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PREFACE (JAFA — JCAAM)

These special issues are devoted to a part of proceedings of AMAT 2012 -
International Conference on Applied Mathematics and Approximation Theory - which
was held during May 17-20, 2012 in Ankara, Turkey, at TOBB University of
Economics and Technology. This conference is dedicated to the distinguished
mathematician George A. Anastassiou for his 60th birthday.

AMAT 2012 conference brought together researchers from all areas of Applied
Mathematics and Approximation Theory, such as ODEs, PDEs, Difference Equations,
Applied Analysis, Computational Analysis, Signal Theory, and included traditional
subfields of Approximation Theory as well as under focused areas such as Positive
Operators, Statistical Approximation, and Fuzzy Approximation. Other topics were also
included in this conference, such as Fractional Analysis, Semigroups, Inequalities,
Special Functions, and Summability. Previous conferences which had a similar
approach to such diverse inclusiveness were held at the University of Memphis (1991,
1997, 2008), UC Santa Barbara (1993), the University of Central Florida at Orlando
(2002).

Around 200 scientists coming from 30 different countries participated in the
conference. There were 110 presentations with 3 parallel sessions. We are particularly
indebted to our plenary speakers: George A. Anastaskloiversity of Memphis -
USA, Dumitru Baleanu Qankaya University - Turkgy Martin Bohner issouri
University of Science & Technology - USAerry L. Bona niversity of lllinois at
Chicago - USA Weimin Han University of lowa - USA Margareta Heilmann
(University of Wuppertal - Germa)yCihan Orhan (Ankara University - TurRelt is
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POSITIVE PERIODIC SOLUTIONS FOR HIGHER-ORDER
FUNCTIONAL ¢-DIFFERENCE EQUATIONS

MARTIN BOHNER AND ROTCHANA CHIEOCHAN

ABSTRACT. In this paper, using the recently introduced concept of periodic
functions in quantum calculus, we study the existence of positive periodic
solutions of a certain higher-order functional g-difference equation. Just as for
the well-known continuous and discrete versions, we use a fixed point theorem
in a cone in order to establish the existence of a positive periodic solution.

THIS PAPER IS DEDICATED TO PROFESSOR GEORGE A. ANASTASSIOU
ON THE OCCASION OF HIS 60TH BIRTHDAY

1. INTRODUCTION

The existence of positive periodic solutions of functional difference equations
has been studied by many authors such as Zhang and Cheng [2], Zhu and Li [5],
and Wang and Luo [6]. Some well-known models which are first-order functional
difference equations are, for example (see [6]),

(i) the discrete model of blood cell production:

1

Az(n) = —a(n)z(n)+b(n) e k e N,
Az(n) = —a(m)z(n)+b(n) fiﬁ(;i@()n)), k€N,
(ii) the periodic Michaelis—Menton model:
k
Az(n) =a(n)z(n) |1 - Z a;(n)z(n = 7;(n)) , keN,

(iii) the single species discrete periodic population model:

Az(n) =z(n) [a(n) = Y _bi(n)z(n—7;(n)|, keN.

j=1

Key words and phrases. Functional difference equation, ¢-difference equation, periodic

solutions.
2010 AMS Math. Subject Classification. 39A10, 39A13, 39A23, 34C25, 34K13, 30D05.
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2 MARTIN BOHNER AND ROTCHANA CHIEOCHAN

This paper studies the existence of periodic solutions of the m-order functional
g-difference equations

(1.1) w(g"t) = a®)z(t) + f{E2(t/7(1))),
(1.2) w(q™t) = a@)z(t) - f(t,=(t/7(1))),

where a : ¢"° — [0,00) with a(t) = a(¢“t), f : ¢"° x R — [0,00) is continuous

and w-periodic, i.e., f(t,u) = ¢ f(¢*t,u), and 7 : ¢"° — ¢"° satisfies t > 7(t) for
all t € ¢"o. A few examples of the function a are given by a(t) = ¢, where c is
constant for any t € ¢, and a(t) = d;, where d; are constants assigned for each
t€{¢":0<k <w—1}. By applying the fixed point theorem (Theorem 1.2) in a
cone, we will prove later that (1.1) and (1.2) have positive periodic solutions. The
definition of periodic functions on the so-called g-time scale ¢"° has recently been
given by the authors [1] as follows.

Definition 1.1 (Bohner and Chieochan [1]). A function f : ¢"° — R satisfying
f(t)=q“f(gt) forall teqg'
is called w-periodic.

Theorem 1.2 (Fixed point theorem in a cone [3,4]). Let X be a Banach space
and P be a cone in X. Suppose Q1 and Qo are open subsets of X such that 0 €
Q1 C Q1 C Q and suppose that ® : PN (Qp \ Q1) — P is a completely continuous
operator such that

(i) |Pul| < |lul| for all w € PN OQy, and there exists ¢ € P\ {0} such that
u # du+ \p for allu € PN9OQs and A > 0, or

(ii) ||Pul| < ||ul| for all w € P N 0N, and there exists ¢ € P\ {0} such that
u # Pu+ \p for allu € PNOQy and A > 0.

Then ® has a fized point in PN (Q \ Q).

2. POSITIVE PERIODIC SOLUTIONS OF (1.1)

In this section, we consider the existence of positive periodic solutions of (1.1).
Let

X={z={z®t)}: 2(t) = ¢”z(¢g*t) forall teq"}
and employ the maximum norm
= ={¢": 0<k<w- .
lzll := max |z(¢)],  where Qu:={¢": 0<k<w-—1}
Then X is a Banach space. Throughout this section, we assume 0 < a(t) < 1/¢™

for all t € ¢"°, where m € N is the order of (1.1). We define | := ged(m,w) and
h=uw/l.

Lemma 2.1. z € X is a solution of (1.1) if and only if

(2.3) l‘(t) _ i:£71 Z f(qimt’ f(qimt/T(qimt))) .
1 —ghm 1T a(q'™mt) =0 l;[oa(qjmt)

15



FUNCTIONAL ¢-DIFFERENCE EQUATIONS 3

Proof. From (1.1) and = € X, we get
ft,2(t/7(t)))

o OB
z(@®™t) x(g™t)  _ flg"tx(g"t/7(q™)))
a(gmt)a(t)  a(t) a(g™t)a(t) ’
z(q’™t) _owlem) f(@mt (@t T(¢P))
a(g>t)a(gmt)a(t)  a(g™t)a(t) a(@®mt)a(gmt)a(t)
z(g"t)  w(@"Im) fg I a(g M (g D™M)
h—1 h—2 h—1 '
il:[O a(q™t) il:lo a(g'™t) il:IO a(g™t))

By summing all equations above and since z(t) = ¢*z(¢*t) for all t € ¢"°, we arrive
at (2.3). O

In order to obtain a cone in the Banach space X, we define
h—1
M* := max {qhm H a(g™t): te Qw} ,
i=0
h—1
M, := min {qhm H a(¢g™t): te Qw} ,
i=0

and

M*(1—M,)’

Note 0 < § < 1. Now we define the cone P and the mapping 7' : X — X by
P:={yeX: y(t)=>0, yt) > 3|yl t € g™},

0=

h—1

hm im
™ Il alg™t) n-1 ., ; : :
ke f qlmt7x qlmt T qlmt
=g [Lalgmt) = I a(@™)
i=0 j=0
respectively. Since we have
qhm h—1
* im im im <
Tor ) < ()0
hmM* h—1
< im m
—71\4 ST Zf t, (g™ t/7(¢"™t)))

for any x € P, it follows that T'(P) C P. Define

q"tf (t u)

o(s) := max{
maft)

[ amof(t u(t)) }
§):=ming —————"—: t€Q,, 0s<u<s;,.
v {<1qmau»u@>
Then both functions ¢ and v are continuous on R.

Dt € Qu, 58Su§8},
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4 MARTIN BOHNER AND ROTCHANA CHIEOCHAN

Theorem 2.2. Assume 0 < a(t) < 1/q™ for all t € ¢"°, where m is the order
of the functional q-difference (1.1). Suppose there exist two real numbers a, § > 0
with a # B such that (o) < a and Y(B) > 1. Then (1.1) has at least one positive
solution x € X satisfying

min{e, 8} < ||z < max{a, 5}.
Proof. Without loss of generality, we can assume a < 5. Let
={reX: |z]<a} and W :={zxecX: ||z|<p}.

First, we show

(2.4) |IT(x)|| < |lz|| forall zePNao.
Let z € PN Q. Then ||z|| =  and da < 2(t) < o for all t € ¢"°. Since
qmtf(t u)
— < <
1—qma(t) — pla) < a
and
hm hﬁl ( 1mt)
q alq h—1 m me
i=0 1—q™a(g™'t) 1
h—1 i
1— qhm H a(qzmt) i=0 q(i+1)m H a(anLt)
i=0 j=0

for all t € ¢, we obtain

h—1
hm im
LY S gt atgmyrigmy)
2 ,

(Ta)(t) = : :
1— qhm H a(qzmt) =0 H a(qjmt)
i=0 3=0
=
q " a qlmt h—1 m mi
< @ i=0 (@) Z 1 —q™a(q™t)
= = _ i
1—g" ] a(g"™t) =0 q+Dm [T a(g™t)
i=0 j=0
< a=q
for all t € ¢"°. Hence (2.4) holds. Next, we show that
(2.5) x#Tx+ A forall xe€PNAoQy, forsome A>0.

Suppose (2.5) does not hold, i.e., there exist 2 € P N 00 and Ay such that
¥ =Tx" + \g. Let
X :=min{z"(t): t € Q.,}.

Since z* € PNy, ||lz*|| = f and 68 < x*(t) < B for all t € ¢"°. Thus we have
X = x*(to) for some ty € Q,,. Since
qusf(toa 'LL)
PO S A prat
and

h—1

" I1 a(g"™to)  h-1
i=0 —1,

1 —q™a(q"™ty)
- -
i

1 i
1— qhm H a(qimto) i=0 q(1+i)m H a(qjmto)
=0 j=0
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we obtain
x*(to) = A +T{L'*(t0)
h—1
hm im

q a\q to h—1 im *( 4m im
L) et gy, o g g )
-0 h—1 : i ,

1— qhm H a(qzmto) i=0 H a(q]mto)
i=0 j=0
h h—1 ( ) )

q " a qlmto h—1 zm *( 1m m
A 0 alg™ ) (4™ 7(a™0)
> Ao P

1— qhm H a,(q”nto) i=0 5qm H a(qjmto)
i=0 j=0
1:[ a(q"™to) h-1 ,
i=0 1 —q™a(q"™t)
> >\0+5 1 _ — _
H ( zmto) i=0 q(1+z)m H a(qgmto)
i=0 5=0
= X+t8
> d+x>x

This gives a contradiction since z*(tg) = x and hence (2.5) holds. Therefore, by
applying Theorem 1.2, it follows that 7 has a fixed point € PN (2 \ ;). This
fixed point is a positive w-periodic solution of (1.1). |

Corollary 2.3. Assume 0 < a(t) < 1/¢q™ for all t € ¢"°. Suppose that one of the
following conditions holds:

(i) lim ) = <1 and lim ¥(s) = oo > 1,
S S—00

s—0t
(ii) lim #ls) = oo < 1 and lim 9(s) =)o > 1.

$—00 S 5—0F
Then (1.1) has at least one positive solution x € X with ||z|| > 0.
Proof. Tt is sufficient to show only case (i). Since hm+ @ = o < 1, there exists

s—=0 S
& > 0 such that for all s € (0,4),
1-— 3pp —1 1
e(s) Jolmwo . Beo—1 pls) _Ltwo
2 2 S 2

Hence there exists a € (0,4) such that p(a) < a. Since lim t(s) = oo > 1, there
55— 00
exists § > 0 such that for all s € (0,0),

'(/}oo —1 . 1+ '(/)oo "/)oo —1
[1h(s) = Yoo| < o e 1< 5 < U(s) < 5
Hence there exists 8 > 0 such that ¢ (8) > 1. Thus, by Theorem 2.2, (1.1) has at
least one positive solution x € X with ||z| > 0. O

Theorem 2.4. Assume 0 < a(t) < 1/q™ for all t € ¢"°. Suppose there exist
N + 1 positive constants p1 < p2 < ... < pny < pn+1 such that one of the following
conditions is satisfied:
(1) (p(pgk_1) < pok_1, k € {1, 2,..., [(N + 2)/2]} and
w(ka) >1, ke {1723 ceey [(N + 1)/2}}7

18



6 MARTIN BOHNER AND ROTCHANA CHIEOCHAN

(i1) ©(pak) < pak, k € {1,2,...,[(N +1)/2]} and
w(ka—l) > 1} ke {L 27 R [(N + 2)/2]})
where [d] denotes the integer part of d. Then (1.1) has at least N positive solutions
rr € X with
pr < ||kl <pr+r  forall ke{l,2,...,N}.

Proof. Tt is sufficient to show only case (i). Since ¢,% : (0,00) — [0,00) are
continuous for each pair {pg,pr+1} and each k € {1,2,... N}, there exist pp <
ag < Br < pr41 for all k € {1,2,... N} such that

<p(a2k,1) < of—1, w(/BQkfl) >1, ke {1,2, R [(N + 2)/2]}7
(p(OéQk;) < gk, ’(/J(sz) > 17 ke {1,27 ey [(N + 1)/2]}

By Theorem 2.2, (1.1) has at least one positive periodic solution z € X for every
pair of numbers {ayg, 8} with pr < ap < ||z|| < Bk < pr+1. The proof is complete.
O

By applying Theorem 2.2, we can easily prove the following two corollaries.

Corollary 2.5. Assume 0 < a(t) < 1/q™ for allt € ¢"°. Suppose that the following
conditions hold:
(i) lim @:<p0<1 and lim @:gaoo<1,
s—0t S s—o00 8§

(ii) there exists a constant 8 > 0 such that (8) > 1.

Then (1.1) has at least two positive solutions x1,xs € X with
0 < lz1]] < B <[22 < o0.

Corollary 2.6. Assume 0 < a(t) < 1/q™ for allt € ¢"°. Suppose that the following
conditions hold:

(i) lim +(s) =10 > 1 and lim ¢P(s) = o > 1,
s—0+ s—00
(i) there exists a constant o > 0 such that ¢(a) < a.

Then (1.1) has at least two positive solutions x1,x2 € X with

0<|lz1]] < @ < ||z2]] < 0.

3. POSITIVE PERIODIC SOLUTIONS OF (1.2)
In this section, we discuss the existence of positive periodic solutions of (1.2).
1
Throughout this section, we assume a(t) > — for all t € ¢, where m is the order

of the functional g-difference equation (1.2). The proofs of the following results are
omitted as they can be done similarly to the proofs of the corresponding results in
Section 2.

Lemma 3.1. z € X is a solution of (1.1) if and only if

h—1
¢"" I1 alg"™t)  n-1

£(t) = i=0 > fla"™t,x(q""t/7(q""1)))
h—1 4
g I1 alg™t) =1 =0 [T a(g’™?)

for all t € ¢™o.
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We also define M* and M, as in Section 2 but we choose
5 e M, -1
MM —1)
Clearly, 6" € (0,1). Then we define the cone
P:={yeX:yt)>0,teqv™, yt) >y}
and the mapping T': X — X by
bl @)

q m a qlmt h—1 im m im

1 st )

?

h—1
qhm H a(qimt) — 1 =0 H a(qjmt)
i=0 j=0

Tx(t) =

Thus Tz(t) = ¢“Tx(¢”t) and also T(P) C P. Define

>4 o qmtf(tau)
o(s) == max{lqma(t)
T0e) e mind 40t u() ey

Y(s) = {(1—qMa(t))u(t)' tEQy, 0*s<u< }

Theorem 3.2. Assume a(t) > 1/q™ for all t € ¢"°. Suppose there exist two real
numbers o, 8 > 0 with a # 8 such that (o) < a and Y(B) > 1. Then (1.2) has at
least one positive solution r € X with

min{e, 5} < ||z]| < max{«, 8}.

cteQ., 6*S§u§s},

Corollary 3.3. Assume 0 < a(t) < 1/¢™ for allt € ¢ Suppose that one of the
following condition holds:

(i) lim @ = @0 <1 and lim U(8) = oo > 1,

5—>0+~()
o () L N
(i) Sh_gloT—<poo<1andsgrg+w(s)—wo>l.

Then (1.2) has at least one positive solution x € X with ||z|| > 0.

Theorem 3.4. Assume a(t) > 1/q™ for allt € ¢"°. Suppose there exist N + 1
positive constants p1 < py < ... < pny < pn4+1 Ssuch that one of the following
conditions is satisfied:

(i) @(pgk_1) < pok—1, kK €{1,2,...,[(N +2)/2]} and
w(ka) > 1, ke {1727 Tt [(N + 1)/2}};
(ii) @(p2k) < paw, k€ {1,2,....[(N +1)/2]} and
w(ka—l) > 1} ke {1a27' t [(N + 2)/2]})
where [d] denotes the integer part of d. Then (1.2) has at least N positive solutions
€ X, ke{l,2,...,N} with

P < ||kl < prt1-

Corollary 3.5. Assume a(t) > 1/q™ for all t € ¢"°. Suppose that the following
conditions are satisfied:
0 tim 2 Z 5 <1 and im 2 _ 5 <1,
S_)O+ S S§— 00 S

(i) there exists a constant 8 > 0 such that (8) > 1.
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8 MARTIN BOHNER AND ROTCHANA CHIEOCHAN

Then (1.2) has at least two positive solutions x1,xs € X with
0 < ||zl < B < ||z2|| < o0.

Corollary 3.6. Assume a(t) > 1/¢q™ for all t € ¢""°. Suppose the following condi-
tions are satisfied:

(i) lir(r)lJr 1;(3) = {/;0 > 1 and lim @F/Jv(s) = {/;oo > 1,
S5— S§—>00
(i) there exists a constant o > 0 such that (o) < a.

Then (1.2) has at least two positive solutions x1,xs € X with

0 < |lz1]] < @ < |Jz2]] < 0.

4. SOME EXAMPLES

In this section, we show some examples of equations of the form (1.1) and (1.2)
and apply the main results of the previous sections.

Example 4.1. Consider the ¢-difference equation

(16) q't) = ar(t) + s,

where a is a constant with 0 < a < 1/¢®, f(t,x) = 1/(tx), and 7(t) = 1/¢* for all
t € ¢"°. We have
p(s)

lim =Poo=0<1 and lim 9(s) =1y =00 > 1.

s—Hoo 8 s—0t

By Corollary 2.3 (ii), (4.6) has at least one positive w-periodic solution.

Example 4.2. Let ¢ =2, m =4, w = 5. Counsider the g¢-difference equation
1
16000tet=(4t)’

where a is a constant with 0 < a < 1/20, f(t,z) = t*?2'°° + 1/(16000te*), and
7(t) = 1/4 for all t € ¢"°. We have

(4.7) z(16t) = az(t) +tP2'0(4t) +

lim ¢(s) =9 =00 >1 and  lim t(s) =y =00 > 1.

s—00 s—0t

Since there exists a = 1/100 such that ¢(a) < «, by Corollary 2.6, (4.7) has at
least two positive w-periodic solutions.

Example 4.3. Counsider the ¢-difference equation
(4.8) z(g°t) = aa(t) — 227 (qt),
where a(t) = a; are constants assigned for each ¢ € Q,, and a(t) = a(¢*t) for all

t € ¢"°. We have 7(t) = 1/q, f(t,z) = t2z3,

Y —3p=0<1 and lim 9(s) = the = 00 > 1.

s—0t S s—00

By Corollary 3.3 (i), (4.8) has at least one positive w-periodic solution.
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APPROXIMATE SOLUTION OF SOME JUSTIFYING
MATHEMATICAL MODELS CORRESPONDING TO 2DIM
REFINED THEORIES

TAMAZ S. VASHAKMADZE, YUSUF F. GULVER

ABSTRACT. In this paper, by using projective-variational discrete method, we
solved approxiamately some BVPs for thin walled elastic structures corre-
sponding to justifying mathematical models of Kirchhoff-von Kdrman-Reissner-
Midlin type refined theories.

1. To JUSTIFYING 2DIM MATHEMATICAL MODELS OF KIRCHHOFF-VON
KARMAN-REISSNER-MIDLIN TYPE REFINED THEORIES

At first, we consider the linear problems for elastic thin walled structures by
using generalised Hellinger-Reissner’s principle (see section 2.4 of [8]). For isotropic,
homogeneous, static bending case we have

2h3 h
5 [HAwWs + (N* + p)graddivw, ] — 1#72(10& + v3,0) =
) (1+27)
. h h
A
tfodt — h(gT _—7/t 3.0dt,
—h
/,I/h + _
1.2 O [Avs+we o] = sdt — (g — g7).

These expressions, which are constructed without simplifying hyphotheses, rep-
resent general form for all well known refined theories and also new ones, if we
choose arbitrary control parameter -y correspondingly.

Now, if we take o3 vector as (see [8], p.60):

5 — ot +_ g &
19) oy = Cmg s B0 S o) P () ~Poa )

where h* = 0.5(h™ +h™), the form of expressions of main physical values for all RT
and Filon-Kirchhoff (FK) type systems of DEs are invariants and the boundary
conditions will be satisfied exactly for all models. In fact for shearing forces @3,
bending and twisting moments M,g, and surface efforts Ti,3 we have:

(1.4a) Qas = h(gd +95) — 2hols,

Key words and phrases. Approximate solution, boundary value problems (BVP), thin-walled
elastic structures, Legendre polynomials, variational-discrete methods.
2010 AMS Math. Subject Classification. Primary 74G10, 74H15, 74S99; Secondary 74K20,
35J50.
1
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2 TAMAZ S.VASHAKMADZE, YUSUF F. GULVER

2h?
(1.4c) Top = 2holg,

For (o33,t) and ¢, we have

h 2
h2(1 42 B
My = / tossdt = %(yéﬁ —g5) 4 [tosin] =
(1.4d) "

5 —95 2
h2 (93 293 _30?2)3>7

h 2 t
(1.4e) Vo = 1/ (h? — 1*)oo3dt = Pi+2y) (1+2) Qaz + 12 [t/ O'a3dt;’7:| .
2) 3 0
For reminder members 1 [;] and 73 [;] see (2.15) and (2.16) of [8]. It is evident that
if we find the solutions of any BVPs for RT and FK (generalised plane stress case)
it’s possible to define first and second coefficients of (1.3). Inversely, if we solve
the BVPs corresponding to Vekua first kind system (6.13) for N=2, formulas (6.9)-
(6.12) of [8] define the coefficients ol;, 035, s = 1,2. By inserting these coefficients
into (1.4) we have the explicit form for solutions of BVPs of all RTs and FK. We
remind that the conditions o33|q = gg—L are satisfied among the refined theories in

only Reissner’s theory with an additional artificial assumption of o33 3] gt = 0.

For completeness, we consider the BVPs for systems of partial differential equa-
tions when N = 2 according to Vekua theory [11]. If we know the values o;,5,s =
0,1,2;0%,5s = 1,2 then the boundary conditions on S* satisfied VN < oco. We
remark that for finding the solutions of Refined Theories in wide sense we must
study the BVPs for the following partial differential equations:

Luf +h™'Agraduy = F?,

lzui_ + 3hflgrad ()\u?)) — ,uug) — SMh*QU}i_ = F_~1_7
lou® + 5k~ grad(—pul) — 15puh~*u? = F?,

1.5a,f
( ) pAug + hil,udivu}i_ = FY,
pAug + 3h~ div(pud — Al ) — 3 (A + 2u) b 2uy = Fy,
pAuj + 50~ (=Adivul ) — 15(\ + 2p)h~*uf = F3,

where

u; = ud 4 Py (z/h)ul + Py (z/h)u?;

OaB ~ 035 + Py (z/h) U}w + P> (z/h) aiﬂ + P3(Z/h)0'§,3,

(z—h")g" N (ht —2)g~
2h oh

> z—h* z—h*
Zog(x,y) <Ps+1 <h+—h_> — Py (h‘*‘—h‘)) )
s=1

T
03 = (013,023,033)" ,

+

03 =
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APPROXIMATE SOLUTION OF JUSTIFYING REFINED THEORIES 3

l2 is the planar differential operator of theory of elasticity and A is 2Dim Laplacian
operator.
After solving BVP (1.5) we immediately have:

Olg = 2u(u‘i2 + u%)l), s=0,1,2, 0:132 =0;
ohs =059 — (=1)°g5) — m(us ! + (25 — DR 1ud),

(1.6&,0) s + s — s—1 —1 s
o33 = 0.5(g5 — (=1)°g5) — (Aua +(2s—1Dh™ (A + 2#)“3) )
s=1,2.
* 3 1 = 1 0
uy = ﬁ(ua,z) = u,,U; = %(ul,h) =u,,
5 = g, = %) = 0 — 0.2,
Qaz = b9 + 95) — 2hols,
2h?
Map = Z-02s
(1.6d,k) Top = 2hol g,

h + _ - 2
/J”W:”<%z%-@ﬁ9’

1 [t h2(1+2 ‘
¢a = 5/ (h2 — tz) UQ{Sdt = %QQB + 72 [t/ Uagdt;’)/:| .
—h 0

h
/h ossdt = h (g3 + g5 ) — 2hoss.

We remark that for BVP of any refined theories it is not necessary to investigate
the problems of existence and unigness of classical or general solutions (when on
0D displacements are zero or it is free) and there are true Korn type inequalities
for any N < oo when 1+ 2y > 0(see details in chapter 2 of [8], inequalities (6.19)
and (6.23)):

(~LaUx.Un) 2 u (w2 [UR]]}) + O3]

(<L, U.U) = (@hys) (3 [lgradU™* ([} + 3 ]|U%]15)

(u’fn’ ,Un)l

(VEn T D+ 1) (),

(u™ v™)y = h2/(2m +1)(2n + 1) Z utt, Z vt
i>m(2) i>m(2)

One of the most principal objects in development of mechanics and mathematics
is a system of nonlinear differential equations for elastic isotropic plate constructed
by von Kdrmdn. This system represents the most essential part of the main manuals
in elasticity theory [1, 2]. In spite of this in 1978 Truesdell expressed an idea
about neediness of “Physical Soundness” of von Kdrmdn system. This circumstance
generated the problem of justification of von Kdrmdn system. Afterwards this
problem is studied by many authors, but with most attention it was investigated
by Ciarlet [3]. In particular, he wrote: “the von Kdrmdn equations may be given
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4 TAMAZ S.VASHAKMADZE, YUSUF F. GULVER

a full justification by means of the leading term of a formal asymptotic expansion”
([3], p-368). This result obviously is not sufficient for a justification of “Physical
Soundness” of von Kdrmdn system as representations by asymptotic expansions is
dissimilar: leading terms are only coefficients of power series without any physical
meaning. Based on [8], the method of constructing such anisotropic inhomogeneous
2D nonlinear models of von Kdrmdn-Mindlin-Reissner(KMR) type for elastic plates
with variable thickness is given, by means of which terms take quite determined
“Physical Soundness”. The corresponding variables are quantities with certain
physical meaning: averaged components of the displacement vector, bending and
twisting moments, shearing forces, rotation of normals, surface efforts. In addition
the corresponding equations are constructed taking into account the conditions of
equality of the main vector and moment to zero. By choosing parameters in the
isotropic case from KMR type system (having a continuum power) the von Kdrmdn
system as one of the possible models is obtained. The given method differs from the
classical one by the fact that according to the classical method, one of the equations
of von Kdrmdn system represents one of St-Venant’s compatibility conditions, i.e.
it‘s obtained at the bases of geometry and not taking into account the equilibrium
equations. This remark is essential for dynamical problems.

Using methodology of [8], from ch.1 (in the case when thin-walled structure is an
elastic isotropic homogeneous plate with constant thickness) we have the following
nonlinear systems of PDEs of KMR type:

DAZ ity = (1_h2(1+27>(2_V)A> (g;—gg)

3(1—-v)
2h2 (1 + 27) . _
(1.7) +2h (1 —~ 3(11/)A) [z, @] + 1 (95,0 — 93.0)
h 1
7/ <Zfo¢,a - (1 -—A (h2 - 22) f3)> dz + Rl[a3;7]a
—h 1—v
E 1 _
(1.8) A2D* = ——[ug, u3] + YA (95 +95) + try fo +R2[®*],
2 2 2h
Qus — =2 W2 AQus = DA i
h? (1 +2y) + - - * + -
(1.9) +m8°‘ (93 —95 +2h (1 +v)) [us, ®*] + h (95 — g92)

h 14+v h
_/ Zfadz + / (h2 - 22) f3,ad2 + R2+a [Qa?);'y] .

—h 2(1-v) Joy

The constructed models together with certain independent scientific interest rep-
resent such form of spatial models, which allow not only to construct, but also to
justify von KMR type systems as in the stationary, as well in nonstationary cases.
We remind that even in case of isotropic elastic plate with constant thickness the
subject of justification constituted an unsolved problem. The point is that von
Kdrman, Love, Timoshenko, Landau & Lifshits and et al. considered the compati-
bility conditions of St. Venant-Beltrami as one of the equations of the corresponding
system.
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APPROXIMATE SOLUTION OF JUSTIFYING REFINED THEORIES 5

In the presented model we demonstrated a correct equation that is especially
important for dynamic problems. Further for isotropic and generalized transversal
elastic plates along the quantities describing the vertical directions and surface wave
processes it is necessary to take into account the quantity Ady®, corresponding
to wave processes in the horizontal directions, in the equilibrium equations. The
equations have the following form [9]:

(DA? + 2hpdy — 2DE™" (1 + v) pOpA) w =

(1_h2(1+2'y)(2—v)A) (g;‘—gg_)

(110) 30 0)
22 (1+29) \\ | . -
+2h <1 - MA) [u5, ] + h (94,0 — Jaa) -
.2
<A2 1 E” plAaﬁ> o=
(L.11) E 2 1+
1% 01 _ v
Ty el (A‘ Eatt) (95 +05) + S5~ e

From (1.10)-(1.11) follows von Kdrmdn equations if in (1.10) v = —0.5, g= = 0 and
in (1.11) fa = p1 = Ag?jf = 0. In addition, an equation corresponding to (1.11)
by von Kdrmdn, A. Féppl, Love, Lukasievicz, Tomoshenko, Donnel, Landau, Cia-
rlet, Antman et al. were constructed by the condition €11 20 — 2€12,12 + €22,11 =
—0.5[us, us] and Hooke’s law (but without using the equilibrium equations!). As
we prove in works [8, 9] the form (1.11) follows immediately for more general cases,
when thin-walled elastic structures are anisotropic and if we use Hooke’s law, equi-
librium equations with and nonlinear relations between strain tensor and displace-
ment vector:
€ag = 0.5 (Ua,p + Ug,a + U3 aUs3,3) -

Now we prove that (1.11) equations in dynamical case has the following
form [10]:

1—v? v 2p1 _ 1+v
(1.12) <— E PlAatt> ¢ = 3 (A — E@t) (9; + 93 ) + Wfoc,a-

Thus we must demonstrate that both way give the expression A2® — 0.5E [w, w]
In fact, we constructed (1.11) by using the following expression (see [9]) :

(A" +2u) A (811 + E22) =
(1.13) (203X +21)) 7 (A + 20) (A" +200) A (511 + G22) + .. =
1z ((—1)a+ﬂ 33—a@3—ﬂ113,aﬂ3,5) + .

where dots denote other different members from (1.11). Let us o3 =

(—1)a+5 03_003_3®, then from preliminary equation follows (1.11) or:

A?® = —0.5F [w,w] + ... From St.Venant-Beltrami compatibility conditions it is
evident that

€11,22 — 2€12,12 + €22,11 =
(20 (BN +20)) T [2(A + 1) AG e — Aaasaa) — (1) 12,12 = 2E71A%®,
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6 TAMAZ S.VASHAKMADZE, YUSUF F. GULVER

or
A?® + 0.5E [w,w] = 0.

The mathematical models considered in [8] , ch.I contain a new quantity, which
describes an effect of boundary layer. Existence of this member not only explains
a set of paradoxes in the two-dimensional elasticity theory (Babushka, Lukasievicz,
Mazia, Saponjan), but also is very important for example for process of generating
cracks and holes (details see in [8], ch.1, par. 3.3). Further, let us note that in works
[9] equations of (1.11) type are constructed with respect to certain components of
stress tensor by differentiation and summation of two differential equations. Also
other equations of KMR type, which differ from (1.11) type equation, are equivalent
to the system, where the order of each equation is not higher than two. For
example, in the isotropic case, obviously, for coefficients we have [9]: coa = A* 424,
Co6 = 2/, C12 = A, Cag = 0, \* = 2\ (A + 21) ", X and p are the Lamé constants.
Then the system (1.7) of [9] is presented in the form:

(N 4 20) 017 + poow =

1.14a 1 - _ o A
( ) ﬂ f1 +M(31(U3,2) - 52(“3,1 ug,z)) - m (033,1, 1) ,
wo1w + (N* 4 2u) O =

1.14b 1 - _ . A
( ) o fo+u(02(us 1) — 01(us,1 us2)) — MOt (033,2,1),

where the functions: 7 = €44,, W = %1,2 — U1 correspond to plane expansion and
rotation respectively.

Thus, in the dynamical case the KMR type systems are (1.10) and (1.11). In
the statical case from (1.14) immediately follows such relations:

14+v
704(1:0-
2h fa,

In general this relation is not true or if it is true then these expressions are conse-
quences of compatability conditions (see p.204 of [4])

//thder//SJrSigdsO.

2. VARIATION-DISCRETE METHOD

gA(9§+g§)+

For demonstration, we described shortly the Variation-Discrete method for a
strongly elliptic system of PDEs which contains the special case ((6.13) of [8] for
N=2):

(2.1a) A1Auy + Bigrad(divuy) = f4,

(2.1b) AsAusz + By(divu,) = f3,

(2.1c) AsAu, + Bsgrad(divu,) + Csgradus + Dau, = fs,

where the closure of domain D := [~1,1]2, uy = (u1(z,y), us(z,y))", ug =

u3(x,y), Uy = (U4($,y),u5(l’,y))T; f+ = (fl(xay)’fQ(xvy))T’ f3 = f3(xay)v
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APPROXIMATE SOLUTION OF JUSTIFYING REFINED THEORIES 7

fo = (fa(z,y), fs(z,y))", the coefficients A;, B;(i = 1,2,3);C5 and D3 are con-
stants.
Let us denote system (2.1) as

(22&) L(alaaQ)u(l‘vy) = f(‘ray)7 (.I‘,y) €D := (—l,l)X(—l,l),
with Dirichlet type boundary conditions

gl(y)a (m,y) € {1}X [_171}7
—1,1] X{1}
2.2b — , — gQ(x)3 (l‘,y) E [ ? 9
(220) oo =9 9=0 g(y). (@) € (-DX[-L1],
g4($), ((E7y) € [_171] X{_l}
where u (z,y) € C2(D)NC(D), f(z,y) € C(D)" and L(d:,0s) is a linear elliptic
type operator.
Instead of u(z,y) we take a series expansion having a homogeneous baoundary

values and add a function v(z,y) who satisfies the heterogenous boundary condi-
tions (2.2b)

(23) u(x, y) = Z uijQDij(‘ra y) + ’U(Qj,y),

ij=1
where, u'/ is coefficients of u(z,y) in ¢,;(x,y) basis or coordinate functions which

is defined by the multiplication of Legendre polynomials differences (with respect
to indices) in the following way

(2.4a,b) ¢, (z,y) == xPi(x)xP;(y), xPi(z):= 2(21“_1) (Piy1(z) = Pima(x)),
v(z,y) =Gi(z,y)H(y+ DH{1 —y) + Ga(z,y)H (z + HH (1 —2) +
(2.4c) Ei6(x—1)0(y — 1) + E2d(x — 1)d(y + 1)+
E30(x+1)0(y — 1) + Exd(x + 1)d(y + 1),

where
1, z>a, 1, z=a,
H(m—a):z{ 0 z<a 5(%—@):2{ 0 z4a
r+1 1—=x
Gl(x,y){ 5 91(y) + — gg(y)],
+1 1-

Ei=g(1)=9(1), Ex=g(-1)=g(1),
E3=g2(-1)=g3(1), Ei=g3(-1)=ga(-1).
The difference in (2.4b) is taken in such a way that the homogeneous boundary
condition is satisfied and the function v(z,y) is proposed in such a way that the
heterogenous boundary conditions given in (2.2b) are satisfied. The difference in
(2.4Db) is between either odd or even ordered polynomials and since P;(+1) = (£1)*
it is always true that xP;(£1) = 0. Coordinate functions ;;(x,y) constitute a
complete system. The coefficient in operator x is selected so that after several
operations it can be simplified by other coefficients which come out of the integration

IFor simplicity f is taken from C(D). The only condition f to satisfy is that it is integrable in
the general sense over D. Therefore f can be selected from a more general class.
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8 TAMAZ S.VASHAKMADZE, YUSUF F. GULVER

operations given in (2.6). For the numerical realisation we take the first N terms
of the series given in (2.3) and it becomes

N
N
(2.5) u(zy) = Y U P+ v(2,y).
m,n=1

Then the method starts with inserting approximate value 11\1[ instead of the exact
value of u in the differential Eq.(2.2a) and then continues by multiplying both sides
by coordinate functions ¢;; and taking integration over the domain D. Finally we
have the projected approximate equation

2o | /D L(01,32) W y)psyady = | /D f(a, y)piydady = (f,0i5).

To find algebraic equivalent system for the BVP (2.1) we need corresponding tem-
plates for the identity, first, direct and mixed second order operators. Let us call
the equivalent operators as I,I;,I11,I12 respectively for the identity, first, direct
and mixed second order operators. Application of (2.2)-(2.6) and the following
properties of Legendre polynomials

1

2§mn

(2~7aab) /PmPndt: ma Prln—&-l _P7,n—1 = (2m+1)Pma
-1

where prime sign in (2.7b) denotes derivative with respect to the relevant argument
x or y, gives the required templates as below:

N L
111 = (811u,<pij) = Z u’h]+ ”[("n| — 1) Cj + |n|aj+n] + (811v,goij),

n=-—1

1
N . . |m+n|
Liz = (amu"pij) = Z —u I mn|(=1) "2 biympr j nt1 + (O12v, @ij) ,

m,n=—1
N
I .= < Ovu 7<Pij> =

1
) . m+3
Z uz+m,j+2n|m|(—1) p) +nei+mT+1 Sljaj+n5’2jcj + (alv, (,Dij) s

m,n=—1

1
N . .
I:= (“7%) = > wTPIYR ¢ Roci Ryt pm Raajn + (v, 0ij)

mn=—1

where

1
a; = djy1v/djdjyz, bij = /didiyrdjdji, ¢ = 5(dj = djia),
1
ei = \Vdidiy1, di = 2 -1’
% T

1 1
R1:1+|m|<c—1>,R2:1+n|<c—1>,
7 J
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1 1
Ry = |m|+ —(Im[ = 1), Ry =|n|+—(|n]-1),
a; a;

1 1
Sty = 2 (1= Jnl) +Jol, Soy =1+ 1nl (£~ 1),

J J

(v, 0i5) = (G1 + G2, 945)

(@, 017) =~/ 2 (0 P () X (0),
(00, 00) = | 2o\ L0 (0, (2) Py )
@rrv,0) = 25 | (0P @By ) + [ 11 90) = 91 0)] X () dy

Variational-Discrete method applied here represents Ritz method (for the proof
see p.146 of [8]). For projective methods, one of the crucial point is the problem of
stability. For these coordinate systems ¢;;, corresponding Gram type matrix has
the same structure with the matrix corresponding to the finite difference method
for 2Dim Laplacian. Thus, this fact opens the new way of possibility for sufficent
large class of BVPs to investigate Gram type functional matices by methods of
numerical mathematics. In our case, Gram matrix is bounded from below by non-
negative value when the order of the matrix tends to infinity. This implies that the

process of finding ©* and approximate solution 115 is stable (see Ch.III, section 12.1
of [8]). For demostration of some properties of this method below we consider 3
well known classical BVPs .

Example 1. We have the Poisson equation with a unit source function

(28) —A’U/(I7y) = 17 u|6D = 0’

where D := [—1,1]%and A is the 2D Laplacian operator.

