4B + ¤B)2

]k−1

G(x). (3.3)

By Lemma 2.10 with k = 1, we have T6(x, m) ∗ W4(x,m) exists and is a tempered
distribution. Convolving both sides of (3.3) by T6(x, m) ∗W4(x,m), we obtain
[
3

4

(4B + m2
) (

¤B + m2
)2

+
1

4

(4B + m2
)3 − 3m4

2
(4B + ¤B)− 3m2

4
(4B + ¤B)2

]

T6(x,m) ∗W4(x,m) ∗
[
3

4

(4B + m2
) (

¤B + m2
)2

+
1

4

(4B + m2
)3 − 3m4

2
(4B + ¤B)

− 3m2

4
(4B + ¤B)2

]k−1

G(x) = (T6(x,m) ∗W4(x,m)) ∗ δ(x).

10
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By Lemma 2.11, we have

C(x) ∗
[
3

4

(4B + m2
) (

¤B + m2
)2

+
1

4

(4B + m2
)3 − 3m4

2
(4B + ¤B)

− 3m2

4
(4B + ¤B)2

]k−1

G(x) = T4(x,m) ∗W6(x,m).

Keeping on convolving both sides of the above equation by T6(x,m) ∗W4(x,m) up to
k − 1 times, we have

C∗k(x) ∗G(x) = (T6(x,m) ∗W4(x,m))∗k ,

where the symbol ∗k denotes the convolution of itself k-times. By Tellez [6], we have

(T6(x, m) ∗W4(x,m))∗k = T6k(x,m) ∗W4k(x,m),

and so
C∗k(x) ∗G(x) = T6k(x,m) ∗W4k(x, m). (3.4)

Now, consider the function C∗k(x), since W4(x,m), T4(x,m), T6(x,m) ∗ W4(x,m),
R−2(x)−S−2(x) and S−4(x)−2S−2(x)∗R−2(x)+R−4(x) are lies in S ′ where S ′ is a space
of tempered distribution, C(x) ∈ S ′. By Donoghue [2, p. 152], we obtain C∗k(x) ∈ S ′.
Since T6k(x, m)∗W4k(x,m) ∈ S ′, choose S ′ ⊂ D′

R where D′
R is the right-side distribution

which is a subspace of D′ of distribution. Thus T6k(x,m) ∗W4k(x,m) ∈ D′
R, it follows

that T6k(x, m)∗W4k(x,m) is an element of the convolution algebra. Hence, by Zemanian
[10, p. 150-151], the equation (3.4) has an unique solution

G(x) = T6k(x,m) ∗W4k(x,m) ∗ (
C∗k(x)

)∗−1

where
(
C∗k(x)

)∗−1
is an inverse of C∗k(x) in the convolution algebra, G(x) is called

the Green function of the operator (¢B + m6)k. Since T6k(x,m) ∗ W4k(x, m) and(
C∗k(x)

)∗−1
are tempered distribution, then by Donoghue [2, p. 152], we obtain

T6k(x,m) ∗W4k(x,m) ∗ (
C∗k(x)

)∗−1
is a tempered distribution. It follows that G(x) is

a tempered distribution. ¤

Theorem 3.2 (An application of Green function) Given the equation

(¢B + m6)ku(x) = f(x) (3.5)

where f is a given generalized function and u(x) is an unknown function, we obtain

u(x) = G(x) ∗ f(x)

is an unique solution of (3.5) where G(x) is a Green function for (¢B + m6)k.

11
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Proof. Convolving both sides of the equation (3.5) by G(x) where G(x) is a Green
function for the operator (¢B + m6)k in Theorem 3.1, we obtain

G(x) ∗ f(x) = G(x) ∗ (¢B + m6)ku(x) = (¢B + m6)kG(x) ∗ u(x).

Applying the Theorem 3.1, we have

G(x) ∗ f(x) = δ(x) ∗ u(x) = u(x).

Since G(x) is an unique, u(x) is an unique solution of the equation (3.5). ¤
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NONLINEAR SINGULAR INTEGRAL EQUATIONS WITH SHIFT
IN THE GENERALIZED HÖLDER SPACES  

  
M.H.Saleh, S.M.Amer* and D.Sh.Mohammed

Dept.of Mathematics, Faculty of Science,
Zagazig University, Zagazig, Egypt.
E-mail: amrsammer@hotmail.com

  
  

Abstract.
    This paper concerns sufficient conditions for the convergence of Newton-Kantoro-
vich majorant method for the solution of a certain class of nonlinear singular integral 
equations with shift. A criterion for the Noetherity of a correspondence singular integ-
ral functional operator of second order with Carleman shift preserving orientation is  
obtained and the index formula is given.

  
Key words:   Nonlinear singular integral equations, Newton-Kantorovich majorant 
method, Carleman shift, Generalized Hölder spaces. 

0. Introduction  
          There is a large Literature on the classical theory of nonlinear singular integral
equations (NSIE) (see [4],[6,7],[13],[15,16] and others).The development of the theory  
of singular integral equations (SIE) naturally stimulated the study of singular integral
equations with shift (SIES).The Noether theory of singular integral operators with shift
(SIOS) is developed for a closed and open contour (see [9],[10],[11] and others).  
Existence results and approximate solutions have been studied for (NSIE) and the non-  
linear singular integral equations with shift (NSIES) by authors (see [1-3],[5],[8].[12]).
In this paper, our aim is to apply the Newton-Kantorovich majorant method to a class 
of (NSIES) under certain conditions.

  
Consider the following nonlinear singular integral equation with Carleman shift(NSIES)  
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is a simple closed Lyapunov contour, dividing the complex plane into interior L where  

is unknown function and the homeomorphism )(, tuD  and exterior domain Ddomain   
is a shift preserving orientation, satisfying the Carleman conditionLL:  

(0.2)                                           Ltttt  ,)))((()(3   

The functions .0)( Ltt  satisfies usual Hölder condition, )(t  whose derivative   

       .)(, Lmbelong to the generalized Hölder space )()(,)(,)(,)(,)( tftetdtctbta and  

have partial derivatives))(,())(,(,))(,( 321 tuttuttut  andAssume that the functions   

order, and satisfy the following conditions:                                               )1( mup to   
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are positive)(,)(,)(1,...,1,0,,,, 21 rcrcrcmkkji kkk  andwhere   

increasing functions.                                                                                                  
for any )(, Lm belong to the space ))(,())(,(,))(,( 321 tuttuttut  andThe functions   

[14].,)(, Lu m  

  
1. Formulation of the problem  

  
be a nonlinear operator defined on the closure of a ball ),(: 0 RuSLet   

We give.into a Banach space in a Banach space },:{),( 00 RuuuuRuS   

new conditions to ensure the convergence of Newton-Kantorovich approximations
is Frechet differentiable inunder the hypothesis that ,0)(  utoward a solution of   

satisfies the local Lipschitz condition:and that its derivative ,),( 0 RuS  

(1.1)                             RrruSuuuurkuu  0,),(,,)()()( 0212121  

is a non-decreasing function on the interval [0,R] and)(rkwhere   

(1.2)                                  .,),(,:
)()(

sup)( }{ 21021
21

21 uuruSuu
uu

uu
rk 


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by),0[],0[: RDefine a scalar function   

(1.3)                                                  ,)()(
0
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where the function                                                                                                         

(1.4)                                                           ,)()(
0

dttkr
r

  

and
(1.5)                            .)(,)()( 1

00
1

0
  uuu   

  
],0[* Rr inhas a unique positive root Theorem 1.1 [17]. Suppose that the function   

and the),( 0* RuSu inhas a unique solution 0)(  uThen the equation .0)( Rand   

Newton-Kantorovich approximations 
(1.6)                                      ,,)()( 1

1
11  


 nuuuu nnnn  
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Moreover the follow-.*uand converge to ),( *0 ruSbelong to ,nare defined for all   

ing estimate holds   
(1.7)                                      ,, **11 nnnnnn rruurruu    

  
is defined by the recurrence formula.,*rconverges to ,)( nnrwhere the sequence   

(1.8)                                               .,
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In this paper, we investigate some sufficient conditions, which ensure that the class 
of (NSIES) (0.1) verifies the hypotheses of theorem 1.1.

2. Some auxiliary results
Definition 2.1
defined  the class of all continuous almost increasing function  1) We denote by   

.L is the length of the curve where,0)(lim,0)(
0




tt
t

such that ]2,0(      on   

implies 210 tt  such that  the class of all functions m 2) We denote by   

is a natural number.mttmctt mm where)()()( 1221         
  

with the norm L the space of all continuous functions defined on )(Lc3) We denote by   

.)(max
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tuu
LtLc 

  

  
we define the generalized Hölder spacem4) For a natural number   

,},))(()(:)({,
mm
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defined asuof the function mis the modulus of continuity of order )( m
uwhere       
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is a positive constant.)(~ mc     where   
  

we define the norm:)(, Lu m6) for   
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)(, Lm7) Consider the following operators on the space   

(2.2)                                           .1,...,1,0,))(()()()( 3  WmitutuWi i
i and  
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into itself with preservation Lhomeomorphically maps )(tUnder the assumption that   

of orientation and satisfies the carleman condition
  

3,11,)(,)(  mmitttt im   

where  
.)(,))(()( 01 tttt ii     

  
is defined by1WThe inverse operator )(ii  

,))(())(( 1 tutuW   

.)(tis the inverse of )(twhere   
The singular operator)(iii  
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is the identity operator.where 
  

and has derivativesLtbe defined for all )()()( tSutv Lemma 2.1.Let the function   
order and satisfy the following condition:)1( mup to   
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using condition (2.5) then we have
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is bounded operator on the Sthen the singular operator ,m Lemma 2.4. Let   

.)(, Lmspace 

Proof.

SALEH ET AL: NONLINEAR SINGULAR INTEGRAL EQUATIONS...306



٦

Hence.)(, Lu mfor any ,)()( , LtuS m         From lemma 2.1, we have   
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By using equality (2.1) we have
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.)(, Lmis bounded in generalized Hö lder space STherefore the singular operator   

  
is a linear bounded continuously invertible operatorWLemma 2.5. The shift operator   
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moreover it satisfies Lipschitz condition:  
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From the inequalities (2.12) and (2.13) we have
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Hence we have                 

satisfies Lipschitz condition,Thus the Frechet's derivative is given by (2.14).Moreover  
using conditions (0.3) - (0.5) and inequalities (2.13), (2.14) and (2.16) we have  
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Thus the lemma is valid.

3. Criterion of Noetherity for (SIOS):

Using equations (2.2), (2.3) and (2.14) we obtain the following (SIES), for the 
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the dominant equation of equation (3.1) can be written in the following operator form:
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By using equality (2.4) equation (3.3) reduces to the following (SIOS)  
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has the form:Moreover the index formula of the operator   
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4. Solution of linear singular integral equation with shift  
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by using equations (2.2), (2.3), equation (4.1) takes the following operator form:  
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successivelySWSWSWW 22 ,,, andTo solve equation (4.2), we apply the operators   
to both sides of equation (4.2), hence we obtain the following system:  
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then the system (4.3) can be written as the following form:

(4.4)                                                           ,, DGC   
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det1
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det

1
*max

det

*
max
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1

m

C

m
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C
C

C

GC
C

GG




  

hence, we get

.)
det1

(
1

*
)(

21

1
0 m

C

mC

C
u 





  

Thus the theorem is proved.

Assume that
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)()()()()()(

)()()()()()((
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and

.)
det1

(
1

*
21 m

C

mC

C






  

Therefore, the following theorem is valid.

Theorem 4.2.    Suppose that the hypotheses of theorem 4.1 are satisfied, moreover   
],0[* Rr indefined by (1.3), (1.4) has a unique positive root)(rthe scalar function   

and the),( 0* RuSu inThen the equation (0.1) has a unique solution .0)( Rand   

Newton-Kantorovich approximations

,,)()( 1
1

11  


 nuuuu nnnn  

and satisfy the following estimate),( *0 ruSbelong to   

,, **11 nnnnnn rruurruu    

  
is defined by the recurrence formula.,*rconverges to ,)( nnrwhere the sequence   

.,
)(

)(
,0 10 


  n

r

r
rrr

n

n
nn 


  

  
We will illustrate theorem 4.2 by the following examples.
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Example (1) Consider the nonlinear function

u
u

uf 
3

)(
3

  

with derivative
1)( 2  uuf  

since
.)()( 2121

2
2

2
121 uuuuuuufuf   

From inequality (1.2) we take

,0,),0(,:
)()(

sup)( }{ 21
21

21

, 21

RrrSuu
uu

ufuf
rk

ruu








  

it is clear that

,2
)()(

21
21

21 ruu
uu

ufuf





  

therefore we get
.)(2)( 2rrrrk  and  

Obviously, the scalar function (1.3) takes the form:

.
3

1
)( 3

0

2 rrrdttr
r

    

we have0)( rConsider the scalar equation   

(4.9)                                                              ,0)(3
33 





rr  

if and only if],0[* Rr inequation (4.9) has a unique positive solution   

,0)
3

()
2

( 32 
pq

  

where

)(3
3





 qp and  

and the assumptions),( 0* RuSu inhas a unique solution 0)( ufHence, the equation   

of theorem 1.1 are valid.

Example (2) Consider the nonlinear function
32)( 23  uuuuf  

with derivative
143)( 2  uuuf  

since
.]43[)(4)(3)()( 212121

2
2

2
121 uuuuuuuuufuf   

From inequality (1.2) we take

,0,),0(,:
)()(

sup)( }{ 21
21

21

, 21

RrrSuu
uu

ufuf
rk

ruu








  

it is clear that
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,4643
)()(

21
21

21 



ruu

uu

ufuf
  

therefore we get
.43)(46)( 2 rrrrrk  and  

  
Obviously, the scalar function (1.3) takes the form

  
.2)( 23 rrrr    

  
we have0)( rConsider the scalar equation   

(4.10)                                                          .0)(
1

2 23 




rrr  

then,
3

2
 yrLet   

(4.11)                                                ,0)
27

8

3

2
()

1

3

4
(3 





yy  

if and only if],0[* Rr inequation (4.11) has a unique positive solution   

,0)
3

()
2

( 32 
pq

  

.
27

8

3

2
)

1

3

4
( 





qp and  

and the assumptions),( 0* RuSu inhas a unique solution 0)( ufHence, the equation   

of theorem 1.1 are valid.
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1. Introduction and preliminaries 

Let ),,( U be a complete probability measure space, 1)(  ,let E be a separable real 

Banach space, be a measurable space, where), B(E B denotes the  algebra of generating by 

all subset in E , and let X be a closed convex subset of E , and let be a bounded open set inD X , 

D and the closure and boundary of inD D X , respectively. 

Definition1.  1 Let E be a separable real Banach space, which satisfies the following conditions: 

EH )( 1 be an algebra over the real number field R ,that has 

（1） E is closed to multiplication, that is, for every ,x y E ,we have Eyx  ； 

（2）for every , , ,R x y E   we have ( ) ( ) ( )x y x y x y       ； 

EH )( 2 hasn’t nilpotent element, that is, for every , ,x E n N  if x  ,we have nx  . 

Then E is called the Z-C-X Space. 
Obviously, because of is algebra over the real number fieldE R , we obtain: 

（3）for every , , , ,R x y E   we have ( )( )x y x y     . 

In the Z-C-X Space E, let n

n

x x x x    , where nEx , is natural number. 
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Definition2. Let X be a cone of E , and suppose that linear functional : [0,X )   , which 

satisfies the following conditions: 

（a）for every ,x y X , if x y   , then 0 ( ) ( )x y   ； 

（b） X is closed to multiplication, that is, for every ,x y X ,we have x y X  . 

Then X is called the -cone. 

In the paper, we suppose that" is the derived partial ordering by "  -cone X in E . 

By the definition2, we also obtain: for every ,x y X , if x y   , then 0 ( ) ( )x y   . 

That is because of when x y   , we naturally have ( ) ( ) 0x y   . 

Lemma1.1. [2  Let] X be a closed convex subset of E , and let D be a bounded open set in X , and 

D , 1 , suppose that A D ： X is a random semi-closed 1-set-contractive operator, 

such that ( , ) ,A x x  for every ( , ) ,x D    and is variable. Then the random 

operator equation ( , )A x x  has a random solution in . D

2. Main results 

Lemma2.1. when , 0, , 0, 1p q p q     

k

, we have 

(ⅰ) ( )k kp q p q      ,where ; 1k 

(ⅱ) ( )k kp q p q k      ,where0 1k  . 

Proof. when  , the both sides of(ⅰ)and(ⅱ)are equal to
k ,hence the equalities 

are true. Suppose  , and  .Let p q    , because 1p q  , 

then ( )q       , in like matter, we have   ,that is    .In(ⅰ)the 

inequality can be overwritten to (k kp q p ) kq    , 

that is    ( ) (k k k kq p )                                                (1) 

Let ( ) , ( )k kf x qx g x px  , then we have
1 1'( ) , '( )k kf x qkx g x pkx   . 

Using the Lagrange value theorem to them in[ , ]  and[ , ]  , respectively, we have 
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1 1
1 1( ) ( ) (k k k kq qk pqk )           

)

, 

   1 1
2 2( ) ( ) (k k k kp pk pqk            , where 2 10 .          

Because , then , thus1k  1 0k   1
1 2
k 1k   .Therefore, ( ) ( )k k k kq p      , 

which proves that the inequality (1)is true. Hence the sign of inequality of(ⅰ)is true. 

When0 , then , we remark the1 1k  1 0k   1
1 2
k k   in the above process of proving, 

then we know that the sign of inequality of(ⅱ)is true. 

Theorem2.1. Let E be the Z-C-X Space, X be a cone of E , and let be a bounded open set inD X , 

and D , 1 , suppose that A D X： is a random semi-closed 1-set-contractive 

operator, such that for every ( , )x D  , , 0p q  , 1p q  , which satisfies to one of the 

following conditions: 

1( ) ( ( , )) ( ) ( ( , ) )k kY p A x q x pA x q x     k

k

, where , 1k 

'
1( ) ( ( , )) ( ) ( ( , ) )k kY p A x q x pA x q x      , where0 1k  , 

Then the random operator equation ( , )A x x  has a random solution in . D

Proof. By the virtue of Lemma1.1, we only prove  

( , ) ,A x x  for every ( , ) , 1x D     .                                (2)   

In fact, suppose (2) is not true, that is there exists a 0 1   and an 0 0( , )x D  such 

that 0 0 0 0( , )A x x  . 

Inserting 0 0 0 0( , )A x x  into , we obtain  1( )Y

0 0 0 0 0 0( ) ( ) (k k )kp x q x p x q x      , , 1k 

that is, 0 0 0( ) (k k k k
0) kp q x p q x       . 

Because X is the -cone, by the definition2, we have 

0 0 0(( ) ) (( ) )k k k k
0
kp q x p q x        , 

that is  0 0 0( ) ( ) ( ) ( )k k k k
0
kp q x p q x                                       (3)  

This is because 0 0,x D x   , and E is the Z-C-X Space, which hasn’t nilpotent element, 

hence .By (3) , we have0 0, ( ) 0n nx x   k
0 0( )k kp q p q      . 

CHENG LI-YING ET AL: ABOUT Z-C-X SPACE... 319



This is contradiction to(ⅰ)in Lemma2.1. 

Thus, we know that ( , ) ,A x x  for every ( , ) , 1x D     . 

Then, by the virtue of Lemma1.1, the random operator equation ( , )A x x  has a random 

solution in . D

We can use the same method to prove the random operator equation ( , )A x x 

'
1( )Y

has a 

random solution in , when the operator satisfies to the boundary condition of . D A

Corollary1. Let E be the Z-C-X Space, X be a cone of E , and let be a bounded open set inD X , 

and D , 1 , suppose that A D X： is a random semi-closed 1-set-contractive 

operator, such that for every ( , )x D  ,which satisfies to one of the following conditions: 

1
2( ) 2 [( ( , )) ( ) ] ( ( , ) )k k kY A x x A x       kx

kx

, where , 1k 

' 1
2( ) 2 [( ( , )) ( ) ] ( ( , ) )k k kY A x x A x       , where0 1k  , 

Then the random operator equation ( , )A x x  has a random solution in . D

Proof. We only let 
1
2

p q  in the theorem2.3, and the conclusion is true.  

Lemma2.2. (2 1) (2 1) ( )
2 2

n nk t t k nt      , where0 1t  , 0k   , .  1n 

Proof. Let ( ) (2 1) (2 1) ( )
2 2

n nkf t t t k nt       , where0 1t  , 0k   , , 1n 

then . 
' 1( ) [(2 1) 1] [1 (2 1) ]n nf t kn t n t       1

When0 1, , we havet  1n  1(2 1) 1 0nt    ,
11 (2 1) 0nt    ,thus .  ' ( ) 0f t 

Therefore ( )f t is a strictly monotone increasing function in (0 . ,1]

That is, when , we have  (0,1]t

( ) (2 1) (2 1) ( ) (0) ( 1) 0
2 2 2 2

n nk kf t t t k nt f n            . 

That is (2 1) (2 1) ( )
2 2

n nk t t k nt      . 

Theorem2.2. Let E be the Z-C-X Space, X be a cone of E , and let be a bounded open set inD X , 

and D , 1 , suppose that A D X： is a random semi-closed 1-set-contractive 

operator, such that 
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1
3( ) (2 ( , )) (2 ( , )) ( ) ( ( , )) ,

2 2
n nkY x A x x A x k n x A x n             

 for every ( , )x D  , ,1n  0k   , 

Then the random operator equation ( , )A x x  has a random solution in . D

Proof. By the virtue of Lemma1.1, we only prove  

( , ) ,A x x  for every ( , ) , 1x D     .                                (4)   

In fact, suppose (4) is not true, that is there exists a 0 1   and an 0 0( , )x D  such 

that 0 0 0 0( , )A x x  . 

