
An artificial neural network is an interconnected group of nodes, akin to the vast network of neurons in the human 
brain. 
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Abstract

Here we study the multivariate quantitative approximation of real val-
ued continuous multivariate functions on a box or RN , N 2 N, by the
multivariate quasi-interpolation sigmoidal and hyperbolic tangent iterated
neural network operators. This approximation is derived by establish-
ing multidimensional Jackson type inequalities involving the multivariate
modulus of continuity of the engaged function or its high order partial
derivatives. Our multivariate iterated operators are de�ned by using the
multidimensional density functions induced by the logarithmic sigmoidal
and the hyperbolic tangent functions. The approximations are pointwise
and uniform. The related feed-forward neural networks are with one hid-
den layer.
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1 Introduction

The author in [1], [2] and [3], see chapters 2-5, was the �rst to establish neural
network approximations to continuous functions with rates by very speci�cally
de�ned neural network operators of Cardaliaguet-Euvrard and �Squashing�
types, by employing the modulus of continuity of the engaged function or its
high order derivative, and producing very tight Jackson type inequalities. He
treates there both the univariate and multivariate cases. The de�ning these op-
erators �bell-shaped�and �squashing� function are assumed to be of compact
support. Also in [3] he gives the Nth order asymptotic expansion for the error of
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weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.
This article is a continuation of [4], [5], [6], [7], [8].
The author here performs multivariate sigmoidal and hyperbolic tangent

iterated neural network approximations to continuous functions over boxes or
over the whole RN ; N 2 N.
All convergences are with rates expressed via the multivariate modulus of

continuity of the involved function or its high order partial derivatives, and given
by very tight multidimensional Jackson type inequalities.
Many times for accuracy computer processes repeat themselves. We prove

that the speed of the convergence of the iterated approximation remains the
same, as the original, even if we increase the number of neurons per cycle.
Feed-forward neural networks (FNNs) with one hidden layer, the only type

of networks we deal with in this article, are mathematically expressed as

Nn (x) =
nX
j=0

cj� (haj � xi+ bj) ; x 2 Rs, s 2 N,

where for 0 � j � n, bj 2 R are the thresholds, aj 2 Rs are the connection
weights, cj 2 R are the coe¢ cients, haj � xi is the inner product of aj and x,
and � is the activation function of the network. In many fundamental network
models, the activation functions are the hyperbolic tangent and the sigmoidal.
About neural networks see [9], [10], [11], [12].

2 Basics

I) Here all come from [7], [8].
We consider the sigmoidal function of logarithmic type

si (xi) =
1

1 + e�xi
; xi 2 R, i = 1; :::; N ; x := (x1; :::; xN ) 2 RN ;

each has the properties lim
xi!+1

si (xi) = 1 and lim
xi!�1

si (xi) = 0, i = 1; :::; N:

These functions play the role of activation functions in the hidden layer of
neural networks.
As in [9], we consider

�i (xi) :=
1

2
(si (xi + 1)� si (xi � 1)) , xi 2 R, i = 1; :::; N:

We notice the following properties:

i) �i (xi) > 0, 8 xi 2 R;

ii)
P1

ki=�1�i (xi � ki) = 1, 8 xi 2 R,
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iii)
P1

ki=�1�i (nxi � ki) = 1, 8 xi 2 R; n 2 N;

iv)
R1
�1�i (xi) dxi = 1,

v) �i is a density function,

vi) �i is even: �i (�xi) = �i (xi), xi � 0, for i = 1; :::; N:

We see that ([9])

�i (xi) =

�
e2 � 1
2e2

�
1

(1 + exi�1) (1 + e�xi�1)
; i = 1; :::; N:

vii) �i is decreasing on R+, and increasing on R�, i = 1; :::; N:

Notice that max�i (xi) = �i (0) = 0:231:
Let 0 < � < 1, n 2 N. Then as in [8] we get

viii)

1X
8<: ki = �1
: jnxi � kij > n1��

�i (nxi � ki) � 3:1992e�n
(1��)

; i = 1; :::; N:

Denote by d�e the ceiling of a number, and by b�c the integral part of a
number. Consider here x 2

�QN
i=1 [ai; bi]

�
� RN , N 2 N such that dnaie �

bnbic, i = 1; :::; N ; a := (a1; :::; aN ), b := (b1; :::; bN ) :
As in [8] we obtain

ix)

0 <
1Pbnbic

ki=dnaie�i (nxi � ki)
<

1

�i (1)
= 5:250312578;

8 xi 2 [ai; bi] ; i = 1; :::; N:

x) As in [8], we see that

lim
n!1

bnbicX
ki=dnaie

�i (nxi � ki) 6= 1;

for at least some xi 2 [ai; bi], i = 1; :::; N:

We will use here

� (x1; :::; xN ) := � (x) :=
NY
i=1

�i (xi) , x 2 RN : (1)

It has the properties:
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(i)� � (x) > 0, 8 x 2 RN ;

(ii)�

1X
k=�1

� (x� k) :=
1X

k1=�1

1X
k2=�1

:::
1X

kN=�1
� (x1 � k1; :::; xN � kN ) = 1;

(2)
k := (k1; :::; kN ), 8 x 2 RN :

(iii)�
1X

k=�1
� (nx� k) :=

1X
k1=�1

1X
k2=�1

:::

1X
kN=�1

� (nx1 � k1; :::; nxN � kN ) = 1; (3)

8 x 2 RN ; n 2 N.

(iv)� Z
RN
� (x) dx = 1;

that is � is a multivariate density function.

Here kxk1 := max fjx1j ; :::; jxN jg, x 2 RN , also set 1 := (1; :::;1),
�1 := (�1; :::;�1) upon the multivariate context, and

dnae : = (dna1e ; :::; dnaNe) ;
bnbc : = (bnb1c ; :::; bnbNc) :

In general k�k1 stands for the supremum norm.
We also have

(v)�
bnbcX

8<: k = dnae

 k
n � x




1 > 1

n�

� (nx� k) � 3:1992e�n
(1��)

,

0 < � < 1, n 2 N, x 2
�QN

i=1 [ai; bi]
�
:

(vi)�

0 <
1Pbnbc

k=dnae� (nx� k)
< (5:250312578)

N
;

8 x 2
�QN

i=1 [ai; bi]
�
, n 2 N.

4

5GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS



(vii)�
1X

8<: k = �1

 k
n � x




1 > 1

n�

� (nx� k) � 3:1992e�n
(1��)

;

0 < � < 1, n 2 N, x 2 RN :

(viii)�

lim
n!1

bnbcX
k=dnae

� (nx� k) 6= 1

for at least some x 2
�QN

i=1 [ai; bi]
�
:

Let f 2 C
�QN

i=1 [ai; bi]
�
and n 2 N such that dnaie � bnbic, i = 1; :::; N:

We introduce and de�ne the multivariate positive linear neural network op-

erator (x := (x1; :::; xN ) 2
�QN

i=1 [ai; bi]
�
)

Gn (f; x1; :::; xN ) := Gn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
� (nx� k)Pbnbc

k=dnae� (nx� k)
(4)

:=

Pbnb1c
k1=dna1e

Pbnb2c
k2=dna2e :::

PbnbNc
kN=dnaNe f

�
k1
n ; :::;

kN
n

� �QN
i=1 �i (nxi � ki)

�
QN
i=1

�Pbnbic
ki=dnaie�i (nxi � ki)

� :

For large enough n we always obtain dnaie � bnbic, i = 1; :::; N . Also ai � ki
n �

bi, i¤ dnaie � ki � bnbic, i = 1; :::; N .
We need, for f 2 C

�QN
i=1 [ai; bi]

�
the �rst multivariate modulus of conti-

nuity
!1 (f; h) := sup

x; y 2
�QN

i=1 [ai; bi]
�

kx� yk1 � h

jf (x)� f (y)j , h > 0: (5)

Similarly it is de�ned for f 2 CB
�
RN
�
(continuous and bounded functions on

RN ). We have that lim
h!0

!1 (f; h) = 0:

When f 2 CB
�
RN
�
we de�ne

Gn (f; x) := Gn (f; x1; :::; xN ) :=
1X

k=�1
f

�
k

n

�
� (nx� k) (6)

:=
1X

k1=�1

1X
k2=�1

:::
1X

kN=�1
f

�
k1
n
;
k2
n
; :::;

kN
n

� NY
i=1

�i (nxi � ki)
!
;
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n 2 N, 8 x 2 RN ; N � 1, the multivariate quasi-interpolation neural network
operator.
We mention from [7]:

Theorem 1 Let f 2 C
�QN

i=1 [ai; bi]
�
; 0 < � < 1; x 2

�QN
i=1 [ai; bi]

�
, n;

N 2 N. Then
i)

jGn (f; x)� f (x)j � (5:250312578)N ��
!1

�
f;
1

n�

�
+ (6:3984) kfk1 e

�n(1��)
�
=: �1; (7)

ii)
kGn (f)� fk1 � �1: (8)

Theorem 2 Let f 2 CB
�
RN
�
, 0 < � < 1, x 2 RN , n; N 2 N. Then

i) ��Gn (f; x)� f (x)�� � !1�f; 1
n�

�
+ (6:3984) kfk1 e

�n(1��) =: �2; (9)

ii) 

Gn (f)� f

1 � �2: (10)

II) Here we folow [5], [6].
We also consider the hyperbolic tangent function tanhx, x 2 R :

tanhx :=
ex � e�x
ex + e�x

.

It has the properties tanh 0 = 0; �1 < tanhx < 1, 8 x 2 R, and tanh (�x) =
� tanhx. Furthermore tanhx ! 1 as x ! 1, and tanhx ! �1, as x ! �1,
and it is strictly increasing on R.
This function plays the role of an activation function in the hidden layer of

neural networks.
We further consider

	(x) :=
1

4
(tanh (x+ 1)� tanh (x� 1)) > 0, 8 x 2 R.

We easily see that 	(�x) = 	 (x), that is 	 is even on R. Obviously 	 is
di¤erentiable, thus continuous.

Proposition 3 ([5]) 	(x) for x � 0 is strictly decreasing.

Obviously 	(x) is strictly increasing for x � 0. Also it holds lim
x!�1

	(x) =

0 = lim
x!1

	(x) :

Infact 	 has the bell shape with horizontal asymptote the x-axis. So the
maximum of 	 is zero, 	(0) = 0:3809297:
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Theorem 4 ([5]) We have that
P1

i=�1	(x� i) = 1, 8 x 2 R.

Thus
1X

i=�1
	(nx� i) = 1; 8 n 2 N; 8 x 2 R:

Also it holds
1X

i=�1
	(x+ i) = 1; 8x 2 R:

Theorem 5 ([5]) It holds
R1
�1	(x) dx = 1.

So 	(x) is a density function on R.

Theorem 6 ([5]) Let 0 < � < 1 and n 2 N. It holds
1X

8<: k = �1
: jnx� kj � n1��

	(nx� k) � e4 � e�2n
(1��)

:

Theorem 7 ([5]) Let x 2 [a; b] � R and n 2 N so that dnae � bnbc. It holds

1Pbnbc
k=dnae	(nx� k)

<
1

	 (1)
= 4:1488766:

Also by [5] we get that

lim
n!1

bnbcX
k=dnae

	(nx� k) 6= 1;

for at least some x 2 [a; b].
In this article we will use

�(x1; :::; xN ) := � (x) :=
NY
i=1

	(xi) , x = (x1; :::; xN ) 2 RN ; N 2 N: (11)

It has the properties:

(i) �(x) > 0, 8 x 2 RN ;

(ii)

1X
k=�1

�(x� k) :=
1X

k1=�1

1X
k2=�1

:::
1X

kN=�1
�(x1 � k1; :::; xN � kN ) = 1;

(12)
where k := (k1; :::; kN ), 8 x 2 RN :
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(iii)
1X

k=�1
�(nx� k) :=

1X
k1=�1

1X
k2=�1

:::
1X

kN=�1
�(nx1 � k1; :::; nxN � kN ) = 1; (13)

8 x 2 RN ; n 2 N.

(iv) Z
RN
�(x) dx = 1;

that is � is a multivariate density function.

(v)
bnbcX

8<: k = dnae

 k
n � x




1 > 1

n�

�(nx� k) � e4 � e�2n
(1��)

,

0 < � < 1, n 2 N, x 2
�QN

i=1 [ai; bi]
�
:

(vi)

0 <
1Pbnbc

k=dnae�(nx� k)
<

1

(	 (1))
N
= (4:1488766)

N
;

8 x 2
�QN

i=1 [ai; bi]
�
, n 2 N.

(vii)
1X

8<: k = �1

 k
n � x




1 > 1

n�

�(nx� k) � e4 � e�2n
(1��)

;

0 < � < 1, n 2 N, x 2 RN :

Also we get that

lim
n!1

bnbcX
k=dnae

�(nx� k) 6= 1;

for at least some x 2
�QN

i=1 [ai; bi]
�
:

Let f 2 C
�QN

i=1 [ai; bi]
�
and n 2 N such that dnaie � bnbic, i = 1; :::; N:
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We introduce and de�ne the multivariate positive linear neural network op-

erator (x := (x1; :::; xN ) 2
�QN

i=1 [ai; bi]
�
)

Fn (f; x1; :::; xN ) := Fn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
�(nx� k)Pbnbc

k=dnae�(nx� k)
(14)

:=

Pbnb1c
k1=dna1e

Pbnb2c
k2=dna2e :::

PbnbNc
kN=dnaNe f

�
k1
n ; :::;

kN
n

� �QN
i=1	(nxi � ki)

�
QN
i=1

�Pbnbic
ki=dnaie	(nxi � ki)

� :

When f 2 CB
�
RN
�
we de�ne,

Fn (f; x) := Fn (f; x1; :::; xN ) :=

1X
k=�1

f

�
k

n

�
�(nx� k) := (15)

1X
k1=�1

1X
k2=�1

:::
1X

kN=�1
f

�
k1
n
;
k2
n
; :::;

kN
n

� NY
i=1

	(nxi � ki)
!
;

n 2 N, 8 x 2 RN ; N � 1, the multivariate quasi-interpolation neural network
operator.
We mention from [6]:

Theorem 8 Let f 2 C
�QN

i=1 [ai; bi]
�
; 0 < � < 1; x 2

�QN
i=1 [ai; bi]

�
, n;

N 2 N. Then
i)

jFn (f; x)� f (x)j � (4:1488766)N ��
!1

�
f;
1

n�

�
+ 2e4 kfk1 e

�2n(1��)
�
=: �1; (16)

ii)
kFn (f)� fk1 � �1: (17)

Theorem 9 Let f 2 CB
�
RN
�
, 0 < � < 1, x 2 RN , n; N 2 N. Then

i)

��Fn (f; x)� f (x)�� � !1�f; 1
n�

�
+ 2e4 kfk1 e

�2n(1��) =: �2; (18)

ii) 

Fn (f)� f

1 � �2: (19)

Let r 2 N, in this article we study the uniform convergence with rates to the
unit operator I of the iterates Grn, G

r

n; F
r
n and F

r

n:
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3 Preparatory Results

We need

Theorem 10 Let f 2 CB
�
RN
�
, N � 1. Then Gn (f) 2 CB

�
RN
�
:

Proof. We have that

��Gn (f; x)�� � 1X
k=�1

����f �kn
������ (nx� k)

� kfk1

 1X
k=�1

� (nx� k)
!

(3)
= kfk1 , 8 x 2 R

N :

So that Gn (f) is bounded.
Next we prove the continuity of Gn (f). We will use the Weierstrass M test:

If a sequence of positive constants M1;M2;M3; :::; can be found such that in
some interval
(a) jun (x)j �Mn, n = 1; 2; 3; :::
(b)

P
Mn converges,

then
P
un (x) is uniformly and absolutely convergent in the interval.

Also we will use:
If fun (x)g, n = 1; 2; 3; ::: are continuous in [a; b] and if

P
un (x) converges

uniformly to the sum S (x) in [a; b], then S (x) is continuous in [a; b]. I.e. a
uniformly convergent series of continuous functions is a continuous function.
First we prove claim for N = 1.
We will prove that

P1
k=�1 f

�
k
n

�
� (nx� k) is continuous in x 2 R.

There always exists � 2 N such that nx 2 [��; �] :
Since nx � �, then �nx � �� and k � nx � k � � � 0, when k � �.

Therefore

1X
k=�

� (nx� k) =
1X
k=�

� (k � nx) �
1X
k=�

� (k � �) =
1X
k0=0

� (k0) � 1:

So for k � � we get ����f �kn
������ (nx� k) � kfk1� (k � �) ;

and

kfk1
1X
k=�

� (k � �) � kfk1 :

Hence by WeierstrassM test we obtain that
P1

k=� f
�
k
n

�
� (nx� k) is uniformly

and absolutely convergent on
�
��
n ;

�
n

�
:
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Since f
�
k
n

�
� (nx� k) is continuous in x, then

P1
k=� f

�
k
n

�
� (nx� k) is

continuous on
�
��
n ;

�
n

�
:

Because nx � ��, then �nx � �, and k � nx � k + � � 0, when k � ��.
Therefore

��X
k=�1

� (nx� k) =
��X

k=�1
� (k � nx) �

��X
k=�1

� (k + �) =
0X

k0=�1
� (k0) � 1:

So for k � �� we get����f �kn
������ (nx� k) � kfk1� (k + �) ;

and

kfk1
��X

k=�1
� (k + �) � kfk1 :

Hence by Weierstrass M test we obtain that
P��

k=�1 f
�
k
n

�
� (nx� k) is uni-

formly and absolutely convergent on
�
��
n ;

�
n

�
:

Since f
�
k
n

�
� (nx� k) is continuous in x, then

P��
k=�1 f

�
k
n

�
� (nx� k) is

continuous on
�
��
n ;

�
n

�
:

So we proved that
P1

k=� f
�
k
n

�
� (nx� k) and

P��
k=�1 f

�
k
n

�
� (nx� k) are

continuous on R. Since
P��1

k=��+1 f
�
k
n

�
� (nx� k) is a �nite sum of continuous

functions on R, it is also a continuous function on R.
Writing

1X
k=�1

f

�
k

n

�
� (nx� k) =

��X
k=�1

f

�
k

n

�
� (nx� k)+

��1X
k=��+1

f

�
k

n

�
� (nx� k) +

1X
k=�

f

�
k

n

�
� (nx� k)

we have it as a continuous function on R. Therefore Gn (f), when N = 1, is a
continuous function on R.
When N = 2 we have

Gn (f; x1; x2) =
1X

k1=�1

1X
k2=�1

f

�
k1
n
;
k2
n

�
�1 (nx1 � k1)� (nx2 � k2) =

1X
k1=�1

�1 (nx1 � k1)
 1X
k2=�1

f

�
k1
n
;
k2
n

�
�2 (nx2 � k2)

!
(there always exist �1; �2 2 N such that nx1 2 [��1; �1] and nx2 2 [��2; �2])

=
1X

k1=�1
�1 (nx1 � k1)

" ��2X
k2=�1

f

�
k1
n
;
k2
n

�
�2 (nx2 � k2)+
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�2�1X
k2=��2+1

f

�
k1
n
;
k2
n

�
�2 (nx2 � k2) +

1X
k2=�2

f

�
k1
n
;
k2
n

�
�2 (nx2 � k2)

#
=

=
1X

k1=�1

��2X
k2=�1

f

�
k1
n
;
k2
n

�
�1 (nx1 � k1) �2 (nx2 � k2)+

1X
k1=�1

�2�1X
k2=��2+1

f

�
k1
n
;
k2
n

�
�1 (nx1 � k1) �2 (nx2 � k2)+

1X
k1=�1

1X
k2=�2

f

�
k1
n
;
k2
n

�
�1 (nx1 � k1) �2 (nx2 � k2) :

(for convenience call

F (k1; k2; x1; x2) := f

�
k1
n
;
k2
n

�
�1 (nx1 � k1) �2 (nx2 � k2) )

=

��1X
k1=�1

��2X
k2=�1

F (k1; k2; x1; x2) +

�1�1X
k1=��1+1

��2X
k2=�1

F (k1; k2; x1; x2)+

1X
k1=�1

��2X
k2=�1

F (k1; k2; x1; x2) +

��1X
k1=�1

�2�1X
k2=��2+1

F (k1; k2; x1; x2)+

�1�1X
k1=��1+1

�2�1X
k2=��2+1

F (k1; k2; x1; x2) +
1X

k1=�1

�2�1X
k2=��2+1

F (k1; k2; x1; x2)+

��1X
k1=�1

1X
k2=�2

F (k1; k2; x1; x2) +

�1�1X
k1=��1+1

1X
k2=�2

F (k1; k2; x1; x2)+

1X
k1=�1

1X
k2=�2

F (k1; k2; x1; x2) :

Notice that the �nite sum of continous functions F (k1; k2; x1; x2),P�1�1
k1=��1+1

P�2�1
k2=��2+1 F (k1; k2; x1; x2) is a continuous function.

The rest of the summands of Gn (f; x1; x2) are treated all the same way and
similarly to the case of N = 1. The method is demonstrated as follows.
We will prove that

P1
k1=�1

P��2
k2=�1 f

�
k1
n ;

k2
n

�
�1 (nx1 � k1) �2 (nx2 � k2)

is continuous in (x1; x2) 2 R2.
The continuous function����f �k1n ; k2n

������1 (nx1 � k1) �2 (nx2 � k2) � kfk1�1 (k1 � �1) �2 (k2 + �2) ;

12
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and

kfk1
1X

k1=�1

��2X
k2=�1

�1 (k1 � �1) �2 (k2 + �2) =

kfk1

 1X
k1=�1

�1 (k1 � �1)
! ��2X

k2=�1
�2 (k2 + �2)

!
�

kfk1

0@ 1X
k
0
1=0

�1 (k
0
1)

1A0@ 0X
k
0
2=�1

�2 (k
0
2)

1A � kfk1 :

So by the Weierstrass M test we get thatP1
k1=�1

P��2
k2=�1 f

�
k1
n ;

k2
n

�
�1 (nx1 � k1) �2 (nx2 � k2) is uniformly and

absolutely convergent. Therefore it is continuous on R2:
Next we prove continuity on R2 ofP�1�1
k1=��1+1

P��2
k2=�1 f

�
k1
n ;

k2
n

�
�1 (nx1 � k1)�2 (nx2 � k2).

Notice here that����f �k1n ; k2n
������1 (nx1 � k1) �2 (nx2 � k2) � kfk1�1 (nx1 � k1) �2 (k2 + �2)
� kfk1�1 (0)�2 (k2 + �2) = (0:231) kfk1�2 (k2 + �2) ;

and

(0:231) kfk1

 
�1�1X

k1=��1+1
1

! ��2X
k2=�1

�2 (k2 + �2)

!
=

(0:231) kfk1 (2�1 � 1)

0@ 0X
k02=�1

�2 (k
0
2)

1A � (0:231) (2�1 � 1) kfk1 :

So the double series under consideration is uniformly convergent and continuous.
Clearly Gn (f; x1; x2) is proved to be continuous on R2:
Similalrly reasoning one can prove easily now, but with more tedious work,

that Gn (f; x1; :::; xN ) is continuous on RN , for any N � 1. We choose to omit
this similar extra work.

Theorem 11 Let f 2 CB
�
RN
�
, N � 1. Then Fn (f) 2 CB

�
RN
�
:

Proof. We notice that

��Fn (f; x)�� � 1X
k=�1

����f �kn
����� � (nx� k) � kfk1

 1X
k=�1

� (nx� k)
!

(13)
= kfk1 ;

8 x 2 RN , so that Fn (f) is bounded. The continuity is proved as in Theorem
10.

13
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Theorem 12 Let f 2 C
�QN

i=1 [ai; bi]
�
, then kGn (f)k1 � kfk1 and

kFn (f)k1 � kfk1, also Gn (f), Fn (f) 2 C
�QN

i=1 [ai; bi]
�
:

Proof. By (4) we get

jGn (f; x)j =

���Pbnbc
k=dnae f

�
k
n

�
� (nx� k)

���Pbnbc
k=dnae� (nx� k)

�

Pbnbc
k=dnae

��f � kn���� (nx� k)Pbnbc
k=dnae� (nx� k)

� kfk1 , 8 x 2 R
N ;

so that Gn (f) is bounded.
Similarly we act for the boundedness of Fn, see (14). Continuity of both is

obvious.
We make

Remark 13 Notice that

G2n (f)

1 = kGn (Gn (f))k1 � kGn (f)k1 � kfk1 ; etc.

Therefore we get 

Gkn (f)

1 � kfk1 , 8 k 2 N, (20)

the contraction property.
Similarly we obtain 

F kn (f)

1 � kfk1 , 8 k 2 N, (21)

Similarly by Theorems 10, 11 we obtain


Gkn (f)


1 � kfk1 , (22)

and 


F kn (f)


1 � kfk1 , 8 k 2 N, (23)

Infact here we have

Gkn (f)

1 �


Gk�1n (f)




1 � ::: � kGn (f)k1 � kfk1 , (24)

F kn (f)

1 �



F k�1n (f)



1 � ::: � kFn (f)k1 � kfk1 , (25)


Gkn (f)


1 �




Gk�1n (f)




1
� ::: �



Gn (f)

1 � kfk1 , (26)

and 


F kn (f)


1 �



F k�1n (f)





1
� ::: �



Fn (f)

1 � kfk1 . (27)

14
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We need

Notation 14 Call Ln = Gn; Gn, Fn, Fn:
Denote by

cN =

8><>:
(5:250312578)

N , if Ln = Gn;
(4:1488766)

N , if Ln = Fn;
1, if Ln = Gn, Fn;

(28)

� =

�
6:3984, if Ln = Gn, Gn;
2e4, if Ln = Fn; Fn;

(29)

and


 =

�
1; when Ln = Gn, Gn;
2 when Ln = Fn; Fn:

(30)

Based on the above notations Theorems 1, 2, 8, 9 can put in a uni�ed way
as follows.

Theorem 15 Let f 2 C
�QN

i=1 [ai; bi]
�
or f 2 CB

�
RN
�
; n; N 2 N, 0 < � < 1,

x 2
�QN

i=1 [ai; bi]
�
or x 2 RN . Then

(i)

jLn (f; x)� f (x)j � cN
�
!1

�
f;
1

n�

�
+ � kfk1 e

�
n(1��)
�
=: �n; (31)

(ii)
kLn (f)� fk1 � �n: (32)

Remark 16 We have 

Lknf

1 � kfk1 , 8 k 2 N, (33)

the contraction property.
Also it holds

Ln1 = 1; (34)

and
Lkn1 = 1, 8 k 2 N: (35)

Here Lkn are positive linear operators.

15

16GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS



4 Main Results

We present

Theorem 17 Let f 2 C
�QN

i=1 [ai; bi]
�
or f 2 CB

�
RN
�
; r; n; N 2 N, 0 < � <

1, x 2
�QN

i=1 [ai; bi]
�
or x 2 RN . Then

jLrn (f; x)� f (x)j � kLrnf � fk1 � r kLnf � fk1

� rcN
�
!1

�
f;
1

n�

�
+ � kfk1 e

�
n(1��)
�
: (36)

Proof. We observe that

Lrnf � f =
�
Lrnf � Lr�1n f

�
+
�
Lr�1n f � Lr�2n f

�
+�

Lr�2n f � Lr�3n f
�
+ :::+

�
L2nf � Lnf

�
+ (Lnf � f) :

Then
kLrnf � fk1 �



Lrnf � Lr�1n f



1 +



Lr�1n f � Lr�2n f



1+

Lr�2n f � Lr�3n f




1 + :::+



L2nf � Lnf

1 + kLnf � fk1 =

Lr�1n (Lnf � f)



1 +



Lr�2n (Lnf � f)



1 +



Lr�3n (Lnf � f)



1

+:::+ kLn (Lnf � f)k1 + kLnf � fk1
(33)

�

r kLnf � fk1
(32)

� r�n;

proving the claim.
More generally we have

Theorem 18 Let f 2 C
�QN

i=1 [ai; bi]
�
or f 2 CB

�
RN
�
; n; N; m1; :::;mr 2

N : m1 � m2 � ::: � mr; 0 < � < 1, x 2
�QN

i=1 [ai; bi]
�
or x 2 RN . Then��Lmr

�
Lmr�1 (:::Lm2 (Lm1f))

�
(x)� f (x)

�� � (37)



Lmr

�
Lmr�1 (:::Lm2

(Lm1
f))
�
� f




1 �

rX
i=1

kLmi
f � fk1 �

cN

rX
i=1

(
!1

 
f;

1

m�
i

!
+ � kfk1 e

�
m(1��)
i

)
�

rcN

(
!1

 
f;

1

m�
1

!
+ � kfk1 e

�
m(1��)
1

)
:

Clearly, we notice that the speed of convergence of the multiply iterated operator
equals to the speed of Lm1

:
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Proof. We write

Lmr

�
Lmr�1 (:::Lm2

(Lm1
f))
�
� f =

Lmr

�
Lmr�1 (:::Lm2

(Lm1
f))
�
� Lmr

�
Lmr�1 (:::Lm2

f)
�
+

Lmr

�
Lmr�1 (:::Lm2f)

�
� Lmr

�
Lmr�1 (:::Lm3f)

�
+

Lmr

�
Lmr�1 (:::Lm3

f)
�
� Lmr

�
Lmr�1 (:::Lm4

f)
�
+ :::+

Lmr

�
Lmr�1f

�
� Lmrf + Lmrf � f =

Lmr

�
Lmr�1 (:::Lm2

)
�
(Lm1

f � f) + Lmr

�
Lmr�1 (:::Lm3

)
�
(Lm2

f � f)+

Lmr

�
Lmr�1 (:::Lm4

)
�
(Lm3

f � f) + :::+ Lmr

�
Lmr�1f � f

�
+ Lmr

f � f:

Hence by the triangle inequality property of k�k1 we get

Lmr

�
Lmr�1 (:::Lm2

(Lm1
f))
�
� f




1 �

Lmr

�
Lmr�1 (:::Lm2

)
�
(Lm1

f � f)



1+



Lmr

�
Lmr�1 (:::Lm3

)
�
(Lm2

f � f)



1+

Lmr

�
Lmr�1 (:::Lm4)

�
(Lm3f � f)




1 + :::+

Lmr

�
Lmr�1f � f

�


1 + kLmr

f � fk1
(repeatedly applying (33))

� kLm1
f � fk1 + kLm2

f � fk1 + kLm3
f � fk1 + :::+



Lmr�1f � f



1 + kLmr

f � fk1 =
rX
i=1

kLmi
f � fk1

(32)

�

cN

rX
i=1

(
!1

 
f;

1

m�
i

!
+ � kfk1 e

�
m(1��)
i

)
=: (�) :

We have
1

mr
� 1

mr�1
� ::: � 1

m2
� 1

m1
;

and
1

m�
r

� 1

m�
r�1

� ::: � 1

m�
2

� 1

m�
1

:

Therefore

!1

�
f;

1

m�
r

�
� !1

 
f;

1

m�
r�1

!
� ::: � !1

 
f;

1

m�
2

!
� !1

 
f;

1

m�
1

!
:

Also it holds

m

(1��)
1 � 
m(1��)

2 � ::: � 
m(1��)
r ;
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and
e
m

(1��)
1 � e
m

(1��)
2 � ::: � e
m

(1��)
r ;

so that
e�
m

(1��)
r � e�
m

(1��)
r�1 � ::: � e�
m

(1��)
2 � e�
m1(1��):

Therefore

(�) � rcN

(
!1

 
f;

1

m�
1

!
+ � kfk1 e

�
m(1��)
1

)
;

proving the claim.
Next we give a partial global smoothness preservation result of operators

Lrn:

Theorem 19 Same assumptions as in Theorem 17, � > 0: Then

!1 (L
r
nf; �) � 2rcN

�
!1

�
f;
1

n�

�
+ � kfk1 e

�
n(1��)
�
+ !1 (f; �) : (38)

In particular for � = 1
n�
, we obtain

!1

�
Lrnf;

1

n�

�
� (2rcN + 1)!1

�
f;
1

n�

�
+ 2rcN� kfk1 e

�
n(1��) : (39)

Proof. We write

Lrnf (x)� Lrnf (y) = Lrnf (x)� Lrnf (y) + f (x)� f (x) + f (y)� f (y) =

(Lrnf (x)� f (x)) + (f (y)� Lrnf (y)) + (f (x)� f (y)) :

Hence

jLrnf (x)� Lrnf (y)j � jLrnf (x)� f (x)j+ jLrnf (y)� f (y)j+ jf (x)� f (y)j

� 2 kLrnf � fk1 + jf (x)� f (y)j :

Let x; y 2
�QN

i=1 [ai; bi]
�
or x; y 2 RN : jx� yj � �, � > 0. Then

!1 (L
r
nf; �) � 2 kLrnf � fk1 + !1 (f; �) :

That is

!1 (L
r
nf; �)

(36)

� 2r kLnf � fk1 + !1 (f; �) ;

proving the claim.

