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Abstract

Here we present integral inequalities for convex and increasing func-
tions applied to products of functions. As applications we derive a wide
range of fractional inequalities of Hardy type. They involve the left and
right Riemann-Liouville fractional integrals and their generalizations, in
particular the Hadamard fractional integrals. Also inequalities for left and
right Riemann-Liouville, Caputo, Canavati and their generalizations frac-
tional derivatives. These application inequalities are of L, type, p > 1,
and exponential type, as well as their mixture.
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1 Introduction

We start with some facts about fractional derivatives needed in the sequel, for
more details see, for instance [1], [9].

Let a < b, a,b € R. By CV ([a,b]), we denote the space of all functions
on [a, b] which have continuous derivatives up to order N, and AC ([a, b)) is the
space of all absolutely continuous functions on [a, b]. By ACY ([a,b]), we denote
the space of all functions g with ¢g(=1) € AC ([a,b]). For any o € R, we denote
by [a] the integral part of a (the integer k satisfying k < a < k4 1), and [«]
is the ceiling of & (min{n € N, n > a}). By L; (a,b), we denote the space of all
functions integrable on the interval (a, b), and by Lo, (a, b) the set of all functions
measurable and essentially bounded on (a,b). Clearly, Lo, (a,b) C Ly (a,b) .

We start with the definition of the Riemann-Liouville fractional integrals,
see [12]. Let [a,b], (—00 < a < b < c0) be a finite interval on the real axis R.
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The Riemann-Liouville fractional integrals I, f and Ii¥ f of order o > 0 are
defined by

(12, f /f (z—t)*""dt, (z>a), (1)

(g f /f Y(t—2)* dt, (z<b), (2)

respectively. Here I' (a) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals. We mention some properties of
the operators I3, f and If* f of order o > 0, see also [13]. The first result yields
that the fractional integral operators I, f and I;* f are bounded in L, (a,b),
1 <p < o0, that is

|z sl < K, ), < KA (3)
where (b a)°
—-a
~al (o) “)

Inequality (3), that is the result involving the left-sided fractional integral, was
proved by H. G. Hardy in one of his first papers, see [10]. He did not write down
the constant, but the calculation of the constant was hidden inside his proof.
Next we follow [11].
Let (21,%1, 1) and (Qs2, X9, 1) be measure spaces with positive o-finite
measures, and let k : 27 x Q3 — R be a nonnegative measurable function,
k (x,-) measurable on 5 and

z«w=A;Mamwxm,xem. (5)

We suppose that K (z) > 0 a.e. on Qp, and by a weight function (shortly: a
weight), we mean a nonnegative measurable function on the actual set. Let the
measurable functions g : Q; — R with the representation

QWZAHMU@%@a (6)

where f : 03 — R is a measurable function.

Theorem 1 ([11]) Let u be a weight function on 1, k a nonnegative measur-
able function on Q1 x Qo, and K be defined on Q1 by (5). Assume that the
function x — u () ’3((323)) is integrable on Q1 for each fixed y € Qo. Define v on
QQ by

v = [ u@) G @) < . (7)
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If @ : [0,00) — R is convex and increasing function, then the inequality

[ @ (|2 )an@ =< [ voroarohanw  ®

holds for all measurable functions f : Qs — R such that:
(i) £, @ (|f]) are both k (x,y) duy (y) -integrable, p; -a.e. in x € Qq,
(ii) v (y) © (| f]) is uy -integrable, and for all corresponding functions g given

by (6).

Important assumptions (i) and (ii) are missing from Theorem 2.1. of [11].
In this article we generalize Theorem 1 for products of several functions and
we give wide applications to Fractional Calculus.

2 Main Results

Let (Q1,%1, 1q) and (Qg, X2, o) be measure spaces with positive o-finite mea-
sures, and let k; : 1 x Qo — R be nonnegative measurable functions, k; (z,-)
measurable on €5, and

Ki(z)= | ki(z,y)dpy(y), forany z e, )
Qo
i =1,...,m. We assume that K; (z) > 0 a.e. on €, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions g; : 7 — R with the representation

6 (@) = /Q i (@29) £ (4) disa (3), (10)

where f; : 29 — R are measurable functions, ¢ = 1,...,m.
Here u stands for a weight function on 2.
The first introductory result is proved for m = 2.

Theorem 2 Assume that the function z — (%) is integrable on

Qq, for each y € Q5. Define Ay on Qs by

Here @, : Ry — R4, i =1,2, are convex and increasing functions.

/91 uo (‘ fgfll(éc)) D b2 (‘ zgé(é)) D din () <

(/Q D (| f2 (y)]) dpo (y)) (/Q &1 (|1 () N2 (y) dpss (y)) , (1)
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true for all measurable functions, i = 1,2, f; : Q2 — R such that
(i) fi, ©: (|fi]), are both k; (z,y) dus (y) -integrable, p; -a.e. in x € Q,
(ii) Aa®1 (|f1]), P2 (| f2]), are both u, -integrable,
and for all corresponding functions g; given by (10).

Proof. Notice here that ®;,®5 are continuous functions. Here we use
Jensen’s inequality, Fubini’s theorem, and that ®; are increasing. We have

/Qlu(ac)@l ( [9{11((9;)) )@2 ( [9{22((9;)) )dm (o) =
( kl (z,y) fr (y) dps (y)D~ (13)

K2 / (@) f2 (y) dpy (y )D dpy (7) <

[k ) 1 )] <y>)-

®, ( - / b o) 2 )] iy () ) s (o) <

/Q1 u(z) Kll(m) (/Qz ki (z,y) 1 (|1 ()]) dpsy (y)) .

1
Ko (z) </Qz ko (z,y) @2 (|f2 (¥)]) dpy (y)> dpy (z) =

(calling vy (z) := [q, k1 (z,9) @1 (|f1 (¥)]) dpsa ()

u LE ’yl I -
/Ql o, K (@) 163 ()2 (01 @2 (12 W)1) diag (9) dp () =

u(z) v (2) -
/Q2 o, m/ﬂ (z,9) P2 (|f2 (y)]) diq (z) dpsg (y) = (14)
u(x) 7 () B
/ n(hO) ( [ ) (m)> () —
[ @m0
Qa
u(z) ks (z,y) i
< o W </Q2 ki (z,y) @1 (1f1 ()]) dps (Z/)) dpy (SE)) dpg (y) =
[ @m0
Q2
u (@) k1 (@, y) k2 (2,9) o _
{/ﬂl </§12 K1 (z) K, (z) @1 (If1 ()] dpy (y)> dpy (g;)} dyy (y) = (15)
4
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[/ (/ - (x);fj ((f)’ 2'2() D, (11 ())) dus <y>) m (@] _

[/Q (/Q U(x);ff ((j)’ i’()?kz():v,y)q)l (Ifr W)I) dpy (:c)) dyis (y)] -

[ mann ([ “EEERR D @) dnw)] = a6

(/Q © (If2 (W)]) dps (y)> [/Q &1 (|f1 ()] A2 (v) duy (y):| :

proving the claim. m
When m = 3, the corresponding result follows.

K (z) K2 (2) Ks ()
grable on Qq, for each y € Q3. Define A\ on Qg by

o u(@) k(2 y) k2 (2,y) ks (2, )
Yaly) = /91 K, (z) K3 (z) K3 ()

Theorem 3 Assume that the function x +— “(w)’fl(“«’vy)kz(w,y)m(%y)) is inte-

dpy (x) < 0. (17)

Here ®; : R, — Ry, i =1,2,3, are convex and increasing functions.
Then
. gi (%)
u(x o, | | 2L
/Q ( )};[1 (’ K; ()

(H/ (1 W)1) dpe ( )> (/Q @1 (If1 ()] As (y) dpay (y)>,

true for all measurable functions, i =1,2,3, f; : Q2 — R such that
(i) fi, ®; (1fi]), are both k; (x,y) duy (y) -integrable, py -a.e. in x € Oy,

(i) X3®1 (| f1]) , @2 (| f2]) , @3 (| f3]), are all py -integrable,
and for all corresponding functions g; given by (10).

) dyiy (z) < (18)

Proof. Here we use Jensen’s inequality, Fubini’s theorem, and that ®; are
increasing. We have

> dpy () =

ot
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K (@) /92 ki (z,y) fi (y) dpy (y)D dp, (z) < (19)

(s [ sl Wl o)) dus 0) <

(calling 6 (x) := 3"&)

/ (H/ ki (v,) @ Ifz())duz(y)>du1(fc)= (20)

/0 [/Q</k< (1 (y du2>

ks (@, y) @3 (|f3 (y)]) dpo (y)] dpy (x

L ermonones]

ks (,y) @3 (| f3 (¥)]) dps (v)) dpsy (2)

L ([ oo (1] senoan dﬂz)

ks (2,y) @3 (| f3 ()]) dpy (2)) dppa (y)

/cba fs (y (/ 0 (2) ks (2,1) (H/ Jfi )du2(y))

dpy () dpg (y) =

/ B3 (1> () [ [ 0@k ) (/ { [k 9) 04 52 ) <y>}-
ko (z,y) 2 (|f2 ()]) dug (v)) dpy ()] dpy (y) =
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[ e an00 [/ ( R LT LA I
[ ) B (U () )} s @) oy ()] s 0) =

([ estiaonanw) [ ([ 00k Enm@ne:0zo)-

{ / () @1 (17 () (y>} iy <y)) " (@] _

(/92 @3 (15 (y)I) dpg (y)) /92 (/Qle(x)kQ (2,9) ks (2, 9) ®a (1o (1)) -
{ b @n®n @) dn@ ) duw| - @

(/92 P35 (|f5 (y)]) dra (y)> /92 O, (|f2 (y)|)( 5 0 () ka (2. 9) ks (2.3)-
( IR LA <y>) " <x>) ds (y)} _

2

([ #srs@bdn ) [/ 2 (112 ) {/ ( Q2e(m)f[1ki (e.1)-

@1 (|f1 (Y)]) dpo (v)) dpy ()} dps (y)] =

(f #0n0hanw) ([ o000 aew):
</Q (/ H () @1 |f1<>|>du2<y>>du1<x>>— en
3
([[ | eno duz(y)>~
3
(/Q (/ o) [T ks ) @ (51 )I)dul(l’)> dmy)) -
3
(HQ/Q (1 @) iy (y )
3
< [ e ( 0@ [k ) <x>> " <y>> _

=1

3
(1:[2 /92 P (fi (W)]) dpsg (y)> (/92 D1 (| f1 ()]) A3 (y) dpsy (y)) , (25)

proving the claim. m

For general m € N, the following result is valid.

7
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Theorem 4 Assume that the function © — | —=——— | is integrable on

Qq, for each y € Qs. Define A\, on Qs by

m

U ki (.’I}, y)
M) i= [ | e [ s @) < . (26)
Ik @
i=1
Here @, : R, — Ry, i =1,...,m, are convex and increasing functions.
Then
& gi () )
u(x D, du, () < 27
/Ql<>i[[1 (|22 s @) @)
m
(H A <y>> ([ 010560 M 0w w).
2
true for all measurable functions, i = 1,...,m, f; : Q2 — R such that

(i) fi, @ (1fi]), are both k; (x,y) duy (y) -integrable, p, -a.e. in x € 4,

(1) A @1 (| f1]) , @2 (| f2]) , @3 (| f3]) 5 ooos P (| fin]), are all py -integrable,
and for all corresponding functions g; given by (10).

When k(z,y) = ki (z,y) = ko (z,y) = ... = kn(2,y), then K (x) :=
Ky (z) = K3 (z) = ... = K, (). Then from Theorem 4 we get:

Corollary 5 Assume that the function x — (%ﬂ(gy)) is integrable on 1y,

for each y € Qs. Define Uy, on Qg by

U t):= [ (M E )y (0) < . (28)

Here ®; : Ry — Ry, i =1,...,m, are convezx and increasing functions.

Then
i (L

oMo (55
(H/ ity duz(y)> ([ 208 DU s ).

true for all measurable functions, i =1,...,m, f; : Qo — R such that
(i) fi, ®; (|fi]), are both k (z,y) dusy (y) -integrable, p; -a.e. in x € Qy,

(1) Upn®1 (|f1]), @2 (| f2]) , @5 (| f3])  oors P (| fim]), are all py -integrable,
and for all corresponding functions g; given by (10).

) dyi (z) < (20)

oo
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When m = 2 from Corollary 5 we obtain

Corollary 6 Assume that the function x +— (%W) is integrable on €y,

for each y € Q. Define Uy on Qs by

= [ (M) gy ) < . (30)
Here ®1,®; : Ry — Ry, are conver and increasing functions.
Lo (e (es

</Q P2 (|f2 (y)]) dra (y)) </Q &, (If1 ()]) Us (y) dpas (y)) ,

true for all measurable functions, f1, fo : Qo — R such that

(i) f1, f2, @1 (|f1]), P2 (|f2]) are all k (x,y) duy (y) -integrable, pq, -a.e. in
T € Ql,

(i) Us®1 (| f1]), P2 (|f2]) , are both py -integrable,
and for all corresponding functions g1, go given by (10).

For m € N, the following more general result is also valid.

Theorem 7 Let j € {1,...,m} be fized. Assume that the function x —

i=1

——=——— | is integrable on Q1, for each y € Qs. Define \p, on Qo by
5@
i=1
w(@) [T ki (z.)
i=1
[[%: ()

= duq (z) < 0. (32)
1

A () = /Q

Here ®; : Ry — R4, i =1,...,m, are convezr and increasing functions.

Then ML
[ /Q u (o) [] 2 (’%%

i=1

) diy () < (33)

I [ ocshan ) | ([ #0560 0 0dew) =1,
=
true for all measurable functions, i =1,....m, f; : Q2 — R such that

(i) fi, ©i(|fil), are both k; (x,y) dusy (y) -integrable, p, -a.e. in x € Qy,
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(i) A ®; ([f51) s @1 ([f2]), @2 ([f2]) s @3 ([f3]) s @5 (1 5])s s B ([fim]), are
all py -integrable,
and for all corresponding functions g; given by (10). Above ®; (\fj|) means

missing item.

‘We make

Remark 8 In the notations and assumptions of Theorem 7, replace assumption
(ii) by the assumption,

(13) @1 (| f1]) 5 ooy P (| fn]) 5 An @1 ([ F1]) 5 ooy A @i (| fm]), are all o -integrable
functions.

Then, clearly it holds,

>
<=2
m

(34)

An application of Theorem 7 follows.

Theorem 9 Let j € {1,...,m} be fizred. Assume that the function x —

u(e) [ [ ki)
i=1
i=1

is integrable on Qy, for each y € Qs. Define A\, on Qs by

M) 1= [ | | i (@) < . (35)

Then

I
/Q w(@)e Ty () < (36)

I1 [ “Pana@ | ([ 00w i),
17’5J

true for all measurable functions, i =1,...,m, f; : Q3 — R such that
(i) fi, elfil, are both k; (z,y) dus (y) -integrable, p, -a.e. in x € Qy,
(ii) )\me|f-7";e'fl‘,e|f2‘,e|f3‘,...,eTm, ., elfmlare all p, -integrable,
and for all corresponding functions g; given by (10). Above m means absent

item.

10
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Another application of Theorem 7 follows.

Theorem 10 Let j € {1,...,m} be fized, « > 1. Assume that the function

u(e) [ [ kit
i=1

T - is integrable on y, for each y € Qs. Define A, on Qo
by -
M ) i= [ | i [y ) < . (37)
. [[%: ()
i=1
Then /
m gl (x) «
u(x duq () < 38
/le@m(x)) 4 (@) (38)

m
I [ rwrdem | ([ 16605 6 dem).,
i=1 QQ £22
1#]
true for all measurable functions, i =1,....,m, f; : Q2 — R such that
(i) | fi|“is ki (z,y) dus (y) -integrable, py -a.e. in x € Qy,
(i) N | 3175 11" 12l 1 f3] o 1S5 es [ fm] ™, are all puy -integrable,
and for all corresponding functions g; given by (10). Above |f;|* means

absent item.
‘We make

Remark 11 Let f; be Lebesque measurable functions from (a,b) into R, such
that (IS (1fi]) (z) € R, V z € (a,b), a; > 0, i = 1,...,m, e.g. when f; €
Lo (a,b).

Consider

gi (z) = (Iffj_fz) (), zé€(ab),i=1,..,m, (39)

we remind
1

(120) () = e / (x— )% f (1) di.

Notice that g; (x) € R and it is Lebesque measurable.
We pick Q1 = Qo = (a,b), dpy (x) = dz, dus (y) = dy, the Lebesgue measure.
We see that

b Xaar () (@ — )% 7"
(133) () = [ Mot E 0

11

fi(t) dt, (40)



INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

where x stands for the characteristic function.
So, we pick here

ai—1
by (2, ) = ] (tr) EZ; D i m (41)

In fact )
ki (m,y){(w}?(/‘)l) p a<y=a, (42)

0, x<y<bd
Clearly it holds
a,x z -y~ z—a)”

K, ( )—/(ab)x(’](yr)ial) ) yé(aﬁ)l), (43)

a<z<b i=1,..,m.
Notice that

O

(z —a)
(44)
Calling
a=Y a;>0, vi=[]a >0, (45)
=1 i=1
we have that
e k’L a,xT T — amm
H K(ﬂ%y) _ X(a, ](y)( g) ’Y. (46)
oy (x) (z —a)
Therefore, for (32), we get for appropiate weight u that
b a—m
(z—y)
M) =7 [ ule) s <, (47)
y (z —a)

foralla <y <b.
Let ®; : Ry — Ry, ¢ =1,...,m, be convexr and increasing functions. Then

by (33) we obtain

/bu(x)ﬁ@i ( W I‘(aﬁ—l)) dz <
12
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b
(H [ s ) ( JRATACTEE dx> S
i#£]

with j € {1,...,m}, true for measurable f; with I (|fi]) finite (i = 1,...,m)
and with the properties:

(1) ®; (|fi]) is k; (z,y) dy -integrable, a.e. inxc (a,b),

(1) An®3 (1F51) @1 (1) @3 (fal) s B (31 s P (L fin]) are all Lebesgue
integrable functions,

where ®; (|f;]) means absent item.

Let now

u(z)=(x—a)”, x€(ab). (49)
Then

b o a—m-+1
Am (y) = 7/ (z—y)* Mdr = % (50)

€ (a,b), where . > m — 1.
Hence (48) becomes

/b maaﬁ@(

=1

(=21 (H/ (i@ ) (/b (b )" @ (18 <a:>|>da:> <
. . (51)
(=) (I o 0 mas).

where a > m — 1, f; with 155 (|fi]) finite, © = 1,...,m, under the assumptions
(i), (i) following (48).
If &, =id, then (51) turns to

b m
[Tz @<
@ =1

(I21 i) ()

(x —a)™

I'(a; + 1)) dx <

m - ( /‘fz dl‘)
(Hf(ai—i—l)) (a—m+1) | \iZ}
) b
( / (b— )" f; ()] dx> <

13
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7aa7m+1 m b
(m v (b—a) (H/ fi(;p)|da:>, (52)
HF(awl)) (@—m+1) | V7

where o > m—1, f; with I} (| fi|) finite and f; Lebesgue integrable, i = 1,...,m.
Next let p; > 1, and ®; (x) = 2P, x € Ry. These ®; are conver, increasing
and continuous on R, .

Then, by (48), we get

pi

L ::/b(:c—a)aH w dr <

| @ a)™

v

@ (H / fi<:c>p’dw)~
(H (T (o + 1))’”) (a—m+1) | \iZ]

b
</ (b _ x)a—m-‘rl |f] (x)|[1] d.l?) <

—a a—m+1 m b |
m gl (b ) (H/ |fz (x)|m dax) . (53)
(H (F (Oéi + 1))111) (a —m+ 1) i=17a

=1

m m
Notice that Zaip,; > a, thus = a — Zoz,;pi <0.Smced<z—a<b—a

i=1 i=1
(x € (a,b)), then (z —a)’ > (b—a)’.
Therefore
b m ‘
b= [ TTH0 ) @ de =
@ i=1
b m _
o-o [ 1110z 6) @] da. (54)
@ =1
Consequently, by (53) and (54), it holds
b m
[Tz ) @) i < (55
@ =1
14
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b a) (&) ) (

(H (I (e + 1))’”) (@=m+1)

i=1

.o
11 | i@ dm>7

where p; > 1, 1 = 1,..,m, a > m — 1, true for measurable f; with I3 (|fi])
finite, with the properties (i =1,...,m):
(i) | fi|"" is ki (z,y) dy -integrable, a.e. in x € (a,b),

(i) | fi|"* is Lebesgue integrable on (a,b).

Ifp=p1=pos=..=pm>1, then by (55), we get
| J 8D < (56)
=1 p,(a,b)

i(b—a (a=2+3) m
b (H ||fi||p,(a,b)> |
(H (T (e + 1))) (—m+1) i=1

=1

3 =

a > m — 1, true for measurable f; with 135 (|f;|) finite, and such that (i =
1,...,m),

(i) | fi|" is ki (z,y) dy -integrable, a.e. in x € (a,b),

(ii) | f:|? is Lebesgue integrable on (a,b).

Using (i) and if o > %, by Holder’s inequality we derive that I3 (|fi]) is
finite on (a,b). If we set p=1 to (56) we get (52).

If ®; (x) = €*, x € Ry, then from (51) we get

(I:jrfi)(w)

(w—a)™3

F(Ot.r‘rl))

/ab(sca)aefz;< dx <

()

where a > m — 1, f; with I35 (|fi]) finite, i = 1,...,m, under the assumptions,
(i) elfil is k; (z,y) dy -integrable, a.e. in x € (a,b),
(ii) elfil is Lebesque integrable on (a,b).

We continue with

Remark 12 Let f; be Lebesgue measurable functions : (a,b) — R, such that
LY (|fi]) () < o0,V x € (a,b), a; >0,1=1,...,m, e.g. when f; € Lo (a,b).

15
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Consider
gi (z) = (Iﬁ_"fi) (), z€(ab),i=1,..,m, (58)
we remind
(I f:) ( ) (¢ —x)*dt, (59)
(x <b).

Notice that g; () € R and it is Lebesgue measurable.
We pick Q1 = Q2 = (a,b), duq (x) = dz, dus (y) = dy, the Lebesgue measure.

We see that
b a;—1
a; (ﬁ B .’17)
(I fi) (@) = /a X[z,p) () Wfi () dt. (60)
So, we pick here
b (2,1 kI R (61)
T = X[z,b) T (az) ;o t=4..,m
In fact
(y—z)*i
k (x,w{ A (62
0, a<y<zx
Clearly it holds
(y—a)™ " (b—=)
K, (z)= / X[z 63
() (@b) [,b)() F(Oél) F(Otz—i-l) ( )

a<z<b i=1,..m
Notice that

" ki, " — )% T +1
11 Ki (xy>) =11 <XW> ) (yrazi) ' (b( _:)Q) -

1:[ ( Xfa,b) ( W) = Xw) (¥)

Calling

16
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we have that W) )
1 ki (z, Xiepy W) (y—2)* "y
fifn et

Therefore, for (32), we get for appropiate weight u that

) =7 [ ue) Bt

)afm

dz < oo, (67)

foralla <y <b.
Let ®; : Ry — Ry, i =1,...,m, be convex and increasing functions. Then
by (38) we obtain

(ﬁ/ (Ifi (2 ) (/ab ®; (1 (2)]) Am (2) dﬂf) , (68)
i#]

with j € {1,...,m},

true for measurable f; with I’ (|f;|) finite (i = 1,...,m) and with the prop-
erties:

(i) ®; (|fi]) is k; (z,y) dy —integm/_b\le, a.e. inx € (a,b),

(1) A @5 (1 £51) 5 @1 (|1 f1]) 5 s @5 (1 F5])5 oo @on (| fin]) are all Lebesgue integrable
functions,

where ®; (| f;|) means absent item.

