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Abstract

Here we present integral inequalities for convex and increasing func-
tions applied to products of functions. As applications we derive a wide
range of fractional inequalities of Hardy type. They involve the left and
right Riemann-Liouville fractional integrals and their generalizations, in
particular the Hadamard fractional integrals. Also inequalities for left and
right Riemann-Liouville, Caputo, Canavati and their generalizations frac-
tional derivatives. These application inequalities are of Lp type, p � 1,
and exponential type, as well as their mixture.
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1 Introduction

We start with some facts about fractional derivatives needed in the sequel, for
more details see, for instance [1], [9].
Let a < b, a; b 2 R. By CN ([a; b]), we denote the space of all functions

on [a; b] which have continuous derivatives up to order N , and AC ([a; b]) is the
space of all absolutely continuous functions on [a; b]. By ACN ([a; b]), we denote
the space of all functions g with g(N�1) 2 AC ([a; b]). For any � 2 R, we denote
by [�] the integral part of � (the integer k satisfying k � � < k + 1), and d�e
is the ceiling of � (minfn 2 N, n � �g). By L1 (a; b), we denote the space of all
functions integrable on the interval (a; b), and by L1 (a; b) the set of all functions
measurable and essentially bounded on (a; b). Clearly, L1 (a; b) � L1 (a; b) :
We start with the de�nition of the Riemann-Liouville fractional integrals,

see [12]. Let [a; b], (�1 < a < b < 1) be a �nite interval on the real axis R.
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The Riemann-Liouville fractional integrals I�a+f and I
�
b�f of order � > 0 are

de�ned by

�
I�a+f

�
(x) =

1

� (�)

Z x

a

f (t) (x� t)��1 dt; (x > a), (1)

�
I�b�f

�
(x) =

1

� (�)

Z b

x

f (t) (t� x)��1 dt; (x < b), (2)

respectively. Here � (�) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals. We mention some properties of
the operators I�a+f and I

�
b�f of order � > 0, see also [13]. The �rst result yields

that the fractional integral operators I�a+f and I
�
b�f are bounded in Lp (a; b),

1 � p � 1, that is

I�a+f

p � K kfkp ,


I�b�f

p � K kfkp ; (3)

where

K =
(b� a)�

�� (�)
: (4)

Inequality (3), that is the result involving the left-sided fractional integral, was
proved by H. G. Hardy in one of his �rst papers, see [10]. He did not write down
the constant, but the calculation of the constant was hidden inside his proof.
Next we follow [11].
Let (
1;�1; �1) and (
2;�2; �2) be measure spaces with positive �-�nite

measures, and let k : 
1 � 
2 ! R be a nonnegative measurable function,
k (x; �) measurable on 
2 and

K (x) =

Z

2

k (x; y) d�2 (y) , x 2 
1: (5)

We suppose that K (x) > 0 a.e. on 
1, and by a weight function (shortly: a
weight), we mean a nonnegative measurable function on the actual set. Let the
measurable functions g : 
1 ! R with the representation

g (x) =

Z

2

k (x; y) f (y) d�2 (y) ; (6)

where f : 
2 ! R is a measurable function.

Theorem 1 ([11]) Let u be a weight function on 
1, k a nonnegative measur-
able function on 
1 � 
2, and K be de�ned on 
1 by (5). Assume that the
function x 7! u (x) k(x;y)K(x) is integrable on 
1 for each �xed y 2 
2. De�ne � on

2 by

� (y) :=

Z

1

u (x)
k (x; y)

K (x)
d�1 (x) <1: (7)
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If � : [0;1)! R is convex and increasing function, then the inequalityZ

1

u (x)�

����� g (x)K (x)

����� d�1 (x) � Z

2

� (y)� (jf (y)j) d�2 (y) (8)

holds for all measurable functions f : 
2 ! R such that:
(i) f;� (jf j) are both k (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) � (y) � (jf j) is �2 -integrable, and for all corresponding functions g given

by (6).

Important assumptions (i) and (ii) are missing from Theorem 2.1. of [11].
In this article we generalize Theorem 1 for products of several functions and

we give wide applications to Fractional Calculus.

2 Main Results

Let (
1;�1; �1) and (
2;�2; �2) be measure spaces with positive �-�nite mea-
sures, and let ki : 
1 � 
2 ! R be nonnegative measurable functions, ki (x; �)
measurable on 
2; and

Ki (x) =

Z

2

ki (x; y) d�2 (y) , for any x 2 
1; (9)

i = 1; :::;m: We assume that Ki (x) > 0 a.e. on 
1, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions gi : 
1 ! R with the representation

gi (x) =

Z

2

ki (x; y) fi (y) d�2 (y) ; (10)

where fi : 
2 ! R are measurable functions, i = 1; :::;m:
Here u stands for a weight function on 
1:
The �rst introductory result is proved for m = 2:

Theorem 2 Assume that the function x 7!
�
u(x)k1(x;y)k2(x;y)

K1(x)K2(x)

�
is integrable on


1, for each y 2 
2. De�ne �2 on 
2 by

�2 (y) :=

Z

1

u (x) k1 (x; y) k2 (x; y)

K1 (x)K2 (x)
d�1 (x) <1: (11)

Here �i : R+ ! R+, i = 1; 2, are convex and increasing functions.
Then Z


1

u (x) �1

����� g1 (x)K1 (x)

������2����� g2 (x)K2 (x)

����� d�1 (x) ��Z

2

�2 (jf2 (y)j) d�2 (y)
��Z


2

�1 (jf1 (y)j)�2 (y) d�2 (y)
�
; (12)
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true for all measurable functions, i = 1; 2, fi : 
2 ! R such that
(i) fi; �i (jfij), are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) �2�1 (jf1j), �2 (jf2j), are both �2 -integrable,
and for all corresponding functions gi given by (10).

Proof. Notice here that �1;�2 are continuous functions. Here we use
Jensen�s inequality, Fubini�s theorem, and that �i are increasing. We haveZ


1

u (x) �1

����� g1 (x)K1 (x)

������2����� g2 (x)K2 (x)

����� d�1 (x) =Z

1

u (x) �1

����� 1

K1 (x)

Z

2

k1 (x; y) f1 (y) d�2 (y)

����� � (13)

�2

����� 1

K2 (x)

Z

2

k2 (x; y) f2 (y) d�2 (y)

����� d�1 (x) �Z

1

u (x) �1

�
1

K1 (x)

Z

2

k1 (x; y) jf1 (y)j d�2 (y)
�
�

�2

�
1

K2 (x)

Z

2

k2 (x; y) jf2 (y)j d�2 (y)
�
d�1 (x) �Z


1

u (x)
1

K1 (x)

�Z

2

k1 (x; y) �1 (jf1 (y)j) d�2 (y)
�
�

1

K2 (x)

�Z

2

k2 (x; y) �2 (jf2 (y)j) d�2 (y)
�
d�1 (x) =

(calling 
1 (x) :=
R

2
k1 (x; y) �1 (jf1 (y)j) d�2 (y))Z


1

Z

2

u (x) 
1 (x)

K1 (x)K2 (x)
k2 (x; y) �2 (jf2 (y)j) d�2 (y) d�1 (x) =Z


2

Z

1

u (x) 
1 (x)

K1 (x)K2 (x)
k2 (x; y) �2 (jf2 (y)j) d�1 (x) d�2 (y) = (14)Z


2

�2 (jf2 (y)j)
�Z


1

u (x) 
1 (x)

K1 (x)K2 (x)
k2 (x; y) d�1 (x)

�
d�2 (y) =Z


2

�2 (jf2 (y)j) ��Z

1

u (x) k2 (x; y)

K1 (x)K2 (x)

�Z

2

k1 (x; y) �1 (jf1 (y)j) d�2 (y)
�
d�1 (x)

�
d�2 (y) =Z


2

�2 (jf2 (y)j) ��Z

1

�Z

2

u (x) k1 (x; y) k2 (x; y)

K1 (x)K2 (x)
�1 (jf1 (y)j) d�2 (y)

�
d�1 (x)

�
d�2 (y) = (15)

4
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�Z

2

�2 (jf2 (y)j) d�2 (y)
�
��Z


1

�Z

2

u (x) k1 (x; y) k2 (x; y)

K1 (x)K2 (x)
�1 (jf1 (y)j) d�2 (y)

�
d�1 (x)

�
=�Z


2

�2 (jf2 (y)j) d�2 (y)
�
��Z


2

�Z

1

u (x) k1 (x; y) k2 (x; y)

K1 (x)K2 (x)
�1 (jf1 (y)j) d�1 (x)

�
d�2 (y)

�
=�Z


2

�2 (jf2 (y)j) d�2 (y)
�
��Z


2

�1 (jf1 (y)j)
�Z


1

u (x) k1 (x; y) k2 (x; y)

K1 (x)K2 (x)
d�1 (x)

�
d�2 (y)

�
= (16)�Z


2

�2 (jf2 (y)j) d�2 (y)
��Z


2

�1 (jf1 (y)j)�2 (y) d�2 (y)
�
;

proving the claim.
When m = 3, the corresponding result follows.

Theorem 3 Assume that the function x 7!
�
u(x)k1(x;y)k2(x;y)k3(x;y)

K1(x)K2(x)K3(x)

�
is inte-

grable on 
1, for each y 2 
2. De�ne �3 on 
2 by

�3 (y) :=

Z

1

u (x) k1 (x; y) k2 (x; y) k3 (x; y)

K1 (x)K2 (x)K3 (x)
d�1 (x) <1: (17)

Here �i : R+ ! R+, i = 1; 2; 3; are convex and increasing functions.
Then Z


1

u (x)

3Y
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) � (18)

 
3Y
i=2

Z

2

�i (jfi (y)j) d�2 (y)
!�Z


2

�1 (jf1 (y)j)�3 (y) d�2 (y)
�
;

true for all measurable functions, i = 1; 2; 3; fi : 
2 ! R such that
(i) fi, �i (jfij), are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1,
(ii) �3�1 (jf1j) ;�2 (jf2j) ;�3 (jf3j), are all �2 -integrable,
and for all corresponding functions gi given by (10).

Proof. Here we use Jensen�s inequality, Fubini�s theorem, and that �i are
increasing. We have Z


1

u (x)
3Y
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) =
5
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Z

1

u (x)
3Y
i=1

�i

����� 1

Ki (x)

Z

2

ki (x; y) fi (y) d�2 (y)

����� d�1 (x) � (19)

Z

1

u (x)
3Y
i=1

�i

�
1

Ki (x)

Z

2

ki (x; y) jfi (y)j d�2 (y)
�
d�1 (x) �

Z

1

u (x)
3Y
i=1

�
1

Ki (x)

Z

2

ki (x; y) �i (jfi (y)j) d�2 (y)
�
d�1 (x) =

Z

1

0BBBB@ u (x)
3Y
i=1

Ki (x)

1CCCCA
 

3Y
i=1

Z

2

ki (x; y) �i (jfi (y)j) d�2 (y)
!
d�1 (x) =

(calling � (x) := u(x)
3Y

i=1

Ki(x)

)

Z

1

� (x)

 
3Y
i=1

Z

2

ki (x; y) �i (jfi (y)j) d�2 (y)
!
d�1 (x) = (20)

Z

1

� (x)

"Z

2

 
2Y
i=1

Z

2

ki (x; y) �i (jfi (y)j) d�2 (y)
!

k3 (x; y) �3 (jf3 (y)j) d�2 (y)] d�1 (x) =Z

1

 Z

2

� (x)

 
2Y
i=1

Z

2

ki (x; y)�i (jfi (y)j) d�2 (y)
!

k3 (x; y) �3 (jf3 (y)j) d�2 (y)) d�1 (x) =Z

2

 Z

1

� (x)

 
2Y
i=1

Z

2

ki (x; y) �i (jfi (y)j) d�2 (y)
!

k3 (x; y) �3 (jf3 (y)j) d�1 (x)) d�2 (y) =Z

2

�3 (jf3 (y)j)
 Z


1

� (x) k3 (x; y)

 
2Y
i=1

Z

2

ki (x; y) �i (jfi (y)j) d�2 (y)
!
(21)

d�1 (x)) d�2 (y) =Z

2

�3 (jf3 (y)j)
�Z


1

� (x) k3 (x; y)

�Z

2

�Z

2

k1 (x; y) �1 (jf1 (y)j) d�2 (y)
�
�

k2 (x; y) �2 (jf2 (y)j) d�2 (y)) d�1 (x)] d�2 (y) =

6
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Z

2

�3 (jf3 (y)j)
�Z


1

�Z

2

� (x) k2 (x; y) k3 (x; y) �2 (jf2 (y)j) � (22)�Z

2

k1 (x; y) �1 (jf1 (y)j) d�2 (y)
�
d�2 (y)

�
d�1 (x)

�
d�2 (y) =�Z


2

�3 (jf3 (y)j) d�2 (y)
��Z


1

�Z

2

� (x) k2 (x; y) k3 (x; y)�2 (jf2 (y)j) ��Z

2

k1 (x; y) �1 (jf1 (y)j) d�2 (y)
�
d�2 (y)

�
d�1 (x)

�
=�Z


2

�3 (jf3 (y)j) d�2 (y)
��Z


2

�Z

1

� (x) k2 (x; y) k3 (x; y) �2 (jf2 (y)j) ��Z

2

k1 (x; y) �1 (jf1 (y)j) d�2 (y)
�
d�1 (x)

�
d�2 (y)

�
= (23)�Z


2

�3 (jf3 (y)j) d�2 (y)
��Z


2

�2 (jf2 (y)j)
�Z


1

� (x) k2 (x; y) k3 (x; y) ��Z

2

k1 (x; y) �1 (jf1 (y)j) d�2 (y)
�
d�1 (x)

�
d�2 (y)

�
=

�Z

2

�3 (jf3 (y)j) d�2 (y)
�"Z


2

�2 (jf2 (y)j)
(Z


1

 Z

2

� (x)
3Y
i=1

ki (x; y) �

�1 (jf1 (y)j) d�2 (y)) d�1 (x)g d�2 (y)] =�Z

2

�3 (jf3 (y)j) d�2 (y)
��Z


2

�2 (jf2 (y)j) d�2 (y)
�
� Z


1

 Z

2

� (x)
3Y
i=1

ki (x; y)�1 (jf1 (y)j) d�2 (y)
!
d�1 (x)

!
= (24) 

3Y
i=2

Z

2

�i (jfi (y)j) d�2 (y)
!
� Z


2

 Z

1

� (x)
3Y
i=1

ki (x; y)�1 (jf1 (y)j) d�1 (x)
!
d�2 (y)

!
= 

3Y
i=2

Z

2

�i (jfi (y)j) d�2 (y)
!
� Z


2

�1 (jf1 (y)j)
 Z


1

� (x)
3Y
i=1

ki (x; y) d�1 (x)

!
d�2 (y)

!
= 

3Y
i=2

Z

2

�i (jfi (y)j) d�2 (y)
!�Z


2

�1 (jf1 (y)j)�3 (y) d�2 (y)
�
; (25)

proving the claim.
For general m 2 N, the following result is valid.

7
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Theorem 4 Assume that the function x 7!

0BBB@
u(x)

mY
i=1

ki(x;y)

mY
i=1

Ki(x)

1CCCA is integrable on


1, for each y 2 
2. De�ne �m on 
2 by

�m (y) :=

Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

Ki (x)

1CCCCA d�1 (x) <1: (26)

Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)

mY
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) � (27)

 
mY
i=2

Z

2

�i (jfi (y)j) d�2 (y)
!�Z


2

�1 (jf1 (y)j)�m (y) d�2 (y)
�
;

true for all measurable functions, i = 1; :::;m; fi : 
2 ! R such that
(i) fi, �i (jfij), are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1,
(ii) �m�1 (jf1j) ;�2 (jf2j) ;�3 (jf3j) ; :::;�m (jfmj), are all �2 -integrable,
and for all corresponding functions gi given by (10).

When k (x; y) = k1 (x; y) = k2 (x; y) = ::: = km (x; y), then K (x) :=
K1 (x) = K2 (x) = ::: = Km (x) : Then from Theorem 4 we get:

Corollary 5 Assume that the function x 7!
�
u(x)km(x;y)
Km(x)

�
is integrable on 
1,

for each y 2 
2. De�ne Um on 
2 by

Um (y) :=

Z

1

�
u (x) km (x; y)

Km (x)

�
d�1 (x) <1: (28)

Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)
mY
i=1

�i

����� gi (x)K (x)

����� d�1 (x) � (29)

 
mY
i=2

Z

2

�i (jfi (y)j) d�2 (y)
!�Z


2

�1 (jf1 (y)j)Um (y) d�2 (y)
�
;

true for all measurable functions, i = 1; :::;m; fi : 
2 ! R such that
(i) fi, �i (jfij), are both k (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1,
(ii) Um�1 (jf1j) ;�2 (jf2j) ;�3 (jf3j) ; :::;�m (jfmj), are all �2 -integrable,
and for all corresponding functions gi given by (10).

8

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

8



When m = 2 from Corollary 5 we obtain

Corollary 6 Assume that the function x 7!
�
u(x)k2(x;y)
K2(x)

�
is integrable on 
1,

for each y 2 
2. De�ne U2 on 
2 by

U2 (y) :=

Z

1

�
u (x) k2 (x; y)

K2 (x)

�
d�1 (x) <1: (30)

Here �1;�2 : R+ ! R+, are convex and increasing functions.
Then Z


1

u (x)�1

�����g1 (x)K (x)

������2�����g2 (x)K (x)

����� d�1 (x) � (31)�Z

2

�2 (jf2 (y)j) d�2 (y)
��Z


2

�1 (jf1 (y)j)U2 (y) d�2 (y)
�
;

true for all measurable functions, f1; f2 : 
2 ! R such that
(i) f1, f2, �1 (jf1j), �2 (jf2j) are all k (x; y) d�2 (y) -integrable, �1 -a.e. in

x 2 
1,
(ii) U2�1 (jf1j) ;�2 (jf2j) ; are both �2 -integrable,
and for all corresponding functions g1; g2 given by (10).

For m 2 N, the following more general result is also valid.

Theorem 7 Let j 2 f1; :::;mg be �xed. Assume that the function x 7!0BBB@
u(x)

mY
i=1

ki(x;y)

mY
i=1

Ki(x)

1CCCA is integrable on 
1, for each y 2 
2. De�ne �m on 
2 by

�m (y) :=

Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

Ki (x)

1CCCCA d�1 (x) <1: (32)

Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then

I :=

Z

1

u (x)
mY
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) � (33)

0B@ mY
i=1
i6=j

Z

2

�i (jfi (y)j) d�2 (y)

1CA�Z

2

�j (jfj (y)j)�m (y) d�2 (y)
�
:= Ij ;

true for all measurable functions, i = 1; :::;m; fi : 
2 ! R such that
(i) fi, �i (jfij), are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1,

9

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

9



(ii) �m�j (jfj j) ; �1 (jf1j) ;�2 (jf2j) ;�3 (jf3j) ; :::; \�j (jfj j); :::;�m (jfmj), are
all �2 -integrable,

and for all corresponding functions gi given by (10). Above \�j (jfj j) means
missing item.

We make

Remark 8 In the notations and assumptions of Theorem 7, replace assumption
(ii) by the assumption,
(iii) �1 (jf1j) ; :::;�m (jfmj) ;�m�1 (jf1j) ; :::; �m�m (jfmj), are all �2 -integrable

functions.
Then, clearly it holds,

I �

mX
j=1

Ij

m
: (34)

An application of Theorem 7 follows.

Theorem 9 Let j 2 f1; :::;mg be �xed. Assume that the function x 7!0BBB@
u(x)

mY
i=1

ki(x;y)

mY
i=1

Ki(x)

1CCCA is integrable on 
1, for each y 2 
2. De�ne �m on 
2 by

�m (y) :=

Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

Ki (x)

1CCCCA d�1 (x) <1: (35)

Then Z

1

u (x) e

mX
i=1

��� gi(x)Ki(x)

���
d�1 (x) � (36)0B@ mY

i=1
i6=j

Z

2

ejfi(y)jd�2 (y)

1CA�Z

2

ejfj(y)j�m (y) d�2 (y)

�
;

true for all measurable functions, i = 1; :::;m; fi : 
2 ! R such that
(i) fi, ejfij, are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1,
(ii) �mejfj j; ejf1j; ejf2j; ejf3j; :::;dejfj j; :::; ejfmj, are all �2 -integrable,
and for all corresponding functions gi given by (10). Above dejfj j means absent

item.
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Another application of Theorem 7 follows.

Theorem 10 Let j 2 f1; :::;mg be �xed, � � 1. Assume that the function

x 7!

0BBB@
u(x)

mY
i=1

ki(x;y)

mY
i=1

Ki(x)

1CCCA is integrable on 
1, for each y 2 
2. De�ne �m on 
2

by

�m (y) :=

Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

Ki (x)

1CCCCA d�1 (x) <1: (37)

Then Z

1

u (x)

 
mY
i=1

���� gi (x)Ki (x)

�����
!
d�1 (x) � (38)

0B@ mY
i=1
i6=j

Z

2

jfi (y)j� d�2 (y)

1CA�Z

2

jfj (y)j� �m (y) d�2 (y)
�
;

true for all measurable functions, i = 1; :::;m; fi : 
2 ! R such that
(i) jfij�is ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1,
(ii) �m jfj j� ; jf1j� ; jf2j� ; jf3j� ; :::; djfj j�; :::; jfmj�, are all �2 -integrable,
and for all corresponding functions gi given by (10). Above djfj j� means

absent item.

We make

Remark 11 Let fi be Lebesgue measurable functions from (a; b) into R, such
that

�
I�ia+ (jfij)

�
(x) 2 R, 8 x 2 (a; b), �i > 0, i = 1; :::;m; e.g. when fi 2

L1 (a; b) :

Consider

gi (x) =
�
I�ia+fi

�
(x) ; x 2 (a; b) , i = 1; :::;m; (39)

we remind �
I�ia+fi

�
(x) =

1

� (�i)

Z x

a

(x� t)�i�1 fi (t) dt:

Notice that gi (x) 2 R and it is Lebesgue measurable.
We pick 
1 = 
2 = (a; b), d�1 (x) = dx; d�2 (y) = dy, the Lebesgue measure.
We see that

�
I�ia+f

�
(x) =

Z b

a

�(a;x] (t) (x� t)
�i�1

� (�i)
fi (t) dt; (40)
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INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

11



where � stands for the characteristic function.
So, we pick here

ki (x; t) :=
�(a;x] (t) (x� t)

�i�1

� (�i)
, i = 1; :::;m: (41)

In fact

ki (x; y) =

(
(x�y)�i�1
�(�i)

, a < y � x;
0, x < y < b:

(42)

Clearly it holds

Ki (x) =

Z
(a;b)

�(a;x] (y) (x� y)
�i�1

� (�i)
dy =

(x� a)�i

� (�i + 1)
; (43)

a < x < b, i = 1; :::;m:
Notice that

mY
i=1

ki (x; y)

Ki (x)
=

mY
i=1

 
�(a;x] (y) (x� y)

�i�1

� (�i)
� � (�i + 1)
(x� a)�i

!
=

mY
i=1

 
�(a;x] (y) (x� y)

�i�1 �i

(x� a)�i

!
=

�(a;x] (y) (x� y)

0@ mX
i=1

�i�m

1A mY
i=1

�i

!

(x� a)

0@ mX
i=1

�i

1A :

(44)
Calling

� :=
mX
i=1

�i > 0, 
 :=
mY
i=1

�i > 0, (45)

we have that
mY
i=1

ki (x; y)

Ki (x)
=
�(a;x] (y) (x� y)

��m



(x� a)� : (46)

Therefore, for (32), we get for appropiate weight u that

�m (y) = 


Z b

y

u (x)
(x� y)��m

(x� a)� dx <1; (47)

for all a < y < b:
Let �i : R+ ! R+; i = 1; :::;m; be convex and increasing functions. Then

by (33) we obtainZ b

a

u (x)

mY
i=1

�i

 �����
�
I�ia+fi

�
(x)

(x� a)�i

������ (�i + 1)
!
dx �
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0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA Z b

a

�j (jfj (x)j)�m (x) dx
!
; (48)

with j 2 f1; :::;mg; true for measurable fi with I�ia+ (jfij) �nite (i = 1; :::;m)
and with the properties:
(i) �i (jfij) is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) �m�j (jfj j) ; �1 (jf1j) ;�2 (jf2j) ; :::; \�j (jfj j); :::;�m (jfmj) are all Lebesgue

integrable functions,
where \�j (jfj j) means absent item.
Let now

u (x) = (x� a)� ; x 2 (a; b) : (49)

Then

�m (y) = 


Z b

y

(x� y)��m dx = 
 (b� y)��m+1

��m+ 1 ; (50)

y 2 (a; b), where � > m� 1:
Hence (48) becomesZ b

a

(x� a)�
mY
i=1

�i

 �����
�
I�ia+fi

�
(x)

(x� a)�i

������ (�i + 1)
!
dx �

�



��m+ 1

�0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA Z b

a

(b� x)��m+1�j (jfj (x)j) dx
!
�

(51) 

 (b� a)��m+1

��m+ 1

! 
mY
i=1

Z b

a

�i (jfi (x)j) dx
!
;

where � > m � 1, fi with I�ia+ (jfij) �nite, i = 1; :::;m, under the assumptions
(i), (ii) following (48).
If �i = id, then (51) turns toZ b

a

mY
i=1

���I�ia+fi� (x)�� dx �
0BBBB@ 
 

mY
i=1

� (�i + 1)

!
(��m+ 1)

1CCCCA
0B@ mY
i=1
i6=j

Z b

a

jfi (x)j dx

1CA �
 Z b

a

(b� x)��m+1 jfj (x)j dx
!
�
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0BBBB@ 
 (b� a)��m+1 
mY
i=1

� (�i + 1)

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)j dx
!
; (52)

where � > m�1, fi with I�ia+ (jfij) �nite and fi Lebesgue integrable, i = 1; :::;m.
Next let pi > 1, and �i (x) = xpi , x 2 R+: These �i are convex, increasing

and continuous on R+.
Then, by (48), we get

I1 :=

Z b

a

(x� a)�
mY
i=1

�����
�
I�ia+fi

�
(x)

(x� a)�i

�����
pi

dx �

0BBBB@ 
 
mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
0B@ mY
i=1
i6=j

Z b

a

jfi (x)jpi dx

1CA �
 Z b

a

(b� x)��m+1 jfj (x)jpj dx
!
�

0BBBB@ 
 (b� a)��m+1 
mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
: (53)

Notice that
mX
i=1

�ipi > �, thus � := � �
mX
i=1

�ipi < 0: Since 0 < x � a < b � a

(x 2 (a; b)), then (x� a)� > (b� a)� :
Therefore

I1 :=

Z b

a

(x� a)�
mY
i=1

���I�ia+fi� (x)��pi dx �
(b� a)�

Z b

a

mY
i=1

���I�ia+fi� (x)��pi dx: (54)

Consequently, by (53) and (54), it holdsZ b

a

mY
i=1

���I�ia+fi� (x)��pi dx � (55)
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0BBBB@ 
 (b� a)

0@0@ mX
i=1

�ipi

1A�m+1
1A

 
mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;

where pi > 1, i = 1; ::;m; � > m � 1; true for measurable fi with I�ia+ (jfij)
�nite, with the properties (i = 1; :::;m):
(i) jfijpi is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) jfijpi is Lebesgue integrable on (a; b).
If p = p1 = p2 = ::: = pm > 1, then by (55), we get






mY
i=1

�
I�ia+fi

�





p;(a;b)

� (56)

0BBBB@ 

1
p (b� a)(��

m
p +

1
p ) 

mY
i=1

(� (�i + 1))

!
(��m+ 1)

1
p

1CCCCA
 

mY
i=1

kfikp;(a;b)

!
;

� > m � 1; true for measurable fi with I�ia+ (jfij) �nite, and such that (i =
1; :::;m),
(i) jfijp is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) jfijp is Lebesgue integrable on (a; b).
Using (ii) and if �i > 1

p ; by Hölder�s inequality we derive that I
�i
a+ (jfij) is

�nite on (a; b) : If we set p = 1 to (56) we get (52).
If �i (x) = ex, x 2 R+, then from (51) we get

Z b

a

(x� a)� e

mX
i=1

 ����� (I
�i
a+

fi)(x)
(x�a)�i

������(�i+1)
!
dx �

 

 (b� a)��m+1

��m+ 1

! 
mY
i=1

 Z b

a

ejfi(x)jdx

!!
; (57)

where � > m� 1; fi with I�ia+ (jfij) �nite, i = 1; :::;m, under the assumptions,
(i) ejfij is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) ejfij is Lebesgue integrable on (a; b).

We continue with

Remark 12 Let fi be Lebesgue measurable functions : (a; b) ! R, such that
I�ib� (jfij) (x) <1, 8 x 2 (a; b) ; �i > 0, i = 1; :::;m; e.g. when fi 2 L1 (a; b) :
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Consider

gi (x) =
�
I�ib�fi

�
(x) ; x 2 (a; b) , i = 1; :::;m; (58)

we remind �
I�ib�fi

�
(x) =

1

� (�i)

Z b

x

fi (t) (t� x)�i�1 dt; (59)

(x < b).
Notice that gi (x) 2 R and it is Lebesgue measurable.
We pick 
1 = 
2 = (a; b), d�1 (x) = dx; d�2 (y) = dy, the Lebesgue measure.
We see that

�
I�ib�fi

�
(x) =

Z b

a

�[x;b) (t)
(t� x)�i�1

� (�i)
fi (t) dt: (60)

So, we pick here

ki (x; t) := �[x;b) (t)
(t� x)�i�1

� (�i)
, i = 1; :::;m: (61)

In fact

ki (x; y) =

(
(y�x)�i�1
�(�i)

, x � y < b;
0, a < y < x:

(62)

Clearly it holds

Ki (x) =

Z
(a;b)

�[x;b) (y)
(y � x)�i�1

� (�i)
dy =

(b� x)�i

� (�i + 1)
; (63)

a < x < b, i = 1; :::;m:
Notice that

mY
i=1

ki (x; y)

Ki (x)
=

mY
i=1

 
�[x;b) (y)

(y � x)�i�1

� (�i)
� � (�i + 1)
(b� x)�i

!
=

mY
i=1

 
�[x;b) (y)

(y � x)�i�1 �i
(b� x)�i

!
= �[x;b) (y)

(y � x)

0@ mX
i=1

�i�m

1A mY
i=1

�i

!