Notation 20 Let f 2 Cm
�QN

i=1 [ai; bi]
�
, m;N 2 N. Here f� denotes a partial

derivative of f , � := (�1; :::; �N ), �i 2 Z+, i = 1; :::; N , and j�j :=
PN

i=1 �i = l;

where l = 0; 1; :::;m. We write also f� :=
@�f
@x� and we say it is of order l.
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We denote
!max1;m (f�; h) := max

�:j�j=m
!1 (f�; h) : (40)

Call also
kf�kmax1;m := max

j�j=m
fkf�k1g : (41)

We discuss higher order approximation next.
We mention from [7] the following result.

Theorem 21 Let f 2 Cm
�QN

i=1 [ai; bi]
�
, 0 < � < 1, n;m;N 2 N. Then

kGn (f)� fk1 � (5:250312578)N � (42)8<:
NX
j=1

0@X
j�j=j

 
kf�k1QN
i=1 �i!

!"
1

n�j
+

 
NY
i=1

(bi � ai)�i
!
(3:1992) e�n

(1��)

#1A+
Nm

m!nm�
!max1;m

�
f�;

1

n�

�
+

 
(6:3984) kb� akm1 kf�k

max
1;mN

m

m!

!
e�n

(1��)

)
=:Mn:

Using Theorem 17 we derive

Theorem 22 Let f 2 Cm
�QN

i=1 [ai; bi]
�
, 0 < � < 1, r; n;m;N 2 N, x 2�QN

i=1 [ai; bi]
�
. Then

jGrn (f; x)� f (x)j � kGrn (f)� fk1 � r kGn (f)� fk1 � rMn: (43)

One can have a similar result for the operator Fn but we omit it.
Next we specialize on Lipschitz classes of functions. We apply Theorem 18

to obtain

Theorem 23 Let f 2 C
�QN

i=1 [ai; bi]
�
or f 2 CB

�
RN
�
; n; N; m1; :::;mr 2

N : m1 � m2 � ::: � mr; 0 < � < 1. We further assume that jf (x)� f (y)j �
M kx� yk�1, 8 x; y 2

�QN
i=1 [ai; bi]

�
or x; y 2 RN (respectively), 0 < � � 1,

M > 0. Then 

Lmr

�
Lmr�1 (:::Lm2 (Lm1f))

�
� f




1 � (44)

rX
i=1

kLmi
f � fk1 �

cN

rX
i=1

(
M

m��
i

+ � kfk1 e
�
m(1��)

i

)
:
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Example 24 Let f (x1; :::; xN ) =
PN

i=1 cosxi, (x1; :::; xN ) 2 RN , N 2 N. De-
note x = (x1; :::; xN ), y = (y1; :::; yN ) and observe that�����

NX
i=1

cosxi �
NX
i=1

cos yi

����� �
NX
i=1

jcosxi � cos yij

�
NX
i=1

jxi � yij � N kx� yk1 :

That is
jf (x)� f (y)j � N kx� yk1 :

Consequently by (5) we get that

!1 (f; h) � Nh, h > 0:

Therefore by (9) we derive




Gn
 

NX
i=1

cosxi

!
�
 

NX
i=1

cosxi

!





1

� N
�
1

n�
+ (6:3984) e�n

(1��)
�
; (45)

where 0 < � < 1 and n 2 N.
Let now m1; :::;mr 2 N : m1 � m2 � ::: � mr: Then by (44) we get




Gmr

 
Gmr�1

 
:::

 
Gm2

 
Gm1

 
NX
i=1

cosxi

!!!!!
�
 

NX
i=1

cosxi

!





1

�

(46)
rX
i=1






Gmi

 
NX
i=1

cosxi

!
�
 

NX
i=1

cosxi

!





1

(by (45))
�

N
rX
i=1

 
1

m�
i

+ (6:3984) e�m
(1��)
i

!
� rN

 
1

m�
1

+ (6:3984) e�m
(1��)
1

!
: (47)

One can give easily many other interesting applications.
Acknowledgement: The author wishes to thank his colleague Professor

Robert Kozma for introducing him to the general theory of cellular neural net-
works that motivated him to consider and study iterated neural networks.
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Fractional neural network approximation

George A. Anastassiou
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Abstract

Here we study the univariate fractional quantitative approximation of
real valued functions on a compact interval by quasi-interpolation sig-
moidal and hyperbolic tangent neural network operators. These approx-
imations are derived by establishing Jackson type inequalities involving
the moduli of continuity of the right and left Caputo fractional derivatives
of the engaged function. The approximations are pointwise and with re-
spect to the uniform norm. The related feed-forward neural networks are
with one hidden layer. Our fractional approximation results into higher
order converges better than the ordinary ones.

2010 AMSMathematics Subject Classi�cation: 26A33, 41A17, 41A25,
41A30, 41A36.
Keywords and Phrases: sigmoidal and hyperbolic tangent functions,

neural network fractional approximation, quasi-interpolation operator, modu-
lus of continuity, fractional derivative.

1 Introduction

The author in [1] and [2], see chapters 2-5, was the �rst to establish neural net-
work approximations to continuous functions with rates by very speci�cally de-
�ned neural network operators of Cardaliaguet-Euvrard and �Squashing�types,
by employing the modulus of continuity of the engaged function or its high order
derivative, and producing very tight Jackson type inequalities. He treats there
both the univariate and multivariate cases. The de�ning these operators �bell-
shaped�and �squashing�function are assumed to be of compact support. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see chapters 4-5 there.
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The author inspired by [12], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [6], [8], [9], [10],
[11], by treating both the univariate and multivariate cases.
Continuation of the author�s last work is this article where neural network

approximation is taken at the fractional level resulting into higher rates of ap-
proximation. We involve the right and left Caputo fractional derivatives of the
function under approximation and we establish tight Jackson type inequalities.
An extensive background is given on fractional calculus and neural networks,
all needed to expose our work. Applications are presented at the end.
Feed-forward neural networks (FNNs) with one hidden layer, the only type

of networks we deal with in this article, are mathematically expressed as

Nn (x) =
nX
j=0

cj� (haj � xi+ bj) ; x 2 Rs, s 2 N,

where for 0 � j � n, bj 2 R are the thresholds, aj 2 Rs are the connection
weights, cj 2 R are the coe¢ cients, haj � xi is the inner product of aj and x, and
� is the activation function of the network. About neural networks in general,
see [16], [17], [18].

2 Background

We need

De�nition 1 Let f 2 C ([a; b]) and 0 � h � b � a. The �rst modulus of
continuity of f at h is given by

!1 (f; h) = supfjf (x)� f (y) ;x; y 2 [a; b] ; jx� yj � hjg (1)

If h > b� a, then we de�ne

!1 (f; h) = !1 (f; b� a) : (2)

Notice here that
lim
h!0

!1 (f; h) = 0:

We also need

De�nition 2 Let � � 0, n = d�e (d�e is the ceiling of the number), f 2
ACn ([a; b]) (space of functions f with f (n�1) 2 AC ([a; b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [13], pp. 49-52,
[15], [19]) the function

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt; (3)

2
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8 x 2 [a; b], where � is the gamma function � (�) =
R1
0
e�tt��1dt, � > 0.

Notice D�
�af 2 L1 ([a; b]) and D�

�af exists a.e.on [a; b] :
We set D0

�af (x) = f (x), 8 x 2 [a; b] :

Lemma 3 ([5]) Let � > 0, � =2 N, n = d�e, f 2 Cn�1 ([a; b]) and f (n) 2
L1 ([a; b]). Then D�

�af (a) = 0:

De�nition 4 (see also [3], [14], [15]). Let f 2 ACm ([a; b]), m = d�e, � > 0.
The right Caputo fractional derivative of order � > 0 is given by

D�
b�f (x) =

(�1)m

� (m� �)

Z b

x

(� � x)m���1 f (m) (�) d�; (4)

8 x 2 [a; b]. We set D0
b�f (x) = f (x) : Notice D�

b�f 2 L1 ([a; b]) and D�
b�f

exists a.e.on [a; b] :

Lemma 5 ([5]) Let f 2 Cm�1 ([a; b]), f (m) 2 L1 ([a; b]), m = d�e, � > 0.
Then D�

b�f (b) = 0:

Convention 6 We assume that

D�
�x0f (x) = 0, for x < x0; (5)

and
D�
x0�f (x) = 0, for x > x0; (6)

for all x; x0 2 (a; b]:

We mention

Proposition 7 ([5]) Let f 2 Cn ([a; b]), n = d�e, � > 0. Then D�
�af (x) is

continuous in x 2 [a; b] :

Also we have

Proposition 8 ([5]) Let f 2 Cm ([a; b]), m = d�e, � > 0. Then D�
b�f (x) is

continuous in x 2 [a; b] :

We further mention

Proposition 9 ([5]) Let f 2 Cm�1 ([a; b]), f (m) 2 L1 ([a; b]), m = d�e, � > 0
and

D�
�x0f (x) =

1

� (m� �)

Z x

x0

(x� t)m���1 f (m) (t) dt; (7)

for all x; x0 2 [a; b] : x � x0:
Then D�

�x0f (x) is continuous in x0:

3
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Proposition 10 ([5]) Let f 2 Cm�1 ([a; b]), f (m) 2 L1 ([a; b]), m = d�e,
� > 0 and

D�
x0�f (x) =

(�1)m

� (m� �)

Z x0

x

(� � x)m���1 f (m) (�) d�; (8)

for all x; x0 2 [a; b] : x � x0:
Then D�

x0�f (x) is continuous in x0:

We need

Proposition 11 ([5]) Let g 2 C ([a; b]), 0 < c < 1, x; x0 2 [a; b]. De�ne

L (x; x0) =

Z x

x0

(x� t)c�1 g (t) dt; for x � x0; (9)

and L (x; x0) = 0, for x < x0:
Then L is jointly continuous in (x; x0) on [a; b]

2
:

We mention

Proposition 12 ([5]) Let g 2 C ([a; b]), 0 < c < 1, x; x0 [a; b]. De�ne

K (x; x0) =

Z x0

x

(� � x)c�1 g (�) d�; for x � x0; (10)

and K (x; x0) = 0; for x > x0:
Then K (x; x0) is jointly continuous from [a; b]

2 into R.

Based on Proposition 11, 12 we derive

Corollary 13 ([5]) Let f 2 Cm ([a; b]), m = d�e, � > 0, x; x0 2 [a; b]. Then
D�
�x0f (x), D

�
x0�f (x) are jointly continuous functions in (x; x0) from [a; b]

2 into
R.

We need

Theorem 14 ([5]) Let f : [a; b]2 ! R be jointly continuous. Consider

G (x) = !1 (f (�; x) ; �; [x; b]) ; (11)

� > 0, x 2 [a; b] :
Then G is continous in x 2 [a; b] :

Also it holds

Theorem 15 ([5]) Let f : [a; b]2 ! R be jointly continuous. Then

H (x) = !1 (f (�; x) ; �; [a; x]) ; (12)

x 2 [a; b], is continuous in x 2 [a; b], � > 0:

4
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We make

Remark 16 ([5]) Let f 2 Cn�1 ([a; b]), f (n) 2 L1 ([a; b]), n = d�e, � > 0,
� =2 N. Then we have

jD�
�af (x)j �



f (n)

1
� (n� � + 1) (x� a)

n�� , 8 x 2 [a; b] : (13)

Thus we observe

!1 (D
�
�af; �) = sup

x;y2[a;b]
jx�yj��

jD�
�af (x)�D�

�af (y)j

� sup
x;y2[a;b]
jx�yj��

 

f (n)

1
� (n� � + 1) (x� a)

n��
+



f (n)

1
�(n��+1) (y � a)

n��
!

�
2


f (n)

1

� (n� � + 1) (b� a)
n��

:

Consequently

!1 (D
�
�af; �) �

2


f (n)

1

� (n� � + 1) (b� a)
n��

: (14)

Similarly, let f 2 Cm�1 ([a; b]), f (m) 2 L1 ([a; b]), m = d�e, � > 0, � =2 N,
then

!1
�
D�
b�f; �

�
�

2


f (m)

1

� (m� �+ 1) (b� a)
m��

: (15)

So for f 2 Cm�1 ([a; b]), f (m) 2 L1 ([a; b]), m = d�e, � > 0, � =2 N, we �nd

s1 (�) := sup
x02[a;b]

!1
�
D�
�x0f; �

�
[x0;b]

�
2


f (m)

1

� (m� �+ 1) (b� a)
m��

; (16)

and

s2 (�) := sup
x02[a;b]

!1
�
D�
x0�f; �

�
[a;x0]

�
2


f (m)

1

� (m� �+ 1) (b� a)
m��

: (17)

By Proposition 15.114, p. 388 of [4], we get here that D�
�x0f 2 C ([x0; b]),

and by [7] we obtain that D�
x0�f 2 C ([a; x0]). Clearly here we have that

s1 (�) ; s2 (�)! 0, as � ! 0:

We consider here the sigmoidal function of logarithmic type

s (x) =
1

1 + e�x
; x 2 R.

It has the properties lim
x!+1

s (x) = 1 and lim
x!�1

s (x) = 0.

5
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This function plays the role of an activation function in the hidden layer of
neural networks.
As in [12], we consider

� (x) :=
1

2
(s (x+ 1)� s (x� 1)) , x 2 R. (18)

We notice the following properties:

i) � (x) > 0, 8 x 2 R;

ii)
P1

k=�1� (x� k) = 1, 8 x 2 R,

iii)
P1

k=�1� (nx� k) = 1, 8 x 2 R; n 2 N;

iv)
R1
�1� (x) dx = 1,

v) � is a density function,

vi) � is even: � (�x) = � (x), x � 0.

We see that ([12])

� (x) =

�
e2 � 1
2e

�
e�x

(1 + e�x�1) (1 + e�x+1)
= (19)�

e2 � 1
2e2

�
1

(1 + ex�1) (1 + e�x�1)
:

vii) By [12] � is decreasing on R+, and increasing on R�.

viii) By [11] for n 2 N, 0 < � < 1, we get
1X

8<: k = �1
: jnx� kj > n1��

� (nx� k) <
�
e2 � 1
2

�
e�n

(1��)
= 3:1992e�n

(1��)
:

(20)

Denote by d�e the ceiling of a number, and by b�c the integral part of a
number. Consider x 2 [a; b] � R and n 2 N such that dnae � bnbc.

ix) By [11] it holds

1Pbnbc
k=dnae� (nx� k)

<
1

� (1)
= 5:250312578; 8 x 2 [a; b] : (21)

x) By [11] it holds lim
n!1

Pbnbc
k=dnae� (nx� k) 6= 1; for at least some x 2 [a; b].

6
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Let f 2 C ([a; b]) and n 2 N such that dnae � bnbc.
We study further (see also [11]) the positive linear neural network operator

Gn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
� (nx� k)Pbnbc

k=dnae� (nx� k)
, x 2 [a; b] : (22)

For large enough n we always obtain dnae � bnbc. Also a � k
n � b, i¤ dnae �

k � bnbc.
We study here further at fractional level the pointwise and uniform conver-

gence of Gn (f; x) to f (x) with rates.
For convinience we call

G�n (f; x) :=

bnbcX
k=dnae

f

�
k

n

�
� (nx� k) ; (23)

that is

Gn (f; x) :=
G�n (f; x)Pbnbc

k=dnae� (nx� k)
: (24)

Thus,

Gn (f; x)� f (x) =
G�n (f; x)Pbnbc

k=dnae� (nx� k)
� f (x)

=
G�n (f; x)� f (x)

Pbnbc
k=dnae� (nx� k)Pbnbc

k=dnae� (nx� k)
: (25)

Consequently we derive

jGn (f; x)� f (x)j �
1

� (1)

������G�n (f; x)� f (x)
bnbcX

k=dnae

� (nx� k)

������ : (26)

That is

jGn (f; x)� f (x)j � (5:250312578)

������
bnbcX

k=dnae

�
f

�
k

n

�
� f (x)

�
� (nx� k)

������ :
(27)

We will estimate the right hand side of (27) involving the right and left Caputo
fractional derivatives of f .
We also consider here the hyperbolic tangent function tanhx, x 2 R :

tanhx :=
ex � e�x
ex + e�x

=
e2x � 1
e2x + 1

.

7
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It has the properties tanh 0 = 0; �1 < tanhx < 1, 8 x 2 R, and tanh (�x) =
� tanhx. Furthermore tanhx ! 1 as x ! 1, and tanhx ! �1, as x ! �1,
and it is strictly increasing on R. Furthermore it holds d

dx tanhx =
1

cosh2 x
> 0:

This function plays also the role of an activation function in the hidden layer
of neural networks.
We further consider

	(x) :=
1

4
(tanh (x+ 1)� tanh (x� 1)) > 0, 8 x 2 R. (28)

We easily see that	(�x) = 	 (x), that is 	 is even on R. Obviously 	 is
di¤erentiable, thus continuous.
Here we follow [8]

Proposition 17 	(x) for x � 0 is strictly decreasing.

Obviously 	(x) is strictly increasing for x � 0. Also it holds lim
x!�1

	(x) =

0 = lim
x!1

	(x) :

Infact 	 has the bell shape with horizontal asymptote the x-axis. So the
maximum of 	 is at zero, 	(0) = 0:3809297:

Theorem 18 We have that
P1

i=�1	(x� i) = 1, 8 x 2 R.

Thus
1X

i=�1
	(nx� i) = 1; 8 n 2 N; 8 x 2 R:

Furthermore we get:
Since 	 is even it holds

P1
i=�1	(i� x) = 1; 8x 2 R:

Hence
P1

i=�1	(i+ x) = 1, 8 x 2 R, and
P1

i=�1	(x+ i) = 1, 8 x 2 R.

Theorem 19 It holds
R1
�1	(x) dx = 1.

So 	(x) is a density function on R.

Theorem 20 Let 0 < � < 1 and n 2 N. It holds
1X

8<: k = �1
: jnx� kj � n1��

	(nx� k) � e4 � e�2n
(1��)

: (29)

Theorem 21 Let x 2 [a; b] � R and n 2 N so that dnae � bnbc. It holds

1Pbnbc
k=dnae	(nx� k)

< 4:1488766 =
1

	 (1)
: (30)

8
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Also by [8], we obtain

lim
n!1

bnbcX
k=dnae

	(nx� k) 6= 1;

for at least some x 2 [a; b].

De�nition 22 Let f 2 C ([a; b]) and n 2 N such that dnae � bnbc.
We further study, as in [8], the positive linear neural network operator

Fn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
	(nx� k)Pbnbc

k=dnae	(nx� k)
, x 2 [a; b] : (31)

We study Fn similarly to Gn:
For convinience we call

F �n (f; x) :=

bnbcX
k=dnae

f

�
k

n

�
	(nx� k) ; (32)

that is

Fn (f; x) :=
F �n (f; x)Pbnbc

k=dnae	(nx� k)
: (33)

Thus,

Fn (f; x)� f (x) =
F �n (f; x)Pbnbc

k=dnae	(nx� k)
� f (x)

=
F �n (f; x)� f (x)

Pbnbc
k=dnae	(nx� k)Pbnbc

k=dnae	(nx� k)
: (34)

Consequently we derive

jFn (f; x)� f (x)j �
1

	 (1)

������F �n (f; x)� f (x)
bnbcX

k=dnae

	(nx� k)

������ : (35)

That is

jFn (f; x)� f (x)j � (4:1488766)

������
bnbcX

k=dnae

�
f

�
k

n

�
� f (x)

�
	(nx� k)

������ : (36)

We will estimate the right hand side of (36).

9
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3 Main Results

We present our �rst main result

Theorem 23 Let � > 0, N = d�e, � =2 N; f 2 ACN ([a; b]), with f (N) 2
L1 ([a; b]) ; 0 < � < 1, x 2 [a; b], n 2 N. Then
i) ������Gn (f; x)�

N�1X
j=1

f (j) (x)

j!
Gn

�
(� � x)j

�
(x)� f (x)

������ � (37)

(5:250312578)

� (�+ 1)
�

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

3:1992e�n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o
;

ii) if f (j) (x) = 0, for j = 1; :::; N � 1, we have

jGn (f; x)� f (x)j �
(5:250312578)

� (�+ 1)
� (38)

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

3:1992e�n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o
;

when � > 1 notice here the extremely high rate of convergence at n�(�+1)� ;
iii)

jGn (f; x)� f (x)j � (5:250312578) � (39)8<:
N�1X
j=1

��f (j) (x)��
j!

�
1

n�j
+ (b� a)j (3:1992) e�n

(1��)
�
+

1

� (�+ 1)

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

3:1992e�n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�oo

;

8 x 2 [a; b] ;
and
iv)

kGnf � fk1 � (5:250312578) � (40)

10
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8<:
N�1X
j=1



f (j)

1
j!

�
1

n�j
+ (b� a)j (3:1992) e�n

(1��)
�
+

1

� (�+ 1)

8>>>><>>>>:

 
sup
x2[a;b]

!1
�
D�
x�f;

1
n�

�
[a;x]

+ sup
x2[a;b]

!1
�
D�
�xf;

1
n�

�
[x;b]

!
n��

+

3:1992e�n
(1��)

(b� a)�
 
sup
x2[a;b]



D�
x�f




1;[a;x]

+ sup
x2[a;b]

kD�
�xfk1;[x;b]

!))
:

Above, when N = 1 the sum
PN�1

j=1 � = 0.
As we see here we obtain fractionally type pointwise and uniform convergence

with rates of Gn ! I the unit operator, as n!1:

Proof. Let x 2 [a; b]. We have that D�
x�f (x) = D

�
�xf (x) = 0.

From [13], p. 54, we get by the left Caputo fractional Taylor formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x
�j
+ (41)

1

� (�)

Z k
n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

for all x � k
n � b:

Also from [3], using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x
�j
+ (42)

1

� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ;

for all a � k
n � x:

Hence we have

f

�
k

n

�
� (nx� k) =

N�1X
j=0

f (j) (x)

j!
� (nx� k)

�
k

n
� x
�j
+ (43)

� (nx� k)
� (�)

Z k
n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

11
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for all x � k
n � b, i¤ dnxe � k � bnbc, and

f

�
k

n

�
� (nx� k) =

N�1X
j=0

f (j) (x)

j!
� (nx� k)

�
k

n
� x
�j
+ (44)

� (nx� k)
� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ;

for all a � k
n � x, i¤ dnae � k � bnxc.

We have that dnxe � bnxc+ 1:
Therefore it holds

bnbcX
k=bnxc+1

f

�
k

n

�
� (nx� k) =

N�1X
j=0

f (j) (x)

j!

bnbcX
k=bnxc+1

� (nx� k)
�
k

n
� x
�j
+

(45)

1

� (�)

bnbcX
k=bnxc+1

� (nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

and

bnxcX
k=dnae

f

�
k

n

�
� (nx� k) =

N�1X
j=0

f (j) (x)

j!

bnxcX
k=dnae

� (nx� k)
�
k

n
� x
�j
+ (46)

1

� (�)

bnxcX
k=dnae

� (nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ:

Adding the last two equalities (45) and (46) we obtain

G�n (f; x) =

bnbcX
k=dnae

f

�
k

n

�
� (nx� k) = (47)

N�1X
j=0

f (j) (x)

j!

bnbcX
k=dnae

� (nx� k)
�
k

n
� x
�j
+

1

� (�)

8<:
bnxcX
k=dnae

� (nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ+

bnbcX
k=bnxc+1

� (nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ

9=; :
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So we have derived

G�n (f; x)� f (x)

0@ bnbcX
k=dnae

� (nx� k)

1A = (48)

N�1X
j=1

f (j) (x)

j!
G�n

�
(� � x)j

�
(x) + �n (x) ;

where

�n (x) :=
1

� (�)

8<:
bnxcX
k=dnae

� (nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ

+

bnbcX
k=bnxc+1

� (nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ

9=; : (49)

We set

�1n (x) :=
1

� (�)

bnxcX
k=dnae

� (nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ;

(50)
and

�2n :=
1

� (�)

bnbcX
k=bnxc+1

� (nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

(51)
i.e.

�n (x) = �1n (x) + �2n (x) : (52)

We assume b � a > 1
n�
, 0 < � < 1, which is always the case for large enough

n 2 N, that is when n >
l
(b� a)�

1
�

m
: It is always true that either

�� k
n � x

�� � 1
n�

or
�� k
n � x

�� > 1
n�
.

For k = dnae ; :::; bnxc, we consider


1k :=

�����
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ

����� (53)

=

�����
Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ

����� �
Z x

k
n

�
J � k

n

���1 ��D�
x�f (J)

�� dJ
�


D�

x�f



1;[a;x]

�
x� �

n

��
�

�


D�

x�f



1;[a;x]

(x� a)�

�
: (54)
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That is


1k �


D�

x�f



1;[a;x]

(x� a)�

�
; (55)

for k = dnae ; :::; bnxc :
Also we have in case of

�� k
n � x

�� � 1
n�
that


1k �
Z x

k
n

�
J � k

n

���1 ��D�
x�f (J)�D�

x�f (x)
�� dJ (56)

�
Z x

k
n

�
J � k

n

���1
!1
�
D�
x�f; jJ � xj

�
[a;x]

dJ

� !1
�
D�
x�f;

����x� k

n

�����
[a;x]

Z x

k
n

�
J � k

n

���1
dJ

� !1
�
D�
x�f;

1

n�

�
[a;x]

�
x� k

n

��
�

� !1
�
D�
x�f;

1

n�

�
[a;x]

1

�na�
: (57)

That is when
�� k
n � x

�� � 1
n�
, then


1k �
!1
�
D�
x�f;

1
n�

�
[a;x]

�na�
: (58)

Consequently we obtain

j�1n (x)j �
1

� (�)

bnxcX
k=dnae

� (nx� k) 
1k =

1

� (�)

8>>>>>><>>>>>>:
bnxcX

8<: k = dnae
:
�� k
n � x

�� � 1
n�

� (nx� k) 
1k +
bnxcX

8<: k = dnae
:
�� k
n � x

�� > 1
n�

� (nx� k) 
1k

9>>>>>>=>>>>>>;
�

1

� (�)

8>>>>>><>>>>>>:

0BBBBBB@
bnxcX

8<: k = dnae
:
�� k
n � x

�� � 1
n�

� (nx� k)

1CCCCCCA
!1
�
D�
x�f;

1
n�

�
[a;x]

�n��
+

0BBBBBB@
bnxcX

8<: k = dnae
:
�� k
n � x

�� > 1
n�

� (nx� k)

1CCCCCCA


D�

x�f



1;[a;x]

(x� a)�

�

9>>>>>>=>>>>>>;
� (60)
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1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

n��
+

0BBBBBB@
1X

8<: k = �1
: jnx� kj > n1��

� (nx� k)

1CCCCCCA


D�

x�f



1;[a;x]

(x� a)�

9>>>>>>=>>>>>>;
� (61)

1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

n��
+ 3:1992e�n

(1��) 

D�
x�f




1;[a;x]

(x� a)�
)
:

So we have proved that

j�1n (x)j �
1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

n��
+ (62)

3:1992e�n
(1��) 

D�

x�f



1;[a;x]

(x� a)�
o
:

Next when k = bnxc+ 1; :::; bnbc we consider


2k :=

�����
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ

����� �
Z k

n

x

�
k

n
� J

���1
jD�

�xf (J)�D�
�xf (x)j dJ =Z k

n

x

�
k

n
� J

���1
jD�

�xf (J)j dJ � kD�
�xfk1;[x;b]

�
k
n � x

��
�

� (63)

kD�
�xfk1;[x;b]

(b� x)�

�
: (64)

Therefore when k = bnxc+ 1; :::; bnbc we get that


2k � kD�
�xfk1;[x;b]

(b� x)�

�
: (65)

In case of
�� k
n � x

�� � 1
n�
, we get


2k �
Z k

n

x

�
k

n
� J

���1
!1 (D

�
�xf; jJ � xj)[x;b] dJ � (66)

!1

�
D�
�xf;

����kn � x
�����

[x;b]

Z k
n

x

�
k

n
� J

���1
dJ �

15
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!1

�
D�
�xf;

1

n�

�
[x;b]

�
k
n � x

��
�

� !1
�
D�
�xf;

1

n�

�
[x;b]

1

�n��
: (67)

So when
�� k
n � x

�� � 1
n�
we derived that


2k �
!1
�
D�
�xf;

1
n�

�
[x;b]

�n��
: (68)

Similarly we have that

j�2n (x)j �
1

� (�)

0@ bnbcX
k=bnxc+1

� (nx� k) 
2k

1A = (69)

1

� (�)

8>>>>>><>>>>>>:
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� � 1
n�

� (nx� k) 
2k +
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� > 1
n�

� (nx� k) 
2k

9>>>>>>=>>>>>>;
�

1

� (�)

8>>>>>><>>>>>>:

0BBBBBB@
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� � 1
n�

� (nx� k)

1CCCCCCA
!1
�
D�
�xf;

1
n�

�
[x;b]

�n��
+

0BBBBBB@
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� > 1
n�

� (nx� k)

1CCCCCCA kD
�
�xfk1;[x;b]

(b� x)�

�

9>>>>>>=>>>>>>;
� (70)

1

� (�+ 1)

(
!1
�
D�
�xf;

1
n�

�
[x;b]

n��
+

0BBBBBB@
1X

8<: k = �1
:
�� k
n � x

�� > 1
n�

� (nx� k)

1CCCCCCA kD
�
�xfk1;[x;b] (b� x)

�

9>>>>>>=>>>>>>;
� (71)

1

� (�+ 1)

(
!1
�
D�
�xf;

1
n�

�
[x;b]

n��
+ 3:1992e�n

(1��)
kD�

�xfk1;[x;b] (b� x)
�

)
:
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So we have proved that

j�2n (x)j �
1

� (�+ 1)

(
!1
�
D�
�xf;

1
n�

�
[x;b]

n��
+ (72)

3:1992e�n
(1��)

kD�
�xfk1;[x;b] (b� x)

�
o
:

Therefore
j�n (x)j � j�1n (x)j+ j�2n (x)j � (73)

1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

n��
+ (74)

3:1992e�n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o
:

From [6], p. 15 we get that���G�n �(� � x)j� (x)��� � 1

n�j
+ (b� a)j (3:1992) e�n

(1��)
; (75)

for j = 1; :::; N � 1, 8 x 2 [a; b] :
Putting things together, we have established������G�n (f; x)� f (x)

0@ bnbcX
k=dnae

� (nx� k)

1A������ � (76)

N�1X
j=1

��f (j) (x)��
j!

�
1

n�j
+ (b� a)j (3:1992) e�n

(1��)
�
+

1

� (�+ 1)

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

3:1992e�n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o

=: An (x) :

(77)
As a result we derive

jGn (f; x)� f (x)j � (5:250312578)An (x) ; (78)

8 x 2 [a; b] :
We further have that

kAnk1 �
N�1X
j=1



f (j)

1
j!

