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Abstract

Here we present Ly, p > 1, fractional Opial type inequalities subject to
high order boundary conditions. They involve the right and left Canavati
type generalised fractional derivatives. These derivatives are mixed to-
gether into the balanced Canavati type generalised fractional derivative.
This balanced fractional derivative is introduced and activated here for
the first time.
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1 Introduction

This article is inspired by the famous theorem of Z. Opial [10], 1960, which

follows

Theorem 1 Let z (t) € C1 ([0, h]) be such that z (0) =z (h) =0, and z (t) >0

in (0,h). Then

" / h h / 2
/0 |z (t) 2" (t)] dt < Z/0 (' (t))* dt.

In (1), the constant % is the best possible. Inequality (1) holds as equality for

the optimal function

h

b

<t<h,

rol=

ct, 0<t<
x<t>={ 3
2
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where ¢ > 0 is an arbitrary constant.

To prove easier Theorem 1, Beesack [4] proved the following well-known
Opial type inequality which is used very commonly.
This is another insiration to our work.

Theorem 2 Let z (t) be absolutely continuous in [0,a], and x (0) = 0. Then

|x (t)dt < 2 a(w’(t))th. (2)
2 Jo

Inequality (2) is sharp, it is attained by x (t) = ct, ¢ > 0 is an arbitrary constant.

Opial type inequalities are used a lot in proving uniqueness of solutions to
differential equations, also to give upper bounds to their solutions.

By themselves have made a great subject of intensive research and there
exists a great literature about them.

Typical and great sources on them are the monographs [1], [2].

We define here the balanced Canavati type fractional derivative and we prove
related Opial type inequalities subject to boundary conditions.

These have smaller constants than in other Opial inequalities when using
traditional fractional derivatives.

2 Background

Let v > 0, n := [V] (integral part of v), and @ :=v—n (0 < a < 1). The gamma
function I is given by I' (v) = [~ e~*t"~'dt. Here [a,b] C R, z, 2 € [a,b] such
that © > g, where zg is ﬁxed Let f € C ([a,b]) and define the left Riemann-
Liouville integral

UED @)= 115 [ -0 rwa 3)

zo < x < b. We define the subspace CY_ ([a.b]) of C™ ([a, b]):

¢t ([, b)) = { £ € C™ ([, b)) : T2 o ™) € C* (o, B]) } (4)

For f € C¥ ([a,b]), we define the left generalized v-fractional derivative of
f over [xo,b] as
/
Dy f:= (legaf(n)) , (5)
see [2], p. 24, and Canavati derivative in [5].
Notice that DY f € C ([zo,b]).

We need the following generalization of Taylor’s formula at the fractional
level, see [2], pp. 8-10, and [5].
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Theorem 3 Let f € CY ([a,b]), 2o € [a,b] fized.
(i) If v > 1 then

(z — x0)

f (@) = f (@o)+f" (20) (x = wo)+f" (w0) “————+-.+f "7 () =1

+ (J2DY f) (z), allz€[a,b]: x> xo.
(i) If 0 < v < 1 we get
f(z)=(J2DL f) (), allzelabl:z>z (7)

We will use (6) and (7).

Furthermore we need:

Let a >0, m=Ja, =a—-m,0< 8 <1, feC(a,b]), call the right
Riemann-Liouville fractional integral operator by

b
(5 f) (@) = ﬁ / (] — o) f(T)d, (8)

x € [a,b], see also [3], [6], [7], [8], [11]. Define the subspace of functions
Ci (fab]) = {f € C™ ([, ) : 1,7 £ € € ([a,B]) } (9)
Define the right generalized a-fractional derivative of f over [a, b] as
Dy f = (=)™ (B0 )

see [3]. We set DY _f = f. Notice that D f € C ([a,b]).
From [3], we need the following Taylor fractional formula.

!
)

Theorem 4 Let f € Cf ([a,b]), « >0, m:= [a]. Then
1) If a > 1, we get
5~ P00

f)=Y = @=b"+ (D} f) (@), Yaelab. (1)
k=0 '

2)If0<a<l, we get
flo)=J" Dy f(x), Vx€lab]. (12)

We will use (11) and (12).
We introduce a new concept

Definition 5 Let f € C([a,b]), z € [a,b], @ > 0, m := [a]. Assume that
f ey ([‘%b,b]) and f € C¢ ([a,aT"’b ) We define the balanced Canavati
type fractional derivative by

a+b

2

Dop(a) = { i s

or < b,
D f(xz), fora<z

b (13)

3 -

+ IN
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3 Main Result

We give our main result

Theorem 6 Let f € C([a,b]), @ >0, m := [a]. Assume that f € C ([%£2,b])
and f € C¢ ([a, QTH)D Assume further that

1 1 1
pg>1:—4+—-—=1, and a> —.
p q q

(i) Case of 1 < ¢ < 2. Then

/ 1 (@) [D°f (@) dw < (15)

(asl p( 1)+2
9= (a+5) (b — o) ( Do £ ( |qdw) |

Qo

F@)[pl@=1)+1)(pla-1)+2)”
(i1) Case of ¢ > 2. Then

b
/ 1 @) [DF (@) dw < (16)

(a4l pla—1)+2 1)+2
2 (+ )(b_a) ( |Da |qdw> .

Qo

F'(@)[pla=1)4+1)(p(a—1)+2)]>
(iti) Whenp=q=2, a > 3, then

[ s @iy @< a7)
—(a % _ [eY b
2= (a+3) (5 — q) (/ Daf(w)de)
T (a) [ 20 (20 — 1)] a
Remark 7 Let us say that a = 1, then by (17) we obtain

b _a b
[ @ @iae < )< / (f’(w)fdw>, (18)

that is reproving and recovering Opial’s inequality (1), see [10], see also Olech’s
result [9].
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Proof. of Theorem 6. Let = € [a, ath
0, k=0,1,

2

|, we have by assumption f% (a) =
.,m — 1 and Theorem 3 that

f@) =g [ = D ()

Let x € [%*b,b] , we have by assumption f*) (b)) =0, k = 0,1,
Theorem 4 that

b
=T /x (tr—x)" " Dy_f(r)dr.

(20)
Using Holder’s inequality on (19) we get
F@< fg [ @0 P2f ()i <
i ([ (@) ) ([ esorer)
L )p(a—1>+1 . 1
5o " De qd7>q. 21
e GLAL! (21)
Set N
2()i= [ IDF (', (2(a) =0)
Then
2 (x) = |Dg f (z)],
and
DS @) = (' @)F, alla<z< T2
Therefore by (21) we have

p(a—1)+1
@D f ()] < W =a) 7

allagngg‘%”’.

Next working similarly with (20) we obtain

b
f (@) < F(la)/ (r—2)* |Dg_f (7)] dr <

1

) ([ (- m)a_l)pdT); (/Tb D f (r)]qdr>

Q=
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pla—1)+1

1 (b—az) * b T
L@ (pa—-1)+1)7 (/m [05-£ )] d) ' (23)

Q=

Set

b x
A @) ::/ |Dg_f(T)|"dT=—/b D ()| dr, (A(b) =0).

Then
N (z) = — |Di_f ()|

and

D§ f (@)= (N (@), an Tl <<y,
Therefore by (23) we have
PP @l T eyt ey
- T T@pa-1)+1)7

all 48 <z <w<b.
Next we integrate (22) over [a, z] to obtain

/\f DS ()] do <

1
I'(a)(p(a—1

L) (p <a1— D+1) (/ (w = ayte™ dw) p ( [ dw) g

p(a— 1)+2
1 (x—a

z(z
T(a)(p(a—1)+1)7 (p(a—1)+2)7 27

pla—1)+1

[ om0 e s

pla—1)+2 1)+2

r(a)[(pfa_i(lif (a—1) (/ Do f (w lqdw)- (25)

So we have proved

/Z\f(w)\IDSf(w)ldws

pla—1)+2 2

273 (x—a) 7 § . a
; \Da f ()M dw) ,  (26)
(o) [(pla=1) +1)(p(a=1)+2)]7 </ )

forallaﬁxﬁ%ﬂ’.
By (26) we get

a+b

/ @) 1D2 f (@) dw <

6
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(pla=1)+2) pla—1)+2 | 1
2_[ P + ]

i -veaar
F(a)[(pla=1)+1)(pla=1)+2)] \Ja

Similarly we integrate (24) over [z, b] to obtain

b
[ 1r @055 @) do <

1 b pla=1)t1
1 (b - w) P —-A (w) 2\ (w) 4 dw <
F(a)(p(a—l)ﬂ)p/z ( )

1 1 1
T(@)(pla—1)+1)? (p(a—1)+2)7 2d
We have proved that

b
[ 1 @NIpg s @) e <
2 i (h—a) T ( L )
1 fw)| dw|
() [(pla—1)+1) (pla—1)+2)]> /| S @

forall%rnggb.
By (29) we get

b
L1 @D g )] do <

2

(b—a)™* 5" g [*52 4] </ " 1Dpf ) dw>§
M) [(pla—1)+1) (pla—1)+2)] "
Adding (27) and (30) we get

9= (o+3) (h — o) (*57)

[ 1s@nioms s <

2

[(/ IDZi‘f(w)lqdw> +</ !D?_f(w)lqdw> ]—: ()

Assume 1 < g < 2, then % > 1.
Therefore we get

M)

2 ( )(b—a)( P

(*) <
T(@)[(pla—1)+1)(pla—1)+2)]7

";\»-A

7

T () [(pla—1)+1) (pla—1)+2)]F

1 b % b q
. (b — w)Ple~ D1 dw) ( X (w) N (w) dw)
I'ia)(pla—1)+1)» </x e

(28)

(29)

(30)

(31)
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a+b

2 b :
[ [ [ |D?_f(w)|qdw] = (32)

2

pla—1)+2 )

9= (at3) (b— a)( 5 ( b )
T |IDf (w)|"dw | . (33)
T'()[(p(a—1)+1)(p(a—1)+2)]7 /a

Qo

So for 1 < ¢ < 2 we have proved (15).
Assume now ¢ > 2, then 0 < % <1.
Therefore we get

p(a71)+2) 217%

9=(0+3) (b — )" %

(*)S 1°
F@)[pla=1)+1)(pla-1)+2)7

ath b :
[/ |D§f(w)|qdw+/a+b|Df,"_f(w)|qdw] =

,
( / ID“f(w)quw> Y

pla—1)+2

o= (o+3) (h — o) ("F )
L) [p(a=1)+1)(p(a—1)+2)]

=

So when ¢ > 2 we have established (16).

(iii) The case of p = g = 2, see (17), is obvious, it derives from (15) imme-

diately. m
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Canavati fractional Ostrowski type inequalities
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Abstract
Here we present Ostrowski type inequalities involving left and right
Canavati type generalised fractional derivatives. Combining these we ob-
tain fractional Ostrowski type inequalities of mixed form. Then we es-
tablish Ostrowski type inequalities for ordinary and fractional derivatives
involving complex valued functions defined on the unit circle.

2010 AMS Subject Classification : 26A33, 26D07, 26D10, 26D15.
Keywords and Phrases: deviation of a function, fractional derivative, Os-
trowski inequality, function average.

1 Introduction

In 1938, A. Ostrowski [12] proved the following important inequality:

Theorem 1 Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e., |[f'| =
sup |f'(t)| < +o0. Then

te(a,b)
b - arb)?
el R LIGIE [}H((b_;j)z)]wb—a)f’llw @

for any x € [a,b]. The constant % 18 the best possible.

Since then there has been a lot of activity around these inequalities with
important applications to numerical analysis and probability.

In this article we present various general Ostrowski type inequalities involv-
ing fractional derivatives of Canavati type.

At the end we give applications to complex valued functions defined on the
unit circle.

10
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2 Background

Let v > 0, n := [v] (integral part of v), and o :=v—n (0 < a < 1). The gamma
function I is given by I' (v) = [~ e~"t"~'dt. Here [a,b] C R, z, 2 € [a,b] such
that & > xo, where z is fixed. Let f € C([a,b]) and define the left Riemann-
Liouville integral

N @ = s [ @07 0 )

xo < x < b. We define the subspace CY_ ([a.b]) of C™ ([a, b]):

C¥, ([a,) = {f € € (la,) - T2 f) € C (o, } 3)

For f € C¥ ([a,b]), we define the left generalized v-fractional derivative of

f over [xo,b] as
/
Dy f = (J7af™) (4)

see [4], p. 24, and Canavati derivative in [6].

Notice that DY f € C ([zo,b]).

We need the following generalization of Taylor’s formula at the fractional
level, see [4], pp. 8-10, and [6].

Theorem 2 Let f € CY ([a,b]), 2o € [a,b] fized.
(i) If v > 1 then

F@) = £ o)+ (o) (3 = a4 ) EZ 200 ) E 20
()
+ (J2°DY f) (z), allx € [a,b]: x> xo.
(1) If 0 < v < 1 we get
fz)= (JjOD;Of) (), allz€lab]:xz>x (6)

We will use (5).

Furthermore we need:

Let a >0, m=1Ia],=a—-m,0< g <1, feC(a,l]),call the right
Riemann-Liouville fractional integral operator by

(Jef) (@) = %

a)

b
[ u=orrpan ©
x € [a,b], see also [5], [9], [10], [11], [13]. Define the subspace of functions

Cir(fa,b]) = {f € C™ ([a,4)) : 1,7 £ € € ([a,B]) } (8)

1"



BEIJING LECTURE

Define the right generalized a-fractional derivative of f over [a, b] as

D= (1) (Y 9)

see [5]. We set DY _f = f. Notice that D¢ f € C ([a,b]).
From [5], we need the following Taylor fractional formula.

Theorem 3 Let f € Cf ([a,b]), « >0, m:= [a]. Then
1) If a > 1, we get

m— lf(k) .
Z o)+ (JeDgf) (x), Yaelab]. (10)

=0
2)If0<a<l, we get
f@)=J" Dy f(z), Vac¢lab]. (11)

We will use (10).
In [4], pp. 589-594, and [3], we proved the first fractional Ostrowski inequal-

ity.

Theorem 4 Let a < xg < b, xg is fived. Let f € C} ([a,b]), v > 1, n:= [v].
Assume fO) (20) =0,i=1,...,n—1. Then

1Dz, 11l
[$07b] v
) dy — b— . 12
— / F)dy = (o) < et ) (12)
Inequality (12) is sharp, namely it is attained by
f(@):=(x—20)", v>1, z€]lab]. (13)

When 1 < v < 2 the assumption f (x0) =0, i=1,...,n — 1 is void.

3 Main Results
We give
Theorem 5 Same assumptions as in Theorem 4. Then

b
‘bl%/%f(wdy—f(xo)

’|D$DfHL1([Cl)O b)) (b - xO)Vil

I'v+1)

12
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Proof. By (5) we get

)= Fa) = s [ =0 (D)) e, Vyza (5)

Hence

F @) f (x0)] < — / (y— w)" " (D%, f) (w)] duw

. vl y . v—1 b
<(?/F(0V>)/ |(D;Uf)(w)|dw<(yr(‘;§/l (D7, f) (w)| dw

_ (y—ﬂfo)y_l HDV fH
T T (v) @0 1Ly ([wo,0]) °
Le. .
|f<y>—f<xo>|s@}”ff;))HDZJHMWD, Vyelwobl.  (16)

Therefore we get

b b
b_le/ f(y)dy — f(x0) =b_1x0 / (f (y) = f (w0)) dy| <
’ (16)
b_lxo /zo|f(y)—f($o)dy <
1 b vr NP5l oy (0= 20)”  IPE AL, (fmo )
b—=o <~/£0 = 0) dy) I'(v) - v T (v) =

(b_ xo)’/—l v
To+n 1Paf e

proving the claim. m
We continue with

Theorem 6 Same assumptions as in Theorem 4. Let p,q > 1 : %Jr% = 1.
Then
I 1DZ, /1, 0.0 o1t
[ Fwdy - )| < el (b)Y
— 20 Jag FW)p@-1)+1)7 (v+1)
(17)

Proof. We notice that

F @) — f (x0)] < — / (y— w)" " (D%, f) (w)] dw

13
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i ([0 d’“”); ([ 10z )’ <
ré>(@25)Tﬁﬂf) (/)\ >de>é:

L —w)
D .
F®) (pw—1)+1)r I ””Of)HLq([wo,bD
That is
HD f”L ([zo,b]) —:po)(”’l)*%
B = = r, Vv b 18
700~ J o) < T VI vy el (09

Consequently we obtain
b (18)
[f(y) = f (o)l dy <

b
e RAL RIS A

1 [R2E Y P w—D+3
(b—xo>r(u)( (u—1)+1)i/ o) e

HD fHL q([z0,b]) (b— .Z‘Q)V-i_%_l

<

b—.’)ﬂ()

1 (19)
F@) e -D+1r  (v+i)
proving the claim. m
Combining Theorems 4-6 we derive
Proposition 7 Let all as in Theorem 6. Then
/b f(y)dy — [ (o) | < min IP% o ey (b — x0)” (20)
b—x0 /s, - ' (v+2) ’
v—1+1
D5 fHLl(:nob)(b z0)" " || Dx fHL (w0, (0 = 20) !
Fv+1) 71“(V)(p(1/—1)+1)P<V+%)

We continue with right Canavati fractional Ostrowski inequalities.

Theorem 8 Let a > 1, m = [a], f € CF ([a,b]). Assume f*) (b_) = 0,
k=1,...,m—1; which is void when 1 < a < 2. Then

DO&
bia/ﬁﬂ@dxf@)<Hl)ﬂmMM

< it (21)

14
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Proof. Let z € [a,b]. By (10) we get

b
F@)=F0) = Fia [ oo ar (22)
Then, as before, we get
b— «
1) =01 o 105 e Yoclotl (@)
Hence it holds
b b 23)
o [ f@d o)< = 1@ - ol s
227 I . D5l .
F(a—l—l)(b—a)/a b= dr = m i arn Y
Daff oo, |la «
_ NP8 ooy If(a|L— 2’[) M (b — a), (24)

proving the claim. m
We continue with

Theorem 9 Same assumptions as in Theorem 8. Then

b Do:f (bia)afl
L e ro] < 2 e ¢ -
Proof. We have again
1 ’ a—1 o
If(w)—f(b)lém/z (] — 2Dy £ (7)|d] (26)
b—a)* !
(1“@)) HDl?*fHLl([a,b]) ; Vaelab].
Hence
b b ,
b%/ f(@)de = f () éb%/ @)~ FO)de <
HDI?—fHLl([a,b]) ’ a—1 HD?—fHLl([a’b]) a—1
Tanoa [ -t =T 0 e

proving the claim. m
We also have

15
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Theorem 10 Same assumptions as in Theorem 8. Let p,q > 1 : % +-=>=1
Then
1 b Dy f " 1
/ f(@)de — f (b)) < LA (b—a) 7.
b—a F(a)(p(a—l)—kl)?(a—l-%)
(28)
Proof. As before we obtain
HD?—fHL a,b 141
@)= F ) < Ao (p— o), Vaefat].  (29)
I'(a)(p(a—1)+ 1)~
Hence
1t 1P (29)
— _ < — <
= | t@de— o)< o= [ i@ - <
DY f b
125 HL“([Q’ZD (/ (b—z) 5 dz) —
F(a)(pla=1)+ 1) (b—a) \Ja
o a— 1
HDb*fHLq([a,b}) (b—a)* 'Ts (30)
1 ’
(pla-1+ D7) (a+?)
proving the claim. m
Combining Theorems 8-10 we derive
Proposition 11 Here all as in Theorem 10. Then
1/bf(x)dxf(b) < min %(bﬂm (31)
b—a /, - I'(a+2) ’
o a—1 a a71+%
HDb—fHLl([a,b]) (b - a) ||Db—f||Lq([a,b]) (b - a)
9’ 1
T(a+1) L(a)(pla—1)+ 17 (a+1)
We also give optimality of (21).
Proposition 12 Inequality (21) is sharp, namely it is atltained by
()=0b-D", a>1, Je]ab], (32)

m = [a].

16
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Proof. We have that

M (=) ala—1)(@=2) (@ —m+2) (a—m+1)(b—J)> ™.

(33)
We also notice
1—(a—m) p(m) (7 1 ’ —a+m p(m)
(Jb— fe )(x) = m/ﬂc (J —z) * [ (1) dJ
b
_ m/x (=)™ (1) a(a—1)(@—2)...(a—m+2)

(a=m+1)b—TD)"""dJ
_ (-D)"a(a—1)(a—=2)..(a =m+2)(a—m+1)
F'l—a+m)

b (b _ J)(a—m+1)—1 (J _ x)(l-‘rm—a)—l dJ

(-D)"a(a—1)(a—=2)..(a =m+2)(a—m+1)

I'(l-—a+m)
Fa-m+1)T(1+m-—a)
r(2) (b—=)

=(-D"ala-—1)(a=2)..(a—m+2)(a—m+1)T(a—m+1)(b—x)
=(-D"a(a—1)(a=2)...(a—m+2)T (a«—m+2)(b—2x)

=.=C-D"T(a+1)(b—x). (34)
That is
(=t (@) = (<) T (@ +1) (b - ). (35)
Therefore it holds
(D5 £) (0) 2 ()" (=)' T (@ + 1) (-1) =T (a+1). (36)
So that
D5 fill o joy =T (@ +1). (37)

We also notice that fﬁk) (b-)=0,k=1,..,m—1, and f.(b) =0.
We observe further that

_(b—a)*”
L.H.S.(21) = T (38)
and T(a+1 b—a)”
R.H.S. (21) = FEZH (b—a)® = (a_ﬂ : (39)

proving the claim. m
Next we present mixed Canavati fractional Ostrowski type inequalities.

17



BEIJING LECTURE

Theorem 13 Let « > 1, m = [a], x € [a,b] fized, f € C([ ]) with f €
C (la,z]) and f € C2 ([x,b]). Assume that f¥) (z) =0, k = 1,. -1
which is void when 1 < a < 2. Then

b
ﬁ/ f)dy—f(z)] <

[ID2 oy (= @07 4 ID g (b~ 2} <

7

(40)

1
b-—a)T (a+2)

bfa:a+1+ z—a)*t! o o
<( (b)_ a)F((a+2)) )maX{HD”‘f”“W] TN ST

Proof. Let z € [a,b]. By (10) we get

f ) / J—y)* DS f(J)dJ, Yy€lax]. (42)

Hence

1 ! a—1 @ (
If(y)f(:v)lér(a)/ (] —y)° D f ()| dJ <

Y

0,[a,x]’
(43)
Vyé€la,z].

Similarly, by (5) we get

)~ @) = s [ ) e ) du, Yyelndl. (4

@) J,
Hence
P = F@I< s [ -0 DS )l < D2 oy e
’ (45)
Yy € [z,b].
We observe that
b b
o [t -] < [ e - f@la = )

z by ((43), (45))
1{/ r0 - @l [ 176)- |dy} <

1 HDOZ fH Ja,x) o || f” [z,b] o
b_a{ EE /a(w—y) dy+7r( .y /r(y—x) dy}=
(47)

18
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1 @ @ a
Tty U2 g (&= @+ IDE o 0= )},
(48)

proving the claim. m
We continue with the optimality of Theorem 13.

