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      The purpose of the "Journal of Applied Functional Analysis"(JAFA) is to 
publish high quality original research articles, survey articles and book 
reviews from all subareas of Applied Functional Analysis in the broadest form 
plus from its applications and its connections to other topics of Mathematical 
Sciences. A sample list of connected mathematical areas with this publication 
includes but is not restricted to: Approximation Theory, Inequalities, 
Probability in Analysis, Wavelet Theory, Neural Networks, Fractional Analysis, 
Applied Functional Analysis and Applications, Signal Theory, Computational Real 
and Complex Analysis and Measure Theory, Sampling Theory, Semigroups of 
Operators, Positive Operators, ODEs, PDEs, Difference Equations, Rearrangements, 
Numerical Functional Analysis, Integral equations, Optimization Theory of all 
kinds, Operator Theory, Control Theory, Banach Spaces, Evolution Equations, 
Information Theory, Numerical Analysis, Stochastics, Applied Fourier Analysis, 
Matrix Theory, Mathematical Physics, Mathematical Geophysics, Fluid Dynamics, 
Quantum Theory. Interpolation in all forms, Computer Aided Geometric Design, 
Algorithms, Fuzzyness, Learning Theory, Splines, Mathematical Biology, Nonlinear 
Functional Analysis, Variational Inequalities, Nonlinear Ergodic Theory, 
Functional Equations, Function Spaces, Harmonic Analysis, Extrapolation Theory, 
Fourier Analysis, Inverse Problems, Operator Equations, Image Processing, 
Nonlinear Operators, Stochastic Processes, Mathematical Finance and Economics, 
Special Functions, Quadrature, Orthogonal Polynomials, Asymptotics, Symbolic and 
Umbral Calculus, Integral and Discrete Transforms, Chaos and Bifurcation, 
Nonlinear Dynamics, Solid Mechanics, Functional Calculus, Chebyshev Systems. 
Also are included combinations of the above topics.  
   
      Working with Applied Functional Analysis Methods has become a main trend 
in recent years, so we can understand better and deeper and solve important 
problems of our real and scientific world.  
   
      JAFA is a peer-reviewed International Quarterly Journal published by 
Eudoxus Press,LLC.   
       
      We are calling for high quality papers for possible publication. The 
contributor should submit the contribution to the EDITOR in CHIEF in TEX or 
LATEX double spaced and ten point type size, also in PDF format. Article should 
be sent ONLY by E-MAIL [See: Instructions to Contributors]   
 
Journal of Applied Functional Analysis(JAFA) 

is published in January,April,July and October of each year by 
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PREFACE (JAFA – JCAAM) 

These special issues are devoted to a part of proceedings of AMAT 2012 - 

International Conference on Applied Mathematics and Approximation Theory - which 

was held during May 17-20, 2012 in Ankara, Turkey, at TOBB University of 
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POSITIVE PERIODIC SOLUTIONS FOR HIGHER-ORDER

FUNCTIONAL q-DIFFERENCE EQUATIONS

MARTIN BOHNER AND ROTCHANA CHIEOCHAN

Abstract. In this paper, using the recently introduced concept of periodic

functions in quantum calculus, we study the existence of positive periodic

solutions of a certain higher-order functional q-difference equation. Just as for
the well-known continuous and discrete versions, we use a fixed point theorem

in a cone in order to establish the existence of a positive periodic solution.

This paper is dedicated to Professor George A. Anastassiou
on the occasion of his 60th birthday

1. Introduction

The existence of positive periodic solutions of functional difference equations
has been studied by many authors such as Zhang and Cheng [2], Zhu and Li [5],
and Wang and Luo [6]. Some well-known models which are first-order functional
difference equations are, for example (see [6]),

(i) the discrete model of blood cell production:

∆x(n) = −a(n)x(n) + b(n)
1

1 + xk(n− τ(n))
, k ∈ N,

∆x(n) = −a(n)x(n) + b(n)
x(n− τ(n))

1 + xk(n− τ(n))
, k ∈ N,

(ii) the periodic Michaelis–Menton model:

∆x(n) = a(n)x(n)

1−
k∑

j=1

aj(n)x(n− τj(n))

1 + cj(n)x(n− τj(n))

 , k ∈ N,

(iii) the single species discrete periodic population model:

∆x(n) = x(n)

a(n)−
k∑

j=1

bj(n)x(n− τj(n))

 , k ∈ N.

Key words and phrases. Functional difference equation, q-difference equation, periodic
solutions.
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2 MARTIN BOHNER AND ROTCHANA CHIEOCHAN

This paper studies the existence of periodic solutions of the m-order functional
q-difference equations

x(qmt) = a(t)x(t) + f(t, x(t/τ(t))),(1.1)

x(qmt) = a(t)x(t)− f(t, x(t/τ(t))),(1.2)

where a : qN0 → [0,∞) with a(t) = a(qωt), f : qN0 × R → [0,∞) is continuous
and ω-periodic, i.e., f(t, u) = qωf(qωt, u), and τ : qN0 → qN0 satisfies t ≥ τ(t) for
all t ∈ qN0 . A few examples of the function a are given by a(t) = c, where c is
constant for any t ∈ qN0 , and a(t) = dt, where dt are constants assigned for each
t ∈ {qk : 0 ≤ k ≤ ω − 1}. By applying the fixed point theorem (Theorem 1.2) in a
cone, we will prove later that (1.1) and (1.2) have positive periodic solutions. The
definition of periodic functions on the so-called q-time scale qN0 has recently been
given by the authors [1] as follows.

Definition 1.1 (Bohner and Chieochan [1]). A function f : qN0 → R satisfying

f(t) = qωf(qωt) for all t ∈ qN0

is called ω-periodic.

Theorem 1.2 (Fixed point theorem in a cone [3, 4]). Let X be a Banach space
and P be a cone in X. Suppose Ω1 and Ω2 are open subsets of X such that 0 ∈
Ω1 ⊂ Ω1 ⊂ Ω2 and suppose that Φ : P ∩ (Ω2 \ Ω1)→ P is a completely continuous
operator such that

(i) ‖Φu‖ ≤ ‖u‖ for all u ∈ P ∩ ∂Ω1, and there exists ψ ∈ P \ {0} such that
u 6= Φu+ λψ for all u ∈ P ∩ ∂Ω2 and λ > 0, or

(ii) ‖Φu‖ ≤ ‖u‖ for all u ∈ P ∩ ∂Ω2, and there exists ψ ∈ P \ {0} such that
u 6= Φu+ λψ for all u ∈ P ∩ ∂Ω1 and λ > 0.

Then Φ has a fixed point in P ∩ (Ω2 \ Ω1).

2. Positive Periodic Solutions of (1.1)

In this section, we consider the existence of positive periodic solutions of (1.1).
Let

X :=
{
x = {x(t)} : x(t) = qωx(qωt) for all t ∈ qN0

}
and employ the maximum norm

‖x‖ := max
t∈Qω

|x(t)|, where Qω :=
{
qk : 0 ≤ k ≤ ω − 1

}
.

Then X is a Banach space. Throughout this section, we assume 0 < a(t) < 1/qm

for all t ∈ qN0 , where m ∈ N is the order of (1.1). We define l := gcd(m,ω) and
h = ω/l.

Lemma 2.1. x ∈ X is a solution of (1.1) if and only if

(2.3) x(t) =

qhm
h−1∏
i=0

a(qimt)

1− qhm
h−1∏
i=0

a(qimt)

h−1∑
i=0

f(qimt, x(qimt/τ(qimt)))
i∏

j=0

a(qjmt)

.
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Proof. From (1.1) and x ∈ X, we get

x(qmt)

a(t)
− x(t) =

f(t, x(t/τ(t)))

a(t)
,

x(q2mt)

a(qmt)a(t)
− x(qmt)

a(t)
=

f(qmt, x(qmt/τ(qmt)))

a(qmt)a(t)
,

x(q3mt)

a(q2mt)a(qmt)a(t)
− x(q2mt)

a(qmt)a(t)
=

f(q2mt, x(q2mt/τ(q2mt)))

a(q2mt)a(qmt)a(t)
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
x(qhmt)

h−1∏
i=0

a(qimt)

− x(q(h−1)mt)
h−2∏
i=0

a(qimt)

=
f(q(h−1)mt, x(q(h−1)mt/τ(q(h−1)mt)))

h−1∏
i=0

a(qimt))

.

By summing all equations above and since x(t) = qωx(qωt) for all t ∈ qN0 , we arrive
at (2.3). �

In order to obtain a cone in the Banach space X, we define

M∗ := max

{
qhm

h−1∏
i=0

a(qimt) : t ∈ Qω

}
,

M∗ := min

{
qhm

h−1∏
i=0

a(qimt) : t ∈ Qω

}
,

and

δ :=
M2
∗ (1−M∗)

M∗(1−M∗)
.

Note 0 < δ < 1. Now we define the cone P and the mapping T : X → X by

P :=
{
y ∈ X : y(t) ≥ 0, y(t) ≥ δ‖y‖, t ∈ qN0

}
,

(Tx)(t) :=

qhm
h−1∏
i=0

a(qimt)

1− qhm
h−1∏
i=0

a(qimt)

h−1∑
i=0

f(qimt, x(qimt/τ(qimt)))
i∏

j=0

a(qjmt)

,

respectively. Since we have

qhmM∗
1−M∗

h−1∑
i=0

f(qimt, x(qimt/τ(qimt))) ≤ (Tx)(t)

≤ qhmM∗

M∗(1−M∗)

h−1∑
i=0

f(qimt, x(qimt/τ(qimt)))

for any x ∈ P , it follows that T (P ) ⊂ P . Define

ϕ(s) := max

{
qmtf(t, u)

1− qma(t)
: t ∈ Qω, δs ≤ u ≤ s

}
,

ψ(s) := min

{
qmδf(t, u(t))

(1− qma(t))u(t)
: t ∈ Qω, δs ≤ u ≤ s

}
.

Then both functions ϕ and ψ are continuous on R.
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4 MARTIN BOHNER AND ROTCHANA CHIEOCHAN

Theorem 2.2. Assume 0 < a(t) < 1/qm for all t ∈ qN0 , where m is the order
of the functional q-difference (1.1). Suppose there exist two real numbers α, β > 0
with α 6= β such that ϕ(α) ≤ α and ψ(β) ≥ 1. Then (1.1) has at least one positive
solution x ∈ X satisfying

min{α, β} ≤ ‖x‖ ≤ max{α, β}.

Proof. Without loss of generality, we can assume α < β. Let

Ω1 := {x ∈ X : ‖x‖ < α} and Ω2 := {x ∈ X : ‖x‖ < β} .
First, we show

(2.4) ‖T (x)‖ ≤ ‖x‖ for all x ∈ P ∩ ∂Ω1.

Let x ∈ P ∩ ∂Ω1. Then ‖x‖ = α and δα ≤ x(t) ≤ α for all t ∈ qN0 . Since

qmtf(t, u)

1− qma(t)
≤ ϕ(α) ≤ α

and

qhm
h−1∏
i=0

a(qimt)

1− qhm
h−1∏
i=0

a(qimt)

h−1∑
i=0

1− qma(qmit)

q(i+1)m
i∏

j=0

a(qjmt)

= 1

for all t ∈ qN0 , we obtain

(Tx)(t) =

qhm
h−1∏
i=0

a(qimt)

1− qhm
h−1∏
i=0

a(qimt)

h−1∑
i=0

f(qimt, x(qimt/τ(qimt)))
i∏

j=0

a(qjmt)

≤ α

t

qhm
h−1∏
i=0

a(qimt)

1− qhm
h−1∏
i=0

a(qimt)

h−1∑
i=0

1− qma(qmit)

q(i+1)m
i∏

j=0

a(qjmt)

≤ α = ‖x‖
for all t ∈ qN0 . Hence (2.4) holds. Next, we show that

(2.5) x 6= Tx+ λ for all x ∈ P ∩ ∂Ω2, for some λ > 0.

Suppose (2.5) does not hold, i.e., there exist x∗ ∈ P ∩ ∂Ω2 and λ0 such that
x∗ = Tx∗ + λ0. Let

χ := min {x∗(t) : t ∈ Qω} .
Since x∗ ∈ P ∩ ∂Ω2, ‖x∗‖ = β and δβ ≤ x∗(t) ≤ β for all t ∈ qN0 . Thus we have
χ = x∗(t0) for some t0 ∈ Qω. Since

1 ≤ ψ(β) ≤ qmδf(t0, u)

(1− qma(t0))u

and

qhm
h−1∏
i=0

a(qimt0)

1− qhm
h−1∏
i=0

a(qimt0)

h−1∑
i=0

1− qma(qimt0)

q(1+i)m
i∏

j=0

a(qjmt0)

= 1,
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we obtain

x∗(t0) = λ0 + Tx∗(t0)

= λ0 +

qhm
h−1∏
i=0

a(qimt0)

1− qhm
h−1∏
i=0

a(qimt0)

h−1∑
i=0

f(qimt0, x
∗(qimt0/τ(qimt0)))
i∏

j=0

a(qjmt0)

≥ λ0 +

qhm
h−1∏
i=0

a(qimt0)

1− qhm
h−1∏
i=0

a(qimt0)

h−1∑
i=0

(1− qma(qimt0))x∗(qimt0/τ(qimt0))

δqm
i∏

j=0

a(qjmt0)

≥ λ0 + β

qhm
h−1∏
i=0

a(qimt0)

1− qhm
h−1∏
i=0

a(qimt0)

h−1∑
i=0

1− qma(qimt0)

q(1+i)m
i∏

j=0

a(qjmt0)

= λ0 + β

≥ λ0 + χ > χ.

This gives a contradiction since x∗(t0) = χ and hence (2.5) holds. Therefore, by
applying Theorem 1.2, it follows that T has a fixed point x ∈ P ∩ (Ω2 \ Ω1). This
fixed point is a positive ω-periodic solution of (1.1). �

Corollary 2.3. Assume 0 < a(t) < 1/qm for all t ∈ qN0 . Suppose that one of the
following conditions holds:

(i) lim
s→0+

ϕ(s)

s
= ϕ0 < 1 and lim

s→∞
ψ(s) = ψ∞ > 1,

(ii) lim
s→∞

ϕ(s)

s
= ϕ∞ < 1 and lim

s→0+
ψ(s) = ψ0 > 1.

Then (1.1) has at least one positive solution x ∈ X with ‖x‖ > 0.

Proof. It is sufficient to show only case (i). Since lim
s→0+

ϕ(s)

s
= ϕ0 < 1, there exists

δ > 0 such that for all s ∈ (0, δ),∣∣∣∣ϕ(s)

s
− ϕ0

∣∣∣∣ < 1− ϕ0

2
, i.e.,

3ϕ0 − 1

2
<
ϕ(s)

s
<

1 + ϕ0

2
< 1.

Hence there exists α ∈ (0, δ) such that ϕ(α) < α. Since lim
s→∞

ψ(s) = ψ∞ > 1, there

exists δ > 0 such that for all s ∈ (0, δ),

|ψ(s)− ψ∞| <
ψ∞ − 1

2
, i.e., 1 <

1 + ψ∞
2

< ψ(s) <
3ψ∞ − 1

2
.

Hence there exists β > 0 such that ψ(β) > 1. Thus, by Theorem 2.2, (1.1) has at
least one positive solution x ∈ X with ‖x‖ > 0. �

Theorem 2.4. Assume 0 < a(t) < 1/qm for all t ∈ qN0 . Suppose there exist
N + 1 positive constants p1 < p2 < . . . < pN < pN+1 such that one of the following
conditions is satisfied:

(i) ϕ(p2k−1) < p2k−1, k ∈ {1, 2, . . . , [(N + 2)/2]} and
ψ(p2k) > 1, k ∈ {1, 2, . . . , [(N + 1)/2]},
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(ii) ϕ(p2k) < p2k, k ∈ {1, 2, . . . , [(N + 1)/2]} and
ψ(p2k−1) > 1, k ∈ {1, 2, . . . , [(N + 2)/2]},

where [d] denotes the integer part of d. Then (1.1) has at least N positive solutions
xk ∈ X with

pk < ‖xk‖ < pk+1 for all k ∈ {1, 2, . . . , N}.

Proof. It is sufficient to show only case (i). Since ϕ,ψ : (0,∞) → [0,∞) are
continuous for each pair {pk, pk+1} and each k ∈ {1, 2, . . . N}, there exist pk <
αk < βk < pk+1 for all k ∈ {1, 2, . . . N} such that

ϕ(α2k−1) < α2k−1, ψ(β2k−1) > 1, k ∈ {1, 2, . . . , [(N + 2)/2]},
ϕ(α2k) < α2k, ψ(β2k) > 1, k ∈ {1, 2, . . . , [(N + 1)/2]}.

By Theorem 2.2, (1.1) has at least one positive periodic solution xk ∈ X for every
pair of numbers {αk, βk} with pk < αk ≤ ‖x‖ ≤ βk < pk+1. The proof is complete.

�

By applying Theorem 2.2, we can easily prove the following two corollaries.

Corollary 2.5. Assume 0 < a(t) < 1/qm for all t ∈ qN0 . Suppose that the following
conditions hold:

(i) lim
s→0+

ϕ(s)

s
= ϕ0 < 1 and lim

s→∞

ϕ(s)

s
= ϕ∞ < 1,

(ii) there exists a constant β > 0 such that ψ(β) > 1.

Then (1.1) has at least two positive solutions x1, x2 ∈ X with

0 < ‖x1‖ < β < ‖x2‖ <∞.

Corollary 2.6. Assume 0 < a(t) < 1/qm for all t ∈ qN0 . Suppose that the following
conditions hold:

(i) lim
s→0+

ψ(s) = ψ0 > 1 and lim
s→∞

ψ(s) = ψ∞ > 1,

(ii) there exists a constant α > 0 such that ϕ(α) < α.

Then (1.1) has at least two positive solutions x1, x2 ∈ X with

0 < ‖x1‖ < α < ‖x2‖ <∞.

3. Positive Periodic Solutions of (1.2)

In this section, we discuss the existence of positive periodic solutions of (1.2).

Throughout this section, we assume a(t) >
1

qm
for all t ∈ qN0 , where m is the order

of the functional q-difference equation (1.2). The proofs of the following results are
omitted as they can be done similarly to the proofs of the corresponding results in
Section 2.

Lemma 3.1. x ∈ X is a solution of (1.1) if and only if

x(t) =

qhm
h−1∏
i=0

a(qimt)

qhm
h−1∏
i=0

a(qimt)− 1

h−1∑
i=0

f(qimt, x(qimt/τ(qimt)))
i∏

j=0

a(qjmt)

for all t ∈ qN0 .
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We also define M∗ and M∗ as in Section 2 but we choose

δ∗ :=
M∗ − 1

M∗(M∗ − 1)
.

Clearly, δ∗ ∈ (0, 1). Then we define the cone

P :=
{
y ∈ X : y(t) ≥ 0, t ∈ qN0 , y(t) ≥ δ∗‖y‖

}
and the mapping T : X → X by

Tx(t) =

qhm
h−1∏
i=0

a(qimt)

qhm
h−1∏
i=0

a(qimt)− 1

h−1∑
i=0

f(qimt, x(qimt/τ(qimt)))
i∏

j=0

a(qjmt)

.

Thus Tx(t) = qωTx(qωt) and also T (P ) ⊂ P . Define

ϕ̃(s) := max

{
qmtf(t, u)

1− qma(t)
: t ∈ Qω, δ

∗s ≤ u ≤ s
}
,

ψ̃(s) := min

{
qmδ∗f(t, u(t))

(1− qma(t))u(t)
: t ∈ Qω, δ

∗s ≤ u ≤ s
}
.

Theorem 3.2. Assume a(t) > 1/qm for all t ∈ qN0 . Suppose there exist two real

numbers α, β > 0 with α 6= β such that ϕ̃(α) ≤ α and ψ̃(β) ≥ 1. Then (1.2) has at
least one positive solution x ∈ X with

min{α, β} ≤ ‖x‖ ≤ max{α, β}.

Corollary 3.3. Assume 0 < a(t) < 1/qm for all t ∈ qN0 . Suppose that one of the
following condition holds:

(i) lim
s→0+

ϕ̃(s)

s
= ϕ̃0 < 1 and lim

s→∞
ψ̃(s) = ψ̃∞ > 1,

(ii) lim
s→∞

ϕ̃(s)

s
= ϕ̃∞ < 1 and lim

s→0+
ψ̃(s) = ψ̃0 > 1.

Then (1.2) has at least one positive solution x ∈ X with ‖x‖ > 0.

Theorem 3.4. Assume a(t) > 1/qm for all t ∈ qN0 . Suppose there exist N + 1
positive constants p1 < p2 < . . . < pN < pN+1 such that one of the following
conditions is satisfied:

(i) ϕ̃(p2k−1) < p2k−1, k ∈ {1, 2, . . . , [(N + 2)/2]} and

ψ̃(p2k) > 1, k ∈ {1, 2, . . . , [(N + 1)/2]},
(ii) ϕ̃(p2k) < p2k, k ∈ {1, 2, . . . , [(N + 1)/2]} and

ψ̃(p2k−1) > 1, k ∈ {1, 2, . . . , [(N + 2)/2]},
where [d] denotes the integer part of d. Then (1.2) has at least N positive solutions
xk ∈ X, k ∈ {1, 2, . . . , N} with

pk < ‖xk‖ < pk+1.

Corollary 3.5. Assume a(t) > 1/qm for all t ∈ qN0 . Suppose that the following
conditions are satisfied:

(i) lim
s→0+

ϕ̃(s)

s
= ϕ̃0 < 1 and lim

s→∞

ϕ̃(s)

s
= ϕ̃∞ < 1,

(ii) there exists a constant β > 0 such that ψ̃(β) > 1.
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Then (1.2) has at least two positive solutions x1, x2 ∈ X with

0 < ‖x1‖ < β < ‖x2‖ <∞.

Corollary 3.6. Assume a(t) > 1/qm for all t ∈ qN0 . Suppose the following condi-
tions are satisfied:

(i) lim
s→0+

ψ̃(s) = ψ̃0 > 1 and lim
s→∞

ψ̃(s) = ψ̃∞ > 1,

(ii) there exists a constant α > 0 such that ϕ̃(α) < α.

Then (1.2) has at least two positive solutions x1, x2 ∈ X with

0 < ‖x1‖ < α < ‖x2‖ <∞.

4. Some Examples

In this section, we show some examples of equations of the form (1.1) and (1.2)
and apply the main results of the previous sections.

Example 4.1. Consider the q-difference equation

(4.6) x(q3t) = ax(t) +
1

tx(q2t)
,

where a is a constant with 0 < a < 1/q3, f(t, x) = 1/(tx), and τ(t) = 1/q2 for all
t ∈ qN0 . We have

lim
s→∞

ϕ(s)

s
= ϕ∞ = 0 < 1 and lim

s→0+
ψ(s) = ψ0 =∞ > 1.

By Corollary 2.3 (ii), (4.6) has at least one positive ω-periodic solution.

Example 4.2. Let q = 2, m = 4, ω = 5. Consider the q-difference equation

(4.7) x(16t) = ax(t) + t99x100(4t) +
1

16000tetx(4t)
,

where a is a constant with 0 < a < 1/20, f(t, x) = t99x100 + 1/(16000tetx), and
τ(t) = 1/4 for all t ∈ qN0 . We have

lim
s→∞

ψ(s) = ψ∞ =∞ > 1 and lim
s→0+

ψ(s) = ψ0 =∞ > 1.

Since there exists α = 1/100 such that ϕ(α) < α, by Corollary 2.6, (4.7) has at
least two positive ω-periodic solutions.

Example 4.3. Consider the q-difference equation

(4.8) x(q5t) = atx(t)− t2x3(qt),

where a(t) = at are constants assigned for each t ∈ Qω and a(t) = a(qωt) for all
t ∈ qN0 . We have τ(t) = 1/q, f(t, x) = t2x3,

lim
s→0+

ϕ̃(s)

s
= ϕ̃0 = 0 < 1 and lim

s→∞
ψ̃(s) = ψ̃∞ =∞ > 1.

By Corollary 3.3 (i), (4.8) has at least one positive ω-periodic solution.
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APPROXIMATE SOLUTION OF SOME JUSTIFYING

MATHEMATICAL MODELS CORRESPONDING TO 2DIM

REFINED THEORIES

TAMAZ S. VASHAKMADZE, YUSUF F. GÜLVER

Abstract. In this paper, by using projective-variational discrete method, we
solved approxiamately some BVPs for thin walled elastic structures corre-

sponding to justifying mathematical models of Kirchhoff-von Kármán-Reissner-

Midlin type refined theories.

1. To Justifying 2dim Mathematical Models of Kirchhoff-von
Kármán-Reissner-Midlin type refined theories

At first, we consider the linear problems for elastic thin walled structures by
using generalised Hellinger-Reissner’s principle (see section 2.4 of [8]). For isotropic,
homogeneous, static bending case we have

2h3

3
[µ∆wα + (λ∗ + µ)graddivw+]− µh

(1 + 2γ)
(wα + v3,α) =∫ h

−h
tfαdt− h(g+

α + g−α )− λ

2(λ+ 2µ)

∫ h

−h
tσ33,αdt,

(1.1)

(1.2)
µh

(1 + 2γ)
[∆v3 + wα,α] =

∫ −h
h

f3dt− (g+
3 − g

−
3 ).

These expressions, which are constructed without simplifying hyphotheses, rep-
resent general form for all well known refined theories and also new ones, if we
choose arbitrary control parameter γ correspondingly.

Now, if we take σ3 vector as (see [8], p.60):

(1.3) σ3 =
(z − h−)g+

2h
+

(h+ − z)g−

2h
+
∞∑
s=1

σs3(x, y)(Ps+1(
z − h∗

h
)−Ps−1(

z − h∗

h
)),

where h∗ = 0.5(h+ +h−), the form of expressions of main physical values for all RT
and Filon-Kirchhoff (FK) type systems of DEs are invariants and the boundary
conditions will be satisfied exactly for all models. In fact for shearing forces Qα3,
bending and twisting moments Mαβ , and surface efforts Tαβ we have:

(1.4a) Qα3 = h(g+
α + g−α )− 2hσ1

α3,

Key words and phrases. Approximate solution, boundary value problems (BVP), thin-walled
elastic structures, Legendre polynomials, variational-discrete methods.

2010 AMS Math. Subject Classification. Primary 74G10, 74H15, 74S99; Secondary 74K20,

35J50.
1
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2 TAMAZ S.VASHAKMADZE, YUSUF F. GÜLVER

(1.4b) Mαβ =
2h2

3
σ1
αβ ,

(1.4c) Tαβ = 2hσ0
αβ ,

For (σ33, t) and ψα we have

M33 =

∫ h

−h
tσ33dt =

h2(1 + 2γ)

3
(g+

3 − g
−
3 ) + r1 [tσ33; γ] =

h2

(
g+

3 − g
−
3

2
− 2

3
σ2

33

)
,

(1.4d)

(1.4e) ψα =
1

2

∫ h

−h
(h2 − t2)σα3dt =

h2(1 + 2γ)

3
Qα3 + r2

[
t

∫ t

0

σα3dt; γ

]
.

For reminder members r1 [ ; ] and r2 [ ; ] see (2.15) and (2.16) of [8]. It is evident that
if we find the solutions of any BVPs for RT and FK (generalised plane stress case)
it’s possible to define first and second coefficients of (1.3). Inversely, if we solve
the BVPs corresponding to Vekua first kind system (6.13) for N =2, formulas (6.9)-
(6.12) of [8] define the coefficients σ1

α3, σ
s
33, s = 1, 2. By inserting these coefficients

into (1.4) we have the explicit form for solutions of BVPs of all RTs and FK. We
remind that the conditions σ33|S± = g±3 are satisfied among the refined theories in
only Reissner’s theory with an additional artificial assumption of σ33,3|S± = 0.

For completeness, we consider the BVPs for systems of partial differential equa-
tions when N = 2 according to Vekua theory [11]. If we know the values σsαβ , s =

0, 1, 2;σsi3, s = 1, 2 then the boundary conditions on S± satisfied ∀N ≤ ∞. We
remark that for finding the solutions of Refined Theories in wide sense we must
study the BVPs for the following partial differential equations:

(1.5a,f)



l2u
0
+ + h−1λgradu1

3 = F 0
+,

l2u
1
+ + 3h−1grad

(
λu2

3 − µu0
3

)
− 3µh−2u1

+ = F 1
+,

l2u
2
+ + 5h−1grad(−µu1

3)− 15µh−2u2
+ = F 2

+,

µ∆u0
3 + h−1µdivu1

+ = F 0
1 ,

µ∆u1
3 + 3h−1div(µu2

+ − λu0
+)− 3 (λ+ 2µ)h−2u1

3 = F 1
3 ,

µ∆u2
3 + 5h−1(−λdivu1

+)− 15(λ+ 2µ)h−2u2
3 = F 2

3 ,

where
ui ≈ u0

i + P1 (z/h)u1
i + P2 (z/h)u2

i ;

σαβ ≈ σ0
αβ + P1 (z/h)σ1

αβ + P2 (z/h)σ2
αβ + P3(z/h)σ3

αβ ,

σ3 =
(z − h−)g+

2h
+

(h+ − z) g−

2h
+

∞∑
s=1

σs3(x, y)

(
Ps+1

(
z − h∗

h+ − h−

)
− Ps−1

(
z − h∗

h+ − h−

))
,

σ3 = (σ13, σ23, σ33)
T
,
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APPROXIMATE SOLUTION OF JUSTIFYING REFINED THEORIES 3

l2 is the planar differential operator of theory of elasticity and ∆ is 2Dim Laplacian
operator.

After solving BVP (1.5) we immediately have:

(1.6a,c)


σs12 = 2µ(us1,2 + us2,1), s = 0, 1, 2, σ3

12 = 0;

σsα3 = 0.5(g+
α − (−1)sg−α )− µ(us−1

3,α + (2s− 1)h−1usα),

σs33 = 0.5(g+
3 − (−1)sg−3 )−

(
λus−1

α + (2s− 1)h−1(λ+ 2µ)us3
)
,

s = 1, 2.

(1.6d,k)



u∗α =
3

2h3
(uα, z) = u1

α, ūi =
1

2h
(ui, h) = u0

i ,

u∗3 =
3

4h3
(u3, h

2 − z2) = u0
3 − 0.2u2

3,

Qα3 = h(g+
α + g−α )− 2hσ1

α3,

Mαβ =
2h2

3
σ1
αβ ,

Tαβ = 2hσ0
αβ ,∫ h

−h
tσ33dt = h2

(
g+

3 − g
−
3

2
− 2

3
σ2

33

)
,

ψα =
1

2

∫ h

−h

(
h2 − t2

)
σα3dt =

h2(1 + 2γ)

3
Qα3 + r2

[
t

∫ t

0

σα3dt; γ

]
.∫ h

−h
σ33dt = h

(
g+

3 + g−3
)
− 2hσ1

33.

We remark that for BVP of any refined theories it is not necessary to investigate
the problems of existence and uniqness of classical or general solutions (when on
∂D displacements are zero or it is free) and there are true Korn type inequalities
for any N ≤ ∞ when 1 + 2γ ≥ 0(see details in chapter 2 of [8], inequalities (6.19)
and (6.23)):

(−LNUN , UN ) ≥ µ
(
κ2
∥∥U+

N

∥∥2

1

)
+
∥∥U3

N

∥∥2

2
,

(−Lv1U,U) ≥ (4hµ)
(
κ2

1

∥∥gradU+
∥∥2

1
+ κ2

2

∥∥U3
∥∥2

2

)
,

(um, vn)1 =
(√

(2m+ 1)(2n+ 1)
)−1

(um, vn) ,

(um, vn)2 = h−2
√

(2m+ 1)(2n+ 1)

 ∑
i≥m(2)

ui+1,
∑

i≥m(2)

vi+1

 .

One of the most principal objects in development of mechanics and mathematics
is a system of nonlinear differential equations for elastic isotropic plate constructed
by von Kármán. This system represents the most essential part of the main manuals
in elasticity theory [1, 2]. In spite of this in 1978 Truesdell expressed an idea
about neediness of “Physical Soundness” of von Kármán system. This circumstance
generated the problem of justification of von Kármán system. Afterwards this
problem is studied by many authors, but with most attention it was investigated
by Ciarlet [3]. In particular, he wrote: “the von Kármán equations may be given
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4 TAMAZ S.VASHAKMADZE, YUSUF F. GÜLVER

a full justification by means of the leading term of a formal asymptotic expansion”
([3], p.368). This result obviously is not sufficient for a justification of “Physical
Soundness” of von Kármán system as representations by asymptotic expansions is
dissimilar: leading terms are only coefficients of power series without any physical
meaning. Based on [8], the method of constructing such anisotropic inhomogeneous
2D nonlinear models of von Kármán-Mindlin-Reissner(KMR) type for elastic plates
with variable thickness is given, by means of which terms take quite determined
“Physical Soundness”. The corresponding variables are quantities with certain
physical meaning: averaged components of the displacement vector, bending and
twisting moments, shearing forces, rotation of normals, surface efforts. In addition
the corresponding equations are constructed taking into account the conditions of
equality of the main vector and moment to zero. By choosing parameters in the
isotropic case from KMR type system (having a continuum power) the von Kármán
system as one of the possible models is obtained. The given method differs from the
classical one by the fact that according to the classical method, one of the equations
of von Kármán system represents one of St-Venant’ s compatibility conditions, i.e.
it‘s obtained at the bases of geometry and not taking into account the equilibrium
equations. This remark is essential for dynamical problems.

Using methodology of [8], from ch.1 (in the case when thin-walled structure is an
elastic isotropic homogeneous plate with constant thickness) we have the following
nonlinear systems of PDEs of KMR type:

(1.7)



D∆2 u3 =

(
1− h2 (1 + 2γ) (2− ν)

3 (1− ν)
∆

)(
g+

3 − g
−
3

)
+2h

(
1− 2h2 (1 + 2γ)

3 (1− ν)
∆

)
[u3,Φ

∗] + h
(
g+

3,α − g
−
3,α

)
−
∫ h

−h

(
zfα,α − (1− 1

1− ν
∆
(
h2 − z2

)
f3)

)
dz +R1[u3; γ],

(1.8) ∆2Φ∗ = −E

2
[u3, u3] +

ν

2
∆
(
g+

3 + g−3
)

+
1 + ν

2h
fα +R2 [Φ∗] ,

(1.9)



Qα3 −
1 + 2γ

3
h2∆Qα3 = −D∆u3,α

+
h2 (1 + 2γ)

3 (1− ν)
∂α
(
g+

3 − g
−
3 + 2h (1 + ν)

)
[u3,Φ

∗] + h
(
g+
α − g−α

)
−
∫ h

−h
zfαdz +

1 + ν

2 (1− ν)

∫ h

−h

(
h2 − z2

)
f3,αdz +R2+α [Qα3; γ] .

The constructed models together with certain independent scientific interest rep-
resent such form of spatial models, which allow not only to construct, but also to
justify von KMR type systems as in the stationary, as well in nonstationary cases.
We remind that even in case of isotropic elastic plate with constant thickness the
subject of justification constituted an unsolved problem. The point is that von
Kármán, Love, Timoshenko, Landau & Lifshits and et al. considered the compati-
bility conditions of St.Venant-Beltrami as one of the equations of the corresponding
system.
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APPROXIMATE SOLUTION OF JUSTIFYING REFINED THEORIES 5

In the presented model we demonstrated a correct equation that is especially
important for dynamic problems. Further for isotropic and generalized transversal
elastic plates along the quantities describing the vertical directions and surface wave
processes it is necessary to take into account the quantity ∆∂ttΦ, corresponding
to wave processes in the horizontal directions, in the equilibrium equations. The
equations have the following form [9]:

(1.10)



(
D∆2 + 2hρ∂tt − 2DE−1 (1 + υ) ρ∂tt∆

)
w =(

1− h2 (1 + 2γ) (2− υ)

3 (1− υ)
∆

)(
g+

3 − g
−
3

)
+2h

(
1− 2h2 (1 + 2γ)

3 (1− υ)
∆

)
[u∗3,Φ] + h

(
g+
α,α − g−α,α

)
,

(
∆2 − 1− ν2

E
ρ1∆∂tt

)
Φ =

−E
2

[w,w] +
ν

2

(
∆− 2ρ1

E
∂tt

)(
g+

3 + g−3
)

+
1 + ν

2h
fα,α.

(1.11)

From (1.10)-(1.11) follows von Kármán equations if in (1.10) γ = −0.5, g±α = 0 and
in (1.11) fα = ρ1 = ∆g±3 = 0. In addition, an equation corresponding to (1.11)
by von Kármán, A. Föppl, Love, Lukasievicz, Tomoshenko, Donnel, Landau, Cia-
rlet, Antman et al. were constructed by the condition ε11,22 − 2ε12,12 + ε22,11 =
−0.5 [u3, u3] and Hooke’s law (but without using the equilibrium equations!). As
we prove in works [8, 9] the form (1.11) follows immediately for more general cases,
when thin-walled elastic structures are anisotropic and if we use Hooke’s law, equi-
librium equations with and nonlinear relations between strain tensor and displace-
ment vector:

εαβ = 0.5 (uα,β + uβ,α + u3,αu3,β) .

Now we prove that (1.11) equations in dynamical case has the following
form [10]:

(1.12)

(
−1− ν2

E
ρ1∆∂tt

)
Φ =

ν

2

(
∆− 2ρ1

E
∂tt

)(
g+

3 + g−3
)

+
1 + ν

2h
fα,α.

Thus we must demonstrate that both way give the expression ∆2Φ− 0.5E [w,w]
In fact, we constructed (1.11) by using the following expression (see [9]) :

(1.13)


(λ∗ + 2µ) ∆ (ε̄11 + ε̄22) =

(2µ(3λ+ 2µ))
−1

(λ+ 2µ) (λ∗ + 2µ) ∆ (σ̄11 + σ̄22) + ... =

µ
(

(−1)
α+β

∂3−α∂3−β ū3,αū3,β

)
+ ...,

where dots denote other different members from (1.11). Let us σ̄αβ =

(−1)
α+β

∂3−α∂3−βΦ, then from preliminary equation follows (1.11) or:
∆2Φ = −0.5E [w,w] + ... From St.Venant-Beltrami compatibility conditions it is
evident that

ε11,22 − 2ε12,12 + ε22,11 =

(2µ (3λ+ 2µ))
−1

[2 (λ+ µ) ∆σ̄αα − λσ̄αα,αα]− (µ)
−1
σ̄12,12 = 2E−1∆2Φ,
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6 TAMAZ S.VASHAKMADZE, YUSUF F. GÜLVER

or

∆2Φ + 0.5E [w,w] ≡ 0.

The mathematical models considered in [8] , ch.I contain a new quantity, which
describes an effect of boundary layer. Existence of this member not only explains
a set of paradoxes in the two-dimensional elasticity theory (Babushka, Lukasievicz,
Mazia, Saponjan), but also is very important for example for process of generating
cracks and holes (details see in [8], ch.1, par. 3.3). Further, let us note that in works
[9] equations of (1.11) type are constructed with respect to certain components of
stress tensor by differentiation and summation of two differential equations. Also
other equations of KMR type, which differ from (1.11) type equation, are equivalent
to the system, where the order of each equation is not higher than two. For
example, in the isotropic case, obviously, for coefficients we have [9]: cαα = λ∗+2µ,

c66 = 2µ, c12 = λ∗, cα6 = 0, λ∗ = 2λµ (λ+ 2µ)
−1

, λ and µ are the Lamé constants.
Then the system (1.7) of [9] is presented in the form:

(λ∗ + 2µ) ∂1τ + µ∂2ω =

1

2h
f1 +µ(∂1(u3,2)− ∂2(u3,1 u3,2))− λ

2h (λ+ 2µ)
(σ33,1, 1) ,

(1.14a)

µ∂1ω + (λ∗ + 2µ) ∂2τ =

1

2h
f2 +µ(∂2(u3,1)− ∂1(u3,1 u3,2))− λ

2h (λ+ 2µ)
(σ33,2, 1) ,

(1.14b)

where the functions: τ = εαα,, ω = u1,2−u2,1 correspond to plane expansion and
rotation respectively.

Thus, in the dynamical case the KMR type systems are (1.10) and (1.11). In
the statical case from (1.14) immediately follows such relations:

ν

2
∆
(
g+

3 + g−3
)

+
1 + ν

2h
fα,α = 0.

In general this relation is not true or if it is true then these expressions are conse-
quences of compatability conditions (see p.204 of [4])∫∫∫

Ωh

fdω +

∫∫
S+S±

gds = 0.

2. Variation-Discrete Method

For demonstration, we described shortly the Variation-Discrete method for a
strongly elliptic system of PDEs which contains the special case ((6.13) of [8] for
N =2):

(2.1a) A1∆u+ +B1grad(divu+) = f+,

(2.1b) A2∆u3 +B2(divu∗) = f3,

(2.1c) A3∆u∗ +B3grad(divu∗) + C3gradu3 +D3u∗ = f∗,

where the closure of domain D := [−1, 1]2 , u+ = (u1(x, y), u2(x, y))
T
, u3 =

u3(x, y), u∗ = (u4(x, y), u5(x, y))
T

; f+ = (f1(x, y), f2(x, y))
T

, f3 = f3(x, y),
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APPROXIMATE SOLUTION OF JUSTIFYING REFINED THEORIES 7

f∗ = (f4(x, y), f5(x, y))
T

, the coefficients Ai, Bi(i = 1, 2, 3);C3 and D3 are con-
stants.

Let us denote system (2.1) as

(2.2a) L(∂1, ∂2)u(x, y) = f(x, y), (x, y) ∈ D := (−1, 1)X (−1, 1) ,

with Dirichlet type boundary conditions

(2.2b) u|∂D = g, g =


g1(y), (x, y) ∈ {1}X [−1, 1] ,
g2(x), (x, y) ∈ [−1, 1]X{1},
g3(y), (x, y) ∈ {−1}X [−1, 1] ,
g4(x), (x, y) ∈ [−1, 1]X{−1}.

where u (x, y) ∈ C2(D)
⋂

C(D̄), f (x, y) ∈ C(D)1 and L(∂1, ∂2) is a linear elliptic
type operator.

Instead of u(x, y) we take a series expansion having a homogeneous baoundary
values and add a function v(x, y) who satisfies the heterogenous boundary condi-
tions (2.2b)

(2.3) u(x, y) =
∞∑

i,j=1

uijϕij(x, y) + v(x, y),

where, uij is coefficients of u(x, y) in ϕij(x, y) basis or coordinate functions which
is defined by the multiplication of Legendre polynomials differences (with respect
to indices) in the following way

(2.4a,b) ϕij(x, y) := χPi(x)χPj(y), χPi(x) :=
1√

2(2i+ 1)
(Pi+1(x)− Pi−1(x)) ,

(2.4c)


v(x, y) =G1(x, y)H (y + 1)H (1− y) +G2(x, y)H (x+ 1)H (1− x) +

E1δ(x− 1)δ(y − 1) + E2δ(x− 1)δ(y + 1)+

E3δ(x+ 1)δ(y − 1) + E4δ(x+ 1)δ(y + 1),

where

H (x− a) :=

{
1, x > a,
0, x ≤ a;

δ(x− a) :=

{
1, x = a,
0, x 6= a,

G1(x, y) =

[
x+ 1

2
g1(y) +

1− x
2

g3(y)

]
,

G2(x, y) =

[
y + 1

2
g2(x) +

1− y
2

g4(x)

]
,

E1 = g1 (1) = g2 (1) , E2 = g1 (−1) = g4 (1) ,

E3 = g2 (−1) = g3 (1) , E4 = g3 (−1) = g4 (−1) .

The difference in (2.4b) is taken in such a way that the homogeneous boundary
condition is satisfied and the function v(x, y) is proposed in such a way that the
heterogenous boundary conditions given in (2.2b) are satisfied. The difference in
(2.4b) is between either odd or even ordered polynomials and since Pi(±1) = (±1)i

it is always true that χPi(±1) = 0. Coordinate functions ϕij(x, y) constitute a
complete system. The coefficient in operator χ is selected so that after several
operations it can be simplified by other coefficients which come out of the integration

1For simplicity f is taken from C(D). The only condition f to satisfy is that it is integrable in
the general sense over D. Therefore f can be selected from a more general class.
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8 TAMAZ S.VASHAKMADZE, YUSUF F. GÜLVER

operations given in (2.6). For the numerical realisation we take the first N terms
of the series given in (2.3) and it becomes

(2.5)
N
u(x, y) =

N∑
m,n=1

umnϕmn + v(x, y).

Then the method starts with inserting approximate value
N
u instead of the exact

value of u in the differential Eq.(2.2a) and then continues by multiplying both sides
by coordinate functions ϕij and taking integration over the domain D. Finally we
have the projected approximate equation

(2.6)

∫∫
D

L(∂1, ∂2)
N
u(x, y)ϕijdxdy =

∫∫
D

f(x, y)ϕijdxdy =: (f, ϕij) .

To find algebraic equivalent system for the BVP (2.1) we need corresponding tem-
plates for the identity, first, direct and mixed second order operators. Let us call
the equivalent operators as I, I1, I11, I12 respectively for the identity, first, direct
and mixed second order operators. Application of (2.2)-(2.6) and the following
properties of Legendre polynomials

(2.7a,b)

1∫
−1

PmPndt =
2δmn

m+ n+ 1
, P ′m+1 − P ′m−1 = (2m+ 1)Pm,

where prime sign in (2.7b) denotes derivative with respect to the relevant argument
x or y, gives the required templates as below:

I11 :=

(
N

∂11u , ϕij

)
=

1∑
n=−1

ui,j+2n
[
(|n| − 1) cj + |n|aj+n

]
+ (∂11v, ϕij) ,

I12 :=

(
N

∂12u , ϕij

)
=

1∑
m,n=−1

−ui+m,j+n|mn|(−1)
|m+n|

2 bi+ m+1
2 ,j+ n+1

2
+(∂12v, ϕij) ,

I1 :=

(
N

∂1u , ϕij

)
=

1∑
m,n=−1

ui+m,j+2n|m|(−1)
m+3

2 +nei+ m+1
2
S1jaj+nS2jcj + (∂1v, ϕij) ,

I :=
(
N
u, ϕij

)
=

1∑
m,n=−1

ui+2m,j+2nR1ciR2cjR3ai+mR4aj+n + (v, ϕij) ,

where

aj = dj+1

√
djdj+2 , bi,j =

√
didi+1djdj+1, cj =

1

2
(dj − dj+2),

ei =
√
didi+1, di =

1

2i− 1
,

R1 = 1 + |m|
(

1

ci
− 1

)
, R2 = 1 + |n|

(
1

cj
− 1

)
,
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R3 = |m|+ 1

ai
(|m| − 1) , R4 = |n|+ 1

aj
(|n| − 1) ,

S1j =
1

aj
(1− |n|) + |n|, S2j = 1 + |n|

(
1

cj
− 1

)
,

(v, ϕij) = (G1 +G2, ϕij) ,

(∂1v, ϕij) = −
√

2i+ 1

2
(v, Pi (x)χPj (y)) ,

(∂12v, ϕij) =

√
2i+ 1

2

√
2j + 1

2
(v, Pi (x)Pj (y)) ,

(∂11v, ϕij) =

√
2i+ 1

2

(v, P ′i (x)χPj (y)
)

+

1∫
−1

[
(−1)ig3(y)− g1(y)

]
χPj (y) dy

 .

Variational-Discrete method applied here represents Ritz method (for the proof
see p.146 of [8]). For projective methods, one of the crucial point is the problem of
stability. For these coordinate systems ϕij , corresponding Gram type matrix has
the same structure with the matrix corresponding to the finite difference method
for 2Dim Laplacian. Thus, this fact opens the new way of possibility for sufficent
large class of BVPs to investigate Gram type functional matices by methods of
numerical mathematics. In our case, Gram matrix is bounded from below by non-
negative value when the order of the matrix tends to infinity. This implies that the

process of finding uij and approximate solution
N
u is stable (see Ch.III, section 12.1

of [8]). For demostration of some properties of this method below we consider 3
well known classical BVPs .

Example 1. We have the Poisson equation with a unit source function

(2.8) −∆u(x, y) = 1, u|∂D = 0,

where D := [−1, 1]2and ∆ is the 2D Laplacian operator.
By noting that due to the homogeneous boundary conditions v = 0 and us-

ing the algebraic equivalent of Laplacian operator I∆ = I11 + I22, the projected
approximate equation related to the BVP (2.8) becomes

(2.9) ui,j(ci + cj)− ui+2,jai+1 − ui−2,jai−1 − ui,j+2aj+1 − ui,j−2aj−1 = gij .

where gij = (1, ϕij) . By using the orthogonality property (2.7a) of Legendre poly-
nomials, the integral in the expression of gij simply yields g11 = 2/3; gij =
0, if i 6= 1 6= j .

The system obtained in (2.9) is in fact consists of four independent sub-
systems. Indices (i, j) can take either odd or even values between 1, N . Each
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Figure 1. Template for Laplacian (a), solution of the Poisson
equation: contour plot (b) and 3-D graph (c)

combination results in the same type of unknown coefficient indices, hence consti-
tutes an independent subsystem (see Fig.1a). From the number of members’ point
of view the obtained scheme resembles the classical finite difference scheme.

The solution of the BVP is given in Fig.1b,c for N = 3 and the comparison
of the results with [5, 6, 7] is shown in Table.1. The results given in terms of
T/(µθ) = 4

∫∫
D
u(x, y)dxdy. This parameter is taken for computational convenience

and at the same time it has rich physical meanings.
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TABLE 1. Comparison of the results for the Poisson’s equation
Methods Exact solution by

series
Reduction
Method to ODE

Variation-
Discrete Method

T/(µθ) 2.249232
(for N=200, [5, 6])
(for N=200-500, [7])

2.234
(first order, [6])

2.222222 (for N=2)
2.249208 (N=5)
2.249232 (N=10)

The results shown in Table.1 which are given in 6 decimal point are new, the
other with 3 decimal point is from the classical monograph [6]. We should also note
that the exact result, which is misgiven/miswritten as 2.244 in [6], is corrected and
refined here as 2.249232. This exact result is recalculated by using series expansions
given in [5, 6] and [7] upto the first N = 200 and 500 terms respectively. From the
table it is seen that even for N = 10 the Variation-Discrete method gives the same
result with the exact solution by series upto the 6 decimal point.

Example 2. The general BVP given in (2.1a) corresponds to tension-compression
problem of a 2D isotropic plate after inserting the corresponding material constants
instead of A1 and B1. With homogeneous boundary conditions it can be formulated
as below (see [8])

(2.10) µ∆u+ (λ∗ + µ)grad(divu) = f, u|∂D = 0,

where D := [−1, 1]2, the displacement vector u = (u1(x, y), u2(x, y))
T
,the general-

ized force function f = (f1(x, y), f2(x, y))
T
,λ∗ = 2λµ(λ+ 2µ)−1, λ and µ are Lamé

constants.
(2.10) yields two coupled equations

(2.11a) (λ∗ + 2µ)∂11u1 + µ∂22u1 + (λ∗ + µ)∂12u2 = f1,

(2.11b) (λ∗ + 2µ)∂22u2 + µ∂11u2 + (λ∗ + µ)∂12u1 = f2.

Considering templates for I11 and I12 the approximate algebraic equations for
(2.11a) and (2.11b) become respectively

(2.12a)


−
(
(λ∗ + 2µ)cj + µci

)
ui,j1 + (λ∗ + 2µ)

(
ui,j+2

1 aj+1 + ui,j−2
1 aj−1

)
+µ
(
ui+2,j

1 ai+1 + ui−2,j
1 ai−1

)
+ (λ∗ + µ)

(
ui+1,j+1

2 bi+1,j+1

+ui−1,j−1
2 bi,j − ui−1,j+1

2 bi,j+1 − ui+1,j−1
2 bi+1,j

)
= gij1 ,

(2.12b)


−
(
(λ∗ + 2µ)ci + µcj

)
ui,j2 + (λ∗ + 2µ)

(
ui+2,j

2 ai+1 + ui−2,j
2 ai−1

)
+µ
(
ui,j+2

2 aj+1 + ui,j−2
2 aj−1

)
+ (λ∗ + µ)

(
ui+1,j+1

1 bi+1,j+1

+ui−1,j−1
1 bi,j − ui−1,j+1

1 bi,j+1 − ui+1,j−1
1 bi+1,j

)
= gij2 ,

where gijk = (fk, ϕij) , k = 1, 2.
To validate the correctness of the schema obtained in (2.12), displacements are

taken to be u1(x, y) = χP2(x)χP1(y), and u2(x, y) = u1(y, x). The material coef-
ficients λ∗, µ are taken to be one2. Inserting these test functions into (2.11) we

get the forces as f1(x, y) = x
√

15(−12 + 15y2 + x2)/4 , f2(x, y) = f1(y, x). After

2Here and in Example 3 all coefficients are taken to be one for the computational simplicity.
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inserting these force functions the algebraic system of equations (2.12) are solved
and the results is exactly the same as the test functions.

Example 3. The general BVP given in (2.1b,c) corresponds to bending problem
of a 2D isotropic plate and after inserting the corresponding material constants for
homogeneous boundary conditions it becomes (see [8]):

(2.14a) µ∆u3 + µ(divu∗) = f3,

(2.14b)
µh2

2
∆u∗ +

h2

2
(λ∗ + µ)grad(divu∗)− µ (gradu3 + u∗) = f∗,

where the closure of domain D := [−1, 1]2 , u3 = u3(x, y), u∗ = (u4(x, y), u5(x, y))
T

;

f3 = f3(x, y), f∗ = (f4(x, y), f5(x, y))
T

.
(2.14) yields three coupled equations

(2.15a) µ (∂11u3 + ∂22u3) + µ (∂1u4 + ∂2u5) = f3,

(2.15b)
µh2

2
(∂11u4 + ∂22u4) +

h2

2
(λ∗ + µ) (∂11u4 + ∂12u5)− µ (∂1u3 + u4) = f4,

(2.15c)
µh2

2
(∂11u5 + ∂22u5) +

h2

2
(λ∗ + µ) (∂12u4 + ∂22u5)− µ (∂2u3 + u5) = f5.

Considering templates for I1, I11, I12 and I the approximate algebraic equations
for (2.15a), (2.15b) and (2.15c) become respectively

(2.16a)



µ
1∑

m=−1

(
ui+2m,j

3

[
(|m| − 1) ci + |m|ai+m

]
+ui,j+2m

3

[
(|m| − 1) cj + |m|aj+m

])
+µ

1∑
m,n=−1

|m|(−1)
m+3

2 +n
(
ui+m,j+2n

4 ei+ m+1
2
S1jaj+nS2jcj

+ui+2n,j+m
5 ej+ m+1

2
S1iai+nS2ici

)
= gij3 ,
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(2.16b)



µh2

2

1∑
m=−1

ui+2m,j
4

[
(|m| − 1) ci + |m|ai+m

]
+
h2

2
(λ∗ + 2µ)

1∑
n=−1

ui,j+2n
4

[
(|n| − 1) cj + |n|aj+n

]
−h

2

2
(λ∗ + µ)

1∑
m,n=−1

ui+m,j+n5 |mn|(−1)
|m+n|

2 bi+ m+1
2 ,j+ n+1

2

−µ
1∑

m,n=−1

|m|(−1)
m+3

2 +nui+m,j+2n
3 ei+ m+1

2
S1jaj+nS2jcj

−µ
1∑

m,n=−1

ui+2m,j+2n
4 R1ciR2cjR3ai+mR4aj+n = gij4

(2.16c)



µh2

2

1∑
n=−1

ui,j+2n
5

[
(|n| − 1) cj + |n|aj+n

]
+
h2

2
(λ∗ + 2µ)

1∑
m=−1

ui+2m,j
5

[
(|m| − 1) ci + |m|ai+m

]
−h

2

2
(λ∗ + µ)

1∑
m,n=−1

ui+m,j+n4 |mn|(−1)
|m+n|

2 bi+ m+1
2 ,j+ n+1

2

−µ
1∑

m,n=−1

|m|(−1)
m+3

2 +nui+2n,j+m
3 ej+ m+1

2
S1iai+nS2ici

−µ
1∑

m,n=−1

ui+2m,j+2n
5 R1ciR2cjR3ai+mR4aj+n = gij5

where gijk = (fk, ϕij) , k = 3, 4, 5.
To validate the correctness of the schema obtained in (2.16), the displacements

are taken to be u3(x, y) = χP2(x)χP2(y), u4(x, y) = χP2(x)χP1(y) and u5(x, y) =
u4(y, x). Inserting these test functions into (2.15) we get the forces as

f3(x, y) =
15

4

(
xy3 + x3y − 2xy

)
+

√
15

4

(
1 + 3x2y2 − 2y2 − 2x2

)
,

f4(x, y) =
5

8

(
y3 + 3yx2 − 3x2y3 − y

)
+

√
15

8

(
16y2x+ 2x3 − x3y2 − 13x

)
,

f5(x, y) = f4(y, x).

After inserting these force functions the algebraic system of equations (2.16) are
solved and the results is exactly the same as the test functions.
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TRIGONOMETRIC APPROXIMATION OF SIGNALS
(FUNCTIONS) BELONGING TO WEIGHTED (Lp; �(t))-CLASS BY

HAUSDORFF MEANS

UADAY SINGH AND SMITA SONKER

Abstract. Rhoades [13] has obtained the degree of approximation of func-
tions belonging to the weighted Lipschitz classW (Lp; �(t)) by Hausdor¤means
of their Fourier series, where �(t) is an increasing function. The �rst result of
Rhoades [13] generalizes the result of Lal [2]. In a very recent paper Rhoades
et al: [14] have obtained the degree of approximation of functions belonging to
the Lip� class by Hausdor¤ means of their Fourier series and generalized the
result of Lal and Yadav [7]. The authors in [14] have made some important
remarks, namely, increasing nature of �(t) alone is not su¢ cient to prove the
results of Lal [2], Lal and Singh [6], Qureshi [11] and Rhoades [13]; and the
condition 1= sin�(t) = O(1=t�); 1=n � t � � used by all these authors is not
valid since sin t! 0 as t! �: They have also suggested a modi�cation in the
de�nition of weighted (Lp; �(t)) - class and leave an open question for deter-
mining a correct set of conditions to prove the results of Rhoades [13]. We
note that the same types of errors can also be seen in the papers of Lal [3, 4],
Nigam [8, 9] and Nigam and Sharma [10]. Being motivated by the remarks of
Rhoades et al: [14], in this paper, we determine the degree of approximation of
functions belonging to the weighted (Lp; �(t)) class by Hausdor¤means of their
Fourier series and rectify the above errors by using proper set of conditions.
We also deduce some important corollaries from our result.

1. Introduction

For a given 2��periodic signal (function) f 2 Lp = Lp[0; 2�]; p � 1; let

(1.1) sn(f) = sn(f ;x) =
a0
2
+

nX
k=1

(ak cos kx+ bk sin kx);

denote the partial sum, called trigonometric polynomial of degree (or order) n; of
the �rst (n+ 1) terms of the Fourier series of f:

The Lp�norm of signal f is de�ned by

kfkp = 1
2�

�R 2�
0
jf(x)jpdx

�1=p
(1 � p <1); and kfk1 = sup

x2[0;2�]
jf(x)j:

A signal (function) f is approximated by trigonometric polynomial Tn of order
(or degree) n and the degree of approximation En(f) is given by

En(f) =Minnkf(x)� Tn(x)kp:
This method of approximation is called trigonometric Fourier approximation.

Key words and phrases. Trigonometric Approximation, Class W (Lp; �(t)); Hausdor¤ Means.
2010 AMS Math. Subject Classi�cation. 42A10.
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2 UADAY SINGH AND SMITA SONKER

A function f 2 Lip�; if

jf(x+ t)� f(x)j = O(jtj�); 0 < � � 1;
and f 2 Lip(�; p); if

kf(x+ t)� f(x)kp = O(jtj
�); 0 < � � 1; p � 1:

For a positive increasing function �(t) and p � 1; f 2 Lip(�(t); p); if

kf(x+ t)� f(x)kp = O(�(t));

and f 2W (Lp; �(t)); if

(1.2)


[f(x+ t)� f(x)] sin�(x=2)



p
= O(�(t)); � � 0; p � 1:

If � = 0; W (Lp; �(t)) � Lip(�(t); p) and for �(t) = t�(0 < � � 1); Lip(�(t); p) �
Lip(�; p): Lip(�; p)! Lip� as p!1: Thus

Lip� � Lip(�; p) � Lip(�(t); p) �W (Lp; �(t)):
Hausdor¤ matrix H � (hn;k) is an in�nite lower triangular matrix de�ned by

hn;k =

� �
n
k

�
4n�k�k; 0 � k � n;

0; k > n;

where 4 is the forward di¤erence operator de�ned by 4�n = �n � �n+1 and
4k+1�n = 4k(4�n): If H is regular, then f�ng; known as moment sequence, has
the representation

�n =

Z 1

0

und
(u);

where 
(u) known as mass function, is continuous at u = 0 and belongs to BV [0; 1]
such that 
(0) = 0; 
(1) = 1; and for 0 < u < 1; 
(u) = [
(u+0)+ 
(u� 0)]=2 [1].
The Hausdor¤ means of the Fourier series of f are de�ned by

(1.3) Hn(f ;x) =
nX
k=0

hn;ksk(f ;x); n � 0:

For the mass function 
(u) given by


(u) =

�
0; 0 � u � a;
1; a � u � 1;

where a = 1=(1 + q); q > 0; we can verify that �k = 1=(1 + q)
k and

hn;k =

( �
n
k

�
qn�k

(1+q)n ; 0 � k � n;
0; k > n:

Thus Hausdor¤ matrix H � (hn;k) reduces to Euler matrix (E; q) of order q > 0
and de�nes the corresponding (E; q) means by

(1.4) Eqn(f ;x) =
1

(1 + q)n

nX
k=0

�
n

k

�
qn�ksk(f ;x):
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One more example of Hausdor¤ matrix [
(u) = u for 0 � u � 1] is the well known
Cesáro matrix of order 1 (C; 1) and de�nes the corresponding means by

(1.5) �n(f ;x) =
1

(n+ 1)

nX
k=0

sk(f ;x):

The details of Hausdor¤matrices and their examples can be seen in [1, 12]. We shall
denote by H1; the class of all regular Hausdor¤ matrices with moment sequence
f�ng associated with mass function 
(u):

We use the notations:

�(t) = f(x+ t) + f(x� t)� 2f(x)
and

g(u; t) = Im

"
nX
k=0

�
n

k

�
uk(1� u)n�kei(k+1=2)t

#
:

2. Known Results

The degree of approximation of functions belonging to various function classes
through their Fourier series has been studied by various investigators. In the sequel
Lal [2-4], Lal and Kushwaha [5], Lal and Singh [6], Lal and Yadav [7], Nigam
[8-9], Nigam and Sharma [10], Qureshi [11] Rhoades [13] and Rhoades et al: [14]
have studied the degree of approximation of periodic functions in Lip�; Lip(�; p);
Lip(�(t); p) and weighted (Lp; �(t)) classes through various summability means such
as Nörlund, Hausdor¤, T � (an;k); C

1:Np; (C; 1)(E; 1) and (C; 1)(E; q); of the
Fourier series associated with the functions. In this paper, we consider the result
of Rhoades [13] in which the result of Lal [2] has been extended from (C; 1)(E; 1)
means to Hausdor¤ means by keeping other conditions unaltered. Rhoades [13]
proved the following:

Theorem 2.1. Let f be a 2�� periodic function belonging to the weightedW (Lp; �(t))
class, H 2 H1: Then its degree of approximation is given by
(2.1) kHn(f ;x)� f(x)kp = O(n�+1=p�(1=n));
provided �(t) satis�es the following conditions:

(2.2)

(Z 1=n

0

 
tj�(t)j sin� t

�(t)

!p
dt

)1=p
= O

�
1

n

�
;

and

(2.3)

(Z �

1=n

�
t��j�(t)j
�(t)

�p
dt

)1=p
= O(n�);

where � is an arbitrary number such that q(1��)�1 > 0; p�1+q�1 = 1; 1 � p <1
conditions (2.2) and (2.3) hold uniformly in x:

In second theorem, Rhoades [13, p. 313] has proved the same result for H �
(E; q); q > 0:
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Remark 2.1. In the light of Rhoades et al. [14], we observe that in [13, pp. 310-
311], the author has used 1= sin� t = O(1=t�) in the interval [1=n; �] and considered
�(1=y) non-decreasing. Both the arguments are invalid since sin t ! 0 as t ! �
and the increasing nature of �(t) implies that �(1=y) is non-increasing. We also
observe that condition (2.2) of Theorem 2.1 leads to a divergent integral of the

form
R 1=n
0

t�(1+�)qdt for � � 0 [13, pp. 310, 313]. The same type of errors can
also be seen in [2-4], [6] and [8-11].

3. Main Results

As mentioned in the introduction of this paper, the (C; 1) and (E; q) are Haus-
dor¤ matrices, and product of two Hausdor¤ matrices is a Hausdor¤ matrix [1, 12,
13], all these matrices can be replaced by a regular Hausdor¤ matrix. This and
the Remark 2.1 has motivated us to determine the degree of approximation of sig-
nals (functions) belonging to W (Lp; �(t))� class by using Hausdor¤ means of their
Fourier series with a proper set of conditions. In order to rectify the errors men-
tioned in Remark 2.1, we have de�ned W (Lp; �(t)) in (1.2) by replacing sin t with
sin(t=2) in the de�nition given by the authors in [2-4], [8-11] and [13]. Further, we
shall use increasing function �(t) such that �(t)=t is non-increasing and also modify
the condition (2.2). More precisely, we prove the following:

Theorem 3.1. Let f be a 2�� periodic function belonging to the weighted Lipschitz
class W (Lp; �(t)); with 0 � � < 1 � 1=p: Then its degree of approximation by
Hausdor¤ means generated by H 2 H1 is given by
(3.1) kHn(f ;x)� f(x)kp = O((n+ 1)�+1=p�(1=n+ 1));
provided positive increasing function �(t) satis�es the following conditions:

(3.2) �(t)=t is non� increasing;

(3.3)

(Z �=(n+1)

0

 
j�(t)j sin�(t=2)

�(t)

!p
dt

)1=p
= O

�
(n+ 1)�1=p

�
;

and

(3.4)

(Z �

�=(n+1)

�
t��j�(t)j
�(t)

�p
dt

)1=p
= O((n+ 1)�);

where � is an arbitrary number such that 0 < � < � + 1=p; p�1 + q�1 = 1 and
1 � p <1: The conditions (3.3) and (3.4) hold uniformly in x:
Remark 3.1. If we replace the Hausdor¤ matrix H by (E; q) in Theorem 2.1, we
get Theorem 2 of Rhoades [13, p. 313].

4. Lemma

For the proof of our Theorem 2.1, we need the following lemma.

Lemma 4.1. Let g(u; t) = Im
�Pn

k=0

�
n
k

�
uk(1� u)n�kei(k+1=2)t

�
for 0 � u � 1and

0 � t � �: Then����Z 1

0

g(u; t)d
(u)

���� =
8><>:
O ((n+ 1)t) ; 0 � t � �=(n+ 1);
O
�

1
(n+1)t

�
; �=(n+ 1) � t � �:
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Proof. We can write

g(u; t) = Im
nX
k=0

�
n

k

�
uk(1� u)n�kei(k+1=2)t

= (1� u)nIm
(
eit=2

nX
k=0

�
n

k

��
ueit

1� u

�k)
= Im

n
eit=2

�
1� u+ ueit

�no
;

which is continuous for u 2 [0; 1]:
Now for 0 < t � �;Z 1

0

g(u; t)du =

Z 1

0

Im
n
eit=2

�
1� u+ ueit

�no
du

= Im

Z 1

0

eit=2(1� u+ ueit)n
(�1 + eit) (�1 + eit)du

= Im

�
(1� u+ ueit)n+1

e�it=2(n+ 1)(�1 + eit)

�1
0

= Im

�
ei(n+1)t � 1

(n+ 1)(eit=2 � e�it=2)

�
=

1� cos(n+ 1)t
2(n+ 1) sin(t=2)

=
sin2(n+ 1)t=2

(n+ 1) sin(t=2)
� 0:

Therefore, if M = sup
0�u�1

f

0
(u)g; then

Z 1

0

g(u; t)d
(u) =

Z 1

0

g(u; t)
d


du
du �M

Z 1

0

g(u; t)du =M
sin2(n+ 1)t=2

(n+ 1) sin(t=2)
:

Thus for 0 < t < �=(n+ 1); we have����Z 1

0

g(u; t)d
(u)

���� �M f(n+ 1)t=2g2
n+ 1

(�=t) = Of(n+ 1)tg;(4.1)

in view of (sin t)�1 � �=2t for 0 < t � �=2 and sin t � t for t � 0:
For �=(n+ 1) � t � �; we have

(4.2)

����Z 1

0

g(u; t)d
(u)

���� �M 1

n+ 1
(�=t) = O

�
1

(n+ 1)t

�
;

in view of (sin t)�1 � �=2t for 0 < t � �=2 and j sin tj � 1 for all t: Collecting (4.1)
and (4.2), we get Lemma 4.1. �

Proof of Theorem 3.1. We have

sn(f ;x)� f(x) =
1

2�

Z �

0

�(t)

sin(t=2)
sin(n+ 1=2)tdt:
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Therefore,

Hn(f ;x)� f(x) =
nX
k=0

hn;k fsk(f ;x)� f(x)g

=
1

2�

Z �

0

�(t)

sin(t=2)

nX
k=0

hn;k sin(k + 1=2)tdt

=
1

2�

Z �

0

�(t)

sin(t=2)

nX
k=0

�
n

k

�
4n�k�k sin(k + 1=2)tdt

=
1

2�

Z �

0

�(t)

sin(t=2)

nX
k=0

�
n

k

�Z 1

0

uk(1� u)n�kd
(u)Imei(k+1=2)tdt

=
1

2�

Z �

0

 
�(t)

sin(t=2)

Z 1

0

Im

"
nX
k=0

�
n

k

�
uk(1� u)n�kei(k+1=2)t

#
d
(u)

!
dt

=
1

2�

Z �

0

�
�(t)

sin(t=2)

Z 1

0

g(u; t)d
(u)

�
dt:

Using (sin(t=2))�1 � �=t for 0 < t � �; we have

jHn(f ;x)� f(x)j � 1

2�

Z �

0

j�(t)j
t

����Z 1

0

g(u; t)d
(u)

���� dt
=

1

2�

 Z �=(n+1)

0

+

Z �

�=(n+1)

!
j�(t)j
t

����Z 1

0

g(u; t)d
(u)

���� dt
= I1 + I2; say;(4.3)

Now using Lemma 4.1 and Hölder inequality, we have

I1 = O

(
lim
�!0

Z �=(n+1)

�

t�1j�(t)j sin�(t=2)
�(t)

(n+ 1)t�(t)

sin�(t=2)
dt

)

= O

(
(n+ 1)

Z �=(n+1)

0

 
j�(t)j sin�(t=2)

�(t)

!p
dt

)
�

(
lim
�!0

Z �=(n+1)

�

�
�(t)

sin�(t=2)

�q
dt

)1=q

= O

24(n+ 1)1�1=p�(�=(n+ 1)) lim
�!0

Z �=(n+1)

�

t��qdt

!1=q35
= O

h
(n+ 1)1�1=p�(�=(n+ 1))

�
(n+ 1)�q�1

�1=qi
= O

�
(n+ 1)��(�=(n+ 1))

�
;(4.4)

in view of (3.3), mean value theorem for integrals, 1� �q > 0 and p�1 + q�1 = 1:
Again using Lemma 4.1, Hölder inequality and (sin(t=2))�1 � �=t for 0 < t � �;
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we have

I2 = O

 Z �

�=(n+1)

t��j�(t)j sin�(t=2)
(n+ 1)�(t)

t�1�(t)

t��t sin�(t=2)
dt

!

= O

(
1

n+ 1

Z �

�=(n+1)

 
t��j�(t)j sin�(t=2)

�(t)

!p
dt

)1=p
(Z �

�=(n+1)

�
t�1�(t)

t��+�+1

�q
dt

)

= O

24(n+ 1)��1�(�=(n+ 1))n+ 1
�

 Z �

�=(n+1)

t�(���+1)qdt

!1=q35
= O

h
(n+ 1)��(�=(n+ 1))(n+ 1)���+1�1=q

i
= O

h
(n+ 1)�+1=p�(�=(n+ 1))

i
;(4.5)

in view of (3.4), mean value theorem for integrals, 0 < � < �+1=p and p�1+q�1 = 1:
Finally collecting (4.3)-(4.5) and taking Lp�norm, we get (3.1).
Thus proof of Theorem 3.1 is complete.

�

5. Corollaries

The following corollaries can be derived from Theorem1.

Corollary 5.1. If � = 0; then for f 2 Lip(�(t); p);

kHn(f ;x)� f(x)kp = O
�
(n+ 1)1=p�(�=(n+ 1))

�
:

Corollary 5.2. If � = 0; �(t) = t� (0 < � � 1); then for f 2 Lip(�; p) (� > 1=p);

kHn(f ;x)� f(x)kp = O
�
(n+ 1)1=p��)

�
:

Corollary 5.3. If p!1 in Corollary 5.2, then for f 2 Lip� (0 < � < 1);
kHn(f ;x)� f(x)k1 = O

�
(n+ 1)��)

�
:

which is a result due to Rhoades et al: [14] for 0 < � < 1:
Further, since the product of two Hausdor¤matrices is a Hausdor¤matrix [13], the
results proved by Lal [2], Lal and Kushwaha [5], Lal and Singh [6], Lal and Yadav
[7], Nigam [8, 9] and Nigam and Sharma [10] pertaining to the product of (C; 1)
and (E; q); q > 0; which are Huasdor¤ matrices, are also particular cases of our
Theorem 3.1.
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SOME PROPERTIES OF q-BERNSTEIN SCHURER OPERATORS

TUBA VEDI AND MEHMET ALI ÖZARSLAN

Abstract. In this paper, we study some shape preserving properties of the
q-Bernstein Schurer operators and compute the rate of convergence of these op-
erators by means of Lipschitz class functions, the �rst and the second modulus
of continuity. Furthermore, we give the order of convergence of the approxi-
mation process in terms of the �rst modulus of continuity of the derivative of
the function.

1. Introduction

In 1962, Schurer [9] introduced and studied the Bernstein Schurer operators.
Let C [a; b] denotes the space of continuous functions on [a; b] : For all n 2 N and
f 2 C [0; p+ 1] ; the Bernstein Schurer operators are de�ned by

Bpn (f ;x) =

n+pX
r=0

f
� r
n

��n+ p
r

�
xr (1� x)n+p�r , x 2 [0; 1] :

Over two decades ago, in 1987 A. Lupaş [5] introduced the q-based Bernstein
operators and initiated an intensive research in the intersection of q-calculus and
Korovkin type approximation theory. In 1996, another q-based Bernstein operator
was proposed by Phillips [8].
Recently Muraru [6] introduced and investigated the q-Bernstein Schurer op-

erators. She obtained the Korovkin type approximation theory and the rate of
convergence of the operators in terms of the �rst modulus of continuity. These
operators were de�ned for �xed p 2 N0 and for all x 2 [0; 1], by

(1.1) Bpn (f ; q;x) =

n+pX
r=0

f

�
[r]

[n]

��
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx) ,

where, for any real number q > 0 and r > 0, the q-integer of the number r is de�ned
by [3]

[r] =

�
(1� qr) = (1� q) ; q 6= 1
r ; q = 1;

q-factorial is de�ned by

[r]! =

�
[r] [r � 1] ::: [1] ; r = 1; 2; 3; :::;
1 ; r = 0

Key words and phrases. Bernstein operators, Modulus of continuity, q-Bernstein Schurer
operators.
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and q-binomial coe¢ cient is de�ned by�
n

r

�
=

[n]!

[n� r]! [r]!
for n � 0, r � 0.
Note that the case p = 0 reduces to the Phillips q-Bernstein operators.
We organize the paper as follows:

In section two, we study some shape preserving properties of the operators. In sec-
tion three, we obtain the rate of convergence of the q-Bernstein Schurer operators
by means of Lipschitz class functions and the �rst and the second modulus of con-
tinuity. Furthermore, we compute the degree of convergence of the approximation
process in terms of the �rst modulus of continuity of the derivative of the function.

2. Shape Properties

In this section, we investigate the shape preserving properties of q-Bernstein
Schurer operators de�ned by (1:1). First of all let us recall the �rst three moments
of the q-Bernstein Schurer operators [6]:

Lemma 2.1. Let Bpn (f ; q;x) be given in (1:1). Then
i) Bpn (1; q;x) = 1:

ii) Bpn (t; q;x) =
[n+ p]

[n]
x:

iii) Bpn
�
t2; q;x

�
=
[n+ p� 1] [n+ p]

[n]
2 qx2 +

[n+ p]

[n]
2 x:

Note that the proof of the above lemma has been given by Muraru [6].

