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Abstract

Here we extend our earlier bivariate high order simultaneous frac-
tional monotone constrained approximation theory by pseudo-polynomials
to abstract bivariate high order simultaneous fractional monotone con-
strained approximation by pseudo-polynomials, with applications to bi-
variate Prabhakar fractional calculus and non-singular kernel fractional
calculi. We cover the left side of this constrained approximation.

So we deal with the following general two-dimensional problem: Let f
be a two variable continuously differentiable real valued function of a given
order, let L™ be a linear left abstract fractional mixed partial differential
operator and suppose that L* (f) > 0 on a critical region. Then for
specific and sufficiently large n,m € N, we can find a sequence of pseudo-
polynomials @7, ,, in two variables with the property L* (Q;‘L’m) >0 on
this critical region such that f is approximated with rates fractionally
and simultaneously by @}, ,, in the uniform norm on the whole domain
of f. This constrained approximation is given via inequalities involving
the mixed modulus of smoothness ws 4, s,q € N, of highest order integer
partial derivative of f.
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1 Introduction

The topic of monotone approximation theory started in [20] and it has become
a major trend of approximation theory. A typical problem in this subject is:
given a positive integer k, approximate a given function whose kth derivative is
> 0 by polynomials having this property.

In [7] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.

Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real func-
tion, fP) continuous in [—1,1] with modulus of continuity wi (f(p),a:) there.
Let a; (z), j = h,h +1,...,k be real functions, defined and bounded on [—1,1]
and assume ap (x) is either > some number o > 0 or < some number 8 < 0
throughout [—1,1]. Consider the operator

k p
1= 0@ | 4] 1)
j=h
and suppose, throughout [—1,1],

L(f)=0. (2)

Then, for every integer n > 1, there is a real polynomial Q. (x) of degree < n
such that
L(Q.) > 0 throughout [—1,1] (3)

and 1
17 (0) = @u ()] < O (10,1, (1

where C' is independent of n or f.

Next let n,m € Z, Py denote the space of algebraic polynomials of degree
< 6. Consider the tensor product spaces P, ® C ([-1,1]), C([-1,1]) ® Py, and
their sum P, ® C ([-1,1]) + C ([-1,1]) ® P,,, that is

P C(~1,1) + C(~1,1)) ® P, =

m

S @A (y)+ ) Bj(2)y); A By e C(-L1), mye[-1,1] 3. (5
i=0 §=0

This is the space of pseudo-polynomials of degree < (n,m), first introduced

by A. Marchaud in 1924-1927 (see [15], [16]). Here () denotes 2Ly, the

(k, 1)-partial derivative of f.



Here we consider the space C™P ([—1,1]2> = {f: [—1,1]2 — R; f®D g

continuous for 0 < k <r, 0 <1 <p}. Let f € C ([—1,1]2>; for 61,00 > 0,
define the mixed modulus of smoothness of order (s,q), s,q € N (see [19], pp
516-517) by

Ws,q (fa 517 52) = SUP{|fo,1 Oy Azzf (LE, y)| : (xay)a (6)
(x+ shi,y + aha) € [~1,11 || < 83, i = 1,2
Here

2, 0y A, f (@, y) ZZ DR (Z) (q)f(x+0h1,y+uhz)

=0 p=0 H
(7)

is a mixed difference of order (s, q).
We mention

Theorem 2 (H.H. Gonska [10]). Letr,p € Z,,s,q €N, and f € C™P ([—1, 1]2
Let nym € N with n > max{4(r+1),r+ s} and m > max{4(p+1),p+q}.
Then there exists a linear operator Qy, m from C™P ([—1, 1]2 into the space of
pseudopolynomials (P, ® C ([-1,1]) + C ([-1,1]) ® Pp,) such that

(f = Quom (M) (,9)| < ®)
M- My (A @)™ (B (0 (£ 8, 0 A ().
for all (0,0) < (k,1) < (r,p), z,y € [-1,1], where
o)=Y L o=nms =y L), (9)

The constants M, s, M, ,, are independent of f, (z,y) and (n,m); they depend
only on (r,s), (p,q), respectively.

See also [11], saying that ngﬂ) (f) is continuous on [—1, 1]2.
‘We need the following result which is an easy consequence of the last theorem
(see [19], p. 517).

Corollary 3 Let r,p € Z., s,q € N, and f € C™P ([—1,1]2>. Let n,m € N
withn > max{4(r+1),r + s} and m > max{4(p+1),p+ q}. Then there ex-
ists a pseudopolynomial Qp m = Qn.m (f) € (P, @ C([-1,1]) + C ([-1,1]) ® Py)

such that
[0 - @i g (P2 ) o

for all (0,0) < (k,1) < (r,p). Here the constant C depends only on 7,p, s,q.

*nrkmpl n’'m



Corollary 3 was used in the proof of the motivational result that follows.

