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Abstract

Here we present the most general fractional representation formulae
for a function in terms of the most general fractional integral operators
due to S. Kalla, [3], [4], [5]. The last include most of the well-known frac-
tional integrals such as of Riemann-Liouville, Erdélyi-Kober and Saigo,
etc. Based on these we derive very general fractional Ostrowski type in-
equalities.
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1 Introduction

Let f : [a; b]! R be di¤erentiable on [a; b], and f 0 : [a; b]! R be integrable on
[a; b], then the following Montgomery identity holds [10]:

f (x) =
1

b� a

Z b

a

f (t) dt+

Z b

a

P1 (x; t) f
0 (t) dt; (1)

where P1 (x; t) is the Peano kernel

P1 (x; t) =

(
t�a
b�a , a � t � x;
t�b
b�a , x < t � b; (2)

The Riemann-Liouville integral operator of order � > 0 with anchor point a 2 R
is de�ned by

J�a f (x) :=
1

� (�)

Z x

a

(x� t)��1 f (t) dt; (3)
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J0af (x) := f (x) , x 2 [a; b] : (4)

Properties of the above operator can be found in [9].
When � = 1, J1a reduces to the classical integral.
In [1] we proved the following fractional representation formula of Mont-

gomery identity type.

Theorem 1 Let f : [a; b] ! R be di¤erentiable on [a; b], and f 0 : [a; b] ! R be
integrable on [a; b], � � 1, x 2 [a; b): Then

f (x) = (b� x)1�� � (�)
�
J�a f (b)

b� a � J��1a (P1 (x; b) f (b)) + J
�
a (P1 (x; b) f

0 (b))

�
:

(5)
When � = 1 the last (5) reduces to classic Montgomery identity (1).

Motivated by (5), here we establish a very general fractional representation
formula based on the most general fractional integral due to S. Kalla, [3], [4], [5].
The last integral includes almost all other fractional integrals as special cases.
We then establish a very general fractional Ostrowski type inequality.
We �nish with applications.

2 Main Results

Here let f : R+ ! R di¤erentiable with f 0 : R+ ! R be integrable. Let
also � : [0; 1] ! R+ a general kernel function, which is di¤erentiable with
�0 : [0; 1]! R+ being integrable too. For z in (0; 1) we assume � (z) > 0.
Let here the parameters 
; � be such that 
 > �1 and � 2 R. Set " :=

� � 
 � 1, that is � = "+ 
 + 1.
The most general fractional integral operator was de�ned by S. Kalla ([3],

[4], [5]), see also [7], as follows:

I
;�� f (x) := x�
Z 1

0

� (�)�
f (x�) d�; (6)

for any x > 0, with I
;�� f (0) := 0:

Here we consider b > 0 �xed, and 0 < x < b. We operate on [0; b].
By convenient change of variable we can rewrite I
;�� f (x) as follows:

I
;"� f (x) := x"
Z x

0

�
�w
x

�
w
f (w) dw: (7)

That is
I
;"� f (x) = I
;�� f (x) , for any x > 0. (8)

We take 
 > 0 from now on.
We present the following most general fractional representation formula.
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Theorem 2 All as above described. Then

f (x) = b
+1��x�

�
�
�x
b

���1 �1
b
I
;�� f (b) + 
I
�1;�� (P1 (x; b) f (b))

+
1

b
I
;��0 (P1 (x; b) f (b)) + I


;�
� (P1 (x; b) f

0 (b))

�
: (9)

Proof. We observe that

I
;"� (P1 (x; b) f
0 (b)) = b"

Z b

0

�
�w
b

�
w
P1 (x;w) f

0 (w) dw = (10)

b"

"Z x

0

�
�w
b

�
w

w

b
f 0 (w) dw +

Z b

x

�
�w
b

�
w

�
w � b
b

�
f 0 (w) dw

#
= (11)

b"�1

"Z x

0

�
�w
b

�
w
+1f 0 (w) dw +

Z b

x

�
�w
b

� �
w
+1 � bw


�
f 0 (w) dw

#
=

b"�1
�
�
�x
b

�
x
+1f (x)�

Z x

0

f (w) d
�
�
�w
b

�
w
+1

�
�

�
�x
b

� �
x
+1 � bx


�
f (x)�

Z b

x

f (w) d
�
�
�w
b

� �
w
+1 � bw


��#
=

b"�1
�
bx
�

�x
b

�
f (x)�

Z x

0

f (w)

�
1

b
�0
�w
b

�
w
+1 + (
 + 1)�

�w
b

�
w

�
dw�

(12)Z b

x

f (w)

�
1

b
�0
�w
b

� �
w
+1 � bw


�
+�

�w
b

� �
(
 + 1)w
 � b
w
�1

��
dw

#
=

b"�1
�
bx
�

�x
b

�
f (x)� 1

b

Z x

0

f (w) �0
�w
b

�
w
+1dw�

(
 + 1)

Z x

0

f (w) �
�w
b

�
w
dw �

Z b

0

f (w)

�
1

b
�0
�w
b

� �
w
+1 � bw


�
+

�
�w
b

� �
(
 + 1)w
 � b
w
�1

�i
dw +

Z x

0

f (w)

�
1

b
�0
�w
b

� �
w
+1 � bw


�
+

(13)

�
�w
b

� �
(
 + 1)w
 � b
w
�1

�i
dw
i
=

b"�1

"
bx
�

�x
b

�
f (x)� 1

b

Z b

0

f (w) �0
�w
b

�
w
+1dw +

Z b

0

f (w)�0
�w
b

�
w
dw�

(
 + 1)

Z b

0

f (w) �
�w
b

�
w
dw + b


Z b

0

f (w) �
�w
b

�
w
�1dw�
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Z x

0

f (w) �0
�w
b

�
w
dw � b


Z x

0

f (w) �
�w
b

�
w
�1dw

�
=: (�) : (14)

We notice that

�1
b

Z b

0

f (w) �0
�w
b

�
w
+1dw = �

�Z x

0

f (w) �0
�w
b

� w
b
w
dw+

Z b

x

f (w) �0
�w
b

� (w � b)
b

w
dw +

Z b

x

f (w) �0
�w
b

�
w
dw

#
= (15)

�
Z b

0

f (w) �0
�w
b

�
P1 (x;w)w


dw �
Z b

0

f (w) �0
�w
b

�
w
dw

+

Z x

0

f (w) �0
�w
b

�
w
dw:

Furthermore we have

�

Z b

0

f (w) �
�w
b

�
w
dw = �


�
b

Z x

0

f (w) �
�w
b

� w
b
w
�1dw+

b

Z b

x

f (w) �
�w
b

� (w � b)
b

w
�1dw + b

Z b

x

f (w) �
�w
b

�
w
�1dw

#
= (16)

�b

Z b

0

f (w) �
�w
b

�
P1 (x;w)w


�1dw � b

Z b

0

f (w)�
�w
b

�
w
�1dw

+b


Z x

0

f (w) �
�w
b

�
w
�1dw:

Putting together (10), (14), (15), (16) we obtain

I
;"� (P1 (x; b) f
0 (b)) = (�) =

b"�1

"
bx
�

�x
b

�
f (x)�

Z b

0

f (w) �0
�w
b

�
P1 (x;w)w


dw� (17)

Z b

0

f (w) �
�w
b

�
w
dw � b


Z b

0

f (w) �
�w
b

�
P1 (x;w)w


�1dw

#
=

b"�1
�
bx
�

�x
b

�
f (x)� 1

b"
I
;"�0 (P1 (x; b) f (b))

� 1
b"
I
;"� f (b)� 
b1�"I
�1;"� (P1 (x; b) f (b))

�
= (18)

b"x
�
�x
b

�
f (x)� 1

b
I
;"�0 (P1 (x; b) f (b))�

1

b
I
;"� f (b)� 
I
�1;"� (P1 (x; b) f (b)) :
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That is
I
;"� (P1 (x; b) f

0 (b)) = b"x
�
�x
b

�
f (x)�

1

b
I
;"�0 (P1 (x; b) f (b))�

1

b
I
;"� f (b)� 
I
�1;"� (P1 (x; b) f (b)) : (19)

Solving the last (19) for f (x) we get

f (x) = b�"x�

�
�
�x
b

���1 �1
b
I
;"� f (b) + 
I
�1;"� (P1 (x; b) f (b))+

1

b
I
;"�0 (P1 (x; b) f (b)) + I


;"
� (P1 (x; b) f

0 (b))

�
; (20)

proving the claim.
Next we establish a very general fractional Ostrowski type inequality.

Theorem 3 Here all as in Theorem 2. Then����f (x)� b
+1��x�
 ���xb ���1
�
1

b
I
;�� f (b)+


I
�1;�� (P1 (x; b) f (b)) +
1

b
I
;��0 (P1 (x; b) f (b))

����� �
b�1x�


�
�
�x
b

���1
k�k1;[0;1] kf

0k1;[0;b]

"�
2x
+2 � b
+2

�

 + 2

+
b
�
b
+1 � x
+1

�

 + 1

#
:

(21)

Proof. We observe that���I
;�� (P1 (x; b) f
0 (b))

��� = jI
;"� (P1 (x; b) f
0 (b))j = (22)

b"

�����
Z b

0

�
�w
b

�
w
P1 (x;w) f

0 (w) dw

����� � b"
Z b

0

�
�w
b

�
w
 jP1 (x;w)j jf 0 (w)j dw �

b" k�k1;[0;1] kf
0k1;[0;b]

Z b

0

w
 jP1 (x;w)j dw = (23)

b" k�k1;[0;1] kf
0k1;[0;b]

"
1

b

Z x

0

w
+1dw +
1

b

Z b

x

w
 (b� w) dw
#
=

b"�1 k�k1;[0;1] kf
0k1;[0;b]

�
2x
+2


 + 2
+

b


 + 1

�
b
+1 � x
+1

�
� b
+2


 + 2

�
: (24)

That is we derived ���I
;�� (P1 (x; b) f
0 (b))

��� �
b��
�2 k�k1;[0;1] kf

0k1;[0;b]

"�
2x
+2 � b
+2

�

 + 2

+
b
�
b
+1 � x
+1

�

 + 1

#
: (25)

The claim is proved.
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3 Applications

We mention

De�nition 4 Let � > 0, �; � 2 R, then the Saigo fractional integral I�;�;�0;t of
order � for f 2 C (R+) is de�ned by ([12], see also [6, p. 19], [11]):

I�;�;�0;t ff (t)g = t����

� (�)

Z t

0

(t� �)��1 2F1

�
�+ �;��;�; 1� �

t

�
f (�) d� ; (26)

where the function 2F1 in (26) is the Gaussian hypergeometric function de�ned
by

2F1 (a; b; c; t) =
1X
n=0

(a)n (b)n
(c)n

tn

n!
; (27)

and (a)n is the Pochhammer symbol (a)n = a (a+ 1) ::: (a+ n� 1), (a)0 = 1;
where c 6= 0;�1;�2; ::: .

Note 5 Given that a+ b < c, 2F1 converges on [�1; 1], see [2].
Furthermore we have

d 2F1 (a; b; c; t)

dt
=

�
ab

c

�
2F1 (a+ 1; b+ 1; c+ 1; t) ; (28)

which converges on [�1; 1] when 1 + a + b < c. So when 1 + a + b < c, then
both (27) and (28) converge on [�1; 1] : Therefore when � > 1 + � we get that
both 2F1

�
�+ �;��;�; 1� �

t

�
and its derivative with respect to � :

�
(�+�)�
t�

�
2F1

�
�+ � + 1;�� + 1;�+ 1; 1� �

t

�
, converge on [0; 1]; notice here 0 � 1� �

t �
1, t > 0.

Remark 6 The integral operator I�;�;�0;t includes both the Riemann-Liouville
and the Erdélyi-Kober fractional integral operators given by

J�0 ff (x)g = I
�;��;�
0;t ff (t)g = 1

� (�)

Z t

0

(t� �)��1 f (�) d� (� > 0), (29)

and

I�;�ff (t)g = I�;0;�0;t ff (t)g = t����

� (�)

Z t

0

(t� �)��1 ��f (�) d� (� > 0, � 2 R).

(30)

Remark 7 By a simple change of variable (w = �
t ) we get

I�;�;�0;t ff (t)g = t��

� (�)

Z 1

0

(1� w)��1 2F1 (�+ �;��;�; 1� w) f (tw) dw: (31)
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Similarly we �nd

J�0 ff (t)g =
t�

� (�)

Z 1

0

(1� w)��1 f (tw) dw; (32)

and

I�;�ff (t)g = 1

� (�)

Z 1

0

(1� w)��1 w�f (tw) dw: (33)

Remark 8 ([8]) The above Saigo fractional integral (26) and its special cases
of Riemann-Liouville and Erdélyi-Kober fractional integrals (29), (30), are all
examples of the S. Kalla ([5]) generalized fractional integral in the reduced form

K

�f (x) = x

�
�1
Z x

0

�
�w
x

�
w
f (w) dw =

Z 1

0

� (�)�
f (x�) d�; (34)

where x > 0, 
 > �1 and � continuous arbitrary Kernel function.
Notice that (by (6) and (34))

I
;�� f (x) = x�K

�f (x) ; (35)

for any x > 0, where 
 > �1 and � 2 R.
So for b > 0 we get

I
;�� f (b) = b�K

�f (b) : (36)

Next we restrict ourselves to 
 > 0. By Theorem 2 and (36) we obtain the
following general fractional representation formula

Theorem 9 It holds

f (x) = b
+1��x�

�
�
�x
b

���1 h
b��1K


�f (b) + 
b
�K
�1

� (P1 (x; b) f (b))+

b��1K

�0 (P1 (x; b) f (b)) + b

�K

� (P1 (x; b) f

0 (b))
�
: (37)

We �nish the following very general fractional Ostrowski type inequality, a
direct application of (21) and (36).

Theorem 10 All as in Theorem 3. Then����f (x)� b
+1��x�
 ���xb ���1 �b��1K

�f (b)+ (38)


b�K
�1
� (P1 (x; b) f (b)) + b

��1K

�0 (P1 (x; b) f (b))

i��� �
b�1x�


�
�
�x
b

���1
k�k1;[0;1] kf

0k1;[0;b]

"�
2x
+2 � b
+2

�

 + 2

+
b
�
b
+1 � x
+1

�

 + 1

#
:

Comment 11 One can apply (37) and (38) for the Riemann-Liouville and
Erdélyi-Kober fractional integrals, as well as many other fractional integrals.
To keep article short we omit this task.
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Abstract

Here we present very general fractional representation formulae for a
function in terms of the fractional Riemann-Liouville integrals of di¤erent
orders of the function and its ordinary derivatives under initial conditions.
Based on these we derive general fractional Ostrowski type inequalities
with respect to all basic norms.
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1 Introduction

Let f : [a; b]! R be di¤erentiable on [a; b], and f 0 : [a; b]! R be integrable on
[a; b], then the following Montgomery identity holds [2]:

f (x) =
1

b� a

Z b

a

f (t) dt+

Z b

a

P1 (x; t) f
0 (t) dt; (1)

where P1 (x; t) is the Peano kernel

P1 (x; t) =

(
t�a
b�a , a � t � x;
t�b
b�a , x < t � b; (2)

The Riemann-Liouville integral operator of order � > 0 with anchor point a 2 R
is de�ned by

J�a f (x) :=
1

� (�)

Z x

a

(x� t)��1 f (t) dt; (3)
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J0af (x) := f (x) , x 2 [a; b] : (4)

Properties of the above operator can be found in [3].
When � = 1, J1a reduces to the classical integral.
In [1] we proved the following fractional representation formula of Mont-

gomery identity type.

Theorem 1 Let f : [a; b] ! R be di¤erentiable on [a; b], and f 0 : [a; b] ! R be
integrable on [a; b], � � 1, x 2 [a; b): Then

f (x) = (b� x)1�� � (�)
�
J�a f (b)

b� a � J��1a (P1 (x; b) f (b)) + J
�
a (P1 (x; b) f

0 (b))

�
:

(5)
When � = 1 the last (5) reduces to classic Montgomery identity (1).

In this article we �nd higher order fractional representation for f (x), similar
to basic (5), and from there we derive interesting fractional Ostrowski type
inequalities.

2 Main Results

Next we give higher order fractional representation of f subject to initial con-
ditions.

Theorem 2 Let � > 2, x 2 [a; b) �xed, f : [a; b]! R twice di¤erentiable, with
f 00 : [a; b]! R integrable on [a; b]. Assume f 0 (x) = 0. Then

f (x) =
(b� x)2��

�� 1

�
� (b� a)��2 f (a) + � (�)

�
2

b� aJ
��1
a f (b)� (6)

J��2a (P1 (x; b) f (b)) + J
�
a (P1 (x; b) f

00 (b))
	�
:

Proof. Let here � > 2 and there exists f 00 : [a; b]! R that is integrable on
[a; b].
We have

� (�) J�a (P1 (x; b) f
00 (b)) =

Z b

a

(b� t)��1 P1 (x; t) f 00 (t) dt = (7)

Z x

a

�
t� a
b� a

�
(b� t)��1 f 00 (t) dt+

Z b

x

�
t� b
b� a

�
(b� t)��1 f 00 (t) dt =Z x

a

�
t� a
b� a

�
(b� t)��1 f 00 (t) dt+

Z b

a

�
t� b
b� a

�
(b� t)��1 f 00 (t) dt (8)

�
Z x

a

�
t� b
b� a

�
(b� t)��1 f 00 (t) dt =

2
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Z x

a

(b� t)��1 f 00 (t) dt� 1

(b� a)

Z b

a

(b� t)� f 00 (t) dt:

That is
� (�) J�a (P1 (x; b) f

00 (b)) =Z x

a

(b� t)��1 f 00 (t) dt� 1

(b� a)

Z b

a

(b� t)� f 00 (t) dt =: (�1) : (9)

Next we use integration by parts, plus the assumption f 0 (x) = 0. We haveZ x

a

(b� t)��1 f 00 (t) dt =
Z x

a

(b� t)��1 df 0 (t) =

� (b� a)��1 f 0 (a)�
Z x

a

f 0 (t) d (b� t)��1 = � (b� a)��1 f 0 (a) (10)

+(�� 1)
Z x

a

(b� t)��2 df (t) = � (b� a)��1 f 0 (a)

+ (�� 1)
�
(b� x)��2 f (x)� (b� a)��2 f (a)�

Z x

a

f (t) d (b� t)��2
�
=

� (b� a)��1 f 0 (a) + (�� 1) (b� x)��2 f (x)� (�� 1) (b� a)��2 f (a)+ (11)

(�� 1) (�� 2)
Z x

a

(b� t)��3 f (t) dt:

That isZ x

a

(b� t)��1 f 00 (t) dt = � (b� a)��1 f 0 (a) + (�� 1) (b� x)��2 f (x)�

(�� 1) (b� a)��2 f (a) + (�� 1) (�� 2)
Z x

a

(b� t)��3 f (t) dt =: (�1) : (12)

Next we observe

� 1

(b� a)

Z b

a

(b� t)� f 00 (t) dt = � 1

(b� a)

"Z b

a

(b� t)� df 0 (t)
#
=

� 1

(b� a)

"
� (b� a)� f 0 (a) + �

Z b

a

(b� t)��1 df (t)
#
= � 1

(b� a) �"
� (b� a)� f 0 (a)� � (b� a)��1 f (a) + � (�� 1)

Z b

a

(b� t)��2 f (t) dt
#
=

(13)

(b� a)��1 f 0 (a) + � (b� a)��2 f (a)� � (�� 1)
(b� a)

Z b

a

(b� t)��2 f (t) dt:

3

SHANGHAI LECTURE

11



That is

� 1

(b� a)

Z b

a

(b� t)� f 00 (t) dt = (b� a)��1 f 0 (a)+

� (b� a)��2 f (a)� � (�� 1)
(b� a)

Z b

a

(b� t)��2 f (t) dt =: (�2) : (14)

We have that
(�1) = (�1) + (�2) :

Thus

� (�) J�a (P1 (x; b) f
00 (b)) = (�� 1) (b� x)��2 f (x) + (b� a)��2 f (a)+ (15)

(�� 1) (�� 2)
Z x

a

(b� t)��3 f (t) dt� � (�� 1)
b� a

Z b

a

(b� t)��2 f (t) dt:

Notice that
�� (�� 1) = � (�� 1) (�� 2)� 2 (�� 1) : (16)

We split

�� (�� 1)
b� a

Z b

a

(b� t)��2 f (t) dt = � (�� 1) (�� 2)
b� a

Z b

a

(b� t)��2 f (t) dt

�2 (�� 1)
b� a

Z b

a

(b� t)��2 f (t) dt: (17)

But we see that

� (�� 1) (�� 2)
b� a

Z b

a

(b� t)��2 f (t) dt = (18)

� (�� 1) (�� 2)
b� a

"Z x

a

(b� t)��2 f (t) dt+
Z b

x

(b� t)��2 f (t) dt
#
=

� (�� 1) (�� 2)
b� a

"Z x

a

(b� t) (b� t)��3 f (t) dt+
Z b

x

(b� t) (b� t)��3 f (t) dt
#

(19)
= � (�� 1) (�� 2) �"Z x

a

�
1�

�
t� a
b� a

��
(b� t)��3 f (t) dt�

Z b

x

�
t� b
b� a

�
(b� t)��3 f (t) dt

#
=

� (�� 1) (�� 2)
�Z x

a

(b� t)��3 f (t) dt�
�Z x

a

�
t� a
b� a

�
(b� t)��3 f (t) dt

(20)

+

Z b

x

�
t� b
b� a

�
(b� t)��3 f (t) dt

##
=

4
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� (�� 1) (�� 2)
Z x

a

(b� t)��3 f (t) dt+

(�� 1) (�� 2)
Z b

a

P1 (x; t) (b� t)��3 f (t) dt: (21)

Therefore

�� (�� 1)
b� a

Z b

a

(b� t)��2 f (t) dt = �2 (�� 1)
b� a

Z b

a

(b� t)��2 f (t) dt+

(�� 1) (�� 2)
Z b

a

P1 (x; t) (b� t)��3 f (t) dt (22)

� (�� 1) (�� 2)
Z x

a

(b� t)��3 f (t) dt:

Hence it holds

� (�) J�a (P1 (x; b) f
00 (b)) = (�� 1) (b� x)��2 f (x) + (b� a)��2 f (a)�

2 (�� 1)
b� a

Z b

a

(b� t)��2 f (t) dt+(�� 1) (�� 2)
Z b

a

P1 (x; t) (b� t)��3 f (t) dt =
(23)

(�� 1) (b� x)��2 f (x) + (b� a)��2 f (a)� 2 (�� 1) � (�� 1)
b� a J��1a f (b)+

(24)
(�� 1) (�� 2) � (�� 2) J��2a (P1 (x; b) f (b)) =

(�� 1) (b� x)��2 f (x) + (b� a)��2 f (a)�
2� (�)

b� a J
��1
a f (b) + � (�) J��2a (P1 (x; b) f (b)) : (25)

We have proved that

(�� 1) (b� x)��2 f (x) = � (b� a)��2 f (a) + 2� (�)
b� a J

��1
a f (b)�

� (�) J��2a (P1 (x; b) f (b)) + � (�) J
�
a (P1 (x; b) f

00 (b)) = (26)

� (b� a)��2 f (a)+

� (�)

�
2

b� aJ
��1
a f (b)� J��2a (P1 (x; b) f (b)) + J

�
a (P1 (x; b) f

00 (b))

�
: (27)

We have produced (6).
We continue with
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Theorem 3 Let � > 3, x 2 [a; b) �xed, f : [a; b]! R three times di¤erentiable,
with f 000 : [a; b]! R integrable on [a; b]. Assume f 0 (x) = f 00 (x) = 0. Then

f (x) =
(b� x)3��

(�� 1) (�� 2)

n
�2 (�� 1) (b� a)��3 f (a)� (b� a)��2 f 0 (a)+

� (�)

�
3

(b� a)J
��2
a f (b)� J��3a (P1 (x; b) f (b)) + J

�
a (P1 (x; b) f

000 (b))

��
:

(28)

Proof. Let here � > 3 and there exists f 000 : [a; b]! R that is integrable on
[a; b]. We have as before that

� (�) J�a (P1 (x; b) f
000 (b)) =Z x

a

(b� t)��1 f 000 (t) dt� 1

(b� a)

Z b

a

(b� t)� f 000 (t) dt =: (�2) : (29)

By assumption we have f 0 (x) = f 00 (x) = 0. We use repeatedly integration by
parts next Z x

a

(b� t)��1 f 000 (t) dt =
Z x

a

(b� t)��1 df 00 (t) =

� (b� a)��1 f 00 (a) + (�� 1)
Z x

a

(b� t)��2 f 00 (t) dt =

� (b� a)��1 f 00 (a) + (�� 1)
Z x

a

(b� t)��2 df 0 (t) =

� (b� a)��1 f 00 (a)+

(�� 1)
�
� (b� a)��2 f 0 (a) + (�� 2)

Z x

a

(b� t)��3 f 0 (t) dt
�
= (30)

� (b� a)��1 f 00 (a)� (�� 1) (b� a)��2 f 0 (a)+

(�� 1) (�� 2)
Z x

a

(b� t)��3 df (t) =

� (b� a)��1 f 00 (a)�(�� 1) (b� a)��2 f 0 (a)+(�� 1) (�� 2)
h
(b� x)��3 f (x)

� (b� a)��3 f (a) + (�� 3)
Z x

a

(b� t)��4 f (t) dt
�
=

� (b� a)��1 f 00 (a)�(�� 1) (b� a)��2 f 0 (a)+(�� 1) (�� 2) (b� x)��3 f (x)�

(�� 1) (�� 2) (b� a)��3 f (a) + (�� 1) (�� 2) (�� 3)
Z x

a

(b� t)��4 f (t) dt:
(31)

6
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That isZ x

a

(b� t)��1 f 000 (t) dt = � (b� a)��1 f 00 (a)� (�� 1) (b� a)��2 f 0 (a)+

(�� 1) (�� 2) (b� x)��3 f (x)� (�� 1) (�� 2) (b� a)��3 f (a)+ (32)

(�� 1) (�� 2) (�� 3)
Z x

a

(b� t)��4 f (t) dt =: (!1) :

Similarly we �nd

� 1

(b� a)

Z b

a

(b� t)� f 000 (t) dt = � 1

(b� a)

Z b

a

(b� t)� df 00 (t) = (33)

� 1

(b� a)

"
� (b� a)� f 00 (a) + �

Z b

a

(b� t)��1 f 00 (t) dt
#
=

(b� a)��1 f 00 (a)� �

(b� a)

Z b

a

(b� t)��1 df 0 (t) =

(b� a)��1 f 00 (a)� �

(b� a)

"
� (b� a)��1 f 0 (a) + (�� 1)

Z b

a

(b� t)��2 f 0 (t) dt
#

(34)

= (b� a)��1 f 00 (a) + � (b� a)��2 f 0 (a)� � (�� 1)
(b� a)

Z b

a

(b� t)��2 df (t) =

(b� a)��1 f 00 (a) + � (b� a)��2 f 0 (a)� (35)

� (�� 1)
(b� a)

"
� (b� a)��2 f (a) + (�� 2)

Z b

a

(b� t)��3 f (t) dt
#
=

(b� a)��1 f 00 (a) + � (b� a)��2 f 0 (a)+

� (�� 1) (b� a)��3 f (a)� � (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt: (36)

That is we found

� 1

(b� a)

Z b

a

(b� t)� f 000 (t) dt = (b� a)��1 f 00 (a) + � (b� a)��2 f 0 (a)+

� (�� 1) (b� a)��3 f (a)� � (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt =: (!2) :

(37)
Notice that

(�2) = (!1) + (!2) :

We have

� (�) J�a (P1 (x; b) f
000 (b)) = (b� a)��2 f 0 (a)+(�� 1) (�� 2) (b� x)��3 f (x)+

7
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2 (�� 1) (b� a)��3 f (a) + (a� 1) (�� 2) (�� 3)
Z x

a

(b� t)��4 f (t) dt�

� (a� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt: (38)