By noting that due to the homogeneous boundary conditions v = 0 and us-
ing the algebraic equivalent of Laplacian operator In = I;7 + Iss, the projected
approximate equation related to the BVP (2.8) becomes

(2.9) U (c;i+ ;) —uTPa; g —uTHa g —u a0 —uh T ?a g = gvl.
where g7 = (1,¢;;) . By using the orthogonality property (2.7a) of Legendre poly-
nomials, the integral in the expression of g% simply yields g'! = 2/3; g¢% =
0, if iAL1#].

The system obtained in (2.9) is in fact consists of four independent sub-
systems. Indices (i,j) can take either odd or even values between 1, N. Each
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10 TAMAZ S.VASHAKMADZE, YUSUF F. GULVER

I

Subsystems f, _}' |

@
. odd, odd <)\}> g{}_,
S @ @
..4}
&

<<3> odd, even 3 é’ %

(a) L=l

FIGURE 1. Template for Laplacian (a), solution of the Poisson
equation: contour plot (b) and 3-D graph (c)

combination results in the same type of unknown coefficient indices, hence consti-
tutes an independent subsystem (see Fig.1la). From the number of members’ point
of view the obtained scheme resembles the classical finite difference scheme.

The solution of the BVP is given in Fig.1b,c for N = 3 and the comparison
of the results with [5, 6, 7] is shown in Table.l. The results given in terms of
T/(n0) =4 [[,u p u(z,y)dzdy. This parameter is taken for computational convenience
and at the same time it has rich physical meanings.
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APPROXIMATE SOLUTION OF JUSTIFYING REFINED THEORIES 11

TABLE 1. Comparison of the results for the Poisson’s equation

Methods | Exact solution by | Reduction Variation-
series Method to ODE Discrete Method
T/(160) 2.249232 2.234 2.222222 (for N=2)
(for N=200, [5, 6]) | (first order, [6]) 2.249208 (N=5)
(for N=200-500, [7]) 2.249232 (N=10)

The results shown in Table.1 which are given in 6 decimal point are new, the
other with 3 decimal point is from the classical monograph [6]. We should also note
that the exact result, which is misgiven/miswritten as 2.244 in [6], is corrected and
refined here as 2.249232. This exact result is recalculated by using series expansions
given in [5, 6] and [7] upto the first N = 200 and 500 terms respectively. From the
table it is seen that even for N = 10 the Variation-Discrete method gives the same
result with the exact solution by series upto the 6 decimal point.

Example 2. The general BVP given in (2.1a) corresponds to tension-compression
problem of a 2D isotropic plate after inserting the corresponding material constants
instead of A; and B;. With homogeneous boundary conditions it can be formulated
as below (see [8])

(2.10) pAu+ (X + p)grad(dive) = £, ul,p =0,

where D := [~1,1]?, the displacement vector u = (u1(z,y), uz(z, y))T ,the general-
ized force function f = (fy(z,y), f2(z,y))" A* = 22u(A+21) "L, X and p are Lamé
constants.

(2.10) yields two coupled equations

(2.11&) ()\* + 2#)811’(1,1 + ,U,822U1 + ()\* + u)@lqu = fl,
(211b) ()\* + 2/1,)(922U2 + ,uauug + ()\}k + u)@lgul = fo.

Considering templates for I;; and I the approximate algebraic equations for
(2.11a) and (2.11b) become respectively

—((V 4 20)e5 + per)ur? + (N +20) (u" P agin +uy? o)
(2.12a) Hu(ui e +ui M ain) + (4 ) (w7 b

+U12_1’J_1bi,j _ U;_17]+1bi7j+1 _ U;+1’]_1bi+17j> _ 9?»
_(()\* + Q,U)Ci + ch)ugj + ()\* + 2#) (ué+2’ja¢+1 + ugf2,jai71)
(2.12b) F(uy” e + uy ai0) + O+ ) (0 b 0

i—1,j—1 i—1,5+1 i+1,5—1 i
+uy bij—uy b —uy Y by ) = g9

where gff = (fr, i), k=1,2.

To validate the correctness of the schema obtained in (2.12), displacements are
taken to be uy(z,y) = xPo(x)xPi(y), and ug(x,y) = u1(y,z). The material coef-
ficients \*, u are taken to be one?. Inserting these test functions into (2.11) we
get the forces as fi(x,y) = 2V15(=12 + 15y + 22) /4, fa(z,y) = fi(y,z). After

2Here and in Example 3 all coefficients are taken to be one for the computational simplicity.
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inserting these force functions the algebraic system of equations (2.12) are solved
and the results is exactly the same as the test functions.

Example 3. The general BVP given in (2.1b,c) corresponds to bending problem
of a 2D isotropic plate and after inserting the corresponding material constants for
homogeneous boundary conditions it becomes (see [8]):

(2.14a) wAuz + p(divuy) = fs,

1h? h?

(2.14b) TAu* + 7()\* + p)grad(divu,) — p (gradus + u.) = fu,

where the closure of domain D := [—1,1]2, ug = us(z, y), s = (ua(,y), us(x,y))" ;

f3 = f3(@. ), 1. = (Fa(@,y). fo(2.0)"
(2.14) yields three coupled equations

(2.15a) p (O11us + Oz2us) + 1 (O1ug + Oaus) = fs,

h? h?
(2.15b) % (311U4 + (922@64) + ?O\* + M) (311'”4 + 812U5) — K (alUB + U4) = fa,

h? h?
(2150) MT (611U5 + 822U5) + ?(A* + [L) (812’(1,4 + 322U5) — U (82U3 + U5) = f5.

Considering templates for I;,I71,I;2 and I the approximate algebraic equations
for (2.15a), (2.15b) and (2.15¢) become respectively

1
i Y0 (™ [(ml = 1) € + [mlai ]

m=-—1

T (] = 1) ¢ + [mlai] )
(2.16a)

1
m+3 ; ;
+n(, i+m,j+2n o .
M § |m[(=1)"2 (u4 67:+L2+151Jaj+nSQJCJ

m,n=—1

i+2n,j+m g
+ug €j+mT+151iai+nS2ici) = g4,
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1
S w2 [(jm] = 1) ¢ + [mlaim)]

m=—1

e
2

h2 L
o (W 2m) Yl (Il = 1) s o+ [nlagn]
n=-—1
! i i [m+n]
()‘*+M) Z u%+m,J+n|mn|(_1) 2 bi+%,j+%

mmn=—1

h2
2

(2.16b)

1
m+3 ; .
+n, +m,j+2n
— L E |m|(—1) 2 Us €i+mTHS1jaj+7LSQjCj

m,n=—1

1
i+2m,j+2n Y
— 1 E uy T Ri¢i Rocj Ry m Ratjy = gy

m,n=—1

Mh2 . i,j+2n
2 > ug P (In] = 1) ¢j + Inlajin)

n=—1
B2 LI .
o W+ 2) D0 us™ (] = 1) e+ |mlaiem]

m=—1

h’2 * - i+m,j+n Im+n|
(2.16¢) 5\t D wt T | (1) by i e

mn=—1

1
m+3 i+2n,j+m
—H Z Im|(—1) 2 +nu3 ! €j+mT+151iai+n52¢C¢

m,n=—1

1
2 : i+2m,j+2n _ 4]
— Us RlciRgchgai+mR4aj+n = Js

mn=—1

where gllg] = (fka QOZ]) ) k= 3547 5.

To validate the correctness of the schema obtained in (2.16), the displacements
are taken to be us(z,y) = xPa(2)xPa(y), ua(x,y) = xPo(x)xPi(y) and us(z,y) =
ua(y, z). Inserting these test functions into (2.15) we get the forces as

V15

fa(z,y) = 115 (xyS + a3y — Qxy) + e (1 + 3a22%y? — 2% — 21:2) ,

V15
(y3 + 3ya? — 3223 — y) + e (16y2x + 223 — x3y% — 131:) ,
f5($?y) = f4(y7m)
After inserting these force functions the algebraic system of equations (2.16) are
solved and the results is exactly the same as the test functions.

oo | Ut

fa(z,y) =
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TRIGONOMETRIC APPROXIMATION OF SIGNALS
(FUNCTIONS) BELONGING TO WEIGHTED (L7 £(t))-CLASS BY
HAUSDORFF MEANS

UADAY SINGH AND SMITA SONKER

ABSTRACT. Rhoades [13] has obtained the degree of approximation of func-
tions belonging to the weighted Lipschitz class W (LP, £(t)) by Hausdorff means
of their Fourier series, where £(t) is an increasing function. The first result of
Rhoades [13] generalizes the result of Lal [2]. In a very recent paper Rhoades
et al. [14] have obtained the degree of approximation of functions belonging to
the Lipa class by Hausdorff means of their Fourier series and generalized the
result of Lal and Yadav [7]. The authors in [14] have made some important
remarks, namely, increasing nature of £(¢) alone is not sufficient to prove the
results of Lal [2], Lal and Singh [6], Qureshi [11] and Rhoades [13]; and the
condition 1/sin?(t) = O(1/t%), 1/n < t < 7 used by all these authors is not
valid since sint — 0 as t — w. They have also suggested a modification in the
definition of weighted (LP,&(t)) - class and leave an open question for deter-
mining a correct set of conditions to prove the results of Rhoades [13]. We
note that the same types of errors can also be seen in the papers of Lal [3, 4],
Nigam [8, 9] and Nigam and Sharma [10]. Being motivated by the remarks of
Rhoades et al. [14], in this paper, we determine the degree of approximation of
functions belonging to the weighted (LP, £(¢)) class by Hausdorff means of their
Fourier series and rectify the above errors by using proper set of conditions.
We also deduce some important corollaries from our result.

1. INTRODUCTION

For a given 2r—periodic signal (function) f € LP = L?[0,27], p > 1, let

+ Z(ak cos kx + by sin kx),
k=1

ao

(1'1) Sn(f) :Sn(fvx) = E

denote the partial sum, called trigonometric polynomial of degree (or order) n, of
the first (n + 1) terms of the Fourier series of f.

The LP—norm of signal f is defined by

1 2 1/p
1l = 2 (7 1 @lrdz) " (1< p <o), and [[fle = sup |f(x)].
z€[0,27]

A signal (function) f is approximated by trigonometric polynomial T}, of order
(or degree) n and the degree of approximation E,(f) is given by

En(f) = Min,| f(z) = To()]]p-

This method of approximation is called trigonometric Fourier approximation.

Key words and phrases. Trigonometric Approximation, Class W (LP, £(t)), Hausdorff Means.
2010 AMS Math. Subject Classification. 42A10.
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2 UADAY SINGH AND SMITA SONKER
A function f € Lipa, if

lflz+1t) = f(@)|=0(t]"), 0<ac<l,
and f € Lip(a,p), if

If(z+1) = f(@)ll, =O(t]*),0<a<1p>1
For a positive increasing function £(¢) and p > 1, f € Lip(&(t),p), if
[f(z+1t) = f@)]l, = OE(®)),

and f € W(LP, (L)), if
(1.2) [/ (@ +1t) = f(2)]sin (2/2)]|, = OE(1), B2 0,p> 1.

It B = 0, W(LP,£() = Lip(€(t),p) and for £(t) = t2(0 < a < 1), Lip((t), p) =
Lip(a, p). Lip(a,p) — Lipa as p — o0o. Thus
Lipa € Lip(a, p) € Lip(§(t),p) € W(L”,£(t)).
Hausdorff matrix H = (h,, ;) is an infinite lower triangular matrix defined by
- (Z)A”*k,uk, 0<k<n,
i 0, k> n,

where A is the forward difference operator defined by Ap, = p, — p,; and
AL = AF(Ap,). If H is regular, then {u,,}, known as moment sequence, has

the representation
1
o= [ wdrta),
0

where y(u) known as mass function, is continuous at v = 0 and belongs to BV[0, 1]
such that v(0) =0, v(1) = 1; and for 0 < u < 1, y(u) = [y(u 4+ 0) +~vy(u —0)]/2 [1].
The Hausdorff means of the Fourier series of f are defined by

(1.3) Hy(f;2) =Y hngsk(fiz), n>0.
For the mass function y(u) given by
( ) _ 0, 0<u<a,
)= 1, a<u<l,

where a = 1/(1+ q), ¢ > 0, we canverlfythat p = 1/(1+¢)* and
(1+qn, 0<k<n,
k> n.

Thus Hausdorff matrix H = (hy, ) reduces to Euler matrix (F,q) of order ¢ > 0

n,

and defines the correspondlng ( ,q ) means by

(1.9 B = (g 2o () i)
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One more example of Hausdorff matrix [y(u) = u for 0 < u < 1] is the well known
Cesdro matrix of order 1 (C,1) and defines the corresponding means by

1 n
(1.5) Un(fw):mk;osk(f?iﬁ)-

The details of Hausdorff matrices and their examples can be seen in [1, 12]. We shall
denote by Hy, the class of all regular Hausdorff matrices with moment sequence
{1, } associated with mass function ~v(u).

‘We use the notations:

o(t) = flz+1t)+ f(z —t) = 2f(z)

and
n

g(u,t) =Im [Z (Z) uF (1 — u)nheitkt1/2)t

k=0

2. KNOWN RESULTS

The degree of approximation of functions belonging to various function classes
through their Fourier series has been studied by various investigators. In the sequel
Lal [2-4], Lal and Kushwaha [5], Lal and Singh [6], Lal and Yadav [7], Nigam
[8-9], Nigam and Sharma [10], Qureshi [11] Rhoades [13] and Rhoades et al. [14]
have studied the degree of approximation of periodic functions in Lipa, Lip(c, p),
Lip(&(t), p) and weighted (LP, £(t)) classes through various summability means such
as Norlund, Hausdorff, T = (a,x), C1.N,, (C,1)(E,1) and (C,1)(E,q), of the
Fourier series associated with the functions. In this paper, we consider the result
of Rhoades [13] in which the result of Lal [2] has been extended from (C,1)(E,1)
means to Hausdorff means by keeping other conditions unaltered. Rhoades [13]
proved the following:

Theorem 2.1. Let f be a 2w— periodic function belonging to the weighted W (LP £(t))
class, H € Hy. Then its degree of approrimation is given by

(2.1) 1H(f32) = f(@)ll, = O™ 1/Pe(L/n)),
provided £(t) satisfies the following conditions:

(2.2) {/01/" (t‘b(?(':;ng t>pdt}1/p ) (711> :

and

23) { / / (’f‘;‘gt”)pdt}w — oW,

where & is an arbitrary number such that g(1—56)—1>0,p 14+¢ 1 =1,1<p< 0
conditions (2.2) and (2.3) hold uniformly in x.

In second theorem, Rhoades [13, p. 313] has proved the same result for H =
(E,q), ¢>0.
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4 UADAY SINGH AND SMITA SONKER

Remark 2.1. In the light of Rhoades et al. [14], we observe that in [13, pp. 310-
311], the author has used 1/sin® t = O(1/t%) in the interval [1/n, 7] and considered
&(1/y) non-decreasing. Both the arguments are invalid since sint — 0 ast — 7
and the increasing nature of £(t) implies that £(1/y) is non-increasing. We also
observe that condition (2.2) of Theorem 2.1 leads to a divergent integral of the

form fol/nt_(l'*‘ﬂ)th for 8 >0 [13, pp. 310, 313]. The same type of errors can

also be seen in [2-4], [6] and [8-11].

3. MAIN RESULTS

As mentioned in the introduction of this paper, the (C,1) and (E, q) are Haus-
dorff matrices, and product of two Hausdorff matrices is a Hausdorff matrix [1, 12,
13], all these matrices can be replaced by a regular Hausdorff matrix. This and
the Remark 2.1 has motivated us to determine the degree of approximation of sig-
nals (functions) belonging to W (LP,&(t))— class by using Hausdorff means of their
Fourier series with a proper set of conditions. In order to rectify the errors men-
tioned in Remark 2.1, we have defined W (L?,£(t)) in (1.2) by replacing sint with
sin(¢/2) in the definition given by the authors in [2-4], [8-11] and [13]. Further, we
shall use increasing function £(t) such that £(¢)/t is non-increasing and also modify
the condition (2.2). More precisely, we prove the following;:

Theorem 3.1. Let f be a 2w— periodic function belonging to the weighted Lipschitz
class W(LP &(t)), with 0 < B < 1 — 1/p. Then its degree of approximation by
Hausdorff means generated by H € Hy is given by

(3.1) |Hn(f;2) = f(@)]lp = O((n+ 1)PF/PE(1/n + 1)),

provided positive increasing function £(t) satisfies the following conditions:

(3.2) &(t)/tisnon — increasing,

w/(n+1) Sin’g p 1/p
(33) { / (W) dt} =0 ((n+1)1),
and

w0 W i 1y
(34) {/ﬂ/(nﬂ)( &(t) )dt} = Ol +1)%,

where & is an arbitrary number such that 0 < § < B+ 1/p,p~ ' +q¢* =1 and
1 <p < oo. The conditions (3.3) and (3.4) hold uniformly in x.

Remark 3.1. If we replace the Hausdorff matriz H by (E,q) in Theorem 2.1, we
get Theorem 2 of Rhoades [13, p. 313].

4. LEMMA

For the proof of our Theorem 2.1, we need the following lemma.

Lemma 4.1. Let g(u,t) = Im [}, _, (D) u*(1 — w)""Fe! /2 for 0 < u < land
0<t<m. Then

O((n+1)t), 0<t<m/(n+1),
0 (("il)t), m/(n+1) <t <.

/ o(u, ) (u)
0
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Proof. We can write

g(u,t) = Imz ( ) (1 —u)”_kei(k+l/2)t

= (1-u) ”Im{ ”/22( > (1_Z;)k} :Im{e“/2 (1—u+ue“)”},

which is continuous for u € [0, 1].
Now for 0 <t <,

1 1 . .
/g(u,t)du = /Im{”/Q( *quue”)n}du
0

zt/2 1_u+uezf) o
= Im/ it (=14¢€")du

(1 — u + uett)n+t !
= Im - .
e~ (n+1)(-1+e*) J,

ei(n—%l)t -1
= Im . .
{ (n + 1)(€1t/2 _ 6—1t/2) }

1—cos(n+ 1)t
2(n + 1) sin(t/2)
sin?(n + 1)t/2

- (n+ 1)sin(t/2) 2 0.

Therefore, if M = sup {7 (u)}, then
0<u<1

' LN ' (. )du = p S D2
/Og(u,t)d’y(u)—/o g(u,t)dud SM/O g(u,t)d _M(n+1)sin(t/2).

Thus for 0 < ¢t < 7/(n+ 1), we have

_ ol 2y

(4.1) /0 9(u, t)dy(u)| < 1

(r/t) = O{(n + 1)t},

in view of (sint)™! < /2t for 0 < t < 7/2 and sint < ¢ for ¢ > 0.
For m/(n+ 1) <t <, we have

(4.2) / o(u, t)d(w)

in view of (sint)~! < /2t for 0 < t < 7/2 and |sint| < 1 for all ¢. Collecting (4.1)
and (4.2), we get Lemma 4.1. O

Proof of Theorem 3.1. We have

Sulfi) — () = o /0 ’ . f((f/)2> sin(n + 1/2)tdt.
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Therefore,

Hn(fvx)_f(m) = Zhn,k {Sk(f,l')—f(x)}
k=0

. 1 T p(t) n .
e sin(t/Q)kzoh"kaIH(k+1/2)tdt

_ T o) z": (Z) A", sin(k + 1/2)tdt

27 Jo sin(t/2) pre

n

— i i ¢(t) n 1 uk —u n—k u mei(k+1/2)t
21 J, sin(t/2) kzzo (k> /0 (1 —w)" " dry(u)l dt
)

= 1 4 ot 1 . "/ WP (1 — )k eilk+1/2)t "
2 Jo (sin(t/2)/0 I lz (k) (1 ) " 1 d( )) dt
o(t

k=0

_ % Oﬂ (sin(t/)Q) /0 1g(u,t)dfy(u)> dt.

Using (sin(¢/2))~! < w/t for 0 < t < 7, we have

Ha(fir) ~ f@)] < o / Wf”' / o, )y ()|
_ i 7/(n+1) T M 1
= 5 (/O +/ﬂ/(n+1)> : /O g(u, t)dy(u)| dt
(4.3) = L+ 1, say,

Now using Lemma 4.1 and Hélder inequality, we have

B D =168 sin® (8/2) (n A+ 1)EE(E)
L = O{hm/6 £(0) sin® (t/2) dt

7/(n+1) sin® P
o{(n+1)/0 (W) }
' ©/(n+1) §(t) q 1/q
{131/ (=em)
7/(n+1) 1/a
(n+1)YPe(n/(n + 1)) (15%/ " t%lt) ]

[0+ 1)1 17/ (n 4 1)) (0 4+ 1)P0) ]
((n+1)%¢(r/(n + 1)),

e—0

= 0

-0
(4.4) =0

in view of (3.3), mean value theorem for integrals, 1 — 3¢ > 0 and p~* + ¢~ = 1.
Again using Lemma 4.1, Hélder inequality and (sin(¢/2))~! </t for 0 < t < m,
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we have

I

/ey (REDER)  ¢-9tsin®(t/2)
P 1/p
L [" t=°|¢(t)| sin” (¢/2)
o {" +1 /71'/(n+1) ( &(t) ) dt}
i e
{/ﬂ'/(n-‘rl) (t_“ﬁ“) dt}

. 1/q
-0 <n+1>5-1§<w/<n+1>>”“< / t—w—éﬂmdt)

™ /(n+1)

O( / t0l6(0) sin’(8/2)  t7'6(1) dt)

[(n +1)%¢(n/(n+1))(n+ l)ﬁﬂsﬂ,l/q}

(0]
(45) = O|m+ 1) Vreg(r/(n+ 1),
in view of (3.4), mean value theorem for integrals, 0 < § < S+1/pand p~t+q~! = 1.
Finally collecting (4.3)-(4.5) and taking L,—norm, we get (3.1).
Thus proof of Theorem 3.1 is complete.

O

5. COROLLARIES
The following corollaries can be derived from Theoreml.

Corollary 5.1. If 8 =0, then for f € Lip(£(t),p),
|Ha(f:2) = f@)llp = O (0 + D)7 (m/(n + 1))
Corollary 5.2. If § =0, £(t) = t* (0 < a < 1), then for f € Lip(a,p) (a > 1/p),
|Ha(f32) = f@)llp = O ((n+ 1Y),
Corollary 5.3. If p — oo in Corollary 5.2, then for f € Lipa (0 < o < 1),

[Hn(f;2) = f(@)lloc = O ((n+1)7%)).

which is a result due to Rhoades et al. [14] for 0 < a < 1.
Further, since the product of two Hausdorff matrices is a Hausdorff matrix [13], the
results proved by Lal [2], Lal and Kushwaha [5], Lal and Singh [6], Lal and Yadav
[7], Nigam [8, 9] and Nigam and Sharma [10] pertaining to the product of (C,1)
and (F,q), ¢ > 0, which are Huasdorff matrices, are also particular cases of our
Theorem 3.1.
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SOME PROPERTIES OF ¢-BERNSTEIN SCHURER OPERATORS

TUBA VEDI AND MEHMET ALI OZARSLAN

ABSTRACT. In this paper, we study some shape preserving properties of the
g-Bernstein Schurer operators and compute the rate of convergence of these op-
erators by means of Lipschitz class functions, the first and the second modulus
of continuity. Furthermore, we give the order of convergence of the approxi-
mation process in terms of the first modulus of continuity of the derivative of
the function.

1. INTRODUCTION

In 1962, Schurer [9] introduced and studied the Bernstein Schurer operators.
Let C'[a,b] denotes the space of continuous functions on [a,b]. For all n € N and
f € C[0,p—+1], the Bernstein Schurer operators are defined by

n-+p

S (e, en

Over two decades ago, in 1987 A. Lupag [5] introduced the g-based Bernstein
operators and initiated an intensive research in the intersection of g-calculus and
Korovkin type approximation theory. In 1996, another g-based Bernstein operator
was proposed by Phillips [8].

Recently Muraru [6] introduced and investigated the g-Bernstein Schurer op-
erators. She obtained the Korovkin type approximation theory and the rate of
convergence of the operators in terms of the first modulus of continuity. These
operators were defined for fixed p € Ny and for all = € [0, 1], by

(1.1) w(fig nipf(;) [”’Lp}x’“mgl(lqsx),

where, for any real number ¢ > 0 and r > 0, the g-integer of the number r is defined
by [3]
1-¢")/(1—q), q#1
o { A-q)/(0-0), a#

r ;g =1,
g-factorial is defined by

]! = { [l [r—1]...[1, r=1,2,3,..,

Key words and phrases. Bernstein operators, Modulus of continuity, g-Bernstein Schurer
operators.
2010 AMS Math. Subject Classification. Primary 41A10, 41A25; Secondary 41A36.
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and g-binomial coefficient is defined by

=
for n >0, r > 0.

Note that the case p = 0 reduces to the Phillips g-Bernstein operators.

We organize the paper as follows:
In section two, we study some shape preserving properties of the operators. In sec-
tion three, we obtain the rate of convergence of the g-Bernstein Schurer operators
by means of Lipschitz class functions and the first and the second modulus of con-
tinuity. Furthermore, we compute the degree of convergence of the approximation
process in terms of the first modulus of continuity of the derivative of the function.

2. SHAPE PROPERTIES

In this section, we investigate the shape preserving properties of g-Bernstein
Schurer operators defined by (1.1). First of all let us recall the first three moments
of the ¢-Bernstein Schurer operators [6]:

Lemma 2.1. Let BE (f;q;x) be given in (1.1). Then
i) Bh (1;¢;x) = 1.

i) B (t;¢;x) = [n[;;]p]a;.
i) By (i) = 0 ?nlz] el ey [n[;]?p]w

Note that the proof of the above lemma has been given by Muraru [6].
Theorem 2.2. If f(x) is convex and non-decreasing on [0, 1], then
(2.1) By (figz) = f(x), 0<z<l,
foralln+p>1 and for 0 < qg<1.

Proof. For each = € [0,1] and g € (0,1), let us define

n+p

n+p—r+1
z"
r

H (1-¢°z),0<r<n+p.

T, = m and \, = [
s=0

]
: : . n+p
So that z, is the quotient of the g-integers [r] and [n], and denotes the
T

g-binomial coefficients.
We see that A, > 0 when 0 < ¢ < 1 and z € [0, 1]. Since

By (Ligz) =1,
then
)‘0+)\1+"'+)\n+p:1-
Also, since BE (t;q; ) = [n[z]p]x, then
n+
Xoo + AT+ - -+ ApspTrgp = [[n]p]m
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Using the above informations and the fact that f(z) is a convex and non-decreasing
function, we have the inequality

n+p n+p
BY(figa) =3 Ak (2) > f (Zm) — ([”“’]x) > (@)
r=0 r=0

Corollary 2.3. If we choose p =0 in (1.1), we get the g— Bernstein operators [4].
In this case, the condition that f(x) is non-decreasing is revealed.

3. RATE OF CONVERGENCE

In this section we compute the rate of convergence of the operators in terms of
the elements of Lipschitz classes and the first and the second modulus of continuity
of the function. Furthermore, we calculate the order of convergence in terms of the
first modulus of continuity of the derivative of the function.

The following lemma gives an estimate for second central moment:

Lemma 3.1. For the second central moment we have the following inequality

z’ [n+pl
[

‘Bﬁ ((t —z)? ;q;x)’ < W [p)” + in]?

Proof. We can write

BP ((t*l‘)Q;q;x) _[n+p—1]n+p 22 [”+P]x<$2<[n+p] 1)2+ [n+p

O R nl?
22 2 [n+p] 22 o [n+p]
3.1 = _¢* < —5 z.
(3.1) [n]gq [p]” + i < il [p]” + e
The proof is completed. O

Now, we will give the rate of convergence of the operators B? in terms of the
Lipschitz class Lipas (o), for 0 < o < 1. Note that a function f € C[0,p+ 1]
belongs to Lipys (a) if

|f(t)—f(x)|§M|t—x|a (t,xE[O,l])
satisfied.

Theorem 3.2. Let f € Lipy (), then

|BE(fiq;2) — f(z)]| < M (N, (x))aﬂ

where A, (z) = [2? ] + [71[7;1]—2])] x.
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Proof. Considering the monotonicity and the linearity of the operators, and taking
into account that f € Lipy(a) (0 < a <1)

|Bh(fias2) — f(=)]
n+p ntp—r—1
7” n-+p
= -—) — T 1—4q°
S g —s@ " e T gl
n+p ['I"] N+ D n+p—r—1
< Y -s@| [T T a-ea)
r=0 s=0
n+p r n+p n+p—r—1
< g e T 0w,
s=0
2
Using Holder’s inequality, with p = —, ¢ = Cyp we get
a’ _

B (f5q;2) — f(=)]

SSTh 31 s R QTR L Pl ) QTR i

r=0 r s=0 s=0
n+p n+p—r—1
< [{Z Hoap" e T a-aos
s=0
ndp—r—1

I ENEiE | <1—q8x>]>}2a“]

r=0 s=0
= M[B((t — 2)* ¢;2)] %
< M(X, (2))%.
Whence the result. O

It is clear that the norm of the operator BP (f;q;x) is given by

(3.2) I1BE (f;q;-) [l =1,
since

1By (f;q;-) || = Hillllpl I1BE (f;q;-) 1| = Bl (15¢;+) = 1.

Now we will give the rate of convergence of the operators by means of the first
and the second modulus of continuity. Recall that the first modulus of continuity
of f on the interval I for § > 0 is given by

w(£;0) = max |Anf(@)] = max [Anf(z + 1) = f(2)]
thI ta:EI

or equivalently,

w(f;0) = max [f(t) - f(z)]-

[t—z| <6
t, wEI

On the other hand by denoting C? (I), the space of all functions f € C (I) such that
I, f” € C(I). Let || f|| denote the usual supremum norm of f. The classical Peetre’s
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K-functional and the second modulus of smoothness of the function f € C (I) are
defined respectively by

K := inf — "
(£.0)5= nf 117 = gll + 519”1

and

wa (f,0) := sup. |f(z+2h) —2f (x+ )+ [ (2)]
a?;-»-ﬁe’l

where 6 > 0. It is known that[2, p. 177], there exist a constant A > 0 such that
K(f,(;) S AWZ (f7\/5) .

Theorem 3.3. Let q € (0,1). Then, for everyn € N, z € [0,1] and f € C'[0,p + 1],
we have

1B (fr052) — F ()] < Cws (£,7/00 @) +w (f,z0)

for some positive constant C, where

(3.3) o
o () (m ([n[:] o Intp fn]l] n+ol [n[:] o, 2) . [n[:]p] )

and

(3.4) Qg = ["[Z]p] ~1

Proof. Define an auxiliary operator B;, , (f;¢;x) : C'[0,p+ 1] — C'[0,p+ 1] by

[n + p]
[n]

(3.5) B:, (fiq:x) == B (fiqiz) — f ( x) f ).

Then, by Lemma 1, we get

B, (Ligz)=1
(3.6) B, (p;q;7) =0,

where ¢ = ¢ — z. From (3.2) we get

1By, , (fa;-) 1] < 3.

Now, for a given g € C?[0,p + 1], it follows the Taylor formula that

g(y)—g(w)=(y—x)g/(w)+/(y—u)g” (u)du, yel0,p+1].
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Taking into account (3.5) and using (3.6) we get, for every x € [0, 1], that

1By, (gi¢2) —g(@)] = |By,(9(y) —g(x);q)

Yy
= |¢ @B, (g2 + B, / -y () duge

Y

- B::p/w—u)g (w) dus g: @

Since
Bﬁ/y@—u)g (s 2| < N g (o2 g:)
h e lo"ll (n+p] )\
/ (Mgt u) o wa < 5L (PG )
we get

B (g;q:2) — g (z)| <

2
g// g// +p
Iy gy o 10 (1) (Y

Hence Lemma 1 implies that

|B;, (g:0;%) — g (2)]

lg"l |{[n+p—1[n+p]  [n+p] 2y ntol o (lntpl 21,2
=73 ( W T “) e (M) ]
"Il n+p  In+p—1n+p [+ [ +p]
(3.7) < 5 |@ < [n]2 [n]2 4 ] +2> + ]

Now, considering (3.3) and (3.4), if f € C'[0,p+ 1] and g € C*[0,p + 1], we may
write from (3.7) that

|BL (fiq50) — f(2)] <

+|B;, (g q:2) — g (x)| + ’f <[n[z]p]a:> ~ f(2)
<allf =gl + g @514 | (B2 00) - o)
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which yields that
|BL (fiq:2) — f(2)| < 2K (f, 5n,q (z)) +w(f, zan,q)

< Cuwy <f7 On,q (x)) "H*J(fa xan,q)v
where
SR P (CE G ESET S NS F INCE A
[n] [n] [n] [n]
and ( ]
n+p
A

Now, we will compute the rate of convergence of the operators BE in terms of
the modulus of continuity of the derivative of the function.

Theorem 3.4. If f (z) have a continuous derivative f () and w (fl,é) is the
modulus of continuity of f () in [0,1], then
[f(x) = By (f;¢: )|

2 1/2 2 1/2
R O N 0 ) WY P 1) )
§MM+2<M2+ M ) (f,<[n]2+ e ) )

where M is a positive constant such that |f' (x)] < M (0 <

8
IN
=

Proof. Using the mean value theorem we have

H(3)-r@= () re©
_ <[[Tn]]—x> f’(x)+([j;]]—x) (F ©-F@).

r
where z < £ < u Hence, we have

[n]
|BL (f;q;2) — f ()]

— f (@) ni:p (Ej] - x) {” ;Lp] 2" nﬂﬁfl (1-¢°z)

r=0 s=0
n+p r . n+p—r—1
m—x O - f (x ntp x” —q¢°x
+§<M )(f(f) Fo) e I a-aw
< |f @) Bh((t - )5 4;2)

n+p [7’] n+p—r—1

*; ([n]l’) (F©-r1w) ”jp " | B

()
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n+p—r—1

+T§§([[;]] —x) (f©-71 @) [“jp]x 1]0 (1 ¢°x)
<ul
n+p[ }[r] , n+p ntp—r—1
+2_%([n]x) (1 (5)“))[ , ] [T -
MM
— [n]
+T§w(f’,5) ( [[n]](s_x‘ +1) <[[:;]]_w> [njp}xr“@;l(l_qsm)?
- |§$|§H:;]]w.

Therefore we can write the following inequality,
1B, (f; ;%) — f (2)]
call
[n]
n+p
+ Y w(f,0)
r=0
From the Cauchy-Schwarz inequality for the first term we get
1By, (f; ;%) — f (2)]

[r]

e ) (2 [T -

s=0

<l

+w(f’,5)§ [M]z [”jp} n+if[;_1(1q z)
GO () T 0

<l

+w(f',0) (nif ([[;]] - x)Q [n ;rp] o "*Iﬁ"—l 1 - ¢2) dqt> 1//2

r=0 s=0

/ n+tp r 2r, n+p—r—1
LR
M[?]er(f',é)\/Bﬁ((tx)2;q;x>+w({;’5)3ﬁ((tx)Z;q;x).

52



¢-BERNSTEIN SCHURER OPERATORS 9

Therefore using lemma 2 we see that

e B (= sa) < Ly L
Thus
BE (f;q52) — f(2)]
p]
=M
p*  [n+p] iz W g
w(f',é woy2rn LW sl
+w (f',9) ] + il +5 " I -
2 1/2
Choosing ¢ := d, 4(p) = [[p]]er[n[J%p] ’
|B? (f;q;2) — f(2)]
2 1/2
u wl ﬂ [n + p]
R T
? 1/ 1/2
{ ) (e
2 1/2 , "
_ U ﬂ [n + p) w , ﬂ [+ p)
_M[n]+2 [n]2+ [n]? 7 [n]2+ [n]?
O
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CLUSTER FLOW MODELS AND PROPERTIES OF
APPROPRIATE DYNAMIC SYSTEMS

ALEXANDER P. BUSLAEV, ALEXANDER G. TATASHEV, AND MARINA V. YASHINA

ABSTRACT. A model of a traffic flow on a highway is investigated. A straight
line or a ring is divided into segments. The flow density and particles velocity
is constant on each segment. The rectangles that have as supports these seg-
ments are called clusters. The height of such cluster is equal to the density.
Neighboring clusters interact each other according some defined rules. This
interaction means moving of the supports boundaries or (and) clusters heights.
A system of ordinary differential equations is derived that describes the cluster
interaction. The properties of solution of the derived systems are investigated.

1. INTRODUCTION

A model of a flow on a highway is considered. A straight line or a ring is divided
into segments. The particles on each segment are distributed uniformly, i.e., the
density is constant on the segment and the velocity of all the particles are the same
on the segment, too. A function is defined that describes the dependence of particles
batch velocity on the density. Let the rectangles that have as supports the segments
with a constant density be called clusters. The height of such the rectangle is equal
to the density. Neighboring clusters interact each other according the rules that
are defined below. A system of differential equations is derived that describes the
clusters interaction. This interaction means moving of the boundaries of supports or
(and) clusters heights. The interaction depends on scenarios and proceeds so that
the conservation law is true. The properties of solutions of the derived systems
of ordinary differential equations are investigated. The relevance of this approach
is due to the following fact. A flow density function appears when mathematical
equations are used instead the local flow specification (car-following model). This
function is characterized of some smoothness as an equation solution, on the one
hand, and this function is distribution of no more than one and a half hundred
particles per kilometer, on the other hand. Even the creators of the hydrodynamic
approach noticed its limitation, [5]. The latter fact made be relevant methods
of stochastic modeling of the particles. Models that are based on the system of
differential equations, [2, 4, 5, 7], are used along with stochastic models, [1, 6]. In
the present paper and in [3] an approach is offered that uses the concept of the flow
density, on the one hand, and allows to make be discrete some processes, which
accompany traffic flow processes, on the other hand. So the offered construction
can be treated as an attempt to combine the continuum approach for modeling and
the discrete approach.
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2 A.P. BUSLAEV, A.G. TATASHEV, AND M.V. YASHINA

2. PARTICLES AND CLUSTERS

Let the function v = f(p) describe the dependence of flow velocity on density.
This function is defined on the segment [0, pyq.] and decreases strictly on the seg-
ment [Pmin, Pmaz) from the value of vy until 0. Here vp,,x is maximum permissible
velocity, which corresponds to the density pmin, 0 < 0 < Pmin-

Let us introduce some concepts.

a) A cluster is particles batch that is characterized by a rectangle, the height of
which corresponds to a constant density p of particles on the segment. Each cluster
moves along the straight line with the velocity v = f(p) (the state function), Fig.
1.

b) A maz-cluster is a rectangle with the maximum possible height p,,q, and the
moving velocity v =0 (jam).

¢) A zero-cluster is a rectangle with the height y, 0 < y < piin. This cluster
moves with the maximum permissible velocity vpqz-

A

p min p max

FIGURE 1. State function

An example of state function v = f(x), which is linear and decreases from the
value vpax for p = ppin until the value 0 for p = ppax, is represented in Fig.
1. In the common case the state function v = f(z) can be nonlinear. A natural
requirement is imposed often for the function v = f(x) that this function does not
increase (monotonically decreases).

3. PRINCIPLES OF INTERACTION

We consider a special case of movement: totally-connected flow. This strategy
involves the adaptation of velocity mode of the outsider to the velocity mode of the
leader. This adaptation prevents from flow separation into independent parts in the
sense that is discussed below. Neighboring clusters, leader and outsider, interact
together in accordance with the transfer of information within the outsider. If
contact information is available only to the leading edge of the outsider cluster, then
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just this part begins to transform itself to adapt to the leader velocity. If contact
information is made available to all particles of a outsider, then the adaptation
of the velocity mode is synchronous. Some other possible scenarios are possible.
However we focus on these two modes.

4. THE INTERACTION OF TWO CLUSTERS WITH THE LOCAL INFORMATION

4.1. The movement of the slow cluster behind the fast one (SF-pair). As
a leading cluster has greater velocity, the front part of the outsider enters into the
tail part of the leader so the total mass of the particles is conserved. Let us derive
differential equations that describe the interaction of two clusters. Suppose that at
the time ¢ the support of the left cluster (outsider) is the segment (z1,z2) and the
height of the segment, i.e., the flow density on this segment, is equal to y;, Fig. 2.
The support of the leader is the segment (x2,x3), which has the height yo, i.e., the
flow density on the segment (z2,x3) equals ys. The left boundary of the left cluster
(outsider) moves with the velocity v; and therefore at the time ¢t + At the point
x1 + v1 At corresponds to this boundary. The right boundary of the right cluster
moves with the velocity vy and therefore at the time ¢ + At the point z3 + vo At
corresponds to this boundary. The heights of the clusters remain constant. The
right boundary of the left cluster, which coincides with the left boundary of the
right cluster, moves with the velocity that satisfies the condition that the sum of
the rectangles squares remains constant. Let the rectangle square be called mass
of the cluster. Let xo + Axo be the coordinate of the point on the abscissa that
corresponds to this boundary at the time ¢ + At.