Proposition 14 Inequalities (40), (41) are sharp, namely are attained by

= f@=0), Je€la,z],
f(J)_{(J—x)a, Je b, 49)

where a > 1, x € [a,b] is fized.
See that ?(k) (x_) = ?(k) (x4)=0,k=0,1,....m — 1.
We have that

1D5-Fll oo a0y = P&l o oy = T (@ + 1) (50)

CEI

Furthermore we notice

1 a+1 a+1
LHS.(40) = s {(b _ ) 4 (z— o)™t } (51)
and
R.H.S.(41) = (0-0"+ _a)a+1)p
A5G = =T a1 2) (1)
(e-a @ - 5
B (a+1)(b—a) ’ )
proving the claim.
We continue with
Theorem 15 All as in Theorem 13. Then (z € [a,b])
b
o [ Ty @) < (53)

1 a a «a
b=t Uy @ = @+ IDE oy 6= 2} <

b_ «@ + _ (03 N N
<( ® iC)CL)p ((jJr f)) ) maX{HDfC—fHLl([a,w]) , ”sz”Ll([x,b])}' (54)

Proof. Let x € [a,b]. From (42) we get (y € [a,x])

1 x a—1 o
If(y>—f(w)ér(a)/y (] =) |DE_f (J)] dJ < (55)

10
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1

T T — a—1 T
m(gg-y)a*l/ |D;“f(J)|dJ§(F(2)/ DS_f ()] dJ. (56)

That is

||D’§—f||L1([a,a:])

P - T @) < -y T B vyl 6D
Similarly from (44) we get
- F@ < mi [ -0t 0D @l 69)
~ (o) /s !

SNVt iy Vyelnt (59)

- I @ J WLy ([2,0]) Yy e

From (46) we obtain
b

o [ Ty f @) < (60)

1 D%_'f a,x * — Dg T b —
{H [P ])/ ()" dy + 1D fllz, ,b])/ (y— 2 dy

b—a I'(a) I'(a)
(61)
1 @ « « [
= b—a)T(atl) {HDxff”Ll([a,x]) (z —a)” + 1D fllL, (o) (b— ) } =
b—2)"+ (z —a)” o o
<( G _)a)p ((a T 1)) ) maX{HDx—fHLl([a,x]) ; ||Dwf||L1([m,b])}a (62)

proving the claim. m
We also give

Theorem 16 All as in Theorem 15. Let p,q > 1: %—i—% =1. Then (z € [a,b])
10 1

o [ Ty f @) < ——— (63)

a (b= a)T (@) (p(a—1)+ 17 (a+ 1)

{@= ™ P IDI_F, gy + =) 7 IDEF U oy | <

(b—2)""7 + (2 —a)™7 .
(b—a)T (@) (pla—1)+1) (a+1)

max { | D3 £, s 1P F st } (64)

11
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Proof. By (55) we get

1 (e Do CER,
If(y)—f(fc>lﬁr(a)</y (J — )" ”dJ) [ P

G
= 1 Dg— 5
T (Oé) (p (O[ _ 1) n 1)5 H fHLq([a,z])

Similarly from (58) we derive

Yy € la,x]. (65)

1
p

1 y pla— o
If(y)—f(rf)<r(a)</l (4 — w)" ”dw) 1Dl )

1 o)t )
n F(Oz) <p<a_1)_~_1)% H‘DIf”Lq([m,b])? VyE[ 7b]' (66)
By (46) we derive
1 b 1
[ d _ T .
b—a/a fy)dy — f () SF(Oé)(bfa)(p(a—l)Jrl)E

{(/ (@—y)* "> dy) ||D$—f||Lq([a,x]) +
b s
</ (y—a)* 77 dy) ||D§f||Lq([x,b])} (67)

1
(b-a)l(@)(p(a—1)+ 1 (at 1)

{@= a5 D2l gy + O DT IDE gy oy b < (69)

(b— a:)m_% + (z— a)aﬂ%
(b—a)T (@) (p(a—1)+1)7 (a+3)

) max{HD;‘_fHLq([a’I]) ; ||D§f||Lq([gc,b])} :

(69)
proving the claim. m

Corollary 17 All as in Theorem 13. Then

< (70)

b
[ @1 @)

(b—2)°"% 4 (x—a)*? )
max < ||Do_ f o DS (e .
((b—a)l"(a) V2a—T(a+ 1) {H HLz([ ) La([ ,b])}

12
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Proof. By Theorem 16. m
Combining Theorems 13, 15, 16 we derive

Theorem 18 Here all as in Theorem 13. Let any p,q > 1: % +1=1. Then

b
| T @) <

(D2l o (@ = 0 + 1D f oy (b= )}

mm{(b_);(m

(b)—a+1{” 2l oy @ = @+ 1D gy oy b= @)} (71)
1
(b—a)T (@) (p(a—1)+1)7 (a+3)

{@ = DL g0y + =27 1D fll gy} <

. b—z)* 4 (z—a)*! a o
mm{<( ) )max{”D oot 105 oo}

b— a+ - “ a «
(e Y (D2 Sl oy 1D e} (72

(b— x)‘”i +(z — a)‘”i
(b—a)T (@) (pla—1)+1) (a+1)

max {1 D3£Il ooy 1D ey } |-

4 Applications

Inequalities for complex valued functions defined on the unit circle were studied
extensively by S. Dragomir, see [7], [8].

We give here our version for these functions involved in Ostrowski type
inequalities, by applying results of this article.

Let t € [a,b] C [0,27), the unit circle arc A = {z € C: z =¢€", t € [a,b]},
and f : A — C be a continuous function. Clearly here there exist functions
u,v : A — R continuous, the real and the complex part of f, respectively, such
that

f(e") =u(e") +iv (). (73)
So that f is continuous, iff u,v are continuous.
Call g(t) = f (), Iy (t) = u(e™), lo(t) = v(e™), t € [a,b]; so that g :

[a,b] — C and Iy,l5 : [a,b] — R are continuous functions in ¢.

13
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If g has a derivative with respect to ¢, then [y, I have also derivatives with
respect to t. In that case

Fo () = g () + vy (e) (74)
(i.e. ¢' (t) =1 (t) + il (¢)), which means

fi (cost +isint) = uy (cost + isint) + vy (cost + isint). (75)
Let us call z = cost, y = sint. Then

ug (") = ug (cost +isint) = uy (z +iy) = w (z,y) =

oudr  Oudy Ou(e") . ou (™)
ot Togar T on (—sint) + o9 cost. (76)
Similarly we find that
it it
v (e) 3118(2 ) (—sint) + va(; ) cost (77)
So that
. Ou (e Ou (e
”ut (elt)Hoo,[a,b] S 8(:1; ) + 8( ) ’ (78)
0,[a,b] Y ,[a,b]
and
. v (e v (et
o () g < |2 2 )
00,[a,b] \la,b]
Consequently it holds
Hft (elt)Hoo,[a,b] =
du (e™) v (e') ou (™) v (e')
Ox Oy Oy - (80)
0,[a,b] 00,[a,b] 00,[a,b] 0,[a,b]

Since g is continuous on [a, b], then f;) f (e”) dt exists. Furthermore it holds

b b b
/ F (e dt = / w (e dt + i / o () dt. (81)
a a a
Let now tg € [a,b]. We observe that

1

b . .
. / £ (et di— f (e

1

b b
b—a/a u(e”)dtJribia/a v(e“)dtfu(eit“)fiv(e”")

< (82

14
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L [0 i Lo o] (o ()
b—a au(et)dt u(e™)] + b_a/av(et)dt—v(etO) <

1 (to—a+b)2 it )

R (D) (e (€)oo oy + ot (€| o] - 83)

We have proved the following version of Ostrowski inequality for complex func-
tions.

Theorem 19 Let f € C (A, C) with its real and complex part u (e”) U (e”) €
C' ([a,b]) as functions of t, where ty € [a,b] C [0,27). Then

1 b . 4
e [ o) <
1 (o — 252)° . )

L i ((()b;)z) ] (6= a) [l ()l sy * 120 () o] = 59
I DN PR
1 + - a)2 (b—a) (85)

‘ ou (e”) ’ v (6“) ou (e”) N ov (eit)
dx oz Ay dy
0,[a,b] 00,[a,b] 00,[a,b] 0,[a,b)

Inequality (84) is sharp.

An explanation follows next.
For z € C—{0} we call principal value of log (z) the complex valued function

Log (z) :==In|z| + iArg (2), (86)

where 0 < Arg (z) < 2.
For t € [0,27) we have that

Log (™) = it. (87)
Let here a = 0 < b < 2w, and ¢ty = 0. Here {1 (t) = 0 and I3 (¢) = t, with
() =1.
Notice in general that
1 (to — =tb)® b — to)? —a)?
,_A'_(O 22) (b—a)z( 0) +(t0 a) , (88)

for any ¢y € [a, b], see [9], p. 498 and [1].

15
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Hence we have

S| =

1 b b b
— itdt| = tdt = —.
b[;z A : (89)

RHS.(84) =2 -1=—. (90)

b
L.H.S.(84) = |ll)/ Log (&™) dt
0

Furthermore it holds

By (89) and (90) we conclude that inequality (84) is attained by Log at tg = 0
on [0, b], that is a sharp inequality.

We now move at the fractional level.

Let to € [a,b], we rewrite (82) as follows

1

b
m/a f (eit) dt — f (eito)

<

b
bia/ L (8)dt — 1y (to)

+

b
ﬁ/ b ()dt—15(to)|.  (91)

By applying Theorem 18 to each of the last two summands we derive the fol-
lowing complex fractional Ostrowski inequality.

=1.

sume

Theorem 20 Let f € C(A,C), t,tg € [a,b] C[0,27); any p,qg>1:+ +
Let « > 1, m = [, with l1,ly € C2_ ([a,to]) and I1,l> € CF ([to,b]). A
that lgk) (to) = lgk) (to)) =0, k =1,...,m — 1, which is void when 1 < a < 2.
Then

1
q
S

V'BM—‘

1 ’ it it
m/ ) dt—f(e*)| <
. 1 . )
min{ gy {108 Bl o =)+ D5y 0= 20"}
1 . X )
m {HDto— HLl([a,to]) (to —a)” + HDtDllHLl([to,b]) (b—to) } )
1 .
(b=a)T (@) (p(a—1)+ 17 (a+ 1)
at+l a
{0 =™ 128, -l oy + O = 0 F 1D} +
i 1 a+1 atl
min{ g {105l g (0= 0+ D5l =10
1 . X )
W{HD“‘ 124 atopy (0 = @) +||Dtol2||L1<[to,b1> (b—to)"},

1
(b—a)T () (p(a—1)+1)7 (O‘Jrz%)'

16
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atL @ a+L o
{0 =) P IDE bl gy + 6= 1) 7 DRl o < (92)

] (b—t )a+1 + (t o a)a+1
m1n{< (Zia)r(a'{k 2) maX{HD%,hHOO,[ayto],

(b—t0)" + (to — a)”* N N
( bt t) )max{||Dto—llHL1([a,to]>’||Dtoll|lm<[to,b1>}’

(b—to)* "% + (to — @) ¥
(b—a)T(a)(p(a—1)+ ¥ (a+3)

D%llHLq([tO,b])}} +
b= t0) T+ (b — ) " s
min { ( (g —a)T (on+ 2) max { ||Dto—12Hoo,[a,t0] ’ HDt‘)lQH“’[to’b]} 7

(b—to)* + (to — a)® ”
< (bfa)r(a0+ ) )maX{HDtoleLlaa,toh’

D511} -

max{HD%Jl

HLq({a,to]) ’

DéihHLl([to,bD} )

(b—t0)* "7 + (to — a)*" ¥
(b—a)T(a) (pla—1)+1)7 (a+%>

max{||Dta:J—12||Lq([a,t0]) ) HD?:)lQHLq([tmb])}} ' (93)
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Abstract

Here we establish a fractional Polya type integral inequality with the
help of generalised right and left fractional derivatives. The amazing fact
here is that we do not need any boundary conditions as the classical Polya
integral inequality requires.
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1 Introduction

We mention the following famous Polya’s integral inequality, see [7], [8, p, 62],
[9] and [10, p. 83].

Theorem 1 Let f (z) be differentiable and not identically a constant on [a,b]
with f (a) = f (b) =0. Then the exists at least one point £ € [a,b] such that

b
701> G | S 0

In [11], Feng Qi presents the following very interesting Polya type integral
inequality (2), which generalizes (1).

Theorem 2 Let f (x) be differentiable and not identically constant on [a, b] with

f(a)=f(®b)=0and M = sup |f' (z)|. Then
z€la,b]

/abf(:r)dx

(b=0)® . )
where =~ in (2) is the best constant.

(b—a)*
1

< M, (2)
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In this short note we present a fractional Polya type integral inequality,
similar to (2), without the boundary conditions f (a) = f (b) = 0.

For the last we need the following fractional calculus background.

Let «a >0, m=1[a],B=a—-—m,0< 8 <1, feC(ab]), [a,b] C R,
z € [a,b]. The gamma function I' is given by I' (a) = [~ e *t*~'dt. We define
the left Riemann-Liouville integral

(U2 @) = g [ om0 O 0

(a
a < 2 < b. We define the subspace C, ([a.b]) of C™ ([a,b]):

Cay (lab]) = {f € C™ ([a,b]) : T /™ € C* ([a,b]) } (4)

For f € Cg, ([a,b]), we define the left generalized a-fractional derivative of
f over [a,b] as
/
Dy f = (™) (5)
see [1], p. 24. Canavati first in [3] introduced the above over [0, 1].
Notice that D3 f € C ([a,b]).

We need the following left fractional Taylor’s formula, see [1], pp. 8-10, and
in [3] the same over [0, 1] that appeared first.

Theorem 3 Let f € CF, ([a,b]).
(i) If « > 1, then

(x—a)® (z—a)™"
f(z)=f(a)+f (a)(x —a)+f"(a) T+~~+f(m71) (a) o1 (6)
1 * a—1 o
+m/a (w— )™ (Do) (D dt,  all w € [a,b)].
(i1) If 0 < a < 1, we have
1 * a—1
f(x)= F(a)/ (x —t) (Dgyf) () dt,  allx € [a,b]. (7)

We will use (7).
Notice that

/: (z—t)* 1 (DS, f) (t)dt = /w (D2, f) (t)d (“”__Of)a>

(z —a)®

= (Dg‘Jr ) (3 , where &, € [a,2], (8)

by first integral mean value theorem. Hence, when 0 < o < 1, we get

F) = (D30) €) kg all e € o, )
2
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Furthermore we need:
Let again @ > 0, m = [a], 8 = a—m, f € C([a,b]), call the right Riemann-
Liouville fractional integral operator by

(1) @)1= g [ =2 r @) (10)

x € [a,b], see also [2], [4], [5], [6], [12]. Define the subspace of functions
Ci- (a,b) = {f € C™ (la,b) : P f € €M (0B ). (1)

Define the right generalized a-fractional derivative of f over [a, b] as
I
Dy f = ()" (B2 (12)
see [2]. We set DY _f = f. Notice that D¢ f € C([a,b]).
From [2], we need the following right Taylor fractional formula.

Theorem 4 Let f € C* ([a,b]), « >0, m := [a]. Then
(i) If a > 1, we get

m—1 f(k) (b)

Fa)=Y " @=0)"+ (JLDy ) (@), alzelad]. (13)
k=0

() If 0 < a < 1, we get

« « 1 ’ a—1 «
flz)=J"Dp_ f(z) = @/ (t—2x) (Dbff) (t)dt, allz € [a,b].
(14)

We will use (14).
Notice that

/: (t— )" (Dg_f) (1) dt = / " (D8 1) ()4 ((t m)a)

(0%

b _ (0%
= (05 1) () L= where, € [, 1], (15)
by first integral mean value theorem. Hence, when 0 < a < 1, we obtain

(b—2)°

Taxl) all z € [a,b]. (16)

f (@)= (Dy_f) (n,,)
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2 Main Result

We present the following fractional Polya type integral inequality without any
boundary conditions.

Theorem 5 Let 0 < a < 1, f € C([a,b]). Assume f € C% ([a,*E]) and
fecg ([ef2,b]). Set

M (f) = max {| D2 £l o oy [ D5- Sl o g - (17)
Then N
(bfa,)a 1

) do /|f ds <M (1) f (18)

Inequality (18) 1s sharp, namely it is attained by

z—a), z¢€la, 2t
f*(x)—{gb_x))a: xee[[a‘;*bfb]]}’ 0<a<l. (19)

Clearly here mon zero constant functions f are excluded.

Proof. By (9) we get

[ b
\f(a:)|§HD f” I(‘x(a—i—)l) for any = € a,a; } (20)
By (16) we derive
b—x)* [ b
|f<:c>|§||D?_f||w[a;b,b]r((af)1), for any v € [ “1 ,b] (21)

Hence we get

b

b
f@ldet [ 1f @)]do

2

/ab|f<x>|da:=/aa§

(by (20), (21))

D fll o fuosy 45 Dbl 220
< 192 H‘X’»[“v 31’]/ ’ (z —a)"dz + H H L / (b—2)" dx

T(at1) T (a +1)
(22)
T N - | T R
<r<a+1>><a+1>( 2 ) +<r<a+1>>< +1>( 2 )
(1Dl oo + 15l o ) 75— o
= T (o +2) ( 2 > ' (23)
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So we have proved that

b—a)*
D3l oz} r((a+)2)2 (24)

b
[ 15 @lde < max {5, S o0

proving (18).
Notice that

so that f. € C ([a,b]).
Here m = 0. We see that

(55 (= @)*) (@) = (JiFo (= 0)*) (@) =

1 * - « _

(by [13], p. 256)

1 T(l-a)T(a+1)

(z—a)=T(a+1)(z—a).

T(i—a) T (2)
Hence b
D¢ (z—a)*=T(a+1), forallze [a,a;}. (25)
Therefore
105+ (& = @) g 040y =T @+ 1). (26)

Furthermore we have

(B2 0= @) = gy [ (=) =) e

iy (1417 a) / (b @ (g - - gy
(by [13], p. 256)

1 T(a+1)T(1-a)
T(l—a) T (2)

(b—z)=T(a+1)(b—2z).

Therefore
o o a+b
Dy (b—2)"=T(a+1), foralaxe T’b , (27)

5
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and
| Dy (b— x)"Hooy[aTﬂb] =T(a+1). (28)

Consequently we find that
M(f)=T(a+1). (29)
Applying f. into (18) we obtain:

_a a+1 —a a+1
R.H.S.(18) for f, =TI (a+1) r(lza+)2) T ((I:H 1)) TR (30)

while we get the same result from

b
L.H.S. (18) for f. = / fo (z)dx

(b—a)**

/a (x —a)* dﬂc—i—/a;b (b—x)"dx = PESEE (31)

proving sharpness of (18). m
We make

a+b
= b

Remark 6 When o > 1, thus m = [a] > 1, and by assuming that f*) (a) =
) (b) =0,k=0,1,...,m—1, we can prove the same statements as in Theorem
5. If we set there a = 1 we derive exactly Theorem 2. So we generalize Theorem
2. Again here f(") cannot be a constant different than zero, equivalently, f
cannot be a non-trivial polynomial of degree m.
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Abstract

Here we establish a series of various fractional Polya type integral in-
equalities with the help of generalised right and left fractional derivatives.
We give application to complex valued functions defined on the unit circle.
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1 Introduction

We mention the following famous Polya’s integral inequality, see [12], [13, p,
62], [14] and [15, p. 83].

Theorem 1 Let f (z) be differentiable and not identically a constant on [a,b]
with f (a) = f(b) = 0. Then the exists at least one point £ € [a,b] such that

701> G | S 0

In [16], Feng Qi presents the following very interesting Polya type integral
inequality (2), which generalizes (1).
Theorem 2 Let f (x) be differentiable and not identically constant on [a, b] with
fla)=f(®b)=0and M = sup |f' (z)|. Then

z€Ja,b]

/abf(x)d:c

(b=0) . )
where =~ in (2) is the best constant.

(b—a)*

<
- 4

M, (2)
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The above motivate the current paper.

In this article we present univariate fractional Polya type integral inequalities
in various cases, similar to (2).

For the last we need the following fractional calculus background.

Let «a >0, m=1[a],B=a—-—m,0< 8 <1, feC(ab])), a,b C R,
a € [a,b]. The gamma function I' is given by T' (o) = [~ e~*¢t*~'dt. We define
the left Riemann-Liouville integral

(T2 f) (@) = ﬁ / S (1 dr, 3)
a < 2 < b. We define the subspace Cg, ([a.b]) of C™ ([a,b]):

Cay ([a,b]) = {f € C™ ([a,b) : JiF, ) € C* ([a,0]) } (4)

For f € C3, ([a,b]), we define the left generalized a-fractional derivative of
f over [a,b] as
a at+ r(m) '
Da+f = (Jl_ﬂf ) 9 (5)

see [1], p. 24. Canavati first in [5], introduced the above over [0, 1].

Notice that D3 f € C ([a,b]).

We need the following left fractional Taylor’s formula, see [1], pp. 8-10, and
in [5] the same over [0, 1] that appeared first.

Theorem 3 Let f € C¢, ([a,b]).
(i) If « > 1, then

F@)=F @+ 7 @ =0+ @ TG et 1 (@ e (6)
1 o
+m/a (x — 1) 1(DaJr )(t)dt, allz € la,b].
(i1) If 0 < a < 1, we have
1 ¢ a—1
f(z)= m/ (x —1t) (D3+f) (t)dt, allx € [a,b]. (7

Furthermore we need:
Let again o > 0, m = [a], 8 = a—m, f € C([a,b]), call the right Riemann-
Liouville fractional integral operator by

o L e
(50) @)= gy [ =" p 0y ¥
x € [a,b], see also [2], [8], [9], [10], [17]. Define the subspace of functions
Cir (fa,b]) = {f € C™ ([a,4)) : 1,7 £ € € ([a,B]) } (9)
2
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Define the right generalized a-fractional derivative of f over [a, b] as

I
Dy f = ()" (B2 (10)
see [2]. We set DY_f = f. Notice that D¢ f € C ([a,b]).
From [2], we need the following right Taylor fractional formula.
Theorem 4 Let f € Cf ([a,b]), a >0, m:= [a]. Then
(i) If « > 1, we get
m—1 (k) b
f@):E:fkf)@FWf+%LﬁDﬁfﬂ@, all z € [a,b].  (11)
k=0 ’
() If 0 < a < 1, we get
I o1 /1
fx)=J"Dy f(z) = m/ (t—a)*! (Dp_f) (t)dt, allx € [a,b].
(12)

We need from [3]

Definition 5 Let f € C([a,b]), z € [a,b], & > 0, m := [a]. Assume that
f ey ([‘IT'H’,I)D and f € Cg, ([a7 “TM]) We define the balanced Canavati
type fractional derivative by

D¢ f(z), for “E <<,

Df (@) :{Dg+f(x), fora§x<%+b. (13)

In [4] we proved the following fractional Polya type integral inequality without
any boundary conditions.

Theorem 6 Let 0 < a < 1, f € C([a,b]). Assume f € C% ([a,*E]) and
fece ([242,5]). Set

My () = max {5l ooy 108 oo} (09)

/abf(:c)d:r

(198 ooy + 105 pose 1) 76—
I'(a+2) ( 2

Then ,
< / 1 ()] da < (15)

a+1 a+1
(b—a)
<M .
) = 1ghxa+2ma
(16)
Inequalities (15), (16) are sharp, namely they are attained by
(z—a)*, z€[a, %

T 2 ] a
ﬂ()_{@—@? xeﬁ#ﬁ]}’0< <L (17)

Clearly here non zero constant functions f are excluded.
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The last result also motivates this work.