Theorem 2.2. If f(x) is convex and non-decreasing on [0; 1], then

(2.1) Bpn (f ; q;x) � f(x), 0 � x � 1,

for all n+ p � 1 and for 0 < q < 1.

Proof. For each x 2 [0; 1] and q 2 (0; 1), let us de�ne

xr =
[r]

[n]
and �r =

�
n+ p

r

�
xr

n+p�r+1Y
s=0

(1� qsx) , 0 � r � n+ p:

So that xr is the quotient of the q-integers [r] and [n], and
�
n+ p

r

�
denotes the

q-binomial coe¢ cients.
We see that �r � 0 when 0 < q < 1 and x 2 [0; 1]. Since

Bpn (1; q;x) = 1;

then
�0 + �1 + � � �+ �n+p = 1:

Also, since Bpn (t; q;x) =
[n+ p]

[n]
x, then

�0x0 + �1x1 + � � �+ �n+pxn+p =
[n+ p]

[n]
x:
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Using the above informations and the fact that f(x) is a convex and non-decreasing
function, we have the inequality

Bpn (f ; q;x) =

n+pX
r=0

�rf (xr) � f
 
n+pX
r=0

�rxr

!
= f

�
[n+ p]

[n]
x

�
� f (x) :

�

Corollary 2.3. If we choose p = 0 in (1:1), we get the q�Bernstein operators [4].
In this case, the condition that f(x) is non-decreasing is revealed.

3. Rate of Convergence

In this section we compute the rate of convergence of the operators in terms of
the elements of Lipschitz classes and the �rst and the second modulus of continuity
of the function. Furthermore, we calculate the order of convergence in terms of the
�rst modulus of continuity of the derivative of the function.
The following lemma gives an estimate for second central moment:

Lemma 3.1. For the second central moment we have the following inequality���Bpn �(t� x)2 ; q;x���� � x2

[n]
2 [p]

2
+
[n+ p]

[n]
2 x:

Proof. We can write

Bpn

�
(t� x)2 ; q;x

�
=
[n+ p� 1] [n+ p]

[n]
2 qx2 +

[n+ p]

[n]
2 x � x2

�
[n+ p]

[n]
� 1
�2
+
[n+ p]

[n]
2 x

=
x2

[n]
2 q

2n [p]
2
+
[n+ p]

[n]
2 x � x2

[n]
2 [p]

2
+
[n+ p]

[n]
2 x:(3.1)

The proof is completed. �

Now, we will give the rate of convergence of the operators Bpn in terms of the
Lipschitz class LipM (�) ; for 0 < � � 1. Note that a function f 2 C [0; p+ 1]
belongs to LipM (a) if

jf(t)� f(x)j �M jt� xj� (t; x 2 [0; 1])

satis�ed.

Theorem 3.2. Let f 2 LipM (�), then

jBpn(f ; q;x)� f(x)j �M (�n (x))
�=2

where �n (x) =
x2

[n]
2 [p]

2
+
[n+ p]

[n]
2 x:

47



4 T. VEDI AND M. A. ÖZARSLAN

Proof. Considering the monotonicity and the linearity of the operators, and taking
into account that f 2 LipM (�) (0 < � � 1)

jBpn(f ; q;x)� f(x)j

= j
n+pX
r=0

(f(
[r]

[n]
)� f(x)

�
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx) j

�
n+pX
r=0

����f( [r][n] )� f(x)
���� �n+ pr

�
xr

n+p�r�1Y
s=0

(1� qsx)

� M

n+pX
r=0

j [r]
[n]
� xj�

�
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx) :

Using Hölder�s inequality, with p =
2

�
, q =

2

2� � , we get

jBpn(f ; q;x)� f(x)j

=M

n+pX
r=0

[(
[r]

[n]
� x)2

�
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)]�2 [
�
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)]
2��
2

�M
"
f
n+pX
r=0

([(
[r]

[n]
� x)2

�
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)])g�2

� f
n+pX
r=0

[

�
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)])g
2��
�

#
=M [Bpn((t� x)2; q;x)]

�
2

�M(�n (x))
�
2 :

Whence the result. �

It is clear that the norm of the operator Bpn (f ; q;x) is given by

(3.2) jjBpn (f ; q; �) jj = 1;

since
jjBnp (f ; q; �) jj = sup

jjf jj=1
jjBpn (f ; q; �) jj = Bpn (1; q; �) = 1:

Now we will give the rate of convergence of the operators by means of the �rst
and the second modulus of continuity. Recall that the �rst modulus of continuity
of f on the interval I for � > 0 is given by

!(f ; �) = max
jhj��
t;x2I

j�hf(x)j = max
jhj��
t;x2I

j�hf(x+ h)� f(x)j

or equivalently,
!(f ; �) = max

jt�xj��
t;x2I

jf(t)� f(x)j:

On the other hand by denoting C2 (I), the space of all functions f 2 C (I) such that
f 0; f 00 2 C(I). Let kfk denote the usual supremum norm of f . The classical Peetre�s
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K-functional and the second modulus of smoothness of the function f 2 C (I) are
de�ned respectively by

K (f; �) := inf
g2C2(I)

[kf � gk+ � kg00k]

and

!2 (f; �) := sup
0<h��;
x;x+h2I

jf(x+ 2h)� 2f (x+ h) + f (x)j

where � > 0. It is known that[2, p. 177], there exist a constant A > 0 such that

K (f; �) � A!2
�
f;
p
�
�
:

Theorem 3.3. Let q 2 (0; 1). Then, for every n 2 N, x 2 [0; 1] and f 2 C [0; p+ 1],
we have

jBpn (f ; q;x)� f (x)j � C!2
�
f;
p
�n (x)

�
+ ! (f; x�n)

for some positive constant C, where
(3.3)

�n;q (x) :=

 
x2

 
[n+ p]

2

[n]
2 +

[n+ p� 1] [n+ p]
[n]

2 q � 4 [n+ p]
[n]

+ 2

!
+
[n+ p]

[n]
x

!1=2

and

(3.4) �n;q :=
[n+ p]

[n]
� 1:

Proof. De�ne an auxiliary operator B�n;p (f ; q;x) : C [0; p+ 1]! C [0; p+ 1] by

(3.5) B�n;p (f ; q;x) := B
p
n (f ; q;x)� f

�
[n+ p]

[n]
x

�
+ f (x) :

Then, by Lemma 1, we get

B�n;p (1; q;x) = 1

B�n;p ('; q;x) = 0;(3.6)

where ' = t� x: From (3.2) we get

jjB�n;p (f ; q; �) jj � 3:

Now, for a given g 2 C2 [0; p+ 1] ; it follows the Taylor formula that

g (y)� g (x) = (y � x) g
0
(x) +

yZ
x

(y � u) g
00

(u) du; y 2 [0; p+ 1] :
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Taking into account (3.5) and using (3.6) we get, for every x 2 [0; 1], that��B�n;p (g; q;x)� g (x)�� =
��B�n;p (g (y)� g (x) ; q;x)��

=

������g0 (x)B�n;p ('; q;x) +B�n;p
yZ
x

(y � u) g
00

(u) du; q;x

������
=

������B�n;p
yZ
x

(y � u) g
00

(u) du; q;x

������
=

��������B
p
n

yZ
x

(y � u) g
00

(u) du; q;x�

[n+p]
[n]

xZ
x

�
[n+ p]

[n]
x� u

�
g
00

(u) du

�������� :
Since ������Bpn

yZ
x

(y � u) g
00

(u) du; q;x

������ � kg00k
2
Bpn
�
'2; q;x

�
and ��������

[n+p]
[n]

xZ
x

�
[n+ p]

[n]
x� u

�
g
00

(u) du

�������� �
kg00k
2

�
[n+ p]

[n]
� 1
�2
x2

we get

��B�n;p (g; q;x)� g (x)�� � kg00k
2
Bpn
�
'2; q;x

�
+
kg00k
2

�
[n+ p]

[n]
� 1
�2
x2:

Hence Lemma 1 implies that ��B�n;p (g; q;x)� g (x)��
� kg00k

2

" 
[n+ p� 1] [n+ p]

[n]
2 q � 2 [n+ p]

[n]
+ 1

!
x2 +

[n+ p]

[n]
x+

�
[n+ p]

[n]
� 1
�2
x2

#

� kg00k
2

"
x2

 
[n+ p]

2

[n]
2 +

[n+ p� 1] [n+ p]
[n]

2 � 4 [n+ p]
[n]

+ 2

!
+
[n+ p]

[n]
x

#
:(3.7)

Now, considering (3.3) and (3.4), if f 2 C [0; p+ 1] and g 2 C2 [0; p+ 1], we may
write from (3.7) that

jBpn (f ; q;x)� f (x)j �
��B�n;p (f � g; q;x)� (f � g) (x)��

+
��B�n;p (g; q;x)� g (x)��+ ����f � [n+ p][n]

x

�
� f (x)

����
� 4 kf � gk+ �n;q (x)

kg00k
2

+

����f � [n+ p][n]
x

�
� f (x)

����
� 4 (kf � gk+ �n;q (x) kg00k+ ! (f; x�n;q))
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which yields that

jBpn (f ; q;x)� f (x)j � 2K (f; �n;q (x)) + ! (f; x�n;q)

� C!2

�
f;
q
�n;q (x)

�
+ ! (f; x�n;q) ;

where

�n;q (x) :=

 
x2

 
[n+ p]

2

[n]
2 +

[n+ p� 1] [n+ p]
[n]

2 q � 4 [n+ p]
[n]

+ 2

!
+
[n+ p]

[n]
x

!1=2
and

�n;q :=
[n+ p]

[n]
� 1:

�

Now, we will compute the rate of convergence of the operators Bpn in terms of
the modulus of continuity of the derivative of the function.

Theorem 3.4. If f (x) have a continuous derivative f
0
(x) and !

�
f
0
; �
�
is the

modulus of continuity of f
0
(x) in [0; 1], then

jf(x)�Bpn (f ; q;x)j

�M [p]

[n]
+ 2

 
[p]

2

[n]
2 +

[n+ p]

[n]
2

!1=2
!

0@f 0; [p]2
[n]

2 +
[n+ p]

[n]
2

!1=21A ;
where M is a positive constant such that jf 0 (x)j �M (0 � x � 1) :

Proof. Using the mean value theorem we have

f

�
[r]

[n]

�
� f (x) =

�
[r]

[n]
� x
�
f
0
(�)

=

�
[r]

[n]
� x
�
f
0
(x) +

�
[r]

[n]
� x
��
f
0
(�)� f (x)

�
;

where x < � <
[r]

[n]
: Hence, we have

jBpn (f ; q;x)� f (x)j

= f
0
(x)

n+pX
r=0

�
[r]

[n]
� x
��
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)

+

n+pX
r=0

�
[r]

[n]
� x
��
f
0
(�)� f

0
(x)
��n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)

�
���f 0 (x)���Bpn ((t� x) ; q;x)

+

n+pX
r=0

�
[r]

[n]
� x
��
f
0
(�)� f

0
(x)
��n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)

�M
�
[n+ p]

[n]
� 1
�
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+

n+pX
r=0

�
[r]

[n]
� x
��
f
0
(�)� f

0
(x)
��n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)

�M [p]

[n]

+

n+pX
r=0

�
[r]

[n]
� x
��
f
0
(�)� f

0
(x)
��n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)

�M [p]

[n]

+

n+pX
r=0

! (f 0; �)

0@
��� [r][n] � x���

�
+ 1

1A� [r]
[n]
� x
��
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx) ;

since

j� � xj �
���� [r][n] � x

���� :
Therefore we can write the following inequality,

jBpn (f ; q;x)� f (x)j

�M [p]

[n]

+

n+pX
r=0

! (f 0; �)

0@
��� [r][n] � x���

�
+ 1

1A� [r]
[n]
� x
��
n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx) :

From the Cauchy-Schwarz inequality for the �rst term we get

jBpn (f ; q;x)� f (x)j

�M [p]

[n]

+ ! (f 0; �)

n+pX
r=0

���� [r][n] � x
���� �n+ pr

�
xr

n+p�r�1Y
s=0

(1� qsx)

+
! (f 0; �)

�

n+pX
r=0

�
[r]

[n]
� x
�2 �

n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)

�M [p]

[n]

+ ! (f 0; �)

 
n+pX
r=0

�
[r]

[n]
� x
�2 �

n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx) dqt
!1==2

+
! (f 0; �)

�

n+pX
r=0

�
[r]

[n]
� x
�2 �

n+ p

r

�
xr

n+p�r�1Y
s=0

(1� qsx)

=M
[p]

[n]
+ ! (f 0; �)

r
Bpn
�
(t� x)2 ; q;x

�
+
! (f 0; �)

�
Bpn

�
(t� x)2 ; q;x

�
:
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Therefore using lemma 2 we see that

sup
0�x�1

Bpn

�
(u� x)2 ; q;x

�
� [p]

2

[n]
2 +

[n+ p]

[n]
2 :

Thus

jBpn (f ; q;x)� f(x)j

�M [p]

[n]

+! (f 0; �)

8<:
 
[p]

2

[n]
2 +

[n+ p]

[n]
2

!1=2
+
1

�

 
[p]

2

[n]
2 +

[n+ p]

[n]
2

!9=;
Choosing � := �n;q(p) =

 
[p]

2

[n]
2 +

[n+ p]

[n]
2

!1=2
;

jBpn (f ; q;x)� f(x)j

�M [p]

[n]
+ !

0@f 0; [p]2
[n]

2 +
[n+ p]

[n]
2

!1=21A
�

8<:
 
[p]

2

[n]
2 +

[n+ p]

[n]
2

!1=2
+

 
[p]

2

[n]
2 +

[n+ p]

[n]
2

!1=29=;
=M

[p]

[n]
+ 2

 
[p]

2

[n]
2 +

[n+ p]

[n]
2

!1=2
!

0@f 0; [p]2
[n]

2 +
[n+ p]

[n]
2

!1=21A :
�
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CLUSTER FLOW MODELS AND PROPERTIES OF

APPROPRIATE DYNAMIC SYSTEMS

ALEXANDER P. BUSLAEV, ALEXANDER G. TATASHEV, AND MARINA V. YASHINA

Abstract. A model of a traffic flow on a highway is investigated. A straight
line or a ring is divided into segments. The flow density and particles velocity

is constant on each segment. The rectangles that have as supports these seg-
ments are called clusters. The height of such cluster is equal to the density.
Neighboring clusters interact each other according some defined rules. This

interaction means moving of the supports boundaries or (and) clusters heights.
A system of ordinary differential equations is derived that describes the cluster
interaction. The properties of solution of the derived systems are investigated.

1. Introduction

A model of a flow on a highway is considered. A straight line or a ring is divided
into segments. The particles on each segment are distributed uniformly, i.e., the
density is constant on the segment and the velocity of all the particles are the same
on the segment, too. A function is defined that describes the dependence of particles
batch velocity on the density. Let the rectangles that have as supports the segments
with a constant density be called clusters. The height of such the rectangle is equal
to the density. Neighboring clusters interact each other according the rules that
are defined below. A system of differential equations is derived that describes the
clusters interaction. This interaction means moving of the boundaries of supports or
(and) clusters heights. The interaction depends on scenarios and proceeds so that
the conservation law is true. The properties of solutions of the derived systems
of ordinary differential equations are investigated. The relevance of this approach
is due to the following fact. A flow density function appears when mathematical
equations are used instead the local flow specification (car-following model). This
function is characterized of some smoothness as an equation solution, on the one
hand, and this function is distribution of no more than one and a half hundred
particles per kilometer, on the other hand. Even the creators of the hydrodynamic
approach noticed its limitation, [5]. The latter fact made be relevant methods
of stochastic modeling of the particles. Models that are based on the system of
differential equations, [2, 4, 5, 7], are used along with stochastic models, [1, 6]. In
the present paper and in [3] an approach is offered that uses the concept of the flow
density, on the one hand, and allows to make be discrete some processes, which
accompany traffic flow processes, on the other hand. So the offered construction
can be treated as an attempt to combine the continuum approach for modeling and
the discrete approach.

1
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2 A.P. BUSLAEV, A.G. TATASHEV, AND M.V. YASHINA

2. Particles and clusters

Let the function v = f(ρ) describe the dependence of flow velocity on density.
This function is defined on the segment [0, ρmax] and decreases strictly on the seg-
ment [ρmin, ρmax] from the value of vmax until 0. Here vmax is maximum permissible
velocity, which corresponds to the density ρmin, 0 ≤ ρ ≤ ρmin.

Let us introduce some concepts.
a) A cluster is particles batch that is characterized by a rectangle, the height of

which corresponds to a constant density ρ of particles on the segment. Each cluster
moves along the straight line with the velocity v = f(ρ) (the state function), Fig.
1.

b) A max-cluster is a rectangle with the maximum possible height ρmax and the
moving velocity v = 0 (jam).

c) A zero-cluster is a rectangle with the height y, 0 ≤ y ≤ ρmin. This cluster
moves with the maximum permissible velocity vmax.

v
max

f( )r

rmin
rmax

Figure 1. State function

An example of state function v = f(x), which is linear and decreases from the
value vmax for ρ = ρmin until the value 0 for ρ = ρmax, is represented in Fig.
1. In the common case the state function v = f(x) can be nonlinear. A natural
requirement is imposed often for the function v = f(x) that this function does not
increase (monotonically decreases).

3. Principles of interaction

We consider a special case of movement: totally-connected flow. This strategy
involves the adaptation of velocity mode of the outsider to the velocity mode of the
leader. This adaptation prevents from flow separation into independent parts in the
sense that is discussed below. Neighboring clusters, leader and outsider, interact
together in accordance with the transfer of information within the outsider. If
contact information is available only to the leading edge of the outsider cluster, then
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just this part begins to transform itself to adapt to the leader velocity. If contact
information is made available to all particles of a outsider, then the adaptation
of the velocity mode is synchronous. Some other possible scenarios are possible.
However we focus on these two modes.

4. The interaction of two clusters with the local information

4.1. The movement of the slow cluster behind the fast one (SF-pair). As
a leading cluster has greater velocity, the front part of the outsider enters into the
tail part of the leader so the total mass of the particles is conserved. Let us derive
differential equations that describe the interaction of two clusters. Suppose that at
the time t the support of the left cluster (outsider) is the segment (x1, x2) and the
height of the segment, i.e., the flow density on this segment, is equal to y1, Fig. 2.
The support of the leader is the segment (x2, x3), which has the height y2, i.e., the
flow density on the segment (x2, x3) equals y2. The left boundary of the left cluster
(outsider) moves with the velocity v1 and therefore at the time t + ∆t the point
x1 + v1∆t corresponds to this boundary. The right boundary of the right cluster
moves with the velocity v2 and therefore at the time t + ∆t the point x3 + v2∆t
corresponds to this boundary. The heights of the clusters remain constant. The
right boundary of the left cluster, which coincides with the left boundary of the
right cluster, moves with the velocity that satisfies the condition that the sum of
the rectangles squares remains constant. Let the rectangle square be called mass
of the cluster. Let x2 + ∆x2 be the coordinate of the point on the abscissa that
corresponds to this boundary at the time t+∆t.

y2

y2

v
2

v
2

v
1

y
1

x1 x2 x3

y
1

x2

x1

x
1 1
+v tD

x + x2 2D

x2 2+v tD x3 2+v tD

Figure 2. A slow cluster following the fast one

We have for case of the slow cluster following the fast one, Fig. 2,

(x2 + v2∆t− x2 −∆x2) y2 = ((x2 − x1)− (x2 +∆x2 − x1 − v1∆t))y1 ⇐⇒
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⇐⇒ (v2∆t−∆x2)y2 = (−∆x2 + v1∆t)y1 ⇐⇒
⇐⇒ (v2y2 − v1y1)∆t = ∆x2(y2 − y1) ⇐⇒

⇐⇒ ẋ2 =
v2y2 − v1y1
y2 − y1

=
q2 − q1
y2 − y1

,

where qi = yivi, i = 1, 2.

Hence, 
ẋ1 = v1 = f(y1),
ẋ2 =

v2y2−v1y1
y2−y1

= q2−q1
y2−y1

,

ẋ3 = v2 = f(y2).
(1)

4.2. The movement of a slow cluster ahead of a fast one (FS-pair). Suppose
a fast cluster follows slow one, Fig. 3. The front boundary of the outsider, which
is fast, transforms into the stern part of the slow cluster and the clusters junction
point changes according to the particles conservation law.

v
2

v
1

y
1

y
2

x
1

x
2

x
3

x
2

x
3

x +v t
1 1

D x
2 2
+ xD x +v t

2 2
D x +v t

3 2
D

y
2

y
1

Figure 3. A fast cluster following slow one

As in the case of Section 4.1, we have

(x2 + v2∆t− x2 −∆x2)y2 = ((x2 − x1)− (x2 +∆x2 − x1 − v1∆t))y1 ⇐⇒

⇐⇒ (v2∆t−∆x2)y2 = (−∆x2 + v1∆t)y1 ⇐⇒

⇐⇒ (v2y2 − v1y1)∆t = (y2 − y1)∆x2 ⇐⇒

⇐⇒ ẋ2 =
v2y2 − v1y1
y2 − y1

=
q2 − q1
y2 − y1

.

As in the case of (1), we obtain
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
ẋ1 = v1,
ẋ2 =

v2y2−v1y1
y2−y1 = q2−q1

y2−y1 ,

ẋ3 = v2.

5. Support of an isolated clusters pair in the case of t→ ∞

Let us consider behavior of two clusters. Denote ∆1(t) = x2(t)− x1(t), ∆2(t) =
x3(t)− x2(t).

Lemma 1. Let ∆0
1 = ∆1(0) and ∆0

2 = ∆2(0) be the length of the leader and the
outsider accordingly. Then, after the time time interval of duration t∗ = ∆0

1(y2 −
y1)(y2(v1− v2))−1, the outsider vanishes, and ∆2(t

∗) = ∆0
2+ y1∆

0
1y2

−1. Besides, if
the leader is the slow cluster, then ∆2(t

∗) < ∆0
1 +∆0

2, and, if the leader is the fast
cluster, then ∆2(t

∗) > ∆0
1 +∆0

2.

Proof. Let us find the difference of clusters edges velocities, i.e., the velocity of
clusters lengths change. We have

ẋ2 − ẋ1 =
v2y2 − v1y1
y2 − y1

− v1 =
v2y2 − v1y2
y2 − y1

= y2 ·
v2 − v1
y2 − y1

,

ẋ3 − ẋ2 = v2 −
v2y2 − v1y1
y2 − y1

=
v1y1 − v2y1
y2 − y1

=

= y1 ·
v1 − v2
y2 − y1

= −y1 ·
v2 − v1
y2 − y1

.

If the fast cluster moves behind the slow one, then

y2 > y1, v2 < v1,
v2 − v1
y2 − y1

< 0.

If the slow cluster moves behind the fast one, then

y2 < y1, v2 > v1,
v2 − v1
y2 − y1

< 0.

Therefore we have in both the cases that the value of ẋ2 − ẋ1 is negative and
the value of ẋ3 − ẋ2 is positive, i.e., the outsider support length decreases and the
leader support length increases.

The velocity with that of the outsider support length decreases is constant, and
equal to y2(v1 − v2)(y2 − y1)

−1
. Hence the outsider vanishes for the time segment

of length t∗ = ∆0
1(y2 − y1)(y2(v1 − v2))

−1.
Since

ẋ3 − ẋ1 = (y2 − y1)
v2 − v1
y2 − y1

= v2 − v1,

it follows that sgn(ẋ3 − ẋ1) = sgn(v2 − v1) and, therefore,

sgn(∆1(t) + ∆2(t))
′ = sgn(ẋ3 − ẋ1) = sgn(v2 − v1).

Thus the statement of Lemma 1 about the clusters pair support is true. Lemma 1
has been proved. �
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6. Tandems with zero-cluster

6.1. Choleric-outsider. If an arbitrary cluster follows a zero-cluster (Fig. 4),
then we have, 0 ≤ y0 ≤ ρmin,

y
0

x
3

x
2

x
1

y
1

y
1

y
0

r
min

x +v t
1 1

D x + x
2 2

D
x

2

x + tv
2 max

D
x + tv

3 max
D

y =2

Figure 4. An arbitrary cluster follows a zero-cluster

(x2 + vmax∆t− x2 −∆x2)ρmin = (x2 − x2 −∆x2)y1 + v1∆ty1,

∆x2(y1 − ρ0) = (v1y1 − vmaxρmin)∆t,

ẋ2 =
vmaxρmin − v1y1

ρmin − y1
.

Since

ẋ2 − ẋ1 = ẋ2 − v1 = ρmin(vmax − v1)(ρmin − y1)
−1 < 0,

it follows that the time of transformation of the slow cluster into fast one is equal
to ∆0

1(y1 − ρmin)(ρmin(vmax − v1))
−1. If ρmin = 0, then we get

ẋ2 =
−v1y1
0− y1

= v1.

6.2. Sanguine-outsider. If ρmin = 0, then we get, too,

ẋ2 =
−v1y1
0− y1

= v1.

In this case outsider-cluster continues to move uniformly in accordance with the
basic law (1), Fig. 5.
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y
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Figure 5. Outsidering zero-cluster

6.3. Common case. Let us suppose that y2 is an arbitrary value, 0 < y2 < ρmax.
Then we have

ẋ2 =
v2y2 − v1y1
y2 − y1

.

Here y2 is reaction of outsider cluster on zero-leader.

6.4. Outsidering zero-cluster. In the case when a zero-cluster follows an arbi-
trary cluster we have, Fig. 5, 0 ≤ y1 ≤ ρmin,

(x2 + v2∆t− x2 −∆x2)y2 = ((x2 − x1)− (x2 +∆x2 − x1 − v1∆t))y1,

(v2y2 − vmaxy1)∆t = (y2 − y1)∆x2,

ẋ2 =
v2y2 − vmaxy1

y2 − y1
, 0 < y1 < ρmin.

7. Connected chain of choleric-clusters with local interaction on
the line

7.1. Generalization of the problem to an arbitrary chain of clusters. Let
us generalize the problem to an arbitrary chain of clusters on the line.

Suppose n clusters follow each other on the segment [x1, xn+1]. Segments [x1, x2],
[x2, x3], . . . , [xn, xn+1] correspond to these clusters, x1 < · · · < xn. Let ∆i(t) =
xi+1(t)− xi(t) be length of support of the i-th cluster at time t, i = 1, . . . , n.

The height yi, which is constant in time, corresponds to the i-th cluster, i.e., the
cluster located on the segment [xi, xi+1], yi ̸= yi+1, i = 1, . . . , n, and the velocity
of cluster boundaries movement satisfies the system of equations
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
ẋ1 = v1 = f(y1),
ẋi =

viyi−vi−1yi−1

yi−yi−1
, i = 2, . . . , n,

ẋn+1 = vn = f(yn),
vi = f(yi), i = 1, . . . , n.

(2)

We suppose, if the length of some cluster becomes equal to zero at time t, i.e.,
∆i(t) = 0 for some i, then the clusters are renumbered and, since time t, the
movement of clusters is carried out in such a way as if their original number were
equal to n− 1 or less than n− 1. The number of equations in system (2) decreases
at least by one.

Let the product of the cluster length and its density be called the cluster mass.
Let the sum of the clusters mass be called the flow mass.

Theorem 2. Let the function v = f(y) be decreasing strictly and ∆0
i = ∆i(0) be

the initial length of the i-th cluster support, i = 1, . . . , n.
Then the following statements are true:
(1) The length of the cluster [x1, x2], which moves the latter, decreases over time.
(2) The length of the cluster [xn, xn+1], which moves ahead, increases over time.
(3) Let ui be the absolute value of change rate of the i-th cluster velocity, if the

i-th cluster length decreases, and ui = 0, if the i-th cluster length does not decrease,
i = 1, . . . , n, (the velocity of change of cluster length is constant).

Then, after a time interval

t∗ = min
i

∆0
i /ui, i = 1, 2, . . . ,

number of clusters decreases, where ∆0
i = ∆i(0) is the initial length of the i-th

cluster.
(4) After a finite time interval, the chain of clusters is reduced to the front

cluster.
(5) The flow mass does not change in time.

Proof. We calculate the difference of the velocities of the ends of the cluster that
moves the latter, i.e., rate of change in the length of this cluster. Taking into
account that the function v = f(y) decreases, we see

ẋ2 − ẋ1 =
v2y2 − v1y1
y2 − y1

− v1 =
v2y2 − v1y2
y2 − y1

= y2 ·
v2 − v1
y2 − y1

< 0.

Hence the first statement of Theorem 1 is true.
We have for the change rate of the length of the cluster that moves ahead

ẋn+1 − ẋn = vn − vnyn − vn−1yn−1

yn − yn−1
=

=
vn−1 − vn
yn − yn−1

= −yn−1 ·
vn−1 − vn
yn − yn−1

> 0.

Therefore the second statement of Theorem 1 is true.
The change rates of the lengths of cluster supports are constant. After the time

interval of duration t∗, the length of support of one of cluster becomes equal to
zero, and the cluster vanishes. This cluster cannot be the cluster that moved first.
Hence the statements 3 and 4 of Theorem 1 are true.
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Let mi be mass of the cluster that is located on the segment (xi, xi+1). Let m
be the flow mass.

We have

m =

n∑
i=1

mi =

n∑
i=1

yi(xi+1 − xi). (3)

Using (2) and (3), we have for the derivative of the flow mass

ṁ =
n∑
i=1

ṁi =
n∑
i=1

yi(ẋi+1 − ẋi) =

= y1ẋn +

n−1∑
i=1

ẋi(yi+1 − yi)− ynẋn =

= y1f(y1) +

n−1∑
i=1

yif(yi)− yi+1f(yi+1)

yi+1 − yi
(yi+1 − yi)− ynf(yn) =

= y1f(y1) +
n−1∑
i=1

(yif(yi)− yi+1f(yi+1))− ynxn = 0.

Hence the last statement of Theorem 1 is true. Thus Theorem 1 has been proved.
�

7.2. Geometric interpretation. Let us describe a geometric approach that rep-
resents the solutions of system (2). The solutions of this system can be represented
by straight lines on the diagram with axes corresponding to the values t and x,
Fig. 6. The slope of such the straight line xi(t) is equal to the slope of the seg-
ment ((yi, qi), (yi+1, qi+1)) on the diagram of the function v = q(y) = yf(y), Fig. 7.
Each point of intersections of two straight lines from the set xi(t), i = 1, . . . , n,
corresponds to a time of disappearance of a cluster.

8. Flow with local interaction on a circle. Choleric-clusters

Suppose a circle is divided into n parts

0 ≤ x01 < x02 < · · · < x0n < 1, x0n+1 = x01 + 1;

∆0
i = x0i+1 − x0i , 1 ≤ i ≤ n− 1, ∆0

n = 1 + x01 − x0n;

∆0
1 +∆0

2 + · · ·+∆0
n = 1.

The density yi is defined on each segment [x0i , x
0
i+1], 1 ≤ i ≤ n, (Table 1).

The flow velocity at the point is defined with the function v = f(y), where v is
the velocity; y is the density. The initial configuration of the points x01 . . . , x

0
n is

defined.
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Figure 6. Geometrical interpretations. Solutions si = tgφi of
system (2)
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Figure 7. Geometrical interpretations. The slopes of the lines

Table 1. Initial requirements

[x01, x
0
2] [x02, x

0
3] . . . . . . [x0n, x

0
n+1]

y1 y2 . . . . . . yn
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The following system of equations defines dynamic of the points xi

ẋi+1 =
qi+1 − qi
yi+1 − yi

=
vi+1yi+1 − viyi

yi+1 − yi
, 1 ≤ i ≤ n− 1, (4)

where vi = f(yi), qi = viyi.
It is clear that the densities values belong to the set y1, y2, . . . , yn at every time.

The main question is the flow behavior, i.e., the behavior of the solutions of system
(4) for the case of t→ ∞. Assume that

sij = s(i, j) =
q(yj)− q(yi)

yj − yi
, 1 ≤ i, j ≤ n, si = s(i, i+ 1).

Then we can be rewrite (4) as

ẋi+1 =
q(yi+1)− q(yi)

yi+1 − yi
= si, 1 ≤ i ≤ n. (5)

Assume that, if at some time for some i the length of the segment [x0i , x
0
i+1]

becomes equal to zero, i.e., the point x0i coincides with the point x0i+1, then the
further behavior of the model is so that at initial time the circle were divided into
n− 1 parts, and so on.

Suppose

ti =

{ ∆xi
|si| , si < 0,

∞, si > 0,
(6)

t∗ = min(t1 . . . , tn).

Theorem 3. Suppose

yi ̸= yj, i ̸= j; si,j ̸= 0, 1 ≤ i, j ≤ n,
si1,i2 ̸= si3,i4 , i1 < i2 ≤ i3 < i4, ti ̸= tj, i ̸= j.

(7)

Then the following statements are true:
(1) Flow mass is constant in time.
(2) After the time t∗ since beginning of the model functioning, the number

of the segments, into which the circle is divided, decreases by one.
(3) The number of the segments, into which the circle is divided, decreases

until this number becomes equal to two.

Proof. The proof of the two first statements of Theorem 2 is similar to the
proof of Theorem 1. We take into account the rules of the model functioning
and the assumptions made above. Since si1,i2 ̸= si3,i4 (i1 < i2 ≤ i3 < i4),
we have that the length of each cluster varies. Since ti ̸= tj , i ̸= j, we have
that more one cluster cannot disappear simultaneously.

Let us prove the third statement. If n = 2, then

ẋ1 = s1,2 =
q(y2)− q(y1)

y2 − y1
=
q(y1)− q(y2)

y1 − y2
= ẋ2

and, therefore, the lengths of the segments, into which the circle is divided,
are constant. Theorem 2 has been proved.

�

64



12 A.P. BUSLAEV, A.G. TATASHEV, AND M.V. YASHINA

Remark 1. Suppose requirement (7) can be not fulfilled. Then the number
of clusters and the lengths of the segments can remain constant in time still,
if the number of clusters is more than two.

9. Movement in the presence of an obstacle

Suppose ρmax = 1, ρmin = 0, f(y) = 1− y, 0 ≤ y ≤ 1.

f(y )0

S

y0

Figure 8. Full periodic cluster

9.1. Movement in the presence of an obstacle: birth of clusters.
Assume that there is a single cluster, and its density is equal to y0. The
support of this cluster is the whole circle, Fig. 8. An obstacle comes into
existence on the circle at the point x1. This obstacle can be interpreted as
the red traffic light. An obstacle appears in front of a cluster with a density
ρmax = 1, and the segment arises of zero density ahead of the obstacle in the
direction of the movement. The length of the segment [x1, x2], the density of
which is zero, equals zero at the beginning of the existence of the obstacles,
Fig. 9. The rear boundary of the segment is fixed at the point x1 while the
other moves forward, and its velocity equals v0 = f(y0). The support of the
cluster with the maximum density is the segment [x1, x0]. The coordinate of
the point x1 moves according to the law

ẋ1 = −y0f(y0)
1− y0
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1

y0

x2

x0

x1

Figure 9. The flow is divided into three parts

y1

1

y0

x2

x0

S

x1

x3

Figure 10. Movement for a green phase

such that the total mass of the resulting clusters does not change. An
obstacle exists for some time Tr. After the disappearance of obstacles the
cluster that has the density 1 is divided into a cluster of density 1 and a
cluster of density y1, y0 < y1 < 1, (a phase of the ”green light” begins
itself), Fig. 10. The points x2 and x3 have such velocity as the obstacle still
existed. Density of the cluster that is located on the segment [x2, x3] remains
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equal to y0. Cluster of the density y1 appears on the segment [x3, x0]. The
cluster density on the segment [x3, x2] is equal to 0. The cluster density on
the segment [x1, x0] is equal to 1. From this time the point x1, which is
the front boundary of this segment, has the velocity v1 = f(y1). The point
x0, which is the rear boundary of the segment, moves such that its velocity
ensures that the law of mass conservation is fulfilled:

ẋ0 = −y1f(y1)
1− y1

.

After time interval Tg since beginning of the green light phase, a new red
light phase can begin itself. The obstacle arises at the same point as previ-
ously (at the point of traffic-lights location). The red light phase begins only
in the case if the given point is in a cluster that has density y0. Otherwise,
the green light phase repeats itself. At the red light phase the new cluster
is formed with a density of 1 and, during the next phase of green light, the
cluster is divided into clusters of densities y1 and 1, etc.

Theorem 4. Suppose l is the length of the circle, which is support of the
cluster of density y0. Then the following statements are true.

(1) After time interval of duration not more than l
f(y1)−f(y0)

, no cluster

of density y0 remains.
(2) After a finite time interval since beginning of model functioning, only

clusters with densities y1 and 0 remain.

Proof. After turning on red lights, clusters of density of 0 and 1 are born,
and for the green light phase, clusters of densities y1 (0 < y0 < y1 < 1) are
born also as described above.

The length of the cluster that has density 0 cannot decrease. From the
mass conservation law, it follows that after the initial time there exist always
at least one cluster of density y1 or 1. Each cluster with y0 is limited to the
rear by a cluster of density 0. Hence there is no cluster of density y0 the
length of support of that is decreasing. When a cluster with density y0 is
divided into such two clusters (between which clusters of densities 1 and y1
appear) the total length of the supports of the clusters of non-zero density
does not increase. During the time intervals between such divisions the total
length of the clusters of density y0 decreases with a velocity, which is not
less than f(y0)− f(y1). Hence the first statement of Theorem 3 is true.

Let us prove the second statement.
A cluster of density y1 arises in front of the cluster of density 1. Hence the

length of the support of a cluster with density y1 can only increase. Really,
the front boundary of the cluster moves with velocity f(y1) in the direction
of flow. The rear boundary of this cluster moves in the opposite direction.
Therefore the clusters of density y1 cannot disappear before the time when
the clusters of density 1 disappear. At the time when the clusters of density
y0 disappears (in accordance with the first statement of the theorem such
time will come) clusters of densities y1, 0, and 1 or only clusters of densities
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y1 and 0. In the first case the total length of the clusters of density 1
decreases still, and the total length of the cluster support of density y1
increases unless all the clusters of density 1 disappear. Thus in both the
cases only the clusters of densities y1 and 0 remain. Theorem 3 has been
proved. �

10. Controlled clusters model

Suppose a full periodic cluster of density y0 moves with velocity f(y0),
Fig. 8, and the formula for f is

f(y) = 1− y, 0 ≤ y ≤ 1. (8)

At the pole S, prohibition of movement (traffic lights) is switched off since
time t = 0 for the time interval Tr.

For this time interval, the flow is divided into three fragments, i.e., clusters
(Fig. 9). The velocities of the boundaries are

ẋ2 = f(y0),

x0 ≡ f(y0),

ẋ1 =
0−y0f(y0)

1−y0
.

(9)

At the time t = Tr, the green light is switched at the point S allowing the
movement that was banned previously. Let y1 ∈ (0, 1) be the density of the
flow that goes out. Then four clusters are formed initially at t > Tr. The
velocities of the boundaries are

ẋ0 =
y1f(y1)− 0

y1 − 1
,

ẋ1 =
0− y0f(y0)

1− y0
,

ẋ2 = f(y0),

ẋ3 = f(y1).

At the time t = Tr + Tg, Fig. 10, a red light phase begins itself and
another boundary appears at the point S, x−1(Tr+Tg)) = 0, i.e., since time
Tr+Tg, the boundary is divided into two the boundaries x−1 and x4, which
velocities are

˙x−1 =
0− y1f(y1)

1− y1
,

ẋ4 =

{
0, Tr + Tg < t < 2Tr + Tg;

f(y2), t > 2Tr + Tg

Therefore, at the general position, when the red light is switched on, at
the point S two new clusters of densities 0 and 1 appear and, when the green
light is switched, a cluster of density yn appears too. Hence, for the interval
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Tr + Tg, one cluster generates four new clusters (altogether there are five
clusters) of densities 1, 0, yn, yn−1, i.e., there four boundary points.

The main objective is to study the limit state of the system, when control
time management is large, and in the cases

a) periodic control;
b) adaptive control.

yn-1

xn+2

xn+1xn+1

yn-1

1

Figure 11. Movement in the neighborhood of S during the red
time interval

Consider the processes in the neighborhood of the point S. According to

Fig. 11, we have during the interval of red light phase, for t = T
(n)
r = ∆t{

|xn−2 − x−n+1| = yn−1f(yn−1)
1−yn−1

δt

|xn−1 − x−n+1| = f(yn−1)∆t.
(10)

For the interval of green light phase of duration δt, we have the situation
represented in Fig. 12.

yn

1

yn-1

yn-1

xn+1

xn+2 x-n+2
x-n+1

Figure 12. Movement in the neighborhood of S during the green
time interval

{
|xn+1 − xn+2| = f(yn−1)(∆t+ δt)− f(yn)δt,

|x−n+1 − x−n+2| = −ynf(yn)
1−yn

δt+ yn−1f(yn−1

1−yn−1
(δt+∆t).

(11)

Remark 2. The sum of the lengths of jam and zero cluster supports is a
constant value.
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Proof. Since f(y) = 1− y, we have yf(y)
1−y = y. We can rewrite equations (11)

as

zn =

{
xn+1 − xn+2 = (1− yn−1)(∆t+ δt)− (1− yn)δt = ∆t− zn,

x−n+1 + x−n+2 = −ynδt+ yn−1(δt+∆t).
(12)

Thus the statement of Remark 2 is true. �
If the system is uncontrolled, then the number of clusters cannot increase.

In the case of controlled system, the number of clusters can be also increase
when a green or red phase begins itself. The behavior of the controlled
system is to be studied.

11. Partially-connected movement of sanguine-clusters

Suppose that a circle is divided into n parts

0 ≤ x01 < x02 < · · · < x0n < 1, x0n+1 = x01;

∆0
i = x0i+1 − x0i , 1 ≤ i ≤ n− 1, ∆0

n = 1 + x01 − x0n;

∆0
1 +∆0

2 + · · ·+∆0
n = 1.

The value ∆0
i is equal to the length of segment [x0i , x

0
i+1].

The density y0i is defined on the segment [x0i , x
0
i+1] 1 ≤ i ≤ n. The flow

velocity at the point is determined with the function v = f(y), where v is
velocity; y is the density. The initial configuration of the points x01 . . . , x

0
n is

defined.
If yi > 0, then the segment [xi, xi+1] corresponds to some cluster. If

yi = 0, then the [xi, xi+1] corresponds to some gap between clusters.
Assume that at initial time all the clusters are divided by gaps. The

dynamic of the points xi is determined as follows.
If yi−1 > 0, yi = 0, i.e., a cluster corresponds to the segment [xi−1, xi],

and a gap corresponds to [xi, xi+1], then

ẋi = vi = f(yi). (13)

If yi−1 = 0, yi > 0, i.e., a gap corresponds to the segment [xi−1, xi], and
a cluster corresponds to the segment [xi, xi+1], then also

ẋi = vi = f(yi).

If clusters correspond to segments [xi−1, xi] and [xi, xi+1], then

ẋi =
viyi − vi−1yi−1

yi − yi−1
, 1 ≤ i ≤ n, (14)

where vi = f(yi).
Let several following one other clusters, non-divided by gaps, be called a

batch.
Since it is assumed that at initial time all the clusters are divided by gaps

and a slower cluster cannot reach a faster one, it follows that at initial time
all the faster clusters move behind the slower ones. Then situation when
a cluster moves after an other cluster and the interaction between clusters
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occurs in accordance with (14) arises only when the slower cluster is ahead
more quickly one.

Density y0i ≥ 0, 1 ≤ i ≤ n is defined on the segment [x0i , x
0
i+1]. The

function v = f(y) is defined that can be interpreted as the dependence
of velocity on the density. The initial configuration of points x01 . . . , x

0
n is

defined.
If the density is not equal to zero on the segment [x0i , x

0
i+1], then a

rectangle corresponds to this segment, which is the support of the rectangle.
The height of the rectangle is equal to yi. This segment can be interpreted as
a section on that the traffic flow is located with density yi. Let the rectangle
that corresponds to this segment be called a cluster, and the area of this
rectangle be called the mass of the cluster.

Clusters that follow one after the other form clusters batches.
The number of groups can be reduced by merging clusters, which occurs

because a faster cluster overtakes a slower group.
If the point xi is the boundary of two clusters such that the greater density

corresponds to the cluster moving ahead, then this boundary moves with the
velocity that is determined by (14).

Consider some clusters batch, which is located on the segment [x1, xk+1].
Points x2 < · · · < xk are the boundaries of clusters that are contained in
the batch. Let mi, i = 1, . . . , k, be mass of the cluster that be located on
the segment [xi, xi+1]. Denote by m = m1 + · · · +mk mass of the cluster
batch.

Velocity of the point x1 is determined by the equation

ẋ1 = f(y1).

The point xn moves with velocity

ẋn = f(yn).

Let x1 = x10, . . . , xn = xn0 be the distribution of the points on the straight
line at the initial time t = 0. The point xi moves with the velocity that is de-
termined by (14). The considered phase ends at the time when some points
merge. After this a similar phase begins with a less number of segments, if
there exists yet more than one segment. If a single segment remains, then its
edges move with the same velocity. It follows from proved below Theorem
that the situation when a single segment remains is realized in a finite time
and the flow mass does not change in time.

Denote

gi =
yi+1f(yi+1)− yif(yi)

yi+1 − yi
− yif(yi)− yif(yi−1)

yi − yi−1
, i = 1, . . . , k.

Theorem 5. The following statements are true.
(1) The clusters batch mass remains constant in time, if this batch does

not merge with any other batch cluster.
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(2) Suppose it is determined the initial distribution of the boundaries of
the segments that are located within the group

x1 = x10, . . . , xk = xk+1,0.

Let i∗ be the value of i at that the maximum of gi/(xi+1 − xi) is attained.
Then the number of clusters that are contained in the batch decreases after
the period of duration gi/(xi+1 − xi), when the points xi∗+1 and xi∗ merge.

(3) An only cluster remains after a finite period.

Proof. The first statement of Theorem 4 is proved similarly to Theorem 1.
Let us prove the second statement. Since f(x0) < f(xn), we have ẋ0−ẋn < 0
and, therefore, length of the segment (xi, xi+1) decreases over time at least
for one value of i. One of these value is the value i∗. The velocity of the
segment (xi∗ , xi∗+1) decreasing is constant and is equal to gi∗ . After a time

interval of duration
xi∗+1−xi∗

gi∗
, the points xi∗+1 and xi∗ merge and the phase

for that there are n segments ends. The second statement of Theorem 4 has
been proved. �

The total number of clusters cannot increase over time. In a finite time
this number decreases. The total mass of clusters cannot change either when
cluster merge or between merger time. Thus the last statement of Theorem
4 is also true.

12. Interaction of clusters with uniformly distributed
information

x
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x
2

x
3

y
2

v
1

v
2

y
1

Figure 13. Interaction of two clusters with uniformly distributed information

Let us consider a model of interaction of two clusters that differs from the
model of Section 4 in that the cluster height varies over time so that the area
of the rectangle that corresponds to this cluster remains constant, Fig. 13.
In physical terms it can be interpreted to mean that the next cluster adjusts
to the leader, simultaneously changing its speed limits and keeping the same
number of particles. Hence the information about the need to change speed
limits delivers instantly to all the particles. Consider behavior of the cluster
that is located on the segment [x0i , x

0
i+1] (the i-th cluster), i = 1, . . . , n. The

model is based on the fact that within a short time the density yi changes in
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such a way as to compensate for the difference in velocity at the boundaries
of the cluster.

We have up to an infinitesimal

xi(t+∆t) = xi(t) + ∆xi(t) ∼= xi(t) + vi∆t,

xi+1(t+∆t) = xi+1(t) + ∆xi+1(t) ∼= xi+1(t) + vi+1∆t.

From the conservation law it follows

(xi+1 − xi)yi = (xi+1 +∆xi+1 − xi −∆xi)(yi +∆yi) ∼=

∼= (xi+1 + vi+1t− xi − vit)(yi +∆yi).

Hence,

0 = (xi+1 − xi)∆yi + (vi+1∆t− vi∆t)yi

and

(xi+1 − xi)ẏi + (vi+1 − vi)yi = 0.

Suppose

ẋi = vi = f(yi), i = 1, . . . , n.

Thus we have the system

{
ẋi = f(yi),

ẏi = yi
vi−vi+1

xi+1−xi
= yi

f(yi)−f(yi+1)
xi+1−xi

, i = 1, . . . , n; xn+1 = 1 + x1.
(15)

13. Qualitative properties of the flow with a uniformly
distributed information

13.1. The behavior of solutions of the system on a circle in the case
of two components. Consider the case n = 2. Suppose y1 < y2. Then we
have for the solutions of system (15)

ẋ1 = v1 = f(y1) > ẋ2 = v2 = f(y2). (16)

Theorem 6. The following cases are possible, depending on the type of the
function f(y) and initial values.

(1) Length of the segment [x1, x2] becomes equal to zero at some time and
the flow density becomes the same on all the circle;

(2) The value of becomes y1 equal to y2 at some time and, therefore, the
flow density becomes the same on all the circle;

(3) The velocity of change of the segment [x1, x2] length, which is equal to
[ẋ2−ẋ1], and the values ẏ1 and ẏ2 tends to zero as t→ ∞, although the length
of this interval is non-zero, and the difference between y2 − y1 is positive.
This case is possible only if the function f(y) is defined appropriately.
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Proof. From (16), it follows that the length of the segment [x2, x1] increases
by reducing the length of the segment [x1, x2].

Hence the length of the segment [x2, x1] increases for this solution, if the
length of the segment [x1, x2] decreases. Therefore the value of ẏ1 is positive,
and the value of ẏ2 is negative. From this, the statements of Theorem 5
follow. �

13.2. The behavior of solutions for periodic distributed density.
Suppose that at initial time the considered circle is divided into n segments,
which have the same length. Assume that the flow density on the segment
[xi, xi+1] is equal to h1 for an odd i and this density is equal to h2 > h1
for an even i, i = 1, . . . , n. Then the solutions of system (15) are such that
the length of the segment [xi, xi+1] decreases for an odd i and this length
increases for an even i. The flow density can become the same on the whole
circle either because the length of the segments will decrease to zero, either
because the flow densities become the same.

13.3. The behavior of solutions in the common case. Suppose f(y)
is strictly decreasing function on y. Then the derivative of the component
yi cannot become equal to 0 for yi ̸= yi+1, i, j = 1, . . . , n, and, therefore,
system (15) has no stationary points, for which the values of densities are
different for any of the clusters.

Let y1, . . . , yn correspond to a solution of system (15). Then the density
yi increases over time, if yi < yi+1, and this density decreases over time,
if yi > yi+1, i = 1, . . . , n. The rectangle density that corresponds to the
i-th cluster has to be conserved and the difference xi+1 − xi, i.e., length of
support of the i-th cluster decreases for yi < yi+1 and increases for yi > yi+1,
i = 1, . . . , n.

The number of clusters decreases when the densities of the neighboring
clusters become the same.

13.4. The behavior of solutions on the circle in the case of two
components.

Theorem 7. Suppose n = 2 and y1 < y2. The following cases are possible.
(1) The length of the segment [x1, x2] becomes equal to zero and the flow

density becomes the same on the whole circle;
(2) At some time time the value y1 becomes equal to the value y2 and,

therefore, the flow density becomes the same on the whole circle;
(3) The velocity of change of the segment length [x1, x2], which is equal to

[ẋ2− ẋ1], and the values ẏ1 and ẏ2 tend to zero as t→ ∞ although the length
of this segment remains non-zero and the difference y2−y1 remains positive.
This case is possible only for the function f(y) that is defined appropriately.

Proof. We have for the solutions of system (15)

ẋ1 = v1 = f(y1) > ẋ2 = v2 = f(y2).
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Consequently, for this solution the length of the interval [x2, x1] increases,
if the length of the segment [x1, x2] decreases. The value of ẏ1 is positive and
value of ẏ2 is negative. From this, the statement of Theorem 6 follows. �

14. Qualitative properties of the flow with a uniformly
distributed information. Clusters-sanguine

Let us consider a partial-connected model. In this model change the
cluster height in accordance with (15) occurs only when the cluster of lower
density (the fast cluster) follows the cluster of higher density (slow cluster).
In this case the behavior of this cluster is similar to the behavior of cluster
in the model described in Section 12.

If the slow cluster follows the faster cluster, then the fast cluster moves
forward and its density does not change.

For a finite amount of time a group of clusters is formed in that fast
clusters follow slow clusters. The subsequent behavior of the chain is carried
out as in the model described in Section 12.

15. Conclusion

The mathematical model of the traffic flow, in which the highway is di-
vided into segments with the flow density that is constant on each segment.
We have derived systems of nonlinear ordinary differential equations ac-
cording to that a change in the boundaries of these segments and their
corresponding densities occur. We study the properties of the solutions of
these systems.
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Lp- SATURATION THEOREM FOR AN ITERATIVE
COMBINATION OF BERNSTEIN-DURRMEYER TYPE

POLYNOMIALS

P. N. AGRAWAL, T. A. K. SINHA, AND K. K. SINGH

Abstract. Gupta and Maheshwari [5] introduced a new sequence of Dur-
rmeyer type linear positive operators Pn to approximate p-th Lebesgue in-
tegrable functions on [0; 1]: It is observed that these operators are saturated
with O(n�1): In order to improve the rate of approximation we consider an
iterative combination Tn;k(f ; t) of the operators Pn(f ; t). This technique was
given by Micchelli [8] who �rst used it to improve the order of approximation
by Bernstein polynomials Bn(f ; t):
In our paper [1] we obtained direct theorems in ordinary approximation

in the Lp- norm by the operators Tn;k: Subsequently, we [10] proved a corre-
sponding local inverse theorem over contracting intervals. The object of the
present paper is to continue this work by proving the saturation theorem in a
local set-up.

1. Introduction

For f 2 Lp[0; 1]; 1 � p <1; the operators Pn can be expressed as

Pn(f ; t) =

1Z
0

Wn(t; u)f(u) du;

where Wn(t; u) = n
nX
�=1

pn;�(t)pn�1;��1(u) + (1� t)n�(u);

pn;�(t) =

�
n

�

�
t�(1� t)n�� ; 0 � t � 1;

and �(u) being the Dirac-delta function, is the kernel of the operators Pn.
For f 2 Lp[0; 1]; 1 6 p < 1; the iterative combination Tn;k of the operators Pn

is de�ned as

Tn;k(f ; t) =
�
I � (I � Pn)k

�
(f ; t) =

kX
r=1

(�1)r+1
�
k

r

�
P rn(f ; t); k 2 N;

where P 0n � I and P rn � Pn(P
r�1
n ) for r 2 N:

In what follows, we suppose that 0 < a < a1 < a2 < a3 < b3 < b2 < b1 < b < 1:
Also, AC[a; b] andBV [a; b] denote the classes of absolutely continuous functions and
the functions of the bounded variation respectively in the interval [a; b]. Further,
C denotes a constant not necessarily the same at each occurrence.

Key words and phrases. Linear positive operators, Bernstein-Durrmeyer type polynomials,
iterative combination, inverse theorem, saturation theorem, Steklov mean.
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The aim of this paper is to establish a local saturation theorem for the operators
Tn;k(f; t) in the Lp�norm. The theorem shows that the sequence Tn;k(:; t) is sat-
urated with the order O(n�k): The nature of saturation class depends on whether
p = 1 or p > 1: The trivial class, however, remains the same for all p (1 � p <1):
We prove the following theorem (saturation theorem):

Theorem 1.1. Let f 2 Lp[0; 1]; 1 � p <1: Then, in the following statements, the
implications (i) ) (ii) ) (iii) and (iv) ) (v) ) (vi) hold:

(1) [(i)]
(2) kTn;k(f; :)� fkLp[a1;b1]) = O(n�k);
(3) f coincides almost everywhere with a function F on [a2; b2] having 2k deriv-

atives such that:
(a) when p > 1; F (2k�1) 2 AC[a2; b2] and F (2k) 2 Lp[a2; b2];
(b) when p = 1; F (2k�2) 2 AC[a2; b2] and F (2k�1) 2 BV [a2; b2];

(4) kTn;k(f; :)� fkLp[a3;b3] = O(n�k);

(5) kTn;k(f; :)� fkLp[a1;b1] = o(n�k);
(6) f coincides almost everywhere with a function F on [a2; b2]; where F is 2k

times continuously di¤erentiable on [a2; b2] and satis�esP2k
�=1Q(�; k; t)F

(�)(t) = 0; where Q(�; k; t) are the polynomials occurring
in Theorem 2.8;

(7) kTn;k(f; :)� fkLp[a3;b3] = o(n�k);

where O(n�(k+1)) and o(n�(k+1)) terms are with respect to n when n!1:
Remark 1.1. To prove the saturation theorem, we observe that without any loss
of generality we may assume that f(0) = 0: To prove this, let f1(u) = f(u)� f(0):
By de�nition, Tn;k(f1; t) =

Pk
r=1(�1)r+1

�
k
r

�
P rn(f1; t): Further, using linearity,

P rn(f1; t) = P rn(f ; t)� f(0)P rn(1; t) = P rn(f ; t)� f(0):
Since Tn;k(f1; t) = Tn;k(f; t)� f(0); it follows that
Tn;k(f1; t) � f1(t) = Tn;k(f; t) � f(0) � (f(t) � f(0)) = Tn;k(f; t) � f(t); where
f1(0) = 0:

Since f(0) = 0 (in view of the above remark), it follows that Pnf(0) = 0:
Consequently, Pmn f(0) = 0;8m 2 N:

2. Preliminaries

In this section, we give some de�nitions and auxiliary results which are useful in
establishing our main theorem.

Lemma 2.1. [10] Let r > 0 and Vn(x; t) =: n
nX
�=1

pn;�(x)pn�1;��1(t); then, for

su¢ ciently large n

1Z
0

Vn(x; t)jx� tjr dx = O(n�r=2);

uniformly for all t in [0; 1].

For m 2 N0 (the set of non-negative integers), the mth order moment for the
operators Pn is de�ned as

�n;m(t) = Pn ((u� t)m; t) :
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Lemma 2.2. [10]For the function �n;m(x); we have �n;0(x) = 1; �n;1(x) =
(�x)
(n+1) ;

and for m � 1 there holds the recurrence relation
(n+m+1)�n;m+1(x) = x(1�x)

�
�0n;m(x) + 2m�n;m�1(x)

	
+(m(1�2x)�x)�n;m(x):

Consequently,
(i) �n;m(x) is a polynomial in x of degree m;
(ii) for every x 2 [0; 1]; �n;m(x) = O

�
n�[(m+1)=2]

�
; where [�] is the integer part

of �:

Corollary 2.3. For each r > 0 and for every x 2 [0; 1]; we have

Pn(jt� xjr; x) = O
�
n�r=2

�
; as n!1:

Themth order moment for the operator P rn is de�ned as �
[r]
n;m(t) = P rn ((u� t)m; t) ;

r 2 N. We denote �[1]n;m(t) by �n;m(t):

Lemma 2.4. [2] For r 2 N;m 2 N0 and t 2 [0; 1] we have

�[r]n;m(t) = O
�
n�[(m+1)=2]

�
:

Consequently, by Cauchy-Schwarz inequality, for every t 2 [0; 1] one has
P rn (ju� tjm; t) = O(n�m=2):

Lemma 2.5. [2] For k; l 2 N and every t 2 [0; 1] there holds
Tn;k((u� t)l; t) = O(n�k):

The next lemma gives a bound for the intermediate derivatives of f in terms of
the highest order derivative and the function in Lp�norm.

Lemma 2.6. [4] Let 1 6 p <1; f 2 Lp[a; b]: Suppose f (k) 2 AC[a; b] and
f (k+1) 2 Lp[a; b]: Then

f (j)



Lp[a;b]
6Mj

�

f (k+1)


Lp[a;b]

+ kfkLp[a;b]
�
; j = 1; 2; :::; k;

where Mj are certain constants independent of f .

Let f 2 Lp[a; b]; 1 6 p <1. Then, for su¢ ciently small � > 0; the Steklov mean
f�;m of mth order corresponding to f is de�ned as follows:

f�;m(t) = ��m

�
2Z

� �
2

:::

�
2Z

� �
2

�
f(t) + (�1)m�1�mPm

i=1 ti
f(t)

� mY
i=1

dti; t 2 [a1; b1];

where �mh is the mth order forward di¤erence operator with step length h:

Lemma 2.7. For the function f�;m, we have
(1) [(a)]
(2) f�;m has derivatives up to order m over [a1; b1];
(3) kf (r)�;mkLp[a1;b1] 6 Cr�

�r !r(f; �; [a; b]); r = 1; 2; :::;m;
(4) kf � f�;mkLp[a1;b1] 6 Cm+1 !m(f; �; [a; b]);
(5) kf�;mkLp[a1;b1] 6 Cm+2 kfkLp[a;b];
(6) kf (m)�;mkLp[a1;b1] 6 Cm+3 �

�mkfkLp[a;b];
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where C 0is are certain constants that depend on i but are independent of f and
�:

Following ([6], Theorem 18.17) or ([11], pp.163-165), the proof of the above
lemma easily follows hence the details are omitted.

Theorem 2.8. [3] Let f 2 LB [0; 1]; the space of bounded and integrable functions
on [0; 1]: If f (2k) exists at a point t 2 [0; 1]; then

(2.1) Tn;k(f ; t)� f(t) = n�k
2kX
�=1

f (�)(t)

�!
Q(�; k; t) + o(n�k); as n!1

and

(2.2) [Tn;k+1(f ; t)� f(t)] = o(n�k); as n!1;

where Q(�; k; t) are certain polynomials in t of degree �: Further, the limits in (2.1)
and (2.2) hold uniformly in [0; 1] if f (2k)(t) is continuous in [0; 1]:

Theorem 2.9. (Inverse theorem) [10] Let f 2 Lp[0; 1]; 1 � p <1; 0 < � < 2k and
kTn;k(f; :)�fkLp[a1;b1] = O(n��=2); as n!1: Then, !2k(f; � ; p; [a2; b2]) = O(��);
as � ! 0:

Lemma 2.10. [9] Let 1 6 p <1; f 2 Lp[a; b] and there holds

!m(f; � ; p; [a; b]) = O(� r+�); (� ! 0);

where m; r 2 N and 0 < � < 1: Then f coincides a.e. on [c; d] � (a; b) with a
function F possessing an absolutely continuous derivative F (r�1); the rth derivative
F (r) 2 Lp[c; d]; and there holds !(F (r); � ; p; [c; d]) = O(��); (� ! 0):

Lemma 2.11. Let f 2 Lp[0; 1]; 1 � p <1 and kTn;k(f; :)� fkLp[a1;b1] = O(n�k):

Then for any function g 2 C2k0 with supp g � (a1; b1) there holds

jhTn;k(f; t)� f(t); g(t)ij 6
C

nk

�
kfkLp[0;1] + kf (2k�1)kLp[0;1]

�
;

where hf; gi =
1R
0

f(t)g(t) dt:
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Proof. By de�nition



Mr
n(f; t); g(t)

�
=

1Z
0

Mr
n(f; t)g(t) dt

=

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)f(ur)�

� 2k�1X
i=0

(t� ur)ig(i)(ur) +
(t� ur)(2k)
(2k)!

g(2k)(�)

�
dur:::du1dt

=

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)f(ur)g(ur)dur:::du1dt

+

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)(t� ur)h1(ur)dur:::du1dt

+

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)
(t� ur)2

2!
h2(ur)dur:::du1dt

+ :::

+

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)
(t� ur)2k
(2k)!

f(ur)g
(2k)(�)dur:::du1dt

= I0;r + I1;r + I2;r + :::+ I2k;r; say;

where hi(u) = f(u)g(i)(u); i = 1; 2; :::; 2k � 1 and � lies between t and ur:
Now,



Tn;k(f; t); g(t)

�
=

kX
r=1

(�1)r+1
�
k

r

�

Mr
n(f; t); g(t)

�
=

kX
r=1

(�1)r+1
�
k

r

�
(I0;r + I1;r + I2;r + :::+ I2k;r):(2.3)

Since supp g � (a1; b1); there follows

(2.4)

1Z
0

Wn(t; u1) dt = n
nX
k=1

pn�1;k�1(u)

1Z
0

pn;k(t) dt =
n

n+ 1
:

Using (2.4) and on interchanging integrals by Fubini�s theorem, we have
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I0;r =

1Z
0

Wn(ur�1; ur):::

1Z
0

Wn(u1; u2)

0@ 1Z
0

Wn(t; u1) dt

1A f(ur)g(ur)du1:::dur

=

�
n

n+ 1

�r8<:
1Z
0

f(ur)g(ur) dur

9=;
=

�
1� r

n
+
r(r + 1)

2!n2
+ :::

�0@ 1Z
0

f(t)g(t) dt

1A :(2.5)

Now,

kX
r=1

(�1)r+1
�
k

r

�
I0;r =

kX
r=1

(�1)r+1
�
k

r

��
1� r

n
+
r(r + 1)

2!n2
+ :::

�0@ 1Z
0

f(t)g(t) dt

1A
=

1Z
0

f(t)g(t) dt+ 0 + 0 + :::+O(n�k)

0@ 1Z
0

f(t)g(t) dt

1A
=

1Z
0

f(t)g(t) dt+O(n�k):kfkLp[0;1];(2.6)

in view of the identities
kX
r=1

(�1)r+1
�
k

r

�
rm =

�
0; m = 1; 2; :::; k � 1
(�1)k+1(k!); m = k.

Next, in view of the hypothesis, inverse theorem 2.9 and Lemma 2.10, we have

I1;r =

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)(t� ur)�

�
h1(t) + (ur � t)h(1)1 (t) +

(ur � t)2
2!

h
(2)
1 (t) + :::+

(ur � t)2k�2
(2k � 2)! h

(2k�2)
1 (t)

+
1

(2k � 2)!

urZ
t

(ur � w)2k�2h(2k�1)1 (w) dw

�
dur:::du1dt

= �
� 1Z
0

h1(t)�
[r]
n;1(t)dt+

1

2!

1Z
0

h
(1)
1 (t)�

[r]
n;2(t)dt+ :::+

1

(2k � 2)!

1Z
0

h
(2k�2)
1 (t)�

[r]
n;2k�1(t)dt

�

+
1

(2k � 2)!

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)(t� ur)�

0@ urZ
t

(ur � w)2k�2h(2k�1)1 (w) dw

1A dur:::du1dt:
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Let

�r :=
1

(2k � 2)!

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)�

(t� ur)

0@ urZ
t

(ur � w)2k�2h(2k�1)1 (w) dw

1A dur:::du1dt:

Now, using Lemma 2.5 we get

kX
r=1

(�1)r+1
�
k

r

�
I1;r = �

� 1Z
0

h1(t)Tn;k(u� t); t)dt

+
1

2!

1Z
0

h
(1)
1 (t)Tn;k(u� t)2; t)dt+ :::

�

+

kX
r=1

(�1)r+1
�
k

r

�
f�rg

= O(n�k)
�
kh1kLp[0;1] + kh

(1)
1 kLp[0;1] + :::+ kh

(2k�1)
1 kLp[0;1]

�
+

kX
r=1

(�1)r+1
�
k

r

�
f�rg:(2.7)

In order to estimate �r, we break the interval of integration in ur as follows:
For each n there exists a non-negative integer m(n) such that

mp
n
� maxfb1 � a2; b2 � a1g �

m+ 1p
n

:

�r �
1

(2k � 2)!

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�2; ur�1)�(2.8)

� 1Z
0

Wn(ur�1; ur)jur � tj2k�1
������
urZ
t

jh(2k�1)1 (w)jdw

������ dur
�
dur�1:::du1dt:

The expression inside the curly bracket in (2.8) is bounded by

83



8 P. N. AGRAWAL, T. A. K. SINHA, AND K. K. SINGH

1Z
0

Wn(ur�1; ur)jur � tj2k�1
������
urZ
t

jh(2k�1)1 (w)jdw

������ dur
�

mX
l=0

� t+ l+1p
nZ

t+ lp
n

Wn(ur�1; ur)jur � tj2k�1
t+ l+1p

nZ
t

jh(2k�1)1 (w)jdw dur

+

t� lp
nZ

t� l+1p
n

Wn(ur�1; ur)jur � tj2k�1
tZ

t� l+1p
n

jh(2k�1)1 (w)jdw dur
�

�
mX
l=1

�
n2

l4

t+ l+1p
nZ

t+ lp
n

Wn(ur�1; ur)jur � tj2k+3�(2.9)

t+ l+1p
nZ

t

jh(2k�1)1 (w)jdw dur

+
n2

l4

t� lp
nZ

t� l+1p
n

Wn(ur�1; ur)jur � tj2k+3
tZ

t� l+1p
n

jh(2k�1)1 (w)jdw dur
�

+

t+ 1p
nZ

t� 1p
n

Wn(ur�1; ur)jur � tj2k�1
t+ 1p

nZ
t� 1p

n

jh(2k�1)1 (w)jdw dur:

On combining (2.8) and (2.9), we get

�r �
1

(2k � 2)!

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�2; ur�1)�

� mX
l=1

�
n2

l4

t+ l+1p
nZ

t+ lp
n

Wn(ur�1; ur)jur � tj2k+3
t+ l+1p

nZ
t

jh(2k�1)1 (w)jdw dur

+
n2

l4

t� lp
nZ

t� l+1p
n

Wn(ur�1; ur)jur � tj2k+3
tZ

t� l+1p
n

jh(2k�1)1 (w)jdw dur
�

+

t+ 1p
nZ

t� 1p
n

Wn(ur�1; ur)jur � tj2k�1
t+ 1p

nZ
t� 1p

n

jh(2k�1)1 (w)jdw dur
�
dur�1:::du1dt:

= J1 + J2 + J3; say:
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Now,

J1 =
1

(2k � 2)!

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�2; ur�1)�

� mX
l=1

n2

l4

t+ l+1p
nZ

t+ lp
n

Wn(ur�1; ur)jur � tj2k+3
t+ l+1p

nZ
t

jh(2k�1)1 (w)jdw dur
�
dur�1:::du1dt

� 1

(2k � 2)!

mX
l=1

n2

l4

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�2; ur�1)�

� 1Z
0

1Z
0

Wn(ur�1; ur)jur � tj2k+3�(w)jh(2k�1)1 (w)jdw dur
�
dur�1:::du1dt

=
1

(2k � 2)!

mX
l=1

n2

l4

1Z
0

1Z
0

� 1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)�

jur � tj2k+3 durdur�1:::du1
�
�(w)jh(2k�1)1 (w)jdw dt

=
1

(2k � 2)!

mX
l=1

n2

l4

1Z
0

1Z
0

P rn
�
jur � tj2k+3; t

�
�(w)jh(2k�1)1 (w)jdw dt;

where �(w) denotes the characteristic function of the interval [t; t+ l+1p
n
]:

In view of Lemma 2.4 and interchanging integration in t and w by Fubini�s
theorem, we obtain

J1 =
1

(2k � 2)!

mX
l=1

n2

l4
:O

�
1

n(2k+3)=2

� 1Z
0

0@ 1Z
0

 (w)dt

1A jh(2k�1)1 (w)jdw

=
1

(2k � 2)!

mX
l=1

n2

l4
:O

�
1

n(2k+3)=2

� 1Z
0

0BB@
wZ

w� l+1p
n

 (w)dt

1CCA jh(2k�1)1 (w)jdw

=
1

(2k � 2)!

mX
l=1

n2

l4

�
l + 1p
n

�
:O

�
1

n(2k+3)=2

� 1Z
0

jh(2k�1)1 (w)jdw

=

 
mX
l=1

(l + 1)

l4

!
:O

�
1

nk

�
kh(2k�1)1 kLp[0;1]

= O(n�k):kh(2k�1)1 kLp[0;1]:

Treating J2 in similar manner, we get J2 = O(n�k):kh(2k�1)1 kLp[0;1]:
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J3 =
1

(2k � 2)!

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�2; ur�1)�

� t+ 1p
nZ

t� 1p
n

Wn(ur�1; ur)jur � tj2k�1
t+ 1p

nZ
t� 1p

n

jh(2k�1)1 (w)jdw dur
�
dur�1:::du1dt

� 1

(2k � 2)!

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�2; ur�1)�

� 1Z
0

1Z
0

Wn(ur�1; ur)jur � tj2k�1 (w) jh(2k�1)1 (w)jdw dur
�
dur�1:::du1dt

=
1

(2k � 2)!

1Z
0

1Z
0

� 1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�1; ur)�

jur � tj2k�1 durdur�1:::du1
�
 (w)jh(2k�1)1 (w)jdw dt

=
1

(2k � 2)!

1Z
0

1Z
0

P rn
�
jur � tj2k�1; t

�
 (w)jh(2k�1)1 (w)jdw dt;

where  (w) denotes the characteristic function of the interval [t� 1p
n
; t+ 1p

n
]:

In view of Lemma 2.4 and interchanging integration in t and w by Fubini�s
theorem, we obtain

J3 =
1

(2k � 2)! :O
�

1

n(2k�1)=2

�
:

1Z
0

0@ 1Z
0

 (w)dt

1A jh(2k�1)1 (w)jdw

=
1

(2k � 2)! :O
�

1

n(2k�1)=2

�
:

1Z
0

0BB@
w+ 1p

nZ
w� 1p

n

 (w)dt

1CCA jh(2k�1)1 (w)jdw

=
1

(2k � 2)!

�
2p
n

�
:O

�
1

n(2k�1)=2

� 1Z
0

jh(2k�1)1 (w)jdw

= O(n�k):kh(2k�1)1 kLp[0;1]:

Hence, combining the estimates of J1 � J3; it follows that

(2.10) j�rj = O(n�k)kh(2k�1)1 kLp[0;1]:

From (2.7) and (2.10), we have
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kX
r=1

(�1)r+1
�
k

r

�
I1;r = O(n�k):

 
2k�1X
i=0

kh(i)1 kLp[0;1]

!
= O(n�k):

�
kfkLp[0;1] + kf (2k�1)kLp[0;1]

�
;(2.11)

in view of Lemma 2.6.
Proceeding similarly, we can show that

kX
r=1

(�1)r+1
�
k

r

�
Ij;r = O(n�k):

�
kfkLp[0;1] + kf (2k�1)kLp[0;1]

�
;(2.12)

j = 2; 3; :::; 2k � 1:
In order to estimate I2k;r; we proceed as follows:
By multinomial theorem, we may write

(t� ur)2k =
X

m1+m2+:::+mr=2k

�
2k

m1;m2; ::;mr

�
(t� u1)m1(u1 � u2)m2 :::(ur�1 � ur)mr :

Hence, by Fubini�s theorem

jI2k;rj �
1

(2k)!

1Z
0

1Z
0

:::

1Z
0

Wn(t; u1)Wn(u1; u2):::Wn(ur�2; ur�1)Wn(ur�1; ur)�

X
m1+m2+:::+mr=2k

�
2k

m1;m2; ::;mr

�
jt� u1jm1 ju1 � u2jm2 :::jur�1 � urjmr�

jf(ur)j jg(2k)(�)jdur dur�1:::du1dt

� kg(2k)k
(2k)!

X
m1+m2+:::+mr=2k

�
2k

m1;m2; ::;mr

� 1Z
0

:::

1Z
0

Wn(u1; u2):::Wn(ur�2; ur�1)�

Wn(ur�1; ur)

0@ 1Z
0

Wn(t; u1)jt� u1jm1dt

1A jf(ur)jju1 � u2jm2 :::jur�1 � urjmr�

du1:::dur�1dur:

In view of the Remark 1.1 and Lemma 2.1, we have

1Z
0

Wn(t; u1)jt� u1jm1 dx = O(n�m1=2);

uniformly in u1 2 [a1; b1]:
Next, we consider the integration in u1: Again, applying Remark 1.1 and Lemma

2.1, we obtain

1Z
0

Wn(u1; u2)ju1 � u2jm2 du1 = O(n�m2=2);
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uniformly in u2 2 [a1; b1]:
Thus, with a repeated use of Remark 1.1 and Lemma 2.1 r� times, we get

jI2k;rj � C
kg(2k)k
(2k)!

