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Abstract

Here we present the most general fractional representation formulae
for a function in terms of the most general fractional integral operators
due to S. Kalla, [3], [4], [5]. The last include most of the well-known frac-
tional integrals such as of Riemann-Liouville, Erdélyi-Kober and Saigo,
etc. Based on these we derive very general fractional Ostrowski type in-
equalities.
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1 Introduction

Let f : [a,b] — R be differentiable on [a, ], and f’ : [a,b] — R be integrable on
[a, b], then the following Montgomery identity holds [10]:

b b
f@) =y [ f0ds [ P@or@a 1)

where P; (z,t) is the Peano kernel

~+

=2 a<t<u,

)

, x<t<hb,

(2)

o
[SlS]

k=

]

P1 (CE,t) = {

The Riemann-Liouville integral operator of order o > 0 with anchor point a € R

is defined by

(ﬁfw%—Féw/ww—GWJf@dt (3)
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Jof (x):=f(z), w€lab. (4)
Properties of the above operator can be found in [9].
When a = 1, J! reduces to the classical integral.
In [1] we proved the following fractional representation formula of Mont-
gomery identity type.

Theorem 1 Let f : [a,b] — R be differentiable on [a,b], and f’: [a,b] — R be

integrable on [a,b], « > 1, x € [a,b). Then

P =001 @) { %L et () )+ 2 (P 7 0)
()

When o =1 the last (5) reduces to classic Montgomery identity (1).

Motivated by (5), here we establish a very general fractional representation
formula based on the most general fractional integral due to S. Kalla, [3], [4], [5].
The last integral includes almost all other fractional integrals as special cases.
We then establish a very general fractional Ostrowski type inequality.

We finish with applications.

2 Main Results

Here let f : Ry — R differentiable with f/ : Ry — R be integrable. Let
also @ : [0,1] — Ry a general kernel function, which is differentiable with
@’ : [0,1] — Ry being integrable too. For z in (0,1) we assume ® (z) > 0.

Let here the parameters v, be such that v > —1 and § € R. Set ¢ :=
6—v—1,thatisd=e+~v+ 1.

The most general fractional integral operator was defined by S. Kalla ([3],
[4], [5]), see also [7], as follows:

1
Rf @)=’ [ ®(0)of (20)do, (6)
0
for any z > 0, with I2° f (0) := 0.

Here we consider b > 0 fixed, and 0 < z < b. We operate on [0, b].

By convenient change of variable we can rewrite I, ;’)’5 f (z) as follows:

I°f () == a° /j@ (%) W f (w) duw. (7)
That is
I35 f (2) = 17°f (z), for any x> 0. (8)

We take v > 0 from now on.
We present the following most general fractional representation formula.
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Theorem 2 All as above described. Then

T

P = (0 () G 04017 (P ) S 0)

I (P @) F0) + 13 (P 0) 1 ). ©

Proof. We observe that

13° (P (,b) £/ (b)) = b° / ‘o (3)wP @w) [ (w)dw= (10)
/Oxcp(zg) uﬂ%f’ (w)dw+/:<1>(1;’) w? (w;b) f (w)dw] = (11)

[ [ o) o <%> ) ] -

e 1 |: .'L"Y+1f / f w'y+1

bE

(I)(, xv—i-l bx” /f w w7+1—bw7))] _

bt [baﬂ(l) (5) f(z)— /Ow f (w) Ll)q)' (%) w4 (y+ 1)@ (%) wv} dw—
(12)

/zb f(w) E@, (%) (W = bu?) + @ (%) (v +1Dw” — bvuﬂl)} dw} _
b {bx”(l) 1 / f(w wwﬂ o
(7+1)/0wf(w) w”dw / f(w { ,w’Y+1 bw?) +

0

o (8) (0w =i+ [ 100 {i@ <%> s
|

bt b ® (%) f(z)— 3 /Obf(w) P’ (%) w M dw +/0 f(w)® (%) w”dw—

(v+1) /Ob fw)® (%) wdw + by b fw)® (%) w? ™ dw—
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/ 7 )@ (YY) wdw — by / f (w i)uﬂ—ldw} —m). (1)

‘We notice that

/f m——{/ 19 (5)
/‘f wy w=b) b de+1/ fw (Z)uﬂdw]:: (15)
/ f(w P1 (z,w)wdw — / f(w (%) w” dw

/ f(w w"dw
Furthermore we have

—’7/ [ (w w'ydw——’y{/ f(w wv dw+
/f wy lw=") b w’™ 1dw+b/ f(w (Z)uﬂldw] (16)

—b’y/ f(w P1 (z,w)w tdw — b'y/ f(w (I:)w'y_ldw
+b’y/ f(w w7 Ldw.
Putting together (10), (14), (15), (16) we obtain

13" (Py (z,0) f' (0) = () =

- [x”@ / f(w P1 (z,w)w”dw— (17)

/Ob fw)® (%) wYdw — b7/0 fw)® (%) Py (z,w) w'y_ldw} =

7 [ () £ ) - 13 (P 0) £ )

1

IO = () )] = (18)

a7® (2) £ () — 13 (P () £ () — TI3°F () 13 (Py () £ (1)
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That is -
13" (Pr(,b) £ () = b2 (7) f (@) -
LI (P ) F0) — T3 0) — A0y (P f0). (19

Solving the last (19) for f (z) we get

Fo =va (2 (5)) " FRTO R (P e f0)+

b

proving the claim. m

Lpe (P () £ () + I3 (P (2.5) f <b>>] , (20)

Next we establish a very general fractional Ostrowski type inequality.

Theorem 3 Here all as in Theorem 2. Then

e (5(5)) " [t o

AT (P ) S 0+ 1 (P @) £ 0)] | <

b
-1 2272 b’v+2) b (b7+1 _ xv-&-l)
—1,.— z (
e (0(3)) 19l o 17 e Ob][ I e A K
(21)
Proof. We observe that
139 (P ) £ )] = 113 (P (2.0) 7 ()] = @)
5w b w
b* / @(—)w”Pl(a:,w)f’(w)dw Sba/ <I>(—)w7|P1(a:,w)|\f’(w)\dw§
0 b 0 b
b
b 100y 1 oy | 7 1P )] o = (23)
€ 1 ’ v+1 L v
N1l 0,11 11 oo 0. [ wded g ] (b—w)dw| =
227 +2 b pr+2
=1 || — (prtl ety 24
1o Nt [0 g [ 0b]{7+2+7+1(b 27t ,YJFQ] (24)

That is we derived

137 (P (a.) £ ()] <
l(zw“ —p7+2) b (0 — )

B2 ||® +
191l cc, 10,11 11"l oc 10,6 S 12 Tt

] e

The claim is proved. =
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3 Applications
We mention

Definition 4 Let a > 0, 8,7 € R, then the Saigo fractional integral Igff’" of
order o for f € C (Ry) is defined by ([12], see also [6, p. 19], [11]):

t—a=p

P @) ="y [ =07 ok (o pmmat = T) () dr, (26)

where the function o Fy in (26) is the Gaussian hypergeometric function defined
by

2F1 (avb;C;t):iMﬁa (27)

n=0

and (a),, is the Pochhammer symbol (a)
where ¢ £ 0,—1,-2, ... .

=a(a+1)...(a+n—-1), (a), = 1;

n

Note 5 Given that a +b < ¢, 2Fy converges on [—1,1], see [2].
Furthermore we have

d o F b;c;t b
21(;,,0,):(@) 2P (a+ 1,0+ e+ 158, (28)
C

which converges on [—1,1] when 1+ a+b < c¢. So when 1+ a+b < ¢, then
both (27) and (28) converge on [—1,1]. Therefore when n > 1+  we get that

both oI (a +6,—-ma;1 — %) and its derivative with respect to T : (%)

o Fy (a +8+1,—n+1La+1;1- %), converge on [0,1]; notice here0 < 1—7 <
1,¢>0.

Remark 6 The integral operator I{i’tﬁ’" includes both the Riemann-Liouville

and the Erdélyi-Kober fractional integral operators given by

Jo{f (@)} =Ig; “"{f (1)} = F(la)/o (t—=7)""f(r)dr (a>0), (29)
and
R e M O LR )
(30)
Remark 7 By a simple change of variable (w = ) we get
-8 1
I&%ﬁm{f )} = ﬁ/g (1—w)*" oF (a+ B, —n; 051 —w) f (tw) dw. (31)
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Sitmilarly we find

TAS O = oos [ (1= f () o (32)
and ) . 1
PO} = e [ w0 e ) du (33)

Remark 8 ([8]) The above Saigo fractional integral (26) and its special cases

of Riemann-Liouville and Erdélyi-Kober fractional integrals (29), (30), are all

examples of the S. Kalla ([5]) generalized fractional integral in the reduced form
w

Kif(z)=a 7! /f Lo (5) wY f (w) dw = /01 D (0) o f (zo) do, (34)

0

where © > 0, v > —1 and ® continuous arbitrary Kernel function.
Notice that (by (6) and (34))

I3°f (x) = 2" K} f (@), (35)

for any x > 0, where v > —1 and § € R.
So for b > 0 we get
I3°f () = VK3f (b). (36)

Next we restrict ourselves to 4 > 0. By Theorem 2 and (36) we obtain the
following general fractional representation formula

Theorem 9 [t holds
£y =705 (2 (D)) [P KL 0) 40K (P (b)) +
YUK (Pr(,0) f (b)) + 0K (Pr (2,b) ' (b))] - (37)

We finish the following very general fractional Ostrowski type inequality, a
direct application of (21) and (36).
Theorem 10 All as in Theorem 3. Then
T

‘ f @) =010 (@ (3))71 b Ky f (b) + (38)

WL (P (,0) F () + 077 K (P (0) £ )] | <

“1,.—7 T\ y (2272 — p7F2) b (p7F — g7
a7 (2(3)) 19legon |f|oov[07bll T S I

Comment 11 One can apply (37) and (38) for the Riemann-Liouville and
Erdélyi-Kober fractional integrals, as well as many other fractional integrals.
To keep article short we omit this task.
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Fractional Representation Formulae under
initial conditions and fractional Ostrowski type
inequalities

George A. Anastassiou
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Abstract

Here we present very general fractional representation formulae for a
function in terms of the fractional Riemann-Liouville integrals of different
orders of the function and its ordinary derivatives under initial conditions.
Based on these we derive general fractional Ostrowski type inequalities
with respect to all basic norms.

2010 AMS Mathematics Subject Classification : 26A33, 26D10, 26D15.
Keywords and Phrases: Fractional integral, Representation formulae, Os-
trowski inequality.

1 Introduction

Let f : [a,b] — R be differentiable on [a,b], and f’ : [a,b] — R be integrable on
[a, b], then the following Montgomery identity holds [2]:

b b
f@) =5 [ t@as [ @y o )

where P; (z,t) is the Peano kernel

Pl(l?,t):{

The Riemann-Liouville integral operator of order o > 0 with anchor point a € R
is defined by

~

—2 a<t<u,

)

, T<t<b,

R

2)

>

=

S|

<ﬁf@%—Fé0/xw—ﬂwfﬂﬂﬁ, (3)
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Jof (x):=f(z), w€lab. (4)

Properties of the above operator can be found in [3].

When o = 1, J! reduces to the classical integral.

In [1] we proved the following fractional representation formula of Mont-
gomery identity type.

Theorem 1 Let f : [a,b] — R be differentiable on [a,b], and f’: [a,b] — R be
integrable on [a,b], « > 1, x € [a,b). Then

-« z(zl b a— o /
L O e G U E AT I O))

b—a
(®)
When oo = 1 the last (5) reduces to classic Montgomery identity (1).

In this article we find higher order fractional representation for f (), similar
to basic (5), and from there we derive interesting fractional Ostrowski type
inequalities.

2 Main Results

Next we give higher order fractional representation of f subject to initial con-
ditions.

Theorem 2 Let o > 2, x € [a,b) fized, [ : [a,b] — R twice differentiable, with
I : [a,b] — R integrable on [a,b]. Assume f'(x) =0. Then

2

- @@ {0 ©

(b— x)2_a
a—1

Ja 72 (Pr(2,b) f (b)) + J5 (P1(2,0) £ (b)) }] -

Proof. Let here o > 2 and there exists f” : [a,b] — R that is integrable on
[a, b].
We have

flx) =

b
L(@)J2 (P (b /1) = [ 6= Pt " @d= (0

/az <Z_Z> (b—t)""" " () dt + /: <2_Z> (b—)* " 7 (t)dt
/: (2:2) (b—t)* " " (t)dt + /: (2:2) b—0* () dt (8)

- /; (H) (b—1)* 1 7 (1) dt =

10
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T b
/ (b—t)*"" 7 (t) dt — ﬁ/ (b— )™ f" (t) dt.

That is
L (a) Jg (P1(z,0) 7 (b)) =

w a—1 pn 1 b o pll
[o-orma- gt [o-nrna=e@. o

Next we use integration by parts, plus the assumption f' (z) = 0. We have
[ o= om0t -
-0 @ [ FOae-0 =00 @ (0
Hamn [[0-0" a0 =—0-0" @)
Ha=D) |0-2 F @) - 0= " f@ - [ Fwao-0? -
(=) @)+ la— 1) (=) () — (a— 1) (b— )" f @)+ (11)

(—1) (e —2) / (b—8)*"% F(¢) dt.
That is

/ St W dt = — (b— )™ (@) + (- 1) (b 2)° 2 f () -

@-D0-0"f@+@-1a-2 T = (). (12)

Next we observe

b

1 @ pf _ a—1 - _ .
“h—a) l_(b_a) f(a)+a/ (b—1) df(t)] b—a)

a

b
[— (b—a)* f' (a) —a(b—a)* ' f(a) +ala— 1)/ (b—1)*"2f(t) dt] =
(13)

ala—1) /b (b— )2 F (1) dt.

(b=a)* " f'(@) +a(b-a)" " f () - =5

1"
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That is

b « a—1
G [ 0= de= - (@)

ala—1)

a(b-a)"? f () - S

We have that

[ -0 wa=00). )

(£1) = (M) + (N2).
Thus

T () Jg (P (2,0) " (b)) = (@ = 1) (b—2)* * f(z) + (b—a)* " f(a)+ (15)

ala—1)
b

T b
(a—l)(a—Q)/ (b—1)*° f(t)dt — /(b—t)a—Qf(t)dt.

Notice that

—ala—1)=—(a—-1)(a—2)—2(a—1). (16)
We split
_ b o — a — b _
_O‘éo‘_al)/a (b—t)”‘zf(t)dtz—(bl)_(am/a (b—)"" f () dt
B b
,Q(ba_ al)/a (b—1)""2 () dt. (17)
But we see that
— o — b 2
W/a (b—1)*"2f(t)dt = (18)
_W l/j(b—t)"_zf(t)dt—i-/:(b—t)a_zf(t)dt] =
_(e-V(a=-2) l/m(bt)(bt)“_3f(t)dt+/b(bt)(bt)a_gf(t)dt]
b—a a T

(19)
=—(a—1)(a—2)-

[/am <1 <2_2>) (bt)a_gf(t)dt/: <Z§—Z> (bt)a“"’f(t)dt] _

== [Co-0roa- | [ () e-0 o

+/zb <l§—2) (b= f () dtH -

4

12



SHANGHAI LECTURE

—(a—1)(a—2)/m(b—t)“*3f(t)dt+

b
(@—1)(a—2) / Py (2, t) (b— )2 £ (1) dt. (21)
Therefore
ala — b -2 o — b a—2
- (b_al)/a(bt)“ f(t)dtQ(b_al)/a(bt) f(t)dt+

b B
(0 —1) (o — 2)/ Py (z,t) (b—)*72 f(t)dt (22)

—(a—1)(a—2)/m(b—t)a_3f(t)dt.

Hence it holds

I (a) JS (P (2,b) £ (b)) = (@ = 1) (b—2)* " f(z) + (b—a)* "> f (a)

— b b
2 (bo‘_ al) / (b—1t)*f(t)dt+(a—1)(a— 2)/a Pz, t) (b= f(t)dt =
(23)
O B R e e e e

(24)

(0= 1) (0= 2) T (o — 2 J3 2 (Py () £ () =

(0= 1) (b= 2" f (@) + (0~ )" [ (a) ~
PO gt 1 0) 40 (@) T2 (P (2,0) £ ). (25)
We have proved that
(@) (-2 @)=~ b)) + Dot () -

(@) 8~ (P (a,6) £ (0)) T (@) J3 (P () 7 0) = (26)

—(b—a)" " f(a)+

b—a

We have produced (6). m
We continue with

r(a) {2J3-1f () — T2 (Py (2.) £ () + T (Py (2.) <b>>} @

13
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Theorem 3 Let a > 3, x € [a,b) fized, f : [a,b] — R three times differentiable,
with f""" : [a,b] — R integrable on [a,b]. Assume f'(x) = f" () =0. Then

7:83_0‘ 2
‘<a(b—1><>a—2>{—2<a—1><b—a>a‘3f<a>—<b—a>“‘ 1 () +

© @) { s 220 (0= T2 (P ) £ 00) 4 05 (P a0 1 (b))}}(.%)

Proof. Let here o > 3 and there exists "’ : [a,b] — R that is integrable on
[a,b]. We have as before that

[ (a) Jg (Py(x,b) f (b)) =

* a—=1 g 1 ’ [
Jo—ot - ois -t wa=). @)

By assumption we have f'(z) = f” () = 0. We use repeatedly integration by
parts next

[ o—o @i o0 ar o -

C(b—a)™ " " (@) + (a— 1) / (b— )"~ £ () dt =

- @ 1) [0 e ) =
-0 @+
(@=1) |- 6- 02 @+ (-2 /x(b—t)“?’f(t)dt}: (30
-0 @D @)+

(—1) / H* 73 df (t)

~-a)* " @ (a =D (b-a)* 7 f @)+ 1) (@=2)[b-2)"" f(2)

-0 @+ -9 [ (b—t)“f(t)dt} -

a

—(b=a)* " [ (@)=(a=1) (b—a)"* f'(a)+(a = 1) (@ =2) (b—2)" " f (x) -

(@=1)(a=2)(b—a) " f(a) + (@ —1) (@~ 2) (Of*3)/w (b— )" f (¢)dt.
(31)

14
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That is
/ St () = — (b — @) (@) — (a— 1) (b— )" ' (a) +

(-1 (@=2)(b—2)""f(@)—(@-1)(@=2)(b—a)* " fla)+ (32)
(@—1)(a—2) (a—S)/ (b— 0 (£ dt = (w1).

Similarly we find

b b
_ﬁ/ (b—t)“f”’(t)dt=—ﬁ/ (b—t)df" (t) =  (33)

b
(e [ b= '@ +a [ -0 (0 dt] -

(07

b
O O el e RACE

(0%

b
e O [— b= @1 [ 6= dt]

a e
o a—1 pn a—2 pf a(a_l) ’ a— _
== @ ralb-a T @ - G [ e—0 e -

(b—a)* " f"(a) +a(b—a)" " f (a) - (35)

ala—1)
(b—a)

b
l (b—a)"* f(a) + (a—2) / b=t f (1) dt] =

(b—a)* " " (@) + 0 (b a)* 2 f (a) +
a(a—1)(b—a)*? f (o)~ AoVl =2) [ -0t rwa oo

(b—a)
That is we found

1

b
G e = -0 @ =0 @)+

ala—1)(a—2)

O L

b
[ 0= p @t = (wa).
’ (37)
Notice that
(&) = (w1) + (w2).
We have

T () Jg (Py(2.0) f" (b)) = (b= a)* * f'(a)+(a = 1) (@ = 2) (b — 2)"* f (2) +

7

15
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2(a—1) (b—a)afgf(a)+(a—1)(@—2)(a—3)/z(b—t)a74f(t)df—

ala—1)(a—2)

b
a—3
— / (b= )" F (¢) dt. (38)

‘We notice that

—ala—1(a—2)=-3(a—1)(a—2)—(a—1)(a—2) (a—3). (39)

Hence
a(a—1)(a—2) b -3
o [ o=
Ba-1(@=2) (1 as,
SeLEe oo roa (40)
(a-D(@-2(@=3) [* .y
= [0

b—a)
(O‘ — 1) (a — 2) (a — 3) ‘ a—3 ’ a—3
- = [/a (b—1t) f(t)dt+/x(b—t) f(t)dt]—
(41)
(a=1)(a=2)(a—3)
(b—a)
x b
V (b—t)(b—t)“_4f(t)dt+/ (b—t)(b—t)a—‘*f(t)dt] - 4

(a—1)(a—2)(a—3)
(b—a)

T b
V <<b—a>—<t—a>><b—t>“*4f<t>dt—/ <t—b><b—t>“f<t>dt]—

“a-ve-2@-3)|[ (1-(jZ2)) e-omroa-
/ b (5=2)6-0"s dt} - (43)

T b
—(a—1)(a—2)(a—3) [/ (b—t)a*‘*f(t)dt—/ Pl(x,t)(b—t)a‘lf(t)dt].