(b� x)

0@ mX
i=1

�i

1A : (64)

Calling

� :=
mX
i=1

�i > 0, 
 :=
mY
i=1

�i > 0, (65)
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we have that
mY
i=1

ki (x; y)

Ki (x)
=
�[x;b) (y) (y � x)

��m



(b� x)� : (66)

Therefore, for (32), we get for appropiate weight u that

�m (y) = 


Z y

a

u (x)
(y � x)��m

(b� x)� dx <1; (67)

for all a < y < b:
Let �i : R+ ! R+; i = 1; :::;m; be convex and increasing functions. Then

by (33) we obtainZ b

a

u (x)
mY
i=1

�i

 �����
�
I�ib�fi

�
(x)

(b� x)�i

������ (�i + 1)
!
dx �

0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA Z b

a

�j (jfj (x)j)�m (x) dx
!
; (68)

with j 2 f1; :::;mg;
true for measurable fi with I

�i
b� (jfij) �nite (i = 1; :::;m) and with the prop-

erties:
(i) �i (jfij) is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) �m�j (jfj j) ; �1 (jf1j) ; :::; \�j (jfj j); :::;�m (jfmj) are all Lebesgue integrable

functions,
where \�j (jfj j) means absent item.
Let now

u (x) = (b� x)� ; x 2 (a; b) : (69)

Then

�m (y) = 


Z y

a

(y � x)��m dx = 
 (y � a)��m+1

��m+ 1 ; (70)

y 2 (a; b), where � > m� 1:
Hence (68) becomesZ b

a

(b� x)�
mY
i=1

�i

 ���I�ib�fi� (x)��
(b� x)�i � (�i + 1)

!
dx �

�



��m+ 1

�0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA Z b

a

(x� a)��m+1�j (jfj (x)j) dx
!
�

 

 (b� a)��m+1

��m+ 1

! 
mY
i=1

Z b

a

�i (jfi (x)j) dx
!
; (71)
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where � > m � 1, fi with I�ib� (jfij) �nite, i = 1; :::;m, under the assumptions
(i), (ii) following (68).
If �i = id, then (71) turns toZ b

a

mY
i=1

���I�ib�fi� (x)�� dx �
0BBBB@ 
 

mY
i=1

� (�i + 1)

!
(��m+ 1)

1CCCCA
0B@ mY
i=1
i6=j

Z b

a

jfi (x)j dx

1CA �
 Z b

a

(x� a)��m+1 jfj (x)j dx
!
�

0BBBB@ 
 (b� a)��m+1 
mY
i=1

� (�i + 1)

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)j dx
!
; (72)

where � > m�1, fi with I�ib� (jfij) �nite and fi Lebesgue integrable, i = 1; :::;m.
Next let pi > 1, and �i (x) = xpi , x 2 R+:
Then, by (68), we get

I2 :=

Z b

a

(b� x)�

 
mY
i=1

���I�ib�fi� (x)��pi
!

(b� x)

mX
i=1

�ipi

dx �

0BBBB@ 
 
mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
0B@ mY
i=1
i6=j

Z b

a

jfi (x)jpi dx

1CA �
 Z b

a

(x� a)��m+1 jfj (x)jpj dx
!
�

0BBBB@ 
 (b� a)��m+1 
mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
: (73)
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Notice here that � := ��
mX
i=1

�ipi < 0: Since 0 < b�x < b�a (x 2 (a; b)), then

(b� x)� > (b� a)� :
Therefore

I2 :=

Z b

a

(b� x)�
 

mY
i=1

���I�ib�fi� (x)��pi
!
dx �

(b� a)�
Z b

a

 
mY
i=1

���I�ib�fi� (x)��pi
!
dx: (74)

Consequently, by (73) and (74), it holdsZ b

a

mY
i=1

���I�ib�fi� (x)��pi dx � (75)

0BBBB@ 
 (b� a)

0@0@ mX
i=1

�ipi

1A�m+1
1A

 
mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;

where pi > 1, i = 1; ::;m; � > m� 1;
true for measurable fi with I

�i
b� (jfij) �nite, with the properties (i = 1; :::;m):

(i) jfijpi is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) jfijpi is Lebesgue integrable on (a; b).
If p := p1 = p2 = ::: = pm > 1, then by (75), we get






mY
i=1

�
I�ib�fi

�





p;(a;b)

� (76)

0BBBB@ 

1
p (b� a)(��

m
p +

1
p ) 

mY
i=1

(� (�i + 1))

!
(��m+ 1)

1
p

1CCCCA
 

mY
i=1

kfikp;(a;b)

!
;

� > m� 1;
true for measurable fi with I

�i
b� (jfij) �nite, and such that (i = 1; :::;m),

(i) jfijp is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) jfijp is Lebesgue integrable on (a; b).
Using (ii) and if �i > 1

p ; by Hölder�s inequality we derive that I
�i
b� (jfij) is

�nite on (a; b) :
If we set p = 1 to (76) we obtain (72).
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If �i (x) = ex, x 2 R+, then from (71) we obtain

Z b

a

(b� x)� e

mX
i=1

 ����� (I
�i
b�fi)(x)
(b�x)�i

������(�i+1)
!
dx �

 

 (b� a)��m+1

��m+ 1

! 
mY
i=1

 Z b

a

ejfi(x)jdx

!!
; (77)

where � > m� 1; fi with I�ib� (jfij) �nite, i = 1; :::;m, under the assumptions,
(i) ejfij is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) ejfij is Lebesgue integrable on (a; b).

We mention

De�nition 13 ([1], p. 448) The left generalized Riemann-Liouville fractional
derivative of f of order � > 0 is given by

D�
af (x) =

1

� (n� �)

�
d

dx

�n Z x

a

(x� y)n���1 f (y) dy, (78)

where n = [�] + 1, x 2 [a; b] :
For a; b 2 R, we say that f 2 L1 (a; b) has an L1 fractional derivative D�

af

(� > 0) in [a; b], if and only if
(1) D��k

a f 2 C ([a; b]) ; k = 2; :::; n = [�] + 1;
(2) D��1

a f 2 AC ([a; b])
(3) D�

af 2 L1 (a; b) :
Above we de�ne D0

af := f and D
��
a f := I�a+f , if 0 < � � 1:

From [1, p. 449] and [9] we mention and use

Lemma 14 Let � > � � 0 and let f 2 L1 (a; b) have an L1 fractional deriva-
tive D�

af in [a; b] and let D
��k
a f (a) = 0, k = 1; :::; [�] + 1; then

D�
a f (x) =

1

� (� � �)

Z x

a

(x� y)����1D�
af (y) dy; (79)

for all a � x � b:
Here D�

a f 2 AC ([a; b]) for ��� � 1, and D�
a f 2 C ([a; b]) for ��� 2 (0; 1) :

Notice here that

D�
a f (x) =

�
I���a+

�
D�
af
��
(x) ; a � x � b: (80)

We give

20

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

20



Theorem 15 Let fi 2 L1 (a; b), �i; �i : �i > �i � 0, i = 1; :::;m. Here
(fi; �i; �i) ful�ll terminology and assumptions of De�nition 13 and Lemma 14.

Let � :=
mX
i=1

(�i � �i), 
 :=
mY
i=1

(�i � �i) ; assume � > m� 1, and p � 1: Then







mY
i=1

(D�i
a fi)







p;(a;b)

� (81)

0BBBB@ 

1
p (b� a)(��

m
p +

1
p ) 

mY
i=1

(� (�i � �i + 1))
!
(��m+ 1)

1
p

1CCCCA
 

mY
i=1



D�i
a fi




p;(a;b)

!
:

Proof. By (52) and (56).
We continue with

Theorem 16 All here as in Theorem 15. Then

Z b

a

(x� a)� e

mX
i=1

 ����� (D
�i
a fi)(x)

(x�a)(�i��i)

������(�i��i+1)
!
dx �

 

 (b� a)��m+1

��m+ 1

! 
mY
i=1

 Z b

a

e

����D�i
a fi

�
(x)
���
dx

!!
: (82)

Proof. By (57); assumptions there (i) and (ii) are easily ful�lled.
We need

De�nition 17 ([6], p. 50, [1], p. 449) Let � � 0, n := d�e, f 2 ACn ([a; b]).
Then the left Caputo fractional derivative is given by

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt

=
�
In��a+ f (n)

�
(x) ; (83)

and it exists almost everywhere for x 2 [a; b], in fact D�
�af 2 L1 (a; b), ([1], p.

394).
We have Dn

�af = f
(n), n 2 Z+:

We also need
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Theorem 18 ([4]) Let � � � + 1, � > 0, �; � =2 N. Call n := d�e, m� := d�e.
Assume f 2 ACn ([a; b]), such that f (k) (a) = 0, k = m�;m� + 1; :::; n � 1; and
D�
�af 2 L1 (a; b). Then D

�
�af 2 AC ([a; b]) (where D�

�af =
�
Im

���
a+ f (m

�)
�
(x)),

and

D�
�af (x) =

1

� (� � �)

Z x

a

(x� t)����1D�
�af (t) dt

=
�
I���a+ (D�

�af)
�
(x) ; (84)

8 x 2 [a; b] :

We give

Theorem 19 Let (fi; �i; �i), i = 1; :::;m; m � 2; as in the assumptions of

Theorem 18. Set � :=
mX
i=1

(�i � �i), 
 :=
mY
i=1

(�i � �i) ; and let p � 1: Here

a; b 2 R, a < b: Then 





mY
i=1

�
D
�i�afi

�





p;(a;b)

� (85)

0BBBB@ 

1
p (b� a)(��

m
p +

1
p ) 

mY
i=1

(� (�i � �i + 1))
!
(��m+ 1)

1
p

1CCCCA
 

mY
i=1

kD�i
�afikp;(a;b)

!
:

Proof. By (52) and (56), see here � � m > m� 1:
We also give

Theorem 20 Here all as in Theorem 19, let pi � 1, i = 1; :::; l; l < m: Then

Z b

a

(x� a)

0B@�� lX
i=1

pi(�i��i)

1CA lY
i=1

��D�i�afi (x)
��pi! �

e

0@ mX
i=l+1

jD�i
�afi(x)j

�
�(�i��i+1)

(x�a)(�i��i)

�1A
dx �0BBBBB@


 (b� a)��m+1 
lY
i=1

(� (�i � �i + 1))
pi

!
(��m+ 1)

1CCCCCA
 

lY
i=1

Z b

a

jD�i
�afi (x)j

pi dx

!
� (86)

 
mY

i=l+1

Z b

a

ejD
�i
�afi(x)jdx

!
:
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Proof. By (51).
We need

De�nition 21 ([2], [7], [8]) Let � � 0, n := d�e, f 2 ACn ([a; b]). We de�ne
the right Caputo fractional derivative of order � � 0, by

D
�

b�f (x) := (�1)
n
In��b� f (n) (x) ; (87)

we set D
0

�f := f , i.e.

D
�

b�f (x) =
(�1)n

� (n� �)

Z b

x

(J � x)n���1 f (n) (J) dJ: (88)

Notice that D
n

b�f = (�1)
n
f (n), n 2 N:

We need

Theorem 22 ([4]) Let f 2 ACn ([a; b]), � > 0, n 2 N, n := d�e, � � � + 1,
� > 0, r = d�e, �; � =2 N. Assume f (k) (b) = 0, k = r; r + 1; :::; n � 1; and
D
�

b�f 2 L1 ([a; b]). Then

D
�

b�f (x) =
�
I���b�

�
D
�

b�f
��
(x) 2 AC ([a; b]) ; (89)

that is

D
�

b�f (x) =
1

� (�� �)

Z b

x

(t� x)����1
�
D
�

b�f
�
(t) dt; (90)

8 x 2 [a; b] :

We give

Theorem 23 Let (fi; �i; �i), i = 1; :::;m; m � 2; as in the assumptions of

Theorem 22. Set � :=
mX
i=1

(�i � �i), 
 :=
mY
i=1

(�i � �i) ; and let p � 1: Here

a; b 2 R, a < b: Then 





mY
i=1

�
D
�i
b�fi

�





p;(a;b)

� (91)

0BBBB@ 

1
p (b� a)(��

m
p +

1
p ) 

mY
i=1

(� (�i � �i + 1))
!
(��m+ 1)

1
p

1CCCCA
 

mY
i=1




D�i
b�fi





p;(a;b)

!
:

Proof. By (72) and (76), see here � � m > m� 1:
We make
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Remark 24 Let r1; r2 2 N; Aj > 0, j = 1; :::; r1; Bj > 0, j = 1; :::; r2; x � 0,

p � 1. Clearly eAjx
p

; eBjx
p � 1, and

r1X
j=1

eAjx
p � r1,

r2X
j=1

eBjx
p � r2. Hence

'1 (x) := ln

0@ r1X
j=1

eAjx
p

1A, '2 (x) := ln
0@ r2X
j=1

eBjx
p

1A � 0. Clearly here '1; '2 :

R+ ! R+ are increasing, convex and continuous.

We give

Theorem 25 Let (fi; �i; �i), i = 1; 2; as in the assumptions of Theorem 22.

Set � :=
2X
i=1

(�i � �i), 
 :=
2Y
i=1

(�i � �i) : Here a; b 2 R, a < b, and '1; '2 as

in Remark 24: Then

Z b

a

(b� x)�
2Y
i=1

'i

0@
���D�i

b�fi (x)
���

(b� x)(�i��i)
� (�i � �i + 1)

1A dx � (92)

 

 (b� a)��1

�� 1

! 
2Y
i=1

Z b

a

'i

����D�i
b�fi (x)

���� dx! ;
under the assumptions (i = 1; 2):

(i) 'i
����D�i

b�fi (t)
���� is ��[x;b) (t) (t�x)�i��i�1�(�i��i)

dt
�
-integrable, a.e. in x 2

(a; b) ;

(ii) 'i
����D�i

b�fi

���� is Lebesgue integrable on (a; b) :
We make

Remark 26 (i) Let now f 2 Cn ([a; b]), n = d�e, � > 0. Clearly Cn ([a; b]) �
ACn ([a; b]). Assume f (k) (a) = 0, k = 0; 1; :::; n � 1: Given that D�

�af ex-
ists, then there exists the left generalized Riemann-Liouville fractional deriv-
ative D�

af , see (78), and D
�
�af = D�

af , see also [6], p. 53. In fact here
D�
�af 2 C ([a; b]), see [6], p. 56.
So Theorems 19, 20 can be true for left generalized Riemann-Liouville frac-

tional derivatives.
(ii) Let also � > 0, n := d�e, and f 2 Cn ([a; b]) � ACn ([a; b]). From [2]

we derive that D
�

b�f 2 C ([a; b]). By [2], we obtain that the right Riemann-
Liouville fractional derivative D�

b�f exists on [a; b]. Furthermore if f
(k) (b) = 0,

k = 0; 1; :::; n� 1; we get that D�

b�f (x) = D
�
b�f (x), 8 x 2 [a; b], hence D�

b�f 2
C ([a; b]) :

So Theorems 23, 25 can be valid for right Riemann-Liouville fractional deriv-
atives. To keep article short we avoid details.
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We give

De�nition 27 Let � > 0, n := [�], � := � � n (0 � � < 1). Let a; b 2
R, a � x � b, f 2 C ([a; b]). We consider C�a ([a; b]) := ff 2 Cn ([a; b]) :

I1��a+ f (n) 2 C1 ([a; b])g: For f 2 C�a ([a; b]), we de�ne the left generalized �-
fractional derivative of f over [a; b] as

��af :=
�
I1��a+ f (n)

�0
; (93)

see [1], p. 24, and Canavati derivative in [5].
Notice here ��af 2 C ([a; b]) :
So that

(��af) (x) =
1

� (1� �)
d

dx

Z x

a

(x� t)�� f (n) (t) dt; (94)

8 x 2 [a; b] :
Notice here that

�naf = f
(n), n 2 Z+: (95)

We need

Theorem 28 ([4]) Let f 2 C�a ([a; b]), n = [�], such that f (i) (a) = 0, i =
r; r + 1; :::; n� 1; where r := [�], with 0 < � < �. Then

(��af) (x) =
1

� (� � �)

Z x

a

(x� t)����1 (��af) (t) dt; (96)

i.e.
(��af) = I

���
a+ (��af) 2 C ([a; b]) : (97)

Thus f 2 C�a ([a; b]) :

We present

Theorem 29 Let (fi; �i; �i), i = 1; :::;m; as in Theorem 28 and fractional

derivatives as in De�nition 27. Let � :=
mX
i=1

(�i � �i), 
 :=
mY
i=1

(�i � �i) ; pi � 1,

i = 1; :::;m; assume � > m� 1: ThenZ b

a

mY
i=1

j��ia fi (x)j
pi dx � (98)

0BBBB@ 
 (b� a)

0@0@ mX
i=1

(�i��i)pi

1A�m+1
1A

 
mY
i=1

(� (�i � �i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

j��ia fi (x)j
pi dx

!
:
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Proof. By (52) and (55).
We continue with

Theorem 30 Let all here as in Theorem 29. Consider �i, i = 1; :::;m; distinct
prime numbers. Then

Z b

a

(x� a)�
mY
i=1

�

�
j��i

a fi(x)j �(�i��i+1)

(x�a)(�i��i)

�
i dx �

 

 (b� a)��m+1

��m+ 1

! 
mY
i=1

Z b

a

�
j��i

a fi(x)j
i dx

!
: (99)

Proof. By (51).
We need

De�nition 31 ([2]) Let � > 0, n := [�], � = � � n; 0 < � < 1, f 2 C ([a; b]).
Consider

C�b� ([a; b]) := ff 2 Cn ([a; b]) : I1��b� f (n) 2 C1 ([a; b])g: (100)

De�ne the right generalized �-fractional derivative of f over [a; b], by

��b�f := (�1)
n�1

�
I1��b� f (n)

�0
: (101)

We set �0b�f = f . Notice that

�
��b�f

�
(x) =

(�1)n�1

� (1� �)
d

dx

Z b

x

(J � x)�� f (n) (J) dJ; (102)

and ��b�f 2 C ([a; b]) :

We also need

Theorem 32 ([4]) Let f 2 C�b� ([a; b]), 0 < � < �. Assume f (i) (b) = 0,
i = r; r + 1; :::; n� 1; where r := [�], n := [�]. Then

��b�f (x) =
1

� (� � �)

Z b

x

(J � x)����1
�
��b�f

�
(J) dJ; (103)

8 x 2 [a; b], i.e.
��b�f = I

���
b�

�
��b�f

�
2 C ([a; b]) ; (104)

and f 2 C�b� ([a; b]) :

We give
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Theorem 33 Let (fi; �i; �i), i = 1; :::;m; and fractional derivatives as in The-

orem 32 and De�nition 31. Let � :=
mX
i=1

(�i � �i), 
 :=
mY
i=1

(�i � �i) ; pi � 1,

i = 1; :::;m; and assume � > m� 1: ThenZ b

a

mY
i=1

����ib�fi (x)��pi dx � (105)

0BBBB@ 
 (b� a)

0@0@ mX
i=1

(�i��i)pi

1A�m+1
1A

 
mY
i=1

(� (�i � �i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

����ib�fi (x)��pi dx
!
:

Proof. By (72) and (75).
We continue with

Theorem 34 Let all here as in Theorem 33. Consider �i, i = 1; :::;m; distinct
prime numbers. Then

Z b

a

(b� x)�
mY
i=1

�

�
j��i

b�fi(x)j �(�i��i+1)

(b�x)(�i��i)

�
i dx �

 

 (b� a)��m+1

��m+ 1

! 
mY
i=1

Z b

a

�
j��i

b�fi(x)j
i dx

!
: (106)

Proof. By (71).
We make

De�nition 35 [12, p. 99] The fractional integrals of a function f with respect
to given function g are de�ned as follows:
Let a; b 2 R, a < b, � > 0. Here g is an increasing function on [a; b] and

g 2 C1 ([a; b]). The left- and right-sided fractional integrals of a function f with
respect to another function g in [a; b] are given by

�
I�a+;gf

�
(x) =

1

� (�)

Z x

a

g0 (t) f (t) dt

(g (x)� g (t))1��
, x > a; (107)

�
I�b�;gf

�
(x) =

1

� (�)

Z b

x

g0 (t) f (t) dt

(g (t)� g (x))1��
, x < b; (108)

respectively.

We make
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Remark 36 Let fi be Lebesgue measurable functions from (a; b) into R, such
that

�
I�ia+;g (jfij)

�
(x) 2 R, 8 x 2 (a; b), �i > 0, i = 1; :::;m:

Consider

gi (x) :=
�
I�ia+;gfi

�
(x) , x 2 (a; b) , i = 1; :::;m; (109)

where �
I�ia+;gfi

�
(x) =

1

� (�i)

Z x

a

g0 (t) fi (t) dt

(g (x)� g (t))1��i
; x > a: (110)

Notice that gi (x) 2 R and it is Lebesgue measurable.
We pick 
1 = 
2 = (a; b), d�1 (x) = dx; d�2 (y) = dy, the Lebesgue measure.
We see that

�
I�ia+;gfi

�
(x) =

Z b

a

�(a;x] (t) g
0 (t) fi (t)

� (�i) (g (x)� g (t))1��i
dt; (111)

where � is the characteristic function.
So, we pick here

ki (x; t) :=
�(a;x] (t) g

0 (t)

� (�i) (g (x)� g (t))1��i
, i = 1; :::;m: (112)

In fact

ki (x; y) =

(
g0(y)

�(�i)(g(x)�g(y))1��i
, a < y � x;

0, x < y < b:
(113)

Clearly it holds

Ki (x) =

Z b

a

�(a;x] (y) g
0 (y)

� (�i) (g (x)� g (y))1��i
dy =

Z x

a

g0 (y)

� (�i) (g (x)� g (y))1��i
dy =

1

� (�i)

Z x

a

(g (x)� g (y))�i�1 dg (y) = (114)

1

� (�i)

Z g(x)

g(a)

(g (x)� z)�i�1 dz = (g (x)� g (a))�i

� (�i + 1)
:

So for a < x < b, i = 1; :::;m; we get

Ki (x) =
(g (x)� g (a))�i

� (�i + 1)
: (115)

Notice that

mY
i=1

ki (x; y)

Ki (x)
=

mY
i=1

 
�(a;x] (y) g

0 (y)

� (�i) (g (x)� g (y))1��i
� � (�i + 1)

(g (x)� g (a))�i

!
=
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�(a;x] (y) (g (x)� g (y))

0@ mX
i=1

�i�m

1A
(g0 (y))

m

 
mY
i=1

�i

!

(g (x)� g (a))

0@ mX
i=1

�i

1A : (116)

Calling

� :=
mX
i=1

�i > 0, 
 :=
mY
i=1

�i > 0, (117)

we have that

mY
i=1

ki (x; y)

Ki (x)
=
�(a;x] (y) (g (x)� g (y))

��m
(g0 (y))

m



(g (x)� g (a))� : (118)

Therefore, for (32), we get for appropiate weight u that (denote �m by �gm)

�gm (y) = 
 (g
0 (y))

m
Z b

y

u (x)
(g (x)� g (y))��m

(g (x)� g (a))� dx <1; (119)

for all a < y < b:
Let �i : R+ ! R+; i = 1; :::;m; be convex and increasing functions. Then

by (33) we obtainZ b

a

u (x)

mY
i=1

�i

 �����
�
I�ia+;gfi

�
(x)

(g (x)� g (a))�i

������ (�i + 1)
!
dx �

0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA Z b

a

�j (jfj (x)j)�gm (x) dx
!
; (120)

with j 2 f1; :::;mg;
true for measurable fi with I

�i
a+;g (jfij) �nite, i = 1; :::;m; and with the prop-

erties:
(i) �i (jfij) is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) �gm�j (jfj j) ; �1 (jf1j) ;�2 (jf2j) ; :::; \�j (jfj j); :::;�m (jfmj) are all Lebesgue

integrable functions, where \�j (jfj j) means absent item.
Let now

u (x) = (g (x)� g (a))� g0 (x) ; x 2 (a; b) : (121)

Then

�gm (y) = 
 (g
0 (y))

m
Z b

y

(g (x)� g (y))��m g0 (x) dx =


 (g0 (y))
m
Z g(b)

g(y)

(z � g (y))��m dz = (122)

29

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

29




 (g0 (y))
m (g (b)� g (y))��m+1

��m+ 1 ;

with � > m� 1: That is

�gm (y) = 
 (g
0 (y))

m (g (b)� g (y))��m+1

��m+ 1 ; (123)

� > m� 1, y 2 (a; b) :
Hence (120) becomesZ b

a

g0 (x) (g (x)� g (a))�
mY
i=1

�i

 �����
�
I�ia+;gfi

�
(x)

(g (x)� g (a))�i

������ (�i + 1)
!
dx �

�



��m+ 1

�0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA �
 Z b

a

(g0 (x))
m
(g (b)� g (x))��m+1�j (jfj (x)j) dx

!
� (124)

 

 (g (b)� g (a))��m+1 kg0km1

��m+ 1

! 
mY
i=1

Z b

a

�i (jfi (x)j) dx
!
;

where � > m� 1, fi with I�ia+;g (jfij) �nite, i = 1; :::;m, under the assumptions:
(i) �i (jfij) is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) �i (jfij) is Lebesgue integrable on (a; b) :
If �i (x) = xpi , pi � 1, x 2 R+; then by (124), we have

Z b

a

g0 (x) (g (x)� g (a))

0@�� mX
i=1

pi�i

1A mY
i=1

���I�ia+;gfi� (x)��pi dx � (125)

0BBBB@ 
 (g (b)� g (a))��m+1 kg0km1 
mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;

but we see that

Z b

a

g0 (x) (g (x)� g (a))

0@�� mX
i=1

pi�i

1A mY
i=1

���I�ia+;gfi� (x)��pi dx �

(g (b)� g (a))

0@�� mX
i=1

pi�i

1A Z b

a

g0 (x)
mY
i=1

���I�ia+;gfi� (x)��pi dx: (126)
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By (125) and (126) we getZ b

a

g0 (x)
mY
i=1

���I�ia+;gfi� (x)��pi dx � (127)

0BBBB@
 (g (b)� g (a))
0@ mX

i=1

pi�i�m+1

1A
kg0km1 

mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;

� > m� 1; fi with I�ia+;g (jfij) �nite, i = 1; :::;m; under the assumptions:
(i) jfijpi is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) jfijpi is Lebesgue integrable on (a; b).

We need

De�nition 37 ([11]) Let 0 < a < b < 1, � > 0. The left- and right-sided
Hadamard fractional integrals of order � are given by�

J�a+f
�
(x) =

1

� (�)

Z x

a

�
ln
x

y

���1
f (y)

y
dy; x > a; (128)

and �
J�b�f

�
(x) =

1

� (�)

Z b

x

�
ln
y

x

���1 f (y)
y
dy; x < b; (129)

respectively.

Notice that the Hadamard fractional integrals of order � are special cases of
left- and right-sided fractional integrals of a function f with respect to another
function, here g (x) = lnx on [a; b], 0 < a < b <1:
Above f is a Lebesgue measurable function from (a; b) into R, such that�

J�a+ (jf j)
�
(x) and/or

�
J�b� (jf j)

�
(x) 2 R, 8 x 2 (a; b) :

We give

Theorem 38 Let (fi; �i), i = 1; :::;m; J�ia+fi as in De�nition 37. Set � :=
mX
i=1

�i, 
 :=
mY
i=1

�i; pi � 1, i = 1; :::;m, assume � > m� 1: Then

Z b

a

mY
i=1

���J�ia+fi� (x)��pi dx � (130)

0BBBB@ b

�
ln
�
b
a

��0@ mX
i=1

pi�i�m+1

1A

am (��m+ 1)
 

mY
i=1

(� (�i + 1))
pi

!
1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;
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where J�ia+ (jfij) is �nite, i = 1; :::;m; under the assumptions:

(i) jfi (y)jpi is
�

�(a;x](y)dy

�(�i)y(ln( xy ))
1��i

�
-integrable, a.e. in x 2 (a; b) ;

(ii) jfijpi is Lebesgue integrable on (a; b).

We also present

Theorem 39 Let all as in Theorem 38. Consider p := p1 = p2 = ::: = pm � 1.
Then 






mY
i=1

�
J�ia+fi

�





p;(a;b)

� (131)

0BBBB@ (b
)
1
p
�
ln
�
b
a

��(��m
p +

1
p )

a
m
p (��m+ 1)

1
p

 
mY
i=1

(� (�i + 1))

!
1CCCCA
 

mY
i=1

kfikp;(a;b)

!
;

where J�ia+ (jfij) is �nite, i = 1; :::;m; under the assumptions:

(i) jfi (y)jp is
�

�(a;x](y)dy

�(�i)y(ln( xy ))
1��i

�
-integrable, a.e. in x 2 (a; b) ;

(ii) jfijp is Lebesgue integrable on (a; b).

We make

Remark 40 Let fi be Lebesgue measurable functions from (a; b) into R, such
that

�
I�ib�;g (jfij)

�
(x) 2 R, 8 x 2 (a; b), �i > 0, i = 1; :::;m:

Consider

gi (x) :=
�
I�ib�;gfi

�
(x) , x 2 (a; b) , i = 1; :::;m; (132)

where �
I�ib�;gfi

�
(x) =

1

� (�i)

Z b

x

g0 (t) f (t) dt

(g (t)� g (x))1��i
; x < b: (133)

Notice that gi (x) 2 R and it is Lebesgue measurable.
We pick 
1 = 
2 = (a; b), d�1 (x) = dx; d�2 (y) = dy, the Lebesgue measure.
We see that �

I�ib�;gfi

�
(x) =

Z b

a

�[x;b) (t) g
0 (t) f (t) dt

� (�i) (g (t)� g (x))1��i
; (134)

where � is the characteristic function.
So, we pick here

ki (x; y) :=
�[x;b) (y) g

0 (y)

� (�i) (g (y)� g (x))1��i
, i = 1; :::;m: (135)
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In fact

ki (x; y) =

(
g0(y)

�(�i)(g(y)�g(x))1��i
, x � y < b;

0, a < y < x:
(136)

Clearly it holds

Ki (x) =

Z b

a

�[x;b) (y) g
0 (y) dy

� (�i) (g (y)� g (x))1��i
=

1

� (�i)

Z b

x

g0 (y) (g (y)� g (x))�i�1 dy = (137)

1

� (�i)

Z g(b)

g(x)

(z � g (x))�i�1 dg (y) = (g (b)� g (x))�i

� (�i + 1)
:

So for a < x < b, i = 1; :::;m; we get

Ki (x) =
(g (b)� g (x))�i

� (�i + 1)
: (138)

Notice that

mY
i=1

ki (x; y)

Ki (x)
=

mY
i=1

 
�[x;b) (y) g

0 (y)

� (�i) (g (y)� g (x))1��i
� � (�i + 1)

(g (b)� g (x))�i

!
=

�[x;b) (y) (g
0 (y))

m
(g (y)� g (x))

0@ mX
i=1

�i�m

1A mY
i=1

�i

(g (b)� g (x))

mX
i=1

�i

: (139)

Calling

� :=

mX
i=1

�i > 0, 
 :=
mY
i=1

�i > 0, (140)

we have that

mY
i=1

ki (x; y)

Ki (x)
=
�[x;b) (y) (g

0 (y))
m
(g (y)� g (x))��m 


(g (b)� g (x))� : (141)

Therefore, for (32), we get for appropiate weight u that (denote �m by �gm)

�gm (y) = 
 (g
0 (y))

m
Z y

a

u (x)
(g (y)� g (x))��m

(g (b)� g (x))� dx <1; (142)

for all a < y < b:
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Let �i : R+ ! R+; i = 1; :::;m; be convex and increasing functions. Then
by (33) we obtain

Z b

a

u (x)
mY
i=1

�i

0@������
�
I�ib�;gfi

�
(x)

(g (b)� g (x))�i

������� (�i + 1)
1A dx �

0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA Z b

a

�j (jfj (x)j)�gm (x) dx
!
; (143)

with j 2 f1; :::;mg;
true for measurable fi with I

�i
b�;g (jfij) �nite, i = 1; :::;m; and with the prop-

erties:
(i) �i (jfij) is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) �gm�j (jfj j) ; �1 (jf1j) ; :::; \�j (jfj j); :::;�m (jfmj) are all Lebesgue integrable

functions, where \�j (jfj j) means absent item.
Let now

u (x) = (g (b)� g (x))� g0 (x) ; x 2 (a; b) : (144)

Then

�gm (y) = 
 (g
0 (y))

m
Z y

a

g0 (x) (g (y)� g (x))��m dx =


 (g0 (y))
m
Z y

a

(g (y)� g (x))��m dg (x) = 
 (g0 (y))m
Z g(y)

g(a)

(g (y)� z)��m dz =

(145)


 (g0 (y))
m (g (y)� g (a))��m+1

��m+ 1 ;

with � > m� 1: That is

�gm (y) = 
 (g
0 (y))

m (g (y)� g (a))��m+1

��m+ 1 ; (146)

� > m� 1, y 2 (a; b) :
Hence (143) becomes

Z b

a

g0 (x) (g (b)� g (x))�
mY
i=1

�i

0@������
�
I�ib�;gfi

�
(x)

(g (b)� g (x))�i

������� (�i + 1)
1A dx �

�



��m+ 1

�0B@ mY
i=1
i6=j

Z b

a

�i (jfi (x)j) dx

1CA �
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 Z b

a

�j (jfj (x)j) (g0 (x))m (g (x)� g (a))��m+1 dx
!
� (147)

 

 (g (b)� g (a))��m+1 kg0km1

��m+ 1

! 
mY
i=1

Z b

a

�i (jfi (x)j) dx
!
;

where � > m� 1, fi with I�ib�;g (jfij) �nite, i = 1; :::;m, under the assumptions:
(i) �i (jfij) is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) �i (jfij) is Lebesgue integrable on (a; b) :
If �i (x) = xpi , pi � 1, x 2 R+; then by (147), we have

Z b

a

g0 (x) (g (b)� g (x))

0@�� mX
i=1

�ipi

1A mY
i=1

����I�ib�;gfi� (x)���pi dx � (148)

0BBBB@
 (g (b)� g (a))
��m+1

(kg0k1)
m

(��m+ 1)
mY
i=1

(� (�i + 1))
pi

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;

but we see that

Z b

a

g0 (x) (g (b)� g (x))

0@�� mX
i=1

�ipi

1A mY
i=1

����I�ib�;gfi� (x)���pi dx �

(g (b)� g (a))

0@�� mX
i=1

�ipi

1A Z b

a

g0 (x)
mY
i=1

����I�ib�;gfi� (x)���pi dx: (149)

Hence by (148) and (149) we deriveZ b

a

g0 (x)
mY
i=1

����I�ib�;gfi� (x)���pi dx � (150)

0BBBB@
 (g (b)� g (a))
0@ mX

i=1

pi�i�m+1

1A
kg0km1 

mY
i=1

(� (�i + 1))
pi

!
(��m+ 1)

1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;

� > m� 1; fi with I�ib�;g (jfij) �nite, i = 1; :::;m; under the assumptions:
(i) jfijpi is ki (x; y) dy -integrable, a.e. in x 2 (a; b) ;
(ii) jfijpi is Lebesgue integrable on (a; b).