Inserting 0 0 0 0( , )A x x  into , we obtain  1( )Y

1
0 0 0 0 0 0 0 0 0(2 ) (2 ) ( ) ( ) ,

2 2
n nk x x x x k n x x n            1n  , 0k   , 

That is,
1

0 0 0[ (2 ) (2 ) ] ( )
2 2

n n nk
0 0
n nx k n x            

Because X is the -cone, by the definition2, we have 

1
0 0 0([ (2 ) (2 ) ] ) (( ) )

2 2
n n nk

0 0
n nx k n x             , 

That is, 
1

0 0 0 0[ (2 ) (2 ) ] ( ) ( ) ( )
2 2

n n n nk
0
nx k n x                           (5)  

This is because 0 0,x D x   , and E is the Z-C-X Space, which hasn’t nilpotent element, 

hence .By (5) , we have0 0, ( ) 0n nx x   1
0 0(2 ) (2 ) ( )

2 2
n nk k n 0

n            . 

By dividing on the both sides of the inequality, we have  0 ( 0)n 

0 0

(2 1) (2 1) ( )
2 2

n nk k n
0

   
  

                                           (6)       

Let
0

t


 , by 0 1   , we obtain0 1t  . 

Hence (6) is that (2 1) (2 1) ( )
2 2

n nk t t k nt      . 

This is contradiction to Lemma2.2. 

Thus, we know that ( , ) ,A x x  for every ( , ) , 1x D     . 

Then, by the virtue of Lemma1.1, the random operator equation ( , )A x x  has a random 
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solution in . D

Lemma2.3. ( 1) ( 1) ( )n nk t t k nt      , where
1[0, ), 1,0 1
2

k t     , . 1n 

Proof. Let ( ) ( 1) ( 1) ( )n nt k t t k nt       ,
1[0, ), 1,0 1
2

k tf     

1n

, , 1n 

then , 
' 1 1 1( ( 1) ( 1) ( ) [( 1) 1] [1 ( 1) ]n n nf t kn t n t k n kn t n t               )

 when0 1, ,we have ,then . t 1n  1 1( 1) 1 0,1 ( 1) 0n nt t       ' ( ) 0f t 

Therefore ( )f t is a strictly monotone increasing function in . (0,1]

That is, when , we have  (0,1]t

( ) 1) (1 ) ( ) (0) ( 1) 0n n nf t k t k nt f k          (t 

k t

. 

That is ( 1) (1 ) ( )n nt k nt      . 

Theorem2.3. Let E be the Z-C-X Space, X be a cone of E , and let be a bounded open set inD X , 

and D , 1 , suppose that A D X： is a random semi-closed 1-set-contractive 

operator, if there is 
1[0, ), 1,
2

k  

n

1n such that 

1
4( ) ( ( , )) ( ( , )) ( ) ( ( , )) ,n nY k A x x A x k n x A x       x       

for every ( , )x D   

Then the random operator equation ( , )A x x  has a random solution in . D

Proof. By the virtue of Lemma1.1, we only prove  

( , ) ,A x x for every ( , ) , 1x D     .                                (7)   

In fact, suppose (7) is not true, that is there exists a 0 1   and an 0 0( , )x D  such 

that 0 0A x 0 0( , ) x  . 

Inserting 0 0 0 0( , )A x x  into , we obtain  4( )Y

1
0 0 0 0 0 0 0 0 0( ) ( ) ( ) (n nk x x x x k n x x      ) ,n       1n  , 

That is,  
1

0 0 0 0) ( ) ] ( ) ( ) ,n n n nk x k n             0
nx[ (

X is the -cone, by the definition2, we have Because

1
0 0 0 0([ ( ) ( ) ] ) (( ) ( ) ),n n n nk x k n               0

nx  
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That is,                 (8)  
1

0 0 0 0[ ( ) ( ) ] ( ) ( ) ( ) ( )n n n nk x k n              0
nx

This is because 0 0,x D x   , and E is the Z-C-X Space, which hasn’t nilpotent element, 

hence .By (8) , we have . 0 0, ( ) 0n nx x   0
nn 1

0 0( ) ( ) ( ) ( )n nk k            

By dividing on the both sides of the inequality, we have  0 ( 0)n 

0 0

[ ( 1) ( 1) ] ( )n nk
0

k n   
  

                                              (9)       

Let
0

t


 , by 0 1   , we obtain0 1t  . 

Hence (9) is that ( 1) ( 1) ( )n nk t t k nt      . 

This is contradiction to Lemma2.3. 

Thus, we know that ( , ) ,A x x  for every ( , ) , 1x D     . 

Then, by the virtue of Lemma1.1, the random operator equation ( , )A x x  has a random 

solution in . D
Remark: when E only is a separable real Banach space, the above theorems can be overwritten to 
the following theorems, correspondingly. 
Theorem2.4. Let E be the Z-C-X Space, X be a cone of E , and let be a bounded open set inD X , 

and D , 1 , suppose that A D X： is a random semi-closed 1-set-contractive 

operator, such that for every ( , )x D  , , 0p q  , 1p q  , which satisfies to one of the 

following conditions: 

5( ) ( , ) ( , )k kY p A x q x pA x q x k      , where , 1k 

'
5( ) ( , ) ( , )k kY p A x q x pA x q x k      , where0 1k  , 

Then the random operator equation ( , )A x x  has a random solution in . D

Theorem2.5. Let E be the Z-C-X Space, X be a cone of E , and let be a bounded open set inD X , 

and D , 1 , suppose that A D X： is a random semi-closed 1-set-contractive 

operator, such that 
1

6( ) 2 ( , ) 2 ( , ) ( ) ( , ) ,
2 2

n nkY x A x x A x k n x A x n               

 for every ( , )x D  , ,1n  0k   , 

CHENG LI-YING ET AL: ABOUT Z-C-X SPACE... 323



Then the random operator equation ( , )A x x  has a random solution in . D

Theorem2.6. Let E be the Z-C-X Space, X be a cone of E , and let be a bounded open set inD X , 

and D , 1 , suppose that A D X： is a random semi-closed 1-set-contractive 

operator, if there is 
1[0, ), 1,
2

k   1n such that 

1
7( ) ( , ) ( , ) ( ) ( , )n nY k x A x x A x k n x A x        n      

for every ( , )x D   

Then the random operator equation ( , )A x x  has a random solution in . D
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Topological Sequence Entropy of Operators on Function Spaces∗

Gengrong Zhang 1,2† Fanping Zeng3, and Kesong Yan3

1. Institute of Mathematics, Shantou University, Shantou, 515063, China

2. Institute of Mathematics, Guangxi University, Nanning, 530004, China

3. Department of Mathematics, Liuzhou Teachers College , Liuzhou, 545004, China

Abstract

We study sequence entropy of actions on function spaces with the focus on Markov operators

on Compact spaces. We defined the natural definition of topological sequence entropy for Markov

operators on C(X). Firstly, we prove that the three are equal. Secondly, It is proved that hA(T ) =

hA(S) If Tf = f ◦S is an operate generated by a continuous map: S : X → X and A is an increasing

integer sequence. Finally, It is proved that If for every continuous f there exists an invariant function

ϕf such that lim
n→∞

sup
x∈X

|T nf(x)−ϕf (x)| = 0 then hA(T ) = 0 for every increasing integer sequence A.

Keyword: k-Warsaw circle; Pointwise recurrent; Equicontinuity;

AMS(2000) Subject Classification: 58F10, 54H20

1 Introduction

Let C1(X) denote the set of all continuous functions f : X → [0, 1]. In this paper, X is a compact

Hausdorff space and T denotes a Markov operators actin on C(X).

For a continuous f let us define

Uε
<f = {(x, t) ∈ X × [0, 1] : t < f(x) + ε}.

Uε
>f = {(x, t) ∈ X × [0, 1] : t > f(x) + ε}.

Uε
f = Uε

<f ∩ Uε
>f .

Given a finite collection F ⊂ C1(X) we obtain a finite open cover of X × [0, 1] by the formula

Uε
F =

∨
f∈F

Uε
f

If V is a finite open cover of the unit interval then we let

F−1V =
∨

f∈F
f−1(V).

∗Project supported by NSFCs(10661001, 10861002, 60864002), NSF of Guangxi (0649002), NSF of Guangxi Education

Department(200807MS001), NSF of Guangdong(7301276)
†Email: zgr.keyan@yahoo.com.cn(G.R. Zhang)
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If Tf = f ◦ S, where S : X → X is a continuous transformation and A = {0 = a0 < a1 < a2 < · · ·} is

a integer sequence, we denote Fn
A =

n−1⊔
k=0

T akf .

It is easy to prove the following Lemma 1, in which (i) and (ii) can be found in [2].

Lemma 1 Let F ,G be finite subsets of C1(X), V a finite open cover of the unit interval and ε a

positive number. Then

(i) Uε
F∪G = Uε

F
∨
Uε
G

(ii) (F ∪ G)−1(V) = F−1(V)
∨
G)−1(V); (iii) if Tf = f ◦ S, where S : X → X is a continuous

transformation then Uε
Fn

A
=

n−1∨
i=0

(S × Id)−ai(Uε
F ) and (Fn

A)−1(V) =
n−1∨
i=0

S−ai(F−1(V)).

Recall that, for any open cover U , the symbol N(U) denotes the minimal cardinality of a subcover

chosen from U .

Definition 1 Let F ⊂ C1(X) be a finite collection of functions, A = {0 = a0 < a1 < a2 < · · ·} be a

integer sequence and ε > 0. We define

(i) H1(F , ε) = log N(Uε
F ),

(ii) h1(T,F , A, ε) = lim sup
n→∞

1
nH1(Fn

A, ε),

(iii) h1(T,A) = sup
F

sup
ε

h1(T,F , A, ε).

Definition 2 Let F ⊂ C1(X) be a finite collection of functions, A = {0 = a0 < a1 < a2 < · · ·} be a

integer sequence and V be a cover of interval [0, 1]. We define

(i) H2(F ,V) = log N(F−1V),

(ii) h2(T,F , A,V) = lim sup
n→∞

1
nH2(Fn

A,V),

(iii)h2(T,A) = sup
F

sup
V

h2(T,F , A,V).

Let dF and s(dF , ε) be the same as in [Tomasz]

Definition 3 Let F ⊂ C1(X) be a finite collection of functions, A = {0 = a0 < a1 < a2 < · · ·} be a

integer sequence and ε > 0. We define

(i) H3(F , ε) = log s(dF , ε),

(ii) h3(T,F , A, ε) = lim sup
n→∞

1
nH3(Fn

A, ε),

(iii) h3(T,A) = sup
F

sup
ε

h3(T,F , A, ε).

In [2], the authors proved the following Theorems A and B:

Theorem A For every Markov operate T holds h1(T ) = h2(T ) = h3(T ).

Theorem B If Tf = f ◦ S is an operate generated by a continuous map: S : X → X, then h1(T ) is

equal to the classic topological entropy of S.

In this paper, we defined the topological sequence entropy of a Markov operator T and proved the

following Theorems 1, 2 and 3:

Theorem 1 For every Markov operate T and integer sequence A = {0 = a0 < a1 < a2 < · · ·} hold

h1(T,A) = h2(T,A) = h3(T,A).

2
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Theorem 2 If Tf = f ◦ S is an operate generated by a continuous map: S : X → X and

A = {0 = a0 < a1 < a2 < · · ·} is a integer sequence , then hA(T ) is equal to the classic topological

entropy hA(S) of S.

Theorem 3. If for every continuous f there exists an invariant function ϕf such that lim
n→∞

sup
x∈X

|Tnf(x)−

ϕf (x)| = 0 then hA(T ) = 0 for every integer sequence A = {0 = a0 < a1 < a2 < · · ·}.

2 Proofs of Theorems 1, 2 and 3

Theorem 1 For every Markov operate T and integer sequence A = {0 = a0 < a1 < a2 < · · ·} hold

h1(T,A) = h2(T,A) = h3(T,A).

Proof. Firstly, we prove that h1(T,A) ≤ h2(T,A). Choose ε > 0 and let V be a finite open cover of

interval [0, 1] of sets with diameters not greater than ε. Let WA
n = {U × V : U ∈ (F\A)−1(V, v ∈ V).

For each U × V ∈ WA
n , let F ′A = {f ∈ Fn

A : f(x) ≥ infV for each x ∈ U}. It is not difficult

to see that U × V ⊂
⋂

f∈F ′
A

Uε
<f ∩

⋂
f∈Fn

A
−F ′

A

Uε
>f ∈ Uε

Fn
A
. It follows that WA

n is in scribed in Uε
Fn

A
.

Thus, N(Uε
Fn

A
) ≤ N(WA

n )leqN((F\A)−1(V) · N(V). Since N(V) is independent of n. It follows that

h1(T,F , A, ε) ≤ h2(T,F , A,V). Thus, h1(T,A) ≤ h2(T,A).

Secondly, we will prove that h2(T,A) ≤ h3(T,A). et V be a finite open cover of interval [0, 1].

Denote its Lebesgue number by δ and let E be a maximal (dFn
A
, ε)-separated set in X. It follows from

the maximality of E that the collection {B(x, δ
2 ) : x ∈ E} of balls constitutes a finite open cover of

X. for every f ∈ Fn
A and x ∈ E, the interval (f(x) − δ

2 , f(x) + δ
2 ) is contained in some element

V (f, x) of V. Hence B(x, δ
2 ) =

⋃
f∈Fn

A

f−1(f(x) − δ
2 , f(x) + δ

2 ) ⊂
⋃

f∈Fn
A

f−1(V (f, x)) ∈ (Fn
A)−1(V) and

N((Fn
A)−1(V)) ≤ N{B(x, δ

2 ) : x ∈ E = N(E) = s(dFn
A
, δ

2 ). It follows that h2(T,A) ≤ h3(T,A).

Now we will show that h3(T,A) ≤ h1(T,A).

Let D ⊂ X be a (dF , ε)-separated set of maximal cardinality. Put γ = ε
6 and define F̃ = { 1

2f + iγ :

f ∈ F , i ∈ Z, 0 ≤ i ≤ 1
2γ }. Then, by the proof of Theorem 4.2 in [2], we have s(dF , ε) ≤ N(Uγ

F ). Recall

that T, as a Markov operator, is linear and preserves constants. This implies that F̃n
A = F̃n

A. So we can

replace F with Fn
A and obtain s(dF\

A
, ε) ≤ N(Uγ

F\
A
). h3(T,A) ≤ h1(T,A) holds by taking upper limits

and superma.

The proof of Theorem 1 is completed.

In the following we will use the symbol hA(T ) to denote the common value of h1(T,A), h2(T,A) and

h3(T,A).

Theorem 2 If Tf = f ◦ S is an operate generated by a continuous map: S : X → X and A = {0 =

a0 < a1 < a2 < · · ·} is a integer sequence , then hA(T ) is equal to the classic topological entropy hA(S)

of S.

Proof. Firstly, by Lemma 1(iii), we have (Fn
A)−1(V) =

n−1∨
i=0

S−ai(F−1(V)). Denote BV = F−1(V).

3
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Then, (Fn
A)−1(V) =

n−1∨
i=0

S−ai(B). Therefore,

h2(T,F , A,V) = lim sup
n→∞

1
nH2(Fn

A,V) = lim sup
n→∞

1
n log N((Fn

A)−1V) = lim sup
n→∞

1
n log N(BV).

It follows that

h2(T,A) = sup
F

sup
V

1
nh2(T,F , A,V) = sup

F
sup
V

lim sup
n→∞

1
n log N(BV) = sup

V
lim sup

n→∞
1
n log N(BV) ≤ hA(S).

Let W be a finite open cover of X. Choose a minimal subcover {W1,W2, · · · ,Wr} ⊂ W. Using the

Tietze−Urysohn Theorem(see [4], Theorem 2.1.8), we can construct F = {f1, f2, · · · , fr} consisting of

continuous functions on X such that if x ∈ W c
i then fi(x) = 0. Consequently, if x ∈

⋂
j 6=i

(W c
j ), i.e. x is

covered exclusively by Wi, then fi(x) = 1(i = 1, ..., r). Fix 0 < ε < 1
2r . Every member of Uε

Fn
A

is of the

form
⋂

g∈Fn
A

Ug =
n−1⋂
k=0

⋂
g∈T akF

Ug, where Ug ∈ Uε
g . We will prove that each subcover U ′ chosen from Uε

Fn
A

determines a subcover of Wn
A of the same or smaller cardinality, where Wn

A =
n−1∨
i=0

S−ai(W). Suppose

that an element of U ′ satisfies the following condition

For each k < n, there exists gk ∈ T akF such that Ugk
= Uε

<gk
(1)

Denote by W̃k the element of T−akW such that gk = 1 on the set covered exclusively by W̃k and

vanishes on W̃k. The set
n−1⋂
k=0

W̃k belongs to Wn
A. Pick any x ∈ X. The point (x, 1

2r ) does not belong to⋂
g∈T akF

Uε
>g for any k = 0, 1, · · · , n− 1, since one cam always find gk ∈ T akF such that gk(x) ≥ 1

r . Thus,

if an element of U ′ contains (x, 1
2r ), it satisfies the condition (1) and determines some set

n−1⋂
k=0

W̃k ∈ Wn
A.

This set contains x, because gk(x) ≥ 1
r for each k = 0, 1, · · · , n− 1. Since x is arbitrary, the sets of form

n−1⋂
k=0

W̃k constitute a cover of X and hence N(Wn
A) ≤ N((U)ε

Fn
A
). It follows that

hA(S) = sup
W

lim sup
n→∞

1
n log N(Wn

A)

≤ sup
W

lim sup
n→∞

1
n log N((U)ε

Fn
A
) = sup

W
h1(T,F , A, ε)

≤ sup
F

sup
ε

h1(T,F , A, ε)

= h1(T,A)

= hA(T ).

The proof of Theorem 2 is completed.

Corollary 1. If Tf = f ◦ S is an operate generated by a continuous map: S : X → X, where

X = [0, 1], then S is chaotic in the sense of Li-York if and only if there is some integer sequence

A = {0 = a0 < a1 < a2 < · · ·} such that hA(T ) > 0.

Theorem 3. If for every continuous f there exists an invariant function ϕf such that lim
n→∞

sup
x∈X

|Tnf(x)−

ϕf (x)| = 0 then hA(T ) = 0 for every integer sequence A = {0 = a0 < a1 < a2 < · · ·}.
Proof. The proof of Theorem 3 is analogous to the proof of Theorem 4.7 in [2], so we omitted it.

It is clear that Theorem 3 is a promotion of Theorem 4.7 in [2].

4
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Numerical simulation of the generalized Huxley equation by
homotopy analysis method
K.M. Hemida and M.S. Mohamed 1

Mathematics Department, Faculty of Science, Al-Azhar University, Nasr City 11884, Cairo,

Egypt

Abstract: In this paper we present the homotopy analysis method (HAM) for obtaining

the numerical solution of the generalized Huxley equation. Convergence of the solution and

e¤ects for the method are discussed. Comparisons are made among Adomian�s decomposition

method (ADM), homotopy perturbation method (HPM), variational iteration method (VIM),

the exact solution and the homotopy analysis method. The results reveal that the proposed

method is very e¤ective, simple and also suggest that both the HPM and ADM are special case

of the HAM.

Key words: Nonlinear PDE; Huxley equation; Homotopy analysis method; Homotopy per-

turbation method; Adomian decomposition method.

1. Introduction

Nonlinear partial di¤erential equations (NPDEs) are encountered in such various �elds as

physics, chemistry, biology, mathematics and engineering,. Most nonlinear models of real life

problems are still very di¢ cult to solve, either numerically or theoretically. The generalized

Huxley equation

ut � uxx = �u(1� u�)(u� � 
); 0 � x � 1; t � 0; (1)

with the initial condition of

u (x; 0) = [



2
+



2
tanh (�
x)]

1
� (2)

describes nerve pulse propagation in nerve �bres and wall motion in liquid crystals. The exact

solution of this equation was derived by Wang et al. [1];using nonlinear transformations and is

given by

u (x; t) = [



2
+



2
tanh

�
�
(x+

�
(1 + � � 
) �
2 (1 + �)

�
t

�
)]

1
� ; (3)

where � = ��
4(1+�)

and � =
p
4� (1 + �):

Many researchers have used various numerical methods to solve equation (1) numerically.

Hashim et al. investigated the generalized Huxley equation, using Adomian decomposition

method (ADM) [2] and Wazwaz studied the generalized forms of Burgers, Burgers-Kdv and

Burgers-Huxley equations [3]. Hashem et al. studied the generalized Burger�s-Huxley equa-

tion [4], and Estevez investigated non-classical symmetries and the singular modi�ed Burger�s

1E-mail: m�s� mohamed2000@yahoo.com
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and Burger�s-Huxley equation [5]. Hashemi et al. solved the generalized Huxley equation by

He�s homotopy perturbation method (HPM) [6]. Batiha et al. solved the generalized Huxley

equation by variational iteration method (VIM) [7].

In this paper, we solve the generalized Huxley equation by Homotopy analysis method

(HAM) [8-14]. The results are compared with the available exact solutions and those were

obtained by the (ADM) [2], homotopy perturbation method (HPM) [6] and variational iteration

method (VIM) [7].