Ji —
IUZ

— yZ

X X,

2

Y

A -E» Y2

x7+vIAZ‘ I X, x2+vat x3+fvat
X, +Ax,

FIGURE 2. A slow cluster following the fast one

We have for case of the slow cluster following the fast one, Fig. 2,

(CEQ —+ ’UQAt — To — A.TQ) Yo = ((xg — xl) — (SL’Q + ASUQ — X1 — UlAt))yl e
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<> (VAL — Axg)ys = (—Axy + v1Al)y; —
s (U2y2 — Ulyl)At = Al‘g(yg — yl) s
V2Y2 — V1Y1 92 — q1

= Tp = = ,
Y2 — Y1 Y2 — Y1
where ¢; = y;v;, 1 =1, 2.
Hence,

1 = v = f(n),
s V2y2—vi1yY1 __ g2—q1
1:2 T oye—y1 Y-y (1)
T3 = Vg = f(yz)-

4.2. The movement of a slow cluster ahead of a fast one (FS-pair). Suppose
a fast cluster follows slow one, Fig. 3. The front boundary of the outsider, which
is fast, transforms into the stern part of the slow cluster and the clusters junction
point changes according to the particles conservation law.

U, _yz
y] ~—>
7)I

x, X, x, i
T 4
[ |
[ |
Lo 2
[ |

J: o I
[ |
J |

X +UAE x4+ Ax, X, x,40,AL X; x,+U,At

FI1GURE 3. A fast cluster following slow one

As in the case of Section 4.1, we have
(2 + V2At — 29 — Azo)ys = ((x2 — 1) — (22 + Azg — 21 — v1AL))y; =
< (1At — Az2)ys = (—Axs + v1 At)y; <=
= (v2y2 — v1y1) At = (y2 — y1) Az =

v —v —
Ly = 2Y2 1Y1 _ 92 — q1

Y2 — Y1 yz—yf

As in the case of (1), we obtain
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r1 = VU,
oo VY2~ 42—q1
Ty = y—ll_ L
. 2—Y1 Y2—41
T3 = V9.

5. SUPPORT OF AN ISOLATED CLUSTERS PAIR IN THE CASE OF t — 00

Let us consider behavior of two clusters. Denote Aq(t) = xo(t) — z1(t), Aa(t) =
3(t) — w2 ().

Lemma 1. Let AY = A1(0) and A = Ay(0) be the length of the leader and the
outsider accordingly. Then, after the time time interval of duration t* = A (ys —
y1)(y2(v1 —v2)) 71, the outsider vanishes, and Ao (t*) = AY + 131 AVya~1. Besides, if
the leader is the slow cluster, then Ao(t*) < A + AY, and, if the leader is the fast
cluster, then Aq(t*) > AJ + AJ.

Proof. Let us find the difference of clusters edges velocities, i.e., the velocity of
clusters lengths change. We have

. . V2Y2 — V11 V2Y2 — V1Y2 V2 — U1
Tog—T] = ——— —V] = ——— =Yg~

Y2 — U1 Y2 — 1 yz—y1’

. . V2Y2 — V11 V1Y1 — V21
T3 — Ty = UV — = =

Y2 — Y1 Y2 — Y1
V1 — U2 V2 — U1
=UYr- =~ .
Y2 — Y1 Y2 — Y1

If the fast cluster moves behind the slow one, then

V2 — U1

Y2 > Y1, V2 < U1, < 0.
Y2 —
If the slow cluster moves behind the fast one, then
Vg — ¥
Y2 < Y1, V2 > U1, 2 1<0.
Y2 —

Therefore we have in both the cases that the value of &5 — &7 is negative and
the value of &3 — &5 is positive, i.e., the outsider support length decreases and the
leader support length increases.

The velocity with that of the outsider support length decreases is constant, and
equal to ya(v1 — v2)(y2 — yl)fl. Hence the outsider vanishes for the time segment
of length t* = AY(y2 — v1)(y2(v1 — v2)) L.

Since
V2 — U1
Y2 —
it follows that sgn(&s — 1) = sgn(vy — v1) and, therefore,

&3 — &1 = (Y2 — Y1) = vg — U1,

sgn(Aq(t) + As(t)) = sgn(is — i1) = sgn(ve — vy).

Thus the statement of Lemma 1 about the clusters pair support is true. Lemma 1
has been proved. O
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6. TANDEMS WITH ZERO-CLUSTER

6.1. Choleric-outsider. If an arbitrary cluster follows a zero-cluster (Fig. 4),
then we have, 0 < yo < pmin,

§z
yo
| X, | X, | x;
| | '
| | '
| | '
| | '
| | '
| | :
| y |
1

| | '
| |
| I

¥.=| Puin t
: I _yo
x,+0,A? x+Ax, ) +A/ .

1Yy 2 2x, X, U nax x+Afv,,,

FIGURE 4. An arbitrary cluster follows a zero-cluster

(2 + Umag At — T2 — AZ2)pmin = (T2 — T2 — Az2)y1 + viAtys,

sz(@/l - pO) = (Ulyl - Umazpmin)Ata

UmaxzPmin — V1Y1
pmin — Y1

Lo =
Since
¢2 - i’l = "t2 — U1 = pmin(vmaz - vl)(pmin - yl)il < Oa
it follows that the time of transformation of the slow cluster into fast one is equal
to AY(y1 — pmin) (Pmin(Vmaz — v1)) "L If pin = 0, then we get

—U1Y1

6.2. Sanguine-outsider. If p,,;, = 0, then we get, too,
_ Tuil
S 0-y
In this case outsider-cluster continues to move uniformly in accordance with the
basic law (1), Fig. 5.

j?g = V1.
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A\y

Pre |
min

Y2

X

FIGURE 5. Outsidering zero-cluster

\ 4

6.3. Common case. Let us suppose that y, is an arbitrary value, 0 < y2 < pPmax-

Then we have

Here y5 is reaction of outsider cluster on zero-leader.

To =
Y2 — 1

V2Y2 — V11

6.4. Outsidering zero-cluster. In the case when a zero-cluster follows an arbi-
trary cluster we have, Fig. 5, 0 < y1 < pmin,

(CL’Q + ’UQAt — X9 — Al’g)yg = ((1'2 — 1’1) — (.’EQ + Al’g — X1 — ’UlAt))yl,

(V2y2 — Vmax¥y1) At = (y2 — y1) Az,

T2

_ V2Y2 — Umaz¥1

Y2 — Y1

, 0 <y1 < pmin-

7. CONNECTED CHAIN OF CHOLERIC-CLUSTERS WITH LOCAL INTERACTION ON

THE LINE

7.1. Generalization of the problem to an arbitrary chain of clusters. Let
us generalize the problem to an arbitrary chain of clusters on the line.
Suppose n clusters follow each other on the segment [x1, ,,41]. Segments [z1, z2],

[z2, 23], ..., [Tn,Tny1] correspond to these clusters, x; < ---

< mp. Let A;(t) =

xi1(t) — z;(t) be length of support of the i-th cluster at time ¢, i =1,...,n.

The height y;, which is constant in time, corresponds to the i-th cluster, i.e., the
cluster located on the segment [x;, ;11], ¥i # Yit1, ¢ = 1,...,n, and the velocity
of cluster boundaries movement satisfies the system of equations
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I = = f(y1),
jji — Uiyifvi—.lyi—l’ Z — 2
Yi—VYi—1

x.n—&-l = Up = f(yn>,
vi=fly), i=1,...,n.

yeeey T

(2)

We suppose, if the length of some cluster becomes equal to zero at time t, i.e.,
A;(t) = 0 for some 4, then the clusters are renumbered and, since time ¢, the
movement of clusters is carried out in such a way as if their original number were
equal to n — 1 or less than n — 1. The number of equations in system (2) decreases
at least by one.

Let the product of the cluster length and its density be called the cluster mass.
Let the sum of the clusters mass be called the flow mass.

Theorem 2. Let the function v = f(y) be decreasing strictly and A = A;(0) be
the initial length of the i-th cluster support, i =1,...,n.

Then the following statements are true:

(1) The length of the cluster [x1, x2], which moves the latter, decreases over time.

(2) The length of the cluster [z, T, t1], which moves ahead, increases over time.

(8) Let u; be the absolute value of change rate of the i-th cluster velocity, if the
i-th cluster length decreases, and u; = 0, if the i-th cluster length does not decrease,
i=1,...,n, (the velocity of change of cluster length is constant).

Then, after a time interval

t* =min AY Juy;, i =1,2,...,
3

number of clusters decreases, where AY = A;(0) is the initial length of the i-th
cluster.

(4) After a finite time interval, the chain of clusters is reduced to the front
cluster.

(5) The flow mass does not change in time.

Proof. We calculate the difference of the velocities of the ends of the cluster that
moves the latter, i.e., rate of change in the length of this cluster. Taking into
account that the function v = f(y) decreases, we see

. . V2Y2 — V1Y1 V2Y2 — V1Y2 U2 — U1

Tg—F) = —F———— -y = —F= =y — < 0.

Y2~ Y2—Un Y2~y
Hence the first statement of Theorem 1 is true.
We have for the change rate of the length of the cluster that moves ahead

. . UnYn — Un—1Yn—1 _
Tn41l — Tp = Up — -

Yn — Yn—-1

Un—1 — U Un—1 — U
_ n—1 n:7yn_1'n1 n>0.

Yn — Yn—1 Yn — Yn-1

Therefore the second statement of Theorem 1 is true.

The change rates of the lengths of cluster supports are constant. After the time
interval of duration t*, the length of support of one of cluster becomes equal to
zero, and the cluster vanishes. This cluster cannot be the cluster that moved first.
Hence the statements 3 and 4 of Theorem 1 are true.
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Let m; be mass of the cluster that is located on the segment (z;,z;11). Let m

be the flow mass.
‘We have

m = Zml = Zyi(xi'i'l — .Z‘i). (3)
i=1 i=1

Using (2) and (3), we have for the derivative of the flow mass

n n
=Y =Y il — i) =
i=1 i=1

= y1$n + Z lerl - yl ynxn =

Yif (i) — Yir1 f (Wi
=yf (1) Z : Zyﬂljy i )(yiJrl_yi)_ynf(yn) =
3 ?

n—1
=y f () + D Wil (W) = yirr f (Wi41)) — Yntn = 0.
i=1
Hence the last statement of Theorem 1 is true. Thus Theorem 1 has been proved.
|

7.2. Geometric interpretation. Let us describe a geometric approach that rep-
resents the solutions of system (2). The solutions of this system can be represented
by straight lines on the diagram with axes corresponding to the values ¢ and =z,
Fig. 6. The slope of such the straight line x;(¢) is equal to the slope of the seg-
ment ((yi, ¢:), (Yi+1,gi+1)) on the diagram of the function v = ¢(y) = yf(y), Fig. 7.
Each point of intersections of two straight lines from the set z;(t), i = 1,...,n,
corresponds to a time of disappearance of a cluster.

8. FLOW WITH LOCAL INTERACTION ON A CIRCLE. CHOLERIC-CLUSTERS
Suppose a circle is divided into n parts
0<a) <)< <) <1, a:%H:x(l)—i—l;
0 0 0 . 0 0 0.
A =z —ay, 1<i<n—1, Ay =14x] —ay;

AV A+ A =1

The density y; is defined on each segment [z?, 2?,], 1 < i < n, (Table 1).
The flow velocity at the point is defined with the function v = f(y), Where v is
the velocity; y is the density. The initial configuration of the points z¥ ..., 2% is
defined.
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S, i S5
2 I N R
l
|
|
!
|
X, X, X, X,
FIGURE 6. Geometrical interpretations. Solutions s; = tgy; of
system (2)
A

.
>

Iy

FIGURE 7. Geometrical interpretations. The slopes of the lines

Table 1. Initial requirements

[x(l)vxg] [a;g,xg] """ [x%)$91+1]
Y1 Y2 | e Yn
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The following system of equations defines dynamic of the points x;
_ Qi1 — G Vi+1Yi+1 — Vils

Q.Si_;,_l— = ,lgign—l, (4)
Yi+1 — Yi Yi+1 — Yi
where v = f(yz)7 qi = VY;.
It is clear that the densities values belong to the set 41,2, ..., y, at every time.

The main question is the flow behavior, i.e., the behavior of the solutions of system
(4) for the case of t — co. Assume that

a(y;) — a(ys)
Yi — Yi
Then we can be rewrite (4) as

¢i+1:wzsi71§i§n. (5)
Yi+1 — Yi
Assume that, if at some time for some i the length of the segment [2?, z¥,,]
becomes equal to zero, i.e., the point 2 coincides with the point x?_H, then the
further behavior of the model is so that at initial time the circle were divided into
n — 1 parts, and so on.

Suppose

sij = s(i,j) = , 1<4,5<n, s; =s(i,i+1).

sl 2

b= Az Si<0,
! 00, §; > 0,

t* =min(ty...,t,).

Theorem 3. Suppose

Siria 7 Sigis, 11 < lg <y <y, Ly Ftj, 1 F ]

Then the following statements are true:

(1) Flow mass is constant in time.

(2) After the time t* since beginning of the model functioning, the number
of the segments, into which the circle is divided, decreases by one.

(3) The number of the segments, into which the circle is divided, decreases
until this number becomes equal to two.

Proof. The proof of the two first statements of Theorem 2 is similar to the
proof of Theorem 1. We take into account the rules of the model functioning
and the assumptions made above. Since s, i, # 8iz4, (11 < 12 < i3 < i),
we have that the length of each cluster varies. Since ¢; # t;, ¢ # j, we have
that more one cluster cannot disappear simultaneously.

Let us prove the third statement. If n = 2, then

_a(y2) —a(y) _ ayr) —aly2) _
Y2 — W1 Y1 — Y2
and, therefore, the lengths of the segments, into which the circle is divided,

are constant. Theorem 2 has been proved.

T1 = 81,2

)

(]
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Remark 1. Suppose requirement (7) can be not fulfilled. Then the number
of clusters and the lengths of the segments can remain constant in time still,
if the number of clusters is more than two.

9. MOVEMENT IN THE PRESENCE OF AN OBSTACLE

Suppose Pmax = 17 Pmin = 07 f(y) =1- Y, 0 < Y < L.

Ficure 8. Full periodic cluster

9.1. Movement in the presence of an obstacle: birth of clusters.
Assume that there is a single cluster, and its density is equal to yg. The
support of this cluster is the whole circle, Fig. 8. An obstacle comes into
existence on the circle at the point x1. This obstacle can be interpreted as
the red traffic light. An obstacle appears in front of a cluster with a density
Pmaz = 1, and the segment arises of zero density ahead of the obstacle in the
direction of the movement. The length of the segment [z, z2], the density of
which is zero, equals zero at the beginning of the existence of the obstacles,
Fig. 9. The rear boundary of the segment is fixed at the point x; while the
other moves forward, and its velocity equals vo = f(yo). The support of the
cluster with the maximum density is the segment [x1, z¢]. The coordinate of
the point ;1 moves according to the law

Yvof(yo)

iy = — R
I —yo
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FIGURE 9. The flow is divided into three parts

S ]

Z\
N

FiGURE 10. Movement for a green phase

such that the total mass of the resulting clusters does not change. An
obstacle exists for some time T,.. After the disappearance of obstacles the
cluster that has the density 1 is divided into a cluster of density 1 and a
cluster of density y1, yo < y1 < 1, (a phase of the "green light” begins
itself), Fig. 10. The points x9 and x3 have such velocity as the obstacle still
existed. Density of the cluster that is located on the segment [z2, z3] remains
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equal to yo. Cluster of the density y; appears on the segment [x3,x0]. The
cluster density on the segment [z3, z2] is equal to 0. The cluster density on
the segment [z1,x] is equal to 1. From this time the point z1, which is
the front boundary of this segment, has the velocity v1 = f(y1). The point
xg, which is the rear boundary of the segment, moves such that its velocity
ensures that the law of mass conservation is fulfilled:

__nfly)

L—y
After time interval T} since beginning of the green light phase, a new red
light phase can begin itself. The obstacle arises at the same point as previ-
ously (at the point of traffic-lights location). The red light phase begins only
in the case if the given point is in a cluster that has density yo. Otherwise,
the green light phase repeats itself. At the red light phase the new cluster
is formed with a density of 1 and, during the next phase of green light, the

cluster is divided into clusters of densities y; and 1, etc.

Theorem 4. Suppose [ is the length of the circle, which is support of the
cluster of density yo. Then the following statements are true.
. . . 1
(1) After time mtem}al of duration not more than =T 0 cluster
of density yo remains.
(2) After a finite time interval since beginning of model functioning, only

clusters with densities y1 and 0 remain.

Proof. After turning on red lights, clusters of density of 0 and 1 are born,
and for the green light phase, clusters of densities y; (0 < yp < y1 < 1) are
born also as described above.

The length of the cluster that has density 0 cannot decrease. From the
mass conservation law, it follows that after the initial time there exist always
at least one cluster of density y; or 1. Each cluster with yq is limited to the
rear by a cluster of density 0. Hence there is no cluster of density yg the
length of support of that is decreasing. When a cluster with density yq is
divided into such two clusters (between which clusters of densities 1 and y;
appear) the total length of the supports of the clusters of non-zero density
does not increase. During the time intervals between such divisions the total
length of the clusters of density yy decreases with a velocity, which is not
less than f(yo) — f(y1). Hence the first statement of Theorem 3 is true.

Let us prove the second statement.

A cluster of density y; arises in front of the cluster of density 1. Hence the
length of the support of a cluster with density y; can only increase. Really,
the front boundary of the cluster moves with velocity f(y1) in the direction
of flow. The rear boundary of this cluster moves in the opposite direction.
Therefore the clusters of density y; cannot disappear before the time when
the clusters of density 1 disappear. At the time when the clusters of density
yo disappears (in accordance with the first statement of the theorem such
time will come) clusters of densities y;, 0, and 1 or only clusters of densities
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y1 and 0. In the first case the total length of the clusters of density 1
decreases still, and the total length of the cluster support of density y;
increases unless all the clusters of density 1 disappear. Thus in both the
cases only the clusters of densities y; and 0 remain. Theorem 3 has been
proved. O

10. CONTROLLED CLUSTERS MODEL

Suppose a full periodic cluster of density yp moves with velocity f(yo),
Fig. 8, and the formula for f is

fly)=1-y, 0<y <1 (8)

At the pole S, prohibition of movement (traffic lights) is switched off since
time ¢ = 0 for the time interval T;..

For this time interval, the flow is divided into three fragments, i.e., clusters
(Fig. 9). The velocities of the boundaries are

To = f(yO)v
To = f(yO)a (9)
iy = Spel),

At the time t = T,., the green light is switched at the point S allowing the
movement that was banned previously. Let y; € (0,1) be the density of the
flow that goes out. Then four clusters are formed initially at ¢ > T,.. The
velocities of the boundaries are

o = y1f(y1) — 0’

y1—1
~ 0—wyof(vo)
R e
T2 = f(yo),
i3 = f(y1).

At the time t = T, + T, Fig. 10, a red light phase begins itself and
another boundary appears at the point S, x_1 (T, +T,)) = 0, i.e., since time
T, +T,, the boundary is divided into two the boundaries x—1 and x4, which

velocities are
_ 00— f(n)
I—wu
i — { 0, T, + Ty, <t < 2T, + Ty;
f(yg), t> QTT =+ Tg
Therefore, at the general position, when the red light is switched on, at

the point S two new clusters of densities 0 and 1 appear and, when the green
light is switched, a cluster of density ¥, appears too. Hence, for the interval
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T, + T,, one cluster generates four new clusters (altogether there are five
clusters) of densities 1, 0, ¥, Yn—1, i.e., there four boundary points.

The main objective is to study the limit state of the system, when control
time management is large, and in the cases

a) periodic control;

b) adaptive control.

| 1

xn+1

x’l"‘] xn+2

FIGURE 11. Movement in the neighborhood of S during the red
time interval

Consider the processes in the neighborhood of the point S. According to
Fig. 11, we have during the interval of red light phase, for ¢t = T, T(n) = At

_ J— ynflf(ynfl)
R I (10)
|Tn—1 = T—n+1| = f(yn-1)AtL.
For the interval of green light phase of duration dt, we have the situation
represented in Fig. 12.

.—1—
Y |
Ji’ | , /Ji]
! |
\ — , /
Sami R A
Xori ez Xopii X2

FI1GURE 12. Movement in the neighborhood of S during the green
time interval

‘xn-i-l - :Cn+2’ - f(yn—l)(At + 6t) - f(yn)5t7 (11)
|T_py1 — Tpgo| =

”f( 7"«) n— f( n—
—ij/n ot + 2 1jyny_1 L(5t + At).

Remark 2. The sum of the lengths of jam and zero cluster supports is a

constant value.
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Proof. Since f(y) =1 —y, we have ylff(g) = y. We can rewrite equations (11)
as
- {xn+1 — Tpt2 = (1 — yp—1) (At + 6t) — (1 — yp)0t = At — 2z, (12)
Tyl + T opg2 = —Ypot + yn71(5t + At)
Thus the statement of Remark 2 is true. ]

If the system is uncontrolled, then the number of clusters cannot increase.
In the case of controlled system, the number of clusters can be also increase
when a green or red phase begins itself. The behavior of the controlled
system is to be studied.

11. PARTIALLY-CONNECTED MOVEMENT OF SANGUINE-CLUSTERS
Suppose that a circle is divided into n parts
0<al <)< <2<, xg+1:x‘f;
A?:JJ?+1—ZE?, I<i<n-—1, A2:1+1'(1)—$%,
A+ A+ AV =1,

The value AY is equal to the length of segment [z, 22 ,].

The density y) is defined on the segment [z?, 2?,,] 1 < i < n. The flow
velocity at the point is determined with the function v = f(y), where v is

velocity; y is the density. The initial configuration of the points z{ ..., 29 is

n

defined.

If y; > 0, then the segment [x;,x;+1| corresponds to some cluster. If
y; = 0, then the [z;, x;11] corresponds to some gap between clusters.

Assume that at initial time all the clusters are divided by gaps. The
dynamic of the points z; is determined as follows.

If yi1 > 0, y; = 0, i.e., a cluster corresponds to the segment [z;_1,z;],
and a gap corresponds to [x;, z;+1], then

& = vi = f(yi)- (13)
If y;—1 =0, y; > 0, i.e., a gap corresponds to the segment [x;_1,x;], and
a cluster corresponds to the segment [x;, x;41], then also

& = v = f(yi)-
If clusters correspond to segments [z;_1,z;] and [z;, zi+1], then
g UMVt (14)
Yi — Yi—1

where v; = f(y;).

Let several following one other clusters, non-divided by gaps, be called a
batch.

Since it is assumed that at initial time all the clusters are divided by gaps
and a slower cluster cannot reach a faster one, it follows that at initial time
all the faster clusters move behind the slower ones. Then situation when
a cluster moves after an other cluster and the interaction between clusters
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occurs in accordance with (14) arises only when the slower cluster is ahead
more quickly one.

Density y? > 0,1 < i < nis defined on the segment [:L"?, :U?H]. The
function v = f(y) is defined that can be interpreted as the dependence
of velocity on the density. The initial configuration of points z{ ...,z is
defined.

If the density is not equal to zero on the segment [z, xf ], then a
rectangle corresponds to this segment, which is the support of the rectangle.
The height of the rectangle is equal to y;. This segment can be interpreted as
a section on that the traffic flow is located with density y;. Let the rectangle
that corresponds to this segment be called a cluster, and the area of this
rectangle be called the mass of the cluster.

Clusters that follow one after the other form clusters batches.

The number of groups can be reduced by merging clusters, which occurs
because a faster cluster overtakes a slower group.

If the point z; is the boundary of two clusters such that the greater density
corresponds to the cluster moving ahead, then this boundary moves with the
velocity that is determined by (14).

Consider some clusters batch, which is located on the segment [z, z;+1].
Points x9 < --- < xp are the boundaries of clusters that are contained in
the batch. Let m;, i = 1,...,k, be mass of the cluster that be located on
the segment [z;, x;y1]. Denote by m = mj + -+ 4+ my mass of the cluster
batch.

Velocity of the point x; is determined by the equation

i1 = f(y1)-
The point x,, moves with velocity
Let 1 = x10, ..., T, = Ty be the distribution of the points on the straight

line at the initial time ¢ = 0. The point x; moves with the velocity that is de-
termined by (14). The considered phase ends at the time when some points
merge. After this a similar phase begins with a less number of segments, if
there exists yet more than one segment. If a single segment remains, then its
edges move with the same velocity. It follows from proved below Theorem
that the situation when a single segment remains is realized in a finite time
and the flow mass does not change in time.
Denote

g = Yirrf Wer)) = 4if W) 9if W) =wif i) 4

Yi+1 — Yi Yi — Yi—1

Theorem 5. The following statements are true.
(1) The clusters batch mass remains constant in time, if this batch does
not merge with any other batch cluster.
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(2) Suppose it is determined the initial distribution of the boundaries of
the segments that are located within the group

1 = T10y---yTk = LTk+1,0-
Let i* be the value of i at that the mazimum of g;/(zi+1 — x;) is attained.
Then the number of clusters that are contained in the batch decreases after
the period of duration g;/(xi+1 — i), when the points x;+41 and x;+ merge.
(3) An only cluster remains after a finite period.

Proof. The first statement of Theorem 4 is proved similarly to Theorem 1.
Let us prove the second statement. Since f(xg) < f(xy), we have 2g—2, < 0
and, therefore, length of the segment (x;,z;+1) decreases over time at least
for one value of i. One of these value is the value i*. The velocity of the
segment (x;+,z;+4+1) decreasing is constant and is equal to g;«. After a time
interval of duration 2Tt
for that there are n segnllents ends. The second statement of Theorem 4 has

been proved. O

, the points z;+41 and z;+ merge and the phase

The total number of clusters cannot increase over time. In a finite time
this number decreases. The total mass of clusters cannot change either when
cluster merge or between merger time. Thus the last statement of Theorem
4 is also true.

12. INTERACTION OF CLUSTERS WITH UNIFORMLY DISTRIBUTED

INFORMATION
4
Vi :
v, A
—
v, Ve

y 4
X, X X3

FiGUurE 13. Interaction of two clusters with uniformly distributed information

Let us consider a model of interaction of two clusters that differs from the
model of Section 4 in that the cluster height varies over time so that the area
of the rectangle that corresponds to this cluster remains constant, Fig. 13.
In physical terms it can be interpreted to mean that the next cluster adjusts
to the leader, simultaneously changing its speed limits and keeping the same
number of particles. Hence the information about the need to change speed
limits delivers instantly to all the particles. Consider behavior of the cluster
that is located on the segment [2?, 20, ] (the i-th cluster), i = 1,...,n. The
model is based on the fact that within a short time the density y; changes in
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such a way as to compensate for the difference in velocity at the boundaries
of the cluster.
We have up to an infinitesimal

:Bi(t + At) = xz(t) + Al’z(t) = :Bz(t) + v; At,

HJZ'_H(t + At) = .%'Z'+1(t) + Al’i_;,_l(t) = $i+1(t) + UZ'_HALL.

From the conservation law it follows

I

(i1 — xi)yi = (Tig1 + Azipr — 2 — Axy) (yi + Ays)

2 (Tiq1 + Vig1t — x5 — vit) (y; + Ay;).

Hence,
0= (it1 — i) Ay + (vig1 At — v;At)y;
and
(Tiv1 — z)¥i + (vigr — i)y = 0.
Suppose

.%"i:’UZ' :f(yi), 1= 1,...,n.
Thus we have the system

(15)

g = L — y,f(yi)—f(yiﬂ)
v toip1—w; vz

{ T = f(yi),

,1=1,...,n; Tpi1 =14+ 2.

13. QUALITATIVE PROPERTIES OF THE FLOW WITH A UNIFORMLY
DISTRIBUTED INFORMATION

13.1. The behavior of solutions of the system on a circle in the case
of two components. Consider the case n = 2. Suppose y; < y2. Then we
have for the solutions of system (15)

i1 =v1 = f(y1) > 22 = v2 = f(y2). (16)

Theorem 6. The following cases are possible, depending on the type of the
function f(y) and initial values.

(1) Length of the segment [x1,x2] becomes equal to zero at some time and
the flow density becomes the same on all the circle;

(2) The value of becomes y1 equal to ya at some time and, therefore, the
flow density becomes the same on all the circle;

(8) The velocity of change of the segment [x1,x2] length, which is equal to
[Zo—21], and the values 1 and Yo tends to zero ast — oo, although the length
of this interval is non-zero, and the difference between ys — y1 is positive.
This case is possible only if the function f(y) is defined appropriately.
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Proof. From (16), it follows that the length of the segment [z, 1] increases
by reducing the length of the segment [z, z3].

Hence the length of the segment [z2, z1] increases for this solution, if the
length of the segment [z, 22] decreases. Therefore the value of g is positive,
and the value of g5 is negative. From this, the statements of Theorem 5
follow. O

13.2. The behavior of solutions for periodic distributed density.
Suppose that at initial time the considered circle is divided into n segments,
which have the same length. Assume that the flow density on the segment
[, Ti+1] is equal to hy for an odd 7 and this density is equal to hy > hj
for an even i, i = 1,...,n. Then the solutions of system (15) are such that
the length of the segment [z;, x;41] decreases for an odd i and this length
increases for an even i. The flow density can become the same on the whole
circle either because the length of the segments will decrease to zero, either
because the flow densities become the same.

13.3. The behavior of solutions in the common case. Suppose f(y)
is strictly decreasing function on y. Then the derivative of the component
y; cannot become equal to 0 for y; # y;+1, ¢,5 = 1,...,n, and, therefore,
system (15) has no stationary points, for which the values of densities are
different for any of the clusters.

Let y1,...,yn correspond to a solution of system (15). Then the density
y; increases over time, if y; < y;11, and this density decreases over time,
if y; > yi+1, © = 1,...,n. The rectangle density that corresponds to the
i-th cluster has to be conserved and the difference x;;1 — x;, i.e., length of
support of the i-th cluster decreases for y; < y;4+1 and increases for y; > y;41,
1=1,...,n.

The number of clusters decreases when the densities of the neighboring
clusters become the same.

13.4. The behavior of solutions on the circle in the case of two
components.

Theorem 7. Suppose n =2 and y1 < y2. The following cases are possible.

(1) The length of the segment [x1,x2] becomes equal to zero and the flow
density becomes the same on the whole circle;

(2) At some time time the value yy becomes equal to the value yo and,
therefore, the flow density becomes the same on the whole circle;

(8) The velocity of change of the segment length [x1,x2], which is equal to
[t — 1], and the values y1 and yo tend to zero ast — oo although the length
of this segment remains non-zero and the difference yo —y1 remains positive.
This case is possible only for the function f(y) that is defined appropriately.

Proof. We have for the solutions of system (15)
21 =v1 = f(y1) > &2 = v2 = f(y2).
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Consequently, for this solution the length of the interval [z2, 21] increases,
if the length of the segment [z, x2] decreases. The value of ¢; is positive and
value of 7o is negative. From this, the statement of Theorem 6 follows. [

14. QUALITATIVE PROPERTIES OF THE FLOW WITH A UNIFORMLY
DISTRIBUTED INFORMATION. CLUSTERS-SANGUINE

Let us consider a partial-connected model. In this model change the
cluster height in accordance with (15) occurs only when the cluster of lower
density (the fast cluster) follows the cluster of higher density (slow cluster).
In this case the behavior of this cluster is similar to the behavior of cluster
in the model described in Section 12.

If the slow cluster follows the faster cluster, then the fast cluster moves
forward and its density does not change.

For a finite amount of time a group of clusters is formed in that fast
clusters follow slow clusters. The subsequent behavior of the chain is carried
out as in the model described in Section 12.

15. CONCLUSION

The mathematical model of the traffic flow, in which the highway is di-
vided into segments with the flow density that is constant on each segment.
We have derived systems of nonlinear ordinary differential equations ac-
cording to that a change in the boundaries of these segments and their
corresponding densities occur. We study the properties of the solutions of
these systems.
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L,- SATURATION THEOREM FOR AN ITERATIVE
COMBINATION OF BERNSTEIN-DURRMEYER TYPE
POLYNOMIALS

P. N. AGRAWAL, T. A. K. SINHA, AND K. K. SINGH

ABSTRACT. Gupta and Maheshwari [5] introduced a new sequence of Dur-
rmeyer type linear positive operators P, to approximate p-th Lebesgue in-
tegrable functions on [0, 1]. It is observed that these operators are saturated
with O(n™1). In order to improve the rate of approximation we consider an
iterative combination Ty, 1 (f;t) of the operators Pp(f;t). This technique was
given by Micchelli [8] who first used it to improve the order of approximation
by Bernstein polynomials By, (f;t).

In our paper [1] we obtained direct theorems in ordinary approximation
in the Lp- norm by the operators T}, j. Subsequently, we [10] proved a corre-
sponding local inverse theorem over contracting intervals. The object of the
present paper is to continue this work by proving the saturation theorem in a
local set-up.

1. INTRODUCTION

For f € L,[0,1],1 < p < o0, the operators P, can be expressed as

Pu(fit) = / Wit ) £ () du,
0

where Wy (t,u) =n an,u(t)pnfl,ufl(u) + (1 —1)"5(u),

v=1

pont) = ()0 o<,

and 0(u) being the Dirac-delta function, is the kernel of the operators P,.
For f € L,[0,1],1 < p < o0, the iterative combination T, j of the operators P,
is defined as
k
k
Tl fit) = (1= (1= P (£30) = (-1 (F) Prgin). ke
r=1
where P = I and P/ = P, (P’ ') for r € N.

In what follows, we suppose that 0 < a < a1 < as < a3z < bz < by < by <b< 1.
Also, ACa,b] and BV [a, b] denote the classes of absolutely continuous functions and
the functions of the bounded variation respectively in the interval [a,b]. Further,
C denotes a constant not necessarily the same at each occurrence.

Key words and phrases. Linear positive operators, Bernstein-Durrmeyer type polynomials,
iterative combination, inverse theorem, saturation theorem, Steklov mean.
2010 AMS Math. Subject Classification. Primary 41A36; Secondary 41A40.
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2 P. N. AGRAWAL, T. A. K. SINHA, AND K. K. SINGH

The aim of this paper is to establish a local saturation theorem for the operators
T,.%x(f,t) in the L,—norm. The theorem shows that the sequence T, 1 (.;%) is sat-
urated with the order O(n~*). The nature of saturation class depends on whether
p=1or p> 1. The trivial class, however, remains the same for all p (1 < p < 00).

We prove the following theorem (saturation theorem):

Theorem 1.1. Let f € Ly[0,1],1 < p < co. Then, in the following statements, the
implications (i) = (ii) = (iii) aend (iv) = (v) = (vi) hold:
(1) [(0)]
(2) ITuk(f,) = Fllipfan )y = OnF);
(8) f coincides almost everywhere with a function F on [ag, bs] having 2k deriv-
atives such that:
(a) when p > 1, F*=1) ¢ AC[ag,bsy] and FPF) € L,[as, bo),
(b) when p =1, F®*=2) € AClay,bs] and F**~1) € BV|ag, by);
(4) | Tn(f:-) = FllL, fas,be) = O(n™F);
(5) HTn,k(fv ) - fHLp[ahbﬂ = 0(n7k);
(6) f coincides almost everywhere with a function F on [ag, bs], where F is 2k
times continuously differentiable on [az,bs] and satisfies
Ziil Q(v, k,t)FW)(t) = 0, where Q(v,k,t) are the polynomials occurring
in Theorem 2.8;
(7) | Tak(f,-) = FllLyfas,bs) = 0(n7F),
where O(n~ ) and o(n=*+1) terms are with respect to n when n — co.
Remark 1.1. To prove the saturation theorem, we observe that without any loss
of generality we may assume that f(0) = 0. To prove this, let fi(u) = f(u) — f(0).
By definition, T,, x(f1,t) = Z (=1t (k) "(f1;t). Further, using linearity,
Pr(fiit) = Pr(fit) — FO) P (158) = Pr(fit) - F(0).
Since Ty, 1 (f1,t) = Tor(f,t) — f(0), it follows that
Tok(f1,t) = f1(t) = Tow(f,t) = F(O) = (F(t) = f(0)) = Ton(f,t) — f(t), where
f1(0) =
Since f(0) = 0 (in view of the above remark), it follows that P,f(0) = 0.
Consequently, P f(0) = 0,Vm € N.

2. PRELIMINARIES

In this section, we give some definitions and auxiliary results which are useful in
establishing our main theorem.

Lemma 2.1. [10] Let r > 0 and V,(z,t) =: anm, T)Pn—1,0-1(t), then, for

v=1
sufficiently large n

1
/Vn (z,t)|x — t|" de = O(n~"/?),
0

uniformly for all t in [0,1].

For m € NY (the set of non-negative integers), the mth order moment for the
operators P, is defined as

:u‘n,m(t) = Pn ((u - t)m7 t) .
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Lemma 2.2. [10]For the function p,, ,,(z), we have pi,, o(x) = 1, p, 1 (z) =
and for m > 1 there holds the recurrence relation

(n+m+1)p‘n,m+1($) = ZE(l—l’) {#;L,m(x) + 2mlu“n,m—1(x)}+(m(1_2x)_x)un,m(x)
Consequently,

() ty () s a polynomial in x of degree m;

(ii) for every x € [0,1], p, ,,(z) = O (n=lm+D/2) " where 8] is the integer part
of B.

Corollary 2.3. For each r > 0 and for every x € [0,1], we have
P,(|t—z|",z) =0 (n_rﬂ) , as M — Q.
The mth order moment for the operator P is defined as ,umm t)= P! ((u—1t)™;t),
r € N. We denote u[nlJnL(t) by fty (1)
Lemma 2.4. [2] Forr € N,m € N° and t € [0,1] we have
i), () = O (n 040/
Consequently, by Cauchy-Schwarz inequality, for every ¢ € [0, 1] one has
P (ju— 1]":8) = O(n~"/2).
Lemma 2.5. [2] For k,l € N and everyt € [0,1] there holds
Tn,k((u - t)lv t) = O(nik)'

The next lemma gives a bound for the intermediate derivatives of f in terms of
the highest order derivative and the function in L,—norm.

Lemma 2.6. [4] Let 1 < p < oo, f € Ly[a,b]. Suppose f*) € ACa,b] and
fO+Y € L,la,b]. Then
. bl .
||f(])HLp[a,b] S MJ (Hf( + )||Lp[a,b] =+ ||f||Lp[a,b]> , J = 1a2a [RED) k7
where M; are certain constants independent of f.

Let f € Lp[a,b], 1 < p < oco. Then, for sufficiently small > 0, the Steklov mean
fn,m of mth order corresponding to f is defined as follows:

fam(®) =17 // (1) + (0" rag, | f0) [T dtet € o),
_n _n 1=1

where A} is the mth order forward difference operator with step length h.

Lemma 2.7. For the function f, m, we have

(1) [(a)]

(2) fnm has derivatives up to order m over [a1,bi1];

(3) 155l Ly ton.0) < Con™ wi(fym, [ab),r = 1,2, .c.,m;
(4} Hf - fn,mHLp[al,bl] < Cerl Wm(fanv [avbD;
(5) I fnmlyar ) < Cmtz 1Ly ab);

<

(6) £yl arn] < Cones 1™ F 11 fat)
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where Cls are certain constants that depend on i but are independent of f and
7.

Following ([6], Theorem 18.17) or ([11], pp.163-165), the proof of the above
lemma easily follows hence the details are omitted.

Theorem 2.8. [3] Let f € Lg[0,1], the space of bounded and integrable functions
on [0,1]. If f@*) exists at a point t € [0,1], then

f(y)(t)Q(u7 E,t) +o(n™%), as n — oo

v!

2k
(2.1) Tope(fst) = f(H) =n"" )

(2.2) [T k1 (f3t) — f(£)] = o(n™F), as n — oo,

where Q(v, k,t) are certain polynomials in t of degree v. Further, the limits in (2.1)
and (2.2) hold uniformly in [0,1] if f@*)(t) is continuous in [0, 1].