�
1

n�j
+ (b� a)j (3:1992) e�n

(1��)
�
+ (79)
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1

� (�+ 1)

8>>>><>>>>:

(
sup
x2[a;b]

�
!1
�
D�
x�f;

1
n�

�
[a;x]

�
+ sup
x2[a;b]

�
!1
�
D�
�xf;

1
n�

�
[x;b]

�)
n��

+3:1992e�n
(1��)

(b� a)� �( 
sup
x2[a;b]

�

D�
x�f




1;[a;x]

�
+ sup
x2[a;b]

�
kD�

�xfk1;[x;b]

�!))
=: Bn:

Hence it holds
kGnf � fk1 � (5:250312578)Bn: (80)

Since f 2 ACN ([a; b]), N = d�e, � > 0, � =2 N, f (N) 2 L1 ([a; b]), x 2 [a; b],
then we get that f 2 ACN ([a; x]), f (N) 2 L1 ([a; x]) and f 2 ACN ([x; b]),
f (N) 2 L1 ([x; b]) :
We have�

D�
x�f

�
(y) =

(�1)N

� (N � �)

Z x

y

(J � y)N���1 f (N) (J) dJ; (81)

8 y 2 [a; x] and���D�
x�f

�
(y)
�� � 1

� (N � �)

�Z x

y

(J � y)N���1 dJ
�


f (N)




1
(82)

=
1

� (N � �)
(x� y)N��

(N � �)




f (N)



1
=

(x� y)N��

� (N � �+ 1)




f (N)



1
� (b� a)N��

� (N � �+ 1)




f (N)



1
:

That is 

D�
x�f




1;[a;x]

� (b� a)N��

� (N � �+ 1)




f (N)



1
; (83)

and

sup
x2[a;b]



D�
x�f




1;[a;x]

� (b� a)N��

� (N � �+ 1)




f (N)



1
: (84)

Similarly we have

(D�
�xf) (y) =

1

� (N � �)

Z y

x

(y � t)N���1 f (N) (t) dt; (85)

8 y 2 [x; b] :
Thus we get

j(D�
�xf) (y)j �

1

� (N � �)

�Z y

x

(y � t)N���1 dt
�


f (N)




1
�
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1

� (N � �)
(y � x)N��

(N � �)




f (N)



1
� (b� a)N��

� (N � �+ 1)




f (N)



1
:

Hence

kD�
�xfk1;[x;b] �

(b� a)N��

� (N � �+ 1)




f (N)



1
; (86)

and

sup
x2[a;b]

kD�
�xfk1;[x;b] �

(b� a)N��

� (N � �+ 1)




f (N)



1
: (87)

From (16) and (17) we get

sup
x2[a;b]

!1

�
D�
x�f;

1

n�

�
[a;x]

�
2


f (N)

1

� (N � �+ 1) (b� a)
N��

; (88)

and

sup
x2[a;b]

!1

�
D�
�xf;

1

n�

�
[x;b]

�
2


f (N)

1

� (N � �+ 1) (b� a)
N��

: (89)

So that Bn <1:
We �nally notice that

Gn (f; x)�
N�1X
j=1

f (j) (x)

j!
Gn

�
(� � x)j

�
(x)� f (x) = G�n (f; x)�Pbnbc

k=dnae� (nx� k)
�

� 1�Pbnbc
k=dnae� (nx� k)

�
0@N�1X
j=1

f (j) (x)

j!
G�n

�
(� � x)j

�
(x)

1A� f (x)
=

1�Pbnbc
k=dnae� (nx� k)

� � (90)

24G�n (f; x)�
0@N�1X
j=1

f (j) (x)

j!
G�n

�
(� � x)j

�
(x)

1A�
0@ bnbcX
k=dnae

� (nx� k)

1A f (x)
35 :

Therefore we get������Gn (f; x)�
N�1X
j=1

f (j) (x)

j!
Gn

�
(� � x)j

�
(x)� f (x)

������ � (5:250312578) �������G�n (f; x)�
0@N�1X
j=1

f (j) (x)

j!
G�n

�
(� � x)j

�
(x)

1A�
0@ bnbcX
k=dnae

� (nx� k)

1A f (x)
������ ;
(91)

8 x 2 [a; b] :
The proof of the theorem is now complete.
We give our second main result
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Theorem 24 Let � > 0, N = d�e, � =2 N; f 2 ACN ([a; b]), with f (N) 2
L1 ([a; b]) ; 0 < � < 1, x 2 [a; b], n 2 N. Then
i) ������Fn (f; x)�

N�1X
j=1

f (j) (x)

j!
Fn

�
(� � x)j

�
(x)� f (x)

������ �
(4:1488766)

� (�+ 1)
�

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

e4e�2n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o
; (92)

ii) if f (j) (x) = 0, for j = 1; :::; N � 1, we have

jFn (f; x)� f (x)j �
(4:1488766)

� (�+ 1)
�

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

e4e�2n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o
; (93)

when � > 1 notice here the extremely high rate of convergence of n�(�+1)� ;
iii)

jFn (f; x)� f (x)j � (4:1488766) �8<:
N�1X
j=1

��f (j) (x)��
j!

�
1

n�j
+ (b� a)j e4e�2n

(1��)
�
+

1

� (�+ 1)

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

e4e�2n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�oo

; (94)

8 x 2 [a; b] ;
and
iv)

kFnf � fk1 � (4:1488766) �8<:
N�1X
j=1



f (j)

1
j!

�
1

n�j
+ (b� a)j e4e�2n

(1��)
�
+
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1

� (�+ 1)

8>>>><>>>>:

 
sup
x2[a;b]

!1
�
D�
x�f;

1
n�

�
[a;x]

+ sup
x2[a;b]

!1
�
D�
�xf;

1
n�

�
[x;b]

!
n��

+

e4e�2n
(1��)

(b� a)�
 
sup
x2[a;b]



D�
x�f




1;[a;x]

+ sup
x2[a;b]

kD�
�xfk1;[x;b]

!))
: (95)

Above, when N = 1 the sum
PN�1

j=1 � = 0.
As we see here we obtain fractionally type pointwise and uniform convergence

with rates of Fn ! I the unit operator, as n!1:

Proof. Let x 2 [a; b]. We have that D�
x�f (x) = D

�
�xf (x) = 0.

From [13], p. 54, we get by the left Caputo fractional Taylor formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x
�j
+ (96)

1

� (�)

Z k
n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

for all x � k
n � b:

Also from [3], using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x
�j
+ (97)

1

� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ;

for all a � k
n � x:

Hence we have

f

�
k

n

�
	(nx� k) =

N�1X
j=0

f (j) (x)

j!
	 (nx� k)

�
k

n
� x
�j
+ (98)

	(nx� k)
� (�)

Z k
n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

for all x � k
n � b, i¤ dnxe � k � bnbc, and

f

�
k

n

�
	(nx� k) =

N�1X
j=0

f (j) (x)

j!
	 (nx� k)

�
k

n
� x
�j
+ (99)
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	(nx� k)
� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ;

for all a � k
n � x, i¤ dnae � k � bnxc.

Therefore it holds

bnbcX
k=bnxc+1

f

�
k

n

�
	(nx� k) =

N�1X
j=0

f (j) (x)

j!

bnbcX
k=bnxc+1

	(nx� k)
�
k

n
� x
�j
+

(100)

1

� (�)

bnbcX
k=bnxc+1

	(nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

and

bnxcX
k=dnae

f

�
k

n

�
	(nx� k) =

N�1X
j=0

f (j) (x)

j!

bnxcX
k=dnae

	(nx� k)
�
k

n
� x
�j
+ (101)

1

� (�)

bnxcX
k=dnae

	(nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ:

Adding the last two equalities (100) and (101) obtain

F �n (f; x) =

bnbcX
k=dnae

f

�
k

n

�
	(nx� k) = (102)

N�1X
j=0

f (j) (x)

j!

bnbcX
k=dnae

	(nx� k)
�
k

n
� x
�j
+

1

� (�)

8<:
bnxcX
k=dnae

	(nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ+

bnbcX
k=bnxc+1

	(nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ

9=; :
So we have derived

F �n (f; x)� f (x)

0@ bnbcX
k=dnae

	(nx� k)

1A = (103)

N�1X
j=1

f (j) (x)

j!
F �n

�
(� � x)j

�
(x) + un (x) ;
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where

un (x) :=
1

� (�)

8<:
bnxcX
k=dnae

	(nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ

+

bnbcX
k=bnxc+1

	(nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ

9=; : (104)

We set

u1n (x) :=
1

� (�)

bnxcX
k=dnae

	(nx� k)
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ;

(105)
and

u2n :=
1

� (�)

bnbcX
k=bnxc+1

	(nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ;

(106)
i.e.

un (x) = u1n (x) + u2n (x) : (107)

We assume b � a > 1
n�
, 0 < � < 1, which is always the case for large enough

n 2 N, that is when n >
l
(b� a)�

1
�

m
: It is always true that either

�� k
n � x

�� � 1
n�

or
�� k
n � x

�� > 1
n�
.

For k = dnae ; :::; bnxc, we consider


1k :=

�����
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D�

x�f (x)
�
dJ

����� : (108)

As in the proof of Theorem 23 we get


1k �


D�

x�f



1;[a;x]

(x� a)�

�
; (109)

for k = dnae ; :::; bnxc ; and when
��x� k

n

�� � 1
n�
then


1k �
!1
�
D�
x�f;

1
n�

�
[a;x]

�na�
: (110)

Consequently we obtain

ju1n (x)j �
1

� (�)

bnxcX
k=dnae

	(nx� k) 
1k = (111)
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1

� (�)

8>>>>>><>>>>>>:
bnxcX

8<: k = dnae
:
�� k
n � x

�� � 1
n�

	(nx� k) 
1k +
bnxcX

8<: k = dnae
:
�� k
n � x

�� > 1
n�

	(nx� k) 
1k

9>>>>>>=>>>>>>;
�

1

� (�)

8>>>>>><>>>>>>:

0BBBBBB@
bnxcX

8<: k = dnae
:
�� k
n � x

�� � 1
n�

	(nx� k)

1CCCCCCA
!1
�
D�
x�f;

1
n�

�
[a;x]

�n��
+

0BBBBBB@
bnxcX

8<: k = dnae
:
�� k
n � x

�� > 1
n�

	(nx� k)

1CCCCCCA


D�

x�f



1;[a;x]

(x� a)�

�

9>>>>>>=>>>>>>;
� (112)

1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

n��
+

0BBBBBB@
1X

8<: k = �1
: jnx� kj > n1��

	(nx� k)

1CCCCCCA


D�

x�f



1;[a;x]

(x� a)�

9>>>>>>=>>>>>>;
�

1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

n��
+ e4e�2n

(1��) 

D�
x�f




1;[a;x]

(x� a)�
)
:

So we have proved that

ju1n (x)j �
1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

n��
+ (113)

e4e�2n
(1��) 

D�

x�f



1;[a;x]

(x� a)�
o
:

Next when k = bnxc+ 1; :::; bnbc we consider


2k :=

�����
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)�D�
�xf (x)) dJ

����� : (114)
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As in the proof of Theorem 23, when k = bnxc+ 1; :::; bnbc we get that


2k � kD�
�xfk1;[x;b]

(b� x)�

�
; (115)

and when
�� k
n � x

�� � 1
n�
, we derive


2k �
!1
�
D�
�xf;

1
n�

�
[x;b]

�n��
: (116)

Similarly we have that

ju2n (x)j �
1

� (�)

0@ bnbcX
k=bnxc+1

	(nx� k) 
2k

1A =

1

� (�)

8>>>>>><>>>>>>:
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� � 1
n�

	(nx� k) 
2k +
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� > 1
n�

	(nx� k) 
2k

9>>>>>>=>>>>>>;
�

(117)

1

� (�)

8>>>>>><>>>>>>:

0BBBBBB@
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� � 1
n�

	(nx� k)

1CCCCCCA
!1
�
D�
�xf;

1
n�

�
[x;b]

�n��
+

0BBBBBB@
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� > 1
n�

	(nx� k)

1CCCCCCA kD
�
�xfk1;[x;b]

(b� x)�

�

9>>>>>>=>>>>>>;
�

1

� (�+ 1)

(
!1
�
D�
�xf;

1
n�

�
[x;b]

n��
+

0BBBBBB@
1X

8<: k = �1
:
�� k
n � x

�� > 1
n�

	(nx� k)

1CCCCCCA kD
�
�xfk1;[x;b] (b� x)

�

9>>>>>>=>>>>>>;
� (118)
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1

� (�+ 1)

(
!1
�
D�
�xf;

1
n�

�
[x;b]

n��
+ e4e�2n

(1��)
kD�

�xfk1;[x;b] (b� x)
�

)
:

So we have proved that

ju2n (x)j �
1

� (�+ 1)

(
!1
�
D�
�xf;

1
n�

�
[x;b]

n��
+ (119)

e4e�2n
(1��)

kD�
�xfk1;[x;b] (b� x)

�
o
:

Therefore
jun (x)j � ju1n (x)j+ ju2n (x)j �

1

� (�+ 1)

(
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

n��
+ (120)

e4e�2n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o
:

From [8] we get that���F �n �(� � x)j� (x)��� � 1

n�j
+ (b� a)j e4e�2n

(1��)
; (121)

for j = 1; :::; N � 1, 8 x 2 [a; b] :
Putting things together, we have established������F �n (f; x)� f (x)

0@ bnbcX
k=dnae

	(nx� k)

1A������ � (122)

N�1X
j=1

��f (j) (x)��
j!

�
1

n�j
+ (b� a)j e4e�2n

(1��)
�
+

1

� (�+ 1)

8<:
�
!1
�
D�
x�f;

1
n�

�
[a;x]

+ !1
�
D�
�xf;

1
n�

�
[x;b]

�
n��

+

e4e�2n
(1��)

�

D�
x�f




1;[a;x]

(x� a)� + kD�
�xfk1;[x;b] (b� x)

�
�o

=: An (x) :

(123)
As a result we derive

jFn (f; x)� f (x)j � (4:1488766)An (x) ; (124)

8 x 2 [a; b] :
We further have that



An

1 �
N�1X
j=1



f (j)

1
j!

�
1

n�j
+ (b� a)j e4e�2n

(1��)
�
+ (125)
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1

� (�+ 1)

8>>>><>>>>:

(
sup
x2[a;b]

�
!1
�
D�
x�f;

1
n�

�
[a;x]

�
+ sup
x2[a;b]

�
!1
�
D�
�xf;

1
n�

�
[x;b]

�)
n��

+e4e�2n
(1��)

(b� a)� �( 
sup
x2[a;b]

�

D�
x�f




1;[a;x]

�
+ sup
x2[a;b]

�
kD�

�xfk1;[x;b]

�!))
=: Bn:

Hence it holds
kFnf � fk1 � (4:1488766)Bn: (126)

Similarly, as in the proof of Theorem 23, we can prove that Bn <1:
We �nally notice that

Fn (f; x)�
N�1X
j=1

f (j) (x)

j!
Fn

�
(� � x)j

�
(x)� f (x) = F �n (f; x)�Pbnbc

k=dnae	(nx� k)
�

� 1�Pbnbc
k=dnae	(nx� k)

�
0@N�1X
j=1

f (j) (x)

j!
F �n

�
(� � x)j

�
(x)

1A� f (x)
=

1�Pbnbc
k=dnae	(nx� k)

� � (127)

24F �n (f; x)�
0@N�1X
j=1

f (j) (x)

j!
F �n

�
(� � x)j

�
(x)

1A�
0@ bnbcX
k=dnae

	(nx� k)

1A f (x)
35 :

Therefore we get������Fn (f; x)�
N�1X
j=1

f (j) (x)

j!
Fn

�
(� � x)j

�
(x)� f (x)

������ � (4:1488766) �������F �n (f; x)�
0@N�1X
j=1

f (j) (x)

j!
F �n

�
(� � x)j

�
(x)

1A�
0@ bnbcX
k=dnae

	(nx� k)

1A f (x)
������ ;

(128)
8 x 2 [a; b] :
The proof of the theorem is now �nished.
Next we apply Theorem 23 for N = 1.
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Corollary 25 Let 0 < �; � < 1, f 2 AC ([a; b]), f 0 2 L1 ([a; b]), n 2 N. Then

kGnf � fk1 � (5:250312578)

� (�+ 1)
� (129)8>>>><>>>>:

 
sup
x2[a;b]

!1
�
D�
x�f;

1
n�

�
[a;x]

+ sup
x2[a;b]

!1
�
D�
�xf;

1
n�

�
[x;b]

!
n��

+

3:1992e�n
(1��)

(b� a)�
 
sup
x2[a;b]



D�
x�f




1;[a;x]

+ sup
x2[a;b]

kD�
�xfk1;[x;b]

!)
:

Also we apply Theorem 24 for N = 1.

Corollary 26 Let 0 < �; � < 1, f 2 AC ([a; b]), f 0 2 L1 ([a; b]), n 2 N. Then

kFnf � fk1 � (4:1488766)

� (�+ 1)
� (130)8>>>><>>>>:

 
sup
x2[a;b]

!1
�
D�
x�f;

1
n�

�
[a;x]

+ sup
x2[a;b]

!1
�
D�
�xf;

1
n�

�
[x;b]

!
n��

+

e4e�2n
(1��)

(b� a)�
 
sup
x2[a;b]



D�
x�f




1;[a;x]

+ sup
x2[a;b]

kD�
�xfk1;[x;b]

!)
:

We make

Remark 27 Let 0 < � < 1, � > 0, N = d�e, � =2 N, f 2 CN ([a; b]), n 2 N.
Then, by Corollary 13 and Theorems 14, 15, there exist x1; x2 2 [a; b] depended
on n, such that

sup
x2[a;b]

!1

�
D�
x�f;

1

n�

�
[a;x]

= !1

�
D�
x1�f;

1

n�

�
[a;x1]

; (131)

and

sup
x2[a;b]

!1

�
D�
�xf;

1

n�

�
[x;b]

= !1

�
D�
�x2f;

1

n�

�
[x2;b]

: (132)

Clearly here we have in particular that

!1

�
D�
x1�f;

1

n�

�
[a;x1]

! 0; (133)

!1

�
D�
�x2f;

1

n�

�
[x2;b]

! 0;

as n!1. Notice that to each n may correspond di¤erent x1; x2 2 [a; b] :
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Remark 28 Let 0 < � < 1, then by (84), we get

sup
x2[a;b]



D�
x�f




1;[a;x]

� (b� a)1��

� (2� �) kf
0k1 ; (134)

and by (87), we obtain

sup
x2[a;b]

kD�
�xfk1;[x;b] �

(b� a)1��

� (2� �) kf
0k1 ; (135)

given that f 2 AC ([a; b]) and f 0 2 L1 ([a; b]) :

Next we specialize to � = 1
2 :

Corollary 29 Let 0 < � < 1, f 2 AC ([a; b]), f 0 2 L1 ([a; b]), n 2 N. Then
i)

kGnf � fk1 � (10:50062516)p
�

�8>>>><>>>>:

 
sup
x2[a;b]

!1

�
D

1
2
x�f;

1
n�

�
[a;x]

+ sup
x2[a;b]

!1

�
D

1
2�xf;

1
n�

�
[x;b]

!
n
�
2

+

3:1992e�n
(1��)p

b� a
 
sup
x2[a;b]




D 1
2
x�f





1;[a;x]

+ sup
x2[a;b]




D 1
2�xf




1;[x;b]

!)
;

(136)
and
ii)

kFnf � fk1 � (8:2977532)p
�

�8>>>><>>>>:

 
sup
x2[a;b]

!1

�
D

1
2
x�f;

1
n�

�
[a;x]

+ sup
x2[a;b]

!1

�
D

1
2�xf;

1
n�

�
[x;b]

!
n
�
2

+

e4e�2n
(1��)p

b� a
 
sup
x2[a;b]




D 1
2
x�f





1;[a;x]

+ sup
x2[a;b]




D 1
2�xf




1;[x;b]

!)
: (137)

We �nish with
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Remark 30 (to Corollary 29) Assume that

!1

�
D

1
2
x�f;

1

n�

�
[a;x]

� K1

n�
; (138)

and

!1

�
D

1
2�xf;

1

n�

�
[x;b]

� K2

n�
; (139)

8 x 2 [a; b], 8 n 2 N, where K1;K2 > 0:

Then for large enough n 2 N, by (136) and (137), we obtain

kGnf � fk1 ; kFnf � fk1 � T

n
3
2�
; (140)

for some T > 0:
The speed of convergence in (140) is much higher than the corresponding

speeds achieved in [8], [11], which were there 1
n�
:
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Fractional Approximation by
Cardaliaguet-Euvrard and Squashing neural

network operators

George A. Anastassiou
Department of Mathematical Sciences

University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

This article deals with the determination of the fractional rate of
convergence to the unit of some neural network operators, namely, the
Cardaliaguet-Euvrard and �squashing� operators. This is given through
the moduli of continuity of the involved right and left Caputo fractional
derivatives of the approximated function and they appear in the right-
hand side of the associated Jackson type inequalities.

2010 AMSMathematics Subject Classi�cation: 26A33, 41A17, 41A25,
41A30, 41A36.
Keywords and Phrases: Neural network fractional approximation, Carda-

liaguet-Euvrard operator, fractional derivative, modulus of continuity.

1 Introduction

The Cardaliaguet-Euvrard (22) operators were �rst introduced and studied ex-
tensively in [7], where the authors among many other things proved that these
operators converge uniformly on compacta, to the unit over continuous and
bounded functions. Our �squashing operator�(see [1]) (74) was motivated and
isnpired by the �squashing functions�and related Theorem 6 of [7]. The work
in [7] is qualitative where the used bell-shaped function is general. However,
our work, though greatly motivated by [7], is quantitative and the used bell-
shaped and �squashing�functions are of compact support. We produce a series
of Jackson type inequalities giving close upper bounds to the errors in approx-
imating the unit operator by the above neural network induced operators. All

1
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involved constants there are well determined. These are pointwise, uniform and
Lp, p � 1, estimates involving the �rst moduli of continuity of the engaged right
and left Caputo fractional derivatives of the function under approximation. We
give all necessary background of fractional calculus.
Initial work of the subject was done in [1], where we involved only ordinary

derivatives. Article [1] motivated the current work.

2 Background

We need

De�nition 1 Let f 2 C (R) which is bounded or uniformly continuous, h > 0.
We de�ne the �rst modulus of continuity of f at h as follows

!1 (f; h) = supfjf (x)� f (y)j ;x; y 2 R; jx� yj � hg (1)

Notice that !1 (f; h) is �nite for any h > 0, and

lim
h!0

!1 (f; h) = 0:

We also need

De�nition 2 Let f : R! R; � � 0, n = d�e (d�e is the ceiling of the number),
f 2 ACn ([a; b]) (space of functions f with f (n�1) 2 AC ([a; b]), absolutely con-
tinuous functions), 8 [a; b] � R. We call left Caputo fractional derivative (see
[8], pp. 49-52) the function

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt; (2)

8 x � a, where � is the gamma function � (�) =
R1
0
e�tt��1dt, � > 0. Notice

D�
�af 2 L1 ([a; b]) and D�

�af exists a.e.on [a; b], 8 b > a: We set D0
�af (x) =

f (x), 8 x 2 [a;1):

Lemma 3 ([5]) Let � > 0, � =2 N, n = d�e, f 2 Cn�1 (R) and f (n) 2 L1 (R).
Then D�

�af (a) = 0, 8 a 2 R:

De�nition 4 (see also [2], [9], [10]). Let f : R! R; such that f 2 ACm ([a; b]),
8 [a; b] � R; m = d�e, � > 0. The right Caputo fractional derivative of order
� > 0 is given by

D�
b�f (x) =

(�1)m

� (m� �)

Z b

x

(J � x)m���1 f (m) (J) dJ; (3)

8 x � b. We set D0
b�f (x) = f (x), 8 x 2 (�1; b]: Notice that D�

b�f 2 L1 ([a; b])
and D�

b�f exists a.e.on [a; b], 8 a < b:

2
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Lemma 5 ([5]) Let f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e, � > 0. Then
D�
b�f (b) = 0, 8 b 2 R:

Convention 6 We assume that

D�
�x0f (x) = 0, for x < x0; (4)

and
D�
x0�f (x) = 0, for x > x0; (5)

for all x; x0 2 R:

We mention

Proposition 7 (by [3]) Let f 2 Cn (R), where n = d�e, � > 0. Then D�
�af (x)

is continuous in x 2 [a;1):

Also we have

Proposition 8 (by [3]) Let f 2 Cm (R), m = d�e, � > 0. Then D�
b�f (x) is

continuous in x 2 (�1; b]:

We further mention

Proposition 9 (by [3]) Let f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e, � > 0

and

D�
�x0f (x) =

1

� (m� �)

Z x

x0

(x� t)m���1 f (m) (t) dt; (6)

for all x; x0 2 R : x � x0:
Then D�

�x0f (x) is continuous in x0:

Proposition 10 (by [3]) Let f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e, � > 0
and

D�
x0�f (x) =

(�1)m

� (m� �)

Z x0

x

(J � x)m���1 f (m) (J) dJ; (7)

for all x; x0 2 R : x0 � x:
Then D�

x0�f (x) is continuous in x0:

Proposition 11 ([5]) Let g 2 Cb (R) (continuous and bounded), 0 < c < 1,
x; x0 2 R. De�ne

L (x; x0) =

Z x

x0

(x� t)c�1 g (t) dt; for x � x0; (8)

and L (x; x0) = 0, for x < x0:
Then L is jointly continuous in (x; x0) 2 R2:

3
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We mention

Proposition 12 ([5]) Let g 2 Cb (R), 0 < c < 1, x; x0 2 R. De�ne

K (x; x0) =

Z x0

x

(J � x)c�1 g (J) dJ; for x � x0; (9)

and K (x; x0) = 0; for x > x0:
Then K (x; x0) is jointly continuous in (x; x0) 2 R2.

Based on Propositions 11, 12 we derive

Corollary 13 ([5]) Let f 2 Cm (R), f (m) 2 L1 (R), m = d�e, � > 0, � =2 N;
x; x0 2 R. Then D�

�x0f (x), D
�
x0�f (x) are jointly continuous functions in (x; x0)

from R2 into R.

We need

Proposition 14 ([5]) Let f : R2 ! R be jointly continuous. Consider

G (x) = !1 (f (�; x) ; �)[x;+1) ; � > 0; x 2 R: (10)

(Here !1 is de�ned over [x;+1) instead of R:)
Then G is continuous on R:

Proposition 15 ([5]) Let f : R2 ! R be jointly continuous. Consider

H (x) = !1 (f (�; x) ; �)(�1;x] ; � > 0; x 2 R: (11)

(Here !1 is de�ned over (�1; x] instead of R:)
Then H is continuous on R:

By Propositions 14, 15 and Corollary 13 we derive

Proposition 16 ([5]) Let f 2 Cm (R),


f (m)

1 <1, m = d�e, � =2 N; � > 0,

x 2 R. Then !1 (D�
�xf; h)[x;+1), !1

�
D�
x�f; h

�
(�1;x]

are continuous functions
of x 2 R, h > 0 �xed.

We make

Remark 17 Let g be continuous and bounded from R to R. Then

!1 (g; t) � 2 kgk1 <1: (12)

Assuming that (D�
�xf) (t),

�
D�
x�f

�
(t), are both continuous and bounded in (x; t)

2 R2, i.e.
kD�

�xfk1 � K1, 8 x 2 R; (13)

4
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D�
x�f




1 � K2, 8 x 2 R; (14)

where K1;K2 > 0, we get

!1 (D
�
�xf; �)[x;+1) � 2K1;

!1
�
D�
x�f; �

�
(�1;x]

� 2K2, 8 � � 0; (15)

for each x 2 R:
Therefore, for any � � 0,

sup
x2R

h
max

�
!1 (D

�
�xf; �)[x;+1) ; !1

�
D�
x�f; �

�
(�1;x]

�i
� 2max (K1;K2) <1:

(16)
So in our setting for f 2 Cm (R),



f (m)

1 < 1, m = d�e, � =2 N, � > 0,
by Corollary 13 both (D�

�xf) (t),
�
D�
x�f

�
(t) are jointly continuous in (t; x) on

R2. Assuming further that they are both bounded on R2 we get (16) valid.
In particular, each of !1 (D�

�xf; �)[x;+1), !1
�
D�
x�f; �

�
(�1;x]

is �nite for any
� � 0.
Clearly here we have that sup

x2R
!1 (D

�
�xf; �)[x;+1) ! 0, as � ! 0+; and

sup
x2R

!1
�
D�
x�f; �

�
(�1;x]

! 0, as � ! 0 + :

Let us now assume only that f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e,
� > 0, � =2 N, x 2 R. Then, by Proposition 15.114, p. 388 of [4], we �nd that
D�
�xf 2 C ([x;+1)), and by [6] we obtain that D�

x�f 2 C ((�1; x]) :

We make

Remark 18 Again let f 2 Cm (R), m = d�e, � =2 N, � > 0; f (m) (x) = 1, 8
x 2 R; x0 2 R. Notice 0 < m� � < 1. Then

D�
�x0f (x) =

(x� x0)m��

� (m� �+ 1) , 8 x � x0: (17)

Let us consider x; y � x0, then��D�
�x0f (x)�D

�
�x0f (y)

�� = 1

� (m� �+ 1)

���(x� x0)m�� � (y � x0)m�����
� jx� yjm��

� (m� �+ 1) : (18)

So it is not strange to assume that��D�
�x0f (x1)�D

�
�x0f (x2)

�� � K jx1 � x2j� ; (19)

K > 0, 0 < � � 1, 8 x1; x2 2 R, x1; x2 � x0 2 R, where more generally it is

f (m)

1 <1: Thus, one may assume

!1
�
D�
x�f; �

�
(�1;x]

�M1�
�1 , and (20)

5
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!1 (D
�
�xf; �)[x;+1) �M2�

�2 ;

where 0 < �1; �2 � 1, 8 � > 0, M1;M2 > 0; any x 2 R:
Setting � = min (�1; �2) and M = max (M1;M2), in that case we obtain

sup
x2R

n
max

�
!1
�
D�
x�f; �

�
(�1;x]

; !1 (D
�
�xf; �)[x;+1)

�o
�M�� ! 0, as � ! 0 + :

(21)

3 Results

3.1 Fractional convergence with rates of the Cardaliaguet-
Euvrard neural network operators

We need the following (see [7]).

De�nition 19 A function b : R! R is said to be bell-shaped if b belongs to L1

and its integral is nonzero, if it is nondecreasing on (�1; a) and nonincreasing
on [a;+1), where a belongs to R. In particular b (x) is a nonnegative number
and at a b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b (x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [�T; T ], T > 0. Call I :=

R T
�T b (t) dt.

Note that I > 0.

We follow [1], [7].

Example 20 (1) b (x) can be the characteristic function over [�1; 1] :
(2) b (x) can be the hat function over [�1; 1], i.e.,

b (x) =

8<:
1 + x, � 1 � x � 0;
1� x; 0 < x � 1
0, elsewhere.

These are centered bell-shaped functions of compact support.
Here we consider functions f : R! R that are continuous.

In this article we study the fractional convergence with rates over the real
line, to the unit operator, of the Cardaliaguet-Euvrard neural network operators
(see [7]),

(Fn (f)) (x) :=
n2X

k=�n2

f
�
k
n

�
I � n� � b

�
n1�� �

�
x� k

n

��
; (22)

where 0 < � < 1 and x 2 R, n 2 N. The terms in the sum (22) can be nonzero
i¤ ����n1���x� k

n

����� � T , i.e. ����x� k

n

���� � T

n1��

6
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i¤
nx� Tn� � k � nx+ Tn�: (23)

In order to have the desired order of numbers

�n2 � nx� Tn� � nx+ Tn� � n2; (24)

it is su¢ cient enough to assume that

n � T + jxj : (25)

When x 2 [�T; T ] it is enough to assume n � 2T which implies (24).

