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On A System of Rational Difference Equations
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In this paper, we investigate behaviors of well-defined solutions of the fol-
lowing system

_ Alyn—(Sk—l)
B1 4 C1Ypn—(3k—1)Tn—(2k—1)) Yn—(k—1)

anrl

_ ATy (3k-1)
By + Cor— (3k—1)Yn—(2k—1)) Tr—(k—1)

Yn+1

where n € Ny , k € ZT the coefficients Ay, A, By, By, C1,Cs and the initial
conditions are arbitrary real numbers.
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1 Introduction

There has been a great effort in studying periodic and asymptotic behaviors of
solutions of difference equations (see e.g. [3,6,12,15,18,20-23,27,35,45,46]). Also,
studying in system of difference equations has increased considerably (see, e.g.

[5,7,8,16,17,19,28-30,32-34,37,38,40,43,47]).

Ozkan et al. [31] gave the solutions of the systems of the difference equations

x 1 = Yn—2
nr -1 + Yn—2Tn—1Yn ’
Tn—2
= 1
Yt -1 F Tn—2Yn—-1Tn ’ ( )
Tpn—2 + Yn—
Znil _ n—2 Yn—2 nE NO-

-1 F Tn—2Yn—-1Tn
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In [39] it was showed that the system of difference equations, which is an
extension of first and second equations of system (1) with respect to coefficients,

CnYn—3
b
an + bnyn—lxn—Zyn—?)

Tp =

(2)
YnTn—3
Yn = ,N € N07
" an + 6n$n—1yn—2wn—3

where the sequences ay, by, cp, n, B, Yo, € Ny, and the initial values
xi, iyt € {1,2,3} are real numbers, such that ¢, # 0,7, # 0,n € Ny, can be
solved in closed form, and for the case when all sequences a,,, by, Cn, Oy By Yny 1 €
Ny are constant it was described the asymptotic behavior of well-defined solu-
tions of the system.

In [41] it was showed that an extension of system (2) with respect to indices

CnYn—(2k—1)

T
an + b0nYn—(2k-1) | by Yn—(2i—1)Tn—2i

Tp = ’

(3)
YnTn—(2k—1)

E—1
O+ Bt (2k-1) [ i1 Tn—(2i-1)¥n—2i

Yn =

b

where a,,bn, Cny Qn, By Yn,m € Np, and the initial conditions x;,y;,7 €
{1,2,....2k — 1} are real numbers, is solved in closed form, and the behavior
of its well-defined solutions when all the sequences a,, by, ¢n, Oy, Br, Yn are con-
stant was described. Related rational difference equations are studied, e.g. in
[1,2,4,9-11,13,14,24-26,31,36,42,44,48].

In this paper we consider an other extension of system (2)

A1Yn—(3k—1)
Tn+1 = )
B1 + C1Yn—(3k—1)Tn—(2k—1))Yn—(k—1)
(4)
ATy (3k—1)
Yn+1 =

By + Coty— (36—1)Yn—(2k—1)) Tr—(k—1)

where n € Ny, k is a positive integer, the initial conditions and the coefficients
Ay, Ay, By , By, Cq,Cs are arbitrary real numbers. We will consider only well-
defined solutions, that is, By + C1¥,—(3k—1)Tn—(2k—1))Un—(k—1) 7 0 and

By + Co2%p (3k—1)Yn—(2k—1))Tn—(k—1) 7 0, = 0,1,2, ...

594 GELISKEN 593-606



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

2 Special Cases

2.1 Thecase A, =0o0r A, =0

If A; = 0, we obtain directly z,, = 0 for n > 0. By using this, we get y, = 0
for n > 3k. If As = 0, we obtain directly y, = 0 for n > 0. By using this, we
get x, = 0 for n > 3k. From now on both of A; and Ay will be considered a
non-zero real numbers.

System (4) is equivalent to the following system

Yn—(3k—1)
Tn+1 = )
b1 + C1Yn—(3k—1)Tn—(2k—1))Yn—(k—1)
(5)
Tp—(3k—1
Yn+1 = ( )

ba + 2T (3k—1)Yn—(2k—1)) Ln—(k—1)
where n € Ny , b; = fi and ¢; = %,i = 1,2. So, we will consider system

(5) instead of system (4).

2.2 The case by =0 or by, =0

If by = 0, from the first equation of system (5), we have zp,_oryn—kTn = é,
n > 0. Using this, we obtain directly vy, = ax,_3k, n > k, where a =

C1

. . bacitca”
From this and by the change of variables
2, = Yn Wy, = ynf?)k,n >k, (6)
Tn—3k Tn
system (5) can be transformed into the system
Wny1 = €= ChoZp_(k—1), Znt1 = ,n >k — 1, (7)

where ¢ = ﬁ—l The solutions are obtained easily as z, = w, = a, n > k. This
means every solution of system (5) is periodic with 6k periods, not necessarily
prime period, such that x, = 6k, Yn = Yn—6k, n > 4k.

If b = 0, we get immediately y,_oxTn—_rYn = é, n > 0. From the first
equation in system (5) and using this, we obtain x,, = Byn_3k, n > k, where
B €2 The change of variables

= bica+ci

T Ty
Up = — 2ty = —23F >k, (8)
Yn—3k Yn

reduces system (5) to the system

t71,+1 =cC— Eblun—(k—1)7un+1 = 67“ > 2k — 17 (9)

where ¢ = 2. The solutions of this system t,, = u, = 8, n > 2k — 1, are

obtained easily. So, every solution of system (5) is periodic with 6k periods, not
necessarily prime period, such that x,, = ,,_6k, Yn = Yn—_6k, n > 4k.

Assume that by = 0 and b = 0. We have x,,_opYn_kTn = %, Yn—2kTn—kYn =
é, n > 0. Then, we get immediately x,, = %yn_gk, Yn = %yn_gk, n > k. Thus,
we can write T, = Tn_gk, Yn = Yn—s6k, 1 > 4k.
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2.3 Thecaseci;=0o0rcy=0

If ¢y = 0, we have x,, = éyn_gk, n > 0. From this and using the change of

variables 1
Unzi,n>0, (10)
Tn+3kYn—kTn

the second equation of system (5) implies the linear equation

Un4+1 = ble’Unf(Zkfl) +b12627n:071a2a"" (11)

We can rewrite the equation (11) in the form of

V2kn+m = b1b2v2k(n—1)+m + b%C% (12)

where n € Ng, m = 1,2, ..., k. Considering the solution of a nonhomogeneous
first order difference equation, we can give the solution of the equation (12) such
that

1—0biby
when b1by # 1. If b1by = 1, the solution of the equation (12) can be written as

