GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 1

An artificial neural network is an interconnected group of nodes, akin to the vast network of neurons in the human
brain.
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Abstract

Here we study the multivariate quantitative approximation of real val-
ued continuous multivariate functions on a box or RY, N € N, by the
multivariate quasi-interpolation sigmoidal and hyperbolic tangent iterated
neural network operators. This approximation is derived by establish-
ing multidimensional Jackson type inequalities involving the multivariate
modulus of continuity of the engaged function or its high order partial
derivatives. Our multivariate iterated operators are defined by using the
multidimensional density functions induced by the logarithmic sigmoidal
and the hyperbolic tangent functions. The approximations are pointwise
and uniform. The related feed-forward neural networks are with one hid-
den layer.
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1 Introduction

The author in [1], [2] and [3], see chapters 2-5, was the first to establish neural
network approximations to continuous functions with rates by very specifically
defined neural network operators of Cardaliaguet-Euvrard and ”Squashing”
types, by employing the modulus of continuity of the engaged function or its
high order derivative, and producing very tight Jackson type inequalities. He
treates there both the univariate and multivariate cases. The defining these op-
erators "bell-shaped” and ”squashing” function are assumed to be of compact
support. Also in [3] he gives the Nth order asymptotic expansion for the error of
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weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.

This article is a continuation of [4], [5], [6], [7], [8].

The author here performs multivariate sigmoidal and hyperbolic tangent
iterated neural network approximations to continuous functions over boxes or
over the whole RV, N € N.

All convergences are with rates expressed via the multivariate modulus of
continuity of the involved function or its high order partial derivatives, and given
by very tight multidimensional Jackson type inequalities.

Many times for accuracy computer processes repeat themselves. We prove
that the speed of the convergence of the iterated approximation remains the
same, as the original, even if we increase the number of neurons per cycle.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(Z):ZCjO'(<aj'l’>+bj), :L‘GRS, SGN,

=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network
models, the activation functions are the hyperbolic tangent and the sigmoidal.
About neural networks see [9], [10], [11], [12].

2 Basics

I) Here all come from [7], [8].
We consider the sigmoidal function of logarithmic type

1
54 (xl):m’ $i€R,i:1,...,N; €T= (Jfl,...,.’l?]\/‘)ERN,

each has the properties lir_r& si(z;))=1land lim s;(z;)=0,7i=1,...,N.
T;—+400 Tj——00
These functions play the role of activation functions in the hidden layer of
neural networks.

As in [9], we consider

1 .
P, (.TZ) = 5 (Si (ZEZ—FI) — 8; (l’i - 1)), z, €R,e=1,...,N.

We notice the following properties:
1) (I)l (1121) > 0, N x; € R,
11) ZI?;:foo P, (331 — kt) =1, Vuz; €R,
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iii) Z,;“;:foo O, (nz; — ki) =1, Vo, eR;n €N,

iv) [7 @ (x;)dw; =1,

v) ®; is a density function,

vi) ®; is even: ®; (—x;) = D, (x;), x; >0, fori=1,...,N.

We see that ([9])

e —1 1
&, (1;) = Ci=1,..N.
(.’E ) ( 262 > (1 + exi*]-) (1 + efwifl) t

vii) ®; is decreasing on R, and increasing on R_, i = 1,..., N.

Notice that max ®; (x;) = ®; (0) = 0.231.
Let 0 < 8 <1, n € N. Then as in [8] we get

viii)

3 O, (na; — k;) < 3.1992¢ ™7 i=1,..,N.

ki = —o0
s na; — kil >nth

Denote by [-] the ceiling of a number, and by [-] the integral part of a
number. Consider here z € (Hf\;l [ai,bi]) C RY, N € N such that [na;] <
|nb;],i=1,..,N; a:=(a1,...,an), b:= (b1, ....,bn) .

As in [8] we obtain

ix)

0

1 1
< < = 5.250312578,
ltcni(Jna] ®; (nw; — k) @i (1)

Vx; € [ai,bi] , =1, ,N
x) As in [8], we see that
\_nbd

n—0oo

ki=[na;]
for at least some z; € [a;,b;], i =1,...,N.

We will use here
O (21, ay) =P (2) = [[ @i (2:), zeR". (1)

It has the properties:
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(i) ®(z) >0, VzeRY,
(i)’

Yo @@—k)= > > . > (w—kyean —ky) =1,
k=—oc0 k1=—00 ka=—00 kn=—o00
(2)
k:= (kl,...,k'N), vV zeRY.
(i)’
Z ® (nx — k) :=
k=—oc0

> > B(nay —ky,nay —ky) =1, (3)

ki=—oc0o kg=—00 kn=—00

VzeRY; neN.

(iv)’
/ ® (z)dx =1,
RN
that is @ is a multivariate density function.
Here ||z, = max{|z1|,...,|zn|}, 2 € RV, also set oo := (o0,...,0),
—00 := (—00, ..., —00) upon the multivariate context, and

[nal : = ([nai], ..., [nan]),
|nb] : = (|nb1], ..., [nbn]).

In general ||-||, stands for the supremum norm.
We also have

(v)
[nb] e
> ® (nx — k) < 3.1992¢"" 7,
k= [na]
1% -2l > 55
0<pB<l,neN,ze (Hij\il[ai,bi]).
(vi)’
1 N
0< = < (5.250312578)" |
> kena) ® (nx — k)

Ve (Hfil [ai,bi}), n € N.
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(vii)’
@ (nz — k) < 3.1992¢ "7,

M8

{ k=—00
1% =2l > 5
0<B<1l,neN, zecRY,

(viii)’
Lnb]

nlggo Z (nx—k)#1

k=[na]

for at least some x € (Hf\; (@i, bz]> .

Let feC (Hf\il [ai,bi]) and n € N such that [na;| < [nb;], i =1,...,N.
We introduce and define the multivariate positive linear neural network op-

erator (z := (z1,...,oN) € (Hivzl [aiabi]))

Lnb) ® (nx —k
Zk (Ln:b]J ( ) ( ) (4)
D ohe fnal D (nx — k)

G (f,x1,.xn) =Gy (f,2) :=

Lnby | [bs ] by K
Zkl_]'nal] Zkg:?nag] ZkN N[naN] (71’ on ) (Hz 1 ®; (TL(L’l — ki ))
N nb; ’
1= ( ,EFHMJ D, (nx; — kz))

For large enough n we always obtain [na;] < [nb;],i=1,..,N. Alsoa; < &
We need, for f € C (HZV:I [a;, bi}) the first multivariate modulus of conti-

<

nuity
wi (f;h) = sup [f(x) = f (), h>0. (5)
T,y € (Hf\il [a,;,b,;])
e =yl <h

Similarly it is defined for f € Cp (RY) (continuous and bounded functions on
RY). We have that Ain%)wl (f,h)=0.

When f € Cp (RN) we define

G (f,2) =Gy (fy21, 2N Z f(

k=—o0

O (nz — k) (6)

SEESS
~—

f: f: f: f(kl L2 )(ﬂ@lnxl—k>

ki1=—00 ka=—00 kny=—00 =1

6
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neN, VxRN, N >1, the multivariate quasi-interpolation neural network
operator.
We mention from [7]:

Theorem 1 Let [ € C(Hf\il [ai,bi]), 0<p <1, zc€ (Hf\il [ai,bi]), n,

N € N. Then
i)
G, (f,2) — f (2)] < (5.250312578)" -
{wl <f, nlﬁ> +(6.3984) || £l e””)} =\, (7)
i)
1Gn (f) = flloo < At (8)
Theorem 2 Let f € Cp (RN), 0<pB<1l,zeRY, n, NeN. Then
i)
G ()~ @] e (£ ) + 6380 e = @
ii)
1Gn () = [l < 2o (10)

IT) Here we folow [5], [6].

We also consider the hyperbolic tangent function tanhx, z € R :

et —e”
tanhz == ——.
er +e "

It has the properties tanh0 = 0, —1 < tanhz < 1, V = € R, and tanh (—z) =
—tanhx. Furthermore tanhax — 1 as x — oo, and tanhz — —1, as * — —o0,
and it is strictly increasing on R.

This function plays the role of an activation function in the hidden layer of
neural networks.

We further consider

1
U (x):= z(tanh(m—f—l)—tanh(x—l)) >0, VYzek

We easily see that U (—z) = ¥ (x), that is ¥ is even on R. Obviously ¥ is
differentiable, thus continuous.

Proposition 3 ([5]) U (z) for x > 0 is strictly decreasing.

Obviously V¥ (z) is strictly increasing for z < 0. Also it holds lim W (z) =
0= lim ¥ (z).

¢ o

Tr—
Infact W has the bell shape with horizontal asymptote the z-axis. So the
maximum of ¥ is zero, ¥ (0) = 0.3809297.
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Theorem 4 (/5]) We have that > ;o W (z—i)=1, Vz€R.

1=—00

Thus

Y ¥naz-i)=1, VneN VzecR

i=—00

Also it holds -
Y T(x+i)=1, VzeR

Theorem 5 ([5]) It holds [* W (z)dx =1.
So U (z) is a density function on R.

Theorem 6 (/5]) Let 0 < a <1 and n € N. It holds

o0

Z \I/(nac—k:)§64~e—2"
k=—o0
tnx — k| > ntme
Theorem 7 ([5]) Let © € [a,b] C R and n € N so that [na] < |nb]. It holds

1 1
< = 4.1488766.

Zg;brjmﬂ U(nz—k Y(A)

(1—c)

Also by [5] we get that

|nb]|

lim Z U (nz —k) # 1,

k=[na]
for at least some z € [a, b].
In this article we will use

O (z1,..ay) =0 (z) = [[¥(x;), 2= (21,...an) €ERY, NeN. (11)

It has the properties:
(i) ©(z) >0, VzeRY,
(i)

oo

i Oz —k):= i i v Y O =k an — k) =1,

k=—o0 k1=—00 ka=—00 kn=—o00
(12)

where k := (ki,....,kn), V 2 € RV,
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(iii)

i O (nx —k) =
k=—00
Z Z Z O (nxq — k1, ....,nzy —kn) =1,
k1=—00 ko=—00 kny=—o00

VzeRY; neN.
(iv)
/ O (z)dx =1,
RN

that is © is a multivariate density function.

(v)

[nb]

Z O(nz—k)<et- e—zn(lfff)’
{ k= [na)
|2 —z|| > %

0<pB<l,neN,ze (vazl[ai,bi]).

(vi)
1 1
< ST (k) < CTLA (4.1488766)"

k=[na]

0

Ve (Hfil [ai,bi}), n € N.
(vii)

S
(1-8)

Z O(nx—k)<et- e )

{ k= —o0
1% =2l > 7
0<B<1l,neN, zecRY,

Also we get that

[nb)
lim Z O (nx —k) #1,
k=[na]

for at least some z € (Hiil [a;, bz]> .

(13)

Let feC (Hil [ai,bi]) and n € N such that [na;] < [nb;],i=1,...,N.
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We introduce and define the multivariate positive linear neural network op-

erator (z := (21,...,2N) € (vazl [aivbi]))

Zlganna—\ ( ) ) (mc - k)
ZII;TLana_l (nm _ k)

F, (f,z1,...zn) = F, (f,z) :=

[nb1 | [nb2 ] [nij
_ Zkl:[”aﬂ ZkZ:Maﬂ kN [nan] (
Hf\; ( JE?ZZHMH VU (nw; — kh))

When f € Cp (RN) we define,

Fo(f,z)=F,(f,71,....,aN) = Z f (i) O (nx —k):= (15)
k=—oc0

Z Z Z f(kl ks ’ZV) (ﬁqz(m—ki)>,

ki1=—00 koa=—00 kn=—0c0

neN,VzeRY, N >1, the multivariate quasi-interpolation neural network
operator.
We mention from [6]:

Theorem 8 Let f € C(Hz 1[az,b]), 0< B <1l zc€ (Hfi1 [ai,bi]), n,

N € N. Then
i)
|Fo (f,2) — f (2)] < (4.1488766)"
for (1.0 ) + 26 W™ =0 (16)
i)
1Fn (f) = flloo < A1 (17)
Theorem 9 Let f € Cp (RN), 0<fB<1l, zeRN, n, NeN. Then
i)
[Fu(f.2) = f @)] < w1 (fa nlﬁ) 26! [ flloe 7 = 0e, (18)
i)
[Fn (f) = fllo <o (19)

Let € N, in this article we study the uniform convergence with rates to the
unit operator I of the iterates G%, G.,, F' and F,.
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3 Preparatory Results
We need
Theorem 10 Let f € Cp (RN), N >1. Then G, (f) € Cp (RN) .

Proof. We have that

< £l ( S @(nx—m) @ fl., ¥RV

k=—oc0

So that G,, (f) is bounded.

Next we prove the continuity of G,, (f). We will use the Weierstrass M test:
If a sequence of positive constants My, My, M3, ..., can be found such that in
some interval

(a) |up ()| < My, n=1,2,3,...

(b) >~ M,, converges,

then > w, (z) is uniformly and absolutely convergent in the interval.

Also we will use:

If {up ()}, n =1,2,3,... are continuous in [a,b] and if Y u, () converges
uniformly to the sum S (z) in [a,b], then S (z) is continuous in [a,b]. Le. a
uniformly convergent series of continuous functions is a continuous function.
First we prove claim for NV = 1.

We will prove that Y 72 f (%) ® (nx — k) is continuous in z € R.

There always exists A € N such that nz € [-A, A].

Since nx < A, then —nmzx > —XAand k —nx > k— X > 0, when &k > A
Therefore

iq)(mc—k):i@(k—nx)Si@(kz—)\): i@(k’)gl.
k=X k=X k=X k'=0

So for k > \ we get

()| @a-n <t e -,

and

[T JCEPVES i/
k=X

Hence by Weierstrass M test we obtain that >~y f (£) ® (na — k) is uniformly

and absolutely convergent on [—2, 2]

n’n

10

11
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Since f (%) ® (nxz — k) is continuous in z, then Y 7, f (£) ® (nz — k) is
continuous on [ % %] .
Because nz > —\, then —nz < A\, and k —nx < k+ X <0, when £ < —A\.

Therefore

Y - - 0
Yo dnz-k)= > Ck-nz)< Y Pk+N= > H)<L
k=—oc0 k=—o00 k=—o0 k!'=—o00

So for k < —)\ we get

()| 2o -n <1 @),

and
A

Il D ®k+2) < fll

k=—o0

Hence by Weierstrass M test we obtain that Z;i‘_oc f(E)®(nz — k) is uni-
formly and absolutely convergent on [—3 A] .

Since f (£) ® (nz — k) is continuous in z, then Z,::)‘ioo f(E)®(nx—k) is
continuous on [f%, %] .

So we proved that ZZO N f (£) @ (nz — k) and Z,;\_Do f(E)® (nz — k) are

n
continuous on R. Since Y7~ e )\ nf (£) @ (nz — k) is a finite sum of continuous
functions on R, it is also a continuous function on R.
Writing

> (B aeew= % 1(E)emen:

k=—o0 k=—00

k_AZ_:Hf(:fL) (nz —k *Zf<> (nz — k)

we have it as a continuous function on R. Therefore G,, (f), when N =1, is a
continuous function on R.
When N = 2 we have

n (fm1,22) = Z Z f(kl k2>‘1’1(n$1 k1) @ (nzg — ko) =

ki1=—00 ko=—00
Z f (kl k2> (I)Q (n.’EQ k2)>

k2=—OO

i (I)l nml—kl (

k1=—00

(there always exist A1, A2 € N such that nx; € [—A1, A1] and nza € [—A2, A2])

i Oy (nw1 — k1) [_f: f< ! )@z(nm—/@)

klzfoo kz —0o0

11

12
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Ail f <k1 kz) Py (nwy — Z f (kl )<I>2 (nxo —k2)1 =

ko=—MXo+1
W

Z > f(k1 ’”) L (@1 — k1) @y (nzs — ko) +

klffoo k}z—*oo

Ax—1

Z > f<1 2) L (n@y — k) ®s (nw — ko) +

ki=—00 ko=—X2+1

DS f(k1 ’”)@1 (nw1 — k1) @3 (ns — ky) -

k1=—00 ka=MA2

(for convenience call

ki k
F (ki ko, xq,20) = f( ! ;)‘31 (nx1 — k1) ©2 (nwo — ko) )

-1 — Ao A1—1 —A2
E g F (ky, k2,21, 22) + E E F (ky, ko, 1, 22) +
ki=—00 ko=—00 ki=—X1+1 ka=—00
— Ao -1 Ao—1
E E kl,kQ,LEl,IIZ‘Q E E F(kl,k2,$1,$2)+
ki1=A1 ko=—0o0 ki=—o00 ko=—X2+1
A1—1 Ao—1 Ao—1
E E F (ky, ko, z1,22) + E E F (ky1, ko, z1,22) +
ki=—X1+1ka=—X2+1 k1=A1 ko=—X2+1
—)\1 o0 )\1 1
g E F (1, k2,1, 22) + E E F (k1 ko, 21, 22) +
ki=—00 ka=MA2 ki=—X14+1 ka=Xo
oo oo
E E F(k]l,kQ,LEl,l'Q) .
k1=MX1 ka=M\2

Notice that the finite sum of continous functions F (ki k2, 1, x2),
erl A4l Z;j;i/\ﬁl F (kq1, ko, 21,22) is a continuous function.

The rest of the summands of G, (f, 1, 2) are treated all the same way and
similarly to the case of N = 1. The method is demonstrated as follows.
We will prove that Ekl A Zszfoo f (%, 7) Oy (nxy — k1) P2 (nwg — ka)

is continuous in (w1, 72) € R?.
The continuous function

'f (kl k2>‘@1 (nz1 — k1) @2 (nw2 — ko) < || flloo @1 (k1 — A1) Pa (k2 + A2)

12

13
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and R
11l Z Z Dy (k1 — A1) Do (k2 + A2) =
)\1 kz——OO
oo — o
1 lloo ( > By (k- )\1)> ( > By (ke +)\2)> <
k}1=>\1 k2=—00

1/ lloo Z‘Iﬁ (K1) Z (k) | < 11l

1—0 2:—00
So by the Weierstrass M test we get that
D om— S f (5 52) &y (nay — k1) 2 (nzs — ko) is uniformly and

k27—oo n’n
absolutely convergent. Therefore it is continuous on R2.

Next we prove continuity on R? of

A —1 )
Zkll:ﬂ\lﬂ Zszfoo (’; ) %) Py (nz1 — ki) @2 (nw2 — k2).
Notice here that

’f (1 )‘cpl (nz1 — k1) @2 (nw2 — k2) < || fllo @1 (nw1 — k1) @a (k2 + A2)

< [ flloe 1 (0) @2 (B2 + A2) = (0.231) [|f]l o P2 (k2 + A2),

and
A—1 —A2
(0.231)f||00< > 1) ( > @, (kQHQ)) =
ki=—X\1+1 ko=—o00

0

(0.231) [ flloo A = 1) | D @a(ky) | < (0-231) 20 — ) [If ]

[
kbj=—o00

So the double series under consideration is uniformly convergent and continuous.
Clearly G,, (f,z1,22) is proved to be continuous on R2.

Similalrly reasoning one can prove easily now, but with more tedious work,
that G, (f,z1,...,zn) is continuous on RY, for any N > 1. We choose to omit
this similar extra work. m

Theorem 11 Let f € Cp (]RN), N >1. Then F,, (f) € Cp (RN) )

Proof. We notice that

Fo(fo) < 3 ‘f( )] (= 1) < £l (Zenm— )“3 1Fll

k=—o0 k=—o0

V z € RV, so that F,, (f) is bounded. The continuity is proved as in Theorem
10. m

13

14
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TMmmnmlﬁfeCﬁLl@@DtMMW(ﬁhﬁwﬂ&am
1Fw (Dllse < 1l also G (£), Fu () € € (T laisbi)

Proof. By (4) we get

nb]
[kt £ (5) @ (na = B)|
nb
S ) ® (n — k)

lEanna—\ |f ( ‘ nr— k)
S @ (n — k)

so that G, (f) is bounded.
Similarly we act for the boundedness of F,, see (14). Continuity of both is

<

G (f,2)] =

<|flw: ¥z eRY,

obvious. =
‘We make

Remark 13 Notice that

1G7 (Nl = 1Gn (Ga (N)lle < NGn (Hlle < 1Fll > ete

Therefore we get
G (Dl <Moo ¥EEN, (20)

the contraction property.
Similarly we obtain

[ (Dl < Iflloe» YV REN, (21)

Sitmilarly by Theorems 10, 11 we obtain

] (22)

and
|7 h)|_ <Ml YEEN, (23)

Infact here we have

IGE D] <NEE (Pl < o <N Do < Il (28)
IFE D < I Dl < o S IE Do < Il (25)
leson|_<[e w|_ =2l @l <ifle, @6

and
P <[P o << Pl <Ml @0)

14
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‘We need

Notation 14 Call L,, = G,,, G, F,,, F.,.

Denote by
(5.250312578)Y | if L, = G,
ey =4 (4.1488766)" , if L, = F,, (28)
17 Zf Ln = an; F'ru
6.3984, if L, = G,, G
_ }] n 777«7 ny 2
{2647 Zan:FnaFna <9)
and _
|1, when L, = G, Gy,
v= {2 when L, = F,, F,,. (30)

Based on the above notations Theorems 1, 2, 8, 9 can put in a unified way
as follows.

Theorem 15 Let f € C (Hf\;l [ai,bi]) orfeCp(RY¥);n, NeN,0<B<1,
GRS (Hf\il [as, bz]) orx € RN. Then
()

‘Ln (fv J?) - f(l‘)| <cn {wl <f’ nlﬁ) +u ||fHoo e_’yn(lﬁ)} = Pn>s (31)

(1)
Remark 16 We have
|Lafllo <UIflees VEEN, (33)
the contraction property.
Also it holds
L,1=1, (34)
and
LF1=1, VEeN. (35)

Here LY are positive linear operators.

15

16
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4 Main Results

We present

Theorem 17 LetfeC’(Hz 1 lai, l]) orfeCB( ) r,n, NeEN,0<f <
1,z € (Ht 1[a,,b7]) orx € RN. Then

1Ly, (fy2) = f (@) SN Lnf = flle <7l Lnf = flls

<o {on (£ ) #uldlle (30

Proof. We observe that
Lnf—f=(Lnf =Ly )+ (L7 =Ly 2 ) +
(L2 f =Ly ) 4 oo+ (Lo f = Lo f) + (Lnf = ) -
Then
ILnf = flloo S| Lnf — Ly fll o + 1L F = L2 f ||+
|Ln2f = L2 fl| o+ e+ L2 = L f || o+ 1 f = flloe =
|Ln ™t (Lt = D o+ | Ln 2 L = D o+ |1 Ln Lnf = 5|

)

Foot 1Ln (Lnf = Olloo T 1 Lnf = fllo <

(32)
PLnf = fllao < 700

proving the claim. m
More generally we have

Theorem 18 Let f € C (Hl 1 las, z]) or f € CB( ); n, N, my,....,m, €

N:m <me<..<m,,0<8<1l,z€ (Hi’il[aﬁbi]) orx € RN. Then

|Zin, (L, s (- Limg (L £))) (2) = f (2)] < (37)

HLm7 (Lmr—l ( ma2 ( ’m1f ) - f“oo S HLmLf - fHoo S

i=1

CNZ {m (f, ) g™ ‘”} <
1 o (1=5)
TCN {wl <f75> +pl[fll e ™ }
my

Clearly, we notice that the speed of convergence of the multiply iterated operator
equals to the speed of Ly, .

16
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Proof. We write
Lmr (Lmr—l (Lm2 (Lm1f))) - f =
Lmr (LmT,l (-"ng (Lml f))) - L'mr (Lmr,l (---Lmzf)) +
Lun, (Lny—y (-Liny f)) = Lin, (Liny—y (o-Lng f)) +
Lo, (Lin,_y (<.Ling ) = Ln, (L —y (.Liny f)) + ot
Lmr (Lmrﬂf) - Lmrf+ Lmrf - f =
Lmr (L7"7‘—1 (Lmz)) (Lmlf - f) + LmT (Lmr—l (Lms)) (Lmz.f - f) +
Lon, (L, (-Liny)) (Ling f = f) + oo 4+ Lin, (Liny_y f = f) + Lo, f — f-
Hence by the triangle inequality property of ||-|| ., we get
||Lmr (Liny—y (-Liny (L, £))) — f||Oo <
HLmT (Lmr—l (Lmz)) (Lm1f - f)HOO+||LmT (Lm7~—1 (Lma)) (Lm2f - f)Hoo +
| Lo, (Ln,—y (o-Lmy)) (Lng f = )| o + 4
Lo (Lo o f = ) || + 1L f = Fllo
(repeatedly applying (33))

S Ly f = flloo + 1 f = flloo + 1 Lmaf = flloo + -+

r (32)
Lo, f = Fll o+ 1o f = flloo = D 1, f = flloe <
=1

vy {wl (f, 2) +u||f||oo€”mglﬁ)} =: (%),
i=1 m

3

We have

1 1 1 1
< <.<—< —,
my mMy_1 mao mq
and
1 < 1 < < 1 < !
m? T oml T T my T mf]
Therefore

IN
A

1 1
S wi <f7m§> <wi (fam?)

7m117 < 'ymélfﬁ) <. < ymgl_ﬁ),

1 1
wi <f,m£> <wy (fa mf1>

Also it holds

17
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and
1-8 1-8 -
e < <m0
so that
— 1— 1—
e=mr < efvm(r—lﬁ) <..< e*'ym(2 ” < e ymi1=h),
Therefore

1 —ym(1=8)
(*)STCN Wi fviﬁ +‘LL||fH(X>€ ! )
my

proving the claim. m

Next we give a partial global smoothness preservation result of operators
L.

Theorem 19 Same assumptions as in Theorem 17, § > 0. Then

wi (LT f,8) < 2rey {wl (f, nlB) + ol fllo e—'m“’”} Ywi (£,0).  (38)

In particular for § = n%, we obtain

(1-8)

1 1
o1 (L6, 25 ) < 2rew + oo (£ ) + 2rewn e (39)

Proof. We write
Lyf(x) = Lof () = Lof (2) = Lof () + f (@) = f (@) + f(y) = f(y) =
(L f (@) = f (@) + (f () = L. f () + (f (=) = [ () -
Hence
\Ly, f () = Lo f ()] < Ly f () = f (@) + Ly f (y) = f )l + 1f (@) = f (v)
<2 Ly f = flloo + 1 (2) = f ()]
Let x,y € (Hﬁvzl [ai,bi]> orz,y € RN : |z —y| < 4,5 > 0. Then
w1 (L f,0) < 2||Lf = flloo + w1 (f,6).