16
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We derived that

_(a—l)((zk—j))(a_3)/ (b_t)‘“_3f(t)dt= (44)

—(a—1)(a—2>(a—3)/m(b—t)a*4f(t)dt+

b 4
(a—1)(a—2)(a—13) / Py (z,t) (b—t)""" f(t)dt.
Therefore we obtain

ala—1)(a—2

b
oW )/(bft)o‘_?’f(t)dt:

(a—1)(a—2)(a—3)/z(b—t)“_4f(t)dt+

b
(@—1)(a—2)(a—3) / Py(2.t) (b— )" F (1) dt.
Combining (38) and (45) we find
T (a) J& (Py(2,b) £ (b)) = (b—a)* 2 f' (a)+(a—1) (@ —2) (b—2)" " f (z) +

— o — b _
2(a—1)(b—a)a3f(a)—3(a(b1)(a)2)/ b=t f(t)di+  (46)

b

(a—1)(a—2) (a—3)/ Py (z,t) (b—t)* " £ (t)dt =

b—a)* 7 f @)+ (@@= (@=2)(b-2)"" f(@)+2(a—=1) (b—a)" " f(a) -

3(04—1)(6;—2)1"(a—2)
(@—1)(a—2)(a=3)I(a—3)J77° (P (z,b) f (b)) =

b—a)* P f @)+ (@-1(@=2)b-2)" " f(@)+2(a=1) (b—a)" " f(a) -

3l (@)

(b—a)

Consequently we get

(@=D(@=2)(b—a)* " fl@) == (b-a)* " f'(a)-2(a = 1) (b—a)" " f ()

3l ()
(b—a)

Ja2f (b) + (47)

T2 () + T () J72 (Pr (2,0) f () (48)

+

JaT2f (0) =T () J372 (Py(2,0) f (b)) + T () I3 (P1 (2, b) £ (b)) =
(49)
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=" (@) 2= 1) (b )" (0) +
E o) { g5 ) = T2 (P (@) £ () + 05 (P ) /7 ()} 50

proving the claim. m

We continue with

Theorem 4 Let o > 4, x € [a,b) fized, [ : [a,b] — R four times differentiable,
with {4 : [a,b] — R integrable on [a,b]. Assume f'(z) = f" (z) = f" (z) = 0.
Then

(b _ x)47a

1@ = ey @og L e D=2 0-a" " o)

20— 1) (- a) () ~ (b~ a)* 2 /O (a) +
a—3
o) {4 ) ey £ o)+ 02 (Pt 7O 0) 61

Proof. Let here o > 4 and there exists f®* : [a,b] — R that is integrable
on [a,b]. We have as before that

C(@) 72 (Pt SO ) = [ 0= 07 5 0 a-

a

b
s [0 =),

By assumption we have f'(z) = f”(x) = f” (z) = 0. We use repeatedly
integration by parts next

/m b—t)* fD () dt = /GE (b—1)*"df® () =
~(b-a)* " ¥ (@) + (@~ 1) /I (b= df® (t) = —(b—a)* " f¥ () +

<a1>[ (bfa)a*r"f@)(H(af?)/z(b o2 ap (1)) =
- @) P (@)~ (- 1) (b @)% FO) (a) +

(—1) / O3 df (¢

—(b-a)* (@)~ (a=1)(b-a)* fP (a) +

(@—1)(a—-2) [— (b—a)a_?’f’(a)+(a—3)/m (b—""df ()| = (53)

10
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—(b-a)* " O (a)~(a=1)(b—a)*? fP (a)~(a—1) (a—2) (b—a)* " f'(a)
+(a=1) (a—2)(a—3)/ (b—t)o‘"‘df(t) =
—(b-a)* [P (a)~(a—1)(b—a)*? fP (a)—(a— 1) (a—2) (b—a)* " ' (a)
+la-1)(a=2)(a=3)(b—2)* " f(z)-
(@—1)(@—2)(a—3)(b—a)* " f(a)+
(a—1)(a—2)(a—3)(a—4) / (b—t)*"° f(t)dt. (54)
We find that
/ T Y () dt = — (b— @) D (@) — (0 — 1) (b— a)* 2 S (a) -
(@=1)(@=2)(b—a)* > f (a) + (a— 1) (@ —2) (@ —3) (b— )" " f (z) -
(@—1)(a—2)(a—3)(b—a)* " f(a)+
(a0 —1) (a—2)( / =:(0). (55)

Next we observe that

b b
—ﬁ / <b—t>“f<4><t>dt=—(bfa) / (b= df® () =

b
(b i a) l (b—a)* f&) (a) + a/ (b—t)*tdf® (t)] — (56)

b
(b-a)* P (@) = o [ G- T P () = (- a)* T P () -

b—a /,

o

b 2
- [— b= 1@+ =) [ -y (t)] -

o b
(b=a)* " O (a) +ab-a) " [ (a) - a(éa_ ; | / (b=t df' (1) =

(b—a)* " fP(a) +ab—a)* P (a) -

a(a—l) o _aa72 "(a o — b _ pa—3 o
= [ b= f @)+ @-2) [ (b1 df(t)]— 67)

b—a)* S @) +ab-a)*? D) +ala—1)(b—a)*"f (a) -

ol (bl_)(a) 2)/ (b1 df (t) =

11
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(b—a) " (@) +ab-a) " fP () +ala—1)(b-a)" " f (@)~ (58)

ala=1)(a=-2)
(b—a)

b
—(b—a)* " f(a) + (a—3) / b= () dt] =

b—a)* ' P @) +ab-a)*?fP(@) +ala—1)(b—a)* " f(a)+
a(ozl)(aQ)(a3)/b i
(b—t)*"* f (1) dt.

a(a—1)(a=2)(b-a) " f(a)-

(b—a)
That is
1 b 1 2
R [ =07 0 0= -0 £ (@) alb- @) O )+
al@—1)(b—a)* " f(a) +a(@—1)(a—2)(b—a)* " f(a) -
ala—1)(a—2)(a— b _
oD Lo pwa= 0. (9
Notice that
(€3) = (01) + (62) . (60)

We find that
F(a) g (Pi(@,0) 9 0) = (b-0)"* P (@) +2(a=1) (b - )" > f (a) +

Bla-1)(@=2)(b—a)* " fla)+(a—-1)(a=2)(a=3)(b—2)""" f(x)+

) (61)
(@-D@-2(-3)a-1 [ -0 @)
Cale-D@-20@=3) 1
o) /a(b H° 1 (1) dt.
‘We have
—a(la—1)(a—2)(a—3) =
—d(a-1)(a=2)(a=3)—(a—1D)(a—2)(a—3) (a —4). (62)
and
—afa—1)(@=2)(@=3) [* -
= [ -0t rwa- (63)
de-D-2(=3) 1
(= [ -0t
- D(a—2)(a—3) (a— b 4
(a—1)( (f)_(a) 3)( 4)/ I,

12
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But we see that

(=1 (a=2)(a=3)(x—4)

b
_ e /a(b—t) f(t)dt =

(a—1)(a—2)(a—3)(a—4)

- o [@-0--a)0-i @

—/b@—b)(b—t)”f(t)dt] -
“@-De-De-ye-o|[ -0 roa o

_/b Pi(z,) (b— )70 £ (¢) dt] .

Therefore it holds

oo — o — o — b _
el 1)(5)_@2)( 3)/ (b= )7 f () dt =

4(a—1)(a—2)(a—

3) ’ a—4
s |-t

—(a—1)(a—2)(a—3)(a—4)/x(b—t)o‘_5f(t)dt

b
+(@-1)(a—2)(a—-3)(a— 4)/ Py (z,t) (b— t)a_5 f (@) dt. (65)
Consequently we get

F(@)J; (P @) /9 0) = 6 -a)* /@ (@) +2(a=1) (- a)* 7 ' (a) +

Bla—1)(@=2)(b—a)* " fla)+(a—1)(a=2)(a=3)(b—a)""" f(x) -

da—1(a=2)(a=3) [° a—4
o= / (b— 1) f (t) dt+ (66)

b
<a—1><a—2><a—3)<a—4>/ Py (. t) (b— 1) f (1) dt =

(b=a)* *fP(a)+2(a=1) (b -a)* P f (@)+3(a 1) (@ =2) (b= a)* " f ()
+la=1(a=2)(a=3)(b-2)""f ()~

4(a—1)(a—2)(a—3) T (ax—3)
(b—a)

(a=1)(a=2)(a=3)(a=4)T (a=4) J77* (P (z,b) f (b)) = (67)

Ja2 (f )+

13
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(b=a)* [P (@+2(a=1) (b-a)* " f(@)+3(a—1) (@ —2) (b—a)* " f(a)
+(a-1)(a=2)(a=3)(b—2)""" f(z) -

4T ()

Gy T B T () 1 (P, 0) £ 0)). (68)

That is
F(a) g (P (@,0) 9 0) = (b= a)" 7 f@ (@) +2(a = 1) (0 - )" ' (a) +
3a-1(a=2)b-a)" " f@)+(@-1(@=2)(@=3) ()" f (@) +

a—3
rio {- O g e son) (69)

proving the claim. m
We continue with

Theorem 5 Let a > 5, x € [a,b) fized, [ : [a,b] — R five times differentiable,
with f®) : [a,b] — R integrable on [a,b]. Assume fU) (z) =0, j = 1,2,3,4.

Then
flay = =2 {—4

[[@-9

Jj=1

(=) (b—a)" " f(a) -

1

3

J

2

3[[ (=5 (0—a)* " f(@)-2(a-1)(b-a)* " fP (a)=(b—a)** f¥ (a) +

D) { ey (20 ) = T2 (Bt T )+ 2 (P 20) 19 ) }
(70)

Proof. Let here a > 5 and there exists f(® : [a,b] — R that is integrable
on [a,b]. We have as before that

T (a)J® (p1 (2, b) F© (b)> _

1

T b
_ a1 () o1 _ e (5) _
[ o= O 0@ e [0t O Wi, )

By assumption we have f) () =0, j = 1,2,3,4. We use repeatedly integration
by parts next

[ o=t war= [ o-o g -

14
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—(b-a)* " fD (@) + (a— 1) / T R (1) = — (b—a)™ " fD (a) 1
’ (72)

@-n{-0-0" 0@+ a2 [ 00 g o) -
(- @)™ D (@)~ (= 1) (b— )" FO (a) +
@-D=2) [ -0 a0 -

—(b— @)™ D (@)~ (a— 1) (b— )" fO (a) +
@-n-2{-0-0"" @+ @3 [ 6-0 a0} @
—(b- @)™ Y (@)~ (= 1) (b— )" £ (a) -
@-D@=20-0"" 9 @ +a-1a-2 -3 [ 60— ©
— - Y (@) — (- 1) (- )" D (a)
—(a-1)(a-2) (- /P (a) +
@-Dle-2@-3{-0-0""F@+a-0 [ 0-0"F 0} -

a

—(b-a)* [V (@) = (a=1) (b= ) fO) (a) -
(@-1)(a=2)(b-a)* " f@(a) ~ (a= 1) (a=2) (a=3) (b —a)" " f'(a)

+(a—1)(a—2)(a—3)(@—4)/z(b—t)“_5df(t):

CB—a)* D (@)~ (a— 1) (b— @)% FO) (a) —
(@—1)(a—2) (- fO (a) -
(0 1)(a—2)(a—3)(b—a)*" (@) +(@—1)(0—2)(a—3) (a4
{(b @) - -0 @+ =) [ 6= ) dt} .

That is
[ 0= O @ =~ -0 Y @) - (- ) -0 (o) -
(@=1)(@=2)(b—a)* " fP (a) = (= 1) (@=2) (@ =3) (b—a)* " f'(a) +

(75)
(@-1(a=2)(a=3)(a=4)(b-2)"" f(x) -

(@=1)(a=2)(a=3)(a—4)(b—a)*" f(a) +

15
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(Oé—1)(a—2)(Oé—3)(a—4)(a—5)/w(b—t)a76f(t)dt:1 (m) -

Next we observe that

—/ (b 1) 1O (1) di = (e / Co— 0t @ (1) =

_(b_a) a a
b
i {— b= 1 @+a [ 6-0 g <t>} -
b
p-a)" @ - s [ -0 g 0 = (76)

(b—a)* " f¥ (a) -

@ a=1 £(3) ' a=2 ;(2)
(b_a>{—<b—a> @+ =1 [ -0 <t>}=

. b
(b=a)* " U (a) +a(b-a) " 1 (a) - a(éa_ >1 | / (b—8)""df® (1) =

(b—a)* " fD(a) +ab-a)* P (a) -

B b
a(éa— )1 | {‘ (b—a)" 7 f* (@) + (o — 2>/ o (t)} )

(b—a)* ' fD () +ab-a)*? fD (@) +ala-1)(b—a)* P (a) -

ol (bl_)i) 2)/ (b—t)" " df' (t) =

(b=a)* " fP () +ab-a)* [P (@) +ala—1)(b-a)* " [P (a) -

ala-bla=2)]_ —a)* 7 f(a) + (a — P et -
b—a) {(b )7 (a) + ( 3)/@(19 t) df(t)}_

(b=a)* " P (@) +ab-a)? fO (@) +ala—1)(b-a)? fO () + (77)

ey gy cl@= D@ =2 (@=3) (7
ala—1)(a—2)(b-a) " f (a) i /a(b 0= d (¢)

= (b0 D (@) +alb-a) D (@) +ala - 1) b0 O (@) +
afa—1)(e—2)(a—3)

alo—1D(a=2)(b—a)**f (a) - b—a)
b
{—<b_a)“4f<a)+<a—4> / (b—t)“5f<t>dt}~ (78)
16
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We proved that

1 b ) ,
_m/ (b—t)” f(5) (t)dt =(b—a)*" f(4) (@) +a(b—a)® f(3) () +

ala=1)(b-a)* " [P (@) +a(a-1)(a=2) (b—a)* " f'(a) +

afa—1)(a=2)(a=3)(b—a) " f(a) - (79)

e [e-0 s = o),

We have
(£4) = (m1) + (m2) -
Therefore it holds

T (a) Jg (P (2,0) fO (8) = (b= 0)* 7 F) (a) + (80)
2(a—1)(b—a)* 7 fP (@) +3(a—1)(a—2)(b—a)* " f (a)
+(a—1)(a—2)(a=3)(a—4)(b—2)*""f(z)+
4a-1)(a=2)(a=3)(b—a)* " f(a)+
(o — 1)<a—2)(a—3)(a—4)(a—5)/ (b—t)*C f(t)adt

Cafa—1)(a-2)(a—3)(a—4) /b(b—t)“‘5f(t)dt~

(b—a)
We see that
clo-Dle D=9 [y s ya=
_Slaz (e sz_) (O; Gk /ab (b—1)*"" f(t)dt (81)
—(a1)(a2)((z_§’))(a4)(a5)[1b(b—t)“‘5f(t)dt.

We have . .
(=3 [[@-9
Jj=1 _ pa—5 — _j:1 .
—7(1) o /a (b—1) ft)dt 7(13 )

[/z«b—a)—<t—a>><b—t>“‘6f<t>dt—/ (=D b- " f (B | =

17
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5 T b
7H(a7j) V (bft)a*“f(t)dtf/ Py(z,t) (b—0)*"C f(t)dt|. (82)

Therefore it holds
ala—1(a—2)(a—3)(a—4)

/b (b— )" f (1) dt =

G0
Sa-D-2@-3a-1 [, .
_ — / (b— 67" f (1) di—
5 T 5 b
-0 [ ¢-0 s+ @5 [ Aaoe-0" @
= = (83)

Consequently we get
L) J (P (@.0) £9 () = (b—a)* /@ (@) +

2(a-1)(b-a)*" [P (@) +3(a-1)(a=2)(b-a)* " (a)
+a-1)(a-2)(a=3)(a=4) (b—2)""f (z) + (84)
4a-1)(a=2)(a=3)(b—a)" " f(a) -

5(a—1)(a—2)(a—3)(a—4) [° a5
— [ -0 rwa

5 b
+ H (a— j)/ Py (z,t) (b—t)*"° f (¢) dt.
j=1 a

So that
T (a) Jg (P (2,0) fO (0) = (b= )™ * £ () +
2@-1(b-a)* " @) +3@@-1)(@=2) (b-a)" " (a)
tla-1)(@-2)(a=3) (a4 b-2)"" f(@2)+ (85)
Ha=1(a@=2)(a=3)(b-a)""f(a) -

Sla-D(a=2)(a=3)(a-HT'(@x—=4) 44
(b* a) (Ja (f (b)))

+ ][ (@ =5 (a=5)J27° (Pr(a,b) f (b))

j=1

And finally we derive

[[a=Nb-2)""f(z)=—4(@-1)(a=2)(a@-3)(b—a)* " f(a) (86)

j=1

18
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—3(a—1)(a—2)(b—a)*"" f'(a)
~2(a—=1)(b—a)* > fP(a) = (b—a)** f®) (a) +

L () { C > o (e O)) = T8 (P, b) £ (0) + T3 (P () £ (b))} :

proving the claim. m

In general holds the following fractional representation formula

Theorem 6 Let @« > n, n € N, z € [a,b) fized, f : [a,b] — R n-times dif-
ferentiable, with f™) : [a,b] — R integrable on [a,b]. Assume fU) (x) = 0,
j=1,...n—1. Then

n—o n—2
fay=r {—(n— D[@-De-a""f@- 7
[I(a-5 =
n—3 n—4
(n=2) 1] (a=3) (b~ a)* " [ (a)=(n - 3) H (@—=5) (b—a)* """ f®) (a)
~n - ] (- )b O (@)
j=1
~(b=a)* S (@) + T (a) {b T (2T B) = Je T (P () £ (0)
+Jg (Pu(,b) £ @)
0
Aboveweassumethatn a—j)=1, andH a—j)=0ike{-1,-2,..}.

Also set £~ (a) := 0.

Proof. Based on Theorems 1-5. m
Theorems 1-5 are special cases of Theorem 6.
We give applications of Theorem 6 for n =6, 7.

Theorem 7 Let o > 6, x € [a,b) fized, [ : [a,b] — R siz times differentiable,
with £ : [a,b] — R integrable on [a,b]. Assume fU) (z) =0,j=1,...,5. Then

f(w)=(b_a{ 5T (o 0 £ (a) -

j=1

Jj=1

19
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ﬁ Y(b—a)* 7 f! 3f[ 7 (b—a)** @ (a) -

j=1 j=1
2(a~ 1) (b~ )" 9 (@) ~ (b~ 0)** /O (a) + (59)
P {52 (e ) = I (P £ o) + 72 (P 10 ) |

Theorem 8 Leta > 7, z € [a,b) fized, f : [a,b] — R seven times differentiable,
with f(7) : [a,b] — R integrable on [a,b]. Assume f9) (z) =0, j=1,...,6. Then

(b—z) > ) ot
fla) =3 ~6][(a=i)(b=-a)* " f (@)~ (89)
H(a—J) =t
4 3
H )(b—a)* S f H a—3)(b—a)* " f"(a)
H (b—a)* " f® (a) = 2(a—1) (b—a)** f*) (a)

+Jg (P (@,6) FO 1) )
We make

Remark 9 We rewrite (87) as follows:

B, (franz) = f (o) 4 =2 {(n— DT (o) (b—a)" Fa)+ (90)

[I (-3 =
n—3 n—4
(=2 [T (@~ - f @)+ -3 [[ (=) (0 -a)""* [P (a)
Jj=1 j=1
1:[ —a)* " O (@) 4 (b= a)* T D (a) +
{ - (F () + 727" (P (x,0) f <b>>}} -

20
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(b—2)"""T'(a)

n—1

I (-9
j=1
(b _ x)nfa
n—1
I (-4
j=1
We upper bound E,, (f,«,x), that is we upper bound the right hand side of (91).
Consequently we produce fractional Ostrowsk: type inequalities motivated by
[1] done there for n = 1.

Jo (Putw,b) £ (0) =

b
/ (b— )7 Py () £ (t) dt. (91)
Theorem 10 Let « > n, n € N, z € [a,b) fized, f : [a,b] — R n-times

differentiable, with f) : [a,b] — R integrable on [a,b]. Assume fU) (z) = 0,
j=1..,n—1, and ||f(”)HOO < 00. Then

15 lw—xW‘Wb—ma b-2)"  20-2)""
|E’ﬂ (f,Oé,.’II)| S 1 = - 5
n ala+1) ! (b—a)(a+1)
(= 3)

(92)
where Ey (f,a,x) as in (90).

