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Abstract

This paper deals with the determination of the fuzzy fractional rate of
convergence to the unit to some fuzzy neural network operators, namely,
the fuzzy normalized bell and "squashing" type operators. This is given
through the fuzzy moduli of continuity of the involved right and left fuzzy
Caputo fractional derivatives of the approximated function and they ap-
pear in the right-hand side of the associated fuzzy Jackson type inequali-
ties.
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1 Introduction

The Cardaliaguet-Euvrard operators were studied extensively in [14], where the
authors among many other things proved that these operators converge uni-
formly on compacta, to the unit over continuous and bounded functions. Our
fuzzy "normalized bell and squashing type operators" are motivated and in-
spired by the "bell" and "squashing functions" of [14]. The work in [14] is
qualitative where the used bell-shaped function is general. However, our work,
though greatly motivated by [14], is quantitative and the used bell-shaped and
"squashing" functions are of compact support. We produce a series of fuzzy
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Jackson type inequalities giving close upper bounds to the errors in approxi-
mating the unit operator by the above fuzzy neural network induced operators.
All involved constants there are well determined. These are poitwise estimates
involving the first fuzzy moduli of continuity of the engaged right and left fuzzy
Caputo fractional derivatives of the function under approximation. We give all
necessary background of fuzzy and fractional calculus.

Initial work of the subject was done in [1], [8] and [13]. These works moti-
vated the current work.

2 Fuzzy Mathematical Analysis Background
We need the following basic background

Definition 1 (see [23]) Let p: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xog € R: p(xg) = 1.

(i) p(Az+ (1 =N y) = min{u(z),n(y)}, ¥V o,y € R,V A€ [0,1] (uis
called a convex fuzzy subset).

(iti) p is upper semicontinuous on R, i.e., V zg € R and V € > 0, 3 neigh-
borhood V (x¢) : pu(x) < p(zo) +, V€V (x9).

(iv) the set supp (1) is compact in R (where supp(p) == {x € R: p(z) > 0}).

We call i a fuzzy real number. Denote the set of all p with Rg.

E.g., X{z0y € Rr, for any ¢ € R, where X{zo} S the characteristic function
at xg.

For 0 < r <1 and p € Ry define [p)" == {z € R : p(x) > r} and
1 = {e € R pu(a) = 03,

Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval of R ([19]).

For u,v € Ry and A € R, we define uniquely the sum u @ v and the product
A®u by

woo] =W+ ", Pou =Au", Vrel01],

where
[u]” 4+ [v]" means the usual addition of two intervals (as subsets of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.,
[23]).
Notice 1 ®u = u and it holds

UBVv=vPu, AQu=u®A

If 0 <7 <7y <1 then [u]” C [u]™. Actually [u]" = [u@,uﬁ:’)], where

ul” < ug), u(_r),usrr) eR,Vrelo,1].
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For A > 0 one has )\ug_f) =(AG u)ir), respectively.

Define
D: R]: X R]: — R+
by
D (u,v) :== sup max {)u(j) —o"|, ‘u(:) - US:) }7
rel0,1]
where

] = [U(f)mg:)} i u,v € Ry,

We have that D is a metric on Rg.
Then (Rz, D) is a complete metric space, see [24], [23].

Here Z stands for fuzzy summation and 0 : x (0} € Rz is the neural element
with respect to &, i.e.,

u@aza@u:u, VuéeRE.

Denote

D*(f,g) = eS;l(IéRD (f,9),

where f,g: X — Rz.
‘We mention

Definition 2 Let f : X C R — Rz , X interval, we define the (first) fuzzy
modulus of continuity of f by

W (£, = sup D(f(z),f(y), §>0.
z,yeX, |lz—y|<d

We define by C¥ (R) the space of fuzzy uniformly continuous functions from
R — Ry, also Cr (R) is the space of fuzzy continuous functions on R, and
Cy (R,Rx) is the fuzzy continuous and bounded functions.

We mention

Proposition 3 ([/]) Let f € C¥ (X). Then wgf) (f,9)x < o0, for any 6 > 0.
Proposition 4 ([4]) It holds

limwi™ (1,8)x =wi” (1,0 =0,
iff f € CL(X).

Proposition 5 ([}]) Here [f]" = {f(r), _Y)} , 7 €[0,1]. Let f € Cr (R). Then

fg) are equicontinuous with respect to r € [0,1] over R, respectively in =+.
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Note 6 It is clear by Propositions 4, 5, that if f € Cg (R), then fir) € Cy (R)
(uniformly continuous on R).
Proposition 7 Let f : R — Rz. Assume that w{ (f,6)y, wi (fgr),d)X,

(f(r) 5) are finite for any § > 0, r € [0, 1], where X any interval of R.
Then

wgf) (f,0)x = sup max{w1 (f(_r),é) ,w (f(r) 5) }

rel0,1]

Proof. Similar to Proposition 14.15, p. 246 of [8]. =
We need

Remark 8 (/2/). Here r € [0,1], xl(.r),ylm eR,i=1,....,m € N. Suppose that

sup max( (r ),yfr)) eR, fori=1,....m
rel0,1]

Then one sees easily that
sup max Zx“ Zy(r) < Z sup max ( E”,yf”) (1)
rel0,1] i—1 T€[0,1]

‘We need

Definition 9 Let z,y € Rr. If there exists z € Ry : x = y ® z, then we call z
the H-difference on = and y, denoted x — y

Definition 10 (/22]) Let T := [z, z0 + 5] C R, with > 0. A function f :
T — Ry is H-difference at © € T if there exists an f'(x) € RF such that the
limits (with respect to D)

. flz+h)— ()
hlir& h h—0+ h

(2)

exist and are equal to f'(x).
We call ' the H-derivative or fuzzy derivative of [ at x.

Above is assumed that the H-differences f (x + h) — f (z), f (z) — f (x — h)
exist in Rz in a neighborhood of x.

Higher order H-fuzzy derivatives are defined the obvious way, like in the real
case.

We denote by C¥ (R), N > 1, the space of all N-times continuously H-fuzzy
differentiable functions from R into Rx.

We mention
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Theorem 11 (/20]) Let f : R — Rz be H-fuzzy differentiable. Let t € R,
0<r<1. Clearly

ror=[ro” . rol] cr

Then (f (t))(ir) are differentiable and

rer = (o) (rof)]

P = (1), vreb.

Remark 12 ([3]) Let f € C¥ (R), N > 1. Then by Theorem 11 we obtain

o] =[(r00)” (o).

fori=0,1,2 ..., N, and in particular we have that

()2 = ()"
for any r € [0,1], alli=0,1,2,...,N.

Note 13 ([3]) Let f € C¥ (R), N > 1. Then by Theorem 11 we have fj(:) €
CN (R), for any r € [0,1].

We need also a particular case of the Fuzzy Henstock integral (§ (z) = %),
see [23].

Definition 14 (/18], p. 644) Let [ : [a,b] — Rxr. We say that f is Fuzzy-
Riemann integrable to I € R if for any € > 0, there exists § > 0 such that for
any division P = {[u,v]; &} of [a,b] with the norms A (P) < ¢, we have

D(Z(U—U)@f(f),f) <e.

P

We write

b
I:= (FR)/ f(z)dx. (3)
‘We mention

Theorem 15 ([19]) Let f : [a,b] — Rx be fuzzy continuous. Then

b
(FR) / () dz
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exists and belongs to Ry, furthermore it holds

b " b b
) [ f(x)dm] - [ [ 02 @ [ (07 (m)dm],

v rel0,1].

For the definition of general fuzzy integral we follow [21] next.
Definition 16 Let (2,%, 1) be a complete o-finite measure space. We call F :
Q — Ry measurable iffV closed B C R the function F~1 (B) : Q — [0, 1] defined

by
F~Y(B) (w) := sggF (w) (z), allw € Q

is measurable, see [21].

Theorem 17 ([21]) For F : Q) — Ry,
Fw) = {(F" (). P ) [0 <r <1},

the following are equivalent
(1) F is measurable,
(2)¥ rel0,1], FET), Ff) are measurable.

Following [21], given that for each r € [0,1], F", FY) are integrable we

have that the parametrized representation

{(/A F(T)du,/AFJ(f)du) 0<r< 1} (4)

is a fuzzy real number for each A € X.
The last fact leads to

Definition 18 (/21]) A measurable function F : Q — Ry,

F(w) = {(Fﬁr) (w) ’FJ(:) (w)) 0<r< 1}
is integrable if for each r € [0, 1], Fj(:) are integrable, or equivalently, if Fj(to) are
integrable.

In this case, the fuzzy integral of F' over A € ¥ is defined by

/ Fdp = {(/ F@du,/ FJ(:)du> 0<r< 1}.
A A A

By [21], F is integrable iff w — ||F'(w)|| £ is real-valued integrable.
Here denote
lull - == D (uo) , VueRy.

We need also
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Theorem 19 (/21]) Let F,G : Q — Rg be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aFerG)du:a/ Fd,u+b/ Gdy;
A A A

(2) D (F,G) is a real- valued integrable function and for each A € ¥,

D</ de,,/Gdu) S/D(F,G)du.
A A A
H/ quH S/ 1 5 dp-
A F A

Above p could be the Lebesgue measure, with all the basic properties valid

In particular,

here too.
Basically here we have

[/ qu} = U F(T)du,/FY)du}’ (5)
A A A
(r)
(/ qu) :/ Fdu, vrelo1].
A + A

Definition 20 Let f : R - R, v > 0, n = [v] ([-] is the ceiling of the num-
ber), f € AC™ ([a,b]) (space of functions f with f*~Y) € AC ([a,b]), absolutely
continuous functions), ¥ [a,b] C R. We call left Caputo fractional derivative
(see [15], pp. 49-52) the function

DY .f(x) = ﬁ /:c (x — t)n*llfl £ (t) dt, (6)

YV & > a, where I’ is the gamma function T (v) = fooo e~ttV~ldt, v > 0. Notice
DY.f € Ly ([a,b]) and DY, f exists a.e. on [a,b], V b > a. We set D%, f (z) =
f(z), ¥V z € la,0).

i.e.

We need

Lemma 21 ([10]) Let v > 0, v ¢ N, n = [v], f € C" ' (R) and f™ ¢
Lo (R). Then D%, f(a) =0,V a € R.

Definition 22 (see also [7], [16], [17]) Let f : R — R, such that f € AC™ ([a, b)),

Y [a,b] C R, m = [a], a > 0. The right Caputo fractional derivative of order
a > 0 is given by

G Y P
s IO L O @

Va<b Weset DY f(z)=f(x),Vz e (—o0,b. Notice that DY f € L1 ([a,b])
and D' f exists a.e. on [a,b], V a <b.

Dy_f () =
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Lemma 23 ([10]) Let f € C™ ' (R), f(™ € Lo (R), m = [a], a > 0. Then
DY f(b)=0,VbeR.

Convention 24 We assume that

D¢, f(x) =0, forz < xm, (8)

*To

and
Dy _f(x) =0, forz > o, 9)

for all x,xzg € R.
We mention

Proposition 25 (by [5]) Let f € C™ (R), wheren = [v], v > 0. Then DY, f (x)
is continuous in x € [a, 00).

Also we have

Proposition 26 (by [5]) Let f € C™ (R), m = [a], o > 0. Then Dy_f(x) is
continuous in x € (—oo, b].

We further mention

Proposition 27 (by [5]) Let f € C™ 1 (R), f™) € Lo, (R), m = [a], a > 0
and

D8 f (0) = g [ o= 00" O @) 10)

forallz,zg € R:x > xg.

Then D, f (x) is continuous in .

Proposition 28 (by [5]) Let f € C™ ' (R), f(™ € Lo, (R), m = [a], a >0
and

D3y f (@) = 5t / Uy ) (ya, (11)

forallz,zg € R:xg > .
Then Dy, f (x) is continuous in .

Corollary 29 ([10]) Let f € C™ (R), f™ € Lo, (R), m = [a], @ >0, a ¢ N,
x,20 € R. Then DS, f (x), Dg, _ f (x) are jointly continuous functions in (z,xo)
from R? into R.

‘We need
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Proposition 30 (/10]) Let f : R? — R be jointly continous. Consider
G(z) =wi (f(~2),0) 100y, 6 >0, 2 €ER. (12)
(Here wy is defined over [x,400) instead of R).
Then G is continuous on R.
Proposition 31 ([10]) Let f : R? — R be jointly continous. Consider
H(z) =wi(f(~2),0) Ly, 0>0, xR (13)
(Here wy is defined over (—oo, z] instead of R).
Then H is continuous on R.

By Propositions 30, 31 and Corollary 29 we derive

Proposition 32 (/10]) Let f € C™ (R), ||f(m)|’OO < oo, m = [a], a ¢ N,
a >0,z eR. Then wi (DL f,h), o0y Wi (Dg_f, h)(_oo 4 @re continuous
functions of x € R, h > 0 fized.

We make
Remark 33 Let g be continuous and bounded from R to R. Then
wi (g,1) <29, < oo (14)

Assuming that (D2, f) (t), (D2_f)(t), are both continuous and bounded in
(z,t) € R?, i.e.

||D3xf||oo S[(17 V.CEER, (15)

DS fllo < K2y Yz eR; (16)
where K1, Ky > 0, we get

w01 (D2, F,) ey < 2K1; (17)
w1 (D;(vlff)g)(foo,z] < 2K27 v £ > 07

for each xz € R.
Therefore, for any £ > 0,

sup {max (wl (D f, 5)[w,+oo) , W1 (ij‘_f, 5)(700@])] < 2max (K1, K3) < 0.

r€R
(18)
So in our setting for f € C™ (R), Hf(m)Hoo <oo,m=[a],a ¢ N, a >0,
by Corollary 29 both (DS, f) (t), (D2_f) (t) are jointly continuous in (t,z) on
R2.  Assuming further that they are both bounded on R? we get (18) valid.
In particular, each of wy (D2, f, §)[$,+Oo), wi (DY_f, 5)(7007:3] is finite for any

£>0.
Let us now assume only that f € C™ 1 (R), f™ € Lo (R), m = [a],
a>0,a¢ N, xeR. Then, by Proposition 15.114, p. 388 of [6], we find that

D2, f € C([z,4+00)), and by [9] we obtain that DI_f € C ((—o0,z]).
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‘We make

Remark 34 Again let f € C™ (R), m = [a], a ¢ N, a > 0; f(™) (2) =1, V,
x €R; g € R. Notice 0 <m —a < 1. Then

(x —x0)"
D¢ =—— Vaz2>uz. 19
Let us consider x,y > xq, then
1 m—ao m—ao
|szof (37) - szof (y)| = m (33 - xo) - (y - xo)
|I’ _ y|m,—a
20
“T(im—a+1) (20)
So it is not strange to assume that
| D, f (1) = D3y f (22)] < K |21 — 2], (21)

K>0,0<8<1,Vz,22 €R, x1,29 > 29 € R, where more generally it is
Hf(m) Hoo < 00. Thus, one may assume

w1 (D_fr€) Lo < MiET, and (22)

51 (Dg:rfa 5)[,,74,_00) S M2§52a
where 0 < B1,85 <1,V &> 0, My, Mz > 0; any x € R.

Setting 8 = min (84, f5) and M = max (M;, M), in that case we obtain
sup {max <OJ1 (DS_1,¢) w1 (DS f,8) +oo))} <Me? -0, a5 —0+.
z€R (=o0,2] ’

(23)

‘We need

Definition 35 ([11]) Let f € Cx ([a,b]) (fuzzy continuous on [a,b] CR), v >
0.
We define the Fuzzy Fractional left Riemann-Liouville operator as

1 * v—1
v — — 24
K@= o [ @ os0an ey, ey
Jof =1
Also, we define the Fuzzy Fractional right Riemann-Liouville operator as
1 b .
K@= [ t-o T orod sl (25)
I f:=f.
10

10
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‘We mention

Definition 36 (/11]) Let f : [a,b] — Rz is called fuzzy absolutely continuous
iff Ve>0,36 >0 for every finite, pairwise disjoint, family

(ckrdi)jey C (a,b) with > (dp —cx) <6
k=1

we get
n

> D (f(di), f(cr)) <e. (26)
k=1

We denote the related space of functions by ACx ([a,b]) .
Iff € ACf ([0’7 b])7 then f € C]: ([a7b]) .

It holds

Proposition 37 ([11]) f € ACr ([a,b]) < £\ € AEC([a,b]), ¥V r € [0,1]
(absolutely equicontinuous).

‘We need

Definition 38 ([11]) We define the Fuzzy Fractional left Caputo derivative,
z € [a,b)].
Let f € C%([a,b]), n=[v], v >0 ([-] denotes the ceiling). We define

DT f (z) = ﬁ Q/w (=" o £ (1) dt

{{rgl [ o) o

So, we get

(DX f ()]

Il
| — |
N
—
—
3
‘ —_
A
S~—
:\&
—
&
~
S—
i
¥
i
S
oS
'z
N———
=
—
~
S—
IS
\.PO-

ﬁ /j (w— )" ( J(rr)>(") (t) dtﬂ , 0<r<i1. (28)

11

1"
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That is

1) = 5y [ @m0 (1) @ae= (0 (1)) @),

see [15], [6].

Le. we get that

(D71 @)y = (P (1)) @), (29)
YV x € [a,b], in short
(D)) =2, (1), vrepa. (30)

We need
Lemma 39 (/11]) D7 f (z) is fuzzy continuous in x € |a, b].
We need

Definition 40 ([11]) We define the Fuzzy Fractional right Caputo derivative,
z € [a,b)].
Let f € C%([a,b]), n=[v], v > 0. We define

DyT f (x) := (1" @/b t—2)" " o M @) d

- { <F((;1_)ny) [ o (1) wa

(=" /b (t— )" <f(n))(r) *) dt) 0<r< 1} (31)

I'(n—v) i

NI —

)
F<(;1_>”y) / (— ( ‘f))(”) (t) dt) 0<r< 1} :

12
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That is
" )" P . RN , i
D71 @)} = Fortys [ €= (180) " @ a = (05 (1)) @)
see [7].
Le. we get that
(D71 @)L = (D (1)) @), (32)
YV z € [a,b], in short
o2 = oy (£27), vrepl. (33)
Clearly,
DY (fﬁ”) <Dy ( f)) , Vrelol].
We need

Lemma 41 ([11]) D¥” f (z) is fuzzy continuous in z € [a,b].

3 Fractional convergence with rates of real nor-
malized bell type neural network operators

((13])

We need the following (see [14]).

Definition 42 A function b: R — R is said to be bell-shaped if b belongs to L'
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
on [a, +00), where a belongs to R. In particular b (x) is a nonnegative number
and at a,b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero. The function
b(x) may have jump discontinuities. In this work we consider only centered
bell-shaped functions of compact support [-T,T], T > 0.

We follow [14], [1], [8], [13].

Example 43 (1) b(x) can be the characteristic function over [—1,1].
(2) b(z) can be the hat function over [—1,1], i.e.,

1+z2, —1<2<0,
b(z)=<1—2z, 0<z<1
0, elsewhere.

These are centered bell-shaped functions of compact support.
Here we consider functions f : R — R that are continuous.

13

13
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In [13] we studied the fractional convergence with rates over the real line, to
the unit operator, of the real "normalized bell type neural network operators",

She e (E) b (012 (= )
(Hn (f)) ('7;) = 2 - -
e b (07 (= £))

where 0 < o < 1 and « € R, n € N. The terms in the ratio of sums (34) can be

; (34)

nonzero iff " ) T
nlia <x — > S T, ie. |x —— S —a’
n n n-—o
iff
nx —Tn® <k <nz+Tn* (35)
In order to have the desired order of numbers
—n? <nz—Tn* <nz+Tn* <n?, (36)

and card (k) :=cardinality(k) > 1 over [nx — Tn® nx + Tn®], we need to con-
sider
n > max (T+|x|,T*é). (37)

Also notice that card (k) — +o0, as n — +o0.

Denote by [] the integral part of a number, and by [-] the ceiling of the
number.

Without loss of generality ([13]) we may assume that

nx —Tn® < [nz] < nz < [nz] < nz + Tn®. (38)
So here we assume (37) and we have

X e £ () b (0 (= 1))

S e b (1170 (2 = £))

(Hn (f)) (2) :

‘We need

Theorem 44 ([13]) We consider f : R — R. Let 8 > 0, N = [f], 8 ¢ N,
f e ACY ([a, b)), V [a,b] C R, with fN) € Lo, (R). Let also z € R, T > 0,
n € N :n > max (T—|— || ,T‘é). We further assume that D2 f, D°_f are
uniformly continuous functions or continuous and bounded on [x,+00), (—o0, ],

respectively.
Then

1)

N-1 |f(j) (x)| Ti T8
jin(—a)i * T(B+1)n0-o8

[Hn (f) () = f (2)] <

Jj=1

14

14
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T T
{wl (Dfval_a> +wi (fo; 1_0) }7
n [z, +00) n —00,1]
0

above Z =0,
j=1
2)

N-1

) (2 : §
= P (i (-7 ) < FGr e (O

T T
wi | DL f, ——= +wi Df—fﬁT = A (2),
W feoo) W (—o0al

3) assume further that fU) (x) =0, for j =1,..., N — 1, we get

<.

[Hy (f) (@) = f (2)] < An (2), (42)
4) in case of N =1, we obtain again
[Hy (f) (@) = f (2)] < A (@) (43)

Here we get fractionally with rates the poitwise convergence of (Hy (f)) (x) —
f(x), asn — o0, x € R.

We will use (40).

4 Fractional convergence with rates of Fuzzy nor-
malized neural network operators

Here b as Definition 42, n € N as in (37), and f € Cr (R).
Based on (34), (39) we define the corresponding fuzzy operators

chmﬂznT]Zﬂ f (%) ©b (nl—a (a? _ %))

(H; (1)) (x) := T ; (44)
Zk F;Z Tna) 0 (ni=e (z - %))
where 0 < a < 1, and = € R.
We notice that (r € [0,1])
[nz+Tn) r 1— k
, k b (n oz £))
(7 () @] = (3] e z -
k:[nmz:Tnoﬂ n Zk ;Lrl; Tn>] b (nl—a (SC - %))
[ne+Tn] r 1—a k
»n [k m [k b (n (a: — 7))
() O gty o
k—[nzZ—Tn“] |: K ! " Zk ]:"7_7,,1:; Tne] b (nlia (SL’ - %))
15

15
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[[mg”} f“)( )z"”f"( “ (o 4))

k=[nz—Tn> -\b(nl oz(x k))

k=[nz—Tn>]
[nz+Tn] —a
SETIDIUEE R
nx+Tn® —a
k=[nz—Tn>] " Z,Ec:ftmf'lln”] b (nl (:E - %))

(. (52)) 0 (. () ]

We have proved that
() T
(7 (1)L = Ha (£7), ¥ refol, (47)

respectively.
‘We present

Theorem 45 Let x € R; then

D((HF () () . f () < &) (f, T) (48)

Notice that (48) gives HY (f) A f pointwise and uniformly, as n — oo, when
feCy(R).

