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Abstract

Let @ a compact and convex subset of R¥, £k > 1 and let {Lj},eIN be a
sequence of positive linear operators from C*(Q), (n € Z%) to C(Q). The
convergence of L; to the identity operator I is closely related to the weak
convergence of a sequence of finite measures u; to the unit (Dirac) measure

620? 3:0 6 Q

New estimates are given for the remainder |[q fdu; — f(zo)|, where f €
C"(Q). Using moments methods, Shisha-Mond type best or nearly best upper-
bounds are established for various choices of k, @, n and given moments of My
Some of them lead to attainable inequalities. The optimal functions/measures
are typically spline functions and finitely supported measures. The correspond-
ing inequalities involve various measures of smoothness of f such as the first or
second modulus of continuity of f("), the Peetre K-functional of f or certain

modifications and generalizations.

Finally some miscellaneous sharp inequalities are obtained. These lead to
Korovkin type convergence theorems relative to ratios of Fourier-Stieltjes

hyperbolic coefficients.
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CHAPTER 1
INTRODUCTION

We start with the following definition:

Deflnition 1.1~ Let @ be a connected compact Hausdorff space and C(Q, R) the
collection of all continuous f : @ — R. Let 9 € C(Q,IR) be fixed and define
the g-pseudomodulus of continuity of fECQ R) as

(1.1.1) wy(f, h) = sup{|f(z) — f(¥)l : l9(z) — o(w)] < A},
here A > 0.

Thus wy(g, £) < h. The quantity w,(f, h) enjoys most of the basic properties
of the usual modulus of continuity wy(f, h) (positively homogeneous as a func-

tion of f, non-decreasing nonnegative and subadditive in h). However, w,(f, )

is an upper-semicontinuous function and in general not a continuous one.

Example Let
9(-’5):0 S

IAV\

S

1, 2 z<3

f/\

and f(z) = z then
w(f,h)=1+4+h 0< h<1;
3, h2>1,

Obviously, w,(f, -) is discontinuous.

Consider a sequence of positive linear operators L, : C(@ R) - C(Q,R),
such that the sequence of functions {Ln(1)},cN is uniformly bounded. In



particular, |f| < 7 implies |Ln(f)] < Ln(§). The following result is an easy
generalization of a result due to Shisha and Mond (1968), who took Q@ =
[2,8] C R and g(z) = z.

Treorem 1.2. One has

(121) N La(f) = FULN 1 1 L) = 1 || +w,(f, o)1+ || La(1) 1),

where

P = (|| La((9 — 9(¥))*)(v) |)¥/2.

Further, || - || stands for the supremum norm. If Ln(1) = 1, then (1.2.1)

simplifies to

” Lﬂ(f)”_f “S 2w0(f»pn)‘

As an application, one has the following well-known theorem due to Korovkin

(1953), see [23].

Coroiary 1.3. Let @ = [a,b] C R and let {L, : C([a,b]) — C([a, D)} nelN
be a sequence of positive linear operators. Suppose that g € C([a,b]) is 1 : 1

and further that Ln(1)=1, L,(g9)—g and Ln(g?)->g?>. Then L,(f)->f, for all
f € C([a,b)).

Proor: Note that
Pr < La(@®) =P 1 +2 1 gl | Lalg) — g || + || ¢ |12l Ln(1)—1] .

Now apply Theorem 1.2.5



Z. Ditzian (1975) gave extensions of (1.2.1) to the non-compact case under

suitable growth conditions for f

AlsoR. A. DeVore (1972) gave analogues of (1.2.1) for f € C'([a, b]). Furthermore,
E. Censor (1971) extended (1.2.1) to the multidimensional case and established
related results for f € C?([q, b]). Next B. Mond (1976) gave a more flexible
inequality which sometimes leads to better constants in the upper bounds for
| Ln(f) — f ||. This result was carried over to f € C*([a, b]), by B. Mond and
R. Vasudevan (1980).

The latest result in this direction which often gives better constants as well
as 2 higher degree of approximation for f € C¥([a, b)) is due to H. H. Gonska
(1983). He used the first Stekloff function of f.

J. P. King (1975) gave a probabilistic interpretation of Korovkin’s main
theorem and certain pointwise inequalities analogous to (1.2.1) for f € C(a, b])

or f € C'([a, b)).

We have mentioned only the papers directly related to our research. However,
there is a large related literature, for instance, the significant theoretical work
in Korovkin theory by: J. A. $askin (1966), G. G. Lorentz (1972), D. Amir and
Z. Ziegler (1978), H. Bauer (1978) and most recently by K. Donner (1982).

Our methed is, to reduce questions about positive linear operators to ques-
tions about finite (positive) measures. Namely, let L : C(Q) — C(Q) be a
positive linear operator, where @ is a compact subset of IR*. Then for any

T € @ there is a finite measure i, such that



Lif,2)= [ fle)ualar), for all 1 € C(Q).

And many questions can be reduced to moment problems involving the measure
kz. Using standard moment methods, see: [17], [18] and [19], we derive
pointwise estimates for |L(f, ) — f(z)| which sometimes imply uniform ones.
The advantage of this approach is that frequently one even obtains attainable
(i.e. sharp) or nearly attainable inequalities. The optimal elements f, u, are
often spline functions and finitely supported measures, respectively. Thus, this
thesis mainly deals with the quantitative study of the pointwise convergence
of a sequence of positive linear operators to the identity operator through the

use of moment methods.
Now we will describe some typical results of the thesis.

In Chapter 2 we estimate | [ f du — f(zo)|, f € C™([a, b]), where u is a finite
measure on [a,b], o € [a,b], n € ZT. Let u be of mass m and 0 € [a,b] and

put ¢ = max(|a|, b). Suppose further that
i/r
(fra@n)” =q,
where r > 0 and d > 0 are given.
Consider f : [a,b] — IR such that
|f(s)— f(t)] <w when |s—t|<h, a<st<b.
Here, h,w > 0 are fixed. Denote £ = [¢/h], k = [d/(hm!/")].

Then



(1.4) / fdu—1(0)] < Im— 1] |1(0)|+ mk,

where K = K(m,r,d, h, w, f(0)) is the best possible constant. It is given as

follows:

(i) K = fw when k = ¢.

(i) K = [1+ > (d/hy(e— 1)~]w
whenr <1 and k < ¢

(iii) K = (k+ 8w < [1+ d/(hm'/")|w

when r > 1 and k£ < €. Here,

O = [@" /m — (k — 1Y K]/ (k"R — (k — 1)A"].

When r = 2, inequality (1.4) is sharper than the corresponding Shisha-Mond
(1968) inequality.

The next result involves a positive linear operator L : C™([a, 8]) — C([a, b)),
n 2 1. We put: cx(z) = L((t—2)*, 2), (k = 0,1,..., n), du(z) = [L(|t — 2", z)]/"
and ¢(z) = max(z — a,b— z). Let f € C"([a, b]) be such that wi (f™, h) < w.
Here w,h > 0 are fixed, 0 < h < b—a.

Then we have the upper bound
(1.5.1)

L(f, 2) = f(=)|—|f(2)| |eo(z)—1|— < wén(e(2))(dn(z)/c(2))",

n (k)
L Fpate

where



e@)

(1.5.2) ¢n(z) = ;:-!(Z(le—ih)'l)

7=0

is a polynomial spline function of degree n. Inequality (1.5.1) will be proved

to be sharp.

Additional upper bounds, which for important particular cases are attainable,

are as follows: Let u be a positive measure of mass m > 0 on [a,b] and put

1/(n+1)
) = A >0, where z; € [a, 8] is fixed .

(5 [ 1t = mol+(a)

m
Consider f € C"([a,b]), n > 1 such that wi(f™,rA) < w with r,w > 0 given.
Then

=

f(kl(!:to) /(t = xg)"u(dt)'

/n!).

ae) |1 1] =i (e
< (mw/r)[nr?/8 4 r/2 +1/(n + 1)](

i

B>
=

In the next result we assume that J(t—z,)u(dt) = 0 and (J(t—=0)?u(dt))!/2 =
da(2o).

Then each f € C!([a, b]) satisfies

|/ 1 s~ stan)] = 17020} m— 1)
1) < @+ Vmrfun(f, rdazo))di(zs), if r < 2/
< \/ﬁwi(f’;fd?(zo))dz(%) . if r > 2/v/m.

This inequality improves most of the related results in the existing literature.
It supplies a good estimate of the speed of convergence to the identity operator

of most classical positive linear operators on C'([a, b]). For example, let f €



C*([0,1]) and consider the Bernstein polynomials

(Baf)(2) Z f( )( )t” (L=t *telo,q).

k=0

Then
| Baf — £ 1< ( 0'7;25)% (f’, ;—lf)
n
where || - || is the sup-norm.

In Chapter 3, by using similar techniques we obtain a variety of analogous
results in the multi-dimensional case. These provide us with good upper
bounds for | [ fdu — f(zo)| for important special cases. Here, @ is usually
& convex compact subset of IR*, while f ¢ C*MQ) (n > 1), z, € Q, and WLis a

probability measure on Q.

For instance, let Q@ = {? ER*: 7z |[< 1}, where || - || denotes the £-norm
in R*. Further, let Lo |l T — To I ,u,(d_:?) = d" and suppose that each of
the nth partial derivatives fa of [, relative to the ¢, norm, has a modulus of
continuity w; (fa, h) < w, where h,w > 0 are given. Then we obtain the upper
bound

xo)—ZJ,/g"?

=1

< wd'u(14 | o [)/(1+ || Zo |I),

(1.8)

where g—(t) = HZo2(Z = Zo)), £> 0 snd 8, is asiin (1.5.2).

In Chapter 4, under additional assumptions, we obtain new and attainable
inequalities for the same type of errors. The first part of the chapter employs

the first modulus of continuity w,(f™,¢), n > 1, while the second uses the



second modulus of continuity wy(f®,¢). In both, similar results are proved.
The second part of this chapter involves positive linear operators of convolution
type and also contains an attainable inequality when wy( f™ R < Bh®,

(0 < @ < 2). We make use of the function:

o) Gaw)= [lo=h e, ye ot (n> 1)

where g is any of the above modulus functions.
The following is a typical result of the first part.

Let [a,8] C IR with 0 € (a,b) and la| < b, and f € C™([a,b]). We put
90(v) = wi(f™, [a,8]; ly]), 9:(¥) = wi(£™, [a,0}; |y]), ga(y) = 1wy (F®, [0, 8], y)
and consider ¢ = max(gi, gz); one has 0 < ¢ < go. Further consider the
associated function G, as in (1.9.1). Here, y is a probability measure on [a, b].
Define ¢; = [t/u(dt), 5 = 1,...,n. Let ¢ be a function on [0, 8] such that

%(0) = 0, which is continuous and strictly increasing and let

a= ([ wllvhu(ay).

Suppose that ¥n(u) = Gn(¢*(u)) on [0,%(b)] is concave. Then

< Gu(d).

(1.9.2) \ [ rau— 1(0)— Z f%’lc

H=

This inequality is sharp, in fact is attained by u = §, and f=G,.

By employing the method of the superposition of functions, we give sufficient



conditions so that ¥, is convex/concave for particular functions 9.

In the first part of Chapter 5, we introduce the reduced K7 functional,
which has all the basic properties of the usual Ky due to J. Peetre (see (5], [15]
or [33]). Let f € C([a, b)), zo € [@,b], n > 1. We define:

K1, 1) = inf(l f—g |l 4+t | g™ ).

Here, t > 0 and g € C"([q, b]) such that g*® (z0) =0; k=1,...,m—1 while
|| - || denotes the sup-norm. In particular k(%) — K. The main result is as

follows:

Let 4 be a probability measure on [a, 8] such that [ |y — Zo|u(dy) = dy(zy).
Then

(1.9.3) ’/fdp,-— f(xo)l < 2K£;znfi(f; d1($o)(6(:!:o))n—1)’

2n!

where ¢(z,) = max(zy — a, b — Ty).
Furthermore, the last inequality is attained.

Finally, the second part of Chapter 5 is somewhat different from the rest
of the thesis. It contains a generalization of a result due to P. P. Korovkin
(1958) concerning the convergence of some ratios of the Fourier coefficients
of a sequence of density functions on [0, 7]. Namely, let £ € IN, 2> 2 If
{F"ﬂ}neN is a sequence of probability measures on [0, ﬂ']‘ with Fourier-Stieltjes
coefficients pg, such that py, # 1 and
lim (-1—_-&&) =, then lim (I—'ﬁ%) = k2

n—o \1 — p, n—w
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forallk > 2 ke NN,

Several other Korovkin type results are proved. For instance, let {un} cIN

be a sequence of probability measures on IR+

®n such that p,(1) £ 1, all n € IN.

with existing Laplace transforms

Then, if
for one value \g > 1 then also for all X > \,. Similarly, if

lim 1= en(r)

nmo T— (1) =

for one value \y > 1 then also for all A > Ao.



