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A perturbation result for the layer potentials of
general second order differential operators with
constant coeflicients

Matteo Dalla Riva & Massimo Lanza de Cristoforis

Abstract: We consider a hypersurface in Euclidean space R™ parametrized by
a diffeomorphism of the boundary of a regular domain in R™ to R™, and a den-
sity function on the hypersurface, which we think as points in suitable Schauder
spaces, and a family of second order differential operators with constant co-
efficients and a corresponding family of fundamental solutions depending on
a parameter. Then we investigate the dependence of the corresponding layer
potentials, which we also think as points in suitable Schauder spaces, upon vari-
ation of the diffeomorphism and of the density and of the parameter, and we
show a real analyticity theorem for such a dependence.

Keywords: Layer potentials, second order differential operators with constant
coeflicients, domain perturbation, special nonlinear operators.
2000 Mathematics Subject Classification: 31B10, 47TH30.

1 Introduction.

As is well known, the potential theoretic method is a powerful tool to analyze
boundary value problems for elliptic differential equations and systems and can
be used in particular to study boundary perturbation problems (cf. e.g., Fichera
[2].) Thus it is clear that it is important to understand the dependence of layer
potentials both on variation of the support of integration and on data such as
the integral kernel and the density (or moment.) In [5], [6], [7], those authors
have considered layer potentials associated to the Laplace equation and to the
Helmholtz equation. In this paper, we shall extend the methods of those papers
to consider general strongly elliptic operators of second order with complex
coefficients, as a preliminary step for a later analysis of the case of elliptic
operators of higher order.

We fix a bounded open connected subset  of R™ with R™ \ clQ2 connected,
which we consider as a “base domain”. We assume that €2 is of class C™¢ for
some integer m > 1 and « €]0, 1[. Then we consider a class of diffeomorphisms
Agq of 00 into R™. If ¢ € Agq, the Jordan-Leray separation theorem ensures
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that R™ \ ¢(09) has exactly two open connected components, and we denote
by I[¢] and E[¢] the bounded and unbounded open connected components of
R™ \ ¢(092), respectively.

Next we introduce a family of differential operators. Let N denote the
number of multi-indexes v € N™ with |a| < 2. For each a = (aq)ja|<2 € CV, we

set

2
a® = (a ) o1 @V = (a5)j21

with al(?) = Qe te; and aj = ae,, where {e; : j =1,...,n} is the canonical basis
of R™. We note that the matrix a® is symmetric. Then we set

E={a=(an)a<2€C¥: inf R WEY>00.
{a (aa)jal<2 cen e{zaﬁ} }

jal=2

Clearly, £ coincides with the set of coefficients a = (aq)jaj<2 such that the
differential operator

Pla,D] = Y a,D"

is strongly elliptic and has complex coefficients. Then we shall consider the
following assumption.

Let K be a real Banach space. Let O be an open subset of K. (1.1)
Let a(-) be a real analytic map of O to £.
Let S(-,-) be a real analytic map of (R™\ {0}) x O to C such that S(-, k)

is a fundamental solution of Pla(k), D] for all k € O.

For all continuous functions f of 02 to C and ¢ € Ayq, one can consider the
function f o ¢(~1) defined on @(09), and it makes sense to consider the simple
layer potential

W¢ﬁ4@>4@m5@meowlwmmW VEER".

Then we introduce the function

V0o, f, kl(x) = v, f, K] o ¢(x) VY € 09). (1.2)

We prove that the map V|-, -, ] of (C™*(9Q, R") N Asq) x C" 1 (9Q) x O to
C™* (0€2) which takes (¢, f, k) to the function Vg, f, k] defined in (1.2) is real
analytic (see Theorem 5.6.) Then we consider the functions of 02 to C defined
by

Vi, f,k](x)

[ 2S00~ n.m)f 0 6 00) dor, (1.3)
P(0Q)

Vilo, f,R)(z) = A@”%ﬂd@m@¥%@%W@»h¢(memﬂ@

11
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for all x € 99, and for all (¢, f, k) € (C™*(0Q, R™) N Asq) x C™~ 1 (9Q) x O,
and for all I € {1,...,n}, and by

Wig, forlz) = — /¢ oy DES(0) — R ) o 6Dy (1)
- / S(6(x) — . m)(m)a® (r)f 0 6V (n)dor,
P(0R)

for all z € 9Q and for all (¢, f, k) € (C"™*(0Q, R™")NAsq)x C™ (002)xO. Here
0, S(-, k) and D¢S(-, k) denote the derivative with respect to & and the gradient
of S(&, ) with respect to the first argument, respectively, and v, denotes the
exterior unit normal field to I[¢]. The functions V;, Vi, W are associated to the
¢-pull backs on 90 of the derivatives of the simple layer and of the double layer
potential and are well known to intervene in the integral equations associated
to boundary value problems for the elliptic operator Pla(k), D]. We prove that
V; and V, are real analytic from (C™(9Q,R™) N Agq) x C™~ 12 (90) x O
to C™~12(9Q) and that W is real analytic from (C"%(9Q,R"™) N Asq) X
C™(09Q) x O to C"™« (990).

We note that Potthast [10], [11], [12] has proved a Fréchet differentiability
result, at least in case f is of class C%® and when P[a(k), D] is the Helmholtz
operator by exploiting a different method. Our work stems from that of [5] for
the Cauchy integral operator, and from that of [6] and [7] for the Laplace and
for the Helmholtz operator, respectively.

The paper is organized as follows. Section 2 is a section of preliminaries. In
section 3, we introduce some basics on elliptic operators and on corresponding
layer potentials. In section 4, we introduce an auxiliary boundary value problem.
In section 5, we prove our main results.

2 Technical preliminaries

We denote the norm on a (real) normed space X by || - ||x. Let X and Y be
normed spaces. We endow the product space X x ) with the norm defined by
Iz, ) lxxy = |lzllx + |lylly for all (x,y) € X x I, while we use the Euclidean
norm for R™. For standard definitions of Calculus in normed spaces, we refer to
Prodi and Ambrosetti [13]. The symbol N denotes the set of natural numbers
including 0. Throughout the paper,

n e N\ {0,1}.

The inverse function of an invertible function f is denoted f(~1), as opposed
to the reciprocal of a complex-valued function g, or the inverse of a matrix
A, which are denoted ¢~ ! and A™!, respectively. A dot “” denotes the inner
product in R™, or the matrix product between matrices. Let A be a matrix.
Then A* denotes the transpose matrix of A and A;; denotes the (i, j) entry of
A. If A is invertible, we set A™! = (A_l)t. Let D C R™. Then clD denotes
the closure of I and JD denotes the boundary of D. For all R > 0, x € R™,
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x; denotes the j-th coordinate of z, |z| denotes the Euclidean modulus of
in R” or in C, and B, (z, R) denotes the ball {y € R" : |z —y| < R}. Let
Q) be an open subset of R™. The space of m times continuously differentiable
complex-valued functions on € is denoted by C™(,C), or more simply by
C™(Q2). D(Q2) denotes the space of functions of C*°(2) with compact support.
The dual D’'(Q2) denotes the space of distributions in Q. Let f € (C™(Q))".
The s-th component of f is denoted fs, and Df denotes the gradient ma-

trix (gij) L Let n = (1,...,70) € N*, |n| = m + ... +1,. Then
D" f denotes M?‘fil.lgw. The subspace of C™(Q) of those functions f whose
derivatives D" f of order |n| < m can be extended with continuity to ¢l is
denoted C™(cl§2). The subspace of C™(cl2) whose functions have m-th or-
der derivatives that are Holder continuous with exponent « €]0,1] is denoted
C™%(clQ) (cf. e.g., Gilbarg and Trudinger [3].) The subspace of C™(cl)
of those functions f such that fciong, 0,7) € C"™*(cl(2NB,(0,R))) for all
R €]0,4o0[ is denoted C{:*(c1Q). Let D C C". Then C"™“(clQ,D) denotes
{f € (C™*(clQ)": f(clQ) C D}.

Now let 2 be a bounded open subset of R”. Then C™(cl2) and C"™*(cl{)
are endowed with their usual norm and are well known to be Banach spaces
(cf. e.g., Troianiello [15, §1.2.1].) We say that a bounded open subset of R"
is of class C™ or of class C" % if it is a manifold with boundary imbedded in
R™ of class C™ or C™ %, respectively (cf. e.g., Gilbarg and Trudinger [3, §6.2].)
For standard properties of functions in Schauder spaces, we refer the reader to
Gilbarg and Trudinger [3] and to Troianiello [15] (see also [4, §2, Lem. 3.1, 4.26,
Thm. 4.28], [6, §2].)

If M is a manifold imbedded in R™ of class C™*, with m > 1, a €]0, 1], one
can define the Schauder spaces also on M by exploiting the local parametriza-
tions. In particular, one can consider the spaces C*(9Q) on 99 for 0 < k < m
with € a bounded open set of class C™, and the trace operator of C*(cl(2)
to C*2(9Q) is linear and continuous. Moreover, for each R > 0 such that
cl C B,(0,R), there exists a linear and continuous extension operator of
Ck2(09) to CF*(clf), and of C**(cI2) to C*<(cIB,(0, R)) (cf. e.g., Troia-
niello [15, Thm. 1.3, Lem. 1.5].)

We note that throughout the paper “analytic” means “real analytic”. For
the definition and properties of analytic operators, we refer to Prodi and Am-
brosetti [13, p. 89]. In particular, we mention that the pointwise product in
Schauder spaces is bilinear and continuous, and thus analytic, and that the
map which takes a nonzero function to its reciprocal, or an invertible matrix of
functions to its inverse matrix is real analytic in Schauder spaces (cf. e.g., [6,
pp. 141, 142].)

Now let Q be a bounded open connected subset of R™ of class C'! such that
R™ \ cIQ? is connected. We denote by Agn and by Ao the sets of functions
of class C1(9Q,R") and of class C(clQ2, R™) which are injective and whose
differential is injective at all points & € 912, and at all points x € clfQ, respec-
tively. One can verify that Agq is open in C1(99Q, R™) and that A is open in

13
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C*(cl2,R™) (cf. [4, Cor. 4.24, Prop. 4.29], [6, Lem. 2.5].) Moreover, if ¢ € Agq,
the Jordan-Leray separation theorem ensures that R™ \ ¢(92) has exactly two
open connected components, and we denote by I[¢] and E[¢] the bounded and
unbounded open connected components of R™ \ ¢(91), respectively. Then we
have the following two Lemmas (cf. [7, §2].)

Lemma 2.1 Let m € N\ {0}, a €]0,1]. Let Q be a bounded open subset
of class C™* of R™ such that both Q and R™ \ clQ are connected. Let vg
denote the outward unit normal field to 02. Let w € C™*(0Q, R"), |w(z)| =1,
w(z) - va(z) > 1/2 for all x € OQ. Then the following statements hold.

(i) If ¢ € C™*(OQ,R™) N Asq, then I[¢] is a bounded open connected set of
class C™* and Jl[p] = ¢(00N) = OE[].

(ii) There exists 0q €]0,4+o00[ such that the sets

Qus = {r+tw(x): x€0Q, tel—46[},
QI,(; = {z+tw(x): €00, te€]—04,0[},
Q,; = {z+tw(®): z€0, tel0,d},
are connected and of class C™, and
0N = {z+twx): zed, te{-60}},
0 s = {rttw(@): z €0, te{-40}},
0, s = {z+tw(x): 2€0Q, te{0,0}},

and QI’(; CQ,Q,; CR"\clQ, for all § €]0,dq.
(Z’LZ) Let 6 6]0,59[, Ifd e Aclgz%&, then ¢ = (I)‘ag € Asq.

(iv) If 6 €]0,0q[, then the set Ay = {(D € Aaa, s @(Qz,é) - H[@‘ag]} is
open in Aaq, ; and ®(Q ;) C E[®a0] for all ® € Ayyq .

(v) If 6 €]0,6a[ and © € C™ (i 5,R") N ALy . then both (I)(QI,[s) and
(2, ;) are open sets of class C™<, and

o0 (05,) =@ (095,). o0 (5,) = (095,) .
Then we have the following lemma (cf. e.g., [7, Prop. 2.5, 2.6].)

Lemma 2.2 Letm, a, , w, dq be as in Lemma 2.1. Let ¢pg € C™*(0Q, R™)N
Asq. Then the following statements hold.
(i) There exist dg €]0,0a[ and ¢ € C™(cl€d, 5,,R™) N A’me% such that
b0 = Pojaq-
(i) Let &g, ®o be as in (i). Then there exist an open neighborhood Wy of ¢q
in C™* (0, R™") N Apq, and a real analytic operator Eq of C™< (992, R™)
to C™ (clQy, 5., R™) which maps Wy to C™ (cl€d, s,, R™) VAL g 5, 014
such that Eqlgpo] = ®o and Eq[¢]jpq = ¢ for all p € Wy.
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3 Some basic properties of elliptic operators and
of layer potentials

As is well known, the differential operator Pla, D] has at least a fundamental
solution S,(-) for each a € £. The membership of a in € ensures that Pla, D] is
elliptic and that accordingly Sa(+) is real analytic on R™\ {0}, and that any other
fundamental solution of Pla, D] differs from Sa(-) by a real analytic function
defined on the whole of R™. We collect in the following statement some known
facts on the layer potentials associated to Sa(-). We find convenient to set

Q7 =R"\ clQ,
for all open subsets €2 of R™.

Theorem 3.1 Let o €]0,1[, m € N\{0}. Let Q2 be a bounded open subset of R™
of class C™*. Let a € £. Let S, be a fundamental solution of Pla, D). Then
the following statements hold.

(i) If p € CO*(9R), then the function vs, [0, u] of R™ to C defined by

Vs, [3(2, N] €)= o0 Sa(&—n)p(n) do'n V¢ e R",

18 continuous.

(ii) If p € C™12(9Q), then the function vg'a [0, p] = vs,[09Q, p]jcia belongs
to C™*(clY) and the operator which takes u to v:g: [092, 1] is continuous
from C™=H(9RQ) to C™*(clN).

(iii) If p € C™=12(9Q), then the function vg, [0, p] = v, [09Q, p]jaq- belongs
to C{"*(cl7). If R €]0,+oo[ and cIQ2 C B, (0, R), then the operator of

1
cm—To (082) to C™*(clB,, (0, R)\Q) which takes ju to vg [0, pl|ciB, (0,rR)\@
18 continuous.

(iv) If p € C™=12(0Q), L € {1,...,n}, then the integral

05,.1[00, 1)(€) = /8 OS¢ nlndo,  VEER",

converges in the sense of Lebesque for all £ € R™\ 982 and in the sense of
a principal value for all € € 0N).

(v) Let | € {1,....,n}. If p € C™ 1(0), then vs, [0, pljo admits a
continuous extension v;fa’l[afl,/,t] to clQ and v§a7l[09,u] € Cm~La(clQ),
and vs, 1[082, p]jq- admits a continuous extension vg [0, u| to cl2™ and

vg [0Q, 1] € o b (), and

loc

B
vg 09, 1 (§) = a—&vi 199, 1](6)

(va(&)): .
2v0(8)'a®rq(E)

=7 (&) +vs, 1[0, p](§),

15
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(DvE (09, 1](€))a@ vq(€)

— ﬂF%M(é) + /E)Q(Dsa(s —n))a®vo(&)u(n) do,

for all € € 09).

(vi) Let I € {1,...,n}. The operator of C™~1*(9Q) to C™~1(clQ) which
takes u to vga,l[aﬁ,u] is continuous. If R €]0,+oo[ and cIQ C B, (0, R),
then the operator of C™~1%(9Q) to C™ 1< (clB,, (0, R) \ ) which takes u
to v;ml[aQ,uthn(o,R)\Q is continuous.

(vii) Let wg, [0S, u, a] be the function of R™ to C defined by
ws, 00 ualle) = = [ (DSule = n)a®un (it dr,

- Sa(€ —nvhmaPu(n)do,  VEER™,

forallp € C%*(0R). If p € C™*(9R), then the restriction wg, [0, 1, a]jo
can be extended uniquely to an element w3 [0Q, p,a] of C"™*(clQ) and
the restriction ws, [0S, i, a]|q- can be extended uniquely to an element
wg [09Q, p,a] of C1%(c1Q7) and we have
w§ [09, p,a] — wg [0Q, p,a] =p on 99,
(Dw} (09, p,a))aPvg — (Dwg [09, p,a])a®vg =0 on 99.

(viii) If u € C%*(09Q), then we have

n 0
ws, PR pale) = - o 5 /8 86 = vl ) do,

Gl=1
- /8 Sa(€ = bl do, ¥ €R"\ 00,

(iz) If p € C™*(9Q) and U is an open neighborhood of O in R™ and i €
C™U), fijpa = i, then the following equality holds

0 05,109, 1, ) (€)

0,
_ Z" (2) 0 B
- alj 85[ {/BQ Sa(€ 77)

7,l=1

- [wn)»g’;(n) - <m<n>>j§7f<n>} don}

- [(Dsa@ —a® + apSa(é - n)} (ver () et o,
o0
- [ oe.Sule —mpb(mautny o, ve e R\ 00,
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(z) The operator of C™*(0K) to C™(clY) which takes pu to wg [0, i, a] is
continuous. If R €]0,+oo[ and clQ C B, (0, R), then the linear operator of
™ (0R) to C™(clB,, (0, R)\Q) which takes pi to wg [0, p, @] 1B, (0,R)\

1S continuous.

For a proof and appropriate references of Theorem 3.1 (i)—(vi), we refer to
[1]. Statements (vii)—(x) can be proved by exploiting exactly the same classical
computations which can be found for example in the proof of [7, Thm. 3.4 (ii),
(iif), (iv)].

Next we introduce the following result, which shows that the homogeneous
equation Pla, Dju = 0 has a unique solution u in Wol ’2(Q’ ) if the volume of the
domain of definition €’ is small enough and if a ranges in bounded subsets of
& which are away from its boundary. Here W'2(Q') denotes the Sobolev space
of functions of L?(2) which have first order distributional derivatives in L?(Q')
with its usual norm and W, ?(Q') denotes the closure of D(€') in W2(Q)
(cf. e.g., Gilbarg and Trudinger [3, p. 153].) Also, we find convenient to set

— — . : o —1
Em) = {a: (aa)jaj<z € €+ _inf Re{ D aa } > 1, ‘Iglaélaal < }

eR™,[§|=1
cer g i

for all n €]0,1[. Obviously € = U, ¢j,1(€(n) and each £(n) is open in CV, where
N denotes the number of multi-indexes o € N™ with |a| < 2.

Lemma 3.2 Letn €]0,1[. Then there exists M(n) €]0,+oo| such that equation
Pla,D]ju =0, (3.3)

has the unique weak solution w = 0 in Wy>(Y), for all a € E(n) and for all
open subsets Q' of R"™ such that meas(Y') < M(n).

Proof. Let u € W,?(Q') solve (3.3) for some a € (). Then we have
//(Dﬁ)a(Q)(Du)t —5aV(Du)t —apuvdz =0 Yo e Wy ().  (3.4)
By exploiting the membership of a in £(7), we deduce that
Re {/,(Du)a@)(Du)75 dx} >n N |Dul?de Yue Wi ().
Hence,
Re {//(Du)a(Q)(Du)t —wa™ (Du)t — ag|ul? dx}
> [ alDuf? = Dl = ool da

1
> [ (= olDuP = a® Pl ~ aoluf? do.
QO €

17
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for all € €]0,n[. Since € has finite measure, we know that there exists a constant
cp > 0 such that

N |u? dz < cp(meas(Q))?/™ N |Du*dz Yue W), (3.5)

for all open subsets Q' of R™ of finite measure (cf. e.g., Tartar [14, p. 50]) and
thus by taking e = 47, inequality (3.5) implies that

m{/}pmd%pwtﬂwwumy—%mﬁm} (3.6)
> |2 (G +laol e [ Dupao

> |2 (g 5 )errn2] [ 1Dup as

for all open subsets Q" of R™ of finite measure less or equal to a constant M (n),
which we can choose so small that the term in brackets in the right hand side
of (3.6) is positive. Finally, by equation (3.4) and inequality (3.6), we deduce
the validity of the lemma (see also (3.5).) O

Then we have the following immediate consequence of the classical elliptic
theory.

Theorem 3.7 Let m € N\ {0}, o €]0,1[. Let nn €]0,1[. Let M(n) > 0 be as
in Lemma 3.2. If Q' is a bounded open connected subset of R™ of class C"™"
such that meas(Q) < M(n), and if a € E(n), and if (f,g) € C™=2%(clQ’) x
C™*(9QY), then there exists a unique u € C"™*(clQ) such that

{PHDW:fiHW, (3.8)

u=g on 00 .

Here C~1%(clQ)) denotes the space of distributions in 0 which equal the diver-
gence of an element of class C%%(clQ, C") endowed with the quotient norm.

Proof. As is well known, ¢ is the trace of a function of class C™*(clQ2’). Then
the existence of a solution of problem (3.8) follows from that of the corresponding
problem for ¢ = 0. Existence of a solution in VVO1 ’Q(Q’ ) follows by the Lax-
Milgram Lemma and by inequalities (3.5), (3.6). Then by the classical Schauder
regularity theory, we deduce that the solution is actually of class C"™*(clQ)
(cf. e.g., Morrey [9, Thm. 6.4.8].) The uniqueness of problem (3.8) follows by
Lemma 3.2. O
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4 An auxiliary boundary value problem

For each m, «, Q, w, dq as in Lemma 2.1, § €]0,dq[, ® € C"™*(cly, 5, R") N
A, ,» @ € E, we set
Se = Cm_Q’a(d(D(QI’J)) X Cm_Q’a(CICIJ(Q;,S)) x C™(®(99Q)) (4.1)
xC™ L (D(90)) x cm’a@((aﬁjﬁ) \ 9Q)) x C™*(2((09 5) \ 092))

and
Bla, ®](v*,07) = (Dv1)ja00)2 v by — (DV7)a00)2P v g ,

for all (vt,v7) € C’m"’(ckI)(Qi&)) x C™(cl®@(€ 5)). Then we have the fol-
lowing.

Theorem 4.2 Let m, o, Q, w, dq be as in Lemma 2.1. Let n €]0,1[. Then
there exists 0, €]0,dq[ such that if 6 €]0,6,], and if (a, @) belongs to E(n) X
(Cm’a(CIwag, R™) N Alq. 5)’ and if |det(D®)| < n~! oncl€)y, 5, then the bound-

ary value problem

Pla, Dot = f+ in @ Q:(; ,

Pla,Djv™ = f~ n®(Q);5),

v —vT =g on ¢ (09),

Bla, ®](v*,0-) = g1 on @ (), (4.3)
vt =hnt on @ (9] ;)\ 09,

vT =h" on @ ( (99, 5)\0Q),

admits a unique solution (vT,v™) € Cm’a(clcb(Q:&)) x C™(cl®(8, 5)) for
each given (f+7fivgvglvh+ah7) in S<I>'

Proof. Let M(n) > 0 be as in Lemma 3.2. We take 4, €]0,dq[ such that
n~'meas(Qy, 5) < M(n) for all § €]0,4,]. Then we also have meas(®(Qy,5)) <

M(n), for all § €]0,d,]. Now let 6 €]0,d,] and (f*, f7,9,91,h",h7) € Sp. We
first show existence for (4.3). By Theorem 3.7, there exist o € Cm’o‘(clfI)(Q:(;))

and 0~ € C™*(cl®(Q, ;)) such that

Pla, Dot = £+ in @ (),
T =g on ¢ (69Q),
g+ = bt on & ((asz;é) \aQ) ,

and
Pla,Djo~ = [~ in @ (97,),

=0 on @ (09),

i =h" on & ((ag;ﬁ) \an) .

19
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Next we note that the boundary value problem

Pla, Djut = in®(QF ),
Pla,Dju™ =0 n®(Q];),
ut —u= =0 on ¢ (09),
Bla,®](ut,u”) = —g; + Bla,®](v",97) on ®(99Q),

has a solution (u™,u™) € Cm’a(clé(ﬁié)) x O™ (cl® (€2 5)). Indeed, we can
take u = v [®(9Q), p] and u™ = vg [®(9Q), p] with pu = g1 — Bla, ®](0+,07),
where S, is a fundamental solution of P [ , D] (cf. Theorem 3.1.) Then boundary
value problem (4.3) has a solution (v, v™) € C"™*(cl®(Q ;))xC™*(cl®(Q 5))
if and only if system 7

Pla,DI]V*t =0 in @ QI,& ,

Pla, D]V~ =0 in @ (Q,),

vVt oV =0 on & (99) |

Bla, (V5 V=) =0 on ®(3Q), (4.4)
Vt=ut on (89375) \ o),

Vo =u" on @ ((99, ;)\ 092),

has a solution (V*, V™) € C’m*"‘(CICD(Q:,é)) x O™ (cl®(82 5)), and in case
of existence, V¥ = v* — ¢#* + u*. Then we now turn to consider problem
(4.4). By a standard argument based on the Green identity for P[a, D] (cf. e.g.,
Miranda [8, p. 12]), problem (4.4) admits a solution (V,V ™) if and only if
problem

Pla,D]lV =0 in ®(Qs),

V=ut on ® (99 5)\0Q),

V=u" on @ ( (99 ;)\ 00,
has a solution V' € C™*(cl®(Qy,,s)), and in case of existence, V' = et )
and V— = B (Q ) Since the existence for such a system follows by Theorem

3.7, the proof of the existence for problem (4.3) is complete.

We now turn to consider uniqueness for problem (4.3). Let the pair (v, v™)
in Cm’a(clq)(ﬂié)) x O (cl®(8, 5)) solve (4.3) with (f*, f~,g,91,h",h7) =
0. Then we define a function v of cl® (£, 5) to C by setting v = v+ on cl®(Q :f )
and v = v~ on cl®(Q 5). Clearly, v satisfies P [a Dlv=0in ®(Q} ) (€2 5)
and is continuous on cl®(£), 5). Since vT — v~ = 0 and Bla, <I>]( ,UT) =
on ®(0N), a standard argument based on the Green identity for P[a, D] shows
that v solves Pla,D]v = 0 in ®(£2, ) in the sense of distributions (cf. e.g.,
Miranda [8, p. 12].) Since v equals 0 on 9®(£2, s), our choice of §,, and Lemma
3.2 imply that v = 0. Hence, (v, v™) = (0,0). O
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We note that if S, is a fundamental solution of the differential operator
Pla, D], then (vg [@(69),;1]“@(9;5),1);3 [@(09),u]|d@(9;5)) is the only solu-
tion of problem (4.3) with

f+:O7 fﬁzoa g:07 g1 = —[,
ht = v§a [‘I’(aQ)aﬂ]@((aQ:é)\aQ) ) h™ =vg, [q)(aﬂ))l‘]@((aﬂ;é)\am :

Thus problem (4.3) with such data identifies the pair
(Ugra [®(09), M]\cl@(ﬂtya)’ Vg, [@(0%), M]\C@(Q;ﬂ)) .
In order to obtain a problem which identifies the pair
(vg, [2(09), ] 0 q>|le:5”U§a [©(9€2), p] 0 ‘D\cm;’é) )

we wish to change the variable in (4.3) with the above data by means of the
function ®. However, we note that if m = 1, then the map ® is only one time
continuously differentiable, while the differential operator Pla, D] is of order 2.
Thus we now follow [7] and we introduce the following Lemmas.

Lemma 4.5 Let m,m’ € N, m >0, m > m’. Let a €]0,1[. Let Q be an open
bounded subset of R™ of class C™%. Then the operator div of C™ *(cl2,C")
to C™ ~L:2(cl) is bounded linear continuous open and surjective.

Lemma 4.5 follows by the definition of C~1%(clQ2) as the space of distribu-
tions in Q which equal the divergence of an element of class C%%(clQ, C") en-
dowed with the quotient norm and by standard results in elliptic theory (cf. e.g.,
Gilbarg and Trudinger [3, Thms. 6.14, 6.19] and Troianiello [15, Thm. 1.3,
Lem. 1.5].) Then by Lemma 4.5, we have the following (see also [7, Lem. 4.5]
for a proof.)

Lemma 4.6 Let m € N, « €]0,1[. Let Q be an open bounded connected subset
of R™ of class C™ax{lmba - The get
Q) = {w e C™ (clQ,C") : /(D<p)w dr=0Vp eD (Q)}
Q

is a closed linear subspace of C™(clQ2,C™) and the quotient
ZmM(Q) = C™* (cl,C™) /Y™ ()

is a Banach space. Moreover, if we denote by Ilg the canonical projection
of C™(cl),C™) onto Z™* (Q), there exists a unique homeomorphism div of
Zma(Q) onto C™~12(clQ) such that div = div o Ig.

Then we have the following lemma, which generalizes the corresponding Lemma
of [6], [7].
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Lemma 4.7 Let m € N\{0}, « €]0,1[. Let Q be a bounded open connected sub-
set of R™ of class C™*. Let Al-,-,] be the map of £ x (C™* (I, R™) N Aaq) X
C™ (cI) to the space C™ 12 (cl),C") defined by

Ala, ,u] = {(DCI))’la(Q) (D®)~H(Du)t + (D@)’la(l)u} | det DO
Y(a, ®,u) € € x (C™ (I, R") N Aaq) x O™ (clQ) .

Let Q[-, -, ] be the map of £x (C™ (clQ,R™) N Aagq) x C™* (clQ) to Zm~12(Q)
defined by

Qla, ®,u] = UgAla, ®,u] + aoaif(_l) (

u| det D) (4.8)
for all (a,®,u) € € x (C™° (0, R™) N Aqq) x C™ (). Then we have
Qla, ®,u] = o f (4.9)
if and only if
Pla, D](uo &V = div {((D@)f) o ®V|det D (@<—1>) \} . (4.10)

in the sense of distributions in ® (), for all f in C™= 1< (cIQ,C") and for all
(a,®,u) in £ x (C™ (clQ,R™) N Agq) x C™ (clQ).

Proof. Since u|det D®| € C™~1:2(cl2), Lemma 4.5 ensures that there exists
g € C™(clQ),C™) such that

—(—1
div' " (u| det DB|) = Ty . (4.11)

Thus equation (4.9) is equivalent to equation IIgAfa, ®,u] = Ilo(f — agg), an
equation which we rewrite in the following form

/ D@{A[a,@,u]—i—aog—f} de=0 VpeD(Q). (4.12)
Q
By equality (4.11), we have

/ u|det DP| dx = — / (Dyp)g dx Yo € D(Q).
Q Q
Hence, by changing the variables in the integral of equation (4.12), we obtain

D(po®a® D(uo V)t 4+ D(p o ®-1)aMy (4.13)
B(02)

—ag(po V) (o ® V) dy

L D(p 0 ®V)((D®)f) 0 V| det D (<1><—1>) ldy Vg eDSQ).
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By exploiting a standard argument based on the convolution with a family of
mollifiers, equation (4.13) is easily seen to be equivalent to the same equation
with ¢ o ®(=1 replaced by an arbitrary 1 of D(®(Q2)). Hence, equation (4.13)
is equivalent to equation (4.10) and thus the proof is complete. |

We now transplant boundary value problem (4.3), which is defined on the
pair of sets (@(ijé), ®(2 5)) to the pair of sets (Qié, Q,, 5) by means of the
function ®. We do so by means of the following.

Theorem 4.14 Let m, «, Q, w, dq be as in Lemma 2.1. Let 6 €]0,0q[. Let T
denote the map of € x (C™(clQy 5, R")NALq_ ) ><Cm7a(CIQI76) xC™ (I 5)
to the Banach space Y

w,d

z=zm le (93’5) x Zm-La (Q— ) x O™ (9Q) x C™ 1 (9Q)  (4.15)
x e ((8935,5) \ aQ) x O ((ag;é) \ aQ) ,

which takes (a,®, VT, V™) to

Tla, @, V*, V"] = (Qla, @, V*], Qla, &, V=], V* — V™, (4.16)

+ -1 vt -
J[a, @, V", V7, \(anj‘é)\ag’v\(an;é)\ag)’

where we have set

Ja,®, vt V7] = DVH(D®) ta®n[®] — DV~ (D®) 'a@n[®]  on 990,
(4.17)

and
(D2(x)) vo(x)

n|®|(z) =
= 1) v (w)
Then the following statements hold.
(i) Let (a,®) € € x (Cm’“(clﬂwﬁg,R")ﬁAgmw,é), (Ft,F~,G,G;,H",H™) €

Z. Then a pair (VY, V™) of Cm’a(clﬂié) x O™ (el 5) satisfies the
equation

Va € 0N).

Tla,®, V*, V-] = (F*,F~,G,G, H*, H") (4.18)
if and only if the pair (V* o @D V= o ®(-1) ¢ Cm’o‘(Cl‘b(QIﬁ)) X
O™ (cl®(Q, 5)) satisfies problem (4.8) with
_ (-1) _ (-1) + _ 7t (=1)
g=Go® T, g =Go® T, hE=HTo0®, hox o)
F* = div{((D®)f*) 0 - V|det(D )|},

where f£ € ML (cl0E

25 C") and Hge f* = F*.
(1t) Let n €]0,1[. Let 6, be as in Theorem 4.2. If 6 €]0,6,], (a,®) € E(n) x
(C™ (1,5, R") N AL, ), |det(D®)| <5t then Tla, ®,-, ] is a linear

homeomorphism of C’m’o‘(clﬁzﬁ) x O™ (el 5) onto 2.

23
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Proof. Let (V+, V™) satisfy equation (4.18). By Lemma 4.6, there exist f* as
in statement (i). By elementary calculus, we know that

n[®|(z) = vs ,, o ®(x) Vo € 09,

(cf. e.g., [7, Lem. 4.2].) Then Lemma 4.7 and standard calculus imply that
(VF 0o ®=D V= o (1) satisfies problem (4.3). The proof of the converse is
similar. Hence, statement (i) holds.

We now prove statement (ii). By continuity of the pointwise product in
Schauder spaces and by elementary properties of functions in Schauder spaces
(cf. e.g., [4, §2]), the map T[a, ®,-, ] is linear and continuous. Then by the
Open Mapping Theorem it suffices to show that T'[a, ®,-, -] is a bijection. If
(FT,F~,G,Gy,HT, H™) € Z, then elementary properties of functions in Schau-
der spaces imply that the sextuple (fT, f~, 9,91, h", h™) defined as in statement
(i) belongs to S¢ (cf. (4.1).) Then Theorem 4.2 ensures that problem (4.3)
admits a unique solution (v*,v~). Then statement (i) ensures that the pair
(VT, V7)) = (vTo®,v o®) solves problem (4.18). If (F*,F~,G,G,,H",H™) =
0, then (f*, f~,g,91,h™,h™) must vanish and accordingly both (v*,v~) and
(vt o ®, v~ o ®) must vanish. O

By Theorem 4.2 and by Theorem 4.14 and by Theorem 3.1, we immediately
deduce the validity of the following (see also [7, Lem. 4.2] for the form of the
area element o, [®] below.)

Corollary 4.19 Let m, a, Q, w, dq be as in Lemma 2.1. Let 6 €]0,0q[. Let
acé ®e 0™l RY) N ALy, - Let f € C"H(0Q). Let Sa be
a fundamental solution of Pla,D]. Then a pair (V*, V™) € Cm’a(clﬂjyg) x
C™ (I, 5) satisfies the equation

T[aa (I)v VJF) Vﬁ} = (07 Oa Oa 7f, h+, hi)

with
ht(z) = -~ Sa(@(@) = ©(y))f(y)on[@|(y) doy,  Va € (9] ;)\ 00,
h™(x) = o Sa(®(x) = 2(y)) f(y)on[@(y) doy,  Va € (09, ;)\ 02,
where o, [®] = |det(D®)||(D®) " tvg|, if and only if
Vi o= ol [0(09), fo 2o @i,
Vo= v, [209), fo @V 0 @y

5 Real analyticity of layer potentials correspond-
ing to families of fundamental solutions

In this section, we shall prove our main result, which concerns layer potentials
associated to families of fundamental solutions of families of elliptic differential
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operators of second order. We first introduce the following Lemma, which can
be proved by the same argument of [7, Lem. 4.8].

Lemma 5.1 Let m, o, Q, w, 6g be as in Lemma 2.1. Let § €]0,0q[. Let
assumption (1.1) hold. Then the map Vs of

(€™ (AQu,5, R™) N ALy, ) x €™ 12(00) x O

to C"™*(00y,,5) defined by

Vs[®, f,kl(z) = - S(®(x) = @(y), k) f (Y)on[@l(y)doy Vo€ Oy,

for all (@, f, k) € (C’m’a (el 5, R™") N Aémw’&) x C™=12(9Q) x O is real ana-
lytic.

We now introduce some notation. Let m, a, Q, w, dq be as in Lemma 2.1.
If (1.1) holds, we set

v, f.K]()

/ S(E—mr) fodVn)do, VEedlld,
P (092)
g foR)(E) = /¢ oy SETmRF o6 Doy, e < By

for all (¢, f, k) € (C™(0Q,R™) N Apq) x C™~1:2(9Q) x O, and

U; = {q> € O™ (el 5, R") N ALy, © |det(D®)| < 1/n} :
On) = {keO:ak)e&m)},

for all  €]0,1[, ¢ €]0, dq[. Then we have the following result.

Proposition 5.2 Let m, «, Q, w, dq be as in Lemma 2.1. Let assumption
(1.1) hold. Let n €]0,1[. Let &, €]0,0a] be as in Theorem 4.2. Let § €
10,8,]. Let VE[®, f,x] = vE[® g0, f, K] 0 Bt on cQ)S 5 for all (@, f,k) €
(O™ (I 6, R™) N ALy ) X Cm=La(90) x O. Then the maps of Uy 5 x
Cm=1a(9Q) x O(n) to C’m70‘(cl§2i§) and to C™(cl 5), which take (P, f, k)
to VT[®, f, k] and to V~[®, f, k] are real analytic, respectively.

Proof. First we set

X C™(clfy, 5, R™) x C™12(0Q) x K,
Yy C’m’a(leié) x O™ (el 5),
Vs = Uys x C"H%(00Q) x O(n).
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Then we consider the map A of U =V, 5 x ) to the Banach space Z of (4.15)
defined by

A®, f,k, VT V7] =Tla(k),®, VT, V7]
—(0,0,0, = £, VF®, £,8] a0+ a0 V(2 f Kl a- yoq)

for all (®, f,x,V*, V=) € U. By Corollary 4.19, the set of zeros of A in U
coincides with the graph of the map (V*[.,-,-],V~[,,-,+]). Thus we can deduce
the real analyticity of the operator (V*[-,-, -], V™[, ]) by showing that we can
apply the Implicit Function Theorem for real analytic operators (cf. e.g., Prodi

and Ambrosetti [13, Thm. 11.6]) to the equation
A®, f,k, VT VT]=0

around the point (@1, f1, k1, VT [®1, f1, k1], V7 [®1, f1,K1]) for all (@q, f1,r1)
in V,s. The domain Y = V, 5 x YV of A is clearly open in X x ). Since
|det(D®)| € C™1(cly, 5), the continuity of the imbedding of C?(clf, 5) into
C71(cly, 5) in case m = 1 (cf. [7, Lem. 4.4]) and Lemma 4.6 imply that the
operator which takes (®,VF) in (C™(clQ ;,R") N Al X Cm’o‘(lei(;)

w87 mjé)

to (ﬂ(l( 1)(Vi\det(D<I>)\) in 2m=Le(QF O is bilinear and continuous. Then by
the real analyticity of the map which takes an invertible matrix with Schauder
functions as entries to its inverse, we conclude that both Q[, -, -] and J[-, -, -, -] are
real analytic (cf. (4.8), (4.16), (4.17).) Then Lemma 5.1 and the linearity and
continuity of the trace operator on the boundary, imply that A is real analytic.
Thus it suffices to show that the differential

div+ v MA@, f1, 61, V@1, f1,51], V7 [@1, f1, k4]

is a homeomorphism. Now by standard rules of calculus in Banach space, such a

differential coincides with T'[a(k1), ®1,-,-]. Since 6 €]0,9,], a(k1) € E(n), 1 €
U, s, Theorem 4.14 (ii) ensures that T[a(k1), 1, -, -] is a linear homeomorphism
of ) onto Z, and thus the proof is complete. O

Corollary 5.3 Let the assumptions of Proposition 5.2 hold. Let WT[®, f, k)
and W~ [®, f, k] denote the continuous extensions to CIQ:;(; and to cl§d 5 of the
functions

- / DeS(@(x) — 1, 1)a® (K)va, o () 0 B () dory
(59)
[ S@@) =k, (2 o D)o, e O
3(6Q)
[ DeS@@) — 1R (v (1) 0 ¥ 1)
®(89)

*/ S(@(x) — 0wk, (MaD () 0 @D (n)do,  VreQ,,
(09) ’
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for all (®, f, k) € (Cm’a(clﬁwyg,R") O.Aémw,é) x C™(9Q) x O, respectively.
Then the maps of Uy,s x C™*(02) x O(n) to C’m”(leI’é) and to C™ (I, )
which take (®, f, k) to WF[®, f, k] and to W~[®, f, k] are real analytic, respec-
tively.

Proof. We proceed as in [6, Prop. 3.11]. We first consider W[, -,-]. We observe
that the map I' of C"™¢ (leié) to Cm—he (clﬂjyé) x gm—he (CIQ;(;,C”)
defined by

I'gl = (9,04,9,---,02,9) Vg € C™¢ (clﬂié) ,

is a linear homeomorphism of C" ¢ (leI 5) onto the image space ImI", a sub-

space of C™ 1 (leIﬁ) x Cm—Le (CIQI’(;, (C”). Thus it suffices to show that
the nonlinear maps W+/[-, -, -] and a%SI/I/+[~, -,-] for s = 1,...,n are real analytic
from Uy, 5 x C™ (9Q) x O(n) to C™ 1 (CIQI’(;). Now let R > sup,cquq,, ; -

By Troianiello [15, Thm. 1.3, Lem. 1.5], there exists a linear and continuous
operator F of C™ (0€2) to C"™ (cIB, (0, R)) such that F[f]jpq = f, for all
f e ™ (09Q). By Theorem 3.1 (viii), (ix), we have the following identities

WH[®, f, k] (5.4)
== ag)(")ai (VH®,0,[@]f, k) ((DD) 1) — VT [, n'[@]a™) f, 4],
1,s,j=1 s
and
9 +
9. V(2. f.5]) (5:5)
S S 200 Y L (v a0 11800 (09))
= 07 1j=1 v = O e tl

- Z gi:D (VF[@,n,[®]f,K]) (D®)" - aV (k)

r=1

9 Ve, nt[q)]a(l)f, K],

+30 O () V(B m, [0, ] —




28

RIVA-CRISTOFORIS: A PERTURBATION RESULT...

Then by the real analyticity of the pointwise product in Schauder spaces and by
the real analyticity of the map which takes an invertible matrix with Schauder
functions as entries to its inverse, and by the real analyticity of the linear and
continuous map F[-] and of the trace operator, and by the real analyticity of
V*[-, -], and by assumption (1.1), and by identities (5.4) and (5.5), we conclude
that W¥[.,- -] and a%VV‘"[-, -, -] are real analytic from U, 5 x C™* (92) x O(n)

to Cm—Le (CIQI76). Similarly, we can show that W~[®, f, k] depends real an-
alytically on (®, f, k). ]

We are now ready to prove our main result.

Theorem 5.6 Let m € N\ {0}, a €]0,1[. Let Q be a bounded open subset of
R™ of class C™* such that both Q@ and R™\ clQ are connected. Let assumption
(1.1) hold. Then the following statements hold.

(i) The map V[-,-,-] of (C™ (99, R™) N Agq) x C™ =1 (8Q) x O to the space
C™> (0Q) defined by (1.2) is real analytic.

(ii) The map Vi[-,-, -] of (C™< (0Q,R™) N Agq) x C™ =12 (9Q) x O to the space
C™=L (9Q) defined by (1.8) is real analytic for alll € {1,...,n}.

(iii) The map Vil -,-] of (C™ (0Q,R") N Apn) x C™ 1 (92) x O to the
space C™~ 12 (9Q) defined by (1.4) is real analytic.

(iv) The map W[, -] of (C™ (92, R™) N Asq) x C™ (9) x O to the space
C™< (09Q) defined by (1.5) is real analytic.

Proof. We first consider statements (i)—(iii). It clearly suffices to show that if
(¢0, fo, ko) € (C™* (0, R™) N Apg) x C™~ 1 (9Q) x O, then the operators of
(i)—(iii) are real analytic in a neighborhood of (¢q, fo, ko). Now let w, dy, W,
E( be as in Lemma 2.2 for ¢g. Possibly shrinking W,, we can assume that there
exists n €]0, 1] such that

sup  sup  |det(DEo[¢](2))| <n™', ko€ O(n).
PEW ZEECIQW.@O

Now by definition of the operators in (i)—(iii), and by Theorem 3.1, we have

f+ ((DVF[Eolg], f.5]) - (DEole]) ™),

Vioird = a¥l6uf o0 = VIRIALf

Vg, for] = gt 4 (0 (6 fk]) 06
[ [0]
|

20[Bo[o)a@n[Eo[d]
Vo fol = 35+ (Do 16,fm]) 0 9) a® (g 0 6

= 7+ (DVFIB[4], £, a]) (DBo[6)) ™ - a® () - n[Bofg],
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on 99 for all (¢, f, k) € Wy x C™~1:2(9Q) x O(n) where V1 is as in Proposition
5.2 for some arbitrary ¢ €]0, min{d,,do}]. Hence, statements (i)-(iii) follow by
Lemma 2.2 and Proposition 5.2.

In order to prove statement (iv), we just note that

W[Qs,f,ﬁ',]:*%f+W+[E0[¢Lf,K)] on aQa

for all (¢, f,k) € Wy x C™*(9Q) x O(n), and then we argue as above by
exploiting Corollary 5.3 instead of Proposition 5.2. ]
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Let A € R4 be a matrix that preserves the lattice Z? and |a| := det A.
In [8], the author studied the properties of wavelet systems in L2(R?) of the
form {|al?/?¢e(A7t + k);j € Z,k € Z% 1 < £ < m} that are associated with a
multiresolution analysis of multiplicity n generated by A. The purpose of the
present paper is to extend those results to wavelet systems in L2(R?) of the form
{|al?/?4e(A7t + Bk);j € Z,k € Z% 1 < ¢ < m} that are associated with a mul-
tiresolution analysis of multiplicity n generated by A and B, where A € R¥*? is a
matrix that preserves the lattice Z¢ and B € R%*? is a nonsingular matrix.

1. INTRODUCTION

In what follows, Z will denote the set of integers, T := [0, 1], and T¢ will denote
the d-dimensional torus. The underlying space will be L?(R?), where d > 1 is
an integer and R is the set of real numbers, I will stand for the identity matrix,
A B e R g :=detA, b:=detB, C:= (AT and D := (B~H)7T. Boldface
lowcase letters will denote elements of R?, which will be represented as column
vectors; x -y will stand for the standard dot product of the vectors x and y;
|x||? := x - x. The inner product of two functions f,g € L?(R?) will be denoted
by (f,g), their bracket product with respect to B by [f, g]®, and the norm of f by
[L£1]; thus,

()= [ FaE .
17l = VTR,

and
[f,9](t) == [, g]"(t).
The Fourier transform of a function f will be denoted by f. If f € L(R9),
Flx) = / e~ F(t) .
Rd
For every j € Z and k € Z% the dilation operator Df‘ and the translation operator
TB are defined on L%(R?) by
A e |qld/2 J
DAf(t) = [a /2 f(ATt)
and
T2 f(t) :== f(t + Bk).

In particular,

Ticf(t) := Ty f(t).
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A function f will be called BZ-periodic if it is defined on R? and TBf = f for
every k € Z4 . A set S C L?(RY) is called B shift-invariant if f € S implies that
TBf € S for every k € Z<. If B = I, then we speak of a Z? — periodic function f
and of a shift — invariant space S, omitting mention of the matrix I.

If f is a BZ% periodic function and b := det B, then

(1) FB(t) == DPf(t) = [o]'/*f (Bt)
is Z%periodic.

Let u C L?(R%); then

TB () := {T\Bu;u € u, k € 2}
and
SB(u) :=span T8 (u),
where the closure is in L2(R?). In particular,
T(u) := T (u)
and
S(u) := S¥(u)

If u= {u, - ,um} then SB(u) is called a finitely generated B shift—invariant
space and the functions u, are called the generators of SB(u). In this case we
will also use the symbols T8 (uy, - -+ ,u,) and SB(uy,- -+ ,u,) to denote SB(u) and
TB(u) respectively.

Let H be a (separable) Hilbert space with inner product (-,-) and norm || - || :=

()2 A sequence F = {fy,k € Z} C H is called a Riesz sequence if there are
constants 0 < A < B such that for every sequence {cx, k € Z} C £?

2
A Z lex]? < Z cpfi]| < B Z e .

keZd kezd kezd

F is called a Riesz basis of H if it is a Riesz sequence and its linear span is dense in
H. The constants A and B are called (lower and upper) bounds of the Riesz basis.
Clearly, every orthonormal basis is a Riesz basis with bounds A = B = 1. The
theory of Riesz bases is discussed in, e.g., [3, 7].

Let A CZ and u = {ur;k € A} C S C L?(R?). If S is a B shift-invariant space
then u is called a basis generator of S, and we say that u provides a basis for S,
if for every f € S there are BZ% periodic functions py, uniquely determined by f
(up to a set of measure 0), such that

F= piik.
keA
If u is a finite set, the uniqueness of the functions py is equivalent to GB(x) being
nonsingular for almost every x € T<.

The theory of basis generators has been extensively developed by De Boor, De-
Vore, Ron and Shen in [1, 2, 5], under the assumption that B = I. In [8] we
applied some of these results to the study of Schauder basis generators, Riesz basis
generators and orthonormal basis generators, i.e. sets u such that T'(u) is either a
Schauder basis, a Riesz basis, or an orthonormal basis of S(u). Note that a Riesz
basis generator is a basis generator. In the following section we will extend some
of the results of [8] to the case of an arbitrary lattice BZ?, where B is nonsingular.
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2. SOME THEOREMS ON RIESZ BASES OF TRANSLATES AND LINEAR

TRANSFORMATIONS
Given a sequence of functions u := {uy, -+ ,up} in L?(R%) and B € R¥*? by
GBluy, -+ ,um](x) or GB(x) we will denote its B Gramian matriz, viz.

G0 = ([ 5P (), .
2,j=1
In particular,
Gu(x) == G (x).
If u={uy, - u,} and the functions uP are defined as in (1), then
(2) u® = {u]137 7u1113}'
We begin with the following simple but important result:

Lemma 1. Let b € L}(R**? be a nonsingular matriz, u € L*(R%), D := (B~1)7,
and let uB(x) be given by (1). Then

(a) TB(u) is an orthogonal basis of SB(u) if and only if T(u®) is an orthogonal

basis of S(uB).

(b) TB(u) is a Riesz basis in SB(u) if and only if T(uP) is a Riesz basis in
S(uB). Moreover, TB(u) and T(u®) have the same Riesz bounds.

Proof. Part (a) follows from a change of variables, whereas part (b) follows from
the following computations:

1> ale@ll =11 ac®™™PRa@)|| = b7 2| Y ce®™Pka(Bs)||.

kezd kezd kezd
and
1Y achic(u®)]| =672 Y ae®™P*BEaBx)|| = [b| 2] > e’ BRu(Bs)||.
kezd kezd kezd

d

The remaining results in this section will follow from Lemma 1 and the corre-
sponding results in [8].

Theorem 2. Let u := {u1, -+ ,u,} and v := {vy,--- ;o }, and let B € R¥*? pe
nonsingular. Then
(a) If TB(u) and TB(v) are Riesz bases of the same shift-invariant space S C
L2(R%), then n = m.
(b) If TB(u) and TB(v) are Riesz sequences such that n = m and SB(u) C
SB(v), then TB(u) is a Riesz basis of SB(v).
(c) Let TB(u) and TB(v) be Riesz sequences in L*(R?), and assume that SB(u)

is a proper subset of SB(v). Thenn < m and there are functions wy, - , Wy _p
such that
TB(wy, -, Wm_n)
is an orthonormal basis of the orthogonal complement SB(u)* of SB(u) in
SB(v), and
TB(uy, - U, w1, Wiy

is a Riesz basis of SB(v1, -+ ,vpm).
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Proof. The assertion follows from [8, Theorem 1] applied to u® and vB. O
From the identity

3) uB(x) = [b|*/*@(Dx).

we obtain

Theorem 3. Let u := {u1, - ,un} € L2 (RY), h := {hy,--- ,hy,} € L2(RY), let
B € R4 be q nonsingular matriz, b := det B, D := (B™1)T, and assume that

SB(u) c SB(h).
Then there are DZ-periodic functions qe,j(x) such that

ty(x) = Z(Je,j(x)hAj(x) ae; (=1,---,n.
j=1

Proof. The hypotheses imply that
S(uP) c S(hB)

Applying [8, Theorem F] we see that there are Z?periodic functions p, ;(x) such
that

@(X) = Zpe,j(x)f:};(x) ae; =1 n.
j=1

Setting g ;(x) := pe ;(BTx) and applying (3) to u; and h;, the assertion follows. [
The DZ% periodic matrix

Q°(x) = (a2(x))

will be called a transition matriz from the sequence TB(h) to the sequence TB(u).
If h is a basis generator of SB(h), then QP (x) is unique (up to a set of measure 0).

Lemma 4. Let B € R¥™4 be nonsingular and u = {uy,--- ,um} C L*(R?). Then
TB(u) is an orthonormal sequence in L*(R?) if and only if GR(x) = |b|I a.e. In
particular if n = 1, then TB(u) is an orthonormal sequence in L?(R%) if and only

if

n,m

¢,j=1

Y Ja(x +Dk)[? = [bl.

kezd
Proof. From (3) we deduce that
(4) Gy (x) = [b| 7' G} (Dx),
and the assertion follows from, e.g. [8, Lemma D]. O

Lemma 5. Let B € R¥*? be nonsingular, D := (B™Y)T, and assume that T®(u)
and TB(vy, -+ ,vm) are orthonormal sequences in L%(R?), and that there are DZ4 -
periodic functions py such that

Then
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Proof. The hypotheses imply that

m

U(Dx) =Y pe(Dx)5r(Dx) a.e.
=1

Setting ge(x) := ps(Dx) and applying (3) to u and the functions vy we see that

iB(x) = a5 x) aec.
=1

Since T(uB) and T(vB,--- vB) are orthonormal sequences in L?(R%), and the
functions g¢(x) are Z%periodic, the assertion follows by an application of [8, Lemma
E]. O

Recall that if u is a finite set of functions such that T'(u) is a Riesz basis, then
G\, is positive definite for almost every x € T¢. Thus the square root of Gy, (i.e.
the unique positive definite matrix Hy, such that H2 = G,,) exists for almost every
x € T?. Thus, (4) implies that also the square root of G exists.

Proposition 6. Let B € RY*? be nonsingular, and assume that u := {uy, -+ , Uy, }+ C
L?(R%) is such that T®B(u) is a Riesz sequence. Let
~1/2

RP(x) := [GY (x)]

and - L
(A1 (x), -+ s b (%)) 2= [B'/*RP (%) (w1 (), -+, T (%))
Then TB(h) is an orthonormal basis of S®B(u).
Proof. Lemma 1 implies that T'(u®B) is a Riesz sequence. The hypotheses and (3)
imply that
(B, - B ()" = o]/ *RP(Dx) (@ (0, - , 8 ()
But (4) implies that
[b'/*RP(Dx) = [Gun (x)] 2.

Thus, [8, Proposition G] implies that T'(h®B) is an orthonormal basis of S(hB), and

the assertion follows from Lemma 1. O

Theorem 7. Let B € R4*? be nonsingular, let D := (B™1)T, assume that T®(h) is
an orthonormal sequence in L?(R?), that u is a set of functions such that SB(u) C
SB(h), and let QP (x) denote the transition matriz from TB(h) to TB(u). Then

() Gy (x) = QP (Dx)(QP (Dx))"  a.e.,
and the following statements are equivalent:
(a) TB(u) is a Riesz basis of SB(h) with bounds 0 < A < B.
(b) 7 =m and for almost every x € T¢
—1 _ _
IGRE < [bIB and || (G (x)) || < o] 7T A7
(¢) v =m and for almost every x € T¢
1QPG)ll < BY? and | (QP() [l < A7,

In particular, TB(u) is an orthonormal basis of SB(h) if and only if r = m and
Gg(x) = |b|T for almost every x € T?, or, equivalently, if and only if r = m and
QP (x) is a unitary matriz for almost every x € T?.
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Proof. The hypotheses imply that T(h®) is an orthonormal sequence in L?(R?)
and that S(uB) c S(hB). If Q(x) denotes the transition matrix from 7'(hB) to
T(uP) then [8, Theorem 5] implies that

Gue(x) = Q(x) (Q(x))"  ae.
By definition,
(WB(), -+ uBn ()" = QE)(AB(x), -+ A (x))"
or, from (3),
(@(Dx), -+ , i (Dx))” = Q) (-1 (D), -, (Dx))”"
This implies that
(6) Q(x) = QP (Dx)
and (5) follows from (4) and (6).

Assume now that (a) holds; then T'(u®) is a Riesz basis of S(u®) with bounds
0 < A < B, and [8, Theorem 5] implies that r = m and for almost every z € T¢

(7) |Gus ()] < B and || (Gys(x)) " || < A7,
and (b) follows from (4).

If (b) is satisfied, then (4) implies (7), and (c) follows from [8, Theorem 5] and
(6).

Finally, if (c) is satisfied then (6) implies that ||Q(x)|| < B'/? and ||(Q(x))~'|| <
A~1/2; thus [8, Theorem 5] implies that 7'(u®B) is a Riesz basis of S(h®B) with bounds
A and B, and (a) follows from Lemma 1.

Let us now prove the last paragraph in the statement of the theorem: T8 (u)
is an orthonormal basis of S(hB) if and only if 7(u®) is an orthonormal basis of
S(hB), and [8, Theorem 5] and (4) imply that this is equivalent to G (Dx) = |b|I.

Finally, (4) and (5) imply that T'(u®) is an orthonormal basis of S(hB) if and only
if QP (x) is unitary. O

3. WAVELETS

A € R¥? ig called a dilation matrix preserving the lattice Z? if AZ? C Z¢
and all its eigenvalues have modulus greater than 1. These conditions imply that
A € Z%%4 ] and that if a := det A then |a| is an integer larger than 1 (cf. Madych
[]).

Assume that A € R%*? is a dilation matrix preserving the lattice Z%. A coset of
AZ% is a set of the form

j+ AZY = {j+ Ar;r € 2%},

where j € Z%. An element of a coset is called a representative of the coset. Any pair
of cosets are either identical or disjoint, and the union of all disjoint cosets equals
7%, There are exactly |a| disjoint cosets. (cf. Wojtaszczyk [6]). The collection of all
disjoint cosets is denoted by Z?/AZ?. A set J C Z? is said to be a full collection
of representatives of Z¢/AZ? if it contains exactly |a| elements and

G +Aaz!) =z
jeJ
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Theorem 8. Let B € R¥*? be a nonsingular matriz, u = {uy,--- ,u,} C L%(R?),
and assume that TB(u) is an orthonormal sequence. Let A be a dilation matriz
preserving the lattice Z¢, a == det A, m := |a|n, let J be a full collection of repre-

sentatives of Z/AZL. For x > 0 define I(x) := [1,2] N Z, and let
p=(p1,p2) : {(m) — I(n) x J

be a bijection. If
’Ug(t) = |a|1/2up1(g) (At =+ Bpg(é))

and v :={v1,- -+ , v}, then TB(v) is an orthonormal basis of SB(A;u), and every
Riesz basis generator of SB(A;u) has exactly m functions.

Proof. The hypotheses imply that T'(u®) is an orthonormal basis of S(uB), and
from [8, Theorem 3] we conclude that if

we(t) = a|'/2u ;) (At + pa(0))

and W := {wy,--- ,wy,}, then T(w) is an orthonormal basis of S(A;uB). Let
b:=detB and

L:SB(Au) — S(A;uB); Lf:=fB.

Since LTyv, = Txwy, proceeding as in the proof of Lemma 1 we see that L is an
isometry from S(A,u®B) onto SB(A;u), and the assertion follows. O

Note. There is a typographical error in the statement of [8, Theorem 3]: The
range of the function p described in that theorem is I(n) x J.

Let A € R%? be a dilation matrix preserving the lattice Z¢, and assume that
B € R¥ is nonsingular. A multiresolution analysis (MRA) of multiplicity n in
L?*(R?) (generated by A and B) is a sequence {V;;j € Z} of closed linear subspaces
of L?(R?) such that:

(i) V; C V)41 for every j € Z.
(ii) For every j € Z, f(t) € V; if and only if f(At) € V1.
(iii) Ujez Vj is dense in L2(RY).

(iv) There are functions u := {u,--- ,u,} such that 7B(u) is an orthonormal
basis of V4.

From Proposition 6 we deduce that the condition that TB(u) be an orthonormal
basis may be replaced by the condition that TB(u) be a Riesz basis.

It follows from the definition of multiresolution analysis that there are DZ9-
periodic functions py ; € L2(T¢) such that the functions u, satisfy the scaling iden-
tity

@(ATX) :pr,j(x)ﬁ’\j(x)a ]7£: 17 . a.e.,
j=1

The functions u, are called scaling functions for the multiresolution analysis, and
the functions py ; are called the low pass filters associated with u.

37
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Assume that A is a dilation matrix preserving the lattice Z¢ and that B € Z?*4¢
is nonsingular. A finite set of functions ¥ = {11, -+ , ¥y} € L*(R?) will be called
an orthonormal or Riesz wavelet system if the affine sequence

U TBAY¢) = {DATRYj e Z ke 20 0 =1, \m}
JEZ
is respectively an orthonormal basis or a Riesz basis of L%(R?). If d = 1 we omit
the word “system”. If we need to emphasize the connection with the matrices A
and B we will say that the wavelet system is generated by A and B.
Let ¥ := {41, - , ¥} be a Riesz wavelet system in L?(R?) generated by ma-
trices A and B; for j € Z we define P; := SB(A%;1) and V; := qu P, ie.,

Vi=JsPAny).
r<j
We say that 4 is associated with an MRA, if M := {V};j € Z} is a multiresolution
analysis. If this is the case, we also say that 1 is associated with M. Let W; denote
the orthogonal complement of V; in V;y;. Then 4 is an orthonormal wavelet
system associated with M if and only if P; = W; for every j € Z, and T'(¢) is
an orthonormal basis of Wy. This implies that ¢ is another orthonormal wavelet
system associated with the same multiresolution analysis M if and only if TB(z))
is an orthonormal basis of Wj.

Theorem 9. Let M :={V};j € Z} be a multiresolution analysis of multiplicity n,
generated by a dilation matriz A that preserves the lattice Z¢ and a nonsingular
matrizc B, and having scaling functions uy, - ,u,. Let a := det A, m := |a|n,
D = (B™YHYT, and let {vi,--- ,v,} be an orthonormal basis generator of Vi (such
as the one given in Theorem 8). The following propositions are equivalent:

(a) {w1,: - Wm—_n} is an orthonormal wavelet system associated with M.

(b) There is an m x m matriz Q(x) of DZperiodic and measurable functions,

a.e. unitary on DT?, such that, if

(G1(X), - (X)) = Q) (01 (%), -+, Tm (x))7,
then
Yo—1)lal+1 = ug; 1 <L<n

and
Y(b—1)|a|+k+1 = Wt—1)|a|+k—t41; 1<€<n, 1<k <la| -1

Proof. Let v := {v1,--+,v,} be such that TB(v) is an orthonormal basis of V5,
vp (t) = [b'/2v(Bt), w (t) := [b]"/*we(BY),

Uy = {f: F(B~') € V.
and let W be the orthogonal complement of Uy in U;. From Lemma 1 we deduce
that N := {U;;j € Z} is a multiresolution analysis of multiplicity n generated by
A and I, with scaling functions vB := {vB ... B
Clearly (a) is equivalent to wB := {wP, ... wB_ 1 being an orthonormal
wavelet system associated with N. On the other hand, we see from (3) that (b)
is equivalent to the existence of an m x m matrix R(x) (i.e., Q(D7!)(x)) of Z9-

periodic and measurable functions, and a.e. unitary on T¢, such that if

(WB(x),,yB(x)7T = RE)(WB(x), -, 0B (x))7T,
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then
Yi-vlas1 = U,  1<L<n
and
Y1) la+h+1 = W—1)a|+h—t415 1<f<n1<k<|af—1,
whence the assertion follows by an application of [8, Theorem 8§]. O

Let M :={V};j € Z} be a multiresolution analysis of multiplicity n with scaling
functions u := {uy,--- ,u,}, generated by a matrix A that preserves the lattice Z?
and a nonsingular matrix B. By orthogonality we know that

Vi=SB(A,u1)®SB(Auy) @@ SB(A,u,).
Theorem 8 implies that there are functions vy j such that
(8) {vea, - ve )}
is an orthonormal basis generator of SB(A, ). It follows that
{ve; 1 <€ <mn, 1 <k<|al}

is an orthonormal basis generator of V.
For k > 1 let diag{—e!“ 1,--- 1} denote the k x k diagonal matrix with

—e"™,1,--- 1 as its diagonal entries.

Theorem 10. Let M := {V};j € Z} be a multiresolution analysis of multiplicity
n, generated by a matriz A that preserves the lattice Z¢ and a nonsingular matriz
B, with scaling functions u := {uy, -+ ,un}. Let a:=det A, b:=det B, m := |a|n,
e:=(1,0,---,0) € RI°l and for 1 < ¢ < nlet (8) be an orthonormal basis generator
of SB(A,uy). Let

lal

9) e (x) = Z cr,(%)ve 5 (x),
j=1
and define
wy ;i (t) := 0], ;(Bt); 1< 4<mn, bej(t) == cp;(Bt),
be(x) == (be1(x), -+, beja) ()7, Se(x) i= e AP0 ) 1 qy(x) == by(x) + 5e(x)e,

W(x) = (wi,1(x),++wija) (%), wn,1 (%), 5wy g (%)

and
Qu(x) = diag {~0,(x), 1+ , 1}a) [T= 20000 ()" /e () e (x) |
Let m
Qx) = (qg,k(x))é k=1
be the m x m block diagonal matrix 7
Q1 (x) 0
Qi(x) & Qe(x) &+ & Qu(x) = '
0 Qn(x)
If
(G1(x), Im(x)" = Q(x)W(x)

and

zo(t) := || 72y (B7), 1<{<m,
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then

(10) Z—1)al+1 = we; 1 <0 <n,
and

(11) {Z—1)a4r:1 <€ <n, 2<k < |a|}

is an orthonormal wavelet system associated with M.
Proof. Let uB(t) := [b|'/?u,(t) and

Uy = {f: fBTt) € ;).
Then N := {U;;j € Z} is a multiresolution analysis of multiplicity n generated by
A and I, with scaling functions u® := {uB,... juB}. Moreover, the hypotheses
imply that {wg;;1 < ¢ < |a|} is an orthonormal basis generator of S(A,uP),
whereas (9) implies that

- Jal
uP (%) = Y b, (x)W; ().
j=1
Applying [8, Theorem 9] we conclude that

(12) Y-1al41 =up; 1< L<m,
and that
{we—1ja+e;1 <€ <n, 2 <k <|al}
is an orthonormal wavelet system associated with N. The definitions of Uy and u®
together with (12) imply (10). Finally, if W2 denotes the orthogonal complement
of Uy in U; and Wy denotes the orthogonal complement of Vg in V7, it is clear that
Wot = {f: f(B™") € Wo},
and we conclude that (11) is an orthonormal wavelet system associated with M. O

Corollary 11. Let M := {V};j € Z} be a multiresolution analysis of multiplicity
1, generated by a matriz A that preserves the lattice Z¢ and a nonsingular matriz
B, with scaling functions u. Let a := det A, b:=det B, m := |a|, and let {vg;1 <
k < m} be an orthonormal basis generator of SB(A,u). Let

(x) =) ¢ (x)75(x),

and define -
w;(t) = b)Y 20;(Bt), 8(x) = eiAraer(Bx),
q(x) := (c1(Bx), -+ , byp—1(Bx), b, (Bx) + 5(X))T 7
W(x) := (w1 (x), -, wm(x)7T,
and

Q(x) i= diag {~0(x), 1, 1} [T 2a()a(x)" /(o) ax) | -
If
(), Tm(x)T = QW (x)
and
2i(t) == 0] V2 y(B7), 1<k<m,
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then z1 = u, and
{zk;2 <k <m}

is an orthonormal wavelet system associated with M.

Corollary 12. Let M be a multiresolution analysis of multiplicity n, generated by
a matriz A that preserves the lattice Z¢ and a nonsingular matriz B. Then there
is an orthogonal wanelet system of (|a| — 1)n functions associated with M.

Theorem 13. Let M be a multiresolution analysis of order n generated by a matriz
A that preserves the lattice Z¢ and a nonsingular matriz B, let k = (|a] — 1)n,
and assume that w := {wy, -+ .wy} is an orthonormal wavelet system associated
with M. Lety = {y1,---,y.} C L*(R?). Then y is an orthonormal wavelet
system associated with M if and only if r = k and there is a k x k matriz P(x) of
DZ periodic and measurable functions, a.e. unitary on DT, such that

(1), (%) = P)(wi (%), we (%)

Proof. y is an orthonormal wavelet system associated with M if and only if TB(y)
is an orthonormal basis of Wy, and the assertion follows from Theorem 7. O
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Abstract

The basic fuzzy wavelet type operators Ay, By, Ck, D, k € Z were studied
in [3], [5], for their pointwise and uniform convergence with rates to the fuzzy
unit operator. Also they were studied in [6], in terms of estimating their fuzzy
differences and giving their pointwise convergence with rates to zero.

For prior related and similar study of convergence to the unit of real analogs
of these wavelet type operators see [1], section II.

Here in Section 1 we present the complete study of finding uniform estimates
for the distances between the real Wavelet type operators Ay, By, Cx, Dk, k € Z.

Their differences converge to zero with rates. This is done via elegant tight
Jackson type inequalities involving the modulus of continuity of the higher order
derivative of the engaged real function. Based on these real analysis results
in Section 2 we establish the corresponding fuzzy results regarding uniform
estimates for the fuzzy differences between the fuzzy wavelet type operators.
These fuzzy diferences converge to zero with rates give via fuzzy Jackson type
tight inequalities. The last inequalities involve the fuzzy modulus of continuity
of the higher order fuzzy derivative of the engaged fuzzy function.

The defining all these operators real scaling function is not assumed to be
orthogonal and is of compact support.

Another motivation for this work is [10].
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1 Estimates for Distances of Real Wavelet type
Operators

The real wavelet type operators Ay, By, Ck, Dy, k € Z we study here converge
to the unit operator I, and in that respect were studied extensively in [1], section
II.

We need

Definition. Let f : R — R be continuous function. We define the first
modulus of continuity of f by

wi (f,6) = sup |f(z) = f(y)],0>0.

z,y
|z—y|<é

We give
Theorem 1. Let f € CV (R), N > 1,z € R, and k € Z. Let ¢ be a bounded
-

function of compact support C [—a,a], a > 0 such that > ¢ (z —j) =1, all

2 € R. Suppose ¢ > 0. Put —
BH@= 3 1(5) @),
e
(D)@ = Y by (e (22— 1),
e
where
() =Y (34 57 )
neN, w, >0, Tzijowr — 1. Then
Fut (&) = |(Def) (2) — (Bif) (@) — iw (Zw>‘
SN (F, 55) . )
ST 1)

Remark. (i) Given that f(V) is continuous and bounded or uniformly

continuous we have that wq (f(N)7 2,fn) < oo, and Eyi(z) — 0, z € R, as

k — oo.
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(ii) One also has

(1)
1 Euilo HDkf Byf - ka‘iﬁz, (Zw)

S (50, 57)

- 2kNpN N1

oo

Under the assumptions of (i) we get also ||E1x||,, — 0, as k — oo.
(iii) By (1) we get

(Df) ()~ (Bef) |<Z|B;£mm (Z“’>

lerTNwl (f(N)a 21:,”)
+=

2kNp N N1 ' 2)

Given that || f0| < o0, fori=1,..., N, weobtain [By f (z)] < ||f @]
and

N () n ,
(BLf) @) = (D) @] <3 H;;n[»';" (Zw)

Clearly we get

|(Bef) (z) — (Di.f) (z)] < '

and
| Brf — Difll < Th. (4)

So as k — oo, we have ||Byf — Dy f| ., — 0
Proof of Theorem1. Because f € CV (R), N > 1 we have

s ()1 (2) £ ()

n

i/2k

r=

(G/25)+ 5= PR
+Z“”‘/ o (f(N) (t) — f) (j/2’“)) (e + s
0
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Hence we get

i 6kj (f) ¢ (2" — ) = Z f(;)@@kfﬂj)

j=—o0 J=—o0

=1 —
& G125t G+
+ r ok 7'/ (N) (¢ (N) (5 /9 2F 2Fn dt
o 3 e Cled) [ (F™ 0 = 50 (572)) =2y,
So, we observe that
N i n
(ka(l)) (z) i
(Drf) (x) — (Brf) (z) — ;W ;wﬂ’ Ri,
where
n ) (5/2%) o (L_A'_ r —t)N_l
Ri=) w, 2’“—'/ M) (&) = f) (j/2F) ) ~ =2 dt
1 Zw j;f( o= (F 0 = 109 (372)) =2y,
Set
(G/25)+ 58 (& + 55 — ™!
o " ANy #(N) (s ok 2F 1T 9kp
T = /W (r™ @) = 1™ (j/29) e
So that . .
Rl < we > @ (2Fz— )Ty,
r=1 j=—00

Next we see that

(G/2°)+ 55 Jq o Nt
| g/ : ‘f(N) (t) — V) (j/Zk)‘ (2k 2Fn ) dt
J

G/2)+ 5= (45 —1)" "
< w1y (f(N), t— (j/?k) ) 2k 2kn dt
/j/% | | (N-1)!
S oky, T : r N-—-1
<wr (10, 51) /W2 Tl ),
=1 " ok , N —1)!
n ]/Qk ( )

—w (f(N) r ) (ﬁ)N

"okn) NI
That is

ry ()"
Fjr S w1 (f(N)’ %) 2Fkn, .