Proof. We have that

(b _ x)n—a

I (-5
j=1

IR [ [0 eaas [ (b_wadt] S
(b—a) (H (a —j))

j=1

|En (fion2)] <

é?b—ﬂ“lpmawWﬂMuwﬁ<

(b _ .Z‘)OH_I

_xnfa (n) x
(b—2)"* [|F ] V (b_t)a—l((b_a)—(b—t))dt+a7+1

(b—a) (H (aﬁ)

(n) . n—o T T — X atl
£ ||oon(b1 ) l(ba)/a (b—t)a‘ldt—/a (bt)o‘dH(baﬁ;]
(b—a) (H (Oé—j))
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_aa _ma _aoc+1 _anrl
[(b_a)<(ba) _(ba) >_(boz—|—)1 +2(boc+)1 - (94)
G-a)" " fM [ 0= -2 20-2"

= - + = (95)
a@+D) @ [ G-0@+D
II -4
j=1
17l [(b—w” (b—0)* (-2 20-n""
n—1 a(a+1) o (b—a)(a+1)|"
II (a—24)
=1
[
Theorem 11 Let all as in Theorem 6. Then
n—o a—2
el R R ] Azl .
9 H (a —_7) 1([a,b])
j=1
(96)

Proof. We have that

71_77,—04 b L
=t (-0 1P w0

[T@-5"

[En (f, 0, 2)] <

£ (t)] < (97

(b—a)" " a2
b—a max{zr —a,b—=x (n) = 98
= (b—a) { Hll, = @9
a—]
j=1

(b*I)n_a a2 b7a+|a+b*21'| ' (n)

b— n .
n—1 ( a) 2 f L1 ([a,b])
[T (e=4
j=1
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Theorem 12 Let p,q,r > 1 such that % + % + % = 1. Let all as in Theorem 6,
but now ) € L, ([a,b]). Then

‘En (f?aax)‘ <
(b— )" (bh— a)a72+% (b— :c)qH +(z— a)q+1 7 £
ﬁ (a _ ]) (p (a - 1) + 1)% (q + 1) L~([a,b]) )
Jj=1
(99)
Proof. We have
n—a b :
|En (f, o, )| (9§7) 7(}11_#) </ (b_t)(a—l)pdt>
[Te-»|"
j=1
' q ; (n)
(/a |P1 (z,¢)] dt) ‘f Loles)) (100)
b—2)" | b-a) %
n—1 1
| bla=1)+1)7
(a =)
11

(/I(t—a)th+/b(b—t)th>iHf(n)

Lo(lab)
1 1
-2y | 0= (@-a oy £ _
oy (a_j) | @@=+ nr \ (g+1) (¢+1) Ly (fa.b))
a—j
j=1
1
b—o)" | - [o-o)™ +@—a))" Hﬂn)
’ﬁ( ) (p(a—1)+1)7 (¢+1) Lo(fa])
a—j
j=1
(101)
proving the claim. m
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1 Introduction

Let f : [a,b] — R be differentiable on [a,b], and f’ : [a,b] — R be integrable on
[a, b], then the following Montgomery identity holds [3]:

b b
f@) =5 [ f0ds [ P@oroa )

where P (z,t) is the Peano kernel

~

=2 a<t<ux,

P, = —a’ 2
s (1) {%% o 2)

o+ O

S|

The Riemann-Liouville integral operator of order o > 0 with anchor point a € R
is defined by

@)= s [ @0 @ (3)

JOf (x):= f(z), x€]la,b]. (4)
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Properties of the above operator can be found in [4].

When a = 1, J! reduces to the classical integral.

In [1] we proved the following fractional representation formula of Mont-
gomery identity type.

Theorem 1 Let f : [a,b] — R be differentiable on [a,b], and [’ : [a,b] — R be
integrable on [a,b], o > 1, x € [a,b). Then

f@) = (b— )T (a) {”(b) LT (P ) £ (8) + T (P (2.b) f <b>>}

b—a
()
When o =1 the last (5) reduces to classic Montgomery identity (1).

We may rewrite (5) as follows

b
f@) = (- [bl [ -0 ra-

b b
(a—l)/ (b—1)*"2 Py (2,t) f (t) dt+/ (b—t)*"" Py (x,t) f' () dt| . (6)

In this article based on (5), we establish a multivariate fractional represen-
tation formula for f(z), z € [[%, [a;,b;] C R™, and from there we derive an
interesting multivariate fractional Ostrowski type inequality.

2 Main Results

We make
Assumption 2 Let f € C* ([][%, [ai, bi]).

Assumption 3 Let f: ][~ [ai,b;] — R be measurable and bounded, such that
there exist aanj [T, [aibi] — R, and it is z;—integrable fqr allj =1,...,m.
Furthermore chfi (t1, ey biy i1y ey Ty ) it i integrable on H;Zl [a;,b;], for all

i =1,.,m, for any (Tit1, .., vm) € [1j; 41 laz, b5] .

Convention 4 We set

H-:l. (7)

. — . . -
Notation 5 Herex = 7 = (21,...,%m) € R™, m € N—{1}. Likewiset = t =
—
(t1, ..y tm), and d t = dtydts...dt,,. We denote the kernel

Pl(a:i,ti):{l;;_‘g;’ R (8)
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‘We need

Definition 6 (see [2]) Let [~ [a;,b;) CR™, m € N—{1}, a; < b;, a;,b; € R.
Let a > 0, f € Ly ([T~ [ai, b;]). We define the left mized Riemann-Liouville
fractional multiple integral of order a:

m

(I, f) (z) = T / / <1;[1( m) F oty ty) dty...dty,,

9

~

where x; € [a;,b;], i = 1,..,m, and © = (T1,...,Tm), & = (a1,..c; @), b

(b1, .y bm) -
We present the following multivariate fractional representation formula

Theorem 7 Let f as in Assumption 2 or Assumption 8, « > 1, x; € [a;,b;),
1=1,....,m. Then

(T (b — ) ™" (T (@)™

@ om) = ITZ, (b — )

(I3, f) (b) +

m

> A (@1, ) + Y Bi (21, T (10)
i=1 i=1

where fori=1,...,m:

(o) (M 0 —2))
A; (1:17 ...,LEm) = H;;ll (bj _ aj) /H;zl[aj,bj] o (bj - tj)
(11)

B (mh ...,xm) = (Hj_‘.l(lbj _fj)) /1_[;'1[111',17]'] ﬁ (bj - tj) ’ (12)

j=1

0
Py (z4,t;) e

Proof. By (6) we have

(tl, ...,ti,xH_l, ...,xm) dtldtg...dti.

by
f (@1, ) = (b — scl)l*a l 1 / (by — t1)a71 ft,ma, .y ) dty

by — a1 ay

by
—(a— 1)/ (b1 — tl)a_Q Py (z1,t1) f(t1, 22, .0, ) dby

ay
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b a—1 8f
+ (bl _tl) Pl (xhtl)aixl(tlvaM"vg:m)dtl 9 (]‘3)

1

and

C 1 bz o
f(t, 22, ) = (ba — 2)" le — / (by —t2)* " f (t1,t2, @3, .., Ty ) iy
as

ba
— (a — ].) / (bg — t2)a72 P1 (.’EQ,tQ) f (tl,tg,{L'g, ,(Em) dtg

a2

ba o B
+/ (bg —tg) 1P1 (.’172,t2>aii(tl,tg,l‘g,...,xm) dtz . (14)

2

We plug in (14) into (13). Hence

b1
f(xl,...,xm):(bl—atl)l_a[ L / (by — 1) (by — ) ™

by — a1 a1

1 b e
[ / (b2 _t2) 1f(t1,t27$3,...,$m)dt2

by — as as

ba
—(a— 1)/ (by = t2)*7* Py (w2, t2) f (t1, b2, @3, .., T ity (15)

a2

b2 a—1 8f
+/ (ba —t2)" " Py (x2,12) Des (t1,t2, T3, .0y Ty ) dita | dts
a T2

2

by
— (a — ].) / (b1 — tl)a72 P1 (.’bl,tl) f (tl,{L'Q, veoy Z’m) dtl

a1
b a—1 8f
+ (b1 —t1> P (.’L‘l,t1> 7(9 (tl,.’L‘g,...,.’L‘m) dti| .
a 1"1
That is we have so far

(b =) (be — xQ)lia.
f@y, e am) = (b1 —a1) (b2 — a2)

b1 ba
/ / (bl —tl)ail (bg —tz)ailf(tl,tg,afg,,...,xm) dtldtg— (16)

al as
(= 1) (by — 1) "% (by — )" ™
(b1 —a1)
b b 1 1
/ / (by —t1)* " (b2 — t2)" " Pi (w2, t2) f (t1,t2, T3, ..., Tuy) dt1dbo
aq ag
4
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(bl _ xl)lfa (b2 . xg)lia '
(b1 — a1)

b b2 a—1 a—1 af
/ / (bl —tl) (b2 —tg) P1 ($2,t2)aim(thtz,l’g,...,mm) dtldtg
b1

— (OZ — 1) (b1 — l‘l)lia/ (bl — tl)aiz P1 ({,131,151) f (151,%‘27 ...7.’L‘m) dtl

1

-« b a—1 a.f
+(b1 71‘1) / (blffl) P1 (ml,tl)7(t1,$2,...,l‘m)dt1.

a1 81'1
Call
A1 (.’El, ,.’Em) = — (O[ — 1) (bl — .’El)lia .
by
/ (b — 1) 2 Py (21, 81) (b1, @, oy ) (17)
Bl (1‘1, 7zm) = (bl - xl)l_
b
1 o 9
/ (by —t)* ' Py (xlatl)aixfl(tlaz%---amm)dtla (18)

(@1 (b —a1) " (b —w2) "

A2 ($1,$2,...,$m) = (bl _ al)

by bo
/ / (b1 — tl)a_l (b2 — t2)a_1 Py (z2,t2) f (t1,t2, T3, ..., ) dtydta,

1 az

and ) )
(b1 —21) " (b =) ™
By (21,22, ..., ) i= . 20
2( 1,42 ) (bl — 0}1) ( )

b b2 a—1 a—1 af
/ / (b1 —t1)" (b2 —t2)" " Py (wa,t2) 7 (t1,t2, 03, ..., Ty ) dlrdts.
a1 as 8.’1,'2

We rewrite (16) as follows

(b1 — 1) (b2 — fﬂz))ka,

@y, om) = (b1 — a1) (b2 — a9)

b1 bz
/ / ((by — t1) (b — t2))* " f (t1, b2, @3, ..., &) dbydbo+ (21)

A2 (1‘1, ,{Em) + B2 (171, ceey l‘m) + Al (l‘l, ,LEm) + B1 (IEl, veey l‘m) .

We continue with

by —x3) 7Y [P o
f(t17t27x37"'7xm) (:) (3()73)/ (b3 _t3) 1f(t17t23t33x47"'7x7n) dt3
3 — as as
b)
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b3

—(a—1) (b3 — $3)17a/ (b — t3)* 7% Py (3, t3) f (t1, bo, b3, Ta, oy ) dits
a
3 (22)

bs )
+ (bg — xg)lfa/ (b3 — t3)* " Py (w3,t3) ai (t1,to, ts, T4, oo, T ) dis.
as €T3

Next plug (22) into (21). Hence it holds

(b1 — 21) (by — x2) (b3 — xg))lfa.

f(;yh...,a?m) = (b1 —aq) (ba — az) (bs — as)

b1 bo b3
/ / / ((bl —tl)(bg —tg) (bg —tg))ailf(tl,tg,t3,$4,...,$m) dtldtgdtg
al a as

(@ —1) (b = 21) (bz — @) (b — w3))' ™
(b1 — a1) (bz — a2)

/ab /b /abs (b1 = t1) (b — £2))* 7" (bs — t3)* > Py (w3, t3)

f (tl, tg, t3, Lhyoeny Hl‘m) dtldtgdtg

((by — 1) (b2 — ) (bs — 73)) ™
(b1 — al) (b2 - a2)

LTATLT«@_nﬂm_mﬂ@—mnwﬁﬂ@%ﬁy

0
% (t1, tQ, t3, Lhy ey $m) dt1dt2dt3
3

+A1 (171, ceey l‘m) + A2 (l‘l, ,LEm) + B1 (IL‘l, ceey Im) + BQ (1‘1, ,IL‘m) .

(23)

Call )
(= 1) ((by — x1) (by — w2) (b3 —x3))
A ey Ty) = — . 24
3(T1, s Tin) B —an) (b — a) (24)
by ba bs L )
L[] =t e 0= 1) Py )
f(t17t27t37x4,--~717m) dtldt2dt3a
and

(b1 = @1) (bo — w2) (by — w3))' ™"
(b1 — a1) (b2 — az)

/b /b /b ((br = 1) (b2 — t2) (b3 — £2))" " Py (wa, ta)
0

/
D (t1,t2,t3, T4, ..o, Tiy) dty dladts.
3

Bs (21, ..oy Tyy) = (25)
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Thus we have proved

(Hf:l (b — mz’))l_a.
15, (b — a)

3 a—1
/ , (H (bi — tz)) [t ta,t3, T4, oy ) dtrdtadts +
?_1las,bi]

f (.Z‘l, ...,.137”) =

i=1 i=1
3

3
ST A @1, ) + S Bi (@1 @) (26)
=1 =1

Working similarly we finally obtain the fractional representation formula

T (b —w)) u TN o
L R | Tl S (H(b”“’> (1)

i=

m

+ZAZ ($17~-~7xm)+ZBi (1‘1,...,$m). (27)

i=1
The proof of the theorem is now completed. m
We make

Remark 8 Let f € C* (TT1%, [ai,bi]), a« > 1, z; € [a;,b;), i = 1,...,m. Denote
by

IFIRY = sup  [f(2)]. (28)
z€[T7Z, [ai,bi]

We observe that

(I by~ )
(12) j=1\05 — T3
B @1, wm)| < g s [To-t] -
1= (b —aj) [Ti—ilasbs] \ =1
(29)
sup

of

Py (x,t; ...dt;
‘ 1($l,tl)|dt1 dtl) 81'2

oo

of

. 11—« sup
(w5 —2) |22 (i g
T (b —a)) H/aj (bj —t;)" " dt;

j=1

b;
(/ (bi — £V Py (30, 12)] dti> _ (30)

i

(5o 0 —29) [ 2] (230, - a))”
(bi — a;) [T, (b — a)) P
7
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0 i

l/x (bi — )7  (t; — a;) dt; + /bi (b — ;)" (bi — ;) dti‘| =

|22 (- "’;Z_”?ii ] ai()n;n t-a))" a
[/al (bs — )" [(bi — @) = (b — ta)] dt; + (bi;f_i)laﬂ =
‘%m ( alll?, ( ;1 _aj)) ' (32)
l(bi — a;) :(bl _ozal) } = ;il 1a+1 = o fll)aﬂl -
‘ oL zp (H§:1 (b; —xj))li (H}:l (b; %))ail
a1 (b — ay)
l(b o 1)+1 e URTIL _axi)a] (33)
We have proved for i =1,...,m, that
|B; (21, .0, t)| < ’ a% = (H§=1 e mZ?—l (H;;ll - aj))
(bi —a;)” (bi — i) (b —@)”
[a(a—&-l)Jr(ch—&-l)(bi—ai) o ] (34)

We have established the following multivariate fractional Ostrowski type
inequality.

Theorem 9 Let f € C' ([[\%, [ai, b)), @ > 1, z; € [a;,b;), i = 1,...,m. Then

|f (@1, 0y Tm) — (ITiZy (b — ?{)}il (bfr_(zl))) (181 f) (b) _ ;AZ— (1,0 )
o [ (e e =) (I - )™
(bl — ai)a 2 (bt — .Z‘i)a+1 _ (bl — x,-)a
[a(a—kl)—i—(a—kl)(bi—ai) o H (35)
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1 Introduction

Let f : [a,b] — R be differentiable on [a,b], and f' : [a,b] — R be integrable
on [a,b]. Suppose now that w : [a,b] — [0,00) is some probability density
function, i.e. it is a nonnegative integrable function satisfying f; w(t)dt =1,
and W (t) = fiw(x)dz for ¢t € [a,b], W(t) =0 fort < aand W (¢) =1 for
t > b. Then, the following identity (Pecari¢, [5]) is the weighted generalization
of the Montgomery identity ([4])

b b

@)= [worwas [ Po@oroa 1)

where the weighted Peano Kernel is

Wi(t), a<t<ux,
= 2
P (@,1) {W(t)—l, v <t<b 2)
In [1] we proved
1
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Theorem 1 Let w : [a,b] — [0,00) be a probability density function, i.e.
f;)w(t)dt =1, and set W (t) = fatw(m)dx fora <t <b, W(t) =0 for
t<aand W({t)=1fort >b a>1, and f is as in (1). Then the gen-
eralization of the weighted Montgomery identity for fractional integrals is the
following

fla)=(b—a)""T () J (w(b) f (b)) -
JeH(Qu (2,0) f (1) + I3 (Qu (2,b) £ (b)), ®3)
where the weighted fractional Peano Kernel is

-2 T@W @, a<t<a,
Qm’”"{(bw)“‘rm)(W(t)1>, r<t<b @

ie. Qu(z,t)=(b—) "I () Py (2,1).

When a = 1 then the weighted generalization of the Montgomery iden-
tity for fractional integrals in (3) reduces to the weighted generalization of the
Montgomery identity for integrals in (1).

So for e > 1 and z € [a,b) we can rewrite (3) as follows

b
f@)=(b—z)" / (b— 1) w (1) £ () di—

b

-0 [ b= Pt ] (@ der (5)

a

b
(b—x)““/ (b— 1) Py (2,8) () dt.

In this article based on (5), we establish a multivariate weighted general
fractional representation formula for f (z), z € [[", [ai,b;] C R™, and from
there we derive an interesting multivariate weighted fractional Ostrowski type
inequality. We finish with an application.

2 Main Results
We make
Assumption 2 Let f € C' (T[T, [ai, bi]) .

Assumption 3 Let f: [~ [ai,b;] — R be measurable and bounded, such that
there exist BBTJ; cTT2 laibi) — R, and it is x;-integrable for all j = 1,...,m.
Furthermore % (t1y ey tiy i1y oy Ty ) 0t 48 integrable on H;‘:1 [a;,b;], for all

i=1,...m, for any (Tix1,...,Tm) € H;"':Hl [a;,b;].
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Convention 4 We set

=1 (6)

0

j=

Notation 5 Here v = T = (x1,...,%,) € R™, m € N — {1}. Likewise t =
—

T = (t1, .y tm), and d t = dt1dts...dt,,. Here w;, W; correspond to [a;,b;],

1=1,....,m, and are as w, W of Theorem 1.

‘We need

Definition 6 (see [2] and [3]) Let T~ [a;,b;] C R™, m € N — {1}, a; < b;,
ai,bi € R. Let >0, f € Ly (IT%, [ai, bs]). We define the left mized Riemann-
Liowville fractional multiple integral of order o

(12, ) (z) :(r(i))m// <}_1(xi—ti)> £ty s ton) dtyedt,
(7

7

~—

where ©; € [a;,b], i = 1,...,m, and x = (z1,...,Zm), & = (a1,....am), b
(bla"'abm)'

We present the following multivariate weighted fractional representation for-
mula

Theorem 7 Let [ as in Assumption 2 or Assumption 8, « > 1, x; € [a;,b;),
i =1,....m. Here P,, corresponds to |a;,b;], i = 1,...,m, and it is as in (2).
The probability density function w; is assumed to be bounded for all j =1, ..., m.
Then

11—
m

f (@1 zm) = | J] (65 —25) (@)™ (Lo ( TTwi | 1] ®)+
j=1

j=1
m m
ZAl (.Tl,...,.lj‘,,L)—FZBi (xl,...,xm), (8)
i=1 i=1
where fori=1,...,m:

. -« . a—1
7 i—1

A (1,00 ) o= — (= 1) [ [ (b5 — ;) / _ (b; —t5)
j=1 [T=1las:b5) \ j=1

(9)

i—1
(bz —ﬁi)a72 ij (ﬁj) Pwi (xi7ti)f(t17...7ti,xi+1,...,xm) dﬁl...dti,
j=1
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and

Bi Llyeery Ty ) = bj—iCj bj—tj . 10
(@1, ) (H( >) [ (H( >> (10)

Jj= Jj=1

i—1 af
H wj (t;) | Puw,; (wi,t:) D (B1s oo biy Tig 1y ooy Tp) byt
=1 '

Proof. We have that

by
5 —a a—
f({El,Q?Q,...,;L'm) (:) (bl —:El)l / (b1 —tl) lwl (tl)f(tl,xg,...,l'm)dtl—l-
a

1

A1 (Z1, ooy ) + B1 (21, ooy Tin) (11)
where
b1
Ay (@1, ) = — (= 1) (by — 1) / (by —t1)* > (12)
Py, (x1,t1) [ (1,22, ooy ) dtq,
and by
By (21,0 @py) i= (by — 1) " /a1 (b1 —t1)* " (13)

0
Pw1 (xl,tl) 873'3]01 (tl,iL'Q, veey (Em) dtl.

Similarly it holds
®)

ba
[t @, ., xm) = (b2 —xz)l_a/ (by — t2)* " wy (ta) f (t1, b2, T3, oovy ) dto
a2

ba
— (a — 1) (bg — x2)1—a / (bg — tg)a_Q sz (.732, tQ) f (tl, to, T3, ..., Qfm) dto+

as

b
o [ o 0
(b2 —(,Cg)l / (bg —tg) 1PU,2 (;Cg,tg) 781{2 (t17t27$3,...71‘m) dtz. (14)

Next we plug (14) into (11).
We get
F @1y @m) = (b1 — z1) (by — 22))' 7%

bl b2

/ / ((bl —tl) (bg _t2))a—1w1 (tl)’wg (tg)f(tl,tg,l‘g,...,xm) dt1dt2+
1 2 (15)
A2 (.Z‘l, -~-am'm) + B2 (331, ceey xm) + Al (.731, -~-ax'rn) + Bl (.Z‘1, ceey xm) )
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where
Ag (1,0 T) 1= — (o — 1) ((by — 1) (by — x2)) - (16)

by bo
/ / (by — t1)* " (by — t2)* 2wy (t1) Puy (2, t2) f (t1, b2, 23, ..oy ) dby dis,

Bo (21, oy ) i= ((by — 1) (by — 22)) 7 (17)

b b
1 2 o o
/ / ((bl — tl) (b2 — tg)) 1 w1 (tl) ng ({EQ,tQ) 783'3]; (tl,t271'3, ,iL'm) dtldtg.