Vokntm = (b1b2)" Vp—ak + bica n > 0. (13)

Vokntm = Um—ok + (n 4 1) bicg,n > 0. (14)

From (10), we have

V2k(n—1)4+m

Voknm To2kn—3k+m-

L2kn+3k+m =

Considering z,, = %yn,;;k, we obtain the solutions of system (5) as

n n
Vekr—2k+m Vekr—2k+m
T6kn+3k+m — LT—3k+m H — Y6kn+m = blx—3k+m H -
- V6kr+m o V6kr+m
r=0 r=0
(15)
n n
V6kr+m V6kr+m
T6kn+5k+m — T—k+m H y Y6kn++2k+m — blx—k—i-m H )
- V6kr+2k+m - V6kr+2k+m
r=0 r=0
(16)
- v i v
6kr+2k+m 6kr+2k+m
Tekn+Tk+m = Tk+m H —  Y6kn+4k+m = blxk-i-m H — (17)
r=0 V6kr+4k+m r—0 V6kr+4k+m

n>0and m=1,2,...,2k.

Suppose that co = 0. Then, we have y, = éIn_gk, n > 0. From this and
using the change of variable
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1
Uy = —————,n > 0, (18)
Yn+3kYn+kYn—k

the first equation of system (5) implies the linear equation

Un+1 = bibot,_(2—1) + b3c1,m > 0. (19)

By similar processes just as we did, we can rewrite the equation (19) as

U2kn+m = b1b2u2k(n71)+m + bgch n Z Oa (20)
where m = 1,2, ..., k. We obtain the solution of the equation (20)

1 — (byby)" !

1—b1by
when b1by # 1. When b1bs = 1, the solution of the equation (20)

Uskntm = (b102)" Upm—ok + b3¢1 n >0, (21)

Uk tm = Um—ok + (n+ 1) b3cy,n > 0. (22)
From (18), we have

1
UnYn+kYn—k ’

Yn+3k = n> Oa

and

U2k (n—1)+m

Uaker 4 m Yo2kn—3k+m-

Yokn+3k+m =

Considering y,, = él’n,?,]w n > 0, we obtain the solutions of system (5) as

n n
o b U6kr—2k+m - U6kr—2k+m
LTekn+m = 02Y—3k+m H 5 Y6kn+3k+m = Y—-3k+m H -
r—0 U6kr+m r—0 U6kr+m
(23)
n n
UGkr+m UBkr+m
xﬁkn++2k+m = b2y—k+m H - yﬁkn+5k+m = y—k+m H )
r—0 U6kr+2k+m r—0 U6kr+2k+m

(24)

n

y Y6kn+7k+m = Yk+m H
r=0

UGkr4-2k+m Ukr+2k+m (25)
)

n
Lekn+4k+m — b2yk+m H ok Ak
r+4k+m

r=0

n>0and m=1,2,..,2k.
Suppose that both ¢; and ¢y are equal to zero. We get immediately x,,+1 =
ﬁyn_(gk_l), Yntl = iacn_(gk_l), n > 0. From this result, we obtain x,41 =

UGkr+4k+m

1 _ 1 _ 1
blbzmn—(ﬁk—l)vyn+1 - b1b2yn—(6k—1)a n > 3k. SO, we have L6kn+3k+m = bl.l,lin
S d from thi — ()"
T6kn—3k+m>y Y6kn+3k+m = b1bso Y6kn—3k+m a1 rom 1S T6kn+3k+m — b1

n+1
T _3k+ms Y6kn+3k+m = (m) Y-3k+m, N > 07 m = 1727 76k
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3 Main Case

In this section, we will need the following results, given in the reference [16], in
the proofs of our results.
Consider the first order Riccati difference equation

a+ bz,
N
c+dz,

where the parameters and the initial condition x( are arbitrary real numbers.

Trp1 = —0,1,.., (26)
Theorem 1 The followings are true:
1) Eq.(26) has a prime period-2 solution if and only if b+ ¢ = 0.

2) Suppose b+ ¢ = 0. Then every solution {x,} of Eq. (26) with xo # 0 is
periodic with period 2.

Theorem 2 Assume that d # 0,bc —ad # 0, b+c¢ # 0 and R = E’bc;g)‘ﬁ < i.
Then the forbidden set F of FEq.(26) is given as follows:

AL AL =X AT
P {be (M) e )

For any well-defined solution {x,} of Eq. (26), we have

P— b+c Cl)\711+17C2)\;L+1 _c
n— d CIAT —c2 \Y d’

forn =0,1,..., where \; = =A== LVIZAR o) = Az(bte)—(dzote) 00

- ()\ngl)(bJrC)
Co — (dzo+c)—A1(b+c)
27 T e (bro)

Corollary 1 Assume that the conditions in Theorem2 hold. Let {x,} be a
well-defined solution of Eq. (26). Then

. _ A2(bt+e)—c
lzmn—>ooxn - a4 -

Theorem 3 Assume that d # 0,bc —ad # 0, b+c¢ # 0 and R = % = %.
Then the forbidden set F of Eq.(26) is given as follows:

F:{%:nZI}.

For any well-defined solution {z,} of Eq. (26), we have

P ((b+0)+(n+1)(2d1'0+(0—b))) _c
n— q 2(b+c)+2n(2dzo+(c—0)) d’

forn=0,1,....

Corollary 2 Assume that the conditions in Theorem3 hold. Let {x,} be a
well-defined solution of Eq.(26). Then
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- _ b—c
limp 0oTn = 57 -

Now we consider the system (5) with by, bs, ¢1, ¢ parameters and the initial
conditions are non-zero real numbers. By the change of variables (6), the system
(5) reduces to

Wp—(k—1) 1
SWn—(k—1) — 72 B
__ c1by __ caby _ c1 _ c2 : rQ
where v, = e =2t a= b201+02,6 = jrore; - We can rewrite the system

(27) such that

1
% — MZn—(2k—1) (073 - '71) Wn—(2k—1) — %
Zn+1 — 1 s Wn41 = 1 ) (28)
(073 - ’Yz) — D (2k—1) oWn—(2k=1) = 72

n > 2k. Each of the equation in (28)is a 2kth order Riccati difference equation.
Furthermore, the equations in (28) can be rewritten such that

% — V1R2k(n—1)+1+i

22kn+4-1+i 1 .
1
(aj; - 72) — o P2k(n—1)+1+i

1 5
(;5 - 71) Wok(n—1)+1+i — 5
W2kn+1+1 = 1 )
o W2k(n—1)+1+i — 72

n>0,i=0,1,..., (2k—1). Note that the equations in (29) are first order Riccati
difference equation in variables zokn 44, Worntq, for ¢ = 1,2, ..., 2k.