2. The homotopy analysis method (HAM)

We apply the HAM [8-14] to Huxley equation with initial conditions. We consider the

following di¤erential equation

N [u(x; t)] = 0; (4)

where N is a nonlinear operator for this problem, x and t denote independent variables, u(x; t)

is an unknown function. By means of the HAM, one �rst construct zero-order deformation

equation

(1� q)L(�(x; t; q)� u0(x; t)) = qhH(t)N [�(x; t; q)]; (5)

where q 2 [0; 1] is the embedding parameter, h 6= 0 is an auxiliary parameter, H(t) 6= 0 is

an auxiliary function, L is an auxiliary linear operator, u0(x; t) is an initial guess. Obviously,
when q = 0 and q = 1, it holds

�(x; t; 0) = u0(x; t); �(x; t; 1) = u(x; t): (6)

Liao [8-14] expanded �(x; t; q) in Taylor series with respect to the embedding parameter q, as

follows:

�(x; t; q) = u0(x; t) +
1X
m=1

um(x; t)q
m; (7)

where

um(x; t) =
1

m!

@m�(x; t; q)

@mq
jq=0 (8)

Assume that the auxiliary linear operator, the initial guess, the auxiliary parameter h and

the auxiliary function H(t) are selected such that the series (7) is convergent at q = 1, then we

have from (7)

u(x; t) = u0(x; t) +
1X
m=1

um(x; t): (9)

Let us de�ne the vector

u!n (t) = fu0(x; t); u1(x; t); u2(x; t); :::::; un(x; t)g: (10)

2
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Di¤erentiating (5) m times with respect to q, then setting q = 0 and dividing then by m!,

we have the mth-order deformation equation

$(um(x; t)� {mum�1(x; t)) = hH(t)Rm(u
!
m�1); (11)

where

Rm(u
!
m�1) =

1

(m� 1)!
@m�1N [�(x; t; q)]

@m�1q
jq=0; (12)

and

{m =

(
0 m � 1;
1 m > 1:

(13)

The mth-order deformation Eq. (11) is linear and thus can be easily solved, especially by

means of symbolic computation software such as Mathematica, Maple, MathLab.

3. Analysis of the method by the HAM

To solve Eq. (1) with an initial condition (2) by means of HAM, we choose the linear

operator

L[�(x; t; q)] = @�(x; t; q)

@t
; (14)

with property L[c] = 0; where c is a constant. We de�ne a nonlinear operator as

N [�(x; t; q)] =
@�(x; t; q)

@t
�@

2�(x; t; q)

@x2
��(1+
)��+1(x; t; q)+��2�+1(x; t; q)+�
�(x; t; q): (15)

We construct the zeroth-order deformation equation

(1� q)L(�(x; t; q)� u0(x; t)) = qhH(t)N [�(x; t; q)]:

For q = 0 and q = 1, we can write

�(x; t; 0) = u0(x; t) = u(x; 0);

�(x; t; 1) = u(x; t): (16)

Thus, we obtain the mth-order deformation equations

$(um(x; t)� {mum�1(x; t)) = hH(t)Rm(u
!
m�1);

where

Rm(u
!
m�1) =

@�m�1(x; t; q)

@t
� @

2�m�1(x; t; q)

@x2
+ ��2�+1m�1(x; t; q)� �(1 + 
)��+1m�1(x; t; q)

+�
�m�1(x; t; q): (17)

In order to obey both the rule of solution expression and the rule of the coe¢ cient ergodicity

[12], the auxiliary function can be determined uniquely H(t) = 1:

3
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Now the solution of the mth-order deformation equations (17) for m � 1 become

um(x; t) = {mum�1(x; t) + h$�1Rm(u
!
m�1): (18)

So, a few terms of series solution are as follows:

u0 (x; t) = [



2
+



2
tanh (�
x)]

1
� ; (19)

u1 (x; t) =
�h
�2
((1 + tanh (�
x))

1
� (2(�

1
�
)
(

1+2�
�
)�2 tanh2 (�
x) + 2(�

1
�
)
(

1+2�
�
)�2

+2(�
1
�
)
(

1+2�
�
)�2 tanh2 (�
x) � � 2(�1+��

)
(
1+2�
�
)�2 tanh (�
x)

+2(�
1
�
)
(

1+�
�
)�(2(

1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )��2 � 2(� 1

�
)
(

1+�
�
)��2

�2(� 1
�
)
(

1+2�
�
)�2� + 2(�

1
�
)
(

1
�
)�(2(

�1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )��2 (20)

�2(� 1
�
)
(

1
�
)�(2(

�1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )2��2)t):

According to the HAM, we can conclude that

u (x; t) = u0 (x; t) + u1 (x; t) + :::::: (21)

Therefore, substituting the values of u0 (x; t) and u1 (x; t) from Eqs. (19), (20) into. Eq. (21)

yields:

u (x; t) =
�h
�2
((1 + tanh (�
x))

1
� (2(�

1
�
)
(

1+2�
�
)�2 tanh2 (�
x) + 2(�

1
�
)
(

1+2�
�
)�2

+2(�
1
�
)
(

1+2�
�
)�2 tanh2 (�
x) � � 2(�1+��

)
(
1+2�
�
)�2 tanh (�
x)

+2(�
1
�
)
(

1+�
�
)�(2(

1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )��2 � 2(� 1

�
)
(

1+�
�
)��2

�2(� 1
�
)
(

1+2�
�
)�2� + 2(�

1
�
)
(

1
�
)�(2(

�1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )��2 (22)

�2(� 1
�
)
(

1
�
)�(2(

�1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )2��2)t) + [




2
+



2
tanh (�
x)]

1
� :

When h = �1; we obtain

u (x; t) =
1

�2
((1 + tanh (�
x))

1
� (2(�

1
�
)
(

1+2�
�
)�2 tanh2 (�
x) + 2(�

1
�
)
(

1+2�
�
)�2

+2(�
1
�
)
(

1+2�
�
)�2 tanh2 (�
x) � � 2(�1+��

)
(
1+2�
�
)�2 tanh (�
x)

+2(�
1
�
)
(

1+�
�
)�(2(

1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )��2 � 2(� 1

�
)
(

1+�
�
)��2

�2(� 1
�
)
(

1+2�
�
)�2� + 2(�

1
�
)
(

1
�
)�(2(

�1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )��2 (23)

�2(� 1
�
)
(

1
�
)�(2(

�1
�
)
(

1
�
)((1 + tanh (�
x))

1
� )2��2)t) + [




2
+



2
tanh (�
x)]

1
� ;

which the same as the solution obtained by [6]. Then we �nd at h = �1;

u (x; t)HAM = u (x; t)ADM = u (x; t)HPM :

4
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4. Numerical results and discussion

We shall illustrate the accuracy and e¢ ciency of HAM applied to Eq. (1) compared to the

ADM [2], HPM[6] and VIM [7]. For this purpose, we consider the same parameter values for

the generalized Huxley equation (1) as considered speci�cally in [2], we take � = 1, 
 = 0:001

and � = 1; 2; 3. We present in Tables 1�3, the values of exact solution, �ve-term approximate

of ADM , 1-iteration VIM and 2-term of HAM.

Table 1 numerical solutions for � = 1, 
 = 0:001 and � = 1
h = �0:6

x t Exact ADM [2] HPM [6] VIM [7] HAM

0.1 0.05 5.000302E-4 5.000052E-4 5.000052E-4 5.000052E 04 5.000100E-4

0.1 5.000427E-4 4.999927E-4 4.999927E-4 4.999927E 04 5.000030E-4

1 5.002676E-4 4.997678E-4 4.997678E-4 4.997678E 04 4.998680E-4

0.5 0.05 5.001009E-4 5.000759E-4 5.000759E-4 5.000759E 04 5.000810E-4

0.1 5.001134E-4 5.000634E-4 5.000634E-4 5.000634E 04 5.000730E-4

1 5.003383E-4 4.998385E-4 4.998385E-4 4.998385E 04 4.999380E-4

0.9 0.05 5.001716E-4 5.001466E-4 5.001466E-4 5.001466E 04 5.001520E-4

0.1 5.001841E-4 5.001341E-4 5.001341E-4 5.001341E 04 5.001440E-4

1 5.004090E-4 4.999092E-4 4.999092E-4 4.999092E 04 5.000090E-4
Table 2 numerical solutions for � = 1, 
 = 0:001 and � = 2

h = �0:6
x t Exact ADM [2] HPM [6] VIM [7] HAM

0.1 0.05 2.236188E-2 2.236077E-2 2.236077E-2 2.236077E -2 2.236100E-2

0.1 2.236244E-2 2.236021E-2 2.236021E-2 2.236023E -2 2.236070E-2

1 2.237250E-2 2.235015E-2 2.235015E-2 2.235015E -2 2.223546E-2

0.5 0.05 2.236447E-2 2.236335E-2 2.236335E-2 2.236335E-2 2.236360E-2

0.1 2.236502E-2 2.236279E-2 2.236279E-2 2.236279E-2 2.236320E-2

1 2.237508E-2 2.235273E-2 2.235273E-2 2.235273E -2 2.235720E-2

0.9 0.05 2.236705E-2 2.236593E-2 2.236593E-2 2.236593E -2 2.236620E-2

0.1 2.236761E-2 2.236537E-2 2.236537E-2 2.236537E -2 2.236580E-2

1 2.237766E-2 2.235531E-2 2.235531E-2 2.235531E -2 2.235980E-2

5

HEMIDA-MOHAMED: SOLVING HUXLEY EQUATION...348



Table 3 numerical solutions for � = 1, 
 = 0:001 and � = 3

h = �0:6
x t Exact ADM [2] HPM [6] VIM [7] HAM

0.1 0.05 7.937402E-2 7.937005E-2 7.937005E-2 7.937005E-2 7.937080E-2

0.1 7.937600E-2 7.936807E-2 7.936807E-2 7.936807E -2 7.936970E-2

1 7.941169E-2 7.933234E-2 7.933234E-2 7.933236E -2 7.934820E-2

0.5 0.05 7.938196E-2 7.937799E-2 7.937799E-2 7.937799E-2 7.937880E-2

0.1 7.938394E-2 7.937601E-2 7.937601E-2 7.937601E-2 7.937760E-2

1 7.941962E-2 7.934029E-2 7.934029E-2 7.934031E -2 7.935620E-2

0.9 0.05 7.93899E-2 7.938989E-2 7.938989E-2 7.938592E -2 7.938670E-2

0.1 7.939187E-2 7.939187E-2 7.939187E-2 7.938394E -2 7.938550E-2

1 7.942754E-2 7.934823E-2 7.934823E-2 7.934825E -2 7.936410E-2
The results clearly show that HAM is more e¢ cient than the ADM, HPM, and VIM. The

HAM avoids the needs for calculating the Adomian polynomials which can be di¢ cult in some

cases.

5. Conclusion

In this paper, we propose HAM to solve the generalized Huxley equation. The solution

is also, given by ADM, HPM and VIM. We reveal the relationship between HAM and other

methods, That is ADM and HPM are special case of HAM for this problem.

Compared with ADM, HPM and VIM, this illustrative problem shows that HAM has the

following advantages. The HAM contains a certain auxiliary parameter h which provides us

with a simple way to adjust and control the convergence region and rate of convergence of the

series solution.
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BASIS PROPERTY IN Lp(0; 1) OF THE ROOT FUNCTIONS
CORRESPONDING TO A BOUNDARY-VALUE PROBLEM

H. MENKEN AND KH. R. MAMEDOV

Abstract. The non-self adjoint Sturm-Liouville operators with periodic and
anti-periodic boundary conditions are studied. The basis property in the space
Lp(0; 1) (p > 1 ) of the root functions of these operators is proved. For the
basisness in Lp(0; 1) the inequality in the F. Riesz�s theorem is used.

1. Introduction

Let us consider di¤erential operators generated by the di¤erential equation

(1.1) `(y) � y00 + q(x)y = �y

and the periodic boundary conditions

(1.2) y(0) = y(1); y0(0) = y0(1);

or the anti-periodic boundary conditions

(1.3) y(0) = �y(1); y0(0) = �y0(1);

where the potential q(x) is an complex-valued function de�ned on [0; 1]. We note
that the boundary conditions (1.2) and (1.3) in Birkho¤ classi�cation are regular,
but not strongly regular (see [14], p.71).
In this work we study the basis properties of the root functions for boundary value

problem (1.1), (1.2) and (1.1), (1.3) which correspond to periodic and antiperiodic
problems. This problem is important for the study of Sturm-Liouville operators
with periodic complex potential on the whole real line, which is called the Hill
operator, and it is of independent interest. A recent progress in the study of the
Hill operator is presented in a paper by Djakov and Mityagin [2] and references
therein.
It is well known that the basisness of the root functions of linear di¤erential

operators depends on regularity of boundary conditions generating the given dif-
ferential operators. The basisness in the space L2(0; 1) of the root functions of a
linear di¤erential operator of order n with strongly regular boundary conditions
was shown by Mikhailov (1962) [13], Kesel�man (1964) [7], and in the monagraph
of Dunford and Schwartz [3]. Some examples of di¤erential operators with regular
but not strongly regular boundary conditions whose root functions do not form a
basis in L2(0; 1) were given by Kesel�man (1964) [7] and Walker (1977) [17].

2000 Mathematics Subject Classi�cation. 34L10, 34B24, 47E05.
Key words and phrases. Sturm-Liouville operator, F. Riesz�s inequality, basisness of root func-

tions, not strongly regular boundary conditions.
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2 H. MENKEN AND KH. R. MAMEDOV

Ionkin (1976) [4] studied one non-classical heat conduction problem in homo-
geneous rod, which is reduced to following boundary-value problem by method of
partition

y00 + �y = 0; y0(0)� y0(1) = 0; y(0) = 0

whose boundary conditions are regular, but not strongly regular. All the eigenvalues
of this problem starting with the second one are double, the general number of
associated functions is in�nite. However, it was established that the chosen specially
system of root functions forms an unconditional basis in L2(0; 1).
Shkalikov (1979, 1982) [15, 16] proved that the eigenfunctions and associated

functions of an ordinary di¤erential operator of 2n order with not strongly regular
boundary conditions do not form a Riesz basis, they form a basis with parentheses.
Kerimov and Mamedov (1998) [6] proved that the root functions of the boundary

value problems (1.1), (1.2) and (1.1), (1.3) form a Riesz basis in L2(0; 1) when
q(x) 2 C(4)[0; 1] is complex-valued functions satisfying the condition q(0) 6= q(1).
Kurbanov (2006) [8] ( by using the results in [6]) obtained the basis property in the
space Lp(0; 1) of the root functions of the boundary value problems(1.1), (1.2) and
(1.1), (1.3).
Dernek and Veliev (2005) [1] and Makin (2006) [9] obtained some results on

the basis properties of the root functions in terms of the Fourier coe¢ cient of the
potential q(x). Moreover, some theorems for determining whether the root functions
form a Riesz basis in L2(0; 1) or not were given in [9]. Makin (2006) [10] established
a classi�cation on the boundary conditions for a second order di¤erential equation
under which the root functions form a Riesz basis.
Mamedov and Menken (2008) [11] proved that the root functions of the boundary

problems (1.1), (1.2) and (1.1), (1.3) form a Riesz basis in L2(0; 1) when q(x) 2
C(4)[0; 1] satisfying the conditions q(0) = q(1) and q0(0) 6= q0(1). In the present
work under the same conditions we prove the basis property in the space Lp(0; 1)
(1 < p < 1) of the root functions the boundary problems (1.1), (1.2) and (1.1),
(1.3).
The basis property in Lp(0; 1) of the root functions depends on the inequality at

the following theorem in the book of Kashin and Saakyan (see [5], Section I).

Theorem 1. [5] A system
�
'j
	1
j=1

is a basis in the Banach space X if only if the
following conditions are satis�ed:

a)
�
'j
	1
j=1

is complete in X,

b)
�
'j
	1
j=1

is minimal,
c) there exists a number M > 0 such that for each f 2 X, the inequality







NX
j=1

(f;  j)'j







 �M kxk ; N = 1; 2; � � �

where the sequence
�
 j
	1
j=1

is the biorthogonal adjoint system to
�
'j
	1
j=1

:

We use also the inequality in F. Riesz theorem which was given in [18].
We need the following asymptotic formulas which were obtained in [11, 12].

Lemma 1. Let q(x) 2 C(4)[0; 1], q(0) = q(1) and q0(0) 6= q0(1). Then the following
assertions hold:
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a) All eigenvalues of the boundary-value problem (1.1), (1.2), starting from some
number, are simple and form two in�nite sequences �k;1; �k;2; k = N;N + 1; � � �;
where N is a positive integer and

(1.4)
�k;1 = �(2k�)2 �

q0(1)�q0(0)+
1R
0

q2(t)dt

(4k�)2 +O( 1k3 ) (k � N);

�k;2 = �(2k�)2 +
q0(1)�q0(0)�

1R
0

q2(t)dt

(4k�)2 +O( 1k3 ) (k � N);

and the corresponding eigenfunctions are of the form

yk;1(x) = sin 2k�x+O(
1

k
) (k � N);(1.5)

yk;2(x) = cos 2k�x+O(
1

k
) (k � N);(1.6)

b) All eigenvalues of the boundary value problem (1.1), (1.3), starting from some
number, are simple and form two in�nite sequence �k;1; �k;2; k = N;N + 1; � � � ;
where N is a positive integer and

�k;1 = � [(2k + 1)�]2 +
q0(1)�q0(0)�

1R
0

q2(t)dt

[2(2k+1)�]2 +O( 1k3 ) (k � N);

�k;2 = � [(2k + 1)�]2 �
q0(1)�q0(0)+

1R
0

q2(t)dt

[2(2k+1)�]2 +O( 1k3 ) (k � N);

and the corresponding eigenfunctions are of the form

yk;1(x) = sin(2k + 1)�x+O(
1

k
) (k � N);(1.7)

yk;2(x) = cos(2k + 1)�x+O(
1

k
) (k � N):(1.8)

Theorem 2. [11] Assume that the conditions of Lemma 1 are satis�ed. Then, the
system of the root functions of the boundary problem (1.1), (1.2) forms a Riesz
basis in L2(0; 1).

It can be easily showed that the system of the root functions of the boundary
problem (1.1), (1.2) has a biorthogonal system consisting of the root functions of
the adjoint operator

`�(v) = v00 + q(x)v;

v(1) = v(0); v0(1) = v0(0);

and the eigenfunctions of the adjoint operator have of the form

(1.9) �k;1(x) = 2 sin 2k�x+O(
1

k
);

(1.10) �k;2(x) = 2 cos 2k�x+O(
1

k
):
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2. Main Results

In the present work we obtain the following main results.

Theorem 3. Let q(x) 2 C(4)[0; 1], q(0) = q(1) and q0(0) 6= q0(1). Then, the system
of the root functions of the boundary problem (1.1), (1.2) forms a basis in the space
Lp(0; 1) (1 < p <1):

Proof. Let 1 < p < 2 be �xed. According the Theorem 2, the system of the root
functions fykg1k=1 = fyk;1(x); yk;2(x)g1k=1 is a basis in L2(0; 1) and f�ng1n=1 =
f�k;1(x); �k;2(x)g1k=1 is biorthogonal to the systemfykg

1
k=1 : Thus, this system is

complete in Lp(0; 1): For basisness in Lp(0; 1) of the system it is su¢ cient to show
to existence of a constant M > 0 such that

(2.1)







NX
n=1

(f; �n)yn







p

�M kfkp ; (N = 1; 2; � � �);

for all f 2 Lp(0; 1); where k�kp denotes the norm in Lp(0; 1): (see Theorem 1).

Let  1(x) = 1,  2n+1(x) =
p
2 sin 2n�x;  2n(x) =

p
2 cos 2n�x; (n = 1; 2; � � �):

The asymptotic formulas

(2.2) yn(x) =
1p
2
 n(x) +O(

1

n
); �n(x) =

p
2 n(x) +O(

1

n
)

are also valid for su¢ ciently large n where f n(x)g
1
n=1 =

�
 1(x);  2n(x);  2n+1(x)

	1
n=1

is a basis in the space Lp(0; 1): This follows immediately from (1.5), (1.6) and (1.9),
(1.10). By (2.2)






NX
n=1

(f; �n)yn







p

�






NX
n=1

(f;  n) n







p

+







NX
n=1

(f;  n)O(
1

n
)







p

+







NX
n=1

(f;O(
1

n
)) n







p

+







NX
n=1

(f;O(
1

n
))O(

1

n
)







p

:(2.3)

We shall now prove that all the summands on the right side of (2.3) are bounded
from above by constant kfkp :
Since f ng

1
n=1 is a basis of Lp(0; 1); applying Theorem 1 , we have

(2.4)







NX
n=1

(f;  n) n







p

� C kfkp ; C = const (N = 1; 2; � � � )

for all f 2 Lp(0; 1): Thus, by the inequality in F. Riesz theorem (see [18], p.154,
the inequality (2.10))






NX
n=1

(f;  n)O(
1

n
)







p

� C
NX
n=1

(f;  n)
1

n

� C

 
NX
n=1

j(f;  n)j
q

! 1
q

�
 

NX
n=1

1

np

! 1
p

� C kfkp ;(2.5)
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where 1
p +

1
q = 1: Using the Parseval�s equality we have






NX
n=1

(f;O(
1

n
)) n







p

�






NX
n=1

(f;O(
1

n
)) n







2

=

 
NX
n=1

����(f;O( 1n ))
����2
! 1

2

� C kfk1

 
NX
n=1

1

n2

! 1
2

� C kfkp ;(2.6)

(2.7)







NX
n=1

(f;O(
1

n
))O(

1

n
)







p

� C kfk1

 
NX
n=1

1

n2

! 1
2

� C kfkp :

Using the inequalities (2.4)-(2.6) in the estimate (2.3) we have (2.1), i.e. the basis-
ness of the system fyn(x)g1n=1 in the space Lp(0; 1) at 1 < p < 2 is proved.
Now let 2 < p < 1: It is clear that the adjoint system f�n(x)g1n=1 is a basis

of the space Lp(0; 1): Consequently, this system is complete in the space Lq(0; 1);
where 1

p +
1
q = 1: Note that 1 < q < 2:

By means of absolute analogous discussion used above the basisness in Lq(0; 1)
of the system f�n(x)g1n=1 is proved. Hence it follows the basisness in Lp(0; 1)
(2 < p <1) of the system of fyn(x)g1n=1 : Thus, the theorem is proved. �

Similarly, the following result is proved for the boundary problem (1.1), (1.3).