45



46 ANASTASSIOU: ESTIMATES FOR WAVELET OPERATORS

So we have found that

zjjwrerl (.f(N)7 2’:n)

r=1
[Ral < 2kNp N N1
The proof of the theorem is complete. |
We continue with
Theorem 2. Let f € CN (R), N > 1,z € R, and k € Z. Letcpbeabounded
function of compact support C [—a,a], a > 0 such that Z plx—7j) =1, all

j=—o0

z € R. Suppose ¢ > 0. Put

(Bif) ( Zf<2k> 2"z —j),

=

(Crf) ( Z ve; (F e (2% — 4)
=
where - . |
=2 [ pwa=2t [y (e f )i
Then
o) = 0 o) - () () - 3 L)

A

Remark. (i) Given that f(N ) is continuous and bounded or uniformly
continuous we have that wq (f(N) ) < oo, and Eo, () — 0,z € R, as k — oo.
(ii) One also has

72k

N

B
| Boklloe = ||Ckf — Brf — 22,“12]2_1)
< w1 (f( )7 zk)
S9N (N )

Under the assumptions of (i) we get also ||Eal|, — 0, as k — oo.
(iii) By (5) we get

N (i
|(ka)( ) (Ckf §Z B;];fl_’_)l()” + le\g(N_;_

5)
n”
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Given that Hf(i)Hoo < oo, fori=1,...,N, we obtain

N (4) W (7%
K&ﬁ@%ﬂ%ﬁ@ﬂﬁiémﬁHﬁ+£xN+J_J;

and
[Bif — Crflloo < To (7)

So as k — oo, we get || Brf — Crf|, — 0
Proof of Theorem2. Because f € CV (R), N > 1 we have

(o) = () - 55

t+(j/2%) (t+ 4 — S)N‘1
(N) _ f(N) (5 ANtk 2
+Am (709 () = 1 (3/24)) =i

Hence we get

2~k L
— k le
Yy (f) =2 /0 f<t+ ) (2k)+22k1 41
2% [t (i/2%) (t+ 3 — Nl
4ok / / (f<N> £ (/2% ) * 3 2 ds | dt.
0 j/2k

Hence we get

Y s (e (k2 - ) Z f(Qk) 2 —g)+Y Y (Qki)(f_f_ 1)! J

j=—o0 j=—00 i=1 j=—o0
278 [t (/2%) (t+ 4 —s)" "
+ - 2’“/ / (V) (5) — fN) (j/2k) ) 22821 g ) dt.
J_Zoo o 0 ( i/ (f (s) = £/ )) ~N-nr 7

So, we see that

o (B (
(Ck () () = (Bi (D) (2) = Yy =

=1 2]“ (IL + 1)' B ,R/27
where
oo 27k t4+(5/2%) (t+ 4 —s) -1
Ry = 2kg — 5) 2k (V) (N (i /2k 2 ds | d
> j;oow( ) /0 (/jm (f (s) = f™(/ )) T s) t
Set
t4+(5/2%) (t+ 4 —s)"
) (N) (g) — £(N) s
= (e )
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So that

oo

o=k
|Ro| < Z ¢ (2z —j) 2’“/ T, (t)dt.
0

j=—c0

Next we observe that

(/Qk) e N—-1
T, () < /t+ ’ ]f“V) (5) — 1™ (329 (ttar—s)

~/2k~ (N—l)!
</ < ) s — ( /Qk)D @*w—*s')%ds
TSk (N =1

(7/25) 75)N 1
<w N) t — = (s
<o ( /j i
=w (f(N) t) j\[

ILe. we get

Lj(t) <w (f(N)J) %

and

—k

k 2t k g N tN
2/0 Fj(t)dtSQ/O wl(f( ),t>ﬁdt

ok o 1 LR
<N!w1(f 2,c>/0 ™V at

2" vy L\ k(v
a2

1 1
_ (N) =
= v (v i <f ’2k>'

That is we obtain

ok
1 1

k N

2 /0 Tj(t)dt<2m(N+1)!w1<f( )72k>-

It is clear that
Ro| < == 2%/
IRl < 5im (N +1)!
The proof of the theorem is now finished. |

We continue with

Theorem 3. Let f € CN (R), N > 1,z € R, and k € Z. Let ¢ be a bounded
oo

function of compact support C [—a,a], a > 0 such that Z plx—j)=1,al

j=—o0
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x € R. Suppose ¢ > 0. Put

Ck}f Z ’Yk:j x_J>7
j=—o00
where
o [ e [ j
=2 [T pwa=2 [ g (e )
2—kj 0
and
(Dif) ( Z Sk (f) @ (2% — ),
j=—00
where

0 (1) =S (e + )
r=0

n €N, w,. >0, Zwr = 1. Then
r=0

(Cuf) ()= (D) iﬁfﬁf)[(l—:t)iﬂ 0 (5"
S [(2) (- 2]

< <"=° | >w1 (f<N>,;k). (8)

2FN (N + 1))

Egk (ZL') =

Remark (i) Given that f™) is continuous and bounded or uniformly con-
tinuous we have that wy (fV), &) < 00, and Es;, (z) — 0,z € R, as k — oo.
(i) One also has

N

Chf = Dif = Zm[(1‘;)“1—(—1)”1(;)”1}
(i w (5 + (- ;)NHD

— 1
r=0 (N) =
9EN (N +1)! “1 <f ’Qk)'

Under the assumption of (i) we get also || Esi| ., — 0, as k — oo.
(iii) By (8) we get

| B3kl oo ‘

oo

<

Dkf( )( )|
Rl (i 4 1)
(ZO Wy {(%)NH +(1- ;)N+1:|>

1
2EN (N + 1)! 1 (f(N)’ 2k> ' ©)

[(Ckf) (x) = (Drf) (= SZ

+
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Clearly then

N @) w (fM)) %
(Cif) (z) = (Dif) ()] < Z Dkf z)+(1))‘ - QkN({(le))!'

Given that ||f(i)”Oo < oo, fori=1,...,N, we get

(o) ] <],

)

and

N (i (
(Cif) (@) = )l < Z QIWH{ zH—i— ot 2L:11V ({(N’jkl)). =1

and

1(Crf) () = (Dif) (@)l < Ts.

So as k — oo, we get ||Crf — Difll, —
Proof of Theorem 3. Because f € CV (R), N > 1 we have

: N o pG) (4 4 7 ;
iN_ (3, " FOGr+90) (, 7\
/ (H 2k> =/ <2k' + 2kn> +; i (t 2kn>

- 1ok) . i N-1
Jr/HWQ O ()= g (LT (t+3r —s
G/t 2k " 2k (N 1)
2R n

Hence we get

9~k . n .
(N =2 [ f(H;,c)dt:zwrf(;m;l)

ey T

i=1r=0

(G/2%)+ 5=

) ds.

2
n 27" t+(j/2%) N
k () () AR T T G A
+;wr2 /0 (/ f ()~ f <2k+2kn)>
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That is we have

> vy (e (28— ) Z Skj (f) ¢ (2% — j)

j=—00 j=—00
Z 51@; Qkx - j)

22::1 — 2k (4 1)! {(1 - %)Hl — (-1 (;)vﬂ]

+ Z %) (2’% fj) Zwﬂk
r=0

j=—o0 =
/Qk /t+(j/2k) ( (N) () r
~ P - 1 (F4 i)
0 (G/2%)+ 5= 2k = 2k

i N-1
e

Consequently we get

() @)~ D) -3 DL )[(l‘f)m (n”l(n)m}:%

— 2ki (7 + 1)!
where
Rs = Z @(Qkx—j)ZwTQk
j=—o0 r=0
27" t+(5/2%) . o aN-1
/ / ! F (5) — fM) J T Mds dt.
0 j/2F)+ & 2k~ 2kp (N —-1)!
Set
t+(i/2%) ; (t+ 4 — S)N*

L. (t) = N (gy— ) (L T VYV ETor 70 )
(1) /W) . (1= 5 (F+ 5 ) ) A= —a
So that

%) n o—k
Rsl < > <P(2kw—j)zwr2’“/ T, (t)dt.
j=—o00 r=0 0

Next we observe that

51
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(i) Case of 5 < t. So we have

t+(j/2%) ; (t+ 4 — S)N‘l
J T 2k
r-r(t>s/ P = 1 (et 5 )| s
/ (j/2k)+7 2k an (N— 1)'
] N—1
< /2 w f(N) S—i— T (t+2]k 7 ) ds
) P ’ ok 9kp (N —1)!
2kn

ok . N—
<w (f(N) - ) o (t7+2%—s) ds
=1 2k ok e N —1)!

G+ ( )

So we obtain

AN
L (t) <wp (f(N)7 21k> 70 — Qk") .

ii) Case of 57— > t. We have
( ) 2kn

- 1ok r : N-1
ro () = (G/2)+ 55 ) (5) — 0 i, (s—(t+ %)) i
. (i /2) 2k T 2kp (N —1)!
1ok T i N-1
< [T oy oo (4 )| B2,
~ e/ 28 2%n (N —1)!
t

(j/Qk)+27! ( ( + J

" (V) o 3

= /t+(j/2k) ! (f <2k " 2’“ S)) (N =1
(@/2") 458 (s — (¢ N

w1 (f(N)’ﬁ_O/ (s — (t+5F)) ds

t+(3/2%) (N —1)!
- N
_ W N Gt
e (f * Ok t) N!

. N
1 = —t
w1 <f(N)’2k) (anN! ) )

IN

IN

So we derive

N
1\ (55—t
R e

Therefore we have found

f(N =) ‘_7

Fjr (t)

| /\
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Furthermore we see that

27k (N) 1y p2*
w1 (f 72k-)/ T N
T, () dt < —L 28] ‘t——‘ dt
/0 jr (t)dt < N1 o 2%n

‘W VO’” (QZn—t)Nd”/ik (t—2,:n)th]

2kn

_wl(f(N),%) r \N+1 1 r\ N
B (N+1)2! (%) +(216_2%)

L (™g) 1 {(;)N+l+(1r>N+l].

(N+ )l 9k(N+1) n

Thus

om0 05"

Finally we derive that

Rsl < <2kzv( o +1)),> 2 {(Z)NH +(1- Z)Nﬂ ’

proving the theorem. [ |
We continue with

Theorem 4. Let f € CV (R), N > 1,z € R and k € Z, also Hf(i)Hoo < 0
i=1,...,N. Let ¢ be a bounded function of compact support C [—a,a|, a > 0
(oo}

such that Z p(x—j) = 1all z € R. Suppose ¢ > 0 and ¢ is Lebesgue
Jj=—00

measurable (then [* ¢ (z)dx = 1). Define

Orj (z) := 2k/2<p (2kx - j) all k,j € Z,

(oons) = [ T (e (0 dt

and
(Arf) (=) = i <f7 @kj></7k-j ()
= i </O:Of(;)<p( )dU) (2%z —j),
also define
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Then
|(Axf) (z) — (Br.f) (z)] < HAkf By fll o
oy

1F9 . a
<Z okijl 2’<NN!°"1 (f(N)’?)’ (13)

z e R.
So as k — 00, we get ||[Arf — Bifll,, — 0

Proof. By Z ¢ (282 — j) =1 we have that [*_ ¢ (u—j)du=1.

j=—o00

Notice that

W) @)~ Beh) @) = S (o) o ()~ 3 f(ﬁ) (2*2 — j)

i: </O:Of<;)sa(zj_;dU>s0(2k$J)
ji@f@)w(?’“wj)
:ji i) ewmpa-r (&) oo
-2 (LG (3) et e
That i
(AL) (2)—(Buf) (2) _j_fjw UZ <f (5) -1 (;,C)) w(uj)du] o (22— j).

By supp ¢ C [—a, a] we have that ¢ (u — j) is nonzero when —a < u—j < a,
that is when j — a < u < j + a. Hence

wn@-En@= 3 [ (r(5) -1 (%)) etw-ia] o).

j=—oo Wia

Next we see that

where
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(i) Case of j < u. We have

uw/2 w N-1
(V) w (3] (3 1)
'R4'f/j/2k S () — (2)] r
u/2k . u N—-1
NN AN )
< [ e (1 (- 5) ) S

wy w=39)Y\ [? (72_t)N '
<w (fN7 o >/j/2k 1) dt
= W1 (f(N)v (u2kj)> (gl;v?\)[l

(i) Case of 7 > u. We have

/2"

e (4 E=3E)
[ 1701 () ) e
j /2" . _u
g/: £ (1) — ) (J>’(t2k
j/2k ; _ u\N-
w [ (1 [
S/u/zk 1 <fN,(2k t ) (NQ— ol dt
- ok N-—1
) Ju =)
7% (f ) ok )/u/Qk (N27 1)' dt

W J-u) G-w”
wi ([ ) T

So we have proved that

o =g\ =g~ N a”
R4l < wn (f( ), ok ) kN NI = (f( : )2’“NN"

R4l =

i.e.

N
N a
R < i (10,2
Furthermore we observe that
Jta u j N f@) (j/ok) pite 4
J y — J 1 .

/j‘_a (f (27) - f <2k>> @(U—J)du—;%ii!/j_a (u—7)"¢(u—7j)du

j+a

+ Rap (u—j)du.
j—a

Therefore

[ G- (F)repa

f i) i av
Z H 2'%@”' 2/€NN!‘”1 (f(N)’ %) '
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The last proves the theorem. |
We continue with

Theorem 5. Let f € CV (R), N > 1,2 € R and k € Z, also ||f(i)||Oo < 0,
i=1,...,N. Let ¢ be a bounded function of compact support C [—a,a], a > 0

such that Z p(x—j) = 1all z € R. Suppose ¢ > 0 and ¢ is Lebesgue
j=—00

measurable (then [*_ ¢ (2)dx = 1). Define

o (2) =282 (282 — j) all k,j € Z,

(oowg) = [ T () e (1) dr,

and
(Axf) (z) = _i (fopry) nj (@)
:j_f:oo (/_O;f(;)<p(u—j)du> o (282 — ).
Also define N
(Drf) (z) = ‘_ZOO Sk () (252 —j)
where

0 (1) =S (e + )
r=0

n

n €N, w,. > O,Zw,. = 1. Then

r=0
[(Arf) (@) = (Dif) ()] < |Akf = Diflloo (14)
NI R v (a+1)
<2 Ty @D g (f 2k> |

i=1
So as k — oo, we get [|Arf — Dpf|l — 0.
Proof. By Z ¢ (2%2 — j) =1 we have that [* ¢ (u—j)du=1.

j=—o0
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Notice that

(Arf) (z) — (Dif) ( _i}ff,% i; (@ _Zofkﬂ (2 -3)

= _f:oo (22 (1, 017) = 03 () 0 (25— )

B ([ ool £)
.@(2%——])
:jioo i:ow </Zf(;c><p(u—j)du—f<2jk+2£)>]
(2 )
- 5 [ ([ (&) 1 () o)

j=—o0 Lr=0

“p (2kx - j) .

That is, by the compact support of ¢ we have

(A f) (z) = (Dif)( ]Z_:oo [gwr </j:a (f (2%) - f (;k + 2,:ﬂ>) w(u—j)du)]
3] (2’“:& — ]) .
Next we see that

TOMIEISORNELEZS

2k 2k 2kn

where

3 j &t
_ (N (py— 0 (L T (F—t) dt.
moe [l 0= (G )) Sy

(i) Case j + = < u. We have easily that

oL (FV g (=g =2)) oy
[Rsl < NT2EY ( ) '
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(ii) Case j + = > u. We have that

|R5| = /;ﬁ?{ ) +— ) =M@ (ti’“)N_ldt
’ v 2k an (N —1)!
X
L+L . u \N—-1
2k ' 2kp r (t — *)
< (G0 I (A W16\ 28
= / / (2k T ) O T o
2
LU GrE-w) (e
e
So we have proved that
(O F i+ E=ul) | Y e ()
sl < NIFN e e R

i.e.

nv 1
IRs| < %wl (f(N)7a+>.

Furthermore we observe that

/ji+a(f(;)—f(2k+2k))w<u—j>du=ZW/jj+a(“—j—Z |

a

Therefore
ta u j r
[ () -1 (5 ai) et <

f(l) ;
Sl

+Mw1 <f<N>, WH)) ,

NI2EN 2k
The last proves the theorem. |

We continue with

Theorem 6. Let f € CV (R), N > 1,z € R and k € Z, also ||f(i)||Oo < oo
i=1,...,N. Let ¢ be a bounded function of compact support C [—a,a], a > 0

such that Z p(x—j) = 1all z € R. Suppose ¢ > 0 and ¢ is Lebesgue
j=—00

measurable (then [*_ ¢ (2)dz = 1). Define

o (2) =282 (2%2 — j) all k,j € Z,
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(oo = [ T () e (1) dr,

and
(Akf) (55) = Z <f7 @kj> Pk (m)
= Z (/00 f(;)go(u—j)du)(p@kx—j).
Also define -
(Cef) @)= D (N (2w - 3),
where k(1) N
27k (j+1 2= )
i (F) :2k/2kj f(t)dtsz/o f(t+2]k> dt.
Then
(A f) (2) = (Cif) ()| < [[Arf = Cifll (15)
@ i (a N a
S (0 )

i=1
So as k — oo, we get [|[Arf — Crf| — 0.
Proof. By Z ¢ (2%z — j) =1 we have that [*_ ¢ (u—j)du=1.
j=—0o0
Notice that

oo

(Aef) @) = (Cef) (@) = D0 (froug) oy @) = D2 7y () (22 =)

j=—o0 j=—o0

=2 (22 (fo005) =14y (1)) 0 (2% = 5)
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That is, by the compact support of ¢ we have

CVICEDS [2’“/0 (G -1 (4 5)) -] dt}

(Arf) (z) — -

j=—00

P (Qkx - j) .

Next we see that

u i\ fOt+4) (u J
f(Qk)_f(H_Qk)_,le' o 7 or) TRe:
where
Ro= [* (790 = 1 (14 5 ) =),
6= v s) — t+ = | | =————ds.
t+r 2% (N —1)!
(i) CasetJrz%gz%.We have easily that
j)N

(ii) Case t + % > 2. We have that

t+ 2 j _
t+ 2 j (S B %)N—l
< /; f(N) <t+ Qk) _ f(N) (s) (NQ— o ds

w\ (t+ 3% —
<w; (f(N) t+2k_2k)( 2k P

So we have proved that

(G—w)
. t+ N
N (J —u) ’ 2 Ny (@+1) (a+1)
Ral <o (70 Je U ) EE Sl < (yom, () G

I.e. we found that

(a+1)N ) (f(N) (a"‘l)>_

Rol < ST \I T

Furthermore we observe that
e f<>t+ FOQ+ ) [ (w=5) N
[ (G- (o)) ot i [ (-
J+a
-gp(u—j)du—i—/ Rep (u— 7) du.
j—a
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Therefore
e 19
J . o i
[ G (%))t <) e e
(a+1)" N (a+1)
+ OkN N1 w1 f( )a ok .
The last proves the theorem. |

We give
Theorem 7. Let f € CNV (R), N > 1,z € Rand k € Z. Let ¢ be a bounded

function of compact support C [—a,a], a > 0 such that Z plr—j)=1all
j=—o00

x € R. Suppose ¢ > 0. Assume further ||f(i)||oo <oo,t=1,...,N. Put

(Brf)( Z f<2k) 2%z —j),
j=—00
Ckf Z ’Yk:j .’E - J) )
j=—o00
where
Q—k
Vi () :2’f/ f (t+ 2k) dt,
0
and
(Dif) ( Z Sk (f) @ (2% - 4)
j=—o00
where

n ] r
Sri (F) = J .
kj (f) gowrf (2k + 2kn> )
n €N, w,. >0, Zwrzl. Then
r=0
(i)

|(Brf) (z) = (Dif) ()] < ||Bk:f — Dy fll o

fo w1 (fMN), 5
< Z || 2]“2”' . (QkNN!Q )7 (16)

(i)
|(Bef) (z) — (Crf) (z)| < ||ka —Crfllo

1F O w1 (F™, 55)
Zka (i +1)! QkN (N+21 r (17)

61



ANASTASSIOU: ESTIMATES FOR WAVELET OPERATORS

(iii)
[(Crf) (z) = (D f) (@) < [|Ckf — Difll
S CINIETLES

oki— 1 9kN—1 (N+1)!'

(18)

Soask — oo, weget | Brf — Diflloo — 0, | Bef — Crflloo — 0, [|Crf — Difll oo —

0.
Proof. By Theorems 1-3 and especially use of (4), (7) and (12). |

2 Estimates for Distances of Fuzzy Wavelet type
Operators

We need the following background

Definition (see [7]). Let p: R — [0, 1] with the following properties

(i) is normal, i.e., Jxg € R; pu (zg) = 1.

[ pAz+1=Ny) >min{u(z),u(y)}, Ve,y € R,VA € [0,1] (u is called
a convex fuzzy subset).

(iii) p is upper semicontinuous on R, i.e., Vg € R and Ve > 0, 3 neighbor-
hood V () : pu(z) < p(wg) +&,Vo € V (0) .

(iv) The set supp (u) is compact in R (where supp (1) := {x € R : p(x) > 0}).

We call p a fuzzy real number. Denote the set of all y with Rz.
E.g., X{zo} € R, for any zo € R, where x,,} is the characteristic function
at xg.
For 0 <7 <1 and p € Rg define [ :={x € R: u(x) >r} and

(1) == {z € R: p(w) > 0}.

Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval of R.
For u,v € Ry and A € R, we define uniquely the sum u @ v and the product
A®u by
[u®v]” =" +[]" [ Nou]" =Au]", Vrel0,1],

where [u]” + [v]" means the usual addition of two integrals (as subsets of R) and
A [u]” means the usual product between a scalar and a subset of R (see, e.g., [7]).
Notice l @u=w and it holds u v =v@u, AQu=uOA If0<r  <r, <1

then [u]™ C [u]™ . Actually [u]” = [u(f),u(p} , where v < ug),u@,ug) €R,
vr € [0,1]. For A > 0 one has )\ug) =(\0O u)g) , respectively.

Define
D:Rr xRf — R+
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by

D (u,v) := sup max{)u@—v@ )
relo0,1]

[ = o

L

where [v]" = [v@,vi)} s u,v € Ry,

We have that D is a metric on Rx.
Then (Rz, D) is a complete metric space, see [7].
Let f,g : R — Rz. We define the distance

D*(f,9) =sup D (f (x),g(z)).

zeR

Here 3" stands for fuzzy summation and 0:=x (0} € Ry is the neutral element
with respect to @, i.e., u P0=0u= u,Vu € R,

‘We need
Remark([4]). Herer € [0,1], (T),yl( " e R,7=1,...,m € N. Suppose that

sup max( (),yZ )) eR, fori=1,...,m
r€(0,1]

Then one sees easily that

sup max <Zx Zy(r)> < Z sup max( (r )’yz(r))

rel0,1] i—1 T€[0,1]

Definition. Let f : R — Rz, we define the (first) fuzzy modulus of conti-
nuity of f by

) (1,0) = sup D (f @),/ (1),8 > 0.
o y1<s

We define C¥ (R) the space of uniformly continuous functions from R — R,
also C (R,Rz) the space of fuzzy continuous functions on R.

Proposition 8 ([4]). Let f € C¥ (R). Then wl (f d) < oo, any § > 0.

Proposition 9 ([4]). It holds hmwl (£.6) = W (£,0) = 0, iff f €
CY (R).
Proposition 10 ([4]). Let f : R — Rx be a fuzzy real number valued

function. Assume that w(f) (f,6), w1 (ff"), 5) , W1 (fi"), 5) are finite, for § > 0,
all » € [0,1]. Then

W) (f,6) = sup max {w1 (f(r) ) (f(r) 5>}

rel0,1]
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Note. It is clear from Propositions 9, 10 that if f € CY (R), then fir) €
Cy (R) (uniformly continuous on R).

Definition. Let z,y € Rz. If there exists z € R : x = y & z, then we call
z the H-difference of x and y, denoted = — y.

Definition ([7]). Let T := [zg,20+ 8] C R, with 8 > 0. A function f :
T — Ry is H-differentiable at « € T if there exists an f’(x) € Rz such that

7f($+h});f($), 7(””)7#:”7}1) exist and are

lim £
h—0+
equal to f/ (x). We call f’ the H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f(z + h) — f(z), f(z) — f(z — h)

exist in Rz in an neighborhood of z.

the limits (with respect to D) hlir(r)l
—0+

We denote by CV (R,Rx), N > 1, the space of all N—times continuously
fuzzy differentiable functions from R into Rz.

‘We mention

Theorem 11 ([11]). Let f : [a,b] C R — Ry be H—fuzzy differentiable.
Let ¢ € [a,b],0 < r < 1. Clearly

F@r =[O, oo cr.

Then (f (t))g) are differentiable and

Le. (f’)ir) = ( ir)>/, Vr e [0,1].

Remark ([4]). Let f € C’N_(R,R}-), N > 1. Then by Theorem 11 we
obtain [ (£)]" = [((f (t))(f))(Z) : ((f (t))@)(”} ,for i =0,1,2,..., N, and

in particular we have that
N\ (M) (@)
), = ()
(£9), = (#£7) .

for any r € [0,1].

Note. (i) Let f : R — Rz fuzzy continuous, then fj(tr) : R — R are
continuous, Vr € [0,1].

(ii) Let f € CN (R,Rz), N > 1. Then by Theorem 11, we have f{" €
CY (R), for any r € [0,1].

‘We need
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Definition. Denote by CX¥B (R) := {f : R — Ryz| such that all fuzzy
derivatives f® : R — Rz, i = 0,1,..., N exist and are fuzzy continuous and

furthermore D* (f(i),a) <oo,fori=1,...,N}, N> 1.

Notice here that

D* (f(i),ﬁ)T?{Bpﬂmax(‘(f(i))(r) ; (f(i))(:) )
Tz{;a}max(‘(f(r))(i) o (f(r))i) OO), i=1,...,N.

Notice alsq that

D* (f(i),6> < 00, implies H(f(l))I)H <o0,i=1,...,N,Vrel0,1].

We need

Definition ([8], p. 644). Let f : [a,b] — Rz. We say that f is Fuzzy-
Riemann integrable to I € Rz if for any € > 0, there exists d > 0 such that for
any division P = {[u,v];&} of [a,b] with the norms A (P) < §, we have

D(Z*(U—U)Qf(f),l> <e.

P
We write I := (FR) f; f(z)du.

We mention
Theorem 12 ([9]). Let f : [a,b] — Rz be fuzzy continuous. Then (FR) fab f(x)dx
exists and belongs to Rz, furthermore it holds

b r b
(FR) / f(x)dm] - [ / (N () de. (1) <x>dx],

vr € 10,1].
Clearly f(ir) : [a,b] — R are continuous functions.

In this section we study the fuzzy corresponding analogs of real wavelet type
operators Ay, By, Ck, Dy, k € Z, of first section. For simplicity we keep the
same notation at the fuzzy level. So, depending on the context we understand
accordingly whether our operator is real of fuzzy, that is whether is operating
on real valued functions or on fuzzy valued functions.

We present the next main fuzzy wavelet type result.
Theorem 13. Let f € CXB(R), N > 1,z € R, and k € Z. Let ¢ be a
bounded real valued function of compact support C [—a,a], a > 0 such that
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> @(x—j)=1,all z € R. Suppose ¢ > 0. Put

(Bif) ( Z f<2k>®sﬁ fr —j),
(Crf) (z) = ‘Z* (2’f@(FR) /0 f <t+ )dt) ¢ (2% —j),
and | -
(Duf) (@) = 37 61y (N @ (2% — ).
where

neN, wg>0, Z wy = 1.
Then TO
(i)
D ((Brf) (%), (Drf) () < D™ (Brf, Dr.f)
L (100) g

= 9kij) - sy (19
=1
(ii)
D ((Brf) (z),(Ckf) (z)) < D* (Byf,Ckf)
N D* (f(i)’6> wg]—‘) (f(N)aik)
S EGy ) T o S

and
(iii)

D ((Crf) (x), (Drf) (x)) < D* (Cr f, Dif)

\ N

D*
>0 (00) L wP g

L+ 1)! 2’<N1(N+1)

Note. We see that
D (™ (@), f™ (1) < D (™ (2),0) + D (£ (),0)
<9D* (f(N),5> < 0.
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Thus wgf) (f, 2%) < oo,Vk € Z.

Consequently as k — oo we obtain D* (By f, D f), D* (Bif,Cif), D* (Ci.f, Di.f) —

0 with rates.
Proof. (i) We observe the following

)

D (Bif) (@), (Def) (@) = sup max {|(Bef) @) = ((Dif) (@)

r€(0,1]
= sup max

hata 1B (1)) @ = (s (1)) @)
@w?@@www

((BLf) @) = (Def) (@)

)

< Ts%pl] max ‘Bk (f&”) — Dy, (fgr)) HOO )
B (1) =0 (1) _}
" ) e ()™ )
2 et e e
w J0)°] e () )
P okig) - 2N N
N EA S
o)), o (). 2
:ri‘[tl?umax ; 2kig) Oo+w1( 2kN N1 2k>’
N 2 1
A
; o OO+W1( N )
<> {0600

1 (r 1 (r) 1
+ x> Sup maxqw () ,),w ( () ,)}
2kNN' TE[OI,)I] { ! ((f )— Qk ! (f )-‘,— Qk
N
1 N X 1 1
_ * (2) (F) (N) ~
- ; g D (F90) + gewt (f ! 2’f) :

proving the theorem’s (19).
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(ii) We observe the following

D((Bif) (), (Crf) (x)) = sup max{) (Brf) ( (CWf) ( ()‘

€[0,1]

(Bef) @) = (Cuh) @) >\}

= s max{] (5 (/1 )) - (@ () @]
(B (747)) 0 - (0 (57)) @)}

o masc{|Be (127) = e (1)

B () - e ()]}

L (0)"5)
<1§7> s max XN:H( ) +“1 (f ) 5% |

IN

r€f0,1] p 2k (44 1)! 26N (N +1)!
@ (N)
GON ( #)
; i+ 1! N(N+1)!

{i [UDZ], e (62 3)
1

= sup max

ref0,1] — 2kt (5 4+ 1)! 2kN (N +1)!
N f(N 1
;H (z+1H 2<’€N(NJJ;1)2 >}

) NG
e
ey, 2, () ) o () 1))

N
1 N 1 1
_ 4 D (£ @) () L
;:2’“(1'—1—1)! (v ’0>+2kN(N+1)!“1 )

proving the theorem’s (20).

al 1
< ; mrsup max{

€[0,1]

_|_
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(iii) We observe the next

D (Ckf) (@), (Def) @) = sup max{[((Cof) o) = (D) )],

€[0,1]

[
() @) = (D) @) ]}
= aup max{| (G (#27)) (@) = (2e (1)) )]
(e (#7)) @ = (B (7)) )]}
up mase {0 (727) =0 (1)
G (#7) - Du (1) }
T 1 G0 N (COIE)

) 2k
< ~
= Tzﬁfl]max < 26T (G4 1) 9FN—T(N + 1)1

« ()" ((ﬁ“)”ﬁﬁ}
)!

IN

— o T
;21“ L(i+1)! 2FN-T(N + 1

= sup max{i H H (f(N) (_ 21>’

r€[0,1] 2ki=1 (4 +1)! 2EN=1(N +1)!

ST e () 2) }

2K (i + 1) 2EN=1(N +1)!
AGI

1 ™ 1 " 1
I S )" L )" L
o1 (N+1)!T§E?1]max{“1<(f )_ ’2k)’“1<(f )+ ’2’f)}

N

1 oo 1 1
_ R o % (%) N ) (N) —
;2'%'—1 I (f ’0) TN (v (f ’2k>’

proving the theorem’s (21).

<22k 1 sup max{

€[0,1]



ANASTASSIOU: ESTIMATES FOR WAVELET OPERATORS

Above we need that ([5])
BHY = B (7).
(NP =i (1) and
(DY = Di (1),

vr e [0,1]. |

Denote by Cp (R, R£) the space of bounded fuzzy continuous functions on R
with respect to metric D.
We finish with the following fuzzy wavelet type main result

Theorem 14. Let f € CRB(R)NC, (R,Rx), N > 1,z € R, and k € Z.
Let the scaling function ¢ (z) a real valued function with supp ¢ (x) C [—a,a],

0 < a < 400, @ is continuous on [—a, a], ¢ (x) > 0, such that > ¢(x—j)=1

Jj=—00
on R (then [* ¢ (z)dz =1).
Define
s () =220 (2% — j) all k,j € Z,t € R

ita
ok

{f.on;) = (FR) / £ () © oy, () dt,

Jj—a
ok

and the fuzzy wavelet type operator

oo

(Ah) (@) = S {fron) @x, (2), TR

j=—o00

The fuzzy wavelet type operators By, Cy, Dy, are as in Theorem 13.
Then

(i)

D ((Arf) (x), (Bif) (z)) < D* (Arf, Bif)

N D* f(l),ﬁ - N
< Z; gkzzl )aZ + 2I:JLVN|wg]:) (f(N)a %) ) (22)

D ((Axf) (z), (Crf) (z)) < D* (Axf, Crf)
N (7.9) @+ 1" () (f(N)7(a+1))7 o)

- & il12ki kN NI 1
1=

)N

(@+1)+
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and

(iii)

D ((Arf) (x), (Drf) (x)) < D* (Axf, Di f)
N D* (f(i),ﬁ)
<

- 2kig)
i=1

(a+1) + (a+ 1)Nw(f) <f(N) latl 1)> .

NI2kN 1 T2k
(24)

Notice that D* (Axf, Brf),D* (Arf,Crf),D* (Apf,Drf) — 0 as k — oo
with rates.

Proof. Similar to the proof of Theorem 13. Also notice here (see also [5])
that (Akf)g) = Ay (f(ir)) , Vr e [0,1].
It is based on (13), (14) and (15). |

Note. In [3] we proved, for f € C¥ (R) as k — oo, we get uniformly that
Ag, Bi, Ck, Dy, — I unit operator with rates in the D metric. In the case of
Ay, we need also f be fuzzy bounded. As related work we mention [2].

References

[1] G.A. Anastassiou, Quantitative Approzimations, Chapman & Hall/CRC,
Boca Raton, New York, 2001.

[2] G.A. Anastassiou, Rate of convergence of Fuzzy Neural Network operators,
univariate case, J. Fuzzy Mathematics, 10 (2002), no.3, 755-780.

[3] G.A. Anastassiou, Fuzzy Wavelet type Operators, Nonlinear Functional
Analysis and Appl., Vol. 9, No. 2, 2004, 251-269.

[4] G.A. Anastassiou, Fuzzy Approximation by Fuzzy Convolution type Op-
erators, Computers and Math. with Appl., special issue edited by G.
Anastassiou, Vol. 48, 2004, 1369-1386.

[5] G.A. Anastassiou, High Order Fuzzy Approximation by Fuzzy Wavelet type
and Neural Network Operators, Computers and Math. with Appl., special
issue edited by G. Anastassiou, Vol. 48, 2004, 1387-1401.

[6] G.A. Anastassiou, Quantitative estimates for Distance between Fuzzy Wavelet
type operators, Journal of Concrete and Applicable Mathematics, Vol 5,
No. 1, 25-52, 2007.

[7] Congxin Wu and Zengtai Gong, On Henstock integral of fuzzy number
valued functions (I),Fuzzy Sets and Systems, 120, No. 3, 2001, 523-532.



72

8]

ANASTASSIOU: ESTIMATES FOR WAVELET OPERATORS

S. Gal, Approximation Theory in Fuzzy Setting, Chapter 13 in Handbook
of Analytic-Computational Methods in Applied Mathematics, pp. 617-666,
edited by G. Anastassiou, Chapman & Hall/CRC, 2000, Boca Raton, New
York.

R. Goetschel, Jr. and W. Voxman, Elementary fuzzy calculus, Fuzzy Sets
and Systems, 18 (1986), 31-43.

H. Gonska, P. Pitul, and 1. Rasa, On differences of positive linear opera-
tors, Carpathian J. Math. 22 (2006), No. 1-2, 65-78.

0. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems, 24 (1987),
301-317.



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.5, NO.1, 73-84, COPYRIGHT 2010 EUDOXUS PRESS, LLC

General Over-Relaxed A—Proximal Point
Algorithms and Applications
to Nonlinear Variational Inclusions

Rom U. Verma
Department of Mathematics
University of Toledo
Toledo, Ohio 43606, USA

verma99@msn.com

Abstract

Based on the notion of A—monotonicity and the general firm nonexpansiveness of the resol-
vent operator corresponding to A—monotonicity, the convergence analysis of the over-relaxed
proximal point algorithm in the context of the approximation solvability of a class of nonlinear
variational inclusions is examined. Several results on the general firm nonexpansiveness are also
established. The obtained results generalize the results on firm nonexpansiveness.

2000 Mathematics Subject Classifications: 49J40, 47H10, 65B05

Keywords: General firm nonexpansiveness, Variational inclusions, Maximal monotone map-
ping, A-monotone mapping, Relaxed proximal point algorithm, generalized resolvent operator.

1. Introduction

Let X be a real Hilbert space with the norm || - || and the inner product (.,.). We consider the
nonlinear inclusion problem: determine a solution to

0e M(z), (1)

where M : X — 2% is a set-valued mapping on X. Rockafellar [24] generalized the algorithm of
Martinet [17] in the context of convex programming, which is referred to as the proximal point
algorithm in the literature. This work includes the general convergence and rate of convergence
analysis for solving (1) when M is monotone. Then in [25], Rockafellar has shown as how the prox-
imal point algorithm can be formulated in conjunction with convex programming duality theory to
present a general convergence analysis for the multiplier method in convex programming. Eckstein
and Bertsekas [6] introduced the relaxed proximal point algorithm and applied to the solvability
of inclusion problems of the form (1). Furthermore, they demonstrated that the Douglas-Rachford
splitting method [2] for convex programming was, in fact, a special case of the proximal point al-
gorithm. Next, we state the following theorem of Eckstein and Bertsekas [6], which presents the
convergence analysis for the relaxed proximal point algorithm.
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Theorem 1.1. [6, Theorem 3] Let M : X — 2% be a set-valued maximal monotone mapping on X
with 0 € range(M), and let the sequence {z*} be generated by the iterative algorithm

2R = (1 — ap)z® + aqpuw®VE >0, (2)

where wF is such that
||wk - I+ ckM)fl(:ck)H <e,VEk >0,

and the scalar sequences {ex}, {ar} and {cx} satisty
YRl oer < 00, infay >0, supax < 2, c=1infc; > 0.

Then the sequence {2*} converges weakly to a zero of M.

In [32 — 37, 39], the author introduced and studied the notion of A—monotonicity in the context
of solving variational inclusion problems based on the resolvent operator techniques. The notion
of A—monotonicity generalizes the general theory of multivalued maximal monotone mappings,
including the notion of H—monotonicity introduced by Fang and Huang [8], and provides a general
framework to examining variational inclusion problems. Resolvent operator methods have been used
in literature for a while and are still being applied to a broad spectrum of problems arising from
several fields, such as equilibria problems, optimization and control theory, operations research, and
mathematical programming.

In this paper, we generalize the relaxed proximal point algorithm to the case of A—monotone
mappings, and then we apply it to the approximation solvability of a class of nonlinear inclusion
problem involving A— monotone set-valued mappings in a Hilbert space setting. The convergence
analysis for the generalized relaxed proximal point algorithm is discussed in detail. Also, several
results on the generalized firm nonexpansiveness, Lipschitz continuity of the generalized resolvent
operator corresponding to A— monotone mappings are included. The obtained results generalize
a number of results on the general maximal monotonicity, resolvent operator technique and firm
nonexpansiveness by Eckstein [5], Eckstein and Bertsekas [6], Rockafellar [24, 25], and others. For
more literature, we recommend the reader [1-40].

The contents are organized as follows: section 1 deals with a historical development of the
proximal point algorithm in conjunction with the maximal monotonicity, and with the approximation
solvability of a class of nonlinear inclusion problems based on the proximal point algorithm. Section
2 introduces the notion of A—monotonicity and general firm nonexpansiveness, and then presents
a number of results connecting A—monotonicity, general firm nonexpansiveness and generalized
resolvent operator, while Section 3 presents the generalized version of the relaxed proximal point
algorithm of Eckstein and Bertsekas [6] to the case of A—monotone mappings. Section 4 contains
specializations to maximal relaxed monotone mappings and applications.

2. A-Monotonicity and Firm Nonexpansiveness

In this section we first explore some basic properties derived from the notion of A— monotonicity.
Then we establish some results involving A — monotonicity and the firm nonexpansiveness. Let X
denote a real Hilbert space with the norm | - || and inner product < .,. > . Let M : X — 2% be a
multivalued mapping on X. We shall denote both the map M and its graph by M, which means,
the set {(z,y) : y € M(x)}. This is equivalent to stating that a mapping is any subset M of X x X,
and M(z) ={y: (x,y) € M}. If M is single-valued, we shall still use M (z) to represent the unique
y such that (z,y) € M rather than the singleton set {y}. This interpretation shall much depend on
the context. The domain of a map M is defined (as its projection onto the first argument) by

dom(M)={zeX:yeX: :(x,y) e M} ={z € X : M(x) # 0}.
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dom(M)=X, shall denote the full domain of M, and the range of M is defined by
range(M)={ye X :Jx € X : (x,y) € M}.

The inverse M~ of M is {(y,z) : (z,y) € M}. For a real number p and a mapping M, let pM =
{z,py) : (x,y) € M}. If L and M are any mappings, we define

L+M={(z,y+2):(z,y) € L,(x,2) € M}.

Definition 2.1. Let M : X — 2% be a multivalued mapping on X. The map M is said to be:

(i) (r)— strongly monotone if there exists a positive constant r such that

(u* —v* u—v) >rlu—v||*V(u,u*), (v,0*) € Graph(M).

(ii) (r)—strongly pseudomonotone if
(v*;u—v) >0

implies
(W S u—v) >rlu— UH2V(u, u*), (v,v") € Graph(M).

(iii) pseudomonotone if
(v, u—v) >0

implies
(U u—v) >0Y(u,u"), (v,v*) € Graph(M).

(iv) (m)—relaxed monotone if there exists a positive constant m such that
(" — v u—v) > (—m)u — o2 ¥(u, u"), (v,0°) € Graph(M),
(v) (¢)— cocoercive if there is a positive constant ¢ such that

(u* —v*u—v) > cllu* — |2V (u,u*), (v,v*) € Graph(M).

Definition 2.2. A mapping M : X — 2% is said to be maximal (m)— relaxed monotone if
(i) M is (m)—relaxed monotone,
(ii) For (u,u*) € X x X, and
(u* —v*,u—v) > (=m)||u —v||*V(v,v*) € Graph(M),

we have u* € M(u).

Definition 2.3. Let M : X — 2% be a mapping on X. The map M is said to be:
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(i) Nonexpansive if
= 0" < flu— ol ¥(u, ), (v, 0*) € Graph(M).

(ii) Firmly nonexpansive if

Hu* - H2 < <U* - ’U*,’U, - ’U> V(’UJ, U’*)a (’U, ’U*) € GTCLph(M)
(iii) (¢)—firmly nonexpansive if there exists a constant ¢ > 0 such that

lu* —v*||? < clu* —v*, u—v)¥(u,u*), (v,v*) € Graph(M).

Definition 2.4. (Alternative) Let A : X — X be a single-valued mapping. The map M : X — 2%
is said to be A—monotone if

(i) M is (m)—relaxed monotone
(ii) R(A+ pM) = X for p > 0.
Proposition 2.1. Let A : X — X be an (r)-strongly monotone single-valued mapping and let

M : X — 2% be an A— monotone mapping. Then M is maximal (m)—relaxed monotone for
0<p<i.

Proposition 2.2. Let A : X — X be an (r)—strongly monotone single-valued mapping and let
M : X — 2% be an A— monotone mapping. Then (4 + pM) is maximal monotone for 0 < p < L.

Proof. Since A is (r)—strongly monotone and M is A—monotone, it implies that A + pM is
(r — pm)—strongly monotone. This in turn implies that A + pM is pseudomonotone, and hence
A + pM is maximal monotone under the given conditions.

Proposition 2.3. Let A: X — X be an (r)—strongly monotone mapping and let M : X — 2% be
an A—monotone mapping. Then the operator (A + pM)~! is single-valued.

Definition 2.5. Let A : X — X be an (r)—strongly monotone mapping and let M : X — 2% be
an A—monotone mapping. Then the generalized resolvent operator .J %A : X — X is defined by

Jpia(w) = (A+ pM)~ (u).

Definition 2.6. Let A,T : X — X be two mappings. Then map T is said to be:

(i) Monotone with respect to A if
(T(x) = T(y), A(z) = Aly)) = 0V(z,y) € X.

(ii) (r) — strongly monotone with respect to A if there exists a positive constant r such that

(T(x) = T(y), A(z) — Ay)) = rllz =yl V(z,y) € X.
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(iii) (7, a)-relaxed cocoercive with respect to A if there exist positive constants v and « such that
(T(z) = T(y), A(z) = A(y)) = —yIIT(x) = T(W)II* + allz — y||?
V(z,y) € X.

Theorem 2.1. Let X be a real Hilbert space, and let M : X — 2% be (m)—relaxed monotone.
Then M : X — 2% is A— monotone if and only if

(A+pM)(X) =X forp>0.

Proof. It follows from the definition of A— monotonicity of M. O

3. A—Proximal Point Algorithm and Application

This section primarily deals with the relaxed A—proximal point algorithm and its application to
approximation solvability of the inclusion problem (1). Several results connecting the generalized
A—monotonicity and corresponding resolvent operator are established, which unify the results on
the firm expansiveness from Eckstein and Bertsekas [6]. Furthermore, some auxiliary results on
A—monotonicity, maximal relaxed monotonicity, and maximal monotonicity are obtained.

The solvability of the problem (1) depends on the equivalence between (1) and the problem of
finding the fixed point of the associated generalized resolvent operator.

Lemma 3.1. Let X be a real Hilbert space, let A : X — X be (r)—strongly monotone, and let
M : X — 2% be A— monotone. Then the generalized resolvent operator associated with M and
defined by

Jpia(w) = (A+ pM) ™ (u)Yu € X,

L_)—Lipschitz continuous 7 — pm > 0.

r—pm

is (

Lemma 3.2. Let X be a real Hilbert space, let A : X — X be (r)—strongly monotone, and let
M : X — 2% be A— monotone. Then the generalized resolvent operator associated with M and
defined by

Jpia(u) = (A+ pM) ™ (u)Yu € X,

L) _firmly nonexpansive for r — pm > 0.

r—pm

is (
Proof. For any u,v € X, it follows from the definition of the resolvent operator J %A that
1
;[u — AT ()] € M(J)%)(w),
and 1
;[v — AT ()] € M(J)5)(v).

Since M is (m)—relaxed monotone, we have

= v (AU ) = AU ()]

J%A(U) - J%A(U»

=m0 () = I ()% (3)

Y
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In light of (3), we have

(u—w, Iy (w) = I3 (v))

> (AL () = AT (),
J%A(U) - J%A(U» -
pl| T3 () = T3 (0)]°

> (r—pm)|| 75 () = Tyl ()]|*. O

Lemma 3.3. Let X be a real Hilbert space, let A : X — X be (r)—strongly monotone, and let
M : X — 2% be A— monotone. Then I — J%A is firmly nonexpansive for r — pm > 1.

Theorem 3.1. Let X be a real Hilbert space, let A : X — X be (r)—strongly monotone, and let
M : X — 2% be A—monotone. Then the following statements are mutually equivalent:

(i) An element v € X is a solution to (1).

(ii) For an u € X, we have
u = Jy0(Aw),

where

Jpia(w) = (A+ pM)~ (u).

Proof. It follows from the definition of the generalized resolvent operator corresponding to M.

Theorem 3.2. Let X be a real Hilbert space, let A : X — X be (r)—strongly monotone and
(s)—Lipschitz continuous, and let M : X — 2% be A—monotone. For an arbitrarily chosen element
20, let the sequence {x*} be generated by the relaxed A—proximal point algorithm

2 = (1- ak):ck +agy® fork >0

with
ly* — T (A" < ally® — 2],

where 6, — 0,
Y = (1 — o) + o T (A(2H)),

(@ —a*, Jol A(A) = T A(A@")) = A5 a(A") = T3l a(A@))I?, (4)

for v > 0, J)!y = (A+ ppM) ™", and sequences {dx}, {ax} and {px} satisfy ap > 1, 32276k < o0,
and p T p.

Then the sequence {z¥} converges linearly to a unique solution z* of (1) with rate

52

gy <

\/1—04[2(1—%)—@(1—(27—1)

r— pm)?
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where a3 + 2ax(1 — ag)y > 0 and a = lim supg— o Q.

Proof. Applying Theorem 3.1, x*, a solution to (1), satisfies the relaxed proximal point algorithm.
It further follows from Theorem 3.1 that any solution to (1) is a fixed point of J AOA for all k > 0.
Next, using (4), we find the estimate

Il = a2 =111 = ar)a® + ardpl 4(A(2")) ~
[(1 = ar)a™ + ardy] 4(A(z))]
= (1= ar)(@® = 2") = a(Jp] 4(A(2")) = T3] 4(A@)))I?
= (1= aw)’llz" — ™| + 20k(1 — o) (a® — 2*, J5{ A(A(2)) = T3] A(A(2"))) +
il Tpe a(A@®)) = T3l A(A(z")]1?
(1= ar)?2® = 2*|* + 200 (1 — aw)yl| T3] a(A@®)) = J5l A(A™))I* +
ot | Tor a(A(z")) = Tl A(A("))I?
= (1= aw)’[lz" — ™| + [of + 20k(1 — a5 a(A(")) = J57 4(A(2))]?

IN

52

S = aPlet =P + o + 2001 = awh) s e — P
= {1 - o) + [ +205(1 — @)y g }|a* — |2
(r — pem)
= {1—ak[2(1—W)—ak(l—@v—l)m)]}l\x x|,

where s < r — ppm, and o} + 2a4(1 — ag)y > 0.

Therefore,

Iyt = a*|| < Opllz” — 2| for s <r — pxm,

where a2 + 2ax(1 — ag)y > 0, and

0 = \/1 — af2(1 - %) o= @y - )]

r— ppm)?

Clearly, it follows that

||CCk+1 _ yk+1 ||

(1 = o)2® + ary® — [(1 — o)™ + ard )y (A("))]]|

lek (5" = T (A" D)
"Il

IN

ak5k||yk -z

Since

2 = (1- ak):ck + aryk,

it implies that
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Now we estimate

"+ — 2% || = [ly" T — 2| + [ — |
< g =t + e = g
< g =2 + ardlly” — 2"
= |lg* =2t + k[t - 2P|
< Ol — || + Sellat T — 2|+ |2t — 2. (5)
(6)
Therefore, we have
o o Ok + 0k .
[l + — a¥|| < =3, [l " — 2], (7)
where
. 01 + Or, .
lim sup ———— = lim sup 6,
1— 6
—a2(l- ———)—a(l- 27— )] < 1
= -« ——)—a(l-2y-1)———)| < L.
(= pm? (= pm?

Finally, to show the uniqueness of the solution, assume that =] and x5 are two distinct solutions
of (1). By Theorem 3.1, we have

ap = I A(A))),
and

w5 = Jo A(A(3)).

1
r—pEm

Since J %7 4 s ( )— Lipschitz continuous and A is (s)— Lipschitz continuous, we arrive at

7 = @3l = 1757 a(A1)) = T a(AlD))]

P P
1
< ——[lA(e]) — Alay) |l
r— pgm
S
< - * _ * .
= T_pkaxl 3|
Therefore, we find
[1- ;]Hff —x5|| <0 fors <r— pgm.
r— pgm
It follows from this that
|7 — 23| = 0fors < r— ppm.O

4. Some Applications

In this section, based on results from Sections 2 and 3, we derive some special cases of Theorem
3.2 for the H— monotone mapping — introduced and studied by Fang and Huang [8].

Definition 4.1. Let H : X — X be a single-valued mapping. The map M : X — 2% is said to be
H —monotone if
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(i) M is monotone,

(ii) R(H + pM) = X for p > 0.

Lemma 4.1. [8] Let X be a real Hilbert space, let H : X — X be (r)—strongly monotone, and let
M : X — 2% be H— monotone. Then the generalized resolvent operator associated with M and
defined by

Joh(w) = (H + pM) ™ (u)Vu € X,

is (1)—Lipschitz continuous for r > 0.

Lemma 4.2. Let X be a real Hilbert space, let H : X — X be (r)—strongly monotone, and let
M : X — 2% be H— monotone. Then the generalized resolvent operator associated with M and
defined by

Jot () = (H + pM)™ ! (u) Vu € X,

is (1)—firmly nonexpansive for r > 0.

Lemma 4.3. Let X be a real Hilbert space, let H : X — X be (r)—strongly monotone, and let
M : X — 2% be H—monotone. Then the following statements are mutually equivalent:

(i) An element v € X is a solution to (1).

(ii) For an u € X, we have
u=J)y (H(u)).

where

Jot (w) = (H + pM) ™ (u).

Theorem 4.1. Let X be a real Hilbert space, let H : X — X be (r)—strongly monotone and
(s)—Lipschitz Continuous, and let M : X — 2% be H—monotone. For an arbitrarily chosen element
20, let the sequence {x*} be generated by the relaxed H—proximal point algorithm

Rt = (1- ak):ck +agy® fork >0

with
" = 1 (H @) < dilly* — "],
where 6, — 0,
yk+1 = (1 — O[k)CCk + akJ%H(H(Ik))’
(@ = 2 I g (H () = I g (H @) = I3 g (H ) = I3 g(HE)E ()

for v >0, J}y = (H + pp M) ™", and sequences {0}, {ax} and {py} satisfy ay > 1, Y77 6}, < oo,

and p T p.
Then the sequence {z*} converges linearly to a unique solution z* of (1) with rate

\/1 —a*[2(1 — j—z) —a*(1—(2y— l)j—z)] <1,

81
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where o = lim supk oo a and s < r

Theorem 4.2. Let X be a real Hilbert space, and let M : X — 2% be maximal monotone. For
an arbitrarily chosen element ¥, let the sequence {z*} be generated by the relaxed proximal point
algorithm

with

2* T = (1 — ap)2® + ary®) fork >0

ly* = I3 @) < drlly™ — ]I,

where d — 0,

Y =1 — gz + aka])w(:ck),

JM = (I+ ppeM)~*, and sequences {6}, {ar} and {pp} satisfy ax > 1, Y77 6 < 0o, and pi T p.
Then the sequence {z¥} converges linearly to a unique solution z* of (1) with rate

1—a*2—-a*] <1,

where
o = lim Supg— oo -
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Abstract
In this paper, some properties of solutions of a system of nonlinear ordinary differen-
tional equationa are obtained. Above system describes a flow on the graph of ”flower with

n petals” type when the flow mass is constant.

1 Introduction

Let A = (ai;) be a stochastic square matrix n x n, i.e. a;; > 0 Vi, j,
n
Y aij=1i=1.,n (1)
j=1

We assume, that g'= (p1..., pn) is a vector with non-negative coordinates, 0 < p; < 1,
1 =1...,n,

1Bl = 1+ -+ pu = C. (2)

Let f(x) = (1 — ) x[o,1) (%), and X|o,1) be the characteristic function of a segment
[0,1].
Then the system of ODFE

p1 = (a11 — 1) f(p1) + a2 f(p2) + ... + an1 f(pn)
p2 = aiaf(p1) + (a22 — 1) f(p2) + ... + an2f(pn)

Pn = alnf(pl) + a2nf(p2) + ...+ (ann - 1) f(pn)a

describes traffic on the graph, representing ”flower” - general vertex + a crossroad, where

the closed identical edges in quantity of n pieces, (Fig. 1) are united. The function f(z) is
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Figure 1: The traffic lower with six petals

a classic model of intensity of movement which depends on density and is called as main
diagram, [1].

Further in (3) we will consider a value of density on the appropriate petal p; = p;(t),
0 <p; <1,i=1,..,n Thus the matrix A is a matrix of hashing of flows in the vertex
O. The entering flow from ¢ petal is redistributed in the vertex O according to the shares
determined in the line i of the matrix A, for this reason the condition (1) is true. Let’s
consider further, that in (2) C'is a constant, i.e. the flow is closed and, hence, it is described
by system (3). The purpose of work consists of research of qualitative properties of flow ,

i.e. solutions of (3). Thus the stationary point is a solution of (3) p(t) = p(0), satisfying
condition (2). The solution p(t) such that

1PNy, = max fpif =1 (4)

1s called critical. According to physics of the system it means that, at least on one edge
flow density is maximal and also speed of leaving flow is equal to 0. Hence, the edge ceases
to pass a flow, "the petal falls down ”.
Thus, in case , when the system (3) with n petals is in a critical mode it is reduced to a
flower with smaller number of petals and, accordingly, smaller mass. There exists different
scenarios of a transformation of the matrix A to a stochastic matrix of the smaller size

, i.e. different scenarios of movement control in a critical mode. We will postulate the

following rules
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(1) If the edge with number i has critical density, and next (i —1) and (i+1) edges are
in an operating conditions, then line i of the matrix A shares half-and-half between (i — 1)
(mod n) and (i + 1) (mod n), the column i deletes.

(2) If the critical condition i comes simultaneously with the next one, then transfor-
mation (I) is made above the sum of lines from cluster of critical edges and accordingly

columns delete.

2 Flower with Two Petals

Let n =2, a11 = aq, aza = az. Then the system (3) becomes

p1= (a1 —1) f(p1) + (1 —a2) f (p2)

(5)

p2=(1—a1) f(p1) + (a2 — 1) f (p2)

with the following conditions
0§p1§170§p2§17
(6)
p1+p2=C.
Figure 2: Double petal flower
As ps = C' — p1, then (5) - (6) are reduced to the problem (see Fig. 2)
p1= (a1 —1)f(p1) + (1 — a2) f(p2) 7)

where Cis a parameter, 0 < C < 2.

Because of symmetry we will consider, that

12&22&120.

87
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Lemma 2.1. If 0 < ay = ay < 1, then for any initial conditions p1(0) # C/2
(a) if C > 1 then the solution goes into a critical mode in finite time;

(b) if 0 < C <1 then the solution converges to a stationary point py = C/2.

Proof. If 0 < p; <1,and 0 < C — p; < 1, that

p1=(1—a2)(f(C—p1) = fp1)) = (1 = a2)(C = 2p1)(1 - O),
whence everything also follows.

Lemma 2.2. Let 0 < a1 < ay < 1. Then the problem (7) has the unique stationary

solution.

Proof. If C' < 1, then p; € [0,C], and function

9(x) = (a1 = 1) f(x) + (1 — ag) f(C — )

at © = 0 satisfies to an inequality g(0) = (1 — a2)f(C) > 0, and at x = C it is fair
9(C) = (a1 —1)f(C) < 0. Thus, from a continuity g(z) it follows that there is at least one

zero. However, as

g(x) =1 —-a1)f(C—xz)+ (a1 — a2) f(C —x) + (a1 — 1) f(x) =
=(1—-a)(C—-22)(1-C)+ (a1 —az) f(C — z),

that,
first number of critical points is no more than two, i.e. g(z) is parabola,
second by virtue of the above mentioned condition g(0)g(C) < 0 in an interval [0, C] there
is only one zero g(z).
If C > 1, then x € [C' — 1,1], And on the same reasons there is exactly one critical

point. The lemma 2.2 is proved.

Theorem 2.1. If 0 < a1 < az < 1, than for any initial conditions p1(0) such, that
9(p1(0)) # 0

(a) If C > 1 then the solution (7) monotonously turns to a critical mode in finite time;

(b) If 0 < C < 1 then the solution (7) monotonously converges to the stationary point
p1(t) = Cy, g(Ch) = 0.
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Proof. System

p1= (a1 —1)p1(1 — p1) + (1 — a2)pa2(1 — p2)
p2 = (—a1 + 1)p1(1 — p1) + (=1 + a2)p2(1 — p2)

has the following vector field (see Fig. 3).
e

C(0,1) . .B@)

0 A1) X,

Figure 3: The vector field of system (8)

The set of stationary points ( Fig. 3) consists of two fragments of the hyperbole
described by the equation

(a1 — 1):L'1(1 — :L'g) + (1 — ag):L'g(l — :L'g) =0
at the square OABC. The direction of the vector field is checked directly. The theorem is
proved.

More general formulation of the problem for two petals has been considered in [3],[5].

3 General Properties of System (3)Solutions

We research a question of stationary points (3). Let g* = (p7...p}) be a stationary point,

Fo=(F(p7)--f(p3),
(4-B)f =0 (9)

As det(A — E) = 0, then a nontrivial solution of the system (A — E)# = 0, & € R"

exists. As AT is a stochastic matrix, for spectral radiuses p(A) and p(AT) the following
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inequality is true

p(AT) =1 < p(A.) (10)

If A is a double stochastic matrix, i.e. A and AT are stochastic, then under condition

of positivity of all elements A the Perron-Frobenius theorem [2] is true.

Lemma 3.1. There exists and unique to within normalize a vector f* = (fy...fy) € R,

with positive elements such, that

Af* = f* (11)
It is obvious, that
=2 (1,1,.0). (12)
Suppose that
A =0.25. (13)
The equation
fp)=a (14)

has no more than two solutions, at a < 0 or at a > % it is insoluble. If 0 < a < % then

there exists numbers py1, p2, 0 < p1 < % < p2 <1, p1 + pa = 1 such, that

f(p1) = f(p2) = a. (15)

Thus, we will denote by
p1=f""(a), p2 = f7'(a.) (16)

Let C > 0 is fixed, A > 0, f:k is the solution of (12). We consider the following equation

05\ =[5 OST) + J5 O3) 4 e+ £ (M)

C. (17)

The function pz(\), where § is the fixed set of +1, § € (+1,+1....., £1) is continuous

and determined on an interval A € [0,1]. As A and AT are stochastic matrixes, then
fF=1/4)(1,1...1),

z(N) = [ (N4 + f5, -/ + e+ f5H(A4), (18)
where §; =1 or §; = —1. As
fZHa) + i (a) = 1, (19)
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then
p5(A) =5+ (n—2s) [ (A/4), (20)
where [5] =n — 2s is the signature, excess of quantity of coordinates pluses of a vector 5

above quantity of minuses (n > 2s) , or
e5(\) =5+ (n—2s) -1 (A/4) (21)

if of quantity of coordinates minuses of a vector § excess above quantity of pluses one.

Let us denote 04 = (5u —5) Lemma 3.2. Two-value function

p5.(\) =5+ (n—2s) fz' (\/4) (22)

Ot

has the continuous plot from two monotonous components with area of values [s,n — s].

Proof follows from an explicitfunction of f(z).

—

Corollary. For any C € [s,n — s], [0] = n — 2s, n > 2s there exists and unique

A € [0, 1], wich satisfies the equation

0z (N) =5+ (n—2s) fZ' (\/4) = C. (23)

0t
As at fixed s, that conterminous on parity with n it is possible to choose C;'™% ways of
distribution of marks + in a chain from n symbols so, that signature will be equal n — 2s

(n > 2s), at C € [s,n—s] there is an appropriate quantity of branches of stationary points.

Theorem 3.1. If A is a double stochastic matriz with positive elements, then for
every s = 0, 1....,[n/2] exists C'=° branches of stationary points with a range of definition

Cels,n—s.

For n = 3 this result is present in [6] for partial singular case of an one-dimensional

chain.

4 Traffic Stability on Double Petal Flower for One-parametrical

Families of State Functions

Let’s consider double petal traffic flower with state function , i.e. dependence of flow speed

from density of the following type v(z) = (1 —2)7,0 <z < 1, i.e.,

f@)=f(z,7)=2(1-2),0<z <1 (24)
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a,

1-a, a, 1-a,

Figure 4: The dual image of a 2-flower.

In case of a stochastic matrix of transition we have
] = 0 = (.

Thus, the equation for density, for example, on the first petal looks like

p=—af(p)+af(C—p)=—af(p,y)+af(C—p,v)=g(p,7,0C) (25)

with following conditions
mazx(0,C —1) < p <min(1,C). (26)

At v = 1 we receive model of paragraph 2, i.e. the solution (25) is stable in and only

if C < 1.If v =0, that
p=—ap+a(C—p) =a(C—2p.) (27)

The equation (27) has a stationary point p* = C/2,, which is stable for any permitted
initial conditions.
We research a problem of stability of the equation (25) - (26) at any v € [0, 00).
Lemma 4.1. (1) Function f(z,v) = z(1 — )Y achieves a mazimum in the unique
ey e . ! * _ ko 1 .
critical point f'(z*,v) =0, x* = e
(2) Function f(x,~) increases on an interval [0 and also decreases on an interval
1 )
[ 1
(3) If 1 < C < 2(1+ )7L, then on an interval [maz(0,C — ——

L]
> 14y

function f(x) increases, and function f(C — x) decreases.

Proof. It is checked directly.
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fc-x,y) fx.y)

C-1 °/, 1 ¢ X

Figure 5: 0 <y < 1,1 < C < 2.

Lemma 4.2. (1) Function g(x,,C) is determined on an interval [max(0, C—1), min(1,C)];

(2) g(x,v,C) is symmetric concerning the point (C/2,9(C/2,~v,C) = 0), i.e. is odd
relative to x = C'/2;

(8) Let C > 1. If C — ﬁ < ﬁ, that on the interval (C — 1,C — ﬁ) function

g(x,v,C) has at least one zero.

Proof. It is checked directly.

lemma 4.3. If 1 < C < %, and if C —1 < x < C— ﬁ, then function g(x,~,C)

has only one zero.

Proof. It is directly calculated, that

@)= 1 —a) 72 (=27 + (7" +7)a).

Similarly,

g'(@) =1~ (C—2)) (=27 + (v’ +7)(C —2))~
—(1 =22 (=27 + (¥* +7)2). (28)

On an considered interval the following is true g”(x,v,C) < 0. Therefore, if quantity
of zero g(x,7,C) is more than one, then as this function has on the ends of an interval
values of different marks, then quantity of zeroes is not less than three, otherwise from

Roll’s theorem ¢” (z,~, C') should not have not than one zero.

Lemma 4.4. The quantity of zero of functions g(x,v,C) and g(1 — z, %,2 - 0)

coincides.
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Proof. The equation f(x,v) = f(C — x,~) is equivalent to the following
f7(@.7) = £7(C = a,7),2 € 0,1]
which is in turn equivalent
f%(l —xz,7y) = f%(C’— 1+z,7v),z€]0,1].

However
and also

whence all follows.

Theorem 4.1. (1) Let 0 < v < 1. Then for the equation (25) the following is true

(1.1) If 0 < C < 1, then there is a unique stationary point p = C/2 with area of an
attraction [0, C|.

(1.2) If 1 < C < %, then there is a stationary point p = C/2 with area of an
attraction 7 < p < x5, and unstable stationary points p = p] with an achive in a critical
mode p < p] and p = p5 with an achive in a critical mode at p > ps.

(1.3) If C' > % then there is unique and unstable stationary point p = C/2 with area
of achive in critical mode [C —1,C/2), (C/2,1].

(2) Let 1 <y < oo. Then

(2.1) If 1 < C < 2, then there is a unique stationary point p = C/2 with area of an
achive in the critical mode [C' — 1,C/2), (C/2,1].

(2.2) If 7% < C < 1, then there is the unstable stationary point p = C/2 and two
stable stationary points p = pi with area of an attraction 0 < p < C/2, and p = p5 with
area of the attraction C/2 < p < C.

(2.3) If 0 < C < 7% then there is the unique stationary point p = C'/2 with area of
attraction [0, C|.

Proof. The proof follows from Lemmas 4.1-4.4.

5 Linear Traffic Flower

Let’s consider the case, when the intensity of movement linear depends on density, i.e.

speed is constant.
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5.1 Some Special Case

Let’s consider the following traffic flower with a matrix which is not being double stochastic
W= —"pi+ pat o+ pn

dt %pl — P2

L= Lp—ps (29)

dt %pl — Pn
For the equations (29), since the second, linear be relative appropriate variables, solu-

tions can be written down as

1
o)== [ ottt > 2. (30)
n
and by virtue of a condition pj + ... + p, = C the first equation (29) will become

n—1 2n —1

prt) = ———p1+(C=p1) = ——

p1+ C.

It is clearly, that if

2n — 1
~=—pi(0)+C >0, (31)

then the solution pi(t) increases until the condition —22=Lp,(¢) + C = 0. will not be

executed yet. Therefore, if

Cn
>1 32
2n—1 " (32)

the system (23) passes gets into a critical mode, as (25) in this case it is carried out

automatically. If zgfl < 1, then by virtue (32) p1(0) < 522 and p;(t) increases on t

2n—1
Cn
t
pl( ) / m_1’
and if p1(0) > zg—fl, then
Cn
t .
) N

Thus p1(t) does not get a critical mode.
As the obvious kind of the solution (28) looks like

pi(t) = Cn + Ae” znglt, (33)

that at k > 2
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C —t A _3n71t
_ _ =t . p 4
m—1°  3m—1° + Bk (34)

If A>0,ie p1(0)> 582 then (34) decreases on t and all py(t), k > 2 are noncritical.

2n—17
It pl(o) < Qg—illv then A = Pl(o) - Qg—illv
c Cn _3n-1,
1) = — —t_
) = = G e = ”
P1(0) _3n-1, p1(0) _sn-a,
B 1 + By < 3 1° + B ™\ B,

k> 2.

Hence, all functions py also are noncritical. Theorem 4. The system (29) gets into a

Cn
2n—

critical mode if and only if 577 > 1.

5.2 Stochastic Flow

As before A = (a;;) is the double stochastic matrix n xn, i.e. a;; > 0, Vi, j 327 aijj = 1,

i =1,...,n. Therefore p'= (p1, ..., pn) is the vector with not negative coordinates, 0 < p; <

||ﬁ||l’11 =p1t..+tp=C (35)
Let’s consider a system

p1=(a11 — 1)p1 + ag1p2 + ... + an1pn
p2 = aizp1 + (a22 — 1) po + ... + an2pn

Pn = Q1pp1 + Q2pp2 + ... + (ann - 1) Pns
Under the condition of the Perron-Frobenius theorem the system (36) has unique

stationary point

F=01,1,..1)/n (37)

Theorem 5.1.

For any allowable initial conditions p(0), [|p]l;. = lr£?<}2|pi| < 1, a solution(85)-(36)
converges to the stationary (37) for any allowable loading 0 < C < n.

Proof. See also [8].

Lemma 5.1. If p(t) is the solution of the system (37) with initial conditions, wich
satisfies (35) and (36), then

—

tlim p(t) = f*.
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Lemma 5.2. If p(t) is the solution of the system (37), then j(t) is separated from

critical modes max |p;| = 1.
1<i<n

6 Optimization and Control on Traffic Flower

The traffic flow on a flower is characterized by a vector of density p'= (p1..., pn) (pic. 4,

n = 4) and a intensity vector 7= (q1 = f(p1)---sqn = f(pn)).

Ne1

Ne2 Ne4

Ne3
Figure 6: Traffic 4 - a flower

As the length of each edge is equal to unit, as well as weight of each particle of flow,

then ¢;,i = 1...,n is capacity of a flow on an edge with number ¢, and the value
Yigi = Q
is the capacity of a flow on a transport flower at fixed ¢, and the value
t1
Q(t)dt = A()

to

is the flow work in a time interval [tg, 1]. One of probable criterias of control is

Q(t) — max, |[plly, = p1(t) + ... + pult) =C

i.e.

flp1) + .+ f(pn) — max, pi1(t) + ... + pu(t) = C. (38)
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Ne1

Ne2 ‘ ‘ No4

Ne3
Figure 7: The dual image of a 4-flower.

Necessary conditions of extremum of a problem (38) are
f'(pi) = A,

or p; = 0.
If f'is monotonously decreases, then within normalized critical points iof the problem
(38) looks like

P1 = P2 = e = Prp, Pmt1 = ... = pp = 0.

Hence, pf = C/m, 1 <i < m and we have
Qm =mf(C/m) —» max,1 <m <n.

We assume that function H(z) = f(z)/z, 0 < 2 < C. If function H(x) decreases on
an interval [0, 1], then a sequence @,,, grows on parameter m. So in a case f(x) = z(1 —x)
we will receive H(z) = (1 — ), i.e. H'(x) < 0. So max,,(mf(C/m)) is reached at m = n.
Thus, it is true.

Theorem 6.1. If f'(x) and H(x) monotonously decrease on an interval [0, 1], then
the mazimal capacity at any allowable loading 0 < C' < n it is reached for equaldistributed

flow pf =C/n,i=1..,n.
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Abstract
This research work establishes necessary and sufficient conditions for relative controllability and minimum
control energy of linear time varying systems with delays in state and control variable. The aim is to use the
integral equivalence of our system to deduce our controllability matrix and the reachable set. With the aid
of the properties of these matrices, we achieve our results by some equivalent relationship.
Keywords: Relative controllability, control energy, linear system, controllability matrix, reachable set.
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1. INTRODUCTION
The study of controllability of systems, first carried out in details by Kalman [11] has attracted lots of
interest in modern research notably from Davies and Jackreece [5], Jackreece and Davies [10],
Obukhovskii and Rubbioni [13] etc. because of it’s direct connectivity with variety of mathematical
models. Controllability of systems can be encountered in many fields of science, engineering and amongst
others environmental management, industrial processes, medicine, biology, economy.
This research work is not only interested in the controllability of systems but also in reaching the targets of
systems with minimum wastage of control energy. It is evident that successes in life pursuits are predicated
upon our ability to direct our energies in reaching the desired target. This enigma has created the necessity
for us to sort out for ways of achieving this success with minimum energy control in the shortest possible
time. However, the need to steer the state of a system from an initial point to a desired target with minimum
energy control poses a challenge despite the pioneering and ambitious work on the optimal control problem

of single degree-of-freedom differential system of the form

X+ f(x,X)=u (1.1)
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by Lee and Markus [2] where they found controllers for the system (1.1) which steers the initial states of
the system to the equilibrium time optimally, and then indicatated how these controllers so found for each
initial state can be used to construct the feedback controller synthesis. Hermes and Lasalle [3] gave the
linear time optimal control problem for the ordinary differential system
%(t) = A()X(t) + B (t)u (t) (1.2)
by finding a control subject to its constraints in such a way that the solution of (1.2) reaches a continuously
moving target in the state space in minimum time. They further gave this minimum energy control required
to transfer the system from an initial state to target and defined the energy control on the assumption that
the system is controllable.
The dividend of these earlier works is in lending focus and clarity of definition to the minimum energy
control problem. Recently, ITheagwam [12], Davies [4] working independently gave answers to the
following questions that form the crux of the minimum energy control problem. Does a minimum energy
control for the pursuit of a moving target in a context described by a differential system exist? What is the
form of this energy control? Is it unique? Sebakhy and Bayoumi [9] studied the controllability of linear
time-varying systems with delay in control of the form
X(t) = A()X(t)+ B (t)u (t) + C(t)u(t — h) (1.3)
were they gave an expression for the control required to transfer the system (1.3) from a given state to any
desired state using minimum control energy. Klamka [6], using the relative controllability matrix of a linear
time varying system with distributed delays in the control of the form
0
X(t) = AOX®)+ [[dH ¢, 5)]u(t +5) (1.4)
-h
examined the minimum control energy and derived the control law for the system (1.4).
The objective of this research is to extend the work in Klamka [6] by establishing necessary and sufficient
condition for the relative controllability and also derive control laws which establishes the minimum energy

control required to transfer a class of linear time varying systems with delays in state and control variables

given by

X(t) = i A X(t—i)+Bu(t) + i D, u(t—i) (1.5)
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te [t05t1] B X(t) = ¢(t) B ¢ € [—h,O]
An example is also given

2. BASIC NOTATIONS AND PRELIMINARIES

Consider the system (1.5), where X(1)is an n-vector, A, are NxN matrices and B, D; are nxm
matrices. The control function U(t) € E™ is a measurable M— vector. Here E = (—00,00) is the real
line and E" is the n-dimensional Euclidean space with norm | | . Welet C =(C[-h,0], E") be the

Banach space of continuous functions and the norm of an element ¢ in C by
[¢]= sup [¢(5)]
—h<s<0

Welet L, ([a,b], E™) be the space of Lebesgue integrable functions taking [a,b] into E" with
b
[#]=[1#)ds. geL, ([ab], E")
a

L ,([a,b], E™) is the space of square integrable functions taking [@,b] —>E"

If xe C([a,b], E") for anya <D, then for each fixed t €[a,b], the symbol X, denotes an element
of C givenby X,(S) = X(t +S). For functions U € L ,([a,b], E™) the symbol U, is similarly defined.
In this paper, the control space will be L|2OC ([a, b],E m ), the space of essentially bounded measurable

functions on finite intervals with values in E™ . The control constraint set will be denoted by

The above conditions on A, , B and D, ensure that for each initial data (t,,#), a unique solution of
(1.5) exists through (to ,@) (see Hale [7], p. 142) which is continuous in (to ,) .The solution of system

(1.5) at t =1, following Sebakhy and Bayoumi [9], Manitius and Olbrot [1] will be given as
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Kty = X (.10 + D [ Xt +DAGS) ds

i=l _j

t
+ j X(t,,S) ds
to

Bu(s)+zh: D,u(s—i)

or

Kot o) = Y [ X (4,540 A g(9)s

i-1 _j

+ X(tl,to){¢(t0)+zh: JQX(t,S+ D, u, (s)ds}

i=1 _j
t-i
*

)

u(s)ds

h
X(t,8)B+>. X(t,,s+i)D,
i=1

+ jX(tl,s)Bu(s)ds

2 2.1)
where X (1,S) is the fundamental solution of (1.5) which satisfies the equation
a h
§X(t,s):ZAiX(t—i,s),t>s 2.2)
i=0
X(Ls) = I, t=s
o, t<s
or
a h
a—X(t,s):—Z X(t,s+i)A #(s),t>s (2.3)
S i1

Following the methods of Dauer and Gahl [8], we define a matrix function Z by

h
X(t,,s)B + X(t,s+i)D; for t,<s<t, —Ii
Z(t,.1.2) = (t;,9) le (, ) 0 | 24

X(t,s)B for t —i<s<t,

We now give some definition upon which our study hinges.
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Definition 2.1
The complete state at time t of system (1.5) is said to be Z(t) = { X(t),4,u, }

Definition 2.2

Following Arstein [14], we define relative controllability of system (1.5). That, system (1.5) is relatively

controllable on [t,,t,], if for every Z(t,) and every vector X, € E", there exists a control U € B, such

that the corresponding trajectory of system (1.5) satisfies X(tl) =X.
We now define the N X N symmetric and semi positive controllability matrix of our system as
tl
W (te.t,,2) = [Z(t,.1,.2) 27 (1, 1, 2) dl
to

where the symbol T denotes the matrix transpose. The controllability matrix satisfies the condition

2

> n
Wit > 0 forall XxeE

XW (ty,t, 2)x = (X, W (t,,t,,2)X) = | X|

where< et > denotes the inner product space in E "

The reachable set of (1.5) at {, is given by
t
R(ty.1,2) =1 [Z(t,,L,nuhdl :uel, 2.5)
tO
here R(t,, 1, Z)isan Mx M continuous symmetric matrix defined on [t,t,] such that

R™(t,,1,2) exists forall t €[t,,t,]. We now introduce the following notation for brevity.
4
W(t,.t.2) = [[2(t,. 1. D R (4, 1.2)] 2" ¢, 1, 2yl 2.6)
to
U=R(t,1,2)Z"t,1, )W, (t,.t,, 2)R(,, 1, 2) @.7)
3. CONTROLLABILITY RESULTS
Here sufficient conditions for the controllability of system (1.5) when L2 control is assumed are

formulated and proved.
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Theorem 3.1

The following are equivalent

(i) W(t,,t,,2) is non singular for each t

(ii) System (1.5) is proper in E" for each interval [t,,t,]

(iii) System (1.5) is relatively controllable on each interval [t,,t; ]

Proof: We shall show that (i) = (ii), (ii) = (iii) and (iii) = (i) to complete the proof. Let us show first that
(1) = (i1)

Define the operator, K:L,([t,,t,],E™)—>E" by
Y
K@) = [Z(t,.1, 2 u()dl G.1)
t

where K is a continuous linear operator from one Hilbert space to another. Thus, R(K) < E" is a linear

subspace and its orthogonal complement satisfies the relation
RO =N(K") (62
where K™ is the adjoint of K, K*:E" —U < L, by the non-singularity of the controllability matrix
W (t,,t,, 2), the symmetric operator KK * =W (t,,t,,2) is positive definite and hence
RO =1{o} (3.3)
Thatis, N(K™) = {0} (3.4)
Forany Ce E", uel,, <c,Ku>=<K"c,u>
t, t
<c,Ku> = <c,J‘Z(tO,I,z)u(l)dI >:ch [Z(t,.1,2) Ju@)dI (3.5)
ty tg
Thus, K" is given by ¢ —> " [Z(t0,|, 2) ]; | €[t,, t;]. N(K") is therefore the set of all C € E"
such that

¢'[z(t,.1,2)]=0 (3.6)
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almost everywhere in [t,, t,], since N(K™) = {0} all such C are equal to zero, that is C =0 .This
establishes the properness of system (1.5).
(i) = (iii)
We now show that system (1.5) is relatively controllable on each interval [t,, t,].
Let C € E", if system (1.5) is proper then C" [Z (t,,1,2) ] =0
almost everywhere such that | €[t,, t,] for each t; implies C = 0. Thus
4
ch [Z(t,.1,2) Ju(hdl =0
t0
for U € L, . It follows that the only vector orthogonal to the set
4
R(t,.1,2) = chZ(to,l, Zyu(ydl :uel,
)
is the zero vector. Hence
L
Ret,.1.2)f" = {0}
Thatis, R(t,,l,2) = E". This establishes relative controllability on [t,, t,] of
system (1.5).
(i) = (i)
We now show that if the system (1.5) is relatively controllable then W (to,tl ,Z) is non-singular. Let us

assume for contradiction that W is singular, then, there exists an N vector V # 0 such that

VWVT =0 (3.7)
Then

4 5

[Iviza, Lo di=0 (38)

)

This implies that
IVIZ(t,,1,2)1] dl =0

almost everywhere, hence
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V[Z(t,,1,2)]=0 (3.9)
almost everywhere for | € [t,, t;]. This contradicts the assumption of properness of the system since

V # 0 and this completes the proof.