Proof. We observe that

D((HZ () @), f @) = sup max {|(H7 (£))'

r€l0,1]

(1 (50)) @) - £ @} <

(
n T ) ((r) T ) }
sup max<qwy [ f2,—— | w1 | fi, 50
ref0,1] { 1( ni=e )Tt i ) e

(by Proposition 7)
— P T
e <f7 ”1_a>R.

]
We also give

16
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Theorem 46 We consider f : R — Rx. Let 5 >0, N=[F], 8¢ N, f €
CY (R), with D (f™)(-),0) € Lo (R). Let also z € R, T > 0, n € N :
n > max (T—|— |z ,T’§>, We further assume that Dﬁ}-f, Dﬁff are fuzzy
uniformly continuous functions or fuzzy continuous and bounded on [x,400),
(—o0, x], Tespectively.

Then

1)

TI . B T8
D ((Hn}- (f)) (z) 7f($)) < ; WD (f(J) () 7O) + T3+ 1)77,(1_0‘)5.

(51)

Ta) } =: )\f (.7:) )
(700»5”]

{mr (Dﬁfﬁ I a) + @ (ijff, .
[, 4+00)

0
above Z =0,

2) in case of N =1 OTD(f(j) (x),a) =0,alj=1,.,.N—1, N > 2, we
get that

B
D((H (1) @)1 &) < F 7y (5)

T
{wgf) (Dﬁff, _ > +wl?) <fof, 1_a> }
[2,+00) " (—00,2]

Here we get fractionally with high rates the fuzzy pointwise convergence of
(HZ (f)) (z) 2 f(2), asn — 00, z € R.

Proof. We have

D(f(N)(x)’a):ril[t?umax{w()(N) ‘ ’ NN (4 )‘}
so that
(YN @) <D (F% @),5), Yrei],anyzseR  (53)
Thus

(A7) € Lo (R), Ve [0,1].
Also we have fg) € OV (R), hence fg) € ACY ([a,b]), V [a,b] CR; ¥V r € [0,1].
. BF () .
By assumptions we get that (D*le f)i € Cy ([z,+00)) or in Cy ([z, +00))

(r)
(bounded and continuous on [z,400) functions), also it holds (fo f)i €
Cy ((—o0,z]) or in Cy ((—o0,]), V 7 € [0,1].

17
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By (30) we have
r) T
Dz ) =08, (1), vreo, (54)
And by (33) we have that
(r)
BF _ b (r)
(p27r), =D (#2). wrelo.a], (55)

Therefore all asumptions of Theorem 44 are fulfilled by each of fir), Vr € [0,1];
thus (40) is valid for these functions.
We observe that

D ((HZ (1) @), f @) = sup max {|(HT (/)" () - 1 (@),

rel0,1]
(r) r (47)
(=7 (1) @)~ 10 @)} &
(7») (7.) (7) (7‘) (40)
sup max {| (H (7)) @) = 19 @) | (B (7)) )~ £ @)} <
rel0,1]
(56)
NG _
N-1 (fg)) (z)| 17 o
sup max : _ +
r€[0,1] = jlnl—a)j T (8+ 1)nd-op8
T T
{wl (Dfm (f&r)> ) ’I’Ll_a) + w1 (Df_ (f(_r)) , nl—a) } ,
[, +00) (—o0,z]
NG ,
= (i)> ()] T T8
= jln(1=a)j r(B+1) nd—a)p’ (57)
™y T po(pm) T
w1 (D’fx i), _a> +wy (Dr e _a> }}:
Lo (P00 ), v (p () )
(by Remark 12, (54), (55))
vt | (1) (@) 1 78
sup max : _ + .
rel0,1] = jln—a)i T (B+1)nd-8
Fam T sEN® T
{wl ((sz ) 7nla) + w1 ((Dgﬂf)_ S ’
[, +00) (—o00,]
v | () @) 77 7o
i (58)

S0 T (B 1) nt-@8

18
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g T pr T o
{ <(D f) "nl a)[;x,+oo)+W1<(Dmf)+ "pl-a (00,2 =

N-1

T A\ (7
> sz, mox (1) ]
j=1"7"

r€l0,1]

} + (59)

758 ( sF @ T )
sup max{ w Dis f +
L(B+1)n0-28 coq { 1 ( )- "pl-a [2,+00)
n T T
w1 <(ijff) , 1_a> <(Dﬁff) a) +
-n (~ooa] Y o too)

(r) T (by Definition 1, (1))
w ((D27F) == <
T (ool

N-1

T3 ) T8
(4) = .
j; jint=a5 ” (12 @).2) + 5 (B+ 1) 08

rn T s T
Sup maxq wi <(fof)_ ,_> ((D Ny +
{re[O,l] { ) o) T oo
(ry T (ry T
sup max { wi ((fof) ; 1a> W1 ((fof> ) 1a)
r€[0,1] - n (—o0,z] + N (—o00,z]

N—-1 :
(by Prop_osition 7) T G) » TB
= X;WD(f ($)70)+
J:

L (6+1)n-a)8

{w§ ((Dﬁff) )[ )+w<f>((pfff),ana)( }}, (61)
x,+00 —00,T

proving the claim. m
We need

Definition 47 ([14], [1]) Let the nonnegative function S : R — R, S has com-
pact support [=T,T), T > 0, and is nondecreasing there and it can be continuous
only on either (—oo,T| or [=T,T]. S can have jump discontinuities. We call S
the "squashing function”.

Remark 48 If in (44) we replace b by S we derive the so called normalized
fuzzy squashing operator K. Then under the same terms and assumptions as
in Theorems 45 and 46, we get

DT () @) f @) <l (£ ) (62)
(see (48)), and
D((KF () @), f(2) <N, (@), (63)

(see (51)), respectively.

19
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Fuzzy Fractional neural network approximation

by Fuzzy Quasi-interpolation operators

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Here we consider the univariate fuzzy fractional quantitative approx-
imation of fuzzy real valued functions on a compact interval by quasi-
interpolation sigmoidal and hyperbolic tangent fuzzy neural network op-
erators. These approximations are derived by establishing fuzzy Jackson
type inequalities involving the fuzzy moduli of continuity of the right
and left Caputo fuzzy fractional derivatives of the engaged function. The
approximations are fuzzy pointwise and fuzzy uniform. The related feed-
forward fuzzy neural networks are with one hidden layer. Our fuzzy frac-
tional approximation results into higher order converges better than the
fuzzy ordinary ones.

2010 AMS Mathematics Subject Classification: 26A33, 26E50, 41A17,
41A25, 41A30, 41A36, 47540.

Keywords and Phrases: sigmoidal and hyperbolic tangent functions,
neural network fuzzy fractional approximation, fuzzy quasi-interpolation op-
erator, fuzzy modulus of continuity, fuzzy fractional derivative.

1 Introduction

The author in [1] and [2], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliaguet-Euvrard and ” Squashing” types,
by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
"bell-shaped” and ”squashing” function are assumed to be of compact support.
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The author motivated by [22], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [12], [14], [15], [16],
[17], [18], by treating both the univariate and multivariate cases.

Continuation of the author’s last work ([18]) is this article where fuzzy neural
network approximation is taken at the fractional level resulting into higher rates
of approximation. We involve the right and left Caputo fuzzy fractional deriv-
atives of the fuzzy function under approximation and we establish tight fuzzy
Jackson type inequalities. An extensive background is given on fuzzyness, frac-
tional calculus and neural networks, all needed to expose our work.

Our fuzzy feed-forward neural networks (FFNNs) are with one hidden layer.
About neural networks in general, see [28], [31], [32].

2 Fuzzy Mathematical Analysis Background
We need the following basic background

Definition 1 (see [35]) Let u: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xg € R; p (o) = 1.

(ii) pO + (1= N)y) > min{p (2), 1 (@)}, ¥ 2,y € R, ¥ A € [0,1] (u is
called a convex fuzzy subset).

(iii) p is upper semicontinuous on R, i.e. V zg € R and V € > 0, 3 neigh-
borhood V (x) : p(z) < p(xo) +&, Vo eV (o).

(iv) The set supp (1) is compact in R (where supp(p) := {x € R: p(x) > 0}).

We call i a fuzzy real number. Denote the set of all p with Rx.

E.g. X{z0y € R, for any zo € R, where xy,,y is the characteristic function
at xg.

For 0 <r <1 and p € R define

W= {z R pu(a) >}

and

(W) :={e €eR: p(z) > 0}

Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval on R ([27]).

For u,v € Rx and A € R, we define uniquely the sum u @ v and the product
A ©u by

[uev]" ="+, Dou" =", Vrel0,1],

where
[u]" + [v]” means the usual addition of two intervals (as substes of R) and
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A[u]” means the usual product between a scalar and a subset of R (see, e.g.
[35]).
Notice 1 ® v = u and it holds

UPV=0DUANOU=UO .

If0<r; <7y <1 then
[u]® C [u]™.

Actually [u]” = [u(_r), uf:)}, where 4" < ugf), ul, ugf) eR,Vrel01].

For A > 0 one has )\ug_f) =(AG u)g), respectively.
Define D : Rr x Rx — Rz by

D (u,v) := sup max {)u(,r) —o"|, ‘u(f) - ’US:)

rel0,1]

b

where
[v]" = {v@,vf)] i u,v € Ry,

We have that D is a metric on Rx.
Then (Rz, D) is a complete metric space, see [35], [36].

Here Z stands for fuzzy summation and o := x93 € Rr is the neural
element with respect to @, i.e.,

ud0=0®u=u, VucRg.

Denote
D*(f,9) = sup D(f,9),

zEXCR

where f,g: X — Ry.
‘We mention

Definition 2 Let f : X C R — Rz, X interval, we define the (first) fuzzy
modulus of continuity of f by

WO (f0)y = sup D(f(2),f(y), 6>0.

z,y€X, |lz—y|<s

When g: X CR — R, we define

wi(g,0)x = sup |g(z) —g (¥l
z,yeX, |z—y|<d
We define by CY (R) the space of fuzzy uniformly continuous functions from
R — Rg, also Cx (R) is the space of fuzzy continuous functions on R, and
Cy (R,Rx) is the fuzzy continuous and bounded functions.
We mention
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Proposition 3 ([5]) Let f € C¥ (X). Then wi (f,8)yx < oo, for any & > 0.

Proposition 4 ([5]) It holds
hmwl (f,0)x —Wl (fv 0)x =0,
iff f e CF(X).
Proposition 5 ((5]) Here [f]" = [ £, f{"]. 7 € [0,1]. Let f € Cx (R). Then
fg) are equicontinuous with respect to r € [0,1] over R, respectively in =+.

Note 6 It is clear by Propositions 4, 5, that if f € C¥ (R), then fg) € Cy (R)
(uniformly continuous on R).

Proposition 7 Let f : R — Ry. Assume that wi (f;0)x, wl( ET),é)X,

(f(r) (5) are finite for any 6 > 0, r € [0,1], where X any interval of
R.
Then

(f) (f,6)x = sup max{m (f(_"),é)x,m ( 5:‘)’5))(}'

relo,1]
Proof. Similar to Proposition 14.15, p. 246 of [9]. m
We need
Remark 8 (/3/). Here r € [0,1], ml(.r),ylm eR,i=1,....,m € N. Suppose that

sup max( E ,yfr)) ER, fori=1,...m
rel0,1]

Then one sees easily that

sup max <Zx(r) Zy“ ) < Z sup max( Er),yf”) (1)

r€[0,1] =1 7€l0,1]

‘We need

Definition 9 Let z,y € Rr. If there exists z € Ry : x = y ® z, then we call z
the H-difference on x and y, denoted x —

Definition 10 (/34]) Let T := [zg,x0+ 8] C R, with 8 > 0. A function f :
T — Ry is H-difference at © € T if there exists an f' () € Rr such that the
limits (with respect to D)

o SN =@ f@) = f@—h)

h—0+ h T RS0+ h

(2)

exist and are equal to f'(x).
We call ' the H-derivative or fuzzy derivative of [ at x.
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Above is assumed that the H-differences f (x + h) — f (z), f (z) — f (x — h)
exists in Rz in a neighborhood of z.

Higher order H-fuzzy derivatives are defined the obvious way, like in the real
case.

We denote by CX (R), N > 1, the space of all N-times continuously H-fuzzy
differentiable functions from R into Rz.

We mention

Theorem 11 (/29]) Let f : R — Ryx be H-fuzzy differentiable. Let t € R,
0<r<1. Clearly

Fer=[re” rof cr
Then (f (t))(ir) are differentiable and

P = (1) vren.

Remark 12 (/4]) Let f € C¥ (R), N > 1. Then by Theorem 11 we obtain

0] =|(r0) " (r00)”].

fori=20,1,2,.... N, and in particular we have that

(). = ()",
for any r €10,1], alli=0,1,2,...,N.

Note 13 ([4]) Let f € C¥ (R), N > 1. Then by Theorem 11 we have fj(g) €
CN (R), for any r € [0,1].

We need also a particular case of the Fuzzy Henstock integral (§ (z) = %),
see [35].

Definition 14 (/26], p. 644) Let f : [a,b] — Re. We say that f is Fuzzy-
Riemann integrable to I € Rr if for any € > 0, there exists 6 > 0 such that for
any division P = {[u,v];&} of [a,b] with the norms A (P) < ¢, we have

D(Z(U—U)@f(f),f) <e.

P

We write

= (FR) / £ (z) da. 3)
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‘We mention

Theorem 15 (/27]) Let f : [a,b] — R be fuzzy continuous. Then

b
(FR) / f(2)dz

exists and belongs to Ry, furthermore it holds

b " b b
wm/fmﬁzﬂ/mmwm/wﬁmmy

v rel0,1].

For the definition of general fuzzy integral we follow [30] next.

Definition 16 Let (2,%, 1) be a complete o-finite measure space. We call F :
Q — Ry measurable iffV closed B C R the function F~1 (B) : Q — [0, 1] defined
by
F~Y(B) (w) := supF (w) (z), allw € Q
z€EB
is measurable, see [30].

Theorem 17 ([30]) For F : Q — Rg,

F(w) = {(FET) (w) 7FJ(:) (w)) 0<r< 1} ,

the following are equivalent
(1) F is measurable,
(2)V relo0,1], FET), Fj_r) are measurable.

Following [30], given that for each r € [0,1], F", F_E_T) are integrable we
have that the parametrized representation

{(/A FST)du,/AFJ(FT)du) 0<r< 1} (4)

is a fuzzy real number for each A € 3.
The last fact leads to

Definition 18 (/30]) A measurable function F': Q — R,
F(w) = {(F" (w),F{’ ) o <7 <1}

is integrable if for each r € [0,1], Fj(:) are integrable, or equivalently, if Fj([O) are
integrable.
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In this case, the fuzzy integral of I’ over A € X is defined by

/Fd,u ::{(/ F(T)d,u,/FJ(:)du> |0§r§1}.
A A A

By [30], F is integrable iff w — ||F' (w)|| z is real-valued integrable.
Here denote
lull - = D (uO) , VueRy.

We need also

Theorem 19 (/30]) Let F,G : Q — Rg be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF—i—bG)dﬂ:a/ qu+b/ Gdy;
A A A

(2) D (F,G) is a real- valued integrable function and for each A € ¥,

D(/ qu,/Gdu) §/D(F,G)du.
A A A
|[ra < [ 171an
A F A

Above p could be the Lebesgue measure, with all the basic properties valid

In particular,

here too.
Basically here we have

[ / qu} - { [P, | Ff)du}, (5)
A A A
()
(/ qu) :/ Fdu, vrelo1].
A + A

Definition 20 Let v > 0, n = [v] ([-] is the ceiling of the number), f €
AC™ ([a,b]) (space of functions f with f"~1) € AC ([a,b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [23], pp. 49-52,
[25], [33]) the function

i.e.

We need

1

D, f () = NCED) /‘” (z—t)" "7 () dt, (6)

V z € [a,b], where I is the gamma function T (v) = [° e~ "t 1dt, v > 0.
Notice DY, f € L1 ([a,b]) and DY, f exists a.e. on [a,b].
We set D°,f (x) = f (z), ¥V z € [a,b].
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Lemma 21 ([§]) Let v > 0, v ¢ N, n = [v], f € C"([a,b]) and f™) €
Lo ([a,b]). Then DY, f (a) = 0.

Definition 22 (see also [6], [24], [25]) Let f € AC™ ([a,b]), m = [a], o > 0.
The right Caputo fractional derivative of order o > 0 is given by

b
Dy 1 @) = Fm ey / (¢ — o)™ Fm (¢) de, (1)

V x € [a,b]. We set DY_f(z) = f (x). Notice that D f € Ly ([a,b]) and D _f
exists a.e. on [a,b].

Lemma 23 (/8]) Let f € C™ 1 ([a,b]), f™ € Lo ([a,b]), m = [a], a > 0,
a ¢ N. Then Dif f(b) =0.

Convention 24 We assume that

D, f(xz) =0, forx <o, (8)
and
Dy f(x) =0, forxz> x, (9)

for all z,zy € (a,b)].
‘We mention

Proposition 25 ( [8]) Let f € C™ ([a,b]), n = [v], v > 0. Then DY, f (x) is
continuous in x € [a,b].

Also we have

Proposition 26 (/8]) Let f € C™ ([a,b]), m = [a], a > 0. Then Dy_f(zx) is
continuous in T € [a,b] .

We further mention

Proposition 27 ([8]) Let f € C™ ' ([a,b]), f € Lo ([a,b]), m = [a],
a >0 and

D% f 0) = o | e (1 a, (10)

for all x,xo € [a,b] : x > x.
Then D, f (x) is continuous in .
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Proposition 28 ([8]) Let f € C™ ! ([a,b]), f™) € Lo ([a,b]), m = [a],
a >0 and

DS _f(z) = S / P — 2y R (¢ de, (11)

CT(m-—a)

for all x,x0 € [a,b] : < 2.
Then Dg. _ f (x) is continuous in xo.

‘We need

Proposition 29 (/8]) Let g € C ([a,b]), 0 < c< 1, z,z¢ € [a,b]. Define

L(z,z0) = /f (x—8) " g@)dt, forz> m, (12)

Zo
and L (z,x0) =0, for x < xo.
Then L is jointly continuous in (x,x0) on [a,b]>.
‘We mention

Proposition 30 (/8]) Let g € C ([a,b]), 0 < c< 1, xz, 29 € [a,b]. Define

K (o) = | (-2 g(Q)de, fora < o, (13)

0

and K (xz,29) =0, for x > xo.
Then K (,20) is jointly continuous from [a,b]* into R.

Based on Propositions 29, 30 we derive

Corollary 31 ([8]) Let f € C™([a,b]), m = [a], @ > 0, a ¢ N, z,29 €

[a,b]. Then D, f(x), Dg _f(x) are jointly continuous functions in (x,xo)

from [a,b]? into R.
We need
Theorem 32 (/8]) Let f : [a,b]” — R be jointly continous. Consider
G(z) =wi (f () 75)[9;,b] ) (14)

0>0,z¢€lab].
Then G is continuous in x € [a,b].

Also it holds
Theorem 33 (/8]) Let f : [a,b]> — R be jointly continous. Then
H (l‘) = w1 (f (71') 76)[%” ) (15)

z € [a,b], is continuous in x € [a,b], § > 0.
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So that for f € C™ ([a,b]), m = [a], @ >0, @ ¢ N, z,2¢ € [a,b], we have
that wy (DL, f, h)[%b], w1 (ijff, h) (a2 AT€ continuous functions in = € [a, b,
h > 0 is fixed.

We make

Remark 34 (/8]) Let f € C" ' ([a,b]), f™ € Lo ([a,b]), n = [v], v > 0,
v ¢ N. Then we have

£ v
DY < = MWoo _ g X 1
IDLf ()] € g gy (2 @) € ol (16)
Thus we observe
w1 (D f,0) = sup [DI,f(z)— DI, f ()l (17)
x,y€la,b]
|z—y|<o

(n) (n)
< sup (F(Hf — (w—a)"’”+4||f L. )(y—a)”u>

,y€[ab] n—v+1) Tn—v+1
lo—y|<s
2[| £l nev
STm_wip (18)
Consequently
wi (DY, f,0) < M (b—a)""". (19)
= T (n—v+1)

Similarly, let f € C™ 1 ([a,b]), f™ € Lo ([a,b]), m = [a], @ > 0, a ¢ N,

then (m)
_ 2l
“T'(m—-—a+1)

So for f € C™ 1 ([a,b]), f™ € Lo ([a,b]), m = [a], @ >0, a ¢ N, we find

w1 (Dy_f,0) (b—a)"" . (20)

s1(0) == sup wy (ng; f, 6) < 72 Hf(nl)“"o (b—a)" ", (21)
zoE[a,b] 0 [z0,] r (m —o+ 1)
and
2|/ m-a
= s D& = — . 22
52 (5) a:gbeu[}z),b]WI ( J:(J—f’ 6) l[a,z0] = T (m —a+ 1) (b a‘) ( )

By Proposition 15.114, p. 388 of [7], we get here that DS, f € C ([zo,b]), and
by [13] we obtain that Dy _f € C([a,x0]). Clearly here we have that

s1(6), s2(6) =0, as 6 — 0. (23)

‘We need

10
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Definition 35 ([11]) Let f € Cr ([a,b]) (fuzzy continuous on [a,b] C R), v >
0.
We define the Fuzzy Fractional left Riemann-Liouville operator as

v L 1 ¥ _ v—1
JYf(z) = O] @/a (z—t)"""©f@{)dt, x€la,b], (24)
10f =7,
Also, we define the Fuzzy Fractional right Riemann-Liouville operator as
1 b 4
Iy f(x) :ZWQ/:E t—2)""" o f(t)dt, x€la,b], (25)
I f:=f.

‘We mention

Definition 36 (/11]) Let f : [a,b] — Rz is called fuzzy absolutely continuous
iff V.e>0,36 >0 for every finite, pairwise disjoint, family

(ckrdi)jey C (a,b) with > (dp —cx) <6
k=1
we get

> "D (f(di), f(cr)) <e. (26)
k=1

We denote the related space of functions by ACx ([a,b]) .
Iff € AC.F ([0’7 b])7 then f € C]: ([a7b]) :

It holds

Proposition 37 ([11]) f € ACr ([a,b]) < £\ € AEC([a,b]), ¥V r € [0,1]
(absolutely equicontinuous).

‘We need

Definition 38 ([11]) We define the Fuzzy Fractional left Caputo derivative,
z € [a,b)].
Let f € C%([a,b]), n=[v], v >0 ([-] denotes the ceiling). We define

o
I'(n—v)

(g [ ()

11

DY f(x) := ® /x (x — t)”*”’l o fm (t)dt
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ﬁ /: (z—t)" """ (f(’”)i:) (t) dt) 0<r< 1} -
(e [ -0 (1) "0

So, we get
1 @) = | (s [ @m0 (1) wa
- (nl_ ” /; (z—t)" ! ( @)(") (t) dtﬂ , 0<r<i1. (28)
That is
(D:fff (x))i”) _ ; (nl_ y /az (z— t)n7y71 (fj(:r))(") () dt = (D:a (f:(tr))) (z),
see [7], [23].
Le. we get that
(D7 1 @) = (D2, (£7)) (@), (29)
Yz € [a,b], in short
(07 nY =y, ( i”) L Vrelol]. (30)

We need
Lemma 39 ([11]) D%7 f (z) is fuzzy continuous in = € [a,b].
We need

Definition 40 ([11]) We define the Fuzzy Fractional right Caputo derivative,
z € [a,b)].
Let f € C% ([a,b]), n = [v], v > 0. We define

DyT f (x) = (;l)ny @/b (t—2)"""" o M (t)dt

{2 Fon e
F((711_)’;) /: (t— ) <f(n>)(+” () dt> 0<r< 1} (31)

12
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) { <F((;1—)nu) /;’ (t—a)" " (f@yn) (t)d,

F((;l_)’;) /: (t—2)" ! ( ir))(") (t) dt) 0<r< 1} .