CHAPTER 2
ONE DIMENSIONAL QUANTITATIVE RESULTS FOR
FINITE APPROXIMATION MEASURES OF THE UNIT MEASURE

In this chapter we study the degree of weak convergence of a sequence of finite
measures {4;}; N on IR to the unit measure &,,. In fact we estimate | Jo fdu—
f(zo)l; f € CMQ)EZT, 2, € Q. Here @ is usually a compact interval of
IR, sometimes IR itself. This enables us in turn to estimate |L(f,z) — f(z)|,

where L is a positive linear operator: CHMR) — C(Q).

Using standard moment methods, we obtain best or nearly best upper bounds,

often sharp, for different @, n and given power moments of .

Our inequalities involve the first modulus of continuity w; (™, k), or a modified
version of it, of the m-th derivative f® for a fixed value of the argument, A.
The optimal elements f, u usually involve simple spline functions and finitely

supported measures.

We present several favorable comparisons of our results to related known
results, for instance, the inequality due to O. Shisha and B. Mond (1968), see
[31], as well as to the latest improvement due to H. G. Gonska (1983), see [13].

11
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I. INTRODUCTION

The following propositions 2.1, 2.2, 2.3, 2.4 are measure theoretic analogues
of certain Shisha-Mond type inequalities, see O. Shisha and B. Mond [31], [32]
and R. A. DeVore [8].

Prorosrrion 2.1: Let u be a finite measure of mass m on the subinterval 7 of R

and let z, € I. We assume that

b= (]t — zoPu(arny

is finite. Let further f : / — IR be measurable and put w = w(f,h) =
sup{|f(z) — f(v)| : z,y € I;|z—y| < h}. Then

< (@)l Im — 1]+ (m + Vm)w .

e11)  |f fau— f(z)

Proor: Letting g(¢) = f(t) — f(z), one has that

[ 146 1(20) = slee)m— 1)+ [ ga

Further
[9(8)] = [£(t) — (o)) < (1 + [t — 2o |/A)w .

Thus,
| 9l < muw+ (wym) [ 1t — zolu(at)
< mw + (w/h)Vmh?
by Schwarz’s inequality.g
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Proposrrion 2.2. Let f € (g, b)), zo € [a, 8],

Ka finite measure on [a, b] of mass
m and put

b= ([t — zo)u(at))'/2

Denote the first modulus of continuity of f’

at h by w = w,(f, h). Then
(2.2.1)

] 1= 101 < I1Co0) i 11+ e | f e mmtty - (v 4 Fh.

Proor: Let f(t) = f(z,) + F'(@o)(t — z0) + Ry(t). It suffices to show that
1
(222) ] Ridul < (Vi + bypo.
Here, Ry (t) = f; (f'(s) — f'(z))ds, where
|[(8) = (o)l < (1 + |s — zo|/A)w.
Thus

R ()] < [t — 2o|(1 + [t — 0] /(2R))w .

Integrating, this gives that

ol ] Budul < [ =zt L [(e—appuan < VR 2 = Wyt L),

yielding (2.2.2).5
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Prorosirion 2.3. Let y be a measure of mass m op [—m, 7] and put

6= (f sin(e/2u(ary .

Then, for every f € C([—m, m]) one has

(2.3.1) | 1= 10)) < 110) Im— 1] 4 (m+ rv/muy (@)

where wy is the first modulus of continuity of f.

Proor: Exactly as in the proof of Proposition 2.1, we have

|/ = 100 < 170} 1m— 11+ mwy(9) + 222 [ e

Further, note that

[ 1tiutar) < [ wlsin(e/2)utat) < ng

Note: A slight variation of Proposition 2.3 would be
| £as— 5tz < Il im— 1]+ (m+ rvimw,

where w = w,(f, 4) and ¢ = (J sin?((t — %0)/2)u(dt))!/?, provided w; is defined

as
wi(f, k) = sup{|f(z) — f(y)| : 2,y € [—m, 7], |z — y| < hmod2r},

where |z — y| < hmod 27 means that min(|z — y|,2r — |z — y|) < h. Note
that this requires that
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7(m) — J(=m)| < wi(f, ).

Prorosition 2.4. Let p and ¢ be as in Proposition 2.3.
Then, for f € C![—m, m], letting w = w,(f", #), we have

|/ fdu— 10)] < 17(0)] m — 1]

(2.4.1)
+17/0)] | [ tulat) + (Vim + 7 /2y

Proor: As in the proof of Proposition 2.2, we obtain
| 1 — 1@ < 170 Im—1[+ 17/ | [ tuat)
1
+u] | ilutat) + 5 | #u(ar)

Also, note that
lt| < m[sin(t/2)] (=7 < ¢ < m)

thus
[ elutet) < v [ lsin(e/2)utat) < mov/m

and

515/ t*u(dt) < g::; / sin®(t/2) p(dt) = (n%/2)¢ .a

The next result will often be used in this thesis, usually when the number of

the growth conditions (2.5.1) equals one.
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Tavorem 2.5. Let C' be a subset of the real normed vector space V.= (V, | -|))
which is star-shaped relative to the fixed point zo. Let further {(h, w;) (1€ I}

be a given collection of num bers, (h¢ > 0, w; > 0, I arbitrary) and consider the
collection 7 of functions f : C — R such that f(zo) = 0 while, for each 1€ 1,

(2.5.1) s —t (< b= [£(s)— £(2)| < wi.
Then
(2.5.2) sup|f(s) = p(ll s —zo ||) (s€C),
J€F
where

Al wll) = inf{g kowi < w [|< 37 keh}

1€/

where ki € ZT, k = 2ier ki < oo.

Proor: Obviously, p(|| u ||) is an even subadditive function on IR satisfying
p(0) = 0 and p(h;) < w; (¢ € I). Moreover, Pl w ||) is non-decreasing on R+,
Hence fo(s) = p(|| s — 2, ||) restricted to C defines a function f, € 7, showing
that (2.5.2) holds with the > sign. To prove the opposite inequality, it suffices
to show that |f(s)| < T.e; ksw; as soon as fE€Fand| s—z|< T ki,
(ki € Z™F, k = T ki < 00). This is easily done by an induction on k. The
cases Kk = 0 and k = 1 are obvious. Let k 2> 0 satisfy the assertions and

suppose s € C satisfies
” 8§ — 1z ”S Zk"h"-f* hr,(k.'e Z+,Ek,' =k;r € I).
V€T
Choosing s’ on the line segment zos such that || &' — s, ||< % kb and

| s — & ||< hy, one easily sees that 1f(s)] < TF kswi + w,. 3
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Corovrary 28. Let C and z, be as above and consider f : C — R with the

properties:

f(zo) = 0 and

(261 ls—=tlI< k= |f(s)— 1(8)] < wiw,h > 0.

Then there is a mazimal such f unction ¢, namely

(26.2) #t) =t — 2z || /Alw.

2.7. An auxiliary function

Let A > 0 be fixed. We shall often use the even function defined by

(2.7.1) QSH(a:)z——fUIzJ[-EPH(%._—t):T:idt, (z€R).

Equivalently,
Izl rz, Zn—1 T,
(2.7.2) tnl(z) = [ / ([o (ﬂdxn)...dzl.

Since [£] = T2, 1<, the latter yields that
1[{& s
(2.7.3) Pn(z) = ;&T(Z(M —jh)+).
15—
In particular, letting k — [lz|/R],

k—1

(2.7.4) ¢1(z) = iﬂzl = SR)L = g(fﬂ — Jh) = k|z| — -é—k[k —1)h.

Maximizing over & > 0, (attained if k = 1/2 4 |z|/h), it follows that
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275) 4i(2) < Oulz) = gy(la] + b2
In fact, ¢i(zs) = @ui(ze) = 4 hk? and ¢i(zr) = Si(ze) = &k - at zp =
(k— %)k, (k =1,2,3, ...). Further, one easily gets

N -

hl ]ﬂ—l
ot T 1)1)

(276)  6al@) < dunle) = (

with equality only at z = 0. Note from (2.7.3) that ¢, is a (polynomial)
spline function. In each interval ((7 — 1)h, 7h] equals a polynomial of degree
n. At the points jh(j = 0,1, ...) the derivatives D¥¢p, (k = 0,1,...,n—1)
are continuous while the nth derivative makes an upward jump of size 1.

Moreover, ¢,(z) is convex on IR and strictly increasing on R, (n > 1). Finally

(2.7.7) tn(@)= | taos(at, @ERT ,n > 1)

provided we define ¢o(t) = [£].

(8
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II. BEST UPPER BOUNDS AND RELATED RESULTS

Using moment theory methods we obtain the following results.

Taporem 2.8. Let p be a finite measure of mass m on the interval [a, b] where

0 € [a,b]. Let c = max(|a|,b). Suppose further that
(2.8.1) (] 1t uan) =,

where r > 0 and d > 0 are given. In order that u exists, we also assume that

d" < mc". Next, consider f : [a,b] — IR satisfying
(2.8.2) {f(s)— f(t)] < w when s,t € [a,b];|s—t| < h.

Here, h > 0 and w > 0 are fixed. Then the best possible constant K =
K(m,r,d, h,w, f(0)) in the inequality

(28.3) [ Fdu— 1)1 < Im—1]17(0)] + mKc

is given as follows, (and is independent of f(0)). Here n = [£], k = |54+ ].
Since d” < mc" one has1 < k < n.

(i) K = nw when k = n, that is, when d/m!/" > ¢ — h.

(1i) K=[1+4&(#(n—1)"]w
whenr <1 and k < n.

(ii) K = (k+ 6w < [1+ d/(hm'/")|w
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whenr > 1 and k < n. Here
Or=[d"/m—(k—1)h"]/[k"h" — (k —1)A7].

The equality sign in (2.8.3) is usually not attained but can be approached
arbitrarily closely by the function f(t) = f(0) + €[#]w (with e = 41 of the
same sign as (m — 1)f(0)) and a measure p of mass m supported by a single
point in case (i), by at most two points 0 and t* in case (ii), (with absolute
value slightly to the right of (n — 1)h). And by at most two points t; and
t, in case (iii), (with absolute value slightly to the right of (k — 1)k and kh,

respectively).

Proor: Let g(t) = f(t) — £(0). From Corollary 2.6, we have
l9(t)] < @(2) = TItl/hlw.
Thus
[ 1 — 10 = | [ gdu+(m—1)10) < [ dau~+ m—1]15(0)].

Here, the equality sign obtains when f is of the form fy(t) = f(0) + €@(t)
with € = 41 of the same sign as (m — 1)f(0). One easily verifies that f; also
satisfies (2.8.2). Thus, the best constant K in (2.8.3) is given by

mK = sup fqbd,u
I

where p ranges over the measures on [a,b] of mass m which satisfy (2.8.1).

Introducing the probability measure dv = m™'du, we have



where v ranges through the probability measures on [a, b] satisfying

K = sup [ o(e)(at)

[itrvia) = a/m.
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Note that both ¢(t) and [¢|" are even functions on [a,b]. It follows (see [17],
(18]) that K = 9(d"/m), where I'y = {(u,%(u)) : 0 < u < c¢"} describes the

upper boundary of the convex hull conv I'y of the curve

Fo={(¢",¢(t)) : 0 < t < ¢}, (where ¢ = max(|a], )).

Note that I'y consists of the following parts:

(i)

(iii)

The origin (0, 0) corresponding to ¢ = 0.

For k =1,...,n—1, the half open horizontal line seg-
ments (P, Q] where P, = ((k — 1)'h", kw) and Q; =
(k™h™, kw).

The half open non-empty horizontal line segment (P,, @,],
where @, = (c¢",nw). It is always a part of the up-
per boundary I'y of conv I'y, yielding assertion (i) of the

theorem.

The line segment from P; to P4 has a slope wh™"/[k" — (k — 1)"] which

18 decreasing in k when r > 1 and increasing in kK when 0 < r < 1, (since

the latter denominator has derivative r[k"™' — (k —

1)~!]). Consequently, if

0 < r < 1thenT'; consists of the two line segments [P, P, and [P,, @,]. Thus
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Y(u) = w[l + uh~"(n — 1)~ when 0 < < (n—1)A" while 9(u) = nw
when (n — 1)'h" < u < ¢'. This yields assertion (ii). On the other hand, if
r 2 1 then I'y is composed of the line segments [P Paii) [k =150, - 1)
together with the horizontal line segment |Ps, @.]. This easily yields assertion
(iii). The last assertions of the theorem easily follow from the geometry of
conv I'y. The fact that this sharp bound (2.8.3) is usually not attained derives
from the fact that [P, Piyy] belongs to the closure of conv I'y but not to

conv Iy itself.g

CoroLrary 2.9. If r > 1 then
(2.9.1) ] £du— 5O < Im— 1] 1£(0)|+ wlm + Lmi=trn).
For r = 2 the latter is the inequality (2.1.1).
Note: Obviously, when r = 2 inequality (2.8.3) is sharper than (i)

By a similar reasoning, one obtains the following result.