We notice that

�� (�� 1) (�� 2) = �3 (�� 1) (�� 2)� (�� 1) (�� 2) (�� 3) : (39)

Hence

�� (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt =

�3 (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt� (40)

(�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��3 f (t) dt:

But we see that

� (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��3 f (t) dt =

� (�� 1) (�� 2) (�� 3)
(b� a)

"Z x

a

(b� t)��3 f (t) dt+
Z b

x

(b� t)��3 f (t) dt
#
=

(41)

� (�� 1) (�� 2) (�� 3)
(b� a) �"Z x

a

(b� t) (b� t)��4 f (t) dt+
Z b

x

(b� t) (b� t)��4 f (t) dt
#
= (42)

� (�� 1) (�� 2) (�� 3)
(b� a) �"Z x

a

((b� a)� (t� a)) (b� t)��4 f (t) dt�
Z b

x

(t� b) (b� t)��4 f (t) dt
#
=

� (�� 1) (�� 2) (�� 3)
�Z x

a

�
1�

�
t� a
b� a

��
(b� t)��4 f (t) dt�

Z b

x

�
t� b
b� a

�
(b� t)��4 f (t) dt

#
= (43)

� (�� 1) (�� 2) (�� 3)
"Z x

a

(b� t)��4 f (t) dt�
Z b

a

P1 (x; t) (b� t)��4 f (t) dt
#
:
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We derived that

� (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��3 f (t) dt = (44)

� (�� 1) (�� 2) (�� 3)
Z x

a

(b� t)��4 f (t) dt+

(�� 1) (�� 2) (�� 3)
Z b

a

P1 (x; t) (b� t)��4 f (t) dt:

Therefore we obtain

�� (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt =

�3 (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt� (45)

(�� 1) (�� 2) (�� 3)
Z x

a

(b� t)��4 f (t) dt+

(�� 1) (�� 2) (�� 3)
Z b

a

P1 (x; t) (b� t)��4 f (t) dt:

Combining (38) and (45) we �nd

� (�) J�a (P1 (x; b) f
000 (b)) = (b� a)��2 f 0 (a)+(�� 1) (�� 2) (b� x)��3 f (x)+

2 (�� 1) (b� a)��3 f (a)� 3 (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 f (t) dt+ (46)

(�� 1) (�� 2) (�� 3)
Z b

a

P1 (x; t) (b� t)��4 f (t) dt =

(b� a)��2 f 0 (a)+ (�� 1) (�� 2) (b� x)��3 f (x)+ 2 (�� 1) (b� a)��3 f (a)�
3 (�� 1) (�� 2) � (�� 2)

b� a J��2a f (b)+ (47)

(�� 1) (�� 2) (�� 3) � (�� 3) J��3a (P1 (x; b) f (b)) =

(b� a)��2 f 0 (a)+ (�� 1) (�� 2) (b� x)��3 f (x)+ 2 (�� 1) (b� a)��3 f (a)�
3� (�)

(b� a)J
��2
a f (b) + � (�) J��3a (P1 (x; b) f (b)) : (48)

Consequently we get

(�� 1) (�� 2) (b� x)��3 f (x) = � (b� a)��2 f 0 (a)�2 (�� 1) (b� a)��3 f (a)

+
3� (�)

(b� a)J
��2
a f (b)� � (�) J��3a (P1 (x; b) f (b)) + � (�) J

�
a (P1 (x; b) f

000 (b)) =

(49)
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� (b� a)��2 f 0 (a)� 2 (�� 1) (b� a)��3 f (a)+

� (�)

�
3

(b� a)J
��2
a f (b)� J��3a (P1 (x; b) f (b)) + J

�
a (P1 (x; b) f

000 (b))

�
; (50)

proving the claim.
We continue with

Theorem 4 Let � > 4, x 2 [a; b) �xed, f : [a; b]! R four times di¤erentiable,
with f (4) : [a; b]! R integrable on [a; b]. Assume f 0 (x) = f 00 (x) = f 000 (x) = 0.
Then

f (x) =
(b� x)4��

(�� 1) (�� 2) (�� 3)

n
�3 (�� 1) (�� 2) (b� a)��4 f (�)�

2 (�� 1) (b� a)��3 f 0 (a)� (b� a)��2 f (2) (a)+

� (�)

�
4J��3a (f (b))

(b� a) � J��4a (P1 (x; b) f (b)) + J
�
a

�
P1 (x; b) f

(4) (b)
���

: (51)

Proof. Let here � > 4 and there exists f (4) : [a; b] ! R that is integrable
on [a; b]. We have as before that

� (�) J�a

�
P1 (x; b) f

(4) (b)
�
=

Z x

a

(b� t)��1 f (4) (t) dt�

1

(b� a)

Z b

a

(b� t)� f (4) (t) dt =: (�3) :

By assumption we have f 0 (x) = f 00 (x) = f 000 (x) = 0. We use repeatedly
integration by parts nextZ x

a

(b� t)��1 f (4) (t) dt =
Z x

a

(b� t)��1 df (3) (t) =

� (b� a)��1 f (3) (a) + (�� 1)
Z x

a

(b� t)��2 df (2) (t) = � (b� a)��1 f (3) (a)+
(52)

(�� 1)
�
� (b� a)��2 f (2) (a) + (�� 2)

Z x

a

(b� t)��3 df 0 (t)
�
=

� (b� a)��1 f (3) (a)� (�� 1) (b� a)��2 f (2) (a)+

(�� 1) (�� 2)
Z x

a

(b� t)��3 df 0 (t) =

� (b� a)��1 f (3) (a)� (�� 1) (b� a)a�2 f (2) (a)+

(�� 1) (�� 2)
�
� (b� a)��3 f 0 (a) + (�� 3)

Z x

a

(b� t)��4 df (t)
�
= (53)

10
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� (b� a)��1 f (3) (a)�(�� 1) (b� a)��2 f (2) (a)�(�� 1) (�� 2) (b� a)��3 f 0 (a)

+ (�� 1) (�� 2) (�� 3)
Z x

a

(b� t)��4 df (t) =

� (b� a)��1 f (3) (a)�(�� 1) (b� a)��2 f (2) (a)�(�� 1) (�� 2) (b� a)��3 f 0 (a)

+ (�� 1) (�� 2) (�� 3) (b� x)��4 f (x)�

(�� 1) (�� 2) (�� 3) (b� a)��4 f (a)+

(�� 1) (�� 2) (�� 3) (�� 4)
Z x

a

(b� t)��5 f (t) dt: (54)

We �nd thatZ x

a

(b� t)��1 f (4) (t) dt = � (b� a)��1 f (3) (a)� (�� 1) (b� a)��2 f (2) (a)�

(�� 1) (�� 2) (b� a)��3 f 0 (a) + (�� 1) (�� 2) (�� 3) (b� x)��4 f (x)�

(�� 1) (�� 2) (�� 3) (b� a)��4 f (a)+

(�� 1) (�� 2) (�� 3) (�� 4)
Z x

a

(b� t)��5 f (t) dt =: (�1) : (55)

Next we observe that

� 1

(b� a)

Z b

a

(b� t)� f (4) (t) dt = � 1

(b� a)

Z b

a

(b� t)� df (3) (t) =

� 1

(b� a)

"
� (b� a)� f (3) (a) + �

Z b

a

(b� t)��1 df (2) (t)
#
= (56)

(b� a)��1 f (3) (a)� �

b� a

Z b

a

(b� t)��1 df (2) (t) = (b� a)��1 f (3) (a)�

�

b� a

"
� (b� a)��1 f (2) (a) + (�� 1)

Z b

a

(b� t)��2 df 0 (t)
#
=

(b� a)��1 f (3) (a) + � (b� a)��2 f (2) (a)� � (�� 1)
(b� a)

Z b

a

(b� t)��2 df 0 (t) =

(b� a)��1 f (3) (a) + � (b� a)��2 f (2) (a)�

� (�� 1)
(b� a)

"
� (b� a)��2 f 0 (a) + (�� 2)

Z b

a

(b� t)��3 df (t)
#
= (57)

(b� a)��1 f (3) (a) + � (b� a)��2 f (2) (a) + � (�� 1) (b� a)��3 f 0 (a)�

� (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 df (t) =
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(b� a)a�1 f (3) (a) + � (b� a)��2 f (2) (a) + � (�� 1) (b� a)��3 f 0 (a)� (58)

� (�� 1) (�� 2)
(b� a)

"
� (b� a)��3 f (a) + (�� 3)

Z b

a

(b� t)��4 f (t) dt
#
=

(b� a)��1 f (3) (a) + � (b� a)��2 f (2) (a) + � (�� 1) (b� a)��3 f 0 (a)+

� (�� 1) (�� 2) (b� a)��4 f (a)�� (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 f (t) dt:

That is

� 1

(b� a)

Z b

a

(b� t)� f (4) (t) dt = (b� a)��1 f (3) (a) + � (b� a)��2 f (2) (a)+

� (�� 1) (b� a)��3 f 0 (a) + � (�� 1) (�� 2) (b� a)��4 f (a)�

� (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 f (t) dt =: (�2) : (59)

Notice that
(�3) = (�1) + (�2) : (60)

We �nd that

� (�) J�a

�
P1 (x; b) f

(4) (b)
�
= (b� a)��2 f (2) (a) + 2 (�� 1) (b� a)��3 f 0 (a)+

3 (�� 1) (�� 2) (b� a)��4 f (a) + (�� 1) (�� 2) (�� 3) (b� x)��4 f (x)+
(61)

(�� 1) (�� 2) (�� 3) (�� 4)
Z x

a

(b� t)��5 f (t) dt

�� (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 f (t) dt:

We have
�� (�� 1) (�� 2) (�� 3) =

�4 (�� 1) (�� 2) (�� 3)� (�� 1) (�� 2) (�� 3) (�� 4) : (62)

and
�� (�� 1) (�� 2) (�� 3)

(b� a)

Z b

a

(b� t)��4 f (t) dt = (63)

�4 (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 f (t) dt

� (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��4 f (t) dt:

12
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But we see that

� (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��4 f (t) dt =

� (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

�Z x

a

((b� a)� (t� a)) (b� t)��5 f (t) dt

�
Z b

x

(t� b) (b� t)��5 f (t) dt
#
=

� (�� 1) (�� 2) (�� 3) (�� 4)
�Z x

a

(b� t)��5 f (t) dt (64)

�
Z b

a

P1 (x; t) (b� t)��5 f (t) dt
#
:

Therefore it holds

�� (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 f (t) dt =

�4 (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 f (t) dt

� (�� 1) (�� 2) (�� 3) (�� 4)
Z x

a

(b� t)��5 f (t) dt

+(�� 1) (�� 2) (�� 3) (�� 4)
Z b

a

P1 (x; t) (b� t)��5 f (t) dt: (65)

Consequently we get

� (�) J�a

�
P1 (x; b) f

(4) (b)
�
= (b� a)��2 f (2) (a) + 2 (�� 1) (b� a)��3 f 0 (a)+

3 (�� 1) (�� 2) (b� a)��4 f (a) + (�� 1) (�� 2) (�� 3) (b� x)��4 f (x)�

4 (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 f (t) dt+ (66)

(�� 1) (�� 2) (�� 3) (�� 4)
Z b

a

P1 (x; t) (b� t)��5 f (t) dt =

(b� a)��2 f (2) (a)+2 (�� 1) (b� a)��3 f 0 (a)+3 (�� 1) (�� 2) (b� a)��4 f (a)

+ (�� 1) (�� 2) (�� 3) (b� x)��4 f (x)�
4 (�� 1) (�� 2) (�� 3) � (�� 3)

(b� a) J��3a (f (b))+

(�� 1) (�� 2) (�� 3) (�� 4) � (�� 4) J��4a (P1 (x; b) f (b)) = (67)
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(b� a)��2 f (2) (a)+2 (�� 1) (b� a)��3 f 0 (a)+3 (�� 1) (�� 2) (b� a)��4 f (a)

+ (�� 1) (�� 2) (�� 3) (b� x)��4 f (x)�
4� (�)

(b� a)J
��3
a (f (b)) + � (�) J��4a (P1 (x; b) f (b)) : (68)

That is

� (�) J�a

�
P1 (x; b) f

(4) (b)
�
= (b� a)��2 f (2) (a) + 2 (�� 1) (b� a)��3 f 0 (a)+

3 (�� 1) (�� 2) (b� a)��4 f (a) + (�� 1) (�� 2) (�� 3) (b� x)��4 f (x)+

� (�)

�
�4J

��3
a (f (b))

(b� a) + J��4a (P1 (x; b) f (b))

�
; (69)

proving the claim.
We continue with

Theorem 5 Let � > 5, x 2 [a; b) �xed, f : [a; b] ! R �ve times di¤erentiable,
with f (5) : [a; b] ! R integrable on [a; b]. Assume f (j) (x) = 0, j = 1; 2; 3; 4:

Then

f (x) =
(b� x)5��
4Y
j=1

(�� j)

8<:�4
3Y
j=1

(�� j) (b� a)��5 f (a)�

3
2Y
j=1

(�� j) (b� a)��4 f 0 (a)�2 (�� 1) (b� a)��3 f (2) (a)�(b� a)��2 f (3) (a)+

� (�)

�
5

(b� a)
�
J��4a (f (b))

�
� J��5a (P1 (x; b) f (b)) + J

�
a

�
P1 (x; b) f

(5) (b)
���

:

(70)

Proof. Let here � > 5 and there exists f (5) : [a; b] ! R that is integrable
on [a; b]. We have as before that

� (�) J�a

�
P1 (x; b) f

(5) (b)
�
=

Z x

a

(b� t)��1 f (5) (t) dt� 1

(b� a)

Z b

a

(b� t)� f (5) (t) dt =: (�4) : (71)

By assumption we have f (j) (x) = 0, j = 1; 2; 3; 4. We use repeatedly integration
by parts next Z x

a

(b� t)��1 f (5) (t) dt =
Z x

a

(b� t)��1 df (4) (t) =

14
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� (b� a)��1 f (4) (a) + (�� 1)
Z x

a

(b� t)��2 df (3) (t) = � (b� a)��1 f (4) (a)+
(72)

(�� 1)
�
� (b� a)��2 f (3) (a) + (�� 2)

Z x

a

(b� t)��3 df (2) (t)
�
=

� (b� a)��1 f (4) (a)� (�� 1) (b� a)��2 f (3) (a)+

(�� 1) (�� 2)
Z x

a

(b� t)��3 df (2) (t) =

� (b� a)��1 f (4) (a)� (�� 1) (b� a)��2 f (3) (a)+

(�� 1) (�� 2)
�
� (b� a)��3 f (2) (a) + (�� 3)

Z x

a

(b� t)��4 df 0 (t)
�
= (73)

� (b� a)��1 f (4) (a)� (�� 1) (b� a)��2 f (3) (a)�

(�� 1) (�� 2) (b� a)��3 f (2) (a) + (�� 1) (�� 2) (�� 3)
Z x

a

(b� t)��4 df 0 (t)

= � (b� a)��1 f (4) (a)� (�� 1) (b� a)��2 f (3) (a)

� (�� 1) (�� 2) (b� a)��3 f (2) (a)+

(�� 1) (�� 2) (�� 3)
�
� (b� a)��4 f 0 (a) + (�� 4)

Z x

a

(b� t)��5 df (t)
�
=

� (b� a)��1 f (4) (a)� (�� 1) (b� a)��2 f (3) (a)�

(�� 1) (�� 2) (b� a)��3 f (2) (a)� (�� 1) (�� 2) (�� 3) (b� a)��4 f 0 (a)
(74)

+(�� 1) (�� 2) (�� 3) (�� 4)
Z x

a

(b� t)��5 df (t) =

� (b� a)��1 f (4) (a)� (�� 1) (b� a)��2 f (3) (a)�

(�� 1) (�� 2) (b� a)��3 f (2) (a)�

(�� 1) (�� 2) (�� 3) (b� a)��4 f 0 (a) + (�� 1) (�� 2) (�� 3) (�� 4) ��
(b� x)��5 f (x)� (b� a)��5 f (a) + (�� 5)

Z x

a

(b� t)��6 f (t) dt
�
:

That isZ x

a

(b� t)��1 f (5) (t) dt = � (b� a)��1 f (4) (a)� (�� 1) (b� a)��2 f (3) (a)�

(�� 1) (�� 2) (b� a)��3 f (2) (a)� (�� 1) (�� 2) (�� 3) (b� a)��4 f 0 (a)+
(75)

(�� 1) (�� 2) (�� 3) (�� 4) (b� x)��5 f (x)�

(�� 1) (�� 2) (�� 3) (�� 4) (b� a)��5 f (a)+

15
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(�� 1) (�� 2) (�� 3) (�� 4) (�� 5)
Z x

a

(b� t)��6 f (t) dt =: (�1) :

Next we observe that

� 1

(b� a)

Z b

a

(b� t)� f (5) (t) dt = � 1

(b� a)

Z b

a

(b� t)� df (4) (t) =

� 1

(b� a)

(
� (b� a)� f (4) (a) + �

Z b

a

(b� t)��1 df (3) (t)
)
=

(b� a)��1 f (4) (a)� �

(b� a)

Z b

a

(b� t)��1 df (3) (t) = (76)

(b� a)��1 f (4) (a)�

�

(b� a)

(
� (b� a)��1 f (3) (a) + (�� 1)

Z b

a

(b� t)��2 df (2) (t)
)
=

(b� a)��1 f (4) (a) + � (b� a)��2 f (3) (a)� � (�� 1)
(b� a)

Z b

a

(b� t)��2 df (2) (t) =

(b� a)��1 f (4) (a) + � (b� a)��2 f (3) (a)�

� (�� 1)
(b� a)

(
� (b� a)��2 f (2) (a) + (�� 2)

Z b

a

(b� t)��3 df 0 (t)
)
=

(b� a)��1 f (4) (a) + � (b� a)��2 f (3) (a) + � (�� 1) (b� a)��3 f (2) (a)�

� (�� 1) (�� 2)
(b� a)

Z b

a

(b� t)��3 df 0 (t) =

(b� a)��1 f (4) (a) + � (b� a)��2 f (3) (a) + � (�� 1) (b� a)��3 f (2) (a)�

� (�� 1) (�� 2)
(b� a)

(
� (b� a)��3 f 0 (a) + (�� 3)

Z b

a

(b� t)��4 df (t)
)
=

(b� a)��1 f (4) (a) +� (b� a)��2 f (3) (a) +� (�� 1) (b� a)��3 f (2) (a)+ (77)

� (�� 1) (�� 2) (b� a)��4 f 0 (a)�� (�� 1) (�� 2) (�� 3)
(b� a)

Z b

a

(b� t)��4 df (t)

= (b� a)��1 f (4) (a) + � (b� a)��2 f (3) (a) + � (�� 1) (b� a)��3 f (2) (a)+

� (�� 1) (�� 2) (b� a)��4 f 0 (a)� � (�� 1) (�� 2) (�� 3)
(b� a) �(

� (b� a)��4 f (a) + (�� 4)
Z b

a

(b� t)��5 f (t) dt
)
: (78)
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We proved that

� 1

(b� a)

Z b

a

(b� t)� f (5) (t) dt = (b� a)��1 f (4) (a) + � (b� a)��2 f (3) (a)+

� (�� 1) (b� a)��3 f (2) (a) + � (�� 1) (�� 2) (b� a)��4 f 0 (a)+

� (�� 1) (�� 2) (�� 3) (b� a)��5 f (a)� (79)

� (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��5 f (t) dt =: (�2) :

We have
(�4) = (�1) + (�2) :

Therefore it holds

� (�) J�a

�
P1 (x; b) f

(5) (b)
�
= (b� a)��2 f (3) (a)+ (80)

2 (�� 1) (b� a)��3 f (2) (a) + 3 (�� 1) (�� 2) (b� a)��4 f 0 (a)

+ (�� 1) (�� 2) (�� 3) (�� 4) (b� x)��5 f (x)+

4 (�� 1) (�� 2) (�� 3) (b� a)��5 f (a)+

(�� 1) (�� 2) (�� 3) (�� 4) (�� 5)
Z x

a

(b� t)��6 f (t) dt

�� (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��5 f (t) dt:

We see that

�� (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��5 f (t) dt =

�5 (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��5 f (t) dt (81)

� (�� 1) (�� 2) (�� 3) (�� 4) (�� 5)
(b� a)

Z b

a

(b� t)��5 f (t) dt:

We have

�

5Y
j=1

(�� j)

(b� a)

Z b

a

(b� t)��5 f (t) dt = �

5Y
j=1

(�� j)

(b� a) �"Z x

a

((b� a)� (t� a)) (b� t)��6 f (t) dt�
Z b

x

(t� b) (b� t)��6 f (t) dt
#
=
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�
5Y
j=1

(�� j)
"Z x

a

(b� t)��6 f (t) dt�
Z b

a

P1 (x; t) (b� t)��6 f (t) dt
#
: (82)

Therefore it holds

�� (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��5 f (t) dt =

�5 (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��5 f (t) dt�

5Y
j=1

(�� j)
Z x

a

(b� t)��6 f (t) dt+
5Y
j=1

(�� j)
Z b

a

P1 (x; t) (b� t)��6 f (t) dt:

(83)
Consequently we get

� (�) J�a

�
P1 (x; b) f

(5) (b)
�
= (b� a)��2 f (3) (a)+

2 (�� 1) (b� a)��3 f (2) (a) + 3 (�� 1) (�� 2) (b� a)��4 f 0 (a)

+ (�� 1) (�� 2) (�� 3) (�� 4) (b� x)��5 f (x)+ (84)

4 (�� 1) (�� 2) (�� 3) (b� a)��5 f (a)�

5 (�� 1) (�� 2) (�� 3) (�� 4)
(b� a)

Z b

a

(b� t)��5 f (t) dt

+
5Y
j=1

(�� j)
Z b

a

P1 (x; t) (b� t)��6 f (t) dt:

So that
� (�) J�a

�
P1 (x; b) f

(5) (b)
�
= (b� a)��2 f (3) (a)+

2 (�� 1) (b� a)��3 f (2) (a) + 3 (�� 1) (�� 2) (b� a)��4 f 0 (a)

+ (�� 1) (�� 2) (�� 3) (�� 4) (b� x)��5 f (x)+ (85)

4 (�� 1) (�� 2) (�� 3) (b� a)��5 f (a)�
5 (�� 1) (�� 2) (�� 3) (�� 4) � (�� 4)

(b� a)
�
J��4a (f (b))

�
+

5Y
j=1

(�� j) � (�� 5) J��5a (P1 (x; b) f (b)) :

And �nally we derive

4Y
j=1

(�� j) (b� x)��5 f (x) = �4 (�� 1) (�� 2) (�� 3) (b� a)��5 f (a) (86)

18

SHANGHAI LECTURE

26



�3 (�� 1) (�� 2) (b� a)��4 f 0 (a)

�2 (�� 1) (b� a)��3 f (2) (a)� (b� a)��2 f (3) (a)+

� (�)

�
5

(b� a)
�
J��4a (f (b))

�
� J��5a (P1 (x; b) f (b)) + J

�
a

�
P1 (x; b) f

(5) (b)
��

;

proving the claim.
In general holds the following fractional representation formula

Theorem 6 Let � > n, n 2 N, x 2 [a; b) �xed, f : [a; b] ! R n-times dif-
ferentiable, with f (n) : [a; b] ! R integrable on [a; b]. Assume f (j) (x) = 0,
j = 1; :::; n� 1. Then

f (x) =
(b� x)n��
n�1Y
j=1

(�� j)

8<:� (n� 1)
n�2Y
j=1

(�� j) (b� a)��n f (a)� (87)

(n� 2)
n�3Y
j=1

(�� j) (b� a)��n+1 f 0 (a)�(n� 3)
n�4Y
j=1

(�� j) (b� a)��n+2 f (2) (a)

� (n� 4)
n�5Y
j=1

(�� j) (b� a)��n+3 f (3) (a)� :::

� (b� a)��2 f (n�2) (a) + � (�)
�

n

b� a
�
J��n+1a (f (b))

�
� J��na (P1 (x; b) f (b))

+J�a

�
P1 (x; b) f

(n) (b)
�oo

:

Above we assume that
0Y
j=1

(�� j) = 1, and
kY
j=1

(�� j) = 0 if k 2 f�1;�2; :::g :

Also set f (�1) (a) := 0.

Proof. Based on Theorems 1-5.
Theorems 1-5 are special cases of Theorem 6.
We give applications of Theorem 6 for n = 6; 7:

Theorem 7 Let � > 6, x 2 [a; b) �xed, f : [a; b] ! R six times di¤erentiable,
with f (6) : [a; b]! R integrable on [a; b]. Assume f (j) (x) = 0, j = 1; :::; 5. Then

f (x) =
(b� x)6��
5Y
j=1

(�� j)

8<:�5
4Y
j=1

(�� j) (b� a)��6 f (a)�
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4
3Y
j=1

(�� j) (b� a)��5 f 0 (a)� 3
2Y
j=1

(�� j) (b� a)��4 f (2) (a)�

2 (�� 1) (b� a)��3 f (3) (a)� (b� a)��2 f (4) (a)+ (88)

� (�)

�
6

b� a
�
J��5a (f (b))

�
� J��6a (P1 (x; b) f (b)) + J

�
a

�
P1 (x; b) f

(6) (b)
���

:

Theorem 8 Let � > 7, x 2 [a; b) �xed, f : [a; b]! R seven times di¤erentiable,
with f (7) : [a; b]! R integrable on [a; b]. Assume f (j) (x) = 0, j = 1; :::; 6. Then

f (x) =
(b� x)7��
6Y
j=1

(�� j)

8<:�6
5Y
j=1

(�� j) (b� a)��7 f (a)� (89)

5
4Y
j=1

(�� j) (b� a)��6 f 0 (a)� 4
3Y
j=1

(�� j) (b� a)��5 f 00 (a)

�3
2Y
j=1

(�� j) (b� a)��4 f (3) (a)� 2 (�� 1) (b� a)��3 f (4) (a)

� (b� a)��2 f (5) (a) + � (�)
�

7

b� a
�
J��6a (f (b))

�
� J��7a (P1 (x; b) f (b))

+J�a

�
P1 (x; b) f

(7) (b)
�oo

:

We make

Remark 9 We rewrite (87) as follows:

En (f; �; x) := f (x)+
(b� x)n��
n�1Y
j=1

(�� j)

8<:(n� 1)
n�2Y
j=1

(�� j) (b� a)��n f (a)+ (90)

(n� 2)
n�3Y
j=1

(�� j) (b� a)��n+1 f 0 (a)+(n� 3)
n�4Y
j=1

(�� j) (b� a)��n+2 f (2) (a)

+ (n� 4)
n�5Y
j=1

(�� j) (b� a)��n+3 f (3) (a) + :::+ (b� a)��2 f (n�2) (a)+

+� (�)

�
� n

b� a
�
J��n+1a (f (b))

�
+ J��na (P1 (x; b) f (b))

��
=
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(b� x)n�� � (�)
n�1Y
j=1

(�� j)
J�a

�
P1 (x; b) f

(n) (b)
�
=

(b� x)n��
n�1Y
j=1

(�� j)

Z b

a

(b� t)��1 P1 (x; t) f (n) (t) dt: (91)

We upper bound En (f; �; x), that is we upper bound the right hand side of (91).
Consequently we produce fractional Ostrowski type inequalities motivated by

[1] done there for n = 1:

Theorem 10 Let � > n, n 2 N, x 2 [a; b) �xed, f : [a; b] ! R n-times
di¤erentiable, with f (n) : [a; b] ! R integrable on [a; b]. Assume f (j) (x) = 0,
j = 1; :::; n� 1; and



f (n)

1 <1. Then

jEn (f; �; x)j �


f (n)

1

n�1Y
j=1

(�� j)

"
(b� x)n�� (b� a)�

� (�+ 1)
� (b� x)

n

�
+

2 (b� x)n+1

(b� a) (�+ 1)

#
;

(92)
where En (f; �; x) as in (90).