We get

— n b n
D7 f )] = [(P((nl_) 5 [ e (1)

1“((;1)7;) /rb (t—a)" "t (ff))(n) (t) dt)] . 0<r<l1.

That is
v (r) o (71)71 b n—v—1 (r) (n) o v (r)
i1 @)Y = pts [ = (1) 0= (b1 (1)) @),
see [6].
Le. we get that
(D71 @)L = (Di- (£7)) (@), (32)
YV z € [a,b], in short
(oyFn)\ = by ( fﬁ) L Vrelo1]. (33)
Clearly,
DY (f@) <Dy ( f)) , Vrelol].
We need

Lemma 41 ([11]) Dy” f (z) is fuzzy continuous in x € [a,b].

3 Fractional neural network approximation by
real quasi-interpolation operators ([18])

We consider here the sigmoidal function of logarithmic type

1

= eR.
14+e 7 .

It has the properties lim s(z) =1 and lim s(z)=0.

r— 400 r— —00

13
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This function plays the role of an activation function in the hidden layer of
neural networks.
As in [22], we consider

(s(z+1)—s(z—1)), zeR. (34)
We notice the following properties:

1

(x) >0, VzeR,

i) Yoo P(x—k)=1, VzeR,

=

i) @

i)

iii) Zk_foo (ne—k)=1, Ve eR;neN,

iv) f D (x

v) ® is a density function,
i)

vi) ®iseven: & (—z) = P (x), = > 0.

We see that ([22])

e’ —1 1
® (o) = < 2¢? > (T+er D (Ite1) (35)

vii) By [22] @ is decreasing on R, and increasing on R_.

viii) By [17] for n € N, 0 < 8 < 1, we get

oo

2 _ 1 B B
3 ® (nx — k) < <€ 5 >e—"“ 7 = 31992 "7,

k=—
:nz — k| > ntP

(36)

Denote by |-] the integral part of a number. Consider x € [a,b] C R and
n € N such that [na] < |nb|.

ix) By [17] it holds

1 1
< = 5.250312578, ¥V z € [a, b] . (37)
S (e — k) @(1)

k=[na]

x) By [17] it holds lim Z,Ein,na] ® (nz — k) # 1, for at least some z € [a, b].

14
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Let f € C([a,b]) and n € N such that [na] < |nb].
We consider further (see also [17]) the positive linear neural network operator

N (B ema—k)

Gy (f,x) =
(f 33) Z,Lfinna] P (nx _ ]4})

, T € la,b]. (38)

For large enough n we always obtain [na] < |nb]. Also a < £ < b, iff [na] <
k < |nb].
We present here at fractional level the pointwise and uniform convergence
of G, (f,x) to f (z) with rates.
We also consider here the hyperbolic tangent function tanhz, x € R :
e —e ™ e _1

tanhx := = .
er e eQa: + 1

It has the properties tanh0 = 0, —1 < tanhz < 1, V 2 € R, and tanh (—z) =
—tanh z. Furthermore tanhx — 1 as * — oo, and tanhz — —1, as * — —o0,
and it is strictly increasing on R. Furthermore it holds d% tanhx = m > 0.

This function plays also the role of an activation function in the hidden layer
of neural networks.

We further consider
1
U (x):= 1 (tanh (z + 1) —tanh (x — 1)) >0, VzeR. (39)

We easily see that U (—z) = ¥ (x), that is ¥ is even on R. Obviously ¥ is
differentiable, thus continuous.
Here we follow [14]

Proposition 42 U (z) for x > 0 is strictly decreasing.

Obviously V¥ (z) is strictly increasing for z < 0. Also it holds lim W (z) =
0= lim ¥ (x).

Infact ¥ has the bell shape with horizontal asymptote the z-axis. So the
maximum of ¥ is at zero, ¥ (0) = 0.3809297.

Theorem 43 We have that Y ;0 ¥ (z—1i)=1, VzeR.

Thus

Z\If(nx—i)zl, VneN, VzeR.

1=—00

Furthermore we get:
Since U is even it holds Y ;0 WU (i—z) =1, Vz € R.
Hence ;0 W (i+z)=1, Ve eR,and > ;0 V¥(z+i)=1 VzeR

15
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Theorem 44 It holds (7 W (z)dx = 1.
So ¥ (z) is a density function on R.

Theorem 45 Let 0 < <1 and n € N. It holds

[e.°]

Z U (nx—k) <et- 277 (40)

[
Cnz — k| > ntF

Theorem 46 Let = € [a,b] C R and n € N so that [na] < |nb]. It holds

1 1
< 4.1488766 = ——. (41)
S (s — k) v (1)

Also by [14], we obtain

|nb]|

lim Z U (nz —k) # 1,

k=[na]
for at least some x € [a, b].

Definition 47 Let f € C ([a,b]) and n € N such that [na] < [nb].
We further treat, as in [14], the positive linear neural network operator

b
ZIETL |Jna'| ( ) v (TLLL‘ - k)
nb ’
ZIE: Hna] (nx B k)
We consider F,, similarly to G,,.

Here ||-|| ., stands for the supremum norm.
From [18] we need

F, (f,z):= € [a,b]. (42)

Theorem 48 Let o > 0, N = [a], a ¢ N, f € ACY ([a,b]), with fN) €
Ly ([a,0]),0< B8 <1, z€a,b], neN. Then
i)

IA
—
W~
o
=

N-— 1f ]
Ga (i) = 32 =G (=2 ) (@)~ £ @)

a 1 « 1
(5.250312578) (wl (Dwff’ "ﬂ)[‘l:w] W (D*xf’ Tlﬁ)[w,b]) i
I'(a+1) noh

3.1992¢ """ (D21l oy (& = O + 1D8 oy (0= 2)%) b,

16
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i) if fO)(z) =0, forj=1,..,N — 1, we have

(5.250312578)

n ) - S 44
Gu(h0) ~ 1 @) < PE (44)
(“1 (D2 f 3 01 (D255 [m,m) +
nob
- o o
3.1992¢ (HD oo any @ = @ + 1D Fllo oy (b — @) )}
when o > 1 notice here the extremely high rate of convergence at n~(@TD8,
|G (f, ) — f ()] < (5.250312578) - (45)
N-1
f(] 1 L (1-8)
| 5 (b—a) (3.1992) ™" +
j=1
1o} 1 « 1
1 (w1 (Dz_f, nﬁ)[a,:c] —+ w1 (D*zf, nB)[:L’,b]) N
T(a+1) nes
_p- «a
3.1992¢ """ (D f o poy (& = 00+ ID% S | gy 0= 2)°) b}
V€ la,b],
and
i)
|G f = fllo < (5:250312578) - (46)
5 I - a-m
J —-n
7 {nﬁﬂ + (b—a) (3.1992) e } +
j=1
sup wy (Dg_f, ni + sup w wafvr%
1 <m€[a,b] ' ( B)[a’z] z€[a,b] ' ( B)[a:,b]
T (a+1) nes i

_n(1=8) o [
3.1992¢ (b—a) ( sup [ DY f| o o + sup IID*xflloo,[z,b]>}}-
xreE|a,

z€la,b]

Above, when N =1 the sum Z;V;ll -=0.
As we see here we obtain fractionally type pointwise and uniform convergence
with rates of G, — I the unit operator, as n — oco.

17
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Also from [18] we need

Theorem 49 Let a > 0, N = [a], a ¢ N, f € ACN ([a,b]), with fV)

Ly ([a,0]),0< B8 <1, z€a,b], neN. Then
i)

N-—-1
o (f,z) - Z
j=1

« 1 « 1
(4.1488766) ("’1 (D277 ) g T 1 (D wals ag ) [z,b])

g, (o)) (@) - £ ()| <

T(a+1) nep

+

64 —_on1=5) (HDa fH L z] ) + ||D f” . b]( J;)a)},

i) if f9) (x) =0, for j=1,...,N — 1, we have

[Fn (fy2) = f (2)] <

(4.1488766)
I'(a+1)

(wl (D2 £ 30) g + 1 (DS i)@ b])
N 4

noh

e 2 (D2 S| gy (@ = @ 1Dl gy (0= 2)*) }

when a > 1 notice here the extremely high rate of convergence of n~(@+18,

iii)

N—=1|r(j) ;
{ Z ‘fjjl(x)| {n],é‘] + (b )j 6462’”(1_[)} +

=1

1 (wl (D21, 7)oy + 1 (Dswf’ nlﬁ)[w,b]> +

I'(a+1) neps

6467271(175) (HDa f” x _ CL) + ||D f”

vV z € la,b],
and
i)
|Fnf — fllo < (4.1488766) -

18
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2

o Lh ™

N 4, —2n(mA)

<.
Il

z€[a,b] z€Ja,b]
I'(a+1) nops

: Dg_f, L (Da ’L)
) < sup wl( m—f nB)[a z] + SUP W1 *if ne [x,0]

_|_

T€]|

Above, when N =1 the sum Z;V;ll - =0.
As we see here we obtain fractionally type pointwise and uniform convergence

ede—2n? (b—a)a<bup HDa f|| az]_|_ 51[1p D&, 7l ,[wb)}}' (50)

with rates of F,, — I the unit operator, as n — oo.

Also from [18] we mention for v = 1 the next

Corollary 50 Let 0 < <1, f € AC ([a,b]), f' € Lo ([a,b]), n € N. Then
i)
(10.50062516)
Gnf — < e
Gt = fll < S8

sup wi (DI_fi) o+ swp wn (Dhs, k)
z€la,b] [a,2] z€la,b] [,0]

n

+

i

3.19926”“‘/”\/1)—@( sup HD“" fH + sup HDE

ol :
z€[a,b] ] z€[a,b] 00, [x,b]

(51)
i)
(8.2977532)
\/7?

1
sup wi (D _f, nﬁ) 4+ sup wq (D,Exf, n%)
z€[a,b] [a,2] z€[a,b] [x,b] n

’m)[w’b]> }} . (52)

[Fnf = flloo <

i

JPpCED F_a(sup HDQ fH o HD

z€[a,b) ] zefa,b]

19
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Denote wg}-) (f, ) = wgf) (f,6) and wy (f,6)(, ) = w1 (f,6)-
From [12] we need

Theorem 51 Let f € C([a,b]),0< <1, n€N, z € [a,b]. Then

i)
|Gy (f,z) — f(2)] < (5.250312578) -
1 (18
{wl (f, nﬁ) +(6.3984) || fll e }:: A, (53)
1Gn (f) = fllow A, (54)

where ||-|| o, is the supremum norm.
Finally from [12] we need

Theorem 52 Let f € C ([a,b]),0< 8<1,neN, x € [a,b]. Then

g
{or (£15) #2et Il = (55)

i)
IFu ()~ fllog < X° (56)

4 Fractional Approximation by Fuzzy Quasi -
Interpolation Neural Network Operators

Let f € Cx([a,b]), n € N. We define the Fuzzy Quasi-Interpolation Neural

Network operators

[nb]*
k & (na — k)
67 (o= 3 1(2) o=t 57)
k=[na] Z CI)(TLI'—]{))

k=[na]

Y x € [a,b], see also (38).
Similarly, we define

[nb]=*
k ¥ (nx —k
o= 3 1(5) o=t (58)
k=[nal Z U (nz — k)
k=[na]
YV x € [a,b], see also (42).
20
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The fuzzy sums in (57) and (58) are finite.
Let r € [0, 1], we observe that

e nb) K\]’ ® (nx — k) =
CAR ()] S ok

o OO | S

k=[na]

[nb]

S0 (k> ® (nz — k) % £ <k> ® (nz — k)
- \n) | el ’

n [nd]
k=nal Z ® (nx — k) h=nal Z ® (nx — k)
k=[na] k=[na]
_ [Gn (f@,x) Nen (ff),m)] . (60)
We have proved that

(G (1) = G (11,2), (61)
respectively, V r € [0,1], V = € [a,}].
Similarly, it holds
(r) T
(FF (f.)! :Fn( Q,m), (62)

respectively, V r € [0,1], V = € [a, ]].
Therefore we get

D (G} (f,2), [ (x)) =
sup max{‘(Gn (f&r),x)) —fy) (x)), (Gn( Y%x)) —fJ(:) (x)‘}v (63)

ref0,1]

and

D (F] (f,z), [ (x)) =
sup max{‘ (Fn (f@,a:)) — fy) (x)’, (Fn (f(r),a:>) — J(:) (J:)‘}, (64)

ref0,1]
V€ lab].

‘We present

21
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Theorem 53 Let f € Cx([a,b]), 0< B8 <1, n€N, x € [a,b]. Then
1)
D (GZ (f,x), f (z)) < (5.250312578) - (65)
]. 1—-3
[wgf) (f, n[3> +(6.3984) D* (f,5) e 7| = AP,

2)
D (G (). f) <A (66)

Proof. Since f € Cx([a,b]) we have that fj(;') € C([a,b]), V r € [0,1].
Hence by (53) we obtain

‘Gn ( f(’“),a:) Q) (x)‘ < (5.250312578) -

—_n(1=58)
e
0o

[wl ( ), nlﬁ) + (6.3984) H ol

(by Proposition 7 and Hfj(_f)

=D (f,0))

1 _
< (5.250312578) {wg}-) <f7 nﬁ> + (6.3984) D* (f,0) e_"/(l B):| _

Taking into account (63) the proof of the claim is completed. m
We also give

Theorem 54 Let f € Cr ([a,b]),0< <1, neN, x € [a,b]. Then

1)
D (FT (f,z), f(z)) < (4.1488766) - (67)

1 -
{wﬁﬁ (fv nﬂ> +2e' D" (f,0) e | = A7),

2)
D* (FT (). f) < A7 (68)

Proof. Similar to Theorem 53 based on Theorem 52. m
Next we present

Theorem 55 Let @« > 0, N = [a], a ¢ N, f € C¥([a,b]), 0 < B < 1,
x € [a,b], n € N. Then

i)
D (GF (f,2), f (x)) < (5.250312578) - (69)
D (9D (2),5 1 ; e
{;(ﬂ){nmﬂba) - (3.1992) ¢ ’}+
22
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Lt [0 ) + 7 (D) b))
I'la+1) nos

+(3.1992) e 7.
(D" (D27 1) 18) .0y (@ = @) + D* (D £) 1)y, (b= 2)°) } ]
i) if fU) (z0)=0,7=1,...N — 1, we have

(5.250312578)

f
D (Gn (fa LE()) ) f (1’0)) S T (a ¥+ 1) (70)
(47 (D) 8) e + 47 ((P29)35) )
nob
+(3.1992) e "7
(D" (D7) 1) 0y (@0 = )% + D" (D2 £) 18) (b= 20)*) }.
when a > 1 notice here the extremely high rate of convergence at n~(“+t1F
and
iii)
D* (GL (f), f) < (5.250312578) - (71)
NI D (f9(2),8) ( 1 : -
{ Z (j')) {77/83 +(b—a)’ - (3.1992) 67n( B)}—F
j=1
1 <mb€‘1[lapb]wg}_) ((D-(;ff) ? n%)[a,z] + le[lfb]wg}_) ((D?J:F ) ’ nlﬁ)[zb]>
L ; ;
I'(a+1) neB
+(3.1992) e "7 (b — a)* -
< sup D* ((D2Tf) ,5)[a T sup D* (D] f) ,5)[$ b]> }},
z€[a,b] ’ z€(a,b] ’
N-1
above, when N =1 the sum Z -=0.
j=1

As we see here we obtain fractionally the fuzzy pointwise and uniform con-
vergence with rates of GY — I the unit operator, as n — oc.
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Proof. Here f(r) € CN ([a,b]), V r € [0,1], and DT f, DT f are fuzzy
continuous over [a,b], V x € [a,b], so that (D27 f) (ir), (DeS )(ir) € C([a,b]), V
re€[0,1],V x € [a,b].

We observe by (45) that (respectively in +)

Gu (£2),2) = 12 (@) < (5.250312578)

) f(r) (j)( )
= ( + 3' § {nlﬁ] +(b—a) - (3.1992) e—"(lﬁ)} (72)
j=1 )
[ ()2 o000,
T(a+1) ne?

n(1=8)

+(3.1992) ¢~

(HDQ( )| oo &Y i (;”)Hw[%b](b_x)a)}}z

f(g) i>’ ) »
(5.250312578) Z {53 +(b—a) - (3.1992) ™ ““}

( Da]:f)(r) iﬁ) + wq ((fo )(ir) ’ niﬂ) )
1 la,z] [2.] (73)
I(a+1) "

+

(1-8)

+(3.1992) e~

(lozn2] o s fwozn?], 0-or)}} <
N— 1 ) ~
5250312578{ fJ ){+(b a)’ - (3.1992) e~ m}+
j=1
(7 (O ) 7 (P b))
+F(a+1) v (74)

+(3.1992) 7.

(D" (DS21) 8)y 0y (2 = )" 4 D (DI 1) ,8) (0= 2)°) }

along with (63) proving all inequalities of theorem.
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Here we notice that

(022N ¢ 1) = (D2 (1)) @

I'(N —a)
where a <t < z.
Hence
1 z o A\ )
P AR (COMCIE
(r) (r)
H(f(N))i s ( _t)N—a H(f(N))i oo (b— )N—a
T(N—a+1) " “TWN-at+1 " “
B D* (f(N)75) —a)N’a
“T(N—-a+1) '
So we have ( o) )
[0 N
aF _ «
‘(D Ny ‘—r fonrl)(b o
all a <t < z.
And it holds
RV I
H(DL_ f):t 00,[a,z] = F(N— o+ 1) a) ’
that is ( W )
~ D*(f\Y),0 N—
* aF «@
D* (D37 £),0) g0y < N et D (b—a)N 7",
and
D (f(N) )

D*((D3Zf),0) s < 57—
le[lar,)b] (( ¢ f) O)[aﬂc} F(N—OZ+1)

Similarly we have

where x <t <b.
Hence

(00 0] < oy [ -

25
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(r)
H(f(N)>:t o (p N—« D (f(N)va) b N—«
F(N—a+1)( —9) *F(N—a+1)( o
z<t<b.
So we have
ol L DU
[ I o e A M (82)
that is ( ) )
* ~ D* f 75 -«
D* (D3 £),0) ) < T(N—atl) (b-a)" ™, (83)
and ( ) )
D*(f 0 _
. * aF ~ ) _ \N-«a
le[lfb]D (D% )70)[95,17] < T(N—a+l) (b—a) < Fo0. (84)

Furthermore we notice

WO ((D79), 55 ) = sw D((DEZF) (5), (D37 1) (1) <
[a,z]

n

s,t€la,xz]
jo—tl<
(DD (9:0).D (D7) (0.9)} <20 (D7) 9.,
s,te|a,x
o<y
(85)
2D~ (f(N)aa) N—a
STN—azn "9

Therefore it holds

* (F(N) 5
. (F) Da}- 1 < 2D (f ’0) h— N—a«a 86
zzl[lala)b]W1 (( o ) , n5>[a,w] T I(N-a+1) (b=a) e (86)

Similarly we observe
1
(D) = s DD ) (D) 1) <
[z,b] s, t€x,b]

1
|5*t|§W

2D* (£, 5)

20" (D 1) Oy < T —ay 1)

(b—a)N ™. (87)

Consequently it holds

* (F(N) 5
<f)< wrpy 1 ) 2D* (f™),9) N-a
sup w D f), — <———— 2~ (b—a) < +o0. (88)
velad] ( ) nf wy LNV —a+l)

So everything in the statements of the theorem makes sense.
The proof of the theorem is now completed. m
We also give
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Theorem 56 Let @ > 0, N = [a], a ¢ N, f € C¥([a,b]), 0 < B < 1,
x € [a,b], n € N. Then

i)
D (FI (f,z), f(z)) < (4.1488766) - (89)
N-1 0 (z),5 , .
D( fJ )0){n;,+(b_ V~é%_%([”}+
j=1
L (@ (D) )y + 87 (DT 1) ) )
_|_
I'(a+1) nos

_on(1=8) * a ~ a * « ~ a
tete2 (D (D2 f) 7o)[a’z] (x —a)" +D* (D f) ,0)[m’b] (b— ) )}},
i) if f9) (x0) =0, j=1,..., N — 1, we have
(4.1488766)
I'a+1)

(wg}-) ((Dgti ) 7#)[&,%0] + wg}-) ((wa}—o ) 7#)[360,[)]) + 646_2,”(1*5).

nob

D (F (f,z0), f (w0)) < (90)

(D ((DS71) ) 00 = " + D (D) 2) 3,y 0 =20 }

when a > 1 notice here the extremely high rate of convergence at n~(“+t18

iii)
D* (EF (f), f) < (4.1488766) - (91)
N-1
D* (4) , -
f O) {n;? +(b—a)’ et 2! /ﬁ)}—l—
) < Zl[lpb]wgf) (D7 f) ,%)[a gt bl[lpb]wg ) ((DeF f) ,7113)[%17])
T (a+1) neB
N (AL
<sup D*((D?ff),a) }+ sup D*((fo )75)[9017])}}.
z€[a,b] z€[a,b] ’
N-1
Above, when N =1 the sum Z L=
j=1

As we see here we obtain fractionally the fuzzy pointwise and uniform con-
vergence with rates of F7 — I, as n — oo.
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Proof. Similar to Theorem 55, using Theorem 49. m
We make

Remark 57 Looking at (63) and (64), and applying the principle of iterated
suprema we obtain

)
oo

D* (Gf (f)af) = sup max{HGn (ff)) _ fST)

rel0,1]

Gu (1) =17

J
(92)

)
oo

D* (an (f)vf) = sup rnax{HFn <f£r)> ,f(_")

rel0,1]

(1) -1

)
(oo}

(93)
where f € Cr ([a,b]), see also proof of Theorem 58.

We finish with

Corollary 58 Let 0 < 8 < 1, f € Ck([a,b]), n € N. Then

()
D (67 (1), ) = (FRERE). (94)

(rzl[tpb]wgf) ((fof) 7 #)[a,w] + sup wg}') ((D*%yff) ,,%5) 7b]>

z€Ja,b]

B
nz2

+(3.1992) e Vb —a

(e (2)9), 2 (79).9),, )}

z€[a,b]
and
(it)
T

1 1
sup wgf) ((D;ff) , n%) + sup wgf) ((Dfxff) 7#>
l'e[a,b] [a»w] [$7b]

D* (FZ (f).f) < (82977532> ~ (95)

z€la,b]

[N

n

+ete Vb —a
(xikt}?b]”* ((p¥5).9),,+ sw D" ((PE1) ) [w,b]> } '

z€[a,b]
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Proof. By (51) we get

Jor (1) - ()] = (222210). 0
(L (01 () ), = e (9 (1) ), )
B
m

+(3.1992) e " Vb —a

. 3 (r) . 3 (r) _
sup ||D2_ (fi + sup |D&([fi =
z€[a,b] 00,[a,z] z€[a,b] 00, [x,b]

(10.50062516)

VT
1 (r) 1 1 (r) 1
Sup wq (D;ff) ,oF + sup wq (Dfxf) ]
z€[a,b] + la,z] z€la,b] + [x,b]
x (o7)

+(3.1992) e Vb —a

1 (r) 1 (r)
sup (D,j_f) + sup szf) <
z€la,b] + 0,[a,z] z€la,b] + 00, [z,b]
10.50062516
N

[ () )+ s () 2),.)