Proposition 21 Let a � b, a; b 2 R. Let card (k) (� 0) be the maximum
number of integers contained in [a; b]. Then

max (0; (b� a)� 1) � card (k) � (b� a) + 1: (26)

Remark 22 We would like to establish a lower bound on card (k) over the
interval [nx� Tn�; nx+ Tn�]. From Proposition 21 we get that

card (k) � max (2Tn� � 1; 0) :

We obtain card (k) � 1, if

2Tn� � 1 � 1 i¤ n � T� 1
� :

So to have the desired order (24) and card (k) � 1 over [nx� Tn�; nx+ Tn�],
we need to consider

n � max
�
T + jxj ; T� 1

�

�
: (27)

Also notice that card (k)! +1, as n! +1. We call b� := b (0) the maximum
of b (x) :
Denote by [�] the integral part of a number.
Following [1] we have

[nx+Tn�]X
k=dnx�Tn�e

1

I � n� � b
�
n1�� �

�
x� k

n

��

� b�

I � n� �
[nx+Tn�]X

k=dnx�Tn�e

1

� b�

I � n� � (2Tn
� + 1) =

b�

I
�
�
2T +

1

n�

�
: (28)

We will use

7
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Lemma 23 It holds that

Sn (x) :=

[nx+Tn�]X
k=dnx�Tn�e

1

I � n� � b
�
n1��

�
x� k

n

��
! 1; (29)

pointwise, as n! +1, where x 2 R.

Remark 24 Clearly we have that

nx� Tn� � nx � nx+ Tn�: (30)

We prove in general that

nx� Tn� � [nx] � nx � dnxe � nx+ Tn�: (31)

Indeed we have that, if [nx] < nx � Tn�, then [nx] + Tn� < nx; and [nx] +
[Tn�] � [nx], resulting into [Tn�] = 0, which for large enough n is not true.
Therefore nx � Tn� � [nx]. Similarly, if dnxe > nx + Tn�, then nx + Tn� �
nx + [Tn�], and dnxe � [Tn�] > nx, thus dnxe � [Tn�] � dnxe, resulting into
[Tn�] = 0, which again for large enough n is not true.
Therefore without loss of generality we may assume that

nx� Tn� � [nx] � nx � dnxe � nx+ Tn�: (32)

Hence dnx� Tn�e � [nx] and dnxe � [nx+ Tn�] : Also if [nx] 6= dnxe, then
dnxe = [nx] + 1. If [nx] = dnxe, then nx 2 Z; and by assuming n � T� 1

� , we
get Tn� � 1 and nx+ Tn� � nx+ 1, so that [nx+ Tn�] � nx+ 1 = [nx] + 1:

We present our �rst main result

Theorem 25 We consider f : R ! R. Let � > 0, N = d�e, � =2 N,
f 2 ACN ([a; b]), 8 [a; b] � R, with f (N) 2 L1 (R). Let also x 2 R, T > 0,

n 2 N : n � max
�
T + jxj ; T� 1

�

�
. We further assume that D�

�xf; D
�
x�f are uni-

formly continuous functions or continuous and bounded on [x;+1), (�1; x],
respectively.
Then
1)

jFn (f) (x)� f (x)j � jf (x)j � (33)������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������+
b�

I

�
2T +

1

n�

�0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A
8
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+
b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

above
P0

j=1 � = 0;
2) ������(Fn (f)) (x)�

N�1X
j=0

f (j) (x)

j!

�
Fn

�
(� � x)j

��
(x)

������ � (34)

b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
=: �n (x) ;

3) assume further that f (j) (x) = 0, for j = 0; 1; :::; N � 1, we get

jFn (f) (x)j � �n (x) ; (35)

4) in case of N = 1, we obtain

jFn (f) (x)� f (x)j � jf (x)j � (36)������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������+
b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Here we get fractionally with rates the pointwise convergence of (Fn (f)) (x)!
f (x), as n!1, x 2 R.

Proof. Let x 2 R. We have that

D�
x�f (x) = D

�
�xf (x) = 0. (37)

From [8], p. 54, we get by the left Caputo fractional Taylor formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (38)

9
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1

� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

for all x � k
n � x+ Tn

��1; i¤ dnxe � k � [nx+ Tn�], where k 2 Z.
Also from [2], using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (39)

1

� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ;

for all x� Tn��1 � k
n � x; i¤ dnx� Tn

�e � k � [nx], where k 2 Z.
Notice that dnxe � [nx] + 1:
Hence we have

f
�
k
n

�
b
�
n1��

�
x� k

n

��
In�

=
N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j b �n1�� �x� k
n

��
In�

+ (40)

b
�
n1��

�
x� k

n

��
In�� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and

f
�
k
n

�
b
�
n1��

�
x� k

n

��
In�

=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j b �n1�� �x� k
n

��
In�

+ (41)

b
�
n1��

�
x� k

n

��
In�� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

Therefore we obtain P[nx+Tn�]
k=[nx]+1 f

�
k
n

�
b
�
n1��

�
x� k

n

��
In�

= (42)

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=[nx]+1

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
In�

1A+
[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
In�� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and P[nx]
k=dnx�Tn�e f

�
k
n

�
b
�
n1��

�
x� k

n

��
In�

= (43)

10
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N�1X
j=0

f (j) (x)

j!

P[nx]
k=dnx�Tn�e

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
In�

+

P[nx]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
In�� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

We notice here that

(Fn (f)) (x) :=
n2X

k=�n2

f
�
k
n

�
In�

b

�
n1��

�
x� k

n

��
= (44)

[nx+Tn�]X
k=dnx�Tn�e

f
�
k
n

�
In�

b

�
n1��

�
x� k

n

��
:

Adding the two equalities (42) and (43) we obtain

(Fn (f)) (x) =

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
In�

1A+ �n (x) ; (45)

where

�n (x) :=

P[nx]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
In�� (�)

�

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ+

[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
In�� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (46)

We call

�1n (x) :=

P[nx]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
In�� (�)

�

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ; (47)

and

�2n (x) :=

[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
In�� (�)

�

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (48)
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I.e.
�n (x) = �1n (x) + �2n (x) : (49)

We further have

(Fn (f)) (x)� f (x) = f (x)

0@P[nx+Tn�]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
In�

� 1

1A+ (50)

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
In�

1A+ �n (x) ;
and

j(Fn (f)) (x)� f (x)j � jf (x)j

������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������+
N�1X
j=1

��f (j) (x)��
j!

0@P[nx+Tn�]
k=dnx�Tn�e

��x� k
n

��j b �n1�� �x� k
n

��
In�

1A+ j�n (x)j �
jf (x)j

������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������+ (51)

N�1X
j=1

��f (j) (x)��
j!

T j

n(1��)j

0@P[nx+Tn�]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
In�

1A+ j�n (x)j =: (�) :
But we have

[nx+Tn�]X
k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� b�

I

�
2T +

1

n�

�
; (52)

by (28).
Therefore we obtain

j(Fn (f)) (x)� f (x)j � jf (x)j

������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������+
b�

I

�
2T +

1

n�

�0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A+ j�n (x)j : (53)

Next we see that


1n :=
1

� (�)

�����
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ

����� � (54)
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1

� (�)

Z x

k
n

�
J � k

n

���1 ���D�
x�f (J)�D

�
x�f (x) dJ

��� �
1

� (�)

Z x

k
n

�
J � k

n

���1
!1

�
D�
x�f; jJ � xj

�
(�1;x]

dJ �

1

� (�)
!1

�
D�
x�f;

����x� k

n

�����
(�1;x]

Z x

k
n

�
J � k

n

���1
dJ �

1

� (�)
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�
x� k

n

��
�

�

1

� (� + 1)
!1

�
D�
x�f;

T

n1��

�
(�1;x]

T �

n(1��)�
:

That is


1n �
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

: (55)

Furthermore

j�1n (x)j �
[nx]X

k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
In�


1n � (56)

0@ [nx]X
k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
In�

1A T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�

0@ [nx+Tn�]X
k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
In�

1A T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�

b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

:

So that

j�1n (x)j �
b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

: (57)

Similarly we derive


2n :=
1

� (�)

�����
Z k

n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ

����� � (58)

1

� (�)

Z k
n

x

�
k

n
� J

���1 ��D�
�xf (J)�D�

�xf (x)
�� dJ �
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!1

�
D�
�xf;

T
n1��

�
[x;+1)

� (� + 1)

�
k

n
� x

��
�

!1

�
D�
�xf;

T
n1��

�
[x;+1)

� (� + 1)

T �

n(1��)�
:

That is


2n �
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

: (59)

Consequently we �nd

j�2n (x)j �

0@[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
In�

1A �
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

� (60)

b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

:

So we have proved that

j�n (x)j �
b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
� (61)

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Combining (53) and (61) we have (33).
As an application of Theorem 25 we give

Theorem 26 Let � > 0, N = d�e, � =2 N, f 2 CN (R), with f (N) 2 L1 (R).
Let also T > 0, n 2 N : n � max

�
2T; T�

1
�

�
: We further assume that D�

�xf (t),

D�
x�f (t) are both bounded in (x; t) 2 R2: Then
1)

kFn (f)� fk1;[�T;T ] � kfk1;[�T;T ] � (62)






[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1








1;[�T;T ]

+

b�

I

�
2T +

1

n�

�0@N�1X
j=1



f (j)

1;[�T;T ] T
j

j!n(1��)j

1A+ b�
I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�

14
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(
sup

x2[�T;T ]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

2) in case of N = 1, we obtain

kFn (f)� fk1;[�T;T ] � kfk1;[�T;T ] � (63)






[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1








1;[�T;T ]

+

b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

sup
x2[�T;T ]

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

An interesting case is when � = 1
2 :

Assuming further that



P[nx+Tn�]

k=dnx�Tn�e
1
In� b

�
n1��

�
x� k

n

��
� 1




1;[�T;T ]

!
0, as n!1, we get fractionally with rates the uniform convergence of Fn (f)!
f , as n!1:

Proof. From (33), (36) of Theorem 25, and by Remark 17.
Also by

[nx+Tn�]X
k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� b�

I
(2T + 1) ; (64)

we get that






[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1








1;[�T;T ]

�
�
b�

I
(2T + 1) + 1

�
:

(65)

One can also apply Remark 18 to the last Theorem 26, to get interesting
and simpli�ed results.
We make

Remark 27 Let b (x) be a centered bell-shaped continuous function on R of
compact support [�T; T ], T > 0. Let x 2 [�T �; T �], T � > 0, and n 2 N : n �
max

�
T + T �; T�

1
�

�
; 0 < � < 1: Consider p � 1.

Clearly we get here that������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������
p

�
�
b�

I
(2T + 1) + 1

�p
; (66)
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for all x 2 [�T �; T �], for any n � max
�
T + T �; T�

1
�

�
:

By Lemma 23, we obtain that

lim
n!1

������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������
p

= 0; (67)

all x 2 [�T �; T �].
Now it is clear, by the bounded convergence theorem, that

lim
n!1








[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1








p;[�T�;T�]

= 0: (68)

Let � > 0, N = d�e, � =2 N, f 2 CN (R), f (N) 2 L1 (R). Here both D�
�xf (t),

D�
x�f (t) are bounded in (x; t) 2 R2:
By Theorem 25 we have

jFn (f) (x)� f (x)j � kfk1;[�T�;T�] � (69)������
[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1

������+
b�

I

�
2T +

1

n�

�0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A
+
b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

sup
x2[�T�;T�]

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T�;T�]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Applying to the last inequality (69) the monotonicity and subadditive property
of k�kp, we derive the following Lp, p � 1, interesting result.

Theorem 28 Let b (x) be a centered bell-shaped continuous function on R of
compact support [�T; T ], T > 0. Let x 2 [�T �; T �], T � > 0, and n 2 N :

n � max
�
T + T �; T�

1
�

�
; 0 < � < 1; p � 1. Let � > 0, N = d�e, � =2 N,

f 2 CN (R), with f (N) 2 L1 (R). Here both D�
�xf (t), D

�
x�f (t) are bounded in

(x; t) 2 R2: Then
1)

kFnf � fkp;[�T�;T�] � kfk1;[�T�;T�] � (70)






[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1








p;[�T�;T�]

+
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b�

I

�
2T +

1

n�

�0@N�1X
j=1



f (j)


p;[�T�;T�] T

j

j!n(1��)j

1A+
2
1
pT �

1
p b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

sup
x2[�T�;T�]

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T�;T�]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

2) When N = 1, we derive

kFnf � fkp;[�T�;T�] � kfk1;[�T�;T�] � (71)






[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1








p;[�T�;T�]

+

2
1
pT �

1
p b�

I

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

sup
x2[�T�;T�]

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T�;T�]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

By (70), (71) we derive the fractional Lp, p � 1, convergence with rates of Fnf
to f .

3.2 The �Squashing operators� and their fractional con-
vergence to the unit with rates

We need (see also [1], [7]).

De�nition 29 Let the nonnegative function S : R! R, S has compact support
[�T; T ], T > 0, and is nondecreasing there and it can be continuous only on
either (�1; T ] or [�T; T ]. S can have jump discontinuities. We call S the
�squashing function�.

Let f : R! R be continuous. Assume that

I� :=

Z T

�T
S (t) dt > 0: (72)

Obviously
max

x2[�T;T ]
S (x) = S (T ) : (73)
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For x 2 R we de�ne the �squashing operator�([1])

(Gn (f)) (x) :=
n2X

k=�n2

f
�
k
n

�
I� � n� � S

�
n1�� �

�
x� k

n

��
; (74)

0 < � < 1 and n 2 N : n � max
�
T + jxj ; T� 1

�

�
. It is clear that

(Gn (f)) (x) =

[nx+Tn�]X
k=dnx�Tn�e

f
�
k
n

�
I� � n� � S

�
n1�� �

�
x� k

n

��
: (75)

Here we study the fractional convergence with rates of (Gnf) (x) ! f (x), as
n! +1, x 2 R.
Notice that

[nx+Tn�]X
k=dnx�Tn�e

1 � (2Tn� + 1) : (76)

From [1] we need

Lemma 30 It holds that

Dn (x) :=

[nx+Tn�]X
k=dnx�Tn�e

1

I� � n� � S
�
n1�� �

�
x� k

n

��
! 1; (77)

pointwise, as n! +1, where x 2 R.

We present our second main result

Theorem 31 We consider f : R ! R. Let � > 0, N = d�e, � =2 N,
f 2 ACN ([a; b]), 8 [a; b] � R, with f (N) 2 L1 (R). Let also x 2 R; T >

0; n 2 N : n � max
�
T + jxj ; T� 1

�

�
. We further assume that D�

�xf , D
�
x�f are

uniformly continuous functions or continuous and bounded on [x;+1), (�1; x],
respectively.
Then
1)

jGn (f) (x)� f (x)j � jf (x)j � (78)������
[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1

������+
S (T )

I�

�
2T +

1

n�

�0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A
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+
S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

above
P0

j=1 � = 0;
2) ������(Gn (f)) (x)�

N�1X
j=0

f (j) (x)

j!

�
Gn

�
(� � x)j

��
(x)

������ � (79)

S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
=: ��n (x) ;

3) assume further that f (j) (x) = 0, for j = 0; 1; :::; N � 1, we get

jGn (f) (x)j � ��n (x) ; (80)

4) in case of N = 1, we obtain

jGn (f) (x)� f (x)j � jf (x)j � (81)������
[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1

������+
S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Here we get fractionally with rates the pointwise convergence of (Gn (f)) (x)!
f (x), as n!1, x 2 R.

Proof. Let x 2 R. We have that

D�
x�f (x) = D

�
�xf (x) = 0.

From [8], p. 54, we get by the left Caputo fractional Taylor formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (82)
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1

� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

for all x � k
n � x+ Tn

��1; i¤ dnxe � k � [nx+ Tn�], where k 2 Z.
Also from [2], using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (83)

1

� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ;

for all x� Tn��1 � k
n � x; i¤ dnx� Tn

�e � k � [nx], where k 2 Z.
Hence we have

f
�
k
n

�
S
�
n1��

�
x� k

n

��
I�n�

=
N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j S �n1�� �x� k
n

��
I�n�

+ (84)

S
�
n1��

�
x� k

n

��
I�n�� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and

f
�
k
n

�
S
�
n1��

�
x� k

n

��
I�n�

=
N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j S �n1�� �x� k
n

��
I�n�

+ (85)

S
�
n1��

�
x� k

n

��
I�n�� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

Therefore we obtain P[nx+Tn�]
k=[nx]+1 f

�
k
n

�
S
�
n1��

�
x� k

n

��
I�n�

= (86)

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=[nx]+1

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
I�n�

1A+
[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
I�n�� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and P[nx]
k=dnx�Tn�e f

�
k
n

�
S
�
n1��

�
x� k

n

��
I�n�

= (87)

N�1X
j=0

f (j) (x)

j!

P[nx]
k=dnx�Tn�e

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
I�n�

+

20

73GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS



P[nx]
k=dnx�Tn�e S

�
n1��

�
x� k

n

��
I�n�� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

Adding the two equalities (86) and (87) we obtain

(Gn (f)) (x) =

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
I�n�

1A+Mn (x) ; (88)

where

Mn (x) :=

P[nx]
k=dnx�Tn�e S

�
n1��

�
x� k

n

��
I�n�� (�)

�

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ+

[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
I�n�� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (89)

We call

M1n (x) :=

[nx]X
k=dnx�Tn�e

S
�
n1��

�
x� k

n

��
I�n�� (�)

�

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ; (90)

and

M2n (x) :=

[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
I�n�� (�)

�

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (91)

I.e.
Mn (x) =M1n (x) +M2n (x) : (92)

We further have

(Gn (f)) (x)� f (x) = f (x)

0@P[nx+Tn�]
k=dnx�Tn�e S

�
n1��

�
x� k

n

��
I�n�

� 1

1A+ (93)

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
I�n�

1A+Mn (x) ;
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and

j(Gn (f)) (x)� f (x)j � jf (x)j

������
[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1

������+
(94)

N�1X
j=1

��f (j) (x)��
j!

0@P[nx+Tn�]
k=dnx�Tn�e

��x� k
n

��j S �n1�� �x� k
n

��
I�n�

1A+ jMn (x)j �

jf (x)j

������
[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1

������+
N�1X
j=1

��f (j) (x)��
j!

T j

n(1��)j

0@P[nx+Tn�]
k=dnx�Tn�e S

�
n1��

�
x� k

n

��
I�n�

1A+ jMn (x)j =: (�) :

(95)
Therefore we obtain

j(Gn (f)) (x)� f (x)j � jf (x)j

������
[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1

������+
S (T )

I�

�
2T +

1

n�

�0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A+ jMn (x)j : (96)

We call


1n :=
1

� (�)

�����
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ

����� : (97)

As in the proof of Theorem 25 we have


1n �
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

: (98)

Furthermore

jM1n (x)j �
[nx]X

k=dnx�Tn�e

S
�
n1��

�
x� k

n

��
I�n�


1n � (99)

0@ [nx]X
k=dnx�Tn�e

S
�
n1��

�
x� k

n

��
I�n�

1A T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�

0@ [nx+Tn�]X
k=dnx�Tn�e

S
�
n1��

�
x� k

n

��
I�n�

1A T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�
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S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

:

So that

jM1n (x)j �
S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

:

(100)
We also call


2n :=
1

� (�)

�����
Z k

n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ

����� : (101)

As in the proof of Theorem 25 we get


2n �
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

: (102)

Consequently we �nd

jM2n (x)j �

0@[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
I�n�

1A �
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

� (103)

S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

:

So we have proved that

jMn (x)j �
S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
� (104)

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Combining (96) and (104) we have (78).
As an application of Theorem 31 we give

Theorem 32 Let � > 0, N = d�e, � =2 N, f 2 CN (R), with f (N) 2 L1 (R).
Let also T > 0, n 2 N : n � max

�
2T; T�

1
�

�
: We further assume that D�

�xf (t),

D�
x�f (t) are both bounded in (x; t) 2 R2: Then
1)

kGn (f)� fk1;[�T;T ] � kfk1;[�T;T ] � (105)
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[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1








1;[�T;T ]

+

S (T )

I�

�
2T +

1

n�

�0@N�1X
j=1



f (j)

1;[�T;T ] T
j

j!n(1��)j

1A+
S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

sup
x2[�T;T ]

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

2) in case of N = 1, we obtain

kGn (f)� fk1;[�T;T ] � kfk1;[�T;T ] � (106)






[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1








1;[�T;T ]

+

S (T )

I�

�
2T +

1

n�

�
T �

� (� + 1)n(1��)�
�(

sup
x2[�T;T ]

!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

An interesting case is when � = 1
2 :

Assuming further that



P[nx+Tn�]

k=dnx�Tn�e
1

I�n�S
�
n1��

�
x� k

n

��
� 1




1;[�T;T ]

!
0, as n!1, we get fractionally with rates the uniform convergence of Gn (f)!
f , as n!1:

Proof. From (78), (81) of Theorem 31, and by Remark 17.
Also by

[nx+Tn�]X
k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� S (T )

I�
(2T + 1) ; (107)

we get that






[nx+Tn�]X

k=dnx�Tn�e

1

I�n�
S

�
n1��

�
x� k

n

��
� 1








1;[�T;T ]

�
�
S (T )

I�
(2T + 1) + 1

�
:

(108)

One can also apply Remark 18 to the last Theorem 32, to get interesting
and simpli�ed results.
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Note 33 The maps Fn, Gn, n 2 N, are positive linear operators.

We �nish with

Remark 34 The condition of Theorem 26 that






[nx+Tn�]X

k=dnx�Tn�e

1

In�
b

�
n1��

�
x� k

n

��
� 1








1;[�T;T ]

! 0; (109)

as n!1, is not uncommon.

We give an example related to that.
We take as b (x) the characteristic function over [�1; 1], that is �[�1;1] (x).

Here T = 1 and I = 2, n � 2, x 2 [�1; 1] :
We get that

[nx+n�]X
k=dnx�n�e

1

2n�
�[�1;1]

�
n1��

�
x� k

n

��
(23)
=

[nx+n�]X
k=dnx�n�e

1

2n�
=

1

2n�

0@ [nx+n�]X
k=dnx�n�e

1

1A =
([nx+ n�]� dnx� n�e+ 1)

2n�
: (110)

But we have
[nx+ n�]� dnx� n�e+ 1 � 2n� + 1;

hence
([nx+ n�]� dnx� n�e+ 1)

2n�
� 1 + 1

2n�
: (111)

Also it holds

[nx+ n�]� dnx� n�e+ 1 � 2n� � 2 + 1 = 2n� � 1;

and
([nx+ n�]� dnx� n�e+ 1)

2n�
� 1� 1

2n�
: (112)

Consequently we derive that

� 1

2n�
�

0@ [nx+n�]X
k=dnx�n�e

1

2n�
�[�1;1]

�
n1��

�
x� k

n

��
� 1

1A � 1

2n�
; (113)

for any x 2 [�1; 1] and for any n � 2.
Hence we get






[nx+n�]X

k=dnx�n�e

1

2n�
�[�1;1]

�
n1��

�
x� k

n

��
� 1








1;[�1;1]

! 0, as n!1: (114)
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Abstract

This article deals with the determination of the rate of convergence
to the unit of some neural network operators, namely, �the normalized
bell and squashing type operators�. This is given through the modulus of
continuity of the involved function or its derivative and that appears in
the right-hand side of the associated Jackson type inequalities.

2010 AMSMathematics Subject Classi�cation: 41A17, 41A25, 41A30,
41A36.
Keywords and Phrases: Neural network approximation, bell and squash-

ing functions, modulus of continuity.

1 Introduction

The Cardaliaguet-Euvrard operators were �rst introduced and studied exten-
sively in [2], where the authors among many other things proved that these
operators converge uniformly on compacta, to the unit over continuous and
bounded functions. Our �normalized bell and squashing type operators�(1) and
(18) were motivated and inspired by [2]. The work in [2] is qualitative where the
used bell-shaped function is general. However, our work, though greatly moti-
vated by [2], is quantitative and the used bell-shaped and �squashing�functions
are of compact support. We produce a series of inequalities giving close upper
bounds to the errors in approximating the unit operator by the above neural
network induced operators. All involved constants there are well determined.
These are mainly pointwise estimates involving the �rst modulus of continuity

1

80GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS



of the engaged continuous function or some of its derivatives. This work is a
continuation and simpli�cation of our earlier work in [1].

2 Convergence with rates of the normalized bell
type neural network operators

We need the following (see [2]).

De�nition 1 A function b : R ! R is said to be bell-shaped if b belongs to L1

and its integral is nonzero, if it is nondecreasing on (�1; a) and nonincreasing
on [a;+1), where a belongs to R. In particular b (x) is a nonnegative number
and at a b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b (x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [�T; T ], T > 0.

Example 2 (1) b (x) can be the characteristic function over [�1; 1] :
(2) b (x) can be the hat function over [�1; 1], i.e.,

b (x) =

8<:
1 + x, � 1 � x � 0;
1� x; 0 < x � 1
0, elsewhere.

Here we consider functions f : R ! R that are either continuous and bounded,
or uniformly continuous.

In this article we study the pointwise convergence with rates over the real
line, to the unit operator, of the �normalized bell type neural network opera-
tors�,

(Hn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
b
�
n1��

�
x� k

n

��Pn2

k=�n2 b
�
n1��

�
x� k

n

�� ; (1)

where 0 < � < 1 and x 2 R, n 2 N. The terms in the ratio of sums (1) can be
nonzero i¤ ����n1���x� k

n

����� � T , i.e. ����x� k

n

���� � T

n1��

i¤
nx� Tn� � k � nx+ Tn�: (2)

In order to have the desired order of numbers

�n2 � nx� Tn� � nx+ Tn� � n2; (3)

2
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it is su¢ cient enough to assume that

n � T + jxj : (4)

When x 2 [�T; T ] it is enough to assume n � 2T which implies (3).

Proposition 3 (see [1]) Let a � b, a; b 2 R. Let card (k) (� 0) be the maxi-
mum number of integers contained in [a; b]. Then

max (0; (b� a)� 1) � card (k) � (b� a) + 1:

Note 4 We would like to establish a lower bound on card (k) over the interval
[nx� Tn�; nx+ Tn�]. From Proposition 3 we get that

card (k) � max (2Tn� � 1; 0) :

We obtain card (k) � 1, if

2Tn� � 1 � 1 i¤ n � T� 1
� :

So to have the desired order (3) and card (k) � 1 over [nx� Tn�; nx+ Tn�],
we need to consider

n � max
�
T + jxj ; T� 1

�

�
: (5)

Also notice that card (k)! +1, as n! +1.

Denote by [�] the integral part of a number and by d�e its ceiling. Here comes
our �rst main result.

Theorem 5 Let x 2 R, T > 0 and n 2 N such that n � max
�
T + jxj ; T� 1

�

�
:

Then

j(Hn (f)) (x)� f (x)j � !1
�
f;

T

n1��

�
; (6)

where !1 is the �rst modulus of continuity of f .

Proof. Call

V (x) :=

[nx+Tn�]X
k=dnx�Tn�e

b

�
n1��

�
x� k

n

��
:

Clearly we obtain
� := j(Hn (f)) (x)� f (x)j

=

������
P[nx+Tn�]

k=dnx�Tn�e f
�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

� f (x)

������ :
3
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The last comes by the compact support [�T; T ] of b and (2).
Hence it holds

� =

������
[nx+Tn�]X

k=dnx�Tn�e

�
f
�
k
n

�
� f (x)

�
V (x)

b

�
n1��

�
x� k

n

��������
�

[nx+Tn�]X
k=dnx�Tn�e

!1
�
f;
�� k
n � x

���
V (x)

b

�
n1��

�
x� k

n

��
:

Thus
j(Hn (f)) (x)� f (x)j �

!1

�
f;

T

n1��

� �P[nx+Tn�]
k=dnx�Tn�e b

�
n1��

�
x� k

n

���
V (x)

= !1

�
f;

T

n1��

�
;

proving the claim.
Our second main result follows.

Theorem 6 Let x 2 R, T > 0 and n 2 N such that n � max
�
T + jxj ; T� 1

�

�
:

Let f 2 CN (R), N 2 N, such that f (N) is a uniformly continuous function or
f (N) is continuous and bounded. Then

j(Hn (f)) (x)� f (x)j �

0@ NX
j=1

��f (j) (x)��T j
nj(1��)j!

1A+ (7)

!1

�
f (N);

T

n1��

�
� TN

N !nN(1��)
:

Notice that as n ! 1 we have that R.H.S.(7)! 0, therefore L.H.S.(7)! 0,
i.e., (7) gives us with rates the pointwise convergence of (Hn (f)) (x) ! f (x),
as n! +1, x 2 R:

Proof. Note that b here is of compact support [�T; T ] and all assumptions
are as earlier. By Taylor�s formula we have that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+

Z k
n

x

�
f (N) (t)� f (N) (x)

� � k
n � t

�N�1
(N � 1)! dt:

Call

V (x) :=

[nx+Tn�]X
k=dnx�Tn�e

b

�
n1��

�
x� k

n

��
:

4
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Hence

f
�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

=
NX
j=0

f (j) (x)

j!

�
k

n
� x

�j b �n1�� �x� k
n

��
V (x)

+

b
�
n1��

�
x� k

n

��
V (x)

Z k
n

x

�
f (N) (t)� f (N) (x)

� � k
n � t

�N�1
(N � 1)! dt:

Thus

(Hn (f)) (x)� f (x) =
[nx+Tn�]X

k=dnx�Tn�e

f
�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

� f (x)

=
NX
j=1

f (j) (x)

j!

0@ [nx+Tn�]X
k=dnx�Tn�e

�
k

n
� x

�j b �n1�� �x� k
n

��
V (x)

1A+R;
where

R :=

[nx+Tn�]X
k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)

Z k
n

x

�
f (N) (t)� f (N) (x)

� � k
n � t

�N�1
(N � 1)! dt:

(8)
So that

j(Hn (f)) (x)� f (x)j �
NX
j=1

��f (j) (x)��
j!

0@ [nx+Tn�]X
k=dnx�Tn�e

T j

nj(1��)
b
�
n1��

�
x� k

n

��
V (x)

1A+ jRj :
And hence

j(Hn (f)) (x)� f (x)j �

0@ NX
j=1

T j
��f (j) (x)��
nj(1��)j!

1A+ jRj : (9)

Next we estimate

jRj =

������
[nx+Tn�]X

k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)

Z k
n

x

�
f (N) (t)� f (N) (x)

� � k
n � t

�N�1
(N � 1)! dt

������
�

[nx+Tn�]X
k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)

�����
Z k

n

x

�
f (N) (t)� f (N) (x)

� � k
n � t

�N�1
(N � 1)! dt

�����
�

[nx+Tn�]X
k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)

� 
 � (�) ;

5
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where


 :=

�����
Z k

n

x

jf (N) (t)� f (N) (x) j
j kn � tj

N�1

(N � 1)! dt
����� ; (10)

and

(�) �
[nx+Tn�]X

k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)

� ' = '; (11)

where

' := !1

�
f (N);

T

n1��

�
TN

n!nN(1��)
: (12)

The last part of inequality (11) comes from the following:
(i) Let x � k

n , then


 =

Z k
n

x

���f (N) (t)� f (N) (x)��� �� kn � t��N�1
(N � 1)! dt

�
Z k

n

x

!1

�
f (N); jt� xj

� �� k
n � t

��N�1
(N � 1)! dt

� !1
�
f (N);

����x� k

n

����� Z k
n

x

�
k
n � t

�N�1
(N � 1)! dt

� !1
�
f (N);

T

n1��

� � k
n � x

�N
N !

� !1
�
f (N);

T

n1��

�
TN

N !nN(1��)
;

i.e., when x � k
n we get


 � !1
�
f (N);

T

n1��

�
TN

N !nN(1��)
: (13)

(ii) Let x � k
n , then


 =

�����
Z x

k
n

���f (N) (t)� f (N) (x)��� ��t� k
n

��N�1
(N � 1)! dt

����� =
Z x

k
n

���f (N) (t)� f (N) (x)��� �t� k
n

�N�1
(N � 1)! dt �Z x

k
n

!1

�
f (N); jt� xj

� �t� k
n

�N�1
(N � 1)! dt �

!1

�
f (N);

����x� k

n

����� Z x

k
n

�
t� k

n

�N�1
(N � 1)! dt =

6
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!1

�
f (N);

����x� k

n

�����
�
x� k

n

�N
N !