Prorosirion 2.10. Let [a, b] be a closed finite interval containing 0 and put ¢ =
max(le|,b) and L = b—a. Let & : [—L,+L] — RT be an even nonnegative
function, ®(0) = 0, which is subadditive on [0,L] (e.g. ® could be non-

decreasing and concave). Consider
F={f:[a,b] = R and |f(s) — f(t)| < ®(s —t) for s,t € a, ]}
Let 7y = {f € 7 : f(0) = 0}.

Clearly ® € %, and |f| < & for all f € % thus
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sgﬂp|ffdv[ = /deu,
for each probability measure v on [a,b].
Suppose v is further restricted by the moment condition
[ wwian =

where V¥ is a given continuous even and nonnegative function on [—c, 4|,

which is strictly increasing on [0, c|], ¥(0) = 0. Let

E=s?‘1]1,&1:’>]/fdu|.
(i) If ®(¥~*) is convex on [0, ¥(c)] then E = pd(c)/¥(c).
(i) If ®(¥~') is concave on [0, ¥(c)] then E = ®(¥—(p)).

Remank 2.11. If ®(t) = k[t|* (0 < a < 1,k > 0), ¥(t) = |t|" (r > 0) then (i),
(ii) happen when r < « and r > «, respectively.

Remark 2.12. We maintain the notations of Proposition 2.10. Let u be a measure

on [a,b] with mass m and moment

f V(t)u(dt) = mp.

Then each f € 7 satisfies

[ fdu— 10)| < 1) Im — 1| + mE.
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This inequality is sharp and in fact js attained by f(t) = f(0)+ €d(¢) and
a suitably chosen measure supported by at most two points; (e = 4-1 equals

the sign of (m — 1)f(0)).
The following is well known.

Lemwa 2.13. Be given a closed finite interval [a,b] and fixed z, € [a,8]. Consider
f€C™(a,b]), n > 1 and denote ¢(z) = f™(z) — f™)(z,). Then, (e<z< )
(2.13.1)

1= £ e ([ ([ o) Y

and

_ & W) ¢ oz — 1t
(2.13.2) fle) = 3 e —mt [ WOyt

As a related result we give

Tuporem 2.14. Let u be a measure of mass m > 0 on [a,b] and z, € g, b] fixed.

Let n be a fixed positive integer and put

(2.14.1) b= ([ |t — zo"Hu(ag) /o)

Suppose f € C"([a, b)) satisfies

(2.14.2) [F™(s) — f™(t) < wifa < st <band [s—t| < 4,

where w is a given positive number. Then
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(2.14.3)
(k )
] 110}l < 11(z0) 1435 L) [0ty 9 o 1y

Remark. Note that the case n — 1 js precisely Proposition 2.2.

Proor: Without loss of generality let z, = 0. From (2.14.2) ¢(z) = f™(z) —
f™)(0) satisfies [¢(s) — ¢()] < w when |8 —¢| < h, therefore |@(t)| < w[l] by
Corollary 2.6. It follows from (2.13.2) and (2.7.1) that

n

E k' < won(z).
From [£] <1+ £ and (2.7.1),
wlz® |z|
(2.14.4) whh(s) < SH0+ .

Integrating relative to # and using Holder’s inequality we obtain (2.14.3).5

Prorosrrion 2.15. Let f € C™([—, x]), n 2 1 and u a measure on [—r, m] of

mass m > 0. Put

(2.15.1) B ( / (sin %,)”ﬂ“(dt))ucnw

and denote by w = w,(f("), B) the modulus of continuity of f(*) at 8. Then

| 1 1000 < 10— 1]+ 35 L2 /t* (dt)
(2.15.2) b=1

+ [t Ly 1JJ -

Proor: Analogous to the proof of Theorem 2.14, using the fact |t| < 7 sin([t]/2).4
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Remark. The special case n = 1 jg precisely Proposition 2.4.

Prorosimion 2.16. With the notations and assumptions of Proposition 2.15, we
obtain

| 1= 100 < 1100 =21+ 35 OO, [ 1y
(2.16.1) L

1/(n+1) 2/(n+1)
nan 4l m m
Ea il ((n -+ 1)! onl T 8(n — 1)!%)

Proor: Analogous to the proof of Proposition 2.15 by using (

2.7.6) instead of
(2.14.4).p

When m < (42)"+! jnequality (2.16.1) is sharper than (2.15.2) and in par-

ticular for the very common case of m = 1; n = 1 inequality (2.16.1) is

sharper than inequality (2.4.1).

The analogous modification of Theorem 2.14 will be discussed in section IV,
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[Il. SHARP INEQUALITIES

The following optimal results are obtained by using standard moment methods
(see [17], [18]).

Tuporem 2.17. Let u be a finite measure on [a,6] C R 0 € (q, b) and |a| < b
Put

(2.17.1) cr = ft*p,(dt), k=0,1,...,n;d, = (/ Itl",u.(dt))l/ﬂ
Let f € C™([a, b]) be such that

(2.17.2) [f™(s) — f™)t) < w if a <st<band [s—t|<h
where w, h are given positive numbers.

Then we have the following upper bound

n 1 f(B)
(2.17.3) |ffdp,—f(o)| < 1£(0)] |eo — 1] +k; ll;i?lllcxl + w¢n(b)(%ﬂ")

n

The above inequality is in a certain sense attained by the measure u with
masses [c, — (dy,/b)"] and (d/b)" at 0 and b respectively and when, moreover
the optimal function is

-~

f = we, ,on [0,8];

(2.17.4) o Enilal

Namely, the latter is the limit of a sequence of functions f having continuous

nth derivatives satisfying (2.17.2) and f®0) =10 (k =0,...,n) and such that
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the difference of the two sides of (2.17.3) tends to 0. In fact, imyoie fan(t) =
f(2), where (a < ¢ <)

(2.17.5) Foeld) == 0 fﬂ t ( / . ( / o fON(tn)dt,.)- - -)dm .

Here, for k = 0,1, ..., [6/h] —1 and N > 1 fon Is the continuous function
defined

0, fa<t<o;
_ k(1 8),  ifkh <t < (k+ R)h:
217.6) Sl =" Dy if (k+ f)h < t < (k-+ 1)h;
[b/h]w, ([6/h] =1+ F)h <t <.

Observe that fyn(t) fulfills (2.17.2) and further

yim fon(t) = [t/hlw, te[o,8];
0, t€la,0].

Proor: From (2.13.2), integrating relative to L get
|/ fd— £(0)) < 170)] s — 1]+ >0, s,

where

Sn=w [ da(t)u(dt)

We would like to maximize S, given that u has preassigned moments co and
dn = [[ [t|*u(d2)]*/". Since the functions on hand t|" and ¢,(t) are both even
we are essentially concerned with a measure on [0, b (using that |a| < b).
As usually, consider the curve defined byu=1t"and v = Pn(t), that is v =

#n(u'/") where w > 0. Here
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%(ulfﬂ) - i_[(f: (ul/ﬂ . Jhﬂ) '

‘| j=0

The function (u!/*—j5A)% has its first derivative equal to (1—gh/ul/*)3~! which
is obviously increasing in u. It follows that ¢, (u!/ ") is convex. Consequently,
the integral [ ¢,(¢)u(dt) is maximized by a measure taking values at 0 and b
only. Let u have masses p and q at 0 and b respectively. Thus p > 0,g>0
while p + g = ¢y. Further, 0 + qb" = d#, thus ¢ = (dn/b)". Consequently,
max Sy, = wen(b)q = wen(b)(da/b)". ¥

Let L be a positive linear operator from C™([a, 8]) into C([a,8]). It follows
from the Riesz reprsentation theorem, for every z ¢ [a,b] there is a finite

nonnegative measure u, such that

L1 2) = [ F(ea(dt), for all 1€ 7(a,b).

Naturally, the converse is not true. That is, only special kernels u,(-) will

transform continuous functions into continuous functions.

Corovruary 2.18. Consider the positive linear operator
L:Ce,8]) — C([a,b]),n€N.

Let

ce(z) = L{(t — z)*,2), k = G1.....5:;
2181)  do(z) = [L(t — 2", 2)]"/";

¢(z) = max(z — a,b— z), (c(z) > (b—a)/2).
Let f € C™([a,6]) such that ws(f™,h) < w, where w, h are fixed positive
numbers, 0 < h < b— a. Then we have the upper bound
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218.2) |L(f,2)— 1(a)| < I£(2)] feo(a) — 1] + éj{ @ oy 4 g,

Here

@185 B wpeta) 28 — Yo b/,

where

On(h/u) = nlg,(u)/u".

The above inequality is sharp. Analogous to Theorem 2.17, it isin a certain
sense attained by we,((t — z)+) and a measure u, supported by {z, b} when
T—a < bz, also attained by Won((z — t)+) and a measure kz Supported
by {z,a} when 2 —a > b— z: in each case with masses ¢,(z) — (dn(z)/c(z))™

and (dy(z)/c(z))" respecti vely.

Proor: Apply Theorem 2.17 with 0 shifted to z.g

2.19 Explicit upper bounds for n — 1

Here we find simpler useful upper bounds for the remainder term of (2.18.2)
i.e. upper bounds for @n(u)/u™. Typically u = ¢(z) as above and thus satisfies

db—0)<u<b—a

From (2.18.3) we have

o

(2.19.1) nl éa(u)/u" = 3°(1— jh/u)r = O,(h/u),

7=0

where v = h/u satisfies 0 < v < 2h/(b— a), thus v is usually small. Note
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(2.19.2) On(v) = 2(1 —~Ju)}.

=0

Let us study now the case n — 1. It is not difficult to show that, for v small,
(2.19.3) B(v) < (2v)~ 21 & O(v).
where O(v) = v/8. Thus taking v = h/c(z), (2.18.2) with n = 1 yields that
(2.19.4) L1, 2) — 1(2)| < 17(@)] leo(z) — 1]+ |£/(=)| les(2)| + Ry,

where

Ruy = wd, (3)[ 42) , 1 +o(_(’_‘_)_)J.

(here, the last term == h/(8¢(z))). Hence, when A — rdi(z), r > 0 constant the

remainder term in (2.19.4) is equal to
¢(z) di(l‘) df(z)
|3+ +o{g5)]

In many applications f'(z) is Lipschitz with exponent (0 < a < 1) thus

w = Ah®, with A as a positive constant. The A minimizing the right hand side

of (2.19.4), is approximately given by

hm_=2c(:c)(i+ ) for 0<a<1.

The resulting remainder would be

R,y = Ad, (z)2“(c(z))“%i1-—__l_—:-%;-:-,0 <a<l,
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2.20 Explicit upper bounds for >1

From (2.19.2) for (N+1)t<y S N7 N €N one has
N —
(2.20.1) On(v) = 3" F(5), where fz)=(1—vz)
J=0

It follows from the Euler-MacLaurin Summation formula (formula 298 in [21])

that in the same case:
(2.20.2) ©,(v) = (75?11_)3[1 —(1— Nu)"""‘J + 511+ (1 — Noy

B. ! = P
3 Eﬁ?(n——’;c—f—l)!v% ‘[1—(1——Nv) +1 21:J’

1<k<n/2

where N is the integral part of y—! and 0 < 1—Nv < v. Here the Bernoull;
numbers are: B, = |1/, B, = —1/30, By = 1/42,
By = —1/30, Byy — 5/66, B, = —691/2730, By, = 7/6 etc. From (2.18.2)
and (2.19.1), we are interested in Bn(v) for values v = h/c(z), where
$(b—a) < ¢(z) < b— a, while A is often small, hence so is . Note that
(2.20.2) implies that

(2.20.3) B,(v) = (;-_—’_I—T)? + % + 1<§ " agvF—t | Oo(v")

as v — 0, where

(2.20.4) ar = (n+ 1)—‘("2‘: 1)32,,.

In particular, lim,_,, ©,(v) = 0. In connection with (2.18.2), observe that

from Holder’s inequality |c(z)| < di(z), where dn(z) is usually small. Moreover,

R, in (2.18.2) is approximately equal to iy ¥e(z)dR(z).
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If one chooses h = rd,(z) then
R = ot (1, ray @,
assuming that d,(z) is small.

The next lemma will be used in Theorem 2.22.

Lemma 2.21. Be given (0,6 C R and 1, € (a,b) fixed, consider all measures U
with prescribed moments
(2.21.1)

) = co > 0; f (t — mu)u(e) = cu(20), | It — solu(at) = dy(z0) > o,

For w,h > 0 0 < h < b — a) as given numbers, put
M(zo) = sup,, f (), (|t — oo |)u(dt).

Then
(2.21.2)
3 dy (o) + c¢1(zo) ds (2o) — ¢1(zo)
M(zo) = we, (b — :r.o)( 260(6— z0) ) + wéy (zo — a)( 260(%5 — a) )

The optimal measure is carried by {a, zy, b}.

