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On Neural Network Approximation

George A. Anastassiou (1)

(1) University of Memphis, Memphis, USA, ganastss@memphis.edu

Abstract

Here we present the univariate fractional quantitative approximation of real
valued functions on a compact interval by quasi-interpolation sigmoidal and hy-
perbolic tangent neural network operators. These approximations are derived
by establishing Jackson type inequalities involving the moduli of continuity of
the right and left Caputo fractional derivatives of the engaged function. The
approximations are pointwise and with respect to the uniform norm. The re-
lated feed-forward neural networks are with one hidden layer. Our fractional
approximation results of higher order converge better than the ordinary ones.
We further deal with the determination of the fractional rate of convergence
to the unit of other neural network operators such as Cardaliaguet-Euvrardand
�squashing�operators. We discuss also the multivariate approximation by mul-
tivariate analogs of the above mentioned neural network operators. When op-
erators are normalized results become more elegant. We �nish with related
Voronovskaya asymptotic expansions.

Oktay Duman
Text Box
       Invited Lecture

Oktay Duman
1



Fractional Inequalities Involving Convexity

George A. Anastassiou (1)

(1) University of Memphis, Memphis, USA, ganastss@memphis.edu

Abstract

We present a series of general inequalities for integral operators involving
convexity. As applications of these we derive inequalities involving fractional
Riemann-Liouville integrals and their generalizations, then for three kinds of
basic fractional derivatives and their radial versions in the multivariate case.
Our inequalities engage products of functions and in their right hand side sep-
arate. So we get Hardy and Poincare type fractional inequalities.

Oktay Duman
Text Box
       Invited Lecture

Oktay Duman
2



Open Problems in the Area of Fractional
Calculus and its Applications

Dumitru Baleanu (1);(2)

(1) Cankaya University, Ankara, Turkey, dumitru@cankaya.edu.tr
(2) Institute of Space Sciences, Magurele-Bucharest, Romania

Abstract

Fractional calculus which is as old as the classical calculus has become a
candidate in solving problems of complex systems which appears in various
branches of science and engineering [1-4]. In this talk we discuss some open
problems of this type of calculus in the area of mathematics, physics and bio-
engineering. Several illustrative examples from each branch of investigated �elds
will be given.

References

[1] Samko, S. G., Kilbas, A. A. , Marichev, O. I. ,1993, Fractional Integrals and
Derivatives: Theory and Applications, Gordon and Breach, Yverdon.

[2] Podlubny, I., 1999, Fractional Di¤erential Equations, Academic Press, San Diego.

[3] Magin, R.L., 2006, Fractional Calculus in Bioengineering, Begerll House, CT.

[4] Baleanu, D., Diethelm, K., Scalas, E., Trujillo, J. J., 2012, Fractional Calculus
Models and Numerical Methods, World Scienti�c Publishing, New York.
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The Spectrum of a q-Di¤erence Operator

Martin Bohner (1)

(1) Missouri S&T, Rolla, U.S.A, bohner@mst.edu

Abstract

This talk reports on the three papers [1, 2, 3] related to the spectrum of a
certain q-di¤erence operator. For a number q bigger than one, we consider a q-
di¤erence version of a second-order singular di¤erential operator which depends
on a real parameter. We give three exact parameter intervals in which the
operator is semibounded from above, not semibounded, and semibounded from
below, respectively. We also provide two exact pararameter sets in which the
operator is symmetric and self adjoint, respectively. Our model exhibits a more
complex behaviour than in the classical continuous case but reduces to it when
q approaches one. For values of the parameter for which the di¤erence operator
is self adjoint, we show that the spectrum of the operator is discrete and simple.
When q approaches 1, the spectrum �lls the whole positive or negative semiaxis.

References

[1] M. Bekker, M. Bohner, A. Herega, and H. Voulov. Spectral analysis of a q-
di¤erence operator. J. Phys. A. 43(14):15 pp, 2010.

[2] M. Bekker, M. Bohner, and H. Voulov. A q-di¤erence operator with discrete and
simple spectrum. Methods Funct. Anal. Topology, 17(4):281�294, 2011.

[3] M. Bohner and M. Ünal. Kneser�s theorem in q-calculus. J. Phys. A: Math. Gen.
38(30):6729�6739, 2005.
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Theory and Application of Water Wave Models

Jerry L. Bona (1)

(1) The University of Illinois at Chicago, USA, bona@math.uic.edu

Abstract

The discussion begins with a few historical remarks. Once the context is set,
recent theoretical work on water wave models will be presented. These results
are then used to investigate questions arising in laboratory and eld situations.
As time permits, these will include topics such as tsunami propagation, the
generation of rogue waves and sand bar formation and stability.

Oktay Duman
Text Box
       Invited Lecture
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On a Family of Models in X-ray Dark-Field
Tomography

Weimin Han (1)

(1) University of Iowa, Iowa City, USA, weimin-han@uiowa.edu

Abstract

X-ray mammography is currently the most prevalent imaging modality for
screening and diagnosis of breast cancers. However, its success is limited by
the poor contrast between healthy and diseased tissues in the mammogram. A
potentially prominent imaging modality is based on the signi�cant di¤erence of
x-ray scattering behaviors between tumor and normal tissues. Driven by major
practical needs for better x-ray imaging, exploration into contrast mechanisms
other than attenuation has been active for decades, e.g., in terms of scattering,
which is also known as dark-�eld tomography. In this talk, a theoretical study
is provided for the x-ray dark-�eld tomography (XDT) assuming the spectral
x-ray detection technology.
The radiative transfer equation (RTE) is usually employed to describe the

light propagation within biological medium. It is challenging to solve RTE nu-
merically due to its integro-di¤erential form and high dimension. For highly
forward-peaked media, it is even more di¢ cult to solve RTE since accurate nu-
merical solutions require a high resolution of the direction variable, leading to
prohibitively large amount of computations. For this reason, various approx-
imations of RTE have been proposed in the literature. For XDT, a family of
di¤erential approximations of the RTE is employed to describe the light prop-
agation for highly forward-peaked medium with small but su¢ cient amount of
large-angle scattering. The forward and inverse parameter problems are studied
theoretically and approximated numerically.

Oktay Duman
Text Box
       Invited Lecture

Oktay Duman
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New Results for Genuine
Szász-Mirakjan-Durrmeyer Operators

Margareta Heilmann(1) and Gancho Tachev(2)
(1) University of Wuppertal, Wuppertal, Germany, heilmann@math.uni-wuppertal.de

(2) University of Architecture, So�a, Bulgaria, gtt_fte@uacg.bg
Abstract

We consider a variant of Szász-Mirakjan-Durrmeyer operators preserving lin-
ear functions and can therefore be named as genuine Szász-Mirakjan-Durrmeyer
operators in the same meaning as genuine Bernstein-Durrmeyer and genuine
Baskakov-Durrmeyer operators.
For a function f 2 C[0;1) satisfying an exponential growth condition, i.e.,
jf(t)j � Me�t, t 2 [0;1), for a constant M > 0 and � > 0, the operators eSn,
n > �, are de�ned by

eSn(f; x) = e�nxf(0) + n 1X
k=1

sn;k(x)

Z 1

0

sn;k�1(t)f(t)dt;

where

sn;k(x) =
(nx)k

k!
e�nx; k 2 N0; x 2 [0;1):

Up to our current knowledge these operators were �rst de�ned by R. S. Phillips
and therefore often are called Phillips operators. Among others the operators
were studied by C. P. May [4] and more recently by Z. Finta [3] and Z. Finta and
V. Gupta [2] who proved a strong converse result of type B in the termoinology
of Z. Ditzian and K. G. Ivanov [1].
As main results we will present commutativity properties of the operators as

well as the commutativity with an appropriate di¤erential operator and a strong
converse result of type A in terms of a K-functional with an explicit constant.
Together with a direct theorem this leads to an equivalence result for the error
of approximation and the K-functional and the corresponding Ditzian-Totik
modulus of smoothness, repectively.

Keywords: Genuine Szász-Mirakjan operators, Phillips operators, commutativity
results, strong converse result.
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Weak Filter Convergence for Unbounded
Sequences

Cihan Orhan (1)

(1) Ankara University, Ankara, Turkey, orhan@science.ankara.edu.tr

Abstract

[This talk is based on a joint research with V.Kadets and A.Leonov].
Let H be an in�nite-dimensional separable Hilbert space. It is well known

that the properties of sequences that are �lter convergent in the weak topology
of H di¤er signi�cantly from the properties of the ordinary weakly convergent
sequences. In particular a weakly convergent sequence must be bounded but,
say, a weakly statistically convergent sequence hn 2 H can tend to in�nity in
norm.This e¤ect induces the following natural question:
If a sequence has a weak limit with respect to a given �lter F , how quick

can the norms of the elements in the sequence tend to in�nity?
Of course the answer depends on �lter. In this talk we mostly concentrate our

e¤orts on the statistical convergence �lter and on its direct generalization-the
Erdös-Ulam �lters. Some general results are also given.
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Open Problems in Semi-linear Uniform Spaces

Abdalla Tallafha (1)

(1) University of Jordan, Amman, Jordan, a.tallafha@ju.edu.jo

Abstract

Semi-linear uniform space is a new space de�ned by Tallafha, A and Khalil,
R in [7], the authors studied some cases of best approximation in such spaces,
and gave some open problems in uniform spaces. Besides they de�ned a set
valued map � on X � X and asked two questions about the properties of �:
In 2011, Tallafha [8] de�ned another set valued map �on X �X and give more
properties of semi-linear uniform spaces using the maps �, � and he answered two
of these question. The purpose of this talk is to introduce semi-linear uniform
space. Also we shall gave a lot of open questions concerning this new spaces.

Keywords: Best approximation, Uniform spaces, Semi-linear.

References

[1] Bourbaki; Topologie Générale (General Topology); Paris 1940. ISBN 0-387-19374-
X.

[2] Cohen, L. W. Uniformity properties in a topological space satisfying the �rrst
denumerability postulate, Duke Math. J. 3(1937), 610-615.

[3] Cohen, L. W.; On imbedding a space in a complete space, Duke Math. J. 5(1939),
174-183.

[4] Engelking, R. Outline of General Topology, North-Holand, Amsterdam, 1968.

[5] Graves, L. M. : On the completing of a Housdroxo space, Ann. Math.38 (1937),
61-64

[6] James, I.M. Topological and Uniform Spaces. Undergraduate Texts in Mathe-
matics. Springer-Verlag 1987.

[7] Tallafha, A. and Khalil, R., Best Approximation in Uniformity type spaces. Eu-
ropean Journal of Pure and Applied Mathematics, Vol. 2, No. 2, 2009,(231-238).

[8] Tallafha, A. Some properties of semi-linear uniform spaces. Boletin da sociedade
paranaense de matematica, Vol. 29, No. 2 (2011). 9-14.

[9] Weil A., Sur les espaces a structure uniforme et sur la topologie generale, Act.
Sci. Ind. 551, Paris, 1937

[10] Weil A. ; Sur les espaces à structure uniforme et sur la topologic générale, Paris
1938.

Oktay Duman
9



On Generalized k-Primary Rings

Adil Kadir Jabbar(1) and Chwas Abas Ahmed(2)

(1) University of Sulaimani , Sulaimani, Iraq, adilkj@gmail.com
(2) University of Sulaimani, Sulaimani, Iraq, chwasabbas@yahoo.com

Abstract

The present paper introduces and studies certain types of rings and ideals
such as generalized k-primary rings (resp. generalized k-primary ideals), prin-
cipally generalized k-primary rings (resp. principally generalized k-primary
ideals) and completely generalized k-primary rings (resp. completely gener-
alized k- primary ideals). Some properties of them are obtained and some
characterizations of each type are given.

Keywords: gkp-rings, pgkp-rings, cgkp-rings.
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Fractional Schrödinger operators in
one-dimension

Agapitos N. Hatzinikitas(1)

(1) University of Aegean, Samos, Greece, ahatz@aegean.gr

Abstract

On the separable in�nite dimensional Hilbert space H = L2(R; dx) we
consider the Schrödinger operator Ĥg = K�P̂� + gV̂ where P̂� is the space
fractional Weyl operator, g is a small coupling constant and the potential
V 2 L
+1=�(R); � 2 (1; 2]. We study two problems:

1. The existence and uniqueness of bound states and especially the calcula-
tion of a sharp esimate for the lowest eigenvalue of Ĥg [1].

2. The Lieb-Thirring inequality for the sum of powers of eigenvalues.

For the �rst problem, necessary and su¢ cient conditions for there to be a
ground state for g are given and then applied to study two instructive examples.