(L fi) (@)

o)™ I‘(al+1)>dw§

Let now
u(x)=(b-2)", =€ (a,b) (69)
Then . ol
Am (y) = ’Y/ (y—a)* "dx = ’Y(Z:C:BL +1 (70)
€ (a,b), where a > m — 1.
Hence (68) becomes
b ML Iai I X
/ (b— $)aH‘I)z' <WF (o; + 1)) dz <
b
(am+1> H/ (1fi (= (/ (@ —a)* ", (| (w)l)dDC) <
1173} a a
o a a m—+1
( o )(H/ (. (o ) ()

17
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where a > m — 1, f; with 1" (|f;]) finite, i = 1,...,m, under the assumptions
(i), (it) following (68).
If ®; =id, then (71) turns to

b m
[ 17 @) o <

(HF(ai—i—l)) (a—=m+1) ;73} ¢
) b
(/ (@ —a)* " (w)d%“) <

v b —a a—m+1 m b
e 1/ 1f@ia). @
(HF(ai—l—l)) (a—m+1) | V! ‘
i=1
where a > m—1, f; with I, (| f;|) finite and f; Lebesgue integrable, i =1, ..., m.

Next let p; > 1, and @, (x) = 2P, x € R,
Then, by (68), we get

: (_H (75 £:) <x>|‘”>
I ::/ (b— o) =L

v

m (H/ |f1 |;D dﬂ?) :
([0 oy | 2
b
(/ (@ —a)* " () dx) <

7aa7m+1 m b ‘
v(b-a) (H / |fi<z>|”’dx>. (73)
) =179

( T'(ay +1)) >(a—m+1
i=1

18
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Notice here that f := a—ZaZ-pi < 0. Since0 <b—xz <b—a (x € (a,b)), then
i=1
(b—2)" >0b-0a).

Therefore
b m
12::/ <H|Io‘fz )dzz

i=1

(b—a) /{L<H\I‘Ifl ) . (74)

Consequently, by (73) and (74), it holds

[T ) @) o < (7

v (b-a) ((Z aipi) mH)

T b
- (I o as).
(H (F (Oéz+1))p7> (a7m+1) =179

=1

wherep; >1,i=1,...m, a >m—1,
true for measurable f; with I, (| f;|) finite, with the properties (i =1,...,m):
(i) | fil”" is ki (z,y) dy -integrable, a.e. in x € (a,b),
(ii) | fi|"* is Lebesgue integrable on (a,b).

Ifp:=p1 =p2=...=pm >1, then by (75), we get
[[@n)) < (76)
i=1 p,(a,b)

. (_b ) - (iljlnfinp,(a,b)),
[[C(+1)) (a—m+1)7

a>m—1,

true for measurable f; with I (|fi|) finite, and such that (i =1,...,m),

(i) | fil” is ki (z,y) dy -integrable, a.e. in x € (a,b),

(ii) | f:|? is Lebesgue integrable on (a,b).

Using (ii) and if a; > %, by Hélder’s inequality we derive that I,'" (|fi]) is
finite on (a,b).

If we set p=1 to (76) we obtain (72).

19
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If ®, () = e®, x € Ry, then from (71) we obtain

(15 8:) @

(b—=) i

m

/ab(b—gz:)()‘eiz—;<

—a a—m+1 m b
(%) (H </ efl(m)‘m» | 7

i=1

F(Oq-‘rl))
dr <

where o > m — 1, f; with I (| f;]) finite, i = 1,...,m, under the assumptions,
(i) efil is k; (x,y) dy -integrable, a.c. in x € (a,b),
(ii) elfil is Lebesgue integrable on (a,b).

‘We mention

Definition 13 (/1], p. 448) The left generalized Riemann-Liouville fractional
derivative of f of order > 0 is given by

D@ =g () [0 )
where n =[]+ 1, z € [a,b].

For a,b € R, we say that f € Ly (a,b) has an Lo, fractional derivative DS f
(B >0) in [a,b], if and only if

(1) DB*f e C([a,b]), k=2,...n=[B] + 1,

(2) D;~'f € AC([a,b])

(3) DIf € Lo (,).

Above we define DVf := f and D;°f := I§+f, if0<d<1.

From [1, p. 449] and [9] we mention and use

Lemma 14 Let f > a > 0 and let f € L1 (a,b) have an Lo fractional deriva-
tive D f in [a,b] and let DP=%f(a) =0, k=1,...,[8] + 1, then

DT @) = F 5 —a / (e -9’ DEF (y)dy. (79)

foralla < x <b.
Here D¢ f € AC ([a,b]) for —a > 1, and D2 f € C ([a,b]) for B—a € (0,1).
Notice here that

DOf (x) = (ij;a (D? f)) (), a<z<b. (80)

We give

20
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Theorem 15 Let f; € L (a,b), o;,8; : B; > a; > 0, ¢ = 1,....,m. Here

(fi, i, B;) fulfill terminology and assumptions of Definition 18 and Lemma 14.

Leta := Z (B; — i), 7 := H (8; — i), assume @ >m —1, and p > 1. Then
i=1 i=1

m

[T@s 1)

i=1

< (81)
p,(a;b)

(b— a)@*%*%)

=

2
@Unm%+n0wm+ni

Proof. By (52) and (56). m
We continue with

(11 ||Dfifz-||p,(a,b)) |

Theorem 16 All here as in Theorem 15. Then

, Z (D37 5:) @
| (

F(/Bi_oﬁ,‘i‘l))

= z—a)(Pi— i
(x —a)" e= (o= ) dr <

= (h— )@t m LN
B ()

Proof. By (57); assumptions there (i) and (ii) are easily fulfilled. m
We need

Definition 17 ([6], p. 50, [1], p. 449) Let v > 0, n:= [v], f € AC™ ([a,}]).
Then the left Caputo fractional derivative is given by

v _ # * _ p\n—v—1 p(n)
DLl @) = iy | =0T @
= (Ié‘l ”f“’)) (), (83)
and it exists almost everywhere for x € [a,b], in fact DY, f € Ly (a,b), ([1], p.

394).
We have D7, f = f™, n € Z,.

We also need

21
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Theorem 18 ([4]) Letv > p+1, p> 0, v,p ¢ N. Call n := [v], m* := [p].
Assume f € AC™ ([a,b]), such that f*) (a) =0, k =m*,m* +1,...,n— 1, and
DY, f € Loo (a,b). Then D%uf € AC ([a,b]) (where Dluf = (I;’f G f(m*>) (2)),
and

DO f (2) = S / S0 DY (1) di

T(v—p)
= (Ioy" (D)) (@), (84)
vV z € [a,b].
We give
Theorem 19 Let (f;,vi,p;), © = 1,...,m, m > 2, as in the assumptions of
Theorem 18. Set & := zm:(l/l —p;), 7 = ﬁ(ul —p;), and let p > 1. Here
i=1 i=1

a,be R, a<b. Then
< (85)

7% —a(ai%dF%)
S A ) : (HD Sl )
(H(F( pz+1>>><a—m+1>p

i=1

Proof. By (52) and (56), see herea>m>m—1. m
We also give

Theorem 20 Here all as in Theorem 19, let p; > 1,i=1,...,1; | <m. Then

1

/b (z —a) (a_;pi(w_pig <H |DLifi (x )

ol (2222
e<Z ’ <(r W )> dz <

=i+1

_ 7aafm+1 l b ‘
( 7(b—a) (_H / |D:;fi<x>|”’das>- (86)

l
[1Cw—p+ 1>>’”> (@—m+1)

(H [ ez m).

i=l+179

22

22



INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

Proof. By (51). =
‘We need

Definition 21 (/2/, [7], [8]) Let a > 0, n := [a], f € AC™ ([a,b]). We define
the right Caputo fractional derivative of order a > 0, by

Dy f (@) = ()" 7 ™) (w), (87)
we set ﬁ(if = f, ie
— n b
Dy fa) = gt [0 ) (59)

Notice that Dy _f = (=1)" f(", n e N.
We need

Theorem 22 ([4]) Let f € AC™ ([a,b]), a >0, n € N, n:=[a], a > p+1,
p>0,7r=][pl, a,p ¢ N. Assume f*) (b)) =0, k =r,r+1,...n—1, and
D, f € Lo ([a,b]). Then

D;_f (@) = (1,7 (Dif)) (@) € AC ([a.b)), (89)
that is .
— 1
D, = t—a)*"" (Dy 90
A e A A ) ICE D
vV z € [a,b].
We give
Theorem 23 Let (f“a“pz) =1,....,m, m > 2, as in the assumptions of
Theorem 22. Set & := Z( H p;), and let p > 1. Here
i=1 i=1
a,beR, a<b. Then
v < (91)
p,(a;b)

p( b))

Proof. By (72) and (76), see herea>m>m—1. m
We make

23
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Remark 24 Letri,m0 € N; A; >0,5=1,...,m; B; >0, =1,...,r9; 2 > 0,
)

p > 1. Clearly e**" ePi*" > 1, and ZGAJ‘TP > 7, ZeB”p > ry. Hence
=1 j=1

p1(z) :==In f:eAJ‘”p , oo (x) :=1n ieBﬂp > 0. Clearly here o1, @, :
+ — Ry are j;zlcreasing, convez and conjt;iuous.
We give
Theorem 225 Let (fi,cu,p;), © = 1,2, as in the assumptions of Theorem 22.

2
Set o := Z(ai —p;), 7= H(O‘i —p;). Here a,b € R, a < b, and ¢,y as

in Remark 24. Then =
b 2 ’55’_ i ()
/a R 2 ((b_x)(m_pl) (@i —pi+1) | dz < (92)
TO-a)" N (v " (I
<a_1> (H [ e (s <x>’)d"”>’
under the assumptions (i =1,2):

(i) o, ()Esifi (t)D is (X[m,b) (t) %dt) -integrable, a.e. in x €
(a,0),

(ii) : (|23 1,

‘We make

) is Lebesgue integrable on (a,b).

Remark 26 (i) Let now f € C™ ([a,b]), n = [v], v > 0. Clearly C™ ([a,b]) C
AC™ ([a,b]). Assume f®) (a) = 0, k = 0,1,....,n — 1. Given that DY, f ex-
ists, then there exists the left generalized Riemann-Liouville fractional deriv-
ative D f, see (78), and D%, f = DLf, see also [6], p. 53. In fact here
Dy, f € C(la,b]), see [6], p. 56.

So Theorems 19, 20 can be true for left generalized Riemann-Liouville frac-
tional derwvatives.

(i1) Let also o > 0, n := [a], and f € C™ ([a,b]) C AC" ([a,b]). From [2]
we derive that D, f € C([a,b]). By [2], we obtain that the right Riemann-
Liowville fractional derivative Di' f exists on [a,b]. Furthermore if % (b) =0,
k=0,1,...,n—1, we get that Dy f (z)= D¢ f(z),V x € [a,b], hence Dyt f €
C ([a,0]).

So Theorems 283, 25 can be valid for right Riemann-Liouville fractional deriv-
atives. To keep article short we avoid details.

24
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We give

Definition 27 Let v > 0, n :== [v], a :=v—n (0 < a < 1). Let a,b €
R,a <z <b feC(ad]). We consider C¥ ([a,b]) = {f € C"([a,b]) :
I7of™ e C([a,b])}. For f € C¥([a,b]), we define the left generalized v-
fractional derivative of f over [a,b] as

ALf = (Ii;“f(”))/, (93)

see [1], p. 24, and Canavati derivative in [5].
Notice here AL f € C ([a,b]).
So that

BN @) = g | @07 @ (94)

vV z € la,b].
Notice here that
Alf=f", nely. (95)

‘We need

Theorem 28 ([4]) Let f € C¥([a,b]), n = [v], such that f (a) = 0, i =
r,r+1,...,n— 1, where r := [p], with 0 < p < v. Then

(AN @) = 1 [ =0 AL @) (96)

i.€.

(ALf) =177 (ALf) € C([a, b)) (97)
Thus f € C* ([a,b]).
We present

Theorem 29 Let (fi,vi,p;), ¢ = 1,. m as in Theorem 28 and fractional

derivatives as in Definition 27. Let o := Z H ,Di > 1,
i=1 i=1
t=1,....,m, assume o >m — 1. Then
b m
[ 15w o < (98)
a =1

5 (b—a) <<Z()> m“) ( dI) |

i H/ A f ()
(H (O (i pi + 1))“) (@ —m+1)

i=1

25
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Proof. By (52) and (55). =
We continue with

Theorem 30 Let all here as in Theorem 29. Consider A\;, i =1, ...,m, distinct
prime numbers. Then

/b(za)“HAOA f(x)|7y M’i)))dxg

(ﬂii@:?) (H [ “””'d) (99

Proof. By (51). m
We need

Definition 31 (/2]) Letv >0, n:=[v],a=v—n,0<a <1, f € C([a,b]).
Consider

Cy_([a,b]) == {f € C"([a,b]) : ;=2 f™ € C* ([a,}])}. (100)
Define the right generalized v-fractional derivative of f over [a,b], by
!
A f = (=) (o) (101)

We set A)_f = f. Notice that

_1\n—1 b
(8% ) @) =1 (11) S [ T gy (102)
and Ay_f € C([a,b]).
We also need

Theorem 32 ([4]) Let f € C¥ ([a,b]), 0 < p < v. Assume ) (b) = 0,

i=rr+1,..,n—1, where r:=[p], n:= [v]. Then

Ap_f(x) = 1/b (J — )" (AY_f) (J) dJ. (103)

T T (w-p) s b= ’
vV z € [a,b], i.e
AY f=I""(Ay_f) € C(la,b]), (104)
and f € CY_([a,b]).
We give
26
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Theorem 33 Let (f;,vi,p;), i = 1,...,m, and fractional derivatives as in The-

orem 32 and Definition 31. Let o := Z (vi—p;), 7= I_I(VZ —pi), pi > 1,
i=1 i=1
t=1,....,m, and assume o >m — 1. Then

b m
/ TT1A% 7. ()
a =1

((i(w—m)m> —m+1> —
nz (b—a)\\i=t (H/ |AY fi ()
( ) (a—m+1) =1

Prde < (105)

b dx) .

[ i—p+ 1))

i=1

Proof. By (72) and (75). m
We continue with

Theorem 34 Let all here as in Theorem 33. Consider \;, i = 1, ..., m, distinct

prime numbers. Then

D(vi—pit+l)

/ " a)° ﬁ)\-<|AZifi(m)|<b—m>(”’”)>dx <

(3

v(ba)“"”“> (H /b AL fu(x)] )
SAC L — Al dz | . (106)
< a—m+1 i1 Ja

Proof. By (71). =
We make

Definition 35 [12, p. 99] The fractional integrals of a function f with respect
to given function g are defined as follows:

Let a,b € R, a < b, a > 0. Here g is an increasing function on [a,b] and
g € C*([a,b]). The left- and right-sided fractional integrals of a function f with
respect to another function g in [a,b] are given by

(af) @)= 7 | (9 gmgtzj;((tt);f“’ e (107)
b /
(I5- o) (2) = F(la) /m ’ (gt)(t_)ﬁgi));if_a, z <D, (108)
respectively.
We make
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Remark 36 Let f; be Lebesgue measurable functions from (a,b) into R, such
that (Ig:., (1fi])) (x) €R, V z € (a,b), a; >0, i=1,...,m
Consider

gi (z) —(a+gfz)( ), z€(ab),i=1,..,m, (109)

where

L[ 4@ fit)dt
(L2 at; qu)( )= T (o) /a () () x> a. (110)

Notice that g; (x) € R and it is Lebesgue measurable.
We pick Q1 = Q2 = (a,b), duq (x) = dz, dus (y) = dy, the Lebesque measure.
We see that

Y X(aa ()9 @) fi ()
(108) @)= | I () (9 (@) g ()

where x is the characteristic function.
So, we pick here

dt, (111)

ki (z,t) == : — i=1,.,m (112)
' (ai) (9 () — g (1))
In fact
9’ (v)
ki (z,y) = 4 Do g *<YST (113)
0, z<y<b

Clearly it holds

b Xaw W) 9 ()
@)= | e
T g’ (y) d :; T o ai_ld i
/a () (g (x) _g(y))l—ai y F(Oéz‘)/a (9(z) —g(y)) g (y) (114)

IR a1, (g(x) —g(a)™
I () /g(a> gle) =2 de = Cai+1)

So fora<xz<b,i=1,...m, we get

_ (g(@) —g(a)™
Ki() = (115)
Notice that
(T ki (9) 1 X(aa] W) 9 (1) Float1) )
o K@) AT () (g(@) —g )~ (9(@) —g(a))”

28
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= (116)
> o)
(9(2) = g(a)) <“
Calling
a::Zai>0, 7::Hai>0, (117)
i=1 i=1
we have that
ﬁ ki (2,9)  X(aw) W) (9 (2) =g ()" (¢" ()" 4 (118)

Ki(z) (9(z) —g(a)”

Therefore, for (32), we get for appropiate weight u that (denote A, by \J,)

i=1

300 =20 )" [u) GO S <o )

foralla <y <b.
Let ®; : Ry — Ry, i =1,...,m, be convex and increasing functions. Then

by (33) we obtain
a+ gfl) (l‘)

/ ﬁ‘b ( —g(@)"

b
(H/ (fi(a )(/ 5 (15 @) m<x>dm>, (120)
i#]

with j € {1,...,m},
true for measurable f; with I}, (|fil) finite, i = 1,...,m, and with the prop-

T (a; + 1)) dx <

erties:
(1) ®; (|fi]) is ki (x,y) dy -integrable, a.e. in x € (a,b),

(1) A9, @; (| f;1); @1 (| f1]) Eg\“fgb sy @5 (15D, s @ (| fin]) are all Lebesgue
integrable functions, where ®; (|f;]) means absent item.
Let now

u(z)=(g(zx) —g(a)"g (z), z€(ab). (121)
Then

g(b)
V(g )™ / (2 — g ()" ™ dz = (122)
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_ a—m-+1
X, ) = )y WO (129
a>m-—1,y€ (a,b).
Hence (120) becomes
/b J () (g o ﬁ‘l% ( ‘Hgﬂ)@ix)) T (o + 1)) dx <
(e (n o)
1]

b
(/ (9" @)™ (g (0) =g (2))* ™" 2, (If; (2)]) dw) < (124)

Y(g(b) —g(a)* ™ lg'|I%
(e (1 [ .o

i=17a

where a >m — 1, f; with I35 (|fi]) finite, i = 1,...,m, under the assumptions:
(i) ®; (|fi]) is k; (z,y) dy -integrable, a.e. in x € (a,b),
(ii) ®; (|fi]) is Lebesgue integrable on (a,b) .
If &, (z) = aPi, p; > 1, x € Ry, then by (124), we have

m

/abg%x)(g(x)—g <ZIM>H| (S f) @ de < (125)

7 (g(0) =g (@) " lg'1 (H/ () dx)
(H(F(a7+1))]31> (a7m+1) i=1

i=1

but we see that
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By (125) and (126) we get

b m
[ @Il @) do < (127

m

(Zpiaierl) om . \
1) —gle) lo'll% (H [1s@r dw> ,
(H (F(ai—i—l))pi) (a—m+1) i=1’a

i=1

a>m—1, fi with 17} (|fi]) finite, i = 1,...,m, under the assumptions:

(i) | fi|"" is ki (z,y) dy -integrable, a.e. in x € (a,b),
(i) | fi|"* is Lebesgue integrable on (a,b).
We need

Definition 37 ([11]) Let 0 < a < b < oo, a > 0. The left- and right-sided
Hadamard fractional integrals of order o are given by

(Jo4 ) () = F(la)/az (ln z> . f;y)dy, x> a, (128)
and
b o
(5= f) () = ﬁ/z (ln %) 1 f;y)dy, x <D, (129)
respectively.

Notice that the Hadamard fractional integrals of order « are special cases of
left- and right-sided fractional integrals of a function f with respect to another
function, here g (x) =Inz on [a,b], 0 < a < b < 0.

Above f is a Lebesgue measurable function from (a,b) into R, such that

(& (I£1)) (@) and/or (J5 (If])) (z) ER, ¥ x € (a,b).
We give

Theorem 38 Let (fi,a;), i = 1,...,m; Jii fi as in Definition 37. Set a :=

Zai, v = Hai; pi>1,1=1,...m, assume a > m — 1. Then

Wde < (130)

Pz
’

/ H| JeLf) (

by (In (2)) <z~zlmaimﬂ>

a

am (a—m—+1) <ﬁ
=1

) (H/ e
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where Jo (| fi|) is finite, i = 1,...,m, under the assumptions:

(i) 1f: ()P is (F( ?(a(f]((?i);)yl“f> -integrable, a.e. in x € (a,b),
a; )yl in g .

is Lebesgue integrable on (a,b).
We also present

Pi

Theorem 39 Let all as in Theorem 38. Consider p :=p; = ps = ... = pp, > 1.
Then
[T eir) < (131)
i=1 p,(a,b)

() (in (2))"" )

)

—

av (a—m+1)r

where J3i (| fi|) is finite, i = 1,...,m, under the assumptions:

(i) |fs )" is (W) -integrable, a.e. in x € (a,b),

(ii) | fi|” is Lebesgue integrable on (a,b).
We make

Remark 40 Let f; be Lebesque measurable functions from (a,b) into R, such
that (Ilf‘j;g (|fz|)) () eR, YV ze€ (a,b), a; >0,i=1,....m
Consider

gi (z) = (Ilf‘j;gfi) (), z€(ab),i=1,..m, (132)

where

o L dwima

Notice that g; (z) € R and it is Lebesgue measurable.
We pick Q2 = Qs = (a,b), duq (x) = dx, dus (y) = dy, the Lebesgue measure.

We see that
b
o Xizp) (8) g (2) [ (£) dt
(150 8:) (@) = / 2,b) —. (134)
a I'(a;)(g(t) —g(2))
where x is the characteristic function.
So, we pick here
R E— OERE) L i=1,..,m (135)
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In fact /
ki (2,y) = { ewe e TSy <b (136)
0, a<y<uz.
Clearly it holds
P Xy W) 9 (y) dy
Ki )= T—e;
@ /a [(ai)(g(y) —g(x)) ™
b
ﬁ[b g W) (g(y) —g (@)™ dy = (137)
Lo a1 _(g(b) —g (=)™
So fora<xz<b,i=1,....m, we get
_(g() —g(x)™
Ki(e) = R (138)
Notice that
T ki(ey) ﬁ Xz (1) ¢ (¥) Do +1) )
VR (x) S\ T () (g (y) — g (@) (9(b) —g(x))
iai—'m> m
Xieny @) (0" (W)™ (9 (y) — g (2)) <i—1 I«
= (139)
5.
(9 (b) —g(z))i=
Calling
a::Zai>0, 7::Hai>0, (140)
i=1 i=1
we have that
Tk (,y)  Xiewy ) (9 @) (9 (y) — g ()™
10y - 60— 9@ ()
Therefore, for (32), we get for appropiate weight u that (denote A\, by \J)
0 () = (N () Y@ —g @)
2,0 =7 (6 )" [ @) T s <00, (142
foralla <y <b.
33
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Let ®; : Ry — Ry, i =1,...,m, be convex and increasing functions. Then
by (33) we obtain
(15,057 (@)

b m
/ u [ ( G0 9@

b
(H/ (fi(a )(/ 5 (15 @) m<x>dz>, (143)
i#£]

with j € {1,...,m},
true for measurable f; with I;f_"_g (1fil) finite, i = 1,...,m, and with the prop-

erties:
(1) ®; (|fi]) is ki (x,y) dy -integrable, a.e. in x € (a,b),
() X85 (1F51): @3 (1Fu]) 2o ®) (13 )s o @ (o) are all Lebesgue integrable

functions, where ®; (|f;|) means absent item.
Let now

u(z)=(g(b) —g ()" g (z), z€(a,b). (144)
Then

Yy 9(y)
v(g’(y))m/ (9(y) —g (@) ™dg(z) =74 (v)) /( ) (9(y) —2)" "dz =
! (145)
s owm (g (y) —g(a)* ™!
79" (v)) P :
with o« > m — 1. That is
(g(y) —g(a)* ™"
A @) =79 )" === =5 (146)
a>m-—1,y¢€ (a,b).
Hence (148) becomes
(15208:) @)

b m
/a g () (g (b) — g (2)) il;[lq)i (W F(Ozi—Fl)) dr <

(e==1) (H J0 )

1#]
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b
(/ ®; (1f; (2)) (¢ ()" (g (2) = g (@)™ """ dw) < (147)

Y9 =g @)™ g2 (15
(Pt e ) (I o)

where a >m — 1, f; with I}i’j;g (Ifil) finite, © = 1,...,m, under the assumptions:
(i) ®; (|fi]) is k; (z,y) dy -integrable, a.e. in x € (a,b),
(i) ®; (|fi]) is Lebesgue integrable on (a,b).
If ®; (x) = aPi, p; > 1, x € Ry, then by (147), we have

/ @ a0 g () (Z> ﬁ (e gfi) @[ dr < (1a8)

o a a—m-+1 7”
(g) — g @) (gl (H/ ) dm>,

a—m+1ﬁ I'(a; + 1))
=1

but we see that

Hence by (148) and (149) we derive

m

/: g @] ‘ (Il?i;gfi) (x)’pi dx < (150)

i=1

zm:mai—m—&-l ’
1) ~9(a)) ( ) lg'lI% <ﬁ / @ dx> ,
(H(F(O@-I-l))pi) (0 —m+1) i=17a

i=1
a>m—1, f; with If‘_ﬁg (Ifi]) finite, i = 1,...,m, under the assumptions:
(i) | fil"" is ki (z,y) dy -integrable, a.e. in x € (a,b),
(ii) | fi|"* is Lebesgue integrable on (a,b).