Proor: Easy.j

The assertion of Theorem 2.17 can be improved if more is known about u.

One result in this direction is the following.

Taeorem 2.22. Let [a,b] C IR, z, € (a,6) and consider all measures 4 on [a,b]

such that
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(2.22.1)
e, b)) = ¢y > 0; /(3 — Zo)u(dt) = ¢;(zy), /li — Zolu(dt) = di(z) > 0.

Further, consider f ¢ C*([a, b]) with w, (f,h) < w where W, h are given positive
numbers (0 < h < b— a).

Then, we get the best upper bound

2222) || 1 12l < 11t o — 11+ 1) ) . o M (zo),

where M(z) is given by (2.21.2).

Proor: Easy.g

IV. NEARLY SHARP INEQUALITIES

Here we establish some good inequalities with explicit constants better thap
those in the literature. They involve the first modulus of continuity, or its
(smaller) modification, of the nth derivative of f € C™([a,b]), n > 1 evaluated
at h = rd, ., (z,); where Any1(zo) = (f ft — :.co]"+‘u(dt))l/(n+1), Zy € [a, b].

The following is a refinement of a result due to B. Mond and R, Vasudevan

(see [28]).
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Tuporem 2.23. Consider a closed interval (a, b CIR and a given point z, €

[a,b],
further a measure 4 on [q, b]

of massm > 0 satisfying

/(t — Zo)u(dt) =0; (f(t — xg)%(dt))m = dy(z9) > 0.
Then for f € C([a,b]) and r > 0,

(2.23.1) l]fdﬂ — (@)l < |f(20)] fm — 1] + (v/m + %)wi (f', rda(z0))dy(

xg) .

Proor: By the mean value theorem, there is € € (¢, zo) such that

(2.23.2) F(8) = £(20) = (t — o) f'(20) + (¢ — 20)(f'(€) — £'(z0)).

Then

[f'(¢) — fl(zo)| < wi(f', |6 — o)) < wy (f', |t — 7))
= wi(f', [t — zo|6716) < (1 4 [t — 2|6~ Ywy (£, 6), (for all 6§ > 0).

Therefore |£/(€)— f/(zo)| < (1-+ [t —zo[6=*Juy (1", 5)

, forall § > 0. Multiplying
by [t — =z, integrating relative

to u and applying (2.23.2) we have

] 1 du = mitae) < 1) | [t — mougar)
+(/ 1t = woluat + (Je- o) u(dt) )5~ Ja (1,8

1/2
< U@l | [ — zo)u(a)) + (/66— eoputan) v 4 5~ Je- za)zu(dz)] wi(f,6).
Letting § = rdy(z,), one obtains (2.23.1).3

The following is a refinement of the main theorem of a paper due to H. H.
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Gonska (1983), see [13].

Gonska’s result is the latest improvement in this type of inequalities. Here

u(f) =/ fdpu.

Treorem 2.24. Let u a measure op [a, 8] of massm > 0, Consider 0 < h < b—gq

and z, € [a, b and Jet f ¢ C'([a, b)).

Then
1] 7= 1(20) < I£(zo) jm— 11
(2.24.1) Fan(r Wit — o))+ Sou((t — z,))
15z [ 74020+ ] e — 20),
where

(@), t<a
fit)= {f’(t), t € [a,b]
'), t>0.

Remark. Observe that I [ Fil@o + w)du| <|| f , where || - || denotes the

sup-norm over [a, b],
Proor: If g € C?%([a, b]), then clearly

2242) | [ g du—mo(ar) < I¢(ar) || t—zo)u@)+ 121 [ zoyeuqar)

Further,

() = f(zo)m]| < |u(f — g) — m(f — 9)(z0)] + |u(g) — g(zo)m]|.

Hence,
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F) = f(zo)m| <I (f — g) || w(]t — 2])

2.24.3 d
- (2.24.3) =+ |9'(z0)| |t — zy)| + l%_uﬂ'[(t i xU)QJ‘

Let fh be the so-called first Stekloff function of f’; that is,

(fh)t) = é% _: fit+w)du, (a <t <b).

By a well-known theory [35],

I =W wa(7, k) and || (£ 1< bty (f',R).

It is easy to find g € C?([a, b]) such that g = (f)n. Applying (2.24.3), one

obtains
(f)—£(zo)m| < wy(f", h){ﬂv(lt'—xo‘)‘1‘515#((3‘*30)2)}‘*‘]5% __hh Fo(zotu)du| u(t—z,)|.

Conovrany 2.25. Let the closed interval [a, b] C R and =, € [a, b]. Also consider

a measure u on [a, b] of mass m > 0, such that

f(t — zo)u(dt) = 0; (/(t — Z0)?u(dt))!/? = dy(zs) > 0.

Let r > 0 and f € C*([a, b]). Then

(225.0) | [ fdu— (z0)] < |f(n)] Im— 1]+ (Vi + o2 )x (1,7 d(260))da(zs).

Observe that (2.25.1) is sharper that (2.23.1).
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Proor: By Schwars’s inequality u(|t — zo|) < (u((t — £)?))/2/m. Now apply
(2.24.1) with h = rdy(z,).5

Using (2.7.5), we obtain the following result.

Taeorem 2.28. Let f € C'([a,b]) and u be a measure on [a,b] of mass m > 0

with given moments

f(t — Zo)u(dt) = 0; (/(t — .’to)zﬂ.(dt))uz = dp(z9) > 0,

where z, € [a,b]. Consider r > 0. Then
(2.26.1)

] e — @)l < 1)l Im— 114+ (24 v P (7, rafe))de(es).

Nore. If o = 0 we could get a sharper inequality by using the modified modulus

of continuity @, instead of w,; where

(2.26.2) @ (f, h) = sup{|f'(z) — f'(y)| :z-y 2 0, [t —y| < h}.

Obviously, w; < wy.

Corovuary 2.27. In the special case of m = 1, z, = 0 we have
_ 2+ r)?
(2.27.1) [ rdu—10) < (s, ran @D,

(where dy = d,(0)).
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Proor or Treorem 2.28: Integrating (2.13.2) relative to u we get

2269) [ fdu—ms(a) = lan) [(t— aoula) + [ Ko, sputar),

where
¢
Kit,20) = [ $(a)iz; ¢(a) = f'(x) — f'(z).
Note that ¢(z,) = 0 and |¢(z)| < w, (f, h)[ 52 for all b > 0.

Hence,

IKl(t Io)] < M1 t 2’20 )ﬂr

for all ¢, 7o € [a,b]. By (2.7.5), we obtain

h

(226.4)  |Ki(t 20)| < Mi(t,0) < wn(f" h)[( Bl g = ’+§]

Now integrating (2.26.4) against u, using Schwarz’s inequality and setting
h = rdy(z,), we find:

(2.26.5) [ 1Ki(t, zo) u(at) < 2 o= (2 + Ve Pwy (£, rdy(20))da(so)

Finally, from (2.26.5) and (2.26.3)
| 1= mitzo)l < L2+ varrPon(r) rdafan))da(eo).

Since

| fdu— 16l < 110l i — 11+ | [ 1du— f(aoymi

the theorem follows.g

Remank 2.28. When w,(f’, h) = Ah®, 0 < o <1 and A > 0 constant, the value
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of r > 0 minimizing the right hand side of (2.26.1) is given by

(2.28.1) r=2(1—a)/(Vm(1 4 a)).

If @ =1 then letting r | 0 one obtains that

2282) | [ fau— t(a) < If(eo) jm—1|+ SAd(zy),

where

A= sup{|f'(s)— f'(t)|/|s — t|}.
st

When |a| = b and 2y = 0, the Jast inequality is attained by f(z) = z? and

& measure p with masses m/2 at 4-b; (both sides are then equal mb?).

Remank 2.20. When m = 1, la| =8, 20 =0, r =2 and o is small, the inequality

(2.26.1) is nearly attained by f(z) = |z|*** and u with mass 1/2 at +b.

Remank 2.30. Withm = 1, la| = b, o = 0, the measure 4 having mass 1/2 at
*b and f(z) = |z|'** (0 < & < 1), the left hand side of (2.26.1) equals a!+*
while the right hand side equals (1+a) 5= (24 r)2%at+e, Minimizing over r the
right hand side becomes C(a)a!*®, where Cla) = 2%(1 — @)~ t+e(1 4 a)™.
The quantity €nC(a) is a concave function of a taking its largest value at o —

0.580332 and there C(o) = 1.650485. Further
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C(.01) =1.016923 C(6) =1.649385

C(.05) =1.084313 C(7) = 1.607942

C(1) =1.167200 C(8) =1.501667

C(2) =1324023 C(9) = 1.318405

C(:3) =1.46069 C(.95) = 1.189863

C(4) = 1.56700 (.99) = 1.052338
(.

¢
C(0.5) = 1.63299 C(.999) = 1.0074349.

So we see that (2.26.1) is never far off, in that it is attained up to a factor 1.65

at most.

Nore. (i) If0 < r < 4/\/m, then inequality (2.26.1) is sharper than inequality
(2.25.1). (i) Ifr > 4/\/m, then (2.25.1) is sharper than (2.26.1). Because of
(2.28.1) case (i) is probably more interesting.

In terms of best constants, in this type of inequalities, the next result im-

proves all the related results we are aware of.

ConoLrary 2.31. Let 7, € [a, b] and the measure u on [a,8] of mass m > 0 satisfy

the moment conditions

/(t — Zo)u(dt) = 0 and dy(z,) = (/(t - zo)gp[dt))uz.
Consider r > 0 and f € C*([a, b]). Then

(2.31.1) | [ 1 du—f(z0)|—|f(zo)] 1] < o Vo, rdy(zo))da(ao), if 7 < 2/
< Vmws(f', rdy(20))do(z0), if r > 2/v/m.

When z, = 0, we get a sharper estimate by replacing wy by wy, (see (2.26.2)).

Proor: Note that the first part of (2.31.1) follows from (2.26.1). If r >
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2/y/m then apply (2.26.1) with r replaced by ry = 2/\/m and note that
E%(2+ \/Efl)z - \/ﬁl

Taking r = 1/2 in (2.26.1) one obtains:

Treorem 2.32. Let the random variable Y have distribution pu, E(Y) = z, and
Var(Y) = 0%, Consider f ¢ CB(R). Then

(2321)  |BS(Y)~ f(zo)l = | | fdu— f(20)] < (1.5625)us(s" 2o

The last inequality is stronger than the corresponding results by B. Mond-
R. Vasudevan [28] and J. P. King [20].

2.33 Application
Consider X real i.i.d. random variables and put S, = 27=1 X, n> 1. Let

Zo = E(X), 0® = Var(X) thus E(Sn/n) = 2, and Var(S,/n) — o%/n. Denote
Fs, the d.f. of S,. Then (2.32.1) yields

(2.33.1)
E1(Sa/n)~ Haza)l = Ji (t/m)dFa,(t) — f(zo)) < (15625l s o]

The following Corollaries 2.34, 2.35, 2.36 and 2.37 are applications of (2.33.1)
to well-known positive linear operators arising from probability theory. The
corollaries about the Baskakov, Sz4sz-Mirakjan and Weierstrass operators are
improvements of corresponding results contained in Z. Ditzian [9] and S. P.

Sing [30].

We start with the classical Bernstein polynomials.




43

CoroLary 2.34.  For any [ ¢ C([0,1]) consider (Baf)(t) =
Zk=o [(R)R)H1 — )% t € [0,1]. Then

(Baf)t)—1(8)| <f15625Jw(f’1\/‘““*' S (078125) ,(f',—i_).
4y/m

Proor: Consider (X, X;);jeIN Bernoulli (i.i. d) random variables such that PX; =
0)=1—t, P(X; = 1) =t;t € (0,1), then E(X) =1t and Var(X) = ¢(1 —¢).
Now apply (2.33.1) with z, = ¢. Further, note that MaXo<i<t (1 —1¢)) =1/4
att=1/23

Fort>0and f¢ Cs(IR") the Szdsz-Mirakjan operator is defined as
—nt = k. (nt
(M) = e 5% gkt

while the Baskakov type operator is defined as

ar)e)= 3 1 (”f“‘l)(—l—};)m.

Both operators are of the form E(S,/n) above. Namely, X there has the

distribution

._:Z 6;,. and Py = io(f'-lf—_?)(lj—t) Ok,

(Poisson and geometric), respectively. In both cases, £(X) = t while Var(X )=
t and Var(X) = (& 4 t2), respectively.

Thus (2.33.1) implies:

CorovLrary 2.35. With the above notations, we have
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I(Ma1)(E) = F@)] < (15625 (f | ';‘(%) 1/2)(1) B

n

and

n n

Vaf)®) — 7)) < (1.5625), (f’ ;2 *)/)( a ‘2)”2,

for all f € Ch(R™).

The Weierstrass operator is defined by

Waf)(t) \/— f flz)e=™=="gq

It agrees with Ef(Sa/n) when X has the normal distribution (t,1/2) with

density #e‘f”_”’.