Remark 7 (see [4]) When a > 1, thus m = [o] > 1, and by assuming that
f® (a) = f®(b) =0, k= 0,1,...,m — 1, we can prove the same statements
(15), (16), (17) as in Theorem 6. If we set there o = 1 we derive exactly
Theorem 2. So we have generalized Theorem 2. Again here f(™) cannot be a
constant different than zero, equivalently, f cannot be a non-trivial polynomial
of degree m.

We continue here with other interesting univariate fractional Polya type
inequalities.

2 Main Results

We present our first main result.

Theorem 8 Let a > 1, m = [a], f € C([a,b]). Assume f € C%, ([a, %))
and f € Cpt ([“T'H’,b]), such that f®) (a) = (k) (b)=0,k=0,1,....m—1. Set
Ma () = max { [ D2l o ooy 105, ooy - (09
Then
1 b—a a M2 (f) «
< < e (p—
15T+ < 2 ) D%z o) = Tig 5 1) 201 @~ @)
(20)
Here f cannot be a non-trivial polynomial of degree m.
Proof. By assumption and Theorem 3 we have
1 “ a+b
= — — D¢ 1 21
@)=t [ @0 D5 Od alae o 5] @)

also it holds, by assumtion and Theorem 4, that

. /: (t—2)* " (Dg_f) (t)dt, allze [a;b b] (22)

PO < g [ @07 (D) 0] a
(.73 — a)a—l ofd o a+b
< W/a |(Da+ ) (t)’dt, all z € {a, 5 } . (23)
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By (22) we derive
b
F@) < w1 [ o 0 0]

g(b% |(Ds—f) (t)] dt, allxe[“;’b,b]. (24)

Consequently we have

a+b

[T (/

w50 (777) 1P sy

ZU _ a a 1 d$> HD f||L1 a+b]) (25)

and

b
fubr

2

/'_\
\@

a 1dx> ||‘Db fHL1 +b b]) (26)

b—
Far ( ; ) 18- Al ey
Therefore we obtain by adding (25) and (26) that

[ s < = (550 195

1 b—a\® .
=F(a+1>< %) 1Dl <

b—a)®
VI8 Ay e )} T 2)

) D5 Al g b])}

masc{ | D24 £, (o,

proving the claim. m
We continue with

Theorem 9 Let p,g>1: - + +=1,a> 5, m = la], f € C(a,b]). Assume
fecd (la ,%b]) and f e ca ([#£2,0]), such that f*) (a) = f®) (b) = 0,
k=0,1,....m—1. When % ; <a< 1, the last boundary conditions are void.

Set

My (f) = max {[| D&, £ (0,20

Dg“_fHLq([aTﬂ,’bD}. (29)

Then

b 1 b—a\*r
/a|f($)dmgr(a)(p(a1)+1)3:(a+117)< 2 > B

5
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1954 g g2y + 1PE Al g ] <

(f) a+i
i (b—a)""r. (31)
T (a)(p (af1)+1)5( %) 9014

Again here f cannot be a non-trivial polynomial of degree m.

Proof. By Theorem 3 we have

P02 i [ @07 (02) 0]
Lo N (e )
< ([ e a)" ([ 1emnora)
1 (w—a)M a+b
g 108l o ogeyy o Forall e [a, ] (32)
That is
1 (z—a)" a+b
‘f(x)|gr(a)(p(a—1) 7|| f||L a0]) forallxe{a, 5 ]
(33)
Similarly from Theorem 4 we get
b
f @) < %a)/ (t— )" |(D5_f) (8)]
b
Sr(la</z (t — x)P” ”dt) </|Db £ ( ]”dt) (34)
1 b_ @D+ atb
< F(a) (( ( )1) 1 HDb f”L ath b])’ for all z € [;,b:| . (35)
That is
1 (b—=2)" e a+b
16 S s 0 r P8l ey Prallze [Q,b}
(36)

Consequently we obtain by (33) that

a+b

[ @l s

a+b

: 2 zfaa_l—kédl‘ D atb]y =
T(a)(p(a—1)+1)7 (/ (z-a) >|| N PN

6
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1 b—a aty o
F(a)(p(a—1)+1)% (a—|—11))( 2 ) ||Da+fHLq([a,aT+b]). (37)

Similarly it holds by (36) that

b
[ @<

2

1 b it ) X
T b—x v dz | || DY ey =
') pa—1)+1)7 (/l;b ( ) D7 fHLq([T,b])

1 b—a aty o
I' () (p(a—l)-q—l)% (a—|—1l?) ( 2 ) ||Db7f||Lq([a;b,b])' (38)

Adding (37) and (38) we have

b 1 b—a\*"r
/af(w)ldxﬁr(a)(p(a_l)+l); (a+;)< 2 ) (39)

(IDE A o gy + 1D ez apy] <

max {105 7, g 22 125 |, oo
F(@)(pa—1)+ 17 (at3)205

(b—a)*ts

proving the claim. m
Combining Theorem 6, Remark 7, Theorem 8 and Theorem 9, we obtain

Theorem 10 Let any p,q > 1: %—i— % =1L a>1,m=]la], f€C(a,b]). As-
sume f € C&, ([a, “E2]) and f € C5- ([“E2,b]), such that f*) (a) = f*) (b) =
0, k=0,1,....m—1.

Then

b
[ 1s@lds <
| {(me[a,a;b] 1Dl o) (M)w

i T (a+2) 2

1 b—a\”
D~ 41
ot D) ( 5 ) 1D Fll Ly fat)) » (41)

125 A o g2 + 108 et (5 a)aﬁ <
I (0) (pla— 1)+ 1)5 (a+ 1) 2 =

7
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. b—a)™  My(f) o
mm{Ml (f) T (a+2)2%° F(a+21)2a—1 (b=a)",
Ms (f)

3=

1 (b - a)OH*% ) (42)
F(@@la—D+1F (at)z }

where My (f) as in (14), Mo (f) as in (18) and M3 (f) as in (29).
Here f cannot be a non-trivial polynomial of degree m.

Corollary 11 Here all as in Theorem 10. Then

b
bia/ f(x)dz

(19l o, 253] + 1P5S o .07)
T (O( 4 2) 9a+1

b
sﬁ/ f (@) do <

(b—a)”, (43)

min
1
20T (. + 1)

1024 £y foseso]y + 108 L pese
T(a)(p(a—1)+1)7 (a + %) gati

a—1 o
(b—a) |D fHLl([a,b]) )

. a)aJr%*l S

(b—a)* M; (f)

min{M1 (f) IM(a+2)22" T (a+1)201 (b—a)* ",
Ms (J:) - — (b - a)aqt%fl ‘ (44)
[ (a)(p(a—1)+1)" <o¢+§)2w .

In 1938, A. Ostrowski [11] proved the following important inequality:

Theorem 12 Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e., ||f'| =
sup |f'(t)| < +o0. Then

te(a,b)

a+b

H ()] -, @5)

< TT 2
B (b—a)

b
7 | Fwa- 1@

for any x € [a,b]. The constant i is the best possible.
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In (45) for z = 2£° we get

b_lafabf(wdt—f(“;b)

We have proved the following

< (Tl (46)

Theorem 13 Let f € C' ([a,b]), with f (“52) = 0. Then

/bm)dt S Unll

—a ,
- , 47
7 (47)

where the constant i 1s the best possible.

So we reproved (2) with only one initial condition.

3 Application

Inequalities for complex valued functions defined on the unit circle were studied
extensively by S. Dragomir, see [6], [7].

We give here our version for these functions involved in a Polya type inequal-
ity, by applying a result of this article.

Let t € [a,b] C [0,27), the unit circle arc A = {z cC:z=¢" te [a,b]},
and f : A — C be a continuous function. Clearly here there exist functions
u,v : A — R continuous, the real and the complex part of f, respectively, such
that

f(e") =u(e") +iv (). (48)
So that f is continuous, iff u, v are continuous.

Call g(t) = f (), Iy (¢t) = u(e™), lo(t) = v (e™), t € [a,b]; so that g :
[a,b] — C and Iy,l5 : [a,b] — R are continuous functions in ¢.

If g has a derivative with respect to ¢, then [y, I have also derivatives with
respect to ¢t. In that case

f (eit) = uy (eit) + vy (eit) , (49)
(i.e. ¢’ (t) =1 () +1l5 (¢)), which means
fi (cost +isint) = uy (cost + isint) + ivg (cost + isint) . (50)
Let us call z = cost, y = sint. Then
uy (€") = wy (cost +isint) = u, (z + iy) = w (x,y) =

ouds | dudy _ ou(e")
dr ot oJyot Oz

. ou (™)
(—sint) + ; cost. (51)
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Similarly we find that

v (e') (—sint) + dv (e')

v (e) = o 9y cost. (52)

Since g is continuous on [a, b], then fab f (&™) dt exists. Furthermore it holds
b . b . b .
/ F ey dt = / w (e dt 4 / o () dt. (53)
a a a
We have here that

Tt dt

/\f )| dt < (54)

b
/|u it) |dt+/ v ()] dt = /|z1 |dt+/ b ®)|dt.  (55)

We give the following application of Theorem 10.

Theorem 14 Let f € C (A, C), [a,b] C [0,27); any p,q > 1: 1%4—% =1, a>1,
m = [a]. Assume li,l; € CF, ([a, ‘“2”’ ) and ly,lp € Cp ([i ]), such that
19 (@) =18 (a) =1 ) =18 () =0, k =0,1,....,m — 1. Then
b ) b )
[ ey < [Clren]ar<
a a
L e ) AT
i N (*5%) - o
1 b—a\® o
I‘(a—l—l) < 2 > ||D Zl||L1([a,b])7
(1Dl 0,007y + D50 s o)) (b_a>a+; X
T (a )(p(a71)+1) (a+;) 2
(1Pl et + D5 s ) 7 — g+
i F(a—|—2) ( 2 ) ’

1 b—a\" .
r(a+1)< 2 > D%t (0. »

128+ L2l o) + 1D el 252 (o)
L) (pla-1)+1)7 (a+1) 2

IN

10
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(b—a)*t M, (Iy)
[(a+2)20" T (a+1)201

min {Ml (ll)

M (lh)
T (a)(p(a—1)+1)7 (a + %) 90y

(b—a)*! M (Iy)
F(a+2)2“’ I'(a+1)20-1

min{M1 (lg) (bia)aa

M3 (1)
F(@)(pa—1)+ 17 (at3)20s

where My (I;) as in (14), Ma (1;) as in (18) and M3 (I;) as in (29), i =1,2.
Here Iy, Iy cannot be non-trivial polynomials of degree m.

(b_ a)OH*% )
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Multivariate Generalised Fractional Polya type
integral inequalities
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Abstract
Here we present a set of multivariate generalised fractional Polya type
integral inequalities on the ball and shell. We treat both the radial and
non-radial cases in all possibilities. We give also estimates for the related
averages.

2010 AMS Subject Classification : 26A33, 26D10, 26D15.

Keywords and Phrases: multivariate Polya integral inequality, radial gener-
alised fractional derivative, ball, shell.

1 Introduction

We mention the following famous Polya’s integral inequality, see [9], [10, p, 62],
[11] and [12, p. 83].

Theorem 1 Let f (x) be differentiable and not identically a constant on [a,b)
with f (a) = f(b) =0. Then the exists at least one point £ € [a,b] such that

b
)] > (b“) / f () d. (1)

In [13], Feng Qi presents the following very interesting Polya type integral
inequality (2), which generalizes (1).

Theorem 2 Let f (x) be differentiable and not identically constant on [a, b] with
f@)=f(®b)=0and M = sup |f (x)|. Then
z€la,b]

b N2
[ r@a < L5

< )
- 4

—_
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where % in (2) is the best constant.

The above motivate the current paper.

In this article we present multivariate fractional Polya type integral inequal-
ities in various cases, similar to (2).

For the last we need the following fractional calculus background.

Let @« > 0, m = [«o] ([}] is the integral part), § = a—m, 0 < 8 < 1,
f € C([a,b]), [a,b] C R, x € [a,b]. The gamma function I' is given by T () =
JT e tt*"1dt. We define the left Riemann-Liouville integral

(']&Hf) (z) = m

a < 2 <b. We define the subspace CZ, ([a.b]) of C™ ([a,b]):

1 ‘ a—1
| / (x— 0" £ (1) dt, 3)

Core ([, b)) = { £ € €™ ([, b)) : S, £ € € ([a,b) } - (4)

For f € Cg, ([a,b]), we define the left generalized a-fractional derivative of
f over [a,b] as
/
oot = (Tt (5)
see [1], p. 24. Canavati first in [5], introduced the above over [0, 1].
Notice that Dy, f € C ([a,b]).

We need the following left fractional Taylor’s formula, see [1], pp. 8-10, and
in [5] the same over [0, 1] that appeared first.

Theorem 3 Let f € CF, ([a,b]).
(i) If « > 1, then

- , Y (ZL‘ _ G,)Q _— (33 _ a)'m—l
f(@)=f(a)+f (a)(x—a)+f (G)T+...+f( )(a)w (6)
1 —t
+W/a (x—1) 1(DaJr )()dt, allx € la,b].
(i1) If 0 < a < 1, we have
f(x)= ﬁ /I (z—t)*" (D f) (t)dt,  allz € [a,b]. (7)

Furthermore we need:
Let again @ > 0, m = [a], 8 =a—m, f € C([a,b]), call the right Riemann-
Liouville fractional integral operator by

b
U5 f) @) = s [ E=a) " F 0 a ¥

T (a)
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x € [a,b], see also [2], [6], [7], [8], [15]. Define the subspace of functions
Ci (fa,b]) = {f € C™ ([a, ) : 1,7 £ € C" ([a,B]) } (9)

Define the right generalized a-fractional derivative of f over [a,b] as

I
Dy f = (=" (=0 (10)
see [2]. We set DY _f = f. Notice that D¢ f € C ([a,b]).
From [2], we need the following right Taylor fractional formula.
Theorem 4 Let f € Cf ([a,b]), a >0, m:= [a]. Then
(i) If « > 1, we get
m—1 (k) b
f(x)= Z fT()(m—b)k—G— (J,?_Dg‘_f) (), allz€la,bl. (11)
k=0 '
(i1) If 0 < o < 1, we get
1 a1 o
fx)=J"Dy f(z) = m/ (t—a)*! (Dp_f) (t)dt, allx € [a,b].
(12)
We need from [3]
Definition 5 Let f € C([a,b]), = €

[a,b], « > 0, m = [a]. Assume that
fe g ([42,b]) and f € C2, ([a, %£2]). We define the balanced Canavati

type fractional derivative by

Dy f(z), for st <z <,

Dof (@)= {Dg+ (z), fora<wz< ot (13)

In [4] we proved the following fractional Polya type integral inequality without
any boundary conditions.

Theorem 6 Let 0 < a < 1, f € C([a,b]). Assume f € C% ([a,*E]) and
fecg ([ef2,b]). Set

M (f) = max {HDngfHoo,[a,“T“] )

/abf(:c)d:r

(1P2 ooy + 1D s )) 75— o (- )™
Mo t2) (3 =i
(16)

Dl uss ) - (14)
Then ,
< / 1 ()] da < (15)
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Inequalities (15), (16) are sharp, namely they are attained by

x—a)*, z¢€la, 2t
f*(m):{gb_x))a: xf[[a_z;b’zb]]}, 0<a<l. (17)

Clearly here non zero constant functions f are excluded.
The last result also motivates this work.

Remark 7 (see [4]) When o > 1, thus m = [a] > 1, and by assuming that
f® (a) = f®(b) =0, k =0,1,...,m — 1, we can prove the same statements
(15), (16), (17) as in Theorem 6. If we set there v = 1 we derive ezactly
Theorem 2. So we have generalized Theorem 2. Again here f™) cannot be a
constant different than zero, equivalently, f cannot be a non-trivial polynomial
of degree m.

We present Polya type integral inequalities on the ball and shell.

2 Main Results
‘We need

Remark 8 We define the ball B(0,R) = {x € RN : |z| < R} C RN, N > 2,
R > 0, and the sphere

SN=L.— {z e RN : |z| = 1},

where |-| is the Fuclidean norm. Let dw be the element of surface measure on
SN=1 and let

N

w 7/ do = 2T
Y e TRy

For x € RN — {0} we can write uniquely * = rw, where r = |z| > 0 and
N
w= €SV |w| =1. Note that [, p)dy = “xB_ s the Lebesque measure
of the ball.
Following [14, pp. 149-150, exercise 6] and [16, pp. 87-88, Theorem 5.2.2]
we can write F': B (0, R) — R a Lebesgue integrable function that

/B(o,R) Fleyde= /szv—l (/ORF (re) TN_ldT) dw; (18)

we use this formula a lot.
Initially the function f : B(0,R) — R is radial; that is, there exists a

function g such that f(xz) = g(r), where r = |z|, r € [0,R], V z € B(0,R),
o >0, m = [a]. Here we assume that g € C ([0, R]) with g € Cg, ([0, £]) and
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geCq_ ([%,R]), such that g*®) (0) = ¢®) (R) =0, k=0,1,....,m — 1. In case
of 0 < a < 1 then the last boundary conditions are void.
By assumption here and Theorem 3 we have

_ 1 ° a—1 «
909 = Fa7 [, (=0 (D) (). (19)
all s € [0, %} ,
also it holds, by assumption and Theorem 4, that
9= oy [ -9 (Dhg) (20)
g\s) = F(a) A S RrR-9 ’
all s € [§7 R] .

By (19) we get

(s — )" |(Dgs9) (0)] de

1
961 < 7 |
. 1 /f w1, ||D8“+9||oo,[o,§] .
< HDOJrgHoo,[o,g] m/o (s—1) = T Tty (21)
for any s € [O, g] .
That is
19591l . 0. 2]
|g(5|§—r(a+1) 5%, (22)
for any s € [O, g] .
Similarly we obtain
1 R a—1 o
96 < iy [ =" | (Dhg) 0]
P IR S -
SW/S (t—s) tzw(R—S) ; (23)
for any s € [%,R] .
Le. it hold
B 19501l 2.1
22 (R—s)", (24)

lg (s SW

R
for any s € [g,R] .
Next we observe that

/ f () dy
B(0,R)

(18)

d
< /B IO
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0
R N
212
19 (s)] leds) = (25)
( 0 L (%)
oy H _ R B (by (22) and (24))
(X { lg ()| s™ 1d5+/ g (s)] s™ 1ds} <
@) U ;
Il [
I (X)r(a+1) 0+9lloc,0,8] J, ° 5

I
—

S

=
2

D%l 2.7 LR (R—s)° ((s - ];) + ];)N_l ds}

% 1D8 9l o.2) RN\
e O

o[ (") (8) MR () -

7 ¥ RatN { 1959l . [0, 21

20+ N-1T (X)) (a+ N)T (a+ 1)

N—-1
hslegy 0| S e ) O

We have proved that
[ swal< [ irelas
B(0,R) B(0,R)

W%ROH’N ||D86+9H0<>,[0,§]
2t N-IT (X)) (a+ N)T (a+ 1)

(29)

N—-1 1
(N —1)! ||Dj'é_9||oo,[§,R] LZ_O KT (a+N+1-— k)] } '

6
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Consider now

s, se [0,%],
9-(3) {(Rs)o‘, se[& R], a>0 (30)
We have as in [4] that
R
D§ s*=T(a+1), alse {0,2] , (31)
and
|‘D8+Sa”oo,[0,§] =T (CY + 1) .
Similarly as in [| we get
o a R
Dy _(R—9)"=T(a+1), allse[2,R], (32)
and
D% (B =)l fz.0 = D@+ 1). (33)
That is
1986l o) = 1% g5 =T (04 1. (34
Consequently we find that
7% RN 1
R.H.S. (29) =
()= Gavir (4 et
N-1 1
N -DIT 1 .
(V=1 (a+1) ];Jk!F(a+N+1k)]} (35)
Let f. : B(0,R) — R be radial such that f.(x) = g« (s), s = |z|, s € [0, R], V
z € B(0,R).
Then we have
(18)
L.H.S. (29) = f«(y)dy =
B(0,R)
R oy
N-1
g« (8) s ds =
([ o) S
oy H +N—1 n a N—-1
~ /sa _ds—i—/ (R—28)"s""dsp = (36)
r(3) |Jo 2
o R\*™N 1 R N R\ R\
ey {(2) <a+N>+[; o ((s-3)+5) @)=

oy { RotN

2a+N (a + N)+
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SC)E) [ (8 e o

o Ro+N N
204N (o + N)

r
T(a+N+1—Fk) \2

(@ +1)T (N — k) (12%>Q+N’“} _

Roc—i—N 1
L (5)20+N-1 { (a+N) *

(N = DIT (o + 1)

N-1
1 (35)
=" R.H.S. (29 38
kzzoklr(a+N+1k)H (29), (38)
proving (29) sharp, infact it is attained.

We have proved the following main result.