We give
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Theorem 41 Let (fi; �i), i = 1; :::;m; J�ib�fi as in De�nition 37. Set � :=
mX
i=1

�i, 
 :=
mY
i=1

�i; pi � 1, i = 1; :::;m, assume � > m� 1: Then

Z b

a

mY
i=1

���J�ib�fi� (x)��pi dx � (151)

0BBBB@ b

�
ln
�
b
a

��0@ mX
i=1

pi�i�m+1

1A

am (��m+ 1)
 

mY
i=1

(� (�i + 1))
pi

!
1CCCCA
 

mY
i=1

Z b

a

jfi (x)jpi dx
!
;

where J�ib� (jfij) is �nite, i = 1; :::;m; under the assumptions:

(i) jfi (y)jpi is
�

�[x;b)(y)dy

�(�i)y(ln( yx ))
1��i

�
-integrable, a.e. in x 2 (a; b) ;

(ii) jfijpi is Lebesgue integrable on (a; b).

We �nish with

Theorem 42 Let all as in Theorem 41. Take p := p1 = p2 = ::: = pm � 1.
Then 






mY
i=1

�
J�ib�fi

�





p;(a;b)

� (152)

0BBBB@ (b
)
1
p
�
ln
�
b
a

��(��m
p +

1
p )

a
m
p (��m+ 1)

1
p

 
mY
i=1

(� (�i + 1))

!
1CCCCA
 

mY
i=1

kfikp;(a;b)

!
;

where J�ib� (jfij) is �nite, i = 1; :::;m; under the properties:

(i) jfi (y)jp is
�

�[x;b)(y)dy

�(�i)y(ln( yx ))
1��i

�
-integrable, a.e. in x 2 (a; b) ;

(ii) jfijp is Lebesgue integrable on (a; b).
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Fractional Integral Inequalities involving
Convexity
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Abstract

Here we present general integral inequalities involving convex and in-
creasing functions applied to products of functions. As speci�c appli-
cations we derive a wide range of fractional inequalities of Hardy type.
These involve the left and right: Erdélyi-Kober fractional integrals, mixed
Riemann-Liouville fractional multiple integrals. Next we produce multi-
variate Poincaré type fractional inequalitites involving left fractional radial
derivatives of Canavati type, Riemann-Liouville and Caputo types. The
exposed inequalities are of Lp type, p � 1, and exponential type.

2010 Mathematics Subject Classi�cation: 26A33, 26D10, 26D15.
Key words and phrases: fractional integral, fractional radial derivative,

Hardy fractional inequality, Poincaré fractional inequality, Erdélyi-Kober frac-
tional integrals.

1 Introduction

We start with some facts about fractional derivatives needed in the sequel, for
more details see, for instance [1], [10].
Let a < b, a; b 2 R. By CN ([a; b]), we denote the space of all functions

on [a; b] which have continuous derivatives up to order N , and AC ([a; b]) is the
space of all absolutely continuous functions on [a; b]. By ACN ([a; b]), we denote
the space of all functions g with g(N�1) 2 AC ([a; b]). For any � 2 R, we denote
by [�] the integral part of � (the integer k satisfying k � � < k + 1), and d�e
is the ceiling of � (minfn 2 N, n � �g). By L1 (a; b), we denote the space of all
functions integrable on the interval (a; b), and by L1 (a; b) the set of all functions
measurable and essentially bounded on (a; b). Clearly, L1 (a; b) � L1 (a; b) :

1
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We start with the de�nition of the Riemann-Liouville fractional integrals,
see [13]. Let [a; b], (�1 < a < b < 1) be a �nite interval on the real axis R.
The Riemann-Liouville fractional integrals I�a+f and I

�
b�f of order � > 0 are

de�ned by �
I�a+f

�
(x) =

1

� (�)

Z x

a

f (t) (x� t)��1 dt; (x > a), (1)

�
I�b�f

�
(x) =

1

� (�)

Z b

x

f (t) (t� x)��1 dt; (x < b), (2)

respectively. Here � (�) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals. We mention some properties of
the operators I�a+f and I

�
b�f of order � > 0, see also [16]. The �rst result yields

that the fractional integral operators I�a+f and I
�
b�f are bounded in Lp (a; b),

1 � p � 1, that is

I�a+f

p � K kfkp ,


I�b�f

p � K kfkp ; (3)

where

K =
(b� a)�

�� (�)
: (4)

Inequality (3), that is the result involving the left-sided fractional integral, was
proved by H. G. Hardy in one of his �rst papers, see [11]. He did not write down
the constant, but the calculation of the constant was hidden inside his proof.
Next we follow [12].
Let (
1;�1; �1) and (
2;�2; �2) be measure spaces with positive �-�nite

measures, and let k : 
1 � 
2 ! R be a nonnegative measurable function,
k (x; �) measurable on 
2 and

K (x) =

Z

2

k (x; y) d�2 (y) , x 2 
1: (5)

We suppose that K (x) > 0 a.e. on 
1, and by a weight function (shortly: a
weight), we mean a nonnegative measurable function on the actual set. Let the
measurable functions g : 
1 ! R with the representation

g (x) =

Z

2

k (x; y) f (y) d�2 (y) ; (6)

where f : 
2 ! R is a measurable function.

Theorem 1 ([12]) Let u be a weight function on 
1, k a nonnegative measur-
able function on 
1 � 
2, and K be de�ned on 
1 by (5). Assume that the
function x 7! u (x) k(x;y)K(x) is integrable on 
1 for each �xed y 2 
2. De�ne � on

2 by

� (y) :=

Z

1

u (x)
k (x; y)

K (x)
d�1 (x) <1: (7)

2
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If � : [0;1)! R is convex and increasing function, then the inequalityZ

1

u (x)�

����� g (x)K (x)

����� d�1 (x) � Z

2

� (y)� (jf (y)j) d�2 (y) (8)

holds for all measurable functions f : 
2 ! R such that:
(i) f;� (jf j) are both k (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) �� (jf j) is �2 -integrable,
and for all corresponding functions g given by (6).

Important assumptions (i) and (ii) are missing from Theorem 2.1. of [12].
In this article we use and generalize Theorem 1 for products of several func-

tions and we give wide applications to Fractional Calculus.

2 Main Results

Let (
1;�1; �1) and (
2;�2; �2) be measure spaces with positive �-�nite mea-
sures, and let ki : 
1 � 
2 ! R be nonnegative measurable functions, ki (x; �)
measurable on 
2; and

Ki (x) =

Z

2

ki (x; y) d�2 (y) , for any x 2 
1; (9)

i = 1; :::;m: We assume that Ki (x) > 0 a.e. on 
1, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions gi : 
1 ! R with the representation

gi (x) =

Z

2

ki (x; y) fi (y) d�2 (y) ; (10)

where fi : 
2 ! R are measurable functions, i = 1; :::;m:
Here u stands for a weight function on 
1:
The �rst introductory result is proved for m = 2:

Theorem 2 Assume that the functions (i = 1; 2) x 7!
�
u (x) ki(x;y)Ki(x)

�
are inte-

grable on 
1, for each �xed y 2 
2. De�ne ui on 
2 by

ui (y) :=

Z

1

u (x)
ki (x; y)

Ki (x)
d�1 (x) <1: (11)

Let p; q > 1 : 1p +
1
q = 1. Let the functions �1;�2 : R+ ! R+, be convex and

increasing.
Then Z


1

u (x) �1

����� g1 (x)K1 (x)

������2����� g2 (x)K2 (x)

����� d�1 (x) �
3
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�Z

2

u1 (y)�1 (jf1 (y)j)p d�2 (y)
� 1

p
�Z


2

u2 (y) �2 (jf2 (y)j)q d�2 (y)
� 1

q

; (12)

for all measurable functions fi : 
2 ! R ( i = 1; 2) such that
(i) f1; �1 (jf1j)p are both k1 (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) f2;�2 (jf2j)q are both k2 (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1,
(iii) u1�1 (jf1j)p, u2�2 (jf2j)q, are both �2-integrable,
and for all corresponding functions gi (i = 1; 2) given by (10).

Proof. Notice that �1;�2 are continuous functions. Here we use Hölder�s
inequality. We haveZ


1

u (x) �1

����� g1 (x)K1 (x)

������2����� g2 (x)K2 (x)

����� d�1 (x) =Z

1

u (x)
1
p �1

����� g1 (x)K1 (x)

�����u (x) 1q �2����� g2 (x)K2 (x)

����� d�1 (x) � (13)

�Z

1

u (x)�1

����� g1 (x)K1 (x)

�����p d�1 (x)�
1
p

�

�Z

1

u (x)�2

����� g2 (x)K2 (x)

�����q d�1 (x)�
1
q

�

(notice here that �p1;�
q
2 are convex, increasing and continuous nonnegative func-

tions, and by Theorem 1 we get)�Z

2

u1 (y) �1 (jf1 (y)j)p d�2 (y)
� 1

p
�Z


2

u2 (y) �2 (jf2 (y)j)q d�2 (y)
� 1

q

: (14)

The general result follows

Theorem 3 Assume that the functions (i = 1; 2; :::;m 2 N) x 7!
�
u (x) ki(x;y)Ki(x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne ui on 
2 by

ui (y) :=

Z

1

u (x)
ki (x; y)

Ki (x)
d�1 (x) <1: (15)

Let pi > 1 :
mX
i=1

1
pi
= 1. Let the functions �i : R+ ! R+, i = 1; :::;m; be convex

and increasing.
Then Z


1

u (x)
mY
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) �

4
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mY
i=1

�Z

2

ui (y)�i (jfi (y)j)pi d�2 (y)
� 1

pi

; (16)

for all measurable functions fi : 
2 ! R ( i = 1; :::;m) such that
(i) fi; �i (jfij)pi are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1;

i = 1; :::;m;

(ii) ui�i (jfij)pi is �2-integrable, i = 1; :::;m;
and for all corresponding functions gi (i = 1; :::;m) given by (10).

Proof. Notice that �i; i = 1; :::;m; are continuous functions. Here we use
the generalized Hölder�s inequality. We haveZ


1

u (x)
mY
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) =
Z

1

mY
i=1

�
u (x)

1
pi �i

����� gi (x)Ki (x)

������ d�1 (x) � (17)

mY
i=1

�Z

1

u (x)�i

����� gi (x)Ki (x)

�����pi d�1 (x)�
1
pi

�

(notice here that �pii ; i = 1; :::;m; are convex, increasing and continuous, non-
negative functions, and by Theorem 1 we get)

mY
i=1

�Z

2

ui (y)�i (jfi (y)j)pi d�2 (y)
� 1

pi

: (18)

proving the claim.
When k (x; y) := k1 (x; y) = k2 (x; y) = ::: = km (x; y), then K (x) :=

K1 (x) = K2 (x) = ::: = Km (x), we get by Theorems 2, 3 the following:

Corollary 4 Assume that the function x 7!
�
u (x) k(x;y)K(x)

�
is integrable on 
1,

for each �xed y 2 
2. De�ne U on 
2 by

U (y) :=

Z

1

u (x)
k (x; y)

K (x)
d�1 (x) <1: (19)

Let p; q > 1 : 1p +
1
q = 1. Let the functions �1;�2 : R+ ! R+, be convex and

increasing.
Then Z


1

u (x)�1

�����g1 (x)K (x)

������2�����g2 (x)K (x)

����� d�1 (x) ��Z

2

U (y) �1 (jf1 (y)j)p d�2 (y)
� 1

p
�Z


2

U (y)�2 (jf2 (y)j)q d�2 (y)
� 1

q

; (20)

5
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for all measurable functions fi : 
2 ! R ( i = 1; 2) such that
(i) f1; f2; �1 (jf1j)p ; �2 (jf2j)q are all k (x; y) d�2 (y) -integrable, �1 -a.e. in

x 2 
1;
(ii) U�1 (jf1j)p, U�2 (jf2j)q, are both �2-integrable,
and for all corresponding functions gi (i = 1; 2) given by (10).

Corollary 5 Assume that the function x 7!
�
u (x) k(x;y)K(x)

�
is integrable on 
1,

for each �xed y 2 
2. De�ne U on 
2 by

U (y) :=

Z

1

u (x)
k (x; y)

K (x)
d�1 (x) <1: (21)

Let pi > 1 :
mX
i=1

1
pi
= 1. Let the functions �i : R+ ! R+, i = 1; :::;m; be convex

and increasing.
Then Z


1

u (x)

mY
i=1

�i

����� gi (x)K (x)

����� d�1 (x) �
mY
i=1

�Z

2

U (y) �i (jfi (y)j)pi d�2 (y)
� 1

pi

; (22)

for all measurable functions fi : 
2 ! R, i = 1; :::;m, such that
(i) fi; �i (jfij)pi are both k (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1; for

all i = 1; :::;m;
(ii) U�i (jfij)pi is �2-integrable, i = 1; :::;m;
and for all corresponding functions gi (i = 1; :::;m) given by (10).

Next we give two applications of Theorem 3.

Theorem 6 Assume that the functions (i = 1; 2; :::;m 2 N) x 7!
�
u (x) ki(x;y)Ki(x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne ui on 
2 by

ui (y) :=

Z

1

u (x)
ki (x; y)

Ki (x)
d�1 (x) <1: (23)

Let pi > 1 :
mX
i=1

1
pi
= 1; �i � 1, i = 1; :::;m.

Then Z

1

u (x)

 
mY
i=1

���� gi (x)Ki (x)

�����i
!
d�1 (x) �

mY
i=1

�Z

2

ui (y) jfi (y)j�ipi d�2 (y)
� 1

pi

; (24)

6
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for all measurable functions fi : 
2 ! R, i = 1; :::;m, such that
(i) fi; jfij�ipi are ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1; i = 1; :::;m;
(ii) ui jfij�ipi is �2-integrable, i = 1; :::;m;
and for all corresponding functions gi (i = 1; :::;m) given by (10).

Theorem 7 Assume that the functions (i = 1; 2; :::;m 2 N) x 7!
�
u (x) ki(x;y)Ki(x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne ui on 
2 by

ui (y) :=

Z

1

u (x)
ki (x; y)

Ki (x)
d�1 (x) <1: (25)

Let pi > 1 :
mX
i=1

1
pi
= 1.

Then Z

1

u (x)

0BB@e
mX
i=1

��� gi(x)Ki(x)

���
1CCA d�1 (x) �

mY
i=1

�Z

2

ui (y) e
pijfi(y)jd�2 (y)

� 1
pi

; (26)

for all measurable functions fi : 
2 ! R, i = 1; :::;m, such that
(i) fi; epijfij are ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1; i = 1; :::;m;
(ii) uiepijfij is �2-integrable, i = 1; :::;m;
and for all corresponding functions gi (i = 1; :::;m) given by (10).

We need

De�nition 8 ([16]) Let (a; b), 0 � a < b <1; �; � > 0. We consider the left-
and right-sided fractional integrals of order � as follows:
1) for � > �1, we de�ne

�
I�a+;�;�f

�
(x) =

�x��(�+�)

� (�)

Z x

a

t��+��1f (t) dt

(x� � t�)1��
; (27)

2) for � > 0, we de�ne

�
I�b�;�;�f

�
(x) =

�x��

� (�)

Z b

x

t�(1����)�1f (t) dt

(t� � x�)1��
: (28)

These are the Erdélyi-Kober type fractional integrals.

We remind the Beta function

B (x; y) :=

Z 1

0

tx�1 (1� t)y�1 dt; (29)

7
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for Re (x) ; Re (y) > 0; and the Incomplete Beta function

B (x;�; �) =

Z x

0

t��1 (1� t)��1 dt; (30)

where 0 < x � 1; �; � > 0:
We make

Remark 9 Regarding (27) we have

k (x; y) =
�x��(�+�)

� (�)
�(a;x] (y)

y��+��1

(x� � y�)1��
; (31)

x; y 2 (a; b), � stands for the characteristic function.
Here

K (x) =

Z b

a

k (x; t) dt =
�
I�a+;�;�1

�
(x)

=
�x��(�+�)

� (�)

Z x

a

t��+��1

(x� � t�)1��
dt (32)

(setting z = t
x)

=
�

� (�)

Z 1

a
x

z�((�+1)�
1
� ) (1� z�)��1 dz

(setting � = z�)

=
1

� (�)

Z 1

( ax )
�
�� (1� �)��1 d�: (33)

Hence

K (x) =
1

� (�)

Z 1

( ax )
�
�� (1� �)��1 d�: (34)

Indeed it is
K (x) =

�
I�a+;�;� (1)

�
(x) (35)

=
B (� + 1; �)�B

��
a
x

��
; � + 1; �

�
� (�)

:

We also make

Remark 10 Regarding (28) we have

k (x; y) =
�x��

� (�)
�[x;b) (y)

y�(1����)�1

(y� � x�)1��
; (36)

x; y 2 (a; b).
Here

K (x) =

Z b

a

k (x; t) dt =
�
I�b�;�;�1

�
(x)

8
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=
�x��

� (�)

Z b

x

t�(1����)�1

(t� � x�)1��
dt (37)

(setting z = t
x)

=
�

� (�)

Z ( bx )
1

(z� � 1)��1 z�(1����)�1dz

(setting � = z�, 1 � � <
�
b
x

��
)

=
1

� (�)

Z ( bx )�
1

(�� 1)��1 �����d� (38)

=
1

� (�)

Z ( bx )�
1

1

��+1

�
1� 1

�

���1
d�

(setting w := 1
� ; 0 <

�
x
b

��
< w � 1)

=
1

� (�)

Z 1

( xb )
�
w��1 (1� w)��1 dw (39)

=

�
B (�; �)�B

��
x
b

��
; �; �

��
� (�)

:

That is
K (x) =

�
I�b�;�;� (1)

�
(x) (40)

=

�
B (�; �)�B

��
x
b

��
; �; �

��
� (�)

:

We give

Theorem 11 Assume that the function

x 7!
 
u (x)

�(a;x] (y)�x
��(�+�)y��+��1

(x� � y�)1��
�
B (� + 1; �)�B

��
a
x

��
; � + 1; �

��! (41)

is integrable on (a; b), for each y 2 (a; b). Here �; � > 0, � > �1, 0 � a < b <
1: De�ne u1 on (a; b) by

u1 (y) := �y
��+��1

Z b

y

u (x)x��(�+�) (x� � y�)��1�
B (� + 1; �)�B

��
a
x

��
; � + 1; �

��dx <1: (42)

Let pi > 1 :
mX
i=1

1
pi
= 1. Let the functions �i : R+ ! R+, i = 1; :::;m; be convex

and increasing.

9
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Then Z b

a

u (x)
mY
i=1

�i

 ��I�a+;�;�fi (x)��� (�)�
B (� + 1; �)�B

��
a
x

��
; � + 1; �

��! dx �
mY
i=1

 Z b

a

u1 (y)�i (jfi (y)j)pi dy
! 1

pi

; (43)

for all measurable functions fi : (a; b)! R, i = 1; :::;m, such that
(i) fi; �i (jfij)pi are both �x��(�+�)

�(�) �(a;x] (y)
y��+��1dy
(x��y�)1�� -integrable, a.e. in

x 2 (a; b) ; for all i = 1; :::;m;
(ii) u1�i (jfij)pi is Lebesgue integrable, i = 1; :::;m;

Proof. By Corollary 5.

Remark 12 In (42), if we choose

u (x) = x�(�+�+1)�1
�
B (� + 1; �)�B

��a
x

��
; � + 1; �

��
, x 2 (a; b) ; (44)

then

u1 (y) = �y
��+��1

Z b

y

x��1 (x� � y�)��1 dx

(setting w := x�, dwdx = �x
��1, dx = dw

�x��1 )

= y��+��1
Z b�

y�
(w � y�)��1 dw = y��+��1 (b

� � y�)�

�
: (45)

That is

u1 (y) = y
��+��1 (b

� � y�)�

�
, y 2 (a; b) : (46)

Based on the above, (43) becomesZ b

a

x�(�+�+1)�1
�
B (� + 1; �)�B

��a
x

��
; � + 1; �

��
�

mY
i=1

�i

 ��I�a+;�;�fi (x)��� (�)�
B (� + 1; �)�B

��
a
x

��
; � + 1; �

��! dx �
1

�

mY
i=1

 Z b

a

y��+��1 (b� � y�)��i (jfi (y)j)pi dy
! 1

pi

� (47)

(b� � a�)�

�

mY
i=1

 Z b

a

y�(�+1)�1�i (jfi (y)j)pi dy
! 1

pi

;

under the assumptions:
(i) following (43), and
(ii)� y�(�+1)�1�i (jfi (y)j)pi is Lebesgue integrable on (a; b), i = 1; :::;m:

10
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Corollary 13 Let 0 � a < b; �; � > 0, � > �1; pi > 1 :
mX
i=1

1
pi
= 1; �i � 1,

i = 1; :::;m:

Then

Z b

a

x�(�+�+1)�1
�
B (� + 1; �)�B

��a
x

��
; � + 1; �

��0@1� mX
i=1

�i

1A
�

 
mY
i=1

��I�a+;�;�fi (x)���i
!
dx � 1

� (� (�))

mX
i=1

�i

�

mY
i=1

 Z b

a

y��+��1 (b� � y�)� jfi (y)j�ipi dy
! 1

pi

� (48)

0BBBB@ (b� � a�)�

� (� (�))

mX
i=1

�i

1CCCCA
mY
i=1

 Z b

a

y�(�+1)�1 jfi (y)j�ipi dy
! 1

pi

;

for all measurable functions fi : (a; b)! R, i = 1; :::;m such that

(i) jfij�ipi is
�
�x��(�+�)

�(�) �(a;x] (y)
y��+��1dy
(x��y�)1��

�
-integrable, a.e. in x 2 (a; b) ;

(ii) y�(�+1)�1 jfi (y)j�ipi is Lebesgue integrable on (a; b) ; i = 1; :::;m:

Proof. By Theorem 11 and (47).

Corollary 14 Let 0 � a < b; �; � > 0, � > �1; pi > 1 :
mX
i=1

1
pi
= 1:

Then Z b

a

x�(�+�+1)�1
�
B (� + 1; �)�B

��a
x

��
; � + 1; �

��
�

e

�(�)

0BB@
mX
i=1

jI�a+;�;�fi(x)j
1CCA

(B(�+1;�)�B(( ax )
�
;�+1;�)) dx �

1

�

mY
i=1

 Z b

a

y�(�+1)�1 (b� � y�)� epijfi(y)jdy
! 1

pi

�

(b� � a�)�

�

mY
i=1

 Z b

a

y�(�+1)�1epijfi(y)jdy

! 1
pi

; (49)

11
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for all measurable functions fi : (a; b)! R, i = 1; :::;m such that
(i) fi; epijfij are both �x��(�+�)

�(�) �(a;x] (y)
y��+��1dy
(x��y�)1�� -integrable, a.e. in x 2

(a; b) ;

(ii) y�(�+1)�1epijfi(y)j is Lebesgue integrable on (a; b) ; i = 1; :::;m:

Proof. By Theorem 11 and (47).
We present

Theorem 15 Assume that the function

x 7!
 
u (x)

�x���[x;b) (y) y
�(1����)�1

(y� � x�)1��
�
B (�; �)�B

��
x
b

��
; �; �

��!

is integrable on (a; b), for each y 2 (a; b). Here �; �; � > 0, 0 � a < b < 1:
De�ne u2 on (a; b) by

u2 (y) := �y
�(1����)�1

Z y

a

u (x)x�� (y� � x�)��1 dx�
B (�; �)�B

��
x
b

��
; �; �

�� <1: (50)

Let pi > 1 :
mX
i=1

1
pi
= 1. Let the functions �i : R+ ! R+, i = 1; :::;m; be convex

and increasing.
Then Z b

a

u (x)
mY
i=1

�i

0@
���I�b�;�;�fi (x)���� (�)�

B (�; �)�B
��
x
b

��
; �; �

��
1A dx �

mY
i=1

 Z b

a

u2 (y)�i (jfi (y)j)pi dy
! 1

pi

; (51)

for all measurable functions fi : (a; b)! R, i = 1; :::;m, such that

(i) fi; �i (jfij)pi are both
�
�x���[x;b)(y)y

�(1����)�1dy

�(�)(y��x�)1��

�
-integrable, a.e. in

x 2 (a; b) ; for all i = 1; :::;m;
(ii) u2�i (jfij)pi is Lebesgue integrable on (a; b), i = 1; :::;m:

Proof. By Corollary 5.

Remark 16 Here 0 < a < b <1; �; �; � > 0:
In (50), if we choose

u (x) = x�(1��)�1
�
B (�; �)�B

��x
b

��
; �; �

��
, x 2 (a; b) ; (52)

then

u2 (y) = �y
�(1����)�1

Z y

a

x��1 (y� � x�)��1 dx

12
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(setting w := x�, dx = dw
�x��1 )

= y�(1����)�1
Z y�

a�
(y� � w)��1 dw = y�(1����)�1 (y

� � a�)�

�
: (53)

That is

u2 (y) = y
�(1����)�1 (y

� � a�)�

�
, y 2 (a; b) : (54)

Based on the above, (51) becomesZ b

a

x�(1��)�1
�
B (�; �)�B

��x
b

��
; �; �

��
�

mY
i=1

�i

0@
���I�b�;�;�fi (x)���� (�)�

B (�; �)�B
��
x
b

��
; �; �

��
1A dx �

1

�

mY
i=1

 Z b

a

y�(1����)�1 (y� � a�)��i (jfi (y)j)pi dy
! 1

pi

� (55)

(b� � a�)�

�

mY
i=1

 Z b

a

y�(1����)�1�i (jfi (y)j)pi dy
! 1

pi

;

under the assumptions:
(i) following (51), and
(ii)� y�(1����)�1�i (jfi (y)j)pi is Lebesgue integrable on (a; b), i = 1; :::;m:

Corollary 17 Let 0 < a < b < 1; �; �; � > 0; pi > 1 :
mX
i=1

1
pi
= 1; �i � 1,

i = 1; :::;m:

Then

Z b

a

x�(1��)�1
�
B (�; �)�B

��x
b

��
; �; �

��0@1� mX
i=1

�i

1A
� 

mY
i=1

��I�b�;�;�fi (x)���i
!
dx � 1

� (� (�))

mX
i=1

�i

�

mY
i=1

 Z b

a

y�(1����)�1 (y� � a�)� jfi (y)j�ipi dy
! 1

pi

� (56)

(b� � a�)�

� (� (�))

mX
i=1

�i

mY
i=1

 Z b

a

y�(1����)�1 jfi (y)j�ipi dy
! 1

pi

;
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under the assumptions:

(i) jfij�ipi is
�
�x���[x;b)(y)y

�(1����)�1dy

�(�)(y��x�)1��

�
-integrable, a.e. in x 2 (a; b) ; for

all i = 1; :::;m;
(ii) y�(1����)�1 jfi (y)j�ipi is Lebesgue integrable on (a; b) ; i = 1; :::;m:

Proof. By Theorem 15 and (55).