Theorem 2.9. (Inverse theorem) [10] Let f € L,[0,1],1 <p < 00,0 < o < 2k and

||Tn,/€(f7 ) _fHLp[al,bl] = O(n_a/2)7 as n — Q. Th€n7 w2k(fa T,D, [a27b2]) = O(Ta)a
as T — 0.

Lemma 2.10. [9] Let 1 < p < oo, f € Ly[a,b] and there holds
wi(f,7,p, la, b]) = O(7"9), (1 — 0),

where m,r € N and 0 < a < 1. Then f coincides a.e. on [c,d] C (a,b) with a

function F possessing an absolutely continuous derwative F"=Y | the rth derivative
F) € L,[c,d], and there holds w(F™),7,p,[c,d]) = O(%), (T — 0).

Lemma 2.11. Let f € L,[0,1],1 < p < o0 and | T x(f,-) = fllz,[a1,6:) = O(n™F).
Then for any function g € C2F with suppg C (ay,b1) there holds

C
(T (f, 1) — (1), 9(8))] < F (||f||Lp[0,1} + ||f(2k_1)||L,,[0,1]> ;

where (f,g) =

Of—

f(t)g(t)dt.
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Proof. By definition

(M (f,1), 9t)) =

(t — u,)?

51 ho (u,)du,....duy dt

111
w2k
+ O/O/...0/Wn(t,ul)Wn(ul,uQ)...Wn(u,«_l,uT)(t(%;)f(ur)g(%)(ﬁ)dur...duldt

= Iy, +I1Ii,+ I, +..+ I, say,

where h;(u) = f(u)g®(u),i =1,2,...,2k — 1 and £ lies between ¢ and u,..
Now,

a k
(Trt o) = S0 (P70, )
k
(2.3) = Z(_l)rﬂ (f) (Ioy+ Ly + Loy + oo+ Logy).

Since supp g C (a1, b1), there follows

1 1
n
2.4 Wy(t,u1)dt =n n— n .
( ) / 1 kzlp 1k1 /p,k ntl
0 0

Using (2.4) and on interchanging integrals by Fubini’s theorem, we have
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Iy, = 0/1Wn(u,._l,u,.)...O/IW,L(uhug) (0/1 Wn(t,ul)dt) fur)g(uy)duy...du,
= (n—|— ) {0/ ) gty dur}

1) +} (/ F(®)g(t) dt) .
0

S (), - é(—nr“(’j){l—} el }( [ 10 )
f®g)dt +04+0+ ... +0(n") (/1 f®)g(t) dt)
0

F()g(t) dt + O ). £llz, 0,0

3

(2.6) -

in view of the identities

Xk:(—nr“ (i)rm - { (()7—1)’”1(]4;1), z - 115.2’ k=1

r=1

Next, in view of the hypothesis, inverse theorem 2.9 and Lemma 2.10, we have

1 1 1
L, = // /Wn t ul n u17u2) Wn(ur—lvuT)(tfuT) x
0 0

0
{me)+ o = o)+ LR 4 BeZO

+

m /(ur — w)2E 2P () dw}dur...duldt
1 1 : 1

= (/hl Yl ()t + o /h( \Oulytydt + .+ M/hg%2)(t)u£f,]2k_l(t)dt)
0 0 4

11 1
+ 2]{772 '// /Wn t U] ul;u2) Wn(urflaur)(t_ur) X
00 0

(/(ur - w)%_2h§2k_l)(w) dw) duy...dup dt.

t
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Let

11
2k—2 2k — 2! / /Wn (t, ur) Wi (ur, ug)... W (ur—1, up) X
0o 0

™
L
|
\ O\H

Uy

(t — uy) / w)?F- 2h(zk 1)( )dw | du,...duidt.
t

Now, using Lemma 2.5 we get

—k 1 2k—1
= o™ (||h1\|L,,[0,1]+||h§>||Lp[o,1]+...+||h§ Nyon)

(27) S ()

r=1

_|_

In order to estimate Y., we break the interval of integration in u, as follows:
For each n there exists a non-negative integer m(n) such that

1
ﬂ S Inax{bl 70,2,[)2 7&1} S m+

N

B

1
(2.8) %, < k=2 '/ /Wn tyur )W (u1, ug)... Wy (Ur—2, up_1) X
0

1 U
{/Wn(urhurﬂur —t|2k_1 /\hg%fl)(w)\dw dur}durl...duldt.
0

t

The expression inside the curly bracket in (2.8) is bounded by
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1 Uy
/Wn(uT_l,uT)mr et /|h§2’“*1>(w)|dw du,
0

TR 5
_ k—
SZ{ Wi (ur—1, ur) |y — ¢[261 / 1LY () |dw du,
1=0 L ;

t

-
+ / W (1, 100 1ty — #[21 / |h§2k1)(w)|dwdur}

t— L t—%
4
N
m 2
n
(2.9) SZ{H / W (1, ) |y — £)25H3
=1 L
PERES

t

/W,L U1, )|y — ¢)2FF3 / |h§2’“—1>(w)|dwdu,.}

t71+1 P S
vn vn

t+ = t+ =
_ 2k—1
b [ W, )y — 251 / IBCED) () daw duy

t— t—

sk

1
vn

On combining (2.8) and (2.9), we get

1 1
E 2]{3 2 '/ /Wn t ul u17u2) Wn(ur72,ur71)x
0 0

1 ¢+
{Z( W (w1, up) |y — 253 / |h§2k_1)(w)|dwdur
=1 H_% /
t

/ W (1, up)|uy — t|2FF3 / |h§2k1)(w)|dwdur)

l+1 t_%
t+ﬁ t-‘rﬁ
/ W (1, ) |uy — )26 / |h§2k1)(w)|dwdur}dur1...du1dt.
t— t—

=J1 + J2+ J3, say.
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Now,
1
Jl Qk— 2 ' /Wn t ul u17u2) Wn(ur—%ur—l)x
0
l t-‘rl\j—l
(Z L / Wi (ur— 1,ur)\ur—t|2k+3 / | (2ke— 1( )dwdur) du,_q...dudt
t+-L t

2

1 1

an/ ../Wn(t,ul)Wn(ul,uQ)...Wn(ur,g,ur,l)x
(Qk 2 &1

= 0

11
(//Wn(url,urﬂur - t|2k+3¢(w)\h§2k71)(w)\dw duT> dup_q...duydt
00

- Mi?j/l/l{/1.../1Wn(t,ul)Wn(ul,ug)-uWn(ur17ur)><
00 0

=1 0
u, — t)2FF3 durdur1...du1}¢(w)h?’“—”(w)uw dt

m 2

1 1
1 n ‘ B
= g o [ B 0 st wilaw
0 o0

=1

where ¢(w) denotes the characteristic function of the interval [¢,¢ + %]

In view of Lemma 2.4 and interchanging integration in ¢ and w by Fubini’s
theorem, we obtain

1

/¢ yat | |hS2FY (w)|dw

0

m

1 n? 1
" (n(2k+3>/2)
" n? 1
Qk _ 2 1 14 n(2k+3)/2

1
1 n? (1+1 )
:(2k—2)!zl4<\/ﬁ)' <n(2k+3 /|h w)|dw

0

N (I+1 1 _
- (Z( . )> 0 () IVl 0
(0]

l
_ 2k—1
()R 0.0

o _

o _

/w yat | |h2Y (w)|dw
_ 4t
41

Treating .Jo in similar manner, we get J; = O(n*k).th%_l)||Lp[071].
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1
s = 2]41—2 ’/ /Wn 2 ul ul’u2) Wn(urf%urfl)x
0
7% =
{ / W (1, ) |uy — t)2F71 / |h§2k1)(w)|dwdur}durl_,_duldt
—v= t—

1
< (2 — l/ /Wn (t,ur) Wi (ur, ug)... W (Ur—2, up—1) X
0

11
{//Wn(url,u,«)|ur —t|*1y(w) |h§2k_1)(w)|dw dur} dup_q...dudt
00

11 1 1
ngw//{/ /Wn (t, ur) W (ur, u2)... W (tr—1, ur) X
0 0 0 0

uy — ¢)2F durdur1...du1}w(w)h§2k_1)(w)dw dt

1 1
1 . — —_
~ k-2 ] P = 50 v wldwat
0 0

where ¢ (w) denotes the characteristic function of the interval [t — ﬁ, t+ ﬁ]

In view of Lemma 2.4 and interchanging integration in ¢ and w by Fubini’s
theorem, we obtain

1 1
1 —
I = (2k—2)!'0< @1/ ) / /T/J(w)dt [R5 (w)]dw
0
1 [ e

1 1 B
= @oa? (n@k—l)/z) / Y(w)dt | (R (w)|dw
0

w—

“an () 0 (s

_ k—
=0 )[RV L, 0.1

RS (w) dw

—

Hence, combining the estimates of J; — Js, it follows that

_ k—
(2.10) 12, = O(n™F) AVl 0.0

From (2.7) and (2.10), we have
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2k—1
-1 r+1 k I = 0 —k h(z)
Z( ) )T (n™"%). Z |71 ”L,,[O,l]
r=1 i=0

Om™). (I zyfo) + 17 Vllz, o)

11

(2.11)

in view of Lemma 2.6.

Proceeding similarly, we can show that

k

1) 3 (e = 007 (o + 1% lson).

j= 2,3,...,2/% 1.

In order to estimate I5 ., we proceed as follows:
By multinomial theorem, we may write

2k
(t - u7‘)2k = Z <m1 M oo )(t — U1)m1 (u1 — u2)m2...(u,,,_1 — uT.)mT.

mi+mo—+...+m,.=2k
Hence, by Fubini’s theorem

‘12]6,7'

1 1 1
1
>~ w//~-~/Wn(taul)Wn(ulauQ)---Wn(ur—27u'r'—l)Wn(ur—lyur)x
0 0 0

2k ) )
Z (m - >|t—u1|m1|u1 — ug|™ |y — up ™ X
1, 25

ey My

mi+ma+...+m.=2k

£ (ur)] |9@R) (&) |du, dup—y...duy dt
(2k) ”

1 1
lg
< > g Wi (1, g Wi (r— 2, up 1) X
mi+ma+...4+m,=2k 0 0

1

Wi (ur—1, ur) /Wn(t’ul)ﬁ — g™ dt | | f(ue)[ur — 2|2 e — w7 X
0
duy...du, _1du,.

In view of the Remark 1.1 and Lemma 2.1, we have

/Wn(t,u1)|t — u1|m1 dr = O(nfml/Q),

uniformly in u; € [aq, by].

Next, we consider the integration in u;. Again, applying Remark 1.1 and Lemma
2.1, we obtain

1
/Wn up, ug)|ug — ug|™ duy = O(n*mz/z),
0
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uniformly in uy € [ay, by].
Thus, with a repeated use of Remark 1.1 and Lemma 2.1 r— times, we get

Z ( 2k > 1
X
mi, Ma, .., m, ) nmitmat..+m:)/2
mi+mo+...+m,=2k 1s 2y -y Hior

g™
L. < C
bl < (2k)!

1

JI

)
< Cn_kaHLl[o,l}-

Hence,

k
(2.13) S (Dt = 00067

r=1

From (2.3), (2.6) and (2.11)-(2.13), the required result follows.. O

3. PROOF OF SATURATION THEOREM

Proof. Assume (i). Then, it follows from Theorem 2.9 and Lemma 2.10 that for
a1 < ¢ < d < by, f coincides a.e. on [c,d] with a function F possessing an absolutely
continuous derivative F(?*=2) and a (2k — 1)th derivative F(**=1) which belongs
to Ly[e, d]. Moreover, there holds for 0 < 8 < 1

w(F(Qk_l),T,p, e, d}) =0(m"), (r —0).

We choose points x;,y;,¢ = 1,2 such that a1 < 21 < 23 < as < bs < Yo < y1 < by.
Let ¢ € C2F with suppq C (a1,b1) and q(t) = 1 for t € [z1,91]. Let us define a
function F(u) = F(u)q(u), u € [0,1]. Then

1Tnk(Fs ) = Fllopwaye) < NTonn(fs) = Fllo, z2,p2]
+ ”T’ﬂ,k(}-_f")”Lp[Iz,yz]'

Since F = f on [x1,y1], the contribution of the second term on the right hand side
can be made arbitrarily small as n — oo. Hence, it follows that

| Tk (F = fo )|y o2 = O 7).
This alongwith the hypothesis that (i) holds, implies

HTn,k(]:; ) - -7:||Lp[a:2,y2] = O(nik)

Now, if p > 1, by Alaoglu’s theorem there exists a function H € L,[x2, ], such
that for some subsequence n; and g € CZ* with supp g C (a1,b1), we have

(3.1) im0 (T, 1(F. 1) = F (1), 9(0) = (H(1), 9(1))-

When p = 1, the functions ¢,, defined by

(3.2) 6, (u) = / nF{ T 1 (F,t) — F(t)} dt
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are uniformly bounded and are of uniformly bounded variation. Making use of
Alaoglu’s theorem, it follows that there exists a function ¢, € BV [z, y2] such that
for some subsequence {n;} and for all g € C3* with suppg C (z2,2)

Y2

(33) [ o0 (01,0 = o)) =0, (0~ ).
Now, " - " o
o (6,,0) - auft)) = [ atrds,, ()~ [ gleronto)
From (3.2), Theorem 17.17 of [6] and the fact that suppa;C (z2,72), we get
7g<t>d (60, = 00(t)) = n 79@ [T, () = F(1)] dt
+ 72 g (t)go(t) dt.

This together with (3.3) implies that
(34) im0 (T, k(Fit) = F(1), g) = —{o(t), g'(1)-

As the Steklov means F, i for F have continuous derivatives of order upto 2k,
using the property (c) of Lemma 2.7 for ¢ = 0,1, ..., 2k — 1, there holds

(3.5) 1F e = FOp ) — 0, (1 — 0).
Now, by Theorem 2.8
1 1
(3.6) Ty k(Fn2k; ) — Fpok(t) = E(szD)fn,%(t) + O(nk ),
j j

where Pop,D = Zfil Q(Zi,“)Dz Hence, if P}, (D) denotes the differential operator

K3

adjoint to PaxD, by using (3.6), we have
(Foak(t), Py (D)g(t)) = (Par(D)Fy2k(t), 9(1))
= lim n?<Tnj,k('7:n,2ka t) - fn,Zk(t)v g(t)>

= lim nf(T, 1 (Fpoe — Fot) = (Fpar(t) — F(2)), g(t))

+ lim 0T, k(F,t) = F(£), g(t)).

N —00
i.e.

(Fuzu(t), P (D)g(1)) — lim nf(T,, x(F, 1) — F(t), g(1))

7Lj—>DO

= lim nf(Tn, k(Fpon — Fot) — (Fpau(t) — F(t)), g(t)).

nj—00

Hence, by Lemma 2.2
(Fnar(t), P3p(D)g(1)) = lim nf (T, x(F,t) = F(t), g(t))

(3.7) < C N Fyar = Fllz, o + 15 = FEI 1 0.
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Taking limit as n — 0 in (3.7) and using (3.5), we obtain

(3-8) (F (1), Py (D)g(t)) = lim L 5 (T, w(F ) = F(1), g(1))-
Comparing (3.8) with (3.1) and (3.4), we have

(H(t), 9(t)), ifp>1
—(¢o(t), g'(1)), ifp=1.

Using integration by parts, it easily follows that

(F(t), Py, (D)g (1)) = {

(3.9) (F (1), Py (D)g(t)) = (Q(2k, 1) F(¢) + ZI (B:G)(1), g*0(2)),

where b;(t) are certain polynomials in ¢ and I; denotes the ith iterated indefinite

integral operator, namely
itimes

t t
I; :/.../dt...dt.
Similarly, ’ ’
(3.10) (H(t), g(t)) = (I H(t), g (1)).

When p > 1, from (3.9) and (3.10) we have
/ [QR2k, ) F(t) + > Li(b:G)(t) — Lop H(t)] 9" (t) dt = 0.
J =

It follows from Theorem 2.8 and Lemma 1.5.1 of [7] that Q(2k,¢) = Cj,(¢(1 — t))k,
where C}, is a non-zero constant.

This implies by Lemma 1.1.1 [9] and the assumed smoothness for f that F2E=1) ¢
AC[za,y2] and FF) € L[z, ys]. Since F(u) = F(u) for u € [x1,1], we have
FCk=1) € AC[ag,bs] and FF) € L, [as, bs).

When p = 1, proceeding similarly, we obtain F(*~1) € BV]ay,by]. This com-
pletes the proof of the implication “(7) = (ii)”.

The implication “(i4) = (4#i7)” follows from Theorem 3.1 of [1].

Assuming (iv) and proceeding as in the proof of the implication “(i) = (i7)”,
we first find that H and ¢ are zero functions. This does imply that F' is 2k times
continuously differentiable function and that Psx(D)F(t) = 0.

Finally “(v) = (vi)” holds by Theorem 2.8.

This completes the proof. [l
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A CAUCHY PROBLEM FOR SOME LOCAL FRACTIONAL
ABSTRACT DIFFERENTIAL EQUATION WITH FRACTAL
CONDITIONS

WEIPING ZHONG, XTAOJUN YANG, AND FENG GAO

ABSTRACT. Fractional calculus is an important method for mathematics and
engineering . In this paper, we review the existence and uniqueness of solutions
to the Cauchy problem for the local fractional differential equation with fractal
conditions

D% (t) = f (t,z (t)),t € [0,T],z (to) = zo,
where 0 < a <1 in a generalized Banach space. We use some new tools from
Local Fractional Functional Analysis [25, 26] to obtain the results.

1. INTRODUCTION

In this paper, the some properties of the solution of the local fractional abstract
differential equation
daff = f (tv .’L‘)
d
(1.1) { 2 (to) = @0 )
where o € (0, 1]7(}% is the local fractional operator [25,26], f(¢,x) is a given
function and both f (¢,x) and z (¢) are a non-differential function, have been the
subject many investigation.

Local fractional calculus has revealed as one of useful tools in areas ranging from
fundamental science to engineering [25-55]. It has gained importance and pop-
ularity during the past more than ten years, due to dealing with the fractal and
continuously non-differentiable functions in the real world. The theory of local frac-
tional integrals and derivatives was successfully applied in fractal elasticity [40-41],
local fractional Fokker—Planck equation [34], local fractional transient heat con-
duction equation [42], local fractional diffusion equation [42], relaxation equation
in fractal space [42], local fractional Laplace equation [45], fractal-time dynami-
cal systems [31], local fractional partial differential equation [45], fractal signals
[43,50], fractional Brownian motion in local fractional derivatives sense [39], fractal
wave equation [53], Yang-Fourier transform [43,45,51,52], Yang-Laplace transform
[45,47,51,53], discrete Yang-Fourier transform [46, 54], fast Yang-Fourier trans-
form [48], local fractional Stieltjes transform in fractal space [44], local fractional
Z transform in fractal space [51], local fractional short time transforms [25,26], lo-
cal fractional wavelet transform [25, 26], and local fractional functional analysis
[25,26,49].

Key words and phrases. Fractional analysis, local fractional differential equation, generalized
Banach space, local fractional functional analysis.
2010 AMS Math. Subject Classification. 26A33; 28A80; 34G99.
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Based on the generalized Banach space [25, 26], the main aim of this paper is to
show the existence and uniqueness of solutions to the Cauchy problem for the local
fractional differential equation with fractal conditions.

The organization of this paper is as follows. In section 2, the preliminary results
on the local fractional calculus and the generalized spaces are discussed. The ex-
istence and uniqueness of solutions to the Cauchy problem for the local fractional
differential equation with fractal conditions is investigated in section 3. Conclusions
are in section 4.

2. PRELIMINARIES

2.1. Local fractional continuity of functions.
Definition 2.1. If there exists [25,26,47,49,50]
(2.1) f (@) = f (wo)] <&

with |z — xg| < 6,for ,6 > 0 and €,6 € R, nowf (x) is called local fractional
continuous at T = xg, denote by

lim f (z) = f (o).

r—xg
Then f (x) is called local fractional continuous on the interval (a,b), denoted by
(2.2) f(z) € Cy(a,b).
2.2. Local fractional integrals.

Definition 2.2. Let f () € C, (a,b). Local fractional integral of f (x) of order «
in the interval [a,b] is given [25,26,47,49,50]

IV f ()

23) = sy Jo £ () (0)° |

= (v Am J;O f(t5) (At;)®

where Aﬁj = tj+1 - tj,At = maX{Atl,At27Atj, } and [tj,tj+1], ] = 0,...,N -
1,to = a,ty = b, is a partition of the interval [a,b]. For convenience, we assume
that

aL(la)f(z) =0ifa =0 and aIIEa)f(:c) = — bIC(La)f(x) if a < b. For any
x € (a,b), we get

IV f (@)
denoted by
f (@) € 1LY (a,b).

Remark 2.1. If i) (a,b), we have that
f(z) € Cy(a,b).

Theorem 2.3. (See [25,26]) Suppose that f (x) € Cy [a,b], then there is a function
y(x) = I8 (x), the function has its derivative with respect to (dx)®,

(2.4) d(;iix) =f(z), a<zxz<hb.
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Theorem 2.4. (Ezistence Theorem) Let f(x,y) be local fractional continuous and
bounded in the strip

T =A{(z,y): v —zo| < a|f (,y) = f (@ 90)lla <L ly = vollo, L > 0}
Then the Cauchy value problem (1) has at least one solution in|x — xg| < a.
2.3. Local fractional derivative.

Definition 2.5. Let f () € C, (a,b). Local fractional derivative of f (x) of order
o at © =z is given [25,26,47,49,50]

(25) 7 (o) = Ly = g 2D L)

where A“ (f (z) — f (x0)) T Q1+ a)A(f (x) — f (z0)). For any = € (a,b), there
exists

)

f (@) =DV f (),
denoted by
f(x) € DY (a,b).
2.4. Generalized Banach spaces.
Definition 2.6. (Generalized Banach space) (See [25,26]) Let X be a generalized

normed linear space. Since X is complete, the Cauchy sequence {x&},°_| is conver-
gent; ie for each € > 0 there exists a positive integer N such that

(2.6) e — 2l < e®
whenever m,n > N. This is equivalent to the requirement that
(2.7) lim |z — ]|, = 0.

m,n— 00

A complete generalized normed linear space is called a generalized Banach space.
There is an open ball in a generalized Banach space X :
Bo (zo,7) ={z € X : [|* — 2§, < r*} with r > 0.

Definition 2.7. (Boundary of the fractal domain) (See [25,26]) A set F in a
generalized Banach space X is bounded if F is contained in some ball B, (xo,7)
with r > 0.

Definition 2.8. (Local fractional continuity) (See [25,26]) The function f (x) with
domain D s local fractional continuous at a if (i) the point a is in an open interval
I contained in D, and (ii) for each positive number e there is a positive number 0
such that

|f (x) — f (mo)] < ™ whenever |x — x| < d and 0 < a < 1.

If a function f (x) is said in the space Cq [a,b] if f () is called local fractional
continuous at [a,b].

Definition 2.9. (Local fractional uniform continuity) (See [25,26]) A function
f (z) with domain D is said to be local fractional uniformly continuous on D if for
each positive number € there is a positive number § such that

|f (z1) — f (22)| < e* whenever |1 — x2| < 0, 1,22 € D and 0 < o < 1.

Definition 2.10. (Convergence in fractal set) (See [25,26]) A sequence {z&} of
fractal setF of fractal dimension a,0 < o < 1, is said to converge to x%, if given any
neighborhood of z, there exists an integer m, such that & € F whenever n > m.
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Definition 2.11. (Cauchy sequence in fractal set) (See [25,26]) A sequence {z2
in a generalized Banach space X is a Cauchy sequence if for every e > 0 there is a

positive integer N such that|z% — x|, < € whenever n,m > N.

2.5. Generalized linear operators. To begin with we give the definition of a
generalized linear operator (See [25,26]).

Definition 2.12. (Generalized linear operator)(See [25,26]) Let X and Y be gen-
eralized linear spaces over a field F and let T : X — Y. If

(2.8) T (az® + by®) = aT () + bT (y*),Va*,y* € X;Va,b € F.

We say T is a generalized linear operator or a generalized linear transformation

from X into Y.
Also, we write
(2.9) T(X)={T(z%): 2% € X} ..

The local fractional differential operator D® is a generalized linear operator [25,
26]:

(2.10) Df (z) = lim FA+ao)[f(z)—f (1‘0)]_

z—x0 (x — 20)”

The local fractional integral operator I* is a generalized linear operator [25, 26]:
1 x

2.11 I~ == dx).

(211) F@) = rrray | 1@ @)

2.6. Contraction mapping on a generalized Banach space.

Definition 2.13. (Contraction mapping on a generalized Banach space) (See [25,26])
Let X be a generalized Banach space, and let T : X — X. If there exists a number
B € (0,1) such that

(2.12) IT (@) = T ()4 < B 2 — v,

forallx®, y* € X. We say that'T is a contraction mapping on a generalized Banach
space X.

It is remarked that the above definition is equal to [25,26], which is referred to
fractional set theory [26,55].

Theorem 2.14. (See [25,26]) Let X be a generalized Banach space. A convergent
sequence in X may have more than one limit in X

Theorem 2.15. (Contraction Mapping Theorem in Generalized Banach Space)
(See [25,26]) A contraction mapping T defined on a complete generalized Banach
space X has a unique fized point.

Theorem 2.16. (Generalized Contraction Mapping Theorem in Generalized Ba-
nach Space) Suppose that T : X — X is a map on a generalized Banach space
X such that for some m > 1,T™ is a contraction, ie., | T™ (y*) —T™ ()|, <
B ||z — y*| Sfor alle®,y* € X, 5 € (0,1). Then T has a unique fized point.
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Proof. By Theorem 4, T™ has a unique fixed point xf. Take into account

[Tzf — ||
HTm-‘rl Tm (xH
=T (Txo) 28l

< B Taf — $8‘||a

Hence ||T'z§ — 25|, = 0 and thus z§ is a fixed point of T'. If x§ ,zf ; are fixed
points of T', they are fixed points of 7™ and so z§, = x§ ;. O

(2.13)

3. EXISTENCE AND UNIQUENESS SOLUTION TO THE LOCAL FRACTIONAL
ABSTRACT DIFFERENTIAL EQUATION

For the given equation

T2 = f (t,2)
3.1 dt> ’
( ) { X (ﬁo) = X0
form Theorem 1 and Theorem 2 we have that
1 t
3.2 = _— t,x) (dt)”
(32) v= a0t rgay ) S 6@
where [|f (z1,t) — f (20, t)[|, < & [[z1 — 20,

Hence, by Theorem 2.4. we give the existence of solution to the local fractional
abstract differential equation.
Furthermore, we suppose that the map 7 : X — X defined by

(33) Nwm:m+55}7 1 (a,1) (dt)"
We claim that for all n,
(34) T (@ (6) — T (w0 ()], < kre Lol Sl — ol

I'(l+na
The proof is by induction on n. The case n = 0 is trivial.
When n = 1, we have that

o lt—tol®
(3.5) 1T (21 () = T (0 ()], < K T+ a) 1 = zoll,
The induction step is as follows:
|77+ (1 (£) = T (2o ()],

rira) Ju (6T 01 ( )) — f (T o (1)) (dt)”

t Yo
- < w1 (.7 () = £ (6.0 ()], (00
' < rtra Sy ST e — ol ()
(1+a) to F(1+7|zta)t| a
S I‘(11+o¢ fto k(ﬂ(JrJlr)ll)l (1q8na ||:C1 xU”a (dt)
< k(n-i—l)a% Hxl xO”a
We have

k(n+1)(¥ |t t0|(n+1)o¢
T+ (ntDa)
So far n sufficiently large,

|21 — xol|, — 0 as n — 0.

| _t0|(n+l)a
Frl+n+1)«)

(3.7) 0 < k(e <1
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and so T™ is a contraction on X.
Hence T has a unique fixed point in X, which gives a unique solution to the local
fractional abstract differential equation.

4. CONCLUSIONS

Fractional calculus is an important method for mathematics and engineering.
For more details, see [1-25]. In this paper we prove the generalized contraction
mapping theorem in generalized Banach space. Finally, we show that the existence
and uniqueness solution to the local fractional abstract differential equation for
fractal condition by using some new tools from local fractional functional analysis
to obtain the results, which are useful tools for dealing with local fractional operator.
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DIFFERENTIAL MAC MODELS IN CONTINUUM MECHANICS
AND PHYSICS

IGOR NEYGEBAUER

ABSTRACT. The method of additional conditions or MAC was applied to create
an integro-differential equation of the membrane problem [6]. This problem
was presented at the Conference AMAT-2008. Another method can be used
to create the differential MAC model of the same membrane problem. The
obtained differential equation is much more easier to analyze and to obtain
the exact solutions of the problem. Similar partial differential equation is
considered in [9] but the exact solutions in our case are not given there.

The method to create the differential MAC models in mathematical physics
is as follows. The classically stated problem is taken. Then the particular test
problem is considered which solution could be compared with an experimental
solution. For example we can take a circular elastic membrane with the fixed
boundary condition at the contour and with the finite displacement in the
center of membrane. The approximate experimental solution could be a cone.
Substituting this solution into the classical membrane equation we will find the
term which does not allow to satisfy the equation. We exclude this term from
the equation and so the differential equation of the MAC model is created. We
do not do anything except to correct mathematical model using an experiment.

It should be noted that mathematically similar test problems exist in the
linear isotropic theory for cylinder and in the fluid mechanics for the Hagen-
Poiseuille flow for a pipe. Then the differential MAC models for linear isotropic
clasticity and for Navier-Stokes equations will be created.

The following differential MAC models are presented too: tension of an
elastic rod, elastic string, beam, plate, heat conduction equation, Maxwell’s
equations, Schroedinger equations, Klein-Gordon equation.

1. INTRODUCTION

An elastic or fluid body with the given displacement of its one point create the
infinite stresses acting near that point in the body [2], [3], [5], [4]. Then the elas-
ticity or fluid mechanics theory should use the stress-strain or stress-rate of strain
relations for infinite stresses. The experiment with the tension of a rod is an im-
portant tool to obtain the real stress-strain relations for an elastic body. And that
experiments do not show the existance of such relations for infinite stresses. It
means that we cannot apply the traditional elasticity theory to the case of point
boundary conditions. For example if the force is applied to some point of the linear
elastic body then the infinite displacements are at that point and the condition of
finite displacement at that point could not be fulfilled.

We introduce and suggest to use the differential MAC models of elasticity to ana-
lyze the elastic problems not only with point boundary conditions but also in case

Key words and phrases. MAC model, mathematical physics, elasticity.
2010 AMS Math. Subject Classification. Primary 74A99, 76A99, 78A99; Secondary 80A99,
81P99.
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2 I. NEYGEBAUER

of traditional distributed boundary conditions in form of displacements or stresses.
The strength criteria could be used in the form which includes the strains but not
stresses. The usual strength criteria involving stresses could be considered as a
measure of strains.

The models of the membrane equation could be found in many problems of contin-
uum mechanics. That equation and particular problem for them will be considered
first of all and the differential MAC models for membrane will be introduced. Then
these MAC models could be used to create the MAC models for other theories of
continuum mechanics.

The membrane equation was considered in [6] where an integro-differential MAC
model for membrane was introduced. The differential MAC models for membrane
are considered in this paper.

2. STATEMENT OF THE MEMBRANE PROBLEM

Let us consider an elastic membrane. The equation of motion of the membrane
is given in [13] or in [10] or in [8]:

0%u  %*u 0%u
(2.1) T <W+8y2> —pﬁJrq(w,y,t),

where the membrane lies in the plane (z,y) in its natural state, T is its tension
per a unit of length, u(z,y,t) is the transversal displacement of the point (z,y)
of the initially plane membrane, p is the density of mass per unit area, t is time,
q(x,y,t) is the density of the transversal body forces per unit area. The tension Ty
is constant in this statement of the problem.

The nonlinear membrane equation was considered in [14], [15]. Unfortunately the
experimental solutions taken in the present paper are not the solutions of the
Zhilin’s membrane equation [14] and the corresponding MAC model of membrane
is not considered in this paper.The membrane equation in the paper [1] will not be
satisfied with that experimental solutions and the corresponding MAC solution of
that problem is not presented here.

We can write the equation (2.1) in the form

0%y O%u 0%y
(22) 02 (8:1;2 + ay2> = w +p($7y7t)7
where
(2.3) = E, p(z,y,t) = 7q(;v,y,t).
p

The correspondent initial and boundary conditions should be added to the equation
(2.2) to obtain the unique solution of the problem.

Consider the steady state problem for the membrane without any given distributed
forces ¢ = 0. Then the function u(x,y) does not depend on time ¢ and the equation
(2.2) becomes

Pu Pu_,
ox2  oy?

the membrane could be considered bounded or unbounded with Dirichlet’s or Neu-
mann’s boundary conditions.

(2.4)
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MAC MODELS 3

3. MAC MODEL FOR MEMBRANE AND CONFORMAL MAPPING

The MAC model based on conformal mapping was considered in [6]. The draw-
back of that MAC model is the constant transversal stiffness of membrane. That
result is true also for some class of nonlinear distributions of the displacements.
But we will not give the proof of these results in this paper. It could be mentioned
that the given drawback for a mechanical membrane could be interesting if the
similar equation will be applied to the other physical problems. We will not use
the conformal mapping below to create the MAC models.

4. DIFFERENTIAL MAC MODELS FOR MEMBRANE

4.1. Model 1. Let us consider one particular problem for a circular elastic mem-
brane with the fixed boundary conditions on the boundary of the circle and with
the nonzero finite displacement at the center of the membrane. We know that the
solution of that problem does not correspond to the results of the simple experiment
with the real membrane [6]. Let us take the experimental solution and substitute
it into the membrane equation (2.4). Then we will transform the classical equation
of membrane to the form which includes the experimental function as a solution of
the new equation.

Let us take the membrane equation (2.4) in polar coordinates:

82u+18u+ 1 0%u B
or2 " ror  r20p?
where 7, ¢ are the polar coordinates. Let the membrane occupies the circle 0 < r <

R < 00, where R is the radius of a circle.
The boundary conditions are supposed to be

(4.2) u(0) = ug, u(R) = 0.
We accept the experimental solution as

r
(4.3) w =g (1 - E> .

The solution (4.3) is taken from the reality and it is just a function representing
the experimental results obtained in experiments with the circular membranes.
Then substituting the function (4.3) into the equation (4.1) we obtain the nonzero
term

(4.1) 0,

10u

ror’

which will be excluded from the equation (4.1). If we accept the equation (4.1)
where the second term is excluded for all possible membrane solutions then we
obtain the differential MAC model 1 for the steady state membrane problem in the
following form

(4.4)

?u 1 9%
4.5 — + 5575 =0.
(45) or? * r2 0p?
The equation (4.5) in Cartesian coordinates will take the form
(4.6) 0%u @ x Ou y Ou

@Jr@yg 224 y20r 224420y
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4 I. NEYGEBAUER

The MAC model 1 corresponding to the equation (2.2) has the equation

5 (62u 0%u x  Ou y 8u> 0u

(4.7) = 5p TP@y1).

022 " oy? 22+ y20r 22+y2 0y

The equation (4.7) could be written in polar coordinates

u 1 0% Pu

(4.8) ¢ <87“2 + 7"23902) vy +p(r, ¢, 1),

where p(r, ¢, t) = p(x,y,t). The boundary and initial conditions should be added to
the equation (4.7) or (4.8) to obtain an unique solution of the membrane problem.
The methods to obtain the solutions of the presented equations could be taken for
example in [9]. One remark to the obtained MAC equations should be given. We
have excluded one term in the classical membrane equation and so we have changed
the balance of forces acting on each small element of the membrane. That balance
could be restored and the equation (4.8) will take the following form in case of
symmetric problem

9%y r [ 0%u
4.9 A= =— =5 +p(r,o,t) ),
(4.9 o =7 (58 e
where T} is a tension applied at the contour of membrane and the radial tension T’
is not constant but it is a function of r. We have in this case

(4.10) T:@,&:@.

r P
Then the equation (4.8) will be considered as the approximate MAC model of the
membrane equation.
One of the methods to restore the balance of forces will be considered below. It
can be mentioned that similar like the MAC model based on conformal mapping
could be useful in another physical theories the MAC model (4.8) could find its ap-
plications. We will compare now these model (4.8) with the corresponding classical
one.

4.2. Comparison of classical and M AC solutions for circular membrane.

4.2.1. Problem 1. Consider a circular membrane under constant pressure —q in
classical case. Then the stated problem is

d’uv  1du q

The solution of the problem (4.11) is
(4.12) u(r) q (R? —r?).

= m
The differential approximate MAC model 1 for membrane is

d*u q dU

41 oL )= =

(413) = S (0) =0, u(R) = .

where the equation (4.8) was used. The solution of the problem (4.13) is
_ 49 p2 2

(4.14) u(r) = 5T, (R* —r7).
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2

Then we see that the value u(0) = 22 in an approximate MAC model is two times

2T,

more as in the classical case. ’

If the equation of the MAC model (4.9) is taken then the solution will be
q 3 3

4.1 = _

(415) u(r) = G (B =1%)

and the MAC model gives the following value of the displacement in the center of
membrane

qR?
4.16 0) = —.
(4.16) u(0) =
4.2.2. Problem 2. Let us add the following condition to the above Problem 1:
(4.17) u(0) = 0.

Then the solution in classical case does not exist at all. But the approximate MAC
solution exists and is as follows
qr
4.18 u(r) = — (R —r).
(418) (1) = (R =1)
4.2.3. Problem 3. Let us consider now the free symmetric harmonic vibrations of a
circular membrane. The stated problem in classical case is

d’U  1dU = ? du

— + -S4+ XU =0,--(0)=0,U(R) =0

dTZ r dT’ + 02 ? d?" ( ) ’ ( ) )

where U(r) is the form of membrane corresponding to the eigenfrequency w. The
eigenfrequences of the problem (4.19) satisfy the equation

(4.20) Jo <°‘}R> =0,

Cc

(4.19)

where Jy(r) is the Bessel function of the first kind and of order zero.

The corresponding problem for approximate MAC model 1 is in this case:
d’U  w? dUu
— +—=U=0,—(0)=0,U(R)=0

d7'2+02 ’dr<) » U(R) ’

Solving the problem (4.21) we obtain the following eigenfrequences:

(4.21)

:%(0.5+n),n:0,1,27....

(4.22) Wn
4.2.4. Problem 4. Let us change the condition in the center of membrane in the
problem 3 and apply

dUu
4.23 —(0) = 0.
(4.23) () =a#
Then the classical case does not have any solution. The correspondent approximate

MAC model 1 has the following solution

(4.24) carsin 22
. v = -
W Cos %

The resonance frequencies are
e

4.2

(054+n), n=1,2....
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6 I. NEYGEBAUER

4.2.5. Problem 5. Let us replace the condition in the center of the membrane in
the classical and in the approximate MAC models of membrane in the Problem 3
through U(0) = 0. The eigenfrequences in classical model do not exist at all. And
the approximate MAC model gives

mC
—n,n=12....

4.2 =
(4.26) wn ="

4.3. MAC solution for rectangular membrane. The trigonometric series could
be useful to consider the membrane problems for rectangular membrane like in
classical case.

Consider the following problem for a rectangular membrane using the differential
approximate MAC model 1:

2 2
(4.27) 2 (8 u 0% z  Ou Yy 8u>

02 o  Ergpor 2ty P

where p is a constant, —a < z < a, —b < y < b and the boundary conditions are:
u(—a, y) = u(a,y) = U(.’b, _b) = u(m, b) =0.

Multiplying the equation (4.27) by 22 + y? the solution of the problem could be
written in the form

> mx(2n — 1) my(2n — 1)
(4.28) u(z,y) = ngl mZ:l A, COS B cos 5 ,
where
(4.29)
D (—=1)"*tm192a2b?(a® + b?)

nm =3 72(2n — 1) (2m — 1){12a26% — 72(a2 + B2[02(2n — 1)2 + a2(2m — 1)7]}

forn,m=1,2,....