Proof. We have that

jEn (f; �; x)j �
(b� x)n��
n�1Y
j=1

(�� j)

Z b

a

(b� t)��1 jP1 (x; t)j
���f (n) (t)��� dt �

(b� x)n��


f (n)

1

(b� a)

0@n�1Y
j=1

(�� j)

1A
"Z x

a

(b� t)��1 (t� a) dt+
Z b

x

(b� t)� dt
#
= (93)

(b� x)n��


f (n)

1

(b� a)

0@n�1Y
j=1

(�� j)

1A
"Z x

a

(b� t)��1 ((b� a)� (b� t)) dt+ (b� x)
�+1

�+ 1

#
=



f (n)

1 (b� x)n��
(b� a)

0@n�1Y
j=1

(�� j)

1A
"
(b� a)

Z x

a

(b� t)��1 dt�
Z x

a

(b� t)� dt+ (b� x)
�+1

�+ 1

#
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=



f (n)

1 (b� x)n��
(b� a)

0@n�1Y
j=1

(�� j)

1A �
"
(b� a)

�
(b� a)�

�
� (b� x)

�

�

�
� (b� a)

�+1

�+ 1
+
2 (b� x)�+1

�+ 1

#
= (94)

(b� x)n��


f (n)

1

n�1Y
j=1

(�� j)

"
(b� a)�

� (�+ 1)
� (b� x)

�

�
+

2 (b� x)�+1

(b� a) (�+ 1)

#
= (95)



f (n)

1
n�1Y
j=1

(�� j)

"
(b� x)n�� (b� a)�

� (�+ 1)
� (b� x)

n

�
+

2 (b� x)n+1

(b� a) (�+ 1)

#
:

Theorem 11 Let all as in Theorem 6. Then

jEn (f; �; x)j �

0BBBBB@
(b� x)n�� (b� a)��2

2

n�1Y
j=1

(�� j)

1CCCCCA (b� a+ ja+ b� 2xj)



f (n)




L1([a;b])
:

(96)

Proof. We have that

jEn (f; �; x)j �
(b� x)n��
n�1Y
j=1

(�� j)

Z b

a

(b� t)��1 jP1 (x; t)j
���f (n) (t)��� dt � (97)

0BBBBB@
(b� x)n��
n�1Y
j=1

(�� j)

1CCCCCA (b� a)��2max fx� a; b� xg



f (n)




L1([a;b])
= (98)

0BBBBB@
(b� x)n��
n�1Y
j=1

(�� j)

1CCCCCA (b� a)��2
�
b� a+ ja+ b� 2xj

2

�


f (n)



L1([a;b])

:
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Theorem 12 Let p; q; r > 1 such that 1p +
1
q +

1
r = 1. Let all as in Theorem 6,

but now f (n) 2 Lr ([a; b]). Then

jEn (f; �; x)j �0BBBBB@
(b� x)n��
n�1Y
j=1

(�� j)

1CCCCCA
(b� a)��2+

1
p

(p (�� 1) + 1)
1
p

(
(b� x)q+1 + (x� a)q+1

(q + 1)

) 1
q 


f (n)




Lr([a;b])
:

(99)

Proof. We have

jEn (f; �; x)j
(97)

�

0BBBBB@
(b� x)n��
n�1Y
j=1

(�� j)

1CCCCCA
 Z b

a

(b� t)(��1)p dt
! 1

p

�

 Z b

a

jP1 (x; t)jq dt
! 1

q 


f (n)



Lr([a;b])

= (100)

0BBBBB@
(b� x)n��
n�1Y
j=1

(�� j)

1CCCCCA
(b� a)(��2)+

1
p

(p (�� 1) + 1)
1
p

�

 Z x

a

(t� a)q dt+
Z b

x

(b� t)q dt
! 1

q 


f (n)



Lr([a;b])

=

0BBBBB@
(b� x)n��
n�1Y
j=1

(�� j)

1CCCCCA
(b� a)(��2)+

1
p

(p (�� 1) + 1)
1
p

 
(x� a)q+1

(q + 1)
+
(b� t)q+1

(q + 1)

! 1
q 


f (n)




Lr([a;b])
=

0BBBBB@
(b� x)n��
n�1Y
j=1

(�� j)

1CCCCCA
(b� a)��2+

1
p

(p (�� 1) + 1)
1
p

(
(b� x)q+1 + (x� a)q+1

(q + 1)

) 1
q 


f (n)




Lr([a;b])
;

(101)
proving the claim.
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Abstract

Here we derive a multivariate fractional representation formula involv-
ing ordinary partial derivatives of �rst order. Then we prove a related
multivariate fractional Ostrowski type inequality with respect to uniform
norm.
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1 Introduction

Let f : [a; b]! R be di¤erentiable on [a; b], and f 0 : [a; b]! R be integrable on
[a; b], then the following Montgomery identity holds [3]:

f (x) =
1

b� a

Z b

a

f (t) dt+

Z b

a

P1 (x; t) f
0 (t) dt; (1)

where P1 (x; t) is the Peano kernel

P1 (x; t) =

(
t�a
b�a , a � t � x;
t�b
b�a , x < t � b; (2)

The Riemann-Liouville integral operator of order � > 0 with anchor point a 2 R
is de�ned by

J�a f (x) :=
1

� (�)

Z x

a

(x� t)��1 f (t) dt; (3)

J0af (x) := f (x) , x 2 [a; b] : (4)

1
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Properties of the above operator can be found in [4].
When � = 1, J1a reduces to the classical integral.
In [1] we proved the following fractional representation formula of Mont-

gomery identity type.

Theorem 1 Let f : [a; b] ! R be di¤erentiable on [a; b], and f 0 : [a; b] ! R be
integrable on [a; b], � � 1, x 2 [a; b): Then

f (x) = (b� x)1�� � (�)
�
J�a f (b)

b� a � J��1a (P1 (x; b) f (b)) + J
�
a (P1 (x; b) f

0 (b))

�
:

(5)
When � = 1 the last (5) reduces to classic Montgomery identity (1).

We may rewrite (5) as follows

f (x) = (b� x)1��
"

1

b� a

Z b

a

(b� t)��1 f (t) dt�

(�� 1)
Z b

a

(b� t)��2 P1 (x; t) f (t) dt+
Z b

a

(b� t)��1 P1 (x; t) f 0 (t) dt
#
: (6)

In this article based on (5), we establish a multivariate fractional represen-
tation formula for f (x), x 2

Qm
i=1 [ai; bi] � Rm, and from there we derive an

interesting multivariate fractional Ostrowski type inequality.

2 Main Results

We make

Assumption 2 Let f 2 C1 (
Qm
i=1 [ai; bi]) :

Assumption 3 Let f :
Qm
i=1 [ai; bi]! R be measurable and bounded, such that

there exist @f
@xj

:
Qm
i=1 [ai; bi] ! R, and it is xj�integrable for all j = 1; :::;m:

Furthermore @f
@xi

(t1; :::; ti; xi+1; :::; xm) it is integrable on
Qi
j=1 [aj ; bj ], for all

i = 1; :::;m; for any (xi+1; :::; xm) 2
Qm
j=i+1 [aj ; bj ] :

Convention 4 We set
0Y
j=1

� = 1: (7)

Notation 5 Here x = �!x = (x1; :::; xm) 2 Rm, m 2 N�f1g. Likewise t = �!t =
(t1; :::; tm), and d

�!
t = dt1dt2:::dtm. We denote the kernel

P1 (xi; ti) =

(
ti�ai
bi�ai , ai � ti � xi;
ti�bi
bi�ai , xi < ti � bi;

(8)

2
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We need

De�nition 6 (see [2]) Let
Qm
i=1 [ai; bi] � Rm, m 2 N�f1g, ai < bi, ai; bi 2 R.

Let � > 0, f 2 L1 (
Qm
i=1 [ai; bi]). We de�ne the left mixed Riemann-Liouville

fractional multiple integral of order �:

�
I�a+f

�
(x) :=

1

(� (�))
m

Z x1

a1

:::

Z xm

am

 
mY
i=1

(xi � ti)
!��1

f (t1; :::; tm) dt1:::dtm;

(9)
where xi 2 [ai; bi], i = 1; :::;m, and x = (x1; :::; xm), a = (a1; :::; am), b =
(b1; :::; bm) :

We present the following multivariate fractional representation formula

Theorem 7 Let f as in Assumption 2 or Assumption 3, � � 1, xi 2 [ai; bi),
i = 1; :::;m. Then

f (x1; :::; xm) =
(
Qm
i=1 (bi � xi))

1��
(� (�))

mQm
i=1 (bi � ai)

�
I�a+f

�
(b)+

mX
i=1

Ai (x1; :::; xm) +
mX
i=1

Bi (x1; :::; xm) ; (10)

where for i = 1; :::;m:

Ai (x1; :::; xm) :=
� (�� 1)

�Qi
j=1 (bj � xj)

�1��
Qi�1
j=1 (bj � aj)

Z
Qi

j=1[aj ;bj ]

0@i�1Y
j=1

(bj � tj)

1A��1

�

(11)
(bi � ti)��2 P1 (xi; ti) f (t1; :::; ti; xi+1; :::; xm) dt1:::dti;

and

Bi (x1; :::; xm) :=

�Qi
j=1 (bj � xj)

�1��
Qi�1
j=1 (bj � aj)

Z
Qi

j=1[aj ;bj ]

0@ iY
j=1

(bj � tj)

1A��1

� (12)

P1 (xi; ti)
@f

@xi
(t1; :::; ti; xi+1; :::; xm) dt1dt2:::dti:

Proof. By (6) we have

f (x1; :::; xm) = (b1 � x1)1��
"

1

b1 � a1

Z b1

a1

(b1 � t1)��1 f (t1; x2; :::; xm) dt1

� (�� 1)
Z b1

a1

(b1 � t1)��2 P1 (x1; t1) f (t1; x2; :::; xm) dt1

3
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+

Z b1

a1

(b1 � t1)��1 P1 (x1; t1)
@f

@x1
(t1; x2; :::; xm) dt1

#
; (13)

and

f (t1; x2; :::; xm) = (b2 � x2)1��
"

1

b2 � a2

Z b2

a2

(b2 � t2)��1 f (t1; t2; x3; :::; xm) dt2

� (�� 1)
Z b2

a2

(b2 � t2)��2 P1 (x2; t2) f (t1; t2; x3; :::; xm) dt2

+

Z b2

a2

(b2 � t2)��1 P1 (x2; t2)
@f

@x2
(t1; t2; x3; :::; xm) dt2

#
: (14)

We plug in (14) into (13). Hence

f (x1; :::; xm) = (b1 � x1)1��
"

1

b1 � a1

Z b1

a1

(b1 � t1)��1 (b2 � x2)1�� �

"
1

b2 � a2

Z b2

a2

(b2 � t2)��1 f (t1; t2; x3; :::; xm) dt2

� (�� 1)
Z b2

a2

(b2 � t2)��2 P1 (x2; t2) f (t1; t2; x3; :::; xm) dt2 (15)

+

Z b2

a2

(b2 � t2)��1 P1 (x2; t2)
@f

@x2
(t1; t2; x3; :::; xm) dt2

#
dt1

� (�� 1)
Z b1

a1

(b1 � t1)��2 P1 (x1; t1) f (t1; x2; :::; xm) dt1

+

Z b1

a1

(b1 � t1)��1 P1 (x1; t1)
@f

@x1
(t1; x2; :::; xm) dt1

#
:

That is we have so far

f (x1; :::; xm) =
(b1 � x1)1�� (b2 � x2)1��

(b1 � a1) (b2 � a2)
�

Z b1

a1

Z b2

a2

(b1 � t1)��1 (b2 � t2)��1 f (t1; t2; x3; :::; xm) dt1dt2� (16)

(�� 1) (b1 � x1)1�� (b2 � x2)1��

(b1 � a1)
�

Z b1

a1

Z b2

a2

(b1 � t1)��1 (b2 � t2)��1 P1 (x2; t2) f (t1; t2; x3; :::; xm) dt1dt2
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+
(b1 � x1)1�� (b2 � x2)1��

(b1 � a1)
�

Z b1

a1

Z b2

a2

(b1 � t1)��1 (b2 � t2)��1 P1 (x2; t2)
@f

@x2
(t1; t2; x3; :::; xm) dt1dt2

� (�� 1) (b1 � x1)1��
Z b1

a1

(b1 � t1)��2 P1 (x1; t1) f (t1; x2; :::; xm) dt1

+(b1 � x1)1��
Z b1

a1

(b1 � t1)��1 P1 (x1; t1)
@f

@x1
(t1; x2; :::; xm) dt1:

Call
A1 (x1; :::; xm) := � (�� 1) (b1 � x1)1�� �Z b1

a1

(b1 � t1)��2 P1 (x1; t1) f (t1; x2; :::; xm) dt1; (17)

B1 (x1; :::; xm) := (b1 � x1)1�� �Z b1

a1

(b1 � t1)��1 P1 (x1; t1)
@f

@x1
(t1; x2; :::; xm) dt1; (18)

A2 (x1; x2; :::; xm) := �
(�� 1) (b1 � x1)1�� (b2 � x2)1��

(b1 � a1)
� (19)

Z b1

a1

Z b2

a2

(b1 � t1)��1 (b2 � t2)��1 P1 (x2; t2) f (t1; t2; x3; :::; xm) dt1dt2;

and

B2 (x1; x2; :::; xm) :=
(b1 � x1)1�� (b2 � x2)1��

(b1 � a1)
� (20)

Z b1

a1

Z b2

a2

(b1 � t1)��1 (b2 � t2)��1 P1 (x2; t2)
@f

@x2
(t1; t2; x3; :::; xm) dt1dt2:

We rewrite (16) as follows

f (x1; :::; xm) =
((b1 � x1) (b2 � x2))1��

(b1 � a1) (b2 � a2)
�

Z b1

a1

Z b2

a2

((b1 � t1) (b2 � t2))��1 f (t1; t2; x3; :::; xm) dt1dt2+ (21)

A2 (x1; :::; xm) +B2 (x1; :::; xm) +A1 (x1; :::; xm) +B1 (x1; :::; xm) :

We continue with

f (t1; t2; x3; :::; xm)
(6)
=
(b3 � x3)1��

b3 � a3

Z b3

a3

(b3 � t3)��1 f (t1; t2; t3; x4; :::; xm) dt3

5
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� (�� 1) (b3 � x3)1��
Z b3

a3

(b3 � t3)��2 P1 (x3; t3) f (t1; t2; t3; x4; :::; xm) dt3
(22)

+(b3 � x3)1��
Z b3

a3

(b3 � t3)��1 P1 (x3; t3)
@f

@x3
(t1; t2; t3; x4; :::; xm) dt3:

Next plug (22) into (21). Hence it holds

f (x1; :::; xm) =
((b1 � x1) (b2 � x2) (b3 � x3))1��

(b1 � a1) (b2 � a2) (b3 � a3)
�

Z b1

a1

Z b2

a2

Z b3

a3

((b1 � t1) (b2 � t2) (b3 � t3))��1 f (t1; t2; t3; x4; :::; xm) dt1dt2dt3

� (�� 1) ((b1 � x1) (b2 � x2) (b3 � x3))
1��

(b1 � a1) (b2 � a2)
�

Z b1

a1

Z b2

a2

Z b3

a3

((b1 � t1) (b2 � t2))��1 (b3 � t3)��2 P1 (x3; t3) �

f (t1; t2; t3; x4; :::; xm) dt1dt2dt3

+
((b1 � x1) (b2 � x2) (b3 � x3))1��

(b1 � a1) (b2 � a2)
� (23)

Z b1

a1

Z b2

a2

Z b3

a3

((b1 � t1) (b2 � t2) (b3 � t3))��1 P1 (x3; t3) �

@f

@x3
(t1; t2; t3; x4; :::; xm) dt1dt2dt3

+A1 (x1; :::; xm) +A2 (x1; :::; xm) +B1 (x1; :::; xm) +B2 (x1; :::; xm) :

Call

A3 (x1; :::; xm) := �
(�� 1) ((b1 � x1) (b2 � x2) (b3 � x3))1��

(b1 � a1) (b2 � a2)
� (24)

Z b1

a1

Z b2

a2

Z b3

a3

((b1 � t1) (b2 � t2))��1 (b3 � t3)��2 P1 (x3; t3) �

f (t1; t2; t3; x4; :::; xm) dt1dt2dt3;

and

B3 (x1; :::; xm) :=
((b1 � x1) (b2 � x2) (b3 � x3))1��

(b1 � a1) (b2 � a2)
� (25)

Z b1

a1

Z b2

a2

Z b3

a3

((b1 � t1) (b2 � t2) (b3 � t3))��1 P1 (x3; t3) �

@f

@x3
(t1; t2; t3; x4; :::; xm) dt1dt2dt3:

6
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Thus we have proved

f (x1; :::; xm) =

�Q3
i=1 (bi � xi)

�1��
Q3
i=1 (bi � ai)

�

Z
Q3

i=1[ai;bi]

 
3Y
i=1

(bi � ti)
!��1

f (t1; t2; t3; x4; :::; xm) dt1dt2dt3+

3X
i=1

Ai (x1; :::; xm) +
3X
i=1

Bi (x1; :::; xm) : (26)

Working similarly we �nally obtain the fractional representation formula

f (x1; :::; xm) =
(
Qm
i=1 (bi � xi))

1��Qm
i=1 (bi � ai)

Z
Qm

i=1[ai;bi]

 
mY
i=1

(bi � ti)
!��1

f
��!
t
�
d
�!
t

+

mX
i=1

Ai (x1; :::; xm) +

mX
i=1

Bi (x1; :::; xm) : (27)

The proof of the theorem is now completed.
We make

Remark 8 Let f 2 C1 (
Qm
i=1 [ai; bi]), � � 1, xi 2 [ai; bi), i = 1; :::;m: Denote

by
kfksup1 := sup

x2
Qm

i=1[ai;bi]

jf (x)j . (28)

We observe that

jBi (x1; :::; xm)j
(12)

�

�Qi
j=1 (bj � xj)

�1��
Qi�1
j=1 (bj � aj)

0B@ZQi
j=1[aj ;bj ]

0@ iY
j=1

(bj � tj)

1A��1

�

(29)

jP1 (xi; ti)j dt1:::dti)




 @f@xi





sup
1

=

�Qi
j=1 (bj � xj)

�1�� 


 @f@xi 


sup1Qi�1
j=1 (bj � aj)

0@i�1Y
j=1

Z bj

aj

(bj � tj)��1 dtj

1A �
 Z bi

ai

(bi � ti)��1 jP1 (xi; ti)j dti

!
= (30)

�Qi
j=1 (bj � xj)

�1�� 


 @f@xi 


sup1
(bi � ai)

Qi�1
j=1 (bj � aj)

�Qi�1
j=1 (bj � aj)

��
�i�1

�

7

SHANGHAI LECTURE

39



"Z xi

ai

(bi � ti)��1 (ti � ai) dti +
Z bi

xi

(bi � ti)��1 (bi � ti) dti

#
=




 @f@xi 


sup1 �Qi
j=1 (bj � xj)

�1�� �Qi�1
j=1 (bj � aj)

���1
�i�1 (bi � ai)

� (31)"Z xi

ai

(bi � ti)��1 [(bi � ai)� (bi � ti)] dti +
(bi � xi)�+1

�+ 1

#
=




 @f@xi 


sup1 �Qi
j=1 (bj � xj)

�1�� �Qi�1
j=1 (bj � aj)

���1
�i�1 (bi � ai)

� (32)"
(bi � ai)

�
(bi � ai)�

�
� (bi � xi)

�

�

�
� (bi � ai)

�+1

�+ 1
+
2 (bi � xi)�+1

�+ 1

#
=




 @f@xi 


sup1 �Qi
j=1 (bj � xj)

�1�� �Qi�1
j=1 (bj � aj)

���1
�i�1 (bi � ai)

�"
(bi � ai)�+1

� (�+ 1)
+
2 (bi � xi)�+1

�+ 1
� (bi � ai)

(bi � xi)�

�

#
: (33)

We have proved for i = 1; :::;m; that

jBi (x1; :::; xm)j �




 @f@xi 


sup1 �Qi
j=1 (bj � xj)

�1�� �Qi�1
j=1 (bj � aj)

���1
�i�1

�"
(bi � ai)�

� (�+ 1)
+

2 (bi � xi)�+1

(�+ 1) (bi � ai)
� (bi � xi)

�

�

#
: (34)

We have established the following multivariate fractional Ostrowski type
inequality.

Theorem 9 Let f 2 C1 (
Qm
i=1 [ai; bi]), � � 1, xi 2 [ai; bi), i = 1; :::;m: Then�����f (x1; :::; xm)� (

Qm
i=1 (bi � xi))

1��
(� (�))

m �
I�a+f

�
(b)Qm

i=1 (bi � ai)
�

mX
i=1

Ai (x1; :::; xm)

�����
�

mX
i=1

8><>:



 @f@xi 


sup1 �Qi

j=1 (bj � xj)
�1�� �Qi�1

j=1 (bj � aj)
���1

�i�1
�

"
(bi � ai)�

� (�+ 1)
+

2 (bi � xi)�+1

(�+ 1) (bi � ai)
� (bi � xi)

�

�

#)
: (35)
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Multivariate weighted Fractional Representation
Formulae and Ostrowski type inequalities
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Department of Mathematical Sciences
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Abstract

Here we derive multivariate weighted fractional representation formu-
lae involving ordinary partial derivatives of �rst order. Then we present
related multivariate weighted fractional Ostrowski type inequalities with
respect to uniform norm.

2010 AMS Mathematics Subject Classi�cation : 26A33, 26D10, 26D15.
Keywords and Phrases: Multivariate Fractional integral, weighted Repre-
sentation formula, Multivariate weighted Ostrowski inequality.

1 Introduction

Let f : [a; b] ! R be di¤erentiable on [a; b], and f 0 : [a; b] ! R be integrable
on [a; b] : Suppose now that w : [a; b] ! [0;1) is some probability density
function, i.e. it is a nonnegative integrable function satisfying

R b
a
w (t) dt = 1,

and W (t) =
R t
a
w (x) dx for t 2 [a; b], W (t) = 0 for t � a and W (t) = 1 for

t � b. Then, the following identity (Pecaríc, [5]) is the weighted generalization
of the Montgomery identity ([4])

f (x) =

Z b

a

w (t) f (t) dt+

Z b

a

Pw (x; t) f
0 (t) dt; (1)

where the weighted Peano Kernel is

Pw (x; t) :=

�
W (t) , a � t � x;
W (t)� 1, x < t � b: (2)

In [1] we proved

1
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Theorem 1 Let w : [a; b] ! [0;1) be a probability density function, i.e.R b
a
w (t) dt = 1, and set W (t) =

R t
a
w (x) dx for a � t � b, W (t) = 0 for

t � a and W (t) = 1 for t � b, � � 1, and f is as in (1). Then the gen-
eralization of the weighted Montgomery identity for fractional integrals is the
following

f (x) = (b� x)1�� � (�) J�a (w (b) f (b))�

J��1a (Qw (x; b) f (b)) + J
�
a (Qw (x; b) f

0 (b)) ; (3)

where the weighted fractional Peano Kernel is

Qw (x; t) :=

(
(b� x)1�� � (�)W (t) , a � t � x;
(b� x)1�� � (�) (W (t)� 1) , x < t � b; (4)

i.e. Qw (x; t) = (b� x)1�� � (�)Pw (x; t) :

When � = 1 then the weighted generalization of the Montgomery iden-
tity for fractional integrals in (3) reduces to the weighted generalization of the
Montgomery identity for integrals in (1).
So for � � 1 and x 2 [a; b) we can rewrite (3) as follows

f (x) = (b� x)1��
Z b

a

(b� t)��1 w (t) f (t) dt�

(b� x)1�� (�� 1)
Z b

a

(b� t)��2 Pw (x; t) f (t) dt+ (5)

(b� x)1��
Z b

a

(b� t)��1 Pw (x; t) f 0 (t) dt:

In this article based on (5), we establish a multivariate weighted general
fractional representation formula for f (x), x 2

Qm
i=1 [ai; bi] � Rm, and from

there we derive an interesting multivariate weighted fractional Ostrowski type
inequality. We �nish with an application.

2 Main Results

We make

Assumption 2 Let f 2 C1 (
Qm
i=1 [ai; bi]) :

Assumption 3 Let f :
Qm
i=1 [ai; bi]! R be measurable and bounded, such that

there exist @f
@xj

:
Qm
i=1 [ai; bi] ! R, and it is xj-integrable for all j = 1; :::;m:

Furthermore @f
@xi

(t1; :::; ti; xi+1; :::; xm) it is integrable on
Qi
j=1 [aj ; bj ], for all

i = 1; :::;m; for any (xi+1; :::; xm) 2
Qm
j=i+1 [aj ; bj ] :

2

SHANGHAI LECTURE

43



Convention 4 We set
0Y
j=1

� = 1: (6)

Notation 5 Here x = �!x = (x1; :::; xm) 2 Rm, m 2 N � f1g. Likewise t =�!
t = (t1; :::; tm), and d

�!
t = dt1dt2:::dtm. Here wi, Wi correspond to [ai; bi],

i = 1; :::;m; and are as w, W of Theorem 1.