That is

(36)
wi (Ly,f,6) < 2r|Lnf — fllo + w1 (f,9),

proving the claim. m

Notation 20 Let f € C™ (Hivzl [ai,bi]), m, N € N. Here f, denotes a partial
deriative of f, a:= (a1, ...,an), a; EZT,i=1,..,N, and |a| := Zf\il a; =1,

where | = 0,1,...,m. We write also f, := g:f and we say it is of order [.

18
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We denote
Wi (fa h) = max wy(fo,h). (40)
Call also
[ falloom = max {[|falloc} - (41)

We discuss higher order approximation next.
We mention from [7] the following result.

Theorem 21 Let f € C™ (Hf\il [ai,bi]), 0<B<1,n,m,NcN. Then

|G (f) = £l < (5.250312578)" - (42)

EN: 2 (H%H) T <1:[ (b — a;) )31992) “f”]

j=1 \|a|=j i=

N™ 1 6.3984) [|b — a||™ || fo| 22 N™ _
mdx <f0” > <( )H || ||f || R ) e,n<1 ﬁ)} —. Mn

mlpmB m!
Using Theorem 17 we derive
Theorem 22 Let f € C™ (Hf;l [ai,bi]>, 0<pB<1 rnmNEeEN,zc
(Hfil [ai,bi]). Then
G (f,2) = f (@) <G (f) = flloo ST IGn () = flloe < 7M. (43)

One can have a similar result for the operator F,, but we omit it.
Next we specialize on Lipschitz classes of functions. We apply Theorem 18
to obtain

Theorem 23 Let f € C (Hl 1 lag, l]) or f € CB( ); n, N, my,....,m, €
N:my <mg <..<m,, 0< <1 We further assume that |f (z) — f (y)| <
Mz —yllS, ¥V a,y € (Hi\i1 [ai,bi]) or z,y € RN (respectively), 0 < a < 1,
M > 0. Then

| L, (Lony—y (o-Lony (L, £))) = |, < (44)

=1
—Am=A)
CNZ{ ap Tl e e™™ }

19
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Example 24 Let f (z1,...,zy) = Zil cos i, (w1,...,25) E RN, N € N. De-
note T = (£1,...,Zn), ¥ = (Y1, ..., yn) and observe that

N N N
g cos x; — E cosy;| < g |cos x; — cos y;|
i=1 i=1 i=1

N
<Y i =yl < N|T -7l -
i=1

That is
f @) - f@I <Nz -7l-
Consequently by (5) we get that
w1 (f.h) < Nh, h> 0.

Therefore by (9) we derive

N N
G, (Z cosxi> - <Z cosa:i>
i=1 i=1

where 0 < 8 <1 and n € N.
Let now my,....,m, € N:mqy <mg < .. <m,. Then by (44) we get

e e (- (0 (00 () - (3502

N N
G, (Z cos xi> — (Z cos xz>
i=1 i=1 oo

s 1 _ 1 _
Ny (B +(6.3984) e~ ‘”) <rN (5 +(6.3984) ™1 B’) . 47)
i=1 \"%

my

1 _
<N <ﬁ +(6.3984) e " '”) . (45)
n

oo

<

oo

T

>

i=1

(by (45))
<

One can give easily many other interesting applications.

Acknowledgement: The author wishes to thank his colleague Professor
Robert Kozma for introducing him to the general theory of cellular neural net-
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Abstract

Here we study the univariate fractional quantitative approximation of
real valued functions on a compact interval by quasi-interpolation sig-
moidal and hyperbolic tangent neural network operators. These approx-
imations are derived by establishing Jackson type inequalities involving
the moduli of continuity of the right and left Caputo fractional derivatives
of the engaged function. The approximations are pointwise and with re-
spect to the uniform norm. The related feed-forward neural networks are
with one hidden layer. Our fractional approximation results into higher
order converges better than the ordinary ones.

2010 AMS Mathematics Subject Classification: 26A33, 41A17, 41A25,
41A30, 41A36.

Keywords and Phrases: sigmoidal and hyperbolic tangent functions,
neural network fractional approximation, quasi-interpolation operator, modu-
lus of continuity, fractional derivative.

1 Introduction

The author in [1] and [2], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliaguet-Euvrard and ” Squashing” types,
by employing the modulus of continuity of the engaged function or its high order
derivative, and producing very tight Jackson type inequalities. He treats there
both the univariate and multivariate cases. The defining these operators ”bell-
shaped” and ”squashing” function are assumed to be of compact support. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see chapters 4-5 there.
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The author inspired by [12], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [6], [8], [9], [10],
[11], by treating both the univariate and multivariate cases.

Continuation of the author’s last work is this article where neural network
approximation is taken at the fractional level resulting into higher rates of ap-
proximation. We involve the right and left Caputo fractional derivatives of the
function under approximation and we establish tight Jackson type inequalities.
An extensive background is given on fractional calculus and neural networks,
all needed to expose our work. Applications are presented at the end.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(ac):cho(<aj-m>+bj), zeR’, seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - x) is the inner product of a; and z, and
o is the activation function of the network. About neural networks in general,
see [16], [17], [18].

2 Background

We need

Definition 1 Let f € C([a,b]) and 0 < h < b — a. The first modulus of
continuity of f at h is given by

wi (f,h) =sup{[f (z) — f (y);2,y € [a,b], |z —y| <hl} (1)
If h > b — a, then we define

wl(fah):wl(f,bfa)' (2)

Notice here that
}llli%wl (f,h) =0.

We also need

Definition 2 Let v > 0, n = [v]| ([-] is the ceiling of the number), f €
AC™ ([a,b]) (space of functions f with f"~1) € AC ([a,b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [13], pp. 49-52,
[15], [19]) the function

DYf () = | /m(w—t)"_”_lf(")(t)dt, 3)

F'(n—v
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Yz € [a,b], where T is the gamma function T (v) = [ e "t~ 1dt, v > 0.
Notice DY, f € L1 ([a,b]) and DY, f exists a.e.on [a,b].

We set D°,f (x) = f (z), ¥V z € [a,b].

Lemma 3 (/5]) Let v > 0, v ¢ N, n = [v], f € C" ' ([a,b]) and f™) €
Lo ([a,b]). Then D%, f (a) = 0.

Definition 4 (see also [3], [14], [15]). Let f € AC™ ([a,b]), m = [a], a > 0.
The right Caputo fractional derivative of order a > 0 is given by

="

b
Dy f (@) = e [ €= T e, ()

V z € [a,b]. We set DY _f(x) = f(x). Notice Dy f € L; ([a,b]) and D§_f
exists a.e.on [a,b].

Lemma 5 (/5]) Let f € C™ ' ([a,b]), f'™ € Ly ([a,b]), m = [a], a > 0.
Then D¢ f (b) = 0.

Convention 6 We assume that
D¢, f(x) =0, forx <o, (5)

and

Dz, _f(x) =0, for x > xo, (6)

for all x,xy € (a,b].
We mention

Proposition 7 ([5]) Let f € C" ([a,b]), n = [v], v > 0. Then D%, f (x) is
continuous in x € [a,b].

Also we have

Proposition 8 ([5]) Let f € C™ ([a,b]), m = [a], @ > 0. Then Dy* f () is
continuous in T € [a,b] .

We further mention

Proposition 9 (/5]) Let f € C™ ' ([a,b]), f™ € Lo ([a,b]), m = [a], a >0
and

D f (x) = % / ' (z— )™t Fm) (1) dt, (7)

(m—a) Jq,

for all x,x¢ € [a,b] : x > 0.
Then D, f () is continuous in .
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Proposition 10 ([5]) Let f € C™ ' ([a,b]), f™ € Lo ([a,b]), m = [a],
a >0 and

Dy _f(z) = =——— / P — a2y R (¢ e, (8)

for all x,x¢ € [a,b] : x < xo.
Then Dy _ f () is continuous in xo.

‘We need

Proposition 11 (/5]) Let g € C ([a,b]), 0 < ¢ < 1, x,x¢ € [a,b]. Define

L(z,z0) = /Jj (z— ) g@t)dt, for x> wo, (9)

Zo

and L (z,x0) =0, for z < .
Then L is jointly continuous in (x,z0) on |a,b]”.
We mention

Proposition 12 (/5]) Let g € C([a,b]), 0 < ¢ < 1, z, 0 [a,b]. Define

K (2, 70) = / (-0 g (Q)de, forx < o, (10)

and K (x,29) =0, for x > xo.
Then K (,20) is jointly continuous from [a,b]” into R.

Based on Proposition 11, 12 we derive

Corollary 13 ([5]) Let f € C™ ([a,b]), m = [a], a > 0, z,z9 € [a,]. Then
D¢, f(x), Dg _f (x) are jointly continuous functions in (x,xo) from |a, b)* into

*To

R.
We need
Theorem 14 (/5]) Let f : [a,b]° — R be jointly continuous. Consider
G(z) =wi(f(2),0,[2,0]), (11)

0>0,z € la,b].
Then G is continous in © € [a,b].

Also it holds
Theorem 15 (/5]) Let f : [a,b]” — R be jointly continuous. Then
H(.’E) = w1 (f ('7x)357 [CLCL’]), (12)

x € [a,b], is continuous in x € [a,b], § > 0.
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‘We make

Remark 16 (/5]) Let f € C" ' ([a,b]), f € Lo ([a,b]), n = [v], v > 0,
v ¢ N. Then we have

(n)
|D7, f (2)] < Hf HOO (x—a)"™", Vaz€lal]. (13)

“T(n—v+1)
Thus we observe

w1 (DY f,0) = sup |Dif(z) — DI f (y)l

z,y€|a,b]
lz—y|<6
£ v, 157 nev
lz—y|<é
2[|£] nev
SF(n—u—|—1)(b_a) '
Consequently
v g8y« 2l e s 14
o1 (DLuf.0) < o s (b= )" (1)
Similarly, let f € C™ ' ([a,b]), f™ € Lo ([a,b]), m = [a], a >0, a ¢ N,
then || ( )”
2 fm m—a
w1 (Dl?—fu 5) < F(m—ioz—iol) (b—a) : (15)
So for f € C™ 1 ([a,b]), f™ € Ly ([a,0]), m = [a], a >0, a ¢ N, we find
51(6) :== sup wy (DL, f,9) < M(b—a)"’_a (16)
and
2 f(m) m—a
$9(6) ;== sup wy (D;“rf, (5) (o] < F(lanjol) (b—a) ) (17)

zo€la,b]

By Proposition 15.114, p. 388 of [4], we get here that DS, f € C([xo,0]),
and by [7] we obtain that Dy _f € C([a,x0]). Clearly here we have that
$1(6),82(0) = 0, as 6 — 0.

We consider here the sigmoidal function of logarithmic type

1

= — Y ER.
l1+e® x

s (z)

It has the properties lim s(z) =1and lim s(z) =0.
x

—+00 r——00
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This function plays the role of an activation function in the hidden layer of
neural networks.
As in [12], we consider

(s(z+1)—s(z—1)), zeR. (18)
We notice the following properties:

1

i) ®(z) >0, VzeR,

i) Yo P(x—k)=1, VzeR,

iii) Zk_foo (ne—k)=1, Ve eR;neN,
iv) f D (x

) @ is a density function,

i)

v

vi) ®iseven: & (—z) = P (x), = > 0.

We see that ([12])

—"L'

®(z) = (622; 1) QI+te s )(1te=rl) (19)
(62;21) (1+e=~ 1)11+e*1*1)'

vii) By [12] ® is decreasing on R, and increasing on R_.

viii) By [11] forn € N, 0 < 8 < 1, we get

oo

2 _ 1 B B
Z ®(nx—k) < (e 5 ) e = 3.1992¢ "7

k=
tnz — k| > ntfP

(20)

Denote by [-] the ceiling of a number, and by |-] the integral part of a
number. Consider = € [a,b] C R and n € N such that [na] < |nb].

ix) By [11] it holds

1 1
< — 5250312578, Yz € [a,0].  (21)
Z,Ean7,a] (nz—k) @ (1)

x) By [11] it holds nlLH;o Z,Eibrjm] ® (nx — k) # 1, for at least some x € [a, b].
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Let f € C ([a,b]) and n € N such that [na] < |nb].
We study further (see also [11]) the positive linear neural network operator

nb
ZIE Hna‘\ (k) (I)(nx_k)
nb
ZIE Hna] (7?,33 - k)

G, (f,z) = , T € la,b]. (22)

For large enough n we always obtain [na] < |nb]. Also a < £ < b, iff [na] <
k < |nb].

We study here further at fractional level the pointwise and uniform conver-
gence of Gy, (f,x) to f(x) with rates.

For convinience we call

[nb]
Gi(fw)= 30 [l )@me—h), (23)
k=[na ( >
that is
Gn (f2) = bJG* .2) . (24)
an [na] (’I’L{L‘ - k)
Thus,
G (f,z)
Gn f,l‘)_f( _f(x
( ) Z]Enb]'na] (nl‘ — k) )
_Gilhe) — f @S ® (e — k) (25)

ZI\;anna] (’I’LIE B k)

Consequently we derive

[nb)
Go (fo) = f (@) € —— |Gi(for) = f(2) S ®(mz—k)|.  (26)

® (1) k=[na]
That is
Lnb) ;
|G (f,2) = £ (2)] < (5.250312578) | ) <f (n> - f(:c)) ® (nx — k)|
k=[na]

(27)
We will estimate the right hand side of (27) involving the right and left Caputo
fractional derivatives of f.
We also consider here the hyperbolic tangent function tanhz, x € R :
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It has the properties tanh0 = 0, —1 < tanha < 1, V 2 € R, and tanh (—z) =
—tanh z. Furthermore tanhx — 1 as x — oo, and tanhz — —1, as x — —oo,
and it is strictly increasing on R. Furthermore it holds d% tanhx = ﬁ > 0.

This function plays also the role of an activation function in the hidden layer
of neural networks.

We further consider
1
U (z) = 1 (tanh (z + 1) —tanh (x — 1)) >0, VzeR. (28)

We easily see that¥ (—z) = ¥ (z), that is ¥ is even on R. Obviously V¥ is
differentiable, thus continuous.
Here we follow [8]

Proposition 17 U (z) for x > 0 is strictly decreasing.

Obviously W () is strictly increasing for z < 0. Also it holds lim W (z) =
0= lim ¥ (x).

Infact ¥ has the bell shape with horizontal asymptote the x-axis. So the
maximum of ¥ is at zero, ¥ (0) = 0.3809297.

Theorem 18 We have that > oo U (z—i)=1, Vz €R.

1=—00

Thus

Z\I/(mc—i)zl, VneN VzelR

Furthermore we get:
Since ¥ is even it holds >0 U (i —z) =1, Vx € R.

i=—00

Hence >°° U (i+xz)=1, VzeR,and > > P(z+i)=1, VazeR.
Theorem 19 It holds [*_ W (z)dz = 1.
So ¥ (z) is a density function on R.

Theorem 20 Let 0 < 8 <1 and n € N. It holds

oo

Z U (nx—k) <e*- e~2n 77, (29)
k= —o0
Cnz — k| > nlFP
Theorem 21 Let z € [a,b] CR and n € N so that [na] < |nb]. It holds

1
< 4.1488766 =
S (np — k) v (1)

k=[na]

(30)

30
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Also by [8], we obtain

Lnb)
lim Z (nx — k) # 1,
k=[na]

for at least some x € [a, b].

Definition 22 Let f € C ([a,b]) and n € N such that [na] < |nb].
We further study, as in [8], the positive linear neural network operator

nb
ZIE: [Jna] (k)\Ij(nx_k)
nb ’
S (nz — k)

We study F,, similarly to G,,.
For convinience we call

= S (v, &)

F,(f,z):= € [a,b]. (31)

k=[na]
that is F (f.)
F,(f,x):= ’ ) 33
(f x) ZIE:anrLa] (nx - k) ( )
Thus, .2
Fy(f,
E(fz) = f(2) = 7 — [ (=)
Z,E me] (nx — k)
* [nb] .
_ Fy(f,x) Lnb(J )Zk [na] U (nx k) (34)
> fnal U (nx — k)
Consequently we derive
1 [nb]
\Fn(f,w)—f(x)léﬁ Fy(fia)=f(z) Y U(nz—k). (35)
k=[na]

That is

Lnb]
By (f.2) — f ()] < (1.1488766)| 3 (f (k>—f(x)>\1/(nx—k)- (36)

k=[na]

We will estimate the right hand side of (36).
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3 Main Results

We present our first main result

Theorem 23 Let a > 0, N = [a], a ¢ N, f € ACY ([a,b]), with fN) €
Ly ([a,0]),0< B <1, z€a,b], neN. Then

i)
NZL 4() _
G ()= 3 86, (=07 () - 1 ()] < (37)
=
(5.250312578) | (€1 (D2 )y + 01 (Do) )
3'19926_n(175) (HDZ(L’yff‘Hoo[a@} (‘T - a‘)a + HDga:fHoo,[x,b] (b - $>a)} )
i) if fO) (x) =0, forj=1,..,N — 1, we have
Go (f2) — f ()] < DDBITS), (39)

I'(a+1)

(w1 (D2 £, ) 0y + 01 (D2F ) )
: =4
noh

3.1992¢ "7 ([IDI_ ]| o fuy (& = 0 + 1Dl oy (0= 2)%) b

when o > 1 notice here the extremely high rate of convergence at n~(*+18
ii1)
|Gy (f,z) = f (2)] < (5.250312578) - (39)
-1 |9 (@)

1 j -8
lj!{nﬁj‘l'(b—a) (31992)6 }+

=

.
Il

1 (o (D2 )y e (D2f ) )
F'(a+1) nab +

(1-8)

31992¢”"" 7 (IID2_f || oy @ = @ + 1Dl oy 0= 2)°) } ]

Yz € la,b],
and
iv)
|G f = fll. < (5.250312578) - (40)

10

32



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 33

Z

= 59 {1

; e
G L+ 0-0) 1992)e } n

<.
Il

, a g L ~ &k s
1 (il[lfb]wl (DFf. 55 ) gy + 520 @1 (DL, ””“7“)

z€Ja,b] 4
T(a+1) nes

—n(1=8) @ a
3.1992¢ (b — Cl)a ( sup ||D-L—fHoo [a,7] + sup ||D*xf||oo,[w7b]> }} '
z€[a,b] Y z€[a,b]

Above, when N =1 the sum Z;V;ll - =0.

As we see here we obtain fractionally type pointwise and uniform convergence
with rates of G, — I the unit operator, as n — oo.

Proof. Let z € [a,b]. We have that D_ f (z) = D2, f () = 0.
From [13], p. 54, we get by the left Caputo fractional Taylor formula that

©ESE) e

= (fj - J)al (D2, f (J) - D2, f (x)) ],

forallxﬁ%ﬁb.
Also from [3], using the right Caputo fractional Taylor formula we get

@-E5EC) e

7=0

ﬁ / (J _ :)al (DE_f (J) = DE_f (x)) dJ,

forallagggx.

Hence we have

f (2) O (nx — k) = Nf f(j).!(x) ® (nz — k) (k - x)j + (43)

n
= 7

(5 >a1 (D% () — D% f () d,

11
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for all z < % < b, iff [nz] <k < |nb], and

() etern =35 Ftoteen (G2)

for all a < % <u, iff [na] <k < |nzx|.
We have that [nz] < |nz] + 1.
Therefore it holds

[nb] N-1 () [nb] .
LZJ f( ) (nx — k) 0 ! j!(x) Z O (nz — k) (S—x)g—i—
k=|nxz|+1 Jj= =

k=|nz|+1
(45)
. 5 o k " (k JCH D2 f(J)— D% dJ.
@k %JH (na — )/ (n— ) (D% f (J) = DS, f () dJ

and

|na| 1 f(7) [nz] ) j
Z f< ) (nz —k :Z Z ¢ (nz —k (n ) + (46)
k=[na] :

[nx]

ENYY e e |
k%@”x"“/k ("‘n> (D3 f (J) = Dg_f (x)) dJ

Adding the last two equalities (45) and (46) we obtain

3

[nb]

Gy (fir)= > f< ) (na — k)

(47)
k=[na]

N-1

f(a) ( I e

Z D (nx — k) (k—x>j+

k=[na]

1 [na] N N ) )
I (a) {k_%;] o (e - k)/c <J B n) (De_f (J) = Dg_f (x)) dJ+

n

J=0

[nb] k

n [k a—1 . . ) |
k_%ﬂ@(nxk)/gﬂ (nJ> (D2 f (J) — D2 f ( ))dJ}

12
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So we have derived

)
GZ(f,fU)—f(x)( > ‘I’(m—k)) = (48)
k=[na]
N—lf

206 (¢ -ar) @ + 00 @),

j=1
where

) [na . e )
0, () == o) {k_%a] ® (nx — k) A <J — n) (DS_f(J)—D2_f (x))dJ

n

[nb) k

v Y ewe-n [ <z—J)aI(Di‘xf(J)—Dfxf(w))dJ}. (19)

k=|nz|+1 z
We set
[nx] x a—1

O ()= 3 eeb /. (-5) o s-pesaya
(50)

and

1 [nb] % k a—1 . .

=gy, S P [ (E-1) @ pus@)a
(51)

- 0n (x) = 01, (x) + 02y, () . (52)

We assume b — a > n%, 0 < B < 1, which is always the case for large enough

n € N, that is when n > [(b - a)fﬂ . It is always true that either ‘% — x| < n%
or [E—z|> L.
For k = [na], ..., |[nx], we consider

Yik = (53)

/ (J - fl>a1 (De_f (J) = Dg_f (z)) dJ

/,: <J:>Q1D?_f(<])dj g/: <J:)a

N z—£)° N (
<102 Ao = <02

1
|DS_f(J)|dJ

x—aa)a (54)

13
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That is

w102 ]| oy £ (55)
for k = [na], ..., |[nz].
Also we have in case of ‘% — IE‘ < n% that
z k a—1
s [ (7-5) s - oz sl (56)

k

T a—1
< /k <J - n) w1 (Dg‘_f, |J — 1:|)[a’w] dJ

x a—1
Do -5
la,z] /& n

.
n
1 r— E)® 1 1
< wy (Dif, nﬁ) M < wy (D;Xf, nﬁ> —. (57)

[aa] ¢ fa.a) N7

That is when |% — ac| < n%, then

S W1 (D?f7

w1 (D-?_f’ n%)[aqm}

Yk < andB (58)
Consequently we obtain
1 [nz|
O ()] < o S @ (na— K7y =
)
k=[na]
T > ® (nw — k) v + > P (na—k)vy, ¢ <
{ k= [na] { k= [na]
wol < =l > 5
[nz] a 1
1 w1 (Dx—fa nﬁ)[am}
P _ ;
() Z (nx — k) P +
k= [na]
Ha—el<as
S . (z—a)°
Z ¢ (mc - k) HDI*fHoo,[a,m] o S <6O)
{ k= [na]
Ha—al> 5

14
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I'(a+1) neb

1 {Wl (Dg*f’ n%)[a z]
2

oo

Z @ (nz—k) || Ds_fll, o) ( (x—a)* } < (61)

k=—
:nx — k| > ntP

1 w1 (Dg—f’ n%)[a,x]
F'(a+1) neB

+3.1992¢7 [ DE_f| oy € x—a)a}.

So we have proved that

+ (62)

00 @) < — {1 PEL )
n “T'(a+1) neh

31992¢ "7 | De_f|| , poy (@ — @)}

Next when k = [nz| + 1, ..., [nb] we consider

Yok =

/f <k B J) o (DL f (J) = DL f (w) dT| <

n

k a—1
/ (fL _ J) DS, f (J) = D& f (2)] dJ =

% a—1 k*l’a
[ (E-0) pmsona i, < 6

108, oy O (69)

Therefore when k = |nz| + 1,..., |[nb] we get that

(b—2)"

In case of ‘% — at| < #, we get
k k a—1
s [T(E-0) wonil a0

k
w1 (Dngu‘n_

15
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1 k) 1 1
wi (D:fif, ) G=2) (Difxﬁ ) (67)
nbB (5] nB

o [2,b] an®h’

So when |ii’ — :z:| < niﬂ we derived that

wi (D2, f, #)[%b}

Similarly we have that
1 [nb]
|02n ()] < Yo ®ma—k)yy | = (69)
I'(a)
k=|nz|+1
1 [nb] |nb]
T (a) Z ® (nz — k) o, + Z P (nz —k) vy p <
{kz[nxj—i—l {kanmJ—i—l
norl < Ha—al>
[nb] a 1
1 w1 (D*l’f’ npP ) [,b]

_— P —k :

' (a) Z (nz ) an®b +

k=|nz]+1
Ha—al<
[nb] «
(b—x)
k=|nz|+1
nol> o
1 w1 (waﬂ n%)[r,b] I
I'(a+1) nob

{ k=—o0
| =l > 2

1 {wl (DgLf’ n%)[z,b]

_p(-8) o N
r (Oé + 1) naﬁ + 3.1992¢ ||D*xf||m1[$1b] (b — .’L‘) } .