Theorem 4 Assume that biby = —1 and {x,,yn} is a well-defined solution of
system (5). Then,

. L2k (n—2)+14+iL2k(n—3)+1+i
2k 144
S L2k(n—5)+1+44 ’

Y2k(n—2)+1+iY2k(n—3)+1+i

Y2kn+1+i = ,
Y2k(n—5)+1+4

form>41=0,1,...,(2k — 1).
Proof 1 Consider system (29) and suppose that biby = —1. Then, we have

1 1 Clbg Czbl
—QH TN 7 = ¢ ¢ T T o T T
aﬁ baci+c2 bica+cy

bibacico + C%bQ + C%bl + cico — C%bg - C%bl

C1C2

Clcg(blbg + 1)
C1C2
= 0.
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So, from Theorem1(2) we conclude that every solution of each equation in system
(29) is periodic with period 4k, that is,

29kn+1+i = 22k(n—2)+1+is W2kn+1+i = W2k(n—2)+ 1445 (30)

formn>21=0,1,...,(2k —1).
From (6), we have

_ Zn-—3k _ Zn
Tn = T;Un Tn—6ksYn = 3, o, Yn—6k, (31)

for n > 4k. System (31) can be written such that

__ R2kn+1+i—3k

) Z2kn414i
To2kn+1+i = Wakn 14

Warniatsan J2knt14i—6k (32)

T2kn+14+i—6k> Y2kn+14+i =

form>21=0,1,...,(2k — 1). From (6), (30) and (32), we get

22k(n—2)+1+4i—3k
L2kn+1+:s = —— T2kn+1+i—6k
W2k (n—2)+1+i
Y2k(n—2)+14+i—3k
T2k(n—2)+14+i—6k
= Tor(n—o titiak L2knt14i—6k (33)
T2k (n—2)+1+1

Lok (n—2)4+14+iL2k(n—3)+1+i

L2kn+1+i  —
L2k(n—5)+1+i

and stmilarly

Yok(n—2)+14+iY2k(n—3)+144 (34)

Yaknt1+: = Y2k(n—5)+1+1i

forn>4,i=0,1,..,(2k - 1).

Theorem 5 Assume that {x,,yn} is a well-defined solution of system (5).
Then the followings are true:

i) Assume that biby = 1. Then every solution converges to a periodic solution
with period 6k.

i) Assume that biby # 1. Then,

a) If bibs < =1 or bibs > 1, then

; T ] Yn bacitco
limp— oo Tr—ok limp 00 YUn—ok baca(bibaci+cabi+ci)”
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b) If =1 < bibs < 1, then every solution converges to a periodic solution with

period 6k.
Proof 2
i) Consider system (29) with v1 = C}:lf,wg = Cii’%a = noka B = ot
Suppose that biby = 1. Then, we have
1 1
N (cTB - ’72) - g(—%) Y1v2
(= + 55 = 72)? (= + 55 = 72)?
c1bz caby
= 24 5 (35)
_01b2 1 _ 02b1
( o T oA E s o )
B b1bso
(b1by + 1)
1
= 7
Similarly, it can be seen that
1 _ _ ()1
(aﬁ 71) ( ’72> ( 52) a Y17Y2 . } (36)
1 : C(H )2 4
(073 -—n - 72) of

So, from (31), (32) and Theorem3, we obtain

. T2kn+1+4i
lim _ P2kn4ltd
=00 T2kn+1+i—6k

. 22kn+41+4i—3k
lim Z2knt141-3k
n—=00  W2kn+1+i

and

. 2kn+1+i
lim —J2kntlti
nN—=00 Yokn+1+i—6k

= lim

22kn+1+i
nN—=00 Wokn+1+i—3k

—1—(25-2)
BECN

i=0,1,...,(2k=1). Thus, we have lim, o0 Tn, = liMy 00 Tp—gr and limy, 00 Yn =
lim,, o0 Yn—ok- S0, theproof of (i) is finished.
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ii)a) Assume that biba < —1 or biby > 1. From (35) and (36), we get that

— S iy — 1+ 1
Y1 (aﬂ 72) B ( a ))(_'YH‘CTIB—’YZ)? < 4
(36)

and

i — (2 )1y 1 1
(0‘5 71) (=72) ( 5) 0‘)(715*717“/2)2 <
So, from (31), (32) and Theorem?2, we obtain that

lim ——2Entld oy Z2hndlviosk
n—=00 T2kn+1+i—6k n—0o0  Wkn414i

—wl(ﬁ_'yz)_/%(_%)
(—'*/21-*—%[;_72)2 (—ﬂq"r%g_’yz)_(o‘iﬁ_’yz)
(,
1+ 1—4(57’”1)(772)7(72 )é
(75771772 . (O%B,ylf'yz)*(*’w)
[e3

1+ |1—-4

w3 | |22
~—|

1+‘b15271‘
Hm (5, 4 1) - (b1b2 F1+ 1—*2’2)

= 1+‘b1b2—1‘ (37)

—az (“;2“ (bibs +1) + b)

co

bac1 + 2
b202(b1b261 + Cgb1 + Cl)

and

Y2kn+14i
Y2kn+14+i—6k

Z2kn41414

limy o0 = limy o0 Wakn+t1+i—3k

— 1
_(bQCl + 02) baca(bibaci+cabitcy)’

i = 0,1,...,(2k — 1). Thus, we have lim, wxnak = lim,_ o0 in"mc =
baci+co
baca(bibaci+cabiter)”

b) Assume that —1 < biby < 1. From (35) and (36), we get that

1 1 1 1
n (@ B ’72) B B(_%)) (—’YH—%[;—’Y?‘)z < 4
and

10
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(ﬁ _71) (—o) — (_%) é)% < L. So, from (31), (32), (37)

1 2
Tﬁ*’hffyz)
and Themem,?, we obtain

. L2kn+1+i . Y2kn+1+i

lim ——2kntlte gy Z2kndlte

=0 T2kn+1+i—6k =0 Yokn+1+i—6k
biby—1

14| fab2zt
ik b12b2+1| (bibs +1) — (b1b2 +1+ %)

biby—1

1+ ,
—— ( |b12b2+1| (biby +1) + Cill)l)

C2

b
biby + b2

b b
e (14+2)
1

- bleCQ + Clbg
bibaca + c1b2

i=0,1,....,(2k = 1). So, we get immediately lim, oo T, = limy, 00 Tn_gk
and limy, oo Y = limy, o0 Yn—ex and then the proof of is finished.
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Abstract

This paper presents an iterative collocation numerical approach based on interpolating subdivi-
sion schemes for the solution of non-linear fourth order boundary value problems involving ordinary
differential equations. Numerical evidence suggests that the scheme converges to a smooth approxi-
mate solution of non-linear fourth order boundary value problem. The convergence of the approach
is also discussed. Main purpose of this article is to explore and seek the applications of subdivision
schemes in the field of physics and engineering.