We need

De�nition 6 (see [2] and [3]) Let
Qm
i=1 [ai; bi] � Rm, m 2 N � f1g, ai < bi,

ai; bi 2 R. Let � > 0, f 2 L1 (
Qm
i=1 [ai; bi]). We de�ne the left mixed Riemann-

Liouville fractional multiple integral of order �:

�
I�a+f

�
(x) :=

1

(� (�))
m

Z x1

a1

:::

Z xm

am

 
mY
i=1

(xi � ti)
!��1

f (t1; :::; tm) dt1:::dtm;

(7)
where xi 2 [ai; bi], i = 1; :::;m, and x = (x1; :::; xm), a = (a1; :::; am), b =
(b1; :::; bm) :

We present the following multivariate weighted fractional representation for-
mula

Theorem 7 Let f as in Assumption 2 or Assumption 3, � � 1, xi 2 [ai; bi),
i = 1; :::;m. Here Pwi corresponds to [ai; bi], i = 1; :::;m; and it is as in (2).
The probability density function wj is assumed to be bounded for all j = 1; :::;m.
Then

f (x1; :::; xm) =

0@ mY
j=1

(bj � xj)

1A1��

(� (�))
m

0@I�a+
0@ mY
j=1

wj

1A f
1A (b)+

mX
i=1

Ai (x1; :::; xm) +
mX
i=1

Bi (x1; :::; xm) ; (8)

where for i = 1; :::;m:

Ai (x1; :::; xm) := � (�� 1)

0@ iY
j=1

(bj � xj)

1A1�� Z
Qi

j=1[aj ;bj ]

0@i�1Y
j=1

(bj � tj)

1A��1

�

(9)

(bi � ti)��2
0@i�1Y
j=1

wj (tj)

1APwi (xi; ti) f (t1; :::; ti; xi+1; :::; xm) dt1:::dti;

3

SHANGHAI LECTURE

44



and

Bi (x1; :::; xm) :=

0@ iY
j=1

(bj � xj)

1A1�� Z
Qi

j=1[aj ;bj ]

0@ iY
j=1

(bj � tj)

1A��1

� (10)

0@i�1Y
j=1

wj (tj)

1APwi (xi; ti) @f@xi (t1; :::; ti; xi+1; :::; xm) dt1:::dti:
Proof. We have that

f (x1; x2; :::; xm)
(5)
= (b1 � x1)1��

Z b1

a1

(b1 � t1)��1 w1 (t1) f (t1; x2; :::; xm) dt1+

A1 (x1; :::; xm) +B1 (x1; :::; xm) ; (11)

where

A1 (x1; :::; xm) := � (�� 1) (b1 � x1)1��
Z b1

a1

(b1 � t1)��2 � (12)

Pw1 (x1; t1) f (t1; x2; :::; xm) dt1;

and

B1 (x1; :::; xm) := (b1 � x1)1��
Z b1

a1

(b1 � t1)��1 � (13)

Pw1 (x1; t1)
@f

@x1
(t1; x2; :::; xm) dt1:

Similarly it holds

f (t1; x2; :::; xm)
(5)
= (b2 � x2)1��

Z b2

a2

(b2 � t2)��1 w2 (t2) f (t1; t2; x3; :::; xm) dt2

� (�� 1) (b2 � x2)1��
Z b2

a2

(b2 � t2)��2 Pw2 (x2; t2) f (t1; t2; x3; :::; xm) dt2+

(b2 � x2)1��
Z b2

a2

(b2 � t2)��1 Pw2 (x2; t2)
@f

@x2
(t1; t2; x3; :::; xm) dt2: (14)

Next we plug (14) into (11).
We get

f (x1; :::; xm) = ((b1 � x1) (b2 � x2))1�� �Z b1

a1

Z b2

a2

((b1 � t1) (b2 � t2))��1 w1 (t1)w2 (t2) f (t1; t2; x3; :::; xm) dt1dt2+

(15)
A2 (x1; :::; xm) +B2 (x1; :::; xm) +A1 (x1; :::; xm) +B1 (x1; :::; xm) ;

4
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where
A2 (x1; :::; xm) := � (�� 1) ((b1 � x1) (b2 � x2))1�� � (16)Z b1

a1

Z b2

a2

(b1 � t1)��1 (b2 � t2)��2 w1 (t1)Pw2 (x2; t2) f (t1; t2; x3; :::; xm) dt1dt2;

and
B2 (x1; :::; xm) := ((b1 � x1) (b2 � x2))1�� � (17)Z b1

a1

Z b2

a2

((b1 � t1) (b2 � t2))��1 w1 (t1)Pw2 (x2; t2)
@f

@x2
(t1; t2; x3; :::; xm) dt1dt2:

We continue as above.
We also have

f (t1; t2; x3; :::; xm)
(5)
= (b3 � x3)1�� �Z b3

a3

(b3 � t3)��1 w3 (t3) f (t1; t2; t3; x4; :::; xm) dt3

� (�� 1) (b3 � x3)1��
Z b3

a3

(b3 � t3)��2 Pw3 (x3; t3) f (t1; t2; t3; x4; :::; xm) dt3
(18)

+(b3 � x3)1��
Z b3

a3

(b3 � t3)��1 Pw3 (x3; t3)
@f

@x3
(t1; t2; t3; x4; :::; xm) dt3:

We plug (18) into (15). Therefore it holds

f (x1; :::; xm) =

0@ 3Y
j=1

(bj � xj)

1A1�� Z
Q3

j=1[aj ;bj ]

0@ 3Y
j=1

(bj � tj)

1A��1

�

0@ 3Y
j=1

wj (tj)

1A f (t1; t2; t3; x4; :::; xm) dt1dt2dt3+
3X
j=1

Aj (x1; :::; xm) +
3X
j=1

Bj (x1; :::; xm) ; (19)

where

A3 (x1; :::; xm) := � (�� 1)

0@ 3Y
j=1

(bj � xj)

1A1�� Z
Q3

j=1[aj ;bj ]

0@ 2Y
j=1

(bj � tj)

1A��1

�

(20)

(b3 � t3)��2
0@ 2Y
j=1

wj (tj)

1APw3 (x3; t3) f (t1; t2; t3; x4; :::; xm) dt1dt2dt3;
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and

B3 (x1; :::; xm) :=

0@ 3Y
j=1

(bj � xj)

1A1�� Z
Q3

j=1[aj ;bj ]

0@ 3Y
j=1

(bj � tj)

1A��1

� (21)

0@ 2Y
j=1

wj (tj)

1APw3 (x3; t3) @f@x3 (t1; t2; t3; x4; :::; xm) dt1dt2dt3:
Continuing similarly we �nally obtain

f (x1; :::; xm) =

0@ mY
j=1

(bj � xj)

1A1��

�

Z
Qm

j=1[aj ;bj ]

0@ mY
j=1

(bj � tj)

1A��10@ mY
j=1

wj (tj)

1A f ��!t � d�!t
+

mX
i=1

Ai (x1; :::; xm) +
mX
i=1

Bi (x1; :::; xm) ; (22)

that is proving the claim.
We make

Remark 8 Let f 2 C1 (
Qm
i=1 [ai; bi]), � � 1, xi 2 [ai; bi), i = 1; :::;m: Denote

by
kfksup1 := sup

x2
Qm

i=1[ai;bi]

jf (x)j . (23)

From (2) we get that

jPw (x; t)j �
�
W (x) , a � t � x;
1�W (x) , x < t � b

�

� max fW (x) ; 1�W (x)g = 1 + j2W (x)� 1j
2

: (24)

That is

jPw (x; t)j �
1 + j2W (x)� 1j

2
; (25)

for all t 2 [a; b], where x 2 [a; b] is �xed.
Consequently it holds

jPwi (xi; ti)j �
1 + j2Wi (xi)� 1j

2
; i = 1; :::;m: (26)

Assume here that
wj (tj) � Kj ; (27)

6
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for all tj 2 [aj ; bj ], where Kj > 0, j = 1; :::;m:
Therefore we derive

jBi (x1; :::; xm)j �

0@ iY
j=1

(bj � xj)

1A1��0@i�1Y
j=1

Kj

1A �
�
1 + j2Wi (xi)� 1j

2

�



 @f@xi




sup
1

iY
j=1

 Z bj

aj

(bj � tj)��1 dtj

!
: (28)

That is

jBi (x1; :::; xm)j �

0@ iY
j=1

(bj � xj)

1A1�� Qi
j=1 (bj � aj)

�

�i

!0@i�1Y
j=1

Kj

1A �
�
1 + j2Wi (xi)� 1j

2

�



 @f@xi




sup
1
; (29)

for all i = 1; :::;m:

Based on the above and Theorem 7 we have established the following mul-
tivariate weighted fractional Ostrowski type inequality.

Theorem 9 Let f 2 C1 (
Qm
i=1 [ai; bi]), � � 1, xi 2 [ai; bi), i = 1; :::;m: Here

Pwi corresponds to [ai; bi], i = 1; :::;m; and it is as in (2). Assume that wj (tj) �
Kj, for all tj 2 [aj ; bj ], where Kj > 0, j = 1; :::;m: And Ai (x1; :::; xm) is as in
(9), i = 1; :::;m. Then�������f (x1; :::; xm)�

0@ mY
j=1

(bj � xj)

1A1��

(� (�))
m

0@I�a+
0@ mY
j=1

wj

1A f
1A (b)

�
mX
i=1

Ai (x1; :::; xm)

����� �
mX
i=1

8><>:
0@ iY
j=1

(bj � xj)

1A1�� Qi
j=1 (bj � aj)

�

�i

!
�

0@i�1Y
j=1

Kj

1A�1 + j2Wi (xi)� 1j
2

�



 @f@xi




sup
1

9=; : (30)

3 Application

Here we operate on [0; 1]m, m 2 N� f1g. We notice thatZ 1

0

�
e�x

1� e�1

�
dx = 1; (31)

7
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and
e�x

1� e�1 �
1

1� e�1 , for all x 2 [0; 1] : (32)

So here we choose as wj the probability density function

w�j (tj) :=
e�tj

1� e�1 ; (33)

j = 1; :::;m; tj 2 [0; 1] :
So we have the corrsponding Wj as

W �
j (tj) =

1� e�tj
1� e�1 , tj 2 [0; 1] ; (34)

and the corresponding Pwj as

P �wj (xj ; tj) =

(
1�e�tj
1�e�1 ; 0 � tj � xj ;
e�1�e�tj
1�e�1 , xj < tj � 1;

(35)

j = 1; :::;m:

Set
�!
0 = (0; :::; 0) and

�!
1 = (1; :::; 1).

First we apply Theorem 7.
We have

Theorem 10 Let f 2 C1 ([0; 1]m), � � 1, xi 2 [0; 1), i = 1; :::;m: Then

f (x1; :::; xm) =

0@ mY
j=1

(1� xj)

1A1���
� (�)

1� e�1

�m �
I��!
0 +

�
e�

Pm
j=1 tjf (�)

����!
1
�

(36)

+
mX
i=1

A�i (x1; :::; xm) +
mX
i=1

B�i (x1; :::; xm) ;

where for i = 1; :::;m :

A�i (x1; :::; xm) :=
� (�� 1)
(1� e�1)i�1

0@ iY
j=1

(1� xj)

1A1�� Z
[0;1]i

0@i�1Y
j=1

(1� tj)

1A��1

�

(37)

(1� ti)��2 e�
Pi�1

j=1 tjP �wi (xi; ti) f (t1; :::; ti; xi+1; :::; xm) dt1:::dti;

and

B�i (x1; :::; xm) :=

�Qi
j=1 (1� xj)

�1��
(1� e�1)i�1

Z
[0;1]i

0@ iY
j=1

(1� tj)

1A��1

� (38)

e�
Pi�1

j=1 tjP �wi (xi; ti)
@f

@xi
(t1; :::; ti; xi+1; :::; xm) dt1:::dti:

Above we set
P0

i=1 � = 0.

8
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Finally we apply Theorem 9.

Theorem 11 Let f 2 C1 ([0; 1]m), � � 1, xi 2 [0; 1), i = 1; :::;m: Here P �wi is
as in (35) and A�i (x1; :::; xm) as in (37), i = 1; :::;m: Then�������f (x1; :::; xm)�

0@ mY
j=1

(1� xj)

1A1���
� (�)

1� e�1

�m �
I��!
0 +

�
e�

Pm
j=1 tjf (�)

����!
1
�

(39)

�
mX
i=1

A�i (x1; :::; xm)

����� �
mX
i=1

8><>:
�Qi

j=1 (1� xj)
�1��

�i (1� e�1)i�1
�

�
1 + j2W �

i (xi)� 1j
2

�



 @f@xi




sup
1

�
:
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Basic and s-convexity Ostrowski and Grüss type
inequalities involving several functions
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Abstract

Using the harmonic polynomials representation formula due to Dedic,
Peµcaric and Ujevic [5], we establish Ostrowski and Grüss type inequalities
involving several functions. The estimates are with respect all norms k�kp,
1 � p � 1, and also take into account the s-convexity and s-concavity in
the second sense of the involved functions.

2010 AMS Subject Classi�cation : 26A51, 26D10, 26D15.
Keywords and Phrases: Grüss inequality, Ostrowski inequality, s-convexity
and s-concavity in the second sense.

1 Introduction

The following results motivate our work.

Theorem 1 (1938, Ostrowski [11]) Let f : [a; b] ! R be continuous on [a; b]
and di¤erentiable on (a; b) whose derivative f 0 : (a; b)! R is bounded on (a; b),
i.e., kf 0ksup1 := sup

t2(a;b)
jf 0 (t)j < +1. Then

����� 1

b� a

Z b

a

f (t) dt� f (x)
����� �

"
1

4
+

�
x� a+b

2

�2
(b� a)2

#
(b� a) kf 0ksup1 ; (1)

for any x 2 [a; b]. The constant 14 is the best possible.

Theorem 2 (1935, Grüss [9]) Let f; g be integrable functions from [a; b] into
R, that satisfy the conditions

m � f (x) �M , n � g (x) � N , x 2 [a; b] ;

1
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where m;M;n;N 2 R: Then����� 1

b� a

Z b

a

f (x) g (x) dx�
 

1

b� a

Z b

a

f (x) dx

! 
1

b� a

Z b

a

g (x) dx

!�����
� 1

4
(M �m) (N � n) : (2)

Theorem 3 (1998, Dragomir and Wang [7]) Let f : [a; b] ! R is absolutely
continuous function with f 0 2 Lp ([a; b]), p > 1, 1p +

1
q = 1, x 2 [a; b]. Then�����f (x)� 1

b� a

Z b

a

f (t) dt

����� �
1

(q + 1)
1
q

"�
x� a
b� a

�q+1
+

�
b� x
b� a

�q+1# 1
q

(b� a)
1
q kf 0kp : (3)

Ostrowski type inequalities are very useful in Numerical Analysis.

Theorem 4 (1882, µCeby�ev [3]) Let f; g : [a; b] ! R absolutely continuous
functions with f 0; g0 2 L1 ([a; b]). Then����� 1

b� a

Z b

a

f (x) g (x) dx�
 

1

b� a

Z b

a

f (x) dx

! 
1

b� a

Z b

a

g (x) dx

!�����
� 1

12
(b� a)2 kf 0k1 kg

0k1 : (4)

Above is also assumed that the involved integrals exist.

Grüss type inequalities are very useful in Probability.
We are also biggly inspired by the great work of B.G. Pachpatte, see [12],

[13], [14].
So here we produce Ostrowski and Grüss type inequalities for several func-

tions, acting to all possible directions, including s-convexity and s-concavity in
the second sense complete study. Our results are univariate.

2 Background

Let (Pn)n2N be a harmonic sequence of polynomials, that is P
0
n = Pn�1, n � 1,

P0 = 1. Furthermore, let [a; b] � R, a 6= b, and h : [a; b]! R be such that h(n�1)

is absolutely continuous function for some �xed n � 1. We use the notation

Ln [h (x)] =
1

n

"
h (x) +

n�1X
k=1

(�1)k Pk (x)h(k) (x)+
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n�1X
k=1

(�1)k (n� k)
b� a

h
Pk (a)h

(k�1) (a)� Pk (b)h(k�1) (b)
i#
;

x 2 [a; b], for convinience.
For n = 1 the above sums are de�ned to be zero, that is L1 [h (x)] = h (x) :

Dedic, Peµcaric and Ujevic, see [5], [4], established the following identity,

Ln [h (x)]�
1

b� a

Z b

a

h (t) dt =
(�1)n+1

n (b� a)

Z b

a

Pn�1 (t) q (x; t)h
(n) (t) dt; (6)

where

q (x; t) =

�
t� a, if t 2 [a; x] ;
t� b; if t 2 (x; b]; x 2 [a; b] : (7)

For the harmonic sequence of polynomials Pk (t) =
(t�x)k
k! , k � 0, the identity

(6) reduces to the Fink identity in [8], (see also [5], p. 177).

3 Main Results

We present our �rst main result, a set of very general Ostrowski type inequalities
involving several functions.

Theorem 5 Let nj 2 N, j = 1; :::; r 2 N � f1g; n1 � n2 � ::: � nr and

fj : [a; b]! R be such that f (nj�1)j is absolutely continuous function. Denote

S1 (f1; :::; fr) :=
rX
j=1

264
0B@ rY
i=1
i6=j

fi (x)

1CA"Lnj [fj (x)]� 1

b� a

Z b

a

fj (t) dt

#375 ; (8)

S2 (f1; :::; fr) :=

rX
j=1

264
0B@ rY
i=1
i6=j

Lni [fi (x)]

1CA"Lnj [fj (x)]� 1

b� a

Z b

a

fj (t) dt

#375 ;
(9)

x 2 [a; b] : Then
1)

jS1 (f1; :::; fr)j �
1

n1

�
1

2
+
ja+ b� 2xj
2 (b� a)

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 ; (10)

and

jS2 (f1; :::; fr)j �
1

n1

�
1

2
+
ja+ b� 2xj
2 (b� a)

�
�

3
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264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 ; (11)

2) let plj > 1 :
P3

lj=1
1
plj
= 1, with f (nj)j 2 Lp3j ([a; b]), j = 1; :::; r; it holds

jS1 (f1; :::; fr)j �
1

n1 (b� a)

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

p1j ;[a;b]



f (nj)j





p3j ;[a;b]

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 ; (12)

and

jS2 (f1; :::; fr)j �
1

n1 (b� a)

264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

p1j ;[a;b]



f (nj)j





p3j ;[a;b]

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 ; (13)

3) assuming f (nj)j 2 L1 ([a; b]), j = 1; :::; r; we get

jS1 (f1; :::; fr)j �
 
(b� x)2 + (x� a)2

2n1 (b� a)

!
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 ; (14)

and

jS2 (f1; :::; fr)j �
 
(b� x)2 + (x� a)2

2n1 (b� a)

!
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 : (15)

Proof. For j = 1; :::; r; r 2 N� f1g, we have

Lnj [fj (x)] =
1

nj

"
fj (x) +

nj�1X
k=1

(�1)k Pk (x) f (k)j (x)+

4
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nj�1X
k=1

(�1)k (nj � k)
b� a

h
Pk (a) f

(k�1)
j (a)� Pk (b) f (k�1)j (b)

i#
; (16)

and

Lnj [fj (x)]�
1

b� a

Z b

a

fj (t) dt
(6)
=
(�1)nj+1

nj (b� a)

Z b

a

Pnj�1 (t) q (x; t) f
(nj)
j (t) dt:

(17)
Hence it holds 0B@ rY

i=1
i6=j

fi (x)

1CA"Lnj [fj (x)]� 1

b� a

Z b

a

fj (t) dt

#
= (18)

0B@ rY
i=1
i6=j

fi (x)

1CA" (�1)nj+1
nj (b� a)

Z b

a

Pnj�1 (t) q (x; t) f
(nj)
j (t) dt

#
; for all j = 1; :::; r:

Therefore by addition of (18), we derive the identity

S1 (f1; :::; fr) :=
rX
j=1

264
0B@ rY
i=1
i6=j

fi (x)

1CA"Lnj [fj (x)]� 1

b� a

Z b

a

fj (t) dt

#375 (19)

=
rX
j=1

264
0B@ rY
i=1
i6=j

fi (x)

1CA" (�1)nj+1
nj (b� a)

Z b

a

Pnj�1 (t) q (x; t) f
(nj)
j (t) dt

#375 :
Similarly we produce the identity

S2 (f1; :::; fr) :=
rX
j=1

264
0B@ rY
i=1
i6=j

Lni [fi (x)]

1CA"Lnj [fj (x)]� 1

b� a

Z b

a

fj (t) dt

#375
(20)

=
rX
j=1

264
0B@ rY
i=1
i6=j

Lni [fi (x)]

1CA" (�1)nj+1
nj (b� a)

Z b

a

Pnj�1 (t) q (x; t) f
(nj)
j (t) dt

#375 :
Consequently we have

jS1 (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA" 1

nj (b� a)

Z b

a

��Pnj�1 (t)�� jq (x; t)j ���f (nj)j (t)
��� dt#

375 ; (21)

5
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and
jS2 (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA" 1

nj (b� a)

Z b

a

��Pnj�1 (t)�� jq (x; t)j ���f (nj)j (t)
��� dt#

375 :
(22)

Furthermore it holds
jS1 (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA"


Pnj�1

1;[a;b]

nj (b� a)

Z b

a

jq (x; t)j
���f (nj)j (t)

��� dt#
375 ; (23)

and
jS2 (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA"


Pnj�1

1;[a;b]

nj (b� a)

Z b

a

jq (x; t)j
���f (nj)j (t)

��� dt#
375 : (24)

Since

jq (x; t)j � max (x� a; b� x) = (b� a) + ja+ b� 2xj
2

; (25)

we get
jS1 (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA"


Pnj�1

1;[a;b]

nj (b� a)

�
(b� a) + ja+ b� 2xj

2

� 


f (nj)j





1;[a;b]

#375 ;
(26)

and
jS2 (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA"


Pnj�1

1;[a;b]

nj (b� a)

�
(b� a) + ja+ b� 2xj

2

� 


f (nj)j





1;[a;b]

#375 :
(27)

Let now plj > 1 :
P3

lj=1
1
plj
= 1, with f (nj)j 2 Lp3j ([a; b]), j = 1; :::; r.

Hence, by Hölder inequality for three functions, it holdsZ b

a

��Pnj�1 (t)�� jq (x; t)j ���f (nj)j (t)
��� dt �



Pnj�1

p1j ;[a;b]
 Z b

a

jq (x; t)jp2j dt
! 1

p2j 


f (nj)j





p3j ;[a;b]

=

6
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Pnj�1

p1j ;[a;b]
 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j 


f (nj)j





p3j ;[a;b]

: (28)

Consequently we derive

jS1 (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA� 1

nj (b� a)


Pnj�1

p1j ;[a;b] (29)

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j 


f (nj)j





p3j ;[a;b]

3535 ;
and

jS2 (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA� 1

nj (b� a)


Pnj�1

p1j ;[a;b] (30)

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j 


f (nj)j





p3j ;[a;b]

3535 :
Assuming that f (nj)j 2 L1 ([a; b]), j = 1; :::; r; we �nd

jS1 (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA� 1

nj (b� a)


Pnj�1

1;[a;b]

(31)




f (nj)j





1;[a;b]

 
(b� x)2 + (x� a)2

2

!##
;

and

jS2 (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA� 1

nj (b� a)


Pnj�1

1;[a;b]

(32)




f (nj)j





1;[a;b]

 
(b� x)2 + (x� a)2

2

!##
:

The proof of the theorem is now complete.
We need

7
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De�nition 6 ([10]) A function f : R+ = [0;1) ! R is said to be s-convex in
the second sense if

f (�x+ (1� �) y) � �sf (x) + (1� �)s f (y) ; (33)

for all x; y 2 [0;1), � 2 [0; 1] and for some �xed s 2 (0; 1]:

When s = 1, s-convexity in the second sense reduces to ordinary convexity.
If ���holds in (33), we talk about s-concavity in the second sense.
We also need

De�nition 7 (see also [1]) Let I be a subinterval of R+ and f : I ! (0;1).
We call f s-logarithmically convex (s-log-convex) in the second sense, i¤ logf(x)
is s-convex in the second sense, i¤

f (�x+ (1� �) y) � (f (x))�
s

(f (y))
(1��)s

; (34)

for all x; y 2 I, � 2 [0; 1] and for some �xed s 2 (0; 1]:

When s = 1, s-log-convexity in the second sense reduces to usual log-
convexity.
If ���holds in (34), we talk about s-log-concavity in the second sense.
We also need the s-convex Hadamard�s inequality.

Theorem 8 ([6]) Suppose that f : [0;1) ! [0;1) is an s-convex function in
the second sense, where s 2 (0; 1] and let a; b 2 [0;1), a < b. If f 2 L1 ([a; b]),
then

2s�1f

�
a+ b

2

�
� 1

b� a

Z b

a

f (x) dx � f (a) + f (b)

s+ 1
: (35)

The constant K = 1
s+1 is the best possible in the second inequality (35). The

above inequalities are sharp.

Next we present general Ostrowski type inequalities for several functions
under s-convexity and s-concavity in the second sense.

Theorem 9 Same terms and assumptions as in Theorem 5. Assume that a �
0.
1) Suppose

���f (nj)j

��� is s-convex in the second sense and ���f (nj)j (x)
��� � Mj,

x 2 [a; b], j = 1; :::; r: Then

jS1 (f1; :::; fr)j �
(b� a)
n1

"
2

s+ 2

 
(b� x)s+2 + (x� a)s+2

(b� a)s+2

!
�

1

s+ 1

 
(b� x)s+1 + (x� a)s+1

(b� a)s+1

!
+

2

(s+ 1) (s+ 2)

#

8
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264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

1;[a;b]
Mj

375
375 ; (36)

and

jS2 (f1; :::; fr)j �
(b� a)
n1

"
2

s+ 2

 
(b� x)s+2 + (x� a)s+2

(b� a)s+2

!
�

1

s+ 1

 
(b� x)s+1 + (x� a)s+1

(b� a)s+1

!
+

2

(s+ 1) (s+ 2)

#
264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

1;[a;b]
Mj

375
375 ; (37)

x 2 [a; b] :
2) Let plj > 1 :

P3
lj=1

1
plj
= 1, with f (nj)j 2 Lp3j ([a; b]), j = 1; :::; r:

2i) Assume again
���f (nj)j

��� is s-convex in the second sense, and ���f (nj)j (x)
��� �

Mj, j = 1; :::; r; x 2 [a; b] : Then

jS1 (f1; :::; fr)j �
2

n1 (b� a)

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

p1j ;[a;b]

Mj

�
b� a

p3js+ 1

� 1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 ; (38)

and

jS2 (f1; :::; fr)j �
2

n1 (b� a)

264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

p1j ;[a;b]

Mj

�
b� a

p3js+ 1

� 1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 : (39)

2ii) Assume that
���f (nj)j

���p3j is s-convex in the second sense, and ���f (nj)j (x)
��� �

Mj, j = 1; :::; r; x 2 [a; b] : Then

jS1 (f1; :::; fr)j �
1

n1

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

p1j ;[a;b]

9
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2
1
p3jMj (b� a)

1
p3j

�1

(s+ 1)
1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 ; (40)

and

jS2 (f1; :::; fr)j �
1

n1

264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

p1j ;[a;b]
2

1
p3jMj (b� a)

1
p3j

�1

(s+ 1)
1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 : (41)

2iii) Assume that
���f (nj)j

���p3j is s-concave in the second sense. Then
jS1 (f1; :::; fr)j �

1

n1

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

p1j ;[a;b]

2
s�1
p3j

����f (nj)j

�
a+ b

2

����� (b� a) 1
p3j

�1
 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 ; (42)
and

jS2 (f1; :::; fr)j �
1

n1

264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

p1j ;[a;b]

2
s�1
p3j

����f (nj)j

�
a+ b

2

����� (b� a) 1
p3j

�1
 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 : (43)
Proof. As in (23) and (24) we have that

jS1 (f1; :::; fr)j �
1

n1 (b� a)
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

1;[a;b]

Z b

a

jq (x; t)j
���f (nj)j (t)

��� dt
375
375 ; (44)

and
jS2 (f1; :::; fr)j �

1

n1 (b� a)
�

10
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264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

1;[a;b]

Z b

a

jq (x; t)j
���f (nj)j (t)

��� dt
375
375 : (45)

Set

p (x; t) :=

8<: t, t 2
h
0; b�xb�a

�
;

t� 1, t 2
h
b�x
b�a ; 1

i
:

(46)

In [2], for � 2 [0; 1], we proved that

q (x; �a+ (1� �) b) = (a� b) p (x; �) ; (47)

that is
jq (x; �a+ (1� �) b)j = (b� a) jp (x; �)j : (48)

One can write Z b

a

jq (x; t)j
���f (nj)j (t)

��� dt = (49)

(b� a)
Z 1

0

jq (x; �a+ (1� �) b)j
���f (nj)j (�a+ (1� �) b)

��� d� (48)
=

(b� a)2
Z 1

0

jp (x; �)j
���f (nj)j (�a+ (1� �) b)

��� d� =: (�) : (50)

We notice under the assumption that
���f (nj)j

��� is s-convex in the second sense and���f (nj)j (x)
��� �Mj , x 2 [a; b], that

(�) � (b� a)2
Z 1

0

jp (x; t)j
�
�s
���f (nj)j (a)

���+ (1� �)s ���f (nj)j (b)
���� d� � (51)

Mj (b� a)2
Z 1

0

jp (x; �)j (�s + (1� �)s) d� =

(as in [2])

Mj (b� a)2
"

2

s+ 2

 
(b� x)s+2 + (x� a)s+2

(b� a)s+2

!
�

1

s+ 1

 
(b� x)s+1 + (x� a)s+1

(b� a)s+1

!
+

2

(s+ 1) (s+ 2)

#
: (52)

So we got thatZ b

a

jq (x; t)j
���f (nj)j (t)

��� dt �Mj (b� a)2
"

2

s+ 2

 
(b� x)s+2 + (x� a)s+2

(b� a)s+2

!
�

11
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1

s+ 1

 
(b� x)s+1 + (x� a)s+1

(b� a)s+1

!
+

2

(s+ 1) (s+ 2)

#
; j = 1; :::; r: (53)

Using (53) into (44) and (45) we derive (36) and (37).
Next we elaborate on (12) and (13).

Assume that
���f (nj)j

��� is s-convex in the second sense, acting as in [2], we
obtain 


f (nj)j





p3j ;[a;b]

� 2Mj

�
b� a

p3js+ 1

� 1
p3j

; (54)

j = 1; :::; r; with
���f (nj)j (x)

��� �Mj , x 2 [a; b] :

Next suppose that
���f (nj)j

���p3j is s-convex in the second sense. As in [2] we
get 


f (nj)j





p3j ;[a;b]

� 2
1
p3jMj (b� a)

1
p3j

(s+ 1)
1
p3j

; (55)

j = 1; :::; r; with
���f (nj)j (x)

��� �Mj , x 2 [a; b] :

Finally assume that
���f (nj)j

���p3j is s-concave in the second sense. Based on
Theorem 8 and acting as in [2], we derive


f (nj)j





p3j ;[a;b]

� 2
s�1
p3j

����f (nj)j

�
a+ b

2

����� (b� a) 1
p3j : (56)

The proof is completed.
Ostrowski type inequalities for several functions under s-log-convexity in the

second sense follow.