We continue as above.
We also have

5 Cw
[t ta, 23,0, 00m) © (bs — x3)" -

b3
/ (b3 —tg)ail w3 (tg)f(tl,tg,t3,1'4,...,$m) dt3

b3
— (a — 1) (b3 - $3)1_a/ (b3 — t3)a_2 Pw3 ($3,t3) f (t17t27t3,$4, ...,l‘m) dtg

' (18)
11—« bs a—1 8f
+ (b — x3) / (b3 —t3)" " Puy, (x3,t3) = (t1,t2,t3, %4, ..., Ty ) di3.
as (9273
We plug (18) into (15

3 11—« 3 a—1
Llyeeey Ty ) = bj—xj b —t .
il ) (H( )) /H M}(H )

j=1

15). Therefore it holds

3
H'UJ7 (t_]) f(t17t27t37x47“'7xm) dtldt2dt3+
=1

Az (21, 000y ) o= — (@ = 1) [ ] (b5 — ;) /1‘1 H (b — ;)

71[

(20)

(b3 — t3)" Hw] Py (23,t3) f (1, t2, 3, T4, .. T) dbrdtadts,
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and
11— a—1
3 3
B3 (371, ,ZBm) = H (b7 — J}j) / . H (b7 — t_]) . (21)
j=1 H] 1la;,b; Jj=1
0
H wj w3 (1‘3, tg) a;; (tl, tz, t3, Ly eeey I’m) dtldtgdtg.

Continuing similarly we finally obtain

11—«
f (1, ... H (b — z;)
m a-l m
/ 1T @ -t 1w @) | f (7) dt
Tealasbi] \ =1 j=1
+ZA T1yeey T +ZB 1y ey Tm) s (22)
i=1

that is proving the claim. =
We make

Remark 8 Let f € C* (TT2, [ai,bi]), @ > 1, z; € [a;,b;), i = 1,...,m. Denote

by
IR = sup  [f(2)]. (23)
IGH?:ﬂanbi]
From (2) we get that
W(z), a<t<ux,
P) 9 S
[P (2, )] {I—W(az), x<t§b}
142 -1
< max {W (z),1 - W (z)} = % (24)
That is Lo oW )
|P,, (z,t)] < w, (25)
for all t € [a,b], where x € [a,b] is fized.
Consequently it holds
14+ 2W; (z;) — 1
| P, (z4,t3)] < * 22(%) |, i=1,...m (26)
Assume here that
w; (tj)<Kj, (27)
6
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for all t; € [aj,b;], where K; >0, j =1,.
Therefore we derive

e’
i—1
|B; (21, -y T (H (bj — ;) HKJ
-1 j=1
of

<1+ 2Wi () — 1> ’ :H </b (b —tj)“dtj> : (28)

Ox; -5\ Ja,
That is
11—« .
Z—, b _ \Q 7—1
1B; (1, .y )| < H by — ;) (W) HKj
j=1 Jj=1
14 2W; (z;) — 1 of |I°*?

foralli=1,...m

Based on the above and Theorem 7 we have established the following mul-
tivariate weighted fractional Ostrowski type inequality.

Theorem 9 Let f € C* ([[12, [a:i,bi]), @ > 1, z; € [a;,b;), i = 1,...,m. Here
P, corresponds to [a;,b;], i = 1,...,m, and it is as in (2). Assume that w; (t;) <
Kj, for allt; € [aj,b;], where Kj >0, j =1,....,m. And A; (21, ...,2,) is as in
(9),i=1,....,m. Then

-«

f@y )= ([T®; =) | @)™ {12 | []wi
j=1 j=1
m m i B i‘_ bj — a; «
—ZAi(fh s Tn) SZ H(bj_xj) (HJI(Oﬂ)>
i=1 i=1 j=1

sup

i—lK. <1+|2Wi(xi)—1|>’8f

o0

3 Application

Here we operate on [0,1]™, m € N — {1}. We notice that
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and
—XT

€ <
l—e1 7 1—-e"

So here we choose as w; the probability density function

T, for all z € [0,1]. (32)

wj (t) = =1 (33)
j=1,..,m, t; €[0,1].
So we have the corrsponding W; as
. 1—et
Wi(ty) = 11 i€ [0,1], (34)
and the corresponding P, as
e’ <t < g
Py Gapt) = S, VR = (35)
’ e
j=1..,m.
— —
Set 0 =(0,...,0) and 1 = (1,...,1).
First we apply Theorem 7.
We have
Theorem 10 Let f € C*([0,1]™), a > 1, x; € [0,1), i = 1,....m. Then
l-«
i I (OZ) m - _ym ) —
fm = (TT0-2) )  (F22) (15, (¢« =0r0)) (7)
j=1
(36)
+ ZA;k (@1, s ) + Z B} (z1, .y Tm) ,
i=1 i=1
where fori=1,....m:
. l-a . a—1
. (Ck o 1) i i—1
(I1—e1) iy .1 \ ;=
v (37)
(1 - ti)a_2 e Z;;i ti P{;Z (.Ti, ti) f (tl, ceey ti, Lijd1yeeey Z‘m) dtl...dti,
and
(M —2)
L (l—x; ) i
Jj=1 J
Bl (1, .y T := — / (1—1t;) . (38)
(1—e ™" Jpay ]1;[1 ’

i—1 0
e =1 tj P{ZY (xuti) % (tl, ...,ti,xi_,_l, ...,IHL) dtldt7
i

Above we set E?:l -=0.
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Finally we apply Theorem 9.

Theorem 11 Let f € C* ([0,1]™), @« > 1, z; € [0,1), i = 1,...,m. Here P} s
as in (35) and Al (x1,...,xm) as in (37),i=1,...,m. Then

S @1, zm) — ﬁ (1 =) (111(:{31)7“ (I%+ (ei Zgn:ltjf('))) (T>
j=1
) (39)
m m H;:l (1 x])
_ZA;‘ (T1, ey Tin) SZ ( 0/1(1—6_1)21
i=1 i=1
<1+|2W;‘2(xi) - 1|) ng :’}
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Abstract

Using the harmonic polynomials representation formula due to Dedic,
Pecaric and Ujevic [5], we establish Ostrowski and Griiss type inequalities
involving several functions. The estimates are with respect all norms ||| ,,
1 < p < o0, and also take into account the s-convexity and s-concavity in
the second sense of the involved functions.
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1 Introduction
The following results motivate our work.

Theorem 1 (1938, Ostrowski [11]) Let f : [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),
i.e, If/152F == sup |f'(t)| < +oo. Then

te(a,b)

1 (Z‘ — aTb)z . /||Sup
Ly (b)] -l ()

for any x € [a,b]. The constant i 18 the best possible.

<

b
[ 0t

Theorem 2 (1935, Griiss [9]) Let f,g be integrable functions from [a,b] into
R, that satisfy the conditions

m< fx) <M, n<g(z)<N, z¢€lab],
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where m, M,n, N € R. Then

_a/ f@ dx< _a/ Iz )(b_a/bg(:r)dx>|

(M —m) (N —n). (2)

pM»—*

Theorem 3 (1998, Dragomir and Wang [7]) Let f : [a,b] — R is absolutely
continuous function with f' € Ly, ([a,b]), p>1, 5+ ¢ =1, = € [a,b]. Then

1 b
‘f(:r)—b_a/a (e d] <
v\ b 2\ 7! 7
(=) (=)

1
(b—a)[lf1,- (3)
Ostrowski type inequalities are very useful in Numerical Analysis.

1
(q+1)

Theorem 4 (1882, Cebysev [3]) Let f,g : [a,b] — R absolutely continuous
functions with f',¢g" € L ([a,b]). Then

e dx_(b/f )( a/;gwx)‘

1 2 / /
< 55 6= 1 1 9l @

Above is also assumed that the involved integrals exist.

Griiss type inequalities are very useful in Probability.

We are also biggly inspired by the great work of B.G. Pachpatte, see [12],
[13], [14].

So here we produce Ostrowski and Griiss type inequalities for several func-
tions, acting to all possible directions, including s-convexity and s-concavity in
the second sense complete study. Our results are univariate.

2 Background
Let (Py,),cy be a harmonic sequence of polynomials, that is P, = P,_1, n > 1,

Py = 1. Furthermore, let [a,b] C R, a # b, and h : [a,b] — R be such that A=)
is absolutely continuous function for some fixed n > 1. We use the notation

Lo [h(z)] = % h(z) + i (—1)* Py (2) k™ () +
k=1
2
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n—1 k
-1)"(n—k
(y)MMWW@a@W”ML
—a
k=1
x € [a,b], for convinience.
For n =1 the above sums are defined to be zero, that is Ly [h (z)] = h(z).

Dedic, Pecaric and Ujevic, see [5], [4], established the following identity,

b n+1 b
Lolh(@)] - — / hydr = =D / Py () q (@ t) h™ (B dt,  (6)

Cb—a n(b—a)
where
_ft—a, ifte]a,x],
Q(x’t)_{t—b, ift € (,b], 7€t @
(t—=z)F

For the harmonic sequence of polynomials Py (t) = 57—, k& > 0, the identity
(6) reduces to the Fink identity in [8], (see also [5], p. 177).

3 Main Results

We present our first main result, a set of very general Ostrowski type inequalities
involving several functions.

Theorem 5 Let nj € N, j = 1,..,r € N—{1}, ny < ny < ... < n, and

fj :la,b] = R be such that f}nj_l) is absolutely continuous function. Denote

T T b
Sl(f1>~-~7fr)::Z Hfi(x) Lnj[fj(:c)]—ﬁ/ fi@del|, (8)
=\
T T b
S0 (v ) = H%mwlmmm%ﬁJﬁ@ﬂ,
=\ “
9)
x € [a,b]. Then
1)
11 Ja+b—2a]
[S1 (f1, .. fr)] < ;1 [2 + Q(b—a)} :
SO (T @1 1P |57 | ] (10)
=\
and

11 Ja+b— 2z
%mwmmmbwaw.
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f(”]

Ll KHL [fi (= )Pnj 1l [ab]‘ ,[a’b]”, (11)
i#£]

2) letp; >1: Z?jzl p%j =1, with f;nj) € Ly, ([a,b]), j =1,...,r, it holds

|Sl (fl, ,fr)| < ﬁ |:Z |:(H |f‘ ) Hpnj_allj,[a,b]

i7#]j

1

= (=2 + (@ —a (12)
J p3j7[a)b] p2] + 1 ’
and
1 T
|S2 (fl,...,fr)| < W |:Z |:(HL fz ) HPn7 1||p1J,[a,b]
=1 i#£]
e (b—2)™ ™ 4 (@ =0T\ (13)
! Pp3ja;b] p2; +1 ’

3) assuming f;n'j) € Lo ([a,0]), 5 =1,...,7, we get

— 2 r—a ?
151 (f1, oo fr)] < <(b Qn)l (Jg(a) : )
w,[ayb]” , (14)

{Z {(Hfz (1‘)) ||P”J'_1Hoo,[a,b] ) f;
=
e

1S5 (f1s s )] < ((b—x) +(z—a) )
Lo [f5 ()] = lf] (z) + Z (—1)* P, () fj(k) (2) +

nj)

and

n])

{E{LIIL [fi (= )Pm 1H [ab])

2n1 (b —a)
Proof. For j =1,...,r, 7 € N— {1}, we have
k=1

4
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Y L0 =B p ) 6 @) - P ) £ (b)ﬂ . (6)
k=1
and
nJ+1
Ln; [fj (= / fi(t = / P, 1 (t)q(z,t f(nj (t) dt.
(17)
Hence it holds
(Hfz ) [ s U (@) = / £t dt] (18)
1#£]

n;+1 b
(Hfz ) [(1(3_(1)/ P11 (1) q (=, t)f("’)( )dt] , forall j=1,..,7

i#£]
Therefore by addition of (18), we derive the identity

g [f) 2 ]
j=1 i=1
i#£]
_j:1 i:lfzx n; (b—a) -1 (t) q(z,t) f
i#]

Similarly we produce the identity

So (fis s {HL [fi (z ) n, Lfj (2 —/ fi(t dt”

#J

(20)
= - ( 1)n e (ny)
17'5J
Consequently we have
‘Sl (flw"vff‘)‘ <

|:(Hfz (1')) [ / |Pn] |‘q x, t (TLJ)( )dt]] ’ (21)
j=1 | \i=1
i#j

)
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and

‘52 (f17"'7f7“)‘ <

3

r b
[T 1L 1 @) [n(bl_) / [Py 1 ()] la (2, 0)] | £ )] dt]

J=1 =1
1#]

(22)
Furthermore it holds

151 (f1, 0 fr)] <

T T

’|P”j*1||oo,[a,b] b (nj)
[17: @) [n(b_) [ il (t)(dt] L@

j=1 i=

i#j
and
1S2 (f1, s fr)| <
. . ||P”.7‘*1||oo,[a,b] b (nj)
STz el | | =t [Clatenl [0 @) | (20
— s J a
=N
Since b b9
0, 0)] < max (@ — a,b ) = L OTOHEDZ2A o)
we get
1S1 (f1s s fr)|
r f[|f - ||Pn.7‘—1||oo,[a,b] (b—a)+|a+b— 2z f(nj)
— || ’ n;j (b—a) 2 7l e | |
LN
(26)
and
1S2 (f1, fr)| <
(« 1Pt 6~ .
‘ i—Uloo,fab] [(0—a)+]a+b—2z[] | ,(ny)
j=1 il;[lle[fZ(x)H [ n; (b—a) [ 2 Hfj 1,[ab]
i#j
(27)

Let now piy > 1: Y3,y -- = 1, with £ € L, ([a,8]), j = 1,...,7
Hence, by Holder inequality for three functions, it holds

/ab | Po—1 (8)] g (z,1)] ‘fj(”j) (t)‘ it <

1Py =1l ot < / lq (. )P dt)

6

f](nj)

P3;j,[a,b]
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(n5)
J

ol (L )
;= 4p1j,la,b)]

p2; +1 paj.lab]

Consequently we derive

1
st < 3| [T [W||Pnj-1um,[a>b] )

Ps]‘,[a’b]] ] ’

175J
1
{nj (b—a) HP”J'_Ilej,[a,b] (

ﬁj (nj)
,nj .
f] p3;,[a,b]

Assuming that f;nj) € Ly ([a,0]), 5=1,...,r, we find

f(”])

(b _ x)pzﬂrl + ({E a)pgfrl
p2; +1

and

|82 (f1s s Fr)l < H | L [fi (2)]] 30)

o
& =3
vl 5
L
N~ N—— v

(b _ x)m.ﬂrl + (z _ a)P2.1+1
p2; +1

5 e 3 || T8 | [ 1t 0D

j=1 i=1
1#£j

((b— x)2 + (z— a)2>H
00, [a,b] 2 ’

2 e £ 3 || TTEw U@ | | pmay Pl G2
=1 J

((b 2)? + (z — a)2>H
00,[a,b] 2 ’

The proof of the theorem is now complete. m
We need

i

and

i
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Definition 6 (/10]) A function f : R = [0,00) — R is said to be s-conver in
the second sense if

fOz+1=Ny) <Nf(@)+(1-N)"f(y), (33)
for all z,y € [0,00), A € [0,1] and for some fized s € (0, 1].

When s = 1, s-convexity in the second sense reduces to ordinary convexity.
If 7>” holds in (33), we talk about s-concavity in the second sense.
We also need

Definition 7 (see also [1]) Let I be a subinterval of Ry and f : I — (0,00).
We call f s-logarithmically convex (s-log-convex) in the second sense, iff logf(z)
18 s-convex in the second sense, iff

FOe+(1=Ny) < (f @) (Fo)" ™, (34)
forall z,y € I, A € [0,1] and for some fized s € (0, 1].

When s = 1, s-log-convexity in the second sense reduces to usual log-
convexity.

If 7>” holds in (34), we talk about s-log-concavity in the second sense.

We also need the s-convex Hadamard’s inequality.

Theorem 8 (/6]) Suppose that f : [0,00) — [0,00) is an s-convex function in
the second sense, where s € (0,1] and let a,b € [0,00), a < b. If f € L1 ([a,b]),

then .
_ a+b 1 f(a)+ f(b)
P < der < ————~~, 3
H(*50) <52 [ twae s L9 (35)
The constant K = ?11 is the best possible in the second inequality (35). The

above inequalities are sharp.

Next we present general Ostrowski type inequalities for several functions
under s-convexity and s-concavity in the second sense.

Theorem 9 Same terms and assumptions as in Theorem 5. Assume that a >

1) Suppose )f;nj)
x € [a,b], j=1,...,7. Then

is s-convez in the second sense and ‘f;nj) (x)‘ < Mj,

(b—a)| 2 (b—2)"" + (x—a)t?
|‘S’1 (fl)"'?f’l')| S n 8+2 < (b— a)s+2 > -
1 ((b—2) + (@ —a)"! 2
s+1 (b—a) ™ TEFD s+
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Z H|fi ()] HPnrlHoo,[a,b] M1l (36)
=\&
and " »
(b—a)| 2 (b—2)""" +(z—a)’
|SQ (fl,---,fr)| < n s+ 2 ( (b_a)s+2 > -
1 (=2 + (@ —a)"! N 2
s+1 (b—a)" (s+1)(s+2)
Z H|an [fi (2)]| HPnj_lHoo’[a’b] M; ) (37)
=1\a
z € [a,b].

2) Let p; > 1: Zf’jzl i =1, with f;"j) € Ly, ([a,b]), j =1,...,7.

is s-convex in the second sense, and ‘f;”") (3;)’ <
Mj; .7 = 17'-~7T7 x € [a,b] . Then

2i) Assume again ‘f;nj)

r

51 1o S < ey |30 || TEV @ | 121l

=l
_ ﬁ b2+l _ \p2;+1 ﬁ
M, ( b—a ) (b— ) +(z—a) ’ (38)
p3js +1 p2j +1
and
2 T T
12 (f1s e fr)| < mb—a) Z | |Ln, [fi (2)]| HP"J'*1’|p1_7»,[a,b]
j=1 i=1
i#£j
_ % _ \P2itl _ \p2;+1 i
M; ( boo ) o)™ tlx—a) . (39)
p3js+1 p2; +1
P35

2ii) Assume that ‘fj(nj) is s-convex in the second sense, and ‘f;nj) (w)‘ <
M;,j=1,..,r, z €[a,b]. Then

T T

‘Sl (flv 7f7")‘ <

1
o |2 _ | fi (z)] ||P"j_1||p1j7[a7b]
Jj=1 72:1

#J
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275 M, (b~ ) (b— )" 4 (- a) (40)
(s+1)7 p2j+1 ’

and

T

1
|52(f1,...,f,.)\§n—1 > H|L,h Lo @M | 1Pyl oy
j=1 =1
l#]
275 M, (b— ) (b— )" 4 (- a) m
(s+ 1) p2j t1

2iit) Assume that ’f na) |7 is s-concave in the second sense. Then

T

‘Sl (f17' 7f’r)‘ < ni Z H|fl (.’IJ)| HPn771||le [a,b]

=11 \i=1
1#]

(nj) (a+b 2 (=) (@ -t Baj
fj <2)‘(b—a) ; ( P ()

s—1
273

and
1 T T
|S2 (f17~ afT)‘ < — n Zl ];E'Lm [fl (x)]l HPnJ‘71||;D1j7[a,b]
LN
2+ 1 p2j+1 ﬁ
s | ny) (a+b Lo ((b—a)" T 4+ (x—a)™ ’
9wz | £ [ 222V ) Pay . (43
J; ( 2 )‘( 2 ( p2;+1 )

Proof. Asin (23) and (24) we have that

1

ISt (f1sens fr) < mh—a)

T b
LT @ | 1Pn il oy [ oGl |17 @) ae] | a)
i#] ’

and
1

|S2 (f17 7fr)| < m'

10
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{ KHL it )Pn] 1l [ab/lqwt ””<>1d”. (45)
= 1;]

Set .
p(z,t) = {Zv_tl,e EO;TZQ_)Z: 1} . (46)

In [2], for A € [0,1], we proved that
gz, a+(1—=XA)b)=(a—b)p(x,)N), (47)

that is
g (2, Aa+ (1= A)b)| = (b—a)lp(z,N)|. (48)

/abqu,t)

(b—a)/o g (2 ha+ (1—\)b)

(b—a)? / p (2, \)

We notice under the assumption that ‘ f;nj)

f;n'j) (x)‘ < Mj, = € [a,b], that

One can write

1M (1)) de = (49)

(nj) (48)
; (/\a+(1—)\)b)‘d/\ =

£ (Aa+ (1= A) b)’ X =: (). (50)

is s-convex in the second sense and

®<b-a® [ p@ol (¥
0

1" @)+ (=

)< )

M (b—a>2/0 19 (2 V] (X + (1— ) dA =

2 (-2 +(@—0a)")
542 (b—a)*t?

1 [((b—2) +(x—a)t 2
s+1 (b—a)" B

So we got that

/\qmt

(as in [2])

M; (b—a)*

)£ (@ dt<M( a)?

2 ((b — )" 4 (2 - a)s+2> -

s +2 (b_ a)s+2

11
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1 ((b—x)5*1+(m—a)8“) 2 L j=1,..r.  (53)

s+1 (b—a)*™! MCESVICES)

Using (53) into (44) and (45) we derive (36) and (37).
Next we elaborate on (12) and (13).

Assume that f;nj) is s-convex in the second sense, acting as in [2], we
obtain .

(n3) < 2M; (ba> 54

Hf] posilabl — 0 \pajs+1 ’ (54)

j=1,..,r with f](nj) (:17)‘ < M;, z € [a,b].

) |Psi
Next suppose that ‘ f;nﬂ) * is s-convex in the second sense. As in [2] we
get
s 273 M. (b — a)?si
£ < i ( L) ’ (55)
p3j,la;b] (54 1)73i

j=1,..,7, with ’f}”ﬂ') (x)‘ < M;, z € a,b].

| P3j
n . .
i) is s-concave in the second sense. Based on

Finally assume that ‘ f](

Theorem 8 and acting as in [2], we derive

‘ Fina) fina) <a+b> ’ (b—a)™ . (56)

s—1
< 975
J 2

pajs[ab]

The proof is completed.
Ostrowski type inequalities for several functions under s-log-convexity in the
second sense follow.