Theorem 9 Let f : B(0,R) — R be radial; that is, there exists a function g
such that f(xz) = g(s), s = |z|, s € [0,R], YV € B(0,R), a > 0. Assume
that g € C([0,R]), with g € Cg, ([0,%]) and g € C&_ ([£,R]), such that
g™ 0)=g®(R)=0,k=0,1,...m—1, m=[a]. When 0 < a <1 the last

boundary conditions are void. Then

/ £ (y) dy g/ 1 ()| dy <
B(0,R) B(0,R)

W%RCH'N ’|Dg+gHoo,[0,§]
204N () ] (@ + N)T' (a+1)

N—-1 1
(N —1)! ||Di'é_9||oo,[§,R] LZ_O ET (a+N+1— k)] } '

Inequalities (39) are sharp, namely they are attained by a radial function f.
such that f« (z) = g« (s), all s € [0, R], where

s*, s L
9-(s) = {(R;— s)g ,[0’326] 7[%,3] . (40)

(39)

We continue with
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Remark 10 (Continuation of Remark 8) Here we assume that o > 1. By (19)
we get

96 < fezay 1084911 2 (41)
all s € [0, %} .
Also, by (20), we obtain
R—s)*t
lg (s)| < (1“@3) ||D?%—g||L1([§,R])’ (42)
all s € [%,R] .
Hence as in (25) we get
27 % & N-1 _
/ o @l < T ( | les ds> - (43)
oy [ % N1 R Nt | (G G2)
- {/ 9(s)] s ds+[§ 9()] s ds} £
o3 1 9
e { (/0 C“) 198 sll,ogp+ @0

R 1
(/R (R—s)"" SN_1d8> HD%Q\|L1([Q,R])} =

(acting the same as before, see (26)-(28))

a¥ RatN-1 ’|D3+9HL1([0,§])
N2 (M) Y @s N=1)T(a) "

N-1
(N = DDk, (12.7) LZ_O ml } = (45)

r¥pern-1 (1Dl (o.5))
e () | ¥ M- U (o)

N—-1
(N = DD, ([2.5)) LZO /f'F(OHiN—k)} } : (46)

We have proved
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Theorem 11 Here all terms and assumptions as in Theorem 9, however with
a>1. Then

Ro+N—1 ||D0+9||L 2]
me(”@_QMNQF(){@+N—U (@ "
N—-1 1
(N —-1)! HDngHLl([%,RD L—o k:'F(oM—N—k)} } . (47)

We continue with

Remark 12 (Also a continuation of Remark 8) Let here p,q > 1:

lyi=1,
with o > %. By (19) we have
l9.(s)] < F(la)/o (s — "L (D5, g) (8)] dt <
L ([t )
([ e-orra) ([1oars)
1 a1+ N
T a1+ 0F 1otz (49
all s € [0, %].
Similarly by (20) we obtain
R
g (s)] < Fla)/ (t— )" [(Dg_g) (b)] dt <
1 R . V(R i
FO‘)(/S (t — s)" 1)dt> (/S |(Dg_g) (t)] dt) =
1 (R— s)a71+%
F(a) (p( 1)—}—1)5 H R— ||L L R])’ (49)

all s € [&,R].
Hence it holds

5l R
: N-1 N1, | (b (48). (49))
T (Y) {/0 lg(s)] s ds+/ g (s)] s ds} <
2

272 §SQ+N72+% ) .
C@T(¥) a1+ 1 {</ ! ) 126l o5+ (50)

10
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B (o))

||D%—g||Lq([§,R])} =

[N

o e
D@D (3) (la—1) + 17 | (o n - ) 2lon=5) (o)

5 e () e (7

2 F(a+%+ka)

105l ) =

o A IDusl oy +
DT (§) a1+ Db | (at+n— )2l o8]

L) (Y) (pla—1)+1)7 20N =31

(N — )T (a N ;) {Nzl 1

k=0 k!F(a+%+N,k)

We have proved the following

Theorem 13 Letp,q > 1: %—l—% =1 a> %. All other terms and assumptions
as in Theorem 9. Then

If (y)ldy <
B(07R)

11
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¥ potN-1 ||Dg+g||Lq([07 ])_|_
D @)D (5) (pla—1)+1)7 2N

(N-1IT (CH-;) [Nz:l !

i=o KT (a+ L4+ N =)

Combining Theorems 9, 11, 13 we derive

Theorem 14 Let any p,q > 1: %—Fé =landa>1. Andlet f: B(0O,R) — R
be radial; that is, there exists a function g such that f(x) = g(s), s = |z|,
s € [0,R], V2 € B(0,R). Assume that g € C ([0, R]), with g € Cg, ([0, £])
and g € CH_ ([%,R]), such that g*) (0) = ¢ (R) = 0, k = 0,1,....,m — 1,
m = [a]. When 0 < a <1 the last boundary conditions are void. Then

/ f W) dy s/ 1 ()] dy <
B(0,R) B(0,R)

. { T Ro+N { ||D3+9||w,[o,§]
min

204N-1D (8) ) (@ + N)T (a +1)

N—1 1
(N —1)! HD%JHOO,[%R] LZ_O ET (a+N+1— k)] } ’

oY potN-1 { ’|D3+9}’L1([0,

)
(a+N—1)F(a)+

2T (3)

(N = D![DF-dll, 12.r)

N-1 1

o patN-1 ||Dﬁ‘+9||Lq([o,g])+
DT (5) pla-D+1722V 5 | (a4 N-1)
1\ [= 1 o
W=D (a i p) <o KD (a+ 3+ N —k) IPh-thiag ) }} |
(55)
Note 15 It holds NN
2r2 R

Vol (B(0,R)) = AN (56)

The corresponding estimate on the average follows

12
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Corollary 16 Let all terms and assumptions as in Theorem 14. Then

1
Vol (B (0. ) /Bm,m o) dy

1
< VAEOR Jua ! 1

min{ NR~ { 19519l . [0, 21

206N ) (a+ N)T (a4 1)

N-—1 1
(N =D D9l 2.5 l;} kI (a+ N+ 1 —k)] }

NRe! { 1D5+91 1, (jo.2)
(

2T\ (@t N DI (a)

N-1 1
(N =[5, (12.5)) [;) k'l“(aJrNk:)] }

J— { 198911, (0. 7))

P(@)(pla—1)+ 0725 | (et N-1)
1 N-1 1 .
e (a+p) k=0 kT (a—l—%—&—N—k) HDRgHLq([S"',R])}}'
(57)

We continue with Polya type inequalities on the ball for non-radial functions.

Theorem 17 Let f € C (B (O,R)) that is not necessarily radial, 0 < o < 2.
Assume for anyw € SN, that f (w) € C§, ([0, 2]) and f (w) € C%_ ([£, R]),
such that f (0) = f (Rw) =0. When 0 < o < 1 the last boundary conditions are
void. We further assume that

|2 ) gL ko
" oo,(re[0,4]) " oo, (re[ 1))
for every w € SN, where K > 0.
Then
(i) )
Kr2 RotN
FWldy < ——~——~v 59
Lo 1010 = 5 (59)
N—1
1 1
— 1)
{(a+N)F(a+1) (V-1 LZO k!F(a—&—N—Fl—k‘)]}’
13
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and
(it)
1

Vol (B (0, R)) /Bm,R) fw)dy F@ldy < (60)

= Vol (B(0,R)) /Bm,m

N—-1 1
I;J k!F(a+N+1—k)]}‘

Proof. In Remark 8, see (25), (26), (27), (28), we proved that

R a+N
[T as ()
0 2

1P5:.9l . [0, 21 Nl 1
{(a+N)I‘(a+l) 15 lloc .y (V- 1! LX_% k!F(a+N+1—k)] :

(61)
In the above (61) we plug in g (-) = f (-w), for w € S¥~! fixed, and we get

R (58) a+N
|15 s < K<§) ~
0

KNR* 1
200N | (a+ N)T'(a+ 1)

+ (N —1)!

1 N—1 1
{<a+N>r<a+1>+<N‘”’ LZ k!r<a+zv+1_k)”:% (62)

Consequently we obtain

/B(O,R) |f ()l dy = /SN_1 (/{)R |f (sw)] sN—1d3> dw <

2
/\1/ dow = A\ —2

proving the claims. =
We continue with

Theorem 18 Let f € C (B (O,R)) that is not necessarily radial, 1 < a < 2.

Assume for anyw € SN, that f (w) € Cg, ([0, g]) and f (w) € C%_ ([%,R]),
such that f (0) = f (Rw) = 0. We further assume

|/t O f () iy .
ot Mogy” I leqga) ™
for every w € SN, where M > 0.
14
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Then
(i -
Mn2 Ret -1
FWldy < — =737 65
IO s s (65)

1 = 1
{(a+N1)r(a) (N LZ_O kzr(a+Nk)H’

and

(i)
1
FABET o1 .

MNRe—1 1 e 1
ga N {(a+N—1)F(a) (V-1 LZ_O k!l“(a—kN—k)]}'

Proof. In Remark 10, see (43), (44), (45), we proved that

[Foensvas< (£)
{ 19591l ., (jo. 2))
(

. N—-1 1
@i N DT (o) T IPR9ly () OV 1! Lz_% k:!F(a—&—N—k)] }

(67)
In the above (67) we plug in g (-) = f (-w), for w € SV~! fixed, and we derive

R (64) a+N-—-1
|17l tas < M(’j) -
0

1 N-1 )
{(a+N—1)F(a)+(N_1)![;_(JIMM]}Z:/\Q. (68)

Hence ]
= N—-1
/B(O,R) f ()l dy = /SN*1 (/O |f (sw)|s ds> dw <

2w
/\2/ dw = Ao , 69
s TR o

proving the claims. =
We further have

Theorem 19 Let p,q > 1: %—}—%:1, and%<a<2. LetfeC(B(O,R))

that is not necessarily radial. Assume for anyw € SVN1, that f (w) € O ([0, %])

15
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and f (w) € C4_ ([£,R]), such that f (0) = f (Rw) = 0. When % <a <1 the

last boundary condition is void. We further assume

‘ 94 f (w) Op_f(w)
)

ore
for every w € SN=1, where ® > 0.

ore - ) ( )
Then

Lq([£.R])

Lq([o,

vl

and
(i)
1 dNR*" 1
Vol (B (0, R)) /B(O,R) 17 )ldy < () (p(a—1)+1)7 20+N 3 '

(72)

} |

1 1\ [~ 1
+(N—1)!F(a+> 3
(a+N-1) P/ |55 kr (a+ L+ N~ k)
q P
Proof. In Remark 12, see (50), (51), (52), (53), we proved that

R
| a1 s <
0

HD%QHLQ([;R])} :

In the above (73) we plug in g (-) = f (-w), for w € SN~ fixed, and we find

R (70) R\TV-3 1
sw)|sNtds —
/0 1 () = <2> F(e)(pla—1)41)

(N — 1)IT (a+1)
r) | = k!l“(a—i—%—&—N—k)

=

16
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1 N—-1 1
+N—1)!F<a+> =: )3
(O“"N_%) p k:ok'F(Oé—F%-l-N—k’)
(74)
Thus
R
/ |f(y)\dy=/ (/ |f (sw)| s 1ds> dw <
B(OvR) SN-1 0
o>
/\3/ dw = A3 ) (75)
e T

proving the claims. =
We make

Remark 20 Let the spherical shell A := B(0,Ry) — B(0,R;), 0 < Ry < Ry,
ACRN, N >2, 2 A. Consider first that f : A — R is radial; that is, there
exists g such that f(xz) =g (r), r = |z|, r € [R1,Rs), ¥ € A. Here x can be
written uniquely as & = rw, where r = |z| >0 and w = £ € SN |w| =1, see
([14], p. 149-150 and [1], p. 421), furthermore for general F : A — R Lebesgue
integrable function we have that

R2
/ F (z)dx z/ ( F (rw) TNldr> dw. (76)
A SN71 Rl

Let dw be the element of surface measure on SN—1, then

wN :—/SN_ldw—F(g). (77)

Here N N NN N
RY — R 2rz (Ry — R
voz(A)z“’N(2 v _ “(2N v) (78)
N NT (%)

We assume that g € C([R1,Rz]), and a« > 0, m = [a], such that g €
Chi,y ([Rr, 572]) and g € Cfy,_ ([F572, Ba]), with g (Ra) = g™ (Rs) =
0, k=0,1,....m—1. When 0 < a < 1 the last boundary conditions are void.

By assumption here and Theorem 3 we have

96 = e [ 5= (D) 0 (79)

Ry

all s € [Rl, @] ,
also it holds, by assumption and Theorem 4, that

Ry
g(s) = ﬁ / (t— )" (D%, _g) () dt, (80)

17
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all s € [z Ry).
By (79) we get

I ool /e
g < 5 | (5= [(Df,19) (B)]dt (81)
I'(a) /g,
« (S_Rl)a
< D5+l fr, 242 T 1y (82)
for any s € [Rl, W] .
Similarly we obtain by (80) that
1 R a—1 @
96 < fy [ =97 |(Dhg) 0] (83)
(Ry —5)"
< D88l a2 ) Ta g 1 )
for any s € [%,Rg] .
Next we observe that
(76)
i< [ 1wl (55)
/Ry o (s)l sV s | do = / "ol ) T2 (s6)
sy \Jmy Ry (%)
N R1+Rg
2T 2 N1 Ra N1 (by (82) and (84))
ey {/R st [, ol s S
9 N Ry +Ro
T2 2
D%, N — Ry)* sV d
I ()T (at1) {H R1+9||Oo,[31’¥] /R1 (s —Ry)"s s
Ro
)@ N1 _
+||D%, -9l [B15R2 ) /Rl;R2 (Ry—5)"s ds} (87)

7% (N —1)! .
T (&) 20+N-1 {HDR1+9||OO,[RI’W]
2

= (_1)N+k—1 (R + RQ)k (R — R1)N_k+a L
TN —ktatl)

k=0
N-1

o (R + R») (R2 Ry )a+N_k
HDRz—gH R1+R2 Rz |J€Z_O k'I‘ Oé +1+ N — k) . (88)

18
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We have proved that
N
w2 (N —1)!
dy‘ / lf Wldy < =~
T (§) 20Nt

Da N-1 (_1)N+k—1 (R]_ +R2)k (R2 _ Rl)N—k"ra
I RﬁgHoo,[Rh@] > ET(N —k+a+1) *
k=0

= (Ri 4 Ro)* (Ry — RV *
R R [

Consider now f. : A — R be radial such that f.(x) = g« (s), s = |z|, s €
[R1, Ra), ¥V © € A, where

(S_Rl)a7 ENS [Rh RI;Rz] 3
% = a 90
g (3) {(Rg —-s5)", se€ [L;RQ,RQ] , a>0. (90)

We have, as in [4], that

HD%1+9*HOO,[R17@] =l (a+1), and ||DR2 g*|| MR] =T (a+1).
(91)

Hence

[(a+1)77 (N —1)!
NP

- 1\ (Ry + Ro)* (Ry — Ry)“TNF
{kz_()(1+(_1)N+k )( k!r(ihElJrN—)k) } (92)

R.H.S. (89) (applied on g.)=

Furthermore we find

L.H.S. (89) (applied on f.)= /Af* (y)dy =

N
2

fiz N-1 2m
</Rl g« (s) s ds)r(g)

e R
{/ (s — Ry)* sV lds +/ (Ry —5)” leds} = (93)

v|Z

21
(%)

F(N=DT (a+1) [ (= D)V (RBy + Ry)F (Ry — RN TR
I (&) 2N+a-t Z ET(N+a+1—k) +

R1+R
R 12 2

k=0

N-1 k a+N—k
(R1+ R2)" (Re — Ry) B
(Z 1k!FEa+12+Nik) )}_

k=0

(94)
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7% (N — DT (a+1) {Ni ((71)N+k_1 N 1) (Ry + Ro)* (Ro — Ry)N o~ }

T (X)2N+a-1 o KC(N +a+1—k)

(95)
So that we find
R.H.S. (89) (applied on g.) = L.H.S. (89) (applied on f.), (96)
proving sharpness of (89).
We have proved the following

Theorem 21 Let f : A — R be radial; that is, there exists a function g
such that f(z) = g(s), s = |z|, s € [R1,Ra), Vx € A, a > 0, m = [a].
We assume that g € C’([Rl,RQ]), such that g€ C% ., (R, BatBal) and g €
O ([BE2 Ry) with g™ (Ry) = g™ (Ry) =0, k =0,1,....m — 1. When
0 < a <1 the last boundary conditions are void. Then

% (N —1)!
war|< [ 116 |dy_r(%)2w1

HD H ]Vz—l (_1)N+k‘—1 (R1 +R2)k' (RQ _ RI)N—kJ-‘ra +
oo [y 2] | 2o ET(N—k+a+1)

N-1 k atN=k
(R + Ry)" (Ry — Ry)
R1+R2R]<Z ET (a+1+N —k) >}

k=0

(97)

1D5, -9l

Inequalities (97) are sharp, namely they are attained by the radial function fi :
A — R such that f.(x) = g« (s), s = |z|, s € [R1, Ra], V = € A, where

_ (5 - Rl)a ’ s € [Rla ngRZ] )
0.0 = { (3 S L (99)

We continue with
Remark 22 Here o > 1. By (81) we get

96 < T 15 0l g, g (99

for any s € [Rl, W] .
And by (83) we derive

lg (s)| < (1%2;@))_ HDaRz—QHLl([w,RZ])’ (100)

for any s € [Rl'gR"’ , Rg] .
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Hence

/ 1 @)l dy &
A

Rq+Ry
2y - Ro (by (99) and (100))
T2 { 2 |g(8)|8N71d8+/ |g(3)3N1dS} S
R

F(%) 1 @
(101)
2% Ri+Ry
e i Ri+R ’ _ a—1l N-1
T {”DR1+9|‘L1<[R1,1;2D ( [ G my
(102)
i " a—-1 N-1
105l st ) ( fo s d)} :
7% (N —1)! .
T (§)2en-2 {HDRﬁgHLl([Ru@])
= k Nta—k—1
1 (Ri+R2)" (R — Ry)
S (Ve >+ (103
<k_o ET (N +a—k)
ply N+a—k—1
a (Ry + Ry)" (Ry — Ry)
D591, g2 <Z S i )}
k=0

We have proved that

Theorem 23 All terms and assumptions here as in Theorem 21, but with o >

1. Then

|
Do piy 1)N+h-1 (Ri+ Ro)" (Ry — RN ™t
H R1+9HL1([ Ry, fatl2) Z KT (N +a—k) *
N-1

N (R1 4 Ro)" (Ry — Ry)N T h 1
HDRQ—QHLI([@,R (Z% HE(N £ a— k) . (104)

% (N —1)!

2
ST

We continue with

Remark 24 Letp,q>1'% %—1 Letoc>f By (81) we get

(s = R1)" .
T() (p(a—1)+ 1) 15911, ([ 2] (105)

Ri+R
Rl’%]_

lg (s)] <

for any s € [
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Similarly by (83) we derive

‘ (S)| < (R2 - 5)04—1"‘% HDa H (106)
e T (a) (p(a—1)+1)7 Bo=9llL, (M2 ko) -
for any s € [vaQ] '
Hence
[1rwlas=
A
Ri+Ro
o /T Ro
g1 s+ [ lgs)ls¥ s <
F(%) { Ry w
2>

F(%)F(a)(p(aflﬂl)?

RitRy
14l N

1

Ro L
HD%Z?QHL(I([@,RzD </R1+R2 (RQ - S)ailJrE SN_1d8> } = (107)
2

2m 105 o] (N (ot )\
T (X)T(a) (p(a—1)+1) Bt Il (R, gie]) P

b
N-1 —1 : —kto—3
(Z ()N (R 4 Ry)® (Ro — RN H ) N (108)

= k!F(N+a+%—k)
(N =1 (a+1)
1D, -9l (g2 o)) o '

N-1 (Ri + Ro)" (Rs — Ry )oc—&-N—k—% -
(Z} k'F(a+ +N— k:) )}_
% (N - 1)IT (a+%)

(%)F(a)( (—1)4+1)7 2a+N—%_1'

N-1 N+k_1 k B N+a—k-%
{HD?M-&-QHLQ([ Ri, I?1+I?2 (Z (Rl +R2) (RQ Rl) ) n

7o k!F(Z\H—a—&-%—k)

N-1 B N+a—k—1
105, -l st (z (B + Fa)” (R — Ry) )} (109)

0 k'F(a+N+7_k)
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We have proved

Theorem 25 Let p,q > 1:
in Theorem 21. Then

o (V=1 (a+ 1)
dy < :
/A|f(y)| =T T (a)(p(a—1)+1)s 20TN—5-1

N-1 N+k—1 k N+a—k-1
a (-1 (Ry + R2)" (Ry — Ry) a
D%, +9 1Ry +
{H PR IEs) (Z o (3 a2 %) )

N-1 R1+R2) (Rz_Rl)NJra k—1
Do i . 110
H Ro gHLq([f,RQ (kz_o LIT (a+N+77k) (110)

=1, a> %. All terms and assumptions as

—~
NG
SN—

Combining Theorems 21, 23, 25 we derive

Theorem 26 Let any p,q > 1 : % + % =1. Andlet f : A — R be radial;
that is, there exists a function g such that f(x) = g(s), s = |z|, s € [R1, Ra),
VozecA a>1,m=lal. We assume that g € C ([R1, Rs]), such that g €
C% 4 ([Ry, BH2]) and g € CF _ ([BrHE2, Ro]), with g0 (Ry) = g% (Rp) =
0, k=0,1,....m—1. Then

7% (N —1)!
’/f d@/’ /|f |dy<m1n{ (%)2@+N 1

D% ]| Ni ()M (R o+ Ry)* (Rp — ROV
149 lloo, [R,, Faf 2] — ET(N —k+a+1)

N-1 k a+N—k
(R1+ R2)" (R2 — R1)
1P%. -9l WR](?_() KT (a+1+N —k) )}

% (N — 1)!
W{H R1+9HL [Ry, B1tR2])
2

N-1 k N+a—k—1
(R + Ro)* (Ro — Ry)
(kz_o () KT (N +a— k) >+

N-1

(Ry + Ry)* (Ry — Ry)N T+ !
1Pl sz (5 " B )

7% (N —1)IT (a+) |
) (@) (p(a—1)+ 1)p2a+N7§—1

w2

I'(
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= DM Ry 4 Re)Y (Re — RN
HDR1+9HL Ry, fatl2) 1 *
= k"F(N+a+5—k>

N-1 N+a—k-1
(Ry + Ro)" (Ry — R,
1R~ 1, (resm2 ra)) 15 Ro)” (R — Ra) ‘ . (111)
pard k'F(a+N+f—k)

The corresponding estimate on the average follows

Corollary 27 Let all terms and assumptions as in Theorem 26. Then

'Vol /f ’ Vl /‘f |dy—<2w(évw' RN))

min HDD‘ || Ri+R Nz_l (*1)N+k71 (Ry + Rg)k (R — Rl)Nle»a
e 252) FMO(N —kta+l)

k=0

1\72:1 (R + Ry)" (Ry — Ry "
R1+R2 R k'P Oé+1+N k) ’

+[[Df, -9l

N-1 . Rl R2 k R2 _Rl N+a—k—1
2{||D%1+9HL1([R1,’“§R“‘]) (kzo (=)™ e k!)r ((N+a—)k) >

N-1 k N+4a—k—1
a (R1 + Ro)" (Ry — Ry)
+HDR2—9“L1([@732D (; KT (N 4+ a — k) ’

r(a+l)2s
T(a)(pla—1)+1)%

N—1 N+k 1 R N+a-k-1
) (R: +Rz) (B2 1) ’ +
D 1 1 2
{H R +9HL,,([R1,R JER (kZO kIl (N+a + 11, k) )

N-1 . N+a—k—1
||l)}%2 gHL R1+R2 R (Z Rl + R2 R2 R ) ) }} . (112)

P k'F(a—I—N—&-*—k)

‘We need

Definition 28 (see [1], p. 287) Let « >0, m=[a], B:=a—m, f € C™ (Z),

and A is a spherical shell. Assume that there exists aRgﬂZ(w) eC (Z), given by

Gd@) 1 ([ 0m(w)
) .—F(l_ﬁ)m</l%l(r—t)ﬁwdt>, (113)

where x € A; that is, * = rw, r € [Ry, Ra], and w € SV~

aa
We call g;j;f the left radial generalised fractional derivative of f of order
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‘We also need to introduce

Definition 29 Let o > 0, m = [q], B =a-—-m, feCm (Z), and A is a

spherical shell. Assume that there exists f(x)

€ C( ) given by

3 = xX Ro m w
Eﬁ;ff);::(—ly”1I%1{_ﬁ)gi<j( a-r)ﬁé’éig)d%>, (114)

where x € A; that is, * = rw, r € [Ry, Ra], and w € SN~1L.

of order

‘We present

Theorem 30 Let the sperical shells A :== B(0,Ry) — B(0,R;), 0 < Ry <
Ry, AC RN, N > 2; A := B(0,24%2) — B(0,Ry), A2 := B(0,R) —
B (O M) Let f € C (7) , not necessarily radial, « > 0, m = [a]. Assume
that dgﬁf € C(Al) 5 af € C(Az) For each w € SN~1, we assume fur-
ther that f(w) e Cq, ([Ry, BrEE2]) and f(w) € C,_ ([FEE2, Ry)), with
dk’;(flw) ak%(ﬁw) =0,k=0,1,...,m—1. When 0 < a < 1 the last boundary
conditions are void. Then

(i)
7% (N -1
war|< [ 116 Dl < o) s ()QM)I
)

N
2
k

8}%1+f N—-1 (71)N+k—1 (Rl + R2 ( Rl)N+a—k N
ore o \ & ET(N+a+1-k)
Of,_f - (R1 + Rz) (R2 — Rl)N—m_k (115)
o | o7 0 ET(N+a+1-—k) ’
and
(1)

‘Vol /f ‘ Vol /If Idy_<2Q+N(£§V| RN)>' (116)