4.4. Model 2. The experimental solution of the real membrane test problem could
be taken in more general form:

(4.30) u(r) = ug (1 — (%)a) ,

where « is an experimental constant. If @ = 1 then we obtain the same experimental
solution which was used in the MAC model 1 above. We may change the classical
membrane equation for this symmetric problem to the following one:

d*u n l—adu
dr? roodr
The solution (4.30) satisfies the equation (4.31) exactly. It is not an unique equation

which includes the function (4.30) into its set of solutions. For example the following
equations are satisfied using the solution (4.30):

(4.31)

d*u  1du ol —u

4.32 i W _
(4:32) dr2+7"d7"+a r2 0
or

Pu  a? -«
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We take the equation (4.31) to create the approximate MAC model 2. Then the
equation for the steady state membrane problem will be

0%u 1—04@ 1 0%u

439 2T o Tag s

0.
The differential approximate MAC model 2 for membrane in polar coordinates
therefore is

2 1— 1 2 2
(4.35) 2 <8u adu 8u> &%u

i I —_— | = — t).
Ir2 + r  or + 2 92 Ot2 +p(r, ¢,1)
The equations (4.34) and (4.35) in polar coordinates are

%u  O%u axr  Ou ay Ou
4.36 gu, gu_ gu _ —0
(4.36) o2+ oy 2?2 +y?0x 22+4y20y

(4.37)

2 (62u 0?u ax  Ou ay 8u)_82u

gr,2v au gy =2z 1.
0z2  Oy?2 224+ y?20x 22 +y? 0y ot? +p@yt)

If the parameter o = 1 then the approximate MAC model 2 coincides with the
approximate MAC model 1.

4.5. Model 3. The MAC model 1 was created for a bounded membrane. If we
consider the unbounded membrane then the experimental solution (4.3) will not
satisfy both boundary conditions: at the origin and at the infinity. We can consider
the following virtual experimental solution in this case

(4.38) u = ug exp(—pBr),

where 8 > 0.
The function (4.38) may satisfy the following differential equation

d>u @

4. — =
(4.39) 7 +Bdr 0
or

d?u
(4.40) i B%u = 0.

The additional experiments with membrane should be used to choose the equation
(4.39) or (4.40). If we choose the equation (4.39) then the corresponding membrane
equation for the approximate MAC model 3 will take the form

2 2 2
(4.41) 02(6u ou 16u> 0*u

W‘*‘ﬁa"‘ﬁ@ = ﬁ"‘p(ﬂ%t)'

We have considered some differential MAC models without changing the order of
the partial differential equation of membrane. But it is possible to consider the
MAC models introducing the differential equation of higher order as the classical
one. It is not considered in this paper.
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8 I. NEYGEBAUER

5. MAC MODEL FOR MEMBRANE BASED ON CONES

The cones were used to create the MAC model for the linear thermoelasticity [7],
where the balance of forces was satisfied. Similar approach is used in this section
to consider the symmetric problems for a circular elastic membrane of the radius
R. The origin is in the center of membrane and r is the distance of the origin.
the transversal displacements of membrane are u(r). The boundary condition is
u(R) = 0. Let Q(r) is an external transversal force per unit length applied at every
point at the radius r. Suppose that the form of the displacements field could be
the same as in the string which is obtained by two cuts along the diameter of the
membrane [6].

If u(a) is a given displacement at r = a then the displacements field for r < a is

(5.1) u(r) = u(a),
and fora <r <R

R—r
R—a’

(5.2) u(r) = u(a)

The relation between Q(a) and u(a) follows from the balance of external forces
applied to membrane.

u(a)RTy

(5.3) Qa) = a(R—a)’

where T} is the tension applied at the boundary of the membrane. The formulas
(5.1), (5.2), (5.3) allow to determine the displacements of membrane if the external
forces are given.

5.1. Example 1. The constant pressure ¢ is given. Then Q(a) = ¢gda and we
obtain

[T qa(R—7) /Rqa(Ra) . q 3 3
(5.4) u(r)f/o TR da + : ToR da76T0R(R 7).

We have u(0) = % and this is 1.5 less then it is in classical case.

5.2. Example 2. If the center of membrane is fixed and the membrane is under

a constant pressure ¢ then we obtain the reaction at the origin from the equation
(5.3)

(5.5) S =2maQ(a)|qa—o = 2mug(0)To,
where the displacement under a force S should be equal -u(0) according to the
equation (5.4). So we have got ug = —u(0) and then the reaction S is
qR? mqR?
5.6 S ==2mu(0)Ty =271y - —— = — .
(5.6) mu(0)To = 2nTo - ‘e 3

The displacements field is

(5.7) u(r) = ———=
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5.3. Example 3. Consider the free symmetric vibrations of a circular membrane.

Then Q(a) = —pi’;;" (a)da and we obtain an integro-differential equation
"a(R—r1) 9*u B a(R—a) 0%u
: =— | —5pas(a)da— ———— P55 (a)da.
68w =— [ U TR e - [ T @

The boundary condition is u(R) = 0. The solution of the equation (5.8) is taken
in the form u(r,t) = U(r) sin(wt), where w is a constant. This form of solution and
the equation (5.8) create the equation

_

(5.9) U =75

(R—r) /OT aU(a)da + /TR U(a)a(R — a)da] .

The boundary condition is transformed to U(R) = 0. Differentiating the equation
(5.9) with respect to r we obtain

dUu pw? [T

(5.10) =7/

aU(a)da.

The equation (5.10) gives the second condition at r = 0

(5.11) %(0) = 0.

Differentiating the equation (87.9) with respect to r we get the equation

d2 2
v + 2 rU(r) = 0.

5.12
( ) d’l“2 T()R

Let us transform the equation (5.12) introducing the variable

5] pw?
5.13 =0 =
5:13) L

Then the equation(5.12) will take the following form

d2U
¢’

(5.14) —EU(¢) = 0.

That is the Airy’s equation [12]. The general solution of the equation (5.14) is
(5.15) U(€) = C1Ai(€) + G2 Bi(©),
where Ai(§), Bi(§) are the Airy functions, Cq,Cy are arbitrary constants. Then

the boundary condition and condition (5.11) could be satisfied and the frequency
equation will be obtained

2 2
1 | s PW S s PW -0
(5.16) V3Ai ’/TORR + Bi ,/—TORR 0
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10 I. NEYGEBAUER

5.4. Example 4. Let us fix the center of membrane considered in Example 3. The
integro-differential equation of this problem is

"a(R—r) 0%u O a(R—a) 0%u

1 =— | —5pPaz(a)da— ———= P55 (a)da.
e )= - [ g - [ M )
This equation (5.17) could be obtained if the value

R 2
a(R—a) 0%u

1 =— ——p——(a)da.
(515) wo0) == [ Mo @
according to the equation (5.8) will be subtracted from the right side of the equation
(5.8).
The boundary conditions are
(5.19) u(0) =0, u(R) = 0.

Substituting the function u(r,t) = U(r)sin(wt) into the equations (5.17), (5.19)
yields the problem for the function U (r):

_

(5.20) U0 =75

{(R —r) /OT aU(a)da + /TO U(a)a(R — a)da| ,

(5.21) U(0) =0, U(R) = 0.

Differentiating two times the equation (5.20) with respect to r we find that the
function U(r) satisfies the same equation (5.12) which could be transformed to the
Airy equation introducing the new variable (5.13. Then the frequency equation will
be obtained if the general solution satisfies the boundary conditions. The frequency
equation is in this case

2 2
5.22 34i [ = 2R —Bi [ ¢/ 2R =0
(5.22) V3Ai \| TR ’ ToR

The circular membrane on elastic support under constant pressure or its symmetric
vibrations will have similar Airy’s equations. We see that the Airy functions play
an important role in solutions of MAC model for membrane. Both Airy’s functions
have not singularities on the whole plane. These property of the Airy functions dif-
fers them from the Bessel functions which are usually arising in the similar classical
problems. One of two Bessel’s functions has singularity at the origin.

These important property of nonsingularity of the fundamental functions of the
corresponding differential MAC model conserves also in MAC model for an elastic
plate. The MAC model equation will be Airy like equation but of the 4th order.
And all their fundamental solutions have not singularities at the origin. But this
MAC model for the plate will not be considered in this paper.

6. PARTIAL DIFFERENTIAL EQUATION FOR MEMBRANE MAC MODEL

Let us differentiate the equation (5.8) two times with respect to . Then the
following partial differential equation of membrane will be obtained for symmetric
vibrations

0%u rp 9*u

(6.1) 92 " TR o2
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The method of separation of variable could be applicable. For example the bound-
ary conditions are

(6.2) u(0,t) =0, uw(R,t) =0
and the initial conditions are taken as
(6.3) u(r,0) = f(r),

where f(r) is a given continuous function. The solution of the stated problem
includes the Airy functions. The classical solutions of the similar problems for
membrane should include the Bessels functions.

7. DIFFERENTIAL MAC MODEL FOR ELASTICITY

Let us consider the following particular problem of the linear isotropic elasticity
[11]. An elastic body occupies the unbounded cylinder 0 < r < R, where R is the
finite radius of the cylinder. Let the displacement field of the body is in cylindrical
coordinates , @, z:

(7.1) Ur = Up(7,9), Up = Up (T, @), U = uz(r).
The equations of the linear isotropic elasticity in cylindrical coordinates are
Oe 0%u, 1 0%u, 0%u, 10u, 2 Ou,  up
+ =0,

2 A — —
(7.2)  (A+p) or or? + r2 Qp? 0z2 r Or r2 Oy 72

(73) (A+p) Oe . (82%, 1 0%u,  0uy, n 10u, 2 Ou, uw)
r

% or? r2 Op? 0z2 r Or r2 Op 2

Ode 0%u, 1 0%u, 0%u, 10u,
4 A — — —
(7:4) ( +M)82+u(8r2 +r2 8(,02+8z2 Jrr 87‘)

where 1, ¢, z are cylindrical coordinates, A,y are the Lame parameters, u,., u,, U,
are components of the displacement vector in cylindrical coordinates,

_ Ou, Ur lf)u@ Oou,

7.5 = )
(75) € or + r + r Op 0z
Then the component u, satisfies the equation

dPu, 1du,
(7.6) A )

dr? r dr

Let us apply the boundary conditions

(7.7) uz(0) =ug # 0, u(R) = 0.
‘We have
(7.8) _ du,

. Trz = dr .

The equations (7.6), (7.7), (7.8) represent the same mathematical problem as for
the membrane problem considered in the above sections. The parameter u plays
the same role as the tension T in the membrane problem. The differential approxi-
mate and balanced MAC models of membrane could be applied in this elastic case.
For example we may introduce the correspondent approximate MAC models for
elasticity equations using the obtained approximate MAC models for membrane.
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12 I. NEYGEBAUER

7.1. MAC Model 1. The differential approximate MAC model 1 equations for
the linear isotropic elasticity in Cartesian coordinates could be given as
(7.9)

(0t )%—F 0%u, . 0%uy . 0%u, Y % B z % o B — 0%uy
For T\ az2 ™ a2 922 2422 0y gyt 2 0z ) P0TT T P
(7.10)
de 0%u 0%u 0%u x  Ou z  Ou 0%u
) 26 y y y Oy Oy B, — y
( +u)6y+ﬂ ( Ox? * 0y? * 022 22422 0x 2?2422 0z >+Po v = Pogp
(7.11)
A+ )%4_ 0u, 0%*u, 0%u, - T % B Y % i B 0%u,
K TH\ aa2 Oy? 022 2?2+ y?2 0z 22+ y? Oy PoBz = Po g2
where
(7.12) o Qa | Ouy | Otz

Oz + dy 0z
The initial and boundary conditions are taken as in classical theory of elasticity.
7.2. MAC model 2. The differential approximate MAC model 2 equations for

the linear isotropic elasticity in Cartesian coordinates could be given as
(7.13)

A+ )%_’_ 0%uy n u,  0%uy oy % oz % p B — 0%u,
Boe T\ az2 y? 022 Y2 +22 0y Y +22 0z PoBa = Po g2
(7.14)
Oe Puy  0%u,  0uy ax  Ouy oz Ouy 0%u
Oe : y _ Ry a2 Ty, B, = p, o
(M_'u)@y—i—u ( o2 + dy? T2 T Zi2or 2+ 2 00 >+p0 LI TPR
(7.15)
Ot )%—F 8%u, 0%u, . 0%u, _az % oy % o B. — 8%u,
Moz \ 22 T a2 T 92 T a2+ 0x  a2+y2 Oy ) T07FT Poge

The initial and boundary conditions could be taken as in the classical theory of
elasticity. If & = 1 then the approximate MAC model 1 for elasticity will be
obtained.

8. MAC MODEL FOR INCOMPRESSIBLE FLOW

Consider the fully developed laminar motion through a tube of radius a. Flow
through a tube is frequently called a circular Poiseuille flow. We employ cylindrical
coordinates (r,0,z), with the z— axis coinciding with the axis of the pipe. The
only nonzero component of velocity is the axial velocity u(r), and none of the flow
variables depend on 6. The x— momentum equation gives

1d dv 1dp
(8:1) rdr (rdr> opdz’
As the first term can only be a function of z, and the second term can only be a
function of r, it follows that both terms must be constant. The pressure is therefore
falls linearly along the length of pipe. The wall condition is v = 0 at r = a. The
shear stress at any point is

dv
8.2 or = U=
(8.2) Tar = fho
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Let the boundary conditions are

(8.3) v(0) =wvg £ 0, v(R) =0.

The stated problem which is presented by the equations (8.1), (8.2), (8.3) is similar
to the problem of membrane considered in the above sections. The parameter p
plays the role of the tension T similar to the elasticity theory. The differential
approximate and balanced MAC models of membrane could be applied in this case
of fluid mechanics.

The classical solution of the steady state pipe problem is well known

r2 — R? dp

8.4 = —.

(84) v 4p  dx
The corresponding the balanced MAC model has the following solution

r® — R3 dp

8.5 = a4

(8:5) Y 6uR dr

for the free flow on the axis of symmetry of a pipe. If that axis is fixed then the
condition v(0) = 0 will be used. The MAC solution in this case is

_ r(r* — R?)

- 6uR

It should be mentioned that the classical solution in the last case does not exists.

Then the differential approximate MAC model 2 of membrane will bring the fol-
lowing form in case of the Navier-Stokes equations

vy 8 (™ vy Ovy

(8.6)

ot O 0z

op 0%v, v,  O%u, ay  O0v, az  Ovug
(88) _sz_aa:+M(8m2+8y2+3z2_y2+223y_g/2+2282

vy % % 0, )

B op v, v, Oy az  Ovy ar vy

(8.10) pBy@g/JrM(amQ oy? 022 22422 0z 22+a? 0z
ov, v, v, ov,\
(8.11) ( En + vy oz + vy 3 + v, az) =

(8.12) =pB. —

Jp N (32112 0%v, N 0%v, . ax v, . ay 8vz>
0z 0x?2  0y? 022 a?4y? 0x  x?+y? Jy
The fourth equation is supplied by the continuity equation

Oy, n va . ov,
ox dy 0z
The initial and boundary conditions could be taken as in the classical theory of

fluid mechanics. If @ = 1 then the approximate MAC model 1 for fluid mechanics
will be obtained. Other MAC models could be easily obtained too.

(8.13) =0.

8.1. MAC model with integro-differential equation.
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14 I. NEYGEBAUER

8.1.1. Statement of the problem. Consider the following problem for incompressible
flow. The Navier-Stokes equations for incompressible Newtonian fluids are taken
in the form

ov 9
(8.14) p [Gt + (Vv)v] =pB - Vp+ uV-v,
where p is the mass density, pB is a body force per unit volume, p is the pressure,
v is the velocity vector, p is viscosity coefficient, V is the gradient. The continuity
equation should be added

(8.15) div v =0.

the constitutive equations can be written in the form
dv;  Ov;

8.16 T;i = —py; ! L,

(8.16) j pg+u<axj+3xi>

where 7,7 = 1,2, 3, v; are the Cartesian components of the velocity vector and z;
are the components of the position vector. The variables © = x1,y = 2,z = x3 are
the Cartesian coordinates of a point belonging to the domain :

(8.17) 224+ 19y2+ 22 <R,z # 0,y # Yo, 2 # 20

and the point S(zo, Yo, 20 is a given fixed point inside the sphere of radius R with
the center of the sphere at the origin. There are four unknown functions in the
four scalar equations (8.14), (8.15). We will consider the Dirichlet problem with
the following boundary conditions consisting of two parts. The first part is

(8.18) vlr =0,

where T is a sphere 22 + 2 + 22 = R?.
The second part of the boundary conditions is a given and nonzero value v of the
functionv(z, y, z) at the point S(zg, yo, 20):

(8.19) v(S) = vo.
8.1.2. MAC Green’s function. Let us consider the MAC solution of the stated prob-

lem. We define the MAC solution as a union of the strait lines connecting the
internal point S(zo, yo, 20) with each point of the boundary:

o | @) 4y —yr)? + (2 - ar)?
(8.20) v(z,y,2) = 0\/(xo —ar)?+ (yo —yr)?* + (20 — 2r)?’

where the boundary point (xr, yr, 2r) corresponds to the given point (z,y, z) of the
domain 2 and satisfies the equations:

(8.21) T+ YR+ 2f = R,

(8.22) x—xp:y—yp:z—zp’
To —2r Yo — Yr 20 — A1
The force Q at the point S(xg,yo,20) of the domain Q could be found using its

balance with viscous stresses applied to the external boundary of the sphere. Then

(8.23) Q= / thdl,
r
where the viscous stress vector t” is

(8.24) t# = Thn,
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n is the outer normal to the sphere, the components of the viscous stress tensor T
are

ov;  Ov;
no_ ? J
(8.25) Tw =L <8xj + 8xi> ,

The function Q = Q(vo, Zo, Yo, 20) in the equation (8.23) is obtained for the given
function in (8.20) function v(z,y, z) and depends on the point S(zo, yo, z0) and the
applied velocity vector vg. That function can be written in the form

(8.26) Q = Svo,

where S is a stiffness matrix. Multiplying the equation (8.26) by the compliance
matrix C = S~ we obtain

(8.27) vo = CQ.

If we put vg from the equation (8.27) into the equation (8.20) then we obtain

(x —or)?+ (y —yr)? + (2 — 2r)?
zo —2r)? + (Yo — yr)? + (20 — 2r)?

(8.28) v(z,y,2) = QC\/(

Introducing the MAC Green’s matrix function of the ball domain €

(x —2r)?+ (y —yr)? + (2 — 2r)?
xo —2r)? + (yo — yr)? + (20 — 2r)?’

(8.29) M(P, S) = c\/ (

where P(z,y,2),S(xo, Yo, 20) are any two points of the domain € and the compo-
nents xr, yr, zr satisfy the equations (8.21), (8.22). Then the solution of the stated
problem (8.28 is given in the form

(830) V({L',y,Z) = QM(P7 S) = QM(xayaZ>x07y07ZO)'

8.1.3. Integro-differential equation of MAC model for a ball. The principle of su-
perpositions allows to write the integro-differential equation of MAC model for a
ball domain

ov

(8.31) v(P,t):/QM(P, 3) |:p(S) (at

where M(P, S) is the MAC Green’s function of the ball domain Q, v(z,y, z,t) =
v(P,t) is the velocity vector of the point P of the ball domain Q, p(.5) is the mass-
density per unit volume at a point S of the domain 2, pB is the body force per
unit volume, ¢ is time.

The Navier-Stokes equations (8.14) are replaced by the equation (8.31) in the devel-
oped MAC model. The equation (8.15) remains in the MAC model. The boundary
condition (8.18) remains also. The viscosity p is taken just only at the boundary
of considered domain.

(S)+ (Vv)v(S) — B(S)) + Vp(S)} dqQ,

8.1.4. Diving method. Let us consider an incompressible fluid flow in the domain
D C Q.Consider the case when the velocity vector v is prescribed on the boundary
surface dD:

(8.32) vlep = g,
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16 I. NEYGEBAUER

where ¢(.9) is a given vector function defined on the boundary D, S € dD. Then
introducing the unknown density of the forces qdA on the boundary surface 0D we
obtain an integro-differential equation to find the density q

(8.33) g(Pop,t) = M(Psp, Sap)d(Sep,t)dA+
oD

(8.34)
JF/D M(Psp, Sp) [p(SD) (aa‘t,(SD,t) + (Vv)v(Sp,t) — B(SD,t)) + Vp(SD,t):| dD.

The second equation is to find the velocity vector v

(835) V(PD,If) = M(PD753D)q(SaD,t)dA+
oD

(8.36)
JF/DM(PD,SD) {p(SD) <38;’(SD,75) + (Vv)v(Sp,t) — B(SD,t)> + Vp(SD,t)] dD.

These two integro-differential equations should be added to the continuity equation
(8.15). Then we obtain the MAC model using the diving method.

We don’t consider the MAC models for ideal fluid in this paper. It can be also done
using for example the velocity potential.

9. DIFFERENTIAL MAC MODEL FOR HEAT CONDUCTION EQUATION

The heat conduction problem and the corresponding balanced MAC model was
considered in [7] where an integro-differential equation was introduced. We will
apply the developed differential MAC models from the above sections to the heat
conduction problem.

9.1. Statement of the problem. Consider the following 3D heat conduction
equation

(91) + o5t 53 +Q(‘T>yaz,t) :COPE,

L Pu | Pu | Pu ou
ox2  Oy? 022

where u(z,y, z,t) is the temperature of the point d(zx,y, z) of the domain, p(d) is
the mass-density of the body per unit volume at a point d, ¢ is time, ¢g is specific
heat, k is the coefficient of thermal conduction, ¢(x,y, z,t) is a rate of internal heat
generation per unit volume produced in the body.

The equation (9.1) could be divided by cop and then it will be written in the form

Pu  0%u  O%u ou
2 (07w O"u  O7u _ou
(92) ¢ ((‘3302 o7 az2> ot
where
k
(9.3) 02:—,p:i.
Cop Cop

The equation (9.3) is applied classically to the bounded and unbounded domains.
The correspondent initial and boundary conditions are applied to obtain the unique
solution of the problem.
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The following steady state problem is considered very often. It consists of the
Laplace equation
Pu  0*u  9*u
9.4 —+-=+-5=0
(94) O0x? + Oy? + 0722
and the Dirichlet or Neumann boundary conditions.

9.2. MAC model for 2D heat conduction based on cones. The cones were
used to create the MAC model for the heat conduction problem in [7], where the
balance of heat fluxes was satisfied. Similar approach is used in this section to
consider the symmetric problems for a circular cylinder of the radius R. We em-
ploy cylindrical coordinates (r,0,z), with the z— axis coinciding with the axis of
the cylinder. Suppose that the nonzero temperature depends on r only. That is
u(r). The boundary condition is u(R) = 0. Let Q(r) is an external heat flux per
unit length applied at every point at the radius r. Suppose that the form of the
temperature field could be the same as in the string which is obtained by two cuts
along the diameter of the membrane [6].

If u(a) is a given temperature at r = a then the temperature field for r < a is

(9.5) u(r) = u(a),
and fora <r < R

R—1r
R—a

The relation between Q(a) and u(a) follows from the balance of external heat fluxes
applied to the cylinder.

(9.7) Qa) =

(9.6) u(r) = u(a)

u(a)Rk
a(R—a)’
where k is the coefficient of thermal conduction applied at the boundary of the

cylinder. The formulas (9.5), (9.6), (9.7) allow to determine the temperature of the
cylinder if the external heat fluxes are given.

9.2.1. Ezample 1. Consider the steady state problem. The constant heat source
q(r) = const = q is given. Then Q(a) = gda and we obtain

(9.8) u(r) = /OT mda+ /R qa(R — a)da 9_ (RS _ 3,

kR kR ~ 6kR

We have u(0) = % and this is 1.5 less then it is in classical case.

9.2.2. Ezample 2. If the axis of the cylinder has a fixed zero temperature and the
cylinder is under a constant heat flux ¢ then we obtain the heat flux at the axis
from the equation (9.7)

(9.9) S =2maQ(a)|e—o = 2mus(0)k,

where the temperature under a flux S should be equal -u(0) according to the equa-
tion (9.8). So we have got ug = —u(0) and then the flux S is
k- aR? _ fﬁqu.

(9.10) S = 2mu(0)k =27 o= 3
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18 I. NEYGEBAUER

The temperature field is
(9.11) u(r) =

9.2.3. Ezample 3. Consider the non stationary symmetric problem for a circular

cylinder. Then Q(a) = —cq p%q; da and we obtain an integro-differential equation
"a(R—r) Ou Ra(R—a) Ou
12 [ A=) % 6 da — .
(9.12) u(r) /0 TR 0Py (a)da /T "R S0P (a)da

The boundary condition is u(R) = 0. The solution of the equation (9.12) is taken in
the form u(r,t) = U(r) exp(—wt), where w > 0 is a constant. This form of solution
and the equation (9.12) create the equation

Copw
kR

(9.13) Ur) =

T R
(R—r) / aU(a)da + / U(a)a(R — a)da] .
0 r
The boundary condition is transformed to U(R) = 0. Differentiating the equation
(9.13) with respect to r we obtain

Wiy = o2 [*
ar " kR J,

(9.14) aU/(a)da.

The equation (9.14) gives the second condition at r = 0

dUu

9.15 —(0) =0.

(9.15) )

Differentiating the equation (116) with respect to r we get the equation
d*U  copw

9.16 U(r)=0.

(9.16) o+ S ()

Let us transform the equation (9.16) introducing the variable

_ 3 COPWT
(9.17) §=—4f wn

Then the equation(9.16) will take the following form

d*U

(9.18) 7

—&£U(§) = 0.

That is the Airy equation [12]. The general solution of the equation (9.18) is
(9.19) U(€) = C1Ai(€) + 3 Bi(e),

where Ai(§), Bi(§) are the Airy functions, Cq,Cy are arbitrary constants. Then
the boundary condition and condition (9.15) could be satisfied and the equation for
w will be obtained

(9.20) V3Ai (— a S0P R) + Bi (— s S0P R) —0.

kR kR
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9.2.4. Ezample 4. Let us fix the zero temperature on the axis of the cylinder con-
sidered in Example 3. The integro-differential equation of this problem is

"a(R—r) Ou “a(R—a) Ou

21 =— S o — - A g _
o) )= [ P apgada- [ an @)
This equation (9.21) could be obtained if the value

R
a(R—a) Ou

.22 =- ———cop—(a)da.
(922) R R
according to the equation (9.12) will be subtracted from the right side of the equa-
tion (9.12).
The boundary conditions are
(9.23) u(0) =0, u(R) =0.

Substituting the function u(r,t) = U(r)exp(—wt) into the equations (9.22), (9.23)
yields the problem for the function U(r):

(9.24) Ulr) = cz;w [(R —7) /0 " aU(a)da + / ’ U(a)a(R — a)da| ,

(9.25) U(0) =0, U(R) = 0.

Differentiating two times the equation (9.24) with respect to r we find that the
function U(r) satisfies the same equation (9.16) which could be transformed to the
Airy equation introducing the new variable (9.17. Then the equation to find w will
be obtained if the general solution satisfies the boundary conditions. That equation
is in this case

(9.26) V3Ai (— MR) — Bi (— MR) = 0.

We see that the Airy functions play an important role in solutions of MAC model
for heat conduction equation. Both Airy’s functions have not singularities on the
real axis. These property of the Airy functions differs them from the Bessel func-
tions which are usually arising in the similar classical problems. One of two Bessel’s
functions has singularity at the origin.

These important property of nonsingularity of the fundamental functions of the cor-
responding differential MAC model conserves also in MAC model for 3D symmetric
heat conduction problem. That will be described below.

9.2.5. Partial differential equation for 2D heat conduction MAC model. Let us dif-
ferentiate the equation (9.12) two times with respect to r. Then the following
partial differential equation for 2D heat conduction problem will be obtained for
symmetric case

9*u  cop Ou
9.27 — = —r—.
(9:27) o’ ~ kR ot
The method of separation of variables can be applied to the equation (9.27). For
example the boundary conditions are
(9.28) u(0,t) =0, u(R,t) =0
and the initial conditions are taken as

(9.29) u(r,0) = f(r),
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where f(r) is a given continuous function. The solution of the stated problem
includes the Airy functions. The classical solutions of the similar problems for 2D
heat conduction should include the Bessel functions.

9.3. 3D heat conduction MAC model. The cones were used to create the MAC
model for the heat conduction problem in above section in [7], where the balance
of heat fluxes was satisfied. Similar approach is used in this section to consider the
symmetric problems for a ball of the radius R. We employ spherical coordinates
(r,0,¢). Suppose that the nonzero temperature depends on r only. That is u(r).
The boundary condition is u(R) = 0. Let Q(r) is an external heat flux per unit area
applied at every point at the radius r. Suppose that the form of the temperature
field could be the same as in the string which is obtained by cuts along the diameter
of the ball.

If u(a) is a given temperature at r = a then the temperature field for r < a is

(9.30) u(r) = u(a),
and fora <r <R

R—r
R—-a

The relation between Q(a) and u(a) follows from the balance of external heat fluxes
applied to the ball.

(9.31) u(r) = u(a)

u(a) Rk
a?(R—a)’
where k is the coeflicient of thermal conduction applied at the boundary of the

ball. The formulas (9.30), (9.31), (9.32) allow to determine the temperature of the
cylinder if the external heat fluxes are given.

(9.32) Q(a) =

9.3.1. Ezample 1. Consider the steady state problem. The constant heat source
q(r) = const = q is given. Then Q(a) = gda and we obtain

T 2 R 2
_ qga*(R—r) / qa*(R—a) , ¢ 44
(9.33) u(r) = /0 TR da + : NiE da = N2 (R* —r%).

R2
We have u(0) = 45;-.

9.3.2. Ezample 2. If the center of the ball has a fixed zero temperature and the ball
is under a constant heat source ¢ then we obtain the heat flux at the center from
the equation (9.32)

(9.34) S = 47a*Q(a)|a—o = 4rus(0) Rk,

where the temperature under a flux S should be equal -u(0) according to the equa-
tion (9.33). So we have got ug = —u(0) and then the flux S is

qR? mqR3
. = —4 = —4 - —_— = — .
(9.35) S mu(0)Rk kR Tk 3
The temperature field is
qr(R® —r3)

(9.36) u(r) =
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9.3.3. Ezample 3. Consider the nonstationary symmetric problem for a circular

cylinder. Then Q(a) = —c¢q p%—?da and we obtain an integro-differential equation
"a*(R—r) Ou Ra*(R—a) Ou
(937) 'LL(’]") = —A WCQPE(Q)da —/7: Wcopa(a)da.

The boundary condition is u(R) = 0. The solution of the equation (9.37) is taken in
the form u(r,t) = U(r) exp(—wt), where w > 0 is a constant. This form of solution
and the equation (9.37) create the equation

_ Copw
- kR?

(9.38) U(r)

(R—1) /0 " 2U(a)da + / e - a)da] .

The boundary condition is transformed to U(R) = 0. Differentiating the equation
(9.38) with respect to r we obtain

du . copw [T,
(9.39) () = -2 /O o2U (a)da.
The equation (9.39) gives the second condition at r = 0
du
9.40 —(0)=0
(9.40) 5 (0)
Differentiating the equation (9.40) with respect to r we get the equation
d*U  copw ,

A1 —_— =0.

(9.41) = + R U(r)=0

Let us transform the equation (9.41) introducing the variable

4/ Copw
(9.42) €=\ 1"

Then the equation(9.41) will take the following form
d*U
¢’
The equation (9.43) is similar the Airy equation [12] in the sense that it has two

fundamental solution without any finite point of singularity. The first independent
fundamental solution of the equation (9.43) is

(9.43) +&U(€) = 0.

(9.44) Ur(€) =) amé™,
n=0
where
A4n—4
9.45 =1, gy =——22 _ n=123,....
(9.45) a0 =5 dn(dn—1) "

The second independent fundamental solution of the equation (9.43) is

o0
(9.46) Ua(€) =) aanr &,
n=0
where
A4n—3
9.47 =1, a4p1=—————,n=1,23,....
( ) ai y Qdn+1 In(in + 1) n

120



22 I. NEYGEBAUER

The general solution of the equation (9.43) is
(9.48) U(§) = C1U1(§) + C2U2(8),

where Uy (€), Ua(€) are the fundamental solutions (9.44), (9.46), Cy, Cs are arbitrary
constants. Then the boundary condition and condition (9.40) could be satisfied and
the equation for w will be obtained. We have

4/ Copw _
(9.49) Uy ( LR? R) =0.

9.3.4. Ezxample 4. Let us fix the zero temperature at the center of the ball consid-
ered in Example 3. The integro-differential equation of this problem is

B "a*(R—-7r) Ou “@*(R—a) Ou
(9.50) u(r) = —/O Wcopa(a)da - /r mea(a)da.

This equation (9.50) could be obtained if the value
R 2
a*(R—a) Ou
(9.51) u(0) = —/0 —RT copa(a)da.

according to the equation (9.37) will be subtracted from the right side of the equa-
tion (9.37).
The boundary conditions are

(9.52) u(0) = 0, u(R) = 0.

Substituting the function u(r,t) = U(r) exp(—wt) into the equations (9.50), (9.50)
yields the problem for the function U (r):

Ch oW T 0
(9.53) U(r) = ;}; {(R—r) /0 a*U(a)da + / U(a)a(R — a)da| ,

(9.54) U(0) =0, U(R) = 0.

Differentiating two times the equation (9.53) with respect to r we find that the
function U(r) satisfies the same equation (9.41) which could be transformed to the
Airy like equation introducing the new variable (9.43). Then the equation to find
w will be obtained if the general solution satisfies the boundary conditions. That
equation is in this case

(9.55) Uy ( il iowd R) —0.

kR?

We see that the Airy like functions play an important role in solutions of MAC
model for 3D heat conduction equation. Both fundamental functions have not sin-
gularities on the real axis. These property of the Airy like functions differs them
from the Bessel functions which are usually arising in the similar classical problems.
One of two Bessel’s functions has singularity at the origin.
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9.3.5. Partial differential equation for 8D heat conduction MAC model. Let us dif-
ferentiate the equation (9.37) two times with respect to r. Then the following
partial differential equation for 3D heat conduction problem will be obtained for
symmetric case

u  cop ,0u
(9.56) 92 — wr2 o
The method of separation of variables can be applied to the equation (9.56). For
example the boundary conditions are

(9.57) u(0,t) =0, u(R,t) =0
and the initial conditions are taken as
(9.58) u(r,0) = f(r),

where f(r) is a given continuous function. The solution of the stated problem
includes a set of Airy like functions. The classical solutions of the similar problems
for 3D heat conduction should include the Bessel functions.

10. TENSION OF AN ELASTIC BAR

10.1. Statement of the problem. Consider the simple tension of an elastic bar.
The equation of one-dimensional motion of a bar is

ON 0%u

(10.1) or P — q(, 1),

where N — is the normal force applied to the cross-section of a bar, x— is a Cartesian
coordinate of a cross-section, 0 < x < L, L— is the length of a bar, t— is time,
q(x,t)— is the density of the longitudinal body forces per unit length.

The Hook law is

(10.2) N = EAe,

where F— is the Young modulus, A— is the cross-sectional area, e— is the longitu-
dinal strain which is supposed to be

_ Ou

=

Substituting the equations (10.2), (10.3) into the equation (10.1) we obtain the
equation

(10.3) €

0%u 0%u
(10.4) A@ =Pom q(z,1)
or

0%u  O%u

207U _ 07U

(10.5) c 9 = o p(z,t),
where
(10.6) 2= %4, ol t) = L&Y

The equation (10.5) could be applied to the limited and also to the unlimited bar.
The initial and boundary conditions should be applied to obtain the unique solution
of the problem.

Consider the steady state problem for a bar as one particular problem. Let the
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distributed forces are not given. Then the function u does not depend on time ¢
and the equation (10.5) becomes

0%u
10.7 — =0
( ) Oz2
Consider the boundary conditions
(10.8) u(0) = g, u(L) = 0.

The general solution of the equation (10.7) is
(10.9) u(z) = Az + B,

where A, B— are arbitrary constants. If the length of the bar is limited bar then
the solution of problem (10.7), (10.8) is

(10.10) u = ug (1 - %)

If the length of the bar is infinite then the solution of the stated problem could be
obtained as a limit L — oo in the solution (10.10) for the finite bar. The solution
will take the form

(10.11) u=1up, 0 <z < oo

Another solution will be obtained if we take the general solution (10.9) and satisfy
the second boundary condition (10.8) at infinity. Then we get

(10.12) A=0,B=0
and the solution is

(10.13) u=ug, =0,
(10.14) u=0,0<z < o0.

The situation for unlimited bar is undetermined because we have two different so-
lutions (10.12) and (10.13), (10.14). We can improve this situation introducing the
MAC model which must have the unique determined solution for both limited and
unlimited bars.

10.2. Differential MAC model. Let the linear term is introduced into the equa-
tion (10.7):

0%u
Ox?
where a > 0 is a parameter which should be determined from an experiment addi-

tionally. The Hook law corresponding to the equation (10.15) will take the following
form

(10.15) —au=0,0< 2z < oo,

ON Oe
10.1 — = FA— — FAau.
(10.16) 5 o au
The general solution of the equation (10.15) is
(10.17) u = Aexp(vaz) + Bexp(—/ax),
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where A, B— are arbitrary constants.
The finite bar with the boundary conditions (10.8) has the solution

o sinh [/a(L — z)]
~ Y sinh[Val]

The solution (10.18) is suitable for the unlimited bar too.

(10.18)

11. CONCLUSION

The differential MAC models of many physical theories may be created in sim-
ilar way replacing the Laplace operator through the given differential operators in
MAC models for membrane. Examples of the theories which could give the differen-
tial MAC models are Navier-Stoke’s equations, Maxwell’s equations, Schroedinger
equation, Klein- Gordon equation, heat conduction equation. The limited number
of pages does not allow to consider all of them. But the idea and the presented
methods should be enough to develop and apply the MAC theory in many cases of
the real life situations.

The MAC model for a bar was given to show another way to introduce the MAC
model, where was used a generalization of the Hook law.
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PAIRWISE LIKELTHOOD PROCEDURE FOR TWO-SAMPLE
LOCATION PROBLEM

FERIDUN TASDAN

ABSTRACT. This paper is about estimating shift parameter by using pairwise
differences in the two-sample location problem, which assumes G(x)=F(x-A).
The parameter A is called location shift parameter between populations of
F(x) and G(x). Distribution and density functions of the pairwise differences
can be found and used to construct a log likelihood function with respect to the
shift parameter. An estimator of the shift parameter is found by Newton’s one
step algorithm from the log likelihood function. Asymptotic properties of the
new estimator which is similar to a regular MLE estimator are shown under
some regularity conditions. As an example, normal and Laplace Distribution
model assumptions are investigated using the proposed approach. Moreover, a
hypothesis testing procedure is developed and shown that pairwise difference
approach is asymptotically equivalent to the Rao’s score type likelihood test.

1. INTRODUCTION

Let X4,...,X,, and Y7,...,Y,, be two independent i.i.d samples from continu-
ous distribution functions F(x) and G(x), respectively. We assume a relationship of
G(x)=F(x-A) where A is a location shift parameter between F(x) and G(x). There-
fore, we will consider a location shift model and focus our attention to estimate of
the shift parameter of A. A hypothesis testing for this model could be defined by,

Ho: A=Agvs H, : A £ A
If Ag = 0, the hypothesis test becomes:
Hy: F(z) = G(x) vs H, : F(z) # G(x)
which is very common in two sample location problem.