Keywords: Boundary value problem, Subdivision schemes, Collocation algorithm, Approximation, in-
terpolation
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1 Introduction

Boundary value problems arise in several branches of physics and engineering. In recent years, there
has been significant progress in solving problems associated with system of linear and nonlinear partial
and ordinary differential equations involving boundary conditions. Two point nonlinear boundary value
problems often cannot be solved by analytical methods. With increasing interest in finding solutions to
nonlinear boundary value problems has come an increasing need for solution techniques.

In this paper, we consider the following type of nonlinear boundary value problem

y) = f(a,y,y) (1.1)

with the boundary conditions

yla) = a1, ¥'(a) = asg,
{ y(b) =asz, y'(b) =ay, (1.2)

where «o;,7 = 1,2, 3,4 are constants. We assume that the problem is well-posed.

A variety of methods have been introduced to solve these problem e.g., shooting methods, splines
methods [2, 3, 4, 5, 6], finite difference methods, finite element methods, the collocation methods and
other approximation methods. For discrete methods, like shooting and finite differences methods, only
discrete approximate values of the unknown y(z) can be obtained. For fitting curve to data we need
further data processing techniques. For the case of spline interpolation or approximation methods the
unknown function y(z) is assumed to be piecewise polynomial which requires at least piecewise higher
order differentiability of the function f (x,y7yl). To overcome these disadvantages, Qu and Agarwal

*Corresponding authors: m.abbas@uos.edu.pk
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[8, 9, 10] introduced the subdivision based algorithm for the solution of two point second order boundary
value problems. Mustafa and Ejaz [14] solved third order boundary value problem by using subdivision
technique. Higher order nonlinear problems have not been solved by subdivision techniques. This moti-
vates us to solve fourth order boundary value problems by subdivision schemes based collocation iterative
method. This paper introduces a numerical method based on subdivision technique for the solution of
fourth order nonlinear boundary value problem.

In Section 2, some results about subdivision algorithms and basis function are given. In Section
3, a numerical method to solve (1.1) using refinable basis functions is formulated and its convergence
properties studied. Error properties are given in Section 4. Numerical examples illustrating the feasibility
of our proposed algorithm are given in Section 5.

2 Basis Functions and their Derivatives

Some useful results for the solution of non-linear boundary value problem are discussed in this section.
Introduction to the basis functions of subdivision schemes that are used to construct the approximate
solutions of proposed problem (1.1) is also part of this section.

2.1 Interpolating subdivision scheme

A mathematical formulation of binary subdivision scheme is defined as:
E+1
Pyt =3 a—2jpi]1j
JEZ
(2.1)
k+1
P2i+1 = ai—2jPz‘k+j
JEZ
The scheme is a stepwise interpolatory scheme if and only if the coefficient a; satisfy ag; = 9; V i € Z.
We consider the following binary interpolating subdivision scheme [7, 12, 13].

k41 k
DPoi = Pi>
k+1 _ 35 k k 405 (. k k 567 (. k k
DP2i+1 = 65536 (pi74 +pi+5) ~ 5536 (pi73 +pi+4) + 16382 (pif2 Jrpi+3) (2.2)

2205 k k 19845 k k
fessn (PEs + Piva) + 53768 (0F + i) -

The scheme (2.2) is C*-continuous, having support length (—9,9) and approximation order is ten.

2.2 Basis functions

The basis functions is the limit function resulting from cardinal data, where all vertices of the polygon
have value zero except for one. Let ¢(z), € R be the fundamental solution of (2.2) and satisfies the two
scale equations

o(x) = ¢(22) + 1 [39690{¢(2z — 1) + ¢(2x + 1)} — 8820{¢(2x — 3)

65536
(22 + 3)} + 2268{¢(22 — 5) + ¢(2z + 5)} — 405{p(2z — 7)
+6(2z +7)} +35{p(2x — 9) + ¢(2x+ 9)}], xR (2.3)
and
¢($) € 047 ¢(.’E) = 07 x 6] - 878[1 ¢(2) = 507 i € Z. (24)
Furthermore, first derivatives of ¢(i) at i € [—8, 8] are
¢ (0) =0, o0 (£1) = Fi5sHne, oW (x2) = 50
o (£3) =F 113477{500%6;9’ o) (£4) = iﬁgg%z.ig??v ¢ (£5) = jF572975752290902857 (2.5)
¢ (£6) = Fromieserss: ¢V (ET) = Famsaers: ¢ (£8) = Fograssarss-
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Second derivatives of ¢(i) at i € [—8, 8] are

(i) __ _ 2370618501415 (i) __ 3265310153216 (1) __ _ 878265102572

¢ <0) - 309077185968 ’ gb (:tl) 676106344305 ¢ (:l:2) 676106344305 °
(21) __ 734063059456 (21) __ _ 80883901277 (i1) __ _ 214899200

d) (:I:3) T 2028319032915 ¢ (:I:4) ~ 1352212688610° d) (:I:S) T 135221268861 (26)
(21) __ 297875188 (1) _ 64000 (i1) _ 4375

¢ (i6) T 405663806583 ¢ (:l:7) T 19317324123° ¢ (:l:8) T 618154371936 °

Third derivatives of ¢(i) at 7 € [—8, 8] are

i) () iii _ 43317515008 iii 121530512357
¢t9(0) = 0, QU (£1) = £ 153888, 00 (£2) = F i sonsinn -
jii _ 240606976 i _ 5285889107 jii 37414144
QU (43) = + Sgetesns s 0" (£4) = Fagimasomonor @ (£5) = Faorotonter (2.7)
i 1090169 i _ 21760 i _ 2975
ol (£6) = + 4i3hiess,  O(ET) = Frgromatsss 0" (£8) = Fsoniviome-
Fourth derivatives of ¢(i) at ¢ € [—8, 8] are
v 33869667 i 5205054752 v 0404741119
¢ )(O> = T457408 > ¢( )(il) == 89?3858? J ¢( )(jﬁ) = 135892234110 )
v _ 74879584 iv _ 205020869 iv _ 9238624
U (£3) = —Tles s 0" () = Zrtmemn, 0U(ED) = Tt (2.8)

i _ 900187 i __ 71840 i _ 11225
(b(w)(i@ — T 7976052’ qb(l")(i?) — 17946117 qb(“’)(iS) ~ 328157568"

The above derivative values are found by using the left eigenvectors of the subdivision process (2.2).
The detailed description about these left eigenvectors and derivatives can be found in [8, 11, 14]. The
graphical representations of above mentioned derivatives are shown in Figure 1.