� !1
�
f (N);

T

n1��

�
TN

N !nN(1��)
:

Thus in both cases we have


 � !1
�
f (N);

T

n1��

�
TN

N !nN(1��)
: (14)

Consequently from (11), (12) and (14) we obtain

jRj � !1
�
f (N);

T

n1��

�
TN

N !nN(1��)
: (15)

Finally from (15) and (9) we conclude inequality (7).

Corollary 7 Let b (x) be a centered bell-shaped continuous function on R of
compact support [�T; T ]. Let x 2 [�T �; T �], T � > 0, and n 2 N be such that

n � max
�
T + T �; T�

1
�

�
, 0 < � < 1: Consider p � 1: Then

kHn (f)� fkp;[�T�;T�] � !1
�
f;

T

n1��

�
� 2

1
p � T �

1
p : (16)

From (16) we get the Lp convergence of Hn (f) to f with rates.

Corollary 8 Let b (x) be a centered bell-shaped continuous function on R of
compact support [�T; T ]. Let x 2 [�T �; T �], T � > 0, and n 2 N be such that

n � max
�
T + T �; T�

1
�

�
, 0 < � < 1: Consider p � 1: Then

kHn (f)� fkp;[�T�;T�] � (17)0@ NX
j=1

T j �


f (j)



p;[�T�;T�]

nj(1��)j!

1A+ !1�f (N); T

n1��

�
2
1
pTNT �

1
p

N !nN(1��)
;

where N � 1:

Here from (17) we get again the Lp convergence of Hn (f) to f with rates.
Proof. Inequality (17) now comes by integration of (7) and the properties

of the Lp-norm.

2.1 The �normalized Squashing type operators�and their
convergence to the unit with rates

We need

De�nition 9 Let the nonnegative function S : R ! R, S has compact support
[�T; T ], T > 0, and is nondecreasing there and it can be continuous only on
either (�1; T ] or [�T; T ]. S can have jump discontinuities. We call S the
�squashing function� (see also [2]).

7
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Let f : R! R be either uniformly continuous or continuous and bounded.
For x 2 R we de�ne the �normalized squashing type operator�

(Kn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
� S
�
n1�� �

�
x� k

n

��Pn2

k=�n2 S
�
n1�� �

�
x� k

n

�� ; (18)

0 < � < 1 and n 2 N : n � max
�
T + jxj ; T� 1

�

�
. It is clear that

(Kn (f)) (x) =

P[nx+Tn�]
k=dnx�Tn�e f

�
k
n

�
� S
�
n1�� �

�
x� k

n

��
W (x)

; (19)

where

W (x) :=

[nx+Tn�]X
k=dnx�Tn�e

S

�
n1�� �

�
x� k

n

��
:

Here we give the pointwise convergence with rates of (Knf) (x) ! f (x), as
n! +1, x 2 R.

Theorem 10 Under the above terms and assumptions we obtain

jKn (f) (x)� f (x)j � !1
�
f;

T

n1��

�
: (20)

Proof. As in Theorem 5.
We also give

Theorem 11 Let x 2 R, T > 0 and n 2 N such that n � max
�
T + jxj ; T� 1

�

�
:

Let f 2 CN (R), N 2 N, such that f (N) is a uniformly continuous function or
f (N) is continuous and bounded. Then

j(Kn (f)) (x)� f (x)j �

0@ NX
j=1

��f (j) (x)��T j
j!nj(1��)

1A+ (21)

!1

�
f (N);

T

n1��

�
� TN

N !nN(1��)
:

So we obtain the pointwise convergence of Kn (f) to f with rates.

Proof. As similar to Theorem 6 is omitted.

Note 12 The maps Hn, Kn are positive linear operators reproducing constants,
in particular

Hn (1) = Kn (1) = 1: (22)

8
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Rate of convergence of some multivariate neural
network operators to the unit, revisited

George A. Anastassiou
Department of Mathematical Sciences

University of Memphis
Memphis, TN 38152, U.S.A.
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Abstract

This paper deals with the determination of the rate of convergence to
the unit of some multivariate neural network operators, namely the the
normalized �bell�and �squashing�type operators. This is given through
the multidimensional modulus of continuity of the involved multivariate
function or its partial derivatives of speci�c order that appear in the right-
hand side of the associated multivariate Jackson type inequalitiy.

2010 AMSMathematics Subject Classi�cation: 41A17, 41A25, 41A30,
41A36.
Keywords and Phrases: Neural Networks, Positive operators.

1 Introduction

The multivariate Cardaliaguet-Euvrard operators were �rst introduced and stud-
ied thoroughly in [3], where the authors among many other interesting things
proved that these multivariate operators converge uniformly on compacta, to
the unit over continuous and bounded multivariate functions. Our multivariate
normalized �bell�and �squashing�type operators (1) and (16) were motivated
and inspired by the �bell�and �squashing�functions of [3].
The work in [3] is qualitative where the used multivariate bell-shaped func-

tion is general. However, though our work is greatly motivated by [3], it is
quantitative and the used multivariate �bell-shaped�and �squashing�functions
are of compact support.
This paper is the continuation and simpli�cation of [1] and [2], in the mul-

tidimensional case.We produce a set of multivariate inequalities giving close
upper bounds to the errors in approximating the unit operator by the above

1
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multidimensional neural network induced operators. All appearing constants
there are well determined. These are mainly pointwise estimates involving the
�rst multivariate modulus of continuity of the engaged multivariate continuous
function or its partial derivatives of some �xed order.

2 Convergence with rates of multivariate neural
network operators

We need the following (see [3]) de�nitions.

De�nition 1 A function b : R ! R is said to be bell-shaped if b belongs to L1

and its integral is nonzero, if it is nondecreasing on (�1; a) and nonincreasing
on [a;+1), where a belongs to R. In particular b (x) is a nonnegative number
and at a, b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero.

De�nition 2 (see [3]) A function b : Rd ! R (d � 1) is said to be a d-
dimensional bell-shaped function if it is integrable and its integral is not zero,
and for all i = 1; :::; d;

t! b (x1; :::; t; :::; xd)

is a centered bell-shaped function, where �!x := (x1; :::; xd) 2 Rd arbitrary.

Example 3 (from [3]) Let b be a centered bell-shaped function over R, then
(x1; :::; xd)! b (x1) :::b (xd) is a d-dimensional bell-shaped function.

Assumption 4 Here b (�!x ) is of compact support B :=
Qd
i=1 [�Ti; Ti], Ti > 0

and it may have jump discontinuities there. Let f : Rd ! R be a continuous
and bounded function or a uniformly continuous function.

In this paper, we study the pointwise convergence with rates over Rd, to the
unit operator, of the �normalized bell�multivariate neural network operators

Mn (f) (
�!x ) :=Pn2

k1=�n2 :::
Pn2

kd=�n2 f
�
k1
n ; :::;

kd
n

�
b
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

��Pn2

k1=�n2 :::
Pn2

kd=�n2 b
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

�� ;

(1)
where 0 < � < 1 and �!x := (x1; :::; xd) 2 Rd, n 2 N. Clearly Mn is a positive
linear operator.
The terms in the ratio of multiple sums (1) can be nonzero i¤ simultaneously����n1���xi � kin

����� � Ti, all i = 1; :::; d;

2
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i.e.,
��xi � ki

n

�� � Ti
n1�� , all i = 1; :::; d, i¤

nxi � Tin� � ki � nxi + Tin�, all i = 1; :::; d: (2)

To have the order

�n2 � nxi � Tin� � ki � nxi + Tin� � n2; (3)

we need n � Ti + jxij, all i = 1; :::; d. So (3) is true when we take

n � max
i2f1;:::;dg

(Ti + jxij) : (4)

When �!x 2 B in order to have (3) it is enough to assume that n � 2T �, where
T � := maxfT1; :::; Tdg > 0. Consider

eIi := [nxi � Tin�; nxi + Tin�] , i = 1; :::; d; n 2 N.
The length of eIi is 2Tin�. By Proposition 1 of [1], we get that the cardinality
of ki 2 Z that belong to eIi := card (ki) � max (2Tin� � 1; 0), any i 2 f1; :::; dg:
In order to have card (ki) � 1; we need 2Tin� � 1 � 1 i¤ n � T

� 1
�

i , any
i 2 f1; :::; dg:
Therefore, a su¢ cient condition in order to obtain the order (3) along with

the interval eIi to contain at least one integer for all i = 1; :::; d is that
n � max

i2f1;:::;dg

n
Ti + jxij ; T

� 1
�

i

o
: (5)

Clearly as n ! +1 we get that card (ki) ! +1, all i = 1; :::; d. Also notice
that card (ki) equals to the cardinality of integers in [dnxi � Tin�e ; [nxi + Tin�]]
for all i = 1; :::; d: Here, [�] denotes the integral part of the number while. d�e
denotes its ceiling.
From now on, in this article we will assume (5). Furthermore it holds

(Mn (f)) (
�!x ) =

P[nx1+T1n
�]

k1=dnx1�T1n�e :::
P[nxd+Tdn

�]
kd=dnxd�Tdn�e f

�
k1
n ; :::;

kd
n

�
V (�!x ) � (6)

b

�
n1��

�
x1 �

k1
n

�
; :::; n1��

�
xd �

kd
n

��
all �!x := (x1; :::; xd) 2 Rd; where

V (�!x ) :=

[nx1+T1n
�]X

k1=dnx1�T1n�e

:::

[nxd+Tdn
�]X

kd=dnxd�Tdn�e

b

�
n1��

�
x1 �

k1
n

�
; :::; n1��

�
xd �

kd
n

��
:

3
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Denote by k�k1 the maximum norm on Rd, d � 1. So if
��n1�� �xi � ki

n

��� �
Ti, all i = 1; :::; d, we get that




�!x �

�!
k

n







1

� T �

n1��
;

where
�!
k := (k1; :::; kd) :

De�nition 5 Let f : Rd ! R. We call

!1 (f; h) := sup
all �!x ;�!y :

k�!x��!y k1�h

jf (�!x )� f (�!y )j ; (7)

where h > 0, the �rst modulus of continuity of f:

Here is our �rst main result.

Theorem 6 Let �!x 2 Rd; then

j(Mn (f)) (
�!x )� f (�!x )j � !1

�
f;

T �

n1��

�
: (8)

Inequality (8) is attained by constant functions.
Inequality (8) gives Mn (f) (

�!x )! f (�!x ), pointwise with rates, as n! +1,
where �!x 2 Rd, d � 1:

Proof. Next, we estimate

j(Mn (f)) (
�!x )� f (�!x )j (6)=������

[nx1+T1n
�]X

k1=dnx1�T1n�e

:::

[nxd+Tdn
�]X

kd=dnxd�Tdn�e

f

�
k1
n
; :::;

kd
n

�
�

b
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

��
V (�!x ) � f (�!x )

����� =���������
Ph

n�!x+�!T n�
i

�!
k =

l
n�!x��!T n�

m �f ��!kn �� f (�!x )� b�n1�� ��!x � �!
k
n

��
V (�!x )

��������� �
h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m
���f ��!kn �� f (�!x )���

V (�!x ) b

 
n1��

 
�!x �

�!
k

n

!!
�

4
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h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m
!1

�
f;



�!x � �!

k
n





1

�
V (�!x ) b

 
n1��

 
�!x �

�!
k

n

!!
:

That is

j(Mn (f)) (
�!x )� f (�!x )j �

!1

�
f; T�

n1��

�
V (�!x ) �

[nx1+T1n
�]X

k1=dnx1�T1n�e

:::

[nxd+Tdn
�]X

kd=dnxd�Tdn�e

b

�
n1��

�
x1 �

k1
n

�
; :::; n1��

�
xd �

kd
n

��

= !1

�
f;

T �

n1��

�
; (9)

proving the claim.
Our second main result follows.

Theorem 7 Let �!x 2 Rd, f 2 CN
�
Rd
�
, N 2 N, such that all of its partial

derivatives fe� of order N , e� : je�j = N , are uniformly continuous or continuous
are bounded. Then,

j(Mn (f)) (
�!x )� f (�!x )j � (10)8<:

NX
j=1

(T �)
j

j!nj(1��)

0@ dX
i=1

���� @@xi
����
!j
f (�!x )

1A9=;+
(T �)

N
dN

N !nN(1��)
� maxe�:je�j=N!1

�
fe�; T �

n1��

�
:

Inequality (10) is attained by constant functions. Also, (10) gives us with rates
the pointwise convergence of Mn (f)! f over Rd, as n! +1:

Proof. Set

g�!k
n

(t) := f

 
�!x + t

 �!
k

n
��!x

!!
; 0 � t � 1:

Then
g
(j)
�!
k
n

(t) =24 dX
i=1

�
ki
n
� xi

�
@

@xi

!j
f

35�x1 + t�k1
n
� x1

�
; :::; xd + t

�
kd
n
� xd

��
and g�!k

n

(0) = f (�!x ) : By Taylor�s formula, we get

f

�
k1
n
; :::;

kd
n

�
= g�!k

n

(1) =
NX
j=0

g
(j)
�!
k
n

(0)

j!
+RN

 �!
k

n
; 0

!
;

5
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where

RN

 �!
k

n
; 0

!
=

Z 1

0

�Z t1

0

:::

�Z tN�1

0

�
g
(N)
�!
k
n

(tN )� g(N)�!
k
n

(0)

�
dtN

�
:::

�
dt1:

Here we denote by

fe� := @e�f
@xe� ; e� := (�1; :::; �d) , �i 2 Z+;

i = 1; :::; d, such that je�j :=Pd
i=1 �i = N . Thus,

f
��!
k
n

�
b
�
n1��

��!x � �!
k
n

��
V (�!x ) =

NX
j=0

g
(j)
�!
k
n

(0)

j!

b
�
n1��

��!x � �!
k
n

��
V (�!x ) +

b
�
n1��

��!x � �!
k
n

��
V (�!x ) �RN

 �!
k

n
; 0

!
:

Therefore
(Mn (f)) (

�!x )� f (�!x ) =h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m
f
��!
k
n

�
V (�!x ) b

 
n1��

 
�!x �

�!
k

n

!!
� f (�!x ) =

NX
j=1

1

j!

0B@
h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m g(j)�!kn (0)
b
�
n1��

��!x � �!
k
n

��
V (�!x )

1CA+R�;
where

R� :=

h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m
b
�
n1��

��!x � �!
k
n

��
V (�!x ) �RN

 �!
k

n
; 0

!
:

Consequently, we obtain

j(Mn (f)) (
�!x )� f (�!x )j �

NX
j=1

1

j!

0BB@
h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m

����g(j)�!k
n

(0)

���� b�n1�� ��!x � �!
k
n

��
V (�!x )

1CCA+ jR�j =: �:
Noyice that ����g(j)�!k

n

(0)

���� � � T �

n1��

�j0@ dX
i=1

���� @@xi
����
!j
f (�!x )

1A
6
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and

� �

8<:
NX
j=1

1

j!

�
T �

n1��

�j0@ dX
i=1

���� @@xi
����
!j
f (�!x )

1A9=;+ jR�j : (11)

That is, by (11), we get

j(Mn (f)) (
�!x )� f (�!x )j �8<:

NX
j=1

(T �)
j

j!nj(1��)

0@ dX
i=1

���� @@xi
����
!j
f (�!x )

1A9=;+ jR�j : (12)

Next, we need to estimate jR�j. For that, we observe (0 � tN � 1)����g(N)�!
k
n

(tN )� g(N)�!
k
n

(0)

���� =������
 

dX
i=1

�
ki
n
� xi

�
@

@xi

!N
f

 
�!x + tN

 �!
k

n
��!x

!!
�

 
dX
i=1

�
ki
n
� xi

�
@

@xi

!N
f (�!x )

������
� (T �)

N
dN

nN(1��)
� maxe�:je�j=N!1

�
fe�; T �

n1��

�
:

Thus,�����RN
 �!
k

n
; 0

!����� �
Z 1

0

�Z t1

0

:::

�Z tN�1

0

����g(N)�!
k
n

(tN )� g(N)�!
k
n

(0)

���� dtN� :::� dt1
� (T �)

N
dN

N !nN(1��)
� maxe�:je�j=N!1

�
fe�; T �

n1��

�
:

Therefore,

jR�j �

h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m
b
�
n1��

��!x � �!
k
n

��
V (�!x )

�����RN
 �!
k

n
; 0

!�����
� (T �)

N
dN

N !nN(1��)
� maxe�:je�j=N!1

�
fe�; T �

n1��

�
: (13)

By (12) and (13) we get (10).

7
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Corollary 8 Here, additionally assume that b is continuous on Rd. Let

� :=
dY
i=1

[�
i; 
i] � Rd, 
i > 0;

and take
n � max

i2f1;:::;dg

�
Ti + 
i; T

� 1
�

i

�
:

Consider p � 1. Then,

kMnf � fkp;� � !1
�
f;

T �

n1��

�
2
d
p

dY
i=1



1
p

i ; (14)

attained by constant functions. From (14), we get the Lp convergence of Mnf

to f with rates.

Proof. By (8).

Corollary 9 Same assumptions as in Corollary 8. Then

kMnf � fkp;� �

8<:
NX
j=1

(T �)
j

j!nj(1��)








 

dX
i=1

���� @@xi
����
!j
f








p;�

9=;+
(T �)

N
dN

N !nN(1��)
� maxe�:je�j=N!1

�
fe�; T �

n1��

�
2
d
p

dY
i=1



1
p

i ; (15)

attained by constants. Here, from (15), we get again the Lp convergence of
Mn (f) to f with rates.

Proof. By the use of (10).

3 The multivariate �normalized squashing type
operators� and their convergence to the unit
with rates

We give the following de�nition

De�nition 10 Let the nonnegative function S : Rd ! R, d � 1, S has compact
support B :=

Qd
i=1 [�Ti; Ti], Ti > 0 and is nondecreasing there for each coor-

dinate. S can be continuous only on either
Qd
i=1(�1; Ti] or B and can have

jump discontinuities. We call S the multivariate �squashing function�(see also
[3]).

8
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Example 11 Let bS as above when d = 1. Then,
S (�!x ) := bS (x1) :::bS (xd) , �!x := (x1; :::; xd) 2 Rd,

is a multivariate �squashing function�.

Let f : Rd ! R be either uniformly continuous or continuous and bounded
function.
For �!x 2 Rd; we de�ne the multivariate �normalized squashing type opera-

tor�,
Ln (f) (

�!x ) :=Pn2

k1=�n2 :::
Pn2

kd=�n2 f
�
k1
n ; :::;

kd
n

�
S
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

��
W (�!x ) ;

(16)
where 0 < � < 1 and n 2 N :

n � max
i2f1;:::;dg

n
Ti + jxij ; T

� 1
�

i

o
; (17)

and

W (�!x ) :=
n2X

k1=�n2
:::

n2X
kd=�n2

S

�
n1��

�
x1 �

k1
n

�
; :::; n1��

�
xd �

kd
n

��
: (18)

Obviously Ln is a positive linear operator. It is clear that

(Ln (f)) (
�!x ) =

h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m
f
��!
k
n

�
� (�!x ) S

 
n1��

 
�!x �

�!
k

n

!!
; (19)

where

� (�!x ) :=

h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

mS
 
n1��

 
�!x �

�!
k

n

!!
: (20)

Here, we study the pointwise convergence with rates of (Ln (f)) (
�!x ) ! f (�!x ),

as n! +1, �!x 2 Rd:
This is given by the next result.

Theorem 12 Under the above terms and assumptions, we �nd that

j(Ln (f)) (�!x )� f (�!x )j � !1
�
f;

T �

n1��

�
: (21)

Inequality (21) is attained by constant functions.

9
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Proof. Similar to (8).
We also give

Theorem 13 Let �!x 2 Rd, f 2 CN
�
Rd
�
, N 2 N, such that all of its partial

derivatives fe� of order N , e� : je�j = N , are uniformly continuous or continuous
are bounded. Then,

j(Ln (f)) (�!x )� f (�!x )j � (22)8<:
NX
j=1

(T �)
j

j!nj(1��)

0@ dX
i=1

���� @@xi
����
!j
f (�!x )

1A9=;+
(T �)

N
dN

N !nN(1��)
� maxe�:je�j=N!1

�
fe�; T �

n1��

�
:

Inequality (22) is attained by constant functions. Also, (22) gives us with rates
the pointwise convergence of Ln (f)! f over Rd, as n! +1:

Proof. Similar to (10).

Note 14 We see that
Mn (1) = Ln (1) = 1:
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Fractional Approximation by normalized bell
and Squashing type neural network operators

George A. Anastassiou
Department of Mathematical Sciences

University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

This article deals with the determination of the fractional rate of con-
vergence to the unit of some neural network operators, namely, the nor-
malized bell and �squashing� type operators. This is given through the
moduli of continuity of the involved right and left Caputo fractional deriv-
atives of the approximated function and they appear in the right-hand side
of the associated Jackson type inequalities.

2010 AMSMathematics Subject Classi�cation: 26A33, 41A17, 41A25,
41A30, 41A36.
Keywords and Phrases: Neural network fractional approximation, bell

function, squashing function, fractional derivative, modulus of continuity.

1 Introduction

The Cardaliaguet-Euvrard operators were studied extensively in [7], where the
authors among many other things proved that these operators converge uni-
formly on compacta, to the unit over continuous and bounded functions. Our
�normalized bell and squashing type operators�(see (22), (63)) were motivated
and inspired by the �bell�and �squashing functions�of [7]. The work in [7] is
qualitative where the used bell-shaped function is general. However, our work,
though greatly motivated by [7], is quantitative and the used bell-shaped and
�squashing�functions are of compact support. We produce a series of Jackson
type inequalities giving close upper bounds to the errors in approximating the
unit operator by the above neural network induced operators. All involved con-
stants there are well determined. These are pointwise, uniform and Lp, p � 1,
estimates involving the �rst moduli of continuity of the engaged right and left

1
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Caputo fractional derivatives of the function under approximation. We give all
necessary background of fractional calculus.
Initial work of the subject was done in [1], where we involved only ordinary

derivatives. Article [1] motivated the current work.

2 Background

We need

De�nition 1 Let f 2 C (R) which is bounded or uniformly continuous, h > 0.
We de�ne the �rst modulus of continuity of f at h as follows

!1 (f; h) = supfjf (x)� f (y)j ;x; y 2 R; jx� yj � hg (1)

Notice that !1 (f; h) is �nite for any h > 0, and

lim
h!0

!1 (f; h) = 0:

We also need

De�nition 2 Let f : R! R; � � 0, n = d�e (d�e is the ceiling of the number),
f 2 ACn ([a; b]) (space of functions f with f (n�1) 2 AC ([a; b]), absolutely con-
tinuous functions), 8 [a; b] � R. We call left Caputo fractional derivative (see
[8], pp. 49-52) the function

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt; (2)

8 x � a, where � is the gamma function � (�) =
R1
0
e�tt��1dt, � > 0. Notice

D�
�af 2 L1 ([a; b]) and D�

�af exists a.e.on [a; b], 8 b > a: We set D0
�af (x) =

f (x), 8 x 2 [a;1):

Lemma 3 ([5]) Let � > 0, � =2 N, n = d�e, f 2 Cn�1 (R) and f (n) 2 L1 (R).
Then D�

�af (a) = 0, 8 a 2 R:

De�nition 4 (see also [2], [9], [10]). Let f : R! R; such that f 2 ACm ([a; b]),
8 [a; b] � R; m = d�e, � > 0. The right Caputo fractional derivative of order
� > 0 is given by

D�
b�f (x) =

(�1)m

� (m� �)

Z b

x

(J � x)m���1 f (m) (J) dJ; (3)

8 x � b. We set D0
b�f (x) = f (x), 8 x 2 (�1; b]: Notice that D�

b�f 2 L1 ([a; b])
and D�

b�f exists a.e.on [a; b], 8 a < b:

2
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Lemma 5 ([5]) Let f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e, � > 0. Then
D�
b�f (b) = 0, 8 b 2 R:

Convention 6 We assume that

D�
�x0f (x) = 0, for x < x0; (4)

and
D�
x0�f (x) = 0, for x > x0; (5)

for all x; x0 2 R:

We mention

Proposition 7 (by [3]) Let f 2 Cn (R), where n = d�e, � > 0. Then D�
�af (x)

is continuous in x 2 [a;1):

Also we have

Proposition 8 (by [3]) Let f 2 Cm (R), m = d�e, � > 0. Then D�
b�f (x) is

continuous in x 2 (�1; b]:

We further mention

Proposition 9 (by [3]) Let f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e, � > 0

and

D�
�x0f (x) =

1

� (m� �)

Z x

x0

(x� t)m���1 f (m) (t) dt; (6)

for all x; x0 2 R : x � x0:
Then D�

�x0f (x) is continuous in x0:

Proposition 10 (by [3]) Let f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e, � > 0
and

D�
x0�f (x) =

(�1)m

� (m� �)

Z x0

x

(J � x)m���1 f (m) (J) dJ; (7)

for all x; x0 2 R : x0 � x:
Then D�

x0�f (x) is continuous in x0:

Proposition 11 ([5]) Let g 2 Cb (R) (continuous and bounded), 0 < c < 1,
x; x0 2 R. De�ne

L (x; x0) =

Z x

x0

(x� t)c�1 g (t) dt; for x � x0; (8)

and L (x; x0) = 0, for x < x0:
Then L is jointly continuous in (x; x0) 2 R2:

3
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We mention

Proposition 12 ([5]) Let g 2 Cb (R), 0 < c < 1, x; x0 2 R. De�ne

K (x; x0) =

Z x0

x

(J � x)c�1 g (J) dJ; for x � x0; (9)

and K (x; x0) = 0; for x > x0:
Then K (x; x0) is jointly continuous in (x; x0) 2 R2.

Based on Propositions 11, 12 we derive

Corollary 13 ([5]) Let f 2 Cm (R), f (m) 2 L1 (R), m = d�e, � > 0, � =2 N;
x; x0 2 R. Then D�

�x0f (x), D
�
x0�f (x) are jointly continuous functions in (x; x0)

from R2 into R.

We need

Proposition 14 ([5]) Let f : R2 ! R be jointly continuous. Consider

G (x) = !1 (f (�; x) ; �)[x;+1) ; � > 0; x 2 R: (10)

(Here !1 is de�ned over [x;+1) instead of R:)
Then G is continuous on R:

Proposition 15 ([5]) Let f : R2 ! R be jointly continuous. Consider

H (x) = !1 (f (�; x) ; �)(�1;x] ; � > 0; x 2 R: (11)

(Here !1 is de�ned over (�1; x] instead of R:)
Then H is continuous on R:

By Propositions 14, 15 and Corollary 13 we derive

Proposition 16 ([5]) Let f 2 Cm (R),


f (m)

1 <1, m = d�e, � =2 N; � > 0,

x 2 R. Then !1 (D�
�xf; h)[x;+1), !1

�
D�
x�f; h

�
(�1;x]

are continuous functions
of x 2 R, h > 0 �xed.

We make

Remark 17 Let g be continuous and bounded from R to R. Then

!1 (g; t) � 2 kgk1 <1: (12)

Assuming that (D�
�xf) (t),

�
D�
x�f

�
(t), are both continuous and bounded in (x; t)

2 R2, i.e.
kD�

�xfk1 � K1, 8 x 2 R; (13)

4
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D�
x�f




1 � K2, 8 x 2 R; (14)

where K1;K2 > 0, we get

!1 (D
�
�xf; �)[x;+1) � 2K1;

!1
�
D�
x�f; �

�
(�1;x]

� 2K2, 8 � � 0; (15)

for each x 2 R:
Therefore, for any � � 0,

sup
x2R

h
max

�
!1 (D

�
�xf; �)[x;+1) ; !1

�
D�
x�f; �

�
(�1;x]

�i
� 2max (K1;K2) <1:

(16)
So in our setting for f 2 Cm (R),



f (m)

1 < 1, m = d�e, � =2 N, � > 0,
by Corollary 13 both (D�

�xf) (t),
�
D�
x�f

�
(t) are jointly continuous in (t; x) on

R2. Assuming further that they are both bounded on R2 we get (16) valid.
In particular, each of !1 (D�

�xf; �)[x;+1), !1
�
D�
x�f; �

�
(�1;x]

is �nite for any
� � 0.
Clearly here we have that sup

x2R
!1 (D

�
�xf; �)[x;+1) ! 0, as � ! 0+; and

sup
x2R

!1
�
D�
x�f; �

�
(�1;x]

! 0, as � ! 0 + :

Let us now assume only that f 2 Cm�1 (R), f (m) 2 L1 (R), m = d�e,
� > 0, � =2 N, x 2 R. Then, by Proposition 15.114, p. 388 of [4], we �nd that
D�
�xf 2 C ([x;+1)), and by [6] we obtain that D�

x�f 2 C ((�1; x]) :

We make

Remark 18 Again let f 2 Cm (R), m = d�e, � =2 N, � > 0; f (m) (x) = 1, 8
x 2 R; x0 2 R. Notice 0 < m� � < 1. Then

D�
�x0f (x) =

(x� x0)m��

� (m� �+ 1) , 8 x � x0: (17)

Let us consider x; y � x0, then��D�
�x0f (x)�D

�
�x0f (y)

�� = 1

� (m� �+ 1)

���(x� x0)m�� � (y � x0)m�����
� jx� yjm��

� (m� �+ 1) : (18)

So it is not strange to assume that��D�
�x0f (x1)�D

�
�x0f (x2)

�� � K jx1 � x2j� ; (19)

K > 0, 0 < � � 1, 8 x1; x2 2 R, x1; x2 � x0 2 R, where more generally it is

f (m)

1 <1: Thus, one may assume

!1
�
D�
x�f; �

�
(�1;x]

�M1�
�1 , and (20)

5
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!1 (D
�
�xf; �)[x;+1) �M2�

�2 ;

where 0 < �1; �2 � 1, 8 � > 0, M1;M2 > 0; any x 2 R:
Setting � = min (�1; �2) and M = max (M1;M2), in that case we obtain

sup
x2R

n
max

�
!1
�
D�
x�f; �

�
(�1;x]

; !1 (D
�
�xf; �)[x;+1)

�o
�M�� ! 0, as � ! 0 + :

(21)

3 Results

3.1 Fractional convergence with rates of the normalized
bell type neural network operators

We need the following (see [7]).

De�nition 19 A function b : R! R is said to be bell-shaped if b belongs to L1

and its integral is nonzero, if it is nondecreasing on (�1; a) and nonincreasing
on [a;+1), where a belongs to R. In particular b (x) is a nonnegative number
and at a b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b (x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [�T; T ], T > 0.

We follow [1], [7].

Example 20 (1) b (x) can be the characteristic function over [�1; 1] :
(2) b (x) can be the hat function over [�1; 1], i.e.,

b (x) =

8<:
1 + x, � 1 � x � 0;
1� x; 0 < x � 1
0, elsewhere.

These are centered bell-shaped functions of compact support.
Here we consider functions f : R! R that are continuous.

In this article we study the fractional convergence with rates over the real
line, to the unit operator, of the �normalized bell type neural network opera-
tors�,

(Hn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
� b
�
n1�� �

�
x� k

n

��Pn2

k=�n2 b
�
n1�� �

�
x� k

n

�� ; (22)

where 0 < � < 1 and x 2 R, n 2 N. The terms in the ratio of sums (22) can be
nonzero i¤ ����n1���x� k

n

����� � T , i.e. ����x� k

n

���� � T

n1��

6

104GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS



i¤
nx� Tn� � k � nx+ Tn�: (23)

In order to have the desired order of numbers

�n2 � nx� Tn� � nx+ Tn� � n2; (24)

it is su¢ cient enough to assume that

n � T + jxj : (25)

When x 2 [�T; T ] it is enough to assume n � 2T which implies (24).