{5

% 1| ( SLE) <R2—R1>N*”>}.
ooA2

=2

O,
ore

1

+

KT (N +a+1—k)

B

1 (_1)N+k71 (Rl +R2)k (R2 . Rl)N+ak>
=0

ore ET(N+a+1-k)

=0
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Proof. By (86)-(88) we get

Ro 77% .
/. |g<s>|sN—1dss< fﬁ) (F (g)fa+§)l>~ a17)

2 ol 3 EDT R 4 o)t (R — R
1P50 9, g — KD(N+a+1-k)

Ni (R, + Ro)F (Ry — Rl)NJ”’k] } |

1P5-91. WR]{ KC(N +a+1-k)

k=0
For fixed w € SV~1 f (-w) sets like a radial function on A. Thus plugging f (-w)
into (117), we get

" - L(5)) (% w-1)
N—-1 2 .
/Rl |f (sw)| s Hds < ( P ) <F(J2V) et N1 (118)
8%1+f ply (_1)N+k_1 (Rl + R2)k (Rz - Rl)N+a_k
’ ore ’ooAl — EM(N+a+1-k) *
0%, _f Ry 4 Ro)* (Ry — R)NTF\ |
' ore ’ooA<kZ_(] KT (N +a+1-k) =M

Therefore by (76) and (118) we derive

/A\f(yﬂdy = /SN?I (/}:2 |f (sw)] sN_lds> dw <

o 27'1'% . 71'% (N — 1)! .
" /SN—I dW—’VIF(%) o (I‘ (%) 2@+N—1> (119)

’ 8%1_,’_]( ’ N-—1 (_1)N+k—1 (R]_ +R2)k (R2 _ Rl)N+a—k N
or* |l — EM(N+a+1-k)
’ O, | H (Rl + Ro)" (Ry — R))M 7"
or* |4 ko ET(N+a+1-k) ’
proving the claims of the theorem. m
We give also
Theorem 31 Let f € C (A), not necessarily radial, « > 1, m = [a]. For
each w € SN=1 we assume that f(w) € C{ ([Ry, LB 2]) and f(w) €

26
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Co_ ([Bg82, R,)), with CLUhe) — OfRae) _ o} — 1,
further assume

’ O f (w)

are
for every w € SN, where ¥, > 0.
Then

(1)

.om—1. We

O, I (w)
ore

S \Ijla (120)

([ By ’ Ly (21452 Ry

i (N -1)!
/Alf(y)ldy < W (121)

N-1 N+k—1 N+a—k—1
(-1) (Ry + Rg) (Ra — Ry)
{(;} KT (N +a— k) )*

(B + Ro)F (Ry — Ry)N T+ !
£ KT (N +a— k) ’

and

(i)

1 ¥ N!
oty S O S G Gy =y (122)

{(N—l (71)N+k 1 (R +R2) (R2 Rl)N—i-a—k—l) N
KT (N +a—k)

k=0
N-1 k N4a—k—1
(R1 + R2)" (Re — Ry)
(kz_o KT (N +a— k) )}

Proof. Similar to Theorem 30, using (101)-(103). =
We finish with

Theorem 32 Let f € C’(Z), not necessarily radial, o > é, where p,q >

1: %—i—% =1, m = [a]. For each w € SN7L, we assume that f(w) €

ok ak
ity ([Rr, 552]) and f (w) € O, ([575, Ro]), with S50 = 240
=0,k=0,1,....m — 1. When % < a <1 the last boundary conditions is void.
We further assume

' O, 1 f (w)

ore
for every w € SN, where Uy > 0.
Then

gy f (w)

<v 12
ore = (123)

Lq([F572 R2))

ra([Ra, 572) '
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Tor¥ (N — D)0 (a n %)

(124)

d 1 -
A I'(5)T () (p(a—1)+1)r 20Nt

N-1 (_1)N+k—1 (Rl +R2)k (R2 _ R])N+a_k_a

= k!F(N—i—a—k%—k) "

) NIT (a n %) v,
Ve Ol < S (RY —RY)T (@) (p(a— 1)+ 1)

(125)

N—1 (_1)N+k—1 (Rl +R2)k (R2 _ R])N+a_k_5
1
prt k!r(N+a+5—k)

+

Proof. Similar to Theorem 30, using (107)-(109). =
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The Reduction Method in Fractional Calculus
and Fractional Ostrowski type inequalities

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Here we study generalised fractional integrals and fractional deriva-
tives. We present the reduction method of Fractional Calculus and we
reduce them to basic fractional integrals and fractional derivatives. We
give a series of generalised Ostrowski type fractional inequalities involving
s—convexity. We apply all of the above to Hadamard and Erdélyi-Kober
fractional integrals and fractional derivatives. We produce also important
generalised fractional Taylor formulae.

2010 AMS Subject Classification : 26A33, 26D10, 26D15.

Keywords and Phrases: generalised fractional integral and derivative, Hadamard
and Erdélyi-Kober fractional integral and derivative, fractional Ostrowski in-
equality.

1 The Reduction Method in Fractional Calculus

We use a lot here the following generalised fractional integrals.

Definition 1 (see also [8, p. 99]) The left and right fractional integrals, respec-
tively, of a function f with respect to given function g are defined as follows:

Let a,b € R, a < b, « > 0. Here g € AC ([a,b]) (absolutely continuous
functions) and is strictly increasing, f € Lo ([a,b]). We set

(120) @) = 775

a)

[ w@-sortdwrma s2a

clearly (I3, f) (a) =0,
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and

1

(I5= g ) (2) = m/ (9 —g@)* g O f@dt, z<b,  (2)

clearly (I{j‘_;gf) (b)y =0.
When g is the identity function id, we get that I7, ., =I5, and I, = Ij"
the ordinary left and right Riemann-Liouville fractional integrals, where

(12, f) (2) = ﬁ / Ceo T Wdt w3 a, 3)

(12, f) (a) =0, and

b
(U5 f) (@) = = / -2 F ) dt, w<b )

T (a)
(I3 f) (b) = 0.
We need

Lemma 2 Let g € AC ([a,b]) which is strictly increasing and f € Lo ([a,b]).
Then

[ oo a0) = ||f°971||oo,[g(a>,g(b>w ®)

ie. (fog™!) € Lo (lg(a),g (b))
If additionally g=' € AC ([g (a), g (b)]) then

1 ooy = 17097 e tyeraon ©)

Proof. Here m stands for the Lebesgue measure. By definition we have
1l oy = €55 sup | (1)

=inf {M:m{t:|(fog ") (g®)|>M}=m{t:|f(t)>M}=0}. (7)

Furthermore we have
| f Of]il”oo,[g(a),g(b)] =inf{L:m{g(t):|(fog ") (gt)|>L}=0}. (8)

Because ¢ is absolutely continuous and strictly increasing function on [a, b], by
[9, p. 108] exercise 14, we get that

m{g(@):|(fog™) (g@)]>M}=m(g({t:[(fog™") (g(®)] >M})) =0,
(9)
given that m {¢ : [(fog™) (g(t))| > M} =0.
Therefore each M of (7) fulfills M € {L:m {g(t): ’(f og7Y) (g (t))| >L}=0}.
The last implies (5). Similarly arguing reverse we derive (6). m
We use (5) in the next
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Remark 3 We observe that

1

Lral) 0 = 555 / (9(@) —g @) (Fog™) (9(0) g () dt =

(by change of variable for Lebesgue integrals)

1 9(x) o B N B
fy |, 0@ (Fea ) @bz = (s (Fog™) @), w2
(11)
equivalently g (x) > g (a).
That is in the terms and assumtions of Definition 1 we get
(1240) @) = (I (Fog™) (9(2)), forz>a. (12)

Similarly we observe that

1 b 1
(I @) = 51 / (9() =g @) (fog™") (g(0)g ()t

g(b)
i [ Ga@) T (Feg ) @) de = (I (Fog™)) (9@,

I'(a) Jga)
(13)
for x <b.
That is
(15 o) @) = (L= (Fog™)) (9@),  forz <b. (14)

So by (12) and (14) we have reduced the general fractional integrals to the ordi-
nary left and right Riemann-Liouville fractional integrals.

‘We need

Definition 4 (/7]) Let 0 < a < b < oo, a > 0. The left and right Hadamard
fractional integrals of order a are given by

T x a—1
(J;Erf) (z) = ﬁ/g <1n y) fz(j/)dy, x> a, (15)
and ) , B
U0 @ = iy [ (02)" Ty, 2 <, (16)
respectively.

Here we take f € Ly ([a,b]) .
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Comparing to Definition 1 we have g () = Inz on [a,b], 0 < a < b < .
Comparing to (12) and (14) we get

(J(fﬁrf) (z) = (I(Dfrla)+ (fo exp)) (Inz), forx > a, (17)

and
(Je-f) (z) = (Iﬁnb% (fo exp)) (Inz), forax <b. (18)

We also consider

Definition 5 Let 0 < a < b < o0; a0 > 0 and n > —1. Let f € Ly ([a,b]).
We mention here the left and right Erdélyi-Kober type fractional integrals, re-
spectively: as in [10] we define

ga—olatn)

(I(?-‘r o 7/f) (Z‘) = W

/(a:"—t")a_lt"("*l)’lf(t)dt, v>a, (19)

and similarly we also define

ox—o(at+n)

(Il?f;o,nf) (.TJ) = T (OZ)

/ (7 —z2)* et D=y de, oz <b. (20)

Remark 6 (following Definition 5) The above give rise to the following gener-
alised weighted left and right fractional integrals.

We set
(K3+ o) () =27 (18 f) (z) = (21)
/ Thr DL E (1) dE =
7 / — ) @ f (1) ot At =

*/xw—t 7 (1)) i =

(setting z = t7)

s [ o (01 (+#)) b= (1 (1 (+4))) 7). 2

that s
(Kesond) @) = (Lo (77 (%)) @), 20 (23)

Similarly we put

(K§ g f) (@) = 2@t (1 f) (2) =
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b
w1 () = (i (21 () @, @
(24)
that s
(K5 o) @) = (- (271 (27))) @7, w <. (25)
Comparing to Definition 1 here, we have that g (z) = z° € C'([a,b]), thus
27 € AC ([a,b]) and it is strictly increasing. Clearly g~ (2) = z7, z € [a%,b°].
We set F (t) =t°"f (t), t € [a,b]. Clearly we have F € Ly ([a,b]). Notice that
Fog'=Fo (id)%, and F (t) = (Fog ') (g(t)) = (Fog ) (z) =2"f (z%)
Thus a formal description of (23) and (25) follows.
We have

(K2, f) (&) = (Ig; . (F o (id)%)) (%), z=>a, (26)

and

Q=

(Klt)l—;a,nf) (ZE) = (Igg_ (FO (Zd)
where F (z) = 2" f (2), = € [a,D].

)@, e, (27)

We introduce

Definition 7 Let « > 0, m = [a], B =a—-m, 0 < 8 < 1, f € C([a,}]),
[a,b] C R; g € AC ([a,b]), g is strictly increasing. We define the subspace

Cityg ([a,8]) of €™ ([a,b]):
Cory(at) = {f € C™ (lab]) : (L) € C* (fa b))} (28)
Denote Cgy = CFy -

For f € O34, ([a,b]), we define the left g-generalised a-fractional derivative
of f over la,b] as

!/

Dgyy (1) = (Lara /™) - (29)
When g = id, we denote

!

Dy f = (L7 r™) (30)

called the left generalized a-fractional derivative of f over [a,b], see [4], [2], p.
24.

We also introduce

Definition 8 Let « > 0, m = [a], § = a—m, f € C([a,})]), [a,b] C R;
g € AC ([a,b]), g is strictly increasing. We define the subspace C* . ([a,b]) of
™ (la, 0]):

Cfy (fab) = {£ € O™ (b = (BZ5F) €€ (b)) (31

5
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Denote Cy* = C’g‘_;id.
For f € Cy, ([a,b]), we define the right g-generalised a-fractional derivative
of f over la,b] as

!

Diy () = (1" (125 7)) (32)
When g = id, we denote
D = ()" (B (33)

called the right generalized a-fractional derivative of f over [a,b], see [3].

Regarding fractional derivatives in this article from now on we consider only
O<a<l,iee. m=0and 8 =a.
So in this case we get

(Preal) @) = pimmts | @@ -s@) g O f @ G0
(D21 @) = =y as |, @= 07" Fo (35)

and
() @) = e [ GO 9@ O 7@ @9
(1) @)=~ [ € s (37)

for any x € [a,b].
We mention the following fractional Taylor formulae.

Theorem 9 1) (see [2], pp. 8-10, [{]) Let f € Cg, ([a,b]), 0 < a < 1. Then

f(m):ﬁ/a (z —t)* (DS, f) (t) dt = (I, (DXL f)) (), xe[a,b](:.ﬁ)

2) (see [3]) Let f € Cf ([a,b]), 0 < a < 1. Then

ma [ e T DR W dt = (1 (D) @), @€ b,
' (39)
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Remark 10 Here 0 < a < 1 and g € C* ([a,b]), g is strictly increasing. Fur-
thermore we assume that (D;‘(QH_ (fo g*1)> (g9 (z)) exists. By (12) we have

(e ) @) = (15, (Fog™) (9(2), =€ lab). (40)

Hence there exists
(D2 (1) (@) = (12550) (@) 2 (155, (Fog™) (9(@) g ()

= (D5ays (Fog™)) (9@ g (@), z€lab]. (41)
We have established that there exists
(D8g (1) @) = (Dgays (fog7™)) (9@) g (@), @€ la,b], f€C(lab]).
(42)
Next we assume that there exists (D;"(b)_ (f og*1)> (g9 (z)). By (14) we get

(5=5r) @ = (LG (Fog™)) (9@), =€ lad]. (43)

Hence there exists
(D5 () (@) = = (175 ) () @~ (B (fo g‘l))/ (9(2) ¢ (@)

= (D(;(b)f (f 09_1)> (g()g (), =x€]a,b]. (44)
We have proved that there exists

(D5 (D) (@) = (Dgy— (Fog7™)) (9@ g (@), @€ lab], feC(lab]).

Next we apply (42) and (45).
We make

Remark 11 (all as in Definition 4) We introduce the following Hadamard type
fractional derivatives, see (46), (47). Here f € C([a,b]). Let 0 < o < 1, and
that (Dﬁna)+ (fo exp)) (Inz) exists for x € [a,b], a > 0.

Then by (42), we get

(Dan o)+ (fo exp)) (Inz)

(D((J,l+;ln (f)) (Z‘) = - 5 S [a, b] . (46)

Assume next that (Dan p— (fo exp)) (Inx) ewxists for z € [a, b].
Then by (45), we find

(Dan b)— (fo exp)) (Inx)

(D0 (1) (@) = . L aefob. (D)
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‘We make

Remark 12 (refer to Definition 5, Remark 6) Let 0 < o < 1. By (26) we get

(KL%, f) (2) = (Ig:f (F o (id)%)) (z°), z € lab]. (48)
And by (27)
(Kl}:;ﬁ:,n ) (z) = (Ibl:f‘ (F o (z'd)%)) (z°), € la,b]. (49)

Above F (x) = z°"f (z), x € [a,]].
Assume that

(i () o o
and
a(n (de@d))) (@) -
exist and are continuous in z° € [a®,b°], f € C([a,b]).
Then
QK5 ) @) 4 (Fo (id)7 )) (z°) »
i _ (2 ( — ) oz, (52)
and
d (Kl}jfjw ) () d (I;;f (Fo (id)%)) (af")mg_17 (53)

dz N dx°
exist and are continuous in x € [a,b].

So we introduce the modified Erdélyi-Kober type left and right fractional
derivatives of f € C ([a,b]), as follows:

11— P
(D) ) = Lzl () (54

and

(1 2,9) @

(Diso ) (2) = = o : (55)
x € a,b], 0 <a<1.
That s, it holds
(D24 f) (@) = (Df;g . (F o (z‘d)%» (%) oz Y, (56)
and
(Dgy 0 f) (2) = (Dgi,, (F o (z‘d)%>) (z°) o277, (57)

z €la,b,0<a<l,a>0.
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‘We make

Remark 13 (continuation of Remark 11) Hence f € C ([a,b]). By (46) we get

(D(()in a)+ (f o eXp)) (ln {E) = (Dg+;ln (f)) ((E) = elnw (D3+;ln (f)) (elnz) )

(58)
z € [a,b].
Hence by (38) we obtain
@) =F (") = <[5na>+ (Dﬁnaw (foeXP))) (Inz) = (59)
(I(Ofna)+ (e" (D21 (1) <€t))> (Inz) =
1 Inz ol . .
T'(a) /1 (Inz — )" e (D () () dt, (60)

z € [a,b].
By (47) we have

(Danb)f (f o eXp)) (lnm) =T (Dl?:;ln (f)) (.’E) = eln$ (Dl?:;ln (f)) (elnw) ’ (61)

z € [a,b)].
Hence by (39) we obtain

@) = £ (@) = (Iga- (D (foexp))) (na) =

(I&w)f (¢" (D5 (1)) (et))) (Inz) =
1 Inb 1 X t
m /lnz (t - 11137) e (Db_;ln (.f)) (6 ) dt’ (62)
x € [a,b].

We have proved the following Taylor Hadamard type fractional formulae.

Theorem 14 Let 0 < a < 1, and all as in Definition 4, f € C ([a,b]), a > 0.
1) Assume that (Dana)Jr (foexp)) (Inx) exists and it is continuous, x €
[a,b]. Then
7@) = (T (¢ (Dan (1) (1)) (i) =
Inz
ﬁ /1 (Ine =" e (D (£) () dt, (63)
x € [a,b].
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2) Assume that (Dan b)— (foexp)> (Inx) exists and it is continuous, x €
[a,b]. Then
7 @) = (Tan- (¢ (D_aa (D) (")) ()

- ri/n (¢ = Ina)* e (D, (£)) (') dt, (64)

(Oé) Inx
€ [a,b].
‘We make

Remark 15 (continuation of Remark 12) By (56) and (57) we get

xlfa

(Dsrs (Fo@)?)) 07) = “— (Do f) (@)

@)

= (D) (@0)7)), (65)
and
(5 (Po@?)) @) = = (Df 0 ) @)
_ (xa)((j,l) (Dl?—;a',nf) ((xa)%>’ (66)

€ [a,b], 0 <a<l, feC(a,b]). Above assume (Dga”r (Fo (zd)%)> (z7),

(Dgﬁ,_ Fo (id)% (z7) exist and are continuous in z° € [a”,b7].

Hence, by (38) it holds
o7 f (@) = (Fo(id)7) (7 (L;u (D2 é)))

(ro
e @ e @)er

o

_ 1 ‘ o pa—l1 (l—l 1
- / @0 (Dg, ) (8 a, (68)
Similarly, by (39) we derive

2f (@) = (Fo(id)7) (@) = (In- (Df (Fo(id)?))) =) (69)
=L (6 000 () 0
1

—ar(a)/:(t_f””)a S (D) (1) d e lat]. (70)

We give the following Taylor Erdélyi-Kober type fractional formulae.

10
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Theorem 16 Let 0 < « < 1, all as in Definition 5, (21), (24), (54), (59),
fel(ad]),a>0; F(x)=z"f(z), z € [a,b].

1) Assume that ( Dgs (F o (id)% (%) exists and it is continuous in x° €
[a®,b%]. Then

f@) =" (1 (07 (D200 f) (#7))) @)

— /(:0 (7 — )" +H(3-1) (D4 f) (t%) dt, x€lab. (71)

9=

2) Assume that (Dg‘c,_ (F o (id)
[a®,b%]. Then

)) (%) exists and it is continuous in x° €

x N

@)= (15 (1) (05,0 (7)) @)

x N

== @ /: (t—azo)* ! H(5-1) (Dl‘;‘_;amf) (ﬁ) dt, x¢lab]. (72)

2 Fractional Ostrowski type Inequalities
We need the following

Lemma 17 ([11]) Let f : [a,b] — R be a differentiable mapping on (a,b) with
a<b. If f' € L1 ([a,b]), then for all z € [a,b] and o > 0 we have:

(x —a)® + (b—2)" P(a+1)
(=)o

(- )t [ (b— o)t 1

— /Oto‘f'(t:rJr(lft)a)dtf — /Ot“f’(tx+(1t)b)(ciz)

(I3 f (@) + I3 f (b)] =

By (73), (12), (14), we obtain

Lemma 18 Let f € C([a,b]), g € C*([a,b]), g strictly increasing on [a,b],

fogt differentiable on (g(a),g (b)) with (fog™)" € Li(lg(a),g (b)), = €
[a,b], a < b, a,b € R, a > 0. Then

11
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(g (b) — g (a))
_ z a+1 1
SO [ (o) tg @)+ -0 g0
We apply (74) for g (z) =Inz, z € [a,b].

Lemma 19 Let 0 < a < b < 00, @ > 0. Let f € C([a,b]), (foexp) is
differentiable on (Ina,Inb) with (f oexp)’ € Ly ([Ina,Inb]), = € [a,b]. Then

nz)® n )¢ o
CIJ +0x)>ﬂm_r<+n

lng In (2)

[(J2_f) (@) + (J2, ) (B)] =

P a+1 1
(hla)/ ta(foexp)/(tlnm+(1—t)lna)dt
n 0

1
N / t* (f oexp) (tlnz + (1 —t)Inbd) dt, (75)
. 0

where JZy f are the left and right Hadamard fractional integrals of order o an-

chored at © € [a,b], see (15), (16).
We apply (74) for g (z) =27, 0 >0, z € [a,}].

Lemma 20 Let 0 < a < b < 00, a >0, f € C([a,b]). Assume (Fo (id)%)

i
is differentiable on (a,b”) with (Fo (id)%) € Ly ([a?,b°)), = € [a,b]. Here
F(x) =zf (x), x € [a,b], n > —1. Then

((m“ —a?)" 4+ (b7 —27)”

bo’iaa

)i @) -

m I:(Kg*;a',nf) (a’) + (Kxa+;o',nf) (b)} =
o /Ot (FoGid)?) (127 + (1~ t)a”) dt

o xC a+1 1 N
(b(bff—a)a)/o ¢ (Fo(id)") (tz® + (1 —t) b7) dt, (76)
where (K$y, ,f) as in (26), (27).

‘We need
12
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Definition 21 (/6]) A function f : [0,00) — R is said to be s-convex in the
second sense if

FOz+1=Ny) <Nf(2)+ 1= f(y), (77)

for all z,y € [0,00), A € [0,1] and for some fized s € (0, 1].
This class of s-convex functions is denoted by K?2.
When s = 1, s-convexity reduces to ordinary convezity.
If 7>7 holds in (77), we talk about s-concavity in the second sense.

In our proofs it is used a lot and it is built in the following

Theorem 22 ([5]) Suppose that f : [0,00) — [0,00) is an s-convex function in
the second sense, where s € (0,1], and let a,b € [0,00), a < b. If f' € L1 ([a, b)),
then it holds

b
por (5) <yt [ s < KO (79)

where the constant ?11 18 the best possible in the second inequality.
We are also motivated by the following Ostrowski type inequality in

Theorem 23 ([1]) Let f : I C [0,00) — R be a differentiable mapping on I1°
such that f' € Ly ([a,b]), where a,b € I, a <b. If |f'| is s-convex in the second
sense on [a,b] for some fized s € (0,1] and |f' (z)] < M, for all x € [a,b], then

bia/abf(t)dt < b]\_/[a [(za)QJr(b:c)Q]’ -

|f(x) s+1

for each x € [a,b].
We need

Theorem 24 ([11]) Let f : [a,b] C [0,00) — R, be a differentiable mapping
on (a,b) with a < b, such that f' € Ly ([a,b]). If |f’| is s-convex in the second
sense on |a,b] for some fized s € (0,1] and |f' ()| < M, = € [a,b], a > 0, then

Ao gy = | () p - B

(12 f (a) + 1% £ ()] \

(b—a)
M T(a+D)T(s+1)\ | (z—a)* + (b—z)*
<ba<1+ I'a+s+1) )l a+s+1 ] (80)

We give the following general fractional Ostrowski type inequality. The proof
comes by Lemma 18 and Theorem 24.