X
m1+m2+:::+mr=2k

�
2k

m1;m2; ::;mr

�
1

n(m1+m2+:::+mr)=2
�

1Z
0

jf(ur)jdur

� Cn�kkfkL1[0;1]:

Hence,

kX
r=1

(�1)r+1
�
k

r

�
I2k;r = kfkLp[0;1]: O(n�k):(2.13)

From (2.3), (2.6) and (2.11)-(2.13), the required result follows.. �

3. Proof of Saturation Theorem

Proof. Assume (i). Then, it follows from Theorem 2.9 and Lemma 2.10 that for
a1 < c < d < b1; f coincides a.e. on [c; d] with a function F possessing an absolutely
continuous derivative F (2k�2) and a (2k � 1)th derivative F (2k�1); which belongs
to Lp[c; d]: Moreover, there holds for 0 < � < 1

!
�
F (2k�1); � ; p; [c; d]

�
= O(��); (� ! 0):

We choose points xi; yi; i = 1; 2 such that a1 < x1 < x2 < a2 < b2 < y2 < y1 < b1:
Let q 2 C2k0 with supp q � (a1; b1) and q(t) = 1 for t 2 [x1; y1]: Let us de�ne a
function F(u) = F (u)q(u); u 2 [0; 1]: Then

kTn;k(F ; :)�FkLp[x2;y2] 6 kTn;k(f; :)� fkLp[x2;y2]
+ kTn;k(F � f; :)kLp[x2;y2]:

Since F = f on [x1; y1]; the contribution of the second term on the right hand side
can be made arbitrarily small as n!1: Hence, it follows that

kTn;k(F � f; :)kLp[x2;y2] = O(n�k):

This alongwith the hypothesis that (i) holds, implies

kTn;k(F ; :)�FkLp[x2;y2] = O(n�k):

Now, if p > 1; by Alaoglu�s theorem there exists a function H 2 Lp[x2; y2]; such
that for some subsequence nj and g 2 C2k0 with supp g � (a1; b1); we have

(3.1) lim
nj!1

nkj


Tnj ;k(F ; t)�F(t); g(t)

�
=


H(t); g(t)

�
:

When p = 1; the functions �n de�ned by

(3.2) �n(u) =

uZ
x2

nk
�
Tn;k(F ; t)�F(t)

	
dt
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are uniformly bounded and are of uniformly bounded variation. Making use of
Alaoglu�s theorem, it follows that there exists a function �0 2 BV [x2; y2] such that
for some subsequence fnjg and for all g 2 C2k0 with supp g � (x2; y2)

(3.3)

y2Z
x2

g(t)d
�
�nj (t)� �0(t)

�
! 0; (nj !1):

Now,
y2Z
x2

g(t)d
�
�nj (t)� �0(t)

�
=

y2Z
x2

g(t)d�nj (t)�
y2Z
x2

g(t)d�0(t):

From (3.2), Theorem 17.17 of [6] and the fact that supp g � (x2; y2); we get
y2Z
x2

g(t)d
�
�nj (t)� �0(t)

�
= nkj

y2Z
x2

g(t)
�
Tnj ;k(F ; t)�F(t)

�
dt

+

y2Z
x2

g0(t)�0(t) dt:

This together with (3.3) implies that

(3.4) lim
nj!1

nkj


Tnj ;k(F ; t)�F(t); g

�
= �h�0(t); g0(t)i:

As the Steklov means F�;2k for F have continuous derivatives of order upto 2k;
using the property (c) of Lemma 2.7 for i = 0; 1; :::; 2k � 1; there holds

(3.5) kF (i)�;2k �F
(i)kLp[a1;b1] ! 0; (� ! 0):

Now, by Theorem 2.8

(3.6) Tnj ;k(F�;2k; t)�F�;2k(t) =
1

nkj
(P2kD)F�;2k(t) + o

� 1
nkj

�
;

where P2kD �
P2k

i=1
Q(i;k;t)

i! Di: Hence, if P �2k(D) denotes the di¤erential operator
adjoint to P2kD; by using (3.6), we have

hF�;2k(t); P �2k(D)g(t)i = hP2k(D)F�;2k(t); g(t)i
= lim

nj!1
nkj


Tnj ;k(F�;2k; t)�F�;2k(t); g(t)

�
= lim

nj!1
nkj


Tnj ;k(F�;2k �F ; t)� (F�;2k(t)�F(t)); g(t)

�
+ lim
nj!1

nkj


Tnj ;k(F ; t)�F(t); g(t)

�
:

i.e.

hF�;2k(t); P �2k(D)g(t)i � lim
nj!1

nkj


Tnj ;k(F ; t)�F(t); g(t)

�
= lim

nj!1
nkj


Tnj ;k(F�;2k �F ; t)� (F�;2k(t)�F(t)); g(t)

�
:

Hence, by Lemma 2.2

hF�;2k(t); P �2k(D)g(t)i � lim
nj!1

nkj


Tnj ;k(F ; t)�F(t); g(t)

�
6 C kF�;2k �FkLp[0;1] + kF

(2k�1)
�;2k �F (2k�1)kLp[0;1]:(3.7)
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Taking limit as � ! 0 in (3.7) and using (3.5), we obtain

(3.8) hF(t); P �2k(D)g(t)i = lim
nj!1

nkj


Tnj ;k(F ; t)�F(t); g(t)

�
:

Comparing (3.8) with (3.1) and (3.4), we have

hF(t); P �2k(D)g(t)i =
(

H(t); g(t)

�
; if p > 1;

�h�0(t); g0(t)i; if p = 1.

Using integration by parts, it easily follows that

(3.9) hF(t); P �2k(D)g(t)i = hQ(2k; t)F(t) +
2kX
i=1

Ii(biG)(t); g
(2k)(t)i;

where bi(t) are certain polynomials in t and Ii denotes the ith iterated inde�nite
integral operator, namely

Ii =

i timesz }| {
tZ
0

:::

tZ
0

dt:::dt:

Similarly,

(3.10)


H(t); g(t)

�
=


I2kH(t); g

(2k)(t)
�
:

When p > 1; from (3.9) and (3.10) we have
1Z
0

�
Q(2k; t)F(t) +

2kX
i=1

Ii(biG)(t)� I2kH(t)
�
g(2k)(t) dt = 0:

It follows from Theorem 2.8 and Lemma 1.5.1 of [7] that Q(2k; t) = Ck
�
t(1� t)

�k
;

where Ck is a non-zero constant.
This implies by Lemma 1.1.1 [9] and the assumed smoothness for f that F (2k�1) 2

AC[x2; y2] and F (2k) 2 Lp[x2; y2]: Since F(u) = F (u) for u 2 [x1; y1]; we have
F (2k�1) 2 AC[a2; b2] and F (2k) 2 Lp[a2; b2]:
When p = 1; proceeding similarly, we obtain F (2k�1) 2 BV [a2; b2]: This com-

pletes the proof of the implication \(i)) (ii)":
The implication \(ii)) (iii)" follows from Theorem 3.1 of [1].
Assuming (iv) and proceeding as in the proof of the implication \(i) ) (ii)";

we �rst �nd that H and � are zero functions. This does imply that F is 2k times
continuously di¤erentiable function and that P2k(D)F (t) = 0:
Finally \(v)) (vi)" holds by Theorem 2.8.
This completes the proof. �

Acknowledgement. The author, Karunesh Kumar Singh is thankful to the �Council of

Scienti�c and Industrial Research", New Delhi, India for �nancial support to carry out the above

work.

References

[1] P. N. Agrawal, Karunesh Kumar Singh and A. R. Gairola, Lp� Approximation by iterates
of Bernstein-Durrmeyer type polynomials, Int. J. Math. Anal., 4 (10), (2010), 469-479.

[2] P. N. Agrawal and Asha Ram Gairola, On Iterative combination of Bernstein- Durrmeyer
polynomials, Appl. Anal. Discrete Math., 1(2007),1-11.

90



Lp- SATURATION THEOREM 15

[3] Asha Ram Gairola, Approximation by Combinations of Operators of Summation-Integral
Type, Ph.D Thesis, IIT Roorkee, Roorkee (Uttarakhand), India, 2009.

[4] S. Goldbetrg and A. Meir, Minimum moduli of ordinary di¤erential operators, Proc. London
Math. Soc. 23(1971), 1-15

[5] V. Gupta and P. Maheshwari, Bezier variant of a new Durrmeyer type operators, Riv., Mat.
Univ. Parma, 7 (2), (2003), 9-21.

[6] E. Hewiit and K. Stromberg, Real and Abstract Analysis, McGraw-Hill, New-York, (1969).
[7] G. G. Lorentz,Bernstein Polynomials, Toronto Press, Toronto (1953).
[8] C. A. Micchelli, The saturation class and iterates of Bernstein polynomials. J. Approx. The-

ory, 8 (1973), 1-18.
[9] T. A. K. Sinha, Restructured Sequence of Linear Positive Operators for Higher Order Lp�

Approximation, Ph.D. Thesis. I.I.T. Kanpur (India), (1981).
[10] T. A. K. Sinha, P. N. Agrawal and Karunesh Kumar Singh, An Inverse Theorem for the

Iterates of Modi�ed Bernstein Type Polynomials in Lp� Spaces, communicated to the Math-
ematical Communications.

[11] A. F. Timan,Theory of Approximation of Functions of a Real Variable (English Translation),
Dover Publications, Inc., N.Y., (1994).

(P. N. Agrawal) Department of Mathematics, Indian Institute of Technology Roorkee,
Roorkee (Uttarakhand), India

E-mail address : pna_iitr@yahoo.co.in

(T. A. K. Sinha) Department of Mathematics, S. M. D. College, Poonpoon, Patna
(Bihar), India

E-mail address : thakurashok1212@gmail.com

(K. K. Singh) Department of Mathematics, Indian Institute of Technology Roorkee,
Roorkee (Uttarakhand), India

E-mail address : kksiitr.singh@gmail.com

91



A CAUCHY PROBLEM FOR SOME LOCAL FRACTIONAL
ABSTRACT DIFFERENTIAL EQUATION WITH FRACTAL

CONDITIONS

WEIPING ZHONG, XIAOJUN YANG, AND FENG GAO

Abstract. Fractional calculus is an important method for mathematics and
engineering . In this paper, we review the existence and uniqueness of solutions
to the Cauchy problem for the local fractional di¤erential equation with fractal
conditions

D�x (t) = f (t; x (t)) ; t 2 [0; T ] ; x (t0) = x0;
where 0 < � � 1 in a generalized Banach space. We use some new tools from
Local Fractional Functional Analysis [25, 26] to obtain the results.

1. Introduction

In this paper, the some properties of the solution of the local fractional abstract
di¤erential equation

(1.1)
�

d�x
dt� = f (t; x)
x (t0) = x0

;

where � 2 (0 ; 1], d
�

dt� is the local fractional operator [25,26], f (t; x) is a given
function and both f (t; x) and x (t) are a non-di¤erential function, have been the
subject many investigation.
Local fractional calculus has revealed as one of useful tools in areas ranging from

fundamental science to engineering [25-55]. It has gained importance and pop-
ularity during the past more than ten years, due to dealing with the fractal and
continuously non-di¤erentiable functions in the real world. The theory of local frac-
tional integrals and derivatives was successfully applied in fractal elasticity [40-41],
local fractional Fokker�Planck equation [34], local fractional transient heat con-
duction equation [42], local fractional di¤usion equation [42], relaxation equation
in fractal space [42], local fractional Laplace equation [45], fractal-time dynami-
cal systems [31], local fractional partial di¤erential equation [45], fractal signals
[43,50], fractional Brownian motion in local fractional derivatives sense [39], fractal
wave equation [53], Yang-Fourier transform [43,45,51,52], Yang-Laplace transform
[45,47,51,53], discrete Yang-Fourier transform [46, 54], fast Yang-Fourier trans-
form [48], local fractional Stieltjes transform in fractal space [44], local fractional
Z transform in fractal space [51], local fractional short time transforms [25,26], lo-
cal fractional wavelet transform [25, 26], and local fractional functional analysis
[25,26,49].

Key words and phrases. Fractional analysis, local fractional di¤erential equation, generalized
Banach space, local fractional functional analysis.
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Based on the generalized Banach space [25, 26], the main aim of this paper is to
show the existence and uniqueness of solutions to the Cauchy problem for the local
fractional di¤erential equation with fractal conditions.
The organization of this paper is as follows. In section 2, the preliminary results

on the local fractional calculus and the generalized spaces are discussed. The ex-
istence and uniqueness of solutions to the Cauchy problem for the local fractional
di¤erential equation with fractal conditions is investigated in section 3. Conclusions
are in section 4.

2. Preliminaries

2.1. Local fractional continuity of functions.

De�nition 2.1. If there exists [25,26,47,49,50]

(2.1) jf (x)� f (x0)j < "�

with jx� x0j < �,for "; � > 0 and "; � 2 R, nowf (x) is called local fractional
continuous at x = x0, denote by

lim
x!x0

f (x) = f (x0) :

Then f (x) is called local fractional continuous on the interval (a; b), denoted by

(2.2) f (x) 2 C� (a; b) :

2.2. Local fractional integrals.

De�nition 2.2. Let f (x) 2 C� (a; b). Local fractional integral of f (x) of order �
in the interval [a; b] is given [25; 26; 47; 49; 50]

(2.3)

aI
(�)
b f (x)

= 1
�(1+�)

R b
a
f (t) (dt)

�

= 1
�(1+�) lim�t!0

j=N�1P
j=0

f (tj) (�tj)
�

;

where �tj = tj+1 � tj,�t = max f�t1;�t2;�tj ; :::g and [tj ; tj+1], j = 0; :::; N �
1,t0 = a; tN = b, is a partition of the interval [a; b]. For convenience, we assume
that

aI
(�)
a f (x) = 0 if a = b and aI

(�)
b f (x) = � bI

(�)
a f (x) if a < b. For any

x 2 (a; b), we get
aI
(�)
x f (x) ;

denoted by
f (x) 2 I(�)x (a; b) :

Remark 2.1. If I(�)x (a; b), we have that

f (x) 2 C� (a; b) :

Theorem 2.3. (See [25; 26]) Suppose that f (x) 2 C� [a; b], then there is a function
y (x) = aI

(�)
x f (x), the function has its derivative with respect to (dx)�,

(2.4)
d�y (x)

dx�
= f (x) ; a < x < b:
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Theorem 2.4. (Existence Theorem) Let f(x; y) be local fractional continuous and
bounded in the strip

T = f(x; y) : jx� x0j � a; kf (x; y)� f (x; y0)k� � L
� ky � y0k� ; L > 0g :

Then the Cauchy value problem (1) has at least one solution injx� x0j � a.
2.3. Local fractional derivative.

De�nition 2.5. Let f (x) 2 C� (a; b). Local fractional derivative of f (x) of order
� at x = x0 is given [25,26,47,49,50]

(2.5) f (�) (x0) =
d�f (x)

dx�
jx=x0 = lim

x!x0

�� (f (x)� f (x0))
(x� x0)�

;

where �� (f (x)� f (x0)) �= � (1 + �)� (f (x)� f (x0)). For any x 2 (a; b), there
exists

f (�) (x) = D(�)
x f (x) ;

denoted by
f (x) 2 D(�)

x (a; b) :

2.4. Generalized Banach spaces.

De�nition 2.6. (Generalized Banach space) (See [25; 26]) Let X be a generalized
normed linear space. Since X is complete, the Cauchy sequence fx�ng

1
n=1 is conver-

gent; ie for each " > 0 there exists a positive integer N such that

(2.6) kx�n � x�mk� < "
�

whenever m;n � N . This is equivalent to the requirement that
(2.7) lim

m;n!1
kx�n � x�mk� = 0:

A complete generalized normed linear space is called a generalized Banach space.
There is an open ball in a generalized Banach space X:
B� (x0; r) = fx 2 X : kx� � x�0 k� < r�g with r > 0.

De�nition 2.7. (Boundary of the fractal domain) (See [25; 26]) A set F in a
generalized Banach space X is bounded if F is contained in some ball B� (x0; r)
with r > 0.

De�nition 2.8. (Local fractional continuity) (See [25; 26]) The function f (x) with
domain D is local fractional continuous at a if (i) the point a is in an open interval
I contained in D, and (ii) for each positive number " there is a positive number �
such that
jf (x)� f (x0)j < "� whenever jx� x0j < � and 0 < � � 1.
If a function f (x) is said in the space C� [a; b] if f (x) is called local fractional

continuous at [a; b].

De�nition 2.9. (Local fractional uniform continuity) (See [25; 26]) A function
f (x) with domain D is said to be local fractional uniformly continuous on D if for
each positive number " there is a positive number � such that
jf (x1)� f (x2)j < "� whenever jx1 � x2j < �, x1; x2 2 D and 0 < � � 1.

De�nition 2.10. (Convergence in fractal set) (See [25; 26]) A sequence fx�ng of
fractal setFof fractal dimension �,0 < � � 1, is said to converge to x�, if given any
neighborhood of x, there exists an integer m, such that x�n 2 F whenever n � m.
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De�nition 2.11. (Cauchy sequence in fractal set) (See [25; 26]) A sequence fx�ng
in a generalized Banach space X is a Cauchy sequence if for every " > 0 there is a
positive integer N such thatkx�n � x�mk� < "� whenever n;m > N .

2.5. Generalized linear operators. To begin with we give the de�nition of a
generalized linear operator (See [25; 26]).

De�nition 2.12. (Generalized linear operator)(See [25; 26]) Let X and Y be gen-
eralized linear spaces over a �eld F and let T : X ! Y . If

(2.8) T (ax� + by�) = aT (x�) + bT (y�) ;8x�; y� 2 X;8a; b 2 F:

We say T is a generalized linear operator or a generalized linear transformation
from X into Y .

Also, we write

(2.9) T (X) = fT (x�) : x� 2 Xg ::

The local fractional di¤erential operator D� is a generalized linear operator [25,
26]:

(2.10) D�f (x) = lim
x!x0

� (1 + �) [f (x)� f (x0)]
(x� x0)�

:

The local fractional integral operator I� is a generalized linear operator [25, 26]:

(2.11) I�f (x) =
1

� (1 + �)

Z x

a

f (x) (dx)
�
:

2.6. Contraction mapping on a generalized Banach space.

De�nition 2.13. (Contraction mapping on a generalized Banach space) (See [25; 26])
Let X be a generalized Banach space, and let T : X ! X. If there exists a number
� 2 (0; 1) such that

(2.12) kT (x�)� T (y�)k� � �
� kx� � y�k�

for all x�; y� 2 X. We say that T is a contraction mapping on a generalized Banach
space X.

It is remarked that the above de�nition is equal to [25,26], which is referred to
fractional set theory [26,55].

Theorem 2.14. (See [25; 26]) Let X be a generalized Banach space. A convergent
sequence in X may have more than one limit in X:

Theorem 2.15. (Contraction Mapping Theorem in Generalized Banach Space)
(See [25; 26]) A contraction mapping T de�ned on a complete generalized Banach
space X has a unique �xed point.

Theorem 2.16. (Generalized Contraction Mapping Theorem in Generalized Ba-
nach Space) Suppose that T : X ! X is a map on a generalized Banach space
X such that for some m � 1,Tm is a contraction, ie., kTm (y�)� Tm (x�)k� �
�� kx� � y�k�for allx�; y� 2 X;� 2 (0; 1). Then T has a unique �xed point.
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Proof. By Theorem 4, Tm has a unique �xed point x�0 . Take into account

(2.13)

kTx�0 � x�0 k�
=


Tm+1x�0 � Tmx�0 

�

= kTm (Tx�0 )� Tmx�0 k�
� �� kTx�0 � x�0 k�

Hence kTx�0 � x�0 k� = 0 and thus x�0 is a �xed point of T . If x
�
0;0; x

�
0;1 are �xed

points of T , they are �xed points of Tm and so x�0;0 = x
�
0;1. �

3. Existence and uniqueness solution to the local fractional
abstract differential equation

For the given equation

(3.1)
�

d�x
dt� = f (t; x)
x (t0) = x0

form Theorem 1 and Theorem 2 we have that

(3.2) x = x0 +
1

� (1 + �)

Z t

t0

f (t; x) (dt)
�
;

where kf (x1; t)� f (x0; t)k� � k� kx1 � x0k�.
Hence, by Theorem 2.4. we give the existence of solution to the local fractional

abstract di¤erential equation.
Furthermore, we suppose that the map T : X ! X de�ned by

(3.3) T (x (t)) = x0 +
1

� (1 + �)

Z t

t0

f (x; t) (dt)
�

We claim that for all n,

(3.4) kTn (x1 (t))� Tn (x0 (t))k� � k
n� jt� t0j

n�

� (1 + n�)
kx1 � x0k� :

The proof is by induction on n. The case n = 0 is trivial.
When n = 1, we have that

(3.5) kT (x1 (t))� T (x0 (t))k� � k
� jt� t0j

�

� (1 + �)
kx1 � x0k� :

The induction step is as follows:

(3.6)



Tn+1 (x1 (t))� Tn+1 (x0 (t))

�
=



 1
�(1+�)

R t
t0
f (t; Tnx1 (t))� f (t; Tnx0 (t)) (dt)�





�

� 1
�(1+�)

R t
t0
k� kf (t; Tnx1 (t))� f (t; Tnx0 (t))k� (dt)

�

� 1
�(1+�)

R t
t0

k(n+1)�jt�t0jn�
�(1+n�) kx1 � x0k� (dt)

�

� 1
�(1+�)

R t
t0
k(n+1)� jt�t0j

n�

�(1+n�) kx1 � x0k� (dt)
�

� k(n+1)� jt�t0j(n+1)�
�(1+(n+1)�) kx1 � x0k�

We have
k(n+1)� jt�t0j(n+1)�

�(1+(n+1)�) kx1 � x0k� ! 0 as n! 0.
So far n su¢ ciently large,

(3.7) 0 < k(n+1)�
jt� t0j(n+1)�

� (1 + (n+ 1)�)
< 1

96



6 W. ZHONG, X. YANG, AND F. GAO

and so Tn is a contraction on X.
Hence T has a unique �xed point in X, which gives a unique solution to the local

fractional abstract di¤erential equation.

4. Conclusions

Fractional calculus is an important method for mathematics and engineering.
For more details, see [1-25]. In this paper we prove the generalized contraction
mapping theorem in generalized Banach space. Finally, we show that the existence
and uniqueness solution to the local fractional abstract di¤erential equation for
fractal condition by using some new tools from local fractional functional analysis
to obtain the results, which are useful tools for dealing with local fractional operator.
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DIFFERENTIAL MAC MODELS IN CONTINUUM MECHANICS
AND PHYSICS

IGOR NEYGEBAUER

Abstract. The method of additional conditions or MAC was applied to create
an integro-di¤erential equation of the membrane problem [6]. This problem
was presented at the Conference AMAT-2008. Another method can be used
to create the di¤erential MAC model of the same membrane problem. The
obtained di¤erential equation is much more easier to analyze and to obtain
the exact solutions of the problem. Similar partial di¤erential equation is
considered in [9] but the exact solutions in our case are not given there.

The method to create the di¤erential MAC models in mathematical physics
is as follows. The classically stated problem is taken. Then the particular test
problem is considered which solution could be compared with an experimental
solution. For example we can take a circular elastic membrane with the �xed
boundary condition at the contour and with the �nite displacement in the
center of membrane. The approximate experimental solution could be a cone.
Substituting this solution into the classical membrane equation we will �nd the
term which does not allow to satisfy the equation. We exclude this term from
the equation and so the di¤erential equation of the MAC model is created. We
do not do anything except to correct mathematical model using an experiment.

It should be noted that mathematically similar test problems exist in the
linear isotropic theory for cylinder and in the �uid mechanics for the Hagen-
Poiseuille �ow for a pipe. Then the di¤erential MAC models for linear isotropic
elasticity and for Navier-Stokes equations will be created.

The following di¤erential MAC models are presented too: tension of an
elastic rod, elastic string, beam, plate, heat conduction equation, Maxwell�s
equations, Schroedinger equations, Klein-Gordon equation.

1. Introduction

An elastic or �uid body with the given displacement of its one point create the
in�nite stresses acting near that point in the body [2], [3], [5], [4]. Then the elas-
ticity or �uid mechanics theory should use the stress-strain or stress-rate of strain
relations for in�nite stresses. The experiment with the tension of a rod is an im-
portant tool to obtain the real stress-strain relations for an elastic body. And that
experiments do not show the existance of such relations for in�nite stresses. It
means that we cannot apply the traditional elasticity theory to the case of point
boundary conditions. For example if the force is applied to some point of the linear
elastic body then the in�nite displacements are at that point and the condition of
�nite displacement at that point could not be ful�lled.
We introduce and suggest to use the di¤erential MAC models of elasticity to ana-
lyze the elastic problems not only with point boundary conditions but also in case

Key words and phrases. MAC model, mathematical physics, elasticity.
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2 I. NEYGEBAUER

of traditional distributed boundary conditions in form of displacements or stresses.
The strength criteria could be used in the form which includes the strains but not
stresses. The usual strength criteria involving stresses could be considered as a
measure of strains.
The models of the membrane equation could be found in many problems of contin-
uum mechanics. That equation and particular problem for them will be considered
�rst of all and the di¤erential MAC models for membrane will be introduced. Then
these MAC models could be used to create the MAC models for other theories of
continuum mechanics.
The membrane equation was considered in [6] where an integro-di¤erential MAC
model for membrane was introduced. The di¤erential MAC models for membrane
are considered in this paper.

2. Statement of the membrane problem

Let us consider an elastic membrane. The equation of motion of the membrane
is given in [13] or in [10] or in [8]:

(2.1) T0

�
@2u

@x2
+
@2u

@y2

�
= �

@2u

@t2
+ q(x; y; t);

where the membrane lies in the plane (x; y) in its natural state, T0 is its tension
per a unit of length, u(x; y; t) is the transversal displacement of the point (x; y)
of the initially plane membrane, � is the density of mass per unit area, t is time,
q(x; y; t) is the density of the transversal body forces per unit area. The tension T0
is constant in this statement of the problem.
The nonlinear membrane equation was considered in [14], [15]. Unfortunately the
experimental solutions taken in the present paper are not the solutions of the
Zhilin�s membrane equation [14] and the corresponding MAC model of membrane
is not considered in this paper.The membrane equation in the paper [1] will not be
satis�ed with that experimental solutions and the corresponding MAC solution of
that problem is not presented here.
We can write the equation (2.1) in the form

(2.2) c2
�
@2u

@x2
+
@2u

@y2

�
=
@2u

@t2
+ p(x; y; t);

where

(2.3) c2 =
T0
�
; p(x; y; t) =

q(x; y; t)

�
:

The correspondent initial and boundary conditions should be added to the equation
(2.2) to obtain the unique solution of the problem.
Consider the steady state problem for the membrane without any given distributed
forces q = 0. Then the function u(x; y) does not depend on time t and the equation
(2.2) becomes

(2.4)
@2u

@x2
+
@2u

@y2
= 0:

the membrane could be considered bounded or unbounded with Dirichlet�s or Neu-
mann�s boundary conditions.

101



MAC MODELS 3

3. MAC model for membrane and conformal mapping

The MAC model based on conformal mapping was considered in [6]. The draw-
back of that MAC model is the constant transversal sti¤ness of membrane. That
result is true also for some class of nonlinear distributions of the displacements.
But we will not give the proof of these results in this paper. It could be mentioned
that the given drawback for a mechanical membrane could be interesting if the
similar equation will be applied to the other physical problems. We will not use
the conformal mapping below to create the MAC models.

4. Differential MAC models for membrane

4.1. Model 1. Let us consider one particular problem for a circular elastic mem-
brane with the �xed boundary conditions on the boundary of the circle and with
the nonzero �nite displacement at the center of the membrane. We know that the
solution of that problem does not correspond to the results of the simple experiment
with the real membrane [6]. Let us take the experimental solution and substitute
it into the membrane equation (2.4). Then we will transform the classical equation
of membrane to the form which includes the experimental function as a solution of
the new equation.
Let us take the membrane equation (2.4) in polar coordinates:

(4.1)
@2u

@r2
+
1

r

@u

@r
+
1

r2
@2u

@'2
= 0;

where r; ' are the polar coordinates. Let the membrane occupies the circle 0 � r �
R <1, where R is the radius of a circle.
The boundary conditions are supposed to be

(4.2) u(0) = u0; u(R) = 0:

We accept the experimental solution as

(4.3) u = u0

�
1� r

R

�
:

The solution (4.3) is taken from the reality and it is just a function representing
the experimental results obtained in experiments with the circular membranes.
Then substituting the function (4.3) into the equation (4.1) we obtain the nonzero
term

(4.4)
1

r

@u

@r
;

which will be excluded from the equation (4.1). If we accept the equation (4.1)
where the second term is excluded for all possible membrane solutions then we
obtain the di¤erential MAC model 1 for the steady state membrane problem in the
following form

(4.5)
@2u

@r2
+
1

r2
@2u

@'2
= 0:

The equation (4.5) in Cartesian coordinates will take the form

(4.6)
@2u

@x2
+
@2u

@y2
� x

x2 + y2
@u

@x
� y

x2 + y2
@u

@y
= 0:
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4 I. NEYGEBAUER

The MAC model 1 corresponding to the equation (2.2) has the equation

(4.7) c2
�
@2u

@x2
+
@2u

@y2
� x

x2 + y2
@u

@x
� y

x2 + y2
@u

@y

�
=
@2u

@t2
+ p(x; y; t):

The equation (4.7) could be written in polar coordinates

(4.8) c2
�
@2u

@r2
+
1

r2
@2u

@'2

�
=
@2u

@t2
+ ep(r; '; t);

where ep(r; '; t) = p(x; y; t). The boundary and initial conditions should be added to
the equation (4.7) or (4.8) to obtain an unique solution of the membrane problem.
The methods to obtain the solutions of the presented equations could be taken for
example in [9]. One remark to the obtained MAC equations should be given. We
have excluded one term in the classical membrane equation and so we have changed
the balance of forces acting on each small element of the membrane. That balance
could be restored and the equation (4.8) will take the following form in case of
symmetric problem

(4.9) c2
@2u

@r2
=
r

R

�
@2u

@t2
+ ep(r; '; t)� ;

where T0 is a tension applied at the contour of membrane and the radial tension T
is not constant but it is a function of r. We have in this case

(4.10) T =
T0R

r
; c2 =

T0
�
:

Then the equation (4.8) will be considered as the approximate MAC model of the
membrane equation.
One of the methods to restore the balance of forces will be considered below. It
can be mentioned that similar like the MAC model based on conformal mapping
could be useful in another physical theories the MAC model (4.8) could �nd its ap-
plications. We will compare now these model (4.8) with the corresponding classical
one.

4.2. Comparison of classical and MAC solutions for circular membrane.

4.2.1. Problem 1. Consider a circular membrane under constant pressure �q in
classical case. Then the stated problem is

(4.11)
d2u

dr2
+
1

r

du

dr
= � q

T0
; u(R) = 0:

The solution of the problem (4.11) is

(4.12) u(r) =
q

4T0
(R2 � r2):

The di¤erential approximate MAC model 1 for membrane is

(4.13)
d2u

dr2
= � q

T0
;
dU

dr
(0) = 0; u(R) = 0;

where the equation (4.8) was used. The solution of the problem (4.13) is

(4.14) u(r) =
q

2T0
(R2 � r2):
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Then we see that the value u(0) = qR2

2T0
in an approximate MAC model is two times

more as in the classical case.
If the equation of the MAC model (4.9) is taken then the solution will be

(4.15) u(r) =
q

6RT0
(R3 � r3)

and the MAC model gives the following value of the displacement in the center of
membrane

(4.16) u(0) =
qR2

6T0
:

4.2.2. Problem 2. Let us add the following condition to the above Problem 1:

(4.17) u(0) = 0:

Then the solution in classical case does not exist at all. But the approximate MAC
solution exists and is as follows

(4.18) u(r) =
qr

2T0
(R� r):

4.2.3. Problem 3. Let us consider now the free symmetric harmonic vibrations of a
circular membrane. The stated problem in classical case is

(4.19)
d2U

dr2
+
1

r

dU

dr
+
!2

c2
U = 0;

dU

dr
(0) = 0; U(R) = 0;

where U(r) is the form of membrane corresponding to the eigenfrequency !. The
eigenfrequences of the problem (4.19) satisfy the equation

(4.20) J0

�
!R

c

�
= 0;

where J0(r) is the Bessel function of the �rst kind and of order zero.
The corresponding problem for approximate MAC model 1 is in this case:

(4.21)
d2U

dr2
+
!2

c2
U = 0;

dU

dr
(0) = 0; U(R) = 0;

Solving the problem (4.21) we obtain the following eigenfrequences:

(4.22) !n =
�c

R
(0:5 + n); n = 0; 1; 2; : : : :

4.2.4. Problem 4. Let us change the condition in the center of membrane in the
problem 3 and apply

(4.23)
dU

dr
(0) = � 6= 0:

Then the classical case does not have any solution. The correspondent approximate
MAC model 1 has the following solution

(4.24) u =
c�

!

sin !(r�R)c

cos !Rc
:

The resonance frequencies are

(4.25) !n =
�c

R
(0:5 + n); n = 1; 2 : : : :
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6 I. NEYGEBAUER

4.2.5. Problem 5. Let us replace the condition in the center of the membrane in
the classical and in the approximate MAC models of membrane in the Problem 3
through U(0) = 0. The eigenfrequences in classical model do not exist at all. And
the approximate MAC model gives

(4.26) !n =
�c

R
n; n = 1; 2; : : : :

4.3. MAC solution for rectangular membrane. The trigonometric series could
be useful to consider the membrane problems for rectangular membrane like in
classical case.
Consider the following problem for a rectangular membrane using the di¤erential
approximate MAC model 1:

(4.27) c2
�
@2u

@x2
+
@2u

@y2
� x

x2 + y2
@u

@x
� y

x2 + y2
@u

@y

�
= p;

where p is a constant, �a � x � a; �b � y � b and the boundary conditions are:
u(�a; y) = u(a; y) = u(x;�b) = u(x; b) = 0.
Multiplying the equation (4.27) by x2 + y2 the solution of the problem could be
written in the form

(4.28) u(x; y) =

1X
n=1

1X
m=1

anm cos
�x(2n� 1)

2a
cos

�y(2n� 1)
2b

;

where
(4.29)

anm =
p

c2
(�1)n+m192a2b2(a2 + b2)

�2(2n� 1)(2m� 1)f12a2b2 � �2(a2 + b2[b2(2n� 1)2 + a2(2m� 1)2]g

for n;m = 1; 2; : : :.

4.4. Model 2. The experimental solution of the real membrane test problem could
be taken in more general form:

(4.30) u(r) = u0

�
1�

� r
R

���
;

where � is an experimental constant. If � = 1 then we obtain the same experimental
solution which was used in the MAC model 1 above. We may change the classical
membrane equation for this symmetric problem to the following one:

(4.31)
d2u

dr2
+
1� �
r

du

dr
= 0:

The solution (4.30) satis�es the equation (4.31) exactly. It is not an unique equation
which includes the function (4.30) into its set of solutions. For example the following
equations are satis�ed using the solution (4.30):

(4.32)
d2u

dr2
+
1

r

du

dr
+ �2

1� u
r2

= 0

or

(4.33)
d2u

dr2
+
�2 � �
r2

(1� u) = 0:
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MAC MODELS 7

We take the equation (4.31) to create the approximate MAC model 2. Then the
equation for the steady state membrane problem will be

(4.34)
@2u

@r2
+
1� �
r

@u

@r
+
1

r2
@2u

@'2
= 0:

The di¤erential approximate MAC model 2 for membrane in polar coordinates
therefore is

(4.35) c2
�
@2u

@r2
+
1� �
r

@u

@r
+
1

r2
@2u

@'2

�
=
@2u

@t2
+ p(r; '; t):

The equations (4.34) and (4.35) in polar coordinates are

(4.36)
@2u

@x2
+
@2u

@y2
� �x

x2 + y2
@u

@x
� �y

x2 + y2
@u

@y
= 0;

(4.37) c2
�
@2u

@x2
+
@2u

@y2
� �x

x2 + y2
@u

@x
� �y

x2 + y2
@u

@y

�
=
@2u

@t2
+ p(x; y; t):

If the parameter � = 1 then the approximate MAC model 2 coincides with the
approximate MAC model 1.

4.5. Model 3. The MAC model 1 was created for a bounded membrane. If we
consider the unbounded membrane then the experimental solution (4.3) will not
satisfy both boundary conditions: at the origin and at the in�nity. We can consider
the following virtual experimental solution in this case

(4.38) u = u0 exp(��r);

where � > 0.
The function (4.38) may satisfy the following di¤erential equation

(4.39)
d2u

dr2
+ �

du

dr
= 0

or

(4.40)
d2u

dr2
� �2u = 0:

The additional experiments with membrane should be used to choose the equation
(4.39) or (4.40). If we choose the equation (4.39) then the corresponding membrane
equation for the approximate MAC model 3 will take the form

(4.41) c2
�
@2u

@r2
+ �

@u

@r
+
1

r2
@2u

@'2

�
=
@2u

@t2
+ p(r; '; t):

We have considered some di¤erential MAC models without changing the order of
the partial di¤erential equation of membrane. But it is possible to consider the
MAC models introducing the di¤erential equation of higher order as the classical
one. It is not considered in this paper.
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8 I. NEYGEBAUER

5. MAC model for membrane based on cones

The cones were used to create the MAC model for the linear thermoelasticity [7],
where the balance of forces was satis�ed. Similar approach is used in this section
to consider the symmetric problems for a circular elastic membrane of the radius
R. The origin is in the center of membrane and r is the distance of the origin.
the transversal displacements of membrane are u(r). The boundary condition is
u(R) = 0. Let Q(r) is an external transversal force per unit length applied at every
point at the radius r. Suppose that the form of the displacements �eld could be
the same as in the string which is obtained by two cuts along the diameter of the
membrane [6].
If u(a) is a given displacement at r = a then the displacements �eld for r � a is

(5.1) u(r) = u(a);

and for a � r � R

(5.2) u(r) = u(a)
R� r
R� a:

The relation between Q(a) and u(a) follows from the balance of external forces
applied to membrane.

(5.3) Q(a) =
u(a)RT0
a(R� a) ;

where T0 is the tension applied at the boundary of the membrane. The formulas
(5.1), (5.2), (5.3) allow to determine the displacements of membrane if the external
forces are given.

5.1. Example 1. The constant pressure q is given. Then Q(a) = qda and we
obtain

(5.4) u(r) =

Z r

0

qa(R� r)
T0R

da+

Z R

r

qa(R� a)
T0R

da =
q

6T0R
(R3 � r3):

We have u(0) = qR2

6T0
and this is 1:5 less then it is in classical case.

5.2. Example 2. If the center of membrane is �xed and the membrane is under
a constant pressure q then we obtain the reaction at the origin from the equation
(5.3)

(5.5) S = 2�aQ(a)ja!0 = 2�uS(0)T0;

where the displacement under a force S should be equal -u(0) according to the
equation (5.4). So we have got uS = �u(0) and then the reaction S is

(5.6) S = �2�u(0)T0 = 2�T0 �
qR2

6T0
= ��qR

2

3
:

The displacements �eld is

(5.7) u(r) =
qr(R2 � r2)
6T0R

:
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5.3. Example 3. Consider the free symmetric vibrations of a circular membrane.
Then Q(a) = ��d2udt2 (a)da and we obtain an integro-di¤erential equation

(5.8) u(r) = �
Z r

0

a(R� r)
T0R

�
@2u

@t2
(a)da�

Z R

r

a(R� a)
T0R

�
@2u

@t2
(a)da:

The boundary condition is u(R) = 0. The solution of the equation (5.8) is taken
in the form u(r; t) = U(r) sin(!t), where ! is a constant. This form of solution and
the equation (5.8) create the equation

(5.9) U(r) =
�!2

T0R

"
(R� r)

Z r

0

aU(a)da+

Z R

r

U(a)a(R� a)da
#
:

The boundary condition is transformed to U(R) = 0. Di¤erentiating the equation
(5.9) with respect to r we obtain

(5.10)
dU

dr
(r) = � �!

2

T0R

Z r

0

aU(a)da:

The equation (5.10) gives the second condition at r = 0

(5.11)
dU

dr
(0) = 0:

Di¤erentiating the equation (87.9) with respect to r we get the equation

(5.12)
d2U

dr2
+
�!2

T0R
rU(r) = 0:

Let us transform the equation (5.12) introducing the variable

(5.13) � = � 3

s
�!2

T0R
r:

Then the equation(5.12) will take the following form

(5.14)
d2U

d�
2 � �U(�) = 0:

That is the Airy�s equation [12]. The general solution of the equation (5.14) is

(5.15) U(�) = C1Ai(�) + C2Bi(�);

where Ai(�); Bi(�) are the Airy functions, C1; C2 are arbitrary constants. Then
the boundary condition and condition (5.11) could be satis�ed and the frequency
equation will be obtained

(5.16)
p
3Ai

0@� 3

s
�!2

T0R
R

1A+Bi
0@� 3

s
�!2

T0R
R

1A = 0:
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10 I. NEYGEBAUER

5.4. Example 4. Let us �x the center of membrane considered in Example 3. The
integro-di¤erential equation of this problem is

(5.17) u(r) = �
Z r

0

a(R� r)
T0R

�
@2u

@t2
(a)da�

Z 0

r

a(R� a)
T0R

�
@2u

@t2
(a)da:

This equation (5.17) could be obtained if the value

(5.18) u(0) = �
Z R

0

a(R� a)
T0R

�
@2u

@t2
(a)da:

according to the equation (5.8) will be subtracted from the right side of the equation
(5.8).
The boundary conditions are

(5.19) u(0) = 0; u(R) = 0:

Substituting the function u(r; t) = U(r) sin(!t) into the equations (5.17), (5.19)
yields the problem for the function U(r):

(5.20) U(r) =
�!2

T0R

�
(R� r)

Z r

0

aU(a)da+

Z 0

r

U(a)a(R� a)da
�
;

(5.21) U(0) = 0; U(R) = 0:

Di¤erentiating two times the equation (5.20) with respect to r we �nd that the
function U(r) satis�es the same equation (5.12) which could be transformed to the
Airy equation introducing the new variable (5.13. Then the frequency equation will
be obtained if the general solution satis�es the boundary conditions. The frequency
equation is in this case

(5.22)
p
3Ai

0@� 3

s
�!2

T0R
R

1A�Bi
0@� 3

s
�!2

T0R
R

1A = 0:

The circular membrane on elastic support under constant pressure or its symmetric
vibrations will have similar Airy�s equations. We see that the Airy functions play
an important role in solutions of MAC model for membrane. Both Airy�s functions
have not singularities on the whole plane. These property of the Airy functions dif-
fers them from the Bessel functions which are usually arising in the similar classical
problems. One of two Bessel�s functions has singularity at the origin.
These important property of nonsingularity of the fundamental functions of the
corresponding di¤erential MAC model conserves also in MAC model for an elastic
plate. The MAC model equation will be Airy like equation but of the 4th order.
And all their fundamental solutions have not singularities at the origin. But this
MAC model for the plate will not be considered in this paper.

6. Partial differential equation for membrane MAC model

Let us di¤erentiate the equation (5.8) two times with respect to r. Then the
following partial di¤erential equation of membrane will be obtained for symmetric
vibrations

(6.1)
@2u

@r2
=

r�

T0R

@2u

@t2
:
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The method of separation of variable could be applicable. For example the bound-
ary conditions are

(6.2) u(0; t) = 0; u(R; t) = 0

and the initial conditions are taken as

(6.3) u(r; 0) = f(r);

where f(r) is a given continuous function. The solution of the stated problem
includes the Airy functions. The classical solutions of the similar problems for
membrane should include the Bessels functions.

7. Differential MAC model for elasticity

Let us consider the following particular problem of the linear isotropic elasticity
[11]. An elastic body occupies the unbounded cylinder 0 � r � R, where R is the
�nite radius of the cylinder. Let the displacement �eld of the body is in cylindrical
coordinates r; '; z:

(7.1) ur = ur(r; '); u' = u'(r; '); uz = uz(r):

The equations of the linear isotropic elasticity in cylindrical coordinates are

(7.2) (�+ �)
@e

@r
+ �

�
@2ur
@r2

+
1

r2
@2ur
@'2

+
@2ur
@z2

+
1

r

@ur
@r

� 2

r2
@u'
@'

� ur
r2

�
= 0;

(7.3)
(�+ �)

r

@e

@'
+ �

�
@2u'
@r2

+
1

r2
@2u'
@'2

+
@2u'
@z2

+
1

r

@u'
@r

+
2

r2
@ur
@'

� u'
r2

�
= 0;

(7.4) (�+ �)
@e

@z
+ �

�
@2uz
@r2

+
1

r2
@2uz
@'2

+
@2uz
@z2

+
1

r

@uz
@r

�
= 0;

where r; '; z are cylindrical coordinates, �; � are the Lame parameters, ur; u'; uz
are components of the displacement vector in cylindrical coordinates,

(7.5) e =
@ur
@r

+
ur
r
+
1

r

@u'
@'

+
@uz
@z
:

Then the component uz satis�es the equation

(7.6)
d2uz
dr2

+
1

r

duz
dr

= 0:

Let us apply the boundary conditions

(7.7) uz(0) = u0 6= 0; uz(R) = 0:
We have

(7.8) � rz = �
duz
dr
:

The equations (7.6), (7.7), (7.8) represent the same mathematical problem as for
the membrane problem considered in the above sections. The parameter � plays
the same role as the tension T0 in the membrane problem. The di¤erential approxi-
mate and balanced MAC models of membrane could be applied in this elastic case.
For example we may introduce the correspondent approximate MAC models for
elasticity equations using the obtained approximate MAC models for membrane.
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12 I. NEYGEBAUER

7.1. MAC Model 1. The di¤erential approximate MAC model 1 equations for
the linear isotropic elasticity in Cartesian coordinates could be given as
(7.9)

(�+�)
@e

@x
+�

�
@2ux
@x2

+
@2ux
@y2

+
@2ux
@z2

� y

y2 + z2
@ux
@y

� z

y2 + z2
@ux
@z

�
+�0Bx = �0

@2ux
@t2

;

(7.10)

(�+�)
@e

@y
+�

�
@2uy
@x2

+
@2uy
@y2

+
@2uy
@z2

� x

x2 + z2
@uy
@x

� z

x2 + z2
@uy
@z

�
+�0By = �0

@2uy
@t2

;

(7.11)

(�+�)
@e

@z
+�

�
@2uz
@x2

+
@2uz
@y2

+
@2uz
@z2

� x

x2 + y2
@uz
@x

� y

x2 + y2
@uz
@y

�
+�0Bz = �0

@2uz
@t2

;

where

(7.12) e =
@ux
@x

+
@uy
@y

+
@uz
@z
:

The initial and boundary conditions are taken as in classical theory of elasticity.

7.2. MAC model 2. The di¤erential approximate MAC model 2 equations for
the linear isotropic elasticity in Cartesian coordinates could be given as
(7.13)

(�+�)
@e

@x
+�

�
@2ux
@x2

+
@2ux
@y2

+
@2ux
@z2

� �y

y2 + z2
@ux
@y

� �z

y2 + z2
@ux
@z

�
+�0Bx = �0

@2ux
@t2

;

(7.14)

(�+�)
@e

@y
+�

�
@2uy
@x2

+
@2uy
@y2

+
@2uy
@z2

� �x

x2 + z2
@uy
@x

� �z

x2 + z2
@uy
@z

�
+�0By = �0

@2uy
@t2

;

(7.15)

(�+�)
@e

@z
+�

�
@2uz
@x2

+
@2uz
@y2

+
@2uz
@z2

� �x

x2 + y2
@uz
@x

� �y

x2 + y2
@uz
@y

�
+�0Bz = �0

@2uz
@t2

;

The initial and boundary conditions could be taken as in the classical theory of
elasticity. If � = 1 then the approximate MAC model 1 for elasticity will be
obtained.

8. MAC model for incompressible flow

Consider the fully developed laminar motion through a tube of radius a. Flow
through a tube is frequently called a circular Poiseuille �ow. We employ cylindrical
coordinates (r; �; x), with the x� axis coinciding with the axis of the pipe. The
only nonzero component of velocity is the axial velocity u(r), and none of the �ow
variables depend on �. The x� momentum equation gives

(8.1)
1

r

d

dr

�
r
dv

dr

�
=
1

�

dp

dx
:

As the �rst term can only be a function of x, and the second term can only be a
function of r, it follows that both terms must be constant. The pressure is therefore
falls linearly along the length of pipe. The wall condition is v = 0 at r = a. The
shear stress at any point is

(8.2) �xr = �
dv

dr
:
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Let the boundary conditions are

(8.3) v(0) = v0 6= 0; v(R) = 0:
The stated problem which is presented by the equations (8.1), (8.2), (8.3) is similar
to the problem of membrane considered in the above sections. The parameter �
plays the role of the tension T0 similar to the elasticity theory. The di¤erential
approximate and balanced MAC models of membrane could be applied in this case
of �uid mechanics.
The classical solution of the steady state pipe problem is well known

(8.4) v =
r2 �R2
4�

dp

dx
:

The corresponding the balanced MAC model has the following solution

(8.5) v =
r3 �R3
6�R

dp

dx

for the free �ow on the axis of symmetry of a pipe. If that axis is �xed then the
condition v(0) = 0 will be used. The MAC solution in this case is

(8.6) v =
r(r2 �R2)
6�R

:

It should be mentioned that the classical solution in the last case does not exists.
Then the di¤erential approximate MAC model 2 of membrane will bring the fol-
lowing form in case of the Navier-Stokes equations

(8.7) �

�
@vx
@t

+ vx
@vx
@x

+ vy
@vx
@y

+ vz
@vx
@z

�
=

(8.8) = �Bx �
@p

@x
+ �

�
@2vx
@x2

+
@2vx
@y2

+
@2vx
@z2

� �y

y2 + z2
@vx
@y

� �z

y2 + z2
@vx
@z

�
;

(8.9) �

�
@vy
@t

+ vx
@vy
@x

+ vy
@vy
@y

+ vz
@vy
@z

�
=

(8.10) = �By �
@p

@y
+ �

�
@2vy
@x2

+
@2vy
@y2

+
@2vy
@z2

� �z

z2 + x2
@vy
@z

� �x

z2 + x2
@vy
@x

�
;

(8.11) �

�
@vz
@t

+ vx
@vz
@x

+ vy
@vz
@y

+ vz
@vz
@z

�
=

(8.12) = �Bz �
@p

@z
+ �

�
@2vz
@x2

+
@2vz
@y2

+
@2vz
@z2

� �x

x2 + y2
@vz
@x

� �y

x2 + y2
@vz
@y

�
;

The fourth equation is supplied by the continuity equation

(8.13)
@vx
@x

+
@vy
@y

+
@vz
@z

= 0:

The initial and boundary conditions could be taken as in the classical theory of
�uid mechanics. If � = 1 then the approximate MAC model 1 for �uid mechanics
will be obtained. Other MAC models could be easily obtained too.

8.1. MAC model with integro-di¤erential equation.

112



14 I. NEYGEBAUER

8.1.1. Statement of the problem. Consider the following problem for incompressible
�ow. The Navier-Stokes equations for incompressible Newtonian �uids are taken
in the form

(8.14) �

�
@v

@t
+ (rv)v

�
= �B�rp+ �r2v;

where � is the mass density, �B is a body force per unit volume, p is the pressure,
v is the velocity vector, � is viscosity coe¢ cient, r is the gradient. The continuity
equation should be added

(8.15) div v = 0:

the constitutive equations can be written in the form

(8.16) Tij = �p�ij + �
�
@vi
@xj

+
@vj
@xi

�
;

where i; j = 1; 2; 3, vi are the Cartesian components of the velocity vector and xi
are the components of the position vector. The variables x = x1; y = x2; z = x3 are
the Cartesian coordinates of a point belonging to the domain 
:

(8.17) x2 + y2 + z2 < R; x 6= x0; y 6= y0; z 6= z0
and the point S(x0; y0; z0 is a given �xed point inside the sphere of radius R with
the center of the sphere at the origin. There are four unknown functions in the
four scalar equations (8.14), (8.15). We will consider the Dirichlet problem with
the following boundary conditions consisting of two parts. The �rst part is

(8.18) vj� = 0;
where � is a sphere x2 + y2 + z2 = R2.
The second part of the boundary conditions is a given and nonzero value v0 of the
functionv(x; y; z) at the point S(x0; y0; z0):

(8.19) v(S) = v0:

8.1.2. MAC Green�s function. Let us consider the MAC solution of the stated prob-
lem. We de�ne the MAC solution as a union of the strait lines connecting the
internal point S(x0; y0; z0) with each point of the boundary:

(8.20) v(x; y; z) = v0

s
(x� x�)2 + (y � y�)2 + (z � z�)2
(x0 � x�)2 + (y0 � y�)2 + (z0 � z�)2

;

where the boundary point (x�; y�; z�) corresponds to the given point (x; y; z) of the
domain 
 and satis�es the equations:

(8.21) x2� + y
2
� + z

2
� = R

2;

(8.22)
x� x�
x0 � x�

=
y � y�
y0 � y�

=
z � z�
z0 � z�

;

The force Q at the point S(x0; y0; z0) of the domain 
 could be found using its
balance with viscous stresses applied to the external boundary of the sphere. Then

(8.23) Q =

Z
�

t�nd�;

where the viscous stress vector t�n is

(8.24) t�n = T
�
nn;
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n is the outer normal to the sphere, the components of the viscous stress tensor T
are

(8.25) T�ij = �

�
@vi
@xj

+
@vj
@xi

�
;

The function Q = Q(v0; x0; y0; z0) in the equation (8.23) is obtained for the given
function in (8.20) function v(x; y; z) and depends on the point S(x0; y0; z0) and the
applied velocity vector v0. That function can be written in the form

(8.26) Q = Sv0;

where S is a sti¤ness matrix. Multiplying the equation (8.26) by the compliance
matrix C = S�1 we obtain

(8.27) v0 = CQ:

If we put v0 from the equation (8.27) into the equation (8.20) then we obtain

(8.28) v(x; y; z) = QC

s
(x� x�)2 + (y � y�)2 + (z � z�)2
(x0 � x�)2 + (y0 � y�)2 + (z0 � z�)2

:

Introducing the MAC Green�s matrix function of the ball domain 


(8.29) M(P; S) = C

s
(x� x�)2 + (y � y�)2 + (z � z�)2
(x0 � x�)2 + (y0 � y�)2 + (z0 � z�)2

;

where P (x; y; z); S(x0; y0; z0) are any two points of the domain 
 and the compo-
nents x�; y�; z� satisfy the equations (8.21), (8.22). Then the solution of the stated
problem (8.28 is given in the form

(8.30) v(x; y; z) = QM(P; S) = QM(x; y; z; x0; y0; z0):

8.1.3. Integro-di¤erential equation of MAC model for a ball. The principle of su-
perpositions allows to write the integro-di¤erential equation of MAC model for a
ball domain

(8.31) v(P; t) =

Z



M(P; S)

�
�(S)

�
@v

@t
(S) + (rv)v(S)�B(S)

�
+rp(S)

�
d
;

where M(P; S) is the MAC Green�s function of the ball domain 
, v(x; y; z; t) =
v(P; t) is the velocity vector of the point P of the ball domain 
, �(S) is the mass-
density per unit volume at a point S of the domain 
, �B is the body force per
unit volume, t is time.
The Navier-Stokes equations (8.14) are replaced by the equation (8.31) in the devel-
oped MAC model. The equation (8.15) remains in the MAC model. The boundary
condition (8.18) remains also. The viscosity � is taken just only at the boundary
of considered domain.

8.1.4. Diving method. Let us consider an incompressible �uid �ow in the domain
D � 
.Consider the case when the velocity vector v is prescribed on the boundary
surface @D:

(8.32) vj@D = g;
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16 I. NEYGEBAUER

where g(S) is a given vector function de�ned on the boundary @D, S 2 @D. Then
introducing the unknown density of the forces qdA on the boundary surface @D we
obtain an integro-di¤erential equation to �nd the density q

(8.33) g(P@D; t) =

Z
@D

M(P@D; S@D)q(S@D; t)dA+

(8.34)

+

Z
D

M(P@D; SD)

�
�(SD)

�
@v

@t
(SD; t) + (rv)v(SD; t)�B(SD; t)

�
+rp(SD; t)

�
dD:

The second equation is to �nd the velocity vector v

(8.35) v(PD; t) =

Z
@D

M(PD; S@D)q(S@D; t)dA+

(8.36)

+

Z
D

M(PD; SD)

�
�(SD)

�
@v

@t
(SD; t) + (rv)v(SD; t)�B(SD; t)

�
+rp(SD; t)

�
dD:

These two integro-di¤erential equations should be added to the continuity equation
(8.15). Then we obtain the MAC model using the diving method.
We don�t consider the MAC models for ideal �uid in this paper. It can be also done
using for example the velocity potential.

9. Differential MAC model for heat conduction equation

The heat conduction problem and the corresponding balanced MAC model was
considered in [7] where an integro-di¤erential equation was introduced. We will
apply the developed di¤erential MAC models from the above sections to the heat
conduction problem.

9.1. Statement of the problem. Consider the following 3D heat conduction
equation

(9.1) k

�
@2u

@x2
+
@2u

@y2
+
@2u

@z2

�
+ q(x; y; z; t) = c0�

@u

@t
;

where u(x; y; z; t) is the temperature of the point d(x; y; z) of the domain, �(d) is
the mass-density of the body per unit volume at a point d, t is time, c0 is speci�c
heat, k is the coe¢ cient of thermal conduction, q(x; y; z; t) is a rate of internal heat
generation per unit volume produced in the body.
The equation (9.1) could be divided by c0� and then it will be written in the form

(9.2) c2
�
@2u

@x2
+
@2u

@y2
+
@2u

@z2

�
+ p =

@u

@t
;

where

(9.3) c2 =
k

c0�
; p =

q

c0�
:

The equation (9.3) is applied classically to the bounded and unbounded domains.
The correspondent initial and boundary conditions are applied to obtain the unique
solution of the problem.
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The following steady state problem is considered very often. It consists of the
Laplace equation

(9.4)
@2u

@x2
+
@2u

@y2
+
@2u

@z2
= 0

and the Dirichlet or Neumann boundary conditions.

9.2. MAC model for 2D heat conduction based on cones. The cones were
used to create the MAC model for the heat conduction problem in [7], where the
balance of heat �uxes was satis�ed. Similar approach is used in this section to
consider the symmetric problems for a circular cylinder of the radius R. We em-
ploy cylindrical coordinates (r; �; x), with the x� axis coinciding with the axis of
the cylinder. Suppose that the nonzero temperature depends on r only. That is
u(r). The boundary condition is u(R) = 0. Let Q(r) is an external heat �ux per
unit length applied at every point at the radius r. Suppose that the form of the
temperature �eld could be the same as in the string which is obtained by two cuts
along the diameter of the membrane [6].
If u(a) is a given temperature at r = a then the temperature �eld for r � a is

(9.5) u(r) = u(a);

and for a � r � R

(9.6) u(r) = u(a)
R� r
R� a:

The relation between Q(a) and u(a) follows from the balance of external heat �uxes
applied to the cylinder.

(9.7) Q(a) =
u(a)Rk

a(R� a) ;

where k is the coe¢ cient of thermal conduction applied at the boundary of the
cylinder. The formulas (9.5), (9.6), (9.7) allow to determine the temperature of the
cylinder if the external heat �uxes are given.

9.2.1. Example 1. Consider the steady state problem. The constant heat source
q(r) = const = q is given. Then Q(a) = qda and we obtain

(9.8) u(r) =

Z r

0

qa(R� r)
kR

da+

Z R

r

qa(R� a)
kR

da =
q

6kR
(R3 � r3):

We have u(0) = qR2

6k and this is 1:5 less then it is in classical case.

9.2.2. Example 2. If the axis of the cylinder has a �xed zero temperature and the
cylinder is under a constant heat �ux q then we obtain the heat �ux at the axis
from the equation (9.7)

(9.9) S = 2�aQ(a)ja!0 = 2�uS(0)k;

where the temperature under a �ux S should be equal -u(0) according to the equa-
tion (9.8). So we have got uS = �u(0) and then the �ux S is

(9.10) S = �2�u(0)k = 2�k � qR
2

6k
= ��qR

2

3
:
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18 I. NEYGEBAUER

The temperature �eld is

(9.11) u(r) =
qr(R2 � r2)

6kR
:

9.2.3. Example 3. Consider the non stationary symmetric problem for a circular
cylinder. Then Q(a) = �c0�@u@t da and we obtain an integro-di¤erential equation

(9.12) u(r) = �
Z r

0

a(R� r)
kR

c0�
@u

@t
(a)da�

Z R

r

a(R� a)
kR

c0�
@u

@t
(a)da:

The boundary condition is u(R) = 0. The solution of the equation (9.12) is taken in
the form u(r; t) = U(r) exp(�!t), where ! > 0 is a constant. This form of solution
and the equation (9.12) create the equation

(9.13) U(r) =
c0�!

kR

"
(R� r)

Z r

0

aU(a)da+

Z R

r

U(a)a(R� a)da
#
:

The boundary condition is transformed to U(R) = 0. Di¤erentiating the equation
(9.13) with respect to r we obtain

(9.14)
dU

dr
(r) = �c0�!

kR

Z r

0

aU(a)da:

The equation (9.14) gives the second condition at r = 0

(9.15)
dU

dr
(0) = 0:

Di¤erentiating the equation (116) with respect to r we get the equation

(9.16)
d2U

dr2
+
c0�!

kR
rU(r) = 0:

Let us transform the equation (9.16) introducing the variable

(9.17) � = � 3

r
c0�!

kR
r:

Then the equation(9.16) will take the following form

(9.18)
d2U

d�
2 � �U(�) = 0:

That is the Airy equation [12]. The general solution of the equation (9.18) is

(9.19) U(�) = C1Ai(�) + C2Bi(�);

where Ai(�); Bi(�) are the Airy functions, C1; C2 are arbitrary constants. Then
the boundary condition and condition (9.15) could be satis�ed and the equation for
! will be obtained

(9.20)
p
3Ai

�
� 3

r
c0�!

kR
R

�
+Bi

�
� 3

r
c0�!

kR
R

�
= 0:
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9.2.4. Example 4. Let us �x the zero temperature on the axis of the cylinder con-
sidered in Example 3. The integro-di¤erential equation of this problem is

(9.21) u(r) = �
Z r

0

a(R� r)
kR

c0�
@u

@t
(a)da�

Z 0

r

a(R� a)
kR

c0�
@u

@t
(a)da:

This equation (9.21) could be obtained if the value

(9.22) u(0) = �
Z R

0

a(R� a)
kR

c0�
@u

@t
(a)da:

according to the equation (9.12) will be subtracted from the right side of the equa-
tion (9.12).
The boundary conditions are

(9.23) u(0) = 0; u(R) = 0:

Substituting the function u(r; t) = U(r) exp(�!t) into the equations (9.22), (9.23)
yields the problem for the function U(r):

(9.24) U(r) =
c0�!

kR

�
(R� r)

Z r

0

aU(a)da+

Z 0

r

U(a)a(R� a)da
�
;

(9.25) U(0) = 0; U(R) = 0:

Di¤erentiating two times the equation (9.24) with respect to r we �nd that the
function U(r) satis�es the same equation (9.16) which could be transformed to the
Airy equation introducing the new variable (9.17. Then the equation to �nd ! will
be obtained if the general solution satis�es the boundary conditions. That equation
is in this case

(9.26)
p
3Ai

�
� 3

r
c0�!

kR
R

�
�Bi

�
� 3

r
c0�!

kR
R

�
= 0:

We see that the Airy functions play an important role in solutions of MAC model
for heat conduction equation. Both Airy�s functions have not singularities on the
real axis. These property of the Airy functions di¤ers them from the Bessel func-
tions which are usually arising in the similar classical problems. One of two Bessel�s
functions has singularity at the origin.
These important property of nonsingularity of the fundamental functions of the cor-
responding di¤erential MAC model conserves also in MAC model for 3D symmetric
heat conduction problem. That will be described below.

9.2.5. Partial di¤erential equation for 2D heat conduction MAC model. Let us dif-
ferentiate the equation (9.12) two times with respect to r. Then the following
partial di¤erential equation for 2D heat conduction problem will be obtained for
symmetric case

(9.27)
@2u

@r2
=
c0�

kR
r
@u

@t
:

The method of separation of variables can be applied to the equation (9.27). For
example the boundary conditions are

(9.28) u(0; t) = 0; u(R; t) = 0

and the initial conditions are taken as

(9.29) u(r; 0) = f(r);
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20 I. NEYGEBAUER

where f(r) is a given continuous function. The solution of the stated problem
includes the Airy functions. The classical solutions of the similar problems for 2D
heat conduction should include the Bessel functions.

9.3. 3D heat conduction MAC model. The cones were used to create the MAC
model for the heat conduction problem in above section in [7], where the balance
of heat �uxes was satis�ed. Similar approach is used in this section to consider the
symmetric problems for a ball of the radius R. We employ spherical coordinates
(r; �; '). Suppose that the nonzero temperature depends on r only. That is u(r).
The boundary condition is u(R) = 0. Let Q(r) is an external heat �ux per unit area
applied at every point at the radius r. Suppose that the form of the temperature
�eld could be the same as in the string which is obtained by cuts along the diameter
of the ball.
If u(a) is a given temperature at r = a then the temperature �eld for r � a is

(9.30) u(r) = u(a);

and for a � r � R

(9.31) u(r) = u(a)
R� r
R� a:

The relation between Q(a) and u(a) follows from the balance of external heat �uxes
applied to the ball.

(9.32) Q(a) =
u(a)R2k

a2(R� a) ;

where k is the coe¢ cient of thermal conduction applied at the boundary of the
ball. The formulas (9.30), (9.31), (9.32) allow to determine the temperature of the
cylinder if the external heat �uxes are given.

9.3.1. Example 1. Consider the steady state problem. The constant heat source
q(r) = const = q is given. Then Q(a) = qda and we obtain

(9.33) u(r) =

Z r

0

qa2(R� r)
kR2

da+

Z R

r

qa2(R� a)
kR2

da =
q

12kR2
(R4 � r4):

We have u(0) = qR2

12k .

9.3.2. Example 2. If the center of the ball has a �xed zero temperature and the ball
is under a constant heat source q then we obtain the heat �ux at the center from
the equation (9.32)

(9.34) S = 4�a2Q(a)ja!0 = 4�uS(0)Rk;

where the temperature under a �ux S should be equal -u(0) according to the equa-
tion (9.33). So we have got uS = �u(0) and then the �ux S is

(9.35) S = �4�u(0)Rk = �4�kR � qR
2

12k
= ��qR

3

3
:

The temperature �eld is

(9.36) u(r) =
qr(R3 � r3)
12kR2

:
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9.3.3. Example 3. Consider the nonstationary symmetric problem for a circular
cylinder. Then Q(a) = �c0�@u@t da and we obtain an integro-di¤erential equation

(9.37) u(r) = �
Z r

0

a2(R� r)
kR2

c0�
@u

@t
(a)da�

Z R

r

a2(R� a)
kR2

c0�
@u

@t
(a)da:

The boundary condition is u(R) = 0. The solution of the equation (9.37) is taken in
the form u(r; t) = U(r) exp(�!t), where ! > 0 is a constant. This form of solution
and the equation (9.37) create the equation

(9.38) U(r) =
c0�!

kR2

"
(R� r)

Z r

0

a2U(a)da+

Z R

r

U(a)a2(R� a)da
#
:

The boundary condition is transformed to U(R) = 0. Di¤erentiating the equation
(9.38) with respect to r we obtain

(9.39)
dU

dr
(r) = �c0�!

kR2

Z r

0

a2U(a)da:

The equation (9.39) gives the second condition at r = 0

(9.40)
dU

dr
(0) = 0:

Di¤erentiating the equation (9.40) with respect to r we get the equation

(9.41)
d2U

dr2
+
c0�!

kR2
r2U(r) = 0:

Let us transform the equation (9.41) introducing the variable

(9.42) � = 4

r
c0�!

kR2
r:

Then the equation(9.41) will take the following form

(9.43)
d2U

d�
2 + �

2U(�) = 0:

The equation (9.43) is similar the Airy equation [12] in the sense that it has two
fundamental solution without any �nite point of singularity. The �rst independent
fundamental solution of the equation (9.43) is

(9.44) U1(�) =
1X
n=0

a4n�
4n;

where

(9.45) a0 = 1; a4n = �
a4n�4

4n(4n� 1) ; n = 1; 2; 3; : : : :

The second independent fundamental solution of the equation (9.43) is

(9.46) U2(�) =
1X
n=0

a4n+1�
4n+1;

where

(9.47) a1 = 1; a4n+1 = �
a4n�3

4n(4n+ 1)
; n = 1; 2; 3; : : : :
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The general solution of the equation (9.43) is

(9.48) U(�) = C1U1(�) + C2U2(�);

where U1(�); U2(�) are the fundamental solutions (9.44), (9.46), C1; C2 are arbitrary
constants. Then the boundary condition and condition (9.40) could be satis�ed and
the equation for ! will be obtained. We have

(9.49) U1

�
4

r
c0�!

kR2
R

�
= 0:

9.3.4. Example 4. Let us �x the zero temperature at the center of the ball consid-
ered in Example 3. The integro-di¤erential equation of this problem is

(9.50) u(r) = �
Z r

0

a2(R� r)
kR2

c0�
@u

@t
(a)da�

Z 0

r

a2(R� a)
kR2

c0�
@u

@t
(a)da:

This equation (9.50) could be obtained if the value

(9.51) u(0) = �
Z R

0

a2(R� a)
kR2

c0�
@u

@t
(a)da:

according to the equation (9.37) will be subtracted from the right side of the equa-
tion (9.37).
The boundary conditions are

(9.52) u(0) = 0; u(R) = 0:

Substituting the function u(r; t) = U(r) exp(�!t) into the equations (9.50), (9.50)
yields the problem for the function U(r):

(9.53) U(r) =
c0�!

kR2

�
(R� r)

Z r

0

a2U(a)da+

Z 0

r

U(a)a2(R� a)da
�
;

(9.54) U(0) = 0; U(R) = 0:

Di¤erentiating two times the equation (9.53) with respect to r we �nd that the
function U(r) satis�es the same equation (9.41) which could be transformed to the
Airy like equation introducing the new variable (9.43). Then the equation to �nd
! will be obtained if the general solution satis�es the boundary conditions. That
equation is in this case

(9.55) U2

�
4

r
c0�!

kR2
R

�
= 0:

We see that the Airy like functions play an important role in solutions of MAC
model for 3D heat conduction equation. Both fundamental functions have not sin-
gularities on the real axis. These property of the Airy like functions di¤ers them
from the Bessel functions which are usually arising in the similar classical problems.
One of two Bessel�s functions has singularity at the origin.
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9.3.5. Partial di¤erential equation for 3D heat conduction MAC model. Let us dif-
ferentiate the equation (9.37) two times with respect to r. Then the following
partial di¤erential equation for 3D heat conduction problem will be obtained for
symmetric case

(9.56)
@2u

@r2
=
c0�

kR2
r2
@u

@t
:

The method of separation of variables can be applied to the equation (9.56). For
example the boundary conditions are

(9.57) u(0; t) = 0; u(R; t) = 0

and the initial conditions are taken as

(9.58) u(r; 0) = f(r);

where f(r) is a given continuous function. The solution of the stated problem
includes a set of Airy like functions. The classical solutions of the similar problems
for 3D heat conduction should include the Bessel functions.

10. Tension of an elastic bar

10.1. Statement of the problem. Consider the simple tension of an elastic bar.
The equation of one-dimensional motion of a bar is

(10.1)
@N

@x
= �

@2u

@t2
� q(x; t);

where N� is the normal force applied to the cross-section of a bar, x� is a Cartesian
coordinate of a cross-section, 0 < x < L, L� is the length of a bar, t� is time,
q(x; t)� is the density of the longitudinal body forces per unit length.
The Hook law is

(10.2) N = EA";

where E� is the Young modulus, A� is the cross-sectional area, "� is the longitu-
dinal strain which is supposed to be

(10.3) " =
@u

@x
:

Substituting the equations (10.2), (10.3) into the equation (10.1) we obtain the
equation

(10.4) EA
@2u

@x2
= �

@2u

@t2
� q(x; t)

or

(10.5) c2
@2u

@x2
=
@2u

@t2
� p(x; t);

where

(10.6) c2 =
EA

�
; p(x; t) =

q(x; t)

�
:

The equation (10.5) could be applied to the limited and also to the unlimited bar.
The initial and boundary conditions should be applied to obtain the unique solution
of the problem.
Consider the steady state problem for a bar as one particular problem. Let the
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distributed forces are not given. Then the function u does not depend on time t
and the equation (10.5) becomes

(10.7)
@2u

@x2
= 0:

Consider the boundary conditions

(10.8) u(0) = u0; u(L) = 0:

The general solution of the equation (10.7) is

(10.9) u(x) = Ax+B;

where A;B� are arbitrary constants. If the length of the bar is limited bar then
the solution of problem (10.7), (10.8) is

(10.10) u = u0

�
1� x

L

�
:

If the length of the bar is in�nite then the solution of the stated problem could be
obtained as a limit L ! 1 in the solution (10.10) for the �nite bar. The solution
will take the form

(10.11) u = u0; 0 � x � 1:

Another solution will be obtained if we take the general solution (10.9) and satisfy
the second boundary condition (10.8) at in�nity. Then we get

(10.12) A = 0; B = 0

and the solution is

(10.13) u = u0; x = 0;

(10.14) u = 0; 0 < x <1:

The situation for unlimited bar is undetermined because we have two di¤erent so-
lutions (10.12) and (10.13), (10.14). We can improve this situation introducing the
MAC model which must have the unique determined solution for both limited and
unlimited bars.

10.2. Di¤erential MAC model. Let the linear term is introduced into the equa-
tion (10.7):

(10.15)
@2u

@x2
� au = 0; 0 < x <1;

where a > 0 is a parameter which should be determined from an experiment addi-
tionally. The Hook law corresponding to the equation (10.15) will take the following
form

(10.16)
@N

@x
= EA

@"

@x
� EAau:

The general solution of the equation (10.15) is

(10.17) u = A exp(
p
ax) +B exp(�

p
ax);
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where A;B� are arbitrary constants.
The �nite bar with the boundary conditions (10.8) has the solution

(10.18) u = u0
sinh [

p
a(L� x)]

sinh [
p
aL]

:

The solution (10.18) is suitable for the unlimited bar too.

11. Conclusion

The di¤erential MAC models of many physical theories may be created in sim-
ilar way replacing the Laplace operator through the given di¤erential operators in
MAC models for membrane. Examples of the theories which could give the di¤eren-
tial MAC models are Navier-Stoke�s equations, Maxwell�s equations, Schroedinger
equation, Klein- Gordon equation, heat conduction equation. The limited number
of pages does not allow to consider all of them. But the idea and the presented
methods should be enough to develop and apply the MAC theory in many cases of
the real life situations.
The MAC model for a bar was given to show another way to introduce the MAC
model, where was used a generalization of the Hook law.
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PAIRWISE LIKELIHOOD PROCEDURE FOR TWO-SAMPLE

LOCATION PROBLEM

FERIDUN TASDAN

Abstract. This paper is about estimating shift parameter by using pairwise
differences in the two-sample location problem, which assumes G(x)=F(x-∆).

The parameter ∆ is called location shift parameter between populations of
F(x) and G(x). Distribution and density functions of the pairwise differences
can be found and used to construct a log likelihood function with respect to the

shift parameter. An estimator of the shift parameter is found by Newton’s one
step algorithm from the log likelihood function. Asymptotic properties of the
new estimator which is similar to a regular MLE estimator are shown under
some regularity conditions. As an example, normal and Laplace Distribution

model assumptions are investigated using the proposed approach. Moreover, a
hypothesis testing procedure is developed and shown that pairwise difference
approach is asymptotically equivalent to the Rao’s score type likelihood test.

1. Introduction

Let X1, ..., Xn1 and Y1, ..., Yn2 be two independent i.i.d samples from continu-
ous distribution functions F(x) and G(x), respectively. We assume a relationship of
G(x)=F(x-∆) where ∆ is a location shift parameter between F(x) and G(x). There-
fore, we will consider a location shift model and focus our attention to estimate of
the shift parameter of ∆. A hypothesis testing for this model could be defined by,

H0 : ∆ = ∆0 vs Ha : ∆ ̸= ∆0

If ∆0 = 0, the hypothesis test becomes:

H0 : F (x) = G(x) vs Ha : F (x) ̸= G(x)

which is very common in two sample location problem.
The problem of estimating the shift parameter ∆0 has been studied extensively

in the past. It can be shown that the classic least squares method (minimizing the

L2 norm) leads to ∆̂LS = Y −X. It has been shown by Hettmansperger-McKean [3]
that

√
n(∆̂LS −∆0) → N(0, σ2 1

λ(1−λ) )

where σ2 is the common variance of the population distributions, G(x) and F (x),
and n1/n → λ as n → ∞. Hodges-Lehmann [4], showed that the shift parameter
estimator based on Wilcoxon ranks is given by

∆̂R = medi,j{Yj −Xi}
which is the median of the pairwise differences. Hodges-Lehmann [4] also showed
that

√
n(∆̂R −∆0) → N(0, τ2 1

λ(1−λ) )

Key words and phrases. Keyword one, keyword two, keyword three.
2010 AMS Math. Subject Classification. Primary 62F03,62F10;Secondary 62F40.
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Figure 1. Illustration of Two Sample Location Problem

where the scale parameter τ = [
√
12
∫
f2(x)dx]−1 and n1/n → λ as n → ∞.