Keywords: Fractional Schrödinger operator, Birman-Schwinger representation,
Asymptotic behaviour of ground state, Lieb-Thirring inequality.
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A Hybrid Method for Inverse Scattering
Problem for a Dielectric

Ahmet Altundag(1)

(1) University of Göttingen, Germany, a.altundag@math.uni-goettingen.de

Abstract

The inverse problem under consideration is to reconstruct the shape of a
homogeneous dielectric in�nite cylinder from the far �eld pattern for scattering
of a time-harmonic E-polarized electromagnetic plane wave. We propose an
inverse algorithm that extends the approach suggested by Kress, Serranho [1,2,3]
for the case of the inverse problem for a perfectly conducting scatterer to the
case of penetrable scatter. It is based on a system of nonlinear boundary integral
equations associated with a single-layer potential approach to solve the forward
scattering problem. We present the mathematical foundations of the method
and exhibit its feasibility by numerical examples.
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Solving Second Order Discrete Sturm-Liouville
BVP Using Matrix Pencils

Michael K Wilson(1) and Aihua Li(2)

(1) Wilton, Connecticut, USA, Michael.K.Wilson@nielsen.com
(2) Montclair State University, Montclair, USA, lia@mail.montclair.edu

Abstract

This paper deals with discrete second order Sturm-Liouville Boundary Value
Problems (DSLBVP) where the parameter appears nonlinearly in the bound-
ary conditions. We focus on analyzing the DSLBVP with cubic nonlinearity in
the boundary condition. The problem is described by a matrix equation with
nonlinear variables. By applying the matrix pencil techniques, a DSLBVP can
be viewed as a generalized eigenvalue problem with respect to its coe¢ cient
matrix. Under certain conditions, it can be further reduced to a regular eigen-
value problem so that many existing computational tools can be applied to solve
the problem. The main results of the paper provide the reduction procedure
and methods to identify those cubic DSLBVPs which can be reduced to regular
eigenvalue problems. We also investigate the structure of the coe¢ cient matrix
of a DSLBVP and its e¤ect on the reality of the corresponding eigenvalues.

Keywords: Sturm-Liouville Boundary Value Problem, Eigenvalue, Matrix Pen-
cil.
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On Univalence of a General Integral Operator

Aisha Ahmed Amer(1) and Maslina Darus(2)

(1) University of Kebangsaan Malaysia, Bangi, Malaysia, eamer_80@yahoo.com
(2) University of Kebangsaan Malaysia, Bangi, Malaysia, maslina@ukm.my

Abstract

Problem statement: We introduce and study a general integral operator de-
�ned on the class of normalized analytic functions in the open unit disk.This
operator is motivated by many researchers.With this operator univalence condi-
tions for the normalized analytic function in the open unit disk are obtained.In
deed, the preserving properties of this class are studied, when the integral op-
erator is applied and we present a few conditions of univalency for our integral
operator. The operator is essential to obtain univalence of a certain general
integral operator. Approach: In this paper we discuss some extensions of uni-
valent conditions for an integral operator de�ned by our generalized di¤erential
operator. Several other results are also considered.We will prove in this paper
the univalent conditions for this integral operator on the class of normalized
analytic functions when we make some restrictions about the functions from de-
�nitions. Results: Having the integral operator, some interesting properties of
this class of functions will be obtained. Relevant connections of the results,shall
be presented in the paper.In fact, various other known results are also pointed
out.We also �nd some interesting corollaries on the class of normalized analytic
functions in the open unit disk. Conclusion: Therefore, many interesting re-
sults could be obtained and we also derive some interesting properties of these
classes.We conclude this study with some suggestions for future research,one
direction is to study other classes of analytic functions involving our integral
operator on the class of normalized analytic functions in the open unit disk.

Keywords: Analytic functions; Univalent functions; Derivative operator; Hadamard
product.
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Boundedness of pseudo-di¤erential operator
involving fractional Fourier transform

Akhilesh Prasad(1) and Manish Kumar(2)

(1) Indian School of Mines, Dhanbad, India, apr_bhu@yahoo.com
(2) Banaras Hindu University, Varanasi, India, manish.math.bhu@gmail.com

Abstract

Pseudo-di¤erential operator Aa associated with fractional Fourier transform
involving the symbol a(x; �) is de�ned. An integral representation of pseudo-
di¤erential operatorAa and boundedness of the composition of operators�rx and
Aa are de�ned. An integral operator Aa;� is de�ned and studied its boundedness
property.

Keywords: Pseudo-di¤erential operator, fractional Fourier transform, Sobolev
space.
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On exact values of monotonic random walks
characteristics on lattices

Buslaev A.P.(1) and Tatashev A.G. (2)
(1) Moscow State Automobile and Road Technical University, Moscow, Russia,

apal2006@yandex.ru
(2) Moscow Technical University of Communications and Informatics, Moscow,

Russia, a-tatashev@rambler.ru

Abstract
Tra¢ c �ow models, that are based on cellular automata and monotonic

random walks, are investigated in [1, 2, 3, 4] et al. We consider here a monotonic
random walk of particles on a one dimensional lattice. Jumps of particles can
be occurred in discrete times and are realized with probability depending on
the type of the particle and coordinate of the cell occupied by the particle, i.e.
this particle comes to the cell adjacent to the particle that moves ahead (model
with maximum transitions). Let us describe a stochastic model of particles
movement on a closed sequence of cells. Let the number of cells be equal to
n: The particles move at the discrete times 1; 2; : : : Each cell is occupied by no
more than one particle. There are k types of particles. The number of particles
is equal to m; 1 < m < n: There are ms particles of the type s: Let the i-th
particle be a particle of the s(i)-th type. Suppose that a particle of the s-th
type occupies the i-th cell and there are d empty cells in front of this particle.
Then the particle passes the maximum number of cells with the probability pis;
0 < pis < 1; i.e., it comes to the cell followed the particle ahead at the moment
of moving. Suppose that the numbers n and m are coprime. Let q be the �ow
intensity, i.e., the average number of particles passing through a cell per a time
unit. Denote r = m=n; rs = ms=n: The value r is the particles �ow density.
The value rs is the �ow component composed by particles of the s-th type. We
proved that the following formula is true

q = nr(1� r)
 

nX
i=1

kX
s=1

rs
pis

!�1
:

Thus formula for the �ow intensity has been found.
Keywords: Monotonic random walk, tra¢ c mathematical models.
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Three Algorithms for the Assembly Flowshop
Scheduling Problem

Ali Allahverdi(1) and Harun Aydilek(2)

(1) Kuwait University, Safat, Kuwait, ali.allahverdi@ku.edu.kw
(2) Gulf Univ. for Sci and Tech., Hawally, Kuwait, aydilek.h@gust.edu.kw

Abstract

The two stage assembly �owshop scheduling problem has a lot of applica-
tions, and hence, it has been addressed in the scheduling literature with respect
to di¤erent performance measures such as makespan, total completion time, or
maximum lateness. The performance measure of total tardiness is also impor-
tant in situations where there is a penalty to complete a job beyond its due date,
and the penalty increases as the gap between the job�s due date and its comple-
tion time increases. Such costs may also be penalty costs in contracts, loss of
goodwill, and damaged reputation. To the best of our knowledge, the problem
with the objective of minimizing total tardiness has not been addressed so far,
and hence, it is addressed in this paper. First mathematical formulation of the
problem is presented, and next three algorithms are developed for the problem.
The developed algorithms are; an insertion algorithm, a genetic algorithm, and
a hybrid of the insertion and genetic algorithms. Conducted computational ex-
periments reveal that the overall relative errors of the insertion, genetic, and
hybrid algorithms are 0.516, 6.055, and 0.763, respectively. This clearly indi-
cates that the hybrid algorithm signi�cantly outperforms the genetic algorithm
while the best performing algorithm is the insertion algorithm. Moreover, the
performance of the insertion algorithm remains as the best regardless of the
tightness of due dates of the jobs. This further indicates the strength of the
insertion algorithm.

Keywords: Mathematical formulation, algorithm, scheduling, total tardiness.

Oktay Duman
17



Alzer Inequality for Hilbert Spaces Operators

Ali Morassaei(1) and Farzollah Mirzapour(2)

(1) University of Zanjan, Zanjan, Iran, morassaei@znu.ac.ir
(2) University of Zanjan, Zanjan, Iran, f.mirza@znu.ac.ir

Abstract

In this paper, we give an extension of Alzer inequality for Hilbert space
operators as follows:
Let A1; � � � ; An be n selfadjoint operators on an Hilbert space H such that

0 < Aj � 1
2I, where I is identity operator on H [1, 2]. Also, let An :=

An(A1; � � � ; An) and Gn := Gn(A1; � � � ; An) be arithmetic and geometric means
of A1; � � � ; An [7], and A0n := An(A01; � � � ; A0n) and G0n := Gn(A01; � � � ; A0n) be
arithmetic and geometric means of A01; � � � ; A0n where A0j := I � Aj (j =
1; � � � ; n), respectively. Then we show that

A0n � G0n � An � Gn:

Keywords: operator concavity, selfadjoint operator, arithmetic mean, geometric
mean, harmonic mean.
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Edgeworth Approximation for Some
Distributions in Business And its Application in

the Black-Scholes Option Pricing Model

Ali S. Yousef(1)

(1) Kuwait University, Kuwait, dr.ayousef@aol.com

Abstract

In this paper, we study the Edgeworth second order expansion and its asymp-
totic behavior. The form of the series depends asymptotically on the skewness
and kurtosis of the underlying distribution. We also de�ned its validity region
where the series behaves as a positive de�nite and unimodal probability density
function. We also assume that the underlying population has �nite �rst four
moments. We illustrate with examples these �ndings on four types of continu-
ous distributions that have signi�cant applications in business, economics and
�nance; lognormal, pareto, logistic and chi-squared distributions. Lognormal
distribution is mainly used to describe the calculated returns over a speci�c
period of time. While, Logistic can be used in logistic management or supply
chain management. Pareto distribution is useful in the area of continuous im-
provement and value engineering: A systematic method for analyzing a design,
product, process, project or construction to improve performance and quality,
while reducing the associated costs. Its known that by using Pareto, business
processes can be greatly improved by reducing customer complaints and or-
ganizational problems. In �nance it is useful in improving �nancial planning
and personal time management. In the end, we considered the option pricing
problem in the Black-Scholes model, to estimate the fair price using Edgeworth
second order approximation.

Keywords: Black-Scholes model, Chi-Squared, Edgeworth expansion, Lognormal,
Logistic, Pareto.
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Approximation of small probabilities of the
sums of random number of summands
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Abstract

By

ZN =
NX
j=1

ajXj ; Z0 = 0 (1)

we denote a sum of a random number of summands. Here fX;Xj ; j � 1g is
a family of independent identically distributed random variables (r.vs.) with
variance DX = �2 > 0 and mean EX = � < 1. In this scheme of summation
we have to consider two cases: � 6= 0 and � = 0. In addition, it is assumed that
0 � aj < 1, and a non-negative integer-valued random variable (r.v.) N is
independent of Xj . Random sums (r.s.) (1) appears as models in many applied
problems, for instance, in stochastic processes, queue theory, insurance, �nance
mathematics and is essential in other �elds too.
We consider the standard normal approximation, large deviation theorems in

the Cramer and power Linnik zones, asymptotic expansions for the distribution
density for the sum ~ZN = (ZN �EZN )=(DZN )1=2, exponential inequalities for
the tail probability P( ~ZN � x), under assumptions for the r.v.�s X, TN;1, TN;2
moments and cumulants, respectively. Here TN;r =

PN
j=1 a

r
j ; r 2 N0. We

restrict our attention to the cumulant method, o¤ered by V. Statuleviµcius (see
[1]). In addition, without it the characteristic method is used.
The results are obtained in two cases: � = 0, � 6= 0. Moreover, the instances

of large deviations: a discount version, the case aj � 1, besides, examples
when N is non-negative, obey Poisson, binomial, Bernoulli, negative binomial,
geometric laws are considered. Note that large deviation equalities for r.s. (1)
in the Cramer and power Linnik zones, in the case where � 6= 0 are presented
in our paper [1], and the discount version of large deviations can be found in
[1]. For instance, large deviation theorems in the Cramer zone for r.s. (1), in
the case aj � 1 have been proved in the paper [3].