Corollary 3.1

System (1.5) is relatively controllable on [t,,t, ] if and only
rankW (t,,t,,z) =n

Proof: This is Corollary 1 of Sebaky and Bayoumi [9]
Theorem 3.2

System (1.5) is relatively controllable if and only if 0 € int R(t,,l,Z) foreach t, > 1,
Proof: If R(t,,l,Z) is a closed and convex subset of E", then a point Y, on the boundary of
R(t,,l,2) implies that, there is a support plane IT of R(t,,l,Z) through Y, thatis ¢' (Y —Y,) <0
foreach Y € R(to ,1,2) where C # 0 is an outward normal to IT. If U, is the control corresponding to
Y,, we have

tl tl

ch[Z(tO,l,z)]u(l)dl < ch[Z(tO,l,z)]ul(l)dl

ty to

for each U €U . Since U is a unit sphere, this last inequality holds for each U € U , if and only if

jZ(to, ,2)]u(dl <jc [Z(t,.1,2)] u, (Ol

0

SHCT[Z(tO, 1,2)]|dl
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and U, (t) =sgn c' Z(t,,l,z)as Y, is on the boundary. Since we always have 0 € R(t,,l,2). 1f 0

were not in the interior of R(t,,l,Z) then O is on the boundary, hence, from the foregoing, this implies
tl

0= ” c’ [Z(t0,|, Z)” dl  so thatc’ [Z (t,.1, Z)] =0 almost everywhere t € [t,,t;]. This by our
tO

definition implies that the system is not proper since ¢’ # 0. This completes the proof.
Theorem 3.3 - If system (1.5) is relatively controllable on [t,,t,] for each t, >1,, then the domain of
null controllability of system (1.5) contains zero in its interior

Proof - Assume that system (1.5) is relatively controllable on [t,,t;], t, >t, then by Theorem 3.2,
0 eintR(t,,l,2), for each t, >1,. Since X =0 is a solution of system (1.5) with U =0, we have
0 € D. Hence, If 0 ¢ int D, then there exists a sequence @, < E" such that ¢, — 0 as m — o0

andno ¢, isin D, thatis ¢, # 0. From (2.1), we have
h b
0 X(ty, b, $,U) = X (4,1,) 6(t,) + D [ X(t,s+1)Ag(s)ds
i=l _j

Y
+ j X(t,,S) ds
)

Bu(s)+zh: D,u(s—i)

forany t, >t, andany U €U . Hence, for U =0,
def h G
2y = X(4,1,4.0) = X (1) 6t + 2 [ Xt s+D)AG(s)ds,
i=l
isnotin R(t,,l,2) forany t, > t,. Therefore the sequence Z,, < E" is such that
z, ¢ R(,,1,2),z,, #0,but Z, & 0 as M —> . Therefore, 0 & R(t,,l,Z). This is a contradiction
and hence proves that 0 € int D .

4. THE MINIMUM ENERGY CONTROL

Here we derive an explicit expression for the control that transfers system (1.5) from Z(t,) to X; at time

t, and examine the minimum energy control required for this transfer.
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Theorem 4.1

Let U(t) be any control which transfer Z(t,) with the initial control U(t,) to X, at time t; and let

U”(t) be the control defined by (2.7), then
t t
flem]z, ., >.[Hu*(I)H2 di @.1)
; ”U( ) R(ty,l.2) _t R(ty.1.2) ’
0 0

almost everywhere on [t,,t,] and the minimum control energy required for the transfer ( assuming the
transfer is possible ) is given by

2

dl = ” R(tw I’ Z) ||\7v]"(t0,t],z) (42)

R(ty.1,2)

Ew) = o)

Proof: substituting (2.7) into (2.1), it is easy to verify that the control U® (t) transfers the complete state

Z(t,) to X, attime t,. Since U(t)and U"(t) transfer Z(t,)to X, at time t,, we have the following

equalities

t, t,

jZ(tO,l,z)U(l)dl =J'Z(t0,l,z)u*(l)dl 4.3)
t t,

subtracting both sides and using the inner product gives
4
jzao, L, 2)@()—u" () dLW, ' (t,,t,, 2)R(t,,1,2) ) = 0 (4.4)
to

using (2.7) and the properties of the inner product, we obtain

tl ah—-u*(,u"(H)dl =0 (4.5)
J )

)

By some easy manipulation and using (4.5) we derive

t t
_ 2 " 2
>
tj [z o= tj H u*(l) HR(%’LZ) dl (4.6)
0 0
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The minimal value of the control energy in transferring Z(to) to X, at time 1, by using the control U : (t)

2

w ()

tl I1
is given by E(U") = j | o dl= j |R .12 . L.y W (to,tl,z)R(tO,I,z)”zdI R(,.l,2)
t, t

(4.7) Since the matrix W (t,,t,,Z) is symmetric, by the properties of the inner product and by (4.7), we

have

E(u’) = tjl<[R(t0,|, W, (1,1, D2t L DR (1,1 D)2 (1.1 W, .1, DR 1, z)]>d|

t0
=(Rito, L, D)W, (t 1, DR(E,,1,2)

2
= ”R(tO > I ’ Z)”W{‘(tﬂ,tl,z)
This completes the proof.

5. EXAMPLE

Consider the system
X(t) = AX(t) + AX(t—1)+ Bu(t) + Du(t) + D, (t— 1) .1)

where

To verify relative controllability of (5.1), it is easily seen that, the principal fundamental matrix solution is

e 0
X(t,s) = (elt _el 2t eZ‘J

given by
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~t

0
and the matrix Z (t,,1,2) as defined in (2.4) will be given by Z(t,,l,2) = ( j . The controllability
€

0
2tjdt, while rank W (t,,l,2) = 1. This implies that
e

4 O
matrix is given by W (t,1,2) = J-
10
0
system (5.1) is relatively controllable by Corollary 3.1. Furthermore, we verify the minimum control
energy for system (5.1) as follows; we require the reachable set defined in (2.5) with U =1 and is given by
t 0
R, 1,2) =4 [| ., |dt
T\e
0
Hence, the minimum control energy will be given as

E(u*) = ]-(S_thdt

to

2

CONCLUSION
From the sequel, the relative controllability of system (1.5) has been established. Also established is the
relationship between relative controllability of the system (1.5) and the domains of relative controllability.
This study has been able to show that, if a system is relatively controllable then zero is in the interior of the
domain of the reachable set. From the above results, the minimum control energy required to transfer
system (1.5) from an initial state to a targeted state within a specified time limit in the state space has also

been established.
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ABSTRACT

We prove the existence of mild solutions of nonlinear mixed Volterra-Fredholm in-
tegrodifferential equations with nonlocal conditions in Banach spaces. The results are ob-
tained by using the theory of strongly continuous cosine family, application of the topological
transversality theorem known as Leray-Schauder alternative and rely on a priori bounds of
solutions.

1. INTRODUCTION

Let X be a Banach space with norm ||.||. Let B = C([0,b], X') be the Banach space
of all continuous functions from [0, b] into X endowed with supremum norm

l2llz = sup{l|=(®)]| : t € [0, 0]}

This paper concerns the mixed Volterra-Fredholm integrodifferential equation of the type:

t b
2" (t) = Ax(t) + f(t,x(t),/o k(t, s,x(s))ds,/o h(t,s,x(s))ds), t € J =[0,b] (1.1)
2(0) + g(x) =m0, 2'(0) =n, (1.2)

where A is an infinitesimal generator of a strongly continuous cosine family {C(¢) : t € R}
in Banach space X, f: JXx X XX xX = X, k, h: JxJxX —X,g:C(J;X) — X are
functions, and zq is a given element of X.

The existence, uniqueness and other properties of solutions of these equations or
special forms with classical conditions have been studied by many authors by using different
techniques, see [10, [1T], 12, 13} 14} 22].

The work on nonlocal initial value problem(IVP for short) was initiated by Byszewski.
In [6l [7] Byszewski using the method of semigroups and the Banach fixed point theorem
proved the existence and uniqueness of mild, strong and classical solution of first order
IVP. For the importance of nonlocal conditions in different fields, the interesting reader is
referred to [1L 2, 3[4, O 20, 21, 24] 25] 26, 27] and the references are given therein. For
properties of semigroup theory, we refer the reader to the books [, [18, 19] 23]

The objective of the present paper is to study the global existence of solutions of the
equations f. The main tool used in our analysis is based on an application of the
topological transversality theorem known as Leray-Schauder alternative, rely on a priori
bounds of solutions and the theory of strongly continuous cosine family. The interesting
and useful aspect of the method employed here is that it yields simultaneously the global
existence of solutions and the maximal interval of existence.

The paper is organized as follows. In section 2, we present the preliminaries and
hypotheses. Section 3 deals with main result.
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2. PRELIMINARIES AND HYPOTHESES

Before we state our main result, we list the some preliminaries and hypotheses that
will be used in our subsequent discussion.

In many cases it is advantageous to treat second order abstract differential equations
directly rather than to convert them to first order systems. We will make use of some of the
basic ideas from cosine family and it is useful machinery for the study of abstract second
order equations. We say that a family {C(¢) : ¢ € R} of operators in the space L(X) of
bounded linear operators on X is a strongly continuous cosine family if

(1) C(0) = I (I is the identity operator);
(17) C(t)z is strongly continuous in ¢ on R for each fixed z € X;
(i7i) C(t+s)+C(t—s) =2C()C(s) for all t, s € R.
The strongly continuous sine family {S(t) : t € R}, associated to the given strongly contin-
uous cosine family {C(¢) : t € R}, is defined by

t
S(t)x—/C(s)xds, reX, teR.
0

The infinitesimal generator A : X — X of a cosine family {C(¢) : t € R} is defined by
d2

Az *dtQC( )x|s =0, xz € D(A),

where D(A) = {x € X : C(.)x € C*(R, X)}. For more details on strongly continuous cosine
and sine families, we refer the reader to the book of Goldstein [19] and to the papers of
Fattorini [16, [17] and Travis and Webb [26], 27].

Definition 2.1. A continuous solution xz(t) of the integral equation

x(t) = C(t)[zo — g(z)] + S(t)n
b
/St—s 5, 2(s), /0 k(s,T,x(T))dT,/o h(s,,a(r))dr)ds, teJ

is called a mild solution of -f on J.

Let us list the following hypotheses:

(Hp) A is the infinitesimal generator of a strongly continuous cosine family {C(¢) : t € R}
compact for ¢t > 0, and there exists a constant M such that

ICOrx) <M, forall teR.
(H2) There exists a constant G such that
lg(@)]| < G, for z € X.

(Hs) There exists a continuous function p : [0,b] — Ry such that
t
I [k s.ats)asl < pio)al,

for every t,s € [0,b] and z € X.
(H4) There exists a continuous function ¢ : [0,b] — R4 such that

b
u / Wt 5,2(s))ds]| < a(t) ]

for every t,s € [0,b] and z € X.
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(Hs) There exists a continuous function [ : [0,b] — R4 and a continuous increasing
function K : Ry — (0,00) such that

1tz y, 2| < UKl + vl + 1121,
for every ¢t € [0,0] and =z, y, z € X.
(Hg) For each t € [0, b] the function f(¢,.,.,.) : [0,b] x X x X x X — X is continuous and

for each z, y, z € X the function f(.,z,y,2) :[0,b] x X x X x X — X is strongly
measurable.

(H7) For each t, s € [0,b] the functions k(¢,s,.), h(t,s,.): [0,b] x [0,0] x X — X are
continuous and for each € X the functions k(., ., x), h(.,.,x) : [0,0]x[0,0]x X — X
are strongly measurable.

(Hg) For every positive integer m there exists a,, € L'(0,b) such that

sup £t z,y,2)|| < aum(t), for t € [0,b] a. e.
]| <rm, [lyl|<m, | 21| <m

In the sequel we will use the following results:

Lemma 2.2 ([27]). Let C(t), (resp.S(t)), t € R be a strongly continuous cosine (resp.
sine) family on X. Then there exist constants N* > land w > 0 such that

IC@)|| < N*el,  forall teR,

to
1S(t1) — S(ta)|| < N*| [ e“Blds|,  for all ty, ty € R.

t1

Lemma 2.3 ([15], p-61). Let S be a convex subset of a normed linear space E and assume
0€S. Let FF: S — S be a completely continuous operator, and let e(F) = {x € S: 2z =
AFz  for some 0 < X< 1}. Then either e(F) is unbounded or F has a fized point.

3. EXISTENCE OF MILD SOLUTIONS

Theorem 3.1. Let g : B — X be a continuous function. Assume that the hypotheses
(Hy) — (Hg) hold and if b satisfies the following condition

b o)
ds
Mb [ I(s)[1 d — 1
e +ats) + ateas < [ g (3)
where
c=M(||lzoll + G + bllnl)-
Then problem (1.1)-(1.2]) has at least one mild solution on J.

Proof. To prove the existence of a mild IVP (1.1)-(1.2), we apply Lemma First we
establish the priori bounds for the mild solutions of the parameterized problem with pa-
rameter A € (0,1) such that

b

2" (t) = Ax(t) + )\f(t,a:(t),/o k(t,s,x(s))ds,/o h(t, s, xz(s))ds), (3.2)
x(0) + Ag(z) = Azg, 2'(0) = An, (3.3)

and show that the solutions to this system are bounded. First it is not hard to see that
system (3.2))-(3.3]) has a mild solution satisfying the integral equation

z(t) = AC(t)[xo — g(x)] + AS(t)n

t s b
+Aziﬂt—@f@wﬁxl;M&ﬂxﬁ»mléldaﬂxh»mﬂ@.
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Using hypotheses (Hj) — (Hs) and the fact that A € (0,1), we have
(@) < [IAMC () (zo — g(@)I + IAS(E)n]l

t s b
+||)\/ S(t—s)f(s,a:(s),/o k(S,T,x(T))dT,/O W(s,,a(r))dr)ds|
< M([Jzoll + G) + Mb||n]|
b
/ Mb||f (s, z( / (S,T,x(T))dT,/O h(s, T, z(7))dr)|ds

< Ml|lzoll + G + blinl] + Mb/o () K ([z(s)] +p(s)l[x(s)]l + a(s)l|z(s)[)ds

< Ml|lzoll + G + blinl] + Mb/o Mbl(s)[1 + p(s) + q(s)[ K ([[z(s)[])ds. (3.4)

Define a function u(t) by right-hand side of (3.4]). Using the fact that K is continuous
increasing function, we obtain

u(t) = M||zoll + G + blnll] + Mb/o Mbl(s)[1 + p(s) + a(s)] K (|lz(s)])ds

Then [|z(t)]| < u(t) and u(0) = M[||zo| + G + b||n||]] = c¢. Therefore,
u(t) = c+ Mb/o 1(s)(1 +p(s) + q(s)) K (||lz(s)])ds

u(t) < ¢+ Mb /0 1) (1 + p(s) + q(s)) K (u(s))ds.

Differentiating the above inequality and using the fact that K is increasing continuous, we
get

' (t) < Mbl(t)(1 + p(t) + q(t) K (u(t))

< MbI(E)(1 + p(t) + q(1)). (3.5)

Integrating (3.5)) from 0 to ¢ and using change of variables t — s = u(¢) and the condition

(3.1]), we obtain

u®) g t
/u(O) K(s) = Mb/o [(s)(1+ p(s) +q(s))ds
> ds

b
<Mb/0 1)1 +p(s) +ads < [ 2

From inequality (3.6) and mean value theorem we observe that there exists a constant ~,
independent of A € (0, 1) such that u(t) < v for t € J and hence ||z(t)|| < for t € J and
consequently, we have

(3.6)

[

zl|p = sup{llz@)]| : t € T} <.
In order to apply Lemma we must prove that the operator F': B — B defined
for t € J by

(Fy)(t) = C(t)[xo — g(y(t))] + S(t
),

/St—s (s,y(s

is completely continuous operator.

n
b
/ k(s, 7, y(7))dr, /0 Ws,my(r))dr)ds  (3.7)
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Let By, ={y € B : ||y||p < m} for some m > 1. We first show that F' maps B,, into
an equicontinuous family of functions with values in X. Let y € B,;, and t1,t3 € J. Then
if 0 <e<ty <ty <b, we have

[(Fy)(t2) — (Fy)(t)l
= [|C(t2)[xo — g(y)] + S(t2)n

t2

s b
+ S(tg—s)f(s,y(s),/o k(s,T,y(T))dT,/O h(s,r,y(T))dT)ds

0
— C(t1)[xo — g(y)] — S(t1)n
b

- 15@1—$f@w@%/ﬁﬂ&ﬂy&ﬁdn/‘M&ﬂyﬁnwﬁ%H
0 0 0
< [1C(t2) — C(t0) oy (o]l + G) + 1S (t2) — S0 Lo Il

t1—e€
+A 15(t2 — ) — S(t1 — ) |0

b

WWM%KMWMMM/MWMWMWS

0

t1
+/ 15(t2 — ) — S(t — )Lx)
t1—e

b

>¢WM%KHMMW%LMW%WWW$
b

+/HW@—MWHW@M$4k@mwwmﬁh@ﬂmmmw@

t1

<|[|C(t2) = Ct)llx) (lzoll + G) + 15 (E2) = S(E)llLx) 1]

t1—€

A 15(t2 — 8) — S(tr — )| 0 o (5)ds
t1

+/ 15(t2 — 8) — St — )0 (3)ds
t

1—€

+ / 1S (2 — ) L0 (). (3.9)

t1

The right hand side of is independent of y € B,, and tends to zero as to —t; — 0 and
e sufficiently small, since C'(t), S(t) are uniformly continuous for ¢t € J and the compactness
of C(t), S(t) for t > 0 imply the continuity in the uniform operator topology (see Lemma
. Thus F' B, is an equicontinuous family of functions with values in X.

We next show that F'B,, is uniformly bounded. From the definition of operator F
and using the hypotheses (H1) — (Hs) and the fact that ||y||p < m, we obtain

I(FEy)ON = IC(B)[zo — g(y)] + S(t)n
b
/St—s s,y(s), / k:(s,T,y(T))dT,/O h(s,7,y(7))dr)ds||
<t [0 - laoan(s)is

t
§c—i—/ Mba,,(s)ds
0
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b
gc—i—Mb/ am(s)ds.
0

This implies that the set {(F'y)(t) : ||y[lz < m, 0 <t < b} is uniformly bounded in X and
hence F'B,, is uniformly bounded.

We have already shown that F'B,, is an equicontinuous and uniformly bounded
collection. To prove that F' maps B, into a precompact set in B, it is sufficient, by Arzela-
Ascoli’s Theorem, to show that the set {(Fy)(t) : y € By} is precompact in X for each
ted.

Let 0 < t < b be fixed and € real number satisfying 0 < € < t. For y € B,,, we define

(Fey)(t) = C(t)[xo — g(x)] + S(t)n
t—e b

+ S(t— s)f(s, y(s), /OS k(s,T,y(T))d, /0 h(s,, y(T))dT)dS. (3.9)

0
Since C(t), S(t) are compact operators, the set Y (¢) = {(Fey)(t) : y € By} is precompact
in X, for every €,0 < € < t. Moreover, for every y € B,,,, we get

(PO = (Fa)®] < [ 15— )l

b

< 1 (5 (5), /O ks, y(r)dr, /0 h(s, 7,y (r))dr) | ds

t
< Mb/ am(s)ds.
t

—€

This shows that there exists precompact sets arbitrarily close to the set {(Fy)(t) : y € By, }.
Hence the set {(F'y)(t) : y € By} is precompact in X.

It remains to show that F' : B — B is continuous. Let {u,} be a sequence of elements
of B converging to w in B. Then there exists an integer r such that ||u,| < r for all n and
t € J. By hypotheses (Hg) — (Hg), we have

t b
£ (8, un(t), /O K(t, 5, un(s))ds, /U B(t, 5, tn(s))ds)
t b
— F(tult), /O K(t, s, u(s))ds, /0 B(t, 5, u(s))ds)

for each t € J, and since
b

1t un(t), /0 k(t, 5, 1n(s))ds, / B, 5, un(s))ds)

0
t b
—f(t,u(t),/o k(t,s,u(s))ds,/o h(t,s,u(s)))ds|| < 2a,(t).

Then by by dominated convergence theorem, we have

[Fun — Fullp = sup [|(Fun)(t) — (Fu) ()]
te[0,b]

= sup | C(1)lg(u) — glun)]

—l—/OtS(t—s) [Flscunts), [kl mua(r)n /Obh(s,T,un(T))dT)
s b
—f(s,u(s),/o k:(s,T,u(T))dT,/O h(S,T,’LL(’T))dT)}dSH
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< NCWrx)llg(u) — glun)ll
t s b
+/0 HS(t—s)||L(X)||[f(s,un(s),/0 k(s,T,un(T))dT,/O h(S,T,Un(T))dT)
s b
—f(s,u(s),/o k(s,T,u(T))dT,/O h(S,T,u(T))dT):|HdS
< Mig(u) — g(un)|

+ Mb/ot [Hf(s,un(s),/oS k(s,T,un(7))dr, /Ob h(s, T, un(T))dT)
b

— f(s u(s), /03 k(s,T,u(T))dT,/O h(S,T,u(T))dT)H]dS — 0.

Thus F' is continuous. This completes the proof that F' is completely continuous operator.

Finally, the set e(F) ={y € B:y = AFy, A € (0,1)} is bounded in B as we proved

in the first part. Consequently, by Lemma the operator F has a fixed point in B. This
means that the IVP (1.1))-(1.2)) has a solution. O

Remark 3.2. We note that in the special case, if we take (i) Mbl(s)[1 + p(s) +q(s)] =1
in condition (3.1) and the integral on the right side in (3.1) is assumed to diverge, then the
solutions of equations (1.1) — (1.2) exist for every b < oo.
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In this paper, we use the technique of tensor product of Banach spaces to
study the Abstract Cauchy Problem in Banach spaces. We also introduce semi-
diagonal operators on Hilbert spaces and discuss the solution of the Cauchy

problem for such operators.
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1 Introduction

Let I be the unit interval [0, 1] and C'({) be the Banach space of all real valued
continuous functions on I under the sup-norm, and C*(I) be the Banach space
of all continuously differentiable functions under the norm ||f|| = ||f]l., +

| f'l- If X is a Banach space, then C' (I, X) is the Banach space of all
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continuously differentiable functions defined on I with values in X, under the
norm ||ull = |lul| + |||, for all w € C* (I, X).
One of the classical differential equations in Banach spaces is the so called

Abstract Cauchy Problem. The general form of such equation is
Bu/(t) = Au(t) + F(t)z

where A, B are densely defined linear operators on the codomain of the function
u , where wu is continuously differentiable on I = [0, 1] or [0, c0) with values in
the Banach space X.

If B # I, the identity operator, then the equation is called degenerate.
Otherwise, it is called non-degenerate. If f = 0 or z = 0 , then the equation is
homogeneous, otherwise it is called nonhomogeneous.

The non-degenerate Cauchy problem has been investigated by many au-
thors using different techniques to solve it. If B = I, f = 0 and A densely
defined linear operator , the abstract Cauchy problem has been studied exten-
sively. We refer the reader to Pazy, 1983, and the references there in.

A. Favini (1979) investigated the degenerate Cauchy problem of parabolic
type in Banach space. F. Nneubrander,1994, and Baumer, B. and F. Nneubran-
der 1994 used Laplace-Stieltjes transform to obtain existence and uniqueness
results for exponentially bounded solutions of the homogeneous degenerate
Cauchy problem where A and B are closed operators. A. Lorenzi (2001) used
the projection method to derive existence and uniqueness of the solution of
first-order degenerate abstract Cauchy problem. M. Alhorani (2004) studied
the inverse problem of the degenerate abstract Cauchy problem where suitable
hypotheses on the involved operators are made to reduce the given problem to
a non-degenerate case. Thaller, B. and Thaller, S. 1995, and 1996 studied the
Cauchy problem Bu' = Au, under six assumptions on A and B.

In this paper, we use tensor product technique to get solutions of the de-

generate homogeneous abstract Cauchy problem.
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2 Basics and Background

Let K be a compact Hausdorff space, X be a Banach space. C'(K, X) denotes
the Banach space of all continuous functions from K into X with the norm
| fllo =sup||f(t)] If X = R we write C(K) for C'(K,R).

Let )t(e[;nd Y be Banach spaces with duals X*and Y *respectively and
T:D(T) C X — Y be linear. T is called closed operator if its graph G(T) =
{(z,Tx) : x € D(T)} is closed in the normed space X x Y | where the norm
on X x Y is defined by ||(z,y)| = llz|| + ||yl

. Forz € X andy € Y, we define the map:z®y : X* — Y withz®y (z*) =
(x,x*)y. Clearly z ® y is a bounded linear operator and ||z ® y|| = ||z ||z|| .
We call 2 @ y an atom. Let K = {r ®y: 2 € X and y € Y} . We shall write
X ®Y for the span of K in L(X*)Y).ForT = zn:xl ®y; € X ®Y, define

i=1
I, = sup { 5 o et i) < 2° € By () and € By ()} So. ], 3
just the operator norm on L (X*)Y'). This is called the injective norm of
T. The space (X ®Y,||||,) need not be complete. We let X <§v§> Y denote the
closure of X ® Y in L (X*,Y) and it is called the completed injective tensor
product of X with Y.

One of the nice features of the injective tensor product of normed spaces
is the fact that For any compact Hausdorff space K, and any Banach space
X, C(K, X) is isometrically isomorphic to C'(K )(}éX . In particular, C(Sx K) =
C(S) gi) C(K), for S, and K are compact metric spaces.

Another norm that one can define is the projective norm. For T €
X ®Y the projective norm of T'is ||T'||, = inf {i ]| ||y2||}, where the
infimum is taken over all representations of 7" in X ®Z§:; The space X ® Y with
the(X ® Y, ||| ,) need not be complete. So, we let X éY to be the completion
of (X®Y,||||,) One of the nice features of the projective tensor product of

two Banach spaces is the following result: Let (I, ) be any finite measure
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A
space. Then L' (I, X) is isometrically isomorphic to L* (I) @ X. We refer to [4

], for more on tensor products.

3 The Function Space

Through out this paper we let ¢? be the classical Hilbert space of square sum-
mable sequences which is {(a,) : 3 |an|* < 00, a, € R}.C(I, (?) is the space
of continuos functions on the compact interval I = [0,1] with values in (2.
The subspace of continuously differentiable functions on I will be denoted by
CL(I,¢?). Any function in C(I, ¢?) can be written in the form u(t) = iui(t)éi,
where (§;) is the natural basis of /2.However, we don’t have guarz;r:ltlee that

> fJuill, < oco. But we know that C([) ® £ and CH(I) ® £ are both in
i=1

C(I,¢?). This is because for any two normed spaces X,Y we have X é\{) Y C
X & Y, and C(I,¢%) = C(I) ® (2 as was pointed out in section2. So, we can
introduce the following subspace of functions in C(I, ¢?)
W= {u € CULA) iu=Yu; @6, Jully = 3 luillo, + ||ui]| . < oo} .
We know that W is a hfl:gle space sinceCl(Z; )1 ® (> C W. A function of
the form v = v ® © will be called an atomic function. A function of the

n
form f(t) = >  w; ® §; will be called a finite rank function. It is known

i=n1

that if uy, € C'[a,b], and v = > u; , > u. converge wuniformly on [a,b] then
=1 =1

uw' = > u. The idea of the proof of the following theorem is classical and will
i=1
be omitted.

Lemma 3.1 :W with the norm |lul|, = > [|uil + ||u}]|,, is a Banach
i=1
space.
In this paper, we assume that A and B are densely defined linear opera-

tors on ¢? whose domains contain the elements of the natural basis of ¢, and
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satisfy the property Au(t) = > u;(t)Ad; and Bu(t) = > u;(t)Bo;. It should
i=1 i=1
be remarked that If T is a densely defined closed linear operator on ¢2 then

Tu(t) = Sui(t)T6;

4 Solution For The Atomic Case

In this section we solve the degenerate abstract Cauchy problem for atomic
functions.

Let A : Dom(A) C > — ¢* , B : Dom(B) C (* — (2, be two linear
operators, and suppose that u(t) € Dom(A) N Dom(B) and v'(t) € Dom(B)
forallt € I =10,1].

The homogeneous degenerate abstract Cauchy problem is

Bu(t) = Aul(t)
u(0) = 2o

(P1)

Now, we would like to solve such a problem using the tensor product
technique. The first step is to look for a solution to problem (P1) among

atomic functions of the form

where g € CY(I) ,x € Dom(A) N Dom(B) . This is the object of this section.

The main result of this section is the following theorem:

Theorem 4.1. For u(t) = g(t)r, g € C'(I) and = ¢ KerA N KerB
problem (P1) has a unique solution.
Proof. There are two cases which are easy to handle..
(i) If x € ker A and = ¢ ker B, then ¢'(t)Bx = 0. But since = ¢ ker B
then ¢'(t) = 0. Hence g(t) = a constant and u(t) = ax such that az = 2y is a

unique solution of problem (P1) .
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(17) If x € ker B and x ¢ ker A. Then ¢(t)Ax = 0 and hence g(¢) = 0 since
x ¢ ker A. Thus u(t) = 0 is the unique solution of problem (P1) .

So the case which needs to be handled deeply is:x ¢ Ker AU KerB. Now, if
g is a constant function , then g(t) Az = 0. But since = ¢ ker A we get g(t) =0
vt € I. Hence u(t) = 0 is the unique solution of problem (P1). Therefore, g
can not be non-zero constant.

Since u(t) = g(t)x,we have ¢'(t)Bx = g(t)Ax. If g(t) =0 on £ C I , then
Ec={tel,glt)£0}={tel:g(t)>0u{tel:qg(t) <0}
Since E° is open set, it can be written as a countable union of disjoint open

intervals, say E¢ = U (e, B;)-Now, on each («a;, 5;) , i =1,2,..., g(t) # 0, so

we have
/
t
g1 )Bx:Ax , YVt € (o, 8;) ,i=1,2,
g(t)
This implies that
g'() .
= \; (constant) , on (ay,3;), 1 = 1,2, ...
L = (constant) L on (0.,

So ¢'(t) — Nig(t) =0, on (o, B;) ,i=1,2,..., and
g(t) = ;e vt € (o, B;),1 = 1,2, ...

Now, we claim that (a4, ;) ,7 = 1,2,...are adjacent intervals. Indeed, if
g(t) = cpet on (ay, B,) and if on the interval (3., ax11), g(t) = 0, then by the
continuity of g(t) at 3, we have c;e*Pr = 0 which is impossible unless ¢ = 0.
This implies g = 0 on (ag, ;) contradicting the assumption that g(t) # 0 on

(g, Br). Hence we can assume that

E° = U (a0
- azaaz+1)

i=1
and therefore g(t) can be written
cieMt t e (aq, )

g(t) = e [t € (am,az)
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Finally, we show that ¢(t) # 0, V¢t € I. In fact, since g is continuos at
t = apk = 2,3, ..., we have tﬁzn_cke’\kt = tlizrick+1ekk+1t = 0. This implies
that c,eM = cp M1 = (), thiCh is imposskible unless ¢, cx+1 both equal
zero. Hence g(t) # 0, Vt € I. Therefore, %Bx = Az, Vt € I. Hence
% = \,Vt € I, which implies g(t) = ce™ Vt € I , where g(0)x = 2y = cz.

Thus, u(t) = ez,

Corollary 4.2. For u(t) = g(t)z, g € C*(I) problem (P1) has a solution.
Proof If v ¢ KerAN KerB then by Theorem 4.1 has a unique solution.
If x belongs to KerA N KerB, then

Bu'(t) = Bg'(t)r = g(t)Bx =0 and Au(t) = Ag(t)r = g(t)Az =0

Thus u(t) = g(t)z is a solution to (P1) for all g € C''(I) such that zy = ¢(0)z. ®

5 Solution For The Finite Rank Functions Case

Here we are looking for a solution for (P1) among functions of the form
n2

uw(t) = 3 wig(t)dix, where u; € C*(I) ,i = 1,2,....,n. Such functions are
ik=n1

called finite rank functions. First we assume that B = I , so problem (P1)

becomes

(P2)

Theorem 5.1. Problem P2 has a unique solution for any densely defined
linear operator A on ¢2.

Proof. Let for simplicity u(t) = > u;(t)d;. Then /() = > u,(t)d;. So
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Since u/(t) is a linear combination of 0y, ..., d,,, then Au(t) belongs to [d1, 02, ..., 0]
. Thus Y = [0y, 03, ..., d,,] is an invariant subspace of A, and we can consider
the restriction of A on [0y, da, ..., §,], 1/4\1 : 101,09, ..., 0,] — [01, 02, ..., 0,]. Hence
1/4\1 has a matrix representation (i.e 1/4\1 = [a;;] where a;; = (A9;,9;)). Taking the

inner product of §; with both sides of equation (1) we get

Zu (6:,0,) Zul (Ady, 65)

Since {d;} is an orthonormal set, we have
u(t) = Zuz( YAij oo (2)

Then equation (2) represents a system of n linear differential equations,
which can be solved by finding the spectrum of Ql, which is a standard proce-
dure. Further, with the initial condition in (P2), the solution is unique.

Now, we try to solve (P1) in case B is not the identity, and u(t) is a finite
rank function. Without loss of generality, we look for a solution of the form
u(t) = iuz(t)dZ . Further, we assume that A, B are densely defined operators
on 2. Since Bu(t) = Au(t), then A(B1.6s....5,]) = B([61,60....5.]). So to0
simplify the notation, we can assume that [01, ds, ..., d,,] is invariant under both
A and B, and A,, and B, are the restriction of A and B to [01, d2, ..., 0,,].

With this setup, we can prove the following theorem.

Theorem 5.2. Let B, = B |[61,62,...,6n] be orthogonally diagonalizable lin-
ear operator such that A |y pis invertible. Then, problem (P1) has a unique
solution.

Proof. Since B, is diagonalizable, there exists a basis ¥ = {6y, ...,0,} such
that the matrix representation of B,, with respect to ¥ is D = diag(Aq, ..., \y)
where Ay, ..., \,, are the eigenvalues of B and 61, ...,60, are the corresponding
eigenvectors. Further, since B is orthogonally diagonalizable, (;) is orthonor-

mal.
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Now, if \; # 0 Vi = 1,...,n, then B, is invertible and hence problem (P1)
becomes /' (t) = B, ' A,u(t), which has a unique solution by Theorem 5.1.

Assume X\; # 0 for ¢ = 1,...,7. Let u(t) = > v;(t)0;. Then B,u'(t) =
=1

n

SV B,bs, and Anu(t) = > vs(t) Anb; . Hence
=1

i=1
ng(t)BnQZ = sz(t)Anel .................................................. (3)
i=1 i=1
Taking the inner product of §; with both sides of (3) we get
;’U; (t) <Bn0u (9]> = ;’UZ (t) <An017 €]> ..................................... (4)
Let A= Apers = [(A0:,0,)]; 1. -
From (3.3.5), we have
A1 0 U] Uy
0 A1 Ar
: = B R (5)
0 Ar . A A
/
0 0| LY ] | On
L. 0 ]
Multiplying (5) from left by the matrix B , we get:
0 At
A1 0 /
v U1
0 : A A
0 Ar A7y I,
U U,
0 0
So, we have
)\1 0 ’Ull U1 Ur41
= Ay + Ay
0 Ar vl Uy Uy,
and
U1 Ur41
0=A"As | ¢+ | +Lv | & | (6)
Uy Un,

Hence from(6) we get
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(| U1

= A A | 5 | (7)

UTL UT’
Substituting (7) in (5) we get ,

= (A; — A, A7 Ay)

Let D = diag(\y, ..., \)..Hence

V) U1
=D YA — AATTA) | 5 | e (8)
v, Uy
v, (t)
Let Vi(t) = : M = D Y (Ay — AyA~1Ag). ThenV{(t) = MVi(t).
vr(t)

For such M we have the following cases:
Case 1. M has A\, , A\, distinct eigenvalues, then the general solution

of the system is of the form
Vi(t) = Z%Eie’\it
i=1

where F; is the corresponding eigenvector

Case 2. M has \j,-- -, \; eigenvalues with multiplicity my, - -+, my (mq+
-+« +my = r). For such case we have the following sub-cases

Case 2.1. For each p =1,--- |k, A\, has m,, linearly independent eigenvec-
tors. Hence the general solution of the system is of the form

k
Vi(t) = (ap Byt + -+ + py By, )

p=1
Case2.2. For each p = 1,---,k, A\, has a single linearly independent

eigenvector. Then
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k

Vl(t) = 231 [(aplEpl + ap2(Ep1t + Ep2) “ Tt Qpmy, (BplEpltmp_l +t 5pmpEpmp) e)‘pt-(9>
p:
Case 2.3. ), has 1 <m,, < m, linearly independent eigenvectors, then

the solution of the system is of the form

k
Vi(t) =Y (Bt + -+ Gy By )N 4+ +

p=

|:Oépm;3+1 (Qplt + QpQ) +oeee Apm,, (ﬁplQpltmp_m;_l + 5p(mpfm;)Qp(mpfm;)) eApt

—

where 3,1, , B, ,p = 1,-+- ,k are known constant ,@)p; is a linear combi-

nation of E,;, - -- s Epmy, and

Qpg = (M - /\pI)Qm—la

For simplicity we may assume that V;(0) = : | , and we consider the

Cr
general solution which is given by (9), since other cases can be treated in a

similar way with slight difference in notations. Then

C1
= ilap Ept - Qpmy, (B, Epmy ) v (10)
Cr .
Let P=[Ey: - : By -t Egp oo 0 Egyp, ], then
[eq, - 7CT]T = Plaqy, Qg 5 Qgg, - ,akmk]T .............. (11)
Now we can choose F,q,q=1,--- ,mp,p=1,---  k such that
@OHIP<1
Proof
Case 5.1 (ii) |\, BplEpltm”_l + o+ B, Epm, || < 1
(i) (|80 mp = DBt 2 4 B By ]| <1

Then from (10) we have

k T
21|aply ot | < 21|ci| ........................ (12)
p:
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If we assume that Ro(M) < w < oo, then from (9),(10) and (11) we get

>~ [lap Byl + -+

p=1

apmp (ﬁplEpltmpil + -+ 5pmpEpmp)

1l

)(6p1Ep1tmp_1 + 5pmpEpmp)

k
< ewz |O‘p1| ||Ep1|| ot ‘apmp}
p=1

k r
< ewz lapa| + -+ |ozpmp| < ewz e
p=1 i=1

Also, if we differentiate V;(t) we get

E

‘/]./(t> = )\p [(aplEpl + Oép2(Ep1t + EpZ) ... + apmp (/BplEpltmpfl + . + ﬁpmpEpmp)} e)\pt +
p=1
k
Z |:Oép2Ep1 o Qi (B (Mg — ].)Epltmp_Q N Bpmp,lEpm,,_l)} ot
p=1
Thus
k
Sl [lapl 1Bt + -+ + g, | [| (BBt 4+ + B, B, ]| +
p=1
k
Z [|Ozp2| HEle +ot ‘apmp‘ 5pl(mp - l)Epltmp_2 + -+ BpmpﬂEpmpA ] He)\ptll
p=1
k T
< 26“’2 |ap1| + -4+ ‘Oépmp‘ < 2€wz |Cz|
p=1 i=1
Therefore uv € W. -

Here we give an example as an application of Theorem 5.1 on R? which can

be considered as a finite dimensional subspace of 2.

Example 5.1. Let B ,A be two linear operators on R? such that the
conditions in Theorem 5.1 are satisfied and the matrix representation of B

and A are

B= A=
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1
The eigenvalues of B are 2, 0 and the corresponding eigenvectors are V2
1
G
1
V2
o=
V2
1 1
Let u(t) = vi(t) | V2 | +wva(t) | V2 | ,then
1 -1
V2 V2
1 1 L L
v (t)B Vf +uh(t)B f — vy (H)A \f +us(t)A fﬁ ........ (13)
V2 V2 V2 V2
L L
‘Taking the inner product of (13) with | V2 | , | ¥2 | to get
1 -1
V2 V2
L L L L
2Ull (t) - Ul(t) <A vz ’ vz > + U2(t) <A V2 ’ V2 >
1 1 —1 1
V2 V2 V2 V2
and
L L L L
0= U1<t><A \ii ) \/f > + U2<t)<A \/f ) \/f >
V2 V2 V2 V2
Thus
201(t) = 3vi(t) + 2vuy(t)
0 = —’Ug(t)
H _ ¢ 3t 1 c 3t 0
ence u(t) = “=e> . + ez 1

6 Solutions for Infinite Rank functions

In this section, we are going to solve problems (P1) and (P2) among functions
of the form u(t) = > u;(t)d; € W. We make the following assumptions
j=1
Assumption 6.1. Assume that A is a densely defined linear operator on

02 such that [0y, s, - -] is invariant under A and R\ < w < oo, VA € 0 (4).
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Assumption 6.2. Assume that (|¢;|) and (|¢;\;|) belong to ¢!, where
{Ai, A, - -+ } is the set of eigenvalues of A.
We call A : [01,dq, -] — ¢* diagonal linear operator if the matrix repre-

sentation of A with respect to the basis {0j} is diagonal.

Theorem 6.1. Let A be a diagonal linear operator, such that Assump-
tion 6.1and 2.2 are satisfied. Then problem (P2) has a unique solution.

Proof. Since Y u; ® d;and Y uj ® §; converge uniformly in C'(1,£?),
j=1 J=1

then u/(t) = iu;(tﬁj. Also, since Au(t) = iuj(t)/léj then,
j=1

D W) = ui(t)As; = u(t)A;;
=1 j=1 j=1

So, Z(u;(t) — u;(t)A;)0; = 0. Hence U;(t) — u;(t)A; = 0 for every j and
=1
ui(t) = cjeN' where ¢; = u;(0). Thus u(t) = Y c;e*'6;. Now, }eAit = et
=1

But, RA <w and ¢ € [0,1]. Hence

leile? ,ifw >0

[|wsl| = sup }Cz‘e’\it = |c;| supet® <
tel tel 6] L ifw<0
and
Nelew ifw>0
Hu;” = sup |Ci/\i6>‘it = |)\ch| Supe)‘it < | i z| s
- el |INici]  ,ifw <0
Thus,

e”Z ’01’ + |)\zcz| ,Zf w>0

00
el = > Husll + g < 5 ,

i=1 Z|CZ\+\)\1Q] ,Zf w SO
=1

From assumption 6.2, we see that ||ul|; < oo, sou e W.

Definition 6.2. A linear operator B defined on a Hilbert space H is called

semi-diagonal if there exist orthogonal subspaces {IV };’il, such that
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1. dimW; < 00,Vj
3. H= oW,
j=1

Theorem 6.3. Let A be semi-diagonal linear operator, such that assump-
tions 6.1 and 6.2 are fulfilled. Then problem (P2) has a unique solution .
Proof. since A is semi-diagonal, there exist Wi, W,...orthogonal subspace of
% such that for each j dim W; < oo, A(W;) C W, and ¢* = 69 W, . With out
loss of generality, according to the decomposition of 2, we may assume that
{5nj_1+1, e ,5nj}where ng =0, 7 =1,2,---, is the corresponding basis for

W; . Since Y u;(t)d; and Y u(t)d; converge uniformly in C (I, (%), we have

j=1 j=1

u'(t) = Y uj(t)d;, and by assumption on A, we have Au(t) = > u;(t)Ad;. Now,
=1

=1

u(t) = Zuk( Y ZJ: ug(t)dr where ZJ: ui(t)or € W;. Hence we
Jj=lk=n;_1+1 k=n;_1+1
can erte uw'(t) = Au(t) as
DT w®=>_ Y uk(t)Ady
j=1k=n;_1+1 Jj=lk=n;_1+1

n;
Since the subspaces Wy, Ws,... are orthogonal, A(W;) C W;and >  w(t)dy €
k:nj_1+1

W; we have
n; n;

S outer= > w(t)As

k:nj_1+1 k:nj_1+1

This system, together with the initial condition «(0) restricted to W; has a
unique solution. So, on each W; , we have a unique solution w;(t). Apply the

same argument as in the last part of the proof of Theorem 5.2 for A ‘Wj = M;

we conclude that
ZHuJ [ <eZ Z x| < o0
j=1k= =n;_ 1+1

and

ZHUJ [ <€Z Z [ Arck| < o0

Jj=lk=n;_1+1
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Therefore, ||ul|, < co and so u € W.

Now we are going to solve problem (P1). But first we need to assume the
following assumptions on the operators A and B in order to make sure that
the desired solution belong to the spacell/

Assumption 6.3. A and B are semi-diagonal linear operators with the

same decomposition (i.e there exist orthogonal subspaces {W}};’il such that
1. dsz] < 00,Vj
2. W; is invariant under A and B for every j

3. 2= oW,

7j=1
Assumption 6.4. B; = B ‘Wj is orthogonally diagonalizable such that
flj = A, |ker Bj 1s invertible for every j.

From the proof of Theorem 5.2 we have on each W;

M; = Dy (Aj + ApAj ' Ajs)

J J

Assumption 6.5. For each j , Ro(M;) <w < o0

Theorem 6.4. Let A, B be two linear operators such that assumptions

(6.3),(6.4),(6.5) are satisfied. Then for (¢;) € ¢* problem (P4) has a unique

solution.
Proof As in the proof of Theorem 6.3 we can assume that {5nj_1+1, e ,5nj}
where ny = 0, j = 1,2,---, is the corresponding basis for W; . Also, since

> u;®d; and Y ui®0; converge uniformly in C' (1, ¢?), then /(t) = Y- u(t)d;.
‘ = =1

7=1
Further, by assumption on A, we have Au(t) = > u;(t)Ad; and Bu'(t) =
j=1

Zu;(t)Béj . Now, u(t) = D up(t)dr = > > wur(t)or = > wjw. Thus,
j=1 k=1 j=1

jilk‘:n]'_l-i-l

zp%@:me)
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Since the subspaces Wy, Ws,... are orthogonal, W; is invariant under A and B
%]

for every j and w;(t) = > wi(t)dr € W; we have
k:nj,1+1
Bw}(t) = Aw;(t),Vj and w;(0) = (cn;_ 141, ,Cn;) (1)

By Theorem5.2 problem (1) has a unique solution which satisfies

Do Nl +llul <2¢ > el
k:nj_1+1 k:n]‘_l—l-l

Thus,

o0
lally = > luwll + llug
k=1

o] n;
= D D Il +

jil k:nj,1+1

o0
< 26“2 |ck|
k=1

Therefore, u € W. [ |
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REPRESENTATION OF QUASI QUADRATIC FUNCTIONALS BY
SESQUILINEAR ONES AND JORDAN *-DERIVATIONS

MEHMET ACIKGOZ AND ALIAKBAR GOSHABULAGHI

ABSTRACT. In this study, we will mainly try to give an answer to the question
of representability of quasi quadratic functional on modules over general *-ring
including complex (Banach) *-algebras by using Jordan *-derivations.

1. INTRODUCTION

Let R be an *-ring with identity such that 2 is a unit in R and M be left R-
module. The mapping @) : M — R is said to be quasi quadratic functional if for
any z,y € M and a € R the parallelogram law

(1.1) Qz+y)+Q(x—y) =2Q () +2Q(y)
and the homogeneity equation
(1.2) Q (az) = aQ (z) a*

holds. A biadditive mapping S : M x M — R satisfying
(13) S(a1$1 + a2x27y) = als(xlay)+a25(x27y) (a17a2 S R7 T1,22,Y S M)a

(1.4) S (w,a1y1 + azy2) = S (w,y1) a] + S (v,y2) a; (a1,a2 € R, ,y1,y2 € M)

is a sesquilinear functional. One can check that for any sesquilinear functional S
the functional @ defined by Q () = S (z,z), € M, is quasi quadratic. Now it is
interesting to know that for a quasi quadratic functional @ is there a sesquilinear
functional S such that @ (z) = S (x,z) for any x € M? In 1963, Halperin in his
lecture on Hilbert spaces posed this problem for the special case that M is a vector
space over F' € {R,C,H}. Here, R and C denote the field of real and complex
numbers respectively and H denotes the skew-field of quaternions. In 1987 Semrl
[7] gave a positive answer to Halperin’s problem for quasi-quadratic functionals
defined on a vector space over a complex *-algebra with an identity. It was proved
that if Q) is a quasi-quadratic functional on a module over a complex *-algebra with
an identity element, then the mapping S defined by

S@y) =1 @Q@+y)~Q—y)++ Q@ +iy) - Qi)

is sesquilinear functional and satisfies @ (z) = S (z,x). This result is an extension
of the Jordan-Von Neumann theorem [14] which characterises pre-Hilbert spaces
among all normed spaces.

Date: September 05, 2008.
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Key words and phrases. Quasi-quadratic functional, sesquilinear functional, Jordan *-
derivation, inner jordan *-derivation.
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An additive mapping J : R — R defined on a *-ring R is called a Jordan
*-derivation if J (a?) = aJ (a) 4+ J(a)a* for any a € R. A mapping J, on R,
a € R, defined by J,, (b) = ba — ab* is called an inner Jordan *-derivation. Jordan
*_derivations play an important role in solution of the representability of quasi
quadratic functionals by sesquilinear functionals (See [2], [3], [5], [6], [8] ). Here
we will use Jordan *-derivations to solve the problem of representability of quasi
quadratic functionals on general *-rings including complex (Banach) *-algebras.

2. MAIN RESULTS

In this section we will consider R as a *-ring with identity 1 in which 2 is a unit
in R. Also M is a left R-module. Now let there exists an element ag € R such that

(2.1) ap +ay, =0, apaj=1

(2.2) apa =aay (a € R).

Let J : R — R be a Jordan *-derivation then J' : R — R defined by J' (a) =
(J(a))" is a Jordan *-derivation. Also for each ¢ € Z(R) the functional J’ :
R — R defined by J' (a) = ¢J (a) is a Jordan *-derivation too. So for any Jordan
*-derivation J : R — R by choosing Jy (a) = % (J(a)+J(a)") and J5(a) =

% (J (a) — J (a)") it is seen that J(a) = Ji (a) + agJz (@) which J; and J, are

Jordan *-derivations and J; (a) = Jy(a)*, Jo(a) = J2(a)”. Moreover for each
fixed ag such representation of a Jordan *-derivation is unique.

Theorem 1. Let J: R — R be additive. The following conditions are equivalent:
(1) J is a Jordan *-derivation.
(2) For any a,b € R,
(2.3) J (aba) = abJ (a) + aJ (b) a* + J (a) b a™.
Proof. (2)=(1); By giving b = 1 in (2.3) we see that J is a Jordan *-
derivation.
(1)=(2); By giving a + b replace of a in J (a?) = aJ (a) + J (a) a*, we
get the identity
J (ab) + J (ba) = bJ (a) + aJ (b) + J (a) b* + J (b) a™
Now let x = J [a (ab + ba) 4 (ab + ba) a] . Then

x = (ab+ba)J(a)+aJ(ab+ba)+ J(a)(b"a* +a*b*) + J (ab+ ba) a™
= 2abJ (a) + a*J (b) + aJ (a) b* + 2aJ (b) a* + baJ (a)
(2.4) +bJ (a) a* + 2J (a) b*a* + J (b) a*? + J (a) a*b*.
On the other hand
x = J(a(ab+ ba)+ (ab+ ba)a)

= J(a2b+aba+aba+ba2)
= 2J(aba) + J (a®b) + J (ba?)

2J (aba) + bJ (a®) + a®J (b) + J (a®) b* + J (b) a*
= 2J (aba) + baJ (a) + bJ (a)a* +a2J(b)

+aJ (a)b* + J (a) a*b* + J (b) a*
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This and (2.4) yields
J (aba) = abJ (a) + aJ (b) a* + J (a) b a™.

(]
Corollary 1. FEach Jordan *-derivation on R is inner.
Proof. Give a = ag in (2.3). Then
2J (b) = J (ao) b*ag — aobJ (ao) = (aoJ (ao)) b — b(aoJ (ao)),
$0
7 () = —5 (b (a0 (an)) — (a0 (a0))b").
Hence for by = f%aoJ(ao), J = Jp,- O

Theorem 2. Let Q : M — R be a quasi quadratic functional. Then the functional
S:Mx M — R defined by

Sy =7 @ +1) - QG — 1)+ 2 (Q+a0w) ~ Qz — apy)),

is sesquilinear and S (z,z) = Q (x).

Proof. Give S1 (z,y) = Q(x+y) — Q (x —y) and define J; : R — R by Ji (a) =
Sy (az,y) — aS1 (z,y) . Then S; is biadditive so S is biadditive and hence J; is
additive. Moreover
ati(a) + Ji(a)a* — Jy (a®) = aQ (azx+y) —aQ (az —y) — a*Q (z + y)
+a*Q(z—y) +Q(ax +y)a* — Q(ax —y)a
—Q (az + ay) + Q (azx — ay) — Q (a*z +y)
+Q (a®r —y) +a’Q(z +y) —a*Q (z — )
= aQ(azx +y) —aQ (az —y) + Q(ax +y)a”
—Q(ax —y)a" + ;[Q((aZ—l-a)x— (a+1)y)
+Q((a —a)z+ (a—1)y)
~Q((@* +a)z+( )= Q((¢> —a)z—(a—1)y)]

*

+(a+1
= aQ(ax+y) —aQ (ax —y) + Q (ax +y)a
~Qaz —y)a* + 5[+ 1)Qar —y) (a" +1)
+(@-1)Q (ax+y)(a -1)
—(a+1)Q(ax +y)(a"+1)—(a—1)Q(az —y) (a* —1)]
— aQ(az +y) —aQ (az —y) + Q (az + y) a’
—Q (ar —y)a* 4+ aQ (ar — y) + Q (ax — y) a”
—aQ (az +y) — Q (ax +y) a*
= 0.

Similarly for Jo (a) = Ss (az,y) — aSz (x,y) in which Sz (z,y) = Q(x + apy) —
Q (x — apy) it is seen that Jo : R — R is a Jordan *-derivation too. So the functional
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J : R — R defined by J (a) = J; (a) +agJ2 (a) is a Jordan *-derivation and hence is
an inner Jordan *-derivation with J (a) = —3 (a (agJ (ao)) — (a0 (ag)) a*) . Since

Q(az +y) = Q(z—agy) and Q(ar —y) = Q (z + aoy)

J(ao) = Q(aoz+y)—Q(aor —y) —a® (z+y) +aQ (z —y)
+ao [Q (aoz + aoy) — Q (a0 — agy) — aoQ (z + aoy) + aoQ (z — agy)]
= Q(aoz+y) — Q(az —y) —aQ (z +y) + a@ (z —y)
+aoQ (z+y) —aoQ (z — y) + Q (z + apy) — Q (z — aoy)
= 0.
Thus for any a € R, J (a) = 0 and hence
(2.5) S (azx,y) = aS (z,y) .

Clearly for any ¢ € R the identity S (cz,cy) = ¢S (z,y) ¢* holds and so by giving
c=a+1;

S (az, ay)+S (ax,y)+S (x,ay)+S (z,y) = aS (z,y) a*+aS (z,y)+S (z,y) a*+S (z,y)
This with (2.5) yields

aS (z,y) + 5 (z,y) a” = S(az,y) + 5 (z,ay) = aS (z,y) + 5 (z, ay) ,
Therefore S (z,ay) = S (z,y) a*. The identity S (z,z) = @ (x) is clear. O

Proposition 1. Let R be a unital commutative *-ring with trivial involution such

that 2 is a unit in R then each Jordan *-derivation on R is inner and hence zero if
and only if each quasi quadratic functional on any R—module M be quadratic.

Proof. If the only Jordan *-derivation on R be equal to zero then similar to Theorem
2 it is seen that for any quasi quadratic functional @ : M — R the functional
S: M x M — R defined by

S@y) =1 Q@ +y)-Q—y)),

is sesquilinear and S (z,z) = Q (z) for any © € M . Conversely, let there exists a
Jordan *-derivation J on R which is not inner then the functional Q : Rx R — R
defined by

Q ((a,b)) = J (ba) = bJ (a) — J (a) b* = aJ (b) — bJ (a),

is quasi quadratic [4, theorem 2]. If there exists a sesquilinear functional S which
generates () then

S((a,b),(c;d)) = aS((1,0),(1,0))c+aS((1,0,(0,1)d
+bS((0,1), (1,0)) c + bS ((0,1),(0,1)) d
= a5((1,0),(0,1))d+b5((0,1),(1,0)) c

So
—J (a) =Q ((a7 1)) =S ((a” 1) ’ (a’ 1)) =a (S ((170) ’ (07 1)) +S ((Oa 1) ’ (1’ O))) ’

Now since J (1) = 0 so we get J = 0 which is a contradiction. O
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Example 1. Consider R the field of reals with trivial involution. Define the func-

tional J on R by
7 aloglal, a#0
(a) { §,| | a=0 }

Clearly D (a®) = 2aD (a) but J is not a Jordan *-derivation because it is not
additive. In fact the only continuous Jordan *-derivation on R is equal to zero
since it 1s zero on the demse subset, rational numbers so any nontrivial Jordan
*-derivation on R should be discontinuous.

REFERENCES

[1] Giilsen 1., Involiisyonlu halkalarda tiirevler, Pamukkale Universitesi, Fen Bilimleri Enstitiisii,
Matematik A.B.D. Temmuz 1998.
[2] Zalar, B., Jordan *-derivation pairs and quadratic functionals on modules over
quationes Mathematicae, 54, (1997), 31-43.
[3] Semrl, P., Jordan *-derivations of standard operator algebras, Proc. Amer. Math. Soc. 120,
(1994), 515-519.
[4] Semrl, P., Quadratic and quasi-quadratic functionals, Proc. Amer. Math. Soc., 119, no 4
(1993) , 1105-1113.
[5] Bresar, M., and Zalar, B., On the structure of Jordan *-derivations, Colloq. Math., 63, (1992),
163-171.
[6] Semrl, P., Quadratic functionals and Jordan *-derivations, Studia Math., 97 (1991), 157-165.
[7] Semrl, P., On quadratic functionals, Bull. Austral. Math. Soc., 37 (1987), 27-29.
[8] Davison, T.M.K., Jordan derivations and quasi-bilinear forms, Comm. Algebra, 12 (1984),
23-32.
[9] Vukman, J., A result concerning additive functions in hermitian Banach *-algebras and an
application, Proc. Amer. Math. Soc., 91 (1984), 367-372.
[10] Gleason, A. M., The definition of a quadratic form, Amer. Math. Montly, 73 (1966) 1049-1056.
[11] Kurepa, S., Quadratic and sesquilinear functionals, Glass. Mat. Ser. III, 20 (1965) 79-92.
[12] Kurepa, S., The Cauchy functional equation and scalar product in vector spaces, Glas. Mat.
Ser. I11. 19 (1964), 23-35.
(13] Zariski, O., Sammuel, P., Commutative Algebra, Van Nostrand, Princeton, Nj, (1958) .
[14] Jordan, P., Von Neumann, J., On inner products in linear metric spaces, Ann. of Math.(2),
36 (1935), 719-723.

*-rings, Ae-

UNIVERSITY OF GAZIANTEP, FACULTY OF SCIENCE AND ARTS, DEPARTMENT OF MATHEMATICS,
27310 GaziaANTEP, TURKEY
E-mail address: acikgoz@gantep.edu.tr

FAcuLTY OF MATHEMATICS AND COMPUTER SCIENCES, AMIRKABIR UNIVERSITY OF TECHNOL-
0GY ( TEHRAN POLYTECHNIC ), 424 HAFEZ AVE., TEHRAN 15914, IRAN
E-mail address: alakgoo@yahoo.com

143



144

Instructions to Contributors
Journal of Applied Functional Analysis
A quartely international publication of Eudoxus Press, LLC of TN.

Editor in Chief: George Anastassiou

Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152-3240, U.S.A.

1. Manuscripts, hard copies in quadruplicate and in English,should be submitted
by regular, unregistered mail, to the Editor in Chief.

Authors may want to recommend an associate editor most related to the submission to
possibly handle it. In addition, to assist the Editor and speed the decision process,
authors may include a PDF file of the paper on disk with the submitted copies of the
manuscript.

Also authors may want to submit a list of six possible referees, to be used in case we
cannot find related referees by ourselves.

2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to
save a copy of the style file.)They should be carefully prepared in all respects.
Submitted copies should be brightly printed (not dot-matrix), double spaced, in ten
point type size, on one side high quality paper 8(1/2)x11 inch. Manuscripts should have
generous margins on all sides and should not exceed 24 pages.

3. Submission is a representation that the manuscript has not been published
previously in this or any other similar form and is not currently under consideration
for publication elsewhere. A statement transferring from the authors(or their
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before
the manuscript can be accepted for publication. The Editor-in-Chief will supply the
necessary forms for this transfer.Such a written transfer of copyright,which previously
was assumed to be implicit in the act of submitting a manuscript,is necessary under the
U.S.Copyright Law in order for the publisher to carry through the dissemination of
research results and reviews as widely and effective as possible.

4. The paper starts with the title of the article, author's name(s) (no titles or degrees),
author’'s affiliation(s) and e-mail addresses. The affiliation should comprise the
department, institution (usually university or company), city, state (and/or nation) and
mail code.



The following items, 5 and 6, should be on page no. 1 of the paper.
5. An abstract is to be provided, preferably no longer than 150 words.

6. A list of 5 key words is to be provided directly below the abstract. Key words should
express the precise content of the manuscript, as they are used for indexing purposes.

The main body of the paper should begin on page no. 1, if possible.

7. All sections should be numbered with Arabic numerals (such as: 1.
INTRODUCTION) .

Subsections should be identified with section and subsection numbers (such as 6.1.
Second-Value Subheading).

If applicable, an independent single-number system (one for each category) should be
used to label all theorems, lemmas, propositions, corrolaries, definitions, remarks,
examples, etc. The label (such as Lemma 7) should be typed with paragraph
indentation, followed by a period and the lemma itself.

8. Mathematical notation must be typeset. Equations should be numbered
consecutively with Arabic numerals in parentheses placed flush right,and should be
thusly referred to in the text [such as Eqgs.(2) and (5)]. The running title must be placed
at the top of even numbered pages and the first author's name, et al., must be placed at
the top of the odd numbed pages.

9. lllustrations (photographs, drawings, diagrams, and charts) are to be numbered in
one consecutive series of Arabic numerals. The captions for illustrations should be
typed double space. All illustrations, charts, tables, etc., must be embedded in the body
of the manuscript in proper, final, print position. In particular, manuscript, source,
and PDF file version must be at camera ready stage for publication or they cannot be
considered.

Tables are to be numbered (with Roman numerals) and referred to by number in
the text. Center the title above the table, and type explanatory footnotes (indicated by
superscript lowercase letters) below the table.

10. List references alphabetically at the end of the paper and number them
consecutively. Each must be cited in the text by the appropriate Arabic numeral in
square brackets on the baseline.

References should include (in the following order):

initials of first and middle name, last name of author(s)

title of article,

name of publication, volume number, inclusive pages, and year of publication.

Authors should follow these examples:

145



146

Journal Article

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators,
(journal name in italics) J. Approx. Theory, 62,170-191(1990).

Book

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986.

Contribution to a Book

3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495.

11. All acknowledgements (including those for a grant and financial support) should
occur in one paragraph that directly precedes the References section.

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes
should be numbered consecutively using Arabic numerals and should be typed at the
bottom of the page to which they refer. Place a line above the footnote, so that it is set
off from the text. Use the appropriate superscript numeral for citation in the text.

13. After each revision is made please again submit four hard copies of the revised
manuscript. And after a manuscript has been accepted for publication submit four
hard copies of the final revised manuscript. Additionally, two copies of the final
version of the TEX/LaTex source file and a PDF file, are to be submitted to the
Editor's Office on personal 3.5 inch computer disks. Label the disks individually with
clearly written identifying information, e.g. :

Your name, title of article, kind of computer used, kind of software and version number, disk format
and files names of article, as well as abbreviated journal name.

Package the disks in a disk mailer or protective cardboard. Make sure contents of
disks are identical with the ones of final hard copies submitted!

Note: The Editor's Office cannot accept the disks without the accompanying
matching hard copies of manuscript. No e-mail final submissions are allowed! File
submission on disk must be used.

14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The
fee payment will be due one month from the invoice date. The article will proceed to
publication only after the fee is paid. The charges are to be sent, by money order or
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on
the Eudoxus homepage.



147

No galleys will be sent and the contact author will receive one(1) electronic copy of
the journal issue in which the article appears.

15. This journal will consider for publication only papers that contain proofs for
their listed results.



TABLE OF CONTENTS, JOURNAL OF APPLIED FUNCTIONAL
ANALYSIS, VOLUME 5, NO.1, 2010

A perturbation result for the layer potentials of general second order differential operators with
constant coeffcients, Matteo Dalla Riva, Massimo Lanza de Cristoforis,........................... 10

Orthonormal wavelet systems and multiresolution analyses, Richard A. Zalik,.................... 31

Uniform Real and Fuzzy Estimates for Distances between Wavelet type Operators at real and
fuzzy setting, George A. ANAStASSIOU,. ... .ouueutnttint ettt ettt ettt ettt eieeeeaean 42

General Over-Relaxed A—Proximal Point Algorithms and Applications to Nonlinear Variational
Inclusions, Rom U. Verma,...........oooiiiiiiiiii i e, 73

Traffic Flower with n Petals, Alexander P. Buslaev,...........ccooiiiiiiiiiiiiiii 85

On the relative controllability and minimum energy control of systems with delay in state and
control variables, Davies Iyal,........o.viiuiiitiii i 100

Global Existence of Solutions for Nonlinear integral equations of second order, H. L. Tidke,...113

Tensor Product Technique and the Degenerate Homogeneous Abstract Cauchy Problem, A. M.
Zigan, M. Al Horani, R. Khalil,........ ..o e, 121

Representation of quasi quadratic functionals by sesquilinear ones and Jordan *-derivations,
Mehmet Acikgoz, Aliakbar Goshabulaghi,...............ooi 139



Volume 5, Number 2 April 2010

ISSN:1559-1948 (PRINT), 1559-1956 (ONLINE)

EUDOXUS PRESS,LLC

v
Vs
L UDOXTS I

JOURNAL OF APPLIED FUNCTIONAL
ANALYSIS



150

SCOPE AND PRICES OF

JOURNAL OF APPLIED FUNCTIONAL ANALYSIS

A quartely international publication of EUDOXUS PRESS,LLC
I1SSN:1559-1948(PRINT) ,1559-1956 (ONL INE)

Editor in Chief: George Anastassiou
Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152,USA

E mail: ganastss@memphis.edu

The purpose of the "Journal of Applied Functional Analysis'"(JAFA) is to
publish high quality original research articles, survey articles and book
reviews from all subareas of Applied Functional Analysis in the broadest form
plus from its applications and its connections to other topics of Mathematical
Sciences. A sample list of connected mathematical areas with this publication
includes but is not restricted to: Approximation Theory, Inequalities,
Probability in Analysis, Wavelet Theory, Neural Networks, Fractional Analysis,
Applied Functional Analysis and Applications, Signal Theory, Computational Real
and Complex Analysis and Measure Theory, Sampling Theory, Semigroups of
Operators, Positive Operators, ODEs, PDEs, Difference Equations, Rearrangements,
Numerical Functional Analysis, Integral equations, Optimization Theory of all
kinds, Operator Theory, Control Theory, Banach Spaces, Evolution Equations,
Information Theory, Numerical Analysis, Stochastics, Applied Fourier Analysis,
Matrix Theory, Mathematical Physics, Mathematical Geophysics, Fluid Dynamics,
Quantum Theory. Interpolation in all forms, Computer Aided Geometric Design,
Algorithms, Fuzzyness, Learning Theory, Splines, Mathematical Biology, Nonlinear
Functional Analysis, Variational Inequalities, Nonlinear Ergodic Theory,
Functional Equations, Function Spaces, Harmonic Analysis, Extrapolation Theory,
Fourier Analysis, Inverse Problems, Operator Equations, Image Processing,
Nonlinear Operators, Stochastic Processes, Mathematical Finance and Economics,
Special Functions, Quadrature, Orthogonal Polynomials, Asymptotics, Symbolic and
Umbral Calculus, Integral and Discrete Transforms, Chaos and Bifurcation,
Nonlinear Dynamics, Solid Mechanics, Functional Calculus, Chebyshev Systems.
Also are included combinations of the above topics.

Working with Applied Functional Analysis Methods has become a main trend
in recent years, so we can understand better and deeper and solve important
problems of our real and scientific world.

JAFA is a peer-reviewed International Quarterly Journal published by
Eudoxus Press,LLC.

We are calling for high quality papers for possible publication. The
contributor should send four copies of the contribution to the EDITOR in CHIEF
in TEX,LATEX double spaced,in ten point type size. They should be sent BY
REGULAR MAIL ONLY, NOT REGISTERED MAIL, AND NO E-MAIL SUBMISSIONS [ See:
Instructions to Contributors]

Journal of Applied Functional Analysis(JAFA)
is published in January,April,July and October of each year by



151

EUDOXUS PRESS,LLC,
1424 Beaver Trail Drive,Cordova, TN38016,USA,
Tel.001-901-751-3553
anastassioug@yahoo.com
http://www.EudoxusPress.com visit also http://www.msci.memphis.edu/~ganastss/jafa.

Webmaster:Ray Clapsadle

Annual Subscription Current Prices:For USA and Canada,Institutional:Print $400,Electronic
$250,Print and Electronic $450.Individual:Print $ 150, Electronic $80,Print &Electronic $200.For
any other part of the world add $50 more to the above prices for Print.

Single article PDF file for individual $15.Single issue in PDF form for individual $60.

No credit card payments.Only certified check,money order or international check in US dollars are
acceptable.

Combination orders of any two from JOCAAA,JCAAM,JAFA receive 25% discount,all three
receive 30% discount.

Copyright©2010 by Eudoxus Press,LLC all rights reserved.JAFA is printed in USA.

JAFA is reviewed and abstracted by AMS Mathematical Reviews,MATHSCI,and
Zentralblaat MATH.

It is strictly prohibited the reproduction and transmission of any part of JAFA and in any form and
by any means without the written permission of the publisher.It is only allowed to educators to
Xerox articles for educational purposes.The publisher assumes no responsibility for the content of
published papers.

JAFA IS A JOURNAL OF RAPID PUBLICATION



152

Journal of Applied Functional Analysis
Editorial Board
Associate Editors

Editor in-Chief:

George A.Anastassiou

Department of Mathematical Sciences
The University of Memphis
Memphis,TN 38152,USA

901-678-3144 office

901-678-2482 secretary

901-751-3553 home

901-678-2480 Fax
ganastss@memphis.edu

Approximation

Theory, Inequalities,Probability,
Wavelet,Neural Networks,Fractional Calculus

Associate Editors:

1) Francesco Altomare

Dipartimento di Matematica
Universita®™ di Bari

Via E.Orabona,4

70125 Bari, ITALY
Tel+39-080-5442690 office
+39-080-3944046 home
+39-080-5963612 Fax
altomare@dm.uniba.it

Approximation Theory, Functional Analysis,
Semigroups and Partial Differential
Equations,

Positive Operators.

2) Angelo Alvino

Dipartimento di Matematica e Applicazioni
"R.Caccioppoli'™ Complesso
Universitario Monte S. Angelo

Via Cintia

80126 Napoli, ITALY

+39(0)81 675680
angelo.alvino@unina.it,
angelo.alvino@dma.unina.it
Rearrengements, Partial Differential
Equations.

3) Catalin Badea

UFR Mathematiques,Bat.M2,
Universite de Lillel

Cite Scientifique

F-59655 Villeneuve d-"Ascq,France

23) Nikolaos B.Karayiannis
Department of Electrical and
Computer Engineering

N308 Engineering Building 1
University of Houston
Houston,Texas 77204-4005

USA

Tel (713) 743-4436

Fax (713) 743-4444
Karayiannis@UH.EDU
Karayiannis@mail._gr

Neural Network Models, Learning
Neuro-Fuzzy Systems.

24) Theodore Kilgore
Department of Mathematics
Auburn University

221 Parker Hall,

Auburn University
Alabama 36849,USA

Tel (334) 844-4620

Fax (334) 844-6555
Kilgota@auburn.edu

Real Analysis,Approximation Theory,
Computational Algorithms.

25) Jong Kyu Kim

Department of Mathematics

Kyungnam University

Masan Kyungnam,631-701,Korea

Tel 82-(55)-249-2211

Fax 82-(55)-243-8609
Jongkyuk@kyungnam.ac.kr

Nonlinear Functional Analysis,Variational
Inequalities,Nonlinear Ergodic Theory,
ODE, PDE, Functional Equations.

26) Miroslav Krbec

Mathematical Institute

Academy of Sciences of Czech Republic
Zitna 25

CZ-115 67 Praha 1

Czech Republic

Tel +420 222 090 743

Fax +420 222 211 638
krbecm@matsrv.math.cas.cz

Function spaces,Real Analysis,Harmonic



Tel.(+33)(0)3.20.43.42.18

Fax (+33)(0)3.20.43.43.02
Catalin_.Badea@math.univ-lillel._fr
Approximation Theory, Functional
Analysis, Operator Theory.