Anderson and Hettmansberger [1] showed that

√
n(∆̂G −∆0) → N

(
0, δ

2E[τ2(x)]
[Eτ ′(x)]2

1
λ(1−λ)

)
,

where δ is the scale parameter, τ(t) =
∫
ψ((t−u)/δ)f(u)du and τ ′ is the derivative

of τ . Tasdan-Sievers [6] proposed a smoothed Mann-Whitney-Wilcoxon approach
to find an estimator for ∆. They showed that

√
n(∆̂s −∆0) → N(0,

1

c2
)

and the efficacy c = µ′(0)/σ(0), where

µ′(0) =
∫ ∫

l(y − x)dF (x)dF (y) and σ(0) =
√

σ2
1

λ(1−λ) .

In Section 2, we will introduce the main idea of the study. It will be shown that
by using pairwise differences, a likelihood function can be constructed and solved
to estimate the shift parameter. In addition, a test procedure will be developed to
test the hypothesis defined above. In Section 3, the properties of the estimator such
as asymptotic normality will be shown. Another theorem proves that the proposed
method is an equivalent of Rao’s score type test. In Section 4, example of several
models will be applied to the proposed solutions. The paper ends with a conclusion
in Section 5.

2. Proposed Procedure

The main idea behind the proposed procedure is to find the distribution function
of the pairwise differences. First, consider that we F(x)=G(x), which assumes no
shift model. Let Zij = Yj−Xi for all i and j differences and H(z) = P (Yj−Xi ≤ z).
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We define

P (Zij < z) = P (Yj −Xi < z)

=

∫
P (Yj −Xi ≤ z|Xi = x)dF (x)

=

∫
P (Yj ≤ z + x)dF (x)

H(z) =

∫
G(x+ z)dF (x)(2.1)

The resulting H(z) is the distribution function (CDF) of the Zij = Yj−Xi pairwise
differences. Now consider that F (x − ∆) = G(x), which assumes a shift in the
model. Then, we will have

H(z) =

∫
G(x+ z)dF (x)

H∆(z) =

∫
F (x+ z −∆)dF (x)(2.2)

Next, by assuming that it exists, the probability density function h∆(z), can be
found by

h(z,∆) =
dH(z)

dz
=

∫
f(x+ z −∆)f(x)dx(2.3)

The result is like a convolution operation that convolutes two functions. Let
h∆(z) = u(z−∆). Therefore, we can consider the problem as a location parameter
problem. The log-likelihood function of the pairwise differences of the data by using
u(z −∆) is

L(∆) =
∏
i

∏
j

u(yj − xi −∆)

l(∆) = log[L(∆)] =
∑
i

∑
j

log[u(yj − xi −∆)]

l′(∆) =
∂

∂∆
log[L(∆)] = −

∑
i

∑
j

u′(yj − xi −∆)

u(yj − xi −∆)
(2.4)

To estimate ∆ parameter, l′(∆) will be set to zero and solved for ∆. l′(∆) can
be considered a score function which determines the estimating equations for the
MLE estimator of ∆. However, there might be no root or there might be more than
one root. In that case, a maximizing value of the estimator should be taken as MLE
estimator. Theorem 6.1.1 from Hogg-McKean-Craig [2] states that asymptotically
the likelihood function is maximized at true value ∆0 of the parameter. Therefore, it
is appropriate to take the value that maximizes the likelihood function for more than
one root cases. Still it could be difficult or impossible to find an explicit formula
for some estimators but a solution can be found by a numerical approximation
method. One of the iterative methods that could be used is the Newton’s one-
step estimator which requires that the initial value must be a consistent estimator.

Newton’s iteration starts with an initial estimate of ∆. Let ∆̃ be the initial value
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4 F.TASDAN

and a consistent estimator of ∆, then set

(2.5) ∆̂ = ∆̃− l′(∆̃)

l′′(∆̃)

The result is the one step estimator of ∆. An algorithm will be provided for the
proposed estimator in the appendix section. In addition, R program has ”uniroot”

function available for this type of problem. The resulting estimator, we call ∆̂, is
the Maximum Likelihood Estimator (MLE) of the true shift parameter based on the
pairwise difference. An example of the proposed solution will be given in section 4.

3. Properties of Proposed Solution

One of the advantages of using pairwise differences is that it can be treated as one
sample location parameter problem. A score type likelihood test can be developed
so that there is no need for an estimate of ∆. In the next two theorems, we show
that under same regularity conditions, the proposed estimator is consistent and has

an asymptotic distribution of ∆̂. First, we will show that the proposed estimator
is consistent by Theorem 3.1. Before that we need to make some assumptions
(regularity conditions). These assumptions are similar to the regular maximum
likelihood assumptions.
Assumptions(Regularity Conditions):
(A1) h(z,∆) is a distinct pdf; i.e ∆ ̸= ∆′ ⇒ h(z,∆) ̸= h(z,∆′).
(A2) h(z,∆) have common support for all ∆ ∈ Ω.
(A3) The point ∆0 is an interior point in Ω.
(A4) h(z,∆) is three times differentiable as a function of ∆.
(A5) The integral

∫
h(z,∆)dz can be differentiated twice under the integral sign a

function of ∆.

Theorem 3.1. Suppose that the regularity conditions A1-A2 hold and h(z,∆) is
differentiable with respect to ∆ in Ω. Then, with probability approaching 1 as n→
∞, there exist ∆̂ such that l′(∆̂) = 0 and ∆̂

P→ ∆0.

Above theorem can be proven by Theorem 6.1.3 from Hogg-McKean-Craig [2].
Therefore, the proof will not be discussed here. By the following theorem, we show
that the proposed estimator is asymptotically normal as n→ ∞.

Theorem 3.2. Assume that the regularity conditions and Theorem 3.1 hold. Also
assume that the Fisher information satisfies 0 < I(∆0) <∞. Finally, assume that
l(∆) has three derivatives in a neighborhood of ∆0 and l′′′(δ) is uniformly bounded
in this neighborhood. Then, we have

√
n(∆̂−∆0)

D→ N(0, 1
I(∆0)

)

Proof. The proof is a typical MLE proof that can be found in Serfling [5] or Hogg-
McKean-Craig [2]. By using second order Taylor expansion of l′(∆) at ∆0 and

evaluating l′(∆) at ∆̂, we get

l′(∆̂) = l′(∆0) + (∆̂−∆0)l
′′(∆0) +

1
2 (∆̂−∆0)

2l′′′(∆⋆)

where ∆⋆ is between ∆̂ and ∆0. Since l
′(∆̂) = 0, we can rearrange the last equation

as
√
n(∆̂−∆0) =

√
nl′(∆0)

−n−1l′′(∆0)−(2n)−1(∆̂−∆0)l′′′(∆⋆)
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By the Central Limit Theorem and Law of Large Numbers,

1√
n
l′(∆0)

D→ N [0, I(∆0)]

and

−n−1l′′(∆0)
P→ I(∆0)

where I(∆0) = V [ ∂∂∆ log u(Y − X − ∆0)]. We will assume that the second term

in the denominator of the expression goes to zero as n → ∞ and n−1l′′′(∆⋆) is
bounded in probability. Therefore, the proof is complete. �

In the next theorem and definition, we show that the proposed pairwise likelihood
method is equivalent to Rao’s score type test.

Theorem 3.3. Assume that the regularity conditions and Theorem 3.2 hold. Under
the null hypothesis, H0 : ∆ = ∆0,

R2
n
D→ χ2(1)

where the test statistic R2
n = ( l′(∆0)√

nI(∆0)
)2 and χ2

1 is the Chi-Square random variable

with degrees of freedom of 1.

Proof. By the central limit theorem and I(∆) = V ar
(
∂
∂∆ log[u(Y −X −∆)]

)
<∞,

we can write that

1√
n
l′(∆0) =

√
n
(

1
n

∑n1

j=1

∑n2

i=1
∂
∂∆ log[u(yj − xi −∆)]

)
D→ N [0, I(∆0)]

where n = n1n2. From the fundamental theorems of mathematical statistics, we
know that the square of a standard normal random variable is a chi square with
degrees of freedom of 1. Thus, we have

(3.1) Rn =
l′(∆0)√
nI(∆0)

D→ N(0, 1)

and

(3.2) R2
n =

(
l′(∆0)√
nI(∆0)

)2

D→ χ2(1)

Theorem 3.3 also proves that the pairwise likelihood approach is equivalent to the
Rao’s score type test at the asymptotic level. �

In the following definition, an asymptotic α level hypothesis test for the pairwise
likelihood approach has been defined.

Definition 3.4. Let Zij be the pairwise difference of Yj −Xi for all i and j. Zij
are independent and identically distributed with distribution function P (Zij ≤ x) =
H∆(z−∆), where h(z,∆) = H ′

∆(z) exists. Also assume that V ar(Zij) = σ2
z . Then,

an asymptotic α level test for , H0 : ∆ = ∆0 vs Ha : ∆ ̸= ∆0, is any test that rejects

H0 in favor of Ha when |Rn| ≥ zα/2 where Rn = (Zn−∆0)
σz/

√
n

and zα/2 is the critical

value.

It can be shown that likelihood ratio, Wald and Rao’s score type tests are all
asymptotically equivalent tests under Ho. Therefore, all three tests must reach the
same decision with probability approaching 1 as n→ ∞.
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4. Examples

Several examples will be provided in this section. Different population distribu-
tions result an estimator in different classes such as Normal distribution assumption
results an estimator which is similar to the least square estimator, on the other hand,
Laplace distribution assumption results Hodges-Lehmann type estimator.

4.1. Example #1. This example will demonstrate the proposed solution under
the normality of the random samples assumption. Assume that X1, ..., Xn1 and
Y1, ..., Yn2 are two independent iid samples from N(µx, σ

2) and N(µy, σ
2) distribu-

tions, respectively. Define H0 : ∆ = ∆0, where ∆ = µy − µx. Let Zij = Yj −Xi be
the pairwise differences. By the equation (2.3), we have

(4.1) h(z,∆) =

∫
f(x+ z −∆)f(x)dx

By the normality assumption, f(x) = 1√
2π

exp−[(x)2/2], where we also assume that

µx = 0 and σ2 = 1 to simplify the process. If we plug in f(x) into h(z,∆),

h(z,∆) =

∫ +∞

−∞

1√
2π

exp−[(x+z−∆)2/2] ∗ 1√
2π

exp−[(x)2/2] dx

=
1

2π

∫ +∞

−∞
exp−[(x+z−∆)2−x2]/2 dx

=
1

2π
exp−(z−∆)2/4

∫ +∞

−∞
exp−[x+(z−∆)/2]2 dx

=
1

2π
exp−(z−∆)2/4

∫ +∞

−∞

√
π√
π
exp−[x+(z−∆)/2]2 dx

=

√
π

2π
exp−(z−∆)2/4

∫ +∞

−∞

1√
π
exp−[x+(z−∆)/2]2/(2∗1/2) dx.(4.2)

The integral inside the function is a normal pdf with µ = ∆−z
2 and σ2 = 1/2.

Therefore, by integrating it from −∞ to +∞, we get 1. The term in front of the
integral is

(4.3) h(z,∆) =
1√
4π

exp−(z−∆)2/4, z ∈ (−∞,+∞).

which is a normal pdf with µz = ∆ and σ2
z = 2. If f(x) is normal pdf with µx = 0

and σ2, then h(z,∆) will have a normal pdf with µz = ∆ and σ2
z = 2σ2.

We set h(z,∆) = u(z −∆) as defined by the equation (2.3) which assumes that
we have a location model and the parameter is ∆. By the equation (2.4), we will
have,

l′(∆) = −
n1∑
i

n2∑
j

(
zij −∆

σ2
z

)

We set l′(∆) = 0 and solve for ∆. It is not difficult to see that the estimator is

∆̂ = Y − Y . In fact, this is known as the least square estimator of shift parameter
in the literature. Moreover, Rao’s score type test can be developed by the result of
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the Theorem 3.3:

(4.4) R2
n =

(
l′(∆0)√
nI(∆0)

)2

We first find the likelihood function, L(∆), of the paired differences.

L(∆) =

n1∏
i

n2∏
j

u(zij −∆)

=

n1∏
i

n2∏
j

(
1√
2πσz

)
e
−

∑n1
i

∑n2
j

(zij−∆)2

2σ2
z

By adding and subtracting z inside the exponential term, and working it out, we
get,

= (
1

2πσ2
z

)n1n2/2e
−

∑n1
i

∑n2
j

(zi−z+z+∆)2

2σ2
z

= (
1

2πσ2
z

)n1n2/2e
−

∑n1
i

∑n2
j

(zij−z)2

σ2
z e

−
∑n1

i

∑n2
j

(z−∆)2

σ2
z(4.5)

By setting n = n1n2, taking the log of both sides and derivative with respect to ∆,
we find that

l′(∆) =
∂

∂∆
log[L(∆)] =

(z −∆)

σ2
z/n

σz√
n
l′(∆) =

(z −∆)

σz/
√
n

(4.6)

By taking the square of the above result, we have

(4.7)

[
σz√
n
l′(∆)

]2
=

(
z −∆

σz/
√
n

)2

We define a test statistic R2
n =

(
l′(∆0)√
nI(∆0)

)2

where I(∆0) =
1
σ2
z
which is the Fisher

Information. The right side of the equation is z2 and has a χ2(1) under H0. This
is similar to Rao’s score type test statistics and proven by the Theorem 3.3. If we
use the equation (4.7) above, an α level test based on Normal Distribution model
example can be developed as

To test hypothesis of H0 : ∆ = ∆0 vs H1 : ∆ ̸= ∆0, we use the test statistics:

R2
n =

(
z−∆0

σz/
√
n

)2
−→χ2(1)

A decision rule for a size α test is to reject H0 if R2
n ≥ χ2

α(1).

4.2. Example #2. In this example, we will demonstrate the proposed estimator
under the assumption that F(x) is an exponential distribution with λ parameter.
First, we assume that X1, ..., Xn1 and Y1, ..., Yn2 are two independent iid samples
from F(x) and G(x), respectively. Define H0 : ∆ = ∆0, where ∆ = µy − µx. Let
Zij = Yj −Xi be the pairwise differences. By the equation (2.3), we have

(4.8) h(z,∆) =

∫
f(x+ z −∆)f(x)dx
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By the assumption that F (x) has an exponential distribution with λ, we have
f(x) = 1

λ exp−x/λ for x > 0. If we plug in f(x) into h(z,∆) and if z −∆ > 0,

h(z,∆) =

∫ +∞

−∞

1

λ
exp−(x+z−∆)/λ ∗ 1

λ
exp−x/λ dx

=
1

λ2

∫ +∞

−∞
exp−(x+z−∆)/λ−x/λ dx

=
1

λ2

∫ +∞

0

exp−(x+z−∆−x)/λ dx

=
1

λ2
exp−(z−∆)/λ

∫ +∞

0

exp−(2x)/λ dx

=
1

λ2
exp−(z−∆)/λ

∫ +∞

0

λ/2

λ/2
exp−x/λ/2 dx

=
λ/2

λ2
exp−(z−∆)/λ

∫ +∞

0

1

λ/2
exp−x/λ/2 dx(4.9)

The integral part of the function inside is an exponential pdf with λ/2, therefore,
the integrating it from 0 to +∞ gives us 1. The term in front of the integral is

(4.10) h(z,∆) =
1

2λ
exp−(z−∆)/λ, z −∆ > 0.

If we assume z −∆ < 0, and applying the similar approach as above, we get

(4.11) h(z,∆) =
1

2λ
exp−(∆−z)/λ, z −∆ < 0.

Therefore,

(4.12) h∆(z) =
1

2λ
e−|z−∆|/λ, −∞ < z <∞.

which is a Laplace distribution with µz = ∆ and σ2
z = λ. Define H0 : ∆ = ∆0. The

likelihood function is

(4.13) L(∆) = (2λ)−ne−
∑n1

i

∑n2
j |yj−xi−∆|/λ

The score function is

(4.14) l′(∆) =
∂

∂∆
log[L(∆)] =

n1∑
i

n2∑
j

sign(yj − xi −∆)/λ

We set this result to ”zero” and solve for ∆. We find that ∆̂ = median{yj − xi}
which is equivalent to the Hodges-Lehmann estimator of ∆.

An asymptotic α level test based on Laplace distribution model example can be
developed as well. To test hypothesis of H0 : ∆ = ∆0 vs H1 : ∆ ̸= ∆0, we use the
test statistics:

R2
n =

(
l′(∆0)√
nI(∆0)

)2

= (S)2/n −→ χ2
α(1)

where Fisher information, I(∆0) = λ and S =
∑n1

i

∑n2

j sign(yj − xi −∆0)

A decision rule for a size α test is to reject H0 if R2
n ≥ χ2(1).
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5. Conclusion

We showed that by using the pairwise differences of two random samples, an
estimator of shift parameter, ∆, can be estimated. The proposed method uses Zij =
Yj−Xi differences and assumes that Zij has a pdf of h(z;∆), where ∆ is the location
parameter. The theory of the method is similar to the typical maximum likelihood

theorems and conditions. An estimator of the shift, ∆̂, can be found by Newton’s
one step estimator if there is no explicit result found for the estimator. In fact, R
algorithm for this estimator is provided in the appendix. Asymptotic properties of
the estimator are shown in section 3. It has been shown that an estimator from
the pairwise differences has asymptotic normality under some regularity conditions.
An asymptotic level score test (Rao’s score test) is also developed for the estimator.
Moreover, in section 4, two examples which are provided in the study show that
under the normality of F(x), the resulting estimator is equal to the least squares

estimator, ∆̂ = Y −X and under the assumption of exponential distribution of F(x),

the resulting estimator is equal to Hodges-Lehmann estimator, ∆̂ =Median{Yj −
Xi}. One of the main advantages of using pairwise differences is to estimate the
shift parameter with only one known distribution function, F(x), instead of two.
As a result, using pairwise differences of the two samples, a pdf of h(z,∆) for the
differences can be found. Also assuming ∆ as a location parameter, two sample

location problem can be treated as one sample location problem and ∆̂ can be
found by maximizing the log likelihood function of h(z,∆).
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6. Appendix

This section contains R algorithms used in the estimation of shift parameter and
pdf of h(z,∆). These algorithms can also be reached from Tasdan [7].

plog<-function(t,x,y){

n1<-length(x)

n2<-length(y)

n<-n1*n2

sig<-spool(x,y)

a<-outer(y,x,"-")

da <- c(a[row(a) <= col(a)])
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db <- c(a[row(a) > col(a)])

dab <- append(da, db)

b<-rep(0,n)

for(i in 1:n){

b[i]<-log(f1(dab[i],x,dab,t))

}

l<--sum(b)

l

}

Convolution function to find h(z,∆):

f1<-function(z,dab,t){

sig<-mad(dab) # robust estimate of deviation by MAD function

m<-mean(dab)

#a<-integrate(function(x) {dnorm((x+z-t),0,sig)*dnorm(x,0,sig)}, -Inf, Inf)$value

if((z-t)>0){a<-integrate(function(x) {dexp((x+z-t),m)*dexp(x,m)}, 0, Inf)$value}

else{a<-integrate(function(x) {dexp((x-(z-t)),m)*dexp(x,m)}, 0, Inf)$value}

#a<-integrate(function(x) {dcauchy((x+z-t),0,sig)*dcauchy(x,0,sig)}, -Inf, Inf)$value

#a<-integrate(function(x) {dlaplace((x+z-t),0,1/m)*dlaplace(x,0,1/m)}, 0, Inf)$value

#a<-integrate(function(x) {dfun((x+z-t)/sig)*dfun(x/sig)}, 0, Inf)$value

#a<-integrate(function(x) {dunif((x+z-t),0,1)*dunif(x,0,1)}, -Inf, Inf)$value

a

}

Minimization of log likelihood to estimate the shift parameter. The function uses
plog function from above:

finder<-function(x, y)

{

# Estimating Shift parameter by using nlm(nonlinear minimization) function in R

# function "plog" has to be used here

n1 <- length(x)

n2 <- length(y)

n <- n1 + n2

options(warn=-1)

d1<-nlm(plog,0,x=x,y=y)

d2 <- round(d1$estimate, 7)

d2

}

Newton’s one step estimator:

finder1<-function(x,y,tol,dl,du){# finding shift parameter via

#Newton’s one step...

n<-length(x)

m<-length(y)

change<-100

step<-0

dold<-du

while(change>tol&&step<50){

s1<-plog(x,y,dl) #plog is required function

s2<-plog(x,y,du)
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d<-dl-((s1*(du-dl))/(s2-s1))

change<-abs((d-dold)/d)

if(change<tol){

break

}

else{dold<-d

s3<-plog(x,y,d)

if((s1*s3)>0){

dl<-d

}

else{du<-d

}

}

step<-step+1

cat("step=",step,"Est=",round(d,4),"\n")

}

d

}

(F. Tasdan) Western Illinois University, Department of Mathematics, Macomb, USA

E-mail address: f-tasdan@wiu.edu
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A MODIFIED ADOMIAN APPROACH APPLIED TO

NONLINEAR FREDHOLM INTEGRAL EQUATIONS

HAIFA H. ALI AND FAWZI ABDELWAHID

Abstract. In this paper, we introduce the linearization method and the mod-
ified Adomian method applied to non linear Fredholm integral equations. To

assess the applicability, simplicity and the accuracy of the modified Adomian
technique, we applied the both methods on selected non-linear Fredholm inte-
gral equations. This study showed the applicability, simplicity, accuracy and

the fast speed of convergent of the modified Adomian method, comparing with
the linearization method, even when the accuracy of the linearization method
improved by employing variable steps size.

1. Linearization Method for Nonlinear Fredholm Integral
Equations

The linearization method based on the piecewise linearization of the nonlin-
ear integral equations, and the analytical solution of the resulting linear integral
equation. Refs. [7, 2, 6, 9] applied this technique to find numerical solution for
non-linear Volterra integral equation in the interval [0, 1]. In this section, we follow
these studies and introduce the Linearization method for the nonlinear Fredholm
integral equation

(1.1) u(x) = f(x) + λ

∫ b

a

k(x, t, u(t)) dt,

where u(x) is an unknown function, a and b are real constants and λ is a real (or
complex) parameter. The kernel K(x, t, u) and f(x) are analytical functions on R3

and R respectively, where K(x, t, u) is nonlinear function of u. Hence, equation
(1.1) represents a nonlinear Fredholm integral equation of second kind.

Now, we are interested to find a numerical solution of (1.1) in the interval [0, 1],
so we consider the subintervals [xn, xn+1], with x0 = 0 and in each subinterval, we
approximate k(x, t, u) by the first three terms of its Taylor series expansion around
(xn, tn, un). Hence, the three terms of this expansion are

k(x, t, u) = k(xn, tn, un) + (x− xn)
∂k(xn, tn, un)

∂x

+ (t− tn)
∂k(xn, tn, un)

∂t
+ (u− un)

∂k(xn, tn, un)

∂u
.

(1.2)

By substituting (1.2) into (1.1) we obtain for xn ≤ x ≤ xn+1

(1.3) u(x) = f(x) + λ

∫ b

a

(
Kn + (x− xn)Jn + (t− tn)Qn + (u− un)Zn

)
dt,

Key words and phrases. Adomian method, linearization method, non-linear integral equations.
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2 H. ALI AND F. ABDELWAHID

where un = u(xn) and

Kn = k(xn, tn, un), Jn =
∂k(xn, tn, un)

∂x
,(1.4)

Qn =
∂k(xn, tn, un)

∂t
, Zn =

∂k(xn, tn, un)

∂u
.

Since in the integration part of (1.3), t is an indipendent variable, u is a dependent
variable and x is a parameter, therefore by integrating it with respect to t, we have

u(x) = f(x) + λZn

∫ b

a

u(t) dt+ λ
(
Kn + (x− xn)Jn − unZn

) ∫ b

a

dt

+ λQn

∫ b

a

(t− tn) dt,

(1.5)

which can be written in the form

u(x) = f(x) + λ(b− a)
(
Kn + (x− xn)Jn − unZn

)
+
λ

2

(
(b− tn)

2 − (a− tn)
2
)
Qn + λZn

∫ b

a

u(t) dt.
(1.6)

Next, we differentiate (1.6) with respect to x, we obtain

(1.7) u′(x) = f ′(x) + λ(b− a)Jn.

Then by integrating the both sides of (1.7) with respect to x, from xn to xn+1, we
obtain

(1.8)

∫ xn+1

xn

u′(t) dt =

∫ xn+1

xn

f ′(t) dt+ λ(b− a)Jn

∫ xn+1

xn

dt,

this leads to the formula

(1.9) u(xn+1) = u(xn) + f(xn+1)− f(xn) + λJn(b− a)(xn+1 − xn).

At the end, the numerical solution of (1.1), with step size h and at the grid points:
xn+1; (n = 0, 1, 2, . . . ), can be obtained from the recurrent formula

(1.10)
u(x0) = u0

un+1 = un + (fn+1 − fn) + λJn(b− a)h,

where h = xn+1 − xn, is the local step size, i.e. xn = x0 + nh; (n = 0, 1, 2, . . . ).
Note that, the aim of [3], was to get the error function e(xr) ≤ 10kr , where kr is
any positive integer number. Hence, by assuming max(10−kr ) = 10−k, the step size
h can be decreasing as far as the inequality e(xr) ≤ 10k holds at each point xr.

2. Modified Techniques of Adomian method

In this section, we introduce a modified technique of Adomian method for non-
linear Fredholm integral equations. To do that, let us first introduce the standard
Adomian method [4, 5, 8, 3]. For simplicity, we assume the the kernel K(x, t, u) can

be split as K(x, t, u) = K̃(x, t)F (u), where th kernel k̃(x, t) is analytical function on
R2 and F is nonlinear function of u. Now the nonlinear Fredholm integral equation
(1.1) becomes

(2.1) u(x) = f(x) + λ

∫ b

a

k̃(x, t)F (u) dt.
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The first step of the standard Adomian method is to decompose u into
∑∞
n=0 un

and assume that

(2.2) u = lim
n→∞

n∑
i=0

ui.

Then we choose u0 = f(x) and set F (u) =
∑∞
n=0An, where An;n ≥ 0 are special

polynomials known as Adomian polynomials. Now equation (2.1) bocomes

(2.3)
∞∑
n=0

un = f(x) + λ

∫ b

a

(
k̃(x, t)

∞∑
n=0

An
)
dt.

This leads to the recursive formulas

(2.4) u0 = f(x), un+1 = λ

∫ b

a

k̃(x, t)An dt, n = 0, 1, 2, . . .

In [1], close formulas of Adomian polynomials An for any analytic nonlinear function
F (u), introduced in the forms

A0 = F (u0)

An =

n∑
ν=1

( 1
ν!

n+1−ν∑
i1,i2,...iν=1

δn,i1+i2+···+iνyi1yi2 . . . yiν
)dνF (u0)

duν0
,

(2.5)

where n = 1, 2, . . . , n ≥ ν and δn,m is the Kronecker delta. In [2] we shown that the
choice of the initial data u0, plays an essential role on the speed of the convergence
of Adomian method and we found the standard Adomian method encountered
computational difficulties for certain types of non-homogeneous function f(x). To
reduce the computational difficulties and accelerate the convergence of standard
method, we introduce a modified technique [10]. The modified technique assumed
that the function f(x) can be split as

(2.6) f(x) = f1(x) + f2(x).

Based on this assumption, we can introduce a a slight change of the choice of the
components u0 and u1 as following

(2.7)

u0(x) = f1(x),

u1(x) = f2(x) +

∫ b

a

k(x, t)A0(t) dt,

un+1 =

∫ b

a

k(x, t)An(t) dt, n ≥ 1.

Note that, this choice of initial data u0, as we will see in next section, reduces
the computational difficulties work and accelerate the convergence of the Adomian
decomposition method procedure.

3. Presentation of results

In order to asses both the applicability and the accuracy of the theoretical results
of the pervious sections, we have applied these results to a variety of nonlinear
Fredholm integral equations in the following examples:
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xn h=0.1 h=0.01 h=0.001 h=0.0001

0.0 0.000000 0.000000 0.000000 0.000000
0.1 0.087500 0.087508 0.087509 0.087510
0.2 0.175038 0.175138 0.175152 0.175153
0.3 0.262845 0.263227 0.263273 0.263277
0.4 0.351381 0.352346 0.352457 0.352469
0.5 0.441350 0.443327 0.443551 0.443574
0.6 0.533720 0.537304 0.537703 0.537743
0.7 0.629766 0.635770 0.636433 0.636500
0.8 0.731147 0.740706 0.741763 0.741870
0.9 0.840030 0.854770 0.856407 0.856572
1.0 0.959284 0.981607 0.984106 0.984359

Table 1. Shows the Numerical solution presented by the Lin-
earization method with h = 0.1, 0.01, 0.001, and 0.0001.

Example 3.1. The integral equation

(3.1) u(x) =
7

8
x+

1

2

∫ 1

0

xtu2(t) dt,

is a nonlinear Fredholm integral equation with a separable kernel. Using the direct
computation method this integral equation has the solution u(x) = x, 7x.

To investigate both the applicability and the accuracy of the linearization method
applied to nonlinear (3.1), we first reduced it to linear integral equation, then by
using (1.10), a numerical solution of (2.1) at the grid points xn+1, (n = 0, 1, 2, . . . )
can be found from the recurrent formula

(3.2)

u(x0) = u0 = 0,

un+1 = un + h(
7

8
+

1

2
xnu

2
n).

By the help of Mathematica, numerical solutions with h = 0.1, h = 0.01, h = 0.001,
and h = 0.0001, are presented in Table (1). Furthermore, figures (1) and (2), show
the plotting of exact solution against the approximate solutions for for h = 0.1 and
h = 0.001 respectively.

Figure 1. h = 0.1.
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Figure 2. h = 0.001.

Next, we investigate both the applicability and the accuracy of the modified tech-
niques of Adomian applied to nonlinear Fredholm integral equations (3.1). First,
we rewrite (3.1) in the form

(3.3) u(x) = x− 1

8
x+

1

2

∫ 1

0

xtu2(t)dt,

then we split the function f(x) as

(3.4) f1(x) = x, f2(x) = −x/8.

Now we can use the modified recursive formula (2.7). This gives

(3.5)

u0(x) = x,

u1(x) = −1

8
x+

x

2

∫ 1

0

tu2(t)dt,

un+1(x) =

∫ 1

0

tAn(t)dt, n ≥ 1,

where

(3.6) A0 = u20, A1 = 2u0u1, A2 = 2u0u2 + u21, A3 = 2u0u3 + 2u1u2 . . . .

Now using (3.5) and (3.6) we can calculate

u1(x) = −1

8
+
x

2

∫ 1

0

t3dt = 0, un+1(x) = 0, n ≥ 1.

Hence this leads immediately to the exact solution u(x) = x.

Example 3.2. The integral equation

(3.7) u(x) = secx− x+

∫ 1

0

x(u2(t)− tan2 x)dt,

is a nonlinear Fredholm integral equation with a separable kernel and has the exact
solutions u(x) = sec(x). Hence by reducing it to linear integral equation and using
(1.10), a numerical solution of (3.7) at the grid points xn+1, (n = 0, 1, , 2, . . . ) can
be found from the recurrent formula

(3.8)
u(x0) = u0 = 1,

un+1 = un + sec(un+1)− sec(un) + h(u2n − tan2 un − 1).
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By the help of Mathematica, we found numerical solutions with h = 0.1, h = 0.01,
h = 0.001, and h = 0.0001. Figure (3) shows the plotting of the numerical solution
for h = 0.1 against the exact solution.

Figure 3. The numerical solution for h = 0.1.

Next, we investigate both the applicability and the accuracy of the modified tech-
niques of Adomian applied to nonlinear Fredholm integral equations (3.7). Now,
the modified recursive formula (2.7) gives

(3.9)

u0(x) = sec(x)

u1(x) = −x
(
1 +

∫ 1

0

tan2(t)dt
)
+ x

∫ 1

0

A0(t)dt,

un+1(x) =

∫ 1

0

An(t)dt, n ≥ 1.

Now (3.6) reduces (3.9) to

u0 = secx,

u1(x) = −x
(
1 +

∫ 1

0

tan2(t)dt
)
+ x

∫ 1

0

A0(t)dt

= −x tan(1) + x

∫ 1

0

sec2(t)dt = 0,

un+1(x) = 0, n ≥ 1,

which leads to the exact solution u(x) = sec(x).

4. Conclusions

In this work we examined the accuracy, applicability and simplicity of both the
modified Adomian technique and the linearization method applied to non linear
Fredholm integral equations of the second kind. This study showed the accuracy
and the applicability of both methods; however, this study showed the fast conver-
gent modified Adomian technique, even when the accuracy of linearization method
improved by employing variable steps. From this study, we conclude that using
the right splitting of the non-homogeneous function f(x), we can avoid the cal-
culation difficulties of using the Adomian polynomials required for the non-linear
terms, which minimize the number of iterations required for the standard Adomian
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method. Furthermore, we recommend using the modified technique, when the non-
homogeneous function f(x) is given in term of a polynomial or a combination of
polynomial and trigonometric, or transcendental, functions. Furthermore, we rec-
ommend using the linearization method, for cases involving non separable kernels
or when the right splitting is hard to find.
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ON COUPLED FIXED POINT THEOREMS IN PARTIALLY
ORDERED PARTIAL METRIC SPACES

ERDAL KARAPINAR

Abstract. In this manuscript, we prove new coupled �xed point theorems in
the context of partially ordered partial metric spaces. The main theorems of
this paper extent by improving some earlier results in the literature. We also
present applications of these new results through a number of examples.

1. Introduction and Preliminaries

In nonlinear phenomena, one of the crucial tools is known to be the �xed point
theory. In addition to mathematics, �xed point theory has wide range of applica-
tions in many disciplines such as physics, biology, economics, computer sciences,
and engineering. Banach contraction mapping principle [16], also referred to as
Banach �xed point theorem, is the seminal and most important result of this topic.
Banach showed not only the existence and uniqueness of a �xed point of a self-
mapping but also how to determine this �xed point. This remarkable result of
Banach has been the center of attention for many authors since its appearance. As
a consequence, many di¤erent approaches toward a generalization of Banach �xed
point theorem have been given in the literature.
In 1992, Matthews announced one of the interesting generalizations by de�ning

a new notion, a partial metric space. The author proved the analog of Banach �xed
point theorem in the context of partial metric space which is a generalization of a
metric spaces. In brief, in a partial metric space self distance of some points may
not be zero. This phenomena was discovered by Matthews [41] when he attempt
to solve problems of applying metric space techniques in the sub�eld of computer
science: semantics and domain theory (see e.g. [39, 40]). After this initial result
of Mathews, a number of results have appeared on partial metric spaces (see e.g.
[1]-[3],[5, 6, 7],[11]-[13],[15, 26],[30]-[35],[39, 40, 54, 58]).
Turinici [61] initiated a new trend in �xed point theory by introducing criteria

that implies existence and uniqueness of a �xed point in partially ordered sets.
In this paper, Turinici extended Banach contraction principle in partially ordered
sets. Consequently, Ran and Reurings [52] applied Turinici�s results to matrix
equations. After these initial papers, a number of exceptionally good results have
been published in this direction. (see e.g. [4, 5],[11]-[13],[15, 18, 19],[20]-[22],[24]-
[28],[38],[42]-[50], [53]-[56],[58]). The concept of a coupled �xed point introduced by
Gnana-Bhaskar and Lakshmikantham [17] in the class of partially ordered metric

Key words and phrases. Partial metric, coupled �xed point, couple coincidence point, partially
ordered set.

2010 AMS Math. Subject Classi�cation. Primary 40A05, 47H10; Secondary 54H25,46J10,
46J15.
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2 E. KARAPINAR

spaces. In this article, we prove the existence and uniqueness of coupled �xed points
in ordered partial metric spaces.
We start with recalling basic de�nitions and crucial results in coupled �xed point

theory from the view point of metric spaces. Throughout the manuscript, we always
assume that X 6= ;.

De�nition 1.1. (See [17]) Let (X;�) be a partially ordered set and F : X�X ! X.
The function F is said to have the mixed monotone property if F (x; y) is monotone
non-decreasing in x and is monotone non-increasing in y, that is, for any x; y 2 X,

x1 � x2 ) F (x1; y) � F (x2; y); for x1; x2 2 X; and

y1 � y2 ) F (x; y2) � F (x; y1); for y1; y2 2 X:

De�nition 1.2. (see [17]) An element (x; y) 2 X �X is said to be a coupled �xed
point of the mapping F : X �X ! X if

F (x; y) = x and F (y; x) = y:

The following two results were given by Bhaskar and Lakshmikantham in [17].

Theorem 1.3. Let (X;�) be a partially ordered set and suppose that there is a
metric d on X such that (X; d) is a complete metric space. Let F : X � X ! X
be a continuous mapping having the mixed monotone property on X. Assume that
there exists k 2 [0; 1) with

(1.1) p(F (x; y); F (u; v)) � k

2
[p(x; u) + p(y; v)] ; for all u � x; y � v:

If there exists x0; y0 2 X such that x0 � F (x0; y0) and F (y0; x0) � y0, then there
exist x; y 2 X such that x = F (x; y) and y = F (y; x).

Theorem 1.4. Let (X;�) be a partially ordered set and suppose that there is a
metric d on X such that (X; d) is a complete metric space. Let F : X � X ! X
be a mapping having the mixed monotone property on X. Suppose that X has the
following properties:

(i) if a non-decreasing sequence fxng ! x, then xn � x; 8n;
(i) if a non-increasing sequence fyng ! y, then y � yn; 8n:
Assume that there exists a k 2 [0; 1) with

(1.2) p(F (x; y); F (u; v)) � k

2
[p(x; u) + p(y; v)] ; for all u � x; y � v:

If there exists x0; y0 2 X such that x0 � F (x0; y0) and F (y0; x0) � y0, then there
exist x; y 2 X such that x = F (x; y) and y = F (y; x).

The following concept of a g-mixed monotone mapping was introduced by Lak-
shmikantham and Ćiríc [42].

De�nition 1.5. Let (X;�) be partially ordered set and F : X � X ! X and
g : X ! X. The function F is said to have mixed g-monotone property if F (x; y)
is monotone g-non-decreasing in x and is monotone g-non-increasing in y, that is,
for any x; y 2 X,
(1.3) g(x1) � g(x2)) F (x1; y) � F (x2; y); for x1; x2 2 X; and
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(1.4) g(y1) � g(y2)) F (x; y2) � F (x; y1); for y1; y2 2 X:

It is clear that De�nition 1.5 reduces to De�nition 1.1 when g is the identity.

De�nition 1.6. An element (x; y) 2 X �X is called a coupled coincidence point
of mappings F : X �X ! X and g : X ! X if

F (x; y) = g(x); F (y; x) = g(y);

and is called a coupled common �xed of F and g, if

F (x; y) = g(x) = x; F (y; x) = g(y) = y:

The mappings F and g are said to commute if

g(F (x; y)) = F (g(x); g(y));

for all x; y 2 X.

De�nition 1.7. Let F : X �X ! X and g : X ! X. The mappings F and g are
said to commute if

g(F (x; y)) = F (g(x); g(y)); for all x; y 2 X:

The main result of [42] is the following.

Theorem 1.8. Let (X;�) be partially ordered set and (X; d) be a complete metric
space. Assume there exists a function ' : [0;1) ! [0;1) with '(t) < t and
lim
r!r+

'(r) < t for each t > 0 and also suppose that F : X�X ! X and g : X ! X

where X 6= ;. Suppose that F has the mixed g-monotone property and

(1.5) d(F (x; y); F (u; v)) � '

�
[d(g(x); g(u)) + d(g(y); g(v))]

2

�
for all x; y; u; v 2 X for which g(x) � g(u) and g(v) � g(y). Suppose F (X �X) �
g(X), where g is sequentially continuous and commutes with F and also suppose
either F is continuous or X has the following property:

(1.6) if a non-decreasing sequence fxng ! x; then xn � x; for all n;

(1.7) if a non-increasing sequence fyng ! y; then y � yn; for all n:

If there exist x0; y0 2 X such that g(x0) � F (x0; y0) and g(y0) � F (y0; x0), then
there exist x; y 2 X such that g(x) = F (x; y) and g(y) = F (y; x), that is, F and g
have a couple coincidence.

After Gnana-Bhaskar and Lakshmikantham [17] and Lakshmikantham and Ćiríc
[42] many remarkable papers published in this direction (see e.g. [7]-[10],[15, 19],
[20]-[22],[24]-[27],[35]-[38], [43]-[47],[49, 51],[53]-[56],[58, 59].)
Next we include necessary de�nitions and basic results on coupled �xed point

theory in the context of partial metric spaces. A partial metric is a function p :
X �X ! [0;1) satisfying the following conditions
(P1) If p(x; x) = p(x; y) = p(y; y), then x = y,
(P2) p(x; y) = p(y; x),
(P3) p(x; x) � p(x; y),
(P4) p(x; z) + p(y; y) � p(x; y) + p(y; z),
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for all x; y; z 2 X. Then (X; p) is called a partial metric space. If p is a partial
metric p on X, then the function dp : X �X ! [0;1) given by

dp(x; y) = 2p(x; y)� p(x; x)� p(y; y)
is a metric on X. Each partial metric p on X generates a T0 topology �p on
X with a base of the family of open p-balls fBp(x; ") : x 2 X; " > 0g, where
Bp(x; ") = fy 2 X : p(x; y) < p(x; x) + "g for all x 2 X and " > 0. Similarly,
a closed p-ball is de�ned as Bp[x; "] = fy 2 X : p(x; y) � p(x; x) + "g. For more
details see e.g. [5, 41].

De�nition 1.9 (See e.g. [41, 5, 32]). Let (X; p) be a partial metric space.
(i) A sequence fxng in X converges to x 2 X whenever lim

n!1
p(x; xn) = p(x; x),

(ii) A sequence fxng in X is called Cauchy whenever lim
n;m!1

p(xn; xm) exists

(and �nite),
(iii) (X; p) is said to be complete if every Cauchy sequence fxng in X converges,

with respect to �p, to a point x 2 X, that is, lim
n;m!1

p(xn; xm) = p(x; x).

(iv) A mapping f : X ! X is said to be continuous at x0 2 X if for each " > 0
there exists � > 0 such that f(B(x0; �)) � B(f(x0); ").

Lemma 1.10 (See e.g. [41, 5, 32, 1]). Let (X; p) be a partial metric space.
(a) A sequence fxng is Cauchy if and only if fxng is a Cauchy sequence in the

metric space (X; dp),
(b) (X; p) is complete if and only if the metric space (X; dp) is complete. More-

over,

(1.8) lim
n!1

dp(x; xn) = 0, lim
n!1

p(x; xn) = lim
n;m!1

p(xn; xm) = p(x; x):

Lemma 1.11. (See e.g. [1]) Let (X; p) be a partial metric space. Then
(A) If p(x; y) = 0 then x = y.
(B) If x 6= y, then p(x; y) > 0.

Remark 1.1. If x = y, p(x; y) may not be 0.

The triangle inequality (P4) yields the following result.

Lemma 1.12. (See [1]) Let xn ! z as n ! 1 in a partial metric space (X; p)
where p(z; z) = 0. Then lim

n!1
p(xn; y) = p(z; y) for every y 2 X.

Lemma 1.13. (See e.g. [34]) Let limn!1 p(xn; y) = p(y; y) and limn!1 p(xn; z) =
p(z; z). If p(y; y) = p(z; z) then y = z:

Remark 1.2. Limit of a sequence fxng in a partial metric space (X; p) is not
unique.

Example 1.14. Consider X = [0;1) with p(x; y) = maxfx; yg. Then (X; p)
is a partial metric space. Clearly, p is not a metric. Observe that the sequence
f1� 1

n+n2 g converges both for example to x = 3 and y = 5, so no uniqueness of the
limit.

Let (X; p) be a partial metric space. Note that the mappings �2 : X
2 �X2 !

[0;+1) de�ned by
�2(x;y) := maxfp(x1; y1); p(x2; y2)g;
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forms a partial metric on X2 where x = (x1; x2) and y = (y1; y2) 2 X2 where

X2 = X �X:

2. Existence of Coupled Fixed Points

We start this section with the following de�nition.

De�nition 2.1. [29] A function ' : [0;1) ! [0;1) is called an alternating dis-
tance function if the following properties are satis�ed:

(i) ' is monotone increasing and continuous,
(ii) '(t) = 0 if and only if t = 0.

The following theorem is our �rst main result.

Theorem 2.2. Let (X;�) be a partially ordered set and (X; p) be a complete partial
metric space and �;  are alternating distance functions. Let F : X �X ! X and
g : X ! X where X 6= ;. Suppose that F has the mixed g-monotone property and
(2.1)
 (maxfp(F (x; y); F (u; v)); p(F (y; x); F (v; u))g) �  (maxfp(g(x); g(u)); p(g(y); g(v))g)

��(maxfp(g(x); g(u)); p(g(y); g(v))g)

for all x; y; u; v 2 X for which g(x) � g(u) and g(v) � g(y). Suppose F (X �X) �
g(X), where g is continuous, and F and g are compatible mappings. Also suppose
either

(a) F is continuous or
(b) X has the following property:

(2.2) if a non-decreasing sequence fxng ! x; then xn � x; for all n � 0;

(2.3) if a non-increasing sequence fyng ! y; then y � yn; for all n � 0:

If there exist x0; y0 2 X such that g(x0) � F (x0; y0) and g(y0) � F (y0; x0), then
there exist x; y 2 X such that g(x) = F (x; y) and g(y) = F (y; x), that is, F and g
have a couple coincidence.

Proof. Let x0; y0 2 X such that gx0 � F (x0; y0) and gy0 � F (y0; x0). Since
F (X �X) � g(X), then we can choose x1; y1 2 X such that

(2.4) gx1 = F (x0; y0) and gy1 = F (y0; x0):

Again, from F (X�X) � g(X), continuing this process, we can construct sequences
fxng and fyng in X such that

(2.5) gxn+1 = F (xn; yn) and gyn+1 = F (yn; xn):

We shall show that

(2.6) gxn � gxn+1; gyn+1 � gyn:

We shall use the mathematical induction. Since, gx0 � F (x0; y0) and gy0 �
F (y0; x0) then by (2.4), we get

gx0 � gx1 and gy1 � gy0;
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that is (2.6) holds for n = 0.
We presume that (2.6) holds for some n > 0. As F has the mixed g-monotone
property and gxn � gxn+1 and gyn+1 � gyn, we obtain

gxn+1 = F (xn; yn) �F (xn+1; yn)
�F (xn+1; yn)
�F (xn+1; yn+1) = gxn+2;

gyn+2 = F (yn+1; xn+1) �F (yn+1; xn)
�F (yn; xn) = gyn+1;

Thus, (2.6) holds for any n 2 N. Assume for some n 2 N,
gxn = gxn+1; and gyn = gyn+1;

then, by (2.5), (xn; yn) is a coupled coincidence point of F and g. From now on,
assume for any n 2 N that at least
(2.7) gxn 6= gxn+1 or gyn 6= gyn+1:

Due to (2.1),(2.5) and (2.6), we have maxfp(gxn; gxn+1); p(gyn; gyn+1))g > 0: Set
�n = maxfp(gxn; gxn+1); p(gyn; gyn+1))g. Then consider

(2.8)
 (p(gxn; gxn+1)) =  (p(F (xn�1; yn�1); F (xn; yn))

�  (maxfp(gxn�1; gxn); p(gyn�1; gyn)g)
��(maxfp(gxn�1; gxn); p(gyn�1; gyn)g);

(2.9)
 (p(gyn; gyn+1)) =  (p(F (yn�1; xn�1); F (yn; xn))

�  (maxfp(gyn�1; gyn); p(gxn�1; gxn)g)
��(maxfp(gyn�1; gyn); p(gxn�1; gxn)g);

Using the monotone property (i) of � together with (2.8) and (2.9), we obtain that
(2.10)
 (maxfp(gxn; gxn+1); p(gyn; gyn+1)g) = maxf (p(gxn; gxn+1));  (p(gyn; gyn+1))g

�  (maxfp(gxn�1; gxn); p(gyn�1; gyn)g)
��(maxfp(gxn�1; gxn); p(gyn�1; gyn)g):

So (2.10) turns into

(2.11)
 (�n) �  (�n�1)� �(�n�1)

�  (�n�1):

By using the property of �, for all n � 0 we have
(2.12) �n � �n�1:

Thus, f�ng is a monotone decreasing sequence of non-negative real numbers. So,
there exists a � � 0 such that

(2.13) lim
n!1

�n = �:

Suppose � > 0: Letting n!1 in (2.10), then we get

 (�) �  (�)� �(�)
which is a contradiction. Thus � = 0, that is,

(2.14) lim
n!1

�n = 0:
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Hence, we have

lim
n!1

p(gxn+1; gxn) = 0;

lim
n!1

p(gyn+1; gyn) = 0:

By condition (P3), we have

p(g(xn); g(xn)) � p(g(xn); g(xn+1));

so letting n!1, we get

(2.15) lim
n!1

p(g(xn); g(xn)) = 0:

Analogously, we have

(2.16) lim
n!1

p(g(yn); g(yn)) = 0:

Now, we shall prove that fgxng and fgyng are Cauchy sequences. Suppose, to the
contrary, that at least one of fgxng and fgyng is not Cauchy. So, there exists an
" > 0 for which we can �nd subsequences fgxn(k)g of fgxng and fgyn(k)g of fgyng
with n(k) > m(k) � k such that

(2.17) tk = maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g � ":

Additionally, corresponding tom(k), we may choose n(k) such that it is the smallest
integer satisfying (2.17) and n(k) > m(k) � k. Thus,

(2.18) maxfp(gxn(k)�1; gxm(k)); p(gyn(k)�1; gym(k))g < ":

By using the triangle inequality and having (2.17), (2.18) in mind

(2.19)

" � tk = maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g
� maxfp(gxn(k); gxn(k)�1) + p(gxn(k)�1; gxm(k));

p(gyn(k); gyn(k)�1) + p(gyn(k)�1; gym(k))g
� maxfp(gxn(k); gxn(k)�1); p(gyn(k); gyn(k)�1)g+ "
� �n(k)�1 + ":

Letting k !1 in (2.19) and using (2.14)

(2.20) lim
k!1

tk = lim
k!1

maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g = ":

Set tk+1 = maxfp(gxn(k)+1; gxm(k)+1); p(gyn(k)+1; gym(k)+1)g: Again by the trian-
gle inequality,
(2.21)
tk = maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g

� maxfp(gxn(k); gxn(k)+1) + p(gxn(k)+1; gxm(k)+1) + p(gxm(k)+1; gxm(k))
p(gyn(k); gyn(k)+1) + p(gyn(k)+1; gym(k)+1) + p(gym(k)+1; gym(k))g

� maxfp(gxn(k); gxn(k)+1); p(gyn(k); gyn(k)+1)g
+maxfp(gxn(k)+1; gxm(k)+1); p(gyn(k)+1; gym(k)+1)g
+maxfp(gxm(k); gxm(k)+1); p(gym(k); gym(k)+1)g

� �n(k)+1 + tk+1 + �m(k)+1

analogously we have

(2.22) tk+1 � �n(k)+1 + tk + �m(k)+1:
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Letting n!1 in (2.21) and (2.22), we get that

(2.23)
limk!1 tk+1
= lim

k!1
maxfp(gxn(k)+1; gxm(k)+1); p(gyn(k)+1; gym(k)+1)g

= ":

Since n(k) > m(k), then

(2.24) gxn(k) � gxm(k) and gyn(k) � gym(k);

Hence using the property (i) of � with (2.1), (2.5) and (2.24), we have

(2.25)
 (p(gxn(k)+1; gxm(k)+1)) =  (p(F (xn(k); yn(k)); F (xm(k); ym(k))

�  
�
maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g

�
��

�
maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g

�
(2.26)

 (p(gyn(k)+1; gym(k)+1)) =  (p(F (yn(k); xn(k)); F (ym(k); xm(k)))
�  

�
maxfp(gyn(k); gym(k)); p(gxn(k); gxm(k))g

�
��

�
maxfp(gyn(k); gym(k)); p(gxn(k); gxm(k))g

�
From (2.25) and (2.26) and by using the monotone property of  , we get that

 (tk+1) =  (maxfp(gxn(k)+1; gxm(k)+1); p(gyn(k)+1; gym(k)+1)g)
= maxf (p(gxn(k)+1; gxm(k)+1));  (p(gyn(k)+1; gym(k)+1))g)
�  

�
maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g

�
� �

�
maxfp(gxn(k); gxm(k)); p(gyn(k); gym(k))g

�
=  (tk)� �(tk):

(2.27)

Letting k !1 and having in mind (2.27) we get

 (") �  (")� �(")
which is a contradiction. This shows that fgxng and fgyng are Cauchy sequences.
Thus, the sequences fg(xn)g and fg(yn)g are Cauchy in (g(X); p). By Lemma

1.10, fg(xn)g and fg(yn)g are also Cauchy in (X; dp). Again by Lemma 1.10,
(X; dp)) is complete. Thus, there exist x; y 2 X such that
(2.28)
lim
n!1

dp(x; g(xn)) = 0, p(x; x) = lim
n!1

p(x; g(xn)) = lim
n!1

p(g(xn); g(xn)) = 0;

(2.29)
lim
n!1

dp(y; g(yn)) = 0, p(y; y) = lim
n!1

p(y; g(yn)) = lim
n!1

p(g(yn); g(yn)) = 0:

Since X is complete, there exist x; y 2 X such that

(2.30) lim
n!1

gxn = x; lim
n!1

gyn = y:

From (2.5), (2.30) and using the continuity of g, we have

(2.31) gx = lim
n!1

g(gxn+1) = lim
n!1

g(F (xn; yn));

and

(2.32) gy = lim
n!1

g(gyn+1) = lim
n!1

g(F (yn; xn)):

Now we shall show that gx = F (x; y) and gy = F (y; x).
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Since F and g are compatible, in addition with (2.30), we have

(2.33) lim
n!1

p(g(F (xn; yn)); F (g(xn); g(yn))) = 0;

and

(2.34) lim
n!1

p(g(F (yn; xn)); F (g(yn); g(xn))) = 0:

Suppose that F is continuous.
For all n � 0, we have,
p(gx; F (gxn; gyn)) � p(gx; g(F (xn; yn)) + p(g(F (xn; yn)); F (gxn; gyn)):

Taking the limit as n ! 1; using (2.31), (2.33), (2.30) and the fact that F and g
are continuous, we have p(gx; F (x; y)) = 0:
Similarly, by using (2.32), (2.34), (2.30) and also the fact that F and g are

continuous, we have p(gy; F (y; x)) = 0 as n!1:
Thus we have proved that F and g have a coupled coincidence point.
Suppose now the assumption (b) holds. Since fgxng is non-decreasing and gxn !

x and also fgyng is non-increasing with gyn ! y, then by assumption (b) we have
for all n

(2.35) gxn � x; gyn � y;

Now we have

p(gx; F (x; y)) � p(gx; g(gxn+1)) + p(g(g(xn+1)); F (x; y)):

Taking the limit as n!1 in the inequality above, using (2.31), (2.33) and (2.35)
we have,

p(gx; F (x; y)) � lim
n!1

p(gx; g(gxn+1)) + lim
n!1

p(g(F (xn; yn)); F (gxn; gyn))

+ lim
n!1

p(F (gxn; gyn); F (x; y))(2.36)

� lim
n!1

p(F (gxn; gyn); F (x; y)):

Analogously we get that

p(gy; F (y; x)) � lim
n!1

p(F (gyn; gxn); F (y; x)):

By using the properties of  function

 (maxfp(gx; F (x; y)); p(gy; F (y; x))) � lim
n!1

 (maxfp(F (gxn; gyn); F (x; y)); p(F (gyn; gxn); F (y; x))g):

In view of (2.1), for all n � 0 we have ,

 (maxfp(F (gxn; gyn); F (x; y)); p(F (gyn; gxn); F (y; x))g)
� lim

n!1
 (maxfp(ggxn; gx); p(ggyn; gy)g)

� lim
n!1

� (maxfp(ggxn; gx); p(ggyn; gy)g)

�  
�
maxf lim

n!1
p(ggxn; gx); lim

n!1
p(ggyn; gy)g

�
��

�
maxf lim

n!1
p(ggxn; gx); lim

n!1
p(ggyn; gy)g

�
:

By (2.31) and (2.32),

 (maxfp(gx; F (x; y)); p(F (gyn; gxn); F (y; x))g) �  (0)� �(0):

166



10 E. KARAPINAR

Using the property of  , '-function we obtain,

p(gx; F (x; y)) � 0 and p(gy; F (y; x)) � 0

as n!1: That is
gx = F (x; y):

Analogously, by using (2.31), (2.32), (2.33) and (2.34) we obtain

gy = F (y; x):

Thus, we proved that F and g have a coupled coincidence point in X.
�

The following result is a consequence of Theorem 2.2.

Corollary 2.3. Let (X;�) be partially ordered set and (X; p) be a complete partial
metric space and �;  are alternating distance functions. Let F : X �X ! X be a
mapping. Suppose that F has the mixed monotone property and
(2.37)
 (maxfp(F (x; y); F (u; v)); p(F (y; x); F (v; u))g) �  (maxfp(x; u); p(y; v)g)

��(maxfp(x; u); p(y; v)g)

for all x; y; u; v 2 X for which x � u and v � y. Also suppose either

(a) F is continuous or
(b) X has the following property:

(2.38) if a non-decreasing sequence fxng ! x; then xn � x; for all n � 0;

(2.39) if a non-increasing sequence fyng ! y; then y � yn; for all n � 0:

If there exist x0; y0 2 X such that x0 � F (x0; y0) and y0 � F (y0; x0), then there
exist x; y 2 X such that x = F (x; y) and y = F (y; x), that is, F has a coupled �xed
point.

3. Uniqueness of Coupled Fixed Points

Let (X;�) be a partially ordered set. We endow X�X with the following order
�g where

(3.1) (u; v) �g (x; y), g(u) < g(x); g(y) � g(v); for all (x; y); (u; v) 2 X �X:

Moreover, (u; v) and (x; y) are called g-comparable if either (u; v) �g (x; y) or
(u; v) �g (x; y).In case g = IX we shortly say that (u; v) and (x; y) are comparable
and denote by (u; v) � (x; y). In this section, we shall prove the uniqueness of
coupled �xed points.

Theorem 3.1. In addition to the hypotheses of Theorem 2.2, assume that for all
non g-comparable points (x; y), (x�; y�) 2 X2, there exists (a; b) 2 X2 such that
(F (a; b); F (b; a)) is comparable to both (g(x); g(y)) and (g(x�); g(y�)). Then, F and
g have a unique coupled common �xed point, that is, there exists (u; v) 2 X2 such
that

u = g(u) = F (u; v) and v = g(v) = F (v; u):
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Proof. The set of coupled coincidence points of F and g is not empty due to The-
orem 2.2. If (x; y) is the only coupled coincidence point of F and g, then commu-
tativity of F and g implies that

g(g(x)) = g(F (x; y)) = F (g(x); g(y)) and g(g(y)) = g(F (y; x)) = F (g(y); g(x)):

Hence, (u; v) = (g(x); g(y)) is a coupled coincidence point of F and g and by
uniqueness we conclude that

F (x; y) = g(x) = x and F (y; x) = g(y) = y:

Now suppose that (x; y); (x�; y�) 2 X2 are two coupled coincidence points of F
and g. We show that g(x) = g(x�) and g(y) = g(y�). To this end we distinguish
the following two cases.
First case: (x; y) is g-comparable to (x�; y�) with respect to the ordering in X2,
where

F (x; y) = g(x); F (y; x) = g(y); F (x�; y�) = g(x�); F (y�; x�) = g(y�):

If p(g(x); g(x�)) = 0 = p(g(y�); g(y)) then the theorem follows. Suppose that either
p(g(x); g(x�)) 6= 0 or p(g(y�); g(y)) 6= 0. Without loss of the generality, we may
assume that

g(x) = F (x; y) < F (x�; y�) = g(x�); g(y) = F (y; x) � F (y�; x�) = g(y�):

By de�nition of �2 we have

0 < �2((g(x); g(y)); (g(x
�); g(y�))) = maxfp(g(x); g(x�)); p(g(y�); g(y))g

= maxfp(F (x; y); F (x�; y�)); p(F (y�; x�); F (y; x))g:
Due to 2.1, we have

 (maxfp(g(x); g(x�)); p(g(y�); g(y))g) =  (maxfp(F (x; y); F (x�; y�)); p(F (y�; x�); F (v; u))g)
�  (maxfp(g(x); g(x�)); p(g(y); g(y�))g)

��(maxfp(g(x); g(x�)); p(g(y); g(y�))g)
This is a contradiction due to the property of � and  . Therefore, we have
p(g(x); g(y)) = p(g(x�); g(y�)) = 0. Hence

g(x) = g(x�) and g(y) = g(y�):

Second case: (x; y) is not g-comparable to (x�; y�).
By the assumption, there exists (a; b) 2 X2 such that (F (a; b); F (b; a)) is compara-
ble to both (g(x); g(y)) and (g(x�); g(y�)). Then, we have

(3.2)
g(x) = F (x; y) < F (a; b) and F (x�; y�) = g(x�) < F (a; b);
g(y) = F (y; x) � F (b; a) and F (y�; x�) = g(y�) � F (b; a):

Setting x = x0; y = y0; a = a0; b = b0, and x� = x�0; y
� = y�0 as in the proof of

Theorem 2.2, we get

(3.3) g(xn+1) = F (xn; yn) and g(yn+1) = F (yn; xn) for all n = 0; 1; 2; � � � ;

(3.4) g(an+1) = F (an; bn) and g(bn+1) = F (bn; an) for all n = 0; 1; 2; � � �
and

(3.5) g(x�n+1) = F (x�n; y
�
n) and g(y�n+1) = F (y�n; x

�
n) for all n = 0; 1; 2; � � � :
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We have g(x) � g(a1) and g(b1) � g(y), since (F (x; y); F (y; x)) = (g(x); g(y)) =
(g(x1); g(y1)) is comparable with (F (a; b); F (b; a)) = (g(a1); g(b1)). By using that
F has the mixed g� monotone property, we observe that g(x) � g(an) and g(bn) �
g(y) for all n � 1.
Thus, by 2.1, we get that

(3.6)
 (maxfp(g(x); g(an+1)); p(g(y); g(bn+1))g) =  (maxfp(F (x; y); F (an; bn)); p(F (bn; an); F (y; x))g)

�  (maxfp(g(x); g(an)); p(g(y); g(bn))g)
��(maxfp(g(x); g(an)); p(g(y); g(bn))g):

Letting n!1 we conclude that

lim
n!1

maxfp(g(x); g(an+1)); p(g(y); g(bn+1))g = 0:

Analogously, we get that

lim
n!1

maxfp(g(x�); g(an+1)); p(g(y�); g(bn+1))g = 0:

By the triangle inequality, we have

p(g(x); g(x�)) � p(g(x); g(an+1)) + p(g(x
�); g(an+1))� p(g(an+1); g(an+1))

� p(g(x); g(an+1)) + p(g(x
�); g(an+1))! 0 as n!1;

p(g(y); g(y�)) � p(g(y); g(bn+1)) + p(g(y
�); g(bn+1))� p(g(bn+1); g(bn+1))

� p(g(y); g(bn+1)) + p(g(y
�); g(bn+1))! 0 as n!1:

Combining all the observations above, we get that p(g(x�); g(x)) = 0 and p(g(y�); g(y)) =
0. Therefore,

(3.7) g(x) = g(x�) and g(y) = g(y�):

In both of the cases above, we have shown that (3.7) holds. Now, let g(x) = u and
g(y) = v. By the commutativity of F and g and the fact that g(x) = F (x; y) and
F (y; x) = g(y), we have

(3.8) g(u) = g(g(x)) = g(F (x; y)) = F (g(x); g(y)) = F (u; v);

(3.9) g(v) = g(g(y)) = g(F (y; x)) = F (g(y); g(x)) = (Fv; u):

Thus, (u; v) is a coupled coincidence point of F and g. Set u = x� and v = y� in
(3.8), (3.9). Then, by (3.7) we have

u = g(x) = g(x�) = g(u) and v = g(y) = g(y�) = g(v):

From (3.8), (3.9) we get that

u = g(u) = F (u; v) and v = g(v) = F (v; u):

Hence, the pair (u; v) is a coupled common �xed point of F and g.
Finally, we prove the uniqueness of a coupled common �xed point of F . Actually,

if (z; w) is another coupled common �xed point of F and g, then

u = g(u) = g(z) = z and v = g(v) = g(w) = w

which follows from (3.7). �
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Corollary 3.2. In addition to the hypotheses of Theorem 2.2, assume that for
all non comparable points (x; y), (x�; y�) 2 X2, there exists (a; b) 2 X2 such that
(F (a; b); F (b; a)) is comparable to both (x; y) and (x�; y�). Then, F and g have a
unique coupled common �xed point, that is, there exists (u; v) 2 X2 such that

u = F (u; v) and v = F (v; u):

4. Examples

Example 4.1. Let X = [0;1) and p(x; y) = maxfx; yg. Set g : X ! X and
F : X �X ! X so that g(x) = x2 and F (x; y) = x2�y2

4 , respectively.
Then the operator F satis�es the mixed g-monotone property. Notice that

maxfp(g(x); g(u)); p(g(y); g(v))g = maxfmaxfx2; u2g;maxfy2; v2gg:

On the other hand,

maxfp(F (x; y); F (u; v)); p(F (y; x); F (v; u))g

= maxfmaxfx
2 � y2
8

;
u2 � v2
8

g;maxfy
2 � x2
8

;
v2 � u2
8

gg

where x � u and y � v: For  (t) = t2 and �(t) = t2

5 all conditions of Theorem 2.2
are satis�ed. Therefore Theorem 2.2 yields a coupled coincidence point. In fact,
(0; 0) is the couple coincidence point of F and g.

Example 4.2. Let X be a real line and p(x; y) = maxfx; yg. Suppose that F :
X �X ! X is de�ned as F (x; y) = 2x�2y

7 for x; y 2 X, respectively.
Then the operator F satis�es mixed monotone property.
Let x; y; u; v 2 X with x � u; y � v such that

(4.1) maxfp(x; u); p(y; v)g = maxfmaxfx; yg;maxfu; vgg:

On the other hand,

maxfp(F (x; y); F (u; v)); p(F (y; x); F (v; u))g(4.2)

= maxfmaxf2x� 2y
7

;
2u� 2v
7

g;maxf2y � 2x
7

;
2v � 2u
7

gg(4.3)

For the alternating distance function  (t) = t and �(t) = t
7 , all conditions of

Corollary 2.3 are satis�ed. Consequently, Corollary 2.3 yields a coupled �xed point.
Notice that (0; 0) is the coupled �xed point of F .

5. Applications

We start this section with the following de�nition.
By �, we denote the class of functions � : [0;1)! [0;1) satisfying
(a) � is Lebesgue integrable function on each compact subset of [0;1),

(b)
Z "

0

�(s)ds > 0 for any " > 0:

Corollary 5.1. Let (X;�) be partially ordered set and (X; p) be a complete partial
metric space. Assume that �;  are alternating distance functions. Let F : X�X !
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X and g : X ! X where X 6= ;. Suppose that F has the mixed g-monotone property
and
(5.1)Rmaxfp(F (x;y);F (u;v));p(F (y;x);F (v;u))g
0

 (s)ds �
Rmaxfp(g(x);g(u));p(g(y);g(v))g
0

 (s)ds

�
Rmaxfp(g(x);g(u));p(g(y);g(v))g
0

 (s)ds

where �;  2 �. Suppose that there exist x0; y0 2 X such that

gx0 � F (x0; y0); gy0 � F (y0; x0):

Assume that F is continuous. Then, F and g have a coupled coincidence point.

Proof. It is clear that the functions t!
R t
0
�(s)ds and t!

R t
0
 (s)ds are alternating

functions. �

Finally we give the following corollary.

Corollary 5.2. Let (X;�) be partially ordered set and (X; p) be a complete partial
metric space. Assume that �;  are alternating distance functions. Let F : X�X !
X where X 6= ;. Suppose that F has the mixed monotone property and
(5.2)Rmaxfp(F (x;y);F (u;v));p(F (y;x);F (v;u))g

0
 (s)ds �

Rmaxfp(x;u);p(y;v)g
0

 (s)ds

�
Rmaxfp(x;u);p(y;v)g
0

 (s)ds

where �;  2 �. Suppose that there exist x0; y0 2 X such that

x0 � F (x0; y0); y0 � F (y0; x0):

Assume that F is continuous. Then, F has a coupled �xed point.

Proof. It is clear that the functions t!
R t
0
�(s)ds and t!

R t
0
 (s)ds are alternating

functions. �
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FIXED POINT THEOREMS FOR GENERALIZED
CONTRACTIONS IN ORDERED UNIFORM SPACE

DURAN TÜRKO¼GLU AND DEMET B·INBAŞIO ¼GLU

Abstract. In this work, we use the order relation on uniform spaces which is
de�ned by [1] so we present some �xed point results for monotone operators in
ordered uniform spaces using a weak generalized contraction-type assumption.

1. Introduction

There exists considerable literature of �xed point theory dealing with results on
�xed or common �xed points in uniform space (e.g. [1,2,3,5,13,16,17,18]). But
the majority of these results are proved for contractive or contractive type map-
ping (notice from the cited references). Recently, Aamri and El Moutawakil [1]
have introduced the concept of E-distance function on uniform spaces and utilize
it to improve some well known results of the existing literature involving both E-
contractive or E- expansive mappings. Lately, I. Altun and M. Imdad [5] have
introduced a partial ordering on uniform spaces utilizing E- distance function and
have used the same to prove a �xed point theorem for single-valued non-decreasing
mappings on ordered uniform spaces. The Banach contraction principle is the most
celebrated �xed point theorem. Boyd and Wong [7] extended the Banach con-
traction principle to the case of nonlinear contraction mappings. Afterward many
authors obtained important �xed point theorems (cf. [1-18]). Recently Bhaskar
and Lakshmikantham [6], Nieto and Lopez [11,12]], Ran and Reurings [14] and
Agarwal, El-Gebeily and O�Regan [4] presented some new results for contractions
in partially ordered metric spaces.
In this work we use the order relation on uniform spaces which is de�ned by [5]

so we present some �xed point results for monotone operators in ordered uniform
spaces using a weak generalized contraction-type assumption.
Now, we mention some relevant de�nitions and properties from the foundation

of uniform spaces. We call a pair (X;#) to be a uniform space which consists
of a non-empty set X together with an uniformity # wherein the latter begins
with a special kind of �lter on X � X whose all elements contain the diagonal
� = f(x; x) : x 2 Xg: If V 2 # and (x; y) 2 V; (y; x) 2 V then x and y are said
to be V -close. Also a sequence fxng in X; is said to be a Cauchy sequence with
regard to uniformity # if for any V 2 #; there exists N � 1 such that xn and xm
are V -close for m;n � N: A uniformity # de�nes a unique topology � (#) on X for
which the neighborhoods of x 2 X are the sets V (x) = fy 2 X : (x; y) 2 V g when
V runs over #:

Key words and phrases. Fixed points, Ordered uniform spaces, Generalized contractions.
2010 AMS Math. Subject Classi�cation. [2000] Primary 54H25, Secondary 47H10.
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A uniform space (X;#) is said to be Hausdor¤ if and only if the intersection of
all the V 2 # reduces to diagonal � of X i.e. (x; y) 2 V for V 2 # implies x = y:
Notice that Hausdor¤ness of the topology induced by the uniformity guarantees
the uniqueness of limit of a sequence in uniform spaces. An element of uniformity
# is said to be symmetrical if V = V �1 = f(y; x) : (x; y) 2 V g: Since each V 2 #
contains a symmetrical W 2 # and if (x; y) 2W then x and y are both W and V -
close and then one may assume that each V 2 # is symmetrical. When topological
concepts are mentioned in the context of a uniform space (X;#) ; they are naturally
interpreted with respect to the topological space (X; � (#)) :

2. Preliminaries

We shall require the following de�nitions and lemmas in the sequel.

De�nition 2.1 ([1]). Let (X;#) be an uniform space. A function p : X �X ! R+
is said to be an E-distance if
(p1) For any V 2 # there exists � > 0 such that p(z; x) � � and p(z; y) � � for

some z 2 X; imply (x; y) 2 V;
(p2) p (x; y) � p (x; z) + p (z; y) ; 8x; y; z 2 X:

The following lemma embodies some useful properties of E-distance.

Lemma 2.2 ([1], [2]). Let (X;#) be a Hausdor¤ uniform space and p be an E-
distance on X: Let fxng and fyng be arbitrary sequences in X and f�ng; f�ng be
sequences in R+ converging to 0: Then, for x; y; z 2 X; the following holds:

(a) If p (xn; y) � �n and p (xn; z) � �n for all n 2 N; then y = z: In
particular, if p (x; y) = 0 and p (x; z) = 0; then y = z:

(b) If p (xn; yn) � �n and p (xn; z) � �n for all n 2 N; then fyng converges
to z:

(c) If p (xn; xm) � �n for all m > n; then fxng is a p�Cauchy sequence in
(X;#) :
Let (X;#) be an uniform space equipped with E-distance p: A sequence in X is

p-Cauchy if it satis�es the usual metric condition. There are several concepts of
completeness in this setting.

De�nition 2.3 ([1], [2]). Let (X;#) be an uniform space and p be an E-distance
on X: Then
(i) X said to be S-complete if for every p-Cauchy sequence fxng there exists

x 2 X with lim
n!1

p (xn; x) = 0;

(ii) X is said to be p-Cauchy complete if for every p-Cauchy sequence fxng
there exists x 2 X with lim

n!1
xn = x with respect to � (#) ;

(iii) f : X ! X is p-continuous if lim
n!1

p (xn; x) = 0 implies

lim
n!1

p (fxn; fx) = 0;

(iv) f : X ! X is � (#)-continuous if lim
n!1

xn = x with respect to � (#) implies

lim
n!1

fxn = fx with respect to � (#) :

Remark 2.1 ([1]). Let (X;#) be a Hausdor¤ uniform space and let fxng be a p-
Cauchy sequence. Suppose that X is S-complete, then there exists x 2 X such that
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lim
n!1

p (xn; x) = 0: Then Lemma 1 (b) gives that lim
n!1

xn = x with respect to the

topology � (#) which shows that S-completeness implies p-Cauchy completeness.

Lemma 2.4 ([4]). Let (X;#) be a Hausdor¤ uniform space, p be E-distance on X
and ' : X ! R: De�ne the relation " � " on X as follows;

x � y , x = y or p(x; y) � ' (x)� ' (y) :
Then " � " is a (partial) order on X induced by ':

De�nition 2.5. Let (X;#) be an uniform space, " � " is an order on X and
T : X ! X. T is non-decreasing if x; y 2 X; x � y implies T (x) � T (y) :

3. Main Results

Theorem 3.1. Let (X;#) be a uniform space, " � " is an order on X and sup-
pose there is an E�distance p on X such that (X; p) is a p�Cauchy complete
uniform space. Assume there is a non-decreasing function  : [0;1)! [0;1) with
lim
n!1

 n (t) = 0 for each t > 0 and also suppose T is a non-decreasing mapping with

p(T (x) ; T (y)) �  (p(x; y)) for all x � y:

Also suppose either
(i) T is continuous
or
(ii) if fxng � X is a non decreasing sequence with xn ! x in X then xn � x

for all n
hold. If there exists an x0 2 X with x0 � T (x0) then T has a �xed point.