16
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So we have proved that

1 wi (DL, f, n%)[w Bl
O, < . 2
6 W—p(a“){ ey (72)
_p(=8)
3.1992¢ 1D, £l o oy (b x)“} .
Therefore
|0 ()] < |01n ()] 4 [02n ()] < (73)
1 w1 (Dgffvniﬁ)[aw] + w1 (Dngv n%)[w,b]+ (74)
I'(a+1) nos
_pi- o o
3.1992¢ (HD ooy @ = O+ IDEF Nl oy (b — ) )} ,
From [6], p. 15 we get that
" j 1 j _p(1-8)
‘Gn (=) (x)‘ < 7+ (b—a) (3.1992)c : (75)
forj=1,...N—1,Vz€lab.
Putting things together, we have established
[nb]
Gh(fox) = fx) | Y @z —k)||< (76)
k=[na]
N-1 |F9) (@)| [ 1 s
ZT [nﬁjﬂb a)’ (3.1992) e :|+
j=1
1 (UJl (Dg—f7 n%)[a,m] + w1 (D*OfJff’ n%)[z,b])
I'(a+1) neB +
_p=8) o
3.1992¢ (HD“ Fllac oy @ = @)+ 1D fl iy (0 — ) )} = A, (z).
(77)
As a result we derive
Gn (f,2) = f (2)] < (5.250312578) Ay, (), (78)

Vaelab.
We further have that

() ) 1
[T Z Hf H {nﬁﬂ +(b—a) (3.1992) e 7|+ (79)

17
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a 1
[l s (0
I'(a+1) neb

(1-8)
(

+3.1992¢™" b—a)"-

{(1% (P2l o) + suw (anmfnoo,[x,b]))}}—: By,

Hence it holds

G f — fll. < (5.250312578) B,,. (80)
Since f € ACY ([a,B)), N = [a], a > 0, a ¢ N, /™) € L, ([a,b]), = < [a.b],
then we get that f € ACY ([a,z]), f™V) € Lo ([a,2]) and f € ACN ([z,b]),
FN € Loo ([, 0]) -

We have
(DF-f) (v) = FE;)_NQ) /yz (J =)V () dg, (81)
YV y € [a,z] and
|(D2_f) (y y_F (/y (J—y No‘ldJ>Hf | -
_ \N-a
- P(Nl— a) ( (N y) Hf(N)Hm -
1“(($Na+1 [ % [
That is
19 o < i L. ®
and , N
R R a1 i ®
Similarly we have
LN = = [ 00" S @a
Vy ez
Thus we get

026 = =y ([ -0 ar) 1] <

18
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e . < e I
I'(N—a) (N—a) o T'(N-—a+1) oo
Hence - a)N*a .
ID% Moo < PR —at 1) Hf l..: (86)
and
o1 1% oy < onm e 1] (57)
w€la,b] I'(N -
From (16) and (17) we get
1 2| £ N-a
sup w Dgf,) <—"— -2 _(b—a , 88
z€la,b] ' ( 19 )10 - TN —a+1) ( ) (88)
and
1 2| £V N-a
sup wy | DL T, > <——2_(b—a) . (89)
z€la,b] ' ( np [a,b] [(N—-a+1)

So that B,, < oo.
We finally notice that

f(” o) () — f(x G, (f,2)
Z G ((-=2)) (@) = f (2) = (57,0 0)

N-1

(Ztnw 1(m_k)) ( f(j;!(x)G:L (=) (””)) - f(@)
k=[na] Jj=1

1
(Z Lnb anﬂ (nx — k)) ‘

N1 () , Lnt]
G () - (Z A (el <x>) - ( > @(nxm) f<z>] .
k

j=1 =[na]

(90)

Therefore we get

Py
-
@ ( , Lnb)
(Z e —x)ﬂ)m) - ( > @(m—m)f(x)

k=[na]
(91)

e ((- - m)j) (2) — f(2)] < (5.250312578) -

3

V€ la,b].
The proof of the theorem is now complete. m
We give our second main result

19
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Theorem 24 Let a > 0, N = [a], a ¢ N, f € ACY ([a,b]), with f?) €
Lo ([a,b]),0< 8< 1, z €[a,b], n € N. Then
i)

N— lf )
Fa(f) = 3 T E () @) - )] <
j=1

(4.1488766) (1 (D2_f. 5) g + 01 (DS 5) ) .
I'(a+1) nos

e 2 (D2 | oy (= @+ 1Dl oy (b= 2) )} (92)
i) if fO) (z)=0, forj=1,..,N — 1, we have

(4.1488766)

(Wl (Dg,f, n%)[a@] +w (D*aa:fv ﬁ)[x,b]) n

nob
_0p(1-8) o o
e (D2 oy @ = @ + 1D gy 0= 2)°) }, (93)
when a > 1 notice here the extremely high rate of convergence of n~(@+18,
i11)
|Fo (F.2) = f ()] < (4.1488766) -
N—1
f(J) 1 i 4 _op(-8)
‘ W+(bfa)je462 +
j=1
i (m (Df.35) o + 1 (DS 30) )
F'(a+1) nob
_op(1-8) o
e (D2 f| oy 0= @) + 1Dl G = )") } ) (00)
V2 € [a,b],
and
i)

| Enf — flloo < (4.1488766) -

() ) -
Z Hfﬂ ” { = +(b_a)je46_2n< B)}+

20
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( sup wi (Dgf-ﬂ #)[a x] T osup Wi (Dfxf, %)[m b])
1 z€[a,b] ) z€la,b] ’

+

I'(a+1) nos

z€la,b]

—_on(1-8) o « (e
ete2 (b—a) ( sup ||Dz,f||oo7[a’$] + Sl[lpb] ||D*If||:)o7[m7b]> }} . (95)
x€E|a,

Above, when N =1 the sum Zj\;—ll -=0.
As we see here we obtain fractionally type pointwise and uniform convergence
with rates of F,, — I the unit operator, as n — .

Proof. Let z € [a,b]. We have that DY_f (z) = D%, f (z) = 0.
From [13], p. 54, we get by the left Caputo fractional Taylor formula that

f (ﬁ) = Nijl f(j;!(x) (i - :c)j + (96)

=0

k

= (fj - J) (D21 (J) - D2, f () dJ,

forallxﬁ%ﬁb.
Also from [3], using the right Caputo fractional Taylor formula we get

f (ﬁ) = Nijl f(j;!(x) (i - :c)j + (97)

=0

ﬁ / ' (J 7’2) (D f (J) — DE_f (x)) d.],

forallagggm.
Hence we have

¥ (i) U (nz — k) = Nz_; f(j;!(x) U (nz — k) (z - x)j + (98)

k

oK) [E RN e e

for all 2 < £ < b, iff [na] < k < [nb], and

21
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U(na—k) [* N
2y —F) v Do _po d
s (7-5) oz s@)a
for all a < % <z, iff [na] <k < [nz].
Therefore it holds
[nb]

k=|nz|+1 J-

n
Jj=0 k=|nz|+1
(100)
1 l'an 7’: k a—1
T U (nz —k == De.f(J) - D2, dJ,
T () k_%ﬂ (nz )L (n > (D2 f(J) o f(@)

and

[na] —1

;]f<z>W(nx—k)—N f(j;.,(x) Lij U (nz — k) <§—x)j+ (101)
k=[na j

§=0 77 k=[nd]
1 ] x k a—1
T (a) k; 1 U (nx — k)/fi (J - n> (Dg_f(J)—Dy_f(x))dJ.
Adding the last two equalities (100) and (101) obtain
|nb] i
F* = _ _ _
k=[na]
N=1 () Lnb) ;
3 9 (@) S U (na — k) <k_x> N
j! n
J=0 k=[na]
1 [nax] N N a1
T (a) kz%(ﬂ\lf(nx—k)/ﬁ <J_n> (DS_f(J) = D2_f (x)) dJ+
[nb] b

n k a—1 . . ) |
k_gjﬂm(m_k)/m (n‘J> (D2, f () Dmﬂ))cu}

So we have derived

[nd]
Ey(f.z) = f(2) ( > ‘I’(m:—k)) = (103)
k=[na]
D ()
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where
1 [nz] T k a—1 . .
0 (0) 1= s k_z[n:a] U (nz — k)/ﬁ (J - n) (D2 f(J)— D% f(2))dJ

[nb] E a—1
by wow-n [T(5-0) om0 -Dns@)ar). oy

k=|nz|+1
We set
1 [nx] T k a—1
ug (@) = Y e —k) [ (J——) (Di_f(J) - DI_f(2))dJ,
e / < ”) (105)
and
1 [nb] % k a—1
sn = —— Une—k) [ (S—T)  (D%F() - D f (@) dJ,
w5 vorn (=) “
i.e.
U (T) = Uy () + uan (T) . (107)

We assume b — a > n%, 0 < B < 1, which is always the case for large enough
1
n € N, that is when n > [(b - a)_ﬁ-‘ . It is always true that either ‘% - m‘ <L

0r|%fm|>n%.

For k = [na]l, ..., |[nx], we consider
xT k a—1
e ‘ [ (-5) @esm-per@yal. ao)
As in the proof of Theorem 23 we get
« (LL‘ — a)a
Y1k < ||D33—f||oo la,z] P (109)
ila, o
for k= [nal, ..., [nz], and when |z — £| < L then
w1 (Dg*f’ n%)[a x)
oo € el (110)
Consequently we obtain
1 el
[u, ()| < @) = U (nz — k) vy, = (111)
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1
T (a) Z U (ne — k)i + Z U (nw—k)y p <
k = [nal k = [na]
%_zglﬂ :% x|>%
[nz] a 1
1 Wi (Dx—f, ’ﬂ[’))[a,x]
) Z U (nz — k) —F
k= [na)
Ha -l <
[nz] N (m _a)a
S vk [[DE S (112)
{ k = [na]
1 w1 (Dg7f7 nlﬁ)[u’z]
> W (0 — ) [ [|D2 ] (2= @) § <
k= —o0
Inx — k| > nt=F
1 %] (Dgffvniﬂ)[ ] _op(1=8) a o
T(a+1) { nob LE pete? ||szf||oo7[a,x] (x—a)” ;.

So we have proved that

[un ()] < T + (113)

1 w1 (Dgffu r,%ﬁ‘)[a,ab]
a+1) ne?

6467271(1*5) ||D§f_f||oo’[a’$] (Z‘ _ a)oc} )

Next when k = [nz| + 1, ..., [nb] we consider

/ (k—J)a_l<Dix (J) = D2, f () dJ

- . (114)

Yok =

24
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As in the proof of Theorem 23, when k = |nz| + 1,..., |[nb] we get that

a (biz)a
Yok S ||D*;eroo7[x7b] T7 (115)

and when |E — x| < L we derive
n n

wi (DS 55) oy

Yo € e (116)
Similarly we have that
1 [nb]|
|uzn (z)] < () Z V(ne —k)ygy | =
a
k=|nz|+1
1 [nb] [nb|
F(Oé) Z lIj(’n“fl"_kj)'}?k—’— Z ‘I’(nm_k)’hk <
k=|nxz]+1 k=|nx]+1
wel <5 o=l > 55
(117)
[nb] Do 1
1 wl *zf? n T
L Z N (nx _ k) ( 5)[ b]
I'(a) an®?
{ k=|nz|]+1
el
[nd] [eY
b—z
S Wk | 1Dl ey
k=|nz|+1
Wl >
1 w1 (Dfmf’#)[x,b]+
I'(a+1) neB
> U (nz — k) [ D2 fllog fasy 0—2)" p < (118)

25
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1 w1 (waf’ n%)
I'(a+1) neh

b _op(1-8) a a
2l etem 2D, oo gy (0 — ) }

So we have proved that

wi (D% fy 75
! {1( : 5)[“’]+ (119)

<
[uzn (2)] < T(at1) noB

_op(1=8) « o
e 2 D2, gy (0= )}

Therefore
[un (z)| < Jutn (2)] + |uzs ()] <

1 w1 (D;X*f’ n%)[a,x] twi (Df@f’ n%)[:cb]
I'(a+1) nos

e 2 (DI oy (& = @+ 1D e oy 0= 2)%) }
From [8] we get that

+ (120)

F ((. _ z)j) (x)‘ <4 (b—a) ete " (121)

forj=1,...N—1,Vz€lab].
Putting things together, we have established

Lnb]

Fi(fiw)=f() | Y Vx-k)||< (122)

k=[na]

N=Le() (g _ -
v _!< ) mﬂba)%%w %

= 7

L[ (wr (D2 £ ) g e (DR ) )
T(a+1) ned N

et (D2l oy @ = @ D% S gy 0= 2)7) | = A (@)

(123)
As a result we derive
|F (f,2) — f (z)] < (4.1488766) A, (2), (124)
V€ lab].
We further have that
N-1 ;
o f(J) 1 . o (-8)
HAnHOO < Z H]'HOO [nﬁﬂ + (b —a)’ ete? S (125)

j=1

26
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«a 1
1 {wzl[lala)b] (W1 (Dx7f7 ﬁ)[a’aj]) " zzl[lapb] <W1 (D*fﬁf’ nﬁ)[w b]>}
T (a+1) ne?

tele=2n? (b—a)”

{(le[lfb] (1Pl o) + S (IIDfxflloo,[x,bO) }} =: By.

Hence it holds
|Fof — fll, < (4.1488766) B,,. (126)

Similarly, as in the proof of Theorem 23, we can prove that B,, < co.
We finally notice that

N—-1

[

<.

(NZ 9 @ F; (-~ a)) (x)) _ ( % \I!(nx—k)) f(x)] .

Therefore we get

N=L2() (g ;

> f jl( ) p, ((._x)J> (x) — f (x)] < (4.1488766) -

f(J) ; o
(z (- ) “)) ) (“21“”““) )

(128)
Vaelab.
The proof of the theorem is now finished. m
Next we apply Theorem 23 for N = 1.

27
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Corollary 25 Let 0 < o, <1, f € AC([a,D]), f' € Lo ([a,b]), n € N. Then

(5.250312578)

T(a+1) (129)

1Gnf = fllo <

< Sup wi (Dg—f7 n%)[a z] T sup Wy (D*axﬁ "Lﬁ)[fﬂ b])
z€[a,b] ' z€[a,b] 7

_|_

nap

_p(-8) o
39926 (5= 0" (s 5y + s (D5 S ) b
z€[a,b) Y z€[a,b]

Also we apply Theorem 24 for N = 1.

Corollary 26 Let 0 < «,5 <1, f € AC (la,b]), f' € Lo ([a,b]), n € N. Then

(4.1488766)
Han - fHOO < W (130)

( sup wi (Dg—-ﬂ niﬂ)[a x] T osup Wi (Dfmf’ ”LB)[I b])
z€[a,b] ’ z€[a,b] ’

+

nob

_on(t=8) a o
646 2 (b - a)a < sup ||D$—f|‘oo [a,z) =+ sup ||D*xf||oo,[;vb]> } .
z€[a,b] Y z€[a,b]

‘We make

Remark 27 Let 0 < 3<1,a>0, N = [a], a ¢ N, f € CV ([a,b]), n € N.
Then, by Corollary 13 and Theorems 14, 15, there exist x1,x2 € [a,b] depended
on n, such that

sup wi (Df;_f, lﬁ) — wy (D:z;_f, 15) , (131)
z€[a,b] n la,x] n [a,21]
and
1 1
sup wi (waf, 6) =w (wa2f7 ﬁ) . (132)
z€[ab] 7/ (2,6] W [22,8]

Clearly here we have in particular that

1
NEWES g o

la,z1]

1
w1 (Df12f7n5> *}Oa

[Z27b]

as n — 0o. Notice that to each n may correspond different x1,x2 € [a,b].

28
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Remark 28 Let 0 < a < 1, then by (84), we get

(b—a)
. 1D fll o oy < ra_a) Ml (134)
and by (87), we obtain
(b a)l*&
0 1D o) < ey gy W e (135)

giwen that f € AC ([a,b]) and [’ € Ly ([a,b]).
Next we specialize to a = %

Corollary 29 Let 0 < g < 1, f € AC ([a,b]), f' € L ([a,b]), n € N. Then

i)
(10.50062516)
Gn - S - =
IGuf = Flle < 222
1
sup w D2 1, + sup wy (D2 f, 2
(xe[a o ( ”’*)[a,w] cclat] < ”ﬁ>[w,b]
3 +
nz
_n(1=8) 1
3.1992¢7" b—a Sup HD2 fH + sup HDfx ,
z€[a,b] i[a,] z€[a,b] 00, [,b]
(136)
and
(8.2977532)
F'Il - - =
1Fuf = Flle < =70
sup wi (Dg%ff, n%) + sup wi (D*%zf, 7%5)
z€[a,b] [a.7]  zela,b] [z,b]
B +
nz
4 —2n(1-8) 3
e*e b—al sup HDj_fH + sup HD”f‘ . (137)
IG[a,b] OO,[(L,.T] 1’6 a, b ,[.’[),b]

We finish with

29
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Remark 30 (to Corollary 29) Assume that

1 1 Kl
w1 (Df_f, ) < —, (138)
npB (,2] npB
and . X
1 2
w1 <D*zz ’n'B)[m ; < B (139)

Yz € la,b], ¥V neN, where Ky, Ko > 0.
Then for large enough n € N, by (136) and (187), we obtain

Gt = Fllog s NFuf = fll € —. (140)

nz

for some T > 0.
The speed of convergence in (140) is much higher than the corresponding
speeds achieved in [8], [11], which were there ;.
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Fractional Approximation by
Cardaliaguet-Euvrard and Squashing neural
network operators
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Abstract

This article deals with the determination of the fractional rate of
convergence to the unit of some neural network operators, namely, the
Cardaliaguet-Euvrard and ”squashing” operators. This is given through
the moduli of continuity of the involved right and left Caputo fractional
derivatives of the approximated function and they appear in the right-
hand side of the associated Jackson type inequalities.

2010 AMS Mathematics Subject Classification: 26A33, 41A17, 41A25,
41A30, 41A36.

Keywords and Phrases: Neural network fractional approximation, Carda-
liaguet-Euvrard operator, fractional derivative, modulus of continuity.

1 Introduction

The Cardaliaguet-Euvrard (22) operators were first introduced and studied ex-
tensively in [7], where the authors among many other things proved that these
operators converge uniformly on compacta, to the unit over continuous and
bounded functions. Our ”squashing operator” (see [1]) (74) was motivated and
isnpired by the ”squashing functions” and related Theorem 6 of [7]. The work
in [7] is qualitative where the used bell-shaped function is general. However,
our work, though greatly motivated by [7], is quantitative and the used bell-
shaped and ”squashing” functions are of compact support. We produce a series
of Jackson type inequalities giving close upper bounds to the errors in approx-
imating the unit operator by the above neural network induced operators. All
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involved constants there are well determined. These are pointwise, uniform and
L,, p > 1, estimates involving the first moduli of continuity of the engaged right
and left Caputo fractional derivatives of the function under approximation. We
give all necessary background of fractional calculus.

Initial work of the subject was done in [1], where we involved only ordinary
derivatives. Article [1] motivated the current work.

2 Background
We need

Definition 1 Let f € C (R) which is bounded or uniformly continuous, h > 0.
We define the first modulus of continuity of f at h as follows

wi (f,h) =supf{[f (z) = f ()29 €R, |o—y[ < h} (1)
Notice that wy (f,h) is finite for any h > 0, and
limw, (f,h) = 0.
We also need

Definition 2 Let f : R —> R, v >0, n=[v] ([-] is the ceiling of the number),
f € AC™ ([a,b]) (space of functions f with f"~1 € AC ([a,b]), absolutely con-
tinuous functions), V [a,b] C R. We call left Caputo fractional derivative (see
[8], pp. 49-52) the function

1

D, f(z) = NCE)) /L (z— )" f (1) dt, (2)

o0

YV & > a, where I' is the gamma function T' (v) = fo e~ttv~ldt, v > 0. Notice
DY, f € Ly ([a,b]) and DY, f exists a.e.on [a,b], ¥V b > a. We set DO, f(z) =
f(z), ¥V z € la,0).

Lemma 3 (/5]) Letv >0, v ¢ N, n = [v], f € C* 1 (R) and ) € Lo (R).
Then DY, f (a) =0,V a € R.

Definition 4 (see also [2], [9], [10]). Let f : R — R, such that f € AC™ ([a,b]),
Y [a,b] C R, m = [a], @ > 0. The right Caputo fractional derivative of order
a > 0 is given by

(="

Dy f (v) = m

/ b (J — @)™ () dJ, (3)

Va<b Weset DY f(xz)=f(x),Vz e (—o0,b]. Notice that D¢ f € L1 ([a,b])
and D' f exists a.e.on [a,b], V a <b.
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Lemma 5 ([5]) Let f € C™ 1 (R), f™ € L (R), m = [a], @ > 0. Then
DY f(b)=0,VbeR.

Convention 6 We assume that

D f($)207 fOT‘(L’<Z’0, (4)

*To

and

Dz, _f (x) =0, for x > xo, (5)

for all x,xg € R.

‘We mention

Proposition 7 (by [3]) Let f € C™ (R), where n = [v], v > 0. Then DY, f (x)
is continuous in x € [a, 00).

Also we have

Proposition 8 (by [3]) Let f € C™ (R), m = [a], a > 0. Then Dy f () is
continuous in x € (—oo, b).

‘We further mention

Proposition 9 (by [3]) Let f € C™ ' (R), f™) € Lo (R), m = [a], a > 0
and

D2, f(x) = % / T e ) (1), (6)

m—a) Ju,

forall x,zg € R:x > xy.
Then D¢, f (x) is continuous in .

Proposition 10 (by [3]) Let f € C™ 1 (R), f™ € Lo, (R), m = [a], a > 0

and m
(-1

Do @) = Fim—a / T ) (g (7)

forallz,zg € R:xg > .

Then Dg. _ f () is continuous in xo.

Proposition 11 (/5]) Let g € Cy (R) (continuous and bounded), 0 < ¢ < 1,
z,x9 € R. Define

L(z,20) = /JC (x — t)c*1 g (t)dt, for x> z, (8)

and L (z,x0) =0, for z < .
Then L is jointly continuous in (z,xq) € R
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‘We mention

Proposition 12 ([5]) Let g € C, (R), 0 < ¢ < 1, x,x9 € R. Define
o
K(za) = [ (=2 g(D)d), fors<an, )

and K (z,z9) =0, for x > xo.
Then K (x,x0) is jointly continuous in (z,x) € R2.

Based on Propositions 11, 12 we derive

Corollary 13 (/5]) Let f € C™ (R), f(™ € Lo (R), m = [a], a >0, a ¢ N,
x,20 € R. Then DS, f(x), Dg _f (x) are jointly continuous functions in (z,xo)
from R? into R.

We need
Proposition 14 (/5]) Let f : R? — R be jointly continuous. Consider
G(x):wl (f('am)aé‘)[x7+oo)7 6>0,$U€R (10)

(Here wy 1is defined over [x,+00) instead of R.)
Then G is continuous on R.

Proposition 15 (/5/) Let f : R? — R be jointly continuous. Consider
H(z)=wi (f(+2),0)_pqy, 0>0,2€R. (11)

(Here wy is defined over (—oo, x| instead of R.)

Then H 1is continuous on R.
By Propositions 14, 15 and Corollary 13 we derive

Proposition 16 (/5]) Let f € C™ (R), ||f(m)HOO <oo,m=la],a¢ N, a>0,
z € R. Then wi (D3 f,h) [, ooy w1 (D2_f, h)(foo o) 0r€ continuous functions
of x € R, h > 0 fized.

We make
Remark 17 Let g be continuous and bounded from R to R. Then
w1 (9.8) < 2|gll, < oo (12)
Assuming that (D%, f) (t), (DS_f) (t), are both continuous and bounded in (z,t)

€ R?, i.e.
D3 flle £ K1, VYV eRy (13)
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D[]l < K2 VaeR, (14)
where K1, Ko > 0, we get

w1 (DL f, 5)[;1;,+oo) < 2K
w1 (D‘;_f,f)(_OOJ] <2K,,VE2>0, (15)

for each xz € R.
Therefore, for any £ > 0,

ig% {max (wl (D f, §)[w’+oo) , W1 (Dg‘_f, 5)(700’1]” < 2max (K1, K3) < 0.
(16)
So in our setting for f € C™ (R), ||f(m)||oo < oo, m=[a], «a ¢ N, a >0,
by Corollary 13 both (D2, f) (t), (DY_f) (t) are jointly continuous in (t,z) on
R2.  Assuming further that they are both bounded on R? we get (16) valid.
In particular, each of wy (D2, f, 5)[%4_00), wi (DY_f, 5)(700@,] is finite for any
§>0.
Clearly here we have that Slé%ul (D2, f, 5)[x7+oo) — 0, as £ — 0+, and

Supw1 (Dg,f, 5)(_00 o 0,as§—0+.
z€R ’

Let us now assume only that f € C™ ' (R), f(™ € Lo (R), m = [«a],
a>0,a¢ N, xeR. Then, by Proposition 15.114, p. 388 of [4], we find that
D¢ f € C([x,+0)), and by [6] we obtain that DI_f € C ((—o0,x]).

‘We make

Remark 18 Again let f € C™(R), m = [a], a ¢ N, a > 0; f(™) (z) =1,V
x €R; xg € R. Notice 0 <m —a < 1. Then

(LC — x(])mia
D¢ = > x0. 1
*zof(x) F(m_a+1)7vx_$0 (7)
Let us consider z,y > x¢, then

1

|Dfrof () = D f (3/)| = Tm—at) (x—20)" " = (y—z0)"
|x _ y|7ﬂ_(X
_ 18
“T'(m—a+1) (18)
So it is not strange to assume that
|Dfxof($1) - Dgxof(x2)| < K|ZL‘1 - $2|6a (19)

K>00<p8<1,Vx,22 €R, 21,22 > z9g € R, where more generally it is
Hf(m) HOO < 00. Thus, one may assume

w1 (Dg—f’ 5)(700@1 < J\41£ﬂ17 and (20)
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w1 (Dfibf’ 5)[x,+oo) < M2§ﬁ27

where 0 < 6,,085, <1,V £ >0, My, M > 0; any x € R.
Setting f = min (8, 85) and M = max (M7, M), in that case we obtain

sup {max (w1 (Dg_f, 5)(_0071.] ;wi (D, E)[x,%o))} <MEP —0,as € —0+.
(21)

3 Results

3.1 Fractional convergence with rates of the Cardaliaguet-
Euvrard neural network operators

We need the following (see [7]).

Definition 19 A function b: R — R is said to be bell-shaped if b belongs to L'
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
on [a, +00), where a belongs to R. In particular b (z) is a nonnegative number
and at a b takes a global mazimum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b(xz) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [-T,T), T > 0. Call I := fTT b(t)dt.
Note that I > 0.

We follow [1], [7].

Example 20 (1) b(z) can be the characteristic function over [—1,1].
(2) b(x) can be the hat function over [—1,1], i.e.,

14z, —1<z<0,
b(z)=¢1—z, O0<z<1
0, elsewhere.

These are centered bell-shaped functions of compact support.
Here we consider functions f : R — R that are continuous.

In this article we study the fractional convergence with rates over the real

line, to the unit operator, of the Cardaliaguet-Euvrard neural network operators
(see [7]),

(Fu () () 1= _Z f(:)b(n(x-jj)) (22)

where 0 < @ < 1 and « € R, n € N. The terms in the sum (22) can be nonzero

iff " .
nl_o‘<x—>‘§T, ie. [z——| <
n

n| — nlfa

59
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iff
nr—Tn® <k <nx+Tn". (23)
In order to have the desired order of numbers
—n? <nz—Tn* <nz+Tn* <n?, (24)
it is sufficient enough to assume that
n>T+|z|. (25)
When z € [-T,T] it is enough to assume n > 2T which implies (24).

Proposition 21 Let a < b, a,b € R. Let card(k) (> 0) be the mazimum
number of integers contained in [a,b]. Then

max (0,(b—a)—1) <card(k) < (b—a)+1. (26)

Remark 22 We would like to establish a lower bound on card (k) over the
interval [nx — Tn®, nx + Tn®|. From Proposition 21 we get that

card (k) > max (2T'n® — 1,0) .
We obtain card (k) > 1, if
2Tn® —1>1 iffn>T =.