Theorem 4 ([1]) Let hy,ha,v1,va,7,p be integers, 0 < hy < vy <71, 0 <
he <wvy <p andlet f € C"™P ([—1, 1]2), with fP) having a mized modulus of
smoothness wg 4 (f(“p);a:, y) there, s,q € N. Let o j (z,y), i = hy,h1 +1, ..., v1;
j = ho,ho + 1,...,uy be real-valued functions, defined and bounded in [—1,1]2
and suppose Qp, p, 18 either > a > 0 or < 8 < 0 throughout [—1, 1]2. Take the
operator

U1 v2 az+]
i=hy j=hs
and assume, throughout [—1,1]* that
L(f)=0. (12)

Then for any integers n,m withn > max{4(r+1),r + s}, m >max{4d(p+1),
D+ q}, there exists a pseudopolynomial

Qnm € (Po®C([-1,1])+C([-1,1]) ® Pp)

such that L (Qum.n) > 0 throughout [—1,1] and
C 11
(k1) _ ok,D) .z . (rp). Z —
Hf @nii Hoo = nr—vimp—vs %4 (f "n’ m) ’ (13)

for all (0,0) < (k,1) < (h1,h2). Moreover we get
1
S L : ws,q <f(r,p); ) ) ) (14)
o

1
(k,0) _ ok,1)
Hf @i nr—kmp—! n’'m

forall (hy +1,ha + 1) < (k,1) < (r,p). Also (14) is valid whenever 0 < k < hq,
hot+1<I<porhi+1<k<r,0<I1<hy. HereC is a constant independent
of f and n,m. It depends only on r,p,s,q, L.

We are also motivated by [2].
We mention

Definition 5 (see [14]) Let [~1,1)%; a1, as > 0; a = (a1, o), f € C ([71, 1]2) ,

z = (21,22), t = (t1,t2) € [-1,1)°. We define the left mized Riemann-Liouville
fractional two dimensional integral of order «

(Ifl-rf) (93) = m /_%11 /_xj (xl - tl)al_l (332 - t2)a2_1 f(t1,t2) dtdts,

(15)
with x1,xe > —1.
Notice here that 1%, (| f]) < co.



Definition 6 (/3], pp. 1-17) Let aq,aa > 0 with [aq] = ma, [az] = ma, ([']
ceiling of the number). Let here f € C™1™m2 ([71,1]2>‘ We consider the left

Caputo type fractional partial derivative:

1 .
I (m1 — Oél) I (mg — 012)

T1 T2 o o am1+m2 t ,t
/ / (xl - ﬁl)ml ot (mQ - t2)m2 a2t 8tm1£t(m12 2) dtldt27 (16)
1 —1 1 2

DX f (2) =

V= (z1,22) € [-1,1)%, where T is the gamma function

r(y):/ et ldt, v > 0. (17)
0
We set
DO (@)= f(x), Vael-1,1%; (18)
7n1,m2) 8m1+m2f(x) 2
=——— —-1,1]°. 1
*(1 f(z): a$;nl@x;n2’vm€[ 1] (19)
Definition 7 We also set
(0,2) — 1 " ma—ag—1 9" f (w1, t2)
D*( 1)f($) = F(m2 —052) /_1 (l‘g _t2) 3tm2 dt?) (20)
(@1,0) o 1 o L ymi—ar—1 0™ f (B, 20)
D2y f () = T (m1 — o) [1 (z1 —t1) o dty, (21
and
(ml,a2) 1 i . mo—ag—1 am1+nL2f (xlatQ)
*( 1) f( ) F(m2_a2) [1 (1‘2 t?) al’;nlatznz dt?a
(22)
(al,mz) 1 o ma—ar—1 0™ f (b, x0)
D —_— —t dty.
flz) = I'(m; —a) /_1 (1 ! ot 0z !
(23)

In [3], pp. 1-17, we extended Theorem 4 to the fractional level. Indeed there
L is replaced by L*, a linear left Caputo fractional mixed partial differential
operator. Now the monotonicity property holds true only on the critical square
of [0,1]*. Simultaneously fractional convergence remains true on all of [—1,1]%.
So we have proved there

Theorem 8 Let hy,hs,v1,v2,7,p be integers, 0 < hy <vy <r,0< hs <wvy <p
and let f € C™P ([—17 1]2), with fP) having a mized modulus of smoothness

Ws.q (f(r’p);x,y) there, s,q € N. Let a; (z,y), i = hi,hi+1,...,v1; j = ha, ha +
1,...,v2 be real valued functions, defined and bounded in [—1, 1]2 and suppose



Qhyn, is either > a > 0 or < B < 0 throughout [0,1]>. Here n,m € N : n >
max{4(r+1),r+s}, m>max{4(p+1),p+q}. Set

lij == sup |Oz}:11h2 (x,y) aj (:r,y)| < 0, (24)
(zy)e[-1,1]?