Theorem 10 Same terms and assumptions as in Theorem 5. Assume that

a � 0. We further suppose that
���f (nj)j

��� 6= 0 is s-log-convex in the second sense,
and

���f (nj)j (a)
��� ; ���f (nj)j (b)

��� 2 (0; 1], j = 1; :::; r: Call Aj :=

����� f(nj)j (a)

f
(nj)
j (b)

�����, s 2 (0; 1],
j = 1; :::; r; and

 s (z) :=

�
zs�1
s ln z , if z 2 (0;1)� f1g;
1, if z = 1:

(57)

1) It holds

jS1 (f1; :::; fr)j �
�
(b� a) + ja+ b� 2xj

2n1

�
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

1;[a;b]

���f (nj)j (b)
���s  s (Aj)

375
375 ; (58)
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and

jS2 (f1; :::; fr)j �
�
(b� a) + ja+ b� 2xj

2n1

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

1;[a;b]

���f (nj)j (b)
���s  s (Aj)

375
375 : (59)

2) Let plj > 1 :
P3

lj=1
1
plj
= 1, with f (nj)j 2 Lp3j ([a; b]), and set Bj := A

p3j
j ,

j = 1; :::; r: Then

jS1 (f1; :::; fr)j �
1

n1

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

Pnj�1

p1j ;[a;b]

(b� a)
1
p3j

�1
���f (nj)j (b)

���s ( s (Bj)) 1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 ;
(60)

and

jS2 (f1; :::; fr)j �
1

n1

264 rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA

Pnj�1

p1j ;[a;b]

(b� a)
1
p3j

�1
���f (nj)j (b)

���s ( s (Bj)) 1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 :
(61)

Proof. 1) See also [1]. Here we assume that 0 <
���f (nj)j (a)

��� ; ���f (nj)j (b)
��� � 1,

set Aj :=

����� f(nj)j (a)

f
(nj)
j (b)

�����, ���f (nj)j

��� is s-logarithmically convex in the second sense,
s 2 (0; 1], � 2 [0; 1], j = 1; :::; r: From (26) we get

jS1 (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA
"

Pnj�1

1;[a;b]

nj

�
(b� a) + ja+ b� 2xj

2

� Z 1

0

���f (nj)j (�a+ (1� �) b)
��� d�## ;

(62)
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and from (27) we obtain

jS2 (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jLni [fi (x)]j

1CA
"

Pnj�1

1;[a;b]

nj

�
(b� a) + ja+ b� 2xj

2

� Z 1

0

���f (nj)j (�a+ (1� �) b)
��� d�## :

(63)
We study separately the integralZ 1

0

���f (nj)j (�a+ (1� �) b)
��� d� (34)

�
Z 1

0

���f (nj)j (a)
����s ���f (nj)j (b)

���(1��)s d� � (64)

Z 1

0

���f (nj)j (a)
����s ���f (nj)j (b)

���(1��)s d� = ���f (nj)j (b)
���s Z 1

0

0@
���f (nj)j (a)

������f (nj)j (b)
���
1A�s

d� =

���f (nj)j (b)
���s Z 1

0

A�sj d� =: (��) : (65)

If Aj = 1, then

(��) =
���f (nj)j (b)

���s : (66)

If Aj 6= 1, we get

(��) =
���f (nj)j (b)

���s Z 1

0

es(lnAj)�d� =
���f (nj)j (b)

���s�Asj � 1
s lnAj

�
: (67)

Therefore we deriveZ 1

0

���f (nj)j (�a+ (1� �) b)
��� d� � ���f (nj)j (b)

���s  s (Aj) : (68)

Hence by (68) used in (62) and (63) we derive (58) and (59).
2) As before and as in [2], we obtain


f (nj)j





p3j ;[a;b]

� (b� a)
1
p3j

���f (nj)j (b)
���s ( s (Bj)) 1

p3j : (69)

Using (69) into (12), (13) we derive (60), (61).
Next we give applications when n1 = n2 = ::: = nr = 1.

Corollary 11 (to Theorem 5) Let fj : [a; b]! R is absolutely continuous func-
tion, j = 1; :::; r 2 N� f1g. Denote

S� (f1; :::; fr) :=

rX
j=1

264
0B@ rY
i=1
i6=j

fi (x)

1CA"fj (x)� 1

b� a

Z b

a

fj (t) dt

#375 ; (70)
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x 2 [a; b] :
Then
1)

jS� (f1; :::; fr)j �
�
1

2
+
ja+ b� 2xj
2 (b� a)

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

f 0j

1;[a;b]
375
375 ; (71)

2) let plj > 1 :
P3

lj=1
1
plj
= 1, with f 0j 2 Lp3j ([a; b]), j = 1; :::; r; it holds

jS� (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA (b� a) 1
p1j

�1 

f 0j

p3j ;[a;b]
 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

375 ;
(72)

3) assuming f 0j 2 L1 ([a; b]), j = 1; :::; r; we get

jS� (f1; :::; fr)j �
 
(b� x)2 + (x� a)2

2 (b� a)

!
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

f 0j

1;[a;b]

375
375 : (73)

We continue with

Corollary 12 (to Theorem 9) Same terms and assumptions as in Corollary 11.
Assume that a � 0.
1) Suppose

��f 0j�� is s-convex in the second sense and ��f 0j (x)�� �M1j, x 2 [a; b],
j = 1; :::; r: Then

jS� (f1; :::; fr)j � (b� a)
"

2

s+ 2

 
(b� x)s+2 + (x� a)s+2

(b� a)s+2

!
�

1

s+ 1

 
(b� x)s+1 + (x� a)s+1

(b� a)s+1

!
+

2

(s+ 1) (s+ 2)

#
264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CAM1j

375
375 ; (74)
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2) Let plj > 1 :
P3

lj=1
1
plj
= 1, with f 0j 2 Lp3j ([a; b]), j = 1; :::; r:

2i) Assume again
��f 0j�� is s-convex in the second sense, and ��f 0j (x)�� � M1j,

j = 1; :::; r; x 2 [a; b] : Then

jS� (f1; :::; fr)j � 2

264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA (b� a)� 1
p2j

M1j (p3js+ 1)
� 1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

3535 ; (75)

2ii) Assume that
��f 0j��p3j is s-convex in the second sense, and ��f 0j (x)�� �M1j,

j = 1; :::; r; x 2 [a; b] : Then

jS� (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA
2

1
p3jM1j (b� a)

� 1
p2j

(s+ 1)
1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

35 ; (76)

2iii) Assume that
��f 0j��p3j is s-concave in the second sense. Then
jS� (f1; :::; fr)j �

rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

2
s�1
p3j

����f 0j �a+ b2
����� (b� a)� 1

p2j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

35 : (77)

We also give

Corollary 13 (to Theorem 10) Same terms and assumptions as in Corollary
11. Assume that a � 0. We further suppose that

��f 0j�� 6= 0 is s-log-convex in

the second sense, and
��f 0j (a)�� ; ��f 0j (b)�� 2 (0; 1], j = 1; :::; r: Call A1j := ��� f 0j(a)f 0j(b)

���,
s 2 (0; 1], j = 1; :::; r; and  s as in (57).
1) It holds

jS� (f1; :::; fr)j �
�
(b� a) + ja+ b� 2xj

2

�
�
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264 rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA��f 0j (b)��s  s (A1j)
375
375 : (78)

2) Let plj > 1 :
P3

lj=1
1
plj

= 1, with f 0j 2 Lp3j ([a; b]), B1j := A
p3j
1j , j =

1; :::; r: Then

jS� (f1; :::; fr)j �
rX
j=1

264
0B@ rY
i=1
i6=j

jfi (x)j

1CA

(b� a)�
1
p2j

��f 0j (b)��s ( s (B1j)) 1
p3j

 
(b� x)p2j+1 + (x� a)p2j+1

p2j + 1

! 1
p2j

35 : (79)

Next we present a set of very general Grüss type inequalities involving several
functions.

Theorem 14 Let nj 2 N, j = 1; :::; r 2 N � f1g; n1 � n2 � ::: � nr and

fj : [a; b]! R be such that f (nj�1)j is absolutely continuous function. Denote

�(f1; :::; fr) :=
rX
j=1

264
0B@Z b

a

0B@ rY
i=1
i6=j

fi (x)

1CALnj [fj (x)] dx

1CA�

1

b� a

0B@Z b

a

0B@ rY
i=1
i6=j

fi (x)

1CA dx

1CA Z b

a

fj (x) dx

!375 : (80)

Then
1)

j�(f1; :::; fr)j �
�
(b� a) + ja+ b� 2xj

2n1

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 ; (81)

2)

j�(f1; :::; fr)j � (b� a)
�
(b� a) + ja+ b� 2xj

2n1

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 ; (82)
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3) let pi;j > 1 :
Pr+2

i=1
1
pi;j

= 1, and f (nj)j 2 L(r+2);j ([a; b]), j = 1; :::; r; it
holds

j�(f1; :::; fr)j �
1

n1

24 rX
j=1

" 
2

1
pr+1;j (b� a)1+

1
pr+1;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!
0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA

Pnj�1

pj;j ;[a;b] 


f (nj)j





pr+2;j ;[a;b]

375
375 : (83)

Proof. From (19) we obtain

rX
j=1

264
0B@ rY
i=1
i6=j

fi (x)

1CALnj [fj (x)]�
1

b� a

0B@ rY
i=1
i6=j

fi (x)

1CAZ b

a

fj (t) dt

375 =

=
rX
j=1

264 (�1)nj+1
nj (b� a)

0B@ rY
i=1
i6=j

fi (x)

1CAZ b

a

Pnj�1 (t) q (x; t) f
(nj)
j (t) dt

375 : (84)

Hence we get

�(f1; :::; fr) :=

rX
j=1

264
0B@Z b

a

0B@ rY
i=1
i6=j

fi (x)

1CALnj [fj (x)] dx

1CA�

1

b� a

0B@Z b

a

0B@ rY
i=1
i6=j

fi (x)

1CA dx

1CA Z b

a

fj (t) dt

!375 =

=
rX
j=1

264 (�1)nj+1
nj (b� a)

Z b

a

Z b

a

0B@ rY
i=1
i6=j

fi (x)

1CAPnj�1 (t) q (x; t) f
(nj)
j (t) dtdx

375 : (85)

Therefore it holds
j�(f1; :::; fr)j �

1

n1 (b� a)

rX
j=1

264Z b

a

Z b

a

0B@ rY
i=1
i6=j

jfi (x)j

1CA��Pnj�1 (t)�� jq (x; t)j ���f (nj)j (t)
��� dtdx

375 :
(86)

We �rst �nd

j�(f1; :::; fr)j �
�
(b� a) + ja+ b� 2xj

2n1 (b� a)

�
�
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264 rX
j=1

264 rY
i=1
i6=j

kfik1;[a;b]



Pnj�1

1;[a;b]
(b� a)




f (nj)j





1;[a;b]

375
375 =

�
(b� a) + ja+ b� 2xj

2n1

�264 rX
j=1

264 rY
i=1
i6=j

kfik1;[a;b]



Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 :
(87)

Also it holds

j�(f1; :::; fr)j �
�
(b� a) + ja+ b� 2xj

2n1 (b� a)

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

(b� a)2

375
375 =

(b� a)
�
(b� a) + ja+ b� 2xj

2n1

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]




f (nj)j





1;[a;b]

375
375 : (88)

Let pi;j > 1 :
Pr+2

i=1
1
pi;j

= 1, and f (nj)j 2 L(r+2);j ([a; b]), j = 1; :::; r.
Hence, by Hölder�s inequality we �nd

Z b

a

Z b

a

0B@ rY
i=1
i6=j

jfi (x)j

1CA��Pnj�1 (t)�� jq (x; t)j ���f (nj)j (t)
��� dtdx �

0B@ rY
i=1
i6=j

 Z b

a

Z b

a

jfi (x)jpi;j dtdx
! 1

pi;j

1CA Z b

a

Z b

a

��Pnj�1 (t)��pj;j dtdx
! 1

pj;j

� (89)

 Z b

a

Z b

a

jq (x; t)jpr+1;j dtdx
! 1

pr+1;j
 Z b

a

Z b

a

���f (nj)j (t)
���pr+2;j dtdx! 1

pr+2;j

=

=

0B@ rY
i=1
i6=j

kfikpi;j ;[a;b] (b� a)
1

pi;j

1CA�

Pnj�1

pj;j ;[a;b] (b� a) 1
pj;j

�
�


f (nj)j





pr+2;j ;[a;b]

(b� a)
1

pr+2;j

�
2

1
pr+1;j (b� a)1+

2
pr+1;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

=
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2
1

pr+1;j (b� a)2+
1

pr+1;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

�

0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA

Pnj�1

pj;j ;[a;b] 


f (nj)j





pr+2;j ;[a;b]

: (90)

That is we found

Z b

a

Z b

a

0B@ rY
i=1
i6=j

jfi (x)j

1CA��Pnj�1 (t)�� jq (x; t)j ���f (nj)j (t)
��� dtdx �

2
1

pr+1;j (b� a)2+
1

pr+1;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

�

0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA

Pnj�1

pj;j ;[a;b] 


f (nj)j





pr+2;j ;[a;b]

: (91)

Using (91) into (86) we obtain (83).
The proof of the theorem now is complete.
Next we produce Grüss type inequalities for several functions under s-convexity

and s-concavity in the second sense.

Theorem 15 Here all as in Theorem 14, with a � 0.
1) Suppose

���f (nj)j

��� is s-convex in the second sense and ���f (nj)j (x)
��� � Mj,

x 2 [a; b], j = 1; :::; r: Then

j�(f1; :::; fr)j �
4 (b� a)2

(s+ 2) (s+ 3)n1
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]
Mj

375
375 : (92)

2) Let pi;j > 1 :
Pr+2

i=1
1
pi;j

= 1, with f (nj)j 2 Lpr+2:j ([a; b]), j = 1; :::; r:

2i) Assume again
���f (nj)j

��� is s-convex in the second sense, and ���f (nj)j (x)
��� �

Mj, j = 1; :::; r; x 2 [a; b] : Then

j�(f1; :::; fr)j �
1

n1

24 rX
j=1

" 
2
1+ 1

pr+1;j (b� a)1+
1

pr+1;j
+ 1
pr+2;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!
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0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA

Pnj�1

pj;j ;[a;b]Mj (pr+2;js+ 1)
� 1
pr+2;j

375
375 : (93)

2ii) Assume that
���f (nj)j

���pr+2;j is s-convex in the second sense, and ���f (nj)j (x)
��� �

Mj, j = 1; :::; r; x 2 [a; b] : Then

j�(f1; :::; fr)j �
1

n1

24 rX
j=1

" 
2

1
pr+1;j

+ 1
pr+2;j (b� a)1+

1
pr+1;j

+ 1
pr+2;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!

Mj

(s+ 1)
1

pr+2;j

0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA

Pnj�1

pj;j ;[a;b]
375
375 : (94)

2iii) Assume that
���f (nj)j

���pr+2;j is s-concave in the second sense. Then
j�(f1; :::; fr)j �

1

n1

24 rX
j=1

240@2 1
pr+1;j

+ s�1
pr+2;j (b� a)1+

1
pr+1;j

+ 1
pr+2;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

1A
����f (nj)j

�
a+ b

2

�����
0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA

Pnj�1

pj;j ;[a;b]
375
375 : (95)

Proof. From (86) we get

j�(f1; :::; fr)j �
1

n1 (b� a)

264 rX
j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]
(96)

Z b

a

 Z b

a

jq (x; t)j
���f (nj)j (t)

��� dt! dx## :
Here

���f (nj)j

��� is s-convex in the second sense and ���f (nj)j (x)
��� � Mj , x 2 [a; b],

j = 1; :::; r:

Using (53) we obtainZ b

a

 Z b

a

jq (x; t)j
���f (nj)j (t)

��� dt! dx � 4Mj (b� a)3

(s+ 2) (s+ 3)
; (97)

j = 1; :::; r:

Consequently by (97) and (96) we derive (92).
Next we elaborate on (83).
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Assume that
���f (nj)j

��� is s-convex in the second sense, acting as in [2], we
obtain 


f (nj)j





pr+2;j ;[a;b]

� 2Mj

�
b� a

pr+2;js+ 1

� 1
pr+2;j

; (98)

j = 1; :::; r; with
���f (nj)j (x)

��� �Mj , x 2 [a; b] :

Next suppose that
���f (nj)j

���pr+2;j is s-convex in the second sense. As in [2] we
get 


f (nj)j





pr+2;j ;[a;b]

� 2
1

pr+2;jMj (b� a)
1

pr+2;j

(s+ 1)
1

pr+2;j

; (99)

j = 1; :::; r; with
���f (nj)j (x)

��� �Mj , x 2 [a; b] :

Finally assume that
���f (nj)j

���pr+2;j is s-concave in the second sense. Based on
Theorem 8 and acting as in [2], we derive


f (nj)j





pr+2;j ;[a;b]

� 2
s�1

pr+2;j

����f (nj)j

�
a+ b

2

����� (b� a) 1
pr+2;j : (100)

The proof is done.
Grüss type inequalities for several functions under s-log-convexity in the

second sense follow.

Theorem 16 Same terms and assumptions as in Theorem 14, a � 0. We fur-
ther suppose that

���f (nj)j

��� 6= 0 is s-log-convex in the second sense, and ���f (nj)j (a)
��� ;���f (nj)j (b)

��� 2 (0; 1], j = 1; :::; r: Call Aj :=
����� f(nj)j (a)

f
(nj)
j (b)

�����, s 2 (0; 1], j = 1; :::; r; and
 s (z) as in (57).
1) It holds

j�(f1; :::; fr)j � (b� a)
�
(b� a) + ja+ b� 2xj

2n1

�
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]

���f (nj)j (b)
���s  s (Aj)

375
375 : (101)

2) Let pi;j > 1 :
Pr+2

i=1
1
pi;j

= 1, and f (nj)j 2 L(r+2);j ([a; b]), B�j := A
pr+2;j
j ,

j = 1; :::; r: Then

j�(f1; :::; fr)j �
1

n1

24 rX
j=1

" 
2

1
pr+1;j (b� a)1+

1
pr+1;j

+ 1
pr+2;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!
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rY
i=1
i6=j

kfikpi;j ;[a;b]


Pnj�1

pj;j ;[a;b] ���f (nj)j (b)

���s � s �B�j �� 1
pr+2;j

375
375 : (102)

Proof. 1) From (81) we get

j�(f1; :::; fr)j � (b� a)
�
(b� a) + ja+ b� 2xj

2n1

�
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]

Z 1

0

���f (nj)j (�a+ (1� �) b)
��� d�

375
375 (by (68))

�

(103)

(b� a)
�
(b� a) + ja+ b� 2xj

2n1

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

Pnj�1

1;[a;b]

���f (nj)j (b)
���s  s (Aj)

375
375 : (104)

That is proving (101).
2) As in (69) we get


f (nj)j





pr+2;j ;[a;b]

� (b� a)
1

pr+2;j

���f (nj)j (b)
���s � s �B�j �� 1

pr+2;j : (105)

Using (105) into (83), we derive (102).
Finally we give applications to Grüss type inequalities for several functions

when n1 = n2 = ::: = nr = 1:

Corollary 17 (to Theorem 14) Let fj : [a; b] ! R be absolutely continuous,
j = 1; :::; r 2 N� f1g. Denote

�� (f1; :::; fr) := r

Z b

a

 
rY
i=1

fi (x)

!
dx�

1

b� a

264 rX
j=1

264
0B@Z b

a

0B@ rY
i=1
i6=j

fi (x)

1CA dx

1CA Z b

a

fj (x) dx

!375
375 : (106)

Then
1)

j�� (f1; :::; fr)j �
�
(b� a) + ja+ b� 2xj

2

�
�
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264 rX
j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

f 0j

1;[a;b]
375
375 ; (107)

2)

j�� (f1; :::; fr)j � (b� a)
�
(b� a) + ja+ b� 2xj

2

�
�264 rX

j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA

f 0j

1;[a;b]

375
375 ; (108)

3) let pi;j > 1 :
Pr+2

i=1
1
pi;j

= 1, and f 0j 2 L(r+2);j ([a; b]), j = 1; :::; r; it holds

j�� (f1; :::; fr)j �
rX
j=1

" 
2

1
pr+1;j (b� a)1+

1
pr+1;j

+ 1
pj;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!
0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA

f 0j

pr+2;j ;[a;b]
375 : (109)

Corollary 18 (to Theorem 15) Here all as in Corollary 17, with a � 0.
1) Suppose

��f 0j�� is s-convex in the second sense and ��f 0j (x)�� �M1j, x 2 [a; b],
j = 1; :::; r: Then

j�� (f1; :::; fr)j �
4 (b� a)2

(s+ 2) (s+ 3)

264 rX
j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CAM1j

375
375 : (110)

2) Let pi;j > 1 :
Pr+2

i=1
1
pi;j

= 1, with f 0j 2 Lpr+2:j ([a; b]), j = 1; :::; r:
2i) Assume again

��f 0j�� is s-convex in the second sense, and ��f 0j (x)�� � M1j,
j = 1; :::; r; x 2 [a; b] : Then

j�� (f1; :::; fr)j �
rX
j=1

" 
2
1+ 1

pr+1;j (b� a)1+
1

pr+1;j
+ 1
pr+2;j

+ 1
pj;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!
0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CAM1j (pr+2;js+ 1)
� 1
pr+2;j

375 : (111)

2ii) Assume that
��f 0j��pr+2;j is s-convex in the second sense, and ��f 0j (x)�� �

M1j, j = 1; :::; r; x 2 [a; b] : Then

j�� (f1; :::; fr)j �
rX
j=1

" 
2

1
pr+1;j

+ 1
pr+2;j (b� a)1+

1
pr+1;j

+ 1
pr+2;j

+ 1
pj;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!
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M1j

(s+ 1)
1

pr+2;j

0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA
375 : (112)

2iii) Assume that
��f 0j��pr+2;j is s-concave in the second sense. Then

j�� (f1; :::; fr)j �
rX
j=1

240@2 1
pr+1;j

+ s�1
pr+2;j (b� a)1+

1
pr+1;j

+ 1
pr+2;j

+ 1
pj;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

1A
����f 0j �a+ b2

�����
0B@ rY
i=1
i6=j

kfikpi;j ;[a;b]

1CA
375 : (113)

Corollary 19 (to Theorem 16) Here all as in Corollary 17, with a � 0. We fur-
ther suppose that

��f 0j�� 6= 0 is s-log-convex in the second sense, and ��f 0j (a)�� ; ��f 0j (b)��
2 (0; 1], j = 1; :::; r: Call A1j :=

��� f 0j(a)f 0j(b)

���, s 2 (0; 1], j = 1; :::; r; and  s (z) as in
(57).
1) It holds

j�� (f1; :::; fr)j � (b� a)
�
(b� a) + ja+ b� 2xj

2

�
�

264 rX
j=1

264
0B@ rY
i=1
i6=j

kfik1;[a;b]

1CA��f 0j (b)��s  s (A1j)
375
375 : (114)

2) Let pi;j > 1 :
Pr+2

i=1
1
pi;j

= 1, and f 0j 2 L(r+2);j ([a; b]), B�1j := A
pr+2;j
1j ,

j = 1; :::; r: Then

j�� (f1; :::; fr)j �
rX
j=1

" 
2

1
pr+1;j (b� a)1+

1
pr+1;j

+ 1
pr+2;j

+ 1
pj;j

((pr+1;j + 1) (pr+1;j + 2))
1

pr+1;j

!

rY
i=1
i6=j

kfikpi;j ;[a;b]
��f 0j (b)��s � s �B�1j�� 1

pr+2;j

375 : (115)

Remark 20 From (20) one can work out the analogous Grüss type inequalities
general theory involving the functions Lnj [fj (x)], for j = 1; :::; r 2 N � f1g.
The results will be very similar to the results of Theorems 14-16, and when
n1 = n2 = ::: = nr = 1 their applications will be identical to Corollaries 17-19.
We choose to omit this study.
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Harmonic Multivariate Ostrowski and Grüss
type Inequalities for several functions

George A. Anastassiou
Department of Mathematical Sciences

University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Here we derive very general multivariate Ostrowski and Grüss type
inequalities for several functions by involving harmonic polynomials. Es-
timates are with respect to all basic norms. We give applications.

2010 AMS Subject Classi�cation: 26B20, 26B40, 26D10, 26D15.
Keywords and Phrases: Multivariate Grüss inequality, Multivariate Os-

trowski inequality, harmonic polynomials.

1 Introduction

The problem of estimating the di¤erence of a value of a function from its average
is a paramount one. The answer to it are the Ostrowski type inequalities.
Ostrowski type inequalities are very useful among others in Numerical Analysis
for approximating integrals. The problem of estimating the di¤erence between
the average of a product of functions from the product of their averages is also
a very important one. The answer to it are the Grüss type inequalities. Grüss
type inequalities are very useful among others in Probability for estimating
expected values, etc. There exists a vast literature on Ostrowski and Grüss type
inequalities to all possible directions. Mathematical community is very much
interested to these inequalities due to their applications. So here we derive very
general Ostrowski and Grüss type inequalities for several multivariate functions,
acting to all possible directions.
We are motivated by the following results.

Theorem 1 (1938, Ostrowski [7]) Let f : [a; b]! R be continuous on [a; b] and
di¤erentiable on (a; b) whose derivative f 0 : (a; b)! R is bounded on (a; b), i.e.,
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kf 0ksup1 := sup
t2(a;b)

jf 0 (t)j < +1: Then

����� 1

b� a

Z b

a

f (t) dt� f (x)
����� �

"
1

4
+

�
x� a+b

2

�2
(b� a)2

#
� (b� a) kf 0ksup1 ; (1)

for any x 2 [a; b]. The constant 14 is the best possible.