So to have the desired order (24) and card (k) > 1 over [nz — Tn®, nx + Tn®|,
we need to consider
n > max (T+|m|,T‘é). (27)

Also notice that card (k) — 400, asn — +o0o. We call b* := b (0) the mazimum

of b(x).
Denote by [-] the integral part of a number.
Following [1] we have

[nz+Tn®]

> m ()

k=[nz—Tn>]

[nz+Tn®]

§I~n“. Z 1

k=[nz—Tn>]

b*
I -n«

< (2Tn® +1) = bT : <2T + nla> : (28)

We will use
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Lemma 23 It holds that

[nz+Tn]

S S ) S

k=[nz—Tn]

pointwise, as n — +oo, where x € R.
Remark 24 Clearly we have that
nx —Tn® < nzx < nx + Tn". (30)
We prove in general that
nx —Tn® < [nz] < nz < [nx] < nz+ Tn”. (31)

Indeed we have that, if [nx] < nx — Tn®, then [nz] + Tn® < nz, and [nz] +
[Tn®] < [nx], resulting into [T'n®] = 0, which for large enough n is not true.
Therefore nx — Tn® < [nz]. Similarly, if [nx]| > nx + Tn®, then nx + Tn® >
nz + [Tn%), and [nz] — [Tn®] > nz, thus [nx] — [Tn®] > [nz], resulting into
[Tn®) = 0, which again for large enough n is not true.

Therefore without loss of generality we may assume that

nx —Tn® < [nz] < nz < [nx] < nz+ Tn”. (32)

Hence [nz — Tn®] < [nz] and [nz] < [nx+ Tn®]. Also if [nx] # [nx], then
nz] = [na] + 1. If [nz] = [na], then nz € Z; and by assuming n > T~ =, we
get Tn® > 1 and nx +Tn® > nx + 1, so that [nx +Tn®] > nx + 1 = [nx] + 1.

We present our first main result

Theorem 25 We consider f : R — R. Let B > 0, N = [B], 8 ¢ N,
f e ACN ([a,b]), V [a,b] C R, with f&) € Lo (R). Let also x € R, T > 0,
n € N:n > max (T + |z|, T~ i) We further assume that D?, , Df_f are uni-

formly continuous functions or continuous and bounded on [z,+0o0), (—o0,x],

respectively.
Then
1)
[Fn (f) () = f (@) < |f ()] (33)
[nz+Tn®]

1 k
X me(len) )
In® n
k=[nz—Tn>]

b* 1 |f(a) ()| 17
- (2T+ ) Z e
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b* T8
2T + — .
T ( * )F(6+1)n(1“)5

nl-o nl—a _
[m,-l—oo) (—00,7]

above 23:1 =0,
2)
N—1 .
@) () .
SELICT S TH P
b* 1 b
1 <2T * n"‘) T (8 +1)ni-8
s I s, T .
{wl (D*va nl_a)[m7+oo) + W1 (sz, nl_a>(_m7m]} - )‘n (.’E) )
3) assume further that fU) (z) =0, for j =0,1,..., N — 1, we get
| (f) ()] < An (@), (35)
4) in case of N =1, we obtain
|Fn (f) (2) = f (@)] < [f (2)]- (36)
[nz+Tn]
| . k
k=[nz—Tn>]

b* 1 T8
2T .
1 ( i ) T(8+1)n(t-e)

T T
w1 Dfx.ﬂ 1— + w1 Dg,f, 1— .
"/ fa,400) ) (Cool

Here we get fractionally with rates the pointwise convergence of (F, (f)) (z) —

f(z), asn — oo, z € R.
Proof. Let x € R. We have that
D]_f(x) =D f () =0. (37)
From [8], p. 54, we get by the left Caputo fractional Taylor formula that

N—

G550 e

=0
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ﬁ / ; (ﬁ - J)ﬁl (D21 (J) — DE,f () dJ,

for all # < £ < g4+ Tno=1 iff [nz] < k < [nz + Tn®], where k € Z.
Also from [2], using the right Caputo fractional Taylor formula we get

f (i) = 121 f(j).'(x) (k = x)j + (39)

n

) Je
for all z — Tno"1 < % ,
Notice that [nz] < [nz] + 1.
Hence we have

FE)b(m = (@-5) = 9@ (k )jb("” C))

In® 4!

+  (40)

’ (n}n(;?(ﬁ_)")) / ’ (J . )5_1 (D5 ()= D2 f @) do.

Therefore we obtain
(B (e (z - E))
In>
Z f<J (EL’”{Z’H (5—2) b(nt=o (o - 5))) .

7=0

_k

1n2§$(ﬁ)")) /; (i - J>Bl (DZof (1) = DL, f (x)) dJ,

[nz+Tn] b (nli

>

k=[nx]+1

and

10
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_ nT J —a
= f(j) (SC) ZE@:][na:an“] (% - ZL’) b (nl (.’E ﬁ)) T
. j! In>
7=0
EE{:n::D][nz—Tn“] b (nl_a (J,‘ B %)) i k -t 8 8
‘We notice here that
c f (%) 11—« k
(F (@)= 30 o (n ")) = (14)
[nz+Tn]
Ine n '
k=[nz—Tn>]
Adding the two equalities (42) and (43) we obtain
(Fn () () =
N—1 p(; [nz+Tn*] k J 1—a k
f(J) x k=[nx—Tn> (E_x) b(n (l‘—%))
_'( ) [na—Tn] - +0, (), (45)
=0
where

o ZLn:m%nxan"ﬂ b (nlia (LC - %)) .
B IneT ()

/; (J - fl)ﬁ_l (DL ()= DL f () dT+

0, (x) :

k

[nz+Tn] nlfa v k & 51
> 2 [naﬁ(ﬂ)"))/w (:—J> (DE,f(J)— D2, f () dJ. (46)

k=[nz]+1
We call Zgi&] rar b (01 (2 — £))
@)= S
/x (J - k)ﬂ_l (fof (J)-DJ_f (33)) dJ, (47)
% n
and

[nz+Tn] b (nlfa (,1: _ E))

92n (:L’) = Z n

k=[nz]+1 InoT (6)

/ (k - J) - (D2, f (J) — D2, f (x)) dJ. (48)

n

11
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Le.

We further have

[nz+Tn] b nl=o (p_ k
(Fu () () = f () = [ (2) (Z’“—f’”‘“] S i) —1) +  (50)

In>
Z ' D Y et I Gl Gk ) A AP
In> ! 7
and
[nz+Tn] 1 k
(Fu () (@) = F @I <If @I fnab< (”"" n)> It
k=[nz—Tn>]
2 In~ " B

|f ()] [mina] In%b (nl‘a <33 — :)) — 1|+ (51)

k=[nz—Tn>]

NoL|#6) ( j AT b (0 (= B
‘f T (Zkﬁw—T" 1 ( ( n)) + |9n (:L‘)| = (*) :

n(l_a)j

j=1
But we have

[ne+Tn]
1 k b* 1
—b(nt(z-=) )<= (2T +— 2
Yo (n)) =T (re) e
k=[nz—Tn>]

by (28).
Therefore we obtain

- @<l ;Lb(n (7’2»1 n

k=[nz—Tn]

J) J
bI <2T+ ) (Z |f|n(1 JT ) + 165 (z)] - (53)

Next we see that

/; (‘] - i)ﬁ_l (Df-f (J) = Di_f (x)) dJ| < (54)

n

Yin = m

12
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ﬁ / (J - ﬁ)ﬂ_l DL (1) = DI_f (2)dJ| <

ﬁ / (J_ v]z)B_lw (DL fls—al) _ di<

z B—1
)t
(—oo,a] /&

n

k
T — =
n

w1 (Df_f,

1
I'(5)
k

1 s T (z— %)
mﬁdl (Dz—f7 nlo‘)(oo@] ﬁ S

1 T T
- D? - -
T(5+ 1)W1 ( oy n1a)(oo’x] n(l—a)8

7% s . T
Yin = R l)n(lfa)ﬁwl (Dmfa nla)(oo,a:] : (55)

That is

Furthermore

k
ZHOESEDS e, < (56)

[na] 1-a k
b(n' = (z = 3)) v s T
( Z Ine rB+1) n-mp 1 (D””_f’ nl—a>(_oo7w] =

k=[nz—Tn>]

[nz+Tn"] b (nl’o‘ (x . %)) T8 8 T

IN

k=[nz—Tn>]

b* 1 T8 T
~ o+ — DP .
I < + no‘) rp+1) n—a)p“! < =k n1a>(oo7w}

So that

b* 1 58 3 T
1015 ()| < 7 (2T + n“) T (B 1 1) n-ap w1 (Dm—fv W)(_oo ; . (57)

Similarly we derive

1

Yon = T3 < (58)

[ (E0) " i pisw)

x

ﬁ / (fj - J)B1 |D2,F (J) = D2, f ()] dJ <

13
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wi (DL f, =) :
[z, +o0) (k — x) <
r(6+1) -

B T
w1 (D*.Lfy nlia)[m;koo) T’B
T(B+1) n(=a)5"

n

That is
T8

T
Yon = — w1 <Dfmf’ a> : (59)
T (B4 1) -8 M) g oo)

Consequently we find

[nz+Tn%] b (n17a (1‘ _ E))

02 @) < | D T
k=[nz]+1
T8 T
D8 f—— < 60
r (ﬁ + 1) n(l_a)BW1 ( *xf, nl—a ) [z,+00) - ( )

b* 1 T8 T
— 27+ — DB f,——
I ( * na> I'(B+1)nl-8 1 < vt n1a>

So we have proved that

[z, +00)

b 1 T8
6, < — (2T + — . 1
on @) < 7 (24 52 ) gy (61)

T T
{w1 <Dfmf7 1_a> +wi (Df—fa 1_a> } .
" [z +o0) n (—00.a]

Combining (53) and (61) we have (33). =
As an application of Theorem 25 we give

Theorem 26 Let >0, N = [8], 8 ¢ N, f € CN (R), with f) € Lo (R).
Let alsoT >0, n € N:n > max (2T, T_%) . We further assume that szf (1),
D?_f(t) are both bounded in (z,t) € R2. Then

1)
HFn (f) - f”oo,[fT,T] < ||f||oo,[7T7T] ’ (62)
[nx+Tn]
1 k
Z —b (nla <x>) -1 +
In~ n
k=[nz—Tn>] 00, [=T,T]
b* 2T+i Jf ||f(])Hoo,[—T,T] v +E 2T+i 5 .
I ne jin(1—a)j I n® ) T (B+1)n-a)8

J=1

14
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T T
sup wi (DfvaHX) + sup w (fo’ 1—a) ’
2€[~T,T) n [#,400) @E[-T.T] n (—00,7]

2) in case of N = 1, we obtain

10 () = Fllos iy < W lloo =y - (63)
[nz+Tn]
1 k
k=[nz—Tn>] 00, [=T,T]

b* 1 T8
(2T 4+ — .
I < * n“) I'(B+1)nt-a)p

T T
sup  wq (Dfva 1_a> + sup wi (fo, 1_(1) .
2€[~T,T) n [#,400) @E[-T.T] n (—00,2]

An interesting case is when 3 = %
ST b (2 (a— £)) 1]

k=[nz—Tn>] In> n

—

Assuming further that
00,[—T,T]

0, as n — oo, we get fractionally with rates the uniform convergence of F, (f) —
f, as n — oo.

Proof. From (33), (36) of Theorem 25, and by Remark 17.

Also by
[nz+Tn]
1 l—o k b*
_ _Z <
Z Inab (n (w n)) <5 2T +1), (64)
k=[nz—Tn>]
we get that
[ne+Tn)
1 1— k b*
— “lz—2)) = <= .
> Inab(n <x n>> 1 _<I(2T+1)+1)

k=[nz—Tn] 00, [~ T, T]

(65)

One can also apply Remark 18 to the last Theorem 26, to get interesting
and simplified results.
We make

Remark 27 Let b(x) be a centered bell-shaped continuous function on R of
compact support [-T,T], T > 0. Let x € [-T*,T*], T* >0, andn € N:n >
max (T—l—T*,T‘é) ,0<a< 1. Considerp>1.

Clearly we get here that

[nz+Tn] P

S ) B R

k=[nz—Tn>]

15
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for all x € [-T*,T*], for any n > max (T + T T’L) .
By Lemma 23, we obtain that

[nz+Tn]

: 1 o k
lim > Tob (n1 (x - n)) —1| =0, (67)

k=[nz—Tn>]
all x € [-T*,T%].
Now it is clear, by the bounded convergence theorem, that

[nz+Tn®]

_ 1 Y k
lim > b (nl <x - n)) -1 =0.  (68)

k=[nz—Tne] py[=T*.T~]

Let B3>0, N=[B], 8¢ N, fe CNR), fN) € Ly (R). Here both D2, f (t),
D¢_f(t) are bounded in (z,t) € R
By Theorem 25 we have

[Fn (f) (@) = f @) < N flloo o 1) - (69)
[nz+Tn®]
Z 1b<n1a <:c—k>)—1 +
In> n
k=[nz—Tn"
* D ()| 79
b 2T+ ! |f |
I 'n(l a)j
j=1
b* 1 5
o4+ — .
+ I < + n“> I'(B+1)nt-a)p

T
sup  wi (Dfva 1_a) + sup w ( DY _f, _a> .
ze[—T*,T%) n [#,400)  @€[-T*T*] (—o00,1]

Applying to the last inequality (69) the monotonicity and subadditive property
of [I'll,» we derive the following Ly, p > 1, interesting result.

Theorem 28 Let b(x) be a centered bell-shaped continuous function on R of
compact support [-T,T|, T > 0. Let x € [-T*,T*], T* > 0, and n € N :

nzmax(T+T*,T—%),0<a< 1,p>1 Let >0, N =[], 8 ¢N,

feCNR), with f™) € Lo (R). Here both D2, f (t), D?_f (t) are bounded in
(x,t) € R%. Then

1)
1B f = Fllpore 2 < N llo e e - (70)
[nz+Tn)
1
Z —b (nl_o‘ (a:—k)) -1 +
In> n
k=[nz—Tn>] p,[—T*,T%]
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b*<2T+1) %Hf(j)np”*’”w +

I n ~ jin(=a)i
1 1
27 T* 7 b* 1 T8
2 " (o4 — .
I < + n“‘) (B4 1)nlt-p

T
sup Wi (qu« 71_a) + sup  wi <Df-—f, 1_a> )
TE€[—T*,T%) n [z,400) €[-T*T*] n (—o0,z]

2) When N =1, we derive

1Enf = fllpmre 7o) < W lloo o 7oy (71)
[nz+Tn]

> hllab<n1“ <xz>>1 +

k=[nz—Tn>] P, [—T*,T%]

1 1
27 T* 7 b* 1 T8
- - (9T 4+ = .
I < * n‘l> [(B+1)nt-)8

T T
sup w1 <Dfx ) l—a) + sup w1 <Df—f7 l—oc> .
* Tk n * T n
z€[—T*,T*] [z,400)  TE[=T*,T*] (—o0,]

By (70), (71) we derive the fractional L, p > 1, convergence with rates of F, f
to f.

3.2 The ”Squashing operators” and their fractional con-
vergence to the unit with rates

We need (see also [1], [7]).

Definition 29 Let the nonnegative function S : R — R, S has compact support
[-T,T], T > 0, and is nondecreasing there and it can be continuous only on
either (—oo,T) or [-T,T]. S can have jump discontinuities. We call S the
”squashing function”.

Let f: R — R be continuous. Assume that

T
= / S(t)dt > 0. (72)
-7
Obviously
S(x)=5(T). 73
a8 () =5 (1) (73)

17
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For x € R we define the "squashing operator” ([1])

(G (1) (@) 1= Z LLl sl (a=50)

k=—n

0<a<landneN:n>max (T+|z|,T*$). It is clear that

[nx+Tn] k
G @)= > {()

= k
. 17& . —_—
oo S (n <:c n)) . (75)
k=[nz—Tn]

Here we study the fractional convergence with rates of (G, f) (z) — f(z), as
n — 400, r € R.
Notice that

[nz+Tn]
doo1< @ +1). (76)

k=[nz—Tn>]

From [1] we need

Lemma 30 It holds that

[nz+Tn]

D)= Y S (nl_“ . <sc - :)) 1, ()

k=[nz—Tn>]

pointwise, as n — 400, where x € R.
We present our second main result

Theorem 31 We consider f : R — R. Let 3 > 0, N = [3], 8 ¢ N,
f e ACYN ([a,b)), ¥ [a,b] C R, with fN) € Lo (R). Let also = € R,T >
0,n € N:n > max (T—I— || ,T_%). We further assume that Db, , fof are

uniformly continuous functions or continuous and bounded on [x,+00), (—o0, ],

respectively.
Then
1)
1Gn (f) (z) = f (@) < | f ()] (78)
[ne+Tn]

1
Z S(nl_o‘ (x—k)>—1 +
I*ne n
k=[nz—Tn]

S(T) 1 9D ()| 79
g <2T+n°‘) 2 o

Jj=1

18
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2)
NZboe) .
G @ - X 2 (6 (- a7)) ()| < (79)
Jj=0 '
S(T) 1 TB

() s

s I s, T oy
{wl (D*va nl_a)[m7+oo) + wq (Dz.ﬂ nl_a>(_ooﬁz]} - )‘n (.’E),
3) assume further that fU) (z) =0, for j =0,1,..., N — 1, we get
Gn (f) (@) < A (2), (80)
4) in case of N =1, we obtain
|G (f) (z) = f (@) < |f ()] (81)
[nz+Tn]
Z *1a5<n1_“(9€—k)>—1+
k=[nz—Tn>] Irn "
S(T) 1 T8
(45 s
for(p2rits) wan(oinl) b
" [z, +00) K (—o0,a]
G () (@) —

Here we get fractionally with rates the pointwise convergence of (

f(z), asn — oo, z € R.
Proof. Let x € R. We have that
DY f () = D2, f () = 0.
From [8], p. 54, we get by the left Caputo fractional Taylor formula that

G550 e

=0

19
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1 /f (’f ~ J)ﬁl (DP,f(J) — D2 f (x)) dJ,

@/, \n
for all z < % <z +Tne L iff [nz] <k < [nz + Tn®], where k € Z
Also from [2], using the right Caputo fractional Taylor formula we get

F (7’2> _ N_‘: f<j>'!(:c) ( % ) x)j . o
(1 ) / (J - :)ﬁ_l (D_f (1) = DI_f (2)) d,

for all z — Tn>~' < £ <
Hence we have

x, iff [nx — Tn®| < k < [nz], where k € Z.

k

P
7!

I*ne ;
j=0

I*ne

) (z) (k _ ) S =), gy

S(n'(z- %) / (: _ J)B_l (D2,f (J) - DB, f () do,

*noT (3)
and
FE)S@E ™ (@—28) = fP@) (kS (@ 5))
I*ne - L (n—m) I + (8))
S (ni—o _k T k B-1
(Z*na(f(ﬁ)")) [ (=) (s -pir@)ar
Therefore we obtain
S (5) S (i (e £))
I*n>
N=1 () [ne+Tn®] (g S (nl—« _k
gf;@(zﬁmﬂu ﬁﬂ@l<xn»)+

MatTn®] ¢ 1oa (p_ kY) pE A-1
> Se () i) Dt @)

k=[nz]+1

(- %)) _ &)

and ina]
Zk:hm—Tno‘] f (%) ) (TL

I*n>

oS (e e 4)

I*ne

[nz]

Py f )Zk [nz—Tn] (%

7=0
20
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ZEZEM_M S(n'= (z - %)) /:r (J _ k)ﬁ_l (Df_f (J)—D?_§ (x)) dJ.

I*noT (B) n
Adding the two equalities (86) and (87) we obtain
(Gn () (z) =
N=1 [nz+Tn®] k J 1-a k
f(j) ("I;) Z =|nx—Tn% (57 ) S(TL (xiﬁ))
where ina] ( ( k))
L Zkzﬁm—T'noﬂ S ('~ (z - n
M ()= nT (3) |
/w (J - k)ﬁl (Df’ F)—DO_f (zc)) dJ+
% n r— r—
P g e o ) pE o N
k_%:]Jrl T*nel (ﬁ) /:; <1’L - J) (D*’L (J) - D*x (LE)) dJ. (89)
We call ]
s )
My, (z) = nl),
1 (x) k_[na:ZTn“] I*neT (5)
/x (J - k)ﬁl (DB F(J)—D_f (x)) dJ. (90)
% n r— r— )
and

[nz+Tn®] l-a (. _k
Vo= >, s

k=[nx]+1 I*nT (6)
Ik p-1
[ (E-a) war-pir@ya (o1)
ILe.

M, () = My, (x) + Moy (2). (92)

We further have

[nz+Tn®] S nl=o (g _ k

(G () (@) = f (2) = £ (@) ( e }*n(a el 1) + 93

N-1 j [na+Tn] k x JS nlfa T — k
Z f( ) (:L‘) (Zk-[nm—Tn”] (n ) ( ( n))) + Mn (1’),
7=0

4! I*ne

21
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and
[nz+Tn] 1 ) i
(G (1) @) — £ @) < 11 @) o (we (= 2)) <l
‘ ’ ‘ k_(ng—:Tn“] I'n b : "
(94)
NUf0) (@) (SR ey [2 = £ S (01 (2 - £))
1 " + |My (z)| <
= J: I*n
[nz+Tn]
1 a k
|f (2)] k_’_anTnﬂ I*naS <n1 (m — n)) -1+
29O @) 1 (e e S (00 (- E))
2 TG aoen Tne 1M (@) =2 (x)
(95)
Therefore we obtain
[nz+Tn] 1 k
@ - 1@<t @] S s (we (o= 2)) -l
k=[nz—Tn>]

@) ( J
s;*T) (2T+ ) (Z |f'n(1 Q|)JT ) + M, (z)]. (96)

We call
= |y (7 O (prso @) o
As in the proof of Theorem 25 we have
TS T gy lT)ﬁn(l_a)Bwl (Df_f,mT_(l) . (98)
Furthermore
s 3 SO, (99)
k=[nz—Tno]

[na] 1— k
y (" (z—14)) T’ o, T
( I'ne rpg+1) n(i—a)p ! (D‘”—f’ nl—a> o =

k=[nz—Tn>]

[nmfna] S (nlfa (SC — %)) T w <Dﬁ f T ) <
1 r—dJ _ =
k=[nz—Tn>] Irn® L (ﬁ + 1) n(liam n —00,7]
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S(T) 1 75 s . T
I* ( T+ 77,O‘> T (ﬂ + 1) n(lfa)ﬁwl ngff’ nl—o o] .

So that
S(T) 1 5 3 T
My, < 2T + — D, _f,—— .
Mo ()] = I* ( + no‘> rB+1) n—a)p Y1 Ze ! nl-o (—o0,]
(100)
We also call
1| "k ER 5
= ——J D..f(J)— D, dJ|. 101
=g (5-7) (LI - Dhf @) (101)
As in the proof of Theorem 25 we get
T8 T
Yon < 31 (szfu _a> : (102)
I (B + 1) n(l )8 nt [z,+00)
Consequently we find
[nz+Tn% l1-a k
S(n'=* (z = 3))
Moy ()] < | ) o
k=[nz]+1
T8 ( T
wi ( DA f, ) < 103
r (ﬁ + 1) n{i=e)p ' “inte [x,+00) ( )
S(T) ( 1 ) T8 ( T
" 2T+7a py w1 Dfxfa 1—a
I n® ) T'(B+1)nl-a)p n [, +00)
So we have proved that
S(T) 1 5
M, < 2T + — . 104
Mo @ < =2 < +n“> (B +1)n-a)5 (104)

T T
{wl (Dfmf71_a> +twi (Df—fa 1_a> }
" [z, +00) "/ (oo

Combining (96) and (104) we have (78). =
As an application of Theorem 31 we give

Theorem 32 Let f >0, N = [8], 8 ¢ N, f € CVN (R), with f™) € L (R).
Let alsoT >0, n € N:n > max (2T, T_%) . We further assume that D2, f (1),
fof (t) are both bounded in (x,t) € R?. Then
1)
1Gn (f) = f||00,[—T,T] < ||f||<>0,[—T7T] ’ (105)

23
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[ne+Tn]
1
3 S(nla (x—k)>—1 ¥
I*n> n

k=[nz—Tn] 00,[=T,T]

N-1 || £() T3

S(T) 1 I/ ||oo,[7T,T]
T* (2T + na) Z jln(i—a)j -
Jj=1
S(T) 1 T8
2T + — .
Ic < + na> T (B+1)n(0-e)B

T T
sup  wi (Dfva 1_a> + sup wi (fo, 1_a) )
ze[—T,T) n [x,400)  TE[-T,T] n —00,1]

)

2) in case of N = 1, we obtain

1Gn (f) = Flloo ey < W lloo =1y - (106)
[nz+Tn]
1
Z S(nl_o‘ (x—k))—l +
I*ne n
k=[nz—Tn] o0, [=T,T]
S(T) 1 5
2T + — .
I* ( + no‘> T (5 + 1) n(l—a)ﬁ

T T
sup  wi <lea;f7 1a) + sup wi (Df—f, la) .
z€[-T,T) n [#,4o00) z€[-T.T] n (—o0,x]

An interesting case is when 5 = %

Assuming further that Hzgj—zﬁii?na] S (nte (- £)) - 1H . —
= 00,[~T,T
0, asn — oo, we get fractionally with rates the uniform convergence of Gy, (f) —

f, asn — oo.

Proof. From (78), (81) of Theorem 31, and by Remark 17.

Also by
[ne+Tn]
1 . k S (T)
> - S<n1 a<x>)§ — (2T +1), (107)
k=[nz—Tn>] Irn® " 4
we get that
[nz+Tn®]
1 ) k S (T)
> S<nlo‘(m—)>—1 <( (2T+1)+1>.
I* « - I*
k=[nz—Tn>] " " o0, [~ T, T]
(108)
u

One can also apply Remark 18 to the last Theorem 32, to get interesting
and simplified results.
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Note 33 The maps F,,, G,,, n € N, are positive linear operators.
We finish with

Remark 34 The condition of Theorem 26 that

[nz+Tn]

S )

k=[nz—Tn>] 00\ [=T,T]

as m — 0o, is not uncommon.
We give an example related to that.

We take as b(z) the characteristic function over [—1,1], that is x[_; 1) ().
Here T=1and I =2, n>2,z € [-1,1].

We get that
I SR (R R N e S
2ne Xi-1.1] n o e
k=[nx—n] k=[nz—n]
RSN (R I ERT BN TR (110)
2ne B 2ne '

k=[nz—n>]
But we have
[nx 4+ n] — [nx —n*] +1<2n* 41,
hence
([nz +n®] — [nx —n*] + 1) 1

<14 —. 111
2n« - +2n‘1 (111)

Also it holds
[nx +n — [nx —n*|+1>2n" -2+ 1=2n" -1,

and N N ) )
([nz + n®] — [nx — n*] + )21_7. (112)
2no 2no

Consequently we derive that

[nz+n]

1 1 - k 1
s Y g () 1) s 09

k=[nz—n]

for any « € [—1,1] and for any n > 2.
Hence we get

[nz+n]

1 - k
Z ome XI=1,1] <n “ (Ji - n)) -1 — 0,as n — oo. (114)

k=[nz—n]
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Operators to the Unit-Univariate Case,
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Department of Mathematical Sciences
University of Memphis
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Abstract

This article deals with the determination of the rate of convergence
to the unit of some neural network operators, namely, ”the normalized
bell and squashing type operators”. This is given through the modulus of
continuity of the involved function or its derivative and that appears in
the right-hand side of the associated Jackson type inequalities.