fOT’ all hl S ) S (% hQ S] § Va. Let a4, 025 Z 0 with (Oélﬂ = i, (OéQj] = j,
i=0,1,...,r; j=0,1,...,p, ([-] ceiling of the number), a19 =0, agg = 0.
Consider the left fractional bivariate differential operator

U1 U2
=20 > ey DL (25)
i=hy j=ha

Assume L* f (z,y) > 0, on [0,1]%.
Then there exists

Qi =Qi ()€ (P®C([-1,1]) +C([-1,1]) ® Py,)

such that L*Qy, ., (z,y) > 0, on [0, 1°.
Furthermore it holds:

1)
aii,00;5) _ ploriaz) 4«
[Pl o - ol anme,[—Luz =
(9 (i47) —(@ri+azj) 1 1
O g (S ) (20)
F'i—ai; + )T (j —ag; +1)n"—imr=J n’m

where C is a constant that depends only on r,p,s,q; (h1 + 1, ha +1) < (4,5) <
(T7p); OTOSighl; h2+1§]§p; 07”h1+1§i§7’, O§]§h27
2)

(cv14,02;5) (a 225)
HD*(L) - *(111) ez m” J[=1,172 :

Cij (f(rp) 11 ) , (27)

717“*”17711’*”2 n’m

for (1,1) < (4,7) < (h1, he), where ¢;; = 5’Aij, with

Aij =
2(T+N) (O‘1T+O‘2u) hy—i 2h1 a1, —k
Tzhl uzhg F T — a1 + ].) T (p, QQ# ].) Z kT hl — 1 — k —+ ].)

(28)

ha” Qh2—azj—A 9(i+5)—(aritaz;)
Z)\'F hQ_QQJ_A‘i_l) +F(Z—O¢11+1)F(]—O[2J—|—1) ’



3)
* ¢ rpy 101
Hf - Qn7mHoo7[_171]2 S $ *Ws,q (f( ,p); ﬁ’ m) s (29)

where cog 1= G’Aoo, with

1 2(T+M)7(a17+a2“)
Agy i= ——— I, 1,
00 By thy! Z Z T (r—air + )T (0 — ag, + 1) +
T=h1 p=hsa
4)
D 0 azj) 0 a2]) H
H (H= Uil 1 SI
Co; (T,P) 1 1 30
g (10712, (30)
where co; = 5A0j, j=1,...,ho, with
1 2(T+#) (arr+a2u)
Agi = | — I, (31)
J hy! Tzl;lﬂgf;z I (r—ai, + )T (p—ag, + 1)
ho—j 2h2—o¢2j—)\ 2j—0¢2j
+ -
é))\']:\(hgfagjf)\‘Fl) F(j*Ole‘i’l)

and

(v14,0) (@1i,0) Ay
R R I

i sy 101
L <f< P ) (32)

nr-vimpP—v2 "n’'m

where c;o = 6’Ai0, i=1,...,h1, with

V1 o(T+u)—(arr+ozy)
A = I, . 33
0 h' Z Z T (r—air + )T (p— ag, + 1) (33)

T=h1 p=hz

hlzl 2}’L1 (lu—k) + Qi_oéli
ET (b — a1 — k+1) F(i—a;+1)

In this article we establish bivariate abstract fractional calculus left high
order monotone (constrained) approximation theory by pseudo-polynomials of
Caputo type, and then we apply our results to bivariate Prabhakar fractional
Calculus, bivariate generalized non-singular fractional calculus, and bivariate
parametrized Caputo-Fabrizio non-singular fractional calculus.

Next, we build the related necessary fractional calculi background.




2 Bivariate Fractional Calculi

Here we need to be very specific in preparation for our main results.

2.1 Bivariate Abstract Fractional Calculus

Let hy, ho,v1,v2,7,p be integers, 0 < h; < vy <7, 0 < hy < vy < p and
let f € C™P ({4,1]2). Here hy < i < vy, hy < j < vg. Let ay,ag > 0,
Q14,02 ¢ Zy : o] = 1, |7062j‘| =4,1=0,1,...,r; 7 =0,1,...;p, ([-] is the
ceiling of number), a9 = 0, agp = 0.

Consider also the integrable functions ky; := Ko, , k2j := Ka,, : [0,2] = Ry,
i=0,1,.,75=0,1,..,p

We consider the abstract left Caputo type bivariate fractional partial deriv-
ative of orders (au;, aa;)

k1 (o, J) I f (t1,t2)
b D / / fus (o1 = ) by (02— 1) =
(34)

Vo= (x1,20) € [-1,1%.
We set

oD f (@) = f (@),

(35)
1 (6:J O f(e
£2jDi(i)1)f($) = Wv V@ = (z1,22) € [-1,1]%.
We also set
(g 2 " f (w1, t2)
’EQ;Di@i‘))f(w) = /_1 kaj (z2 —t2) 8m§6t§ dta, (36)
qu (0‘11 ]) /"El k (1 — t 8l+]f (t17,$2)dt 37
PR r @ = [ i ) e, @)
and in particular we define:
(0, 2 ajf(zlat )
oDl 1@ = [ ko) SL o
i p(a1:,0 o azf (tlax )
z;oDi(il))f(z) = [1 kii (z1 —t1) Tthla (39)
Vx = (x1,2) € [-1,1]7.
We will assume that
1
Ein, (z)dz > 1, when h; # 0, (40)

0



where 1 = 1, 2.
In [3], we got that 0 < T'(h; — aqp, +1),T (he — aop, +1) < 1, where T is
the gamma function, and there it is

Shi—ain; =1

kihi (Z) = T (hz — Oéihj)7

i=1,2 Vze[0,2],
and (40) is fulfilled.