Keywords: cumulant method, large deviations, random sums.
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New Approach for Multidimensional Scaling
with Categorical Data

Henning Läuter(1) and Ayad M. Ramadan(2)

(1) University of Potsdam, Potsdam, Germany, laeuter@uni-potsdam.de
(2) University of Sulaimani, Sulaimani, Iraq, ayadramadan1971@yahoo.de

Abstract

Multidimensional scaling is the problem of representing n objects geometri-
cally by n points, so that the interpoint distances correspond in some sense to
experimental dissimilarities between objects. In this paper we consider a para-
metric family of multivariate multinomial distributions. We observe realizations
w of W with

w = (h11; :::; hk1; h12; :::; hkL):

Here all frequencies hil are nonnegative, (h1l; :::; hkl) is a realization of Wl with

kX
i=1

hil = ~nl; P(h1l; :::; hkl) =
~nl

h1l! � ::: � hkl!
p1(�; tl)

h1l � ::: � pk(�; tl)hkl :

Here A categorical data is considered , for these data we get a new type of stress
function . The computational results show a good approach with this type of
data.

Keywords: Multidimensional Scaling, Stress Function, Categorical Data.
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Di¤erence scheme of higher accuracy order for
solution of the Dirichlet�s problem1

G.Y. Mehdiyeva(1) and A.Yu. Aliyev(2)

(1) Baku State University, Baku, Azerbaijan, imn_bsu@mail.ru
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Abstract
In present work for numerical solving Dirichlet�s problem for Laplace�s equa-

tion, there is applied di¤erence scheme of higher accuracy order, allowing getting
estimate of the error of order O(h4), only known data take part in this estimate.
Representation of di¤erence problem (�ve-point scheme) solution for Laplace�s

equation on rectangle with aid of discrete analog of Fourier method, suggested
and grounded in [1], is the main tool for creating new economical methods for
�nding its solutions both on whole net domain [2], and on net segments [3].
Let us denote through � a rectangle with vertices (0; 0), (1; 0), (1; b), (0; b),

where b�rational number. Let �-boundary of this rectangle. Let, further �1h =
f(x; y) : x = ih , i = 1; :::; n, y = 0g.
Consider Dirichlet�s problem�

�u = 0 on �;
uj� = f:

(1)

where f �de�ned on � and has �fth derivative on each side of �.
Through �hu denote Laplace�s nine-point di¤erence operator. Through

Q(x; y) denote special polynomial of fourth degree. If we replace boundary
function f with 'h = f � Q, then we receive new problem, for which the esti-
mate error is the same as for our problem. Through 'h denote assigned function
on �1h:

'h =

�
0; on vertixes �;
f �Q; y = 0:

An error of the method is estimated as followed:

ju� uhj � ch4:

Keywords: Di¤erence scheme, equation, solution.
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Fractional Calculs Models in DNA
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Abstract

In this paper we introduce the fractional calculus models in DNA systems
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Abstract

Given a set E and an integer m, a relation of arity m and basis E is an
application of the m-tuple (x1; : : : xm) set in the set of two values + and �.
Digraphs can be considered as binary relations (ie of arity 2). Two relations
R and R0 of arity m and with respectives basis E and E0 are isomorphic if
there exists a bijection f from E to E0 such that for any m-tuple (x1; : : : ; xm)
of elements of E, we have R(x1; : : : xm) = R0(f(x1); : : : ; f(xm)). A relation of
arity m is p-monomorphic if all its restrictions on p elements are isomorphic.
We present some results on the conjecture of Pouzet [1] conserning monomor-

phic relations and homogeneous groups. We expound as well some generalisation
of monomorphy.

Keywords: Binary relations, Digraph, Monomorphy.
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Abstract

In formulating inventory models, two facts of the problem have been of
growing interest, one being the deterioration of items, the other being the vari-
ation in the demand rate. Time-varying demand patterns are usually used to
re�ect sales in di¤erent phases of the product life cycle in the market. The
e¤ect of deterioration of physical goods cannot be disregarded in many inven-
tory systems. Deterioration is de�ned as decay, damage and spoilage. Food
items, photographic �lms, drugs, pharmaceuticals, chemicals, electronic com-
ponents and radioactive substances are some. A deterministic inventory model
for deteriorating item with inversely time dependent of two parameter Weibull
distributions to represent the deterioration rate has been studied in this paper.
Time dependent and stock dependent demand rate separately has been studied
by numerous authors while in this paper considering simultaneously both stock
dependent and time dependent demand rate has been studied. The present
model has been solved analytically to minimize the cost. A numerical example
has been carried out to illustrate the solution procedure.

Keywords: Inventory, Deterioration, Weibull distribution.
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Abstract

In this study, a semi-Markovian random walk process with a generalized
re�ecting barrier is constructed mathematically. Under some weak conditions,
the ergodicity of the process is proved and exact form of the �rst four moments
of the ergodic distribution is obtained. After, the asymptotic expansions of the
moments are established. The coe¢ cients of the asymptotic expansions are ex-
pressed by means of numerical characteristics of a residual waiting time. Finally,
the accuracy of the approximation formulas compared to exact expressions for
the ergodic moments is tested by Monte Carlo simulation method.

Keywords: Gaussian random walk, Re�ecting barrier, Ergodic moments, Resid-
ual waiting time, Approximation formula.
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(1) Gazi University, Ankara, Turkey, bayramcekim@gazi.edu.tr
(2) Gazi University, Ankara, Turkey, eduman@gazi.edu.tr

Abstract

This paper attempts to present a matrix extension of the generalized Jacobi
(g-Jacobi) function which is a solution of fractional Jacobi di¤erential equation.
Various properties of this function are obtained. Furthermore, the fractional
hypergeometric matrix function is introduced as a solution of the matrix gen-
eralization of the fractional Gauss di¤erential equation. Finally, some special
cases are given.

Keywords: g-Jacobi function, fractional derivative, matrix theory, hyperge-
ometric function, Gauss di¤erential equation.
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Abstract

In this paper we introduce a new nonlinear wavelet-based estimator of the
regression function in the right censorship model. An asymptotic expression for
the mean integrated squared error (MISE) of the estimator is obtained to both
continuous and discontinuous curves. It is assumed that the lifetime observa-
tions from a stationary ��mixing sequence.

Keywords: Censored data, Mean integrated squared error, Nonlinear wavelet-
based estimator, Nonparametric regression, Strong mixing condition.
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Abstract

We establish su¢ cient conditions for the existence and uniqueness of solu-
tions for boundary value problem for fractional di¤erential equations. For this
we apply some �xed point theorems.

Keywords: Fractional Caputo derivative, Banach Contraction principle, Leray
Schauder nonlinear alternative.
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Abstract

In this paper we show how the action of the operator �e1e2 of the series
1P
j=0

Sj (A)zj allows us to otain ageneralization of �bonacci numbers and certain

results of Foata and Ramanujan, and other result on Tchebche¤ polynomials of
�rst and second case.

Keywords: Chebyshev polynomials, symmetric functions, Fibonacci numbers.
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Abstract

We study the Stokes equation with high-contrast viscosity coe¢ cient and
this regime corresponds to a small Reynolds number regime because viscosity
is inversely proportional to the Reynolds number. Numerical solution to the
Stokes �ow problems especially with high-contrast variations in viscosity is crit-
ically needed in the computational geodynamics community. One of the main
applications of the high-contrast Stokes equation is the study of earth�s mantle
dynamics.
The high-contrast coe¢ cient creates small eigenvalues which prohibits the

utilization of traditional iterative solvers. In order to overcome solver di¢ cul-
ties, we construct a preconditioner that is robust with respect to contrast size
and mesh size simultaneously based on the preconditioner proposed by Aksoylu
et al. [1]. One of the strengths of our proposed preconditioner is rigorous
justi�cation. The proposed preconditioner was originally designed for the high-
contrast di¤usion equation under �nite element discretization [1]. Rigorous jus-
ti�cation has been obtained through the usage of singular perturbation analysis
(SPA). Aksoylu and Yeter [2] extended the proposed preconditioner from �nite
element discretization to cell-centered �nite volume discretization. Hence, we
have shown that the same preconditioner could be used for di¤erent discretiza-
tions with minimal modi�cation. Furthermore, Aksoylu and Yeter [3] applied
the same family of preconditioners to high-contrast biharmonic plate equation.
Such dramatic extensions rely on the generality of the employed SPA. Therefore,
we have accomplished a desirable preconditioning design goal by using the same
family of preconditioners to solve the elliptic family of PDEs with varying dis-
cretizations. In this article, we aim to bring the same rigorous preconditioning
technology to vector valued problems such as the Stokes equation.

Keywords: Stokes equation, Stokes �ow, high-contrast, high-contrast viscosity,
discontinuous coe¢ cients, Uzawa solver, saddle point problem, singular perturbation
analysis, Schur complement, heterogeneity, viscosity.

References

[1] B. Aksoylu, I. G. Graham, H. Klie, and R. Scheichl. Towards a rigorously justi�ed
algebraic preconditioner for high-contrast di¤usion problems. Comput. Vis. Sci.,
11:319�331, 2008.

[2] B. Aksoylu and Z. Yeter. Robust multigrid preconditioners for cell-centered �nite
volume discretization of the high-contrast di¤usion equation. Comput. Vis. Sci.,
13:229�245, 2010.

[3] B. Aksoylu and Z. Yeter. Robust multigrid preconditioners for the high-contrast
biharmonic plate equation. Numer. Linear Algeb. Appl., 18:733�750, 2011.

Oktay Duman
31



Dynamical Behavior of a Ratio Dependent
Predator-Prey System with Distributed Delay

Canan Çelik Karaaslanl¬(1)
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Abstract

In this study, we consider a predator-prey system with distributed time delay
where the predator dynamics is logistic with the carrying capacity proportional
to prey population. In [1] and [2], we studied the impact of the discrete time
delay on the stability of the model, however in this study, we investigate the
e¤ect of the distributed delay for the same model. By choosing the delay time
� as a bifurcation parameter, we show that Hopf bifurcation can occur as the
delay time � passes some critical values. Using normal form theory and central
manifold argument, we establish the direction and the stability of Hopf bifurca-
tion. Some numerical simulations for justifying the theoretical analysis are also
presented.

Keywords: Predator-prey system, distributed delay, hopf bifurcation, stability.
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Abstract

In finance one of the primary issues is managing risk. Related to this issue
and maybe for hedging, investors are naturally interested in the expected val-
ues of supremum, infimum, maximum gain and maximum loss of risky assets
and the relations between them. Price of a risky asset, stock, can be modeled
using Brownian motion and fractional Brownian motion. In this study, we first
present the marginal and joint distributions of supremum, infimum, maximum
gain and maximum loss of Brownian motion with drift, 0. As an extension of
this work, we provide calculations of the expectations and correlation between
them for Brownian motion with drift. We give results related to these distribu-
tions over various time horizons. We also present numerical studies of Brownian
motion with drift and we collect some conjectures on the relation between max-
imum gain and maximum loss of stock prices. We introduce some bounds on
the expected values and distributions of supremum and of maximum loss of
fractional Brownian motion. We present large deviation results on maximum
loss of fractional Brownian motion, which is also an alternative model of risky
asset to Brownian motion.

Keywords: Brownian motion with drift, Markov Property, Correlation Coeffi-
cient, Fractional Brownian Motion, Self Similarity Property, Hitting Time, Laplace
Transform, Hurst Parameter, Markov’s Inequality, Large Deviations
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Abstract

In this talk, we introduce the statistical convergence of 4-measurable real-
valued functions de�ned on time scales. This convergence method combines
the de�nitions given by Fast [1] for discrete case and Móricz [2] for continuous
case. We obtain some characterizations on statistical convergence and investi-
gate some fundamental properties. Various applications are also presented.

Keywords: Time scales, 4-measurable function, statistical convergence.
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Abstract

In this paper, we describe a Matlab Codes (program) to solves the static
bending of a linear elastic beam. First, we search the exact solution for this
problem. In the next step, we solves a linear elastic 2D beam problem ( plane
stress or strain ) with several element types.

Keywords: Matlab Program, Exact Solution, Finite Di¤erence Method, Approx-
imation Solution.
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Abstract

In this paper, a method for numerical solutions of fuzzy �rst order initial
value problem is presented. We construct and develop nonstandard scheme for
fuzzy di¤erential equations. Examples are given, including nonlinear fuzzy �rst
order di¤erential equations.

Keywords: Fuzzy di¤erential equations, nonstandard �nite di¤erence schemes,
fuzzy numbers, numerical solutions.
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Abstract

In this work, we use the order relation on uniform spaces which is de�ned
by [1] so we present some �xed point results for monotone operators in ordered
uniform spaces using a weak generalized contraction-type assumption.