Theorem 4. Let q(x) 2 C(4)[0; 1], q(0) = q(1) and q0(0) 6= q0(1). Then, the
system of the root functions of the boundary problem (1.1), (1.3) forms a basis in
the space Lp(0; 1) (1 < p < 1): Moreover, if p = 2 this system is a Riesz basis in
L2(0; 1):

We note that the smoothness condition on q(x) follows from the asymptotic for-
mulas which were obtained in [11, 12]. This smoothness condition may be reduced,
but it does not play important role in the proof of the basis property.
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Abstract. In this paper, we consider the open problem of dimensions of bivariate C1 cubic spline spaces.

Firstly, by introducing two new operators, element-3 and element-4, in constructing a triangulation, a kind

of unconstricted triangulations with valence 6 is defined, which is an extension of the unconstricted trian-

gulation introduced by Farin in [Dimensions of spline spaces over unconstricted triangulations, J. Comput.

Appl. Math., 192(2006), pp.320-327] and some well-known triangulations such as the Morgan-Scott tri-

angulation and the Robbins triangulation are therefore included. Then, by using the technique of minimal

determining set, the dimension of bivariate C1 cubic spline spaces over the unconstricted triangulation with

valence six is determined and the Lagrange interpolation on all vertices in the unconstricted triangulation

with valence 6 is considered.

Key words: bivariate C1 cubic spline space, unconstricted triangulations with valence six, dimension,

Lagrange interpolation

AMS Subject Classifications. 65D07, 41A15, 41A63

1 Introduction

Let ∆ be a regular triangulation of a simply connected polygonal domain Ω in R2, i.e., ∆ is a set of

closed triangles whose union coincides with Ω such that the intersection of any two triangles in ∆ is either

empty, a common edge or a vertex. Let V(∆), VI(∆), VB(∆), E(∆), EI(∆), EB(∆) and F(∆) denote the sets

of vertices, interior vertices, boundary vertices, edges, interior edges, boundary edges and triangles in ∆,

respectively, and we omit the triangulation and simply use the notations V , VI , VB, E, EI , EB and F if

statements apply to any triangulation or there is otherwise no confusion.

For two given integers n and r with 0 ≤ r ≤ n − 1, the space of bivariate splines of degree n and

smoothness order r with respect to ∆ is defined by

S r
n(∆) = {s ∈ Cr(Ω) : s|T ∈ Pn,∀T ∈ F} , (1.1)

1
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where Pn is the space of bivariate polynomials of total degree being at most n.

The dimension problem of bivariate spline spaces was initiated with a conjecture by Strang [12]. The

first result was given by Morgan and Scott [9] for bivariate spline space S 1
n(∆) with n ≥ 5. Later, Schumaker

[11] gave a lower bound formula for the dimension of the spaces S r
n(∆). Alfeld and Schumaker [3] and

Wang and Lu [13] independently proved that Schumaker’s lower bound is in fact the dimension of S r
n(∆)

for n ≥ 4r + 1. By carefully working with the smoothness conditions in terms of B-net representation of

spline functions, Hong [8] determined the dimension for the space S r
n(∆) when n ≥ 3r+2. Alfeld, Piper and

Schumaker [2] also extended Morgan and Scott’s results [9] to the space S 1
4(∆). Alfeld and Schumaker [4]

determined the dimension of S r
3r+1(∆) for a nondegenerate triangulation.

However, when n ≤ 3r, the dimension of S r
n(∆) is poorly understood as it may depend on the geometric

shape of ∆, see [10]. Especially, the dimension of S 1
3(∆) is still open and the following two conjectures

provide extremely challenging research problems, see [1].

Conjecture 1.1. Let σ(∆) be the number of singular vertices in triangulation ∆, then

dim S 1
3(∆) = 2|VI | + 3|VB| + 1 + σ, (1.2)

where the so-called singular vertex v is the intersection point of the two diagonals of a quadrilateral.

Conjecture 1.2. Given a triangulation ∆ with its all vertices being vi (i = 1, ..., |V |) and numbers zi,

i = 1, 2, ..., |V |, there exists a function s ∈ S 1
3(∆) such that

s(vi) = zi, i = 1, ..., |V |. (1.3)

Billera [5] and Whiteley [14] gave the generic dimension of S 1
n(∆) for n ≥ 2, where the so-called

generic dimension is such that if dim S 1
n(∆) does not equal it then there is an arbitrary small perturbation

in the location of the vertices that will cause dim S 1
n(∆) to equal the generic value, also see [1]. According

to [5], the generic dimension of S 1
3(∆) is 2|VI | + 3|VB| + 1. This means that the related generic triangulation

does not contain any singular vertex.

Recently, Farin [7] introduced a flap-and-pair manner to construct a triangulation and determined the

dimension of S 1
3(∆) over a kind of special triangulations, called the unconstricted triangulations.

In this paper, by defining two kinds of operators in triangulation construction, called element-3 and

element-4, we shall first extend the unconstricted triangulations to a kind of new triangulations, called un-

constricted triangulations with valence 6. The new triangulations include some well-known difficult cases

such as the Morgan-Scott triangulation and the Robbins triangulation. Then by using the technique of min-

imal determining set, dimensions of bivariate C1 cubic spline spaces over the unconstricted triangulations

with valence 6 are given. At the end of this paper, the Conjecture 1.2 is also partially answered.
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2 Preliminaries

Let T := [u, v,w] be a triangle in ∆. As we know, every polynomial p ∈ P3 defined on T can be written

uniquely in the Bernstein-Bézier (B-net) representation as follows

p(x, y) = p(α, β, γ) =
∑

i+ j+k=3

cT
i jk

3!
i! j!k!

αiβ jγk, (2.4)

where (α, β, γ) are the barycentric coordinates of (x, y) with respect to T and {cT
i jk}i+ j+k=3 are the Bernstein-

Bézier (B-net) coefficients of p(α, β, γ). Clearly, each cT
i jk associates with the domain point

ξT
i jk :=

(
i
3
,

j
3
,

k
3

)
,

thus the B-net coefficients of p on T can be indexed with the set

DT :=
{
ξT

i jk

}
i+ j+k=3

,

and the spline space S 0
3(∆) is in one-to-one correspondence with the set of domain points

D∆ :=
⋃

T∈∆
DT .

Following [3], for any vertex v ∈ V , we define the m-th ring around v to be the set

Rm(v) := {domain points which are distance m from v}. (2.5)

A related concept is the m-th disk around v defined by

Dm(v) :=
m⋃

i=0

Ri(v). (2.6)

For each ξ ∈ D∆, let λξ be the linear functional such that for any spline s ∈ S 0
3(∆),

λξ s = the B-net coefficient cξ of s associated with domain point ξ. (2.7)

A subset M ⊆ D∆ is said to be a determining set for S 1
3(∆) if for ∀s ∈ S 1

3(∆), we have

λξ s = 0 for all ξ ∈ M, implies s ≡ 0. (2.8)

Furthermore, M is called a minimal determining set for S if there is no other determining set for S with the

cardinality being smaller than |M|. Obviously, if M is a determining set for S , we then have dim S ≤ |M|,
and furthermore, if M is a minimal determining set for S , then dim S = |M|, see [3].

Definition 2.1. Suppose e j−1, e j, e j+1 are three consecutive edges attached to a vertex v, then edge e j is

called to be degenerate at v if two edges e j−1 and e j+1 are collinear, otherwise e j is called to be nondegenerate

at v.
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The following result on C1 smoothness of s(x, y) across two adjacent triangles is a special case of the

general smoothness condition given in [6].

Lemma 2.1. Let T (1) = [v0, v1, v2], T (2) = [v0, v1, v3] be two adjacent triangles in ∆ sharing a common

edge [v0, v1]. Suppose s(x, y) agrees with p1(x, y) ∈ P3 in T (1) and with p2(x, y) ∈ P3 in T (2). Assume that

p1(x, y) =
∑

i+ j+k=3

c(1)
i jk

3!
i! j!k!

αi
1β

j
1γ

k
1, p2(x, y) =

∑

i+ j+k=3

c(2)
i jk

3!
i! j!k!

αi
2β

j
2γ

k
2, (2.9)

where (α1, β1, γ1) and (α2, β2, γ2) are barycentric coordinates of (x, y) with respect to triangles T (1) and T (2),

respectively. Then s(x, y) ∈ C1(T (1) ⋃ T (2)) if and only if the following smoothness conditions

c(2)
i, j,0 = c(1)

i, j,0, i + j = 3, (2.10)

c(2)
i, j,1 = αc(1)

i+1, j,0 + βc(1)
i, j+1,0 + γc(1)

i, j,1, i + j = 2, (2.11)

hold, where (α, β, γ) are the barycentric coordinates of v3 with respect to triangle T (1).

Corollary 2.1. Under the condition of Lemma 2.1, if the common edge [v0, v1] is degenerate at v0, then

the above Eq.(2.11) degenerates into

c(2)
i, j,1 = αc(1)

i+1, j,0 + γc(1)
i, j,1, i + j = 2. (2.12)

3 The unconstricted triangulations

Given a triangulation ∆, let v ∈ V , the number d of all edges emanating from v is called the valence of

v, denoted by val(v).

Definition 3.1. A subtriangulation ∆′ of a triangulation ∆ is a triangulation satisfying

T ∈ F(∆′) =⇒ T ∈ F(∆). (3.13)

Definition 3.2. For a triangulation ∆, if val(v) ≥ d, ∀v ∈ Vb(∆), then we call ∆ a constricted triangulation

with valence d.

Definition 3.3. Given a triangulation ∆, if it does not contain any constricted subtriangulation with

valence d, then we call ∆ an unconstricted triangulation with valence d. The set of all unconstricted trian-

gulations with valence d is denoted byAd.

It is clear that

A0 = A1 = A2 = ∅, (3.14)

A3 ⊂ A4 ⊂ · · · ⊂ Ak ⊂ Ak+1 ⊂ · · · . (3.15)

According to above Definition 3.3, the unconstricted triangulation ∆ introduced by Farin in [7] is in

fact an unconstricted triangulation with valence 4, i.e., ∆ ∈ A4. In this paper, we are interested in the
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unconstricted triangulation with valence 6, i.e., ∆ ∈ A6. In addition, it is easy to check by using the

following Theorem 3.1 that both the Morgan-Scott triangulation and the Robbins triangulation (see Figure

1) are inA6 butA4.

Figure 1: Left: the Morgan-Scott triangulation, Right: the Robbins triangulation.

To give the construction manner of a triangulation ∆ ∈ A6, we first recall the two definitions of a flap

and a pair of triangles, which are introduced in [7].

Definition 3.4. The triangle formed by one boundary edge of ∆ and a point outside ∆ is called a flap to

∆. The point outside ∆ is called the expansion vertex of the flap.

Definition 3.5. The two triangles formed by two adjacent boundary edges of ∆ and a point outside ∆ is

called a pair of triangles to ∆. The point outside ∆ is called the expansion vertex of the pair of triangles.

Besides, we need introduce two new concepts.

Definition 3.6. A set of three triangles formed by a point outside ∆ and three adjacent boundary edges

of ∆ is called an element-3 to ∆ . The point outside ∆ is called the expansion vertex of the element-3.

Definition 3.7. A set of four triangles formed by a point outside ∆ and four adjacent boundary edges of

∆ is called an element-4 to ∆. The point outside ∆ is called the expansion vertex of the element-4.

Examples of both element-3 and element-4 are shown by the dash lines in Figure 2.

Figure 2: Left: an element-3, Right: an element-4.

It is noted that, for a given triangulation ∆, it is difficult to judge whether ∆ ∈ A6 or not by using

Definitions 3.1 and 3.2. To make the judgement easier, we have

Theorem 3.1. If ∆ ∈ A6, then ∆ can be constructed in the following manner.
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Start: one triangle.

Recursive step: assuming a subtriangulation ∆ has been constructed, we may extend the triangulation ∆

to a new triangulation ∆′ using four operations on boundary vertices:

1) Adding a flap;

2) Adding a pair of triangles;

3) Adding an element-3;

4) Adding an element-4.

Proof. Assume that ∆ ∈ A6. Set ∆(0) := ∆ and let v0 be a boundary vertex such that it has the minimal

valence among all the boundary vertices in ∆. It is clear that 2 ≤ val(v0) ≤ 5. Then we go to step 1.

Step 1. If val(v0) = 2, we remove the flap in which v0 is the expansion vertex. It is clear that the resulting

triangulation is still an unconstricted triangulation with valence 6, otherwise, the original triangulation ∆

would not be an unconstricted triangulation with valence 6, which is in contradiction with the assumption.

By repeating the procedure of removing a flap, the triangulation ∆(0) becomes a new triangulation which

is either a single triangle (if the procedure of removing a flap continues, then nothing would be left) or a

triangulation with the valences of all boundary vertices being greater than 2. In the latter case, we denote

the resulting triangulation by ∆(0) again and let v0 still be a boundary vertex such that it has the minimal

valence among all the boundary vertices in ∆(0). It is clear that 3 ≤ val(v0) ≤ 5. Then we go to step 2.

Step 2. If val(v0) = 3, we remove the pair of triangles in which v0 is the expansion vertex. It is clear that

the resulting triangulation is still an unconstricted triangulation with valence 6. By repeating the procedures

of removing a flap and a pair of triangles, the triangulation ∆(0) becomes a new triangulation which is either

a single triangle or a triangulation with the valences of all boundary vertices being greater than 3. In the

latter case, we denote the resulting triangulation by ∆(0) again and let v0 still be a boundary vertex such that

it has the minimal valence among all the boundary vertices in ∆(0). It is clear that 4 ≤ val(v0) ≤ 5. Then we

go to step 3.

Step 3. If val(v0) = 4, we remove the element-3 in which v0 is the expansion vertex. It is clear that the

resulting triangulation is still an unconstricted triangulation with valence 6. By repeating the procedures

of removing a flap, a pair of triangles and an element-3, the triangulation ∆(0) becomes a new triangulation

which is either a single triangle or a triangulation with the valences of all boundary vertices being greater

than 5. In the latter case, we denote the resulting triangulation by ∆(0) again and let v0 still be a boundary

vertex such that it has the minimal valence among all the boundary vertices in ∆(0). It is clear that val(v0) =

5. Then we go to step 4.

Step 4. We remove the element-4 in which v0 is the expansion vertex. The resulting triangulation is

still an unconstricted triangulation with valence 6. By repeating the procedures of removing a flap, a pair

of triangles, an element-3 and an element-4, the triangulation ∆(0) becomes a new triangulation which is a
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single triangle.

By reversing the above procedures of removing a flap, a pair of triangles, an element-3 and an element-

4, we obtain the construction procedures of adding a flap, a pair of triangles, an element-3 and an element-4.

That is to say, any triangulation ∆ ∈ A6 can be constructed by recursively adding a flap, a pair of triangles,

an element-3 and an element-4 only.

As an example, the construction procedure of the Robbins triangulation is shown in Figure 3.

Figure 3: The construction of the Robbins triangulation, from left to right: adding three flaps, adding a pair
of triangles, adding an element-3 and adding an element-4.

4 dim S 1
3(∆) over the unconstricted triangulation with valence six

In [7], Farin proved that the conjecture (1.2) is correct in the case of the unconstricted triangulation

with valence four, but in his paper the singular vertex is excluded. In this section, we shall prove that the

conjecture (1.2) is still correct when the triangulation ∆ is in A6 with some singular vertices being also

included.

Theorem 4.1. Let ∆ be an unconstricted triangulation with valence 6, i.e., ∆ ∈ A6. Assume that there

is no degenerate edge at any nonsingular vertex in ∆, then

dim S 1
3(∆) = 2|VI | + 3|VB| + 1 + σ. (4.16)

Proof. It is clear that Eq.(4.16) holds for ∆ being one single triangle.

For an inductive proof, assume that Eq. (4.16) holds for a subtriangulation ∆(k) of ∆. Let ∆(k+1) be the

triangulation after we add a flap, a pair of triangles, an element-3 or an element-4 to ∆(k).

1) When ∆(k+1) = ∆(k) ⋃{
a flap

}
= ∆(k) ⋃[v, v1, v2], where v is the expansion point of the added flap, it

is clear that

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ ,
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1, σ
(
∆(k+1)

)
= σ

(
∆(k)

)
. (4.17)

By using Lemma 2.1, all the B-net coefficients associated with the domain points in D∆(k+1) \ D1(v) can be

determined by the B-net coefficients associated with the minimal determining set for S 1
3

(
∆(k)

)
, see Figure
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4. Hence a determining set for S 1
3

(
∆(k+1)

)
can be constructed by adding all three domain points in the first

disk around v, D1(v), to the minimal determining set for the space S 1
3

(
∆(k)

)
. This means

dim S 1
3

(
∆(k+1)

)
≤ dim S 1

3

(
∆(k)

)
+ 3

= 2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
+ 3

= 2
∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.18)

Eq. (4.18) together with Schumaker’s lower bound [11] leads to

dim S 1
3

(
∆(k+1)

)
= 2

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.19)

This is consistent with Eq. (4.16).

v1

v2

v

Figure 4: The variation of the minimal determining set when a flap is added.

2) When ∆(k+1) = ∆(k) ⋃{
a pair of triangles

}
= ∆(k) ⋃[v, v1, v2]

⋃
[v, v2, v3], where v is the expansion

point of the added pair of triangles, it is clear that

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 1,
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ . (4.20)

By using Lemma 2.1, all the B-net coefficients associated with the domain points in D∆(k+1) \ D1(v) can be

determined by the B-net coefficients associated with the minimal determining set for S 1
3

(
∆(k)

)
.

The construction of a determining set for S 1
3

(
∆(k+1)

)
depends on whether the new interior vertex v2 is

singular or not. If v2 is nonsingular, i.e., σ
(
∆(k+1)

)
= σ

(
∆(k)

)
, see Figure 5(1), then the edge [v, v2] is

nondegenerate at v2, hence the B-net coefficient associated with the domain point in R1(v)
⋂

[v, v2] can be

further determined by using Lemma 2.1, and a determining set for S 1
3

(
∆(k+1)

)
can be constructed by adding

two other domain points in D1(v) to the minimal determining set for the space S 1
3

(
∆(k)

)
. If v2 is singular,

see Figure 5(2), i.e., σ
(
∆(k+1)

)
= σ

(
∆(k)

)
+ 1, then the edge [v, v2] is degenerate at v2. By using Corollary

2.1, the B-net coefficient associated with the domain point in R1(v)
⋂

[v, v2] cannot be determined, so three

domain points in D1(v) have to be added to the minimal determining set for the space S 1
3

(
∆(k)

)
to form a
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determining set for S 1
3

(
∆(k+1)

)
. Hence, we have

dim S 1
3

(
∆(k+1)

)
≤


dim S 1

3

(
∆(k)

)
+ 2, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)

dim S 1
3

(
∆(k)

)
+ 3, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+1

=



2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
+ 2, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)

2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
+ 3, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+1

= 2
∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.21)

Eq. (4.21) together with Schumaker’s lower bound [11] leads to

dim S 1
3

(
∆(k+1)

)
= 2

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.22)

v2
v3

v

v1

v2

v3

v

v1

(1) (2)
Figure 5: The variation of the minimal determining set when a pair of triangles is added.

3) When ∆(k+1) = ∆(k) ⋃ {an element-3} = ∆(k) ⋃[v, v1, v2]
⋃

[v, v2, v3]
⋃

[v, v3, v4], where v is the expan-

sion point of the added element-3, it is clear that

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 2,
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ − 1. (4.23)

By using Lemma 2.1, all the B-net coefficients associated with the domain points in D∆(k+1) \ D1(v) can be

determined by the B-net coefficients associated with the minimal determining set for S 1
3

(
∆(k)

)
.

On one hand, if both v2 and v3 are nonsingular, i.e., σ
(
∆(k+1)

)
= σ

(
∆(k)

)
, see Figure 6(1), then edges

[v, v2] and [v, v3] are nondegenerate at v2 and v3, respectively, therefore by using Lemma 2.1, two B-net

coefficients associated with two domain points in R1(v)
⋂

([v, v2]
⋃

[v, v3]) can be further determined, and

a determining set for S 1
3

(
∆(k+1)

)
can be constructed by adding the expansion vertex v to the minimal deter-

mining set for the space S 1
3

(
∆(k)

)
.

On the other hand, if one of two vertices v2 and v3, for example v2, is singular, see Figure 6(2), then

σ
(
∆(k+1)

)
= σ

(
∆(k)

)
+ 1, and the edge [v, v2] is degenerate at v2 but the edge [v, v3] is nondegenerate
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at v3, hence only the B-net coefficient associated with the domain point in R1(v)
⋂

[v, v3] can be further

determined, so two more domain points in D1(v) have to be added. We actually have

dim S 1
3

(
∆(k+1)

)
≤


dim S 1

3

(
∆(k)

)
+ 1, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)

dim S 1
3

(
∆(k)

)
+ 2, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+1

=



2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
+ 1, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)

2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
+ 2, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+1

= 2
∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.24)

Eq. (4.24) together with Schumaker’s lower bound [11] leads to

dim S 1
3

(
∆(k+1)

)
= 2

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.25)

v v

v1 v1
v2

v2

v3 v3

v4v4

(1) (2)
Figure 6: The variation of the minimal determining set when an element-3 is added.