2.2 About Bivariate Fractional Calculus

We consider the Prabhakar function (also known as the three parameter Mittag-
Leffler function), (see [12], p. 97; [9])

as (?) 2 HIT (k4 5) (41)
where o, 5 > 0, v € R, z € R, and (v), = vy(vy+1)...(y+k—-1), it is
EQ 5(2) = ﬁ

Let a,b,c,d € R, a < b, ¢ < d; f € CNvN2([a,b] x [e,d)), p;,p; > 0;
We define the bivariate Prabhakar-Caputo left partial fractional derivative
of orders (piq, pto) as follows (z = (21, x2) € [a,b] X [c,d]):

C n(v1,72) _ R A Ni—pq,—1 No—pip—1
(DG o nomarenr ) ($)—/(l / (w1 —t0) 7T (g — 1)

(42)
_ — 8N1+sz (t17t2)
E N w1 (m =) E R, w2 (22— 1)) “oma  dadt
with ( :
C Y1, o .
( D(pllvp;)a(mo)v(wl7“-’2)7(a+ac+)f) (m) T f (.’L‘) ’
(43)

c pr72) o O f(ay wg)
(OG5, v o oy e ) (@) = PR
where Ny, No € N, etc.
For the related univariate theory see [5], [17].

2.3 About Generalized non-singular Fractional Calculus

Here we use the multivariate analogue of generalized Mittag-Leffler function,
see [18], defined for A,v;,p;,2; € C, Re (pj) >0 (j =1,...,m) in terms of a
multiple series of the form:

R s Im _
BC) ) = B0 o) =



i ('Yl)kl ('Ym)km Zfl---zfn"‘
m kil k!’
Fipokm=0 <A+ > kjp]) L
j=1

where (Vj)k. is the Pochhammer symbol. By [21], p. 157, (44) converges for
Re (pj) >0,7=1,....m

In particular we will use 6 = 1, 2; E((Z;I pZ)SAe) [weltg", e wgmtg"], denoted

(44)

by E((Z:)"y))\g [wgltg", ...,WthZG}, where 0 < py < 1,9 >0, A\p > 0, Yo € R with
(fy@j)kej =Ygy (’Yej + 1) ('ygj + ko; — 1) ywe; € R—{0}, for j=1,...,m

Let f € CNuN2 ([—1, 1]2>7 0<ppé¢Nand [py] =NgeN; §=1,2.

We define the bivariate Caputo type generalized left partial fractional deriv-

ative with non-singular kernel of order (pq, fi5), as follows:

(MlaM2 _ (711)(“)11)0‘4 (11502)5(A1,A2) A(l_nl +/14171_N2+/L2)
F@) = (e P I = ) Ve =)

’y] —wg1 (1 — No + 1g) 1-N
/ / (1 9N9+l"9) |: . (Ig 7t6’) oo

15 Ny — 11g

dtidty,  (45)

PEED)

—Wom ( Ng + :U’G) ( To — te)l—N0+#9:| aN1+N2f (tlatQ)
No — g otV otl
Vo = (x1,22) € [—1, 1]2, where A := A(1 —ny + py,1 — Na + uy) is a nor-
malizing constant. Without loss of generality we assume that A > 0.
N1+N
We set D'; O)f f, D(_Alrfk’NQ)f = 9 2L when Ny, N, € N, ete.

N1 4 N3
Oz, ' 0z,

For the univariate theory see the related [4], [6], [8].
2.4 Bivariate parametrized Caputo-Fabrizio type non-singular
kernel left partial fractional derivative of orders (p, 11) :

Let f € OV (=111 ), N 5 iy, iy > 0, Tptg] = No € Ny wp < 00 = 1,2
It is given by

CF (vaﬂz)f( )= 1
(wrw2) D=1 (N1 — p1y) (N2 — 1)

/ /1 {exp ( (1 — Ng + pg) we (2o — te))} wdtldt%
9=1

No — 1 ot ol
(46)
(0,0 Ni,N:. oN1+N2
Vo= (1‘1,$2) S [—1, 1] and (Cw}j ws) _1_£f f7 CUE,W,_,)D(_lh_ 2)f = m,

etc.
For the univariate case see [6], [13].
We make

10



Remark 9 Fractional Calculi 2.2-2./ are special cases of the abstract fractional
caleulus 2.1. The abstract important condition (40) is fulfilled by: in section 2.2
for large enough wg > 0, 0 = 1,2; in section 2.8 for small enough wg; < 0,
0=1,2;j=1,....m; and in section 2.4 for small enough wg <0, § =1,2. For
details see [6].