The problem of estimating the shift parameter Ag has been studied extensively
in the past. It can be shown that the classic least squares method (minimizing the
Ly norm) leads to Ars =Y —X. It has been shown by Hettmansperger-McKean [3]
that

Va(ALs — Ag) — N(0, o xawy)
where o2 is the common variance of the population distributions, G(x) and F(z),
and ni/n — X as n — oo. Hodges-Lehmann [4], showed that the shift parameter
estimator based on Wilcoxon ranks is given by
Ap = med; ;{Y; - Xi}
which is the median of the pairwise differences. Hodges-Lehmann [4] also showed
that

V(AR — Ag) = N(0, i)

Key words and phrases. Keyword one, keyword two, keyword three.
2010 AMS Math. Subject Classification. Primary 62F03,62F10;Secondary 62F40.
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Two Sample Problem

0.8

0.6

Prob. Density Functions
0.2
1

0.0

FiGure 1. Illustration of Two Sample Location Problem

where the scale parameter 7 = [V12 [ f*(z)dz]™! and ni/n — X as n — oo.
Anderson and Hettmansberger [1] showed that

N 5?E[r?(z
Vn(Ag —Ag) = N (07 Wﬁ) )

where ¢ is the scale parameter, 7(t) = [ ((t —u)/d)f(u)du and 7’ is the derivative
of 7. Tasdan-Sievers [6] proposed a smoothed Mann-Whitney-Wilcoxon approach
to find an estimator for A. They showed that

Vir(B, — Ag) = N(0, &)

C

and the efficacy ¢ = 1/(0)/0(0), where
1(0) = [ [ Uy — 2)dF(z)dF(y) and 0(0) = |/ 57i55-

In Section 2, we will introduce the main idea of the study. It will be shown that
by using pairwise differences, a likelihood function can be constructed and solved
to estimate the shift parameter. In addition, a test procedure will be developed to
test the hypothesis defined above. In Section 3, the properties of the estimator such
as asymptotic normality will be shown. Another theorem proves that the proposed
method is an equivalent of Rao’s score type test. In Section 4, example of several
models will be applied to the proposed solutions. The paper ends with a conclusion
in Section 5.

2. PROPOSED PROCEDURE

The main idea behind the proposed procedure is to find the distribution function
of the pairwise differences. First, consider that we F(x)=G(x), which assumes no
shift model. Let Z;; = Y; —X, for all i and j differences and H(z) = P(Y; - X; < z).
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PAIRWISE LIKELIHOOD 3

We define
_ /p(yj ~ X, < 2|X; = 2)dF(x)
= /P(Yj < z+4z)dF(x)

(2.1) H(z) = /G(m + 2)dF(x)

The resulting H(z) is the distribution function (CDF) of the Z,; = Y; — X, pairwise
differences. Now consider that F'(z — A) = G(z), which assumes a shift in the
model. Then, we will have

- / Glz + 2)dF ()
(2.2) Halz) = / Fla+ 2 — A)dF(z)

Next, by assuming that it exists, the probability density function ha(z), can be
found by

(2.3) h(z, A)

/fx+z— f(z)dz

The result is like a convolution operation that convolutes two functions. Let
ha(z) = u(z — A). Therefore, we can consider the problem as a location parameter
problem. The log-likelihood function of the pairwise differences of the data by using
u(z — A) is

= HHU(% —x; — A)
1(A) = log[L(A)] = Z Z loglu(y; — x; — A)]

(2.4) l’(A):a%log ZZ _‘j ﬁ))

To estimate A parameter, I'(A) will be set to zero and solved for A. I'(A) can
be considered a score function which determines the estimating equations for the
MLE estimator of A. However, there might be no root or there might be more than
one root. In that case, a maximizing value of the estimator should be taken as MLE
estimator. Theorem 6.1.1 from Hogg-McKean-Craig [2] states that asymptotically
the likelihood function is maximized at true value Ag of the parameter. Therefore, it
is appropriate to take the value that maximizes the likelihood function for more than
one root cases. Still it could be difficult or impossible to find an explicit formula
for some estimators but a solution can be found by a numerical approximation
method. One of the iterative methods that could be used is the Newton’s one-
step estimator which requires that the initial value must be a consistent estimator.
Newton’s iteration starts with an initial estimate of A. Let A be the initial value
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and a consistent estimator of A, then set

(2.5) A=A V(&)

I"(A)
The result is the one step estimator of A. An algorithm will be provided for the
proposed estimator in the appendix section. In addition, R program has ”uniroot”
function available for this type of problem. The resulting estimator, we call 3, is
the Maximum Likelihood Estimator (MLE) of the true shift parameter based on the
pairwise difference. An example of the proposed solution will be given in section 4.

3. PROPERTIES OF PROPOSED SOLUTION

One of the advantages of using pairwise differences is that it can be treated as one
sample location parameter problem. A score type likelihood test can be developed
so that there is no need for an estimate of A. In the next two theorems, we show
that under same regularity conditions, the proposed estimator is consistent and has
an asymptotic distribution of A. First, we will show that the proposed estimator
is consistent by Theorem 3.1. Before that we need to make some assumptions
(regularity conditions). These assumptions are similar to the regular maximum
likelihood assumptions.

Assumptions(Regularity Conditions):

(A1) h(z,A) is a distinct pdf; i.e A # A’ = h(z, A) # h(z, A').

(A2) h(z,A) have common support for all A € .

(A3) The point Ay is an interior point in €.

(A4) h(z,A) is three times differentiable as a function of A.

(A5) The integral [ h(z, A)dz can be differentiated twice under the integral sign a
function of A.

Theorem 3.1. Suppose that the regularity conditions A1-A2 hold and h(z,A) is
differentiable with respect to A in Q. Then, with probability approaching 1 as n —

00, there exist A such that I'(A) =0 and A 5 A

Above theorem can be proven by Theorem 6.1.3 from Hogg-McKean-Craig [2].
Therefore, the proof will not be discussed here. By the following theorem, we show
that the proposed estimator is asymptotically normal as n — oo.

Theorem 3.2. Assume that the reqularity conditions and Theorem 3.1 hold. Also
assume that the Fisher information satisfies 0 < I(Ag) < oo. Finally, assume that
[(A) has three derivatives in a neighborhood of Ag and 1" (8) is uniformly bounded
in this neighborhood. Then, we have

~ D
V(A = 2) B N0, 1)

Proof. The proof is a typical MLE proof that can be found in Serfling [5] or Hogg-
McKean-Craig [2]. By using second order Taylor expansion of I'(A) at Ag and
evaluating I'(A) at A, we get

V(D) =1'(Ao) + (A = Ao)l” (Do) + 2(A — Ag)2I" (A*)
where A* is between A and Ag. Since I’ (ﬁ) = 0, we can rearrange the last equation
as

N . V' (Ao)
VA = Do) = R T Gt (A Ay (A7)
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By the Central Limit Theorem and Law of Large Numbers,

—=1'(Ag) 3 N[0, I(A)]

and
—n~ 1" (Ag) 5 I(Ag)

where I(Ag) = V]2 logu(Y — X — Ag)]. We will assume that the second term
in the denominator of the expression goes to zero as n — oo and n~ 1" (A*) is
bounded in probability. Therefore, the proof is complete. O

In the next theorem and definition, we show that the proposed pairwise likelihood
method is equivalent to Rao’s score type test.

Theorem 3.3. Assume that the reqularity conditions and Theorem 3.2 hold. Under
the null hypothesis, Hy : A = Ay,

R% B x*(1)
where the test statistic R? = (\}%)2 and X3 is the Chi-Square random variable
with degrees of freedom of 1.
Proof. By the central limit theorem and I(A) = Var (a%log[u(Y - X - A)]) < o0,
we can write that

Z2l(Ao) = v (% S 02 axlogluly; — wi — A)]) B N0, I(A)]

where n = nins. From the fundamental theorems of mathematical statistics, we
know that the square of a standard normal random variable is a chi square with
degrees of freedom of 1. Thus, we have

U'(Ao) b
3.1 R, = ——=— = N(0,1
(3.1) n STAD (0,1)
and
o) \°
(32) R, = | === ] 3x()
nl(Ao)
Theorem 3.3 also proves that the pairwise likelihood approach is equivalent to the
Rao’s score type test at the asymptotic level. O

In the following definition, an asymptotic « level hypothesis test for the pairwise
likelihood approach has been defined.

Definition 3.4. Let Z;; be the pairwise difference of Y; — X; for all i and j. Z;;
are independent and identically distributed with distribution function P(Z;; < x) =
Ha(z—A), where h(z, A) = H)\(2) exists. Also assume that Var(Z;;) = 2. Then,
an asymptotic « level test for , Hy : A = Ay vs Hy : A # Ay, is any test that rejects

Hy in favor of H, when |R,| > z4/2 where R, = (i”/?%’) and zq /3 is the critical
value.

It can be shown that likelihood ratio, Wald and Rao’s score type tests are all
asymptotically equivalent tests under H,. Therefore, all three tests must reach the
same decision with probability approaching 1 as n — oc.
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4. EXAMPLES

Several examples will be provided in this section. Different population distribu-
tions result an estimator in different classes such as Normal distribution assumption
results an estimator which is similar to the least square estimator, on the other hand,
Laplace distribution assumption results Hodges-Lehmann type estimator.

4.1. Example #1. This example will demonstrate the proposed solution under
the normality of the random samples assumption. Assume that Xi,...,X,, and
Y1, ..., Yy, are two independent iid samples from N (,, 02) and N (1, 0%) distribu-
tions, respectively. Define Hy : A = A, where A = py — pig. Let Z;; =Y; — X; be
the pairwise differences. By the equation (2.3), we have

(4.1) h(z,A) = /f(x—FZ—A)f(x)dz

By the normality assumption, f(x) = \/% exp_[(w)z/ 2l where we also assume that
pe = 0 and 02 = 1 to simplify the process. If we plug in f(x) into h(z,A),
+oo
h(z,A) = 1 exp—l(@+=2)2/2 1

—oo V2 Var

—+o0
S / exp~l@+a—A)2 =22 g
2 J_ o

exp~l@%/2] gy

L oxp— -0/ / T p-lot (e A /2
= —exp exp dz
2m oo

1 Hoeo
L p- G204 / VT ap-lat =22 g
2 oo VT

+oo
(4.2) = VT =B/ / Ll G=8)/27/2e/2) g
oo VT

The integral inside the function is a normal pdf with u = AQ_Z and 02 = 1/2.

Therefore, by integrating it from —oo to +oo, we get 1. The term in front of the
integral is

1 2
4.3 h(z,A) = —ex —(z=4) /4, z € (—00,400).
43) (2:8) = Zew (~o00,+0)
which is a normal pdf with p, = A and 02 = 2. If f(x) is normal pdf with u, =0
and o2, then h(z,A) will have a normal pdf with p, = A and 02 = 202

We set h(z,A) = u(z — A) as defined by the equation (2.3) which assumes that
we have a location model and the parameter is A. By the equation (2.4), we will
have,

ra) = -3 (R

We set I'(A) = 0 and solve for A. It is not difficult to see that the estimator is
A =Y —Y. In fact, this is known as the least square estimator of shift parameter
in the literature. Moreover, Rao’s score type test can be developed by the result of
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the Theorem 3.3:

(4.4) R2 = <Z/(AO)>2

We first find the likelihood function, L(A), of the paired differences.

ny mn2

L(A) = H H u(zij — A)

ni n2 ny no (Zi,j*A>2
I (L)
g

21wo,

By adding and subtracting z inside the exponential term, and working it out, we
get,

ny ng (2, —F+E+A)2
( L )n1n2/2€_2i 2 202

2mo?
z
n no (24;—2)2 n ny (z—A)2
B 1 . _Zi1zj2 102 _Ei1zj2( 02)
(4.5) =(5—=) e e z
2mo?

By setting n = nins, taking the log of both sides and derivative with respect to A,
we find that

/ _ 0 _ (E B A)
() = glosla)]) = S0
(4.6) % pay = E=B)

NGO o /v

By taking the square of the above result, we have

el - (372)

2
We define a test statistic R2 = (\}%) where I(Ag) = U% which is the Fisher

Information. The right side of the equation is z? and has a x?(1) under Hy. This
is similar to Rao’s score type test statistics and proven by the Theorem 3.3. If we
use the equation (4.7) above, an « level test based on Normal Distribution model
example can be developed as
To test hypothesis of Hy : A = Ag vs Hy : A # Ag, we use the test statistics:
2
B2 = (Z2) —)
A decision rule for a size « test is to reject Hp if R2 > x2(1).

4.2. Example #2. In this example, we will demonstrate the proposed estimator
under the assumption that F(x) is an exponential distribution with A parameter.
First, we assume that X;i,...,X,, and Yi,...,Y,, are two independent iid samples
from F(x) and G(x), respectively. Define Hy : A = A, where A = p,, — pip. Let
Z;; =Y; — X; be the pairwise differences. By the equation (2.3), we have

(4.8) h(z, A) = /f(w+z—A)f(x)dx

131



8 F.TASDAN

By the assumption that F(z) has an exponential distribution with A\, we have
f(z) = +exp~®/ for 2 > 0. If we plug in f(z) into h(z,A) and if 2 — A > 0,

_ expf(mntzfA)/)\fa:/)\ dx

— 00
1 [T

= — exp

1 e [T e
=32 exp exp dx
0

—(z+z—A—x)/X\ dx

+
- eXp—(z—Am/ M2 e gy
0

A2 22

>\/2 +o0o 1
4. =2z *(Z*A)//\/ —a/X/2
(4.9) 2 eXP Y: exp dx

The integral part of the function inside is an exponential pdf with \/2, therefore,
the integrating it from 0 to +o0o gives us 1. The term in front of the integral is

1
(4.10) h(z, A) = oY exp GTAA L 2 A >0
If we assume z — A < 0, and applying the similar approach as above, we get
1
(4.11) h(z, A) = o\ exp (AR A <O
Therefore,
1
(4.12) ha(z) = ﬁe_lz_Al/)‘, —00 < z < 00.

which is a Laplace distribution with 1, = A and 02 = \. Define Hy : A = Ag. The
likelihood function is

(4.13) L(A) = (2A) e~ Zit 257 lui—wi=Al/A
The score function is
8 ny no )
(414) P(A) = o loglL(A)] = D23 signly; — 2~ A)/A
g

We set this result to ”zero” and solve for A. We find that A = median{y; — z;}
which is equivalent to the Hodges-Lehmann estimator of A.

An asymptotic « level test based on Laplace distribution model example can be

developed as well. To test hypothesis of Hy : A = Ag vs Hy : A # Ay, we use the
test statistics:

2
2 _ U'(Ao) _ 2 2
R = () =970 — 20)

where Fisher information, I(Ag) = X and S =" Z;LQ sign(y; — x; — Ag)

A decision rule for a size « test is to reject Hy if R2 > x2(1).
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5. CONCLUSION

We showed that by using the pairwise differences of two random samples, an
estimator of shift parameter, A, can be estimated. The proposed method uses Z;; =
Y;— X, differences and assumes that Z;; has a pdf of h(z; A), where A is the location
parameter. The theory of the method is similar to the typical maximum likelihood
theorems and conditions. An estimator of the shift, ﬁ, can be found by Newton’s
one step estimator if there is no explicit result found for the estimator. In fact, R
algorithm for this estimator is provided in the appendix. Asymptotic properties of
the estimator are shown in section 3. It has been shown that an estimator from
the pairwise differences has asymptotic normality under some regularity conditions.
An asymptotic level score test (Rao’s score test) is also developed for the estimator.
Moreover, in section 4, two examples which are provided in the study show that
under the normality of F(x), the resulting estimator is equal to the least squares
estimator, A = Y —X and under the assumption of exponential distribution of F(x),
the resulting estimator is equal to Hodges-Lehmann estimator, A=M edian{Y; —
X;}. One of the main advantages of using pairwise differences is to estimate the
shift parameter with only one known distribution function, F(x), instead of two.
As a result, using pairwise differences of the two samples, a pdf of h(z, A) for the
differences can be found. Also assuming A as a location parameter, two sample
location problem can be treated as one sample location problem and A can be
found by maximizing the log likelihood function of h(z, A).
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6. APPENDIX

This section contains R algorithms used in the estimation of shift parameter and
pdf of h(z,A). These algorithms can also be reached from Tasdan [7].

plog<-function(t,x,y){
ni<-length (x)

n2<-length(y)

n<-nl*n2

sig<-spool(x,y)
a<-outer(y,x,"-")

da <- c(alrow(a) <= col(a)l)
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db <- c(alrow(a) > col(a)])
dab <- append(da, db)
b<-rep(0,n)

for(i in 1:n){
b[il<-log(f1(dab[i],x,dab,t))
}

1<--sum(b)

1

}

Convolution function to find h(z, A):

fi<-function(z,dab,t){

sig<-mad(dab) # robust estimate of deviation by MAD function

m<-mean (dab)

#a<-integrate(function(x) {dnorm((x+z-t),0,sig)*dnorm(x,0,sig)}, -Inf, Inf)$value

if ((z-t)>0){a<-integrate(function(x) {dexp((x+z-t),m)*dexp(x,m)}, O, Inf)$value}
else{a<-integrate(function(x) {dexp((x-(z-t)),m)*dexp(x,m)}, O, Inf)$value}
#a<-integrate(function(x) {dcauchy((x+z-t),0,sig)*dcauchy(x,0,sig)}, -Inf, Inf)$value
#a<-integrate(function(x) {dlaplace((x+z-t),0,1/m)*dlaplace(x,0,1/m)}, O, Inf)$value
#a<-integrate(function(x) {dfun((x+z-t)/sig)+*dfun(x/sig)}, 0, Inf)$value
#a<-integrate(function(x) {dunif ((x+z-t),0,1)*dunif(x,0,1)}, -Inf, Inf)$value

a

}

Minimization of log likelihood to estimate the shift parameter. The function uses

plog function from above:

finder<-function(x, y)

{

# Estimating Shift parameter by using nlm(nonlinear minimization) function in R

# function "plog" has to be used here
nl <- length(x)

n2 <- length(y)

n <- nl + n2

options(warn=-1)
d1<-nlm(plog,0,x=x,y=y)

d2 <- round(di$estimate, 7)

d2

}

Newton’s one step estimator:

finderi<-function(x,y,tol,dl,du){# finding shift parameter via
#Newton’s one step...

n<-length(x)

m<-length(y)

change<-100

step<-0

dold<-du
while(change>tol&&step<50){

si<-plog(x,y,dl)  #plog is required function

s2<-plog(x,y,du)
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d<-d1-((s1*(du-dl1l))/(s2-s1))

change<-abs((d-dold)/d)
if (change<tol){
break

}

else{dold<-d
s3<-plog(x,y,d)
if ((s1%s3)>0){
dl<-d

}

else{du<-d

}

}

step<-step+1l

cat("step=",step,"Est=",round(d,4),"\n")

b
d

}

11

(F. Tasdan) WESTERN ILLINOIS UNIVERSITY, DEPARTMENT OF MATHEMATICS, MACcOMB, USA
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A MODIFIED ADOMIAN APPROACH APPLIED TO
NONLINEAR FREDHOLM INTEGRAL EQUATIONS

HAIFA H. ALI AND FAWZI ABDELWAHID

ABSTRACT. In this paper, we introduce the linearization method and the mod-
ified Adomian method applied to non linear Fredholm integral equations. To
assess the applicability, simplicity and the accuracy of the modified Adomian
technique, we applied the both methods on selected non-linear Fredholm inte-
gral equations. This study showed the applicability, simplicity, accuracy and
the fast speed of convergent of the modified Adomian method, comparing with
the linearization method, even when the accuracy of the linearization method
improved by employing variable steps size.

1. LINEARIZATION METHOD FOR NONLINEAR FREDHOLM INTEGRAL
EQUATIONS

The linearization method based on the piecewise linearization of the nonlin-
ear integral equations, and the analytical solution of the resulting linear integral
equation. Refs. [7, 2, 6, 9] applied this technique to find numerical solution for
non-linear Volterra integral equation in the interval [0, 1]. In this section, we follow
these studies and introduce the Linearization method for the nonlinear Fredholm
integral equation

b
(1.1) u(z) = f(z) + )\/ k(x,t,u(t))dt,

a
where u(x) is an unknown function, a and b are real constants and X is a real (or
complex) parameter. The kernel K (z,t,u) and f(x) are analytical functions on R?
and R respectively, where K(z,t,u) is nonlinear function of u. Hence, equation
(1.1) represents a nonlinear Fredholm integral equation of second kind.

Now, we are interested to find a numerical solution of (1.1) in the interval [0, 1],
so we consider the subintervals [z, €, 1], with zp = 0 and in each subinterval, we
approximate k(z,t,u) by the first three terms of its Taylor series expansion around
(Zn,tn,u,). Hence, the three terms of this expansion are

Ok(Tp, tn, Un)
ox

+ (u—up)

k(xatvu) = k(‘rnvtnaun) + ({E - xn)

Ok(Zpytn, Un)
ot
By substituting (1.2) into (1.1) we obtain for x, <z < 41

(1.2) (b 1)

+(t—tn) o

b
(1.3) u(z) = f(x) + A (Kn+ (x —xp)dn + (t—t,)Qn + (u—un)Zn) dt,

a

Key words and phrases. Adomian method, linearization method, non-linear integral equations.
1
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2 H. ALI AND F. ABDELWAHID

where u,, = u(z,,) and
ak(xTH tn, un)

14 Kn =k n,tn, n)sy n — )
(1.4) ' (z Un) J, p
Ok(zp, ty, uy) Ok(xp, tn, up)
Qn 3t b n au

Since in the integration part of (1.3), ¢ is an indipendent variable, u is a dependent
variable and x is a parameter, therefore by integrating it with respect to ¢, we have

u(z) = f(x) + N2, /b u(t)dt + MKy + (2 — 20)Jn — unZy) /b dt

(1.5) “ a
+/\Qn/ (t —t,) dt,

which can be written in the form
u(z) = f(z) + A(b—a) (Kn +(* = 2n)Jn — UnZn)

(1.6) A b
F 50—t~ (0~ 1)) Qn+ )\Zn/ u(t) dt.

Next, we differentiate (1.6) with respect to x, we obtain

(1.7) u'(z) = f'(x) + b — a)J,.

Then by integrating the both sides of (1.7) with respect to x, from z,, to x,+1, we
obtain

Tp41

(1.8) /I ) dt = /I Ty dE+ A — a) / dt,

n n Tn

this leads to the formula

(1.9) W(Tnt1) = w(@n) + f(Tng1) = f(zn) + AJn(b — a)(Tng1 — x0).

At the end, the numerical solution of (1.1), with step size h and at the grid points:
ZTnt+1; (n=0,1,2,...), can be obtained from the recurrent formula

u(xo) = uo

Up4+1 = Un + (fn+1 - fn) + AJn(b — a)h,

where h = x,,4+1 — @y, is the local step size, i.e. x, = xg +nh; (n =0,1,2,...).
Note that, the aim of [3], was to get the error function e(x,) < 10%, where k,. is

any positive integer number. Hence, by assuming max(107%") = 107%, the step size
h can be decreasing as far as the inequality e(x,) < 10¥ holds at each point z,..

(1.10)

2. MODIFIED TECHNIQUES OF ADOMIAN METHOD

In this section, we introduce a modified technique of Adomian method for non-
linear Fredholm integral equations. To do that, let us first introduce the standard
Adomian method [4, 5, 8, 3]. For simplicity, we assume the the kernel K (z,¢,u) can
be split as K (z,t,u) = K (x,t)F(u), where th kernel k(z, t) is analytical function on
R? and F is nonlinear function of u. Now the nonlinear Fredholm integral equation
(1.1) becomes

b

(2.1) u(z) = f(x) + )\/ k(z,t)F (u) dt.

a
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MODIFIED ADOMIAN APPROACH 3

The first step of the standard Adomian method is to decompose u into Y oo uy,
and assume that

(2.2) u= nh_)rrolo ;uz

Then we choose ug = f(x) and set F(u) = Y " A,, where A,;n > 0 are special
polynomials known as Adomian polynomials. Now equation (2.1) bocomes

e} b [e’s}
(2.3) > un = f@) + )\/ (k(z,t) Y Ay)dt.
n=0 a n=0
This leads to the recursive formulas
b
(2.4) ugp = f(x), Upy1 = )\/ k(z,t)A,dt, n=0,1,2,...

In [1], close formulas of Adomian polynomials A,, for any analytic nonlinear function
F(u), introduced in the forms

AO = F(UO)
(2.5) nop MR d” F(ug)
Ap = Z(ﬁ > OmivtisttisYiaVis - -yiu)W,
v=1 " iyig,...i,=1 0
wheren =1,2,..., n > v and 0y, is the Kronecker delta. In [2] we shown that the

choice of the initial data ug, plays an essential role on the speed of the convergence
of Adomian method and we found the standard Adomian method encountered
computational difficulties for certain types of non-homogeneous function f(x). To
reduce the computational difficulties and accelerate the convergence of standard
method, we introduce a modified technique [10]. The modified technique assumed
that the function f(z) can be split as

(2.6) f(z) = fi(@) + fa(x).

Based on this assumption, we can introduce a a slight change of the choice of the
components ug and u; as following

wol) = i),
b
o @) = fale) + [ ko) Ao(t) .

b
Up41 :/ k(z,t)An(t)dt, n>1.

Note that, this choice of initial data ug, as we will see in next section, reduces
the computational difficulties work and accelerate the convergence of the Adomian
decomposition method procedure.

3. PRESENTATION OF RESULTS

In order to asses both the applicability and the accuracy of the theoretical results
of the pervious sections, we have applied these results to a variety of nonlinear
Fredholm integral equations in the following examples:
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[@n | h=0.1 [ h=0.01 [ h=0.001 [ h=0.0001
0.0 | 0.000000 ] 0.000000 | 0.000000 | 0.000000
0.1 | 0.087500 | 0.087508 | 0.087509 | 0.087510
0.2| 0.175038 | 0.175138 | 0.175152 | 0.175153
0.3 | 0.262845 | 0.263227 | 0.263273 | 0.263277
0.4 | 0.351381 | 0.352346 | 0.352457 | 0.352469
0.5 | 0.441350 | 0.443327 | 0.443551 | 0.443574
0.6 | 0.583720 | 0.537304 | 0.537703 | 0.537743
0.7 | 0.629766 | 0.635770 | 0.636433 | 0.636500
0.8 | 0.781147 | 0.740706 | 0.741763 | 0.741870
0.9 | 0.840030 | 0.854770 | 0.856407 | 0.856572
1.0 | 0.959284 | 0.981607 | 0.984106 | 0.984359

TABLE 1. Shows the Numerical solution presented by the Lin-
earization method with h = 0.1, 0.01, 0.001, and 0.0001.

Example 3.1. The integral equation

1
(3.1) u(z) = gx + %/0 wtu?(t) dt,

is a nonlinear Fredholm integral equation with a separable kernel. Using the direct
computation method this integral equation has the solution u(x) = x, Tx.

To investigate both the applicability and the accuracy of the linearization method
applied to nonlinear (3.1), we first reduced it to linear integral equation, then by
using (1.10), a numerical solution of (2.1) at the grid points 2,11, (n =0,1,2,...)
can be found from the recurrent formula

u(xo) = up =0,
(3.2) 7T o1
Upt1 = Up + h(§ + ixnui)
By the help of Mathematica, numerical solutions with h = 0.1, h = 0.01, h = 0.001,
and h = 0.0001, are presented in Table (1). Furthermore, figures (1) and (2), show
the plotting of exact solution against the approzimate solutions for for h = 0.1 and
h = 0.001 respectively.

¥Iixinl]

x[n]

FIGURE 1. h =0.1.
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¥Iixinl]

x[n]

FIGURE 2. h = 0.001.

Next, we investigate both the applicability and the accuracy of the modified tech-
niques of Adomian applied to nonlinear Fredholm integral equations (3.1). First,
we rewrite (3.1) in the form

(3.3) u(z) =z — éx + % /01 wtu? (t)dt,

then we split the function f(z) as

(3.4) filx) =z, fo(x) =—2/8.

Now we can use the modified recursive formula (2.7). This gives

Uo(x) =z,
(3.5) uy(z) = —éx + g/o tu?(t)dt,

1

i (2) = / 1AL (0, 0> 1,

0

where
(36) A = ug, Ay = 2uguq, As = 2ugus + u%, Az = 2ugus + 2ujus . ...
Now using (3.5) and (3.6) we can calculate

1 oz [t 3

u(x)=—<=+= | t2dt=0, upyi(x)=0, n>1.
82/,

Hence this leads immediately to the exact solution u(x) = x.

Example 3.2. The integral equation
1
(3.7 u(z) =secx —x + / x(u?(t) — tan? z)dt,
0

is a nonlinear Fredholm integral equation with a separable kernel and has the exact
solutions u(x) = sec(z). Hence by reducing it to linear integral equation and using
(1.10), a numerical solution of (3.7) at the grid points xni1, (n =0,1,,2,...) can
be found from the recurrent formula

U($0) = Ug = ].,

3.8
(3:8) Upy1 = Uy + sec(uny1) — sec(un) + h(u2 — tan? u, — 1).
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6 H. ALI AND F. ABDELWAHID
By the help of Mathematica, we found numerical solutions with h = 0.1, h = 0.01,
h =0.001, and h = 0.0001. Figure (3) shows the plotting of the numerical solution

for h = 0.1 against the exact solution.

¥IxInl]

x[n]

FIGURE 3. The numerical solution for A = 0.1.

Next, we investigate both the applicability and the accuracy of the modified tech-
niques of Adomian applied to nonlinear Fredholm integral equations (3.7). Now,
the modified recursive formula (2.7) gives

up(z) = sec(x)
(3.9) uy(z) = —z(1 —l—/ tan®(¢)dt) + x/o Ap(t)dt,

0
1
Upt1 () :/0 A, (t)dt, n>1.

Now (3.6) reduces (3.9) to

uy = sec,

—z(1+ /1tan2(t)dt) er/1 Ao(t)dt

up(x)

1
= —xtan(l) + Jc/ sec?(t)dt = 0,
0
Upt1(z) =0, n>1,

which leads to the exact solution u(x) = sec(x).

4. CONCLUSIONS

In this work we examined the accuracy, applicability and simplicity of both the
modified Adomian technique and the linearization method applied to non linear
Fredholm integral equations of the second kind. This study showed the accuracy
and the applicability of both methods; however, this study showed the fast conver-
gent modified Adomian technique, even when the accuracy of linearization method
improved by employing variable steps. From this study, we conclude that using
the right splitting of the non-homogeneous function f(z), we can avoid the cal-
culation difficulties of using the Adomian polynomials required for the non-linear
terms, which minimize the number of iterations required for the standard Adomian
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MODIFIED ADOMIAN APPROACH 7

method. Furthermore, we recommend using the modified technique, when the non-
homogeneous function f(z) is given in term of a polynomial or a combination of
polynomial and trigonometric, or transcendental, functions. Furthermore, we rec-
ommend using the linearization method, for cases involving non separable kernels
or when the right splitting is hard to find.
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ON COUPLED FIXED POINT THEOREMS IN PARTIALLY
ORDERED PARTIAL METRIC SPACES

ERDAL KARAPINAR

ABSTRACT. In this manuscript, we prove new coupled fixed point theorems in
the context of partially ordered partial metric spaces. The main theorems of
this paper extent by improving some earlier results in the literature. We also
present applications of these new results through a number of examples.

1. INTRODUCTION AND PRELIMINARIES

In nonlinear phenomena, one of the crucial tools is known to be the fixed point
theory. In addition to mathematics, fixed point theory has wide range of applica-
tions in many disciplines such as physics, biology, economics, computer sciences,
and engineering. Banach contraction mapping principle [16], also referred to as
Banach fixed point theorem, is the seminal and most important result of this topic.
Banach showed not only the existence and uniqueness of a fixed point of a self-
mapping but also how to determine this fixed point. This remarkable result of
Banach has been the center of attention for many authors since its appearance. As
a consequence, many different approaches toward a generalization of Banach fixed
point theorem have been given in the literature.

In 1992, Matthews announced one of the interesting generalizations by defining
a new notion, a partial metric space. The author proved the analog of Banach fixed
point theorem in the context of partial metric space which is a generalization of a
metric spaces. In brief, in a partial metric space self distance of some points may
not be zero. This phenomena was discovered by Matthews [41] when he attempt
to solve problems of applying metric space techniques in the subfield of computer
science: semantics and domain theory (see e.g. [39, 40]). After this initial result
of Mathews, a number of results have appeared on partial metric spaces (see e.g.
[1]-[3],[5, 6, 7],[11]-[13],[15, 26],[30]-[35],[39, 40, 54, 58]).

Turinici [61] initiated a new trend in fixed point theory by introducing criteria
that implies existence and uniqueness of a fixed point in partially ordered sets.
In this paper, Turinici extended Banach contraction principle in partially ordered
sets. Consequently, Ran and Reurings [52] applied Turinici’s results to matrix
equations. After these initial papers, a number of exceptionally good results have
been published in this direction. (see e.g. [4, 5],[11]-[13],[15, 18, 19],[20]-[22],[24]-
[28],[38],[42]-[50], [53]-[56],[58]). The concept of a coupled fixed point introduced by
Gnana-Bhaskar and Lakshmikantham [17] in the class of partially ordered metric

Key words and phrases. Partial metric, coupled fixed point, couple coincidence point, partially
ordered set.

2010 AMS Math. Subject Classification. Primary 40A05, 47H10; Secondary 54H25,46J10,
46J15.
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spaces. In this article, we prove the existence and uniqueness of coupled fixed points
in ordered partial metric spaces.

We start with recalling basic definitions and crucial results in coupled fixed point
theory from the view point of metric spaces. Throughout the manuscript, we always
assume that X # 0.

Definition 1.1. (See [17]) Let (X, <) be a partially ordered set and F' : X x X — X.
The function F is said to have the mized monotone property if F(x,y) is monotone
non-decreasing in x and is monotone non-increasing in y, that is, for any r,y € X,

x1 < x9 = F(x1,y) < F(xo,y), forxi,ze € X, and
1 <y2 = F(z,y2) < F(z,41), for y1,y2 € X.

Definition 1.2. (see [17]) An element (z,y) € X x X is said to be a coupled fived
point of the mapping F : X x X — X if

F(z,y) =z and F(y,z) =y.

The following two results were given by Bhaskar and Lakshmikantham in [17].

Theorem 1.3. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let F: X x X — X
be a continuous mapping having the mized monotone property on X. Assume that
there exists k € [0,1) with

(1.1) p(F(z,y), F(u,v)) < g p(z,u) + p(y,v)], foralu<z, y<w.

If there exists xg,y0 € X such that xo < F(xo,y0) and F(yo,zo) < yo, then there
exist x,y € X such that x = F(x,y) and y = F(y,x).

Theorem 1.4. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let F: X x X — X
be a mapping having the mized monotone property on X. Suppose that X has the
following properties:
() if a non-decreasing sequence {x,} — x, then x, < x, Vn;
(2) if a non-increasing sequence {y,} — y, then y < y,, Vn.
Assume that there exists a k € [0,1) with

(1.2)  p(F(z,y), F(u,v)) < g [p(x,u) +p(y,v)], forallu <z, y <w.

If there exists xo,y0 € X such that xo < F(xo,y0) and F(yo,x0) < yo, then there
exist x,y € X such that x = F(z,y) and y = F(y, z).

The following concept of a g-mixed monotone mapping was introduced by Lak-
shmikantham and Ciri¢ [42].

Definition 1.5. Let (X, <) be partially ordered set and F : X x X — X and
g: X — X. The function F is said to have mized g-monotone property if F(x,y)
is monotone g-non-decreasing in x and is monotone g-non-increasing in y, that is,
for any x,y € X,

(1.3) g(x1) < g(x2) = F(w1,y) < F(w2,y), forxy,m€ X, and
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(14) g(yl) < g(yQ) = F(xva) < F(xay1)7 fO’I’ Y1, Y2 € X.

It is clear that Definition 1.5 reduces to Definition 1.1 when g is the identity.

Definition 1.6. An element (z,y) € X x X is called a coupled coincidence point
of mappings F: X x X - X and g: X — X if

Fz,y) =g(x), Fly,x)=gy),
and is called a coupled common fized of F' and g, if
F(z,y) =g(z) =z, F(y,z) =g(y) =y
The mappings F' and g are said to commute if
9(F(z,y)) = F(9(x),9(y)),
forallx,y € X.

Definition 1.7. Let F: X x X — X and g : X — X. The mappings F' and g are
said to commute if

g(F(z,y)) = F(g(),9(y)), forallz,yeX.

The main result of [42] is the following.

Theorem 1.8. Let (X, <) be partially ordered set and (X,d) be a complete metric
space. Assume there exists a function ¢ : [0,00) — [0,00) with p(t) < t and
limJr o(r) <t for each t > 0 and also suppose that FF: X x X — X andg: X — X

where X # (. Suppose that F has the mized g-monotone property and

05 U, P < o (RS0 L0000

2

for all z,y,u,v € X for which g(z) < g(u) and g(v) < g(y). Suppose F(X x X) C
9(X), where g is sequentially continuous and commutes with F and also suppose
either F is continuous or X has the following property:

(1.6) if a non-decreasing sequence {x,} — z, then x,, <z, for all n,

(1.7) if a non-increasing sequence {y,} — vy, then y <y, for alln.

If there exist xg,yo € X such that g(zo) < F(xo,y0) and g(yo) < F(yo, o), then
there exist x,y € X such that g(x) = F(x,y) and g(y) = F(y,x), that is, F and g
have a couple coincidence.

After Gnana-Bhaskar and Lakshmikantham [17] and Lakshmikantham and Cirié
[42] many remarkable papers published in this direction (see e.g. [7]-[10],[15, 19],
[20]-[22],[24]-[27],[35]-[38], [43]-[47],[49, 51],[53]-[56],[58, 59].)

Next we include necessary definitions and basic results on coupled fixed point
theory in the context of partial metric spaces. A partial metric is a function p :
X x X — [0,00) satisfying the following conditions

P1) If p(z,z) = p(z,y) = p(y,y), then x =y,
P2) p(z,y) = p(y, ),

P3) p(z,z) < p(z,y),

P4) p(x

(
E
( (z,2) + p(y,y) < plx,y) +p(y, 2),
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for all x,y,z € X. Then (X, p) is called a partial metric space. If p is a partial
metric p on X, then the function dp, : X x X — [0, 00) given by

dp(z,y) = 2p(z,y) — p(x, x) = p(y,y)

is a metric on X. Each partial metric p on X generates a Tj topology 7, on
X with a base of the family of open p-balls {B,(z,¢) : ® € X, ¢ > 0}, where
By(z,e) = {y € X : p(z,y) < p(z,z) + e} for all z € X and ¢ > 0. Similarly,
a closed p-ball is defined as Bylz,¢] = {y € X : p(z,y) < p(z,z) + ¢}. For more
details see e.g. [5, 41].
Definition 1.9 (See e.g. [41, 5, 32]). Let (X,p) be a partial metric space.

(1) A sequence {x,} in X converges tox € X whenever lim p(z,z,) = p(z,x),

n—oo

(1) A sequence {x,} in X is called Cauchy whenever Um p(x,,x,,) exists
n,Mm—00
(and finite),
(#i1) (X, p) is said to be complete if every Cauchy sequence {x,} in X converges,
with respect to Tp, to a point x € X, that is, lim p(z,,2n) = p(z, ).
n,m_, oo

(iv) A mapping f : X — X is said to be continuous at xo € X if for each e >0
there exists 6 > 0 such that f(B(xo,9)) C B(f(x0),¢).

Lemma 1.10 (See e.g. [41, 5, 32, 1]). Let (X,p) be a partial metric space.

(a) A sequence {x,} is Cauchy if and only if {z,} is a Cauchy sequence in the
metric space (X,d)),
(b) (X,p) is complete if and only if the metric space (X,d,) is complete. More-

over,
(1.8) lim dy(z,z,) =0< lim p(z,z,) = lm p(z,,zm) = p(z,x).
n—oo n—oo n,m_—_ oo

Lemma 1.11. (See e.g. [1]) Let (X,p) be a partial metric space. Then
(A) If p(x,y) =0 then x = y.
(B) If x #y, then p(z,y) > 0.

Remark 1.1. If z =y, p(x,y) may not be 0.
The triangle inequality (P4) yields the following result.

Lemma 1.12. (See [1]) Let ©, — z as n — oo in a partial metric space (X,p)
where p(z,z) = 0. Then lim p(x,,y) = p(z,y) for everyy € X.
n—oo

Lemma 1.13. (See e.g. [34]) Let limy, o0 p(Tn,y) = p(y,y) and lim, o p(zn, 2) =
p(2,2). If p(y,y) = p(2,2) then y = 2.

Remark 1.2. Limit of a sequence {x,} in a partial metric space (X,p) is not
unique.

Example 1.14. Consider X = [0,00) with p(z,y) = max{z,y}. Then (X,p)
is a partial metric space. Clearly, p is not a metric. Observe that the sequence
{1- ﬁlﬂ} converges both for example to x = 3 and y = 5, so no uniqueness of the
limit.

Let (X,p) be a partial metric space. Note that the mappings py : X? x X2 —
[0,400) defined by

p2(xa Y) = maX{p(xlayl)ap(x%yQ)},
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forms a partial metric on X? where x = (z1,22) and y = (y1,%2) € X? where

X2 =X x X.