B
n:2

+(3.1992) e Vb —a

(:r?[lfb}D* ((fo £) ) oot T ol ((Déff) ) W’]) } ’

proving the claim with the use of Remark 57.
Part (ii) follows similarly. m
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Abstract

Here are studied in terms of multivariate fuzzy high approximation
to the multivariate unit basic sequences of multivariate fuzzy neural net-
work operators. These operators are multivariate fuzzy analogs of earlier
studied multivariate real ones. The produced results generalize earlier
real ones into the fuzzy setting. Here the high order multivariate fuzzy
pointwise convergence with rates to the multivariate fuzzy unit operator
is established through multivariate fuzzy inequalities involving the mul-
tivariate fuzzy moduli of continuity of the Nth order (N > 1) H-fuzzy
partial derivatives, of the engaged multivariate fuzzy number valued func-
tion.

AMS 2010 Mathematics Subject Classification: 26A15, 26E50, 41A17,
41A25, 41A99, 47540.

Key words and phrases: multivariate fuzzy real analysis, multivariate
fuzzy neural network operators, high order multivariate fuzzy approximation,
multivariate fuzzy modulus of continuity and multivariate Jackson type inequal-
ities.

1 Fuzzy real Analysis Background

We need the following background

Definition 1 (see [14]) Let p: R — [0, 1] with the following properties
(i) is normal, i.e., 3 xo € R; pu (o) = 1.
(it) p(Az+ (1 = A)y) > min{p(2),n(y)}, V 2,y € R, VA € [0,1] (uis

called a convex fuzzy subset).
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(1) w is upper semicontinuous on R, i.e. ¥V zg € R and V € > 0, 3 neigh-
borhood V (x¢) : p(x) < p(xo) +¢, VeV (o).

(iv) The set supp (u) is compact in R, (where supp (1) == {z € R: p(z) >
0}).

We call p a fuzzy real number. Denote the set of all p with Re.

E.g. X{zoy € R, for any x¢ € R, where X{zo} U8 the characteristic function
at xg.

For 0 < r <1 and p € Rz define
W] ={reR:p(x)>r} (1)

and

(1) :={e €eR: p(z) > 0}
Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval on R ([11]).
For u,v € Ry and A € R, we define uniquely the sum u @ v and the product
A ©u by

we =0 +0", Mou =AWk, Vrel01],

where [u]” + [v]" means the usual addition of two intervals (as subsets of R)

and X [u]” means the usual product between a scalar and a subset of R (see, e.g.

[14]).

Notice 1 ® u = u and it holds
UPV=0DUANOU=UO .

If0<r; <ry <1 then
[u]® C [u]™ .

Actually [u]” = [u(f), UE:):|, where u(_r) < uE:), u(_T), ug) eR,Vrelo,1].
For A > 0 one has Auij) =(AG u)g), respectively.
Define D : Rx x Rx — Rz by

D (u,v) := sup max {)u(f) —o"|, ‘ug) - US:)

rel0,1]

b @)

where
[v]" = {v@,vﬂf)] ;v € Ry,

We have that D is a metric on Rz.
Then (Rz, D) is a complete metric space, see [14], [15].
Let f,g: R™ — Rx. We define the distance

D* (f,g9) = sup D(f(z),g(z)).

reR™
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Here ¥* stands for fuzzy summation and 0:= X{o} € Rz is the neutral element
with respect to @, i.e.,

u@ﬁzﬁ@u:w VucREg.
We need
Remark 2 (/5]). Here r € [0,1], xz(.r),yl(r) eR,i=1,....m e N. Suppose that

sup max( (r ),yf )) ER, fori=1,....m
ref0,1]

Then one sees easily that
sup max <Zx Zy(r)> < Z sup max( (r ),yl(r)) (3)
rel0,1] i—1 ref0,1]

Definition 3 Let f € C'(R™), m € N, which is bounded or uniformly continu-
ous, we define (h >0)

wi (f,h) == sup If (21, zm) — f (2, )]

all z;,x,€R, ri—r”gh, for i=1,...,m
(4)

Definition 4 Let f : R™ — Rz , we define the fuzzy modulus of continuity of
f oy

) (f.6) = sup D(f(z),f(y), §>0,  (5)

z,y€ER, |x;—y;|<4, for i=1,....m
where © = (T1, .y Tm), Y = (Y1y ooy Yrm) -
For f: R™ — Rz, we use
=017 (6)

where fg) :R™ - R,V rel0l].
We need

Proposition 5 Let f : R™ — Rx. Assume that wi (f,0), w1 (f&r),(S),

w1 (f_@,é) are finite for any § > 0, r € [0,1].

Then
wg}-) (f,0) = sup max {w1 (fy),é) W1 ( J(:),5>} . (7)

rel0,1]
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Proof. By Proposition 1 of [8]. =

We define by C¥ (R™) the space of fuzzy uniformly continuous functions
from R™ — Rg, also Cx (R™) is the space of fuzzy continuous functions on
R™, and Cp (R™,Rz) is the fuzzy continuous and bounded functions.

We mention

Proposition 6 ([7]) Let f € C¥ (R™). Then wgf) (f,0) < oo, for any § > 0.
Proposition 7 ([7]) It holds

limei™ (£,8) =i (£,0) =0, (8)

iff f € CY(R™).

Proposition 8 ([7]) Let f € Cr(R™). Then fir) are equicontinuous with
respect to r € [0,1] over R™, respectively in =+.

Note 9 [t is clear by Ptopositions 5, 7, that if f € CZ(R™), then fg) €
Cy (R™) (uniformly continuous on R™ ).

‘We need

Definition 10 Let x,y € Rxr. If there exists z € Ry : ¢ =y ® z, then we call
z the H-difference on x© and y, denoted x — y.

Definition 11 (/14]) Let T := [zo,z0 + 5] C R, with > 0. A function f :
T — Ry is H-difference at x € T if there exists an [’ (x) € Ry such that the
limits (with respect to D)

i L&) —f(w)} lim
h—0+ h h—0+ h

exist and are equal to f' (x).
We call f' the H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f (x + h) — f (z), f () — f (x — h)
exists in Rz in a neighborhood of x.

Definition 12 We denote by CX (R™), N € N, the space of all N-times fuzzy
continuously differentiable functions from R™ into Rx.

Here fuzzy partial derivatives are defined via Definition 11 in the obvious
way as in the ordinary real case.
We mention
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Theorem 13 ([12]) Let f : [a,b] C R — Ry be H-fuzzy differentiable. Let
t € la,b], 0 <r<1. Clearly

rer=[ro”.roP] cr

Then (f (t))ir) are differentiable and

rer = (o) (rof)]

(Y = (1), vrepal. (10)

Remark 14 (se also [6]) Let f € CN (R,Rx), N > 1. Then by Theorem 13
we obtain fir) € CN (R) and

o] = [(re)” (ree)],

fori=0,1,2,..., N, and in particular we have

(f(“):) ~ ()" (11)

for any r € [0,1].

Let f € CX (R™), denote f5 = g%;, where & = (ay,...,am), @; € ZT,
t=1,...,m and
O<lal:=)» a<N, N>L
i=1
Then by Theorem 13 we get that

(1) =, ¥rep, (12)

and any & : [a| < N. Here £ € CN (R™).
For the definition of general fuzzy integral we follow [13] next.

Definition 15 Let (Q2,%, u) be a complete o-finite measure space. We call F :
Q — Rz measurable iff V closed B C R the function F~1 (B) : Q — [0,1] defined

by
F~'(B) (w) := supF (w) (z), allw € N

xeB

is measurable, see [13].
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Theorem 16 ([13]) For F : Q — Ry,
F(w) = {(F" (w), F{” ()0 <7 <1},

the following are equivalent
(1) F is measurable,
(2)vrelo1], F, F_f_r) are measurable.

Following [13], given that for each r € [0,1], F\", F_f_r) are integrable we
have that the parametrized representation

{(/ Fy)dp,,/ Ff)du) 0<r< 1}
A A

is a fuzzy real number for each A € X.
The last fact leads to

Definition 17 ([13]) A measurable function F : Q — Ry,

is integrable if for each r € [0,1], Fir) are integrable, or equivalently, if Fio) are
integrable.
In this case, the fuzzy integral of F' over A € ¥ is defined by

/ Fdp = {(/ F@du,/ FJ(:)du> 0<r< 1}. (13)
A A A

By [13] F' is integrable iff w — || F (w)]| 7 is real-valeud integrable. Here
|ul| z =D (u,ﬁ) , YueRg.
We need also

Theorem 18 ([13]) Let F,G : Q@ — Rz be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF—l—bG)du:a/ qu+b/ Gdy;
A A A

(2) D (F,G) is a real-valued integrable function and for each A € ¥,

D</,4qu,/AGdu> S/AD(FvG)du- 10
| Fal < [1ripan

In particular,
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Above p could be the Lebesgue measure, with all the basic properties valid
here too.
Basically here we have

[/A qu]"' - UA F(T)d“v/AFf)du} ! (15)
</A Far ) (: B /AF Ldw, (16)

i.e.

V r € [0, 1], respectively.
We use

Notation 19 We denote
2 P 2
(ZD(az-’ﬁ)) f(@) = (17)
i=1 v
D <82f (xl’zQ),Ej) D (a2fgr12,$2)76) +2D (62f(1131,132)’6> .
2

0z? x 0x10x,

In general we denote (j=1,...,N)

(iD <8i,6)>jf(?) = (18)

il J ~
Z . -j. D 0 f(:cl‘,...,as,,}) o).
- Jilgalgm! Ozl 0x .0zl

(J1reesdim )EZY 3000 §i=

2 Convergence with rates of real multivariate
neural network operators

Here we follow [9].
We need the following (see [10]) definitions.

Definition 20 A function b: R — R is said to be bell-shaped if b belongs to L
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
on [a,400), where a belongs to R. In particular b(x) is a nonnegative number
and at a, b takes a global mazximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero.
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Definition 21 (see [10]) A function b : R? — R (d > 1) is said to be a d-
dimensional bell-shaped function if it is integrable and its integral is not zero,
and for alli=1,...,d,

t—b(x1, sty .y Tq)

is a centered bell-shaped function, where @ := (z1,...,xq) € R? arbitrary.

Example 22 (from [10]) Let b be a centered bell-shaped function over R, then
(1, .y xq) = b(x1) ...b (xq) is a d-dimensional bell-shaped function.

Assumption 23 Here b () is of compact support B := Hle[—Ti,Ti], T, >0
and it may have jump discontinuities there. Let f : R? — R be a continuous
and bounded function or a uniformly continuous function.

Here we mention the study ([9]) of poitwise convergence with rates over R<,
to the unit operator I, of the "normalized bell” real multivariate neural network
operators

M, (f) (@) = (19)
Syt e iy £ (B B (017 (01 = ) ol (s = B))
Zklszﬂ‘ de —n2b(”1 a( k) SntT a(xd kd))

where 0 < a < 1 and @ := (1, ...,24) € R% n € N. Clearly, M, is a positive
linear operator.
The terms in the ratio of multiple sums (19) can be nonzero iff simultaneously

nl_“<xz—k)‘<TH alli=1,...,d,
n

i.e.,|xi7% §n1a,allzf1 ., d, iff
—Tin® <k, <nz; +T;n% alli=1,..,d. (20)
To have the order
—n? < nxz; — Tin® < k; < nx; +Tin® < n?, (21)

we need n > T; + |x;], all i = 1,..,d. So (21) is true when we take

> T + |zi]). 22
”—ie}?,aﬁ’fd}( + |4]) (22)

When 7" € B in order to have (21) it is enough to assume that n > 27, where
T* := max{T1,...,Tq} > 0. Consider

I = [nz; — Tin%, nx, + Tin®], i=1,..,d, n € N.
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The length of I; is 2T;n®. By Proposition 1 of [1], we get that the cardinality
of k; € Z that belong to I; := card (k;) > max (2T;n® — 1,0), any i € {1,...,d}.
In order to have card (k;) > 1, we need 2T;n® — 1 > 1 iff n > Ti_é, any
ie{l,..,d}.

Therefore, a sufficient condition in order to obtain the order (21) along with
the interval I: to contain at least one integer for all ¢ =1, ...,d is that

n >  max {Ti+|a:i|,T;i}. (23)
i€{1,...,d}

Clearly as n — +o0 we get that card (k;) — +oo, alli = 1,...,d. Also notice that
card (k;) equals to the cardinality of integers in [[nx; — T;n®], [nz; + Tin®]] for
alli = 1,...,d. Here, [-] denotes the integral part of the number, while [-] denotes
its ceiling.

From now on, in this article we will assume (23). Furthermore it holds

S nes i) S nra et £ (5 )
(M (1)) () = SRt et (24)

-b (nla (l‘l — kl) ,...,7?,170( (a:d — kd))
n n

all 7 := (21, ...,xq4) € R, where

[nz1+T1in%] [nxa+Tan®™]

E E b (nl_a (ml — kl) it (ajd — kd)) .
n n
k}lilr’nmlle’ﬂo‘—‘

kd:fnzdden"ﬂ

(25)
From [9], we need and mention
Theorem 24 Let & € RY; then
— — T
(M () (@) = f(Z) s (o 5= ) - (26)

Inequality (26) is attained by constant functions.

Inequalities (26) gives M, (f) (@) — f (@), pointwise with rates, as n —
+00, where T € R%, d > 1, provided that f is uniformly continuous on R%. In
the last case it is clear that M, — I, uniformly.

From [9], we also need and mention

Theorem 25 Let © € R?, f € OV (Rd), N € N, such that all of its partial
derivatives fg of order N, & : |&| = N, are uniformly continuous or continuous
are bounded. Then

(M, () (@) = £(7)] < (27)
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N

; j N
(T*)J d - ( ) dN 5 T*
;j!nj(l_a) ; 1@ NN S fa; pl-a )’

Inequality (27) is attained by constant functions. Also, (27) gives us with rates
the pointwise convergences of M, (f) — f over RY, as n — +oc.

9
8:101-

3 Main Results - Convergence with rates of fuzzy
multivariate neural networks

Here b is as in Definition 21.

Assumption 26 We suppose that b (Z') is of compact support B := H?:l -T;, T3],
T; > 0, and it may have jump discontinuities there. We consider f : R* — Rx

to be fuzzy continuous and fuzzy bounded function or fuzzy uniformly continuous
Sfunction.

In this section we study the D-metric pointwise convergence with rates over
R?, to the fuzzy unit operator Ir, of the fuzzy multivariate neural network
operators (0 < a < 1, T := (21,...,xq) € R%, n € N)

M (f)(T) = (28)

St e S e (B ) @b (01 (o = B nl e (g - B))
Zklz—n2 . de —n? b( (:Ul - %) ""’nl_a ($d - %))

[nx1+Tin%]* [nzg+Tan]*
k kq
= > > f (1, ) (29)
n’n
klzfnmllen"“\ kd:[nxddeno‘]
@b(nl’o‘ (z1 = B) o ntme (zg — E2))
V(T ’
where V (7) as in (25) and under the assumption (23).
We notice for r € [0,1] that
[nx1+Tin%] [nxg+Tgn™] k kd r
T 1
pEO@ = Y . > (5]
ki=[nx1—Tin>] ka=[nxqg—Tyn>
b (nlia (.’L‘l — %) 7._.717/170‘ ( Td — k;Td)) (30)

V(7)

nx1+Tin® nxg+Tan®
:[lif] [did] s (R Ea) o (R Ea
_ T )T+ R,

k:l:(nmllena] k:d:]'nwdden“]

10
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b (nl_a (ZEl — %1) 7...7’[’Ll_a (.’L‘d — %i))
| V(T)
[nz1+Tin%] [neag+Tan™]

-y

klzfnzl—Tln(ﬂ

o (k1 ka
> fu (nn)

ka=[nxqg—Tyn>

b (nl_a (331 — %) Y (xd — k—nd))
| V(T) ’
[nz1+T1in%] [nxg+Tan®™]

) (k1 kg
) SR S (nn)

klzl—nxllen"“\ kd:[na:ddeno‘]

b (nlfo‘ (SCl — %) S ,ntTe (md — %‘1))
' VE) (31)
- n ()@ (o (1) ]

We have proved that

(M7 ()T =M (£2), ¥ refo], (32)
respectively.

We present
Theorem 27 Let & € RY; then
D(OZ (D) (@)1 (@) <l (o ) (33)

Notice that (33) gives M B I pointwise and uniformly, as n — oo, when
feCl (RY).

Proof. We observe that

)

sup max{|(M7 ()" (7) - 17 (F)
rel0,1]

s (0, (49) (71 3 o, (1)) 70 20

n T o T"\N\No &, T
o () 1 )} 20 1),

proving the claim. m
We continue with

11
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Theorem 28 Let 7 € R?, f ¢ cy (Rd), N € N,such that all of its fuzzy
partial derivatives fs of order N, & :|&| = N, are fuzzy uniformly continuous
or fuzzy continuous and fuzzy bounded. Then

D((M () (@), f (7)) < (34)

N Ty d 5 J -
{Zé()) <§_ID(30)> f(rf)”

=17
(7)™ aV () T
+NlnN(1 a) ~ rln?i(Nwl f&v nl-a |”

Asn — oo, we get D ((MZ (f)) (Z), f(T)) — 0 pointwise with rates.

Proof. As before we have

D((MF () (Z).f(@) E
sup max{ (Mn (f&”))( ) — f(r)

rel0,1]
N
(7Y £
sup max )
refo,1] {{; |n](1 ) ;

+7(T*)NdN max wi ((f(r)) ’ = ),

NIpNA- a)al al= g nl-o

(£ (5121

) (7“) ) }

N .
(T*)N dN ") T (3) (T*)J
+N!nNU—oz)a:\n%?i(zv“” ( + )a’nl—a = _X;jlnm—a)' (36)
j:
d d
sup max Z fm( ) Z
rel0,1] P
()" N my I @y I*
AT 5 ‘aEILXerl[:)pl]maX w1 (f_ )a’nl—a , W1 (fJr )a’nl—a

(by (3), (1), (12). 18) | L (T%)
S { 1 [n_]l Ni(l—a) [<2D< 0)) f(
j:

(1)~ aN ) T
N!nN(l—a)aI\n|XNw1 fa’nl a )’

proving the claim. m

II“

81:1

o0x;

0
(93:

8|
=
——

+

g

12
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4 Main Results - The fuzzy multivariate ”nor-
malized squashing type operators” and their
fuzzy convergence to the fuzzy unit with rates

We give the following definition

Definition 29 Let the nonnegative function S : R? — R, d > 1, S has compact
d

support B := H [=T:, T3], T; > 0 and is nondecreasing there for each coordi-

i=1
d

nate. S can be continuous only on either H(foo,Tl-] or B and can have jump
i=1
discontinuities. We call S the multivariate "squashing function” (see also [10]).
Let f : R? — Rx be either fuzzy uniformly continuous or fuzzy continuous
and fuzzy bounded function.
For @ € R?, we define the fuzzy multivariate ” normalized squashing type

operator”,
Ly () (T) = (38)
St e £ (B 8) 08 (0172 (1 = B) ol (2 — B2))
W (@) ’
where 0 < o < 1 and n € N:
n > max {Ti+|xl|,Ti a}, (39)

,,,,,

and

-5 F (e () e ()

ki=—n? kg=—n2

It is clear that

Lo @)= &) . (41)

where
— — — ?
(7)) = > s<n1 a(;n—n)). (42)
?:"n?f?na-‘

Here, we study the D-metric pointwise convergence with rates of (L% (f)) (2) —
f(7),as n — +oo, 7 € RY
This is given first by the next result.

13
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Theorem 30 Under the above terms and asumptions, we find that

D (L7 () (7). £ (7)) <) (ﬁ T* ) (13)

nlfoc

Notice that (43) gives L KA Ix pointwise and uniformly, as n — oo, when
fecl (RY).

Proof. Similar to (33). m
We also give

Theorem 31 Let © € R?, f € C}V (Rd), N € N, such that all of its fuzzy
partial derivatives fz of order N, & : |a] = N, are fuzzy uniformly continuous
or fuzzy continuous and fuzzy bounded. Then

D((Ly (N) (&), £ ()

IN

(44)

N

I (So () s
()N dN ) ( T ) |

+ max wj ——
n —x

NInNA-a) 5 5]=N

Inequality (44) gives us with rates the poitwise convergence of D((LZ (f)) ('),
f(Z)) — 0 over RY, as n — oo.

Proof. Similar to (34). m
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Abstract

Here are considered in terms of multivariate fuzzy high approximation
to the multivariate unit sequences of multivariate fuzzy quasi-interpolation
neural network operators. These operators are multivariate fuzzy analogs
of earlier considered multivariate real ones. The derived results generalize
earlier real ones into the fuzzy setting. Here the high degree multivariate
fuzzy pointwise and uniform convergences with rates to the multivari-
ate fuzzy unit operator are given through multivariate fuzzy inequalities
involving the multivariate fuzzy moduli of continuity of the Nth order
(N > 1) H-fuzzy partial derivatives, of the involved multivariate fuzzy
number valued function.
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Key words and phrases: multivariate fuzzy real analysis, multivariate
fuzzy quasi-interpolation neural network operators, high degree multivariate
fuzzy approximation, multivariate fuzzy modulus of continuity and multivariate
Jackson type inequalities.

1 Fuzzy Real Analysis Background

We need the following background

Definition 1 (see [23]) Let p: R — [0, 1] with the following properties
(i) is normal, i.e., 3 zo € R; p(xo) = 1.

—_

69



ANASTASSIOU FUZZINESS FALL 2012

(i) p(Az + (1= N)y) > min{u(z),n(y)}, ¥V ao,y € R, VA€ [0,1] (uis
called a conver fuzzy subset).

(iti) p is upper semicontinuous on R, i.e. ¥V xg € R and V & > 0, 3 neigh-
borhood V (x¢) : pu(x) < p(xo) +, V€V ().

(iv) The set supp (u) is compact in R, (where supp (1) == {z € R: p(x) >
0}).

We call i a fuzzy real number. Denote the set of all u with Rx.

E.g. X{ay} € Rz, for any zo € R, where x ., is the characteristic function
at xg.

For 0 <r <1 and p € Rr define
W = {w R () =7} (1)

and

1 =T e R u (@) > 0}.
Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval on R ([17]).
For u,v € Ry and A € R, we define uniquely the sum u @ v and the product
A ©u by

weo ="+ 0", Mou =AW, Vrel01],

where [u]” + [v]" means the usual addition of two intervals (as substes of R)
and X [u]” means the usual product between a scalar and a subset of R (see, e.g.
23)).