3 Main Results

We present the following bivariate abstract fractional monotone (constrained)
approximation result.

Theorem 10 Let hy, ho, vy, v2,7,p be integers, 0 < h; < vy <r, 0 < hy <wy <
p and let f € C™P ([71, 1}2) , with f"P) having a mized modulus of smoothness
Ws,q (f(”’);él,(;g) ,01,00 >0 there, s,q € N. Let o (x,y), 9= h1,h1+1, ..., v1;
j = ho,hy +1,...,uy be real-valued functions, defined and bounded in [—1,1]2
and suppose ap,n, is either > a > 0 or < § < 0 throughout [0, 1]2. Here
n,meN:n>max{4d(r+1),r+s}, m>max{4(p+1),p+q}. Set

lij = sup }a,;lhg (x,y) iy (;c,y)’ < 00 (47)

(zy)el-1,1]?
fO’I“ allhy <i < U1, ho S] <wg. Let0 < a1, 025 ¢ N with |_Oé1i—| =1, fagﬂ = j,
j=1,.,ri=1,...,p (['] is the ceiling of the number) and ayg = gy = 0.
Consider the abstract left fractional bivariate differential operator
iy (@10.02,)
L=y aij (w,y) fu D, (48)
i=h1 j=hs

Assume L*f (z,y) > 0, on [0, 1]2 .There exists a pseudo-polynomial of degree
< (n,m)

Qrm = Qo (f) € (P @ C([=1,1])) + C([-1,1]) © Pn)

such that L*Qy, ,, (z,y) >0, on [0, 1%.
We set

2 2
)\12‘ = / I{Zli (Z) dZ, )\Qj = / kzj (Z) dZ, (49)
0 0

fori=1,..,r;5=1,..,p.

Set also A9 = Agg = 1.

Furthermore it holds:

1) if (hi+1,ha+1) < (4,5) < (r,p), or 0 < i < hy, hao+1 < j < p, or
hi+1<i:<r,0<j<hg, then

koj % (=1)

k1i y(oai,on;) ki pyloni,ong) o
D (—1) f= k2jD* ’ Q”””Hoo,[q,u? -

11



C 11
>\1i)\2j7nr_im 5, (f(r’p g m)’ (50)

2) if (1,1) < (i, ) < (ha, ha), then

~ 1
ki1i D(ali»O‘Zi)f _ ku (a4, 0‘27)Q H Cws,q (f ,p)’ n’ m)

kaj 7w (=1) *( 1) 11]2 = nr—v1mp—U2

U1 V2
Do 2 oAl Aeg,

ix=h1 jx=ha

hilho!

ki py(eas,oos) ( hy, b
k;JD*(il) 235 (ZC 1yl2)

‘Oo L + Aidgj ¢

(51)
3) it holds

V1 Va2
~ Yo 20 ligj A A,
Cws 4 (f(np).; ;) == j

‘n’m

nrTvimpPT2 hqlho!

17 = @l r e < +1],

4) when i =0, j =1,...,ha, we get
_ Gouy (1001 2)

m

k1o (0"3‘21')](‘_ km (o, OLZJ)Q H

*(_1) *( 1) [ 171]2 - nr—Vimp—v2

V1 V2
Yo 2 lij A A

ix=h1 jx=ha

k1o D(O azj) h2
hi'hs!

koj 7 x(— 1)

. + Ao | s (53)

and
5) the case of 5 =0, 1 =1,...,hy follows, it holds:

5ws,q (o)L L)

m

k1; D(au,o)f _ kup (a4, O)Qn mH

koo 7 x(—1) k20 *( 1) 11]2— NVl mP—v2

V1 V2
DOEED DI IPSTIP YA

ix=h1 ja=ho

k1; D(aluo) h1
hi!hs!

koo x(—1)

00,[—1,1]

Proof. By Corollary 3 there exists

Q'n,m = Qn,m (f) S (Pn ® O ([_17 ID + C ([_17 1]) ® Pm)

such that
o 11
(i) _ (w)H : (rp). 2 2 55
Hf @ = primp—i (f "n’ m)7 ( )

12



for all (0,0) < (4,4) < (r,p), while Qp m € C™P ([—1, 1]2). Here C depends only
on r,p,s,q, where n > max{4(r+1),r+s} and m > max{4(p+1),p+ q},
withmpeZy,s,qeN, feC™P ([—1, 1]2>