4) Erik J.Balder

Mathematical Institute
Universiteit Utrecht

P.0.Box 80 010

3508 TA UTRECHT

The Netherlands

Tel .+31 30 2531458

Fax+31 30 2518394
balder@math.uu.nl

Control Theory, Optimization,
Convex Analysis, Measure Theory,
Applications to Mathematical
Economics and Decision Theory.

5) Carlo Bardaro

Dipartimento di Matematica e Informatica
Universita di Perugia

Via Vanvitelli 1

06123 Perugia, ITALY

TEL+390755853822

+390755855034

FAX+390755855024

E-mail bardaro@unipg.it

Web site: http://www.unipg.it/~bardaro/
Functional Analysis and Approximation
Theory,

Signal Analysis, Measure Theory, Real
Analysis.

6) Heinrich Begehr

Freie Universitaet Berlin

I. Mathematisches Institut, FU Berlin,

Arnimallee 3,D 14195 Berlin

Germany,

Tel. +49-30-83875436, office
+49-30-83875374, Secretary

Fax +49-30-83875403

begehr@math.fu-berlin.de

Complex and Functional Analytic

Methods in PDEs, Complex Analysis,

History of Mathematics.

7) Fernando Bombal

Departamento de Analisis Matematico
Universidad Complutense

Plaza de Ciencias,3

28040 Madrid, SPAIN

Tel. +34 91 394 5020

Fax +34 91 394 4726
fernando_bombal@mat.ucm.es

153

Analysis, Interpolation and
Extrapolation Theory,Fourier Analysis.

27) V. Lakshmikantham

Department of Mathematical Sciences

Florida Institute of Technology

Melbourne, FL 32901

e-mail: lakshmik@fit.edu

Ordinary and Partial Differential Equations,
Hybrid Systems, Nonlinear Analysis

28) Peter M.Maass

Center for Industrial Mathematics
Universitaet Bremen
Bibliotheksstr.1,

MZH 2250,

28359 Bremen

Germany

Tel +49 421 218 9497

Fax +49 421 218 9562
pmaass@math._uni-bremen.de

Inverse problems,Wavelet Analysis and
Operator Equations,Signhal and Image
Processing.

29) Julian Musielak

Faculty of Mathematics and Computer Science
Adam Mickiewicz University

Ul .Umultowska 87

61-614 Poznan

Poland

Tel (48-61) 829 54 71

Fax (48-61) 829 53 15
Grzegorz.Musielak@put.poznan.pl
Functional Analysis, Function Spaces,
Approximation Theory,Nonlinear Operators.

30) Vassilis Papanicolaou

Department of Mathematics

National Technical University of Athens
Zografou campus, 157 80

Athens, Greece

tel:: +30(210) 772 1722

Fax +30(210) 772 1775
papanico@math._ntua.gr

Partial Differential Equations,
Probability.

31) Pier Luigi Papini

Dipartimento di Matematica

Piazza di Porta S.Donato 5

40126 Bologna

ITALY

Fax +39(0)51 582528
papini@dm.unibo.it

Functional Analysis, Banach spaces,



154

Operators on Banach spaces,
Tensor products of Banach spaces,
Polymeasures, Function spaces.

8) Michele Campiti

Department of Mathematics "E.De Giorgi"
University of Lecce

P.0O. Box 193

Lecce, ITALY

Tel. +39 0832 297 432

Fax +39 0832 297 594
michele._campiti@unile.it
Approximation Theory,

Semigroup Theory, Evolution problems,
Differential Operators.

9)Domenico Candeloro
Dipartimento di Matematica e Informatica
Universita degli Studi di Perugia
Via Vanvitelli 1
06123 Perugia
ITALY
Tel +39(0)75 5855038

+39(0)75 5853822,

+39(0)744 492936
Fax +39(0)75 5855024
candelor@dipmat.unipg.it
Functional Analysis, Function spaces,
Measure and Integration Theory in
Riesz spaces.

10) Pietro Cerone

School of Computer Science and
Mathematics, Faculty of Science,
Engineering and Technology,
Victoria University

P.0.14428 ,MCMC

Melbourne,VIC 8001,AUSTRALIA
Tel +613 9688 4689

Fax +613 9688 4050
Pietro.cerone@vu.edu.au
Approximations, Inequalities,
Measure/Information Theory,
Numerical Analysis, Special Functions.

11)Michael Maurice Dodson

Department of Mathematics

University of York,

York Y010 5DD, UK

Tel +44 1904 433098

Fax +44 1904 433071

Mmd1@york.ac.uk

Harmonic Analysis and Applications to
Signal Theory,Number Theory and
Dynamical Systems.

Approximation Theory.

32) Svetlozar T.Rachev

Chair of Econometrics,Statistics

and Mathematical Finance

School of Economics and

Business Engineering

University of Karlsruhe

Kollegium am Schloss, Bau 11,20.12, R210

Postfach 6980, D-76128,

Karlsruhe,GERMANY.

Tel +49-721-608-7535,
+49-721-608-2042(s)

Fax +49-721-608-3811

Zari .Rachev@wiwi .uni-karlsruhe.de

Second Affiliation:

Dept.of Statistics and Applied Probability

University of California at Santa Barbara

rachev@pstat.ucsb.edu

Probability,Stochastic Processes and

Statistics,Financial Mathematics,

Mathematical Economics.

33) Paolo Emilio Ricci

Department of Mathematics

Rome University "La Sapienza"

P.le A_Moro,2-00185

Rome, ITALY

Tel ++3906-49913201 office
++3906-87136448 home

Fax ++3906-44701007

Paoloemilio.Ricci@uniromal.it

riccip@uniromal.it

Special Functions, Integral and Discrete

Transforms, Symbolic and Umbral Calculus,

ODE, PDE,Asymptotics, Quadrature,

Matrix Analysis.

34) Silvia Romanelli

Dipartimento di Matematica

Universita®™ di Bari

Via E.Orabona 4

70125 Bari, ITALY.

Tel (INT 0039)-080-544-2668 office
080-524-4476 home
340-6644186 mobile

Fax -080-596-3612 Dept.

romans@dm.uniba.it

PDEs and Applications to Biology and

Finance, Semigroups of Operators.

35) Boris Shekhtman
Department of Mathematics
University of South Florida
Tampa, FL 33620,USA

Tel 813-974-9710



12) Sever S.Dragomir

School of Computer Science and
Mathematics, Victoria University,
PO Box 14428,

Melbourne City,

MC 8001,AUSTRALIA

Tel. +61 3 9688 4437

Fax +61 3 9688 4050
sever@csm.vu.edu.au
Inequalities,Functional Analysis,
Numerical Analysis, Approximations,
Information Theory, Stochastics.

13) Paulo J.S.G.Ferreira
Department of Electronica e
Telecomunicacoes/1EETA
Universidade de Aveiro
3810-193 Aveiro

PORTUGAL

Tel +351-234-370-503

Fax +351-234-370-545
pjf@ieeta.pt

Sampling and Signal Theory,
Approximations, Applied Fourier Analysis,
Wavelet, Matrix Theory.

14) Gisele Ruiz Goldstein
Department of Mathematical Sciences
The University of Memphis
Memphis,TN 38152,USA.

Tel 901-678-2513

Fax 901-678-2480
ggoldste@memphis.edu

PDEs, Mathematical Physics,
Mathematical Geophysics.

15) Jerome A.Goldstein

Department of Mathematical Sciences
The University of Memphis
Memphis,TN 38152,USA

Tel 901-678-2484

Fax 901-678-2480
Jgoldste@memphis.edu
PDEs,Semigroups of Operators,

Fluid Dynamics,Quantum Theory.

16) Heiner Gonska

Institute of Mathematics

University of Duisburg-Essen
Lotharstrasse 65

D-47048 Duisburg

Germany

Tel +49 203 379 3542

Fax +49 203 379 1845
gonska@math.uni-duisburg.de
Approximation and Interpolation Theory,

155

boris@math.usf.edu
Approximation Theory, Banach spaces,
Classical Analysis.

36) Panayiotis Siafaricas
Department of Mathematics
University of Patras

26500 Patras

Greece

Tel/Fax +302 610 997169
panos@math.upatras.gr
ODE,Difference Equations, Special
Functions, Orthogonal Polynomials,
Applied Functional Analysis.

37) Rudolf Stens

Lehrstuhl A fur Mathematik

RWTH Aachen

52056 Aachen

Germany

Tel ++49 241 8094532

Fax ++49 241 8092212

stens@mathA. rwth-aachen.de
Approximation Theory, Fourier Analysis,
Harmonic Analysis, Sampling Theory.

38) Juan J.Trujillo

University of La Laguna
Departamento de Analisis Matematico
C/Astr_Fco.Sanchez s/n
38271.LalLaguna.Tenerife.

SPAIN

Tel/Fax 34-922-318209
Juan.Trujillo@ull._es

Fractional: Differential Equations-
Operators-

Fourier Transforms, Special functions,
Approximations,and Applications.

39) Tamaz Vashakmadze
I .Vekua Institute of Applied Mathematics
Thbilisi State University,
2 University St. , 380043,Tbilisi, 43,
GEORGIA.
Tel (+99532) 30 30 40 office

(+99532) 30 47 84 office

(+99532) 23 09 18 home
Vasha@viam.hepi.edu.ge
tamazvashakmadze@yahoo.com
Applied Functional Analysis, Numerical
Analysis, Splines, Solid Mechanics.

40) Ram Verma

International Publications
5066 Jamieson Drive, Suite B-9,
Toledo, Ohio 43613,USA.



156

Computer Aided Geometric Design,
Algorithms.

17) Karlheinz Groechenig

Institute of Biomathematics and Biometry,
GSF-National Research Center

for Environment and Health

Ingolstaedter Landstrasse 1

D-85764 Neuherberg,Germany.

Tel 49-(0)-89-3187-2333

Fax 49-(0)-89-3187-3369
Karlheinz.groechenig@gsf.de
Time-Frequency Analysis, Sampling Theory,
Banach spaces and Applications,

Frame Theory.

18) Vijay Gupta

School of Applied Sciences

Netaji Subhas Institute of Technology
Sector 3 Dwarka

New Delhi 110075, India

e-mail: vijay@nsit.ac.in;
vijaygupta2001l@hotmail.com
Approximation Theory

19) Weimin Han

Department of Mathematics

University of lowa

lowa City, 1A 52242-1419

319-335-0770

e-mail: whan@math._uiowa.edu

Numerical analysis, Finite element method,
Numerical PDE, Variational inequalities,
Computational mechanics

20) Tian-Xiao He

Department of Mathematics and

Computer Science

P.0.Box 2900, I1linois Wesleyan University
Bloomington, IL 61702-2900,USA

Tel (309)556-3089

Fax (309)556-3864

the@iwu.edu

Approximations,Wavelet, Integration Theory,
Numerical Analysis, Analytic Combinatorics.

21) Don Hong

Department of Mathematical Sciences
Middle Tennessee State University

1301 East Main St.

Room 0269, Blgd KOM

Murfreesboro, TN 37132-0001

Tel (615) 904-8339

dhong@mtsu.edu

Approximation Theory,Splines,Wavelet,
Stochastics, Mathematical Biology Theory.

Verma99@msn.com
rverma@internationalpubls.com
Applied Nonlinear Analysis, Numerical
Analysis, Variational Inequalities,
Optimization Theory, Computational
Mathematics, Operator Theory.

41) Gianluca Vinti
Dipartimento di Matematica e Informatica
Universita di Perugia
Via Vanvitelli 1
06123 Perugia
ITALY
Tel +39(0) 75 585 3822,
+39(0) 75 585 5032
Fax +39 (0) 75 585 3822
mategian@unipg.-it
Integral Operators, Function Spaces,
Approximation Theory, Signal Analysis.

42) Ursula Westphal

Institut Fuer Mathematik B
Universitaet Hannover

Welfengarten 1

30167 Hannover ,GERMANY

Tel (+49) 511 762 3225

Fax (+49) 511 762 3518
westphal@math.uni-hannover .de
Semigroups and Groups of Operators,
Functional Calculus, Fractional Calculus,
Abstract and Classical Approximation
Theory, Interpolation of Normed spaces.

43) Ronald R.Yager

Machine Intelligence Institute

lona College

New Rochelle,NY 10801,USA

Tel (212) 249-2047

Fax(212) 249-1689

Yager@Panix.Com

ryager@iona.edu

Fuzzy Mathematics, Neural Networks,
Reasoning,

Artificial Intelligence, Computer Science.

44) Richard A. Zalik

Department of Mathematics

Auburn University

Auburn University,AL 36849-5310

USA.

Tel 334-844-6557 office
678-642-8703 home

Fax 334-844-6555

zalik@auburn.edu

Approximation Theory,Chebychev Systems,

Wavelet Theory.



22) Hubertus Th. Jongen
Department of Mathematics

RWTH Aachen

Templergraben 55

52056 Aachen

Germany

Tel +49 241 8094540

Fax +49 241 8092390
jongen@rwth-aachen.de

Parametric Optimization, Nonconvex
Optimization, Global Optimization.

157



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.5, NO.2, 158-168, COPYRIGHT 2010 EUDOXUS PRESS, LLC

Operations on Multipliers and Certain Spaces of Tempered
Ultradistributions of Roumieu and Beurling Types for the
Hankel-type Transformations
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Abstract
Having defined spaces of ultradifferentiable functions along with an as-
signed spaces of tempered ultradistributions, certain spaces of multipliers
are investigated and various continuous mappings are obtained.

Keywords: Tempered Ultradistribution; Hankel-type transform; Multipliers;
Roumieu-type ultradistributions; Beurling-type ultradistributions.

1 Introduction

The generalization of the Schwartz space of distributions D’ [5] was one of the in-
terests of many authors in the last few decades, such as, Roumieu, C. [2], Beurling,
A. [1], Patbak, R.S. [9, 10], Banerji, P.K. and Al-omari, S.K. [8] and, Al-omari,
S.K.Q. [12, 13] and others. Among others who contributes much to the theory,
Komatsu [4] introduce a unified treatment for the ultradistributions defined in [1]
and [2]. However, ultradistributions introduced here differ from that appears
in [11] which are duals of test function space of Fourier transforms of functions in
D(Schwartz space of test functions).

We, in [7], define certain spaces of ultradifferentiable functions of rapid descent
(rapidly decreasing functions) for the Hankel-type transform so that the set of con-
tinuous linear forms are ultradistributions of slow growth. The object of finding
the corresponding spaces of multipliers is fulfilled and the spaces are well-defined.
In our present paper, we shall build upon analysis of [7]. Not merely we extend the
analysis but we shall make ideas more precise. We devote Section 3 to necessary
conditions for an infinitely smooth function (C'*°-function) to play the role of a
multiplier under certain topology. In Sections 4 and 5, we establish separately
continuous mappings (for definition see Treves [3]) from test function spaces into
corresponding spaces of multipliers and from one space of multipliers into itself.
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2 Definitions and Notations

Let N be the set of natural numbers and Ny = N U{0}. Let a;,b;,7,7 =0,1,2, ...
be sequences of positive real numbers satisfying some of the following constraints

a? S A;—10541, forallte N

b2 < bj_1bj1, forall j € N. (2.1)
For some constants S,5; > 0 and 7,77 > 1, we have
a; < ST ming<j<; apa;_p, @ € N
by < Si 17 ming<y<; by b4, j € N. (22)
As a consequence of (2.1), we have [cf. [7]]
a;ap < agai_k, 1,k € Ny (2.3)

bibr, < bobjik, J, k € No.

For sequences above, we have the following:

Definition 2.1 (i) Denote by H, (4,10 the set of all those infinitly smooth func-
tions ¢(x) such that for some positive constants C" and a dependent on

¢
0+ 2% @ DPa ()| < O et o), (24)

holds true for arbitrary o > 0 and i,j € Nj.
On the other hand, let Hy (q;),0 be the set of all C*®-functions ¢(x) satisfy-
ing (2.4) for all a > 0.

(ii) An infinitly smooth functions ¢(z) € HZ’{bi}’b (respectively, Hl’j’(bi)7b) if for
some constant b > 0 (respectively, for all b > 0), there is Cj’-"" > 0 both of
which depend on ¢ where

|(1+2?) (@7 DYz~ p(w)| < CI* (a+ a)'b, (2.5)

- _ d
for arbitrary o > 0, where D = -

(iii) Define Hﬁff%z (respectively, HV’(bj)’b) if for some constant C* > 0 there

H:(a‘i)ra
are constants a > 0 and b > 0 (respectively, for arbitrary a > 0, b > 0) we
have
L+ ) (@' DY) < O (a+ )by (b+ B)aiby,  (2.6)

where o and B are arbitrary positive constants.
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Spaces, so obtained, consist of ultradifferentiable functions of rapid descent which
are, indeed, subspaces of H,,, defined in [6]. Furthermore, H,, (4,) HZ’(bj)’b and

HZ&;Z are contained in H}/ 1+ HZ’{bj}’b and HZ%ZJjZ, respectively. The set of

all continuous linear forms on H,, (4,),4, HZ’(bj)’b and HZEBZ is denoted by H, (05) a5
H Z’(bj b and HZEZ] %Z, respectively and are tempered ultradistributions of Beurling-

type. Similarly, /Z,{ai},a’ ﬁ,’j’{bj}’b and HZ}Z]%Z are spaces of tempered (temperate)
ultradistributions of Roumieu-type. It is interesting to observe that the tempered
ultradistributions of Roumieu-type can be characterized as subspaces of the tem-
pered ultra-distributions of Beurling type.

Owing to the fact that both types of tempered (slow growth) ultra-distributions
assume analysis which is similar, we intend to direct the investigations to ultradis-

tributionsof Roumieu-type. In view of above constructions we assign to H,; (, 4 .,

HZ’{bJ}’b and HZ%Z]H the topologies generated by the respective collections of
seminorms

(1 +2%)' (@' DY a1 ()]

1 = su : .1 € N 2.7
K (@) me(07p00) (a + a)ia ’ (27)
1+ 22) (™' D)z ""1¢(z)| .

15 (¢) = sup I : .j €N, 2.8
/Yﬂ ( ) 2e(000) (b+6)]aj 0 ( )
1+22) (x" ' D)z " ¢(z)]

B2(0) = su I . . , 2.9
7a,ﬁ(¢) me(O,I;o) (a—l—()é)z(b—l—ﬁ)Jaibj ( )

for conditions already mentioned.

3 Operators for Multiplication and Necessary
Conditions

Definition: For some positive constants a and b, denote by @4} 4, olbikb and
@{bj}’z the set of all those C'*-functions 6(z), over (0, c0), such that for all positive

{ai )
integers 7, j, their respective formulae

(271 D)6(x)| < C(1 + 2% dla, (3.1)

|(z7 DY 0(x)| < F(1+ %) bby, (3.2)
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|z D)0(x)| < E(1L + ) a b aiby, (3.3)

hold good where C, F and E are certain positive constants. Spaces ®yq,3,4, @1
and @%Z]jz and the spaces £(4,}.4, €% and 5&%2 in [7] are quitely equivalent and

HZ?{bj }7b and HV!{bj}vb

are shown to be multipliers for respective spaces wdatar

Z:{ai},a’
For detailed analysis see [ [7],Theorems 11,12,13].

Proposition 1 (a) Let 0 € @y, and ¢ € H,, (4,},q, then

(27 D)'0(x) € Pfa,).a

(b) Let 0 € ®¥ihb and ¢ € H Y then

(2 1D)f(z) € Blbi}d

¢) Let 0 € 1 and ¢ € HV’{bf}’b, then
{az}7a N:{al}ﬂ‘

_ ; bi},b
(z'D)0(z) € @}aﬁﬂ

Proof The proof can be easily established by induction on i, taking into account
that

o(x)(x7'D)0(x) = 2T @7 D) T TO(2) ()
—0(x) T (@ D) (),

together with the fact that if ¢ belongs to either H}/ . HZ’{bj}’b or HZ}Z]&Z, then

o (a7 D)z~ ¢(x) belongs to the same space. Details are thus avoided.
Therefore, the derived proposition suggests to introduce on @414, @1 and
<I>?;Jz %Z the respective seperating collections of seminorms

e p(x) (z7 ' D)'O(x)|

0 (0) = su ‘ ji€N 3.4

& (6) xe(ogo) a‘a; (3.4)
v o= o (@) (@ DY O()|

0 (0) = sup jEN (3.5)

2€(0,00) bib; ’

gy = s 1709 DY)

- ,
2€(0,00) a'bla;b;

(3.6)

for all 0 € @414, ®{bhb and @}ZJ{Z, respectively where, ¢ belongs to the respec-

; v v,{bj},b v,{bj}b
tive spaces H v, ., Hy"7'7 and H (7.
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Theorem 1 Let ¢ € H;/ .\, and the sequence a;, i = 1,2,3,--- satisfy (2.6).
Then a necessary condztwn for a C*®-function 0(z) to be in (ID{a Ya 18

by (0) < o,
for allie N.

Proof: Let ¢ € H},,,,1,j € N and z € (0,00). Leibnitz rule being employed
leads directly to

(14 2%) (@ 'DYx 1 (g)(x)| <

o (1)l Dyoc). (3'7)

where 4

¢r(z) = (L+a%) 2 " @ D) "o " g(x). (3:8)
The fact that ¢(z) € Hy (., ,, implies that """ Yo DY "o # " t¢(x) and
(14 z*)'¢(x) belong to H” This together with the definition of the Hankel

pofait.a’
type integral, we can inferre that ¢ € H

u {ai}.a’
Upon multiplying (3.7) by @taya’ we obtain
(1 +22)" @™ DY a1 (89) ()] _
(a+ a)la;
A (3.9)
2]: o\ e e (@) (a7 D) ()|
=\ ata; ’
where ¢, satisfies (3.8) and o > 0. For i > r, we infer from (2.6) that
1
. (3.10)

a; o ArQi—p

Using (3.10) in (3.9) and considering supremum over all z € (0,00), i, € N,
yields

J .
) < 3 (1) o)

< (g
> (1) e,
for 4 > 7. This completes the proof of the theorem.

Theorem 2 Let ¢ € HZ’{bj}’b and j € N, then the necessary condition for a
function ¢(x) to be in @i+t is to be infinitly smooth and

() < o0, (3.11)

for sequences (bj) having (2.3) imposed.
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Proof: Let ¢ € HZ’{bj}’b and 7,7 € N, then analysis similar to that of the proof
of Theorem 2 leads directly to the relation
(1+2%)'(a~ DY ™"~ (0¢)(x)
(b+ B)7b,

py- (0 )@ D@ b
A\ r bb, b b

(3.12)

Once again, letting j and r traverse the set of natural numbers and considering
supremum over all 2 € (0, 00) we obtain

J ] b
WV J 0 TR
%H (9¢) < F < > ,_TE , (6)
B TE:O r bj_Tbj &,

Thus the proof of the theorem is completed.

Theorem 3 Let a and b be certain positive constants and the sequences (a;) and

b:) satisfy (2.6). Then, it is necessary for 8 € C*°(0,00) to be in CID{bJ_}’b is that
J {a;},a
et (0) < oo,

for all ¢ € b

v{a;},a"

Proof: Let ¢ € 2 e Analysis analogous to the proof of Theorems 1 and 2,

vfa; ta*

the relation (3.7) implies

(1 +2?)" (@' DY a1 (0¢)(2)]
(a4 a)i(b+ B)a;b,

<

(3.13)

Y

g5 (3l ) e Dy o)
—o\T a’bﬂaibj
where ¢, have expresion (3.8).

Having (2.3) employed for (a;) and (b;) and allowing x to traverse the real numbers
in (0,00), then (3.13) can be put in the form

J . b
’Yg:g(@qb) < EZ < i ) apbo gﬂ,vyb(0)7
r=0

ai_raz’frbj_rbjfr b,a

by which we complete the proof of the theorem.

4 Operators On Multipliers

The present section is devoted for operators continuous on the defined spaces that
precisely constructed in such a way they consist of ultra differentiable functions of
rapid decent. However, the results are established by virtue of the new equipped
topology.
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Theorem 4 The mapping
Paya X Plaa = Plata

defined by 0.0)
0,9) = 0vy

15 separately continuous.

Proof: Let 6 and ¢ be two elements in @3, and @ € N be such that for some
positive constants a and C we have

|z D)) < C(1+ 2% d'a;, (4.1)

for all z € (0, 00).
Let ¢ € Hy ot then Leibnitz rule implies

27 (@) (@ DY () ()] <

‘ (4.2)
J . -1 T
J —pu—v—1 (‘T D) 0(ZE) -1 i—r
> (1) ot 2 ey
where ¢, () = (1 + 2?)"¢(x) which is, in fact, a function in H} ., ..
Invoking (4.1) and multiplying by —— we obtain from (4.2) that
ata,
= D)ol ) )] _
ata;
(4.3)

oy ( J ) o () (@ D) O()
r T
r=0
where C' and a are certain positive constants.

Under the assumption that (3.10) holds true and allowing x to traverse the set of
real numbers in (0, 00) and i € N, we obtain from (4.3) that

; ?
ata;

v,a ! ) aoa; v,a
g <O X (1) M)
r=0

apar Ot

This proves the theorem.
Next, analogous to Theorem 4 we state the following:

Theorem 5 The mapping
Ploiht o ploihb _y ploitt

defined by 0.0)
0,¢) — 0y

15 separately continuous.
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Theorem 6 The mapping

{b}ab {b}ab {b}vb
e X Plata = Plata

defined by 0.0)
0,9) = 0y

15 separately continuous.
Theorem 7 Let a;, i =1,2,3,... be a sequence imposed with (2.2). The map
(P{ai}ﬂ — @{aqj},a
defined by
0(z) — (271 0(x)
15 continuous for any k.
Proof: Owing to (2.7) together with (2.2) we have the existence of the positive

constants .S, T and a such that

5 (w71 D)) < ST aF Lt (0).

Which proves the theorem.

Theorem 8 Let the sequences a; and b;, i,j =1,2,3,... satisfy (2.2). Then for
any k
(i) The map

ploitd _y plbito

defined b
’ 0(x) — (27")"0(2)

18 continuous.

(i) The map

{bj}rb {bj}vb
Ciae = Plata
defined by
0(z) — (z71)*0(x)

18 continuous.

5 Continuous Maps Related To Ultra-Differentiable
Functions And Corresponding Multiplier

In contrast to section 4, the present section deals with continuous maps related to
investing spaces of testing functions together with their corresponding multipliers.
However, proofs are followed analogously.
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Theorem 9 The map
HZ:{“i}:“ - Q{ai}ra
defined by
¢(x) = z7" " (x)

18 continuous

Proof: Let ¢(z) € H (.- For any ¢(z) € H,/ ., , We have

Gt o) < s )

(@I DYk a7 (g )

sup . X -
z€(0,00) a;a’ (CL + a)z
where a > 0, being arbitrary.
That is,
v —§—v— a + &4 ' —u—v— v
e (zr19(0)) < CE oy [gmnrty(a)] (),
a’ x€(0,00)

The proof is, therefore, completed.
Theorem 10 The mapping
HZ’{bj}’b —y plbikb

defined by
$(x) =z 1 g(x)

18 continuous.

Theorem 11 The mapping
v{bj},b {bi}:b
H, taya = Plata
defined by
¢(x) = 27" g(x)

18 continuous.

Theorems 10 and 11 concern the proof similar to that of Theorem 9 and, thus,
avoided.

Definition: Let f € HZ,{M},& (the dual of Hy (., ) and 6 € P43, then we,
in view of [7], define

<0f7 ¢> = <f7 9¢> ) ¢ € HZ,{ai},a

which states that the space of multiplier of the ultra-distribution space H po{asha
can be considered as the space of multipliers for its predual space of ultradiffer-
entiable functions. The previous theorems justify the case for ultra-distribution

fe HZ’{bj}’b and H:EZJE’Z
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Abstract—The objective of this study, is to present the multiquadric approximation
scheme on numerical solution of delay differential systems. For this purpose, some
advantages of using the method and compare it with other methods are presented.
In the sequel, presented numerical solutions of some experiments, illustrate the high
accuracy and the efficiency of the proposed method even where the data points are
scattered.
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1. Introduction

Multiquadric (MQ) approximation scheme is a useful method for the numerical solution of
ordinary and partial differential equations (ODEs and PDEs). It is a grid-free spatial approxi-
mation scheme which converges exponentially for the spatial terms of ODEs and PDEs. The MQ
approximation scheme was first introduced by Hardy [1] who successfully applied this method
for approximating surface and bodies from field data. Hardy [2] has written a detailed review
article summarizing its explosive growth in use since it was first introduced. In 1972, Franke [3]
published a detailed comparison of 29 different scattered data schemes against analytic prob-
lems. Of all the techniques tested, he concluded that MQ performed the best in accuracy, visual
appeal, and ease of implementation, even against various finite element schemes. The object of
this paper is the development of the M(Q approximation scheme on the numerical solution of
delay differential systems (DDSs). A time delay phenomenon is encountered in a wide variety of
scientific and engineering applications; including infectious diseases, population dynamics, phys-
iological and pharmaceutical kinetics and chemical kinetics, the navigational control of ships and
aircrafts, circuit analysis, computer-aided design, real-time simulation of mechanical systems,
chemical process simulation, and optimal control. Time delay arises naturally in connection
with system process and information flow for different part of dynamical systems. For more
information of delay systems, see Refs. ([4] and [5]). The theory of DDSs is of both theoretical
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and practical interest. For instance; functional differential equations are the natural models of
fluctuations of voltage and current in problems arising in transmission lines. In Salamon [6], a
four-dimensional linear system was derived for the current and voltage in a lossless transmis-
sion line. Also, the delay systems often appear in the study of automatic control, population
dynamics, and vibrating masses attached to an elastic bar.

The organization of this paper is as follows: Section 2 is devoted to introduce the MQ ap-
proximation scheme and its preliminary concepts. In Section 3, we have applied the method for
delay differential systems. In Section 4, we present some experiments in which their numerical
results illustrate the accuracy and efficiency of the proposed method even where the data points
are scattered and finally in Section 5, we present some conclusions.

2. MQ approximation scheme

The basic MQ approximation scheme assumes that any function can be expanded as follows
as a finite series of upper hyperboloids,

N

2(t) =Y ajh(t—t;), teR, (1)

j=1
where NN is the total number of data centers under consideration, and
ht—t;)=((t—t;)>+RY)z, j=1,2,...,N,

(t— tj)2 is the square of Euclidean distances in R and R? > 0 is an input shape parameter. Note
that, the basis function h is infinitely differentiable, and is a type of spline approximation.

The expansion coefficients a; are found by solving a set of full linear equations as follows:
N
2(ti) =Y _ajh(t; —t;),i=1,2,...,N. (2)
j=1

The system in above sometimes is ill-conditioned, because the parameter h(t; — t;) is the

square of Euclidean distances and then produce a matrix of coefficients in which its condition
number may be greater than 1 [7].
Zerroukat et al [8] found that a constant shape parameter (R?) has achieved a better accu-
racy. Nam and Tranh [9] have developed new methods based on radial basis function networks
(RBFNs) for the approximation of both functions and their first and higher derivatives. The so
called direct RBFN (DRBFN) and indirect RBFN (IRBFN) to methods were studied and it was
found that the IRBFN method yields consistently better results for both functions and their
derivatives. Recently, Aminataei and Mazarei ([10] and [11]) and Mazarei and Aminataei [12]
have introduced a variant of direct nd indirect RBFNs for the numerical solution of Poisson’s
equation. They have used transformation from Cartesian coordinates to polar ones and have
used DRBFN and IRBFN methods on the basis of a MQ approximation scheme. They have
experienced that the results shows better accuracy that previously known ones. Also, their new
way of solution does not influence the condition number.

Micchelli [13] proved that MQ belongs to a class of conditionally positive definite RBFNs.
He showed that the equation (2) is always solvable for distinct points. Madych and Nelson [14]
proved that the MQ interpolation always produces a minimal semi-norm error, and that the
MQ interpolant and derivative estimates converge exponentially as the density of data centers
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increases. However, the theoretical exponential accuracy is unreachable when solving equation
(2) using standard algorithms in floating point arithmetic. It is well-known that increasing N
while keeping the shape parameter constant results in severe ill-conditioning that destroys ex-
ponential accuracy and that decreasing the shape while increasing N allow destroys exponential
accuracy.

The MQ interpolant is continuously differentiable over the entire domain of data centers, and
the spatial derivative approximations were found to be excellent, most especially in very steep
gradient regions where traditional methods fail. This excellent ability to approximate spatial
derivatives is due in large part by a slight modification of the original M(Q scheme by permitting
the shape parameter to vary with the basis function.

Instead of using the expansion in equation (1), we have used from ([15] — [17]) the following:

N

2(t) =Y ajh(t—t;), teR, (3)

J=1

where )
ht—t;) = ((t—t;)*+ R}z, j=1,2,...,N, (4)

2 y—
im0 =12, N,

min

2

and
R?. > 0.

min

R?2 . and R2 . are two input parameters chosen so that the ratio

min

R2
—mar ~ 10 to 10°.
Rmin

In [18], Madych proved that under circumstances very large values of a shape parameter are
desirable. The ad-hoc formula in equation (4) is a way to have at least one very large value of

a shape parameter without incurring the onset of severe ill-conditioning problems.

Spatial partial derivatives of any function are formed by differentiating the spatial basis
functions. Consider a one dimensional problem. The first derivative is given in the same line by
simple differentiation:

) al a;j(t; —t;) 2 0t
i(t) = L hy=((t;—t)?+ Rz, i=12... N

3. Numerical solution of DDSs

In this section, we intend solve DDSs by the MQ approximation scheme. Let us consider the
following DDSs,

i(t) = A(Da(t) + BH)z(a(b)) + CO(BW) + F(t), t€ [t t],

¢(t)7 t S tla (5)

8
—~
~
N—
I

where
z(t) = (z1(t), 22(t),... zm(@)T, zx(t)€C, k=1,2,...,m, (6)
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is the state vector, and

(a(t) = (z1(a1(t)), z2(e2(t), - - @m(om(t)))T, (1)
#(B(t)) = (#1(B1(t)), #2(B2(1), - - - Em(Bm(t))),

such that {a < tf}7, and {8y < tg}j-, are delay functions; A(t), B(t) and C(t) are m-
dimensional matrices which their elements are complex functions of ¢ and F(t) € C™*! is
the vector of continuous complex functions. Also ¢(t) € C™*! represents the vector of initial

functions or initial data points.

For the solution of equation (5), it is sufficient to suppose that the approximate solution for
each x(t) is as

N
ve(t) =Y agh(t —t;), t <t <ty (8)
j=1
Choosing t;, 1 =1,2,..., N, as collocating points, we have:

N
op(ts) = > agih(t; —t;), (9)
=1

and
N
(e =y W), (10)
j=1 K
also, for k =1,2,...,m,
N
wr(ak(ti) = > arjh(ak(ts) —t;), (11)
j=1
o~ an (Be(ti) — )
xk(ﬂk(tz)) = Z b k(ﬂl) : ) (12)
j=1 hij
where )
WY = n(Bu(t) — 1) = ((Bu(t:) — 1)) + R2)3. (13)

By substituting equations (9)-(12) to equation (5), and imposing the supplementary con-
ditions {zy(t1) = ¢r(t1)}},to the problem, we gain m(N — 1) equations of differential forms
and initial conditions to produce m equations. Hence, the system of mN equations with mN
unknowns is available. Then, we must solve this system to find the unknown coefficients. Hence,
we have used the Gauss elimination method with total pivoting to solve such a system.

Remark. It is noticeable that collocating points can be scattered. This is one of the most
important advantages of the M(Q approximation scheme. In Section 4, the numerical results
demonstrate this issue easily, and the efficiency of the M(Q approximation scheme in this sense,
is observable.

4. Numerical experiments

In this section, two experiments are presented in which their numerical solutions illustrate
some advantages of the method with high accuracy and efficiency and we compare it with the
other numerical schemes.
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Problem 1. Consider the following DDS,

Z1(t) = —2(1 — cos(t))(t — sin(t))za(t — sin(t)) + @3(sin(t)) — z3(sin(t)), 0<t <1,
Ta(t) = —2twa(t) + 1(t) + 2(1 — cos(t))(t — sin(t))x2(t — sin(t)), 0<t<1,
t3(t) = —$2(\[) — 2V/twa (V) + w3(t), 0<t<,
21 (t) = t2 t <0,
ro(t) =1 — t3 t<0,

[ 23(t) = €, t <0.

The exact solution in the interval [0, 1] is
zi(t) = e~ (t=sin(t)? xa(t) = e_tz,azg(t) =

The MQ approximate solution is obtained with R4, = 50, R, = 1.1 and 10 scattered data
points (N = 10). Also, we have compared the method with 10 terms of Taylor series expansion
and Chebyshev collocation method [19] with scattered data points. Then, we have found that
the proposed method is more reliable and powerful than the aforesaid methods. The results are
given in Tables 1-3 and Figures 1-3.

Table 1: Comparison of the Taylor series expansion, Collocation method, MQ approximation scheme, exact

solution and maximum absolute error of x1(t) of problem 1

Taylor Collocation MQ approximation Exact Maximum
t approximation method scheme solution absolute error
0.000 1.0000000 1.0000000 1.0000000 1 0
0.031 1.0000010 1.0000001 1.0000000 0.9999999 1x1077
0.085 1.0000018 1.0000002 0.9999999 0.9999999 0
0.351 0.9999508 0.9999489 0.9999487 0.9999486 1x10°7
0.370 0.9999318 0.9999299 0.9999296 0.9999297 1x1077
0.452 0.9997701 0.9997681 0.9997679 0.9997679 0
0.690 0.9971479 0.9971460 0.9971457 0.9971458 1x1077
0.850 0.9903040 0.9903020 0.9903018 0.9903017 1x1077
0.999 0.9753258 0.9753237 0.9753235 0.9753235 0
1.000 0.9751828 0.9751819 0.9751817 0.9751817 0

Table 2: Comparison of the Taylor series expansion, Collocation method, MQ approximation scheme, exact

solution and maximum absolute error of x2(t) of problem 1

Taylor Collocation MQ approximation Exact Maximum
t approximation method scheme solution absolute error

0.000 1.0000000 1.00000000 1.0000000 1 0

0.031 0.9990388 0.9990402 0.9990394 0.9990394 0

0.085 0.9922799 0.9928022 0.9928010 0.9928010 0

0.351 0.8840848 0.8840869 0.8840859 0.8840859 0

0.370 0.8720563 0.8720584 0.8720573 0.8720574 1x1077
0.452 0.8152134 0.8152154 0.8152144 0.8152145 1x1077
0.690 0.6212005 0.6212020 0.6212013 0.6212013 0

0.850 0.4855362 0.4855374 0.4855368 0.4855368

0
0.999 0.3686145 0.3686160 0.3686155 0.3686155 0
1.000 0.3678783 0.3678799 0.3678794 0.3678794 0
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Table 3: Comparison of the Taylor series expansion, Collocation method, MQ approximation scheme, exact

solution and maximum absolute error of x3(t) of problem 1

" Taylor Collocation MQ approximation Exact Maximum
approximation method scheme solution absolute error

0.000 1.0000000 1.0000000 1.0000000 1 0
0.031 1.0314854 1.0314854 1.0314855 1.0314855 0
0.085 1.0887170 1.0887169 1.0887170 1.0887170 0
0.351 1.4204873 1.4204817 1.4204873 1.4204873 0
0.370 1.4477345 1.4477344 1.4477346 1.4477346 0
0.452 1.5714519 1.5714517 1.5714519 1.5714519 0
0.690 1.9937155 1.9937153 1.9937155 1.9937155 0
0.850 2.3396469 2.3396466 2.3396468 2.3396468 0
0.999 2.7155661 2.7155645 2.7155649 2.7155649 0
1.000 2.7182831 2.7182814 2.7182818 2.7182818 0

- Figure 1 . Figure 2
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Since DDSs are depended on delay parameters, thus when we apply any collocation methods
then delay parameters cause to produce scattered data and the considered method does not
work well. We have observed that, this method (the MQ approximation scheme) is not depen-
dent on collocating points. But, when we apply other methods which need collocating points, if
scattered data points are used, the round off error may occurs soon. This is an other excellent
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advantage on the application of the MQ approximation scheme.

Problem 2. Consider the following DDS,

(B1(t) =tz (t?) — tar(5) + tia (L) + 23(t3) — Lis(t?), 0<t <1,
o (t) = @2(t%) + xa(t) — x1(t*), 0<t<1,
i3(t) = x1(%) — tia(§) + 5ia(5) — Sa3(d) + 2a(2), 0<t<I,
a(t) = §a2(5) — w2(5) + w3(t), 0<t<1,
zi(t) =t, t <0,
za(t) =13, t<0,

333(t) :tgv t <0,
ra(t) =t  t<0

The exact solution in the interval [0, 1] is
xl(t) =1, xQ(t) = t27$3(t) = t3a $4(t) = t4'

Table 4: Maximum absolute error of @1 (t), z2(t), x3(t) and x4 (t) for MQ approximation scheme with different

Rimaxs Rpin and N

N Rmaw Rmm xl(t) o (t) T3 (t) 334(t)

8 80 95 2.2 x 1077 1.9x 1072 2.5 x 1074 2.5 x 1074
10 70 .96 7.3x 107 6.5 x 1076 5.8 x 1076 5.8 x 1076
12 60 .97 4.7 x 1077 4.0 x 1077 5.8 x 1077 5.8 x 1077
14 50 .98 4.9 x 1077 4.0x 1077 5.9 x 1077 5.9 x 1077
16 40 .99 4.9 %x 1078 3.0x 1078 3.0x 1078 3.0 x 1078

Numerical results show that, the MQ approximation scheme in the required domain needs
the minimum number of data points for the solution. This demonstrates one of the advantages
of MQ approximation scheme in spite of its simplicity.

5. Conclusion

As shown by the above numerical results, MQ approximation scheme benefits from the fol-
lowing advantages:
i. being easy to implement.
ii. being independent of the collocating points in large scales.
iii. being well-applicable for the first three and the last three collocating points which have a
very small metric.
iv. requiring the minimum number of data points in the required domain.

It should be noted that the computations associated in the experiments discussed above were
performed by using Maple 10.
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PORTFOLIO SELECTION BASED ON A SIMULATED
COPULA

Abstract: In this paper, we propose a methodology to value the portfolio
choices based on the prediction of future returns where the dependence structure
of joint returns and the behavior of single returns are estimated separately.
In particular, we assume the marginals evolve as an ARMA(0,2)-GARCH(0,2)
model with stable paretian residuals and the joint distribution of residuals is
estimated with an asymmetric t-copula. Then, we compare the ex-post final
wealth sample paths of different strategies based on reward/risk ratios. Doing
so we examine and discuss the impact of the forecasting method with respect
to classic myopic portfolio strategies based on the same reward/risk ratios.
Key words: performance ratios, asymmetric t copula, stable distributions,
dynamic mesures.
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1 Introduction

This paper analyses and discusses the profitability of some reward risk strategies
based on a forecasted evolution of returns. In particular, we examine the impact
of a simulated copula on the investors choices. We first try to approximate as
much as possible the joint behavior of future returns taking into account their
distributional characteristics. Then we compare ex post the choices based on
this approximations.

The motivations behind this paper comes from three stylized facts about
real world financial markets. First, financial return series are asymmetric and
heavy tailed and they cannot be approximated with a normal distribution that
is symmetric and has too light tails to match market data. Second, there is
volatility clustering in time series since calm periods are generally followed by
highly volatile periods and vice versa. Finally, a dependence structure of multi-
variate distribution is needed beyond simple linear correlation. The dependence
model has to be flexible enough to account for several empirical phenomena
observed in the data, in particular asymmetry of dependence and dependence
of the tail events (see among others Rachev and Mittnik (2000), Rachev et
al. (2005), Rachev et al. (2007)). Therefore the dependence model cannot be
approximated with a multivariate normal distribution that fails to describe both
phenomena (i.e., the covariance is a symmetric dependence concept and the tail
events are asymptotically independent). In searching for an acceptable model to
describe these three stylized facts, we examine the behavior of marginals with a
time series process belonging to the ARMA-GARCH family with stable paretian
innovations and we suggest to model dependencies with an asymmetric ¢ copula
valued on the innovation of the marginals. As a matter of fact, the use of a
copula function allows to take into account of phenomena such as clustering of
the volatility effect, heavy-tails, and skewness and then separately model the
dependence structure between them. By a practical point of view, the problem
to fit the model to the market data can be solved in two steps, indeed marginals
and copula can be estimated separately.

In order to value the impact of this methodology that simulate the joint
behavior of future returns we compare the performance of several reward risk
strategies based either on simulated data or on historical ones. In particular,
we use the STARR ratio (see Martin et al. (2003)), and we introduce two
new reward/risk ratios based on some dynamic measures recently proposed in
literature (see, Rachev et al. (2008), Chekhlov, et al (2005)). As we expect the
comparison confirms the better performance of strategies valued on simulated
data with respect to those valued on historical data.

The remainder of the paper is organized as follows: Section 2 provides a
brief description of the methodology to build scenarios based on a simulated
copula. Section 3 provides a comparison among different strategies and Section
4 concludes the paper.

179



180 RACHEV ET AL: ...SIMULATED COPULA

2 Generation of scenarios based on ARMA-GARCH
and Copula Models

So far a systematic methodology to forecast, control and model portfolios in
volatile markets has not been developed. If we observe the behaviour of the
returns we notice several anomalies: heavy tailed distributions, volatility clus-
tering, non Gaussian copula dependence (see, among others, Rachev and Mittnik
(2000), Rachev et al. (2005), Rachev et al. (2007)). The empirical evidence re-
marks the opportunity and the necessity of properly considering the dependence
structure of financial variables. In order to describe the dependence structure we
discuss a copula approach combined with an opportune valuation of the single
return series.

2.1 Methodology to model time series

Let us consider the problem of time series modeling. We propose the following
model to simulate future scenarios taking into account the financial structure
of the market.

e Step 1. Assume we have d series of size T of (closing) daily returns, i.e.,
rt(J) is the daily return of the asset j (j=1,..., d) at day t (t=1,...,T).

e Step 2. Carry out maximum likelihood parameter estimation of ARMA(p,q)-
GARCH(s,u) of each serie:

p q
) _ (49
r? =0+ Y aiiri Y bjigiii+ e (1)
=1 1=1
Ejt = 0jtZjt (2)
S u
o5 =Kj+ E :Cjﬂaj,t—i + E :ej,z’fj,t—ia (3)
=1 =1

j=1,.,dt=1,..T.

e Step 3.Approximate with «a;—stable distribution S, (0, 8;, ;) the em-
pirical standardized innovations

Zjt =Eji/ 041 (4)

where the innovations
) ~ 0¥
-~ _ J J .
=1 —aj0— Y azry =Y bjigji—i; = 1,d
i1 i=1

are obtained from (1) (we refer to Samorodnitsky and Taqqu (1994) and
Rachev and Mittnik (2000), for a general discussion on properies and use
of stable distributions).
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e Step 4.Simulate S stable distributed scenarios for each of the future stan-
dardized innovations series and compute the sample distribution functions
of these simulated series:

S
j 1
2(])(@ = g;f{agﬁgz}, zeR, j=1,..,d

where iigf_fi( 1 < s < 8) is the s-th value simulated with the fitted
a;—stable distribution for future standardized innovation (valued in T'+1)
of the j-th asset.

Remark: Steps 3-4 provide the marginal distributions for standardized
innovations each of the d assets used to simulate the next-period returns.
In the following steps we will estimate the dependence structure of the
vector of standardized innovations with an asymmetric ¢-copula.

e Step 5 Fit the d-dimensional vector of empirical standardized innovations

o~

z= [/2\17 ey Zd}l

obtained by (4) with a d-dimensional asymmetric t-distribution!. So, let
the d-dimensional vector V = [V, ..., Vd]/ be asymmetric ¢-distributed. It
has the form:

V=uY+oY- -Z (5)

where 4 is a constant, o is a positive constant, Y-Z = [Y (D z(1) 'y (d) z(d))
and Y = [Y [ Y(@D] is a d-dimensional vector with positive compo-
nents distributed as: Y@ £ \/ﬁ, where x?(v;) is chi-squared dis-
tributed random variable with v; degrees of freedom. We assume that
the components Y (7) (j = 1,...,d) are independent and vector Y is in-
dependent of the vector Z = [Z(1), ..., Z(D]'. The vector Z is normally
distributed with zero mean and covariance matrix 3. We use the maxi-
mum likelihood method to estimate all the parameters of the asymmetric
t-distribution Fy (21, ...,24) for Z, given by (4). Thus, the asymmetric
t-copula is given by:

C(t1, mrta) = Fy (Fy (t), o Py (8)); 0 St < 151 < i <d - (6)

where FYy, 1(t;) is the left inverse of the i-th marginal distribution of Fy .

e Step 6. Since we have estimated all the parameters of ¥ and Z as
well as the constants p and o we can generate S scenarios for Y and,
independently, S scenarios for Z, and using (5) we obtain S scenarios for
the vector of standardized innovations z, that is asymmetric ¢-distributed.

Denote these scenarios (Vl(s), e Vy 8)), s =1,...,.5 and denote the marginal

1Clearly many other possible heavy tailed, asymmetric multivariate distributions can be
considered in this step.
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distributions ij (), 1 < j < dof the estimated d-dimensional asymmetric
t- distribution:

Fv(xl, ...,de) = P(V1 S T, ...,Vd S xd).

Then considering U}S) = FV].(VJ-(S)), 1<7<d,1<s<S8, we can gener-

ate S scenarios (Ul(s), . U;S)), s =1,...,5 of the uniform random vector

(U1, ...,Uyq) that has support on the d-dimensional unit cube and whose
distribution is given by the copula C(t1, ..., tq) of formula (6).

Remark: Steps 5-6 serve to estimate the dependence structure among
the innovations with an asymmetric ¢t-copula. The next step combines the
marginal distributions and the scenarios for the copula into scenarios for
the vector of returns.

e Step 7. On one side, we have determined the stable distributed marginal
sample distribution function of the j-th standardized innovation Fz(j )(:c),

j=1,...,d (see step 4), on the other side we have the scenarios UJ(S) for

1<j<d;1<s<S (seestep 6). Then we generate S scenario of the
vector of standardized innovations 2531 = (zél:l), ...,zgfifl)),s =1,..,8
valued at time T+ 1 (taking into account of the dependence structure of

the vector) assuming
. -1
Zggff:(Fz(”) (Ufs));léjéd;ISSS&

Doing so, we generate the vector of standardized innovation assuming that
the marginal distributions are a;—stable distributions and considering the
copula dependence, given by (6).

e Step 8 Once we have described the multivariate behavior of standardized

innovation at time T+1 using relation (2) we can generate S scenario of the

VGCtOfOfiHHOV&tiOHE(S) = E(l’s) E(d’s) =lo z(l’s) o z(d’s)
T+1 — \ST+1>9CT+1 ) — 1L,T+1%7415 - 9d,T+14741 | >

s=1,...,S where o; 741 are defined by (3). Thus, using relation (1), we
can generate S scenario of the vector of returns

1,s d,s
TT+1,s = [7’5“+1)7 ---77"5“4-1)}/-

Observe steps 4-7 can be always used to generate a distribution with some
given marginals and a given dependence structure (see among others Rachev
et al. (2005), Sun et al. (2008a-2008b), Biglova et al. (2008), Cherubini et al.
(2004) for the definition of some classical copula used in finance literature)..

3 An empirical comparison among some reward /risk
ratios

Let us consider the optimal portfolio choice problem among d risky assets assets

PO )

with log-returns r; = [r,;”’, ..., ;"] and assume that there exist a risk-free bench-
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mark with log-return ry 5 all valued at time ¢. When no short selling is allowed,

every portfolio of returns is a convex combination of the risky log-returns rt(j )

d
yi 20,3y =1 }
i=1
is the vector of weights. In order to value the impact of the previous model,

we provide an empirical ex-post comparison among several strategies based on
simulated data and on historical one. As initial data we use the daily return
series of the benchmark three months treasury bill and n =5 daily returns on US
stock indexes ? from 12/14/1992 till 2/27/2008 for a total of 3831 observations.

First of all we decide the type of ARMA-GARCH model should be used
for the simulation of future scenarios. From this preliminary analysys we de-
duce that the above asset returns are well approximated by an ARMA(2,0)-
GARCH(0,2) model. That is, for each series (j = 1,...,5) the formulas (1, 2, 3)
are represented by:

d .
ie, 2'ry = > xirt(z) where z = (21, ...,24) € C = {y € Rd
i=1

r?) = C + AR()r?, + AR2)rY, + ¢,

Ejt = 0j4,t%4,t
03, =K+ ARCH(1)e5, | + ARCH(2)e3, ,.

Then we suppose that decision makers invest their wealth purchasing the mar-
ket portfolio taking into account that each investor has a diverse reward/risk
perception. In the last years, several performance measures have been proposed
and used in portfolio theory to capture the different perception of reward and
risk (see Biglova et al. (2004) (2008)). Among these we recall the STARR ratio
and we propose two other alternative performance measures. Thus, we assume
that the market portfolio is determined by maximizing one of the following
performance measures.

3.1 Performance measures

STARR ratio (STARR). The STARR ratio (see Martin et al. (2003)) serves
to value the expected excess return for unity of risk represented by the Expected
Tail Loss (ETL).i.e.:

_ E(z'rr41 — rrsap)
ETLQ (LL'/’I"T+1 — TT+1,b) ’

STARR(z'rr41, )

The Expected Tail Loss , also known as Conditional Value-at-Risk (CVaR) , is
defined as

1 a
ETL.(X) = — / VaR,(X)dg,
0

«

where VaR,(X) = —Fx'(q) = —inf {z|P (X < z) > ¢} is the Value-at-Risk
(VaR) of the random return X. If we assume a continuous distribution for the

2The indexes are: Dow Jones Industrials, NYSE, Major Market Index, DJ composite,
DJAIG Commodity.
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probability law of X, then ETL,(X) = —FE (X |X < -VaR,(X)) and thus,
ETL can be interpreted as the average loss beyond VaR. In our comparison we
consider the STARR ratio with parameters o = 0.01, 0.05.

Rachev maximum drawup/down ratio (R-mazdud) With this dynamic
performance ratio we introduce the concept of drawup measure and we suggest
the use of the drawdown in a reward /risk plane. The absolute drawdown process
dd(x) = {dd(x)},_, _ of aportfolio z has been proposed in portfolio literature
by Grossman and Zohu (1993), Cvitanic and Karatzas (1995) (see also Chechkov
et al. (2005)) as function of the uncompunded cumulative excess portfolio rate
wi(z) valued at time ¢, that is:

¢
w(x) = Zx’rs — Ty, t=1,...,T.
s=1

Analogously we can define the absolute drawup process du(z) = {dut(2)},—; 1
Thus we call drawup and drawdown of the portfolio = respectively the processes
given by:

dus(x) = we(z) — nllin tws(az)

ddy(z) = Sgé%tws(m) — w(x)

fort = 1,...,T. Then the Rachev maximum drawup/down ratio is a performance
ratio between the maximum drawup and the maximum drawdown that is

= d
R — mazdud(z'rr 1) _maXy—1,..T ()

maxy—y, . ddi(x)

Rachev average drawup/down ratio (R-avedud) The Rachev average drawup/down
ratio is still defined as function of the absolute drawdown and drawup processes
dd(z), du(z). However, instead of the maximum we consider the empirical mean,

that is: L
i1 d

R — avedud(z'rry 1) :M

T Zt:l ddt(z)

Moreover as in the Chechkov et al. (2005) analysis we can introduce futher
ratios that value the ETL ratio of absolute drawdown and drawup processes, but
these further performance measures will be object of future empirical analysis.
Next we summarize the empirical comparison among different portfolio strate-
gies.

3.2 A first ex-post empirical comparison among different
portfolio strategies

Let us summarize the empirical ex-post comparison between historical and sim-
ulated data and among different portfolio strategies. For any optimal portfolio
chosen on a daily basis, when we use the dynamic performance measures R-
avedud and R-maxdud we consider a window of two years T" = 500 of historical
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obervations, while we adopt a window of one year T' = 250 when we use the
STARR ratio with parameters @ = 0.01, 0.05. We use these observations:

a) to compute the performance measures if we use historical data, and

b) to generate S = T future scenarios of returns according to the algorithm
proposed in the previous section when we use simulated data.

Therefore, for any reward /risk criterion measure p(z'r), we can compute the
optimal portfolio as solution the following optimization problem:

!
i (a")
subject to (7)

Y xi=Laz,>0i=1,..,n

Since we assume that decision makers invest their wealth in the market
portfolio (solution of (7)), we consider the sample path of the final wealth and
of the cumulative return obtained from the different approaches. Then, we
compare the efficiency of alternative performance measures. We assume that
the investor has an initial wealth W equal to 1 and an initial cumulative return
CRy equal to 0 (at the date 12/5/1994 when we use T' = 500 and at the
date 12/8/1993 when we use T' = 250) and at the k-th recalibration (k =
0,1,2,...), three main steps are performed to compute the ex-post final wealth
and cumulative return:

Step 1 Choose a performance ratio. Generate scenarios with the algorithm of
the previous section if we use simulated data. Determine the market portfolio
xﬁ\];) that maximizes the performance ratio p(.) associated to the strategy, i.e.
the solution of optimization problem of (7).
Step 2 The ex-post final wealth is given by:

Wiy = Wi ((w%’}))/ (1+ TkT+1)) : (8)

where ripr41 is the vector of observed returns between k7T and kT+1. The
ex-post cumulative return is given by:

’
CR]C+1 = CRk + (:cs\];)) TkT+1-

Step 3 The optimal portfolio xﬁf,) is the new starting point for the (k + 1)-th
optimization problem (7).

Steps 1, 2 and 3 are repeated until there are observations available and for
all the performance ratios.

The output of this analysis is represented in Figures 1,2,3,4,5,6. All figures
show a greater performance for the reward/risk ratios based on simulated data.
STARR ratio with @ = 0.05 presents better performance with respect to STARR
ratio with ov = 0.01 (see Figures 1,2). Moreover the most relevant impact is due
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Predicted total return of the optimal portfolios
1B| T T T T T T T

total returnistarrds Ratio) ! !
total returnistarrd5 Ratio) based on scenarios i
total return(starr99) Ao
total returnistarrd9) based on scenarios ‘_.Mln". :

: : : : : | :

Predicted total return

"0 500 1000 1500 2000 2500 0 3000 3500 4000
Day of the observation

Figure 1: This figure compares the ex-post cumulative return obtained maxi-
mizing the STARR ratio (with 1 —a = 99%, 95%) and using either real data or
simulated data.

to the use of simulated data with respect to the historical observations. Figures
3,4 reports the ex-post final wealth and cumulative return processes when we
use the Rachev average drawup/down ratio and even in this case we observe
an higher final wealth and cumulative return using simulated data. This differ-
ence is a little bit greater (see Figures 5,6) when we use the Rachev maximum
drawup/down ratio that presents better performance even with respect to the
Rachev average drawup/down ratio.

4 Conclusion

The fundamental contribution of this paper consists in the methodology to solve
dynamic portfolio strategies considering realistic assumptions on the returns. In
particular, we examine the impact of simulating a copula with opportune mar-
ginals in optimal portfolio choices. We first describe how to generate scenarios
that take into account of return anomalies: heavy tailed distributions, volatil-
ity clustering, non Gaussian copula dependence. Then, we discuss the use of
reward /risk criteria to select optimal portfolios and we propose the use of the
STARR ratio and two new dynamic performance measures. Finally, we propose



RACHEV ET AL: ...SIMULATED COPULA 187

Predicted final wealth of the optimal partfolios

45 T T T T T T T
wealth(star99)
i) SR wealth(starn3) based on scenarios |1 [ -
wealth(stan9a)
15 \alvealth(starrBEJ I:nasn?d 0N SCENArios

Predicted final wealth

i i
S00 1000 1500 2000 2500 3000 3500 4000
Day of the observation

Figure 2: This figure compares the ex-post final wealth obtained maximizing the
STARR ratio (with 1 — « = 99%, 95%) and using either real data or simulated
data.
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Predicted total return of the optimal portfolios
1.5| T T T T T T

total returniR-averageDrawlIpDown)

Predicted total return

-0.2 ;
a0 1000 1500 2000 2500 3000 3500 4000
Day of the observation

Figure 3: This figure compares the ex-post cumulative return obtained maxi-
mizing the R-averagedrawup/down ratio and using either real data or simulated
data.
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Predicted final wealth of the optimal portfolios
45 ! : ! : ! :

wealth(R-averageDrawlpDown) ;
wealth(R-averageDrawlpDown) based on scenarios |77

Predicted final wealth

05
500 1000 1500 2000 2500 3000 3500 4000
Day of the observation

Figure 4: This figure compares the ex-post final wealth obtained maximizing
the R-average drawundown ratio and using either real data or simulated data.
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Fredicted total return of the optimal portfalios

1.8

Fredicted total return

total returniR-maxDrawlpDown)

0.2 ) 1 ) total returniR-maxDrawlpDown) based on scenario

o] — A S S N A S
0o | | | | | |

500 1000 1500 2000 2500 3000 3500 4000

Day of the observation

Figure 5: This figure compares the ex-post cumulative return obtained maximiz-
ing the R-maximum drawup/down ratio and using either real data or simulated
data.
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Predicted final wealth of the optimal portfalios
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Figure 6: This figure compares the ex-post final wealth obtained maximizing the
R-maximum drawup/down ratio and using either real data or simulated data.
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an empirical comparison among final wealth and cumulative return processes
obtained either using historical observations or using the simulated data. As
we expect the ex-post empirical comparison among classic myopic approaches
based on historical observations and those based on simulated data shows the
greater predictable capacity of the latter.
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A NOTE ON THE IMPACT OF NON LINEAR
REWARD AND RISK MEASURES

Abstract: In this note, we examine the impact of non linear reward and risk
measures on portfolio selection. In particular, we compare the ex-post final
wealth sample paths of strategies based on the Sharpe ratio and strategies based
on non-linear reward/risk measures. As suggested by the recent literature, we
model dependencies with an asymmetric ¢ copula estimated on the innovations
of the marginals that follow an ARMA-GARCH type model. Therefore, we first
simulate future scenarios, on the basis of which allocation decisions are made,
and then we compare the ex-post final wealth obtained with non-linear risk and
reward strategies and the wealth obtained with classic portfolio strategies .
Key words: Sharpe ratio, portfolio choice, asymmetric ¢ copula.

1 Introduction

This paper critically reviews the non-linearity property of risk and reward mea-
sures in order to determine its effects on portfolio strategies. In particular,
we show with an ex-post empirical analysis how important it is to model it
appropriately.

In portfolio-choice theory, a consistency between risk measures and investor’s
preferences is viewed as desirable and has been explored in the literature. See
Rachev et al (2008) and the reference therein for a classification of basic portfolio
selection problems with respect to types of investor’s behavior. In particular,
Ortobelli et al. (2008b) discuss how to compute optimal choices consistent with
any admissible preference ordering. Clearly, in portfolio selection theory the
criteria of choice represent the factor with highest impact for the investors.
Therefore, we should guarantee that these criteria are consistent with orderings
of preferences that consider all intuitive characteristics of investors’ attitude.

It is well known that a measure of uncertainty is not necessarily adequate
in measuring risk which is asymmetric as it is related to downside outcomes
only. In particular, any realistic way of optimizing risk should maximize upside
potential outcomes and minimize the downside outcomes. Artzner et al. (1999)
define some intuitive characteristics of investment risk in the concept of a coher-
ent risk measure. However, as observed by Balzer (2001), Rachev et al. (2008)
even coherent risk measures cannot consider exhaustively all investment charac-
teristics. According to recent studies (see Balzer (2001), Okuyama and Francis
(2007), Farinelli et al. (2008)), investor’s attitude is non-linear with respect to
different sources of risk . Thus, even the celebrated expected shortfall, which is
a coherent risk measure, does not take into account that most investors perceive
a low probability of a large loss to be far more risky than a high probability
of a small loss. Therefore, investors perceive risk to be non-linear (see Olsen
(1997)).
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In this note, we value the impact of non-linearity of risk perception and we
propose a new different reward/risk ratio that takes into account some standard-
ized moments of upside and downside outcomes. Moreover, in order to value
correctly the evolution of wealth, we generate the future multivariate returns
as suggested by Biglova et al. (2008) (see also Sun et al. (2008) and Ortobelli
et al. (2008a)). Thus, we approximate the behavior of the corresponding mar-
ginals with an ARMA(2,0)-GARCH(0,2) model with stable paretian innovations
and we approximate the dependencies of the innovation of the marginals with an
asymmetric ¢ copula. Finally, we compute the ex post final wealth sample paths
obtained with the new ratios and with the Sharpe ratio (see Sharpe (1994)). The
empirical analysis demonstrates the superiority of the new reward/risk measures
with respect to the classical mean variance analysis.

Section 2 describes the empirical comparison and we summarize our principal
findings in the last Section.

2 On the portfolio selection problem: choices
consistent with investor behavior and empiri-
cal evidence

Suppose we have a frictionless market in which no short selling is allowed and
all investors act as price takers. Given a risk-free benchmark with log-return r
and n risky securities with a vector of log-returns r = [rq,...,r,]’, the classical
portfolio selection problem in the reward-risk plane consists of minimizing a
given risk measure p provided that the expected reward v is constrained by
some minimal value m, i.e.:

min p (z'r — rp)
x

s.t.

v(x'r —m) >m

n
i=1

n
where the vector notation 2/r = Y z;r; stands for the returns of a portfolio with

i=1
composition z = (z1, ..., ;). Along the efficient choices obtained by varying the
value of the constraint m, there is a portfolio (often called the market portfolio)
that provides the maximum expected reward v per unit of risk p. So, assuming
that the reward and risk are both positive the market portfolio is obtained as
the solution of the optimization problem
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v(:z:'rfrb)
MAX L rr=r)
s.t. (1)

n
Z; Z 0, Z €Tr; = 1
i=1
Starting from the original Markowitz’ analysis, Sharpe suggestedthat investors
should maximize the so called Sharpe ratio (see Sharpe (1994) and the reference
therein).
Sharpe ratio (SR). The Sharpe ratio computes the expected excess return for
unity of risk, i.e.: @ )

, E@'r —mp

SR(a'r) = STD(z'r —rp)’

In the Sharpe ratio, risk is proxied by the standard deviation STD(z'r — rp) of
excess returns. Thus, maximizing the Sharpe ratio, we get a market portfolio
that is not dominated in the sense of second-order stochastic dominance and
therefore it should be optimal for non-satiable risk averse investors.

Almost in contrast with the tendency of these first studies, behavioral finance
(see Friedman and Savage (1948), Markowitz (1952), Tversky and Kahneman
(1992), Levy and Levy (2002), Ortobelli et al. (2008b)) suggests that most
investors are clearly non-satiable but they are neither risk averse nor risk loving.
To identify optimal portfolios selected by these investors, Rachev et al. (2008)
v (X)
p(X)’
reward measure, p is a positive generic risk measure for all X') isotonic with non-
satiable investors’ preferences (i.e. if X > Y, then G(X) > G(Y)), and that are
not isotonic neither with risk averse investors’ choices (that is G(X +Y) is not
greater or equal to G(X)+G(Y) for all admissible X and Y') nor with risk lover
investors’ preferences (that is G(X +Y) is not smaller or equal to G(X)+ G(Y)
for all admissible X and Y') (see also Ortobelli et al. (2008b) and Bauerle and
Miiller (2006) for a classification of risk measures consistent with orderings).

Next we propose a new type of reward/risk ratio that takes into account the
non-linearity of reward and risk measures according to the evidence on investors’
risk perception (see Balzer (2001), Okuyama and Francis (2007), Olsen (1997)).
Rachev High Moments Ratio (RHMR).With this performance ratio, we pro-
pose a reward-risk ratio isotonic with the preferences of non-satiable investors
who are neither risk averse nor risk loving. Moreover, we suggest to approxi-
mate the non-linearity attitude to risk of decision makers considering the first
four moments of the standardized tails of the return distribution. Rachev high
moments ratio is given by:

propose to maximize reward-risk ratios G(X) = (where v is a positive

v (z'r — 1)

RHMR(2'r) =
@)= @ —n)
where

/ _ / / —1
vi(a'r —rp) = E(z'r —rp/a'r —ry > F o (p1))+
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4 Lon i
+3 aE <<M> |a'r — 1y > ngm(pi)> ;

Og'r—ry

p1(@'r —ry) = —E(@'r —rp/2’'r — 1, < F;,lf” (q1))—

T

4 Lon i
S ((M) la'r — 1y < F;,irb(qi)> ,
=2

Og'r—ry

Fi'(q) = inf{z|P(X <z)>q}; 04pr_r, is the standard deviation of 2'r — 7,
, a;, b; € R and p;,q; € (0,1) . As we can observe from the definition, the
Rachev high moments ratio is very versatile and depends on many parameters.
To simplify our analysis in the following empirical comparison, we assume a; =
b; =2fori=2,3, a4 =by =1; p; =0.99; po = 0.97; p3 = 0.95; py = 0.5; and
gi = 0.5,7=1,2,3,4 (here the values of ¢; are big enough to guarantee that the
risk measure py(z'r — rp) is positive for all portfolios).

2.1 An empirical comparison between two different port-
folio strategies

In order to value the impact of non-linear reward-risk measures, we provide an
empirical ex-post comparison among the above strategies. The data includes
the daily return series of the three-months treasury bill used as benchmark and
the daily returns of the following US stock indexes: DJIA, NYSE, Major Mar-
ket Index, DJ composite, DJAIG Commodity. As observed by Ortobelli et al.
(2008a), we can generate future scenarios by fitting to these marginal series
an ARMA (2,0)-GARCH(0,2) model with stable innovations and then estimat-
ing the dependence structure for the innovations with an asymmetric t-copula.
Using the fitted model, we generate future scenarios for the vector of returns
TT41,s = [rg,ﬂlfl), ...,Tgpn_;‘ql)]' (where r%_ﬂ is the s-th scenario of the i-th return
at time T + 1). In this way, we consider realistic models for marginals and the
dependence structure (see also, Sun et al. (2008), Biglova et al. (2008)).

As a next step, we suppose that decision makers invest their wealth pur-
chasing the market portfolio determined by maximizing either the Sharpe ratio
or the Rachev high moments ratio. For any optimal portfolio chosen on a daily
basis, we consider a window of one year T' = 250 of historical observations. We
use these observations to generate S = T future scenarios of returns according
to the algorithm proposed by Ortobelli et al. (2008a). We assume that the
investor has an initial wealth W equal to 1 and an initial cumulative return
CRy equal to 0 at the date 12/8/1993.

Therefore, for both ratios (Sharpe ratio and Rachev high moments ratio), we
can compute the optimal portfolio as a solution of the optimization problem (1).
Since we want to compare the ex post sample path of the final wealth and of the
cumulative return obtained from the two approaches, we assume that investors
recalibrate their portfolio every day investing their wealth in the market portfolio
obtained from solving (1) on the simulated data. Therefore, after k days we
compute the ex-post final wealth and cumulative return determining first the
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Predicted final wealth of the optimal portfolios

Predicted final wealth

wealth(Sharpe Ratio) based on simulated scenarios
wealth(R High Moments Ratio ) based on simulated scenarios

0s | I I I i I I [
] 500 1000 1500 2000 2500 3000 3500 4000

Day of the observation

Figure 1: This figure compares the ex-post final wealth obtained by maximizing
the RHM ratio and the Sharpe ratio.

market portfolio x%’}) that maximizes one of the two performance ratios (the
solution of problem (1)). The ex-post final wealth is given by:

I
Wit1 = Wy ((ﬁ\]})) (1 +7‘k-+1)) ;

and the ex-post cumulative return is given by:
*))’
CRi+1 =CRE + Tyf ) Tkt

where ri41 is the vector of observed returns at (k+1)-th day. We repeat this
computation for both ratios (Sharpe ratio and Rachev high moments ratio) till
the end of the period.

The output of this analysis is represented in Figures 1,2. The two figures
show the superiority of the approach based on Rachev high moments ratio with
respect to the classic approach. Therefore, we can conclude that the applica-
tion of non-linear reward and risk measures which are consistent with realistic
investors’ preferences' has an important impact in portfolio selection theory.

I'We implicity consider non-satiable investors who are neither risk averse nor risk loving.
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Fredicted total return of the optimal portfolios

Predicted total return

0.2 :

total return(Sharpe Ratio) based on simulated scenarios
0 _ji‘{;« total return(R High Moments Ratio) based on simulated scenarios
a2 i i i i i i i

0 500 1000 1500 2000 2500 3000 3500 4000
Day of the observation

Figure 2: This figure compares the ex-post cumulative return obtained by max-
imizing the RHM ratio and the Sharpe ratio.

3 Conclusions

This paper examines and shows the impact of non-linear reward, risk measures
in portfolio selection theory. In particular, we first discuss the use of opportune
reward/risk criteria to select optimal portfolios. Then, we simulate realistic fu-
ture scenarios using a copula approach and, finally, we compare the ex-post final
wealth and cumulative return processes obtained using either a new reward/risk
ratio or the classical Sharpe ratio. As anticipated, the ex-post empirical com-
parison shows the greater predictable capacity of the non-linear reward and risk
measures.
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Recently, Glasser [1] proposed the following definite integral for evaluation.

Problem. Show that
Foo 28 — 4204924 — 52241
o 212 — 10210 + 3728 — 4226 42624 — 822 +1

™
dz = Z.
)

When trying to work out a solution, the author establishes a general theorem on
definite integrals of a large class of rational functions.

For a given polynomial p(z), denote by LC(p) the leading coefficient of p(z) and by
p(2) the conjugate polynomial of p(z) with the coefficients being replaced by their
conjugate ones.

Theorem. Let h(z) be a monic polynomial of degree m + 1 with distinct zeros
{ar}_y having positive imaginary parts and w(z) a polynomial of deg(w) < n.
When deg(w) = n, we suppose further that the leading coefficient of w(z) is purely
imaginary. Further define two rational functions by

w(z) | w(z)

90 = Tt ) =9 +a),

Then there holds the following definite integral formula:
400 +00 2mi X L =
/ mm:/ WW:{“X“Wd@W
0

n
oo 0, deg(w) < n.

)
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Proof. According to the definition of g(z), we have

h(z) = h(z) h(z)h(2) '

We see that g(z) is a rational function with the numerator degree being less than the
denominator degree by at least 2. Further the denominator polynomial has no real
zeros. Therefore both definite integrals displayed in the theorem are convergent.
Denote by I'ps the contour consisting of the real axis from —M to +M and the
semicircle over the real axis with its center at the origin and the radius equal to
M. Then the residue theorem (cf. [3, §3.11] for example) affirms that

/;oo f(2)ds = /+oog(z)dz: lim ¢ g(2)de

I Ys
n
2mi Z Res {g(z)}zzak .
k=0

Note that the residue of g(z) at the single pole z = ay,

Res {9(2)} = lim (z —ax)g(2)
o w(z)
= Zgrgk(z — ag) (=)
_ w(ok)

[T7=o(aw — ay)”
J#k

It follows that

ZZ:%(S {g(z)},z:()ék - Z H]#O Qf — aJ)

= Alag, a1, -, an]w(z)
where Alag, a1, - -+, ap]w(z) stands for the divided differences of w(z) at the uneven

grids {ax}7_,-

Recall that the last divided differences (cf. [2, §2.3] for example) results in zero for
deg(w) < n and the leading coefficients of w(z) for deg(w) =n, i.e.,
LC(w), de n;
Alog,ar,-++ afuz) = 4Ok deelo) =
0, deg(w) < n.

We establish the integral formula stated in the theorem. O

By means of the theorem, we are now ready to present a solution to the problem
announced at the beginning of the paper.
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Let f(z) stand for the integrand:
28— 420 4924 — 52241
JC) = Sm g g — s 26 S8 T

According to its denominator factorization

212 - 10210 43728 — 4225 +262* — 822 +1
= (1 -222 432 +25)% — (22 — 42° + 42°)?

(1422 —22% — 42° + 32* + 42° + 2F)
x (1 =2z —22% 4 42° + 320 — 425 4 29)

we have the following partial fraction decomposition:

(1+22+2%)/2
1422 —222 — 423 4324 4425 4 267

f(z) = 9(2) + g(—2) where g(z) =

Reformulate further the denominator of g(z) as
1422222 —42% 4 32 +42°5 + 26
=(142-222-2%)% + (2 +2%)?
={(z*+22 —2-1) —i(z+ 2%}
x {(z°+22% —2 = 1) +i(z +2%)}.

From the second line just displayed we can check without difficulty that g(z) has
no real poles. All the poles of g(z) are zeros of two conjugate polynomials displayed
in the last two lines.