4) When ∆(k+1) = ∆(k) ⋃ {an element-4} = ∆(k) ⋃[v, v1, v2]
⋃

[v, v2, v3]
⋃

[v, v3, v4]
⋃

[v, v4, v5], where v

is the expansion point of the added element-4, it is clear that

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3,
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ =
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ − 2. (4.26)

By using Lemma 2.1, all the B-net coefficients associated with the domain points in D∆(k+1) \ D1(v) can

be determined by the B-net coefficients associated with the minimal determining set for S 1
3

(
∆(k)

)
. The

construction of a determining set for S 1
3

(
∆(k+1)

)
depends on the following cases.

i) All the three interior vertices v2, v3 and v4 are nonsingular. Thus edges [v, v2], [v, v3] and [v, v4] are

nondegenerate at v2, v3 and v4, respectively, see Figure 7(1). In this case, σ
(
∆(k+1)

)
= σ

(
∆(k)

)
, and three

B-net coefficients associated with three domain points in R1(v)
⋂

([v, v2]
⋃

[v, v3]
⋃

[v, v4]) can be further

determined, therefore a determining set for S 1
3

(
∆(k+1)

)
can be the same to the minimal determining set for

the space S 1
3

(
∆(k)

)
.
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ii) One of the three interior vertices v2, v3 and v4 is singular, for example say v2, see Figure 7(2). Thus

edges [v, v3] and [v, v4] are nondegenerate at v3 and v4, respectively. In this case, σ
(
∆(k+1)

)
= σ

(
∆(k)

)
+ 1,

and two B-net coefficients associated with domain points in R1(v)
⋂

([v, v3]
⋃

[v, v4]) can be further deter-

mined, therefore a determining set for S 1
3

(
∆(k+1)

)
can be constructed by adding the expansion vertex v to

the minimal determining set for the space S 1
3

(
∆(k)

)
.

iii) Two of the three interior vertices v2, v3 and v4 are singular. Obviously, v3 cannot be singular, i.e.,

the edge [v, v3] is nondegenerate at v3, see Figure 7(3). In this case, σ
(
∆(k+1)

)
= σ

(
∆(k)

)
+ 2, and the

B-net coefficient associated with the domain point in R1(v)
⋂

[v, v3] can be further determined, therefore

a determining set for S 1
3

(
∆(k+1)

)
can be constructed by adding other two domain points in D1(v) to the

minimal determining set for the space S 1
3

(
∆(k)

)
.

Hence, we have

dim S 1
3

(
∆(k+1)

)
≤



dim S 1
3

(
∆(k)

)
, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)

dim S 1
3

(
∆(k)

)
+ 1, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+1

dim S 1
3

(
∆(k)

)
+ 2, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+2

=



2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)

2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
+ 1, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+1

2
∣∣∣∣VI

(
∆(k)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k)

)∣∣∣∣ + 1 + σ
(
∆(k)

)
+ 2, if σ

(
∆(k+1)

)
= σ

(
∆(k)

)
+2

= 2
∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.27)

Eq. (4.27) together with Schumaker’s lower bound [11] leads to

dim S 1
3

(
∆(k+1)

)
= 2

∣∣∣∣VI

(
∆(k+1)

)∣∣∣∣ + 3
∣∣∣∣VB

(
∆(k+1)

)∣∣∣∣ + 1 + σ
(
∆(k+1)

)
. (4.28)

This completes the proof of the theorem.

(1) (2) (3)

v v

v1 v1

v5
v5

v4

v4

v3

v3

v2

v2

v

v1

v5

v4

v3

v2

Figure 7: The variation of the minimal determining set when an element-4 is added.
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From the proof of Theorem 4.1, it can be seen that when a flap or a pair of triangles or an element-3 is

added in every expansion step from ∆(k) to ∆(k+1), the expansion vertex can be always chosen as a domain

point in the minimal determining set for S 1
3(∆(k+1)); however, when an element-4 is added, the expansion

vertex can be also chosen as a domain point in the minimal determining set for S 1
3(∆(k+1)) only if there is

at least one singular vertex among the three added interior vertices. Hence we actually have proved the

existence of the Lagrange interpolation by S 1
3(∆) on all the vertices in ∆ and have partially answered the

Conjecture 1.2.

Theorem 4.2. Let ∆ ∈ A6 such that there is at least one singular vertex among the three added interior

vertices when every element-4 is added in the construction of ∆. If there is no degenerate edge at any

nonsingular vertex in ∆, then for arbitrary numbers zi, i = 1, 2, ..., |V(∆)|, there exists a function s ∈ S 1
3(∆)

to satisfy that

s(vi) = zi, i = 1, ..., |V(∆)|, (4.29)

where vi, i = 1, ..., |V(∆)|, are all the vertices in ∆.
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Abstract

A model for insect dispersal has been considered, existence and uniqueness of
solutions to the long range di¤usion involving �ux for such model has been
shown in Lp,q space.

1. Introduction

The dynamics of population has been described using mathematical models
which have been very successful in giving good e¤ect in the study of animal and
human populations. Fife [4] considered reaction and di¤usion systems which
are distributed in 3-dimensional spaces or on a surface rather than on a line.
Abualrub [1] studied di¤usion in two dimensional spaces for which di¤usion is
more realistic and applicable in life. Also he talked about long range di¤usion
with population pressure in Plankton-Herbivore populations.In this paper we
include long range di¤usion involving �ux for insect population and then talk
about the existence and uniqueness of solutions to our model in the Lp,q space.
But we are going to �nd the required p and q in similar approach used in [2] .

2. Long Range Di¤usion Involving Flux

Here we consider long range di¤usion to a modi�ed insect dispersal model in
two dimensions as follows

ut �D�(2)u = �1u+ �2u
2 + �3ux + �4�

�
u�+1

�
(1)

u (x; 0) = f (x) (2)

;where u = u (x; t) is the insect population density and x 2 R2. Here �
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represents the laplacian operator and

�(2) =
2X

i;j=1

@4

@x2i@x
2
j

: (3)

ut is the rate of change of the insect population density, D�(2)u is the long
range di¤usion term; where D is a small constant, and �; �4 are positive con-
stants. But u2 is the interaction between the Males and Females of the insect
population, ux is the instantaneous �ux in the x direction due to molecular
di¤usion. �(u�+1) is the regular di¤usion of the insect population.
We now want to discuss existence and uniqueness of solutions to equation (1)
togother with condition (2) in the Lp,q space which is the function space con-
sisting of Lebesgue measurable functions u (x; t) such that kukp;q <1; where
k�kp,q is the norm in Lp,q, p is taken in the t variable, and q is taken in the
x variable. We want to �nd the appropriate values for p and q in the next
section. In addition, we will consider large values of time since we are talking
about long range di¤usion.

3. Existence and Uniqueness of Solutions

First of all, we have to prove the following Lemma for the initial data:

Lemma 1 Assume that u satis�es equations (1) and (2). If f (x) 2 LP (R2),
and

jK (x,t)j � D�
jxj+t

1
4

�2 ; t > 0; and D is a constant. Then, K � f 2 L3q

;where � represents the convolution in space only.

PROOF. As we did in [1]; we will use the following estimate for the Kernel;
namely

jK (x,t)j � D�
jxj+ t 14

�2 ; t > 0: (4)

Now, if f (x) 2 LP (R2)we have

K � f �
Z
R2

Df (y) dy�
jx� yj+ t 14

�2
We �rst take the p norm in t; namely

kK � fkp �









Z
R2

Df (y) dy�
jx� yj+ t 14

�2








p

2
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Applying Minkowski�s integral inequality on the right hand side of the above
inequality to obtain

kK � fkp�D
Z
R2

jf (y)j

0B@Z
R+

dt�
jx� yj+ t 14

�2p
1CA dy

�D�
Z
R2

jf (y)j

0B@ 1�
jx� yj+ t 14

�2p�4
1CA

1
p

dy

=D�
Z
R2

jf (y)j dy�
jx� yj+ t 14

�2� 4
P

;where � is a constant. We now take the q norm in x of the above inequality
to obtain

kK � fkp;q � D�










Z
R2

jf (y)j dy�
jx� yj+ t 14

�2� 4
P










q

The right hand side of the above inequality is less than or equal to constant� kfkq,
if 1

p
= 1

q
� 4

2p
= 1

q
� 2

p
(using the Benedek-Panzone Potential Theorem [3] ;see

Appendix). This implies that p = 3q and hence K � f 2 L3q; this concludes
the proof for the initial data.

Theorem 2 The solution u(x; t) of (1) and (2) exists and it is unique in the
space L3�,� for � > 1

2
; whenever the initial data f (x) is small enough in the

norm of its space and if e��1tux(x; t) 2 L3�;�:

PROOF. We begin by eliminating the linear term �1u of (1), so we let

u(x; t) = e�1tw(x; t):

Then we get,

wt �D�(2)w = �2e
�1tw2 + �3wx + �4�

�
w�+1

�
; (5)

w(x; 0) = f(x); where x 2 R2: (6)

We may assume population pressure in the �rst and second terms in the right
hand side of equation (5).Therefore, we write

�2 = c1w
� and �3 = c2 (wx)
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then (5) becomes:

wt �D�(2)w = c1e
�1tw�+2 + c2 (wx)


+1 + �4�
�
w�+1

�
; (7)

w(x; 0) = f(x); where x 2 R2: (8)

Now w(x; t) can be obtained by solving the integral equation:

w =

tZ
0

Z
R2

K (x� y; t� �)
h
c1e

�1tw�+2 + c2 (wx)

+1 + �4�

�
w�+1

�i
dyd�+

Z
R2

K (x� y; t) f(y)dy

(9)

;where K is the fundamental solution to the homogeneous problem of (7), in
two dimensions,namely

K(x; t) =
1

2�t
e
�jxj2
2t ; jxj =

�
x21 + x

2
2

� 1
2 ; and x 2 R2:

Also K can be approximated by (4).We will now rewrite (9) simply as

w = K 

h
c1e

�1tw�+2 + c2 (wx)

+1 + �4�

�
w�+1

�i
+K � f (10)

;where 
 represents the convolution in space and time; and w(x; t) is a weak
solution of (9) provided that the integrals in (10) exist in the Lebesque sense.
Using integration by parts on the term K 
 �4�(w�+1) ; and set wx = H in
(10), we obtain:

w = K 

h
c1e

�1tw�+2 + c2H

+1

i
+ �4�
 w�+1 +K � f (11)

;where

� = �K =
2X

i =1

@2K

@x2i
Now for the �rst, second, third and fourth terms on the right hand side of
(11), we shall use exponents r, s, p,q, respectively, when considering the Lp

norm. For the �rst term in (11) we have:

jKj � D�
jxj+ t 14

�2
=

D�
jxj+ t 14

�2+4�4
So,

1

q
=
� + 2

r
� 4

2 + 4
=
� + 2

r
� 2
3
;where 1 <

r

� + 2
<
3

2
(12)
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Setting r = q we get:

r =
3

2
(� + 1) (13)

Using (12) ; (13) we have � + 2 < 3
2
(� + 1) < 3

2
(� + 2), which gives � > 1:

For the second term in (11) ; we have:

1

q
=

 + 1

s
� 1

2 + 1
=

 + 1

s
� 1
3
;where 1 <

s


 + 1
< 3 (14)

Using

jKj � D�
jxj+ t 14

�2
=

D�
jxj+ t 14

�2+1�1 :
Setting s = q in (14) we get:

s = 3
 (15)

Using (14) ; (15) we have: 
 + 1 < 3
 < 3 (
 + 1) ;which gives 
 > 1
2
:

For the third term in (11) ; we have:

j�j= j�Kj

� D�
jxj+ t 14

�4
=

D�
jxj+ t 14

�4+2�2
So,

1

q
=
�+ 1

p
� 2

4 + 2
=
�+ 1

p
� 1
3
;where 1 <

p

�+ 1
< 3 (16)

Setting p = q we get:
p = 3� (17)

Using (16), (17) we have: �+ 1 < 3� < 3 (�+ 1) which gives:

� >
1

2
: (18)

Now to get a contraction mapping

Lp
�
R2 �R+

�
�! Lp

�
R2 �R+

�

5
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in (11), we have to equate all exponents in K � f 2 L3q,(13) ; (15) and (17).
That is

3q =
3

2
(� + 1) = 3
 = 3�:

In view of (13) ; (15) and (17) and the above relationship we arrive at:

p = 3�; q = �; r = 3�; � = 
 (19)

Consequently, the following relationship exists between � and �; namely

� = 2�� 1

Hence,

w(x; t) 2 L3�;�; where � > 1

2
:

Now, it is enough to show the uniqueness of the solution. Our mapping in (11)
will be:

kT (�)k3� � C (�) k(�)k3� + k(�)k3� :
;where C is a constant depends on �. That is if we apply the mapping T to
(11) we have:

T (w) = K 
G+ �4�
 w�+1 +K � f (20)

;where
G = c1e

�1tw�+2 + c2H

+1;

then
kT (w)k3� � C (�) kwk

�+1
3� + kgk3� ; (21)

;where g is an auxiliary function which is the sum of the �rst and the third
terms in the right hand side of equation (20).We are going now to compare
(21) with the following mapping:

y = �x�+1 + �; (22)

where �; � are positive constants and x � 0. Now �x�+1 increases faster than
a linear function and it is convex.

For � = 0 we have only one non-zero root of (22) because the graph of

y = �x�+1 and y = x will intersect in only one non-zero point.

For the same reason if 0 < � < � (where � is su¢ ciently small) ; we have two
roots, say fx1;fx2. Let fx1 be the smallest root, therefore if fx1 is small enough
then the mapping T will be a contraction mapping which maps the ball of
radius fx1 into itself. This implies that the solution to the equation w = T (w),
in (20) ; exists and its unique in the ball of radius fx1.Here fx1 depends on the
size of the initial data. This completes the proof of Theorem 2.

6
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Remark 3 We have shown in Theorem 2 that � must be greater than 1
2
to

guarantee the existence and uniquness of solutions for equation(1) togother
with condition (2). Let us now take � = 1: Therefore, equation (1) becomes:

ut �D�(2)u = �1u+ �2u
2 + �3ux + �4�

�
u2
�

(23)

We will work on (23) in future research.

Appendix:

Benedek-Panzone Potential Theorem: Let X=En (the nth dimensional
Euclidean space), and � = (�1; �2; ::::; �n) be an n-tuple of real numbers,
0 < �i < 1: If P and Q are such that 1

P
� 1

Q
= �; 1 < P < 1

�
; then


f � jxj��n




Q
� c kfkP holds for every f 2 LP ; where � =

nX
i=1

�iand c =

c(�; P ):
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Abstract

Let X and Y be Banach Spaces, L(X;Y ) be the space of bounded

linear operators from X into Y , and X
�

 Y be the tensor product of X

and Y with a uniform cross norm �. Given a natural number n, let N
be a monotonus norm on Rn: A subspace G is called N�simultaneuosly
proximinal if for every x1; x2; :::; xn 2 X there exists y 2 G such that :

N(k x1�y k; k x2�y k; :::; k xn�y k) � N(k x1�g k; k x2�g k; :::; k xn�g k);
for all g 2 G: In this paper, we discuss simultaneous approximation in

L(X;Y ) and X
�

 Y:

Key Words : Simultaneuos approximation
Classi�cation Numbers : Primiry : 41A28, secondary : 41A65

1 Introduction

Throughout this section, (X; k � k) and (Y; k � k) are Banach Spaces, X� denotes
the dual of X and L(X;Y ) is the Banach space of all bounded linear operator
from X into Y , endowed with usual norm k f k= sup

kxk=1
k f(x) k; for every

f 2 L(X;Y ): we denote X
_

 Y and X

^

 Y to the injective and the projective

tensor products of X and Y respectively, X
^

 Y is a subspace of the space of

the nuclear operators from X� into Y; [ 8].
We wish to consider here the problem of simultaneous approximation in

L(X;Y ) in the sense of Fathi, Hussien, and Khalil [10].
Let G be a closed subspace of Y: Given n points y1; y2; :::; yn in Y , there

are several ways of simultaneuosly approximatig them by an element g in G
(see [10], [2]), throughout this paper we will use the de�nition introduced by
Fathi, Hussien, and Khalil in [10]. Namely, we say that a norm N in Rn is
monotonus if for every t = (ti)1�i�n , s = (si)1�i�n 2 Rn such that j ti j�j si j
for i = 1; 2; :::; n we have N(t) � N(s): Notice that all the usual norms in Rn

are monotonus.

1
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De�nition 1.1. ([3,De�nition 1]). we say that g0 2 G is a bestN�simultaneuos
approximation from G of vectors y1; y2; :::; yn 2 Y if

N(k y1�g0 k; k y2�g0 k; :::; k yn�g0 k) � N(k y1�g k; k y2�g k; :::; k yn�g k)

for all g 2 G:
If every n-tuple of vectors y1; y2; :::; yn 2 Y admits a best N�simultaneuos

approximation from G; then G is said to be N�simultaneuosly proximinal in Y:
Of course, for n = 1 the preceding concepts are just best approximation and

proximinality. For an example of a Banach space which has a proper subspace
that is proximinal but not N�simultaneously prximinal see [6].
The problem of best N�simultaneuos approximation had been studied by

some authers : Tijani Pakhrou [14], studied the problem on L1 (�; Y ) ; the Ba-
nach space of all essensially bounded ��Bochner integrable Y�valued functions
on a �nite measure space (
;�; �) : Fathi, Hussien, and Khalil [10], studied the
problem on Lp (I; Y ) ; the Banach space of all p�integrable Y�valued functions
on the interval I = [0; 1] with lebesque measure: J. Mendoza and Tijani [6] ; stud-
ied the problem on L1 (�; Y ) ; the Banach space of all Bochner ��integrable
Y�valued functions on a �nite measure space (
;�; �) : Little works have
been done L(X;Y ). E. Abu-Sirhan and R. Khalil [5], studied the problem
on L (X;Y ) in a particular case : N is an `1�norm on R2; N(a; b) = jaj + jbj ;
a; b 2 R: The object of this paper is to study the subspase of L(X;Y ) which
are N�simultaneuosly proximinal in L(X;Y ): In this paper we will show that
if G is a re�exive subspace of Y , then L(X;G) is N�simultaneuosly proximi-
nal in L(X;Y ): Result on other spaces, Tensor produt spaces; L1 (�; Y ) ; and
L1 (�; Y ) are presented.

2 Preliminary

The uncomplete tensor product of two Banach spaces X and Y is the set of
all �nite sums of the form

P
xi 
 yi with xi 2 X and yi 2 Y: An equivalence

relation is introduce by stipulating that
P
xi 
 yi is (equivalent to) 0 whenP

hf; xii yi for all f 2 X�, X� is the dual space of X: A norm � on X 
 Y
is termed a cross-norm if � (x
 y) = kxk kyk for all x 2 X and all y 2 Y: A
cross-norm � is said to be uniform cross-norn if

�
�X

Axi 
Byi
�
� kAk kBk�

�X
xi 
 yi

�
for any bounded linear operators A and B: The completion of the normed

linear space X 
 Y with a cross-norm � is denoted by X 

�
Y: The projective

norm is a special uniform cross-norm de�ned by the equation

kzk^ = inf
nX

kxik kyik : xi 2 X; yi 2 Y; z =
X

xi 
 yi
o
;

2
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and the completion of X 
 Y under such norm is denoted by X
^

 Y: The

injective norm is a special uniform cross-norm de�ned by the equation


Xxi 
 yi




_
= sup
f2X�




X hf; xii yi



 ;

and the completion of X
Y under such norm is denoted by X
_

Y: for given

Banach spaces X and Y; we have the following equation

X� _

 Y � � L(X;Y �) =

�
X

^

 Y

��
:

The ideti�cations made here are as follows. With an element
P
�i
 i in X�


Y � (uncompleted tensor product) we associate an operator A 2 L(X;Y �) whose
de�ning equation is Ax =

P
h�i; xi i: With an arbitrary B in L(X;Y �) we

associate a funcional � in
�
X

^

 Y

��
by putting � (

P
xi 
 yi) =

P
hBxi; yii :

The weak��topology in L(X;Y �) is the weak topology induced by the du-

ality of X
^

Y with

�
X

^

 Y

��
: Convergence of a net A� to A in this topology

means hA�x; yi = hAx; yi for all x 2 X and y 2 Y:
It is known, [7], that L (`p; X) is isometrically isomorphic to

`p
�
(X) =

n
(xn) :

X
kxnkp

�
<1

o
:

Where p� is the conjugate of p: Hence L
�
`1; X

�
= `1 (X) :

For any measure space (S;�; �) and any Banach space X; it is known that

L1 (�;X) = L1 (�)
^

 X: In particular `1 (X) = `1

^

 X: Thus, for any Banach

space X; we have

`1 (X�) = L
�
`1; X�� = �`1 ^


X
��
=
�
`1 (X)

��
:

Remark 2.1 For a Banach Space X, `1
_

X can be identi�ed with a closed

subspace of `1 (X) : The identi�cation as follows :

With each element z =
Pn
i=1 Fi 
 xi in `1 
X , Fi =

�
a
(i)
k

�1
k=1

2 `1, we
associate an element Fz in `1 (X) to be de�ning by

Fz =
nX
i=1

�
a
(i)
k xi

�1
k=1

:

3
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Observe that

kzk_ = sup
 2X�;k k=1

k�ni=1 (xi)Fik1

= sup
 2X�;k k=1

sup
k

����ni=1 (xi) a(i)k ���
= sup

k
sup

 2X�;k k=1

����ni=1 (xi) a(i)k ���
= sup

k




�ni=1xia(i)k 



= kFzk :

Thus the linear map z 7! Fz; after being extended by continuity is an isom-

etry of `1
_

X into `1 (X) :

3 Main Result

Throughout this section, n is agiven natural number and N is a monotonous
norm in Rn:
First, we present the following two lemmas needed to prove our main result.