Keywords: Fixed points, Ordered uniform spaces, Generalized contractions.
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Abstract

In this paper, we propose an algorithm of a interior point methods to solve
a linear complementarity problem (LCP ). The study is based on the trans-
formation of a linear complementarity problem (LCP ) into a convex quadratic
problem, then we use the linearization approach for obtain the simpli�ed prob-
lem of Karmarkar. Theoretical results deduct of those etablished later and the
numerical tests con�rm that the algorithm is robust.

Keywords: Quadratic programming, Convex non linear programming, Interior
point methods.
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Abstract

A time scale is a nonempty closed subset of real numbers. The study of
dynamic equations on time scales is a uni�cation and extension of the theories
of continuous and discrete analysis. It is introduced by Stefan Hilger [11] in
1988. In this talk, some oscillatory criteria for fourth order dynamic equations
on time scales are given. Our main results in this paper are even new in discrete
cases.

Keywords: Oscillation, fourth order, dynamic equations, time scales.
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On Partial Metric Spaces and Some Related
Fixed Point Theorems

Erdal Karap¬nar (1)

(1) At¬l¬m University, Ankara, Turkey, ekarapinar@atilim.edu.tr

Abstract

In 1992, Matthews [1, 2] introduced the notion of a partial metric space
which is a generalization of usual metric spaces in which d(x; x) are no longer
necessarily zero. He also proved the analog of Banach contraction principle
in the context of partial metric spaces. In this talk, some recent �xed point
theorems in the class of partial metric spaces are discussed (see e.g. [3]-[7]).

Keywords: Partial Metric Spaces, Fixed Point, Contractions.
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Abstract

In recent years, the use of vector variance standardized variables as a mea-
sure of testing equality of correlation matrices has received much attention in
wide range of statistics. This paper deals with a more economic measure of
testing equality of correlation matrices, de�ned as vector variance standardized
variables minus all duplication elements. For high dimensional data, this will in-
crease the computational e¢ ciency almost 50 % compared to the original vector
variance standardized variables. Its sampling distribution will be investigated
to make its applications possible.

Keywords: Asymptotic distribution, correlation matrix, likelihood ratio test, vec-
tor variance standardized variables, vector variance.
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Abstract

In this paper we de�ne harmonic, geometric and arithmetic means of several
positive operators in B(H) and we show the inequality between of its. Also we
prove the generalized geometric-arithmetic mean inequality as follows:
We take a2(A;B) = ArpB; g2(A;B) = A]pB and h2(A;B) = A!pB. With

the above notations, if B = (B1; : : : ; Bn) be a sequence of positive operators and
� = (�1; : : : ; �n) be a sequence of positive number so that �1+ � � �+ �n = 1.We
de�ne arithmetic, geometric and harmonic, mean of several operators as follows:

an(B; �) = a2(B1;an�1(B
0; �0); �1)

gn(B; �) = g2(B1;gn�1(B
0; �0); �1)

hn(B; �) = h2(B1;hn�1(B
0; �0); �1)

where B0 = (B2; : : : ; Bn) and �
0 = (�01; : : : ; �

0
n�1), that �

0
1 + � � � + �0n�1 = 1.

Then we have

hn(B; �) � gn(B; �) � an(B; �):

Keywords: positive operator, geometric mean, arithmetic mean, harmonic mean.
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A Modi�ed Adomian Approach Applied to
Nonlinear Fredholm Integral Equations
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Abstract
In this paper, we introduce the linearization method and the modi�ed Ado-

mian method applied to non linear Fredholm integral equations. To assess the
applicability, simplicity and the accuracy of the modi�ed Adomian technique,
we applied the both methods on selected non-linear Fredholm integral equations.
This study showed the applicability, simplicity, accuracy and the fast speed of
convergent of the modi�ed Adomian method, comparing with the linearization
method, even when the accuracy of the linearization method improved by em-
ploying variable steps size.

Keywords: Adomian method, linearization method, non-linear integral equa-
tions.
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Pairwise Likelihood Procedure To Estimate A
Shift Parameter

Feridun Tasdan(1)

(1) Western Illinois University, Macomb, USA, f-tasdan@wiu.edu

Abstract

This study is about estimating the shift parameter in the two-sample loca-
tion problem. The proposed procedure uses pairwise di¤erences of the random
samples to �nd a distribution function of the di¤erences. Hence, using the dis-
tribution function of the pairwise di¤erences, one can �nd a likelihood function
with respect to the shift parameter. The shift parameter can be estimated ei-
ther explicitly or with iteration such as Newton�s one step estimator by solving
the likelihood function. Moreover, it will be shown that the proposed testing
procedure is equivalent to Rao�s score type test. Also, the theory of the pro-
posed procedure is similar to the regular maximum likelihood theorems. An
asymptotic level hypothesis test and con�dence interval will be investigated for
the proposed procedure. The study ends with a bootstrap simulation study to
show the e¢ ciency of the shift estimator.

Keywords: Location Problem; Pairwise Likelihood; Likelihood Ratio; Shift Pa-
rameter
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Inverse Spectral Problems for Complex Jacobi
Matrices
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Abstract

An N �N complex Jacobi matrix is a matrix of the form

J =

26666666664

b0 a0 0 � � � 0 0 0
a0 b1 a1 � � � 0 0 0
0 a1 b2 � � � 0 0 0
...

...
...

. . .
...

...
...

0 0 0 : : : bN�3 aN�3 0
0 0 0 � � � aN�3 bN�2 aN�2
0 0 0 � � � 0 aN�2 bN�1

37777777775
; (1)

where for each n; an and bn are arbitrary complex numbers such that an is
di¤erent from zero:

an; bn 2 C; an 6= 0: (2)

The general inverse problem is to reconstruct the matrix given some of its
spectral characteristics (spectral data) [1, 2, 3].
In this talk, we introduce the concept of spectral data for matrices (1) with

entries satisfying (2) and present a solution of the inverse problem of recovering
the matrix from its spectral data. We give an application to the solving of �nite
complex Toda lattices by the method of inverse spectral problem.

Keywords: Jacobi matrix, spectral data, inverse problem.
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Tahar Haddad (1) and Touma Haddad (2)

(1) Université de Jijel, Algérie, haddadtr2000@yahoo.fr
(2) Université de Jijel, Algérie, touma.haddad@yahoo.com

Abstract

Several extensions of the sweeping process in diverse ways obtained; see for
example [1, 2]. In this work, we prove the existence of solutions for the following
state dependent sweeping process with perturbation

(P)
�
� _u(t) 2 NC(t;u(t))(u(t)) + F (t; u(t)) a:e on [0; T ]

u(0) = u0 2 C(0; u0);

where NC(t;u(t))(�) denotes the normal cone to C(t; u(t)) and F (t; u(t)) is a mul-
tifunction. Problem (P) includes as a special case the following evolution quasi-
variational inequality: Find u : [0; T ]! H;u(0) = u0 2 K(u0); such that u(t) 2
K(u(t)) for all t 2 [0; T ]; and

hl(t); w � u(t)i � h _u(t); w � u(t)i+ a(u(t); w � u(t)) + j(w)� j(u(t)) (1)

for all w 2 K(u(t)):
Here a(�; �) is a real bilinear, symmetric, bounded, and elliptic form onH�H; l 2
H1;2([0; T ];H); and j(�) denotes a non -negative, convex, positively homoge-
nous and Lipschiz continuous functional from H to R: K(u) � H is a set of
constraints.
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Strong A-summability of order alpha
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Abstract

In this paper we investigate the concept of A-statistical convergence of or-
der alpha and Stronly A-summability of order alpha for a non-negative regular
summability matrix A: For 0 < � � � � 1 we prove that A-statistical conver-
gence of order alpha implies A-statistical convergence of order �: Also we give
some conditions under which strong A-summability of order � implies strong
A-summability of order � for 0 < � � � � 1: Finally for 0 < � � � � 1
we prove that for bounded sequences strong A-summability of order � implies
strong A-summability of order �:

Keywords: Statistical convergence, A-statistical convergence, strong A-summability.
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Extensions of I. Schur�s Inequality for the
Leading Coe¢ cient of Bounded Polynomials

with One or Two Prescribed Zeros
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Abstract

In [3] (see also [1, p. 679]), I. Schur determined the sharp upper bounds
for the leading coe¢ cient an of a real polynomial Pn of degree � n from Bn
assuming that Pn additionally has a zero at one endpoint or at both endpoints
of the interval I = [�1; 1], where

Bn = fPn : Pn(x) =
nX
k=0

akx
k(n � 2; ak 2 R) and kPnk1 = sup

x2I
jPn(x)j � 1g.

We provide a twofold extension of Schur�s inequality by determining the exact
majorants for all coe¢ cients ak (including an) of Pn from the encompassing
convex set Cn (in place of the unit ball Bn), given by

Cn = fPn : Pn(x) =
nX
k=0

akx
k(n � 2; ak 2 R) and jPn(x�n;i)j � 1for0 � i � ng,

and assuming that Pn has a zero at one endpoint or at both endpoints of I.
Here the points x�n;i are the alternation points on I of the n-th Cheby-

shev polynomial Tn of the �rst kind [2]. Solutions of various classical extremal
problems for polynomials have been extended in this way: by transferring the
problem setting from Bn to the superset Cn [1, pp. 672], [2, pp. 107].
Schur�s inequalities resemble P. L. Chebyshev�s coe¢ cient inequality [1, (16.3.2)],

whereas our extensions resemble V. A. Markov�s coe¢ cient inequalities [1, (16.3.4)].
We furthermore extend Schur�s inequalities to sharp G. Szegö - type inequalities
[1, (16.3.8)]. In order that, in the symmetric case Pn(�1) = Pn(1) = 0, Schur�s
extremal polynomial Tn(x cos(�=2n)) 2 Bn then retains its extremal property
we have to modify Cn to C�n by changing x

�
n;i(1 � i � n�1) to x�n;i= cos(�=2n).

Keywords: Chebyshev, coe¢ cient, estimate, extension, extremal, inequality, lead-
ing, V. A. Markov, polynomial, prescribed, problem, Schur, Szegö, zero.
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An Example of Optimal Nodes for Interpolation
Revisited

Heinz-Joachim Rack (1)

(1) Hagen, Germany, heinz-joachim.rack@drrack.com

Abstract

A famous unsolved problem in the theory of polynomial interpolation is
that of explicitly determining a set of nodes which is optimal in the sense that
it leads to minimal Lebesgue constants. In [1] a solution to this problem was
presented for the �rst non - trivial case of cubic interpolation, see also [2]. We
add here that the quantities that characterize optimal cubic interpolation can
be compactly expressed as real roots of certain cubic polynomials with integral
coe¢ cients. This facilitates the presentation and impartation of the subject -
matter and may guide extensions to optimal higher - degree interpolation.

Keywords: Bernstein conjecture, cubic, interpolation, Lebesgue constant, Lebesgue
function, minimal, nodes, optimal, polynomial, root.
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Abstract

In this study, we discuss some existence results for the solutions to impulsive
fractional di¤erential equations with non-local conditions by using several �xed
point theorems.

Keywords: Caputo fractional derivative, impulsive di¤erential equation, exis-
tence and uniqueness, �xed point theorem.
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Abstract

Biharmonic equations have many applications, especially in �uid and solid
mechanics. Applications in solid mechanics include buckling and vibration of
plates which has extensive practices in civil, mechanical, and aerospace engi-
neering as well as vibration of piezoelectric and acoustic devices. In this work,
applications to vibrating plates are considered. The governing equation of a vi-
brating plate is given by the biharmonic equation Dr4w+ �wtt = 0 where w is
displacement, D is �exural rigidity, and � is density. The biharmonic eigenvalue
problem has a general analytical solution in a circular domain [1]. However,
the di¢ culty in �nding solutions arises when the domain is no longer circular.
For rectangular domains, Navier�s and Levy�s series solutions for certain bound-
ary conditions are known [1]. Therefore, fundamental frequencies of vibrating
plates have been determined only for a limited class of plate geometries. The
lack of analytical solutions for other domains with various boundary conditions
led many researchers to use numerical methods. The Rayleigh-Ritz method,
the �nite element method, and the Galerkin�s method are among such numer-
ical methods. However; in some cases, the numerical methods often encounter
the problem of singularity, scaling, and sensitivity to the boundary conditions.
Some singularities for annular plates are pointed out by C.Y. Wang and C.M.
Wang [2]. This is a collection of work [3, 4, 5] to developed a special formula-
tion of perturbation method to improve accuracy and reliability of fundamental
frequencies of circularly periodic plates. The purpose of the present work is to
provide approximate analytical formulation of the fundamental frequency for
clamped and simply supported plates with circularly periodic boundaries, es-
pecially plates with a core where singularities arise. We develop a boundary
perturbation method to extract the fundamental eigenvalue of the biharmonic
boundary value problem.