Corollary 18 Let 0 < a < b <1; �; �; � > 0; pi > 1 :
mX
i=1

1
pi
= 1:

Then

Z b

a

x�(1��)�1
�
B (�; �)�B

��x
b

��
; �; �

��
� e

�(�)

0BB@
mX
i=1

jI�b�;�;�fi(x)j
1CCA

(B(�;�)�B(( xb )
�
;�;�)) dx �

1

�

mY
i=1

 Z b

a

y�(1����)�1 (y� � a�)� epijfi(y)jdy
! 1

pi

�

(b� � a�)�

�

mY
i=1

 Z b

a

y�(1����)�1epijfi(y)jdy

! 1
pi

; (57)

under the assumptions:

(i) fi; epijfij are both
�
�x���[x;b)(y)y

�(1����)�1dy

�(�)(y��x�)1��

�
-integrable, a.e. in x 2

(a; b) ; i = 1; :::;m;

(ii) y�(1����)�1epijfi(y)j is Lebesgue integrable on (a; b) ; i = 1; :::;m:

Proof. By Theorem 15 and (55).
We make

Remark 19 Let
NY
i=1

(ai; bi) � RN , N > 1; ai < bi; ai; bi 2 R. Let �i > 0,

i = 1; :::; N ; f 2 L1

 
NY
i=1

(ai; bi)

!
, and set a = (a1; :::; aN ) ; b = (b1; :::; bN ),

� = (�1; :::; �N ), x = (x1; :::; xN ) ; t = (t1; :::; tN ) :
We de�ne the left mixed Riemann-Liouville fractional multiple integral of

order � (see also [14]):

�
I�a+f

�
(x) :=

1
NY
i=1

� (�i)

Z x1

a1

:::

Z xN

aN

NY
i=1

(xi � ti)�i�1 f (t1; :::; tN ) dt1:::dtN ;

(58)
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with xi > ai, i = 1; :::; N:
We also de�ne the right mixed Riemann-Liouville fractional multiple integral

of order � (see also [12]):

�
I�b�f

�
(x) :=

1
NY
i=1

� (�i)

Z b1

x1

:::

Z bN

xN

NY
i=1

(ti � xi)�i�1 f (t1; :::; tN ) dt1:::dtN ;

(59)
with xi < bi, i = 1; :::; N:

Notice I�a+ (jf j), I�b� (jf j) are �nite if f 2 L1

 
NY
i=1

(ai; bi)

!
:

One can rewrite (58) and (59) as follows:

�
I�a+f

�
(x) =

1
NY
i=1

� (�i)

Z
NY
i=1

(ai;bi)

� NY
i=1

(ai;xi]

(t)
NY
i=1

(xi � ti)�i�1 f (t) dt; (60)

with xi > ai, i = 1; :::; N;
and

�
I�b�f

�
(x) =

1
NY
i=1

� (�i)

Z
NY
i=1

(ai;bi)

� NY
i=1

[xi;bi)

(t)
NY
i=1

(ti � xi)�i�1 f (t) dt; (61)

with xi < bi, i = 1; :::; N:
The corresponding k (x; y) for I�a+, I

�
b� are

ka+ (x; y) =
1

NY
i=1

� (�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1 ; (62)

8 x; y 2
NY
i=1

(ai; bi) ;

and

kb� (x; y) =
1

NY
i=1

� (�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1 ; (63)

8 x; y 2
NY
i=1

(ai; bi) :
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The corresponding K (x) for I�a+ is:

Ka+ (x) =

Z
NY
i=1

(ai;bi)

ka+ (x; y) dy =
�
I�a+1

�
(x) =

1
NY
i=1

� (�i)

Z x1

a1

:::

Z xN

aN

NY
i=1

(xi � ti)�i�1 dt1:::dtN =

1
NY
i=1

� (�i)

NY
i=1

Z xi

ai

(xi � ti)�i�1 dti =
1

NY
i=1

� (�i)

NY
i=1

(xi � ai)�i

�i

=
NY
i=1

�
(xi � ai)�i

� (�i + 1)

�
;

that is

Ka+ (x) =
NY
i=1

(xi � ai)�i

� (�i + 1)
; (64)

8 x 2
NY
i=1

(ai; bi) :

Similarly the corresponding K (x) for I�b� is:

Kb� (x) =

Z
NY
i=1

(ai;bi)

kb� (x; y) dy =
�
I�b�1

�
(x) =

1
NY
i=1

� (�i)

Z b1

x1

:::

Z bN

xN

NY
i=1

(ti � xi)�i�1 dt1:::dtN =

1
NY
i=1

� (�i)

NY
i=1

Z bi

xi

(ti � xi)�i�1 dti =
1

NY
i=1

� (�i)

NY
i=1

(bi � xi)�i

�i

=
NY
i=1

(bi � xi)�i

� (�i + 1)
;

that is

Kb� (x) =

NY
i=1

(bi � xi)�i

� (�i + 1)
; (65)
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8 x 2
NY
i=1

(ai; bi) :

Next we form

ka+ (x; y)

Ka+ (x)
=

1
NY
i=1

� (�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1
NY
i=1

� (�i + 1)

(xi � ai)�i

= � NY
i=1

(ai;xi]

(y)

 
NY
i=1

�i

! 
NY
i=1

(xi � yi)�i�1

(xi � ai)�i

!
;

that is

ka+ (x; y)

Ka+ (x)
= � NY

i=1

(ai;xi]

(y)

 
NY
i=1

�i

! 
NY
i=1

(xi � yi)�i�1

(xi � ai)�i

!
; (66)

8 x; y 2
NY
i=1

(ai; bi) :

Similarly we form

kb� (x; y)

Kb� (x)
=

1
NY
i=1

� (�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1
NY
i=1

� (�i + 1)

(bi � xi)�i

= � NY
i=1

[xi;bi)

(y)

 
NY
i=1

�i

! 
NY
i=1

(yi � xi)�i�1

(bi � xi)�i

!
;

that is

kb� (x; y)

Kb� (x)
= � NY

i=1

[xi;bi)

(y)

 
NY
i=1

�i

! 
NY
i=1

(yi � xi)�i�1

(bi � xi)�i

!
; (67)

8 x; y 2
NY
i=1

(ai; bi) :

We choose the weight function u1 (x) on
NY
i=1

(ai; bi) such that the function

x 7!
�
u1 (x)

ka+(x;y)
Ka+(x)

�
is integrable on

NY
i=1

(ai; bi), for each �xed y 2
NY
i=1

(ai; bi).
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We de�ne w1 on
NY
i=1

(ai; bi) by

w1 (y) :=

Z
NY
i=1

(ai;bi)

u1 (x)
ka+ (x; y)

Ka+ (x)
dx <1: (68)

We have that

w1 (y) =

 
NY
i=1

�i

!Z b1

y1

:::

Z bN

yN

u1 (x1; :::; xN )

 
NY
i=1

(xi � yi)�i�1

(xi � ai)�i

!
dx1:::dxN ;

(69)

8 y 2
NY
i=1

(ai; bi) :

We also choose the weight function u2 (x) on
NY
i=1

(ai; bi) such that the func-

tion x 7!
�
u2 (x)

kb�(x;y)
Kb�(x)

�
is integrable on

NY
i=1

(ai; bi), for each �xed y 2
NY
i=1

(ai; bi).

We de�ne w2 on
NY
i=1

(ai; bi) by

w2 (y) :=

Z
NY
i=1

(ai;bi)

u2 (x)
kb� (x; y)

Kb� (x)
dx <1: (70)

We have that

w2 (y) =

 
NY
i=1

�i

!Z y1

a1

:::

Z yN

aN

u2 (x1; :::; xN )

 
NY
i=1

(yi � xi)�i�1

(bi � xi)�i

!
dx1:::dxN ;

(71)

8 y 2
NY
i=1

(ai; bi) :

If we choose as

u1 (x) = u
�
1 (x) :=

NY
i=1

(xi � ai)�i ; (72)

then

w�1 (y) := w1 (y) =

 
NY
i=1

�i

!Z b1

y1

:::

Z bN

yN

 
NY
i=1

(xi � yi)�i�1
!
dx1:::dxN
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=

 
NY
i=1

�i

! 
NY
i=1

Z bi

yi

(xi � yi)�i�1 dxi

!

=

 
NY
i=1

�i

! 
NY
i=1

(bi � yi)�i

�i

!
=

NY
i=1

(bi � yi)�i :

that is

w�1 (y) =
NY
i=1

(bi � yi)�i ; 8y 2
NY
i=1

(ai; bi) : (73)

If we choose as

u2 (x) = u
�
2 (x) :=

NY
i=1

(bi � xi)�i ; (74)

then

w�2 (y) := w2 (y) =

 
NY
i=1

�i

!Z y1

a1

:::

Z yN

aN

 
NY
i=1

(yi � xi)�i�1
!
dx1:::dxN

=

 
NY
i=1

�i

! 
NY
i=1

Z yi

ai

(yi � xi)�i�1 dxi

!

=

 
NY
i=1

�i

! 
NY
i=1

(yi � ai)�i

�i

!
=

NY
i=1

(yi � ai)�i :

That is

w�2 (y) =

NY
i=1

(yi � ai)�i ; 8y 2
NY
i=1

(ai; bi) : (75)

Here we choose fj :
NY
i=1

(ai; bi) ! R, j = 1; :::;m; that are Lebesgue measurable

and I�a+ (jfj j), I�b� (jfj j) are �nite a.e., one or the other, or both.

Let pj > 1 :
mX
j=1

1
pj
= 1 and the functions �j : R+ ! R+, j = 1; :::;m; to be

convex and increasing.
Then by (22) we obtain

Z
NY
i=1

(ai;bi)

u1 (x)
mY
j=1

�j

0BBBB@
��I�a+ (fj) (x)�� NY

i=1

� (�i + 1)

NY
i=1

(xi � ai)�i

1CCCCA dx �
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mY
j=1

0BB@Z NY
i=1

(ai;bi)

w1 (y) �j (jfj (y)j)pj dy

1CCA
1
pj

; (76)

under the assumptions:

(i) fj ; �j (jfj j)pj are both 1
NY
i=1

�(�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1 dy -integrable,

a.e. in x 2
NY
i=1

(ai; bi) ; for all j = 1; :::;m;

(ii) w1�j (jfj j)pj is Lebesgue integrable, j = 1; :::;m:
Similarly, by (22), we obtain

Z
NY
i=1

(ai;bi)

u2 (x)
mY
j=1

�j

0BBBB@
��I�b� (fj) (x)�� NY

i=1

� (�i + 1)

NY
i=1

(bi � xi)�i

1CCCCA dx �

mY
j=1

0BB@Z NY
i=1

(ai;bi)

w2 (y) �j (jfj (y)j)pj dy

1CCA
1
pj

; (77)

under the assumptions:

(i) fj ; �j (jfj j)pj are both 1
NY
i=1

�(�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1 dy -integrable,

a.e. in x 2
NY
i=1

(ai; bi) ; for all j = 1; :::;m;

(ii) w2�j (jfj j)pj is Lebesgue integrable, j = 1; :::;m:
Using (72) and (73) we rewrite (76), as follows

Z
NY
i=1

(ai;bi)

 
NY
i=1

(xi � ai)�i
!

mY
j=1

�j

0BBBB@
��I�a+ (fj) (x)�� NY

i=1

� (�i + 1)

NY
i=1

(xi � ai)�i

1CCCCA dx �

mY
j=1

0BB@Z NY
i=1

(ai;bi)

 
NY
i=1

(bi � yi)�i
!
�j (jfj (y)j)pj dy

1CCA
1
pj

� (78)
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NY
i=1

(bi � ai)�i
!

mY
j=1

0BB@Z NY
i=1

(ai;bi)

�j (jfj (y)j)pj dy

1CCA
1
pj

;

under the assumptions:
(i) following (76)
and
(ii)� �j (jfj j)pj is Lebesgue integrable, j = 1; :::;m:
Similarly, using (74) and (75) we rewrite (77),

Z
NY
i=1

(ai;bi)

 
NY
i=1

(bi � xi)�i
!

mY
j=1

�j

0BBBB@
��I�b� (fj) (x)�� NY

i=1

� (�i + 1)

NY
i=1

(bi � xi)�i

1CCCCA dx �

mY
j=1

0BB@Z NY
i=1

(ai;bi)

 
NY
i=1

(yi � ai)�i
!
�j (jfj (y)j)pj dy

1CCA
1
pj

� (79)

 
NY
i=1

(bi � ai)�i
!

mY
j=1

0BB@Z NY
i=1

(ai;bi)

�j (jfj (y)j)pj dy

1CCA
1
pj

;

under the assumptions:
(i) following (77),
and
(ii)� �j (jfj j)pj is Lebesgue integrable, j = 1; :::;m:
Let now �j � 1, j = 1; :::;m:
Then, by (78), we obtain

Z
NY
i=1

(ai;bi)

 
NY
i=1

(xi � ai)�i
!0@1� mX

j=1

�j

1A0@ mY
j=1

��I�a+ (fj) (x)���j
1A dx �

0BBBBBBBBB@
1

 
NY
i=1

� (�i + 1)

! mX
j=1

�j

1CCCCCCCCCA
�
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mY
j=1

0BB@Z NY
i=1

(ai;bi)

 
NY
i=1

(bi � yi)�i
!
jfj (y)j�jpj dy

1CCA
1
pj

� (80)

0BBBBBBBBB@

NY
i=1

(bi � ai)�i

 
NY
i=1

� (�i + 1)

! mX
j=1

�j

1CCCCCCCCCA
mY
j=1

0BB@Z NY
i=1

(ai;bi)

jfj (y)j�jpj dy

1CCA
1
pj

:

But it holds

Z
NY
i=1

(ai;bi)

 
NY
i=1

(xi � ai)�i
!0@1� mX

j=1

�j

1A0@ mY
j=1

��I�a+ (fj) (x)���j
1A dx �

 
NY
i=1

(bi � ai)�i
!0@1� mX

j=1

�j

1A0BB@Z NY
i=1

(ai;bi)

mY
j=1

��I�a+ (fj) (x)���j dx
1CCA : (81)

So by (80) and (81) we deriveZ
NY
i=1

(ai;bi)

mY
j=1

��I�a+ (fj) (x)���j dx � (82)

 
NY
i=1

(bi � ai)�i

� (�i + 1)

! mX
j=1

�j mY
j=1

0BB@Z NY
i=1

(ai;bi)

jfj (y)j�jpj dy

1CCA
1
pj

;

under the assumptions:

(i) jfj jpj�j is 1
NY
i=1

�(�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1 dy -integrable, a.e. in

x 2
NY
i=1

(ai; bi) ; for all j = 1; :::;m;

(ii) jfj jpj�j is Lebesgue integrable, j = 1; :::;m:
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We also have, by (78), that

Z
NY
i=1

(ai;bi)

 
NY
i=1

(xi � ai)�i
!
e

0@ mX
j=1

jI�a+(fj)(x)j
1A
0B@ NY

i=1

�(�i+1)
(xi�ai)

�i

1CA
dx �

mY
j=1

0BB@Z NY
i=1

(ai;bi)

 
NY
i=1

(bi � yi)�i
!
epj jfj(y)jdy

1CCA
1
pj

� (83)

 
NY
i=1

(bi � ai)�i
!

mY
j=1

0BB@Z NY
i=1

(ai;bi)

epj jfj(y)jdy

1CCA
1
pj

;

under the assumptions:

(i) fj ; epj jfj j are both 1
NY
i=1

�(�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1 dy -integrable,

a.e. in x 2
NY
i=1

(ai; bi) ; for all j = 1; :::;m;

(ii) epj jfj j is Lebesgue integrable, j = 1; :::;m:
From (79) we get

Z
NY
i=1

(ai;bi)

 
NY
i=1

(bi � xi)�i
!0@1� mX

j=1

�j

1A0@ mY
j=1

��I�b� (fj) (x)���j
1A dx �

0BBBBBBBBB@
1

 
NY
i=1

� (�i + 1)

! mX
j=1

�j

1CCCCCCCCCA
�

mY
j=1

0BB@Z NY
i=1

(ai;bi)

 
NY
i=1

(yi � ai)�i
!
jfj (y)j�jpj dy

1CCA
1
pj

� (84)
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0BBBBBBBBB@

NY
i=1

(bi � ai)�i

 
NY
i=1

� (�i + 1)

! mX
j=1

�j

1CCCCCCCCCA
mY
j=1

0BB@Z NY
i=1

(ai;bi)

jfj (y)j�jpj dy

1CCA
1
pj

:

But it holds

Z
NY
i=1

(ai;bi)

 
NY
i=1

(bi � xi)�i
!0@1� mX

j=1

�j

1A0@ mY
j=1

��I�b� (fj) (x)���j
1A dx �

 
NY
i=1

(bi � ai)�i
!0@1� mX

j=1

�j

1A0BB@Z NY
i=1

(ai;bi)

0@ mY
j=1

��I�b� (fj) (x)���j
1A dx

1CCA : (85)

So by (84) and (85) we obtain

Z
NY
i=1

(ai;bi)

0@ mY
j=1

��I�b� (fj) (x)���j
1A dx � (86)

 
NY
i=1

(bi � ai)�i

� (�i + 1)

! mX
j=1

�j mY
j=1

0BB@Z NY
i=1

(ai;bi)

jfj (y)j�jpj dy

1CCA
1
pj

;

under the assumptions:

(i) jfj jpj�j is 1
NY
i=1

�(�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1 dy -integrable, a.e. in

x 2
NY
i=1

(ai; bi) ; for all j = 1; :::;m;

(ii) jfj jpj�j is Lebesgue integrable, j = 1; :::;m:
We also have, by (79), that

Z
NY
i=1

(ai;bi)

 
NY
i=1

(bi � xi)�i
!
e

0@ mX
j=1

jI�b�(fj)(x)j
1A
0B@ NY

i=1

�(�i+1)
(bi�xi)

�i

1CA
dx �
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mY
j=1

0BB@Z NY
i=1

(ai;bi)

 
NY
i=1

(yi � ai)�i
!
epj jfj(y)jdy

1CCA
1
pj

� (87)

 
NY
i=1

(bi � ai)�i
!

mY
j=1

0BB@Z NY
i=1

(ai;bi)

epj jfj(y)jdy

1CCA
1
pj

;

under the assumptions:

(i) fj ; epj jfj j are both 1
NY
i=1

�(�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1 dy -integrable,

a.e. in x 2
NY
i=1

(ai; bi) ; for all j = 1; :::;m;

(ii) epj jfj j is Lebesgue integrable, j = 1; :::;m:

Background 20 In order to apply Theorem 1 to the case of a spherical shell
we need:
Let N � 2, SN�1 := fx 2 RN : jxj = 1g the unit sphere on RN , where j�j

stands for the Euclidean norm in RN . Also denote the ball B (0; R) := fx 2
RN : jxj < Rg � RN , R > 0, and the spherical shell

A := B (0; R2)�B (0; R1), 0 < R1 < R2: (88)

For the following see [15, pp. 149-150], and [17, pp. 87-88].
For x 2 RN � f0g we can write uniquely x = r!, where r = jxj > 0, and

! = x
r 2 S

N�1, j!j = 1:
Clearly here

RN � f0g = (0;1)� SN�1; (89)

and
A = [R1; R2]� SN�1: (90)

We will be using

Theorem 21 [1, p. 322] Let f : A ! R be a Lebesgue integrable function.
Then Z

A

f (x) dx =

Z
SN�1

 Z R2

R1

f (r!) rN�1dr

!
d!: (91)

So we are able to write an integral on the shell in polar form using the polar
coordinates (r; !) :
We need
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De�nition 22 [1, p. 458] Let � > 0, n := [�], � := � � n, f 2 Cn
�
A
�
, and A

is a spherical shell. Assume that there exists function
@�R1f(x)

@r� 2 C
�
A
�
; given

by
@�R1

f (x)

@r�
:=

1

� (1� �)
@

@r

�Z r

R1

(r � t)�� @
nf (t!)

@rn
dt

�
; (92)

where x 2 A; that is x = r!, r 2 [R1; R2], ! 2 SN�1.
We call

@�R1f

@r� the left radial Canavati-type fractional derivative of f of order

�. If � = 0, then set
@�R1f(x)

@r� := f (x) :

Based on [1, p. 288], and [5] we have

Lemma 23 Let 
 � 0, m := [
], � > 0, n := [�], with 0 � 
 < �. Let

f 2 Cn
�
A
�
and there exists

@�R1f(x)

@r� 2 C
�
A
�
, x 2 A, A a sperical shell. Further

assume that @jf(R1!)
@rj = 0, j = m;m + 1; :::; n � 1; 8 ! 2 SN�1: Then there

exists
@
R1

f(x)

@r
 2 C
�
A
�
such that

@
R1
f (x)

@r

=
@
R1

f (r!)

@r

=

1

� (� � 
)

Z r

R1

(r � t)��
�1
@�R1

f (t!)

@r�
dt; (93)

8 ! 2 SN�1; all R1 � r � R2, indeed f (r!) 2 C
R1
([R1; R2]) ; 8 ! 2 SN�1:

We make

Remark 24 In the settings and assumptions of Theorem 1 and Lemma 23 we
have

k (r; t) =
1

� (� � 
)�[R1;r] (t) (r � t)
��
�1

; (94)

and

K (r) =
(r �R1)��


� (� � 
 + 1) ; (95)

r; t 2 [R1; R2] :
Furthermore we get

k (r; t)

K (r)
= (� � 
)�[R1;r] (t)

(r � t)��
�1

(r �R1)��

; (96)

and by choosing
u (r) := (r �R1)��
 ; r 2 [R1; R2] ; (97)

we �nd

U (t) = (� � 
)
Z R2

t

(r � t)��
�1 dr = (R2 � t)��
 ; (98)

t 2 [R1; R2] :
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Then by (8) for p � 1 we �ndZ R2

R1

(r �R1)��

����@
R1

f (r!)

@r


����p (� (� � 
 + 1))p
(r �R1)(��
)p

dr �

Z R2

R1

(R2 � r)��

����@�R1

f (r!)

@r�

����p dr; (99)

and Z R2

R1

(r �R1)(��
)(1�p)
����@
R1

f (r!)

@r


����p dr �
1

(� (� � 
 + 1))p
Z R2

R1

(R2 � r)��

����@�R1

f (r!)

@r�

����p dr �
(R2 �R1)��


(� (� � 
 + 1))p
Z R2

R1

����@�R1
f (r!)

@r�

����p dr: (100)

But it holds Z R2

R1

(r �R1)(��
)(1�p)
����@
R1

f (r!)

@r


����p dr �
(R2 �R1)(��
)(1�p)

Z R2

R1

����@
R1
f (r!)

@r


����p dr: (101)

Consequently we deriveZ R2

R1

����@
R1
f (r!)

@r


����p dr �
 
(R2 �R1)(��
)

� (� � 
 + 1)

!p Z R2

R1

����@�R1
f (r!)

@r�

����p dr; (102)

8 ! 2 SN�1:
Here we have R1 � r � R2, and R

N�1
1 � rN�1 � RN�12 ; and R1�N2 �

r1�N � R1�N1 :

From (102) we have

R1�N2

Z R2

R1

rN�1
����@
R1

f (r!)

@r


����p dr �
Z R2

R1

r1�NrN�1
����@
R1

f (r!)

@r


����p dr � 
(R2 �R1)(��
)

� (� � 
 + 1)

!p Z R2

R1

r1�NrN�1
����@�R1

f (r!)

@r�

����p dr �
R1�N1

 
(R2 �R1)(��
)

� (� � 
 + 1)

!p Z R2

R1

rN�1
����@�R1

f (r!)

@r�

����p dr: (103)
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So we get Z R2

R1

rN�1
����@
R1

f (r!)

@r


����p dr ��
R2
R1

�N�1 
(R2 �R1)(��
)

� (� � 
 + 1)

!p Z R2

R1

rN�1
����@�R1

f (r!)

@r�

����p dr; (104)

8 ! 2 SN�1:
Hence Z

SN�1

 Z R2

R1

rN�1
����@
R1

f (r!)

@r


����p dr
!
d! �

�
R2
R1

�N�1 
(R2 �R1)(��
)

� (� � 
 + 1)

!p Z
SN�1

 Z R2

R1

rN�1
����@�R1

f (r!)

@r�

����p dr
!
d!:

(105)
By Theorem 21, equality (91), we obtainZ

A

����@
R1
f (x)

@r


����p dx � �R2R1
�N�1 

(R2 �R1)(��
)

� (� � 
 + 1)

!p Z
A

����@�R1
f (x)

@r�

����p dx: (106)
We have proved the following fractional Poincaré type inequalities on the

shell.

Theorem 25 Here all as in Lemma 23, p � 1:
It holds
1) 



@
R1

f

@r







p;A

�
�
R2
R1

�(N�1
p )

 
(R2 �R1)(��
)

� (� � 
 + 1)

!



@�R1
f

@r�






p;A

; (107)

2) When 
 = 0, we have

kfkp;A �
�
R2
R1

�(N�1
p )� (R2 �R1)�

� (� + 1)

�



@�R1
f

@r�






p;A

: (108)

See the related, and proof, results in [1, pp. 458-459] with di¤erent constants
and proof in the corresponding inequalities.
Similar results can be produced for the right radial Canavati type fractional

derivative.
We choose to omit it.
We make

Remark 26 (from [1], p. 460) Here we denote �RN (x) � dx the Lebesgue
measure on RN , N � 2, and by �SN�1 (!) = d! the surface measure on SN�1,
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where BX stands for the Borel class on space X. De�ne the measure RN on�
(0;1) ;B(0;1)

�
by

RN (B) =

Z
B

rN�1dr, any B 2 B(0;1):

Now let F 2 L1 (A) = L1
�
[R1; R2]� SN�1

�
:

Call

K (F ) := f! 2 SN�1 : F (�!) =2 L1
�
[R1; R2] ;B[R1;R2]; RN

�
g: (109)

We get, by Fubini�s theorem and [17], pp. 87-88, that

�SN�1 (K (F )) = 0:

Of course
� (F ) := [R1; R2]�K (F ) � A;

and
�RN (� (F )) = 0:

Above �SN�1 is de�ned as follows: let A � SN�1 be a Borel set, and let

eA := fru : 0 < r < 1; u 2 Ag � RN ;
we de�ne

�SN�1 (A) := N�RN
� eA� :

We have that

�SN�1
�
SN�1

�
=

2�
N
2

�
�
N
2

� ;
the surface area of SN�1:
See also [15, pp. 149-150], [17, pp. 87-88] and [1], p. 320.

Following [1, p. 466] we de�ne the left Riemann-Liouville radial fractional
derivative next.

De�nition 27 Let � > 0, m := [�] + 1, F 2 L1 (A), and A is the spherical
shell. We de�ne

@
�

R1
F (x)

@r�
:=

8><>:
1

�(m��)
�
@
@r

�m R r
R1
(r � t)m���1 F (t!) dt;
for ! 2 SN�1 �K (F ) ;

0; for ! 2 K (F ) ;
(110)

where x = r! 2 A, r 2 [R1; R2], ! 2 SN�1; K (F ) as in (109).
If � = 0, de�ne

@
�

R1
F (x)

@r�
:= F (x) :
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We need the following important representation result for left Riemann-
Liouville radial fractional derivatives, by [1, p. 466].

Theorem 28 Let � � 
 + 1, 
 � 0, n := [�], m := [
], F : A ! R with
F 2 L1 (A). Assume that F (�!) 2 ACn ([R1; R2]), 8 ! 2 SN�1, and that
@
�
R1
F (�!)
@r� is measurable on [R1; R2], 8 ! 2 SN�1: Also assume 9

@
�
R1
F (r!)

@r� 2 R,
8 r 2 [R1; R2] and 8 ! 2 SN�1, and

@
�
R1
F (x)

@r� is measurable on A. Suppose 9
M1 > 0 : �����@

�

R1
F (r!)

@r�

����� �M1, 8 (r; !) 2 [R1; R2]� SN�1: (111)

We suppose that @
j
F (R1!)
@rj = 0, j = m;m+ 1; :::; n� 1; 8 ! 2 SN�1:

Then

@



R1
F (x)

@r

= D




R1
F (r!) =

1

� (� � 
)

Z r

R1

(r � t)��
�1
�
D
�

R1
F
�
(t!) dt; (112)

valid 8 x 2 A; that is, true 8 r 2 [R1; R2] and 8 ! 2 SN�1; 
 > 0:
Here

D



R1
F (�!) 2 AC ([R1; R2]) ; (113)

8 ! 2 SN�1; 
 > 0:
Furthermore

@



R1
F (x)

@r

2 L1 (A) , 
 > 0: (114)

In particular, it holds

F (x) = F (r!) =
1

� (�)

Z r

R1

(r � t)��1
�
D
�

R1
F
�
(t!) dt; (115)

true 8 x 2 A; that is, true 8 r 2 [R1; R2] and 8 ! 2 SN�1, and

F (�!) 2 AC ([R1; R2]) ; 8 ! 2 SN�1: (116)

We give also the following fractional Poincaré type inequalities on the spher-
ical shell.

Theorem 29 Here all as in Theorem 28, p � 1. Then
1) 




@




R1
F

@r








p;A

�
�
R2
R1

�(N�1
p )

 
(R2 �R1)(��
)

� (� � 
 + 1)

!




@
�

R1
F

@r�







p;A

; (117)

2) When 
 = 0, we have

kFkp;A �
�
R2
R1

�(N�1
p )� (R2 �R1)�

� (� + 1)

�




@
�

R1
F

@r�







p;A

: (118)
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Proof. As in Theorem 25, based on Theorem 28.
See also similar results in [1, p. 468].
We also need (see [1], p. 421).

De�nition 30 Let F : A! R, � � 0, n := d�esuch that F (�!) 2 ACn ([R1; R2]),
for all ! 2 SN�1:
We call the left Caputo radial fractional derivative the following function

@��R1
F (x)

@r�
:=

1

� (n� �)

Z r

R1

(r � t)n���1 @
nF (t!)

@rn
dt; (119)

where x 2 A, i.e. x = r!, r 2 [R1; R2], ! 2 SN�1:
Clearly

@0�R1
F (x)

@r0
= F (x) ; (120)

@��R1
F (x)

@r�
=
@�F (x)

@r�
, if � 2 N:

Above function (119) exists almost everywhere for x 2 A, see [1], p. 422.
We mention the following fundamental representation result (see [1], p. 422-

423 and [5]).

Theorem 31 Let � � 
 + 1, 
 � 0, n := d�e, m := d
e, F : A ! R with
F 2 L1 (A). Assume that F (�!) 2 ACn ([R1; R2]), for all ! 2 SN�1, and that
@��R1F (�!)

@r� 2 L1 (R1; R2) for all ! 2 SN�1:
Further assume that

@��R1F (x)

@r� 2 L1 (A) : More precisely, for these r 2
[R1; R2] ; for each ! 2 SN�1, for which D�

�R1
F (r!) takes real values, there

exists M1 > 0 such that
��D�

�R1
F (r!)

�� �M1:

We suppose that @
jF (R1!)
@rj = 0, j = m;m+ 1; :::; n� 1; for every ! 2 SN�1:

Then

@
�R1
F (x)

@r

= D


�R1
F (r!) =

1

� (� � 
)

Z r

R1

(r � t)��
�1
�
D�
�R1
F
�
(t!) dt;

(121)
valid 8 x 2 A; i.e. true 8 r 2 [R1; R2] and 8 ! 2 SN�1; 
 > 0:
Here

D

�R1
F (�!) 2 AC ([R1; R2]) ; (122)

8 ! 2 SN�1; 
 > 0:
Furthermore

@
�R1
F (x)

@r

2 L1 (A) , 
 > 0: (123)

In particular, it holds

F (x) = F (r!) =
1

� (�)

Z r

R1

(r � t)��1
�
D�
�R1
F
�
(t!) dt; (124)
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true 8 x 2 A; i.e. true 8 r 2 [R1; R2] and 8 ! 2 SN�1, and

F (�!) 2 AC ([R1; R2]) ; 8 ! 2 SN�1: (125)

We �nish with the following Poincaré type inequalities involving left Caputo
radial fractional derivatives.

Theorem 32 Here all as in Theorem 31, p � 1. Then
1) 



@
�R1

F

@r







p;A

�
�
R2
R1

�(N�1
p )

 
(R2 �R1)(��
)

� (� � 
 + 1)

!



@��R1
F

@r�






p;A

; (126)

2) When 
 = 0, we have

kFkp;A �
�
R2
R1

�(N�1
p )� (R2 �R1)�

� (� + 1)

�



@��R1
F

@r�






p;A

: (127)

Proof. As in Theorem 25, based on Theorem 31.
See also similar results in [1, p. 464].
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Rational Inequalities for Integral Operators
under convexity

George A. Anastassiou
Department of Mathematical Sciences

University of Memphis
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Abstract

Here we present integral inequalities for convex and increasing func-
tions applied to products of ratios of functions and other important mix-
tures. As applications we derive a wide range of fractional inequalities of
Hardy type. They involve the left and right Riemann-Liouville fractional
integrals and their generalizations, in particular the Hadamard fractional
integrals. Also inequalities for Riemann-Liouville, Caputo, Canavati and
their generalizations fractional derivatives. These application inequalities
are of Lp type, p � 1, exponential type and of other general forms.

2010 Mathematics Subject Classi�cation: 26A33, 26D10, 26D15.
Key words and phrases: integral operator, fractional integral, fractional

derivative, Hardy fractional inequality, Hadamard fractional integral.

1 Introduction

Let (
1;�1; �1) and (
2;�2; �2) be measure spaces with positive �-�nite mea-
sures, and let ki : 
1 � 
2 ! R be nonnegative measurable functions, ki (x; �)
measurable on 
2 and

Ki (x) =

Z

2

ki (x; y) d�2 (y) , for any x 2 
1; (1)

i = 1; :::;m: We assume that Ki (x) > 0 a.e. on 
1, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions gi : 
1 ! R with the representation

gi (x) =

Z

2

ki (x; y) fi (y) d�2 (y) ; (2)

1
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where fi : 
2 ! R are measurable functions, i = 1; :::;m:
Here u stands for a weight function on 
1:
In [4] we proved the following general result.