Lemma 3.1. Let X be a Banach Space. If G is a re�ixive subspace of a
Banach Y , then L(X;G) is w�� closed in L(X;Y ��):

Proof. Now, we have

L (X;G) = L (X;G��) � L (X;Y ��) = (X
^

 Y �)�:

So, let (F�) � L (X;G) be a net converging to F 2 (X
^

 Y �)� in the

w��topology on (X
^

 Y �)�: Let x 2 X and y� 2 Y �: Then

lim
�
F� (x
 y�) = F (x
 y�) :

Thus
lim
�
y� (F� (x)) = y� (F (x)) :

Since y� 2 Y � was arbitrary, then (F� (x)) � G = G�� is a net converging
to F (x) in the w��topology on Y ��: Since G is w�� closed in Y �� and x 2 X
was arbitrary; then F (x) 2 G for all x 2 X and F 2 L (X;G) :

Lemma 3.2. ([14, Lemma 2.2]). Let X be a Banach space and let A � X�:
If A is w�� closed, then A is N -simultaneuosly proximinal in X�.

4
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Theorem 3.3. Let X be a Banach space: If G is a re�exive subspace of a
Banach Y , then L(X;G) is N -simultaneuosly proximinal in L(X;Y ):

Proof. Let f1; f2; :::; fn 2 L (X;Y ) � L (X;Y ��) : Since L (X;G) is w��
closed in L (X;Y ��) (Lemma 3.1), then it is N -simultaneuosly proximinal in
L (X;Y ��) (Lemma 3.2): Therefore, there exists g0 2 L (X;G) ; a bestN�simultaneous
approximation from L (X;G) of the vectors f1; f2; :::; fn 2 L (X;Y ) : Of course,
this means that L(X;G) is N -simultaneuosly proximinal in L(X;Y ):

Theorem 3.4. Let X be a Banach space G be a closed subspace of a Ba-
nach Y . If L(X;G) is N -simultaneuosly proximinal in L(X;Y ); then G is N -
simultaneuosly proximinal in Y:

Proof. Let y1; y2; :::; yn 2 Y: Let x0 2 X, kx0k = 1: Choose x� 2 X�; kx�k =
1; such that < x0; x

� >= 1: The elements x�
yi : X ! Y; i = 1; 2; :::; n; de�ned
by x� 
 yi (x) = x� (x) yi, are in L(X;Y ): Since L(X;G) is N -simultaneously
proximinal in L(X;Y ); there exists g0 2 L(X;G) such that

N

�
kx� 
 y1 � g0k ; kx� 
 y2 � g0k ; :::

; kx� 
 yn � g0k

�
� N

�
kx� 
 y1 � gk ; kx� 
 y2 � gk ; :::

; kx� 
 yn � gk

�
;

for all g 2 L(X;G): In particular this inequality is valid if we choose g = x�
z;
for some z 2 G: So,

N

�
kx� 
 y1 � g0k ; kx� 
 y2 � g0k ; :::

; kx� 
 yn � g0k

�
� N

�
kx� 
 y1 � x� 
 zk ; kx� 
 y2 � x� 
 zk ;

:::; kx� 
 yn � x� 
 zk

�
� kx�kN(ky1 � zk ; ky2 � zk ; :::; kyn � zk)
= N(ky1 � zk ; ky2 � zk ; :::; kyn � zk):

Hence, for any x 2 X; kxk = 1; we have

N

�
kx� 
 y1 (x)� g0 (x)k ; kx� 
 y2 (x)� g0 (x)k ; :::

; kx� 
 yn (x)� g0 (x)k

�
� N(ky1 � zk ; ky2 � zk ; :::; kyn � zk):

Choose x to equal x0: However, (x� 
 yi)(x0) = yi; i = 1; 2; :::; n: Thus

N (ky1 � g0(x0)k ; ky2 � g0(x0)k ; :::; kyn � g0(x0)k) � N(ky1 � zk ; ky2 � zk ; :::; kyn � zk):

for all z 2 G: Consequently, g0(x0) is a best N�simultaneous approximation
of the vectors y1; y2; :::; yn 2 Y: Hence G is N�simultaneously proximinal in Y:

5
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Theorem 3.5. Let X and Y be Banach spaces. If P is a projecton on X;
Q is a projecton on Y; and Q� is the adjoint operator of Q; then the following
subspaces are N�simultaneously proximinal in L (X;Y �) :

1. M = fAP : A 2 L (X;Y �)g .

2. N = fQ�B : B 2 L (X;Y �)g :

3. W = fAP +Q�B : A;B 2 L (X;Y �)g :

Proof. The proof follows from Lemma 3.2 and the fact that the subspaces N;
M; and W are w��closed in L (X;Y �) ; [8] :

Defnition 3.6. A subspace G of a Banach space X is called p-summand,
1 � p < 1; if there exists a closed subspace W � X; such that X = G �W ,
and for x = g + w; one has kxk = (kgkp + kwkp)

1
p : We write X = G�pW:

If G is 1-summand in X, then the projection P : X �! G; P (g + w) = g;
is called an L1� projection of X onto G; then G is called 1� complemented in
X: In case kxk = maxfkgk ; kwkg; we call G an 1� summand. We refer to [1]
for more on contractive projections.

Lemma 3.7. Let X and Y be Banach spaces. If G is 1-summand of X;

X = G�1W; then

L (X; Y ) = L (G; Y )�1 L (W; Y ) :

Proof. For f1 + f2 2 L (G; Y ) �1 L (W; Y ) ; de�ne f : G �1 W ! Y by
f (g + w) = f1 (g) + f2 (w) : Now, de�ne

 : L (G; Y )�1 L (W; Y )! L (G�1W; Y )

by  (f1 + f2) = f . Let g + w 2 G�1W with kg + wk = 1; then

kf (g + w)k � kf1 (g)k+ kf2 (w)k
� kf1k kgk+ kf2k kwk
� max fkf1k ; kf2kg (kgk+ kwk)
= max fkf1k ; kf2kg kg + wk
= kf1 + f2k :

Since g +w 2 X; kg + wk = 1 was arbitrary, then kfk � kf1 + f2k : For the
convers inequality,

kfk = sup
kgk+kwk=1

kf1 (g) + f2 (w)k

� sup
kgk=1

kf1 (g)k = kf1k :

6

SIRHAN: SIMULTANEOUS APPROXIMATION382



Similarly, kfk � kf2k ; and hence kfk � max fkf1k ; kf2kg : Thus kfk =
max fkf1k ; kf2kg : Then one can easly check that  is onto isometry.

Theorem 3.8. Let X and Y be Banach spaces. If G is 1-summand of X; then
L (G; Y �) is N�simultaneously proximinal in L (X;Y �) :

Proof. Assume that X = G �1 W: Let P1 : X ! G be the L1�Projection.
Using Lemma 3.7, one can easly show that M = fAP1 : A 2 L (X;Y �)g is iso-
metrically isomorphic to L (G; Y �) : The result follows from Theorem 3.5.

Lemma 3.9. Let X be a re�exive Banach space with the approximation prop-

erty, andG be a re�exive subspace of a Banach space Y: ThenX
^

G is w��closed

in X
^

 Y ��:

Proof. Since X is re�exive, then X has the Radon Nikodym property, [4].

Hence by assumption on X, X
^

 Y �� = (X� _


 Y �)� [4 ]. Let S be a w��limit
point of X

^

G in X

^

 Y ��: Then, we can assume the existence of a net (S�) in

X
^

G such that lim

�
S� = S in the w��topology on X

^

 Y ��. Let x� 2 X� and

y� 2 Y �: Then,

lim
�
S�(x

� 
 y�) = S(x� 
 y�);

lim
�
hy�; S�(x�)i = hy�; S(x�)i :

Since y� 2 Y � is an arbitrary, then (S�(x�)) is a net in G�� = G that
converging to S (x�) in the w��topology on Y ��: Since G is w��closed in Y ��;
then S (x�) 2 G: Since x� 2 X� was an arbitrary, then S (x�) 2 G for all

x� 2 X� and S 2 X
^

G: Thus X

^

G is w��closed in X

^

 Y ��:

Theorem 3.10. Let X be a re�exive Banach space with the approximation
property, n be a natural number, N be a monotonous norm in Rn, and G be

a re�exive subspace of a Banach space Y: Then X
^

 G is N�simultaneously

proximinal in X
^

 Y:

Proof. Let f1; f2; :::; fn 2 X
^

 Y � X

^

 Y ��: Since X

^

 G is w�� closed in

X
^

Y �� (Lemma 3.9), then it isN -simultaneuosly proximinal inX

^

Y ��(Lemma

3.2): Therefore, there exists g0 2 X
^

G; a best N�simultaneous approximation

from X
^

 G of the vectors f1; f2; :::; fn 2 X

^

 Y: Of course, this means that

X
^

G is N -simultaneuosly proximinal in in X

^

 Y:

7
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Lemma 3.11. Let G be a w��closed subspace of a dual space X: Then
L(`1; G) is w��closed in

�
`1(X�)

��
:

Proof. Let (xn) 2
�
`1(X�)

��
be a w��limit piont of L(`1; G) = `1(G). Then,

we can assume the existence of a sequence (Hn) in `1(G) such that lim
n
Hn =

(xn) in the w��topology on
�
`1(X�)

��
: Assume that Hn = (h

n
m)

1
m=1 for all n:

Let (s�n) 2 `1(X�); then

lim
m!1

h(s�n) ;Hmi = h(s�n) ; (xn)i ;

lim
m!1

� 1P
n=1

hhmn ; s�ni
�

=

� 1P
n=1

hs�n; xni
�
:

Take (s�n) = (0; 0; :::; x
�
nth ; 0; :::), then lim

m!1
x� (hmn ) = x� (xn) and this is true

for all x� 2 X�. Thus hmn
w��! xn for all n: Since G is w��closed, then xn 2 G

for all n; then (xn) 2 `1(G): This ends the proof.

Theorem 3.12. Let G be a w��closed subspace of a dual space X, n be
a natural number, and N be a monotonous norm in Rn: Then L(`1; G) is
N�simultaneously proximinal in `1(X):

Proof. By Lemma 3.2 and Lemma 3.11, L(`1; G) is N�simultaneously prox-
iminal in

�
`1(X�)

��
: Since

L(`1; G) = `1(G) � `1(X) �
�
`1(X�)

��
;

then L(`1; G) is N�simultaneously proximinal in `1(X):

From Remark (2:1) ; we deduce the following

`1
_

G � `1

_

X � `1(X) �

�
`1(X�)

��
:

Thus we have the following result.

Theorem 3.13. Let G be a closed subspace of a Banach space X: If `1
_

G

is w��closed in
�
`1(X�)

��
; then `1

_

 G is N�simultaneously proximinal in

`1
_

X:

Proof. The result follows from Lemma(3:2) :

In [14] it is shown that if G is a re�exive subspace of a Banach space Y ,
then L1 (�;G) is N�simultaneously proximinal in L1 (�; Y ) : As a result on
L1 (�;X), we have :

8
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Theorem 3.14. If L1 (�;G) is N�simultaneously proximinal in L1 (�; Y ) ;
then G is N�simultaneously proximinal in Y:

Proof. Let y1; y2; :::; yn 2 Y: Let 1 be the constant function on 
: Then 1
yi :

 ! Y; i = 1; 2; :::; n; de�ned by 1 
 yi (s) = yi, are elements in L1 (�; Y ) :
Since L1 (�;G) is N -simultaneously proximinal in L1 (�; Y ) ; there exists g0 2
L1 (�;G) such that

N

�
k1
 y1 � g0k ; k1
 y2 � g0k ; :::

; k1
 y2 � g0k

�
� N

�
k1
 y1 � gk ; k1
 y2 � gk ; :::

; k1
 y2 � gk

�
;

for all g 2 L1 (�;G) : In particular this inequality is valid if we choose g = 1
z;
for some z 2 G: So

N

�
k1
 y1 � g0k ; k1
 y2 � g0k ; :::

; k1
 y2 � g0k

�
� N

�
k1
 y1 � 1
 zk ; k1
 y2 � 1
 zk ; :::

; k1
 yn � 1
 zk

�
= N(ky1 � zk ; ky2 � zk ; :::; kyn � zk):

There exists s0 2 
 such that

N

�
k1
 y1 (s0)� g0 (s0)k ; k1
 y2 (s0)� g0 (s0)k ; :::

; k1
 yn (s0)� g0 (s0)k

�
� N

�
ky1 � zk ; ky2 � zk ; :::

; kyn � zk

�
;

N

�
ky1 � g0 (s0)k ; ky2 � g0 (s0)k ; :::

; kyn � g0 (s0)k

�
� N

�
ky1 � zk ; ky2 � zk ; :::

; kyn � zk

�
:

Since z 2 G was arbitrary, then g0 (s0) 2 G is a best N�simultaneous
approximation for y1; y2; :::; yn 2 Y and G is N�simultaneously proximinal in
Y:

Theorem 3.15: Let G be a closed subspace of the Banach space Y: If X
_

G is

N�simultaneously proximinal inX
_

Y; then G is N�simultaneously proximinal

in Y:

Proof. Let y1; y2; :::; yn 2 Y: Let x 2 X; kxk = 1: Choose x� 2 X�; kx�k = 1;
such that < x; x� >= 1: The elements x 
 y1 , x 
 y2; :::; x 
 yn are in X

_

 Y:

Since X
_

G is N -simultaneously proximinal in X

_

Y; there exists z0 2 X

_

G

such that

N

�
kx
 y1 � z0k ; kx
 y2 � z0k ; :::;

kx
 yn � z0k

�
� N

�
kx
 y1 � zk ; kx
 y2 � zk ; :::;

kx
 yn � zk

�
;

for all z 2 X
_

G: In particular this inequality is valid if we choose z = x
 g;

for some g 2 G: So

9
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N

�
kx
 y1 � z0k ; kx
 y2 � z0k ; :::;

kx
 yn � z0k

�
� N

�
kx
 y1 � x
 gk ; kx
 y2 � x
 gk ; :::

; kx
 yn � x
 gk

�
� kxkN

�
ky1 � gk ; ky2 � gk ; :::

; kyn � gk

�
:

Hence, for any v� 2 X�; kv�k = 1; we have

N

�
k(x
 y1)(v�)� z0(v�)k ; k(x
 y2)(v�)� z0(v�)k ; :::

; k(x
 yn)(v�)� z0(v�)k

�
� N

�
ky1 � gk ; ky2 � gk ; :::

; kyn � gk

�
:

Choose v� to equal x�: However, (x
 yi)(x�) = yi; i = 1; 2; :::; n: Thus

N

�
ky1 � z0(v�)k ; ky2 � z0(v�)k ; :::

; kyn � z0(v�)k

�
� N

�
ky1 � gk ; ky2 � gk ; :::

; kyn � gk

�
;

for all g 2 G: Consequently, z0(x�) is a best N -simultaneous approximation of
y1; y2; :::; yn 2 Y: Hence G is N -simultaneously proximinal in Y:

Let S be a compact Hausdor¤ space, X be a Banach space. we denote
C (S;X) to the Banach space of all X�valued contuous functions on S equipped
with supremum norm. If X = R; then we write C(S) instead of C(S;R):

Corollary 2.16. If C(S;G) is N -simultaneously proximinal in C(S;X); then
G is N -simultaneously proximinal in X:

Proof. The proof follows from Theorem 2.15 and the fact that C(S;X) =

C(S)
_

X; [8].

Theorem 3.17. If L1(�)
^

G is N�simultaneously proximinal in L1(�)

^

 Y;

then G is N�simultaneously proximinal in Y:

Proof. The proof is similar to that given in Theorem 3.15.

In [10] it is shown that if G is a re�exive subspace of a Banach space Y , then
L1 (�;G) isN�simultaneously proximinal in L1 (�; Y ) : As a result on L1 (�; Y ) ;
we have :

Theorem 3.18. If L1(�;G) isN�simultaneously proximinal in L1(�; Y ); then
G is N�simultaneously proximinal in Y:

10
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Proof. The proof follows from Theorem 3.17 and the fact that L1(�; Y ) =

L1(�)
^

 Y; [8].

Let S; T be compact Hausdor¤ spaces, then C(S � T ) = C(S)
_

 C(T ); [8].

Now we have the following result

Theorem 3.19. If G is a subspace of C (S) such thatG
_

C(T ) isN�simultaneously

proximinal in C(S � T ), then G is N�simultaneously proximinal in C(S):

Proof. Assume that G
_

C(T ) is N�simultaneously proximinal in C(S � T ):

Let x1; x2; :::; xn 2 C (S) : Put x
0

i (s; t) = xi (s) for all (s; t) 2 S � T and i =
1; 2; :::; n: Let z be a best N�simultaneous approximation for x01; x

0

2; :::; x
0

n from

G
_

 C(T ): Note that for any g 2 G;

N

0@ 


x01 � z


 ;


x02 � z


 ; :::
;



x0n � z




1A � N

0@ 


x01 � g 
 1


 ;


x02 � g 
 1


 ; :::
;



x0n � g 
 1




1A
= N (kx1 � gk ; kx2 � gk ; :::; kxn � gk) :

Let � 2 T and put h (s) = z (s; t) : Then h 2 G and

N (kx1 � hk ; kx2 � hk ; :::; kxn � hk) � N (kx1 � gk ; kx2 � gk ; :::; kxn � gk)

for all g 2 G:Hence h is a bestN�simultaneous approximation for x1; x2; :::; xn
from G:
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A Rank-One Fitting Method for Solving Symmetric
Nonlinear Equations ∗

Gonglin Yuan †, Xiangrong Li†

Abstract. In this paper, a rank-one updated method for

solving symmetric nonlinear equations is proposed. This method

possesses some features: (1) The updated matrix is positive

definite whatever line search technique is used; (2) The search

direction is descent for the norm function; Under reasonable

conditions, we establish its global convergence. Numerical re-

sults show that the presented method is competitive to the

normal BFGS method for the test problems.

Key Words. rank-one update; global convergence; nonlin-

ear equations.
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1. Introduction

Consider the following system of nonlinear equations:

F (x) = 0, x ∈ ℜn, (1.1)

where F : ℜn → ℜn is continuously differentiable and the Jaconbian

∇F (x) of F (x) is symmetric for all x ∈ ℜn. Let θ be the norm func-

tion defined by θ(x) = 1
2
‖F (x)‖2. Then the nonlinear equation (1.1) is

equivalent to the following global optimization problem

min θ(x), x ∈ ℜn. (1.2)
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the Scientific Research Foundation of Guangxi University (Grant No. X081082).
†College of Mathematics and Information Science, Guangxi University, Nanning,

Guangxi, 530004, P.R. China. E-mail: glyuan@gxu.edu.cn.
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The following iterative method is used for solving (1.1)

xk+1 = xk + αkdk, (1.3)

where xk is the current iterative point, dk is a search direction, and αk is

a positive step-size.

It is well known that there are many methods [9, 11, 23, 24, 26, 29]

for the unconstrained optimization problems minx∈ℜn f(x) (UOP), where

the BFGS method is one of the most effective quasi-Newton methods

[2, 3, 4, 6, 28, 30, 31]. These years, lots of modified BFGS methods

(see [13, 14, 17, 19, 32]) have been proposed for UOP. Especially, many

efficient attempts have been made to modify the usual quasi-Newton

methods using both the gradient and function values information (e.g.

[18, 32]). Lately, in order to get a higher order accuracy in approximat-

ing the second curvature of the objective function, Wei, Yu, Yuan, and

Lian [19] proposed a new BFGS-type method for UOP, and the reported

numerical results showed that the average performance is better than

that of the standard BFGS method. The superlinear convergence of this

modified has been established for uniformly convex function. Its global

convergence is established by Wei, Li, and Qi [18]. Motivated by their

ideas, Yuan and Wei [31] presented a modified BFGS method which can

ensure that the update matrices are positive definite for the general con-

vex functions. Moreover, the global convergence is proved for the general

convex functions. For general functions, it is now known that the BFGS

method may fail for non-convex functions with inexact line search [4],

and Mascarenhas [15] showed that the nonconvergence of the standard

BFGS method even with exact line search. In order to obtain a global

convergence of BFGS method without convexity assumption on the ob-

jective function, Li and Fukushima [13, 14] made a slight modification

to the standard BFGS method. Different from above techniques, Xu

[20] presented a rank-one fitting algorithm for UOP, and the numerical

examples are very interesting. Motivated by their ideas, we give a new

rank-one fitting algorithm for (1.1) which possesses the global conver-

2
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gence. The method can ensure that the updated matrices are positive

definite without carrying out any line search, the search direction is de-

scent for the normal function, and the numerical results is competitive

to the BFGS method.

For nonlinear equations, the global convergence is due to Griewank

[10] for Broyden’s rank one method. Fan [8], Yuan [21], Yuan, Lu and

Wei [27], and Zhang [33] presented the trust region algorithms for non-

linear equations. Zhu [34] gave a family of nonmonotone backtracking

inexact quasi-Newton algorithms for solving smooth nonlinear equations.