We give
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Theorem 41 Let (fi,«;), @ = 1,...,m; J;* fi as in Definition 37. Set a :=

m m

Zai, v = Hai; pi>1,i=1,....m, assume o > m — 1. Then
i=1 i=1

Prdr < (151)

pi d.’t) ,
where J' (

(i) |f; (IP* is <W) -integrable, a.e. in x € (a,b),

(i) | fi|"* is Lebesgue integrable on (a,b).

b m
[T10e ) (@)
1=1

a ;_

by (1 (2)) (3]

m b
- <H [ 15w
am(a—m—+1) <H (T (a; + 1))Pz‘> i=1’a

i=1

fil) is finite, i = 1,...,m, under the assumptions:

We finish with

Theorem 42 Let all as in Theorem 41. Take p := p; = ps = ... = ppy, > 1.
Then
1T () < (152)
i=1 p,(a,b)

()% (1n (2))"" )

m (H ||f7?||p,(a,b)> )
(H (T (i + 1))) =

=1

m

ar (¢ —m+1)

S

where J' (

(i) | fi (W)|? is (W) -integrable, a.e. in x € (a,b),

(i) | f:|? is Lebesgue integrable on (a,b).

fil) is finite, i = 1, ...,m, under the properties:
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Abstract

Here we present general integral inequalities involving convex and in-
creasing functions applied to products of functions. As specific appli-
cations we derive a wide range of fractional inequalities of Hardy type.
These involve the left and right: Erdélyi-Kober fractional integrals, mixed
Riemann-Liouville fractional multiple integrals. Next we produce multi-
variate Poincaré type fractional inequalitites involving left fractional radial
derivatives of Canavati type, Riemann-Liouville and Caputo types. The
exposed inequalities are of L, type, p > 1, and exponential type.

2010 Mathematics Subject Classification: 26A33, 26D10, 26D15.

Key words and phrases: fractional integral, fractional radial derivative,
Hardy fractional inequality, Poincaré fractional inequality, Erdélyi-Kober frac-
tional integrals.

1 Introduction

We start with some facts about fractional derivatives needed in the sequel, for
more details see, for instance [1], [10].

Let a < b, a,b € R. By CV ([a,b]), we denote the space of all functions
on [a, b] which have continuous derivatives up to order N, and AC ([a, b)) is the
space of all absolutely continuous functions on [a, b]. By ACY ([a,b]), we denote
the space of all functions g with V=1 € AC ([a, b]). For any a € R, we denote
by [a] the integral part of « (the integer k satisfying k < oo < k + 1), and [«]
is the ceiling of a (min{n € N, n > a}). By L; (a,b), we denote the space of all
functions integrable on the interval (a, b), and by Lo, (a, b) the set of all functions
measurable and essentially bounded on (a,b). Clearly, Lo (a,b) C Ly (a,b).

38



INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

We start with the definition of the Riemann-Liouville fractional integrals,
see [13]. Let [a,b], (—00 < a < b < 00) be a finite interval on the real axis R.
The Riemann-Liouville fractional integrals I3, f and Ij* f of order o > 0 are

defined by
(12, f F(la / FO)@—0"dt, (x> a), (1)
(I f ! /f (t—2)%Vdt, (z<b), 2)

respectively. Here I' (o) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals. We mention some properties of
the operators I$, f and If* f of order o > 0, see also [16]. The first result yields
that the fractional integral operators I$, f and I;* f are bounded in L, (a,b),
1 <p< oo, that is

[ fll, < KN, I fll, < KD, (3)
where N
K- (b—a) (@)

al’ (a)
Inequality (3), that is the result involving the left-sided fractional integral, was
proved by H. G. Hardy in one of his first papers, see [11]. He did not write down
the constant, but the calculation of the constant was hidden inside his proof.

Next we follow [12].

Let (21,%1, 1) and (Qs2, X9, 1) be measure spaces with positive o-finite
measures, and let k : 27 x Q3 — R be a nonnegative measurable function,
k (x,-) measurable on 25 and

K(sc):/Q k(o) dus (v), €. (5)

We suppose that K (z) > 0 a.e. on 2, and by a weight function (shortly: a
weight), we mean a nonnegative measurable function on the actual set. Let the
measurable functions g : Q; — R with the representation

g9(z) = A k(z,y) f (y) dps (y) (6)
where f : Qo — R is a measurable function.

Theorem 1 ([12]) Let u be a weight function on 1, k a nonnegative measur-
able function on Q1 x Qo, and K be defined on Q1 by (5). Assume that the

function x — u () ’3((323)) is integrable on Q1 for each fixed y € Qo. Define v on
QQ by
k(z,y)
vi)= | (o) S ) < oo (7)
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If @ : [0,00) — R is convex and increasing function, then the inequality

/Ql u(z)® <‘;g(((xx))D dpy () < /Q v (y) @ (If W)]) duy (y) ®)

holds for all measurable functions f : Qo — R such that:
(i) f,® (|f]) are both k (x,y) duy (y) -integrable, p; -a.e. in x € Qq,
(ii) v® (| f]) is py -integrable,
and for all corresponding functions g given by (6).

Important assumptions (i) and (ii) are missing from Theorem 2.1. of [12].
In this article we use and generalize Theorem 1 for products of several func-
tions and we give wide applications to Fractional Calculus.

2 Main Results

Let (Q1,%1, 1q) and (Qg, Yo, o) be measure spaces with positive o-finite mea-
sures, and let k; : 1 X Qo — R be nonnegative measurable functions, k; (z,-)
measurable on 9, and

K (z) = /Q ki (2,) dus (4) . for any @ € O, )

i =1,...,m. We assume that K; (z) > 0 a.e. on {2, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions g; : ;7 — R with the representation

6 (@) = / i (@29) £ (v) disa (8), (10)

where f; : 2o — R are measurable functions, ¢ = 1,...,m.
Here u stands for a weight function on 2.
The first introductory result is proved for m = 2.

Theorem 2 Assume that the functions (i =1,2) x — (u (z) ) ) are inte-
grable on Qy, for each fized y € Qy. Define u; on Qg by

u; (y) == u(x dpq () < oo. 11
W)= [ u G @) (1)
Let p,qg > 1: % +% = 1. Let the functions ®1, P2 : Ry — R4, be conver and
mereasing.
Then
eom(za)e (2o
91 K1 (z) K (2) P
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(f )0 (72 ) <y>)’l’ ([ )0 112 () W) a2

for all measurable functions f; : Q2 — R (i =1,2) such that
(i) f1, @1 (|f1))* are both ki (z,y) dus (y) -integrable, p, -a.e. in x € Qy,
(i) fo, @2 (| f2))? are both ks (z,y) dus (y) -integrable, py -a.e. in x € Qy,
(iii) ur @1 (|f1])?, ua®s (|f2])?, are both p,-integrable,
and for all corresponding functions g; (1 =1,2) given by (10).

Proof. Notice that ®¢, P, are continuous functions. Here we use Holder’s
inequality. We have

[, v (‘ e

</"1 s (‘fgé(é)) )qdlh u))é <

(notice here that ®7, @2 are convex, increasing and continuous nonnegative func-
tions, and by Theorem 1 we get)

([ wwoinorimw) ([ eoeimorme) . o

]
The general result follows

Theorem 3 Assume that the functions (i =1,2,...,m e N) z — (u () %0 )
are integrable on Qq, for each fired y € Qy. Define u; on Qs by

w) = [ @ L @) < . (15)

m
Letp; > 1: Z p% = 1. Let the functions ®; : Ry — Ry, i =1,...,m, be convex
i=1

2
and increasing.
Then

/Qlu(x)f[l@i ( I’%((i)) >d,u1 (z) <
4
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m

I1 (/92 ui (y) @ (|fi (W))"* dpy (y)> " ; (16)

i=1
for all measurable functions f; : Qo — R (i=1,...,m) such that
(i) fi, ®; (|fil)"”" are both k; (x,y)dp, (y) -integrable, p, -a.e. in xz € Q,
1=1,...,m,
(ii) w; ®; (| fi|)F" is pg-integrable, i = 1,...,m,
and for all corresponding functions g; (1 =1,...,m) given by (10).

Proof. Notice that ®;,7 = 1,...,m, are continuous functions. Here we use
the generalized Holder’s inequality. We have

m

/Qlu(x)zl;[lfbl»(
IR R

1i=1

Il (/ u(o) & Q e

i=1

gi (z)

) dpy () =

)) s )< (17)

)pi dpiy (x)) g <

(notice here that ®", i = 1,...,m, are convex, increasing and continuous, non-
negative functions, and by Theorem 1 we get)

m

(] w0 dew) g (19

=1

proving the claim. m

When k(z,y) = ki (z,y) = k2 (z,y) = ... = kp(2,y), then K (z) :=
Ky (z) = Ks (z) = ... = K, (z), we get by Theorems 2, 3 the following:
Corollary 4 Assume that the function x +— (u (z) %) is integrable on {1y,
for each fized y € Qa. Define U on Q9 by

k(z,y)
)= | (@) S ) < oo (19)
Let p,qg > 1: % +é = 1. Let the functions ®1,P2 : Ry — R4, be conver and
Mereasing.
Then (@) (@)
g1z g2 (Z
d ) d, <
v ( K (@) ) : ( K (@) > () <

1

(/QQU(y)cbl (If1 (D" dps (y)) </92 U (y) @5 (| f2 ()7 dpsy (y)> t (20
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for all measurable functions f; : Qo — R (i =1,2) such that

(1) f1, f2, @1 (|f1]), @2 (| f2])? are all k (z,y) dps (y) -integrable, py -a.e. in
T € Q,

(ii) U®y (|f1])", U2 (|f2])?, are both uy-integrable,

and for all corresponding functions g; (1 =1,2) given by (10).
Corollary 5 Assume that the function x — (u (z) k[({a?xy))) is integrable on Qy,
for each fized y € Qy. Define U on s by

Uy) = /S u(2) ’“If(x 1;) dpy () < o0, (21)

m
Letp; > 1: Z p%_ = 1. Let the functions ®; : Ry — Ry, i =1,...,m, be convex
i=1

and increasing.

Then
gi (x)
K (z)

[ a T (| 25]) s <

i=1

ﬁ ([ vorwswy ) " (22)

for all measurable functions f; : Qo — R, i =1,...,m, such that

(i) fi, @i (|f:])?" are both k (z,y) dus (y) -integrable, py -a.e. in x € Qy, for
alli =1,...,m,

(ii) UD; (|fi|)"" is py-integrable, i = 1,...,m,

and for all corresponding functions g; (i =1,...,m) given by (10).

Next we give two applications of Theorem 3.

Theorem 6 Assume that the functions (i =1,2,...,m € N) z — (u (z) k;{(igj’)))

are integrable on 1, for each fized y € Q5. Define u; on Qs by

w) = [ @ e @) < . (23)
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for all measurable functions f; : Qo — R, i =1,...,m, such that
(1) fi, | fil M are ki (z,y) dus (y) -integrable, py -a.e. inx € Qy,i=1,...,m,
(ii) w; | fi|] 7" is po-integrable, i =1, ...,m,
and for all corresponding functions g; (1 =1,...,m) given by (10).

Theorem 7 Assume that the functions (i =1,2,...m € N) z — (u (x) kl‘((gzxy)))
are integrable on Qq, for each fired y € Qy. Define u; on Qs by

u; (y) = /Q u () k;{(;c(f)) duy (z) < oo. (25)

m
Letpi>1:Zi:1.
=1

Then

m

9 (@)

> e
[ ou@ [ i@ <

m 1
II( [ wme o w)". (26)
i=1 \/ 2
for all measurable functions f; : Qo — R, i =1,...,m, such that
(i) fi, ePilfil are k; (x,y) dpy (y) -integrable, p, -a.e. inx € Qy,i=1,...,m,
(i3) u;ePilfil is p,-integrable, i = 1,...,m,
and for all corresponding functions g; (i =1,...,m) given by (10).

‘We need

Definition 8 (/16]) Let (a,b), 0 < a < b < 00; a,0 > 0. We consider the left-
and right-sided fractional integrals of order a as follows:
1) forn > —1, we define

oz /”” oo f () dt
2., x) = —, 27
Uooal) O ="F0ay— J, e emie 0
2) for n > 0, we define
oz [ e-n=—a)=1¢ () qy
I x) = / . 28
(b ; ,nf)( ) F(a) . (tg—x”)lia ( )
These are the Erdélyi-Kober type fractional integrals.
We remind the Beta function
1
B(a,y) = / (1 — 1yt (29)
0
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for Re (z), Re (y) > 0, and the Incomplete Beta function

B(z;0,8) = /Om 1 =), (30)

where 0 <z < 1; o, 8 > 0.
‘We make

Remark 9 Regarding (27) we have

O.x—a(oz—&-n) yan+a—1
k$7y:7><aa: yiﬂ)ﬂ 31
( ) F(OL) (,]()(xo_ya)l ( )
x,y € (a,b), x stands for the characteristic function.
Here X
K (@)= [ k)t = (I201) )
—o(a+n) T on+o—1
- / N (32)
r (OZ) a (CCU — ﬁg)
(setting z = L)
1
_ o a(('r)-i-l)—%) 1 _ 40 a—1
I‘(a)/g z (1-27)"""dz
(setting A = 2°)
1 /1 a—1
= — AT (1= dA. 33
e oy X0 (33)
Hence .
1 -1
szi/ AT (1= XN dA. 34
0=t L V0 (31)
Indeed it is
K(‘T) = (I(?—&-;o’;’r/ (1)) (l‘) (35)
B(n+1,a)-B((%)"in+1,a)

I'(a)
We also make
Remark 10 Regarding (28) we have

oxCn ya(lfnfa)fl
k(z,y) = T (a)X[x,b) (y) W

1—a?

z,y € (a,b).
Here

b
K (2) = / k(o t)dt = (I 1) (2)

8
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on b ﬁo(l—n—a)—l
= i / 11—« dt (37)
r (a) T (tU - -’L'a)
(setting z = L)
o (&)

—_ (Z(T -1 a—1 Z(T(l—n—oz)—ldz
) /s )

(setting A\ =27, 1 <A < (2)0)
= F—/l (A—1)* AT (38)

(%)U a—1
BN A (1 - i) i

(setting w = %, 0< (%)J <w<1)

1 ! n—1 a—1
- /(i)”w (1= ) dw (39)
_ (Bma)=B((§)":n))
I'(a)
That is
K (2) = (I sy (1)) (@) (40)
_ (Bma)-B((§)":n.0))
I' ()
We give

Theorem 11 Assume that the function

T | ulr X(a,a) (y) oz l@tmyonto=1 ) 41
( ( )(x"—yf’)l—a[B(n—}—l,a)_B((%)a;n_l_l?a)} ( )

is integrable on (a,b), for each y € (a,b). Here a,0 >0, n>—-1,0<a<b<
oo. Define uy on (a,b) by

Y u(m)aeletn) (g7 —yo )t
U1 = gqte -
v /y (B+1La)=B((5) i+ 1a)

dr < oco.  (42)

m
Letp; > 1: Z p% = 1. Let the functions ®; : Ry — R, , i =1,...,m, be convex
=1

1
and increasing.
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Then

’ s . |a+0n $)| ()
/au(x)H®Z<(B(n+l,a) B((2) ,n+1a))>dm<

i=1

1
m

b Pi
H(/ ul(y)fl%(lfi(y)I)’”dy) ) (43)

=1
for all measurable functions f; : (a,b) = R, i =1,...,m, such that
(i) fi, @ (|f:])" are both %X(a,x} (v) % -integrable, a.e. in
€ (a,b), foralli=1,....m

7~y
(ii) ur®; (|fi|)?" is Lebesgue integrable, i = 1,...,m
Proof. By Corollary 5. m
Remark 12 In (42), if we choose
w(z) = goletnt—1 (B (n+1,0) — B ((%)a in+ 1,a)) , ¢ € (a,b), (44)
then

b
Uy (y) _ O_y077+0—1/ xo—l (l’a _ ya)afl dz
)

(setting w := 7, ‘;—Zj =027 dx = U;lﬁ”_l

b7 «
_ yan-l-o’—l/ (w _ ya)afl dw = ya77+0—1 (bU — yU) )
U @
That is N
(b7 — oyt
Uy (y) — yan-i-o 1 ( Y )

Based on the above, (43) becomes

[} (i (nﬂ,a%B((g)”;nH,a))‘

@i< |a+gn @) T (o )dm<
= \(BO+La)-B(($)" ﬂ7+1’04)) N

m

b L
( / YL — ) @ (I (y) ) dy) < (47)

T _q° a m b i

“’JH(/ YD1, (1 ()P ) 7

=1

. Y€ (ab). (46)

s

1

under the assumptions:

(i) following (43), and
(i5)* yoTD=1®; (| fi (y)|)P' is Lebesgue integrable on (a,b), i = 1,...,m.

10
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Corollary 13 Let 0 < a < b; a,0 >0, n > —1; p; > 1:2# =1;06, > 1,

1=1,...,m.
Then

/bx”(o‘+"+1)_1 (B(n—l—l,a)—B((Z)g;n—l-l,a))( i=1 )

i=1

(H |Ig+;tf;nfi (z) ﬁl) dr < —4mM8 ——.

m

b P;
H (/ Y7L (67— y ) | f ()P dy) < (48)

=1

1
P;
Bipi dy) ,

for all measurable functions f; : (a,b) — R, i =1,...,m such that
. Bipi : { gzt onto-1g ) ‘
(i) | fil 7P s (WX(G@] (y) W) -integrable, a.e. in x € (a,b),

(i) v £ )

Proof. By Theorem 11 and (47). m

R bl (/ 07 )
i=1 a

20
a (T (@)=

is Lebesgue integrable on (a,b);i=1,....,m.

Corollary 14 Let0 < a < b; a,0 >0, n> —1; p; > 1:21%:1.
i=1

Then

b g
/ gt (B (n+1,0)—B ((g) ;1 + 1,a)) :
" T
F(a)(2|13+;omfi(z)|)
=1

e (B(71+1,o4)7B((:%)U;n«#l,u)) de <

1 m b B o e Pq
11 (/ Y7L (7 ) epm(y)dy) <
i=1 \"%
b — a® a m b , P;
( aa ) H </ y0(7/+1)—1em|fi(y)|dy> , (49)
i=1 \V?%

11
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for all measurable functions f; : (a,b) — R, i =1,...,m such that

(i) f;, ePilfil are both #X(a,z] (y) W -integrable, a.e. in x €

(a,0),

(i3) y? (1t 1epilfiWl s Lebesque integrable on (a,b); i =1,...,m.

Proof. By Theorem 11 and (47). m
We present

Theorem 15 Assume that the function

- <u (x) 027Xz ) () y 77! )
(y" —2°)' " [B(n,a) = B((%)7;m,0)]

is integrable on (a,b), for each y € (a,b). Here a,o0,m > 0,0 < a < b < 0.
Define us on (a,b) by

u — o (1mn—a)-1 You(x) 2 (y — )
A / (B (1, 0) - B<<%>%n7 >>

< 00. (50)

m

Letp; > 1: Z p%_ = 1. Let the functions ®; : Ry — Ry, i =1,...,m, be convex

and increasing.

Then ’
S 5t i (@) T (0)
u(x i G dr <
/a ()qu) ((B(n,a)—B((“é) ;n’a))) :

1=

1

Il (/ @ (5 W) dy> g 51

for all measurable functions f; : (a,b) = R, i =1,...,m, such that
s o(l—n—a)—1
(i) fi, @i (|fi])"" are both ( Xpa) W7 dy) -integrable, a.e. in

L(a)(y—zo)'—*
€ (a,b), foralli=1,....m
(ii) ua®; (| fi|)?" is Lebesgue integrable on (a,b), i = 1,...,m

Proof. By Corollary 5. m

Remark 16 Here 0 < a < b < o0; a,0,n > 0.
In (50), if we choose

u(z) = 7M1 (B (n,a) — B ((%)a ;ma)) , z € (a,b), (52)

then y
uz () = oy e g )

12
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dw

oxo—1

(setting w := 2z, dox =

o

Yy o _ ,0\%
_ ya(lfnfa)fl/ (y(r _ w)a—l dw = ya(lfnfa)fl (y a ) ) (53)

o (07

That is

o(l-n—a)—1 (yo — aa)(X

U2 (y) =Y , Y€ (a7 b) . (54)

Based on the above, (51) becomes

/b po(1=m—1 (B (n,e) — B ((%)U ;777@)) .

a
II()!—;(T;T]fi (CE)

ﬁq" L@ dr <
= \Ba)=B((5)ma) ) T
m b
éH (/ Y7 (5 — %) @y (I (y)])” dy) < (55)

°_q° o m b ] i
T H< [t s e dy) ,

(67
i=1

under the assumptions:
(i) following (51), and

(i3)* yoI=1==1D, (| f; (y))?* is Lebesgue integrable on (a,b), i =1,...,m.
Corollary 17 Let 0 < a < b < 00; a,o,m > 0; p; > 1: Zp% =1; 5, > 1,
i=1
1=1,...,m.
Then
b 1) 8,
o(l-n)—1 -~ T\, ( P )
[0 - (@) )5
m
a B 1
(H |Ib—;0';7;fi (J")} ) dz < - m
i=1 > s
a ([ (a)) =
m [ ﬁ P
(/ T (Y7 = a%)? | fi ()| dy) < (56)
i=1 a
, Bl
bO' _ aU [e3% m . B . Pj
( ) 11 (/ y OO fi () dy) ,
D o=t
a(l ()=

13
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under the assumptions:
. i (7'7“0”)(33 y ya(lfnfoc)fldy
() 1517 is (2

L(a)(ye—z7)' =~
alli=1,....m,
(it) y7 =7 i (y)

Proof. By Theorem 15 and (55). m

) -integrable, a.e. in x € (a,b), for

Bipi g Lebesgue integrable on (a,b),i=1,...,m.

=1

Corollary 18 Let0 <a <b<oo; a,o,m>0;p; >1: Zpi
i=1

Then

r(a) (i|’g:am“(”)|)
[ a0 (B )~ B ((2) 1ma)) e O PG o <

1 m b i
I (/ yr=n=a)=1 (g7 _ qo)a emﬁ:(y)dy) <
i=1 a
b =
(b7 — a%) 11 </ yv(l—n—a)—lemIfq,(y)ldy> . (57)
@ i=1 \"%
under the assumptions:

on o‘(l—n—a)—ld
(i) fi, el are both <” et y) _integrable, a.e. in z €

(a,0),i=1,..,m,
(i3) yo (=) =Lepil il is Lebesgue integrable on (a,b);i=1,...,m.