Notice 1 ® v = u and it holds

UPV=0DUANOU=UO .
If0<r; <ry <1 then
[u]® C [u]™.
Actually [u]” = [u(_r), uf:)}, where v < us_r), u(_r), uS_T) eR,Vrelo,1].

For A > 0 one has )\u(ir) =(\0o u)gcr)7 respectively.
Define D : Rx x Rr — R by
(r)

D (u,v) := sup max{)u(j) — " ,‘u(f) G

relo0,1]

b @)

where
[v]" = {v@,vf)] :u,v € Ry,

We have that D is a metric on Rx.
Then (Rz, D) is a complete metric space, see [23], [24].
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Let f,g: W CR™ — Rx. We define the distance

D*(f,9) = sup D (f (z), 9 (x)).

zeW

Remark 2 We try to determine better and use

D™ (f,0) = sup D (f (x),0) =

zeW
@1}

By the principle of iterated suprema we find that

sup sup max{‘f
reWrel0,1]

D*(f,0) = sup max{Hf( )H

re(0,1]

©ly e

under the assumption D* (f,0) < oo, that is f is a fuzzy bounded function.
Above ||-|| ., is the supremum norm of the function over W C R™.
Another direct proof of (3) follows:
We easily see that

D" (£,6) < sup maxc {|| /) |47

r€l0,1]

o

On the other hand we observe thatV © € W : each

‘f(ir)(x)‘gmax{‘fg)(x)‘}<supmax{)fi ‘}_

re(0,1]
sup sup max{‘fg) (:E)‘} = D" (f,0).
zeWrel0,1]
That is, each
’f(” ‘<D*(f~) VaeWw,

hence each
1) <o e,
(o)
and
max{HfY) 007 f_(:) oo} S D* (fvbv)7
and
sup maX{HfET) ,)ff) } < D*(f,0),
o0 (o]

rel0,1]

proving (3).
The assumption D* (f,0) < oo implies ”fj(!) H < oo, Vrelol].
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Here ¥* stands for fuzzy summation and 0 := X{oy € Ry is the neutral
element with respect to @, i.e.,

ud®0=0®u=u, VuecRg.

We need
Remark 3 (/5]). Here r € [0,1], xz(.r),yl(r) eR,i=1,....m e N. Suppose that

sup max( (r ),yf )) ER, fori=1,....m
ref0,1]

Then one sees easily that
sup max Zx Zy(r) < Z sup max( (r ),yl(r)) (4)
ref0,1] i—1 T"€[0,1]

Definition 4 Let f € C (W), W CR™, m € N, which is bounded or uniformly
continuous, we define (h > 0)

wi (f,h) = sup |f () = f W)l ()

z,yeW, |lz—yl o <h
where x = (X1, eer; Tm), Y= (Y1, e Ym) -

Definition 5 Let f : W — Rx , W C R™, we define the fuzzy modulus of
continuity of f by

P (f.h) = sup  D(f(2),f (), h>0. (6)

z,yeW, |lz—yll<h
where £ = (T1, ..o, Tm), Y= (Y1, ey Ym) -
For f: W — Rze, W CR™, we use
=[50 10, (1)

where fﬂ(;) W >R, Vrel0l].
We need

Proposition 6 Let f: W — Rx. Assume that wi (f,9), w1 (fy‘),&),
w1 (fir),é) are finite for any § > 0, r € [0,1].

Then
wgf) (f,0) = sup max {w1 (fg)ﬁ) ,w (f(r) 5)} (8)

rel0,1]
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Proof. Asin [5]. m

We define by C¥ (W) the space of fuzzy uniformly continuous functions from
W — Ry, also Cx (W) is the space of fuzzy continuous functions on W C R™,
and Cp (W, Rz) is the fuzzy continuous and bounded functions.

We mention

Proposition 7 ([7]) Let f € C¥% (W), where W C R™ is convex. Then
wgf) (f,0) < o0, for any § > 0.

Proposition 8 ([7]) It holds

limat™ (£,6) = Wi (£,0) =0, (9)

iff f € CYL(W), W CR™.

Proposition 9 ([7]) Let f € Cr (W), W C R™ open or compact. Then fg)
are equicontinuous with respect to r € [0,1] over W, respectively in =+.

Note 10 It is clear by Propositions 6, 8, that if f € CZ (W), then fg) €
Cy (W) (uniformly continuous on W ).

‘We need

Definition 11 Let x,y € Rxr. If there exists z € Ry : x = y @ z, then we call
z the H-difference on x and y, denoted x — y.

Definition 12 (/23]) Let T := [z¢,x0+ 8] C R, with 8 > 0. A function f :
T — Ry is H-difference at © € T if there exists an f'(x) € Rx such that the
limits (with respect to D)

b LEED =S (@) @)= @)

h—0+ h h—0+ h

(10)

exist and are equal to f'(x).
We call ' teh H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f (x + h) — f (z), f (z) — f (x — h)
exists in Rx in a neighborhood of .

Definition 13 We denote by CX (W), N € N, the space of all N-times fuzzy
continuously differentiable functions from W into Rz, W C R™ open or compact
which is convew.

Here fuzzy partial derivatives are defined via Definition 12 in the obvious
way as in the ordinary real case.
We mention
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Theorem 14 ([19]) Let f : [a,b] C R — Ry be H-fuzzy differentiable. Let
t € la,b], 0 <r<1. Clearly

rer=[ro”.roP] cr

Then (f (t))ir) are differentiable and

rer = (o) (rof)]

(Y = (1), vrepal. ()

Remark 15 (se also [6]) Let f € CV ([a,b],Rz), N > 1. Then by Theorem
14 we obtain fg) € OV (la, b)) and

o0 = |(r0) " (r00)”].
fori=0,1,2,..., N, and in particular we have
(). = ()" 12
for any r € [0,1].

Let f € C¥ (W), W C R™, open or compact, which is convex, denote

af ~ P —~ ~ .
fa = g;T&’ where & := (a1, ..., ), @; € ZT,1=1,...,m and

O<lal:=) a<N, N>L

i=1

Then by Theorem 14 we get that
(1) =2, vrepu, (13)

and any & : |a| < N. Here fj(:) eCN(W).

Notation 16 We denote
2
iD 95 f(@) = (14)
i=1 Oy’

D <82f (“’“"2),6> +D (82f (1, 22) ,6) 412D <62f($1’m2),6> .

x3 0x10%2
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In general we denote (j =1,...,N)

(ﬁ_njD (56)) F(T) = (15)

Jildeledm! T\ 02l 0a? .02l )

(F1seesdm)ELT 300 §i=]

2 Basic on real Quasi-Interpolation Neural Net-
work operators Approximation

I) Here all come from [16], [8].
We consider the sigmoidal function of logarithmic type

s (z;) = Tro z, €ERi=1,..,N; z:= (x1,...,x5) € RV,

each has the properties lin+1 si(z;))=1land lim s;(z;)=0,79=1,...,N.
Ti—T 0 x;——00
These functions play the role of activation functions in the hidden layer of
neural networks.

As in [16], we consider
D, (z;) := % (si(wi+1)—s;(x; — 1)), z;€R,¢=1,...,N.
We notice the following properties:
i) ®;(z;)) >0, Va; €R,

)
i) S @ (w— ki) =1, ¥ € R,
i) Yoo ®i(nw — ki) =1, Yo, eRyneN,

)

)

)

1v

7@ (i) day =1,
v) ®; is a density function,
vi) ®; is even: ®; (—x;) = D, (x;), x; >0, fori=1,...,N.

We see that ([12])

e2—1 1
@, (z;) = , i=1,.. N.
(.’13 ) ( 262 > (1 + ezifl) (1 + ef:mfl) t

vii) @, is decreasing on R, and increasing on R_, ¢ =1,..., N.

Notice that ®; (x;) = ®; (0) = 0.231.
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Let 0 < 8 <1, n € N. Then as in [12] we get
viii)
3 O, (na; — k;) < 3.1992¢ ™7 i=1,.,N.

ki = —o0
s na; — kil >nth

Denote by [-] the ceiling of a number, and by |-] the integral part of a
number. Consider here z € (Hfil [ai,bi]) C RY, N € N such that [na;] <
|nb;|,i=1,..,N;a:=(a1,...,an), b:= (b1,...,bn) .

As in [12] we obtain

ix)

1 1
0< < = 5.250312578,
[nb;] D, (nx; — k;) ®; (1)

ki=[na;|
Vx; € [ai,bi] , =1, ,N
x) Asin [12], we see that
[nb; ]

lim Z D; (nx; — k) # 1,

n—oo

for at least some z; € [a;,b;],i=1,..., N.

We use here

O (21, ay) =0 (2) == [[ ®i(2:), zeR". (16)
i=1
It has the properties:
(i) ®(z) >0, VzeRY,
(i)’
Z @(x—k) = Z Z Z (I)(Jfl—kil,...,x]v—k‘]\[):l,
k=—o00 k1=—00 ka=—00 kn=—00
(17)
k:= (ki,....kn), Vo € RV,
8
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(iii)’

i ® (nx — k) :=
k=—o00
Z Z Z ® (nx1 — k1, ...,nen —ky) =1,
k1=—00 kg=—00 kny=—o00

VzeRY; neN.

(iv)’
/ O (z)dx =1,
RN
that is ® is a multivariate density function.
Here ||z, = max{|z1],...|zn|}, z € RY, also set co := (oo, ...
—00 := (—00, ..., —00) upon the multivariate context, and

[na] : = ([na1], ..., [nan]),

|nb| : = (|nbi],..., |nbn]).
We also have
(v)’
X -8
> ® (nx — k) < 3.1992¢"" ",
k = [na]
15 = @lle > 75

0<B<l,neN,ze (vazl[ai,bi]).
(vi)’
1

<
nb
St @ (na — k)

Yoe (Hivzl [ai,bi}), n € N.

0 < (5.250312578)"

(vii)’

& (nz — k) < 3.1992¢ "7

[M]8

{ k=—00
15 —2llo>7m

0<B<1l,neN, zecRV,

77

(18)



ANASTASSIOU FUZZINESS FALL 2012

(viii)’
Lnb)
lim > @(nw—k)#1 (19)
k=[na]

for at least some x € (vazl (@i, b,]) .

Let feC (sz\; [ai,bi]> and n € N such that [na;] < [nb;],i=1,...,N.
We introduce and define ([11]) the multivariate positive linear neural network
operator (z := (z1,...,TN) € (H@I\; [ai,bi]))

Zl\;anna] ( ) s (ﬂ]} - k)
S ® (n2 — k)

[nb1] [nbz] [nbN] k N
. Zlﬁ:l(nal] Ekzzz(nag] EkN N[naN] ( n’"Y TN) (Hizl ch (’I’L%i - kl))
o N nb; )
[lim ( IEi:HnaJ ®; (nw; — kz))
For large enough n we always obtain [na;| < |nb;|,i=1,..., N. Also a; < % <

When f € Cp (RY) (continuous and bounded functions on RY) we define

([11)

Gn (f,x1,.zn) =Gy (f,2) := (20)

G, (f,2) =G, (fy21,.2N) = Z f (f;) O (nz — k) (21)

k=—o00

-3 Y 3 (BB (e n).

klffoo k)Q—*OO kafoo

neN,VzeRY, N>1, the multivariate quasi-interpolation neural network
operator.
We mention from [11]:

Theorem 17 Let f € C (Hl 1 [a“bz]) ,0<pB<l,ze (Hfil [ai,bi]), n,N €
N. Then

i)
G, (f,2) — f ()] < (5.250312578)
{w1 (f, nlﬁ> +(6.3984) || ]| o e—"“‘”} = A1 (22)
i)
G (f) = flloo < A1 (23)
10
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Theorem 18 Let f € Cp (RN), 0<B<1l,z€RN, n,NeN. Then
i)

(1-8)

G (i)~ 5 @) < (£ ) + 63980 Ifoe™ ™ =0 21

ii)
|Gr (f) = Fl o < Ao (25)

IT) Here we follow [10], [8].
We also consider here the hyperbolic tangent function tanhx, z € R :

It has the properties tanh0 = 0, —1 < tanha < 1, V 2 € R, and tanh (—z) =
—tanh z. Furthermore tanhxz — 1 as * — oo, and tanhz — —1, as x — —o0,
and it is strictly increasing on R.

This function plays the role of an activation function in the hidden layer of
neural networks.

We further consider

U (x):= i (tanh (z + 1) —tanh (x — 1)) >0, VzeR. (26)

We easily see that U (—z) = ¥ (x), that is ¥ is even on R. Obviously ¥ is
differentiable, thus continuous.

Proposition 19 (/9]) ¥ (z) for x > 0 is strictly decreasing.

Obviously W () is strictly increasing for z < 0. Also it holds lim ¥ (z) =
Tr— —00
0= lim U (z).

Infact W has the bell shape with horizontal asymptote the z-axis. So the
maximum of ¥ is zero, ¥ (0) = 0.3809297.

Theorem 20 (/9]) We have that Y .0V (z—i)=1, VzeR.

i=—00

Thus

Z\I/(mc—i)zl, VneN Vel

i=—00

Also it holds -
> T(x+i)=1, VzeR

Theorem 21 (/9]) It holds [ ¥ (z)dx = 1.

11
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So ¥ (z) is a density function on R.

Theorem 22 ([9]) Let 0 < a < 1 and n € N. It holds

o0

Z U (nx —k) < e
k=—o0
:nx — k| > ntme

Theorem 23 ([9]) Let x € [a,b] CR and n € N so that [na] < |nb|. It holds

1 1
< = 4.1488766.
Z,L;:?naw U(nz—k) Y1)

Also by [9] we get that

[nb]
lim Z U (nx —k) #1,
k=[na]
for at least some z € [a, b].

We use (see [10])

N
O (x1,...,zNn) =0 (z) := H\If (xi), == (x1,..,an) ERY, NeN. (27)

=1

It has the properties:

1)* ©(z) >0, VzeRY,

(i)~
NO@—k= > > D O —ky.,ay—ky) =1,
k=—o0 k1=—00 ka=—00 kn=—00
(28)

where k := (ki,...,ky), V o € RV,

(iii)*
Z O (nx —k) :=
k=—o00

o0 o0

Z Z Z O (nzq — ki, ....,nzy —kn) =1, (29)

k1=—00 ko=—00 kny=—o00

VzeRY;neN.

12
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O (z)dz =1,

RN

that is © is a multivariate density function.

[nb]
Z O(nz—k)<et- 6_2"(171”, (30)

(T

0<B<1,n€N,x6(Hf;l[ai,bi]).

(vi)*
1 1
] < — (4.1488766)" (31)
Ek [na] ©(nz—Fk) (¥(1))
Ve (Hfil [ai,bi}), n € N.
(vii)*
Z O(nx—k) <et- 67271(176), (32)
k= —o0
15 = 2lle > 55
0<p<l,neN,zeRV,
Also we get that
[nb|
lim Y ©(nz—k)#1, (33)

k=[na]
N
for at least some z € (Hi:l [ai,bi]) .

Let feC (Hf\il [ai,bi]) and n € N such that [na;| < |nb;], ¢ =1,...,N.
We introduce and define the multivariate positive linear neural network op-

erator ([10]) (z := (21, .., xx) € (njil [ai,bi]))

Zlianna'\ ( ) ) (7?,33 - k)

F,(f,z,..., =F, (f,z) =
(f T mN) (f x) Z’Lcnb[Jna] (na?—k)

[nb1 | [nb2 ] [nbn | 1 N
_ Zklzl[naﬂ Ekgzz(nag] ZkN;V(naN] f (7’ . TN) (HiZI N4 (nml - kl))
- N nb; :
|| Y ( IEi:Hnai] U (na; — z))

o

13
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When f € Cp (RY) we define ([10]),

F.(f,z) =F,(f,21,....,aN) = Z f (S) O (nz —k):= (35)

k=—o0

> 3y () (v w)

ki=—00 ko=—0o0 kny=—00

n €N, V2 € RN, N > 1, the multivariate quasi-interpolation neural network
operator.
We mention from [10]:

Theorem 24 Let f € C (Hl ) [az,bz]> 0<B<lae (Hl ) [az,bz]>, n,N €
N. Then

i)
|Fy (f,2) — f ()] < (4.1488766)"
{or (1) +2et il =n (36)
i)
1Fn (f) = flloe < At (37)
Theorem 25 Let f € Cp (RN), 0<B<1l,ze€RYN, n NeN. Then
i)
[Fu(f.2) = £ (@)] S (f, nlﬁ) 2 |l e =00, (39)
i)

[En () = £l < Ao (39)

Notation 26 Let f € C™ (Hl 1 lai, b; ]), m, N € N. Here f, denotes a partial

derivative of f, a:= (a1,...,an), & €EZT,i=1,..,N, and |a| := ZNl a; =1,
where [ =0,1,...,m. We write also f, :=

g$£ and we say it is of order .

We denote
wlln?r); (fouh) = Ilné‘lX w1 (fav ) (40)
Call also
[ fallsom = max {|[falloc} (41)

In the next we mention the high order of approximation by using the smooth-
ness of f.
We give

14
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Theorem 27 (/§]) Let f € C™ (qu\;l [ai,bi]), 0<B<1,nmNEN,ze€
(Hf\; [aivbi])' Then

)
_ . - fo () _ a;
Gn (fwr) f(iU) Z Z HN : n H( J»’L) , T < (42)
J=1 \lal=j i=1 @i i=1
(5.250312578)" - {mﬁzﬁw;’}z‘ (fa’ nlﬁ) N
<<6.3984> b — all2 [l fal2, Nm) e—nw}
m)! ’
i)

Gy (f. @) — f ()] < (5.250312578)" - (43)

{zm: (Z ( S (2] ) [14+ (ﬂ (bi —a-)"”) - (3.1992) ¢~ 7 ) i
i=1 \lal=j Hz ail ) [ pale} L

N™ o 1 (6.3984) b — all g I fallson N\ _a-m
mlnmﬁ fo" B m) e R

IGy (f) = fllo < (5.250312578)™ - (44)
(H (b; — a;) ) (3.1992) """

N™ max 1 (6 3984) Hb - a”m ||f04HmaX N —_n1=8)
S mB%1lm fom 77,75 + e R

+

m/!
iv) Assume fo (xg) =0, foral a:|a|=1,...m; zg € (Hf\il [ai,bi]). Then

|Gy (f,20) — f (z0)] < (5.250312578)™ - (45)

N i (6.3984) [Ib — all 5 I fallsem N\ _,a-s
m'nmﬁ fCt? m! € ’

notice in the last the extremely high rate of convergence at n~P(m+1),

We also mention

15
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Theorem 28 (/§]) Let f € C™ (qu\;l [ai,bi]), 0<B<1,nmNEN,ze€
(Hf\; [aivbi])' Then

i)

Fy (f,2) = f () —i (Iaz_:j (M) F, (]:[1( —x)™ x>) < (46)
(4.1488766)" - {m]!VT;;B Wi (fm nlﬁ) +
<2e4 1ol Lol Nm) <>}

i) |

|Fy (f.2) — f ()] < (4.1488766)" - (47)

N N
{z;l (IZ (M) [niﬁ + (111 (bi — ai)ai> etem 2T ) "

N™ (omax f 2¢* ||b - CLH ||fa||max _onp(t=8)
W 1,m ay 3 ml e ,

iii)

1Fn () = fllo < (4.1488766)" - (48)

m N
5 ( oo ) RN (H (b,_a,)%) H]
i=1 \|a|=j Hi]\il at ) |

(]

=1

/ m( ) <2e4||b—a|| 1l Nm) <}
fa; e y
mlnm# m!

iv) Assume fo (xg) =0, foral a:|a|=1,...m; zg € (Hf\il [ai,bi]). Then

=
3

|Fo (f,0) = f (w0)| < (4.1488766)" - (49)

™ max f L 264”1)_ ” ||f(l||max _on(1=8)
m'nmﬁ @ m[ € )

notice in the last the extremely high rate of convergence at n~P(m+1),

‘We need

16
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Notation 29 (/15/) Call L,, = G,,, G, Fy,, F,,.
Denote by
(5.250312578)Y | if L, = G,
en = (4.1488766)" , if L, = F,, (50)
1, if Ly, = Gy, F,,

_ [6.3984, if L, = Gy, G,
o 264, Zf Ln - Fnafny

and

= (52)

[ 1, when L, =Gy, G,
"2 when L, =F,.F,

Based on the above notations Theorems 17, 18, 24, 25 can put in a unified
way as follows.

Theorem 30 ([15]) Let f € C’(Hil [ai,bi]) or f € Cg(RY); n, N € N,
0<B<l,ze (Hi\;l [ai7bi]) orx € RN, Then
(1)
L) = F@l S ew{or () +uliloe™ " =p (9

(i)
1L (f) = flloe < Pn- (54)

For basic neural networks knowledge we refer to [21], [22].

3 Approximation by Fuzzy Quasi-Interpolation
Neural Network Operators

N
Let f € Cx (H [ai,bi]>, n € N. We define the Fuzzy Quasi-Interpolation

i=1
Neural Network operators

[nb]x*

G (f,x1,.xn) =G (f,2) = Z f<7]2>® Lnl‘i’(?”ws—k) (%)
k=nal Z D (nx — k)
k=[na]
N
Vo= (x1,...,TN) € <H [ai,bi]>, see also (20).
i=1
17
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Similarly we define

[nb]*

FZ (f,x1,....,xNn) = FF (f,2) := Z f (:) ® an) (nz — k) . (56)
k=[nal Z O (nz—k
=[na]
N
(H ai,b; ), see also (34).
Let }:61 Cy (]RN, R}-). We define
k=—o0

Z Z i f<k1 ko ’ZV) ® (f[l@ (n:zci—k:i)>,

ki=—00 ko=—0c0 kny=—00
and
Zf( )@@ (nx — k), (58)
k=—o00
VzeRY, N>1.
The sum in (55), (56) are finite.
Let r € [0, 1], we observe that

h=fna Z O (nz — k)
k=[na]
[nb] |nb]
Z f(r) k D (nx — k) Z f(r) k D (nx — k)
. n [nb) ’ - T \n [nb]
[l Z O (nz — k) =fnal Z O (nz — k)
k=[na] k=[na]
18
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- [an ( f@,x) Nen ( yu)] . (60)
We have proved that
(G (f2)! = G (£.2) (61)

la;, bi

[=p

Il
-

respectively, V r € [0,1], V = € <

2

Similarly, it holds

(FT (f,0)y = Fu (£7,2), (62)

F
N
respectively, V r € [0,1], V z € H (@i, bl]> .
i=1

We will prove also that

(@ g0) =T (10.), (63)
(Fr ) =T (50,), (69)

respectively, V r € [0,1], V x € RY.

The sums in (63), (64) are doubly infinite and their proof is more complicated
and follows.

We need

Remark 31 (see also [20]) (1) Here k = (k1,k2) € Z*, m = (mq,mg) € Z2,

n = (ni,n2) € Z2, oo = (00,00), —00 = (—00, —00), Z is a double sum.