In particular, a Gauss-Newton-based BFGS method is proposed by Li

and Fukushima [12] for solving symmetric nonlinear equations, and the

modified methods [22, 25] are studied.

We all know that the BFGS method for solving (1.1) is to generate

a sequence of iterates {xk} by letting xk+1 = xk + αkdk, where αk is the

steplength and dk is a solution of the system of linear equation

Bkdk + F (xk) = 0, (1.4)

where Bk is generated by BFGS update formula

Bk+1 = Bk −
Bksks

T

k
Bk

sT

k
Bksk

+
yky

T

k

sT

k
yk

, (1.5)

where sk = xk+1 − xk, and yk = F (xk+1) − F (xk). In the following, we

briefly review some line search technique to obtain the stepsize αk.

Brown and Saad [1] proposed the following line search method:

θ(xk + αkdk) − θ(xk) ≤ σαk∇θ(xk)
T dk, (1.6)

where θ(xk)
T dk = F (xk)

T∇F (xk)dk, σ ∈ (0, 1), αk = rik , r ∈ (0, 1), and

ik is the smallest nonnegative integer i such that (1.6). Based on this

technique, Zhu [34] gave the nonmonotone line search technique:

θ(xk + αkdk) − θ(xl(k)) ≤ σαk∇θ(xk)
T dk,

3
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‖θ(xl(k))‖ = max0≤j≤m(k){‖θ(xk−j)‖}, m(0) = 0, m(k) = min{m(k −

1) + 1, M}, k ≥ 1, and M is a nonnegative integer. From these two

techniques, it is easy to see that the Jacobian matric ∇F (xk) must be

computed at every iteration, which will increase the workload especially

for large-scale problems or this matric is expensive. Considering these

points, Yuan and Lu [25] presented a new backtracking inexact technique

to obtain the stepsize αk :

‖F (xk + αkdk)‖
2 ≤ ‖F (xk)‖

2 + δα2
k
F (xk)

T dk, (1.7)

where δ ∈ (0, 1) is a constant, and dk is a solution of the system of linear

equations (1.4). Li and Fukashima [12] give a line search technique to

determine a positive step-size αk satisfying

‖F (xk +αkdk)‖
2−‖F (xk)‖

2 ≤ −δ1‖αkF (xk)‖
2−δ2‖αkdk‖

2+εk‖F (xk)‖
2,

(1.8)

where δ1 and δ2 are positive constants, and {εk} is a positive sequence

such that
∞∑

k=0

εk < ∞. (1.9)

The formula (1.8) means that {F (xk)} is norm descent when k is suffi-

ciently large. In this paper, we also use the formula (1.8) as line search

to find the step-size αk.

Normally, the update matrix is defined by formula (1.5). Is there

another way to determine the update formula? Accordingly the search

direction dk is determined by the way. In this paper, we give a positive

answer. The updated matrix Bk is generated by the following rank-one

updated formulas

Bk+1 = Bk + vkv
T

k
, (1.10)

Hk+1 = Hk −
Hkvkv

T

k
Hk

1 + vT

k
Hkvk

, (1.11)

where, as k = 0, B0 is the given symmetric positive definite matrix,

B−1
k

= Hk, and vk = δ0αkF (xk), here δ0 is a positive constant. Then we

4
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use the following formula to get the search direction,

Bkd + qk(αk−1) = 0, (1.12)

where

qk(αk−1) =
F (xk + αk−1Fk) − F (xk)

αk−1
, (1.13)

Bk follows (1.10), αk−1 is the steplength used at the previous iteration,

and the equation (1.13) is inspired by [12]. Throughout the paper, we

use these notations: ‖ · ‖ is the Euclidean norm, and F (xk) and F (xk+1)

are replaced by Fk and Fk+1, respectively.

This paper is organized as follows. In the next section, the algorithm

is stated. The global convergence convergence are established in Section

3. The numerical results are reported in Section 4.

2. The algorithm

In this section, we state our new algorithm based on formulas (1.3), (1.8),

(1.10), (1.11) and (1.12) for solving (1.1).

Rank-One Updated Algorithm (ROUA).

Step 0: Choose an initial point x0 ∈ ℜn, constants r ∈ (0, 1), 0 <

δ0, δ1, δ2 < 1, α−1 > 0, a positive sequence {εk} satisfying (1.9), sym-

metric positive definite matrices B0 and B−1
0 = H0. Let: k = 0;

Step 1: If ‖Fk‖ = 0, stop. Otherwise, solving linear equations (1.12) to

get dk;

Step 2: Find a αk is the largest number of {1, r, r2, r3, · · ·} such that

(1.8);

Step 3: Let the next iterative point be xk+1 = xk + αkdk;

Step 4: Update Bk+1 and Hk+1 by the formula (1.10) and (1.11) respec-

tively;

Step 5: Set k := k + 1. Go to step 1.

In this paper, we also give the normal BFGS method for solving (1.1),

and the algorithm which has the same conditions to ROUA is stated as

5
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follows.

BFGS Algorithm(BFGSA).

In ROUA, the step 4 is replaced by: Update Bk+1 by the formula (1.5).

Remark 1. (a) By the step 0 of ROUA, there should exist constants

λ1 ≥ λ0 > 0 such that

λ1‖d‖
2 ≥ dTB0d ≥ λ0‖d‖

2,
1

λ0

‖d‖2 ≥ dT H0d ≥
1

λ1

‖d‖2, ∀ d ∈ Rn.

(2.1)

(b) By the step 4 of ROUA, it is easy to deduce that the updated matrices

are symmetric.

3. Convergence Analysis

In this section, we establish the global convergence of ROUA. Let Ω be

the level set defined by

Ω = {x|‖F (x)‖ ≤ e
ε

2‖F (x0)‖}, (3.1)

where ε is a constant satisfying

∞∑

k=0

εk ≤ ε. (3.2)

Then the following lemma is satisfied (see [12]), here we also give its

proof.

Lemma 3.1 Let {xk} be generated by ROUA. Consider the line search

(1.8). Then {xk} ⊂ Ω, moreover, {‖F (x)‖} converges.

Proof. By line search (1.8), we have

‖Fk+1‖ ≤ (1 + εk)
1

2‖Fk‖ ≤ (1 + εk)‖Fk‖.

6
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Since εk satisfies (3.2), from Lemma 3.3 in [5], we conclude that {‖Fk‖}

converges. Moreover, we have for all k

‖Fk+1‖ ≤ (1 + εk)
1

2‖Fk‖

≤ · · ·

≤
k∏

i=0

(1 + εi)
1

2‖F0‖

≤ ‖F (x0)‖[
1

k + 1

k∑

i−0

(1 + εi)]
k+1

2

= ‖F (x0)‖[1 +
1

k + 1

k∑

i−0

εi]
k+1

2

≤ ‖F (x0)‖[1 +
ε

k + 1
]

k+1

2

≤ e
ε

2‖F (x0)‖,

which implies that {xk} ⊂ Ω. The proof is complete.

In order to get the global convergence, the following assumptions are

needed [12, 22].

Assumption A (i) F is continuously differentiable on an open convex

set Ω1 containing Ω.

(ii) The Jaconbian of F is symmetric, bounded and uniformly nonsingular

on Ω1, i.e., there exist constants M ≥ m > 0 such that

‖∇F (x)‖ ≤ M, ∀x ∈ Ω1, (3.3)

and

‖∇F (x)d‖ ≥ m‖d‖, ∀x ∈ Ω1, d ∈ ℜn. (3.4)

Remark 2. Assumption A(ii) implies that

m‖d‖ ≤ ‖∇F (x)d‖ ≤ M‖d‖, ∀ x ∈ Ω1, d ∈ ℜn, (3.5)

m‖x − y‖ ≤ ‖F (x) − F (y)‖ ≤ M‖x − y‖, ∀ x, y ∈ Ω1. (3.6)

7
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In particular, for all x ∈ Ω1, we have

m‖x − x∗‖ ≤ ‖F (x)‖ = ‖F (x) − F (x∗)‖ ≤ M‖x − x∗‖, (3.7)

where x∗ stands for the unique solution of (1.1) in Ω1.

Lemma 3.2 Let Assumption A hold and {αk, dk, xk+1, Fk} be generated

by ROUA. Then we have

∞∑

k=0

‖αkFk‖
2 < ∞, (3.8)

and
∞∑

k=0

‖αkdk‖
2 < ∞. (3.9)

Proof. By the line search (1.8), we get

δ1‖αkFk‖
2 + δ2‖αkdk‖

2 ≤ ‖Fk‖
2 − ‖Fk+1‖

2 + εk‖gk‖
2. (3.10)

Since {εk} satisfies (3.2) and {‖Fk‖} is bounded, we obtain (3.8) and

(3.9) by summing these inequalities (3.10) for k from 0 to ∞. The proof

is complete.

Lemma 3.3 Let Assumption A hold. Consider ROUA. Then {‖Bk‖}

converges, and for any d ∈ ℜn, then there exist constants m0 and M0

such that

M0‖d‖
2 ≥ dT Bkd ≥ m0‖d‖

2, for all k, ∀ d ∈ Rn, (3.11)

and

1

m0

‖d‖2 ≥ dTHkd ≥
1

M0

‖d‖2, for all k, ∀ d ∈ Rn, (3.12)

which means that the updated matrices are all positive by ROUA.

8
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Proof. By the updated formula (1.10), we have

‖Bk+1‖ = ‖Bk + vkv
T

k
‖

≤ ‖Bk‖ + ‖vk‖
2

= ‖Bk‖ + δ2
0‖αkFk‖

2

≤ ‖B0‖ + δ2
0

k∑

i=0

‖αiFi‖
2. (3.13)

By (3.8), we know that
∑

k

i=0 ‖αiFi‖
2 is convergent. Then we can deduce

that {‖Bk‖} is convergent. So there exists a constant M0 such that

‖Bk‖ ≤ M0, for all k. (3.14)

Accordingly, we get the left side of (3.11). Then, we prove the right side

of (3.11). By ROUA, we know that the initial matrix B0 is symmetric

positive, then we have (2.1). Using (1.10), for k ≥ 1, we have

dT Bkd = dTBk−1d + dT vkv
T

k
d

= dTBk−1d + (dT vk)
2

≥ dTBk−1d

≥ · · ·

≥ dTB0d ≥ λ0‖d‖
2, (3.15)

let m0 = λ0, thus we get (3.11).

By (3.11) and the Remark 1(b), we can deduce that the updated matrices

are all symmetric and positive definite. Consider Hk = B−1
k

, we obtain

(3.12) immediately. The proof is complete.

Since Bk is positive definite, then dk which is determined by (1.12)

has the unique solution.

Lemma 3.4 Let Assumption A hold. If xk is not a stationary point of

(1.2), then there exists a constant α′ > 0 depending on k such that when

αk−1 ∈ (0, α′), and the unique solution d(αk−1) of (1.12) such that

∇θ(xk)d(αk−1) < 0. (3.16)

9
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Proof. By (1.13), we can deduce that

lim
αk−1→0

qk(αk−1) = ∇F (xk)F (xk). (3.17)

From (1.12), we get

lim
αk−1→0+

∇θ(xk)d(αk−1) = − lim
αk−1→0+

F (xk)
T∇F (xk)B

−1
k

qk(αk−1)

= −F (xk)
T∇F (xk)B

−1
k

∇F (xk)F (xk).(3.18)

Since xk is not a stationary point of (1.2), we have ∇F (xk)F (xk) 6= 0.

By ∇F (xk) is symmetric and Bk is positive, we obtain (3.16). The proof

is complete.

By (3.11) and (3.14), we have

‖qk(αk−1)‖ = ‖Bkdk‖ ≤ M0‖dk‖, ‖dk‖ ≤
1

m0

‖qk(αk−1)‖. (3.19)

Now we establish the global convergence theorem of ROUA.

Theorem 3.1 Let Assumption A hold and {αk, dk, xk+1, gk+1} be gener-

ated by ROUA. Then the sequence {xk} converges to the unique solution

x∗ of (1.1) in sense of

lim
k→∞

‖Fk‖ = 0. (3.20)

Proof. By Lemma 3.1, we know that {‖Fk‖} converges. By Lemma 3.2,

we get

lim
k→∞

‖αkFk‖ = 0, (3.21)

then, we have

lim
k→∞

‖Fk‖ = 0 (3.22)

or

lim
k→∞

αk = 0. (3.23)

10
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Therefore, we only discuss the case of (3.23). In this case, for all k

sufficiently large and α′
k

= αk

r
, by (1.8), we obtain

‖F (xk + α′
k
dk)‖

2 − ‖F (xk)‖
2 > −δ1‖α

′
k
F (xk)‖

2 − δ2‖α
′
k
dk‖

2 + εk‖F (xk)‖
2

> −δ1‖α
′
k
F (xk)‖

2 − δ2‖α
′
k
dk‖

2. (3.24)

By Lemma 3.1, we know that {xk} ⊂ Ω is bounded. Considering (3.19),

it is easy to deduce that {qk(αk−1)} and {dk} are bounded. Let {xk} and

{dk(α)} converge to x∗ and d∗, respectively. Then we have

lim
k→∞

qk(αk−1) = ∇θ(x∗). (3.25)

Let both sides of (3.24) be divided by α′
k

and take limits as k → ∞, we

obtain

θ(x∗)d∗ ≥ 0. (3.26)

By (3.11) and (1.12), we have

0 = dT

k
Bkdk + qk(αk−1)

T dk ≥ m0‖dk‖
2 + qk(αk−1)

T dk. (3.27)

As k → ∞, taking limits in both of (3.27) yields

∇θ(x∗)d∗ ≤ −m0‖d
∗‖2.

This together with (3.26) implies d∗ = 0. From (3.19), we have limk→∞ qk(αk−1) =

0, which together with (3.25), we obtain

∇θ(x∗) = 0. (3.28)

By ∇θ(x∗) = F (x∗)∇F (x∗) and using that ∇F (x∗) is nonsingular, we

have F (x∗) = 0. This implies (3.20). The proof is complete.

4. Numerical Results

In this section, we report results of some numerical experiments with

ROUA and BFGSA.

11
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The discretized two-point boundary value problem is similar to the

problem in [16]

F (x) = Ax +
1

(n + 1)2
T (x) = 0,

where A is the n × n tridiagonal matrix given by

A =




8 −1

−1 8 −1

−1 8 −1
. . .

. . .
. . .

. . .
. . . −1

−1 8




,

and T (x) = (T1(x), T2(x), ..., Tn(x))T with Ti(x) = sinxi−1, i = 1, 2, ..., n.

In the experiments, the parameters in ROUA and BFGSA were chosen

as r = 0.1, δ0 = 10−4, δ1 = δ2 = 10−3, εk = 1
k2 , and k is the number of

iteration. The program was coded in MATLAB 6.5.1. We stopped the

iteration when the condition ‖F (x)‖ ≤ 10−6 was satisfied. The detailed

numerical results are listed on the web site

http : //210.36.18.9 : 8018/publication.asp?id = 34337.

Dolan and Moré [7] gave a new tool to analyze the efficiency of Algo-

rithms. They introduced the notion of a performance profile as a means

to evaluate and compare the performance of the set of solvers S on a test

set P. Assuming that there exist ns solvers and np problems, for each

problem p and solver s, they defined

tp,s = computing time (the number of function evaluations or others)

required to solve

problem p by solver s.

Requiring a baseline for comparisons, they compared the performance

on problem p by solver s with the best performance by any solver on this
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problem; that is, using the performance ratio

rp,s =
tp,s

min{tp,s : s ∈ S}
.

Suppose that a parameter rM ≥ rp,s for all p, s is chosen, and rp,s = rM

if and only if solver s does not solve problem p.

1 1.5 2 2.5 3 3.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

P
p:

r(
p,

s)
<

=
t

Performance profiles of ROUA and BFGSA methods(NI). Figure 1

− ROUA

.. BFGSA

The performance of solver s on any given problem might be of interest,

but we would like to obtain an overall assessment of the performance of

the solver, then they defined

ρs(t) =
1

np

size{p ∈ P : rp,s ≤ t},

thus ρs(t) was the probability for solver s ∈ S that a performance ratio
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rp,s was within a factor t ∈ R of the best possible ration. Then function

ρs was the (cumulative) distribution function for the performance ratio.

The performance profile ρs : R 7→ [0, 1] for a solver was a nondecreas-

ing, piecewise constant function, and continuous from the right at each

breakpoint. The value of ρs(1) was the probability that the solver would

win over the rest of the solvers.

According to the above rules, we know that one solver whose perfor-

mance profile plot is on top right will win over the rest of the solvers.

Figures 1-2 show that the performance of these methods is relative

to the total number of iterations (NI) and the number of the function

evaluations (NG), respectively.

1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

P
p:

r(
p,

s)
<

=
t

Performance profiles of ROUA and BFGSA methods(NG). Figure 2

− ROUA

.. BFGSA

From Figures 1 and 2, it is easy to see that these two are successful
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for solving this problem, and the proposed method is competitive to the

normal BFGS method. These two figures show that ROUA and BFGSA

can completely solve the test problems.

5. Conclusion

In this paper, we propose a rank-one updated method for symmetric non-

linear equations. Numerical results show that the method is successful.

The search direction of this method is descent for the norm function,

and the updated matrix is positive definite without carrying out any line

search. In fact, this method can be also explanted to the normal nonlin-

ear equations. We hope that the method can be an important topic of

further research for symmetric nonlinear equations.
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Abstract 

This paper is aimed at establishing the minimum control energy for an infinite 

neutral differential system of the form 

                   ∫
∞−

++=
0

)()(),,()( θθθ dtxAuxtLxtD
dt
d

t  

when the controls are essentially bounded measurable functions on finite intervals, 

with values in a compact subset U of  an m -dimensional Euclidean space with 

zero in its interior. By exploiting the properties of the reachable set, and the 

attainable set; complete controllability conditions were stated and proved. The 

existence, form and uniqueness of the minimum control energy problem for our 

system were also established. An example is also given. 

Keywords: Controllability, neutral system, Infinite delay, control energy. 

2000 Mathematics subject classification: Primary 93B05; Secondary 34H05 

1.  INTRODUCTION 

The controllability of neutral functional differential equation have been studied by 

several authors see Chukwu [2-3], Fu [14], Gahl [11], Underwood and Chukwu 
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[13] and independent results  obtained. The control equations of linear neutral 

systems have applications in the study of electrical networks containing lossless 

transmission lines; electrodynamics, variation problems etc. (see Onwuatu [9]). 

These studies have been extended to the controllability of infinite neutral 

functional differential equations which has applications in ecology, epidemics, 

population growth and in some complex economic studies etc. Several authors 

Onwuatu [9], Balachandran and Anandhi [10], Davies [6] etc. have studied the 

controllability of such systems using different approaches. For example, Onwuatu 

[9] studied a class of nonlinear infinite neutral system, where he developed 

sufficient condition for the null controllability of such systems. Davies [6] studied 

the Euclidean null controllability of infinite neutral differential systems and 

established sufficient computable criteria for the Euclidean null controllability of 

such systems.  

We are not only interested in the controllability of infinite neutral functional 

differential equations in this research, but also to reach our target with minimum 

wastage of control energy. That is, if the systems are controllable, there exist 

admissible control energy such that, the states of the systems are found in the 

target. The establishment of this control energy is the main objective of this 

research. Furthermore, we shall present the existence, form and uniqueness of this 

control energy. 
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Our results extend that in Davies [6-7], and other known results on the minimum 

control energy problem to infinite neutral functional differential equation. An 

example is given to illustrate the obtained results. 

2.  BASIC NOTATIONS, PRELIMINARIES AND DEFINITIONS 

Suppose 0>h  is a given number, ),( ∞−∞=E , nE is a real n – dimensional 

Euclidean space with  norm ⋅ )],0,([ nEhCC −=  is the space of continuous 

function mapping the interval ]0,[ h− into nE with the norm ⋅ where 

,)(sup 0 ssh φφ ≤<−= for C∈φ . Let 0, >∈ aEτ and ( ),],,[ nEahCx +−∈ ττ then 

given ],,[ at +∈ ττ   we define the symbol  tx  by 0),()( <≤−+= shstxsxt . Let 

g be a bounded linear operator taking ,],[ nEC →×∞τ  we define the functional 

difference operator nECD →×∞⋅ ],[:)( τ by 

                     ),()0()( φφφ tgtD −=                                                                     (2.1) 

for Ct ∈∞∈ φτ ],,[  

We now define a neutral functional differential equation to be a system of the form 

                   ),()( tt xtfxtD
dt
d

=                                                                           (2.2) 

where ,Cxt ∈  and f  is a continuous function from C×∞),(τ  into ,nE  we say that 

x  is a solution of (2.2) with initial value φ  at σ  if there exists  ],,[ ∞∈ τa  0>a  

such that ( ) ,,],,[ 0 φσσ =+−∈ xEahCx n  txtD )(  is continuously differentiable on 

),( a+σσ  and (2.2) is satisfied on ),( a+σσ .  
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We shall consider control systems of the form 

            ∫
∞−

++=
0

)()(),,()( θθθ dtxAuxtLxtD
dt
d

t                                                    (2.3) 

its linear base control system 

        ),,()( uxtLxtD
dt
d

t =                                                                               (2.4) 

and its free system 

       ∫
∞−

++=
0

)()()0,,()( θθθ dtxAxtLxtD
dt
d

t                                              (2.5) 

where   )1()()( −−= tAxtxxtD t ,  )()()1()(),,( htHutFutBxtGxuxtL −++−+= . 

GBA ,,  are nn× matrices, HF ,  are mn×  matrices. )(θA  is an  nn× matrix 

whose elements are square integrable on ]0,( ∞− . 