2. EXISTENCE OF COUPLED FIXED POINTS

We start this section with the following definition.
Definition 2.1. [29] A function ¢ : [0,00) — [0,00) is called an alternating dis-
tance function if the following properties are satisfied:
(1) ¢ is monotone increasing and continuous,
(1) (t) =0 if and only if t = 0.

The following theorem is our first main result.

Theorem 2.2. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space and ¢, are alternating distance functions. Let F : X x X — X and
g: X — X where X # 0. Suppose that F has the mized g-monotone property and
(2.1)
Y (max{p(F(z,y), F(u,v)),p(F(y,z), F(v,u)}) < ¢(max{p(g(z), g(v)),p(9(y), 9(v))})
—¢(max{p(g(z), g(u)),p(9(y), 9(v))})

for all x,y,u,v € X for which g(z) < g(u) and g(v) < g(y). Suppose F(X x X) C
g(X), where g is continuous, and F and g are compatible mappings. Also suppose
etther

(a) F is continuous or
(b) X has the following property:

(2.2) if @ non-decreasing sequence {x,} — x, then x, <z, for alln >0,

(2.3) if a non-increasing sequence {y,} — vy, then y <y, for alln > 0.

If there exist xo,yo € X such that g(xo) < F(xo,y0) and g(yo) < F(yo, o), then
there exist x,y € X such that g(x) = F(x,y) and g(y) = F(y,x), that is, F and g
have a couple coincidence.

Proof. Let xg,yo € X such that gzo < F(xo,y0) and gyo > F(yo,x0). Since
F(X x X) C g(X), then we can choose z1,y1 € X such that

(2.4) gr1 = F(zo,y0) and gy; = F(yo, o).

Again, from F(X x X) C g(X), continuing this process, we can construct sequences
{zn} and {y,} in X such that

(25) 9gTn41 = F(xnayn) and 9Yn+1 = F(ynazn)
‘We shall show that

(2.6) 9Tn < 9Tnt1,  GYnt1 < GYn-

We shall use the mathematical induction. Since, gzo < F(zg,y0) and gyg >
F(yo,x0) then by (2.4), we get

gzo < gr1 and gy1 < gyo,
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that is (2.6) holds for n = 0.
We presume that (2.6) holds for some n > 0. As F has the mixed g-monotone
property and gz, < gxp41 and gyn+1 < gyn, we obtain
9Tn+1 = F(xnayn) SF(xn+17yn)
SF(:L‘TL+17 yn)

<F(Zn41,Ynt1) = GTn2,

9Yn+2 = F(Ynt1, Tnt1) <F(Ynt1,Tn)

SF(yan) = 9Yn+1,
Thus, (2.6) holds for any n € N. Assume for some n € N,

9Tn = GTn+1, and 9Yn = GYn+1,

then, by (2.5), (n,yn) is a coupled coincidence point of F' and g. From now on,
assume for any n € N that at least

(2.7) GTn # GTp1 OF  GUn 7# GYn+1-

Due to (2.1),(2.5) and (2.6), we have max{p(g=n, 9Tn+1), P(9Yn, GYn+1))} > 0. Set
dn = max{p(gxn, 9%n+1), P(9Yn, gYn+1))}. Then consider

z/J(p(gxn,gan)) = ’@[J(p(F(mnflaynfl)?F(mruyn))
(2.8) < Y(max{p(92-1, 92n), P(9¥n—1, 9Yn)})
—p(max{p(gTn—1,9%n), P(9Yn—1,9Yn)})

V(P(9Yns 9Yn+1)) = VPEFYn-1,Tn-1), F(Yn, Tn))

(29) S ¢(max{p(gyn—lvgyn)vp(gx7L—1ag$n)})

P(max{p(gyn—1, 9Yyn), P(9%n—1,9%n)}),

Using the monotone property (i) of ¢ together with (2.8) and (2.9), we obtain that

(2.10)

Y(max{p(9zn, 9n+1), P(9Yn, 9Yn+1)}) = max{¥(p(9zn, 9Tn+1)), ¥ (P(9Yn: 9Yn+1))}

< (max{p(gxn_1,9%n), P(9Yn—1,9Yn)})
_d)(max{p(gxn—hg'rn)vp(gy’n—la gyn)})

So (2.10) turns into

7/’(5n) < w(én—l) - ¢(5n—1)
2.11
(211 < 0(6a)-
By using the property of ¢, for all n > 0 we have
(2.12) On < Op_1-

Thus, {d,} is a monotone decreasing sequence of non-negative real numbers. So,
there exists a § > 0 such that

(2.13) lim 6, = 6.

n—oo

Suppose § > 0. Letting n — oo in (2.10), then we get
P(3) < ¢(0) — ¢(d)

which is a contradiction. Thus 6 = 0, that is,

(2.14) lim 4, = 0.

n—00
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Hence, we have

lim p(9xnt1,92,) =0,
o0

n—

lim p(gyn+1,9Yn) = 0.

n—0oo

By condition (P3), we have

p(g9(zn), 9(zn)) < p(9(Tn), 9(Tnt1)),

so letting n — oo, we get

(2.15) lim p(g(2y),g(xn)) = 0.

n—oo

Analogously, we have
(2.16) 1im p(g(yn), 9(yn)) = 0.
n—oo

Now, we shall prove that {gx,} and {gy,} are Cauchy sequences. Suppose, to the
contrary, that at least one of {gz,} and {gy,} is not Cauchy. So, there exists an
e > 0 for which we can find subsequences {gz, )} of {92} and {gynk)} of {gyn}
with n(k) > m(k) > k such that

(2.17) tr = max{p(9Tn(k), 9Tm(k)) P(9Yn(k)> GYm(k)) } = €-

Additionally, corresponding to m(k), we may choose n(k) such that it is the smallest
integer satisfying (2.17) and n(k) > m(k) > k. Thus,

(2.18) Max{P(GTr(k)—1> 9Tm(k))» P(9Yn (k)15 9Ym(k)) } < E-
By using the triangle inequality and having (2.17), (2.18) in mind

e < tp = max{p(9T, k), 9Zmi)) s P(GYn(k)> 9Ym(k)) }
< max{p(9Tn(k), 9Tn(k)—1) + P(9Tn(k)—1, ITm(k)),
(2.19) P(9Yn (k) 9Yn(k)—1) + P(GYn(k)—1> GYm(k)) }
< max{p(9Tn(k), 9Tn(k)—-1)> P(9Yn(k)» 9Yn(k)—1)} + €
< (;n(k)—l +e€.

Letting k — oo in (2.19) and using (2.14)
(2.20) klinolo ty = kli_{go max{P(GTn k), 9Tm(k))s P(GYn(k)> GYm(k))} = €-

Set tpi1 = max{p(9Zn(k)+1, 9Tm(k)+1)s P(9Yn(k)+1, 9Ym(k)+1)}- Again by the trian-
gle inequality,
(2.21)
tr = max{p(9Tn(k)> 9Tm(k))> P(9Yn(k)> Ym(k)) }
< max{p(gzn(k), gxn(k)-l—l) +p(gzn(k)+17gx7n(k)+l) +p(gxm(k)+17gx'm(k))
P(9Yn(k)s 9Yn(k)+1) + P(GYn(k)+15 9Ym (k) +1) + P(GYm(k)+1, IYm(k)) }
< max{p(9Tn(k)s 9Tn(k)+1)> P(9Yn(k)> 9Yn(k)+1) }
+max{p(9Zn k)41, 9Tm(k)+1)> P(9Yn(k)+15 9Ym(k)+1) }
+max{p(gﬂ?m(kygmm(k)ﬂ)’p(gym(k),gym(zc)ﬂ)}
< On(k)+1 + b1 + Oy 41

analogously we have

(2.22) tkt1 < Onry1 e + Oy 41
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Letting n — oo in (2.21) and (2.22), we get that

hmk—)oo tk—i—l

2.23 = lim max{p(gZn(k)+1> 9Tmk)+1)s P(9Yn(k)+1> 9Ym(k)+1) }
k—oo
= €.
Since n(k) > m(k), then
(2.24) 9Tn(k) = 9Tm(k) A gYn(k) < GYm(k)s

Hence using the property (i) of ¢ with (2.1), (2.5) and (2.24), we have

(2.25)
V(P(9Tn (k) +15 9Tmk)+1)) = LOF (@Tnw) Ynk))s F(Tm)s Ym(k))
< (maX{p(gwn<k) 9T () ) P(GYn(k)> SYm(i)) })
—¢ (max{p(g(k), 9Tm) ) (gyn(k) 9Ym(k))})

(2.26)
V(P(GYnk)+15 9Ym)+1)) = COF Ynk)s Tnik))s F(Ymk)s Tm(k)))
< (max{p(gyn(k)> 9Ymk))» P(GTn (k) 9Tm()) })
—¢ (max{p(9Yn(k)> 9Ym(k))s P(9Tn(k)> 9Tm(x))})
From (2.25) and (2.26) and by using the monotone property of i, we get that
Y(trr1) = Y(max{p(g2n(k)+15 9Tm(k)+1)> P(IYn (k) +1 9Yrm(k)+1)})
= max{Y(p(9Tn(k) 115 9Tm(k)+1))> L (P(9Yn(k)+1> 9Ym(k)+1))})
(2.27) < ¢ (max{p(gTn (k) 9Tm(k))> P(GYn(k)s 9Ym(i)) })
— & (max{p(9Tn(k)> 9Tm k) ) P(9Yn(k)s GYm (k) })
= (tr) — o(tr).
Letting k — oo and having in mind (2.27) we get
P(e) < ¥(e) — d(e)
which is a contradiction. This shows that {gz,} and {gy,} are Cauchy sequences.
Thus, the sequences {g(z,)} and {g(y,)} are Cauchy in (g(X),p). By Lemma

1.10, {g(z,)} and {g(y,)} are also Cauchy in (X,d,). Again by Lemma 1.10,
(X,dp)) is complete. Thus, there exist z,y € X such that

(2.28)
Jim dy(2,9(zn)) = 06 pz,2) = lim p(z,g(zn)) = lim p(g(zn), g(a)) =0,
(2.29)

lim dy(y,9(yn)) = 0 p(y,y) = lim p(y,9(yn)) = lim p(g(yn),9(yn)) = 0.
n—0oo n—oo n—oo
Since X is complete, there exist z,y € X such that

(2.30) lim gz, =z, lim gy, =y.

From (2.5), (2.30) and using the continuity of g, we have

(2.31) gx = lim g(gzpy1) = lim g(F(2n,yn)),
n—oo n—oo

and

(2.32) gy = lim g(gyni1) = lim g(F(yn, xn)).

Now we shall show that gz = F(z,y) and gy = F(y, ).
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Since F' and g are compatible, in addition with (2.30), we have

2.33) Tim plg(F (s 30)): Flgln). 9un) =0,
and

Suppose that F' is continuous.

For all n > 0, we have,

p(9z, F (920, 9yn)) < p(97, 9(F (20, yn)) + p(9(F (T, Yn)), F(9Tn, gyn))-
Taking the limit as n — oo, using (2.31), (2.33), (2.30) and the fact that F' and g
are continuous, we have p(gz, F(z,y)) = 0.

Similarly, by using (2.32), (2.34), (2.30) and also the fact that F' and g are
continuous, we have p(gy, F'(y,z)) =0 as n — oo.

Thus we have proved that F' and ¢ have a coupled coincidence point.

Suppose now the assumption (b) holds. Since {gx,,} is non-decreasing and gz,, —
x and also {gy,} is non-increasing with gy, — y, then by assumption (b) we have
for all n

(2.35) 9Tn 2T, gYn <Y,
Now we have

plgz, F(z,y)) < p(gz, 9(97n11)) + P(9(9(2n11)), F (2, 1))-

Taking the limit as n — oo in the inequality above, using (2.31), (2.33) and (2.35)
we have,

plgz, F(z,y)) < lim p(gz, g(92n11)) + Hm p(g(F(zn, yn)), F(92n, gyn))
(2.36) + lim p(F(g2n, gyn), F(z,y))

hm p(F(g:cn,gyn),F(%y))-

n—oo

IN

Analogously we get that
plgy, F(y,2)) < lim p(F(gyn, g2n), F(y, x))-
By using the properties of ¢ function
d(max{p(gz, F(z,y)), p(gy, F(y,x))) < T p(max{p(F(gzn, gyn), F(2,9)), D(F(9yn, g2n), F(y, 2))})-

In view of (2.1), for all n > 0 we have ,

Y(max{p(F(g2n, gyn), F(2,9)), p(F(9Yn; g2n), F(y,2))})
< lim ¢ (max{p(g9xn, gz), p(99¥yn,9y)})

n—oo

= lim ¢ (max{p(ggzn, 92), P(99Yn, 99)})
<% (maX{nli_{go P(99%n, 97), lim_p(ggyn, gy)}
—¢ <maX{n1LH;o p(992n; gx), im_p(ggyn, 9y)}
By (2.31) and (2.32),
P(max{p(gz, F(z,)), p(F(gyn, gn), F(y,x))}) < 1(0) — ¢(0).
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Using the property of ¥, p-function we obtain,

p(gz, F(z,y)) < 0 and p(gy, Fy,z)) <0
as n — 00. That is
gr = F(z,y).
Analogously, by using (2.31), (2.32), (2.33) and (2.34) we obtain

gy = F(y,x).

Thus, we proved that F' and g have a coupled coincidence point in X.

The following result is a consequence of Theorem 2.2.

Corollary 2.3. Let (X, <) be partially ordered set and (X, p) be a complete partial
metric space and ¢, are alternating distance functions. Let F : X x X — X be a
mapping. Suppose that F' has the mized monotone property and
(2.37)
Y (max{p(F(z,y), F(u,v)), p(F(y, ), F(v,u))}) < ¢(max{p(z,u), p(y,v)})
7¢(ma’x{p(x,u)ap(ya 'U)})
for all x,y,u,v € X for which x < u and v < y. Also suppose either
(a) F is continuous or

(b) X has the following property:

(2.38) if a non-decreasing sequence {x,} — x, then x, <z, for alln >0,

(2.39) if a non-increasing sequence {y,} — vy, then y < yn, for alln > 0.

If there exist xo,yo € X such that xg < F(xo,y0) and yo < F(yo, o), then there
exist x,y € X such that x = F(x,y) andy = F(y, x), that is, F' has a coupled fized
point.

3. UNIQUENESS OF COUPLED FIXED POINTS

Let (X, <) be a partially ordered set. We endow X x X with the following order
<4 where

(3-1) (u,0) <g (2,y) © g(u) < g(2), g(y) < g(v), forall (z,y),(u,v) € X x X.

Moreover, (u,v) and (z,y) are called g-comparable if either (u,v) <, (x,y) or
(u,v) <4 (z,y).In case g = Ix we shortly say that (u,v) and (z,y) are comparable
and denote by (u,v) < (z,y). In this section, we shall prove the uniqueness of
coupled fixed points.

Theorem 3.1. In addition to the hypotheses of Theorem 2.2, assume that for all
non g-comparable points (z,y), (z*,y*) € X2, there exists (a,b) € X? such that
(F(a,b), F(b,a)) is comparable to both (g(x),g(y)) and (g(x*),g9(y*)). Then, F and
g have a unique coupled common fived point, that is, there exists (u,v) € X? such
that

u=g(u) = F(u,v) and v=g(v)=F(v,u).
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Proof. The set of coupled coincidence points of F' and g is not empty due to The-
orem 2.2. If (z,y) is the only coupled coincidence point of F' and g, then commu-
tativity of F' and g implies that

9(9(x)) = g(F(z,y)) = F(g(x),9(y)) and g(g(y)) = 9(F(y,z)) = F(g(y), 9(x)).
Hence, (u,v) = (g(z),g(y)) is a coupled coincidence point of F' and g and by

uniqueness we conclude that
F(z,y) = g(z) = v and F(y,z) = g(y) = v.

Now suppose that (z,v), (z*,y*) € X? are two coupled coincidence points of F
and g. We show that g(z) = g(z*) and g(y) = g(y*). To this end we distinguish
the following two cases.

First case: (x,y) is g-comparable to (z*,y*) with respect to the ordering in X?2,
where

F(z,y) = g(z), F(y,z) = g(y), F(z*,y*) = g(z¥), F(y*,2*) = g(y*).

If p(g(x), g(z*)) = 0 = p(g(y*), g(y)) then the theorem follows. Suppose that either
p(g(x), g(x*)) # 0 or p(g(y*),9(y)) # 0. Without loss of the generality, we may
assume that

g(@) = F(z,y) < F(a",y") = g(x*), g(y) =F(y,x) = Fy",2") = g(y").
By definition of p, we have

0 < pa((9(2),9()), (g(z*),9(y*))) = max{p(g(z),g(z") »f(g(y*),g(y }

Due to 2.1, we have

Y(max{p(g(x), 9(z*)), p(9(y), 9(y))}) (max{p(F(z,y), F(z*,y)), p(F(y", x"), F (v, u))})

=
< P(max{p(g(z), 9(z*)), p(9(y), 9(y*))})
—¢(max{p(g(x),9(z*)),p(9(y), 9(y*))})

This is a contradiction due to the property of ¢ and 1. Therefore, we have
p(9(), 9(y)) = p(g(2"), 9(y")) = 0. Hence

g(x) =g(z*) and g(y) =g(y").
Second case: (z,y) is not g-comparable to (z*,y*).
By the assumption, there exists (a,b) € X? such that (F(a,b), F(b,a)) is compara-
ble to both (g(x),¢(y)) and (g(x*), g(y*)). Then, we have

g9(z) = F(z,y) < F(a,b) and  F(z",y") = g(z*) < F(a,b),
(3-2) 9(y) = F(y,z) =2 F(b,a) and F(y*,2") = g(y") = F(b,a).

Setting © = zo,y = Yo,a = ao,b = by, and =* = z{,y* = y§ as in the proof of
Theorem 2.2, we get

(3:3)  g(znt1) = F(@n,yn) and g(ynt1) = F(Yn,xn) forall n=0,1,2,---,

(34)  g(any1) = F(ap,b,) and g(bpt1) = F(bn,a,) forall n=0,1,2,---

and

(3:5)  g(ap41) = Flzy,y,) and g(y;11) = Flyg, 2y,) forall n=0,1,2,.--.
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We have g(z) < g(a1) and g(b1) < g(y), since (F(z,y), F(y,2)) = (9(z),9(y)) =
(9(z1),9(y1)) is comparable with (F(a,b), F(b,a)) = ( (a1 ),)g(bl)) By using that
<

F has the mixed g— monotone property, we observe that g(z) < g(a,) and g(b,) <
g(y) for all n > 1.
Thus, by 2.1, we get that
(3.6)
Y(max{p(g(x), g(an+1)),p(9(y), 9(bn+1))}) = Y(max{p(F(z,y), F(an,by)), p(F (b
< ¢(max{p(g(z), 9(an)),p(9(y), 9(bn)
—¢(max{p(g(x ag(an))vp(g(y)hg(bn))})

Letting n — oo we conclude that
Jim max{p(g(2), 9(an+1)),p(9(y), 9(bp+1))} = 0.
Analogously, we get that

lim max{p(g(z*), g(an+1)),p(9(y"), g(bn+1))} = 0.

n—oo

By the triangle inequality, we have

p(g(x),g(xz*)) < pl9(x), 9(ans1)) +p(g(x*), 9(ans1)) — p(g(ans1), g(any1))
p(g($)7g(an+1) +p(g(m*)7g(an-‘rl)) —0asn— oo,

p(9(¥),9(y*)) < p(9(y), 9(bny1)) +p(9(y*), 9(brut1)) — P(9(bny1), 9(bny1))
< p(g(), 9(bnt1)) +(9(y*), 9(bnt1)) — 0 as n — oo.

Combining all the observations above, we get that p(g(z*), g(x)) = 0 and p(g(y*), g(y)) =
0. Therefore,

(3.7) g(x) = g(z*) and g(y) = g(y*)-

In both of the cases above, we have shown that (3.7) holds. Now, let g(z) = u and
g(y) = v. By the commutativity of F' and g and the fact that g(z) = F(z,y) and
F(y,z) = g(y), we have

(3.8) g(u) = g(g(x)) = g(F(z,y)) = F(g(x),9(y)) = F(u,v),

(3.9) 9(v) =g(9(y)) = 9(F(y,z)) = F(g9(y), 9(x)) = (Fv,u).

Thus, (u,v) is a coupled coincidence point of F and g. Set v = z* and v = y* in
(3.8), (3.9). Then, by (3.7) we have

u=g(z) =g(z%) = g(u) and v = g(y) = g(y*) = g(v).
From (3.8), (3.9) we get that
u=g(u) = F(u,v) and v = g(v) = F(v,u).

Hence, the pair (u,v) is a coupled common fixed point of F and g.
Finally, we prove the uniqueness of a coupled common fixed point of F'. Actually,
if (z,w) is another coupled common fixed point of F' and g, then

w=g(u) = g(2) = = and v = g(v) = g(w) = w
which follows from (3.7). O
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Corollary 3.2. In addition to the hypotheses of Theorem 2.2, assume that for
all non comparable points (z,y), (x*,y*) € X2, there exists (a,b) € X? such that
(F(a,b), F(b,a)) is comparable to both (x,y) and (z*,y*). Then, F and g have a
unique coupled common fized point, that is, there exists (u,v) € X? such that

u=F(u,v) and v=F(v,u).

4. EXAMPLES

Example 4.1. Let X = [0,00) and p(z,y) = max{z,y}. Set g : X — X and

F:X x X — X so that g(x) = 2% and F(z,y) = ’321?’2 , respectively.

Then the operator F satisfies the mized g-monotone property. Notice that

max{p(g(z), g(w)), p(9(y), 9(v))} = max{max{z? u*}, max{y® v*}}.
On the other hand,

max{p(F(z,y), F(u,v)),p(F(y,x), F(v,u))}

22 —y? w2 — 2 y2 — a2 0? -2

e

where x > u and y < v. For ¢(t) =t and ¢(t) = % all conditions of Theorem 2.2

are satisfied. Therefore Theorem 2.2 yields a coupled coincidence point. In fact,
(0,0) is the couple coincidence point of F and g.

= max{max{

Example 4.2. Let X be a real line and p(x,y) = max{z,y}. Suppose that F :
X x X — X is defined as F(x,y) = @ for x,y € X, respectively.

Then the operator F' satisfies mized monotone property.

Let z,y,u,v € X with x > u, y <v such that

(4.1) max{p(z,u),p(y,v)} = max{max{z, y}, max{u,v}}.
On the other hand,

(4.2) max{p(F(z,y), F(u,v)), p(F(y, ), F(v,u))}
(4.3) _ max{max{Qx ; 2y, 2u ; QU},maX{2y ; Qx, 2v ; QU}}

For the alternating distance function ¥(t) = t and ¢(t) = £, all conditions of

Corollary 2.3 are satisfied. Consequently, Corollary 2.8 yields a coupled fized point.
Notice that (0,0) is the coupled fized point of F.

5. APPLICATIONS

We start this section with the following definition.
By @, we denote the class of functions ¢ : [0, 00) — [0, 00) satisfying

(a) ¢ is Lebesgue integrable function on each compact subset of [0, 00),

(b) /05 ¢(s)ds > 0 for any € > 0.

Corollary 5.1. Let (X, <) be partially ordered set and (X, p) be a complete partial
metric space. Assume that ¢, are alternating distance functions. Let F' : X x X —
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X andg: X — X where X # (). Suppose that F has the mized g-monotone property

and

(5.1)
max{p(F(x,y),F(u,v)),p(F(y,z),F(v,u max z),g9(u)), ,g(v

fo {p(F(z,y),F (u,v)),p(F(y,z),F( ))}w(s)dsg f {p(g(z),9(w)),p(g(y),9( ))}w(s)ds

0
- fomax{p(y(z),Q(U))yp(g(y)yg(v))} Y(s)ds

where ¢, € ®. Suppose that there exist xg,yo € X such that
gzo < F(z0,%0), 9y0 > F(yo,%0)-

Assume that F' is continuous. Then, F' and g have a coupled coincidence point.

Proof. Tt is clear that the functions ¢ — fot ¢(s)ds and t — fot 1 (s)ds are alternating
functions. O

Finally we give the following corollary.

Corollary 5.2. Let (X, <) be partially ordered set and (X,p) be a complete partial
metric space. Assume that ¢, are alternating distance functions. Let F : X X X —
X where X # 0. Suppose that F has the mized monotone property and

(5.2)

fmaX{p(F(:c,y)7F(u7v)),p(F(w),F(v,u))} W(s)ds < fmax{p(:c,u)w(y,v)} w(s)ds

0 0
_ fénax{p(xvu)w(yyv)} b(s)ds

where ¢, € ®. Suppose that there exist xg,yo € X such that
2o < F(20,%), Yo = F(yo, o).

Assume that F' is continuous. Then, F' has a coupled fixed point.

Proof. Tt is clear that the functions ¢t — fg ¢(s)ds and t — fg 1(s)ds are alternating
functions. O
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FIXED POINT THEOREMS FOR GENERALIZED
CONTRACTIONS IN ORDERED UNIFORM SPACE

DURAN TURKOGLU AND DEMET BiNBASIOGLU

ABSTRACT. In this work, we use the order relation on uniform spaces which is
defined by [1] so we present some fixed point results for monotone operators in
ordered uniform spaces using a weak generalized contraction-type assumption.

1. INTRODUCTION

There exists considerable literature of fixed point theory dealing with results on
fixed or common fixed points in uniform space (e.g. [1,2,3,5,13,16,17,18]). But
the majority of these results are proved for contractive or contractive type map-
ping (notice from the cited references). Recently, Aamri and El Moutawakil [1]
have introduced the concept of E-distance function on uniform spaces and utilize
it to improve some well known results of the existing literature involving both E-
contractive or E- expansive mappings. Lately, I. Altun and M. Imdad [5] have
introduced a partial ordering on uniform spaces utilizing F- distance function and
have used the same to prove a fixed point theorem for single-valued non-decreasing
mappings on ordered uniform spaces. The Banach contraction principle is the most
celebrated fixed point theorem. Boyd and Wong [7] extended the Banach con-
traction principle to the case of nonlinear contraction mappings. Afterward many
authors obtained important fixed point theorems (cf. [1-18]). Recently Bhaskar
and Lakshmikantham [6], Nieto and Lopez [11,12]], Ran and Reurings [14] and
Agarwal, El-Gebeily and O’Regan [4] presented some new results for contractions
in partially ordered metric spaces.

In this work we use the order relation on uniform spaces which is defined by [5]
so we present some fixed point results for monotone operators in ordered uniform
spaces using a weak generalized contraction-type assumption.

Now, we mention some relevant definitions and properties from the foundation
of uniform spaces. We call a pair (X,9) to be a uniform space which consists
of a non-empty set X together with an uniformity ¢ wherein the latter begins
with a special kind of filter on X x X whose all elements contain the diagonal
A={(z,x):x € X} UV € and (z,y) € V, (y,2) € V then = and y are said
to be V-close. Also a sequence {z,} in X, is said to be a Cauchy sequence with
regard to uniformity ¢ if for any V' € 9, there exists N > 1 such that z, and z,,
are V-close for m,n > N. A uniformity ¢ defines a unique topology 7 (¢) on X for
which the neighborhoods of z € X are the sets V () = {y € X : (x,y) € V} when
V runs over 9.

Key words and phrases. Fixed points, Ordered uniform spaces, Generalized contractions.
2010 AMS Math. Subject Classification. [2000] Primary 54H25, Secondary 47H10.
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A uniform space (X, ) is said to be Hausdorff if and only if the intersection of
all the V' € 9 reduces to diagonal A of X ie. (z,y) € V for V € ¢ implies = = y.
Notice that Hausdorffness of the topology induced by the uniformity guarantees
the uniqueness of limit of a sequence in uniform spaces. An element of uniformity
¥ is said to be symmetrical if V = V=1 = {(y,z) : (z,y) € V}. Since each V € ¢
contains a symmetrical W € ¢ and if (z,y) € W then z and y are both W and V-
close and then one may assume that each V' € ¥ is symmetrical. When topological
concepts are mentioned in the context of a uniform space (X, ¥), they are naturally
interpreted with respect to the topological space (X, 7 (9)) .

2. PRELIMINARIES

We shall require the following definitions and lemmas in the sequel.

Definition 2.1 ([1]). Let (X,9) be an uniform space. A functionp: X x X — RT
18 said to be an E-distance if

(p1) For any V € 9 there exists 6 > 0 such that p(z,x) < § and p(z,y) < § for
some z € X, imply (x,y) € V,

(p2) p(x,y)gp(x,z)+p(z,y),Vx,y,z€X.

The following lemma embodies some useful properties of E-distance.

Lemma 2.2 ([1], [2]). Let (X,¥) be a Hausdorff uniform space and p be an E-
distance on X. Let {z,} and {yn} be arbitrary sequences in X and {ay}, {B,,} be
sequences in RY converging to 0. Then, for x,y,z € X, the following holds:

(a) If p(zn,y) < an and p(xp,z) < B, for alln € N, then y = z. In
particular, if p(z,y) =0 and p(z,z) =0, then y = 2.

(b)) Ifp(@n,yn) < an and p(xn, 2) < B, for alln € N, then {y,} converges
to z.
(c) If p(xn,xm) < ayn for all m > n, then {x,} is a p— Cauchy sequence in
(X,0).

Let (X,9) be an uniform space equipped with E-distance p. A sequence in X is

p-Cauchy if it satisfies the usual metric condition. There are several concepts of
completeness in this setting.

Definition 2.3 ([1], [2]). Let (X,9) be an uniform space and p be an E-distance
on X. Then

(i) X said to be S-complete if for every p-Cauchy sequence {x,} there exists
x € X with 7}L11[>10p (Tp,x) =0,

(ii) X is said to be p-Cauchy complete if for every p-Cauchy sequence {x,}
there exists © € X with lim x,, = x with respect to T (V) ,

n—oo

(isi) f:X — X is p-continuous if lim p (z,,x) =0 implies
lim p (fan, fz) =0,

(wv) f:X — X is 7 (9)-continuous if lim xz, = x with respect to T () implies

n—oo

lim fxz, = fz with respect to T ().

n—oo

Remark 2.1 ([1]). Let (X,9) be a Hausdorff uniform space and let {x,} be a p-
Cauchy sequence. Suppose that X is S-complete, then there exists x € X such that
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lim p (z,,2) = 0. Then Lemma 1 (b) gives that lim x, = x with respect to the
n—oo n—o0
topology T () which shows that S-completeness implies p-Cauchy completeness.

Lemma 2.4 ([4]). Let (X,9) be a Hausdorff uniform space, p be E-distance on X
and ¢ : X — R. Define the relation” <7 on X as follows;

rysae=yorp(y) <e)—ey).
Then” <7 is a (partial) order on X induced by .

Definition 2.5. Let (X,9) be an uniform space, ” =< 7 is an order on X and
T:X — X. T is non-decreasing if v,y € X, x <y implies T (z) < T (y) .

3. MAIN RESULTS

Theorem 3.1. Let (X,9) be a uniform space, ” =7 is an order on X and sup-
pose there is an E—distance p on X such that (X,p) is a p—Cauchy complete
uniform space. Assume there is a non-decreasing function 1 : [0,00) — [0, 00) with
nangozﬁ" (t) =0 for each t > 0 and also suppose T' is a non-decreasing mapping with

p(T (), T (y)) < ¢ (p(x,y)) for all x = y.
Also suppose either
(i) T is continuous
or

(ii) if {xn} C X is a non decreasing sequence with x,, — = in X then x, <X x
for alln

hold. If there exists an xo € X with xg <X T(z¢) then T has a fized point.

Proof. Since ¥(t) < t for t > 0, ¢ is non decreasing and suppose there exists ty > 0
with 9 < 9¥(to) then ¢ is non decreasing as to < ¥" (o) for each n € {1,2,...}.
Also, ¥(0) = 0.
We take T'(xg) = zo. In this case proof is completed. Therefore suppose
T(x0) # xo. Since xg = T'(z¢) and T is non-decreasing we have
zo X T(x0) X T?*(x0) X ... T (w0) T (z0) < ...
As xg = T'(xg), we have p(T2 (z0),T (z0)) < Y(p(T(x0),x0) and since
T(z0) = T?(wo) we have
p(T? (o), T* (20)) < Y(p(T?(wo), T(wo)) < ¥*(p(T(20), %0))-
Therefore, as use induction method,
p(T™1 (20), T" (o)) < 4" (p(T (), o).
Now, let € > 0 be fixed. Take n € {1,2,...} so that
p(T" (20) , T™ (0)) < € —9(e).
As T"(z0) < T™ 1 (20), then we have
P(T™ (20) , T (1)) < p(T™2(ao), T (0) + (p(T™* (1), T (1))
< (T (20), T (20)) + £ — ()
< ¢Ple—9(e)) + [e — ¢(e)]
<9(e) +[e - (o)l
=e.
Furthermore, since T"(zg) < T"2(z0) we have
p(T"3 (o) , T (20)) < p(T"3(0), T+ (20)) + (P(T" " (w0), T" (w0))
< BT (20), T"(20))) + [ — ()
<Ple—¢(e)) + e — ¢(e)]
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=e.

Again, by use the induction method p(T"** (zg) , T (x9)) < e for k € {1,2,...}.

This inequality implies that {T™(z¢)} is a p—Cauchy sequence in X and also
that T"(x¢) < T"*1(x0) so there exists a x € X with lim T"(xo) = 2.

If (¢) holds then clearly x = Tx. Now suppose (i) holds Assume

p(x,T(z)) = k < 0. Therefore since = lim T™(z) there exists n' € {1,2,...}

with p (z,T"(z0)) < & for n > n'. Since from (ii) that T"(zo) < =, for n > n' we
have

p(z, T (2)) < pla, T (@0)) + (p(T(2), T (20))

< 5+ (e, T"(20))) < § +9(§) <
This is a contradiction and then T (z) = «. O

Theorem 3.2. Let (X,9) be a uniform space, 7 <7 is an order on X and sup-
pose there is an E—distance p on X such that (X,p) is a p—Cauchy complete
uniform space. Assume there is a non decreasing function ¢ : [0,00) — [0, 00) with
nli}gow" (t) =0 for each t > 0 and also suppose T is a non-decreasing mapping with

p(T (z),T (y)) < (max{p(z,y),p(z,T(z)), (y,T(y)),%[p (z,T(y))+p(y, T(z))})

for all x = y.

Also suppose either
(i) T is continuous

or

(ii) if {xn} C X is a non decreasing sequence with x,, — = in X then x, <X
for alln

hold. If there exists an xg € X with xg = T(xo) then T has a fized point.

Proof. Since xy < T'(z9) and T is non-decreasing we have
xo X T(x0) 2 T?*(x0) X ... T (w0) T (z0) =< ...
Now, we claim that
p (T (w0) , T (w0)) < (p (T (20) , 7" (w0))) (1)
From (1) and T 1 (mg) X T ()
p(T" () , T (0)) < h(max{p(T" (o), T (o)), p(T" (o), T+ (xo)),
p(T" (), T (o)), 3[p(T™(20), T (20)) + p(T™

< Y(an)
Where

a, = max{p (T" (xo), T 1 (mo)) (T” (wo), T (z ))
3T (0), T (o)) + p(T™ (o), T+ (w0))]}-

If ap, = p(T" (z0),T" " (x0)) then (1) holds. If o, = p (T™ (o), T™ ! (20))
then p (T (o) , T (x0)) = 0 since if not

p (T (o), T (20)) < ¢ (p(T™ (x0) , T (20))) < p (T™ (o), T" (z0)) -

Therefore this is a contradiction. Thus p (T™ (z),T""! (z9)) = 0 and (1) is
immediate. Lastly assume o, = §[p(T"(z0), T"*(20)) + p(T™ (o), T (w0))].

If i, = 0 then p (T (w0) , T (z9)) = 0 and (1) is immediate.

If v, # 0 we have

p (T (z0) , T (20)) < ¢(5[p(T™ (x0) , T~ (z0)) + p(T" (wo) , T"*! (w0))])
<A p (T (20), T " (20)) +p (T (20) , T (20))]

178



FIXED POINT THEOREMS IN ORDERED UNIFORM SPACE 5

and therefore
%p (T" (x0), T+ (xo)) < %p (T” (zo0) ,T”’l(xo)) .
Then as a result

oy = z[P(T"(xo) T (@o)) + p(T" (x0), T+ (20))]

< ip (T (wo) , T (w0)) + 5p (T (o) , T (20))
:p(T"(mO T (2 )
this contradicts the definition of «,. That is (1) is true in all cases. Thus
p (T (20), T (20)) < ¥"(p(T (20),20))
and so nli_)n;op(T"“(xo),T” (z9)) = 0. Let € > 0 be fixed. Take n € {1,2,...} so
that

p (T (o), T" (20)) <=1 (e).
Finally, from theorem 3.1,
D (T”+2 (o), T" (xo)) <p (T”+2 (xq), Tt (xo)) +e—v())<e .. (2)
and
P (T7L+3 («'L'O) " (-'170 ) < P (T7L+3 (xO) 7T'rH-I (330)) + [E _ ,¢ (8)]
also from (1) we have

p (T2 () , T (0)) < P(p (T (w0) , T (20))) < ¢ () -(3)-
Slnce from (2) and (3)

p (T4 (o) , T (20)) < [ — ¢ (e)] + ¢ max{p (T2 (o) , T (z0)) ,

(Tn+1 (LE()) Tn(l'[))) (Tn+3 (LU()) T‘n+2($0))7 %[p(Tn+2((L'0), TnJrl(ZC(]))—i-

(Tn+3($0) 1" (20))])
< [e—9 ()] +¢(max{e,e =1 (¢) ,4° (¢) , 3 [¢ (€) +p(T" (o), T (x0))])
Sle—-v @) +¢(8,)
and thus from (1) and (3) we have
p (175 (20) T2 (20) < v (p (742 (m), T (20))) < 02 ();
where 3, = max{e, £[¢ () + p (T™ "3 (z0) , T" (x0))]}-
It 8, = 5[0 (¢) +p (T"F (o) , T" (w0))] (here 3, > 0), then
p (T3 (20) , T (20)) < [e = ()] + 3[¥ (€) +p (T (20) , T" (20))]
therefore
30 (T3 (20) , T (20)) < [e = ()] + 3¢ (&),
and in conclusion
B =3[0 (€) +p (T (x0),T" (0))] < 3¢ (e) +{le =¥ ()] + 3¢ (e)} =
This contradicts with the definition of 3,,. Consequently 3,, = € and so
p (T3 (z0) ,T" (z0)) < [e — ¥ ()] + ¥ (e) = &. ...(4).
Finally notice that
p (T (w0) , T (20)) < p (T (o) , T (20)) + [e — ¢ ()]-
Furthermore
p (T3 (20) , T (20)) < P(max{p (T2 (x0) , T (z0)) ,
P (Tn—i-l (330) ,T" <x0>) P (T7L+3 («730) ,T"+2 <x0>) ,
3o (T2 (20) , T (20)) +p (T (w0) , T" (w0))]})
< g(max{e,e — ¥ (e) , 4% (e) , 5[0 () +¢l})

as from (1) we have

» (Tn+3 (LUO) 7Tn+2 (330)) < 7,/12(p(Tn+1 (170) ,Tn (LEO))) < 7/12 (5) .