Indeed by [11] we have that QSZ,%) is continuous on [—1,1]*.
We observe the following (i = 1,...,7; 7 = 1,...,p)

b DI £ (g, ) — Fre D) Qnm(ml,m(

I (t1,ta)
‘/ / ki (x 1) koj (z z—tz)Wdtldh—
o 2 aH_‘an m (tla t2)
ki (1 —t1) ko (x0 — ¢ - dt dts| = 56
/_1/_11<1 Dy (o2 12) S E (56)

B I F (8t I Qum (t1,
/ / Fi (1 7t1)k2j (z2 — t2) 0 f;,( 1]” d o 7 ; (j 1, t2) dtidts| <
-1/ ot ot} oti ot
xq To
/ / kii (w1 — t1) koj (w2 — t2)
-1 J-1
e C 11
i - j - [ (rp). = ) —
</1 [1 klz (:Cl tl) k2] (1:2 t2) dtldtQ) nr—imp_j ws,q <f 9 n7 m> -
h wz C 11
i - 1 - _ (’r‘,p)_ _ _
</1 Fii (@ =) dtl) (/1 oy (2 t2)dt2) nr—imp—i W <f 'n’ m> a

z1+1 z2+1 é (r,p) 1 1
</o ki (2) dz> (/0 kaj (2) dz) o <f ! ' m> =
2 2 C
C 11
‘ A v (rp). =
(/0 k1i (2) dz) (/0 kaj (2) dz) povr ey UL (f i n’ m> :

We have proved that

O f (tr,ta) 0" Qum (t1,t2)

i 4d i 94d dt1dts <
ot ot ot ot

0 D) (@, w0) = b D) Qun (w1, 2) | < (58)

([ ) ([ ) -G 4:2)

V(zy,a) e[~ 1% i=1,.,rmj=1,...p
So we have proved that there exists @, such that

k1 py(@uioz;) k1; o1i,025)
ksz*(fl) 2j (f) - k2jD*(11 2j (Qn m)Hoo C1]? < (59)

13



1
m )

2 2
ALi ;:/ ki (2)dz, Xoj ;:/ koj (2) dz, (60)
0 0

fori=1,..,r;5=1,...,p, as in (49).
We also set Mg = Ayg = 1.
Thus the following inequality is valid in general:

:\)—'

</02 ki (2) dz) (/02 koj (2) dz) m_ic;pj Ws.q <f(r,p)

1=1,..,rm;5=1,..,p.
We call

:;; Di?iily)oﬂj) (f) . klzD*?111a2]) (Qn m)HOO 12 < (61)
C 11
Ny ————— (rp). =
)\11>\2] nr—imp—i Ws,q (f 7’L m) ,

fori=0,1,....,7;7=0,1,...,p.
Define

~ 11 . .
Prm ‘= CwSyq (f ) E m) Z Z llj)\ll)\z? mjip) : (62)
i=hy1 j=ha

I) Suppose, throughout [0,1]%, an,p, (z,y) > « > 0. Let Qnom (2,y) €
(P, ®C([-1,1]) + C([-1,1]) ® P,,), (z,y) € [-1,1]*, as in (61), so that

ki ) Myt )
i Q14,025 i Q14,0025 *
b (f(x7y)+pn,m " hzl) — DO (smy)H o <
C 11
N = (rp). =
)\h)\gjn o jws,q <f ' ) = sz» (63)

fori=0,1,...,7;,5=0,1,...,p.
If (hi+1,he+1) < (4,4) < (r,p), or 0 < i < hy, ha +1 < j < p, or
h1+1<i<r, 0<j<hs we get from the last

k1; (@ui,az;) k1; pylaii,oz;)
k;jD*(il) ) - k;jD*(il) B n’mHoo,[*l,lf =
C 11
Midgj —— = Ws g (f(r’p) ) ; (64)
nT—tmp n’'m

proving (50).
If (0,0) S (Z,]) S (hl,h2)7 we get that

kii (a1i,0z;) Prm ki py(erisazs) (b, b k1 pyloisaz;)
ey Do) ey g DA™ (@) = g D Qo (gﬁvy)Hm[_l P

14



<T. (65)
That is for (1,1) < (i,7) < (h1, ha), we have

k711 (a14,025) k?h (a1i,025)
f Qn m

*( 1) *( 1) oo 1A =
pn,m k14 D(ali,agj) (xhl hg) ‘ o
h1!hs! koj 7 x(—1) Yy oo [—1,1]2 ij
o (19 1) [ o s
hilho! Z Z (li*j*)\u*)\zj*n m’ p)
ix=h1 jx=ho
Dl (s oG (pom L LY
ksz*(—l) (33 Y )‘oo,[—l,l]2+)\h)\2jn7‘*im Ws g (f ) =
11 ‘ A
(r,p) L Aus dgs. =T =P
<.f "’ m) h1|h2 zzhljzhz Tju Aiy A25, T m

e DL (")

Cls,g (fOP; 2, 1) { <Z;}:—h1 > by biju M, A2 > (67)