Keywords: Biharmonic equation, fundamental frequency, vibration, plates.
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Di¤erential MAC Models in Continuum
Mechanics and Physics
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Abstract

The method of additional conditions or MAC was applied to create an
integro-di¤erential equation of the membrane problem [1]. This problem was
presented at the Conference AMAT-2008. Another method can be used to cre-
ate the di¤erential MAC model of the same membrane problem. The obtained
di¤erential equation is much more easier to analyze and to obtain the exact
solutions of the problem. Similar partial di¤erential equation is considered in
[2] but the exact solutions in our case are not given there.
The method to create the di¤erential MAC models in mathematical physics

is as follows. The classically stated problem is taken. Then the particular test
problem is considered which solution could be compared with an experimental
solution. For example we can take a circular elastic membrane with the �xed
boundary condition at the contour and with the �nite displacement in the center
of membrane. The approximate experimental solution could be a cone. Substi-
tuting this solution into the classical membrane equation we will �nd the term
which does not allow to satisfy the equation. We exclude this term from the
equation and so the di¤erential equation of the MAC model is created. We do
not do anything except to correct mathematical model using an experiment.
It should be noted that mathematically similar test problems exist in the

linear isotropic theory for cylinder and in the �uid mechanics for the Hagen-
Poiseuille �ow for a pipe. Then the di¤erential MAC models for linear isotropic
elasticity and for Navier-Stokes equations will be created.
The following di¤erential MAC models are presented too: tension of an

elastic rod, elastic string, beam, plate, heat conduction equation, Maxwell�s
equations, Schroedinger equations, Klein-Gordon equation.

Keywords: MAC model, mathematical physics, elasticity.
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Direct results on the q-mixed summation
integral type operators
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Abstract

In this study, we introduce a q-mixed summation integral type operators
and investigate their approximation properties. We obtain a Voronovskaja type
theorem and give direct results on degree of approximation for continuous func-
tions.

Keywords: q-integral, q-mixed operators, Voronovskaja type theorem,K-functional,
weighted approximation.
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Abstract

In this paper, we examine the performance of Half-Sweep Succesive Over-
Relaxation (HSSOR) iterative method together with Newton scheme namely
Newton-HSSOR in solving the nonlinear systems generated from second-order
�nite di¤erence discretization of the nonlinear second-order two-point boundary
value problems. As well known that to linearize nonlinear systems, the Newton
scheme has been used to transform the nonlinear system into the form of linear
system. Then the basic formulation and implementation of Newton-HSSOR
iterative methods are also presented. Numerical results for three test examples
have demonstrated the performance of Newton-HSSOR method compared to
other existing SOR methods

Keywords: Newton Scheme, Half-Sweep SOR Iteration, Second-Order Scheme,
Nonlinear Two-Point Boundary Value Problem.
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Abstract

Gupta and Maheshwari [2] introduced a new sequence of Durrmeyer type
linear positive operators Pn to approximate p�th Lebesgue integrable functions
on [0; 1]: It is observed that these operators are saturated with O(n�1): In
order to improve the rate of approximation we consider an iterative combination
Tn;k(f ; t) of the operators Mn(f ; t). This technique was given by Micchelli [3]
who �rst used it to improve the order of approximation by Bernstein polynomials
Bn(f ; t):
In our paper [1] we obtained direct theorems in ordinary approximation in

the Lp� norm by the operators Tn;k: Subsequently, we [4] proved a correspond-
ing local inverse theorem over contracting intervals. The object of the present
paper is to continue this work by proving the saturation theorem in a local
set-up.

Keywords: linear positive operators, Bernstein-Durrmeyer Type Polynomials,
iterative combination.
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Abstract

In this paper we prove a unique common tripled �xed point theorem under
W-compatibility condition for two mappings in a generalized metric space.

Keywords: G-Metric Spaces, W-Compatible maps, Tripled �xed point.
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Abstract
Sampling is the process of representing a continuous time signal by a discrete

set of measurements, which are usually sample values of a signal at some in-
stances. Using discrete sample values is ideal but in a general sampling scheme,
nonideal samples can be given as inner products of a signal with a set of sample
functions associated with the acquisition devices. Here we consider the problem
of reconstructiong any signal f(t) of �nite energy, that is, f(t) in L2(R) from
samples of responses of several linear time invariant systems.
The reconstructed signal ~f(t) of f(t) is sought in the shift invariant space

V (�) with multi generators in L2(R). Hence in general, we can not expect
the exact reconstruction of f(t) but we seek an approximation ~f(t), which is
consistent with the input signal in the sense that it produces exactly the same
measurements as the original input signal when it is reinjected into the system.
It means that f(t) and ~f(t) are essentially the same to the end users, who can
observe signals only through the given measurements.
We also discuss the performance analysis of the proposed generalized sam-

pling scheme.
Keywords: Generalized sampling, consistency.
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Abstract

Semi-Markov multi-state stochastic processes are very important to describe
regression and progression chronic diseases and cancers. In this research, a
multi-state model with four states (state1: bone marrow transplantation, state2:
cronic graft verses host disease (cGvHD), state 3: platelet recovery, state4 (ab-
sorb state): death was de�ned. Wibull distribution density function was cho-
sen as appropriate density function for the transition time between states. In
the semi-Markov multi-state models The e¤ect of sojourn time in the states
on survival time was considered. A total of 507 acute leukemia patients(206
acute lymphocyte leukemia (ALL), 301 acute myeloid leukemia (AML)) at
Shariati Hospital, Tehran, Iran were selected. The median of follow up time
was 1.5 year. Coe¢ cient of Weibull distribution in semi-Markov multi-state
model showed that with increasing sojourn time in state1, hazard of cGVHD
increased. Results show that the e¤ects of some covariates were not constant
during disease time, for example; after platelet recovery, Death hazard of acute
lymphoblastic leukemia patients was 2.15 times of acute myeloid leukemia pa-
tients. There was a negative correlation between sojourn time in state 1 and
state2 (r = �:17; P < :001). Multi-state semi-Markov models are useful models
to accommodate multiple events and time dependent covariates.

Keywords: Semi-Markov; Multi-state ;stochastic process; hazard function; Leukemia.
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Abstract

We consider 2+1 dimensional nonlinear Schrodinger equation type

iqt +M1q + vq = 0; irt �M1r � vr = 0; M2v = �2M1(rq); (1)

where q; r and v (v = 2(U1 � U2)) are some complex functions. The operators
M1 and M2 are de�ned by

M1 = 4 (a2 � 2ab� b) @2xx + 4� (b� a) @2xy + �2@2yy; (2a)

M2 = 4a (a+ 1) @
2
xx � 2� (2a+ 1) @2xy + �2@2yy; (2b)

where a; b are arbitrary real constants, � is a complex constant.
Also consider the spin system

iSt +
1

2
[S;M1S] +A2Sx +A1Sy = 0; (3a)

M2u =
�2

2i
tr (S [Sx; Sy]) ; (3b)

where S is a spin vector, M1; M2 operators are given by (2).

A1 = i� (2b+ 1)uy � 2 (2ab+ a+ b)ux;

A2 = i4�
�1 �2ab+ a2 + 2ab+ b�ux � 2 (2ab+ a+ b)uy:

Nonlinear Schrodinger equation type (1) and spin system (3) are equivalent,
more exactly, gauge equivalent to each other in the paper [1,2]. Now using a
�@�problems method will �nd solutions of these systems (1) and (3).

Keywords: Nonlinear partial di¤erential equation, spin system, nonlinear Schrodinger
equation
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Abstract

In this talk, we investigate the inverse problem of �nding the source in
an abstract second-order elliptic equation on a �nite interval. The additional
information given is the value of the solution at an interior point of the interval.
We prove existence, uniqueness, and the convergence results of KMF-iterative
regularization method applied to the considered inverse problem.

Keywords: Ill-posed problems, inverse problems, KMF-iterative regularization.
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Abstract

Let A be an n � n matrix. The numerical range of A is de�ned as the
set W (A) = f��T� : � 2 Cn; ��� = 1g: A ternary homogeneous polynomial
associated with A de�ned by FA(t; x; y) = det(tIn + xH + yK) is hyperbolic
with respect to (1; 0; 0), where H = (A + A�)=2, K = (A � A�)=(2i) are real
and imaginary parts of A. It is well known that W (A) is the convex hull of the
real a¢ ne part of the dual curve of the curve F (t; x; y) = 0. The Fiedler-Lax
conjecture is recently a¢ rmed, namely, for any real ternary hyperbolic form
F (t; x; y), there exist real symmetric matrices S1 and S2 such that F (t; x; y) =
det(tIn + xS1 + yS2): In this talk, we give constructive proofs of the existence
of real symmetric matrices for the ternary forms associated with trigonometric
polynomials using Bezoutian and Sylvester elimination methods.

Keywords: Numerical range, determinantal representation, Bezoutian, Sylvester
elimination.
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Abstract

Following-the-leader model of one-dimensional totally connected moving chain,
[1], was formulated in the middle of 50-s

xn�l(t) < � � � < xn�1(t) < xn(t) < xn+l(t) < � � � < xn+k(t); (1)

where xn(t) is the coordinate of n-th particle,

xn+1(t)� xn(t) = f ( _xn(t)) : (2)

If f is a linear function, then a system has a exact solution and is completely
investigated. In the case of non-linear dependence there are not enough correct
statements and strictly researched problems, [2]. Physical way of knowledge
disposed to transition of limit in particles quantity and reduction of systems
of nonlinear ordinary di¤erential equations (NODE) to partial derivative equa-
tions, that not satisfactorily describing all physical processes, and, partially,
tra¢ c, according to experimental data, [3].
Logical contradictions consist in that the density per kilometer is piecewise

constant with the step of digitization of the order 10(�2) and with the piecewise
linear smoothing folds-insertions has a piecewise discontinuous derivative on
the coordinates, which is, generally speaking, leads to incorrect reduction to the
equation in partial derivative. Alternative moving to the density in the model
(2) is the separation in (1) of stable clusters moving with the same speed. If f
is a monotonically increasing function, then from (2) it follows that the cluster
consists of equidistant from the neighbors of particles, where distances between
particles are de�ned by leader velocity.
Problem statement. Cluster model of partial �ow is a sequence of coor-

dinates (1), where xi(t) is a boundary in cluster�s separation, yi(t) is a density
of particles �ow on interval [xi; xi+1], f(yi) is a cluster speed. We have the
following NODE systems

f _xi+1 = (f(yi+1)yi + 1� f(yi)yi)=(yi+1 � yi); yi(t) � yig ;

or

f _xi = f(yi); _yi = yi(f(yi+1)� f(yi))=(xi+1 � xi); _xi+1 = f(yi+1)g :

Multilane tra¢ c model. There are considered possible formalizations of
interaction of clusters located on adjacent lanes, lane changing and ramps.

Keywords: System of nonlinear di¤erential equations, theory of tra¢ c �ow,
following-the-leader model, cluster model of particles movement.
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Abstract

In (Odibat, 2010), Odibat proposed an alternative approach of variational
iteration method. In this paper, we applied alternative variational iteration
method (AVIM) to solve time-fractional Fornberg-Whitham equation. We also
compare the results with variational iteration method (VIM). The fractional
derivatives are taken in the Caputo sense. The present methods performs ex-
tremely well in terms of e¢ ciency and simplicity. Numerical results for di¤erent
particular cases of the problem are presented.

Keywords: Alternative variational iteration method, Time-fractional Fornberg-
Whitham equation, Caputo derivative, Auxiliary parameter, Variational iteration method.
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A Method of Solution for Integro-Di¤erential
Parabolic Equation with Purely Integral

Conditions
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Abstract

The objective of this paperis to prove existence, uniqueness, and continuous
dependence upon the data of solution to a integraodi¤erential parabolic equation
with only integral conditions. The proofs are based on a priori estimates and
Laplace transform method. Finally, we obtain the solution by using a numerical
technique for inverting the laplace transforms.