Proof. Since  (t) < t for t > 0;  is non decreasing and suppose there exists t0 > 0
with t0 �  (t0) then  is non decreasing as t0 �  n(t0) for each n 2 f1; 2; :::g:
Also,  (0) = 0:
We take T (x0) = x0: In this case proof is completed. Therefore suppose
T (x0) 6= x0: Since x0 � T (x0) and T is non-decreasing we have
x0 � T (x0) � T 2(x0) � ::: � Tn(x0) � Tn+1(x0) � :::.
As x0 � T (x0); we have p(T 2 (x0) ; T (x0)) �  (p(T (x0); x0) and since
T (x0) � T 2(x0) we have
p(T 3 (x0) ; T

2 (x0)) �  (p(T 2(x0); T (x0)) �  2(p(T (x0); x0)):
Therefore, as use induction method,
p(Tn+1 (x0) ; T

n (x0)) �  n(p(T (x0); x0):
Now, let " > 0 be �xed. Take n 2 f1; 2; :::g so that
p(Tn+1 (x0) ; T

n (x0)) < "�  ("):
As Tn(x0) � Tn+1(x0); then we have
p(Tn+2 (x0) ; T

n (x0)) � p(Tn+2(x0); T
n+1(x0)) + (p(T

n+1(x0); T
n(x0))

�  (p(Tn+1(x0); T
n(x0))) + ["�  (")]

�  ("�  (")) + ["�  (")]
�  (") + ["�  (")]
= ":

Furthermore, since Tn(x0) � Tn+2(x0) we have
p(Tn+3 (x0) ; T

n (x0)) � p(Tn+3(x0); T
n+1(x0)) + (p(T

n+1(x0); T
n(x0))

�  (p(Tn+2(x0); T
n(x0))) + ["�  (")]

�  ("�  (")) + ["�  (")]
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= ":
Again, by use the induction method p(Tn+k (x0) ; Tn (x0)) � " for k 2 f1; 2; :::g:
This inequality implies that fTn(x0)g is a p�Cauchy sequence in X and also

that Tn(x0) � Tn+1(x0) so there exists a x 2 X with lim
n!1

Tn(x0) = x:

If (i) holds then clearly x = Tx: Now suppose (ii) holds. Assume
p (x; T (x)) = k < 0: Therefore since x = lim

n!1
Tn(x0) there exists np 2 f1; 2; :::g

with p (x; Tn(x0)) < k
2 for n � np: Since from (ii) that Tn(x0) � x; for n � np we

have
p(x; T (x)) � p(x; Tn+1(x0)) + (p(T (x); T

n+1(x0))
< k

2 +  (p(x; T
n(x0))) <

k
2 +  (

k
2 ) � k:

This is a contradiction and then T (x) = x: �

Theorem 3.2. Let (X;#) be a uniform space, " � " is an order on X and sup-
pose there is an E�distance p on X such that (X; p) is a p�Cauchy complete
uniform space. Assume there is a non decreasing function  : [0;1)! [0;1) with
lim
n!1

 n (t) = 0 for each t > 0 and also suppose T is a non-decreasing mapping with

p(T (x) ; T (y)) �  (maxfp(x; y) ; p(x; T (x)); p(y; T (y)); 1
2
[p (x; T (y))+p(y; T (x))g)

for all x � y:
Also suppose either

(i) T is continuous

or

(ii) if fxng � X is a non decreasing sequence with xn ! x in X then xn � x
for all n

hold. If there exists an x0 2 X with x0 � T (x0) then T has a �xed point.

Proof. Since x0 � T (x0) and T is non-decreasing we have
x0 � T (x0) � T 2(x0) � ::: � Tn(x0) � Tn+1(x0) � :::.
Now, we claim that
p
�
Tn+1 (x0) ; T

n (x0)
�
�  

�
p
�
Tn (x0) ; T

n�1 (x0)
��

...(1)
From (1) and Tn�1 (x0) � Tn(x0)
p(Tn+1 (x0) ; T

n (x0)) �  (maxfp(Tn(x0); Tn�1(x0)); p(Tn(x0); Tn+1(x0));
p(Tn�1(x0); T

n(x0));
1
2 [p(T

n(x0); T
n(x0)) + p(T

n�1(x0); T
n+1(x0))]g)

�  (�n)
Where
�n = maxfp

�
Tn (x0) ; T

n�1 (x0)
�
; p
�
Tn (x0) ; T

n+1 (x0)
�
;

1
2 [p(T

n(x0); T
n�1(x0)) + p(T

n(x0); T
n+1(x0))]g:

If �n = p
�
Tn (x0) ; T

n�1 (x0)
�
then (1) holds. If �n = p

�
Tn (x0) ; T

n+1 (x0)
�

then p
�
Tn (x0) ; T

n+1 (x0)
�
= 0 since if not

p
�
Tn (x0) ; T

n+1 (x0)
�
�  

�
p(Tn (x0) ; T

n+1 (x0))
�
< p

�
Tn (x0) ; T

n+1 (x0)
�
:

Therefore this is a contradiction. Thus p
�
Tn (x0) ; T

n+1 (x0)
�
= 0 and (1) is

immediate. Lastly assume �n = 1
2 [p(T

n(x0); T
n�1(x0)) + p(T

n(x0); T
n+1(x0))]:

If �n = 0 then p
�
Tn (x0) ; T

n+1 (x0)
�
= 0 and (1) is immediate.

If �n 6= 0 we have
p
�
Tn (x0) ; T

n+1 (x0)
�
�  ( 12 [p(T

n (x0) ; T
n�1 (x0)) + p(T

n (x0) ; T
n+1 (x0))])

< 1
2 [ p

�
Tn (x0) ; T

n�1 (x0)
�
+ p

�
Tn (x0) ; T

n+1(x0)
�
]
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and therefore
1
2p
�
Tn (x0) ; T

n+1 (x0)
�
< 1

2p
�
Tn (x0) ; T

n�1(x0)
�
:

Then as a result
�n =

1
2 [p(T

n(x0); T
n�1(x0)) + p(T

n(x0); T
n+1(x0))]

< 1
2p
�
Tn (x0) ; T

n�1 (x0)
�
+ 1

2p
�
Tn (x0) ; T

n�1(x0)
�

= p
�
Tn (x0) ; T

n�1 (x0)
�
;

this contradicts the de�nition of �n: That is (1) is true in all cases. Thus
p
�
Tn+1 (x0) ; T

n (x0)
�
�  n(p (T (x0) ; x0))

and so lim
n!1

p(Tn+1(x0); T
n (x0)) = 0: Let " > 0 be �xed. Take n 2 f1; 2; :::g so

that
p
�
Tn+1 (x0) ; T

n (x0)
�
< "�  (") :

Finally, from theorem 3.1,
p
�
Tn+2 (x0) ; T

n (x0)
�
� p

�
Tn+2 (x0) ; T

n+1 (x0)
�
+ ["�  (")] � " ...(2)

and
p
�
Tn+3 (x0) ; T

n (x0)
�
� p

�
Tn+3 (x0) ; T

n+1 (x0)
�
+ ["�  (")]

also from (1) we have
p
�
Tn+2 (x0) ; T

n+1 (x0)
�
�  (p

�
Tn+1 (x0) ; T

n(x0
�
)) �  (") ...(3).

Since from (2) and (3)
p
�
Tn+3 (x0) ; T

n (x0)
�
� ["�  (")] +  maxfp

�
Tn+2 (x0) ; T

n (x0)
�
;

p
�
Tn+1 (x0) ; T

n(x0
�
); p

�
Tn+3 (x0) ; T

n+2(x0
�
); 12 [p(T

n+2(x0); T
n+1(x0))+

p(Tn+3(x0); T
n(x0))])

� ["� (")]+ (maxf"; "� (") ;  2 (") ; 12 [ (")+p(T
n+3(x0); T

n(x0))])
� ["�  (")] +  (�n)

and thus from (1) and (3) we have
p
�
Tn+3 (x0) ; T

n+2 (x0)
�
�  

�
p
�
Tn+2 (x0) ; T

n+1 (x0)
��
�  2 (") ;

where �n = maxf"; 12 [ (") + p
�
Tn+3 (x0) ; T

n (x0)
�
]g:

If �n =
1
2 [ (") + p

�
Tn+3 (x0) ; T

n (x0)
�
] (here �n > 0), then

p
�
Tn+3 (x0) ; T

n (x0)
�
� ["�  (")] + 1

2 [ (") + p
�
Tn+3 (x0) ; T

n (x0)
�
]

therefore
1
2p
�
Tn+3 (x0) ; T

n (x0)
�
< ["�  (")] + 1

2 (") ;
and in conclusion
�n =

1
2 [ (") + p

�
Tn+3 (x0) ; T

n (x0)
�
] < 1

2 (") + f["�  (")] +
1
2 (")g = ":

This contradicts with the de�nition of �n: Consequently �n = " and so
p
�
Tn+3 (x0) ; T

n (x0)
�
� ["�  (")] +  (") = ": ...(4).

Finally notice that
p
�
Tn+4 (x0) ; T

n (x0)
�
� p

�
Tn+4 (x0) ; T

n+1 (x0)
�
+ ["�  (")]:

Furthermore
p
�
Tn+3 (x0) ; T

n+1 (x0)
�
�  (maxfp

�
Tn+2 (x0) ; T

n (x0)
�
;

p
�
Tn+1 (x0) ; T

n (x0)
�
; p
�
Tn+3 (x0) ; T

n+2 (x0)
�
;

1
2 [p
�
Tn+2 (x0) ; T

n+1 (x0)
�
+ p

�
Tn+3 (x0) ; T

n (x0)
�
]g)

�  (maxf"; "�  (") ;  2 (") ; 12 [[ (") + "]g)
as from (1) we have
p
�
Tn+3 (x0) ; T

n+2 (x0)
�
�  2(p(Tn+1 (x0) ; T

n (x0))) �  2 (") :

As a result p
�
Tn+3 (x0) ; T

n+1 (x0)
�
�  (") : ...(5).

So, (4) and (5)
p
�
Tn+4 (x0) ; T

n (x0)
�
� ["�  (")] + p

�
Tn+4 (x0) ; T

n+1 (x0)
�

� ["�  (")] +  (maxfp
�
Tn+3 (x0) ; T

n (x0)
�
;

179



6 D. TURKOGLU AND D. BINBASIOGLU

p
�
Tn+1 (x0) ; T

n (x0)
�
; p
�
Tn+4 (x0) ; T

n+3 (x0)
�
;

1
2 [p
�
Tn+3 (x0) ; T

n+1 (x0)
�
+ p

�
Tn+4 (x0) ; T

n (x0)
�
]g)

� ["�  (")] +  (maxf"; "�  (") ;  3 (") ; 12 [ (") + p
�
Tn+4 (x0) ; T

n (x0)
�
]g):

Since from (1) we have
p
�
Tn+4 (x0) ; T

n+3 (x0)
�
�  3(p

�
Tn+1 (x0) ; T

n (x0))
�
�  3 (") :

In conclusion
p
�
Tn+4 (x0) ; T

n (x0)
�
� ["�  (")] +  (kn) ;

kn = maxf"; 12 [ (") + p
�
Tn+4 (x0) ; T

n (x0)
�
]g:

Thus, see that kn = " and so,
p
�
Tn+4 (x0) ; T

n (x0)
�
� ["�  (")] +  (") = ": ...(6).

Similarly for k�f1; 2; :::g;
p
�
Tn+k�1 (x0) ; T

n+1 (x0)
�
�  (") and p

�
Tn+k (x0) ; T

n (x0)
�
� " ...(7).

Therefore fTn (x0)g is a p�Cauchy sequence in X; so there exists a x 2 X with
lim
n!1

Tn (x0) = x:

Since (i), x = T (x) : Assume (ii) holds and p (x; T (x)) = t > 0: Now since
x = lim

n!1
Tn (x0) there exists n0�f1; 2; :::g with p (x; Tn (x0)) < t

2 for n � n0: Since

from (ii) that Tn (x0) � x then for n � n0;
p (x; T (x)) � p

�
x; Tn+1 (x0)

�
+ p

�
T (x) ; Tn+1 (x0)

�
� p

�
x; Tn+1 (x0)

�
+  (maxfp (x; Tn (x0)) ;

p (x; T (x)) ; p
�
Tn+1 (x0) ; T

n (x0)
�
;

1
2 [p
�
x; Tn+1 (x0)

�
+ p (T (x) ; Tn (x0))]g):

Furthermore p (x; Tn (x0)) < t
2 � t = p (x; T (x)) ;

p
�
Tn+1(x0); T

n (x0)
�
� p (x; Tn (x0)) + p

�
x; Tn+1 (x0)

�
< t

2 +
t
2 = t;

and also
1
2 [p
�
x; Tn+1 (x0)

�
+ p (T (x) ; Tn (x0))]g) < 1

2 [
t
2 + p (x; T (x)) + p (x; T

n (x0))]

< 1
2 [
t
2 + t+

t
2 ] = t:

Consequently we have p (x; T (x)) � p
�
x; Tn+1 (x0)

�
+ (p (x; T (x))) for n � n0;

then letting n!1 yields p (x; T (x)) �  (p (x; T (x))) which is a contradiction.
Thus p (x; T (x)) = 0: �

Theorem 3.3. Let (X;#) be a uniform space, " � " is an order on X and suppose
there is an E�distance p on X such that (X; p) is a p�Cauchy complete uniform
space. Assume there is a � (#)�continuous function  : [0;1) ! [0;1) with
lim
n!1

 n (t) = 0 for each t > 0 and also suppose T is a non-decreasing mapping with

p(T (x) ; T (y)) �  (maxfp(x; y) ; p(x; T (x)); p(y; T (y))) for all x � y:

Also suppose either

(i) T is continuous

or

(ii) if fxng � X is a non decreasing sequence with xn ! x in X then xn � x
for all n

hold. If there exists an x0 2 X with x0 � T (x0) then T has a �xed point.

Proof. Let 
n = p
�
Tn+1 (x0) ; T

n (x0)
�
: Notice since Tn (x0) � Tn�1 (x0) that


n �  (maxfp
�
Tn (x0) ; T

n�1 (x0)
�
; p
�
Tn (x0) ; T

n+1 (x0)
�
;

p
�
Tn�1 (x0) ; T

n (x0)
�
g)

180



FIXED POINT THEOREMS IN ORDERED UNIFORM SPACE 7

=  
�
maxfp

�
Tn (x0) ; T

n�1 (x0)
�
; p
�
Tn+1 (x0) ; T

n (x0)
�
g
�

=  (maxf
n�1; 
ng):
We now show


n �  
�

n�1

�
: ...(8)

If maxf
n�1; 
ng = 
n�1 then above inequality is true, whereas if
maxf
n�1; 
ng = 
n then 
n �  (
n) and so 
n = 0; so (8) is immediate.

Therefore (8) holds. Now since 
n �  
�

n�1

�
� 
n�1 there exists 
 � 0 with


n # 
: Now 
n �  
�

n�1

�
together with the continuity of  implies 
 �  (
) so


 = 0: As a result

n = p

�
Tn+1 (x0) ; T

n (x0)
�
! 0 as n!1: ...(9)

Thus fTn (x0)g is a p�Cauchy sequence. ...(10)
Now, suppose (10) is false. Then we can �nd a � > 0 and two sequences of

integers fm (k)g; fl (k)g; m (k) > l (k) � k with
rk = p

�
T l(k) (x0) ; T

m(k) (x0)
�
� � for k 2 f1; 2; :::g: ...(11)

Also suppose
p
�
Tm(k)�1(x0

�
; T l(k)(x0)) < �; ...(12)

by choosing m (k) to be the smallest number exceeding l(k) for which (11) holds.
Now
� � rk � p

�
Tm(k)�1(x0); T

l(k)(x0)
�
+p

�
Tm(k) (x0) ; T

m(k)�1(x0
�
) < �+
m(k)�1;

so with this, (9) implies
lim
k!1

rk = �: ...(2.14)

Furthermore note that Tm(k) (x0) � T l(k) (x0) since m (k) > l (k)
� � rk � p

�
T l(k)+1 (x0) ; T

l(k) (x0)) + p
�
Tm(k)+1 (x0) ; T

m(k)(x0
��

+p
�
Tm(k)+1 (x0) ; T

l(k)+1(x0
�
)

= 
l(k) + 
m(k) + p
�
Tm(k)+1 (x0) ; T

l(k)+1(x0
�
)

� 
l(k) + 
m(k) +  (maxfp
�
Tm(k) (x0) ; T

l(k)(x0
�
);

p
�
Tm(k) (x0) ; T

m(k)+1(x0
�
); p

�
T l(k) (x0) ; T

l(k)+1(x0
�
)g

= 
l(k) + 
m(k) +  (rk; 
l(k); 
m(k)g)
and let k ! 1, since (9), (13) and  are continuous then � �  (�) : Thus

� = 0; which is a contradiction. As a result (10) holds, so there exists x 2 X with
lim
n!1

Tn (x0) = x:

If (i) holds then clearly x = T (x) : Now suppose (ii) holds. Since from (ii) that
Tn (x0) � x then
p (x; T (x)) � p

�
x; Tn+1 (x0)

�
+ p

�
T (x); Tn+1 (x0)

�
� p

�
x; Tn+1 (x0)

�
+  (maxfp (x; Tn (x0)) ;

p (x; T (x)) ; p
�
Tn+1(x0); T

n (x0)
�
g)

� p
�
x; Tn+1 (x0)

�
+  (maxfp (x; Tn (x0)) ; p (x; T (x)) ; 
ng)

and let n ! 1 since  is continuous then obtain p (x; T (x)) �  (p (x; T (x))) ;
so p (x; T (x)) = 0: �
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NONSTANDARD FINITE DIFFERENCE SCHEMES FOR
FUZZY DIFFERENTIAL EQUATIONS

DAMLA ARSLAN, MEVLUDE YAKIT ONGUN, AND ILKEM TURHAN

Abstract. In this paper, a method for numerical approximation of fuzzy �rst
order initial value problem is presented. We construct and develop nonstan-
dard scheme for fuzzy di¤erential equations. The scheme based on the non-
standard �nite di¤erence scheme is discussed. Examples are given, including
nonlinear fuzzy �rst order di¤erential equations.

1. INTRODUCTION

The theoretical framework of fuzzy di¤erential equations (FDEs) has been an
active research �eld over the last few years. Fuzzy di¤erential equations are used
in modelling problems in engineering and sciences. Namely in study of population
models [15], quantum optic, gravity [12], medicine [3] and [5]. After introducing
su¤cient conditions for the existence of unique solutions of these equations, nu-
merical methods for approximating these solutions were developed [1] and [19]. A
comprehensive approach to FDEs has been the work of Seikkala [24], especially in
its generalized form given by Buckley and Feuring [7]. Their work is important as it
overcomes the existence of multiple de�nitions of the derivative of fuzzy functions,
i.e.[11, 14, 19, 23, 24]. Moreover, in [7], a more general family of FDEs is faced
from an analytical point of view. The results of [24] on a certain category of FDEs
have inspired several authors who have applied numerical methods for the solution
of these equations. Other methods were discussed by Puri and Ralescu [23] and
Goetshchel and Voxman [14]. The use of fuzzy di¤erential equations are natural
way to model dynamical system under possibilistic uncertainty [25]. The concept
of di¤erential equations in a fuzzy environment was formulated by Kaleva [16]. The
last few years, several authors have produced a wide range of results in both the
theoretical and applied �elds [6, 10, 16, 17, 24].
The most important contribution on these numerical methods is the Euler method
provided by Ma [19]. Although this work is signi�cant, it has the disadvantage that,
when examining the convergence of their Euler method, the authors practically work
on the convergence of the ODEs system that occurs when solving numerically. The
authors of [2] develop runge kutta method for FDEs. However, their work shares
the same problems as [19] and concentrates exclusively on this methods [8]. Follow-
ing the results of, we apply nonstandard �nite di¤erence schemes for FDEs. The
paper is organized as follows:
In Section 2, we give all the theoretical background we need and present, in

sort terms, the theory of FDEs that is necessary for our goal. nonstandard �nite

Key words and phrases. Fuzzy di¤erential equations, nonstandard �nite di¤erence schemes,
fuzzy numbers, numerical solutions.

2010 AMS Math. Subject Classi�cation. 65L05, 65L12, 34A12.
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di¤erence schemes for solving FDEs are introduced in Section 3. The applications
of the proposed numerical schemes are illustrated in Section 4. The conclusions are
then given in the �nal part, Section 5.

2. SOME DEFINITONS AND THEOREM ABOUT FUZZY LOGIC

Firstly, we give some basic de�nitions and results. The solutions of FDEs are
fuzzy functions, whose values are fuzzy numbers, for which we follow the de�nition
of [4, 8, 20, 23].

De�nition 2.1. The membership function embodied the mathematical representa-
tion of membership in a set, and the notation used throughout this text for a fuzzy
set is a set symbol with a tilde underscore, say A , where the functional mapping is
given by;

�A : X ! [0; 1]

x 2 X and �A(x) =
�
1; x 2 A
0; x =2 A

and the symbol �A(x) is the degree of membership of element x in fuzzy set A.
Therefore, �A(x) is a value on the unit interval that measures the degree to which
element x belongs to fuzzy set A; equivalently, �A(x) is a degree to which x 2 A
and fuzzy set A is given by;

A = f(�A(x); x) : x 2 Xg

De�nition 2.2. A fuzzy number is a normalized fuzzy set A of R, for which the
following conditions hold:
i) �A is upper semi continuous,
ii) A is convex
iii) Sets fx 2 R; �A(x) = ag are compact for a 2 (0; 1].
We say that a fuzzy number is triangular if its membership function is a triangle
(see Fig. 2.1). The membership function of a triangular fuzzy number C can be
easily found if the interval [C1;C3] of its basis and the summit C2; are known. For
this reason, triangular fuzzy numbers are denoted by (C1;C2;; C3). The set of fuzzy
numbers is symbolized as F (R). Before de�ning FDEs, we summarize a few things
about them. And the other hand, we say that a fuzzy number is trapezoidal if its
membership function is a trapezoidal (see Fig. 2.2). The membership function of a
triangular fuzzy number C can be easily found if the interval [C1;C4] of its basis and
the summit C2; are known. For this reason, triangular fuzzy numbers are denoted
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by (C1=C2;; C3=C4). The set of fuzzy numbers are symbolized as F (R).

Figure 2.1:Triangular fuzzy numbers
;

Figure 2.2:Trapezoidal fuzzy numbers

De�nition 2.3. We begin by considering a fuzzy set A 2 F (R), then de�ne a
� � cut set, A�, where 0 � a � 1: The set A� is a crisp set called the � � cut (or
lambda (�)-cut) set of the fuzzy set A�;where

A� = fx 2 X : �A(x) � �g = [A�1 (x); A�2 (x)]
Note that the ��cut set A� does not have a tilde underscore; it is a crisp set derived
from its parent fuzzy set A�. Any particular fuzzy set A� can be transformed into an
in�nite number of ��cut sets, because there are an in�nite number of values � on
the interval [0; 1]. Any element x 2 A� belongs to A� with a grade of membership
that is greater than or equal to the value �.
Furthermore, we focus on fuzzy numbers with the property that for A 2 F (R) the
set fx 2 R : �A(x) > �g is bounded. This turns out to be a vital property when
applying numerical methods. The following proposition gives arithmetic operations
of fuzzy numbers in terms of their �-cuts.

De�nition 2.4. A fuzzy number u is a fuzzy subset of the real line with a normal,
convex and upper semi continuous membership function of bounded support. The
class of fuzzy numbers will be denoted by F (R). A fuzzy number u is completely
determined by any pair u(x;�)= [u1(x;�); u2(x;�)] and 0 � a � 1; which satisfy
the three conditions:
i) u1(x;�) is a bounded left continuous monotonic increasing function � 2 (0; 1];
ii) u2(x;�) is a bounded left continuous monotonic decreasing function � 2 (0; 1];
iii) u1(x;�) � u2(x;�); 0 � a � 1 [22].
A triangular fuzzy number U is defned by an ordered triple U = (U1; U2; U3) 2 F (R)
with U1 � U2 � U3 where the graph of U(x) is a triangular with base on the interval
[U1; U3] and vertex x = U2: N is always a closed, bounded interval [18] and [22]. If
U = (U1; U2; U3) then

U� = [U1 + �(U2 � U1); U3 � �(U3 � U2)]
for any 0 � a � 1:

Proposition 2.5. If P;Q 2 F (R) then for � 2 (0; 1]
[P +Q]� = [P

�
1 +Q

�
1 ; P

�
2 +Q

�
2 ]

[P:Q]� = [minfP�1 :Q�1 ; P�1 :Q�2 ; P�2 :Q�1 ; P�2 :Q�2 g;maxfP�1 :Q�1 ; P�1 :Q�2 ; P�2 :Q�1 ; P�2 :Q�2 g]
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Let P 2 F (R). If there exists a fuzzy numbere R such that P + R = Q then this
number is unique and it is called Hukuhara di¤erential of P;Q and is denoted by
Q� P [8, 23].
Let A; B two nonempty bounded subsets of R. The Hausdor¤ distance between A
and B is

dH(A;B) = max

�
sup
a2A

inf
b2B

ja� bj ; sup
b2B

inf
a2A

ja� bj
�
:

If ~P ; ~Q 2 F (R) the distance D between ~P and ~Q is de�ned as

D( ~P ; ~Q) = sup dH([ ~P ]a; [ ~Q]a)

De�nition 2.6. The supremum metric d1 on F (R) is de�ned by

d1 = supfdH([U ]�; [V ]�) : � 2 Ig

and (F (R); d1) is a complete metric space.

De�nition 2.7. Let U be an open interval in R. A fuzzy function f : R ! F (R)
is called to be Hukuhara di¤erentiable in x0 2 U if there exists f 0(x0) 2 F (R) such
that

lim
h!0+

d1

�
f(x0 + h)� f(x0)

h
; f 0(x0)

�
= 0

and

lim
h!0+

d1

�
f(x)� f(x0 � h)

h
; f 0(x0)

�
= 0

both exist and they are equal to f 0(x0) [8, 18, 23].
When this derivative exists, it is also written as

[f 0(x)]� = [(f
�
1 )

0(x); (f�2 )
0(x)]

Let (f�1 )
0,(f�2 )

0 also be continuous functions with reference to both x and � 2 (0; 1].
This property is called continuity condition. As we already mentioned in the intro-
duction, in [4] the following proposition is proved [8].

De�nition 2.8. The fuzzy integralZ b

a

y(t)dt; 0 � a � b � 1

is de�ned by "Z b

a

y(t)dt

#
�

=

"Z b

a

y�1 (t)dt;

Z b

a

y�2 (t)dt

#
provided the Lebesgue integrals on the right exist [18].

Remark 2.1. If f : I ! F (R) is Hukuhara di¤erentiable and its Hukuhara deriv-
ative f 0 is integrable over [0; 1], then

f(t) = f(t0) +

Z t

t0

f 0(s)ds

for all values of t0, t where 0 � t0 � t � 1 [18]:
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De�nition 2.9. A mapping y : I ! F (R) is called a fuzzy process. We denote

[y(t)]� = [y1(t); y2(t)]

The Seikkala derivative y0(t) of a fuzzy process y is de�ned by

[y0(t)]� = [y
0
1(t); y

0
2(t)]

provided the equation de�nes a fuzzy number y0(t) 2 F (R) [18]:

Remark 2.2. If y : R! F (R) is Seikkala di¤erentiable and its Seikkala derivative
y0 is integrable over [0; 1], then

y(t) = y(t0) +

Z t

t0

y0(s)ds

for all values of t0; t where t0; t 2 I [18].

De�nition 2.10. Consider the �rst-order fuzzy di¤erential equation y0 = f(t; y),
where y is a fuzzy function of t, f(t; y) is a fuzzy function of crisp variable t and
fuzzy variable y, and y0 is Hukuhara or Seikkala fuzzy derivative of y. If an initial
value y(t0) = y0 is given, a fuzzy cauchy problem of �rst-order will be obtained as
follows:

(2.1) y0(t) = f(t; y(t)); t0 � t � T; y(t0) = y0

Su¢ cient conditions for the existence of a unique solution to Eq. (2.1) are:
i) Continuity of f ,
ii) Lipschitz condition d1(f(t; x); f(t; y)) � L d1(f(t; x)); L > 0:
By theorem 5.2 in [9] we may replace Eq. (2.1) by equivalent system

(2.2) y0(t;�) = f(t; y;�) = (f1(y; t); f2(y; t)) = (F (t; y1; y2); G(t; y1; y2))

y(t0;�) = (y1;0; y2;0)

which possesses a unique solution (y1; y2) which is a fuzzy function, i.e. for each t,
the pair (y1(t); y2(t)) is a fuzzy number.
In some cases the system given by Eq. (2.2) can be solved analytically [13]. In
most cases, however analytically solutions may not be found and a numerical ap-
proach must be considered. Some numerical methods such as the fuzzy Euler method,
Adams�Bashforth, Adams�Moulton and predictor�corrector in FDE presented in
[4, 13, 18, 19].

3. NONSTANDART FINITE DIFFERENCE SCHEMES FOR FUZZY
DIFFERENTIAL EQUATIONS

A fuzzy di¤erential equation is

(3.1)
dy

dt
= f(y; t; �;�);

where � is n-parameter fuzzy vector. The simplest nonstandard �nite di¤erence
schemes are constructed by making the replacements [21, 22].

t! tk = (�t)k = hk; h = �t

y(t;�) = y(tk;�) = [yk]� = [y1;k; y2;k]

dy

dt
=

�
y1;k+1 � y1;k
�1(h; �1)

;
y2;k+1 � y2;k
�2(h; �2)

�
= [F (y1;k; y1;k+1; h; �1); G(y2;k; y2;k+1; h; �2)]
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where [�]� = [�1; �2] : The discrete derivate, on the left-side, is a generalization [22]
, where the denominator fuzzy function �(h; �;�) = [�1(h; �1); �2(h; �2)] has the
property

�(h; �;�) = h+O(h2):

Examples of fuzzy denominator functions �(h; �;�) that satisfy this condition are

�(h; �;�) =

8>>>>>>>><>>>>>>>>:

h
sin(h)
eh � 1
1� e�h
1�e�[�]�h

[�]�
...

4. NUMERICAL EXAMPLES

In this section, we show two examples. In example 4.2, the approximated solu-
tions are obtained by nonstandard �nite di¤erence schemes and runge-kutta method
are plotted in �gures. While doing this, we use di¤erent nonlocal terms.

Example 4.1. A fuzzy di¤erential equation is

y0(t) = �y2 + �y � 2; t 2 [0; 1]:
If we use nonlocal term following form

y(t;�)! [yk]�

y2(t;�)! [yk+1yk]�

we obtain
[yk+1]� � [yk]�

h
= �[yk+1yk]� + �[yk]� � 2

[yk+1]� =
[yk]�(1 + h�)� 2h

1� �[yk]�
;

where denominator functions are given by

h = �(h; �;�)

1 + �h+O(�2; h2) = e�h

h! e�h � 1
�

= �(h; �;�)

and we obtain,

[yk+1]� =
[yk]�(1 + �(h; �;�)�)� 2�(h; �;�)

1� �[yk]�
:

If we choose di¤erent nonlocal terms:

y(t;�)! [yk]�

y2(t;�)! [ykyk]�

we obtain,
[yk+1]� = �h[ykyk]� + [yk]�(1 + h�)� 2h

[yk+1]� = ��(h; �;�)[ykyk]� + [yk]�(1 + �(h; �;�)�)� 2�(h; �;�):
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A fuzzy di¤erential equations system is

x0(t;�) = �kyx� lx

(4.1) y0(t;�) = �kyx� x2y + ly:
For 0 < � � 1 , [k]� = [k1; k2], [l]� = [l1; l2], [yk]� = [y1;k; y2;k]; [xk]� = [x1;k; x2;k]
and y(0;�) = [0:1 + 0:1�; 0:3� 0:1�]; x(0;�) = [0:25 + 0:25�; 1� 0:5�].

Case 1 : If we use these non-local terms in �rst equation of system (4.1):

x(t;�)! [xk]�

y(t;�)! [yk+1]�

(xy)(t;�)! [xk+1yk]�

x2(t;�)! [xk+1xk]�

(x2y)(t;�)! [xk+1xkyk]�

we obtain,
[xk+1]� � [xk]�

h
= �k[xk+1yk]� � l[xk]�

and

(4.2) [xk+1]� =
[xk]�(1� hl)
(1 + kh[yk]�)

where denominator functions are given by

h! 1� e�lh
l

= �1(h; �;�):

We obtain

(4.3) [xk+1]� =
[xk]�(1� �1(h; �;�)l)
(1 + k�1(h; �;�)[yk]�)

:

And if we use these non-local terms in systems (4.1),

[yk+1]� � [yk]�
h

= �k[xk+1yk]� � [xk+1xkyk]� + l[yk+1]�

[yk+1]� =
[yk]� � hk[xk+1yk]� � h[xk+1xkyk]�

1� hl

(4.4) [yk+1]� =
[yk]� � �1(h; �;�)k[xk+1yk]� � �1(h; �;�)[xk+1xkyk]�

1� �1(h; �;�)l
For Case 1, nonstandard �nite di¤erence schemes(NFDS) solution and Runge Kutta(RK)
solution are,in turn, given by Table1 and Table 2 at t = 0:3; h = 0:1, k =
(0:6=1=1:6); l = (0:3=0:5=1).

� [x1; x2] [y1; y2]
0.0 .2244390804561129,.6576804535607970, .1032047926283471,.2234385872420912
0.2 .2644511153616336,.6177753344071575, .1226856257121523,.2222967264702617
0.4 .3026930617722152,.5731303484807911, .1413768549298307,.2185949011368412
0.6 .3391322669787342,.5233153290117534, .1591432957482870,.2122393855959653
0.8 .3737510387516800,.4679161611795227, .1758703848701428,.2031877997687871
1.0 .4065461856588474,.4065461856588474 .1914641809109783,.1914641809109783

Table 1: NFDS solotions of system (4.1) for Case 1
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� [x1; x2] [y1; y2]
0.0 .2343168288531087,.7787578518741462 .1028553497464426,.2007221062594857
0.2 .2775978932994965,.7164313414916264 .1220686035514132,.2050699613953046
0.4 .3194559435659985,.6513565295450350 .1403680147350854,.2061115756662631
0.6 .3598234574229595,.5831236878558108 .1575901611523887,.2036778273531992
0.8 .3986499888341699,.5113917939934632 .1735926541370104,.1977062976428317
1.0 .4359025487166450,.4359025487166450 .1882552928913357,.1882552928913357

Table 2: RK solutions of system (4.1)

Case 2 : Di¤erently from Case 1, if we use these non-local terms and solve
equation (4.1),

x(t;�)! [xk+1]�

y(t;�)! [yk+1]�

(xy)(t;�)! [xk+1yk]�

x2(t;�)! [xk+1xk]�

(x2y)(t;�)! [xk+1xkyk+1]�

we obtain denominator functions;

h! elh � 1
l

= �2(h; �;�)

where we obtain solutions which are:

(4.5) [xk+1]� =
[xk]�

1 + l�2(h; �;�) + k�2(h; �;�)[yk]�

(4.6) [yk+1]� =
��1(h; �;�)k[xk+1yk]� + [yk]�

1� �1(h; �;�)l + �1(h; �;�)[xk+1xk]�
For Case 2, the nonstandard �nite di¤erence schemes solution is given by Table 3
(for h = 0:1).

� [x1; x2] [y1; y2]
0.0 .2244393158463085,.6569254938899954 .1031864918521038,.2284538214265367
0.2 .2644514586359461,.6173650478446476 .1226641534499551,.2255197656126929
0.4 .3026932468309790,.5729268990826093 .1413627023789611,.2205176325002552
0.6 .3391314883571007,.5232258689257032 .1591566020343204,.2132772481277070
0.8 .3737475157108241,.4678828617416123 .1759435222624581,.2036730727685865
1. .4065365732029463,.4065365732029463 .1916440065194761,.1916440065194761

Table 3: NFDS solutions of system (4.1) for Case 2

Case 3 : Di¤erently from Case 1 and Case 2, we use non-local terms:

x(t;�)! [xk+1]�

y(t;�)! [yk]�

(xy)(t;�)! [xkyk]�

x2(t;�)! [xkxk]�

(x2y)(t;�)! [xkxkyk]�

where, we obtain solutions which are

(4.7) [xk+1]� =
[xk]� � �2(h; �;�)k[xkyk]�

1 + l�2(h; �;�)

(4.8) [yk+1]� = [yk]�(1 + �2(h; �;�)l � �2(h; �;�)k[xk]� � �2(h; �;�)[xkxk]�)
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For Case 3, the Nonstandard Finite Di¤erence Schemes solutions are given by Table
4 (for h = 0:1). Table 5 and Table 6, shows absolute of error for NFDS and RK
solutions. Figure 4.1 and Figure 4.2 are shown graphics for solutions (for h = 0:1)

� [x1; x2] [y1; y2]
0.0 .2242950684129496,.6489023869377528 .1029836421924408,.2030236835539285
0.2 .2641841716892893,.6108002084916311 .1222641336629243,.2071325318795353
0.4 .3022404186434742,.5678566555488764 .1406445396599407,.2078133420041893
0.6 .3384154454005998,.5195484899654308 .1579576426725296,.2049707387763659
0.8 .3726760677253374,.4654021103117395 .1740551115790624,.1986019750715187
1.0 .4050046958176773,.4050046958176773 .1888087250626280,.1888087250626280

Table 4: NFDS solutions of system (4.1) for Case 3

� Case 1 Case 2 Case 3
0.0 0.1309551469 0.1317098713 0.1398772257
0.2 0.1118027850 0.1122127284 0.1190448546
0.4 0.0949890628 0.0951923272 0.1007153990
0.6 0.0804995493 0.0805897880 0.0849832099
0.8 0.0683745828 0.0684114054 0.0719636048
1.0 0.0587127260 0.0587319510 0.0617957058

Table 5: For x absolute error jNFDS�RKj

� Case 1 Case 2 Case 3
0.0 0.0230659238 0.0280628573 0.0024298698
0.2 0.0178437872 0.0210453540 0.0022581006
0.4 0.0134921656 0.0154007445 0.0019782913
0.6 0.0101146927 0.0111658615 0.0016603929
0.8 0.0077592330 0.0083176434 0.0013581350
1.0 0.0064177760 0.0067774272 0.0011068644

Table 5: For y absolute error jNFDS�RKj

Figure 4.1: The results of x, for h=0.1 and t=0.3. Figure 4.2: The results of y, for h=0.1 and t=0.3.

5. CONCLUSION

In this paper, a new method has been presented for solving fuzzy di¤erential
equations. NFDS used di¤erent non-local terms, which provides high accuracy
compared to other methods.Two numerical methods based on fuzzy di¤erential
equations were compared: the Nonstandart Finite Di¤erence Schemes and the
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Runge Kutta method. We showed that our proposed Nonstandart Finite Di¤er-
ence Schemes, for di¤erent non-local terms, is more accurate and gives a better
approximation than the method presented in.
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DYNAMICAL ANALYSIS OF A RATIO DEPENDENT

HOLLING–TANNER TYPE PREDATOR–PREY MODEL WITH

DELAY

CANAN ÇELIK

Abstract. In this paper, a ratio dependent delayed predator-prey model with
Holling-Tanner type functional response is studied. The local stability of a

positive equilibrium and the existence of Hopf bifurcations are established.
By using the normal form theory and center manifold theorem, the explicit
algorithm determining the stability, direction of the bifurcating periodic solu-
tions are derived. Finally, numerical simulations for justifying the theoretical

analysis are also presented.

1. Introduction

In recent years, the dynamics properties of the predator-prey models which have
significant biological background have received much attention from many applied
mathematicians and ecologists. In order to incorporate various realistic physical
effects that may cause at least one of the physical variables to depend on the
past history of the system, it is often necessary to introduce time-delays into these
models. Many theoreticians and experimentalists concentrated on the stability of
predator-prey systems and, more specifically they investigated the stability of such
systems when time delays are incorporated into the models. Time delay may have
very complicated impact on the dynamical behavior of the system such as the
periodic structure, bifurcation, etc. For references see [1]-[8] and [10]-[38].

There have been many works which are devoted to the studies of dynamical be-
haviors for predator-prey systems with various functional responses. But, recently,
many researchers found that when predators have to search for food and, therefore,
have to share or compete for food, a more suitable general predator prey theory
should be based on the so-called ratio-dependent theory, which can be roughly
stated as that the per capita predator growth rate should be the so-called ratio de-
pendent functional response. So our aim in this paper is to investigate the following
delayed predator-prey system with Holling-Tanner type functional response

dN(t)

dt
= N(t)(1−N(t))− N(t)P (t− τ)

N(t) + αP (t− τ)

(1.1)

dP (t)

dt
= βP (t− τ)(δ − P (t− τ)

N(t)
)

where α, β and δ are positive constants, and N(t) and P (t) can be interpreted as
the densities of prey and predator populations at time t, respectively and τ ≥ 0

Key words and phrases. Predator-prey system, discrete delay, Hopf bifurcation, stability.
2010 AMS Math. Subject Classification. Primary:34K18, 34K20, 37D25; Secondary: 92D25.

1

194

J. APPLIED FUNCTIONAL ANALYSIS, VOL. 8, NO. 2, 194-213, COPYRIGHT 2013 EUDOXUS PRESS, LLC



2 C. ÇELIK

denotes the time delay for the predator density. In this model, prey density is logis-
tic with time delay and the carrying capacity proportional to predator density. In
many of the studies related to stability of predator prey models, authors consider
constant carrying capacity, however in this study, we focus on the carrying capac-
ity proportional to prey density (ratio-dependent) which shows really interesting
behavior in terms of dynamical structure.

The organization of this paper is as follows: In Section 2, we study the local
stability of the equilibrium point of the corresponding characteristic equation. In
Section 3, we illustrate the existence of Hopf bifurcation. The direction and stability
of Hopf bifurcation are investigated in Section 4. Finally in Section 5, numerical
simulations are performed to support our theoretical results.

2. Equilibrium and Local Stability Analysis

System (1.1) has a unique positive equilibrium point E∗
0 = (N∗

0 , P
∗
0 ) where

N∗
0 = 1+αδ−δ

1+αδ , P ∗
0 = δ( 1+αδ−δ1+αδ ). To analyze the local stability of the positive

equilibrium E∗
0 = (N∗

0 , P
∗
0 ),we first use the linear transformation n(t) = N(t)−N∗

0 ,
and p(t) = P (t)− P ∗

0 where n ≪ 1 and p ≪ 1 for which the system (1) turns out
to be

dn

dt
= (n(t) +N∗

0 )(1− n(t)−N∗
0 )−

(n(t) +N∗
0 )(p(t− τ) + P ∗

0 )

n(t) +N∗
0 + α(p(t− τ) + P ∗

0 )

(2.1)

dP

dt
= β(p(t− τ) + P ∗

0 )(δ −
p(t− τ) + P ∗

0

n(t) +N∗
0

)

and using relations N∗
0 (1 − N∗

0 ) −
N∗

0P
∗
0

N∗
0 +αP

∗
0

= 0 and βP ∗
0 (δ −

P∗
0

N∗
0
) = 0, ignoring

the higher order terms yield the following linear system

dn

dt
= (1− 2N∗

0 − P ∗
0

N∗
0 + αP ∗

0

+
P ∗
0N

∗
0

(N∗
0 + αP ∗

0 )
2
)n(t)

+(− N∗
0

N∗
0 + αP ∗

0

+
αP ∗

0N
∗
0

(N∗
0 + αP ∗

0 )
2
)p(t− τ)

(2.2)

dp

dt
= (βδ − 2

βP ∗
0

N∗
0

)p(t− τ) +
β(P ∗

0 )
2

(N∗
0 )

2
n(t)

whose associated characteristic equation is given by the transcendental equation

(2.3) λ2 −A1λ−A4λe
−λτ + (A1A4 −A2A3)e

−λτ = 0

where A1 = 1 − 2N∗
0 − P∗

0

N∗
0 +αP

∗
0
+

P∗
0N

∗
0

(N∗
0 +αP

∗
0 )2 , A2 = − N∗

0

N∗
0 +αP

∗
0
+

αP∗
0N

∗
0

(N∗
0 +αP

∗
0 )2 ,

A3 =
β(P∗

0 )2

(N∗
0 )

2 and A4 = βδ − 2
βP∗

0

N∗
0
. and

(2.4) λ2 −A1λ−A4λe
−λτ +A5e

−λτ = 0

where

A5 = A1A4 −A2A3.

When there is no delay, i.e., τ = 0, the corresponding characteristic equation (2.4)
reduces to

(2.5) λ2 − (A1 +A4)λ+A5 = 0
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Lemma 2.1. Suppose the following conditions hold;

i)αδ + 1 > δ

ii)δ(2 + αδ) < (1 + δβ)(1 + αδ)

then the positive equilibrium E∗
0 of the system (1.1) is locally asymptotically stable

in the absence of τ .

Proof. In the absence of τ , the corresponding characteristic equation takes the form,

λ2 − (trA)λ+ detA = 0

where trA = (A1 +A4), i.e.,

trA =
1

(1 + αδ)2
[δ(2 + αδ)− (1 + αδ)2(1 + βδ)]

and

detA = (1 + αδ)2(1 + βδ)− δ(2 + αδ).

Then it can be seen that under the conditions i) and ii), we obtain trA < 0 and
detA > 0. Hence the equilibrium point E∗

0 of the system (1.1), with τ = 0, is locally
asymptotically stable.

Now we shall consider the distribution of the roots of the transcendental equation
(2.4) since the stability of the point (0, 0) of linear system (2.2) depends on the
roots of the characteristic equation (2.4). By the continuous dependence of roots of
λ2 −A1λ−A4λe

−λτ +A5e
−λτ = 0 and the stability result for τ = 0, ∃τ0 > 0 such

that Reλ(τ) < 0 for τϵ [0, τ0). Since a loss of asymptotic stability of (N∗
0 , P

∗
0 ) will

arise when Reλ(τ) = 0, we shall examine whether there exists a τ∗ > 0 for which
Reλ(τ∗) = 0. i.e., we would like to know when equation (2.4) has purely imaginary
roots. In this section we first obtain the local stability conditions of the equilibrium
point.

Now suppose for τ = τ∗ and let λ = iw be a root of (2.4) with w real and without
loss of generality w > 0. Then w satisfies

(iw)2 −A1iw −A4iwe
−iwτ +A5e

−iwτ = 0

Separating real and imaginary parts, we obtain

A5 cos(wτ)−A4w sin(wτ) = w2

(2.6)

A5 sin(wτ) +A4w cos(wτ) = −A1w

that is equivalent to

w4 + (A2
1 −A2

4)w
2 −A2

5 = 0

Let w2 = z, p = A2
1 −A2

4 and q = −A2
5. Since lim

z→∞
g(z) = ∞ and q < 0, we

conclude the following result

(2.7) g(z) = z2 + pz + q = 0

Lemma 2.2. Since q < 0, the polynomial equation (2.7) has at least one positive
root.
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3. Existence of Hopf Bifurcation

By Lemma 2.2 and without loss of generality, we denote the positive root by z
and w =

√
z. Solving the equations (2.6) for τ , we obtain

cos(wτ) =
A5w

2 −A1A4w
2

A2
5 +A2

4w
2

,

sin(wτ) =
−A4w

3 −A1A5w

A2
5 +A2

4w
2

,

and

tan(wτ) = (
A4w

2 +A1A5

A1A4w −A5w
)

which leads to

(3.1) τk =
1

w
{arctan( A4w

2 +A1A5

A1A4w −A5w
) + 2kπ}

for k=0,1,2,3,...
Let λ(τ) = α(τ)+iw(τ) denote the root of (2.4) near τ = τk satisfying α(τk) = 0

and w(τk) = w1, k = 0, 1, 2.... Then we have the following result.

Lemma 3.1. Suppose g
′
(z1) ̸= 0, then the following transversality condition is

satisfied;

d(Reλ(τk))

dλ
> 0, k = 0, 1, 2, 3, ...

and g
′
(z1) and

dReλ(τk)

dτ
have the same sign.

Proof. Suppose that for τ = τk , let λ = iw be a root of (2.4) with w real and
without loss of generality w > 0. Differentiating the characteristic equation (2.4)
with respect to τ , we get

2λ
dλ

dτ
−A1

dλ

dτ
− [e−

λτ

(−dλ
dτ
τ − λ)](A4λ−A5)− e−

λτ

A4
dλ

dτ
= 0,

that is

(
dλ

dτ
)−1 =

A1 − 2λ

λ(A4λ−A5)e−
λτ − τ

λ
+

A4

λ(A4λ−A5)
.

Then for λ = iw,

Re(
dλ

dτ
)−1|λ=iw = Re[

A1 − 2iw

iw(A4iw −A5)e−
iλw − τ

iw
+

A4

iw(A4iw −A5)
]

= Re[
(A1 − 2iw)(cos(wτ) + sin(wτ)) +A4

iw(A4iw −A5)
]

= Re[
(2A5w

2 −A1A4w
2) cos(wτ)− (A1A5w + 2A4w

3) sin(wτ)−A2
4w

2

A2
4w

4 +A2
5w

2
]

and using the expressions for cos(wτ) and sin(wτ) above, we get

Re(
dλ

dτ
)−1|λ=iw = A2

4w
2(w4+(A2

1−A2
4)w

2−A2
5)+A

2
4w

6+(2A2
5+A

2
1A

2
4)w

4+A2
1A

2
5w

2
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Re(
dλ

dτ
)−1 = A2

4w
6 + (2A2

5 +A2
1A

2
4)w

4 +A2
1A

2
5w

2,

Re(
dλ

dτ
)−1 |λ=iw> 0.

Thus, lemma follows.

Summarizing the above results, we have the following theorem on stability and
Hopf bifurcation of the system (2.2).

Theorem 3.2. For the system (2,2), the following results hold,
i) If τϵ[0, τ0), then the equilibrium point (0, 0) of the system (2.2) is asymptoti-

cally stable,
ii) If g′(z1) ̸= 0, then the system (2.2) undergoes Hopf bifurcation at the equilib-

rium point (0, 0) when τ = τk, (k = 0, 1, 2...).

4. Direction and the stability of Hopf Bifurcation

In this section we shall determine the direction of Hopf bifurcation and the
stability of the bifurcating periodic solutions by applying the normal form theory
and the center manifold theorem by Hassard et al. [9].

Throughout this section, we assume that the system (1.1) undergoes Hopf bifur-
cations at the positive equilibrium (N∗

0 , P
∗
0 ) at τ = τk and iw1 is the corresponding

purely imaginary root of the characteristic equation at the positive equilibrium
(N∗

0 , P
∗
0 ). For the sake of simplicity, we use the notation iw for iw1.

We first consider the system (1.1) by the transformation

x1 = N −N∗
0 , x2 = P − P ∗

0 , t =
t

τ
, τ = τk + µ

which is equivalent to the following Functional Differential Equation(FDE) sys-
tem in C = C([−1, 0], R2)

(4.1) ẋ(t) = Lµ(xt) + f(µ, xt)

where x(t) = (x1(t), x2(t))
T ϵR2, and Lµ : C → R2, f : R × C →R2 are given

respectively, by

Lµ(xt) = (τk + µ)

[
A1 0
A3 0

] [
ϕ1(0)
ϕ2(0)

]

+(τk + µ)

[
0 A2

0 A4

] [
ϕ1(−1)
ϕ2(−1)

]
and

f(µ, ϕ) = (τk + µ)

[
f11
f12

]
where
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f11 = −ϕ21(0)−
ϕ2(−1)ϕ1(0)

N∗ + αP ∗ +
P ∗ϕ21(0) +N∗ϕ2(−1)ϕ1(0)

(N∗ + αP ∗)2

+
αP ∗ϕ2(−1)ϕ1(0) + αN∗ϕ22(−1)

(N∗ + αP ∗)2

−P
∗N∗ϕ21(0) + 2αP ∗N∗ϕ2(−1)ϕ1(0) + α2P ∗N∗ϕ22(−1)

(N∗ + αP ∗)3

and

f12 = −βϕ
2
2(−1)

N∗ +
2βP ∗ϕ2(−1)ϕ1(0)

(N∗)2
− β(P ∗)2ϕ21(0)

(N∗)2

where ϕ = (ϕ1, ϕ2) ϵC.
By Riesz representation theorem, there exists a function η(θ, µ) of bounded vari-

ation for θϵ[−1, 0], such that

Lµϕ =

∫ 0

−1

dη(θ, 0)ϕ(θ) for ϕϵC.

Indeed we may take

η(θ, µ) = (τk + µ)

[
A1 0
A3 0

]
δ(θ)

+(τk + µ)

[
0 A2

0 A4

]
δ(θ + 1)

where δ is the Dirac delta function. For ϕϵC1([−1, 0],R2), define

A(µ)ϕ =

{
dϕ(θ)
dθ , θϵ[−1, 0)∫ 0

−1
dη(µ, s)ϕ(s), θ = 0.

and

R(µ)ϕ =

{
0, θϵ[−1, 0)

f(µ, ϕ), θ = 0.

Then the system (4.1) is equivalent to

x′(t) = A(µ)xt +R(µ)xt

where xt(θ) = x(t+ θ) for θϵ [−1, 0) .For ψϵC1([−1, 0], (R2)∗), define

A∗ψ(s) =

{
−dψ(s)

ds , sϵ(0, 1]∫ 0

−1
dηT (t, 0)ψ(−t), s = 0.

and a bilinear inner product

(4.2) ⟨ψ(s), ϕ(θ)⟩ = ψ̄(0)ϕ(0)−
∫ 0

−1

∫ θ

ξ=0

ψ̄(ξ − θ)dη(θ)ϕ(ξ)dξ,

where η(θ) = η(θ, 0). Then A(0) and A∗ are adjoint operators. Suppose that
q(θ) and q∗(s) are eigenvectors of A and A∗ corresponding to iwτk and −iwτk,
respectively. Then suppose that q(θ) = (1, α)T eiωτkθ is the eigenvector of A(0)
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corresponding to iwτk, then A(0)q(θ) = iwτkq(θ). It follows from the definition of
A(0), Lµϕ and η(θ, µ) that

τk

[
A1 + iw A3

A2e
iwτk A4e

iwτk + iw

]
q(0) =

[
0
0

]
.

Then we can easily get

q(θ) = (1, α)T eiwτkθ. = q(0)eiwτkθ

and similarly by definition of A∗,

τk

[
A1 − iw A2e

−iwτk

A3 A4e
−iwτk − iw

]
q∗(0) =

[
0
0

]
.

and

q∗(θ) = D(α∗, 1)T eiwτkθ. = q∗(0)eiwτkθ.

To satisfy that ⟨q∗(s), q(θ)⟩ = 1, we evaluate the value of D. By the definition of
the bilinear inner product

⟨q∗(θ), q(θ)⟩ = D(α∗, 1)(1, α)T −
0∫

−1

θ∫
ξ=0

D(α∗, 1)eiwτk(ξ−θ)dη(θ)(1, α)T eiwτkξdξ

= D

α+ α∗ −
0∫

−1

(α∗, 1)eiwτkθθdη(θ)(1, α)T


= D

{
α+ α∗ + τke

−iwτk(A4α
∗ +A3)

}
Thus we can choose D as

D =
1

α+ α∗ + τke−iwτk(A4α
∗ +A3)

such that ⟨q∗(s), q(θ)⟩ = 1 and ⟨q∗(s), q(θ)⟩ = 0
In the following part, we use the theory by Hassard et al. [9] to compute the

coordinates describing center manifold C0 at µ = 0.
Define

(4.3) z(t) = ⟨q∗, xt⟩ , W (t, θ) = xt − 2Re z(t)q(θ)

On the center manifold C0 , we have

W (t, θ) =W (z(t), z(t), θ) =W20(θ)
z2

2
+W11(θ)zz +W02(θ)

z2

2
+ ...

where z and z are local coordinates for centermanifold C0 in the direction of q
and q∗. Note that W is real if xt is real. We consider only real solutions. For the
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solution xtϵC0, since µ = 0 and (4.1), we have

z′ = iwτkz + ⟨q∗(θ), f(0,W (z, z, θ) + 2Re zq(θ))⟩

= iwτkz + q∗(0)f(0,W (z, z, 0) + 2Re zq(0))

def
= iwτkz + q∗(0)f0(z, z)

= iwτkz + g(z, z)

where

(4.4) g(z, z) = q∗(θ)f0(z, z) = g20
z2

2
+ g11zz + g02

z2

2
+ g21

z2z

2
+ ...

By using (4.3), we have xt(x1t(θ), x2t(θ)) =W (t, θ) + zq(θ) + zq(θ) and q(θ) =
(1, α)T eiwτkθ, and then

x1t(0) = z + z +W
(1)
20 (0)

z2

2
+W

(1)
11 (0)zz +W

(1)
02 (0)

z2

2
+O(|z, z|3),

x2t(0) = zα+ zα+W
(2)
20 (0)

z2

2
+W

(2)
11 (0)zz +W

(2)
02 (0)

z2

2
+O(|z, z|3),

x1t(−1) = ze−iwτkθ + zeiwτkθ +W
(1)
20 (−1)

z2

2
+W

(1)
11 (−1)zz +W

(1)
02 (−1)

z2

2
+O(|z, z|3),

x2t(−1) = zαe−iwτkθ + zαeiwτkθ +W
(2)
20 (−1)

z2

2
+W 2

11(−1)zz +W
(2)
02 (−1)

z2

2
+O(|z, z|3),

From the definition of f(µ, xt),we have

g(z, z) = q∗(0)f0(z, z) = Dτk(α
∗, 1)

[
f011
f012

]
where

f011 = −x21t(0)−
x2t(−1)x1t(0)

N∗ + αP ∗ +
P ∗x21t(0) +N∗x2t(−1)x1t(0)

(N∗ + αP ∗)2

+
αP ∗x2t(−1)x1t(0) + αN∗x22t(−1)

(N∗ + αP ∗)2

−P
∗N∗x21t(0) + 2αP ∗N∗x2t(−1)x1t(0) + α2P ∗N∗x22t(−1)

(N∗ + αP ∗)3
,

and

f012 = −βx
2
2t(−1)

N∗ +
2βP ∗x2t(−1)x1t(0)

(N∗)2
− β(P ∗)2x21t(0)

(N∗)2
.
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Thus

g(z, z) = Dτk[α
∗(−x21t(0)−

x2t(−1)x1t(0)

(N∗ + αP ∗)

+
P ∗x21t(0) +N∗x2t(−1)x1t(0)

(N∗ + αP ∗)2

+
αP ∗x2t(−1)x1t(0) + αN∗x22t(−1)

(N∗ + αP ∗)2

−P
∗N∗x21t(0) + 2αP ∗N∗x2t(−1)x1t(0)

(N∗ + αP ∗)3

−α
2P ∗N∗x22t(−1)

(N∗ + αP ∗)3
− βx22t(−1)

N∗ +
2βP ∗N∗x2t(−1)x1t(0)

(N∗)2

− (P ∗)2x21t(0)

(N∗)2
] +O(|(z, z)|3)

By comparing the coefficients with (4.4), we get

g20 = 2Dτk[−α∗e−2iwτkθ − α∗αe−iwτkθ

(N∗ + αP ∗)

+
α∗P ∗e−2iwτkθ + α∗αN∗e−iwτkθ

(N∗ + αP ∗)2

+
α∗α2P ∗e−iwτkθ + α∗α2N∗

(N∗ + αP ∗)2
− α∗N∗P ∗e−2iwτkθ

(N∗ + αP ∗)3

−2α∗α2N∗P ∗e−iwτkθα∗α2N∗P ∗

(N∗ + αP ∗)3

−βα
2

N∗ +
2βαP ∗e−iwτkθ − 2β(P ∗)2e−2iwτkθ

(N∗)2
]

g11 = Dτk[−α∗2αα− α∗αeiwτkθ + α∗αe−iwτkθ

(N∗ + αP ∗)

+
2α∗P ∗ + α∗αN∗eiwτkθ + α∗αN∗e−iwτkθ

(N∗ + αP ∗)2

+
α∗α2P ∗eiwτkθ + α∗ααP ∗e−iwτkθ + 2α∗α2αN∗

(N∗ + αP ∗)2

−2α∗N∗P ∗ + 2α∗α2N∗P ∗eiwτkθ

(N∗ + αP ∗)3

−2α∗ααN∗P ∗e−iwτkθ + 2α∗α2αN∗P ∗

(N∗ + αP ∗)3

−2βαα

N∗ +
2βαP ∗eiwτkθ + 2βαP ∗e−iwτkθ − 2β(P ∗)2

(N∗)2
]
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g02 = 2Dτk[−α∗e2iwτkθ − α∗αeiwτkθ

(N∗ + αP ∗)

+
α∗P ∗e2iwτkθ + α∗αN∗eiwτkθ + α∗ααP ∗eiwτkθ + α∗αα2N∗

(N∗ + αP ∗)2

−α
∗N∗P ∗e2iwτkθ + 2α∗ααN∗P ∗eiwτkθ + α∗α2α2N∗P ∗

(N∗ + αP ∗)3

−βα
2

N∗ +
2βαP ∗eiwτkθ − β(P ∗)2e2iwτkθ

(N∗)2
]

g21 = 2Dτk[−α∗(W
(1)
20 (−1)eiwτkθ + 2W

(1)
11 (−1)e−iwτkθ)

−
α∗(W

(2)
11 (0)e−iwτkθ +W

(1)
11 (−1)α+

W
(2)
20 (0)eiwτkθ

2 +
W

(1)
20 (−1)α

2 )

(N∗ + αP ∗)

+
α∗P ∗(W

(1)
20 (−1)eiwτkθ + 2W

(1)
11 (−1)e−iwτkθ)+

(N∗ + αP ∗)2

+
α∗N∗(W

(2)
11 (0)e−iwτkθ +W

(1)
11 (−1)α+

W
(2)
20 (0)eiwτkθ

2 +
W

(1)
20 (−1)α

2 )

(N∗ + αP ∗)2

+
α∗αP ∗(W

(2)
11 (0)e−iwτkθ +W

(1)
11 (−1)α+

W
(2)
20 (0)eiwτkθ

2 +
W

(1)
20 (−1)α

2 )

(N∗ + αP ∗)2

+
α∗αN∗(W

(2)
20 (0)α+ 2W

(2)
11 (0)α)

(N∗ + αP ∗)2

−α
∗N∗P ∗(W

(1)
20 (−1)eiwτkθ + 2W

(1)
11 (−1)e−iwτkθ)

(N∗ + αP ∗)3

−
2α∗αN∗P ∗(W

(2)
11 (0)e−iwτkθ +W

(1)
11 (−1)α+

W
(2)
20 (0)eiwτkθ

2 +
W

(1)
20 (−1)α

2 )

(N∗ + αP ∗)3

−α
∗α2N∗P ∗(W

(2)
20 (0)α+ 2W

(2)
11 (0)α)

(N∗ + αP ∗)3
− β(W

(2)
20 (0)α+ 2W

(2)
11 (0)α)

N∗

+
2βαP ∗(W

(2)
11 (0)e−iwτkθ +W

(1)
11 (−1)α+

W
(2)
20 (0)eiwτkθ

2 +
W

(1)
20 (−1)α

2 )

(N∗)2

−β(P
∗)2(W

(1)
20 (−1)eiwτkθ + 2W

(1)
11 (−1)e−iwτkθ)

(N∗)2

To determine g21, we need to compute W20(θ) and W11(θ). By (4.1) and (4.4),
we have
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W ′ = x′t − z′q − z′q(4.5)

=

{
AW − 2Re(q∗(0)f0q(θ)), θϵ[−1, 0)
AW − 2Re(q∗(0)f0q(θ)) + f0, θ = 0

def
= AW +H(z, z, θ).

where

(4.6) H(z, z, θ) = H20(θ)
z2

2
+H11(θ)zz +H02(θ)

z2

2
+ ...

Note that on the center manifold C0 near to the origin,

(4.7) Ẇ =Wz ż +Wz̄ z̄.

Thus we obtain,

(4.8) (A− 2iwτk)W20(θ) = −H20(θ), AW11(θ) = −H11(θ).

By using (4.3), for θϵ[−1, 0),

(4.9) H(z.z̄, θ) = q̄∗(0)f0q(θ)− q∗(0)f0(0)q̄(θ) = −gq(θ)− ḡq̄(θ).

Comparing the coefficients with (4.6), we obtain the following

(4.10) H20(θ) = −g20q(θ)− ḡ02q̄(θ), H11(θ) = −g11q(θ)− ḡ11q̄(θ).

From (4.8) and (4.10) and the definition of A, we get

Ẇ20(θ) = 2iwτkW20(θ)− g20q(θ)− ḡ02q̄(θ).

Noticing q(θ) = q(0)eiwτkθ, we have

(4.11) W20(θ) =
ig20
τkw

q(0)eiwτkθ +
iḡ02
3τkw

q̄(0)e−iwτkθ + E1e
wkθ,

where E1 = (E
(1)
1 , E

(2)
1 )ϵR2 is a constant vector. Similarly, we have

(4.12) W11(θ) = − ig11
τkw

q(0)eiwτkθ +
iḡ11
τkw

q̄(0)e−iwτkθ + E2,

where E2 = (E
(1)
2 , E

(2)
2 )ϵR2 is a constant vector. Now we will try to find E1 and

E2. From the definition of A and (4.8), we obtain
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(4.13)

0∫
−1

dη(θ)W20(θ) = 2iwτkW20(0)−H20(0),

and

(4.14)

0∫
−1

dη(θ)W11(θ) = −H11(0),

where dη(θ) = η(θ, 0).
By (4.8) and (4.9), we have

H20(0) = −g20q(0)− g02q(0)

+2τk


−e2iwτkθ − αe−iwτkθ

(N∗+αP∗)

+P∗e−2iwτkθ+αN∗e−iwτkθ+α2P∗e−iwτkθ+α2N∗

(N∗+αP∗)2

−N∗P∗e−2iwτkθ+2α2N∗P∗e−iwτkθα2N∗P∗

(N∗+αP∗)3

2βαP∗e−iwτkθ−2β(P∗)2e−2iwτkθ

(N∗)2

(4.15)

and

H11(θ) = −g11q(0)− g11q(0)

+2τk



−2Reα− αeiwτkθ+α∗αe−iwτkθ

(N∗+αP∗)

+ 2P∗+αN∗eiwτkθ+αN∗e−iwτkθ

(N∗+αP∗)2 + α2P∗eiwτkθ

(N∗+αP∗)2

+ααP∗e−iwτkθ+2ReαN∗

(N∗+αP∗)2 − 2N∗P∗+2α2N∗P∗eiwτkθ

(N∗+αP∗)3

− 2ReN∗P∗e−iwτkθ+2ReN∗P∗

(N∗+αP∗)3

−2βαα
N∗ + 2βαP∗eiwτkθ+2βαP∗e−iwτkθ−2β(P∗)2

(N∗)2


(4.16)

Substituting (4.13) and (4.15) and noticing that

iwτkI − 0∫
−1

eiwτkθdη(θ)

 q(0) = 0

−iwτkI −
0∫

−1

e−iwτkθdη(θ)

 q(0) = 0,
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we obtain

2iwτkI −
0∫

−1

e2iwτkθdη(θ)

E1 = 2τk



−e2iwτkθ − αe−iwτkθ

(N∗+αP∗)

+P∗e−2iwτkθ+αN∗e−iwτkθ

(N∗+αP∗)2

α2P∗e−iwτkθ+α2N∗

(N∗+αP∗)2

−N∗P∗e−2iwτkθ+2α2N∗P∗e−iwτkθα2N∗P∗

(N∗+αP∗)3

2βαP∗e−iwτkθ−2β(P∗)2e−2iwτkθ

(N∗)2


which is

[
2iw −A1 −A2e

−iwτk

A3 −A4e
−iwτk + 2iw

]
E1 = 2



−e2iwτkθ − αe−iwτkθ

(N∗+αP∗)

+P∗e−2iwτkθ+αN∗e−iwτkθ

(N∗+αP∗)2

α2P∗e−iwτkθ+α2N∗

(N∗+αP∗)2

−N∗P∗e−2iwτkθ+2α2N∗P∗e−iwτkθα2N∗P∗

(N∗+αP∗)3

2βαP∗e−iwτkθ−2β(P∗)2e−2iwτkθ

(N∗)2


Now if we solve this system for E1,we get

E
(1)
1 =

2

B1

∣∣∣∣∣ E
(1)
11 + E

(1)
12 −A2e

−iwτk

2βαP∗e−iwτkθ−2β(P∗)2e−2iwτkθ

(N∗)2 −A4e
−iwτk + 2iw

∣∣∣∣∣
E

(2)
1 =

2

B1

∣∣∣∣∣ 2iw −A1 E
(1)
11 + E

(1)
12

A3
2βαP∗e−iwτkθ−2β(P∗)2e−2iwτkθ

(N∗)2

∣∣∣∣∣ ,
where

E
(1)
11 = −e2iwτkθ − αe−iwτkθ

(N∗ + αP ∗)
+
P ∗e−2iwτkθ + αN∗e−iwτkθ

(N∗ + αP ∗)2

E
(1)
12 =

α2P ∗e−iwτkθ + α2N∗

(N∗ + αP ∗)2
− N∗P ∗e−2iwτkθ + 2α2N∗P ∗e−iwτkθα2N∗P ∗

(N∗ + αP ∗)3

B1 =

∣∣∣∣ 2iw −A1 −A2e
−iwτk

A3 −A4e
−iwτk + 2iw

∣∣∣∣ .
Similarly, substituting (4.12), (4.14) and (4.16), we obtain

[
−A1 A2

−A3 −A4

]
E2 =

2


−2Reα− αeiwτkθ+αe−iwτkθ

(N∗+αP∗) + 2P∗+αN∗eiwτkθ+αN∗e−iwτkθ

(N∗+αP∗)2

+α2P∗eiwτkθ

(N∗+αP∗)2 + αα2P∗e−iwτkθ+2ReαN∗

(N∗+αP∗)2

− 2N∗P∗+2α2N∗P∗eiwτkθ

(N∗+αP∗)3 − 2ReN∗P∗e−iwτkθ+2ReN∗P∗

(N∗+αP∗)3

− 2βαα
N∗ + 2βαP∗eiwτkθ+2βαP∗e−iwτkθ−2β(P∗)2

(N∗)2

 ,

which implies that
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E
(1)
2 =

2

B2

∣∣∣∣∣ E
(2)
11 + E

(2)
12 A2

−2βαα
N∗ + 2βαP∗eiwτkθ+2βαP∗e−iwτkθ−2β(P∗)2

(N∗)2 −A4

∣∣∣∣∣
E

(2)
2 =

2

B2

∣∣∣∣∣ A1 E
(2)
11 + E

(2)
12

−A3 −2βαα
N∗ + 2βαP∗eiwτkθ+2βαP∗e−iwτkθ−2β(P∗)2

(N∗)2

∣∣∣∣∣ ,
where

E
(2)
11 = −2Reα− αeiwτkθ + αe−iwτkθ

(N∗ + αP ∗)
+

2P ∗ + αN∗eiwτkθ + αN∗e−iwτkθ

(N∗ + αP ∗)2

E
(2)
12 =

α2P ∗eiwτkθ

(N∗ + αP ∗)2
+
αα2P ∗e−iwτkθ + 2ReαN∗

(N∗ + αP ∗)2
− 2N∗P ∗ + 2α2N∗P ∗eiwτkθ

(N∗ + αP ∗)3

B2 =

∣∣∣∣ −A1 A2

−A3 −A4

∣∣∣∣ .
Thus we can compute W20(θ) and W11(θ) from (4.11) and (4.12) and determine

the following values to investigate the qualities of bifurcating periodic solution in
the center manifold at the critical value τk. For this purpose, we express g′ijs in
terms of the parameters and delay. And then we can evaluate the following values;

c1(0) =
i

2ωτk
(g20g11 − 2|g11|2 −

|g02|2

3
) +

g21
2
,

µ2 = − Re{c1(0)}
Re{λ′

(τk)}
,

β2 = 2Re{c1(0)},

T2 = −Im{c1(0)}+ µ2Im{λ
′
(τk)}

ωτk
.

Theorem 4.1. µ2 determines the direction of Hopf bifurcation; if µ2 > 0, then
the Hopf bifurcation is supercritical and the bifurcating periodic solutions exist for
τ > τ0, if µ2 < 0, then the Hopf bifurcation is subcritical and the bifurcating periodic
solutions exist for τ < τ0. β2 determines the stability of the bifurcating periodic
solutions; bifurcating periodic solutions are stable if β2 < 0, unstable if β2 > 0.
T2 determines the period of the bifurcating solution; the period increases if T2 > 0,
decreases if T2 < 0.

In the following section, we shall give a numerical example to verify the theoret-
ical results.
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5. A numerical example.

In this section, we present some numerical simulations to verify the results in
Lemma 2.1, Lemma 2.2, Theorem 3.1 and Theorem 4.1 by using MATLAB(7.6.0)
programming. We simulate the predator-prey system (1.1) by choosing the param-
eters, α = 0.7, β = 0.9 and δ = 0.6, i.e., we consider the following system,

dN(t)

dt
= N(t)(1−N(t))− N(t)P (t− τ)

N(t) + 0.7P (t− τ)

(5.1)

dP (t)

dt
= 0.9P (t− τ)(0.6− P (t− τ)

N(t)
)

which has only one positive equilibrium E∗
0 = (N∗

0 , P
∗
0 ) = (0.5775, 0.3465). By

algorithms in the previous sections, we obtain τ0 = 2.6124, w = 0.4670. So by
Theorem 3.1, the equilibrium point E∗ is asymptotically stable when τϵ[0, τ0) =
[0, 2.6124) and unstable when τ > 2.6124 and also Hopf bifurcation occurs at τ =
τ0 = 2.6124 as it is illustrated by computer simulations.

By the theory of Hassard et al. [9], as it is discussed in previous section, we also
determine the direction of Hopf bifurcation and the other properties of bifurcating
periodic solutions. From the formulaes in section 3 we evaluate the values of µ2,
β2 and T2 as

µ2 = −1.4654 < 0, β2 = 1.5368 > 0 and T2 = 1.9723 > 0

from which we conclude that Hopf bifurcation of system (5.1) occurring at τ0 =
2.6124 is subcritical, the bifurcating periodic solution exists when τ crosses τ0
to the left, and also the bifurcating periodic solution is unstable and the period
increases.

In computer simulations, the initial conditions are taken as (N0, P0) = (0.01, 0.01)
and MATLAB DDE (Delay Differential Equations) solver is used to simulate the
system (5.1). We first take τ = 1.8 < τ0 and plot the density functions N(t) and
P (t) in Fig-1,2 respectively which shows the positive equilibrium is asymptotically
stable for τ < τ0..

However in Fig-3,4 below, we take τ = 2.3 sufficiently close to τ0 which illustrates
the existence of bifurcating periodic solutions from the equilibrium point E∗

0 .
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0 50 100 150 200 250 300 350
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

N
(t

)

Time(t)

Figure 1. The trajectory of prey density versus time with the
initial conditions N0 = 0.01, P0 = 0.01. When τ = 1.8 < τ0 where
the equilibrium point E∗ is asymptotically stable.
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Figure 2. The trajectory of predator density versus time with the
initial conditions N0 = 0.01, P0 = 0.01. When τ = 1.8 < τ0 where
the equilibrium point E∗ is asymptotically stable.
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Figure 5. The trajectory of predator density versus time with the
initial conditions N0 = 0.01, P0 = 0.01. When τ = 2.3, the system
shows periodic structure.

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

N(t)

P
(t

)

Figure 6. The phase portrait of Predator density versus Prey
density for the same parameters as in Fig-1. When τ = 2.3, the
system shows the bifurcating periodic solutions from E∗.
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A DETERMINISTIC INVENTORY MODEL OF

DETERIORATING ITEMS WITH STOCK AND TIME

DEPENDENT DEMAND RATE

B. MUKHERJEE AND K. PRASAD

Abstract. In formulating inventory models, two fact of problem have been
of growing interest, one being the deterioration of items, the other being the

variation in demand rate. Time-varying demand patterns are usually used to
reflect sales in deferent phases of the product life cycle in the market. The
effect of deterioration of physical goods cannot be disregarded in many in-
ventory systems. A deterministic inventory model for deteriorating item with

inversely time dependent of two parameter weibull distribution to represent
the deterioration rate has been studied in this paper. Time dependent and
stock dependent demand rate separately has been studied by numerous au-
thors while in this paper considering simultaneously both stock dependent

and time dependent demand rate has been studied. The present-model has
been solved analytically to minimize the cost. A numerical example has been
carried out to illustrate the solution procedure.

1. Introduction

In the classical inventory model life time of an item is infinite while it is in
storage. But effect of deterioration plays a vital role in the storage of some goods
like vegetable, fruits, medicine etc. In such cases a certain part of these goods
are either damaged or decayed and are not in a condition to satisfy the future
demand of customer as a fresh unit. Mathematical model of inventory system has
been developed by many of the researcher but most of them have consider the
demand rate is constant also we know that now a day market is full of competitive
environment as a result it is fluctuating day by day so in such a environment there
are nothing fixed or constat. The inventory problem of deteriorating item was
first researched by Within [17] who studies the problem of fashion goods at the
end of inventory cycle. Sing et al. [16] they used constant rate of deterioration
and linear rate of demand depending upon the current stock level. Ghare and
Schrader [7]developed an inventory model with a constant rate of deterioration. An
order level inventory model for items deteriorating at a constant rate was discussed
by Shah and Jaiswal [15]. Aggarwal [1] reconsidered this model by rectifying the
error in the work of Shah and Jaiswal [15] in calculating the average inventory
holding cost. In all these models, the demand rate and the deterioration rate were
constant, the replenishment rate was infinite and no shortage in inventory was
allowed.