Theorem 10 Same terms and assumptions as in Theorem 5. Assume that
a > 0. We further suppose that ’f;"j)

# 0 is s-log-convez in the second sense,

") (a)

and ’f(nj) (a) -
J fJ( ])(b)

7’fj(n7) (b)‘ € (07 1]7 ] = 17~~'7T' Call AJ = ;8 € (0’1]’

j=1,...,7r and

=L if 2 € (0,00) — {11,
vy { e, 12 (57)
1) It holds
(b—a)+|a+b—2x|
51 (. )] < | CE D220
115 @ | 1P il g |27 @ wccan | | 69)
j=1 i

=1
i#£]

12
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and

1S5 (F1 o £1)] < {(ba)+|a+62x|} '

27’7/1

T

Z H|Lm [fi (@)]| HP"j_1||oo7[a,b]

j=1
1#]

2) Letpj > 1: sz 1 po = L, with f( 7€ Lpyj ([a,b]), and set B; :== A7,
j=1,...r. Then

1O Al 69

T

1 r
‘Sl (f17' 7f’r)‘ < — n Z H|fz (.’E)l HPnJ'71||p1j,[a,b]

=\
p2;+1 p2;+1 ﬁj
1] ng) 0 [° e (=)™ + (@ —a)™
b—a)mi ) (o B,))7 ,
(b—a)™ 1" )] (. () ( s
(60)
and
|52(f17 7f7" > H|Lm fl( )” ||P'"j—1||p1]7ab]
=1
! #J
2;+1 p2;it+1 é_
] ) [ W (b—a)" ™t 4 (z —a)P® i
(b-a)i [ 0] (e, (B,)) ( . .
- (61)
Proof. 1) See also [1]. Here we assume that 0 < ‘f;”j) (a)], f;”j) (b)| <1,

179 ()
7wy |
€ (0,1, A€ [0,1], 7 =1,...,7. From (26) we get

set A; =

is s-logarithmically convex in the second sense,

ENGA SIS H |fi (&

Jj=1
L #J

[P 1 b— —2z|] [
i~ fab) [(b—a)+|atb— 2] (n)
[ : |/ ’fj i (Aa+(1—A)b)‘d/\ :

(62)

nj

13
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and from (27) we obtain

12 (fus s fr)] Z HlL fi (z

7
Pnj—l — — 1 .
H Hoo,[a,b] [(b a)+]a+bd 2x|} / ‘f(n]) O+ (1— ) b)‘d/\H .
n] 2 0 J
(63)
We study separately the integral
! n; n n; (1=2)°
/ ‘f;-’)()\a—i—(l— d)\</ ‘f(J) (f i) ( ‘ dr < (64)
0
1 (n) As (n) (1*)\)8 (n) s 1 ‘fj(nJ) (a)‘ As
[l @ g o) o= m el [ S| @
0 0 )fj (b)‘
o) ol [
5o [ A=, (65)
0
If Aj =1, then
() = | £ )] - (66)
If A; # 1, we get
s (1 s (A5 —1
_ ("j) ‘ s(In Aj)\ _ (”j) ‘ J
(#%) ‘f] (b) /0 e dx = [ (b) (8 . Aj) . (67)
Therefore we derive
1 S
|1 vasa=nnfan< [ o v, ). (65)
Hence by (68) used in (62) and (63) we derive (58) and (59).
2) As before and as in [2], we obtain
[52) Ly s om0 @ (B (69)
Using (69) into (12), (13) we derive (60), (61). m
Next we give applications when ny =ngs = ... =n, = 1.

Corollary 11 (to Theorem 5) Let f; : [a,b] — R is absolutely continuous func-
tion, j =1,...,7 € N—{1}. Denote

S*(fh,,,,fr)::z Hfi(x) [fj /fJ dt] , (70)

Jj=1 i=1
i#]

14
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z € [a,b].
Then
1)
* I |a+0b—2x]

T

2 (T 15 g | ()
i#]

2) letp,; >1: ijzl p%j =1, with f; € Ly,; ([a,0]), j = 1,...,7, it holds

1S (f1s e fr)] <
r r ﬁ_l , (b_ x)P2j+1 + (;Ij _ a)sz+1 i
p Zl;[lfz (CU)| (b—a) J ”fijaj,[a,b] ( p2j+1 ,
i#]
(72)
3) assuming fj{ € Lo ([a,b]), 5 =1,...,7, we get
. (b—2)°+ (z —a)’
|S (flv"‘vfr)‘é ( Q(b_a) )
- : |fl (x)| ||fJ/-Hoo,[a,b] : (73)
=1\z

We continue with

Corollary 12 (to Theorem 9) Same terms and assumptions as in Corollary 11.
Assume that a > 0.

1) Suppose ’f;! 18 s-convex in the second sense and |fj’ (m)‘ < My, z € [a,b],
j=1,...r. Then

1™ (f1, o fr)| < (b= a)

2 (w—m“2+u—af”>_

s+2 (b— a)s+2
1 (b—2)" 4 (x—a)t! N 2
s+1 (b—a)™ CEDIET)
|fi (@)] | Muj| |, (74)
j=1 i=1
i#]
15
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2) Let p; > 1: le 1 pl =1, with f; € Ly, ([a,0]), j =1,...,7
2i) Assume again |f7'| is s-convez in the second sense, and |f7' (z)| < My,
j=1,..,r, x €la,b]. Then

r

15 (Fres PN <2 SO @) | (0 —a) 75

=1 i=1

i#£]
_1
o ((b—2)PT (= )PP
M (psjs+1) 7o ( P 1 ; (75)

2ii) Assume that |fj’-|p3j is s-convex in the second sense, and |fj’ (x)| < My,
j=1,..,r x €la,b]. Then

|S* flv' 7f7" Z H|f1

#J
Qﬁlej (b—a) 7 (=) 4 (@ —a) T\ ™ (76)
(s +1)7 p2j +1 ’

2ii1) Assume that |fj’| ? is s-concave in the second sense. Then

1S (frs e F Y TT 1 ()

NG
1
a1 a+b _ 1 (b _ x)p%""l + (l‘ _ a)sz-i-l P2
21) J / — P2j )
5 fj( 9 )‘(b a) 2 ( i1 (77)

We also give

Corollary 13 (to Theorem 10) Same terms and assumptions as in Corollary
11. Assume that a > 0. We further suppose that ’fj’} # 0 is s-log-convex in

the second sense, and |f]' )|, |f’ )| € (0,1], j =1,...,r. Call Ayj := 7oy |-
€(0,1],j=1,...,7, and ¢, as in (57).
1) It holds

|S* (fla'~'afr)| S

(b—a)—|—|a+b—2x].
2

16
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<

i @) 1F 0 s (Ay) | | - (78)
i=1 | \i=t
i#£]
2) Let py > 1: 3y 5= = 1, with [} € Ly ([a,0]), By = AV, j =
1,...,7. Then

r

18" (fr £ < ST )]

=N
RO Y=l O O LA R v o
(b—a) ™ |f; (D] (b, (By))) ( L ) ] o

Next we present a set of very general Griiss type inequalities involving several
functions.

Theorem 14 Let n; € N, j = 1,..,7 € N— {1}, n; < ng < ... < n, and

fj : la,b] — R be such that f;njil) is absolutely continuous function. Denote

T

b r
A £ = S| [ TL5@ | Ly 1 @) | -
a i=1

Jj=1

i#j
1 b T b
b—a / fi(z) ) du (/ fj(w)da:> : (80)
@ =1 a
7]
Then
1)
(b—a)+|a+b—2x|
A(fry o fr)] < .
‘ (fh 7f )| ~ ( in
g - (ny)
=1 ilj[l”fi”m’[a’b] 1P =1l Hfj Liab] | | (81)
LNz
2)
|A(f1,...,fr)|g(b_a)((b—a)+|a+b—2x|)_
2711
T ) (n5)
; HMMMH%JMMM el (82)

1=1
i#£j

17
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3) let p;j > 1: Z;;Qﬁ =1, and f;nj) € L(y42),; ([a,b]), j = 1,...,7, it
holds

|A(f1,...,fT S i [( DPr41,j (b_a) Prily )
M L\ (Prg1,5 + 1) (prgay +2)) 7403 o

. 83
Pry2,j ,[a»b]] ] (83)

f("j)

(H ||f7/Hp s ab) ||Pn7 1||pJJ ‘ J
i#£]

Proof. From (19) we obtain

Z{ Hfz ) L, [fj (z

%#J

r [ _1\nitl T b
- T(lj (1b)a) (Hfi (x)) / P, 1 (8)q (1) fj"”(t)dt]. (84)

Jj=1

Hence we get

= 7
bia / (Hﬁ(m)) dm) (/ j}(t)dt)]
i
T 1\ tl b b r
- {,(L gga)// (Hfi(w)) Poyo1 () q (1) f} )()dtdx] (85)
=L C\E

Therefore it holds
IA(f1, o fr)] <

{//(Elf )Pm )]l (@)

£ (¢ )‘ dtdm] .

(86)
We first find

S =

18
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S T iy 1ot gy 0= @ £

j=1|i=1
i#]

1,[a,b]

b—a)+la+b—2z ~ T "
(< o ') DTl oy 1Pl o |5

=1 ;;} 1,[a,b]
(87)
Also it holds o L4 b— 2a]
—a)+ja+0—2x
A v fA) < .
AU g < (P02
s s (n) ) B
T Wi | 1Pl 577y =2 | =
j=1 | \i=1 il
i+
(b—a)+|a+b— 2z
b— .
o (P2
il o (N [ s
I |w7[a,b] 15~ 1loo,[a,b] ||77 b (
|| oo ot
i#]
Let pij > 1: 307 5o =1,and £ € Ly ([a,0]), 5 = 1, ..y

Hence, by Holder’s inequality we find

/ab/ab ﬁ'fi(”;)' |P"j—1(t)||q($7t)\‘f;nj)(t)‘dtdx§

i#]

r _—
(/ab /le|q(x,t)|pr+l=j dtdx>pr+ll’j (/ab /Gb

= H | fi
i=1

i#]

1

1
Pi,j b b Py
n dtdm) ( / / | Pay—1 (D] dtdx) . (89)

1
Pr42,j Pr42,j5
dtdx =

fj("J) (t)

o 1
pi,js[a,b] (b—a)res (”Pnj—1||pj,j,[a,b] (b—a)rii )

(b—a) 2 ) 971 (- G)1+p7‘+21.j
— q)Pr+2.3 =

1
((pr+1,j + 1) (pTJrl)j + 2>)p7-+1,j

Pr+2,j5 7[a,b]

19
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2”T4:1=.7‘ (b— a)2+f’v~:1 3

((pr-&-l,j + 1) (pr—i—ld + 2))p7+1 J

i P, 1 H (n5) 90
HHf Di,j.la,b] H J p” [a,b] f " ( )
z#J
That is we found
bopb [ T
/ / 1115 @1 | [Po,=1 (0)] lq (2, 1) \‘f("f) ‘dtdm <
2
2717 (b — )2 P
((Pre1j +1) (Pra1y +2))Prerd
HHsz o | 1P| Hfgnj) (91)
Pi,j,la J Dj,i>la,b] 7 Priaisla,b]

1#]
Using (91) into (86) we obtain (83).
The proof of the theorem now is complete. m
Next we produce Griiss type inequalities for several functions under s-convexity
and s-concavity in the second sense.

Theorem 15 Here all as in Theorem 1/, with a > 0.
1) Suppose ’f;nJ)‘ is s-conver in the second sense and ‘f;nj) (x)‘ < M;j,
x € la,bl, j=1,..,r. Then

4(b—a)?
(s4+2)(s+3)m

A (f1, o fr)] <

> anzu o | 1Pyl M| |- (92)

=1
L 1757

2) Letp;j > 1: Zﬁz % =1, with f;n") €Ly, ([a,b]), j=1,..,r

i=1 p;

is s-convez in the second sense, and ‘f;nj) (x)’ <

2i) Assume again f;nj)

j=1,.,r x €[a,b]. Then

” 1+ 1 14—t 41
1 2 Pri1,j b —a Pr41,5 Pr42,5
VS DN (@ + D) iy +2))7705

M

7

20
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_ 1
Mj (prizgs+1) 723 || (93)

7.,

HHfz

#J

Pi,j»la,b] 1 ’|pj1.7'v[“7b]

Pr+2,5

2i1) Assume that ‘f;nj)
Mj; .7 = 17'-~7T7 MRS [a,b] . Then

r —r 41 14— 41
1 QPry1,j | Prt2,j (b _ a) P1+1 i Pry2,j

=1 ((Pra1j + 1) (Pry1j +2)) i

is s-convez in the second sense, and ‘fym (x)’ <

[
(5 + 1)Pr+2 j 1:[
i#£]

posan) | 1Bns=ally, | |- (94)

Pr+2,j5

2ii1) Assume that ’f/”” s s-concave in the second sense. Then

|A (fl f | < E %IJ % ( a) %14 ﬁ 2,5
sy JT —_— b— Pr
j (( ’j )(p — 7] 2))1) 1 .7

T

y(a+b
(NI o | 1Pl || 99
=l

Proof. From (86) we get

‘A(fh' 7fT)| = HHle Ja,b] HP"j_lHoo,[a,b] (96)
Jj=1 =
1753

b [ b
/a (/a |q(x,t)|‘f;nj)(t)‘dt> dxH,

Here ‘f;n'j) is s-convex in the second sense and ‘f;n'j) (x)‘ < Mj, z € [a,b],
j=1..,r

Using (53) we obtain
(n]) 4M—(b—a)3
j=1..,r

Consequently by (97) and (96) we derive (92).
Next we elaborate on (83).
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Assume that ‘ f;"j )
obtain

is s-convex in the second sense, acting as in [2], we

%

Drt2,j,[a,b]

1

b— Pri2,;

< ou, (“) e (98)
Prt2,58+1

j=1,..,r, with ‘f(nj) )‘<M»7x€[a,b].

Next suppose that ‘ f (ng)|Pre27 is s-convex in the second sense. As in [2] we
get
1
n; 2Pr+2J M; (b— Pry2g
| QAN (99)
sz,j,[a,b] (s +1)Pr+2 pr+2 j

j=1,..,r with ’f;nj) (:v)‘ < Mj, z € [a,b)].
f(nj)
j

Theorem 8 and acting as in [2], we derive

7 <a2+b> ’ (b—a)7izi . (100)

Pr+2,5

Finally assume that is s-concave in the second sense. Based on

< 2”1+2 J
Pr+2, J7[a b]

i

The proof is done. =
Griiss type inequalities for several functions under s-log-convexity in the
second sense follow.

Theorem 16 Same terms and assumptions as in Theorem 14, a > 0. We fur-

ther suppose that ’f;nj)‘ # 0 is s-log-convez in the second sense, and ‘f;nj) (a)

7

(n) f("])(a)
Fim (b)‘ € (0,1, j=1,...r. Call A; = F 0,1], 5 = 1,...,7, and
® |
Yy (2) as in (57).
1) It holds
b—a)+|a+b—2zx
A gl < 0= 0) (£ -
UAH
3 anzn oy | 1Pl |57 @ wecan | | aon)
N Z#J
9) Letpiy > 1: 07 0 = 1 and £ € Lirsa; ((a.b]), By = A7+,

j=1,...r. Then

r P (h— o\ T Eag g
|A(f1,~--,fr)|§ni [( 2 +J(b CL) +1,j +211 )

((Pra1,5 + 1) (Prg1,5 +2))7r+1d

Jj=1

22
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(s (B7)) = | |- (102)

Pi,js[a;b] ||'Pnj71

1117
=1

i=1
1#]

‘ S :

(nj)
[ )fj (b)

Proof. 1) From (81) we get

A (fry e f)] < (b—a) (

(b—a)+ |a+b— 2z
2711

- 1 (n;) (by (68))
TT 1 ille oy !|Pnj71|\oo7[a,b}/ ‘fj ’ ()\a+(1—)\)b)‘d)\ <
=\ ’
(103)
(b—a)+|a+b—2z|
b— :
-a)( -
ST D ogoy | 1Pl oy |17 ®f 0D | |- 0
=\
That is proving (101).
2) As in (69) we get
(nj) % (nj) s * %
i, S e G (o (B) S (105)

Using (105) into (83), we derive (102). m
Finally we give applications to Griiss type inequalities for several functions
when ny =no =...=n, = 1.

Corollary 17 (to Theorem 14) Let f; : [a,b] — R be absolutely continuous,
j=1,..,7 € N—{1}. Denote

b [T
A" (f1, o fr) = 7“/ (H fi (m)) dx—

r

T b b
bia / I @) | da (/ fj(it)d$> . (106)

J=1 i=1
1#£]

Then
1)

2

A" (fros fo)] < (““)+ “*b%') .
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<

H”fl” Ja,b] ||f Hl[ab] ’ (107)
j=1| \i=1
1#]

2)

IA* (f1, . f)] < (b—a) <(b—a)+|a+b—2x|>.

2

175]

3) let p;j > 1: Z:if i =1, and f; € Ly 19y ([a,b]), j =1,...,7, it holds

> Hlllel o | 1ot | | (108)

141 41

((Pro1,j + 1) (Pro1,y +2))Preta

HHﬂ

Z#J

Corollary 18 (to Theorem 15) Here all as in Corollary 17, with a > 0.
1) Suppose |f;| is s-convez in the second sense and |f1’ (x)| < My, z € [a,b],
g=1,..,r. Then

pisilatl | 17 (109)

Pri2,5,[a,b]

4(b—a)’ a .
A (fr f) < —0 =4 ) M|, (10
| <f17 7f )l = (5+2) (S+3) ; ;I;[le ||oo,[a,b] 15 ( )
i2
42 . .
2) Letp;; >1: 3717 ﬁ =1, with f} € Ly, ., ([a,b]), j =1,...,7

2i) Assume again ‘fj'| is s-convex in the second sense, and ‘fj' ()] < My,
j=1,..,7, & €[a,b]. Then

14—t 4L 41
Pr+1 J (b — a) Prilj ' Pri2,j ' Pjj
‘ fla'afr|<2[< >

((Pr41j + 1) (Pry1y + 2))”“ J

1
pislat] | Mij (Prezs +1) iz ) (111)

T
1Tz
i=1
1#J

2ii) Assume that ‘fj’ Pre2d s s-convex in the second sense, and |f]’ (m)’ <
My, j=1,...,r, z €[a,b]. Then

” I 141 41 41
2Pr+1,5  Pr+2,5 (h— q Pr4i1,5 ' Pr42,5  Pjj
INTWAESS l( b-a) : )
j=1

((Pra1,j + 1) Prgay +2))Prevs
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H I£;

. 112
(s+1)w+27 1L o (112)
i#]

DPr+2 .
2iit) Assume that |f]’ "7 s s-concave in the second sense. Then

r L=l Ly L 4L
2Pri1,5 pr+zj (b—a) Pryl,j | Pr+2,j | Pjj
|A* (flv"'vfr)| S g

j=1 ((Pre15 + 1) (Pre1y +2) g

b T
’»(‘” )] L1 | | (113)

1757

Corollary 19 (to Theorem 16) Here all as in Corollary 17, witha > 0. We fur-
ther suppose that }fj’| = 0 is s-log-convex in the second sense, and |f’~ a)| , |fJ’ (b)|
€(0,1], 5=1,...,r. Call Ay; := J}%((Z)) ,s€ (0,1, 5=1,...,r, and ¥, (z) as in
J
(57).
1) It holds

|A* (f1, 00y f)]| < (b—a) <(ba)+|;1+b2x|>.

T

Do Tl asy | 15 ] 00 (A1) | |- (114)
j=1 | \i=1
' 1#]

r+2 * r+2,j
2) Let pij > 1: > .77 pil,j =1, and fj' € Lr12),; ([a,b]), Bj; = Afj“
j=1,...,r. Then

r 1 14—t 41 4 1
. 2rr+1,5 (b — @ Pr41,j  Pr42,5  Pjj
A (o £ €Y [( =0 )

=1 (Prs1,5 + 1) (Pry1,5 + 2))““ i

)

anznp“,[ab 170" (0, (B;)) 75 | (115)

Z;éj

Remark 20 From (20) one can work out the analogous Griiss type inequalities
general theory involving the functions Ly, [f; (x)], for j = 1,...,r € N = {1}.
The results will be very similar to the results of Theorems 14-16, and when

ny =ng = ... = n, = 1 their applications will be identical to Corollaries 17-19.
We choose to omit this study.
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Harmonic Multivariate Ostrowski and Griiss
type Inequalities for several functions
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Abstract

Here we derive very general multivariate Ostrowski and Griiss type
inequalities for several functions by involving harmonic polynomials. Es-
timates are with respect to all basic norms. We give applications.

2010 AMS Subject Classification: 26B20, 26B40, 26D10, 26D15.
Keywords and Phrases: Multivariate Griiss inequality, Multivariate Os-
trowski inequality, harmonic polynomials.

1 Introduction

The problem of estimating the difference of a value of a function from its average
is a paramount one. The answer to it are the Ostrowski type inequalities.
Ostrowski type inequalities are very useful among others in Numerical Analysis
for approximating integrals. The problem of estimating the difference between
the average of a product of functions from the product of their averages is also
a very important one. The answer to it are the Griiss type inequalities. Griiss
type inequalities are very useful among others in Probability for estimating
expected values, etc. There exists a vast literature on Ostrowski and Griiss type
inequalities to all possible directions. Mathematical community is very much
interested to these inequalities due to their applications. So here we derive very
general Ostrowski and Griiss type inequalities for several multivariate functions,
acting to all possible directions.
We are motivated by the following results.