Now we show further that the polynomial defined by
h(z) = (22 4+22% —2—1) —i(z + 2?)

has three distinct zeros with positive imaginary parts.

First, h(z) has no multiple zeros because the resultant between h(z) and h'(z) does
not vanish: 19 35
i—
hz),h' (2)/3] = ———.
(). W ()8 = 2
Replacing z by = — iy, we can write h(x —iy) = u(x, y) +iv(z,y) by separating the
real and imaginary parts:

u(z,y) = 2®+22° —x(1+2y+3y°) — (1 +y+2y°)
v(z,y) = 2*(—=1-3y) —z(1+4y) + (y+v° +9°).

Then for any fixed y > 0, two polynomials u(x,y) and v(z,y) in real variable x
have no common zeros because their resultant is negative:

v(x,y) —1 { 14+16y+85y2+241y3+468y* }

P[“(xay)am = (1+3y)2 +644y5+624yS+448y7+192y3+64y°
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Therefore, all the three zeros of h(z) have positive imaginary parts.

According to the denominator factorization h(z)h(z) of g(z), we can further de-
compose ¢(z) into partial fractions:

95 = 5 T ae)
where
h(z) = (24222 —2-1)—i(z+ 2%
w(z) = _IZ{(ZQ +2z—i(1+2)}.

Then h(z) and w(z) satisfy all the conditions stated in the theorem. Hence the
integral in question can be evaluated as

oo —i T
/ f(z)dz = 27 x LC(w) = 2mix — = —.
0 4 2
As a byproduct, we have also the following integral evaluation
+oo 2
14+2
/ 5 tezte 7 dz = . (1)
oo 1422 —222 — 423 4324 + 425+ 26
This proves the formula stated in the Problem proposed by Glasser. O

As exercises, we invite the reader to check the following challenging examples.

Example 1. For two polynomials defined by
h(z) = 1+i—(54+i)z+2%> and w(z) = 1—2iz
the corresponding integral evaluations read as
+00 2
1-72+32
dz = 2 2
/ 212242822 — 1034 “T (22)

Too 950224 1524 + 326 4
4
0 4 — 3222 + 54824 — 4426 4 28

—00

= . (2b)

Example 2. For two polynomials defined by
h(z) = 1+i—(B+i)z+2% and w(z) =1
the corresponding integral evaluations read as
+oo 2
1-5
itz dz =0 (3a)
2 — 12z + 2822 — 1023 + 24

Hoo 2 —302% — 212* + 26
z
o 4 —3222 + 54824 — 4426 4 28

—00

= 0. (3b)

Example 3. For two polynomials defined by
h(z) = —1—(1+i)z+ B3 —0)22 +2° and w(z) = 1+ 2z — 3i2?
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the corresponding integral evaluations read as

/+°° —1—3z+ 2%+ 1023 + 524
z = 31
oo 1422 —422 — 6234824+ 625 + 26
/+°° —1+ 1122 — 4524 + 6520 — 1928 + 5210 3
dz = —=m.
0 1—1222 +562% — 12220 + 12828 — 20210 + 212 2
Example 4. For two polynomials defined by
h(z) = —1—(1+i)z+ B -2 +2° and w(z) = 1+ 22
the corresponding integral evaluations read as
/+°° —1-32+ 22 +7224+ 224 0
z =
oo 1422 —422 — 6234824+ 625+ 26
O 141122 — 4224 + 5928 — 2528 4 2210 P
z = 0.
o 1 —1222 4562 — 12226 + 12828 — 20210 4 212

Example 5. For two polynomials defined by

h(z) 5+7(1+i)z—5(2—1i)2% —3(1 +i)z> 4+ 2*
w(z) = 1+ 2z+32% —4i2®

the corresponding integral evaluations read as

Foo 541724 1922 — 223 — 632% — 272% 4+ 1526 4
Z
0025+ 70z — 222 — 10023 + 5124 4+ 4425 — 226 — 627 + 28

= 47

+oo )
125—7252°44822*424022° 5786254208620 —255212+ 15214 dz — 21
625—500022+1655423—1646426+1229925—33442101634212—402 14+ 210 = .

Example 6. For two polynomials defined by
h(z) = 5+7(1+14)z—5(2—14)2% —3(1 +14)2% + 2*
w(z) = 142z+32°

the corresponding integral evaluations read as

/+°° 54172+ 1922 — 223 — 352* — 72° + 326 4
Z
0025 4 702 — 222 — 10023 + 5124 + 4425 — 226 — 627 + 28

=0

+oo )
125—72522411822*+6462°—233425+4+538210 832124 3,14 dz 0
625—500022+165542%—16464206+1229925—33442104+634212— 402121216 :

Example 7. For two polynomials defined by
h(z) = (1+4i)— (184 14i)z + (28 + 12i)2% — (10 + 24)2° + 2*
w(z) = 1422+ 322 —4iz?

the corresponding integral evaluations read as

+o0 ; . .

1-162—522—242241212*-762°4+112° dz — 4n
17—1482+67222—138023+134622—64425+16026—2027+2° -

o0

+oo )
17—17812°—255892*4202572°+488032%—1526321°43612'2 4112 dz
289+94422+888682%—28056020+24343025—3787221012532212—80214+ 210

= 2.
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Example 8. For two polynomials defined by
h(z) = (1+4i)— (184 14i)z + (28 4 12i)2% — (10 + 24)2° + z*)
w(z) = 1+iz+2°

the corresponding integral evaluations read as

“+o00 5 5
1-142+152-162°4272*—102°42° dz = 0 (9a)
17—1482+67222—138025+13462%—6442°+16020—2027 +2°
o

+oo X
17-11452°-98032*4593525+1503125-10792'0—-132'2 4 214 dz = 0. (9b)
289+94422+888682%—28056025+24343025—37872210+2532212— 80214 +210 :

Example 9. For two polynomials defined by

h(z) = (=2—i)+(5—1i)z+ (7+8i)z% — (16 — 2i)2° — (2 +2i)2* + 2°
w(z) = 1+22+32%442° — 5izt
the corresponding integral evaluations read as
+oo _ )
—242+41122452%4122*—182°-1082%-1527+142% dz — 51 (10a)
5—182—1822+411423—-3924—21225+4210264+7027—2428 —4294210 -
— 00
+oo 5
—10410922 —842% 2287261667625 +3762210 — 25403212 16522214 504216 414,18 dz = 21
0 25—-50422 4403824 —1712426 44457728 —76554210 476528212 — 16754214 41556216 —64218 4 220 2 .
(10b)
Example 10. For two polynomials defined by
h(z) = —i+(5—i)z4 (T4 8i)2% — (16 — 2i)2> — (2 + 2i)z* + 2°
w(z) = 14224327 442° - 5izt
the corresponding integral evaluations read as
+oo 2 3 4 5 6 7
2(54+1724+132°+122°—182"—1082°—152"+142") dz = 5 (113,)
112211022 1502% —4724 208251210201 7027 —2425 —4z9} 710 0% = OT
— 00
+oo 5
22(7-9422 —3612% +522426 4344428 25417210 46522212 _ 504214 414216) dz = Zn
141622 —19424 —218826 12688128 —70466210 475896212 — 16738214 41556216 —64218 220 - 2 .
(11b)
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1. Introduction

In order to treat boundary value problem for higher order complex partial
differential equations, special kernel functions have to be constructed. The
complex form of the Gauss theorem and Cauchy- Pompeiu formula in the
upper half plane can be obtained as the limiting case of the corresponding
formula for the regular domains [1], [8]. There are three basic boundary
value problems for complex partial differential equations, namely, Schwarz,
Dirichlet and Neumann problems. To find the solutions in explicit form
they are investigated for particular domains e.g. the unit disc, half planes,
quarter planes [2, 3, 4, 6, 7, 8, 10]. Let Fj be the space of functions w
in WH"(H, C) for which Jim R'M(9%w,R) = 0,0 < v < k — 1, where
M (9w, R) = max |0%w(z)| and 2*~20%w € L'(H,C).

|lz|=R
0<Imz

Any w € Fjcan be represented as

w(z) = Vo%m/i%&gw(odg
11 CEN
~ oy | S (s )
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for z € H. Moreover,

(n— 1! ()
__y ﬁ(_;') / Rw(t) (t - z)A(t Citz). (2)
A=0 A

In the following sections, we investigate mixed boundary value problem
arising from (n-1) Dirichlet and a Neumann, (n-1) Dirichlet and a Schwarz
boundary value condition. Our proofs are independent of n- Dirichlet,
Neumann, Schwarz problems for the inhomogeneous Cauchy Riemann
equation and do not utilize any iteration process. Last section deals with
the Schwarz problem for the Poisson equation on the upper half plane.

2. Dirichlet - Neumann problem

In this section, we consider the inhomogeneous polyanalytic equation with
first (n-1) factors having Dirichlet boundary conditions and the last factor
with Neumann condition. Basic techniques used are the representation
formulae (1), (2), Cauchy Pompeiu formula, Gauss theorem and higher
order Pompeiu operators [5, 7.

Theorem 1:- For w € F,,, the mixed (n—1) Dirichlet and a Neumann
problem for the inhomogeneous polyanalytic equation in the upper half
plane H,

OMw=finH RQw=yonR, 0<A<n-—2

9,(02 'w) =iy, on R, 927 w(i) = ¢ (3)
is uniquely solvable for f € L, o(H,C) N C(H,C), p > 2,

t*(t) € LP(RC) N CR,C), 0 < X < n — 1 if and only if for

0<v<n—2,

n v —)n—v—1 on—v—1
((n 11/ 1)'71r fH ( : —Z - ) d&dn
)A v

1 n—y— o0 — A—v
+(()—)Z 1C+ Z 271'2 A—v)! f /YA(t)%dt

n—v—1)!

—00

+ﬁ%_f 2L (1) + A (D) (ot 2) — 2" Vlog(t—i))dt =0 (4)
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where
hy(t,z) = (t —2)" 17" log(t — 2)

+nz;::<—1)u—1(n —v—1)...(n—v—p+1)t—2)"""",1(t2)
L(t, z) = ¢ _.z)u <log( - Z %) ’

and L / P () f (1)) 21 / s dfd" (6)

T
H

The solution then is given by

[\

n—

w(z) = C(_Z)I; 3L / LD (t)dt

(n— “2mi J Al t—A

>
Il

(=1)"1 1
C (n—1)!2mi

Zn 1
n—w/f (c— c—)dgd” ")

Proof. Applying the representation formula (1) and the Cauchy-
Pompeiu formula, we obtain

anl
s 10 (e - )

L / 1E= A(,5)0hﬁ+w(2)—C(_z)n_l—1'1+(;2)n_11 (8)

/ (21 () + 7ua () (ot 2)) — 2 log(t — 1))d

2
— 27?2_00 vl t—z (n—1)! (n—1)!
where
[P ) T(t_z)n_la“w(t)dt
b 2 (n—1)! t—z ¢
0 An—1
1 a7 w(t)
and [, = — [ —~———4t.

211 t—1

—00

211
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Let ho(t, z) be as in (5) above so that 4 (ho(t, 2)) = (=2

t—z
Integrating by parts I; and using regularlty conditions of 0?‘110, we have

L o= %%ﬂ / (000 w(t) + Dw(®) ol 2)at
— e [ @ )t 2
and
B= 5= [ F0) + 2 (0)) gt — )it

Substituting these values in (8), we obtain (7).For 0< v <n-2, using (2)
and Cauchy- Pompeiu formula, we have

’I’Llll Zn—y—l
n—y—l'ﬂ/f ( _g—i>d€dn

n—2 0
B 1 (=1 (t — 22"
B _/\:V 210 (A —v)! /%‘(t) t—z dt
B (_1)71—1—1/ L/O‘O - (t— Z)n—l—l/
(n—1—v)!2mi 8Z w(t) t—z dt
00 an—1
e %0 g4 o
(n—v—1)!2mi t—i dt—i—@z w(@)- ©)

) _ (t_z)nflfu

Again integrating by parts and noting that %hu (t,z ——, we have

o0 e¢]

L / ag-lw@)%dt:—%m (2£() + Yao1 () (8, 2)dt

—00 —00

and L [0, —iz, (2F(8) + 1 (1)) log(t — i)dt.
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Substituting these values in (9), we obtain (4). Using Gauss theorem, we
have

T (0 w)
/ (S L R iyt S )

(—Z 211 (—2Z
H —00
17 dt
= 5 [ VO +7a)—

Hence we have the solvability conditions (5).

Let T, be higher order Cauchy Pompeiu operators onH [5], [7]. Since
0:Tonw = Ty 1w, it follows that (7) indeed satisfy 0fw = f. For a fix
k, 0 < k < n - 2, note that 9%hy(t,z) = hy(t, z). Subtracting (4) for
v =k from 0%w, we have

agw(z) = %6[2’” k=1 _ n—k 1]
n—2 1 (— /\ o (t_zy\—k (t—z)A_k
k2_m /%(t)[ t—z  t—z dt
_1\n—k—1 o0
(=) 1 =z b1 gk
*@i}jﬁy;/f&)( o
H
Tyt o
a (—z + C_Z.)dfdn.
inee Iy %/ |:A—(t,>z?|édt =(to) so dfw=r, on R

Also 9.(02'w)(z) — 8:(82 " w)(2)

:L (Vo1 (t) + 2£(1)) U / (gfgy

2mi
So subtracting (6) and using Plemelj-Sokhotzki formula [9], we obtain
831(3?71111) = Yp_1 on R. O

t—z w

dédn — f(z).

213
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3. Dirichlet-Schwarz Problem

This section deals with the first (n-1) Dirichlet and the last component as

Schwarz boundary condition.

Theorem 2. For w € F,,, the mixed (n - 1)-Dirichlet and a Schwarz
problem for the inhomogeneous polyanalytic equation in the upper half

plane H,

Ow=finH, Zw=yonR 0<A<n—2
Re(92'w) = v,_1 on R, Im 02 'w(i) = ¢

(10)

is uniquely solvable for fe L, » (H,C), p > 2, t*\(t) € LP(R,C)NC(R, C),

0<A<n-—1ifand onlyif for 0 <v <n-—2.

n—2 o0
(2 Z)n v— 1 1 _1\A—v /' Ayt
B —— — t)(t — YRt
(n—v—1)! +/\:V 27m N =2)

+ liﬁiiliifvnaw(ﬁiffi#3—@_sz1 t

(n—v=1lmi J P
T L0 e (e
;
ﬂ5(@f?jq—zf4@—WW1)@m:o
The solution then is given by
w(z) = %)1;0 RS — 7%@)%@

t2+1

)a

(11)
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Proof: Using (1) and the Gauss theorem, we have

(mn—D!rm Jyg ¢—=z
n—1 1 )\
_ _ el S A
= w(z) 27rz acw t—z dt
A=0
1 (=)t
— | Ot dt. 13
+2m ¢ o(t) t—z (13)

Repeated applications of Gauss theorem and Cauchy Pompeiu formula give

1 (10 Tae
77/1}]1(@"’1 Z2+1>d§d77

271 t+1 t—1 t—1 t+1

—00

- % {L / (a?_ m + % w.(t) + a?_lw.(t) - 3?_111,'@)) dt

— 02 w(i) + 9 w(i)]

Combining (13) and (14), we have

—n

()" 1 (=" -z
(n_1)!E/H[f(<>< C—z  (+1 )
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2mi Al
A=0 .
()t 1 7 N
— — " t dt
(n—1)!2mi o wlt) t—2z

ot i (2

Hence (12) follows. In order to obtain (11), we apply Gauss theorem
successively and (2) to obtain

L O,
!
2> EAD)QLZ Qult)e =2, 1)
IO = L e
and]HI b
(e E e frogigee

Combining (15), (16), (17), we obtain (11). The verification part is
similar to that in Theorem 1. 0J
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4. Schwarz Problem

In this section we explicitly represent the solution of the Schwarz problem
for the Poisson equation. The following lemma is a simple application of
usual complex analytic methods. We leave the details for the reader.

Lemma 1. For w,w; € F; and ¢ = £ + in, we have the following

1
(@) 1= [ ogulc)togl¢ — =Pded

1 [ w()
2
=5 /Qw (t)log|t — z| dt—|—2 /t_zdt—i—w(z)
(i) b=~ [ ow(©)logc? +1Pdzd
i) Ir=— ; -w(€) log n
/c%w ) log( 132%—1)d25—|—i w(t) ! dt + w(i)
T 2mi 2+1
1 =
i) 12 = [ Ogulc)log[C - =P
1 Oow(t)
=5 t)log |t — z|°dt — ——dt
/8@1} og |t — z|? o /t—z

O
Theorem 3: Let w,w, € Fi, the Schwarz problem for the Poisson
equation in the upper half planeH.

Oz,w = fin H, Rew =y, Rew, =7 on R
Imw(i) = co, Imw,(i) = ¢

is uniquely solvable for f € L,o(H, C), ~o(t),t7(t) € L,(H,C), p> 2 and

217
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the solution is given by

w(z) = z'co—i-z'(z—l—é)cl—i, <70(t)—’yo(t) ! >dt

i t—2z t2+1

—0o0

1T 2)t
—— {<Z+Z) +10g|t—z|2—log(t2+1)}fyl(t)dt

T t2+1
(2 +2) fQ) _ ¢fQ)
+ T /H<C2+1_ZQ+1)d§dn

1 (S R s
— (f<<> o 77 ~ 16 o 1|> ddy.

Proof: Express the last two area integrals in (18) as

itz /H< 1 +%) Dc(0;w(C))dedn

27 C+i (¢
z2+z 1 1 3
- 9 /H <Z+Z + Z — Z) ac(azw(O)dfdﬁ

+ [ (logle = 21 = log | + 1) (e
H

1 j—
— 2 [ (toglc —=f ~ t0ge? + 1) dpcmc e

zZ+Zz zZ+ZzZ

DN | —

I+ I5) + (11 -

where I, Iy, I3 are as in Lemma 1 and

[e.e]

1 %w(é) 1 Dew(t)
L= ;/Hﬁdfd”— i / al

—00

and

Is = l/ aEL(Oolfdn = L / aCL(t)olt—wz(i).

— 00

(18)

]2> - (13 - %1‘2) ., (19)
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Using Lemma 1 and (20),(19) can be expressed as

z4+z | 1 r —— dt ,
o [ @)+ B +
17 dt |
b [ @(t) + T ®); " — w.i
1 Vi — 9
o [ @anlt) + B(®) log |t — |t

1 [w(t) +u()

dt + w(z) — —— / (Ow(t) + D (D)) log (£ + 1)dt

2m'_ t—=z 2m_
1 i R t 1 —_ .
~gep J (00) + W) g+ 500 — )

Using the boundary values, we obtain (18). Verification of (18) to be indeed
a solution involves simple computations. 0

References

[1] Begehr,H., 1994, Complex analytic methods for Partial Differential
Equations. An introductory text. (Singapore, World Scientific).

[2] Begehr,H., 2005, Boundary value problems in Complex analysis,
I.F.Bol. Asoc. Mat. Venezolana V, XII, No.1, 65-85.

[3] Begehr,H., 2005, Boundary value problems in Complex analysis, II.
F. Bol. Asoc. Mat. Venezolana V, XII, No.2, 217-250.

[4] Begehr,H., Gaertner,E.;, 2006, A Dirichlet problem for the
inhomogeneous poly- harmonic equation in the upper half plane.
Georg. Math. J. 14, 33-52.

[5] Begehr,H. and Hile,G.N., 1997, A hierarchy of integral operators. The
Rocky Mountain J. Math. 27, 669-706.

[6] Begehr,H. and Kumar,A., 2005, Boundary value problems for the
inhomogeneous polyanalytic equation 1. Analysis 25, 55-71.

219



220

[7]

[10]

CHAUDHARY-KUMAR: MIXED BVP...

Chaudhary,A., Kumar,A., 2009, Boundary value problems in the
upper half plane, To appear in Complex Variables and FElliptic
Fquations.

Gaertner,E.; 2006, Basic complex boundary value problems
in the upper half plane.Ph.D. Thesis, FU Berlin,www.diss.fu-
berlin.de/2006/320/.

Gakhov,F.D.; 1996, Boundary wvalue problems, Pergamon Press,
Oxford.

Kumar,A., Prakash,R. 2006, Mixed boundary value problems for
inhomogeneous polyanalytic equation, Complex Variable and Elliptic
Equations 51, 209-223.



JOURNAL OF APPLIED FUNCTIONAL ANALYSIS, VOL.5, NO.2, 221-226, COPYRIGHT 2010 EUDOXUS PRESS, LLC

ON A-ASYMPTOTICALLY LACUNARY STATISTICAL
EQUIVALENT SEQUENCES

AYHAN ESI

ABSTRACT. In this paper we present the following new definitions which is
natural combination of the definition for A—asymptotically equivalence and
[S] 4 g-statistically convergence . Using these definitions we have proved the st-

[S]ﬁ ¢ —asymptotically equivalence analogues of Fridy and Orhan’s theorems
in [3].

1.Introduction

The idea of statistical convergence was introduced by Fast [2] and studied
by Fridy [4] ,Connor [5],Salat [9] and many others. A sequence x = (x) is said to
be statistically convergent to number L if for every € > 0

1
lim—|{k<n: |z —L| >} =0,
non

where the vertical bars indicate the number of elements in the enclosed set. In this
case, we write S —limxz = L or 2, — L (S) and S denotes the set of all statistically
convergent sequences.

Let A = (a) (i,k =1,2,...) be an infinite matrix of complex numbers. A
complex number sequence x = () is said to be A—statistically convergent to the
number L [1] if for every € > 0

liml\{ign: |A; (z) — L| > e}| =0,
non

in this case, we write Sy —lima = L or xp, — L (S4) and S denotes the set of all
statistically convergent sequences, where

Az = (A; (z)) and A; (z) = Z a;r Tk, converges for each i.
k

By a lacunary sequence 0 = (k,.); r = 0,1, 2, ...where kg = 0, we shall mean
an increasing sequence of nonnegative integers with k, —k,_1 — oo as r — oco. The
intervals determined by 6 will be denoted by I, = (k._1,k.] and h, = k. — k,_1.

The ratio kk"'l will be denoted by ¢,..

In 1993, Marouf [6] presented definitions for asymptotically equivalent se-
quences and asymptotic regular matrices. In 2003, Patterson [7] extended these
concepts by presenting an asymptotically statistical equivalent analog of these de-
finitions and natural regularity conditions for nonnegative summability matrices.

Date: May,8, 2008.
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In 2006, Patterson and Savag [8] extended these definitions by using lacunary se-
quences.

2. Definitions and Notations

Definition 2.1. (Marouf [6]) Two nonnegative sequences x, y are said to
be asymptotically equivalent if
lim 28 =1 (denoted by = ~ y).
ko Yk
Definition 2.2. (Patterson [7]) Two nonnegative sequences z, y are said
to be asymptotically statistical equivalent of multiple L provided that for € > 0
— —L

{kgn: 25}
Yk

and simply asymptotically statistical equivalent, if L = 1.

Definition 2.3. (Patterson and Savag [8]) Let 8 = (k.) be a lacunary
sequence, the two nonnegative sequences x and y are said to be asymptotically
lacunary statistical equivalent of multiple L. provided that for every € > 0

x
L §

{ke[r: >E}
Yk

and simply asymptotically lacunary statistical equivalent, if L = 1.

1
lim — Lk

=0 (denoted by x % Y)
non

.1 Sy
lim — =0 (denoted by = ~ y)

T r

Definition 2.4. (Patterson and Savasg [8]) Let 6 = (k,) be a lacunary se-
quence, the two nonnegative sequences = and y are said to be strong asymptotically
lacunary equivalent of multiple L provided that

w3

" kel,

T p

NL
=0 (denoted by = ~ y)
Yk

and simply strong asymptotically lacunary equivalent, if L = 1.

In this paper we present the following new definitions which is natural com-
bination of the definition for A—asymptotically equivalence and [S], ,-statistically
convergence .

Throughout the paper A = (a;x) (i,k=1,2,...) be an infinite matrix of
nonnegative complex numbers such that

IA] = supZaik < 00.
K2
k

Definition 2.5.Two nonnegative sequences = and y are said to be A—asymptotically
equivalent if

A,
lim —* (z)
i Ai(y)
Let [w] , denotes the set of all z and y such that x 2 Y.
Definition 2.6. Two nonnegative sequences x and y are said to be st —
A—asymptotically equivalent of multiple L provided that for every ¢ > 0

i {S Ai (y)

n - n

= 1 (denoted by z A Y)s

t~[S1%

—L 25}‘O(denotedby:z:S ~ "y
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and simply [S], —asymptotically statistical equivalent, if L = 1. Let [S], denotes

the set of all  and y such that =z 15l

Definition 2.7. Let § = (k) be a lacunary sequence, the two nonnegative
sequences z and y are said to be st — A,—asymptotically equivalent of multiple L
provided that for every € > 0

. A; (z) ‘ H st=[S]5
1€l : —L| >3 =0 (denoted by x  ~
vens |3 ( g &
and simply [5] A, —asymptotically statistical equivalent, if L = 1. Furthermore, let
st—[S] 4
[S]Ae denotes the set of all z and y such that z  ~ ’ y.

1
lim —

v h,

Definition 2.8. Let 6 be a lacunary sequence, the two nonnegative se-
quences ¢ and y are strong A—asymptotically lacunary equivalent to multiple L
provided that
A (.%') ’ N‘ge

— L| =0 (denoted by z ~" y)
Ai (y)

1
i S|
iel,
and simply strong A—asymptotically lacunary equivalent, if L = 1. In addition, let
N

N, denotes the set of all  and y such that z 20 Y.
6

If we take A = I (Identity matrix), then [w],.. -asymptotically equivalence,
st-[S] , —asymptotically equivalence, st-[S] A, —asymptotically lacunary equivalence
and N As—asymptotically equivalence reduce to ordinary asymptotically equiva-
lence [6] ,asymptotically statistical equivalence [7], asymptotically lacunary statis-
tical equivalence and strong asymptotically lacunary equivalence [8] ,respectively.

3. Main Results

Theorem 3.1. Let § = (k) be a lacunary sequence, then
Nk st—[S]5
(a)Ifzx ~" ythenz ~ "y,
st—[S14 N%
M) Ifr,yc€loandz ~ °y thenax ~'y,

L
(c) [8]4, Nlos = Nje Nlso.
N%
Proof.(a) If ¢ > 0 and z ~" y then

e o[t

Aj(z)
Ai(y)

L{>e

sl
Thereforez ~ °y.
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st—[S]5
(b) Suppose that 2,y € loo and z ~ ° y . Then we can assume

that
‘AN@—JWSMﬁmﬂL
A; (y)

Given ¢ >0
L Dl L PR o T R I
he et 1A () he i Ai (y) he T Ai ()
ALty 1> Akt 1<
e 3G =
< —Kiel,: —L| >¢ep|+e.

NX
Therefore z ~’ v .
(¢) This immediately follows from (a) and (b).

In order to show that the converse of Theorem 3.1.(a) is not generally
true, we now give the following simple example.

Example. Let A = I (Identity matrix) and the sequence = be define as
follows =y to be 1,2, ..., [\/hr at the first [s/hr integers in I, and zero otherwise.
st—[S15 Nk
yr = 1 for all k. These two satisfiesx ~ ° g, but it failsz ~° y .

Theorem 3.2. Let § = (k,.) be a lacunary sequence with liminf ¢, > 1,

s—fsf o stISIG
x ~ "y impliesxz ~ "y.

Proof. Suppose that liminf g, > 1, then there exists a 6 > 0 such
that g, > 1+ ¢ for sufficiently large r, which implies

h 0

—_ > —.

kr — 1496
st—[S}Zm

If « ~ y , then for every € > 0 and for sufficiently
large 7, we have

AR B A R v R R
— <k, : — Ll >ep| > — el : — Ll >¢
kr {Z— ‘Amm ke | Ai ()
> — : —-L|> ;
Z135h {ZEIT ’Az(y) L'E ‘,

this completes the proof.
Theorem 3.3. Let § = (k) be a lacunary sequence with limsupg, <

st=[S1a, st—[S]%
r o~ "y impliessz ~ " y.
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Proof. Suppose that limsupg, < oo, then there exists B > 0 such
st—[S)%
that ¢, < B forallr > 1Letx ~ "o y and € > 0. There exists R > 0 such that

for every j > R
1. A; (z) ‘ }’
A= —|iel;: — L >e}| <e.
! h; { ! ‘Az(y)

We can also find K > 0 such that A; < K for all j = 1,2,.... Now let n be any
integer with k,._1 < n < k,. , where r > R.Then

N e )
—ki<n: — L >ep| < 1<k, : —L|>¢
n { - ’Ai (y) T T kU Ai (y)
fen 4842 gt o -
= i€ 1 —L|>es|+ 1€ Iy —L|>¢
kr_1 { ! ‘Ai (v) - kr_1 2 Ay -
4.+ 1€1, —L|>e¢
kr—1 { ‘Ai (¥)
sl 1o e 484
= i€l — L >ep|l+—-F——|Ki €1 — Ll >¢
kp—1k: { ' ‘A,- (y) - ky—1 (k2 — k1) * Ay
kr —kr—1 H ‘Ai (v) ' }‘
+... + i€ lg: —L|>¢
kr—1(kr —kr—1) A, (y) N
kr —kr_1 . Al (3?) ‘ }’
+ot— " |tiel,: —-L>¢
kr—l (kr - kr—l) { A? (y)
k1 ko — k1
- Ay + A
kriki ' ko1 (ks — ki)
kr —kr—1 kr —kr_1
+o 4 AR+ —r 1 AL
ko1 (kp —kr—1) " k1 (kr — ky—1)
< (suij> kR + (sup Aj) kr = kr
j>1 k-1 >R kr—1
<xFR L .p
k;rfl

This completes the proof.

Theorem 3.4. Let 0 be a lacunary sequence with 1< liminfgq, <
limsupq, < oco,then

stf[S’]L 1151
x ~Aﬁy<:)xs N[}Ay.

Proof. This immediately follows from Theorem 3.2. and Theorem 3.3.
4. Conclusion

Taking special matrices, we may obtain some classes of sequences of
asymptotically equivalence that we have defined. The most of the results proved in
the previous section will be true for these classes.
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Boundedness and stability of solutions to a kind of nonlinear third order differential
equations
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Abstract: In this paper, a class of nonlinear third order vector differential equations is
considered. It is obtained some sufficient conditions for solutions of these equations to be
uniform stable and bounded, which substantially extend and improve some important results
in the literature. Two examples are also introduced throughout the paper for illustrations of
the topic.

1. Introduction
By a recent paper, which was published in 2007, Yan [3] studied the stability of solutions
to nonlinear third order scalar differential equations:
X" tax"+ f(x)+g(x)=0
and
X"+ f(x")+bx"+ g(x)=0,
where a and b are some positive constants.

More recently, Tung¢ [5] investigated the stability and boundedness of solutions of non-
linear vector differential equation:

X +¥(X)X +BX +cX = P(1),
when P(t) =0 and P(t) # 0, respectively.

This paper concerns with the problems of stability and boundedness of solutions to
nonlinear third order vector equations of the form:

X+Ft,X,X,X)X+G(X)+cX =P(t, X, X,X). 1)

Keywords: Boundedness; Stability; Liapunov function; Differential equations of third order.
AMS (MOS) Subject Classifications: 34C11, 34D05, 34D20, 34D40.
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The associated system of (1) is

X=YY=Z
. 2)
Z=-Ft,X,Y,Z)Z-G(Y)=cX +P(t,X,Y,Z),

which was obtained from (1) by setting X=Y, X=27, where te R*, R* =[0,00) and
X € R"; ¢ is a positive constant, F' is an nXn- continuous symmetric matrix function for
the arguments displayed explicitly; G:R">R", G0)=0 and

P:RTXR"XR"XR" - R"; the dots indicate differentiation with respect to z. It is also
assumed that the functions G and P are continuous for the arguments displayed explicitly.
Moreover, the existence and the uniqueness of the solutions of equation (1) will be assumed
(see Ahmad and Rama Mohana Rao [1]). Let J,(Y) denote the linear operator from the

vector G(Y) to the matrix

JG(Y)=[§§LJ,(L.j=],2w”n),

where  (y,,¥,,....y,) and (g;) are components of Y and G, respectively. Besides,
throughout the paper, it is also assumed as basic that J;(Y) exists and is symmetric and

continuous.

The motivation for the present work comes from the papers of Yan [3], Tung [5] and Tung
and Ates [6]. The aim of this paper is to prove two theorems for uniform stability of zero
solution of (1) when P =0 and boundedness of all solutions of the same equation when
P #0, respectively. We also introduce two examples for the illustrations of the subject. It is
also worth mentioning that Yan [3] only studied the stability of solutions to nonlinear third
order scalar differential equations aforementioned, without giving any example on the topic.
Further, it is well known that nearly all the papers published in the literature on the stability
and boundedness of solutions of nonlinear third order scalar and vector differential equations
do not include an any example on the subject (see in particular the book of Reissig et al.[4]).
It should be noted that by this way our results include and improve the stability results
obtained by Yan [3] when g(x)=cx (c—constant), which are related to the scalar nonlinear
third order differential equations aforementioned, to the stability and boundedness of
solutions of nonlinear and non-autonomous third order vector differential equations
considered here. In the special case, our assumptions are also less restrictive than those in
Tung and Ates [6, Theorem 1 and Theorem 2], and our results extend the results of Tung [5,
Theorem 1 and Theorem 2]. The equation considered, the assumptions and Liapunov
function will be established here are completely different than that mentioned in the literature.

Notation:

Throughout this paper, the symbol <X ,Y> will be used to denote the usual scalar product

in R" for given any vectors X , Y in R", that is, <X,Y>:Zn:xiyi , thus ||X||2: <X,X>. It
i=1
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should be noted that the matrix A is said to be negative-definite, when <AX X > <0 for all

non-zero X in R", and A, (A),(i=1,2,..,n), are eigenvalues of the nXxn- matrix A.

2. Preliminaries

Before introducing our main results, we state some basic information which will be
required in future.
Consider the non-autonomous differential system

dx
o F(t,x), 3)

where x is an n-vector, t € [0,00). Suppose that F(t,x) is continuous in (t,x) on IXD,

where I denotes the interval 0 <7 <o and D is a connected open set in R", R"denotes
Euclidean n -space.

Now, we shall dispose of the following theorems and the lemmas which will be required
in the proof of our main results.

Theorem 1. Suppose that F(z,0)=0 in (3) and there exists a Lyapunov function
V=V(,x) definedon 0<¢t < oo,

i) V(0 =0,

(i) a(|x]) <V (t,x) <b(x]), where a(r)e CIP and b(r)e CIP (CIP denotes the families
of continuous increasing and positive definite functions).

(i) V(,x)<0.
Then the solution x(¢) =0 of system (3) is uniform stable.

x| < H, H >0, which satisfies the following conditions;

Proof: See Yoshizawa [7].

Lemma. Let A be a real symmetric nXn-matrix. Then for any X € R”
S, |x|" <ax, x) <A, x| .

where &, and A, are, respectively, the least and greatest eigenvalues of the matrix A .

Proof. See Bellman [2].
3. Main Results

In the case P(t, X ,Y,Z) =0, we introduce the following theorem:

Theorem 2. Let all the basic assumptions imposed on F', G and c¢ hold. We further
assume that there are positive constants a, b, ¢ and 77 such that the following conditions

hold:
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F(t,X,Y,Z) and J;(Y) are symmetric, 7+b2=> A4, (J,(Y))=b
and

4(ab —c)

O0<AW(F(t,X,Y,Z)—al)< 5 with ab—c¢>0.
a

Then, the zero solution of system (2) is uniform stable.

Proof. We introduce a Liapunov function V =V (t,X,Y,Z), which is defined as the
following:

14 :%(acX,X> + [(G(o¥),¥)do +(cX,Y) +%(aY +Z,aY +Z). @)

Now, it is clear from (4) that
V(t,0,0,0)=0.
On the other hand, since

G(0)=0, iG(ag) =J (Y)Y,
Jo

1

then we have
1
G(Y)=[J,(0Y)¥do, .
0
Hence,

1 11
[(Glor).v)do = [ [0,(I4(0,0,Y)Y.Y)dodo, .
0 00

By using the assumption A,(J;(Y)) > b, it follows that
1 11
[(Gor),Vydo =[[0,(Js(0,0,Y)Y,Y)dodo,
0 00

1
[o,bY.Y)do do, > §||Y||2 .
0

>

ce—

In view of the above discussion, one can conclude the following:

1 2 b2 1 2
V2 adx [+ — x| [v]+ ay + 2]

b gol2 1 _ 1
=§HY—cb 1XH +§(ac—b 1c2)||X||2 +E||aY+Z||2
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2
>

> D,[[X[ "+ D, Y[+ Dy[1Z

3

where D,, D, and D, are sufficiently small positive constants.

In addition to the above discussion, subject to the assumptions of Theorem 2, one can
easily show that the function V (¢, X,Y, Z) satisfies the right hand side of the assumption (ii) of

Theorem 1, V(t,x) < b(||x||). That is, subject to the assumptions of Theorem 2, it is obvious

that there are positive constants D,, D, and D, such that
V(t,X,Y,Z) < D, X[+ Dy|r| +D|Z| .

Now, let (X,Y,Z)=(X(t),Y(¢),Z(t)) be any solution of the differential system (2).
Differentiating the function V (¢, X,Y,Z) with respect to ¢ along system (2), we obtain

%V(t,X,Y,Z) =(cY.Y) - (F(t,X.Y,Z)Z,Z)+(aZ,Z)

—(F(t,X.Y,Z2)Z,aY)+(aZ,aY) —(G(Y),Z)

~(G(Y),aY) +% j (G(oY),Y)do . (6)

0

Now, we recall
1 1

%RG(GY ),Y)do = [a(J(0Y)Z,Y)do + [(G(oY),Z)do

0 0

1 a 1
_ j a£<G(aY),Z>da+j(G(aY),Z}da

0 0

=0(G(oY),Z)|,=(G(Y),Z).

Substituting aforementioned estimate into (6), we get

%V(t,X,Y,Z) =(cY.Y) - (F(t,X.Y,Z)Z,Z)+(aZ,Z)

—(F(t,X.,Y,Z2)Z,aY)+(aZ,aY)—(G(Y),aY). (7)

Now, since
1
G(Y)=[J;(0Y)¥do, and 4,(J(Y)2b
0

then we have
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1
—(G(V),a¥)==<[J(0\Y)Ydo,,a¥ > <—ab|¥| .
0
Subject to the assumptions of Theorem 2, it is also clear the following:
—(Ft,X.Y,2)Z,Z)+(aZ,Z)=—((F(t,X.Y,Z)—al)Z,Z),
—(F(t,X.,Y,Z2)Z,aY)+(aZ,aY)=—((F(t,X.Y,Z)—al)Z,aY).

In view of aforementioned relations and (7), we have

%V(t,X,Y,Z) <—{(ab-0)Y.,Y)=((F(t,X.Y,Z)—al)Z,Z)

—((F(t,X.Y,Z)—al)Z,aY).

Now, since
0<A,(F(@t,X,Y,Z)—al) <@
one can write
%M;((F(t,X,Y,Z)—aI)}<ab—c, ®)

Making use of (8), we obtain

%V(t,X,Y,Z) < —“7 (F(t,X.Y,Z)—al)Y.Y)—((F(t,X.,Y,Z)—al)Z,Z)

—((F(t,X.,Y,Z)—al)Z,aY)
<—(F(t,X.Y,2)-aD 2" d]y]+|z|[ <o0. ©)

The whole discussion shows that the zero solution of equation (1) is uniform stable.
Example 1. As a special case of the system (2), let us take for n =2 that

10+ ! 2

I+2 42’ +x;+y +yi+z2. +23
F(t’X’Y’Z): 1 2 1 2 1 2 b

1
2 10+
1+12+x, +x; +y, +y;+2. +25
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8y, +arctgy, }

G(Y):{
8y, +arctgy,

and c=2.
Clearly, F(t,X,Y,Z) is a symmetric matrix. Now, by an easy calculation, we have

8+ ! > 0
+ )
Jo¥)= {
0 8+ 5
I+y;

and obtain eigenvalues of the matrices F(¢,X,Y,Z) and J,(Y) as the following:

1
2 2 2 2 2 2 2
1+t +x, +x;, +y, +y, +2; +2;

A (F(t,X,Y,Z)=8+

1
2 2 2 2 2 2 2
I+t"+x, +x;+y, +y, +2, +2,

A (F(t,X,Y,Z2)=12+

4G =8+
1+

Vi

and
1
v

A (GO =8+

Next, it is also clear the following:
A(F(t,X,Y,Z)28>6=a,
9>24(GY)=28=b, (i=12)

ab—-—c=46>0,

0<A((F(t,X.,Y,Z)—6I) <%6.

Thus, all the assumptions of Theorem 2 hold. When we take into account the above choices,
then the corresponding Liapunov function V =V (¢, X,Y,Z) can also be rearranged as in (5)

and (9). These facts show that the zero solution of the system corresponding to
aforementioned choices is uniform stable.

In the case P(t,X,Y,Z) # 0, the second and last main result of this paper is the following
theorem.
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Theorem 3. Let us assume that all the assumptions of Theorem 2 hold. In addition, we
assume the following:

|P(t,X.,Y,Z)|<6@) forall >0, and Ge L'(0,0),

where L'(0,0)is space of integrable Lebesgue functions.
Then there exists a constant D >0 such that any solution (X (¢),Y(¢),Z(t)) of system (2)
determined by
X0)=X,,Y0)=Y,, Z(0)=Z,
satisfies
|X®|<D,

Y(1)| <D,

Zw)|<D
for all £ e [0,0)..

Proof. Our main tool for the proof of Theorem 3 is also the Liapunov function V , which
is defined in (4). Then, under the assumptions of Theorem 3, we have

vz D X+ + D,

where D, = min{Dl,Dz,D3}, and since P(t,X,Y,Z)#0, it is also clear from (4), (2) and (9)

that

diV(t,X,Y,Z) <(aY+Z,P(t,X.Y,Z)).
t

Now, taking into account the assumptions of Theorem 3 and using Schwarz’s inequality, we
obtain

SV@X.Y.2) < Y]+ |2 x| Pe. x.v.2)]

< (a]Y||+|Z]px 6(r)
< D,(¥]+|Zpx60).

where Dy = max{l,a}..

The rest of the proof is similar to that of Tung [5, Theorem 2]. Therefore, we omit the

details of the proof.

Example 2. We assume that F(¢,X,Y,Z), G(Y) and ¢ is given as the same as in
Example 1. Further, we choose

1
2 2 2 2 2 2 2
I+t"+x, +x5+y, +y, +2, +25
) .
2 2 2 2 2 2 2
I+t"+x, +x;+y, +y, +2, +2;

P(1)=

Clearly, it follows that
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2 2
P@)|= < =6(1)
” ” I+t2 +x} +x +y, +vyvs+z0 +z5 1+t
and
j 2a,’t =7,
o 1+1
respectively. That is,
e L'(0,).

Thus, all the conditions of Theorem 3 hold. These facts show that all solutions of the
corresponding system to the above choices are bounded.
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ESSENTIAL NORMS OF WEIGHTED COMPOSITION OPERATORS
BETWEEN HARDY SPACES IN THE UNIT BALL

ZHONG-SHAN FANG AND ZE-HUA ZHOU *

ABSTRACT. Let ¢(2) = (p1(2), -, pn(2)) be a holomorphic self-map of B, and (%)
a holomorphic function on B,, and H(B,) the class of all holomorphic functions on
B, where B, is the unit ball of C", the weight composition operator Wy, is defined
by Wy, = ¥f(p) for f € H(B,). In this paper we estimate the essential norm
for the weighted composition operator Wy, , acting from the Hardy space H? to HY
(0 < p,g < ©). When p = oo and ¢ = 2, we give an exact formula for the essential
norm. As their applications, we also obtain some sufficient and necessary conditions
for the bounded weighted composition operator to be compact from H? to HY.

1. INTRODUCTION

Let By, be the unit ball of C™ with boundary 0B,,, o the normalized rotation invariant
measure on 0B,. The class of all holomorphic functions on domain B, will be denoted
by H(B,). Let ¢(z) = (¢1(2), -+ ,n(2)) be a holomorphic self-map of B,, and 1(z)
is in H(B,). Multiplication operator, Composition operator and weighted composition
operator are defined as follows:

Wyo(f)(2) = ¥(2) - f(e(2))
for any f € H(B,) and z € B,,.

If let ¢ = 1, then Wy 4 = Cy; if let ¢ = Id, then Wy 4 = My. So we can regard
weighted composition operator as a generalization of a multiplication operator and a
composition operator. It is easy to show that Cy and Wy 4 take H(B,) into itself.
Shapiro’s monograph [Shapl] gives an interesting account of these developments. See
also Cowen and MacCluer’s book [CowMac] for a comprehensive treatment of these and
other related problems with composition operators.

In the recent years, boundedness and compactness of composition operators between
several spaces of holomorphic functions have been studied by many authors: by Smith
[Smil] between Bergman and Hardy spaces, by Jarchow and Ried [JarR] between gener-
alized Bloch-type spaces and Hardy spaces, between Bloch spaces and Besov spaces and
BMOA and VMOA in Tian’s thesis [JarR], on BMOA by Simth [Smi2], and by Simth
and Zhao [SmiZ] from Bergman and Hardy spaces and Bloch space into @), spaces. All
of papers above focus on studying the composition operators in function spaces for 1-
dimensional case.

More recently, there have been many papers focused on studying the same prob-
lems for n-dimensional case : by Luo and Shi [LS1] between Hardy spaces on the
unit ball,[L.S2] weighted Bergman spaces on bounded symmetric domains, by Zhou and

2000 Mathematics Subject Classification. Primary: 47B38; Secondary: 47B33,26A16, 32A16, 32A26,
32A30, 32A37, 32A38, 32H02.

Key words and phrases. Essential norm, Weighted composition operator, Bloch-type space, Hardy
space, Several complex variables.

*Ze-Hua Zhou, corresponding author. Supported in part by the National Natural Science Foundation
of China (Grand Nos.10671141, 10371091).
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Shi[ZS1][ZS2][ZS3] on the Bloch space in polydisk or classical symmetric domains, Gorkin
and MacCluer [GorM]| between hardy spaces in the unit ball, and Lipschitz space in
polydisc by Zhou [Zho]. In all these works the main goal is to relate function theoretic
properties of ¢ to boundedness and compactness of Cl.

The essential norm of an operator T is by definition its distance to the compact oper-
ators; that is

|T||e := inf{||T — K|| : K compact}.

Notice that ||l = 0 if and only if T" is compact, so that estimates on ||T'||. lead to the
conditions for T" to be compact.

In general, there is no easy way to determine the essential norms of composition
operator or weighted composition operator.

Let f be in H(B,). For 0 < p < oo, f is said to be in the Hardy space HP(B,)
provided that

I£II2 = sup /BB F(rE)Pdo(€) < oo

0<r<1

The Banach space of bounded holomorphic functions on B,, in the sup norm is donated
by H®.

When f € HP, then f has radial limits at almost every ([do]) point of 9B, and its
HP norm is also given by the LP(do) norm of its radial limit function f*. That is

AL = /8 RG]

Typically we continue to write f(§) for the radial limit; occasionally for clarity we use the
special notation f*(¢) for lim,_,1 f(r€). In the whole of paper, E = {£ € 9B, : |¢*(§)| =
1}, which we call it the extreme set of .

It is well known that C, is always bounded on HP(D) for 0 < p < oo, this is a
consequence of a theorem of J. Littlewood, see [CowMac]|, where D = Bj is an unit disk.
In 1987, J.Shapiro [Shap2] determined precisely when Cy, acts compactly on H?(D), for
p < 00, and gave a formula for the essential norm of C, acting on H 2(D) in terms of
the Nevanlinna counting function for . In 2002, L. Zheng [Zhe] proved the essential
norm of Cy, acting on H*°(D) is 1 whenever C,, is not compact on H*(D) (equivalently,
whenever ||¢||c = 1); it is also true when D is replaced by the unit ball [GorMS]. For
00 > p>q >0, C, acting from HP(D) to HY(D) will of course be bounded. H. Jarchow
[JarR] and T. Goebeler [Goe| shew independently that C, is compact if and only if
|E| = 0.

It seems reasonable to expect the essential norm to be given by a formula that involves
|E|. In fact, P.Gorkin and B.MacCluer [GorM]| pointed out the essential norm of C,

acting from H>(D) to H%(D) is precisely |E |%, and they have obtained the same results
in the setting of Hardy spaces HP(B,) (we write it H? in the following) and also gave
some simple estimates for the essential norm of a composition operator acting from H*°
to HY for ¢ # 2 and for ¢ < p < oo, from HP to H? under a natural additional condition.
Here the additional condition is that there exists 0 < p < oo such that C, : H? — HP?
is bounded, which is naturally satisfied in the case n = 1. This assumption has two
properties of interest to us:

(1) No set of positive measure in 0B, is mapped by ¢* to a set of measure 0 in 9B,
(see Corollary 3.38 of [GorM]);

(2) If f € HP(B,,),then for a.e. [do] € 0By, (f o p)* (&) = f*(¢*(€)) (see Lemma 1.6
in [Mac]).

In our paper, in addition to extend corresponding cases in [GorM] to the weighted
composition operator, we also get the lower estimates for the essential norm of a weighted
composition operator from H? to H? for 1 < p < ¢ < .
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The remainder of the present paper is assembled as follows: In section 2, we re-
fer the reader some Lemmas which needs in next sections. In section 3, we will show
that the essential norm of the bounded weighted composition operator Wy, , is precisely
(1 p.2(p(E)))/? for the case p = co,q = 2 (Theorem 3.1), and give a estimate for the
case p = 00,q # 2 (Theorem 3.2). In section 4, we give the upper estimate for the case
1 < p < o0 (Theorem 4.1) and lower estimate for the case 1 < ¢ < p < oo (Theorem 4.2).
The fundamental ideas of the proof are those used by Gorkin and MacCluerin in [GorM],
but some new techniques are still used in this section because of the citation of the new
measure induced by ¥ and ¢ and the difference between weighted composition operator
and composition operator. If ¢» = 1, Wy, , = C,, we can completely the corresponding
results in [GorM].

In sections 5 and 6 (not be considered in Gorkin and MacCluerin’s paper), using
different methods, we obtain some estimates for the essential norms of the weighted
operator acting from H? to H* for p > 1 (Theorem 5.2) and from H? to H? for 1 < p <
q < oo (Theorem 6.2).

All of them are done under the same additional condition. As their applications,
we also obtained some sufficient and necessary conditions for the weighted composition
operator to be compact from H? to HY for the above cases. For convenience, we always
abbreviate HP(B,,) to HP.

2. SOME LEMMAS

Lemma 2.1. Let ¢ is holomorphic self-map of B, and ¢ € HP, where 0 < p < co. For
any measurable subset E of 0By, denote iy, p(E) = fcpfl(E)maBn |Y|Pdo. Then

/ gy, pp = / [P (g o p)do,
B, 8B,
where g is an arbitrary measurable positive function in B,,.

Proof If g is a measurable simple function defined on B, given by ¢ = 3" a;xg,,
i=1
then

/B gdppop = Zaz/‘w@m Z@z/ [Y[Pdo

¢~ L(E;)NOBy,

- ]Q P ( j{j(xax¢-1 N
=/|Wm@w
0B

Now, if g is a measurable positive function in B,,, then we can take an increasing sequence
{gm} of positive and simple functions such that g,,(z) — g(z) for all z € B,,, it follows

that
/ gmduwy@yp - / gdu¢7<)ozp‘
B By

On the other hand, |¢|P(gnm, © ¢) is an increasing sequence such that

() (gm((2)) = [9(2)["(9(p(2))

for all z € B,,, so

/%mwfj'wwmmwefrwwwm
By 0B 0By,

And the conclusion follows by the uniqueness of the limit.
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Lemma 2.2. (See p116 in [Zhu2]) Suppose 0 < p < oo and f € HP. Then |f(z)| <

% for all z € By,

Lemma 2.3. Let Q be a domain in C", f € H(Q). If a compact set K and its neigh-
borhood G satisfy K C G CC Q and p = dist(K,0G) > 0, then

of vn
sup |—(z)| < —su zZ)|.
sup 5 ()] < ¥ Esup (2)

Proof Since p = dist(K,0G) > 0, for any a € K, the polydisc

P
Pa:{(21,~--, n) € C" 1|z —a]|<f]—1 }
is contained in G. Using Cauchy inequality, we have

of | - v
82]( a)| < TZSSOI}QWZ” < TEEEW z)l.

So the Lemma follows.

Lemma 2.4. For fized0 <6 <1, let G={z€ By, : |2| <1—6}. Then
lim sup () — £(r2)| = 0
r—1,cq

for any f € HP(B,,).

Proof
sup |f(z) — f(rz)] = Sup|z (rz1,m22,+ ,T2j—1,%j," ", %n)
zeG z€G j=1
— f(?“21,7“z2,"' sz>zj+1,'" . Zn))
< sup / Z; (rz1,rzi—1,tzj, Zj41, - ,2")dt]
zeGZ‘ ‘ ]a j—1,1%j5, Zj
0
< (1 —r)nsup\—f(z)].
2eG 0UZj

Define Gy = {z € B, : |2| <1 — $}, then G C G; and dist(G,0G1) = §
It follows from Lemma 2.3 that

27

su < sup |f(2)].
sup| 5211 < 27 sup 11(2)
If p = oo, then
2(1 —r)nyn
supl1(2) — fr2)| < 2L g
For 0 < p < o0, it follows from Lemma 2.2 that
2(1 —r)nyn Hfllp
su z)— f(rz < sup
_ 2=nnyi
g zecy (1= 2])/P

2(1 =r)nyn |[|flp
) (%)n/p'

<

Let » — 1, the conclusion follows.

Lemma 2.5. (See corollary 1.3 in [CowMac|) A sequence in a reflexive functional Ba-
nach space converges weakly if and only if it is bounded and converges point-wise.
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Lemma 2.6. Assume {f,,} is a bounded sequence in HP(B,,)(p > 1), and { fm} converges
weakly to 0, then for any compact operator K from HP(B,,) toY (Y is a normalized linear
space), we have || K fi|ly — 0.

Proof This is easily followed by Lemma 2.5 and the property of compact operator.

3. FrRoM H* 1O HY

Case 1. p=o00,q=2

It is well known that for any f € H(B,), f has homogeneous expansion f(z) =
o
> Fy(z), where Fy(z) is the homogeneous polynomial > c(a)z®, 2% = 2% ...2%
= la|=s
o= (a17." 7an), and ’a‘ :al—i—-..an'

If f € H%(B,), then

1£113 =Y le(e) Pll=*13,
(0%
where
(n—1)lal
(n—1+ |a])l’
where {ﬁ} is an orthonormal basis for H?(B,,), and c(a) = D*f(0)/a! with a! =

ap!---ap!. If necessary, we refer the reader to see [Rud].
For m a positive integer, define the operators from H?(B,) to itself:

Rn(d_F)= > F,
s=0

12115 =

s=m+1
and
Qm=1—R,.
It is easy to show that Ry, is compact and ||R,,|| = 1.

Lemma 3.1. Wy, ,: H*® — H?, 0 < q < oo is bounded if and only if 1 € H.

Proof If Wy, is bounded, let f = 1, then Wy ,f = ¢ f(¢) = v € H?. Conversely,
apparently we have |[Wi,, fllq < |[9]]¢||||oo for any f € H, that is, [[Wy..l| < [0l

Using the same methods as that of Gorkin-MacCluer in [GorM], with minor modifica-
tions, we can obtain the following Lemmas 3.2 and 3.3. But for the reader’s convenience,
we give still the detail proof for the results.

Lemma 3.2. If Wy, : H* — H? and ¢ € H?, then
Wyglle = lim [|RyWy,p |l

Proof On one hand, by hypothesis and Lemma 3.1, we know Wy, ., is bounded, so
the compactness of ), implies that Q,,Wy , is also compact,

[Wyplle = (R + Qu)Wyglle = [RnWyplle < [[RnWy,o
it follows that

E

Wy lle < hf_{gf [ B Wl
On the other hand, let K : H® — H? be compact. Since ||R,| = 1,

Wy — K| Z [[Rn (W — K)|
= HRmWw,go - RmKH > HRmWw,ApH - HRmKH
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Note that K is compact, the image of the unit ball in H* under K has compact closure
in H2. Since ||R,,|| = 1 and R,, K tends to 0 point-wise in H?, R, K tends to 0 uniformly
on the unit ball of H>, that is ||R,, K|| — 0 as n — oco. It follows that

Wy plle = limsup [ Ry Wy |,
m—0o0

this completes the proof.

Lemma 3.3. For Wy, : H>* — H? and+p € H?, if k is fized positive integer and g is
any non-constant holomorphic function on By, with ||g||cc < 1, then ||QrWy, »(9™)||2 — 0
as m — oo.

Proof If v is a multi-index with || < k, then

(n—1)la!
————— < (E)" = c(n, k).
(n—l+|a!)!_( ) (n, k)

Since D" (0, ﬁ) C B, and Cauchy’s estimates, for any holomorphic function F in B,,, we
have

12%115 =

< 20)|F]] o 570, 1

DF(0)
al
WhereHFHoojn( ) denotes the maximum modulus of F' on the polydisc D"(0,5-).

) 2n
D2 F(0)
al

0,5
Since the series coefficients for F' are c¢(a) =
1 - g™ o ¢ are bounded above by

, we get the series coefficients for

@) 6™ 0 ¢l 10,1
Let ¢ = maz|¢| and s = maz|g o p| on D" (0, 5), then s < 1 by hypothesis. This
implies that ||y - g™ o 90||005n(0 1y < ¢s™, which tends to 0 as m — oo. For fixed
) "2n

k, ||QuWy o (g™ = ngk\c(a)mzaﬂg, where c(a) is the coefficients of z® in the
expansion of ¢ - (g o p)™. By the above estimate, we have

1Qk Wy o(g™13 < D ((2n)Fes™)c(n, k) < ' (n, k)s™™.
o] <k
For fixed k, the last expression tends to 0 as m — oc.

Lemma 3.4. Let ¢ > 0, set E. = {£ € 0B, : |p(§)| > 1 — €} and let ES denote its
complement in OBy, 1 € H?. Define an operator K : H*® — H? by K(f) = P(xge-(fo
©)), where P is the orthogonal projection of L? onto H* (where we identify a function in
H? with its radial limit function). Then K is compact from HP to H?, for any2 < p < oo.

Proof Let {fn} be a sequence from the unit ball of H?. By Lemma 2.4, {f,,} is
a normal family when 2 < p < oo, and this is obviously true for p = co. So there is a
subsequence which converges uniformly on compact subset of B,,, to say f. For simplicity
we still denote this subsequence as {f,,}. Clearly f € HP. So

K fn — KFI3 < IPIPlIxEY - (fm o @) — XEY - (f 093
/ X - (fm © @) — xEsth - (f 0 0)Pdo
0By,

IN

|l o w) = (fo )P

Since {f,,} are uniformly bounded on E¢ and ¢ € H?, the above expression tends to 0

as n — oo by Lebesgue’s dominated convergence theorem. This verifies the compactness
of K.

Theorem 3.1. For Wy, : H® — H? and ¢ € H?, then ||[Wyolle = (yp.p2(0(E)))/2,
where E = {{ € 0B, : |¢*(§)| = 1}.
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Proof we consider the lower estimate first.
Let g be a non-constant inner function on B, and set h = ¢" for a positive integer m,
then

IWornla™I3 = [ - oo = [ 1Wldugpe

By
> / B |dpt o2 > o2 (0(E))
w(E)

where the last inequality follows by the fact that |h*| = 1 a.e [du] on ¢(F), this is true
that h is inner and the restriction of jiy, , 2 to 9B, is absolutely continuous with respect
to o.

In fact, for any measurable subset E of 0B,

howalB) = | y[do,
=1 (E)N9Bn
by hypothesis of C, if 0(E) = 0, then o(p "' (E)) =0, and g ,2(E) = 0 follows. So
RWy ol = |[BeWpo (9" 2 Wy o (9™ = [|Qr Wy o (™)
> i 2(P(E)) = [|QkWy o (g™)]]-

for all m.
Fix k and let m — oo and apply Lemma 3.2 we obtain

IR Wl 2 (y,p2(0(E))?

for any k. Now let k& — oo, by Lemma 3.1 we have the desired lower estimate on |[Wy, ,|e.
Now we turn to the upper estimate.
Take K as in Lemma 3.3, for any g € H* with ||g||cc = 1, we have

[Wyo(g) = K(@ll2 = ll¥-gow—Plxe- (fop))l
= |[[P(xe.- (foo)ll2 <llxeet- (fop)ll

- </E |w-gos012da>%§ugwum</E p[2do)t

1
< ngHoo(/ Y[do)2
o1 ((E.))N0B,,

= llg o @lloo(ppp2(p(E))).
Let ¢, | 0 and K, the corresponding operator defined by

Kn(f) = P(xge, ¢ (fo¢)).

For p = co we have
Wy glle < 11Wyp = Kinll < (t,0,2(#(Be, )2
for all m, and let m — oo, as desired.
Corollary 3.1. Wy, : H® — H? is compact if and only if ¢ € H?* and o(E) = 0.

Proof If Wy, is compact, it is obviously bounded, it follows from Lemma 3.1 that
¢ € H? From Theorem 3.1, the compactness of Wy, implies fiy ,2(0(E)) = 0, so
(o Y p(E))NIB,) = 0 (see 5.5.9 in [Rud]), therefore 0 < o(E) < o(¢ 1 (0(E))NIB,) =
0,0(E)=0.

On the other hand, if 1 € H?, from the proof of theorem 3.1, it follows that

1
Wpolle < ( é p[2do)?

when € — 0 and since o(E) = 0, we get ||[Wy o|le =0, so Wy, is compact.
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In the above proof, set 1) = 1 € H?, then ||[Wi|le = ||Cylle < o(E)/2. And if set
1) = 1 in theorem 3.1, then
1Cslle > (u1,p2(E)? = (0™ (9(E)'?,
so o(o Y p(E))) = o(E), we have the following Corollary

Corollary 3.2. (Theorem 1 in[GorM]) C, : H® — H? is bounded and
1Clle = o(B)'/2.
Case 2. p=o00,q # 2

Theorem 3.2. Suppose Wy, , : H* — H? (¢ > 1), and ¢ € HY, then

1

§(Mw,so,q(90(E)))1/q < Wapglle < 2(py, 0.0 (0(E))M1.

Proof We consider upper estimate first. Obviously Wy, .., is compact for any fixed
0<r<1l Let Ec={£ € 0B, :|p)| >1-¢} and let ES denote its complement in
0B,,. So

Wy = Wyrell = Hﬁ|up21 [(Wyo = Wy o) fllq
— sup </ WO 0 9) — w(f o (rp)) o) /1
[|flloo=1 JOB,
= sup ([ [0(fop) —u(fol(re))ida)/
[|flloo=1 JE.
s ( / O 0. 9) — B(f o (rg))|tdo) /4.
[|flloc=1 JE¢

Apply Lemma 2.4, we can choose r sufficiently close to 1 to make the second term less
than €||pl|4. For the first term, the triangle inequality yields

[f op(&) = fol(re)(§) <2

So, the first term is less than

2(/ [¢|%dor) /9 < 2(/ |1%d0) 9 = 2(p1p .4 (9 (B))) M.
E. o1 ((Be)NOBn

Let €m J/ 07 and E€m = {f € 8Bn : ‘@(E)’ Z 1 _Em}7 then /WJ,%QQO(E%L)) - /’LwﬁOQ(gO(E))?
the upper estimate follows.

Now we turn to lower estimate. Let f be a non-constant inner function in B,, K is
any compact operator. For any positive integer m, the sequence {f™} are in the unit
ball of H*, So there exists a subsequence { f™*} such that { K (f"*)} converges in norm.
Therefore, given € > 0, there exists M such that ||[K(f™) — K(f™)||; < € for any
k0l > M. Fix k > M, there exists r with 0 < r < 1 such that (¢(f o ¢)"*),(2) =
W(rz)(f o p(rz))™ satisfies

(W (F 0 ©)™)rllg 2 (W (f 0 @)™ )| — €.
Thus, for m > M
1wy — 50T,
(/2| (f o)™ ) = (@(f o )™)llg — €/2
(1/2)([(W(f o)™ )lg = (W (f 0 ©)™)llg) —€/2
(1/2)([[((f 0 @)™ )lq = [[((f 0 )™ )ellg) — €.

Wy — K|

VIV IV IV

o)
o)
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letting | — oo and h = f™*, we have
Wy — K[l = (1/2)(|[(0(f o)™l — €
= (1/2)(/ |47 - (h* 0 ")|%da) !/ — ¢
9B,
— W[ W diagp) 1~

n

> (1/2)( / (W9 ) — €
o(E)

> (1/2) (g pq(p(E))) VT —e
Now letting € — 0 yields the result.
Corollary 3.3. Wy, , : H* — H? is compact if and only if ¢ € H? and o(E) = 0.
Proof Combining Lemma 3.1 and Theorem 3.2, the corollary follows.

Corollary 3.4. (Theorems 2 and 3 [GorM] Cy, : H* — HY is bounded and
1
S0 (B)!/1 < [|Colle < 20(B)'1.

Proof Let ¢ =1¢ HY then Wy , = C,, the corollary follows by Theorem 3.2.

4. FrROM H? TO HI FOR 1 < g <p < 0

Theorem 4.1. Assume Wy, : HP — H? (1 < p < o0) is bounded, then ||[Wy ,|le >
(t,p.q (0 (E))H1.

Proof Let g be a non-constant inner function on B, and set h = ¢g"* for a positive
integer m. Then ||g™||, = 1 for any m, and g™ converges weakly to 0 as m — oo, thus
||K fuw|| — 0 for any compact operator from HY to H? when |w| — 1. Like in Theorem
3.1, we have

HWWO — K| > limsup H(Ww,w - K)(Qm)Hq
m—00

> limsup ||[Wy »(9™)||q — limsup || K (g™)||q

— Timsup|[Wy (9™, = limsup( /a | (0 ) o)

— Jim sup( / 7|t g) /4 > limn sup( / ¥ty )
B, o(E)

m—0o0 m—0o0

> (g p2(p(E)))9.
This ends the proof.
Corollary 4.1. Assume Wy, : H? — H%,p > 1,0 < g < o0 is compact, then o(E) = 0.

Remark 1. We will show that when 0 < p < ¢ < oo and Wy, : H? — H? is bounded,
then g1y 4(¢(£)) = 0 (see Corollary 6.1), So the above estimate is useless.

Theorem 4.2. Suppose 1 < q < p < oo and there exists r > q such that Wy, , : H? — H"
(1 < p < o0)is bounded, then

r—

9
Wy elle < NP [Wyellpr - o (E)
where P is the Szego projection of Li(o) onto HY.
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Proof We consider the operator K : H? — H4Y defined by

K(f) = Pxee- (fop)),

where P is the Szegé projection of L4(o) onto HY. Like in Lemma 3.3, K is compact
operator from H? to HY. So for any g € HP with ||g||, = 1, we have

(Wyolg) = K@llg = [lb-gop—Plxey-(fop)lly
= [[P(xey - (fop)ll
< Pl lIxee - (fe@)llg

HPH-(/E - g o pldo)

1
< ||P||-</ xielt - g o pltdo)
OB,
r—q
< NPl Wy o9l (BT
ﬂ
< NP Wl - o (BT

Letting € — 0 yields the conclusion.

5. FrRom HP TO H*®

Theorem 5.1. For Wy, , : HP — H*, and 0 < p < oo, then Wy, is bounded if and
[ (2)]

only if zseuB% (EEOBRE < 0.
Proof 7 =" For any w € B,, define f,(z) = %, and it is easy to check
| fwllp = 1. So
C=|[[Wyell = sup [[Wyeflloo = sup [[Wypfulls
l1fllp=1 2€Bn
= sup sup [¢(2)||fu(e(2))]
wEBn, z€By,
setting w = p(z), as desired.
7 <: b
Wyl = sup |[[Wyplloo = sup sup |[¢(z)f(¢(2))]
[1fllp=1 [Ifllp=12€Bn
[/ 1lp |1(2)]
< sup sup [(2)] = sup
1£llp=12€Bn (L =lp)™P  ep, (1 - lp(2)[2)"/P
Theorem 5.2. For Wy, : HP — H* (p > 1), and Wy, is bounded, then
. |9 (2)]
lim sup < |[Wyplle
6=0 dist(p(z),0Bn)<s (1 = [0(2)[2)"/P Ve
< 2lim sup [+ (2)]

30 dist(p(2),0B,)<s (1 — |@(2)|2)™/P

Proof We consider the upper estimate first.
For any fixed 0 < r < 1, it is easy to check that Wy ., is compact. Thus

Wy olle < [Wyo — Wy rell-
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Now for any 0 < 6 < 1

Wyo = Wyrell = S [(Wyo = Wyre) flloo
= sup sup [(2)] - [f(#(2)) = f(re(2))]
IF1lp=12€Bn
< |[¢llo sup sup — [f(p(2)) = f(ro(2))]

[[fllp=1dist(¢(2),0Bn) =6

+  sup sup ()] -1 ((2) = flre(2)]-

1£llp=1 dist(4(2),0Bn) <5

From Lemma 2.4, we can choose r sufficiently close to 1 such that the first term of the
right hand side is less than any given e. And we denote the second term by I. Then,

I < sup sup )] - (F )] + [ (re(2))])

1 llp=1 dist(p(2),0Bn) <6
I f1p I f11p
< sup sup l9h(2)|(
1£1lp=1dist(¢(2),0Bn) <8 (1= le(z)P)/p (1= [ro(2)]?)/P

< 9 sup |1/J(Z)|2 .
dist(p(2),0B,)<s (1 — [@(2)]2)/P

)

Now let  — 1 first, then let § — 0, we get the desired upper estimate.
We now turn to the lower estimate.

Let K be any compact operator from HP to H*. For any w € B, define f,(z) =

—|w|2)/ o
%, it is easy to check || fy||, = 1 and f,, converge weakly to 0 as |w| — 1, thus

|| K fw]| — 0 when |w| — 1.
So for any 0 < § < 1

Wy — K| > li‘m‘sulp Wy — K) fulloo
> limsup [|[Wy o fuwlleo — li|rn|sup || K fuwl|oo
w|—1 w|—1
= limsup sup [¢(2)|]fuw(p(2))]
‘w‘ﬂl z€EBy
> limsup sup [P (2)|] fuw(p(2))]

|lw|—1 dist(¢(z),0Bn)<6
Let 0 — 0 then |p(z)| — 1 and set w = ¢(z), we obtain the lower estimate of ||[Wy, ,||e.

Corollary 5.1. Assume Wy, , : HP — H®° is bounded, then it is compact if and only if

lim sup [+ (2l =
30 dist(p(2),0B,)<s (1 — [o(2)[2)™/P

Remark 2. If |[p]lw < 1, then E = {z € B,|p(z) = 1} = 0, without the loss of
generality, we set

lim sup |¢(2)|2 = 0.
6—0 dist(p(z),0Bpn)<d (1 - |90(Z)‘ )n/p

6. FRoM H? TO HIFOR 1 <p<g< 0

Definition Let § > 1. A finite and positive measure p on is called a § — Carleson

measure. If there is a constant M < oo such that u(S,(€)) > Mh™ for all £ € 0B, and

uSk(©) _

0 <h <2, and it is called vanishing 5 — Clarleson measure if lim sup =55

h—0¢epB,
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Lemma 6.1. (see corollary 2 in [LS1]). Let p be a finite and positive measure on B,
and 0 < p < g < oo, then the following statement are equivalent:
(i) w is a bounded % — Carleson measure.

(i1) There is a constant C' < oo so that
[ rpdn< iy

for all f in B,.

Lemma 6.2. ([X]) Suppose that 0 < p < q < oo and Wy, , : H? — H? is bounded, then
the following conditions are equivalent:
(1) pop,pq 0 vanishing % — Carleson measure

(ii) Wy, : HP — HY is compact operator.

Theorem 6.1. For Fized 0 < p < q < 00, then the following statement are equivalent:
(1) pp,q @5 @ bounded % — Carleson measure.
(i) Wy o« HP — H? is bounded.
(i)

(1 — |z|?)na/p
viy d w) < 00.
ZGBpn /n |].— <w,z > |2nq/p /Wh%q( )

Proof (i) = (i)
From Lemma 3.4 , if y1y , 4 is bounded 1% — Clarleson measure, then there exists constant
C such that

/B | FPdpg g < ClIFIE

for any f € HP(B,). Apply Lemma 2.1, and put g = |f|?, we have

/ Flodpg g = / 191 o pltdo = [[Wy o 110
Bn 0Bn,

So

Wy (N)llg < SISl
for any f € HP(B,). That is, Wy, , : H? — H? is bounded.
(id) = (iid)

For any z € B, , set f,(w) = (1—[zH)/P

(I—<w,z>)2n/p?

C = [[Wygllt= sup [[Wyofllg= sup |[Wyefallg
1fllp=1 2€Bn

then ||wap =1

— sup /8 _IOlPIf o i) = sup / ol g

ZGBn ZGBn

(1 — [z]?)ma/P
= su d w
zeEIi)n /Bn ’1_ <w,z> ]2”‘1/1” Mw,w,q( )

Assume that

M= (1=l
B ZSEHBIL B |1— <w,z> |2nq/p MW%Q(”’) < 00

we show that py , 4 is a bounded % — Carleson measure.

First let z = 0, then iy o 4(Bn) < M. Thus jiy 4 is finite and hence iy q(SK(€)) <
1 1
M < AMAK"™/P for all ¢ € B, and h > (§)™/7. Suppose h < (§)™/7 and £ € 9B,,. Let
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& =(1- %)f, then for any w € Sy (),

h h
h
= |1-2)1-<w,&>)+ o)
h h _ 3h
< |1=-=1 no
< Ja=9hl+5 <5
and 1 — |2 = (1 — &)1+ |&]) = (1 = |&]), we have
(1~ |&l*)m» (1— &)™ ¢
> p—
11— < w, & > |2ra/p — % nalp’
So
(1- |§0\2)nq/p
M= /n ‘1— <w,& > |2nq/pdu¢7@:Q(w)
L Hypa(Sn(2))
/sh@) hna/p 0 2 hna/p :

Therefore, (i, , 4 is bounded 1% — Clarleson measure.

Corollary 6.1. If0 < p < g < 00 and Wy, , : HP? — H? is bounded, then puy o q(¢(E)) =
0.

Proof Denote g the Radon — Nikodym derivative of juy , 4|0B, with respect to o,
e, p,q 1 absolutely continuous with respect to o on 9B, so it follows that

. 1 / . Ha.q(Sh(b))

—_ gdo = lim —24 -~
h—0 0 (Sn(b)) Js,(v) h—0  o(Sp(b))

almost everywhere in 0B,,. Where the penultimate inequality uses the fact that o(S,(b))

is roughly proportional to h"(see P67 in [Rud]). Now we have juy , 4|0B,=0, the corollary
is proved.

> lim CA™/P~" — ()
h

—0

Theorem 6.2. For fized 1 < p < q < oo and weighted composition operator Wy, , :
HP — HY is bounded, then

. (1 — |w[*)"a/P
W, > lim
H ¢,¢He ~ w15, |1_ <z,w> |2nq/p

A, p,q(2)-

Proof Let K be any compact operator from HP to H*°. For any w € B, define
fw(z) = %, it is easy to check ||fyl|lp, = 1 and f, converge weakly to 0 as
|w| — 1, thus ||K f,|] — 0 when |w| — 1. So for any 0 < 0 < 1,

Wy — K[| = limsup[|(Wy, — K) fullg

|w|—1

> hmsupHWTZ),g@waq — limsup HwaHq

[w|—1 lw|—1
. (1 — |w|?)na/p

= hmsup/ P(z)? do(z
|w|—1 JOBn (=) 11— < @(2),w > |2na/p (2)

V

: (1 — |w‘2)nq/p
B h|gl|sjip /n - < z,w > |2nq/pd“¢,s0,q(z)

The conclusion follows.
We cannot give the upper estimate in the above form, but we have the following
theorem.
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Theorem 6.3. Assume 1 < p < q < oo and Wy, , : H? — HY is bounded, then Wy , :
HP — HY is compact if and only if

. (1 - |w‘2)"fI/P B
|1}’1|r£1 /n ‘1— <z,w > ‘an/pd'ulpv%q(z) = 0.

Proof The necessary condition follows by theorem 6.2. We consider the sufficient
condition. By Lemma 6.2, we only have to show iy, 4 is vanishing %—C’arleson measure.