Key words and phrases. Inventory, Deterioration, Weibull distribution , Demand.
2010 AMS Math. Subject Classification. Primary 90B05; Secondary 65K10.
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2 B. MUKHERJEE AND K. PRASAD

Researchers started to develop inventory systems allowing time variability in
one or more than one parameters. Dave and Patel [5] discussed an inventory
model for replenishment.This was followed by another model by Dave [4] with vari-
able instantaneous demand, discrete opportunities for replenishment and shortages.
Bahari-Kashani [2] discussed a heuristic model with time-proportional demand. An
Economic Order Quantity (EOQ) model for deteriorating items with shortage and
linear trend in demand was studied by Goswami and Chaudhuri [8]. On all these
inventory systems, the deterioration rate is a constant.Another class of inventory
models has been developed with time-dependent deterioration rate.

Covert and Philip [3] used a two-parameter Weibull distribution to represent
the distribution of the time to deterioration. This model was further developed by
Philip [12] taking three-parameter Weibull distribution for the time to deteriora-
tion. Mishra [10] analyzed an inventory model with a variable rate of deterioration,
finite rate of replenishment and no shortage, but only a special case of the model
was solved under very restrictive assumptions. Deb and Chaudhuri [6]studied a
model with a finite rate of production and a time-proportional deterioration rate,
allowing backlogging. Goswami and Chaudhuri [8] assumed that the demand rate,
production rate and deterioration rate were all time dependent. Detailed informa-
tion regarding inventory modeling for deteriorating items was given in the review
articles of Nahmias [11] and Rafaat [13]. An order-level inventory model for dete-
riorating items without shortage has been developed by Jalan and Chaudhuri [9].

Here we have consider that demand is depending on time as well as current
stock level of the system and the deterioration rate is considered as a two parame-
ter weibull distribution which is function of time.

2. Notation and Assumptions

To develop an inventory model of deteriorating item the following notations and
assumptions are used throughout the paper.

2.1. Notations. :
Ch holding cost per unit per unit time.
Cs shortage cost per unit per unit time.
Cd cost of a deteriorated unit.
C average cost of the system.
q(t) inventory level at time t.
θ(t) the deterioration rate.
T duration of per cycle.
D(q) demand function.
A replenishment cost.

2.2. Assumptions. :
(i) Shortages are allowed and backlogged.
(ii) T is the fixed duration of a cycle.
(iii) Lead time is zero and Replenishment is instantaneous.
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(iv) The items considered in this model are deteriorating items with variable rate
of deterioration θ(t).

(v) The deteriorating rate is defined as two parameter weibull distribution

θ(t) = α β tβ−1, Where 0 < α < 1, 0 < β ≤ 1 and β = 1
n ,where n is the natural

number.

(vi) Demand rate is defined as the function of q(t) as D(q(t)) = a+ btβ−1q(t).

3. Mathematical model and its analysis

On the basis of above mentioned assumptions, at the beginning that is at time
t = 0 ,S units are hold for each cycle of the considered inventory system and the
items are depleted gradually in the interval [0, t1] due to the combined effects of
demand and deterioration.

At time t = t1, the inventory level reaches zero and then inventory level depleted
up to −S1 due to demand only in the interval [t1, T ] and the whole process is re-
peated.

Proposed model:
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The variation of inventory level q(t) with respect to time can be described by
the following differential equation as follow:

dq

dt
= −θq(t)−D(q(t)), 0 ≤ t ≤ t1.(3.1)

dq

dt
= −D(q(t)), t1 ≤ t ≤ T.(3.2)

With the boundary conditions as

(3.3) q(0) = S, q(t1) = 0, q(T ) = −S1

The solutions of above equations are given by

(3.4) q(t) =
a

k1β

(
−1

k1

) 1
β−1

e−k1t
β
[
I 1

β
− (I 1

β
)t=t1

]
, 0 ≤ t ≤ t1

(3.5) q(t) =
a

kβ

(
−1

k

) 1
β−1

e−kt
β
[
I 1

β
− (I 1

β
)t=t1

]
, t1 ≤ t ≤ T

where k1 = αβ+b
β , k = b

β and

I 1
β

=

∫
e−zz

1
β−1dz, where z = −k1tβ

= −(−k1tβ)
1
β−1ek1t

β

−
(
1

β
− 1

)
(−k1tβ)

1
β−2ek1t

β

−
(
1

β
− 1

)(
1

β
− 2

)
(−k1tβ)

1
β−3ek1t

β

...

−
(
1

β
− 1

)(
1

β
− 2

)
...1 ek1t

β

(3.6)

Total number of deteriorating items in (0,t1)

DT = S − Total demand in time (0, t1)

= S −
∫ t1

0

[a+ btβ−1q(t)]dt.(3.7)
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Case Study:

If β = 1
2 the equation (3.7) in this case reduces to

DT =
2a

k21
[1− ek1

√
t1(1− k1

√
t1)]− at1 +

2ab

k21
(k1t1 − 2

√
t1)

+
4ab

k31
(1− k1

√
t1)(e

k1
√
t1 − 1).(3.8)

Hence total Inventory during the time (0, t1)

HT =

∫ t1

0

q(t)dt

=

∫ t1

0

a

k1β

(
−1

k1

) 1
β−1

e−k1t
β

[
I 1

β
−
(
I 1

β

)
t=t1

]
dt(3.9)

which for present case reduces to

(3.10) HT = − 4a

3k1
t
3
2
1 +

2at1
k21

+
4a

k41

(
k1
√
t1e

k1
√
t1 − ek1

√
t1 − k21t1 + 1

)
.

Similarly the total shortage during the time (t1, T )

BT = −
∫ T

t1

q(t)dt

= −
∫ T

t1

a

kβ

(
−1

k

) 1
β−1

e−kt
β

[
I 1

β
−
(
I 1

β

)
t=t1

]
dt(3.11)

also for this case the equation (3.11) reduces to

BT =
2a

3b

(
T

3
2 − t

3
2
1

)
− a

2b2
(T − t1) +

a

4b4

[
4b2
√
t1Te

2b(
√
t1−

√
T ) − 4b2t1

+ 2b
√
t1e

2b(
√
t1−

√
T ) − 2b

√
Te2b(

√
t1−

√
T ) − e2b(

√
t1−

√
T ) + 1

]
.(3.12)
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Therefore average cost of the system

(3.13) C(t1, T ) =
A

T
+ Cd

DT

T
+ Ch

HT

T
+ Cs

BT
T
.

Differentiating cost function with respect to t1 and T using equations (3.8), (3.10)
and (3.12), we have

(3.14)
∂C

∂t1
=
Cd
T

∂DT

∂t1
+
Ch
T

∂HT

∂t1
+
Cs
T

∂BT
∂t1

(3.15)
∂C

∂T
= − A

T 2
− Cd

DT

T 2
− Ch

HT

T 2
+
Cs
T

∂BT
∂T

− Cs
T 2
BT .

The optimal value of t1 and T as t∗1, T
∗ can be obtained by satisfying the nec-

essary condition for minimization of the cost

∂C

∂t1
= 0,

∂C

∂T
= 0.

provided they satisfy the sufficient conditions

∂2C

∂t21
> 0(3.16)

(
∂2C

∂t21

)(
∂2C

∂T 2

)
−
(
∂2C

∂t1∂T

)2

> 0.(3.17)

If the solution for t1 and T do not satisfy the sufficient conditions (3.16) and
(3.17) then no feasible solution will be optimal for the set of parameter value which
has been used to solve the above equations. Such a situation will imply that the
parameter values are inconsistent and there is some error in their estimation. A
new parameter’s value is required to analyse the situation further.
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Numerical Example:

Numerical values of t∗1, T
∗, C∗ have been calculated with the help of C program for

solution of system of non-linear equation using Newton Rapshon method by consid-
ering the parameters as A = 8, Cd = 1, Ch = 2, Cs = 5, a = 100, b = 0.30

α t∗1 T ∗ C∗

0.10 2.264520 3.240990 448.589996
0.20 1.751950 2.717921 440.370331
0.30 1.504149 2.553645 472.665436
0.40 1.362177 2.515763 513.252136
0.50 1.266038 2.522837 552.972595
0.60 1.192582 2.547586 590.161011
0.70 1.131593 2.579973 624.946655
0.80 1.078012 2.615901 657.758423
0.90 1.029138 2.653523 688.969910

It is observed that these result satisfy the sufficient conditions (3.16) and (3.17)
for minimizing the cost of the system.

Conclusion:

Numerical calculation shows that as the value of the parameter alpha increases
then optimal value t1 is decreases continuously but the optimal value of T is de-
creases firstly up to α = 0.50 and after then it starts to increase . The optimal cost
is also decreases initially up to α = 0.20 but after then it starts to increase. This
shows that the time of duration of shortage is increases as deterioration is increases.
From these result we may also conclude that as time passes the deterioration rate
decreases which leads to reduction to the average cost of the system.
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Figure 1. Deterioration parameter α verses optimal cost C∗ of
the system.
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Figure 2. Comparative representation of T ∗ and t∗1 with
deterioration parameter α
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OPEN PROBLEMS IN SEMI-LINEAR UNIFORM SPACES

ABDALLA TALLAFHA

Abstract. Semi-linear uniform space is a new space de�ned by Tallafha, A
and Khalil, R in [7]. The authors studied some cases of best approximation
in such spaces, and gave some open problems in uniform spaces. Besides they
de�ned a set valued map � on X � X and asked two questions about the
properties of �: In 2011, Tallafha [8] de�ned another set valued map � on
X�X; and give more properties of semi-linear uniform spaces using the maps
�, � and he answered the questions about �. The purpose of this paper is to
introduce some open questions concerning this new spaces.

1. Introduction

Uniform spaces had been studied extensively through years. We refer the reader
to [1],[2] ; [3], [4] ; [5] ; [6] ; [9] and[10] for the basic structure of uniform spaces.
Semi-linear uniform space is a new space de�ned by Tallafha, A and Khalil, R in

[7], the authors de�ne a set valued map �, called metric type, on semi-linear uniform
spaces that enables one to study analytical concepts on uniform type spaces. They
asked two question about the properties of �, besides they studied some cases of
best approximation in such spaces, and gave some open problems in approximation
theory in uniform spaces . In [8] ; Tallafha, A. de�ned another set valued map � on
X �X, and he gave more properties of semi-linear uniform spaces using � and �:
Besides he solved the two question about the properties of �:
Let X be a set and DX be a collection of subsets of X � X, such that each

element V of DX contains the diagonal

� = f(x; x) : x 2 Xg

and

V = V �1 = f(y; x) : (x; y) 2 V g

for all V 2 DX (symmetric), DX is called the family of all entourages of the
diagonal. Let � be a sub collection of DX ; then the pair (X;�) is called a uniform
space if

(i) V1 and V2 are in � then V1 \ V2 2 �;
(ii) for every V 2 �; there exists U 2 � such that U � U � V;
(iii) \

V 2 �
V = �;

(iv) if V 2 � and V �W 2 DX , then W 2 �:

Key words and phrases. Best approximation, uniform spaces, semi-linear uniform spaces, �xed
point.
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2 A. TALLAFHA

2. Uniform type spaces

Let (X;�) be a uniform space. By a chain in X � X we mean a totally( or
linearly) ordered collection of subsets of X �X, where V1 � V2 means V1 � V2:

De�nition 2.1. [7]We call (X;�) a semi-linear uniform space if it is a uniform
space where � is a chain and condition (vi) is replaced by[

V 2�
V = X �X:

An example of a semi-linear uniform space is the following.

Example 2.2. Let Vt = f(x; y) : y � t < x < y + t; and �1 < y < 1g: Then
(R;�); with � = fVt : 0 < t <1g is a semi-linear uniform space.

One can generate semi-linear uniform spaces as follows. Let DX be a chain in
the power set of X �X, such that, each element of DX is symmetric, contains 4,[

U 2 DX

U = X �X

and \
U 2 DX

U = 4:

Then one can easily see that (X;DX) is a semi-linear uniform space.
We should remark that the topology in metric and normed spaces can be

generated by semi-linear uniformities.
Throughout the rest of this paper, (X;�) will be assumed semi-linear uniform

space. Let (X;�) be a semi-linear uniform space. For x; y 2 X; let
C(x; y) = \fV 2 � : (x; y) 2 V g;

and
� = fC (x; y) : x; y 2 X g :

Clearly C (x; y) = \fV �1 2 � : (x; y) 2 V g:

De�nition 2.3. [7] Let (X;�) be a semi-linear uniform space. We de�ne the set
valued map: � : X � X ! �; �(x; y) = C (x; y):The map � will be called a set
metric on (X;�):

Proposition 2.4. [7] For a semi-linear uniform space, we have the followings:

(i) �(x; y) = � if and only if x = y;
(ii) �(x; y) = �(y; x):

In [7] ; the authors gave the following questions.

� Question 1. [7] Is �(x; y) � �(x; z) \ �(z; y)?
� Question 2. [7] If �(x; z) = �(x;w); for some x 2 X, Must w = z?

The above questions is answered negatively by Tallafha, A. in [8] : Also Tallafha
showed that the answer of question 1 still negative, if \ is replaced by [:

De�nition 2.5. [7] For x 2 X and E � X; we de�ne
�(x;E) = \

y 2 E
�(x; y):

Clearly, if x 2 E; then �(x;E) = �:
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De�nition 2.6. [7] For x 2 X and V 2 �; we de�ne The open ball of center x
and radius V to be

B(x; V ) = fy : (x; y) 2 V g:
Equivalently

B(x; V ) = fy : �(x; y) � V g:
Clearly if y 2 B(x; V ); then there is a W 2 � such that B(y;W ) � B(x; V ):

De�nition 2.7. B � X is called bounded if B � B(x; V ), for some V 2 �; x 2 X:

In [8] ; the following concepts are de�ned, and the following results are proved.

De�nition 2.8. Let (X;�) be a semi-linear uniform space. then, the set valued
map � on X �X is de�ned by

�(x; y) =

�
[fV : V 2 �c(x;y)g if x 6= y
� if x = y

�
where �

c

(x;y) is the complement of �(x;y):

Clearly, if x = y then �
c

(x;y) is the empty set so we de�ne �(x; x) to be the empty
set, and �(x; y) = �(y; x): for all (x; y) 2 X �X: and � � �(x; y) for all x 6= y:
The �rst natural question that one should ask, is there a semi-linear uniform

space which is not materialize?. The answer is yes as the following example shows.

Example 2.9. Let t 2 (0;1) ;for t 6= 1 and
Vt = f(x; y) : x2 + y2 < tg [�;� = fVt : 0 < t <1g:

Then (R;�); is a semi-linear uniform space which is not materialize.

Proposition 2.10. Let (X;�) be a semi-linear uniform space. Then,

(i) If V 2 �c(x;y); then V $ �(x; y):
(ii) �(x; y) � �(x; y) for all (x; y) 2 X �X :
(iii) If V 2 �(x;y);then �(x; y) � V:
(iv) If (x; y) 2 �(s; t) then �(x; y) � �(s; t):
(v) If (x; y) 2 �(s; t) then �(x; y) � �(s; t):
(vi) If U 2 � satis�es U $ �(x; y); then U � �(x; y):
(vii) If U 2 � satis�es �(x; y) $ U; then �(x; y) � U:
(viii) If U 2 � satis�es �(x; y) � U � �(x; y); then U = �(x; y) or U = �(x; y):
(ix) If (s; t) =2 � (x; y) then � (x; y) � � (s; t) :
(x) If (s; t) =2 � (x; y) then � (x; y) � � (s; t) :
(xi) If �(x; y) $ �(s; t); the there exist U 2 �; such that �(x; y) $ U � �(s; t):
(xii) If �(x; y) $ �(s; t); the there exist U 2 �; such that �(x; y) � U $ �(s; t):

Theorem 2.11. Let (X;�) be a semi-linear uniform space. Then,
(i) f�(x; y) : (x; y) 2 X �Xg is a chain.
(ii) f�(x; y) : (x; y) 2 X �X; x 6= yg is a chain.

Theorem 2.12. Let (X;�) be a semi-linear uniform space. Then, � = � [ � [ �
is a chain.

Theorem 2.13. Let (X;�) be a semi-linear uniform space. Then,
(i) (X;�) is a semi-linear uniform space.
(ii) (X; �) is a semi-linear uniform space.
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Lemma 2.14. Let (X;�) be a semi-linear uniform space. Then, �(x; y) � �(s; t)
if and only if �(x; y) � �(s; t):

Theorem 2.15. Let (X;�) be a semi-linear uniform space. Then, �(x; y) = �(s; t)
if and only if �(x; y) = �(s; t):

In [7] ; the authors de�ned the concepts of, convergent, Cauchy and they
proved that (i) Every convergent sequence is Cauchy. (ii) Every Cauchy sequence
is bounded. (iii) If (xn) converges then the limit is unique. Also they gave the
following open question.

� Question 3. If �(x;E) = �; must x 2 E `?

Clearly the converse of the above question is true.

3. Proximinality in Semi-Linear Uniform Spaces

What is nice about semi-linear uniform spaces is that theory of best approxi-
mation can be studied in such spaces without tools that metric structure usually
o¤ers. In [7] the authors de�ned the following concepts and proved the following
results.

De�nition 3.1. Let (X;�) be semi-linear uniform space, and E � X: The set
E is called proximinal if for any x 2 X, there exists some e 2 E such that
�(x;E) = �(x; e):

Proposition 3.2. If E � X is proximinal, then E is closed.

This question is given in [7] ; is still open.
� Question 4. If E is compact, must E be proximinal?.

But the following partial answer is given.

Theorem 3.3. [7] Let (X;�) be a semi-linear uniform space. Then every �nite set
is proximinal.

Corollary 3.4. If E1; E2; :::; En are proximinal in (X;�); then
nS

i =1

Ei is proximinal

too.

Also every sequence with it�s limit is compact, so we have another partial answer
to the question.

Theorem 3.5. Let (X;�) be a semi-linear uniform space and (yn) be a convergent
sequence in X. Then E = fy; y1 ; y2 ; :::g is proximinal, where y = lim yn.

4. Fixed point in semi-linear uniform space

In [9], A.Tallafha de�ned Lipschitz condition for functions and contrac-
tions functions on semi-linear uniform spaces which enables us to study �xed
points for such functions. Since Lipschitz condition, and contractions are usu-
ally discussed in metric and normed spaces, and never been studied in other weaker
spaces. We believe that the structure of semi-linear uniform spaces is very rich,
and all the known results on �xed point theory can be generalized.

De�nition 4.1. [12] Let f : (X;�X) ! (Y;�Y ) : Then f is uniformly contin-
uous if 8U 2 �Y ; 9V 2 �X such that if (x; y) 2 V; then (f (x) ; f (y)) 2 U:
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Clearly using our notation we have:

Proposition 4.2. Let f : (X;�X)! (Y;�Y ) : Then f is uniformly continuous
if and only if 8U 2 �Y ; 9V 2 �X such that, for all x; y 2 X; if �

X
(x; y) � V; then

�
Y
(f (x) ; f (y)) � U:

The following Proposition, shows that we may replace � by � in Proposition 3.2.

Proposition 4.3. [9] : Let f : (X;�X)! (Y;�Y ). Then f is uniformly contin-
uous if and only if 8U 2 �Y ; 9V 2 �X ; such that for all x; y 2 X; if �X (x; y) � V;
then �

Y
(f (x) ; f (y)) � U:

In [9], Tallafha gave the following.

De�nition 4.4. Let f : (X;�) �! (X;�) ; then f satis�ed Lipschitz condition
if there exist m;n 2 N such that m�(f (x) ; f (y)) � n�(x; y): Moreover if m > n,
then we call f a contraction.

Remark 4.1. One may use the set valued function �; instead of � in the above
de�nition.

It is known that, every topological space (X; �) ; whose topology induced by a
metric or a norm on X; can be generated by a uniform space see[4] ; Also we now
that if f is a contraction then it satis�es Lipschitz condition, if f satis�es Lipschitz
condition, then it is uniformly continuous. In [9] Tallafha gave a similar results.

Theorem 4.5. [9]. Every topological space whose topology induced by a metric or
a norm on X; can be generated by a semi-linear uniform space. namely,

� =

(
V2;2> 0 : V2 =

[
x2X

fxg �B (x;2)
)
:

Theorem 4.6. [9] : Let (X;�X) be any semi-linear uniform space, and f : (X;�) �!
(X;�) ; then.

(1) If f is a contraction then it satis�es Lipschitz condition.
(2) If f satis�es Lipschitz condition, then it is uniformly continuous.

De�nition 4.7. [7] : A semi-linear uniform space (X;�) is called complete, if every
Cauchy sequence is convergent.

Fixed point theorems is one of the well known results in mathematics, and has
a useful applications in many applied �elds such as game theory, mathematical
economics and the theory of quasi-variational inequalities. It states that every
contraction from a complete metric space to it self has a unique �xed point. So the
following question is natural.

� Question3.8. Let (X;�) be a complete semi-linear uniform space. And
f : (X;�)! (X;�) be a contraction. Does f has a unique �xed point.

Remark 4.2. All the results which was obtained using contraction on metric spaces
can be consider as an open questions in semi-linear uniform space.
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ALZER INEQUALITY FOR HILBERT SPACES OPERATORS

ALI MORASSAEI AND FARZOLLAH MIRZAPOUR

Abstract. In this paper, we give the Alzer inequality for Hilbert space oper-
ators as follows:

Let A;B be two selfadjoint operators on a Hilbert space H such that 0 <
A;B � 1

2
I, where I is identity operator on H. Also, assume that Ar�B := (1�

�)A+ �B and A]�B := A
1
2

�
A�

1
2BA�

1
2

��
A

1
2 are arithmetic and geometric

means of A;B, respectively, where 0 < � < 1. We show that if A and B are
commuting, then

B0 r� A0 �B0 ]� A0 � A r� B �A ]� B ;

where A0 := I � A, B0 := I � B and 0 < � � 1
2
. Also, we state an open

problem for an extension of Alzer inequality.

1. Introduction and preliminaries

Let x1; � � � ; xn 2 (0; 12 ] and �1; � � � ; �n > 0 with
Pn

j=1 �j = 1. We denote by An
and Gn, the arithmetic and geometric means of x1; � � � ; xn respectively, i.e

An =

nX
j=1

�jxj ; Gn =

nY
j=1

x
�j
j ;

and also by A0n and G
0
n, the arithmetic and geometric means of 1� x1; � � � ; 1� xn

respectively, i.e.

A0n =
nX
j=1

�j(1� xj); G0n =
nY
j=1

(1� xj)�j :

Alzer proved the following inequality and its re�nement [1, 2]

(1.1) A0n �G0n � An �Gn:

Throughout the paper, let B(H) denote the algebra of all bounded linear opera-
tors acting on a complex Hilbert space (H; h�; �i) and I is the identity operator. In
the case when dimH = n, we identify B(H) with the full matrix algebra Mn(C)
of all n � n matrices with entries in the complex �eld and denote its identity
by In. A selfadjoint operator A 2 B(H) is called positive (strictly positive) if
hAx; xi � 0 (hAx; xi > 0) holds for every x 2 H and then we write A � 0 (A > 0)
[6, 8]. For every selfadjoint operators A;B 2 B(H), we say A � B if B�A � 0. Let
f be a continuous real valued function de�ned on an interval [�; �]. The function

Key words and phrases. Operator concavity, selfadjoint operator, arithmetic mean, geometric
mean, harmonic mean.
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2 A. MORASSAEI AND F. MIRZAPOUR

f is called operator decreasing if B � A implies f(A) � f(B) for all A;B with
spectra in [�; �]. A function f is said to be operator concave on [�; �] if

�f(A) + (1� �)f(B) � f(�A+ (1� �)B)

for any selfadjoint operators A;B 2 B(H) with spectra in [�; �] and all � 2 [0; 1].

The main result of this paper is the following theorem:

Theorem (Alzer Inequality). Suppose that A;B 2 B(H) are commuting opera-
tors such that 0 < A � B � 1

2I, and let A
0 := I �A and B0 = I �B. If 0 < � � 1

2 ,
then

B0 r� A0 �B0 ]� A0 � A r� B �A ]� B :

2. Main results

In this section, we state an identity between arithmetic and geometric mean for
positive operators and then we consequent the Alzer inequality.
We recall that, the weighted arithmetic mean r� and the weighted geometric

mean (the �-power mean) ]� de�ned for 0 < � < 1:

A r� B := (1� �)A+ �B ;

A ]� B := A
1
2

�
A�

1
2BA�

1
2

��
A

1
2 :

Also, we know that A ]� B = B ]1�� A and if AB = BA then A]�B = A1��B�.
Notice that if � = 1

2 in above de�nitions, we have the classic arithmetic and
geometric means and denote its as follows:

A := A r B = A r 1
2
B =

1

2
A+

1

2
B ;

G := A ] B = A ] 1
2
B = A

1
2

�
A�

1
2BA�

1
2

� 1
2

A
1
2 :

Also, we know that A0 = A0 r B0 and G0 = A0 ] B0.
In the following theorem, we state distance between the arithmetic mean and

the geometric mean as an in�nite series.

Theorem 2.1. Assume that A and B are two positive operators in B(H) such that
kB� 1

2AB�
1
2 k < 1 and � 2 (0; 1). Then we have

(2.1) A r� B �A ]� B =
1X
k=2

(�1)k�1
�
1� �
k

��
AB�1 � I

�k
B :

Proof. By using the binomial series, we have�
B�

1
2AB�

1
2

�1��
=
�
I +

�
B�

1
2AB�

1
2 � I

��1��
= I +

1X
k=1

�
1� �
k

��
B�

1
2AB�

1
2 � I

�k
:(2.2)
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Now, by multiplying each side (2.2) by B
1
2 , we get

B
1
2

�
B�

1
2AB�

1
2

�1��
B

1
2

= B +
1X
k=1

�
1� �
k

�
B

1
2

�
B�

1
2AB�

1
2 � I

�k
B

1
2

= B +

�
1� �
1

�
(A�B) +

1X
k=2

�
1� �
k

�
B

1
2

�
B�

1
2AB�

1
2 � I

�k
B

1
2

= B + (1� �)(�1)(B �A) +
1X
k=2

�
1� �
k

�
B

1
2

h
B�

1
2 (A�B)B� 1

2

ik
B

1
2

= (1� �)A+ �B �
1X
k=2

(�1)k�1
�
1� �
k

��
(A�B)B�1

�k
B ;

so, B ]1�� A = A r� B �
P1

k=2(�1)k�1
�
1��
k

� �
AB�1 � I

�k
B, which completes

the proof. �

We know that, if A and B are two commuting positive operators in B(H), then
AB is positive operator and (AB)

1
2 = A

1
2B

1
2 . Furthermore, if B is invertible, then

AB�1 = B�1A. Also, we recall that if A and B are not commuting, then AB is not

necessarily positive. For example, A =
�
1 0
0 0

�
and B =

�
1 1
1 1

�
are positive

but their product is not [10, p. 309].
Now, by using the above statements and Theorem 2.1, the following corollary is

obvious.

Corollary 2.2. With the assumptions in Theorem 2:1, if A and B are commuting,
then

A r� B �A ]� B =
1X
k=2

(�1)k�1
�
1� �
k

�
B

1�k
2 (B �A)kB

1�k
2 :

In the following theorem we state the Alzer inequality for two commuting positive
operator in B(H).

Theorem 2.3 (Alzer Inequality). Suppose that A;B 2 B(H) are commuting oper-
ators such that 0 < A � B � 1

2I, and let A
0 := I�A and B0 = I�B. If 0 < � � 1

2 ,
then

(2.3) B0 r� A0 �B0 ]� A0 � A r� B �A ]� B :

Proof. It is clear that 0 < A � B � 1
2I � B

0 � A0 < I and also A0B0 = B0A0. By
using Corollary 2.2, we obtain

(2.4) A r� B �A ]� B =
1X
k=2

(�1)k�1
�
1� �
k

�
B

1�k
2 (B �A)kB

1�k
2 ;

and

(2.5) B0 r� A0 �B0 ]� A0 =
1X
k=2

(�1)k�1
�
1� �
k

�
A0

1�k
2 (A0 �B0kA0

1�k
2 :
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4 A. MORASSAEI AND F. MIRZAPOUR

Since A0 � B0 = B � A, B � A0 and k � 2 we have A0
1�k
2 (A0 � B0kA0 1�k2 �

B
1�k
2 (B � A)kB 1�k

2 . On the other hand, since 0 < � � 1
2 and (�1)

k�1��
k

�
>

0 for all 0 < � < 1 and k � 2, we get (�1)k�1
�
1��
k

�
A0

1�k
2 (A0 � B0kA0 1�k2 �

(�1)k�1
�
1��
k

�
B

1�k
2 (B �A)kB 1�k

2 , which completes the proof. �

Corollary 2.4. With the above notations, we have

A0 �G0 � A�G:

Proof. Su¢ cient in the Theorem 2.3 we set � = 1
2 and use of this fact that ArB =

BrA and A]B = B]A. �

3. Open problem

In this section, we present an extension of Alzer inequality for Hilbert space
operators as an open problem. For this purpose, �rst, we express some fundamental
properties of the geometric mean. For to see many details c.f. [3, 4, 9, 11].
The geometric mean G2 := G2(A;B) of two positive operators A and B was

introduced as the solution of the matrix optimization problem, [3]

(3.1) G2(A;B) := max

�
X : X� = X;

�
A X
X B

�
� 0

�
:

This operator mean can be also characterized as the strong limit of the arithmetic-
harmonic sequence f�n(A;B)g de�ned by [5, 7]

(3.2)

(
�0(A;B) =

1
2A+

1
2B ;

�n+1(A;B) =
1
2�n(A;B) +

1
2A(�n(A;B))

�1B (n � 0) :

We know that, the explicit form of G2(A;B) is given by

(3.3) G2(A;B) = A
1
2

�
A�

1
2BA�

1
2

� 1
2

A
1
2 :

M. Raïssouli, F. Leazizi and M. Chergui in [11] described an extended algorithm of
(3:2) involving several positive operators. The main idea of such an extension comes
from the fact that the arithmetic, harmonic and geometric means of m positive real
numbers a1; a2; � � � ; am can be written recursively as follows

(3.4) Am(a1; a2; � � � ; am) :=
1

m

mX
j=1

aj =
1

m
a1 +

m� 1
m

Am�1(a2; � � � ; am) ;

(3.5)

Hm(a1; a2; � � � ; am) :=

0@ 1

m

mX
j=1

a�1j

1A�1

=

�
1

m
a�11 +

m� 1
m

Hm�1(a2; � � � ; am)
��1

;

(3.6) Gm(a1; a2; � � � ; am) := m
p
a1a2 � � � am = a

1
m
1 (Gm�1(a2; � � � ; am))

m�1
m :

The extensions of (3:4) and (3:5) when the scalers variable a1; a2; � � � ; am are pos-
itive operators can be immediately given, by setting A�1 = lim�#0(A + �I)�1. We
know that the power geometric mean of two positive operators A and B de�ned by

(3.7) � 1
m
(A;B) := B

1
2

�
B�

1
2AB�

1
2

� 1
m

B
1
2 :
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Assume that A1; � � � ; Am 2 B(H) (m � 2) are m positive operators. In this
section we introduce the geometric mean of A1; � � � ; Am. By using the algorithm
(3:2), we de�ne the recursive sequence fTng := fTn(A;B)g, where A;B 2 B(H) are
two positive operators, as follows

(3.8)

(
T0 =

1
mA+

m�1
m B ;

Tn+1 =
m�1
m Tn +

1
mA(T

�1
n B)m�1 (n � 0) :

In what follows, for simplicity we write fTng instead of fTn(A;B)g and we set

T (�1)n =
�
Tn(A

�1; B�1)
��1

:

In the following theorem Raïssouli, Leazizi and Chergui [11] proved the convergence
of the operator sequence fTng.

Theorem 3.1. With the above assumptions, the sequence fTng := fTn(A;B)g
converges decreasingly in B(H), with the limit

(3.9) lim
n"+1

Tn := � 1
m
(A;B) = B

1
2

�
B�

1
2AB�

1
2

� 1
m

B
1
2 :

Further, the next estimation holds

(3.10) 0 � Tn � � 1
m
(A;B) �

�
1� 1

m

�n �
T0 � T (�1)0

�
8n � 0 :

Notice that � 1
m
(A;B) = A

1
mB1�

1
m when A and B are two commuting positive

operators and so, � 1
m
(A; I) = A

1
m , � 1

m
(I;B) = B1�

1
m for all positive operators

A and B. Also, the map (A;B) 7! � 1
m
(A;B) satis�es the conjugate symmetry

relation, i.e.

(3.11) � 1
m
(A;B) = A

1
2

�
A�

1
2BA�

1
2

�m�1
m

A
1
2 = �m�1

m
(B;A) :

In the same paper, we see the de�nition of geometric operator mean of A1; � � � ; Am
as follows.

De�nition 3.2. Assume that A1; � � � ; Am 2 B(H) are the positive operators. The
geometric operator mean of A1; � � � ; Am is de�ned by the relationship

(3.12) Gm(A1; A2; � � � ; Am) = � 1
m
(A1;Gm�1(A2; � � � ; Am)) :

It is easy to verify that, if A1; � � � ; Am are commuting, then

Gm(A1; A2; � � � ; Am) = (A1; A2 � � �Am)
1
m :

In particular, for all positive operators A 2 B(H) we have Gm(A;A; � � � ; A) = A

and Gm(I; I; � � � ; A; I; � � � ; I) = A
1
m . Also, we know that (A;B) 7! G2(A;B) is

symmetric, but Gm is not symmetric for m � 3, for more details see [11, Example
2.3].
The geometric operator mean Gm(A1; A2; � � � ; Am) has nice properties that for

seeing more details c.f. [11].
Open Problem. Let A1; � � � ; An be n selfadjoint operators on an Hilbert space

H such that 0 < Aj � 1
2I, where I is identity operator on H [6, 8]. Also, let An :=

An(A1; � � � ; An) and Gn := Gn(A1; � � � ; An) be arithmetic and geometric means
of A1; � � � ; An [11], and A0

n := An(A
0
1; � � � ; A0n) and G0

n := Gn(A
0
1; � � � ; A0n) be
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6 A. MORASSAEI AND F. MIRZAPOUR

arithmetic and geometric means of A01; � � � ; A0n where A0j := I�Aj (j = 1; � � � ; n),
respectively. Then it seems that

A0
n �G0

n � An �Gn:
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DIRECT RESULTS ON THE q-MIXED SUMMATION INTEGRAL
TYPE OPERATORS

·ISMET YÜKSEL

Abstract. In this paper, we introduce a q-mixed summation integral type op-
erators and investigate their approximation properties. We obtain a Voronovskaja
type theorem and give direct results on degree of approximation for continuous
functions.

1. Introduction

Let f be a locally integrable function on the interval [0;1). the mixed summa-
tion integral type operators are de�ned as

(1.1) Sn(f ;x) = (n� 1)
1X
v=1

sn;v(x)

1Z
0

bn;v�1(t)f(t)dt+ e
�nxf(0)

where

sn;v(x) = e
�nx (nx)

v

v!
and bn;v(t) =

�
n+ v � 1

v

�
tv(1 + t)�n�v:

are respectively Szász and Baskakov basis functions. This operators were studied
in [6] and in [13]. Phillips [11] �rstly studied Bernstein polynomials based on the
q�integers. Gupta and Heping [7] studied the rate of convergence of q�Durrmeyer
type operators. Aral and Gupta [1] introduced Durrmeyer type modi�cation of the
q�Baskakov type operators. Recently in [5], Gupta and Aral studied convergence of
the q� analogue of Szász-beta operators. Our aim is to obtain direct results on q�
mixed summation integral type operators. Before, we give some properties of q�
calculus. Throughout this paper we use following the notations and the formulas,
which can be founded in [4], [8], [9] and [10] and [12]: For n 2 N and a; b 2 R; the
q�integer and the q� factorial are de�ned by

(1.2) [n]q = (1� qn) = (1� q) ; for 0 < q < 1; [n]q = n; for q = 1
and

(1.3) [n]q! = [1]q[2]q:::[n]q; n 2 Nnf0g; [0]q! = 1:
The q�binomial coe¢ cients are given by

(1.4)
�
n
v

�
q

=
[n]q!

[v]q![n� v]q!
; 0 � v � n:

Key words and phrases. q�integral, q-mixed operators, Voronovskaja type theorem, K- func-
tional, weighted approximation.
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2 ·I. YÜKSEL

The q�derivative Dqf of a function is given by

(1.5) (Dqf)(x) =
f(x)� f(qx)
(1� q)x ; for x 6= 0

and (Dqf)(0) = f 0(0) provided that f 0(0) exists. The two q�analogues of the
exponential function are de�ned by
(1.6)

exq =
1X
n=0

xn

[n]q!
=

1

(1� (1� q)x)1q
and Exq =

1X
n=0

qn(n�1)=2
xn

[n]q!
= (1 + (1� q)x)1q

where

(1 + a)1q =
1Y
j=1

(1 + qj�1a):

The improper q�Jackson integral is de�ned as

(1.7)

1=AZ
0

f(x)dqx = (1� q)
X
n2Z

f(
qn

A
)
qn

A
; A > 0:

The q�Gamma function and the q�Beta function are de�ned as

(1.8) �q(u) = K(A; u)

1=A(1�q)Z
0

xu�1e�qxq dqx

and

(1.9) Bq(u; v) = K(A; u)

1=AZ
0

xu�1

(1 + x)u+vq
dqx =

�q(u)�q(v)

�q(u+ v)

where

K(A; u) =
Au

1 +A

�
1 +

1

A

�u
q

(1 +A)
1�u
q and (a+ b)nq =

nY
j=1

(a+ qj�1b):

In particular, for u 2 Z, K(A; u) = qu(u�1)=2 and K(A; 0) = 1.

2. Generalized q�mixed operators

Let p; v 2 N; n 2 Nn f0g ; A > 0 and f be a real valued continuous function
de�ned on the interval [0;1): Using the formulas and the notations between (1.2)
and (1.9), we introduce q�mixed summation integral type linear positive operators
for 0 < q � 1 as
(2.1)

Sn;p;q(f ;x) = [n+p�1]q
1X
v=1

sn;p;v(r(x); q)

1=AZ
0

bn;p;v�1(t; q)f(t)dqt+e
�[n+p]qr(x)
q f(0)

where

sn;p;v(r(x); q) :=
([n+ p]qr(x))

v

[v]q!
e�[n+p]qr(x)q ; r(x) :=

q[n+ p� 2]q
[n+ p]q

x
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q-MIXED OPERATORS 3

and

bn;p;v(t; q) :=

�
n+ p+ v � 1

v

�
q

q(v+1)vtv

(1 + t)n+p+vq

:

If we write q = 1, p = 0 and put x instead of r(x) in (2.1); then the operators
Sn;p;q are reduced to mixed summation integral type operators given (1.1).
Now we give an auxiliary lemma for the Korovkin test functions.

Lemma 2.1. Let em(t) = tm; m = 0; 1; 2; 3; 4: we have

(i) Sn;p;q(e0;x) = 1;

(ii) Sn;p;q(e1;x) = x;

(iii) Sn;p;q(e2;x) =
[n+ p� 2]qx2
q2[n+ p� 3]q

+
[2]qx

q2[n+ p� 3]q
;

(iv) Sn;p;q(e3;x) =
[n+ p� 2]2qx3

q6[n+ p� 4]q[n+ p� 3]q
+
([2]qq + [4]q)[n+ p� 2]qx2
q6[n+ p� 4]q[n+ p� 3]q

+
[2]q[3]qx

q5[n+ p� 4]q[n+ p� 3]q
;

(v) Sn;p;q(e4;x) =
[n+ p� 2]3qx4

q12[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q

+

�
[2]qq

2 + [4]qq + [6]q
�
[n+ p� 2]2qx3

q12[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q

+
([2]q[3]qq

2 + [2]q[5]qq + [4]q[5]q)[n+ p� 2]qx2
q11[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q

+
[2]q[3]q[4]qx

q9[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q
:

Proof. Using (1.8) and (1.9), we can obtain the estimate,

1=AZ
0

bn;p;v(t)t
m

q(v+1)v
dqt =

�
n+ p+ v � 1

v

�
q

1=AZ
0

tv+m

(1 + t)n+p+vq

dqt

=
[n+ p+ v � 1]q!
[v]q![n+ p� 1]q!

Bq(v +m+ 1; n+ p�m� 1)
K(A; v +m+ 1)

=
[v +m]q![n+ p�m� 2]q!

[v]q![n+ p� 1]q!q(v+m+1)(v+m)=2
:(2.2)

From (2.2) and (1.6), we get

Sn;p;q(e0;x) =
1X
v=1

qv(v�1)=2sn;p;v(r(x); q) + e
�[n+p]qr(x)
q

= e�[n+p]qr(x)q

 1X
v=1

qv(v�1)=2
([n+ p]qr(x))

v

[v]q!
+ 1

!
= e�[n+p]qr(x)q E[n+p]qr(x)q

= 1;
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which completes the proof of (i). By a direct computation

Sn;p;q(e1;x) =
1X
v=1

q(v
2�3v)=2 [v]q

[n+ p� 2]q
sn;p;v(r(x); q)

= qx
1X
v=1

q(v
2�3v)=2sn;p;v�1(r(x); q);

which gives proof of (ii). Using the equality [v + 1]q = [v � 1]q + [2]qqv�1; we can
write

Sn;p;q(e2;x) =
[n+ p� 2]q(qx)2
[n+ p� 3]q

1X
v=2

q(v
2�5v�2)=2sn;p;v�2(r(x); q)

+
[2]qqx

[n+ p� 3]q

1X
v=1

q(v
2�3v�4)=2sn;p;v�1(r(x); q);

which gives proof of (iii). Using the equality

[v + 1]q[v + 2]q = [v � 1]q[v � 2]q + ([2]qq + [4]q)qv�2[v � 1]q + [2]q[3]qq2v�2;

we can write

Sn;p;q(e3;x)

=
[n+ p� 2]2q(qx)3

[n+ p� 4]q[n+ p� 3]q

1X
v=3

q(v
2�7v�6)=2sn;p;v�3(r(x); q)

+
([2]qq + [4]q)[n+ p� 2]q(qx)2
[n+ p� 4]q[n+ p� 3]q

1X
v=2

q(k
2�5k�10)=2sn;p;v�2(r(x); q)

+
[2]q[3]qqx

[n+ p� 4]q[n+ p� 3]q

1X
v=1

q(v
2�3v�10)=2sn;p;v�1(r(x); q);

which gives the proof of (iv). For the proof of (v), using the equality

[v + 1]q[v + 2]q[v + 3]q

= [v � 1]q[v � 2]q[v � 3]q + ([2]qq2 + [4]qq + [6]q)qv�3[v � 1]q[v � 2]q
+([2]q[3]qq

2 + [2]q[5]qq + [4]q[5]q)q
2v�4[v � 1]q + [2]q[3]q[4]qq3v�3;
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we can write

Sn;p;q(e4;x)

=
[n+ p� 2]3q(qx)4

[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q

1X
v=4

q(v
2�9v�12)=2sn;p;v�4(r(x); q)

+

�
[2]qq

2 + [4]qq + [6]q
�
[n+ p� 2]2q(qx)3

[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q

1X
v=3

q(v
2�7v�18)=2sn;p;v�3(r(x); q)

+

�
[2]q[3]qq

2 + [2]q[5]qq + [4]q[5]q
�
[n+ p� 2]q(qx)2

[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q

�
1X
v=2

q(v
2�5v�20)=2sn;p;v�2(r(x); q)

+
[2]q[3]q[4]qqx

[n+ p� 5]q[n+ p� 4]q[n+ p� 3]q

1X
v=1

q(v
2�3v�18)=2sn;p;v�1(r(x); q):

Thus, we get the desired result. �

Lemma 2.2. Let q 2 (0; 1); n > 3 and p 2 N: Then we have the following inequality

Sn;p;q((t� x)2;x) �
4x(x+ 1)

q2[n+ p� 3]q
:

Proof. From linearity of Sn;p;q operators and Lemma 2.1, we can write the second
moment as

Sn;p;q((t� x)2;x) =
�
[n+ p� 2]q
q2[n+ p� 3]q

� 1
�
x2 +

[2]q
q2[n+ p� 3]q

x:

Using the equality

[n+ p� 2]q � q2[n+ p� 3]q = 1 + q � qn+p�2;

we obtain

(2.3) Sn;p;q((t� x)2;x) =
�
1 + q � qn+p�2
q2[n+ p� 3]q

�
x2 +

[2]q
q2[n+ p� 3]q

x

then we reach the result of Lemma. �

Lemma 2.3. Let (qn) � (0; 1) a sequence such that qn ! 1 and qnn ! a as n!1:
Then, for any p 2 N; we have the following limits

(i) lim
n!1

[n+ p]qnSn;p;qn((t� x)2;x) = (2� a)x2 + 2x

(ii) lim
n!1

[n+ p]2qnSn;p;qn((t� x)
4;x) =

�
3a2 � 12a+ 12

�
x4 + (3� 12a)x3 + 12x2:

Proof. (i). From (2.3), we obtain desired result

lim
n!1

[n+ p]qnSn;p;qn((t� x)2;x)

= lim
n!1

  �
1 + qn � qn+p�2n

�
[n+ p]qn

q2n[n+ p� 3]qn

!
x2 +

[2]qn [n+ p]qn
q2n[n+ p� 3]qn

x

!
= (2� a)x2 + 2x:
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(ii). From Lemma 2.1, using the linearity property of the Sn;p;qn operators for
n > 5; we can write

Sn;p;qn((t�x)4;x) = C1(n; p; qn)x4+C2(n; p; qn)x3+C3(n; p; qn)x2+C4(n; p; qn)x

where

C1(n; p; qn) =
[n+ p� 2]3qn

q12n [n+ p� 5]qn [n+ p� 4]qn [n+ p� 3]qn

�
4[n+ p� 2]2qn

q6n[n+ p� 4]qn [n+ p� 3]qn
+
6[n+ p� 2]qn
q2n[n+ p� 3]qn

� 3;

C2(n; p; qn) =
([2]qnq

2
n + [4]qnqn + [6]qn)[n+ p� 2]2qn

q12n [n+ p� 5]qn [n+ p� 4]qn [n+ p� 3]qn

�4([2]qnqn + [4]qn)[n+ p� 2]qn
q6n[n+ p� 4]qn [n+ p� 3]qn

+
6[2]qn

q2n[n+ p� 3]qn
;

C3(n; p; qn)

=
([2]qn [3]qnq

2
n + [2]qn [5]qnqn + [4]qn [5]qn)[n+ p� 2]qn

q11n [n+ p� 5]qn [n+ p� 4]qn [n+ p� 3]qn
� 4[2]qn [3]qn
q5n[n+ p� 4]qn [n+ p� 3]qn

;

and

C4(n; p; qn) =
[2]qn [3]qn [4]qn

q9n[n+ p� 5]qn [n+ p� 4]qn [n+ p� 3]qn
:

It is obvious that

(2.4) lim
n!1

[n+ p]2qnC4(n; p; qn) = 0:

Using the relations [n + p � 2]qn = [3]qn + q3n[n + p � 5]qn ; [n + p � 3]qn = [2]qn +
q2n[n+ p� 5]qnand [n+ p� 4]qn = 1 + qn[n+ p� 5]qn ;we will get following limits.
Firstly,

lim
n!1

[n+ p]2qnC1(n; p; qn)

= lim
n!1

(
[n+ p� 5]2qn(1� q

n+p�1
n )2(�3q4n + 3q2n + 2qn + 1)

q3n[n+ p� 4]qn [n+ p� 3]qn

+
[n+ p� 5]qn [n+ p]qn(1� qn+p�1n )(6q7n � 3q6n � 9q5n � 7q4n + q3n + 9q2n + 6qn + 3)

q6n[n+ p� 4]qn [n+ p� 3]qn

+
[n+ p]2qn

�
�3q10n + 3q9n + 6q

8
n + 2q

7
n � 8q6n � 12q5n � 5q4n + 2q3n + 9q2n + 6qn + 3

�
q9n[n+ p� 4]qn [n+ p� 3]qn

+
[n+ p]2qn(1 + qn + q

2
n)
3

q12n [n+ p� 5]qn [n+ p� 4]qn [n+ p� 3]qn

)
= 3(1� a)2 + 6(1� a) + 3:
(2.5)
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Secondly,

lim
n!1

[n+ p]2qnC2(n; p; qn)

= lim
n!1

(
[n+ p� 5]qn [n+ p]qn(1� qn+p�1n )

�
�2q3n + 3q2n + qn + 1

�
(qn + 1)

2

q6n[n+ p� 4]qn [n+ p� 3]qn

+
[n+ p]2qn(6q

11
n + 6q10n � 4q9n � 8q8n � 8q7n � 4q6n + q2n + qn + 1)

q12n [n+ p� 4]qn [n+ p� 3]qn

+
[n+ p]2qn(1 + qn + q

2
n)
2

q12n [n+ p� 5]qn [n+ p� 4]qn [n+ p� 3]qn

)
= 12(1� a)� 9:(2.6)

Finally,

lim
n!1

[n+ p]2qnC3(n; p; qn)

= lim
n!1

(
[n+ p]2qn

�
q7 � q6 � 2q5 + 4q3 + 6q2 + 3q + 1

�
q8n[n+ p� 4]qn [n+ p� 3]qn

+
q9 + 4q8 + 10q7 + 17q6 + 22q5 + 22q4 + 17q3 + 10q2 + 4q + 1

q11n [n+ p� 5]qn [n+ p� 4]qn [n+ p� 3]qn

�
= 12:(2.7)

Combining the limits between (2.4) and (2.7), we reach the desired result. �

3. Voronovskaja type theorem

Now we give a Voronovskaja type theorem for the Sn;p;qn operators. B[0;1)
denotes the set of all bounded functions from [0;1) to R: B[0;1) is a normed space
with the norm kfkB = sup fjf(x)j : x 2 [0;1)g : CB [0;1) denotes the subspace of
all continuous functions in B[0;1): The weighted Korovkin- type theorems were
proved by Gadzhiev in [2] and [3]. We give the Gadzhiev�s results in weighted spaces.
Let �(x) = 1 + '2(x); '(x) is a monotone increasing continuous function from
[0;1) to R. B�[0;1) denotes the set of all functions f , from [0;1) to R, satisfying
growth condition jf(x)j � Mf �(x);where Mf is a constant depending only on f:

B�[0;1) is a normed space with the norm kfk� = sup
n
jf(x)j (�(x))�1 : x 2 R

o
:

C�[0;1) denotes the subspace of all continuous functions in B�[0;1) and C�� [0;1)
denotes the subspace of all functions f 2 C�[0;1) for which lim

jxj!1
jf(x)j (�(x))�1

exists �nitely.

Theorem 3.1. Let (qn) � (0; 1) a sequence such that qn ! 1 and qnn ! a as
n!1: For any f 2 C[0;1) such that f 0; f 00 2 C[0;1) we have the limit

lim
n!1

[n+ p]qn (Sn;p;qn(f ;x)� f(x)) =
�
2� a
2
x2 + x

�
f 00(x):

Proof. By Taylor�s expansion of f; we have

f(t) = f(x) + f 0(x)(t� x) + 1
2
f 00(x)(t� x)2 + "(t; x)(t� x)2

where "(t; x)! 0 as t! x: Then, from Lemma 2.1, we obtain
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Sn;p;qn(f ;x) = f(x) +
1

2
f 00(x)Sn;p;qn((t� x)2;x) + Sn;p;qn("(t; x)((t� x)2;x):

For third term on the right side, using Cauchy-Schwarz inequality we write

Sn;p;qn("(t; x)((t� x)2;x) �
q
Sn;p;qn("

2(t; x);x)
q
Sn;p;qn((t� x)4;x):

Then

lim
n!1

[n+ p]qnSn;p;qn("(t; x)((t� x)2;x)

�
q
lim
n!1

Sn;p;qn("
2(t; x);x)

q
lim
n!1

[n+ p]2qnSn;p;qn((t� x)4;x):

From Lemma 2.3 (ii), lim
n!1

[n+p]2qnSn;p;qn((t�x)
4;x) is �nite. Since lim

n!1
Sn;p;qn("

2(t; x); x) =

0; we have
lim
n!1

[n+ p]qnSn;p;qn("(t; x)((t� x)2;x) = 0:

Thus, we obtain

lim
n!1

[n+ p]qn (Sn;p;qn(f ;x)� f(x)) =
1

2
f 00(x) lim

n!1
[n+ p]qnSn;p;qn((t� x)2;x):

Considering Lemma 2.3 (i), we get the desired result. �

4. Direct Results

In this section, we denote �rst modulus of continuity on �nite interval [0; b]; b > 0

(4.1) ![0;b](f ; �) = sup
0<h��;x2[0;b]

jf(x+ h)� f(x)j :

The Peetre�s K�functional is de�ned by
K2(f ; �) = inf

�
kf � gkB + � kg

00kB : g 2W
2
1
	
; � > 0

where W 2
1 = fg 2 CB [0;1) : g0; g00 2 CB [0;1)g : By , p. 177, Theorem 2.4 in [14],

there exists a positive constant M such that

(4.2) K2(f ; �) �M!2(f;
p
�)

where
!2(f ; �) = sup

0<h��
sup

x2[0;1)

jf(x+ 2h)� 2f(x+ h)� f(x)j :

Theorem 4.1 ([2] and [3]). (a) There exists a sequence of linear positive operators
Ln : C�[0;1)! B�[0;1) such that
(4.3) lim

n!1
kLn('�)� '�k� = 0; � = 0; 1; 2;

and there exists a function f� 2 C�[0;1)nC�� [0;1) with
lim
n!1

kLn(f�)� f�k� � 1:

(b) If a sequence of linear positive operators Ln : C�[0;1)! B�[0;1) satis�es
conditions (4.3), then

lim
n!1

kLn(f)� fk� = 0;

for every f 2 C�� [0;1):
Throughout this paper we take growth condition as �(x) = 1 + x2:
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Lemma 4.2. Let q 2 (0; 1), n > 3 and p 2 N: Then, for every x 2 [0;1) and
f 00 2 CB [0;1) we have the inequality

jSn;p;q(f ;x)� f(x)j �
2kf 00kB

q2[n+ p� 3]q
x(x+ 1):

Proof. Using Taylor�s expansion

f(t) = f(x) + (t� x)f 0(x) +
tZ
x

(t� u)f 00(u)du

and from Lemma 2.1, we have

Sn;p;q(f ;x) = Sn;p;q

0@ tZ
x

(t� u)f 00(u)du;x

1A :
Then, using the inequality������

tZ
x

(t� u)f 00(u)du

������ � kf 00kB (t� x)
2

2

we get

jSn;p;q(f ;x)� f(x)j � kf 00kSn;p;q
�
(t� x)2
2

;x

�
� 2kf 00kB
q2[n+ p� 3]q

x(x+ 1):

�

Theorem 4.3. Let (qn) � (0; 1) an sequence such that qn ! 1 as n ! 1: Then
for every n > 3; p 2 N ; x 2 [0;1) and f 2 CB [0;1) we have the inequality

jSn;p;qn(f ;x)� f(x)j � 2M!2

 
f ;

s
x(x+ 1)

q2n[n+ p� 3]qn

!
:

Proof. For any g 2W 2
1; we can write

jSn;p;qn(f ;x)� f(x)j � jSn;p;qn(f � g; x)� (f � g)(x)j+ jSn;p;qn(g; x)� g(x)j :

Then, from Lemma 4.2, we have

jSn;p;qn(f ;x)� f(x)j � 2 jjf � gjjB +
2x(x+ 1)

q2n[n+ p� 3]qn
kg00kB :

Now taking in�mum over g 2 W 2
1 on the right side of the above inequality and

using the inequality (4.2), we get the desired result. �

Theorem 4.4. Let (qn) � (0; 1) an sequence such that qn ! 1 as n ! 1: Then,
for every p 2 N and f 2 C�� [0;1); we have

lim
x!1

kSn;p;qn(f; x)� f(x)k� = 0:
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Proof. From Lemma 1.1; it is obvious that kSn;p;qn(e0; x)�1k� = 0 and kSn;p;qn(e1; x)�
xk� = 0: For every n > 3 we write

kSn;p;qn(e2;x)� x2k� = sup
x2[0;1)

���� [n+ p� 2]qnq2n[n+ p� 3]qn
x2 +

[2]qn
q2n[n+ p� 3]qn

x� x2
����

1 + x2

� 4

q2n[n+ p� 3]qn
sup

x2[0;1)

x(x+ 1)

1 + x2

= o(1):

Thus, from Theorem 4.1, we obtain desired result of Theorem. �

Theorem 4.5. Let f 2 C�[0;1); (qn) � (0; 1) a sequence such that qn ! 1 as
n!1 and ![0;b+1](f; �) be its modulus of continuity on the �nite interval [0; b+1];
b > 0: Then for every n > 3 and p 2 N; there exists a constant M > 0 such that
the inequality holds

kSn;p;qn(f ;x)�f(x)kC[0;b] �M
 

b(1 + b)3

q2n[n+ p� 3]qn
+ ![0;b+1]

 
f ;

s
4b(1 + b)

q2n[n+ p� 3]qn

!!
:

Proof. Let x 2 [0; b] and t > b+ 1. Since t� x > 1; we have
jf(t)� f(x)j � Mf (2 + (t� x+ x)2 + x2)

� 3Mf (1 + b)
2(t� x)2:(4.4)

Let x 2 [0; b]; t < b+ 1 and � > 0:Then, from (4.1), we have

(4.5) jf(t)� f(x)j �
�
1 +

jt� xj
�

�
![0;b+1](f; �):

Due to(4.4) and (4.5), we can write

jf(t)� f(x)j � 3Mf (1 + b)
2(t� x)2 +

�
1 +

jt� xj
�

�
![0;b+1](f; �):

Then, using Cauchy- Schwarz�s inequality and Lemma 2. 2, we get

jSn;p;qn(f ;x)� f(x)j

� 3Mf (1 + b)
2Sn;p;qn

�
(t� x)2;x

�
+ ![0;b+1](f ; �)

�
1 +

1

�

�
Sn;p;qn

�
(t� x)2;x

��1=2�
� 12Mf (1 + b)

2 x(x+ 1)

q2n[n+ p� 3]qn
+ ![0;b+1](f ; �)

"
1 +

1

�

�
4x(x+ 1)

q2n[n+ p� 3]qn

�1=2#
:

Choosing,

�2 :=
4b(1 + b)

q2n[n+ p� 3]qn
and M = minf12Mf ; 2g: We reach the proof of Theorem. �

Corollary 4.6. Let � > 0; (qn) � (0; 1) sequence such that qn ! 1 as n!1 and
f 2 C�� [0;1): Then, we have

lim
n!1

sup
x�0

jSn;p;qn(f ;x)� f(x)j
1 + x2+�

= 0:
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Proof. For � > 0; f 2 C�� [0;1) and x0 > 0; Considering the inequality

sup
x�0

jSn;p;qn(f ;x)� f(x)j
1 + x2+�

� kSn;p;qn(f ;x)� f(x)kC[0;x0] + sup
x�x0

jSn;p;qn(f ;x)j
1 + x2+�

+ sup
x�x0

jf(x)j
1 + x2+�

;

from Theorem 4.5 we get the desired result. �
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NEW APPROACH FOR MULTIDIMENSIONAL SCALING WITH
CATEGORICAL DATA

HENNING LÄUTER AND AYAD M. RAMADAN

Abstract. Multidimensional scaling is the problem of representing n objects
geometrically by n points, so that the interpoint distances correspond in some
sense to experimental dissimilarities between objects. In this paper we consider
a parametric family of multivariate multinomial distributions. We observe
realizations w of W with

w = (h11; :::; hk1; h12; :::; hkL):

Here all frequencies hil are nonnegative, (h1l; :::; hkl) is a realization of Wl

with
kX
i=1

hil = ~nl; P (h1l; :::; hkl) =
~nl

h1l! � ::: � hkl!
p1(�; tl)

h1l � ::: � pk(�; tl)hkl :

A categorical data is considered. We formulate a problem and �nd a scal-
ing for these data. Using a stress function to �t our results we �nd a good
con�guration for the data.

1. Introduction

The traditional methods scaling need knowledge of the dimensions of the area
being investigated [8]. The central motivating concepts of MDS is that the dis-
tances between the points representing the stimuli of interest should correspond in
some sensible way to the observed proximities. With this in mind various authors
have approached the problem by de�ning an objective function which measures the
discrepancy between the observed proximities and the �tted distances [3]. In many
situations, however, tables of counts resulting from the cross-classi�cation of more
than two categorical variables are of interest.
The analysis of three-dimensional tables poses entirely new conceptual problems

as compared with the analysis of those of two dimensions. However, the extension
from tables of three dimensions to those of four or more, whilst often increasing
the complexity of both analysis and interpretation. Much work has been done
on the analysis of multidimensional contingency tables [1]. Often data sets contain
categorical data, e.g., levels of factors or names. There does not exist any ordering or
any distance between these categories. At each level there are measured some metric
or categorical values. We introduce a new method of scaling based on statistical
decisions. For this we de�ne empirical probabilities for the original observations and
�nd a class of distributions in a metric space where these empirical probabilities can
be found as approximations for equivalently de�ned probabilities. With this method
we identify probabilities connected with the categorical data with probabilities in
metric spaces. Here we get a mapping from the levels of factors or names into

Key words and phrases. Multidimensional scaling, stress function, categorical data.
2010 AMS Math. Subject Classi�cation. Primary 62Hxx; Secondary 62H17, 62H30.
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2 H. LÄUTER AND A. M. RAMADAN

points of a metric space. This mapping yields the scale for the categorical data [6].
We use a stress function to compare the distances between the given data in any
dimension and the results in R.

2. Measure of Similarity and Dissimilarity

Measures of similarity are often called similarity coe¢ cients, and are some times,
although not necessary, de�ned to lie in the range [0,1]. Often the measures of
(dis)similarity are not observed directly but are obtained from a given (n� p) data
matrix. Given observations on p variables for each of n individuals or objects, there
are many ways of constructing an (n�n) matrix showing the similarity or dissimi-
larity of each pair of individuals. perhaps the most familiar measure of dissimilarity
is Euclidean distance drs, such that [7]:

(2.1) drs = f
pX
j=1

(xrj � xsj)2g1=2

3. Stress Function

We denote the dissimilarity between objects i and j by �ij , 1 � i; j � n and
suppose that �ij = �ji for all i; j.Representing points in Rk are collected in n � k
matrix X = (x1; :::; xn)

0 2 Rn�k, called a con�guration matrix in what follows.
dij(X) denotes the distance between xi and xj w.r.t. the usual Euclidean distance
in Rk. Fitting distances by least squares means minimizing stress, i.e.

(3.1) f(X) =
X

1�i�j�n
(�ij � dij(X))2

over all con�gurations X 2 Rn�k[5]. We observe realizations w of W with

(3.2) w = (h11; :::; hk1; h12; :::; hkL):

Here all frequencies hil are nonnegative, (h1l; :::; hkl) is a realization of Wl with

(3.3)
kX
i=1

hil = ~nl; P (h1l; :::; hkl) =
~nl

h1l! � ::: � hkl!
p1(�; tl)

h1l � ::: � pk(�; tl)hkl :

Such observation w can be represented as in Table (3:1).

Frequencies h11 h12 h13 � � � h1L
h21 h22 h23 � � � h2L
...

...
...

. . .
...

hk1 hk2 hk3 � � � hkL
Marginal sums h+1 = ~n1 h+2 = ~n2 h+3 = ~n3 � � � h+L = ~nL

Table 1. Structure of observations

The parameter � is a common parameter for all variables W1; :::;WL and tl is a
parameter only for Wl.
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4. Most Separating Scales

Ahrens and Läuter [2] introduced a method for scaling which bases on a test
statistic. This will be generalized for higher dimensional q-way classi�cation tables.
This was considered by Läuter [4] too. We will de�ne scales for the factors on the
basis of tests. This di¤ers from the approach in the preceding chapter, but it is
well motivated too. At �rst we denote the levels of the q factors in an arbitrary
way by real numbers. The factor i has �i levels. Then we put � ij for the level j of
the factor i, all levels are described by

� = (�11; :::; �1�1 ; :::; � q�q )
t

and altogether we have � =
P

i �i levels.
Scale points are to be constructed on the basis of the observations. The obser-

vations are those which are given by the categories and the frequencies. In our
understanding the categories are identi�ed with points t1; :::; tL 2 Rp and these
points are to be determined in an optimal way. As in the preceding chapter a
model can be formulated in spaces Rp for 1 � p � q depending on the speci�c
background. The observations express the correspondence to some classes, denoted
by fy11; :::; yknkg. Explicitly we have the observations

fy11; :::; y1n1g = fh11 times t1; h12 times t2; :::; h1L times tLg;

hence we have n1 = h1+: Or we write

y1j = t1; j = 1; :::; h11; y1j = t2; j = h11+1; :::; h11+h12; :::; y1j = tL; j = h1+�h1L; :::; h1+:

In an analogous way we have for the other classes i = 1; :::; k

yij = t1; j = 1; :::; hi1; yij = t2; j = hi1+1; :::; hi1+hi2; :::; yij = tL; j = hi+�hiL; :::; hi+:

It holds ni = hi+: For statistical decisions one needs assumptions on the distri-
butions. Depending on the meaning of the observations we can choose the dis-
tributions. Quite often binomial, normal or Poisson distributions are useful, but
especially in reliability or survival analysis exponential or Weibull distributions are
to be chosen. Now we derive the criterion for choosing the values � ij .

Assuming that we are given k distributions P#1 ; :::; P#k and for each distribution
P#i with a density f#i we have a random sample Yi1; :::; Yini . All random variables
should be independent. For testing

(4.1) H : P�1 = ::: = P�k

against K, that not all distributions are the same, we use the likelihood ratio test.
The joint density for Y = (Y11; :::; Yknk) is denoted by f#1;:::;#k . As usually the
LRT is given by

'(y) = 1 if Rn(y) :=
max#1;:::;#k f#1;:::;#k(y)

max# f#;:::;#(y)
� c;

where c ensures the signi�cance level. The aim is to �nd such a scale that the
distributions or here classes can be discriminated as well as possible. Therefore we
have to determine such a vector �� that maximizes the corresponding test statistic.
Or we use an appropriate test statistic from an admissible test for H against K.

248



4 H. LÄUTER AND A. M. RAMADAN

De�nition 4.1. If R denotes the test statistic where large values of R lead to the
rejection of the hypothesis then �� with

(4.2) R(��) = max
�

R(�)

is called a most separating scale.

5. Model of Normal Distributions

We assume that
Y11 : : : Y1n1
...

. . .
...

Yk1 : : : Yknk

are independent and normally distributed p-dimensional random variables, Yij �
Np(�i;�): Then we consider the test problem

(5.1) H : �1 = ::: = �k against K : notH:

We denote the sample mean for the ith distribution by yi�; i = 1; :::; k, the total
mean by

y�� =
1

n

kX
i=1

niX
j=1

yij =
1

n

kX
j=1

njyj� :

The unbiased estimator for the variance is

S =
1

n� k

kX
i=1

niX
j=1

(Yij � Yi�)(Yij � Yi�)t:

Then

T 20 (Y ) =
n� k � p+ 1
(k � 1)(n� k)p

kX
i=1

ni(Yi� � Y��)tS�1(Yi� � Y��)

is approximately F-distributed. H. Ahrens and J. Läuter[2]proposed the approxi-
mation T 20 (Y ) � Fg1;g2 for

g1 =

(
(k�1)(n�k�p)p
n�(k�1)p�2 if n� (k � 1)p� 2 > 0

1 otherwise,

g2 = n� k � p+ 1:

Then an admissible test is given by

(5.2) '(y) =

�
1 if T 20 (y) > Fg1;g2;�
0 otherwise,

for the �-fractile of the Fg1;g2-distribution. Especially the normal model will be
considered later. For testing H against K we use T 20 and therefore we use T

2
0 for

determination of most separating scales
In section 4 the categories were identi�ed by t1; :::; tL and we de�ned the yij . For
any tl we �nd a p � � matrix Cl with tl = Cl� : Every yij is one of the values
C1� ; :::; CL� . We assume

Yij � Np(�i;�); i = 1; :::; k; j = 1; :::; ni
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We use

ht� =
1

L

LX
l=1

htl; h�l =
1

k

kX
t=1

htl; h�� =
1

kL

kX
t=1

LX
l=1

htl;

ht� � L =
LX
l=1

htl = nt; h�� � kL = n:

Then we calculate

yt� =
1

nt

ntX
s=1

yts =
1

nt

�
ht1C1 + :::+ htLCL

�
� ; y�� =

k

n

�
h�1C1 + :::+ h�LCL

�
�

yt� � y�� =
�
(
ht1
nt
� kh�1

n
)C1 + :::+ (

htL
nt

� kh�L
n
)CL

�
� =: Dt � :

The test ' in (5:2) is an admissible test for H against K from (5:1) and so we can
use T 20 for �nding most separating scales. For calculating this statistic we use

H :=
kX
i=1

ni

�
yi� � y��

��
yi� � y��

�t
=

kX
i=1

niDi � �
tDt

i ;

S :=
1

n� k

kX
i=1

niX
s=1

�
yis � yi�

��
yis � yi�

�t
=

1

n� k

kX
i=1

LX
l=1

hilFil � �
tF til

for

Fil = Cl �
1

ni

�
hi1C1 + :::+ hiLCL

�
and

T 20 =
n� k � p+ 1
(k � 1)(n� k)p

kX
i=1

ni(yi� � y��)tS�1(yi� � y��) =

=
n� k � p+ 1
(k � 1)(n� k)p tr

�
HS�1

�
;

tr
�
HS�1

�
= � t

h kX
i=1

niD
t
iS

�1Di

i
�

so

(5.3) T 20 =
n� k � p+ 1
(k � 1)(n� k)p�

t
h kX
i=1

niD
t
iS

�1Di

i
� :

with

S =
1

n� k

kX
i=1

LX
l=1

hilFil � �
tF til:

For a good decision in the analysis of variance it is necessary that the observed
value of the test statistic is large. Then it is natural to look for such � -values which
maximize T 20 .
The calculation of these �� is rather di¢ cult. One has to use numerical methods.

In special cases explicit solutions are given.
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6. Calculation of Most Separating Scales

In general one has to use some optimization software for �nding a maximal ��.
We will consider in some detail the special case of normal distributions. In section
6.3 we considered the statistic T 20 is the statistic to be maximized. Up to a factor
this coincides with

(6.1) tr(HS�1) = � t
h kX
i=1

niD
t
iS

�1Di

i
�

with

S =
1

n� k

kX
i=1

LX
l=1

hilFil � �
tF til:

Now we consider q-way classi�cation models and p � q. Then we have the p � �
matrices Cl; Di; Fil and with H� := H, S� := S we have

(6.2) tr(HS�1) = tr(H�S
�1
� ) = � t

h kX
i=1

niD
t
iS

�1
� Di

i
�

for

(6.3) S� =
1

n� k

kX
i=1

LX
l=1

hilFil��
tF til:

De�ne

(6.4)  (� ; a) := at
h kX
i=1

niD
t
iS

�1
� Di

i
a

and then �� ful�lls

(6.5)  (��; ��) = max
�

 (� ; �):

We see that  does not change if � is substituted by �� for any real �.

De�nition 6.1. e� is called a local extremum if

d

d�
 
�
(1� �)e� + �v; (1� �)e� + �v�j�=0 � 0 8v 2 Rp:

We are interested in characterizing such a local extremum. This gives us the
next theorem.

Theorem 6.2. e� is a local extremum if and only if �(e�) = 0 with
�(�) :=

kX
i=1

niD
t
iS

�1
� Di� �

1

n� k

kX
i=1

ni

kX
j=1

LX
l=1

hjlF
t
jlS

�1
� Di��

tF tjlS
�1
� Di� :

Proof. We put �� = (1� �)e� + �v and obtain
d

d�
�� = v � ��;

d

d�
���

t
�j�=0 = (v � e�)e� t + e�(v � e�)t;

d

d�
S�1�� = �S

�1
��
(
d

d�
S��)S

�1
��
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and consequently

d

d�
S�1�� j�=0 = �

1

n� kS
�1e�

kX
j=1

LX
l=1

hjlFjl(ve� t + e�vt � 2e�e� t)F tjlS�1e� :

Now we calculate in a direct way
d

d�
 (��; ��)j�=0 = 2vt�(e�)

and so the theorem is proven. �
This theorem gives us a proposal for the calculation of a local extremum.

Step 1: Find dissimilarity matrix dij(X) for X, where(X is given). Choose an
initial point �0 then �nd �ij(�0). If the stress function f(X) � a tolerance STOP.
Else go to step 2.
Step 2: Set w := 1

j�(�0)j �(�0) and e�� = (1� �)�0 + �w for euclidian norm j�(�0)j
of �(�0).
Step 3: Determine such �1 that

 (e��1 ;e��1) = max
�

 (e��;e��):
Step 4: Set �1 := e��1 and calculate �(�1). Check f(X). In this way we get a
sequence of q-vectors �0; �1; �2; ::: and have

 (�0; �0) �  (�1; �1) �  (�2; �2) � :::

.

References

[1] Agresti, A., Categorical Data Analysis, Wiley, New York, 2002.
[2] Ahrens, H. and Läuter, J., Mehrdimensionale Varianzanalyse, Wiley, Akademie-Verlag, Berlin

1981.
[3] Kruskal, J.B., Multidimensional Scaling by Optimizing Goodness of Fit to a Nonmetric Hy-

pothesis, Psychometrika, 29, 1�27, (1964).
[4] Läuter, H., Modeling and Scaling of Categorical Data. Preprint, University of Linz, 2007.
[5] Mathar R., and A. µZilinskas, On Global Optimization in Two-Dimensional Scaling, Acta Ap-

plicandae Mathematicae 33, 109�118, (1993).
[6] Ramadan, A. M., Statistical model for categorical data, phd thesis, Potsdam university, 2010.
[7] Ramsay, O., Some Statistical Approaches to Multidimensional Scaling Data, Journal of the

Royal Statistical Society A 145, 285�312, (1982).
[8] Torgerson, W.S., Multidimensional Scaling I, Theory and Methods, Psychometrika, 17, 401�

419, (1952).

(H. Läuter) University of Potsdam, Potsdam, Germany
E-mail address : laeuter@uni-potsdam.de

(A. M. Ramadan) University of Sulaimani, Sulaimani, Iraq
E-mail address : ayadramadan1971@yahoo.de

252



 

253



TABLE OF CONTENTS, JOURNAL OF APPLIED FUNCTIONAL 

ANALYSIS, VOL. 8, NO. 2, 2013 

Preface, O. Duman, E. Erkus-Duman,………………………………………………………157 

On Coupled Fixed Point Theorems in Partially Ordered Partial Metric Spaces, Erdal 
Karapinar,……………………………………………………………………………………158 

Fixed Point Theorems for Generalized Contractions in Ordered Uniform Space, Duran Türkoglu 
and Demet Binbaşıoğlu,…………………………………………………………………….175 

Nonstandard Finite Difference Schemes for Fuzzy Differential Equations, Damla Arslan, 
Mevlude Yakit Ongun, and Ilkem Turhan, ……………………………….............................183 

Dynamical Analysis of a Ratio Dependent Holling-Tanner Type Predator-Prey Model With 
Delay, Canan Çelik,………………………………………………………………………….194 

A Deterministic Inventory Model of Deteriorating Items with Stock and Time Dependent 
Demand Rate, B. Mukherjee and K.  Prasad,…………………………...................................214 

Open Problems in Semi-Linear Uniform Spaces, Abdalla Tallafha,……………………….223 

Alzer Inequality for Hilbert Spaces Operators, Ali Morassaei and Farzollah 
Mirzapour,……………………………………………………………………………………229 

Direct Results on the q-Mixed Summation Integral Type Operators, Ismet Yüksel,………235 

New Approach for Multidimensional Scaling with Categorical Data, Henning Läuter and Ayad 
M. Ramadan,…………………………………………………………………………………246 



 
 
Volume 8, Numbers 3-4                                                                       July-October  2013 
 

ISSN:1559-1948 (PRINT), 1559-1956 (ONLINE) 
 
EUDOXUS PRESS,LLC 
                                                             

     
 
                 JOURNAL OF 
         
APPLIED FUNCTIONAL ANALYSIS  
 
  
 



                 SCOPE AND PRICES OF  

    JOURNAL OF APPLIED FUNCTIONAL ANALYSIS 
    A quartely international publication of EUDOXUS PRESS,LLC 
           ISSN:1559-1948(PRINT),1559-1956(ONLINE)       
 
    Editor in Chief: George Anastassiou  
    Department of Mathematical Sciences  
    The University of Memphis  
    Memphis, TN 38152,USA  
    E mail: ganastss@memphis.edu  
 
    Assistant to the Editor:Dr.Razvan Mezei,Lander University,SC 29649, USA. 
     