Let )(tX be the unique nn× constant matrix function with the following properties 

a) 0)( =tX , for 0<t  

b) ItX =)(  the identity matrix 

c) )1()( −− tAXtX  is continuous on ),0[ ∞  

d) )(tX  satisfies )0,,()1()( xtLtxAtX =−− &&  

for 2),0( St −∞∈ ,  where 2S  is the set of non-negative integers. 

Then a unique solution of (2.4) exist on ],1[ t  satisfying  )(),( tutxL φ=  for ]1,0[∈t  

and by Gahl [11], this solution is given by 
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∫

∫

−+−+

+−−+−−−=

t

t

L

dshsHusFustX

dssBsAstXtXtXutx

1

1

)]()()[(

)]()([)1()1()2()1()1(),( φφφφ
             (2.6) 

for all ),(].,1[ 1 utxtt L∈  is a continuous function which satisfies (2.4) on ],1[ 1t  

except for a finite number of points which are contained in the set 

              { }2123 ,;: SkforIhorktIhtttSS ∈≠≠+±==   

Define the matrix functions Z  by 

                         HhstXFstXstZ )()(),( −−+−=                                   (2.7) 

Then it follows immediately that  

                    ∫+=
t

LL dssustZtxutx
1

)(),()0,(),(                                              (2.8) 

Since )(tX  is continuous and bounded on  2],[ Sba −  

                HhstXFstXstZ
t

)()(),( −−+−=
∂
∂ &&  

is continuous and bounded on 2],[ Sba − . In a similar manner, any solution of 

system (2.3) following the methods of Gahl [11] and Sinha [1] will be given by 

          ∫ ∫
∞−

+−+=
t

L dsdtxAstXutxutx
1

0

)()()(),(),,( θθθφ    

                                 Or 

     ∫ ∫∫
∞−

+−++=
tt

L dsdtxAstXdssustZtxutx
1

0

1

)()()()(),()0,(),,( θθθφ                  (2.9) 

In this paper, the control space will be  
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( )mloc EL ),,0[2 ∞  the space of essentially bounded measurable functions on finite 

intervals with values in mE . The control constraint set will be denoted by 

( )mloc CLU ,),0[2 ∞=   where { }mjuEuC j
mm ,...,2,1,1: =≤∈=  

We now give some definitions upon which our study hinges. 

Definition 2.1 

The complete state of system (2.3) at time t  is given by { })(),(),()( tuttxty φ=  

Definition 2.2 

System (2.3) is said to be relatively controllable on J  if for any function 

,C∈φ and each ,1
nEx ∈ there is an admissible control Uu∈  such that the solution 

),,( utx φ of (2.3) satisfies φφ =⋅ ),,(
0

uxt , 11 ),,( xutx =φ .  

Definition 2.3 

The reachable set of (2.3) is a subset of  mE  given by 

( )
⎭
⎬
⎫

⎩
⎨
⎧

∈= ∫
t

mEtLudssustZttP
1

1201 ],,1[:)(),(),(  

If the controls are in ( )mCtL ],,1[ 12 , we define the constraint reachable set by 

( )
⎭
⎬
⎫

⎩
⎨
⎧

∈= ∫
t

mCtLudssustZttR
1

1201 ],,1[:)(),(),(  

Note that ),( 01 ttP is a subset of mE  which is symmetric about zero. 

Definition 2.4 

The attainable set (2.3) is given by 

             { }UuutxtA ∈= :),,()( φ  
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Definition 2.5 

The target set for system (2.3) is given by { } UuttutxtT ∈>= ,:),,()( 01φ  

Corollary 2.1 

Consider system (2.5), with all its assumptions. If there exists v>0 such that 

]0,(,)exp()( −∞∈≤≤ θθθ MvMA  and if  

φθθλθλλλ λλ =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
=+−−−≥= ∫

∞−

−−
0

0])()[exp()(det,0Re)( dABeGAeIB  

Then the solutions of (2.5) is uniformly asymptotically stable such that  

[ ] 00 ,)(exp),( ttstKtxt ≥−−≤ αφφ  for some 0,0 >> Kα  

Proof: The proof can be observed from Sinha [1] and Onwuatu [9] 

RELATIONSHIP BETWEEN THE REACHABLE SET AND THE 

ATTAINABLE SET 

Here we establish the relationship between the two set functions reachable and 

attainable sets. However, we shall first establish a relationship between the sets, to 

enable us see that once the properties have been proved for one set then they are 

applicable to the other.  

From equation (2.9) 

                   [ ]),()()()( 010 ttRtstXtA +−= φ  for ],[, 10 tttUu ∈∈  

This means that the attainable set is the transition of the reachable set 

through nE∈η , where 

           [ ]),()( 010 ttRt += φη  

We shall then use the attainable set to establish that the two set functions posses 

the following properties: convexity, closedness and compactness 
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Theorem 2.1  

The attainable set )(tA  is convex and compact 

Proof: The convexity of )(tA  follows trivially from the convexity of the 

constrained set U. We now show that, )(tA  is compact. Assume S  to be a convex, 

compact subset of the space of continuous functions C  then )0,,( Stx is bounded. 

Also, since ),( stZ  is integrably bounded, by the analyticity of X  and an 

assumption that F  and H are of bounded variation, coupled with the fact that 

Uu ∈ , the attainable set )(tA  is bounded in nE . From the weak compactness 

argument and the assumed compactness property on ,S  )(tA  is closed in nE  

(Chukwu [3]). Having established boundedness and closedness properties for 

)(tA , we concluded that )(tA  is compact in nE . The convexity and compactness 

of the reachable set ),( 01 ttR  follows from the convexity and compactness of the 

attainable set. Also the convexity and compactness of the target set )(tT  follows 

trivially from the convexity and compactness of the constrained control set U . 

 

Corollary 2.2 

The reachable set ),( 01 ttR  is a continuous set function on ),[ 0 ∞t to the metric space 

of compact subsets of nE . 

Proof: For ,0≥t we set 00 =t  and let )(),(),( tustZutZ =  so that, 

 dssustZu),Z(tu)Z(t,
t

∫=−
1

0 )(),(  

since u  is admissible, we have 

 ∫≤−
t

dsstZu,Z(tu)Z(t,
1

0 ),()  

by the definition of metric d , 
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 dsstZtRtRd
t

∫≤
1

0 ),())(),((  since dsstZ
t

∫
1

),( is absolutely continuous, the 

reachable set is continuous, and by the transition property of both attainable set 

and the reachable set we conclude that, the attainable set )(tA  is also continuous. 

3.  CONTROLLABILITY RESULTS 

Here we state and prove theorems that summarizes our result on the controllability 

of system (2.3) 

Definition 3.1 

System (2.3) is controllable if .)()( ψ≠∩ tTtA  for ].,[ 10 ttt ∈  

We now introduce computational criteria for system (2.3) following the methods 

of (Gabasov and Kirillova [12]; Chukwu [4]) to check when the system (2.3) is 

relatively controllable by introducing the following notation  

                      
LL ,2,1,0;,2,1,0

),1()1()()( 11

==
−+−+= −−

sk
sAQsBQsGQsQ kkkk  

                     
⎩
⎨
⎧

=<<=
==

=
0,00,0,0

0,0,
)(

skorsk
skI

sQk   

 and 

                { }],[,1,1,0,)(,)()( 101 ttsnkHsQFsQt kk ∈−==Ω L  

We define the rank of )( 1tΩ  as the rank of the block matrix composed of all 

matrices from the set )( 1tΩ . 

Theorem 3.1 

(Chukwu [4]; Klamka [8], for every ),0(1 ∞∈t the following conditions are 
equivalent: 

(i) If 0),( =stZcT  for Jt ∈  and nEc∈ , then 0=c  
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(ii) ntrank =Ω )( 1  

(iii) The system (2.3) without constraints on the control is (globally) 

relatively controllable in  J  

Remark 3.1 

To prove the above theorem, we use the fact that HhstXFstXstZ )()(),( −−+−=  

and proceeds as in the cited proofs. The proof of conditions (i) and (ii) follows the 

same pattern as that shown in Chukwu [4], whereas that of condition (iii) follows 

the same pattern as that shown in the monograph Klamka [8]. 

The next theorems are direct consequences of Theorem 3.1 and Corollary 2.1 

Theorem 3.2 

 The system (2.3) is completely controllable in the time interval ],[ 10 tt  if: 

          (i)    the system (2.5) is uniformly asymptotically stable 
          (ii)   the )( nn× - dimensional controllability matrix  )( 1tW  of the system 

(2.3) given by ∫=
t

T dsstZstZtW
1

1 ),(),()(  satisfies ntWrank =)( 1  and 

nmTnn EstZEtW ××− ∈∈ ),(,)( 1
1  for every ],1[ 1tt ∈  and ( ) nEtxx ∈− )0,(1  

Proof: Let the assumptions of Theorem 3.1 be satisfied, and the solutions of 

system (2.5) uniformly asymptotically stable. We let 

( ) ( )nn EttLExxy ],,[),0( 10200 ×∈=  be any initial complete state of the system (2.3) 

and nEx ∈1  be any vector. We shall prove that the admissible control function 

( )mEttLu ],,[ 102∈  of the form  
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                         ( ))0,()(),()( 1
1 txxtWstZtu T −= −                                                 (3.1) 

for ],[ 10 ttt ∈  steers the system (2.3) from the initial state 0y  to the state 

11 ),( xutx = . Substituting (3.1) into (2.9) for 1tt = , we get 

                   
( )( )

( ) 1111
1

11

1
111

1
11

)0,()()()0,(

)0,()(),(),()0,(),(

xtxxtWtWtx

dstxxtWstZstZtxutx
t

T
L

=−+=

−×+=

−

−∫  

Since 0y  and 1x  were arbitrary, the system (2.3) is completely controllable in the 

interval ],[ 10 tt . 

4.  THE MINIMUM CONTROL ENERGY 

The minimum control energy problem is best understood in the context of capture 

problem or rescue effort (see Chukwu [3] and references therein). Emphasis here 

is on the minimum control energy to reach the target or intercept it. However the 

need to first determine the existence of control for pursuit is evident. If the 

intersection of the attainable set and the reachable set is non-empty, the target 

could be reached using appropriate control energy. The next theorem establishes 

the existence of such control efforts required to capture a moving target- either 

moving point function or a compact set function 

Theorem 4.1 

In system (2.3), ,)()( ψ≠∩ tTtA  if and only if, there exists an admissible control 

such that weapon for the capture of a target satisfies system (2.3) on the interval 

].,[ 10 tt  

Proof: Suppose the state )(ty  of the weapon for the capture or rescue mission 

satisfies the given system then, ).()( tTty ∈  We are to show that there exist 

)(),,( tAutx ∈φ  such that ),,()( utxty φ=  for some u . Let }{ nu be a sequence in U , 

since U  is compact, .lim uun

n
=

∞→
 Now )(),,( tAutx n ∈φ and from (2.9). 
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         ∫ ∫∫
∞−

+−++=
11

1

0

1
1

111 )()()()(),()0,(),,(
tt

n
Ln dsdtxAstXdssustZtxutx θθθφ     (4.1)  

taking limits on both sides of (4.1), we have   

∫ ∫∫
∞−

∞→∞→
+−++=

11

1

0

1
1

111 )()()()(lim),()0,(),,(lim
tt

n

nLnn
dsdtxAstXdssustZtxutx θθθφ    (4.2) 

(4.2) implies 

   
),,(

)()()()(),()0,(),,(lim
11

1

0

1
1

111

utx

dsdtxAstXdssustZtxutx
tt

n
Lnn

φ

θθθφ

=

+−++= ∫ ∫∫
∞−

∞→   

Since )(tA  is compact, ).(),,(lim 1 tAutx nn
∈

∞→
φ That is, ).(),,( tAutx ∈φ  Thus, there 

exists Uu ∈ such that )(),,( tyutx =φ . Since )()( tTty ∈  and )(tA , ψ≠∩ )()( tAtA  

or .)()( ψ≠∩ tTtA  Conversely, suppose ψ≠∩ )()( tTtA . There is, )()( tAty ∈ such 

that )()( tTty ∈ . This implies that ),,()( utxty φ= being an element of the attainable 

set. Thus, establishing that, the state of the weapon for capture of a target satisfies 

systems (2.3). This completes the proof. 
 

EXISTENCE OF MINIMUM CONTROL ENERGY 

Theorem 4.2 

 In systems (2.3), suppose the system is controllable using a admissible control at 

time t, then there exists a minimum control energy 

Proof: Let )()( tTty ∈ and by the controllability of (4.1), )()( tAty ∈ , since )(tA  is 

the translation of the reachable set through η , ),()( 01 ttRty ∈ for 01 tt >  . Let 

)}.,()(,inf{ 01 ttRtytt ∈=∗  Now, 10 tt ≤≤ ∗ and there is a non-increasing sequence of 

time nt  converging to the minimum time ∗t  and a sequence of controls  Uun ∈ .  

Let ).,(),()( 01 ttRutzty n ∈=  Also 

),()()()(),()( nnnn utztytytyutzty ∗∗∗∗ −+−≤−  

    ),(),()()( ∗∗∗ −+−≤ utzutztyty nnn      
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  ∫ ∗
+−≤ ∗ nt

tn dssztyty )()()(   

By continuity of )(ty  and the integrability of )(tz , it follows that 

)(),( ∗∗ → tWutz n  as ∞→n  where ),()( ∗∗∗ = utztW for some Uu ∈∗ . Since 

),( 1 nutR contains ),( nutz ∗ for each n  and ),( 01 ttR ∗ is closed then 

),(),()( 01 ttRutztW ∈= ∗∗∗ for some Uu ∈∗ and by definition of ∗∗ ut ,  is the required 

minimum control energy. This establishes the existence of minimum control 

energy for system (2.3). 

FORM OF THE MINIMUM CONTROL ENERGY 

We shall in this section present the form of the minimum control energy for 

system (2.3), and this can be seen in the following theorem. 

Theorem 4.3 

In system (2.3) ∗u is the minimum control energy if and only if ∗u  is of the form. 

 )],(sgn[)( stZktu T=∗  where nEk∈  

Proof: Suppose ∗u  is the minimum control energy for system (2.3) then it 

maximizes the rate of change of )(),(),( tustZutZ = in the direction of k , that is, 

we want to minimize ),( stZkT since )(tu  are admissible controls, that is, they are 

constrained to lie in a unit sphere, we have 

 ),()(),( stZktustZk TT ≤  

  )],(sgn[),( stZkstZk TT≤  )(),( tustZk T ∗≤  

This shows that the minimum control ∗u  has the form )],([sgn stZku T=∗ .  

Conversely, let )],(sgn[ stZku T=∗  then for admissible controls Uu ∈  
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[ ]

[ ]

[ ]∫

∫

∫ ∫∫

∗≤

≤

≤

1

1

1 11

1
1

1
1

1 1
11

1
1

)(),(

),(

),(sgn),()(),(

t
T

t
T

t t
TT

t
T

dssustZk

dsstZk

dsstZkstZkdssustZk

  

This shows that ∗u  maximizes )],([ stZk T over all admissible controls u , hence it is 

the minimum control energy for system (2.3). 

REALIZATION FROM THEOREM 4.3 

Let   

             ∫
∗

∗∗∗∗ ==
t

dssustZutzz
1

)(),(),(  and ∫==
t

dssustZutzz
1

)(),(),(  

From the result in Theorem 4.3, 0)( ≤−⇒≤ ∗∗ zzkzkzk TTT , for each ),( 01 ttRz ∈ . 

Since the reachable set is closed, convex subset of nE  , there is a support plane η  

of  ),( 01 ttR  through ∗z  with 0≠k  an outward normal to η  at ∗z  and hence ∗z  is in 

the boundary of ),( 01 ttR . Thus, showing that, if ∗u  be the minimum control energy 

then the target is on the boundary of the reachable set. The above realization is 

now stated below as a theorem.   

Theorem 4.4 

Let ∗u  be the minimum control energy for system (2.3), with ∗t   the minimum 

time, then the target ),,()( ∗∗∗ = utxtx φ is in the boundary of the attainable set )(tA  

i.e. )()( tAty ∂∈  (∂  symbolizes boundary). 

Proof: Suppose ∗u  is the minimum control energy, then 

).,(,])[(),,( 01 ttRzzstXutx ∗∗∗∗∗∗ ∈+−= ηφ Therefore )(),,( ∗∗∗ ∈ tAutx φ suppose 

),,( ∗∗ utx φ is not on the boundary of )( ∗tA  then ),,( ∗∗ utx φ is in the interior of 

.);( 0tttA >∗∗  Therefore, there is a ball, )()),,,(( tArutxB ∈∗∗ φ . Because )(tA  is a 

continuous set function of t, we can preserve the above inclusion for t  near ∗t . if 
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we reduce the size of the ball )),,(( rutxB ∗∗ ; that is, if there is an 0>ε such that 

)(
2

),,,( 1tArutxB ⊂⎟
⎠
⎞

⎜
⎝
⎛ ∗∗ φ  for ∗∗ ≤≤− ttt 1ε . Thus )(),,( 1tAutx ∈∗∗ φ for 

∗∗ ≤≤− ttt 1ε . This contradicts the optimality of ∗t  and ∗u  as the minimum control 

energy. The contradiction, however, proves that ),,( ∗∗ utx φ is on the boundary of 

the attainable set i.e. )(),,( ∗∗∗ ∂∈ tAutx φ . 

UNIQUENESS OF MINIMUM CONTROL ENERGY 

Theorem 4.5 

Consider systems (2.3) with its basic assumption, if ∗u  is the minimum control, 

then it is unique 

Proof: Let ∗u and ∗v  be minimum controls for system (2.3), then both ∗u  and ∗v  

maximize )],([ stZk T for Jt ∈ over all admissible controls u , and so we have 

 ∫∫
∗∗

∗≤
t

T
t

T dssustZkdssustZk
11

)(),()(),(                                     (4.3) 

Also using ∗v  we have 

         ∫∫
∗∗

∗≤
t

T
t

T dssvstZkdssustZk
11

)(),()(),(                                        (4.4) 

Clearly, 

 ∫∫
∗∗

∗

≤≤−
=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ t

T
t

T

u
dssustZkdssustZk

11
11

)(),()()],([max                                     (4.5) 

                 

 implies 

   ∫∫
∗∗

∗

≤≤−
=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ t

T
t

T

u
dssvstZkdssustZk

11
11

)(),()()],([max                                    (4.6) 

Subtracting equation (4.5) from equation (4.6) gives 0)()( =− ∗∗ tutv , for all Jt ∈  

implies ∗∗ = uv , proving the uniqueness of the minimum control energy. 
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Theorem 4.6 

Consider systems (2.3) with its basic assumption. Suppose 

              (i)   (2.5) is uniformly asymptotically stable 

             (ii)    ntrank =Ω )( 1  

            (iii)     )],(sgn[)( stZktu T=∗  

Then there exist a unique minimum control energy that drives the system to target. 

Proof: Immediately from Theorems 3.1, 4.3 and 4.5 

 5.  EXAMPLE 

Here, we give numerical examples to illustrate the theoretical analysis.  

Consider the neutral system 

                 
( )

∫
∞−

−

++−+

++−=−−

0

01

0011

)()exp()1(

)()()1()1()(

θθθ dtxvCtuB

tuBtxAtxAtxAtx
dt
d

                 (5.1) 

where 

       ,
01
10

1 ⎥
⎦

⎤
⎢
⎣

⎡
=−A   ⎥

⎦

⎤
⎢
⎣

⎡
−

−
=

21
11

0A ,    ⎥
⎦

⎤
⎢
⎣

⎡
−

=
10
30

1A , 

                               ⎥
⎦

⎤
⎢
⎣

⎡
=

0
1

0B , ⎥
⎦

⎤
⎢
⎣

⎡
=

1
0

1B , ⎥
⎦

⎤
⎢
⎣

⎡
−

=
10
00

0C  

The characteristic root of the homogenous equation 

         ∫
∞−

− +++−+−=
0

011 )()exp()()1()1()( θθθ dtxvtxAtxAtxAtx &&                      

is 

        [ ]∫
∞−

−− =+++−+−+++
0

222 0)(exp)1()32()3(13 θθνλλλλλλλ λλ dee          (5.2) 
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and every root of (5.2) has negative real part. Hence by Corollary 2.1, the system 

(5.1) with 0=u  is uniformly asymptotically stable. Furthermore, we shall show 

that condition (ii) of Theorem 3.1 is satisfied i.e. ntrank =Ω )( 1 , 2=n . We require 

all matrices belonging to the set )( 1tΩ : 

             ⎥
⎦

⎤
⎢
⎣

⎡
==

0
1
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From the sequel, condition (ii) of Theorem 3.1 is satisfied in any interval ],[ 10 tt  

and since the system (5.1) with 0=u  is uniformly asymptotically stable, we 

conclude that system (5.1) is completely controllable. 

To see the minimum control energy, when complete controllability is established, 

it is easily verified (Chukwu [5], Pp 60-64) that, the principal fundamental matrix 

solution of (5.1) (with 0=u ) is given by 
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Then by Theorem 4.3, the minimum control energy is of the form 
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Hence, the minimum control energy that drives the system state to the target is 

unique and is given by the equation (5.3). 
 

CONCLUSION 

We have established the relationship that exists between the minimum control 

energy problem and the complete controllability of systems (2.3). Namely, if 

system (2.3) is completely controllable on J  then there exists minimum control 

energy for the system. The establishment of the existence, form, and uniqueness of 

this control energy for infinite neutral differential systems is one of the major 

results of this research. 
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