Theorem 1 (1938, Ostrowski [7]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.c.,
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I f152P .= sup |f(t)] < +o0. Then
¢

€(a,b)

b_la/abf(t)dt—f(a:) < jﬁ(x(_)]-(b—aﬂlf’li‘épv M

for any x € [a,b]. The constant i is the best possible.

Theorem 2 (1935, Griiss [6]) Let f,g be integrable functions from [a,b] into
R, that satisfy the conditions

m< f(z) <M, n<g(z) <N, x€la,b],

where m, M,n, N € R. Then

b b b
= f(x)g(x)dw<bia/a f<x>dx> (bfa/agmdx)’ 2

(M —m) (N —n).

<

=

Theorem 3 (1998, Dragomir and Wang [4]) Let f : [a,b] — R is absolutely
continuous function with f' € Ly ([a,b]), p>1, L+ ¢ =1, € [a,b]. Then

b
bia/ £ () dt

(R e TR

Theorem 4 (1882, Cebysev [1]) Let f,g : [a,b] — R absolutely continuous
functions with f',¢g" € L ([a,b]). Then

bia/abf(w)g(x)dw— (bia/abf(a:)dx> (bia/abg(m)dx)‘ (4)

1 2 / /
< —(b— .
<35 0= 171 19

Above is also assumed that the involved integrals exist.

<

o

1
(q+1)7
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2 Background

Let (Pn)neN be a harmonic sequence of polynomials, that is P, = P,,_1, n > 1,
Py = 1. Furthermore, let [a,b] C R, a # b, and h : [a,b] — R be such that A"~V
is absolutely continuous function for some fixed n > 1. We use the notation

Lo lh ()] =~ [h @)+ 3 ()" P () A () +
k=1
n—1 k
S CU B (0 h00 (@) — B () <bﬂ SN
k=1

x € [a,b], for convinience.
For n = 1 the above sums are defined to be zero, that is L [h (z)] = h(x).
Dedic, Pecaric and Ujevic, see [2], [3], established the following identity,

b _1\n+1 b
L, [h(x)]—bia / h(t)dt:T(L(bl)_a) / Pus (g (e, 0) ™ (1) db, (6)

t—a, iftela,x],

t) = b].

o ={}p el s @

For the harmonic sequence of polynomials Py () =

(6) reduces to the Fink identity in [5], (see also [3], p. 177)
We rewrite (6) as follows:

n—1

h(z)+ > (=1)" Py () h*) (z) +

k=1

§ D k) [P (@) h5D (a) = Py (6) B0 ()] =

b—a
k=1

n+1
b_a/ h(t)dt + b_)a /aPn_l(t)q(as,t)h(”)(t)dt, (8)

z € [a,b)].
That is the generalized Fink type representation formula.

1
hz) =Y (=)' P (@) h® (2) +

3
|

S
Il
_

> =

=1

=

n

b _q\ntl b
b—a/a h(t)dt+(b1_)/a Po_1 (t) q(z,t) R™ (t) dt, (9)

a

€ [a,b], n > 1, when n = 1 the above sums are zero.
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3 Main Results

HereHal, ]CR™ m,n e€N.

We make

m
General Assumptions 5 Let f : H [a;,b;] — R. We assume
i= 1
1) for j = 1,...,m we have that 2 o ; { (1,25 ey i1, S5, Tjgly ooy Tim) 1S

absolutely continuous in s; on [a;,b;], for every (L1, %2, ..., Tj—1, Lj41, e, Tm) €
m

H [ai7 bl] ’

2 )
2) for j = 1,...,m we have that 2 f(sl’“"3;?“"“’“’) is continuous on
J m
H [a;, b;], for every (Tj41,...,%m) € H [ai, bi],
i=1 i=j+1
3) for each j = 1,...,m, and for every l =1,...,n — 1, we have that
j—1

—fl (51,82, oy Sj—1,Lj, ooy Ty) 1S CONLINUOUS OTY H [a;, bi], for every (xj, ..., xm)
“ i=1
m
S H aj,
i=j
4) f is continuous on H [ai, b;

i=1

Brief Assumptions 6 Let f : [ [ [ai,bi] — R with &4 for 1 = 0,1,...,n; i =

o=l
1,...,m, are continuous on H [ai, b;] .
i=1
Definition 7 We put
s; —a;, if si € [a;, 4],
L 8;) = € [ai, by, 10
sy = {2 Ty oSl e (10)

1=1,....,m.
We present the following general representation result of Fink type.

Theorem 8 Let f as in General Assumtions 5 or Brief Assumtions 6. Then

nm

fz1,yzy) = ———— [m f(81,.ey 8m) ds1.dsy, (11)

m (bl B ai) H[al b;]

i=1 -
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m
+ ZE (xiaxi+17 7$’m) )
=1
where -
n'"
E(xh 7xm) = i—1
(bj —aj)
j=1

2

n—1 by 1 9k
i 8 ceey 94—1y Ly ooy Iy
lz M Py (2 / / I (s1, ... 2332 Tiy oy T )dsl...dsi,l—i—

k)

it g L
S

by bi—1 gk—1
’ 0 ey Of— 7bi, i+15 005 bm
Pk (b )/ / f (817 kil Tit1 v )dsl...dsi,l—

8$k 1

b1 i—1 9k—1
(a:) / / O f (81 ey Sic 1’a“xl+1’”"xm)dsl...dsi,l L)
8 -
n+1 by n
/ / 1 Sz JL’“ z) 0 f(sl, guxl-&-la-'-amm)dslmdsi‘| ,
are continuous functions for all i =1,...,m.
Proof. We apply (9) repeatedly.
We have
n—1
O f (1, .sTm
F @1y sm) = 3 (<) P () T )

%
Oxf

nil (—1)k (n—k) |:Pk (by) OF =L (by,may ey ) Py () OF 1 f (ay, Tay ooy Ty

P (b1 —a1) k1 Dkt
n by
+m f(8171'2,...,1'm) d81+
(1) /bl O™ f (51,22, vy )
— P,_ , dsy, 13
(b1 —ar) /o, -1 (s1) g (21, 51) IR 51 (13)
any x1 € [a1,by],
n—1
under the assumption that % € AC ([a1,b1]) .
1
Call
n—1
OFf(x1, .y T
T1 (.’tl, ...,LEW,) = (71)k+1 Pk (Il) M+
— Oxy
5
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n—1 k _ —
Z (_1) (n_ k) |:Pk (bl) ak lf(b17x27"'7xm) o Pk (al) ak 1f(a1,$27...,1'm)

Pt (b1 —a1) k1 k=1
(—1)"Jr1 /bl O"f (81, T2.ey Ty
— P, _ , ds. 14
+(b1 —a) ), 1(s1) g (z1,51) oz 5 (14)
Hence it holds
by

n

flxy,ezy) = m f(s1,@a, ., xm)dsy +Th (X1, .oy ) . (15)
ay
Next similarly we get
n—1
OFf (s1,%2, ..., Tm
f(817.’IJ2,...7.'L'm) = (_1)k+1 Pk (.’L'Q) f( 18 2k’ )+
k=1 T3

e -k
L]

o (a—a2)
8k_1f(51,b2,x3,...,$m) ak_lf(slaa27$3a“-;$m)
[Pk (bg) 8;1;];_1 — P (ag) aajé;_l + (16)
n b
—_— 81,89, X3, .eny T ) dSo+
(b2 — a3) a2f(1 2,3 ) ds2
(—I)M'1 /b2 O™ f (81,82, X3y -y Tny)
-t P, _
(bs—az) J,, T (s2) q (22, 52) 97 dsa,

any Trs € [ag, bg} .
Hence it holds

n2 by pbo
b m = ) 9 IR m d d
Jrtm) (b1 — ay) (bz — az) /a1 az f o1, 52 T,y o) disydlsgt
Ty (21, ey Tm) + T (T2, T35 ooy Tin) 5 (17)
where
= b1 9k £ (51, T2,y 0y T
To (2,5, oy Tiy) 1= b1 — {Z k+1 2)/ f( 1’3;1; ) )d51
k=1 a1 2
= 1 b1 gk—1
k) 0 f(317b2,$3,...,.’15m)
+ Py (b / ds 18
; b2 — a2 k?( 2) o 8m§_1 1 ( )
L 9k f (51, a9, T3, ..., T
=Py (az)/ I lax,zfls )dsl
ay 2
6
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n+1 by b
! 2 anf (81,82,1'37...71'771)
P, (s2) q(z2,52) m dsidss p .
bz—az ozy

Next we see similarly that

n—1

(71)k+1 Pk (ng) akf (517523‘T37 axm)

f(513327x37"'7x7n) = T +
P Oxs
”il <_1)k (’I’L—k) P (b ) 8k_1f(51a827b3a$4;-~-;$m)_
o |Trs =
o1 (b3 — as) Oz
akilf(sl)s%a:iaxﬁb "'733m,)
Py (a3) 83:’;_1 (19)
n bs
—_— 81,82, 83, T4,y .0ny Ty ) dS3+
Ty . J (51925000 ) do
(_1)”+1 /bs 8”](‘ (81,82,83,$47...7!I}m)
T P (s ; dss,
(b5 — a3) 1(s3) q (w3, 53) o 53
any x3 € [ag, bs].
So that we get
by ba bs
[z, zm) = B EE— / / f (51,82, 83, Tay ey Ty, ) dS1dS2dss+
Ty (21, ey @) + T (T2 ooy ) + T3 (T3, ooy Tin) (20)
where )
n
T5(z3, i Toy) 1= .
R A CRT)
n—1 b1 pb2 gk
Z (71)k+1 P, (x3)/ / o"f (81,827i3, ""xm)dsld32+
k=1 ai az 81'3
nfl b1 pba gk—1 b
Z P, b3 / / 0 f 317827k_317x4a "'axm)dslds2
k=1 b3 — a3) O
b bz 8k_1f(81 S9,Q43,%4, ... .’)Sm)
—Pk (a3)/ / ’ 7k—17 AL d81d82 (21)
Oy
n+1 bl b2 b’i 8nf (51582753;‘T4?"'7m7n)
b3 —ag / / / " 1 53 $3,S3) (%cg d81d52d83 .
7
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Furthermore we can write

k
f(51,52,$3,$4,...,33rm,) _ Z (71)]6—‘,-1 Pk ($4) 8 f(517527$:’i7 x4...,$m)+
— oxy
nfl .
k) P (b ak 1f(81,82,83,b4,.’1)5,...,.’Ilm>
Z b “a i (ba) Ork 1
Pt 4 1) Ty
OF=1f (51,589,583, 04, T5, ..., Ty
— Py (a4) flor 28 e ) + (22)
Ty
n ba
m f(s1,82,83,84,%5, ..., Tm) dSa+

(-

7Lf( 17 27 37 47:1:57 "'7xm)
P,_1(s .S 6 51, 52, 83, S

n
oxh

dS4,

any x4 € [aq,by].
Therefore it holds

f (.fl, ...,Jlm) = 47
[1e

j=1

b1 bo bs by
/ / / £ (81,82, 83,84, X5, vy Ty ) dS1dS2ds3dss+
al az as aaq

T1 (J}l, ,acm) + T2 (l‘g, ,.CI}m) + T3 (mg, ceey J,‘m) + T4 (2134, ceey l‘m) 5 (23)
where
7’1,3 n—1 .
Ty (24, oo ) = 5 | S (1" Py (24) -
11 —ay)

=1

bi b2 rbs O f (s1,52,53,74 L)
) b b 9 m ds ds dS +
/a, /a /a o’y e

<.

n—1 b b bs ak—1
1 S I R b ey Ty
( ) ( Pk b4 f 81752783L 4, L5, 7In)d$1d82d$3
(by —a Ok 1
k=1 4~ a4) Ty
bi bz rbs Gh=1f (g S5 S5, a4, X5, ..., Tm
—P (a4)/ / / flor 28 > ) ds,dsyds, (24)
ay as as Ty
’I’L+1 by b bs by
P,_ ,
b4 —ay) / / / 1(sa)g (334 54)°
8
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anf (317 52,53, 54,5, ...,.’Em)

n
Oz}

d51 d82d83d54 y

etc.

The theorem is proved. m
We make

Remark 9 Let fy, A=1,...,7 € N—{1}, as in Assumtions 5 or Brief Assump-
tions 6; ny € N associated with fy. Here © = (1,...;Tm), § = (81,...,8m) €

H[ai7bi], Then
i=1

ny’ U

fr(z) = — — A / a (s)derZTm (Tiy Tit1yeery Ton) - (25)
H (b — a;) [a@, i] i=1

i=1

Here we have

i—

H(b‘_aj)

b i— k
/1 / 1o f>\ S1y-eey Sz 1,x1,...,$m)d51 ds;_1+
...ds;_

Z <—1>’€ (nx— k)

ni—1 nx—1
Tix (Tiy ooy ) 1= 2 S (=DM P (a) -
k=1

bif(li
k=1
by bi-1 gh—1 bi, Tig1, ...
Pk(b)/ / fa (o1, (‘;L bt Tn) g g
b1 i—1 9k—1
~ Py (a; / / O falen, (891 L Tit e Tm) g ge |y (26)
nﬁ_l by O™ fx (815 ees 85y Tidlseer Trm
/ / nx— 1 (ZCZ; i) fA( L éan +l )d81d8l s

are continuous functions, i =1,...m; A=1,...,r
Hence it holds

pr fla) = | B pr Jo o nas|+

ai,b;
P?f)\ H (bi - ai) p7é>‘ i:l[ ]
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Therefore we derive

<
3

A=1 p=1
PFEN
1 T T
_ n [ ] £ (@) / fa (s)ds (28)
[Toi-a) 2\ 22 et

=

- H fo(z (ZTZA (xi7~-~7xm)>

A=1
ﬂ#A
We notice that
T (xi7 ceny xm) = A (zu 'm) + Bix (1'1'7 sy l'm) , (29)
1 =1,...,m; where
i1 nx—1 1
Ain (X ooy T ) 1= 2_1)‘7 Z (=D Py (2) - (30)
k=1
(bj — aj)
j=1
b b gk i1y Ty oo T,
/ / f)x (517 ~-~7sz—klax17 ’xm)dsl...dSi_l
ai aj—1 3.7,‘2
i 1 k n>\ — k‘)

b1 bi—1 ok—1 TN
Pk; (b1>/ / f)\ (817 y Si—1, Zawz-‘rla 7$m)d81...d$i71_
a a;

k—1
) _— O0x;
by bi—1 8k—1f
A (815005 8im1, Qi Tt 1, -0y Trn)
Pk (al)/ / 1 dSl...dSi_l 5
ay a;—1 axl

and ) 1
n& (=)™ .

115 —ay)

j=1

Bi)\ (mi,...,xm) . (31)

10
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Ly

b bi g™ STy eeey Siy Tt 1y eeey Tony
[/ / Pn>\71 (sz)q(x“sz) f)\( ! p) ix +1 )d81...d8i s
al a;

foralli=1,...m; A=1,...r
We call and have the identity

S(flu "'7f7’) (ZC) =

r m

S A
Py I b —a) H[am
=1 =t

p;ﬁ%

i(s)ds | —

<

> A (@i H 117 @ (ZBM(xi,...,xm)> . (32)
=1 i=1

A=1 p=1

true for any fized x € H [a;, b;] .
i=1
Then we have

|S(f15- 7f7 Z H ‘fp <Z|BM (Cin--vxm)|> . (33)

p?f)\

We estimate the right hand side of (33).
We also make

Remark 10 We observe that

ni-1 by b,
1Bix (i ooy )| < —2—— [/ / [ Pry—1 (s0)l la (i, )] -
al a;
|~ a;)

[T
j=1

O™ fx (81, ooy Siy Tig1y ooy T,
oz
foralli=1,...m; A=1,...r
We know that

dSl...dSi:| = (f), (34)

(bi — a;) + |a; + b; — 2z

> (35)

lg (@, 8:)] < max (x; — a;, b, —x;) =

11

88



SHANGHAI LECTURE

We have

(35)  plt (bi — ai) + |ai + b — 2z;|
(5) < P S |:|P'n,>\—1|oo7[ai,bi] < > '

2

O™ fa (coey Tty ey T
B e o
v L,y (H[ajvbj])
Thus
r r m ni\_l
S G i@ <SS TR @I || 3
V= L)
j=1
(bi — a;) + |a; + by — 214
[T ‘ -
amf ey Lt 1y eeey Ty
|t =@, (7

(1)
j=1

3
Next let py; > 1: Z ﬁ =1. Then
li=1

|Bi>\($i7"'>xm)| < (f)f

IT @ —a)

j=1

1

b1 bi i b1 b,; P24
/ / [Py —1 (80)|"* dsy...ds; / / lq (z4,8:)|"*" dsq...ds;
ay 223 al [¢23

(38)
|

anAfA (~~~7xi+17 "'7x771)
Oz

i =
LP3i [aj 7bj]
j=1

12
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1 1

. i—1 P14 P24
n

— 1Pas—1llz,. (i) H (bj — aj) :
[T @ —ap

Jj=1
Jj=1

8n>\f>\ (,,.,CL‘H_l, ...,l‘m)
ox;*

1
(bi - $i)p2i+1 + (1‘1 — ai)p%"'l P2i
p2i +1

Lpgi (H[aj,bj])
j=1
(39)

Therefore we get

(39) r r m ni_l
IS (f1seees fr) (2)] < @ >y ——
= =1 1=
A=t 575)\ ' H (bj — aj)
j=1
i—1 Pii P;i
||Pm—1||Lm([ai,b,;]) H (bj — a;) )
j=1

1

(bi — z)P* T 4 (@ — an)P T\
p2;i + 1

8mf/\ (, $i+17 ceey mm)
Dz

: )
Ly, (H[aj,bj])

j=1
=02 (x).
We also have

‘BD\ (Z'i, ,Z’m)| < (5) < ni_l |:HP’ILA—1HOO7[UM£,ZN] '

an/\f/\ (, Lijd1yeeey xm)
oz

(bi — xi)Z + (x; — ai)Q
0o ﬁ[a-,b-] ( 2 (bz — ai) > ) (41)

1

Z‘ = 1’ ...’m; )\ — 17 .“7/r.
Consequently we find

I r m o 2 T — a; 2
1S (fry e £) @1 < ST TT 15 @) (Z [ﬂ&l <(b2 2)(b,+_(a,) ) )
fut i i

p=1 i=1
PF#EN

13
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1Prx—1llso fas 0] ) =03 (x).  (42)

’8’”]",\ (, Liglyenns mm) H

oz :
OO7H[aj7bj]
Finally we derive that
1S (f1, s fr) ()| < min{0y (2),02 (), 03 ()} - (43)

We have proved the following general multivariate Ostrowski type inequality for
several functions.

Theorem 11 Let fx, A = 1,....,7r € N — {1}, as in Assumptions 5 or Brief
Assumptions 6; ny € N associated with fx, x = (Z1,...,Zm), S = ($1,...,Sm) €

H [ai,b;]. Here Aix (i, ..., xm) as in (30), i =1,...,m. We put

i=1
T nm
S(fryen fr) (@) =) pr (@) = 52—
A=\ 11— a)
i=1
Jo s | =3 A i) | (44)
lai,bi] i=1
3
Here 01 () is as in (87). Let p;; > 1: Z o ,i=1,..,m, and 03 (x) as in
li=1
(40). And 03 (x) as in (42). Then
1S (f1s - fr) ()] < min {6y (), 02 () ,05 ()} (45)
We continue with
Remark 12 Additionally assume that 2 ,L]:* are continuous on H [a;,b;] for
j=1

alli=1,..m; A=1,...,r.