Proof. By Theorem 15 and (55). m

We make
N
Remark 19 Let [ ] (ai,b;) € RN, N > 1, a; < by, a;,b; € R. Let a; > 0,
i=1
N
i=1,..N; f € L H(ai,bi) , and set a = (a1,...,an), b = (b1,...,bn),
i=1

a = (041, ...,OéN), T = (5131, ...,Z‘N), t = (tl, ...,tN) .
We define the left mized Riemann-Liouville fractional multiple integral of
order a (see also [14]):

N =1

X1 TN N
(Ingf) (.’)3) = %/ / H(xl - ti)ai_l f(tl,...,tN) dﬁl...dtN,
[[r(e)

=1

(58)

14
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with x; > a;, 1 =1,..., N.
We also define the right mized Riemann-Liouville fractional multiple integral
of order v (see also [12]):

b1 by N
(I;)X_f) (.13) = N 1 / / H (ti - Jii)ai_l f (tl, ...,tN) dtl...dt]\r,
[[r@) ™ =
= (59)
with x; < b;, 1 =1,..., N.
N
Notice 12, (|f]), I (|f]) are finite if f € Lo (H (ai,bi)> .

1=

—

One can rewrite (58) and (59) as follows:

1

(Igl-‘rf) (m) =N N X N (t) H (:I;L _ ti)a’_l 7 (t) dt, (60)
H r (ai) /H(Gi,bi) H(ai,wi] ie=1

i=1

with x; > a;, 1t =1,..., N,
and

N
T | O

i=1

with ©; < b;, i =1,...,N.
The corresponding k (x,y) for I, I are

N
1 o
kat (2,y) = & X~ (y) H (@i — )™, (62)

i et 5
i=1 =

N

v T,y € H(aivbi)v
i=1

and

15
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The corresponding K (x) for 13, is:

Koy (2) = /N kay (z,y) dy = (I3,1) (z) =

H(ai ,bi)

i=1
1 x1 zn N .
[ e -
HP () “ o=t
N ! H/ (z; —t;)™ Hdt; = < ! H (i aéz)
H r (Oél) =1 H T (ai) i=1 i

(27

- (w; — a2)a
_}:[1<F(O‘i+1)>7
that is N .
Ko (z) = 1:[1 (IT(; jf)l) : (64)

N
VmGH(ai,bi).

i=1
Similarly the corresponding K () for I is:

Ko (2) = /ﬁ(w b (@) dy = (I21) (&) =

N

1 by bn
N / / H(ti —:L‘i)aiil dti...dty =
[IT () v

i=1

N

b; N o)
N 1 H/ (=)™ Nty = 1 H(bz OZiZ)
HF(%) e HF(ai) =

that is
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that is

N
vxayen(aivbi)'
=1

Simila:rly we form

N
b (2.0) =N . X N (y) H (yi - fﬂi)ai_l H 411’.(041‘ - 1)¢

Ky (1') r (al) :1[$ be) ey e (bt _ $l)a
=1
ﬁ ﬁ (y; — )™ "
=X~ (y)< 0%) ( z-_l'i ~ )7
H[l‘i,bi) =1 o (b =)

that is

N
v T,y S H(a’iabi)'
i=1

We choose the weight function uy (z) on H (a;, b;) such that the function
i=1
N ' N

T (ul (z) %) is integrable on H (ai, b;), for each fived y € H (@i, bi).

i=1 i=1

17
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N

We define wy on H (ai, b;) by
i=1
koy (z,
wy (y) = /N uy () K+JE$($)) dr < oo (68)

We have that

N b by N oo @il
w1 (y) = (1_[1 CYZ') / / Uy (1'1, ,Z'N) (H W) dxy...dxy,

Y1 YN i=1
(69)
N
A4 Yy e H(a“bl)
i=1 N
We also choose the weight function ug (x) on H (a;, b;) such that the func-
i=1

N N
tion x — (u2 (x) l};gf’;) is integrable on H (@i, b;), for each firedy € H (@i, b;).

i=1 i=1
N
We define ws on H (ai, bi) by
i=1

we (y) := /ﬁ(ai’bi) us () mdm < 00. (70)

We have that

N Y1 YN N R a;—1
W2 (y) = <21:[1 Ozj,) Ll ...[lN U2 (xl,...,ﬂ,‘N) (}:[1 W) dﬁCl...dJ}N,

(71)
N
Vye H(aiabi)'
If ;u:el choose as
N
uy (x) = uj (z) = H (x; —a;)™, (72)
i=1
then
N by by [/ N
wi (y) :=wy (y) = (H 041) / / (H (w; — yi)ai_1> dzy...dxy
i=1 Y1 YN i=1

18
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N - N - N
(.H ><H ! >H
that is
N
wi (y) = [ b — )™, VyGH ai,b (73)
If we choose as
up (@) = uj (x) == [ ] (b — 2)™, (74)
i=1
then
Y1 YN N
Wy (y) = w2 (y) = <H az) / / < (y7 mz)a > dzy..dxy
N N Yi
= <Ha1> (H/ (yz _wz)a 1d$1>
N N (s — a:)° N
- (Haz (H b ) ~ I —a"
i=1 i=1 ¢ i=1
That is
N N
wy (y) =[] Wi —a)™, Vye]](aib). (75)
i=1 i=1

Here we choose fj : H (aiyb;) = R, j =1,...,m, that are Lebesque measurable

i=1
and I, (|f;1), 15~ (|f;]) are finite a.e., one or the other, or both.

m
Letp; > 1: Z i =1 and the functions ®; : Ry — R4, j=1,...,m, to be
j=1
convex and increasing.
Then by (22) we obtain

19
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H / wr ()5 (15 @ dy | (76)

(ab

under the assumptions:

N
(i) f;, ®; (|fj‘)pj are both — ! X N H — ;) w dy -integrable,

HF(ai) H(a»L =1
i=1 i=1

a.e. mer ai,b;), forallj=1,..

(i) w, P (\fJ|)p’ is Lebesgue integrable, j =1, .
Szmzlarly, by (22), we obtain

1 (1) @) T T+ 1)

(ai,b Jj=1 H (bz . xl)a
II / wa () @, (1 ) dy | ()
j=1 (a bi)

under the assumptions:

N
() f5, @ (If;)"" are both ———x ~ W) [ [ Wi — )™ ™" dy -integrable,
HF(a H [@i,b:) i=1

a.e. meHaz, , forallj=1,..

(i) w2<I> (\fj|)pf is Lebesgue integrable, j = 1,.
Using (72) and (73) we rewrite (76), as follows

20
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N m
(H (b — ai)(”) 11 /N (I D™ ay |
i=1 Jj=1 (as,bi)

under the assumptions:
(i) following (76)
and
(ir)* @, (|f;1)" is Lebesque integrable, j =1,...,m.
Similarly, using (74) and (75) we rewrite (77),
N
N m 175 (F) @) T[T (@i + 1)
/N (H (b7 — JCZ‘)DH> H q)j N =1 dz S
((l“bl) . J=1 L N\
[[ =)

=1

INA
—~
-
=)
=

il (i
N (yi — ai)°”> @; (1f; (¥))” dy
H(ai,bi) i=1

i=1

N m
(H (b — ai)ai) /N o (If; N dy |
i=1 j=1 H(ai,bi)

under the assumptions:

(i) following (77),

and

(i) ®; (|f;1)" is Lebesque integrable, j =1,...,m.

Let now 8; > 1, j =1,...,m.

Then, by (78), we obtain

N (1_Zﬁj> m
/- ( (@ —an‘“) (H 12 () <m>yﬂf) o <
(ai,bs) \i j=1

1
N Zﬁj
(Hr (o + 1)) =t
21
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1

Pj

/ . (H ) L)y | < (80)

) /N H|1rg+ () @) da | (81)

(aqi,bi)
i=1
So by (80) and (81) we derive
/N I 122, () (@) da < (82)
(a bi)]zl
(b; — ai)ai> j=1 ’ ﬁ / B.p
II N L5 )7 dy |
< iy I'a; +1) o @b
under the assumptions
N
(1) |fj|pjﬁj iS X H i dy -integrable, a.e. in
Moy | Jel =1

:nel_[al7 ,forallj=1,..

(Zz) |f; |p’ i is Lebesgue integrable, j =1,...,m

22
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We also have, by (78), that

N >l @) )(H if“;ji%)
/N (H i~ ) ) ( S e <
H(a,- b,

i=1

Pj

m N
H /N (H (b — yi)%) Pl il gy < (83)

1

Pj
N m
( (bz _ ai)ai> H /N ePJ‘fJ(y”dy
i=1 j=1 H(ai,b,;)

under the assumptions:

N
X ~ H dy -integrable,

Hm) [[ew) =1

i=1

(i) f;, ePilfil are both

a.e. meH ai,b;), forallj=1,..

(ii) epi‘f” is Lebesgue integrable, j = 1,.
From (79) we get

| . (H (b — 22) ) <1_§;ﬁ"’> (ﬁ“” (mﬁj) e

I

i=1

1

Pj

m N
/ . (H (v >> LWy | < (84)
(ai,bq)

23
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= — |11 / v WP dy
N > 8 |[= (@i,5:)
<Hr (a; + 1)) = =

But it holds

/H (ﬂ <bi‘$i>”) <ZB> (ﬁ\fﬁ“ (fj)(x)\ﬁj) d >
(ai,b;) \i=1 i

i=1

(ﬂ (bi — ai)w) <1;Bj> /ﬁ (ﬁ |15 (f5) (m)|ﬁf) de | . (85)
i=1 (aibi) \J=1

=1

So by (84) and (85) we obtain

/ . Tl () <x>|ﬁj) d < (86)
[T (a‘—l

i=1

N o e Zﬁjm 7]
<H<b>) Jo @ty

=1 I (Oéi + 1) =1 H(azybi)
i=1
under the assumptions:
N
(i) |£i1P7% is ———x ~ (y)H(yz — )™ ' dy -integrable, a.c. in
Hl"(ai) H[mi,bi) i=1
i=1 i=1

N
x € H (a;, b;), forallj =1,...,m,
i=1

(i1) \fj|pj5-7' is Lebesgue integrable, j = 1,...,m.
We also have, by (79), that

m N
( N ) (Zlfz*m)(wn) (H (jfi‘;j)il,)
/N H (b —x;)™ | e N™! =t dzx <
| (2D

i=1

i=1

24
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1

Pj

N
/ (H (yi — ai)ai> ePilfil gy < (87)
H(az"bi) '

1

Py
N m
( (bz _ ai)ai> H /N epj‘fa(y)ldy
=1 j ;

under the assumptions:

N
(i) f;, ePillil are both —+1—x ~ (y) H (yi — )™~ dy -integrable,

HF((%) H[zifbi) i=1
i=1

i=1

N
a.e. inx € H(ai,bi) ,forallj=1,....m,
i=1
(ii) ePillil is Lebesgue integrable, j = 1,...,m.

Background 20 In order to apply Theorem 1 to the case of a spherical shell
we need:

Let N > 2, SN=1:={z € RY : |z| = 1} the unit sphere on RY, where ||
stands for the Euclidean norm in RY. Also denote the ball B (0,R) := {z €
RV : |z| < R} CRY, R > 0, and the spherical shell

A:=B(0,Ry)— B(0,Ry), 0< Ry < Ry. (88)

For the following see [15, pp. 149-150], and [17, pp. 87-88].
For x € RN — {0} we can write uniquely x = rw, where r = |z| > 0, and

w=2eSN" |w =1.

Clearly here
RN — {0} = (0,00) x SV, (89)

and
A =Ry, Ry x SN7L. (90)

We will be using

Theorem 21 [1, p. 322] Let f : A — R be a Lebesgue integrable function.

Then n
T)ar = ’ rw)rN "t dr | dw.
IRCL /S<R (r) d)d o)

So we are able to write an integral on the shell in polar form using the polar
coordinates (r,w) .
We need

25
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Definition 22 [1, p. 458] Letv >0, n:=[v], a:=v —mn, f € C" (Z), and A

18 a spherical shell. Assume that there exists function agérf,,(x) eC (Z), given
by
3% f(x) 1 9 /( /[ —a 0" f (tw)
= — — Z L\ 2
orv ril—a)or </Rl (r=1) orn dt) ’ (92)

where x € A; that is © = rw, r € [Ry, Ry, w € SN71L.
dv
We call ap:},,f

o, f(x)
v. If v =0, then set =45— = f ().

the left radial Canavati-type fractional derivative of f of order

Based on [1, p. 288], and [5] we have

Lemma 23 Let v > 0, m = [y], v > 0, n := [v], with 0 < v < v. Let
f € C"(A) and there exists 81%:1(1) € C(A), z € A, A a sperical shell. Further
assume that %ﬁ“") =0,j=mm+1,...,n—1Vwe SN Then there

aRalr{,(x) € C (A) such that

exists

Op f (@) O flw) 1 L/” 1 O, f (tw)
oy Ory L'(v—7)

Vwe SN all Ry <7 < Ry, indeed f (rw) € C’},Il ([R1,Rs]), ¥V we SN-L,

‘We make

Remark 24 In the settings and assumptions of Theorem 1 and Lemma 23 we

have
(1) = oy (0 =" (94)
and .
- £
r,t € [Ry1, Ra].
Furthermore we get
M8 02 (96)
and by choosing
u(r):=(r—R1)"", re[Ry, Ry, (97)
we find
==y | S = (R 1, (98)
t € [Ry, Ro].

26
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Then by (8) for p > 1 we find

R2
/ (7” — Rl)ui’y
Ri

/ S Ry

Ry

Ro
/ (r— By D0-D)

Ry

1 Ra e
SRS /R (By =)

(R2 _ Rl)V—’Y Ro
C—vy+1)° /R1

8"/ p o p
AL JUCELES
orY (r— Rl)(v—’y)p

p

O, f ()" (99)

orv

and
p

97
le (rw) dr <

or7
Oh, f (rw)
orv

p

dr. (100)

p
dr <

Op, f (rw)
orv

But it holds

p
dr >

g, f(rw)

e

a;y%lf (rw)
orY

Ry
/ (r— Ry)w=D0-D)

Ry

(Ry — Rl)(l’*v)(lfp)/

Ry

Ro p

(101)

Consequently we derive

/R2 O,/ (rw) pd < (Ry — Ry ™ p/R2
r e s
Ry o "\ I'v—v+1 Ry
Vwe SN
Here we have Ry < r < Rs, and Rf/_l < pN-1 < Rév_l, and R%_N <
r1=N < RI-N,
From (102) we have

R>
R%_N/ erl
Ry
Ro
/ 7,,17]\77A1\771
Ry
(Re—R)" N ™y v
oot
F(V_7+1) ~/Rl

v— p 2
pi-n [ (B ~ RV /R N1
! F(Vi’)/{i»l) R,

27

P

O f (r)|” (102)

orv

p

97
R. f(rw) dr <

orv

g, f(rw)
S

p
dr <

p

O S )|

orv

P

O, S W) (103)

orv
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So we get
) p
/R N1 8g1f (rw) r <
R1 8T’Y
RA\YT (Ry— R ”/R2 Nt | Ok S| (104)
R, I'(v—vy+1) R orv ’
VwesSN-1,
Hence .
Ro 2
/ / pN-1 LRJ(TQ}) dr | dw <
SN—1 R 87’7
& N-1 (R2 _ Rl)(V_'Y) p/ /R2 TN_l aly%lf (TW) b dOJ
Rl 1—‘(1/_'7"‘].) SN—1 Ry orv ’
(105)
By Theorem 21, equality (91), we obtain
a’v p N-1 _ =) \P oY p
t/ifﬁjf@ﬁ do < (12 (Fa—By) 7 L/'fﬁjxlﬁ dz. (106)
Al OrY R, Fv—~v+1) Al Orv

We have proved the following fractional Poincaré type inequalities on the
shell.

Theorem 25 Here all as in Lemma 23, p > 1.

It holds
1)
O R\ U7 ((By = RO || 0%,
Mt (R 1 , (107)
orv ||, a Ry I'(v—y+1) o 4
2) When v =0, we have
R\ ) ( (B B [
< | = : ’
11l 4 < <R1) ( I'(v+1) oY |, a 1o

See the related, and proof, results in [1, pp. 458-459] with different constants
and proof in the corresponding inequalities.

Similar results can be produced for the right radial Canavati type fractional
derivative.

We choose to omit it.

We make

Remark 26 (from [1], p. 460) Here we denote Agnv (x) = dx the Lebesgue
measure on RN, N > 2, and by Agn-—1 (w) = dw the surface measure on SN71,

28
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where Bx stands for the Borel class on space X. Define the measure Ry on
((07 OO) 78(0,00)) by

Ry (B) = / rN=ldr, any B € B(0,00)-
B

Now let F € Ly (A) = Ly ([R1, Ra] x SN~1).
Call
K (F):={w e 8" : F(w) ¢ L1 ([R1, R2] , Bg,,r,), Bn)}- (109)
We get, by Fubini’s theorem and [17], pp. 87-88, that
Agv1 (K (F)) = 0.

Of course
0 (F) = [R1, Re] x K (F) C A,

and
Arv (6(F)) =0.

Above Agn-1 is defined as follows: let A C SN~1 be a Borel set, and let
A:={ru:0<r<1lueA}cRY,

we define

)\SN—I (A) = N)\RN (2) .
We have that

)\5N—1 (SN_l) =

the surface area of S™M1.
See also [15, pp. 149-150], [17, pp. 87-88] and [1], p. 320.

Following [1, p. 466] we define the left Riemann-Liouville radial fractional
derivative next.

Definition 27 Let > 0, m := [f] + 1, F € L1 (A), and A is the spherical
shell. We define
1 (o™ T _ m—p£3—1
gglF(x) T(m—p) (ar) le (r—1) F (tw) dt,
Torh T forwe SN — K (F), (110)
0, forweK(F),

where t = 71w € A, r € [R1, Ry], w € SN~1; K (F) as in (109).
If B =0, define
=5
g, I (z)

29
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We need the following important representation result for left Riemann-
Liouville radial fractional derivatives, by [1, p. 466].

Theorem 28 Let v > v+ 1, v >0, n = [v], m := [y], F: A — R with
F € Ly (A). Assume that F(w) € AC™([R1,Ra]), V w € SN=1, and that

aRbf,,('w) is measurable on [Ry, Ro], ¥V w € SN=1. Also assume 3 aRl;:,(,m) €R,
Vre[R,Ry] and ¥V w € SVN1, and aﬁéi(w) is measurable on A. Suppose 3
M; >0:
Op, F
RITSW) <M, V (r,w) € [R1,Ry] x SN~1. (111)
We suppose that % =0,j=mym+1,..,n—1;VweSN-L
Then
=7 .
aRlF (ZL') -7 1 ! v—y—1 (/Y
7 = DRlF(Tw) = m /R1 (7" — t) (DRlF) (t(,U) dﬁ, (112)
valid ¥V © € A; that is, true ¥ r € [R1, Ro] and ¥V w € SV=1; v > 0.
Here
—
Dp F(w) € AC ([R1, Ry]), (113)
Vwe SN~ >0.
Furthermore -
O, I (2)
In particular, it holds
1 " 1 =V
F(z)=F(rw) = 7/ (r—t)"" (DRlF) (tw) dt, (115)
I'(v) Jr,
true ¥ x € A; that is, true ¥ r € [Ry, Ro] and ¥V w € SV~ and
F(w) € AC ([R1,Rs]), Ywe SN (116)
We give also the following fractional Poincaré type inequalities on the spher-
ical shell.
Theorem 29 Here all as in Theorem 28, p > 1. Then
1)
‘ InF| (RZ’)(N”l) <(Rz —Rl)(”_7)> ‘ In, F (117)
or? i “\ R Fv—~v+1) orv "
2) When v =0, we have
L < (B2 (55%) /(Ry — R\ || 0, F 118)
1l 2 < Ry I'v+1) orv N (
p,

30
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Proof. As in Theorem 25, based on Theorem 28. m
See also similar results in [1, p. 468].
We also need (see [1], p. 421).

Definition 30 Let F: A — R, v >0, n:= [v]such that F (w) € AC™ ([R1, Ra)),
for allw € SN1,
We call the left Caputo radial fractional derivative the following function

8:R1F(x) 1 " n—v—1 oF (tw)
= e /R (r— oyt T g, (119)
where x € A, i.e. x =rw, r € [Ry, Ro], w € SV L.
Clearly

Oy F (1)
Enl P, (120)

VR E () OVF(x)

Rar” = 87"5 ), ifveN.

Above function (119) exists almost everywhere for = € A, see [1], p. 422.

We mention the following fundamental representation result (see [1], p. 422-
423 and [5]).

Theorem 31 Let v > v+ 1, v >0, n:= [v], m:=[y], F: A — R with

F € Ly (A). Assume that F (w) € AC™ ([Ry, Ra]), for all w € SN~ and that
% € Loo (R1, Ry) for allw € SN—1L,

Further assume that 6535rlj(w) € Ly (A). More precisely, for these r €
[R1,Ry], for each w € SN=', for which DYy F (rw) takes real values, there

exists M7 > 0 such that |D:R1F(rw)‘ < M.

We suppose that % =0,j=m,m+1,..,n—1; for every w € SN~1L.
Then
EWRlF (z) 1 T
* _ ¥ _ _ v—y—1 v
S = DI F () = /R )T (Dl ) 1)
(121)
validV © € A; i.e. trueV r € [Ry, Ry] and ¥ w € SVN~1; 4 > 0.
Here
DZRlF (w) e AC ([Rl, RQ]) R (122)
Vwe SN~ y>0.
Furthermore o F ()
* Ry T
S e (A), v > 0. 123
G € Lo (A), 7> (123)
In particular, it holds
1 " _
F(z)=F (rw) = / (r—t)" " (DYp, F) (tw) dt, (124)
I'(v) Jr,
31
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true Vo € A; i.e. true ¥V r € [Ry, Ro] andV w € SVN~1, and
F(w) € AC([Ry,Ry)), Ywe SN L. (125)

We finish with the following Poincaré type inequalities involving left Caputo
radial fractional derivatives.

Theorem 32 Here all as in Theorem 81, p > 1. Then

1)
Ol F (*5) RV
| (1) (o _—
orv A Ry F(V—’y—f— 8r” pA
2) When v =0, we have
Ry (N” ) (R2 - R1) :R F
F < | = ! 12
mas () (Forn )| 5er] o o

Proof. As in Theorem 25, based on Theorem 31. m
See also similar results in [1, p. 464].
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Rational Inequalities for Integral Operators

under convexity

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
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Abstract

Here we present integral inequalities for convex and increasing func-
tions applied to products of ratios of functions and other important mix-
tures. As applications we derive a wide range of fractional inequalities of
Hardy type. They involve the left and right Riemann-Liouville fractional
integrals and their generalizations, in particular the Hadamard fractional
integrals. Also inequalities for Riemann-Liouville, Caputo, Canavati and
their generalizations fractional derivatives. These application inequalities
are of Ly, type, p > 1, exponential type and of other general forms.

2010 Mathematics Subject Classification: 26A33, 26D10, 26D15.
Key words and phrases: integral operator, fractional integral, fractional
derivative, Hardy fractional inequality, Hadamard fractional integral.

1 Introduction

Let (21,%1, 1) and (Qg, 32, u5) be measure spaces with positive o-finite mea-
sures, and let k; : 1 x Q5 — R be nonnegative measurable functions, k; (z,-)
measurable on (25 and

Ki(@)= [ i(@.0)diy (5), for any € 0, &
Qo
i =1,...,m. We assume that K; (z) > 0 a.e. on 4, and the weight functions

are nonnegative measurable functions on the related set.
We consider measurable functions g; : 2; — R with the representation

gi () = /Q ki (29) fi (4) dsg (). @)
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where f; : 29 — R are measurable functions, ¢ = 1,...,m.
Here u stands for a weight function on 2.
In [4] we proved the following general result.

Theorem 1 Let j € {1,...,m} be fized. Assume that the function

w(@) [ ki (2.9)

HKi ()

is integrable on €1y for each fized y € Q2y. Define A, on Qo by
Hk‘ z,Y)

Am (y) = /91 ﬁ

If®,: Ry — Ry, i=1,...,m, are convex and increasing functions.

Then

m

dpy () < oo. 3)

m

1/, 05w w ([ 205002 0 m).
1757

true for all measurable functions, i =1,...,m, f; : Q3 — R such that:

(i) fi, ®i (|fi]) are both k; (x,y) dus (y) —integmbleil\—a.e. inx € Q,

(i6) Mm@ (1£51)5 @3 (1f21) > @ (1fo]) @3 (1Fs1) s B (11 s B ([ o) are al
o -integrable,

and for all corresponding functions g; given by (2). Above ®; (|fj|) means
missing item.