Proposition 21 Let a � b, a; b 2 R. Let card (k) (� 0) be the maximum
number of integers contained in [a; b]. Then

max (0; (b� a)� 1) � card (k) � (b� a) + 1: (26)

Remark 22 We would like to establish a lower bound on card (k) over the
interval [nx� Tn�; nx+ Tn�]. From Proposition 21 we get that

card (k) � max (2Tn� � 1; 0) :

We obtain card (k) � 1, if

2Tn� � 1 � 1 i¤ n � T� 1
� :

So to have the desired order (24) and card (k) � 1 over [nx� Tn�; nx+ Tn�],
we need to consider

n � max
�
T + jxj ; T� 1

�

�
: (27)

Also notice that card (k)! +1, as n! +1.
Denote by [�] the integral part of a number.

We make

Remark 23 Clearly we have that

nx� Tn� � nx � nx+ Tn�: (28)

We prove in general that

nx� Tn� � [nx] � nx � dnxe � nx+ Tn�: (29)

Indeed we have that, if [nx] < nx � Tn�, then [nx] + Tn� < nx; and [nx] +
[Tn�] � [nx], resulting into [Tn�] = 0, which for large enough n is not true.
Therefore nx � Tn� � [nx]. Similarly, if dnxe > nx + Tn�, then nx + Tn� �

7
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nx + [Tn�], and dnxe � [Tn�] > nx, thus dnxe � [Tn�] � dnxe, resulting into
[Tn�] = 0, which again for large enough n is not true.
Therefore without loss of generality we may assume that

nx� Tn� � [nx] � nx � dnxe � nx+ Tn�: (30)

Hence dnx� Tn�e � [nx] and dnxe � [nx+ Tn�] : Also if [nx] 6= dnxe, then
dnxe = [nx] + 1. If [nx] = dnxe, then nx 2 Z; and by assuming n � T� 1

� , we
get Tn� � 1 and nx+ Tn� � nx+ 1, so that [nx+ Tn�] � nx+ 1 = [nx] + 1:

We present our �rst main result

Theorem 24 We consider f : R ! R. Let � > 0, N = d�e, � =2 N,
f 2 ACN ([a; b]), 8 [a; b] � R, with f (N) 2 L1 (R). Let also x 2 R, T > 0,

n 2 N : n � max
�
T + jxj ; T� 1

�

�
. We further assume that D�

�xf; D
�
x�f are uni-

formly continuous functions or continuous and bounded on [x;+1), (�1; x],
respectively.
Then
1)

jHn (f) (x)� f (x)j �

0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A+ T �

� (� + 1)n(1��)�
� (31)

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

above
P0

j=1 � = 0;
2)������(Hn (f)) (x)�

N�1X
j=0

f (j) (x)

j!

�
Hn

�
(� � x)j

��
(x)

������ � T �

� (� + 1)n(1��)�
� (32)

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
=: �n (x) ;

3) assume further that f (j) (x) = 0, for j = 1; :::; N � 1, we get

jHn (f) (x)� f (x)j � �n (x) ; (33)

4) in case of N = 1, we obtain again

jHn (f) (x)� f (x)j � �n (x) : (34)

Here we get fractionally with rates the pointwise convergence of (Hn (f)) (x)!
f (x), as n!1, x 2 R.
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Proof. Let x 2 R. We have that

D�
x�f (x) = D

�
�xf (x) = 0. (35)

From [8], p. 54, we get by the left Caputo fractional Taylor formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (36)

1

� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

for all x � k
n � x+ Tn

��1; i¤ dnxe � k � [nx+ Tn�], where k 2 Z.
Also from [2], using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (37)

1

� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ;

for all x� Tn��1 � k
n � x; i¤ dnx� Tn

�e � k � [nx], where k 2 Z.
Notice that dnxe � [nx] + 1:
Call

V (x) :=

[nx+Tn�]X
k=dnx�Tn�e

b

�
n1��

�
x� k

n

��
:

Hence we have

f
�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

=
N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j b �n1�� �x� k
n

��
V (x)

+ (38)

b
�
n1��

�
x� k

n

��
V (x) � (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and

f
�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

=
N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j b �n1�� �x� k
n

��
V (x)

+ (39)

b
�
n1��

�
x� k

n

��
V (x) � (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

Therefore we obtain P[nx+Tn�]
k=[nx]+1 f

�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

= (40)

9
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N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=[nx]+1

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
V (x)

1A+
[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
V (x) � (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and P[nx]
k=dnx�Tn�e f

�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

= (41)

N�1X
j=0

f (j) (x)

j!

P[nx]
k=dnx�Tn�e

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
V (x)

+

P[nx]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
V (x) � (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

We notice here that

(Hn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
b
�
n1��

�
x� k

n

��Pn2

k=�n2 b
�
n1��

�
x� k

n

�� = (42)

P[nx+Tn�]
k=dnx�Tn�e f

�
k
n

�
b
�
n1��

�
x� k

n

��
V (x)

:

Adding the two equalities (40) and (41) we obtain

(Hn (f)) (x) =

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
V (x)

1A+ �n (x) ; (43)

where

�n (x) :=

P[nx]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
V (x) � (�)

�

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ+

[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
V (x) � (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (44)

We call

�1n (x) :=

P[nx]
k=dnx�Tn�e b

�
n1��

�
x� k

n

��
V (x) � (�)

�

10
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Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ; (45)

and

�2n (x) :=

[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
V (x) � (�)

�

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (46)

I.e.
�n (x) = �1n (x) + �2n (x) : (47)

We further have
(Hn (f)) (x)� f (x) = (48)

N�1X
j=1

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
b
�
n1��

�
x� k

n

��
V (x)

1A+ �n (x) ;
and

j(Hn (f)) (x)� f (x)j �
N�1X
j=1

��f (j) (x)��
j!

0@P[nx+Tn�]
k=dnx�Tn�e

��x� k
n

��j b �n1�� �x� k
n

��
V (x)

1A+ j�n (x)j � (49)

N�1X
j=1

��f (j) (x)��
j!

T j

n(1��)j
+ j�n (x)j =: (�) :

Next we see that


1n :=
1

� (�)

�����
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ

����� � (50)

1

� (�)

Z x

k
n

�
J � k

n

���1 ���D�
x�f (J)�D

�
x�f (x) dJ

��� �
1

� (�)

Z x

k
n

�
J � k

n

���1
!1

�
D�
x�f; jJ � xj

�
(�1;x]

dJ �

1

� (�)
!1

�
D�
x�f;

����x� k

n

�����
(�1;x]

Z x

k
n

�
J � k

n

���1
dJ �

1

� (�)
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�
x� k

n

��
�

�

1

� (� + 1)
!1

�
D�
x�f;

T

n1��

�
(�1;x]

T �

n(1��)�
:

11
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That is


1n �
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

: (51)

Furthermore

j�1n (x)j �
[nx]X

k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)


1n � (52)

0@ [nx]X
k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)

1A T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�

0@ [nx+Tn�]X
k=dnx�Tn�e

b
�
n1��

�
x� k

n

��
V (x)

1A T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

=

T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

:

So that

j�1n (x)j �
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

: (53)

Similarly we derive


2n :=
1

� (�)

�����
Z k

n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ

����� � (54)

1

� (�)

Z k
n

x

�
k

n
� J

���1 ��D�
�xf (J)�D�

�xf (x)
�� dJ �

!1

�
D�
�xf;

T
n1��

�
[x;+1)

� (� + 1)

�
k

n
� x

��
�

!1

�
D�
�xf;

T
n1��

�
[x;+1)

� (� + 1)

T �

n(1��)�
:

That is


2n �
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

: (55)

Consequently we �nd

j�2n (x)j �

0@[nx+Tn�]X
k=[nx]+1

b
�
n1��

�
x� k

n

��
V (x)

1A �

12
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T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

� (56)

T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

:

So we have proved that

j�n (x)j �
T �

� (� + 1)n(1��)�
� (57)

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Combining (49) and (57) we have (31).
As an application of Theorem 24 we give

Theorem 25 Let � > 0, N = d�e, � =2 N, f 2 CN (R), with f (N) 2 L1 (R).
Let also T > 0, n 2 N : n � max

�
2T; T�

1
�

�
: We further assume that D�

�xf (t),

D�
x�f (t) are both bounded in (x; t) 2 R2: Then
1)

kHn (f)� fk1;[�T;T ] � (58)0@N�1X
j=1



f (j)

1;[�T;T ] T
j

j!n(1��)j

1A+ T �

� (� + 1)n(1��)�
�

(
sup

x2[�T;T ]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

2) in case of N = 1, we obtain

kHn (f)� fk1;[�T;T ] �
T �

� (� + 1)n(1��)�
� (59)

(
sup

x2[�T;T ]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

An interesting case is when � = 1
2 :

Here we get fractionally with rates the uniform convergence of Hn (f)! f ,
as n!1:

Proof. From (31), (34) of Theorem 24, and by Remark 17.
One can also apply Remark 18 to the last Theorem 25, to get interesting

and simpli�ed results.
We make

13
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Remark 26 Let b (x) be a centered bell-shaped continuous function on R of
compact support [�T; T ], T > 0. Let x 2 [�T �; T �], T � > 0, and n 2 N : n �
max

�
T + T �; T�

1
�

�
; 0 < � < 1: Consider p � 1.

Let also � > 0, N = d�e, � =2 N, f 2 CN (R), f (N) 2 L1 (R). Here both
D�
�xf (t), D

�
x�f (t) are bounded in (x; t) 2 R2:

By Theorem 24 we have

jHn (f) (x)� f (x)j � (60)0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A+ T �

� (� + 1)n(1��)�
�

(
sup

x2[�T�;T�]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T�;T�]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Applying to the last inequality (60) the monotonicity and subadditive property
of k�kp, we derive the following Lp, p � 1, interesting result.

Theorem 27 Let b (x) be a centered bell-shaped continuous function on R of
compact support [�T; T ], T > 0. Let x 2 [�T �; T �], T � > 0, and n 2 N :

n � max
�
T + T �; T�

1
�

�
; 0 < � < 1; p � 1. Let � > 0, N = d�e, � =2 N,

f 2 CN (R), with f (N) 2 L1 (R). Here both D�
�xf (t), D

�
x�f (t) are bounded in

(x; t) 2 R2: Then
1)

kHnf � fkp;[�T�;T�] � (61)0@N�1X
j=1



f (j)


p;[�T�;T�] T

j

j!n(1��)j

1A+ 2 1pT � 1p T �

� (� + 1)n(1��)�
�

(
sup

x2[�T�;T�]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T�;T�]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

2) When N = 1, we derive

kHnf � fkp;[�T�;T�] � 2
1
pT �

1
p

T �

� (� + 1)n(1��)�
� (62)

(
sup

x2[�T�;T�]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T�;T�]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

By (61), (62) we derive the fractional Lp, p � 1, convergence with rates of Hnf
to f .
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3.2 The �normalized Squashing type operators�and their
fractional convergence to the unit with rates

We need (see also [1], [7]).

De�nition 28 Let the nonnegative function S : R! R, S has compact support
[�T; T ], T > 0, and is nondecreasing there and it can be continuous only on
either (�1; T ] or [�T; T ]. S can have jump discontinuities. We call S the
�squashing function�.

Let f : R! R be continuous.
For x 2 R we de�ne the �normalized squashing type operator�

(Kn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
� S
�
n1�� �

�
x� k

n

��Pn2

k=�n2 S
�
n1�� �

�
x� k

n

�� ; (63)

0 < � < 1 and n 2 N : n � max
�
T + jxj ; T� 1

�

�
. It is clear that

(Kn (f)) (x) =

P[nx+Tn�]
k=dnx�Tn�e f

�
k
n

�
� S
�
n1�� �

�
x� k

n

��
P[nx+Tn�]

k=dnx�Tn�e S
�
n1�� �

�
x� k

n

�� : (64)

Here we study the fractional convergence with rates of (Knf) (x) ! f (x), as
n! +1, x 2 R.
We present our second main result

Theorem 29 We consider f : R ! R. Let � > 0, N = d�e, � =2 N,
f 2 ACN ([a; b]), 8 [a; b] � R, with f (N) 2 L1 (R). Let also x 2 R; T >

0; n 2 N : n � max
�
T + jxj ; T� 1

�

�
. We further assume that D�

�xf , D
�
x�f are

uniformly continuous functions or continuous and bounded on [x;+1), (�1; x],
respectively.
Then
1)

jKn (f) (x)� f (x)j � (65)0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A+ T �

� (� + 1)n(1��)�
�

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

above
P0

j=1 � = 0;
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2)������(Kn (f)) (x)�
N�1X
j=0

f (j) (x)

j!

�
Kn

�
(� � x)j

��
(x)

������ � T �

� (� + 1)n(1��)�
� (66)

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
=: ��n (x) ;

3) assume further that f (j) (x) = 0, for j = 1; :::; N � 1, we get

jKn (f) (x)� f (x)j � ��n (x) ; (67)

4) in case of N = 1, we obtain also

jKn (f) (x)� f (x)j � ��n (x) : (68)

Here we get fractionally with rates the pointwise convergence of (Kn (f)) (x)!
f (x), as n!1, x 2 R.

Proof. Let x 2 R. We have that

D�
x�f (x) = D

�
�xf (x) = 0.

From [8], p. 54, we get by the left Caputo fractional Taylor formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (69)

1

� (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

for all x � k
n � x+ Tn

��1; i¤ dnxe � k � [nx+ Tn�], where k 2 Z.
Also from [2], using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+ (70)

1

� (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ;

for all x� Tn��1 � k
n � x; i¤ dnx� Tn

�e � k � [nx], where k 2 Z.
Call

W (x) :=

[nx+Tn�]X
k=dnx�Tn�e

S

�
n1��

�
x� k

n

��
:

16
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Hence we have

f
�
k
n

�
S
�
n1��

�
x� k

n

��
W (x)

=
N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j S �n1�� �x� k
n

��
W (x)

+ (71)

S
�
n1��

�
x� k

n

��
W (x) � (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and

f
�
k
n

�
S
�
n1��

�
x� k

n

��
W (x)

=
N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j S �n1�� �x� k
n

��
W (x)

+ (72)

S
�
n1��

�
x� k

n

��
W (x) � (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

Therefore we obtain P[nx+Tn�]
k=[nx]+1 f

�
k
n

�
S
�
n1��

�
x� k

n

��
W (x)

= (73)

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=[nx]+1

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
W (x)

1A+
[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
W (x) � (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ;

and P[nx]
k=dnx�Tn�e f

�
k
n

�
S
�
n1��

�
x� k

n

��
W (x)

= (74)

N�1X
j=0

f (j) (x)

j!

P[nx]
k=dnx�Tn�e

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
W (x)

+

P[nx]
k=dnx�Tn�e S

�
n1��

�
x� k

n

��
W (x) � (�)

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ:

Adding the two equalities (73) and (74) we obtain

(Kn (f)) (x) =

N�1X
j=0

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
W (x)

1A+Mn (x) ; (75)

17

115GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS



where

Mn (x) :=

P[nx]
k=dnx�Tn�e S

�
n1��

�
x� k

n

��
W (x) � (�)

�

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ+

[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
W (x) � (�)

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (76)

We call

M1n (x) :=

[nx]X
k=dnx�Tn�e

S
�
n1��

�
x� k

n

��
W (x) � (�)

�

Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ; (77)

and

M2n (x) :=

[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
W (x) � (�)

�

Z k
n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ: (78)

I.e.
Mn (x) =M1n (x) +M2n (x) : (79)

We further have
(Kn (f)) (x)� f (x) = (80)

N�1X
j=1

f (j) (x)

j!

0@P[nx+Tn�]
k=dnx�Tn�e

�
k
n � x

�j
S
�
n1��

�
x� k

n

��
W (x)

1A+Mn (x) ;

and
j(Kn (f)) (x)� f (x)j �

N�1X
j=1

��f (j) (x)��
j!

0@P[nx+Tn�]
k=dnx�Tn�e

��x� k
n

��j S �n1�� �x� k
n

��
W (x)

1A+ jMn (x)j �

N�1X
j=1

��f (j) (x)��
j!

T j

n(1��)j

0@P[nx+Tn�]
k=dnx�Tn�e S

�
n1��

�
x� k

n

��
W (x)

1A+ jMn (x)j =: (�) :

(81)
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Therefore we obtain

j(Kn (f)) (x)� f (x)j �

0@N�1X
j=1

��f (j) (x)��T j
j!n(1��)j

1A+ jMn (x)j : (82)

We call


1n :=
1

� (�)

�����
Z x

k
n

�
J � k

n

���1 �
D�
x�f (J)�D

�
x�f (x)

�
dJ

����� : (83)

As in the proof of Theorem 24 we have


1n �
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

: (84)

Furthermore

jM1n (x)j �
[nx]X

k=dnx�Tn�e

S
�
n1��

�
x� k

n

��
W (x)


1n � (85)

0@ [nx]X
k=dnx�Tn�e

S
�
n1��

�
x� k

n

��
W (x)

1A T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

�

T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

:

So that

jM1n (x)j �
T �

� (� + 1)n(1��)�
!1

�
D�
x�f;

T

n1��

�
(�1;x]

: (86)

We also call


2n :=
1

� (�)

�����
Z k

n

x

�
k

n
� J

���1 �
D�
�xf (J)�D�

�xf (x)
�
dJ

����� : (87)

As in the proof of Theorem 24 we get


2n �
T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

: (88)

Consequently we �nd

jM2n (x)j �

0@[nx+Tn�]X
k=[nx]+1

S
�
n1��

�
x� k

n

��
W (x)

1A �
19
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T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

� (89)

T �

� (� + 1)n(1��)�
!1

�
D�
�xf;

T

n1��

�
[x;+1)

:

So we have proved that

jMn (x)j �
T �

� (� + 1)n(1��)�
� (90)

(
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ !1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

Combining (82) and (90) we have (65).
As an application of Theorem 29 we give

Theorem 30 Let � > 0, N = d�e, � =2 N, f 2 CN (R), with f (N) 2 L1 (R).
Let also T > 0, n 2 N : n � max

�
2T; T�

1
�

�
: We further assume that D�

�xf (t),

D�
x�f (t) are both bounded in (x; t) 2 R2: Then
1)

kKn (f)� fk1;[�T;T ] � (91)0@N�1X
j=1



f (j)

1;[�T;T ] T
j

j!n(1��)j

1A+ T �

� (� + 1)n(1��)�
�

(
sup

x2[�T;T ]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
;

2) in case of N = 1, we obtain

kKn (f)� fk1;[�T;T ] �
T �

� (� + 1)n(1��)�
� (92)

(
sup

x2[�T;T ]
!1

�
D�
�xf;

T

n1��

�
[x;+1)

+ sup
x2[�T;T ]

!1

�
D�
x�f;

T

n1��

�
(�1;x]

)
:

An interesting case is when � = 1
2 :

Here we get fractionally with rates the uniform convergence of Kn (f)! f ,
as n!1:

Proof. From (65), (68) of Theorem 29, and by Remark 17.
One can also apply Remark 18 to the last Theorem 30, to get interesting

and simpli�ed results.

Note 31 The maps Hn, Kn, n 2 N, are positive linear operators reproducing
constants.
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multivariate quasi-interpolation neural network
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Abstract

Here we study further the multivariate quasi-interpolation of sigmoidal
and hyperbolic tangent types neural network operators of one hidden
layer. We derive multivariate Voronovskaya type asymptotic expansions
for the error of approximation of these operators to the unit operator.
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multivariate Voronovskaya type asymptotic expansion.

1 Background

Here we follow [5], [6].
We consider here the sigmoidal function of logarithmic type

si (xi) =
1

1 + e�xi
; xi 2 R, i = 1; :::; N ; x := (x1; :::; xN ) 2 RN ;

each has the properties lim
xi!+1

si (xi) = 1 and lim
xi!�1

si (xi) = 0, i = 1; :::; N:

These functions play the role of activation functions in the hidden layer of
neural networks.
As in [7], we consider

�i (xi) :=
1

2
(si (xi + 1)� si (xi � 1)) , xi 2 R, i = 1; :::; N:

We notice the following properties:

1
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i) �i (xi) > 0, 8 xi 2 R;

ii)
P1

ki=�1�i (xi � ki) = 1, 8 xi 2 R,

iii)
P1

ki=�1�i (nxi � ki) = 1, 8 xi 2 R; n 2 N;

iv)
R1
�1�i (xi) dxi = 1,

v) �i is a density function,

vi) �i is even: �i (�xi) = �i (xi), xi � 0, for i = 1; :::; N:

We see that ([7])

�i (xi) =

�
e2 � 1
2e2

�
1

(1 + exi�1) (1 + e�xi�1)
; i = 1; :::; N:

vii) �i is decreasing on R+, and increasing on R�, i = 1; :::; N:

Let 0 < � < 1, n 2 N. Then as in [6] we get

viii)

1X
8<: ki = �1
: jnxi � kij > n1��

�i (nxi � ki) � 3:1992e�n
(1��)

; i = 1; :::; N:

Denote by d�e the ceiling of a number, and by b�c the integral part of a
number. Consider here x 2

�QN
i=1 [ai; bi]

�
� RN , N 2 N such that dnaie �

bnbic, i = 1; :::; N ; a := (a1; :::; aN ), b := (b1; :::; bN ) :
As in [6] we obtain

ix)

0 <
1Pbnbic

ki=dnaie�i (nxi � ki)
<

1

�i (1)
= 5:250312578;

8 xi 2 [ai; bi] ; i = 1; :::; N:

x) As in [6], we see that

lim
n!1

bnbicX
ki=dnaie

�i (nxi � ki) 6= 1;

for at least some xi 2 [ai; bi], i = 1; :::; N:

2
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We will use here

� (x1; :::; xN ) := � (x) :=
NY
i=1

�i (xi) , x 2 RN : (1)

It has the properties:

(i)� � (x) > 0, 8 x 2 RN ;
We see that

1X
k1=�1

1X
k2=�1

:::
1X

kN=�1
� (x1 � k1; x2 � k2; :::; xN � kN ) =

1X
k1=�1

1X
k2=�1

:::
1X

kN=�1

NY
i=1

�i (xi � ki) =
NY
i=1

 1X
ki=�1

�i (xi � ki)
!
= 1:

That is

(ii)�

1X
k=�1

� (x� k) :=
1X

k1=�1

1X
k2=�1

:::
1X

kN=�1
� (x1 � k1; :::; xN � kN ) = 1;

k := (k1; :::; kN ), 8 x 2 RN :

(iii)�
1X

k=�1
� (nx� k) :=

1X
k1=�1

1X
k2=�1

:::

1X
kN=�1

� (nx1 � k1; :::; nxN � kN ) = 1;

8 x 2 RN ; n 2 N.

(iv)� Z
RN
� (x) dx = 1;

that is � is a multivariate density function.

Here kxk1 := max fjx1j ; :::; jxN jg, x 2 RN , also set 1 := (1; :::;1),
�1 := (�1; :::;�1) upon the multivariate context, and

dnae : = (dna1e ; :::; dnaNe) ;
bnbc : = (bnb1c ; :::; bnbNc) :

3
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For 0 < � < 1 and n 2 N, �xed x 2 RN , have that
bnbcX

k=dnae

� (nx� k) =

bnbcX
8<: k = dnae

 k

n � x



1 � 1

n�

� (nx� k) +
bnbcX

8<: k = dnae

 k
n � x




1 > 1

n�

� (nx� k) :

In the last two sums the counting is over disjoint vector of k�s, because the
condition



 k
n � x




1 > 1

n�
implies that there exists at least one

��kr
n � xr

�� > 1
n�
,

r 2 f1; :::; Ng:
It holds

(v)�
bnbcX

8<: k = dnae

 k
n � x




1 > 1

n�

� (nx� k) � 3:1992e�n
(1��)

,

0 < � < 1, n 2 N, x 2
�QN

i=1 [ai; bi]
�
:

Furthermore it holds

(vi)�

0 <
1Pbnbc

k=dnae� (nx� k)
< (5:250312578)

N
;

8 x 2
�QN

i=1 [ai; bi]
�
, n 2 N.

It is clear also that

(vii)�
1X

8<: k = �1

 k
n � x




1 > 1

n�

� (nx� k) � 3:1992e�n
(1��)

;

0 < � < 1, n 2 N, x 2 RN :
By (x) we obviously see that

(viii)�

lim
n!1

bnbcX
k=dnae

� (nx� k) 6= 1

for at least some x 2
�QN

i=1 [ai; bi]
�
:

4
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Let f 2 C
�QN

i=1 [ai; bi]
�
and n 2 N such that dnaie � bnbic, i = 1; :::; N:

We de�ne the multivariate positive linear neural network operator (x :=

(x1; :::; xN ) 2
�QN

i=1 [ai; bi]
�
)

Gn (f; x1; :::; xN ) := Gn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
� (nx� k)Pbnbc

k=dnae� (nx� k)
(2)

:=

Pbnb1c
k1=dna1e

Pbnb2c
k2=dna2e :::

PbnbNc
kN=dnaNe f

�
k1
n ; :::;

kN
n

� �QN
i=1 �i (nxi � ki)

�
QN
i=1

�Pbnbic
ki=dnaie�i (nxi � ki)

� :

For large enough n we always obtain dnaie � bnbic, i = 1; :::; N . Also ai � ki
n �

bi, i¤ dnaie � ki � bnbic, i = 1; :::; N .
Notice here that for large enough n 2 N we get that

e�n
(1��)

< n��j , j = 1; :::;m 2 N, 0 < � < 1:

Thus be given �xedA;B > 0, for the linear combination
�
An��j +Be�n

(1��)
�

the (dominant) rate of convergence to zero is n��j . The closer � is to 1 we get
faster and better rate of convergence to zero.

By ACm
�QN

i=1 [ai; bi]
�
, m;N 2 N, we denote the space of functions such

that all partial derivatives of order (m� 1) are coordinatewise alsolutely con-
tinuous functions, also f 2 Cm�1

�QN
i=1 [ai; bi]

�
:

Let f 2 ACm
�QN

i=1 [ai; bi]
�
, m;N 2 N. Here f� denotes a partial derivative

of f , � := (�1; :::; �N ), �i 2 Z+, i = 1; :::; N; and j�j :=
PN

i=1 �i = l, where
l = 0; 1; :::;m. We write also f� :=

@�f
@x� and we say it is order l.

We denote
kf�kmax1;m := max

j�j=m
fkf�k1g; (3)

where k�k1 is the supremum norm.
We assume here that kf�kmax1;m <1:
Next we follow [3], [4].
We consider here the hyperbolic tangent function tanhx, x 2 R :

tanhx :=
ex � e�x
ex + e�x

.

It has the properties tanh 0 = 0; �1 < tanhx < 1, 8 x 2 R, and tanh (�x) =
� tanhx. Furthermore tanhx ! 1 as x ! 1, and tanhx ! �1, as x ! �1,
and it is strictly increasing on R.
This function plays the role of an activation function in the hidden layer of

neural networks.

5
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We further consider

	(x) :=
1

4
(tanh (x+ 1)� tanh (x� 1)) > 0, 8 x 2 R.

We easily see that 	(�x) = 	 (x), that is 	 is even on R. Obviously 	 is
di¤erentiable, thus continuous.

Proposition 1 ([3]) 	(x) for x � 0 is strictly decreasing.

Obviously 	(x) is strictly increasing for x � 0. Also it holds lim
x!�1

	(x) =

0 = lim
x!1

	(x) :

Infact 	 has the bell shape with horizontal asymptote the x-axis. So the
maximum of 	 is zero, 	(0) = 0:3809297:

Theorem 2 ([3]) We have that
P1

i=�1	(x� i) = 1, 8 x 2 R.

Thus
1X

i=�1
	(nx� i) = 1; 8 n 2 N; 8 x 2 R:

Also it holds
1X

i=�1
	(x+ i) = 1; 8x 2 R:

Theorem 3 ([3]) It holds
R1
�1	(x) dx = 1.

So 	(x) is a density function on R.

Theorem 4 ([3]) Let 0 < � < 1 and n 2 N. It holds
1X

8<: k = �1
: jnx� kj � n1��

	(nx� k) � e4 � e�2n
(1��)

:

Theorem 5 ([3]) Let x 2 [a; b] � R and n 2 N so that dnae � bnbc. It holds

1Pbnbc
k=dnae	(nx� k)

<
1

	 (1)
= 4:1488766:

Also by [3] we get that

lim
n!1

bnbcX
k=dnae

	(nx� k) 6= 1;

for at least some x 2 [a; b].

6
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In this article we will use

�(x1; :::; xN ) := � (x) :=
NY
i=1

	(xi) , x = (x1; :::; xN ) 2 RN ; N 2 N: (4)

It has the properties:

(i)� �(x) > 0, 8 x 2 RN ;

(ii)�

1X
k=�1

�(x� k) :=
1X

k1=�1

1X
k2=�1

:::
1X

kN=�1
�(x1 � k1; :::; xN � kN ) = 1;

where k := (k1; :::; kN ), 8 x 2 RN :

(iii)�
1X

k=�1
�(nx� k) :=

1X
k1=�1

1X
k2=�1

:::
1X

kN=�1
�(nx1 � k1; :::; nxN � kN ) = 1;

8 x 2 RN ; n 2 N.

(iv)� Z
RN
�(x) dx = 1;

that is � is a multivariate density function.

We obviously see that

bnbcX
k=dnae

�(nx� k) =
bnbcX

k=dnae

NY
i=1

	(nxi � ki) =

bnb1cX
k1=dna1e

:::

bnbNcX
kN=dnaNe

NY
i=1

	(nxi � ki) =
NY
i=1

0@ bnbicX
ki=dnaie

	(nxi � ki)

1A :
For 0 < � < 1 and n 2 N, �xed x 2 RN , we have that

bnbcX
k=dnae

�(nx� k) =

bnbcX
8<: k = dnae

 k

n � x



1 � 1

n�

�(nx� k) +
bnbcX

8<: k = dnae

 k
n � x




1 > 1

n�

�(nx� k) :

7
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In the last two sums the counting is over disjoint vector of k�s, because
the condition



 k
n � x




1 > 1

n�
implies that there exists at least one��kr

n � xr
�� > 1

n�
, r 2 f1; :::; Ng:

Il holds

(v)�
bnbcX

8<: k = dnae

 k
n � x




1 > 1

n�

�(nx� k) � e4 � e�2n
(1��)

,

0 < � < 1, n 2 N, x 2
�QN

i=1 [ai; bi]
�
:

Also it holds

(vi)�

0 <
1Pbnbc

k=dnae�(nx� k)
<

1

(	 (1))
N
= (4:1488766)

N
;

8 x 2
�QN

i=1 [ai; bi]
�
, n 2 N.

It is clear that

(vii)�
1X

8<: k = �1

 k
n � x




1 > 1

n�

�(nx� k) � e4 � e�2n
(1��)

;

0 < � < 1, n 2 N, x 2 RN :

Also we get

lim
n!1

bnbcX
k=dnae

�(nx� k) 6= 1;

for at least some x 2
�QN

i=1 [ai; bi]
�
:

Let f 2 C
�QN

i=1 [ai; bi]
�
and n 2 N such that dnaie � bnbic, i = 1; :::; N:

We de�ne the multivariate positive linear neural network operator (x :=

(x1; :::; xN ) 2
�QN

i=1 [ai; bi]
�
)

Fn (f; x1; :::; xN ) := Fn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
�(nx� k)Pbnbc

k=dnae�(nx� k)
(5)

8
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:=

Pbnb1c
k1=dna1e

Pbnb2c
k2=dna2e :::

PbnbNc
kN=dnaNe f

�
k1
n ; :::;

kN
n

� �QN
i=1	(nxi � ki)

�
QN
i=1

�Pbnbic
ki=dnaie	(nxi � ki)

� :

Our considered neural networks here are of one hidden layer.
In this article we �nd Voronovskaya type asymptotic expansions for the above

described neural networks quasi-interpolation normalized operators Gn (f; x),

Fn (f; x), where x 2
�QN

i=1 [ai; bi]
�
is �xed but arbitrary. For other neural

networks related work, see [2], [3], [4], [5], [6] and [7]. For neural networks in
general, see [8], [9] and [10].
Next we follow [1], pp. 284-286.
About Taylor formula -Multivariate Case and Estimates
Let Q be a compact convex subset of RN ; N � 2; z := (z1; :::; zN ) ; x0 :=

(x01; :::; x0N ) 2 Q.
Let f : Q ! R be such that all partial derivatives of order (m� 1) are

coordinatewise absolutely continuous functions, m 2 N. Also f 2 Cm�1 (Q).
That is f 2 ACm (Q). Each mth order partial derivative is denoted by f� :=
@�f
@x� , where � := (�1; :::; �N ), �i 2 Z+, i = 1; :::; N and j�j :=

PN
i=1 �i = m.