3 Description of Iterative Numerical Method

This section describes the method for the numerical solution of nonlinear boundary value problem (1.1).
The detail of the method is given below:

3.1 The collocation method

In this subsection, the collocation method is constructed based on the interpolating subdivision scheme
(2.2). Our numerical approach for nonlinear fourth order boundary value problem using collocation
method based on subdivision scheme is to seek an approximate solution as

N+8
Z(z) =3 zd ("”_hm) , 0<z<1 (3.1)
1=—8

where N is the positive integer N > 8, h = 1/N and x; = i/N = ih and {z;} are the unknowns to
be determined for the solution of (1.1). In order to solve the problem, a collocation method Z(x) is
considered to be the solution of the above differential equation at x = x; and we substitute equation
(3.1) into equation (1.1). This leads to

20 (w5) = f(w5, 2(25), 2 (27)), j=0,1,2,++ N (3:2)

and boundary conditions

/ ’

Z(O> = Qq, Z (0) = (2, Z(N) = a3, Z (N) = Q4 (33)
From (3.1), we get
] N8 R
Z(iv) - AL e <z<l1 4
(x) Wi izg_g zi - , 0<z (3.4)
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Figure 1: Graphical representation of: (a) basis functions, (b) first, (c) second, (d) third, (e) fourth
derivatives of basis function
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Substituting (3.4) into (3.2), we obtain

N+8
; Tj — Xy ’ .
Z Zid)(“)) <jh> = h4f(1'],Z(ZL']),Z (fﬂj)), ] = 0’172’... 7N'

i=—8

This can be written as:
N+8 )
Z Z1¢52j2 :h4f(‘rJ’Z($J)’Z(x]))7 j:O71727"' 7N
i=—8

Since ngEiv) = QS%% the above system of equations becomes

N+8
S zel) = W f(ay, Z(x)), 2 (25), §=0,1,2,- N. (3.5)
i=—8

The nonlinear system of equations (3.5) can be simply in following Theorems 1 and 2.

Theorem 1. The nonlinear system of equations (3.5) for j = 0 becomes

8
3" 26" = bt f(wo, Z(20), Z (20))- (3.6)

i=—8
Proof. By expanding (3.5) for j = 0, we obtain

N+8

> z6l™ = bt f (o, Z(x0). Z' (x0))

i—8
2_gds + 2 70" + 260" + -+ 270N + 280 + 2008 + -+ + ZNLTON 47
+ZN+8¢iNv+8 = h4f(3307 Z (o), z (20))-

Since ¢ (i) exists only for the interval for i € [—8, 8] and outside the interval it will be zero. Then above
equation can be written as

28" + 270" + 260" + -+ 200 + 250 = B f(wo, Z(20), Z (20)).

O
Theorem 2. For j =1,2,--- N, the nonlinear system of equations (3.5) becomes
847 )
So mel) = Wi f (s, Z(w;), 2 (). (3.7)
i=—8+j
Proof. By expanding (3.5), for j =1,2,3,--- , N, we get
2 g™y 270"+ 260+ 2P+ 208 + 2006 + 210015
ot 26BN ot ANETON 7 + aNrsdN s = B f (@, Z(x5), Z (x5)). (3.8)

Substituting 7 = 1 in (3.8), it becomes
2_80"s 1+ 270" + 2-606_1 + - + 20081 + 28081 + 20081 + 21087H_1
+oee ZN+6¢iNv+6—1 + ZN+7¢iNU+7—1 + ZN+8¢iNv+8—1 = h*f(x1, Z(x1), Z (x1)).
This implies
280"y + 270" + 260" + - + 2708 + 28PE + 2908 + 21008 + -

+2N16DN 15 + ANtTON 6 + 2NtsPN L7 = B f (21, Z(21), 7 (x1)).
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Since ¢™(i) is non-zero only for the interval for i € [—8,8] and outside the interval it will be zero. Then
above equation becomes

21 + 260"+ + 20+ 2O + 2008 = B (21, Z(21), Z (21). (3.9)
For j=2, (3.8) becomes

2 80" o+ 270" g+ 260" o+ T 270V o + 28085 + 20065 + 2100552
+---+ ZN+6¢iNU+672 + ZN+7¢iNU+772 + ZN+8¢§\1;+872 = h4f($27 Z(x2), z (w2)).
This implies
28010 + 270 + 260%s + -+ 2008 + 2805 + 2007 + 21008
+--+ ZN+6¢iNU+4 + ZN+7¢iNv+5 + ZN+8¢§\UI+6 = h4f(fﬂ2, Z(x2), ZI(CEQ))-

By using the definition of ¢ given in (2.8), above equation yields

260" + 250" + -+ 20 + 2808 + 200% + 21008 = bt f(w2, Z(22), 7 (x3)).

(3.10)
By using the similar pattern for j = 1,2, we can find the expression for j = 3,4, --- N
Z*S+j¢i7v8fj + Z—7+j¢if77j + Z*G+j¢i}67]‘ +-+ Z7+j¢¢ij + Zs+j¢§1ij + 29+j¢é;ij
o b I ON o T AN N i aNrs s O as_ = W f (g, Z(ay), Z (x5)).
(3.11)
O

The nonlinear system of equations (3.5) is equivalent to the following non-linear system of N + 1
equations with (N+17) unknowns {z;}.
AZ = F(2) (3.12)

where A is banded matrix of order (N +1) x (N +17), Zis the unknown vector of order N +17 and F(z)
is the vector of order N + 1 depends on z. The matrix A, vectors Z and F(z) are given explicitly by
A=1[o0(q—p—8)(N+1)x(N+17) (3.13)

where p=1,2,3--- N+ 1land ¢=1,2,3,--- , N + 17 represent the row and column respectively.
!’ ! T
F(2) = (W (w0, Z(w0), Z (o), W f(an, Z(wn), 2 (an)) (3.14)

Z = (2-8,2-7,%—6, " aZN+67ZN+7aZN+8)T (3.15)

, N+8 s —

i=—8

where ¢/ (i) is already defined in (2.5) with ¢(7) = ¢;.