Here R* := RU {4o00}. Let ¢ : R*> — R* be a Borel measurable function.
Let f14, foi : Q2 — R be measurable functions, i = 1,...,m.
The function ¢ (f1; (y), f2i (v)), y € Qa, ¢ = 1,...,m, is Yg-measurable. In
this article we assume that 0 < ¢ (f1; (v), f2i (v)) < 00, ae,i=1,..m
We consider
f1i (y)

o (fri (y), fai ()

1=1,....,m, y € Qo, which is a measurable function.

fdz( )

()
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We also consider here

ki (z,y) = ki (z,y) ¢ (f1i (), f2i (y)), (6)

y € Q9,4 =1, ..., m, which is a nonnegative a.e. measurable function on €2; x (5.
We have that & (z,-) is measurable on Q9, i =1,...,m.
Denote by

K} () = / K (2, y) dus () (7)
- /Q ki (29) @ (i (0) s () dsa () i = 1,0,

We assume that K (z) > 0, a.e. on §.
So here the function

qii (z) = 5 ki (z,y) fii (y) dps (y)
_ (o , , J1i (y) >
= [ ke (i o) (S ) e
= [ K@) ) s ), i =1, ®)
A typical example is when
o (fri(), foi(w) = fai (y), i=1,...,m, y€ Q. 9)
In that case we have that
Foi (y) = L W) g m ye (10)
Jai (y)’ e

Tha latter case was studied in [13], for ¢ = 1, which is an article with interesting
ideas however containing several mistakes.
In the special case (10) we get that

K] (z) = g2i (v) 1:/9 ki (2,y) foi (y) dps (y), i=1,...,m. (11)

In this article we get first general results by applying Theorem 1 for (f3;, g1:), ¢ =
1,...,m, and on other various important settings, then we give wide applications
to Fractional Calculus.
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2 Main Results

We present

Theorem 2 Let j € {1,...,m} be fized. Assume that the function
w(@) [Tk @, 9) e (Fri (W), f2i ()
[[5 @
i=1

is integrable on Qq, for each y € Qa. Define A, on Qs by

m

u(e) [ ks ()

<H<P Jri (y) 5 fai )))/Q ,,f; duq (x) < oc.
I @

(12)
Here @, : Ry — R, i =1,...,m, are convex and increasing functions.
Then
/ H<1> ( It i) >du1 (z) < (13)

H/g (st wpl) e w

l#]

([ o (]; Frto b ) i),

true for all measurable functions, i = 1,...,m, fi;, fo; : Q2 — R such that

) (st ) - & (e thran] ) ore both ks (2. o (s @) fos @)
dpsy (y) -integrable, uy -a.e. in x € Qq,
N f15 () , f1i(y) : _
(i0) 3@ (|t |) and @ (|oden ) for i € (1am)
{j} are all p, -integrable
and for all corresponding functions g1; given by (8).

Proof. Direct application of Theorem 1 on the setting described at intro-
duction. m
In the special case of (9), (10), (11) we derive
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Theorem 3 Here 0 < fo; (y) < 00, a.e., i =1,...,m. Let j € {1,...,m} be fized.
Assume that the function

) H ki (z,y) fai (y)
[I9: (=)

is integrable on Qq, for each y € Qo. Define A\ on Qg by

m i
o
= Hf2i (z) / ——— | dpy (z) < 0.
i=1 Ql ,
3
Here @, : Ry — Ry, i =1,...,m, are convex and increasing functions.

Then .
/91 u () 1;[1@ <

7

L1, o ([565]) s ([, (
lsﬁj

true for all measurable functions, i = 1,...,m, fi;, fo; : Q2 — R such that

) o) < (14)

PO 3 ) i )

(i) ;;EZ ( ;:EZ% ) are both ki (x,y) fai (y) dps (y) -integrable, p, -a.e.
mx € Q,

(it) A ®; ( (z; ), and ®; ( gg) ) forie{l,...,m}—{j}, are all py-
integrable

and for all corresponding functions g1, given by (8), and go; given by (11).

Proof. By Theorem 2. =

Theorem 3 generalizes and fixes Theorem 1.2 of [13], which inspired the
current article.

Next we consider the case of ¢ (s;,t;) = |a1is; + ag;t;|”, where r € R; s;,t; €
R*; aq4,a2; € R, i =1,...,m. We assume here that

0 < lawifri (y) + azifoi ()" < o0, (15)

ae,t=1,..m
We further assume that

K? (x) == /Q ki (z,y) lavi fii (y) + agifai (y)l’” dpy (y) > 0, (16)
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ae.onQ,i=1,..,m.
Here we have

_ _ f1i (y)
fai () = lavi f1i (y) + a2 f2i (y)|" (a7)
i=1,...m,y € Q.
Denote by
kF (2,y) == ki (2, y) |a1ifri (v) + a2 f2i ()], (18)
1=1,...,m

By Theorem 2 we obtain

Theorem 4 Let j € {1,...,m} be fized. Assume that the function

m

w(z) [T ki (2, y) laxi fri (y) + a2 foi (9)]

i=1

i:
=

is integrable on ), for each y € Qy. Define E on Qo by

= <H lavifii () + a2ifai (y)|r> / — =L dp, (z) < .
- "l IIF@
- (19)
Here ®;: Ry — Ry, i =1,...,m, are convex and increasing functions.
Then
/ H(I)’ ( 91 12) ) dpy (z) < (20)
=1 ZL’)
fii (y) )
H/Q < (avifri (y) + azif2i ()" Az (v)
2#]
, f15 () ) . )
(/Qz (I)J ( (aljflj (y) + (Igjfgj (y))r m (y) dl’é2 (y) )

true for all measurable functions, i = 1,...,m, fi;, fo; : Q2 — R such that

f1i(y) ) J1i(y)
(Z) (|a1 fra( )1+a2'if2i(y)‘r> » & ( (a1ifii(y)+azif2i(y))" ) are both
ki (x,y) |a11f11( )+ a2 f2i ()" duy (y) -integrable, pq -a.e. in x €

i) NP f15 () .
(i) Am®; ( (a1j f1j(y)+az;f25(y)" D and P; (
{1,....m} — {j} are all uy -integrable

and for all corresponding functions g1; given by (8).

f1i(y) ;
(alifli(y)1+a2if2i(y))r ) , for i €
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In Theorem 4 of great interest is the case of r € Z — {0} and a1; = ag; = 1,
alli=1,....m;ora;; =1,a9 =—1,alli=1,...,m.
Another interesting case arises when

@ (fri (), f2i (¥) = s I [ fai ()] (21)
t=1,...,m, where r1,72 € R. We assume that
0<|fii ()| |f2i ()] < o0, ace., i =1,...,m. (22)

In this case

_ fri (y)
|fri ™ | f2i ()]

f3i (y)

t=1,....,m, y € (s, also

ki (z,y) = ki (2,y) := ki (z,9) [ fre ()] | f2i ()| (24)
y€eQy,i=1,....m.
‘We have
K7 (z) = Kp; (2) == A ki (z,y) [fri I [f20 )] dpg (y) (25)
1=1,...,m.

We assume that K; > 0, a.e. on ;.
By Theorem 2 we derive

Theorem 5 Let j € {1,...,m} be fized. Assume that the function

m

u (@) [ ks ) 1 )™ 121 )]

i=1

is integrable on 4, for each y € Qy. Define /\;m on o by

€T —

m () [ i (2, v)
ﬁmw><Humw“mwwﬁL | d (@) < 0.
| I
i=1
(26)
Here @, : Ry — Ry, i =1,...,m, are convex and increasing functions.
Then
s g1i ()
u(x D, " dp, () < 27
[, el (me> (@) (21)
7
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H / (1 @) 1o )™ ) i ()
175]
(5 (175 7 11 7)) )

true for all measurable functions, i = 1,...,m, fi;, fo; : Q2 — R such that

(i) (m), ®; (|f1¢ W [ fas (y)lf”) are both
ki (z,y) [fri (DI [f2i (@)™ dug (y) -integrable, iy -a.e. in x € Qu,

(id) Myn®; (115 )" 1o ()] 77) and @5 (1fai ()] Ui ()77 for
i€{l,....,m}—{j} are all uy -integrable

and for all corresponding functions g1; given by (8).

In Theorem 5 of interest will be the case of ry =1 —n, 719 = —n,n € N. In

that case [ f1; (¥)|" "™ |foi (W)™ = | f1s () foi ()]", ete.

Next we apply Theorem 2 for specific convex functions.

Theorem 6 Let j € {1,...,m} be fized. Assume that the function

u () H ki (z,y) o (f1i (v), foi (v))

[1 %7 @)

is integrable on Qy, for each y € Qa. Define A, on Qs by

m

u(@) [k )
(H(p flz f2z ))) ‘/Q ml; dul (.’IJ) < 00.
K@
- (28)
Then

m

91, (=)

ZKf(z)
/Q w(@e T (2) < (20)

H/Q dpy (y) (/926
wﬁJ

true for all measurable functions, i = 1,...,m, f1i, fo; : Q2 — R such that
f1:(v)

(i) s, el O 52| are both ki (w,y) ¢ (fri (), foi (0)) dpia (y)
-integrable, j1, -a.e. in x €

o (f15 (W), f25(v))

v:(fu(y) f2z v))

A () dpay (y)> ,
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f15 ()
e(f15 (W), f25 ()

f1:i(w)
e (f1: (W) F2: (v))

(i1) A..e and e

Lo -integrable
and for all corresponding functions g1; given by (8).

, fori e {1,...m} — {j} are all

We continue with

Theorem 7 Let j € {1,...,m} be fized. Assume that the function

m

u () H ki (z,y) @ (fri (y) s fai (1))
[] %7 @)

is integrable on Qy, for each y € Qa. Define A, on Qs by

m

w(@ [Tk to)
(H%O Jri (W), fai ( )))/ﬂ mZ; dp, (z) < 0.

- (30)
Letp; >1,i=1,...m
Then . _

/ u(x)H g1 (v) " duq (z) < (31)

o S KT (2) P

flz P
H/Q flz  foi (y)) dMQ (y)
2#3
flj (y) b *
Lo g 5 waw).

true for all measurable functions, i = 1,...,m, fi;, fo; : Q2 — R such that
(i) 'Wm‘ is ki (x,y) @ (f1: (v), f2i (y)) dug (y) -integrable, pq -a.e.
mx € Q,
f15 (W)

() Ay | 507 @), s @)
all py -integrable

and for all corresponding functions g1; given by (8).

pj

and ‘%‘ , fori e {1,....,m} — {4} are

We continue as follows:
Choosing r1 = 0,73 = —1,i = 1,...,m, on (21) we have that

0 (f1i (), foi () = | i ()| " (32)
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We assume that
0<|foi ()] ' < o0, ae,i=1,..,m, (33)

which is the same as

0 <|f2i(y)] < oo, ae,i=1,..,m. (34)
In this case
f3i(y) = fri (9) | f2i ()], (35)
1=1,....,m, y € Qo, also it is
ki (z,y) = k2, (z,y) == , 36
i (@,Y) =k, (z,y) o 0] (36)

(RS QQ, 1= 1,...,m
We have that
2 \fzi (y)l

K (2) = K5 (2) = /Q dpiz (1) (37)

t1=1,...,m
We assume that Kigl (x) > 0, a.e. on €.
By Theorem 5 we obtain

Corollary 8 Let j € {1,...,m} be fired. Assume that the function

m

w(@) [ ki ()

i=1

H |f27,

is integrable on , for each y € Qy. Define )\;m on Qg by

DY) ——— / = @) <o (39)
H|f2i(y) ' H@(@

Here ®; : Ry — R4, i =1,...,m, are convex and increasing functions.

Then .
J, wortTe ([

gu

i (7)

) dpy () < (39)

10
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2

H/ i (1f1i () fai (W)]) dpss () (/ ;i ([ f15 (y) fo (y)|))\:fm(y) g (y))
2#3

true for all measurable functions, i = 1,...,m, fi;, fo; : Q2 — R such that

(i) Jri () fai () 5 @i (1frs (9) Fai (0)]) are both (255 dus (y) -integrable, p,
-a.e. in x € 4,

(i) Ay ®; (115 () fo5 W)]) and @i (| f1i (y) fai (W)]), for i € {1,....m} — {j}
are all py -integrable
and for all corresponding functions g1; given by (8).

To keep exposition short, in the rest of this article we give only applications
of Theorem 3 to Fractional Calculus. We need the following:

Let a < b, a,b € R. By CV ([a,b]), we denote the space of all functions
on [a, b] which have continuous derivatives up to order N, and AC ([a,b]) is the
space of all absolutely continuous functions on [a, b]. By ACY ([a,b]), we denote
the space of all functions g with ¢gV=1) € AC ([a,b]). For any o € R, we denote
by [a] the integral part of a (the integer k satisfying k < a < k4 1), and [«]
is the ceiling of & (min{n € N, n > a}). By L; (a,b), we denote the space of all
functions integrable on the interval (a, b), and by Lo, (a, b) the set of all functions
measurable and essentially bounded on (a,b). Clearly, Lo, (a,b) C Ly (a,b)

We give the definition of the Riemann-Liouville fractional integrals, see [14].
Let [a,b], (—o0o < a < b < 00) be a finite interval on the real axis R.

The Riemann-Liouville fractional integrals I, f and Ij* f of order a > 0
are defined by

(19,1) () /f Y- dt, (o> a), (40)

(I f /f (t—a)* dt, (z<b), (41)

respectively. Here I' («) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals.

Let f14, f2; be Lebesgue measurable functions from (a,b) into R, such that
(Ig (1 ful) (@), (151 (1f2i])) (@) € R, ¥V @ € (a,b), a; > 0,0 = 1,...,m, e.g.
when flia fgi € Lo (CL, b) .

Assume 0 < fo; (y) < 00, a.e., i =1,...,m.

Consider
g1i () = (Ig% fri) (2), (42)
g2i (x) = (134 fai) (@), (43)
z € (a,b),i=1,....m
11
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Notice that g1; (z),92; (z) € R and they are Lebesgue measurable. We pick
O = Qs = (a,b), duy (z) = dz, dus (y) = dy, the Lebesgue measure.
We see that

b T — a;—1
(i) )= [ 22080 gy (44)

a

b T — a;—1
(L5 f2i) (2) = /a Xos] (? Eai) 2 f2i (t) dt, (45)

where x stands for the characteristic function, = > a.
So here it is

X(a, z] (t) (IE - t)(”_l

ki (z,t) = T () , 1=1,...,m (46)
In fact
[l a<y<cz
hi(zy) =4 Ten = (47)
0, z<y<hb.

Let j € {1,...,m} be fixed.
Assume that the function

(H for ) 2) X(aum) (8) (&~ 9) (%)

(H I35 fai) ( )(HF o)

xTr —

is integrable on (a,b), for each y € (a,b).
Here we have

A (y) = O (y <ﬁl< )>>/ybu(x) (2~ dz < oo,

1=

i=1
(49)
for any y € (a,b).
Here @, : R, — R4, i =1,...,m, are convex and increasing functions.
We get
Proposition 9 Here all as above. It holds
m I(Xl p
/ ch ( at1i () >dx§ (50)
I3 fai (%)

12
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. Jai ( y)D /b ( J1j (y)D
dy ®; Om (y)dy |,
H/ (5 .\ Rrwl) W
true for all measurable functions, 1 =1,...,m, fi;, fgL : (a,b) — R such that
1 L e are bot % 2% y -integrable, a.e.
et 00 () are b 2ot ) b
inz € (a,b),

(ii) O () ®; (|724 ) and @,

F2;3(y)
Lebesgue integrable.

f1:(y)
f2i(y)

), fori € {1,...,m} — {j} are all

Corollary 10 It holds

I,C;Jirfu(w)

/ubu(x)e<il >dm< (51)

Trb s f1J<y>|
H el f2i(v) dy el f25(v) 9 ,
a a

i=1
true for all measurable functions, i = 1,...,m, f1;, fo; : (a,0) — R such that

Zifzi(z)

1#]

(i) ggz) ‘fm W1 are both Kool @)z—y)™ (?((w y) f2i (y) dy -integrable, a.e. in x €
(a,0),

(1) O (y) el 201 and el 2@ 1, for i € {1,....,m} — {j} are all Lebesgue
integrable.

Corollary 11 Letp; > 1,1=1,...,m. It holds

(1T

[ (I

b f1i () b
fai (y)

Ialflzx
dr < 52
v ) < (52)

(/ab : Om (y) dy>7

true for all measumble functions, i = 1,....,m, fi4, foi : (a,b) — R such that

fij (y)
f25 ()

(1) |7 f“ y) s %hz( )dy -integrable, a.e. in z € (a,b),
(ii) Hm (y) ;;Ezg " ; and % , fori e {1,....,m} —{j} are all Lebesgue
integrable.

13
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Let us assume that 0 < fo; () < oo, a.e. in = € (a,b), and we choose
m

u(z) = H (Ig}rfm) (). Then

=1

m

(i)
o)

m
given that Zai >m — 1.
i=1

Corollary 12 Let p; > 1, i = 1,...,m, and Zai > m — 1. Assume 0 <
i=1
foi () < o0, a.e., i =1,...,m. It holds

b m
/ H 124 fui ()" (194 fai ()7 dae < (54)

(ﬁr(ai)> (%}O‘imﬁ-l) (E/ (fzz z) )

m

b m Zaifmqtl
| @) (2 )~ (H fai <y>> (v-) (3o ay | <

i=1
i#£]j

o)
(Zm:ozi—m+1> <ﬁI‘ Q; >
(H/ (gz Z > ) (/ab (f1; @)™ (f2 ()" (ﬁ f2i (y)> dy) ;
itj i=1

i#]

true for all measurable functions, i = 1,...,m, f1;, f2; : (a,b) = R such that
o (FNP o Xa,e (@) (m—y)*i ) )
(i) ) is =ty fa (y)dy -integrable, a.e. in x € (a,b),
1=1,...,m,

14
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-~ . Dpi .
Hf2i (y)) ; and (2183) ,forie {1,...,m}—
i=1
i#)

(i) (fr5 W) (fog ()" (

{j} are all Lebesgue integrable.

Let f14, f2; be Lebesgue measurable functions from (a,b) into R, such that
(L (1 ful) @), (I3 (1f2i]) (@) € R,V @ € (a,b), a; > 0,i=1,...,m, e.g. when
f1i, foi € Lo (a, b) .

Assume 0 < fo; (y) < 00, a.e., i =1,...,m.

Consider

qui () = (Y fr) (2), (55)
g2 (2) = (LY fai) (2) (56)

x € (a,b),i=1,...,m.
Notice that g1; (z),92; (z) € R and they are Lebesgue measurable. We pick
O = Qs = (a,b), duy (z) = dz, dus (y) = dy, the Lebesgue measure.

We see that
b — a;—1
() @) = X228 57)
b — a;—1
) ) = [ X0 59)
x <b.

So here it is

k’i (I,t) - ].—‘(Oé) ) 2_17 ,m (59)
In fact here -
y—x)TiT <
ki (z,y) = { Ty TSY<D (60)
0, e<y<z

Let j € {1,...,m} be fixed.
Assume that the function

(T2 0)) w0 -0 (2
(H (I3 fas) (SC)) <H r (ai)>

i=1

X —

is integrable on (a,b), for each y € (a,b).

15
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Here we have

Am (y) = (ﬁ( o) ))/ayU(x) (ym dz < o0,

H (I3 f2i) ()

i=1
(62)
for any y € (a,b).
Here ®; : Ry — R4, i =1,...,m, are convex and increasing functions.
We get
Proposition 13 Here all as above. It holds
m I flz JC)
0¥ dr < 63
/ o1l (I“’fzzw)>m_ (62)

f25 (y)

5 fui (y) D / ’ (
dy P,
H/ ( f21 (y) a !
true for all measurable functions, i = 1,...,m, f1;, fo; : (a,0) — R such that

(i) }?EZ ( Sui(y) ) are both Mfzz( ) dy -integrable, a.c. in

11 (W) D b () dy> 7

f2i(y) T(a
z € (a,b),
(i) Y, (y) ©; ( gjgz) ) ; and ®; ( ggg; ) , fori e {1,...,m} — {j} are all

Lebesgue integrable.
Corollary 14 It holds

b- 'fh(w)
b— sz(I)

/abu(x)e@: >dm< (64)

™o ) F15 () ‘
H el f2i(v) dy el f25(w) w ,
a a

i=1
true for all measurable functions, i = 1,...,m, f1;, fo; : (a,b) — R such that

1#]
f1:(y) )i —1
(i) }?—8;, e| | are both %fgl (y) dy -integrable, a.e. in x €

(a,b),
f1; ) S14(y)
(i) ¥, (y) el i1 and el 2@ 1] for i € {1,...,m} — {j} are all Lebesgue
integrable.

16
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Corollary 15 Letp; > 1,1=1,...,m. It holds

b m Ial 1 (x Di
»/a u(®) (E Iza_i;% Ex; > dr < (65)
m b fli (y) Pi b flj (y) p;
(H/zz f27, (y) dy) (/{; f?] (y) w’m (y) dy> )
i#j

true for all measumble functions, i =1,...,m, f1;, foi : (a,b) — R such that

y) " s %]‘21( ) dy -integrable, a.e. in x € (a,b),
(ii) z/J ( ) f“(zg ; and jﬁ;gg’ , forie{l,....,m}—{j} are all Lebesque
integrable.

Let us again assume 0 < fy; () < o0, a.e. in z € (a,b), and we choose
m

u(x) = H (I3 f2;) (z). Then

=1
o - ([T () ¢
=1 al

m
given that Zai >m — 1.
i=1

iaierl)
v - ><
(Z a; —m + 1)

Corollary 16 Let p; > 1, i« = 1,...,m, and Zai > m — 1. Assume 0 <
i=1
foi () < 00, a.e., i =1,...,m. It holds

b m
/ H (12 fui (@) (I8 fos (@) dr < (67)

1 [0 fu @)\ '
m m (H/a <f2Z (y)) dy)
HF(%‘) Zai—m+1 i£]
b m i aim+l>
| s @ (s ' (Hfm ) ) ( ay | <

i#]

17

87



INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

(b—a) (i ai_mﬂ)

(iai m+1> (ﬁf o >

i=1

(II/’(ij) ) (l%ﬁﬂwfﬂhgwﬁl“(fihAM)ﬂd,
i#£] %;Zﬁj

true for all measurable functions, i = 1,...,m, fi1;, f2; : (a,b) — R such that

(i) (f2 (y)> " s %ﬁz( )dy -integrable, a.e. in x € (a,b),
1=1,...,m,

(i) (fr; ()" (fa5 (y))' P (H fai (y ) ; and (gzgg)p fori e {1,...,m}—

i#j

{j} are all Lebesgue integrable.
We mention

Definition 17 ([1], p. 448) The left generalized Riemann-Liouville fractional
derivative of f of order > 0 is given by

Br(g) = 1 inzx_ n—pg—-1
D@ = oy (1) [ @m0 s

where n =[]+ 1, z € [a,]].

For a,b € R, we say that f € Ly (a,b) has an Lo, fractional derivative D? f
(B >0) in [a,b], if and only if

(1) DB=*f c C([a,b]), k=2,....n=[B] + 1,

(2) DIV f € AC ((a,b])

(3) DPf € Lo (a,b).

Above we define DOf = f and D0 f _I‘s+f, if0<d<1.

From [1, p.449] and [11] we mention and use

Lemma 18 Let 8> a >0 and let f € Ly (a,b) have an Lo fractional deriva-
tive D2 f in [a,b] and let DP=*f(a) =0, k=1,...,[8] + 1, then

! )/QmeQIDme% (69)

Dgf (z) = m

for alla < x <b.

Here D f € AC ([a,b]) for B—a > 1, and D2 f € C ([a,b]) for B—a € (0,1).
Notice here that

DEf (z) = (15;@ (D? f)) (), a<z<b. (70)

18
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For more on the last, see [5].