Let (ug)pez2 € Re. We denote the fuzzy double infinite series by Z Uk

k=—o0

m—0o00nN—00

n*
and we say that it converges to u € Ry iff lim lim D (Z uk,u> =0. We

k=m
denote the last by Z U = U.
k=—o0
Let (ur)peze, (Vk)peze, w,v,RF such that Z ug = u, Z vy =v. Then
k=—o00 k=—o00
0O* 0O* 0O*
Z (up Dog) =uPv= Z ug B Z V- (65)
k=—oc0 k=—o0 k=—oc0

The last is true since

lim lim D (Z (ukGB”uk),u@v) =

k=m

19
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lim lim D ((Z uk> ® (Z vk> ,u@v)
< lim lim [D (Z uk,u> + D <Z Uk,v>] =0.
k=m k=m

Let Z ur = u € R, then one has that

k=—o00

00 co* (r)
Z (ue) ™ = u!") = < Z uk> , (66)

k=—o0 k=—o0

and

vV relo,1].
We prove the last claim:

We have that
0= lim lim D (Z Uk, U >

12w

k=m

> ) —ul?

k=m

n

Z (ur (T) u(

mHOO’I’L—»’DOTe[O’l] P

lim lim sup max{

n

3 () =,

k=m

lim lim
m—0o00on—00

Y r € [0,1], proving the claim.

}7
[eok 3

Also we need: let (uy),cz2 € Rr with Z ur = u € Rg, then clearly one

k=—o00
o0 *

has for any A € R that Z Aup = Au.

k=—o0
oo

Clearly also here Z ur =u € Rg, here (ug) ez € Rr, iff Z uk

k=—o00 k=—o00

_T and Z uk ( ), uniformly in r € [0,1], see also [20].
k=—oc0
(2) By [20] we see: Let (k € Z*) uy := {((uk)(f) ) (uk)(l)) 0<r< 1} €ERg
o0 (o)
such that Z (u )(7 (u )(f) and Z ug)y (T) = (u )(l) converge uniformly

k=—oc0 k=—oc0

i € [0, 1], then = {((u)(f) ’ (u)(l)) 0<r< 1} €Rr andu = Oi* Ug.

k=—o00

20
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IL.e. we have

OO *

Z {((Uk)(f) ; (%)T) 0<r< 1} _

{(ffww“,ifum@)m<r<1}
k=—o00 k=—o0

(68)

All the content of Remark 31 goes through and is valid for k € ZV, N > 2.

Proof. of (63) and (64).

The proof of (64) is totally similar to the proof of (63). So we prove only

(63).

Let f e Cy (RN R;c) then fi eCp (RN) YV r €[0,1]. We have
(©

(f @) < (f @) < (F @)Y < (F (@)

3
We get that
‘(f (@)"] < max{‘(f (x))(_o)’ 7 ’(f (x))(_l)‘} _
L (] e e e}
:IA(Ol (z) € Cpy (RN)
Also it holds
[(f @] < max{| (7 @)D | @ P} =

s @]+ @)= [lo @] - | @]l

= AP (2) € Cp (RY).
I.e. we have obtained that

0< (7 (@)?] < A% (@),

0| @)P] <40 @), Yrep.vreRY.

Hence by positivity of the operators G,, we get

< o (1.5) <5

respectively in £,V r € [0,1], V = € RY.

i

21
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In detail one has

()

Vrel0,1], k€ZY, neN fixed, Vx € RY fixed, respectively in +.
We notice that

& (nz — k) < ALY (:) ® (nw—k), (74)

= k
S A0 () O (nz — k) < HAQS’“H < o0, (75)
b oo n &)
(oo}
i.e. Z ALY (£) @ (n@ — k) converges, respectively in +.
k=—oc0

Thus by Weierstrass M-test we obtain that G, (‘ fir)
uniformly in 7 € [0, 1], respectively in £,V n € N,V z € RV,

5 .’E) as series converges

And by Cauchy criterion for series of uniform convergence we get that
G, (fg),x) as series converges uniformly in r € [0,1], Vn € N, V z € RV,
respectively in +.

Here for k € ZV, f(£) = {(f(£)", (f (£) 0 <r <1} € Ry, and
also

e {((5) w0, (5 (5)) ooz <)

:f(:z)@@(m:—k)eﬂ%f.

That is (uk)(ir) =(f (%))i_:) ® (nx — k), respectively in =+.

But we proved that

Z (uk)(ir) =G, ( g),x) =: (u)g),

k=—o0

converges uniformly in r € [0, 1], respectively in =+.
Then by Remark 31 (2) we get

wi={(@" @) p<r<i}

:{(én (f@,x),én( j’“’,x))\ogrg}eﬁf (77)

and
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SR ((0) RN 11) e

k=—o0

B () () Joersforin o

k=—o0
- i f(fl) @cb(nx—k)zéf(f,x).

k=—o0

So we have proved (63). m
Conclusion 32 Call L7 any of the operators G, F7 é:, F:.

Let also L,, be any of real operators G,,, F,, G, F,.
We have proved that

(27 (£2) Y = Lo (£2),2), (80)

N
respectively in + and operator matching couples, Vr € [0,1],Vz € (H ([as, @]))

orVzeRY, NeN.
We present our first main result

N
Theorem 33 Let f € Cr <H [ai,bi]> or f € Cy (RN,R}-); n,N € N, 0 <

i=1
B<l,z¢€ ﬁ[ai,bi] orxz € RN. Then
W
DL ()1 @) < e {ul (5.5 ) e (@m0 b= 7. 1)
(i)
D* (L (). ) < T, ()

when cn, W, v as in Notation 29.

Proof. We see that
D (L, (f,2), f(x)) =

sup max {|(Ly (£,2)" = 1 @)|. (Lo (£.2)] = 1 ()]}

r€[0,1]
- Tzﬁfﬂ max{‘(Ln (f@,x)) _ o (z)], (Ln ( J(g”),:v)> N ffw) (w)’}(,gg)
23
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N
VmGH[ai,bi] orVzeRN.
i=1
N
The assumption implies fg) eC (H [ai,bi}> or fg) € Cp (RY), respec-

i=1
tively in &+, V r € [0,1].

Hence by (53) we get

‘(Ln ( ff)aw)) — (w)’ <cn {wl (fj(f% nlﬁ) +MHf¥)

(by (8) and (3))

—~An(1=8)
n
oo

<o {of” (4 50) 0" e, 51

respectively in +.
Now combining (83) and (84) we prove (81). m

N

Remark 34 Let f € Cr (H [ai7bi]> orf e (Cb (RNJR}-) nCcY (RN)) . Then
i=1

lim D* (L, (f), f) =0, quantitatively with rates from (82).

n—oo

N

Notation 35 Let f € C} (H [ai,bi]>, m, N € N. Here f, denotes a fuzzy
i=1

partial derivative as in Notation 26. We denote

W™ Jar) = max i (fo, ). (85)
Call also
D" (fa,0) := Jpax {D* (fa:0)}- (86)
We present

Theorem 36 Let f € C¢ (Hfil [ai,bi]>, 0<pB <1 nmN €N, x ¢

(Hf\il [aubi]). Then
1)
D (GF (f,2), f () < (5.250312578)" - (87)

m N
Z Z D (-f]‘? (-'17) 75) [77;] + (H (bl _ ai)ai> . (3.1992) e—n(lﬁ)‘|
j=1| |al=j ! i=1

I

24
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N™ (F) max
+m!nmﬂ 1,m (fo” )
((6.3984) b — al|” Dimax (f,,0) Nm> ) }

m! ’

2)
D* (G (), f) < (5.250312578)" - (88)

1 N 1
% + (H (bz - ai)ai> . (31992) e_n( B)]

=1

N™ (F) max
tnlnmB Lm (f‘“ )
((6.3984) 16— al| D2 (fa,3) Nm> . }

m!

N
3) assume that fo (zg) = 0, for all a : o] = 1,...,m; zg € (H a;, b; ),
=1
then

D (Gf (f,z0), f (:170)) < (5.250312578)N~ (89)
N™ w{me (6.3984) [[b — all5 Dy (fa, ) N™\ -9
m'nmﬁ faa "z m! (& s

notice in the last the extremely high rate of convergence at n~P(m+1),

Proof. We observe that

(43)
‘Gn (fj[),m) _ (3:)' < (5.250312578)

N (1-p
<H b; — a;) ) -(3.1992) ¢ )]
=1

N™ e [(((p0) 1
B i <( - >nﬁ) ! o
G3ssa o —alZ [(£7) [N\ Y
_ alloo,m e (:) (5,250312578)N
25
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i B)
N = (b; — a;) ) - (3.1992) ¢ ]
O el N | =

i=1

N™ 1
+W ((fa) 5) + (91)
(6.3984) ||b—aHZ;H(fa)$) OomNm o | @00
J e " <
m!

(5.250312578)"

- D (fo(z),0
ZZ (fa(2),0)

i=1

N
1 . -
— + (H (b; — ai)m) - (3.1992) e ‘”1
=1
Nm

+m! mﬁ ljjr)zmax (fw) (92)
((6.3984) b — al|” Dz max

m (fa75)Nm e,n(l—ﬁ)
m!

)

We have proved that

‘Gn ( fi’”),x) i (x)‘ < (5.250312578)" (93)

m N
1> D(%M % + ( (b; — ai)“’?> - (3.1992) e”“““]
J=1| |al=j ;! i=1

!

nNm™ (F) max 1
+m!nm[3w1’m o o] +
((63984) ||b — GHZZ D;knmax (fou 5) N™

e
m! ’
respectively in =+.

By (61) we get

D (G (f.2), f (x) =
Tzl[tpl maX{‘G ( x) — (@)7 G, (fir)’J;) B J(:) (af)‘}' (94)

Combining (94) and (93) we have established claim. m
Using (47), (62

), (13), (8), (3) and acting similarly as in the proof of Theorem
36 we derive the last result of this article, coming next

26
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Theorem 37 All assumptions and terminology as in Theorem 36 and Notation
85. Then

1)
D (FT (f,x), f () < (4.1488766)" - (95)

1 N (1-8)
[e %3 4 _—2n
-e'e
nﬂj (H )

64 Hbia‘” D;knmax (faaa)Nm) e_Qn(lﬁ)}

m/!

+

D* (EZ (f), f) < (4.1488766)" - (96)

m * N
Z Z (D ]\({faaj) + (H b _az 1> 46—2n(1 A)
;! =1

J=1 \lal=j

N™ w7 max<f ) <2€4b—all D*ma"(faf)Nm) _2n<1ﬁ>}

minmB m!

_|_

3) assume that f, (zo) = o0, for all a : |a] = 1,...,m; g € (Hfil [ai7bi]),
Then
D (F,f (f:30) f (z0)) < (4.1488766)" - (97)

Nm mdx 264 Hb - || D* e (fOé A’) Nm 271(17[.”
m|nmﬁ fa) m' Y

notice in the last the extremely high rate of convergence at n~P(m+1),

Conclusion 38 In Theorems 36, 37 we studied quantitatively with rates the
high speed approximation of

D (G} (f,x),f(x)) =0, (98)
D (FI (f.z),f(x)) =0,

as n — oo.
Also we proved with rates that

D* (G (f).f) =0, (99)

as n — 0o, involving smoothness of f.

27
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Abstract

In this article we study the rate of multivariate pointwise convergence
in the g-mean to the Fuzzy-Random unit operator or its perturbation of
very precise multivariate normalized Fuzzy-Random neural network oper-
ators of Cardaliaguet-Euvrard and "Squashing" types. These multivariate
Fuzzy-Ranfom operators arise in a natural and common way among mul-
tivariate Fuzzy-Random neural network. These rates are given through
multivariate Probabilistic-Jackson type inequalities involving the multi-
variate Fuzzy-Random modulus of continuity of the engaged multivariate
Fuzzy-Random function or its Fuzzy partial derivatives. Also several in-
teresting results in multivariate Fuzzy-Random Analysis are given of in-
dependent merit, which are used then in the proof of the main results of
the paper.

AMS 2010 Mathematics Subject Classification: 26A15, 2650, 41A17,
41A25, 41A99, 47540.

Key words and phrases: Fuzzy-Random analysis, Fuzzy-Random neural
networks and operators, Fuzzy-Random modulus of continuity, Fuzzy-Random
functions, Jackson type and probabilistic inequalities.

1 Introduction

Let (X,B,P) be a probability space. Consider the set of all fuzzy-random
variables L (X,B,P). Let f : R — Lp(X,B,P), d € N, be a multivariate
fuzzy-random function or fuzzy-stochastic process. Here for T e R?, s € X we
denote (f (7)) (s)=7f (?, s) and actually we have f : R? x X — R, where
Rz is the set of fuzzy real numbers. Let 1 < g < +00. Here we consider only
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multivariate fuzzy-random functions f which are (¢-mean) uniformly continuous
over R?. For each n € N, the multivariate fuzzy-random neural network we deal
with has the following structure:

It is a three-layer feed forward network with one hidden layer. It has one
input unit and one output unit. The hidden layer has (2712 + 1) processing

units. To each pair of connecting units (input to each processing unit) we
—

assign the same weight n'=% 0 < o < 1. The threshold values n% are one

- —
for each processing unit k, k € Z?. The activation function b (or S) is the
same for each processing unit. The Fuzzy-Random weights associated with the

—
output unit are f ( k s) O — 1 , one for each processing unit

IRCECE)

F=—m2

?, ® denotes the scalar Fuzzy multiplication.

The above precisely described multivariate Fuzzy-Random neural networks
induce some completely described multivariate Fuzzy-Random neural network
operators of normalized Cardaliaguet-Euvrard and "Squashing "types.

We study here throughly the multivariate Fuzzy-Random pointwise conver-
gence (in g-mean) of these operators to the unit operator and its perturbation.
See Theorem 35, 38 and Comment 41. This is done with rates through multi-
variate Probabilistic-Jackson type inequalities involving Fuzzy-Random moduli
of continuity of the engaged Fuzzy-Random function and its Fuzzy pertial deriv-
atives.

On the way to establish these main results we produce some new indepen-
dent and interersting results for multivariate Fuzzy-Random Analysis. The real
ordinary theory of the above mentioned operators was presented earlier in [1],
[2] and [9]. And the fuzzy case was treated in [3]. The fuzzy random case was
studied first in [5]. Of course this article is strongly motivated from there and
is a continuation.

The monumental revolutionizing work of L. Zadeh [13] is the foundation
of this work, as well as another strong motivation. Fuzzyness in Computer
Science and Engineering seems one of the main trends today. Also Fuzzyness
has penetrated many areas of Mathematics and Statistics. These are other
strong reasons for this work.

Our approach is quantitative and recent on the topic, started in [1], [2]
and continued in [3], [7], [8]. It determines precisely the rates of convergence
through natural very tight inequalities using the measurement of smoothness of
the engaged multivariate Fuzzy-Random functions.
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2 Background

We begin with

Definition 1 (see [12]) Let u: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xo € R: p(xg) = 1.

(it) p(Az+ (1= A)y) > min{p(z),pn(y)}, V o,y € R, VA € [0,1] (uis
called a convex fuzzy subset).

(iii) p is upper semicontinuous on R, i.e., V g € R and ¥V ¢ > 0, 3 neigh-
borhood V (x¢) : p(z) < p(xo) +&, Vo eV (o).

(iv) the set supp (u) is compact in R (where supp(p) := {x € R;u(z) > 0}).

We call i a fuzzy real number. Denote the set of all pu with Rx.

E.g., X{zoy € R, for any zo € R, where x (..} is the characteristic function
at xg.

For 0 < r <1 and p € Ry define [p]" = {z € R : p(x) > r} and
1’ :={z eR:pu(z) > 0}.

Then it is well known that for each r € [0, 1], [u]" is a closed and bounded

interval of R. For u,v € Ry and A € R, we define uniquely the sum v & v and
the product A ® u by

uev]" =[u"+[v]", Aou"=Au", Vrel,1],

where [u]” + [v]" means the usual addition of two intervals (as subsets of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.,
[12]). Notice 10u = w and it holds u®v = v&u, A\ou = uOA. If0 <rp <rp <1
then [u]™ C [u]™". Actually [u]" = [u(r),u(f)}, where (") < u$)7 u(f),u(f) eR,
v relo,1].

Define

DZRfXRf—)R+U{O}

by

uf) = o)

b

where [v]" = [v(_r),vg)] ; u,v € Ry, We have that D is a metric on Rx. Then

D (u,v) :== sup max {)u(f) — "
ref0,1]

)

(Rx, D) is a complete metric space, see [12], with the properties

D(u®wvdw)=D(u,v), YuvwéeRyg, (1)
Dk oukov)=|klD(u,v), Yuve€RgVEkEeR,
Duev,wde) <D (u,w)+ D(ve), Yuv,wecRg.

Let f,g : R — Rz be fuzzy real number valued functions. The distance between

f, g is defined by

D*(f,g9) = ?EIED (f(z),g(x)).

100



ANASTASSIOU FUZZINESS FALL 2012

On Rz we define a partial order by "<": u,v € Rz, u < v iff u(f) < v(j) and
uif) < v(f), Vrel0,1].
We need

Lemma 2 ([4]) For any a,b € R:a-b>0 and any u € Rr we have
D(a®u7b®u)g|a‘_b|D(u75)7 (2)
where 0 € Ry is defined by 0 := X0y

Lemma 3 (/4])

(i) If we denote 0 := X{o}: then 0 € Rz is the neutral element with respect
to®, e, ubo=0du=mu,VuecRg.

(ii) With respect to 0, none of u € Rx, u # 0 has opposite in Rx.

(i11) Let a,b € R : a-b > 0, and any u € Rr, we have (a + b)Ou = aQuPbOu.
For general a,b € R, the above property is false.

(iv) For any A € R and any u,v € Rz, we have A® (u®v) = AQud A v.

(v) For any A, u € R and u € Rz, we have A® (p©u) = (M- 1) O u.

(vi) If we denote ||ul| z :== D (u,0), V u € R, then ||-|| z has the properties
of a usual norm on Rz, i.e.,

[ullz =0 iff u=0, [XOullz=I[Al[lulg,
lu@vllz <llullz +lvllz:  lullz = lvllz <D (u0). (3)

Notice that (Rz, @, ®) is not a linear space over R; and consequently (Rz, ||-[| z)
is not a normed space.

As in Remark 4.4 ([4]) one can show easily that a sequence of operators of
the form

n*x

Lo (f)(2):= ) f(2k,) @ wap (z), neN, (4)
k=0

(Z denotes the fuzzy summation) where f : R? — Rz, z, € R% d € N,

wp, x () real valued weights, are linear over R?, i.e.,

LaA0f@p0g)(z) =20 Ly (f)(2) ®pO Ln(g) (z), ()

VA €R, any z € RY; f,g: R?Y — Ry. (Proof based on Lemma 3 (iv).)
We need

Definition 4 (see [12]) Let x,y € Rg. If there exists a z € Ry such that
T =1y + z, then we call z the H-difference of x and y, denoted by z := x — y.
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Definition 5 (see [12]) Let T := [zg,z0+ ] C R, with § > 0. A function
f: T — Ry is differentiable at x € T if there exists a f' (x) € Ry such that the

limits
o @D =@ f@) = @)
h—0+ h h—0+4 h

exist and are equal to f'(x). We call f’ the derivative of f or H-derivative
of f at x. If f is differentiable at any v € T, we call f differentiable or H-
differentiable and it has derivative over T the function f'.

We need also a particular case of the Fuzzy Henstock integral (§ (x) = g)
introduced in [12], Definition 2.1 there.
That is,

Definition 6 (see [11], p. 644) Let f : [a,b] — Rr. We say that f is Fuzzy-
Riemann integrable to I € Rr if for any € > 0, there exists 6 > 0 such that for
any division P = {[u,v];&} of [a,b] with the norms A (P) < §, we have

D(Z(v—u)@f(g),1><g. (6)

P

We choose to write .
= (FR) / f () da. (1)
We also call an f as above (F R)-integrable.

We mention the following fundamental theorem of Fuzzy Calculus:

Corollary 7 (/3]) If f : |a,b] — Rz has a fuzzy continuous derivative f’ on
[a,b], then [’ (x) is (FR)-integrable over [a,b] and

£(s) = f(H) @ (FR) /t f (@) de, foranys>t stelab. (8

Note. In Corollary 7 when s < t the formula is invalid! Since fuzzy real
numbers correspond to closed intervals etc.
We need also

Lemma 8 (/3]) If f,g9 : [a,b] C R — Rz are fuzzy continuous (with respect
to metric D), then the function F : [a,b] — Ry U {0} defined by F (z) :=
D(f (z),g(x)) is continuous on [a,b], and

b b b
D@%/f@m@M/WMQS/DWWﬂMM (9)
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Lemma 9 (/3]) Let f : [a,b] — Ry fuzzy continuous (with respect to metric
D), then D (f (z),0) < M,V x € [a,b], M > 0, that is f is fuzzy bounded.

‘We mention

Lemma 10 (/5]) Let f : [a,b] — Rz have an existing fuzzy derivative f' at
¢ € la,b]. Then f is fuzzy continuous at c.

Note. Higher order fuzzy derivatives and all fuzzy partial derivatives are
defined the obvious and analogous way to the real derivatives, all based on
Definitions 4, 5, here.

We need the fuzzy multivariate Taylor formula.

Theorem 11 ([7], p.54) Let U be an open convex subset on R™, n € N and f :
U — Rr be a fuzzy continuous function. Assume that all H-fuzzy partial deriva-
tives of f up to order m € N exist and are fuzzy continuous. Let z := (21, ..., 2p) ,
xo := (To1, -y Ton) € U such that z; > xo;, i =1,...,n. Let 0 <t < 1, we define
x; = xo; +1(z —20i), 1 = 1,2,...,n and g, (t) := f(zo+t (2 —x0)). (Clearly
xo+t(z—x9) €U). Then for N =1,...,m we obtain

Tk N
g™ (1) = <Z(zi_x°i)®ai> 1 (e, 29, 20) . (10)

=1

Furthermore it holds the following fuzzy multivariate Taylor formula

m—1% (N)
fe=re Y S er, 0, (1)
where
N 1 — )™t ™) (s)ds
R (0.1) = ot 0 (FR) [ (1=9)" 00 (9ds. (12

Comment 12 (explaining formula (10)) When N = n = 2 we have (z; > xo;,
i=1,2)
g- (t) = f(wo1 +t (21 — 2o1) ,To2 +t (22 —w02)), 0<t <1

We apply Theorems 2.18, 2.19, 2.21 of [7] repeatedly, etc. Thus we find
0 0
g, (t) = (21 — zo1) © 871{1 (z1,72) ® (22 — To2) © 873?; (71,22) -
Furthermore it holds

32 82 ,
g (1) = (=1~ x01)2@ ol (x1,22) B2 (21 — wo1) (22 — $02)®M
8$18$2

13
0z? (13)
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& (22— 202 © 01 (2, 22)
2 — T2 922 1,T2).
When n =2 and N = 3 we obtain
03 Bf(x1,x
g) (t) = (21 — $01)3 ® 8:6? (x1,22) B3 (21 — 3301)2 (22 — xp2) © gx(%alxj)
83f (9617332> 8?’f

@3 (21 — zo1) (22 — 22)” © @ (22 — 02)> © 22 (x1,22) . (14)
5

8$18$%

When n =3 and N = 2 we get (z; > xo;, © = 1,2,3)

2 82
gl (t) = (21 —01)? ©® pre (21,22, 23) B (22 — 202)” © 923 (x1,22,23)
s 07
® (23 — x03)” © 922 (1,72, 23) ® 2 (21 — 2o1) (22 — To2) (15)
3

an (331,3?27563)
8$18$2

82f($1,$27333)
8$23$3
82f (xla ZB2,133)
8x38m1

® 2 (22 — ®o2) (23 — o3) ©

@2 (23 — wo3) (21 — T01) ©

etc.