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30,
41A36.

Keywords and Phrases: Neural network approximation, bell and squash-
ing functions, modulus of continuity.

1 Introduction

The Cardaliaguet-Euvrard operators were first introduced and studied exten-
sively in [2], where the authors among many other things proved that these
operators converge uniformly on compacta, to the unit over continuous and
bounded functions. Our ”normalized bell and squashing type operators” (1) and
(18) were motivated and inspired by [2]. The work in [2] is qualitative where the
used bell-shaped function is general. However, our work, though greatly moti-
vated by [2], is quantitative and the used bell-shaped and ”squashing” functions
are of compact support. We produce a series of inequalities giving close upper
bounds to the errors in approximating the unit operator by the above neural
network induced operators. All involved constants there are well determined.
These are mainly pointwise estimates involving the first modulus of continuity
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of the engaged continuous function or some of its derivatives. This work is a
continuation and simplification of our earlier work in [1].

2 Convergence with rates of the normalized bell
type neural network operators

We need the following (see [2]).

Definition 1 A function b : R — R is said to be bell-shaped if b belongs to L
and its integral is nonzero, if it is nondecreasing on (—oo0,a) and nonincreasing
on [a, +00), where a belongs to R. In particular b(x) is a nonnegative number
and at a b takes a global mazimum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b(x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [-T,T], T > 0.

Example 2 (1) b(x) can be the characteristic function over [—1,1].
(2) b(x) can be the hat function over [—1,1], i.e.,

1+z, —1<2z<0,
b(r)=<1—2, 0<z<1
0, elsewhere.

Here we consider functions f : R — R that are either continuous and bounded,
or uniformly continuous.

In this article we study the pointwise convergence with rates over the real
line, to the unit operator, of the "normalized bell type neural network opera-
tors”,

S F(B)b (0 (o~ b))
(Hn (f)) (2) := FE— 2
Y=z b (07 (2= 1))

where 0 < a < 1 and z € R, n € N. The terms in the ratio of sums (1) can be

(1)

nonzero iff L N T
nl—@(m—)‘ST, le. |x —— <4
n n nt—o
iff
nr—Tn® <k <nx+Tn". (2)
In order to have the desired order of numbers
—n? <nz—Tn% < nzx+Tn* <n?, (3)
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it is sufficient enough to assume that
n>T+ |z (4)
When z € [-T,T] it is enough to assume n > 2T which implies (3).

Proposition 3 (see [1]) Let a <b, a,b € R. Let card (k) (> 0) be the maxi-
mum number of integers contained in [a,b]. Then

max (0,(b—a)—1) <card(k) < (b—a)+1.

Note 4 We would like to establish a lower bound on card (k) over the interval
[nx — Tn® nx + Tn®). From Proposition 3 we get that

card (k) > max (2T'n® — 1,0) .
We obtain card (k) > 1, if
2Tn® —1>1 iffn>T =.

So to have the desired order (3) and card (k) > 1 over [nx — Tn®, nx + Tn®|,
we need to consider
n > max (T+|x|,T‘é). (5)

Also notice that card (k) — 400, as n — +o0.

Denote by [] the integral part of a number and by [-] its ceiling. Here comes
our first main result.

Theorem 5 Let x € R, T' > 0 and n € N such that n > max (T—|— || ,T’é).

Then
(2 (1) (@) = @ < (£ ). ©
where wy 1s the first modulus of continuity of f.
Proof. Call
[nz+Tn®] . L
Vi(z) = k_rm;Z_Tna] b <n (:r n)) .

Clearly we obtain

A= |(Hn (f)) () = f (2)]

S £ (B - )

V@) - f(2)].
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The last comes by the compact support [—T,T] of b and (2).
Hence it holds

an| Y GG SO, (e ()

n
k=[nz—Tn>]
[nz+Tn) k
w1 (f’ ;_]"D 1-a k
< ¥ g e(=n)
k=[nz—Tn>]

Thus
|(Hn (f)) (x) = f (@)] <

S b (o &
o (n ) EEER D) ()

V()

proving the claim. m
Our second main result follows.

Theorem 6 Let x € R, T > 0 and n € N such that n > max (T—|— || ,T‘i) :

Let f € CN (R), N € N, such that fN) is a uniformly continuous function or
FN) s continuous and bounded. Then

@) ( J
(o () @)~ @) < Z'f Il ¢

n](l 0‘)]

N
w (o ) T
' pl-a NipNA-—a)

Notice that as n — oo we have that R.H.S.(7)— 0, therefore L.H.S.(7)— 0,
e., (7) gives us with rates the pointwise convergence of (Hy (f)) (z) — f (z),
asn — +oo, z € R.

Proof. Note that b here is of compact support [—T,T] and all assumptions
are as earlier. By Taylor’s formula we have that

(- £ )
L (1™ @) = 1™ (@) M‘“'

[nz+Tn]

V(z) = k_(ﬂ;ﬁﬂ b <n10‘ (z - f)) .

Call
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Thus

k=[nz—Tn>]

¥ g0 @) (PR ok Ve o £)
"L Y () ) e

k=[nz—Tn>]

where

R =

So that
|(Hyp () (z) = f ()] <

N f(J) (1’) [nz4+Tn%] Ti b (nl—a x,%
;’ Y I S e L]

J k=[nz—Tn>]

And hence

N i [ +G) (g
(Ha (1)) (@) — f ()] < (Z w) +IR|. (9)

o))
= nJ( a)J'

Next we estimate
[nz+Tn]

b (o £)
2 V() L

k=[nz—Tn>]

» ko_
(F 0 = 1™ @) ((Ntl),

N-1
) dt

|R| =

[ne+Tn"] lma (0 _ k
),

k=[nz—Tn

(]
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where
" |5 — gV

/ 1N (1) = p () |

V=

and s T
nx+Tn —a
b(n'=* (z—3))

OEEDY

k=[nx—Tn

where

P i= w1 (f(N)v

The last part of inequality (11) comes from the following:
(i) Let z < £, then

k N-1
,Y/’kL FM (1) "E_t’
k ’k‘ ’N—l

k N—-1
o (70 Lo BN [ Gt
S 1<fNa n /a: (N—l)! dt

N
T k_ g T ™
<wp (f(N), a) (: =) <wy (f(N)> nla)

NipN(=a)’

T TN
nl—a | plpN(I-a)’

i.e., when z < % we get

(13)

T T
Y S w1 (f(N)a )

NipNQ-a)’

i) Let £ > £ then
n’
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N
B =2 s, T ™
n N! = "pl-o ) NipN(d-a)’

T — —

w1 <f(N)a

Thus in both cases we have

T ™
(N)
Y <wy (f ) n1a> NIpNA—a)" (14)
Consequently from (11), (12) and (14) we obtain
T TN
N
IR < w1 (f( )7 nla) NipN(1-a) (15)

Finally from (15) and (9) we conclude inequality (7). m

Corollary 7 Let b(z) be a centered bell-shaped continuous function on R of
compact support [=T,T). Let x € [-T*,T*], T* > 0, and n € N be such that

n > max (T—FT*,T_%), 0 < a< 1. Consider p>1. Then
T 1,41
Vo (F) = Fll, e ey < 1 <f, n) b (16)
From (16) we get the L, convergence of H,, (f) to f with rates.

Corollary 8 Let b(x) be a centered bell-shaped continuous function on R of
compact support [T, T]. Let x € [-T*,T*], T* > 0, and n € N be such that

n > max (TJrT*,T*%), 0 < a<1. Consider p > 1. Then

1Hn (f) = Fllp e 7y < (17)

N T O] g TN\ Nl
> nj(lf;)j! T (f(N)7 nla) NipN(i-a)’

j=1
where N > 1.

Here from (17) we get again the L, convergence of H, (f) to f with rates.
Proof. Inequality (17) now comes by integration of (7) and the properties
of the Ly-norm. m

2.1 The ”"normalized Squashing type operators” and their
convergence to the unit with rates

We need

Definition 9 Let the nonnegative function S : R — R, S has compact support
[-T,T], T > 0, and is nondecreasing there and it can be continuous only on
either (—oo,T] or [-T,T]. S can have jump discontinuities. We call S the
“squashing function” (see also [2]).
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Let f: R — R be either uniformly continuous or continuous and bounded.
For x € R we define the "normalized squashing type operator”

S f(E) S (- )

(K () (2) := 7 ; (18)
k=—n2 S (nlia ’ (J? - %))
0<a<1andnEN:nzmax(T+|m|,T_%>. It is clear that
[nz+Tn) l—a (p k
(Kn (f)) (l‘) _ Zk [nx—Tno f( ) ( ( n)) (19)

W (z) ’

where
[nz+Tn®]

W)= > s<n1a- <m—§>>

k=[nz—Tn>]

Here we give the pointwise convergence with rates of (K, f)(z) — f(x), as
n — +oo, x € R.

Theorem 10 Under the above terms and assumptions we obtain

Ko (@)~ £ @] <1 (£ ) (20)

Proof. As in Theorem 5. m
We also give

Theorem 11 Letxz € R, T > 0 andn € N such that n > max (T—i— |z] ,T_%) .

Let f € CV (R), N € N, such that FWN) s a uniformly continuous function or
fN) s continuous and bounded. Then

@) (
(K (1) )~ 1 ()] < Z EalColER 21

'nﬂ(l Q)

N
o, Ly T
) nl—o N!?’LN(l_a)

So we obtain the pointwise convergence of K, (f) to f with rates.

Proof. As similar to Theorem 6 is omitted. m

Note 12 The maps H,, K,, are positive linear operators reproducing constants,
i particular

H,(1) =K, (1) =1 (22)
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Rate of convergence of some multivariate neural
network operators to the unit, revisited
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Abstract

This paper deals with the determination of the rate of convergence to
the unit of some multivariate neural network operators, namely the the
normalized ”bell” and ”squashing” type operators. This is given through
the multidimensional modulus of continuity of the involved multivariate
function or its partial derivatives of specific order that appear in the right-
hand side of the associated multivariate Jackson type inequalitiy.

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30,
41A36.
Keywords and Phrases: Neural Networks, Positive operators.

1 Introduction

The multivariate Cardaliaguet-Euvrard operators were first introduced and stud-
ied thoroughly in [3], where the authors among many other interesting things
proved that these multivariate operators converge uniformly on compacta, to
the unit over continuous and bounded multivariate functions. Our multivariate
normalized "bell” and ”squashing” type operators (1) and (16) were motivated
and inspired by the "bell” and ”squashing” functions of [3].

The work in [3] is qualitative where the used multivariate bell-shaped func-
tion is general. However, though our work is greatly motivated by [3], it is
quantitative and the used multivariate ”bell-shaped” and ”squashing” functions
are of compact support.

This paper is the continuation and simplification of [1] and [2], in the mul-
tidimensional case.We produce a set of multivariate inequalities giving close
upper bounds to the errors in approximating the unit operator by the above
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multidimensional neural network induced operators. All appearing constants
there are well determined. These are mainly pointwise estimates involving the
first multivariate modulus of continuity of the engaged multivariate continuous
function or its partial derivatives of some fixed order.

2 Convergence with rates of multivariate neural
network operators

We need the following (see [3]) definitions.

Definition 1 A function b: R — R is said to be bell-shaped if b belongs to L'
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
on [a,+00), where a belongs to R. In particular b(x) is a nonnegative number
and at a, b takes a global mazximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero.

Definition 2 (see [3]) A function b : RY — R (d > 1) is said to be a d-
dimensional bell-shaped function if it is integrable and its integral is not zero,
and for alli=1,...,d,

t—b (l‘l, ...,t, ...,xd)

is a centered bell-shaped function, where T := (z1,...,xq) € R? arbitrary.

Example 3 (from [3]) Let b be a centered bell-shaped function over R, then
(21, .eyqg) = b(x1) ...b(xq) is a d-dimensional bell-shaped function.

Assumption 4 Here b(T) is of compact support B := Hf':l -1, T, T; >0
and it may have jump discontinuities there. Let f : R? — R be a continuous
and bounded function or a uniformly continuous function.

In this paper, we study the pointwise convergence with rates over R, to the
unit operator, of the "normalized bell” multivariate neural network operators

M, (f) (?) =

S e S (B B b (1 (g — B) Ll (g — B)
k1
n

n2 n2 )
Y=z o Dkgmn b (0170 (21 = )t (g — B2)) "
1
where 0 < @ < 1 and 7 := (71,...,7q4) € R4 n € N. Clearly M, is a positive
linear operator.

The terms in the ratio of multiple sums (1) can be nonzero iff simultaneously

n

nl= (x — k)‘ <T;, alli=1,...d,
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Le, [z, — 5| < g alli=1,...4d, iff
nr; — Tin® <k; <nz; + T;n®, ali=1,..,d. (2)

To have the order
—n? < nz; — Tin® < k; < nx; + Tin® < n?, (3)
we need n > T; + |z;], all i = 1,...,d. So (3) is true when we take

> a T + |i]) . 4
nz max (Ti+|n) @
When 7" € B in order to have (3) it is enough to assume that n > 27*, where
T* := max{T1,...,Tq} > 0. Consider

I; .= [nx; — Tin®, nx; + Tin®], i=1,...,d, neN.

The length of I; is 2T;n®. By Proposition 1 of [1], we get that the cardinality
of k; € Z that belong to I; := card (k;) > max (2Tin® — 1,0), any i € {1,...,d}.
In order to have card(k;) > 1, we need 2T;n* —1 > 1 iff n > Tl-_%7 any
ied{l,..,d}.

Therefore, a sufficient condition in order to obtain the order (3) along with
the interval E to contain at least one integer for all ¢ =1, ...,d is that

n > max {Ti—|—|xi|,Ti_é}. (5)
i€{1,...,d}
Clearly as n — +oo we get that card (k;) — 400, all ¢ = 1,...,d. Also notice
that card (k;) equals to the cardinality of integers in [[na; — T;n®] , [nx; + Tin®)
for all i« = 1,...,d. Here, [-] denotes the integral part of the number while. [-]
denotes its ceiling.
From now on, in this article we will assume (5). Furthermore it holds

Z[nl'l"!‘Tlna] . Z[nwd-i-Tdn“] f (k1 kd)

M,, =\ _ ki=[nx1—Tin>] " kq=[nzq—Tqn®] o . 6
(M, (f)) (%) el ©)

b (’I’Ll_a (.171 — kl) ,...,nl_a (J,‘d — kd))
n n

all 7 := (21, ...,2q4) € R, where

[nx14+T1in%] [nxg+Tyn®]

LS e (o ) e (s ),

ki=[nz1—Tin%] ka=[nzq—Tan>]
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Denote by ||| the maximum norm on R%, d > 1. So if [n'~* (z; — )| <
T;, all i =1,...,d, we get that
N
-k T*
r — — H_4
n — nlfa
(oo}
—
where k := (k1,...,kaq) .
Definition 5 Let f : R* = R. We call
wi (fh) = sup ()~ f(Y), (7
all 7,7
|77l <h
where h > 0, the first modulus of continuity of f.
Here is our first main result.
Theorem 6 Let = € R?; then
— — T
(M () (@) = f (@) < { f, 55 ) - (8)

Inequality (8) is attained by constant functions.
Inequality (8) gives M, (f)(Z') — f (), pointwise with rates, as n — +00,
where T € R, d > 1.

Proof. Next, we estimate

(M, () (7) - £(7)| &

[nz1+T1n%] [nxa+Tan™]

DD S (];1 ’jj) .

k1=[nz1—Tin>] ka=[nxq—Tan®

b(n1 @ (x — ’%)7 .l (ac %d)) o
V(7T) f(x) =

T3 e (1 (F) B

V(T <
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That is

[nz1+T1n%] [nxg+Tyn®]

k k
E E b (nla (:cl — 1) so,ntTe <xd — d)>
n n
ki=[nx1—Tin>] =[nx

ka=[nxqg—Tyn>

proving the claim. m
Our second main result follows.

Theorem 7 Let © € R%, f ¢ CN (Rd), N € N, such that all of its partial
derivatives fg of order N, & : |&| = N, are uniformly continuous or continuous
are bounded. Then,

(M, () (7)) = f(T)] < (10)
N1y o\
> ot (Z 8%) T

NipN(1—a) - ax (U1 fa’ nl-a |°

a:lal=
Inequality (10) is attained by constant functions. Also, (10) gives us with rates
the pointwise convergence of M, (f) — f over R%, as n — +oo.

Proof. Set

Then

(S0 ) ) o] (oo ()2 )

and 9% (0) = f (7). By Taylor’s formula, we get

N g9 (0) —
kv ka\ % Ly
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where
? 1 t1 tN_1 N N
Ry (,0) :/ (/ (/ <g(? V(tn) — g2 (0)) dtN) ) dty.
n 0 0 0 w w

Here we denote by

i =1,...,d, such that |a| := 2?21 a; = N. Thus,

SR (F-1))

V(%)
v o )b (e (7 - E)) b (me (7 E -
2 ( V(@’) i V(@’) ), <n0>
Therefore
(M, () (7)) = f(Z) =
[n?+?na] f(%) -
Lo el V(?)b<" _(X(”S —n>>—f(w)=
k:[nmena
[n?+?na} nl-a (3 _ %
EN:;'( > g%)(o)b( v((?) ">))+R*,
J=1 ?:[n?f?na—‘ "
where [ R ]
nT+Tn 1—a ?_E -
P b(n v((?) n))'RN<S’O)'

?: {ng’,?na-‘

94
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and

That is, by (11), we get

(Mo, () (&) = £ (7)] <

N

T*j d

=7 i=1

0

8@) F@) ) IR (12)

Next, we need to estimate |R*|. For that, we observe (0 <ty < 1)

N N
02 (tx) —g%><0>\ _

n n

()" @ T
nN(l—a) arlg?ichl fa’ 11—«
Thus,
N
L 1 t1 tN—1
e (E< L (b ofa)-Jo
0 0 0 w n
()" ¥ T
S Ny ghax e (fa o=
Therefore,
[n?—‘—?no‘] b (nlfo‘ (? - E)) ?
% n
|R*| < > %) Ry (n,())‘
k= ['n?—?no‘]
()" @ r
< NN L Imax w) far === ) (13)

By (12) and (13) we get (10). =

95
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Corollary 8 Here, additionally assume that b is continuous on R?. Let

d
=[]l cRY, 7, >0,
=1

and take

1
> ma (T .,TTE).
"= ie?ll,...x,d} i+ % i

Consider p > 1. Then,

IMof — £l < ( )mH%, (14)

attained by constant functions. From (14), we get the L, convergence of M, f
to f with rates.

Proof. By (8). m

Corollary 9 Same assumptions as in Corollary 8. Then
N *

d J
10,f  fll,e <4300 ,nm 2 (Z ) *
1 1

= p,I’

'U\H

TN N
W' PR (f“’—> H7 (15)

a:|al

attained by constants. Here, from (15), we get again the L, convergence of
M, (f) to f with rates.

Proof. By the use of (10). m

3 The multivariate ”normalized squashing type
operators” and their convergence to the unit
with rates

We give the following definition

Definition 10 Let the nonnegative function S : R? — R, d > 1, S has compact
support B := H?Zl [-T;, T3], T; > 0 and is nondecreasing there for each coor-
dinate. S can be continuous only on either Hle(—oo,Ti] or B and can have
Jump discontinuities. We call S the multivariate ”squashing function” (see also

13])-
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Example 11 Let S as above when d = 1. Then,
S(Z) =58 (x1)..58 (xq), T :=(21,...,zq4) € RY,
18 a multivariate ”“squashing function”.

Let f:R? — R be either uniformly continuous or continuous and bounded
function.
For @ € R, we define the multivariate ”normalized squashing type opera-

tor”,
L, (/) (7) =
Yen2 o Doz £ (o 58) S (017 (a1 = B1) o (g — 1))
W (7) ’
(16)
where 0 < a<landn e N:
n > max {Tz + |4 ,T[é}, (17)
ie{1,...,d}

and

w3 (o (=B e (=) oy

k1:7n2 kd:7n2

Obviously L,, is a positive linear operator. It is clear that

where

(7)) = > S <n1a (? - 7’2)) . (20)
?: "n?f?n"‘-‘

Here, we study the pointwise convergence with rates of (L, (f)) (Z) — f(7),
— d
asn — +oo, T € R%
This is given by the next result.

Theorem 12 Under the above terms and assumptions, we find that

(Lo () () — ()] < (f, I ) (21)

nl—(x

Inequality (21) is attained by constant functions.
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Proof. Similar to (8). m
We also give

Theorem 13 Let © € R?, f € OV (Rd), N € N, such that all of its partial
derivatives fg of order N, & : |&| = N, are uniformly continuous or continuous
are bounded. Then,

(Lo () (Z) — f(T)] < (22)
N j d J
() 2 -
Z::lj!m(fa) (; B, ) eyt

- max w1 | fz,——
NInN(1-a) Fi5=N ¥ pl-a

Inequality (22) is attained by constant functions. Also, (22) gives us with rates
the pointwise convergence of L, (f) — f over R, as n — +oo.
Proof. Similar to (10). m

Note 14 We see that
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Abstract

This article deals with the determination of the fractional rate of con-
vergence to the unit of some neural network operators, namely, the nor-
malized bell and ”squashing” type operators. This is given through the
moduli of continuity of the involved right and left Caputo fractional deriv-
atives of the approximated function and they appear in the right-hand side
of the associated Jackson type inequalities.

2010 AMS Mathematics Subject Classification: 26A33, 41A17, 41A25,
41A30, 41A36.

Keywords and Phrases: Neural network fractional approximation, bell
function, squashing function, fractional derivative, modulus of continuity.

1 Introduction

The Cardaliaguet-Euvrard operators were studied extensively in [7], where the
authors among many other things proved that these operators converge uni-
formly on compacta, to the unit over continuous and bounded functions. Our
"normalized bell and squashing type operators” (see (22), (63)) were motivated
and inspired by the ”bell” and ”squashing functions” of [7]. The work in [7] is
qualitative where the used bell-shaped function is general. However, our work,
though greatly motivated by [7], is quantitative and the used bell-shaped and
”squashing” functions are of compact support. We produce a series of Jackson
type inequalities giving close upper bounds to the errors in approximating the
unit operator by the above neural network induced operators. All involved con-
stants there are well determined. These are pointwise, uniform and L,, p > 1,
estimates involving the first moduli of continuity of the engaged right and left
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Caputo fractional derivatives of the function under approximation. We give all
necessary background of fractional calculus.

Initial work of the subject was done in [1], where we involved only ordinary
derivatives. Article [1] motivated the current work.

2 Background
We need

Definition 1 Let f € C (R) which is bounded or uniformly continuous, h > 0.
We define the first modulus of continuity of f at h as follows

w1 (f,h) =sup{[f (z) = f(W)];2,y €R, [z —y[ < h} (1)
Notice that wy (f,h) is finite for any h > 0, and
limwy (f,h) = 0.
We also need

Definition 2 Let f : R — R, v >0, n= [v] ([-] is the ceiling of the number),
f € AC™ ([a,b]) (space of functions f with f"~Y € AC ([a,b]), absolutely con-
tinuous functions), V [a,b] C R. We call left Caputo fractional derivative (see
[8], pp. 49-52) the function

DLl @) = s [ C@— " £ (1) d, @)

I'(n—v)
Y & > a, where T is the gamma function T (v) = [;° e~"t"~'dt, v > 0. Notice
D¥.f € Ly ([a,b]) and DY, f exists a.e.on [a,b], ¥ b > a. We set D, f (x) =
f(z), ¥V z € la,0).

Lemma 3 ([5]) Letv >0, v ¢ N, n=[v], f € C" ' (R) and f™ € Ly (R).
Then DY, f (a) =0,V a € R.

Definition 4 (see also [2], [9], [10]). Let f : R — R, such that f € AC™ ([a, b]),
Y [a,b] C R, m = [a], a > 0. The right Caputo fractional derivative of order
a > 0 is given by

Dy_f () =

Va<b Weset D) f(x)=f(x),Vz € (—oc,b]. Notice that D¢ f € Ly ([a,b])
and D' f exists a.e.on [a,b], V a <.
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Lemma 5 ([5]) Let f € C™ 1 (R), f™ € L (R), m = [a], @ > 0. Then
DY f(b)=0,VbeR.

Convention 6 We assume that

D f($)207 fOT‘(L’<Z’0, (4)

*To

and

Dz, _f (x) =0, for x > xo, (5)

for all x,xg € R.

‘We mention

Proposition 7 (by [3]) Let f € C™ (R), where n = [v], v > 0. Then DY, f (x)
is continuous in x € [a, 00).

Also we have

Proposition 8 (by [3]) Let f € C™ (R), m = [a], a > 0. Then Dy f () is
continuous in x € (—oo, b).

‘We further mention

Proposition 9 (by [3]) Let f € C™ ' (R), f™) € Lo (R), m = [a], a > 0
and

D2, f(x) = % / T e ) (1), (6)

m—a) Ju,

forall x,zg € R:x > xy.
Then D¢, f (x) is continuous in .

Proposition 10 (by [3]) Let f € C™ 1 (R), f™ € Lo, (R), m = [a], a > 0

and m
(-1

Do @) = Fim—a / T ) (g (7)

forallz,zg € R:xg > .

Then Dg. _ f () is continuous in xo.

Proposition 11 (/5]) Let g € Cy (R) (continuous and bounded), 0 < ¢ < 1,
z,x9 € R. Define

L(z,20) = /JC (x — t)c*1 g (t)dt, for x> z, (8)

and L (z,x0) =0, for z < .
Then L is jointly continuous in (z,xq) € R
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‘We mention

Proposition 12 ([5]) Let g € C, (R), 0 < ¢ < 1, x,x9 € R. Define
o
K(za) = [ (=2 g(D)d), fors<an, )

and K (z,z9) =0, for x > xo.
Then K (x,x0) is jointly continuous in (z,x) € R2.

Based on Propositions 11, 12 we derive

Corollary 13 (/5]) Let f € C™ (R), f(™ € Lo (R), m = [a], a >0, a ¢ N,
x,20 € R. Then DS, f(x), Dg _f (x) are jointly continuous functions in (z,xo)
from R? into R.

We need
Proposition 14 (/5]) Let f : R? — R be jointly continuous. Consider
G(x):wl (f('am)aé‘)[x7+oo)7 6>0,$U€R (10)

(Here wy 1is defined over [x,+00) instead of R.)
Then G is continuous on R.

Proposition 15 (/5/) Let f : R? — R be jointly continuous. Consider
H(z)=wi (f(+2),0)_pqy, 0>0,2€R. (11)

(Here wy is defined over (—oo, x| instead of R.)