Keywords:Laplace Transform, Integrodi¤erential parabolic equation, Inte-
gral conditions.
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Abstract

We prove a related �xed point theorem for n mappings in n Intuitionis-
tic fuzzy metric spaces using an implicit relation which generalizes results of
Aliouche and Fisher [1], Merghadi and Aliouche [3] and Rao et al. [4].
Recently, Merghadi and Aliouche [3] Aliouche and Fisher [1], Aliouche et.al

[2] and Rao et.al [4] proved some related �xed point theorems in compact metric
spaces and sequentially compact fuzzy metric spaces. Motivated by a work
due to Popa [5], we have observed that proving �xed point theorems using an
implicitly relation is a good idea since it covers several contractive conditions
rather than one contractive condition.

Keywords: Fuzzy metric space; implicit relation; Intuitionistic fuzzy metric
space; related �xed point.
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Abstract

A numerical method for solving large-scale unconstrained optimization prob-
lems is presented. It is a modi�cation of the partial quadratic interpolation
method [1] for unconstrained optimization and based upon approximating the
gradient and the Hessian of the objective function. This means that it requires
only the expression of the objective function to converges to a stationary point
of the problem from any initial point, with speed convergence. The method can
solve complex problems in which direct calculations of the gradient and Hessian
matrix are di¢ cult or even impossible to calculate. The search directions are
always descent directions. Results and comparisons are given at the end of the
paper and show that this method is interesting.

Keywords: Unconstrained optimization, descent direction, partial quadratic in-
terpolation method.
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Abstract

New Skew Bimodal Laplace Distribution is proposed. Characterization stud-
ies of the distribution will be conducted. A simulation study will be conducted
and then compared to the currently used competitive distributions to assess the
performance of the model.

Keywords: Skew Bimodal Distribution, bimodality parameter, Threshold Para-
meter, Bimodality.
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Abstract

In this paper, basic theory of boundary value problems of fractional or-
der 1 < � < 2 involving the Caputo derivative is discussed. By applying the
maximum principle, necessary conditions for the existence of eigenfunctions are
obtained, as well as, analytical lower and upper bounds estimates of the eigenval-
ues. A su¢ cient condition for the non existence of ordered solution is obtained
by transforming the problem into equivalent integro-di¤erential equation. By
means of the method of lower and upper solution we obtain a general existence
and uniqueness result of the problem. We generate two well de�ned monotone
sequences of lower and upper solutions which converge uniformly to the actual
solution of the problem. While some fundamental results are obtained, we leave
others as open problems and report them as a conjecture.

Keywords: Fractional di¤erential equations, Boundary value problems, Maxi-
mum principle, Lower and upper solutions, Caputo fractional derivative.
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Abstract

In this paper, a computational method is presented for solving a class of
fourth-order singularly perturbed boundary-value problems with a boundary
layer at one end. The implemented technique consists of solving two problems
which are a reduced problem and a boundary layer correction problem. The
pade�approximation technique is used to satisfy the conditions at in�nity. The-
oretical and numerical results are presented.

Keywords: Fourth-order, singularly perturbed boundary-value problems, bound-
ary layer, boundary layer correction, pade�approximation.
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Abstract

Present at the point which modern science, used mathematical analysis
methods in statistical analysis has commonly become inevitable. In particu-
lar, as depending on the development of mathematical methods in mathemat-
ical statistics, concepts and features of probabilistic in non-linear regression
analysis was made major contributions in the development of new methods and
theoretical �ndings. Mathematical analysis to study these important materials
by taking polynomials, Bernstein polynomials and important �nding presented
in the last few years in which these results are being referred to the features
highlighted by the statistical analysis used. In this paper, the statistical results
of Bernstein approaches have resulted in more e¢ cient in non-linear regression
models. Especially if the number of observations remains xed, used iterative
process in Bernstein polynomial lowered faster than margin of errors.
In this study it is intended an approximation thoroughly Exchangable pa-

rameters Binomial distribution In this approach the exchangable parameters
binomial distribution was used instead of Bernstein polynomial kernel and was
investigated statistical e¢ ciency in non linear model

Keywords: Non Linear Model, Bernstein Approach, Exchangable Parameter Bi-
nomial Distribution.
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Abstract

In this paper, we investigate equation (1) in two cases: (i) P � 0; (ii) P (6= 0)
satis�es jP (t; x; y; z)j � (A+jyj+jzj)q(t), where q(t) is a nonnegative function of
t. For case (i) the stability of the solution x = 0 and the uniform boundedness of
all solutions are investigated and for case (ii) the boundedness result is obtained
for solutions of equation (1). These results improve and include several well-
known results. The di¤erential equation considered is of the form

...
x +  (t; x; _x)�x+ f(t; x; _x) = P (t; x; _x; �x): (1)
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Abstract

In this paper we introduce and study a general integral operator de�ned
on the class of normalized analytic function in the punctured unit disk. This
operator is motivated by many researchers.With this operator univalence condi-
tions for the normalized analytic function in the open unit disk are obtained.In
deed,we present a few conditions of univalency for our integral operator. The
operator is essential to obtain univalence of a certain general integral opera-
tor. Having the integral operator, there are interesting properties of normalized
function in the unit disk for univalent conditions for an integral operator. In
addition, various other known results are also pointed out.We also �nd some
interesting corollaries on the class of normalized analytic of functions functions
in the open unit disk. Our results certainly generalized several results obtained
earlier. Therefore, many interesting results could be obtained and we also de-
rive some interesting properties of these classes The operator de�ned can be
extended and can solve many new results and properties. The work presented
here is the generalization of some work done by earlier researchers.For example,
see [1, 2].

Keywords: Analytic functions, univalent functions, integral operator,univalent
conditions, schwarz Lemma.
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Abstract

This work analyzes three algorithms for object clustering. The algorithms
are: the k-means, fuzzy c-means (FCM), and kernel fuzzy c-means (KFCM).
The k-means algorithm is a crisp method that partitions a dataset into hard
clusters. Both FCM and KFCM are based on fuzzy logic and they return a
degree of membership of each object to all clusters. For evaluating their perfor-
mance; the algorithms are implemented and run on two di¤erent datasets. As
a conclusion; it is shown that the KFCM algorithm can achieve better results
than the other two algorithms. The FCM is slightly better than the k-means
algorithm. Moreover, the clustering time of each algorithm is di¤erent from the
others. The clustering time of KFCM was larger than both the k-means and
FCM. Also, clustering using the k-means has the smallest clustering time. Sev-
eral parameters have signi�cant e¤ects on the overall performance. This involves
the dimensionality value (i.e. the number of properties of each object), number
of objects, number of iterations, number of clusters, fuzziness parameter, and
the number of updating operations for both cluster centroids and membership
values.

Keywords: Crisp Clustering, Fuzzy Clustering, Datasets, Algorithms, and per-
formance Evaluation.
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Abstract

In the present paper, we study a King [9] type modi ed sequence of mixed
summation-integral type operators, by this modi cation we give approximation
properties and better approximation for these operators. Then we study the
rate of convergence, Voronovskaya results and Korovkin theorem.
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Abstract

This paper deals with the solvability and uniqueness of a higher dimention
mixed non local problem for a Boussinesq equation. The uniqueness and exis-
tence of a generalized solution is proved with the help of an a priori estimate
and the galerkin approximation method, respectively.

Keywords: Nonlocal condition, a Priori estimate, Galerkin�s method, Boussinesq
equation.
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About New Class of Volterra Type Integral
Equations with Boundary Singularity in Kernels
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Abstract

Let � = fx : a < x < bg the set of point on real axis and consider an
integral equation

'(x) +

Z x

a

[K1(x; t) +K2(x; t) ln(
x� a
t� a )]

'(t)

t� adt = f(x); (1)

where K1(x; t);K2(x; t) are given functions on the rectangle R, with R de�ned
as the set fa < x < b; a < t < bg, f(x) are given function in � and '(x) to be
found.
The theory of the integral equation (1) at K2(x; t) = 0 has been con-

structed in [1]. In this work based on the roots of the algebraic equation
�2 + K1(a; a)� + K2(a; a), signs K1(a; a);K2(a; a) the general solution of the
model integral equation (1) in explicit form is obtained. Moreover, using the
method similar to regularization method [1] in theory one-dimensional singular
integral equation, the problem of �nding general solution of integral equation
(1), is reduced to the problem of �nding general solution of integral equation
with weak singularity.
In particular, for equation (1) the following con�rmation is obtained.
Theorem 1. Let in integral equation (1)K1(x; t) = p =const.< 0; K2(x; t) =

q =const: < 0; p2 > 4q; f((x) 2 C[a; b]; f(a) = 0 with the following asymptotic
behavior

f(x) = o[(x� a)�1 ]; �1 > �1; �1 =
jpj+

p
p2 � 4q
2

as x! a:

Then integral equation (1) in class function '(x) 2 [a; b], vanishing in point
x = a, always solvability and its solution is given by the following formula

'(x) = (x� a)�1c1 + (x� a)�2c2 + f(x)�
1p

p2 � 4q

Z x

a

[�22(
x� a
t� a )

�2�

� �21(
x� a
t� a )

�1 ]
f(t)

t� adt � K
�
1 [c1; c1; f(x)];

where c1; c2-arbitrary constants, �2 =
jpj�

p
p2�4q
2 .

Keywords: Integral equation, Singular kernels.
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Nine point multistep methods for linear
transport equation
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Abstract

In this paper we construct a family of multistep methods on a nine point
square by collocating for the linear advection equation. Square polynomials are
used for this purpose. Numerical examples show the performance of the di¤erent
methods according to the choice of the parameters.

Keywords: Linear transport equation, �nite di¤erence methods, multistep meth-
ods, advection-di¤usion equation.
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Abstract

Recently amounts of information are very extensive, therefore issues related
to a large dimension and sparsity of (categorical) data arise rather frequently
and are widely discussed in the literature [1, 9]. According to a rule of thumb,
a contingency table is sparse if expected (under the null hypothesis) frequencies
in a signi�cant part of the contingency table are less than 5 [7]. For sparse
contingency tables, the �2 approximation to the distribution of goodness-of-�t
statistics may be inaccurate.
Several techniques have been proposed to tackle this problem: exact tests

[2, 5] and alternative approximations [6], the parametric and nonparametric
bootstrap [4], Bayesian approach [3], and other methods. However, for (very)
sparse categorical data, common goodness-of-�t tests may be inconsistent [8]
and hence there is no sense to approximate their distributions.
In the presentation alternative goodness-of-�t tests based on categorical data

smoothing are proposed. The smoothing procedure uses the clusterization and
nonparametric estimation of the contingency table pro�le. The performance of
the tests is illustrated by computer simulations.

Keywords: sparse contingency table, goodness-of-�t, chi-square, pro�le statistic.
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Fractional integration of the product of two
H-functions and a general class of polynomials
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Abstract

The aim of the present paper to study and develop the generalized fractional
integral operators recently introduce by Saigo [5]. First, author establish two
results that give the image of the products of two H-functions and a general
class of polynomials in Saigo operators. These results, besides being of very
general character have been put in a compact form avoiding the occurrence
of in�nite series and thus making them useful in applications. Our �ndings
provide interesting uni�cations and extensions of a number of (new and known)
images. For the sake of illustration, we give here exact references to the results
(in essence) of eight research papers [1, 2, 3, 4, 7, 8, 10 and 11] that follow as
particular cases of our �ndings.

Keywords: Fractional integral operators by Saigo, Riemann-Liouville and Erdelyi-
Kober, H-function of severables variables, general class of polynomials Mittag-Le¤er
functions.
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Comparing the Box - Jenkins models before and
after the wavelet �ltering in terms of reducing

the orders with application
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Abstract

In this paper, the estimated linear models of Box-Jenkins such as AR(p),
MA(q) and ARMA(p,q) has been compared from time series observations, before
and after wavelet shrinkage �ltering (used to solve the problem of contamina-
tion(or noise) if it found in the observations) and then reducing the order of the
estimated model from �ltered observations (with preserving the accuracy and
suitability of the estimated models) and re-compared with the estimated linear
models of original observations, depending on some statistical criteria, including
the Root Mean Square Error (RMSE), the Mean Absolute Error (MAE), and
the Akaike�s Information Criterion (AIC), through taking a practical application
of time series consistent with the models mentioned above and using statistical
programs such as Statgraphics, NCSS and MATLAB.
The results of the paper showed the e¢ ciency of wavelet shrinkage �lters

in solving the noise problem and obtaining the e¢ cient estimated models, and
speci�cally the wavelet shrinkage �lter (dmey) with Soft threshold which esti-
mated its level using the Fixed Form method of �ltered observations, and the
possibility of obtaining linear models of the �ltered observations with lower or-
ders and higher e¢ ciency compared with the corresponding estimated models
of original observations.
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Reduced bias of the mean for a heavy-tailed
distribution
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Abstract

In this paper, we deal with bias reduction techniques for estimate the mean
for a heavy tailed distribution with index 1=2 < 
 < 1, the semi-parametric
estimation of mean depends not only on the estimation of the extreme value
index 
, the primary parameter of extreme events, but also on the adequate
estimation of a scale �rst order parameter. Recently, apart from new classes
of reduced-bias estimators for 
 > 0 and of the quantile extreme, new classes
of the scale �rst order parameter have been introduced in the literature. Their
use in mean estimation enables us to introduce new classes of asymptotically
unbiased mean estimators, with the same asymptotic variance as the (biased)
�classical�estimator. The asymptotic distributional behaviour of the proposed
estimators of � is derived, under a second-order framework, and their �nite
sample properties are also obtained through Monte Carlo simulation techniques.