3 Basic properties
We need

Definition 13 (see also [11], Definition 13.16, p. 654) Let (X, B, P) be a prob-
ability space. A fuzzy-random variable is a B-measurable mapping g : X — R
(i.e., for any open set U C Rz, in the topology of Ry generated by the metric
D, we have

97 (U)={s€X;9(s) €U} € B). (16)
The set of all fuzzy-random variables is denoted by Lr (X,B,P). Let g,,g9 €

»

Lr(X,B,P),neN and0< q< +oo. We say g, (s) Tameon” g(s)if

n—-+oo

Jin [ D(0.(5).9()" P (a9 =0, (17)
Remark 14 (see [11], p. 654) If f,g9 € Lx (X, B, P), let us denote F : X —
Ry U{0} by F(s) =D (f(s),g(s)), s € X. Here, F is B-measurable, because
F =Go H, where G (u,v) = D (u,v) is continuous on Rr x Rg, and H : X —
Rr xRgr, H(s) = (f(s),9(s)), s € X, is B-measurable. This shows that the
above convergence in g-mean makes sense.
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Definition 15 (see [11], p. 65/, Definition 13.17) Let (T,T) be a topological
space. A mapping f : T — Lx (X,B,P) will be called fuzzy-random function
(or fuzzy-stochastic process) on T. We denote f (t) (s) = f(t,8),t €T, s € X.

Remark 16 (see [11], p. 655) Any usual fuzzy real function f : T — Ry can
be identified with the degenerate fuzzy-random function f (t,s) = f(t),Vt €T,
seX.

Remark 17 (see [11], p. 655) Fuzzy-random functions that coincide with prob-
ability one for each t € T will be consider equivalent.

Remark 18 (see [11], p. 655) Let f,g: T — Lz (X,B,P). Then f ® g and
k® f are defined pointwise, i.e.,

(f@g)(ts):f(t,s)@g(t7s)7
ko f)it,s)=ko f(t,s), teT,seX.

Definition 19 (see also Definition 13.18, pp. 655-656, [11]) For a fuzzy-
random function f : R — Lz (X,B,P), d € N, we define the (first) fuzzy-
random modulus of continuity

ng) (fv 6)[,(1 =

Sup{(/XDq(f(w,S),f(y,S))P(dS))q cx,y €RY |z —yll, <5},
0<0d,1<qg<o0.

Definition 20 Here 1 < q < 4+oo. Let f : RY — Lz (X,B,P), d € N, be
a fuzzy random function. We call f a (q-mean) uniformly continuous fuzzy
random function over R, iff Ve > 034 > 0 :whenever ||z — yll, <0, z,y€ RY,
implies that

[ @00 @) s o)) Pas) <

b's

We denote it as f € C’qu (Rd) .

Proposition 21 Let f € Cg}c (R?). Then Q:(l}-) (f,0)q < o0, any 6 > 0.

Proof. Let g9 > 0 be arbitrary but fixed. Then there exists §o > 0 :
|z — y”zl < &g implies

/X (D (f (.%',S),f(y,s)))qp(ds) < g < .
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That is ng) (f,60) 4 < &f < co. Let now § > 0 arbitrary, z,y € R? such that
|z —yll,, <. Choose n € N:ndy > 6 and set z; :=z+ L (y—z),0<i<n.
Then

D(f (x,s),f(y,s)) < D(f (J,‘,S) ,f($1,8)) +D(f (xl,s),f(xQ,s))

“+...+ D (f (xnfla S) ) f (y’ S)) .
Consequently

q

([ouen suarew) s(foues ,f(ml,s»)qP(ds))é

. </X DU S Ms)) " <n) (£,80) 0 < med < o0,

since [|z; — zit1l,, = Lz — ylly, < 15 <60, 0<i<m.
1

Therefore ng) (f,0) s <mef <oco. m

Proposition 22 Let f,g: R? — Lz (X,B,P), d € N, be fuzzy random func-
tions. It holds

(i) ng) (f,9) 4 is nonnegative and nondecreasing in 6 > 0.

(i6) Q™ (£.6) ., = O (,0), =0, iff f € Cy (RY).

(iii) QP (f,61 +82) o < O (£.61) 0 + O (£,02) 10 81,02 > 0.

(iv) 8 (£,n8) . < Q) (£,6) 4, §>0, n €N,

() QP (£.28) 1, < N QP (£.0) 1, < 0+ D (£,0) 0. A> 0,6 >0,
where [-] is the ceilling of the number.

i) Q) (f@g,8) . <O (£,6) . + 87 (9,6),,, 6 >0. Here f & g is a
fuzzy random function.

(vii) Qg) (f,*)pa ts continuous on Ry, for f € C’gﬁ% (RY).

Proof. (i) is obvious.
(H) Q1 (fa O)Lq =0.
1
(=) Let %1110191 (f;60)a =0. ThenVe>0,ea >0and 36 >0, (f,0),, <

e3. Te. for any z,y € R : ||z — yll;, <9 we get
[ D0 @) f ) Plas) <

That is f € Cpt (RY).
(<) Let f € Cpty (RY). Then Ve > 036 > 0: whenever |z —yl,, <4,
z,y € R?, it implies

/X DY (f (2,5), f (4,5)) P (ds) < e.
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Le.Ve>036>0:Q(f,8),, <ci. Thatis Q (f,8),, — 0asd | 0.
(ili) Let z1,z2 € RY : [|ay — xa],, < 01 + 62. Set = Jﬁzl + (sl‘sﬁxz, S0
that © € 7173. Hence ||z — z1]|;, <01 and [|z2 — z||;, < J2 . We have

q

(/X D (f($1,8),f(x2,s))p(ds)> <

1
q

</XD"(f(xl,s)yf(x,S))P(d8)>é+(/XDq(f($,5)7f($2,8))P(ds)) <

0 (f7 ||'7;1 - lel)Lq + O (f’ ||‘132 - ‘rHll)Lq <
Q1 (f,01) 10 + Q2 (f,02) 0 -

Therefore (iii) is true.
(iv) and (v) are obvious.
(vi) Notice that

1
q

(/XD"((f@g)(w,s),(f@g)(y,s))p(d8)> <

(/XDq(f(x,s%f(y,S))P(dS))é+ (/XDq(g(z,s),g(y,s))P(d5)>;_

That is (vi) is now clear.
(vii) By (iii) we get

087 (7,804 62) 0 = 97 (1,60) 1] < 7 (£,62),

Let now f € CZ;Q (]Rd), then by (ii) }irl%Qg}-) (f,02) 4 = 0. That is proving the
2

continuity of Q) (f,-),, on Ry. m
We give

Definition 23 (/6]) Let f (t,s) be a stochastic process from R x (X, B, P) into
R, d € N, where (X, B, P) is a probability space. We define the q-mean multi-
variate first moduli of continuity of [ by

Ql (fv 5)Lq =

Sup{(/xbc(gj’s)f(y’$)|qp(d3))q ZIE,yERd, ||‘Z'7y||l1 Sa}a (18)
0>0,1<qg< 0.

For more see [6].
We also give

10
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Proposition 24 Assume that ng) (f,0)pq ts finite, § > 0,1 < q < oo. Then

ng) (f,0) 4 > sup max{Ql (fy),é)m NN (fJ(:),(S)Lq}. (19)

rel0,1]

The reverse direction "<" "is not possible.

Proof. We observe that
D (f ('Ta 8) ) f (y73)) =
sup max {| £ (@, 5) = 1) (9.)| | £ @) = 17 (9.9)] ]

rel0,1]

)

> |12 (@,5) = 19 (4, 9)

respectively in 4, —.
Hence

([ s <oc,s>,f<y,s>>P<ds>>é > ([ @ - g <y,s>]“p<d5>)3,

respectively in +, —.
Therefore it holds

x,y€RI
lz—yll;, <6

sup ( [ D) s s))P(ds>)‘1‘ >

1
q

P(ds>> |

q

sup max sup (/ ‘fj(tr) (z,5) — fq(;) (y,5)
X

T‘E[O,l]{+17} z,y€RI
lo—yll, <5

proving the claim. m

Remark 25 For each s € X we define the usual first modulus of continuity of

A7 (f(5),8) = swp  D(f (@), f (u:s), §>0. (20
T,y
lz—yll,, <6

Therefore
q
D (f (2,8),f (3:9) < (7 (£ ().0))
VseX andz,y € RY: |z —yll;, <d,6>0.

11
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Hence it holds

(o rwanrw) < ([ (o) rw)

Vm,yERd:HLE—yHll < 4.
We have that

1
q q
o (1.0, < ([ (A7 7¢.90.0) Pian) (21)
under the assumption that the right hand side of (21) is finite.
The reverse ">" of the last (21) is not true.
Also we have

Proposition 26 ([5]) (i) Let Y (t,w) be a real valued stochastic process such
that Y is continuous in t € [a,b]. Then'Y is jointly measurable in (t,w).

(11) Further assume that the expectation (E|Y|)(t) € C([a,b]), or more
generally f; (E|Y)) (t) dt makes sense and is finite. Then

E < / bY(t,w)dt) - / ’ (BY) (t) dt. (22)

According to [10], p. 94 we have the following

Definition 27 Let (Y,7) be a topological space, with its o-algebra of Borel
sets B := B(Y,T) generated by T. If (X,S) is a measurable space, a function
f: X —Y is called measurable iff f~' (B) € S for all B € B.

By Theorem 4.1.6 of [10], p. 89 f as above is measurable iff
fl(C)eSforallCeT.
We would need

Theorem 28 (see [10], p. 95) Let (X,S) be a measurable space and (Y,d) be

a metric space. Let f, be measurable functions from X into Y such that for

alx € X, fo(x) = f(x) inY. Then f is measurable. Le., lim f, = f is
n—oo

measurable.
We need also

Proposition 29 Let f, g be fuzzy random variables from S into Rgy. Then
(i) Let c € R, then ¢ ® f is a fuzzy random variable.
(ii) f ® g is a fuzzy random variable.

Finally we need

Proposition 30 (/5]) Let f : [a,b] — Lz (X, B, P), a,b € R, be a fuzzy-random
function. We assume that f (t,s) is fuzzy continuous in t € [a,b], s € X. Then
(FR) f: f(t,8)dt exists and is a fuzzy-random variable.

12
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4 Main Results

We need the following (see [9]) definitions.

Definition 31 A function b: R — R is said to be bell-shaped if b belongs to Ly
and its integral is nonzero, if it is nondecreasing on (—oo,a) and nonincreasing
on [a,4+00), where a belongs to R. In particular b(x) is a nonnegative number
and at a,b takes a global maximum; it is the center of the bell-shaped function.
A bell-shaped function is said to be centered if its center is zero.

Definition 32 (see [9]) A function b : R? — R (d > 1) is said to be a d-
dimensional bell-shaped function if it is integrable and its integral is not zero,
and for alli=1,...,d,

t—b(z1, .y ty ., Tq)

is a centered bell-shaped function, where T := (z1,...,x4) € R? arbitrary.
Example 33 (from [9]) Let b be a centered bell-shaped function over R, then

(1, .y xq) = b(x1) ...b(x4q) is a d-dimensional bell-shaped function, e.g. b could
be the characteristic function or the hat function on [—1,1].

d

Assumption 34 Here b(Z) is of compact support B* := H -1, T, T; >0
i=1

and it may have jump discontinuities there. Here we consider functions f €

Cri (RY).

In this article we study among others in g-mean (1 < q < co) the pointwise
convergence with rates over R%, to the fuzzy-random unit operator or a perturba-
tion of it, of the following fuzzy-random multivariate neural network operators,
O<a<l, @ :=(z1,..,2q) €ERY, s € X, (X, B, P) a probability space, n € N)

(Mn (f)) (?75) =
oo X (BB o (e (o B (g - b))

k1:71’7,2 kd:7n2

nz nz b(nt=o (z — 5), . nl-o (34— E2))

k1:7n2 kd:7n2

(23)
In short, we can write
5 r(Eer(re(z-5)
(M, () (T, 8) = 2= = (24)
> b(we (7 1))
e
13
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In this article we assume that

n >  max {TZ-+|xi|,T;é}, (25)
i€{1,...,d}

see also [2], p. 91.
So, by (25) we can rewrite ([-] is the integral part of a number, while [-] is
the ceiling of a number)

[nx1+Tin]* [nxqg+Tgn™]*

Z Z f(%,,%l,s) @b(nl’o‘ (xlf %),...,nlf’l (zd——'

ki=[nz1—Tin>] ka=[nxq—Tgn>]

[nx1+Tine] [nxa+Tan™]
Z Z b(nt—e (x4 — k—nl) ey (g — k—;))

ki=[nz1—Tin*] ka=[nxq—Tyn>|

In short we can write

Denoting

V(7Z):= > b <n1a (E’ - z)> , (28)
F 1

The above M, are linear operators over R% x X.
Related works were done in [7] and [8].

We present

14
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Theorem 35 Here all as above. Then

d

. > T
(/X D (M, () (Z,s), f(7,5)) P(d8>> BRIl -

n
As n — oo, we get that

(Mo f) (F.s) " f (T )
with rates.

Proof. We observe that

— - =
k=’rnx—Tn‘1“

112

[n7+Tno] N R
( £ (£ XD e
% =[nF—~Tne|

(30)
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Hence

[n?Jr?no‘} b Tllia ? . E N
n k
Z ( V((?) >) ng) (fa T - ; ) < (32)
K= [n?—?na“ 11/ La
d
[n+Tns] (nl—“ (? B z)) ST
n Q(f) f i=1 _
Z V(?) 1 e
?: |'n7f?n“-|
La
d
> T
R (33)
La
Condition (25) implies that
i — % < n?—ﬂ all i =1,....d. (34)

The proof of (30) is now finished. m
Remark 36 Consider the fuzzy-random perturbed unit operator

(Tn (f)) (?73) = f <§> - nlzia7s) ’

vV (7,s) € R x X; T .= (Th,...Tq), neN, 1< g < o0.
We observe that

/X DY((T, () (T, 8) . £ (T, 5)) P (ds)) ¥

16
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Given that f € Cg%, (RY), we get that (T, (f)) (@, s) "amean” f(@,s), v

n—oo
(7',s) € R4 x X.
Next we estimate in high order with rates the 1-mean difference

/X D (M, () (Z.9) . (T, () (F.5) P(ds), neN.
We make

Assumption 37 Let @ € R?, d € N, s € X; where (X, B, P) is a probability
space, n as in (25), b of compact support B*, 0 < o < 1, M,, as in (29).

Let f : R?* — Lz (X,B,P) be a fuzzy continuous in € R? random func-
tion.

We assume that all H-fuzzy partial derivatives of f up to order N € N ewist
and are fuzzy continuous in © € R% and all belong to CIZT]}% (Rd).

Furthermore we assume that

/D(fa (7.5),3) P (ds) < oo, (36)
X
foralla:lal=4j,j=1,...,N.
Call
Uy U™ D)gs 1= max 017 (fo ) 6> 0. (37)
We give

Theorem 38 All here as in Assumption 37. Then

/X D((M, () (Z.5), (T (/) (7,5)) P (ds) <

sl | )

i=1

/D(fa(?78)a57p(d8)+ﬂ(f) for =F
X

nl—a
Ll
d
1 20\ | oo 2<ZT>
[ F max =1
+ 2 <H<n1a) > O | — 5= - (38
=1

Lt

17
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By (38), as n — oo, we get

/X D (M (£)) (F5), (T (£)) (T 5)) P (ds) — 0,
with rates in high order.

Proof. By (25) we get that

T; k; T; )
<z;—— < ——, alli=1,..,d, z; €R. (39)
nl—a n nl—a

We consider the case

Set

. T ¥ T
gg(t,s)::f m—nl_a+t ;—m—knl_a S, (41)

0<t<1,VselX.
We apply Theorem 11, and we have by the fuzzy multivariate Taylor formula

that
i T N—1x g%) (0,s)
f(na'S)f(?nl_a,S)@ Z HTQBRN(O:LS)v (42)

j=1

where

Ry (0,1,s) :=

1 5 (FR) /1 1—0)" 1o g™ (0,5 do (43)
(N —1)! ) p s ds

n

VseX.
Here for j =1,..., N, we obtain

dx* J
) _ ki T; 9
gé (978) - (Z <’I’L — %+ nla) © axl> f ($1,1‘2, ~-~7$da3)a (44)

i=1

0<6<1,VseX.
More precisely we have for j = 1,..., N, that

G) - ! T (E T \™
Qo= Y A (T (5 o o)

ar=(ai,...,aq), a; EZT Hai! i=1
i=1

d

i=1,...,d, |a]:= E ai=j

i=1

18
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®fa <?_n1ir_avs> ) (45)

Vs e X, and

0<H<1,VseX.
b(nt—o ?72
Multiplying (42) by ((?)"» and applying Z to both

sides, we obtain

VseX.

> Ry (0,1,5) ® V) ol = (48)

19
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?: {n?f?n"‘}

VseX.
Notice that

(N)
9% (0,5) 1 ! N-1 (N)
E :<N_1>1@(FR)/O (1= 10 g™ (©0,5)d.  (51)

We estimate
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L ' - ©)
[ (FR)/ 1-0""ogd" (0,5 d9> < (52)
i i ¢
L 1 - (46)
e 6)" ' D (9(—5) 0.5),9%" (0,s)> 0 <
—1 J, T ¢

— — — —
D(fa@_ z 9<~ T ))f(~ I ))9]
nt—e n nt—« nt—«

(53)
Therefore it holds
(V)
gz (0’ S) (by (53) and Tonelli’s ([10]) theorem)
DRy (0.15), % | Pas) <
. NI
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Ll
d
2(> T
1 4T\ (i_ >
5| (T ) [
loa|=N ol i=1
g Ll
We have proved that
[n7+Tn] b(nlﬂ (?_g)) g(:{v)(o,s)
Z V(?) /XD Ry (0,1,8), 2—— N P (ds)
?:[n?—?n‘*]
d
1 d 2T; \“ F 2<‘ZTi>
5| (IR o s L
la|=N ol i=1

Next we extimate

[sH
—_
< ~
o b
/~
|z
\
&8
ks
o
N~
R
~—
)
~/
s
7N
!
|
3,_.
k!
Q
\.('IJ
~
“02
~
IN

|a|=j Hai!

22
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d i
Z (H (nl a) )
Ha, i=1
— — T) —
[D(foé(x,s),?))—i—D(fa(x—nl_a7s>,fa(:z:,s)>]. (58)

Consequently we have

1

j!/XD((j)(OS) )P(ds) Z

L

d
T
[ ot@ o+l LS b 6

Ll
Furthermore it holds

[ pGa@ o+l LS| L 60

1
By (50) we get

/X D (Mo () (7, 5) , (Tn () (7, 5)) P (ds) <

23
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n

e (7 _ E

[n?-ﬁ-?na] nl—a E)_z (TI)V) (O,S)
- [Z* ]b( v(@) a) /XD RN(O’LS”Q"N! P (ds)
k=|nT—-Tn>

/ D (fa (T.5),0) P (ds) + 47 | fo. = + (62)
X

i=1 1

proving (38). m

Remark 39 Inequality (38) reveals that the operators M, behave in good ap-
prozimation like the simple operators T,,. So T, is a good simplification of M,.

We give the following definition

Definition 40 Let the nonnegative function S : R?* — R, d > 1, S has compact
d

support B* := H [-T;, T3], T; > 0 and is nondecreasing there for each coordi-
i=1
d

nate. S can be continuous only on either H(foo,Ti] or B* and can have jump
i=1
discontinuities. We call S the multivariate "squashing function” (see also [9]).

Comment 41 If the operators M,, see (23), replace b by S, we derive the
normalized "squashing "operators K,. Then Theorems 35, 88 remain valid for
K, just replace M,, by K,, there.

24
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Abstract

In this paper we study the rate of multivariate pointwise and uni-
form convergence in the g-mean to the Fuzzy-Random unit operator of
multivariate Fuzzy-Random Quasi-Interpolation neural network opera-
tors. These multivariate Fuzzy-Random operators arise in a natural and
common way among multivariate Fuzzy-Random neural networks. These
rates are given through multivariate Probabilistic-Jackson type inequal-
ities involving the multivariate Fuzzy-Random modulus of continuity of
the engaged multivariate Fuzzy-Random function. The plain stochastic
extreme analog of this theory is also presented.

AMS 2010 Mathematics Subject Classification: 26A15, 26E50, 41A17,
41A25, 41A99, 47540.

Key words and phrases: Fuzzy-Random analysis, Fuzzy-Random neural
networks and operators, Fuzzy-Random modulus of continuity, Fuzzy-Random
functions, Jackson type and probabilistic inequalities.

1 Fuzzy-Random functions theory Background
We begin with

Definition 1 (see [22]) Let pi: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xog € R: p(xg) = 1.

(it) p(Az + (1 =A)y) = min{p(z),p(y)}, Va,y € R, VA€ [0,1] (uis
called a convez fuzzy subset).

(#i) p is upper semicontinuous on R, i.e., V 29 € R and V £ > 0, 3 neigh-
borhood V (x¢) : p(z) < p(xo) +¢, VeV (o).

(iv) the set supp (u) is compact in R (where supp(p) := {z € R;u(z) > 0}).
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We call i a fuzzy real number. Denote the set of all p with Rg.

E.g.. X{zoy € Rz, for any xo € R, where x(,y is the characteristic function
at xg.

For 0 < r <1 and p € Ry define [p)" == {z € R : p(x) > r} and
1’ :={z eR:pu(z) > 0}.

Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval of R. For u,v € Rx and A € R, we define uniquely the sum u @ v and
the product A ® u by

weo ="+ 0", Pou =AM, Vrel01],

where [u]” + [v]" means the usual addition of two intervals (as subsets of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.,
[22]). Notice 10w = u and it holds u®v = v®u, AOu = uOA. If0 <ry <ry <1
then [u]™ C [u]™. Actually [u]" = [u(_r),ug_r)}, where ") < ug_r), u(_T),uS_T) eER,
Vrelo,1].
Define
D:R]:XR]:HR_FU{O}

by

D (u,v) := sup max {)u(f) —o"|, ‘u(f) - US:)

rel0,1]

b

where [v]" = [v@mg)} ; u,v € Rr. We have that D is a metric on Rr. Then

(Rx, D) is a complete metric space, see [22], with the properties
D(u®w,v®w)=D(uv), Vuv,weRs, (1)
Dk oukov)=|klD(u,v), Yuve€RgVEkEeR,
Du@v,wde) <D (u,w)+ D(v,e), Yuv,wecRg.