CoroLuary 2.36. For all f € Ch(RR) we have

Wa(f) — 7 II< (1.5625)w,[ 7 2 )—1—
W) — 1 1< J(f )L

where || - || the sup-norm.

As our last illustration, let X have an exponential density e=?/* on IRt so
that E(X) =t, Var(X) = #2. Then Sy has a gamma density with parameters

n and t™', so that S,/n has a gamma density with parameters n and n/t.
This leads to the operator (see [12], p. 219)

(Haf)(t) = —_T),_t_ I se)ertemoitaz, ¢ 5 .

CoroLrary 2.37. For f € Cé[lR'*'), t > 0 we find
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t |t
Haf)(t)— f(t)] < (1.5625)w,[ p, -2 | L
I(Hn)(8)— £(8)] < (1.5625) (f 2\/7_1)\/5

In the following we establish similar inequalities for higher derivatives
(n > 1)

Tueorem 2.38. Let u be a Positive measure of mass m > 0 on the closed interval
a,6] C IR, for which we assume that (& J [t — 2o [P u(dt)) /in+1) — dnyy > 0,
where z, € [a, ] is fixed. Consider F€C™([a,b]), n > 1 with w, (™ Flpty) <

w, where r, w are given positive numbers. Then

(2.38.1) |_/fd,u— F(zo)| < [m— 1| |f(zo)| + Z Ca zo)']/t—-xu)u(dt)f

mw
rn!

+ [nrz + + (n + I)Jcﬂ:_H ¥

Nore.

(i) Whenzy =0 ¢ [a,8] then (2.38.1) is also true when wy Is replaced by

Wy,
(ii) In applications r is usually small.

(iii) Inequality (2.38.1) on [—b, b form=1,r | 0 and To = 0 is attained by
f(z) = |z**! and u with mass 1/2 at +-b.

Proor: Exactly as the proof of Theorem 2.14 except that we use the bound
(2.7.6) for ¢, and take h — rdy41 instead.g
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When m =1, |a| = b, 2, = 0 and a small, inequality (2.38.1) for no valye
of r > 0 can be nearly attained by |z[**%(n > 1) and u with mass 1/2 at 4-b.

In this direction we give the following:

Tueorem 2.39. Let a probability measure j on [—b,b], b > 0 with (J [t]** u(dt))/n+) —
dnts > 0, (n > 1) and consider f € C™([—b,8]) so that @w,(f™, b) = w; h,w

given positive numbers. We have that

(2.39.1) [ 1du— 1(0) < 2 ‘f O, [ ikany) 4 5, where

(2.39.2) Sn=1w [ $u(t)u(ar).

If h = Tlnt1, * > 0 and w = AR*, 0<a<1, A>0 constant, then (for
n=22345 respectively):

a a-f—
(2.39.3), 8, < Ad"*“(’ ks o L —5— 1 (0.0160375)r “+?)

roet
(2.39.3); S5 < di*“('2 +re 4 1)

r -1

+a L i 4ta |,
(2.39. 3 Sy < 1"-14!1‘l ( 120 -+ e e ST - (0.0002038)1’ ),

fa i ra
730 T 530 T 1440

(2.39.3)s Ss < Adé“( e (0.0000651)rs+°‘).

The inequality which results from combining (2.39.1), (2.39.3) is almost
attained, up to a factor 1.0000002, 1, 1.01, 1. 027, by f(z) = |z|**t®, when a is
small and r takes the values 1. 26794926, 1, 0.7745967, 0.6324555 (respectively),
while the probability measure 4 has mass 1/2 at +b.
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Since the proof of the theorem for all cases n = 2,3,4,5 is exactly the same,

we present only the one for n — 5.

Proor: Recall from (2.19.1) that

5
os(t) = %aes(h/t), £ 0

where 85(v) = £2 (1 — ju)., with v = hft. If v > 1 then 64(v) = 1,
Otherwise (N 1)™ < v < N for some integer N > 1. It follows from
(2.20.2) that

N P | 5y S, 4 V.
%6(t) = 5ol =)+ 51+ 2+ So(1 — 2 — L1 — 2)
where z =1 — Ny. Thus, letting

r=gi = =N (0 F 1)

one has
Ou(t)= i+ 5+ v — o+ glr).
Here,
o(r) = _Iﬂf %i . 15521”l g

Selecting 7 so as to maximize g(r), one obtains an upper bound on Bs(v)
which happens to be valid also when v > 1. Substituting the resulting upper
bound on ¢(¢) into (2.39.2) and using Holder’s inequality, one obtains (2.39.3)s.
Let us apply (2.39.1), (2.39.3) with f(z) = |z[f+* with o small, but not A.
Thus

w=@y(f®, k) = (5 + a)(4 + a)(3 + @)(2+ a)(1 + a)h* = 120.
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Let b=1 and x with mass 1/2at +1sothat ds=1and h = r. One obtains

B 1 1 5 ;
l= ‘/fdﬂ.' S 120(??6; m + mf+0.0000651r )

The value r = 0.6324555 minimizes the right hand side resulting us in an

upper bound equal to 1.027.g



CHAPTER 3
MULTI-DIMENSIONAL QUANTITATIVE RESULTS FOR
PROBABILITY MEASURES APPROXIMATING THE UNIT MEASURE

Here we continue the study of the degree of weak convergence of a sequence
of finite measures {,u,-}ne]N, now on IR¥, to the unit measure dz,, analogous
to Chapter 2. In this chapter, Q denotes a compact subset of IR, while f ¢
C*M@),n > 1and yis a probability measure on Q. Using standard moment
methods, we obtain nearly best or best upper bounds, for different @, k, n and
subclasses of f and given power moments of . Our inequalities involve, for a
fixed value of A > 0, the (first) modulus of continuity (relative to the £ norm

in IR*) of the nth partial derivatives of £

Definition 3.1 For f a continuous real valued function on a compact subset Q

of IR¥, we define its (first) modulus of continuity
— — — — — =
wi(f,h) =sup{|f(z)—f(y): all 7,V €Q, | 7 — ¥ |I< h}
where || - || is the chosen norm in IRF.

We need the following:

49
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Lemma3.2. Take Q a compact and convex subset of R* and let ?o = (%01, ..., Tog)
€ @ be fixed and let u be a probability measure on Q. Let f € C*Q) and
suppose that each nth partial derivative Ja = g%é, where a = (ay,... ) Q)
a€ZY, i=1,... vk and |a| = TF | o = n, has, relative to @ and the -
norm, a modulus of continuity w,(f,, h) < w. Here h and w are fixed positive
numbers. Then

(3.2.1)

L rau—1(Z0)| < +u [, 6l F — Zo u(a),

JI/Q(J) dz)
J=1

where g?(t) = f[?o - t(_:;:+ — ?u)),t 2.0,

Proor: The jth derivative of g?(t) = f(Zo+ iz — Z,)) is given by

=1

k )
(3.2.2) 9{—;}» (¢) = [(E(»’:’s — Zoq) 5%) f](zm"f—t(zi"—zm): SRR xoa:"l—t(zk‘-:b'ok))

Consequently

. @,(0)
(3.2.3) f(zl,...,zk)=g—+ z £ Ra(z,0)
where

=/01(/: ---(Atn_:(g?(tn)—-g%l(O))dtn)...)dtl

By Corollary 2.6 we get

[fa(?o+t(?~?g))_fa(?o)| < wrtll® = - ”],a.ll t>0.

For || T ?a I#% 0 it follows from (3.2.2) using (2.7.2) that [P.,,(?,O)l <
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e e (Etai-"n a—l.ﬂ-—T[zi—:rm[‘“...]zk—zo,,|“*-w|'*—““i;—z°u]dtn)...)dtl
= Llaj=n ala w W (|| Z — 7, ) = wen(]| &= ), since

=T "
| _; = Tlc*0 |= E$=1 |Z‘ zoi|. Therefore
(3.2.4) (Ra(Z,0)| S wén(|| Z — Zo ||), forall Zze€Q.

Also g—;(O) — f(“:;o). Integrating (3.2.3) relative to p and using (3.2.4) we

conclude our claim.g

Analogously to Theorem 2.17 we have for the n-dimensional case:

Tasorem 3.3. Take @ of the form Q = {7 € R* Nz |I< 1}, where || - || the
¢.-norm in IR* and let _I;g = (Tos,...,Tox) € @ be fixed. Let the measure p
satisfy p(Q) = 1 and [g | 7 — T, || m(dz) = d*. Also, let f € C™(Q) and
suppose that each of its nth partial derivatives has a modulus of continuity

wi(h) < w, where h and w are fixed positive numbers. Then we have the upper

bound

(3.3.1)

1= 1G] < |3 5 [, d2OuaZ)ud a1+ 1 Fo /04 1 Fo )
where g—(t) = f(Zo+t(z —Zo), t >0

Remanx 3.4. For n = 1, this yields the inequality, (z, € Q):

| 7du— 1(Z5) Fud' g (14 | Zo /(14 1| 7o ).

< Lé g—i(?g) fq (zi — zo)u(d T )

Proor or Tueorem 3.3: Let v be the probability measure induced by x and the
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Mapping z —|| z— z, || into the interval 7 — (0,14 || 24 [|). Then Jydv =g
and we need an upper bound of fqb,,(y)u(dy). Here

8ay) < a1+ | 2, [)
N P

bhus J én(y)v(dy) < d*¢n(14 || 2, ||)/(14- lZo II).u

Next we give some explicit upper bounds.

Treorem 3.5. Let 4 be a probability measure on a convex subset @ of IR*,
Further, assume that mrn (| ® — T, |jott u(d?))‘/(""‘” = h > 0, where
Toisa fixed point of Q and | - || denotes the ¢;-norm in IR Also, let f €
C3(Q) and suppose that each mth partial derivative has at h a modulus of

continuity wy(h) < w, where w is a given positive number. Then

(51) |[ rdu—1(2) <

> 5,92 0ua?)

341" | (n4 1)
P {5 n! + 8(n-—1)!]’

where g—;(t) = f(Zo+ t(z — ?o)), t>0.
Proor: Similar to Theorem 2.38; here we make use of (3.2.1) and (2.7.6), etc.g
As a related result we have:

CoroLLary 3.8. Let the random vector (Xi,...,X,,) take values in a convex
subset @ of R*, with distribution function K and expectations E(X;) = =y,
= 1,...,k. Thus ?g = (:cm,...,xo;,) is a fixed point of Q. Further, let

i
(f I ?——?0 (& n(d?))m = 0, where || - || denotes the £, norm in R*. Be
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given f € Ch(Q) and Suppose that each first partial derivative fs has a modulus

of continuity w,(f;, $0) S w;s=1,.... k where w is a given positive number.
Then
(3.6.1) '_[ fdu— f( Ig) —wa = (1.5625)wo

Proor: Apply Theorem 3.5 with n — 1 and h =0/2.3

The following Lemma 3.8 is needed in order to establish a similar inequality
over arectangle X' C IR? when we know onl ¥y the expectations [ (a:‘-——xo.-)p.(d?);

1=1,2 where .Tr’n = (Zoy, Z02) € K.

3.7 Preliminaries

Let K = [a,b] X [c,d] and let » : K — IR be a continuous and convez
function and be given ¥ = (y1,42) € K. Consider probability measures u on

K satisfying [, Ziu(dz) = y;, 1 = 1,2. For later use, we would like to find

(8.1.1) Ule) = Ule,s) = sup [ o(a,, zu(ds)
Denote & = (b,d), & = (b, ¢), & = (q, ¢), & = (a,d),
D = [(p(&) + #(£s)) — (p(62) + (&) and
B=(—u)/(b—a), C=(d—y)/(d—q).

Further

T=[1- B)@(Ez) +(B+C— 1)90(53) +(1— 0)90(54)] )
Y=min(l —B,1—C) and § = max(0,1 — B —C).
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Lemma 3.8. We have

Uly)=Dy+T, if D>0:

&8 Ds+T, if D<o,

Proor: By well-known theory: (Proposition 1.4.6 and Lemma 1.4.7, pp.35-36
of [1]), the optimal measure is carried by the four extreme points of K. Let
z denote the mass at the vertex €1, 0 < 2z < 1. Then one can compute the

masses p, q,r at &y, £, &, respectively, from the given moment conditions:

(*) G+p+qg+r=1;204pb+qga+ra= Y1;2d+pe+ qe+rd = ).

Solving this system (*) we obtain
p=-—z+(1—5’);q=z+([B+O)—1);r=—z+(1—C').

Inorder p, g, r > 0 we need that § < z < 9. Moreover, 8 = f{f:;&»faff«u} p(&)u(d€) =
Dz+T.

Hence,

U[y):supe=sup(Dz-|—T)=D'7+T, ifD>0;
z 2z
Ds+T,ifD<O.