Keywords: Heavy tails, mean, trimmed mean, Hall class, Statistics of Extremes.
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Statistical Approximation of Truncated
Operators
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Abstract

Linear positive operators and their Korovkin type statistical approximation
properties have been investigated by many mathematicians until today.It is well-
known that lots of operators were de�ned with in�nite series.On the other hand,
we can investigate the statistical approximation properties considering only the
partial sums of the operators.
We investigate the statistical approximation properties of the operators which

was built and examined the ordinary approximation properties by Agratini in
[1]. Then, we state the statistical convergence of the truncated operators which
is related to that operators.

Keywords: Sequence of positive linear operators, Korovkin theorem for statistical
approximation, Rate of convergence
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Abstract

Let ! be an integer in a number �eld K and d a positive rational integer.
We say that ! has representation of the form x2 + dy2 if there are integers �
and � in K such that ! = �2 + d�2.
In this paper, we show that there are in�nitely many representations of every

integer of the form x2 + dy2 in any number �eld K except when K = Q(
p
�d)

or K is totally real.

Keywords: Integer, totally real, number �eld.
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On the Hyers-Ulam stability of non-constant
valued linear di¤erential equation xy0 = ��y
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Abstract

We consider a di¤erentiable map y from an open interval to a real Banach
space of all bounded continuous real-valued functions on a topological space.
We will investigate the Hyers-Ulam stability of the following linear di¤erential
equations of �rst order with non-constant values:

xy0 = ��y;

where � is a positive real number and

y 2 C(I) = C(a; b);�1 < a < b < +1; x 2 (0;1):

Keywords: Hyers-Ulam Stability, Di¤erential equation, Approximation.
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Abstract

The main purpose of this paper is to present an approximation method for
multi-higher order Linear Volterra Integro-Fractional Di¤erential Equations (m-
h LVIFDEs) with variable coe¢ cients in most general form under the conditions.
The method is based on the orthogonal polynomials (Chebyshev and Legendre)
via least square technique. This method transforms the equation and the given
conditions into matrix equations which correspond to a system of linear algebraic
equations with unknown coe¢ cients and apply Gaussian elimination method to
determine the approximate orthogonal coe¢ cients. The proposed method con-
tains two new algorithms for solving our problem, for each algorithm a computer
program was written. Finally, numerical examples are presented to illustrate
the e¤ectiveness and accuracy of the method and the results are discussed.

Keywords: Integro-fractional di¤erential equation, Caputo fractional derivative,
least-square technique, Orthogonal (Chebyshev and Legendre) polynomial.
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Abstract

In the present paper author derive a number of summations of series con-
cerning generalized hypergeometric function which are applications of the one
of Samko result. Samko provided extensions to the familiar Leibniz rule for the
nth derivative of product of two functions.

Keywords: Fractional calculus, generalized Leibniz rule, generalized hypergeo-
metric series.
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Abstract

The classical method, Ordinary Least Squares (OLS) is used to estimate
the parameters of the linear regression, when assumptions are available, and its
estimators have good properties, like unbiasedness, minimum variance, consis-
tency, and so on. The alternative statistical techniques have been developed to
estimate the parameters, when the data is contaminated with outliers. These
are the robust (or resistant) methods. In this thesis, three of robust methods are
studied, which are: Maximum likelihood type estimate M-estimator, Modi�ed
Maximum likelihood type estimate MM-estimator and Least Trimmed Squares
LTS-estimator, and their results are compared with OLS method. These meth-
ods applied to real data taken from the Charstin company for manufacturing
furniture and wooden doors, the obtained results compared by using the cri-
teria: Mean Squared Error (MSE), Mean Absolute Percentage Error (MAPE)
and Mean Sum of Absolute Error (MSAE). The important conclusions that this
study came up with are: the number of outlier values detected by using the four
methods in the data for furniture�s line are very close. This refers to the fact
that the distribution of standard errors is close to the normal, but the outlier
values found in the data for doors line, by using OLS are less than which de-
tected by robust methods. This means that the distribution of standard errors
is departure distant from the normal. The other important conclusion is that
estimated values of parameters by using OLS are very far from its estimated val-
ues by using the robust methods with respect to doors line, the LTS-estimator
gave better results by using MSE criterion, and M-estimator gave better results
by using MAPE criterion. Further more, it has noticed that by using the cri-
terion MSAE, the MM-estimator is better. The programs S-plus (version 8.0,
professional 2007), Minitab (version 13.2) and SPSS (version 17) are used to
analyze the data.
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Abstract
During the last decade, q-Bernstein polynomials have been brought to the

spotlight and studied by a number of authors from di¤erent angles. While
for q = 1 these polynomials coincide with the classical Bernstein polynomials,
for q 6= 1 we obtain new polynomials with rather unexpected properties. A
comprehensive review of the results on q-Bernstein polynomials, along with an
extensive bibliography, is provided in [1]. It has been known that the q-Bernstein
polynomials tend to retain some of the properties of the classical Bernstein poly-
nomials: for example, they possess the end-point interpolation property, admit
a representation via divided di¤erences, demonstrate the saturation phenom-
enon, and reproduce the linear functions (see, e.g. [2]). Although establishing
the similarity between the Bernstein and the q-Bernstein polynomials is essen-
tial for research, the study of the latter case is not restricted to merely drawing
analogies between the classical polynomials and the q-versions.
The �rst example illustrating the essential di¤erences in between the prop-

erties of the q-Bernstein polynomials and those of the classical ones is on the
convergence properties. What is more, the cases 0 < q < 1 and q > 1 in terms of
convergence are not similar to each other. This absence of similarity is brought
about by the fact that, for 0 < q < 1; Bn;q are positive linear operators on
C[0; 1]; whereas for q > 1; no positivity occurs. In addition, the case q > 1 is
aggravated by the rather irregular behavior of basic polynomials which, in this
case, combine the fast increase in magnitude with the sign oscillations.
In this talk, the norm estimates in C[0; 1] for the q-Bernstein basic poly-

nomials and the q-Bernstein operator Bn;q are presented. While, for 0 < q �
1; kBn;qk = 1 for all n 2 N; in the case q > 1; the norm kBn;qk increases rather
rapidly as q ! +1: It is proved (see [3]) that kBn;qk � Cnq

n(n�1)=2; q !
+1 with Cn =

2
n (1�

1
n )
n�1: Moreover, it is shown that

kBn;qk �
2qn(n�1)=2

ne
as n!1; q ! +1:

Keywords: q-Bernstein polynomials, q-Bernstein operator, operator norm, New-
ton�s method.

References

[1] S. Ostrovska, The �rst decade of the q-Bernstein polynomials: results and per-
spectives, J. Math. Anal. Appr. Th. 2(1) (2007), 35�51.

[2] G.M. Phillips, Interpolation and Approximation by Polynomials, Springer-Verlag,
2003.

[3] S. Ostrovska and A. Y. Özban, The norm estimates of the q-Bernstein operators
for varying q > 1; Comp. Math. Appl. 62 (2011), 4758� 4771.

Oktay Duman
98



An Approximating Non-stationary Subdivision
Scheme for Designing Curves

Sunita Daniel(1) and P.Shunmugaraj(2)

(1) Jawaharlal Nehru University, New Delhi, India, sunitadaniel@gmail.com
(2) Indian Institute of Technology Kanpur, Kanpur, India, psraj@iitk.ac.in

Abstract

In this paper we present a non-stationary approximating subdivision scheme
for designing curves. This scheme is a non-stationary counterpart of the known
four-point stationary scheme. We show that the scheme is C2 and reproduces
some trigonometric functions. We highlight some advantages of the scheme over
some existing stationary and non-stationary schemes. We also demonstrate its
performance by some examples.

Keywords: Non-stationary subdivision, smoothness, approximation, curves.
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Abstract

We consider the system of linear algebraic equations AY = F , where A is a quasi-
tridiagonal matrix (additional non-zero elements appear in the �rst and last rows of
the matrix A), Y and F are unknown and given vectors, respectively. Such linear
systems arise after discrete (e.g. �nite-volume or �nite-di¤erence) approximations of
ODEs/PDEs with nonlocal conditions [1, 2, 3]. Nonlocal conditions appear when the
value of unknown function or its derivative on the boundary is related with the values
inside the domain. Since problems with nonlocal conditions arise in various �elds of
chemistry, biology, physics, biotechnology, etc., the development of e¢ cient tools for
their numerical solution is essential. The main aim is to construct and investigate
e¢ cient parallel direct schemes for solution of the quasi-tridiagonal linear systems.

We construct and analyse two parallel solution schemes. Both schemes are based
on the idea of splitting the considered quasi-tridiagonal system into three tridiagonal
systems [4]. In order to solve these tridiagonal systems simultaneously, we employ
the special parallel version of the well-known two-way Gaussian algorithm (twisted
factorization algorithm) or Wang�s method. The results of theoretical analysis of
suggested parallel solution schemes are presented.

Keywords: Linear system, quasi-tridiagonal matrix, parallel computing, nonlocal
conditions.
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Lower and Upper Estemate for
Christo¤el-function associated with a doubling

measure on a quasismooth curve or arc1
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Abstract

Recently G. Mastroianni and V. Totik have shown that the adjacent zeros of
orthogonal polynomials associated with a doubling measure with support [�1; 1]
are uniformly spaced [1]. The application of weighted lower and upper estimate
for Christo¤el function [2] has got an important role in the construction of the
upper estimate. In [3, 4] we investigated the zero-spacing on an interval where
the measure has doubling property and an estimate for Christo¤el function was
again used at the upper estimate.
Most recently Andrievskii has generalized some weighted inequalities in [2]

for quasismooth curve or arc in complex plane [5]. Using his approach we show a
general estimate for Christo¤el function associated with a doubling measure over
quasismooth curve or arc. This estimate involves the interval case mentioned
above.

Keywords: Christo¤el-function, doubling measure, quaismooth curve or arc, fast
decreasing polynomials.
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To Approximate Solution of Ordinary
Di¤erential Equations
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Abstract

We consider boundary value and initial value problems for ordinary di¤er-
ential equations.
1. Let us divide BVP into two classes. We include in the �rst class the

problems satisfying the Banach-Picard-Schauder conditions and in the second
class - BVP when they satisfy the Maximum Principle. In this direction the
following statement is typical [1]:
Stmt.1 The order of arithmetic operations for calculation of approximate

solution and its derivative of BVP for nonlinear second order DE or for system
with two equations of normal form with Sturm-Liouville boundary conditions
is O(n lnn) Horner unit. The convergence of the approximate solution and its
derivative has (p � 1) order with respect to mesh width h = 1=n if y(x) has
(p + 1) order continuously di¤erentiable derivatives. If the order is less than
p, the remainder member of corresponding scheme has best constant in Sard�s
sense.
We remark that in this case the basic apparatus are special spline-functions

and special method of �nite sums. These results re�ned and generalized corre-
sponding results by Shrder, Collatz, Quarteroni-Buthcher-Stetter, having �rst
order of convergence and AOS is O(n2 lnn). First order of convergence with
respect to n, where n is the number of subintervals, has the Multiple Shooting
method (Keller, Osborne, Bulirsch) but the order of AOS is no less than O(n2).
For the second class of BVPs such typical results are true:
Stmt.2 Let us consider the BVP for linear second order DE (when the prin-

cipal part has self-adjoint form too or contains small parameter) with Sturm-
Liouville boundary conditions. Then new multi-point stable schemes are con-
structed by special spline-functions needing O(1=h) of AOS, in such a way that
the convergence of the approximate solution has (p � 1) order with respect to
h. When p = 3 this scheme is identical to classical ones. For 3 < p < 6 these
schemes are di¤erent from the Streng-Fix and Mikhlin unstable FEM.
2. With respect to numerical solution of Cauchy problem we used Gauss or

Clenshaw-Curtis type quadratures and Hermite interpolation processes[1]. In
this case:
Stmt.3 The multipoint schemes converge as O(h2n) for any �nite integer n

and are absolutely stable when the matrices of nodes are normal types in Fejers
sense.