From the proof of (i4i) = (i) in theorem 6.1, for any z € 0By, set |20| = 1 — %. Suppose
(1 — |w[?)ma/®
m d z) = 0.
Jw|—1 /Bn |1— < z,w > [2na/p Hisioa(?)
That is , Ve > 0,31 > r > 0, when |w| > r we have

(1 fuf?y/r
e S ssa)l <

When h < 2(1 —r), for any z € 9B, the corresponding |zo| > r, so

(1 — |zo|?)ma/P
< /n ‘1— < w,zg > ‘2nq/pd'“1/%%q(w)

> —° 4
= oo hralr e

Ctiap,p.q(Sh(2))
= hna/p '

This is true for any z € 9B,. So fiy,, 4 is vanishing % — Clarleson measure.
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ABSTRACT. Given an abstract locally compact topological group, the abstract wavelet
transform is defined so that the inversion formula is used to prove that the image of the
wavelet transform is a reproducing kernel Hilbert space, and it is also shown that any

function in this space can be reconstructed by its sampled values.
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inversion formula, sampled values.
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1. INTRODUCTION

The continuous wavelet transform for a given signal f is a time-frequency localization
method and it is considered as an alternative of the windowed Fourier transform. The
wavelet transform determines better than the windowed Fourier transform the localization
of high and low-frequencies w for a specific time ¢ [1].

The continuous wavelet transform with respect to an “admissible” function has been
used to detect singularities of functions in the Hilbert space L2(R). For example, by using
a reconstruction formula given by Grossmann-Morlet-Paul [4], and the locally compact

topological group

G ={(a.b)|acR\{0}.beR} (1)
and a group representation U acting on the Hilbert space L2(R) given by

1 x—>b
Ua,b)h (x) = ﬁh( y ) (2)

it was proved that for a given function f in L?(R), the singularities of the continuous

wavelet transform (Lj f)(a, b) are the singularities of f [7].
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In two dimensions, the continuous wavelet transform has been used to study singularities
of distributions u in S’(R?). In this case, the wavelet transform of u yields a function on
phase space whose high-frequency singularities are precisely the elements in the wave front
set of u [9].

For n dimensions [6], one option is to consider a radially symmetric function 4. In this

case, the group is given by
G = {(a,b)|a >0 and b € R"} (3)

and the representation U of G acting on L2([R") is taken as

U(a, b)h)(x) = L%h(%). As before, the singularities of f in L?(R") are the singu-
a

larities of (L f)(a, b) [8].

In [10], we consider a second option for &, with just two conditions; & in C§°(R") and
ﬁ(O) = 0. That is, if we drop the condition that & is radially symmetric, then we need
extra parameters besides @ in Rt and b € R” to define a locally compact topological group
G so that the representation U of G acting on L?(R") satisfies the condition that as a — 0,
then (U(g)h)(x) with g in G concentrates around x = b. In this case, the locally compact

topological group is taken as
G={(a.b,0)|a>0, beR?* and 6€l0,27)}, (4)

and then, it is proved again that the singularities of f are the singularities of (L, f)(a, b).

For a product of two locally compact groups, the wavelet transform as well as its inverse

were studied by means of a special homogeneous space [2].

In this paper, we follow the locally compact topological groups point of view, to define
the wavelet transform, where our group G is given as the product of n + 1 locally com-
pact topological groups A1, Az, ..., Ay, B, by means of a square integrable, irreducible, and
unitary representation acting on the Hilbert space LZ(]_[:;I Aj), where this representation
depends of n + 1 parameters a; € A;, with i = 1,2,...,n, and b € B so that the inversion
formula is obtained for a given function f € L?([T/_, 4;). A reproducing kernel Hilbert
space on L2(G) is given as well as a sampling formula for functions in the image of the
wavelet transform. Moreover, we study different characterizations of the wavelet transform

by using the Fourier transform, and the convolution of two functions.

2. NOTATIONS AND DEFINITIONS

Let us begin by defining a homomorphism for an Abelian locally compact topological

group. So, consider n 4+ 1 locally compact topological groups Ay, 43, ..., A, and B where
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Ay, A,,..., Ay are Abelian. Now, for each b € B consider the map
[p:A— A, where A = []/_; 4; such that for a = (a1, a2,...,an) € 4,

a — Tp(a) = (T'p(ar), Tp(az), ..., Tplan))
is a homeomorphism. Note that fori = 1,2,...,n the homomorphism I"' from B into the

group of all automorphisms of A4; given by (a;,b) — ['p(a;i) is continuous on A4; x B to 4;.

On the other hand, for a = (a1, a2, ...,a,) and a’ = (a},d},....a,) in A define
i i i i i i i
aa' = (a1, az,...,an)(ay,a,,...,a,) = (a1ay, aay, ..., ana,).
So, A is an Abelian group, where e4 = (e1, €2, ..., e,) is the identity with e; the identity in
Ai,and a™' = (ay.,as,...,a,)7 " = (al_l,az_l, e, a;l) is the inverse with ai_1 the inverse in

A;, fori =1,2,...,n.

Definition 1. Define G as the product of A and B. That is, consider G = A X B =
{(a,b)|a € A, and b € B}. In G define

(a.b)(@',b') = (aTp(a’), bD"). ()

Then, with this product G becomes a group, where eg = (e4, ep) is the identity (e4 is
de identity in 4 and ep is the identity in B), and where (a,b)™! = (Tp-1(a™!),b™!) is the
inverse.

Note also that G = A x B is a locally compact topological group. Then we will denote
by dug(a,b) the left Haar measure on G, the left Haar measure on A by du4(a) and the
left Haar measure in B by dup(b).

Definition 2. Given a group G and a set E, an action of G on E is a map
(s,x) > sx of G x E — E such that

1) ex = x for any x in E, and where e is the identity in G

2) s(tx) = (st)x for any x in E, and where s,t are in G.

Then we have the following Lemma.

Lemma 1. The function -: G x A — A given by (a,b) - x = al'p(x) is an action of G on
A where (a,b) € G and x € A.

Proof.
1) Let eg = (e4,ep) be the identity in G, and let x be in A. Then

eG-x = (eq.eB) X =eqlep(x) = Tepy(x) = x.
2) Let (a,b) and (a’,b’) be in G, and let x be in A. Then

(a,b)[(@.b)-x] = (a,b)[a'Tw(x)] = alp [a'Tp (x)]
= aly(a")Tpp (x) = (alp(a’), bb") - x = [(a.b)(@’.b)] - x.
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Definition 3. Let G be a locally compact topological group. The support of the function
f G — C denoted by supp(f) is defined as the closure of {x € G| f(x) # 0}, and Co(G)
is defined as the set of continuous functions f : G — C such that supp(f) is compact.

Definition 4. Let G be a locally compact topological group, H a closed subgroup of G. A
measure i # 0 on G/H is said to be relatively invariant under G if for each s € G there is
a function y : G — (0, 00) such that for every function h € Co(G/H), we have

/ h(s™'2dp(z) = 1(s) / h()du ()
G/H G/H

In this case, the function y : G — (0,00) is a continuous homomorphism such that

x(@) = ﬁg((i)) with z € H and where Ay and Ag are the modular functions on H and G

respectively.

Lemma 2. Let G be a locally compact topological group, and let H be a closed subgroup of

G. If there is a continuous positive homomorphism y on G satisfying x(g) = ig(((‘gg)) with

g € H, then there exists on G/H a relatively invariant measure p [11].

In our case, for G = A x B, there is a positive continuous homomorphism y : G — (0, 00)
that satisfies Lemma 2 for & in Cy(A) [2]. That is, for any h € Cy(A) we have

[ 1@y 5 dnao) = 2. [ hdpac) (©)
Definition 5. For 1 < p < oo and for a complex valued function defined on the locally

compact topological group A, define

LP(A) = %h tA—>C | /A [h()|Pdpa(x) < oo}

where dia(x) is the left Haar measure on A.

Formula (6) can be extended for all h € L1(4) [11]. So, from now on consider y : G —
(0, 00) satisfying (6) for h € L1(A).

3. UNITARY OPERATORS
Definition 6. For h € L?(A) define the following operators

D) (Jah)(x) = ————h[(a.e5)"" - x].
X(av €B

where (a,ep) € G,x € A, and a € A.

2) (Tyh)(x) = Jﬁhm,b)—l X,
A

where (e4,b) € G,x € A, and b € B.
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Lemma 3. For the operators J, and Tp,
1) JoJor = Jaur, where a,a’ € A.
2) TpTy = Tpp, where b,b’ € B.
3) TbJa = Jl"h(a),Tba and Ja Tb = TbJFh—l (@)» where a € A, and b € B.

Proof.
1)

(JaJurh)(¥) = [a(Ja](6) =~ (Juh)[(@. e5) " - x]
B

v xa,ep)

1 1
= h ! —1 -1 .
Viae o epy W err
! 1
= h s /’ -1 . — 7}1 /’ —1 . — Jaa/h .
\/X[(a,eB)(a’,eB)] [((a ep)(a’,ep)) x] \/M [(ad’,ep) x]=( )(x)
2)
= = ; / -1,
(Tp Ty h)(x) = [Tp(Tp h)](x) = IO (T h)[(ea. b) x]
1 1
= hl(eq, b)) Yeq,b) L -
\/X(G‘A,b) \/X(eA,b’) [(eq,b") " (ea,b) " - x]
! 1
- h[((ea.b)ea b)) - x] = —————hl(ea. b0y - x] = Ty h)(x).
3) On one hand,
_ o L
(TpJah)(x) = [Tp(Jah)](x) = — (Jah)[(ea,b)™" - x]
1 1
= h -1 pL.
VXeaB) e ) eat)
! 1
B h(ea.b)a.ep)™ - x] = —mmeeeh[(Th(@). 5) ™" - x].
ORICRTY) [((ea. b)(@ e5)) ™" - x] T (T (@), 5)" - x]
On the other hand,
(Jl"h(a)Tbh)(x) = ;(Tbh)[(rb(a),elg)_l X x]

v x(Tp(a),ep)

! hlea. ) (Ty(@). e5) " - x]

1
~ /x(Th(a), ep) v/x(ea, b)

1
= h[((T , )RR
/AT @ es)@n D] [(Tp(a),ep)(ea, b)) - x]
! 1
= H(Ts (@) Tey (e). e5b) ™ - x] = — o h[(Th(a). 5) ™ - ]
V1(Th(@)Tey (ea), eb) I (@Fen(ea). esby 2] x(Tp(a),b) (T, by 2]
In a similar way, it can be proved that J,Tp = Tp JF,,—l @ O

Lemma 4. Fora € A and b € B, the operators J, and Ty are unitary operators.
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Proof. Let h be in L?(A). Then by (6),
1)
[ Jah|? = / Tah) O dpa(x) = / (Jah) () Ta P () it (x)
A A

“ Jﬁ’“““)” 0 ey W M)
= ey J 0@ en ™ D)

= X(a,eB)X(a’eB)/;l(hh)(X)d“A(X) = /A |h(x)[2dpa(x) = ||h]]2

I Toh|P = /A |(Toh) () Pdpa(x) = /A (Tyh) )Ty M da(x)

h((earb)™ - x) (e ) X)dprax)

1
/ meAb ’ x(ea,b)

_ X(e / (W) (ea,b) ™" - X)dpua(x)

= — 2
= —ayttend) [ iBEda) = [ hRduaw = P,

Moreover, since J) = J; 1= J,1, and T, = Tb_ = Tp-1, it follows that both, J, and
Ty are unitary. O

4. FOURIER TRANSFORM

Definition 7. Let G be a locally compact topological Abelian group, and let
= {z € C||z| = 1}. We say that the function p : G — T is a character on G if p

s a continuous homomorphism.

Definition 8. Given a locally compact topological Abelian group G, we define the dual group
of G as
G ={p:G — T|p is a character}

In this case we denote p(g) = (g, p) where g € G and p € G.

Note that G is clearly an Abelian group under pointwise multiplication
(p1p2)(g) = p1(g)p2(g). Its identity element is the constant function 1 and the inverse
clement is p~'(g) = p(g) = p(g™").

The dual group of a locally compact topological Abelian group is used to define an

abstract version of the Fourier transform.

Definition 9. Given h € L'(G), the Fourier transform of h is the function h:G—>C
defined by

(o) = /G h(©)p®E) dic (g). (7)

271



272

JAIME NAVARRO

where the integral is relative to the left Haar measure on G.

Definition 10. For a function h € Ll(a), the inverse Fourier transform of h is the function
h:G—>C defined as

7 = [ 1o (o). (8)
where dp,a(p) is the left Haar measure on G.

Then for h € LY(G) and 1 € L1(G),

o) = [ hp()dig o)
Lemma 5. For h € Co(A) we have
) (Jah)(p) = Vxla.es) p@) hip)
2) (Tph)(p) = Vx(ea.b) h(poTy),
where pe A, a € A, and b € B.

Proof.
1) Note that since

1

Vvix(a,ep)

Tl (p) = /A (Jah) )P dpa(x) = /A h((@.es)™" - X)p@)dpa(x),

and by Lemma 1,

p(x) = plaa™'Tep (x)] = pla)pl(a™" . ep) - x] = p(a)pl(a.ep)™" - x],
it follows from (6) that

1

v x(a,ep)

- ﬁ@ /A UiB) (@, e8)™" - X)dpa(x)
sE€B

1 S
= h_
——parta.en) [ 07 @duace)

— Vilaes) 2@ /A hOpMduatx) = Va@es) p@ ).

2) Similarly, since

h((a,ep)™ -x)p@) p((a.ep) - x)dpa(x)

(Jah) () =/A

1

Vixlea,b)

h((ea,b)™" - x)p(x)dpa(x),

@k o) = [ Toheptdac) = [
and
p(x) = [Tyt (0] = [T Tyt (D] = p [TpleaTy1 ()]
= p[Th((ea,.b™) - x)] = p[Th((ea,b) ™" - x)] = (po Tp)((ea.b) ™" - x).
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it follows from (6) that

(Tyh)(p) =/A

1

Vv x(ea.b)

- ! / (h- 59T ((earb)™" - X)dpua(x)
A

Vv x(ea.b)

1 .
- 2(ea.b) / (h- 50T (0)dpax)
A

Vixlea, b)
= Vx(ead) /A W) (o T )@ dual) = v/xead) h(poTy).

h((ea,b)™" - x)(p o Tp)((ea, b) ™1 - x)dpra(x)

Corollary 1. Let h be in L'(A). Then for a in A

(TaToh)(p) = v/x(@,b) pla) h(poTy).
Proof. It comes from Lemma 5.

Lemma 6. The function - : G x A—> A given by

[(a.b) - p](x) = pl(a. D) - x]

is an action of G on A where x € A.

Proof.
1) (ec - p)(x) = [(ea.eB) - pl(x) = pl(ea. eB) - x] = p(x).

2) One one hand,
(@ b)[@,b)-p](x) = ((a.b) - p)[(@', ) - x] = [(a,b) - p] (a'Tr (x))
=p[(a.b)-a'Ty(x)] = p[alp(a' Ty (x))] = p[als(@)Thy (x)].
On the other hand,

[(@.b)@ . b') - p] (x) = [(@T5(@"). bb") - p] (x)
= p[(alp(a"),bb’) - x| = p[aTp(@)Tpy (x)].
This proves Lemma 6.
Corollary 2. Let h be in L'(A). Then fora € A,
D (Jah)(p) = (Jo-1h)(p)
2) (Tyh)(p) = (Ty-1h)(p)

3)  (JaToh)(p) = (Jg—1 Ty-1h)(p).

Proof. Note that from Lemma 6,
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1)

(ot h)(p) = M@ e)™ - p) = vx(@ en) /A h) @ es) - Pl dalx)

1
Va1 ep)
= Vx(.es) /A ho)pl@. ez) - xdpax) = vx(a.ep) /A h(x)plaTey (OTdpa(x)
— Jx@.es) p@ /A hPE dpa(x) = vxia.es) p@ hip) = Tak) (o).

2)

~ 1 ~ .
(Tp-1h)(p) = ——=—=—===h((ea.b™) " - p) = \/X(eA,b)/ h(x)[(ea.b) - p] (x)da(x)
x(eq.b71) A

= Vxx. D) /A ho)plea.B) - xdpa(x) = Vx(ea ) /A h (o) PIEa) T (1 A (x)
= Vxead) /A h) P N dpa(x) = v/x(ea ) h(p o Ty) = (Toh) (o).

3)
TaToh)(p) = (Ja=1 Toh)(p) = (Jg=1 Ty—1 1) (p).

5. UNITARY REPRESENTATION

Definition 11. For (a,b) in G = A x B, define the n + 1 parameter family of operators
U(a,b) = J,T),. Note that U(a,b) acts on the Hilbert space L*(A) by:

(Ula,b)h)(x) = (JaTph)(x) = (Ja(Tph))(x) =

(Tyh) [(a.ep)™" - x|

1
v x(a,ep)

! L [t b) M a.en) " -]

B Vx(a.ep) \/x(ea.b)

_ : h[(@. ep)ea. b)) -x] =

1
Vx((a,ep)(ea,b)) x(a,b)

Lemma 7. U(a,b) = J,Tp is a unitary representation of G acting on the Hilbert space
L%(A).

hl(@b)™"-x].

Proof. Note that since the operators J, and T} are unitary (Lemma 4), it follows that
U(a, b) is unitary.

Now, let us prove that U(a, b) is a representation of G acting on LZ(A).

On one hand, from Lemma 3,
U [(a’ b)(a/’ b/):l = U(arb(a/)v bb/) = Jal"h(a’)Tbb’
= JaJr, @) Tp Ty = JaTpJa Ty = Ua,b)U(d', b).
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On the other hand, since U(eq,ep) = Je,Tey = I, where I is the identity operator, it
follows that U(a, b) is a representation of G acting on L2(A). O

Lemma 8. The left Haar measure on G = A x B is given by :
1
x(a,b)

Proof. Let h be in L'(G), then by (6)

d(a,b) = dpa(a)dpg(b).

/G B (@ b)) (@.b)] dpa@)dps (b) = y@'.b) /G h(a.b)dpa(@)dus (b).

Now, replacing & by % we have

h(a,b
dua@dug®) = 1. b) /G XEZ b; dpa(@)dpp®).

/ h((@.b) ' (a, b)]
G X [(Cl/, b/)_l(av b)]
Then

/o n—1 1 — !
Ll 5 @b s dua@ans®) = [ b dia@dien 6)

That is
/ h(@ . b) " (a,b)]d(a,b) = / h(a,b)d(a,b).
G G
This shows that d(a, b) is a left Haar measure on G. O

6. ADMISSIBILITY CONDITION

Definition 12. A function h in L?(A) is said to be admissible if
/G | (h, U(a,b)h) |2d(a,b) < co.

Lemma 9. Let h be in L'(A) N L2(A). If u(B) < oo, then

Cp = /B h(p o Tp)2dpeg (b)
is uniformly bounded for p € A.

Proof. Note that since
(o) = [ 1o T,
it follows that
oot = [ el lpTat)lduate) = [ Ihldpato) = 1l

Hence, Cp, < ||h||3 u(B) < oo. O
Lemma 10. Let h be in L'(A) N L?(A) if

0<Cp= / |h(p o Tp)|2dpp (b)
B
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is uniformly bounded for p € /’1\, then h is admissible.

Proof. Since 0 < Cp, < oo for any p € A and h is in L?(A), it follows that
R = ||nlPCy = |IAIPCh

- ( [ Foran g(p)) ( [ e Fb>|2du3(b)) < .
A B

Then R can be written as

R= [ [ ors)| dugordus)

= [ ([ [porVrean ootaf duzn) - tosdunon

x(ea,b)
Then by Corollary 1,

B PR W S
R= [ ([ oTh0 o) st
— [ |iToh dpug(b
/B ’ L2(A) X(ea.b) o)
2
-
B L2(A)
— 2
Gan
B A
:/ (/ /A(Zﬁ)(y)y(a)du;(y)
B AlJA

B / / ‘/AZ(V)\/W (@) Toh(y)du (y)
BJA|JA

2

dup(b)

1
x(eq,b)

1
duA(a)) wexb) dup(b)

x(ea,b)

2

2 1
dﬂA(d)) dup(b)

x(a,b)

- 2
=/ ‘/ﬁ(y)(J(a)—lTbh)(y)dug(y) d(a,b)
G A

).

:/G|(h, JaToh) 1200 | d(a.b)

2
d(a,b)

@’ m>L2(/f)

- / | (b, Ua. b)h) Pd(a. b).
G
That is
/G | (h, U(b)h) [2d(a,b) = Cp||h|)* < oo,

which means that 4 is admissible.

! ua@dus®)
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7. THE ABSTRACT WAVELET TRANSFORM

Definition 13. Given (a,b) in G = Ax B and h admissible in L?(A), the abstract wavelet

transform with respect to h is defined as the linear operator
Lp(a,b): L*(A,duy) — L*(G,d(a,b))
such that for any f in L?>(A) we have

(Lnf)a,b) = (f,U(a,b)h)2y4)-

That is,
(Lo f)a.b) = / £ U@ DR () dpua(x) = / F ) e (@ BT D) dpra ().
’ A ’ A vV x(a,b) ’

Now, in order to get back the function f from the abstract wavelet transform (Lj f)(a, b),
we will apply the Grossmann-Morlet-Paul theorem [4], where the hypotheses for the repre-
sentation U(a, b) are: unitary, irreducible and strongly continuous. In our case, our repre-
sentation is unitary, so the following lemmas will show that U(a,b) = J,Tp is irreducible

and strongly continuous.

Lemma 11. The representation U(a,b) of the group G = A x B acting on L*(A) is irre-
ducible.

Proof. Suppose h € L?(A) \ {0} and suppose f € L?(A) is such that {f,U(a,b)h) = 0
for all (a,b) in G. To show the representation U(a, b) is irreducible [5], we will show that
f =0in L2(A).

Under the assumptions we have

[ 1 U@ b Py =0,
G
but by (9),
0= [ 11 V@b Pda.b) = Gill 1P
Since A is not identically zero, it follows that || f|| = 0. Thus f = 0. O
Definition 14. For a function h : A — C, define the left and right translations of h by

(Ish)(x) = h(a™'x) and (Dgh)(x) = h(xa), where a,x € A.

Definition 15. For a function h : A — C, we say that:
a) h is left uniformly continuous if ||Igh — hlleo = 0 as a — e4
b) h is right uniformly continuous if ||Dgh — h||lec — 0 as a — e4,

where || |loo s the uniform norm.
Lemma 12. Ifh € Cy(A), then h is left and right uniformly continuous [3].

Lemma 13. Ifh is in Co(A), then
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a) [|Jah —hl|loo = 0 as a — ey
b) ||Tph — hlloo — 0 as b — ep.

Proof.
a) Note that

1 1
Jah —h = |———"((a, 1.x)—h = |—— h@'x)=h
|(Jah)(x) — h(o)] ‘ (@ es) ) b ‘ 0
<L @) k)] + 1| ).

v xl(a,ep)

Then, since x(a,ep) is continuous at (e4q,ep), it follows from Lemma 12 that

x(a,ep)

[|[Jah —h|loo = 0 as a — ey4.

b) Similarly, since

Vixlea,b)

|(Tph)(x) — h(x)| = ‘;h((m,b)_1 - X) —h(x)

1 1
< ————=[(hoTp-1) (x) = (h o Tey) (X)| + | ———==— 1| |h(x)]
Vlea.b) ’ Vxlea.b)
and y(e,b) is continuous at (e, ep), it follows that ||Tph — h||coc — 0 as b — ep. O

Lemma 14. Let h be in L*(A). Then
1) ||Jah—hll2 > 0asa —eq
2) I Tyh — h||2 = 0 as b — ep.

Proof. Let € > 0 be given. Since Co(A) is dense in L?(A) , there is [ € Co(A) such that
[1h=1]l2 < 5.
Now, since / is uniformly continuous, it follows from Lemma 13 that there is a neighbor-

hood V of e4 such that ||J] —]|co < %ﬁ for all @ € V and where S = supp(/).

Then
Jal =13 = /S |(Jal)(x) = 1) Pdpa(x) < [|Jal —1]|2m(S).

Thus, ||Jal — ||z < [|Jal —|leoy/m(S). Hence, ||Jal — 1|2 < §.
Therefore, for a € V' we have from Lemma 4,
[[Jah = hll2 < [|Jah — Jalll2 + [|Jal = Ill2 + |[h = 1]]2
=[alh=Dll2 + [[Jal = [l2 + Ik = 1]]2
€ € €
=l =1+ al =+ =12 < S+ 5+ 5 =€
2) In a similar way, it can be proved that ||Tph —h||» — 0 as b — ep. O

Lemma 15. Let h be in L?>(A). Then ||U(a,b)h —h||2 — 0 as (a,b) — (e4.eB).
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Proof. By Lemma 12,
[[U(@.b)h — hll2 = [|JaToh — hll2 = [|JaToh — Jah + Jah — h||2
= Wa(Toh = W)ll2 + [|Jah = hll2 = ||Tsh — hll2 + [|Jah — hll2 = 0

asa — e4 and b — ep. O
Lemma 16. The representation U(a, b) is strongly continuous.

Proof. Let us prove that ||U(a, b)h — U(a’,b)h||2 — 0 as (a,b) — (a’,b’) for any h in
L2(A).

Consider a,a’ in A. Then for b, b’ in B, and Lemma 3

Ja Tbh = (Ja TbT(b/)—l J(a/)—l)(Ja/Tb/h) = (Ja Tb(b’)_l J(a/)—l)(Ja/Tb/h)
= Ja(JFh(h’)_l ((a/)—l)Tb(b/)—l)(Ja’ Tb/h) = (Jarh(h’)_l ((a/)—l)Tb(b/)—l)(Ja’Tb’h)‘
Then for u = Jy/ Ty h,

JaTbh — Ja/Tb/h = Jal" Tb(b/)—lu —u

w1 (@)~

= Jar, 1 (@)D To@n=14 = Jar, (@)% + Jar, (@)= — U

= Jar, 1 (@)~ [Toen-14 —u] + [Jar,,(,,,)_l (@)~H¥ — ”] :

Then by Lemma 14,
||JaTbh - Ja’Tb’hHZ

= Mar, -1 (@0 [Toen-11 = ulllz + 1 ar, ,, _y @y-1yu = ull2

b’

= [|Tppry—1u —ull2 + [|Jor n-nu—ull2 >0

b(p')—1 ((a

as (a(@) L b)) > (eq.eB).
Thus, ||JoTph — Jo' Ty h)|2 — 0 as (a, b) — (d’,b’). O

8. INVERSION FORMULA

Lemma 17. For any f.g in L*(A) and an admissible non-zero function h in L*(A), we

have the following identity in the weak sense
1
1= o [ @b Uabhda.b)
hJG

Proof. The representation U(a, b) is a strongly continuous irreducible unitary representa-
tion of the locally compact topological group G = A x B acting on the Hilbert space L2(A4).
So, if there is a non-zero admissible vector 4 in L2(A), then by the Grossmann-Morlet-Paul
theorem [4], for f, g in L2(A),
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/G (/. Ula. byh) (5. Uta. BYRYd(a. b) = Ci { f.5)
Hence,
f=L / (L f)(@.b) Ula. byh d(a. b)
Cy Jg

in the weak sense.

9. ISOMETRY

Lemma 18. Given f,g in L*(A),

1
(f &) r2a) = C (Lnf Lng)L20)

h
for any non-zero admissible function h in L*(A).
Proof. It comes from (10).
Lemma 19. For f,g in L?(A),
1
||f||iZ(A) = C_h”thHiZ(G)‘
Proof. If f = g, then from Lemma 18,

1
(£ 2y = C

o (LnfsLnf) 126 -

That is,
1
1120 = 1L S gy

Note that from Lemma 19,
1
[ 1@Pdia@ = & [ IeanapPdab)
A h JG

10. CO-VARIANCE PROPERTIES

(10)

In this section, the co-variance of wavelet transforms is given as well as with respect to

admissible functions.

Lemma 20. If h in L?(A) is admissible, then for f in L?>(A) and for a’ in A and b’ in B,

1) (LaTy f)(a.b) = (Lp f)(Tn-1(a). (0')~'b)
2) (Lndar f)a,b) = (L f)((@) " a,b).
Proof. From Lemma 3,
1)
(LpTy f)(a.b) = (Ty f. JaTph) = (f. Tpr-1JaToh)

= (£ It @Ton-1Toh) = (£ 90, @Twr-15h) = (L ) Tgn-1@, ¢)7'D).
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(Lndar )@, b) = (Ja' f, JaTph)
= (/. Jary-1JaToh) = (f. Jan—1aToh) = (L f)((@') " 'a. b).
O

Corollary 3. If h € L?(A) is admissible, then for f € L?(A) and fora’ € A and b’ € B,

(Lnda Ty f)a, b) = (L f)(Try-1 (@) a), (0")7"b). (13)
Proof. It comes from Lemma 20. O

Lemma 21. If f € L?>(A) and h is admissible in L?>(A), then for a’ € A and b’ € B, we

have Jyh and Tp'h are admissible. Moreover
1) (Ly,nf)a,b) = (Lypf)aly(a),b)
2) (Lr,nf)a,b) = (Lyf)(a,bb).

Proof. First, we will show that J,» and T, are admissible. It is clear that J,/h and Tp/h
are in L2(A).

By Lemma 10, since

Cron= /B T ) (p o T)Pdpus (b)

~ 2 ~
=/B‘x/x(a’,eB) (poTp)a) h(poTs) duB(b)=X(a’,eB)/BIh(Porb)lzdﬂB(b)<°°v

it follows that J,/h is admissible.

Also, since
Crop = /B Ty ) (p o T 2djus (b)
~ 2 ~
= /B VAea:BYh(p o Ty o Ty)| dun®) = xea.t') /B [ © Tppy)|*djap (b) < oo,

it follows that Ty h is admissible.

Now, note that
1)
Ly nf)a,b) = (f JaTpJarh) = (f. JaJr,@)Toh) = (Ln f)(aTs(a@), b),

and

(L, nf)a,b) = (f JaTyTyh) = (f. JaTpph) = (Ly f)(a,bb’).

Corollary 4. If f € L?>(A) and h is admissible in L*>(A), then

(LJG/Th/hf)(avb) = (th)(arb(a/)vbb/)‘ (14)
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Proof. It comes from Lemma 21. O
Corollary 5. If f € L?(A) and h is admissible in L*>(A), then

(Lyy1ynda Ty f)a.b) = (L f)(Tgy-1((@) " aly(a)). (b))~ bb"). (15)

Proof. It comes from (13) and (14). O

11. MAIN RESULTS

We now give a characterization of the image of the wavelet transform by a
reproducing kernel. Note that not every function F(a,b) in L?*(G) is the wavelet trans-

form of some function f in L2(A). That is,
Im(Ly(a,b)) = {F(a, b)| (Ly f)(a,b) = F(a,b)for some f € LZ(A)}

is a proper subspace of L2(G).
To see this, note that for F(a,b) = (Ly f)(a,b), we have F(a, b) is bounded since

|F(a.b)| = [(Lnf)a. b)| = |{f.Ula.b)h)| < || fll2l|Al]2.

Hence, any unbounded and square integrable function F(a,b) is not in Im(Ly(a,b)).

Then we have the following result.

Theorem 1. The image of the wavelet transform with respect to an admissible
function h in L%(A) is the closed subspace of functions F(a,b) in L?>(G) that satisfy

1
F(a,b) = C_h/G F(',b")K(a,b;ad',b")d(d',b")

where

K(a,b;a', b’y = [L,U(a,b)h](a’, b’)

is the reproducing kernel associated with h.

Proof. If F isin Im(Ly(a, b)), thereis f € L?(A) such that (Lj, f)(a,b) = F(a,b). Then
by (11) with g = U(a, b)h,

Fa.b) = (Lyf)(@.b) = (£, U@ b)) = o (L f Lng)

Cn
1 PN L
= C_h/;(th)(a’b)(th)(a’b)d(a,b)

Now by taking
K(a,b;a',b')y = (Lyg)(a'.b),

we have

F(a,b) = Cih/GF(a’,b’)K(a,b;a’,b’)d(a’,b’). (16)

This shows that the image of Lj(a, b) is a reproducing kernel Hilbert space embedded as
a close subspace of L?(G, Lhd (a, b)), where by Corollary 3,
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K(a,b;ad',b")y = [LpJ,Tph] (a’,b’) = (Lyh)(Tp-1(a=1a’), b=1b")

is the reproducing kernel. O

Now, we will develop a sampling formula for functions in the reproducing Hilbert Space
Im(Ly(a,b)). Thus, for a® = (aik), aék), e, a,(,k)) in A, consider a countable set
{(@®, b(k))}k=1,2,u_ in G = Ax B such that {U(a®, b(k))h}k=1,2,u_ is an orthonormal basis of
L?(A) where h is admissible in L?(A4). Then since the wavelet transform is an isometry (11),
it follows that {L,U(a®, b(k))h}k=1,2,u_ is an orthonormal basis for Im(Ly(a,b)). Then we
have the following expression for the L? norm for L,U(a,b)h.

Lemma 22. For (a,b) in G and an admissible function h in L>(A), set g = U(a, b)h, and
for a given countable set {(a(k),b(k))}k=1’2’.“ in G, set g = U@®,b®)h. Then

1Lagl1}26) = Ci Y 1(Lngi)(a. b,

k=1
Proof. Since {Lp8k}k=1,2,. is an orthonormal basis for Im(Ly(a,b)) and
(Lrg)(a,b) € Im(Ly(a,b)), it follows that
(Lng)a.b) =Y di(Lngr)(a.b). (17)
k=1

where dy = (Lpg, Lpgk) -

Note that from (11),

di = (Lng. Lngk) = Cn{g. k) = Cn{gk. g)

(18)
= Cn(gk. Ula,b)h) = Ch(Ligk)(a,b).
Then by (17) and (18),
ILrgl® = (Lng, Lng) = <Z diLngi. Y dkthk>
k=1 k=1
= Z£<Z dkLngk. thk> =Y drdi (Lgk. Lnge)
k=1 k=1 k=1
=Y didi =) ldil> = C; Y |(Lagi)(a,b)[>.
k=1 k=1 k=1
O

Lemma 23. Suppose that h in L?(A) is admissible. Then the series representation for Lyg
in Im(Ly(a, b)), where g = Ula, b)h is absolutely convergent in G.
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Proof. Since {Lp&k }k=1,2,... is an orthonormal basis for Im(Ly(a, b)), it follows from (17)
that,
o0
(Lng)a.b) =Y di(Lngi)(a.b),
k=1
where dy = Cj,(Lpgk)(a,b). So, the series converges in L?(G).

Then from Lemma 22,

> 1k (Lngi)@. b = Y |Cullagi) @ ) (Lage) @, b)
k=1 k=1

> 1 1
=Cp Y _|(Lagi)(@. b)]* = Ch =5 ILag|* = =||Lngl* < oo.
k=1 Ch Ch

Thus, the series converges absolutely in G. O
Now, we will give our second main result.

Theorem 2. For a wavelet h in L*(A) we have that any F in Im(Ly(a,b)) can be recon-
structed in terms of its sampled values {F(a®, b(k))}k=1,2,.__ by the following interpolation
formula
o0
F(a,b) =Gy Y F@®,b®)(Lngr)(a,b), (19)
k=1
where g = U@®, b®)h.

Proof. Since {Lpgk }k=1,2,... is an orthonormal basis for Im(Ly(a, b)), it follows that for
F in Im(Ly(a, b)),

o0

F(a,b) =Y (F.Lngk)12(G) (Lngr)(@.b).
k=1
First note that from Lemma 23, this series representation for F is absolutely convergent.

Moreover,
Fla,b)=)" [/ F(a’,b')(thk)(a’,b’)d(a’,b')} (Lngk)(a,b).
G
k=1
Then by Theorem 1,

F(a,b) =

WK

[/ F(d,b)K@® pb®;a' by d(, b’)} (Lngr)(a.b)
G

x
Il
e

ChF@®,p®) (Lygi)(a, b).

e

x
Il
e
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12. CHARACTERIZATION OF THE WAVELET TRANSFORM

In this section, we will see that the wavelet transform can be written in different ways by

using the co-variance properties, the Fourier transform, and the convolution of two functions.
Lemma 24. Suppose f € L?>(A) and h is admissible in L*>(A), then
D (Lnf)a.b) = Ly nla f)@aly((@)).b)
2) (Lpf)a,b) = (L1, nTy f)(Tp (@), b'b(})),
where (a,b) and (a’,b’) are in G.

Proof. It comes from Lemmas 20 and 21. O
Corollary 6. Suppose f € L*(A) and h in L*(A) is admissible, then
(Lnf)a,b) = (Ly,1ynda Tey f)@'Te (@)Tp (@) ™), 0'b(B") ).
Proof. It comes from Corollary 5. O
Lemma 25. If f € L>(A) and h in L?>(A) is admissible, then
(Lnf)a.b) = (Lpf)@™", b7,
Proof. By Corollary 2,

L@ 07 = (7 ami Tyih) = (. JaToh) = (£ JaToh) = (Ln f)(@.b).

O
Lemma 26. Suppose f and h in L*>(A) are admissible, then
(Lnf)a.b) = (Lzh)(a@.b)™".
Proof. By Definition 13 and Lemma 3,
(Lo f)(@.b) = (£ JaToh) = (Ty=tJa=s 1) = {Jr, _, @) To1 /1)
= (B Jr, @) To i T) = Ly Ty @), 67) = (Lphab) ™
O

Definition 16. If f.g € L'(G), then the convolution of f and g is defined as the function

(f * 9)(x) = /G F0)g0™ Ddpc ().

where x,y € G

Lemma 27. If h € Co(A) is admissible and f € L*(A), then

(Lnf)ab) = [/ @] @. (20)

1
Vvix(a,eg)

where ~ means ¥~ (x) = Y (x~1).
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Proof.
1

v xla, eB)

- —W [ r@@R o )

:\/(aeB

" i 0
B

ma o) / e A‘b>
_ U @t
/A J0) s ™ X))

[/« @h~] @
/ £ TR @ x)dpwax)

E((eA, b)_l(a, ep) ! - xX)dpa(x)

= (Lnf)(a.b).

Lemma 28. If f € L'(A) and g € Co(A) is admissible, then f * g is admissible.

Proof. Note that since f € L'(A) and g € L?(A), it follows that f * g € L?(A) and
ILf * gll2 < [[f1l1l1g]l2; [3]. Also since f x g = fg, [11], then

Cras = [ [Treworo)| dus®) = [ |Formgmorn)| dusw)

- /B FooTo)P 1800 Ty Pdus®) < |Lf112 /B 18(p o Ty) Pz (b) < oo.
O

Corollary 7. Suppose h € L?*(A) is admissible. If f € Co(A) and g € Co(A) is

admissible, then

(La(f * &), b) = (L7, gh)(a,b)™" (21)

Proof. By Lemma 29, f * g is admissible. Then, the result comes from Lemma 26. O

13. EXAMPLE

We will give now an example related to the definition of the abstract wavelet transform.
According to section 2, let us consider the additive group R” with identity egn = (0,0, ...,0)
and the multiplicative group R™ with identity eg+ = 1.

Now, let us take the homomorphism I' from RT to the group of all automorphisms of
R”. That is, for each s € R™, the map I’y : R® — R” is defined as [y(ky, ko, ..., ky) =
(Ts(ky), Ts(ka), ..., Ts(kn)) = (sk1,8ka, ..., sky), where (k1,ka,...,k,) € R".

In this case, the product in

G =R"xRT = {(ky,ka,....kn,$)|(k1. ks, ... . kp) €R" and seR*}
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is defined as
(k1 kay oo kn, )k kY, ook, s') = (ki + Ts(kY), ko + Ts(k), ... kn + Ts(k;,), s87)
= (k1 + sk, ka + sk, ... . kn + sk}, ss").

Note that with this product, G becomes a locally compact topological group where the
identity is eg = (ern, eg+) = (0,0,...,0,1) and

(ki ko, ... kp,$) = (Dym1(=k1), D=1 (=ka). ..., Tsm1(=kp), s71)
= (—s_lkl, —s Vo =5 Yy s,
Moreover, G acts on R” with the following action - : G x R" — R” given by
k1, k2, oo kn,s) - (x1,x2,...,xn) = (k1 + Ts(x1), k2 + Ts(x2), ..., kn + Ts(x,))
= (k1 + sx1, ko + 5x2,..., kn + 5xp),

where (x1, x2,...,Xx,) € R".
On the other hand, the function y : G — (0, co) satisfying

/1; b1k )™ 0w () = 2K K s) /1; h()dpn ()

is given by y(ky.ka,....kn,s) = s", where h € L'(R").
Also note that dugrn(x) = dx, and

(k1, ka2, .. k) lox = (—s_lkl, —s Vo, =5 ky) - (X1, X2, ..., Xp)
= (—s Yk, + -1 (x1), —sVky + [—1(x2),..., —s Yk, + [—1(xn))
(—s_lkl +57x1, =5y + 57, o =5 Tk 4 57 )

_ xl—kl XZ—kz xn—kn

= T T .

Now following Section 5, for (kq,k3,...,kn,s) € G define the family of two operators
U(kl, kz, ey kn, S) = J(kl,kz,...,kn)Ts- Then for h € LZ(R"),

1
J h)(x) =
(Jky k2, ko) ) (X) N
1 h xl—kl XZ—kZ xn—k,,
—(1)” T TR 7
:h(x1—kl,xz—kz,...,xn—kn),
where x € R” and (k1,k2,...,k,) € R", and

h((ky ko, ... kn, 1)71 - x)

1
Toh)(x) = h((0,0,...,0,5)" - x
(T:)E) x(0,0,...,0,s) (( ) )
1 - - y— 1 "
S p(plet O Ly oy
v (5)" s s s (s)2 s 5 s
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where x = (x1,x2,...,%,) € R, and s € RT.

Then U(ky, ks, ..., ky,s) is a unitary representation of G acting on L?(R") by

[U(kl ) kZa LRI kna S)h](‘x) = (J(kl,kz,...,kn)TSh)(‘x)
(xl—kl XZ—kz xn—kn)

1
= (Tsh)(xl —kl,xz—kz,...,xn—kn) = —ﬂh
s§2

5 g e e ey

N N N

Moreover since the left Haar measure on R™ is dug+ = %ds, it follows from Lemma 8,

that the left Haar measure on G is

1
N X(klakZa”‘aknvs)

1 1 1
= —d(ky.,ka....kn) —ds = ——d(k1.ka. ... kn)ds.
sh s Sn+1

Thus, the admissibility condition for a radially symmetric function 4 € L?(R") (Lemma

dky, ko, ... kn,s) dugrn(ki,ka, ... kp) dug+(s)

10) becomes

Cy E/ ‘ﬁ(poFs)
R+

where p € R”, and Z(r) = 7(|r|). Then, if we apply the change of variable y = |ps]|, we

2 ~ 21
m%wn=/'mwnww&
R+ N

get,

. 1
QE/ AOP Lay.
R+ y

Hence, for (ky,ks,...,kn,s) € G and h admissible in L?(R"), the continuous wavelet

transform for f € L?(R") with respect to & is given by
(Ln f)ky koo kn,s) = (f2 Tty e, Tsh)

1 —k —k —k
= f(xlv'xZa”"xn)_ﬂh (XI laxz 27”‘5xn n)d(‘xlvxZa”"xn)
R”? 52 N

N N

= [ oo (F5 a
R” s§2 N

which agrees with the one given in [1].

Also, the inverse formula according to Lemma 17 is given by

1
f=a/@mmw%wmthumkwmwww~Mﬂ
G

in the weak sense.
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That is,

1 d
f:_/ / UKy Koy Ky $YR) Ul Ko, e, YR (Kt K, o) e
Ch R+ JR~2 sntl

1
-G /G (f. Uk, s)h) Ulk,s)hd(k,s),

which also agrees with the one given in [8].
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On the Green Function of the Operator (HHB + m6>k
Related to the Bessel Helmholtz Operator and the
Bessel Klein-Gordon Operator

E. Suntonsinsoungvon and A. Kananthai®
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Abstract

In this article, we study the Green function of the form (Bp +m®)¥ which is
iterated k-times and is defined by

k
p 3 pt+a 3
(Bp 4+ mb)F = (Z Bml) + Z By, | +mS
i=1 i=p+1

where p + ¢ = n is the dimension of R}, B,, = O L2 0 9y — 9, + 1,

870? z; Ox;’
o > —%, x; >0,79=1,2,...,n, m is a positive real number and k is a positive
integer. At first, we study the Green function or elementary solution of the
operator (Hp +m®)k. Moreover, the operator (g +m®)¥ can be related to the
Bessel Helmholtz operator (Ap + m?)* and the Bessel ultra-hyperbolic Klein-
Gordon operator (g + m?)*. After that, we apply such a Green function to
solve the solution of the equation (Bg+mS)*u(x) = f(z) where f is a generalized

function and u(x) is an unknown function for x € R™.

Keywords: Green function, Bessel Helmholtz operator, Bessel Ultra-hyperbolic Klein-
Gordon operator
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1 Introduction

The operator Hp can be expressed in the form

e ($e) (5]

i=p+1

p+q p pt+q p+q 2
Jrne Sall(se) Sn S s (55
i=p+1 =1 i=p+1 i=p+1
= Ap {AQB 7 (Ap+0p) (A — DB)}
3 1
= S Ap0% + A (1.1)
where p + ¢ = n is the dimension of Rt B, = 68—;2 + 2; 3ars 200 =205+ 1, a; > —%,

x; >0,1=1,2,...,n, Ap is the Laplace-Bessel operator which is defined by
AB:B:z:l +BIQ+"'+an7 (12)
and [ is the Bessel ultra-hyperbolic operator which is defined by

Op = Bay + Bay+ -+ By, — By, — Bapoy — - — B

Tp+-2

Tp+1 Tp+q* (13)

Furthermore, Yildirim et al. [8] first introduced the Bessel diamond operator ¢p
which is defined by

Op= (B + Buy+-+By) = (Bayos + Buyn +---+ B, ) . (14)

The Bessel diamond operator can also be expressed in the form Op = Al = OgAp,
from (1.1) we have

3 1
B= ZOBDB + ZA%' (1.5)

Later, Bunpog and Kananthai [2] have studied the elementary solution or Green
function of the operator (O + m*)*¥ which related to the Bessel Helmholtz operator
Ap +m? and the Bessel Klein-Gordon operator (g + m? and obtained the function

G(x) = (Top(x) * W (2)) # (CF(2)) (1.6)
which is a Green function for the operator

k

(Op +m*)* (ZP:B%> - (pZ% Bxi> +m*| (1.7)

=1 l:p+1
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where the symbol *xk denotes the convolution of itself k-times and the symbol * — 1 is
an inverse of the convolution algebra, Ty, (x) is the elementary solution of the Bessel
Helmholtz operator (Ap + m?)* iterated k-times, that is Thy () satisfy the equation

(Ap + mQ)ku(x) =i(x), (1.8)

Wor(z) is the elementary solution of the Bessel Klein-Gordon operator (Og + m?2)*

iterated k-times, that is Woy () satisfy the equation
(Op + m?)*u(z) = 6(x) (1.9)
and C(x) is defined by
C(x) = §(z) —m? (Ta(z) + Wa(z)) + 2m* (Ty(u) * Wa(z)). (1.10)

The purpose of this work is to find the elementary solution or Green function of
the operator (Hp + m®)*, that is

(Ap +mS G (x) = §(z), (1.11)

where G(z) is the Green function, § is the Direc-delta distribution, m is a positive real
number, k is a nonnegative integer and z = (x1,22,...,x,) € Rt. We then find the
solution of the equation (Bp+mS)*u(x) = f(x) where f is a given generalized function
and u(z) is an unknown function.

2 Preliminaries

Before reaching the main results, the following definitions and the basic concepts are
needed. At first, the generalized shift operator 7Y has the following form [5],

Twy :O:/ / (,0(81,...,571) (HSinQvi_l 91) d91d9n,
0 0

=1

where s? = 2? + y? — 2x;y; cos6;, x,y € R} and CF =[], Fr((f);(i)) We remark that
2 T

this shift operator is closely connected with the Bessel differential operator [5],
d>p  2v; do d*>p  2v; dp
dz? = xz; dx; dy?  y; dy;’
@(xiv O) = f ($ )7
Py (Iia 0) = 0,
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where x;,y; € R} for i = 1,2,...,n. The convolution operator determined by the TY

is as follows
(f *©)( / fly (H yQ”’) (2.1)

Convolution in (2.1) is known as a B-convolution. We note the following properties of
the B-convolution and the generalized shift operator,

(a) TV -1=1.
(b) T3 - f(z) = f(a).

c) If f(z),g(x) € C(R}), g(x) is a bounded function for x € R} and
() 9 ) g :

[ 1@ (H> o < oo,
TV f(@)gw) | [[w |dv= | f@)Tlg(x) | [[w
[ st ([T = [ st (e

(d) From (c), we have the following equality for g(x) =1

then

Y

oo (i) o ow )

(e) (f*xg)(z) = (g f)().

The Fourier-Bessel transformation and its inverse transformation are defined as follows

7,
(Fif)(x) = / (H (i yf”l) dy,

(F5' 1)) = (F (- (szl i (o ;))

where J, 1 (x;y;) is the normalized Bessel function which is the eigenfunction of the
Bessel differential operator. There are following equalities for Fourier-Bessel transfor-
mation [7],

Fpé(x) =1 and Fp(f*g)(x)= Fpf(x)- Fpg(x).
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Lemma 2.1 There is a following equality for Fourier-Bessel transformation

2y — -1
FB(‘xra) — gn+2v[-2ap (TL + |2U| a) |:F (%)] ’x‘a*ﬂ*QM’

where |v] = vy + v + -+ + vy,
Proof. See [7]. O

Lemma 2.2 Given the equation ANu(z) = §(x) for v € R, where AY is the Laplace-
Bessel operator iterated k-times defined by (1.2). Then u(z) = (—1)*Sor(x) is an

elementary solution of the operator A%, where
2n+2|v|—4kr(n+2|v|*2k)
Sop(x) = — 21 ‘:L.IQkfan\v\' (2.2)
7 2% 2 (v; 4 5)I'(k)

Proof. See [8]. O

Lemma 2.3 Given the equation ju(x) = 6(z) forz €Ty = {z e R} 1 21 > 0,25 >
0,--+, 2, >0 and V > 0}, where % is the Bessel-ultra-hyperbolic operator iterated
k-times defined by (1.3). Then u(x) = Rok(x) is an elementary solution of the operator
Ok, where

V2k:7n72\'u\
Rak(#) = g (2.3)
or
! V=ai+aj+ - +a,—x, — - —
— 41 2 D p+1 p+q
and
7rn+2\2u\71F(2+2k—2n—2|v|)F<1—22k)11(2k)
K, (2k) = 2+42k—p—2|v] p—2k
M(==—)I(57)
Proof. See [8]. O

Lemma 2.4  The functions Sa(x) and Rox(x) are homogeneous distributions of order
(2k —n —2Jv]) for Re(2k) < n+2v|. In particular, the B-convolution Sax(z) * Rog(x)
exists and is a tempered distribution.

Proof. See [§]. O

Lemma 2.5 (The elementary solution of Bessel Helmholtz operator)
Given the equation (Ap + m?)*u(x) = d(x) for v € R}, where Ap is defined by

(1.2). Then u(x) = Tox(x,m) is an elementary solution of the operator (Ap + m?)®
where

—k
,

Ty, m) = Oo () ey Sate) (2.4

r

for Sogior is defined by (2.2).
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Proof. Since the operator Ap is a linearly continuous and have 1 — 1 mapping, it has
an inverse. By Lemma 2.2, we obtain

Tt = 3 () 0 £55705(0) = (24 m) (o),

where (Ap + m?)~* is the inverse operator of the operator (Ag + m?)*. By applying
the operator (Ap + m?)* to both sides of the above equation, we have

(AB + mQ)kTgk(x,m) = (AB + m2)k(AB + mQ)_k5($)

Therefore,
(Ap + mH i Top(z,m) = ().

This completes the proof. 0

Lemma 2.6 (The elementary solution of Bessel Klein-Gordon operator)
Given the equation (Op + m?)ku(z) = §(x) for v € RY, where Op is defined by

(1.3). Then u(x) = War(z,m) is an elementary solution of the operator (Lp + m?)*

where

Wt =3 () ) Ravat 2.5)

r
r=0

for Rogiop is defined by (2.3).
Proof. The proof of Lemma 2.6 is similar to the proof of lemma 2.5. U

Lemma 2.7 (The B-convolution of tempered distribution)
Let k and r be nonnegative integer.

(a) Let Tor(x,m) and Ty.(x,m) be defined by (2.4), then
Tor(x,m) x Ty (x,m) = Topror(z,m).
(b) Let Wor(x,m) and Wa,.(x,m) be defined by (2.5), then
Wop(x, m) « Wa,(x,m) = Wapya.(z,m).
(c) Let So(z) and So(x) be defined by (2.2), then
Sor(x) * Sap(x) = Sopyor ().
(d) Let Rog(x) and R (x) be defined by (2.3), then

Rzk(l’) * Rzr(m) = Rzk+2r($)-
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Proof. (a)From the equation (Ag+m?)**"G(z) = §(x), we obtain G(x) = Ty 2, (u, m)
by Lemma 2.5. For any nonnegative integer r, we write

(A +mHG(2) = (A +mA) (Ap +m?) ' G(x) = §(x),
then by Lemma 2.5 again we have the following equation
(Dp +m?) ) = Ty, m).
Convoluing both sides of the above equation by W, (u, m), we obtain
Tor(u,m) * (Ap +m?) G(x) = Tor(u, m) x Top(u, m)

or
(Ap + m2)TT2r(u, m) * G(x) = Ty, (u,m) * Tor(u, m).

Hence, by Lemma 2.5 we have
d(z) * G(x) = Top(u, m) * Tog(u,m).

It follows that
G(z) = Top(u,m) * To(u, m).

From the fact that G(x) = Togro,(u, m), we obtain
Tor(u,m) * Ty (u,m) = Topror(u, m).

The proof of (b), (c¢) and (d) are similar to (a). O
Lemma 2.8 Let k and r be nonnegative integer.

(a) Let So(z) and Sop_o(z) be defined by (2.2), then A%Ss,(z) = (—1)k Sy, _op(1).

(b)Let Ry () and R, _ox(x) be defined by (2.3), then %Ry (x) = Ryp_on().
Proof. (a) By Lemma 2.7 (c), we obtain

Sop () * Sar_op(x) = 6(x) * Sz ().
By Lemma 2.3 we have
So () * Sap—ap () = A (1) Sop () % Sy () = Ga () ¥ A(=1)"Ss, ().

Therefore,
A%SQT(.'];) = (—].)kSQT_Qk(.’L').

(b) The proof is similar to (a). d
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Lemma 2.9 Let k be nonnegative integer.

(a) Let Top(x,m) and S_ox(x) be defined by (2.4) and (2.2) respectively, then

AR Toe(z,m) = Top(x,m) * (—1)*S_gp(2).

(b) Let Woy(x,m) and R_ox(x) be defined by (2.5) and (2.3) respectively, then

D%ng(ﬂf, m) = W2k(x7 m) * R—Qk(x)'

Proof. (a) From (2.4) we have

Sltatem) = 3 () 00 (0 S,

r=0

By Lemma 2.8 (a), we have

A%Tgk(.ﬁ[,m) = Tgk(l', m) * <_1)k572k($)

(b) The proof is similar to (a). O

Lemma 2.10 (The existence of the convolution Tg(x, m) * Wy (x, m))

The convolution Ter(x, m) x Wy (x,m) ezists and is a tempered distribution where
Tor(z,m) = Top(x,m) * Top(z,m) * Top(z,m) and Wyg(z,m) = Wag(x, m) x Wor(z,m)
such that Tog(xz,m) and Wor(x, m) are defined by (2.4) and (2.5), respectively.

Proof. From (2.4) and (2.5), we have

Zf)mm1W%w@Q%i(fJW”Mww>

r=0

=S () () o0 S o) ¢ B,
r=0 s=0

By Lemma 2.6, the B-convolution of Sy 9,(2) * Roy2-(z) exists and is also a tempered

distribution. Then Ty, (x, m) * Wor(z,m) exists and is also a tempered distribution.

Since Toy(x,m), Wor(x,m) and Tor(x,m) x Wor(z, m) exists and is also a tempered

distribution, by Donoghue [2, p. 152] we obtain Tg(z, m)* Wy, (2, m) exists and is also

a tempered distribution. O

Lemma 2.11 Let Tg(xz,m) and Wy(z,m) be defined by (2.4) and (2.5) with k = 3 and
k = 2, respectively. Then
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(a) (Ap +m?) (Og +m2)? (Ts(x,m) « Wy(z,m)) = Ty(x,m)

(b) (Ap 4+ m2)® (Te(x,m) * Wiz, m)) = Wy(z, m)

(¢) (Ap+0p) (Ts(z,m) «* Wy(x,m)) = (Ts(x,m) *x Wy(z,m)) x (R_o(x) — S_o(z))
(d) ( )

d) (Ap +0p)* (Te(z, m) x Wy(z,m))

= (Ts(z,m) * Wy(x,m)) x (S_4(x) — 25_o(x) * R_o(x) + R_4(z))

where S_o(x), S_4(x) are defined by (2.2) and R_5(v), R_4(z) are defined by (2.3).
Proof. (a) We have

(Ap+m?) (Op +m?)* (Te(x, m) x Wy(z,m))
= (Dp +m?) Ta(w,m) « Ty(w,m) « (Op + m?)* Wiz, m)
= 0(x) * Ty(x,m) % §(z), by Lemma 2.5 and 2.6,
= Ty(x,m).

(b) We get

(A g +m?) (To(x,m) * Wa(z,m)) = (Ap +m?)’ Ty(x, m) * Wiz, m)
= §(z) * Wy(x,m), by Lemma 2.5,
= Wy(z,m).
(c) We obtain

(Ap +0p) (Ts(z,m) * Wy(x,m))
= ApTy(z,m) * Ty(x,m) x Wy(z,m) + Ts(x,m) x OgWs(z, m) * Wa(x,m)
= Ts(z,m) « Wy(x,m) * (=1)S_o(z) + Ts(x,m) * Wy(x,m) * R_s(z), by Lemma 2.9
= (Ts(z,m) * Wy(x,m)) x (R_a(x) — S_o(x)) .
(d) We have

(A +0p)? (Tg(z, m) « Wy(z,m))

= (A% + 20505 + 0%) (To(z, m) =« Wiz, m))

= AFTy(z,m) * To(z,m) * Wy(z,m) + 2A5Ts(x, m) * Ty(x, m) * OpWa(z, m) * Wa(z,m)
+ Ty(z,m) * O Wy (2, m)

= Ts(x,m) * Wy(z,m) * (=1)2S_4(z) + 2Ts(x, m) * Wy(z,m) * (=1)S_o(x) * R_()
+ Ts(xz,m) * Wy(x,m) * R_4(x), by Lemma 2.9

= (Ts(z,m) « Wy(x,m)) = (S_4(x) — 25_o(x) * R_o(x) + R_4(x)) .
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3 Main results

Theorem 3.1 Given the equation
(Bp +m®*G(x) = §(x), (3.1)

then G(x) = Tep(z,m) * Wy(x,m) * (C”"'“(ac))*_1 is a Green function for the operator
(Bp + mO)* iterated k-times where By is defined by (1.1), § is the Direc-delta distri-
bution, x = (1,9, ...,x,) € RF k is a nonnegative integer, m is a nonnegative real
number and

C(x) = Y3, m) + TWile,m) — 2 (T, m) s Wil m)) # (Roafx) — 5-a(x)
— 2 (T, m) W, m) + (S-a(x) — 25 o() * Roae) + Roa(a)) . (3.2

C**(x) denotes the convolution of C itself k-times, (C*k(:v))*_l denotes the inverse of
C**(x) in the convolution algebra. Moreover C**(x) is a tempered distribution.

Proof. Since

X 1 4 2
Bptm® =2 (Bt m?) (O + w5 (B +m?)' =0 (8 4+ 0) -2 (8 4 02,

by (3.1) we have

0(x) = (Bp +m")(Bp +m°)* ' G(z)

3 3m4

1
_ % (D5 +m2) @ +m) + 7 (Dp+m?) (Ap + Op)

=3 505 | [S ) @ )+ (80
_3_7”4(AB+DB)_?’_mZ(ABJrDB)Qr_IG(x). (3.3)
2 4

By Lemma 2.10 with & = 1, we have T(z, m) * Wy(x,m) exists and is a tempered
distribution. Convolving both sides of (3.3) by Ts(x, m) * Wy(z, m), we obtain

Z(ABer?) (D3+m2)2+i(AB+m

Ts(z,m) * Wy(z,m) * E (Ap+m?) (Op + mQ)2 + 411 (A + m2)3 — % (Ap +0p)

I g+ 53)2} Glw) = (T, m) + Wala,m)) + 5(a).
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By Lemma 2.11, we have

3
* —
4
3m? kol

_T(AB+DB)2 G(x) = Ty(z,m) * Wg(x,m).

3 4
3_£(AB+DB)

C(w) .

1
(A5 +m?) (Op +m?)* + 7 (Ap +m?)

Keeping on convolving both sides of the above equation by Tg(x, m) * Wy(x, m) up to
k — 1 times, we have

C* () % G(x) = (Te(z, m) * Wy(x,m))™
where the symbol #k denotes the convolution of itself k-times. By Tellez [6], we have
(To(w, m) * Wa(z,m))™ = To(w,m) * War(z, m),

and so

C* () * G(x) = Tep(x, m) * Wy(z, m). (3.4)
Now, consider the function C**(z), since Wy(z,m), Ty(z,m), Ts(z,m) * Wy(z, m),
R_o(z)—S_o(z) and S_4(x) —2S_3(x)* R_o(x)+ R_4(x) are lies in S” where S’ is a space
of tempered distribution, C'(z) € S’. By Donoghue [2, p. 152], we obtain C**(x) € 5.
Since To(x, m)«Wy(x,m) € S, choose S C D}, where DY, is the right-side distribution
which is a subspace of D’ of distribution. Thus Ty, (2, m) * Wy (x,m) € DY, it follows
that Tgx (2, m)«Wyk(z, m) is an element of the convolution algebra. Hence, by Zemanian
[10, p. 150-151], the equation (3.4) has an unique solution

G(x) = To(w,m) * Wy, m) % (C*F())"

where (C*k(x))*_l is an inverse of C**(x) in the convolution algebra, G(z) is called

the Green function of the operator (Hp + m®)*. Since Tg(x,m) * Wyr(z,m) and

(C”“’“(m))*_1 are tempered distribution, then by Donoghue [2, p. 152], we obtain

Tor(x,m) « Wy (x,m) * (C’*k(x))*_l is a tempered distribution. It follows that G(z) is
a tempered distribution. O

Theorem 3.2 (An application of Green function) Given the equation
(Bp + m®Fu(x) = f(x) (3.5)

where f is a given generalized function and u(x) is an unknown function, we obtain

is an unique solution of (3.5) where G(z) is a Green function for (g + m°)*.
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Proof. Convolving both sides of the equation (3.5) by G(x) where G(x) is a Green
function for the operator (Bp + mS)* in Theorem 3.1, we obtain
G(x) * f(x) = G(z) * (B +m®*u(z) = (Bg + m®) G (x) * u(z).
Applying the Theorem 3.1, we have
G(z) * f(x) = 0(z) *x u(x) = u(z).

Since G(z) is an unique, u(x) is an unique solution of the equation (3.5). O
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Abstract.

This paper concerns sufficient conditions for the convergence of Newton-Kantoro-
vich majorant method for the solution of a certain class of nonlinear singular integral
equations with shift. A criterion for the Noetherity of a correspondence singular integ-
ral functional operator of second order with Carleman shift preserving orientation is
obtained and the index formula is given.

Key words: Nonlinear singular integral equations, Newton-Kantorovich majorant
method, Carleman shift, Generalized Holder spaces.

0. Introduction

There is a large Literature on the classical theory of nonlinear singular integral
equations (NSIE) (see [4],[6,7],[13],[15,16] and others).The development of the theory
of singular integral equations (SIE) naturally stimulated the study of singular integral
equations with shift (SIES).The Noether theory of singular integral operators with shift
(SIOS) is developed for a closed and open contour (see [9],[10],[11] and others).
Existence results and approximate solutions have been studied for (NSIE) and the non-
linear singular integral equations with shift (NSIES) by authors (see [1-3],[5],[8].[12]).
In this paper, our aim is to apply the Newton-Kantorovich majorant method to a class
of (NSIES) under certain conditions.

Consider the following nonlinear singular integral equation with Carleman shift(NSIES)

(@) (O)=aOu () +bE)ue)+e@ule @)+ [ LD gr cOf 1O 4,
iy Tt i 5 T—o(t) 0.1)
+f(f')J' u(r) dT—L.'[{\PI(T’L{(T))-}-le(T,u(T))—}-\P3(T’u(r))}dz-:()’
7t i —t

T—a,(t) T—al(t) T—a,(t)

L

is a simple closed Lyapunov contour, dividing the complex plane into interior L where
domain D" is unknown function and the homeomorphism D~ ,u (¢) and exterior domain
a:L— L is a shift preserving orientation, satisfying the Carleman condition

o,()=a(a(a(t)))=t, telL (0.2)
The functionsa’'(1)#0 V teL.satisfies usual Holder condition, a'(¢) whose derivative
a(t),b(t),c(t),d(t),e(t)and f (¢) belong to the generalized Holder space H, , (L).
Assume that the functions W, (¢,u(t)),Y¥,(t,u(t))and ¥, (¢t,u(t)) have partial derivatives
up to (m—1) order, and satisfy the following conditions:
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O, (1,u,) 0" W (t,,u,)
e —=2" 21 < ¢ (r to—t, )+ lu —u, |, 0.3
| I I (et =t D4y —u, |} (0.3)
Y, (1,u) 0", (4,u,) '
e ECA G R [T (0.4)
and
ah}l3(l‘1a7/‘1) o* LP3(1‘297/‘2) "
VI R <ci (e, (|1 =1, D+ u, —u, |}, (0.5)

where ¢,¢,,0,€® , i+ j=k, k=0]l..,m—-1 and c,(r),c,.(r),c/(r) are positive
increasing functions.
The functions ¥, (z,u(t)), ¥, (t,u(r))and ¥, (z,u(z) ) for anyH, , (L) belong to the space

ueH,, (L), [14].

1. Formulation of the problem

Let T:S(u,,R)c X—Y be a nonlinear operator defined on the closure of a ball
S(uy,,R)={uueX,|u-u, H<R} in a Banach space X into a Banach space Y.We give

new conditions to ensure the convergence of Newton-Kantorovich approximations
toward a solution of T(#)=0, under the hypothesis that T is Frechet differentiable in

S(u,,R), and that its derivative T’ satisfies the local Lipschitz condition:
T'(ul)—T'(uz)”Sk(r)”ul—u2 . u,u, €8 (u,,r),0<r<R (1.1)
where k(r) is a non-decreasing function on the interval [0,R] and

k(r)zsup{H T)~Tu,) ” Uy, u, eg(uo,r),u1 #U, } (1.2)
Ju, —u, |
Define a scalar function y:[0, R]— [0,2) by
v ()=y+p [o@d -r, (13)
0
where the function
a)(r)zjk(t) dt, (1.4)
0
and
=T @) Two) | . A= T, (1.5)

Theorem 1.1 [17]. Suppose that the function y has a unique positive root r.in[0, R]
and y (R)<0.Then the equation T(x)=0 has a unique solution u. inS(«,,R) and the
Newton-Kantorovich approximations

u,=u, =T, )" T(u,,), neN, (1.6)
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are defined for all neN, belong to S(«,,n) and converge to u..Moreover the follow-
ing estimate holds

where the sequence (r,),_, converges to r., is defined by the recurrence formula.

<r

— "n+l

= ’u*_unHSr"_Vnﬁ (17)

u u

n+l ~ Yp

7,=0, rM:rn—l’//(r”) , neN. (1.8)
yw'(r,)

In this paper, we investigate some sufficient conditions, which ensure that the class
of (NSIES) (0.1) verifies the hypotheses of theorem 1.1.

2. Some auxiliary results
Definition 2.1
defined ¢ the class of all continuous almost increasing function ® 1) We denote by

on (0,7/2] such that ¢(r)>0, lim ¢(¢r)=0,where ¢ L.is the length of the curve
t—0"

implies0< ¢, <z, such that ¢e® the class of all functions ®" 2) We denote by
1" @(t,)<c(m)t) ¢(¢t,)Wherem is a natural number.

3) We denote by c¢(L) with the norm L the space of all continuous functions defined on

u(t)|.

ul.,,=max
4) For a natural number m we define the generalized Holder space
H, ,={uec(l):0,; (6)=0(4(5)),pc®" },
where " (0) is the modulus of continuity of order m of the function u defined as
follows:

" (0)= sup |A] (u;x) ’and A’ (u;x):z (-n™" (njlju(x—i-ih)
0<h<8,6>0 i=0 1

is the m— difference of the function u(x) with step 4.

5) We denote by H®" the class of all functions defined as follows

Ho" ={gcd” :}@d&ﬁ’" j%déﬁ(mww)},

where ¢ (m) is a positive constant.

6) for ueH, , (L) we define the norm:
" (0
Jul,, =l +sup 2.
: 50 @(0)
7) Consider the following operators on the space H,, (L)
AW u)@t)=u(e,(t)), i=0l..,m-1 and W>=I. (2.2)

(2.1)
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Under the assumption that «(¢) homeomorphically maps L into itself with preservation
of orientation and satisfies the carleman condition

a, )=t , a,®)#t , 1<i<m-1 ,m23
where
a,(D=a(a,_ @) , a,(t)=t.

(if) The inverse operator W' is defined by

W u)()=u(B(2)),
where f(¢) is the inverse of a().
(zit) The singular operator

(Su)(t)zL_J- @) 4 (2.3)

Ty Tt

(iv) The complementary projection operators
P+=%(IiS) , S7=I, (2.4)

where 1 is the identity operator.

Lemma 2.1.Let the function v(r)=(Su)(¢) be defined for all ze L and has derivatives
up to (m—1) order and satisfy the following condition:

VO )@ < (s -1 (2.5)

where k=0,1,..m-1 , t,t,el , u(t)eH,, (L) ,l, is a positive constant and ge® .
v(t)eH,, (L). Then
Proof. for m =1, we have
A, Su(t)=Su(t+h)—Su(t),

from condition (2.5)

| A, Su(®)| =| Su(t+h)-Su(t)|< 1, ($(5)).
Then,

wg, (6)< 1, ($(5)) (2.6)

for m =2,we have

N Su(t)=Su(t+2h)—2Su(t+h)+Su(t).
From (2.3) we have

1
&, Su(t)=—
Tl

J-u(r+2h)—2u(r+h)+u(r) dr
v T—1 '
Using Lagrange's formula we have

I(u’(r+h+0h)—u’(r+0h))hd0

A Su(t):iJ 0 dr,
Ly T—t
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using condition (2.5) then we have

g, ()< 1, 5(4(8))=0(¢()). (2.7)

Thus, the lemma is proved at m =1,2.
Now, we prove that the lemma is true for any m by induction we see that

1
A",jSu(t):th';-lsu'(t+9h)d9. (2.8)

0
Suppose that this equality is true atm =1,2. The equality (2.8)istrueat m=n-1,
that is

A Su(z):th"h2 Su'(t+0h)do.
Now, we prove that (2.8) is true at m = n, thus
A" Su()=A, (A" Su(t))=A, (th’;l Su’(z+9h)d9)=th';1 Su'(t+0h)do.
Consequently, O 0
A Su(n)|= th’Z‘lSu’(tJth)dH <1 5" (P(S)) =0(H(5)).
0

Hence,
g, (6)=0(¢(5)). (2.9)
Therefore, from (2.6),(2.7) and (2.9) we have v(t)eH, , (L). Thus the lemma is valid.

Lemma 2.2. Let the condition (2.5) be satisfied for the shift operator 7, and
u(t)eH,, (L).Then the function (W'u)(r)eH,, (L). ,i=0,12,..,m—1.

Proof. From Lemma 2.1 and the properties of the shift « () the proof is immediate.

Lemma 2.3. [14] Let the function u(¢)ec(L) and i#dﬁ@o.ﬁen the following
inequalities:
|Sul, <c (m)(j )d§+H 1) (2.10)
and
oL, (B)<cy(m )(j )d«: 5”!%%), 2.11)

are valid, where ¢,(m) and c,(m) are constants.

then the singular operator pcH®" ,Lemma 2.4. Let S is bounded operator on the
space H, , (L).
Proof.
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From lemma 2.1, we have Su(t)eH, (L),forany u eH

@5, (9)
$(3)

(L). Hence

$.m $,m

HSu

¢,m _”Su || +Sup

Using (2.10) and (2. 11) we have

| sul,,<e (’")<f )df5+||u|| >+Cz(m)sup¢(15)(f wgnf)dé”mf wg—(if)
By using equality (2. 1) we have

dé).

! (j¢(5>d§ 5mj¢<§)

||Su||¢m_ c (m)Hu”M J' ¢(§) d§+1)+c2(m)||uH ¢(5) g

d&).

Since
peHO", then |Sul, < p,|u],, . (2.12)

is a constant, defined as follows p, where
5
po=c1(m>j@dﬁcmmﬁcxmﬁm).
0

Therefore the singular operator S is bounded in generalized Holder space H, , (L).

Lemma 2.5. The shift operator 7 is a linear bounded continuously invertible operator
on the space H, , (L).

Proof.
whereu(t),u (t)eH,, (L), Since
u@)=0Wu)@)=u(a(t)).
Therefore,
~ ;' (0) o, (6)
W u =max|u(t)|+sup——= < max|u(?) |+a, sup—
[1],, =max|@@)|+sup = 75" < max|u(®)|+ ey sup=f7o" (2.13)

< 70 ul,.-

where y,=max{l,,} and «, is a constant given by «,=sup Di (5).Then the shift
5>0 CO
operator W is bounded on the space H, , (L). The continuous invertibility of the

operator W on H,  (L)follows from the properties of the homeomorphism « (7).

Lemma 2.6. Let the functions Y, (z,u(r)),Y¥Y,(r,u(r)) and ¥, (r,u(zr)) satisfy the
conditions (0.3),(0.4) and (0.5) respectively. Then the operator T (u) is Frechet
differentiable at every fixed point « €H, , (L).and its derivative is given by:

h(T) e(t)J- h(7) dri

T' (W) h=a(t)h()+b () h(a(t))+c (@) h(a, (t))+d(l‘)J'

r-al) (2.14)
f(t)f h(r) j{‘l’m(f ,u(r)) ‘I’zu(f,u(f))+‘1’3M(T,M(T))}h(r)dr '
T—a (t) i t T—a(t) T—a,(t) ’



308 SALEH ET AL: NONLINEAR SINGULAR INTEGRAL EQUATIONS...

moreover it satisfies Lipschitz condition:
2)”¢,m <k(r) [uy -

Vu,u,eSu,,r)and0<r<R (2.15)

¢.m’

where k(r) is local Lipschitz constant given by

k(r)=(pyc,(r)+p,ci(r)+p,c/(r) ,p,=py 7, @nd p,=p, 7,.
Proof.
Let u(z) be a fixed element and % (¢) be an arbitrary element in the space

H, ,(L).Then we have
Twu+h)-Tw)=T" w)h+A(u,h),

where
T'(u)h:a(t)h(t)w(;)h(a(t))+c(t)h(a2(t))+d({)Ih(r) e(t)j h@ .
iyt T—o(t)
AU) h(z) Y, (z,u(r)) lP21,(1',M(T)) Y, (r,u(r))
'[T a(t) i !'{ —t T—al(t) " T—a,(t) }h(r)dr,
and

/1(u,h)=—%j%{j (1-0)P,,, (r.u(t)+ O h(z))h> (z)d6 } dr

1
‘ﬂ—fr a(t){f(l—ﬁ)‘ﬂw(r u(t)+Oh(z))h* (r)d0 } dr
‘—I {I(l 0) ¥y, (r.u(x)+ O h()) i’ (1)d0 } dr.
TivT—« ()
From the inequalities (2.12) and (2.13) we have
1 h(r)
. dr| < p|h],, 2.16
nl'.r—a(t) T¢m P ” ”«hm ( )
where
P,=pP, 7, Is a constant. Therefore we have
|26m],,

n S @lod,raled, e el Ol
d,m

where p,=p, 7, .,

o, (0)=] (1-0) ¥, (r,u(t)+0h(z))do,

0,(@)=[ (1-0)V,,, (r,u(z)+ 0 h(z))do,
and

aw):j (1-0)¥,, (r,u(t)+0h(r))do.
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|2@.n,,
m ——— =
Hhuzﬁ,mﬂo || h H¢,m

Thus the Frechet's derivative is given by (2.14).Moreover T’ satisfies Lipschitz condition,
using conditions (0.3) - (0.5) and inequalities (2.13), (2.14) and (2.16) we have

Hence we have

” T (u,) =T (u,)

i <k(r) Hul —Uu, ”¢,m ,

where
k(r)=(pyc,(r)+p, ci(r)+p, c/(r)).
Thus the lemma is valid.