Theorem 1 Let j 2 f1; :::;mg be �xed. Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

Ki (x)

1CCCCA
is integrable on 
1 for each �xed y 2 
2. De�ne �m on 
2 by

�m (y) :=

Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

Ki (x)

1CCCCA d�1 (x) <1: (3)

If �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)
mY
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) � (4)

0B@ mY
i=1
i6=j

Z

2

�i (jfi (y)j) d�2 (y)

1CA�Z

2

�j (jfj (y)j)�m (y) d�2 (y)
�
;

true for all measurable functions, i = 1; :::;m; fi : 
2 ! R such that:
(i) fi;�i (jfij) are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) �m�j (jfj j) ; �1 (jf1j) ;�2 (jf2j) ;�3 (jf3j) ; :::; \�j (jfj j); :::;�m (jfmj) are all

�2 -integrable,

and for all corresponding functions gi given by (2). Above \�j (jfj j) means
missing item.

Here R� := R [ f�1g. Let ' : R�2 ! R� be a Borel measurable function.
Let f1i; f2i : 
2 ! R be measurable functions, i = 1; :::;m:
The function ' (f1i (y) ; f2i (y)), y 2 
2, i = 1; :::;m; is �2-measurable. In

this article we assume that 0 < ' (f1i (y) ; f2i (y)) <1, a.e., i = 1; :::;m:
We consider

f3i (y) :=
f1i (y)

' (f1i (y) ; f2i (y))
; (5)

i = 1; :::;m; y 2 
2; which is a measurable function.

2
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We also consider here

k�i (x; y) := ki (x; y)' (f1i (y) ; f2i (y)) ; (6)

y 2 
2; i = 1; :::;m; which is a nonnegative a.e. measurable function on 
1�
2:
We have that k�i (x; �) is measurable on 
2, i = 1; :::;m:
Denote by

K�
i (x) :=

Z

2

k�i (x; y) d�2 (y) (7)

=

Z

2

ki (x; y)' (f1i (y) ; f2i (y)) d�2 (y) ; i = 1; :::;m:

We assume that K�
i (x) > 0, a.e. on 
1:

So here the function

g1i (x) =

Z

2

ki (x; y) f1i (y) d�2 (y)

=

Z

2

ki (x; y)' (f1i (y) ; f2i (y))

�
f1i (y)

' (f1i (y) ; f2i (y))

�
d�2 (y)

=

Z

2

k�i (x; y) f3i (y) d�2 (y) ; i = 1; :::;m: (8)

A typical example is when

' (f1i (y) ; f2i (y)) = f2i (y) , i = 1; :::;m; y 2 
2: (9)

In that case we have that

f3i (y) =
f1i (y)

f2i (y)
, i = 1; :::;m; y 2 
2: (10)

Tha latter case was studied in [13], for i = 1; which is an article with interesting
ideas however containing several mistakes.
In the special case (10) we get that

K�
i (x) = g2i (x) :=

Z

2

ki (x; y) f2i (y) d�2 (y) ; i = 1; :::;m: (11)

In this article we get �rst general results by applying Theorem 1 for (f3i; g1i), i =
1; :::;m; and on other various important settings, then we give wide applications
to Fractional Calculus.

3
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2 Main Results

We present

Theorem 2 Let j 2 f1; :::;mg be �xed. Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y)' (f1i (y) ; f2i (y))

mY
i=1

K�
i (x)

1CCCCA
is integrable on 
1, for each y 2 
2. De�ne ��m on 
2 by

��m (y) :=

 
mY
i=1

' (f1i (y) ; f2i (y))

!Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

K�
i (x)

1CCCCA d�1 (x) <1:

(12)
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)
mY
i=1

�i

����� g1i (x)K�
i (x)

����� d�1 (x) � (13)

0B@ mY
i=1
i6=j

Z

2

�i

����� f1i (y)

' (f1i (y) ; f2i (y))

����� d�2 (y)
1CA �

�Z

2

�j

����� f1j (y)

' (f1j (y) ; f2j (y))

�������m (y) d�2 (y)� ;
true for all measurable functions, i = 1; :::;m; f1i; f2i : 
2 ! R such that
(i)
�

f1i(y)
'(f1i(y);f2i(y))

�
; �i

���� f1i(y)
'(f1i(y);f2i(y))

���� are both ki (x; y)' (f1i (y) ; f2i (y))
d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) ��m�j

���� f1j(y)
'(f1j(y);f2j(y))

���� and �i ���� f1i(y)
'(f1i(y);f2i(y))

���� ; for i 2 f1; :::;mg �
fjg are all �2 -integrable
and for all corresponding functions g1i given by (8).

Proof. Direct application of Theorem 1 on the setting described at intro-
duction.
In the special case of (9), (10), (11) we derive

4
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Theorem 3 Here 0 < f2i (y) <1, a.e., i = 1; :::;m: Let j 2 f1; :::;mg be �xed.
Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y) f2i (y)

mY
i=1

g2i (x)

1CCCCA
is integrable on 
1, for each y 2 
2. De�ne ���m on 
2 by

���m (y) :=

 
mY
i=1

f2i (x)

!Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

g2i (x)

1CCCCA d�1 (x) <1:

Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)

mY
i=1

�i

�����g1i (x)g2i (x)

����� d�1 (x) � (14)

0B@ mY
i=1
i6=j

Z

2

�i

�����f1i (y)f2i (y)

����� d�2 (y)
1CA�Z


2

�j

�����f1j (y)f2j (y)

��������m (y) d�2 (y)� ;
true for all measurable functions, i = 1; :::;m; f1i; f2i : 
2 ! R such that
(i) f1i(y)

f2i(y)
; �i

���� f1i(y)f2i(y)

���� are both ki (x; y) f2i (y) d�2 (y) -integrable, �1 -a.e.
in x 2 
1;
(ii) ���m�j

���� f1j(y)f2j(y)

����, and �i ���� f1i(y)f2i(y)

���� ; for i 2 f1; :::;mg � fjg; are all �2-
integrable
and for all corresponding functions g1i given by (8), and g2i given by (11).

Proof. By Theorem 2.
Theorem 3 generalizes and �xes Theorem 1.2 of [13], which inspired the

current article.
Next we consider the case of ' (si; ti) = ja1isi + a2itijr, where r 2 R; si; ti 2

R�; a1i; a2i 2 R, i = 1; :::;m: We assume here that

0 < ja1if1i (y) + a2if2i (y)jr <1; (15)

a.e., i = 1; :::;m:
We further assume that

K�
i (x) :=

Z

2

ki (x; y) ja1if1i (y) + a2if2i (y)jr d�2 (y) > 0; (16)

5
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a.e. on 
1, i = 1; :::;m:
Here we have

f3i (y) =
f1i (y)

ja1if1i (y) + a2if2i (y)jr
; (17)

i = 1; :::;m; y 2 
2:
Denote by

k�i (x; y) := ki (x; y) ja1if1i (y) + a2if2i (y)jr ; (18)

i = 1; :::;m:

By Theorem 2 we obtain

Theorem 4 Let j 2 f1; :::;mg be �xed. Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y) ja1if1i (y) + a2if2i (y)jr

mY
i=1

K�
i (x)

1CCCCA
is integrable on 
1, for each y 2 
2. De�ne ��m on 
2 by

��m (y) :=

 
mY
i=1

ja1if1i (y) + a2if2i (y)jr
!Z


1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

K�
i (x)

1CCCCA d�1 (x) <1:

(19)
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)
mY
i=1

�i

����� g1i (x)K�
i (x)

����� d�1 (x) � (20)

0B@ mY
i=1
i6=j

Z

2

�i

����� f1i (y)

(a1if1i (y) + a2if2i (y))
r

����� d�2 (y)
1CA �

�Z

2

�j

����� f1j (y)

(a1jf1j (y) + a2jf2j (y))
r

�������m (y) d�2 (y)� ;
true for all measurable functions, i = 1; :::;m; f1i; f2i : 
2 ! R such that
(i)
�

f1i(y)
ja1if1i(y)+a2if2i(y)jr

�
; �i

���� f1i(y)
(a1if1i(y)+a2if2i(y))

r

���� are both
ki (x; y) ja1if1i (y) + a2if2i (y)jr d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) ��m�j

���� f1j(y)
(a1jf1j(y)+a2jf2j(y))

r

���� and �i ���� f1i(y)
(a1if1i(y)+a2if2i(y))

r

���� ; for i 2
f1; :::;mg � fjg are all �2 -integrable
and for all corresponding functions g1i given by (8).

6
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In Theorem 4 of great interest is the case of r 2 Z� f0g and a1i = a2i = 1,
all i = 1; :::;m; or a1i = 1, a2i = �1, all i = 1; :::;m:
Another interesting case arises when

' (f1i (y) ; f2i (y)) := jf1i (y)jr1 jf2i (y)jr2 ; (21)

i = 1; :::;m; where r1; r2 2 R. We assume that

0 < jf1i (y)jr1 jf2i (y)jr2 <1, a.e., i = 1; :::;m: (22)

In this case

f3i (y) =
f1i (y)

jf1i (y)jr1 jf2i (y)jr2
; (23)

i = 1; :::;m; y 2 
2, also

k�i (x; y) = k�pi (x; y) := ki (x; y) jf1i (y)jr1 jf2i (y)jr2 ; (24)

y 2 
2, i = 1; :::;m:
We have

K�
i (x) = K�

pi (x) :=

Z

2

ki (x; y) jf1i (y)jr1 jf2i (y)jr2 d�2 (y) ; (25)

i = 1; :::;m:

We assume that K�
pi > 0, a.e. on 
1:

By Theorem 2 we derive

Theorem 5 Let j 2 f1; :::;mg be �xed. Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y) jf1i (y)jr1 jf2i (y)jr2

mY
i=1

K�
pi (x)

1CCCCA
is integrable on 
1, for each y 2 
2. De�ne ��pm on 
2 by

��pm (y) :=

 
mY
i=1

jf1i (y)jr1 jf2i (y)jr2
!Z


1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

K�
pi (x)

1CCCCA d�1 (x) <1:

(26)
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)

mY
i=1

�i

 ����� g1i (x)K�
pi (x)

�����
!
d�1 (x) � (27)

7
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0B@ mY
i=1
i6=j

Z

2

�i

�
jf1i (y)j1�r1 jf2i (y)j�r2

�
d�2 (y)

1CA �
�Z


2

�j

�
jf1j (y)j1�r1 jf2j (y)j�r2

�
��pm (y) d�2 (y)

�
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : 
2 ! R such that
(i)
�

f1i(y)
jf1i(y)jr1 jf2i(y)jr2

�
; �i

�
jf1i (y)j1�r1 jf2i (y)j�r2

�
are both

ki (x; y) jf1i (y)jr1 jf2i (y)jr2 d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) ��pm�j

�
jf1j (y)j1�r1 jf2j (y)j�r2

�
and �i

�
jf1i (y)j1�r1 jf2i (y)j�r2

�
; for

i 2 f1; :::;mg � fjg are all �2 -integrable
and for all corresponding functions g1i given by (8).

In Theorem 5 of interest will be the case of r1 = 1� n, r2 = �n, n 2 N. In
that case jf1i (y)j1�r1 jf2i (y)j�r2 = jf1i (y) f2i (y)jn, etc.
Next we apply Theorem 2 for speci�c convex functions.

Theorem 6 Let j 2 f1; :::;mg be �xed. Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y)' (f1i (y) ; f2i (y))

mY
i=1

K�
i (x)

1CCCCA
is integrable on 
1, for each y 2 
2. De�ne ��m on 
2 by

��m (y) :=

 
mY
i=1

' (f1i (y) ; f2i (y))

!Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

K�
i (x)

1CCCCA d�1 (x) <1:

(28)
Then Z


1

u (x) e

mX
i=1

���� g1i(x)K�
i
(x)

����
d�1 (x) � (29)0B@ mY

i=1
i6=j

Z

2

e

���� f1i(y)

'(f1i(y);f2i(y))

����
d�2 (y)

1CA Z

2

e

���� f1j(y)

'(f1j(y);f2j(y))

����
��m (y) d�2 (y)

!
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : 
2 ! R such that

(i) f1i(y)
'(f1i(y);f2i(y))

; e

���� f1i(y)

'(f1i(y);f2i(y))

���� are both ki (x; y)' (f1i (y) ; f2i (y)) d�2 (y)
-integrable, �1 -a.e. in x 2 
1;

8
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(ii) ��me

���� f1j(y)

'(f1j(y);f2j(y))

���� and e
���� f1i(y)

'(f1i(y);f2i(y))

����
; for i 2 f1; :::;mg � fjg are all

�2 -integrable
and for all corresponding functions g1i given by (8).

We continue with

Theorem 7 Let j 2 f1; :::;mg be �xed. Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y)' (f1i (y) ; f2i (y))

mY
i=1

K�
i (x)

1CCCCA
is integrable on 
1, for each y 2 
2. De�ne ��m on 
2 by

��m (y) :=

 
mY
i=1

' (f1i (y) ; f2i (y))

!Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

K�
i (x)

1CCCCA d�1 (x) <1:

(30)
Let pi � 1, i = 1; :::;m:
Then Z


1

u (x)

mY
i=1

���� g1i (x)K�
i (x)

����pi d�1 (x) � (31)

0B@ mY
i=1
i6=j

Z

2

���� f1i (y)

' (f1i (y) ; f2i (y))

����pi d�2 (y)
1CA �

�Z

2

���� f1j (y)

' (f1j (y) ; f2j (y))

����pj ��m (y) d�2 (y)� ;
true for all measurable functions, i = 1; :::;m; f1i; f2i : 
2 ! R such that
(i)
��� f1i(y)
'(f1i(y);f2i(y))

���pi is ki (x; y)' (f1i (y) ; f2i (y)) d�2 (y) -integrable, �1 -a.e.
in x 2 
1;
(ii) ��m

��� f1j(y)
'(f1j(y);f2j(y))

���pj and ��� f1i(y)
'(f1i(y);f2i(y))

���pi ; for i 2 f1; :::;mg � fjg are
all �2 -integrable
and for all corresponding functions g1i given by (8).

We continue as follows:
Choosing r1 = 0; r2 = �1; i = 1; :::;m; on (21) we have that

' (f1i (y) ; f2i (y)) = jf2i (y)j�1 : (32)

9
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We assume that

0 < jf2i (y)j�1 <1, a.e., i = 1; :::;m; (33)

which is the same as

0 < jf2i (y)j <1, a.e., i = 1; :::;m: (34)

In this case
f3i(y) = f1i (y) jf2i (y)j ; (35)

i = 1; :::;m; y 2 
2; also it is

k�pi (x; y) = k�pi (x; y) :=
ki (x; y)

jf2i (y)j
; (36)

y 2 
2, i = 1; :::;m:
We have that

K�
pi (x) = K�

pi (x) :=

Z

2

ki (x; y)

jf2i (y)j
d�2 (y) ; (37)

i = 1; :::;m:

We assume that K�
pi (x) > 0, a.e. on 
1:

By Theorem 5 we obtain

Corollary 8 Let j 2 f1; :::;mg be �xed. Assume that the function

x 7!

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

K�
pi (x) jf2i (y)j

1CCCCA
is integrable on 
1, for each y 2 
2. De�ne ��pm on 
2 by

��pm (y) :=

0BBBB@ 1
mY
i=1

jf2i (y)j

1CCCCA
Z

1

0BBBB@
u (x)

mY
i=1

ki (x; y)

mY
i=1

K�
pi (x)

1CCCCA d�1 (x) <1: (38)

Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
Then Z


1

u (x)
mY
i=1

�i

 ����� g1i (x)K�
pi (x)

�����
!
d�1 (x) � (39)

10
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0B@ mY
i=1
i6=j

Z

2

�i (jf1i (y) f2i (y)j) d�2 (y)

1CA�Z

2

�j (jf1j (y) f2j (y)j)��pm (y) d�2 (y)
�

true for all measurable functions, i = 1; :::;m; f1i; f2i : 
2 ! R such that
(i) f1i (y) f2i (y) ; �i (jf1i (y) f2i (y)j) are both ki(x;y)

jf2i(y)jd�2 (y) -integrable, �1
-a.e. in x 2 
1;
(ii) ��pm�j (jf1j (y) f2j (y)j) and �i (jf1i (y) f2i (y)j) ; for i 2 f1; :::;mg � fjg

are all �2 -integrable
and for all corresponding functions g1i given by (8).

To keep exposition short, in the rest of this article we give only applications
of Theorem 3 to Fractional Calculus. We need the following:
Let a < b, a; b 2 R. By CN ([a; b]), we denote the space of all functions

on [a; b] which have continuous derivatives up to order N , and AC ([a; b]) is the
space of all absolutely continuous functions on [a; b]. By ACN ([a; b]), we denote
the space of all functions g with g(N�1) 2 AC ([a; b]). For any � 2 R, we denote
by [�] the integral part of � (the integer k satisfying k � � < k + 1), and d�e
is the ceiling of � (minfn 2 N, n � �g). By L1 (a; b), we denote the space of all
functions integrable on the interval (a; b), and by L1 (a; b) the set of all functions
measurable and essentially bounded on (a; b). Clearly, L1 (a; b) � L1 (a; b)

We give the de�nition of the Riemann-Liouville fractional integrals, see [14].
Let [a; b], (�1 < a < b <1) be a �nite interval on the real axis R.
The Riemann-Liouville fractional integrals I�a+f and I

�
b�f of order � > 0

are de�ned by

�
I�a+f

�
(x) =

1

� (�)

Z x

a

f (t) (x� t)��1 dt; (x > a), (40)

�
I�b�f

�
(x) =

1

� (�)

Z b

x

f (t) (t� x)��1 dt; (x < b), (41)

respectively. Here � (�) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals.
Let f1i; f2i be Lebesgue measurable functions from (a; b) into R, such that�

I�ia+ (jf1ij)
�
(x),

�
I�ia+ (jf2ij)

�
(x) 2 R, 8 x 2 (a; b), �i > 0, i = 1; :::;m; e.g.

when f1i; f2i 2 L1 (a; b) :
Assume 0 < f2i (y) <1, a.e., i = 1; :::;m:
Consider

g1i (x) =
�
I�ia+f1i

�
(x) ; (42)

g2i (x) =
�
I�ia+f2i

�
(x) ; (43)

x 2 (a; b), i = 1; :::;m:
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INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

81



Notice that g1i (x) ; g2i (x) 2 R and they are Lebesgue measurable. We pick

1 = 
2 = (a; b) ; d�1 (x) = dx; d�2 (y) = dy, the Lebesgue measure.
We see that

�
I�ia+f1i

�
(x) =

Z b

a

�(a;x] (t) (x� t)
�i�1

� (�i)
f1i (t) dt; (44)

�
I�ia+f2i

�
(x) =

Z b

a

�(a;x] (t) (x� t)
�i�1

� (�i)
f2i (t) dt; (45)

where � stands for the characteristic function, x > a.
So here it is

ki (x; t) :=
�(a;x] (t) (x� t)

�i�1

� (�i)
, i = 1; :::;m: (46)

In fact

ki (x; y) =

(
(x�y)�i�1
�(�i)

, a < y � x;

0, x < y < b:
(47)

Let j 2 f1; :::;mg be �xed.
Assume that the function

x!

 
mY
i=1

f2i (y)

!
u (x)�(a;x] (y) (x� y)

0@ mX
i=1

�i

1A�m
 

mY
i=1

�
I�ia+f2i

�
(x)

! 
mY
i=1

� (�i)

! (48)

is integrable on (a; b), for each y 2 (a; b).
Here we have

���m (y) = �m (y) :=

 
mY
i=1

�
f2i (y)

� (�i)

�!Z b

y

u (x)

0BBBB@ (x� y)
0@ mX

i=1

�i

1A�m
mY
i=1

�
I�ia+f2i

�
(x)

1CCCCA dx <1;

(49)
for any y 2 (a; b) :
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
We get

Proposition 9 Here all as above. It holdsZ b

a

u (x)
mY
i=1

�i

�����I�ia+f1i (x)I�ia+f2i (x)

����� dx � (50)

12
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0B@ mY
i=1
i6=j

Z b

a

�i

�����f1i (y)f2i (y)

����� dy
1CA Z b

a

�j

�����f1j (y)f2j (y)

����� �m (y) dy
!
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that
(i) f1i(y)

f2i(y)
; �i

���� f1i(y)f2i(y)

���� are both �(a;x](y)(x�y)�i�1

�(�i)
f2i (y) dy -integrable, a.e.

in x 2 (a; b) ;
(ii) �m (y) �j

���� f1j(y)f2j(y)

���� ; and �i ���� f1i(y)f2i(y)

���� ; for i 2 f1; :::;mg � fjg are all
Lebesgue integrable.

Corollary 10 It holds

Z b

a

u (x) e

0@ mX
i=1

����� I
�i
a+

f1i(x)

I
�i
a+

f2i(x)

�����
1A
dx � (51)

0B@ mY
i=1
i6=j

Z b

a

e

��� f1i(y)f2i(y)

���
dy

1CA Z b

a

e

��� f1j(y)f2j(y)

���
�m (y) dy

!
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that

(i) f1i(y)
f2i(y)

; e

��� f1i(y)f2i(y)

��� are both �(a;x](y)(x�y)�i�1

�(�i)
f2i (y) dy -integrable, a.e. in x 2

(a; b) ;

(ii) �m (y) e
��� f1j(y)f2j(y)

���
; and e

��� f1i(y)f2i(y)

���
; for i 2 f1; :::;mg � fjg are all Lebesgue

integrable.

Corollary 11 Let pi � 1, i = 1; :::;m: It holdsZ b

a

u (x)

 
mY
i=1

����I�ia+f1i (x)I�ia+f2i (x)

����pi
!
dx � (52)

0B@ mY
i=1
i6=j

Z b

a

����f1i (y)f2i (y)

����pi dy
1CA Z b

a

����f1j (y)f2j (y)

����pj �m (y) dy
!
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that
(i)
��� f1i(y)f2i(y)

���pi is �(a;x](y)(x�y)�i�1

�(�i)
f2i (y) dy -integrable, a.e. in x 2 (a; b) ;

(ii) �m (y)
��� f1j(y)f2j(y)

���pj ; and ��� f1i(y)f2i(y)

���pi ; for i 2 f1; :::;mg � fjg are all Lebesgue
integrable.
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Let us assume that 0 < f2i (x) < 1, a.e. in x 2 (a; b), and we choose

u (x) =
mY
i=1

�
I�ia+f2i

�
(x). Then

�m (y) =

 
mY
i=1

�
f2i (y)

� (�i)

�!
(b� y)

0@ mX
i=1

�i�m+1

1A
 

mX
i=1

�i �m+ 1
! ; (53)

given that
mX
i=1

�i > m� 1:

Corollary 12 Let pi � 1, i = 1; :::;m, and
mX
i=1

�i > m � 1. Assume 0 <

f2i (x) <1, a.e., i = 1; :::;m: It holdsZ b

a

mY
i=1

�
I�ia+f1i (x)

�pi �
I�ia+f2i (x)

�1�pi
dx � (54)

1 
mY
i=1

� (�i)

! 
mX
i=1

�i �m+ 1
!
0B@ mY
i=1
i6=j

Z b

a

�
f1i (y)

f2i (y)

�pi
dy

1CA �
0BB@Z b

a

(f1j (y))
pj (f2j (y))

1�pj

0B@ mY
i=1
i6=j

f2i (y)

1CA (b� y)
0@ mX

i=1

�i�m+1

1A
dy

1CCA �

(b� a)

0@ mX
i=1

�i�m+1

1A
 

mX
i=1

�i �m+ 1
! 

mY
i=1

� (�i)

! �
0B@ mY
i=1
i6=j

Z b

a

�
f1i (y)

f2i (y)

�pi
dy

1CA
0B@Z b

a

(f1j (y))
pj (f2j (y))

1�pj

0B@ mY
i=1
i6=j

f2i (y)

1CA dy

1CA ;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that
(i)

�
f1i(y)
f2i(y)

�pi
is

�(a;x](y)(x�y)�i�1

�(�i)
f2i (y) dy -integrable, a.e. in x 2 (a; b) ;

i = 1; :::;m;
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(ii) (f1j (y))
pj (f2j (y))

1�pj

0B@ mY
i=1
i6=j

f2i (y)

1CA ; and � f1i(y)f2i(y)

�pi
; for i 2 f1; :::;mg�

fjg are all Lebesgue integrable.

Let f1i; f2i be Lebesgue measurable functions from (a; b) into R, such that�
I�ib� (jf1ij)

�
(x),

�
I�ib� (jf2ij)

�
(x) 2 R, 8 x 2 (a; b), �i > 0, i = 1; :::;m; e.g. when

f1i; f2i 2 L1 (a; b) :
Assume 0 < f2i (y) <1, a.e., i = 1; :::;m:
Consider

g1i (x) =
�
I�ib�f1i

�
(x) ; (55)

g2i (x) =
�
I�ib�f2i

�
(x) ; (56)

x 2 (a; b), i = 1; :::;m:
Notice that g1i (x) ; g2i (x) 2 R and they are Lebesgue measurable. We pick


1 = 
2 = (a; b) ; d�1 (x) = dx; d�2 (y) = dy, the Lebesgue measure.
We see that

�
I�ib�f1i

�
(x) =

Z b

a

�[x;b) (t) (t� x)
�i�1

� (�i)
f1i (t) dt; (57)

�
I�ib�f2i

�
(x) =

Z b

a

�[x;b) (t) (t� x)
�i�1

� (�i)
f2i (t) dt; (58)

x < b.
So here it is

ki (x; t) :=
�[x;b) (t) (t� x)

�i�1

� (�i)
, i = 1; :::;m: (59)

In fact here

ki (x; y) =

(
(y�x)�i�1
�(�i)

, x � y < b;

0, a < y < x:
(60)

Let j 2 f1; :::;mg be �xed.
Assume that the function

x!

 
mY
i=1

f2i (y)

!
u (x)�[x;b) (y) (y � x)

0@ mX
i=1

�i

1A�m
 

mY
i=1

�
I�ib�f2i

�
(x)

! 
mY
i=1

� (�i)

! (61)

is integrable on (a; b), for each y 2 (a; b).

15

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

85



Here we have

���m (y) =  m (y) :=

 
mY
i=1

�
f2i (y)

� (�i)

�!Z y

a

u (x)

0BBBB@ (y � x)
0@ mX

i=1

�i

1A�m
mY
i=1

�
I�ib�f2i

�
(x)

1CCCCA dx <1;

(62)
for any y 2 (a; b) :
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
We get

Proposition 13 Here all as above. It holdsZ b

a

u (x)
mY
i=1

�i

�����I�ib�f1i (x)I�ib�f2i (x)

����� dx � (63)

0B@ mY
i=1
i6=j

Z b

a

�i

�����f1i (y)f2i (y)

����� dy
1CA Z b

a

�j

�����f1j (y)f2j (y)

����� m (y) dy
!
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that
(i) f1i(y)f2i(y)

; �i

���� f1i(y)f2i(y)

���� are both �[x;b)(y)(y�x)�i�1

�(�i)
f2i (y) dy -integrable, a.e. in

x 2 (a; b) ;
(ii)  m (y) �j

���� f1j(y)f2j(y)

���� ; and �i ���� f1i(y)f2i(y)

���� ; for i 2 f1; :::;mg � fjg are all
Lebesgue integrable.

Corollary 14 It holds

Z b

a

u (x) e

0@ mX
i=1

����� I
�i
b�f1i(x)

I
�i
b�f2i(x)

�����
1A
dx � (64)

0B@ mY
i=1
i6=j

Z b

a

e

��� f1i(y)f2i(y)

���
dy

1CA Z b

a

e

��� f1j(y)f2j(y)

���
 m (y) dy

!
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that

(i) f1i(y)
f2i(y)

; e

��� f1i(y)f2i(y)

��� are both �[x;b)(y)(y�x)�i�1

�(�i)
f2i (y) dy -integrable, a.e. in x 2

(a; b) ;

(ii)  m (y) e
��� f1j(y)f2j(y)

���
; and e

��� f1i(y)f2i(y)

���
; for i 2 f1; :::;mg � fjg are all Lebesgue

integrable.
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Corollary 15 Let pi � 1, i = 1; :::;m: It holdsZ b

a

u (x)

 
mY
i=1

����I�ib�f1i (x)I�ib�f2i (x)

����pi
!
dx � (65)

0B@ mY
i=1
i6=j

Z b

a

����f1i (y)f2i (y)

����pi dy
1CA Z b

a

����f1j (y)f2j (y)

����pj  m (y) dy
!
;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that
(i)
��� f1i(y)f2i(y)

���pi is �[x;b)(y)(y�x)�i�1

�(�i)
f2i (y) dy -integrable, a.e. in x 2 (a; b) ;

(ii)  m (y)
��� f1j(y)f2j(y)

���pj ; and ��� f1i(y)f2i(y)

���pi ; for i 2 f1; :::;mg�fjg are all Lebesgue
integrable.

Let us again assume 0 < f2i (x) < 1, a.e. in x 2 (a; b), and we choose

u (x) =
mY
i=1

�
I�ib�f2i

�
(x). Then

 m (y) =

 
mY
i=1

�
f2i (y)

� (�i)

�!
(y � a)

0@ mX
i=1

�i�m+1

1A
 

mX
i=1

�i �m+ 1

! ; (66)

given that
mX
i=1

�i > m� 1:

Corollary 16 Let pi � 1, i = 1; :::;m, and
mX
i=1

�i > m � 1. Assume 0 <

f2i (x) <1, a.e., i = 1; :::;m: It holdsZ b

a

mY
i=1

�
I�ib�f1i (x)

�pi �
I�ib�f2i (x)

�1�pi
dx � (67)

1 
mY
i=1

� (�i)

! 
mX
i=1

�i �m+ 1
!
0B@ mY
i=1
i6=j

Z b

a

�
f1i (y)

f2i (y)

�pi
dy

1CA �
0BB@Z b

a

(f1j (y))
pj (f2j (y))

1�pj

0B@ mY
i=1
i6=j

f2i (y)

1CA (y � a)
0@ mX

i=1

�i�m+1

1A
dy

1CCA �
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(b� a)

0@ mX
i=1

�i�m+1

1A
 

mX
i=1

�i �m+ 1
! 

mY
i=1

� (�i)

! �
0B@ mY
i=1
i6=j

Z b

a

�
f1i (y)

f2i (y)

�pi
dy

1CA
0B@Z b

a

(f1j (y))
pj (f2j (y))

1�pj

0B@ mY
i=1
i6=j

f2i (y)

1CA dy

1CA ;

true for all measurable functions, i = 1; :::;m; f1i; f2i : (a; b)! R such that
(i)

�
f1i(y)
f2i(y)

�pi
is

�[x;b)(y)(y�x)�i�1

�(�i)
f2i (y) dy -integrable, a.e. in x 2 (a; b) ;

i = 1; :::;m;

(ii) (f1j (y))
pj (f2j (y))

1�pj

0B@ mY
i=1
i6=j

f2i (y)

1CA ; and � f1i(y)f2i(y)

�pi
; for i 2 f1; :::;mg�

fjg are all Lebesgue integrable.