Keywords: Ordinary di¤erential equations (ODEs), initial and boundary value
problems (BVP), approximate solution, mesh width, Horner unit, convergence, stable
process, the order of arithmetic operations for �nding approximate solution (AOS).
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Sigma Mass Dependence Of Static Nucleon
Properties From Linear Sigma Model
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Abstract

The sensitivity of static nucleon properties (magnetic moment, axial-vector
coupling constant gA, pion-nucleon coupling constant g�NN and sigma commu-
tator term ��N ) to the quark and sigma masses have been investigated in the
mean �eld approximation. I have solved the �eld equations in the mean �eld
approximation with di¤erent sets of model parameters. Good results have been
obtained in comparison with the other models and experimental data.

Keywords: Static Nucleon Properties, Linear Sigma Model.
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Approximation Techniques in Impulsive Control
Problems for the Tubes of Solutions of

Uncertain Di¤erential Systems
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Abstract

The paper deals with the control problems for the system described by dif-
ferential equations containing impulsive terms (or measures). The problem is
studied under uncertainty conditions with set-membership description of un-
certain variables [1], which are taken to be unknown but bounded with given
bounds (e.g., the model may contain unpredictable errors without their statis-
tical description). The mail problem is to �nd external and internal estimates
for set-valued states of nonlinear dynamical impulsive control systems and re-
lated nonlinear di¤erential inclusions with uncertain initial state. Basing on the
techniques of approximation of the generalized trajectory tubes by the solutions
of usual di¤erential systems without measure terms and using the techniques of
ellipsoidal calculus [2, 3, 4] we present here a new state estimation algorithms
for the studied impulsive control problem. The examples of construction of such
ellipsoidal estimates of reachable sets and trajectory tubes of impulsive control
systems are given. The applications of the problems studied here are in guaran-
teed state estimation for nonlinear systems with unknown but bounded errors
and in nonlinear control theory.

Keywords: Impulsive control, uncertainty, ellipsoidal approximations.
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Optimal inequalities for linear functions of
monotone sequences
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Abstract

Motivated by statistical applications, we present sharp lower and upper
bounds for arbitrarily �xed linear combinations of properly centered arbitrary
non-decreasing sequences of �xed length, expressed in various scale units. Posi-
tive upper bounds (and negative lower ones) are derived by means of projecting
the linear function onto the convex cone of non-decreasing sequences in the
standard Euclidean space. The remaining ones are established by solving a dual
problem of maximizing the norm over a properly chosen convex set.

Keywords: Monotone sequence, linear functional, optimal bound.
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Abstract

In this paper, the approximation properties of q-Bernstein Schurer operators
Bpn(f ; q;x) for f 2 C ([0; p+ 1]) are studied. The order of convergence of the
operators in terms of Lipshitzs class functionals and the �rst and second modulus
of continuity are discussed.

Keywords: q-Integers, Bernstein operators, Modulus of continuity.
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Prescribed asymptotic behavior of solutions of
second-order nonlinear di¤erential equations1
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Abstract

We show that the nonlinear second order di¤erential equation

(p(t)x0)0 + q(t)x = f(t; x; x0); t � t0 � 0

where p 2 C([t0;1); (0;1)), q 2 C([t0;1);R) and f 2 C([t0;1) � R � R;R)
has monotone positive solutions with prescribed asymptotic behavior at 1.
Examples are given to illustrate the obtained results.

Keywords: Asymtotic behavior, Fixed point theory.
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Abstract

Rhoades (2001) has obtained the degree of approximation of functions be-
longing to the weighted (Lp; �(t)) class by Hausdor¤ means of their Fourier
series, where �(t) is an increasing function. The �rst result of Rhoades gener-
alizes the result of Lal (1999). In a very recent paper, Rhoades et. al. (2011)
has obtained the degree of approximation of functions belonging to the Lip�
class by Hausdor¤means of their Fourier series and generalized the result of Lal
and Yadav (2001). In this paper, authors have made some important remarks,
namely, increasing nature of �(t) alone is not su¢ cient to prove the results of
Qureshi (1982), Lal(1999), Rhoades (2001) and Lal & Singh (2002) and the
condition 1= sin� = O(1=t�); 1=n � t � � used by all these authors is not valid
since sin t ! 0 as t ! �. They have also suggested a modi�cation in the def-
inition of weighted (Lp; �(t)) class and leave an open question for determining
a correct set of conditions to prove the results of Rhoades (2001). We note
that the same types of errors are appearing in the papers of Lal (2004, 1999),
Nigam (2010, 2011) and Nigam and Sharma (2011). Being motivated by the
remarks of Rhoades et. al. (2011), in this paper, we determine the degree of
approximation of functions belonging to the weighted (Lp; �(t)) class by Haus-
dor¤ means of their Fourier series and rectify the above errors by using proper
set of conditions. Our paper is the improved version of the paper of Rhoades
(2001), which in turn generalizes the result of Lal (1999). We also deduce some
important corollaries from our results.

Keywords: Signal, Trigonometric Fourier approximation, Class W (Lp;�(t)),
Hausdor means.
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Abstract

It is known that there exists a class of methods for solving integral equa-
tions with variable boundary. Among them are the most popular methods of
quadratures. This method is clari�ed and modi�ed by many scholars. Here, to
numerical solution of Volterra integral equations of the hybrid method is applied
and constructed a concrete method with the degree p = 6 and p = 8,by using
information about the solution of equations only one previous point.
Consider the numerical solution of the following nonlinear Volterra equation:

y(x) = f(x) +

xZ
x0

K(x; s; y(s))ds; x 2 [x0; X]: (1)

We assume that (1) has a unique solution de�ned on the interval [x0; X]. The
�rst hybrid method for the solution of equation (1) constructed Makroglou [1]
that in [2] is generalizable in the following form:

kX
i=0

�iyn+i =
kX
i=0

�ifn+i + h
kX
j=0

j��iX
i=0

�
(j)
i K(xn+j ; xn+li ; yn+li) (2)

(li = i+ �i; j�ij < 1)

Method suggested here has the following form:

kX
i=0

�iyn+i =

kX
i=0

�ifn+i + h

kX
j=0

jX
i=0

�
(j)
i K(xn+j ; xn+i; yn+i) (3)

+h
kX
j=0

j��iX
i=0



(j)
i K(xn+j ; xn+li ; yn+li):
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Abstract

Fractional calculus is an important method for mathematics and engineering
[1-24]. In this paper, we review the existence and uniqueness of solutions to
the Cauchy problem for the local fractional di¤erential equation with fractal
conditions

D�x(t) = f (t; x(t)) ; t 2 [0; T ]; x(t0) = x0;

where 0 < � < 1 in a generalized Banach space. We use some new tools from
Local Fractional Functional Analysis [25, 26] to obtain the results.

Keywords: Fractional analysis, local fractional di¤erential equation, generalized
Banach space, local fractional functional analysis.
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A new viewpoint to Fourier analysis in fractal
space 1

Mengke Liao(1), Xiaojun Yang (2;3) and Qin Yan (1)

(1) Shihezhi University, Xinjiang, P.R. China
(2) China University of Mining and Technology, Jiangsu, P.R. China,

dyangxiaojun@163.com,
(3) Shanghai YinTing Metal Product Co. Ltd, Shanghai, P.R. China

Abstract

Fractional analysis is an important method for mathematics and engineering
[1-21], and fractional di¤erentiation inequalities are great mathematical topic
for research [22-24]. In the present paper we point out a new viewpoint to
Fourier analysis in fractal space based on the local fractional calculus [25-58],
and propose the local fractional Fourier analysis. Based on the generalized
Hilbert space [48, 49], we obtain the generalization of local fractional Fourier
series via the local fractional calculus. An example is given to elucidate the
signal process and reliable result.

Keywords: Fourier analysis, fractal space, local fractional calculus, generalized
Hilbert space, fractional-order complex mathematics.
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Re�ned Theories
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Abstract

Let us consider von Kármán-Mindlin-Reissner type Re�ned Theories (RT)
in wide sense when thin-walled elastic structure 
h = D (x; y) � (h�; h+) is
isotropic, the boundary conditions on the S� surfaces have the form ��3 = g�.
We remind the explicit form of RT given by (2.47) of [1]. Now, if we will �nd
�3 vector so as [1] :

�3 =
z � h�
2h

g+ � z � h+
2h

g� +
1X
s=1

s
�3(x; y)

�
Ps+1(

z � h�
h

)� Ps�1(
z � h�
h

)

�
;

where h is the half thickness and h� is the mid-surface. The form of RT and
Filon-Kirchho¤ type systems of DEs are invariants and the boundary conditions
will satisfy exactly for all models. In addition we remark that:

Q�3 = h(g+�+g
�
� )�2h

1
��3; M�� =

2h2

3

1
��� ;

hZ
�h

t�33dt = h2
�
g+3 � g�3

2
� 2
3

2
�33

�
;

T�� = 2h
0
��� ;  � =

1

2

hZ
�h

(h2�t2)��3dt =
h2(1 + 2
)

3
Q�3+r2

24t tZ
0

��3dt; 


35 :
For the reminder term r2 [; ] see (2.16) of [1]. In this report the realized schemes
were created for numerical solution of some BVP of RT for isotropic elastic
plates. We used the following methods (see [1], ch.III):
1. Continuous analogue of Peaceman-Rachford alternating direction method,
2. Variational-discrete (projective) methods of approximate solution of some

linear 2 Dim boundary value problems for both bounded and unbounded do-
mains [Here, as coordinate functions, are used the spline functions and classical
orthogonal polynomials (Legendre, Laguerre, Hermite, ...)],
3. The Alternative to Perturbation Poincaré-Lyapunov�s theory, the conver-

gent method for linear operator equation,
4. The parametric derivation method.
This methodology is applied for some practical problems of thin-walled

anisotropic elastic structures.
Keywords: Approximate solution, boundary value problems(BVP), thin-walled

elastic structures, alternating direction, variational-discrete methods.
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Non-solvability of Balakrishnan-Taylor equation
with memory term in RN
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Abstract

We establish a nonexistence result for a viscoelastic problem with Balakrishnan-
Taylor damping and a nonlinear source in the whole space. The nonexistence
result is based on the test function method developed by Mitidieri and Pohozaev.
We establish some necessary conditions for local existence and global existence
as well.

Keywords: Nonexistence, Balakrishnan-Taylor damping, Polynomial kernel.
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Study of third-order three-point boundary value
problem with dependence on the �rst order

derivative
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Abstract

The study of boundary value problems for certain linear ordinary di¤eren-
tial equations was initiated by Il�in and Moiseev [3] Since then more general
boundary value problems for certain nonlinear ordinary di¤erential equations
been extensively studied by many authors, see[1, 2, 4].
By using the Leray-Schauder nonlinear alternative, the Schauder contraction

theorem and Guo-Krasnosel�skii Theorem we discuss the existence,uniqueness
and positivity of solution to an third-order three-point nonhomogeneous bound-
ary value problem

Keywords: nontrivial solution, positive solution, �xed point theoremn, cone.
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On Parameterization and Smoothing of
B-splines Interpolating Curves
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Abstract

The behavior of interpolating curves heavily depends on the choice of pa-
rameter values associated with interpolating points. We consider plane cubic
B-spline curve and do numerical tests on di¤erent methods of parameteriza-
tion [1, 2, 3, 4] in order to show that unwanted e¤ects typically occur when
the points are unevenly distributed. We improve parameterization by using
an iterative process [5]. We compute �rst an approximation of the arc length
which is the cumulated chord length, noted csi; i = 1;n, of successive segments
Pi+1 � Pi; i = 1;n then we construct a uniform B-spline curve that interpolate
the points (csi; i); i = 1;n and choose on this curve speci�c value as the new
parameter for each data point Pi; i = 1;n. We propose also a criterion based on
dynamics as the termination criterion of the iterative algorithm.

Keywords: Parameterization, interpolation, spline, singularities, fairing
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Statistical extension of some classical Tauberian
theorems
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Abstract

Let s : [1;1)! C be a locally integrable function (in Lebesgue�s sense). We
de�ne the harmonic summability and the statistical convergence of the function
s at 1. We prove the nondiscrete versions of the Landau-type and Hardy-type
Tauberian theorems in the case of harmonic summability.

Keywords: statistical limit of functions, harmonic summability of functions,
slowly decreasing and slowly oscillating functions
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