Let fii, foi € Ly (a, b), Oéi,ﬁi : ﬁz > a; > 0,7 =1,...,m. Here (] = 1,2)
(fji, o, B;) fulfill terminology and assumptions of Definition 17 and Lemma 18.
Indeed we have

Dgfui () = (1 (D fus) ) (@), (71)
and
D' fai (z) = (Igi_ai (Dgif21)> (), (72)
a<z<bi=1,...,m
Assume 0 < Df”’fgi () < o0, ae,i=1,..m
Let j € {1,...,m} be fixed. Assume that the function

(H fai (y ) ) Xaw) ) (& — ) ( <Zw)> )

x — - (73)
([T @) (TTr - o)
i=1
is integrable on (a,b), for each y € (a,b).
Here we have
. s f2i (y)
0, (y) = ( .
" 1;[1 I'(8; — o)
. <Z(ﬁi—(u)> —-m
/ u () (@ _}i) - dz < o0, (74)
! [T (D& f2) ()
i=1
for any y € (a,b).
Here @, : Ry, — R4, i =1,...,m, are convex and increasing functions.
Proposition 19 Here all as above. It holds
m D fll (_’L‘) >
D, dx < 75
I o1l (ol EE )

D i, b (1D py
H/ ( ﬁfl y))dy (/ @jd ﬁ_fﬂy))emy)dy)
“fai (y) a Da’ f25 (y)
under the pmpertzes (i=1,...,m)
. DY) |\ . X @) @—yp)Fimei=t) g y
(i) ®; (‘ D (o) ) 18 B —an) (Da fai (y)) dy -integrable, a.e.
inz € (a,b),

19
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7 9* D, f17(J)
(ii) 0%, (1) &, (w)

are all Lebesgue integrable.

Bi ¢
. and @, (‘MD e {1,...m) — {j
) and D Fas(y) fori e { m} —{j}

Proof. By Proposition 9. m
Corollary 20 It holds

Dglf1(=)

b (Z DG fa(w) )
u(z)e\i=1 dx < (76)

b
vl | [ e
a

B .
Da‘fh(y) M

a * f2i(y)

PR:E
Srw o, ydy |

1

under the properties: (i=1,...,m)

foifu(y) () (o— )(Bi*“ifl)
(i) el Pdismw| jg Xl yr(/a,-gai) (Df"fzi (y)) dy -integrable, a.e. in
a/’ b )
€ (a,0) iy |
M D)

(i) 0%, (y) el 7o’ 220 |; and el P2t 2w | fori € {1,...,m}—{j} are all Lebesgue
integrable.

We need

Definition 21 (/8], p. 50, [1], p. 449) Let v > 0, n:= [v], f € AC™ ([a,}]).
Then the left Caputo fractional derivative is given by

v _ 1 v o n—v—1 (n)
DL @) = e [ =0T O
= (L) (@), (77)
and it exists almost everywhere for x € la,b], in fact DY, f € L1 (a,b), ([1], p

394).
We have D, f = ("), n € Z,.

We also need

Theorem 22 (/3] and [6]) Let v > p > 0, v,p ¢ N. Call n := [v], m* := [p].
Assume f € AC™([a,b]), such that f¥) (a) = 0, k = m*,m* +1,...n — 1,
and DY, f € Lo (a,b). Then DLyf € C([a,b]) if v —p € (0,1), and Di.f €
AC ([a,b]), if v — p > 1 (where D2, f = I\, ~P ") (z)), and
1 * o1
D?.f(z :7/ x—t)"""T DY f(t)dt
&) == | @0 £
= (17" (DZ.1) (@), (78)
V€ la,b.

20
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For more on the last, see [6].

Let v; > p; > 0, viyp;, € N, n; = [v;], md := [p;], i = 1,...,m. Assume
fii, fai € AC™ ([a, b)), such that (j = 1,2) fi£) (a) = 0, k; = mf,mi+1,..,n
1, and D¥i f;; € Lo (a,b). Based on Definition 21 and Theorem 22 we get that

DEifyi () = (1 ‘(DLufin)) (@) € R, (79)
Vaelab;j=1,2i=1,.

Assume 0 < DY fo; (x ) < 00, a.e,i=1,...,m
Let j € {1,...,m} be fixed. Assume that the function

<H Diafuly ) () X(a,2) () (€ = y) ( (i(yi_pi)> ‘m>

T — — (80)
(H (D% f2i) (@) (HF (vi — Pi))
i=1 i=1
is integrable on (a,b), for each y € (a,b).
Here we have
) ((Z(w—m) m)
DVl i — i=
(H( = )))/um ooy 2 dz < o0,
= — P 1 v
- Y H (Df&fm) (z)
i=1
(81)
for any y € (a,b).
Here ®; : R, — R4, i =1,...,m, are convex and increasing functions.
Proposition 23 [t holds
b m P
D*a 14 (LE) )
u(z P, | ———=] )dx < 82
/a ( )11;[1 <‘Df&f2i (z) (82)

m b ) b v
DY fii (y) ’) / (’ Diafii W]\
(I)’i <'>La dy D, Vij w’m (y) dy ’
11:[1/11 D fai (y) o \|Dif2(y)
i#]
under the properties: (i=1,...,m)
vi g z—y)(Vi—rPi—1)
(i) ®; (‘ gzzgzgz; D is X(“'I](yl)ﬂ((y%i!)pi) ’ (DY fa; (y)) dy -integrable, a.e.
inz € (a,b),
ok ) D:Zflj(y)
(”) Vi <y) ®, (‘ D, f25(y)

are all Lebesgue integrable.

) ; and (I)z (‘ *aflz(y)

D& f2i(y)

) fori € {1,...m} ~ {5}

21
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Proof. By Proposition 9. m

Corollary 24 It holds

D 1(2)
o (Slzs)
u(z)e \i=t dzx < (83)

(/ o, ()dy)

m
I/
1757

under the propertieS' (i=1,...,m)

*afh(y) D)

nfzz(y)

DI 25 ()

af1 (v) (vi—
(i) e ‘ Dl f2i(w) | g Xla I](y;((fj y)p 3 (D:afgi (y)) dy -integrable, a.e. in x €
(a,b),
7D;‘71:flj(y) DL f1i(w)
(ii) %, (y) el 272D | and el Par2i || fori e {1, ...,m}—{j} are all Lebesgue
integrable.
We need

Definition 25 (/2/, [9], [10]) Let & > 0, n := [«], f € AC™ ([a,b]). We define
the right Caputo fractional derivative of order a > 0, by

Dy_f (z) = (=1)" I~ f™ (), (84)

we set E(if = f, i.e

_1\" b
DY f(a) = F((nl_)a) [ =t gy a (85)

Notice that D, _f = (—=1)" f™, n e N.
We need

Theorem 26 (/3]) Let f € AC™ ([a,b]), n€ N, n:=[a], a>p>0,r=/]p],
a,p & N. Assume f® (b)) =0, k=r,r+1,...,n—1, and ﬁ:_f € Lo ([a,b]).
Then

Dp_f (@) = (5= (1)) (@) € C ([a.0]), (86)
ifaa—pe(0,1), and D,_f € AC ([a,b]), if a — p > 1, that is
b
DLt =y [ =2 (D) a7

V€ la,b.
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Here i = 1,...,m. Let a; > p; > 0, oy, p; € N, n; = [, 7 = [p;]. Take
fii, fai € AC™ ([a, b)), such that (j = 1,2) £ (6) = 0, ks = 74,74+ 1, ooy — 1.
Furthermore assume that EZZ f1i, Efi f2i € L (a,b) . Then by Theorem 26 we
get that (j =1,2):

Dy fii(@) = (527 (Dyf) ) (@) € C (b)), VYaelabl.  (39)

Assume 0 < D" fo; () < 00, ae., i =1,...,m
Let j € {1,...,m} be fixed. Assume that the function

<f[1 Do fa (y)> w (@) Xpey (¥) (¥ — 2) ( (g(ai_p”> _"’)

. _ (59)
fie ) e o)
i=1
is integrable on (a,b), for each y € (a,b).
Here we have
. <(Z(aim> )
"D Y — i=1
T (y) = (H (M))/ wiw) | =2 da < oo
i=1 ] a H (qu_fm) (SC)
=1
(90)
for any y € (a,b).
Here ®; : Ry — R, i=1,...,m, are convex and increasing functions.
We get
Proposition 27 Here all as above. It holds
b m ﬁﬂi i
/ u(z) [] @ M dz < (91)
a Pt Dy~ fai ()
Dyt b Dy fi
b " fai (y) a Dy fa; (y)
under the pmperties: (i=1,..,m)
oo (1D @) [ L X @) =) (i) ,
(i) ®; ( s ) is Flai=p) ( b f2i (y )) dy -integrable, a.e.
inx € (a,b),
.. , D,7 f1,(y) . _ Dyt f1i(y) . Y
() T ()2, (| D222 ) s and 0, (| BE22)  or € {1, — )
are all Lebesgue integrable.
23
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Proof. By Proposition 13. =

Corollary 28 It holds

5P f
o (Sl
b—J2i(®
/ u(zx)e \i=t dx < (92)
a
m b fgiflim b Bgiflj(y)
T - (y D, 7 .
H/ el =y / el Pl I (y)dy |
i=1 a a
i#]
under the properties: (i=1,...,m)
Dyt f15(w) ( )
S0, —zy(ei=pi=1) g, ‘ ,
(i) el Po= "2 s X[z’b)(y;(fa:)pi) (D:ffgi (y)) dy -integrable, a.e. in
z € (a,b),
ﬁfj.flj<;;) Dyl f1i(w)
(i) T, (y) el o272 | and el Po= 21 fori € {1,...,m}—{j} are all Lebesgue
integrable.

Proof. By Proposition 27. =
We give

Definition 29 Let v > 0, n := V], a = v—-n (0 < a < 1). Let a,b €
R,a <z <b feC(ad]). We consider C% ([a,b]) := {f € C"([a,b]) :
L7of™ € CH([a,b])}. For f € C¥([a,b]), we define the left generalized v-
fractional derivative of f over [a,b] as

/
Auf = (1) (93)
see [1], p. 24, and Canavati derivative in [7].
Notice here AL f € C ([a,b]).
So that
BN @) = p e [ @07 O (94)
@ CT(l-a)dx /, ’
Vzelab.
Notice here that
Alf=f", nely. (95)

‘We need

Theorem 30 ([3]) Let f € C¥([a,b]), n = [v], such that f) (a) = 0, i =
r,r+1,...,n— 1, where r := [p], with 0 < p <v. Then

(AL () = 5o

e I N IO LA
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i.€e.

(ALS) = 1.7 (ALf) € C([a, b)) (97)
Thus f € C? ([a,b]) .

Let v; > p; > 0, n2 :: [vil, mi = [pi]s i = 1,...,m. Let f1;, fo; € C%i ([a, b)),
such that (j =1,2) f; ( )= 0 k =r;,r+1,. — 1. Notice here A% f;; €
C ([a,b]), and Af fﬂ C ([a,b]). Based on Deﬁmtlon 29 and Theorem 30 we
get

AL i (@) = (177 (A% fi0)) (@), (98)

Vaeelad;j=12i=1,..m
Assume AYi fo; () > 0,V x € [a,b].
Let j € {1,...,m} be fixed. Assume that the function

<f[l A7 fai (y)> U (%) X(a,0) () (£ —Y) «i(w_pi)) —m>

T — m m (99)
i= 1
is integrable on (a,b), for each y € (a,b).
Here we have
a8
AYi fo — im
o (52 =
=1 Pi Y H (Agifzz) (x)
i=1
(100)
for any y € (a,b).
Here @, : R, — R, i =1,...,m, are convex and increasing functions.
Proposition 31 It holds
b m P
AaI fli (J?) )
u(x P, _ dr < 101
/a ( >£Il (‘Aglf% (x) 1oy

AV fri (y D /b <‘Agjf1j (y)D
Vi dy b AVir 7\ Wm, Yy dy )
(H/ (‘ A f21 y a ’ Aa]f2j (y) ( )
i#]
under the properties: (i=1,...,m)
vig z—y)(Fi—pi—1)
(i) ®; ( Rg F1i(w) D i XemW)@=y) (A% fao; (y)) dy -integrable, a.e.

AL f2i(y) L(vi—p;)
inz € (a,b),

25
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(i1) W () ®; (| 557222} and @ (|35:220]) for i € {1,cim) = {3}

are all Lebesgue integrable.
Proof. By Proposition 9. m

Corollary 32 Let 7 be a fized prime number. It holds

Al fy ()

b M)
/ u(ac)7'<i=1 82O G < (102)
a
b
ol | [
a

AV po
A flz(y) a flg(y)

AL fai(y)

H/ 257 fa5(w) W () dy | ,
a
Zséj

under the pmperties: (i=1,..,m)

B i) @y i)
(i) 7188 12iw) | g Xloua] T (AZi f5; (y)) dy -integrable, a.e. in x €
(a,b),
Agjfl-f(y) Ag’fflz‘(y)
(i1) W, (y) 71207 2001 and rl2a’ 20010 for 4 € {1,...,m} — {j} are all

Lebesgue integrable.

Proof. By Proposition 31. m
We need

Definition 33 (/2]) Letv >0, n:=[v],a=v—n,0<a <1, f e C([a,b]).
Consider

Cy_(la,b) == {f € C" ([a,0]) : ;= f™ € C* ([a,b])}. (103)
Define the right generalized v-fractional derivative of f over [a,b], by
!
Ay f = ()" () (104)

We set AY)_f = f. Notice that

. n—1 b
(A’g_f) (z) = ls(ll)—a)jx/z (J—x)“ f(n) (J)dJ, (105)
and Ay_f € C([a,b]).
We also need
26
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Theorem 34 ([3]) Let f € C¥ ([a,b]), 0 < p < v. Assume ) (b) = 0,

i=rr+1,..,n—1, where r:=[p], n:=[v]. Then
1 ’ vp-1
A @) = o /w ()" (AL f)())dJ,  (106)
YV z € [a,b], i.e
Al_f=1""(A;_f) € C(la,b]), (107)

and f € C}_([a,b]).

Let v; > p; > 0, n; := [vi], ri == [p;], i = 1,...,m. Let fi;, fo; € C}" ([a,b]),
such that (j = 1,2) f;f’) (b) =0, ki =ri, 7+ 1,...,n; — 1. Notice here A} f;; €
C ([a,b]), and A}’ fj; € C([a,b]). Based on Definition 33 and Theorem 34 we
get

A fii @) = (1" (Ay £50)) (@), (108)
Vacelad;j=1,2;i=1,.
Assume A}" fo; (x) > 0, V:UE [a,b].
Let j € {1,...,m} be fixed. Assume that the function

(HAV Fai ) %) Xa) () (0 —:c)((i(”"”i))m)

T — — — (109)
i=1
is integrable on (a,b), for each y € (a,b).
Here we have
A fy (y) y ( )((Z(Vﬁi)> m)
Wi (y) = (H (72 y))>/ uia) | =2 i < oo,
i=1 K3 pZ a H Ap f27l
i=1
(110)
for any y € (a,b).
Here ®; : R, — R, ¢ =1,...,m, are convex and increasing functions.
Proposition 35 It holds
b m AP fli (x)
u(x D, 1;—7 dr < 111
/ @1l (Afifzi(m) (i

27
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m b NG b AV f

H/ o, (‘ Izrfl (Q)D dy / (I)j l;;flj (y)

i—17a Abffﬂ (y) a Ab_f2j (y)
i£]

under the properties: (i=1,...,m)

. . AV f1i(y) . X[m,b)(y)(yfz)(”i—f’i—l)
(Z) D, ( A7 fai(y) > 18 ¥ oy

inz € (a,b),
.. % ) A f1i(y) . _

() Wi ()@, (| 354200 ) and 2

Proof. By Proposition 13. =

) Wy, (y) dy) 7

(A} f2i (y)) dy -integrable, a.e.

A;,/ifu(y)
A fai(y)

> ,forie {1,...,m}—{j}

are all Lebesgue integrable.

Corollary 36 Let 7 be a fized prime number. It holds

R

Aﬁifli(z)
AV fai(w)

)dx < (112)

m b Agifu(y) b Agiflj(y)
AT foi(y 7t (4
[T [ A5 elag | | [ A=l yay)
=170 a
i#]
under the properties: (i=1,...,m)
APt f1i(y)
73 _ ) (wi—pi—1)
. IN ; . ® T ) , .
(i) T1%e=2 ] g X "’)(y;(g,ﬁ)pi) (A} f2i (y)) dy -integrable, a.e. in

z € (a,b),
A:ifu('y)

A:i faj(v)

AZ‘_ F14(v)
AZi F2i(v)

(i) Wi (y)7

Lebesgue integrable.

;and T , for i € {1,...,m} — {4} are all

Proof. By Proposition 35. =
We need

Definition 37 ([14], p. 99) The fractional integrals of a function f with respect
to given function g are defined as follows:

Let a,b € R, a < b, « > 0. Here g is an increasing function on [a,b], and
g € C*([a,b]). The left- and right-sided fractional integrals of a function f with
respect to another function g in [a,b] are given by

1 /$ g () f¥)dt
(@) Ja (g(@) =g ()"

b /
(I sy f) (2) = r(la)L G (gt)(?]gcgi));lf_a, z<b, (114)

(I3, f) (x) = T x> a, (113)

respectively.
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‘We make

Remark 38 Let fi;, fo; be Lebesque measurable functions from (a,b) into R
such that (I3 g (If5i) () R,V z € (a,b), a; > 0,i=1,..m, j =1,2.
Consider
gji (x) = (I;Xi;g (sz‘)) (z), (115)
xz € (a,b),i=1,...m, j=1,2.
Assume 0 < fo; (y) < o0, a.e., i =1,...,m.

Notice that g;; () € R and it is Lebesgue measurable. We pick again Qy =

Oy = (a,b), duy () = dz, duy (y) = dy, the Lebesque measure.
Here we have
/
by (2,y) = X(a,x] (v) 9" (y) — . i=1,...m. (116)
[ (ai) (g () =g ) ™

Let j € {1,...,m} be fized.
Assume that the function

> o)
(H foi (y )x(ax ) (g ()™ (g () —g(y))<i—1 )

() (L ezzomi)

(117)
is integrable on (a,b), for each y € (a,b).
Define p9, on (a,b) by
(H i <y>> @ ", (Z )
= N / u<x><gg§>—g<y>> e
(H r (Ckl)> v H a+ gf22
i=1 i=1
(118)
Here ®; : R, — Ry, i =1,...,m, are convex and increasing functions.
Theorem 39 Here all are as in Remark 38. It holds
b m IOLi . i
/ u(m)Hq)i M dz < (119)
a e (a4 (f20)) (@)

i/

=1
#J

e (s

29
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true for all measurable functions f1;, fai : (a,b) — R such that (Ig%., (|f5)) (x) €
R,Vze€ (a,b),a; >0,i=1,....,m; j =1,2, with:
(1) Jui( 5;» D, ( Hhily) D are both ——XanWI'W) f2i (y) dy -integrable, a.e.

f2i(y) T(ai)(g(z)—g(y)'~ i
inx€ (a b),
(i1) p9, (y) @, ( ﬁ;gzg ); and <I>i< ﬁgz) ) fori e {1,....,m} — {j} are all
integrable.

Proof. By Theorem 3. m
We make

Remark 40 Let fi;, fo; be Lebesque measurable functions from (a,b) into R,
such that (IO“ (|fm|)) (r) eR,Vxe(abd),a; >0,i=1,...m,j=1,2.
Consider now

gsi (@) = (I, (f30)) (@), (120)

€(ab),i=1,...m, j=12
Assume 0 < fo; (y) < 00, a.e., it =1,....m
Notice that gj; (x) € R and it is Lebesque measurable.
Here we have

ki(z,y) = i1=1,..,m. (121)

Let j € {1,...,m} be fized.
Assume that the function

(H fai (4 > oy ) (& )™ (9 () — g (1) ( )
) i)

(122)
is integrable on (a,b), for each y € (a,b).
Define p2, on (a,b) by
ﬁf}i (y)> A (Zm: a) -m
5 (y) = <i_1 / u (z) (9 (y) —g(x)) Vi~ dz < 0o,
(Hmai)) ’ H (152, (12)) @)
- (123)

Here @, : Ry — Ry, i =1,...,m, are convex and increasing functions.
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Theorem 41 Here all are as in Remark 40. It holds

/bu(x)ﬁéi(mmm)dxg (124)

(15 (£20)) (@)
fri (y D /b ( fij (y)D
dy ®; P (y) dy |,
H/ (f?zy o\ f2y () )
2#]
true for all measurable functions f1;, fa; : (a,b) — R such that (]g‘_i;g (|fﬂ|)) (v) €
R, Vze€(ab),a;>0,i=1,..m; j=1,2, under the properties:
fh (y) f1i(y) [z b)(y)g (y) y

(z) o) i ( ) ) are both al)( ) —e @)= f2i (y) dy -integrable, a.e.
inx € (a b),

(ii) 4 (1) @; (

Lebesgue integrable.

1=

Q;EZ; D ; and P, (‘%D , fori e {1,...,m} —{j} are all

Proof. By Theorem 3. m
We need

Definition 42 ([12]) Let 0 < a < b < 0o, o > 0. The left- and right-sided
Hadamard fractional integrals of order o are given by

(Jo4 ) (=) = F(la)/: <ln z> i f(yy)dy, x> a, (125)
and X , »

(S5 f) (z) = m/z (ln %) f;y)dy, x < b, (126)
respectively.

Notice that the Hadamard fractional integrals of order « are special cases of
left- and right-sided fractional integrals of a function f with respect to another
function, here g () =Inz on [a,b], 0 < a < b < .

Above f is a Lebesgue measurable function from (a,b) into R, such that
(72, (D) @), (2 (IF]) (@) € R, ¥ @ € (a,b).

We make

Remark 43 Let (fi4, foi, ), ¢ = 1,...,m, and (Jg‘jrfji), j = 1,2, all as in
Definition 42.

Assume 0 < fo; (y) < o0, a.e., i =1,...,m.

Let j € {1,...,m} be fized.
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Assume that the function

u () (ﬁ fai (y)> X(a,0) () In (%) (i ai> h

i=1

x — — (127)

o (fe) fiomm)

i=1

is integrable on (a,b), for each y € (a,b).
Define v9, on (a,b) by

(ﬁf% (y)) i) (1 (2 <Z>’"
B 0 RSETE)
ym (HF (ai)) ! H (J51 fai) ()

de < oo,  (128)

i=1
Here @, : Ry — R4, i =1,...,m, are convex and increasing functions.

Theorem 44 Here all are as in Remark 43. It holds

/ H o, ( { (1) (@)

1 (f2i)) ()
flz Y b
[/ () (1
iF£j
under the assumptions:

(i) }C; EZ) ( f“(y)D are both — Xen® —f2i (y) dy -integrable, a.e.

) dz < (129)

f2i(y) yF(ai)(ln(%))
inx € (a,b),
(i) 1%, () (| 2243 ) 5 ond @ (|£63]) for ¢ € {11ccsm} = ) are
integrable.

Proof. By Theorem 39. m
We make

Remark 45 Let (f14, foi, @), @ = 1,...,m, and (Jg"_ifji), j =12, all as in
Definition 42.

Assume 0 < fa; (y) < 00, a.e., i=1,...,m.

Let j € {1,...,m} be fized.
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Suppose that the function

<Hf2z ) X ( )m(g)(iai)m

() s-)

is integrable on (a,b), for each y € (a,b).
Define 79, on (a,b) by

G e

79, () = —=L / |

1T () LI (75 (£20)) (@)

i=1
Here ®; : R, — Ry, i =1,...,m, are convex and increasing functions.

(130)

dz < oo, (131)

Theorem 46 Here all as in Remark 45. It holds

/ f[ ( m ) dx < (132)
[T/ o (o) ([ () wom)
i#]

under the assumptwns
J1i(y) f1i(y)
(i) 243, @ (|2

) are both %y)lafg, (y)dy -integrable, a.e.

fai(y) yT(a;)(In( L))~
inz € (a,b),
(ii) 79, (y) ®; ( ﬁjg% ) ; and ®; ( o (y) ) fori e {1,...m} — {j} are all
integrable.

Proof. By Theorem 41. m

Corollary 47 (to Theorem 44) It holds

- (J:j_(fu))(l)

b Z (7% (Far) ) (o

dz < (133)

f1i (J)| b i)
H/ R | dy / 20 |49 (y) dy

i=174a

i#]
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under the assumptions:

f1:(y)
(i) %1%, e‘f;w)) are both ()= TETH’”( (y)))l — f2: (y) dy -integrable, a.e. in x €
a,b
( ) 15 ()

(i) 75 () €l 2

Corollary 48 (to Theorem 46) Let p; > 1. It holds

f1:(w)
; and e| Faio) , fori e {l,....,m} —{j} are all integrable.