Then H 1is continuous on R.
By Propositions 14, 15 and Corollary 13 we derive

Proposition 16 (/5]) Let f € C™ (R), ||f(m)HOO <oo,m=la],a¢ N, a>0,
z € R. Then wi (D3 f,h) [, ooy w1 (D2_f, h)(foo o) 0r€ continuous functions
of x € R, h > 0 fized.

We make
Remark 17 Let g be continuous and bounded from R to R. Then
w1 (9.8) < 2|gll, < oo (12)
Assuming that (D%, f) (t), (DS_f) (t), are both continuous and bounded in (z,t)

€ R?, i.e.
D3 flle £ K1, VYV eRy (13)
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D[]l < K2 VaeR, (14)
where K1, Ko > 0, we get

w1 (DL f, 5)[;1;,+oo) < 2K
w1 (D‘;_f,f)(_OOJ] <2K,,VE>0, (15)

for each xz € R.
Therefore, for any £ > 0,

ig% {max (wl (D f, §)[w’+oo) , W1 (Dg‘_f, f)(im’r]ﬂ < 2max (K1, K3) < 0.
(16)
So in our setting for f € C™ (R), ||f(m)||oo < oo, m=[a], «a ¢ N, a >0,
by Corollary 13 both (D2, f) (t), (DY_f) (t) are jointly continuous in (t,z) on
R2.  Assuming further that they are both bounded on R? we get (16) valid.
In particular, each of wy (D2, f, f)[$)+oo), wi (DY_f, {)(700@,] is finite for any
§>0.
Clearly here we have that Slé%ul (D2, f, 5)[1#00) — 0, as £ — 0+, and

Supw1 (Dg,f, 5)(_00 o 0,as§—0+.
z€R ’

Let us now assume only that f € C™ ' (R), f(™ € Lo (R), m = [«a],
a>0,a¢ N, xeR. Then, by Proposition 15.114, p. 388 of [4], we find that
D¢ f € C([x,+0)), and by [6] we obtain that DI_f € C ((—o0,x]).

‘We make

Remark 18 Again let f € C™(R), m = [a], a ¢ N, a > 0; f(™) (z) =1,V
x €R; xg € R. Notice 0 <m —a < 1. Then

(LC — x(])mia
D¢ = > x0. 1
*zof(x) F(m_a+1)7vx_$0 (7)
Let us consider z,y > x¢, then

1

|Dfrof () = D f (3/)| = Tm—at) (x—20)" " = (y—z0)"
|x _ y|7ﬂ—(X
- 18
“T'(m—a+1) (18)
So it is not strange to assume that
|Dfxof($1) - Dgxof(x2)| < K|$1 - $2|Ba (19)

K>00<p8<1,Vx,22 €R, 21,22 > z9g € R, where more generally it is
Hf(m) HOO < 00. Thus, one may assume

w1 (DE_f,6) Lpa < Mi€™, and (20)



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 104

w1 (Dfibf’ 5)[x,+oo) < M2§ﬁ27

where 0 < 8;,85, <1,V £ >0, My, Mz > 0; any x € R.
Setting 8 = min (8, 85) and M = max (M7, M>), in that case we obtain

igﬁ {max (wl (Dg—f7 f)(foo,m] y W1 (D:[wfv f)[aj,+oo))} < Mgﬁ - 07 as 5 —0+.
(21)

3 Results

3.1 Fractional convergence with rates of the normalized
bell type neural network operators

We need the following (see [7]).

Definition 19 A function b: R — R is said to be bell-shaped if b belongs to L'
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
on [a,4+00), where a belongs to R. In particular b(x) is a nonnegative number
and at a b takes a global mazimum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b(x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [=T,T], T > 0.

We follow [1], [7].

Example 20 (1) b(z) can be the characteristic function over [—1,1].
(2) b(x) can be the hat function over [—1,1], i.e.,

l+z, —1<z<0,
b(z)=<1—2, 0<z<1
0, elsewhere.

These are centered bell-shaped functions of compact support.
Here we consider functions f : R — R that are continuous.

In this article we study the fractional convergence with rates over the real
line, to the unit operator, of the "normalized bell type neural network opera-
tors”,

X f(E) b k)
Thr b (o 5))

where 0 < @ < 1 and = € R, n € N. The terms in the ratio of sums (22) can be

nonzero iff
k .
ntme (:B — )‘ <T, ie.
n

(Hy (f) () :

(22)

k
- =
n

T

- nlfa
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iff
nr—Tn® <k <nx+Tn". (23)

In order to have the desired order of numbers
—n? <nzx—Tn% < nz+Tn* <n?, (24)
it is sufficient enough to assume that
n>T+|z|. (25)
When z € [-T,T] it is enough to assume n > 27" which implies (24).

Proposition 21 Let a < b, a,b € R. Let card(k) (> 0) be the marimum
number of integers contained in [a,b]. Then

max (0,(b—a)—1) <card(k) < (b—a)+1. (26)

Remark 22 We would like to establish a lower bound on card (k) over the
interval [nx — Tn®, nx + Tn®]. From Proposition 21 we get that

card (k) > max (2I'n® —1,0) .
We obtain card (k) > 1, if
2Tn® —1>1 iffn>T =.

So to have the desired order (24) and card (k) > 1 over [nz — Tn®, nx + Tn®],
we need to consider
n > max (T+|x|,T7§). (27)

Also notice that card (k) — 400, as n — +00.
Denote by [-] the integral part of a number.

We make
Remark 23 Clearly we have that
nr —Tn® < nx < nx+ Tn®. (28)
We prove in general that
nx —Tn® < [nz] < nz < [nx] < nz+ Tn”. (29)

Indeed we have that, if [nx] < nx — Tn®, then [nz] + Tn® < nz, and [nx] +
[Tn®] < [nx], resulting into [Tn®] = 0, which for large enough n is not true.
Therefore nx — Tn® < [nz]. Similarly, if [nx| > nx + Tn®, then nx + Tn® >
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nz + [Tn%), and [nz] — [Tn®] > nx, thus [nx] — [Tn®] > [nz], resulting into
[Tn®] = 0, which again for large enough n is not true.
Therefore without loss of generality we may assume that

nx —Tn® < [nz] < nz < [nx] < nz+ Tn”. (30)

Hence [nz — Tn®] < [nz] and [nz] < [nx+ Tn®]. Also if [nx] # [nx], then
nz] = [na] + 1. If [nz] = [na], then nz € Z; and by assuming n > T~ , we
get Tn® > 1 and nx +Tn® > nx + 1, so that [nx +Tn*] > nx + 1 = [nx] + 1.

We present our first main result

Theorem 24 We consider f : R — R. Let 3 > 0, N = [f], 8 ¢ N,
f € ACY ([a, b)), ¥ [a,b] C R, with f&N) € Lo (R). Let also x € R, T > 0,
n € N:n > max (T + |z ,T‘é), We further assume that D f, D?_ f are uni-

formly continuous functions or continuous and bounded on [x,+0o0), (—o0,x],

respectively.
Then
1)
N—1 | ¢(4 ;
|f(J) ($)| T T8
[Hy (f) () = f(2)] < < jin(—alj T(B+1)n0-m8 (31)
{wl <D*mf7 11:a> + w1 (Df—fa 11:a> }7
[, 400) (—o00,a]
above 2221 =0,
2)
N—1 .
9 (x) . T8
() @) = 37 (1 (=) @) = w0 @2
s T 6 T _.
{wl (D*zf’ nl-a ) f100) + w1 (D:r—fv nl-o ) (-oo,x]} = An ($) )
3) assume further that fU) (z) =0, for j =1,..,N — 1, we get
4) in case of N =1, we obtain again
[Hy (f) () = f(2)] < An (2) . (34)

Here we get fractionally with rates the pointwise convergence of (Hy, (f)) (x) —
f(x), asn — oo, x € R,
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Proof. Let x € R. We have that

DJ_f (@) = DL, f (x) = 0.

From [8], p. 54, we get by the left Caputo fractional Taylor formula that

G550 e

k

ﬁ / ' (fl = J)ﬁ (D2,f (J) - D2, f (a)) dJ,

for all z < % <z +Tne L iff [nz] <k < [nz + Tn®], where k € Z.
Also from [2], using the right Caputo fractional Taylor formula we get

O-E500) e

L LA 8
) (-5) (pro-pis@)as
for all 2 — Tn>~! < £ <z iff [ne — Tn®] < k < [nz], where k € Z
Notice that [nz] < [nz] + 1.

Call

Hence we have

V (z) T

et 3 (kY b0 e 2)

Therefore we obtain

[nz+Tn]

bemmain £ () 0 (017 (2 — 7))
%
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N—1 [n@z+Tn®] i k
19 @) [ S (5 —2) b (e - &)
2 ( V(@) i

k

[wg‘%(nl—a ) / (ﬁ J>“ (DZ,f (J) = DE,f (2)) dJ,

L, T
and [nal k i
Zk:ﬁLw—Tn"] ff/n() l))( (.17 - ;)) _ (41)
100 S (0 )
2l V(o)
[na] ab(nto(z -k z p-1
We notice here that
S e ()b k)
(o (1) (0) = St S = (42)
S ey £ (£) b (= (2 = &)
V(z) '
Adding the two equalities (40) and (41) we obtain
(Hn (f)) (z) =
N-1 o) T [MJFTH?Q @—x]b nl-o(x -k
where

chnm]'nx Tn] b (nl_a (.’E o %)) .
V(z) I (B)

/ (J - fn)ﬁ (DL ()= DL f () dT+

O (x) =

[ne+Tn®] b (nka (:v . %)) E 1 B-1 , ,
2 V (z)T (B) /x (n - J) (DLf(J) =Dy f (x)dJ. (44)

k=[nz]+1
We call ina]

nx —a
Zk:fnaszn“] b (nl (Iﬂ - %)) )

f1n () 1= VT 0

10
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z B—1
[ (=5 (oo -nisw)a (49
and S
Men b (1))
ggn (ZL’) = : .
k:[%H AONE)
5k p-1
[ (E-a) wnio-Li@)as (46)
Le.
On () = 015 (z) + 02y, () . (47)
We further have
(Hn (f)) (@) = f(z) = (48)
N-1 [na+Tn®] k J 1—a k
f(J Zk [nz—Tn] (7 - .’L‘) b (’I’L (.’L‘ - ﬁ)) T
j=1 ( V(x) 0 (a),

and

[(Hn (f)) (2) = f (2)] <
N—1 D (2 [nz+Tn®*] e — k|7 nl=o (¢ _ k

2 V(@)
N-1 (J) T
s+ o @l = ().
=1 "

Next we see that

(50)

% [ (J_ fL)B_lM (DLfls—al)  di<

1 5 k @ AN
T )" (D"”f 1 <oo,x]/::, (J_ n) =
1 B r (z - &)
NG (Dxf’ ”1‘“>(—oo,m] pos
T

1 T8
DP —_
NEESIR ( o nla)(ow] (-8B
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That is

T8 T
< D} f,—— : !
Yin = F(ﬂ + 1) n(l_o‘)ﬁwl ( .L—f’ nl—a> o] (5 )

Furthermore

[na] -« k

b _k
e S (n Vgx) "))m < (52)

k=[nz—Tn>] v

[i] b(n1= (z — &) 77 o (D f L <
V() [ (B+1)n(-apt\ Te=h pi-a —co]

k=[nz—Tn>]

S G Gt ) r° s, T
( Z V (2) F(ﬁ—i—l)n(l—a)ﬂwl (Dx—f’ nl—a> ~ooa] -

k=[nz—Tn>]
s (P4 )
w szfa .
T(B+1)n(-5 "t n =) ol

So that

77 s T
< .
e ) nl—a>(_m,x] (53)

Similarly we derive

/f (k - J> - (DL,f(J) = DE,f (x)dJ| < (54)

k A=t
( - J) D2 (J) — D2 f ()| dJ] <

<

B T
w1 (D*ar;f7 P ey ) (o, 400) </€ B z)ﬁ
rp+1) n
B T
(%1 (D*:rfa nl—a)[$7+oo) T'B
NCES) n(=a)5 "

That is
T8 T

Yon < w <Dfmfa _> : 55
T (B4 1)n-ed ) o 400) o

Consequently we find

Ty e (o £)

b2 @] < | 20

k=[nz]+1

12
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IN
—
t
=)
=

T8 ( T
wi ( DL, f, a)
T (B+1)n(-8 nt= ) oo

T8 < T
—a w1 Dfay.ﬂ a)
T35 1) ni-p =)

So we have proved that

x,+00)

T8
(8 +1)n(=e)d

T T
{w1 (Dfxﬂ 1a> + w1 (Df_f, M) } .
n [z, +00) n (—o0,]

Combining (49) and (57) we have (31). m
As an application of Theorem 24 we give

10 (@) < &

Theorem 25 Let >0, N = [3], B ¢ N, f € CV (R), with f™V) € L, (R).
Let alsoT > 0,n € N:n > max <2T, T‘é) . We further assume that Dfxf (1),
DP_f(t) are both bounded in (z,t) € R%. Then

1)
1 Hy (f) = flloomrm < (58)
= Hf(j)Hoo,[fT,T] 7 T° _
jln(—a)j ['(B+1)nt-a)b

j=1

T T
N T R =
z€[-T,T) n [z, 4+00) xE[-T,T] n (—o00,2]

2) in case of N =1, we obtain

T8
(B +1)n(-)5"

T T
sup  wi (DfvaHX) Tosup Wi (fovl_a) :
2€[-T.T) n [¢400) TE[-T,T) n (—00,3]

An interesting case is when 8 = %
Here we get fractionally with rates the uniform convergence of H, (f) — f,
as n — oo.

1Ha () = Fllo o) < (59)

Proof. From (31), (34) of Theorem 24, and by Remark 17. m

One can also apply Remark 18 to the last Theorem 25, to get interesting
and simplified results.

We make

13
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Remark 26 Let b(x) be a centered bell-shaped continuous function on R of
compact support [-T,T], T > 0. Let x € [-T*,T*], T* >0, andn € N:n >
max (T—l—T*,T‘é) ,0<a< 1. Considerp>1.

Let also >0, N =[], B¢ N, f € CN(R), fNV) € L, (R). Here both
D2 f(t), DX_f(t) are bounded in (x,t) € R

By Theorem 24 we have

[Hn () (x) = f (2)] < (60)

N-1 |f9) ()| T T8
jln(l—a)j + T(B+1)n0-o8

T T
{ owp o (DLfiot) s (D) }
z€[-T*,T*] n [e,4o0) xE[-T*T*] n (—c0,]

Applying to the last inequality (60) the monotonicity and subadditive property
of |Ill,» we derive the following Ly, p > 1, interesting result.

Theorem 27 Let b(x) be a centered bell-shaped continuous function on R of
compact support [-T,T), T > 0. Let x € [-T*,T*], T* > 0, and n € N :
n > max(TJrT*,T*%), O<a<l,p>1 Let >0, N=[8], 8 ¢N,
feCNR), with fN) € Lo (R). Here both D2, f (t), D?_f(t) are bounded in
(x,t) € R%. Then

1)
[ Hnf = flly e < (61)
NZ_:I Ny ey ™ +25T*F 7 .
jin(l—a)i ['(B+1)nt-)b

j=1

T T
sup = wi ('Dfa:f7 1&) + sup  w (foa M) )
z€[=T*,T*] n [e,400) xE€[-T*T] n (—o0,2]

2) When N =1, we derive

1.1 5
||an - f||p,[—T*,T*] <2¢T

"TB+1)nl-5 (62

T T
Sup Wi <Dfmf7 1_(1) + Sup = Wi <Df—f7 1_a> .
zE€[—T*,T*] n [z, 400)  xE[-T*T] n (—o00,z]

By (61), (62) we derive the fractional L,, p > 1, convergence with rates of H,, f
to f.

14
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3.2 The "normalized Squashing type operators” and their
fractional convergence to the unit with rates

We need (see also [1], [7]).
Definition 28 Let the nonnegative function S : R — R, S has compact support
[-T,T], T > 0, and is nondecreasing there and it can be continuous only on

either (—oo,T) or [=T,T]. S can have jump discontinuities. We call S the
"squashing function”.

Let f: R — R be continuous.
For x € R we define the "normalized squashing type operator”

X e f(5) S (@ b))

Kn : 3 )
(K. (P) @) ) (63)
0<a<landneN:n>max (T—|— || ,T*é) It is clear that
[nz+Tn®] AW S R _k

E[mﬂﬂLT”a] S (nl—a . (m — E))

k=[nz—Tn>] n

Here we study the fractional convergence with rates of (K, f) (z) — f (z), as
n — 400, r € R.
We present our second main result

Theorem 29 We consider f : R — R. Let 3 > 0, N = [3], 8 ¢ N,
f € ACYN ([a,b)), ¥ [a,b] C R, with fN) € Lo (R). Let also z € R,T >
0,n € N:n > max (T—I— || ,T‘é). We further assume that D5, , fof are

uniformly continuous functions or continuous and bounded on [x,+00), (—o0, ],

respectively.
Then
1)
(K (f) () = f(2)] < (65)
Nl |9 ()] 79 . T8
= jln(l-a)j [(B+1)nt-)b
T T
{wl DY, f, la) +wi (foa M) } )
n [z, 400) n (—o0,z]
above Z?=1 =0,

15
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2)

(5 () () = D

j=

T T i}
%%} waf:T + w1 fofa 1— = )‘n(l')7
7%/ [3,400) T/ (“o0]

3) assume further that f9) (z) =0, for j=1,..,N — 1, we get

=

(K" <(' - m)j)) @) = FE7 ?)ﬁn(la)ﬁ' (66)

19 (2)
4!

Ko (f) (2) = f (@) < A, (2) (67)
4) in case of N =1, we obtain also
K (f) () = [ (@)] < A, (2). (68)

Here we get fractionally with rates the pointwise convergence of (K, (f)) (x) —
f(x), asn — oo, x € R,

Proof. Let z € R. We have that
D;_f () = DI, f () = 0.

From [8], p. 54, we get by the left Caputo fractional Taylor formula that

BEmet Y o

o [ E-0) oo se)a

for all z < % <z +Tn* L iff [nz] <k < [nz + Tn®], where k € Z.
Also from [2], using the right Caputo fractional Taylor formula we get

(-5 52 () s

;/ (J_ i)ﬁl (fof(J) —Df,f(x)) dJ,

re) Je
for all x — Tno~! < % <z, iff [nx — Tn*] <k < [nz], where k € Z.
Call
[ne+Tn] k
L 11—« o
k=[nz—Tn]

16
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Hence we have

k pl=e (p_ k N=L4() (o I8 (nt-(z— &
f(n)S(W(x)( 5) / <><k )S< (=)

W@ 0
and
FEYSi(z—5) R0 (@) (k 7S (' (z - E))
W (@) =2 (n‘x) w1

Therefore we obtain

S ain £ (5) S (0 (w — £))

W (x) - (73)
N—1 . [nz+Tn"] J 1-a k
f9 (@) [ Eilpaer (G —2) S (7 (@ = 5))
2 ( W (@) i
[nz+Tn" ]S( (:L' . E)) k k B—1
. ——J D, f(J) = DL, f (x)) dJ,
o T W@re [ (G-) )
and
[na] k pl=a (p_ k
Zk:]’nszn‘*] fé;?ﬂi( ( n)) _ (74)
j [ne] (B gy st (z—k
Z f() Zk [nz—Tn] (n ()I) ( ( 71))+

Zi”i”%m—w gl il k) / (J - k>5_1 (DI ()= DL f (@) d.

W (z)T (B) n
Adding the two equalities (73) and (74) we obtain
(Kn () (z) =
N—1 nz+Tn®] k — J nl=a (¢ — k
f (Zk [nz—Tno (rbw(i)s( ( n))) +Mn (x)a (75)
7=0

17
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where

W (z)T ()
x p-1
[ (-5) (psw-pli@)ars
T i ) R N
We call ]
— S (@-3)
My, (z) = &
W)
[ (-5 (s -p2sw)as (
and " .
Mo S (n e (2 - £))
M2n (:L') = : .
o W@T0)
e s 8
[ (E-a) wnro-pire)a (78)
Le.
M, (x) = My, (z) + Ma, (z) (79)
We further have
(Kn () (2) = f(2) = (80)
N-1 [nz+Tn"] k J 1—o k
f Zk [nz—Tn] (E - .’E) S (TL (.’E - ;)) z
j=1 ( (z) + M (),
and
|(Ky () () = [ (2)] <
If“ | (S e = 5 S (ni e (2 = £))
Z o + 1M, (@)

N-1 nm+Tn 11—« k
e + [ My, (z)] = (%) .

n(i—a)j
j=1

18



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 117

Therefore we obtain

N-1 |f(j) ($)| Ti

(K (1) (@) = [ (2)] < Z e | Ma @) (82)
j:
We call
1|/ A
= - D? - D! .
v | (0-8) (PLro)-pls@)arl. @
As in the proof of Theorem 24 we have
T 5 T
Furthermore
[nz] 1— k
S(n' = (2 =3))
My, ()] < i < (85)
‘ | . [nmz:Tna] W (iC) in
[nz] 11—« k
S _k 8
2 i’ W(a: ) r ip (1—a)p 1 (Df—f’ 1T_a> =
k=[nz—Tn>] (.’IJ) (ﬂ—i_ )n n —00,7]
G (P25
w szfa .
[ (B +1)n0-B™! ) (ooa)
So that
I pp— D f. T (56)
n(z)] < w _f .
' L(B+)nt-ad = \Teiptza ]
We also call
1|7k o=t
R - —J DB f(J)—D? f(x))dJ|. 87
=l (57) DLr)- D) (57)
As in the proof of Theorem 24 we get
T8 T
Yon S —a w1 <Dfmf’ 101) . (88)
[(B+1)nt-8 n [, +00)
Consequently we find
[nz+Tn] 1—a k
Sn'= (z - 3))
M. < 7
k=[nz]+1

19
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IN
—
o0
=)
=

T8 ( T
wi ( DL, f, a)
T (B+1)n(-8 nt= ) oo

5 ( T
wi ( D2 f, ) .
(B4 1)nlt-o8 ) o)

So we have proved that

T T
(o (o), oinls) )
n [, +00) n (—o0,a]

Combining (82) and (90) we have (65). m

As an application of Theorem 29 we give
Theorem 30 Let 3> 0, N =[], B¢ N, f € CN(R), with fN) € L, (R).
Let alsoT > 0, n € N:n > max (2T, T*%) . We further assume that waf (1),
DP_f(t) are both bounded in (z,t) € R2. Then

1)
1K () = Flloo,j-zay < (91)
= ||f(j)Hoo,[7T,T] T’ T '
jln(=a)j ['(B+1)nt-a)b

j=1
T T
sup  wi <Dfxf7 1_a) + sup wi (D.f—f, 1_a) )
z€[-T,T) n [z,400) a€[-T,T] n (—00,]

2) in case of N =1, we obtain

T8
(B +1)n(-)8"

T T
sup  wi (ngcf, M) + sup w; (fo, M) .
x€[-T,T) n [x,400) z€[-T.T) n (—o0,1]

An interesting case is when 3 = %
Here we get fractionally with rates the uniform convergence of K, (f) — f,
as n — oo.

1 () = Flloooriry < 7 (%)

Proof. From (65), (68) of Theorem 29, and by Remark 17. m
One can also apply Remark 18 to the last Theorem 30, to get interesting
and simplified results.

Note 31 The maps H,, K,, n € N, are positive linear operators reproducing
constants.

20
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Abstract
Here we study further the multivariate quasi-interpolation of sigmoidal
and hyperbolic tangent types neural network operators of one hidden
layer. We derive multivariate Voronovskaya type asymptotic expansions
for the error of approximation of these operators to the unit operator.
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1 Background

Here we follow [5], [6].
We consider here the sigmoidal function of logarithmic type

si () z, €ER,i=1,..,N; z:= (x1,...,x5) € RV,

each has the properties lirﬂ si(z;)=1land lim s;(z;)=0,9=1,....N.
x; —+00 T;——00
These functions play the role of activation functions in the hidden layer of
neural networks.

As in [7], we consider

1
P, (CCZ) = 5 (Sz ($Z+1) — S (xi - 1)), z;, R, i=1,...,N.

We notice the following properties:



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 121

i) @;(x;) >0, Va; €R,
i) Yoo ®i(wi—ki)=1, Va, €R,
i) Yo ®i(nwi — ki) =1, Ya; € R;n €N,
iv) [7 @ (xi)de; =1,
v) @, is a density function,
vi) ®; is even: ®; (—x;) = ®; (x;), z; >0,fori=1,...,N.

We see that ([7])

e?—1 1
q)i (ml) - ( 262 > (1 +e$i—1) (1 +e—$1,—1)7

i=1,..N.

vii) @, is decreasing on R, and increasing on R_, ¢ =1,..., N.
Let 0 < 8 <1, n € N. Then as in [6] we get
viii)

oo
(1-8)

> ®; (na; — k;) < 3.1992¢"™ 7, i=1,.., N.
ki = —
s nay — k| > ntP

Denote by [-] the ceiling of a number, and by [-] the integral part of a
number. Consider here z € (Hf\il [ai,bi]) C RN, N € N such that [na;] <
|nbi|,i=1,...,N;a:=(a1,...,an), b:= (b1, ...,bn) .

As in [6] we obtain

ix)

0< ! < 1(1 = 5.250312578,

b :
IE:L:Hnai] ®; (na; — k) Pi(1)

Vx; € [ai,bi] ,i=1,...,N.
x) Asin [6], we see that
[nb; ]

n—oo
k}i = [na[\

for at least some z; € [a;,b;], i =1,...,N.
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We will use here
O (21, an) =P (2) == [[ @i (2:), xeRY. (1)

It has the properties:

(i) ®(z) >0, VzeRY,
We see that

oo o0 o0

Z Z Z q)(wl—kl,l'g—kg,...,iCN—kN):

k1=—00 ko=—00 kny=—o00

i= k

ki=—00 ko=—0o0 kny=—00i=1 i=1 i =—00
That is
(i)’
o o o0 0
S @@—k)= > Y > @z —ky,eay —ky) =1,
k=—oc0 k1:—00 kQ:—OO kN:—oo

k= (k1,....kn),V © € RV,
(iii)’

i O (nx — k) :=
k=—oc0
Z Z Z fl)(nxl—kl,...,an—kN)zl,
ki=—0c0 ko=—0c0 kn=—oc0

VzeRN:neN.
(iv)’
/ O (z)dx =1,
RN

that is @ is a multivariate density function.

Here ||z||, = max{|z1],...,|zn|}, z € RV, also set co := (o0, ...,00),
—00 1= (—00,...,—00) upon the multivariate context, and

[nal : = ([nai], ..., [nan]),
[nb] : = (|nb1], ..., [nbn]).
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For 0 < B8 <1andn €N, fixed 2z € RY, have that
[nb]

Z O (nx—k) =

k=[nal
[nb] Lnb]
Z S (nx — k) + Z ® (nx —k).
{ k = [na { k = [na
15 -2l <75 15 -2l > 75

In the last two sums the counting is over disjoint vector of k’s, because the
condition ||% — a:||Oo > ni,; implies that there exists at least one %’ — xT.’ > 7715,
re{l,..,.N}

It holds

(v)’

[nb]

3 ® (nz — k) < 3.1992¢ "7,
{ k = [na]
[

0<pB<l,neN,ze (Hij\il[ai,bi]).
Furthermore it holds

(vi)’
< (5.250312578)"

S )
Ve (Hl 1 [al,bl}>, neN.