Theorem 2 (1935, Grüss [6]) Let f; g be integrable functions from [a; b] into
R, that satisfy the conditions

m � f (x) �M; n � g (x) � N; x 2 [a; b] ;

where m;M;n;N 2 R. Then����� 1

b� a

Z b

a

f (x) g (x) dx�
 

1

b� a

Z b

a

f (x) dx

! 
1

b� a

Z b

a

g (x) dx

!����� (2)

� 1

4
(M �m) (N � n) :

Theorem 3 (1998, Dragomir and Wang [4]) Let f : [a; b] ! R is absolutely
continuous function with f 0 2 Lp ([a; b]), p > 1, 1p +

1
q = 1, x 2 [a; b] : Then�����f (x)� 1

b� a

Z b

a

f (t) dt

����� �
1

(q + 1)
1
q

"�
x� a
b� a

�q+1
+

�
b� x
b� a

�q+1# 1
q

(b� a)
1
q kf 0kp : (3)

Theorem 4 (1882, µCeby�ev [1]) Let f; g : [a; b] ! R absolutely continuous
functions with f 0; g0 2 L1 ([a; b]). Then����� 1

b� a

Z b

a

f (x) g (x) dx�
 

1

b� a

Z b

a

f (x) dx

! 
1

b� a

Z b

a

g (x) dx

!����� (4)

� 1

12
(b� a)2 kf 0k1 kg

0k1 :

Above is also assumed that the involved integrals exist.
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2 Background

Let (Pn)n2N be a harmonic sequence of polynomials, that is P
0
n = Pn�1, n � 1,

P0 = 1. Furthermore, let [a; b] � R, a 6= b, and h : [a; b]! R be such that h(n�1)

is absolutely continuous function for some �xed n � 1. We use the notation

Ln [h (x)] =
1

n

"
h (x) +

n�1X
k=1

(�1)k Pk (x)h(k) (x)+

n�1X
k=1

(�1)k (n� k)
b� a

h
Pk (a)h

(k�1) (a)� Pk (b)h(k�1) (b)
i#
; (5)

x 2 [a; b], for convinience.
For n = 1 the above sums are de�ned to be zero, that is L1 [h (x)] = h (x) :
Dedic, Peµcaric and Ujevic, see [2], [3], established the following identity,

Ln [h (x)]�
1

b� a

Z b

a

h (t) dt =
(�1)n+1

n (b� a)

Z b

a

Pn�1 (t) q (x; t)h
(n) (t) dt; (6)

where

q (x; t) =

�
t� a; if t 2 [a; x] ;
t� b; if t 2 (x; b]; x 2 [a; b] : (7)

For the harmonic sequence of polynomials Pk (t) =
(t�x)k
k! , k � 0, the identity

(6) reduces to the Fink identity in [5], (see also [3], p. 177).
We rewrite (6) as follows:

h (x) +
n�1X
k=1

(�1)k Pk (x)h(k) (x)+

n�1X
k=1

(�1)k (n� k)
b� a

h
Pk (a)h

(k�1) (a)� Pk (b)h(k�1) (b)
i
=

n

b� a

Z b

a

h (t) dt+
(�1)n+1

b� a

Z b

a

Pn�1 (t) q (x; t)h
(n) (t) dt; (8)

x 2 [a; b] :
That is the generalized Fink type representation formula.

h (x) =
n�1X
k=1

(�1)k+1 Pk (x)h(k) (x)+

n�1X
k=1

(�1)k (n� k)
b� a

h
Pk (b)h

(k�1) (b)� Pk (a)h(k�1) (a)
i
+

n

b� a

Z b

a

h (t) dt+
(�1)n+1

b� a

Z b

a

Pn�1 (t) q (x; t)h
(n) (t) dt; (9)

x 2 [a; b], n � 1, when n = 1 the above sums are zero.
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3 Main Results

Here
mY
i=1

[ai; bi] � Rm, m;n 2 N:

We make

General Assumptions 5 Let f :
mY
i=1

[ai; bi]! R. We assume

1) for j = 1; :::;m we have that @n�1f

@xn�1j

(x1; x2; :::; xj�1; sj ; xj+1; :::; xm) is

absolutely continuous in sj on [aj ; bj ], for every (x1; x2; :::; xj�1; xj+1; :::; xm) 2
mY
i=1
i6=j

[ai; bi] ;

2) for j = 1; :::;m we have that @nf(s1;:::;sj ;xj+1;:::;xm)
@xnj

is continuous on
jY
i=1

[ai; bi], for every (xj+1; :::; xm) 2
mY

i=j+1

[ai; bi] ;

3) for each j = 1; :::;m; and for every l = 1; :::; n� 1, we have that
@lf
@xlj

(s1; s2; :::; sj�1; xj ; :::; xm) is continuous on
j�1Y
i=1

[ai; bi], for every (xj ; :::; xm)

2
mY
i=j

[aj ; bj ] :

4) f is continuous on
mY
i=1

[ai; bi] :

Brief Assumptions 6 Let f :
mY
i=1

[ai; bi] ! R with @lf
@xli

for l = 0; 1; :::; n; i =

1; :::;m; are continuous on
mY
i=1

[ai; bi] :

De�nition 7 We put

q (xi; si) =

�
si � ai; if si 2 [ai; xi] ;
si � bi; if si 2 (xi; bi];

xi 2 [ai; bi] ; (10)

i = 1; :::;m:

We present the following general representation result of Fink type.

Theorem 8 Let f as in General Assumtions 5 or Brief Assumtions 6. Then

f (x1; :::; xn) =
nm

mY
i=1

(bi � ai)

Z
mY
i=1

[ai;bi]

f (s1; :::; sm) ds1:::dsm (11)
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+
mX
i=1

Ti (xi; xi+1; :::; xm) ;

where

Ti (xi; :::; xm) :=
ni�1

i�1Y
j=1

(bj � aj)
�

"
n�1X
k=1

(�1)k+1 Pk (xi)
Z b1

a1

:::

Z bi�1

ai�1

@kf (s1; :::; si�1; xi; :::; xm)

@xki
ds1:::dsi�1+

n�1X
k=1

(�1)k (n� k)
bi � ai

�

"
Pk (bi)

Z b1

a1

:::

Z bi�1

ai�1

@k�1f (s1; :::; si�1; bi; xi+1; :::; xm)

@xk�1i

ds1:::dsi�1�

Pk (ai)

Z b1

a1

:::

Z bi�1

ai�1

@k�1f (s1; :::; si�1; ai; xi+1; :::; xm)

@xk�1i

ds1:::dsi�1

#
+ (12)

(�1)n+1

(bi � ai)

Z b1

a1

:::

Z bi

ai

Pn�1 (si) q (xi; si)
@nf (s1; :::; si; xi+1; :::; xm)

@xni
ds1:::dsi

#
;

are continuous functions for all i = 1; :::;m:

Proof. We apply (9) repeatedly.
We have

f (x1; :::; xm) =
n�1X
k=1

(�1)k+1 Pk (x1)
@kf (x1; :::; xm)

@xk1
+

n�1X
k=1

(�1)k (n� k)
(b1 � a1)

�
Pk (b1)

@k�1f (b1; x2; :::; xm)

@xk�11

� Pk (a1)
@k�1f (a1; x2; :::; xm)

@xk�11

�

+
n

(b1 � a1)

Z b1

a1

f (s1; x2; :::; xm) ds1+

(�1)n+1

(b1 � a1)

Z b1

a1

Pn�1 (s1) q (x1; s1)
@nf (s1; x2; :::; xm)

@xn1
ds1; (13)

any x1 2 [a1; b1],
under the assumption that @

n�1f(�;x2;:::;xm)
@xn�11

2 AC ([a1; b1]) :
Call

T1 (x1; :::; xm) :=
n�1X
k=1

(�1)k+1 Pk (x1)
@kf (x1; :::; xm)

@xk1
+
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n�1X
k=1

(�1)k (n� k)
(b1 � a1)

�
Pk (b1)

@k�1f (b1; x2; :::; xm)

@xk�11

� Pk (a1)
@k�1f (a1; x2; :::; xm)

@xk�11

�

+
(�1)n+1

(b1 � a1)

Z b1

a1

Pn�1 (s1) q (x1; s1)
@nf (s1; x2:::; xm)

@xn1
ds: (14)

Hence it holds

f (x1; :::; xm) =
n

(b1 � a1)

Z b1

a1

f (s1; x2; :::; xm) ds1 + T1 (x1; :::; xm) : (15)

Next similarly we get

f (s1; x2; :::; xm) =
n�1X
k=1

(�1)k+1 Pk (x2)
@kf (s1; x2; :::; xm)

@xk2
+

n�1X
k=1

(�1)k (n� k)
(b2 � a2)

�

�
Pk (b2)

@k�1f (s1; b2; x3; :::; xm)

@xk�12

� Pk (a2)
@k�1f (s1; a2; x3; :::; xm)

@xk�12

�
+ (16)

n

(b2 � a2)

Z b2

a2

f (s1; s2; x3; :::; xm) ds2+

(�1)n+1

(b2 � a2)

Z b2

a2

Pn�1 (s2) q (x2; s2)
@nf (s1; s2; x3; :::; xm)

@xn2
ds2;

any x2 2 [a2; b2] :
Hence it holds

f (x1; :::; xm) =
n2

(b1 � a1) (b2 � a2)

Z b1

a1

Z b2

a2

f (s1; s2; x3; :::; xm) ds1ds2+

T1 (x1; :::; xm) + T2 (x2; x3; :::; xm) ; (17)

where

T2 (x2; x3; :::; xm) :=
n

(b1 � a1)

(
n�1X
k=1

(�1)k+1 Pk (x2)
Z b1

a1

@kf (s1; x2; :::; xm)

@xk2
ds1

+
n�1X
k=1

(�1)k (n� k)
(b2 � a2)

"
Pk (b2)

Z b1

a1

@k�1f (s1; b2; x3; :::; xm)

@xk�12

ds1 (18)

�Pk (a2)
Z b1

a1

@k�1f (s1; a2; x3; :::; xm)

@xk�12

ds1

#
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+
(�1)n+1

(b2 � a2)

Z b1

a1

Z b2

a2

Pn�1 (s2) q (x2; s2)
@nf (s1; s2; x3; :::; xm)

@xn2
ds1ds2

)
:

Next we see similarly that

f (s1; s2; x3; :::; xm) =
n�1X
k=1

(�1)k+1 Pk (x3)
@kf (s1; s2; x3; :::; xm)

@xk3
+

n�1X
k=1

(�1)k (n� k)
(b3 � a3)

�
Pk (b3)

@k�1f (s1; s2; b3; x4; :::; xm)

@xk�13

�

Pk (a3)
@k�1f (s1; s2; a3; x4; :::; xm)

@xk�13

�
+ (19)

n

(b3 � a3)

Z b3

a3

f (s1; s2; s3; x4; :::; xm) ds3+

(�1)n+1

(b3 � a3)

Z b3

a3

Pn�1 (s3) q (x3; s3)
@nf (s1; s2; s3; x4; :::; xm)

@xn3
ds3;

any x3 2 [a3; b3] :
So that we get

f (x1; :::; xm) =
n3

3Y
j=1

(bj � aj)

Z b1

a1

Z b2

a2

Z b3

a3

f (s1; s2; s3; x4; :::; xm) ds1ds2ds3+

T1 (x1; :::; xm) + T2 (x2; :::; xm) + T3 (x3; :::; xm) ; (20)

where

T3 (x3; :::; xm) :=
n2

(b1 � a1) (b2 � a2)
�"

n�1X
k=1

(�1)k+1 Pk (x3)
Z b1

a1

Z b2

a2

@kf (s1; s2; x3; :::; xm)

@xk3
ds1ds2+

n�1X
k=1

(�1)k (n� k)
(b3 � a3)

"
Pk (b3)

Z b1

a1

Z b2

a2

@k�1f (s1; s2; b3; x4; :::; xm)

@xk�13

ds1ds2

�Pk (a3)
Z b1

a1

Z b2

a2

@k�1f (s1; s2; a3; x4; :::; xm)

@xk�13

ds1ds2

#
+ (21)

(�1)n+1

(b3 � a3)

Z b1

a1

Z b2

a2

Z b3

a3

Pn�1 (s3) q (x3; s3)
@nf (s1; s2; s3; x4; :::; xm)

@xn3
ds1ds2ds3

#
:
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Furthermore we can write

f (s1; s2; s3; x4; :::; xm) =
n�1X
k=1

(�1)k+1 Pk (x4)
@kf (s1; s2; s3; x4:::; xm)

@xk4
+

n�1X
k=1

(�1)k (n� k)
(b4 � a4)

�
Pk (b4)

@k�1f (s1; s2; s3; b4; x5; :::; xm)

@xk�14

�Pk (a4)
@k�1f (s1; s2; s3; a4; x5; :::; xm)

@xk�14

�
+ (22)

n

(b4 � a4)

Z b4

a4

f (s1; s2; s3; s4; x5; :::; xm) ds4+

(�1)n+1

(b4 � a4)

Z b4

a4

Pn�1 (s4) q (x4; s4)
@nf (s1; s2; s3; s4; x5; :::; xm)

@xn4
ds4;

any x4 2 [a4; b4] :
Therefore it holds

f (x1; :::; xm) =
n4

4Y
j=1

(bj � aj)
�

Z b1

a1

Z b2

a2

Z b3

a3

Z b4

a4

f (s1; s2; s3; s4; x5; :::; xm) ds1ds2ds3ds4+

T1 (x1; :::; xm) + T2 (x2; :::; xm) + T3 (x3; :::; xm) + T4 (x4; :::; xm) ; (23)

where

T4 (x4; :::; xm) :=
n3

3Y
j=1

(bj � aj)

"
n�1X
k=1

(�1)k+1 Pk (x4) �

Z b1

a1

Z b2

a2

Z b3

a3

@kf (s1; s2; s3; x4; :::; xm)

@xk4
ds1ds2ds3+

n�1X
k=1

(�1)k (n� k)
(b4 � a4)

"
Pk (b4)

Z b1

a1

Z b2

a2

Z b3

a3

@k�1f (s1; s2; s3; b4; x5; :::; xm)

@xk�14

ds1ds2ds3

�Pk (a4)
Z b1

a1

Z b2

a2

Z b3

a3

@k�1f (s1; s2; s3; a4; x5; :::; xm)

@xk�14

ds1ds2ds3

#
(24)

+
(�1)n+1

(b4 � a4)

Z b1

a1

Z b2

a2

Z b3

a3

Z b4

a4

Pn�1 (s4) q (x4; s4) �
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@nf (s1; s2; s3; s4; x5; :::; xm)

@xn4
ds1ds2ds3ds4

�
;

etc.
The theorem is proved.
We make

Remark 9 Let f�, � = 1; :::; r 2 N�f1g, as in Assumtions 5 or Brief Assump-
tions 6; n� 2 N associated with f�. Here x = (x1; :::; xm), s = (s1; :::; sm) 2
mY
i=1

[ai; bi]. Then

f� (x) =
nm�

mY
i=1

(bi � ai)

Z
mY
i=1

[ai;bi]

f� (s) ds+
mX
i=1

Ti� (xi; xi+1; :::; xm) : (25)

Here we have

Ti� (xi; :::; xm) :=
ni�1�

i�1Y
j=1

(bj � aj)

"
n��1X
k=1

(�1)k+1 Pk (xi) �

Z b1

a1

:::

Z bi�1

ai�1

@kf� (s1; :::; si�1; xi; :::; xm)

@xki
ds1:::dsi�1+

n��1X
k=1

(�1)k (n� � k)
bi � ai

�

"
Pk (bi)

Z b1

a1

:::

Z bi�1

ai�1

@k�1f� (s1; :::; si�1; bi; xi+1; :::; xm)

@xk�1i

ds1:::dsi�1

�Pk (ai)
Z b1

a1

:::

Z bi�1

ai�1

@k�1f� (s1; :::; si�1; ai; xi+1; :::; xm)

@xk�1i

ds1:::dsi�1

#
+ (26)

(�1)n�+1

(bi � ai)

Z b1

a1

:::

Z bi

ai

Pn��1 (si) q (xi; si)
@n�f� (s1; :::; si; xi+1; :::; xm)

@xn�i
ds1:::dsi

#
;

are continuous functions, i = 1; :::;m; � = 1; :::; r:
Hence it holds0BB@ rY
�=1
�6=�

f� (x)

1CCA f� (x) =
0BBBB@ nm�

mY
i=1

(bi � ai)

1CCCCA
0BB@ rY
�=1
�6=�

f� (x)

1CCA
0BB@Z mY

i=1

[ai;bi]

f� (s) ds

1CCA+
(27)
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0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

Ti� (x1; :::; xm)

!
:

Therefore we derive

rX
�=1

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA f� (x)
1CCA�

1
mY
i=1

(bi � ai)

8>><>>:
rX

�=1

0BB@nm�
0BB@ rY
�=1
�6=�

f� (x)

1CCA
0BB@Z mY

i=1

[ai;bi]

f� (s) ds

1CCA
1CCA
9>>=>>; (28)

=
rX

�=1

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

Ti� (xi; :::; xm)

!1CCA :
We notice that

Ti� (xi; :::; xm) = Ai� (xi; :::; xm) +Bi� (xi; :::; xm) ; (29)

i = 1; :::;m; where

Ai� (xi; :::; xm) :=
ni�1�

i�1Y
j=1

(bj � aj)

"
n��1X
k=1

(�1)k+1 Pk (xi) � (30)

Z b1

a1

:::

Z bi�1

ai�1

@kf� (s1; :::; si�1; xi; :::; xm)

@xki
ds1:::dsi�1

+

n��1X
k=1

(�1)k (n� � k)
bi � ai

�

"
Pk (bi)

Z b1

a1

:::

Z bi�1

ai�1

@k�1f� (s1; :::; si�1; bi; xi+1; :::; xm)

@xk�1i

ds1:::dsi�1�

Pk (ai)

Z b1

a1

:::

Z bi�1

ai�1

@k�1f� (s1; :::; si�1; ai; xi+1; :::; xm)

@xk�1i

ds1:::dsi�1

##
;

and

Bi� (xi; :::; xm) :=
ni�1� (�1)n�+1
iY

j=1

(bj � aj)
� (31)
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"Z b1

a1

:::

Z bi

ai

Pn��1 (si) q (xi; si)
@n�f� (s1; :::; si; xi+1; :::; xm)

@xn�i
ds1:::dsi

#
;

for all i = 1; :::;m; � = 1; :::; r:
We call and have the identity

S (f1; :::; fr) (x) :=

rX
�=1

8>>>><>>>>:
0BB@ rY
�=1
�6=�

f� (x)

1CCA
266664f� (x)� nm�

mY
i=1

(bi � ai)

0BB@Z mY
i=1

[ai;bi]

f� (s) ds

1CCA�

mX
i=1

Ai� (xi; :::; xm)

#)
=

rX
�=1

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

Bi� (xi; :::; xm)

!1CCA ; (32)

true for any �xed x 2
mY
i=1

[ai; bi] :

Then we have

jS (f1; :::; fr) (x)j �
rX

�=1

0BB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
 

mX
i=1

jBi� (xi; :::; xm)j
!1CCA : (33)

We estimate the right hand side of (33).

We also make

Remark 10 We observe that

jBi� (xi; :::; xm)j �
ni�1�

iY
j=1

(bj � aj)

"Z b1

a1

:::

Z bi

ai

jPn��1 (si)j jq (xi; si)j �

����@n�f� (s1; :::; si; xi+1; :::; xm)@xn�i

���� ds1:::dsi� =: (�) ; (34)

for all i = 1; :::;m; � = 1; :::; r:
We know that

jq (xi; si)j � max (xi � ai; bi � xi) =
(bi � ai) + jai + bi � 2xij

2
: (35)
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We have

(�)
(35)

� ni�1�
iY

j=1

(bj � aj)

�
kPn��1k1;[ai;bi]

�
(bi � ai) + jai + bi � 2xij

2

�
�





@n�f� (:::; xi+1; :::; xm)@xn�i






L1

0B@ iY
j=1

[aj ;bj ]

1CA

37775 : (36)

Thus

jS (f1; :::; fr) (x)j �
rX

�=1

0BBBBB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
0BBBBB@

mX
i=1

ni�1�
iY

j=1

(bj � aj)
�

�
kPn��1k1;[ai;bi]

�
(bi � ai) + jai + bi � 2xij

2

�
�





@n�f� (:::; xi+1; :::; xm)@xn�i






L1

0B@ iY
j=1

[aj ;bj ]

1CA

37775
1CCCA
1CCCA =: �1 (x) : (37)

Next let pli > 1 :
3X

li=1

1
pli
= 1. Then

jBi� (xi; :::; xm)j
(34)

� (�) � ni�1�
iY

j=1

(bj � aj)
�

24 Z b1

a1

:::

Z bi

ai

jPn��1 (si)j
p1i ds1:::dsi

! 1
p1i
 Z b1

a1

:::

Z bi

ai

jq (xi; si)jp2i ds1:::dsi

! 1
p2i

(38)

�




@n�f� (:::; xi+1; :::; xm)@xn�i






Lp3i

0B@ iY
j=1

[aj ;bj ]

1CA

37775 =
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ni�1�
iY

j=1

(bj � aj)

264kPn��1kLp1i ([ai;bi])
0@i�1Y
j=1

(bj � aj)

1A 1
p1i

+ 1
p2i

�

 
(bi � xi)p2i+1 + (xi � ai)p2i+1

p2i + 1

! 1
p2i




@n�f� (:::; xi+1; :::; xm)@xn�i






Lp3i

0B@ iY
j=1

[aj ;bj ]

1CA

37775 :
(39)

Therefore we get

jS (f1; :::; fr) (x)j
(39)

�
rX

�=1

0BBBBB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
0BBBBB@

mX
i=1

ni�1�
iY

j=1

(bj � aj)
�

264kPn��1kLp1i ([ai;bi])
0@i�1Y
j=1

(bj � aj)

1A 1
p1i

+ 1
p2i

�

 
(bi � xi)p2i+1 + (xi � ai)p2i+1

p2i + 1

! 1
p2i




@n�f� (:::; xi+1; :::; xm)@xn�i






Lp3i

0B@ iY
j=1

[aj ;bj ]

1CA

37775))
(40)

=: �2 (x) :

We also have

jBi� (xi; :::; xm)j � (�) � ni�1�

h
kPn��1k1;[ai;bi]

�





@n�f� (:::; xi+1; :::; xm)@xn�i






1;

iY
j=1

[aj ;bj ]

 
(bi � xi)2 + (xi � ai)2

2 (bi � ai)

!37775 ; (41)

i = 1; :::;m; � = 1; :::; r:

Consequently we �nd

jS (f1; :::; fr) (x)j �
rX

�=1

0BB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
 

mX
i=1

"
ni�1�

 
(bi � xi)2 + (xi � ai)2

2 (bi � ai)

!
�
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kPn��1k1;[ai;bi]





@n�f� (:::; xi+1; :::; xm)@xn�i






1;

iY
j=1

[aj ;bj ]

37775)) =: �3 (x) : (42)

Finally we derive that

jS (f1; :::; fr) (x)j � min f�1 (x) ; �2 (x) ; �3 (x)g : (43)

We have proved the following general multivariate Ostrowski type inequality for
several functions.

Theorem 11 Let f�, � = 1; :::; r 2 N � f1g, as in Assumptions 5 or Brief
Assumptions 6; n� 2 N associated with f�, x = (x1; :::; xm) ; s = (s1; :::; sm) 2
mY
i=1

[ai; bi]. Here Ai� (xi; :::; xm) as in (30), i = 1; :::;m. We put

S (f1; :::; fr) (x) :=
rX

�=1

8>>>><>>>>:
0BB@ rY
�=1
�6=�

f� (x)

1CCA
266664f� (x)� nm�

mY
i=1

(bi � ai)
�

0BB@Z mY
i=1

[ai;bi]

f� (s) ds

1CCA� mX
i=1

Ai� (xi; :::; xm)

3775
9>>=>>; : (44)

Here �1 (x) is as in (37). Let pli > 1 :
3X

li=1

1
pli
= 1, i = 1; :::;m; and �2 (x) as in

(40). And �3 (x) as in (42). Then

jS (f1; :::; fr) (x)j � min f�1 (x) ; �2 (x) ; �3 (x)g : (45)

We continue with

Remark 12 Additionally assume that @n�f�
@x

n�
i

are continuous on
mY
j=1

[aj ; bj ] for

all i = 1; :::;m; � = 1; :::; r:

We de�ne and observe

W :=

Z
mY
j=1

[aj ;bj ]

S (f1; :::; fr) (x) dx = r

Z
mY
j=1

[aj ;bj ]

0BB@ rY
�=1
�6=�

f� (x)

1CCA dx� (46)
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1
mY
j=1

(bj � aj)

rX
�=1

nm�

0BB@Z mY
j=1

[aj ;bj ]

0BB@ rY
�=1
�6=�

f� (x)

1CCA dx
1CCA
0BB@Z mY

i=1

[ai;bi]

f� (s) ds

1CCA�

rX
�=1

Z
mY
j=1

[aj ;bj ]

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

Ai� (xi; :::; xm)

!1CCA dx =
rX

�=1

8>><>>:
Z

mY
j=1

[aj ;bj ]

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

Bi� (xi; :::; xm)

!1CCA dx
9>>=>>; : (47)

Clearly here Bi� (xi; :::; xm) is a continuous function for all i = 1; :::;m; � =

1; :::; r:

Hence

jW j
(47)

�
rX

�=1

8>><>>:
Z

mY
j=1

[aj ;bj ]

8>><>>:
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
 

mX
i=1

jBi� (xi; :::; xm)j
!9>>=>>; dx

9>>=>>; =: (!1) :

(48)
That is

jW j �
rX

�=1

8>><>>:
0BB@ rY
�=1
�6=�

kf�k
1;

mY
j=1

[aj ;bj ]

1CCA
0BB@ mX
i=1

0BB@Z mY
j=1

[aj ;bj ]

jBi� (xi; :::; xm)j dx

1CCA
1CCA
9>>=>>; :
(49)

From (41) we obtain
jBi� (xi; :::; xm)j �

ni�1� kPn��1k1;[ai;bi]





@n�f�@xn�i






1;

mY
j=1

[aj ;bj ]

 
(bi � xi)2 + (xi � ai)2

2 (bi � ai)

!
; (50)

all i = 1; :::;m; � = 1; :::; r:
Then Z

mY
j=1

[aj ;bj ]

jBi� (xi; :::; xm)j dx �

ni�1� kPn��1k1;[ai;bi]




@n�f�
@x

n�
i





1;

mY
j=1

[aj ;bj ]

2 (bi � ai)
�
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0BB@ mY
j=1
j 6=i

(bj � aj)

1CCA
 Z bi

ai

�
(bi � xi)2 + (xi � ai)2

�
dxi

!
; (51)

and consequently it holds,Z
mY
j=1

[aj ;bj ]

jBi� (xi; :::; xm)j dx �

(bi � ai)

0@ mY
j=1

(bj � aj)

1A
3

ni�1� kPn��1k1;[ai;bi]





@n�f�@xn�i






1;

mY
j=1

[aj ;bj ]

; (52)

for all i = 1; :::;m; � = 1; :::; r:
Hence

mX
i=1

0BB@Z mY
j=1

[aj ;bj ]

jBi� (xi; :::; xm)j dx

1CCA �

0BBBBBB@

0@ mY
j=1

(bj � aj)

1A
3

1CCCCCCA �
0BB@ mX
i=1

2664(bi � ai) kPn��1k1;[ai;bi]





@n�f�@xn�i






1;

mY
j=1

[aj ;bj ]

ni�1�

3775
1CCA ; (53)

for � = 1; :::; r:
Using (49) and (53) we obtain

jW j �

0BBBBBB@

0@ mY
j=1

(bj � aj)

1A
3

1CCCCCCA
2664 rX
�=1

8>><>>:
0BB@ rY
�=1
�6=�

kf�k
1;

mY
j=1

[aj ;bj ]

1CCA �
0BB@ mX
i=1

2664(bi � ai)ni�1� kPn��1k1;[ai;bi]





@n�f�@xn�i






1;

mY
j=1

[aj ;bj ]

3775
1CCA
9>>=>>;
3775 =: A1: (54)
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Notice next that

(!1) =
rX

�=1

mX
i=1

0BB@Z mY
j=1

[aj ;bj ]

0BB@ rY
�=1
�6=�

jf� (x)j

1CCA jBi� (xi; :::; xm)j dx
1CCA =: (!2) : (55)

Let p; q > 1 : 1p +
1
q = 1. Then

(!2) �
rX

�=1

mX
i=1










rY
�=1
�6=�

f�










Lp

0@ mY
j=1

[aj ;bj ]

1A
kBi�k

Lq

0@ mY
j=1

[aj ;bj ]

1A
0@i�1Y
j=1

(bj � aj)

1A 1
q

:

(56)
We have also proved that

jW j �
rX

�=1

mX
i=1










rY
�=1
�6=�

f�










Lp

0@ mY
j=1

[aj ;bj ]

1A
kBi�k

Lq

0@ mY
j=i

[aj ;bj ]

1A
0@i�1Y
j=1

(bj � aj)

1A 1
q

=: A2:

(57)
From (50) we get

jBi� (xi; :::; xm)j � ni�1� kPn��1k1;[ai;bi]





@n�f�@xn�i






1;

mY
j=1

[aj ;bj ]

�
bi � ai
2

�
; (58)

all i = 1; :::;m; � = 1; :::; r:
Thus it holds

mX
i=1

jBi� (xi; :::; xm)j �

1

2

8>><>>:
mX
i=1

2664(bi � ai)ni�1� kPn��1k1;[ai;bi]





@n�f�@xn�i






1;

mY
j=1

[aj ;bj ]

3775
9>>=>>; ; (59)

� = 1; :::; r:

Using (48) and (59) we �nally derive

jW j � 1

2

8>>>>>><>>>>>>:
rX

�=1

8>>>>>><>>>>>>:










rY
�=1
�6=�

f�










L1

0@ mY
j=1

[aj ;bj ]

1A
[
mX
i=1

h
(bi � ai)ni�1� kPn��1k1;[ai;bi]

�
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@n�f�@xn�i






1;

mY
j=1

[aj ;bj ]

]

3775
9>>=>>;
9>>=>>; =: A3: (60)

We have proved the following general multivariate Grüss inequality.