Consider gz (t) := f (x0 + t (z � x0)), t � 0. Then

g(j)z (t) =

24 NX
i=1

(zi � x0i)
@

@xi

!j
f

35 (x01 + t (z1 � x01) ; :::; x0N + t (zN � x0N )) ;
(6)

for all j = 0; 1; 2; :::;m:

Example 6 Let m = N = 2. Then

gz (t) = f (x01 + t (z1 � x01) ; x02 + t (z2 � x02)) ; t 2 R,

and

g0z (t) = (z1 � x01)
@f

@x1
(x0 + t (z � x0))+(z2 � x02)

@f

@x2
(x0 + t (z � x0)) : (7)

Setting

(�) = (x01 + t (z1 � x01) ; x02 + t (z2 � x02)) = (x0 + t (z � x0)) ;

we get

g00z (t) = (z1 � x01)
2 @f

2

@x21
(�) + (z1 � x01) (z2 � x02)

@f2

@x2@x1
(�)+

(z1 � x01) (z2 � x02)
@f2

@x1@x2
(�) + (z2 � x02)2

@f2

@x22
(�) : (8)

Similarly, we have the general case of m;N 2 N for g(m)z (t) :

9
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We mention the following multivariate Taylor theorem.

Theorem 7 Under the above assumptions we have

f (z1; :::; zN ) = gz (1) =
m�1X
j=0

g
(j)
z (0)

j!
+Rm (z; 0) ; (9)

where

Rm (z; 0) :=

Z 1

0

�Z t1

0

:::

�Z tm�1

0

g(m)z (tm) dtm

�
:::

�
dt1; (10)

or

Rm (z; 0) =
1

(m� 1)!

Z 1

0

(1� �)m�1 g(m)z (�) d�: (11)

Notice that gz (0) = f (x0) :

We make

Remark 8 Assume here that

kf�kmax1;Q;m := max
j�j=m

kf�k1;Q <1:

Then


g(m)z





1;[0;1]

=







" 

NX
i=1

(zi � x0i)
@

@xi

!m
f

#
(x0 + t (z � x0))







1;[0;1]

� (12)

 
NX
i=1

jzi � x0ij
!m

kf�kmax1;Q;m ;

that is 


g(m)z





1;[0;1]

�
�
kz � x0kl1

�m kf�kmax1;Q;m <1: (13)

Hence we get by (11) that

jRm (z; 0)j �




g(m)z





1;[0;1]

m!
<1: (14)

And it holds

jRm (z; 0)j �
�
kz � x0kl1

�m
m!

kf�kmax1;Q;m ; (15)

8 z; x0 2 Q.
Inequality (15) will be an important tool in proving our main results.

10
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2 Main Results

We present our �rst main result

Theorem 9 Let 0 < � < 1, x 2
QN
i=1 [ai; bi], n 2 N large enough, f 2

ACm
�QN

i=1 [ai; bi]
�
, m;N 2 N. Assume further that kf�kmax1;m <1: Then

Gn (f; x)� f (x) =

m�1X
j=1

0@X
j�j=j

 
f� (x)QN
i=1 �i!

!
Gn

 
NY
i=1

(� � xi)�i ; x
!1A+ o� 1

n�(m�")

�
; (16)

where 0 < " � m:
If m = 1, the sum in (16) collapses.
The last (16) implies that

n�(m�")

24Gn (f; x)� f (x)� m�1X
j=1

0@X
j�j=j

 
f� (x)QN
i=1 �i!

!
Gn

 
NY
i=1

(� � xi)�i ; x
!1A35
(17)

! 0; as n!1; 0 < " � m:

When m = 1, or f� (x) = 0, for j�j = j, j = 1; :::;m�1; then we derive that

n�(m�") [Gn (f; x)� f (x)]! 0;

as n!1, 0 < " � m.

Proof. Consider gz (t) := f (x0 + t (z � x0)), t � 0; x0; z 2
QN
i=1 [ai; bi].

Then

g(j)z (t) =

24 NX
i=1

(zi � x0i)
@

@xi

!j
f

35 (x01 + t (z1 � x01) ; :::; x0N + t (zN � x0N )) ;
(18)

for all j = 0; 1; :::;m:
By (9) we have the multivariate Taylor�s formula

f (z1; :::; zN ) = gz (1) =
m�1X
j=0

g
(j)
z (0)

j!
+

1

(m� 1)!

Z 1

0

(1� �)m�1 g(m)z (�) d�:

(19)
Notice gz (0) = f (x0). Also for j = 0; 1; :::;m� 1; we have

g(j)z (0) =
X

�:=(�1;:::;�N ), �i2Z+;
i=1;:::;N; j�j:=

PN
i=1 �i=j

 
j!QN

i=1 �i!

! 
NY
i=1

(zi � x0i)�i
!
f� (x0) : (20)

11
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Furthermore
g(m)z (�) =X

�:=(�1;:::;�N ), �i2Z+;
i=1;:::;N; j�j:=

PN
i=1 �i=m

 
m!QN
i=1 �i!

! 
NY
i=1

(zi � x0i)�i
!
f� (x0 + � (z � x0)) ;

(21)
0 � � � 1:
So we treat f 2 ACm

�QN
i=1 [ai; bi]

�
with kf�kmax1;m <1.

Thus, by (19) we have for k
n ; x 2

�QN
i=1 [ai; bi]

�
that

f

�
k1
n
; :::;

kN
n

�
� f (x) =

m�1X
j=1

X
�:=(�1;:::;�N ), �i2Z+;

i=1;:::;N; j�j:=
PN

i=1 �i=j

 
1QN

i=1 �i!

! 
NY
i=1

�
ki
n
� xi

��i!
f� (x) +R; (22)

where

R := m

Z 1

0

(1� �)m�1
X

�:=(�1;:::;�N ), �i2Z+;
i=1;:::;N; j�j:=

PN
i=1 �i=m

 
1QN

i=1 �i!

!
�

 
NY
i=1

�
ki
n
� xi

��i!
f�

�
x+ �

�
k

n
� x
��

d�: (23)

By (15) we obtain

jRj �

�

x� k
n




l1

�m
m!

kf�kmax1;m : (24)

Notice here that



kn � x





1
� 1

n�
,
����kin � xi

���� � 1

n�
, i = 1; :::; N: (25)

So, if


 k
n � x




1 � 1

n�
we get that



x� k
n




l1
� N

n�
, and

jRj � Nm

nm�m!
kf�kmax1;m : (26)

Also we see that



x� k

n






l1

=
NX
i=1

����xi � kin
���� � NX

i=1

(bi � ai) = kb� akl1 ;

12
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therefore in general it holds

jRj �
�
kb� akl1

�m
m!

kf�kmax1;m : (27)

Call

V (x) :=

bnbcX
k=dnae

� (nx� k) :

Hence we have

Un (x) :=

Pbnbc
k=dnae� (nx� k)R

V (x)
= (28)

Pbnbc8<: k = dnae
:


 k
n � x




1 � 1

n�

� (nx� k)R

V (x)
+

Pbnbc8<: k = dnae
:


 k
n � x




1 > 1

n�

� (nx� k)R

V (x)
:

Consequently we obtain

jUn (x)j �

0BBBBBB@

Pbnbc8<: k = dnae
:


 k
n � x




1 � 1

n�

� (nx� k)

V (x)

1CCCCCCA
�

Nm

nm�m!
kf�kmax1;m

�
+

1

V (x)

0BBBBBB@
bnbcX

8<: k = dnae
:


 k
n � x




1 > 1

n�

� (nx� k)

1CCCCCCA
�
kb� akl1

�m
m!

kf�kmax1;m

(by (v)�, (vi)�)
�

Nm

nm�m!
kf�kmax1;m + (5:250312578)

N
(3:1992) e�n

(1��)

�
kb� akl1

�m
m!

kf�kmax1;m :

(29)
Therefore we have found

jUn (x)j �
kf�kmax1;m

m!

�
Nm

nm�
+ (5:250312578)

N
(3:1992) e�n

(1��) �
kb� akl1

�m�
:

(30)
For large enough n 2 N we get

jUn (x)j �
 
2 kf�kmax1;mN

m

m!

!�
1

nm�

�
: (31)

13
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That is

jUn (x)j = O
�

1

nm�

�
; (32)

and
jUn (x)j = o (1) : (33)

And, letting 0 < " � m, we derive

jUn (x)j�
1

n�(m�")

� �  2 kf�kmax1;mN
m

m!

!
1

n�"
! 0, (34)

as n!1:
I.e.

jUn (x)j = o
�

1

n�(m�")

�
: (35)

By (22) we observe thatPbnbc
k=dnae f

�
k
n

�
� (nx� k)

V (x)
� f (x) =

m�1X
j=1

0@X
j�j=j

 
f� (x)QN
i=1 �i!

!1A
�Pbnbc

k=dnae� (nx� k)
�QN

i=1

�
ki
n � xi

��i��
V (x)

+ (36)

Pbnbc
k=dnae� (nx� k)R

V (x)
:

The last says

Gn (f; x)� f (x)�
m�1X
j=1

0@X
j�j=j

 
f� (x)QN
i=1 �i!

!
Gn

 
NY
i=1

(� � xi)�i ; x
!1A = Un (x) :

(37)
The proof of the theorem is complete.
We present our second main result

Theorem 10 Let 0 < � < 1, x 2
QN
i=1 [ai; bi], n 2 N large enough, f 2

ACm
�QN

i=1 [ai; bi]
�
, m;N 2 N. Assume further that kf�kmax1;m <1: Then

Fn (f; x)� f (x) =

m�1X
j=1

0@X
j�j=j

 
f� (x)QN
i=1 �i!

!
Fn

 
NY
i=1

(� � xi)�i ; x
!1A+ o� 1

n�(m�")

�
; (38)

where 0 < " � m:
If m = 1, the sum in (38) collapses.

14
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The last (38) implies that

n�(m�")

24Fn (f; x)� f (x)� m�1X
j=1

0@X
j�j=j

 
f� (x)QN
i=1 �i!

!
Fn

 
NY
i=1

(� � xi)�i ; x
!1A35
(39)

! 0; as n!1; 0 < " � m:
When m = 1, or f� (x) = 0, for j�j = j, j = 1; :::;m�1; then we derive that

n�(m�") [Fn (f; x)� f (x)]! 0;

as n!1, 0 < " � m.

Proof. Similar to Theorem 9, using the properties of �(x), see (4), (i)�-
(vii)� and (5).

References

[1] G.A. Anastassiou, Advanced Inequalities, World Scienti�c Publ. Co., Sin-
gapore, New Jersey, 2011.

[2] G.A. Anastassiou, Inteligent Systems: Approximation by Arti�cial Neural
Networks, Intelligent Systems Reference Library, Vol. 19, Springer, Heidel-
berg, 2011.

[3] G.A. Anastassiou, Univariate hyperbolic tangent neural network approxi-
mation, Mathematics and Computer Modelling, 53(2011), 1111-1132.

[4] G.A. Anastassiou, Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics 61(2011), 809-821.

[5] G.A. Anastassiou, Multivariate sigmoidal neural network approximation,
Neural Networks 24(2011), 378-386.

[6] G.A. Anastassiou, Univariate sigmoidal neural network approximation,
submitted for publication, accepted, J. of Computational Analysis and Ap-
plications, 2011.

[7] Z. Chen and F. Cao, The approximation operators with sigmoidal functions,
Computers and Mathematics with Applications, 58 (2009), 758-765.

[8] S. Haykin, Neural Networks: A Comprehensive Foundation (2 ed.), Pren-
tice Hall, New York, 1998.

[9] W. McCulloch and W. Pitts, A logical calculus of the ideas immanent in
nervous activity, Bulletin of Mathematical Biophysics, 7 (1943), 115-133.

[10] T.M. Mitchell, Machine Learning, WCB-McGraw-Hill, New York, 1997.

15

134GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS



Fractional Voronovskaya type asymptotic
expansions for quasi-interpolation neural

network operators
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Abstract

Here we study further the quasi-interpolation of sigmoidal and hyper-
bolic tangent types neural network operators of one hidden layer. Based
on fractional calculus theory we derive fractional Voronovskaya type as-
ymptotic expansions for the error of approximation of these operators to
the unit operator.

2010 AMSMathematics Subject Classi�cation: 26A33, 41A25, 41A36,
41A60.
Keywords and Phrases: Neural Network Fractional Approximation, Voro-

novskaya Asymptotic Expansion, fractional derivative.

1 Background

We need

De�nition 1 Let � > 0, n = d�e (d�e is the ceiling of the number), f 2
ACn ([a; b]) (space of functions f with f (n�1) 2 AC ([a; b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [13], pp. 49-52)
the function

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt; (1)

8 x 2 [a; b], where � is the gamma function � (�) =
R1
0
e�tt��1dt, � > 0. Notice

D�
�af 2 L1 ([a; b]) and D�

�af exists a.e.on [a; b].
We set D0

�af (x) = f (x), 8 x 2 [a; b] :

1
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De�nition 2 (see also [3], [14], [15]). Let f 2 ACm ([a; b]), m = d�e, � > 0.
The right Caputo fractional derivative of order � > 0 is given by

D�
b�f (x) =

(�1)m

� (m� �)

Z b

x

(� � x)m���1 f (m) (�) d�; (2)

8 x 2 [a; b]. We set D0
b�f (x) = f (x) : Notice D�

b�f 2 L1 ([a; b]) and D�
b�f

exists a.e.on [a; b] :

Convention 3 We assume that

D�
�x0f (x) = 0, for x < x0; (3)

and
D�
x0�f (x) = 0, for x > x0; (4)

for all x; x0 2 [a; b] :

We mention

Proposition 4 (by [5]) Let f 2 Cn ([a; b]), n = d�e, � > 0. Then D�
�af (x) is

continuous in x 2 [a; b] :

Also we have

Proposition 5 (by [5]) Let f 2 Cm ([a; b]), m = d�e, � > 0. Then D�
b�f (x)

is continuous in x 2 [a; b] :

Theorem 6 ([5]) Let f 2 Cm ([a; b]), m = d�e, � > 0, x; x0 2 [a; b]. Then
D�
�x0f (x), D

�
x0�f (x) are jointly continuous functions in (x; x0) from [a; b]

2 into
R.

We mention the left Caputo fractional Taylor formula with integral remain-
der.

Theorem 7 ([13], p. 54) Let f 2 ACm ([a; b]), [a; b] � R, m = d�e, � > 0.
Then

f (x) =
m�1X
k=0

f (k) (x0)

k!
(x� x0)k +

1

� (�)

Z x

x0

(x� J)��1D�
�x0f (J) dJ; (5)

8 x � x0; x; x0 2 [a; b] :

Also we mention the right Caputo fractional Taylor formula.

2
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Theorem 8 ([3]) Let f 2 ACm ([a; b]), [a; b] � R, m = d�e, � > 0. Then

f (x) =
m�1X
j=0

f (k) (x0)

k!
(x� x0)k +

1

� (�)

Z x0

x

(J � x)��1D�
x0�f (J) dJ; (6)

8 x � x0; x; x0 2 [a; b] :

For more on fractional calculus related to this work see [2], [4] and [7].
We consider here the sigmoidal function of logarithmic type

s (x) =
1

1 + e�x
; x 2 R.

It has the properties lim
x!+1

s (x) = 1 and lim
x!�1

s (x) = 0.

This function plays the role of an activation function in the hidden layer of
neural networks.
As in [12], we consider

� (x) :=
1

2
(s (x+ 1)� s (x� 1)) , x 2 R. (7)

We notice the following properties:

i) � (x) > 0, 8 x 2 R;

ii)
P1

k=�1� (x� k) = 1, 8 x 2 R,

iii)
P1

k=�1� (nx� k) = 1, 8 x 2 R; n 2 N;

iv)
R1
�1� (x) dx = 1,

v) � is a density function,

vi) � is even: � (�x) = � (x), x � 0.

We see that ([12])

� (x) =

�
e2 � 1
2e

�
e�x

(1 + e�x�1) (1 + e�x+1)
= (8)�

e2 � 1
2e2

�
1

(1 + ex�1) (1 + e�x�1)
:

vii) By [12] � is decreasing on R+, and increasing on R�.

viii) By [11] for n 2 N, 0 < � < 1, we get
1X

8<: k = �1
: jnx� kj > n1��

� (nx� k) <
�
e2 � 1
2

�
e�n

(1��)
= 3:1992e�n

(1��)
:

(9)

3
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Denote by b�c the integral part of a number. Consider x 2 [a; b] � R and
n 2 N such that dnae � bnbc.

ix) By [11] it holds

1Pbnbc
k=dnae� (nx� k)

<
1

� (1)
= 5:250312578; 8 x 2 [a; b] : (10)

x) By [11] it holds lim
n!1

Pbnbc
k=dnae� (nx� k) 6= 1; for at least some x 2 [a; b].

Let f 2 C ([a; b]) and n 2 N such that dnae � bnbc.
We study further (see also [11]) the quasi-interpolation positive linear neural

network operator

Gn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
� (nx� k)Pbnbc

k=dnae� (nx� k)
, x 2 [a; b] : (11)

For large enough n we always obtain dnae � bnbc. Also a � k
n � b, i¤ dnae �

k � bnbc.
We also consider here the hyperbolic tangent function tanhx, x 2 R :

tanhx :=
ex � e�x
ex + e�x

=
e2x � 1
e2x + 1

.

It has the properties tanh 0 = 0; �1 < tanhx < 1, 8 x 2 R, and tanh (�x) =
� tanhx. Furthermore tanhx ! 1 as x ! 1, and tanhx ! �1, as x ! �1,
and it is strictly increasing on R. Furthermore it holds d

dx tanhx =
1

cosh2 x
> 0:

This function plays also the role of an activation function in the hidden layer
of neural networks.
We further consider

	(x) :=
1

4
(tanh (x+ 1)� tanh (x� 1)) > 0, 8 x 2 R. (12)

We easily see that	(�x) = 	 (x), that is 	 is even on R. Obviously 	 is
di¤erentiable, thus continuous.
Here we follow [8]

Proposition 9 	(x) for x � 0 is strictly decreasing.

Obviously 	(x) is strictly increasing for x � 0. Also it holds lim
x!�1

	(x) =

0 = lim
x!1

	(x) :

Infact 	 has the bell shape with horizontal asymptote the x-axis. So the
maximum of 	 is at zero, 	(0) = 0:3809297:

4
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Theorem 10 We have that
P1

i=�1	(x� i) = 1, 8 x 2 R.

Thus
1X

i=�1
	(nx� i) = 1; 8 n 2 N; 8 x 2 R:

Furthermore we get:
Since 	 is even it holds

P1
i=�1	(i� x) = 1; 8x 2 R:

Hence
P1

i=�1	(i+ x) = 1, 8 x 2 R, and
P1

i=�1	(x+ i) = 1, 8 x 2 R.

Theorem 11 It holds
R1
�1	(x) dx = 1.

So 	(x) is a density function on R.

Theorem 12 Let 0 < � < 1 and n 2 N. It holds
1X

8<: k = �1
: jnx� kj � n1��

	(nx� k) � e4 � e�2n
(1��)

: (13)

Theorem 13 Let x 2 [a; b] � R and n 2 N so that dnae � bnbc. It holds

1Pbnbc
k=dnae	(nx� k)

< 4:1488766 =
1

	 (1)
: (14)

Also by [8], we obtain

lim
n!1

bnbcX
k=dnae

	(nx� k) 6= 1; (15)

for at least some x 2 [a; b].

De�nition 14 Let f 2 C ([a; b]) and n 2 N such that dnae � bnbc.
We further study, as in [8], the quasi-interpolation positive linear neural

network operator

Fn (f; x) :=

Pbnbc
k=dnae f

�
k
n

�
	(nx� k)Pbnbc

k=dnae	(nx� k)
, x 2 [a; b] : (16)

We �nd here fractional Voronovskaya type asymptotic expansions forGn (f; x)
and Fn (f; x), x 2 [a; b].
For related work on neural networks also see [1], [6], [9] and [10]. For neural

networks in general see [16], [17] and [18].

5
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2 Main Results

We present our �rst main result

Theorem 15 Let � > 0, N 2 N, N = d�e, f 2 ACN ([a; b]), 0 < � < 1,
x 2 [a; b], n 2 N large enough. Assume that



D�
x�f




1;[a;x]

, kD�
�xfk1;[x;b] �M ,

M > 0: Then

Gn (f; x)� f (x) =
N�1X
j=1

f (j) (x)

j!
Gn

�
(� � x)j

�
(x) + o

�
1

n�(��")

�
; (17)

where 0 < " � �:
If N = 1, the sum in (17) collapses.
The last (17) implies that

n�(��")

24Gn (f; x)� f (x)� N�1X
j=1

f (j) (x)

j!
Gn

�
(� � x)j

�
(x)

35! 0; (18)

as n!1, 0 < " � �.
When N = 1, or f (j) (x) = 0, j = 1; :::; N � 1; then we derive that

n�(��") [Gn (f; x)� f (x)]! 0

as n!1, 0 < " � �. Of great interest is the case of � = 1
2 :

Proof. From [13], p. 54; (5), we get by the left Caputo fractional Taylor
formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+

1

� (�)

Z k
n

x

�
k

n
� J

���1
D�
�xf (J) dJ; (19)

for all x � k
n � b:

Also from [3]; (6), using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x)

j!

�
k

n
� x

�j
+

1

� (�)

Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ; (20)

for all a � k
n � x:

We call

V (x) :=

bnbcX
k=dnae

� (nx� k) : (21)

Hence we have

f
�
k
n

�
� (nx� k)
V (x)

=
N�1X
j=0

f (j) (x)

j!

� (nx� k)
V (x)

�
k

n
� x

�j
+ (22)

6
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� (nx� k)
V (x) � (�)

Z k
n

x

�
k

n
� J

���1
D�
�xf (J) dJ;

all x � k
n � b, i¤ dnxe � k � bnbc, and

f
�
k
n

�
� (nx� k)
V (x)

=
N�1X
j=0

f (j) (x)

j!

� (nx� k)
V (x)

�
k

n
� x

�j
+ (23)

� (nx� k)
V (x) � (�)

Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ;

for all a � k
n � x, i¤ dnae � k � bnxc.

We have that dnxe � bnxc+ 1:
Therefore it holds

bnbcX
k=bnxc+1

f
�
k
n

�
� (nx� k)
V (x)

=
N�1X
j=0

f (j) (x)

j!

bnbcX
k=bnxc+1

� (nx� k)
�
k
n � x

�j
V (x)

+

(24)

1

� (�)

0@Pbnbc
k=bnxc+1� (nx� k)

V (x)

Z k
n

x

�
k

n
� J

���1
D�
�xf (J) dJ

1A ;
and

bnxcX
k=dnae

f

�
k

n

�
� (nx� k)
V (x)

=

N�1X
j=0

f (j) (x)

j!

bnxcX
k=dnae

� (nx� k)
V (x)

�
k

n
� x

�j
+ (25)

1

� (�)

0@ bnxcX
k=dnae

� (nx� k)
V (x)

Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ

1A :
Adding the last two equalities (24) and (25) we obtain

Gn (f; x) =

bnbcX
k=dnae

f

�
k

n

�
� (nx� k)
V (x)

= (26)

N�1X
j=0

f (j) (x)

j!

bnbcX
k=dnae

� (nx� k)
V (x)

�
k

n
� x

�j
+

1

� (�)V (x)

8<:
bnxcX
k=dnae

� (nx� k)
Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ+

bnbcX
k=bnxc+1

� (nx� k)
Z k

n

x

�
k

n
� J

���1
(D�

�xf (J)) dJ

9=; :
7
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So we have derived

T (x) := Gn (f; x)� f (x)�
N�1X
j=1

f (j) (x)

j!
Gn

�
(� � x)j

�
(x) = ��n (x) ; (27)

where

��n (x) :=
1

� (�)V (x)

8<:
bnxcX
k=dnae

� (nx� k)
Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ

+

bnbcX
k=bnxc+1

� (nx� k)
Z k

n

x

�
k

n
� J

���1
D�
�xf (J) dJ

9=; : (28)

We set

��1n (x) :=
1

� (�)

0@Pbnxc
k=dnae� (nx� k)

V (x)

Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ

1A ; (29)
and

��2n :=
1

� (�)

0@Pbnbc
k=bnxc+1� (nx� k)

V (x)

Z k
n

x

�
k

n
� J

���1
D�
�xf (J) dJ

1A ; (30)

i.e.
��n (x) = �

�
1n (x) + �

�
2n (x) : (31)

We assume b � a > 1
n�
, 0 < � < 1, which is always the case for large enough

n 2 N, that is when n >
l
(b� a)�

1
�

m
: It is always true that either

�� k
n � x

�� � 1
n�

or
�� k
n � x

�� > 1
n�
.

For k = dnae ; :::; bnxc, we consider


1k :=

�����
Z x

k
n

�
J � k

n

���1
D�
x�f (J) dJ

����� � (32)

Z x

k
n

�
J � k

n

���1 ��D�
x�f (J)

�� dJ
�


D�

x�f



1;[a;x]

�
x� �

n

��
�

�


D�

x�f



1;[a;x]

(x� a)�

�
: (33)

That is


1k �


D�

x�f



1;[a;x]

(x� a)�

�
; (34)

for k = dnae ; :::; bnxc :

8
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Also we have in case of
�� k
n � x

�� � 1
n�
that


1k �
Z x

k
n

�
J � k

n

���1 ��D�
x�f (J)

�� dJ (35)

�


D�

x�f



1;[a;x]

�
x� �

n

��
�

�


D�

x�f



1;[a;x]

1

n���
:

So that, when
�
x� k

n

�
� 1

n�
, we get


1k �


D�

x�f



1;[a;x]

1

�na�
: (36)

Therefore

j��1n (x)j �
1

� (�)

0@Pbnxc
k=dnae� (nx� k)

V (x)

1k

1A =
1

� (�)
�

8>>>>>><>>>>>>:

Pbnxc8<: k = dnae
:
�� k
n � x

�� � 1
n�

� (nx� k)

V (x)

1k +

Pbnxc8<: k = dnae
:
�� k
n � x

�� > 1
n�

� (nx� k)

V (x)

1k

9>>>>>>=>>>>>>;

� 1

� (�)

8>>>>>><>>>>>>:

0BBBBBB@

Pbnxc8<: k = dnae
:
�� k
n � x

�� � 1
n�

� (nx� k)

V (x)

1CCCCCCA


D�

x�f



1;[a;x]

1

�n��
+

1

V (x)

0BBBBBB@
bnxcX

8<: k = dnae
:
�� k
n � x

�� > 1
n�

� (nx� k)

1CCCCCCA


D�

x�f



1;[a;x]

(x� a)�

�

9>>>>>>=>>>>>>;
(by (9), (10))

�

(37)

D�
x�f




1;[a;x]

� (�+ 1)

�
1

n��
+ (5:250312578) (3:1992) e�n

(1��)
(x� a)�

�
:

Therefore we proved

j��1n (x)j �



D�
x�f




1;[a;x]

� (�+ 1)

�
1

n��
+ (16:7968) e�n

(1��)
(x� a)�

�
: (38)

9
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But for large enough n 2 N we get

j��1n (x)j �
2


D�

x�f



1;[a;x]

� (�+ 1)n��
: (39)

Similarly we have


2k :=

�����
Z k

n

x

�
k

n
� J

���1
D�
�xf (J) dJ

����� �
Z k

n

x

�
k

n
� J

���1
jD�

�xf (J)j dJ �

kD�
�xfk1;[x;b]

�
k
n � x

��
�

� kD�
�xfk1;[x;b]

(b� x)�

�
: (40)

That is


2k � kD�
�xfk1;[x;b]

(b� x)�

�
; (41)

for k = bnxc+ 1; :::; bnbc :
Also we have in case of

�� k
n � x

�� � 1
n�
that


2k �
kD�

�xfk1;[x;b]

�n��
: (42)

Consequently it holds

j��2n (x)j �
1

� (�)

0@Pbnbc
k=bnxc+1� (nx� k)

V (x)

2k

1A =

1

� (�)

8>>>>>><>>>>>>:

0BBBBBB@

Pbnbc8<: k = bnxc+ 1
:
�� k
n � x

�� � 1
n�

� (nx� k)

V (x)

1CCCCCCA
kD�

�xfk1;[x;b]

�n��
+

1

V (x)

0BBBBBB@
bnbcX

8<: k = bnxc+ 1
:
�� k
n � x

�� > 1
n�

� (nx� k)

1CCCCCCA kD
�
�xfk1;[x;b]

(b� x)�

�

9>>>>>>=>>>>>>;
�

kD�
�xfk1;[x;b]

� (�+ 1)

�
1

n��
+ (16:7968) e�n

(1��)
(b� x)�

�
: (43)

10
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That is

j��2n (x)j �
kD�

�xfk1;[x;b]

� (�+ 1)

�
1

n��
+ (16:7968) e�n

(1��)
(b� x)�

�
: (44)

But for large enough n 2 N we get

j��2n (x)j �
2 kD�

�xfk1;[x;b]

� (�+ 1)n��
: (45)

Since


D�

x�f



1;[a;x]

, kD�
�xfk1;[x;b] �M , M > 0, we derive

j��n (x)j � j��1n (x)j+ j��2n (x)j
(by (39), (45))

� 4M

� (�+ 1)n��
: (46)

That is for large enough n 2 N we get

jT (x)j = j��n (x)j �
�

4M

� (�+ 1)

��
1

n��

�
; (47)

resulting to

jT (x)j = O
�
1

n��

�
; (48)

and
jT (x)j = o (1) : (49)

And, letting 0 < " � �, we derive

jT (x)j�
1

n�(��")

� � � 4M

� (�+ 1)

��
1

n�"

�
! 0; (50)

as n!1:
I.e.

jT (x)j = o
�

1

n�(��")

�
; (51)

proving the claim.
We present our second main result

Theorem 16 Let � > 0, N 2 N; N = d�e, f 2 ACN ([a; b]), 0 < � < 1,
x 2 [a; b], n 2 N large enough. Assume that



D�
x�f




1;[a;x]

, kD�
�xfk1;[x;b] �M ,

M > 0: Then

Fn (f; x)� f (x) =
N�1X
j=1

f (j) (x)

j!
Fn

�
(� � x)j

�
(x) + o

�
1

n�(��")

�
; (52)

where 0 < " � �:
If N = 1, the sum in (52) collapses.

11
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The last (52) implies that

n�(��")

24Fn (f; x)� f (x)� N�1X
j=1

f (j) (x)

j!
Fn

�
(� � x)j

�
(x)

35! 0; (53)

as n!1, 0 < " � �.
When N = 1, or f (j) (x) = 0, j = 1; :::; N � 1; then we derive that

n�(��") [Fn (f; x)� f (x)]! 0

as n!1, 0 < " � �. Of great interest is the case of � = 1
2 :

Proof. Similar to Theorem 15, using (13) and (14).
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Abstract

Here we introduce the multivariate normalized bell and squashing type
neural network operators of one hidden layer. We derive multivariate
Voronovskaya type asymptotic expansions for the error of approximation
of these operators to the unit operator.

2010 AMSMathematics Subject Classi�cation: 41A25, 41A36, 41A60.
Keywords and Phrases: Multivariate Neural Network Approximation,

Voronovskaya Asymptotic Expansion.

1 Background

In [6] the authors presented for the �st time approximation of functions by spe-
ci�c completely described neural network operators. However their approach
was only qualitative. The author in [1], [2] continued the work of [6] by pre-
senting for the �rst time quantitative approximation by determining the rate
of convergence and involving the modulus of continuity of the function under
approximation. In this work we engage very �exible neural network operators
for the �rst time that derive by normalization of operators of [6], so we are able
to produce asymptotic expansions of Voronovkaya type regarding the approxi-
mation of these operators to the unit operator.