It is clear also that

(vii)’
o0
(-8

> ® (nx — k) < 3.1992¢"" ",

{ k=—00
1% =2l > 7

0<B<1l,neN, zcRY,
By (x) we obviously see that

(viii)’

[nb]
lim Z O (nex—k)#1
k=[na]

for at least some x € (Hf\; (@i, bz]> .
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Let feC (Hfil [ai,bi]) and n € N such that [na;| < [nb;],i=1,...,N.
We define the multivariate positive linear neural network operator (z :=

(w1, an) € (T lasb])

nb
ZIE Hna] ( ) o (TLSL' - k) (2)
nb
ZII; Hna'\ (TLLE - k)
[nby | [nb2 ] [nbn | k1 k N
_ EklzlﬁLaﬂ Zkgzzﬁzag] EkN N[naN] (77 N) (Hi:l ®; (’I’LIEZ‘ - kz))
N N nb; :
[lizs (Z;EFHMJ ®; (na; — kz))
For large enough n we always obtain [na;] < [nb;],i=1,..,N. Alsoa; < £ <

Notice here that for large enough n € N we get that

n(fyz1,.nan) =G (f,x) =

O o =Bi j =1, meN,0<f<1.

Thus be given fixed A, B > 0, for the linear combination (An’ﬁj + Be’"(km>
the (dominant) rate of convergence to zero is n=%7. The closer 3 is to 1 we get
faster and better rate of convergence to zero.

By AC™ (Hz 1 [at,bt]), m,N € N, we denote the space of functions such
that all partial derivatives of order (m — 1) are coordinatewise alsolutely con-
tinuous functions, also f € C™~! (Hfil (@i, bl]) .

Let f € AC™ (Hl 1 lai, b; })7 m, N € N. Here f, denotes a partial derivative

of f, a:= (a1,..,ay), s € ZT, i =1,..,N, and |a| := Zfil a; = I, where

_ ; . 0%f

I =0,1,...,m. We write also fq := 52
We denote

and we say it is order [.

[ fallsm = Igllgﬁ{llfalloo}, 3)

where ||-|| is the supremum norm.
We assume here that || foll5, < oo
Next we follow [3], [4].

We consider here the hyperbolic tangent function tanhx, z € R :

T _ e

tanhz ;= ———.
et e %

It has the properties tanh0 = 0, —1 < tanhz < 1, V 2 € R, and tanh (—z) =
—tanh . Furthermore tanhx — 1 as * — oo, and tanhz — —1, as * — —o0,
and it is strictly increasing on R.

This function plays the role of an activation function in the hidden layer of
neural networks.
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We further consider
1
U (z) = 1 (tanh (z + 1) — tanh (x — 1)) >0, VzeR.

We easily see that U (—z) = ¥ (x), that is ¥ is even on R. Obviously ¥ is
differentiable, thus continuous.

Proposition 1 (/3]) U (z) for x > 0 is strictly decreasing.

Obviously W () is strictly increasing for z < 0. Also it holds lim W (z) =
0= lim ¥ (z).

r— 00

Infact ¥ has the bell shape with horizontal asymptote the x-axis. So the
maximum of ¥ is zero, ¥ (0) = 0.3809297.

Theorem 2 (/3]) We have that ;- V(z—i)=1, Yz eR.

Thus -
> Wnaz-i)=1, VYneN VzeR

i=—00

Also it holds

Z\I/(x+i):1, vz e R.

Theorem 3 ([3]) It holds [, W (z)dx = 1.
So U () is a density function on R.

Theorem 4 ([3]) Let 0 < oo < 1 and n € N. It holds

o0

Z U(nx—k)<el- e

k= —o0
U I

Theorem 5 ([3]) Let © € [a,b] C R and n € N so that [na] < |nb]. It holds

(1—a)

1 1
< = 4.1488766.

Zg;brjmﬂ U(nz—k YA)

Also by [3] we get that

[nbd]
lim Z U (nz —k) # 1,

k=[na]

for at least some z € [a, b].
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In this article we will use
O (x1,...,zn) := 0O (x) := H\IJ (z:), == (x1,..,an) ERY NeN. (4)

It has the properties:
1)* ©(z) >0, VzeRY,
(i)*
Yo O@—k)= > > . Y O~k .oy —ky) =1,
k=—c0 ki=—00 ko=—0c0 kn=—00

where k := (ki,...,ky), V o € RV,
(iii)*

oo

Z O (nx —k) =

k=—o00

Z Z Z @(nxl—kl,...,an—kN)zl,

klzfoo kz:*OO k‘N:*OO
VzeRY, neN.
(iv)*

O (x)dr =1,
RN

that is © is a multivariate density function.

We obviously see that

[nb] [nb] N
Z O(nx—k) = Z H\IJ(nmi—ki):
k=[na] k=[na] i=1
[nb1] [nbn] N N [nb;]
Z Z H\IJ(nxl —ki) = H Z \I'(nxi—k:i)
ki=[nai]l kn=[nan]i=1 i=1 \ki=[na;]

For 0 < < 1and n €N, fixed z € RY, we have that

[nb]

Y Omz—k) =

k=[na]

Lnb] [nb]
Z O (nx —k)+ Z O (nz — k)
{ = [na { k= [na]
15 -2l < 5 15 -2l > 5
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In the last two sums the counting is over disjoint vector of k’s, because

the condition > niﬁ implies that there exists at least one

n
nr—x,,.|>ni5,re{1 ,N}.

11 holds

(v)*

Lnb]
-
Z @(nm—k)§e4~6_2"( B),

{ k = [na
15 - 2lle > 55

0<pB<l,neN ze (vazl [ai,bi]).
Also it holds
(vi)*
= (4.1488766)"

ST ek (E(D)

Yaoe (Hfil [ai,biD, n € N.
It is clear that
(vii)*

O(nx—k) <et- 6_271(17[3),

Mg

e S

0<B<1l,neN, zecRV,

’ ILB

Also we get
[nb]

lim Y ©(nz—k)#1,

k=[na]
N
for at least some = € (Hi:l [a;, bz]) .
Let feC (Hi\;l [ai,bi]) and n € N such that [na;| < [nb;], i =1,...,N.

We define the multivariate positive linear neural network operator (z :=

(o1, e) € (T, [os b))

Zlganna—\ ( ) S} (TL.’L‘ - k>
z,g"bgm] (nz — k)

F, (f,x1,...zn) = F, (f,z) := (5)
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nbq b nb
. leélzfjnaﬂ ZIEZ:ZHnaQ] ZII;NLVHnaN] (71’ e TN) (HL 1 v (n:[’.Z ki))
B N nb; ’
Hi:l ( L Hna i | (TLIEZ - kz))

Our considered neural networks here are of one hidden layer.

In this article we find Voronovskaya type asymptotic expansions for the above
described neural networks quasi-interpolation normalized operators G, (f,x),

F, (f,x), where z € (Hfil [ai,bi}) is fixed but arbitrary. For other neural
networks related work, see [2], [3], [4], [5], [6] and [7]. For neural networks in
general, see [8], [9] and [10].

Next we follow [1], pp. 284-286.

About Taylor formula -Multivariate Case and Estimates

Let @ be a compact convex subset of RY; N > 2; z := (z1,...,2n), To :=
(zo1, .., Ton) € Q.

Let f : @ — R be such that all partial derivatives of order (m — 1) are
coordinatewise absolutely continuous functions, m € N. Also f € C™ 1 (Q).
That is f € AC™ (Q). Each m'™ order partial derivative is denoted by f, :=
g;f, where a := (aq,...,ay), a; € ZV, i =1,...,N and |o| := Zf\il o = m.

Cousider g, (t) := f(xo+t (2 —x0)), t > 0. Then

N j
0
gD (¢t (Z — To;) ) fl (@o1 +t(z1 — zo1) ;.. won +t(2n — 2on)),

i=1
(6)
forall 7 =0,1,2,...,m.

Example 6 Let m = N = 2. Then
- (t) = f (zo1 +t (21 — To1) , w02 + t (22 — w02)), tER,

and

ﬁ (ko +t(z—mg)). (7)

9. (t) = (21 — z01) % (zo +t (2 — 20)) + (22 — To2) .

Setting

(*) = (l‘01 +t (Zl — .1‘01) ,To2 +1 (Z2 — l‘og)) = (.CI?O +t (Z — 2130)) R

we get
2
glzl (t) = (21 — 51301) (9f ( ) + (Zl - x()l) (212 - 1'02) % *) +
of? of?
(21 — {)301) (22 - 21302) Wf(;)"mg (*) + (Z2 - 3:02)2 a‘;:% (*) . (8)

Similarly, we have the general case of m, N € N for gfj”) (t).
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We mention the following multivariate Taylor theorem.

Theorem 7 Under the above assumptions we have

= ¢ (0)
f(zla"'aZN) =9z (1) = Z - +Rm (270)7 (9)
=0 7
where
1 ty tm—1
R (2,0) := / (/ (/ g™ (tm)dtm) ) dty, (10)
o \Jo 0
or
Ry (2,0) = 1/1 (1—0)""" g™ (0)do (11)
maT (m =1/, 9z '
Notice that g, (0) = f (z0) .
We make
Remark 8 Assume here that
1l = o < o0
Then
N 9 m
(m) - Cras) — _
o] o = H KZ (2 — o) agg@_) I@ott-w)| < (2
i=1 00,[0,1]
N m
(Z |Zi—$0i|> 1 falloeg.m
i=1
that s
o] oy < (= 20ll)™ NSl < oo (13)
Hence we get by (11) that
o
IR (2,0)] < o201 (14)
AT = m!
And it holds "
R0y <« LTy g e (15)
m < = ml alloo,@Q,m

V z,x9 € Q.
Inequality (15) will be an important tool in proving our main results.

10



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 130

2 Main Results

We present our first main result

Theorem 9 Let 0 < 8 < 1, z € val[ai,bi], n € N large enough, f €
AC™ (Hl 1 lag, b }), m, N € N. Assume further that || fo |5, < co. Then

Gn (fvx)_f(x) =

D o 1% M o 1
2\ (FM) Gn (Hl(x) ””) +0<nﬁ(m_s)>, (16)

Jj=1 |a|=j

(]

where 0 < e < m.
If m =1, the sum in (16) collapses.
The last (16) implies that

m—1 f N
0 610 =10 - 5 T (2 ) ([T )

(17)

—0, asn—o00, 0<e<m.
Whenm =1, or fo () =0, for |a] =7, 5 =1,...,m—1, then we derive that
9 (G (f,2) = f (@)] = 0,
asn — 00, 0 <e<m.

Proof. Counsider g, (t) := f(xo+t(z —x)), t > 0; xg,2 € Hf\il [a;, b;].
Then

Z

J
0
) f| (o1 +t(z1 —xo1), ..., xon +t (28 — Ton)) ,

0| (B

(18)
forall j =0,1,....m
By (9) we have the multivariate Taylor’s formula

m-1 _(j) 1
Flan,man) =g ()= > gzj!(()) +( ! 1)!/0 (1—0)""" g™ (9) do.

3=0 a
(19)
Notice g, (0) = f (zg). Also for j =0,1,...,m — 1, we have

. N
ggj) (0) = Z (HNJ'> <H i — To;) ) fa (o). (20)
1 0! i=1

a:=(a,...,an), a; €ZT,
i=1,...,N, |a\::E£V=1 ;=]

11
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Furthermore

(M) (0) =

N
Z (HNm'a> <H ; — 20i)” ) fa (o +0 (2 —x0)),

a:=(ai,...,an), ;€ZT, i=1
i=1,..,N, |a|:=XN_, a;=m
(21)
0<6<1.
So we treat f € AC™ (va 1 [ai,bi]) with ||fa\|m““‘ < 0.

Thus, by (19) we have for £,z € (Hl 1 [a“bl]> that

(B ) o=

= 1 Nk o
_ > (H%aﬂ) (1_1 (5 -=) )fa(l“)JrR, (22)

=1 a=(a1,..,an), €zt
i=1,...,N, ‘(x|::zf\f=1 a;=j

1
m— 1
Ri=m | (1=0)""" ) =~ |
0 | J R
a:=(ai,...,an), a;€LT, i=1
i=1,..,N, |a|:=XN | a;=m

N GO ERC

By (15) we obtain

e —<Hx )", o (24)
< . a .
Notice here that
k 1 i 1
So, if HE —xH < nﬁ we get that H.’L‘— le < f;’;, and
|R| < nmﬁ Hfallmax : (26)
Also we see that
2 N ‘ N
p— o =3 < S i) = -,
i =1 i=

12
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therefore in general it holds

|R‘ S (” ||11) ||fa||max ) (27)
Call
[nb]
V(x):= Z D (nx — k).
k=[na]
Hence we have
bl (nx —k)R
k=[na]
U, = = 28
(=) o (28)
nd) ®(ne— kR Lnb) ®(nz—k)R
Hlw *Illoo—nﬁ . :II’“*%II >
V (z) V(z)
Consequently we obtain
ZL{"M k= [n ] S (nz — k)
: || - LEH = Lﬁ‘ N max
< o0
U (@) < 22 (s 14l ) +
|nb] , o\
1 (” H ) max by (v)', (vi)")
e > @ (na— k) | S S
k= [na)
[
1 b
Fal™™ 4 (5.250312578)" (3.1992) e ™ ’3)7(” ) Fall
nmﬁ
(29)

Therefore we have found

Un (2)] < ol { + (5.250312578)" (3.1992) e "7 (b_a||h)m}.

m' mpB
(30)
For large enough n € N we get

2 N max
U,,L<x>|s< oo, )(n;ﬂ) 1)

13
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That is .
|m@OQW) (32)

and
[Un (#)| =0(1). (33)

And, letting 0 < € < m, we derive

Un 9 fa max 1
LG (HH )wﬁ“ -

(7p=s) — m!

as n — oo.
Le.

By (22) we observe that

St o F(E)® (na — k)

V (2) —f(z) =
m—1 fa () (Ziib(]na] ® (nx — k) (Hf\il (k- z,)a))
i=1 (g—:g <sz‘vl ai!>) V(z) + (36)

nb
St g @z —k)R
V(x)

The last says
_ _ = fa (2) Y- _
Gy (f,2) = f(2) ‘ Z 71_[]\, ' Gr H ((—xz)™ Up ().

The proof of the theorem is complete. m
We present our second main result

Theorem 10 Let 0 < 8 < 1, z € Hf\[:l [ai,bi], n € N large enough, f €
AC™ (Hl 1 lai, b; }), m, N € N. Assume further that ||fo| e < co. Then

co,m

Fn(fvx)_f(x):

(£ () m fe-or ) <o) o

where 0 < € < m.
If m =1, the sum in (38) collapses.

14
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The last (38) implies that

m—1 f (LE) N
nPm= N E (f,x) — f () — Z Z (%) F, (H( — ;)™ x)

i=1 \|a|=j [Ti=y ci! i=1
(39)
—0, asn—o00, 0<e<m.

Whenm =1, or fo () =0, for |a] =7, 5 =1,...,m—1, then we derive that
nPU O [E, (f,2) = f (2)] =0,
asn — 00, 0 <e<m.

Proof. Similar to Theorem 9, using the properties of O (z), see (4), (i)*-
(vii)* and (5). =
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Abstract

Here we study further the quasi-interpolation of sigmoidal and hyper-
bolic tangent types neural network operators of one hidden layer. Based
on fractional calculus theory we derive fractional Voronovskaya type as-
ymptotic expansions for the error of approximation of these operators to
the unit operator.
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1 Background

We need

Definition 1 Let v > 0, n = [v]| ([-] is the ceiling of the number), f €
AC™ ([a, b)) (space of functions f with f"~1) € AC ([a,b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [13], pp. 49-52)
the function

1

D;.f (:L') = m /x (x — t)nfufl f(n) (t) dt, (1)

Yz € [a,b], where T is the gamma functionT (v) = [ e "t*~dt, v > 0. Notice
DY f € Ly ([a,b]) and D, f exists a.e.on [a,b].

We set D°,f (x) = f (z), ¥V z € [a,b].
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Definition 2 (see also [3], [14], [15]). Let f € AC™ ([a,b]), m = [a], a > 0.
The right Caputo fractional derivative of order a > 0 is given by

(=n™

b
—r m—a—1 p¢(m)
o [ € T e, )

Dy_f (z) =

V x € [a,b]. We set DY_f(x) = f(z). Notice D{ f € Ly ([a,b]) and D f
exists a.e.on [a,b] .

Convention 3 We assume that

Dg, f(x) =0, forx <o, (3)
and
Dg._f(x) =0, for x > xo, (4)

for all x,xo € [a,b].
We mention

Proposition 4 (by [5]) Let f € C™([a,b]), n = [v], v > 0. Then D%, f (z) is
continuous in x € [a,b].

Also we have

Proposition 5 (by [5]) Let f € C™ ([a,b]), m = [a], & > 0. Then D§ f(z)
is continuous in = € [a,b] .

Theorem 6 ([5]) Let f € C™ ([a,b]), m = [a], a > 0, z,z9 € [a,b]. Then

D¢, f(x), Dg. _f (x) are jointly continuous functions in (x,xo) from |a, b]? into

R.

We mention the left Caputo fractional Taylor formula with integral remain-
der.

Theorem 7 ([13], p. 54) Let f € AC™ ([a,b]), [a,b] C R, m = [a], a > 0.
Then

m—1 (k) Z x 1
fa) =3 foo) (@ — z0)* + ﬁ/ (@—T)* " DL, f (D) dT,  (5)
k=0 o

Y x> xo; x,20 € [a,b].

Also we mention the right Caputo fractional Taylor formula.
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Theorem 8 ([3]) Let f € AC™ ([a,b]), [a,b] CR, m = [a], a > 0. Then

f(k) xo k 1 o a—1 pa
Z .%‘—.To) -‘rm/r (J—x) Dajoff(J) dJ, (6)

YV x < xo; x,z0 € [a,b].

For more on fractional calculus related to this work see [2], [4] and [7].
We consider here the sigmoidal function of logarithmic type

1
=—, eR.
s (z) Tree ©
It has the properties lim s(z) =1and lim s(z) =0.
r——+00 r——00

This function plays the role of an activation function in the hidden layer of
neural networks.
As in [12], we consider

%(5($+1)—8($—1))7 z eR. (7)

We notice the following properties:

D (z) :=

i) ®(z) >0, Yz eR,

i) Yoo P(x—k)=1, VzeR,

IZ @

® is a density function,

iv

i) @
i)
iii) Zk__oo (nx—k)=1, VeeR;neN,
)
v)
vi)

®is even: & (—z) =@ (x), = >0.
We see that ([12])

e —1 e *
@)= ( 2 ) T+ e ) (1 +e) ®)

(62e2 1) (I14+e*—1) 11 +e@1)’

vii) By [12] ® is decreasing on R, and increasing on R_.

viii) By [11] for n € N, 0 < 8 < 1, we get

2 _ 1 B B
3 ® (nw — k) < (e 5 )e_”(l 7 = 3.1992¢ "7,

9)
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Denote by |-] the integral part of a number. Consider x € [a,b] C R and
n € N such that [na] < |nb|.

ix) By [11] it holds

1 1
< = 5.250312578, V x € [a, b] . (10)
S g ®ma—k) 1)

x) By [11] it holds nh—{lgo Z,Eib[Jna] ® (nz — k) # 1, for at least some z € [a, b].

Let f € C([a,b]) and n € N such that [na] < |nb].
We study further (see also [11]) the quasi-interpolation positive linear neural
network operator

ZII;Hana‘\ (k) ® (n:z: - k)
ZlEanrza] (nx B k)

Gn (f,7) == € [a,0]. (11)

For large enough n we always obtain [na] < |nb]. Also a < £ < b, iff [na] <
k < |nb].
We also consider here the hyperbolic tangent function tanhz, x € R :
et —e™* e — 1

tanhx := = .
anh et 4 e e2w+1

It has the properties tanh0 = 0, —1 < tanhz < 1, V = € R, and tanh (—z) =
—tanhx. Furthermore tanhax — 1 as * — oo, and tanhxz — —1, as x — —00,
cosh2 > 0.
This function plays also the role of an activation function in the hidden layer

and it is strictly increasing on R. Furthermore it holds % tanhx =

of neural networks.
We further consider

U (x):= i (tanh (z + 1) — tanh (x — 1)) >0, VzeR. (12)

We easily see that¥ (—z) = ¥ (z), that is ¥ is even on R. Obviously ¥ is
differentiable, thus continuous.
Here we follow [8]

Proposition 9 VU (z) for x > 0 is strictly decreasing.

Obviously W () is strictly increasing for z < 0. Also it holds lim W (z) =
0= lim ¥ (z).

Tr—00

Infact ¥ has the bell shape with horizontal asymptote the z-axis. So the
maximum of ¥ is at zero, ¥ (0) = 0.3809297.
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Theorem 10 We have that > oo U (z—i)=1, Vz €R.

Thus -
> Wna-i)=1, VneN VzeR
Furthermore we get:

Since ¥ is even it holds )
Hence 0

e JV(i—z)=1, VzeR
VU(i+z)=1 VzeR and Y ;o P(z+i)=1, VzeR.

1=—0Q 1=—00

Theorem 11 It holds [*_ W (z)dz = 1.

So ¥ (z) is a density function on R.

Theorem 12 Let 0 < 8 <1 and n € N. It holds

Z U (nx—k) <et- e (13)

Theorem 13 Let = € [a,b] C R and n € N so that [na] < |nb]. It holds

1
< 4.1488766 = (14)
nb
S ¥ (na — k) v (1)
Also by [8], we obtain
]
nh_)n;@ Z U (nx —k) #1, (15)

k=[na]
for at least some z € [a, b].
Definition 14 Let f € C ([a,b]) and n € N such that [na] < [nb].

We further study, as in [8], the quasi-interpolation positive linear neural
network operator

ZIE:nb[Jna] <k> v (nm - k)
Zl\;anna] (TLZIJ - k)

E, (f,x):= € [a,b]. (16)

We find here fractional Voronovskaya type asymptotic expansions for G,, (f, z)
and F, (f,z), z € [a,b].

For related work on neural networks also see [1], [6], [9] and [10]. For neural
networks in general see [16], [17] and [18].
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2 Main Results

We present our first main result

Theorem 15 Let a > 0, N € N, N = [a], f € ACY ([a,b]), 0 < B < 1,
x € [a,b], n € N large enough. Assume that HDg‘_fHoo fa.x]’ 1D%e fll oo fzp) < M,

M > 0. Then
Gt - 1@ = 3 P00, () @ vo (g ) a7

where 0 < € < a..
If N =1, the sum in (17) collapses.
The last (17) implies that

N—lf

nfCD NG ()= f@) =)

j=1

) (g .
j!( \a, ((~f:c)]) @)| =0,  (18)
asn — 00, 0<e<La.
When N =1, or f9) (z) =0, j =1,...,N — 1, then we derive that
nfO= (G, (f,2) — f ()] = 0
1

asn — 00, 0 < e < a. Of great interest is the case of a = 3.

Proof. From [13], p. 54; (5), we get by the left Caputo fractional Taylor
formula that

f (5) B :VZ_:_: f(j;!(x) <§ ‘m>j + F(la)/: <z - J)a_lDfx (J)dJ, (19)
v <

Also from [3]; (6), using the right Caputo fractional Taylor formula we get
N

/ <z) = f”;!(w) <z _z>j + r(la)/: <J— fL)a_lD;‘_f(J)dJ, (20)

foralla < £ < z.

n —

We call

Hence we have

f(%)‘ﬁ(mc—k) = f9(z)®(nz—k) [k J
V(@) ~ ( ) + (22)
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fE) Pz k) S fD@@ma—k) (kY
Ve & A V@ () o
®(nz—k) [* KN
Vi J, (1n)  peow
for all a < & <z, iff [na] <k < |nz].
We have that [nz] < |nz| + 1.
Therefore it holds
Lnb] E N=1 . [nb] k J
f(E)®(nx—k) 9 (z) ® (nz — k) (£ —2)
2 ( =L o V() *
k=|nz|+1 j=0 k=|nz|+1
(24)

k

1 Z}Enbﬂnﬂ_i_l (na? - k‘) n [k a—1 .

ol e\ ee—k) N0 @@) Y eme—k) (k)
2 f(n) R S S o) (n”) + &)

k=[na] k=[na]
[nx] a—1
1 Sz —k) [* (J - k) D_f(J)dJ
I'(a) (k_z[n:(ﬂ V (z) /c n oS () '

Adding the last two equalities (24) and (25) we obtain

G (f.2) LZbe()()"")z (26)

k=[na]
N1 (@) & dme—k) [k j
2 5! 2 Ve \n °) 7
7=0 k=[na|

L]

e )1 o Z ® (nx — k) / (J—i)alpgf(J)dJJr

k=[na] n

|nb] k

> wme-n [ (fL - J)al (D2, £ () dJ} .

k=|nz|+1
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So we have derived

N=Loe(j)
T(z):=Gn(f,z)— f(z) - Z ! J!

J=1

e, (-o) @ =@, @)

where

0 () ::I‘(a)lV(x){ anj @(nx—k;)/; <J—fl)a_1Dgf(J>dJ

k=[na] n

[nb] k k a—1
+ > @(nx—k)/x (n—J> D f(J)dJ y. (28)
k=|nz|+1
We set
[naz] a—1
X 1 Ek:[mﬂ ® (nx—k) = k
= - = D¢ 2
and
Lan k a—1
. 1 Zk:[nw]+1 Q(nx—k) [k
ES - — Dg,
ie.
0y, (x) = 01, (x) + 03, () - (31)
We assume b — a > n%, 0 < B < 1, which is always the case for large enough
n € N, that is when n > [(b - a)_ﬂ . It is always true that either |% —z| <
or |k —a > 1.
For k = [na]l, ..., |[nx], we consider
T If a—1
= | [ (1-2) e o) < (32)
k
x ]{) a—1
/ (J ) DS f(J)]dJ
E n
< DO( ('T B %)a < Da (‘r B a)a 33
- || m_'fHOO,[(L,(L'] a — H x—fHoo,[a,w] o ’ ( )
That is ( o
o T—a
< 1Dy B ()

for k = [na], ..., [nz].