We mention

De�nition 17 ([1], p. 448) The left generalized Riemann-Liouville fractional
derivative of f of order � > 0 is given by

D�
af (x) =

1

� (n� �)

�
d

dx

�n Z x

a

(x� y)n���1 f (y) dy, (68)

where n = [�] + 1, x 2 [a; b] :
For a; b 2 R, we say that f 2 L1 (a; b) has an L1 fractional derivative D�

af

(� > 0) in [a; b], if and only if
(1) D��k

a f 2 C ([a; b]) ; k = 2; :::; n = [�] + 1;
(2) D��1

a f 2 AC ([a; b])
(3) D�

af 2 L1 (a; b) :
Above we de�ne D0

af := f and D��
a f := I�a+f , if 0 < � � 1:

From [1, p.449] and [11] we mention and use

Lemma 18 Let � > � � 0 and let f 2 L1 (a; b) have an L1 fractional deriva-
tive D�

af in [a; b] and let D
��k
a f (a) = 0, k = 1; :::; [�] + 1; then

D�
a f (x) =

1

� (� � �)

Z x

a

(x� y)����1D�
af (y) dy; (69)

for all a � x � b:

Here D�
a f 2 AC ([a; b]) for ��� � 1, and D�

a f 2 C ([a; b]) for ��� 2 (0; 1) :
Notice here that

D�
a f (x) =

�
I���a+

�
D�
af
��
(x) ; a � x � b: (70)
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For more on the last, see [5].
Let f1i; f2i 2 L1 (a; b) ; �i; �i : �i > �i � 0, i = 1; :::;m: Here (j = 1; 2)

(fji; �i; �i) ful�ll terminology and assumptions of De�nition 17 and Lemma 18.
Indeed we have

D�i
a f1i (x) =

�
I
�i��i
a+

�
D�i
a f1i

��
(x) ; (71)

and
D�i
a f2i (x) =

�
I
�i��i
a+

�
D�i
a f2i

��
(x) ; (72)

a � x � b; i = 1; :::;m:

Assume 0 < D
�i
a f2i (x) <1, a.e., i = 1; :::;m:

Let j 2 f1; :::;mg be �xed. Assume that the function

x!

 
mY
i=1

f2i (y)

!
u (x)�(a;x] (y) (x� y)

0@0@ mX
i=1

(�i��i)

1A�m
1A

 
mY
i=1

(D�i
a f2i) (x)

! 
mY
i=1

� (�i � �i)
! (73)

is integrable on (a; b), for each y 2 (a; b).
Here we have

��m (y) :=

 
mY
i=1

�
f2i (y)

� (�i � �i)

�!
�

Z b

y

u (x)

0BBBB@ (x� y)
0@ mX

i=1

(�i��i)

1A�m
mY
i=1

(D�i
a f2i) (x)

1CCCCA dx <1; (74)

for any y 2 (a; b) :
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.

Proposition 19 Here all as above. It holdsZ b

a

u (x)

mY
i=1

�i

�����D�i
a f1i (x)

D�i
a f2i (x)

����� dx � (75)

0B@ mY
i=1
i6=j

Z b

a

�i

 �����D�i
a f1i (y)

D
�i
a f2i (y)

�����
!
dy

1CA Z b

a

�j

 �����D
�j
a f1j (y)

D
�j
a f2j (y)

�����
!
��m (y) dy

!
;

under the properties: (i = 1; :::;m)

(i) �i
����D�i

a f1i(y)

D
�i
a f2i(y)

���� is �(a;x](y)(x�y)(�i��i�1)
�(�i��i)

�
D
�i
a f2i (y)

�
dy -integrable, a.e.

in x 2 (a; b) ;
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(ii) ��m (y) �j

�����D�j
a f1j(y)

D
�j
a f2j(y)

����� ; and �i ����D�i
a f1i(y)

D
�i
a f2i(y)

���� ; for i 2 f1; :::;mg � fjg
are all Lebesgue integrable.

Proof. By Proposition 9.

Corollary 20 It holds

Z b

a

u (x) e

0@ mX
i=1

����D�i
a f1i(x)

D
�i
a f2i(x)

����
1A
dx � (76)0B@ mY

i=1
i6=j

Z b

a

e

����D�i
a f1i(y)

D
�i
a f2i(y)

����
dy

1CA
0B@Z b

a

e

�����D
�j
a f1j(y)

D
�j
a f2j(y)

�����
��m (y) dy

1CA ;

under the properties: (i = 1; :::;m)

(i) e

����D�i
a f1i(y)

D
�i
a f2i(y)

����
is

�(a;x](y)(x�y)(�i��i�1)
�(�i��i)

�
D
�i
a f2i (y)

�
dy -integrable, a.e. in

x 2 (a; b) ;

(ii) ��m (y) e

�����D
�j
a f1j(y)

D
�j
a f2j(y)

�����
; and e

����D�i
a f1i(y)

D
�i
a f2i(y)

����
; for i 2 f1; :::;mg�fjg are all Lebesgue

integrable.

We need

De�nition 21 ([8], p. 50, [1], p. 449) Let � � 0, n := d�e, f 2 ACn ([a; b]).
Then the left Caputo fractional derivative is given by

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt

=
�
In��a+ f (n)

�
(x) ; (77)

and it exists almost everywhere for x 2 [a; b], in fact D�
�af 2 L1 (a; b), ([1], p.

394).
We have Dn

�af = f (n), n 2 Z+:

We also need

Theorem 22 ([3] and [6]) Let � > � > 0, �; � =2 N. Call n := d�e, m� := d�e.
Assume f 2 ACn ([a; b]), such that f (k) (a) = 0, k = m�;m� + 1; :::; n � 1;
and D�

�af 2 L1 (a; b). Then D
�
�af 2 C ([a; b]) if � � � 2 (0; 1), and D�

�af 2
AC ([a; b]), if � � � � 1 (where D�

�af = Im
���

a+ f (m
�) (x)), and

D�
�af (x) =

1

� (� � �)

Z x

a

(x� t)����1D�
�af (t) dt

=
�
I���a+ (D�

�af)
�
(x) ; (78)

8 x 2 [a; b] :
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For more on the last, see [6].
Let �i > �i > 0, �i; �i =2 N, ni := d�ie, m�

i := d�ie, i = 1; :::;m: Assume
f1i; f2i 2 ACni ([a; b]), such that (j = 1; 2) f (ki)ji (a) = 0, ki = m�

i ;m
�
i+1; :::; ni�

1, and D�i
�afji 2 L1 (a; b). Based on De�nition 21 and Theorem 22 we get that

D
�i�afji (x) =

�
I
�i��i
a+ (D�i

�afji)
�
(x) 2 R; (79)

8 x 2 [a; b]; j = 1; 2; i = 1; :::;m:
Assume 0 < D�i

�af2i (x) <1, a.e., i = 1; :::;m:
Let j 2 f1; :::;mg be �xed. Assume that the function

x!

 
mY
i=1

D�i
�af2i (y)

!
u (x)�(a;x] (y) (x� y)

0@0@ mX
i=1

(�i��i)

1A�m
1A

 
mY
i=1

�
D
�i�af2i

�
(x)

! 
mY
i=1

� (�i � �i)
! (80)

is integrable on (a; b), for each y 2 (a; b).
Here we have

 �m (y) :=

 
mY
i=1

�
D�i
�af2i (y)

� (�i � �i)

�!Z b

y

u (x)

0BBBB@ (x� y)
0@0@ mX

i=1

(�i��i)

1A�m
1A

mY
i=1

�
D
�i�af2i

�
(x)

1CCCCA dx <1;

(81)
for any y 2 (a; b) :
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.

Proposition 23 It holdsZ b

a

u (x)

mY
i=1

�i

�����D�i�af1i (x)

D
�i�af2i (x)

����� dx � (82)

0B@ mY
i=1
i6=j

Z b

a

�i

�����D�i
�af1i (y)

D�i�af2i (y)

����� dy
1CA Z b

a

�j

�����D�j
�af1j (y)

D
�j
�af2j (y)

����� �m (y) dy
!
;

under the properties: (i = 1; :::;m)

(i) �i
����D�i

�af1i(y)

D
�i
�af2i(y)

���� is �(a;x](y)(x�y)(�i��i�1)
�(�i��i)

(D�i
�af2i (y)) dy -integrable, a.e.

in x 2 (a; b) ;
(ii)  �m (y) �j

����D�j
�af1j(y)

D
�j
�af2j(y)

���� ; and �i ����D�i
�af1i(y)

D
�i
�af2i(y)

���� ; for i 2 f1; :::;mg � fjg
are all Lebesgue integrable.

21

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

91



Proof. By Proposition 9.

Corollary 24 It holds

Z b

a

u (x) e

0@ mX
i=1

����D�i�af1i(x)
D
�i�af2i(x)

����
1A
dx � (83)

0B@ mY
i=1
i6=j

Z b

a

e

����D�i�af1i(y)
D
�i�af2i(y)

����
dy

1CA
0@Z b

a

e

�����D
�j
�af1j(y)

D
�j
�af2j(y)

�����
 �m (y) dy

1A ;

under the properties: (i = 1; :::;m)

(i) e

����D�i�af1i(y)
D
�i�af2i(y)

���� is �(a;x](y)(x�y)(�i��i�1)�(�i��i)
(D�i

�af2i (y)) dy -integrable, a.e. in x 2
(a; b) ;

(ii)  �m (y) e

�����D
�j
�af1j(y)

D
�j
�af2j(y)

�����
; and e

����D�i�af1i(y)
D
�i�af2i(y)

����
; for i 2 f1; :::;mg�fjg are all Lebesgue

integrable.

We need

De�nition 25 ([2], [9], [10]) Let � � 0, n := d�e, f 2 ACn ([a; b]). We de�ne
the right Caputo fractional derivative of order � � 0, by

D
�

b�f (x) := (�1)
n
In��b� f (n) (x) ; (84)

we set D
0

�f := f , i.e.

D
�

b�f (x) =
(�1)n

� (n� �)

Z b

x

(J � x)n���1 f (n) (J) dJ: (85)

Notice that D
n

b�f = (�1)
n
f (n), n 2 N:

We need

Theorem 26 ([3]) Let f 2 ACn ([a; b]), n 2 N, n := d�e, � > � > 0, r = d�e,
�; � =2 N. Assume f (k) (b) = 0, k = r; r + 1; :::; n � 1; and D�

b�f 2 L1 ([a; b]).
Then

D
�

b�f (x) =
�
I���b�

�
D
�

b�f
��
(x) 2 C ([a; b]) ; (86)

if �� � 2 (0; 1) ; and D�

b�f 2 AC ([a; b]), if �� � � 1; that is

D
�

b�f (x) =
1

� (�� �)

Z b

x

(t� x)����1
�
D
�

b�f
�
(t) dt; (87)

8 x 2 [a; b] :
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Here i = 1; :::;m: Let �i > �i > 0, �i; �i =2 N, ni = d�ie, ri = d�ie. Take
f1i; f2i 2 ACni ([a; b]), such that (j = 1; 2) f (ki)ji (b) = 0, ki = ri; ri+1; :::; ni�1:
Furthermore assume that D

�i
b�f1i; D

�i
b�f2i 2 L1 (a; b) : Then by Theorem 26 we

get that (j = 1; 2):

D
�i
b�fji (x) =

�
I
�i��i
b�

�
D
�i
b�fji

��
(x) 2 C ([a; b]) ; 8 x 2 [a; b] : (88)

Assume 0 < D
�i
b�f2i (x) <1, a.e., i = 1; :::;m:

Let j 2 f1; :::;mg be �xed. Assume that the function

x!

 
mY
i=1

D
�i
b�f2i (y)

!
u (x)�[x;b) (y) (y � x)

0@0@ mX
i=1

(�i��i)

1A�m
1A

 
mY
i=1

�
D
�i
b�f2i

�
(x)

! 
mY
i=1

� (�i � �i)
! (89)

is integrable on (a; b), for each y 2 (a; b).
Here we have

Tm (y) :=

 
mY
i=1

 
D
�i
b�f2i (y)

� (�i � �i)

!!Z y

a

u (x)

0BBBB@ (y � x)
0@0@ mX

i=1

(�i��i)

1A�m
1A

mY
i=1

�
D
�i
b�f2i

�
(x)

1CCCCA dx <1;

(90)
for any y 2 (a; b) :
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
We get

Proposition 27 Here all as above. It holdsZ b

a

u (x)
mY
i=1

�i

 �����D
�i
b�f1i (x)

D
�i
b�f2i (x)

�����
!
dx � (91)

0B@ mY
i=1
i6=j

Z b

a

�i

 �����D
�i
b�f1i (y)

D
�i
b�f2i (y)

�����
!
dy

1CA Z b

a

�j

 �����D
�j
b�f1j (y)

D
�j
b�f2j (y)

�����
!
Tm (y) dy

!
;

under the properties: (i = 1; :::;m)

(i) �i

�����D�i
b�f1i(y)

D
�i
b�f2i(y)

����� is �[x;b)(y)(y�x)(�i��i�1)�(�i��i)

�
D
�i
b�f2i (y)

�
dy -integrable, a.e.

in x 2 (a; b) ;

(ii) Tm (y) �j

�����D�j
b�f1j(y)

D
�j
b�f2j(y)

����� ; and �i�����D�i
b�f1i(y)

D
�i
b�f2i(y)

����� ; for i 2 f1; :::;mg � fjg
are all Lebesgue integrable.
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Proof. By Proposition 13.

Corollary 28 It holds

Z b

a

u (x) e

0@ mX
i=1

�����D
�i
b�f1i(x)

D
�i
b�f2i(x)

�����
1A
dx � (92)0B@ mY

i=1
i6=j

Z b

a

e

�����D
�i
b�f1i(y)

D
�i
b�f2i(y)

�����
dy

1CA
0@Z b

a

e

�����D
�j
b�f1j(y)

D
�j
b�f2j(y)

�����
Tm (y) dy

1A ;

under the properties: (i = 1; :::;m)

(i) e

�����D
�i
b�f1i(y)

D
�i
b�f2i(y)

����� is �[x;b)(y)(y�x)(�i��i�1)
�(�i��i)

�
D
�i
b�f2i (y)

�
dy -integrable, a.e. in

x 2 (a; b) ;

(ii) Tm (y) e

�����D
�j
b�f1j(y)

D
�j
b�f2j(y)

�����
; and e

�����D
�i
b�f1i(y)

D
�i
b�f2i(y)

�����
; for i 2 f1; :::;mg�fjg are all Lebesgue

integrable.

Proof. By Proposition 27.
We give

De�nition 29 Let � > 0, n := [�], � := � � n (0 � � < 1). Let a; b 2
R, a � x � b, f 2 C ([a; b]). We consider C�a ([a; b]) := ff 2 Cn ([a; b]) :

I1��a+ f (n) 2 C1 ([a; b])g: For f 2 C�a ([a; b]), we de�ne the left generalized �-
fractional derivative of f over [a; b] as

��af :=
�
I1��a+ f (n)

�0
; (93)

see [1], p. 24, and Canavati derivative in [7].
Notice here ��af 2 C ([a; b]) :
So that

(��af) (x) =
1

� (1� �)
d

dx

Z x

a

(x� t)�� f (n) (t) dt; (94)

8 x 2 [a; b] :
Notice here that

�naf = f (n), n 2 Z+: (95)

We need

Theorem 30 ([3]) Let f 2 C�a ([a; b]), n = [�], such that f (i) (a) = 0, i =
r; r + 1; :::; n� 1; where r := [�], with 0 < � < �. Then

(��af) (x) =
1

� (� � �)

Z x

a

(x� t)����1 (��af) (t) dt; (96)
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i.e.
(��af) = I���a+ (��af) 2 C ([a; b]) : (97)

Thus f 2 C�a ([a; b]) :

Let �i > �i > 0, ni := [�i], ri := [�i], i = 1; :::;m: Let f1i; f2i 2 C�ia ([a; b]),
such that (j = 1; 2) f (ki)ji (a) = 0, ki = ri; ri+1; :::; ni� 1. Notice here ��ia fji 2
C ([a; b]), and ��ia fji 2 C ([a; b]). Based on De�nition 29 and Theorem 30 we
get

��ia fji (x) =
�
I
�i��i
a+ (��ia fji)

�
(x) ; (98)

8 x 2 [a; b]; j = 1; 2; i = 1; :::;m:
Assume ��ia f2i (x) > 0, 8 x 2 [a; b] :
Let j 2 f1; :::;mg be �xed. Assume that the function

x!

 
mY
i=1

��ia f2i (y)

!
u (x)�(a;x] (y) (x� y)

0@0@ mX
i=1

(�i��i)

1A�m
1A

 
mY
i=1

�
�
�i
a f2i

�
(x)

! 
mY
i=1

� (�i � �i)
! (99)

is integrable on (a; b), for each y 2 (a; b).
Here we have

Wm (y) :=

 
mY
i=1

�
��ia f2i (y)

� (�i � �i)

�!Z b

y

u (x)

0BBBB@ (x� y)
0@0@ mX

i=1

(�i��i)

1A�m
1A

mY
i=1

�
�
�i
a f2i

�
(x)

1CCCCA dx <1;

(100)
for any y 2 (a; b) :
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.

Proposition 31 It holdsZ b

a

u (x)
mY
i=1

�i

�������ia f1i (x)�
�i
a f2i (x)

����� dx � (101)

0B@ mY
i=1
i6=j

Z b

a

�i

�������ia f1i (y)��ia f2i (y)

����� dy
1CA Z b

a

�j

�������ja f1j (y)�
�j
a f2j (y)

�����Wm (y) dy

!
;

under the properties: (i = 1; :::;m)

(i) �i
������i

a f1i(y)

�
�i
a f2i(y)

���� is �(a;x](y)(x�y)(�i��i�1)
�(�i��i)

(��ia f2i (y)) dy -integrable, a.e.

in x 2 (a; b) ;
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(ii) Wm (y) �j

������j
a f1j(y)

�
�j
a f2j(y)

���� ; and �i ������i
a f1i(y)

�
�i
a f2i(y)

���� ; for i 2 f1; :::;mg � fjg
are all Lebesgue integrable.

Proof. By Proposition 9.

Corollary 32 Let � be a �xed prime number. It holds

Z b

a

u (x) �

0@ mX
i=1

������ia f1i(x)

�
�i
a f2i(x)

����
1A
dx � (102)

0B@ mY
i=1
i6=j

Z b

a

�

������ia f1i(y)

�
�i
a f2i(y)

����
dy

1CA
0@Z b

a

�

������
�j
a f1j(y)

�
�j
a f2j(y)

�����
Wm (y) dy

1A ;

under the properties: (i = 1; :::;m)

(i) �

������ia f1i(y)

�
�i
a f2i(y)

���� is �(a;x](y)(x�y)(�i��i�1)�(�i��i)
(��ia f2i (y)) dy -integrable, a.e. in x 2

(a; b) ;

(ii) Wm (y) �

������
�j
a f1j(y)

�
�j
a f2j(y)

�����
; and �

������ia f1i(y)

�
�i
a f2i(y)

����
; for i 2 f1; :::;mg � fjg are all

Lebesgue integrable.

Proof. By Proposition 31.
We need

De�nition 33 ([2]) Let � > 0, n := [�], � = � � n; 0 < � < 1, f 2 C ([a; b]).
Consider

C�b� ([a; b]) := ff 2 Cn ([a; b]) : I1��b� f (n) 2 C1 ([a; b])g: (103)

De�ne the right generalized �-fractional derivative of f over [a; b], by

��b�f := (�1)
n�1

�
I1��b� f (n)

�0
: (104)

We set �0b�f = f . Notice that

�
��b�f

�
(x) =

(�1)n�1

� (1� �)
d

dx

Z b

x

(J � x)�� f (n) (J) dJ; (105)

and ��b�f 2 C ([a; b]) :

We also need
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Theorem 34 ([3]) Let f 2 C�b� ([a; b]), 0 < � < �. Assume f (i) (b) = 0,
i = r; r + 1; :::; n� 1; where r := [�], n := [�]. Then

��b�f (x) =
1

� (� � �)

Z b

x

(J � x)����1
�
��b�f

�
(J) dJ; (106)

8 x 2 [a; b], i.e.
��b�f = I���b�

�
��b�f

�
2 C ([a; b]) ; (107)

and f 2 C�b� ([a; b]) :

Let �i > �i > 0, ni := [�i], ri := [�i], i = 1; :::;m: Let f1i; f2i 2 C�ib� ([a; b]),
such that (j = 1; 2) f (ki)ji (b) = 0, ki = ri; ri+1; :::; ni� 1. Notice here ��ib�fji 2
C ([a; b]), and ��ib�fji 2 C ([a; b]). Based on De�nition 33 and Theorem 34 we
get

�
�i
b�fji (x) =

�
I
�i��i
b�

�
��ib�fji

��
(x) ; (108)

8 x 2 [a; b]; j = 1; 2; i = 1; :::;m:
Assume ��ib�f2i (x) > 0, 8 x 2 [a; b] :
Let j 2 f1; :::;mg be �xed. Assume that the function

x!

 
mY
i=1

��ib�f2i (y)

!
u (x)�[x;b) (y) (y � x)

0@0@ mX
i=1

(�i��i)

1A�m
1A

 
mY
i=1

�
�
�i
b�f2i

�
(x)

! 
mY
i=1

� (�i � �i)
! (109)

is integrable on (a; b), for each y 2 (a; b).
Here we have

W �
m (y) :=

 
mY
i=1

�
��ib�f2i (y)

� (�i � �i)

�!Z y

a

u (x)

0BBBB@ (y � x)
0@0@ mX

i=1

(�i��i)

1A�m
1A

mY
i=1

�
�
�i
b�f2i

�
(x)

1CCCCA dx <1;

(110)
for any y 2 (a; b) :
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.

Proposition 35 It holdsZ b

a

u (x)

mY
i=1

�i

 ������
�i
b�f1i (x)

�
�i
b�f2i (x)

�����
!
dx � (111)
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0B@ mY
i=1
i6=j

Z b

a

�i

�������ib�f1i (y)��ib�f2i (y)

����� dy
1CA Z b

a

�j

 ������
�j
b�f1j (y)

�
�j
b�f2j (y)

�����
!
W �
m (y) dy

!
;

under the properties: (i = 1; :::;m)

(i) �i

�������i
b�f1i(y)

�
�i
b�f2i(y)

����� is �[x;b)(y)(y�x)(�i��i�1)
�(�i��i)

�
��ib�f2i (y)

�
dy -integrable, a.e.

in x 2 (a; b) ;

(ii) W �
m (y)�j

�������j
b�f1j(y)

�
�j
b�f2j(y)

����� ; and �i�������i
b�f1i(y)

�
�i
b�f2i(y)

����� ; for i 2 f1; :::;mg�fjg
are all Lebesgue integrable.

Proof. By Proposition 13.

Corollary 36 Let � be a �xed prime number. It holds

Z b

a

u (x) �

0@ mX
i=1

������
�i
b�f1i(x)

�
�i
b�f2i(x)

�����
1A
dx � (112)0B@ mY

i=1
i6=j

Z b

a

�

������
�i
b�f1i(y)

�
�i
b�f2i(y)

�����
dy

1CA
0@Z b

a

�

������
�j
b�f1j(y)

�
�j
b�f2j(y)

�����
W �
m (y) dy

1A ;

under the properties: (i = 1; :::;m)

(i) �

������
�i
b�f1i(y)

�
�i
b�f2i(y)

����� is �[x;b)(y)(y�x)(�i��i�1)
�(�i��i)

�
��ib�f2i (y)

�
dy -integrable, a.e. in

x 2 (a; b) ;

(ii) W �
m (y) �

������
�j
b�f1j(y)

�
�j
b�f2j(y)

�����
; and �

������
�i
b�f1i(y)

�
�i
b�f2i(y)

�����
; for i 2 f1; :::;mg � fjg are all

Lebesgue integrable.

Proof. By Proposition 35.
We need

De�nition 37 ([14], p. 99) The fractional integrals of a function f with respect
to given function g are de�ned as follows:
Let a; b 2 R, a < b, � > 0. Here g is an increasing function on [a; b], and

g 2 C1 ([a; b]). The left- and right-sided fractional integrals of a function f with
respect to another function g in [a; b] are given by�

I�a+;gf
�
(x) =

1

� (�)

Z x

a

g0 (t) f (t) dt

(g (x)� g (t))1��
; x > a; (113)

�
I�b�;gf

�
(x) =

1

� (�)

Z b

x

g0 (t) f (t) dt

(g (t)� g (x))1��
; x < b; (114)

respectively.
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We make

Remark 38 Let f1i; f2i be Lebesgue measurable functions from (a; b) into R,
such that

�
I�ia+;g (jfjij)

�
(x) 2 R, 8 x 2 (a; b), �i > 0, i = 1; :::;m; j = 1; 2:

Consider
gji (x) =

�
I�ia+;g (fji)

�
(x) ; (115)

x 2 (a; b), i = 1; :::;m; j = 1; 2:
Assume 0 < f2i (y) <1, a.e., i = 1; :::;m:
Notice that gji (x) 2 R and it is Lebesgue measurable. We pick again 
1 =


2 = (a; b) ; d�1 (x) = dx; d�2 (y) = dy, the Lebesgue measure.
Here we have

ki (x; y) =
�(a;x] (y) g

0 (y)

� (�i) (g (x)� g (y))1��i
, i = 1; :::;m: (116)

Let j 2 f1; :::;mg be �xed.
Assume that the function

x!

0BBBBBBB@
u (x)

 
mY
i=1

f2i (y)

!
�(a;x] (y) (g

0 (y))
m
(g (x)� g (y))

0@ mX
i=1

�i

1A�m
 

mY
i=1

� (�i)

! 
mY
i=1

�
I�ia+;gf2i

�
(x)

!
1CCCCCCCA
(117)

is integrable on (a; b), for each y 2 (a; b).
De�ne �gm on (a; b) by

�gm (y) =

 
mY
i=1

f2i (y)

!
(g0 (y))

m

 
mY
i=1

� (�i)

! Z b

y

u (x) (g (x)� g (y))

0@ mX
i=1

�i

1A�m
mY
i=1

�
I�ia+;gf2i

�
(x)

dx <1;

(118)
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.

Theorem 39 Here all are as in Remark 38. It holdsZ b

a

u (x)
mY
i=1

�i

 �����
�
I�ia+;g (f1i)

�
(x)�

I�ia+;g (f2i)
�
(x)

�����
!
dx � (119)

0B@ mY
i=1
i6=j

Z b

a

�i

�����f1i (y)f2i (y)

����� dy
1CA Z b

a

�j

�����f1j (y)f2j (y)

����� �gm (y) dy
!
;
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true for all measurable functions f1i; f2i : (a; b)! R such that
�
I�ia+;g (jfjij)

�
(x) 2

R; 8 x 2 (a; b) ; �i > 0, i = 1; :::;m; j = 1; 2; with:
(i) f1i(y)

f2i(y)
; �i

���� f1i(y)f2i(y)

���� are both �(a;x](y)g
0(y)

�(�i)(g(x)�g(y))1��i
f2i (y) dy -integrable, a.e.

in x 2 (a; b) ;
(ii) �gm (y) �j

���� f1j(y)f2j(y)

���� ; and �i ���� f1i(y)f2i(y)

���� ; for i 2 f1; :::;mg � fjg are all
integrable.

Proof. By Theorem 3.
We make

Remark 40 Let f1i; f2i be Lebesgue measurable functions from (a; b) into R,
such that

�
I�ib�;g (jfjij)

�
(x) 2 R, 8 x 2 (a; b), �i > 0, i = 1; :::;m; j = 1; 2:

Consider now
gji (x) =

�
I�ib�;g (fji)

�
(x) ; (120)

x 2 (a; b), i = 1; :::;m; j = 1; 2:
Assume 0 < f2i (y) <1, a.e., i = 1; :::;m:
Notice that gji (x) 2 R and it is Lebesgue measurable.
Here we have

ki (x; y) =
�[x;b) (y) g

0 (y)

� (�i) (g (y)� g (x))1��i
, i = 1; :::;m: (121)

Let j 2 f1; :::;mg be �xed.
Assume that the function

x!

0BBBBBBB@
u (x)

 
mY
i=1

f2i (y)

!
�[x;b) (y) (g

0 (y))
m
(g (y)� g (x))

0@ mX
i=1

�i

1A�m
 

mY
i=1

� (�i)

! 
mY
i=1

�
I�ib�;g (f2i)

�
(x)

!
1CCCCCCCA
(122)

is integrable on (a; b), for each y 2 (a; b).
De�ne �gm on (a; b) by

�gm (y) =

 
mY
i=1

f2i (y)

!
(g0 (y))

m

 
mY
i=1

� (�i)

! Z y

a

u (x) (g (y)� g (x))

0@ mX
i=1

�i

1A�m
mY
i=1

�
I�ib�;g (f2i)

�
(x)

dx <1;

(123)
Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.
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Theorem 41 Here all are as in Remark 40. It holds

Z b

a

u (x)
mY
i=1

�i

0@������
�
I�ib�;g (f1i)

�
(x)�

I�ib�;g (f2i)
�
(x)

������
1A dx � (124)

0B@ mY
i=1
i6=j

Z b

a

�i

�����f1i (y)f2i (y)

����� dy
1CA Z b

a

�j

�����f1j (y)f2j (y)

����� �gm (y) dy
!
;

true for all measurable functions f1i; f2i : (a; b)! R such that
�
I�ib�;g (jfjij)

�
(x) 2

R; 8 x 2 (a; b) ; �i > 0, i = 1; :::;m; j = 1; 2; under the properties:
(i) f1i(y)

f2i(y)
; �i

���� f1i(y)f2i(y)

���� are both �[x;b)(y)g
0(y)

�(�i)(g(y)�g(x))1��i
f2i (y) dy -integrable, a.e.

in x 2 (a; b) ;
(ii) �gm (y) �j

���� f1j(y)f2j(y)

���� ; and �i ���� f1i(y)f2i(y)

���� ; for i 2 f1; :::;mg � fjg are all
Lebesgue integrable.

Proof. By Theorem 3.
We need

De�nition 42 ([12]) Let 0 < a < b < 1, � > 0. The left- and right-sided
Hadamard fractional integrals of order � are given by

�
J�a+f

�
(x) =

1

� (�)

Z x

a

�
ln
x

y

���1
f (y)

y
dy; x > a; (125)

and �
J�b�f

�
(x) =

1

� (�)

Z b

x

�
ln
y

x

���1 f (y)
y

dy; x < b; (126)

respectively.

Notice that the Hadamard fractional integrals of order � are special cases of
left- and right-sided fractional integrals of a function f with respect to another
function, here g (x) = lnx on [a; b], 0 < a < b <1:
Above f is a Lebesgue measurable function from (a; b) into R, such that�

J�a+ (jf j)
�
(x),

�
J�b� (jf j)

�
(x) 2 R, 8 x 2 (a; b) :

We make

Remark 43 Let (f1i; f2i; �i), i = 1; :::;m; and
�
J�ia+fji

�
, j = 1; 2; all as in

De�nition 42.
Assume 0 < f2i (y) <1, a.e., i = 1; :::;m:
Let j 2 f1; :::;mg be �xed.
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Assume that the function

x!

0BBBBBBB@
u (x)

 
mY
i=1

f2i (y)

!
�(a;x] (y) ln

�
x
y

�0@ mX
i=1

�i

1A�m

ym

 
mY
i=1

� (�i)

! 
mY
i=1

�
J�ia+f2i

�
(x)

!
1CCCCCCCA

(127)

is integrable on (a; b), for each y 2 (a; b).
De�ne 
gm on (a; b) by


gm (y) =

 
mY
i=1

f2i (y)

!

ym

 
mY
i=1

� (�i)

! Z b

y

u (x)
�
ln
�
x
y

��0@ mX
i=1

�i

1A�m
mY
i=1

�
J�ia+f2i

�
(x)

dx <1; (128)

Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.

Theorem 44 Here all are as in Remark 43. It holdsZ b

a

u (x)
mY
i=1

�i

 �����
�
J�ia+ (f1i)

�
(x)�

J�ia+ (f2i)
�
(x)

�����
!
dx � (129)

0B@ mY
i=1
i6=j

Z b

a

�i

�����f1i (y)f2i (y)

����� dy
1CA Z b

a

�j

�����f1j (y)f2j (y)

����� 
gm (y) dy
!
;

under the assumptions:

(i) f1i(y)
f2i(y)

; �i

���� f1i(y)f2i(y)

���� are both �(a;x](y)

y�(�i)(ln( xy ))
1��i f2i (y) dy -integrable, a.e.

in x 2 (a; b) ;
(ii) 
gm (y)�j

���� f1j(y)f2j(y)

���� ; and �i ���� f1i(y)f2i(y)

���� ; for i 2 f1; :::;mg � fjg are all
integrable.