13

88



BEIJING LECTURE

Theorem 25 Let f € C([a,b]), g € C'([a,b]), g strictly increasing on [a,b],
fog™t differentiable on (g(a),g(8) with (fog~") € Ly (g(a),g ®)), o €
[a,b], a < b, a,b e R, a>0. Assume ’(f o gfl)/‘ is s-convez in the second sense

on [g(a),g(b)] C [0,00) for some fixed s € (0,1] and ‘(fog’l)/(g (x))‘ <M,
x € [a,b]. Then

Ay (f) = '<(g () —g(a)” +

(
g()—g

g(b) —g ()" -
(a) ) @
Tty () @+ (126) 0]

T(a+DT(s+1)\
(g(b)—g(a»(” Tlatst1) )

[(g () —g(a) ™ + (g (b) - g(w))““l .

1
a+s+1 (81)

‘We need

Theorem 26 ([11]) All as in Theorem 24, but here |f’|? is s-convex in the
second sense on [a,b] for some fixed s € (0,1], p,qg > 1: % + % =1. Then

M 2\ [(@—a) + (b—a)H
Ay (f) < L+ pa)? (s+1> [ — ] (82)

We apply Theorem 26 and Lemma 18. We give the following fractional
Ostrowski type inequality.

q
Theorem 27 All as in Theorem 25, however here (f o g_l)/‘ 1S S-conver in

the second sense on [g(a), g (b)] C [0,00) for some fizred s € (0,1], p,g > 1 :
% + % =1. Then

% ) — a a+1 . " a1
Ay () < — <2> l(g() (@) 4 (g (b) — g (2) ]

T (1+4pa)r \s+1 g9(b) —g(a)

(83)
‘We need

Theorem 28 ([11]) All as in Theorem 24, but here |f'|? is s-convex in the
second sense on [a,b] for some fixed s € (0,1], with ¢ > 1. Then

A <M L o N ‘
2 ()= <1+a) <a+s+1> '

Tla+ DD G+D\7 [ (z—a)* +6-2)""
<1+ Fa+s+1) ) [ b—a ]

(84)

14
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We give with the use of (84) the following

Theorem 29 Here all as in Theorem 27, however ¢ > 1, p is not related. Then

B (1 < (1 )(1)
9(@) - 1+« a+s+1

T(a+ DT (s+ 1)\ [(g(@) =g (@)™ +(g(b) — g ()"
(i) l 5B — (@ ] (%)

‘We need

Theorem 30 ([11]) All as in Theorem 24, but here |f'|? is s-concave in the
second sense on [a,b] for some fixred s € (0,1], p,g > 1: %} + % =1. Then

(s=1)

q

Aw(f)g 1 :
(1+pa)? (b—a)

g ()

o0y (5

Using (86) we get
714

Theorem 31 All as in Theorem 25, but here ’(f og*l) ‘
second sense on [g (a), g (b)] C [0,00) for some fixzed s € (0,1], p,g > 1: %Jr%

1s s-concave in the

1. Then )
27q
Ag T (f) < 1 :
O 1t pa)? (g (0) - 9 (a)
(9@~ g @) (rog™t) (1051 (57)

(roay (225

(9 (b) =g (x))*"

‘We make

Remark 32 Let 0 < a <b< oo, a>0. We have that

nz)® n )¢
Alnz(f)=‘<(1 ML) )f(fc)

Qo

15
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where J2 f are the Hadamard fractional integrals, see (15), (16), and

Ago (f) = ’((xo — aozj jg:r — xa)a) 7 f (x)

Flat1) rra a
K ) @+ (K240 1) O], (59)
where K2y, (f) as in (26), (27), the modified Erdélyi-Kober type fractional

integrals, see also (19), (20), (21), and (24), where o >0, n > —1.
Using Theorem 25 we get

Theorem 33 Let 0 < a < b < oo, « > 0. Let f € C([a,b]), (foexp) is
differentiable on (Ina,Inb) with (f oexp)’ € Ly ([Ina,Inbd]), = € [a,b]. Assume
|(fo exp)/} is s-convex in the second sense on [Ina,lnb] C [0,00) for some fized
s € (0,1] and ’(foexp)/ (Inz)| < M, z € [a,b]. Then

M F'a+1)I'(s+1)
<1+ T(a+s+1) )

T a+1 a+1
[ (hl 5) + (ln 2) ‘| ) (90)

Using Theorem 27 we derive

Theorem 34 All as in Theorem 33, but here |(f oexp)'}q s s-convex in the
second sense on [Ina,lnd] C [0,00) for some fizred s € (0,1], p,g > 1: %—l—% =1.

Then . 1 -
Aus () < —2 ( 2 ) (ng) +b(ln5) S o)
(14 pa)r \s+1 In 2

Using Theorem 29 we derive

Theorem 35 All as in Theorem 34, however q > 1, p is not related. Then

s <ar () ()
Ine - 1+« a+s+1

1 s+l b a+1
<1+r(a+1)r(s+1))q l(lna) +(In3) ] (92)

I'a+s+1) In?

Based on Theorem 31 we produce

16
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Theorem 36 All as in Theorem 33, however here ‘(f o exp)/}q 18 s-concave in
the second sense on [lna,Ind] C [0,00) for some fixred s € (0,1], p,qg > 1 :
1,1 _
5+, =1 Then

(s=1)

Ape (f) L ———F——
e (f) < (14 pa)r (In2)

(f oexp)’ (ln(;“))‘+ <1n 2)a+1 (f oexp)’ (ln(sz))H_ (93)

Based on Theorem 25 we give

Theorem 37 Let 0 < a < b < oo, f € C([a,b]), a,0 >0, n > —1. Assume
!
(Fo (id)%> is differentiable on (a,b%) with (Fo (id)i) € Ly ([a%,07]), = €
!
[a,b]. Here F (z) = x°"f (z), x € [a,b]. Assume (Fo (id)%)

1S S-CONVET in

!/
the second sense on [a”,b°] for some fized s € (0,1] and ‘(F o (id)%> (z7)] <
M, x € [a,b]. Then
M F'a+1)T'(s+1)
Ago <— (1 .
o () = (b7 —a”) < * M'a+s+1)
o oya+1 o oya+1
l(w a®)"" 4+ (b7 —29) (94)
a+s+1
By Theorem 27 we get
1\ ¢

Theorem 38 All as in Theorem 87, however here (F o (id);> 18 S-convex

in the second sense on [a%,b%] for some fixred s € (0,1], p,g > 1 : %—F% =1.
Then

Aur (f) < — 2 <2 )3[<x"—aa>a+l+<ba_ma)a+l

(1—|—poz)% s+1 be —ac°

] . (95)

Using Theorem 29 we get

Theorem 39 Here all as in Theorem 38, however ¢ > 1, p is not related. Then

A <M L o _ ‘
e (f) < (1+a> (Oz+s+1) .

% 29 — a° a+1 o o a+l
<1+F(a+1)F(s+1)) [( )"+ (b —a%)

P(la+s+1) b — a°

] . (96)

17
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Using Theorem 31 we obtain

q
18 S-concave

1 /
(F o (id)g)
in the second sense on [a”,b°] for some fized s € (0,1], p,qg > 1 : %Jr% = 1.
Then

Theorem 40 All as in Theorem 37, however here

3 Addendum

‘We make

Remark 41 Let 0 < a < 1, f € C([a,b]), g € C([a,b]), g strictly increasing;

(Dos (Fog7h) (9@,

) (fo
on [g(a),g(b)]. Also assume g ( ) #0, almost all z € [a, b].
Then by (42) we get

(Dgays (Fo97™)) (9 (@) = (9 (@) (D1 () (@), (98)

almost all © € [a,b] .

Also by (45) we get

(D (Fo9 ™)) 0@ = (¢ @) (D, (D) (@), (99)

almost all z € [a,b].
Then by (38) and (39) we obtain

g7 ")) (g (2)) exist and are continuous

(98)

@) = (o7 (@) = Ly (P (Fo97) (9@ =

F/g (9(@) =0 (g (1) Dy () (1), (100)

and

(99)

F@) = (fog™) (9@) = I (Dguy- (fog™)) (9(@) 2

1 g(b) 1 .
S GG R U G [OE I

T'(a)
for any x € [a,b].

18
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We have proved the following generalized fractional Taylor formulae.

Theorem 42 Let0 < a <1, f € C([a,b]), g € C' ([a,b]), g strictly increasing;

each of (D_‘;(a)+ (f og_1)> (g(x)), (D;‘(b)_ (f og_1)> (g(x)) exists and it is
continuous on [g(a),g (b)]. Assume that ¢’ () # 0, for almost all x € [a,b).

Then
1)
1 (@) = Lays (Dgiarys (Fo97)) (9() =
g(z)
Ry Ly @07 GO (Dh, () @ (02)
and
2)
1 (@) =I5 (Diy- (fo97Y) (9(a)) =
1 g(b) 1 .
i/ L@ @) (O, () (0
for any x € [a,b].
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General Griiss and Ostrowski type inequalities

involving s-convexity

George A. Anastassiou
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University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Using the well known reoresentation formula for functions due to Fink
[7], we establish a series of general Griiss and Ostrowski type inequalities
involving s-convexity and s-concavity in the second sense, acting to all
possible directions.

2010 AMS Subject Classification : 26A51, 26D10, 26D15.
Keywords and Phrases: Griiss inequality, Ostrowski inequality, s-convexity
and concavity in the second sense.

1 Background

We are motivated by the following famous inequality due to G. Griiss of 1935.

Theorem 1 (/8]) Let f, g be integrable functions from [a,b] into R, that satisfy
the conditions

m<f@)<M, n<g@) <N, a¢€lab],

where m, M,n, N € R. Then

b b b
= f(x)g(x)dx—(bfa/a f(sv)dw> (bia/agmdx)‘ (1)

(M —m)(N —n).

<

] =

We are also motivated by [3], Chapter 25, pp. 305-317.
Another motivation is [2].
We are strongly motivated in our method by
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Proposition 2 Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b). If f' € Ly ([a,b]), then

b 1
flz) = /f(u)du+(a—b)/ p(at) f (ta+ (1—t)b)dt,  (2)

b—a/, 0

for all x € [a,b], where

p(z,t) = {? ie ][O:_Z:);C: 1} . (3)
Proof. We use Montgomery identity ([5])
(z) =7 / It dt—l—/bq(:mt)f’(t)dt, (4)
for all = € [a,b], where
S (R 0

We observe by change of variable that

1 b / G - o -
b—a/a q(z,u)f (U)dU7/o gz, da+ (1 =X)0b)f (Aa+(1—-X)b)d\ (6)

‘We notice that

_fa=N0b-a), da+{1-Nbeaa],
q(x,)\a—k(l—)\)b)_{_)\(b_a), Aa+ (1—=XN)be (z,b @

1-MN(b—a), \e {g—;;gl],
“A(b-a), A€ |0k

:(a—b){/\ /\6[ §)7

A—1, Me [b* 1}

=(a=b)p(z,N). (8)
Therefore it holds
/1q(:c,)\a+(1—)\)b)f’()\a+(1—)\)b)d>\:
0
(a—b) / p () F (Ma+ (1= \)b)d), )
0
that is

1 b , B B 1 . B
= | a@n f@de= @b [ p@nr0ara-npan (o)

proving the claim. m
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Note 3 From (3) we notice that
Ip(z,t)| <1, all x € [a,b] andt € [0,1]. (11)

Assume now that |f’| is convex on [a, b] with f’ (a), f' (b) € R. Then g (¢) =
|f' (ta+ (1 —t)b)| > 0 is also a convex function in ¢ € [0, 1], as a composition
of a convex and an affine function.

It is clear now by comparing the areas under g and the related trapezium

that . ) "
/O 1 (tat (1 - yb)| de < L0 (a)‘;”()'. (12)

Hence when |f’] is convex with [ (a), f’ (b) € R, we get

[ s o - opja < HOEIERL )

We need

Theorem 4 ([7], Fink) Let a,b € R, a < b, f : [a,b] — R, n € N, f(»=1) s
absolutely continuous on [a,b], x € [a,b]. Then

r@ =y [ (14)
S (no kY (£ @ @) - fE D ) - b
_I;( k! )( b—a >
1 ’ n—1 (n)
o= ] @0 e £ @

where
Q(x’t)_{t—b, te (x,b]. (15)
When n =1 the sum 22;11 is zero.
We make

Remark 5 (on Theorem 4) Here we transform the remainder of (14) as follows

b
1 ! n—1 (n)
7(,1_1);/0(334@—(1%)%)) gz ha+ (1=A)b) f™ (Aa+ (1—\)b)dr
@(s__lb),/o ((x=b)+A(b—a)" " p(@ N f™ Aa+ (1—=A)b)d\. (17)
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We have established the following result which is our main tool here

Theorem 6 Let a,b € R, a < b, f: [a,b] = R, n € N, f=1 s absolutely
continuous on [a,b], © € [a,b]. Then

n b el *®) () (2 — a)* — F(E=1) AT
o= [ oY (5 (f QIR Ll OF b>>
a =1 .

ai_b ' T — —a n—1 z (n) a _
+(n_1)!/0(( D)+ A(b—a)" pz,A) [ (Aa+ (1=N)b)dX, (18)

where

19
A—1, : ,1] . (19)
When n =1 the sum Yp—, is zero.

Note 7 When n =1 formula (18) collapses to (2).
We call the remainder of (18) as

em1g) = 0 [ ™ (2 ) £ (a4 (1 —
Rem(18) (n71)!/0(( B+ A(b— )" p(a, A) £ (ha+ (1— \)b) d.
(20)
We have that
(b_a)n ! n
|Rem(18)| < (n—l)!/o (ﬂ )()\a—&-(l—)\)b)‘d)\. (21)

Assume now that | f™| is convez on [a,b] with f™) (a), f(™) (b) € R, then

F (@] + £ ()]
5 :

/Ol‘f(")()\a+(1—)\)b)’d)\< | (22)

So given that | ™| is convex on [a,b] with f™ (a), f™ (b) € R, we derive

(b—a)" (| (@) +|f™ ®)])
(n—1)! 2 '

| Rem(18)| < (23)

‘We need

Definition 8 (/9]) A function f : Ry = [0,00) — R is said to be s-convex in
the second sense if

FOz+A=Xy) <Nf (@) + 1= f), (24)

for all x,y € [0,00), A € [0,1] and for some fized s € (0,1].
When s = 1, s-convexity in the second sense reduces to ordinary convezily.
If 7>7 holds in (24), we talk about s-concavity in the second sense.
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We also need

Definition 9 (see also [1])Let I be a subinterval of Ry and f : I — (0,00). We
call f s-logarithmically conver (s-log-convex) in the second sense, iff log f (x)
is s-convex in the second sense, iff

FOz+ (1 =Ny < (F @) (fFu)* ™, (25)

for all z,y € I, X € [0,1] and for some fized s € (0, 1].
When s = 1, s-log-convezxity in the second sense reduces to usual log-convexity.
If 7>7 holds in (25), we talk about s-log-concavity in the second sense.

We also need the s-convex Hadamard’s inequality

Theorem 10 (/6]) Suppose that f : [0,00) — [0,00) is an s-convex function in
the second sense, where s € (0,1] and let a,b € [0,00), a < b. If f € L1 ([a,b]),

then
b
23‘1f<a;rb>§ ! /af(x)dx<f(a)+f(b). (26)

b—a - s+1

The constant K = ?11 is the best possible in the second inequality (26). The

above inequalities are sharp.
We mention also the s-convex Ostrowski type inequality

Theorem 11 (/2]) Let f : I C [0,00) — R be a differentiable mapping on I°
such that f' € L ([a,b]), where a,b € I with a < b. If |f'| is s-convex in the
second sense on [a,b] for some fized s € (0,1] and |f' (z)| < M, x € [a,b], then
it holds

< b]\—4a <(x—a)2+(b—x)2> ) (27)

s+ 1

‘f@)—bia/ J () du

for each x € [a,b].
We are also motivated by

Theorem 12 ([4],Cebysev 1882) Let f, g : [a,b] — R be absolutely continuous
functions. If f', ¢’ € L (a,b]), then

bla/abf(x)g(x)dx— (bla/:f(x)dm> (bla/:g(x)dx>|

1
2

< 5 (0= a) 1 oo ll9'llc - (28)

—_

Next we derive general inequalities similar to (28) and (27).
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2 Main Results

We present our first general main result that is about Griiss type inequalities
and involves s-convexity and s-concavity in the second sense.

Theorem 13 Let a,b € R, a < b, f,g: [a,b] = R, n € N; fr=1 =1 gre
absolutely continuous on [a,b], © € [a,b]. Whenever we consider s-convezity or
s-concavity of functions we take a > 0.

Denote by

U /n-— (k=1) z—b)" = =D (a) (z — a)*
Fff_l(w)::Z( klk)(fk (b) ( b)b—ﬁk (a) ( )>, (29)

Ar.g) = :f() () (/ f(x )(/ g(x)dm)

_% [/ab (9 (@) F_y () + [ (2) FS_, (m)) dx] . (30)

We distinguish the cases:
1) Here |f(”)|, |g(”)| are s-convex in the second sense and

)f(" ‘<M ‘g(")(x)‘SK, z€ab]. (31)

Then
2(b—a)""!

A <
(Aol < (n—1)! (s +2) (s +3)
2) Letp; > 1: Z?:l i =1, and f™, g™ € L,, ([a,b]). Then

(B (| flloo + M llglloo) - (32)

1Arg)| <

(b—a)"* 52 7 (£, l9™ 1, + Nl 1711, ]
20575 (n = D! ((p2 (n = 1) + 1) (p2 (= 1) +2))7 ((ps +1) <p3+2>>fi~»( |
33
3) Let p; > 1: Zf 1171 =1, with |f(”)| |g(")f are s-convex in the second
sense and|f(" (z)] < M, |g(" (z)| < K, z € [a,b]. Then

1Arg)| <

1 1

275 (b —a)" [||f||,,1K+ lgll,, M]
(n = D! ((p2 (n = 1) +1) (p2 (n — 1) +2))7 ((ps + 1) (ps +2))75 (pas + 1)1

N

N T8
w

=~ .
Nz
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4) Letp; > 1: 2?21 i =1, with ‘f(")}m, |g("){p4 are s-convex in the second
sense and | f") (z)] < M, |¢™ ()| < K, x € [a,b]. Then

Arg)| <

(b= )" (£, K + ligl,, M|
251 (n— 1) ((p2 (n — 1) + 1) (p2 (n — 1) +2))72 ((p3 + 1) (ps +2))7 <s+1>(§45)'
5) Here p; > 1 : 5.5, + = 1. Let f™,¢™ e L,, (Ja,b]), with ‘f(”)‘m,

i=1p,;

|g(”)|p4 being s-concave in the second sense. Then

Arg)| <

(b—a)" 75 (11, [0 (5£2)] + llgll,, |7 (252)]]

2 5) (0 — D) (p2 (0 — 1)+ 1) (p2 (0 — 1) +2))% ((pa + 1) (93 + 2))

?336)

Proof. Since f,g : [a,b] — R, n € N, with f(»=1 ¢g(»=1) are absolutely
continuous on [a,b], = € [a,b], by Theorem 6 we obtain

n b
f@) = [ f@at+FL @)+ B (@), (37)
where
i —k B=1) () (2 — b)F — =1 (g) (2 — a)*
F,{_l(@:;( . )(f ICEDES Gl O >>, (38)
and
gy 00 [T ot (n) _
R} (z) := (n—l)!/o ((x=0)+A(b—a)" "plz,\) f'™ (Aa+ (1 — A)b)dA
b
:Wl(b_a)/ (@—1)""q(x,t) £ (t) dt. (39)
Similarly we have
n b
9(0) = [ g ®dt+ FL, (@) + By (@), (40)

Then

n

b
f@)g@) =50 @ [ 1Odt+ 9@ FL @) 4@ RI@), (@)
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n

b
£ o) = 5o @) [ g0t @) F @)+ @) R ).

a

Then by integrating we obtain

/abf(x)g(x)dxzbna(/abg(m)dx> (/abf(ac)dm> (42)

b

b
+ [ 9@ FL @do+ [ 9@ R] ) da,

/abf(z)g(:zr)dx— o </abf(a:)dx> (/:g@mx)

b b
+/ f(x)F)_, (:v)dx+/ f(z) RS (z) d.

[ 1@ (/:fu)dx> </abg(sc)dx> _

[ 9@FL @dot [ 9@ R] (@) (43)

That is

ab b
/ fla) Fy_y (x)d$+/ f(z) RS (x) dz.

Adding the last we derive

Bpai= [ S @@ (/abf(fc)dx> </abg<x>dm>

_ % l /ab (g () !, (x) + f () FI_, (x)) dx]

b

Next we estimate Ay g).
1) Estimate with respect to |||, and s-convexity in the second sense. We
have that

b b
|A(f,g)|g;[||f||oo | m@ld -+l [ |R£<sc>|dx]. (45)
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We notice under the assumption | f (”)’ is s-convex in the second sense and
|f("™) (z)| < M, x € [a,b], that

oo [

<O [l (v

|R] (z)] <

70 (Aa+ (1= ) b)|dx (46)

7o @)[) ax

(@) + (1=

M(b-a)" 1 . )
< SE [ e+ a-xa (47)
_M(b_a)n E s _ s ! _ s _ s
e [/0 AN+ (1 /\))dA+/Z:2(1 A) (A + (1 /\))dA]
M- [ [ = I
e [/0 A dA+/0 A1 =) d\+ (48)

b—x

b—a —a

1 b—a2\ 5t N
s+2\b—a
1 T —a s+2 1 Tr—a s+1 1
- (" N R
s+2\b—a s+1\b—a (s+1)(s+2)
s+2_ 1 b*.ﬁE s+1+; .
s+1\b—a (s+1)(s+2)

EIENIE

/: (X" = AT dx + /1 (1— X d)\]

M(b—a)” 2 b—x s+2 9 r—a 542

(n—1)! s+2<b—a> +3+2<b_a>

1 r—a)\ 1 b—g\*T! 9
8+1<b—a> 8+1<b—a> ternery| - W

M@®—a)"| 2 (b— )" + (z —a)*"?