    
-------------------------------------------------------------------------------- 
 
 
      The purpose of the "Journal of Applied Functional Analysis"(JAFA) is to 
publish high quality original research articles, survey articles and book 
reviews from all subareas of Applied Functional Analysis in the broadest form 
plus from its applications and its connections to other topics of Mathematical 
Sciences. A sample list of connected mathematical areas with this publication 
includes but is not restricted to: Approximation Theory, Inequalities, 
Probability in Analysis, Wavelet Theory, Neural Networks, Fractional Analysis, 
Applied Functional Analysis and Applications, Signal Theory, Computational Real 
and Complex Analysis and Measure Theory, Sampling Theory, Semigroups of 
Operators, Positive Operators, ODEs, PDEs, Difference Equations, Rearrangements, 
Numerical Functional Analysis, Integral equations, Optimization Theory of all 
kinds, Operator Theory, Control Theory, Banach Spaces, Evolution Equations, 
Information Theory, Numerical Analysis, Stochastics, Applied Fourier Analysis, 
Matrix Theory, Mathematical Physics, Mathematical Geophysics, Fluid Dynamics, 
Quantum Theory. Interpolation in all forms, Computer Aided Geometric Design, 
Algorithms, Fuzzyness, Learning Theory, Splines, Mathematical Biology, Nonlinear 
Functional Analysis, Variational Inequalities, Nonlinear Ergodic Theory, 
Functional Equations, Function Spaces, Harmonic Analysis, Extrapolation Theory, 
Fourier Analysis, Inverse Problems, Operator Equations, Image Processing, 
Nonlinear Operators, Stochastic Processes, Mathematical Finance and Economics, 
Special Functions, Quadrature, Orthogonal Polynomials, Asymptotics, Symbolic and 
Umbral Calculus, Integral and Discrete Transforms, Chaos and Bifurcation, 
Nonlinear Dynamics, Solid Mechanics, Functional Calculus, Chebyshev Systems. 
Also are included combinations of the above topics.  
   
      Working with Applied Functional Analysis Methods has become a main trend 
in recent years, so we can understand better and deeper and solve important 
problems of our real and scientific world.  
   
      JAFA is a peer-reviewed International Quarterly Journal published by 
Eudoxus Press,LLC.   
       
      We are calling for high quality papers for possible publication. The 
contributor should submit the contribution to the EDITOR in CHIEF in TEX or 
LATEX double spaced and ten point type size, also in PDF format. Article should 
be sent ONLY by E-MAIL [See: Instructions to Contributors]   
 
Journal of Applied Functional Analysis(JAFA) 

is published in January,April,July and October of each year by 

256



 
 EUDOXUS PRESS,LLC, 
1424 Beaver Trail Drive,Cordova,TN38016,USA, 
Tel.001-901-751-3553 
anastassioug@yahoo.com 
http://www.EudoxusPress.com visit also http://www.msci.memphis.edu/~ganastss/jafa. 
 
  Annual Subscription Current Prices:For USA and Canada,Institutional:Print $500,Electronic 
$250,Print and Electronic $600.Individual:Print $ 200, Electronic $100,Print &Electronic $250.For 
any other part of the world add $60 more to the above prices for Print. 
Single article PDF file for individual $20.Single issue in PDF form for individual $80. 
 
No credit card payments.Only certified check,money order or international check in US dollars are 
acceptable. 
Combination orders of any two from JoCAAA,JCAAM,JAFA receive 25% discount,all three 
receive 30% discount. 
Copyright©2013  by Eudoxus Press,LLC all rights reserved.JAFA is printed in USA.              
JAFA is reviewed and abstracted by AMS Mathematical Reviews,MATHSCI,and 
Zentralblaat MATH. 
It is strictly prohibited the reproduction and transmission of any part of JAFA and in any form and 
by any means without the written permission of the publisher.It is only allowed to educators to 
Xerox articles for educational purposes.The publisher assumes no responsibility for the content of 
published papers. 
 
JAFA IS A JOURNAL OF RAPID PUBLICATION 
 
 
 
 
 
 
 
 
   
   

257



 
 

Journal of Applied Functional Analysis 
Editorial Board  

Associate Editors  
 

 
Editor in-Chief: 
George A.Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis,TN 38152,USA 
901-678-3144 office 
901-678-2482 secretary 
901-751-3553 home 
901-678-2480 Fax 
ganastss@memphis.edu 
Approximation 
Theory,Inequalities,Probability, 
Wavelet,Neural Networks,Fractional Calculus 
 
Associate Editors: 
 
1) Francesco Altomare 
Dipartimento di Matematica 
Universita' di Bari 
Via E.Orabona,4 
70125 Bari,ITALY 
Tel+39-080-5442690 office 
+39-080-3944046 home 
+39-080-5963612 Fax 
altomare@dm.uniba.it 
Approximation Theory, Functional Analysis, 
Semigroups and Partial Differential 
Equations, 
Positive Operators. 
 
2) Angelo Alvino 
Dipartimento di Matematica e Applicazioni  
"R.Caccioppoli" Complesso  
Universitario Monte S. Angelo 
Via Cintia 
80126 Napoli,ITALY 
+39(0)81 675680 
angelo.alvino@unina.it, 
angelo.alvino@dma.unina.it 
Rearrengements, Partial Differential 
Equations. 
 
3) Catalin Badea 
UFR Mathematiques,Bat.M2, 
Universite de Lille1 
Cite Scientifique 
F- 59655 Villeneuve d'Ascq,France  

 
24) Nikolaos B.Karayiannis 
Department of Electrical and  
Computer Engineering 
N308 Engineering Building 1 
University of Houston 
Houston,Texas 77204-4005 
USA 
Tel  (713) 743-4436 
Fax  (713) 743-4444 
Karayiannis@UH.EDU 
Karayiannis@mail.gr 
Neural Network Models, Learning  
Neuro-Fuzzy Systems. 
 
25) Theodore Kilgore 
Department of Mathematics 
Auburn University 
221 Parker Hall, 
Auburn University 
Alabama 36849,USA 
Tel  (334) 844-4620 
Fax  (334) 844-6555 
Kilgota@auburn.edu 
Real Analysis,Approximation Theory, 
Computational Algorithms. 
 
26) Jong Kyu Kim 
Department of Mathematics 
Kyungnam University 
Masan Kyungnam,631-701,Korea 
Tel  82-(55)-249-2211 
Fax  82-(55)-243-8609 
jongkyuk@kyungnam.ac.kr 
Nonlinear Functional Analysis,Variational  
Inequalities,Nonlinear Ergodic Theory, 
ODE,PDE,Functional Equations. 
 
27) Robert Kozma 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152  USA 
rkozma@memphis.edu 
Neural Networks, Reproducing Kernel Hilbert 
Spaces, 
Neural Perculation Theory 
 
28) Miroslav Krbec  

258



Tel.(+33)(0)3.20.43.42.18 
Fax (+33)(0)3.20.43.43.02 
Catalin.Badea@math.univ-lille1.fr 
Approximation Theory, Functional  
Analysis, Operator Theory. 
 
4) Erik J.Balder 
Mathematical Institute 
Universiteit Utrecht 
P.O.Box 80 010 
3508 TA UTRECHT 
The Netherlands 
Tel.+31 30 2531458 
Fax+31 30 2518394 
balder@math.uu.nl 
Control Theory, Optimization, 
Convex Analysis, Measure Theory, 
Applications to Mathematical  
Economics and Decision Theory. 
 
5) Carlo Bardaro 
Dipartimento di Matematica e Informatica 
Universita di Perugia 
Via Vanvitelli 1 
06123 Perugia, ITALY 
TEL+390755853822 
+390755855034 
FAX+390755855024 
E-mail bardaro@unipg.it  
Web site: http://www.unipg.it/~bardaro/  
Functional Analysis and Approximation 
Theory, 
Signal Analysis, Measure Theory, Real 
Analysis. 
 
6) Heinrich Begehr 
Freie Universitaet Berlin 
I. Mathematisches Institut, FU Berlin, 
Arnimallee 3,D 14195 Berlin 
Germany, 
Tel. +49-30-83875436, office 
   +49-30-83875374, Secretary 
Fax +49-30-83875403 
begehr@math.fu-berlin.de 
Complex and Functional Analytic  
Methods in PDEs, Complex Analysis, 
History of Mathematics. 
 
7) Fernando Bombal 
Departamento de Analisis Matematico 
Universidad Complutense 
Plaza de Ciencias,3 
28040 Madrid, SPAIN 
Tel.  +34 91 394 5020 
Fax  +34 91 394 4726 
fernando_bombal@mat.ucm.es 

Mathematical Institute 
Academy of Sciences of Czech Republic 
Zitna 25 
CZ-115 67 Praha 1 
Czech Republic 
Tel  +420 222 090 743 
Fax  +420 222 211 638 
krbecm@matsrv.math.cas.cz 
Function spaces,Real Analysis,Harmonic  
Analysis,Interpolation and 
Extrapolation Theory,Fourier Analysis. 
 
 
29) Peter M.Maass 
Center for Industrial Mathematics 
Universitaet Bremen 
Bibliotheksstr.1, 
MZH 2250, 
28359 Bremen 
Germany 
Tel  +49 421 218 9497 
Fax  +49 421 218 9562 
pmaass@math.uni-bremen.de 
Inverse problems,Wavelet Analysis and  
Operator Equations,Signal and Image 
Processing. 
 
30) Julian Musielak 
Faculty of Mathematics and Computer Science 
Adam Mickiewicz University 
Ul.Umultowska 87 
61-614 Poznan 
Poland 
Tel  (48-61) 829 54 71 
Fax  (48-61) 829 53 15 
Grzegorz.Musielak@put.poznan.pl 
Functional Analysis, Function Spaces,  
Approximation Theory,Nonlinear Operators. 
 
31) Gaston M. N'Guerekata 
Department of Mathematics 
Morgan State University 
Baltimore, MD 21251, USA 
tel:: 1-443-885-4373 
Fax 1-443-885-8216 
Gaston.N'Guerekata@morgan.edu 
Nonlinear Evolution Equations, 
Abstract Harmonic Analysis, 
Fractional Differential Equations, 
Almost Periodicity & Almost Automorphy. 
 
 
32) Vassilis Papanicolaou 
Department of Mathematics 
National Technical University of Athens 
Zografou campus, 157 80 

259



Operators on Banach spaces, 
Tensor products of Banach spaces, 
Polymeasures, Function spaces. 
 
8) Michele Campiti 
Department of Mathematics "E.De Giorgi" 
University of Lecce 
P.O. Box 193 
Lecce,ITALY 
Tel.  +39 0832 297 432 
Fax  +39 0832 297 594 
michele.campiti@unile.it 
Approximation Theory, 
Semigroup Theory, Evolution problems, 
Differential Operators. 
 
9)Domenico Candeloro 
Dipartimento di Matematica e Informatica 
Universita degli Studi di Perugia 
Via Vanvitelli 1 
06123 Perugia 
ITALY 
Tel  +39(0)75 5855038 
   +39(0)75 5853822, 
   +39(0)744 492936 
Fax  +39(0)75 5855024 
candelor@dipmat.unipg.it 
Functional Analysis, Function spaces, 
Measure and Integration Theory in  
Riesz spaces. 
 
10) Pietro Cerone 
School of Computer Science and  
Mathematics, Faculty of Science, 
Engineering and Technology, 
Victoria University 
P.O.14428,MCMC 
Melbourne,VIC 8001,AUSTRALIA 
Tel  +613 9688 4689 
Fax  +613 9688 4050 
Pietro.cerone@vu.edu.au 
Approximations, Inequalities, 
Measure/Information Theory, 
Numerical Analysis, Special Functions. 
 
11)Michael Maurice Dodson 
Department of Mathematics 
University of York, 
York YO10 5DD, UK 
Tel   +44 1904 433098 
Fax  +44 1904 433071 
Mmd1@york.ac.uk 
Harmonic Analysis and Applications to  
Signal Theory,Number Theory and  
Dynamical Systems. 
 

Athens, Greece 
tel:: +30(210) 772 1722 
Fax  +30(210) 772 1775 
papanico@math.ntua.gr 
Partial Differential Equations, 
Probability. 
 
33) Pier Luigi Papini 
Dipartimento di Matematica 
Piazza di Porta S.Donato 5 
40126 Bologna 
ITALY 
Fax  +39(0)51 582528 
papini@dm.unibo.it 
Functional Analysis, Banach spaces, 
Approximation Theory. 
 
34) Svetlozar T.Rachev 
Chair of Econometrics,Statistics 
and Mathematical Finance 
School of Economics and  
Business Engineering 
University of Karlsruhe 
Kollegium am Schloss, Bau II,20.12, R210 
Postfach 6980, D-76128,  
Karlsruhe,GERMANY. 
Tel  +49-721-608-7535, 
   +49-721-608-2042(s) 
Fax +49-721-608-3811 
Zari.Rachev@wiwi.uni-karlsruhe.de 
Second Affiliation: 
Dept.of Statistics and Applied Probability 
University of California at Santa Barbara 
rachev@pstat.ucsb.edu 
Probability,Stochastic Processes and  
Statistics,Financial Mathematics, 
Mathematical Economics. 
 
35) Paolo Emilio Ricci 
Department of Mathematics 
Rome University "La Sapienza" 
P.le A.Moro,2-00185 
Rome,ITALY 
Tel ++3906-49913201 office 
   ++3906-87136448 home 
Fax ++3906-44701007 
Paoloemilio.Ricci@uniroma1.it 
riccip@uniroma1.it 
Special Functions, Integral and Discrete  
Transforms, Symbolic and Umbral Calculus, 
ODE, PDE,Asymptotics, Quadrature, 
Matrix Analysis. 
 
36) Silvia Romanelli 
Dipartimento di Matematica 
Universita' di Bari 

260



12) Sever S.Dragomir 
School of Computer Science and  
Mathematics, Victoria University, 
PO Box 14428, 
Melbourne City, 
MC 8001,AUSTRALIA 
Tel.  +61 3 9688 4437 
Fax  +61 3 9688 4050 
sever@csm.vu.edu.au 
Inequalities,Functional Analysis, 
Numerical Analysis, Approximations, 
Information Theory, Stochastics. 
 
13) Oktay Duman 
TOBB University of Economics and Technology,  
Department of Mathematics, TR-06530, Ankara,  
Turkey, oduman@etu.edu.tr 

Classical Approximation Theory, Summability 
Theory, 
Statistical Convergence and its Applications  

 
14) Paulo J.S.G.Ferreira 
Department of Electronica e  
Telecomunicacoes/IEETA 
Universidade de Aveiro 
3810-193 Aveiro 
PORTUGAL 
Tel  +351-234-370-503 
Fax  +351-234-370-545 
pjf@ieeta.pt 
Sampling and Signal Theory,  
Approximations, Applied Fourier Analysis, 
Wavelet, Matrix Theory. 
 
15) Gisele Ruiz Goldstein 
Department of Mathematical Sciences 
The University of Memphis 
Memphis,TN 38152,USA. 
Tel  901-678-2513 
Fax  901-678-2480 
ggoldste@memphis.edu 
PDEs, Mathematical Physics, 
Mathematical Geophysics. 
 
16) Jerome A.Goldstein 
Department of Mathematical Sciences 
The University of Memphis 
Memphis,TN 38152,USA 
Tel  901-678-2484 
Fax  901-678-2480 
jgoldste@memphis.edu 
PDEs,Semigroups of Operators,  
Fluid Dynamics,Quantum Theory. 
 

Via E.Orabona 4 
70125 Bari, ITALY. 
Tel (INT 0039)-080-544-2668 office 
           080-524-4476 home 
           340-6644186 mobile 
Fax  -080-596-3612 Dept. 
romans@dm.uniba.it 
PDEs and Applications to Biology and  
Finance, Semigroups of Operators. 
 
37) Boris Shekhtman 
Department of Mathematics 
University of South Florida 
Tampa, FL 33620,USA 
Tel  813-974-9710 
boris@math.usf.edu 
Approximation Theory, Banach spaces, 
Classical Analysis. 
 
38) Rudolf Stens 
Lehrstuhl A fur Mathematik 
RWTH Aachen 
52056 Aachen 
Germany 
Tel  ++49 241 8094532 
Fax ++49 241 8092212 
stens@mathA.rwth-aachen.de 
Approximation Theory, Fourier Analysis, 
Harmonic Analysis, Sampling Theory. 
 
39) Juan J.Trujillo 
University of La Laguna 
Departamento de Analisis Matematico 
C/Astr.Fco.Sanchez s/n 
38271.LaLaguna.Tenerife. 
SPAIN 
Tel/Fax 34-922-318209 
Juan.Trujillo@ull.es 
Fractional: Differential Equations-
Operators- 
Fourier Transforms, Special functions, 
Approximations,and Applications. 
 
40)  Tamaz Vashakmadze 
I.Vekua Institute of Applied Mathematics 
Tbilisi State University,  
2 University St. , 380043,Tbilisi, 43, 
GEORGIA. 
Tel (+99532) 30 30 40 office 
   (+99532) 30 47 84 office 
   (+99532) 23 09 18 home 
Vasha@viam.hepi.edu.ge 
tamazvashakmadze@yahoo.com 
Applied Functional Analysis, Numerical  
Analysis, Splines, Solid Mechanics. 
 

261



17) Heiner Gonska 
Institute of Mathematics 
University of Duisburg-Essen 
Lotharstrasse 65 
D-47048 Duisburg 
Germany 
Tel  +49 203 379 3542 
Fax  +49 203 379 1845 
gonska@math.uni-duisburg.de 
Approximation and Interpolation Theory,  
Computer Aided Geometric Design, 
Algorithms. 
 
18) Karlheinz Groechenig 
Institute of Biomathematics and Biometry, 
GSF-National Research Center  
for Environment and Health  
Ingolstaedter Landstrasse 1 
D-85764 Neuherberg,Germany. 
Tel 49-(0)-89-3187-2333 
Fax 49-(0)-89-3187-3369 
Karlheinz.groechenig@gsf.de 
Time-Frequency Analysis, Sampling Theory, 
Banach spaces and Applications,  
Frame Theory. 
 
19) Vijay Gupta 
School of Applied Sciences 
Netaji Subhas Institute of Technology 
Sector 3 Dwarka 
New Delhi 110075, India 
e-mail: vijay@nsit.ac.in; 
vijaygupta2001@hotmail.com 
Approximation Theory 
 
20) Weimin Han 
Department of Mathematics 
University of Iowa 
Iowa City, IA 52242-1419 
319-335-0770 
e-mail: whan@math.uiowa.edu 
Numerical analysis, Finite element method, 
Numerical PDE, Variational inequalities, 
Computational mechanics 
 
21) Tian-Xiao He 
Department of Mathematics and  
Computer Science 
P.O.Box 2900,Illinois Wesleyan University 
Bloomington,IL 61702-2900,USA 
Tel (309)556-3089 
Fax (309)556-3864 
the@iwu.edu 
Approximations,Wavelet, Integration Theory, 
Numerical Analysis, Analytic Combinatorics. 
 

41) Ram Verma 
International Publications 
5066 Jamieson Drive, Suite B-9, 
Toledo, Ohio 43613,USA. 
Verma99@msn.com 
rverma@internationalpubls.com 
Applied Nonlinear Analysis, Numerical  
Analysis, Variational Inequalities,  
Optimization Theory, Computational  
Mathematics, Operator Theory. 
 
42) Gianluca Vinti 
Dipartimento di Matematica e Informatica 
Universita di Perugia 
Via Vanvitelli 1 
06123 Perugia 
ITALY 
Tel +39(0) 75 585 3822, 
   +39(0) 75 585 5032 
Fax +39 (0) 75 585 3822 
mategian@unipg.it 
Integral Operators, Function Spaces, 
Approximation Theory, Signal Analysis. 
 
43) Ursula Westphal 
Institut Fuer Mathematik B 
Universitaet Hannover 
Welfengarten 1 
30167 Hannover,GERMANY 
Tel (+49) 511 762 3225 
Fax (+49) 511 762 3518 
westphal@math.uni-hannover.de 
Semigroups and Groups of Operators, 
Functional Calculus, Fractional Calculus, 
Abstract and Classical Approximation  
Theory, Interpolation of Normed spaces. 
 
44) Ronald R.Yager 
Machine Intelligence Institute 
Iona College 
New Rochelle,NY 10801,USA 
Tel (212) 249-2047 
Fax(212) 249-1689 
Yager@Panix.Com 
ryager@iona.edu 
Fuzzy Mathematics, Neural Networks, 
Reasoning, 
Artificial Intelligence, Computer Science. 
 
45) Richard A. Zalik 
Department of Mathematics 
Auburn University 
Auburn University,AL 36849-5310 
USA. 
Tel 334-844-6557 office 
      678-642-8703 home 

262



22) Don Hong 
Department of Mathematical Sciences 
Middle Tennessee State University 
1301 East Main St.  
Room 0269, Blgd KOM 
Murfreesboro, TN 37132-0001 
Tel (615) 904-8339 
dhong@mtsu.edu 
Approximation Theory,Splines,Wavelet, 
Stochastics, Mathematical Biology Theory. 
 
23) Hubertus Th. Jongen 
Department of Mathematics 
RWTH Aachen 
Templergraben 55 
52056 Aachen 
Germany 
Tel  +49 241 8094540 
Fax  +49 241 8092390 
jongen@rwth-aachen.de 
Parametric Optimization, Nonconvex 
Optimization, Global Optimization.  

Fax 334-844-6555 
zalik@auburn.edu 
Approximation Theory,Chebychev Systems, 
Wavelet Theory. 
 
 

 
   
  

263



 

 

 
Instructions to Contributors 

Journal of Applied Functional Analysis 
  A quartely international publication of Eudoxus Press, LLC, of TN.  

  
Editor in Chief: George Anastassiou 

Department of Mathematical Sciences  
University of Memphis 

Memphis, TN 38152-3240, U.S.A. 
 
       

 
      1. Manuscripts files in Latex and PDF and in English, should be submitted via 
email to the Editor-in-Chief: 
 
      Prof.George A. Anastassiou  
      Department of Mathematical Sciences  
      The University of Memphis  
      Memphis,TN 38152, USA.  
      Tel. 901.678.3144  
      e-mail: ganastss@memphis.edu  
 
Authors may want to recommend an associate editor the most related to the 
submission to possibly handle it. 
 
      Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 
 
 
2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to 
save a copy of the style file.)They should be carefully prepared in all respects. 
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten 
point type size and in 8(1/2)x11 inch area per page. Manuscripts should have generous 
margins on all sides and should not exceed 24 pages. 
 
3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 
for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright,which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 
 

264



 

 

4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 
 
      The following items, 5 and 6, should be on page no. 1 of the paper. 
 
5. An abstract is to be provided, preferably no longer than 150 words. 
 
6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 
 
      The main body of the paper should begin on page no. 1, if possible. 
 
7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) .  
Subsections should be identified with section and subsection numbers (such as 6.1. 
Second-Value Subheading). 
If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 
 
8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right, and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 
 
9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 
 
    Tables are to be numbered (with Roman numerals) and referred to by number in 
the text. Center the title above the table, and type explanatory footnotes (indicated by 
superscript lowercase letters) below the table.  
 
10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline.  
      References should include (in the following order):  
     initials of first and middle name, last name of author(s)  
      title of article,  

265



 

 

      name of publication, volume number, inclusive pages, and year of publication.  
 
      Authors should follow these examples: 
 
          Journal Article  
 
          1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990).  
 
          Book  
 
          2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986.  
 
          Contribution to a Book  
 
          3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 
 
     11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 
 
     12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 
 
     13. After each revision is made please again submit via email Latex and PDF files  
of the revised manuscript, including the final one. 
       
    14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in 
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The 
fee payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage.  
 
      No galleys will be sent and the contact author will receive one (1) electronic copy of 
the journal issue in which the article appears. 
 
 
     15. This journal will consider for publication only papers that contain proofs for 
their listed results. 

 
       
   
   

 

266



Basic Fractional Integral Inequalities

George A. Anastassiou
Department of Mathematical Sciences

University of Memphis
Memphis, TN 38152, U.S.A.

ganastss@memphis.edu

August 19, 2012

Abstract
Here we present basic Lp fractional integral inequalities for left and

right Riemann-Liouville, generalized Riemann-Liouville, Hadamard, Erdelyi-
Kober and multivariate Riemann-Liouville fractional integrals. Then we
derive basic Lp fractional inequalities regarding the left Riemann-Liouville,
the left and right Caputo and the left and right Canavati type fractional
derivatives.
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1 Introduction
We start with some facts about fractional integrals needed in the sequel, for
more details see, for instance [1], [11].

Let a < b, a, b ∈ R. By CN ([a, b]), we denote the space of all functions
on [a, b] which have continuous derivatives up to order N , and AC ([a, b]) is the
space of all absolutely continuous functions on [a, b]. By ACN ([a, b]), we denote
the space of all functions g with g(N−1) ∈ AC ([a, b]). For any α ∈ R, we denote
by [α] the integral part of α (the integer k satisfying k ≤ α < k + 1), and dαe
is the ceiling of α (min{n ∈ N, n ≥ α}). By L1 (a, b), we denote the space of all
functions integrable on the interval (a, b), and by L∞ (a, b) the set of all functions
measurable and essentially bounded on (a, b). Clearly, L∞ (a, b) ⊂ L1 (a, b) .

We start with the definition of the Riemann-Liouville fractional integrals,
see [14]. Let [a, b], (−∞ < a < b < ∞) be a finite interval on the real axis R.
The Riemann-Liouville fractional integrals Iαa+f and Iαb−f of order α > 0 are
defined by (

Iαa+f
)

(x) =
1

Γ (α)

ˆ x

a

f (t) (x− t)α−1 dt, (x > a), (1)
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(
Iαb−f

)
(x) =

1

Γ (α)

ˆ b

x

f (t) (t− x)
α−1

dt, (x < b), (2)

respectively. Here Γ (α) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals. We mention some properties of
the operators Iαa+f and Iαb−f of order α > 0, see also [16]. The first result yields
that the fractional integral operators Iαa+f and Iαb−f are bounded in Lp (a, b),
1 ≤ p ≤ ∞, that is

∥∥Iαa+f∥∥p ≤ K ‖f‖p ,
∥∥Iαb−f∥∥p ≤ K ‖f‖p , (3)

where

K =
(b− a)

α

αΓ (α)
. (4)

Inequality (3), that is the result involving the left-sided fractional integral, was
proved by H. G. Hardy in one of his first papers, see [12].

In this article we prove basic Hardy type fractional integral inequalities and
we are motivated by [12], [13], [6],[5].

2 Main Results
We present our first result.

Theorem 1. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m. Let fi :

(a, b)→ R,be Lebesgue measurable functions so that ‖fi‖q is finite, i = 1, ...,m.
Then

∥∥∥∥∥
m∏
i=1

(
Iαia+fi

)∥∥∥∥∥
p

≤ (b− a)

m∑
i=1

αi+m( 1
p−1)+

1
p[(

p
m∑
i=1

αi +m (1− p) + 1

) 1
p
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖q

)
. (5)

Proof. By (1) we have

(
Iαia+fi

)
(x) =

1

Γ (αi)

ˆ x

a

(x− t)αi−1 fi (t) dt, (6)

x > a, i = 1, ...,m.
We have that

2
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∣∣(Iαia+fi) (x)
∣∣ ≤ 1

Γ (αi)

ˆ x

a

(x− t)αi−1 |fi (t)| dt, (7)

x > a, i = 1, ...,m.
By Hölder’s inequality we get

∣∣(Iαia+fi) (x)
∣∣ ≤ 1

Γ (αi)

(ˆ x

a

(x− t)p(αi−1) dt
) 1
p
(ˆ x

a

|fi (t)|q dt
) 1
q

≤ 1

Γ (αi)

(x− a)(αi−1)+
1
p

(p(αi − 1) + 1)
1
p

(ˆ b

a

|fi (t)|q dt

) 1
q

, (8)

x > a, i = 1, ...,m.
Therefore

m∏
i=1

∣∣(Iαia+fi) (x)
∣∣p ≤ 1(

m∏
i=1

Γ (αi)

)p (x− a)
p
m∑
i=1

αi+m(1−p)

m∏
i=1

(p(αi − 1) + 1)

(
m∏
i=1

ˆ b

a

|fi (t)|q dt

) p
q

,

(9)
x ∈ (a, b).

Consequently we get

ˆ b

a

(
m∏
i=1

∣∣(Iαia+fi) (x)
∣∣p) dx ≤

 1
m∏
i=1

(Γ (αi)
p

(p(αi − 1) + 1))


·

(ˆ b

a

(x− a)
p
m∑
i=1

αi+m(1−p)
dx

)(
m∏
i=1

ˆ b

a

|fi (t)|q dt

) p
q

(10)

=

(b− a)
p
m∑
i=1

αi+m(1−p)+1
(
m∏
i=1

´ b
a
|fi (t)|q dt

) p
q

[(
p
m∑
i=1

αi +m(1− p) + 1

)(
m∏
i=1

(Γ (αi)
p

(p(αi − 1) + 1))

)] , (11)

proving the claim. �

We give also the following general variant in

Theorem 2. Let p, q > 1 such that 1
p + 1

q = 1, r > 0;αi > 0, i = 1, ...,m.

Let fi : (a, b) → R,be Lebesgue measurable functions so that ‖fi‖q is finite,
i = 1, ...,m .
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Then

∥∥∥∥∥
m∏
i=1

(
Iαia+fi

)∥∥∥∥∥
r

≤ (b− a)

m∑
i=1

αi−m+m
p + 1

r[(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖q

)
. (12)

Proof. Using r > 0 and (8) we get

∣∣(Iαia+fi) (x)
∣∣r ≤ 1

Γ (αi)
r

(x− a)r((αi−1)+
1
p )

(p(αi − 1) + 1)
r
p

(ˆ b

a

|fi (t)|q dt

) r
q

, (13)

and

m∏
i=1

∣∣(Iαia+fi) (x)
∣∣r ≤ 1

m∏
i=1

Γ (αi)
r

(x− a)
r

(
m∑
i=1

αi−m+m
p

)
(
m∏
i=1

(p(αi − 1) + 1)

) r
p

 m∏
i=1

(ˆ b

a

|fi (t)|q dt

) 1
q

r

.

(14)
Consequently

ˆ b

a

(
m∏
i=1

∣∣(Iαia+fi) (x)
∣∣r) dx ≤

(´ b
a

(x− a)
r

(
m∑
i=1

αi−m+m
p

)
dx

)
(
m∏
i=1

Γ (αi)
r

)(
m∏
i=1

(p(αi − 1) + 1)

) r
p

·

 m∏
i=1

(ˆ b

a

|fi (t)|q dt

) 1
q

r

(15)

=
(b− a)

r

(
m∑
i=1

αi−m+m
p

)
+1(

r

(
m∑
i=1

αi −m+ m
p

)
+ 1

)(
m∏
i=1

Γ (αi) (p(αi − 1) + 1)
1
p

)r , (16)

·

 m∏
i=1

(ˆ b

a

|fi (t)|q dt

) 1
q

r

.

The claim is proved. �

4

ANASTASSIOU: FRACTIONAL INEQUALITIES

270



We continue with

Theorem 3. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m. Let fi :

(a, b)→ R,be Lebesgue measurable functions so that ‖fi‖q is finite, i = 1, ...,m.
Then

∥∥∥∥∥
m∏
i=1

(
Iαib−fi

)∥∥∥∥∥
p

≤ (b− a)

m∑
i=1

αi+m( 1
p−1)+

1
p[(

p
m∑
i=1

αi +m (1− p) + 1

) 1
p
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖q

)
. (17)

Proof. By (2) we have

(
Iαib−fi

)
(x) =

1

Γ (αi)

ˆ b

x

(t− x)
αi−1 fi (t) dt, (18)

x < b, i = 1, ...,m.
We have that

∣∣(Iαib−fi) (x)
∣∣ ≤ 1

Γ (αi)

ˆ b

x

(t− x)
αi−1 |fi (t)| dt, (19)

x < b, i = 1, ...,m.
By Hölder’s inequality we get

∣∣(Iαib−fi) (x)
∣∣ ≤ 1

Γ (αi)

(ˆ b

x

(t− x)
p(αi−1) dt

) 1
p
(ˆ b

x

|fi (t)|q dt

) 1
q

(20)

≤ 1

Γ (αi)

(b− x)αi−1+
1
p

(p(αi − 1) + 1)
1
p

(ˆ b

a

|fi (t)|q dt

) 1
q

, (21)

x < b, i = 1, ...,m.
Therefore

m∏
i=1

∣∣(Iαib−fi) (x)
∣∣p ≤ 1(

m∏
i=1

Γ (αi)

)p (b− x)
p
m∑
i=1

αi+m(1−p)

m∏
i=1

(p(αi − 1) + 1)

(
m∏
i=1

ˆ b

a

|fi (t)|q dt

) p
q

,

(22)
x ∈ (a, b).
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Consequently we get

ˆ b

a

(
m∏
i=1

∣∣(Iαib−fi) (x)
∣∣p) dx ≤

 1(
m∏
i=1

Γ (αi)

)p( m∏
i=1

(p(αi − 1) + 1)

)


·

(ˆ b

a

(b− x)
p
m∑
i=1

αi+m(1−p)
dx

)(
m∏
i=1

ˆ b

a

|fi (t)|q dt

) p
q

(23)

=

(b− a)
p
m∑
i=1

αi+m(1−p)+1
(
m∏
i=1

´ b
a
|fi (t)|q dt

) p
q

[(
p
m∑
i=1

αi +m(1− p) + 1

)(
m∏
i=1

(Γ (αi)
p

(p(αi − 1) + 1))

)] , (24)

proving the claim. �

It follows

Theorem 4. Let p, q > 1 such that 1
p + 1

q = 1, r > 0;αi > 0, i = 1, ...,m.

Let fi : (a, b) → R, be Lebesgue measurable functions so that ‖fi‖q is finite,
i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
Iαib−fi

)∥∥∥∥∥
r

≤ (b− a)

m∑
i=1

αi−m+m
p + 1

r[(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖q

)
. (25)

Proof. Using r > 0 and (21) we get

∣∣(Iαib−fi) (x)
∣∣r ≤ 1

Γ (αi)
r

(b− x)r((αi−1)+
1
p )

(p(αi − 1) + 1)
r
p

(ˆ b

a

|fi (t)|q dt

) r
q

, (26)

and

m∏
i=1

∣∣(Iαib−fi) (x)
∣∣r ≤ 1

m∏
i=1

Γ (αi)
r

(b− x)
r

(
m∑
i=1

αi−m+m
p

)
(
m∏
i=1

(p(αi − 1) + 1)

) r
p

 m∏
i=1

(ˆ b

a

|fi (t)|q dt

) 1
q

r

.

(27)

6

ANASTASSIOU: FRACTIONAL INEQUALITIES

272



Consequently it holds

ˆ b

a

(
m∏
i=1

∣∣(Iαib−fi) (x)
∣∣r) dx ≤

(´ b
a

(b− x)
r

(
m∑
i=1

αi−m+m
p

)
dx

)
(
m∏
i=1

Γ (αi)
r

)(
m∏
i=1

(p(αi − 1) + 1)

) r
p

·

 m∏
i=1

(ˆ b

a

|fi (t)|q dt

) 1
q

r

(28)

7
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=
(b− a)

r

(
m∑
i=1

αi−m+m
p

)
+1(

r

(
m∑
i=1

αi −m+ m
p

)
+ 1

)(
m∏
i=1

Γ (αi) (p(αi − 1) + 1)
1
p

)r , (29)

·

 m∏
i=1

(ˆ b

a

|fi (t)|q dt

) 1
q

r

.

The claim is proved. �

We need

Definition 5. ([14, p.99])The fractional integrals of a function f with re-
spect to given function g are defined as follows:

Let a, b ∈ R, a < b, α > 0. Here g is an increasing function on [a, b] and
g ∈ C1 ([a, b]). The left- and right-sided fractional integrals of a function f with
respect to another function g in [a, b] are given by

(
Iαa+;gf

)
(x) =

1

Γ (α)

ˆ x

a

g′ (t) f (t) dt

(g (x)− g (t))
1−α , x > a, (30)

(
Iαb−;gf

)
(x) =

1

Γ (α)

ˆ b

x

g′ (t) f (t) dt

(g (t)− g (x))
1−α , x < b, (31)

respectively.
We present

Theorem 6. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m. Here
a, b ∈ R and strictly increasing g with Iαia+;g as in Definition 5, see (30). Let
fi : (a, b) → R, be Lebesgue measurable functions so that ‖fi‖Lq(g) is finite,
i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
Iαia+;gfi

)∥∥∥∥∥
Lp(g)

≤ (g(b)− g(a))

m∑
i=1

αi+m( 1
p−1)+

1
p[(

p
m∑
i=1

αi +m (1− p) + 1

) 1
p
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖Lq(g)

)
. (32)

Proof. By (30) we have

(
Iαia+;gfi

)
(x) =

1

Γ (αi)

ˆ x

a

g′(t)fi (t)

(g(x)− g(t))1−αi
dt, (33)

8
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x > a, i = 1, ...,m.
We have that∣∣(Iαia+;gfi

)
(x)
∣∣ ≤ 1

Γ (αi)

ˆ x

a

(g(x)− g(t))
αi−1 g′(t) |fi (t)| dt

=
1

Γ (αi)

ˆ x

a

(g(x)− g(t))
αi−1 |fi (t)| dg(t), (34)

x > a, i = 1, ...,m.
By Hölder’s inequality we get

∣∣(Iαia+;gfi
)

(x)
∣∣ ≤ 1

Γ (αi)

(ˆ x

a

(g(x)− g(t))
p(αi−1) dg(t)

) 1
p
(ˆ x

a

|fi (t)|q dg(t)

) 1
q

≤ 1

Γ (αi)

(g(x)− g(a))αi−1+
1
p

(p(αi − 1) + 1)
1
p

(ˆ b

a

|fi (t)|q dg(t)

) 1
q

(35)

=
1

Γ (αi)

(g(x)− g(a))αi−1+
1
p

(p(αi − 1) + 1)
1
p

‖fi‖Lq(g) , (36)

x > a, i = 1, ...,m.
So we got

∣∣(Iαia+;gfi
)

(x)
∣∣ ≤ (g(x)− g(a))αi−1+

1
p

Γ (αi) (p(αi − 1) + 1)
1
p

‖fi‖Lq(g) , (37)

x > a, i = 1, ...,m.
Hence

m∏
i=1

∣∣(Iαia+;gfi
)

(x)
∣∣p ≤ (g(x)− g(a))

p
m∑
i=1

αi+m(1−p)

m∏
i=1

(Γ (αi)
p

(p(αi − 1) + 1))

m∏
i=1

‖fi‖pLq(g) , (38)

x ∈ (a, b).
Consequently, we obtain

ˆ b

a

(
m∏
i=1

∣∣(Iαia+;gfi
)

(x)
∣∣p) dg(x) ≤

m∏
i=1

‖fi‖pLq(g)
´ b
a

(g(x)− g(a))
p
m∑
i=1

αi+m(1−p)
dg(x)

m∏
i=1

(Γ (αi)
p

(p(αi − 1) + 1))

9
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=
m∏
i=1

[
‖fi‖pLq(g)

(Γ (αi)
p

(p(αi − 1) + 1))

]
(g(b)− g(a))

p
m∑
i=1

αi+m(1−p)+1(
p
m∑
i=1

αi +m(1− p) + 1

) , (39)

proving the claim. �

We also give

Theorem 7. Let p, q > 1 such that 1
p + 1

q = 1; αi > 0, i = 1, ...,m; r > 0.

Here a, b ∈ R and strictly increasing g with Iαia+;g as in Definition 5, see (30).
Let fi : (a, b) → R, be Lebesgue measurable functions and ‖fi‖Lq(g) is finite,
i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
Iαia+;gfi

)∥∥∥∥∥
Lr(g)

≤ (g(b)− g(a))

m∑
i=1

αi−m+m
p + 1

r[(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖Lq(g)

)
. (40)

Proof. Using r > 0 and (37) we get

∣∣(Iαia+;gfi
)

(x)
∣∣r ≤ (g(x)− g(a))r(αi−1+

1
p )

Γ (αi)
r

(p(αi − 1) + 1)
r
p
‖fi‖rLq(g) , (41)

and

m∏
i=1

∣∣(Iαia+;gfi
)

(x)
∣∣r ≤ (g(x)− g(a))

r

(
m∑
i=1

αi−m+m
p

)
(
m∏
i=1

Γ (αi) (p(αi − 1) + 1)
1
p

)r
(

m∏
i=1

‖fi‖Lq(g)

)r
, (42)

x ∈ (a, b).
Consequently, it holds

ˆ b

a

m∏
i=1

∣∣(Iαia+;gfi
)

(x)
∣∣r dg(x) ≤

(´ b
a

(g(x)− g(a))
r

(
m∑
i=1

αi−m+m
p

)
dg(x)

)
(
m∏
i=1

(
Γ (αi) (p(αi − 1) + 1)

1
p

))r

10
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·

(
m∏
i=1

‖fi‖Lq(g)

)r
(43)

=

(g(b)− g(a))
r

(
m∑
i=1

αi−m+m
p

)
+1
(
m∏
i=1

‖fi‖Lq(g)

)r
(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

)(
m∏
i=1

(
Γ (αi) (p(αi − 1) + 1)

1
p

))r . (44)

The claim is proved. �

We continue with

Theorem 8. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m. Here
a, b ∈ R and strictly increasing g with Iαib−;g as in Definition 5, see (31). Let
fi : (a, b) → R, be Lebesgue measurable functions and ‖fi‖Lq(g) is finite, i =
1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
Iαib−;gfi

)∥∥∥∥∥
Lp(g)

≤ (g(b)− g(a))

m∑
i=1

αi+m( 1
p−1)+

1
p[(

p
m∑
i=1

αi +m (1− p) + 1

) 1
p
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖Lq(g)

)
. (45)

Proof. By (31) we have(
Iαib−;gfi

)
(x) =

1

Γ (αi)

ˆ b

x

g′(t)fi (t)

(g(t)− g(x))1−αi
dt, (46)

x < b, i = 1, ...,m.
We have that∣∣∣(Iαib−;gfi) (x)

∣∣∣ ≤ 1

Γ (αi)

ˆ b

x

(g(t)− g(x))
αi−1 g′(t) |fi (t)| dt

=
1

Γ (αi)

ˆ b

x

(g(t)− g(x))
αi−1 |fi (t)| dg(t), (47)

x < b, i = 1, ...,m.
By Hölder’s inequality we get

11
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∣∣∣(Iαib−;gfi) (x)
∣∣∣ ≤ 1

Γ (αi)

(ˆ b

x

(g(t)− g(x))
p(αi−1) dg(t)

) 1
p
(ˆ b

x

|fi (t)|q dg(t)

) 1
q

≤ 1

Γ (αi)

(g(b)− g(x))αi−1+
1
p

(p(αi − 1) + 1)
1
p

(ˆ b

a

|fi (t)|q dg(t)

) 1
q

(48)

=
1

Γ (αi)

(g(b)− g(x))αi−1+
1
p

(p(αi − 1) + 1)
1
p

‖fi‖Lq(g) , (49)

x < b, i = 1, ...,m.
So we got ∣∣∣(Iαib−;gfi) (x)

∣∣∣ ≤ (g(b)− g(x))αi−1+
1
p

Γ (αi) (p(αi − 1) + 1)
1
p

‖fi‖Lq(g) , (50)

x < b, i = 1, ...,m.
Hence

m∏
i=1

∣∣∣(Iαib−;gfi) (x)
∣∣∣p ≤ (g(b)− g(x))

p
m∑
i=1

αi+m(1−p)

m∏
i=1

(Γ (αi)
p

(p(αi − 1) + 1))

m∏
i=1

‖fi‖pLq(g) , (51)

x ∈ (a, b).
Consequently, we obtain

ˆ b

a

(
m∏
i=1

∣∣∣(Iαib−;gfi) (x)
∣∣∣p) dg(x) ≤

m∏
i=1

‖fi‖pLq(g)

(´ b
a

(g(b)− g(x))
p
m∑
i=1

αi+m(1−p)
dg(x)

)
m∏
i=1

(Γ (αi)
p

(p(αi − 1) + 1))

=
m∏
i=1

[
‖fi‖pLq(g)

(Γ (αi)
p

(p(αi − 1) + 1))

]
(g(b)− g(a))

p
m∑
i=1

αi+m(1−p)+1(
p
m∑
i=1

αi +m(1− p) + 1

) , (52)

proving the claim. �

We also give

Theorem 9. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m, r > 0.

Here a, b ∈ R and strictly increasing g with Iαib−;g as in Definition 5, see (31).
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Let fi : (a, b) → R, be Lebesgue measurable functions and ‖fi‖Lq(g) is finite,
i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
Iαib−;gfi

)∥∥∥∥∥
Lr(g)

≤ (g(b)− g(a))

m∑
i=1

αi−m+m
p + 1

r[(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r
(
m∏
i=1

Γ(αi) (p(αi − 1) + 1)
1
p

)]

·

(
m∏
i=1

‖fi‖Lq(g)

)
. (53)

Proof. Using r > 0 and (50) we get

∣∣∣(Iαib−;gfi) (x)
∣∣∣r ≤ (g(b)− g(x))r(αi−1+

1
p )

Γ (αi)
r

(p(αi − 1) + 1)
r
p
‖fi‖rLq(g) , (54)

and

m∏
i=1

∣∣∣(Iαib−;gfi) (x)
∣∣∣r ≤ (g(b)− g(x))

r

(
m∑
i=1

αi−m+m
p

)
m∏
i=1

(
Γ (αi) (p(αi − 1) + 1)

1
p

)r
(

m∏
i=1

‖fi‖Lq(g)

)r
, (55)

x ∈ (a, b).
Consequently, it holds

ˆ b

a

m∏
i=1

∣∣∣(Iαib−;gfi) (x)
∣∣∣r dg(x) ≤

(´ b
a

(g(b)− g(x))
r

(
m∑
i=1

αi−m+m
p

)
dg(x)

)
(
m∏
i=1

(
Γ (αi) (p(αi − 1) + 1)

1
p

))r

·

(
m∏
i=1

‖fi‖Lq(g)

)r
(56)

=

(g(b)− g(a))
r

(
m∑
i=1

αi−m+m
p

)
+1
(
m∏
i=1

‖fi‖Lq(g)

)r
(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

)(
m∏
i=1

(
Γ (αi) (p(αi − 1) + 1)

1
p

))r . (57)

The claim is proved. �
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We need
Definition 10 ([13]). Let 0 < a < b <∞, α > 0. The left- and right-sided

Hadamard fractional integrals of order α are given by

(
Jαa+f

)
(x) =

1

Γ (α)

ˆ x

a

(
ln
x

y

)α−1
f (y)

y
dy, x > a, (58)

and (
Jαb−f

)
(x) =

1

Γ (α)

ˆ b

x

(
ln
y

x

)α−1 f (y)

y
dy, x < b, (59)

respectively.
Notice that the Hadamard fractional integrals of order α are special cases of

left- and right-sided fractional integrals of a function f with respect to another
function, here g (x) = lnx on [a, b], 0 < a < b <∞.

Above f is a Lebesgue measurable function from (a, b) into R, such that(
Jαa+ (|f |)

)
(x) and/or

(
Jαb− (|f |)

)
(x) ∈ R, ∀ x ∈ (a, b) .

We present

Theorem 11. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m. Here
0 < a < b < ∞, and Jαia+ as in Definition 10, see (58). Let fi : (a, b) → R, be
Lebesgue measurable functions and ‖fi‖Lq(ln) is finite, i = 1, ...,m .

Then

∥∥∥∥∥
m∏
i=1

(
Jαia+fi

)∥∥∥∥∥
Lp(ln)

≤
(
ln( ba )

) m∑
i=1

αi+m( 1
p−1)+

1
p(

p
m∑
i=1

αi +m(1− p) + 1

) 1
p
(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))

·

(
m∏
i=1

‖fi‖Lq(ln)

)
. (60)

Proof. By Theorem 6, for g(x) = lnx. �
We also have

Theorem 12. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m; r > 0.

Here 0 < a < b <∞, and Jαia+ as in Definition 10, see (58). Let fi : (a, b)→ R,
be Lebesgue measurable functions and ‖fi‖Lq(ln) is finite, i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
Jαia+fi

)∥∥∥∥∥
Lr(ln)

≤
(
ln( ba )

) m∑
i=1

αi−m+m
p + 1

r(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r
(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))
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·

(
m∏
i=1

‖fi‖Lq(ln)

)
. (61)

Proof. By Theorem 7, for g(x) = lnx. �
We continue with

Theorem 13. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m. Here
0 < a < b < ∞, and Jαib− as in Definition 10, see (59). Let fi : (a, b) → R, be
Lebesgue measurable functions and ‖fi‖Lq(ln) is finite, i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
Jαib−fi

)∥∥∥∥∥
Lp(ln)

≤
(
ln( ba )

) m∑
i=1

αi+m( 1
p−1)+

1
p(

p
m∑
i=1

αi +m(1− p) + 1

) 1
p
(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))

·

(
m∏
i=1

‖fi‖Lq(ln)

)
. (62)

Proof. By Theorem 8, for g(x) = lnx. �
We also have

Theorem 14. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m; r > 0.

Here 0 < a < b <∞, and Jαib− as in Definition 10, see (59). Let fi : (a, b)→ R,
be Lebesgue measurable functions and ‖fi‖Lq(ln) is finite, i = 1, ...,m. Then

∥∥∥∥∥
m∏
i=1

(
Jαib−fi

)∥∥∥∥∥
Lr(ln)

≤
(
ln( ba )

) m∑
i=1

αi−m+m
p + 1

r(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r
(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))

·

(
m∏
i=1

‖fi‖Lq(ln)

)
. (63)

Proof. By Theorem 9, for g(x) = lnx. �
We need

Definition 15 ([16]). Let (a, b), 0 ≤ a < b <∞; α, σ > 0. We consider the
left- and right-sided fractional integrals of order α as follows:

1) for η > −1, we define

(
Iαa+;σ,ηf

)
(x) =

σx−σ(α+η)

Γ (α)

ˆ x

a

tση+σ−1f (t) dt

(xσ − tσ)
1−α , (64)
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2) for η > 0, we define

(
Iαb−;σ,ηf

)
(x) =

σxση

Γ (α)

ˆ b

x

tσ(1−η−α)−1f (t) dt

(tσ − xσ)
1−α . (65)

These are the Erdélyi-Kober type fractional integrals.
We present

Theorem 16. Let p, q > 1 such that 1
p + 1

q = 1;αi > 0, i = 1, ...,m. Here
0 ≤ a < b < ∞, σ > 0, η > −1, and Iαia+;σ,η is as in Definition 15, see (64).
Let fi : (a, b) → R, be Lebesgue measurable functions and ‖xσηfi(x)‖Lq(xσ) is
finite, i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
xσ(αi+η)

(
Iαia+;σ,ηfi

)
(x)
)∥∥∥∥∥

Lp(xσ)

≤ (bσ − aσ)

m∑
i=1

αi+m( 1
p−1)+

1
p(

p
m∑
i=1

αi +m(1− p) + 1

) 1
p

· 1(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))
(

m∏
i=1

‖xσηfi(x)‖Lq(xσ)

)
. (66)

Proof. By Definition 15, see (64), we have

(
Iαia+;σ,ηfi

)
(x) =

σx−σ(αi+η)

Γ (αi)

ˆ x

a

tση+σ−1fi (t) dt

(xσ − tσ)
1−αi , (67)

x > a. We rewrite (67) as follows:

L1(fi)(x) := xσ(αi+η)
(
Iαia+;σ,ηfi

)
(x)

=
1

Γ (αi)

ˆ x

a

(xσ − tσ)
αi−1 (tσηfi (t)) dtσ, (68)

and by calling F1i(t) = tσηfi(t), we have

L1(fi)(x) =
1

Γ (αi)

ˆ x

a

(xσ − tσ)
αi−1 F1i(t)dt

σ, (69)

i = 1, ...,m, x > a. Furthermore we notice that

|L1(fi)(x)| ≤ 1

Γ (αi)

ˆ x

a

(xσ − tσ)
αi−1 |F1i(t)| dtσ, (70)

i = 1, ...,m, x > a.
So that now we can act as in the proof of Theorem 6. �
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We continue with

Theorem 17. Let p, q > 1 such that 1
p + 1

q = 1; αi > 0, i = 1, ...,m, r > 0.

Here 0 ≤ a < b <∞, σ > 0, η > −1, and Iαia+;σ,η is as in Definition 15, see (64).
Let fi : (a, b) → R,be Lebesgue measurable functions and ‖xσηfi(x)‖Lq(xσ) is
finite, i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
xσ(αi+η)

(
Iαia+;σ,ηfi

)
(x)
)∥∥∥∥∥

Lr(xσ)

≤ (bσ − aσ)

m∑
i=1

αi−m+m
p + 1

r(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r

· 1(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))
(

m∏
i=1

‖xσηfi(x)‖Lq(xσ)

)
. (71)

Proof. Based on the proof of Theorem 16, and similarly acting as in the
proof of Theorem 7. �

We also have

Theorem 18. Let p, q > 1 such that 1
p + 1

q = 1; αi > 0, i = 1, ...,m. Here
0 ≤ a < b < ∞, σ > 0, η > 0, and Iαib−;σ,η is as in Definition 15, see (65). Let
fi : (a, b) → R, be Lebesgue measurable functions and

∥∥x−σ(η+αi)fi(x)
∥∥
Lq(xσ)

is finite, i = 1, ...,m.
Then

∥∥∥∥∥
m∏
i=1

(
x−ση

(
Iαib−;σ,ηfi

)
(x)
)∥∥∥∥∥

Lp(xσ)

≤ (bσ − aσ)

m∑
i=1

αi+m( 1
p−1)+

1
p(

p
m∑
i=1

αi +m(1− p) + 1

) 1
p

· 1(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))
(

m∏
i=1

∥∥∥x−σ(η+αi)fi(x)
∥∥∥
Lq(xσ)

)
. (72)

Proof. By Definition 15, see (65) we have(
Iαib−;σ,ηfi

)
(x) =

σxση

Γ (αi)

ˆ b

x

tσ(1−η−αi)−1fi (t) dt

(tσ − xσ)
1−αi , (73)

x < b. We rewrite (73) as follows:

L2(fi)(x) := x−ση
(
Iαib−;σ,ηfi

)
(x)
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=
1

Γ (αi)

ˆ b

x

(tσ − xσ)
αi−1

(
t−σ(η+αi)fi (t)

)
dtσ, (74)

and by calling F2i(t) = t−σ(η+αi)fi(t), we have

L2(fi)(x) =
1

Γ (αi)

ˆ b

x

(tσ − xσ)
αi−1 F2i(t)dt

σ, (75)

i = 1, ...,m, x < b. Furthermore we notice that

|L2(fi)(x)| ≤ 1

Γ (αi)

ˆ b

x

(tσ − xσ)
αi−1 |F2i(t)| dtσ, (76)

i = 1, ...,m, x < b.
So that now we can act as in the proof of Theorem 8. �
We continue with

Theorem 19. Let p, q > 1 such that 1
p + 1

q = 1; αi > 0, i = 1, ...,m, r > 0.

Here 0 ≤ a < b <∞, σ > 0, η > 0, and Iαib−;σ,η is as in Definition 15, see (65) Let
fi : (a, b) → R, be Lebesgue measurable functions and

∥∥x−σ(η+αi)fi(x)
∥∥
Lq(xσ)

is finite, i = 1, ...,m. Then

∥∥∥∥∥
m∏
i=1

(
x−ση

(
Iαib−;σ,ηfi

)
(x)
)∥∥∥∥∥

Lr(xσ)

≤ (bσ − aσ)

m∑
i=1

αi−m+m
p + 1

r(
r

(
m∑
i=1

αi −m+ m
p

)
+ 1

) 1
r

· 1(
m∏
i=1

(
Γ(αi) (p(αi − 1) + 1)

1
p

))
(

m∏
i=1

∥∥∥x−σ(η+αi)fi(x)
∥∥∥
Lq(xσ)

)
. (77)

Proof. Based on the proof of Theorem 18, and acting similarly as in the
proof of Theorem 9. �

We make

Definition 20. Let
N∏
i=1

(ai, bi) ⊂ RN , N > 1, ai < bi, ai, bi ∈ R. Let αi > 0,

i = 1, ..., N ; f ∈ L1

(
N∏
i=1

(ai, bi)

)
, and set a = (a1, ..., aN ) , b = (b1, ..., bN ),

α = (α1, ..., αN ), x = (x1, ..., xN ) , t = (t1, ..., tN ) .
We define the left mixed Riemann-Liouville fractional multiple integral of

order α (see also [15]):

(
Iαa+f

)
(x) :=

1
N∏
i=1

Γ (αi)

ˆ x1

a1

...

ˆ xN

aN

N∏
i=1

(xi − ti)αi−1 f (t1, ..., tN ) dt1...dtN ,

(78)
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with xi > ai, i = 1, ..., N.
We also define the right mixed Riemann-Liouville fractional multiple integral

of order α (see also [13]):

(
Iαb−f

)
(x) :=

1
N∏
i=1

Γ (αi)

ˆ b1

x1

...

ˆ bN

xN

N∏
i=1

(ti − xi)αi−1 f (t1, ..., tN ) dt1...dtN ,

(79)
with xi < bi, i = 1, ..., N.

Notice Iαa+ (|f |), Iαb− (|f |) are finite if f ∈ L∞
(
N∏
i=1

(ai, bi)

)
.

We present

Theorem 21. Let p, q > 1 such that 1
p + 1

q = 1. Here all as in Definition

20, and (78) for Iαa+. Let fj :
N∏
i=1

(ai, bi) → R, j = 1, ...,m, such that fj ∈

Lq

(
N∏
i=1

(ai, bi)

)
.

Then it holds

∥∥∥∥∥∥
m∏
j=1

Iαa+fj

∥∥∥∥∥∥
p,
N∏
i=1

(ai,bi)

≤
N∏
i=1

 (bi − ai)(m((αi−1)+ 1
p )+ 1

p )

(m (p (αi − 1) + 1) + 1)
1
p

(
Γ(αi) (p(αi − 1) + 1)

1
p

)m


·

 m∏
j=1

‖fj‖
q,
N∏
i=1

(ai,bi)

 . (80)

Proof. By Definition 20, see (78), we have

(
Iαa+fj

)
(x) =

1
N∏
i=1

Γ (αi)

ˆ x1

a1

...

ˆ xN

aN

N∏
i=1

(xi − ti)αi−1 fj (t1, ..., tN ) dt1...dtN ,

(81)
furthermore it holds

∣∣(Iαa+fj) (x)
∣∣ ≤ 1

N∏
i=1

Γ (αi)

ˆ x1

a1

...

ˆ xN

aN

N∏
i=1

(xi − ti)αi−1 |fj (t1, ..., tN )| dt1...dtN ,

(82)

j = 1, ...,m, x ∈
N∏
i=1

(ai, bi) .
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By Hölder’s inequality we get

∣∣(Iαa+fj) (x)
∣∣ ≤ 1

N∏
i=1

Γ (αi)

(ˆ x1

a1

...

ˆ xN

aN

N∏
i=1

(xi − ti)p(αi−1) dt1...dtN

) 1
p

·
(ˆ x1

a1

...

ˆ xN

aN

|fj (t1, ..., tN )|q dt1...dtN
) 1
q

(83)

≤ 1
N∏
i=1

Γ (αi)

(
N∏
i=1

(ˆ xi

ai

(xi − ti)p(αi−1) dti
) 1
p

)ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt

 1
q

(84)

=
1

N∏
i=1

Γ (αi)

(
N∏
i=1

(
(xi − ai)(αi−1)+

1
p

(p (αi − 1) + 1)
1
p

))ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt

 1
q

. (85)

Hence

m∏
j=1

∣∣(Iαa+fj) (x)
∣∣p ≤ 1(

N∏
i=1

Γ (αi)

)mp
(

N∏
i=1

(xi − ai)(αi−1)+
1
p

(p (αi − 1) + 1)
1
p

)mp

·
m∏
j=1

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt


p
q

, (86)

for x ∈
N∏
i=1

(ai, bi) .

Consequently, we get

ˆ
N∏
i=1

(ai,bi)

m∏
j=1

∣∣(Iαa+fj) (x)
∣∣p dx ≤

 m∏
j=1

´
N∏
i=1

(ai,bi)
|fj (t)|q dt


p
q


(
N∏
i=1

Γ (αi)

)mp( N∏
i=1

(p (αi − 1) + 1)
m

)

·

ˆ
N∏
i=1

(ai,bi)

N∏
i=1

(xi − ai)m(p(αi−1)+1)
dx1...dxN

 (87)
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=
N∏
i=1

(
(bi − ai)m(p(αi−1)+1)+1

(m (p (αi − 1) + 1) + 1) (Γ (αi)
p

(p (αi − 1) + 1))
m

)

·

 m∏
j=1

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt


p
q

 , (88)

proving the claim. �

We have

Theorem 22. Let p, q > 1 such that 1
p + 1

q = 1; r > 0. Here all as in

Definition 20, and (78) for Iαa+. Let fj :
N∏
i=1

(ai, bi)→ R, j = 1, ...,m, such that

fj ∈ Lq
(
N∏
i=1

(ai, bi)

)
.

Then

∥∥∥∥∥∥
m∏
j=1

Iαa+fj

∥∥∥∥∥∥
r,
N∏
i=1

(ai,bi)

≤
N∏
i=1

 (bi − ai)(m((αi−1)+ 1
p )+ 1

r )(
mr
(

(αi − 1) + 1
p

)
+ 1
) 1
r

Γ(αi)m (p(αi − 1) + 1)
m
p



·

 m∏
j=1

‖fj‖
q,
N∏
i=1

(ai,bi)

 . (89)

Proof. We have

(
Iαa+fj

)
(x) =

1
N∏
i=1

Γ (αi)

ˆ x1

a1

...

ˆ xN

aN

N∏
i=1

(xi − ti)αi−1 fj (t1, ..., tN ) dt1...dtN ,

(90)
furthermore it holds

∣∣(Iαa+fj) (x)
∣∣ ≤ 1

N∏
i=1

Γ (αi)

ˆ x1

a1

...

ˆ xN

aN

N∏
i=1

(xi − ti)αi−1 |fj (t1, ..., tN )| dt1...dtN ,

(91)

j = 1, ...,m, x ∈
N∏
i=1

(ai, bi) .
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By using (85) of the proof of Theorem 21 and r > 0 we get

m∏
j=1

∣∣(Iαa+fj) (x)
∣∣r ≤ 1(

N∏
i=1

Γ (αi)

)mr
(

N∏
i=1

(
(xi − ai)(αi−1)+

1
p

(p (αi − 1) + 1)
1
p

))mr

·
m∏
j=1

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt

 r
q

, (92)

for x ∈
N∏
i=1

(ai, bi) .

Consequently, we get

ˆ
N∏
i=1

(ai,bi)

m∏
j=1

∣∣(Iαa+fj) (x)
∣∣r dx ≤ 1(

N∏
i=1

Γ (αi)

)mr

 m∏
j=1

´
N∏
i=1

(ai,bi)
|fj (t)|q dt

 1
q


r

(
N∏
i=1

(p (αi − 1) + 1)
mr
p

)

·

ˆ
N∏
i=1

(ai,bi)

N∏
i=1

(xi − ai)mr((αi−1)+
1
p ) dx

 (93)

=

N∏
i=1

 (bi − ai)mr((αi−1)+
1
p )+1(

mr
(

(αi − 1) + 1
p

)
+ 1
)

Γ (αi)
mr

(p (αi − 1) + 1)
mr
p



·

 m∏
j=1

‖fj‖
q,
N∏
i=1

(ai,bi)

r

, (94)

proving the claim. �
We also give

Theorem 23. Let p, q > 1 such that 1
p + 1

q = 1. Here all as in Definition

20, and (79) for Iαb−. Let fj :
N∏
i=1

(ai, bi) → R, j = 1, ...,m, such that fj ∈

Lq

(
N∏
i=1

(ai, bi)

)
.

Then it holds

∥∥∥∥∥∥
m∏
j=1

Iαb−fj

∥∥∥∥∥∥
p,
N∏
i=1

(ai,bi)

≤
N∏
i=1

 (bi − ai)(m((αi−1)+ 1
p )+ 1

p )

(m (p (αi − 1) + 1) + 1)
1
p

(
Γ(αi) (p(αi − 1) + 1)

1
p

)m

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·

 m∏
j=1

‖fj‖
q,
N∏
i=1

(ai,bi)

 . (95)

Proof. By Definition 20, see (79), we have

(
Iαb−fj

)
(x) =

1
N∏
i=1

Γ (αi)

ˆ b1

x1

...

ˆ bN

xN

N∏
i=1

(ti − xi)αi−1 fj (t1, ..., tN ) dt1...dtN ,

(96)
furthermore it holds

∣∣(Iαb−fj) (x)
∣∣ ≤ 1

N∏
i=1

Γ (αi)

ˆ b1

x1

...

ˆ bN

xN

N∏
i=1

(ti − xi)αi−1 |fj (t1, ..., tN )| dt1...dtN ,

(97)

j = 1, ...,m, x ∈
N∏
i=1

(ai, bi) .

By Hölder’s inequality we get

∣∣(Iαb−fj) (x)
∣∣ ≤ 1

N∏
i=1

Γ (αi)

(ˆ b1

x1

...

ˆ bN

xN

N∏
i=1

(ti − xi)p(αi−1) dt1...dtN

) 1
p

·

(ˆ b1

x1

...

ˆ bN

xN

|fj (t1, ..., tN )|q dt1...dtN

) 1
q

(98)

≤ 1
N∏
i=1

Γ (αi)

 N∏
i=1

(ˆ bi

xi

(ti − xi)p(αi−1) dti

) 1
p



·

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt

 1
q

(99)

=
1

N∏
i=1

Γ (αi)

(
N∏
i=1

(
(bi − xi)(αi−1)+

1
p

(p (αi − 1) + 1)
1
p

))
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·

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt

 1
q

. (100)

Hence

m∏
j=1

∣∣(Iαb−fj) (x)
∣∣p ≤ 1(

N∏
i=1

Γ (αi)

)mp
(

N∏
i=1

(bi − xi)(αi−1)+
1
p

(p (αi − 1) + 1)
1
p

)mp

·
m∏
j=1

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt


p
q

, (101)

for x ∈
N∏
i=1

(ai, bi) .

Consequently, we get

ˆ
N∏
i=1

(ai,bi)

m∏
j=1

∣∣(Iαb−fj) (x)
∣∣p dx ≤

 m∏
j=1

´
N∏
i=1

(ai,bi)
|fj (t)|q dt


p
q


(
N∏
i=1

Γ (αi)

)mp( N∏
i=1

(p (αi − 1) + 1)
m

)

·

ˆ
N∏
i=1

(ai,bi)

N∏
i=1

(bi − xi)m(p(αi−1)+1)
dx1...dxN

 (102)

=
N∏
i=1

(
(bi − ai)m(p(αi−1)+1)+1

(m (p (αi − 1) + 1) + 1) ((Γ (αi))
p

(p (αi − 1) + 1))
m

)

·

 m∏
j=1

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt


p
q

 , (103)

proving the claim. �

We have

Theorem 24. Let p, q > 1 such that 1
p + 1

q = 1; r > 0. Here all as in

Definition 20, and (79) for Iαb−. Let fj :
N∏
i=1

(ai, bi)→ R, j = 1, ...,m, such that

fj ∈ Lq
(
N∏
i=1

(ai, bi)

)
.
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Then

∥∥∥∥∥∥
m∏
j=1

Iαb−fj

∥∥∥∥∥∥
r,
N∏
i=1

(ai,bi)

≤
N∏
i=1

 (bi − ai)(m((αi−1)+ 1
p )+ 1

r )(
mr
(

(αi − 1) + 1
p

)
+ 1
) 1
r

Γ(αi)m (p(αi − 1) + 1)
m
p



·

 m∏
j=1

‖fj‖
q,
N∏
i=1

(ai,bi)

 . (104)

Proof. We have

(
Iαb−fj

)
(x) =

1
N∏
i=1

Γ (αi)

ˆ b1

x1

...

ˆ bN

xN

N∏
i=1

(ti − xi)αi−1 fj (t1, ..., tN ) dt1...dtN ,

(105)
furthermore it holds

∣∣(Iαb−fj) (x)
∣∣ ≤ 1

N∏
i=1

Γ (αi)

ˆ b1

x1

...

ˆ bN

xN

N∏
i=1

(ti − xi)αi−1 |fj (t1, ..., tN )| dt1...dtN ,

(106)

j = 1, ...,m, x ∈
N∏
i=1

(ai, bi) .

By using (100) of the proof of Theorem 23 and r > 0 we get

m∏
j=1

∣∣(Iαb−fj) (x)
∣∣r ≤ 1(

N∏
i=1

Γ (αi)

)mr
(

N∏
i=1

(
(bi − xi)(αi−1)+

1
p

(p (αi − 1) + 1)
1
p

))mr

·
m∏
j=1

ˆ
N∏
i=1

(ai,bi)

|fj (t)|q dt

 r
q

, (107)

for x ∈
N∏
i=1

(ai, bi) .

Consequently, we get

ˆ
N∏
i=1

(ai,bi)

m∏
j=1

∣∣(Iαb−fj) (x)
∣∣r dx ≤ 1(

N∏
i=1

Γ (αi)

)mr

 m∏
j=1

´
N∏
i=1

(ai,bi)
|fj (t)|q dt

 1
q


r

(
N∏
i=1

(p (αi − 1) + 1)
mr
p

)
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·

ˆ
N∏
i=1

(ai,bi)

N∏
i=1

(bi − xi)mr((αi−1)+
1
p ) dx

 (108)

=
N∏
i=1

 (bi − ai)mr((αi−1)+
1
p )+1(

mr
(

(αi − 1) + 1
p

)
+ 1
)

Γ (αi)
mr

(p (αi − 1) + 1)
mr
p



·

 m∏
j=1

‖fj‖
q,
N∏
i=1

(ai,bi)

r

, (109)

proving the claim. �

Definition 25 ([1], p. 448). The left generalized Riemann-Liouville frac-
tional derivative of f of order β > 0 is given by

Dβ
af (x) =

1

Γ (n− β)

(
d

dx

)n ˆ x

a

(x− y)
n−β−1

f (y) dy, (110)

where n = [β] + 1, x ∈ [a, b] .
For a, b ∈ R, we say that f ∈ L1 (a, b) has an L∞ fractional derivative Dβ

af
(β > 0) in [a, b], if and only if

(1) Dβ−k
a f ∈ C ([a, b]) , k = 2, ..., n = [β] + 1,

(2) Dβ−1
a f ∈ AC ([a, b])

(3) Dβ
af ∈ L∞ (a, b) .

Above we define D0
af := f and D−δa f := Iδa+f , if 0 < δ ≤ 1.

From [1, p. 449] and [11] we mention and use

Lemma 26. Let β > α ≥ 0 and let f ∈ L1 (a, b) have an L∞ fractional
derivative Dβ

af in [a, b] and let Dβ−k
a f (a) = 0, k = 1, ..., [β] + 1, then

Dα
a f (x) =

1

Γ (β − α)

ˆ x

a

(x− y)
β−α−1

Dβ
af (y) dy, (111)

for all a ≤ x ≤ b.
Here Dα

a f ∈ AC ([a, b]) for β−α ≥ 1, and Dα
a f ∈ C ([a, b]) for β−α ∈ (0, 1) .

Notice here that

Dα
a f (x) =

(
Iβ−αa+

(
Dβ
af
))

(x) , a ≤ x ≤ b. (112)

We present

Theorem 27. Let p, q > 1 such that 1
p + 1

q = 1; βi > αi ≥ 0, i = 1, ...,m.

Let fi ∈ L1 (a, b) have an L∞ fractional derivative Dβi
a fi in [a, b] and let

Dβi−ki
a fi (a) = 0, ki = 1, ..., [βi] + 1.
Then
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∥∥∥∥∥
m∏
i=1

(Dαi
a fi)

∥∥∥∥∥
p

≤ (b− a)

m∑
i=1

(βi−αi)+m( 1
p−1)+

1
p(

p
m∑
i=1

(βi − αi) +m (1− p) + 1

) 1
p

· 1(
m∏
i=1

Γ (βi − αi) (p(βi − αi − 1) + 1)
1
p

) ( m∏
i=1

∥∥Dβi
a fi

∥∥
q

)
. (113)

Proof. Using Theorem 1, see (5), and Lemma 26, see (112). �
We also give

Theorem 28. Let p, q > 1 such that 1
p + 1

q = 1; r > 0, βi > αi ≥ 0, i =

1, ...,m. Let fi ∈ L1 (a, b) have an L∞ fractional derivative Dβi
a fi in [a, b] and

let Dβi−ki
a fi (a) = 0, ki = 1, ..., [βi] + 1.

Then

∥∥∥∥∥
m∏
i=1

(Dαi
a fi)

∥∥∥∥∥
r

≤ (b− a)

m∑
i=1

(βi−αi)−m+m
p + 1

r(
r

(
m∑
i=1

(βi − αi)−m+ m
p

)
+ 1

) 1
r

· 1(
m∏
i=1

Γ (βi − αi) (p(βi − αi − 1) + 1)
1
p

) ( m∏
i=1

∥∥Dβi
a fi

∥∥
q

)
. (114)

Proof: Using Theorem 2, see (12), and Lemma 26, see (112). �
We need

Definition 29 ([8], p. 50, [1], p. 449). Let ν ≥ 0, n := dνe, f ∈ ACn ([a, b]).
Then the left Caputo fractional derivative is given by

Dν
∗af (x) =

1

Γ (n− ν)

ˆ x

a

(x− t)n−ν−1 f (n) (t) dt

=
(
In−νa+ f (n)

)
(x) , (115)

and it exists almost everywhere for x ∈ [a, b], in fact Dν
∗af ∈ L1 (a, b), ([1], p.

394).
We have Dn

∗af = f (n), n ∈ Z+.
We also need

Theorem 30 ([4]). Let ν ≥ ρ+1, ρ > 0, ν, ρ /∈ N. Call n := dνe, m∗ := dρe.
Assume f ∈ ACn ([a, b]), such that f (k) (a) = 0, k = m∗,m∗ + 1, ..., n− 1, and
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Dν
∗af ∈ L∞ (a, b). Then Dρ

∗af ∈ AC ([a, b]) (where Dρ
∗af =

(
Im

∗−ρ
a+ f (m

∗)
)

(x)),
and

Dρ
∗af (x) =

1

Γ (ν − ρ)

ˆ x

a

(x− t)ν−ρ−1Dν
∗af (t) dt

=
(
Iν−ρa+ (Dν

∗af)
)

(x) , (116)

∀ x ∈ [a, b] .
We present

Theorem 31. Let p, q > 1 such that 1
p + 1

q = 1; and let νi ≥ ρi +

1, ρi > 0, νi, ρi /∈ N, i = 1, ...,m. Call ni := dνie, m∗i := dρie. Suppose
fi ∈ ACni ([a, b]), such that f (ki)i (a) = 0, ki = m∗i ,m

∗
i + 1, ..., ni − 1, and

Dνi
∗afi ∈ L∞ (a, b).
Then

∥∥∥∥∥
m∏
i=1

(Dρi
∗afi)

∥∥∥∥∥
p

≤ (b− a)

m∑
i=1

(νi−ρi)+m( 1
p−1)+

1
p(

p
m∑
i=1

(νi − ρi) +m (1− p) + 1

) 1
p

· 1(
m∏
i=1

Γ (νi − ρi) (p(νi − ρi − 1) + 1)
1
p

) ( m∏
i=1

‖Dνi
∗afi‖q

)
. (117)

Proof. Using Theorem 1, see (5), and Theorem 30, see (116). �
We also give

Theorem 32. Let p, q > 1 such that 1
p + 1

q = 1, r > 0; and let νi ≥
ρi + 1, ρi > 0, νi, ρi /∈ N, i = 1, ...,m. Call ni := dνie, m∗i := dρie. Suppose
fi ∈ ACni ([a, b]), such that f (ki)i (a) = 0, ki = m∗i ,m

∗
i + 1, ..., ni − 1, and

Dνi
∗afi ∈ L∞ (a, b).
Then

∥∥∥∥∥
m∏
i=1

(Dρi
∗afi)

∥∥∥∥∥
r

≤ (b− a)

m∑
i=1

(νi−ρi)−m+m
p + 1

r(
r

(
m∑
i=1

(νi − ρi)−m+ m
p

)
+ 1

) 1
r

· 1(
m∏
i=1

Γ (νi − ρi) (p(νi − ρi − 1) + 1)
1
p

) ( m∏
i=1

‖Dνi
∗afi‖q

)
. (118)

Proof. Using Theorem 2, see (12), and Theorem 30, see (116). �
We need
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Definition 33 ([2], [9], [10]). Let α ≥ 0, n := dαe, f ∈ ACn ([a, b]). We
define the right Caputo fractional derivative of order α ≥ 0, by

D
α

b−f (x) := (−1)
n
In−αb− f (n) (x) , (119)

we set D
0

−f := f , i.e.