Proof. By Theorem 39.
We make

Remark 45 Let (f1i; f2i; �i), i = 1; :::;m; and
�
J�ib�fji

�
, j = 1; 2; all as in

De�nition 42.
Assume 0 < f2i (y) <1, a.e., i = 1; :::;m:
Let j 2 f1; :::;mg be �xed.
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Suppose that the function

x!

0BBBBBBB@
u (x)

 
mY
i=1

f2i (y)

!
�[x;b) (y) ln

�
y
x

�0@ mX
i=1

�i

1A�m

ym

 
mY
i=1

� (�i)

! 
mY
i=1

�
J�ib� (f2i)

�
(x)

!
1CCCCCCCA

(130)

is integrable on (a; b), for each y 2 (a; b).
De�ne 
gm on (a; b) by


gm (y) =

 
mY
i=1

f2i (y)

!

ym

 
mY
i=1

� (�i)

! Z y

a

u (x)
�
ln
�
y
x

��0@ mX
i=1

�i

1A�m
mY
i=1

�
J�ib� (f2i)

�
(x)

dx <1; (131)

Here �i : R+ ! R+, i = 1; :::;m; are convex and increasing functions.

Theorem 46 Here all as in Remark 45. It holdsZ b

a

u (x)
mY
i=1

�i

 �����
�
J�ib� (f1i)

�
(x)�

J�ib� (f2i)
�
(x)

�����
!
dx � (132)

0B@ mY
i=1
i6=j

Z b

a

�i

�����f1i (y)f2i (y)

����� dy
1CA Z b

a

�j

�����f1j (y)f2j (y)

����� 
gm (y) dy
!
;

under the assumptions:

(i) f1i(y)
f2i(y)

; �i

���� f1i(y)f2i(y)

���� are both �[x;b)(y)

y�(�i)(ln( yx ))
1��i f2i (y) dy -integrable, a.e.

in x 2 (a; b) ;
(ii) 
gm (y)�j

���� f1j(y)f2j(y)

���� ; and �i ���� f1i(y)f2i(y)

���� ; for i 2 f1; :::;mg � fjg are all
integrable.

Proof. By Theorem 41.

Corollary 47 (to Theorem 44) It holds

Z b

a

u (x) e

mX
i=1

����� (J
�i
a+(f1i))(x)

(J�ia+(f2i))(x)

�����
dx � (133)0B@ mY

i=1
i6=j

Z b

a

e

��� f1i(y)f2i(y)

���
dy

1CA Z b

a

e

��� f1j(y)f2j(y)

���

gm (y) dy

!
;
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under the assumptions:

(i) f1i(y)
f2i(y)

; e

��� f1i(y)f2i(y)

��� are both �(a;x](y)

y�(�i)(ln( xy ))
1��i f2i (y) dy -integrable, a.e. in x 2

(a; b) ;

(ii) 
gm (y) e
��� f1j(y)f2j(y)

���
; and e

��� f1i(y)f2i(y)

���
; for i 2 f1; :::;mg � fjg are all integrable.

Corollary 48 (to Theorem 46) Let pi � 1: It holdsZ b

a

u (x)

 
mY
i=1

�����
�
J�ib� (f1i)

�
(x)�

J�ib� (f2i)
�
(x)

�����
pi!

dx � (134)

0B@ mY
i=1
i6=j

Z b

a

����f1i (y)f2i (y)

����pi dy
1CA Z b

a

����f1j (y)f2j (y)

����pj 
gm (y) dy
!
;

under the assumptions

(i)
��� f1i(y)f2i(y)

���pi is �[x;b)(y)

y�(�i)(ln( yx ))
1��i f2i (y) dy -integrable, a.e. in x 2 (a; b) ;

(ii) 
gm (y)
��� f1j(y)f2j(y)

���pj ; and ��� f1i(y)f2i(y)

���pi ; for i 2 f1; :::;mg�fjg are all integrable.
3 Appendix

In this work we used a lot the following

Proposition 49 Let f : [0;1) ! R be convex and increasing. Then f is
continuous on [0;1):

Proof. Fact: f is continuous on (0;1), it is known. We want to prove that
f is continuous at x = 0. Let � > 0 be �xed. Consider the line (l) through
(0; f (0)) and (�; f (�)). It has slope f(�)�f(0)

� � 0, and equation y = l (x) =�
f(�)�f(0)

�

�
x+ f (0). We can always pick up � : f (�) > f (0), otherwise if for

all � > 0 it is f (�) = f (0), we have the trivial case of continuity.
By convexity of f we have that for any 0 < x < �, it is f (x) � l (x) ;

equivalently,

f (x) �
�
f (�)� f (0)

�

�
x+ f (0) ;

equivalently,

0 � f (x)� f (0) �
�
f (�)� f (0)

�

�
x;

here
�
f(�)�f(0)

�

�
> 0.

Let x ! 0, then f (x) � f (0) ! 0. That is lim
x!0

f (x) = f (0) ; proving

continuity of f at x = 0:
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Separating Rational Lp Inequalities for Integral
Operators

George A. Anastassiou
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Abstract

Here we present Lp, p > 1; integral inequalities for convex and in-
creasing functions applied to products of ratios of functions and other
important mixtures. As applications we derive a wide range of fractional
inequalities of Hardy type. They involve the left and right Erdélyi-Kober
fractional integrals and left and right mixed Riemann-Liouville fractional
multiple integrals. Also we give inequalities for Riemann-Liouville, Ca-
puto, Canavati radial fractional derivatives. Some inequalities are of ex-
ponential type.

2010 Mathematics Subject Classi�cation: 26A33, 26D10, 26D15.
Key words and phrases: integral operator, mixed fractional integral,

radial fractional derivative, Erdélyi-Kober fractional integral, Hardy fractional
inequality.

1 Introduction

Let (
1;�1; �1) and (
2;�2; �2) be measure spaces with positive �-�nite mea-
sures, and let ki : 
1 � 
2 ! R be nonnegative measurable functions, ki (x; �)
measurable on 
2 and

Ki (x) =

Z

2

ki (x; y) d�2 (y) , for any x 2 
1; (1)

i = 1; :::;m: We assume that Ki (x) > 0 a.e. on 
1, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions gi : 
1 ! R with the representation

gi (x) =

Z

2

ki (x; y) fi (y) d�2 (y) ; (2)

1
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where fi : 
2 ! R are measurable functions, i = 1; :::;m:
Here u stands for a weight function on 
1:
In [3] we proved the following general result.

Theorem 1 Assume that the functions (1 = 1; 2; :::;m 2 N) x 7!
�
u (x) ki(x;y)Ki(x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne ui on 
2 by

ui (y) :=

Z

1

u (x)
ki (x; y)

Ki (x)
d�1 (x) <1: (3)

Let pi > 1 :
mX
i=1

1
pi
= 1. Let the functions �i : R+ ! R+, i = 1; :::;m; be convex

and increasing. ThenZ

1

u (x)
mY
i=1

�i

����� gi (x)Ki (x)

����� d�1 (x) � (4)

mY
i=1

�Z

2

ui (y)�i (jfi (y)j)pi d�2 (y)
� 1

pi

;

for all measurable functions, fi : 
2 ! R (i = 1; :::;m) such that
(i) fi;�i (jfij)pi are both ki (x; y) d�2 (y) -integrable, �1 -a.e. in x 2 
1;

i = 1; :::;m;

(ii) ui�i (jfij)pi is �2 -integrable, i = 1; :::;m;
and for all corresponding functions gi (i = 1; :::;m) given by (2).

Here R� := R [ f�1g. Let ' : R�2 ! R� be a Borel measurable function.
Let f1i; f2i : 
2 ! R be measurable functions, i = 1; :::;m:
The function ' (f1i (y) ; f2i (y)), y 2 
2, i = 1; :::;m; is �2-measurable. In

this article we assume that 0 < ' (f1i (y) ; f2i (y)) <1, a.e., i = 1; :::;m:
We consider

f3i (y) :=
f1i (y)

' (f1i (y) ; f2i (y))
; (5)

i = 1; :::;m; y 2 
2; which is a measurable function.
We also consider here

k�i (x; y) := ki (x; y)' (f1i (y) ; f2i (y)) ; (6)

y 2 
2; i = 1; :::;m; which is a nonnegative a.e. measurable function on 
1�
2:
We have that k�i (x; �) is measurable on 
2, i = 1; :::;m:
Denote by

K�
i (x) :=

Z

2

k�i (x; y) d�2 (y) (7)

=

Z

2

ki (x; y)' (f1i (y) ; f2i (y)) d�2 (y) ; i = 1; :::;m:

2
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We assume that K�
i (x) > 0, a.e. on 
1:

So here the function

g1i (x) =

Z

2

ki (x; y) f1i (y) d�2 (y)

=

Z

2

ki (x; y)' (f1i (y) ; f2i (y))

�
f1i (y)

' (f1i (y) ; f2i (y))

�
d�2 (y)

=

Z

2

k�i (x; y) f3i (y) d�2 (y) ; i = 1; :::;m: (8)

A typical example is when

' (f1i (y) ; f2i (y)) = f2i (y) , i = 1; :::;m; y 2 
2: (9)

In that case we have that

f3i (y) =
f1i (y)

f2i (y)
, i = 1; :::;m; y 2 
2: (10)

The latter case was studied in [6], for m = 1; which is an article with interesting
ideas however containing several mistakes.
In the special case (10) we get that

K�
i (x) = g2i (x) :=

Z

2

ki (x; y) f2i (y) d�2 (y) ; i = 1; :::;m: (11)

In this article we get �rst general Lp; p > 1; results by applying Theorem 1
for (f3i; g1i), i = 1; :::;m; and on other various important settings, then we give
wide related application to Fractional Calculus.

2 Main Results

We present

Theorem 2 Assume that the functions (i = 1; :::;m 2 N)

x 7!
�
u (x)

ki (x; y)' (f1i (y) ; f2i (y))

K�
i (x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne u�i on 
2 by

u�i (y) := ' (f1i (y) ; f2i (y))

Z

1

u (x)
ki (x; y)

K�
i (x)

d�1 (x) <1; (12)

a.e. on 
2:

3
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Let pi > 1 :
mX
i=1

1
pi
= 1: Let the functions �i : R+ ! R+, i = 1; :::;m; be

convex and increasing. ThenZ

1

u (x)
mY
i=1

�i

����� g1i (x)K�
i (x)

����� d�1 (x) � (13)

mY
i=1

�Z

2

u�i (y)

�
�i

�
jf1i (y)j

' (f1i (y) ; f2i (y))

��pi
d�2 (y)

� 1
pi

;

under the assumptions:

(i)
�

f1i(y)
'(f1i(y);f2i(y))

�
; �i

�
jf1i(y)j

'(f1i(y);f2i(y))

�pi
are both ki (x; y)' (f1i (y) ; f2i (y))

d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) u�i (y) �i

�
jf1i(y)j

'(f1i(y);f2i(y))

�pi
is �2 -integrable, i = 1; :::;m:

In the special case of (9), (10), (11) we derive

Theorem 3 Here 0 < f2i (y) <1, a.e., i = 1; :::;m: Assume that the functions
(i = 1; :::;m 2 N)

x 7!
�
u (x) ki (x; y) f2i (y)

g2i (x)

�
are integrable on 
1, for each �xed y 2 
2; with g2i (x) > 0, a.e. on 
1:
De�ne  i on 
2 by

 i (y) := f2i (y)

Z

1

u (x)
ki (x; y)

g2i (x)
d�1 (x) <1; (14)

a.e. on 
2:

Let pi > 1 :

mX
i=1

1
pi
= 1: Let the functions �i : R+ ! R+, i = 1; :::;m; be

convex and increasing. ThenZ

1

u (x)
mY
i=1

�i

�����g1i (x)g2i (x)

����� d�1 (x) � (15)

mY
i=1

�Z

2

 i (y)�i

�����f1i (y)f2i (y)

�����pi d�2 (y)�
1
pi

;

under the assumptions:

(i) f1i(y)
f2i(y)

; �i

���� f1i(y)f2i(y)

����pi are both ki (x; y) f2i (y) d�2 (y) -integrable, �1 -a.e.
in x 2 
1;
(ii)  i (y)�i

���� f1i(y)f2i(y)

����pi is �2-integrable, i = 1; :::;m:
4
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Next we consider the case of ' (si; ti) = ja1isi + a2itijr, where r 2 R; si; ti 2
R�; a1i; a2i 2 R, i = 1; :::;m: We assume here that

0 < ja1if1i (y) + a2if2i (y)jr <1; (16)

a.e., i = 1; :::;m:
We further assume that

K�
i (x) :=

Z

2

ki (x; y) ja1if1i (y) + a2if2i (y)jr d�2 (y) > 0; (17)

a.e. on 
1, i = 1; :::;m:
Here we have

f3i (y) =
f1i (y)

ja1if1i (y) + a2if2i (y)jr
; (18)

i = 1; :::;m; y 2 
2:
Denote by

k�i (x; y) := ki (x; y) ja1if1i (y) + a2if2i (y)jr ; (19)

i = 1; :::;m:

By Theorem 2 we obtain

Theorem 4 Assume that the functions (i = 1; :::;m 2 N)

x 7!
�
u (x)

ki (x; y) ja1if1i (y) + a2if2i (y)jr

K�
i (x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne u�i on 
2 by

u�i (y) := ja1if1i (y) + a2if2i (y)j
r
Z

1

u (x)
ki (x; y)

K�
i (x)

d�1 (x) <1: (20)

a.e. on 
2:

Let pi > 1 :
mX
i=1

1
pi
= 1: Let the functions �i : R+ ! R+, i = 1; :::;m; be

convex and increasing. ThenZ

1

u (x)
mY
i=1

�i

����� g1i (x)K�
i (x)

����� d�1 (x) � (21)

mY
i=1

�Z

2

u�i (y)

�
�i

�
jf1i (y)j

(a1if1i (y) + a2if2i (y))
r

��pi
d�2 (y)

� 1
pi

;

under the assumptions:

(i)
�

f1i(y)
ja1if1i(y)+a2if2i(y)jr

�
; �i

���� f1i(y)
(a1if1i(y)+a2if2i(y))

r

����pi are both
ki (x; y) ja1if1i (y) + a2if2i (y)jr d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) u�i (y)

�
�i

���� f1i(y)
(a1if1i(y)+a2if2i(y))

r

�����pi is �2 -integrable, i = 1; :::;m:
5
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In Theorem 4 of great interest is the case of r 2 Z� f0g and a1i = a2i = 1,
all i = 1; :::;m; or a1i = 1, a2i = �1, all i = 1; :::;m:

Another interesting case arises when

' (f1i (y) ; f2i (y)) := jf1i (y)jr1 jf2i (y)jr2 ; (22)

i = 1; :::;m; where r1; r2 2 R. We assume that

0 < jf1i (y)jr1 jf2i (y)jr2 <1, a.e., i = 1; :::;m: (23)

In this case

f3i (y) =
f1i (y)

jf1i (y)jr1 jf2i (y)jr2
; (24)

i = 1; :::;m; y 2 
2, also

k�i (x; y) = k�pi (x; y) := ki (x; y) jf1i (y)jr1 jf2i (y)jr2 ; (25)

y 2 
2, i = 1; :::;m:
We have

K�
i (x) = K�

pi (x) :=

Z

2

ki (x; y) jf1i (y)jr1 jf2i (y)jr2 d�2 (y) ; (26)

i = 1; :::;m:

We assume that K�
pi > 0, a.e. on 
1:

By Theorem 2 we derive

Theorem 5 Assume that the functions (i = 1; :::;m 2 N)

x 7!
 
u (x)

ki (x; y) jf1i (y)jr1 jf2i (y)jr2

K�
pi (x)

!

are integrable on 
1, for each �xed y 2 
2. De�ne u�pi on 
2 by

u�pi (y) := jf1i (y)j
r1 jf2i (y)jr2

Z

1

u (x)
ki (x; y)

K�
pi (x)

d�1 (x) <1; (27)

a.e. on 
2:

Let pi > 1 :
mX
i=1

1
pi
= 1: Let the functions �i : R+ ! R+, i = 1; :::;m; be

convex and increasing. ThenZ

1

u (x)
mY
i=1

�i

 ����� g1i (x)K�
pi (x)

�����
!
d�1 (x) � (28)

6
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mY
i=1

 Z

2

u�pi (y)

 
�i

 
jf1i (y)j1�r1

jf2i (y)jr2

!!pi
d�2 (y)

! 1
pi

;

under the assumptions:

(i)
�

f1i(y)
jf1i(y)jr1 jf2i(y)jr2

�
;
�
�i

�
jf1i(y)j1�r1
jf2i(y)jr2

��pi
are both

ki (x; y) jf1i (y)jr1 jf2i (y)jr2 d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) u�pi (y)

�
�i

�
jf1i(y)j1�r1
jf2i(y)jr2

��pi
is �2 -integrable, i = 1; :::;m:

In Theorem 5 of interest will be the case of r1 = 1� n, r2 = �n, n 2 N. In
that case jf1i (y)j1�r1 jf2i (y)j�r2 = jf1i (y) f2i (y)jn, etc.
Next we apply Theorem 2 for speci�c convex functions.

Theorem 6 Assume that the functions (i = 1; :::;m 2 N)

x 7!
�
u (x)

ki (x; y)' (f1i (y) ; f2i (y))

K�
i (x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne u�i on 
2 by

u�i (y) := ' (f1i (y) ; f2i (y))

Z

1

u (x)
ki (x; y)

K�
i (x)

d�1 (x) <1; (29)

a.e. on 
2:

Let pi > 1 :
mX
i=1

1
pi
= 1: Then

Z

1

u (x) e

mX
i=1

���� g1i(x)K�
i
(x)

����
d�1 (x) � (30)

mY
i=1

 Z

2

u�i (y)

 
e

pijf1i(y)j
'(f1i(y);f2i(y))

!
d�2 (y)

! 1
pi

;

under the assumptions:

(i) f1i(y)
'(f1i(y);f2i(y))

; e
pijf1i(y)j

'(f1i(y);f2i(y)) are both ki (x; y)' (f1i (y) ; f2i (y)) d�2 (y)
-integrable, �1 -a.e. in x 2 
1;

(ii) u�i (y) e
pijf1i(y)j

'(f1i(y);f2i(y)) is �2 -integrable, i = 1; :::;m:

Theorem 7 Assume that the functions (i = 1; :::;m 2 N)

x 7!
�
u (x)

ki (x; y)' (f1i (y) ; f2i (y))

K�
i (x)

�
are integrable on 
1, for each �xed y 2 
2. De�ne u�i on 
2 by

u�i (y) := ' (f1i (y) ; f2i (y))

Z

1

u (x)
ki (x; y)

K�
i (x)

d�1 (x) <1; (31)

7
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a.e. on 
2: Let pi > 1 :
mX
i=1

1
pi
= 1; �i � 1, i = 1; :::;m:

Then Z

1

u (x)
mY
i=1

���� g1i (x)K�
i (x)

�����i d�1 (x) � (32)

mY
i=1

 Z

2

u�i (y)

�
jf1i (y)j

' (f1i (y) ; f2i (y))

�pi�i
d�2 (y)

! 1
pi

;

under the assumptions:

(i)
�

f1i(y)
'(f1i(y);f2i(y))

�
,
�

jf1i(y)j
'(f1i(y);f2i(y))

�pi�i
are both ki (x; y)' (f1i (y) ; f2i (y))

d�2 (y) -integrable, �1 -a.e. in x 2 
1;
(ii) u�i (y)

�
jf1i(y)j

'(f1i(y);f2i(y))

�pi�i
is �2 -integrable, i = 1; :::;m:

We continue as follows:
Choosing r1 = 0; r2 = �1; i = 1; :::;m; on (22) we have that

' (f1i (y) ; f2i (y)) = jf2i (y)j�1 : (33)

We assume that

0 < jf2i (y)j�1 <1, a.e., i = 1; :::;m; (34)

equivalently,
0 < jf2i (y)j <1, a.e., i = 1; :::;m: (35)

In this case
f3i = f1i (y) jf2i (y)j ; (36)

i = 1; :::;m; y 2 
2; also it is

k�pi (x; y) = k�pi (x; y) :=
ki (x; y)

jf2i (y)j
; (37)

y 2 
2, i = 1; :::;m:
We have that

K�
pi (x) = K�

pi (x) :=

Z

2

ki (x; y)

jf2i (y)j
d�2 (y) ; (38)

i = 1; :::;m:

We assume that K�
pi (x) > 0, a.e. on 
1:

By Theorem 5 we obtain

8

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

114



Corollary 8 Assume that the functions (i = 1; :::;m 2 N)

x 7!
 
u (x) ki (x; y) jf2i (y)j�1

K�
pi (x)

!

are integrable on 
1, for each �xed y 2 
2. De�ne  �pi on 
2 by

 �pi (y) := jf2i (y)j
�1
Z

1

u (x)
ki (x; y)

K�
pi (x)

d�1 (x) <1; (39)

a.e. on 
2:

Let pi > 1 :
mX
i=1

1
pi
= 1: Let the functions �i : R+ ! R+, i = 1; :::;m; be

convex and increasing. ThenZ

1

u (x)
mY
i=1

�i

 ����� g1i (x)K�
pi (x)

�����
!
d�1 (x) � (40)

mY
i=1

�Z

2

 �pi (y) (�i (jf1i (y) f2i (y)j))
pi d�2 (y)

� 1
pi

;

under the assumptions:
(i) f1i (y) f2i (y) ; (�i (jf1i (y) f2i (y)j))pi are both ki (x; y) jf2i (y)j�1 d�2 (y)

-integrable, �1 -a.e. in x 2 
1;
(ii)  �pi (y) (�i (jf1i (y) f2i (y)j))

pi is �2 -integrable, i = 1; :::;m:

To keep exposition short, in the next big part of this article we give only
applications of Theorem 3 to Fractional Calculus. We need the following:
Let a < b, a; b 2 R. By CN ([a; b]), we denote the space of all functions

on [a; b] which have continuous derivatives up to order N , and AC ([a; b]) is the
space of all absolutely continuous functions on [a; b]. By ACN ([a; b]), we denote
the space of all functions g with g(N�1) 2 AC ([a; b]). For any � 2 R, we denote
by [�] the integral part of � (the integer k satisfying k � � < k + 1), and d�e
is the ceiling of � (minfn 2 N, n � �g). By L1 (a; b), we denote the space of all
functions integrable on the interval (a; b), and by L1 (a; b) the set of all functions
measurable and essentially bounded on (a; b). Clearly, L1 (a; b) � L1 (a; b) :

We need

De�nition 9 ([9]) Let (a; b), 0 � a < b < 1; �; � > 0. We consider the left
and right-sided fractional integrals of order � as follows:
1) for � > �1, we de�ne

�
I�a+;�;�f

�
(x) =

�x��(�+�)

� (�)

Z x

a

t��+��1f (t) dt

(x� � t�)1��
; (41)

9
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2) for � > 0, we de�ne

�
I�b�;�;�f

�
(x) =

�x��

� (�)

Z b

x

t�(1����)�1f (t) dt

(t� � x�)1��
: (42)

These are the Erdélyi-Kober type fractional integrals.

We make

Remark 10 Regarding (41) we have all

ki (x; y) = k1 (x; y) :=
�x��(�+�)

� (�)
�(a;x] (y)

y��+��1

(x� � y�)1��
; (43)

x; y 2 (a; b), � stands for the characteristic function.
In this case

g1i (x) =
�
I�a+;�;�f1i

�
(x) =

Z b

a

k1 (x; y) f1i (y) dy; (44)

and

g2i (x) =
�
I�a+;�;�f2i

�
(x) =

Z b

a

k1 (x; y) f2i (y) dy; (45)

i = 1; :::;m:

We assume
�
I�a+;�;�f2i

�
(x) > 0, a.e. on (a; b) ; and 0 < f2i (y) < 1, a.e.,

i = 1; :::;m:

We also make

Remark 11 Regarding (42) we have all

ki (x; y) = k2 (x; y) :=
�x��

� (�)
�[x;b) (y)

y�(1����)�1

(y� � x�)1��
; (46)

x; y 2 (a; b).
In this case

g1i (x) =
�
I�b�;�;�f1i

�
(x) =

Z b

a

k2 (x; y) f1i (y) dy; (47)

and

g2i (x) =
�
I�b�;�;�f2i

�
(x) =

Z b

a

k2 (x; y) f2i (y) dy; (48)

i = 1; :::;m:

We assume
�
I�b�;�;�f2i

�
(x) > 0, a.e. on (a; b) ; and 0 < f2i (y) < 1, a.e.,

i = 1; :::;m:

10
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Next we apply Theorem 3.

Theorem 12 Here all as in Remark 10. Assume that the functions (i =
1; :::;m 2 N)

x 7!
 

u (x)�x��(�+�)�
I�ia+;�;�f2i

�
(x) � (�)

�(a;x] (y)
y��+��1f2i (y)

(x� � y�)1��

!

are integrable on (a; b), for each �xed y 2 (a; b) :
De�ne  +i on (a; b) by

 +i (y) :=
�f2i (y) y

��+��1

� (�)

Z b

y

u (x)
x��(�+�) (x� � y�)��1�

I�a+;�;�f2i
�
(x)

dx <1; (49)

a.e. on (a; b) : Let pi > 1 :
mX
i=1

1
pi
= 1: Let the functions �i : R+ ! R+,

i = 1; :::;m; be convex and increasing. ThenZ b

a

u (x)
mY
i=1

�i

 ���I�a+;�;�f1i� (x)���
I�a+;�;�f2i

�
(x)

!
dx � (50)

mY
i=1

 Z b

a

 +i (y) �i

�
jf1i (y)j
f2i (y)

�pi
dy

! 1
pi

;

under the assumptions:

(i) f1i(y)
f2i(y)

; �i

���� f1i(y)f2i(y)

����pi are both �x��(�+�)

�(�) �(a;x] (y)
y��+��1

(x��y�)1�� f2i (y) dy -

integrable, a.e. in x 2 (a; b) ;
(ii)  +i (y) �i

���� f1i(y)f2i(y)

����pi is integrable, i = 1; :::;m:
Corollary 13 (to Theorem 12) It holds

Z b

a

u (x) e

mX
i=1

j(I�a+;�;�f1i)(x)j
(I�a+;�;�f2i)(x) dx � (51)

mY
i=1

 Z b

a

 +i (y) e
pijf1i(y)j
f2i(y) dy

! 1
pi

;

under the assumptions:

(i) f1i(y)
f2i(y)

; e
pi

��� f1i(y)f2i(y)

��� are both �x��(�+�)

�(�) �(a;x] (y) y
��+��1 (x� � y�)��1 f2i (y)

dy -integrable, a.e. in x 2 (a; b) ;

(ii)  +i (y) e
pi

��� f1j(y)f2j(y)

���
is integrable, i = 1; :::;m:

11
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Corollary 14 (to Theorem 12) Let �i � 1, i = 1; :::;m: It holdsZ b

a

u (x)
mY
i=1

 ��I�a+;�;�f1i (x)��
I�a+;�;�f2i (x)

!�i
dx � (52)

mY
i=1

 Z b

a

 +i (y)

�
jf1i (y)j
f2i (y)

��ipi
dy

! 1
pi

;

under the assumptions:

(i)
��� f1i(y)f2i(y)

����ipi is �x��(�+�)

�(�) �(a;x] (y)
y��+��1

(x��y�)1�� f2i (y) dy -integrable, a.e. in

x 2 (a; b) ;
(ii)  +i (y)

��� f1i(y)f2i(y)

����ipi is integrable, i = 1; :::;m:
We also give

Theorem 15 Here all as in Remark 11. Assume that the functions (i =
1; :::;m 2 N)

x 7!

0@ u (x)�x���
I�b�;�;�f2i

�
(x)

�[x;b) (y)
y�(1����)�1f2i (y)

(y� � x�)1�� � (�)

1A
are integrable on (a; b), for each �xed y 2 (a; b) :
De�ne  �i on (a; b) by

 �i (y) :=
�f2i (y) y

�(1����)�1

� (�)

Z y

a

u (x)
x�� (y� � x�)��1�
I�b�;�;�f2i

�
(x)

dx <1; (53)

a.e. on (a; b) : Let pi > 1 :
mX
i=1

1
pi
= 1: Let the functions �i : R+ ! R+,

i = 1; :::;m; be convex and increasing. Then

Z b

a

u (x)
mY
i=1

�i

0@
����I�b�;�;�f1i� (x)����
I�b�;�;�f2i

�
(x)

1A dx � (54)

mY
i=1

 Z b

a

 �i (y) �i

�
jf1i (y)j
f2i (y)

�pi
dy

! 1
pi

;

under the assumptions:

(i) f1i(y)f2i(y)
; �i

���� f1i(y)f2i(y)

����pi are both �x��

�(�) �[x:b) (y)
y�(1����)�1

(y��x�)1�� f2i (y) dy -integrable,

a.e. in x 2 (a; b) ;
(ii)  �i (y) �i

���� f1i(y)f2i(y)

����pi is integrable, i = 1; :::;m:
12
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Proof. By Theorem 3.

Corollary 16 (to Theorem 15) It holds

Z b

a

u (x) e

mX
i=1

j(I�b�;�;�f1i)(x)j
(I�b�;�;�f2i)(x) dx � (55)

mY
i=1

 Z b

a

 �i (y) e
pijf1i(y)j
f2i(y) dy

! 1
pi

;

under the assumptions:

(i) f1i(y)
f2i(y)

; e
pi

��� f1i(y)f2i(y)

��� are both �x��

�(�) �[x:b) (y)
y�(1����)�1

(y��x�)1�� f2i (y) dy -integrable,

a.e. in x 2 (a; b) ;
(ii)  �i (y) e

pi

��� f1i(y)f2i(y)

��� is integrable, i = 1; :::;m:
Corollary 17 (to Theorem 15) Let �i � 1, i = 1; :::;m: It holds

Z b

a

u (x)
mY
i=1

0@
���I�b�;�;�f1i (x)���
I�b�;�;�f2i (x)

1A�i

dx � (56)

mY
i=1

 Z b

a

 �i (y)

�
jf1i (y)j
f2i (y)

��ipi
dy

! 1
pi

;

under the assumptions:

(i)
��� f1i(y)f2i(y)

����ipi is �x��

�(�) �[x:b) (y)
y�(1����)�1

(y��x�)1�� f2i (y) dy -integrable, a.e. in x 2
(a; b) ;

(ii)  �i (y)
��� f1i(y)f2i(y)

����ipi is integrable, i = 1; :::;m:
We make

Remark 18 Let
NY
i=1

(ai; bi) � RN , N > 1; ai < bi; ai; bi 2 R. Let �i > 0,

i = 1; :::; N ; f 2 L1

 
NY
i=1

(ai; bi)

!
, and set a = (a1; :::; aN ) ; b = (b1; :::; bN ),

� = (�1; :::; �N ), x = (x1; :::; xN ) ; t = (t1; :::; tN ) :
We de�ne the left mixed Riemann-Liouville fractional multiple integral of

order � (see also [7]):

�
I�a+f

�
(x) :=

1
NY
i=1

� (�i)

Z x1

a1

:::

Z xN

aN

NY
i=1

(xi � ti)�i�1 f (t1; :::; tN ) dt1:::dtN ;

(57)

13
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with xi > ai, i = 1; :::; N:
We also de�ne the right mixed Riemann-Liouville fractional multiple integral

of order � (see also [5]):

�
I�b�f

�
(x) :=

1
NY
i=1

� (�i)

Z b1

x1

:::

Z bN

xN

NY
i=1

(ti � xi)�i�1 f (t1; :::; tN ) dt1:::dtN ;

(58)
with xi < bi, i = 1; :::; N:

Notice I�a+ (jf j), I�b� (jf j) are �nite if f 2 L1

 
NY
i=1

(ai; bi)

!
:

One can rewrite (57) and (58) as follows:

�
I�a+f

�
(x) =

1
NY
i=1

� (�i)

Z
NY
i=1

(ai;bi)

� NY
i=1

(ai;xi]

(t)

NY
i=1

(xi � ti)�i�1 f (t) dt; (59)

with xi > ai, i = 1; :::; N;
and

�
I�b�f

�
(x) =

1
NY
i=1

� (�i)

Z
NY
i=1

(ai;bi)

� NY
i=1

[xi;bi)

(t)
NY
i=1

(ti � xi)�i�1 f (t) dt; (60)

with xi < bi, i = 1; :::; N:
The corresponding k (x; y) for I�a+, I

�
b� are

ka+ (x; y) =
1

NY
i=1

� (�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1 ; (61)

8 x; y 2
NY
i=1

(ai; bi) ;

and

kb� (x; y) =
1

NY
i=1

� (�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1 ; (62)

8 x; y 2
NY
i=1

(ai; bi) :

We make

14
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Remark 19 In the case of (57) we choose

g1j (x) =
�
I�a+f1j

�
(x) (63)

and
g2j (x) =

�
I�a+f2j

�
(x) ; (64)

8 x 2
NY
i=1

(ai; bi) :

We assume
�
I�a+f2j

�
(x) > 0, a.e. on

NY
i=1

(ai; bi), and 0 < f2j (y) <1; a.e.,

j = 1; :::;m:

Above the functions f1j ; f2j 2 L1

 
NY
i=1

(ai; bi)

!
, j = 1; :::;m:

We make

Remark 20 In the case of (58) we choose

g1j (x) =
�
I�b�f1j

�
(x) (65)

and
g2j (x) =

�
I�b�f2j

�
(x) ; (66)

8 x 2
NY
i=1

(ai; bi) :

We assume
�
I�b�f2j

�
(x) > 0, a.e. on

NY
i=1

(ai; bi), and 0 < f2j (y) <1; a.e.,

j = 1; :::;m:

Above the functions f1j ; f2j 2 L1

 
NY
i=1

(ai; bi)

!
, j = 1; :::;m:

We present

Theorem 21 Here all as in Remark 19. Assume that the functions (j =
1; :::;m 2 N)

x 7!