(nfl)' S+2 (b_a)s+2
1 (b7$)s+1+($7a)s+l 2 B M(b*an

(50)
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We have proved that
|R£ (z)] < (z,s), =€ ]la,bl. (51)

Given that |g(")‘ is s-convex in the second sense and |g(”) (m)| < K,z € [a,b)],
we similarly get

Ry @] < P, v e o, (52)
We notice that . A(h )
/a ¢ (z,s)dx = m (53)
Hence it holds
b AM (b—a)™t"
/a By @l < Ty T (54)

and similarly
AK (b—a)"*!
n—1(s+2)(s+3)

b
| R @la <

Therefore we proved that

1 AK (b—a)"*! AM (b —a)"
Bl =5 [”ﬂm RS e R ey s Yo 1 B
(56)
Hence we derive
—a n+1
Sl < ity KW e+ M a0 60

2) Estimate with respect to ||le norms, ¢ = 1,2,3,4; p; > 1, Z?:l i =

We use Holder’s inequality for four functions, and we use the old remainder
form, see (14).
So here

b
R0 = o= | @0 @O 6)

where ¢ (z,t) as in (15).
We have that

b b
/ g () RS (2) de| < / 19 (@) | B ()] do < (59)

10
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(nl)l(b/h/b|g(x>|x—t|"l|q<x,t>|
S ( / / @ dtdm) ( / / o 1>mdtdx>é.

(/ab/ab|q<x7t>|mdtdx) (//
Lo mepe)
([ (for)

lgly, (£, 275 (b—a)" 't

fm (t)‘ dtdz <

£ () dtdax) g = (60)

! Il
(1) (b—a)stm 7

441 1 (61)
(n=DNb—a)r"rs  ((p2(n—1)+1)(p2(n—1)+2))r
295 (b—a)' T
(s +1) (ps +2)) 7
275 755 (b—a)" 725 g, 15, )
(n = 1)1 ((p2 (n — 1) + 1) (p2 (n — 1) +2))7 ((p3 + 1) (ps +2))75
We have established that
b
[ 9@ Rl @z <
293755 (b—a) 5 55 |gll,, || £, .
(= 1) ((p2 (n— 1) + 1) (p2 (n — 1) +2)) 77 ((p3 + 1) (ps +2))75
Similarly we obtain
) R (z)dz| <
73755 (b— )" Thztrs (n)
272755 (b a) R -

(n = 1) ((p2 (n— 1) + 1) (pa (n — 1) +2))72 ((ps + 1) (ps +2))7
Consequently by (44), (63), (64), we get

[Agg.g) <

11
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(b= a5z [I£1l, 9], +llgll, I17]],,]

2 (=D (= DA D 2 (0= D4 (et Dk DE

3) We notice also that if ’f(") ’, ‘g(")’ are s-convex in the second sense, then

j 2 /b
(b—a) /01 |9 (Aa+ (1= ) b)‘“ ) < (66)

(b—a)/ol()\s

K7 (b— a) /01 (N + (1= NP dr <

H g™

g™ (1) ’m dt =

g™ (b)

g™ (@) + (1= A’

)p4 X <

1 Pa
_ 2K (b — a)
P41 KP (b — M 4 (1= Py gy = BRI (b a)
- [ o a-ara] - EEEEED e
Hence it holds .
b—a 7
M <2K .
Hg pa (p45 + 1) (68)
Similarly we find
1
b—a P
Ml < oM :
Hf ps (p4s—|—l> (69)

So if |f(”) E |g(”)| are s-convex in the second sense and }f(") (z)| < M, |g(”) (z)] <
K, z € [a,b], then by (65), (68), (69), we get

A <

1

a1, il
27555 (b= )" (£, K + g, M]
T T I
(=D (p2(n=1)+ 1) (p2(n = 1) +2))72 ((p3 + 1) (p3 +2)) 7 (pas + 1)‘(’4 )
70
4) Next assuming that |f(”)|p4, ’g(")|p4 are s-convex in the second sense,
then

9t Z — (b—a) /01 |97 Qo+ (1= 0 b dx <
(b—a) / (g @[+ =2 @) ar < (71)
K7 (b—a)/o1 (AS+<1—A)S)dA=%. (72)

12
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That is ) )
n 2K (b—a)rs
o] < ZEE =k -
P4 (s+1)ra
Similarly we get
1 1
|som] < 2EMO—Dm (74)
Pa (5 + 1)H

So if |f(”)|p47 |g(")|p4 are s-convex in the second sense and |f(”) (m)| < M,
l9™ (z)| < K, z € [a,b], then by (65), (73), (74), we derive

Arg)| <

bl L
(b= )" 755 (£, K + lgll,, M|
T T T -
27 (n =D ((p2 (n = 1) +1) (p2 (n — 1) +2)) 72 ((ps + 1) (p3 +2)) 72 (s + 1)(‘“4 )
75
5) Assume finally that ‘ g™ |p47 ’ ) ’p4 are s-concave in the second sense,
then by (26) we get

b P b Pa
[l ol a<e o (40 o (76)
and . ,
4
[ o] de <2 o (“2+b> (b—a). (77)
Therefore ;
o], <27 o (452 | 0- (79)
and .
s—1
Hf(n) N <2 |f™ <a—2|—> ' (b— a)ﬁ . (79)
Then by using (65), (78), (79), we get
At <

1

(b= a3 [1£1, |9 (2£2)] + llgl,, 1F™ (252)]]

2017 (n— D! ((pa(n—1)+1) (p2 (n — 1) + 2))£ ((pa 1) (pa + 2));3(80)

The proof of the theorem is complete. ®
We apply Theorem 13 for n = 1.

Proposition 14 Let a,b € R, a < b, f,g : [a,b] — R; f,g are absolutely
continuous on [a,b], x € [a,b]. Whenever we consider s-convexity or s-concavity
of functions we take a > 0.

13
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Denote by

o= [ 1@9@) w—(/f )(/g@)dx). &)

We distinguish the cases:
1) Here |f'|, |g'| are s-convez in the second sense and

[ @) <M, |g (=) <K, =€l (82)

Then
2(b—a)®
A* N 7
‘ fm‘— (s+2)(s+3)

2) Letp; > 1: Zi:l o- =1 and f', g € Ly, ([a,b]). Then

(B (| flloe + M lgll o) - (83)

1
(b—a)" 555 (171, 'l +llgly, 171,
20 (s )y +2)

3) Letp; > 1: Z?Zl i =1, with |f'|, |¢'| are s-convex in the second sense
and |f' ()| < M, |¢' ()| < K, x € [a,b]. Then

275 (b—a)> "7 [nfum K + |gll,, M
((p3+1) (ps +2))75 (pas +1)75

4) Letp; > 1: 34, - =1, with |f'[", |g'|"* are s-convex in the second

sense and |f' ()| < M, |¢' (z)| < K, x € [a,b]. Then

(b— @ % [1£ll,, K + llal,, M]
% ((ps 1) (ps +2) 7 (s + )7

5) Herep; > 1: 3.+ =1. Let f', g’ € Ly, ([a,b]), with | f'|"*, |¢'|"* being
s-concave in the second sense. Then

(=73 (I, o' (222)| + Il | (=52)

1,14 2-s 1
255 (g 1) (s +2)) 7

‘A?f7g)‘ <

’ ?f,g)‘ = (85)

’A(f ) (86)

’Llp

‘Aug ’ < ] .87

We continue with

Theorem 15 Let 0 < a < b, f,g : [a,b] — R, n € N; f(»=1 (=1 gre
absolutely continuous on [a,b], x € [a,b. We assume that |f™|,[g™)| are s-
logarithmically convex in the second sense, and |f™ (a)|, |f™ ()|, |¢™ (a)],

(n) [£) ()] — |9 (a)]
‘g (b)| (0,1]. Call A := roe B poe) € (0,1], and
z°5—1 :
. slnz’ Zfze(oaoo)_{l}a
vy { e, T (58)
14
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Denote by

neloo k=1 (b) (z — b)F — £ (@) (z — a)®
Fl | (x) :—Z( k!k> <f B - ) )7 i

b—a
k=1

with Fof (z) :=0, and

Mg = [ @@ (/abf(x)dx> </ﬂbg(ﬂc)dm>

_% Vab (9 (2) Fyl_y (@) + [ (2) Fyl_, (w)) dx] : (90)

We distinguish the cases:
1) Estimate with respect to ||-|| . It holds

(b a)”Jrl

Aol < 5=y M

£ (b)

9™ ®)] ¥ (B) + gl

v @) o)
2) Let p; > 1: Zle pi =1. Then
A <

(b= )" [If1l,, [ ) (@ (BP))7 + llgll, |70 @) (v, (4P4)) 7]
270751 (n = 1)1 (P2 (n = 1) + 1) (pa (n = 1) +2))72 ((ps +1) (ps +2))75

S

(92)
Proof. 1) See also [1]. Here we assume that 0 < |f(”) (a)], ‘f(”) (b)] <1, set
) (q
A= |\;(n>((b;|" |f(”)| is s-logarithmically convex in the second sense, s € (0, 1],
Ae0,1].
We observe that
: (by (46). (1) (b —a)"™ [ .
|R! (z)] < ((n — 1)), /O £ (Xa+ (1= \)b)| dA (93)
b —a n 1 N AS . (1=X)®
<= @] [ e
b—a)” 1 n As n (1-X)s
<O [l @ e w T an
n n s n As
ool @]\ o
(n—1)! 0 |f(n) (b)|

15
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7(b—a)n|f(n)(b)‘s ! A g\ - (s
- /OA ) =: (%) .

If A=1, then
—a)" @ p»?
) |_f1)! 0l -
If A+#1 we get
b—a)"|f™( (b—a)" ) (p)|®
(%) = (b n|7f1 o) / es(n AN gy ()n |f1)! (b)| ShllA (A1)
Cb=a)" [f™ )] 4 -1
B (n—1)! (slnA)' (96)
Therefore we derive that
—a)" |
r ] < CUIROL, ). (o7

|9 (a)] -
POIGIK gt is

s-log-convex in the second sense. Then, similarly, we obtain that

We further assume 0 < |g(”) (a)], |g(”) (b)] <1, set B :=

(b—a)" g™ ()]

B )] < v (B). (98)
Notice that , ) R | pn) s
/ [R] )] e < _“)(n _|f)! Ly (99)
and , ) R |0 (
|1 @) de < ¢ _a(n_’f)! Lo o). (100)
It is clear now
gl < 2 (171 [0 O 00 (B) + gl |1 ), ()] E22
(£.9) 5 o |9 s Il s = 1) .
(101)

2) Here we assume that 0 < [ f™) (a)|, | £ (b)|,]9™ (a)],]g™ (b)] < 1, set
n P4 n P4
C .= ('f( )(a)|) and D := ('g( )(a)|) ] |f(n)| ) |9(n)| are s-log-convex in the

| £ (b)) |g(m) (b)]
second sense, s € (0,1], A € [0, 1].
We have as in (66) that
1 P4
Hg(") — (b a)/ ‘g(") (Aa+(1—)\) b)‘ d\ (102)
0
AT P4 (1-2)°
<(b—a)/ (‘ (”)(a)‘ ) (‘g( ) b)‘ ) X
0
16
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pay (1-3)°
) A

“o-o [ (")

9" (a)
<= [ (o @[")

pas [l |g(")(a)| paN SA
J ((!gw o) ) ?

pay A’ <‘g(n) (b)
D4 >\S< ®)

pay (1=X)s
) A

‘ g™

= (b—a) g™ )

4S5 1
= (b—a)|g™ @) / DA (103)
0
Hence s s
Jo™)| " < @—a) g @) v, (D), (104)
and ) . )
Jo] < ®=a |s o] w, o). (105)
Similarly we obtain
[ < @—ay 1 @] @, @) (106)

Finally using (33) we find
[Agl <

(b= )" [I£1,, 9 @) @ (D)7 +llgll, |7 @) (w, (€))7]

200158 (= D! (p2 (n = 1) + 1) (p2 (n = 1) +2))7 ((ps + 1) (ps +2))7
(107)

The proof of the theorem now is complete. m
We apply Theorem 15 for n = 1.

Proposition 16 Let 0 < a < b, f,g: [a,b] — R are absolutely continuous on
[a,b], © € [a,b]. Assume that |f'|,|g’| are s-log-convex in the second sense,
and | @), 1f O], 1g' @] lg' ®)] € (0,1]. Call A= = Ll g .= 170,
s €(0,1], and

z°—1 : _
ws (Z) = {ilnzi’leizlle (07 OO) {1}a (108)

Denote by

b b b
o= | f(m)g(z)dxbia</a f(z)dx) (Lg(x)dx) (109)

We distinguish the cases:

17
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1) It holds

) £ e 19" O ©s (BY) + llglle 1f (B)] 9, (AD)] . (110)

’A(m‘ =
2) Letp; > 1: Z?:l 1% =1. Then
‘Azﬁf,g)‘ <

(b—a)* 7 [If1,, 19’ B)I° < L (BP)F + gl 1 O (@, (AP1)71 ]
2'7% ((ps +1) (ps +2))7 '

(111)
Next we present s-convexity general Ostrowski type inequalities.

Theorem 17 Let a,b € R, a < b, f : [a,b] = R, n € N; F=1 s absolutely
continuous on [a,b], x € [a,b]. When we consider s-convezity or s-concavity of

functions we take a > 0.

Denote by
F o (ne kY (£ ) @ =) — 5D (@) (o - o)
Fnl()~];< o )( - . (112)
with F (z) :=0, and
Rl(2) = f @) - [ Tt FL @), (13)

We distinguish the cases:
1) Here |f(”)| is s-convex in the second sense and }f(") (z)| < M, z € [a,b].

Then
— s+2 T —a s+2
2 ) ((b )(b —Z)(S” ) ) (114)

1 (b—z)"" + (2 —a) 2
NCET b_a)" T AN+

2) Letp; > 1: Z?:l i =1, and f™ € L,, ([a,b]). Then

|Rf | Hf(n) H (b o x)pl(nfl)Jrl + (x o a)pl(n71)+1 P1
— )Pt _ \p2+l I
((b x) + (z—a) > ' (115)
p2+1
18
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3) Let p; > 1: Zl 1 pi =1. If |f(”)‘ is s-convex in the second sense and
|f(™) (@) < M, x € [a,b], then
; OM (b—a)vs
|R] (2)| < (116)

(pss+1)7 (n—1)!

(b B x)Pl(nfl)Jrl + (l’ i a)p1(n71)+1 é (b B x)szrl + (l’ B a)szrl é
p1(n—1)+1 p2+1

4) Letp; >1:50 =1 1If | FP* is s-convex in the second sense and
|f(™) (2)| < M, x € [a,b], then

R (2)] < : : (117)

(b B x)Pl(nfl)Jrl + (l’ B a)p1(n71)+1 é (b B x)ngrl + (l’ N a)p2+1 é
p1(n—1)+1 p2+1

5) Letp; > 1: Zf’zl i =1, f™ € L,, ([a,b]), with ’f(”)vg3 being s-concave
in the second sense. Then

2% [£) (42)| (b - a)s

IR (@)] < =) (115)
(b _ x)Pl("—l)-H + (a? ):Dl(n 1)+1 oy (b - JU):Dz-i-l + (ng _ a)p2+l s
( pr(n—1)+1 ) ( p2+1 >
Proof. 1) As in (50), (51), we get
|R7fl (x)] < 1\4(751)_—1()1!)90(%8)7 x € [a,b]. (119)
2) Let p; > 1, ZL 1p = 1. Then
7 @) < = /“ufﬂ"l ()11 (1) s

5 =
-+ p1(n—1) P2 (n)
e (e (/’u f dQ <L|qu¢n ﬁ) e

(120)
B Hf(n) Hp3 (b _ x)pl(nfl)Jrl + (x . a)pl(n71)+1 ﬁ
) +1

C(n=D!'(b—-a p1(n—1)

19
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bh— p2+1 _ \P2t1 i
(( )P 4 (2 — a) | 121)
p2+1
3) If |f(")| is s-convex in the second sense and |f(") (z)| <M, z € [a,b], we
get
b—a \7
™) <2m ( — ) 122
[ som (=) (122)

see also (69).
4) It |f(")|p3 is s-convex in the second sense and |f™) (z)| < M, x € [a, 0],
we get
295 M (b — a)?s
P A A

(Tl = 1 (123)
Ps (s+1)rs
see also (74).
5) If ’f(”) ’pS is s-concave in the second sense, then by (26) we find
s=1 b L
|| <2 s (2) |- a)s, (124)
p3 2

see also (79). m
We apply Theorem 17 for n = 1.

Proposition 18 Let a,b € R, a < b, f : [a,b] — R is absolutely continuous on
[a,b], x € [a,b]. In case of s-convexity or s-concavity we take a > 0.
Denote by

Bw=1e- i [0 (125)

We distinguish the cases:
1) Here |f'| is s-convex in the second sense and |f' (z)| < M, x € [a,b].

Then . N
2 (b—x)* 2+(:c—a)s 2
(s+2) ( (b—a)*? ) 20)

1 (b—2) + (z—a) N 2
(s+1) (b—a)"™! (s+1)(s+2)

2) Letp; > 1: 2?21 p% =1, and f' € Ly, ([a,b]). Then

B ()] < M (b -a)

(127)

(b _ x)Perl + (.’E _ a)p2+1 %
p2+1 '

R @)] < 171, (b= )7 (

20
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3) Let p; > 1: %2 L = 1. If |f'| is s-convex in the second sense and

=1 pT
If' (x)| < M, x € [a,b], then
IR (@) < 2M (T A ek RN
a (pss+1)73 (b—a)?r2 p2+1

4) Let p; > 1: Z?:I p% = 1. If |f'|*® is s-convex in the second sense and

|f' (z)| < M, x € [a,b], then

% _oap2tl _ _\p2+1 é
21 M : (b—x) +(z—a) - (129)
(s+1)7 (b—a)7s p2+1

R ()] <

5) Let p; > 1: Z,‘?:l p% =1, f € Ly, ([a,b]), with |f'|"* being s-concave in
the second sense. Then

fo 2T ()] (-0 4 w0
Bl @< =0 e B

‘We continue with

Theorem 19 Let 0 < a < b, f : [a,0] — R, n € N; f=1 s absolutely
continuous on [a,b], © € [a,b]. We assume that |f(")| is s-log-convex in the
_ [

second sense, and |f(") (a)], |f(”) (b)| € (0,1). Call A := oI € (0,1],
" L ifze (000 - (1)
5, ifz€(0,00) — {1},
by (2) = {1’1 b (131)
Denote by
n—1 _ k — k
7 _ n—k\ (f*V0) (="~ f*V (@) (x —a)
Foy(2) = ;( x ) ( P , (132)
with Fg (z) :=0, and
b
Rl @)= f (@)~ ;7 [ 10de~FL (@), (133)
We distinguish the cases:
1) It holds generally
b—a)"|f™ (b)]°
R ] < C= VR OL, () (134)
2) Letp; > 1: Z§:1 i =1. Then
R @) < E=0 o ), (arp (135)
" - (n—1)! s
21
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(b N x)Pl(nfl)Jrl + (l’ N a)p1(n71)+1 ﬁ (b B x)ngrl + (x B a)szrl %
pr(n—1)+1 p2+1 )

Proof. 1) As in (97) we get

)" ) ()]
7 ) < C= i 5 OLy, . (136)
2) As in (106) we obtain
|| <= |5 o) @, @), (137)

Then we use (115). m
At last we apply Theorem 19 for n = 1.

Proposition 20 Let 0 < a < b, f : [a,b] — R absolutely continuous on
[a,b], x € [a,b]. We assume that |f'| is s-log-convex in the second sense, and

|f" (@)|,1f (b)] € (0,1]. Call A* := |f/(a)‘| s € (0,1], and ¢, (z) as in (131).

FHOQIK
Denote by
1 b
Rl @)= f @) - = [ far (138)
We distinguish the cases:
1) It holds
R (@)] < 6 —a) 17 ) v, (47). (139)

2) Letp; > 1: Zle p% =1. Then

(b _ x)pz-&-l + (ac _ a)pz-i-l %
p2+1 ’

(R ()] < (6 - )75 |7 @) (0, (40))7% (
(140)
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Generalised fractional Hermite-Hadamard
Inequalities involving m-convexity and
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Abstract
Here we present generalised fractional Hermite-Hadamard type in-
equalities involving m-convexity and (s, m)-convexity. These inequalities
are with respect to generalised Riemann-Liouville fractional integrals. Our
work is motivated by and expands [7] to the greatest generality and all
possible directions.
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Keywords and Phrases: fractional Hermite-Hadamard inequality, generalised
fractional Riemann-Liouville integral, m-convexity, (s, m)-convexity.

1 Background

We use a lot here the following generalised fractional integrals.

Definition 1 (see also [3, p. 99]) The left and right fractional integrals, respec-
tively, of a function f with respect to given function g are defined as follows:

Let a,b € R, a < b, @« > 0. Here g € AC ([a,b]) (absolutely continuous
functions) and is strictly increasing, f € Lo ([a,b]). We set

(Ig+;gf) (z) = ﬁ

clearly (Igj_;gf) (a) =0,
and

[ @-sordwrma s2a

b
(I 0f) @) = i [ GO -9@)1 g O, <t @
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clearly (Ig‘_;gf) (b) =0.
When g is the identity function id, we get that Iy e =10y and Iy = Ip"
the ordinary left and right Riemann-Liouville fractional integrals, where

« _ 1 * a—1
(12:0) @) = 51 [ @=0" " F @i 2z 0
(12, f) (a) =0, and
N 1 o
(1) @) = i [ €= p a2 <o, (4)

(Ilfif) (b) = 0.
Remark 2 (see also [1]) We observe that

(I:+;gf) (z) = %

a)

[ @ =-g@)™ (rog) (90 @de =

(by change of variable for Lebesgue integrals)

1 g(x) ol B § »
F(Oé)/g(a) (g(@)—2)"" (fog ') (2)dz = (Ig(a)+ (fog )) (¢(z)), =>a

()
equivalently g (x) > g (a).
That is in the terms and assumptions of Definition 1 we get
(1200) @) = (Iiays (Fo97) (9(@),  fore>a. (6)

Similarly we observe that

(50) @) = 0 | @O g @) (Fog™) (9o ()t
el T Ty ), Y RN
1 g(b) o » X »
:w/g(x) (=g @) (fos™) (2 dz = (I~ (Fog™)) 9@, ()
for x <b.
That is

() @) = (I~ (Fog™)) (9@)), fora <. ®)

So by (6) and (8) we have reduced the general fractional integrals to the ordinary
left and right Riemann-Liouville fractional integrals.

When g (z) = e, z € [a, b] we have the application
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Definition 3 The left and right fractional exponential integrals are defined as
follows: Let a,b € R, a <b, a >0, f € L ([a,b]). We set

« _ 1 N T no—1 4
(I f) (x)—m/a (" —e")" e f(t)dt, z>a, 9)
and X ,
« _ t oe—1 ¢
(Ib,;ewf) (x) = F(a)/gg (" —e")" e f(t)ydt, x<b. (10)
Note 4 We see that
(124 f) (@) = (I8, (Fo) (), @ >a, (1)
and
(I e ) (@) = (IS (f o) (%), @ <. (12)

Another example follows:

Definition 5 Let a,b € R, a<b, a >0, f € Ly ([a,b]), A > 1. We introduce
the fractional integrals:

(Iea-f) (2) = lln(;j) /m (A* — AN AtF(ydt, w>a,  (13)
and A
(I ax f) (z) = ﬁ/ (A'— A7) T At F(ydt, @ <b. (14)

We are motivated by

Theorem 6 (1881, Hermite-Hadamard inequality, [4]) Let f : I C R — R be
a convex function on the interval I of real numbers, and a,b € I, with a < b.

Then
f(““’)s ! /bf(t)dtsf(aHf(b). (15)

2 b—a 2

Additionally to the classical convex functions, Toader [6], Hudzik and Ma-
ligranda [2] and Pinheiro [5] generalized the concepts of classical convex func-
tions to the concepts of m-convex function and (s, m)-convex function.