3. Criterion of Noetherity for (SIOS):

Using equations (2.2), (2.3) and (2.14) we obtain the following (SIES), for the
unknown function 7% (z):

T'(uy) h=a @) h () +b(6) (W h) () +c(6) (W h)(6)+(d (t) =Py, (1,1, () (S ) (1) +
+(e(®) ="y, (@ (1), uy (@ ()W Sh) () + (3.1)

(f () =Ws, (@, (0,11, (2,(1)))) (7 Sh)(r)+% [R@.D) A dr=g (1),

where

B (0, (0) =W, (110, (0)) | o, (@00 (@)=, (510, (0)
T—t T—a(t)
4 Vs, (a, (D), uy(a, (1)) —Y;, (7,u,(7))
T_az(t) ‘

R(t,7)=

According to the assumption
a*()=d ()=, (tu, (1),

b*(t)=e(t)=",,(a (t)uy(a(1), (3.2)
c*(O)=f (0¥, (@, (0),u (2, (1)),

the dominant equation of equation (3.1) can be written in the following operator form:

N (u,)h :a(t)h(t)er(t)h(“(t))”(’)h(“z(f)ﬂa*(,t)j&?dr+
Tl T—
. (3.3)

+b*(t)J- h(7) dT-i-c*(.t).[ h(r) dr=J (1),
Tl

i T—oa(l) T T—a,(t)

where
J()=g(t)-M (1), M(t)zj'R(t,r)h(r)dr.

L
By using equality (2.4) equation (3.3) reduces to the following (SIOS)
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(Nh)(O)={[(a(O)+a*(O) I+ (O +b* ()W +(c(O)+c* ()W’ P, +
+[(@(®)=a*O) [+ B @) =b* ()W +(c()=c* ()W IP_}h()=J (1),

or
(NA)(@®)=(AP,_+BP Yh(t)=J(¢),
where
A=(a@®)+a*@O)I+b@O)+b* )W +(c(t)+c*@))W?
and

B=(a(t)—a*()I+B@)-b* @)W +(c(t)—c*@))W*.

From the theory of singular integral operators with shift [10]. the Noether condition for
the operator N is given by:

a(t)+a*(t) b()+b*(t) c(t)+c*(1)
A (=] c(a(@®))+c*(a@) ala@)+a*(a@) bla@®)+b*(a()) |#0, (3.4)
b(a,(1))+b*(a, (1)) clay(t))+c*(ay (1) ala,(t))+a*(a,(1))
a(t)—a* (1) b(1)=b* (1) c(t)—c*(1)
A,()=| ca@))—c*(a()) a(a())—a*(a@) bla@))-b*(a()) |#0 (3.9)
b(a,(1))=b*(a, (1)) clay()—c*(a,(1) a(a,(t))—a*(a,(t))
Moreover the index formula of the operator N has the form:
RS IS SN ()
.ndN_M{ 1(t)} (3.6)

4. Solution of linear singular integral equation with shift

Now, we prove that T'(u,) has inverse. For this aim, we investigate the solvability of
the linear singular integral equation

T/ () h=a (O h (O +b O h(@ () +e (O h(@ ) +1-(d (0=, uo(rmjh(”
b ()=, (@ ), wia @] _(Tz)d r+ (4.1)
W)

+—(f(t) Wy, (@, (0), u0<a2<t>)>)j ———dr+— jR(f D)h(D)dr=g (1),

a, (1)

by using equations (2.2), (2.3), equation (4.1) takes the following operator form:

(NRY@)=a@)h(t)+b@)W h)(@)+c(@) W h) (&) +a* () (Sh) (&) +b* ) (W S h)(2) 4.2)
+e* (W Sh () +Mh)(H)=g(t). -
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To solve equation (4.2), we apply the operators W ,W?*,S,W S and W* S successively
to both sides of equation (4.2), hence we obtain the following system:

a(®)h(@)+b@)W h))+c )W k) (&) +a*(t)(Sh) () +b* () (W S h)(t)+
+e* (O Shy()+(Mh)()=g (1),

c(a@)h(®)+a(a @)W h) @) +b(a (@)W h)(O)+c*(a () (Sh)(0)+

+a*(a(0)) (W Shy(6)+b*(a (@) (W Sh)(6)+(W Mh) (1) =(Wg) (1),
b (o, (1)) h(t)+c (e, (6)) (W h) (@) +a (e, (6)) (W h) () +b* (o, (1)) (S h) () +

+e*(ay (D)W Shy(t)+a* (a, () (W Sh) () +(W* Mh)()=(W7g)(1),
a*(O)Vh(@)+b* )W b)) +c* )W h) () +a(t)(Sh)()+b () (W S h)(t)+

+e ()W Sh) () +(M,h) (6)=(S g) (1),
c* (@) h(t)+a* (@)W h) () +b* (@ () (W h) () +c (e (1)) (S h)(O)+
+a(a(t)) (W Sh)()+b(a () (W* Sh)(t)+(M, h) ()= S g)(1),
b* (o, () h () +c* (o () W h)(6)+a* (o, () W h) (6) +b(, (£)) (S h) (1) +
+c (e ()W Sh) () +a(ay ()W Sh) () +(M; ) (6)=(W" S g) (1),

(4.3)

where

M,=S(a®O)I+bO)W +c(OW +a*(t)S+b* ()W S+c* ()W S+M)
—(a*OI+b*(OW +c*(OW +a()S+b(OOW S+c()W*S),
M,=WM, , M;=WM,=W>M,.

No solutions are lost when W ,W* S . W S and W* S are applied to equation (4.2),
hence all solutions of (4.2) are solution of the system (4.3) and conversely.

Let D be a closed subspace defined by
D={(h,W h,W* h,Sh,W Sh,W* Sh),heH, , },
and let C be the linear operator from D into H,, (L) defined by

CH@)=C()H(2).
Moreover if we put

M 0 0 0
0 wWMwW? 0 0
0 0 W MW 0

W h We
W?h Wig
0 0 M, S 0 Sh | Sg
0 0 0 M,Sw’ WSh WSg
0 0 0 0 M, SW W?Sh W3Sg

oS o O
S o o o <

oS O O
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then the system (4.3) can be written as the following form:

CH+KH=G, HeD, (4.4)
where
a b c a* b* c*
W) W) Wb W(* W(a*) WD
Co wib)y Wi(c) W?(a) W (b*) Wi(c*) Wz(a*)’ (4.5)

a* b* c* a b c
W(c*) W(a*) WwW©k*) W) W W)
W2(b*) W3(c*) Wi(a*) W) W) W(a)

is a matrix of functions from the space H, , (L) corresponding to the operator C.

Theorem 4.1. Let the hypotheses of lemma 2.6 be satisfied and assume that

(1) detC(¢)#0, Vitel (4.6)

@ |CcK]|<1 (4.7)
Then the operator N (u,) is invertible, moreover

P e
where
m:rtniLn]detC(t) ,

and
C * be the adjoint matrix of C.
Proof.

It is well known that the condition (4.6) is necessary and sufficient for the invertibility
moreover equation (4.4) is equivalent to the equationC on D, of the operator

H=C'G-C'KH, HeD.

The problem of the invertibility of the operator C +K can be reduced to the following
fixed point problem
H=PH, PH=C 'G-C'KH, HeD,
where
|PH,-PH, |< |[C'K||H, -H, |.

From condition (4.7) and the contraction mapping theorem, it follows that for every
GeD, the operator P has a unique fixed point. Then the operator C +K and therefore

(N (u,)) is invertible and
(C+K)'=(CI+C'K)'=1+C'K)"'C".
Thus, we have
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_ _ Cc
IN@)™ |<|a+c k)" C < 1—””61K
since C * be the adjoint matrix of C, we have
— C*G
C G= ,
detC
moreover
| o] S8 < mlcel| L2 olsfietih LD,
l6l=1|| detC l6]=1 detC m m’

hence, we get

C* 1 detC
jc°| 1 Jsac]

NG | R G

Thus the theorem is proved.

Assume that

r<B(la®],, [u®],, +7.|b@
+ P ” d(?)

sl @], +75 [c @], 1o @)
sl @, +ole®|,, [ue®],, +o: | f @], [t ®],,, +
+0, [ R @u@) ], + o | Vot u@)],, + . | Vs @u@)],,)

é.m +

and
lcx] 1 [detc]
< — — .
ek )
Therefore, the following theorem is valid.

Theorem 4.2. Suppose that the hypotheses of theorem 4.1 are satisfied, moreover
the scalar function  (r) defined by (1.3), (1.4) has a unique positive root r. in [0, R]

and y (R)<0.Then the equation (0.1) has a unique solution u. in S(x,,R) and the
Newton-Kantorovich approximations

un :un—l _’T’(un—l)71 T(”n—l)’ nEN,
belong to S(u,,r) and satisfy the following estimate

un+1

-u, ||Srn+1 -r, , |u* -u, ||Sr* -7,

where the sequence (r,),.., converges to ., is defined by the recurrence formula.

y(r,)

- , neN.
w'(r,)

rO :0 H rn+1 :rn -

We will illustrate theorem 4.2 by the following examples.
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Example (1) Consider the nonlinear function

3
f(u)=%+u
with derivative
f(uw)=u’+1
since
| £y = £ |=ul =ud | < uy—uy |, +u, ],

From inequality (1.2) we take

k(r)=sup ”f @)=/ (MZ)”:ul,u2 e§(0,r),0<r<R},
b s t<r [y =y |
it is clear that
|f /@)= ')

< ””1+”2 H <2r,

o, —u, |
therefore we get
k(ry=2r and o(r)=r’.
Obviously, the scalar function (1.3) takes the form:

l//(l’)=}/+ﬂjt2 dt —r:}/—i-%ﬂﬁ —r.
0
Consider the scalar equation y (r)=0 we have
P —ir+3(1)=0, 4.9)
B B
equation (4.9) has a unique positive solution r.in [0, R] if and only if
qd\2 , P3
=) +()" >0,
( 2) (3)
where

p=—% and q=3(%)

Hence, the equation f(#)=0 has a unique solution u. inS(«,,R) and the assumptions
of theorem 1.1 are valid.

Example (2) Consider the nonlinear function
f)=u’+2u’ +u+3
with derivative
f'(w)=3u’ +4u+1
since
| £ = ) |=] 307 —ud)+ 4, —uy) | < 13w, +uy |+41 [, —u, |,
From inequality (1.2) we take

||f’(u1)—f'(u2)||:ul’u2 Eg(o’r),0<r<R},

k(r)y=sup

b s e+ |y =y |
it is clear that
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| f')= ')

””1 —U ”

< 3|u, +u, [+4< 6r+4,

therefore we get
k(ry=6r+4 and o(r)=3r’+4r.

Obviously, the scalar function (1.3) takes the form

w(r)=ry+ Br+2pr* —r.
Consider the scalar equation y (r)=0 we have

1 4
PP 42rt ——r+ (&) =0. (4.10)
BB
2
Let r:y—g, then

iAo 2y 8.
y (3+ﬂ)y+(3ﬁ'+ﬂ 27) 0, (4.11)

equation (4.11) has a unique positive solution r.in[0, R] if and only if

92, Py3
(2) +(3) >0,

pz—(i+l) and q=i+l——.
3 8 36 B 27
Hence, the equation f(#)=0 has a unique solution u. inS(«,,R) and the assumptions
of theorem 1.1 are valid.
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Abstract: In this paper, the new concept of @ -cone is introduced, several important inequalities

are proved, and the existences of random solutions of random semi-closed 1-set-contractive
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new results are obtained.
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1. Introduction and preliminaries
Let(€Q,U, ) be a complete probability measure space, 7(€2) =1,let E be a separable real
Banach space, (E, B) be a measurable space, where B denotes the o —algebra of generating by

all subset in E , and let X be a closed convex subset of E , and let D be a bounded open set in X ,

Dand 0D the closure and boundary of D in X , respectively.

DefinitionL. [ Let E be a separable real Banach space, which satisfies the following conditions:

(H,) E be an algebra over the real number field R ,that has
(1) Eis closed to multiplication, that is, for every X, Y € E ,we have X+ y € E ;
(2) foreveryax € R, X,y € E,we have (@X)-y =X-(ay)=a(X Y);

(H,) Ehasn’t nilpotent element, that is, for every X € E,n € N,if X # 6 ,we have X" # 0.

Then E is called the Z-C-X Space.

Obviously, because of E is algebra over the real number field R , we obtain:

(3) foreverya,A € R,X,y € E,we haveax- 1y = (ald)(X-Y).

In the Z-C-X Space E, let X- X--- X = X", where X € E, n is natural number.
%/_/

n
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Definition2. Let X be a cone of E , and suppose that linear functional @ : X — [0, +0), which
satisfies the following conditions:

(a) forevery X,y € X ,if@ <X<Yy,then0< @(X)<o(y);
(b) X is closed to multiplication, that is, for every X,y € X ,we have X-y € X .
Then X is called the ¢ -cone.
In the paper, we suppose that" <" is the derived partial ordering by ¢ -cone X in E .
By the definition2, we also obtain: for every X,y € X ,if@ <X <Y, then0 < o(X) < @(Y).

That is because of when @ = X = Yy , we naturally have p(X) = (y) =0.

]

Lemmal.1." Let X be a closed convex subset of E , and let D be a bounded open set in X , and

0 €D, u>1, suppose that A: x D — X is a random semi-closed 1-set-contractive operator,
such that A(w, X) # aX, for every (@,X) € Qx 0D, > pand & is variable. Then the random
operator equation A(®, X) = 1X has a random solution in D .
2. Main results
Lemma2.1. whenar, £ >0, p,q>0,p+q=1, we have

(i) pa*+qu* > (pa+qu)*, wherek >1;

(i) pa* +qu* <(pa+qu)*, where0 <k <1.
Proof. when = £, the both sides of (i )and(ii)are equal toa® , hence the equalities
are true. Supposea # 4, anda < g .Let f = pa+qu,because p+q=1,
then f = +q(u—a) >, in like matter, we have [ < u, that isa<f<u.In(1i)the
inequality can be overwritten to  pa* +qu* > (p+q)4*,
that is  q(u* =)= p(B* —a*) (1
Let f(X)=0x*,g(X)= px*, then we have f'(X)=qkx*", g'(x) = pkx*".

Using the Lagrange value theorem to them in[ £, u]and [, [], respectively, we have
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q(u* = ) =ak&ET (u— ) = paké T (n-a),
P —a") = pk& (B-a) = paké, " (u—a), where0<a <&, < f<& <p.

Becausek >1, thenk—1>0, thus&' > & Therefore, q(u — ) > p(B* —a),
which proves that the inequality (1)is true. Hence the sign of inequality of (i)is true.
When0 <k <1, thenk—1<0, we remark the lk_l < zk_l in the above process of proving,

then we know that the sign of inequality of(ii)is true.
Theorem2.1. Let E be the Z-C-X Space, X be a cone of E , and let D be a bounded open set in X ,

and @€ D,y >1,suppose that A: Qx D — X is a random semi-closed 1-set-contractive

operator, such that for every (v, X) € Qx0D, p,q >0, p+q =1, which satisfies to one of the
following conditions:

(Y) P(A(@, X)) +a(ux)" < (PA(@,X)+qux)*, wherek >1,
Y)) P(A(@, X)) +q(ux)* > (pA(w, X) +qux)*, where0<k <1,

Then the random operator equation A(@, X) = X has a random solution in D .

Proof. By the virtue of Lemmal.1, we only prove

A(w, X) # aX, for every (w,X) e Qx 0D, > >1. (2)
In fact, suppose (2) is not true, that is there exists a ¢, = 1 = 1land an(@,, X,) € Q2x0D such
that A(@,, X,) = &, X, -
Inserting A(@,, X,) = &, X, into (Y,) , we obtain

p(aoxo)k + q(,uXO)k <(PayX, + quO)k ,k>1,
that is, (Pag +0u)Xs < (Pat, +qu) x5 .
Because X is the ¢ -cone, by the definition2, we have

P((Pag +a1)%;) < p((Pety + 1) Xg)

that is (P +0u V(X)) < (Pa, +du)  p(X;) (3)
This is because X, € 0D, X, # @, and E is the Z-C-X Space, which hasn’t nilpotent element,

hence X, # 6,¢(X; ) > 0.By (3), we have pa(')( +aut < (pa, + qu)©.
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This is contradiction to ( i ) in Lemma2.1.
Thus, we know that A(@, X) # a X, for every (w,X) € QxoD,a > u >1.

Then, by the virtue of Lemmal.l, the random operator equation A(@, X) = z£X has a random

solutionin D .

We can use the same method to prove the random operator equation A(@, X) = fX has a

random solution in D , when the operator A satisfies to the boundary condition of (Y, ) .
Corollaryl. Let E be the Z-C-X Space, X be a cone of E , and let D be a bounded open set in X ,

and @€ D,y >1,suppose that A: Qx D — X is a random semi-closed 1-set-contractive

operator, such that for every (@, X) € Qx 0D, which satisfies to one of the following conditions:
(Y,) 2" [(A(@, X)) + (ux)“] < (A(@, X) + ux)*, wherek >1,

Y,) 2 (A(@, X))* + (ux) 1> (A(w, X) + zx)*, where0 <k <1,
Then the random operator equation A(@, X) = X has a random solution in D .

Proof. Weonly let p=(Q= % in the theorem?2.3, and the conclusion is true.

Lemma2.2. §(2t+1)n —g(2t—1)n >(k—¢g)nt, where0<t<Il,k>&>0,n>1.
Proof. Let f (t) =§(2t+1)” —§(2t—1)n —(k—¢&)nt, where0<t<1l,k>&>0,n>1,
then f (t) =kn[(2t +1)"" —1]+en[1-(2t-1)""'].
WhenO<t<1,n>1, we have(2t+1)"" =1>0,1-(2t=1)"" >0, thus f (t)>0.
Therefore f (t)is a strictly monotone increasing function in (0,1].
That is, whent € (0,1], we have

F) =K@t =L @2t-1y —(k—ent > F(0) =K —E <1y > 0.

2 2 2 2

k £
That isE(2t +1)" —5(2t )" >(k-é&)nt.
Theorem2.2. Let E be the Z-C-X Space, X be a cone of E , and let D be a bounded open set in X ,

and e D,u>1, suppose that A: OxD — X is a random semi-closed 1-set-contractive

operator, such that
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() 5 Qux+ A0 = 2ux = A@,0)" < (k= Imax(A@, )"
for every(w,X)eQxoD, n>1,k>¢&>0,

Then the random operator equation A(@, X) = X has a random solution in D .

Proof. By the virtue of Lemmal.1, we only prove

A(w, X) # aX, for every (w,X) € Qx0D,a > u>1. 4)
In fact, suppose (4) is not true, that is there exists a ¢, = x> 1land an(@,, X,) € Q2x 0D such
that A(@,, X,) = &, X, -
Inserting A(@,, X,) = &, X, into (Y,) , we obtain
k
5(2ﬂx° +a %) —g(z,ux0 —a%,)" S (K—enuxy(aX,)" ", n=1, k>¢e>0,
k
That is, [5(2,u+a0)” —§(2y—ao)”]xg <(k-g)nua)'x;
Because X is the ¢ -cone, by the definition2, we have
k n & nyn n-1,,n
@([5(2/1 +a,) _5(2/1_050) %) < p((k—&)nuay %),
k
That is, [Z(2u+ a,)" —%(Zﬂ —a,)" Jp(xg) < (k= &)npey ' p(xg) (5)
This is because X, € 0D, X, # @, and E is the Z-C-X Space, which hasn’t nilpotent element,
n n k n a n n-1
hence X, # @, ¢(X,) > 0.By (5), we havez(2,u+ a,) —5(2/1 —a,)" <(k—&)nuey .

By dividingey (>0)on the both sides of the inequality, we have

5(2ﬁ+1)”—§(2ﬁ—1)“ <(k—gent (6)

2 aq, a, a,

Letﬁ=t, bya, = pu=1, we obtainO<t<1.
a,

k
Hence (6) is thatE(Zt +1)" —%(2’[ -1)"<(k—¢&)nt.
This is contradiction to Lemma?2.2.

Thus, we know that A(@, X) # aX, for every (w,X) € QxoD,a > u>1.

Then, by the virtue of Lemmal.1, the random operator equation A(@, X) = z£X has a random
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solution in D .

Lemma2.3. k(t+1)"+&(t—1)" >(k—¢&)nt, wheree¢e [0,%),k +&=10<t<l,n>I.
Proof. Let f(t) =k(t+1)"+&(t-1)"—(k—¢&)nt, ¢ E[O,%),k-F&' =1,0<t<I,nx>1,
then f (1) =kn(t + )" +ent D" —(K—g)n=kn[(t+ D" = 1]+ &1+t -1)""'],
when0<t<1, n>1,we have(t+1)"" =1>0,1+(t—=1)"" >0, then f (t)>0.

Therefore f (t)is a strictly monotone increasing function in (0,1].

That is, whent € (0,1], we have

fA)=kt+D)"—e(d-t)"—(k—&)nt> f(0)=k—&(-1)" >0.

That isk(t+1)"—g(1-t)" > (k—¢&)nt.
Theorem2.3. Let E be the Z-C-X Space, X be a cone of E , and let D be a bounded open set in X ,

and @D, u>1, suppose that A QxD —> X is a random semi-closed 1-set-contractive
operator, if there is & € [0,%), K +¢& =1, n>Isuch that
(Y,) K(ux+A(@,%)" +&(ux—A@,X)" < (k= e)nux(A(@,x)"",

for every(w,X) e QxoD

Then the random operator equation A(@, X) = X has a random solution in D .

Proof. By the virtue of Lemmal.1, we only prove

A(w, X) # aX, for every (w,X) e Qx 0D, > >1. (7)
In fact, suppose (7) is not true, that is there exists a ¢, = g > 1land an(@,, X,) € 2x 0D such
that A(@,, X,) = &, X, -
Inserting A(@,, X,) = &, X, into (Y, ), we obtain
KXy + %)) + (X, — ayXy)" < (K= &)npx, (%)™, n =1,
That is, [K(u+ay)" +e(u—a,)" 1% < (K _5)nﬂ(a0)n_l X0 s
Because X is the ¢ -cone, by the definition2, we have

Pk (u+ay)" +e(u—ay)"1%) < @((k = &)np(ay)™ X)),
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That is, [K(u-+ay) +8(-,)"1p0¢) < (k- (e, p(x) ®
This is because X, € 0D, X, # @, and E is the Z-C-X Space, which hasn’t nilpotent element,
hence X # 6, (X)) > 0.By (8), we have K(u + )" + e(u—a,)" < (k—&)nu(a,)"".

By dividingey (>0)on the both sides of the inequality, we have

K1)+ e -1 < k-t 9)

N a, a,

Letﬁ=t, bya, = pu=1, we obtainO<t<1.
a,

Hence (9) is thatk(t +1)" + e(t —1)" < (k —&)nt.
This is contradiction to Lemma?2.3.

Thus, we know that A(@, X) # a X, for every (w,X) € QxoD,ax > u>1.

Then, by the virtue of Lemmal.l, the random operator equation A(@, X) = z£X has a random

solution in D .

Remark: when E only is a separable real Banach space, the above theorems can be overwritten to
the following theorems, correspondingly.

Theorem2.4. Let E be the Z-C-X Space, X be a cone of E , and let D be a bounded open set in X ,

and @ € D, u>1, suppose that A: Qx D — X is a random semi-closed I-set-contractive

operator, such that for every (v, X) € Qx0D, p,q >0, p+q =1, which satisfies to one of the
following conditions:
;) p|Ao, x)||k +q ||;1x||k <[ PA(@, x)+ q,ux||k , wherek >1,
;) p|Aw, x)||k +q ||yx||k > | pA(@, ) + qyx||k , whereO<k <1,
Then the random operator equation A(@, X) = X has a random solution in D .
Theorem2.5. Let E be the Z-C-X Space, X be a cone of E , and let D be a bounded open set in X ,

and e D,u>1, suppose that A: QxD —> X is a random semi-closed 1-set-contractive

operator, such that

k n n n-
(Y) E||2yx+A(a),x)|| —§||2,UX—A(0),X)” < (k—e)n|ux|-|A@,x)|"

for every(w,X)eQxoD, n>1,k>¢&>0,
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Then the random operator equation A(@, X) = X has a random solution in D .
Theorem2.6. Let E be the Z-C-X Space, X be a cone of E , and let D be a bounded open set in X ,

and e D,u>1, suppose that A: QxD —> X is a random semi-closed 1-set-contractive
. . 1
operator, if there is & € [O’E)’ K +¢& =1, n>lsuch that
n n n-1
(Y;) k|ux+ A, )| +é&|ux— Alw, )| < (k—e)n|ux|| Al x|
for every(w,X)eQxoD

Then the random operator equation A(@, X) = X has a random solution in D .
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Abstract

We study sequence entropy of actions on function spaces with the focus on Markov operators
on Compact spaces. We defined the natural definition of topological sequence entropy for Markov
operators on C(X). Firstly, we prove that the three are equal. Secondly, It is proved that ha(T) =
ha(S)If Tf = folS is an operate generated by a continuous map: S : X — X and A is an increasing
integer sequence. Finally, It is proved that If for every continuous f there exists an invariant function

s such that lim sup |T" f(z) — ps(x)| = 0 then ha(T) = 0 for every increasing integer sequence A.

n—0o0 pc X

Keyword: k-Warsaw circle; Pointwise recurrent; Equicontinuity;

AMS(2000) Subject Classification: 58F10, 54H20
1 Introduction

Let C1(X) denote the set of all continuous functions f : X — [0,1]. In this paper, X is a compact
Hausdorff space and T' denotes a Markov operators actin on C(X).
For a continuous f let us define
USp={(z,t) e X x[0,1] : t < f(x) +¢}.
US;={(z,t) € X x [0,1] : t > f(z) + e}
Us =UZ;NUS,.
Given a finite collection F C C1(X) we obtain a finite open cover of X x [0,1] by the formula

Uz =\ Ui
feF
If V is a finite open cover of the unit interval then we let

Fv=V ).

feF
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IfTf=foS, where S: X — X is a continuous transformation and A = {0 =ag < a3 <ag <---} is
a integer sequence, we denote F} = n|:|1 T f.
It is easy to prove the following Ife:rgma 1, in which (i) and (ii) can be found in [2].
Lemma 1 Let F,G be finite subsets of C1(X), V a finite open cover of the unit interval and € a
positive number. Then
() Usog = Us: U
() (FUGY(WV) = F'WV)VG)L(V); (i) if Tf = foS, where S : X — X is a continuous
transformation then Uz = j\__/:(S x Id)~%(Us) and (F3)~H(V) = 7:\__/: S (F-LV)).
Recall that, for any open cover U, the symbol N(U) denotes the minimal cardinality of a subcover
chosen from U.
Definition 1 Let F C C1(X) be a finite collection of functions, A = {0 =ag < a1 < az < ---} be a
integer sequence and € > 0. We define
(i) H(F,2) = log N(Us),
(ii) hy (T, F, A, €) = limsup + Hy (74, ¢),
(iii) h1 (T, A) = sup su%ﬂhof(T, F,Ace).
Definition 2 Let F CfolzX) be a finite collection of functions, A = {0 =ag < a1 < az < ---} be a
integer sequence and V be a cover of interval [0,1]. We define
(1) Ha(F,V) = log N(F1V),
(ii) ho(T, F, A, V) = limsup L Hy(F%,V),
(iii)ho (T, A) = sup supnf:;(oT, F,AV).
Let dr and s(dg,¢) bj; thz same as in [Tomasz]
Definition 3 Let 7 C C1(X) be a finite collection of functions, A = {0 =a¢ < a1 <az < ---} be a
integer sequence and € > 0. We define
(i) H3(F,e) =logs(dr,e),
(ii) hg(T, F, A, €) = limsup = H3(F%, €),
(iii) h3(T,A) = Sl]l:p suri;ho;(T, F,Ace).

In [2], the authors proved the following Theorems A and B:

Theorem A For every Markov operate T holds hy(T) = ho(T) = h3(T).

Theorem B IfTf = foS is an operate generated by a continuous map: S : X — X, then hi(T) is
equal to the classic topological entropy of S.

In this paper, we defined the topological sequence entropy of a Markov operator 7" and proved the
following Theorems 1, 2 and 3:

Theorem 1 For every Markov operate T and integer sequence A = {0 = ag < a1 < az < ---} hold
hi(T, A) = ho(T, A) = h(T, A).
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Theorem 2 If Tf = folS is an operate generated by a continuous map: S : X — X and
A={0=ap < a1 < ag < ---} is a integer sequence , then ha(T) is equal to the classic topological
entropy ha(S) of S.

Theorem 3. If for every continuous f there exists an invariant function ¢y such that lim sup |T™ f(x)—

n—0o gex

wr(x)] =0 then ha(T) =0 for every integer sequence A ={0=ap < a1 <az <---}.

2 Proofs of Theorems 1, 2 and 3

Theorem 1 For every Markov operate T and integer sequence A = {0 = ag < a1 < ag < --} hold
hi(T, A) = ho(T, A) = hs(T, A).

Proof. Firstly, we prove that hy (T, A) < ha(T, A). Choose £ > 0 and let V be a finite open cover of
interval [0, 1] of sets with diameters not greater than . Let WA = {U x V : U € (]-:\4)’1(1/, veY).

For each U x V. € Wi let 7, = {f € F} : f(x) > infV for each x € U}. Tt is not difficult

to see that U x V.C ()] UZ; N N US; € Uz, It follows that Wil is in scribed in Uz,.
feF, feFn-F, 4 4

Thus, N(Z/lj-z) < N(W;?)leqN((fJ\L‘)’l(V) - N(V). Since N(V) is independent of n. It follows that
hi(T, F, A,¢) < ho(T, F, A, V). Thus, hy(T, A) < ho(T, A).

Secondly, we will prove that ho(T,A) < h3(T,A). et V be a finite open cover of interval [0,1].
Denote its Lebesgue number by ¢ and let E' be a maximal (dz7,¢)-separated set in X. It follows from
the maximality of E that the collection {B(z,$) : z € E} of balls constitutes a finite open cover of

X. for every f € F% and @ € E, the interval (f(z) — §, f(z) + §) is contained in some element

V(f,z) of V. Hence B(z, g) = fg_"f_l(f(x) — g,f(x) + g) - fgm Y V(f,z)) € (F})~1(V) and

N((F3)~Y(V)) < N{B(z,$) : 2 € E = N(E) = s(dry, 3). It follows that hy(T, A) < hs(T, A).

Now we will show that hs(T, A) < hy (T, A).

Let D C X be a (dr,¢e)-separated set of maximal cardinality. Put v = ¢ and define F = {3f +iv:
feF,ieZ0<i< %} Then, by the proof of Theorem 4.2 in [2], we have s(dr,e) < N(U}). Recall
that T, as a Markov operator, is linear and preserves constants. This implies that 77} = F7};. So we can
replace F with F7% and obtain s(de\A,s) < N(Z/{;;) h3(T, A) < hy(T, A) holds by taking upper limits
and superma.

The proof of Theorem 1 is completed.

In the following we will use the symbol h4(T) to denote the common value of hy (T, A), ho(T, A) and
h3(T, A).

Theorem 2 IfTf = folS is an operate generated by a continuous map: S: X — X and A= {0 =
ap < a1 < az < ---} is a integer sequence , then ha(T) is equal to the classic topological entropy ha(S)
of S.

Proof. Firstly, by Lemma 1(iii), we have (F3)~}(V) = n\_/: S~ (F~1(V)). Denote By = F~1(V).
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Then, (F7)~1(V) = 7?\_/1 §-4:(B). Therefore,
ho(T,F,AV) = lli;r(ljsup LH,y(F%,V) = limsup £ log N((F73)~1V) = limsup L log N (By).
It follows that e e e
ho(T, A) = supsup 1h2(T F,A V) =sup suphmsup log N(By) = sup lim sup flog N(By) < ha(S).
Let W be a ﬁnlte open cover of X. CfOOSZ a%;mmal subcover {W7, W;LTOO W,} € W. Using the
Tietze—Urysohn Theorem(see [4], Theorem 2.1.8), we can construct F = {fi, fo, -, f-} consisting of
continuous functions on X such that if x € W then f;(z) = 0. Consequently, if z € ﬂ‘(Wj‘?), ie. xis
covered exclusively by W;, then fi(z) = 1(i = 1,...,7). Fix 0 < e < 5. Every membeiiozf Ugn is of the

n—1

fom N U, = (N (1 U, where U, € U;. We will prove that each subcover U’ chosen from L{j—2
geFT k=0 geTk F
determines a subcover of W’ of the same or smaller cardinality, where W7} = n\_/l S~ (W). Suppose
that an element of U’ satisfies the following condition =
For each k < n, there exists gy € T“*F such that Uy, = UZ, (1)

Denote by Wk the element of T~* W such that g, = 1 on the set covered exclusively by ﬁfk and

— n—1 __
vanishes on Wy. The set (| Wy belongs to W7%. Pick any « € X. The point (z, 2r) does not belong to
k=0
(| U, forany k=0,1,---,n— 1, since one cam always find g, € T**F such that gi(z) > % Thus,
geT ™ F

if an element of U’ contains (z, 2-), it satisfies the condition (1) and determines some set nﬁl Wi € Wi.
This set contains z, because gi(z) > % for each k =0,1,---,n — 1. Since z is arbitrary, tllfe:gets of form
nﬂl Wi, constitute a cover of X and hence NOW%) < N((U)% ) It follows that
. ha(S) = suplimsup L log N(W?%)

< suphn?s;opé3 L logN((U)fn) = suphl(T F,Ace)

< bupr;/C:i(T F,Ae)

— (T, A)

= ha(T).

The proof of Theorem 2 is completed.
Corollary 1. If Tf = f oS is an operate generated by a continuous map: S : X — X, where
X = [0,1], then S is chaotic in the sense of Li-York if and only if there is some integer sequence

A={0=ap < a1 <ag <--} such that ha(T) > 0.

Theorem 3. If for every continuous f there exists an invariant function @y such that lim sup |T™ f(x)—

wr(x)] =0 then ha(T) =0 for every integer sequence A={0=ap < a1 <az <---}.
Proof. The proof of Theorem 3 is analogous to the proof of Theorem 4.7 in [2], so we omitted it.

It is clear that Theorem 3 is a promotion of Theorem 4.7 in [2].
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Numerical simulation of the generalized Huxley equation by
homotopy analysis method
K.M. Hemida and M.S. Mohamed *
Mathematics Department, Faculty of Science, Al-Azhar University, Nasr City 11884, Cairo,

Egypt

Abstract: In this paper we present the homotopy analysis method (HAM) for obtaining
the numerical solution of the generalized Huxley equation. Convergence of the solution and
effects for the method are discussed. Comparisons are made among Adomian’s decomposition
method (ADM), homotopy perturbation method (HPM), variational iteration method (VIM),
the exact solution and the homotopy analysis method. The results reveal that the proposed
method is very effective, simple and also suggest that both the HPM and ADM are special case
of the HAM.

Key words: Nonlinear PDE; Huxley equation; Homotopy analysis method; Homotopy per-
turbation method; Adomian decomposition method.

1. Introduction

Nonlinear partial differential equations (NPDEs) are encountered in such various fields as
physics, chemistry, biology, mathematics and engineering,. Most nonlinear models of real life
problems are still very difficult to solve, either numerically or theoretically. The generalized

Huxley equation
Uy — Ugy = Pu(l —u)(u® — ), 0<z<1,t>0, (1)

with the initial condition of

u(x,0) = [% + %tanh (o))

(S

(2)

describes nerve pulse propagation in nerve fibres and wall motion in liquid crystals. The exact

solution of this equation was derived by Wang et al. [1],using nonlinear transformations and is

given by 146 )
+0— 1
u(w,t):[%—ir%/tanh (o'y(x—l—{ﬂTg)p}t))}é, (3)
where o = 4({5—_’;5) and p = /45 (1 +9).

Many researchers have used various numerical methods to solve equation (1) numerically.
Hashim et al. investigated the generalized Huxley equation, using Adomian decomposition
method (ADM) [2] and Wazwaz studied the generalized forms of Burgers, Burgers-Kdv and
Burgers-Huxley equations [3]. Hashem et al. studied the generalized Burger’s-Huxley equa-

tion [4], and Estevez investigated non-classical symmetries and the singular modified Burger’s

'E-mail: m_s_ mohamed2000@yahoo.com
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and Burger’s-Huxley equation [5]. Hashemi et al. solved the generalized Huxley equation by
He’s homotopy perturbation method (HPM) [6]. Batiha et al. solved the generalized Huxley
equation by variational iteration method (VIM) [7].

In this paper, we solve the generalized Huxley equation by Homotopy analysis method
(HAM) [8-14]. The results are compared with the available exact solutions and those were
obtained by the (ADM) [2], homotopy perturbation method (HPM) [6] and variational iteration
method (VIM) [7].

2. The homotopy analysis method (HAM)

We apply the HAM [8-14] to Huxley equation with initial conditions. We consider the
following differential equation

Nlu(z,t)] =0, (4)

where N is a nonlinear operator for this problem, = and ¢ denote independent variables, u(z,t)
is an unknown function. By means of the HAM, one first construct zero-order deformation
equation

(1= q)L(d(x,t;q) — uo(x,1)) = ghH )N (x,t, q)], ()

where ¢ € [0,1] is the embedding parameter, h # 0 is an auxiliary parameter, H(t) # 0 is
an auxiliary function, £ is an auxiliary linear operator, ug(z,t) is an initial guess. Obviously,

when ¢ = 0 and ¢ = 1, it holds

o(x,t;0) = uo(x,t),  ¢(,t;1) = u(z,1). (6)
Liao [8-14] expanded ¢(z,t;q) in Taylor series with respect to the embedding parameter ¢, as
follows: -
(. t:q) = uo(z, 1) + Y um(w,0)g™, (7)
m=1
where o )
1 0™¢(x,t;q
U (2, 1) = ml omg |q=0 (8)

Assume that the auxiliary linear operator, the initial guess, the auxiliary parameter A and
the auxiliary function H(t) are selected such that the series (7) is convergent at ¢ = 1, then we
have from (7)

u($7t) :uo(:v,t)+2um(x,t). (9)
m=1

Let us define the vector

w,, (t) = {uo(x,t), ur(z,t), ug(z,t), oo, up(x, 1) }. (10)
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Differentiating (5) m times with respect to ¢, then setting ¢ = 0 and dividing then by m!,

we have the mth-order deformation equation

£(um(z,t) — stpum_1(z,t)) = hH() Ry (u,, 1), (11)
where . N6z 1)
Sy " z,t;q
Rm(um—l) - (m . 1)| 0m*1q |q:07 (12)
and
{ 0 m<I1,
Hpp = (13)
1 m>1.

The mth-order deformation Eq. (11) is linear and thus can be easily solved, especially by
means of symbolic computation software such as Mathematica, Maple, MathLab.

3. Analysis of the method by the HAM

To solve Eq. (1) with an initial condition (2) by means of HAM, we choose the linear

operator

Llg(x,t;q)] = W

with property L[c] = 0, where ¢ is a constant. We define a nonlinear operator as

0p(x,t;q) O*P(v,t;q)
ot 0x?

(14)

N[g(z,t;q)] = B(14+7)0" (@, ;) +B™ (2, t; q)+Byd(x, £ q). (15)

We construct the zeroth-order deformation equation

(1= @) L(d(z,t;q) — uo(x, 1)) = gh ()N [d(z,1, q)].
For ¢ = 0 and ¢ = 1, we can write

gb([E,t;O) = u()(I,t):u(ZL’,O),
oz, ;1) = wu(z,t). (16)

Thus, we obtain the mth-order deformation equations

£ (U (x,t) = septm_1(z,t)) = hH ()R (u,, ),

m—1

where
a . 62 .
Roiyy) = Qw880 T BBy gaing) — 51+ ) (o r0)
+B8vb,,—1 (2, ;). (17)

In order to obey both the rule of solution expression and the rule of the coefficient ergodicity

[12], the auxiliary function can be determined uniquely H(¢) = 1.
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Now the solution of the mth-order deformation equations (17) for m > 1 become
U (T, 1) = st 1 (2, ) + RL "R (u,, ). (18)
So, a few terms of series solution are as follows:

[% - %tanh (oyx)]3,

Q«m—t
—~
—_
N
~—

ug (z,t) =

+2§

—h
uy (z,t) = ?((1+tanh(07x))%(2(_%)7( 5 o2 tanh? (oyx) + 20 )y (55 52

12042 tan? (gya) § — 2055
+20 95326 D((1 + tanh (092)) )% — 20915 g2

—208)y () 525 4 209~ (3) (254 (3)((1 + tanh (oyz))7 )’ (20)
—2D4 B 32Ty (1 + tanh (oy2))5) 2 82)1).

g
)7(“32 )o? tanh (07 )
)

According to the HAM, we can conclude that
u(x,t) =ug (x,t) +up (z,t) + ...... (21)

Therefore, substituting the values of ug (z,t) and u; (z,t) from Egs. (19), (20) into. Eq. (21)
yields:

—h ) 1
ul@t) = 52 —7 (1 + tanh (072)) (2(73)7(%)02 tanh? (oyx) + 2(*3)7(ﬂ) 2

IDCHNC

2= %)7(%)5(2(%)7(%)((1 + tanh (a’ya:))%)‘séz — _l (5 ) 5?

7( 52‘5)025_,_2(—%)7( ) (2( 5 % ((1 + tanh (Jyx)) )552 (22)
1
3

~2C DB D((1 + tanh (o72)) )61 + 2 +  tanh (o72)]F.

+26

5 Jo? tanh? (oyx) 6 — 2075

1446

)7(%)02 tanh (oyz)

01\»—‘

When h = —1, we obtain

(1+25

1
u(@t) = 52((1+tanh<07$)) 7 (2084762 tanh? (oya) 4+ 20745 62
+2(-%) (%) 52 tanh? (cmx)é—Q( Loy (120

N v )% tanh (va)

120055 3D (1 + tanh (092))F)76? — 2045 g2

_2(7% 7(“—26 025 4+ 2 *%)fy(*) (2( 5 % (( + tanh (O'”)/l')) )652 (23)
1 T,
4

_2(—%)7(%)5(2(%)7( ) ((1 + tanh (ovy2))?)%6%)t) + [2 + = 5 tanh (a’yx)]%,

which the same as the solution obtained by [6]. Then we find at h = —1,

u (x, t)HAM = u (7, t)ADM = u (7, t)HPM .
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4. Numerical results and discussion

We shall illustrate the accuracy and efficiency of HAM applied to Eq. (1) compared to the
ADM [2], HPM][6] and VIM [7]. For this purpose, we consider the same parameter values for
the generalized Huxley equation (1) as considered specifically in [2], we take § =1, v = 0.001
and § = 1,2,3. We present in Tables 1-3, the values of exact solution, five-term approximate
of ADM , l-iteration VIM and 2-term of HAM.

Table 1 numerical solutions for 5 =1, v =0.001 and § =1

h=-0.6
X t Exact ADM [2] HPM |[6] VIM [7] HAM
0.1 | 0.05 | 5.000302E-4 | 5.000052E-4 | 5.000052E-4 | 5.000052E 04 | 5.000100E-4
0.1 | 5.000427E-4 | 4.999927E-4 | 4.999927E-4 | 4.999927E 04 | 5.000030E-4
1 | 5.002676E-4 | 4.997678E-4 | 4.997678E-4 | 4.997678E 04 | 4.998680E-4
0.5 | 0.05 | 5.001009E-4 | 5.000759E-4 | 5.000759E-4 | 5.000759E 04 | 5.000810E-4
0.1 | 5.001134E-4 | 5.000634E-4 | 5.000634E-4 | 5.000634E 04 | 5.000730E-4
1 | 5.003383E-4 | 4.998385E-4 | 4.998385E-4 | 4.998385E 04 | 4.999380E-4
0.9 |0.05 | 5.001716E-4 | 5.001466E-4 | 5.001466E-4 | 5.001466E 04 | 5.001520E-4
0.1 | 5.001841E-4 | 5.001341E-4 | 5.001341E-4 | 5.001341E 04 | 5.001440FE-4
1 | 5.004090E-4 | 4.999092E-4 | 4.999092E-4 | 4.999092E 04 | 5.000090E-4

Table 2 numerical solutions for § =1, v = 0.001 and § = 2

h=-0.6
X t Exact ADM [2] HPM [6] VIM [7] HAM
0.1 | 0.05 | 2.236188E-2 | 2.236077E-2 | 2.236077E-2 | 2.236077E -2 | 2.236100E-2
0.1 | 2.236244E-2 | 2.236021E-2 | 2.236021E-2 | 2.236023E -2 | 2.236070E-2
1 2.237250E-2 | 2.235015E-2 | 2.235015E-2 | 2.235015E -2 | 2.223546E-2
0.5 | 0.05 | 2.236447E-2 | 2.236335E-2 | 2.236335E-2 | 2.236335E-2 | 2.236360E-2
0.1 | 2.236502E-2 | 2.236279E-2 | 2.236279E-2 | 2.236279E-2 | 2.236320E-2
1 2.237508E-2 | 2.235273E-2 | 2.235273E-2 | 2.235273E -2 | 2.235720E-2
0.9 | 0.05 | 2.236705E-2 | 2.236593E-2 | 2.236593E-2 | 2.236593E -2 | 2.236620E-2
0.1 | 2.236761E-2 | 2.236537E-2 | 2.236537E-2 | 2.236537E -2 | 2.236580E-2
1 | 2.237766E-2 | 2.235531E-2 | 2.235531E-2 | 2.235531E -2 | 2.235980E-2
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Table 3 numerical solutions for 5 =1, v =0.001 and 6 =3
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h=—06
x t Exact ADM [2] HPM [6] VIM [7] HAM
0.1 | 0.05 | 7.937402E-2 | 7.937005E-2 | 7.937005E-2 | 7.937005E-2 | 7.937030E-2
0.1 | 7.937600E-2 | 7.936807E-2 | 7.936807E-2 | 7.936807E -2 | 7.936970E-2
1 | 7.941169E-2 | 7.933234E-2 | 7.933234E-2 | 7.933236F -2 |  7.934820E-2
0.5 | 0.05 | 7.938196E-2 | 7.937799E-2 | 7.937799E-2 | 7.937799E-2 | 7.937880E-2
0.1 | 7.938394E-2 | 7.937601E-2 | 7.937601E-2 | 7.937601E-2 | 7.937760E-2
1 | 7.941962E-2 | 7.934029E-2 | 7.934029E-2 | 7.934031E -2 |  7.935620E-2
0.9 | 0.05| 7.93899E-2 | 7.938989E-2 | 7.938989E-2 | 7.938592E -2 |  7.938670E-2
0.1 | 7.939187E-2 | 7.939187E-2 | 7.939187E-2 | 7.938394E -2 |  7.938550E-2
1 | 7.942754E-2 | 7.934823E-2 | 7.934823E-2 | 7.934825E -2 |  7.936410E-2

The results clearly show that HAM is more efficient than the ADM, HPM, and VIM. The
HAM avoids the needs for calculating the Adomian polynomials which can be difficult in some
cases.

5. Conclusion

In this paper, we propose HAM to solve the generalized Huxley equation. The solution
is also, given by ADM, HPM and VIM. We reveal the relationship between HAM and other
methods, That is ADM and HPM are special case of HAM for this problem.

Compared with ADM, HPM and VIM, this illustrative problem shows that HAM has the
following advantages. The HAM contains a certain auxiliary parameter h which provides us
with a simple way to adjust and control the convergence region and rate of convergence of the

series solution.
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BASIS PROPERTY IN L,(0,1) OF THE ROOT FUNCTIONS
CORRESPONDING TO A BOUNDARY-VALUE PROBLEM

H. MENKEN AND KH. R. MAMEDOV

ABSTRACT. The non-self adjoint Sturm-Liouville operators with periodic and
anti-periodic boundary conditions are studied. The basis property in the space
L,(0,1) (p > 1) of the root functions of these operators is proved. For the
basisness in Lp(0,1) the inequality in the F. Riesz’s theorem is used.

1. INTRODUCTION

Let us consider differential operators generated by the differential equation

(1.1) (y) =y" +alz)y =Ny
and the periodic boundary conditions

(1.2) y(0) =y(1), ¥'(0)=y'(D),
or the anti-periodic boundary conditions

(1.3) y(0) = —y(1), ¥'(0)=-y'(1),

where the potential ¢(z) is an complex-valued function defined on [0, 1]. We note
that the boundary conditions (1.2) and (1.3) in Birkhoff classification are regular,
but not strongly regular (see [14], p.71).

In this work we study the basis properties of the root functions for boundary value
problem (1.1), (1.2) and (1.1), (1.3) which correspond to periodic and antiperiodic
problems. This problem is important for the study of Sturm-Liouville operators
with periodic complex potential on the whole real line, which is called the Hill
operator, and it is of independent interest. A recent progress in the study of the
Hill operator is presented in a paper by Djakov and Mityagin [2] and references
therein.

It is well known that the basisness of the root functions of linear differential
operators depends on regularity of boundary conditions generating the given dif-
ferential operators. The basisness in the space L2(0,1) of the root functions of a
linear differential operator of order n with strongly regular boundary conditions
was shown by Mikhailov (1962) [13], Kesel'man (1964) [7], and in the monagraph
of Dunford and Schwartz [3]. Some examples of differential operators with regular
but not strongly regular boundary conditions whose root functions do not form a
basis in L3(0, 1) were given by Kesel’'man (1964) [7] and Walker (1977) [17].

2000 Mathematics Subject Classification. 34L10, 34B24, 47EOQ5.
Key words and phrases. Sturm-Liouville operator, F. Riesz’s inequality, basisness of root func-
tions, not strongly regular boundary conditions.
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Tonkin (1976) [4] studied one non-classical heat conduction problem in homo-
geneous rod, which is reduced to following boundary-value problem by method of
partition

v + Ay =0, y'(0)—y'(1)=0, y(0)=0
whose boundary conditions are regular, but not strongly regular. All the eigenvalues
of this problem starting with the second one are double, the general number of
associated functions is infinite. However, it was established that the chosen specially
system of root functions forms an unconditional basis in Ly (0, 1).

Shkalikov (1979, 1982) [15, 16] proved that the eigenfunctions and associated
functions of an ordinary differential operator of 2n order with not strongly regular
boundary conditions do not form a Riesz basis, they form a basis with parentheses.

Kerimov and Mamedov (1998) [6] proved that the root functions of the boundary
value problems (1.1), (1.2) and (1.1), (1.3) form a Riesz basis in L3(0,1) when
q(z) € C™W[0,1] is complex-valued functions satisfying the condition ¢(0) # ¢(1).
Kurbanov (2006) [8] ( by using the results in [6]) obtained the basis property in the
space L,(0,1) of the root functions of the boundary value problems(1.1), (1.2) and
(1.1), (1.3).

Dernek and Veliev (2005) [1] and Makin (2006) [9] obtained some results on
the basis properties of the root functions in terms of the Fourier coefficient of the
potential g(x). Moreover, some theorems for determining whether the root functions
form a Riesz basis in Ly (0, 1) or not were given in [9]. Makin (2006) [10] established
a classification on the boundary conditions for a second order differential equation
under which the root functions form a Riesz basis.

Mamedov and Menken (2008) [11] proved that the root functions of the boundary
problems (1.1), (1.2) and (1.1), (1.3) form a Riesz basis in L2(0,1) when ¢(z) €
C®I0, 1] satisfying the conditions ¢(0) = ¢(1) and ¢/(0) # ¢/(1). In the present
work under the same conditions we prove the basis property in the space L,(0,1)
(1 < p < o0) of the root functions the boundary problems (1.1), (1.2) and (1.1),
(1.3).

The basis property in L,(0,1) of the root functions depends on the inequality at
the following theorem in the book of Kashin and Saakyan (see [5], Section I).

Theorem 1. [5] A system {gpj};il s a basis in the Banach space X if only if the
following conditions are satisfied:

a) {cpj }jil is complete in X,
b) {goj};il is minimal,
¢) there exists a number M > 0 such that for each f € X, the inequality

N

S| < Mllall, N=1,2,--

j=1
where the sequence {wj};il 1s the biorthogonal adjoint system to {gpj};il.

We use also the inequality in F. Riesz theorem which was given in [18].
We need the following asymptotic formulas which were obtained in [11, 12].

Lemma 1. Let g(z) € C¥[0,1], ¢(0) = ¢(1) and ¢'(0) # ¢'(1). Then the following
assertions hold:
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a) All eigenvalues of the boundary-value problem (1.1), (1.2), starting from some

number, are simple and form two infinite sequences A1, Ak2, k= N,N +1,--,
where N is a positive integer and

1
¢ (1)—q'(0)+ [P (t)dt
0

(1.4) Aka = —(2km)? — Ty +0(%) (k> N),
¢ ()=q'(0)— [ ¢*(t)dt
)‘k72 = —(2]€7T)2 + (4k:7r)20 + O(kflg) (k Z N),
and the corresponding eigenfunctions are of the form
1
(1.5) ypa(z) = sin2krx + O(E) (k> N),
1
(1.6) yp2(z) = cos2kmrx + O(E) (k> N);

b) All eigenvalues of the boundary value problem (1.1), (1.3), starting from some
number, are simple and form two infinite sequence A1, A2, k= N,N +1,---,
where N is a positive integer and

1
, ¢/ (1)~q'(0)- [P (t)dt )
Mea = = [k + D7) + —mrnap— + O(w) (= N),
1

¢ ()=q' (0)+ [ > (t)dt

M2 = —[(2k+ D7) — —pmmge— + 0(5) (k> N);
and the corresponding eigenfunctions are of the form
1
(1.7) ypa(z) = sin(2k+ )mz + O(E) (k> N),
1
(1.8) yr2(z) = cos(2k+ 1)z + O(E) (k> N).

Theorem 2. [11] Assume that the conditions of Lemma 1 are satisfied. Then, the
system of the root functions of the boundary problem (1.1), (1.2) forms a Riesz
basis in Ly(0,1).

It can be easily showed that the system of the root functions of the boundary
problem (1.1), (1.2) has a biorthogonal system consisting of the root functions of
the adjoint operator

q(z)v
(1

e*(v) — 1 +
(0), o'

v )
v(1) = w ) =v'(0),
and the eigenfunctions of the adjoint operator have of the form

1
(1.9) vga(z) = QSin2k7r:r—|—O(%),

1
(1.10) vg2(z) = 2COSQ]€7TZC+O(%).
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2. MAIN RESULTS

In the present work we obtain the following main results.

Theorem 3. Let q(z) € CW[0,1], ¢(0) = q(1) and ¢'(0) # ¢'(1). Then, the system
of the root functions of the boundary problem (1.1), (1.2) forms a basis in the space
L,(0,1) (1 <p < o0).

Proof. Let 1 < p < 2 be fixed. According the Theorem 2, the system of the root
functions {yr}tre; = {Uk1 (@), yr2(®) -, is a basis in Ly(0,1) and {v,},—, =
{vr,1(x), v2(x)},e, is biorthogonal to the system{yy},—, . Thus, this system is
complete in L,(0,1). For basisness in L,(0,1) of the system it is sufficient to show
to existence of a constant M > 0 such that

N

> (F,0n)yn

n=1

P
for all f € L,(0,1), where [|||,, denotes the norm in L,(0,1). (see Theorem 1).

Let ¢, () = 1, 1y, 1 (z) = V2sin2n7z, 1,, () = V2cos2nmz, (n =1,2,- - ).
The asymptotic formulas

1 1 1
2D ale) = e+ O, vale) = V() + O()
are also valid for sufficiently large n where {¢,, (z) oo, = {1 (2), 19, (2), anH x) }OO

is a basis in the space L,(0,1). This follows immediately from (1.5), (1.6) and (1.9),
(1.10). By (2.2)

n=1

N N N
ST(Fvaal < D (v, Z +
n=1 P n=1 P n=1 p
N 1 N 1 1
(2.3) Z(f,O(E))wn Z(f’o(g))O(g)

We shall now prove that all the summands on the right side of (2.3) are bounded
from above by constant || f]|,,-

Since {¢,,},2, is a basis of L,(0,1), applying Theorem 1 , we have

N

n=1

(2.4) <C|fll,, C=const(N=12---)

p

for all f € L,(0,1). Thus, by the inequality in F. Riesz theorem (see [18], p.154,
the inequality (2.10))

N 1 N
Y (Fw)ON < CY (f.0)

N VTR
(2:5) < <Z|<f¢>> (Z) <Clfly

n=1
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where % + % = 1. Using the Parseval’s equality we have
N 1 N 1 N 1 12\?
n=1 P n=1 2 n=1
N 3
(26) < clfl (Xo5) <cifl,,
n=1
ol 1.1 Yo
(2.7 S (10000 <Clfl (=) <clfl,.
n=1 P n=1

Using the inequalities (2.4)-(2.6) in the estimate (2.3) we have (2.1), i.e. the basis-
ness of the system {y,,(z)},-, in the space L,(0,1) at 1 < p < 2 is proved.

Now let 2 < p < oco. It is clear that the adjoint system {v,(z)} -, is a basis
of the space L,(0,1). Consequently, this system is complete in the space L4(0,1),
where % + % = 1. Note that 1 < ¢ < 2.

By means of absolute analogous discussion used above the basisness in L4(0,1)
of the system {v,(z)} -, is proved. Hence it follows the basisness in L,(0,1)
(2 < p < o0) of the system of {y,(z)},-, . Thus, the theorem is proved. O

Similarly, the following result is proved for the boundary problem (1.1), (1.3).

Theorem 4. Let q(z) € C™M[0,1], ¢(0) = q(1) and ¢ (0) # ¢'(1). Then, the
system of the root functions of the boundary problem (1.1), (1.8) forms a basis in
the space L,(0,1) (1 < p < c0). Moreover, if p = 2 this system is a Riesz basis in
L5(0,1).

We note that the smoothness condition on ¢(z) follows from the asymptotic for-
mulas which were obtained in [11, 12]. This smoothness condition may be reduced,
but it does not play important role in the proof of the basis property.
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Abstract. In this paper, we consider the open problem of dimensions of bivariate C' cubic spline spaces.
Firstly, by introducing two new operators, element-3 and element-4, in constructing a triangulation, a kind
of unconstricted triangulations with valence 6 is defined, which is an extension of the unconstricted trian-
gulation introduced by Farin in [Dimensions of spline spaces over unconstricted triangulations, J. Comput.
Appl. Math., 192(2006), pp.320-327] and some well-known triangulations such as the Morgan-Scott tri-
angulation and the Robbins triangulation are therefore included. Then, by using the technique of minimal
determining set, the dimension of bivariate C! cubic spline spaces over the unconstricted triangulation with
valence six is determined and the Lagrange interpolation on all vertices in the unconstricted triangulation
with valence 6 is considered.

Key words: bivariate C ! cubic spline space, unconstricted triangulations with valence six, dimension,
Lagrange interpolation

AMS Subject Classifications. 65D07, 41A15, 41A63

1 Introduction

Let A be a regular triangulation of a simply connected polygonal domain Q in R?, i.e., A is a set of
closed triangles whose union coincides with Q such that the intersection of any two triangles in A is either
empty, a common edge or a vertex. Let V(A), Vi(A), Vg(A), E(A), E;j(A), Eg(A) and F(A) denote the sets
of vertices, interior vertices, boundary vertices, edges, interior edges, boundary edges and triangles in A,
respectively, and we omit the triangulation and simply use the notations V, V;, Vg, E, E;, Eg and F if
statements apply to any triangulation or there is otherwise no confusion.

For two given integers n and r with 0 < r < n — 1, the space of bivariate splines of degree n and

smoothness order r with respect to A is defined by

ST(A) ={s € C"(Q) : sly € P, VT € F}, (1.1)
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where P, is the space of bivariate polynomials of total degree being at most n.

The dimension problem of bivariate spline spaces was initiated with a conjecture by Strang [12]. The
first result was given by Morgan and Scott [9] for bivariate spline space S }(A) with n > 5. Later, Schumaker
[11] gave a lower bound formula for the dimension of the spaces S (A). Alfeld and Schumaker [3] and
Wang and Lu [13] independently proved that Schumaker’s lower bound is in fact the dimension of S/ (A)
for n > 4r + 1. By carefully working with the smoothness conditions in terms of B-net representation of
spline functions, Hong [8] determined the dimension for the space S},(A) when n > 3r+2. Alfeld, Piper and
Schumaker [2] also extended Morgan and Scott’s results [9] to the space S }‘(A). Alfeld and Schumaker [4]

determined the dimension of S 5

441 (A) for a nondegenerate triangulation.

However, when n < 3r, the dimension of S],(A) is poorly understood as it may depend on the geometric
shape of A, see [10]. Especially, the dimension of S;(A) is still open and the following two conjectures
provide extremely challenging research problems, see [1].

Conjecture 1.1. Let 0(A) be the number of singular vertices in triangulation A, then
dim S3(A) = 2|V;| + 3|V + 1 + 7, (1.2)

where the so-called singular vertex v is the intersection point of the two diagonals of a quadrilateral.
Conjecture 1.2. Given a triangulation A with its all vertices being v; (i = 1,...,|V|) and numbers z;,

i=1,2,...,|V|, there exists a function s € Sé(A) such that
svi)=z, i=1,..,]V|]. (1.3)

Billera [5] and Whiteley [14] gave the generic dimension of S}(A) for n > 2, where the so-called
generic dimension is such that if dim S }(A) does not equal it then there is an arbitrary small perturbation
in the location of the vertices that will cause dim § ,11(A) to equal the generic value, also see [1]. According
to [5], the generic dimension of § ;(A) is 2|V;| + 3|Vp| + 1. This means that the related generic triangulation
does not contain any singular vertex.

Recently, Farin [7] introduced a flap-and-pair manner to construct a triangulation and determined the
dimension of S é(A) over a kind of special triangulations, called the unconstricted triangulations.

In this paper, by defining two kinds of operators in triangulation construction, called element-3 and
element-4, we shall first extend the unconstricted triangulations to a kind of new triangulations, called un-
constricted triangulations with valence 6. The new triangulations include some well-known difficult cases
such as the Morgan-Scott triangulation and the Robbins triangulation. Then by using the technique of min-

imal determining set, dimensions of bivariate C' cubic spline spaces over the unconstricted triangulations

with valence 6 are given. At the end of this paper, the Conjecture 1.2 is also partially answered.
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2 Preliminaries

Let T := [u, v, w] be a triangle in A. As we know, every polynomial p € P5 defined on T can be written

uniquely in the Bernstein-Bézier (B-net) representation as follows

3t
_ _ T injak
p(x,y) = pla.B,y) = H;rk_;ijk_i!j! B (2.4)

where (a, B,7) are the barycentric coordinates of (x, y) with respect to T and {ciTjk},-+‘,~+k=3 are the Bernstein-

Bézier (B-net) coefficients of p(e, 8, y). Clearly, each cl.Tjk associates with the domain point

ro_(LJk
fijk .= (3’ 3’ 3),
thus the B-net coefficients of p on T can be indexed with the set
o [£T
Dr = {€0},, s

and the spline space S g(A) is in one-to-one correspondence with the set of domain points

DA = U DT.

TeA

Following [3], for any vertex v € V, we define the m-th ring around v to be the set

R,,(v) := {domain points which are distance m from v}. 2.5)
A related concept is the m-th disk around v defined by
D,(v) = LmJ R;(v). (2.6)
i=0

For each & € Da, let A¢ be the linear functional such that for any spline s € § g(A),

Ags = the B-net coefficient c; of s associated with domain point &. 2.7
A subset M C D, is said to be a determining set for S (A) if for Vs € S3(A), we have

Aes =0 forall ¢ € M, implies s =0. 2.8)

Furthermore, M is called a minimal determining set for S if there is no other determining set for § with the
cardinality being smaller than |[M|. Obviously, if M is a determining set for S, we then have dim§ < |M|,
and furthermore, if M is a minimal determining set for S, then dim S = |M|, see [3].

Definition 2.1. Suppose e;_i, e}, ;. are three consecutive edges attached to a vertex v, then edge e; is
called to be degenerate at v if two edges e;_; and e}, are collinear, otherwise e; is called to be nondegenerate

atv.
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The following result on C' smoothness of s(x,y) across two adjacent triangles is a special case of the
general smoothness condition given in [6].
Lemma 2.1. Let T = [vo, v, v2], T® = [vg, v1, v3] be two adjacent triangles in A sharing a common

edge [vo,vi]. Suppose s(x, y) agrees with p;(x,y) € P3 in T and with p,(x,y) € P3 in T®. Assume that

_ § (D i)k _ E (2) i nl ok
Pl(x’y) - Y Cijki!j!k!QIBIY]’ PZ(X’Y) - 2 Cijk l"]‘k‘a 2‘}/2’ (29)
i+j+k=3 i+j+k=3

where (a1, 81,71) and (@2, 82, y2) are barycentric coordinates of (x, y) with respect to triangles 7" and T®,

respectively. Then s(x,y) € C1(T™ |J T®) if and only if the following smoothness conditions

2 _ (D : - _
Ciio=Cijor 1TJ= 3, (2.10)

2) _ =D 7. =D . s
i1 = @C o +chi,j+l,0 +YCi )= 2, 2.11)

hold, where (@, E ) are the barycentric coordinates of v3 with respect to triangle T,
Corollary 2.1. Under the condition of Lemma 2.1, if the common edge [vo, v] is degenerate at vy, then

the above Eq.(2.11) degenerates into

2 _ =D =D I,
Ciig =QC 0T YC s I+ )= 2. (2.12)

3 The unconstricted triangulations

Given a triangulation A, let v € V, the number d of all edges emanating from v is called the valence of
v, denoted by val(v).

Definition 3.1. A subtriangulation A’ of a triangulation A is a triangulation satisfying
TeFA)=TceFQ). (3.13)

Definition 3.2. For a triangulation A, if val(v) > d, Vv € V,(A), then we call A a constricted triangulation
with valence d.

Definition 3.3. Given a triangulation A, if it does not contain any constricted subtriangulation with
valence d, then we call A an unconstricted triangulation with valence d. The set of all unconstricted trian-
gulations with valence d is denoted by Aj.

It is clear that

A=A =A, =0, (3.14)

ﬂ3Cﬂ4C”-CﬂkCﬂk+1C-”. (315)

According to above Definition 3.3, the unconstricted triangulation A introduced by Farin in [7] is in

fact an unconstricted triangulation with valence 4, i.e., A € A4. In this paper, we are interested in the
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unconstricted triangulation with valence 6, i.e., A € Ag. In addition, it is easy to check by using the
following Theorem 3.1 that both the Morgan-Scott triangulation and the Robbins triangulation (see Figure

1) are in Ag but Ay.

Figure 1: Left: the Morgan-Scott triangulation, Right: the Robbins triangulation.

To give the construction manner of a triangulation A € Ag, we first recall the two definitions of a flap
and a pair of triangles, which are introduced in [7].

Definition 3.4. The triangle formed by one boundary edge of A and a point outside A is called a flap to
A. The point outside A is called the expansion vertex of the flap.

Definition 3.5. The two triangles formed by two adjacent boundary edges of A and a point outside A is
called a pair of triangles to A. The point outside A is called the expansion vertex of the pair of triangles.

Besides, we need introduce two new concepts.

Definition 3.6. A set of three triangles formed by a point outside A and three adjacent boundary edges
of A is called an element-3 to A . The point outside A is called the expansion vertex of the element-3.

Definition 3.7. A set of four triangles formed by a point outside A and four adjacent boundary edges of
A is called an element-4 to A. The point outside A is called the expansion vertex of the element-4.

Examples of both element-3 and element-4 are shown by the dash lines in Figure 2.

Iy
//\\\ AN
’y RS

S (R

Figure 2: Left: an element-3, Right: an element-4.

It is noted that, for a given triangulation A, it is difficult to judge whether A € Ag or not by using
Definitions 3.1 and 3.2. To make the judgement easier, we have

Theorem 3.1. If A € Ay, then A can be constructed in the following manner.
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Start: one triangle.

Recursive step: assuming a subtriangulation A has been constructed, we may extend the triangulation A
to a new triangulation A’ using four operations on boundary vertices:

1) Adding a flap;

2) Adding a pair of triangles;

3) Adding an element-3;

4) Adding an element-4.

Proof. Assume that A € Ag. Set AQ) := A and let v be a boundary vertex such that it has the minimal
valence among all the boundary vertices in A. It is clear that 2 < val(vy) < 5. Then we go to step 1.

Step 1. If val(vo) = 2, we remove the flap in which vy is the expansion vertex. It is clear that the resulting
triangulation is still an unconstricted triangulation with valence 6, otherwise, the original triangulation A
would not be an unconstricted triangulation with valence 6, which is in contradiction with the assumption.
By repeating the procedure of removing a flap, the triangulation A® becomes a new triangulation which
is either a single triangle (if the procedure of removing a flap continues, then nothing would be left) or a
triangulation with the valences of all boundary vertices being greater than 2. In the latter case, we denote
the resulting triangulation by A again and let vy still be a boundary vertex such that it has the minimal
valence among all the boundary vertices in A®. It is clear that 3 < val(vy) < 5. Then we go to step 2.

Step 2. If val(vg) = 3, we remove the pair of triangles in which vy is the expansion vertex. It is clear that
the resulting triangulation is still an unconstricted triangulation with valence 6. By repeating the procedures
of removing a flap and a pair of triangles, the triangulation A) becomes a new triangulation which is either
a single triangle or a triangulation with the valences of all boundary vertices being greater than 3. In the
latter case, we denote the resulting triangulation by A again and let vy still be a boundary vertex such that
it has the minimal valence among all the boundary vertices in A, It is clear that 4 < val(vo) < 5. Then we
go to step 3.

Step 3. If val(vy) = 4, we remove the element-3 in which vy is the expansion vertex. It is clear that the
resulting triangulation is still an unconstricted triangulation with valence 6. By repeating the procedures
of removing a flap, a pair of triangles and an element-3, the triangulation A’ becomes a new triangulation
which is either a single triangle or a triangulation with the valences of all boundary vertices being greater
than 5. In the latter case, we denote the resulting triangulation by A® again and let vy still be a boundary
vertex such that it has the minimal valence among all the boundary vertices in AQ Tt is clear that val(vy) =
5. Then we go to step 4.

Step 4. We remove the element-4 in which vy is the expansion vertex. The resulting triangulation is
still an unconstricted triangulation with valence 6. By repeating the procedures of removing a flap, a pair

of triangles, an element-3 and an element-4, the triangulation A’ becomes a new triangulation which is a



LIU-YI: BIVARIATE CUBIC SPLINE SPACES...

single triangle.

By reversing the above procedures of removing a flap, a pair of triangles, an element-3 and an element-
4, we obtain the construction procedures of adding a flap, a pair of triangles, an element-3 and an element-4.
That is to say, any triangulation A € Ag can be constructed by recursively adding a flap, a pair of triangles,
an element-3 and an element-4 only.

As an example, the construction procedure of the Robbins triangulation is shown in Figure 3.

Figure 3: The construction of the Robbins triangulation, from left to right: adding three flaps, adding a pair
of triangles, adding an element-3 and adding an element-4.

4 dimS é(A) over the unconstricted triangulation with valence six

In [7], Farin proved that the conjecture (1.2) is correct in the case of the unconstricted triangulation
with valence four, but in his paper the singular vertex is excluded. In this section, we shall prove that the
conjecture (1.2) is still correct when the triangulation A is in Ag with some singular vertices being also
included.

Theorem 4.1. Let A be an unconstricted triangulation with valence 6, i.e., A € Ag. Assume that there

is no degenerate edge at any nonsingular vertex in A, then
dim S3(A) = 2|Vy| + 3|Vp| + 1 + 0. (4.16)

Proof. It is clear that Eq.(4.16) holds for A being one single triangle.

For an inductive proof, assume that Eq. (4.16) holds for a subtriangulation A® of A. Let A**D be the
triangulation after we add a flap, a pair of triangles, an element-3 or an element-4 to A®,

1) When A®*D = A® | J{a flap} = A® J[v, vy, v2], where v is the expansion point of the added flap, it

is clear that
‘V,(A("“))‘:‘V,(A“‘))‘, ‘VB(A("“))'=’VB(A("))‘+1, o (%)) = o (a%). (4.17)

By using Lemma 2.1, all the B-net coefficients associated with the domain points in Dpe+ \ D;(v) can be

determined by the B-net coefficients associated with the minimal determining set for S é (A(k)), see Figure
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4. Hence a determining set for S} (A(k“)) can be constructed by adding all three domain points in the first

disk around v, D;(v), to the minimal determining set for the space S } (A(")). This means

dim§} (A“‘*”) < dimS§! (Aac)) +3
- 2|V, (A(k))|+3'VB (A(k))|+ | +0.(A(k))+3

-2 |v, (A<’<“>)| +3 ‘VB (A<k“))| +1+0(A%D), 4.18)
Eq. (4.18) together with Schumaker’s lower bound [11] leads to
dim §1 (A%) = 2|V, (A4D)| +3 |vy (A%D) + 1+ o (a%D). (4.19)

This is consistent with Eq. (4.16).

Figure 4: The variation of the minimal determining set when a flap is added.

2) When A®D = A® | {a pair of triangles} = A® v, v, v21 U[v, v2, v3], where v is the expansion

point of the added pair of triangles, it is clear that
‘v, (A("”))‘ - 'v, (A(k))‘ +1, |vB (A‘k”))' - }vB (A<’<>)|. (4.20)

By using Lemma 2.1, all the B-net coeflicients associated with the domain points in De+n \ D;(v) can be
determined by the B-net coefficients associated with the minimal determining set for § } (A(k)).

The construction of a determining set for S} (A(k”)) depends on whether the new interior vertex v; is
singular or not. If v, is nonsingular, i.e., O'(A(k+])) = o-(A(k)), see Figure 5(1), then the edge [v,,] is
nondegenerate at v,, hence the B-net coefficient associated with the domain point in R;(v) (\[v, V2] can be
further determined by using Lemma 2.1, and a determining set for § ; (A(k“)) can be constructed by adding
two other domain points in D;(v) to the minimal determining set for the space § ; (A(k)). If v, is singular,
see Figure 5(2), i.e., O'(A(k+1)) = O'(A(k)) + 1, then the edge [v, v;] is degenerate at v,. By using Corollary
2.1, the B-net coefficient associated with the domain point in R;(v) ([v, v»] cannot be determined, so three

domain points in D;(v) have to be added to the minimal determining set for the space S} (A(k)) to form a
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determining set for S} (A(k“)). Hence, we have

. dimS! (A®) +2, if o (A*D) = o (A®
dim§3 (A7) < {dimSz EM); +3, ifZEA("“)g = ZEA(");H
2|V (A9)| +3 |V (A9)| + 1+ o (a®) +2, if o (A%D) = o (A®)

2 |V1 (A(k)>| +3 |VB (A(k))| +1+ O-(A(k)> +3, ifa'(A(k+1)) _ O'(A(k))+1
=2 |V1 (A(k+1))| +3 |VB (A(k+l))' +1+ O’(A(kﬂ)), @21

Eq. (4.21) together with Schumaker’s lower bound [11] leads to

dims} (%) =2 ‘V, (A“‘*”)‘ +3 'VB (A("”))‘ +1+0(a%). (4.22)

(1) (2)
Figure 5: The variation of the minimal determining set when a pair of triangles is added.
3) When A®*D = A® | ] {an element-3} = A® J[v, vi, vo] ULV, va, v3] ULV, v3, v4], where v is the expan-

sion point of the added element-3, it is clear that
|v, (A("”))| - |v, (A<k>)| +2, ’VB (A<’<+1>)| - |VB (A<k>)| _1 (4.23)

By using Lemma 2.1, all the B-net coeflicients associated with the domain points in Dpe+n \ D(v) can be
determined by the B-net coefficients associated with the minimal determining set for S} (A(k)).

On one hand, if both v, and v are nonsingular, i.e., o (A(k”)) = O'(A(k)), see Figure 6(1), then edges
[v,v2] and [v, v3] are nondegenerate at v, and vs3, respectively, therefore by using Lemma 2.1, two B-net
coeflicients associated with two domain points in R;(v) () ([v, v2] [V, v3]) can be further determined, and
a determining set for S é (A(k“)) can be constructed by adding the expansion vertex v to the minimal deter-
mining set for the space S ; (A(k)).