0BBBBBBBB@

u (x) f2j (x)� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1

�
I�a+f2j

�
(x)

NY
i=1

� (�i)

1CCCCCCCCA
15
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are integrable on
NY
i=1

(ai; bi), for each �xed y 2
NY
i=1

(ai; bi). We de�ne Wj on

NY
i=1

(ai; bi) by

Wj (y) :=
f2j (y)
NY
i=1

� (�i)

Z b1

y1

:::

Z bN

yN

u (x1; :::; xN )
NY
i=1

(xi � yi)�i�1�
I�a+f2j

�
(x1; :::; xN )

dx1:::dxN <1;

(67)
a.e.

Let pj > 1 :
mX
j=1

1
pj
= 1: Let the functions �j : R+ ! R+, j = 1; :::;m; be

convex and increasing. ThenZ
NY
i=1

(ai;bi)

u (x)
mY
j=1

�j

 ���I�a+f1j� (x)���
I�a+f2j

�
(x)

!
dx � (68)

mY
j=1

0BB@Z NY
i=1

(ai;bi)

Wj (y) �j

�
jf1j (y)j
f2j (y)

�pj
dy

1CCA
1
pj

;

under the assumptions:

(i) f1j(y)
f2j(y)

; �j

���� f1j(y)f2j(y)

����pj are both 1
NY
i=1

�(�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1

f2j (y) dy -integrable, a.e. in x 2
NY
i=1

(ai; bi) ;

(ii) Wj (y) �j

���� f1j(y)f2j(y)

����pj is integrable, j = 1; :::;m:
Corollary 22 (to Theorem 21) It holds

Z
NY
i=1

(ai;bi)

u (x) e

mX
j=1

j(I�a+f1j)(x)j
(I�a+f2j)(x)

dx � (69)

mY
j=1

0BB@Z NY
i=1

(ai;bi)

Wj (y) e
pj jf1j(y)j
f2j(y) dy

1CCA
1
pj

;

16
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under the assumptions:

(i) f1j(y)f2j(y)
; e
pj

��� f1j(y)f2j(y)

���
are both 1

NY
i=1

�(�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1 f2j (y) dy

-integrable, a.e. in x 2
NY
i=1

(ai; bi) ;

(ii) Wj (y) e
pj

��� f1j(y)f2j(y)

���
is integrable, j = 1; :::;m:

Corollary 23 (to Theorem 21) Let �j � 1, j = 1; :::;m: It holdsZ
NY
i=1

(ai;bi)

u (x)
mY
j=1

 ��I�a+f1j (x)��
I�a+f2j (x)

!�j
dx � (70)

mY
j=1

0BB@Z NY
i=1

(ai;bi)

Wj (y)

�
jf1j (y)j
f2j (y)

��jpj
dy

1CCA
1
pj

;

under the assumptions:

(i)
��� f1j(y)f2j(y)

����jpj is 1
NY
i=1

�(�i)

� NY
i=1

(ai;xi]

(y)
NY
i=1

(xi � yi)�i�1 f2j (y) dy -integrable,

a.e. in x 2
NY
i=1

(ai; bi) ;

(ii) Wj (y)
��� f1j(y)f2j(y)

����jpj is integrable, j = 1; :::;m:
We also give

Theorem 24 Here all as in Remark 20. Assume that the functions (j =
1; :::;m 2 N)

x 7!

0BBBBBBBB@

u (x) f2j (y)� NY
i=1

[xi;bi)

(y)

NY
i=1

(yi � xi)�i�1

�
I�b�f2j

�
(x)

NY
i=1

� (�i)

1CCCCCCCCA
are integrable on

NY
i=1

(ai; bi), for each �xed y 2
NY
i=1

(ai; bi) :

17
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De�ne Mj on
NY
i=1

(ai; bi) by

Mj (y) :=
f2j (y)
NY
i=1

� (�i)

Z y1

a1

:::

Z yN

aN

u (x1; :::; xN )
NY
i=1

(yi � xi)�i�1�
I�b�f2j

�
(x1; :::; xN )

dx1:::dxN <1;

(71)
a.e.

Let pj > 1 :
mX
j=1

1
pj
= 1: Let the functions �j : R+ ! R+, j = 1; :::;m; be

convex and increasing. ThenZ
NY
i=1

(ai;bi)

u (x)

mY
j=1

�j

 ���I�b�f1j� (x)���
I�b�f2j

�
(x)

!
dx � (72)

mY
j=1

0BB@Z NY
i=1

(ai;bi)

Mj (y) �j

�
jf1j (y)j
f2j (y)

�pj
dy

1CCA
1
pj

;

under the assumptions:

(i) f1j(y)
f2j(y)

; �j

���� f1j(y)f2j(y)

����pj are both 1
NY
i=1

�(�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1

f2j (y) dy -integrable, a.e. in x 2
NY
i=1

(ai; bi) ;

(ii) Mj (y)�j

���� f1j(y)f2j(y)

����pj is integrable, j = 1; :::;m:
Corollary 25 (to Theorem 24) It holds

Z
NY
i=1

(ai;bi)

u (x) e

mX
j=1

j(I�b�f1j)(x)j
(I�b�f2j)(x)

dx � (73)

mY
j=1

0BB@Z NY
i=1

(ai;bi)

Mj (y) e
pj jf1j(y)j
f2j(y) dy

1CCA
1
pj

;

18
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under the assumptions:

(i) f1j(y)f2j(y)
; e
pj

��� f1j(y)f2j(y)

���
are both 1

NY
i=1

�(�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1 f2j (y) dy

-integrable, a.e. in x 2
NY
i=1

(ai; bi) ;

(ii) Mj (y) e
pj

��� f1j(y)f2j(y)

���
is integrable, j = 1; :::;m:

Corollary 26 (to Theorem 24) Let �j � 1, j = 1; :::;m: It holdsZ
NY
i=1

(ai;bi)

u (x)
mY
j=1

 ��I�b�f1j (x)��
I�b�f2j (x)

!�j
dx � (74)

mY
j=1

0BB@Z NY
i=1

(ai;bi)

Mj (y)

�
jf1j (y)j
f2j (y)

��jpj
dy

1CCA
1
pj

;

under the assumptions:

(i)
��� f1j(y)f2j(y)

����jpj is 1
NY
i=1

�(�i)

� NY
i=1

[xi;bi)

(y)
NY
i=1

(yi � xi)�i�1 f2j (y) dy -integrable,

a.e. in x 2
NY
i=1

(ai; bi) ;

(ii) Mj (y)
��� f1j(y)f2j(y)

����jpj is integrable, j = 1; :::;m:
We make

Remark 27 Next we follow [6] and our introduction.
Let (
1;�1; �1) and (
2;�2; �2) be measure spaces with positive �-�nite

measures, and let k : 
1 � 
2 ! R be a nonnegative measurable function,
k (x; �) measurable on 
2 and

K (x) =

Z

2

k (x; y) d�2 (y) , for any x 2 
1: (75)

We assume K (x) > 0; a.e. on 
1, and the weight functions are nonnegative
functions on the related set. We consider measurable functions g1; g2 : 
1 ! R
with the representation

gi (x) =

Z

2

k (x; y) fi (y) d�2 (y) ; (76)
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where f1; f2 : 
2 ! R are measurable, i = 1; 2: Here u stands for a weight
function on 
1:

The next theorem comes from [6], but it is �xed by us, the terms come from
Remark 27.

Theorem 28 Here 0 < f2 (y) < 1, a.e. on 
2; and g2 (x) > 0, a.e. on 
1:
Assume that the function

x 7! u (x)
f2 (y) k (x; y)

g2 (x)

is integrable on 
1, for each �xed y 2 
2:
De�ne v on 
2 by

v (y) := f2 (y)

Z

1

u (x) k (x; y)

g2 (x)
d�1 (x) <1; (77)

a.e. on 
2:
Let � : R+ ! R be convex and increasing. ThenZ


1

u (x)�

�
jg1 (x)j
g2 (x)

�
d�1 (x) � (78)

Z

2

v (y) �

�
jf1 (y)j
f2 (y)

�
d�2 (y) ;

under the further assumptions:

(i) f1(y)
f2(y)

; �
���� f1(y)f2(y)

���� are both k (x; y) f2 (y) d�2 (y) -integrable, �1 -a.e. in
x 2 
1;
(ii) v (y) �

���� f1(y)f2(y)

���� is �2-integrable.
Next we deal with the spherical shell

Background 29 We need:
Let N � 2, SN�1 := fx 2 RN : jxj = 1g the unit sphere on RN , where j�j

stands for the Euclidean norm in RN . Also denote the ball B (0; R) := fx 2
RN : jxj < Rg � RN , R > 0, and the spherical shell

A := B (0; R2)�B (0; R1), 0 < R1 < R2: (79)

For the following see [8, pp. 149-150], and [10, pp. 87-88].
For x 2 RN � f0g we can write uniquely x = r!, where r = jxj > 0, and

! = x
r 2 S

N�1, j!j = 1:
Clearly here

RN � f0g = (0;1)� SN�1; (80)

and
A = [R1; R2]� SN�1: (81)

20
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We will be using

Theorem 30 [1, p. 322] Let f : A ! R be a Lebesgue integrable function.
Then Z

A

f (x) dx =

Z
SN�1

 Z R2

R1

f (r!) rN�1dr

!
d!: (82)

So we are able to write an integral on the shell in polar form using the polar
coordinates (r; !) :
We need

De�nition 31 [1, p. 458] Let � > 0, n := [�], � := � � n, f 2 Cn
�
A
�
, and A

is a spherical shell. Assume that there exists function
@�R1f(x)

@r� 2 C
�
A
�
; given

by
@�R1

f (x)

@r�
:=

1

� (1� �)
@

@r

�Z r

R1

(r � t)�� @
nf (t!)

@rn
dt

�
; (83)

where x 2 A; that is x = r!, r 2 [R1; R2], ! 2 SN�1.
We call

@�R1f

@r� the left radial Canavati-type fractional derivative of f of order

�. If � = 0, then set
@�R1f(x)

@r� := f (x) :

Based on [1, p. 288], and [2] we have

Lemma 32 Let 
 � 0, m := [
], � > 0, n := [�], with 0 � 
 < �. Let

f 2 Cn
�
A
�
and there exists

@�R1f(x)

@r� 2 C
�
A
�
, x 2 A, A a spherical shell.

Further assume that @
jf(R1!)
@rj = 0, j = m;m + 1; :::; n � 1; 8 ! 2 SN�1: Then

there exists
@
R1

f(x)

@r
 2 C
�
A
�
such that

@
R1
f (x)

@r

=
@
R1

f (r!)

@r

=

1

� (� � 
)

Z r

R1

(r � t)��
�1
@�R1

f (t!)

@r�
dt; (84)

8 ! 2 SN�1; all R1 � r � R2, indeed f (r!) 2 C
R1
([R1; R2]) ; 8 ! 2 SN�1:

We make

Remark 33 In the settings and assumptions of Theorem 28 and Lemma 32 we
have

k (r; t) = k� (r; t) :=
1

� (� � 
)�[R1;r] (t) (r � t)
��
�1

; (85)

r; t 2 [R1; R2] :
Let f1; f2 as in Lemma 32. Assume

@�R1f2

@r� > 0 on A. We take

g1 (r; !) :=
@
R1

f1 (r!)

@r

(86)
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and

g2 (r; !) :=
@
R1

f2 (r!)

@r

; (87)

for every (r; !) 2 [R1; R2]� SN�1:
We further assume that g2 (r; !) > 0 for every (r; !) 2 [R1; R2]� SN�1:
We choose here u (r; !) = g2 (r; !) : Then for a �xed ! 2 SN�1, the function

r 7! @�R1
@r� f2 (t; !) k� (r; t) is continuous, hence integrable on [R1; R2], for each

�xed t 2 [R1; R2] : So we have

v (t) =
@�R1

@r�
f2 (t!)

Z R2

t

1

� (� � 
) (r � t)
��
�1

dr (88)

=
@�R1

@r�
f2 (t!)

(R2 � t)��


� (� � 
 + 1) <1;

for every t 2 [R1; R2] :
Let � : R+ ! R be convex and increasing. Then by (78) and (88), we get

Z R2

R1

�
@
R1

f2 (r!)

@r


�
�

0BB@
����@
R1f1(r!)@r


����
@
R1

f2(r!)

@r


1CCA dr � (89)

(R2 �R1)��


� (� � 
 + 1)

Z R2

R1

@�R1

@r�
f2 (t!)�

0@
���@�R1f1(t!)@r�

���
@�R1

f2(t!)

@r�

1A dt =

(R2 �R1)��


� (� � 
 + 1)

Z R2

R1

@�R1

@r�
f2 (r!)�

0@
���@�R1f1(r!)@r�

���
@�R1

f2(r!)

@r�

1A dr;

true 8 ! 2 SN�1:
Here we have R1 � r � R2, and R

N�1
1 � rN�1 � RN�12 , and R1�N2 �

r1�N � R1�N1 : So by (89) and rN�1r1�N = 1, we have

Z R2

R1

�
@
R1

f2 (r!)

@r


�
�

0BB@
����@
R1f1(r!)@r


����
@
R1

f2(r!)

@r


1CCA rN�1dr � (90)

(R2 �R1)��


� (� � 
 + 1)

�
R2
R1

�N�1 Z R2

R1

@�R1

@r�
f2 (r!) �

0@
���@�R1f1(r!)@r�

���
@�R1

f2(r!)

@r�

1A rN�1dr:

Hence we get

Z
SN�1

0BB@Z R2

R1

�
@
R1

f2 (r!)

@r


�
�

0BB@
����@
R1f1(r!)@r


����
@
R1

f2(r!)

@r


1CCA rN�1dr

1CCA d! � (91)
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(R2 �R1)��


� (� � 
 + 1)

�
R2
R1

�N�1 Z
SN�1

0@Z R2

R1

@�R1

@r�
f2 (r!) �

0@
���@�R1f1(r!)@r�

���
@�R1

f2(r!)

@r�

1A rN�1dr

1A d!:

Using Theorem 30 we obtain

Z
A

@
R1
f2 (x)

@r

�

0BB@
����@
R1f1(x)@r


����
@
R1

f2(x)

@r


1CCA dx � (92)

(R2 �R1)��


� (� � 
 + 1)

�
R2
R1

�N�1 Z
A

@�R1

@r�
f2 (x)�

0@
���@�R1f1(x)@r�

���
@�R1

f2(x)

@r�

1A dx:

We have proved the following result.

Theorem 34 Let all and f1; f2 as in Lemma 32, � > 
 � 0. Assume @�R1f2

@r� > 0

and
@
R1

f2

@r
 > 0 on A. Let � : R+ ! R be convex and increasing. Then

Z
A

@
R1
f2 (x)

@r

�

0BB@
����@
R1f1(x)@r


����
@
R1

f2(x)

@r


1CCA dx � (93)

(R2 �R1)��


� (� � 
 + 1)

�
R2
R1

�N�1 Z
A

@�R1

@r�
f2 (x)�

0@
���@�R1f1(x)@r�

���
@�R1

f2(x)

@r�

1A dx:

Corollary 35 (to Theorem 34) It holds

Z
A

@
R1
f2 (x)

@r

e

������
@


R1

f1(x)

@r


������
@


R1

f2(x)

@r
 dx � (94)

(R2 �R1)��


� (� � 
 + 1)

�
R2
R1

�N�1 Z
A

@�R1

@r�
f2 (x) e

������
@�R1

f1(x)

@r�

������
@�
R1

f2(x)

@r� dx:

Corollary 36 (to Theorem 34) Let p � 1. It holdsZ
A

�
@
R1

f2 (x)

@r


�1�p ����@
R1
f1 (x)

@r


����p dx � (95)

(R2 �R1)��


� (� � 
 + 1)

�
R2
R1

�N�1�Z
A

@�R1

@r�
f2 (x)

�1�p ����@�R1
f1 (x)

@r�

����p dx:
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Similar results can be produced for the right radial Canavati type fractional
derivative. We omit this treatment.
We make

Remark 37 (from [1], p. 460) Here we denote �RN (x) � dx the Lebesgue
measure on RN , N � 2, and by �SN�1 (!) = d! the surface measure on SN�1,
where BX stands for the Borel class on space X. De�ne the measure RN on�
(0;1) ;B(0;1)

�
by

RN (B) =

Z
B

rN�1dr, any B 2 B(0;1):

Now let F 2 L1 (A) = L1
�
[R1; R2]� SN�1

�
:

Call

K (F ) := f! 2 SN�1 : F (�!) =2 L1
�
[R1; R2] ;B[R1;R2]; RN

�
g: (96)

We get, by Fubini�s theorem and [10], pp. 87-88, that

�SN�1 (K (F )) = 0:

Of course
� (F ) := [R1; R2]�K (F ) � A;

and
�RN (� (F )) = 0:

Above �SN�1 is de�ned as follows: let A � SN�1 be a Borel set, and leteA := fru : 0 < r < 1; u 2 Ag � RN ;

we de�ne

�SN�1 (A) := N�RN
� eA� :

We have that

�SN�1
�
SN�1

�
=

2�
N
2

�
�
N
2

� ;
the surface area of SN�1:
See also [8, pp. 149-150], [10, pp. 87-88] and [1], p. 320.

Following [1, p. 466] we de�ne the left Riemann-Liouville radial fractional
derivative next.

De�nition 38 Let � > 0, m := [�] + 1, F 2 L1 (A), and A is the spherical
shell. We de�ne

@
�

R1
F (x)

@r�
:=

8><>:
1

�(m��)
�
@
@r

�m R r
R1
(r � t)m���1 F (t!) dt;
for ! 2 SN�1 �K (F ) ;

0; for ! 2 K (F ) ;
(97)
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where x = r! 2 A, r 2 [R1; R2], ! 2 SN�1; K (F ) as in (96).
If � = 0, de�ne

@
�

R1
F (x)

@r�
:= F (x) :

De�nition 39 ([1], p. 327) We say that f 2 L1 (a;w), a < w; a;w 2 R has

an L1 left Riemann-Liouville fractional derivative D
�

af (� > 0) in [a;w], i¤

(1) D
��k
a f 2 C ([a;w]) ; k = 1; :::;m := [�] + 1;

(2) D
��1
a f 2 AC ([a;w]) ; and

(3) D
�

af 2 L1 (a;w) :
De�ne D

0

af := f and D
��
a f := I�a+f , if 0 < � � 1; here I�a+f is the left

univariate Riemann-Liouville fractional integral of f , see (57).

We need the following representation result.

Theorem 40 ([1, p.331]) Let � > � > 0 and F 2 L1 (A). Assume that
@
�
R1
F (x)

@r�
2 L1 (A) : Further assume that D

�

R1
F (r!) takes real values for al-

most all r 2 [R1; R2], for each ! 2 SN�1; and for these
���D�

R1
F (r!)

��� � M1 for

some M1 > 0: For each ! 2 SN�1 �K (F ), we assume that F (�!) have an L1
fractional derivative D

�

R1
F (�!) in [R1; R2], and that

D
��k
R1

F (R1!) = 0, k = 1; :::; [�] + 1:

Then

@
�

R1
F (x)

@r�
=
�
D
�

R1
F
�
(r!) =

1

� (� � �)

Z r

R1

(r � t)����1
�
D
�

R1
F
�
(t!) dt;

(98)
is true for all x 2 A; i.e. true for all r 2 [R1; R2] and for all ! 2 SN�1:
Here �

D
�

R1
F
�
(�!) 2 AC ([R1; R2]) ; for � � � � 1

and �
D
�

R1
F
�
(�!) 2 C ([R1; R2]) ; for � � � 2 (0; 1) ;

for all ! 2 SN�1: Furthermore

@
�

R1
F (x)

@r�
2 L1 (A) :

In particular, it holds

F (x) = F (r!) =
1

� (�)

Z r

R1

(r � t)��1
�
D
�

R1
F
�
(t!) dt; (99)
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for all r 2 [R1; R2] and ! 2 SN�1 �K (F ) ; x = r!, and

F (�!) 2 AC ([R1; R2]) ; for � � 1

and
F (�!) 2 C ([R1; R2]) ; for � 2 (0; 1) ;

for all ! 2 SN�1 �K (F ) :

Similarly to Theorem 34 we obtain

Theorem 41 Let all here and F1; F2 as in Theorem 40, � > � � 0. Assume

that 0 <
@
�
R1
F2(x)

@r�
<1, a.e. on A and @

�
R1
F2(x)

@r�
> 0; a.e. on A. Let � : R+ ! R

be convex and increasing. Then

Z
A

@
�

R1
F2 (x)

@r�
�

0BB@
����@�R1F1(x)@r�

����
@
�
R1
F2(x)

@r�

1CCA dx � (100)

(R2 �R1)���

� (� � �+ 1)

�
R2
R1

�N�1 Z
A

@
�

R1
F2 (x)

@r�
�

0BB@
����@�R1F1(x)@r�

����
@
�
R1
F2(x)

@r�

1CCA dx;

under the assumptions: for every ! 2 SN�1 we have

(i)
@
�
R1

F1(t!)

@r�

@
�
R1

F2(t!)

@r�

; �

0B@
����� @

�
R1

F1(t!)

@r�

���������� @
�
R1

F2(t!)

@r�

�����

1CA are both 1
�(���)�[R1;r] (t) (r � t)

����1

@
�
R1
F2(t!)

@r�
dt-integrable in t 2 [R1; R2], a.e. in r 2 [R1; R2] ;

(ii)
@
�
R1
F2(t!)

@r�
�

0B@
����� @

�
R1

F1(t!)

@r�

���������� @
�
R1

F2(t!)

@r�

�����

1CA is integrable in t on [R1; R2] :

Corollary 42 (to Theorem 41) It holds

Z
A

@
�

R1
F2 (x)

@r�
e

������
@�R1

F1(x)

@r�

������
@�R1

F2(x)

@r� dx � (101)

(R2 �R1)���

� (� � �+ 1)

�
R2
R1

�N�1 Z
A

@
�

R1
F2 (x)

@r�
e

�������
@
�
R1

F1(x)

@r�

�������
@
�
R1

F2(x)

@r� dx;
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under the assumptions: for every ! 2 SN�1 we have

(i)
@
�
R1

F1(t!)

@r�

@
�
R1

F2(t!)

@r�

; e

�������
@
�
R1

F1(t!)

@r�

��������������
@
�
R1

F2(t!)

@r�

������� are both 1
�(���)�[R1;r] (t) (r � t)

����1 @
�
R1
F2(t!)

@r�
dt-

integrable in t 2 [R1; R2], a.e. in r 2 [R1; R2] ;

(ii)
@
�
R1
F2(t!)

@r�
e

�������
@
�
R1

F1(t!)

@r�

��������������
@
�
R1

F2(t!)

@r�

������� is integrable in t on [R1; R2] :
Corollary 43 (to Theorem 41) Let p � 1. It holds

Z
A

 
@
�

R1
F2 (x)

@r�

!1�p �����@
�

R1
F1 (x)

@r�

�����
p

dx � (102)

(R2 �R1)���

� (� � �+ 1)

�
R2
R1

�N�1 Z
A

 
@
�

R1
F2 (x)

@r�

!1�p �����@
�

R1
F1 (x)

@r�

�����
p

dx;

under the assumptions: for every ! 2 SN�1 we have

(i)

0B@
����� @

�
R1

F1(t!)

@r�

���������� @
�
R1

F2(t!)

@r�

�����

1CA
p

is 1
�(���)�[R1;r] (t) (r � t)

����1 @
�
R1
F2(t!)

@r�
dt-integrable in

t 2 [R1; R2], a.e. in r 2 [R1; R2] ;

(ii)
�����@�R1F2(t!)@r�

�����1�p ����@�R1F1(t!)@r�

����p is integrable in t on [R1; R2] :
We also need (see [1], p. 421).

De�nition 44 Let F : A! R, � � 0, n := d�e such that F (�!) 2 ACn ([R1; R2]),
for all ! 2 SN�1:
We call the left Caputo radial fractional derivative the following function

@��R1
F (x)

@r�
:=

1

� (n� �)

Z r

R1

(r � t)n���1 @
nF (t!)

@rn
dt; (103)

where x 2 A, i.e. x = r!, r 2 [R1; R2], ! 2 SN�1:
Clearly

@0�R1
F (x)

@r0
= F (x) ; (104)

@��R1
F (x)

@r�
=
@�F (x)

@r�
, if � 2 N: (105)

27

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

133



Above function (103) exists almost everywhere for x 2 A, see [1], p. 422.
We mention the following fundamental representation result (see [1], p. 422-

423, [2] and [4]).

Theorem 45 Let � > � � 0, n := d�e, m := d�e, F : A! R with F 2 L1 (A).
Assume that F (�!) 2 ACn ([R1; R2]), for all ! 2 SN�1, and that

@��R1
F (�!)

@r�
2

L1 (R1; R2) for all ! 2 SN�1:
Further assume that

@��R1
F (x)

@r�
2 L1 (A) : More precisely, for these r 2

[R1; R2] ; for each ! 2 SN�1, for which D�
�R1

F (r!) takes real values, there

exists M1 > 0 such that
���D�

�R1
F (r!)

��� �M1:

We suppose that @
jF (R1!)
@rj = 0, j = m;m+ 1; :::; n� 1; for every ! 2 SN�1:

Then

@��R1
F (x)

@r�
= D�

�R1
F (r!) =

1

� (� � �)

Z r

R1

(r � t)����1
�
D�
�R1

F
�
(t!) dt;

(106)
valid 8 x 2 A; i.e. true 8 r 2 [R1; R2] and 8 ! 2 SN�1; � > 0:
Here

D�
�R1

F (�!) 2 C ([R1; R2]) ;

8 ! 2 SN�1; � > 0:
Furthermore

@��R1
F (x)

@r�
2 L1 (A) , � > 0: (107)

In particular, it holds

F (x) = F (r!) =
1

� (�)

Z r

R1

(r � t)��1
�
D�
�R1

F
�
(t!) dt; (108)

true 8 x 2 A; i.e. true 8 r 2 [R1; R2] and 8 ! 2 SN�1, and

F (�!) 2 C ([R1; R2]) ; 8 ! 2 SN�1: (109)

Similarly to Theorem 34 we obtain

Theorem 46 Let all here and F1; F2 as in Theorem 45, � > � � 0. Assume

that 0 <
@��R1

F2(x)

@r�
<1, a.e. on A and @��R1F2(x)

@r�
> 0; a.e. on A. Let � : R+ !

R be convex and increasing. Then

Z
A

@��R1
F2 (x)

@r�
�

0@
���@��R1F1(x)@r�

���
@��R1

F2(x)

@r�

1A dx � (110)
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(R2 �R1)���

� (� � �+ 1)

�
R2
R1

�N�1 Z
A

@��R1
F2 (x)

@r�
�

0BB@
����@��R1F1(x)@r�

����
@��R1

F2(x)

@r�

1CCA dx;

under the assumptions: for every ! 2 SN�1 we have

(i)
@
�
�R1

F1(t!)

@r�

@
�
�R1

F2(t!)

@r�

; �

0B@
����� @

�
�R1

F1(t!)

@r�

���������� @
�
�R1

F2(t!)

@r�

�����

1CA are both 1
�(���)�[R1;r] (t) (r � t)

����1

@��R1
F2(t!)

@r�
dt-integrable in t 2 [R1; R2], a.e. in r 2 [R1; R2] ;

(ii)
@��R1

F2(t!)

@r�
�

0B@
����� @

�
�R1

F1(t!)

@r�

���������� @
�
�R1

F2(t!)

@r�

�����

1CA is integrable in t on [R1; R2] :

Corollary 47 (to Theorem 46) It holds

Z
A

@��R1
F2 (x)

@r�
e

������
@��R1

F1(x)

@r�

������
@��R1

F2(x)

@r� dx � (111)

(R2 �R1)���

� (� � �+ 1)

�
R2
R1

�N�1 Z
A

@��R1
F2 (x)

@r�
e

�������
@
�
�R1

F1(x)

@r�

�������
@
�
�R1

F2(x)

@r� dx;

under the assumptions: for every ! 2 SN�1 we have

(i)
@
�
�R1

F1(t!)

@r�

@
�
�R1

F2(t!)

@r�

; e

�������
@
�
�R1

F1(t!)

@r�

��������������
@
�
�R1

F2(t!)

@r�

������� are both 1
�(���)�[R1;r] (t) (r � t)

����1 @
�
�R1

F2(t!)

@r�

dt-integrable in t 2 [R1; R2], a.e. in r 2 [R1; R2] ;

(ii)
@��R1

F2(t!)

@r�
e

�������
@
�
�R1

F1(t!)

@r�

��������������
@
�
�R1

F2(t!)

@r�

������� is integrable in t on [R1; R2] :
We �nish with

Corollary 48 (to Theorem 46) Let p � 1. It holdsZ
A

�
@��R1

F2 (x)

@r�

�1�p ����@��R1
F1 (x)

@r�

����p dx � (112)

(R2 �R1)���

� (� � �+ 1)

�
R2
R1

�N�1 Z
A

 
@��R1

F2 (x)

@r�

!1�p �����@
�
�R1

F1 (x)

@r�

�����
p

dx;

29

INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

135



under the assumptions: for every ! 2 SN�1 we have

(i)

0B@
����� @

�
�R1

F1(t!)

@r�

���������� @
�
�R1

F2(t!)

@r�

�����

1CA
p

is 1
�(���)�[R1;r] (t) (r � t)

����1 @
�
�R1

F2(t!)

@r�
dt-integrable

in t 2 [R1; R2], a.e. in r 2 [R1; R2] ;

(ii)
�����@��R1F2(t!)@r�

�����1�p ����@��R1F1(t!)@r�

����p is integrable in t on [R1; R2] :
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