3.2 Boundary conditions at end points

For unique solution of the nonlinear system (3.5), we need sixteen more conditions. Four conditions can be
attained from given boundary conditions for the nonlinear system of equations and remaining conditions
are attained by using some extrapolation method. The details of the given boundary conditions and
extrapolation method are given below:
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3.2.1 Boundary Conditions

The given boundary conditions are

/ ’

Z(0) = a1, Z(0) = as, Z(N)=as, Z (N) =y

The approximation of derivative conditions at ends point is defined as:

N
Z'(0) = (2520> {—=73812p + 25200z; — 5670022 + 10080025 — 13230024 + 12700825

—8820026 + 4320027 — 1417525 + 2880029 — 252210} + O(h'?) (3.16)

N
Z'(N) = (2520> {7381zn — 25200z —1 + 56700zn_2 — 100800z _3 + 132300zN 4

—1270082n_5 + 882002y _ — 432002y _7 + 1417525 g — 288002y 9
+2522x 10} + O(h'?). (3.17)

3.2.2 Extrapolation Method

The remaining twelve conditions for the nonlinear systems (3.5) to obtain stable systems for the solution
of (1.1) are obtained by using the following extrapolation method.

We define six conditions at left end points and six conditions at the right end points. Since subdivision
scheme (2.2) reproduces nine degree (i.e. tenth order) polynomials, so we define boundary conditions
of order ten for the solution of (3.5). For simplicity only left end points z_7,z_¢,2_5,2_4,2_3,2_2 are
discussed and the values of right end points zx 12, 2813, ZN+4, ZN+5, ZN+6, ZN+7 can be treated similarly.

The values z_7, z2_¢, 25, 2—4, 2—3, 22 can be determined by the polynomial ¢(z) interpolating (x;, 2;), 2 <
t < 7. Precisely, we have

z2_i =q(—x;), 1 =2,3,4,5,6,7

where

From (3.1), Z1(z;) = z;, i = 2,3,4,5,6,7 and replacing x; by —x;, we have
10
10 ;
g(—zi) = ( j ) (=17 aisy.
j=1

Hence the following boundary conditions can be employed at the left end

2/ 10 -
Z( ; ) (=1)z_41; =0, i =7,6,5,4,3,2. (3.18)
7=0

Similarly for the right end, we can define z; = ¢(—z;), i = N+2, N+3, N+4, N+5 N+6, N+7 and

o) =3 (),

Jj=1

So we have the following boundary conditions at the right end

10
Z( 1j0 ) (-1)2_;=0,i=N+2N+3N+4,N+5N+6N+7. (3.19)
=0
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Finally, we obtain a new system of (N + 17) linear equations with (N 4 17) unknowns {z;}. The
N + 1 equations are obtained from (3.5), four equations from boundary conditions (3.3) and twelve from
boundary conditions (3.18) and (3.19) for the numerical solution of proposed problem.
Hence the stable nonlinear system of equations is defined as:

where the matrix B is given by

BZ = R(z)

B = (cf. ATl

A is defined in (3.13), Cp, Cy and the vector R(z) is defined as

Co =

0 1 -10 45 —120 210 —252 210 —120 45 —10 1
0 O 1 —10 45 —120 210 —252 210 —120 45 —10
0 0 0 1 —10 45 —120 210 —252 210 —120 45
0 O 0 0 1 —10 45 —120 210 —252 210 —120
0 0 0 0 0 1 —10 45 —120 210 —252 210
0 O 0 0 0 0 1 —10 45 —120 210 —252
00 0 0 0 0 0 o TSN mmmv o _selov ooy
0 O 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 O
1 0 0 0 0 0 0 0 O
—10 1 0 0 0 0 0 0 O
45 —10 1 0 0 0 0 0 O
—120 45 —10 1 0 0 0 0 O
210 —120 45 —10 1 0 0 0 0
_ 132300N 127008 N _ 88200N 43200N _ 14175N 2800N __ 252N 0 0
2520 2520 2520 2520 2520 2520 2520
0 0 0 0 0 0 0 0 O

(3.20)

(3.21)

(3.22)

The first six rows of C are obtained from (3.18), second last row is obtained from (3.16) and last row is
taken from given boundary conditions Z; (0) which is defined in (3.3) and

Gy

[N olo NN NNl

QO OO0 O OO

oo oooogzo

1
7381N
2520
45

—120
210

—252

—120

First row of C; is obtained from Z;(N)

where F(z) is defined by (3.14).

0 0
10N 45N
9 8
0 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
-10 1
45  —10
—120 45
210 —120
210 —252

0

1

o O oo

_ 120N

7

—10

o O o

1

—10

45
210

0
35N
45
—10
1

0
0
0

oSO o o

1
—10
—120

0 0
_ 252N 105N
5 2
—120 210
45 —120
—10 45
1 —10
0 1
0 0
0 0 0 O
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 O
1 0 0 0
45 —-10 1 O

0 0
—40N AN
-252 210
210 —252
—120 210
45 120
-10 45
1 -10

0

—10N

—120
210
—252
210
—120
45

(3.23)

which is defined in (3.3), second row is obtained from (3.17) and
the last six rows are obtained from (3.19), Z which is defined in (3.15) and R; is defined as

R(z) = (0,0,0,0,0,0,2(0), Z(1), F"(2), Z(1), Z'(1),0,0,0,0,0,0)",
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3.2.3 Non-singularity of a matrix

We can check the non-singularity of coefficient matrix B defined in (3.21) by different methods. We
observe that the determinant of matrix B is non-zero for N < 500. Hence the non linear system of
equations have a solution for V < 500. We also check the non singularity of matrix by finding eigenvalues
up to N < 500 and we observe that all the eigenvalues are non-zero. Hence by [15] we conclude that the
B is non-singular. For large N > 500 the matrix may or may not be singular.

3.3 Iterative algorithm and its convergence

An iterative algorithm and its convergence are described in this section.

3.3.1 Iterative algorithm based on basis function

The iterative algorithm based on basis function of the subdivision scheme (2.2) are as defined in the
following three steps.

First step: Initial approximation

The initial approximation is important because the numerical solution depends on the initial approx-
imation. We define the process for finding the initial approximation as follows:
Let initial approximate solution Z° be the solution of the following linear system

BZ° = F° (3.25)
where

F%=1(0,0,0,0,0,0,v'(a),y(a), fo, f1, 2, » fa,y(b),y'(b),0,0,0,0,0,0)T,

fl:h4f(xz7Ll7D>7 ? 071727' N (3 26)
— ; (b)—y(a) .

Li = y(0) + i (104

D =y(b) — y(a)

FO is the initial linear approximation of the non-linear vector R(z).
Second step: Numerical solution
The numerical solutions Z* of the nonlinear system are obtained by using the simple iterative scheme
BZ™m*Y = R(Z™), m=0,1,2,3, - (3.27)
Third step: Stopping condition
The above iterative processes will terminate when the following condition is satisfied
[|2(m) — 2(m=D)|| < tol (3.28)

where tolerance is supposed value i.e. tol = 107%. The convergence of the above iterative algorithm is
guaranteed by the following proposition.