On the other hand, if one of two vertices v, and v3, for example v,, is singular, see Figure 6(2), then

o-(A("“)) = o-(A(k)) + 1, and the edge [v,v,] is degenerate at v, but the edge [v,v3] is nondegenerate
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at v3, hence only the B-net coefficient associated with the domain point in R;(v) ([v,v3] can be further

determined, so two more domain points in D;(v) have to be added. We actually have

. dim ! (A®) + 1, if o (A®HD
dlmS; (A(k+1)) < {dimsz gA(k); +2 ifZEA(k“)

2|V (A®)| +3[Vi (A®)| + 1+ o (A®) + 1, if o (%)) = o (AW)

= o (A®)
=0 (A®)+1

2|vi (A9)| +3 |V (A + 1+ o (A9) + 2, if o (A4HD) = o (AW 41

=2 ‘V, (A("“))‘ +3 ‘VB (A("”))' +1+0(akD), (4.24)
Eq. (4.24) together with Schumaker’s lower bound [11] leads to

dims} (A%D) =2 'v, (A("”))‘ +3 'VB (A<k+‘>)| +1+0(a%). (4.25)

(1) (2)

Figure 6: The variation of the minimal determining set when an element-3 is added.

4) When A%D = A® | J{an element-4} = A® J[v, vi, val UV, va, v31 UV, v3, v4] ULV, v4, vs], where v

is the expansion point of the added element-4, it is clear that
|V, (A<k+1>)| - |V, (A<k>)| +3, ’VB (A<’<+1>)| - |VB (A<k>)| _2. (4.26)

By using Lemma 2.1, all the B-net coefficients associated with the domain points in Dpen \ Di(v) can
be determined by the B-net coefficients associated with the minimal determining set for S} (A(")). The
construction of a determining set for S} (A("”)) depends on the following cases.

i) All the three interior vertices v,, v3 and v4 are nonsingular. Thus edges [v, v;], [v, v3] and [v, v4] are
nondegenerate at v,, v3 and vy, respectively, see Figure 7(1). In this case, O'(A(k“)) = O'(A(k)), and three
B-net coefficients associated with three domain points in Ry(v) (" ([v, v2] U[v, v3] U[v, v4]) can be further
determined, therefore a determining set for S ; (A(k”)) can be the same to the minimal determining set for

the space S } (A(")).
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ii) One of the three interior vertices v, v3 and vy is singular, for example say v,, see Figure 7(2). Thus
edges [v,v3] and [v, v4] are nondegenerate at v3 and vy, respectively. In this case, O'(A(k+l)) = a'(A(k)) +1,
and two B-net coefficients associated with domain points in R;(v) () ([v, v3] U[v, v4]) can be further deter-
mined, therefore a determining set for S ; (A(k”)) can be constructed by adding the expansion vertex v to
the minimal determining set for the space S} (A(k)).

iii) Two of the three interior vertices v,, v3 and v4 are singular. Obviously, v cannot be singular, i.e.,
the edge [v, v3] is nondegenerate at v3, see Figure 7(3). In this case, a’(A(k”)) = O'(A(k)) + 2, and the
B-net coefficient associated with the domain point in R;(v) (\[v, v3] can be further determined, therefore
a determining set for S} (A(k”)) can be constructed by adding other two domain points in D;(v) to the
minimal determining set for the space S } (A(")).

Hence, we have

dimSi(A®),  if o (A%D) = o (A®)
dim§} (A%D) < { dim§}(AD) + 1, if o (A%D) = o (A® )41
dim s} (A®) + 2 if o (A%D) = o (A®)+2
+

2|v, (a® |+3|VB A(">)’+1 o(a®), ifo(a%D) = o (A)
)

(
2|V1 (A(k)>| +3 |VB (A(k) | +1 +O’(A( >+ 1, ifO.(A(kH)) — O'(A(k))+1
(

2|V, (A(k))|+3|VB<A(’<)|+1+o- A®) 42, if o (A€D) = o (AB) 42

2 |V, (A<k+1>)| +3 |V (A("“))' +1+0(A%D), (4.27)
Eq. (4.27) together with Schumaker’s lower bound [11] leads to
dim 51 (A%D) = 2[v; (A%D)| +3 |V (AXD)| + 1+ o (A%D). (4.28)

This completes the proof of the theorem.

Figure 7: The variation of the minimal determining set when an element-4 is added.
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From the proof of Theorem 4.1, it can be seen that when a flap or a pair of triangles or an element-3 is
added in every expansion step from A® to A®*D | the expansion vertex can be always chosen as a domain
point in the minimal determining set for §}(A%**D); however, when an element-4 is added, the expansion
vertex can be also chosen as a domain point in the minimal determining set for S }(A**D) only if there is
at least one singular vertex among the three added interior vertices. Hence we actually have proved the
existence of the Lagrange interpolation by S é(A) on all the vertices in A and have partially answered the
Conjecture 1.2.

Theorem 4.2. Let A € Ag such that there is at least one singular vertex among the three added interior
vertices when every element-4 is added in the construction of A. If there is no degenerate edge at any
nonsingular vertex in A, then for arbitrary numbers z;, i = 1,2, ...,|V(A)|, there exists a function s € S é(A)
to satisfy that

svi) =z, i=1,..,[V(A), (4.29)

where v;, i = 1, ...,|V(A)), are all the vertices in A.
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Abstract

A model for insect dispersal has been considered, existence and uniqueness of
solutions to the long range diffusion involving flux for such model has been
shown in L9 space.

1. Introduction

The dynamics of population has been described using mathematical models
which have been very successful in giving good effect in the study of animal and
human populations. Fife [4] considered reaction and diffusion systems which
are distributed in 3-dimensional spaces or on a surface rather than on a line.
Abualrub [1] studied diffusion in two dimensional spaces for which diffusion is
more realistic and applicable in life. Also he talked about long range diffusion
with population pressure in Plankton-Herbivore populations.In this paper we
include long range diffusion involving flux for insect population and then talk
about the existence and uniqueness of solutions to our model in the L? space.
But we are going to find the required p and q in similar approach used in [2] .

2. Long Range Diffusion Involving Flux

Here we consider long range diffusion to a modified insect dispersal model in
two dimensions as follows

w, — DA®y = aqu + asu® + azu, + asA (uo‘“) (1)

u(x,0) = f(x) (2)

;where v = wu (z,t) is the insect population density and z € R% Here A
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represents the laplacian operator and

@ 2 84
A =3 Gra )
iYLl

,j=1

u, is the rate of change of the insect population density, DA®u is the long
range diffusion term; where D is a small constant, and «, a4 are positive con-
stants. But u? is the interaction between the Males and Females of the insect
population, u, is the instantaneous flux in the x direction due to molecular
diffusion. A (u®™!) is the regular diffusion of the insect population.

We now want to discuss existence and uniqueness of solutions to equation (1)
togother with condition (2) in the LP? space which is the function space con-
sisting of Lebesgue measurable functions u (z,t) such that |[ul|, , < co; where
][, is the norm in LP?, p is taken in the ¢ variable, and g is taken in the
x variable. We want to find the appropriate values for p and ¢ in the next
section. In addition, we will consider large values of time since we are talking
about long range diffusion.

3. Existence and Uniqueness of Solutions
First of all, we have to prove the following Lemma for the initial data:

Lemma 1 Assume that u satisfies equations (1) and (2). If f (z) € L” (R?),
and

|K (z,t)] < —L—=;t >0, and D is a constant. Then, K * f € L3

(e)

;where x represents the convolution in space only.

PROOF. As we did in [1]; we will use the following estimate for the Kernel;

namely
D
K (zt)] < ———5;t>0. (4)
(lo| + ¢7)
Now, if f (z) € LY (R?)we have
Df (y)dy

K <
*f_Rg (|a:—y|+t%)2

We first take the p norm in t; namely

Df (y)dy
15+ £, < :
4(1x—yr+t4)2 )

371



372 QUDAH-ABUALRUB: LONG RANGE DIFFUSION...

Applying Minkowski’s integral inequality on the right hand side of the above
inequality to obtain

dt
1< 1,<D [1rwl| [ 7 |
R? R+ (|$—y| "‘754)
1 p
<Da [ 1£ () |y
2 (I = vl + %)

d
o [ UGl
R2 (]x—y!+t1) F

swhere «v is a constant. We now take the q norm in x of the above inequality
to obtain

K * f|| SDQ/ Lf (y)| dy 4
P.q 1\2—F
R? (]m —y ~|—t4>
q

The right hand side of the above inequality is less than or equal to constant- || f||
if % = é — % = é - % (using the Benedek-Panzone Potential Theorem [3] ,see

Appendix). This implies that p = 3¢ and hence K * f € L3?, this concludes
the proof for the initial data.

q7

Theorem 2 The solution u(z,t) of (1) and (2) exists and it is unique in the
space L3%% for o > %; whenever the initial data f (x) is small enough in the
norm of its space and if e=*Vu,(x,t) € L3,

PROOF. We begin by eliminating the linear term «;u of (1), so we let
u(w,t) = e*'w(w, t).

Then we get,

wy — DA®Pw = age®'w? + agw, + asA (w1, (5)

w(z,0) = f(x); where v € R?. (6)
We may assume population pressure in the first and second terms in the right
hand side of equation (5).Therefore, we write

s = w” and a3 = ¢ (w,)?
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then (5) becomes:
w; — DAPw = ¢ P2 4 ¢ (wx)wl + ayA (waH) , (7)
w(x,0) = f(r); where x € R>. (8)

Now w(zx,t) can be obtained by solving the integral equation:

t
w = //K (x —y,t —7) [clealtwféur2 + ¢ ()" + A (waﬂ)} dydT—i-/ K (z —y,t) f(y)dy
0 R2 R2

9)

;where K is the fundamental solution to the homogeneous problem of (7), in
two dimensions,namely

=

1 =2
K(x,t):7e 5 , x| = (ﬁ +x3) , and x € R?.

Also K can be approximated by (4).We will now rewrite (9) simply as
w=K® [clealtwﬁ+2 + ¢ (we)"T + A (w‘”l)} +Kxf (10)

;where ® represents the convolution in space and time; and w(z,t) is a weak

solution of (9) provided that the integrals in (10) exist in the Lebesque sense.

Using integration by parts on the term K ® asA (w*™), and set w, = H in
(10), we obtain:

w=K® {cleo‘ltuﬁ” + CQHVH} + ol @uwtt + K« f (11)
;where
2 0’K
I'=AK = —
> o

Now for the first, second, third and fourth terms on the right hand side of
(11), we shall use exponents r, s, p,q, respectively, when considering the LP
norm. For the first term in (11) we have:

D

(Jaf + £3)°
D

<‘x| n ti)2+474

K| <

So,
1 B+2 4 p+2

2 T 3
. - _ L wherel< —— <2 12
g r 244 ¢ 3WICISEIToS) (12)
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Setting r = ¢ we get:
3
r=2 @+ (13)
Using (12), (13) we have 42 < %(6 +1) < %(6 + 2), which gives 5 > 1.

For the second term in (11), we have:

1 11 11
L AL T Gherel< —— <3 (14)
q s 2+1 s 3 v+1

Using

_b
(la] + )’

D

(‘x| X ti)2+171 :

K| <

Setting s = ¢ in (14) we get:
s =3y (15)
Using (14), (15) we have: v + 1 < 3y < 3(y + 1) ,which gives vy > 1.

For the third term in (11), we have:

T =[AK]|
D
S —a
(lz] +1%)
B D
= i12-2
(|x| + ti) "
So,
1 1 2 11
L _ ot — iwhere 1< —L— <3 (16)
Setting p = q we get:
p = 3a (17)

Using (16), (17) we have: a + 1 < 3o < 3 (a + 1) which gives:
1
—. 1
a> g (18)

Now to get a contraction mapping

5 (R2 x R+) s LP (R2 x R+)
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in (11), we have to equate all exponents in K * f € L37,(13),(15) and (17).
That is

3
3q:§(5+1):37:3a.

In view of (13),(15) and (17) and the above relationship we arrive at:
p=3a,q=a,r=3a,a=" (19)
Consequently, the following relationship exists between o and 3; namely
b=2a—1

Hence,
1
w(x,t) € L***; where o > 3

Now, it is enough to show the uniqueness of the solution. Our mapping in (11)
will be:

1T ()lse < C (@) [[(z0 + 1G]]0 -
swhere C is a constant depends on «. That is if we apply the mapping T to
(11) we have:

Tw)=K®G+al @uw*™ + K * f (20)
;where
G = crewPt? 4 e, H1H

then

IT ()|l < C (@) wll5a” + 1lgll50 (21)

swhere g is an auxiliary function which is the sum of the first and the third
terms in the right hand side of equation (20).We are going now to compare
(21) with the following mapping:

y =0z + (22)

a+1

where 0,7 are positive constants and x > 0. Now 0x®™" increases faster than

a linear function and it is convex.
For n = 0 we have only one non-zero root of (22) because the graph of
y = 0zt and y = 2 will intersect in only one non-zero point.

For the same reason if 0 < 7 < € (where € is sufficiently small) , we have two
roots, say xp,Ts. Let 7 be the smallest root, therefore if x7 is small enough
then the mapping 7" will be a contraction mapping which maps the ball of
radius 77 into itself. This implies that the solution to the equation w = T'(w),
in (20), exists and its unique in the ball of radius z;.Here 77 depends on the
size of the initial data. This completes the proof of Theorem 2.
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Remark 3 We have shown in Theorem 2 that o must be greater than % to
guarantee the existence and uniquness of solutions for equation(1) togother
with condition (2). Let us now take o = 1. Therefore, equation (1) becomes:

Uy — DA(Q)U = qu + a2u2 + agu, + Oé4A (uz) (23)
We will work on (23) in future research.
Appendix:

Benedek-Panzone Potential Theorem: Let X=E" (the nth dimensional

Euclidean space), and A = (A1, Ag,....; A,) be an n-tuple of real numbers,

0 <\ < 1. IfPananresuchthat%—é =AN 1< P< %,then

Hf* |:p|’\7”HQ < ¢||f||p holds for every f € LP; where A = > N\and ¢ =
i=1

c(A, P).
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Abstract
Let X and Y be Banach Spaces, L(X,Y) be the space of bounded
linear operators from X into Y, and X (% Y be the tensor product of X
and Y with a uniform cross norm «. Given a natural number n, let N

be a monotonus norm on R". A subspace G is called N—simultaneuosly
proximinal if for every x1,x2,...,z, € X there exists y € G such that :

Nl zr=y [l z2=y [, s [ o=y ) < Nl 21=g |l [| 22=g [, -, [| Zn—g 1),
for all g € G. In this paper, we discuss simultaneous approximation in
L(X,Y) and X ® Y.

Key Words : Simultaneuos approximation
Classification Numbers : Primiry : 41A28, secondary : 41A65

1 Introduction

Throughout this section, (X, || - ||) and (Y, || - ||) are Banach Spaces, X* denotes

the dual of X and L(X,Y) is the Banach space of all bounded linear operator

from X into Y, endowed with usual norm || f ||= sup | f(z) ||, for every
llzl=1

f € L(X,Y). we denote X é} Y and X é Y to the injective and the projective

tensor products of X and Y respectively, X é\{) Y is a subspace of the space of
the nuclear operators from X* into Y, [ 8].

We wish to consider here the problem of simultaneous approximation in
L(X,Y) in the sense of Fathi, Hussien, and Khalil [10].

Let G be a closed subspace of Y. Given n points y1,¥ys, ...,y in Y, there
are several ways of simultaneuosly approximatig them by an element g in G
(see [10], [2]), throughout this paper we will use the definition introduced by
Fathi, Hussien, and Khalil in [10]. Namely, we say that a norm N in R™ is
monotonus if for every t = (¢;)1<i<n » $ = (8i)1<i<n € R" such that | ¢; |<| s; |
for i =1,2,...,n we have N(t) < N(s). Notice that all the usual norms in R"
are monotonus.
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Definition 1.1. ([3,Definition 1]). we say that go € G is a best N —simultaneuos
approximation from G of vectors y1,ya,...,yn € Y if

N(lvi—=go 1l v2=90 lls s N yn—90 ) <N vai—g .l va—g |, [l yn—9 )

for all g € G.

If every n-tuple of vectors y1,y2,...,yn € Y admits a best N—simultaneuos
approximation from G, then G is said to be N —simultaneuosly proximinal in Y.

Of course, for n = 1 the preceding concepts are just best approximation and
proximinality. For an example of a Banach space which has a proper subspace
that is proximinal but not N—simultaneously prximinal see [6].

The problem of best N—simultaneuos approximation had been studied by
some authers : Tijani Pakhrou [14], studied the problem on L> (u,Y"), the Ba-
nach space of all essensially bounded p—Bochner integrable Y —valued functions
on a finite measure space (2, %, 1) . Fathi, Hussien, and Khalil [10], studied the
problem on L? (1,Y"), the Banach space of all p—integrable Y —valued functions
on the interval I = [0, 1] with lebesque measure. J. Mendoza and Tijani [6] , stud-
ied the problem on L' (11,Y), the Banach space of all Bochner p—integrable
Y —valued functions on a finite measure space (2,3, p). Little works have
been done L(X,Y). E. Abu-Sirhan and R. Khalil [5], studied the problem
on L(X,Y) in a particular case : N is an ¢!—norm on R?, N(a,b) = |a| + |b],
a,b € R. The object of this paper is to study the subspase of L(X,Y) which
are N —simultaneuosly proximinal in L(X,Y"). In this paper we will show that
if G is a reflexive subspace of Y, then L(X,G) is N—simultaneuosly proximi-
nal in L(X,Y). Result on other spaces, Tensor produt spaces, L' (i, Y), and
L (u,Y) are presented.

2 Preliminary

The uncomplete tensor product of two Banach spaces X and Y is the set of
all finite sums of the form Y z; ® y; with z; € X and y; € Y. An equivalence
relation is introduce by stipulating that > z; ® y; is (equivalent to) 0 when
S{f,zi)y; for all f € X*, X* is the dual space of X. A norm a on X ® Y
is termed a cross-norm if a(z @ y) = |z||||y| for all z € X and all y € Y. A
cross-norm « is said to be uniform cross-norn if

o (X Az @ By) < A1 [Ba (w0 v:)

for any bounded linear operators A and B. The completion of the normed
linear space X ® Y with a cross-norm « is denoted by X ® Y. The projective
(03

norm is a special uniform cross-norm defined by the equation

Izl = inf{z il lyill - @i € X, y; €Y, 2= Zl’z ®yi}a
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A
and the completion of X ® Y under such norm is denoted by X ® Y. The
injective norm is a special uniform cross-norm defined by the equation

HZM(X)% Z(f’ﬂii)yi

= sup
Vv fex*

9

\
and the completion of X ® Y under such norm is denoted by X ® Y. for given
Banach spaces X and Y, we have the following equation

X QY CL(X,Y*) = (X@%Y) .

The idetifications made here are as follows. With an element > ¢, ® 1, in X* ®

Y™ (uncompleted tensor product) we associate an operator A € L(X,Y™) whose

defining equation is Az = > (¢;,x)1,. With an arbitrary B in L(X,Y™) we
A *

associate a funcional ® in <X ® Y) by putting ® (3 z; ® y;) = > (Bxi, yi) -

The weak*—topology in L(X,Y™) is the weak topology induced by the du-

*

A A
ality of X ® Y with (X ® Y> . Convergence of a net A, to A in this topology

means (A,z,y) = (Az,y) forall z € X and y € Y.
It is known, [7], that L (¢P, X) is isometrically isomorphic to

07 (X) = {(@a) : 3 laall”” < oo

Where p* is the conjugate of p. Hence L (61, X) ={>* (X).
For any measure space (S, %, u) and any Banach space X, it is known that

L' (u, X) = L' () Q% X. In particular ¢! (X) = ¢* Q% X. Thus, for any Banach
space X, we have

2 (X") = L0, X") = (zl ® X>* — (' (x))".

Remark 2.1 For a Banach Space X, (> é X can be identified with a closed
subspace of £*° (X)) . The identification as follows :

With each element z = Y 1 | F;Qz; n {* @ X , F; = (a?)k € (>, we
=1

associate an element F) in £*° (X) to be defining by

n
Fz = Z (a}(j).ﬁl) 1 :
i=1

379
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Observe that

Izl = sup XL () Fill
vex lvl=1

= s sup|T 0 (w)af)

vex =1 k

= sup sup ’Z?leb (z;) ag)
k peX,|¢l=1

= sup HE;LZI:EZ»(I,(:) H
k

= IE:]l

Thus the linear map z — F,, after being extended by continuity is an isom-
v
etry of £*° ® X into £ (X).

3 Main Result

Throughout this section, n is agiven natural number and N is a monotonous
norm in R™.
First, we present the following two lemmas needed to prove our main result.

Lemma 3.1. Let X be a Banach Space. If G is a reflixive subspace of a
Banach Y, then L(X,G) is w*— closed in L(X,Y™*).

Proof. Now, we have
L(X,G)=L(X,G"")CL(X,Y"™)=(X <§>Y*)*.

So, let (F,) C L(X,G) be a net converging to F € (X Q% Y*)* in the
w*—topology on (X <§> Y*)*. Let z € X and y* € Y*. Then

lién Foz®y)=F(z®y").

Thus
lim y* (Fo (2)) = y* (F (2)) -

Since y* € Y* was arbitrary, then (F, (z)) C G = G** is a net converging
to F' (z) in the w*—topology on Y**. Since G is w*— closed in Y** and z € X
was arbitrary, then F'(z) € Gfor all z € X and F € L (X, Q).

Lemma 3.2. ([14, Lemma 2.2]). Let X be a Banach space and let A C X*.
If A is w*— closed, then A is N-simultaneuosly proximinal in X*.
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Theorem 3.3. Let X be a Banach space. If G is a reflexive subspace of a
Banach Y, then L(X,G) is N-simultaneuosly proximinal in L(X,Y").

Proof. Let fi,fa,....fn € L(X,Y) C L(X,Y*™). Since L(X,G) is w*—
closed in L(X,Y**) (Lemma 3.1), then it is N-simultaneuosly proximinal in

L (X,Y**) (Lemma 3.2). Therefore, there exists go € L (X, G) , a best N —simultaneous
approximation from L (X, G) of the vectors fi, fa, ..., fn € L(X,Y). Of course,

this means that L(X, G) is N-simultaneuosly proximinal in L(X,Y).

Theorem 3.4. Let X be a Banach space G be a closed subspace of a Ba-
nach Y. If L(X,G) is N-simultaneuosly proximinal in L(X,Y’), then G is N-
simultaneuosly proximinal in Y.

Proof. Let y1,92,...,yn € Y. Let 29 € X, ||zo]| = 1. Choose z* € X*, |lz*|| =
1, such that < zg,x* >= 1. The elements 2*®y; : X — Y, i =1,2,...,n, defined
by z* ® y; () = z* (x) y;, are in L(X,Y). Since L(X,G) is N-simultaneously
proximinal in L(X,Y"), there exists go € L(X,G) such that

N< le* @1 — g0l lle™ @ 52 = o], . ) <N( lz* @1 —gll, 2" © 92 — gl . )
™ @ yn = goll ™ @ yn — gl

for all g € L(X, G). In particular this inequality is valid if we choose g = 2*® z,
for some z € G. So,

l=* @31 - goll 12" @2 — goll . e @11 — 2" © 2l la* @1 — 2" @ 2]
N © 4 — gol ol ©yn— 2" O
< 1 NGl — 20 g = 21— 1)
= Ny~ 2l — 2l — 2.
Hence, for any z € X, ||z|| = 1, we have
2 @ 31 (=) — g0 @) o © 92 (@) — 90 (@]
N < N — — — .
( Ll e e < Nlllgs - 2l vz = 2l I — 21

Choose z to equal xg. However, (z* ® y;)(z0) = yi, ¢ = 1,2,...,n. Thus

N (llyr = go(@o)ll , lly2 — go(wo)ll -+ lyn — go(@o)ll) < N(llyr — 2l [ly2 — 2l 5 o, [yn — 2l])-

for all z € G. Consequently, go(zo) is a best N—simultaneous approximation
of the vectors y1, vy, ..., Y, € Y. Hence G is N—simultaneously proximinal in Y.
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Theorem 3.5. Let X and Y be Banach spaces. If P is a projecton on X,
@ is a projecton on Y, and Q* is the adjoint operator of @, then the following
subspaces are N —simultaneously proximinal in L (X,Y™).

1. M={AP:Ac L(X,Y")}.
2. N={Q*B:BeL(X,Y")}.
3. W={AP+Q*B: A, B€ L(X,Y")}.

Proof. The proof follows from Lemma 3.2 and the fact that the subspaces N,
M, and W are w*—closed in L (X,Y™), [8].

Defnition 3.6. A subspace G of a Banach space X is called p-summand,

1 < p < o0, if there exists a closed subspace W C X, such that X = Gd W,
1

and for @ = g+ w, one has [la]| = (|g|I” + [w|")F . We write X = G &, W.

If G is 1-summand in X, then the projection P : X — G, P(g +w) = g,
is called an L'— projection of X onto G, then G is called 1— complemented in
X. In case ||z|| = max{||g]|, |[w]}, we call G an co— summand. We refer to [1]
for more on contractive projections.

Lemma 3.7. Let X and Y be Banach spaces. If G is 1-summand of X,
X =G ®d1 W, then
L(X,Y)=L(G,Y)® L(W, Y).
Proof. For fi+ fo € L(G, Y) @ LW, Y), define f : G®& W — Y by
flg+w) = fi1(g) + f2 (w). Now, define
Y: L(G,Y) B LWV, Y) - L(G®1 W, Y)
by ¢ (fi+ fo) = f. Let g +w € G ®; W with ||g + wl|| = 1, then

£ (g +w)l 11 (@ + [1f2 (w)]

Al gl + 1l 2l el
max {[| f1[, [l f2[1} (lgll + llwll)
= max {[lAll,[lf2[} g + wl

= A+ Ll

Since g+ w € X, ||lg + w|| = 1 was arbitrary, then || f|| < ||f1 + f2|| . For the
convers inequality,

IAINCIA

/1] sup |1 (g) + f2 (w)]|

lgll+[lw]l=1

sup | f1 (9)ll = [[f2]l-

llgll=1

Vv
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Similarly, [[f[| > [[f2]l, and hence [|f]| > max {[|f[l,[[f2[l}. Thus [[f]| =
max {||f1], || f2]|} - Then one can easly check that 1 is onto isometry.

Theorem 3.8. Let X and Y be Banach spaces. If G is 1-summand of X, then
L(G,Y*) is N—simultaneously proximinal in L (X,Y™).

Proof. Assume that X = G @; W. Let P; : X — G be the L'—Projection.
Using Lemma 3.7, one can easly show that M = {AP; : A€ L(X,Y*)} is iso-
metrically isomorphic to L (G,Y*).  The result follows from Theorem 3.5.

Lemma 3.9. Let X be a reflexive Banach space with the approximation prop-
A
erty, and G be a reflexive subspace of a Banach space Y. Then X ®G is w*—closed
A
in X @ Y**.

Proof. Since X is reflexive, then X has the Radon Nikodym property, [4].
Hence by assumption on X, X QA@ Yy = (X* Gvb Y*)* [4]. Let S be a w*—limit
point of X (§> Gin X é) Y**. Then, we can assume the existence of a net (S,) in
X (}% G such that limS, = S in the w*—topology on X é Y**. Let z* € X* and
y* € Y*. Then, :

limSq (2" ®y") = S@"@y"),
lim (y*, Sa(2%)) = (y", S(z7)).

Since y* € Y™ is an arbitrary, then (S,(z*)) is a net in G** = G that
converging to S (z*) in the w*—topology on Y**. Since G is w*—closed in Y**,
then S (z*) € G. Since z* € X* was an arbitrary, then S (z*) € G for all

A A A
e X*and S € X ® G. Thus X ® GG is w*—closed in X ® Y**.

Theorem 3.10. Let X be a reflexive Banach space with the approximation
property, n be a natural number, N be a monotonous norm in R", and G be

A
a reflexive subspace of a Banach space Y. Then X ® G is N —simultaneously

A
proximinal in X ® Y.

Proof. Let fi, fo,s fn € X ®Y C X ® Y**. Since X & G is w*— closed in
Xé\@Y** (Lemma 3.9), then it is N-simultaneuosly proximinal in X(%)Y** (Lemma
3.2). Therefore, there exists go € X <§>G , a best N —simultaneous approximation
from X G% G of the vectors fi, fo,..., fn € X 6% Y. Of course, this means that
X Q% G is N-simultaneuosly proximinal in in X (% Y.
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Lemma 3.11. Let G be a w*—closed subspace of a dual space X. Then
L(£*,G) is w*—closed in (£1(X*))".

Proof. Let (z,) € (£*(X*))" be a w*—limit piont of L(¢!, G) = (>*(G). Then,
we can assume the existence of a sequence (H,,) in £*°(G) such that limH,, =

(2,) in the w*—topology on (£1(X*))". Assume that H, = (h7)>_, for all n.
Let (s%) € £1(X*), then

Tim (7). Hu) = ((53), ()

Take (s},) = (0,0,...,27,,,0,...), then lim x* (h)}) = x* (z,) and this is true

for all * € X*. Thus A" 0, Ty for all n. Since G is w*—closed, then x,, € G
for all n, then (z,) € £°°(G). This ends the proof.

Theorem 3.12. Let G be a w*—closed subspace of a dual space X, n be
a natural number, and N be a monotonous norm in R™. Then L({!,G) is
N —simultaneously proximinal in £*°(X).

Proof. By Lemma 3.2 and Lemma 3.11, L(¢!,G) is N —simultaneously prox-
iminal in (¢*(X*))". Since

L(*,G) = £°(G) C £=(X) C (X)),
then L(¢', @) is N —simultaneously proximinal in £>°(X).
From Remark (2.1), we deduce the following
0o & oo 3 o] 1 #\) %
(@G Cl®®X Cl™(X)cC (('(X") .

Thus we have the following result.

v

Theorem 3.13. Let G be a closed subspace of a Banach space X. If /> ® G
N V

is w*—closed in (¢*(X*))", then ¢>* ® G is N—simultaneously proximinal in

v
@ X.

Proof. The result follows from Lemma(3.2) .

In [14] it is shown that if G is a reflexive subspace of a Banach space Y,
then L (u, G) is N—simultaneously proximinal in L™ (u,Y"). As a result on
L> (u, X), we have :
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Theorem 3.14. If L*° (i, G) is N—simultaneously proximinal in L (u,Y),
then G is N —simultaneously proximinal in Y.

Proof. Let y1,y2,...,yn € Y. Let 1 be the constant function on €2. Then 1®vy; :
Q—Y i=12,..n, defined by 1 ® y; (s) = y;, are elements in L (u,Y).
Since L™ (u, G) is N-simultaneously proximinal in L (i, YY), there exists gg €
L™ (p, G) such that

1®y1—goll, 11 ®@y2 — goll, - ) < M@y —gll, 1@y —gl, - )
N | , - N , |
< T ®y2 — gol| - L@y — g

forall g € L* (i, G) . In particular this inequality is valid if we choose g = 1®2z,
for some z € G. So

IN

ey, — 1@z
= Ny =zl lly2 = 2l s lyn — 21)-

N( 1@y —goll, 11 ®@y2 —gol ;.- )

N( Ney-1ez), 1oy -1&z],.. )
1@ y2 = goll

There exists sg € €2 such that

IN

118 w1 (50) — go (50)]l» 11 @ 9 (50) — go (50, -
N( 1 ® Y (50) — go (50| )

N ( lly1 — go (so)l's [ly2 — go (so)l| , - )

s [Ym — go (s0)]]

(M=l e =2l

Ny = 2| ’
o o=l e =2l )
Since z € G was arbitrary, then gg (s9) € G is a best N—simultaneous

approximation for y1,vs2,...,yn € Y and G is N—simultaneously proximinal in
Y.

IN

v
Theorem 3.15. Let G be a closed subspace of the Banach space Y. If X ® G is

v
N —simultaneously proximinal in X ®Y, then G is IV —simultaneously proximinal
inY.

Proof. Let y1, y2,....,yn €Y. Let z € X, |z|]| = 1. Choose z* € X*, ||z*| =1,
v
such that < x,2* >= 1. The elements t® y1 , T yo2,...,z Dy, are in X QY.

v v v
Since X ® G is N-simultaneously proximinal in X ® Y, there exists zp € X ® G
such that

w(ren-alleon =zl )y (leou_zbleon 2l
o ® yn — 2ol o yn 2|

v
for all z € X ® G. In particular this inequality is valid if we choose z = z ® g,
for some g € G. So
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w(lron-alleon sl ) o y(lron-sod lron_sod.-
[l & yn — 2ol - Nz @yn —z@ 4|
N TR
B Myn =9l
Hence, for any v* € X*, ||[v*|| = 1, we have

N( I @ y1) (") — 20 (I, (@ ® y2) (v*) = 20(v)][ - > < N< 191 —g|\||y, llgzj|g\\,-~-

(@ @ yn)(0) = zo(v)||

Choose v* to equal z*. However, (x ® y;)(z*) = y;, ¢ = 1,2, ...,n. Thus

N ( s = 200 w2 = 20 (0, - ) <N ( lyr =gl lly2 = gl - ) ,
[yn = 2o (07| Ay = gll

for all g € G. Consequently, zo(x*) is a best N-simultaneous approximation of
Y1, Y2, ..., Yn € Y. Hence G is N-simultaneously proximinal in Y.

Let S be a compact Hausdorff space, X be a Banach space. we denote
C (S, X) to the Banach space of all X —valued contuous functions on S equipped
with supremum norm. If X = R, then we write C'(S) instead of C(S, R).

Corollary 2.16. If C(S,G) is N-simultaneously proximinal in C(S, X), then
G is N-simultaneously proximinal in X.

Proof. The proof follows from Theorem 2.15 and the fact that C(S,X) =
\%
C(S)® X, [8].

A A
Theorem 3.17. If L'(u) ® G is N—simultaneously proximinal in L!(u) ® Y,
then G is N—simultaneously proximinal in Y.

Proof. The proof is similar to that given in Theorem 3.15.

In [10] it is shown that if G is a reflexive subspace of a Banach space Y, then
L' (1, G) is N —simultaneously proximinal in L' (1, Y) . As aresult on L (11,Y),
we have :

Theorem 3.18. If L' (y, G) is N—simultaneously proximinal in L!(x, ), then
G is N—simultaneously proximinal in Y.

)

).
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Proof. The proof follows from Theorem 3.17 and the fact that L'(pu,Y) =
A
L) &Y, [8].

\
Let S, T be compact Hausdorff spaces, then C(S x T') = C(S) @ C(T), [8].
Now we have the following result

Theorem 3.19. If G isasubspace of C (S) such that Gé)C’(T) is N —simultaneously
proximinal in C'(S x T'), then G is N —simultaneously proximinal in C(S).

v
Proof. Assume that G ® C(T) is N —simultaneously proximinal in C(S x T').
Let z1,%2,...,2n € C(S). Put z; (s,t) = x; (s) for all (s,t) € S x T and i =
1,2,...,n. Let z be a best N —simultaneous approximation for x’l, :c;, e x;L from

v
G ® C(T). Note that for any g € G,

N ‘xll—z ,/’x;—z‘,... < N Hxi—g@l/, x;—g@)lH,...
) :rn*ZH "xn79®1H
= N(lzx —gll, lz2 = gll, s [len = gll) -
Let 7 € T and put h(s) = z(s,t). Then h € G and
N (ller = Al lwa = Bl [len = R < N (J2n =gl 22 = gl oo ll2n = gll)

for all g € G. Hence h is a best N —simultaneous approximation for x1, za, ..., z,
from G.
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A Rank-One Fitting Method for Solving Symmetric
Nonlinear Equations *

GONGLIN YUAN T, XIANGRONG Lif

Abstract. In this paper, a rank-one updated method for
solving symmetric nonlinear equations is proposed. This method
possesses some features: (1) The updated matrix is positive
definite whatever line search technique is used; (2) The search
direction is descent for the norm function; Under reasonable
conditions, we establish its global convergence. Numerical re-
sults show that the presented method is competitive to the
normal BFGS method for the test problems.

Key Words. rank-one update; global convergence; nonlin-

ear equations.
AMS subject classifications. 90C26.

1. Introduction
Consider the following system of nonlinear equations:
F(z) =0, x € R", (1.1)

where F' : R" — R" is continuously differentiable and the Jaconbian
VF(z) of F(z) is symmetric for all x € R". Let 6 be the norm func-
tion defined by 6(z) = |[F(2)|/*. Then the nonlinear equation (1.1) is
equivalent to the following global optimization problem

minf(z), r € R". (1.2)
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the Scientific Research Foundation of Guangxi University (Grant No. X081082).

fCollege of Mathematics and Information Science, Guangxi University, Nanning,
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The following iterative method is used for solving (1.1)
Tyl = T + aydg, (13)

where x, is the current iterative point, dy is a search direction, and «y, is
a positive step-size.

It is well known that there are many methods [9, 11, 23, 24, 26, 29|
for the unconstrained optimization problems min,eg» f(z) (UOP), where
the BFGS method is one of the most effective quasi-Newton methods
2, 3, 4, 6, 28, 30, 31]. These years, lots of modified BFGS methods
(see [13, 14, 17, 19, 32]) have been proposed for UOP. Especially, many
efficient attempts have been made to modify the usual quasi-Newton
methods using both the gradient and function values information (e.g.
[18, 32]). Lately, in order to get a higher order accuracy in approximat-
ing the second curvature of the objective function, Wei, Yu, Yuan, and
Lian [19] proposed a new BFGS-type method for UOP, and the reported
numerical results showed that the average performance is better than
that of the standard BFGS method. The superlinear convergence of this
modified has been established for uniformly convex function. Its global
convergence is established by Wei, Li, and Qi [18]. Motivated by their
ideas, Yuan and Wei [31] presented a modified BFGS method which can
ensure that the update matrices are positive definite for the general con-
vex functions. Moreover, the global convergence is proved for the general
convex functions. For general functions, it is now known that the BFGS
method may fail for non-convex functions with inexact line search [4],
and Mascarenhas [15] showed that the nonconvergence of the standard
BFGS method even with exact line search. In order to obtain a global
convergence of BFGS method without convexity assumption on the ob-
jective function, Li and Fukushima [13, 14] made a slight modification
to the standard BFGS method. Different from above techniques, Xu
[20] presented a rank-one fitting algorithm for UOP, and the numerical
examples are very interesting. Motivated by their ideas, we give a new
rank-one fitting algorithm for (1.1) which possesses the global conver-
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gence. The method can ensure that the updated matrices are positive
definite without carrying out any line search, the search direction is de-
scent for the normal function, and the numerical results is competitive
to the BFGS method.

For nonlinear equations, the global convergence is due to Griewank
[10] for Broyden’s rank one method. Fan [8], Yuan [21], Yuan, Lu and
Wei [27], and Zhang [33] presented the trust region algorithms for non-
linear equations. Zhu [34] gave a family of nonmonotone backtracking
inexact quasi-Newton algorithms for solving smooth nonlinear equations.
In particular, a Gauss-Newton-based BFGS method is proposed by Li
and Fukushima [12] for solving symmetric nonlinear equations, and the
modified methods [22, 25] are studied.

We all know that the BFGS method for solving (1.1) is to generate
a sequence of iterates {zy} by letting xy1 = o) + audy, where ay, is the
steplength and dj, is a solution of the system of linear equation

Bid, + F([L’k) =0, (14)
where B, is generated by BFGS update formula

Bisksi By yryt

Byt1 = By, — (1.5)

T T, 7
St BkSk Sr Yk

where sp = xp11 — Tk, and yp = F(xpe1) — F(xg). In the following, we
briefly review some line search technique to obtain the stepsize ay.
Brown and Saad [1] proposed the following line search method:

H(LL’k + Oékdk) - H(LL’k) S aoszH(xk)Tdk, (16)

where 0(z)Tdy = F(xy)'VF(z3)dy, o0 € (0,1), ap =71, r € (0,1), and
i, is the smallest nonnegative integer ¢ such that (1.6). Based on this
technique, Zhu [34] gave the nonmonotone line search technique:

9($k + Ozkdk) - e(fl(k)) < O’Ozkve(l'k)Tdk,

391
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[0Ci0)| = maxoscm {10}, m(0) = 0, m(k) = min{m(k -
1)+ 1,M}, k > 1, and M is a nonnegative integer. From these two
techniques, it is easy to see that the Jacobian matric VF(x)) must be
computed at every iteration, which will increase the workload especially
for large-scale problems or this matric is expensive. Considering these
points, Yuan and Lu [25] presented a new backtracking inexact technique
to obtain the stepsize oy :

1F (2 + awdi)[I* < (1F (@) | + S0 F (wx)" d, (1.7)

where ¢ € (0,1) is a constant, and dj, is a solution of the system of linear
equations (1.4). Li and Fukashima [12] give a line search technique to
determine a positive step-size qy satisfying

1F -+ andi) | = |1 F (@) I < =61 [l F () | — 0ol cvwdi]|* + x| F (1),

(1.8)
where d§; and &9 are positive constants, and {e;} is a positive sequence
such that

D ep < o0 (1.9)
k=0

The formula (1.8) means that {F(z;)} is norm descent when k£ is suffi-
ciently large. In this paper, we also use the formula (1.8) as line search
to find the step-size .

Normally, the update matrix is defined by formula (1.5). Is there
another way to determine the update formula? Accordingly the search
direction dj is determined by the way. In this paper, we give a positive
answer. The updated matrix By is generated by the following rank-one
updated formulas

Bk+1 = Bk + vkvg, (110)
HkUkUng

Hyy=Hy — ————— 1.11

k+1 k 1+U,Z1Hkvk7 ( )

where, as k = 0, By is the given symmetric positive definite matrix,
Bt = Hy, and vy, = dpapF(21), here & is a positive constant. Then we
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use the following formula to get the search direction,

Bd + qk(ak_l) =0, (1.12)
where » » »
ar(ag-1) = S ak&i e <xk)’ (1.13)
-1

By, follows (1.10), ay_; is the steplength used at the previous iteration,
and the equation (1.13) is inspired by [12]. Throughout the paper, we
use these notations: || - || is the Euclidean norm, and F(z) and F(xy1)
are replaced by Fj and Fjq, respectively.

This paper is organized as follows. In the next section, the algorithm
is stated. The global convergence convergence are established in Section
3. The numerical results are reported in Section 4.

2. The algorithm

In this section, we state our new algorithm based on formulas (1.3), (1.8),
(1.10), (1.11) and (1.12) for solving (1.1).
Rank-One Updated Algorithm (ROUA).
Step 0: Choose an initial point o € ", constants r € (0,1), 0 <
do, 01, 02 < 1, a1 > 0, a positive sequence {e} satisfying (1.9), sym-
metric positive definite matrices By and By = H,. Let: k = 0;
Step 1: If || Fy|| = 0, stop. Otherwise, solving linear equations (1.12) to
get dy;
Step 2: Find a «y is the largest number of {1,r,72 73 ..} such that
(1.8);
Step 3: Let the next iterative point be xp11 = xx + apdy;
Step 4: Update Byy1 and Hjy,q by the formula (1.10) and (1.11) respec-
tively;
Step 5: Set k:=k + 1. Go to step 1.

In this paper, we also give the normal BFGS method for solving (1.1),
and the algorithm which has the same conditions to ROUA is stated as

393
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follows.

BFGS Algorithm(BFGSA).

In ROUA, the step 4 is replaced by: Update By, by the formula (1.5).
Remark 1. (a) By the step 0 of ROUA, there should exist constants
A1 > Ao > 0 such that

1 1
M|d||? > d" Bod > No||d||?, )\—||al||2 > d" Hyd > )\—||d||2, vV de R"
0 1

(2.1)
(b) By the step 4 of ROUA, it is easy to deduce that the updated matrices
are symmetric.

3. Convergence Analysis

In this section, we establish the global convergence of ROUA. Let 2 be
the level set defined by

Q= {al|F@)]| < e F o)}, (3.1)

where € is a constant satisfying
der<e (3.2)
k=0

Then the following lemma is satisfied (see [12]), here we also give its
proof.

Lemma 3.1 Let {x} be generated by ROUA. Consider the line search
(1.8). Then {zx} C Q, moreover, {||F(x)||} converges.

Proof. By line search (1.8), we have

1Feptll < (14 20)2 (| Fll < (1+ 2| Fell
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Since ¢, satisfies (3.2), from Lemma 3.3 in [5], we conclude that {|| Fy|}

converges. Moreover, we have for all k

1Pl < (1+en)3|F|
<
k 1
< [ +e)? | Rl
=0
k
< || F(z0) || 21+5, =
-0
1 k
= ||F 1+ — S &)
IP ol + Zz%e
k+1
< ||F 2
< | F (o)l ,le
< e3||F(x0)],

which implies that {x;} C Q. The proof is complete.

In order to get the global convergence, the following assumptions are

needed [12, 22].

Assumption A (i) F' is continuously differentiable on an open convex

set {2; containing €.

(ii) The Jaconbian of F'is symmetric, bounded and uniformly nonsingular

on €2y, i.e., there exist constants M > m > 0 such that
IVF(z)|| < M, Yz €,

and
|VE(x)d]| > mld|, VreQ, deR"

Remark 2. Assumption A(éi) implies that
m||d|| < [[VF(z)d|| < M||d|, V z € ,d e R",

mlz —yll < |[F(z) = F)l < Ml =y, ¥ z,y € .

(3.3)

395
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In particular, for all x € €01, we have
mle —z*| < |[F(x)|| = [[F(x) = Fa)]] < Mz — ™[], (3.7)
where x* stands for the unique solution of (1.1) in ;.

Lemma 3.2 Let Assumption A hold and {oy, di, 11, Fir} be generated
by ROUA. Then we have

Y llarFe]? < oo, (3.8)
k=0

and -
> lawdi]? < cc. (3.9)
k=0

Proof. By the line search (1.8), we get
Ol Fil* + 2 llandi|* < |1 Full* = | Fera |l + exllgrl*. (3.10)

Since {e;} satisfies (3.2) and {||F}||} is bounded, we obtain (3.8) and
(3.9) by summing these inequalities (3.10) for k£ from 0 to co. The proof
is complete.

Lemma 3.3 Let Assumption A hold. Consider ROUA. Then {| Bkl }
converges, and for any d € R", then there exist constants mg and My
such that

My||d||? > d* Bpd > myg||d||?, for all k, ¥ d € R", (3.11)
and

1 1

—||d||* > d" Hyd > —||d||? Ik VdeR" 12

ol = dTHyd = eI, for all k, Vd e R, (312)

which means that the updated matrices are all positive by ROUA.
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Proof. By the updated formula (1.10), we have

IBeall = 1By + vwvg |
< [1Bll + [lokl?

= ||Bill + & llowFill”
k
< |IBoll + 68 D llas E12. (3.13)
i=0
By (3.8), we know that 3% ||a;F;||? is convergent. Then we can deduce
that {||Bg||} is convergent. So there exists a constant M, such that

| Brl| < My, for all k. (3.14)

Accordingly, we get the left side of (3.11). Then, we prove the right side
of (3.11). By ROUA, we know that the initial matrix By is symmetric
positive, then we have (2.1). Using (1.10), for £ > 1, we have

dTBkd dTBk_ld + dTUkU;fd
dTBk_ld + (dTUk)2

d'B,_1d

AVARAVAR AV}

d" Bod > Mol|d|)?, (3.15)

let my = Ao, thus we get (3.11).
By (3.11) and the Remark 1(b), we can deduce that the updated matrices
are all symmetric and positive definite. Consider Hy, = By ', we obtain
(3.12) immediately. The proof is complete.

Since By is positive definite, then dy which is determined by (1.12)
has the unique solution.

Lemma 3.4 Let Assumption A hold. If xj is not a stationary point of
(1.2), then there exists a constant o/ > 0 depending on k such that when
ax—1 € (0,a’), and the unique solution d(ag_1) of (1.12) such that

V@(xk)d(ak_l) < 0. (316)

397
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Proof. By (1.13), we can deduce that

a;}EILo qr(ax—1) = VF(xp)F(zg). (3.17)
From (1.12), we get
lim Vﬁ(xk)d(ak_l) = — lim F(xk)TVF(xk)Bk_lqk(ozk_l)
ap_1—0F ap_1—0F

= —F(z3)'VEF(2,)B;, 'V F(z1,) F(2;)(3.18)

Since xy is not a stationary point of (1.2), we have VF'(xy)F (z)) # 0.
By VF(xy) is symmetric and By, is positive, we obtain (3.16). The proof
is complete.

By (3.11) and (3.14), we have

1
gk (er—)[l = | Bedill < Molldill, ldell < m—oll%(ak—l)ll- (3.19)

Now we establish the global convergence theorem of ROUA.

Theorem 3.1 Let Assumption A hold and {cy, dg, Tri1, g1} be gener-
ated by ROUA. Then the sequence {xy} converges to the unique solution
x* of (1.1) in sense of

Jim [ ]| = 0. (3.20)
Proof. By Lemma 3.1, we know that {||F||} converges. By Lemma 3.2,
we get
klim |laxFyl| =0, (3.21)
then, we have
klim | Fx|]| =0 (3.22)

or

klim ag =0. (3.23)
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Therefore, we only discuss the case of (3.23). In this case, for all k
g

sufficiently large and aj, = <&, by (1.8), we obtain

1F (2 + oidi) I” = [|F(zo)* > —dillofF (i) |* — dallodrl® + exl| F(a) |
> —Oillaf F (i) | — 0zl a1 (3.24)

By Lemma 3.1, we know that {x;} C € is bounded. Considering (3.19),
it is easy to deduce that {qy(cy_1)} and {di} are bounded. Let {x}} and
{di(c)} converge to z* and d*, respectively. Then we have

kh_}Iglo qk(ak_l) = V@(JT*) (3.25)

Let both sides of (3.24) be divided by «j, and take limits as k — oo, we
obtain
O(z")d* > 0. (3.26)

By (3.11) and (1.12), we have
0 = d} Brdy + qr(ar—1)"di > mo||di||* + qr(c_1)" dy. (3.27)
As k — oo, taking limits in both of (3.27) yields
Vo(z*)d* < —myl|d*||?.

This together with (3.26) implies d* = 0. From (3.19), we have limy,_ o, qx(ax_1) =
0, which together with (3.25), we obtain

VO(z*) = 0. (3.28)

By VO(z*) = F(2*)VF(z*) and using that VF(z*) is nonsingular, we
= 0.

have F(z*) This implies (3.20). The proof is complete.

4. Numerical Results

In this section, we report results of some numerical experiments with

ROUA and BFGSA.
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The discretized two-point boundary value problem is similar to the

problem in [16]

where A is the n x n tridiagonal matrix given by

and T'(z) = (T1(x), To(x), ..., T,,(z))" with Tj(z) = sinz;—1, i=1,2,...,n.
In the experiments, the parameters in ROUA and BFGSA were chosen
as v = 0.1, 0 = 107, &) = &, = 107%, g = 7, and k is the number of
iteration. The program was coded in MATLAB 6.5.1. We stopped the
iteration when the condition ||F(x)|| < 107¢ was satisfied. The detailed
numerical results are listed on the web site

http : //210.36.18.9 : 8018 /publication.asp?id = 34337.

Dolan and Moré [7] gave a new tool to analyze the efficiency of Algo-
rithms. They introduced the notion of a performance profile as a means
to evaluate and compare the performance of the set of solvers S on a test
set P. Assuming that there exist ny solvers and n, problems, for each
problem p and solver s, they defined

tps = computing time (the number of function evaluations or others)
required to solve

problem p by solver s.

Requiring a baseline for comparisons, they compared the performance

on problem p by solver s with the best performance by any solver on this
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problem; that is, using the performance ratio

tps
min{t,s: s € S}

Tps =

Suppose that a parameter ry, > r, , for all p, s is chosen, and r, s = 7y
if and only if solver s does not solve problem p.

Performance profiles of ROUA and BFGSA methods(NI). Figure 1
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The performance of solver s on any given problem might be of interest,
but we would like to obtain an overall assessment of the performance of
the solver, then they defined

1
ps(t) = —size{p € P:r,s <t}
Tp

thus ps(t) was the probability for solver s € S that a performance ratio

3.5

401
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rp.s Was within a factor ¢t € R of the best possible ration. Then function
ps was the (cumulative) distribution function for the performance ratio.
The performance profile ps : R — [0, 1] for a solver was a nondecreas-
ing, piecewise constant function, and continuous from the right at each
breakpoint. The value of ps(1) was the probability that the solver would
win over the rest of the solvers.

According to the above rules, we know that one solver whose perfor-
mance profile plot is on top right will win over the rest of the solvers.

Figures 1-2 show that the performance of these methods is relative
to the total number of iterations (NI) and the number of the function
evaluations (NG), respectively.

Performance profiles of ROUA and BFGSA methods(NG). Figure 2
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From Figures 1 and 2, it is easy to see that these two are successful
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for solving this problem, and the proposed method is competitive to the
normal BFGS method. These two figures show that ROUA and BFGSA
can completely solve the test problems.

5. Conclusion

In this paper, we propose a rank-one updated method for symmetric non-
linear equations. Numerical results show that the method is successful.
The search direction of this method is descent for the norm function,
and the updated matrix is positive definite without carrying out any line
search. In fact, this method can be also explanted to the normal nonlin-
ear equations. We hope that the method can be an important topic of
further research for symmetric nonlinear equations.
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Abstract

This paper is aimed at establishing the minimum control energy for an infinite

neutral differential system of the form

a
dt

D(t)x =L (t, X, u)+ iA(H)x(HH)dH

when the controls are essentially bounded measurable functions on finite intervals,
with values in a compact subset U of an m-dimensional Euclidean space with
zero in its interior. By exploiting the properties of the reachable set, and the
attainable set; complete controllability conditions were stated and proved. The
existence, form and uniqueness of the minimum control energy problem for our
system were also established. An example is also given.

Keywords: Controllability, neutral system, Infinite delay, control energy.

2000 Mathematics subject classification: Primary 93B05; Secondary 34HO05

1. INTRODUCTION

The controllability of neutral functional differential equation have been studied by

several authors see Chukwu [2-3], Fu [14], Gahl [11], Underwood and Chukwu
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[13] and independent results obtained. The control equations of linear neutral
systems have applications in the study of electrical networks containing lossless
transmission lines; electrodynamics, variation problems etc. (see Onwuatu [9]).
These studies have been extended to the controllability of infinite neutral
functional differential equations which has applications in ecology, epidemics,
population growth and in some complex economic studies etc. Several authors
Onwuatu [9], Balachandran and Anandhi [10], Davies [6] etc. have studied the
controllability of such systems using different approaches. For example, Onwuatu
[9] studied a class of nonlinear infinite neutral system, where he developed
sufficient condition for the null controllability of such systems. Davies [6] studied
the Euclidean null controllability of infinite neutral differential systems and
established sufficient computable criteria for the Euclidean null controllability of
such systems.

We are not only interested in the controllability of infinite neutral functional
differential equations in this research, but also to reach our target with minimum
wastage of control energy. That is, if the systems are controllable, there exist
admissible control energy such that, the states of the systems are found in the
target. The establishment of this control energy is the main objective of this
research. Furthermore, we shall present the existence, form and uniqueness of this

control energy.
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Our results extend that in Davies [6-7], and other known results on the minimum
control energy problem to infinite neutral functional differential equation. An

example is given to illustrate the obtained results.
2. BASIC NOTATIONS, PRELIMINARIES AND DEFINITIONS
Suppose h>0 1is a given number, E = (-o0,0), E"is a real n— dimensional

Euclidean space with norm || C =C([-h,0],E") is the space of continuous
function mapping the interval [-h,0]into E" with the norm |-|where

| f|=sup,.o |s)|, for $eC. Let reE, a>0 and xeC(r—h, r+a],E")then

given t e[r,7+a], we define the symbol X, by x(s) =x(t+s), —h<s<0. Let
gbe a bounded linear operator taking [r,0]x C —E", we define the functional
difference operator D(-):[r,0]xC —-E" by

D(1)¢=¢(0) - 9(t,9) (2.1)
for te[r,o], ¢eC

We now define a neutral functional differential equation to be a system of the form
d
2 PO x=Ftx) (2.2)

where x, € C, and f is a continuous function from (z,%0) xC into E", we say that
X 1is a solution of (2.2) with initial value ¢ at o if there exists ae[r,©], a>0
such that XEC([G— h,o+a],E" ), X, = ¢, D(t)x, is continuously differentiable on

(o,0+a) and (2.2) is satisfied on (o,0+a).
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We shall consider control systems of the form

%D(tm =L(t,x,u)+ [ A@)X(t+6)do (2.3)

its linear base control system

d
aD(t)xI_L(t,x,u) (2.4)

and its free system
d 0
5 POX = L(Lx0)+ j A@)X(t +0)do (2.5)

where D(t)x, =x(t)—Ax(t—1), L(t,x,u)=Gx(t)+ Bx(t—1)+ Fu(t)+ Hu(t-h).
A,B,G are nxn matrices, F,H are nxm matrices. A(f) isan nxn matrix
whose elements are square integrable on (—o0,0].
Let X (t) be the unique nxn constant matrix function with the following properties
a) X(t)=0,fort<0
b) X(t) =1 the identity matrix
c) X(t)— AX(t-1) is continuous on [0,)
d) X(t) satisfies X (t)— Ax(t—1) = L(t, x,0)
for t €(0,:0)-S, , where S, is the set of non-negative integers.
Then a unique solution of (2.4) exist on [1, t] satisfying x,_(t,u)=¢(t) for t €[0,1]

and by Gahl [11], this solution is given by
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X, (t,u)=X (t = )g(1)— X (t —2)¢(1)+jX(t —s—1)[A4(S) +Bg(s)]ds
t ! (2.6)
+jxa —s)[Fu(s) + Hu(s — h)]ds

for all te[l,t]. X (t,u) is a continuous function which satisfies (2.4) on [1,t,]

except for a finite number of points which are contained in the set

S,=S,{t:t=t,xh+1; tzkorh=1, forkes,}

Define the matrix functions Z by
Z(t,s) = X(t—s)F + X(t—s—h)H (2.7)

Then it follows immediately that
t
X, (t,u)=x_(t,0) + jZ(t, s)u(s)ds (2.8)
1
Since X(t) is continuous and bounded on [a,b]-S,
0 . :
—Z9) = X(t=9)F +X(t-s-hH

is continuous and bounded on [a,b]-S,. In a similar manner, any solution of

system (2.3) following the methods of Gahl [11] and Sinha [1] will be given by
t 0
X(t, §,u) = xL(t,u)+IX(t —s)jA(e)x(t +6)deds
1 —o0
Or
t t 0
X(t, ¢,u) =X, (t,0) + j Z(t,s)u(s)ds + j X (t—s) j AO)X(t + 6)dAds (2.9)
1 1 — 0

In this paper, the control space will be
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L'2°°([O,oo),Em) the space of essentially bounded measurable functions on finite
intervals with values in E™. The control constraint set will be denoted by

U = L%([0,00),C") where C"={u e E":|u;|<1, j=1.2,..m]

We now give some definitions upon which our study hinges.

Definition 2.1

The complete state of system (2.3) at time t is given by y(t) = {x(t),¢(t),u(t)}
Definition 2.2

System (2.3) is said to be relatively controllable on J if for any function
¢ € C,and each x, € E", there is an admissible control u e U such that the solution
X(t,,u) of (2.3) satisfies x, (-, §,u)=¢, X(t,,4,u) =X, .

Definition 2.3

The reachable set of (2.3) is a subset of E™ given by
t

P(tl,to):{jZ(t, syu(syds : uel, (11,1, Em)}
1

If the controls are in L, ([1, t,],C" ), we define the constraint reachable set by

R(t,,t,) = {jZ(t,s) u@s)ds : ueL,(1, tl],cm)}

Note that P(t,,t,)1s a subset of E™ which is symmetric about zero.

Definition 2.4

The attainable set (2.3) is given by

At) = {x(t,¢,u):ueU}
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Definition 2.5

The target set for system (2.3) is given by T(t) = {x(t,4,u)}: t, >t,, ueU
Corollary 2.1

Consider system (2.5), with all its assumptions. If there exists v>0 such that

| A(0)| <M exp(vO) <M, 6 e (-»,0] and if

B(A) = {Rez >0, det {A(I —Ae?)-G-Be " + [exp(10)[A(6)d0]=0 H p

Then the solutions of (2.5) is uniformly asymptotically stable such that

| % (to.8) | < K[ #]exp [-a(t-s)], t=>t, for some & >0, K>0

Proof: The proof can be observed from Sinha [1] and Onwuatu [9]

RELATIONSHIP BETWEEN THE REACHABLE SET AND THE
ATTAINABLE SET
Here we establish the relationship between the two set functions reachable and
attainable sets. However, we shall first establish a relationship between the sets, to
enable us see that once the properties have been proved for one set then they are
applicable to the other.
From equation (2.9)
At) = X (t—s)[4(t,) + R(t,,t,)] for ueU, telt,.t,]
This means that the attainable set is the transition of the reachable set

through#n € E", where
n=[p(t,) + R(t.t,)]
We shall then use the attainable set to establish that the two set functions posses

the following properties: convexity, closedness and compactness
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Theorem 2.1

The attainable set A(t) is convex and compact

Proof: The convexity of A(t) follows trivially from the convexity of the
constrained set U. We now show that, A(t) is compact. Assume S to be a convex,
compact subset of the space of continuous functions C then x(t,S,0)is bounded.
Also, since Z(t,s) is integrably bounded, by the analyticity of X and an
assumption that F and H are of bounded variation, coupled with the fact that
ueU, the attainable set A(t) is bounded in E". From the weak compactness
argument and the assumed compactness property on S, A(t) is closed in E"
(Chukwu [3]). Having established boundedness and closedness properties for

A(t), we concluded that A(t) is compact in E". The convexity and compactness
of the reachable set R(t,,t,) follows from the convexity and compactness of the
attainable set. Also the convexity and compactness of the target set T(t) follows

trivially from the convexity and compactness of the constrained control set U .

Corollary 2.2

The reachable set R(t,,t,) is a continuous set function on [t,,o) to the metric space

of compact subsets of E".

Proof: For t > 0,we set t, =0 and let Z(t,u) = Z(t,s)u(t) so that,

| Z(tu) - Z(t,,u)| =

j'Z(t,s)u(s)ds

since u 1s admissible, we have
t
| Z(tu)-Z(t,.u) | < [[Z (¢, 9)]ds
1

by the definition of metric d,

415
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d(R(),R(t,)) <

j | Z(t,s)|ds

t
since _[|| Z(t,s)|ds is absolutely continuous, the
1

reachable set is continuous, and by the transition property of both attainable set

and the reachable set we conclude that, the attainable set A(t) is also continuous.

3. CONTROLLABILITY RESULTS
Here we state and prove theorems that summarizes our result on the controllability
of system (2.3)

Definition 3.1
System (2.3) is controllable if A(t)NT(t) # . for t [t,,t,].

We now introduce computational criteria for system (2.3) following the methods
of (Gabasov and Kirillova [12]; Chukwu [4]) to check when the system (2.3) is

relatively controllable by introducing the following notation

Q(8) =GQ,_,(s) +BQ, (s =D+ AQ, (s 1),
k=0,1,2,---; s=0,1,2,---

I, k=0,5=0

S:
Qu(®) {o, k=0,5<0 or k<0,5=0

and
Q) ={Q(S)F,Q()H, k=0,1,---n-1, se[t,t,]1}
We define the rank of Q(t,) as the rank of the block matrix composed of all

matrices from the set Q(t,).

Theorem 3.1

(Chukwu [4]; Klamka [8], for every t, € (0,0) the following conditions are
equivalent:

(i) Ifc'z(ts)=0fortel and ceE", then c=0
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(i)  rank Q(t,))=n
(ii1))  The system (2.3) without constraints on the control is (globally)

relatively controllable in J

Remark 3.1

To prove the above theorem, we use the fact that Z(t,s) = X(t—s)F + X(t—s—h)H

and proceeds as in the cited proofs. The proof of conditions (i) and (ii) follows the

same pattern as that shown in Chukwu [4], whereas that of condition (ii1) follows

the same pattern as that shown in the monograph Klamka [8].

The next theorems are direct consequences of Theorem 3.1 and Corollary 2.1

Theorem 3.2

The system (2.3) is completely controllable in the time interval [t,,t,] if:

(1) the system (2.5) is uniformly asymptotically stable
(i1) the (nxn)- dimensional controllability matrix W (t,) of the system

t
(2.3) given by W(t,) = J.Z(t,s)ZT (t,s)ds satisfies rank W (t,) =n and
1

W(t,) e E™, Z"(t,s) e E™" forevery te[l, t,] and (x, - x(t, 0)) € E"
Proof: Let the assumptions of Theorem 3.1 be satisfied, and the solutions of

system (2.5) uniformly asymptotically stable. We let

Y, = (x(0),%,) € E" x L, (t,.t,].E") be any initial complete state of the system (2.3)

and x, € E" be any vector. We shall prove that the admissible control function

ue Lz([to,tl],Em) of the form

417
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u® =27 (W (t,)(x - x(t,0)) 3.1
for te[t,,t,] steers the system (2.3) from the initial state y, to the state

X(t;,u) = X, . Substituting (3.1) into (2.9) for t =t,, we get

X(t,,u) =x_(t,0)+ Jt'(Z (t,9)Z7 (t,s)xW ™ (t, )(xl - X(t, ,O)))ds
i
= X(t,,0) + W (t )W ™' (t,)(x, = X(t,,0)) = X,
Since y, and X, were arbitrary, the system (2.3) is completely controllable in the
interval [t,,t,].

4. THE MINIMUM CONTROL ENERGY

The minimum control energy problem is best understood in the context of capture
problem or rescue effort (see Chukwu [3] and references therein). Emphasis here
is on the minimum control energy to reach the target or intercept it. However the
need to first determine the existence of control for pursuit is evident. If the
intersection of the attainable set and the reachable set is non-empty, the target
could be reached using appropriate control energy. The next theorem establishes
the existence of such control efforts required to capture a moving target- either
moving point function or a compact set function

Theorem 4.1

In system (2.3), A(t)T(t) #y, if and only if, there exists an admissible control

such that weapon for the capture of a target satisfies system (2.3) on the interval
[ty ].

Proof: Suppose the state y(t) of the weapon for the capture or rescue mission
satisfies the given system then, y(t)eT(t). We are to show that there exist
X(t,p,u) € A(t) such that y(t) = x(t,¢,u) for some u. Let {u"} be a sequence in U,

since U is compact, limu" =u. Now X(t,¢,u,) € A(t)and from (2.9).
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X(t,,P,U,) = xL(tl,O)JrJ]'Z(tl,s)u”(s)ds+j.X(t1 -9) TA(H)X(H@)des 4.1

taking limits on both sides of (4.1), we have
Y 4 0
limx(t,,4,u, ) = X, (t,,0) + IZ(tl,s) limu" (s)ds + j X (t, —5) j A@)X(t+0)dods (4.2)
1 1 —00
(4.2) implies
4 9 0
limX(t,,4,u. ) =x_(t,,0) +j2(t1,s)u”(s)ds + j X (t, —s) j AO)X(t +0)dOds
1 1 —0

= X(t,4,u)
Since A(t) is compact, }gg X(t,,¢,u,) € A(t). That is, x(t,¢,u) € A(t). Thus, there
exists U € U such that x(t,g,u) = y(t). Since y(t) e T(t) and A(t), At)NAl) =y
or A(t)NT(t)#y. Conversely, suppose A(t) T (t) # . There is, y(t) € A(t) such
that y(t) e T(t). This implies that y(t) = x(t,#,u) being an element of the attainable

set. Thus, establishing that, the state of the weapon for capture of a target satisfies

systems (2.3). This completes the proof.

EXISTENCE OF MINIMUM CONTROL ENERGY
Theorem 4.2
In systems (2.3), suppose the system is controllable using a admissible control at
time t, then there exists a minimum control energy

Proof: Let y(t) e T(t)and by the controllability of (4.1), y(t) € A(t), since A(t) is

the translation of the reachable set through 7, y(t) € R(t,.t,) fort, > t, . Let
t* =inf{t, y(t) e R(t,,t,)}. Now, 0 <t" <t and there is a non-increasing sequence of
time t, converging to the minimum time t* and a sequence of controls u, €U .

Let y(t,) = z(t,u) € R(t,,t,). Also

|y -2t ,u)| < ya®) -yt |+ [yt -zt",uy)

+‘z(tn,un)—z(t*,u*)

<|y)-y(t,)
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z(s)|ds

t,
|
t

By continuity of y(t) and the integrability of | z(t)

<[y -y,

, 1t follows that

z(t',u,) >W(t") as n > where W(t")=z(t",u”) for some u” eU . Since
R(t,,u. ) contains z(t",u.)for each n and R(t,",t,)is closed then
W (t") = z(t",u”) € R(t,,t,) for some u” € U and by definition of t",u” is the required

minimum control energy. This establishes the existence of minimum control

energy for system (2.3).
FORM OF THE MINIMUM CONTROL ENERGY

We shall in this section present the form of the minimum control energy for
system (2.3), and this can be seen in the following theorem.

Theorem 4.3
In system (2.3) u”is the minimum control energy if and only if u* is of the form.

u*(t) =sgn[k' Z(t,s)] where k cE"
Proof: Suppose u® is the minimum control energy for system (2.3) then it
maximizes the rate of change of Z(t,u)=Z(t,s)u(t)in the direction of k , that is,
we want to minimize k'Z(t,s)since u(t) are admissible controls, that is, they are
constrained to lie in a unit sphere, we have

KTZ(t,s)u(t) <k"Z(t,s)

<[K"Z(t,9)sgnlkZ(t,5)]| <|kZ(t,s)u" (D) |

This shows that the minimum control u* has the form u* =sgn [k' Z(t,s)].

Conversely, let u* =sgn[k"Z(t,s)] then for admissible controls u e U
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k' ]LZ(tl,s)u(s)ds < ]. kTZ(tl,s)sgn}[kTZ(tl,s)]ds
< ]L[kTZ(tl,s)]ds

< 'I[kT [Z(t,,9)]u"(s)ds

This shows that u” maximizes k' [Z(t,s)]over all admissible controls u, hence it is

the minimum control energy for system (2.3).

REALIZATION FROM THEOREM 4.3
Let

2" =z(t",u%) :]Z(t,s)u*(s)ds and z =z(t,u) :IZ(t,s)u(s)ds

From the result in Theorem 4.3,k"z<k"z" = k' (z-2")<0, for each z e R(t,.t,).
Since the reachable set is closed, convex subset of E" , there is a support plane 7
of R(t,,t,) through z" with k # 0 an outward normal to 7 at z* and hence z" is in
the boundary of R(t,,t,). Thus, showing that, if u” be the minimum control energy

then the target is on the boundary of the reachable set. The above realization is
now stated below as a theorem.

Theorem 4.4
Let u” be the minimum control energy for system (2.3), with t° the minimum
time, then the target x(t") = x(t",¢,u”)is in the boundary of the attainable set A(t)

1.e. y(t) € 0A(t) (0 symbolizes boundary).

Proof: Suppose u” is the minimum control energy, then

X(t",4u")= XA -s)n+2"], 2° e R, ,t,). Therefore x(t",4,u") € A(t") suppose
X(t",¢,u”)is not on the boundary of A(t") then x(t*,¢,u”)is in the interior of
A(t"); t* > t,. Therefore, there is a ball, B(x(t",#,u”),r) € A(t). Because A(t) is a

continuous set function of t, we can preserve the above inclusion for t near t*. if

421
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we reduce the size of the ball B(x(t*,u”),r); that is, if there is an ¢ > 0 such that
B(x(t*,;ﬁ,u*),%j  At,) for t" —e <t <t’. Thus X(t",¢,u”) e At,) for

t* —¢ <t, <t". This contradicts the optimality of t* and u”™ as the minimum control
energy. The contradiction, however, proves that x(t",¢#,u”)is on the boundary of
the attainable seti.e. x(t*,¢,u") e dA(t").

UNIQUENESS OF MINIMUM CONTROL ENERGY
Theorem 4.5
Consider systems (2.3) with its basic assumption, if u” is the minimum control,
then it is unique
Proof: Let u"and v* be minimum controls for system (2.3), then both u” and v*

maximize k'[Z(t,s)]for t € J over all admissible controls u, and so we have

kTJZ(t,s)u(s)ds < ﬂ K™ Z(t,s)|u*(s)ds (4.3)

Also using v* we have

K™ [Z(t,s)u(s)ds < [ kT Z(t,5) |v"(s)ds (4.4)

Clearly,

u*(s)ds (4.5)

-1<u<l

max{kT]i[Z(t,s)]u(s)ds} = tﬂ KTZ(t,s)

implies

max{kTT[Z(t,s)]u(s)ds} :tﬂ K'Z(t,5)|v"(s)ds (4.6)

-1<u<l

Subtracting equation (4.5) from equation (4.6) givesv'(t)—u’(t) =0, for all teJ

implies v' =u", proving the uniqueness of the minimum control energy.
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Theorem 4.6
Consider systems (2.3) with its basic assumption. Suppose
(1) (2.5) is uniformly asymptotically stable

(i) rank Q(t,)=n

(iii)  u*(t) =sgn[k' Z(t,s)]
Then there exist a unique minimum control energy that drives the system to target.
Proof: Immediately from Theorems 3.1, 4.3 and 4.5
5. EXAMPLE

Here, we give numerical examples to illustrate the theoretical analysis.
Consider the neutral system

%(x(t) — A X(t=1))= A X(t = 1)+ A x(t) + Byu(t)

. (5.1)
+Byu(t—1)+C, [exp(vO) x(t + 0)do

The characteristic root of the homogenous equation
0
X(t) = A X(t—1)+ AX({t—1)+ Ax(t)+ [exp(vO)x(t+)do

—00

18

0
R 43041+ GA-2)e P +(2-31)e" +(A+1]) jexp[(;t +v)0]do =0 (5.2)
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and every root of (5.2) has negative real part. Hence by Corollary 2.1, the system
(5.1) with u=0 is uniformly asymptotically stable. Furthermore, we shall show

that condition (i1) of Theorem 3.1 is satisfied i.e.rank Q(t,)=n, n=2. We require

all matrices belonging to the set Q(t,):
1
Q,(0)=1B, = {0} and Q,(s)=0 for s<0

0 1 -1
Qo(l):A_1Bo:|:1:|a Q0(2)=A_2180=|:0:|, Ql(o):AoBo:|: 1:|

QM =AAB,+AB,+A AB, :{_;:|

2
QI(Z) = AoA—leo + AIA—IBO + A—lBo :|: j|

1

Q,(0)=1B, = and Q,(s)=0 for s<0

= 0 1
Q,()=A B =| |, Qo(z):A_iBl:H, QI(O)ZAOBl{_J

QM) =AAB +AB +A AB, =B :{?:|

Ql (2)= AOA—21 Bl + A’l A—l Bl + A—l Bl = {_22:|

Q(t) =1{Q,(0),Q, (1,Q,(2),Q,(0),Q, (1,Q, (2),Q, (0),Q, (1), Q,(2),Q,(0),Q, (1), Q, (2)},

n=2

101 -1 2201010 2}

rank Q(t,) = rank
010 1-31101-21=-2
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From the sequel, condition (ii) of Theorem 3.1 is satisfied in any interval [t,,t,]

and since the system (5.1) with u=0 is uniformly asymptotically stable, we
conclude that system (5.1) is completely controllable.

To see the minimum control energy, when complete controllability is established,
it is easily verified (Chukwu [5], Pp 60-64) that, the principal fundamental matrix
solution of (5.1) (with u=0) is given by

te_] _1;'9t
X (t) =
_1+9t te72
6

Then by Theorem 4.3, the minimum control energy is of the form

u*(t) =sgn[k Z(t,s)]

= sgn[k" (X (t-s)B+ X (t-s—h)B,)| (5.3)
te-! —lg9t 1 el —1;9t .
"(t) = sgnd (k,, Kk k ,k
CO=semtla) g . (oj” ) o . m
5 te 5 te

- sgn((6te_l +9t — 1)'%1 +(6te™> +9t — 1)%)

Hence, the minimum control energy that drives the system state to the target is

unique and is given by the equation (5.3).

CONCLUSION
We have established the relationship that exists between the minimum control
energy problem and the complete controllability of systems (2.3). Namely, if
system (2.3) is completely controllable on J then there exists minimum control
energy for the system. The establishment of the existence, form, and uniqueness of
this control energy for infinite neutral differential systems is one of the major

results of this research.
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