Let (M, d) metric space and f,g: M — Rz be fuzzy real number valued func-
tions. The distance between f, g is defined by

D*(f,9) == sup D (f (z),g(x)).
reM

On Rz we define a partial order by "<": u,v € Rz, u < v iff u(f) < v(f) and
ugf) < v(f), Vrelo1].

Z denotes the fuzzy summation, o := x {0} € R the neutral element with
respect to @. For more see also [23], [24].
We need
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Definition 2 (see also [18], Definition 15.16, p. 654) Let (X, B, P) be a prob-
ability space. A fuzzy-random variable is a B-measurable mapping g : X — Rz
(i.e., for any open set U C Rz, in the topology of Ry generated by the metric
D, we have

g (U)={s€X;9(s) €U} € B). (2)
The set of all fuzzy-random variables is denoted by Lx (X,B,P). Let gn,g €
Lr(X,B,P),neNand0< q<+oco. We say gy (s) T’ g(s)if

n—-+oo

Jim [ D(g,(3).9(5)" P(ds) =0 (3)

Remark 3 (see [18], p. 654) If f,g € L (X,B,P), let us denote F : X —
R,y U{0} by F(s) =D (f(s),9(s)), s € X. Here, F is B-measurable, because
F = GoH, where G (u,v) = D (u,v) is continuous on Rr x Rz, and H : X —
Re xRg, H(s) = (f(8),9(s)), s € X, is B-measurable. This shows that the
above convergence in g-mean makes sense.

Definition 4 (see [18], p. 654, Definition 13.17) Let (T,T) be a topological
space. A mapping f : T — Lx(X,B,P) will be called fuzzy-random function
(or fuzzy-stochastic process) on T. We denote f (t)(s) = f (t,s), t €T, s € X.

Remark 5 (see [18], p. 655) Any usual fuzzy real function f : T — Rz can
be identified with the degenerate fuzzy-random function f (t,s) = f(t),Vt e T,
seX.

Remark 6 (see [18], p. 655) Fuzzy-random functions that coincide with prob-
ability one for each t € T will be consider equivalent.

Remark 7 (see [18], p. 655) Let f,g : T — Lz (X,B,P). Then f ® g and
k® f are defined pointwise, i.e.,

(f@g)(ts):f(t,s)@g(t,s),
(kof)ts)=kof(ts), tel,seX.

Definition 8 (see also Definition 15.18, pp. 655-656, [18]) For a fuzzy-random
function f : W C RN — Lz (X,B,P), N € N, we define the (first) fuzzy-
random modulus of continuity
.’F
Qg )(f7 5)[,41 =

1

p{( Dt @) £y i)

0<d,1<g<o0.

Z.’IJ,yEVV, ||$_y||oo§(5}7
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Definition 9 Here 1 < ¢ < +o0. Let f : W CRY — L£(X,B,P), N € N,
be a fuzzy random function. We call f a (qg-mean) uniformly continuous fuzzy
random function over W, iff V.e > 036 > 0 :whenever ||z —y||, <9, z,y € W,
implies that

| D @s) 8 o) P as) <
We denote it as f € ng% (W).

Proposition 10 Let f € C’g“R (W), where W C RV s conver.
Then Q(lf) (f,0) 14 <00, any 6 > 0.

Proof. Let ¢g > 0 be arbitrary but fixed. Then there exists §o > 0 :
& — gl < o implies

/X (D(f (@.5) f (4.8))" P (ds) < 20 < 0.

That is ng) (f,60) 4 < &i < oo. Let now ¢ > 0 arbitrary, z,y € W such that
|z -y, <6. Choose n € N:ndy > 6§ and set z; ;=2 + L (y—2),0<i<n.
Then

D(f(z,s),f(ys) <D(f(z,s),[f(x1,8)) + D (f (z1,5), f (22,5))

4o+ D (f (xn1,5), f (,9)).
Consequently

q

(fuen swarran) < ([ oues senrr <ds>>é

bt ([ D0 @09 ) P (@) <00l (1,80), < s <,

since [|@; — @it1lloo = = |2 — yllw < 26 < 60, 0 < i <.
1

Therefore ng) (f,0)pe <mef <oo. m

Proposition 11 Let f,.g: W CRY — Lz (X,B,P), N € N, be fuzzy random
functions. It holds
(i) ng) (f,0)q ts nonnegative and nondecreasing in 6 > 0.

(i6) i@ (£.8) 1, = O (£,0), = 0, iff € CF (W),

Proof. (i) is obvious.

(H) 0 (fa O)Lq =0.

126



ANASTASSIOU FUZZINESS FALL 2012

(=) Let iy (£,6),, = 0. Then ¥ ¢ > 0, ei>0and36 >0, (f,0),, <

ev. Le. for any ,y € W: ||z -yl <6 we get
[ 01 s P <=
b'e

That is f € Cp%, (W).
(<) Let f € ng% (W). Then Ve > 03¢ > 0: whenever ||z -yl <0,
z,y € W, it implies

[ D) f ) P <
Le.Ve>036>0:9Q (f,8),, <ei. Thatis Q (f,6),, —0asé 0. m
We give

Definition 12 (see also [6]) Let f (t,s) be a random function (stochastic process)
from W x (X,B, P) into R, W C RY, where (X, B, P) is a probability space.
We define the q-mean multivariate first modulus of continuity of f by

Q1 (fa 5)Lq =

sup{(/X|f<w,s>—f<y,s>|QP<ds>)":w,yew, x—ymﬁ}, )
6>0,1<¢g<oo0.

The concept of f being (g-mean) uniformly continuous random real function
is defined the same way as in Definition 9, just replace D by |-|, etc. We denote
itas f e Cﬂgq (W).

Similar properties as in Propositions 10, 11 are valid for Q (f,0),, -

Also we have

Proposition 13 (/3]) Let Y (t,w) be a real valued stochastic process such that
Y is continuous in t € [a,b]. Then'Y is jointly measurable in (t,w).

According to [17], p. 94 we have the following

Definition 14 Let (Y,T) be a topological space, with its o-algebra of Borel
sets B := B(Y,T) generated by T. If (X,S) is a measurable space, a function
f: X — Y is called measurable iff f~' (B) € S for all B € B.

By Theorem 4.1.6 of [17], p. 89 f as above is measurable iff
fl(C)eSforallCeT.

‘We mention
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Theorem 15 (see [17], p. 95) Let (X,S) be a measurable space and (Y,d) be
a metric space. Let f, be measurable functions from X into Y such that for
alz e X, f(z) — f(z) inY. Then [ is measurable. Le., lim f, = f is

measurable.
We need also

Proposition 16 Let f,g be fuzzy random variables from S into Rg. Then
(i) Let c € R, then ¢ ® f is a fuzzy random variable.
(ii) f ® g is a fuzzy random variable.

2 Basics on Neural Network Operators

I) Here all come from [16], [8].
We consider the sigmoidal function of logarithmic type

1
Sq (-rl):m’ i €R =1, ,N; x:= (xla"'a‘rN)ERNa

each has the properties lim s; (z;) =1and lim s;(z;)=0,i=1,...,N.
x;—+00 T;——00

These functions play the role of activation functions in the hidden layer of
neural networks.
As in [16], we consider

1
P, (.Z‘Z) = 5 (Sz (.1314-1) — 8; (.Z‘i — 1)), z, €R,i=1,...,N.

We notice the following properties:
i) ®; (z;) >0, Va; €R,
ii) Z;f:foo D (v; — ki) =1, Vz; ER,
i) Yoo ®i(nwi — k) =1, Va; €R;n €N,
)
)
)

v

7@ (i) day =1,
v) ®; is a density function,
vi) ®; is even: ®; (—x;) = ®; (x;), z; >0,fori=1,...,N.

We see that ([13])

@, (z;) = ¢ 1 ! i=1,.,N
7 1) — 262 (1+€mi_1) (1+e_mi_1)7 — Ly eeey .
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vii) ®; is decreasing on R, and increasing on R_, i =1,..., N.

Notice that ®; (z;) = ®; (0) = 0,231.
Let 0 < 8 < 1,n € N. Then as in [13] we get
viii)

0o
8)

3 ®; (nw; — k;) < 3.1992¢ "7 i=1,..N.
k‘i = —
s na; — ki >nth

Denote by [-] the ceiling of a number, and by |-] the integral part of a
number. Consider here z € (Hi\;l [ai,bi]) C RY, N € N such that [na;] <
|nb;],i=1,..,N; a:=(a1,...,an), b:= (b1, ....,bn) .

As in [13] we obtain

ix)

1 1
0< < o= 5.250312578,

,I;,ianai] (I)i (nm, — kL) (I)l ( )

YV € [ai,bi] ,t=1,...,N.

x) As in [13], we see that
[nb; |

n—oo

ki=[nas]
for at least some x; € [a;,b;], ¢ =1,..., N.

We will use here

D (z1,....,zy) = D () ::HCPZ»(xi), r e RV, (5)
i=1
It has the properties:
(i) ®(z) >0, Vo ecRN,
(i)’
Yo @@-k)= > > . > (w—ky oy —ky) =1,
k=—oc0 k1=—00 kg=—00 kn=—o00

(6)

129



ANASTASSIOU FUZZINESS FALL 2012

(iii)’

i ® (nx — k) :=
k=—o00
Z Z Z ® (nx1 — k1, ...,nen —ky) =1,
k1=—00 kg=—00 kny=—o00

VzeRY; neN.

(iv)’
/ O (z)dx =1,
RN
that is ® is a multivariate density function.
Here ||z, = max{|z1],...|zn|}, z € RY, also set co := (oo, ...
—00 := (—00, ..., —00) upon the multivariate context, and

[na] : = ([na1], ..., [nan]),

|nb| : = (|nbi],..., |nbn]).
We also have
(v)’
X -8
> ® (nx — k) < 3.1992¢"" ",
k = [na]
15 = @lle > 75

0<B<l,neN,ze (vazl[ai,bi]).
(vi)’
1

<
nb
St @ (na — k)

Yoe (Hivzl [ai,bi}), n € N.

0 < (5.250312578)"

(vii)’

& (nz — k) < 3.1992¢ "7

[M]8

{ k=—00
15 —2llo>7m

0<B<1l,neN, zecRV,
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(viii)’
[nb]
lim Z O (nx—k)#1
k=[na]

for at least some z € (vazl (@i, bz]> .
In general ||.||, stands for the supremum norm.
Let feC (Hi\il [ai,bi]) and n € N such that [na;| < [nb;], i =1,...,N.

We introduce and define ([11]) the multivariate positive linear neural network

operator (z := (z1,...,zN) € (Hf\]:l [aiabiD)

L”bjna] f ( ) (Tll‘ - k)
S ,g”bgm (nz — k)

b1 |nbs ] by | bk N
. Eklzlﬁzal] Zk2=2(na2'| Zkz\; N[naN] ( n1 [ARA] TN) (Hi:l ‘I)i (nxl - kl))
- N nb; ’
[z (ZIE:[JMW ®; (nw; — kz))
For large enough n we always obtain [na;] < |nb;|,i=1,..,N. Alsoa; < &
bi, iff |—'Ila,-| < k‘l < Lnle, 1= 1, ...,N.
We need, for f € C (vazl (@i, bi}) the first multivariate modulus of conti-

nuity

G (f,21,..yzn) := Gy (f,z) = (10)

<

wi (f,h) = sup [f (x) = f W), h>0. (11)
w,yG(vazl[%bi])

lz—yllc <h

Similarly it is defined for f € Cp (]RN ) (continuous and bounded functions on
RYM). We have that }llin%) w1 (f,h) = 0 when f is uniformly continuous.

When f € Cp (RY) we define ([11])

G (f,2) =G, (f,z1,..,2N) = Z f (S) O (nx — k) (12)
k=—o00

S Y S (e I

klzfoo k‘Q—*OO kN_foo

neN,VzeRY, N>1, the multivariate quasi-interpolation neural network
operator.
We mention from [11]:

Theorem 17 Let f € C (Hl 1 lai, b; ]) ,0<pB<l,z€e (Hfil [ai,bi]), n,N €
N. Then
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i)
G, (f,2) — f (2)] < (5.250312578)" -

{wl <f, nlﬂ> +(6.3984) || £ . e”“"”} = AL (13)

ii)
1Gn (f) = flloo < A1 (14)

Theorem 18 Let f € Cp (RN), 0<B<1l,z€RN, n NeN. Then

i)

(G (f:2) = F(@)] < wn (f, nlﬁ) +(63080) [ fll e =, (15)
i) B

1Gn () = £l < Ao (16)

IT) Here we follow [8], [10].
We also consider here the hyperbolic tangent function tanhz, x € R :

It has the properties tanh0 = 0, —1 < tanha < 1, V 2 € R, and tanh (—z) =
—tanh z. Furthermore tanhx — 1 as x — oo, and tanhz — —1, as x — —o0,
and it is strictly increasing on R.

This function plays the role of an activation function in the hidden layer of
neural networks.

We further consider

U (z) := i (tanh (z + 1) —tanh(x — 1)) >0, VzeR. (26)

We easily see that U (—xz) = U (z), that is ¥ is even on R. Obviously ¥ is
differentiable, thus continuous.

Proposition 19 (/9]) ¥ (z) for x > 0 is strictly decreasing.
Obviously V¥ (z) is strictly increasing for z < 0. Also it holds lim W (z) =
0= lim ¥ (x).

T— 00

Infact W has the bell shape with horizontal asymptote the z-axis. So the
maximum of ¥ is zero, ¥ (0) = 0.3809297.

Theorem 20 ([9]) We have that > ;> VY (x—i)=1, Yz €R.

1=—00

10
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Thus

Z\D(nx—i)zl, VneN VzeR.

i=—00

Also it holds

Z‘I’(m—i—i):l, Vo € R.

Theorem 21 ([9]) It holds [~ ¥ (z)dz = 1.
So U (z) is a density function on R.

Theorem 22 (/9]) Let 0 < ao < 1 and n € N. It holds

o0

Z U(nx—k)<et- e

k=—c
:nw — k| > ntme

Theorem 23 ([9]) Let x € [a,b] CR and n € N so that [na] < |nb|. It holds

(1—a)

! < 11 = 4.1488766.

Z,Einmw U(nz—k Y@)

Also by [9] we get that

[nb]
lim Z U(nx —k) #1,
k=[na]

for at least some z € [a, b].
In this article we use (see [10])

O (z1,...zy) =0 (z) = [[¥(x;), 2= (21,...an) €ERY, NeN. (17)

It has the properties:
(i) ©(z) >0, VzeRY,
(i)
S O@—k)= > > . Y O k.o —ky) =1,

k=—oc0 ki=—00 ko=—0c0 kn=—00

where k := (ki,...,kn), V o € RV,

11
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(iii) N
> O(mz—k):=
k=—00

o0

Z Z Z O (nxy — k1, ....,nzy —kn) =1, (19)

klzfoo k?2:700 szfoo

VzeRY; neN.
(iv)
/ O (z)dx =1,
RN
that is © is a multivariate density function.

(v)

Lnd]
-
Z O(nx—k) <et- e B), (20)

k = [na]
15 ;

—afl > s
0<pB<l,neN,ze (vazl[ai,bi]).

(vi)
1 1

0< Y- < SO (4.1488766)" (21)
k=[na]
Ve (Hfil [ai,bi}), n € N.
(vii) N
Z O (nx—k) <e*- 6_2’”(17‘3), (22)

{ k=—c0
1% =2l > 77
0<B<1l,neN, zecRV,

Also we get that

[nb]
lim Z O (nx —k) #1,
k=[na]

for at least some z € (Hiil [a;, bz]> .
Let feC (sz\; [ai,bi]> and n € N such that [na;] < [nb;],i=1,...,N.

12
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We introduce and define the multivariate positive linear neural network op-

erator ([10]) (z := (z1,...,2zN) € (Hfil [ai7bi]))

ZIEanna—\ ( ) ) (mc - k)
le;‘anna-l (nm _ k)

F, (f,x1,...zn) = F, (f,z) :=

|nby | [nbz] L"b ]
o Zklz[naﬂ Zkg:?naﬂ k?N N]'naN] (
T (S0 @ (s — m)

When f € Cp (RY) we define ([10]),

Fo(f,z)=F,(f,71,....,aN) = Z f (:i) O (nx —k):= (24)
k=—oc0

Z Z Z f(kl ks ’ZV) (f[qu(mi—ki)>,

kl——OOkQ — 00 kN — 00

neN,VzeRY, N >1, the multivariate quasi-interpolation neural network
operator.
We mention from [10]:

Theorem 24 Let f € C (Hz 1 lai, b ]) ,0< B8 <1, ze (Hfil [ai,bi]>, n,N €
N. Then

i)
|Fo (f,2) — f (2)] < (4.1488766)"
for (1.0 ) + 26 W™ =0 (25)
i)
1Fn (f) = flloo < A1 (26)
Theorem 25 Let f € Cp (RN), 0<B<1l,zeRY, n NeN. Then
i)
[Fu(f.2) = £ @)] < w1 (fa nlﬁ) 26! [ flle 7 =0 (2D)
i)

[En () = £l < Ao (28)
We are also motivated by [1], [2], [4], [5], [6], [7], [12], [14], [15]. For general

knowledge on neural networks we recommend [19], [20], [21].

13
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3 Main Results

I) g-mean Approximation by Fuzzy-Random Quasi-Interpolation Neural
Network Operators

All terms and assumptions here as in Sections 1, 2.
N

Let f € C’g%z (H[ai,bi]>, 1<g< 400, n,NeN O0< B <1, 7 €
i=1
N 3
(H [a;,b;] |, (X, B, P) probability space, s € X.
i=1

We define the following multivariate fuzzy random quasi-interpolation linear
neural network operators

[nb]* —>
O (nx — k)
TR ()(Fs)= Y f ( ) o )
F=[nal Z O (nx — k)
k=[na]

(see also (10), and

sl * 0 (nx — k)
FR L -
(FR() = > f ( —, ) 0 . (30)
*=[na) Z 0 (nz —
k=[na]

(see also (23)).
We present

N N
Theorem 26 Let [ € nga (H [ai,bi]>, 0<pB <1, 7TE€ (H [ai,bi]),

i=1 i=1

n,N €N, 1<q < +oo. Assume that [ (D*(f (-,s),0))? P(ds) < oo. Then
1)

( [ m(ermu ))(z,s),f(?,s))P(ds)) < (5.250312578) . (31)

{ng> (f, nlﬁ>m + (6.3984) (/X (D" (f (- 5) ,a)qP(d8)>ée o m} = A,

Q=

H /Dq (G (f ))(xvs)vf(?,s))P(d5)>

(N < AP (32)

(see also Theorem 17).

14

136



ANASTASSIOU FUZZINESS FALL 2012

Proof. We notice that
D <f (’;s> ,f(?,S)> <D (f (fjs) ,5> FD((T,9),0) ()

Hence

D (f (fj) ,f@,s)) < 2D (f(5),0), (34)
and
k . ’ § . i
(/qu <f<,s>,f<x,s>>P<ds>> §2(/X<D (f (25).9) P(ds>)
(35)

15
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So that
D((GIR(N)(T15), f(T,9)) <
o O (nz — k) % .
Z [nb] D f ;75 7f('7:78) = (39)
k=[na] Z o (nz . k)
?:[na'\
[nb] B —
s ol (5
H?: [na] Z By (TLZL' N k)
1%-7|_ <% T —Tna]
[nb] B N
Lni (nw — k) D (f (is) ,f(?,s))
_‘?:("a] Z O (nz — k)
157> \ 250
Hence it holds
( < DL((GIR () (F,s), f (X ,s) P (ds)> ! < (40)

s
S S
)
8
|
=
/N
T
)

_
/N
Kh-
N
3 |-
@
N—
o
8]
&
SN————
Y
=
&
N—

Q=
+

Q=

L @ (¢ L
[nb) 0 <f7 nﬁ>Lq+ (41)
Z O (nz — k)
?:]’na]
16
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% |nb]
2</X(D* (f(.,s),a)qp(ds)> ?_ZH d(nz—k)|p <
[%-7].>=
(5.250312578)" -

1

1 a (1-8)

{Q@ (f, nf’>m +2 (/X (D* (f (-, 5),0))" P(ds)) (3.1992) ™"

(42)
We have proved claim. m
Similarly we give

Theorem 27 All assumptions as in Theorem 26. Then
1)

( /X DT ((F™ (1) <?,s>,f<?,s))P(ds))“s(4.1488766)N- (43)

1

{Qﬁf) (# nlﬁ) w2t ([0 (¢ (0.0 Plan) } =23,

2)
|| </X DY ((FIR () (F,8), f(Z,s)) P(ds))

(see also Theorem 24).
Proof. Similar to the proof of Theorem 26. m

Conclusion 28 By Theorems 26, 27, we obtain the pointwise and uniform con-
vergences with rates in the qg-mean and D-metric of the operators GI R, FIR

N
to the unit operator for f € ngz (H [a;, b2]> .
i=1
IT) g-mean Approximation by Random Quasi-Interpolation Neural
Network Operators
Let g € C’% (]RN), 0<B<1 7T RN, n N eN, with HgHOO7RN,X < 00,
(X, B, P) probability space, s € X.
We define

ar @)=Y f(
F=—o0

,s) ® (nx — k), (45)

17
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(see also (12), also we define

(see also (24)).
We give

Theorem 29 Let g € C%l RY),0<B<1, 7 eRY, n,NeN,|gllorvx <
0o. Then

1)
=(R) — —
L @R @) @ —o(7.0)| Pras) < (47)
1 (=B
{00 (52) +62980) gl e} =5,
nf ) .
2)
—(R
@ w)@o-g@apa)| <d® s
X oo,RN
(see also Theorem 18).
Proof. Since [|g[|, gv x < 00, then
%
g <n75> —g(7,s)[ <2 HQHOO,]RN,X < 0. (49)
Hence R
k

We observe that

So that

B (ne — k) < 2|lgllopy x <00 (52)

18
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Hence

-
g(k,s>—g(?,s) O (nx—k) =
= n
%) —_—
Z g(i,s)—g(?,s) ® (nz — k) +
k =—o0
7] <
Z g(i,s)—g(m,s) D (nx — k)
k=—o00

Furthermore it holds

(/X ‘(énﬂ) (9)) (7, s) — g(?,s)’ P(ds)) <

E > 1
n nB
1 oo
ﬂl(g,nﬁ) F2glpry Y Pmr-k)<
Lt —
=—00
7| >

-B)

1 —
Ql 9, —3 + ||gHoo,RN,X (6 3984) " ’
nB ).

proving the claim. m
We finish with

Theorem 30 All as in Theorem 29. Then
1)
—(R
[ER @) (7.9 -9 (@.0)| Plas) <
X

1 _on(1—8) R
Ql 9, &3 + 264 ||g||oo RN X € n = /,Lé )’
nB I RN,

19
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2)

< udP. (58)

oo, RN

H/X (7 (9) (@,9) = g(7,5)| P as)

(see also Theorem 25).

Proof. As similar to Theorem 29 is omitted. m

Conclusion 31 By Theorems 29, 30, we obtain pointwise and uniform conver-

, ) —(R) =(R .
gences with rates in the q-mean of random operators Gﬁl ), F; ) to the unit
operator for g € C%l (RN) .
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