Now we are ready to state:

Prorosirion 3.9. Let K = [a,8] X [¢,d] C R? and a probability measure p
on K be such that [ (z; — xof)y(d?) = %, t = 1,2 where the points ? =

(v1,92), ?g = (%01, %02) € K are given. Also, let f € C*(K) and suppose
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that each of its nth partial derivatives has, relative to K and the {-norm, a
modulus of continuity wy(h) < w. Here h and w are fixed positive numbers.

Then

| rau— 170 < lej,fg (0)u(d7)

+U(p, zo+ V),

(3.9.1)

where g-:-c-»[t) == f(?n +t(z — ?D)), t > 0andp(z)= wén(|| T — T -
Proor: Immediate from Lemma 3.2 and the definition (3.7.1) of U(p, y).a
As a complementary result we give:

CoroLrary 3.10. Let @ = {? € RF: —a <L ai=1,...,k},a> 0and
4 a probability measure on Q. Also, let f € C™(Q) and suppose that the nth
order partial derivatives for h > 0 have modulus of continuity (relative to the

¢,-norm) at most w > 0. Denote g?(t) = (_;o - t[? — ?0)) for allt > 0.
Then
+ wdn(l| Zo || +ka).

) < |2 71/, 92 0m(d7)

(3.10.1) .fod,u—f 2

=
Proor: By Lemma 3.2 noting that ¢n(|| 2 — 2, ||) < én(]| 7o || +ke).u
3.11 Preliminaries

Let @ be a compact subset of IR with the £-norm. Consider the set

oF
P ={fecQ): wi(#,h) < AR®; all || = n},
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where h is a positive variable, 0 < a < 1 and A is g positive constant. Asa

related result, we have:

Tueorem 3.12. Let f € L™ and n even. Consider a probability measure u on Q
such that (fQ | z >+ u(d ))if(n*!-lJ = Dpts > 0. Then
+ ¢(Da41)*te,

(3.12.1) ,/ fdu— f( 0)! O)p.dz)

where c = A/[(14-a)(2+a). .. (n+ )] and g—zy(t) = f(t?), t > 0. The above
inequality is attained by the function 7(2) = c || z ||*** and the probability
Mmeasure u with mass 1/2 atzy, —z, and also by the measure with mass 1 at 2.
Here, we assume that || z, |= D 1, % €EQ dwd

Qech=Jeay, .. vy 2420 op #y<0f.

Proor: We have

(3.12.2)
flz1,...,2) = g(1) =§—"?—) f(g""() 9‘"’("”(1(__“1).

Since wy(fp, h) < Ah%; (|| = n), one has |fﬂ(3?) = fﬂ(-{;)f S A7 |, for
allt > 0.

Consequently, (compare the proof of Lemma 3.2),
k
l9™(t) — g™ (0)] < At || 2 [ (3 Jael)” = a2 | 2]+,
=1

since || z ||= TE, |z]. Denoting the remainder in (3.12.2) by Rn(?, 0), we
get:

(3.12.3) Ra(Z,0)| < || 7 [|m+e .
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Integrating (3.12.2) relative to u and using (3.12.3), one obtains (3.12.1). Here

we used that Duya = (1 || 2 "+ u(da)" "™

< Dpyy. Further, note that
the function 7(z) =c || z ||* o= C(E§=1 |z‘-])n+a is convex and since n is even,

any nth ordg;zggf'ﬂt:ial derivative has the form A || z ||*. Moreover,

Azl —AllylI*I <Al =zl =Nyl N*<Allz—y )%

Also, note that g—zp(t) = r(t?) = trte || z ||*+2 has g% (0) =0
P

for all 0 < 7 < n. These remarks earlier imply the last assertion.n



CHAPTER 4
GENERALIZED ATTAINABLE INEQUALITIES RELATED
TO THE WEAK CONVERGENCE OF FINITE MEASURES
TO THE UNIT MEASURE

In this chapter we still study the degree of weak convergence of a sequence
of finite measures {s;},cN on IR to the unit measure &,, stressing the role of

convexity /concavity of the main function involved.

We estimate | [ f du — f(zo)| for functions f € C*([a,b]), n 2 1, 20 € [a, b],

[ (Leatait St =9 ay) — f(al.

In both cases u is a probability measure. The first type of inequalities in-

as well as

volves the first modulus of continuity w; of f™ or a generalization of it. The
second type of inequalities involves the second modulus of continuity ws of
f®_ Our inequalities are proved by the help of standard moment methods
and are attained by conveniently chosen n-times continuously differentiable

functions/finitely (usually 1-point) supported probability measures.

To our knowledge the inequalities established below have not been considered

before in the literature.
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I. ATTAINABILITY: FOR A FIRST MODULUS OF CONTINUITY
WITH A FREELY VARYING ARGUMENT

(Without loss of generality, we take zo = 0).

4,1 Preliminaries

Let [a,b) C IR with 0 € (a,b) and |a| < b, and f € C*([a, b]);n € N. We put
(4.1.1)
go(y) = @i (f™, [a,8]; y) = sup{|f ™ (z)— F(@)| : [e—=| < Iyl}; 2 7 € [a,b].

Note that go(—y) = go(y),  is increasing in y > 0, go(y) > 90(0) = 0 and
9(y + ) < 90(y) + 9o(v'), also go is continuous in y. Any function with these
properties will be called a first modulus of continuity. Namely, for any such
function go we have wi(go, [a,8],¥) = ¢o(y). Note that we also have g(y) =
go(b— a) if |y| > b— a. Let further

(412) gl (y) — wi(f(n)i [G., 0]; y): QQ(y) = wi(f(n): [01 b]: y)

Observe that given two moduli of continuity g and g, on the intervals [a, 0]
and [0, b], respectively, we have for both ¢ = -1 that (4.1.2) holds for the

following function f(:

ey — Jealy)  ifa<y<0;
WSl ™) {gz(y] L ifo<y<b.

Also, note that go(y) > max(g:(y), g2(¥)) for |y| < a, which need not be an

equality.

Example. Choose ¢ = —1 and g:(y) = ¢2(y) = Ay, 0<a<1, A>0.



60

Then (4.1.3) becomes

(n) —Aly|*  ,ifa<y<0;
1] M= NSy
In this case f™(h) — f™(—h) = 24h* > A(2R)*, 0 < h < Ja). fa < 1
then the strict inequality sign holds, hence the function (4.1.4) does not have

a modulus of continuity Aly|*.

Let x be a nonnegative measure on [a, b of mass ¢, and with central moments
¢j = [t'u(dt),7 = 1,...,n. By integrating the Taylor’s formula with Cauchy

remainder relative to x4 and using Fubini’s theorem one obtains

n

419 [ra—r0= 00—+ 3 5010,
where

U= (-1 [ (rf’*)@)—ﬂ“)(o))[[ -——((n L )
(4.1.6)

e / ™) — £ o) l / fy—r 1)1 (dy)]dt.
It follows from (4.1.2) that
(4.1.7) |Un| < Va,

where

(4.1.8)

v, — /30 gt(t)( s ((_:;* #(dy))dt 4 f: ga(f)( £ (!En—_‘"‘)“)"_ (dy))

The equality sign in (4.1.7) is assumed by the function f™ defined by (4.1.3)
with ¢ = (—1)"; it also satisfies (4.1.2).
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Introducing the nonnegative function

* ¥ e t i .
Gily) = fo Qz(f)g'%df, ify >0;

(419) Pl
one may write (4.1.8) as
(4.1.10) Vo= /G:(y)u(dy)-
Observe that
(4.1.11) Gi(y) = (sgny}f: Gi—1(2)dz = /: Gj—1(2)|dz|

for j=1,2,...,n provided we put

) Gw={aty 120

It follows from (4.1.11) since gy, g» are continuous functions that
(4.1.13) Gily)=Gi—1(y) allj>1.
It will be convenient to introduce the modulus of continuity (which depends
on f(") defined by the even function
(4.1.14) g = max(g;,9,), thus 0< g < go.
Let further G; be the even function such that

(4.1.15) Gl = [ g(t)L!E'j“—__T)_!—ldt ify>0.



62

Clearly G}(y) < G;(y). Also G¥)(0) = 0 for all j < n.

Remark 4.2 Note that for the function f = G, one has }'(“}(y) = (sgny)"g(y)

~

so that §, = g, = g = ¢ and G,; = G;. If n is even then §, = g but not when

n is odd.

Employing the previous notations and assumptions we have:

Treorem 4.3. Assume ¢, = 1 and let ¥ be a function on [0, b] such that ¥(0) = 0,

which is continuous and strictly incraesing and let

(4.3.1) v ([ wivDutan) = a.

Suppose that
(4.3.2) Hn () = Gn(¥" (1)) on [0, %(b)]

is concave. Then

(4.5.3) | [ rau— 10— 3 L0 < Gota).

The above inequality is attained (i.e. it is sharp) by the probability measure
u = 64 and with f replaced by the function f introduced in Remark 4.2.

Proor: In view of (4.1.5), (4.1.7), (4.1.10) and G < Gy, we only need to prove
that f Gu(y)u(dy) < Ga(d). Note that both G,(y) and 9(|y|) are even functions
on [a,b], where |a| < b. It follows (see [17], [18]) that sup, [ Gn(y)u(dy) =
Gn(d), since by concavity of ¥n the set 'y = {(u, ¥a(u)) : 0 < u < ()}

describes the upper boundary of the convex hull conv I'y of the curve
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Lo = {(¥(y), Ga(¥)): 0 < y < B}

The next generalizes the last theorem.

Taeorem 4.4. Assume ¢, = 1 and consider the upper concave envelope ¥#(u) of

Xn(u); the latter is defined in (4.3.2).

Then

(4.4.1) | f fdp— f(0)— f) ! ('j.fo)c,- < Ha(y(d)).

=1

When X, is concave in u then the right hand side of (4.4.1) equals G,(d) and
the inequality is attained as in Theorem 4.3. Otherwise (4.4.1) is still (non-
trivially) attained by the same function 3’ introduced in Remark 4.2 and a two

points supported measure .
Proor: Similar to Theorem 4.3.3

Note 4.5 One could also use an arbitrary integrable nonnegative function
(4.5.1) g:[0,b—a] - R*; g(0)=0,
not necessarily continuous such that
(452)  |f™(z)— f"(y)| < g(lz —yl), all z,y € [a,b] withz-y >0

If g is subadditive then (4.5.2) holds for 7 = G, in so far " exists, which is

true at each continuity point of g. In this situation Theorems 4.3, 4.4 and also
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Theorem 4.6 remain valid, except that the function f attaining equality is not

of class C",

For the particular case of ¥(|y|) = |y|° with n < s < n 41 the next result
gives a sufficient condition in order that ¥,(u) = G,(¢v~'(v)) = Gn(u'/*),
0 < u < b° be concave or convex. This is proved by the method of superposi-

tion of functions.

Tueorem 48. Let s > n— 1.

(i) If g(y)/y*~™" is decreasing on [0, b] then
(4.6.1) Hn(u) = Gp(u'®);0 < u < b, n €IN is concave .
(ii) If g(y)/y*—™ is increasing on [0, b] then

(4.6.2) Hn(w) = Gp(u'*);0 < u < b°, n€EIN is convez .

Proor: (i) Assume that g(y)/y*~" is decreasing. There exists a positive measure

~ on [0, ] such that

(4.6.3) 9)/y*" = /y b (dz).

The 4-mass ¢ at b would contribute a term cy*™™ to g. Formula (4.6.3) says

that g(y) is a superposition of functions

e AR O if 0 <y<z;
(464) sO(y’z)_{O, 1fy> z.

Here 0 < z < b.
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The function G, associated to so(:; 2) is of the form

(4.6.5) : ; »
(v "’)'—_fo solt; 2)(3’_?_)1?‘”:[0 | ts_n(s{n_——t)l)!"'dt, (v,2 > 0).
Thus
)= [en =ty Te—ntn), oo
(4.6.6) s,,(y,z).__/ t (n—1)! at = T+ 1) y, ify<z;

. !‘I.—I
__f '—n(-"’n_tl dt, ify>z.

We want to show that ¥,(u) = G,(u!/*) is concave. It suffices to show that
sn(u'/%; z) is concave in u for each fixed 2. For u!/* < z it is linear from (4.6.6).

If u!/* > 2z (z fixed) then

sn(u'/®: 2 = zt’“"‘ ul/t — ) —1dt.
(n—1)! Jo

We have from an elementary calculation that

2 —_—
() i = ey St

where

I == f; Mt — )3 (s — 1)t — (s + 1 — n)ul/*)dt.

Here, the integrand equals the derivative relative to ¢t of the function

—(w!/® — t)*=2¢s=n+! Hence, ] = —(u!/* — z)"2z#—"+! < 0 whenever
u'/* > z. Therefore, s,(u/*; z) is concave in u when u!/* > 2. Since s,(u!/*; 2)
is a continuous function in w, also concave in each of the branches u < 2% and
u > 2" and at u = 2° the left and right hand derivatives agree, we conclude

that it is concave on the whole of |0, b].