Ja’ ) DPi
/ H *;; f1)) (@) 7 4, (134)
i | (5 (fai) ()
m b D
(y) fii )7
dy |,
H/ f21 y (/a f2j (y) ’}/m (y) Yy
under the assumptwns
(i) ;; Z; 18 Wﬁt( )dy -integrable, a.e. in x € (a,b),
W) Vi, (Y) | 7 ;and | £ ori € {1,....,m}—{j} are all integrable.
b ) | J [ ana | 223]" 5 W integrabi

3 Appendix
In this work we used a lot the following

Proposition 49 Let f : [0,00) — R be conver and increasing. Then f is
continuous on [0, 00).

Proof. Fact: f is continuous on (0, c0), it is known. We want to prove that
f is continuous at x = 0. Let v > 0 be fixed. Consider the line (I) through
(0, f£(0)) and (v, f (v)). It has slope M > 0, and equation y = I (z) =
(M) x4 f(0). We can always pick up v : f (v) > f(0), otherwise if for
all v > 01t is f (v) = f(0), we have the trivial case of continuity.

By convexity of f we have that for any 0 < = < v, it is f(x) < (=),

equivalently,
rw < (L0 0,

v

Oéf(x)f(O)S(M>z;

here (M) > 0.
Let  — 0, then f(z) — f(0) — 0. That is lirrbf () = f(0), proving

continuity of f at x =0. m

equivalently,

34
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Abstract

Here we present Ly, p > 1, integral inequalities for convex and in-
creasing functions applied to products of ratios of functions and other
important mixtures. As applications we derive a wide range of fractional
inequalities of Hardy type. They involve the left and right Erdélyi-Kober
fractional integrals and left and right mixed Riemann-Liouville fractional
multiple integrals. Also we give inequalities for Riemann-Liouville, Ca-
puto, Canavati radial fractional derivatives. Some inequalities are of ex-
ponential type.
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Key words and phrases: integral operator, mixed fractional integral,
radial fractional derivative, Erdélyi-Kober fractional integral, Hardy fractional
inequality.

1 Introduction

Let (Q1,%1, 17) and (Qg, Yo, o) be measure spaces with positive o-finite mea-
sures, and let k; : 1 x Qo — R be nonnegative measurable functions, k; (z,-)
measurable on €y and

Ki@) = [ Ki(.9)di (), forany o € 9, &

i =1,...,m. We assume that K; (z) > 0 a.e. on {2, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions g; : 7 — R with the representation

gi () = /Q ki (29) fi (v) dsg (). @)
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where f; : 29 — R are measurable functions, ¢ = 1,...,m.
Here u stands for a weight function on 2.
In [3] we proved the following general result.

Theorem 1 Assume that the functions (1 =1,2,...m e N) x — (u (x) L”’f)
are integrable on 1, for each fized y € Qly. Define u; on Qs by

W) = [ u@ ‘“;é””(f))dul (2) < oo. 3)

m

Letp; > 1: Z p%_ = 1. Let the functions ®; : Ry — Ry, 1 =1,...,m, be convex
i=1

and increasing. Then

/Qlu(x)H@(

i=1

gi (z)
K; ()

)i o) < (1)

f ( / @) (1 0))" dr (y)) g 7

for all measurable functions, f;: Qs — R (1 =1,...,m) such that

(1) fi,®; (|f:))P" are both k; (z,y)dps, (y) -integrable, p, -a.e. in x € Q,
1=1,...,m,

(ii) w;®; (| fi|)*" is py -integrable, i = 1,...,m,

and for all corresponding functions g; (i =1,...,m) given by (2).

Here R* := RU {#o0}. Let ¢ : R*2 — R* be a Borel measurable function.
Let f14, foi : Q2 — R be measurable functions, i = 1,...,m.

The function ¢ (f1; (y), f2i (y)), y € Qa, @ = 1,...,m, is Jg-measurable. In
this article we assume that 0 < ¢ (f1; (y), f2i (v)) < 00, ae., i =1,...,m.

‘We consider i (o)
i \Y
f3i (y) == - )
W= S W) f )
i=1,...,m, y € Qg, which is a measurable function.
‘We also consider here

ki (z,y) = ki (z,9) ¢ (f1i (), f2i (V) , (6)

y € Q9,4 =1, ..., m, which is a nonnegative a.e. measurable function on €2y x (5.
We have that &} (z,-) is measurable on Qq, i =1,...,m.
Denote by

()

K} () = / K (2, y) dus () (7)

_ /Q ki (2,9) @ (fui (0) » foi (9)) dpsg (), i =1,...,m.
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We assume that K} (z) > 0, a.e. on ;.
So here the function

gri (x) = / i (229) fus () dpss (3)

_ ‘ ‘ ‘ f1i (y)
-/ (o) o () S () (gp i (y))) dyiy (1)

= [ K@) i) i), i =1 (5)
A typical example is when
@ (fri (W), foi (¥) = fai (y), i=1,...m, y € Qs. ()

In that case we have that

_ J1i (y)
fai (y)’

The latter case was studied in [6], for m = 1, which is an article with interesting

f3i (v)

i=1,...m, y€ Q. (10)

ideas however containing several mistakes.
In the special case (10) we get that

K7 (2) = gai (2) ::/ ki(2,y) f2i () dpps (y), i =1,0m. (1)

Q2

In this article we get first general L,, p > 1, results by applying Theorem 1
for (fsi, g1i), ¢ = 1,...,m, and on other various important settings, then we give
wide related application to Fractional Calculus.

2 Main Results

We present
Theorem 2 Assume that the functions (i=1,...,m € N)

ki (z,y) o (f1i (), f2i (y))
v (uw K7 (x) )

are integrable on 1, for each fixred y € Qy. Define u; on Qy by

)= (s ) Fa ) | o) S

duq (x) < o0, (12)

a.e. on .
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m
Let p; > 1 Zpi = 1. Let the functions ®; : Ry — Ry, i =1,...,m, be
i=1
convex and increasing. Then

ﬁmwg (13)

ii([¥“3@)6m(wcﬁfi%%i@»>>md“””)é’

under the assumptions
e Di
) (sortioom ) & (artsiiam ) are both ks o) 0 (s () i ()
dpsy (y) -integrable, uy -a.e. in x € Qy,

) pi . .
(i) ul (y) ®; (%) is po -integrable, i =1,...,m.

In the special case of (9), (10), (11) we derive

Theorem 3 Here 0 < fo; (y) < 00, a.e., i = 1,...,m. Assume that the functions

(i=1,..,meN)
- (U(ff) ki (x,y) fo (y)>
92i (2)
are integrable on Qq, for each fired y € Qa; with go; () > 0, a.e. on ;.
Define 1, on Qg by

0= o) [ w(o) B @Y 4 (2) < oo, (14)

N g2i ()
a.e. on .
Let p; > 1 Zpi = 1. Let the functions ®; : Ry — Ry, i =1,....,m, be

i=1
convex and increasing. Then

el (12

ﬁ(%wu 1

=1

gu €
922 LU

ﬁmms (15)

) dpy (y)> " )

flz (y)
fai (y)

under the assumptions:

, pi ‘
(i) g‘g ( 218% ) are both k; (x,y) fai (y) dpo (y) -integrable, p, -a.e.
mzx € Q,
, Pi
(i) ¥; (y) ; ( ;;’E‘Zg ) is po-integrable, i = 1,...,m.
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Next we consider the case of ¢ (s;,t;) = |a1;s; + ag;t;|”, where r € R; s;,t; €
R*; ay;,a2; € R, i =1,...,m. We assume here that

0 < layifri (y) + azifai (y)|" < o0, (16)

ae,t=1,....,m.
We further assume that

K} (z) ::/Q ki (2, y) lari fri (v) + azifoi (9)|" dps (y) > 0, (17)

a.e.ony,i=1,....,m.
Here we have

_ f1i ()
lavi fri (y) + azif2i (y)|"

J3i (y)

i=1,...m,y € Q.
Denote by

E; (x,y) = ki (z,y) |a1i fri () + azifos ()] (19)

1=1,...,m.
By Theorem 2 we obtain

Theorem 4 Assume that the functions (i =1,....,m € N)

ki (z,y) |a1ifi(y) + a2 fa (y)|r>
K} (z)

- <u ()

are integrable on Q1, for each fived y € Q. Define uf on Qs by

W) = ansfu )+ azfor ) [ w(@) D g 1) <0 (20)

a.e. on §s.
m
Let p; > 1: Zpl = 1. Let the functions ®; : Ry — Ry, ¢ =1,....m, be
i=1
convex and increasing. Then

J el (2

1=

) diy () < (21)

m

([ 70 (2 (G s <y>>f>>m i ) "

i=1 2

under the assumptions:

- f1:(®) , fri(w) P
(i) (|(111:f1i(3/)+az11f2i(3/)\7‘) > i ( (avifri(y)+azif2i(y))" ) are both
ki (z,y) la1ifii (y) + azifoi (Y)|" dpa (y) -integrable, py -a.e. in x € Q,

(”) Uy (y) (q)l (’ ((lefli(y)l-‘,-ag,,‘,fzi(y))T

P
)) 1S o -integrable, i =1, ..., m.
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In Theorem 4 of great interest is the case of r € Z — {0} and a1; = ag; = 1,
alli=1,....m;ora;; =1,a9 =—1,alli=1,...,m.

Another interesting case arises when

@ (f1i (U) f2i (1) = fui )" [f2: ()] (22)
i =1, ...m, where 11,75 € R. We assume that
0 < |fi (W)™ |f2i ()] < 00, ace., i =1,...,m. (23)
In this case
fsi (y) = £ (v) (24)

| fri (Z/)|T1 | fai (y)|T27

i=1,...m, y € Qs also

K () = ks (29) 1= ks (29) Lo )™ s ()7 (25)
(VRS QQ, = 1,...,m.
‘We have
K@) =5, @)= [ B W)l 1 d ), (29
1=1,...,m.

We assume that K; > 0, a.e. on €.
By Theorem 2 we derive

Theorem 5 Assume that the functions (i =1,...,m € N)

o (u () B @) i I I (ywz)

K;i (z)

are integrable on 1y, for each fized y € Qz. Define uy; on Qs by

)= L W 1 )1 [ wo) @) 4 @) <o (2D)

oN) K;i (z)
a.e. on §s.
Let p; > 1: Zpl = 1. Let the functions ®; : Ry — Ry, ¢ =1,....m, be
i=1

1=
convex and increasing. Then

m g1 (ZE)
[, 1l ( e ) s (2) < (28)
6
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m 1—r Pi %
. Lfu ()l '
Ups W) | @i | dpy () |
E (/92 P ( ( | f2i (9)[ ?
under the assumptions:
(i) ( f1i(y) ) ((I" (\fu(y)llfﬁ))pi are both
[fri@)I™  f2i ()72 ) P [f2a ()72
ki (2,y) | fui ()] [f2i (9)| dpy (Zé) -integrable, pu; -a.e. in x € (N,
ok ()T i . .
(i) uy; (y) (<I>,» (%)) is po -integrable, i =1,...,m.
In Theorem 5 of interest will be the case of 11 =1—n, ro = —n,n € N. In

that case | f1; ()"~ | fas ()| 7™ = | f1i () fai ()", ete.
Next we apply Theorem 2 for specific convex functions.

Theorem 6 Assume that the functions (i =1,...,m € N)

ki (z,y) ¢ (f1i (y) 5 f2i (y))
T (u (z) K7 (@) )

are integrable on 1, for each fixred y € Qa. Define u; on Qg by

6 )= 2 (s ) S ) [ i) S ) <o 29)

(951

a.e. on §o.
Letpi>1:2%:1. Then
i=1

m

91i(x)

> |l
/Q w@e = (@) < (30)

H / u (y) [ e 720 | dp, (y) ;
i=1 \/

under the assumptions:
pilf1i(v)]

(i) Sy, e 00 are both ki (2,y) @ (fui (y), foi () dpaa (1)

-integrable, 11, -a.e. in x € €y,
pi|f15 ()]
(i) u} (y) e?U1i@)f20) sy, -integrable, i = 1, ...,m.

Theorem 7 Assume that the functions (i=1,...,m € N)

ki (z,y) ¢ (f1i (y) s f2i (y))

are integrable on Q1, for each fixred y € Qs. Define u; on Qs by

6 0= 2 (s ) S ) [ i) S @) <o a1)
7
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a.e. on Qq. Let p; > I:Zi =1,5,>1i=1,.,m.

Then

dpy () < (32)

1 * | f1: (v)] pif; B
zl;[l </92 e <%0(fli (), fai (y))) o (y)> :

under the assumptions:

. 1i (% 10 pif;
(i) (go(fu{y’ff')zi(y)))’ (go<f1‘i{y>(,%li<y>>) are both ki (z,y) ¢ (f1i (y) , f2i (v))
dugy (y) -integrable, pq -a.e. in x € Oy,

) ok [f1i ()] pifi int ble. i = 1
(i) uf (y) o) Forla)) is po -integrable, i =1,...,m.

We continue as follows:
Choosing r1 = 0,7y = —1,i = 1,...,m, on (22) we have that

o (fi (v), f2i () = | fai ()| (33)
We assume that

0<|fas ()| " < o0, ae,i=1,..m, (34)

equivalently,
0 < |f2(y)] < o0, ae,i=1,..,m. (35)

In this case
f3i = f1i (y) [ fai (W), (36)

1=1,....,m, y € s, also it is

ki (z,y) = k% (z,y) == , 37
i (@ 9) =K (29) = 18 7 (31)

(VRS QQ, 1= 1,...,m.
We have that

— ki (z,y)
K*ix:K*ix::/ 1o (Y) 38
1=1,...,m.

We assume that T;(x) >0, a.e. on Q.
By Theorem 5 we obtain
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Corollary 8 Assume that the functions (i=1,..,m € N)

. (u(m) ki (2,) | o <y>‘1>

K;i (z)
are integrable on 21, for each fized y € Qy. Define w;‘n- on Q9 by
* — ki x,Yy
U ) = s 7 [ ) Dy (1) < v, (39)
931 sz ({E)

a.e. on §s.
Let p; > 1: Zpi = 1. Let the functions ®; : Ry — Ry, i =1,....,m, be
=1

1=
convex and increasing. Then

/u<x>H<1><

T ([, 5 0 0050 ) s D )

91 (%)
K;i (z)

) dpy () < (40)

under the assumptions:
(i) i () fai () (@3 (|fri (y) Fi (W)))" are both ki (z,y) | fai ()| ™" dpia (y)

-integrable, pu, -a.e. in x € 4,
(i) Pi () (P3 (| f1i (y) fai (Y)]))*" is py -integrable, i =1, ...,m.

To keep exposition short, in the next big part of this article we give only
applications of Theorem 3 to Fractional Calculus. We need the following:

Let a < b, a,b € R. By CV ([a,b]), we denote the space of all functions
on [a, b] which have continuous derivatives up to order N, and AC ([a, b)) is the
space of all absolutely continuous functions on [a,b]. By ACY ([a,b]), we denote
the space of all functions g with g¥=1) € AC ([a,b]). For any o € R, we denote
by [a] the integral part of « (the integer k satisfying k < o < k + 1), and [«
is the ceiling of & (min{n € N, n > a}). By L; (a,b), we denote the space of all
functions integrable on the interval (a, b), and by Lo, (a, b) the set of all functions
measurable and essentially bounded on (a,b). Clearly, Lo, (a,b) C Ly (a,b) .

We need

Definition 9 (/9]) Let (a,b), 0 < a < b < o0; a,0 > 0. We consider the left
and right-sided fractional integrals of order o as follows:
1) for n > —1, we define

ox—oletn /7“ tonrte=1f (t) dt

(Ing;U,nf) (z) = T () (27 — to—)lfa ’ (41)
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2) for n > 0, we define

(o) 0= o [ (t:_a FE (12)

These are the Erdélyi-Kober type fractional integrals.
We make
Remark 10 Regarding (41) we have all

O.x—a(oc+7]) ont+o—1

ki(z,y) =k (2,y) == ——7~X(aa] V) ———1=a" (43)
I' () (a.a] (27 — yo)!
x,y € (a,b), x stands for the characteristic function.
In this case
gri (x) = (IS .0 f10) (2 / ki (x,y) fri (y) dy, (44)
and .
92i (17) - (I((zx—i-;a,nfm) (LE) = / k1 (xvy) f2i (y) dya (45)
t1=1,...m
We assume (I3, ,f2) (z) > 0, a.e. on (a,b), and 0 < fo; (y) < o0, a.e.,
1=1,...,m
We also make
Remark 11 Regarding (42) we have all
oxon ya(l—n—a)—l
ki(z,y) =Fka(z,Y) '= =—=—Xa — 46
(z,y) = ka2 (z,y) T (o) Xle) (y) (7 2oy (46)
z,y € (a,b).
In this case
b
913 0) = (o 0f15) @) = [ 2 (9) fi ) (47)
a
and
921 (2) = (I ) / ks (2,9) fos () dy, (48)
1=1,...m
We assume ( b Unfm) () > 0, a.e. on (a,b), and 0 < fo; (y) < 00, a.e.,
t1=1,...m

10
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Next we apply Theorem 3.

Theorem 12 Here all as in Remark 10. Assume that the functions (i =
1,..,meN)

RN u (l') O'J,‘_”(O"H]) w
(e 0 )

are integrable on (a,b), for each fired y € (a,b).
Define ¢; on (a,b) by

. ont+o—1 b —o(a+n) oya—1
Ui (y) = —Of”(?y / w(e) T Y " <o, (49)
(Ot) Y (IaJr o, nf22) ((13)
a.e. on (a,b). Let p; > 1 : p7 = 1. Let the functions ®; : Ry — Ry,

i=1

1 =1,...,m, be conver and increasing. Then
e (s fi) @)]
u(z) || @ atio,n dx < (50)
R ( (o) (@)

f{(fﬁ(y)@ (%)pdy>

under the assumptions:
o(a+n) onto—1

. Pi _
(i) 228, @ (|2208])" are both =50y () Gy foi (w) dy -
integrable, a.e. in x € (a,b),

(i) vt ()@ (| 222

J2i(y)
Corollary 13 (to Theorem 12) It holds

Pi
) 18 integrable, i = 1,...,m.

C Sl
/ ( & f21‘,)(1)
a

U(I)Eizl Ia+;<7,71

dx < (51)

1

ML b pilf1i(W)| P
(ot e )"
i=1 a

under the assumptions:

i Di oz~ et ont+o— o oya—1
(Z) ﬁ 8)7 € are both W)nx(a,x] (y) Yy ol (x ) )a foi (y)

dy -integrable, a.e. in x € (a,b),
f15(®)
(ii) ¥ (y) "

f2j<y> is integrable, i =1,...,m.

Ff1i(yv)
i(y)

11
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Corollary 14 (to Theorem 12) Let 5, > 1,i=1,...,m. It holds

m o AN
/Z(@H(’Iﬁ“”"ﬁf()’) d < (52)

Ia+;a,7)f21 (:C)

i=1
/ ot o ()", g
Jai (y) 7
under the assumptwns:
ﬁlh . o_aj—o(a+n) onto—1 ) )

(i) f21(y) 8 T T@ X(ax] (y) me( y)dy -integrable, a.e. in
€ (a,b),

(ii) ¥ (y) ;;l(y) is integrable, i = 1, ..., m.

We also give

Theorem 15 Here all as in Remark 11. Assume that the functions (i =
1,..,meN)

i | 0T () oz A ()
( (I;v,;a,,,fgi) (@) W (y* —ao)'" T (a))

are integrable on (a,b), for each fized y € (a,b).
Define ¢; on (a,b) by

oy Ohi )yt 27 (y7 —2°)* ! e s
= SR [ (o)

a.e. on (a,b). Let p; > 1 Zpi = 1. Let the functions ®; : Ry — R4,

1=1,...,m, be convex and mcreasmg Then

/bu o ﬁ > (’(Iz?;a,nf1i> (w)‘> i< (54)

(15 f2i) (@)

o \flz (y)] g
H < fzz (y) ) dy) ’

under the assumptions:

o(1—n—a)-1 _
(i 4 zi, : ( Jl3 )" are both X101y () oy fo () dy integrable,
a.e. in T 6
(i) ¥; (y ) ;;E )D " is integrable, 1 = 1,...,m.

12
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Proof. By Theorem 3. =

Corollary 16 (to Theorem 15) It holds

1

pilF15 )| i
11 /1/) (y)e =00 dy|

i=1

under the assumptions:
(z) fh y) e
a.e. inx 6 (a b),
(ii) ¥; (y) e”
Corollary 17 (to Theorem 15) Let 8; > 1,4 =1,...,m. It holds
Bi
dx < (56)

27 yo(l n—a)—1

f2¢(y)‘ are both Z ( oy Xe. b)( )szl( y) dy -integrable,

i S| .
W) | 4s integrable, i =1, ..., m.

‘Iz?_;g,nfli (x)‘
Iy, ot (@)

([0 (360) ")

under the assumptwns

/ubu(x)f[l

F1:(y) Bipi ] c(l-n—a)—1 ) )
(i) o (z) is Ty X[a.b) (y) me( y) dy -integrable, a.e. in x €
(a,b),
(i) ¥i () | Ju z; ™ i integrable, i = 1,...,m.
We make
N
Remark 18 Let H(ai,bi) CRN, N >1,a <b a;,b; € R. Let a; > 0,
i=1
N
i=1,.,.N; f e L (H (ai,bl-)), and set a = (a1,...,an), b = (b1,...,bn),
i=1

a = (041, ...,OéN), xr = (:L‘l, ...,.Z‘N), t= (tl, ...,tN) .
We define the left mized Riemann-Liouville fractional multiple integral of
order o (see also [7]):

(12, f) (z) = 7/ /TNH i =) T (b e ty) diydi

(57)

13

119



INTEGRAL OPERATOR CONVEXITY INEQUALITIES, G. ANASTASSIOU, U. MEMPHIS, USA

with x; > a;, 1 =1,..., N.
We also define the right mized Riemann-Liouville fractional multiple integral
of order v (see also [5]):

b1 by N
(Il;y,f) (3?) = N 1 / / ]T[(tz —a?i)ai_lf(tl,...,t]v) dtl...dtN,
[Ire™ =

=1
(58)
with x; < b;, 1=1,...,N.
N
Notice IS, (|f]), I¢_ (|f]) are finite if f € Lo (H (ai,bi)> .

i=1
One can rewrite (57) and (58) as follows:
1 N
@ =5 [ xx O[@-t" " rwd (9
HF (o) H(ai,bi) H(ai,aci] i=1
i i=1 i=1
with x; > a;, t=1,..., N,
and
N

(Il?,f) (x) =N 1 /N X N (t) H (ti _ xi)ai_l f (t) n (60)
HF (Oél) H(ai,bi) H[zi,bi) i=1

i=1
=1

with x; < bi, 1 =1, ..., N.
The corresponding k (x,y) for I, , I are

1 al a;—1
kot (z,y) = X v (y)H(wi—yi) B (61)

i=1

N
Vm,ye H(a’ivbi)a
1=1

and

14
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Remark 19 In the case of (57) we choose

915 () = (Ig} fij) (2) (63)

and
925 (x) = (I3 f25) (), (64)

N
Ve H(a“bl)
=1

N
We assume (I, f2;) (x) > 0, a.e. on H (@i, b;), and 0 < fa; (y) < 00, a.e.,

i=1
j=1..,m.
N
Above the functions fij, fo; € L1 (H (ai,bi)>, ji=1,...,m.
i=1
We make

Remark 20 In the case of (58) we choose

915 () = (Ii~ f1;) (2) (65)

and

925 (2) = (If f25) (), (66)
N
Ve H(a“bz)

N
We assume (I f2;) (z) > 0, a.e. on H (ai, b;), and 0 < fa5 (y) < 00, a.e.,

i=1
j=1..,m.
N
Above the functions fij, fo; € L1 (H (ai,bi)>, ji=1,...,m.
i=1
We present

Theorem 21 Here all as in Remark 19. Assume that the functions (j =
1,...,meN)

(ai,x;i] i=1
T — =1
N
(I:zxjth]) (z) H IN(D
i=1
15
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N N
are integrable on H ai,b;), for each fized y € H a;,b;). We define W; on

=1 =1
N
T (os,b0) by

<.
=

a.e.
m

Let p; > 1: Zpi = 1. Let the functions ®; : Ry — Ry, j=1,...,m, be
j=1
convex and increasing. Then
m X T
/N H(I) a+f1j)( )| dz < (68)
a+f2j) (LE)

(ai,by) Jj=1

| [ woe (L))
j=1 H(ai,bi) 25 \Y
i=1
under the assumptions:

0 1t 1

f25(y)

j N
)P.J are both 7)( N (y) H (xi . yi)ozifl
HF(al) H (ai,z;] i=1

i=1

f2j (y) dy -integrable, a.e. in x € H (as, b)),
i=1

‘ P;
(it) W; (y) @, ( %D is integrable, j =1,...,m.