A1iA2; } <

‘oo,[—l,l]Z nT—imp=IJ

nr—vimpP—v2 hllhz'

kii D(O‘U’O‘Qj) ( h1 h2>

Koy D=1y (7Y +)\1i/\2j}7

‘oo,[—l,l]z

proving (51).
If i = j =0, from (63) we obtain

Pr,m h1 hz_Q* C Ws q (f(7,p) 1 1>7 (68)

<
Hf+ hilhy Y n’mHoo,[—l,l]2 -on'mp n'm

and

< Pom +st’q (f(np);1,1> =

£ - Qan 117 = hythy! | nrmp n’'m

éws q (f('r,P); %7 %) v1 va S
? . . . * I« =P
Tilig] E E lij. M A25.m m

ix=h1 jx=ha

C 11
+T7pws,q <f(r’p); — > =
n’-m; n m

1 1 v1 Vo ] ] 1
(',p) G =T Ju—D
Gona (1075 2) i 22 3 b hudapn e 4 <

TL m
"ix=h1 j.=h2
(69)

15



Cw‘? q (f(?‘,p ' no m) [Eyj—h1 sz—h2 ZZ*J*)\M*)‘QJ* + 1‘|

nrTv1ImP Y2 hi'hs!

proving (52).
Next case is for 4 = 0, j = 1, ..., hg, from (63) we get

.'Ehl
kloD (0, a2j)f + p”»”” klUD(O azj) hz _ klOD(O’azj)Q*

ka; hylhgl kasx(=1) Y 7 ke (1) . < (70)
C 11
)\2]'77, (f(T’p - )
n’mp n’'m
Therefore we have that
k OO‘J) k (0,025) ~x
k;? *(— 12 f k;?D*( 12) Qmm”o@,[—l,l}z
pnﬂn k1o (0,a2;5) A ) 6 (rp). l i B
T lha! ll2s 1) Y 2 o0,[~1,1]? A2 g W / ‘'n’'m)
Cuwsq (frm); 1 L)
’ e iege ALin A2j, m?* P
ha V! ;J; 5 A0 A2 )

k1o (01("2]') ha

C 11
Noi ————w (rp). = | =
00,[~1,1] Ay nrmp—i <f ‘n’ m>

koj " x(—1)
(rp). 1 1 [Z;)xl:hl Z;f:hQ (lz‘*j*Ali*Agj*ni*mej**P)}
U e hylhs!
k1o D(Ova2j) ha )‘2j < (71)
k2 (=1) Y 0o, [-1,1] m'mP~I|
(f(rp S E) (Zyj:hl Z;}f:hz ll*]* )\li* )\2-7*)
n“ V1mP Y2 hilho!
k“’D(O a2;) h2 4 Ao
k‘gj *( 1) ()O,[—l,l] 2.] )

proving (53).
The case of j =0, i =1,...,hy, is wet similarly as in (71). Namely we get

ku (0‘11 0) ki (0‘17 0)
kzo *( f k2o *( 1) Q" mH 1,12 <

g (FP; 2 1y KZ'Z:}H S L A A, )

TLT VimpP—v2 hllhg.
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k1; D(alivo) h1

koo (1) T

+ A1i:| ’
00,[—1,1]

proving (54).
So if (z,y) € [0,1]%, we can write

Wiy (@ 9) L (@ (2,9)) = oy, (,9) L (f (2,)) +

V1 V2
Prm kin, ~(@1ng.a _
o b D) @) 4 303 e, ) e ()
e i=h1 j=ha

: m(@iiaz;) A kyi y(e1iaz;) Prm ki pylerias;) ¢ by, b
{Z;]Di(il) 2 )Qn,m (xay) - k;JD*(il) 2 f (-Tay) - V! k;jD*(il) 2 (x Ly 2):|
(73)

(by L*f > 0)

(63) Pnm  kin (Oélh yQ2h ) hi h
Sl N R Gl b

oy i j =~ 1 1
3 3%t | G (5oL L)

— "n’m
i=h1 j=h2

kin, (041}117042}12) (Ihlth)

kon, 7 x(—1)
-1 = 74
Prm DN (74)
kin (alh 70) ) k (0,06211 )
<k;:’1D*(—13 o ) (k;izD*(—l) Pyt
— 1| =: .
pn,m h]'h/Q! <)0

If hy = hy =0, then ayp, = agp, =0, and ¢ = 0.
If hl = 0, and hg 7é O, then

klo (O’a2h2) hz
kan, Px(-1) Y

ha!

Do U_‘i Feong (y — t) dt — 1} = P (/OW kean, (2) dz — 1) > (75)

1
Prn,m (/ k2h2 (Z) dz — 1> >0,
0

by the assumption (40).
Similarly, we treat the case hy # 0, hy = 0.