We define and observe

W= [|n S (f1, ., [r) () da = fo(z) | de— (46)
/H["’vaj] /H [a;,b;] 1;[

j=1 975)‘

14
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fo (@) | d Ia(s)ds | -
pl_[:1 p /H[‘“”b']

J=1 PFEA i=1

H fo(x) (Z A (x4, ...,xm)> dx =
p=1 i=1

pEN

1/ @) (ZBi,\(xi,---,xm)> dr . (47)
p=1 i=1

A=1 [a;,b;] =
i pPFEX
Clearly here B;y (zi,...,Zm) is a continuous function for all i = 1,...,m; A =
1.7

Hence

(“n <
W<y /m
A=1

H[%‘J’j]

H|fp($)| <Z|Bi/\($i,---’$m)|> dz » =: (w1).

j=1 PFEA
(48)
That is
wi <SS T i > /ﬁ (B (@1, o) d
AZI =1 oo, [aj7bj] i=1 [aj,bj]
53‘6)‘ j=1 j=1
(49)

From (41) we obtain
‘Bik (.Ti, ELES) xm)‘ <

O™ fa N (b — ) + (2 — a;)” (50)
| o 2w )

n5 1P -1 oo for

alle=1,...m; A=1,...,7.
Then

/7” |Bi)\ (1‘“71‘m)|d1’ <
[a'jvh']

j=1
. ama
ni\ ' ||P">‘_1||007[ai7bi] T?J;A i
oo, | | la;,b;]
j=1
2 (b, — (J,Z‘)

15
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ﬁ (b —aj) </abi ((bz —z) + (z — ai)2) dxi> ,

j=1
i

and consequently it holds,

/m |Bi)\ (.’E“,.’Emﬂdaﬁg

H[%‘Jh‘]

j=1

(b — a;) (H (bj — aj))
= i | Py

foralli=1,...m; A=1,...,r
Hence

O™ fa

[N
Ox;

o0, [aq,bi]

w

. (H (b; aj))
Z /m |Bi/\ (.’Ei,...,l‘m)|d$ S JZl—

i=1 H[aj’bj]
=1

Z ”P”)\ 1” slaisbi

9" fa ’ i—1

nx
Ox;

for \=1,...,r
Using (49) and (53) we obtain

(ﬁ(%%)) )
[ i ) Hllfpll

3 A=1 laj,bj]
p;ﬁ)\ iy
m
i 9™ fa
(bL - ai) n;\ 1 ||P’L>\_1||oo¢[ai,b1} ‘axn)\ m = Al.
i=1 i oo,H[aj,bj]
j=1
16
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Notice next that

T m

=33 | [ TT15 @)1 | 1Bix (s o) da | = (@) (55)

A=11i=1 H[(Lj,bj] p:1
GeT PFA

i
-
|
_
Q=

A=1i=1 ||p=1 m j=1
P Ly (H[ajfbj]>
- (56)
We have also proved that
1
T m T 1—1 ¢
wi<> > I/ Bl /m (bj —az) | =:As
A=1i=1 || p=1 m L, <H[aj7b"]) Jj=1
7 Ly (H[‘Hr%‘]) J=i
j=1
(57)

From (50) we get
9" fa

[N
Ox;

bi;‘”>7 (58)

|Bix (i e, Zm)| < nl;l Hpnxfluoo,[ai,bi]

Oo,lm_[[aj’bj] (
j=1

alli=1,...m; A=1,...,r.
Thus it holds

m
Z |B2)\ (xi7 7.'L'm)| <
i=1

m

1 i 0™ f
5 Z (bz - ai) nf\ 1 ||Pn>\—1||oo,[ai,bi] ‘&x"* m 5 (59)
=1 ? OO,H[aj,bj]
=1
A=1,...m

Using (48) and (59) we finally derive

T

Z H fo [Z [(bz —a;) nf\_l ||PTL>\—1||OO,[ai7bi] :

A=1 p=1 =1

PFA Ly (H[“w’h‘])
=1

W<

N |

17
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m } =: A3 . (60)

oo,H[a,j,bj]

We have proved the following general multivariate Griiss inequality.

Han*fx

X
Ox;

Theorem 13 Let fx, A=1,...,7 € N—{1}, as in Assumotions 5plu5 2D are

")x

m
continuous on H laj,b;] foralli =1,...,m; X\ =1,...,r, or Brief Assumptions 6;
j=1
ny € N associated with fx. Here Ajx (i, ..., Tm) as in (30), and Bix (i, T
asin (81), i =1,....,m. We set

W:zr/m ﬁfp(x) dx—

laj,b;] \ p=1
PFEX

— an JE lifp(w) do| | fo BGas|-

(bj — a; A=1 la;,b] \ p=
e} 2 j=1 PFEA
j:

Z/ H Io (2) <Z Aix (T4, e, $m)> dz. (61)
a], i) =1 i=1

p;A

Let A1 as in (54); p,g>1: %—i— % =1, Ay as in (57), and Az as in (60).
Then
|W| S miH{Al,AQ,Ag}. (62)
4 Applications
We apply Theorems 8, 11 and 13 for the case of ny =ns =... =n, = 1.

We simplify General Assumptions 5 and Brief Assumptions 6, respectively,
as follows:

m

General Assumptions 14 Let f : H [a;,b;] — R satisfying:

=1

1) for j = 1,....,m we have that f(x1,T2,...;Tj—1,5j,Tjt1,..; Tm) IS ab-
solutely continuous in s; € [a;,b;], for every (x1,%2,...,Tj—1,Tj+1,-.»Tm) €
m
H [aivbi];
i=1
i#£]

18
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J
2) for j = 1,...,m we have that df(sl""’ngj“"“’m’”) is continuous on H las, bi],
i=1
m
for every (zj41, ..., Tm) € H [ai, b;],
i=j+1

m
3) f is continuous on H [a;, b;] .
i=1

Brief Assumptions 15 Let f : [] laj.b;] — R with 24 for 1 = 0,1; j =

j=1
m

1,...,m, are continuous on H laj,b;].
=1

We give the following multivariate representation result which is an applica-
tion of Theorem 8

Theorem 16 Let f as in General Assumtions 14 or Brief Assumtions 15. Then

1 m
[ (21, an) = / F (5150 8m) dsl...dsm—kz T (@i ooy )
j=1 =
(63)
where 1
T;* (mia "'7xm) = i
1@ —a))
j=1
by bs 8f (81 ceny Siy Lj1y eee l’m)
/ / q(x;,s;) — — dsy...ds;, (64)
a1 a; 8%‘1

are continuous functions for all i =1,...,m.
Next we make
Remark 17 Let fy as in Assumptions 14 or 15, A\=1,....,r. Then
1

H (b — aj) ll[aijj] i=1

Here the corresponding

r,\ ($i7 ~-~7$7n) = 0;

19
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and
B;’k)\ (xi7

ey ) =

1

Siy Lijt1y-ee

H (bj — a;)

,ZCm) dSl...dSi,

b1 b; .
Ll ‘/az q(l’iasi) afA (817“.7 (9177

foralli=1,...m; A=1,..,r
That is
T;;\ (IL‘Z,

i=1,..m A=1,..,r
We call and have the identity

) = By (24, ...

S*(f1, 0 fr) (z) =

PRANIRAC
p;A

[1 7, @)

PFEN

A

Il
—

]
T(T

m
true for any fized x € H a;,b;
j=1
Hence it holds

1S (o S @1 <SS TT 1 @)
A=1

p

We obtain:
1) From (37) we derive

|S*(.f17~ 7fr SZ

f)\(il')— m

1

Bl
—

£\

20
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(bi —ai)—i— |Cbi—|-bi —QCITil af,\ (--->$i+1,---a$m)
2 Ox;

Ly (H[ajvbj])
=1
(70)
3
2) Let py; > 1: Z i = 1. Then by (40) we derive

li=1

1S (f1, s fr) (@)] <

i

P2j

4 DTS
[IEACNEDD % (b; — i) (H (bj — aj)) '
e Vs i | (U

8f)\ (-~-7xi+17 ey xm)
310,-

i = 92 (.’L‘) . (71)
Lyps; (H[ajabj])

3) We get by (42) that

r

S i) @1 < ST @) (Z<<bi—?>(+<mi_ai)>'

e . b; — ai)
pPFEX

i=1

HafA (s Tig1, o Tpn) =: 0% (z). (72)

8.’Ei

OO?H[ajvbj]
G=1

So as an applications of Theorem 11 we give the following multivariate Os-
trowski type inequality.

Theorem 18 All as in Remark 17. Then

|57 (f1, £r) ()| < min {67 (), 05 (x),05 (z)} - (73)

We also make

21
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m

Remark 19 Here Assumptions 14 hold and % are continuous on H laj,b;]

j=1
foralli=1,...m; A=1,....,r, or Assumptions 15 are valid.
We set
w :/m S*(f1y ey fr) (x)d:c:r/m <H fo (m)) de—  (74)
H[ajﬁbj] [aj,05] \p=1
=1

j=1

T

1 T
— L@ |de || [n S(s)ds
> /_ I fio

ﬁ (b; — aj) A=1 H[aj,bj]

i=1
=1

J

r

A=1 H[aj,bj] p=1 3
pPFEX

j=1
Here B}, is a continuous for any i = 1,....m; A =1,...,.
Then

1) following (49) we find

r

T m
Wl < Z H Ifoll Z il |Bix (@i, .., Ty )| d
A=1 =1 0, laj,bj] i=1 laj,bj;]
Z?’é)\ i 5195 ];[1 Y]
(76)
We also get that
m
b; —a
(T ([
'S | LIl
= = 00, aj,b;
_>\ 1 ,10775}\ Jl:[l[ 3>b]
= 0
Z (b’L ’L) ai)\ m = A’{ (77)
i=1 oo, | ay,by]
j=1
2)Letp,q>1:%+%—1 Then

Bl /o : (78)
A=11i=1 || p=1 m Lg (H[@ivhi])
p7A i, (H[%‘J’j]) i=1

=1

22
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3) From (60) we obtain

T T

<5 ST 4 > |- a)
=1 | |[p=1 m i=1 00>H[aj,bj]
PFEA Ly <H[aj7bj]> j=1

=1

=: Aj.
We have proved the following multivariate Griiss type inequality as an applica-
tion of Theorem 13.

Theorem 20 Here all as in Remark 19. We derive

[W*| < min {A7, A5, A3} . (80)
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Abstract

Using Caputo fractional left and right Taylor formulae we establish
mixed fractional Ostrowski and Griiss type inequalities involving several
functions. The estimates are with respect to all norms ||-[|,, 1 < p < oco.
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1 Introduction

The following results motivate initially our work.

Theorem 1 (1938, Ostrowski [10]) Let f : [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),
ice, | f'I5P == sup |f'(t)] < +oco. Then

te(a,b)

1 b T
m/@ ft)dt — f(x)] < 1 b—a)

for any x € [a,b]. The constant i 18 the best possible.

_ atbh)?
1+%] G-alFE,

Ostrowski type inequalities have great applications to integration approxi-
mations in Numerical Analysis.
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Theorem 2 (1882, Cebysev [6]) Let f,g : [a,b] — R be absolutely continuous
functions with f',g" € Lo ([a,b]). Then

bla/abf(x)g(m)da:_(bla/abf@)da;) (bla/:g(x)dx>

1 2 1 !
< 15 (0= a)" 1 lloo 19Nl o - (2)

The above integrals are assumed to exist.

Griiss type inequalities have applications to Probability.

We are also biggly inspired by the beautiful work of Deepak B. Pachpatte
[11]. His article contains great ideas, but it is marred by many minor errors.

So here we present mixed fractional Ostrowski and Griiss type inequalities
for several functions, acting to all possible directions. The estimates involve the
left and right Caputo fractional derivatives. See also the monographs written
by the author [1], Chapters 24-26 and [3], Chapters 2-6.

2 Background

Let v > 0; the operator I, , defined for f € Ly [(a,b)] is given by

@) = [ @0 0 3

for a < x < b, is called the left Riemann-Liouville fractional integral operator
of order v. For v = 0, we set Ig+ := I, the identity operator, see [1], p. 392,
also [7].

Let v > 0, n := [v] ([-] ceiling of the number), f € AC™ ([a,b]) (it means
f=1 € AC ([a,b]), absolutely continuous functions).

Then the left Caputo fractional derivative is given by

[ @ ea = () @, @

Do f (x) = Th—1)

and it exists almost everywhere for x € [a, b].

See Corollary 16.8, p. 394 of [1], and [7], pp. 49-50.

We need also the left Caputo fractional Taylor formula, see [1], p. 395 and
[7], p. 54.

Theorem 3 Let v >0, n:= [v], f € AC" ([a,b]). Then

n—1 (k) a
1@ =T e af st @), Vel @)
k=0 ’

Here 1Y, DY, f € AC™ ([a,b]).
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Let f € Ly ([a,b]), @ > 0. The right Riemann-Liouville fractional operator
(2], 8], [9]) of order « is denoted by

1

b
Ta)/x(z_w) f(2)dz, Yazelab. (6)

Iy f (z) ==

We set I := I, the identity operator.
Let now f € AC™ ([a,b]), m € N, with m := [«].
We define the right Caputo fractional derivative of order a > 0, by

Dy_f (x) = (=1)" [ f) (x) (7)

we set DY _f:= f, that is

Dy_f (z) =
We need the right Caputo fractional Taylor formula.
Theorem 4 (/2]) Let f € AC™ ([a,b]), x € [a,b], a >0, m := [a]. Then

m—1 (k) p
o= L o0 s s [ e o f @ 0)

k=0

‘We need

Proposition 5 (4], p. 361) Let a > 0, m = [a], f € C™ ([a,b]), ™) €

Lo ([a,b]); x,20 € [a,b] : & > xg. Then D, f(x) is continuous in xo.

Proposition 6 ([{], p. 361) Let a > 0, m = [a], f € C™ " ([a,b]), f(™) €
Lo ([a,b]); x,20 € [a,b] : & < xg. Then Dy f (x) is continuous in xo.

We also mention

Theorem 7 ([4{, p. 362) Let f € C™ ([a,b]), m = [a], a >0, z,z9 € [a,D)].
Then D, f(x), Dy _f(x) are jointly continuous functions in (x,xo) from

[a,b]? into R.

Convention 8 ([//, p. 360) We suppose that

D, f(x) =0, for x < xo, (10)
and
Dy f(x) =0, for x > xo, (11)
for all x,xy € [a,b)].
3
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Finally we are motivated by the following mixed Caputo fractional Ostrowski
type inequalities.

Theorem 9 (/3, p. 44) Let [a,b] C R, a > 0, m = [«], f € AC™ ([a,b)),
and ||Dg‘07f”oo,[a7wo], ||Df$0f”oo,[xoyb] < 00, g € [a,b]. Assume &) (29) = 0,
k=1,....m—1. Then

I 1
b—a/a f(@)de = f(20)) < (b—a)T (a+2)

{HD f“ amg] - a+1 + HD*CUOfHOO,[I(])b] (b - xo)a+1} S (12)

ma'X{HDIO f” J[a,x0] 7}

1 «
m *a:(]fH :cob} (b—a)". (13)

Inequality (12) is sharp, infact it is attained.
Theorem 10 (/3/, p. 45) Le a > 1, m = [a], and f € AC™ ([a,b]). Suppose

that f*) (z0) =0,k =1,....,m—1, g € [a,b] and Dg _f € Li([a,x0]), DS, f €
Ly ([zo,b]). Then

1
(b—a)l(a+1)

b
/ f(@)dz — f (x0)| < (14)

b—a

{(xo —a)" ||Dg, fHLl(aa:O]) (b— HD*ﬂtofHLl([zo,b])} =

1 fe% a—1

T(at1) maX{HDIO—fHLl([a,zo])’H *wofHLl(zo, )}(b_a) : (15)
Theorem 11 (/3], p. 47) Let p,q > 1: %4’% =1, a> —, m = [a], a >0,
and f € AC™ ([a,b]). Suppose that f*) (xq) =0, k = 1,. -1, zo € [a,b].
Assume Dy _f € Ly ([a,0]), and DS, f € Lqg ([x0,0]). Then

*To

10 1
— z)dr — f(zg)| < . 16
b*a/af() Flaw T e-aT(@@a-1)+ 17 (a+ i) 1o
{(mo_“ ||D S, (amg])—i—(b_xo HDmofHL (o, b])}
1
F(a)(p(a—l)—l—l)% (oz—i—%)
maX{Hon f“L ([a,z0)) ”D*mOfHL,,([mo,b])}(b_a)aﬁ' (17)

In this article we generalize Theorems 9-11 for several functions. We also
produce Caputo fractional Griiss type inequalities for several functions.
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3 Main Results

We start with Caputo fractional mixed Ostrowski type inequalities involving
several functions.

Theorem 12 Let xg € [a,b] CR, a>0 m=]Jal, fi € AC™([a,b]), i =
1,...,7 € N— {1}, with f(k (£9)=0,k=1,...m—1,i=1,...,r. Assume that
HD fl|| HD*mole Loy < OO i =1,...,m. Denote by

Ja,zo]?

r b T
0 (frosfo) 0 /(ka )dx—z fieo) [ 1145 @) | do
= Vi
(18)
Then

10 (frs s £) @L< D | IID50—fill oo oo Tot! H|f7 )| (19)
i=1
1751

+ {102 Fill o gy o H |5 (z0)|
J#l
Inequality (19) is sharp, infact it is attained.
Theorem 13 Leta > 1, m = [a], and f; € AC™ ([a,b]), i =1,...,7 € N={1}.

Suppose that fi(k) (v0) =0,k =1,....,m—1; 29 € [a,b] and DY, _f; € Ly ([a, x]),
D¢, fi € Ln ([x0,0]), for alli=1,...,r. Then

10 (1o f) @)l < D | IDS0=Fill o, (aseap) Lo H\fg @o)| (20)
=1
J;ﬁ?

HD*moleLl(JOb]) b— H‘f] o)
J#Z

Theorem 14 Let p,q > 1 : ——|—— =1, a> %, m = [a], a >0, and f; €
AC™ ([a, b)), i = 1,...,7 € N—{1}. Suppose that fi( ") (x0) =0, k=1,...,m—1,
xg € [a,b];i=1,...,r. Assume D3 _f; € Ly(la,w0]), and DS, fi € Ly ([20,0]),
1=1,..,7. Then

0 (f1,- fr) (0)| <
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F(a—k}%
p(a—1)4+1)7T

muv

Z 102, £l oy 1™ | TTUs Gl || (20

Jj=1
J#

||D*zoleL 2([z0,b]) bf H|fg 950
J?f%

Proof. of Theorems 12-14. Here =g € [a,b]. Since fi(k) (xo) =0, k =

1 m—1;¢1=1,...,7, we have by Theorem 3 that

g ey

ﬁ(az)fi(xo)—ﬁ/m(xz)a DY fi(2)dz, Varelrb], (22)

and by Theorem 4 that

fi(x) = fi(z0) = %@) /“’0 (z — :c)(kl D3 _fi(2)dz, Y x€la,xol; (23)

foralli=1,...,r.
Multiplying (22) and (23) by <H§_1 i (x)) we get, respectively,
JFi

I @ H fi (@) | fi (o)
k=1

J#Z

*TQ

(Hg;ifj (x)> /:@_ 27V DY fi(2)dz, V€ [wo,0], (24)

and

I @ Hfg fi (o)
k=1

J#Z

w /:0 (z—x)*" D¢ _fi(z)dz, ¥ x € a,xo]; (25)

foralli=1,...,r.
Adding (24) and (25), separately, we obtain

r(ka@c))—Z Hf] filzo)| =
k=1

i=1 | | j=1
J#i
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Next we integrate (26) and (27) with respect to x € [a, b]. We have

(11
—E {/% ( T

and

) 2=

Jj=

1

J#i

- {/ (ﬁﬁ
J#i

Finally adding (28) and (29) we obtain the useful identity

r

()

Hfj

%a)_ Kﬁm@) JACER G ] Va € fro,b)
i
B
2
>) ([ @=o ompiere) dx] ,
I (lcﬁlfk(xodx;{fz o) [ (HfJ ) ]
o
O (Frvvon ) (30) i
rlb<ﬁfk(x>>dx;{fz :co/ (gfj ) ]
@) ([ st 100) ] .

s

J#

7
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/: f[lfj(‘”) (/zsz)‘“psmfz() >d:z: : (30)

JF#i
Hence it holds
‘0 (fla sy f?‘) ('/EO)‘ S

|| [ Tm@| ([ oot sl el +

=1
i

/b I @) (/g::(l’Z)a1|Dfa;ofi(z)|dz)dx — ). (1)

J#i
We observe that

r

= T 2 15l [ | TI @ | o=+

i=1 a j=1
Jj#i
b r
1D il [ [TL5 @ | o ae| | = @2
x0 i1
i
S| 198 il o 2 Hm ool || +
- 7751
| *wole J[0,b] l?j_l H|f7 xO . (33)
J#z

Based on Proposition 15.114, p. 388, [1] we get that I2! <H3_1 | (x)) €
J#i
AC ([a,b]), so at xq is finite.
Also, based on [5] we get that ;! (H§_1 |fi (:E)|) € AC ([a, b)), so at xg
i

is finite.
Next we prove that (19) is sharp, namely it is attained.
Set N
T (2) = {(m—xo) , T € [zo,b],

(o —2)*, =€ [a,x],

8
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a>0,a<xyg<b,i=1,..,r1.
Observe that f; € AC™ ([xo, b]), and in AC™ ([a, 2¢]). See that fi_,(k) (w0) =

ﬂ(k) (xg) = 0, k = 0,1,...,m — 1. Hence there exists EmA at g, also

E(mil) € AC ([a,b]). That is f; € AC™ ([a,b]), i = 1,...,7.
We find that
HD;XO*fiHoo,[a,ro] =T (Oé + 1) ’
and

||Dg$oﬁ}|oo7[wg,b] =T(a+1).

Consequently it holds

(b _ xo)a’l‘+1 + (1.0 _ a)a'r‘+1
ar +1

L.H.S.(19) = r [ = R.H.S.(19),

proving optimality of (19).
Hence proving Theorem 12.
Next we notice, for o > 1, that

T

1 N zo [ L o
(*)sz HDa:o—fi||L1([a,CE0])/a jl;[l\fj(x)l (o — )" dz| +

=1
ji
b r )
102l oy [ | TL @ | =)t | = (3
o i—1
i
T T
HDgo—fiHL1([a,:zzo])I‘?+ H'fj(xoﬂ +
i=1 =1
i
HDgTofiHLl([mo,b]) Il?i H |f] (xo)l ) (35>
j=1
JFi i

proving Theorem 13.

Let now p,g > 1: —i—%:l, Witha>%. Then

1
p

1 r zo r
< Fm / j]jl|fj ()]

i=1 =
J#
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(/HCU (2 — w)p(a_l) dz) ’ (/xo |Dg_f; (z)}qdz) ! dx | +

L H |fj (2 (/: (x — 2)P@D dz) v (/x |D2, fi ( |qdz> ‘ dz| | <
7751

] (36)
1 T To xo_x)oc—l-‘r% N
T () —1 Dy, _fi d
To) = / Hm (p(a—1)+1)7 1920~ ill o001 2 | +
L 1751
b r a—1+1
| @—L D L
/a:o jg‘fj(x)' (p(a—1)+1) D%z il oo 4 (37)
i#i
1 .
(p(a—1)+1)7 T (a)
108 g [ 2023 | TL1 @] | ] +
=1 a =
J#i
b
HD*xonHq,[xU,b]/I (x — a+ B H|fj dr| | = (38)
J#Z
r a—l—l T N
(p(a $)+1) 1D~ Fill o, ai H|f1 zo)l ||+ (39)
- i=1

J#l

HD*J/’Oleq[xO b] b* H|f7 xo 3

J#z
that is proving Theorem 14. m
Next follow Caputo fractional Griiss type inequalities for several functions.