D
α

b−f (x) =
(−1)

n

Γ (n− α)

ˆ b

x

(J − x)
n−α−1

f (n) (J) dJ. (120)

Notice that D
n

b−f = (−1)
n
f (n), n ∈ N.

We need

Theorem 34 ([4]). Let f ∈ ACn ([a, b]), α > 0, n ∈ N, n := dαe, α ≥ ρ+ 1,
ρ > 0, r = dρe, α, ρ /∈ N. Assume f (k) (b) = 0, k = r, r + 1, ..., n − 1, and
D
α

b−f ∈ L∞ ([a, b]). Then

D
ρ

b−f (x) =
(
Iα−ρb−

(
D
α

b−f
))

(x) ∈ AC ([a, b]) , (121)

that is

D
ρ

b−f (x) =
1

Γ (α− ρ)

ˆ b

x

(t− x)
α−ρ−1

(
D
α

b−f
)

(t) dt, (122)

∀ x ∈ [a, b] .
We present

Theorem 35. Let p, q > 1 such that 1
p + 1

q = 1;αi ≥ ρi + 1, ρi > 0, i =

1, ...,m. Suppose fi ∈ ACni ([a, b]), ni ∈ N, ni := dαie, ri = dρie, αi, ρi /∈ N,
and f (ki)i (b) = 0, ki = ri, ri + 1, ..., ni− 1, and D

αi
b−fi ∈ L∞ ([a, b]) , i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(
D
ρi
b−fi

)∥∥∥∥∥
p

≤ (b− a)

m∑
i=1

(αi−ρi)+m( 1
p−1)+

1
p(

p
m∑
i=1

(αi − ρi) +m (1− p) + 1

) 1
p

· 1(
m∏
i=1

Γ (αi − ρi) (p(αi − ρi − 1) + 1)
1
p

) ( m∏
i=1

∥∥∥Dαi
b−fi

∥∥∥
q

)
. (123)

Proof. Using Theorem 3, see (17), and Theorem 34, see (121). �
We also give

Theorem 36. Let p, q > 1 such that 1
p+ 1

q = 1, r > 0; αi ≥ ρi+1, ρi > 0, i =

1, ...,m. Supposefi ∈ ACni ([a, b]), ni ∈ N, ni := dαie, ri = dρie, αi, ρi /∈ N, and
f
(ki)
i (b) = 0, ki = ri, ri + 1, ..., ni − 1, and D

αi
b−fi ∈ L∞ ([a, b]) , i = 1, ...,m.

Then
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∥∥∥∥∥
m∏
i=1

(
D
ρi
b−fi

)∥∥∥∥∥
r

≤ (b− a)

m∑
i=1

(αi−ρi)−m+m
p + 1

r(
r

(
m∑
i=1

(αi − ρi)−m+ m
p

)
+ 1

) 1
r

· 1(
m∏
i=1

Γ (αi − ρi) (p(αi − ρi − 1) + 1)
1
p

) ( m∏
i=1

∥∥∥Dαi
b−fi

∥∥∥
q

)
. (124)

Proof. Using Theorem 4, see (25), and Theorem 34, see (121). �
We need

Definition 37. Let ν > 0, n := [ν], α := ν − n (0 ≤ α < 1). Let
a, b ∈ R, a ≤ x ≤ b, f ∈ C ([a, b]). We consider Cνa ([a, b]) := {f ∈ Cn ([a, b]) :
I1−αa+ f (n) ∈ C1 ([a, b])}. For f ∈ Cνa ([a, b]), we define the left generalized ν-
fractional derivative of f over [a, b] as

∆ν
af :=

(
I1−αa+ f (n)

)′
, (125)

see [1], p. 24, and Canavati derivative in [7].
Notice here ∆ν

af ∈ C ([a, b]) .
So that

(∆ν
af) (x) =

1

Γ (1− α)

d

dx

ˆ x

a

(x− t)−α f (n) (t) dt, (126)

∀ x ∈ [a, b] .
Notice here that

∆n
af = f (n), n ∈ Z+. (127)

We need

Theorem 38([4]). Let f ∈ Cνa ([a, b]), n = [ν], such that f (i) (a) = 0,
i = r, r + 1, ..., n− 1, where r := [ρ], with 0 < ρ < ν. Then

(∆ρ
af) (x) =

1

Γ (ν − ρ)

ˆ x

a

(x− t)ν−ρ−1 (∆ν
af) (t) dt, (128)

i.e.
(∆ρ

af) = Iν−ρa+ (∆ν
af) ∈ C ([a, b]) . (129)

Thus f ∈ Cρa ([a, b]) .
We present

Theorem 39. Let p, q > 1 such that 1
p + 1

q = 1; νi > ρi > 0, i = 1, ...,m.

Let fi ∈ Cνia ([a, b]), ni = [νi], such that f (ki)i (a) = 0, ki = ri, ri + 1, ..., ni − 1,
where ri := [ρi] , i = 1, ...,m.

Then
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∥∥∥∥∥
m∏
i=1

(∆ρi
a fi)

∥∥∥∥∥
p

≤ (b− a)

m∑
i=1

(νi−ρi)+m( 1
p−1)+

1
p(

p
m∑
i=1

(νi − ρi) +m (1− p) + 1

) 1
p

· 1(
m∏
i=1

Γ (νi − ρi) (p(νi − ρi − 1) + 1)
1
p

) ( m∏
i=1

‖∆νi
a fi‖q

)
. (130)

Proof. Using Theorem 1, see (5), and Theorem 38, see (129). �
We also give

Theorem 40. Let p, q > 1 such that 1
p + 1

q = 1, r > 0; νi > ρi > 0, i =

1, ...,m. Let fi ∈ Cνia ([a, b]), ni = [νi], such that f (ki)i (a) = 0, ki = ri, ri +
1, ..., ni − 1, where ri := [ρi] , i = 1, ...,m.

Then

∥∥∥∥∥
m∏
i=1

(∆ρi
a fi)

∥∥∥∥∥
r

≤ (b− a)

m∑
i=1

(νi−ρi)−m+m
p + 1

r(
r

(
m∑
i=1

(νi − ρi)−m+ m
p

)
+ 1

) 1
r

· 1(
m∏
i=1

Γ (νi − ρi) (p(νi − ρi − 1) + 1)
1
p

) ( m∏
i=1

‖∆νi
a fi‖q

)
. (131)

Proof. Using Theorem 2, see (12), and Theorem 38, see (129). �
We need

Definition 41 ([2]). Let ν > 0, n := [ν], α = ν−n, 0 < α < 1, f ∈ C ([a, b]).
Consider

Cνb− ([a, b]) := {f ∈ Cn ([a, b]) : I1−αb− f (n) ∈ C1 ([a, b])}. (132)

Define the right generalized ν-fractional derivative of f over [a, b], by

∆ν
b−f := (−1)

n−1
(
I1−αb− f (n)

)′
. (133)

We set ∆0
b−f = f . Notice that

(
∆ν
b−f

)
(x) =

(−1)
n−1

Γ (1− α)

d

dx

ˆ b

x

(J − x)
−α

f (n) (J) dJ, (134)

and ∆ν
b−f ∈ C ([a, b]) .

We also need
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Theorem 42 ([4]). Let f ∈ Cνb− ([a, b]), 0 < ρ < ν. Assume f (i) (b) = 0,
i = r, r + 1, ..., n− 1, where r := [ρ], n := [ν]. Then

∆ρ
b−f (x) =

1

Γ (ν − ρ)

ˆ b

x

(J − x)
ν−ρ−1 (

∆ν
b−f

)
(J) dJ, (135)

∀ x ∈ [a, b], i.e.
∆ρ
b−f = Iν−ρb−

(
∆ν
b−f

)
∈ C ([a, b]) , (136)

and f ∈ Cρb− ([a, b]) .
We present

Theorem 43. Let p, q > 1 such that 1
p + 1

q = 1; νi > ρi > 0, i = 1, ...,m.

Let fi ∈ Cνib− ([a, b]) such that f (ki)i (b) = 0, ki = ri, ri + 1, ..., ni − 1, where
ri := [ρi], ni := [νi] , i = 1, ..., ,m.

Then

∥∥∥∥∥
m∏
i=1

(
∆ρi
b−fi

)∥∥∥∥∥
p

≤ (b− a)

m∑
i=1

(νi−ρi)+m( 1
p−1)+

1
p(

p
m∑
i=1

(νi − ρi) +m (1− p) + 1

) 1
p

· 1(
m∏
i=1

Γ (νi − ρi) (p(νi − ρi − 1) + 1)
1
p

) ( m∏
i=1

∥∥∆νi
b−fi

∥∥
q

)
. (137)

Proof. Using Theorem 3, see (17), and Theorem 42, see (136). �
We also give

Theorem 44. Let p, q > 1 such that 1
p + 1

q = 1, r > 0; νi > ρi > 0, i =

1, ...,m. Let fi ∈ Cνib− ([a, b]) such that f (ki)i (b) = 0, ki = ri, ri + 1, ..., ni − 1,
where ri := [ρi], ni := [νi] , i = 1, ..., ,m.

Then

∥∥∥∥∥
m∏
i=1

(
∆ρi
b−fi

)∥∥∥∥∥
r

≤ (b− a)

m∑
i=1

(νi−ρi)−m+m
p + 1

r(
r

(
m∑
i=1

(νi − ρi)−m+ m
p

)
+ 1

) 1
r

· 1(
m∏
i=1

Γ (νi − ρi) (p(νi − ρi − 1) + 1)
1
p

) ( m∏
i=1

∥∥∆νi
b−fi

∥∥
q

)
. (138)

Proof. Using Theorem 4, see (25), and Theorem 42, see (136). �
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Abstract

The role of the Difference Calculus, with all its applications to var-
ious branches of Applied Mathematics, is well established. One of the
main applications of the Calculus of Differences is to provide meth-
ods for obtaining solutions to Difference Equations. However, while
the published research on obtaining approximate solutions to various
types of Differential Equations is quite extensive, the corresponding
research for finding approximate solution of Difference Equations is
rather limited. In this paper we present a method for obtaining ap-
proximate solutions of the Difference Equation y(x+ 1)− y(x) = f(x),
a < x < ∞, by means of an appropriate transformation, for a broad
class of functions. Using the same transformation, it is possible to ex-
press in closed form sums of the form

∑K
λ=0 f(x + λ), K ≤ ∞. As a

characteristic example, the Hurwitz Zeta Function will be considered.

Key words and phrases: Complete monotonicity; difference equation;
approximate solution; Gamma function; Hurwitz zeta function.

1 Introduction

We begin by introducing the R-transform.

Definition 1. Let f(x) be a real valued function of the real variable x,
defined on the interval [a,∞). The function f(x) is assumed to be continuous
over its interval of definition. Given f(x), we define a new function R1(x),
named the R-transform of f(x), by means of the formula

R {f(x)} := R1(x) :=
1

3
{f(x) + 4f(x+ 1) + f(x+ 2)}−

∫ x+2

x
f(t)dt (1.1)
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Starting with (1.1), we may define a family of functions R2(x) := R{R1(x)},
R3(x) := R{R2(x)} and, in general

Rk+1(x) := R{Rk(x)}, k ∈ N = {0, 1, 2, ...}, (1.2)

where R0(x) := f(x).

Next, we list some basic properties of the R-Transform.

1. The R-transform of a function f(x) is a linear transform, i.e.

R

{
n∑
k=1

ckfk(x)

}
=

n∑
k=1

ckR {fk(x)} , (1.3)

where c1, c2, . . . , cn, are constants.

2. Assuming that f(x) is λ times differentiable on [a,∞), then

Rk

{
dλf(x)

dxλ

}
=

dλ

dxλ
Rk{f(x)}, k, λ = 1, 2, ... . (1.4)

3. If R1(x) = R{f(x)} and b is an arbitrary constant, then (assuming
x+ b belongs to the domain of f)

R1(x+ b) = R{f(x+ b)}. (1.5)

The proofs of (1.3), (1.4), and (1.5) stem directly from Definition 1.

4.

R

{∫ x+b

x
f(t)dt

}
=

∫ x+b

x
R{f(t)}dt. (1.6)

Proof. Let F (t) be an antiderivative of f(t). Then, by (1.3), (1.4), and
(1.5)

R

{∫ x+b

x
f(t)dt

}
= R{F (x+b)}−R{F (x)} =

∫ x+b

x

d{R(F (t)}
dt

dt =

∫ x+b

x
R{f(t)}dt.

�

5. If f(x) is monotone on [a,∞), then

|R{f(x)}| = |R1(x)| < 2

3
|f(x+ 2)− f(x)| . (1.7)

Proof. Let us assume that f(x) is increasing on [a,∞). Then,

f(x) <

∫ x+1

x
f(t)dt < f(x+ 1)

and

f(x+ 1) <

∫ x+2

x+1
f(t)dt < f(x+ 2),
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from which, by addition, one obtains

f(x) + f(x+ 1) <

∫ x+2

x
f(t)dt < f(x+ 1) + f(x+ 2),

or equivalently,

−2

3
f(x)+

1

3
f(x+1)+

1

3
f(x+2) > R{f(x)} > 1

3
f(x)+

1

3
f(x+1)− 2

3
f(x+2),

or even,

2

3
[f(x+ 2)− f(x)] > R{f(x)} > −2

3
[f(x+ 2)− f(x)] ,

since f(x) was assumed to be increasing on [a,∞). It has thus been proved
that

|R{f(x)}| = |R1(x)| < 2

3
|f(x+ 2)− f(x)| .

In case where f(x) is decreasing on [a,∞), −f(x) will be increasing over the
same interval and (1.7) is readily obtained. �

6. If f(x) is positive and decreasing, or is negative and increasing on
[a,∞), then

|R{f(x)}| = |R1(x)| < 2

3
|f(x)| . (1.8)

Proof. Assuming that f(x) is possitive and decreasing, then according
to (1.7)

|R1(x)| < 2

3
|f(x+ 2)− f(x)| = 2

3
(f(x)− f(x+ 2)) <

2

3
f(x),

since f(x+ 2) > 0, i.e.

|R1(x)| < 2

3
|f(x)| .

In the case where f(x) is negative and increasing, −f(x) will be positive
and decreasing, and (1.8) is obtained easily. �

7. If f(x) is positive and decreasing or is negative and increasing on
[a,∞), and if

lim
x→+∞

f(x) = 0,

then
lim

x→+∞
R1(x) = 0. (1.9)

Proof. From equation (1.8) it follows that

0 ≤ |R1(x)| < 2

3
|f(x)| ,
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and since, by assumption
lim

x→+∞
f(x) = 0,

it follows
lim

x→+∞
R1(x) = 0.

�

8. If f(x) is positive and decreasing, or is negative and increasing on
[a,∞), then∣∣∣∣∣

k∑
λ=0

R1(x+ λ)

∣∣∣∣∣ < 2

3
|f(x) + f(x+ 1)| , k = 1, 2, 3, ... . (1.10)

Proof. Let us first assume that f(x) is positive and decreasing on [a,∞).
Then, making use of formula (1.7), one obtains∣∣∣∣∣

k∑
λ=0

R1(x+ λ)

∣∣∣∣∣ ≤
k∑

λ=0

|R1(x+ λ)| < 2

3

k∑
λ=0

|f(x+ λ+ 2)− f(x+ λ)| ,

i.e. ∣∣∣∣∣
k∑

λ=0

R1(x+ λ)

∣∣∣∣∣ ≤
k∑

λ=0

|R1(x+ λ)| < 2

3

k∑
λ=0

[f(x+ λ)− f(x+ λ+ 2)] ,

but

2

3

k∑
λ=0

[f(x+ λ)− f(x+ λ+ 2)] =
2

3
[f(x) + f(x+ 1)− f(x+ k + 1)− f(x+ k + 2)] ,

thus
k∑

λ=0

|R1(x+ λ)| < 2

3
[f(x) + f(x+ 1)] ,

since, by assumption f(x+ k + 1) and f(x+ k + 2) are positive quantities.
In case where f(x) is negative and increasing, on [a,∞), the function −f(x)
will be positive and decreasing over the same interval, and thus the formula
(1.10) is easily obtained. �

9. On the assumption that the fourth order derivative of f(x) exists on
[a,∞), one has

R1(x) = R{f(x)} =
1

90
f (4)(ξ), x < ξ < x+ 2. (1.11)

Proof. Since R{f(x)} is actually the error in evaluating the area under
a given curve f(t), from t = x up to t = x + 2, by means of the Simpson’s
rule, expression (1.11) for the error is well known, see for example [1]. �
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2 Completely Monotonic Functions

A function f(x) is said to be completely monotonic (c.m.) on [a,∞), if
(i) f(x) possesses derivatives of all orders and
(ii) (−1)kf (k)(x) > 0 or (−1)kf (k)(x) < 0, for k = 0, 1, 2, . . . .

Functions of complete monotonicity have attracted special attention by
various researchers, see for example [7], [14], [8], [9], [10], [3], and [4].

Definition 2. A (smooth) function defined on some interval [a,∞) is
said to belong to the class M4, if its fourth derivative is completely mono-
tonic, i.e.

f ∈M4 ⇔ {(−1)kf (k)(x) > 0 or (−1)kf (k)(x) < 0, for k = 4, 5, 6, . . .}

Typical functions belonging to the class M4, are the following:

• x−p, p > 0, x > 0;

• x
1
q , q > 1, x > 0;

• lnx, x > 0;

• e−x, x > 0;

• The Laplace transform f(x) of a positive function F (t), 0 < t < ∞,
i.e. f(x) =

∫∞
0 F (t)e−txdt, see [2], [15], [16], and [5].

The R-Transform, when applied to functions of M4, leads to some quite
interesting results, which are to be developed in the sequel.

Theorem 1. Let f ∈ M4. Then, the functions Rk(x), k = 1, 2, . . .,
where R1(x) = R{f(x)} and Rk+1(x) = R{Rk(x)}, are completely mono-
tonic on [a,∞) and have the sign of f (4)(x).

Proof. Let us assume without loss of generality that (−1)kf (k)(x) > 0,
k = 4, 5, . . . . Notice that, by virtue of (1.11), for m = 0, 1, . . ., if D = d/dx,
we have

(−1)mDmR1(x) = (−1)mDmR{f(x)} = (−1)mR {Dm(f(x))} =
(−1)m

90
f (m+4)(ξm),

where x < ξm < x + 2. Since f ∈ M4 and (−1)m+4 = (−1)m we see that
R1(x) is completely monotonic and has the sign of f (4)(x). In a similar
fashion we can show that the statement is true for R2(x). Indeed,

(−1)mDmR2(x) = (−1)mR {Dm(R1(x))} = (−1)m
1

90
R

(m+4)
1 (ηm) > 0,

where x < ηm < x+2, m = 0, 1, 2, . . ., since R1(x) is c.m. and hence inM4.
Also, R2(x) > 0, i.e. R2(x) and f (4)(x) have the same sign.

KANOUSSIS-PAPANICOLAOU: THE R-TRANSFORM OF FUNCTIONS

305



Proceeding in a similar way, we prove step by step, that all Rk(x) are
c.m. and positive. �

Remark 1. Clearly, if f is c.m. on [a,∞), so are its derivatives of all
orders. Likewise, if f ∈ M4, then f (m) ∈ M4 for m = 1, 2, ... . Hence, by
Theorem 1, if f ∈M4, we have that DmRk(x) is c.m. for all m, k = 1, 2, ... .

Theorem 2. On the assumption that f ∈M4, a ≤ x <∞, all functions
DmRk(x), m, k = 1, 2, ..., will be absolutely decreasing on the interval [a,∞),
i.e. will be either positive and decreasing, or will be negative and increasing
on [a,∞).

Proof. Assuming that (−1)kf (k)(x) > 0, k = 4, 5, 6, . . ., all the Rk(x)’s
are positive and decreasing (since Rk(x) > 0 and DRk(x) < 0, k = 1, 2, . . .),
while the functions DRk(x), k = 4, 5, 6, . . ., are negative and increasing
(since DRk(x) < 0 and D2Rk(x) > 0, k = 1, 2, . . .).

Likewise, step by step, we prove that the functionsD2Rk(x), k = 4, 5, 6, . . .,
are positive and decreasing, D3Rk(x), k = 4, 5, 6, . . ., are negative and in-
creasing, etc.

The case (−1)kfk(x) < 0, k = 4, 5, 6, . . . is treated in a similar way. �

Theorem 3. If f ∈M4, then

|Rn(x)| <
(

2

3

)n
|f(x)| . (2.1)

Proof. Since f ∈ M4, by virtue of Theorem 2 the functions Rk(x),
k = 1, 2, . . . will be absolutely decreasing on [a,∞). Then by means of (1.8)

|Rk(x)| < 2

3
|Rk−1(x)| , k = 1, 2, . . . , n.

Multiplying together the inequalities above, from k = 1 up to k = n, (2.1)
is easily obtained. �

Corollary 1. Under the hypothesis of Theorem 3,

lim
n→∞

Rn(x) = 0 for every x ∈ (a,∞). (2.2)

Corollary 2. Under the hypothesis of Theorem 3, and on the additional
assumption that limx→∞ f(x) = 0 we have

lim
x→∞

Rn(x) = 0, for every n ∈ N. (2.3)

Theorem 4. If f belongs to M4, x ∈ [a,∞), then∣∣∣∣∣
k∑

λ=0

Rn+1(x+ λ)

∣∣∣∣∣ < 2

3
|Rn(x) +Rn(x+ 1)| . (2.4)
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Proof. Since f is in M4, by Theorem 2 the functions Rk(x), k =
1, 2, 3, . . . will be absolutely decreasing on [a,∞). Making use of (1.10)
one obtains ∣∣∣∣∣

k∑
λ=0

Rn+1(x+ λ)

∣∣∣∣∣ < 2

3
|Rn(x) +Rn(x+ 1)| .

�

Corollary 3. Under the hypothesis of Theorem 4,∣∣∣∣∣
k∑

λ=0

Rn+1(x+ λ)

∣∣∣∣∣ <
(

2

3

)n+1 (
|f(x)|+ |f(x+ 1)|

)
. (2.5)

Theorem 5. If f ∈M4, then

|Rn(x)| < 1

90n

∣∣∣f (4n)(x)
∣∣∣ , n = 1, 2, 3, . . . . (2.6)

Proof. We will prove (2.6) using mathematical induction.
For n = 1 (2.6) is true because |R1(x)| = 1

90

∣∣f (4)(ξ)∣∣, x < ξ < x+ 2, and

since
∣∣f (4)(x)

∣∣ is absolutely decreasing on [a,∞)

|R1(x)| = 1

90

∣∣∣f (4)(ξ)∣∣∣ < 1

90

∣∣∣f (4)(x)
∣∣∣ .

Assuming that (2.6) is true for n = k, we will show that (2.6) will also be
true for n = k + 1. Making use of (1.11)

Rk+1(x) = R{Rk(x)} =
1

90
R

(4)
k (η) where x < η < x+ 2.

Therefore,

|Rk+1(x)| = 1

90

∣∣∣R(4)
k (η)

∣∣∣ < 1

90

∣∣∣R(4)
k (x)

∣∣∣
(by virtue of Theorem 2), i.e.

|Rk+1(x)| < 1

90

∣∣∣R(4)
k (x)

∣∣∣ =
1

90

∣∣∣Rk (f (4)(x)
)∣∣∣

(from (1.4)), i.e.

|Rk+1(x)| < 1

90

∣∣∣Rk (f (4)(x)
)∣∣∣ < 1

90

1

90k

∣∣∣∣(f (4)(x)
)(4k)∣∣∣∣ ,

because of our assumption about Rk(x), and finally,

|Rk+1(x)| < 1

90k+1

∣∣∣f (4k+4)(x)
∣∣∣ ,
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so by means of the principle of mathematical induction (2.6) is true for all
n = 1, 2, 3, . . . . �

Theorem 6. If f(x) is any continuous, real-valued function, defined on
[a,∞) and k is any positive integer, then

k∑
λ=0

f(x+ λ) =

=
5

6
f(x) +

1

6
f(x+ 1)− 5

6
f(x+ k + 1)− 1

6
f(x+ k + 2)

+
1

2

∫ x+k+1

x
f(t)dt+

1

2

∫ x+k+2

x+1
f(t)dt+

1

2

k∑
λ=0

R1(x+ λ). (2.7)

Proof. The proof is straightforward. Starting with the definition of
R1(t), applying it for t = x, t = x + 1, t = x + 2, . . . , t = x + k and adding
the resulting equations, formula (2.7) is obtained. �

Theorem 7. If f(x) is any continuous, real-valued function defined on
[a,∞) and k is any positive integer, then

k∑
λ=0

f(x+ λ)

=
5

6
sn(x) +

1

6
sn(x+ 1)− 5

6
sn(x+ k + 1)− 1

6
sn(x+ k + 2)

+
1

2

∫ x+k+1

x
sn(t)dt+

1

2

∫ x+k+2

x+1
sn(t)dt+

1

2n+1

k∑
λ=0

Rn+1(x+ λ), (2.8)

where

sn(x) := f(x) +
1

2
R1(x) +

1

22
R2(x) + . . .+

1

2n
Rn(x). (2.9)

Proof. Starting with formula (2.7) and taking the R-transform of both
sides m times successively, m = 0, 1, ..., n, one obtains

k∑
λ=0

Rm(x+ λ)

=
5

6
Rm(x) +

1

6
Rm(x+ 1)− 5

6
Rm(x+ k + 1)− 1

6
Rm(x+ k + 2)

+
1

2

∫ x+k+1

x
Rm(t)dt+

1

2

∫ x+k+2

x+1
Rm(t)dt+

1

2

k∑
λ=0

Rm+1(x+ λ).
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Multiplying both sides by (1/2)m, and adding the resulting equations from
m = 0 up to m = n, one obtains (2.8), where the quantity sn(x) is defined
by formula (2.9). �

Theorem 8. If f(x) is any continuous, real valued function, defined on
the interval [a,∞), then

f(x) =
5

6
sn(x)− 4

6
sn(x+ 1)− 1

6
sn(x+ 2) +

1

2

∫ x+2

x
sn(t)dt+

1

2n+1
Rn+1(x),

(2.10)
where sn(x) is given by (2.9).

Proof. From formula (2.8), one obtains

k−1∑
λ=0

f(x+ 1 + λ)

=
5

6
sn(x+ 1) +

1

6
sn(x+ 2)− 5

6
sn(x+ k + 1)− 1

6
sn(x+ k + 2)

+
1

2

∫ x+k+1

x+1
sn(t)dt+

1

2

∫ x+k+2

x+2
sn(t)dt+

1

2n+1

k−1∑
λ=0

Rn+1(x+ 1 + λ).

Subtracting this equation from (2.8), equation (2.10) is obtained. �

3 An Approximate Solution of the Difference Equa-
tion y(x+ 1)− y(x) = f(x)

The Difference Equation ∆y(x) := y(x+ 1)− y(x) = f(x), f(x) given, was
first studied by Krull, in his pioneer work [11] and subsequently by other
researchers [12], [6], and [13]. In the present work we derive, by means of the
R-transform, an approximate solution to this equation for various functions
f(x), x ≥ a.

Theorem 9. Consider the equation ∆y(x) = f(x), a ≤ x < ∞, where
f(x) is given (the solution to this equation is determined up to an arbitrary
periodic function p(x) of period 1). Let us also define

r(n, x) :=
1

2n+1

Rn+1(x)

f(x)
. (3.1)

Then, the function

yn(x) = −1

6
sn(x+ 1)− 5

6
sn(x) +

1

2
[Sn(x+ 1) + Sn(x)] , (3.2)

where

Sn(x) =

∫ x

c
sn(t)dt, c = constant,
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(sn(x) is given by (2.9)) will satisfy the Difference Equation

∆yn(x) = yn(x+ 1)− yn(x) = [1− r(n, x)] f(x),

i.e. yn(x) as defined in (3.2), is an approximate solution of ∆y(x) = f(x),
provided that, for x ≥ a we have r(n, x)→ 0 as n→∞.

Proof. We have

∆yn(x) = yn(x+1)−yn(x) = −1

6
sn(x+2)−4

6
sn(x+1)+

5

6
sn(x)+

1

2

∫ x+2

x
sn(t)dt,

and taking into account (2.10) and (3.1),

∆yn(x) = f(x)− 1

2n+1
Rn+1(x) = [1− r(n, x)] f(x).

�

Remark 2. The power of the method lies in the fact that r(n, x) is
negligible as compared to 1, even for n = 1 (first order approximation),
over some interval [a,∞), for some family of functions, for example for the
functions belonging to the class M4.

Example 1. The Difference Equation ∆y(x) = lnx, x ∈ [3,∞).
For n = 1 Theorem 9 gives the approximate solution

y1(x) = −1

6
s1(x+ 1)− 5

6
s1(x) +

1

2
[S1(x+ 1) + S1(x)] ,

where by (2.9)

s1(x) = f(x) +
1

2
R1(x) and S1(x) =

∫ x

c
s1(t)dt.

Tedious but straightforward calculations yield

y1(x) =

[
−(x+ 3)2

8
+
x+ 3

6
− 1

36

]
ln(x+3)+

[
−(x+ 2)2

8
+

5(x+ 2)

6
− 9

36

]
ln(x+2)

+

[
(x+ 1)2

8
+

5(x+ 1)

6
− 27

36

]
ln(x+ 1) +

[
x2

8
+
x

6
− 35

36

]
lnx− x

2
. (3.3)

The error term, over the interval [3,∞) is

|r(1, x)| = 1

22

∣∣∣∣R2(x)

f(x)

∣∣∣∣
and since f(x) = lnx belongs to M4,

|R2(x)| < |R2(3)| < 1

902

∣∣∣ln(8)(x)
∣∣∣
x=3
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(from Theorems 2 and 5), while |lnx| > |ln 3| for x ≥ 3, we have

|r(1, x)| < 1

22
· 1

ln 3
· 1

902
· 7!

38
≈ 2.158 · 10−5, x ≥ 3.

Now recall that the logarithm of the Gamma function ln Γ(x) also satisfies
∆y(x) = lnx. Hence, we expect that

ln Γ(x) ≈ y1(x) + p(x), where p(x+ 1) = p(x). (3.4)

To determine p(x) we look at the asymptotic behavior of ln Γ(x) and y1(x)
as x→∞. Stirling’s formula gives

ln Γ(x) = (1/2) ln(2π)− x+ (x− 1/2) lnx+O (1/x) ,

while (3.3) yields

y1(x) = 3/4− x+ (x− 1/2) lnx+ o(1).

Comparison of the above two formulas suggests that p(x) of (3.4) is the
constant (1/2) ln(2π)− 3/4. Therefore,

ln Γ(x) ≈ y1(x) + (1/2) ln(2π)− 3/4. (3.5)

The accuracy (3.5) is illustrated by the following list.

x y1(x) + (1/2) ln(2π)− 3/4 ln Γ(x)
3 0.693146 0.693147

3.45 1.14623 1.14623
4 1.791759 1.791759

In fact, the accuracy gets better as x increases.

Example 2. Solve the difference Equation ∆y(x) = x
1
q , q > 1, on the

interval [5,∞).
Taking n = 1, and proceeding as in Example 1 we find the approximate
solution to be

y1(x) =

[
−35

36
+

q

6(q + 1)
x+

q2

4(q + 1)(2q + 1)
x2
]
x

1
q

+

[
−27

36
+

5q

6(q + 1)
(x+ 1) +

q2

4(q + 1)(2q + 1)
(x+ 1)2

]
(x+ 1)

1
q

+

[
− 9

36
+

5q

6(q + 1)
(x+ 2)− q2

4(q + 1)(2q + 1)
(x+ 2)2

]
(x+ 2)

1
q

+

[
− 1

36
+

q

6(q + 1)
(x+ 3)− q2

4(q + 1)(2q + 1)
(x+ 3)2

]
(x+ 3)

1
q .
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The error term |r(1, x)|, over the interval [5,∞) is |r(1, x)| = 1
22

∣∣∣R2(x)
f(x)

∣∣∣, and

since f(x) = x
1
q ∈ M4 and f(x) is increasing, |r(1, x)| < |r(1, 5)| for x ≥ 5,

we have

|r(1, x)| = 1

22

∣∣∣∣R2(x)

f(x)

∣∣∣∣ < 1

22
· 1

902

∣∣∣∣∣f (8)(x)

f(x)

∣∣∣∣∣
x=5

=
1

22
· 1

902

∣∣∣∣∣
7∏

k=1

(1− kq)

∣∣∣∣∣ 1

(5q)8
.

For example, if q = 2, in which case the expression for y1(x), gives the
approximate solution of ∆y(x) =

√
x, we get |r(1, x)| < 4, 17 · 10−8, for all

x ≥ 5.

4 Evaluating Finite/Infinite Sums

Finite sums of series can be computed with the aid of the R-transform. The
main result is summarized in the following theorem.

Theorem 10. (a) For any function f(x), continuous on the interval
[a,∞), we have

k∑
λ=0

f(x+ λ) = f(x) + f(x+ 1) + f(x+ 2) + . . .+ f(x+ k) =

=
5

6
sn(x) +

1

6
sn(x+ 1)− 5

6
sn(x+ k + 1)− 1

6
sn(x+ k + 2)

+
1

2

∫ x+k+1

x
sn(t)dt+

1

2

∫ x+k+2

x+1
sn(t)dt+ e(n, x), (4.1)

where sn(x) is given by (2.9) and the error term e(n, x) is

e(n, x) =
1

2n+1

k∑
λ=0

Rn+1(x+ λ) (4.2)

(b) If we further assume that f ∈M4, then

0 < |e(n, x)| < 1

3 · 180n

[∣∣∣f (4n)(x)
∣∣∣+
∣∣∣f (4n)(x+ 1)

∣∣∣] . (4.3)

It should be noted that the error e(n, x) depends only on x and n and not on
k. As a matter of fact, for a given n, the error, in absolute value, decreases
as x increases, since f ∈M4.

Proof. (a) The first part of the Theorem 10 follows directly from Theo-
rem 7, equation (2.8).

(b) By virtue of (4.2), (2.4), and Theorem 4,

|e(n, x)| = 1

2n+1

∣∣∣∣∣
k∑

λ=0

Rn+1(x+ λ)

∣∣∣∣∣ < 1

3 · 2n
|Rn(x) +Rn(x+ 1)| .
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Now, making use of Theorem 5 yields

|e(n, x)| < 1

3 · 2n · 90n
( ∣∣∣f (4n)(x)

∣∣∣+
∣∣∣f (4n)(x+ 1)

∣∣∣ ).
�

Example 3. Evaluate the sum of the harmonic series

k∑
λ=0

1

x+ λ
,

on the interval [5,∞) (here k is an integer ≥ 1).
Applying (4.1) with n = 1, one obtains

k∑
λ=0

1

x+ λ
= Φ(x+ k + 1)− Φ(x) + e(1, x),

where

Φ(x) =

(
1

6
− x+ 3

4

)
ln(x+ 3) +

(
5

6
− x+ 2

4

)
ln(x+ 2)

+

(
5

6
+
x+ 1

4

)
ln(x+1)+

(
1

6
+
x

4

)
lnx− 1

36

(
1

x+ 3
+

9

x+ 2
+

27

x+ 1
+

35

x

)
.

For the error term on [5,∞) we have

|e(1, x)| < |e(1, 5)| = 1 · 4!

3 · 180

[(
1

5

)5

+

(
1

6

)5
]

(since
∣∣f (4)(x)

∣∣ = |(1/x)(4)| = 4!|x|−5), i.e. |e(1, x)| < 1.993 · 10−5, x ≥ 5.

Theorem 11. (a) Assuming that f ∈M4 and the series

∞∑
λ=0

f(x+ λ)

converges, we have

∞∑
λ=0

f(x+λ) =
5

6
sn(x)+

1

6
sn(x+1)+

1

2

∫ ∞
x

sn(t)dt+
1

2

∫ ∞
x+1

sn(t)dt+e(n, x)

(4.4)
where sn(x) is given by (2.9) and

e(n, x) =
1

2n+1

∞∑
λ=0

Rn+1(x+ λ) (4.5)
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(b) With the same assumptions as in Part (a), we have

0 < |e(n, x)| < 1

3 · 2n
|Rn(x) +Rn(x+ 1)| . (4.6)

Proof. (a) From (2.9)

sn(x) =

n∑
k=0

1

2k
Rk(x),

i.e.

0 < |sn(x)| =

∣∣∣∣∣
n∑
k=0

1

2k
Rk(x)

∣∣∣∣∣ ≤
n∑
k=0

1

2k
|Rk(x)| ,

and making use of (2.1),

0 < |sn(x)| ≤
n∑
k=0

1

2k

(
2

3

)k
|f(x)| = 3

2

[
1−

(
1

3

)n+1
]
|f(x)| . (4.7)

Since the series
∞∑
λ=0

f(x+ λ)

is assumed to be convergent, we must have

lim
x→+∞

f(x) = 0,

so from (4.7)
lim

x→+∞
sn(x) = 0. (4.8)

Equation (4.4) is obtained immediately from (4.1), if we pass to the limit as
k → +∞ , and make use of (4.8).
(b) Regarding the error term e(n, x), we know that

0 < |e(n, x)| = 1

2n+1

∣∣∣∣∣
k∑

λ=0

Rn+1(x+ λ)

∣∣∣∣∣ < 1

3 · 2n
|Rn(x) +Rn(x+ 1)|

(from (2.4)) and if we pass to the limit as k → +∞, (4.6) is obtained. �

Example 4 (The Hurwitz Zeta Function). The following series, is
known as the Hurwitz Zeta Function

ζ(s, q) =
∞∑
n=0

1

(q + n)s
,

where here q and s are assumed to be real, with q > 0 and s > 1, so that
the infinite series converges. Making use of Theorem 11, with n = 1, ζ(s, q)
can be expressed as

ζ(s, q) =
35

36

1

qs
+

27

36

1

(q + 1)s
+

9

36

1

(q + 2)s
+

1

36

1

(q + 3)s
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+
1

s− 1

[
1

6

1

qs−1
+

5

6

1

(q + 1)s−1
+

5

6

1

(q + 2)s−1
+

1

6

1

(q + 3)s−1

]
+

1

4(s− 1)(s− 2)

[
− 1

qs−2
− 1

(q + 1)s−2
+

1

(q + 2)s−2
+

1

(q + 3)s−2

]
+e(1, q, s),

(4.9)
where

0 < |e(1, q, s)| < 1

6
|R1(q, s) +R1(q + 1, s)| ,

i.e.

0 < |e(1, q, s)| < 1

6

∣∣∣∣13
(

1

qs
+

5

(q + 1)s
+

5

(q + 2)s
+

1

(q + 3)s

)
+

1

s− 1

(
− 1

qs−1
− 1

(q + 1)s−1
+

1

(q + 2)s−1
+

1

(q + 3)s−1

)∣∣∣∣ . (4.10)

The function R1(q, s) considered as a function of q (s fixed) belongs toM4.
The same function considered as a function of s (q > 1 fixed) also belongs
to M4, as can be easily shown. Indeed,

(−1)n
∂n

∂sn
(q−s) = (ln q)nq−s > 0. q > 1.

In the region q ≥ q0 > 1 and s ≥ s0 > 1, the error term satisfies

0 < |e(1, q, s)| < |e(1, q0, s0)| ,

since R1(q, s) and R1(q + 1, s) belong to M4, therefore R1(q, s) + R1(q +
1, s) ∈ M4, i.e. the function f(s) := R1(q, s) + R1(q + 1, s) is absolutely
decreasing with respect to both variables q and s in the region q ≥ q0 > 1
and s ≥ s0 > 1. For example, in the region q ≥ 3 and s ≥ 4, the error term
satisfies

0 < |e(1, q, s)| < |e(1, 3, 4)| ≈ 3.422 · 10−5.
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COMMUTANTS OF A TOEPLITZ OPERATOR WITH A

CERTAIN HARMONIC SYMBOL

ABDELRAHMAN YOUSEF

Abstract. In this paper we show, under some conditions, that only polyno-

mials of Tz+z̄ can commute with Tz+z̄ .

1. Introduction

Let dA = 1
π rdrdθ, where (r, θ) are the polar coordinates in the complex plane

C, denote the normalized Lebesgue area measure on the unit disk D, so that the
measure of D equals 1.

The Bergman space L2
a(D) is the Hilbert space consisting of all analytic functions

in L2(D, dA), the space of all square integrable functions on D with respect to the
area measure dA. It is well known that L2

a(D) is a closed subspace of the Hilbert
space L2(D, dA), and has the set {

√
n+ 1zn | n ≥ 0} as an orthonormal basis. Let

P be the orthogonal projection from L2(D, dA) onto L2
a(D).

For a function φ ∈ L∞(D) , the Toeplitz operator Tφ with symbol φ is the oper-
ator on L2

a(D) defined by Tφf = P (φf), for f ∈ L2
a(D).

In [3], C̆uc̆ković proved that if S is an operator in the closed norm subalgebra,
generated by Toeplitz operators, such that S commutes with Tzn , then S = Tψ
where ψ is a bounded analytic function on D. Later in [2], Axler, C̆uc̆ković and
Rao proved that if two Toeplitz operators on a Bergman space commute and the
symbol of one of them is analytic and nonconstant, then the other one is also ana-
lytic. Also, they asked the following question:

Suppose φ is a bounded harmonic function on the disk that is neither analytic
nor conjugate analytic. If ψ is a bounded measurable function on the disk such
that Tφ and Tψ commute, must ψ be of the form aφ+ b for some constants a, b?

The only work in the literature that has been done regarding this question can be
found in [9]. The authors there obtained a positive answer under some restrictions.

In fact, they proved if f ∈ L1(D, dA) is of the form f(reiθ) =
∑N
k=−∞ eikθfk(r)

such that Tf is bounded, and Tf commutes with Tz+z̄, then Tf must be a poly-
nomial of Tz+z̄ of degree at most 3. Using the same technique in their result, one
can see that if f ∈ L∞(D), then Tf = aTz+z̄ + bI for some constants a, b, which
answers the question above partially. Moreover, and in a more general setting, the

Date: September 26, 2012.
Key words and phrases. Toeplitz operators, Bergman space, Mellin transform.
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ABDELRAHMAN YOUSEF

third author in [9] showed in [11] that if Tf commutes with T
z+g(z)

, where g is a

bounded analytic function on D and f(reiθ) =
∑N
k=−∞ eikθfk(r) is bounded, then

Tf = aT
z+g(z)

+ bI for some constants a, b.

Now, a related question to the above question and its partial answer is the
following: what are the commutants of Tz+z̄?, or in other words, are polynomials
of Tz+z̄ the only commutants of Tz+z̄?. In section 3 of this paper, we shall give a
partial answer to this question.

2. Preliminaries

A function f is said to be quasihomogeneous of degree p, where p is an integer,
if it is of the form eipθφ, where φ is a radial function. In this case the associated
Toeplitz operator Tf is also called quasihomogeneous Toeplitz operator of degree
p. Those Toeplitz operators were studied in [4] and [6]. The reason that we study
such family of symbols is that any function f in L2(D, dA) has the following polar
decomposition

f(reiθ) =
∑
k∈Z

eikθfk(r),

where fk are radial functions in L2([0, 1], rdr).
Now, we need to introduce the Mellin transform that has been a very useful

tool in obtaining many results. The Mellin transform f̂ of a radial function f in
L1([0, 1], rdr) is defined by

f̂(z) =

∫ 1

0

f(r)rz−1 dr.

It is well known that, for these functions, the Mellin transform is well defined on
the right half-plane {z : <z ≥ 2} and it is analytic on {z : <z > 2}.

The following lemma, in [9], is helpful to avoid tedious calculations.

Lemma 1. Let k, p ∈ N and let f be an integrable radial function. Then

Teipθf (zk) = 2(k + p+ 1)f̂(2k + p+ 2)zk+p

and

Te−ipθf (zk) =

{
0 if 0 ≤ k ≤ p− 1

2(k − p+ 1)f̂(2k − p+ 2)zk−p if k ≥ p.

For convenience, we would like to remind the reader by the following property
of the Bergman projection, that will be used to eliminate the calculations in the
next lemma. Let n and m be a nonnegative integers. Then

(1) P (znz̄m) =

{ n−m+ 1

n+ 1
zn−m, if n ≥ m

0, if n < m

For more about Bergman projection, one can see [5] or [12]. Now, using the
above lemma and the property of the Bergman projection one can observe the fol-
lowing:
For n = 1, Tnz+z̄(1) = z, so for n = 2 we have, T 2

z+z̄(1) = Tz+z̄(z) = z2 + 1
2 .
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Now by induction, Suppose that T k−1
z+z̄ (1) = zk−1 + bk−2z

k−2 + · · ·+ b1z + b0. This
implies, using (1) , that

T kz+z̄(1) = Tz+z̄(z
k−1 + bk−2z

k−2 + · · ·+ b1z + b0)

= zk + ak−1z
k−1 + · · ·+ a1z + a0

Hence, we can say that:

Remark 1. For every k ∈ N, T kz+z̄(1) = q(z), where q(z) is a monic polynomial of
degree k.

3. Main Results

The main tool in [9] was the Mellin transform, and their idea was based on com-
paring the coefficients of the terms of the same degree on both sides, starting from
the highest degree, which allowed them to compute the degree and find the symbol
of each term. We state their result, [9, Theorem 2, P. 886], as:

Let f(reiθ) =
∑N
k=−∞ eikθfk(r) be a function in L1(D, dA) such that the Toeplitz

operator Tf is bounded. If Tf commutes with Tz+z̄, then Tf = Q(Tz+z̄) where Q is
a polynomial of degree at most 3.

In the following theorem, we will denote the commutator of two operators T and
S by [T, S] = TS − ST . So, T commutes with S iff [T, S] = 0.

Theorem 1. Let f(reiθ) =
∑∞
k=−∞ eikθfk(r) be a function in L1(D, dA) such that

the Toeplitz operator Tf is bounded. Assume that there exist two positive integers

N and M such that f2N (r) = cr2N and f2M+1(r) = c′r2M+1, where c and c′ are
constants. If [Tf , Tz+z̄] = 0, then Tf = Q(Tz+z̄) where Q is a polynomial of degree
at most 3.

Proof. For simplicity let hk ≡ hk(r, θ) = fk(r)eikθ. Since [Tf , Tz+z̄] = 0, then for
each n ∈ N, we have [Tf , Tz+z̄](z

n) = 0.

Now, the term in z of degree n+2N+1 is ([Th2N
, Tz]+[Th2N+2

, Tz̄])(z
n) = 0. But

[Th2N
, Tz] = [Tcz2N , Tz] = 0, since Toeplitz operators with analytic symbols com-

mute. Hence, [Th2N+2
, Tz̄](z

n) = 0. Which means h2N+2(r, θ) is conjugate analytic,

but this can only happen if f2N+2(r) ≡ 0. Also, the coefficient of zn+2N+(2m+1) is
zero, so we can obtain by induction, that f2N+2m(r) = 0 for all m ≥ 1.

Similarly, since the coefficient of zn+2M+2m equals 0, then again we can prove
by induction that f2M+2m+1(r) = 0 for all m ≥ 1. Now, let L = max{N,M}, then

the symbol f becomes f(reiθ) =
∑L
k=−∞ eikθfk(r). Hence, using [9, Theorem 2,

P. 886] finishes the proof.
�

In the following lemma, which we will use in the next theorem, we show that
any element in the orthogonal basis of the Bergman space can be written as a
polynomial of Tz+z̄ evaluated at 1.

Lemma 2. For every k ∈ N, zk = Qk(Tz+z̄)(1) where Qk is a monic polynomial
of degree k.
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Proof. By remark 1, T kz+z̄(1) = zk + ak−1z
k−1 + · · ·+ a1z + a0. This implies,

(2) zk = T kz+z̄(1)− ak−1z
k−1 − · · · − a1z − a0

Similarly,

(3) zk−1 = T k−1
z+z̄ (1)− bk−2z

k−2 − · · · − b1z − b0

Now, plug (3) into (2) to obtain:

zk = T kz+z̄(1)− ak−1(T k−1
z+z̄ (1)− bk−2z

k−2 − · · · − b1z − b0)− · · · − a1z − a0

Continuing the above process, gives us:

zk = T kz+z̄(1) + ck−1T
k−1
z+z̄ (1) + ck−2T

k−2
z+z̄ (1) + · · ·+ c1Tz+z̄(1) + c0I

which finishes the proof. �

The technique, used in [9], does not work if we replace Tf , by a finite sum of
finite product of such operator. The idea used in the proof of next theorem is very
simple, and one can use it to obtain the same result in [9] without using Mellin
transform.

Theorem 2. Let T =

n∑
l=1

ml∏
j=1

Tf(l,j)
, where f(l,j)(re

iθ) =

N(l,j)∑
k=−∞

eikθ(f(l,j))k(r) ∈

L∞(D) for every l = 1, 2, . . . , n and j = 1, 2, . . . ,ml. If TTz+z̄ = Tz+z̄T , then there

exists a polynomial PN of degree N = max
1≤l≤n

ml∑
j=1

N(l,j) such that T = PN (Tz+z̄).

Proof. Using lemma (1), one can see that if f(reiθ) =

M∑
k=−∞

eikθfk(r), then

Tf (zn) =
M∑

k=−n

Teikθfk(r)(z
n)

=
M∑

k=−n

2(n+ k + 1)f̂(2n+ k + 2)zn+k

which is a polynomial of degree M . This implies that, for some 1 ≤ l ≤ n the
product (

∏ml
j=1 Tf(l,j)

)(1) is a polynomial of degree
∑ml
j=1N(l,j). But T is a finite

sum of such products, so T (1) is a sum of polynomials each of degree
∑ml
j=1N(l,j)

for l = 1, 2, . . . , n. Now, let N = max1≤l≤n
∑ml
j=1N(l,j) to obtain that T (1) =

aNz
N + aN−1z

N−1 + · · · + a1z + a0. By lemma (2), zk = Qk(Tz+z̄)(1) for every
k ∈ N. This implies that, T (1) = aNQN (Tz+z̄)(1) + · · ·+ a1Q1(Tz+z̄)(1) + a0I.

So, T (1) = PN (Tz+z̄)(1), where PN is a polynomial of degree N . Now, using
lemma (2) again, we have for every k ∈ N, T (zk) = T (Qk(Tz+z̄)(1)). But T
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commutes with Tz+z̄, it follows that

T (zk) = T (Qk(Tz+z̄)(1))

= Qk(Tz+z̄)(T (1))

= Qk(Tz+z̄)(PN (Tz+z̄)(1))

= PN (Tz+z̄)(Qk(Tz+z̄)(1))

= PN (Tz+z̄)(z
k)

Hence, T = PN (Tz+z̄).

Now, consider the weakest topology on the algebra of all bounded linear operators
acting on L2

a(D), in which the map T → T (p) is continuous for all polynomials p.
It is easy to see that the commutant of Tz+z̄ in the algebra of all bounded linear
operators on L2

a(D) is the closure of the set {PN (Tz+z̄) : PN is polynomial}. �

Remark 2. Here are some remarks related to Theorem 2:

(1) It is shown, in [7, Corollary 6.5 , P. 533], that Tnz+z̄ is not a Toeplitz oper-
ator whenever n ≥ 4. The authors in [9] obtained a polynomial of Tz+z̄ of
degree at most 3, because they were looking for commutants of Tz+z̄ among
Toeplitz operators.

(2) The question, ”when the product of two Toeplitz operators with bounded
symbols is a Toeplitz operator?”, is still unsolved. So, it is worth mentioning
here that the operator T in Theorem 2 above is not necessarily a Toeplitz
operator. Also, we can’t say that if the degree N of the polynomial T =
PN (Tz+z̄) is greater than 4, implies that T is not a Toeplitz operator,
because we have no control on the coefficients of such a polynomial, and
the terms, in the expansion of T , that are not Toeplitz operators might
cancel each other.
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.

APPLICATION OF ESTIMATES OF ALPHA-STABLE

DISTRIBUTION TO DISTRESS FORECAST

AUDRIUS KABAŠINSKAS, ŽIVILĖ KALSYTĖ, JIMMIE GOODE,

AND ASTA VASILIAUSKAITĖ

Abstract. This article proposes a method to evaluate the change in distress

value of companies belonging to the US health care industry. The method
involves the use of stable distribution parameters (as also the key financial

ratios) in the formation of neural network committees. For each sector of the

health care industry, we use genetic algorithms to select the most important
parameters of alpha-stable distributions. As a result, the committee prediction

error is significantly reduced. The proposed method is compared with neural

network committees without stable distribution parameters (using key finan-
cial ratios only). The results show that the committees formed using genetic

algorithms with stable distribution parameters (for each sector separately) are

significantly better than the committees formed only with the key financial
indicators.

1. Introduction

Adya and Collopy [1] showed that most authors compare the performance of neu-
ral networks with these traditional methods: discriminant analysis, logistic regres-
sion, regression models, decision trees, ID3, NEWQ, Probit, Logit, Five Qualitative
response models, Five Software reliability models, k Nearest Neighbour, Experts,
Leading indicators, and Factor-Logistic. Neural networks are chosen to predict the
financial situation because they show significantly better results concurrently to the
above mentioned methods.

The neural networks are connected to committees. Distress value direction (in-
crease or decrease) for the coming year is forecasted from current year’s data by
two different committees of neural networks. Each neural network is trained to
predict next year’s distress direction (better, worse or unchanged value of distress)
for each sector. Thus we have a total of nine neural networks corresponding to
each of the following sectors of the health care industry: Medical Instruments and
Supply (M I a S), Medical Appliances and Equipment (M A E), Long Term Care
(L T C), Home Health Care (H H C), Health Care Plans (H C P), Drug Manufac-
tures Major (D M M), Drug Manufactures Other (D M O), Diagnostic Substances
(D S), and Biotechnology (B). In this way, each committee member reflects the
specifics of the economic sector, and at the same time, the committee reflects the
entire health care industry.

The available data covers the 2006–2010 period, during which the financial cri-
sis produced strong shocks in the financial markets that resulted in the failure of
businesses and financial institutions.

Neural network committees are formed by two different methods:

Key words and phrases. Genetic algorithms, neural networks, distress forecasting, alpha-
stable distribution.

1

323

J. APPLIED FUNCTIONAL ANALYSIS, VOL. 8, NO'S. 3-4, 323-336, COPYRIGHT 2013 EUDOXUS PRESS, LLC
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(1) Using the key financial indicators that best describe the company’s dis-
tress level (Current Ratio, Total Asset Turnover, Gross Margin), and other
supplementary financial indicators, which are listed in the Data section.

(2) Using the stable distribution’s parameters (Alpha, Beta, Sigma, Mu) to
describe a company’s situation in the context of other sectors in addition
to key financial ratios (Current Ratio, Total Asset Turnover, Gross Margin),
with a genetic algorithm selecting the most important parameters.

In both cases, the committees combine nine neural networks, each of them trained
to predict the direction of a single sector’s distress. Neural networks are different
only in the sets of features that have been used in training.

Real-world financial time series are often characterized by skewness, kurtosis,
heavy tails [8, 3], self-similarity and multifractality [2]. One distribution supported
by empirical evidence, first observed more than 45 years ago by Mandelbrot [4], is
the stable distribution. Its advantages for modeling financial risk factors are now
well documented (see, for example [6, 8, 3]). In our statistical analysis of TAT, CR,
GM and OM factors, we also fit data series to the α-stable distribution.

2. Methodology

First neural networks are used for distress value prediction by using two different
data sets for learning and testing purposes. So we have:

(1) 9 neural networks trained and tested using Current Ratio, Total Asset
Turnover, Gross Margin, and the supplementary indicators that help com-
panies evaluate distress more accurately,

(2) 9 neural networks trained and tested using stable distribution parameters
in addition to the features in (1).

To train each of the above networks, we use data from all sectors, and to test
the network, we use each sector’s data separately. Thus, neural network weights
hold information about the details of each sector’s identity.

We form average and weighted committees of neural networks trained using the
same set of attributes ((1) or (2)) for comparison.

After neural network ensembles are formed from neural networks trained and
tested using stable distribution parameters, they are used as fitness functions for
the genetic algorithm. In this way we select the stable distribution parameters that
are important for each sector separately.

2.1. Neural networks. A feedforward multi-layer perceptron (MLP) is used for
forecasting of distress value direction, with one hidden layer and one output node.
The training phase is the most important, as this determines the network’s weights.
During the training phase, the differences between the MLP output values and the
known target values are minimized. Bayesian regularization is used for updating
the weight and bias values according to Levenberg-Marquardt optimization.

Let x1,... x29 be a vector of financial ratios, y be the distress value, w1 be the
matrix of linking weights from input to hidden layer, and w2 the weights from
hidden to output layer. The MLP with one hidden layer is a model:

(1) y = f2(w2f1(w1x)).
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During the training phase, mean squared errors (MSE) are minimized to estimate
weight matrices.

The function for hidden nodes is the hyperbolic tangent sigmoid transfer func-
tion. The function for output node is linear transfer function. The MSE is computed
by taking the differences between the target and the actual neural network output,
squaring them, and averaging over all data vectors,

(2) MSE =
1

N

N∑
j=1

(aj − yj)2

where aj represents the target value, yj the network output for the jth training
pattern, and N the number of training patterns.

2.2. Genetic Algorithms. A GA is chosen for searching of the local optima of
data vectors consisting of financial ratios and considering many points in the search
space simultaneously by probabilistic rules. GAs perform these stages:

• Initialization and Selection. A population of chromosomes (the combination
of financial ratios) is selected as the starting point of the search. The
MSE fitness function then maps each chromosome’s performance to a scalar
value.
• Using crossover, only the high scoring members are chosen for the new

solution. The crossover occurs only at the one-point crossover rate.
• The data vector randomly changes during mutation process. The algorithm

stops when the minimum of the MSE function is found.

The genetic optimization problem is defined by:

• The parameters that have to be coded for the problem. This is a 31 digit
vector (a population of data vectors) generated by the GA (1010...0011)
define which financial ratios used (1 used, 0 not used).
• Compute the fitness function to evaluate the performance of each data

vector. Find a combination of financial ratios with minimum MSE of neural
network. A solution of the GA population is used to construct input data
set for neural network, which is then trained using a training set and tested
with a test set. MSE is used to determine its fitness. The output of GA is
a string, which defines proposed combination of financial ratios.

This process is repeated for each solution in the GA population. This allows
exploring all possible combinations of 31 financial ratios and tends to favor the
most likely solutions.

2.3. Statistical analysis. We start from TAT, CR, GM and OM empirical data
analysis. We first estimate mean, variance, skewness, and asymmetry, then fit the
normal and α-stable distributions to the data series.

Following the well-known definition (see [7, 9]) a random variable X has the

α-stable distribution, denoted X
d
=Sα(σ, β, µ), if it has a characteristic function of

the form:

(3) φ(t) =

{
exp

{
−σα · |t|α ·

(
1− iβsgn(t) tan(πα2 )

)
+ iµt

}
, ifα 6= 1

exp
{
−σ · |t| ·

(
1 + iβsgn(t) 2

π · log |t|
)

+ iµt
}
, ifα = 1

.
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Each stable distribution is described by four parameters, the first and most im-
portant being the stability index α ∈ (0, 2], which is essential for characterizing
financial data. The others are a a skewness parameter β ∈ [−1, 1], location param-
eter µ ∈ R, and scale parameter σ > 0.

The probability density function of an α-stable distribution is

(4) p(x) =
1

2π

+∞∫
−∞

φ(t) · exp(−ixt)dt.

In the general case, this function (4) cannot be expressed in closed form. Infinite
polynomial expressions of the density function are well known, but it is not very use-
ful for maximum likelihood estimation (MLE) because of issues such as error estima-
tion in the tails and difficulties with truncating the infinite series. We instead use an
integral expression of the PDF in the standard parameterization with a Zolotarev-
type formula ([3], section 2.1). The pth moment E|X|p =

∫∞
0
P (|X|p > y)dy of an

α-stable random variable X exists and is finite only if 0 < p < α. Thus for α < 2,
the variance does not exists, and for α < 1, we cannot use mean as a positional
characteristic.

3. Data

Each committee member reflects a cluster of companies grouped by activity (eco-
nomic sector). The data vectors describing companies from D S, D M M, D M O,
H C P, H H C, L T C, M I a S, M A E, and B sectors are chosen as input data for
neural networks for the following reasons:

(1) It is difficult to separate companies into the sectors, as each company pro-
duces several kinds of products which can be attributed to a number of
different sectors. Therefore, it is difficult to describe the dynamics of an
industry according to company distributions within these sectors. That’s
why neural networks were trained with data from all sectors together and
tested each sector separately and then combined into the committees.

(2) The same companies can be found in different sectors classified by Standard
Industrial Classification system from the US Bureau of Census because of
limitations in describing companies’ activities. The companies can special-
ize in these biotech related applications: research, production processes or
products. Almost all companies analyzed sell somewhat different products
and rely on different technologies and usages. That’s why their production
processes diffuse into different industries.

(3) A more general concept of industry can be obtained by using knowledge-
based perspective in addition to the classification into sectors including
products, technologies and users perspectives. For example, the health care
industry can be defined as a biomedical industry according to knowledge-
based perspective. It overlaps medical technology, instruments, and med-
ical supplies and is influenced by knowledge, techniques, tools. This has
different impacts to various sectors over time.

(4) All segments are regulated by significant government supervision, taking
into account President Obama’s commitments to healthcare reform. For
example, the Patient Protection and Affordable Care Act was passed by
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Congress in 2010. It describes conditions in the healthcare industry. Be-
cause of healthcare reform, the amount of uninsured people is reduced. The
high cost of developing new drugs and medical devices will tend to offset
some of the cost savings because of higher taxes. Different segments of each
industry are influenced differently by advantages and disadvantages of the
healthcare reform process.

(5) Healthcare delivery and financing in the United States faces problems such
as high cost and quality. All of them have influenced companies and citizens.
For example total healthcare expenditures increased and the cost is rising
faster than inflation.

The data for both committees are formed on the same principle. Each company
is described by the data vector consisting of input data and the target value. Target
values for both committees are the same (see the Output Data section 3.1), while
the input data is different for both committees (see sections 3.2 and 3.3). Two
different data sets are formed from financial ratios. Four data vectors describe each
company. Each of them describes the situation of the company in different year
from the selected period. Two different types of data vectors are formed:

(1) Data vectors are formed from the 31 financial ratios as input parameters
to describe current year financial situation plus changes of distress value
between the current year and one year ahead.

(2) Data vectors are formed from the data of 21 financial ratios as input pa-
rameters to describe current year financial situation plus changes of distress
value between the current year and one year ahead.

3.1. Output Data. As already mentioned, the committees differ in the input data,
while the choice of target values for both teams is identical, according to the table
below (Table 1). A company’s financial situation is measured by distress value
(DV). There are three key financial indicators that can determine distress value:
Total Asset Turnover (TAT), Current Ratio (CR), and Gross Margin (GM). De-
pending on the indicator values assigned to each company, the distress value varies
from 1 to 8.

Table 1. Outputs of distress value

DV CR TAT GM

1 < 1 < 50 Dec
2 < 1 ≥ 50 Dec
3 < 1 < 50 Inc

4 < 1 ≥ 50 Inc

5 ≥ 1 < 50 Dec
6 ≥ 1 ≥ 50 Dec

7 ≥ 1 < 50 Inc
8 ≥ 1 ≥ 50 Inc

Note: Distress value (DV): 1 - The situation is very tense; 2 - The situation is poor; 3 -
Satisfactory situation; 4 - The average situation; 5 - On average, a good situation; 6 - A good

situation; 7 – Stable situation; 8 - The situation is really good.

When a company is in a risky situation, the distress value is equal to 1, and
when the company’s financial situation is very good, the value is equal to 8. The
neural network committees predict the DV change after one year. Thus the neural
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network output is (+1) if the situation will be improved, (-1) if it will get worse,
and (0) if it will remain unchanged.

3.2. Input data committee, trained by using key financial indicators. Se-
lected indicators can be divided into the following perspectives: liquidity, financial
leverage, profitability, efficiency, productivity, and effectiveness. List of financial
ratios are given below.

Liquidity ratios

(1) Total Current Assets / Total Current Liabilities
(2) (Total Current Assets- Inventories) / Total Current Liabilities
(3) Shareholder’s Equity/Total Liabilities

Financial leverage ratios
(4) Total Liabilities*100/Total Assets
(5) Total Long Term Liabilities*100 / Total Assets
(6) Total Current Liabilities*100/Total Assets
(7) (Total Current Assets-Total Current Liabilities)/ Total Assets
(8) Shareholder’s Equity*100/Revenue
(9) Total Long Term Liabilities*100/Revenue

(10) Total Current Liabilities*100/Revenue
Profitability ratios

(11) Gross Profit*100/Revenue
(12) Net Income*100/Revenue
(13) Net Income*100/Total Assets
(14) Total Operating Expenses*100/Cost of Revenue
(15) Net Income*100/Shareholder’s Equity
(16) Operating Income*100/Revenue

Efficiency ratios
(17) Cost of Revenue*100/ Total Operating Expenses
(18) Receivables*360/Revenue
(19) Revenue/Total Assets
(20) Revenue/Total Long Term Assets
(21) Revenue/Shareholder’s Equity

Productivity ratios
(22) Goodwill & Intangibles/Revenue
(23) Net Property, Plant & Equipment*100/Revenue
(24) Total Current Assets*100/Revenue
(25) (Total Current Assets-Inventory-Receivables)*100/Cash& Short Term In-

vestments
Effectiveness ratios

(26) R& D as a percentage of sales
(27) R& D as a percentage of General and administrative + Selling and mar-

keting
(28) Sales as a percentage of total operating cost
(29) Sales as a percentage of General and administrative + Selling and marketing

3.3. Input data committee, trained using stable distribution parameters.
List of financial ratios (Gross Margin (GM), Operating Margin (OM), Current
Ratio (CR) and Total Asset Turnover (TAT)) and stable distribution parameters
(alpha, beta, sigma, mu) are provided below:
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(1) CR,
(2) CR alpha,
(3) CR beta,
(4) CR sigma,
(5) CR mu,
(6) TAT,
(7) TAT alpha,
(8) TAT beta,
(9) TAT sigma,

(10) TAT mu,
(11) OM,
(12) OM alpha,
(13) OM beta,
(14) OM sigma,
(15) OM mu,
(16) GM,
(17) GM alpha,
(18) GM beta,
(19) GM sigma,
(20) GM mu
(21) Distress Value of the current year.

All these mentioned parameters are calculated for particular year.

3.4. Distributional analysis. Empirical data analysis of all ratios and separately
of Total Asset Turnover (TAT), Current Ratio (CR), and Gross Margin (GM) has
shown that:

• all financial ratios are non-normally and non-stable distributed;
• the distributions of TAT, CR, and GM ratios differs for different periods

and different industries, but usually they are stable distributed.

These results imply that given financial ratios cannot be used in linear regression.
The non-linear regression or neural networks should be applied to forecast distress
value.

Secondly TAT, CR, and GM data series are usually either normal or α-stable
distributed. The Gaussian distribution is a special case of the α-stable law when
α=2. This means that we may use estimates of α-stable distribution parameters
to forecast the distress value changes. When these estimates are normally [5] dis-
tributed, linear regression (if necessary) may be used. However, we will use them
to train neural networks with our genetic algorithm approach.

4. Experiments

The first experiment compares two committees of neural networks, which will
be used to predict change of distress in next year. The above groups are used for
training:

(1) the standard accounting ratios, the key indicators, and the current year
distress value

(2) key indicators (TAT, GM, OM, and CR), stable distribution parameters of
these indicators, and the current year distress value.
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The second experiment aims to determine the most important parameters that
are used for better prediction results showing committee training. This is expected
to improve the forecasting performance and identify each sector.

The experiments are organized as follows:

(1) We calculate Total Asset Turnover, Current Ratio, and Gross Margin for
each sector. We classify each company, using Table 1. Form the target
values for each company as the change between current year class and one
year ahead class. Therefore, these research strategies are selected:
(a) The idea is that company performance dynamics fully reflect changes

in the economic environment. The same financial ratios are used to
evaluate performance for company distress as also to describe the de-
velopment of economic environment. These financial indicators can be
classified as liquidity, financial leverage, profitability, efficiency, pro-
ductivity, and effectiveness ratios.

(b) Using the parameters of the alpha-stable distribution (for Total Asset
Turnover, Current Ratio, and Gross Margin) and indicators thmeself
to describe the development of economic environment.

(2) Divide the data into learning and testing groups. The learning group con-
sists of data from all sectors in the 2006, 2007, 2008, 2010 years. Testing
data contains only 2009 for each sector separately (which is not used for
learning process).

(3) Neural networks that are trained using the same set of features are con-
nected to the mean and the weighting committees.

(4) The data sets that are used for committees, with better prediction results,
for each sector separately are selected the most important collections. In
this way it is expected to improve the forecasting results.

5. Results

This section presents all the results obtained during experiments mentioned in
Section 4. We first give alpha-stable distribution parameter estimates of the input
data. Secondly, we select the neural network with the lowest forecast error of
distress value. Finally, we select the most important features for each health care
sector using a genetic algorithm.

5.1. Alpha-stable distribution parameter estimates of input data. We esti-
mate alpha-stable distribution parameters of Gross Margin (GM), Operating Mar-
gin (OM), Current Ratio (CR) and Total Asset Turnover (TAT). Section 3.3 gives
a complete list of parameters estimated. Figure 5.1 shows the dynamics of alpha-
stable parameters over our observation period. The Operating Margin case is given
as an example. The complete list of alpha-stable distribution estimates is given in
Table 2.

From Figure 5.1a, one may see that parameter alpha varies in the interval [0.36,
2] for the operating margin feature in all sectors. For Diagnostic Substances and
Biotechnology sectors, parameter alpha is less that 1 almost all the time. Concur-
rently, OM for Home Health Care sector is always equal to 2, while in the Long
Term Care and Drug Manufac Other sectors, OM oscillates. Higher values of alpha
indicate smaller possible deviations in sector OM, while smaller α suggest extreme
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a) alpha b) beta

c) sigma d) mu

Figure 1. Dynamics of Operating Margin stable parameter es-
timates over period 2006–2010: a) alpha, b) beta, c) sigma, and
d) mu parameter

or even chaotic deviations. If α is more than 1, then forecast of operating margin
may be made, i.e. expected future value may be found.

The asymmetry parameter beta has high variability in the health care industry,
taking on values in the entire interval [-1,1]. Positive values indicate that operating
margin has a higher probability to be bigger than “average” OM of that sector, and
negative beta indicates that OM has higher probability to be lower than “average”
OM of that sector. However, if parameter alpha is close to 2, beta is not an
important parameter and may be treated as equal to 0, like in case of Home Health
Care sector and etc.
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Parameter sigma is an identifier of scale/volatility. One may see that “volatility”
in 2008 has increased for almost all sectors. However, sigma for the HealthCare
Plans sector increses over all periods considered.

Position parameter mu indicates “average” OM in a particular sector. Figure
5.1d shows that mu decreases for almost all sectors, with the exception of Med
Appliances and Equipment.

5.2. Distress value prediction. We compare committees of combined neural net-
works trained for distress value prediction within each sector separately. Training
groups use different features sets described in sections 3.2 and 3.3. In Table 3 they
are called the “31 ratios” (described in more detail in section 3.2) and “21 ratios”
(described in more detail refer to section 3.3). Comparable results of both methods
are given in Table 3.

Table 3. Error of forecast when financial ratios are used as input features

Sector 31 ratios 21 ratios

D S 26.30 0.00

D M M 77.00 18.18

D M O 31.50 21.73
H C P 78.70 0.00

H H C 40.00 20.00
L T C 28.30 16.66

M I a S 27.10 13.46

M A E 66.60 75.80
B 40.60 20.83

Average 46.23 20.74

Weighting 4.30 0.00

We can see that the neural network committee consisting of neural networks and
stable distribution parameters have smaller errors in both case, with the exception
of the M A E case.

5.3. Features selection. Using genetic algorithms we aim to select data sets of
the most important features for each sector consisting of the 21 ratios (see section
3.3).

Table 4. Error of forecast when stable parameters are used as
input features from genetic algorithm

Sector NN GA+NN

D S 0.00 0.00

D M M 18.18 18.18

D M O 21.73 17.39
H C P 0.00 2.22

H H C 20.00 20.00
L T C 16.66 20.00

M I a S 13.46 13.46

M A E 75.80 22.09
B 20.83 14.58

Average 20.74 14.21

Weighting 0.00 0.00
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After selection of the most important features using genetic algorithms, forecast
results improve for sectors D M O, M A E, and B, while they remain unchanged for
sectors D S, D M M, H H C, and M I a S. Prediction results are worse for sectors
H C P and L T C.

The results of weighting method has not changed when the networks are trained
with all the features and selected most important features. Meanwhile, the average
method group had better outcomes when the neural network is trained using the
selected features group. Knowing which features are the most important for each
sector, we can see how sectors differ from each other.

Lower alpha indicates a larger number of unprofitable companies in each sector.
Beta describes the trend of companies. The company is susceptible to losses if
beta< 0 or profits if beta> 0.

Mu describes the financial situation of the “average” company in each sector.
Sigma (scale parameter) defines the differences between companies in each sector.
The goal is to discover the most important features in each sector.

When comparing sectors by the selected features obtained using genetic algo-
rithms, we identify similarities and differences:

(1) Similar sectors are: a) D M O and H C P (the most important indicators
are CR and CR sigma in these sectors) and b) L T C and B (the most
important indicator is CR sigma in these sectors).

(2) Similar sectors are: D S and M I a S (the most important indicators are
TAT alpha, TAT beta, TAT sigma, and TAT mu in these sectors). Totally
different sectors are: D M O (the most important indicators are (OM alpha,
OM beta, OM mu) in this sector and H H C (the most important indica-
tors are (OM, OM sigma) in this sector.

(3) Similar sectors are: a) D S and M I a S (the most important indicator
are (OM beta, OM sigma) in these sectors. b) D M M and D M O (the
most important indicators are (OM alpha, OM beta, OM sigma) in these
sectors. Totally different sectors are: H C P (the most important indicators
are (OM alpha, OM beta, OM mu) in this sector and H H C (the most
important indicators are (OM, OM sigma) in this sector.

(4) Similar sectors are: H C P and M A E. There are no important indicators
from this group in these sectors.

It is also reflected in the Table 5 presented below, where 1 means that the feature
is selected as important, and zero means that particular feature is not important
for a particular sector.

Sector identity may be revealed by comparing key features set of each sector to
the other sectors features set.
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Table 5. Feature selection results from 21 attributes

Index D S D M M D M O H C P H H C L T C M I a S M A E B

CR 0 0 1 1 0 0 0 1 0

CR alpha 0 0 0 0 1 0 0 1 0
CR beta 1 0 0 0 0 0 1 1 0

CR sigma 1 1 1 1 0 1 1 1 1

CR mu 0 1 0 0 0 0 1 0 0
TAT 0 0 1 0 0 1 0 0 1

TAT alpha 1 1 1 0 0 0 1 0 0

TAT beta 1 1 0 1 1 0 1 0 1
TAT sigma 1 0 1 1 0 0 1 1 1

TAT mu 1 0 0 0 1 1 1 1 1

OM 0 0 0 0 1 1 0 0 0
OM alpha 0 1 1 1 0 1 0 1 1

OM beta 1 1 1 1 0 1 1 1 0

OM sigma 1 1 1 0 1 0 1 0 0
OM mu 0 0 0 1 0 0 0 0 0

GM 0 0 1 0 0 1 1 0 0
GM alpha 0 0 0 0 1 0 1 0 0

GM beta 1 1 1 0 0 0 1 0 1

GM sigma 0 1 0 0 0 1 0 0 0
GM mu 0 0 1 0 0 1 0 0 1

DV, current 1 1 1 1 1 1 1 0 1

6. Conclusions

The neural network committee that used α-stable distribution parameters for
training showed better forecasting results (average error 20.74% ) than the commit-
tee which used basic standard financial ratios with no stable distribution parameters
(average error 46.23% ).

Using a genetic algorithm, we selected the most important features of each of the
committee members whose training used stable distribution parameters. Feature
selection for weighted committee had no significant impact on the outcome because
in both cases (with and without feature selection), the weighted committee fore-
casting error is equal to zero. Meanwhile, the average error with feature selection
reduced the forecasting error from 20.74 to 14.21 percent.

Finally, our results show that distress may be forecasted without direct infor-
mation about the main financial ratios (TAT, GM, OM, and CR must be used).
Meanwhile, if we have complete information about Gross Margin, Operating Mar-
gin, Current Ratio, Total Asset Turnover (as also, their historical alpha-stable
parameter estimates) and Distress Value of the current year, we may forecast with
much smaller error.
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