Corollary 22 (to Theorem 21) It holds

Z (e 15) @]
+f27 (T)
N

u () e dz < (69)

m Pj‘flj(!/)‘
H /N W;(y)e =0 dy ,

16
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under the assumptions:

N
X H f2J (y) dy
Hr(ai) H(amL] i=1
i=1

(Z) flj(y p7‘f21(y>‘ are both

i=1
N

-integrable, a.e. in x € H (a;, bi),

=1
f15(¥)

(i) W; (y) e Pi | g integrable, j = 1,...,m.

Corollary 23 (to Theorem 21) Let 3; > 1, j =1,...,m. It holds

(e @]
/N _ v H ( 12 f25 () o= (70)

under the assumptions:

ijf . N i .
(i) | Pl zs+ N <y>H<xi—yi> ! faj (y) dy -integrable,
=1

f2;(y

N
a.e. T E H(aiabi)v
i=1
.. j /6
(”) Wj (y) f1i(y)

f25(y)
We also give

iPi .
18 integrable, j = 1,...,m.

Theorem 24 Here all as in Remark 20. Assume that the functions (j =

1,...,meN)
() fo; (y) X v W [ wi— =)™
[@4,b:) =1
i=1
T — ~
(I3 f25) (@) T T ()
i=1
N N
are integrable on H (as, b)), for each fized y € H (as, b;)
i=1 =1

17
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N
Define M; on H (ai,b;) by

i=1

u(xlw"awN) (yl _xi)ai71

f25 (y) /y1 /yN 1
M; (y) = ——"— dry..dzy < o0,
3(0) N a an (I f25) (@1, ..., zN) ' N

HF (i)

=

o
Il

(71)
m
Let p; > 1: Zi = 1. Let the functions ®; : R — Ry, 7 =1,....,m, be

j=1
convex and increasing. Then

bl (g)es @

(ai;bi) J=1

I ., e G )

(ab

under the assumptions:

flj (y
(i) 28, @ (

N
X N H *xz i
];[F(ai) g[wmb) =1
N

f2; (y) dy -integrable, a.e. in x € H (@i, b;),
i=1

. pj
2;8;’) " are both 1

) Pj
ngzg D " s integrable, j = 1,...,m.
J

(ii) M () @ (

Corollary 25 (to Theorem 24) It holds

Z' fu”\
/

N u(z)ei=! "o < (73)

pj|f1; ()|
Joo Mwe mb Ty |

18
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under the assumptions:

N
(i) 208, P arevoth x5 — 20" fos )
HF(O@) H[zﬂbl) i=1
i=1 i=1

N
-integrable, a.e. in x € H (a;, bi),
i=1

| F15 ()
(i1) M; (y) ep" f2.7‘(’y>‘ is integrable, j =1, ..., m.
Corollary 26 (to Theorem 24) Let B; =1, j=1,...,m. It holds

bl e

(ai;bs) J=1

H/ M«@('m;')“"dy ,

Jj=1 (a“

under the assumptwns:

. ,3 iPi N ai— .
(i) Fily) J) is—L—x » (y) H (yi — )™ " f2j (y) dy -integrable,

f25(y

N
a.e. inzx € H(ai,bi)a

‘We make

) B;pj
% s integrable, j =1, ...,m.
J

Remark 27 Next we follow [6] and our introduction.

Let (Q1,%1,p1) and (Qa,X2, uy) be measure spaces with positive o-finite
measures, and let k : Q1 X Q9 — R be a nonnegative measurable function,
k (x,-) measurable on Qo and

K@) = [ ko)), for anyoe . (75)
Q2
We assume K (z) > 0, a.e. on 1, and the weight functions are nonnegative

functions on the related set. We consider measurable functions g1,gs : Q1 — R
with the representation

gi () = /Q K (2,9) i (v) dus (4) (76)

19
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where f1, fo : Qo2 — R are measurable, i = 1,2. Here u stands for a weight
function on Q.

The next theorem comes from [6], but it is fixed by us, the terms come from
Remark 27.

Theorem 28 Here 0 < f3(y) < o0, a.e. on Qa, and g2 (x) > 0, a.e. on Q.
Assume that the function

f2(y) k(z,y)

x— u(x) 7 @)

is integrable on Qy, for each fized y € Qs.
Define v on Q9 by

v(y) = f2 (y)/Q wlo)key)

a.e. on .
Let ® : Ry — R be convexr and increasing. Then

/Q1 u(z) P <m> dpq (z) < (78)

[ oo (oo

under the further assumptions:

(i) 28;7 (b( szg; ) are both k(x,y) f2 (y) dus (y) -integrable, py -a.e. in
x € Qh
(it) v (y) @ ( ;;EZ% ) is py-integrable.

Next we deal with the spherical shell

Background 29 We need:

Let N > 2, SN=1:={z € RN : |z| = 1} the unit sphere on RY, where ||
stands for the Euclidean norm in RY. Also denote the ball B (0,R) := {z €
RN : |z| < R} CRY, R > 0, and the spherical shell

A::B(O,RQ)*B(O,RO, 0< Ri < Rs. (79)

For the following see [8, pp. 149-150], and [10, pp. 87-88].
For x € RN — {0} we can write uniquely © = rw, where r = |z| > 0, and
w=2e8N7! |w =1

Clearly here

RY — {0} = (0,00) x SN, (80)
and
A= [R17R2] x SN-L, (81)
20
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We will be using

Theorem 30 [1, p. 322] Let f : A — R be a Lebesgue integrable function.

Then n
/ f(z)dx = / ( f(rw) rN_ldr> dw. (82)
A sy-1 \JR,

So we are able to write an integral on the shell in polar form using the polar
coordinates (r,w) .
We need

Definition 31 [1, p. 458/ Let v >0, n:=[v], a :=v —n, f € C" (A), and A

is a spherical shell. Assume that there exists function 8135::(27) eC (Z), given
by
G fl@) 10 ([ ()
= — —t — =t 83
arv r'l—a«)or </Rl (r=1) arn )’ (83)

wherewez that is * = rw, r € [Ry, Ry, w € SN71.

We call ;7}” the left mdml Canavati-type fractional derivative of f of order
v. Ifv =0, then set —f()

Based on [1, p. 288], and [2] we have

Lemma 32 Let v > 0, m := v >0 n:=[], with0 <~y <v. Let

],
Ok @)

fecr (Z) and there ewists —55— € C(Z), x € A, A a spherical shell.
Further assume that L F1e) _ fa(ljlw) =0,j=mm+1,..n—1,Vwe SN Then

f()

there ea:ists eC (A) such that

Op, f(x)  Op flrw) 1 /” 1 0f f (tw)
orY orY L'(v—-7)

(r—t)r 7!

. St (84)

Vwe SN all Ry <7 < Ry, indeed f (rw) € C?{l ([R1,Rs]), YV we SN-L
‘We make

Remark 33 In the settings and assumptions of Theorem 28 and Lemma 32 we
have

k(r,t) = ki (r,t) == o X ) (r—t)" 7", (85)

’I“,t S [Rl,RQ] .
Let f1, fo as in Lemma 32. Assume dg;uh >0 on A. We take

Op, f1 (rw)
or”Y

g1 (ryw) :==

21
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and 7 f (ro)
R,J2 TW
W) = P2V 87
02 () = 2 (57)
for every (r,w) € [Ry, Ra] x SN~1.
We further assume that gs (r,w) > 0 for every (r,w) € [Ry, Ra] x SN~1.
We choose here u (r,w) = gz (r,w) . Then for a fived w € SN, the function
r o g%fz (t,w) ks (r,t) is continuous, hence integrable on [Ri, Ry], for each
fized t € [Ry1, Ra]. So we have

81/ Ro

v (t) = 8173 fa (tw) /t F(%—'y) (r—t)" " ar (88)
%, (Rt
= o f2 (tw) NOECES)] < 00,

for every t € [Ry1, Rs] .
Let & : Ry — R be convex and increasing. Then by (78) and (88), we get

8?21 fi(rw)

Ro 6’7 f2 (TUJ) orY
R
fo (25) 0| ' | )
orY

Ry

L8 Nl Y oA P
T(w—n+1) Jp or'?" T T2(12) =

orv

0% f1(rw)
(ra—my = oy (PR
Fo—r+D Jo, o2 Frmee |

orv
true V w e SN-1.
Here we have Ry < r < Ry, and R{Vil < pN-1 < Révfl, and R%fN <
=N < RN, So by (89) and rN"1 =N =1, we have

O, fr(rw)
B2 9% fo (rw) oY
RyJ2 N—17. <
»/Rl < orY ) @ 8?21;2(7'“)) " dr - (90)

0% f1(rw)

(Ry — R1)" " [ Ry N=b ks g, e ’ N—1

To 110 \& () | Sy |

P=7+1) \ R m O O, 120)
orv

Hence we get

orY

Ro 3’7
SN—1 Ry orY Ry fa(rw)

orY

81’%1 f1(rw) ‘
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(R R )V_'Y R N-—1 Ro oY ’aﬁlfl(rw)‘

2 2 Ry orv N-1

T(y—~e1) \ 2o S| dr | dw.

Fv—~v+1) <R1> /SNl(Rl 8rl,f2(7“w) (W)r r) W
orv

Using Theorem 30 we obtain

8}11 f] (.L)
orY

O, f2 (x)
I S T e %2)

orY

o, F1(2)

(Re — R1)" 7 (Ry\"' % 1, (2) 0 [zl dz

Ty +1) \Rs Lo o e |
aorv

We have proved the following result.

Theorem 34 Let all and f1, fo as in Lemma 32, v > v > 0. Assume R1f2

>0
and le >0 on A. Let ® : Ry — R be conver and increasing. Then
g, f1(2)
87% f2 (x) orY
L <
/A o 2| e | S (93)
orY
Og, f1(=)
(Ro — Ry)"7 A 1/ 3R1f 7R}W dx
r (V —y+1) R1 orv 0%, f2(x) ’
orv
Corollary 35 (to Theorem 34) It holds
ok J1(2)
or7Y
oY 87, Fa(x)
/ Me A dx < (94)
A orY
'aﬁl f1()
orv
(R2 Rl)y v 8R1 Eéiz(w) .
Tw—v+1) 8r”
Corollary 36 (to Theorem 34) Let p > 1. It holds
a7 )\ |97, z)|?
/ < R, f2 ( )> =, J1 () i < (95)
A orY orY

I, f(x)|”
orv

(R = R (B\N7H( 1 0, N o
Fv—vy+1) R1 87"” '
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Similar results can be produced for the right radial Canavati type fractional
derivative. We omit this treatment.
We make

Remark 37 (from [1], p. 460) Here we denote A\gn () = dx the Lebesgue
measure on RN, N > 2, and by Agn -1 (w) = dw the surface measure on SN=1,
where Bx stands for the Borel class on space X. Define the measure Ry on

((07 OO) 78(0,00)) by
Ry (B) = / N ldr, any B € B(0,00)-
B
Now let F' € L, (A) =1, ([R17R2] X SNil) .
Call
K(F):={we SN"": F(w)¢ Ly ([Ri,Ra], Bir, ra)» Bn)}- (96)
We get, by Fubini’s theorem and [10], pp. 87-88, that
AsN—l (K (F)) - 0

Of course
6(F) == [Ry. Ra) x K (F) C 4,
and
Arv (6 (F)) =0.

Above Agn-1 is defined as follows: let A C SN~1 be a Borel set, and let
A={ru:0<r<lue A} CRY;
we define
Agv-1 (A) == Ng (Z) .
We have that
Agn 1 (SN71) _ a2

the surface area of S™M1.
See also [8, pp. 149-150], [10, pp. 87-88] and [1], p. 320.

Following [1, p. 466] we define the left Riemann-Liouville radial fractional
derivative next.

Definition 38 Let 5 >0, m:= [f]+ 1, F € Ly (A), and A is the spherical
shell. We define

1 a\m pr m—pB—1
3, F (x) oy (&) S, (r=1) F (tw) dt,
To T forwe SN - K (F), (97)
07 for weK (F) s

24
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where x =rw € A, 7 € [R1, Ra], w € SN K (F) as in (96).
If 6 =0, define *6
Op F(z
7}%187"5( ) =F ().
Definition 39 ([1], p. 327) We say that f € L1 (a,w), a < w; a,w € R has
an Lo, left Riemann-Liouville fractional derivative ﬁff (B >0) in [a,w], iff
(1) D fec(aw]), k=1,...,m:=[8]+1;
(2) D27 f € AC ([a,w)); and
(3) bff € Lo (a,w).
Define 52]" = f and ﬁ;éf = I3, f, if 0 < & < 1; here IJ, f is the left
univariate Riemann-Liouville fractional integral of f, see (57).

We need the following representation result.

Theorem 40 ([1, p.831]) Let B > o > 0 and F € Ly (A). Assume that
=8 . —_—

d%f};(i) € Lo (A). Further assume that D'le(rw) takes real values for al-
most all v € [R1, Ra], for each w € SN~1 and for these ‘E[;{IF (Tw)‘ < M; for
some My > 0. For each w € SN=1 — K (F), we assume that F (.w) have an Ls

fractional derivative EQIF (.w) in [R1, Re], and that

Dy "F(Riw) =0, k=1,..,[8+1.

Then
5% F(CE) Y 1 " B—a—1 —3
s = (D F) 00) = gy [ =077 (D) ),
(98)
is true for all x € A; i.e. true for all v € [Ry, Ry and for allw € SV—1.
Here
(D5, F) (w) € AC ([Ry, Ra)), for f—a>1
and
(DR F) (w) € C IRy Ral), for B~ € (0,1),
for all w € SN=1. Furthermore
I, F ()
T e (A
ore € (4)
In particular, it holds
1 " -1 (5P
Fx:Fm:—/ r— )’ (D), F) (tw) dt, 99
(@)= F () = 5 | =07 (D, F) () (99)
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for allr € [Ry, Rs] andw € SN=! — K (F); x = rw, and
F(w) € AC([R1, Ry]), forB=>1

and
F(w) € C([RlvRQ])a fO’I‘ﬁ € (071)7

forallwe SN=1 — K (F).
Similarly to Theorem 34 we obtain

Theorem 41 Let all here and Fy, F5 as in Theorem 40, f > o > 0. Assume

3% F 9% F.
that 0 < =% Z(I) < o0, a.e. on A and Rlarz(m) >0, ae onA. Let®: Ry — R
be convex and increasing. Then

. %, Fi(x)
Op, F2 (2) ore
. o | dz < 100
/A ora RGN (100)
ore
i B, Fi ()
(R2 _ Rl),ﬁ—u & N—l/ 8R1F2 (m)q) orB
I (ﬂ — o+ 1) Rl A 87“6 55;1 Fy(x) ’
orB

under the assumptions: for every w € SN~ we have

"
_ 32 Py (tw)
B Ry 1
. — _ \B-a-
(i) GArATmE B e are both a)X[Rl @) (r—1)
orP orP

wdt integrable in t € [Ry, Ry, a.e. inr € [Ry, Ra],

dﬁlFl(tw)

7/3
F2 tw arf
I, o .
(i) —55 A is integrable in t on [Ry, Ra].
P

Corollary 42 (to Theorem /1) It holds

|5%1F1(w)

2Ry 1)

9% F % R

/ Op P2 (2) TRy < (101)

A a’l"a
l5§1F1<m>
arB
(Ra— R)”™ (R, Nl/ O, P () Ty e i,
T (ﬂ —a+ 1) Rl A 87"6
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under the assumptions: for every w € SN~ we have

55;1 Fy (tw)
or
_ =3
3%1 Fy (tw) aRlaFZ(tW) 5 L% Fa(tw)
; arB r 1 _ —o— Ry _
(i) i € are both ==y X(R, ] t)(r—1t) s —dl
1
orB
integrable in t € [Ry, Ra], a.e. inr € [Ry, Ra],
5%1 Fy (tw)
orP
- 5%1 Fy (tw)
..y O, F2(tw) arB .. .
(ii) —55—e is integrable in t on [R1, Ro].

Corollary 43 (to Theorem 41) Let p > 1. It holds

(%)

—a 1 = 1-p
e ()L ()

p
d < (102)

O, Fi (z)
ore

— P
O F (2)

dx,
orP
under the assumptions: for every w € SV =1 we have
32 Fia) |\ P
Ry'1 5
) orB . —a—1 OR. Fa(tw) . .
(i) 132 Fatmr| (2] 7p([31_a)x[317,~] ) (r— t)ﬂ “ 7Rlar2ﬁ dt-integrable in
167"5
t e [Rl,Rg], a.e. mreE [Rl,RQ],
(35, Patw) 1-p o R | ,
(ii) | |57 —L——| s integrable in t on [Ri, Ry].

We also need (see [1], p. 421).

Definition 44 Let F: A — R, v >0, n:= [v] such that F (.w) € AC™ ([R1, Ra]),
for allw € SN1,
We call the left Caputo radial fractional derivative the following function

O/p, F () 1 " n—v_1 O"F (tw)
87‘” = T (n — y) /Rl (7" — t) Wdt, (103)
where x € A, i.e. x =rw, r € [Ry, Ro], w € SV1L.
Clearly

O, F (x)
Enl ) P, (104)

o, F v
*Réry(x) _9 ;;5“””), ifveN. (105)
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Above function (103) exists almost everywhere for = € A, see [1], p. 422.
We mention the following fundamental representation result (see [1], p. 422-
423, [2] and [4]).

Theorem 45 Let 3> a>0,n:=[B], m:=[a], F: A — R with F € Ly (A).

Assume that F (w) € AC™ ([Ry, Ry]), for all w € SN~ and that 317(“) €

o (R1, Ry) for all w € SN—1L.

ﬁ F
Further assume that *Ral B(m) € Ly (A). More precisely, for these r €

[R1, Ra], for each w € SN~ for which DleF(rw) takes real values, there
exists M7 > 0 such that ‘D’B (Tw)‘ < M;.

We suppose that M =0,j=m,m+1,..,n—1; for every w € SN~L.
Then
oo F(x) 1 " o
xRy —_ Do _ _ p\B-a-1 B
ora DZg F (rw) TG-a /R1 (r—t) (D*RIF) (tw) dt,
(106)
validV © € A; i.e. trueV r € [Ry, Ry] and ¥ w € SV~ a > 0.
Here
‘rF (w) € C([Ry, Ra),
Vwe SVl a>0.
Furthermore
MEL (A), >0 (107)
are o ’ '
In particular, it holds
F2) = F(rw) = —— / (r—)°! (DfR F) (tw) dt, (108)
I'(8) Jr, !
true ¥ x € A; i.e. trueV r € [Ry, Ry] and ¥V w € SN71, and
F(w)€C([Ry,Rs]), YweSNL (109)

Similarly to Theorem 34 we obtain

Theorem 46 Let all here and Fy, Fy as in Theorem 45, 8 > a > 0. Assume

8° T T
that0<m172() LZ)()>O a.e. on A. Let ®: R, —

R be convex cmd increasing. Then

< 00, a.e. on A and

N

«R, L2\ L ore

/A gre Y| T mm | S (110)
ore
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delFl(;c)
(Ro— R (R\™! / 0o, Py @127 1
I(B-—a+1) \R; 4 OrP ) ’
Oen Fo)

under the assumptions: for every w € SN~ we have

B w
afR Fy (tw) 6*1‘%6717;(”
2B " 1 _ p\B-a-1
(i) of, L Fa(tw) o 00, Fa(tw) are both T(B—a) X[R1.r] (t)(r—1)
673 orB
0., Fa(tw)

dt-integrable in t € [Ry, Ry], a.e. inr € [R1, Ra],

orP
alepluw)
) Ony Falte) o orP s intearable in t on [Re. R
(i) =55 B o) is integrable in t on [R1, Rs).
0B

Corollary 47 (to Theorem 46) It holds

OSRI Fyp(x)
0% Fy (w 7R, Fa(@)
/ *Rli()e gro— dx < (111)
A 37‘0“
3fR1 Fy(x)
L
_ - B e
(RQ*Rl)ﬂ @ Ry N-1 aleFQ(x) B*Rlil;z(z) d
_ e —€ ar "
I'B—a+1) \ R A orP ’
under the assumptions: for every w € SN~1 we have
ale F (tw)
orF
0P Fy(tw) aleFﬂ‘“’) "
o Ehatata B —a—1 9 g, Fa(tw)
0B orf 1 _ p\B—a—19pg I2
(i) T e e are both TG—ay X[R1 7] t)(r—1t) -
or8
dt-integrable in t € [Ry, Rg)], a.e. inr € [R1, Ra],
ale Fy (tw)
ey T
. ale Fo (tw)
Fs(t e | .
(1) *Rlari( el is integrable in t on [R1, Ra].

We finish with

Corollary 48 (to Theorem 46) Let p > 1. It holds

/ (8331& (m))”
A e
Fis () ()

29

8SR1F1 () b

<
5ra dz < (112)

8fR1F1 (z) :

orp du

)
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under the assumptions: for every w € SN~ we have

ale Fte) |\ P
™ a1 0%, Fa(tw)
. ) 8 100, Fp .
(7/) ’W 18 mX[RI;T] (t) (T — t) * RlaTdt—ZﬂtegTable

orP

int € [Ry, Ry, a.e. inr € [Ry, Ro],

1—
(0%, Pa(tw) Plog, Fiew) |”
(i) s — - —

L5 is integrable in t on [R1, Rs].

References

[1] G.A. Anastassiou, Fractional Differentiation Inequalities, Research Mono-
graph, Springer, New York, 2009.

[2] G.A. Anastassiou, Fractional Representation formulae and right fractional
inequalities, Mathematical and Computer Modelling, 54(11-12) (2011),
3098-3115.

[3] G.A. Anastassiou, Fractional Integral Inequalities involving convexity, sub-
mitted, 2012.

[4] M. Andric, J.E. Pecaric, I. Peric, Composition identities for the Caputo
fractional derivatives and applications to Opial-type inequalities, submitted,
2012.

[5] S. Igbal, K. Krulic and J. Pecaric, On an inequality of H.G. Hardy, J. of
Inequalities and Applications, Volume 2010, Article ID 264347, 23 pages.

[6] S. Igbal, K. Krulic, J. Pecaric, On an inequality for convex functions with
some applications on fractional derivatives and fractional integrals, Journal
of Mathematical Inequalities, Vol. 5, No. 2 (2011), 219-230.

[7] T. Mamatov, S. Samko, Mized fractional integration operators in mized
weighted Holder spaces, Fractional Calculus and Applied Analysis, Vol. 13,
No. 3(2010), 245-259.

[8] W. Rudin, Real and Complex Analysis, International Student Edition, Mc
Graw Hill, London, New York, 1970.

[9] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integral and Deriv-
atives: Theory and Applications, Gordon and Breach Science Publishers,
Yverdon, Switzerland, 1993.

[10] D. Stroock, A Concise Introduction to the Theory of Integration, Third
Edition, Birkhduser, Boston, Basel, Berlin, 1999.

30

136



	ANASTAS--AMAT-12--PROCEED--SPRINGER--ART--2--FNL
	ANASTAS-KULENOVIC--60TH--INE--FNL
	ANASTAS--RAT-INE-INT-OPER-CONV--FNL
	ANASTAS--SEPARATING--INE