Theorem 15 Let 29 € [a,b)) CR, 0 < a < 1, f; € AC ([a,b]), i = 1,...,7 €
N — {1}. Assume that sup HD“ fi“oo[ax j» Sup HDfmfiHoo[z p < O
Lo o €[a,b] o

zo€la,
1 =1,...,7. Denote by

Afiror ) (20) =7 b—a/ (ka )dx— (40)

10
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T

(/abfi(x)dx> /ab 1f[fj<x> o

J#

1=

Then
A (f1yes fr)] < (0 —a)-

W 1D5fillo ey, 32, I““ Hlfg zo)l | | +
i=1 zo€[a,b] ’
J#Z
sup ||D*J0f1|| [ron] SUP et H|f3 Zo)| . (41)
ZOG[G, ’ xTo [a, j=1
J#i i
Theorem 16 Let p,q > 1 : % %*1 %<oz<1 andfzeAC([ab]),
i=1,...,m € N—{1}, 2o € [a,b]. Assume that sup o HL J(azol)’ and
zo€la,
bl'l[p HD*JOfIHL (ID, ) < o0, Z: 1,-..,T. Then
zo€la,b]
1
(b—a)l"(a—&—;)
|A(f15-'~7f7”)| < 1 :
pa—1)+1)?T'(«a)
r atd r
sup HDJO fl”L qa([a,z0]) Sup I(l-‘rp H|fj (‘TO)‘ +
i=1 zo€la,b] zo€[a,b) j=1
J#i
,
sup HD*xoleL (z0.8]) sup I H|fj (o) : (42)
zo€la,b 0€Ja,b] =1
i l

Proof. of Theorems 15, 16. Here 0 < a < 1,i.e. m =1, and f; € AC ([a, b)),
i =1,...,m7. Now we are not tight up to any initial conditions, i.e. (22) and (23)
are valid without initial conditions. Clearly here 6 (f1, ..., fr) (z0) € AC ([a,b]).
Integrating (30) over [a, b] with respect to x¢ € [a,b] we derive

A(fr,fr): /0 Fiy s £) (o) dzg = (13)
b r r b , )
_a)/a (ka(:d)daz—; (/a fi(@dm) /a .gfj(a:) de || =
11
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ﬁ/ab Zr: /aID lfllfj(x) (/IIO(Zx)a_ngo_fi(z)dz)dx +

i=1
J#i

b T x
/ H fi(x) (/ x—2)"" ! D¢, fi(2) dz> dx dxzg. (44)
o i—1 o
=
Hence it holds

A (frr f2)] <
ma ||| Tse]| ([ 6o onsea) | +
) T
/: jlf[lfj(x) (/a:z)“ 1Di‘x0fl(z)dz>dx drg =: (x%). (45)
J#i

Using (19) we have

r

(**)S(b_a)z sup ||DI0 fl” [a.zo] Sup IOHrl H|fj 1.0

i=1 | |®o€la;b]
J?ﬁz
T SNy by () | R
zo€la,b] €la,b] j=1
JF#i

proving Theorem 15.

Whenp,q>1:%+%:1,with%<a§1,by (21) we get
(b—a)r (a+1)
(**) < 1 !
(p(a=1)+1)"I'(a)
bup HDwO fl” [a;z;o bup I H|f7 xo +
i=1 | | ®o€la,b] xo
J#z
bup ||D*IDfZH o] SUP I v H | £5 (o) , (47)
zo€la, zo€la,b]
J#l i

proving Theorem 16. m

12
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1 Background

Let v > 0; the operator I, , defined for f € Ly [(a,b)] is given by

2 @)= s [ om0 f ()

for a < x < b, is called the left Riemann-Liouville fractional integral operator
of order v. For v = 0, we set IJ, := I, the identity operator, see [1], p. 392,
also [7].

Let v > 0, n := [v] (] ceiling of the number), f € AC™ ([a,b]) (it means
f=1Y ¢ AC ([a, b]), absolutely continuous functions).

Then the left Caputo fractional derivative is given by

D, f (z) = T(n—v)

and it exists almost everywhere for x € [a, b].
Let f € Ly ([a,b]), @ > 0. The right Riemann-Liouville fractional operator
(2], [8], [9]) of order « is denoted by

@)= s

a)

b
/ (z—2)""' f(2)dz, Yz €lab]. (3)
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We set Ig_ := I, the identity operator.
Let now f € AC™ ([a,b]), m € N, with m := [a] .
We define the right Caputo fractional derivative of order a > 0, by

Di_f (z) = (~=1)" [ f) (x) (4)

we set DY f:= f, that is

b
Dllnx—f (:L') = FET)’L—O&)/ (Z - $)mia71 f(m) (Z) dz. (5)

We need

Proposition 1 (4], p. 861) Let a > 0, m = [a], f € C™ ' ([a,b]), (™) €
Lo ([a,b]); x,20 € [a,b] : & > x9. Then D, f(x) is continuous in x.

Proposition 2 ([4], p. 361) Let o > 0, m = [a], f € C™ ' ([a,b]), f™) €
Lo ([a,b]); w20 € [a,b] : & < xo. Then DG _f(x) is continuous in xo.

We also mention

Theorem 3 ([4{], p. 362) Let f € C™ ([a,b]), m = [a], a >0, z,z9 € [a,b].
Then Dg, f(x), Dg _f(x) are jointly continuous functions in (x, o) from

[a,b]? into R.

Convention 4 ([, p. 360) We suppose that

D¢, f (x) =0, for x < xo, (6)
and
Dz, _f(x) =0, for x > xo, (7

for all x,xo € [a,b].

2 Motivation

We mention some Caputo fractional mixed Ostrowski type inequalities involving
several functions.

Theorem 5 (/6]) Let zp € [a,b] C R, a« > 0, m = [a], fi € AC™ ([a,}]),
i=1,...,7 € N— {1}, with fi(k) (£9) =0, k=1,....m—1,i=1,....,r. Assume
that ||D;‘O_f1-||oo |Da | < 0, t=1,...,7. Denote by

,[a,z01’| *wofi”oo,[wo,b

T

b r b T

0(f1,oo fr) (w0) =7 / (Hfm))dw—Z i (o) / 17 @) |de
@ \g=1 i=1 a \j=1
J#i

(8)
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Then

|9(f17~ 7f7 Z HD fl“ Jla,zo] g—tl H|f] l'O (9)
= Jsﬁz

||D*.L0ft|| ,[xo,b] a+1 H|f_} .730

J;ﬁl
Inequality (9) is sharp, infact it is attained.

Theorem 6 (/6]) Let o > 1, m = [a], and f; € AC™ ([a,b]), i = 1,...,r €
N — {1}. Suppose that fi(k) (r0) =0, k=1,...,m—1; xg € [a,b] and Dy, _f; €
Ly ([a,wo]), DS, fi € L1 ([20,b]), for alli=1,...,r. Then

0 ies £2) @0 < 3 | {108 Filg o 15 Hm @i|| )
i=1
1751

HD*IEOJCZHLl(zOb) b— H‘fg 370
1751

Theorem 7 (/6]) Let p,qg > 1: 7—1—7 =1, a> 7, m=[a], >0, and f; €
AC™ ([a,b]), i =1,...,r € N— {1}. Suppose that f} J(2) =0, k=1,...,m—1,
xo € [a,0]; i =1,...,r. Assume D3 _f; € Lq ([a,x0]), and DS, fi € Ly ([x0,0]),
i=1,..,r. Then

‘9 (f17 B fT‘) (IL‘O)‘ <

g (a+ %) - at+l
L D3 _fi N B fi (z 11
( (OZ - 1) + 1)5 i=1 || 0 HLq([aJ«U]) + 1;[ | J 0 ( )
JFi

HD*xuleL ([0,b]) bf H|fy (zo)]
J;ﬁz

Next we mention some Caputo fractional Griiss type inequalities for several
functions.
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Theorem 8 ([6]) Let xp € [a,b] CR, 0 < a <1, f; € AC([a,b]), i=1,..

N — {1}. Assume that sup | D2 _fill_ Jamol’ sup HD*ZszH

b
zo€la,d] oo,

1= ,r. Denote by

i=1 j=1
J#i
Then
|A(f17~"7f7‘)| S (b_ (1) :
sup {105, fill . az0) s F‘+1 H|fj (wo)| | | +
i=1 | |®o€last] o a,b
J#Z
sup (1D, fill o gy SUP I5T 111% (zo)] - (13)
zo€la,b] " zo€la,b] j=
i |

Theorem 9 (/6]) Let p,q > 1 : 1 +1 =1, 1 <a<1l1,and f; € AC([a,b]),

i=1,...,7 € N={1}, 9 € [a, b] Assume that sup HDmO leL J(azo])’ and
zo€la,b]
sup ||D*z0leL ) <oo,t=1,..,7. Then
zo€la,b] 0,
(b—a)T (a+1
|A(f1a"'7f7“)| S ( T p) .
(pla=1)+1)7T ()
sup ||Dg, fZHL a(lawo)) | SUP I H|fa zo)| | | +
i=1 zo€la,b)
3751
sup ||Dg,, fil| . NEI SUP I H|fj (o) : (14)
zo€[a,b] €la,b] =1
i J
4
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3 Main Results
‘We make

Remark 10 Let g € C ([a,b]), a > 0, 29 € [a,b] C R. Notice that

« 1 o «
Iail (9) (x0) = m/ (zo — 2)" g (2) dz.
Hence
a+1 1 o @
12 @) @0l < gy | @0=2)" ()l <
1191l oo, (a,20] /9”0 (20 — 2)* dz = 1191l oo (a0, 20] (1:0—a)aJrl
Ma+1) J, 'a+1) (a+1)
9/l [a,z0] a+1
= Tlat2) (xg—a)" " .
That is 19l
g
okl s[a,zo] _ya+l
|12 ~ T(a+2) (o =)

Similarly we have

1 b
B9 @) = paryy [ w9 ()
b T(a+1) J,,
" lol ;
9 00,[z0,b] @
It (g < 70/ z—1x0)" dz
1 S Tlaty J, 57"
Mallso o) (0= 20)* T 19l o, (b— )"
T(a+1) (a+1) T (a+2) o
That is 1ol
Illoo, [z b 1
Ia+1 < J|zo, h— a+ .
154 ) (@o)] < Fegmtg (b0
Consequently we derive
Hfj
" (17) J#Z
a+1 ) 00, [a, 0] ol
IaJr jl;[ ‘f] ($0)| S r (a + 2) ($0 CL) ’
J#i
5
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and

Hfﬂ

(20) 751 - o
]?jl H|fj -'170 | S W(b—tfo) +1. (22)
7751
Therefore it holds
©) - a+1
|9(f17'~~7fr Zo | § ||D fz” [uzo H|f] .’E() +
= J#Z
- ((21),(22))
1D Fill s oy 5 | TL 155 ()] <
i
a—|—2 Zl HD le s[a,zo] Hfj (xo_a)a+1+
J?él 00,[a,z0]
||D*7~Uf’LH [z0,b] H f] (b - wo)a_‘—l = (61) . (24)

J;él 00,[z0,b]
Call

My (fi, o f2) (@0) = max {[1D2, il ooy 1P Fill e ooy b (25)

77777

Then

My (f1y s f2) (20) r N
€)=ty ; I17 (20 —a)*" " +
JFi 00,[a,z0]
Hfg (b—w0)™ ™| = (&) (26)
= o0, [0,b]
Call

U1 (1o o) (w0) :=max ¢ > I £ S .27

= ?]jéi 00,[a,xo] = J];}L 00,[z0,b]
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So that

(€2) = I'(a+2)

M1 (fla "'7f7') ('TO) ¢1 (fla ) fT) ('TO) (b _ a)a-i-l
I'a+2) '

M,y (f17 0y fT) (SC()) ¢1 (fla cery fr) (xO) (b _ x0>a+1 + (xO . a)oz+1:|

<
(28)

We have proved simpler interpretations of Caputo fractional mixed Os-

trowski type inequalities involving several functions.

Theorem 11 Here all as in Theorem 5, My (f1,..., fr) (o) as in (25) and

¥y (f1, - fr) (o) as in (27). Then
‘0 (fla () fT) (mO)‘ <

M (f1, - fr) (o) P1 (f1, s fr) (T0)
I'(a+2)

My (f1, -5 fr) (o) ¥y (f1, - fr) (@0) (b— )+
I'(a+2) '

‘We make

Remark 12 Let g € C ([a,b]), « > 1, x¢ € [a,b] C R. We have that

llgll [a,a0]
Ia < 0, [a,T0 o a
| a+ (g) (‘TO) =7 (Oé + 1) ("L‘O a) 5

and

191l o o .
|75 (g) (w0)| < =22l (p — )

~ I'(a+1)

Consequently we derive

H [
j=1

o - (31) ||j#i 00,[a,zo] a
Iay H |fj (o) | < T Tlat+l) (zo —a)”,

j=1
i

H I
j=1

(32) ||j#i 00, [z0,b]

I jl;[1|fj(x0)| < W(b*%)a-
i
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Therefore it holds

r

(10) r
(o ) (20)] < 102 fill oo T | TT 15 @)l || +

=1 j=
j;éi

((33),(34))

HDfxof’HLl(mob) b— H‘fj o)) <
J#l
1 : N
F(a—l—l); 125~ Fill, a0y Hfﬂ (w0 —a)"+
j;éz 0, [a,z0]
D% fill oy | T S (b= 20)"| =: (). (35)
=1
374 Nloo,[z0,b]
Call
Mo (fl’”"fr) (.’L’) —lm,ax’ {HD fZHLl(a:tO]) *IoleLl(mob)} (36)
Then

M2 (fla "-,fr) (l‘o)
N'la+1)

r

ST (w0 — a)® H fi (b —x0)” (37)

i=1 | ||j=1

JFi 00,[a,xo] J7él 00,[zo,b]
<= — fr)r(ggz)%fh wr)(20) [(b—20)" + (0 —a)*]  (38)
M2 (fla"'afr) (»TO)TM (fla"'afr) (‘TO) o
< i b—a). (39)

We have proved

Theorem 13 Let all as in Theorem 6, Ma (f1, ..., fr) (zo) as in (36) and 1, (f1,
vy fr) (o) as in (27). Then

|0(f17---,fr) (x0)| < M, (fl,'-'va) (mo) "/)1 (fla--~>fr) (550)

I'(a+1) )
M2 (fh"'afT') (x0)¢1 (fh"wa') ('TO) a
< NCES) (b—a)". (41)
8
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Similarly we obtain

Theorem 14 Let all as in Theorem 7. Call

MS(f17"'7fT)<x0) = max {HDIO fl”L(amg])

D2 fill oy} - (42)
Here 1, (f1,..., fr) (z0) as in (27). Then

10 (f1s s fr) (0)] <
Ms (fr, s fr) (20) Py (fla“;fr) (20) {(bfx JotE 4 (2o — a)a+ﬂ < (43)
(a+1) le-1)+1)7T(a)
M3 (f1, - fr) (x0) 1 (f1, -0 fr) (0) (b—a)™*+. (44)
(a+3) (pla=1)+1)7T (a)

Finally we give a simpler interpretation of Caputo fractional Griiss type
inequalities (13), (14).

Theorem 15 All as in Theorem 8. We define

(flv""fT) = :max { sup HDOCU fl” Ja,zo]? Su[p ||D*10fZH J[zo,b) }

1=1,...,r Ioe[a,
(45)
and
¢2 (f17"'7f7“) (mo) =

max Z sup HfJ Z sup HfJ . (46)

i= lwoe[ab =1 i— leEab j=1

Jj#i 00, [a,zo] VE 00, [0,b]

e DMy (fis o f) s (Fis o 1)

IA(fry ooy fr)] < S22 P2 0w 0] () )2 (47)

I'a+2)
Theorem 16 All as in Theorem 9. We define

Ms (f1, - ,f,).—'max { sup HDIO f‘HL (la.o]) ? bup ||D*acoftHL(zo, )

=11 | zo€lab]
(48)
Here 1 is as in (46). Then

2Ms (f1, - fr) Yo (f1y s fr) b—a) 3 (49)
(a4 1) wl@-1)+1)7T(a)

We finish with applications.

‘ fla' afT)|<
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4 Applications

We apply above theory for r = 2. In that case
b b b
0(f1f2) @) =2 [ (@) @) do= fi(a) [ fo(e)da—falan) [ i (@) da,
a a a (50)
xo € [a,b],

M (f1, f2) (z0) =

maX{HDgo*leoo,[a,xo]’||D f2|| Ja,xo]”? ”D*l’ofln Jzo,b] 7 HD*IOfQH :cob}’
(51)

U1 (1, f2) (20) = 025 {1l s fosmn) + 12 g > 11 o oty + 12 g}
(52)

M; (f1, f2) (o) = maX{||D§o—f1HL1<[a,zo]) ’
||Dgo—f2HL1 ([a, ;vo)’HD*axU'fl||L1([wob 7||l)fmof2HLl [wO’b])}7 (53)
M3(f1,f2)(l'0) _maX{HDﬂio leL ([a,xo0]) ?

HDgO*fQHLq([a,rO]) ’ HDfxofl ) |szof2HLq([mU,b])} ’ (54)

a([zo,
b b b
A(fl,f2>=2[<b—a>/ fl(w)fz(w)dx—</ fl(x)dfc> (/ fz(x)dwﬂ,

(55)
M4(f1’f2):max{ Su[p ||D:Co le [awo’ Sup ||D$0 f2H Jla,zo]”?
To€E|a
S I A N S
Zxo a,b
¢2(f17f2)=max{ SUp || f1ll oo jarz0) T sup ||f2|| Jlaszo]
zo€[a,b] zo€la,
T , 57
e 110, 20,8 zoseu[gb]||f2||oo,[xo,b]} (57)
and
Ms(f17f2)=max{ S;P Dy f1ll, ([aszo])’ Sup HDzo fQHL(axU])’
zo€la,b To€
Seu[p ||D*I0f1HL(x0b)’ SuP HD*wof2HL(x0b} (58)
o 0

abovep,q>1:5+§:1.

10
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Proposition 17 Let 2y € [a,b] C R, a > 0, m = [a], f1,f2 € AC™ ([a,b]),
with fl(k) (x0) = fQ(k) (20) =0, k=1,...,m — 1. Assume that | D, _ f1]|

oo,[a,zo]

HD f2“ Ja,zo] ? ||ngof1|}oo,[xo,b] ’ ||Dgfbof2Hoo,[xo,b] < oo. Then
0451 ) < SLLLERA I [0+ -]
(59)
M (f1, f2) (w0) ¥y (f1, f2) (w0) (b— a)**. (60)

- I'(a+2)
Proof. By Theorem 11. m

Proposition 18 Let « > 1, m = [«], and f1, fo € AC™ ([a,b]). Suppose that
") (20) = 159 (0) = 0, k = 1,.;m — 1; o € [a,b] and D%, _f1,D% _fy €
Ly ([a,zo]), D, f1, DS, f2 € L1 ([x0,0]). Then

M (f1, f2) (o) ¥4 (f1, f2) (20)
I'la+1)

M (f1, f2) (o) ¥y (f1, f2) (20) o
< ey (b—a)°®. (62)

10 (f1, f2) (wo)| < [(b—20)" + (w0 — a)*] (61)

Proof. By Theorem 13. =

Proposition 19 Letp,q>1 %—F =1, a>f m=[a], « >0, and fi1, fa €

AC™ ([a,b]) . Suppose that f1 (%0) ) (o) =0,k=1,...,m—1, z € [a,}].
Assume D3 f1, Dy fo € Ly ([a, mo]) nd D¢, f1, *Iofg € L, ([x0,D]). Then
(N1

M; (f1, f2) (z0) ¥y (f1, f2) (o) — 2V 4 (20 — @)
(0t 2) a1+ 1PT o [0 e

(63)
< My (1, f2) @) (1 f2) @0) () rav (64)
(a+2) @1+ I

Proof. By Theorem 14. m

1
q

6 (f1, f2) (wo)| <

Proposition 20 Let zg € [a,b] C R, 0 < a < 1, f1, f2 € AC ([a,b]). Assume
that sup |[Dg,_fil, sup, ||Dmo P2l b [1P% filloc

zo€[a,b]
sup HD*IOng Lm0y < 00 Then

axo]’ aacg]’

z0€E[a,b]
‘A (fla f2)| < 2M, (fi_‘a{z)—ib;)(flv fQ) (b - a)a+2 . (65)
Proof. By Theorem 15. =
11
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Proposition 21 Let p,q > 1: %—i— % =1, % <a<1,and fi, fo € AC([a,b]),
xo € [a,b]. Assume that sup ||D;‘0_fi||Lq([a)$0]) supb] ||D3x0fi||Lq([x07b]) <

o0,

b
z€la,b] o €|

1 =1,2. Then

2M5 (f1, f2) o (1, fo) (b—a) L.

T (66)
a+1)(pla—1)+1)7 ()

A (f1, f2)] <
(

Proof. By Theorem 16. m
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