Definition 7 The function f : [0,b*] — R is said to be m-convez, where m €
[0,1] and b* > 0 if for every z,y € [0,b*] and t € [0,1], we have

flr+m A —t)y) <tf(x)+m(1—1t)f(y). (16)

Definition 8 The function f : [0,0*] — R is said to be (s, m)-convex, where
(s,m) € [0,1]* and b* > 0, if for every z,y € [0,b*] and t € [0,1], we have

flx+m1=t)y) <t°f () +m (1 —=1°) f(y). (17)
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We need the following list of Lemmas and Theorems from [7].

Lemma 9 Let a >0, f:[a,b] — R be a twice differentiable mapping on (a,b)
with a < b. If "' € Ly ([a,b]), then

T(a+1 b
2(&;):)21 (I f () + I f (a)] — f (“; ) =
2 1
(b—2a) /m(t)f”(ta+(1—t)b)dt, (18)
0
where 1 (1—p)o+ 1
R e O
m(t)—{l_t_l—@—g:—t““, te s, 1). 19

Lemma 10 Leta >0, f: [a,b] — R be a twice differentiable mapping on (a,b)
with a < b. If f"" € Ly ([a,b]), r > 0, then

f(a)+f(b)+ 2 f<a+b) ~T(a+1)

(12 f (0) + I f (a)] =

r(r+1) r+1 2 r(b—a)®
1
(b—a)? / k(6) £ (ta+ (1—£)b) dt, (20)
0
where (doget .
1o (1—p)at1_gatl ‘ 1
L T (A
o) = { e e ) o
r(a+1) T orf1e te [5’ 1) .

Lemma 11 Leta >0, f: [a,b] — R be a twice differentiable mapping on (a,b)
with a <mb < b. If " € Ly ([a,b]), r > 0, then

f(a)+ f(mb) 2 a+ mb I'a+1)
r(r+1) +T+1< 2 )r(mb—a)a

(134 f (mb) + 15, f (a)] =

(mb — a)z/lk(t) F" (ta +m (1 —t)b)dt, (22)
0
where k (t) is defined in (21).

The following fractional m-convex Hermite-Hadamard type inequalities also
come from [7].

Theorem 12 Let f:[0,b*] — R be a twice differentiable mapping with b* > 0,
a > 0. If |f"|? is measurable and m-convex on [a, %} for some fized ¢ > 1,
0<a<bandme (0,1] with%ﬁb*,r>0, then

fla)+ (), 2

H™(f) = r(r+1) +7’+1f(

) Sl 0+ 55 @)
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2 @ 1
<(b-a) (T(a+1)(a+2)+4(r+1))'

@I +m| (BN
( : = R (f). (23)

Theorem 13 Let f:[0,b*] — R be a twice differentiable mapping with b* > 0,
o > 0. If |[f"|* is measurable and m-conver on |a, %} for some fized q > 1,
0<a<bandme (0,1] with £ <b*, r >0, then

()= [FOLED 2 (U5 - T s w4 1 @)

r4+1 2 r(b—a)”
(b — o)’ > NP (1@ ml N
<rin (o) ( 2 B

1,1 _
where;—kg—l.

Theorem 14 Let f:[0,b*] — R be a twice differentiable mapping with b* > 0,
o > 0. If |f"|* is measurable and m-convezr on |a, %} for some fized q¢ > 1,
0<a<bandme (0,1] with £ <b*, r >0, then

()= (PO ST 2 (40) - T D s 0+ 17 )

(b-a? (qa+) -1\ (17 @ +m]f (D) _ .
Sr(a+1) (q(a+1)+1> ( 2 = B (). (25)

Theorem 15 Let f:[0,b*] — R be a twice differentiable mapping with b* > 0,
o > 0. If |[f"|" is measurable and m-convez on |a, %} for some fixed q > 1,
0<a<bandme (0,1] with%ﬁb*,r>0, then

H77L(f)::'f£a()riﬁ§b)+ 2 f(a+b>_F(a+1) [Ig+f(b)+fl§*f(a)}’

r+1 2 r(b—a)”
<(_2 P (b—a)? (1 r+1 O\ r+1 \PH! z
) S Grers) - Gai)
1 q (b4 a
<|f (a) +;n|f (L) ) — R (f), (26)
where%-i—%:l-
5

123



BEIJING LECTURE

Theorem 16 Let f:[0,b*] — R be a twice differentiable mapping with b* > 0,
o > 0. If |[f"|* is measurable and m-conver on [a, %} for some fized q¢ > 1,
0<a<bandme (0,1] with%ﬁb*,r>0, then

gy im (L L0 2 (00 Tt D 0+ 1 g a)

r+1 2 r(b—a)
2\ (b—a)? (1 r1 "M ri1 \™)7
() 5T |Gresn) - Garn) ] |
e+ m | £ (29 v
(If (a)] +2 1 ()] ) = RI"(f). (27)

The following fractional (s, m)-convex Hermite-Hadamard type inequalities
also come from [7].

Theorem 17 Let f:[0,b] — R be a twice differentiable mapping with 0 < a <

mb < b, a>0. If | f"|? is measurable and (s, m)-convex on [a,b] for some fived
q>1 and (s,m) € (0,1]%, r > 0, then

HT (f) =
f(a) + f (mb) 2 a+mb T(a+1) o o
’ r(r+1) + r+1 < 2 ) o (mb—a)” (& f (mb) +I’mb_f(a)]‘
2 (0% 1 1_5
< (mb—a) <r(a+1)(a+2)+4(r+1)> ’ (28)

WW@WIHMWMW(MQ+Sm+@+4W1UIﬂ34 ().

where 1 1
I= — B(s+1l,a+2
r(s+1)(s+a+2) r(a+1) ( )

1 1 s+1
I D)1 2) (1_ (2) )

Theorem 18 Let f:[0,b] — R be a twice differentiable mapping with 0 < a <
mb < b, a>0. If | f"|? is measurable and (s, m)-convex on [a,b] for some fived
q>1 and (s,m) € (0,112 r > 0, then

H (f) =

et 2 () ety o
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(mb—a)2 2 % 1 " q ms " AN
= r(o+1) (1_p(a+1)+1) (s+1|f (o)l +s+71|f <b)) (29)
=: R3,(f),

1,1 _
where;—l—afl.

Theorem 19 Let f:[0,b] — R be a twice differentiable mapping with 0 < a <
mb <b, a>0. If |f"|* is measurable and (s, m)-convex on [a,b] for some fived
q>1and (s,m) € (0,1)%, r > 0, then

H (f) =
f(a) + f (mb) 2 a+mb Lla+1) (o, o
’ r(r+1) +7"+1 < 2 >_T(mba)a [I‘H'f(mb)—i_lmb_ (a)]‘
(mb—a)2 " q 1 1
S S latl) {If (a)] (S+1—q(8+1)+8+1—B(s+1,q(a+1)+1()20)
s 2 1

+m 1" b Q( _ +
770l s+1 qla+1)+1 gqla+1)+s+1
+B(s+1q(a+1)+1))] = Ry (f).
Theorem 20 Let f:[0,b] — R be a twice differentiable mapping with 0 < a <

mb <b, a> 0. If |f”|* is measurable and (s, m)-convex on [a,b] for some fived
q>1 and (s,m) € (0,1]%, r > 0, then

HI" (f) =
’f(i)(:ﬁ;nb) Tilf <a+2mb) - T?ﬂ(;:;a (12, f (mb) +If,§bf(a)]‘
) ) )
<si1 7@+ 21 (b>|q); = R} (f), (31)

1,1 _
where;—ka—l.

Theorem 21 Let f:]0,b] — R be a twice differentiable mapping with 0 < a <
mb < b, a> 0. If | f"|? is measurable and (s, m)-convex on [a,b] for some fived
q>1 and (s,m) € (0,1)%, r > 0, then

HI (f) =

f(a)+ f(mb) 2 a+mb I'(a+1)
r(r+1) +r+1f< 2 )_r(mb—a)

« (Lo f (mb) + I, f (a)]
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- r+1 q+1 r(a+1

2 q+1
2 (7‘+1> _ 5
g+1\r(a+1)
where

r+1 e Yor+1 e
H= : ———— +1—t] tdt.
/ ( a1 D) t) tdt+/% (T(a+1)+ t) t°dt (33)

The aim of this article is to extend the results of [7] to generalized frac-

(mb—a)* | o w2 (L, _r+l \"
< [f (@' 1+ mf (b)( (34555

= Ry (f), (32)

tional integrals (1) and (2), in particular to fractional exponential integrals (9),
(10) and to fractional trigonometric integrals (60), (61). That is to produce
very general fractional m-convex and (s,m)-convex Hermite-Hadamard type
inequalities.

2 Main Results

Combining Theorems 12-16 we get the following m-convex Hermite-Hadamard
type inequality.

Theorem 22 Let f:[0,b*] — R be a twice differentiable mapping with b* > 0,
a > 0. If |[f"|" is measurable and m-convez on [a, %} for some fixed q > 1,
0<a<bandme (0,1] with%ﬁb*,r>0, then

H™ (f) <min{R" (f), Ry (f), R3" (f), Ry (f), Rg" (f)} - (34)

Combining Theorems 17-21 we obtain the following (s, m)-convex Hermite-
Hadamard type inequality.

Theorem 23 Let f:[0,b] — R be a twice differentiable mapping with 0 < a <
mb < b, a>0. If | f|? is measurable and (s, m)-convex on [a,b] for some fived
qg>1and (s,m) € (0,1)%, r > 0, then

HE (f) <min{ R (f), Ry (), R (f), Ris () Bgs ()} (35)
Next we generalize Lemmas 9-11.

Lemma 24 Let « > 0, a < b, f € C([a,b]), g € C*([a,b]), g strictly in-
creasing on [a, b], (f o g~1) is twice differentiable function on (g (a),g (b)) with
(fog)" € Li(lg (@), 9 (). Then

g )"
I'la+1)
2(g(b) —g(a)”

1040 f )+ Iy f (@)] — (Fog™) (9<>2+9<b>>
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M/lm(t)(fog1)”(tg<a>+<1—t>g<b>>dt7 (36)
2 0

where m (t) as in (19).
Lemma 25 Let all as in Lemma 24, r > 0. Then

fla)+]®) 2 (fogl)<g(a)+g(b)>

—— T e F )+ I (a)]

1
=(9(0) —g(a))’ / k() (Fog™) (tg(a) + (1= 1)g®)dt,  (37)
where k (t) as in (21).
Lemma 26 Let all as Lemma 25, with g (a) < mg (b) < g(b). Then

f(a)+ (fog™) (mg (b)) 2 _1y ((9(a) + mg (b)
r(r+1) T+1(fog )<2>

I'a+1) N . . B
r(myg (b) — g (a))” {Ig(a)Jr (fog™) (mg (b)) + L gy — (fog™") (g (a))}

= (mg (b) — g (a))’ / k() (Fog™)" (tg(a) +mA—t)g(b))dt,  (38)
where k (t) as in (21).

€T

We apply Lemmas 24-26 to g (z) = e*.

Lemma 27 Let « > 0, a < b, f € C([a,b]), (foln) is twice differentiable
Sfunction on (e“, eb) with (f o ln)” €l ([e“7 eb]). Then

« e® + el
S e f O e f @] = (o) (S35 ) =
eb — @ 2 1 g
( 5 ) /Om(t)(foln) (te + (1 —t) e’) dt, (39)

where m (t) as in (19).
Lemma 28 Let all as in Lemma 27, r > 0. Then

fla)+ f(b) 2 e + e I'la+1)
r(r+1) +r—|—1(f01n)< 2 >_r(eb—e‘1)a

= (e’ - e“)2/0 k(t) (foln)” (te* + (1 —t)€’) dt, (40)
where k (t) as in (21).

[I((Lx+;e’ff (b) + Il;xf;eff (a)]
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Lemma 29 Let all as in Lemma 28, with e* < me® < eb. Then

f(a) + (f oln) (me®) 2 e® + me?
r(r+1) +r+1(f01n)< 2 )

5 [l
= (meb —e) / k(t)(foln)" (te® + (1 —t) eb) dt,
0
where k (t) as in (21).
We need

Notation 30 We denote by

H™ (f?g) =

r(r+1) r+1 2

I'(a+1)

00 =g (@) Faral O+ Iy @]

Ry (7.9) = (00) ~ s @) (; (a+1§“a+2 =
(\(fog—l)”(g(a))\ +m|(fog7") )é
2

S ()

(\(fogl)’%g(a))\ tm(fog)" (1) )

2

_(g)—g(a))’ (q<a+1>—1)3.
gla+1)+1

2

(WOQI)” @) +m|(rog™)" (C’fﬁ’)q);

2 r(a+1)

r+1

10
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) <7““>’7“F (\(fow)” )] +m(room” (42) )
r ) 9 )

(a+1
(46)
where%Jr%:l,
and
v —g(a))? - a+1
r q+1% (fogfl)"(g(a))qqtm (fogfl)” % N
(r(o;;ll))](' ‘2‘ ()).(47)

We present the following fractional generalised m-convex Hermite-Hadamard
type inequality.

Theorem 31 Let all as in Notation 30. Here o > 0, b* > 0, f € C([0,b*]),
g € C([0,b%]), g is strictly increasing on [0,b*] with g (0) = 0. Assume that

q
fog ™t :[0,g(*)] — R is twice differentiable mapping. If ‘(fog’l)// is

measurable and m-convex on [g (a), %} for some fixed q >1,0<a<b<b*
and m € (0,1] with % <g(b*), >0, then

H™ (f,9) <min{RY" (f,9), Ry (f,9), BRy"(f.9), Ri"(f,9), Rg'(f.9)}.
(48)

Proof. By Theorem 22. m
We need

Notation 32 We denote by

HY (f,9) = 'f(a”(“g_ Lmg O, 2 (1 (st ma)

r(r+1) 2
I'la+1 _ o _
sty s (£o8™) (ma ) + ) (7o) (0()] "
RT{; (fvg) = (mg (b) _g(a))2 (T(Oé+ 1O)é(a+2) + 4(7,1+ 1)) ’
[(Fog™) @] 1+ m|(rog™)" (g0 (50)

(r<a+1?<a+2>+4<r1+1> ‘Iﬂq’

11
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where
1 1
I::r(s+1)(s+a+2)_r(a+1)B(s+1’a+2)
1 1\t
+(r+1)(8+1)(8+2)<1_<2> > (51
e . (mg(b) = g(a)’ 2 »
Rz (£,9) = r(a+1) (1_pm+1ﬂl>

1
s+1

1,1
where = + = =1
>t 3 ,

(roa) @@+ 22 |(roa ) o) 62

m _ (mg(b) — g(a))’ —1y/ a1 1
B3 (f9) = r(a+1) U(fog ) (g(a))‘ (s+1_q(a+1)+s+l
B+ L)+ o) 6o (2 -

(53)
1

+
gla+1)+s+1

(mg (?+f(a))2 (pil);

+B(s+1,q(o¢+1)+1)>],

L e
2 r(a+1)

q ms ‘ "

<7f;ﬁn>p+1]p<s,i1’<f og™)" (g(@)| + 5 |(Fog™) (@)

1,1 _
where st = 1,
and

RZ; (f?g) =

q

RE (f.9) = MO I 7o ) (g @) B4 m (709" (0 )

(q—?—l (i * r(roz—’—#—ll))lJrl B q_f_il (7%::_11))q+1 —H>] . (55)

r+1 Lot !
H= 4+ 1-t) tdt.
/ ( @1 D) +t> tdt+/§ (r(a+1)+ t) t*dt (56)

Next we present a fractional generalised (s,m)-convex Hermite-Hadamard

where

type inequality.

12
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Theorem 33 Here all as in Notation 32. Let « > 0, b > 0, f € C([0,b]),
g € C1([0,0]), g is strictly increasing on [0,b] with g (0) = 0. Assume that
fog™t:]0,g(b)] — R is twice differentiable mapping, with 0 < g (a) < mg (b) <
g(b), a€0,b]. If ‘ (fo gfl)”‘q is measurable and (s, m)-convez on [g (a), g (b)]

for some fived ¢ > 1 and (s,m) € (0,1]%, r > 0, then

H (f,9) <min{RY (f,9), Ry (f,9), Ry (f,9), Rii(f,9), REs(f.9)}-
(57)

Proof. By Theorem 23. m
The case ¢ = 1 is met separately.

Proposition 34 Here H™ (f,g) as in (42) of Notation 30. The rest of the
assumptions as in Theorem 31 with ¢ = 1. Then

H™(f,g) < (g(b)—g(a))Q (’r(a—&-l?(&—i—?) + 4(7”1_’_ 1>> ’

‘(f og 1) (g (a))‘ + m‘(f og™1)" (g(b))‘
2

Proof. By Theorem 12. m

Proposition 35 Here HI" (f,g) as in (49) of Notation 32. The rest of the
assumptions as in Theorem 33 with ¢ = 1. Then

HI (f,9) < (mg (6) = g (@) [|(Fo97)" (g (@) I +m |(fog7)" (9 (0]

"

(r(a+1?(a+2) " 4(7~1+1) _Iﬂ’ (59)
where I as in (51).

Proof. By Theorem 17. m
We need

Definition 36 Let a,b € [0,5], a < b, & >0, f € Ly ([a,b]). We consider

the left and right fractional trigonometric integrals of f with respect to sine
function denoted by sin :
o 1 v . . a—1
(IS inf) (@) = = (sinz —sint)™" " costf (t)dt, x> a, (60)
’ I'(a) Ja

and

b
(I i f) (x) = ﬁ/ﬂﬁ (sint —sinz)* " costf (t)dt, x <b. (61)

13
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‘We need

Notation 37 We denote by

L0, 2 (g gy ()20

H" (f,sin) :=

r(r+1) r+1 5
T (a+1) i )
r (sin (b) — sin (a))” [Ia+;sinf () + It sin S (a)]|, (62)
m 2 a 1
R (f,sin) := (sin (b) — sin (a)) ( CEICE R )
(fosin_l)n (sin(a))‘ +m |(fosin™! (b)
2
m . L (Sin (b) — SlIl
(fosm )” (sin(a))‘ +m fosm (b) 4
2
where % + % =1,
m N (Sin (b) — sin (a))2 q (a + 1) —-1 %
R3*(fabln) = r(a+1) (q(a+1)+1> .
(fosin’l)” (sin(a))‘q+m (fosinfl)” (W)‘q a
( 2 ; (65)
e 2 \F(sin()—sin(a)® [[1 r+1 \P
i (fo5m 2= <p+1> Tt [(QJW(QH)) -
1 N (|osinT) sin (@) +m (7 osinT)” ()Y T
<(Oé—|—1)> 2 ;
(66)

1,1 _
where st = 1,
and

14

132



BEIJING LECTURE

ppl )0t 7 ‘(f o sin’l)” (sin(a))‘q +m ‘ (fo sinfl)// (S“;Eb))
()| 2

(67)

We present the following fractional generalised m-convex Hermite-Hadamard
type inequality for sin function. So here g (z) = sin (z), z € [0, 5] .
Theorem 38 Let all as in Notation 37. Here a >0, f € C ([O7 g]) Assume

q
that fosin~!: [0,1] — R is twice differentiable mapping. If ’(f o sinfl)// 18

sin(b)
m

and m € (0,1] with sin (b) < m, r > 0, then

measurable and m-convex on {sin (a), for some firedq>1,0<a <b< 3

H (f,sin) <
min {RY; (f,sin), RY, (f,sin), R%, (f,sin), Ry, (f,sin), RE. (f,sin)}. (68)

Proof. By Theorem 31. m
We need

Notation 39 We denote by

f(a)+ (fosin™) (msin(b))+

HT! (f,sin) := ‘ )

2 o sin-1 sin (@) + msin (b) | I'a+1) .
r+1 (f ) ( 2 > r (msin (b) — sin (a))”

[I;‘n(a)Jr (fo sin_l) (msin (b)) + I, ginw)— (fo sin_l) (sin (a))] , (69)

m 4 fp— a7 31 2 @ 1 1_%
R, (f,sin) := (msin (b) — sin (a)) (r(a—f— D (at2) + i+ 1)) :

[|(£osin1)" sin (a))‘q I4+m(f osin™)" (sin (b))’q : (70)

<r(a+1t;(a+2)+4(7"1+1) _Iﬂq’

where
1 1
I::r(s+1)(s+a—|—2) _r(a+1)B(s+1’a+2)
1 1 s+1
HCESICESVIPE) (1_<2> ) (7)
15
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i —sin(a))? »
(535 sy @]+ 25 [osny @mon[') ", @

1 1 _
where sto= 1, .
R%., (f,sin) :=

U(fosin‘l)” (sin (a))

(msin (b) — sin (a))*

Q< 1 1
s+1 qla+1l)+s+1

r(a+1)
—-B(s+1,q(a+1)+1)) —&—m‘(fosin_l)// (sin(b))‘q (sj— [ i@ +21) 1
(73)
q(a—l—li—l—s—&—l —|—B(5—|—1,q(o¢—|—1)—|—1)>],
msin (b) — sin (a))? ] r p+1
R 7 5im) = (?ﬂ)+1 = (pil) <;+r(o¢++11)> N
) <<a++11>>] ; (s3] osn ™) G+

S??j_sl ‘(f o sinfl)ﬁ (sin (b)) q>(11 , (74)

1,1 _
where st =1
and
R, (f,sin) :=
(msin (b) — sin (a))2
r+1

2 (1 1\ 2 1\t
<+ i ) —(H ) —H||, (1)
g+1\2 r(a+1) g+1\r(a+1)
where

r+1 T
H = / ( (@t 1) +t> tdt+ ( —t) t°dt. (76)

‘ q

H (fosin™)” (sin (a))‘q H+m ‘ (fosin™)" (sin (b))

Next we present a fractional generalised ( )-convex Hermite-Hadamard
type inequality involving g (z) = sinz, x € [ g]
16
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Theorem 40 Here all as in Notation 39. Let a > 0, a,b € [0, g], a < b,
f € C([0,b]). Assume that fosin~! : [0,sin(b)] — R is twice differentiable
mapping, with 0 < sin (a) < msin (b) < sin (b). If ’(f o sin_l)//‘q is measurable
and (s, m)-convez on [sin (a),sin (b)] for some fived ¢ > 1 and (s,m) € (0,1]?,
r >0, then

HE (f,sin) <

min {RY(, (f,sin), R3g, (f,sin), Rg(, (f,sin), R, (f,sin), Rg(, (f,sin)}.
(77)

Proof. By Theorem 33. m

Finally we treat the case of ¢ = 1 when g (z) =sinz, z € [0, 3].

Proposition 41 Here H™ (f,sin) as in (62) of Notation 37. The rest of the
assumptions as in Theorem 38 with ¢ = 1. Then

m . . . 2 « 1
HI™ (f,sin) < (sin (b) — sin (a)) <T(a+1>(a+2)+4(r+1)).

’(f ° Sin_l)” (sin (a))’ + m’(f o sin_l)" (%)‘
2

Proof. By Proposition 34. m

Proposition 42 Here H} (f,sin) as in (69) of Notation 39. The rest of the
assumptions as in Theorem 40 with ¢ = 1. Then

H™ (f,sin) < (msin (b) — sin (a))? H (fo sinfl)// (sin (a))‘ I+

m‘(fosmil)ﬁ (Sin(b))‘ (r(a—i- 1(;(a+2) i 4(7’1+ 1) —Iﬂ ’ "
where I as in (51).

Proof. By Proposition 35. m
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