Theorem 13 Let f�, � = 1; :::; r 2 N�f1g, as in Assumotions 5 plus @
n�f�
@x

n�
i

are

continuous on
mY
j=1

[aj ; bj ] for all i = 1; :::;m; � = 1; :::; r; or Brief Assumptions 6;

n� 2 N associated with f�. Here Ai� (xi; :::; xm) as in (30), and Bi� (xi; :::; xm)
as in (31), i = 1; :::;m: We set

W := r

Z
mY
j=1

[aj ;bj ]

0BB@ rY
�=1
�6=�

f� (x)

1CCA dx�

1
mY
j=1

(bj � aj)

rX
�=1

nm�

0BB@Z mY
j=1

[aj ;bj ]

0BB@ rY
�=1
�6=�

f� (x)

1CCA dx
1CCA
0BB@Z mY

i=1

[ai;bi]

f� (s) ds

1CCA�

rX
�=1

Z
mY
j=1

[aj ;bj ]

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

Ai� (xi; :::; xm)

!1CCA dx: (61)

Let A1 as in (54); p; q > 1 : 1p +
1
q = 1, A2 as in (57), and A3 as in (60).

Then
jW j � min fA1; A2; A3g : (62)

4 Applications

We apply Theorems 8, 11 and 13 for the case of n1 = n2 = ::: = nr = 1.
We simplify General Assumptions 5 and Brief Assumptions 6, respectively,

as follows:

General Assumptions 14 Let f :
mY
j=1

[aj ; bj ]! R satisfying:

1) for j = 1; :::;m we have that f (x1; x2; :::; xj�1; sj ; xj+1; :::; xm) is ab-
solutely continuous in sj 2 [aj ; bj ], for every (x1; x2; :::; xj�1; xj+1; :::; xm) 2
mY
i=1
i6=j

[ai; bi] ;
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2) for j = 1; :::;m we have that @f(s1;:::;sj ;xj+1;:::;xm)@xj
is continuous on

jY
i=1

[ai; bi],

for every (xj+1; :::; xm) 2
mY

i=j+1

[ai; bi] ;

3) f is continuous on
mY
i=1

[ai; bi] :

Brief Assumptions 15 Let f :
mY
j=1

[aj ; bj ] ! R with @lf
@xli

for l = 0; 1; j =

1; :::;m; are continuous on
mY
j=1

[aj ; bj ] :

We give the following multivariate representation result which is an applica-
tion of Theorem 8

Theorem 16 Let f as in General Assumtions 14 or Brief Assumtions 15. Then

f (x1; :::; xn) =
1

mY
j=1

(bj � aj)

Z
mY
j=1

[aj ;bj ]

f (s1; :::; sm) ds1:::dsm+

mX
i=1

T �i (xi; :::; xm) ;

(63)
where

T �i (xi; :::; xm) =
1

iY
j=1

(bj � aj)
�

Z b1

a1

:::

Z bi

ai

q (xi; si)
@f (s1; :::; si; xi+1; :::; xm)

@xi
ds1:::dsi; (64)

are continuous functions for all i = 1; :::;m:

Next we make

Remark 17 Let f� as in Assumptions 14 or 15, � = 1; :::; r. Then

f� (x) =
1

mY
j=1

(bj � aj)

Z
mY
j=1

[aj ;bj ]

f� (s) ds+
mX
i=1

T �i� (xi; :::; xm) : (65)

Here the corresponding
A�i� (xi; :::; xm) = 0,
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and
B�i� (xi; :::; xm) =

1
iY

j=1

(bj � aj)
�

Z b1

a1

:::

Z bi

ai

q (xi; si)
@f� (s1; :::; si; xi+1; :::; xm)

@xi
ds1:::dsi; (66)

for all i = 1; :::;m; � = 1; :::; r:
That is

T �i� (xi; :::; xm) = B
�
i� (xi; :::; xm) ; (67)

i = 1; :::;m; � = 1; :::; r:

We call and have the identity

S� (f1; :::; fr) (x) :=

rX
�=1

8>>>><>>>>:
0BB@ rY
�=1
�6=�

f� (x)

1CCA
266664f� (x)� 1

mY
j=1

(bj � aj)

0BB@Z mY
j=1

[aj ;bj ]

f� (s) ds

1CCA
377775
9>>>>=>>>>;

=
rX

�=1

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

B�i� (xi; :::; xm)

!1CCA ; (68)

true for any �xed x 2
mY
j=1

[aj ; bj ] :

Hence it holds

jS� (f1; :::; fr) (x)j �
rX

�=1

0BB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
 

mX
i=1

jB�i� (xi; :::; xm)j
!1CCA : (69)

We obtain:
1) From (37) we derive

jS� (f1; :::; fr) (x)j �
rX

�=1

0BBBBB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
0BBBBB@

mX
i=1

1
iY

j=1

(bj � aj)
�
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26664
�
(bi � ai) + jai + bi � 2xij

2

�



@f� (:::; xi+1; :::; xm)@xi






L1

0B@ iY
j=1

[aj ;bj ]

1CA

37775
1CCCA
1CCCA
(70)

=: ��1 (x) :

2) Let pli > 1 :
3X

li=1

1
pli
= 1. Then by (40) we derive

jS� (f1; :::; fr) (x)j �

rX
�=1

0BBBBB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
0BBBBB@

mX
i=1

1
iY

j=1

(bj � aj)

264(bi � ai) 1
p1i

0@i�1Y
j=1

(bj � aj)

1A 1
p1i

+ 1
p2i

�

 
(bi � xi)p2i+1 + (xi � ai)p2i+1

p2i + 1

! 1
p2i

�





@f� (:::; xi+1; :::; xm)@xi






Lp3i

0B@ iY
j=1

[aj ;bj ]

1CA

37775
1CCCA
1CCCA =: ��2 (x) : (71)

3) We get by (42) that

jS� (f1; :::; fr) (x)j �
rX

�=1

0BB@
0BB@ rY
�=1
�6=�

jf� (x)j

1CCA
 

mX
i=1

 
(bi � xi)2 + (xi � ai)2

2 (bi � ai)

!
�





@f� (:::; xi+1; :::; xm)@xi






1;

iY
j=1

[aj ;bj ]

37775 =: ��3 (x) : (72)

So as an applications of Theorem 11 we give the following multivariate Os-
trowski type inequality.

Theorem 18 All as in Remark 17. Then

jS� (f1; :::; fr) (x)j � min f��1 (x) ; ��2 (x) ; ��3 (x)g : (73)

We also make
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Remark 19 Here Assumptions 14 hold and @f�
@xi

are continuous on
mY
j=1

[aj ; bj ]

for all i = 1; :::;m; � = 1; :::; r; or Assumptions 15 are valid.

We set

W � =

Z
mY
j=1

[aj ;bj ]

S� (f1; :::; fr) (x) dx = r

Z
mY
j=1

[aj ;bj ]

 
rY
�=1

f� (x)

!
dx� (74)

1
mY
j=1

(bj � aj)

rX
�=1

0BB@Z mY
j=1

[aj ;bj ]

0BB@ rY
�=1
�6=�

f� (x)

1CCA dx
1CCA
0BB@Z mY

i=1

[ai;bi]

f� (s) ds

1CCA =

rX
�=1

8>><>>:
Z

mY
j=1

[aj ;bj ]

0BB@
0BB@ rY
�=1
�6=�

f� (x)

1CCA
 

mX
i=1

B�i� (xi; :::; xm)

!1CCA dx
9>>=>>; : (75)

Here B�i� is a continuous for any i = 1; :::;m; � = 1; :::; r:
Then
1) following (49) we �nd

jW �j �
rX

�=1

8>><>>:
0BB@ rY
�=1
�6=�

kf�k
1;

mY
j=1

[aj ;bj ]

1CCA
0BB@ mX
i=1

0BB@Z mY
j=1

[aj ;bj ]

jB�i� (xi; :::; xm)j dx

1CCA
1CCA
9>>=>>; :

(76)
We also get that

jW �j
(54)

�

0BBBB@
mY
j=1

(bj � aj)

3

1CCCCA
2664 rX
�=1

8>><>>:
0BB@ rY
�=1
�6=�

kf�k
1;

mY
j=1

[aj ;bj ]

1CCA
0BB@ mX
i=1

(bi � ai)




@f�@xi






1;

mY
j=1

[aj ;bj ]

1CCA
9>>=>>;
3775 =: A�1: (77)

2) Let p; q > 1 : 1p +
1
q = 1. Then

jW �j
(57)

�
rX

�=1

mX
i=1










rY
�=1
�6=�

f�










Lp

0@ mY
j=1

[aj ;bj ]

1A
kB�i�k

Lq

0@ mY
j=1

[aj ;bj ]

1A � (78)
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0@i�1Y
j=1

(bj � aj)

1A 1
q

=: A�2:

3) From (60) we obtain

jW �j � 1

2

8>>>>>><>>>>>>:
rX

�=1

8>>>>>><>>>>>>:










rY
�=1
�6=�

f�










L1

0@ mY
j=1

[aj ;bj ]

1A

2664 mX
i=1

2664(bi � ai)



@f�@xi





1;

mY
j=1

[aj ;bj ]

3775
3775
9>>>>>>=>>>>>>;

9>>>>>>=>>>>>>;
(79)

=: A�3:

We have proved the following multivariate Grüss type inequality as an applica-
tion of Theorem 13.

Theorem 20 Here all as in Remark 19. We derive

jW �j � min fA�1; A�2; A�3g : (80)
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Using Caputo fractional left and right Taylor formulae we establish
mixed fractional Ostrowski and Grüss type inequalities involving several
functions. The estimates are with respect to all norms k·kp, 1 ≤ p ≤ ∞.
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1 Introduction

The following results motivate initially our work.

Theorem 1 (1938, Ostrowski [10]) Let f : [a, b] → R be continuous on [a, b]
and differentiable on (a, b) whose derivative f 0 : (a, b)→ R is bounded on (a, b),
i.e., kf 0ksup∞ := sup

t∈(a,b)
|f 0 (t)| < +∞. Then

¯̄̄̄
¯ 1

b− a

Z b

a

f (t) dt− f (x)
¯̄̄̄
¯ ≤

"
1

4
+

¡
x− a+b

2

¢2
(b− a)2

#
(b− a) kf 0ksup∞ , (1)

for any x ∈ [a, b]. The constant 14 is the best possible.

Ostrowski type inequalities have great applications to integration approxi-
mations in Numerical Analysis.
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Theorem 2 (1882, Čebyšev [6]) Let f, g : [a, b] → R be absolutely continuous
functions with f 0, g0 ∈ L∞ ([a, b]). Then¯̄̄̄

¯ 1

b− a

Z b

a

f (x) g (x) dx−
Ã

1

b− a

Z b

a

f (x) dx

!Ã
1

b− a

Z b

a

g (x) dx

!¯̄̄̄
¯

≤ 1

12
(b− a)2 kf 0k∞ kg0k∞ . (2)

The above integrals are assumed to exist.

Grüss type inequalities have applications to Probability.
We are also biggly inspired by the beautiful work of Deepak B. Pachpatte

[11]. His article contains great ideas, but it is marred by many minor errors.
So here we present mixed fractional Ostrowski and Grüss type inequalities

for several functions, acting to all possible directions. The estimates involve the
left and right Caputo fractional derivatives. See also the monographs written
by the author [1], Chapters 24-26 and [3], Chapters 2-6.

2 Background

Let ν ≥ 0; the operator Iνa+, defined for f ∈ L1 [(a, b)] is given by

Iνa+f (x) :=
1

Γ (ν)

Z x

a

(x− t)ν−1 f (t) dt, (3)

for a ≤ x ≤ b, is called the left Riemann-Liouville fractional integral operator
of order ν. For ν = 0, we set I0a+ := I, the identity operator, see [1], p. 392,
also [7].
Let ν ≥ 0, n := dνe (d·e ceiling of the number), f ∈ ACn ([a, b]) (it means

f (n−1) ∈ AC ([a, b]), absolutely continuous functions).
Then the left Caputo fractional derivative is given by

Dν
∗af (x) :=

1

Γ (n− ν)

Z x

a

(x− t)n−ν−1 f (n) (t) dt =
³
In−νa+ f (n)

´
(x) , (4)

and it exists almost everywhere for x ∈ [a, b].
See Corollary 16.8, p. 394 of [1], and [7], pp. 49-50.
We need also the left Caputo fractional Taylor formula, see [1], p. 395 and

[7], p. 54.

Theorem 3 Let ν ≥ 0, n := dνe, f ∈ ACn ([a, b]). Then

f (x) =
n−1X
k=0

f (k) (a)

k!
(x− a)k + Iνa+Dν

∗af (x) , ∀ x ∈ [a, b] . (5)

Here Iνa+D
ν
∗af ∈ ACn ([a, b]).
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Let f ∈ L1 ([a, b]), α > 0. The right Riemann-Liouville fractional operator
([2], [8], [9]) of order α is denoted by

Iαb−f (x) :=
1

Γ (α)

Z b

x

(z − x)α−1 f (z) dz, ∀ x ∈ [a, b] . (6)

We set I0b− := I, the identity operator.
Let now f ∈ ACm ([a, b]), m ∈ N, with m := dαe.
We define the right Caputo fractional derivative of order α ≥ 0, by

Dα
b−f (x) := (−1)

m
Im−αb− f (m) (x) , (7)

we set D0
b−f := f , that is

Dα
b−f (x) =

(−1)m

Γ (m− α)

Z b

x

(z − x)m−α−1 f (m) (z) dz. (8)

We need the right Caputo fractional Taylor formula.

Theorem 4 ([2]) Let f ∈ ACm ([a, b]), x ∈ [a, b], α > 0, m := dae. Then

f (x) =
m−1X
k=0

f (k) (b)

k!
(x− b)k + 1

Γ (α)

Z z

x

(z − x)α−1Dα
b−f (z) dz. (9)

We need

Proposition 5 ([4], p. 361) Let α > 0, m = dαe, f ∈ Cm−1 ([a, b]), f (m) ∈
L∞ ([a, b]); x, x0 ∈ [a, b] : x ≥ x0. Then Dα

∗x0f (x) is continuous in x0.

Proposition 6 ([4], p. 361) Let α > 0, m = dαe, f ∈ Cm−1 ([a, b]), f (m) ∈
L∞ ([a, b]); x, x0 ∈ [a, b] : x ≤ x0. Then Dα

x0−f (x) is continuous in x0.

We also mention

Theorem 7 ([4], p. 362) Let f ∈ Cm ([a, b]), m = dαe, α > 0, x, x0 ∈ [a, b].
Then Dα

∗x0f (x), D
α
x0−f (x) are jointly continuous functions in (x, x0) from

[a, b]
2 into R.

Convention 8 ([4], p. 360) We suppose that

Dα
∗x0f (x) = 0, for x < x0, (10)

and
Dα
x0−f (x) = 0, for x > x0, (11)

for all x, x0 ∈ [a, b].
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Finally we are motivated by the following mixed Caputo fractional Ostrowski
type inequalities.

Theorem 9 ([3], p. 44) Let [a, b] ⊂ R, α > 0, m = dαe, f ∈ ACm ([a, b]),
and

°°Dα
x0−f

°°
∞,[a,x0],

°°Dα
∗x0f

°°
∞,[x0,b] < ∞, x0 ∈ [a, b]. Assume f

(k) (x0) = 0,
k = 1, ...,m− 1. Then¯̄̄̄

¯ 1

b− a

Z b

a

f (x) dx− f (x0)
¯̄̄̄
¯ ≤ 1

(b− a)Γ (α+ 2) ·n°°Dα
x0−f

°°
∞,[a,x0] (x0 − a)

α+1 +
°°Dα
∗x0f

°°
∞,[x0,b] (b− x0)

α+1
o
≤ (12)

1

Γ (α+ 2)
max

n°°Dα
x0−f

°°
∞,[a,x0] ,

°°Dα
∗x0f

°°
∞,[x0,b]

o
(b− a)α . (13)

Inequality (12) is sharp, infact it is attained.

Theorem 10 ([3], p. 45) Le α ≥ 1, m = dαe, and f ∈ ACm ([a, b]). Suppose
that f (k) (x0) = 0, k = 1, ...,m−1, x0 ∈ [a, b] and Dα

x0−f ∈ L1 ([a, x0]), Dα
∗x0f ∈

L1 ([x0, b]). Then¯̄̄̄
¯ 1

b− a

Z b

a

f (x) dx− f (x0)
¯̄̄̄
¯ ≤ 1

(b− a)Γ (α+ 1) · (14)

n
(x0 − a)α

°°Dα
x0−f

°°
L1([a,x0])

+ (b− x0)α
°°Dα
∗x0f

°°
L1([x0,b])

o
≤

1

Γ (α+ 1)
max

n°°Dα
x0−f

°°
L1([a,x0])

,
°°Dα
∗x0f

°°
L1([x0,b])

o
(b− a)α−1 . (15)

Theorem 11 ([3], p. 47) Let p, q > 1 : 1p +
1
q = 1, α > 1

q , m = dαe, α > 0,

and f ∈ ACm ([a, b]). Suppose that f (k) (x0) = 0, k = 1, ...,m − 1, x0 ∈ [a, b].
Assume Dα

x0−f ∈ Lq ([a, x0]), and Dα
∗x0f ∈ Lq ([x0, b]). Then¯̄̄̄

¯ 1

b− a

Z b

a

f (x) dx− f (x0)
¯̄̄̄
¯ ≤ 1

(b− a)Γ (α) (p (α− 1) + 1)
1
p

³
α+ 1

p

´ · (16)

n
(x0 − a)α+

1
p
°°Dα

x0−f
°°
Lq([a,x0])

+ (b− x0)α+
1
p
°°Dα
∗x0f

°°
Lq([x0,b])

o
≤

1

Γ (α) (p (α− 1) + 1)
1
p

³
α+ 1

p

´ ·
max

n°°Dα
x0−f

°°
Lq([a,x0])

,
°°Dα
∗x0f

°°
Lq([x0,b])

o
(b− a)α−

1
q . (17)

In this article we generalize Theorems 9-11 for several functions. We also
produce Caputo fractional Grüss type inequalities for several functions.

4
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3 Main Results

We start with Caputo fractional mixed Ostrowski type inequalities involving
several functions.

Theorem 12 Let x0 ∈ [a, b] ⊂ R, α > 0, m = dαe, fi ∈ ACm ([a, b]), i =
1, ..., r ∈ N− {1}, with f (k)i (x0) = 0, k = 1, ...,m− 1, i = 1, ..., r. Assume that°°Dα

x0−fi
°°
∞,[a,x0],

°°Dα
∗x0fi

°°
∞,[x0,b] <∞, i = 1, ..., r. Denote by

θ (f1, ..., fr) (x0) := r

Z b

a

Ã
rY

k=1

fk (x)

!
dx−

rX
i=1

⎡⎢⎢⎣fi (x0) Z b

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ dx
⎤⎥⎥⎦ .
(18)

Then

|θ (f1, ..., fr) (x0)| ≤
rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
∞,[a,x0] I

α+1
a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦ (19)

+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
∞,[x0,b] I

α+1
b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ .

Inequality (19) is sharp, infact it is attained.

Theorem 13 Let α ≥ 1, m = dαe, and fi ∈ ACm ([a, b]), i = 1, ..., r ∈ N−{1}.
Suppose that f (k)i (x0) = 0, k = 1, ...,m−1; x0 ∈ [a, b] and Dα

x0−fi ∈ L1 ([a, x0]),
Dα
∗x0fi ∈ L1 ([x0, b]) , for all i = 1, ..., r. Then

|θ (f1, ..., fr) (x0)| ≤
rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
L1([a,x0])

Iαa+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦ (20)

+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
L1([x0,b])

Iαb−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ .

Theorem 14 Let p, q > 1 : 1p +
1
q = 1, α > 1

q , m = dαe, α > 0, and fi ∈
ACm ([a, b]), i = 1, ..., r ∈ N− {1}. Suppose that f (k)i (x0) = 0, k = 1, ...,m− 1,
x0 ∈ [a, b]; i = 1, ..., r. Assume Dα

x0−fi ∈ Lq ([a, x0]), and Dα
∗x0fi ∈ Lq ([x0, b]) ,

i = 1, ..., r. Then
|θ (f1, ..., fr) (x0)| ≤

5
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Γ
³
α+ 1

p

´
(p (α− 1) + 1)

1
p Γ (α)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
Lq([a,x0])

I
α+ 1

p

a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦ (21)

+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
Lq([x0,b])

I
α+ 1

p

b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ .

Proof. of Theorems 12-14. Here x0 ∈ [a, b] . Since f (k)i (x0) = 0, k =
1, ...,m− 1; i = 1, ..., r, we have by Theorem 3 that

fi (x)− fi (x0) =
1

Γ (α)

Z x

x0

(x− z)α−1Dα
∗x0fi (z) dz, ∀ x ∈ [x0, b] , (22)

and by Theorem 4 that

fi (x)− fi (x0) =
1

Γ (α)

Z x0

x

(z − x)α−1Dα
x0−fi (z) dz, ∀ x ∈ [a, x0] ; (23)

for all i = 1, ..., r.

Multiplying (22) and (23) by
µQr

j=1
j 6=i

fj (x)

¶
we get, respectively,

rY
k=1

fk (x)−

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ fi (x0) =
µQr

j=1
j 6=i

fj (x)

¶
Γ (α)

Z x

x0

(x− z)α−1Dα
∗x0fi (z) dz, ∀ x ∈ [x0, b] , (24)

and

rY
k=1

fk (x)−

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ fi (x0) =
µQr

j=1
j 6=i

fj (x)

¶
Γ (α)

Z x0

x

(z − x)α−1Dα
x0−fi (z) dz, ∀ x ∈ [a, x0] ; (25)

for all i = 1, ..., r.
Adding (24) and (25), separately, we obtain

r

Ã
rY

k=1

fk (x)

!
−

rX
i=1

⎡⎢⎢⎣
⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ fi (x0)
⎤⎥⎥⎦ =

6
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1

Γ (α)

rX
i=1

⎡⎢⎢⎣
⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠Z x

x0

(x− z)α−1Dα
∗x0fi (z) dz

⎤⎥⎥⎦ , ∀ x ∈ [x0, b] , (26)

and

r

Ã
rY

k=1

fk (x)

!
−

rX
i=1

⎡⎢⎢⎣
⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ fi (x0)
⎤⎥⎥⎦ =

1

Γ (α)

rX
i=1

⎡⎢⎢⎣
⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠Z x0

x

(z − x)α−1Dα
x0−fi (z) dz

⎤⎥⎥⎦ , ∀ x ∈ [a, x0] . (27)
Next we integrate (26) and (27) with respect to x ∈ [a, b]. We have

r

Z b

x0

Ã
rY

k=1

fk (x)

!
dx−

rX
i=1

⎡⎢⎢⎣fi (x0)Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ dx
⎤⎥⎥⎦ =

1

Γ (α)

rX
i=1

⎡⎢⎢⎣Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x

x0

(x− z)α−1Dα
∗x0fi (z) dz

¶
dx

⎤⎥⎥⎦ , (28)

and

r

Z x0

a

Ã
rY

k=1

fk (x)

!
dx−

rX
i=1

⎡⎢⎢⎣fi (x0)Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ dx
⎤⎥⎥⎦ =

1

Γ (α)

rX
i=1

⎡⎢⎢⎣Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x0

x

(z − x)α−1Dα
x0−fi (z) dz

¶
dx

⎤⎥⎥⎦ . (29)

Finally adding (28) and (29) we obtain the useful identity

θ (f1, ..., fr) (x0) :=

r

Z b

a

Ã
rY

k=1

fk (x)

!
dx−

rX
i=1

⎡⎢⎢⎣fi (x0)Z b

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ dx
⎤⎥⎥⎦ =

1

Γ (α)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x0

x

(z − x)α−1Dα
x0−fi (z) dz

¶
dx

⎤⎥⎥⎦+
7
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⎡⎢⎢⎣Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x

x0

(x− z)α−1Dα
∗x0fi (z) dz

¶
dx

⎤⎥⎥⎦
⎤⎥⎥⎦ . (30)

Hence it holds
|θ (f1, ..., fr) (x0)| ≤

1

Γ (α)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠µZ x0

x

(z − x)α−1
¯̄
Dα
x0−fi (z)

¯̄
dz

¶
dx

⎤⎥⎥⎦+
⎡⎢⎢⎣Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠µZ x

x0

(x− z)α−1
¯̄
Dα
∗x0fi (z)

¯̄
dz

¶
dx

⎤⎥⎥⎦
⎤⎥⎥⎦ =: (∗) . (31)

We observe that

(∗) ≤ 1

Γ (α+ 1)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
∞,[a,x0]

Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ (x0 − x)α dx
⎤⎥⎥⎦+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
∞,[x0,b]

Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ (x− x0)α dx
⎤⎥⎥⎦
⎤⎥⎥⎦ = (32)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
∞,[a,x0] I

α+1
a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
∞,[x0,b] I

α+1
b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ . (33)

Based on Proposition 15.114, p. 388, [1] we get that Iα+1a+

µQr
j=1
j 6=i

|fj (x)|
¶
∈

AC ([a, b]), so at x0 is finite.

Also, based on [5] we get that Iα+1b−

µQr
j=1
j 6=i

|fj (x)|
¶
∈ AC ([a, b]), so at x0

is finite.
Next we prove that (19) is sharp, namely it is attained.
Set

fi (x) :=

½
(x− x0)α , x ∈ [x0, b] ,
(x0 − x)α , x ∈ [a, x0] ,

8
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α > 0, a ≤ x0 ≤ b, i = 1, ..., r.
Observe that fi ∈ ACm ([x0, b]), and in ACm ([a, x0]). See that fi−

(k)
(x0) =

fi+
(k)
(x0) = 0, k = 0, 1, ...,m − 1. Hence there exists fi

(m−1)
at x0, also

fi
(m−1) ∈ AC ([a, b]). That is fi ∈ ACm ([a, b]), i = 1, ..., r.
We find that °°Dα

x0−fi
°°
∞,[a,x0] = Γ (α+ 1) ,

and °°Dα
∗x0fi

°°
∞,[x0,b] = Γ (α+ 1) .

Consequently it holds

L.H.S.(19) = r

"
(b− x0)αr+1 + (x0 − a)αr+1

αr + 1

#
= R.H.S. (19) ,

proving optimality of (19).
Hence proving Theorem 12.
Next we notice, for α ≥ 1, that

(∗) ≤ 1

Γ (α)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
L1([a,x0])

Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ (x0 − x)α−1 dx
⎤⎥⎥⎦+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
L1([x0,b])

Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ (x− x0)α−1 dx
⎤⎥⎥⎦
⎤⎥⎥⎦ = (34)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
L1([a,x0])

Iαa+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
L1([x0,b])

Iαb−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ , (35)

proving Theorem 13.
Let now p, q > 1 : 1p +

1
q = 1, with α > 1

q . Then

(∗) ≤ 1

Γ (α)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠

9
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µZ x0

x

(z − x)p(α−1) dz
¶ 1

p
µZ x0

x

¯̄
Dα
x0−fi (z)

¯̄q
dz

¶ 1
q

dx

#
+⎡⎢⎢⎣Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠µZ x

x0

(x− z)p(α−1) dz
¶ 1

p
µZ x

x0

¯̄
Dα
∗x0fi (z)

¯̄q
dz

¶ 1
q

dx

⎤⎥⎥⎦
⎤⎥⎥⎦ ≤
(36)

1

Γ (α)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ (x0 − x)α−1+
1
p

(p (α− 1) + 1)
1
p

°°Dα
x0−fi

°°
q,[a,x0]

dx

⎤⎥⎥⎦+
⎡⎢⎢⎣Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ (x− x0)α−1+
1
p

(p (α− 1) + 1)
1
p

°°Dα
∗x0fi

°°
q,[x0,b]

dx

⎤⎥⎥⎦
⎤⎥⎥⎦ = (37)

1

(p (α− 1) + 1)
1
p Γ (α)

·

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
q,[a,x0]

Z x0

a

(x0 − x)α+
1
p−1

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ dx
⎤⎥⎥⎦+

⎡⎢⎢⎣°°Dα
∗x0fi

°°
q,[x0,b]

Z b

x0

(x− x0)α+
1
p−1

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x)|

⎞⎟⎟⎠ dx
⎤⎥⎥⎦
⎤⎥⎥⎦ = (38)

Γ
³
α+ 1

p

´
(p (α− 1) + 1)

1
p Γ (α)

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣°°Dα

x0−fi
°°
q,[a,x0]

I
α+ 1

p

a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦+ (39)

⎡⎢⎢⎣°°Dα
∗x0fi

°°
q,[x0,b]

I
α+ 1

p

b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ ,

that is proving Theorem 14.
Next follow Caputo fractional Grüss type inequalities for several functions.