Theorem 3. The successive solutions {Z(™} generated by the iterative algorithm (8.27) linearly con-
verges to the solution Z* of the non-linear solution of the system (3.20) provided that the My and M,
are Lipschitz constants and step size h is small.

i.€.

(3.29)

151 < <M0h4 4994220330463 3>

1460471061420
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Proof. Let Z* and Z(™) be the solutions of the nonlinear system (3.20). Then by definition, for small h
we have

BZ* = R(Z"), (3.30)
BZ™ = R(Z™). (3.31)

Let the error vector be defined as e(®¥) = ZF — Z* at kth iteration which satisfies
Bz™+Y) _ Bz* = R(Z*) — R(Z*),
B(Z™*Y — 7Yy = R(z*) — R(Z¥),
Bel*tD) = R(Z*) — R(Z¥). (3.32)
For:=0,1,2,--- N
Dy = (F(Z%) - F(2%))..

By mean value theorem, which is stated as “If a function f(z,y,z) is continuously differentiable in an
open set of R? containing points (1, y1, 21) and (22,2, z2) and the line segment connecting them, then
an equation

F@2,y,22) = flon g, 21) = fo(rs, )2 = o) + £, (5,02 = 1) + Lo, 5,8) (22 = 21)
is valid for the interior point (a, b, c) of the segment.”, we have
Dye"™ = flai, 2, 2'®) — f(as, 27, 2').
The above equation can be written as (by using mean value theorem)
Daei"™ = filws —ai) + 152 — 20 + £(2'® — ')
by using the definition of error vector, we have

D4€Ek+1) _ :;ke(k) + f;,e/(k),

D4€§k+1) — f*e(k) + f;,Dle(k,)

Y

where D4 and D, are the derivative difference operators defined as

Dy fi = oo [1575(fig — fi 1474560( f,_n — f,
1fi = So00a1208107 070 ims — fivs) + 1474560(fi7 = fiy7)
+315738080( fi—6 — fi+e) + 1397587968(fi—5 — fits)

—43588613880(f;—4 — fi+4) + 311679549440(f;_3 — fi13)

—1336741045920( fi—2 — fit2) + 4824847319040( f;—1 — fi+1)]

1
= e [392875( fi4s — fi—g) +45977600( fiy7 — fi-
1837682380800 | (fi+s = fi-s) + (fixr — fir)

—1296269280( fi 46 — fi—¢) + 5912719360( firs5 — fi_s)
+1180083476(firs — fi—s) — 86261280768(fir3 — fi_s)
+332951715808(fiqo — fi—a) — 677767008256 ( fiy1 — fi_1)
+850467338370f;] .

Dy f;

This implies

Dy = pifre® 4 p3 Dy e,
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Since ¢; =en_; =0, i=0,—1,—-2,---,—8, we have
Be§k+1) — h4f;=e(k) + th;/Dle(k)
This can be written as

e = B (A fre®) 4 b3 £ Dye®).
By taking norm on both sides, we get
k+1 — * *
e Dl = 1B (0 fye® + 12 £ Die™)].
This implies
k+1 — * 3 rx
e DN = 1BH1(A* fye® + b? £, Dre®)]].

By using the definition of Lipschitz condition, we get

le™ D) < Mo (b — )| B[ le®|| + h* My|| D1 ||

This implies

[l 3
ooy < 1871 (2*Mo(b —a) + WMD)
which is equivalent to
||€§k+1)H 3 -1 -1
ey~ AMB T IDu < B ID,
i-e
eV .
— =~ hM;||B~||||D1]].
Gl B IDAll

The results follows immediately from this inequality and the following fact

4994220330463

D,|| = 220
1] 1460471061420

A simple approximation of condition by omitting the quatric term is

1460471061420

bbbttt bl I St —111—1
_4994220330463M1 HB H :

This complete the proof.

4 Error Estimation

(3.33)

(3.34)

From the approximation properties of the basis function ¢(x), it is shown that the collocation method
(3.1) with nonic precision treatments at the end points has at least power of approximation O(h?).
Here we present our main results for error estimation. Proof of these results are similar to the proof of

Proposition [14, 8].

Theorem 4. Suppose the exact solution y(z) € C*0,1] and {z;} are obtained by (3.20) then absolute

error by interpolating collocation algorithm is

lerr(a)llo = [120(2) =y (@)lle = O(R*™), 1=0,1,2,3.

where | denotes the order of derivative.
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Proof. Since the order of approximation of subdivision scheme (2.2) is ten so by direct calculation (fourth
left eigenvector), we can find derivative of smooth function y(z) as

24
= o 2 P 4 o
13376323808074 {392875y(x; — 8h) + 45977600y (x; — Th)

y" ()
1296269280y (x; — 6h) + 5912719360y(x; — 5h) + 1180083476y (z; — 4h)
86261280786y (x; — 3h) + 332951715808y (x; — 2h) — 6TTT6T008256y (2, — h)
+ 850467338370y (x;) — 6TT767008256y(x; + h) + 332951715808y (x; + 2h)

—86261280786y(x; + 3h) + 1180083476y (x; + 4h) + 5912719360y (x; + 5h)

—1296269280y(x; + 6h) + 45977600y(z; + Th) + 392875y(z; + 8h)} + O(h'?).
This can be written as

24

Y T 183768238080A%

{392875y;_s + 45977600y, _7 — 1296269280y,
+5912719360y;_5 + 1180083476y, 4 — 86261280786y, _3 + 332951715808y, s
—67TT67008256y;_1 + 850467338370y, — 677T67008256y,.1 + 332951715808y, 42

—86261280780y;+3 + 1180083476y,+4 + 5912719360y,4+5 — 1296269280y, +6

+45977600y; 17 + 392875y,4+8} + O(h'?). (4.1)
Similarly, we have

4
v 2

= S 13098752, o+ 4597760027 — 1206269280z,
i = 18376823808001 | Zj-s Zj-1 Zj6

+59127193602;_5 + 118008347624 — 862612807862;_3 + 3329517158082
—6777670082562;_1 + 850467338370z; — 6777670082562 1 + 3329517158082
—86261280786243 + 118008347624 + 5912719360215 — 1296269280z, 16

+45977600z; 47 + 3928752;1.8} + O(h'?). (4.2)
If we define error function e(x) = Z(x) — y(x) and error vectors at the nodes by
e(z;) = Z(z;) — y(z; + jh), -8 <j < N +38,

or equivalently e; = Z; —y;, —8 < j < N + 8, This implies

I __ ! !/
“=0 0
€] =23 —vj, (4.3)
e = Iyl .
1 N
e = 2" —y;
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By subtracting (4.2) from (4.1), we get