(ii) Assume that g(y)/y*—" is increasing. One may write
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(467 o)y = [ (de)

with v a positive measure.

The 4-mass ¢ at 0 would contribute a term cy*" to g. Formula (4.6.7) says

that g(y) is a superposition of functions

. ify < 2z;
(4‘6'8) Su(y: Z) - {ys—n’ if y>z.
The associated function G, is
N ify < z;
(4.6.9) Taly; 2) = j-y ps—n y:t : ,)dt it 5 >4,

We would like to show that 3,(u'/%; z) is convex in u. This is obvious in so
far u!/* < z. It is easy to establish the convexity for »'/¢* > z. Namely, from

(4.6.6) and (4.6.9) we see that

1{3 l,fs s—n y‘_t ) g
Sn(u'/*; 2) + sn(u t n_l),dt—qy—qu

is linear in u, (g is a constant).

Since s,(u!/?; ) is concave in w, it follows that 3,(u!/%; 2) will be convex in u

with u*/¢ > 2.3

Note 4.7 By Theorem 4.6 we have that if g(y)/y* (k > 1 real) is decreasing

(respectively increasing) on [0, b] then the function

(4.7.1) Hn(u) = Gp(u!/*TH), (n € IN)
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is concave (respectively convez) on [0, 5*1*],

Remark 4.8 (to Theorem 4.3)

(i) If ¥(ly]) = |y/***, k& > 1 real and ¥,(u) (as in (4.7.1)) is concave on

[0, 6"T*], we have the attainable inequality:
n

(4.8.2) ’ [rau— 10~ 3 E06) < Guldasn),

f=1
where dn+x = (J |y|*T*u(dy))"/ 4.
(ii) If n = 1 and g(y) = Aly|: A > 0 constant, then Gi(y) = Ay?/2 so

that Gi(d;) = Ad%/2. Consequently, the sharp result (2.28.2) (when z, = 0,

m=cy, =1, ¢; = 0 and |a| = b) is a special case of (4.8.1).
(iii) For ¢ = 1, ¢; = 0, n =1 we obtain (from (4.8.1)):
dg
8. — S Gy =15 2 )
(4.8.2) f du— £(0)| < Gi(do) (t)dt

provided that g(y) is concave in y > 0 or (even weaker) that g(y)/y is decreasing
iny > 0.

(iv) From G. Lorentz [25] (p.45, Theorem 8) we know that, for every first
modulus of continuity w;(y) there exists a concave one @;(y) such that wy(y) <

@i(y) < 2wy (y), thus the bound 2Gy(ds+k) in (4.8.1) is always true.

Still referring to Theorem 4.4, where g could be as general as in (4.5.1) and ¢
a moment inducing function as in that theorem. We find sufficient conditions,

Theorem 4.9, in order that X, be convex which in turn implies that
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Ha(v(d)) = [(d)/%(B)] ¥n(9(0)).

Treorem 4.9. (1) If n > 1 and there exists ¥" (second derivative of ¥) so that
Y'(y) <0, (0 <y <b), then ¥y is convex on [0, %(b)].

(ii) Suppose that 9 has a continuous derivative /. If g(y)/Y'(y) is increasing

iny(0 <y <b), then ¥ is convex on [0, P(b)].

Proor: (i) From ¢/ > 0, 4" < 0 on (0,b] we get that (¥ ~*(u))" > 0on (0, %(b)],
therefore ¥~!(u) is convex on [0, %(b)] and since Gn(y), (0 < y < b) is always

convex for n > 1, we obtain easily that ¥,(u) is convex (n > 1).
(ii) Assume that g(y)/¥'(y) is increasing in y. One may write

(4.9.1) o)/ W) = [ dz), 0 <y <)

where -y is a positive measure. The -mass ¢ at 0 would contribute a term c/(y)

to g(y). Formula (4.9.1) says that g(y) is a superposition of the functions:

0, ify<z
(4.9.2) So(y; 2) = {Wt( ), ify > z.
The associated function G is
N |0, fy<z
R8s 2)={pyme, ity >

We would like to show that v,(u) = 5;(¢~*(u); 2) is convex in u (for then ¥;(u)

will be convex in u). This is obvious in so far ! (u) < z. For ¢ ~!(u) > 2 we
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get 1:(u) = u—9(2), (0 < u < (b)), which is linear in u. Therefore, 7,(u) is

convex in u.§

II. ATTAINABILITY: FOR A SECOND MODULUS OF CONTINUITY
WITH A FREELY VARYING ARGUMENT.
CONNECTION TO POSITIVE LINEAR CONVOLUTION OPERATORS.

The positive linear convolution type operators we consider are given by:

Definition 4.10  Let f € C([—2a,2a]), a > 0 and u be a probability measure

on [—a,a]. For any z € [—a, a] we introduce

(4'10.1) L(f::r)=ﬁ_aln](f($+y)+f(m_y))p(dy)‘

2

Observe that L is a positive linear convolution operator from C([—2a, 2a))

into C([—a, a]).

Several authors such as R. DeVore, see [8], have studied the above operators
in detail. In this section we also study this type of operators, however, from
the point of view of attainable inequalities similar to those in Section I of this

chapter.

The next Proposition 4.14 will be useful in the Preliminaries 4.15 following,

as well as in Proposition 4.16, to prove it we need:

Lemma 4.11. For all z,t € IR obtain

(4.11.1) | [z 4+ ¢[* + |z — t|* — 2|z/*| < 20¢[*, 0 < a < 2.
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Proor: It is left as an exercise.p

Cororrary 4.12. For all z,t € IR get

(4.12.1) | |2+ 2¢)* — 2l +¢* + |z|*| < 20t*, 0< a < 2.

Proor: Apply (4.11.1) with z replaced by z + ¢.

Here we would like to mention (see [25]):

Deflnition 4.13  For f € C([a, B]), [a, 8] C R, its second modulus of continuity

is given by

(4181) walf,h) = sup|f(z) —2f(z + 1)+ flz+20), 0 < h < B2

ltish

Prorosrrion 4.14. The function |¢|%, (0 < a < 2) with domain [—2a,24], @ > 0

has second modulus of continuity

(4.14.1) wa(|t*, h) = 2h%; 0 < h < 2a.

Proor: Apply (4.12.1), equality holds for z = —h, t = h.j

4.15 Preliminaries  In this section we consider f € C"([—2a,2a]), a > 0, n is

even and we study inequalities involving wy(f™, h) over [—2a, 2a].

For fixed z, € [—a, a], by using Taylor’s formula with Cauchy remainder for
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f(@o+ ), f(zo — y) we get, (n = 2m):
4151) Qi) =23 Lplelye 4 [iatsoye (e at,

where

(4.15.2) (AFf)(za) = f(zo + ¥) + f(z0 — y) — 2f(20)

and similarly

(4.15.3) (AFF™)(20) = f™(z0+ 1) + f™ 2o — ) — 2£®)(z5)

are the so-called central second order differences. Now we integrate (4.15.1)
relative to the variable y and a probability measure 4 over [—a, a]. We further

use Fubini’s theorem, plus the fact that n is even. Also we denote

(4.15.4) C2p = f Y u(dy).

We have found:

L(f,20) — f(z0) = 5 [ (83 1)(wo)u(dy)
(4.15.5) ; (2") $D)c29'+‘Um
where
=1 [ (A% f™)(z [ f: ,u.(dy)}dt
(4.15.6)

+% fo (a2 f™)(z [ft o dy)Jdt

Using (4.13.1) it follows that

(4.15.7) 1040 € ¥,
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where
7, ._1 . n . (t__y)n .
V=15 w(f™, t]) Ty k(dy) [t
(4.15.8) L ? [ ( 1)‘ J

1 / wnlf t)[ I f:{- J:)‘! (dy)}dt

Note that U, = V, when Zo = 0 and f(")(y) = ly|*, with 0 < & < 2; (by
Proposition 4.1.4).

It is convenient to introduce
(4.15.9) wo(t) = wo(f™, [t]), 0 < || < 24
and further the even function which for y > 0 is defined by
gy Y aalgtft . L
(4.15.10) Gily)= ) Ty, ((=1,...,m).
Further let G,(y) = wy(y). Observe that

(4.15.11) Vn = % /{_w Go(y)u(dy)

and Gj(y) = Gi—i(y) all 5 > 1, since wz(f™, h) is a continuous function of h.

Employing the previous notations and assumptions we have:

Prorosirion 4.18. Let probability measure u on [—a,a], @ > 0 and define
= [[|yI"u(@y)]’",r > 0. Let n = 2m,m € IN and consider all f €
C™([—2a, 2a]) such that

wa(F™, yl) < 2Alyl*, (0< |y < 22);0<a<2A4>0.
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Then
ffm(zu)
L(fr xU) — f(qu ; (2 ) Cop| =
(4.16.1) f(%‘f—y)‘i"f(l'u“—yJ Feo)( 1*9(z,)
3 l/!*mi ( 2 ) k=1l -—p; (o)t

< Adats/[(a+ 1)(a+ 2)...(a+n)), where z, € [—a,a].

The last inequality is attained (i.e. it is sharp) when z, = 0 by the function

(4.16.2) 18) = AW/ (@ + 1)(a+2).... (@ + n)]

and the associated probability measure p having mass 1/2 at the two points

T+dnto.

Proor: We easily find that

(4.16.3) Ga(y) < 24141+ /[(@+1).... (a+n)], (0 < Jy] < 2a)
thus
(4.16.4) Vo < AGTY /(a4 1)... (a+n)).

Because of dpyq < ntz and [U,| < V,, we get
(4.16.5) Unl < AT /[(@+1).. . (@ +n)].

Using (4.15.5), we finally obtain (4.16.1 ). Also, note that f™(y) = Aly|* hence
by Proposition 4.14 wy(f{™, |y|) = 2Aly|*. Also f#(0) = 0 all k = o

This proves the last assertion.g
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The next result assumes that f ¢ C™([—2a,2a]), a > 0and that wa(f™, [8]) <
wo(t),(0 < [t] < 2a), where w(t) is a given arbitrary even positive function,

Let G, be defined as in (4.15.10) also for the above wy(2).

Tueorem 4.17. Let 9 be a function on [0,a] such that %(0) = 0, which is
continuous and strictly Increasing. Let a probability measure u on [—a, a]

with

(4.17.1) v (] wllyDu(ay) = .

Suppose that, (n = 2m):
(4.17.2) Hn(w) = Go(y™(u))

is concave on [0,9(a)]. Then

(4.17.3) >
E(z,) = ‘L(f,zoJ —fla) - 3 LA, |
f(zo 4+ y) + fze — ) f("}xn
== '/[—-a,cj - = 5 2 )ﬂ'(dy) pgl 2,0)' C2p

< %é,,(d), where z; € [—a, q].

The above inequality is attained (¢.e.it is sharp) when 2o = 0 and wa(f™, |t]) =
wo(t) and moreover f(¥) = 4G.(y), while u = ba. If wp(t) = 2Alt[*, 0 < a <
2),A > 0, one could chose f as in (4.16.2).

Proor: Similar to Theorem 4.3 by using the Preliminaries 4.15. i
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The next generalizes the last theorem.

Tueonem 4.18. Let u be a probability measure on [—a, a] and consider the upper
concave envelope ¥n(u) of Xn(uw); the latter is defined in (4.17.2), (n = 2m).
Also, consider the error E(z,) defined in (4.17.3).

Then
(4.18.1) E(zy) < %;’;w(d]], where 7o € [—a,qa].

When H,, is concave in u then the right hand side of (4.18.1) equals (1/2)G (d).
If, moreover, wy($wy, [t|) = wy(t), the inequality is attained as in Theorem
4.17. Otherwise (4.18.1) is still (non-trivially, that is with u # 6,,) attained,

when 7o = 0 and wy(}we, |t|) = wy(t), by the same function fly) = 4Ga(y)

and a two points supported probability measure .

Proor: As in Theorem 4.17.§

Remark 4.19 Theorems 4.6 and 4.9 are also useful in the present situation

where g(y) is replaced by an upper bound w,(y) on wa(f™, y).



CHAPTER 5
MISCELLANEOUS SHARP INEQUALITIES AND RELATED
CONVERGENCE THEOREMS FOR PROBABILITY MEASURES

The first section deals with an attainable inequality of the sort presented
in the previous chapters which involves a new measure of smoothness, the

reduced K-functional.

The second section contains a generalization of a theorem of P. P. Korovkin,
see [22], concerning the Fourier coefficients of a sequence of density functions.

Also several related results are given as well as applications.

. A “K-ATTAINABLE” INEQUALITY

We introduce the following notion:

Definition 5.1 Let f € C([a,8]). Let n € N and z, € [a, b] be fixed. We define

the reduced K -functional as:
KE(f,t)=inf(|| f—g || 4+t ¢™ |).

Here, ¢ > 0 while g ranges through the functions g € C"([a,b]) satisfying

g*¥)z0) =0, k=1,...,n—1 where || - || denotes the sup-norm.