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 143

Also we have in case of ‘% — x| < n% that

T k a—1
s [[(7-5) oz slas (35)
— H w*fHoo,[a,z] a - H I*fHoo,[a,m] neBa’
So that, when (x — %) < n%, we get
o 1
Y1k = ||D:c—f||oo,[a,x] anab (36)
Therefore
103, (2)] < — S e ® (0w — k) 1
in =7 (Oé) v (33) Y1k - T (Oé)
|nz] |nz ]
P —k P —k
:5—:13|§% :E—x|>%
) ® (nz — k
1 : |5 — x’ <L 1
< n T DOL
T V) 192 o 001 e+
1 Lnz) N (z —a)®* | by (9), (10))
V (z) Z ® (nx — k) HDw—fHoo,[a,x] o <
k= [na]
x>
(37)
Dz £]] 1 i
z oo,lax] ) 1 —n(1=8) RPRYC’
TTlarl) (@+1) {n"ﬁ + (5.250312578) (3.1992) e (x —a) } .
Therefore we proved
HDg—fHoo a,x 1 (1-p5) a
0%, ()| < P(Tf)] {naﬁ +(16.7968) ™" " (z — a) } . (38)
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But for large enough n € N we get

0%, (2)] < 212l et ”
In =T (Ol T 1) naﬁ .

Similarly we have

k
n

= <
Yk n >

a—1
(k - J) DO f(J)dJ

/

% k a—1
[ (E-a) ipmsoar <

E-a) (b—=)
That is (b o
o —x
Y2k < ||D*szoo,[m,b] T’ (41)
for k = [nz| +1,..., [nb].
Also we have in case of ]% — a:| < n% that
||Dgxf||oo x,b
Yok < 70[”0‘[3/[ L3 (42)
Consequently it holds
b
05, (2)] < — Cil e 22— k)
2n =T (Oé) v (Z‘) Yok -
sobnb) ® (nz — k)
{ k=|nz|+1
1 : ’% - $| < niﬁ ||D?xf||oo,[x,b]+
I () V (z) an?
[nb] o
1 o (b—2x)
e S ) I ey
k=|nz]+1
|k —af > &
1D fll oo [,b] 1 1-
— = —— 4+ (16.7968) e " b—x)" 4. 43
o L o0 (00" (43)

10
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That is

{niﬁ +(16.7968) e (b — x)“} L (49

But for large enough n € N we get

0 Z s Roo e b] 4
|2n(x)‘— F(a—i—l)naﬁ (5)
Since || Dg_ f|| NP f o ) < M, M >0, we derive
(by (39), (45)) AM
0 < |07 03 < _ 4
05, @) <165, @+ 105 @] S p e (6)
That is for large enough n € N we get
4M 1
= |9* < | ——" i
7@ =16 @) = (i) (57 (a7)
resulting to
1
7@ =0 ). (48)
and
T (z)] =0(1). (49)
And, letting 0 < € < «, we derive
|T (z)] ( 4M )( 1 )
< — | =0, (50)
(=) [(a+1)) \nfe
as n — oo.
Le. )
@l =o( s ) (51)

proving the claim. m
We present our second main result

Theorem 16 Let a > 0, N € N, N = [a], f € ACY ([a,b]), 0 < B < 1,
x € [a,b], n € N large enough. Assume that HDg‘_fHoo (2]’ 1D%e fll oo jzp) < M,
M > 0. Then

,_.

F, (fa =

Jj=1

where 0 < e < a.
If N =1, the sum in (52) collapses.

11
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The last (52) implies that

N-1

nf =N B, (foe) = f(z) =

Jj=1

f

“;fm) Fo(C=aY) @] =0, (53)

asn — 00, 0<e<a.
When N =1, or fU) () =0, j =1,..., N — 1, then we derive that
n?CE, (f,z) — f(x)] = 0

asn — 00, 0 <e < a. Of great interest is the case of @ = %

Proof. Similar to Theorem 15, using (13) and (14). m
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Here we introduce the multivariate normalized bell and squashing type
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1 Background

In [6] the authors presented for the fist time approximation of functions by spe-
cific completely described neural network operators. However their approach
was only qualitative. The author in [1], [2] continued the work of [6] by pre-
senting for the first time quantitative approximation by determining the rate
of convergence and involving the modulus of continuity of the function under
approximation. In this work we engage very flexible neural network operators
for the first time that derive by normalization of operators of [6], so we are able
to produce asymptotic expansions of Voronovkaya type regarding the approxi-
mation of these operators to the unit operator.

We use the following (see [6]).

Definition 1 A function b : R — R is said to be bell-shaped if b belongs to L'
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
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on [a,4+00), where a belongs to R. In particular b(x) is a nonnegative number
and at a, b takes a global mazximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero.

Definition 2 (see [6]) A function b : R — R (d > 1) is said to be a d-
dimensional bell-shaped function if it is integrable and its integral is not zero,
and for alli=1,...,d,

t—b(x1, sty .y Tq)

is a centered bell-shaped function, where T := (z1,...,x4) € R? arbitrary.

Example 3 (from [6]) Let b be a centered bell-shaped function over R, then
(1, .y xq) = b(x1) ... (xq) is a d-dimensional bell-shaped function.

Assumption 4 Here b(T) is of compact support B := Hle -1, T, T; >0
and it may have jump discontinuities there.

Let f € C (R?).
In this article we find a multivariate Voronovskaya type asymptotic expan-
sion for the multivariate normalized bell type neural network operators,

M, (f) (T) =

St o Mo f (B B b (01 (g = Bt (g — )
Zf:—nQ "'ZZj:—nZ b (nliﬁ (ml - %) 7"‘7n176 (md - %))

where 0 < 8 < 1 and 7 := (z1,...,24) € R? n € N. Clearly M, is a positive
linear operator.
The terms in the ratio of multiple sums (1) can be nonzero iff simultaneously

, (1)

ki ‘
nt=ph <x1—>‘ <T; ali=1,..4d
n

L alli=1,...d, iff

ie., |z,~ — %’ <3

nz; — Tin® <k <nz; + Tin’, ali=1,..,d. (2)
To have the order
—n? < nz; — Tin® <k, <nz; + Tn® <n?, (3)
we need n > T; + |z;], all = 1,...,d. So (3) is true when we consider

> T; + |ai]) - 1
nz, max (Tt |z)) (4)
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When 7 € B in order to have (3) it is enough to suppose that n > 27, where
T* := max{Th,...,Ty} > 0. Take

I = [nzimeﬁ,n:Ei+Tmﬁ], 1=1,...,d, neN.

The length of I, is 2T;nP. By Proposition 2.1, p. 61 of [3], we obtain that the
cardinality of k; € Z that belong to I = = card (k;) > max (2T nf —1 0) any
1

i € {1,...,d}. In order to have card(ki) > 1 weneed 2T;n° —1>1iffn > T, 7,
any i € {1,...,d}.

Therefore, a sufficient condition for causing the order (3) along with the
interval fz to contain at least one integer for all i = 1,...,d is that

n > max {Ti+|xi|,Ti_é}. (5)
ie{l,...,d}

Clearly as n — +o0 we get that card (k;) — +o0, alli =1, ...,d. Also notice that
card (k;) equals to the cardinality of integers in ”nzl — Tmﬁ] , [n:cl + Tmﬁ]]
foralli=1,...,d.

Here we denote by [-] the ceiling of the number, and by [-] we denote the
integral part.

From now on in this article we assume (5). Therefore

(M (f)(Z) = (6)
nx Tin nx Tan
S E (B ) b (01 (01— ) ! (g — )
nr TLg nr TLi
ZLJ&Q [Tlnm D e [Tdnm b(nt=F (z1 — ) nt=F (zg — 22))

all 7 = (z1,...,zq) € R
In brief we write

=[nz-T
(My (f) (%) = —= ; (7)
Z:[nz+Tnf’] b(n1—5 (7_£>)
= "n?f?nﬁ] n
all 7 e R%.
Denote by |||, the maximum norm on R, d > 1. So if [n*=# (z; — %) <
T;, all i = 1,...,d, we find that
k T*
T -—| < peewry (8)
o0

N
where &k = (k1,....kq) .
We also need
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Definition 5 Let the nonnegative function S : R* - R, d > 1, S has compact
support B := H?:l [-T;, T3], T; > 0 and is nondecreasing for each coordinate.
S can be continuous only on either H?Zl(—oo,Ti] or B and can have jump
discontinuities. We call S the multivariate ”squashing function” (see also [6]).

Example 6 Let S as above when d = 1. Then
S(Z) =8 (x1)..8 (xq), @ :=(21,...,2q4) € RY,
18 a multivariate ”squashing function”.

Let feC (Rd) .
For 7 € R? we define also the "multivariate normalized squashing type
neural network operators”,

L (f) (?) =

Szt + Siam e f (30 5) 8§ (1177 (21 = B) o™ (2= &)
Zklz—nz' de——n2s(n1 B( k) nl B(xd_kid))

9)

We also here find a multivariate Voronovskaya type asymptotic expansion for

(La () (7).

Here again 0 < f <1and n € N:

1
n > max {Ti+|xi|,Ti E},
i€{1,...,d}

and L, is a positive linear operator. It is clear that

For related articles on neural networks approximation, see [1], [2], [3] and [5].
For neural networks in general, see [7], [8] and [9].
Next we follow [4], pp. 284-286.

About Multivariate Taylor formula and estimates.

Let R d > 2; 2 := (21,...,24), To = (To1,...,70q) € R?. We consider
the space of functions ACN (Rd) with f : R? — R be such that all partial
derivatives of order (N — 1) are coordinatewise absolutely continuous functions
on compacta, N € N. Also f € CV~1 (R?). Each N'" order partial derivative



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 152

is denoted by f, := 9% where a = (a1, ..yaq), a; € ZT, i =1,...,d and

Oxe)

la] == ijl a; = N. Counsider g, (t) := f (xg +t (2 — zp)), t > 0. Then
d 5 J
g (1) = (; (2i — woi) &vz) f| (@o1 +t (21 = x01) s s Toa +t (25 — Toa)) ,
(11)
for all j =0,1,2,...,N.
Example 7 Let d = N =2. Then
g- (t) = f(wo1 +t (21 — o1) ,To2 + 1 (22 — w02)), tER,

and

9. (0) = (51— 200) 5. (0 + 1 (= = 20) + (22 = 72) i (o + (2 = 20).

T 0o
(12)
Setting
(*) = (zo1 +t (21 — wo1) , W2 + t (22 — T02)) = (w0 +t (2 — 20)),
we get
2 0f? af?
gz (t) = (21 — z01) pre () + (21 = 201) (22 — w00) 5 =5 (+) +
af? 2 0f?
(21 — l‘m) (2’2 — 1‘02) m (*) + (22 — .’IJOQ) ({971'% (*) . (13)
Similarly, we have the general case of d, N € N for ggN) (t).
We mention the following multivariate Taylor theorem.
Theorem 8 Under the above assumptions we have
N—1 (5)
27 (0
Flamz) =g (1) =3 2 ,,( ) 4 Ry (2,0), (14)
— !
J
where
1 th tn—1
Ry (2,0) := / (/ (/ g™ (ty) dtN> ) dty, (15)
0 0 0
or )
1 N-1 (N)
= 1-— 1
Ry (20) = gy [ 0=0" o 0)ao (16)

Notice that g, (0) = f (xo) .
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‘We make

Remark 9 Assume here that
| fall 2%y o= max ||fall s pa < 0.
al|=N

Then

d P N
ggN) HOO’[O’I] — (Z (21 — ZL'OZ') 8.]3) f ((EO —+ t (Z — xo)) S (17)

T [
=t 0,[0,1]

; N
(Z |zi — $0i|> Hfoz”?o?]l)éd,N )

that s

N max
90| oy < (12 =20l a2 < o0 (18)

Hence we get by (16) that

(V)
92l o]
BN (2 0)] € ——F7— (19)
And it holds N
R 0| < (HZ_:EUHll) max 20
| N <Z7 )| = N HfOlHoo,Rd,N’ ( )

Y 2,20 € R,
Inequality (20) will be an important tool in proving our main results.

2 Main Results

We present our first main result.

Theorem 10 Let f € ACY (R?), d e N~ {1}, N € N, with || foll ' ga y < 00

.....

Then

N-1 (7 d @ — 1
3 Z(l_f[d()'>Mn<H('_$i) x) +0(n<Ne><1ﬁ>>’ 2

i=1 \Jal=j \Lli=1 %%

where 0 < e < N.
If N =1, the sum in (21) collapses.
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The last (21) implies that

nWN =SB (M, (F) (7)) — £(T) - (22)
= fa (T) .
(50 (&) an (T 7)) | =0 wsno
J=1 |oz\:j =1 """ =1
0<e<N.

When N =1, or fo (¥) =0, alla:|a| =5 =1,... N — 1, then we derive
nN=OO=A (M, (1) (F) = £ (7)) — 0,
asn — 00,0 <e<N.

Proof. Put

Then

<§; (I:—xi> ai)jf (x1+t<12—x1> ,...,a:d+t(]:j—xd>>, (23)

and g (0) = f

&l

). By Taylor’s formula (14), (16) we obtain

where
kgy_ 1 ' ~1 (V)
Ry <n0> = m/0 (1—0)" g8 (0) ap. (25)

More precisely we can rewrite

i —
) A ||(—xi> )fa<x>+RN<,0>,
=1 q:=(a1,...,aq), i €Z", H;104i! i=1 n n

J
i=1,..,d, |a|:=2% | a;=j
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i=1,...d, la}:=7_, ;=N

By (20) we get

_ N
k —
? < n * ll> max
RN ;u 0 S NI ||faHoo,]Rd,N . (28)
So, since here it holds
N
-k T*
Tl S
then
% dT*
N
r — g S n17[37
It
and R
k dNT*N max
Ry <n’0>| < TNO NI [ falloora, N » (29)
for all ? €3 |nT — ?nﬁ—‘ s {n? + ?nﬁ} }
Call
[n?Jr?nﬁ]

that by (29) N
by (29 dNT* max
U, (& S CNAAN [ falloo e, v - (32)
That is )
02 (@)1 =0 (55 ) (33
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and
Un (T =0(1). (34)

And, letting 0 < ¢ < N, we derive

|Un (?)‘ < dNT*N Hfa”g::n);de 1 -0 (35)
(m) B N! ne(1=p) ’
as n — 00.
Le. X
0. ()1 =0 (s ) (36)
By (26) we get
[n?—i—?nﬁ] E» 1 —
LA B (7 _ k
v (?) —f(7) =
N—1 () N
2 o (37)
i=1 Q4

The last says

% (2 () e (fTe-wm7)) - o

=1 \|a|=j [Timy @i
The proof of the theorem is complete. =
We present our second main result
Theorem 11 Let f € ACYN (R?), d e N— {1}, N € N, with ||fa| gy < 0©.
1
Heren > max {Ti+|mi|,Ti ﬁ}, where @ € R4, 0< <1, neN, T; > 0.

ie{l,...,d}
Then
(Lo () (%) = f(7) =

N-1 (7 d o 1
> (i) o (e 7)) o (i) 0

i=1 Q- i=1

J=1 \lal=j

where 0 < ¢ < N.



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 157

If N =1, the sum in (39) collapses.
The last (39) implies that

n N (L, (1) (F) = £ (T) — (40)
N-—1 —
Z ('ﬂ;(l‘)> Ly, <H ( - xi)ai 7?> - 07 as n — oo,
|

i=1 \|a|=j [Ty @i i=1
0<e<N.

When N =1, or fo (Z) =0, all a: |a| =j =1,.., N — 1, then we derive
that

asn — 00,0 <e<N.

Proof. As similar to Theorem 10 is omitted. m
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1 Background

We need

Definition 1 Let f : R - R, v > 0, n = [v] ([-] is the ceiling of the num-
ber), such that f € AC™ ([a,b]) (space of functions f with f~Y € AC ([a,b]),
absolutely continuous functions), ¥ [a,b] C R. We call left Caputo fractional
derivative (see [8], pp. 49-52) the function

D4t @) = oy | a0 O

V & > a, where T is the gamma function T (v) = [;° e~'t*~dt, v > 0. Notice
DY f € Ly ([a,b]) and DY, f exists a.e.on [a,b], ¥V b > a.
We set DY, f (x) = f (z), ¥V x € [a,+00).
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We also need

Definition 2 (see also [2], [9], [10]). Let f : R — R, such that f € AC™ ([a,b]),
Y [a,b] C R, m = [a], a > 0. The right Caputo fractional derivative of order
a > 0 is given by

_1\™ b
Dy f @) = gt [ =0 e (), @)

Vo <b Weset D) f(z)=f(z),Vz€e (—o0,bl. Notice that D' f € Ly ([a,b])
and D' f exists a.e.on [a,b], V a <b.

We mention the left Caputo fractional Taylor formula with integral remain-
der.

Theorem 3 ([8], p. 54) Let f € AC™ ([a,b]), V [a,b] C R, m = [a], a > 0.
Then

x

—z0) + ﬁ/ (z =)' D2, f(J)d,  (3)

0

m—1 f(k)
k=0
Vx> x.
Also we mention the right Caputo fractional Taylor formula.

Theorem 4 (/2]) Let f € AC™ ([a,b]), V [a,b] CR, m = [a], a > 0. Then

_ f() — k L o —$a71 «
(@) z @=a) + g7 [ =0T D5 ) @)

V<.
Convention 5 We assume that

D¢, f(x)=0, forz< x,

*To

and
Dz, _f(x) =0, for x > xo,

for all x,xzy € R.
We mention

Proposition 6 (by [3]) i) Let f € C™"(R), where n = [v], v > 0. Then
DY, f (x) is continuous in z € [a, c0).

it) Let f € C™(R), m = [a], o > 0. Then D§ f(x) is continuous in
z € (—00,b].
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‘We also mention

Theorem 7 ([5]) Let f € C™ (R), f(™ € Lo, (R), m = [a], a >0, a ¢ N,
z,29 € R. Then D%, f (), DS, _f (z) are jointly continuous in (x,xq) from R?
wnto R.

For more see [4], [6].
We need the following (see [7]).

Definition 8 A function b : R — R is said to be bell-shaped if b belongs to L'
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
on [a,+00), where a belongs to R. In particular b (z) is a nonnegative number
and at a b takes a global mazimum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b(x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [-T,T], T > 0.

Example 9 (1) b(x) can be the characteristic function over [—1,1].
(2) b(x) can be the hat function over [—1,1], i.e.,
l+z, —1<z<0,
b(z)=¢1—z, 0<z<1
0, elsewhere.
Here we consider functions f € C (R).

We study the following "normalized bell type neural network operators” (see
also related [1], [7])

S (b - b))

i b (01 (2 = 1))

(Hy (f)) () : ; ()
where 0 < a<land x € R, n € N.
We find a fractional Voronovskaya type asymptotic expansion for H,, (f) (x).
The terms in H,, (f) (z) are nonzero iff

k k T
nl—® (m—)‘ <7, ie |v——|<—F—
n n nt—o
iff
nr —Tn® <k <nz+Tn (6)
In order to have the desired order of numbers
—n? <nx—Tn* <nz+Tn* <n?, (7)
it is sufficient enough to assume that
n>T+ |z (8)

When z € [-T,T] it is enough to assume n > 2T which implies (7).
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Proposition 10 (see [1]) Let a < b, a,b € R. Let card(k) (> 0) be the
mazximum number of integers contained in [a,b]. Then

max (0,(b—a)—1) <card(k) < (b—a)+1. (9)

Remark 11 We would like to establish a lower bound on card (k) over the
interval [nx — Tn®, nx + Tn®]. From Proposition 10 we get that

card (k) > max (2Tn® — 1,0) .
We obtain card (k) > 1, if
2Tn® —1>1 iffn>T =.

So to have the desired order (7) and card (k) > 1 over [nx —Tn®, nx + Tn®|,
we need to consider
n > max (T+|x|,T‘é). (10)

Also notice that card (k) — 400, as n — +o0.
Denote by [-] the integral part of a number.
Remark 12 Clearly we have that
nr —Tn® <nzx < nzx +Tn". (11)
We prove in general that
nx —Tn® < [nz] < nz < [nx] < nz+ Tn. (12)

Indeed we have that, if [nx] < nx — Tn®, then [nz] + Tn® < nz, and [nx] +
[Tn®] < [nx], resulting into [Tn®] = 0, which for large enough n is not true.
Therefore nx — Tn® < [nz]. Similarly, if [nx] > nx + Tn®, then nx + Tn® >
nz + [Tn%), and [nz] — [Tn®] > nz, thus [nx] — [Tn®] > [nz], resulting into
[Tn®] = 0, which again for large enough n is not true.

Therefore without loss of generality we may assume that

nx —Tn® < [nz] < nz < [nx] < nz+ Tn. (13)

Hence [nx —Tn®| < [nz] and [nz] < [nx + Tn®]. Also if [nz] # [nz], then
[nz] = [nz] + 1. If [nz] = [nz], then nz € Z; and by assuming n > T~ =, we
get Tn® > 1 and nx + Tn® > nx + 1, so that [nx +Tn®] > nx + 1 = [nx] + 1.

We need also

Definition 13 Let the nonnegative function S : R — R, S has compact support
[-T,T], T > 0, and is nondecreasing there and it can be continuous only on
either (—oo,T] or [-T,T], S can have jump discontinuites. We call S the
"squashing function”, see [1], [7].
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Let f € C(R). For € R we define the following "normalized squashing
type neural network operators” (see also related [1])

S £ (5) S (1 (= £))

(Kn (f)) () == — ; (14)
k=—n2 S (nlia (LE - %))
0<a<1andnEN:anax(T+|z|,T*5>.
It is clear that
na:+Tn —a (g k

Zgﬁﬁiﬁm 5 (nl*“ (@=%))

We find a fractional Voronovskaya type asymptotic expansion for (K, (f)) (z).

2 Main Results

We present our first main result.

Theorem 14 Let 3 > 0, N € N, N = [3], f € ACN ([a,b]), V [a.b] C R
m‘thHDfO,fH , ’ <M, M>0 20 €R LetT>0,neN:n>

*T0

max (T + |zo] ,T_%) Then

N=L4(5) (o A
(o (1) )~ £ o) = 3 E (1= 20)) ) 0 (s )

=
(16)
where 0 < e < .
If N =1, the sum in (16) disappears.
The last (16) implies that

(1-a)(8—2) B = 9 (20) Y
n (Hi (1)) (o) = f (o) = 3 =7 Ho (= 20)’) (o) | = 0.

j=1
asn — 00, 0<e<g.
When N =1, or f9) (z0) =0, j = 1,...,N — 1, then we derive
n= =D [(H,, (f)) (x0) = f (w0)] — 0
asn — 00, 0 < e < B. Of great interest is the case of § = 5

Proof. From [8], p. 54; (3), we get by the left Caputo fractional Taylor

formula that
k

( ) me = <_m0)j+r(15)/x: (fi—J)ﬂ DL



GEORGE ANASTASSIOU, U. MEMPHIS, USA, ADVANCES IN APPROXIMATION THEORY BY NEURAL NETWORKS 163

for all 29 < & < zo+Tn* 1, iff [nag] < k < [nag + Tn], where k € Z.
Also from [2]; (4), using the right Caputo fractional Taylor formula we get

r(3) :Ngof”jf%) (i—xo)j+r(16)/:o (v- ﬁ)ﬂ_lDfo F

’ (19)

for all g — Tn*~! [nxo], where k € Z. Notice

<
that [nxo] < [nxo] +
Call

E <o, iff [nwg — Tn®] < k <
1.

[nzo+Tn"]

T S (S )}

Hence we have

2

Y (o= ) A ) (1, )00 o= 5)
V (z0) ' 0

|
i It

I
=)

k

b (n‘i_(zo()x]: (_g)fb)) /x (fL _ J) o DS, f(J)dJ,

0

Therefore we obtain

Spet L (E) b (e (20 — £))
V (o)

[n@xo+Tn] J —a
Nlﬂﬂ ( et (5 = 20)” b (0 <m—sn)+ )

= V (20)

[nzo+Tn"] k

bt (o B)) fE kN
k—[nzg;o].H V(xO)F(6> /$ (n J> D*’tof(t]) dJa

0

and

Sy £ (B) D (01 (00— £))
V (20)
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N—-1 nxo] E 7 1—a &
f9) xo) Zk [nao— Tnﬂ( VZS;[)))b(n (zo n))+ o)
7=0
Ek"iﬁizo-wbw—a (0= 5)) fmo/ K\,
V (z0) T (B) A (J n) Dy f(J)dJ.

n

‘We notice here that

Shee f(B)b (0 (e~ £))

(Hn (f)) (2) :=
St e b (n1 (2 = )

(24)

“(z-7))

_ ng;znlln“'\ f (%) b (n17

Z n:erTnO‘

k=[nxz— Tn”]

Adding the two equalities (22), (2

, VxeR.

b (= (2= )

3) and rewriting it, we obtain

N=L4() (o _
T (20) 1= (H, () (w0) - > EE i, (= 0)) 20) = 6 (o0).
- (25)
where
nxo] nlfoz T _k Zo B—1
0* (o) = Zk [nwo— Tn‘ﬂb( ( 0 n))/ <J_fl> Dgoff(J)dJ

V (x0) T (B)

o+ Tne] . Yy Rk o1
’ k= [%E]H b( 14 (wo(;c; (ﬁ)n)) /zo (712 - J) Dfxof (N (26)
We observe that
0; 0l < T
[l BN oo N
{ S <n1a (xo . n)) ) (J— n) ‘Dfo_f(J)’ dJ  (27)
k=[nzo—Tne] .

[nzo+Tn"]

V(o) T'(B)

[nzo+Tn"]

>

[nzo] _EB
»> b(nm(%_k))@o ),
n B
k=[nzo—Tn|

b (e (z0- £)) Gl
k=[nzo]+1 " B
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Pt || oo, (" (- 2))) (55)

k=[nzo—Tn|

[nzo+Tn%]

SRTCER)) [0 BT

k=[nzo]+1

So we have proved that

) MT? 1
17 (o)l =163 o)l < (5557 ) (s ) (29)
resulting to
1
7 (a0)| =0 (s ). (30)
and
T (z0)l =0 (1). (31)
And, letting 0 < € < 3, we derive
T (z0)] MT? ( 1 >
(o) ~ T(B+1) \ntm*
as n — 0o.
ILe.
1
[T (w0)| =0 na—a) (=2 |’ (33)

proving the claim. m
Our second main result follows

Theorem 15 Same assumptions as in Theorem 14. Then

(K () (2o }jfm‘“ (c—%f)m@+o(M1jW3@),

(34)
where 0 < e < .
If N =1, the sum in (34) disappears.
The last (34) implies that

e N— 1f(J) l’o ,
n(=06=9) | (K, (f)) (zo (o) — Y (('—960)]) (zo)| — 0,

asn — 00, 0<e<g.
When N =1, or f9) (9) =0, j =1,..., N — 1, then we derive

nt= G (K, () (20) = f (w0)] — 0 (36)
asn — 00, 0 <e < B. Of great interest is the case of f = %

Proof. As in Theorem 14. m
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