¥ = pn,m -1 =

17



When hq, he # 0, then we have

= P K /_ xl - dt) ( /_ yl Fon, (y — 1) dt) - 1} — (16)

P K /0 e () dz> ( /0 o () dz) - 1} >
P K /O e (2) dz> ( /O o (2) dz) _ 1} >0,

by the assumption (40).
So in all four cases we get that

L (@ (2,9)) 2 0, ¥ (2,9) € [0,1)°. (77)

IT) Suppose, throughout [0,1]%, an,n, (z,y) < B < 0. Let Qn.m (z,y) €
(P, ®C([-1,1)) + C([-1,1]) ® P), (z,y) € [-1,1]%, as in (61), so that

: Q14,02; zh th k1s a1q,Q2;
Z;;Di(il) 1) (f (a:,y) ~ Pn,m hy! hg') - k;Di(il) ZJ)Q'” m (.1‘ y)H [—1,1) =
c 11
I V. (rp). Z—
At nr—imp—g (f ‘n’ m) 78)

fori=0,1,....,7, 5 =0,1,....p.
Similarly, we get as in the first case > a > 0, the inequalities of simultaneous
fractional convergence, see {(51), (67)}, {(52), (69)}, {(53),(71)}, {(54), (72)}.
So if (z,y) € [0,1]*> we can write

0‘1:11h2 (.’.137 y) L* (Q:L,m (.’L‘, y)) = a};lhg (337 y) L* (f (.’L‘, y)) -

Pn, k Q1hy,Q2h } =
D D) () £33 ek, e ) (10)
e i=hy j=h2

ki; y(oni,on;) ~x k1; ry(oni,oz;) Prym kyy y(onias;) (kg
L%D*@lf Qrm (@29) = g D™ (y) + 3 0 i D)™ (@ ym)}

(by L*f > 0)
(78) _ Pnm kan, (a1ny @2ny) (mh

Tlhg! o *(—1)

U1 V2 ) ) - 1 1
D lijhidgn " mP | Cwg g (f (rp); = s m) = (80)

i=}l1 j=h2

1yh2) +

kin, (alh170¢2h2) B h
L ke D) (zh1y"=)
pn,m hl'hz'

18



E1in (alh 0) hy k (0,a2ny)
(k;olD*(_ﬁ z ) (k;(;QD*(_n Pyt
1-— =: 1.

If hy = ha =0, then ayp, = agp, =0, and ¢ = 0.
If hy =0, and ho # 0, then

k1o (O’a2h2)yh2

_ _ kg x(=1) _ Y odtl -
'l/) = Pn,m 1 hg' = Pn,m 1 2h2 (y t) t| = (81)
- -1

y+1 ; 1
Pn,m |:1 - / k2h2 (Z) dz| < Pn,m I:l - / thz (Z) dZ:| <0,
0 i 0

see (40).
Similarly, we treat the case hy # 0, hy = 0.
When hi1, hy # 0, then we have

o=t ([ e -08) ([ 05 -

P {1 - ( /0 Fan, (2) dz) ( /O " e (2) dzﬂ < (82)
P {1 _ ( /0 ke (2) dz) ( /0 on, (2) dzﬂ

by the assumption (40).

IN

0,

So in all four cases we proved again that

L* (Qh o (2,9)) 20, ¥ (2,y) € [0,1]. (83)

The proof is complete. m

Conclusion 11 Clearly Theorem 10 generalizes Theorem 8 to many fractional
calculi, opening new avennes of fractional research activity. The approzimating
pseudo-polynomial Qy, ., depends on f,p, .., h1,ha; which p,, ,, depends on C
(which depends on r,p,s,q), f,n,m,l;;, Ai, Aoj; and which: \; depends on ky;
and \y; depends on kaj. That is Q}, ,,, depends on the type of bivariate fractional
calculus we use.

Consequently, Theorem 10 is valid at least for the following important bi-
variate left fractional linear differential operators:

1)

V1 V2
* C n(v1,72)
Li=) > oz { Dt o (ansang) i) (—14-11) |+ (84)
i=hy j=hs
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where pr,py > 0, 71,72 < 0, and wy,we > 0 large enough (from bivariate
Prabhakar fractional calculus, see (42));

2)

V1 vy
Ly:=) > ai(ny) [D£a1li’a2j)} : (85)
i=hy j=ha
(see (45)) where @ = 1,2; vp; >0, j=1,...,m; A\g =1, 0 < py < 1; and small
enough wg; <0, j =1,...,m (from bivariate generalized non-singular fractional
calculus);
and

3)

v Vo
L= Z Z o (z,y) |:(cwjj,w2)D(_a11j_’a2j)j| 7 (86)
i=hy j=hs
(see (46)) for small enough wy,ws < 0 (from bivariate parametrized Caputo-
Fabrizio non-singular kernel fractional calculus).

Our developed bivariate abstract fractional monotone approximation theory
by pseudopolynomials with its applications, involves weaker conditions than the
one with ordinary partial derivatives, see Theorem 4, and can manage many
diverse general cases in a multitude of complex settings and environments.
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