It is similar to a functional K,(f,t) employed by Peetre [33], where one does

not impose the conditions g*)(z,) = 0.

76
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The quantity A% measures how well / can be approximated by a smooth
function g. It is the right sort of measure for the approximation of small

functions f possessing large derivatives in sup-norm.

Remark 5.2 The reduced K-functional has the following properties. Namely

it is:
(i) Subadditive in terms of b

(ii) Continuous, nonnegative, monotonely increasing and concave in ¢ (and

hence subadditive).
(iii) K&(f,0)=o.
L.e. it has the basic properties of the usual Peetre functional K,(f,t). When
n=1, then K{* = g, Obviously
Ka(f,t) < KE(1, 1)
with equality when f is a constant function.

Now we give the main result of this section:
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Tueorem 53. Let i be a probability measure on (a, 0] with prescribed absolute

moment:
(5.5.1) i(20) = [ Iy — 2o ulay),
where z, is a fixed point of la, b]. Consider € C((a, b}).

Then

532 |[ fdu—f(a0)

< oK) ( dy (50)(0(550»“"1),

2n!

where ¢(zy) = max(z) — a, b — Zp), n € IN.

The above inequality is attained (i.e. it is sharp) by the function f(z) =
(z—zo)" and the probability measure u, carried by {z,a} if zp0—a > b—z,, as
well as by {9, b} if 1o—a < b—z,: in each case having mass [1—(d, (20)/¢(z0))]

and dy(zo)/c(z,), respectively.

Proor: For f ¢ C([a,8]) and g € C’“([a,,b]) we have f(y) — flzo) =
(f(y)—gly))+ (9(y) — g(z0)) + (9(z0) — £()). Integrating relative to u obtain

10— rten)] < [ 156~ ot e + otae) — s
lf(g(y) — 9(z0))u( dy)‘ <2 f—gqll +/|9 (%) — g(zo)|u(dy),

where || - || denotes the supremum norm.

Now assume that g*)(zy) = 0, k — 1,...,m—1. By Taylor’s theorem we
have, v € (2o, y)):

| g™

9( ) 7) P — ”Iy——IoI“-

r (y)—gza)r~j-—— —%




Thus

f 19(y) — g(z0) u(dy) < ”—Q’,Z“T)-ﬂ / |y — zo["u(dy).

Letting dn(zo) = (/ |y — zo|"u(dy))!/" we then have

_ T (il
1= 1) <2010+ L8,

Now by applying Definition 5.1 we conclude:

Since clearly di(z,) < dy(z,)(¢(20))* " we have proved (5.3.2).

Furthermore, consider f(z) = (z — z,)" this satisfies fO(zy) = 0; 4
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1,...,n—1. Then, integrating relative to the probability measure u, described

in the theorem one easily verifies the last assertion. Note that (taking g = f

in the definition of A3™)) K{F)(f,1) < t || f™ ||= tn!

CoroLrary 5.4. We get the attainable inequality:

(5.4.1) | £du— f(as)

(where K, is the usual K -functional).

Now by using the language of positive linear operators one obtains:

CorowLary 5.5. (Pointwise approximation) Let f € C([a,b]) and let L be a

positive linear operator acting on C ([a, b)) satisfying:

L(1,z)=1 all z€ab.
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Then, we have the sharp inequality:

(5.5.1) IU$,2) — f(2)| < 2K(f; 5 L1y — 2, 2)),

all z € [a,b)].

Proor: By Riesz representation theorem there exists a probability measure

Mz such that L(f,z) = [ f(t)u.(dt). And then (5.5.1) is just another way of
writing (5.3.2) with n = 1. g

Remark It may be interesting to note (see [33]) that Ki(f,t) < Muw(f,t),
where M is a constant depending only on the space C([a, b]) with the supremum

norm.

Il. MISCELLANEOUS SHARP INEQUALITIES AND
KOROVKIN TYPE CONVERGENCE THEOREMS
INVOLVING SEQUENCES OF PROBABILITY MEASURES

The following is the basis for the next convergence results.
Lemma 58. For k,2 > 2, k, £ € IN there exists a positive constant C(k,£) >
[k?(k* — 1)]/[€3(€2 — 1)] such that:

(5.6.1)
[k*(1—cos t)— (1—cos kt)] < C(k, £)[£3(1 —cos t)—(1—costt)], allt€[0,7].

Proor: Since [sinnt| < n|sint|,n € IN we have that for t € (0, :

2
n?(1 — cost) — (1 — cos nt) = (n2 — sslir;z%;)[l —cost) > 0.
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The function p(t) = H=RH=H=249 on [0, 7] satisfies lim,_, p(t) = £E=1) «

€3(1—cos t)—(1—cos £f) (2 —1

0, so that p(t) is strictly positive and continuous, therefore bounded.

Remark  We conjecture that
Clk,0) =k*(k* —1)L72( —1)"'if2< < k.

It is correct for k < 5 and the corresponding inequality is sharp.

Dermarion 5.7. Let p be a probability measure on [0, 7). Its Fourier-Stieltjes

coefficients are defined as
(5.7.1) pe= [ coskt u(dt), (k=0,1,2,.).

If py = 1, then p = §&,.

Lemma 58. Let u be a probability measure on [0, 7] with Fourier-Stieltjes

coefficients py, k € Z and p, # 1.

Then
s [P (12 semole—(=2)]

where k,£ > 2, k, L€ IN.

Proor: Integrate (5.6.1) relative to u and divide both sides by (1—p).n

Taporem 59. Let £ € IN, £ > 2. If {nﬁ}nelN is a sequence of probability

measures on [0, ] with Fourier-Stieltjes coefficients Pen Such that py, # 1 and
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limprco (1532) = &, then limp-.cy (:222) = k2 for all k > 2, k€ N,

Proor: Use (5.8.1).3

Note A special case of the last theorem is due to P. P. Korovkin (see [22]).
He assumed that the probability measures {#n}nelN are absolutely continuous

with respect to the Lebesque measure and further that & > &=2,

Remark 5.10  In the sequel k,£ € IN and k,£ > 2. Let g(s) be the characteristic

function (Fourier transform) of a probability measure x on [0, 7]. We have that
Re(1—g(s)) = [ (1 —cossthu(dt), s€R.
Then by applying (5.6.1) we get
[£*(1 — Reg(1)) — (1 — Reg(k))] < C(k, £)[¢*(1 — Reg(1)) — (1 — Reg(£))].

As an illustration, let g(s) = |f(s)[?, where f is a characteristic function. Then

also g is a characteristic function. It follows that
(21— |F()P) — (1 — [F(k)P)] < Clk, O — |£(1)%) — (1 — |F(&)P)]

Consequently, if a sequence {fn}ﬂEIN of characteristic functions with

|fa(1)] < 1 satisfies
. [1—|f(B)PY _ .2
Ji”éo(l—'l““fn(l)_w =K oo Eel. &22

then for all such k.

Now we proceed to a similar type of result.
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Lmon 311 Letk > £> 1, Bk, ) = £(€ — 1)k—2(2 — 1)™'. Then
(5.11.1)

((Cos hét —1)— 63(Cosht — I)J < Bk, 2)[(Cos hkt —1) — k*(Cos ht — 1)

forallt € IR.

Here the constant B(k, £) cannot be improved, i.e. (5.11.1) is sharp.

Proor: Easy, namely by writing (5.11.1) as

fj ’ 22)<Bk£i tzj (K — k).

J=2

The last assertion follows by

Ay(t) = [(Cos hyt—1)—~?(Cos ht—1)] >0, v>1 and gi_I‘Ié(Ag/Ag) = B(k,2).

Dermvarion 5.12. Let {»‘”'ﬂ}neTN be a sequence of probability measures on IR such

that the following integrals exist

(5.12.1) Pin = [ Coshktun(dt), (k€ R).

We shall call the numbers Din hyperbolic coefficients of the measure W,,.

Now we have:

Tueorem 5.13. Let {J”'ﬂ}ne}N be a sequence of probability measures on IR with
Prn < 00 and Pin# 1. Letk > 1 and suppose that:
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Pen - . Dyp—1 2
"]Lrgcﬁm__l_k, the“JL%;E;‘:‘I“f foralll1 < ¢< k.

Proor: Immediate from an integration of (5.11.1) with respect to u,.g

The next result is a characterization of the convexity of functions and leads

to some applications as it is Proposition 5.16.

Lemva 5.14. If f : (0,00) — IR then hz) = f(z)/z is convex iff o(k)
= (k*f(z) — f(kz))/(k* — k) is non-increasing in k > 1, for each z > 0.
Equivalently if y(k) = (kf(z) — f(kz))/(k* — k) is non-increasing in k > 1;
for each z > 0.

Proor: Let us first assume that A is convex. Consider 1 < \ < k. We have

k— X\ A—1 : k—X  X—1
o= (F=1)e+ oDk, win F—1 T k=1 ¥

Where both =3, 3=} > 0. Since A is convex, one has

(5.14.1) h(Az) < (E—i‘)h(x) + (:—__—_—:)h(ka:).

Substituting h(z) = f(z)/z one obtains precisely ©(\) > (k). Next, assume
that ¢ is non-increasing for each z > 0. This is equivalent to (5.14.1). Now
Suppose 0 < z; < 7, and let @ = z,/7, > 1. Applying (5.14.1) with X
= (1+)/2, k = aand = = z, one has h(%‘ﬂ) = h ((1—-{—“)31) <
(“—‘;,—Li'}'ﬂ) h(z,) + (Qf%_—’)h(azi) = $h(z1) + 4h(z2). Therefore h is convex.
Next we prove that (k) being non-increasing in £ > 1 for each z > 0is

equivalent to (k) being non-increasing. In other words, we want to show that
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for1 <\ < k-

P/(E)~ f0a)) _ or(e)— sk |
(F=%) =% =

is equivalent to

DI) = 10a)] _ k(@) — rikay
(A2 — A) (k2 — k) =

In fact, the difference between the two left hand sides equals

(M —Nf(z) (K — k)1(z)
Z =) (k2 —%)

=0.

Remark 5.15  Let f : (0, 00) — IR such that f(z)/z is convex. Then by Lemma

5.14 one has for 1 < ) <k, all z > 0, the two equivalent inequalities:

150 @t 1) < (F=E)0s0) - s
and
€152 )= stk < (= st - sy

Quantities such as [A\f(z) — f(\z)] can be regarded as a measure of linearity

for f.

Prorosrrion 5.18. For k > A\ > 1 and Z > 0 obtain the following two equivalent

sharp inequalities:



86

(516.1) Kk*(1—e™%) — (1 — ¢~#2) < (fz — ;‘)(;\2(1 —e ") —(1—e™9))

and
(516.2) k(1 —e*)—(1—e %) < (g—};)()\(l — ) — (1 — ).

Proor: Note that the function f(z) =1 — e~ 7, z € (0, 400) satifies:

(=) _ /1 e "4
0

T

showing that f(z)/z is convex. By Lemma 5.14 we have (5.15.1) and (5.15.2).
These are precisely (5.16.1) and (5.16.2). The sharpness follows from

Some applications of the last proposition are Theorem 5.19 and Proposition

5.21 following.

Dermarion 5.17. Let u be a probability measure on R+, For ) > 0 its Laplace

transform is defined as:

(5.17.1) o) = [ eu(ar)

Lemma 5.18. Let £ > X > 1 and let {in},cIN be a sequence of probability
measures on IR™ with existing Laplace transforms @, such that ©on(l) # 1 all

n € IN. Then one has the equivalent Inequalities:



(5.18.1) [kz = (E%%)J = (f: = f )[)‘2 B (I_M)J

and

w9 e-(iza]s (S=p-(zapy)

Proor: Integrate (5.16.1) and (
0.n

Tuporem 5.19. Let A > 1. Then

i 1 = @nD\) 22 .
ﬂ[ingo (’i_%,ﬁ = X%, (respectively )\)

implies that

: = ‘Pn(k) LoD :
Jim (1_*79_9:(1—)) = k%, ( respectively k) for all k > X,

Proor: Apply (5.18.1), (respectively (5.18.2)). »

Recall:

Dermarion 5.20. The Weierstrass operator is the positive linear operator defined
by

(Waf)(t) = \/g /_: f (z)e_“{"")zdx, alln € IN.
where f € Cp(R).

One has W, f-5f asn — oo,

87

5.16.2) relative to n and divide by (l—fpn(l)) >



88

Prorosimion 5.21.

Let f € Cs(IR) such that i i |f(z)|"dz = ¢n € (0,00); all
n € IN. Consider k > N\ withk,\ € IN.

1—/IW, (I‘i‘- f)

If lim—— ')

i RV N

= X?, (respectively \)

L=y (L,

then Ilim - = k2, ( respectively k).
R \/?rWi('é'— ti

Proor: Apply (5.16.1) (respectively (5.16.2)) with replaced by (¢ — z)?, where

t is fixed. Afterwards multiply by |f|* and integrate over IR,y
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