We use the following (see [6]).

De�nition 1 A function b : R ! R is said to be bell-shaped if b belongs to L1

and its integral is nonzero, if it is nondecreasing on (�1; a) and nonincreasing
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on [a;+1), where a belongs to R. In particular b (x) is a nonnegative number
and at a, b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero.

De�nition 2 (see [6]) A function b : Rd ! R (d � 1) is said to be a d-
dimensional bell-shaped function if it is integrable and its integral is not zero,
and for all i = 1; :::; d;

t! b (x1; :::; t; :::; xd)

is a centered bell-shaped function, where �!x := (x1; :::; xd) 2 Rd arbitrary.

Example 3 (from [6]) Let b be a centered bell-shaped function over R, then
(x1; :::; xd)! b (x1) :::b (xd) is a d-dimensional bell-shaped function.

Assumption 4 Here b (�!x ) is of compact support B :=
Qd
i=1 [�Ti; Ti], Ti > 0

and it may have jump discontinuities there.

Let f 2 C
�
Rd
�
.

In this article we �nd a multivariate Voronovskaya type asymptotic expan-
sion for the multivariate normalized bell type neural network operators,

Mn (f) (
�!x ) :=Pn2

k1=�n2 :::
Pn2

kd=�n2 f
�
k1
n ; :::;

kd
n

�
b
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

��Pn2

k1=�n2 :::
Pn2

kd=�n2 b
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

�� ; (1)

where 0 < � < 1 and �!x := (x1; :::; xd) 2 Rd, n 2 N. Clearly Mn is a positive
linear operator.
The terms in the ratio of multiple sums (1) can be nonzero i¤ simultaneously����n1�� �xi � kin

����� � Ti, all i = 1; :::; d

i.e.,
��xi � ki

n

�� � Ti
n1��

, all i = 1; :::; d, i¤

nxi � Tin� � ki � nxi + Tin� , all i = 1; :::; d: (2)

To have the order

�n2 � nxi � Tin� � ki � nxi + Tin� � n2; (3)

we need n � Ti + jxij, all i = 1; :::; d. So (3) is true when we consider

n � max
i2f1;:::;dg

(Ti + jxij) : (4)
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When �!x 2 B in order to have (3) it is enough to suppose that n � 2T �, where
T � := maxfT1; :::; Tdg > 0. TakeeIi := �nxi � Tin� ; nxi + Tin�� , i = 1; :::; d; n 2 N.
The length of eIi is 2Tin� . By Proposition 2.1, p. 61 of [3], we obtain that the
cardinality of ki 2 Z that belong to eIi := card (ki) � max

�
2Tin

� � 1; 0
�
, any

i 2 f1; :::; dg: In order to have card (ki) � 1 we need 2Tin� � 1 � 1 i¤ n � T
� 1
�

i ,
any i 2 f1; :::; dg:
Therefore, a su¢ cient condition for causing the order (3) along with the

interval eIi to contain at least one integer for all i = 1; :::; d is that
n � max

i2f1;:::;dg

�
Ti + jxij ; T

� 1
�

i

�
: (5)

Clearly as n! +1 we get that card (ki)! +1, all i = 1; :::; d. Also notice that
card (ki) equals to the cardinality of integers in

��
nxi � Tin�

�
;
�
nxi + Tin

�
��

for all i = 1; :::; d:
Here we denote by d�e the ceiling of the number, and by [�] we denote the

integral part.
From now on in this article we assume (5). Therefore

(Mn (f)) (
�!x ) = (6)

P[nx1+T1n�]
k1=dnx1�T1n�e :::

P[nxd+Tdn�]
kd=dnxd�Tdn�e f

�
k1
n ; :::;

kd
n

�
b
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

��
P[nx1+T1n� ]

k1=dnx1�T1n�e :::
P[nxd+Tdn� ]

kd=dnxd�Tdn�e b
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

��
all �!x := (x1; :::; xd) 2 Rd:
In brief we write

(Mn (f)) (
�!x ) =

Ph
n�!x+�!T n�

i
�!
k =

l
n�!x��!T n�

m f ��!kn � b�n1�� ��!x � �!
k
n

��
Ph

n�!x+�!T n�
i

�!
k =

l
n�!x��!T n�

m b�n1�� ��!x � �!
k
n

�� ; (7)

all �!x 2 Rd:
Denote by k�k1 the maximum norm on Rd, d � 1. So if

��n1�� �xi � ki
n

��� �
Ti, all i = 1; :::; d, we �nd that




�!x �

�!
k

n







1

� T �

n1��
; (8)

where
�!
k := (k1; :::; kd) :

We also need
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De�nition 5 Let the nonnegative function S : Rd ! R, d � 1, S has compact
support B :=

Qd
i=1 [�Ti; Ti], Ti > 0 and is nondecreasing for each coordinate.

S can be continuous only on either
Qd
i=1(�1; Ti] or B and can have jump

discontinuities. We call S the multivariate �squashing function� (see also [6]).

Example 6 Let bS as above when d = 1. Then
S (�!x ) := bS (x1) :::bS (xd) , �!x := (x1; :::; xd) 2 Rd,

is a multivariate �squashing function�.

Let f 2 C
�
Rd
�
:

For �!x 2 Rd we de�ne also the �multivariate normalized squashing type
neural network operators�,

Ln (f) (
�!x ) :=Pn2

k1=�n2 :::
Pn2

kd=�n2 f
�
k1
n ; :::;

kd
n

�
S
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

��Pn2

k1=�n2 :::
Pn2

kd=�n2 S
�
n1��

�
x1 � k1

n

�
; :::; n1��

�
xd � kd

n

�� :

(9)
We also here �nd a multivariate Voronovskaya type asymptotic expansion for
(Ln (f)) (

�!x ) :
Here again 0 < � < 1 and n 2 N :

n � max
i2f1;:::;dg

�
Ti + jxij ; T

� 1
�

i

�
;

and Ln is a positive linear operator. It is clear that

(Ln (f)) (
�!x ) =

Ph
n�!x+�!T n�

i
�!
k =

l
n�!x��!T n�

m f ��!kn �S �n1�� ��!x � �!
k
n

��
Ph

n�!x+�!T n�
i

�!
k =

l
n�!x��!T n�

m S �n1�� ��!x � �!
k
n

�� : (10)

For related articles on neural networks approximation, see [1], [2], [3] and [5].
For neural networks in general, see [7], [8] and [9].
Next we follow [4], pp. 284-286.

About Multivariate Taylor formula and estimates.

Let Rd; d � 2; z := (z1; :::; zd) ; x0 := (x01; :::; x0d) 2 Rd. We consider
the space of functions ACN

�
Rd
�
with f : Rd ! R be such that all partial

derivatives of order (N � 1) are coordinatewise absolutely continuous functions
on compacta, N 2 N. Also f 2 CN�1

�
Rd
�
. Each N th order partial derivative
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is denoted by f� :=
@�f
@x� , where � := (�1; :::; �d), �i 2 Z+, i = 1; :::; d and

j�j :=
Pd

i=1 �i = N . Consider gz (t) := f (x0 + t (z � x0)), t � 0. Then

g(j)z (t) =

24 dX
i=1

(zi � x0i)
@

@xi

!j
f

35 (x01 + t (z1 � x01) ; :::; x0d + t (zN � x0d)) ;
(11)

for all j = 0; 1; 2; :::; N:

Example 7 Let d = N = 2. Then

gz (t) = f (x01 + t (z1 � x01) ; x02 + t (z2 � x02)) ; t 2 R,

and

g0z (t) = (z1 � x01)
@f

@x1
(x0 + t (z � x0)) + (z2 � x02)

@f

@x2
(x0 + t (z � x0)) :

(12)
Setting

(�) = (x01 + t (z1 � x01) ; x02 + t (z2 � x02)) = (x0 + t (z � x0)) ;

we get

g00z (t) = (z1 � x01)
2 @f

2

@x21
(�) + (z1 � x01) (z2 � x02)

@f2

@x2@x1
(�)+

(z1 � x01) (z2 � x02)
@f2

@x1@x2
(�) + (z2 � x02)2

@f2

@x22
(�) : (13)

Similarly, we have the general case of d;N 2 N for g(N)z (t) :

We mention the following multivariate Taylor theorem.

Theorem 8 Under the above assumptions we have

f (z1; :::; zd) = gz (1) =
N�1X
j=0

g
(j)
z (0)

j!
+RN (z; 0) ; (14)

where

RN (z; 0) :=

Z 1

0

�Z t1

0

:::

�Z tN�1

0

g(N)z (tN ) dtN

�
:::

�
dt1; (15)

or

RN (z; 0) =
1

(N � 1)!

Z 1

0

(1� �)N�1 g(N)z (�) d�: (16)

Notice that gz (0) = f (x0) :

5
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We make

Remark 9 Assume here that

kf�kmax1;Rd;N := max
j�j=N

kf�k1;Rd <1:

Then




g(N)z





1;[0;1]

=








24 dX

i=1

(zi � x0i)
@

@xi

!N
f

35 (x0 + t (z � x0))







1;[0;1]

� (17)

 
dX
i=1

jzi � x0ij
!N

kf�kmax1;Rd;N ;

that is 


g(N)z





1;[0;1]

�
�
kz � x0kl1

�N kf�kmax1;Rd;N <1: (18)

Hence we get by (16) that

jRN (z; 0)j �




g(N)z





1;[0;1]

N !
<1: (19)

And it holds

jRN (z; 0)j �
�
kz � x0kl1

�N
N !

kf�kmax1;Rd;N ; (20)

8 z; x0 2 Rd.
Inequality (20) will be an important tool in proving our main results.

2 Main Results

We present our �rst main result.

Theorem 10 Let f 2 ACN
�
Rd
�
, d 2 N� f1g, N 2 N, with kf�kmax1;Rd;N <1:

Here n � max
i2f1;:::;dg

�
Ti + jxij ; T

� 1
�

i

�
, where �!x 2 Rd, 0 < � < 1, n 2 N; Ti > 0:

Then
(Mn (f)) (

�!x )� f (�!x ) =
N�1X
j=1

0@X
j�j=j

 
f� (

�!x )Qd
i=1 �i!

!
Mn

 
dY
i=1

(� � xi)�i ;�!x
!1A+ o� 1

n(N�")(1��)

�
; (21)

where 0 < " � N:
If N = 1, the sum in (21) collapses.

6
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The last (21) implies that

n(N�")(1��) [(Mn (f)) (
�!x )� f (�!x )� (22)

N�1X
j=1

0@X
j�j=j

 
f� (

�!x )Qd
i=1 �i!

!
Mn

 
dY
i=1

(� � xi)�i ;�!x
!1A35! 0; as n!1;

0 < " � N:
When N = 1, or f� (

�!x ) = 0, all � : j�j = j = 1; :::; N � 1; then we derive

n(N�")(1��) [(Mn (f)) (
�!x )� f (�!x )]! 0;

as n!1, 0 < " � N .

Proof. Put

g�!k
n

(t) := f

 
�!x + t

 �!
k

n
��!x

!!
; 0 � t � 1:

Then
g
(j)
�!
k
n

(t) =24 dX
i=1

�
ki
n
� xi

�
@

@xi

!j
f

35�x1 + t�k1
n
� x1

�
; :::; xd + t

�
kd
n
� xd

��
; (23)

and g�!k
n

(0) = f (�!x ) : By Taylor�s formula (14), (16) we obtain

f

�
k1
n
; :::;

kd
n

�
= g�!k

n

(1) =
N�1X
j=0

g
(j)
�!
k
n

(0)

j!
+RN

 �!
k

n
; 0

!
; (24)

where

RN

 �!
k

n
; 0

!
=

1

(N � 1)!

Z 1

0

(1� �)N�1 g(N)�!
k
n

(�) d�: (25)

More precisely we can rewrite

f

 �!
k

n

!
� f (�!x ) =

N�1X
j=1

X
�:=(�1;:::;�d), �i2Z+;
i=1;:::;d; j�j:=

Pd
i=1 �i=j

 
1Qd

i=1 �i!

! 
dY
i=1

�
ki
n
� xi

��i!
f� (

�!x )+RN

 �!
k

n
; 0

!
;

(26)

7
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where

RN

 �!
k

n
; 0

!
= N

Z 1

0

(1� �)N�1
X

�:=(�1;:::;�d), �i2Z+;
i=1;:::;d; j�j:=

Pd
i=1 �i=N

 
1Qd

i=1 �i!

!
�

 
dY
i=1

�
ki
n
� xi

��i!
f�

 
�!x + �

 �!
k

n
��!x

!!
d�: (27)

By (20) we get

�����RN
 �!
k

n
; 0

!����� �
�


�!kn ��!x 




l1

�N
N !

kf�kmax1;Rd;N : (28)

So, since here it holds 




�!x �
�!
k

n







1

� T �

n1��
;

then 




�!x �
�!
k

n







l1

� dT �

n1��
;

and �����RN
 �!
k

n
; 0

!����� � dNT �N

nN(1��)N !
kf�kmax1;Rd;N ; (29)

for all
�!
k 2

nl
n�!x ��!T n�

m
; :::;

h
n�!x +�!T n�

io
:

Call

V (�!x ) :=

h
n�!x+�!T n�

iX
�!
k =

l
n�!x��!T n�

m b
 
n1��

 
�!x �

�!
k

n

!!
: (30)

We observe for

Un (
�!x ) :=

Ph
n�!x+�!T n�

i
�!
k =

l
n�!x��!T n�

mRN ��!kn ; 0� b�n1�� ��!x � �!
k
n

��
V (�!x ) ; (31)

that

jUn (�!x )j
(by (29))
� dNT �N

nN(1��)N !
kf�kmax1;Rd;N : (32)

That is

jUn (�!x )j = O
�

1

nN(1��)

�
; (33)

8
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and
jUn (�!x )j = o (1) : (34)

And, letting 0 < " � N , we derive

jUn (�!x )j�
1

n(N�")(1��)

� �  dNT �N kf�kmax1;Rd;N

N !

!
1

n"(1��)
! 0, (35)

as n!1:
I.e.

jUn (�!x )j = o
�

1

n(N�")(1��)

�
: (36)

By (26) we get

Ph
n�!x+�!T n�

i
�!
k =

l
n�!x��!T n�

m f ��!kn � b�n1�� ��!x � �!
k
n

��
V (�!x ) � f (�!x ) =

N�1X
j=1

X
�:=(�1;:::;�d), �i2Z+;
i=1;:::;d; j�j:=

Pd
i=1 �i=j

 
f� (

�!x )Qd
i=1 �i!

!
� (37)

 Ph
n�!x+�!T n�

i
�!
k =

l
n�!x��!T n�

m �Qd
i=1

�
ki
n � xi

��i�!
b
�
n1��

��!x � �!
k
n

��
V (�!x ) + Un (

�!x ) :

The last says
(Mn (f)) (

�!x )� f (�!x )�
N�1X
j=1

0@X
j�j=j

 
f� (

�!x )Qd
i=1 �i!

!
Mn

 
dY
i=1

(� � xi)�i ;�!x
!1A = Un (

�!x ) : (38)

The proof of the theorem is complete.
We present our second main result

Theorem 11 Let f 2 ACN
�
Rd
�
, d 2 N� f1g, N 2 N, with kf�kmax1;Rd;N <1:

Here n � max
i2f1;:::;dg

�
Ti + jxij ; T

� 1
�

i

�
, where �!x 2 Rd, 0 < � < 1, n 2 N; Ti > 0:

Then
(Ln (f)) (

�!x )� f (�!x ) =
N�1X
j=1

0@X
j�j=j

 
f� (

�!x )Qd
i=1 �i!

!
Ln

 
dY
i=1

(� � xi)�i ;�!x
!1A+ o� 1

n(N�")(1��)

�
; (39)

where 0 < " � N:

9
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If N = 1, the sum in (39) collapses.
The last (39) implies that

n(N�")(1��) [(Ln (f)) (
�!x )� f (�!x )� (40)

N�1X
j=1

0@X
j�j=j

 
f� (

�!x )Qd
i=1 �i!

!
Ln

 
dY
i=1

(� � xi)�i ;�!x
!1A35! 0; as n!1;

0 < " � N:
When N = 1, or f� (

�!x ) = 0, all � : j�j = j = 1; :::; N � 1; then we derive
that

n(N�")(1��) [(Ln (f)) (
�!x )� f (�!x )]! 0;

as n!1, 0 < " � N .

Proof. As similar to Theorem 10 is omitted.
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Abstract

Here we introduce the normalized bell and squashing type neural net-
work operators of one hidden layer. Based on fractional calculus theory we
derive fractional Voronovskaya type asymptotic expansions for the error
of approximation of these operators to the unit operator.
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Keywords and Phrases: Neural Network Fractional Approximation, Voro-

novskaya Asymptotic Expansion, fractional derivative.

1 Background

We need

De�nition 1 Let f : R ! R; � > 0, n = d�e (d�e is the ceiling of the num-
ber), such that f 2 ACn ([a; b]) (space of functions f with f (n�1) 2 AC ([a; b]),
absolutely continuous functions), 8 [a; b] � R. We call left Caputo fractional
derivative (see [8], pp. 49-52) the function

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt; (1)

8 x � a, where � is the gamma function � (�) =
R1
0
e�tt��1dt, � > 0. Notice

D�
�af 2 L1 ([a; b]) and D�

�af exists a.e.on [a; b], 8 b > a.
We set D0

�af (x) = f (x), 8 x 2 [a;+1):

1
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We also need

De�nition 2 (see also [2], [9], [10]). Let f : R! R; such that f 2 ACm ([a; b]),
8 [a; b] � R; m = d�e, � > 0. The right Caputo fractional derivative of order
� > 0 is given by

D�
b�f (x) =

(�1)m

� (m� �)

Z b

x

(J � x)m���1 f (m) (J) dJ; (2)

8 x � b. We set D0
b�f (x) = f (x), 8 x 2 (�1; b]: Notice that D�

b�f 2 L1 ([a; b])
and D�

b�f exists a.e.on [a; b], 8 a < b:

We mention the left Caputo fractional Taylor formula with integral remain-
der.

Theorem 3 ([8], p. 54) Let f 2 ACm ([a; b]), 8 [a; b] � R, m = d�e, � > 0.
Then

f (x) =
m�1X
k=0

f (k) (x0)

k!
(x� x0)k +

1

� (�)

Z x

x0

(x� J)��1D�
�x0f (J) dJ; (3)

8 x � x0:

Also we mention the right Caputo fractional Taylor formula.

Theorem 4 ([2]) Let f 2 ACm ([a; b]), 8 [a; b] � R, m = d�e, � > 0. Then

f (x) =
m�1X
k=0

f (k) (x0)

k!
(x� x0)k +

1

� (�)

Z x0

x

(J � x)��1D�
x0�f (J) dJ; (4)

8 x � x0:

Convention 5 We assume that

D�
�x0f (x) = 0, for x < x0;

and
D�
x0�f (x) = 0, for x > x0;

for all x; x0 2 R:

We mention

Proposition 6 (by [3]) i) Let f 2 Cn (R), where n = d�e, � > 0. Then
D�
�af (x) is continuous in x 2 [a;1):
ii) Let f 2 Cm (R), m = d�e, � > 0. Then D�

b�f (x) is continuous in
x 2 (�1; b]:

2
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We also mention

Theorem 7 ([5]) Let f 2 Cm (R), f (m) 2 L1 (R), m = d�e, � > 0, � =2 N,
x; x0 2 R. Then D�

�x0f (x), D
�
x0�f (x) are jointly continuous in (x; x0) from R2

into R.

For more see [4], [6].
We need the following (see [7]).

De�nition 8 A function b : R ! R is said to be bell-shaped if b belongs to L1

and its integral is nonzero, if it is nondecreasing on (�1; a) and nonincreasing
on [a;+1), where a belongs to R. In particular b (x) is a nonnegative number
and at a b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b (x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [�T; T ], T > 0.

Example 9 (1) b (x) can be the characteristic function over [�1; 1] :
(2) b (x) can be the hat function over [�1; 1], i.e.,

b (x) =

8<:
1 + x, � 1 � x � 0;
1� x; 0 < x � 1
0, elsewhere.

Here we consider functions f 2 C (R) :
We study the following �normalized bell type neural network operators�(see

also related [1], [7])

(Hn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
b
�
n1��

�
x� k

n

��Pn2

k=�n2 b
�
n1��

�
x� k

n

�� ; (5)

where 0 < � < 1 and x 2 R, n 2 N.
We �nd a fractional Voronovskaya type asymptotic expansion forHn (f) (x) :
The terms in Hn (f) (x) are nonzero i¤����n1���x� k

n

����� � T , i.e. ����x� k

n

���� � T

n1��

i¤
nx� Tn� � k � nx+ Tn�: (6)

In order to have the desired order of numbers

�n2 � nx� Tn� � nx+ Tn� � n2; (7)

it is su¢ cient enough to assume that

n � T + jxj : (8)

When x 2 [�T; T ] it is enough to assume n � 2T which implies (7).

3
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Proposition 10 (see [1]) Let a � b, a; b 2 R. Let card (k) (� 0) be the
maximum number of integers contained in [a; b]. Then

max (0; (b� a)� 1) � card (k) � (b� a) + 1: (9)

Remark 11 We would like to establish a lower bound on card (k) over the
interval [nx� Tn�; nx+ Tn�]. From Proposition 10 we get that

card (k) � max (2Tn� � 1; 0) :

We obtain card (k) � 1, if

2Tn� � 1 � 1 i¤ n � T� 1
� :

So to have the desired order (7) and card (k) � 1 over [nx� Tn�; nx+ Tn�],
we need to consider

n � max
�
T + jxj ; T� 1

�

�
: (10)

Also notice that card (k)! +1, as n! +1.
Denote by [�] the integral part of a number.

Remark 12 Clearly we have that

nx� Tn� � nx � nx+ Tn�: (11)

We prove in general that

nx� Tn� � [nx] � nx � dnxe � nx+ Tn�: (12)

Indeed we have that, if [nx] < nx � Tn�, then [nx] + Tn� < nx; and [nx] +
[Tn�] � [nx], resulting into [Tn�] = 0, which for large enough n is not true.
Therefore nx � Tn� � [nx]. Similarly, if dnxe > nx + Tn�, then nx + Tn� �
nx + [Tn�], and dnxe � [Tn�] > nx, thus dnxe � [Tn�] � dnxe, resulting into
[Tn�] = 0, which again for large enough n is not true.
Therefore without loss of generality we may assume that

nx� Tn� � [nx] � nx � dnxe � nx+ Tn�: (13)

Hence dnx� Tn�e � [nx] and dnxe � [nx+ Tn�] : Also if [nx] 6= dnxe, then
dnxe = [nx] + 1. If [nx] = dnxe, then nx 2 Z; and by assuming n � T� 1

� , we
get Tn� � 1 and nx+ Tn� � nx+ 1, so that [nx+ Tn�] � nx+ 1 = [nx] + 1:

We need also

De�nition 13 Let the nonnegative function S : R! R, S has compact support
[�T; T ], T > 0, and is nondecreasing there and it can be continuous only on
either (�1; T ] or [�T; T ], S can have jump discontinuites. We call S the
�squashing function�, see [1], [7].

4
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Let f 2 C (R). For x 2 R we de�ne the following �normalized squashing
type neural network operators�(see also related [1])

(Kn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
S
�
n1��

�
x� k

n

��Pn2

k=�n2 S
�
n1��

�
x� k

n

�� ; (14)

0 < � < 1 and n 2 N : n � max
�
T + jxj ; T� 1

�

�
:

It is clear that

(Kn (f)) (x) :=

P[nx+Tn�]
k=dnx�Tn�e f

�
k
n

�
S
�
n1��

�
x� k

n

��
P[nx+Tn�]

k=dnx�Tn�e S
�
n1��

�
x� k

n

�� : (15)

We �nd a fractional Voronovskaya type asymptotic expansion for (Kn (f)) (x) :

2 Main Results

We present our �rst main result.

Theorem 14 Let � > 0, N 2 N, N = d�e ; f 2 ACN ([a; b]), 8 [a:b] � R,
with




D�
x0�f





1
,



D�

�x0f




1
� M , M > 0, x0 2 R: Let T > 0, n 2 N : n �

max
�
T + jx0j ; T�

1
�

�
Then

(Hn (f)) (x0)� f (x0) =
N�1X
j=1

f (j) (x0)

j!
Hn

�
(� � x0)j

�
(x0) + o

�
1

n(1��)(��")

�
;

(16)
where 0 < " � �:
If N = 1, the sum in (16) disappears.
The last (16) implies that

n(1��)(��")

24(Hn (f)) (x0)� f (x0)� N�1X
j=1

f (j) (x0)

j!
Hn

�
(� � x0)j

�
(x0)

35! 0;

(17)
as n!1, 0 < " � �.
When N = 1, or f (j) (x0) = 0, j = 1; :::; N � 1; then we derive

n(1��)(��") [(Hn (f)) (x0)� f (x0)]! 0

as n!1, 0 < " � �. Of great interest is the case of � = 1
2 :

Proof. From [8], p. 54; (3), we get by the left Caputo fractional Taylor
formula that

f

�
k

n

�
=

N�1X
j=0

f (j) (x0)

j!

�
k

n
� x0

�j
+

1

� (�)

Z k
n

x0

�
k

n
� J

���1
D�
�x0f (J) dJ;

(18)

5
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for all x0 � k
n � x0 + Tn

��1, i¤ dnx0e � k � [nx0 + Tn�], where k 2 Z:
Also from [2]; (4), using the right Caputo fractional Taylor formula we get

f

�
k

n

�
=

N�1X
j=0

f (j) (x0)

j!

�
k

n
� x0

�j
+

1

� (�)

Z x0

k
n

�
J � k

n

���1
D�
x0�f (J) dJ;

(19)
for all x0 � Tn��1 � k

n � x0, i¤ dnx0 � Tn
�e � k � [nx0], where k 2 Z: Notice

that dnx0e � [nx0] + 1:
Call

V (x0) :=

[nx0+Tn
�]X

k=dnx0�Tn�e

b

�
n1��

�
x0 �

k

n

��
:

Hence we have

f
�
k
n

�
b
�
n1��

�
x0 � k

n

��
V (x0)

=

N�1X
j=0

f (j) (x0)

j!

�
k

n
� x0

�j b �n1�� �x0 � k
n

��
V (x0)

+

(20)
b
�
n1��

�
x0 � k

n

��
V (x0) � (�)

Z k
n

x0

�
k

n
� J

���1
D�
�x0f (J) dJ;

and

f
�
k
n

�
b
�
n1��

�
x0 � k

n

��
V (x0)

=
N�1X
j=0

f (j) (x0)

j!

�
k

n
� x0

�j b �n1�� �x0 � k
n

��
V (x0)

+

(21)
b
�
n1��

�
x0 � k

n

��
V (x0) � (�)

Z x0

k
n

�
J � k

n

���1
D�
x0�f (J) dJ;

Therefore we obtainP[nx0+Tn
�]

k=[nx0]+1
f
�
k
n

�
b
�
n1��

�
x0 � k

n

��
V (x0)

=

N�1X
j=0

f (j) (x0)

j!

0@P[nx0+Tn
�]

k=[nx0]+1

�
k
n � x0

�j
b
�
n1��

�
x0 � k

n

��
V (x0)

1A+ (22)

[nx0+Tn
�]X

k=[nx0]+1

b
�
n1��

�
x0 � k

n

��
V (x0) � (�)

Z k
n

x0

�
k

n
� J

���1
D�
�x0f (J) dJ;

and P[nx0]
k=dnx0�Tn�e f

�
k
n

�
b
�
n1��

�
x0 � k

n

��
V (x0)

=

6
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N�1X
j=0

f (j) (x0)

j!

P[nx0]
k=dnx0�Tn�e

�
k
n � x0

�j
b
�
n1��

�
x0 � k

n

��
V (x0)

+ (23)

P[nx0]
k=dnx0�Tn�e b

�
n1��

�
x0 � k

n

��
V (x0) � (�)

Z x0

k
n

�
J � k

n

���1
D�
x0�f (J) dJ:

We notice here that

(Hn (f)) (x) :=

Pn2

k=�n2 f
�
k
n

�
b
�
n1��

�
x� k

n

��Pn2

k=�n2 b
�
n1��

�
x� k

n

�� (24)

=

P[nx+Tn�]
k=dnx�Tn�e f

�
k
n

�
b
�
n1��

�
x� k

n

��
P[nx+Tn�]

k=dnx�Tn�e b
�
n1��

�
x� k

n

�� ; 8 x 2 R:

Adding the two equalities (22), (23) and rewriting it, we obtain

T (x0) := (Hn (f)) (x0)� f (x0)�
N�1X
j=1

f (j) (x0)

j!
Hn

�
(� � x0)j

�
(x0) = �

�
n (x0) ;

(25)
where

��n (x0) :=

P[nx0]
k=dnx0�Tn�e b

�
n1��

�
x0 � k

n

��
V (x0) � (�)

Z x0

k
n

�
J � k

n

���1
D�
x0�f (J) dJ

+

[nx0+Tn
�]X

k=[nx0]+1

b
�
n1��

�
x0 � k

n

��
V (x0) � (�)

Z k
n

x0

�
k

n
� J

���1
D�
�x0f (J) dJ: (26)

We observe that
j��n (x0)j �

1

V (x0) � (�)
�8<:

[nx0]X
k=dnx0�Tn�e

b

�
n1��

�
x0 �

k

n

��Z x0

k
n

�
J � k

n

���1 ���D�
x0�f (J)

��� dJ (27)

+

[nx0+Tn
�]X

k=[nx0]+1

b

�
n1��

�
x0 �

k

n

��Z k
n

x0

�
k

n
� J

���1 ��D�
�x0f (J)

�� dJ
9=; �

M

V (x0) � (�)

8<:
[nx0]X

k=dnx0�Tn�e

b

�
n1��

�
x0 �

k

n

�� �
x0 � k

n

��
�

+

[nx0+Tn
�]X

k=[nx0]+1

b

�
n1��

�
x0 �

k

n

�� � k
n � x0

��
�

9=; �

7
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M

V (x0) � (� + 1)

8<:
0@ [nx0]X
k=dnx0�Tn�e

b

�
n1��

�
x0 �

k

n

��1A� T

n1��

��
+

0@[nx0+Tn
�]X

k=[nx0]+1

b

�
n1��

�
x0 �

k

n

��1A� T

n1��

��9=; =
M

� (� + 1)

T �

n(1��)�
: (28)

So we have proved that

jT (x0)j = j��n (x0)j �
�

MT �

� (� + 1)

��
1

n(1��)�

�
; (29)

resulting to

jT (x0)j = O
�

1

n(1��)�

�
; (30)

and
jT (x0)j = o (1) : (31)

And, letting 0 < " � �, we derive
jT (x0)j�

1
n(1��)(��")

� � MT �

� (� + 1)

�
1

n(1��)"

�
! 0; (32)

as n!1:
I.e.

jT (x0)j = o
�

1

n(1��)(��")

�
; (33)

proving the claim.
Our second main result follows

Theorem 15 Same assumptions as in Theorem 14. Then

(Kn (f)) (x0)� f (x0) =
N�1X
j=1

f (j) (x0)

j!
Kn

�
(� � x0)j

�
(x0) + o

�
1

n(1��)(��")

�
;

(34)
where 0 < " � �:
If N = 1, the sum in (34) disappears.
The last (34) implies that

n(1��)(��")

24(Kn (f)) (x0)� f (x0)�
N�1X
j=1

f (j) (x0)

j!
Kn

�
(� � x0)j

�
(x0)

35! 0;

(35)
as n!1, 0 < " � �.
When N = 1, or f (j) (x0) = 0, j = 1; :::; N � 1; then we derive

n(1��)(��") [(Kn (f)) (x0)� f (x0)]! 0 (36)

as n!1, 0 < " � �. Of great interest is the case of � = 1
2 :

Proof. As in Theorem 14.

8
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