Theorem 15 Let x0 ∈ [a, b] ⊂ R, 0 < α ≤ 1, fi ∈ AC ([a, b]), i = 1, ..., r ∈
N − {1}. Assume that sup

x0∈[a,b]

°°Dα
x0−fi

°°
∞,[a,x0], sup

x0∈[a,b]

°°Dα
∗x0fi

°°
∞,[x0,b] < ∞,

i = 1, ..., r. Denote by

∆ (f1, ..., fr) (x0) := r (b− a)
Z b

a

Ã
rY

k=1

fk (x)

!
dx− (40)
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rX
i=1

⎡⎢⎢⎣
ÃZ b

a

fi (x) dx

!⎛⎜⎜⎝Z b

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ dx
⎞⎟⎟⎠
⎤⎥⎥⎦ .

Then
|∆ (f1, ..., fr)| ≤ (b− a) ·

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
x0−fi

°°
∞,[a,x0] sup

x0∈[a,b]
Iα+1a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦+

⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
∗x0fi

°°
∞,[x0,b] sup

x0∈[a,b]
Iα+1b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ . (41)

Theorem 16 Let p, q > 1 : 1
p +

1
q = 1, 1

q < α ≤ 1, and fi ∈ AC ([a, b]),
i = 1, ..., r ∈ N − {1}, x0 ∈ [a, b]. Assume that sup

x0∈[a,b]

°°Dα
x0−fi

°°
Lq([a,x0])

, and

sup
x0∈[a,b]

°°Dα
∗x0fi

°°
Lq([x0,b])

<∞, i = 1, ..., r. Then

|∆ (f1, ..., fr)| ≤
(b− a)Γ

³
α+ 1

p

´
(p (α− 1) + 1)

1
p Γ (α)

·

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
x0−fi

°°
Lq([a,x0])

sup
x0∈[a,b]

I
α+ 1

p

a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦+

⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
∗x0fi

°°
Lq([x0,b])

sup
x0∈[a,b]

I
α+ 1

p

b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ . (42)

Proof. of Theorems 15, 16. Here 0 < α ≤ 1, i.e. m = 1, and fi ∈ AC ([a, b]),
i = 1, ..., r. Now we are not tight up to any initial conditions, i.e. (22) and (23)
are valid without initial conditions. Clearly here θ (f1, ..., fr) (x0) ∈ AC ([a, b]).
Integrating (30) over [a, b] with respect to x0 ∈ [a, b] we derive

∆ (f1, ...fr) :=

Z b

a

θ (f1, ..., fr) (x0) dx0 = (43)

r (b− a)
Z b

a

Ã
rY

k=1

fk (x)

!
dx−

rX
i=1

⎡⎢⎢⎣
ÃZ b

a

fi (x) dx

!⎛⎜⎜⎝Z b

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠ dx
⎞⎟⎟⎠
⎤⎥⎥⎦ =

11
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1

Γ (α)

Z b

a

⎧⎪⎪⎨⎪⎪⎩
rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x0

x

(z − x)α−1Dα
x0−fi (z) dz

¶
dx

⎤⎥⎥⎦+
⎡⎢⎢⎣Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x

x0

(x− z)α−1Dα
∗x0fi (z) dz

¶
dx

⎤⎥⎥⎦
⎤⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭ dx0. (44)

Hence it holds
|∆ (f1, ..., fr)| ≤

1

Γ (α)

Z b

a

¯̄̄̄
¯̄̄̄ rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣Z x0

a

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x0

x

(z − x)α−1Dα
x0−fi (z) dz

¶
dx

⎤⎥⎥⎦+
⎡⎢⎢⎣Z b

x0

⎛⎜⎜⎝ rY
j=1
j 6=i

fj (x)

⎞⎟⎟⎠µZ x

x0

(x− z)α−1Dα
∗x0fi (z) dz

¶
dx

⎤⎥⎥⎦
⎤⎥⎥⎦
¯̄̄̄
¯̄̄̄ dx0 =: (∗∗) . (45)

Using (19) we have

(∗∗) ≤ (b− a)
rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
x0−fi

°°
∞,[a,x0] sup

x0∈[a,b]
Iα+1a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦

+

⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
∗x0fi

°°
∞,[x0,b] sup

x0∈[a,b]
Iα+1b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ , (46)

proving Theorem 15.
When p, q > 1 : 1p +

1
q = 1, with

1
q < α ≤ 1, by (21) we get

(∗∗) ≤
(b− a)Γ

³
α+ 1

p

´
(p (α− 1) + 1)

1
p Γ (α)

·

rX
i=1

⎡⎢⎢⎣
⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
x0−fi

°°
q,[a,x0]

sup
x0∈[a,b]

I
α+ 1

p

a+

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦+

⎡⎢⎢⎣ sup
x0∈[a,b]

°°Dα
∗x0fi

°°
q,[x0,b]

sup
x0∈[a,b]

I
α+ 1

p

b−

⎛⎜⎜⎝ rY
j=1
j 6=i

|fj (x0)|

⎞⎟⎟⎠
⎤⎥⎥⎦
⎤⎥⎥⎦ , (47)

proving Theorem 16.
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Abstract
We further interpret and simplify earlier produced fractional Ostrowski

and Grüss type inequalities involving several functions.
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1 Background

Let � � 0; the operator I�a+; de�ned for f 2 L1 [(a; b)] is given by

I�a+f (x) :=
1

� (�)

Z x

a

(x� t)��1 f (t) dt, (1)

for a � x � b, is called the left Riemann-Liouville fractional integral operator
of order �. For � = 0, we set I0a+ := I, the identity operator, see [1], p. 392,
also [7].
Let � � 0, n := d�e (d�e ceiling of the number), f 2 ACn ([a; b]) (it means

f (n�1) 2 AC ([a; b]), absolutely continuous functions).
Then the left Caputo fractional derivative is given by

D�
�af (x) =

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt =
�
In��a+ f (n)

�
(x) ; (2)

and it exists almost everywhere for x 2 [a; b] :
Let f 2 L1 ([a; b]), � > 0. The right Riemann-Liouville fractional operator

([2], [8], [9]) of order � is denoted by

I�b�f (x) :=
1

� (�)

Z b

x

(z � x)��1 f (z) dz, 8x 2 [a; b] : (3)
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We set I0b� := I, the identity operator.
Let now f 2 ACm ([a; b]), m 2 N, with m := d�e :
We de�ne the right Caputo fractional derivative of order � � 0, by

D�
b�f (x) := (�1)

m
Im��b� f (m) (x) ; (4)

we set D0
b�f := f , that is

D�
b�f (x) =

(�1)m

� (m� �)

Z b

x

(z � x)m���1 f (m) (z) dz: (5)

We need

Proposition 1 ([4], p. 361) Let � > 0, m = d�e, f 2 Cm�1 ([a; b]), f (m) 2
L1 ([a; b]); x; x0 2 [a; b] : x � x0. Then D�

�x0f (x) is continuous in x0:

Proposition 2 ([4], p. 361) Let � > 0, m = d�e, f 2 Cm�1 ([a; b]), f (m) 2
L1 ([a; b]); x; x0 2 [a; b] : x � x0. Then D�

x0�f (x) is continuous in x0:

We also mention

Theorem 3 ([4], p. 362) Let f 2 Cm ([a; b]) ; m = d�e ; � > 0, x; x0 2 [a; b] :
Then D�

�x0f (x), D
�
x0�f (x) are jointly continuous functions in (x; x0) from

[a; b]
2 into R:

Convention 4 ([4], p. 360) We suppose that

D�
�x0f (x) = 0, for x < x0; (6)

and
D�
x0�f (x) = 0, for x > x0; (7)

for all x; x0 2 [a; b] :

2 Motivation

We mention some Caputo fractional mixed Ostrowski type inequalities involving
several functions.

Theorem 5 ([6]) Let x0 2 [a; b] � R, � > 0, m = d�e, fi 2 ACm ([a; b]),
i = 1; :::; r 2 N � f1g, with f (k)i (x0) = 0, k = 1; :::;m � 1, i = 1; :::; r: Assume
that



D�
x0�fi




1;[a;x0]

,


D�

�x0fi



1;[x0;b]

<1, i = 1; :::; r: Denote by

� (f1; :::; fr) (x0) := r

Z b

a

 
rY

k=1

fk (x)

!
dx�

rX
i=1

2664fi (x0)Z b

a

0BB@ rY
j=1
j 6=i

fj (x)

1CCA dx

3775 :
(8)
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Then

j� (f1; :::; fr) (x0)j �
rX
i=1

2664
2664

D�

x0�fi



1;[a;x0]

I�+1a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775 (9)

+

2664

D�
�x0fi




1;[x0;b]

I�+1b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775
3775 :

Inequality (9) is sharp, infact it is attained.

Theorem 6 ([6]) Let � � 1, m = d�e, and fi 2 ACm ([a; b]), i = 1; :::; r 2
N� f1g. Suppose that f (k)i (x0) = 0, k = 1; :::;m� 1; x0 2 [a; b] and D�

x0�fi 2
L1 ([a; x0]), D�

�x0fi 2 L1 ([x0; b]) ; for all i = 1; :::; r: Then

j� (f1; :::; fr) (x0)j �
rX
i=1

2664
2664

D�

x0�fi



L1([a;x0])

I�a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775 (10)

+

2664

D�
�x0fi




L1([x0;b])

I�b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775
3775 :

Theorem 7 ([6]) Let p; q > 1 : 1p +
1
q = 1, � >

1
q , m = d�e, � > 0, and fi 2

ACm ([a; b]), i = 1; :::; r 2 N�f1g. Suppose that f (k)i (x0) = 0, k = 1; :::;m� 1,
x0 2 [a; b]; i = 1; :::; r. Assume D�

x0�fi 2 Lq ([a; x0]), and D
�
�x0fi 2 Lq ([x0; b]) ;

i = 1; :::; r. Then
j� (f1; :::; fr) (x0)j �

�
�
�+ 1

p

�
(p (�� 1) + 1)

1
p � (�)

rX
i=1

2664
2664

D�

x0�fi



Lq([a;x0])

I
�+ 1

p

a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775 (11)

+

2664

D�
�x0fi




Lq([x0;b])

I
�+ 1

p

b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775
3775 :

Next we mention some Caputo fractional Grüss type inequalities for several
functions.
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Theorem 8 ([6]) Let x0 2 [a; b] � R, 0 < � � 1, fi 2 AC ([a; b]), i = 1; :::; r 2
N � f1g. Assume that sup

x02[a;b]



D�
x0�fi




1;[a;x0]

, sup
x02[a;b]



D�
�x0fi




1;[x0;b]

< 1,

i = 1; :::; r: Denote by

�(f1; :::; fr) := r (b� a)
Z b

a

 
rY

k=1

fk (x)

!
dx� (12)

rX
i=1

2664
 Z b

a

fi (x) dx

!0BB@Z b

a

0BB@ rY
j=1
j 6=i

fj (x)

1CCA dx

1CCA
3775 :

Then
j�(f1; :::; fr)j � (b� a) �

rX
i=1

2664
2664 sup
x02[a;b]



D�
x0�fi




1;[a;x0]

sup
x02[a;b]

I�+1a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775+

2664 sup
x02[a;b]



D�
�x0fi




1;[x0;b]

sup
x02[a;b]

I�+1b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775
3775 : (13)

Theorem 9 ([6]) Let p; q > 1 : 1p +
1
q = 1, 1

q < � � 1, and fi 2 AC ([a; b]),
i = 1; :::; r 2 N � f1g, x0 2 [a; b]. Assume that sup

x02[a;b]



D�
x0�fi




Lq([a;x0])

, and

sup
x02[a;b]



D�
�x0fi




Lq([x0;b])

<1; i = 1; :::; r. Then

j�(f1; :::; fr)j �
(b� a) �

�
�+ 1

p

�
(p (�� 1) + 1)

1
p � (�)

�

rX
i=1

2664
2664 sup
x02[a;b]



D�
x0�fi




Lq([a;x0])

sup
x02[a;b]

I
�+ 1

p

a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775+

2664 sup
x02[a;b]



D�
�x0fi




Lq([x0;b])

sup
x02[a;b]

I
�+ 1

p

b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775
3775 : (14)
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3 Main Results

We make

Remark 10 Let g 2 C ([a; b]), � > 0, x0 2 [a; b] � R: Notice that

I�+1a+ (g) (x0) =
1

� (�+ 1)

Z x0

a

(x0 � z)� g (z) dz. (15)

Hence ��I�+1a+ (g) (x0)
�� � 1

� (�+ 1)

Z x0

a

(x0 � z)� jg (z)j dz �

kgk1;[a;x0]

� (�+ 1)

Z x0

a

(x0 � z)� dz =
kgk1;[a;x0]

� (�+ 1)

(x0 � a)�+1

(�+ 1)

=
kgk1;[a;x0]

� (�+ 2)
(x0 � a)�+1 : (16)

That is ��I�+1a+ (g) (x0)
�� � kgk1;[a;x0]

� (�+ 2)
(x0 � a)�+1 : (17)

Similarly we have

I�+1b� (g) (x0) =
1

� (�+ 1)

Z b

x0

(z � x0)� g (z) dz, (18)

and ��I�+1b� (g) (x0)
�� � kgk1;[x0;b]

� (�+ 1)

Z b

x0

(z � x0)� dz

=
kgk1;[x0;b]

� (�+ 1)

(b� x0)�+1

(�+ 1)
=
kgk1;[x0;b]

� (�+ 2)
(b� x0)�+1 : (19)

That is ��I�+1b� (g) (x0)
�� � kgk1;[x0;b]

� (�+ 2)
(b� x0)�+1 : (20)

Consequently we derive

I�+1a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA (17)

�










rY
j=1
j 6=i

fj










1;[a;x0]

� (�+ 2)
(x0 � a)�+1 ; (21)
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and

I�+1b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA (20)

�










rY
j=1
j 6=i

fj










1;[x0;b]

� (�+ 2)
(b� x0)�+1 : (22)

Therefore it holds

j� (f1; :::; fr) (x0)j
(9)

�
rX
i=1

2664
2664

D�

x0�fi



1;[a;x0]

I�+1a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775+

2664

D�
�x0fi




1;[x0;b]

I�+1b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775
3775 ((21);(22))

�

1

� (�+ 2)

rX
i=1

2664
2664

D�

x0�fi



1;[a;x0]










rY
j=1
j 6=i

fj










1;[a;x0]

3775 (x0 � a)�+1+
2664

D�

�x0fi



1;[x0;b]










rY
j=1
j 6=i

fj










1;[x0;b]

3775 (b� x0)�+1
3775 =: (�1) : (24)

Call

M1 (f1; :::; fr) (x0) := max
i=1;:::;r

n

D�
x0�fi




1;[a;x0]

;


D�

�x0fi



1;[x0;b]

o
: (25)

Then

(�1) �
M1 (f1; :::; fr) (x0)

� (�+ 2)

rX
i=1

2664










rY
j=1
j 6=i

fj










1;[a;x0]

(x0 � a)�+1+










rY
j=1
j 6=i

fj










1;[x0;b]

(b� x0)�+1

3775 =: (�2) : (26)

Call

 1 (f1; :::; fr) (x0) := max

8>><>>:
rX
i=1










rY
j=1
j 6=i

fj










1;[a;x0]

;
rX
i=1










rY
j=1
j 6=i

fj










1;[x0;b]

9>>=>>; : (27)
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So that

(�2) �
M1 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 2)

h
(b� x0)�+1 + (x0 � a)�+1

i
�

(28)
M1 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 2)
(b� a)�+1 :

We have proved simpler interpretations of Caputo fractional mixed Os-
trowski type inequalities involving several functions.

Theorem 11 Here all as in Theorem 5, M1 (f1; :::; fr) (x0) as in (25) and
 1 (f1; :::; fr) (x0) as in (27). Then

j� (f1; :::; fr) (x0)j �

M1 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 2)

h
(b� x0)�+1 + (x0 � a)�+1

i
� (29)

M1 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 2)
(b� a)�+1 : (30)

We make

Remark 12 Let g 2 C ([a; b]), � � 1, x0 2 [a; b] � R. We have that

��I�a+ (g) (x0)�� � kgk1;[a;x0]

� (�+ 1)
(x0 � a)� ; (31)

and ��I�b� (g) (x0)�� � kgk1;[x0;b]

� (�+ 1)
(b� x0)� : (32)

Consequently we derive

I�a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA (31)

�










rY
j=1
j 6=i

fj










1;[a;x0]

� (�+ 1)
(x0 � a)� ; (33)

I�b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA (32)

�










rY
j=1
j 6=i

fj










1;[x0;b]

� (�+ 1)
(b� x0)� : (34)
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Therefore it holds

j� (f1; :::; fr) (x0)j
(10)

�
rX
i=1

2664
2664

D�

x0�fi



L1([a;x0])

I�a+

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775+

2664

D�
�x0fi




L1([x0;b])

I�b�

0BB@ rY
j=1
j 6=i

jfj (x0)j

1CCA
3775
3775 ((33);(34))

�

1

� (�+ 1)

rX
i=1

2664
2664

D�

x0�fi



L1([a;x0])










rY
j=1
j 6=i

fj










1;[a;x0]

3775 (x0 � a)�+
2664

D�

�x0fi



L1([x0;b])










rY
j=1
j 6=i

fj










1;[x0;b]

3775 (b� x0)�
3775 =: (�) : (35)

Call

M2 (f1; :::; fr) (x0) := max
i=1;:::;r

n

D�
x0�fi




L1([a;x0])

;


D�

�x0fi



L1([x0;b])

o
: (36)

Then

(�) � M2 (f1; :::; fr) (x0)

� (�+ 1)
�

rX
i=1

2664










rY
j=1
j 6=i

fj










1;[a;x0]

(x0 � a)� +










rY
j=1
j 6=i

fj










1;[x0;b]

(b� x0)�

3775 (37)

� M2 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 1)
[(b� x0)� + (x0 � a)�] (38)

� M2 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 1)
(b� a)� : (39)

We have proved

Theorem 13 Let all as in Theorem 6, M2 (f1; :::; fr) (x0) as in (36) and  1(f1;
:::; fr) (x0) as in (27). Then

j� (f1; :::; fr) (x0)j �
M2 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 1)
[(b� x0)� + (x0 � a)�]

(40)

� M2 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)

� (�+ 1)
(b� a)� : (41)

8

SHANGHAI LECTURE

121



Similarly we obtain

Theorem 14 Let all as in Theorem 7. Call

M3 (f1; :::; fr) (x0) := max
i=1;:::;r

n

D�
x0�fi




Lq([a;x0])

;


D�

�x0fi



Lq([x0;b])

o
: (42)

Here  1 (f1; :::; fr) (x0) as in (27). Then

j� (f1; :::; fr) (x0)j �

M3 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)�
�+ 1

p

�
(p (�� 1) + 1)

1
p � (�)

h
(b� x0)�+

1
p + (x0 � a)�+

1
p

i
� (43)

M3 (f1; :::; fr) (x0) 1 (f1; :::; fr) (x0)�
�+ 1

p

�
(p (�� 1) + 1)

1
p � (�)

(b� a)�+
1
p : (44)

Finally we give a simpler interpretation of Caputo fractional Grüss type
inequalities (13), (14).

Theorem 15 All as in Theorem 8. We de�ne

M4 (f1; :::; fr) := max
i=1;:::;r

(
sup

x02[a;b]



D�
x0�fi




1;[a;x0]

; sup
x02[a;b]



D�
�x0fi




1;[x0;b]

)
(45)

and
 2 (f1; :::; fr) (x0) :=

max

8>><>>:
rX
i=1

sup
x02[a;b]










rY
j=1
j 6=i

fj










1;[a;x0]

;
rX
i=1

sup
x02[a;b]










rY
j=1
j 6=i

fj










1;[x0;b]

9>>=>>; : (46)

Then

j�(f1; :::; fr)j �
2M4 (f1; :::; fr) 2 (f1; :::; fr)

� (�+ 2)
(b� a)�+2 : (47)

Theorem 16 All as in Theorem 9. We de�ne

M5 (f1; :::; fr) := max
i=1;:::;r

(
sup

x02[a;b]



D�
x0�fi




Lq([a;x0])

; sup
x02[a;b]



D�
�x0fi




Lq([x0;b])

)
(48)

Here  2 is as in (46). Then

j�(f1; :::; fr)j �
2M5 (f1; :::; fr) 2 (f1; :::; fr)�
�+ 1

p

�
(p (�� 1) + 1)

1
p � (�)

(b� a)�+
1
p+1 : (49)

We �nish with applications.
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4 Applications

We apply above theory for r = 2. In that case

� (f1; f2) (x0) = 2

Z b

a

f1 (x) f2 (x) dx�f1 (x0)
Z b

a

f2 (x) dx�f2 (x0)
Z b

a

f1 (x) dx;

(50)
x0 2 [a; b] ;

M1 (f1; f2) (x0) =

max
n

D�

x0�f1



1;[a;x0]

;


D�

x0�f2



1;[a;x0]

;


D�

�x0f1



1;[x0;b]

;


D�

�x0f2



1;[x0;b]

o
;

(51)

 1 (f1; f2) (x0) = max
n
kf1k1;[a;x0]

+ kf2k1;[a;x0]
; kf1k1;[x0;b]

+ kf2k1;[x0;b]

o
;

(52)

M2 (f1; f2) (x0) = max
n

D�

x0�f1



L1([a;x0])

;

D�
x0�f2




L1([a;x0])

;


D�

�x0f1



L1([x0;b])

;


D�

�x0f2



L1([x0;b])

o
; (53)

M3 (f1; f2) (x0) := max
n

D�

x0�f1



Lq([a;x0])

;

D�
x0�f2




Lq([a;x0])

;


D�

�x0f1



Lq([x0;b])

;


D�

�x0f2



Lq([x0;b])

o
; (54)

�(f1; f2) = 2

"
(b� a)

Z b

a

f1 (x) f2 (x) dx�
 Z b

a

f1 (x) dx

! Z b

a

f2 (x) dx

!#
;

(55)

M4 (f1; f2) = max

(
sup

x02[a;b]



D�
x0�f1




1;[a;x0]

; sup
x02[a;b]



D�
x0�f2




1;[a;x0]

;

sup
x02[a;b]



D�
�x0f1




1;[x0;b]

; sup
x02[a;b]



D�
�x0f2




1;[x0;b]

)
; (56)

 2 (f1; f2) = max

(
sup

x02[a;b]
kf1k1;[a;x0]

+ sup
x02[a;b]

kf2k1;[a;x0]
;

sup
x02[a;b]

kf1k1;[x0;b]
+ sup
x02[a;b]

kf2k1;[x0;b]

)
; (57)

and

M5 (f1; f2) = max

(
sup

x02[a;b]



D�
x0�f1




Lq([a;x0])

; sup
x02[a;b]



D�
x0�f2




Lq([a;x0])

;

sup
x02[a;b]



D�
�x0f1




Lq([x0;b])

; sup
x02[a;b]



D�
�x0f2




Lq([x0;b])

)
; (58)

above p; q > 1 : 1p +
1
q = 1:
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Proposition 17 Let x0 2 [a; b] � R, � > 0, m = d�e, f1; f2 2 ACm ([a; b]),
with f (k)1 (x0) = f

(k)
2 (x0) = 0, k = 1; :::;m� 1. Assume that



D�
x0�f1




1;[a;x0]

;

D�
x0�f2




1;[a;x0]

;


D�

�x0f1



1;[x0;b]

;


D�

�x0f2



1;[x0;b]

<1: Then

j� (f1; f2) (x0)j �
M1 (f1; f2) (x0) 1 (f1; f2) (x0)

� (�+ 2)

h
(b� x0)�+1 + (x0 � a)�+1

i
(59)

� M1 (f1; f2) (x0) 1 (f1; f2) (x0)

� (�+ 2)
(b� a)�+1 : (60)

Proof. By Theorem 11.

Proposition 18 Let � � 1, m = d�e, and f1; f2 2 ACm ([a; b]). Suppose that
f
(k)
1 (x0) = f

(k)
2 (x0) = 0, k = 1; :::;m � 1; x0 2 [a; b] and D�

x0�f1; D
�
x0�f2 2

L1 ([a; x0]), D�
�x0f1; D

�
�x0f2 2 L1 ([x0; b]). Then

j� (f1; f2) (x0)j �
M2 (f1; f2) (x0) 1 (f1; f2) (x0)

� (�+ 1)
[(b� x0)� + (x0 � a)�] (61)

� M2 (f1; f2) (x0) 1 (f1; f2) (x0)

� (�+ 1)
(b� a)� : (62)

Proof. By Theorem 13.

Proposition 19 Let p; q > 1 : 1p +
1
q = 1, � >

1
q , m = d�e, � > 0, and f1; f2 2

ACm ([a; b]) : Suppose that f (k)1 (x0) = f
(k)
2 (x0) = 0, k = 1; :::;m�1, x0 2 [a; b] :

Assume D�
x0�f1; D

�
x0�f2 2 Lq ([a; x0]), and D

�
�x0f1; D

�
�x0f2 2 Lq ([x0; b]). Then

j� (f1; f2) (x0)j �
M3 (f1; f2) (x0) 1 (f1; f2) (x0)�
�+ 1

p

�
(p (�� 1) + 1)

1
p � (�)

h
(b� x0)�+

1
p + (x0 � a)�+

1
p

i
(63)

� M3 (f1; f2) (x0) 1 (f1; f2) (x0)�
�+ 1

p

�
(p (�� 1) + 1)

1
p � (�)

(b� a)�+
1
p : (64)

Proof. By Theorem 14.

Proposition 20 Let x0 2 [a; b] � R, 0 < � � 1, f1; f2 2 AC ([a; b]). Assume
that sup

x02[a;b]



D�
x0�f1




1;[a;x0]

; sup
x02[a;b]



D�
x0�f2




1;[a;x0]

; sup
x02[a;b]



D�
�x0f1




1;[x0;b]

;

sup
x02[a;b]



D�
�x0f2




1;[x0;b]

<1: Then

j�(f1; f2)j �
2M4 (f1; f2) 2 (f1; f2)

� (�+ 2)
(b� a)�+2 : (65)

Proof. By Theorem 15.
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Proposition 21 Let p; q > 1 : 1p +
1
q = 1,

1
q < � � 1, and f1; f2 2 AC ([a; b]),

x0 2 [a; b] : Assume that sup
x02[a;b]



D�
x0�fi




Lq([a;x0])

; sup
x02[a;b]



D�
�x0fi




Lq([x0;b])

<

1, i = 1; 2: Then

j�(f1; f2)j �
2M5 (f1; f2) 2 (f1; f2)�

�+ 1
p

�
(p (�� 1) + 1)

1
p � (�)

(b� a)�+
1
p+1 : (66)

Proof. By Theorem 16.
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