) ) 24

Wz - (399875(y;_g — zj_g) + 45977600(y;_7 — zj_
Yi" = 2" = 1537682380800 © (vj—s = 2j-s) + (W=7 = 2j-7)
—1296269280(y;j—¢ — zj—6) + 5912719360 (y;_5 — 2j—5) + 1180083476 (y;_a — 2;j_4)
—86261280786(y;—3 — zj—3) + 332951715808(y;—2 — zj_2) — 677767008256 (y; 1 — zj—1)
+850467338370(y; — 2j) — 677767008256(y 41 — zj+1) + 332951715808(y 42 — zj+2)

—86261280786(y 13 — 2j13) + 1180083476 (y 14 — zj+4) + 5912719360(y 15 — zj15)

—1296269280(y,;+6 — zj+6) + 45977600(yj 47 — 2zj4+7) + 392875(yj+8 — 2j+8)} + O(h?).
This implies

) 94
v S [309878e. o 4 45977600e, - — 1296269280¢,
5 = 18376823808004 | €i-8 + -1 €i-6

+5912719360e;_5 + 1180083476¢,_4 — 86261280786¢;_3 + 332951715808¢e;_2

—677767008256¢;_1 + 850467338370¢e; — 677767008256¢;41 + 332951715808¢; 12

—86261280786¢;3 + 1180083476¢;14 + 5912719360¢;45 — 1296269280¢e; 16

+45977600¢; 7 + 392875¢;45} + O(h'Y). (4.4)
From (1.1), (3.1), (4.3) and by assuming the tenth order boundary treatments at the end points, we have
ej-” =aje; + bje;, 0<i<N (4.5)
and
max {|ex|}O(h!?), —8<i<0
;=14 k=T (4.6)
J max  {|ex[}O(R?), N <i< N +38 ‘
N-3<k<N
where j =0,1,--- N
a; :fy(tjvy;ayj*)7 bj :fy'(tjay;ayj*)v
and
vi =y +0e, y =y 0, 0<6;<1L

Using the results (4.4) and
[1575(2i_s — 2its) + 1474560(2;_7 — zi47) + 315738080(2i—¢ — 2i16) + 1397587968
(215 — zis5) — 43588613880 (2i_4 — 2144) + 311679549440 (2,3 — 2143) — 1336741045920
(2o — zig2) + 4824847319040(2;_1 — 2i41)] = 2920942122840hZ + O(h'?), (4.7)
It can be conclude that relation (4.5)and (4.6) is equivalent to
(B+O(h) — O(h*) — DyO(W*) E = O(h') |,
where E = (e_g,e_7,-+- ,er,eg).

Hence for small h, the coefficient matrix B + O(h), will be invertible, thus using the standard result
from algebra and effect of ||[B™!|| , we have the following estimate

1B < 1B~
-1

T(h)O(th) = O(h®). (4.8)

O
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5 Results and Discussions

In this section, we test the proposed method on some nonlinear problems. Numerical results for each of
the problems are presented in the tables. These values are very close to the true solutions and the values
of the errors are also given in the table.

Example 1. Consider the following non-linear boundary value problem [1]
Y — 6exp(—dy) = —12(1 +x)~ 4, (5.1)
with boundary conditions

y(0) =0,4'(0) = 1,y(1) = In(2) = /(1) = 0.5.

The exact solution of the problem (5.1) is y = In(1 + x). Using the collocation method described in
Section 8 for N =10, h = 10~ and tol = 1076 with tenth order boundary treatment at end points. The
numerical results are obtained after third iteration with the condition (3.28). The obtained numerical
results for this problem are presented in Table 1. The mazimum absolute error obtained by the proposed
method is 1.78 x 1073, The graphical comparison between exact and approzimate solutions is shown in
Figure 2.

Table 1: Numerical results of Example 1

x; | Analytic solution | Approximate solution Error
Y; Z; = 1% = Zi|se

0.0 0 0 0

0.1 0.0953101798 0.0950147533 0.0002954265
0.2 0.1823215568 0.1814496227 0.0008719341
0.3 0.2623642645 0.2609546573 0.0014096072
0.4 0.3364722366 0.3347370220 0.0017352146
0.5 0.4054651081 0.4036840381 0.0017810699
0.6 0.4700036292 0.4684459279 0.0015577013
0.7 0.5306282511 0.5294932609 0.0011349902
0.8 0.5877866649 0.5871580370 0.0006286279
0.9 0.6418538862 0.6416636708 0.0001902154
1.0 0.6931471806 0.6931471806 0

Example 2. Consider the non-linear boundary value problem [1]
Y =% — 210 4 42° — 42° — 427 4 82° — 42* 4 1202 — 48 (5.2)

subject to the boundary conditions
y(0) =y'(0) =0,y(1) =y'(1) = L.

Using the collocation method described in Section 8 for N = 10, h = 10~ and tol = 1075 with tenth
order boundary treatment at end points. The numerical results are obtained after third iteration with the
condition (3.28). The obtained numerical results for this problem are presented in Table 2. The mazimum
absolute error obtained by the proposed method is 1.73 x 1072. The graphical comparison between exact
and approximate solutions is shown in Figure 3.

6 Conclusion

This study has presented a numerical approach based on subdivision collocation algorithm for solving the
numerical solution of nonlinear fourth order boundary value problems. The proposed iterative method
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0.8

Analytic Solution Y
— — Approximate Solution Z

0.6

0.4

0.2

Figure 2: Comparison of the analytic and approximate solution of Example 1.

Table 2: Numerical results of Example 2

xz; | Analytic solution | Approximate solution Error
0.0 0 0 0

0.1 0.01981 0.0202195 0.0004095
0.2 0.07712 0.0796952 0.0025752
0.3 0.16623 0.1728732 0.0066432
0.4 0.27904 0.2905995 0.0115595
0.5 0.40625 0.4219208 0.0156708
0.6 0.53856 0.5558846 0.0173246
0.7 0.66787 0.6833406 0.0154706
0.8 0.78848 0.7987412 0.0102612
0.9 0.89829 0.9019417 0.0036517
1.0 1.00000 1.0000000 0

has been applied on different nonlinear fourth order boundary value problems. Numerical results show
that the accuracy of the approximate solution is O(h?).
the solution can be improved by choosing different subdivision schemes with the proper adjustment of

boundary conditions.
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Figure 3: Comparison of the analytic and approximate solution of Example 2.
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