As a result p (Tn+3 (330) ,Tn+1 (xo)) < ’l/) (6) . ( )

So, (4) and (5)

p (T (o) ,T™ (z0)) < [e =¥ (e)] +p (T (o), T (20))
<le—-

[e — ¢ (e)] + Y(max{p (T3 (x0) , T" (z0)) ,
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p (T (o), T" (20)) ,p (T (0) , T3 (20)) ,
slp (7743 (wo) T+ (20)) +P(Tn+4 (z0) . T" (0))]})
< [€—¢(€)]+¢(max{€7€— ()9 (), 5[ () +p (T (x0) , T" (20))]})-
Since from (1) we have
IID(T”Hl(fUO) T3 (20)) < 4P (p (T (o), T (20))) < 4P ().
p (T (w0) , T (20)) < [e — 2 ()] + ¥ () ,
kn = max{e, 3 (¢ (¢) + p (T"** (20) , T (x0))]}-
Thus, see that k,, = ¢ and so,
p (T (o) , T (z0)) < [e =¥ ()] + ¢ (e) =e. ...(6).
Similarly for ke{1,2,...},
p (T (o) , T (20)) < 9 (e) and p (T"F (o) , T (20)) < € ...(7).
Therefore {T™ (z¢)} is a p—Cauchy sequence in X, so there exists a z € X with
nan;oT” (xg) = .
Since (i), x = T (x). Assume (ii) holds and p(z,T (x)) = t > 0. Now since
x = nlim T™ (x0) there exists noe{1,2,...} with p (2, T™ (0)) < & for n > ng. Since
from (ii) that T™ (z¢) < z then for n > ny,
p(z, T (2)) <p (2, T (20)) +p (T (x), T (w0))
<p (@, T (20)) + Y(max{p (@, T" (x0))
p (. T (x)),p (T (z0) , T" (960))
sl (2, T (o)) +p (T (x), T (20))]})-
Furthermore p (z,T" (z9)) < § <t = p (=, ( ),
p (T (20), T™ (20)) <p(x T" (z0)) + p (@, T (0)) <
and also

3l (@, T (20)) +p (T (), T (w0))]}) < 505+

+5=t

(z,T(x)) +p (2,7 (20))]

5+

< 5[t +t+]=t
x)

x

N

Consequently we have p (z,T (z)) <p (a: T ( T (x))) for n > nyg,
then letting n — oo yields p (z, T (z)) < ¥(p (z, T (x))) Wthh is a contradiction.
Thus p (z,T (z)) = 0. O

Theorem 3.3. Let (X,9) be a uniform space,” <7 is an order on X and suppose
there is an E—distance p on X such that (X,p) is a p— Cauchy complete uniform
space. Assume there is a T () —continuous function v : [0,00) — [0,00) with
nlirglow" (t) =0 for each t > 0 and also suppose T is a non-decreasing mapping with

p(T(2),T (y) < ¢ (max{p(z,y) , p(z, T(2)), p(y, T(y))) for all x = y.
Also suppose either
(i) T is continuous
or

(ii) if {zn} C X is a non decreasing sequence with x,, — x in X then x, <X x
for alln

hold. If there exists an xo € X with ©g <X T(x¢) then T has a fized point.

Proof. Let y,, = p (T™"* (z9) ,T™ (x0)) . Notice since T™ (zg) = T™"* (o) that
Vo < (max{p (T" (o) , T" " (z0)) ,p (T" (w0) , T"* (w0)) ,
p (T (o) , T (20))})
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= (max{p (T (z0) , T"~* (z0)) , p (T"* (o) , T" (20))})

= Y(max{v,_1,Vn})-
We now show

If max{~,,_1,7,} = 7,_1 then above inequality is true, whereas if
max{¥,_1,Ynt = V» then v, < 1 (y,) and so v,, = 0, so (8) is immediate.
Therefore (8) holds. Now since v, < (7n71) < 7v,,_; there exists v > 0 with
Y5 | 7. Now v, <9 <7n71) together with the continuity of ¢ implies v < ¢ () so
v =0. As a result
Yo =p (T (@0) , T™ (w0)) — 0 as n — o0. ...(9)
Thus {T™ (zo)} is a p—Cauchy sequence. ...(10)
Now, suppose (10) is false. Then we can find a § > 0 and two sequences of
integers {m (k)}, {l (k)}, m (k) > [ (k) > k with
=p (T'™ (20), 7™ (20)) > 6 for k € {1,2,...}. ...(11)
Also suppose
p (TR~ (z) , T'®) (z0)) < 6, ...(12)
by choosing m (k) to be the smallest number exceeding {(k) for which (11) holds.
Now
0 < e <P (Tm(k)il(x())?Tl(k) ($0))+p (Tm(k) (1'0) 7Tm(k)71(x0)) < 5+7m(k)—1a
so with this, (9) implies
klirgork =4. ...(2.14)
Furthermore note that T™(*) (zq) = T'%) (24) since m (k) > 1 (k)
§<r, < P (Tl(k)+l (-730) ,Tl(k) (%‘0)) +p (Tm(k)+l (xo) ,Tm(k)(xo))
+p (T (), THR L (24))
= Ny + V) T2 (T (), T ()
< Vi) T Ve + Y (max{p (T (20) , THR) (z)),
p (T8 (o), T8 F (20)), p (THF) (o) , T W (0)) }
=Yy T Vmee) T VT Vi) Ym(e) )
and let & — oo, since (9), (13) and v are continuous then & < 4 (4). Thus
d = 0, which is a contradiction. As a result (10) holds, so there exists € X with
nlLI%oT"' (xg) = .
If (i) holds then clearly = T (). Now suppose (ii) holds. Since from (ii) that
T™ (xg) < x then
p (0,7 (2)) < p (, 7" (20)) +p (T(2), T (x0)
<p(z, T (x0)) + ¢ (max{p (z, T" (z0)) ,
p(%,T( )) (Tn+1 .730 T" 3:0 )}
<p (2, 7" (20)) + (max{p (z,T" (20)) . p (2, T (2)) , 7, })
and let n — oo since ¢ is continuous then obtain p (z, T (x )) <Y (p(z,T(2))),

so p(z,T (z))=0. O
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NONSTANDARD FINITE DIFFERENCE SCHEMES FOR
FUZZY DIFFERENTIAL EQUATIONS

DAMLA ARSLAN, MEVLUDE YAKIT ONGUN, AND ILKEM TURHAN

ABSTRACT. In this paper, a method for numerical approximation of fuzzy first
order initial value problem is presented. We construct and develop nonstan-
dard scheme for fuzzy differential equations. The scheme based on the non-
standard finite difference scheme is discussed. Examples are given, including
nonlinear fuzzy first order differential equations.

1. INTRODUCTION

The theoretical framework of fuzzy differential equations (FDEs) has been an

active research field over the last few years. Fuzzy differential equations are used
in modelling problems in engineering and sciences. Namely in study of population
models [15], quantum optic, gravity [12], medicine [3] and [5]. After introducing
suffcient conditions for the existence of unique solutions of these equations, nu-
merical methods for approximating these solutions were developed [1] and [19]. A
comprehensive approach to FDEs has been the work of Seikkala [24], especially in
its generalized form given by Buckley and Feuring [7]. Their work is important as it
overcomes the existence of multiple definitions of the derivative of fuzzy functions,
ie[l1, 14, 19, 23, 24]. Moreover, in [7], a more general family of FDEs is faced
from an analytical point of view. The results of [24] on a certain category of FDEs
have inspired several authors who have applied numerical methods for the solution
of these equations. Other methods were discussed by Puri and Ralescu [23] and
Goetshchel and Voxman [14]. The use of fuzzy differential equations are natural
way to model dynamical system under possibilistic uncertainty [25]. The concept
of differential equations in a fuzzy environment was formulated by Kaleva [16]. The
last few years, several authors have produced a wide range of results in both the
theoretical and applied fields [6, 10, 16, 17, 24].
The most important contribution on these numerical methods is the Euler method
provided by Ma [19]. Although this work is significant, it has the disadvantage that,
when examining the convergence of their Euler method, the authors practically work
on the convergence of the ODEs system that occurs when solving numerically. The
authors of [2] develop runge kutta method for FDEs. However, their work shares
the same problems as [19] and concentrates exclusively on this methods [8]. Follow-
ing the results of, we apply nonstandard finite difference schemes for FDEs. The
paper is organized as follows:

In Section 2, we give all the theoretical background we need and present, in
sort terms, the theory of FDEs that is necessary for our goal. nonstandard finite

Key words and phrases. Fuzzy differential equations, nonstandard finite difference schemes,
fuzzy numbers, numerical solutions.
2010 AMS Math. Subject Classification. 65L05, 65112, 34A12.
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2 D. ARSLAN, M.Y. ONGUN, AND I. TURHAN

difference schemes for solving FDEs are introduced in Section 3. The applications
of the proposed numerical schemes are illustrated in Section 4. The conclusions are
then given in the final part, Section 5.

2. SOME DEFINITONS AND THEOREM ABOUT FUZZY LOGIC

Firstly, we give some basic definitions and results. The solutions of FDEs are
fuzzy functions, whose values are fuzzy numbers, for which we follow the definition
of [4, 8, 20, 23].

Definition 2.1. The membership function embodied the mathematical representa-
tion of membership in a set, and the notation used throughout this text for a fuzzy
set is a set symbol with a tilde underscore, say A , where the functional mapping is
given by;

/LA:X—>[071]

lLbze A
xeXanduA(x):{ 0z¢A

and the symbol p,(x) is the degree of membership of element x in fuzzy set A.
Therefore, w4 (x) is a value on the unit interval that measures the degree to which
element x belongs to fuzzy set A; equivalently, p,(x) is a degree to which x € A
and fuzzy set A is given by;

A=A{(pa(x),2) : x € X}

Definition 2.2. A fuzzy number is a normalized fuzzy set A of R, for which the
following conditions hold:

1) W4 1S upper semi continuous,

i) A is convex

i1i) Sets {x € R, py(x) = a} are compact for a € (0,1].

We say that a fuzzy number is triangular if its membership function is a triangle
(see Fig. 2.1). The membership function of a triangular fuzzy number C can be
easily found if the interval [C1,Cs] of its basis and the summit Cy are known. For
this reason, triangular fuzzy numbers are denoted by (C1 C2,,C3). The set of fuzzy
numbers is symbolized as F(R). Before defining FDEs, we summarize a few things
about them. And the other hand, we say that a fuzzy number is trapezoidal if its
membership function is a trapezoidal (see Fig. 2.2). The membership function of a
triangular fuzzy number C' can be easily found if the interval [C1, Cy4] of its basis and
the summit Co, are known. For this reason, triangular fuzzy numbers are denoted
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by (C1/Cs,,C3/Cy). The set of fuzzy numbers are symbolized as F(R).

1 —
14+
0E —
o0&+
06t 06 —
044 04 —
0.2+
02 ——
} } } | | |
I I I ] } I 1 } T t 1 1
0 05 1 1.5 2 2.5 3 0.3 1 15 0z 23 5
b)
Figure 2.1.Triangular fuzzy numbers Figure 2.2.Trapezoidal fuzzy numbers

Definition 2.3. We begin by considering a fuzzy set A € F(R), then define a
a — cut set, Ay, where 0 < a < 1. The set A, is a crisp set called the a — cut (or
lambda (\)-cut) set of the fuzzy set Ay, where

Ao ={z € X1 py(2) > a} = [AT(2), A3 (2)]

Note that the a—cut set A, does not have a tilde underscore; it is a crisp set derived
from its parent fuzzy set Ao. Any particular fuzzy set A, can be transformed into an
infinite number of a—cut sets, because there are an infinite number of values o on
the interval [0,1]. Any element x € A, belongs to A, with a grade of membership
that is greater than or equal to the value o.

Furthermore, we focus on fuzzy numbers with the property that for A € F(R) the
set {x € R: py(x) > a} is bounded. This turns out to be a vital property when
applying numerical methods. The following proposition gives arithmetic operations
of fuzzy numbers in terms of their a-cuts.

Definition 2.4. A fuzzy number u is a fuzzy subset of the real line with a normal,
conver and upper semi continuous membership function of bounded support. The
class of fuzzy numbers will be denoted by F(R). A fuzzy number u is completely
determined by any pair uw(z; a)= [ur(x; ), us(z; )] and 0 < a < 1, which satisfy
the three conditions:

i) u1(z; @) is a bounded left continuous monotonic increasing function « € (0,1],
i1) ua(z; @) s a bounded left continuous monotonic decreasing function a € (0,1],
i) uy(z;0) < ug(z;a), 0<a <1 [22].

A triangular fuzzy number U is defned by an ordered triple U = (U, Uz, Us) € F(R)
with Uy < Uy < Us where the graph of U(x) is a triangular with base on the interval
[U1,Us] and vertex x = Us. N is always a closed, bounded interval [18] and [22]. If
U= (Ul,UQ, U3) then

U = [U1 + a(Us — U1),Us — a(Us — Us)]
forany0<a<1.
Proposition 2.5. If P,Q € F(R) then for a € (0,1]
[P+ Qla = [P + QF, P3' + Q5]

[P.Qlo = [min{ P{".Q7T, PI".Q3, P;".QT, P;.Q5 }, max{P[".QT, P[".Q3, P3".Q7, Py Q5 }]
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Let P € F(R). If there exists a fuzzy numbere R such that P+ R = @Q then this
number is unique and it is called Hukuhara differential of P,Q and is denoted by
Q— P [8, 23].

Let A; B two nonempty bounded subsets of R. The Hausdorff distance between A
and B s

di (A, B) = max 222522 la — 0], ls)gg;gg la —b]

If P,Q € F(R) the distance D between P and Q is defined as
D(P, Q) = supdp([Pla, [Qla)
Definition 2.6. The supremum metric doo on F(R) is defined by
doo = sup{dg ([U]*, [V]Y) :a € I}
and (F(R),d) is a complete metric space.

Definition 2.7. Let U be an open interval in R. A fuzzy function f: R — F(R)
is called to be Hukuhara differentiable in xo € U if there exists f'(x9) € F(R) such
that

. f(xo +h) — f(z0)
hmdoo( 0 N 0

h—0t

lim (f(l’) — fl=o h),f/(x0)> —0

both exist and they are equal to f'(xo) [8, 18, 23].
When this derivative exists, it is also written as

[f'(@)a = [(f1) (), (f5) ()]

Let (f{),(fs)" also be continuous functions with reference to both x and a € (0,1].
This property is called continuity condition. As we already mentioned in the intro-
duction, in [4] the following proposition is proved [8].

7f'($0)) =0

and

Definition 2.8. The fuzzy integral

b
/y(t)dt, 0<a<bd<l1

Vaby(t)dt] = Vaby‘f‘(t)dt, /abyg‘(t)dt}

provided the Lebesgue integrals on the right exist [18].

is defined by

Remark 2.1. If f: I — F(R) is Hukuhara differentiable and its Hukuhara deriv-
ative f' is integrable over [0,1], then

f(to) /f

for all values of to, t where 0 <tg <t <1 [18].
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Definition 2.9. A mapping y: I — F(R) is called a fuzzy process. We denote

[(®)]o = [y1(t), y2(t)]
The Seikkala derivative y'(t) of a fuzzy process y is defined by

' ()] = Wi (1), y2(1)]
provided the equation defines a fuzzy number y'(t) € F(R) [18].

Remark 2.2. Ify: R — F(R) is Seikkala differentiable and its Seikkala derivative
y' is integrable over [0,1], then

y(t) = y(to) + / ' (s)ds

to
for all values of to,t where to,t € I [18].

Definition 2.10. Consider the first-order fuzzy differential equation y' = f(t,y),
where y is a fuzzy function of t, f(t,y) is a fuzzy function of crisp variable t and
fuzzy variable y, and y' is Hukuhara or Seikkala fuzzy derivative of y. If an initial
value y(to) = yo is given, a fuzzy cauchy problem of first-order will be obtained as
follows:

(2.1) y'(t) = ftyt), to<t<T, y(to) = o
Sufficient conditions for the existence of a unique solution to Eq. (2.1) are:
1) Continuity of f,

1) Lipschitz condition doo (f(t, ), f(t,y)) < L doo (f(t,2)), L > 0.

By theorem 5.2 in [9] we may replace Eq. (2.1) by equivalent system

(2.2) Y (t;a) = f(t,y;a) = (fi(y,1), f2(y, 1) = (F (L, y1,92), G(t, y1,92))

y(to; ) = (y1,0,42,0)

which possesses a unique solution (y1,ys) which is a fuzzy function, i.e. for each t,
the pair (y1(t),y2(t)) is a fuzzy number.

In some cases the system given by Eq. (2.2) can be solved analytically [13]. In
most cases, however analytically solutions may not be found and a numerical ap-
proach must be considered. Some numerical methods such as the fuzzy Fuler method,
Adams—Bashforth, Adams—Moulton and predictor—corrector in FDE presented in
[4, 13, 18, 19].

3. NONSTANDART FINITE DIFFERENCE SCHEMES FOR FUZZY
DIFFERENTIAL EQUATIONS

A fuzzy differential equation is

dy
3.1 — = t, A
( ) dt f(y7 ) ) a)7
where A is n-parameter fuzzy vector. The simplest nonstandard finite difference
schemes are constructed by making the replacements [21, 22].
t—tp = (At)k =hk, h=At

y(t; ) = y(te; @) = [Yrla = [Y1,k, Y2,k]

dj _ Y1,k+1 — Y1k Y2,k+1 — Y2,k
dt d1(h A1) 7 da(h, Ao)

= [F(y1,5, Y1,k+1, By M) G(Y2.k, Y2541, B, A2)]
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where [A], = [A1, A2 . The discrete derivate, on the left-side, is a generalization [22]
, where the denominator fuzzy function ¢(h, A\; ) = [¢1(h, A1), do(h, A2)] has the
property

d(h, \; ) = b+ O(h?).

Examples of fuzzy denominator functions ¢(h, A; @) that satisfy this condition are

¢(h‘7 >‘7 O() = 1- e_h

4. NUMERICAL EXAMPLES

In this section, we show two examples. In example 4.2, the approximated solu-
tions are obtained by nonstandard finite difference schemes and runge-kutta method
are plotted in figures. While doing this, we use different nonlocal terms.

Example 4.1. A fuzzy differential equation is
y'(t) = 2+ By -2, telo1].

If we use nonlocal term following form

y(t; o) = [yxa
y*(t; @) = [Yrr1k]a
we obtain [ | ]
w = AMyr+1Ykla + BlYkla — 2
[yk 1] _ [yk]a(l + hﬂ) —2h
e 1- )‘[yk]a
where denominator functions are given by
h = ¢(h,\; )
1+ Bh+0(B2 h?) =l
efh —1
h— = ¢(h, B; @)

and we obtain,

[Yr]a (1 + @(h, A; @) B) — 2¢(h, \; )
1- )‘[yk]a

[Yk+1]a =

If we choose different nonlocal terms:
y(t;a) = [ykla

Y2 (t; ) = [yryila
we obtain,
[Yk+1]a = A[Yeyk)a + [Ukla(1 + RB) — 2R
[Wrt1]a = AG(h, N ) [ykyrlo + [Yrla (1 + ¢(h, ;) B) = 2¢(h, \; ).
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A fuzzy differential equations system is

' (t;0) = —kyx — lx

(4.1) Y (t;a) = —kyx — 2%y + ly.
For 0 <a <1, [kla = [k, ko], [lla = [, l], [ykla = [W1,6:v2,6]s [Tk]a = 21,6, T2.k]
and y(0; ) = [0.1 + 0.1, 0.3 — 0.1a], 2(0; ) = [0.25 + 0.25¢, 1 — 0.5a/].
Case 1 : If we use these non-local terms in first equation of system (4.1):
z(t; @) = [2k]a
y(t @) = [ki]a
(zy) (£ @) = [Zh41Yk]a
2*(t; @) = [r412a]a

(2%y)(t; @) = [Zep121Yk]a

we obtain,
X a = |Tkla
w — _k[l'k%»lyk}a o l[xk]a
and
[2k]a(1 — Al)

4.2 P 21 Gl D)
(4.2) [Tk+1] N
where denominator functions are given by

1— e—lh,
h— ——F—=di(hXa).
We obtain
(4.3) i) = [2k]a(1 = 1 (R, As )l)

(1 + ke (hy As 0)[yrla)
And if we use these non-local terms in systems (4.1),

[yk+1]a - [yk]a

h = —klziryrla — [Brr1zryrla + {Ye+la
sl = Wilo — hElzkr1yr]a — hlzkr12eyk]a
F e 1 hl
(4.4) Westle = [kla — ¢1(h, A @)k[zi 1Ykl — @1 (R, A ) [@rt 128k o
' Fre L= 6,(h,Xa)l

For Case 1, nonstandard finite difference schemes(NFDS) solution and Runge Kutta(RK)
solution are,in turn, given by Tablel and Table 2 at ¢t = 0.3, h = 0.1, k =
(0.6/1/1.6), = (0.3/0.5/1).

0% (71, 2] Y1, y2]

0.0 | .2244390804561129,.6576804535607970, | .1032047926283471,.2234385872420912

0.2 | .2644511153616336,.6177753344071575, | .1226856257121523,.2222967264702617

0.4 | .3026930617722152,.5731303484807911, | .1413768549298307,.2185949011368412

0.6 | .3391322669787342,.5233153290117534, | .1591432957482870,.2122393855959653

0.8 | .3737510387516800,.4679161611795227, | .1758703848701428,.2031877997687871

1.0 | .4065461856588474,.4065461856588474 | .1914641809109783,.1914641809109783

Table 1: NFDS solotions of system (4.1) for Case 1
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(%

[z1, 2]

[y1, Yo

0.0

.2343168288531087,.7787578518741462

.1028553497464426,.2007221062594857

0.2

.2775978932994965,.7164313414916264

.1220686035514132,.2050699613953046

0.4

.3194559435659985,.6513565295450350

.1403680147350854,.2061115756662631

0.6

.3598234574229595,.5831236878558108

.1575901611523887,.2036778273531992

0.8

.3986499888341699,.5113917939934632

.1735926541370104,.1977062976428317

1.0

.4359025487166450,.4359025487166450

.1882552928913357,.1882552928913357

Table 2: RK solutions of system (4.1)

Case 2 : Differently from Case 1, if we use these non-local terms and solve
equation (4.1),

z(t; o) = [Tpti]a
y(t; o) = [Yk+1la
(zy)(t; @) = [Thr1Yk]a
2 (t; ) = [Tr17k]a
(%y) (6 @) = [Eh12kYrs1]a
we obtain denominator functions;
eth —1
h — = ¢y(h, A )
where we obtain solutions which are:
[Ik]a
“5) itle = T35, ) + U X ) e
—¢1(hy \; k[Tt 1Y) + [Yk]a
4.5) enle = 725 (o s a)l + 6 (he A )l
For Case 2, the nonstandard finite difference schemes solution is given by Table 3
(for h =0.1).
o | [z1,29] [y1, y2
0.0 | .2244393158463085,.6569254938899954 | .1031864918521038,.2284538214265367
0.2 | .2644514586359461,.6173650478446476 | .1226641534499551,.2255197656126929
0.4 | .3026932468309790,.5729268990826093 | .1413627023789611,.2205176325002552
0.6 | .3391314883571007,.5232258689257032 | .1591566020343204,.2132772481277070
0.8 | .3737475157108241,.4678828617416123 | .1759435222624581,.2036730727685865

1.

.4065365732029463,.4065365732029463

.1916440065194761,.1916440065194761

Table 3: NFDS solutions of system (4.1) for Case 2

Case 3 : Differently from Case 1 and Case 2, we use non-local terms:

(4.7)

(4.8)

z(t;a) = [Trsila
y(t;a) = [yk]a
(@y)(t; @) = [TkYkla
22 (t;a) — [ThTr]a
(%) (; @) — [r21YK]a
where, we obtain solutions which are

[Tr]a — P2 (hy A @) K[ Yk]a

[$k+1]a =

1+ 1y (h, A @)

Wrt1]a = [Wrla (1 + @a(h A )l = @3 (B, A @)k[2k]a = @2 (s As @) [Thk]a)
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For Case 3, the Nonstandard Finite Difference Schemes solutions are given by Table
4 (for h = 0.1). Table 5 and Table 6, shows absolute of error for NFDS and RK
solutions. Figure 4.1 and Figure 4.2 are shown graphics for solutions (for h = 0.1)

« [$1,$2} [ylaZUQ]

0.0 | .2242950684129496,.6489023869377528 | .1029836421924408,.2030236835539285
0.2 | .2641841716892893,.6108002084916311 | .1222641336629243,.2071325318795353
0.4 | .3022404186434742,.5678566555488764 | .1406445396599407,.2078133420041893
0.6 | .3384154454005998,.5195484899654308 | .1579576426725296,.2049707387763659
0.8 | .3726760677253374,.4654021103117395 | .1740551115790624,.1986019750715187
1.0 | .4050046958176773,.4050046958176773 | .1888087250626280,.1888087250626280

08

0B

0.4

0.2

Table 4: NFDS solutions of system (4.1) for Case 3

Case 1

Case 2

Case 3

0.0

0.1309551469

0.1317098713

0.1398772257

0.2

0.1118027850

0.1122127284

0.1190448546

0.4

0.0949890628

0.0951923272

0.1007153990

0.6

0.0804995493

0.0805897880

0.0849832099

0.8

0.0683745828

0.0684114054

0.0719636048

1.0

0.0587127260

0.0587319510

0.0617957058

Table 5: For = absolute error [INFDS—RK]|

(%

Case 1

Case 2

Case 3

0.0

0.0230659238

0.0280628573

0.0024298698

0.2

0.0178437872

0.0210453540

0.0022581006

0.4

0.0134921656

0.0154007445

0.0019782913

0.6

0.0101146927

0.0111658615

0.0016603929

0.8

0.0077592330

0.0083176434

0.0013581350

1.0

0.0064177760

0.0067774272

0.0011068644

K
/
/
i

/

Table 5: For y absolute error |[INFDS—RK|

03

04

05 0B

Case 1
Case 2
Case 3

07

14

0.8

0.6

0.4

0.2

o 0.12

0.4

0.6

018 02

Case 1
Case 2

Case 3
Runge Kutta

0.22

Runge kutta
Figure 4.1: The results of x, for h=0.1 and t=0.3. Figure 4.2: The results of y, for h=0.1 and t=0.3.

5. CONCLUSION

In this paper, a new method has been presented for solving fuzzy differential
equations. NFDS used different non-local terms, which provides high accuracy
compared to other methods. Two numerical methods based on fuzzy differential
equations were compared: the Nonstandart Finite Difference Schemes and the
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Runge Kutta method. We showed that our proposed Nonstandart Finite Differ-
ence Schemes, for different non-local terms, is more accurate and gives a better
approximation than the method presented in.
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DYNAMICAL ANALYSIS OF A RATIO DEPENDENT
HOLLING-TANNER TYPE PREDATOR-PREY MODEL WITH
DELAY

CANAN QELIK

ABSTRACT. In this paper, a ratio dependent delayed predator-prey model with
Holling-Tanner type functional response is studied. The local stability of a
positive equilibrium and the existence of Hopf bifurcations are established.
By using the normal form theory and center manifold theorem, the explicit
algorithm determining the stability, direction of the bifurcating periodic solu-
tions are derived. Finally, numerical simulations for justifying the theoretical
analysis are also presented.

1. INTRODUCTION

In recent years, the dynamics properties of the predator-prey models which have
significant biological background have received much attention from many applied
mathematicians and ecologists. In order to incorporate various realistic physical
effects that may cause at least one of the physical variables to depend on the
past history of the system, it is often necessary to introduce time-delays into these
models. Many theoreticians and experimentalists concentrated on the stability of
predator-prey systems and, more specifically they investigated the stability of such
systems when time delays are incorporated into the models. Time delay may have
very complicated impact on the dynamical behavior of the system such as the
periodic structure, bifurcation, etc. For references see [1]-[8] and [10]-[38].

There have been many works which are devoted to the studies of dynamical be-
haviors for predator-prey systems with various functional responses. But, recently,
many researchers found that when predators have to search for food and, therefore,
have to share or compete for food, a more suitable general predator prey theory
should be based on the so-called ratio-dependent theory, which can be roughly
stated as that the per capita predator growth rate should be the so-called ratio de-
pendent functional response. So our aim in this paper is to investigate the following
delayed predator-prey system with Holling-Tanner type functional response

NG N()P(t —T)
o = NOO-NE) - N(t) +aP(t— 1)
(1.1)
@) P(t—r1)
o = BPt-m)(@- W)

where a, § and J are positive constants, and N(t) and P(¢) can be interpreted as
the densities of prey and predator populations at time ¢, respectively and 7 > 0

Key words and phrases. Predator-prey system, discrete delay, Hopf bifurcation, stability.

2010 AMS Math. Subject Classification. Primary:34K18, 34K20, 37D25; Secondary: 92D25.
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denotes the time delay for the predator density. In this model, prey density is logis-
tic with time delay and the carrying capacity proportional to predator density. In
many of the studies related to stability of predator prey models, authors consider
constant carrying capacity, however in this study, we focus on the carrying capac-
ity proportional to prey density (ratio-dependent) which shows really interesting
behavior in terms of dynamical structure.

The organization of this paper is as follows: In Section 2, we study the local
stability of the equilibrium point of the corresponding characteristic equation. In
Section 3, we illustrate the existence of Hopf bifurcation. The direction and stability
of Hopf bifurcation are investigated in Section 4. Finally in Section 5, numerical
simulations are performed to support our theoretical results.

2. EQUILIBRIUM AND LOCAL STABILITY ANALYSIS

System (1.1) has a unique positive equilibrium point E} = (Ng, P§) where
N§ = ﬂ'iig‘s,PJ = 5(“{1“;%. To analyze the local stability of the positive
equilibrium E§ = (N, P§),we first use the linear transformation n(t) = N(t) — N§,
and p(t) = P(t) — Py where n < 1 and p < 1 for which the system (1) turns out
to be

- (n(t) + N§)(1 —n(t) — N§) — (n(t) + Ng)(p(t — 1) + Fy)

dt n(t) + Ni + a(p(t —7) + P§)
(2.1)
dP p(t — 1)+ P§
— = t— PH(0 — —————
and using relations Nj(1 — Ng) — % =0and SP;(0— JI\D’Z) = 0, ignoring
the higher order terms yield the following linear system
dn Py PyN§
an- 1 _9oN* — 0 0 Vo "
a0 — TN amy Y g arge )
Ng a Py N§
+(— t—1
S ey o Gy EL U
(2.2)
dp BFs B(Fs)?
- = (B5-2 t— t
& = (8250l — )+ )
whose associated characteristic equation is given by the transcendental equation
(2.3) A — AN — Age™ 4 (A1 Ay — A Az)e ™ =0
. P PING _ NG aPy NG
where Al* N 1= 2N — §evarm; *+ Natalp? A2 = “Nprapp T WpraR®
Ag = ’(zg\%’)é and Ay = (86 — 2%}’ . and
(2.4) N — A\ — Ape™ 4+ Ase™ T =0

where

A5 = A1A4 — A2A3.
When there is no delay, i.e., 7 = 0, the corresponding characteristic equation (2.4)
reduces to

(2.5) M — (A +ADN+A5=0
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Lemma 2.1. Suppose the following conditions hold;
iad+1>0

11)0(2 4+ ad) < (L +8)(1 + «d)
then the positive equilibrium E§ of the system (1.1) is locally asymptotically stable
in the absence of T.

Proof. In the absence of 7, the corresponding characteristic equation takes the form,
M — (trA)\ +det A=0
where trA = (A1 + Ay), ie.,
1
trd=————=[6(2+ad) — (1 +ad)*(1 + B
P = a2+ ad) = (1 a0)*(1+ 30

and

detA = (1 + ad)?(1 + B6) — 6(2 + af).
Then it can be seen that under the conditions i) and ii), we obtain trA < 0 and
detA > 0. Hence the equilibrium point E} of the system (1.1), with 7 = 0, is locally
asymptotically stable. I

Now we shall consider the distribution of the roots of the transcendental equation
(2.4) since the stability of the point (0,0) of linear system (2.2) depends on the
roots of the characteristic equation (2.4). By the continuous dependence of roots of
A2 — A\ — Agde ™ 4+ Ase > = 0 and the stability result for 7 = 0, 379 > 0 such
that ReA(T) < 0 for 7€ [0,7¢). Since a loss of asymptotic stability of (N, Py) will
arise when ReA(7) = 0, we shall examine whether there exists a 7% > 0 for which
ReA(7*) = 0. i.e., we would like to know when equation (2.4) has purely imaginary
roots. In this section we first obtain the local stability conditions of the equilibrium
point.

Now suppose for 7 = 7* and let A = iw be a root of (2.4) with w real and without
loss of generality w > 0. Then w satisfies

(iw)? — Apiw — Agiwe™ ™7 + Ase” T =0
Separating real and imaginary parts, we obtain
As cos(wt) — Aqwsin(wr) = w
(2.6)
Assin(wt) + Agywcos(wr) = —Ajw

that is equivalent to
wt + (A2 — Aw? — Ag =0

Let w? =2z, p=A?—- A% and ¢= —AZ%. Since lim g(z) =00 and ¢<0, we
zZ—00

conclude the following result
(2.7) g(z) =2>+pz+q=0

Lemma 2.2. Since q <0, the polynomial equation (2.7) has at least one positive
T00%.
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3. EXISTENCE OF HOPF BIFURCATION

By Lemma 2.2 and without loss of generality, we denote the positive root by z
and w = /z. Solving the equations (2.6) for 7, we obtain

A5U}2 — A1A4’LU2

cos(wr) = BT AT
sin(wT) = —Asw? — AyAsw
S AZ4 AR
and )
A4w +A1A5
t = (—
an(wr) = (G aw = Ay
which leads to
1 A4U)2 + A1A5
.1 = — - - - 2
(3.1) = {arctan(A1A4w — A5w) + 2kw}
for k=0,1,2,3,...

Let A(7) = a(7)+iw(7) denote the root of (2.4) near 7 = 74, satisfying a(r;) =0
and w(rg) = wy, k =0,1,2.... Then we have the following result.

Lemma 3.1. Suppose g/ (z1) # 0, then the following transversality condition is
satisfied;

d(Re\(T))
_— k=0,1,2,3,...
dA > 0? O’ ) 737

dReX(r1)

and ¢ () and have the same sign.

Proof. Suppose that for 7 = 7 , let A = ‘1w be a root of (2.4) with w real and
without loss of generality w > 0. Differentiating the characteristic equation (2.4)
with respect to 7, we get
dA dA A dA Ao dA
23— —A1——[e7 (——7— Agh — As) —e” Ay— =
/\d’T 1d7‘ [6 ( dTT )\)}( 4 5) e 4d’7’ 0,
that is
(@ A1 —2A o Z + A4
dr AMAN — As)e™™ X A(Aud— A45)
Then for \ = iw,

)l =

@
dr

Al — 2iw T n Ay |
iw(Agiw — As)e=""  iw  jw(Agiw — As)
(A1 — 2iw)(cos(wT) + sin(wT)) + Ay
iw(Agiw — As) ]
(2A45w? — Ay Aqw?) cos(wT) — (A1 Asw + 2A,w?) sin(wT) — A3w?
Awt + AZw? ]

and using the expressions for cos(wr) and sin(w7) above, we get

Re(==)"'x=iw = Re]

= Re|

= Re]

dX

RG(E

) aziw = A2w? (w4 (A2 — A2)w? — A2) 4 A3wS 4 (242 + A2 A2)w + AT AZw?
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dA
Re(;)_1 = A%wb + (242 + A2ADw* + A2 AZW?,
dA
Re(—)"" [x=iw> 0.
(o) hmiw>

Thus, lemma follows. i

Summarizing the above results, we have the following theorem on stability and
Hopf bifurcation of the system (2.2).

Theorem 3.2. For the system (2,2), the following results hold,

i) If T€[0, ), then the equilibrium point (0,0) of the system (2.2) is asymptoti-
cally stable,

it) If ¢'(z1) # 0, then the system (2.2) undergoes Hopf bifurcation at the equilib-
rium point (0,0) when 7 = 7, (k=0,1,2...).

4. DIRECTION AND THE STABILITY OF HOPF BIFURCATION

In this section we shall determine the direction of Hopf bifurcation and the
stability of the bifurcating periodic solutions by applying the normal form theory
and the center manifold theorem by Hassard et al. [9)].

Throughout this section, we assume that the system (1.1) undergoes Hopf bifur-
cations at the positive equilibrium (N§, Py) at 7 = 71 and iw; is the corresponding
purely imaginary root of the characteristic equation at the positive equilibrium
(Ng, Py). For the sake of simplicity, we use the notation iw for jw.

We first consider the system (1.1) by the transformation

t
x1=N—N{, za=P— P}, t:;, T=Tk+ i

which is equivalent to the following Functional Differential Equation(FDE) sys-
tem in C' = C([-1,0], R?)

(4.1) #(t) = Lu(ze) + f(p, 1)
where z(t) = (z1(t),z2(t))"eR? and L, : C — R? f : R x C —R? are given

respectively, by

Lu(z) = (T +p) [ j; 8 } [ 22533 ]
+HTk+ 1) { 0 ﬁi } [ilE_B }
and
fu, 0) (T’“L”)[ ;1121 }
where
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6 C. CELIK

Do(—=1)p,(0)  P*¢2(0) + N*py(—1)¢ (0
fii = _¢%(0)_ ]2\;* +)a})(*) + 1(()]\7*+a}2?(*)2) 1(0)
aP* gy (—1)¢(0) + aN*p3(~1)
(N* 4+ aP*)?
 PEN*1(0) + 2aP* N* ¢y (—1), (0) + o’ P*N*¢5(—1)
(N* 4+ aP*)3

and

; _ Be3(=1) | 2BP"¢y(—=1)¢1(0)  B(P*)?41(0)
12 +

N* (N*)Q (N*)Q

where ¢ = (¢, ¢,) €C.

By Riesz representation theorem, there exists a function (6, 1) of bounded vari-
ation for fe[—1, 0], such that

0
L#(b:/_1 dn(0,0)p(0) for ¢eC.

Indeed we may take

w0 = o] 40 ]o0)

0 A
+(Tr + 1) [ 0 Ai ] 5(6+1)
where § is the Dirac delta function. For ¢eCt([—1,0], R?), define
do(8)  he[—1,0)

A(“)‘b_{ 12 dnl )6(s), 0= 0.

and

[ 0,6¢[-1,0)
Rlpe = { F(1,6),6 = 0.

Then the system (4.1) is equivalent to

2'(t) = A()a, + Rz
where z4(6) = z(t + 0) for e [—1,0) .For 1eC*([-1,0], (R?)*), define

. B fdwgs), s¢(0,1]
A9le) = { [ dnT (00 (—1), =0,

and a bilinear inner product

0 0
42 (w00 =000~ [ [ e ono)oeas
where n(8) = 1n(0,0). Then A(0) and A* are adjoint operators. Suppose that

q(0) and ¢*(s) are eigenvectors of A and A* corresponding to iwty and —iwTy,
respectively. Then suppose that ¢(0) = (1,a)Te™% is the eigenvector of A(0)
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corresponding to iwTy, then A(0)q(0) = iwTrq(f). It follows from the definition of
A(0), L,,¢ and n(d, i) that

A [0 =0
Then we can easily get
g(0) = (1,0) 7m0 — g(0)e w0
and similarly by definition of A*,
Tk { A1£31w A4f3fwT:Tiw ] ¢ (0) = {
and
q*(0) = D(a”, 1)T6iw7k0. _ q*(o)eiw‘rké.

To satisfy that (g*(s), ¢(f)) = 1, we evaluate the value of D. By the definition of
the bilinear inner product

0o 0
@ ©a0) = D@ D)~ [ [ D@ ) o))
Z1e=0
0
= D onra*f/(a*,1)eiw7’“99d7](9)(1,a)T
21
= D{a+a" +1re " (Aga" + A3)}

Thus we can choose D as

1

D= ,
a4 @ + TeT TR (Agat + As)

such that (¢*(s),q(6)) =1 and (q*(s),q()) =0

In the following part, we use the theory by Hassard et al. [9] to compute the
coordinates describing center manifold Cy at p = 0.

Define

(4.3) 2(t) ={q¢",ze) , W(t,0) = 2 — 2Re 2(t)q(0)

On the center manifold Cy , we have

2 =2

W (t,0) = W (=(1), 3(t), 6) = Wao(6) 5 + Wir(6)2% + Woa(6) 5 + .

where z and Z are local coordinates for centermanifold Cj in the direction of ¢
and g*. Note that W is real if x; is real. We consider only real solutions. For the
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8 C. QELIK
solution z.eCy, since u = 0 and (4.1), we have
2 = dwtpz + (¢*(0), f(0,W(z,%,0) + 2Re zq(h)))
= dwTtrz +¢"(0)f(0,W(2,%Z,0) + 2Re 2¢q(0))
< iwriz 4 (0)fo(z7)

= jwrpz +g(2,2)

where

52 =2 227
(4.4) 9(2,2) = q¢"(0) fo(2,2) = goo—— + 91122 + go2— + 921 —— + -

2 2 2

By using (4.3), we have z;(21:(0),22:(0)) = W (¢,0) + 2q(0) + zq(0) and ¢(0) =

(1,0)Te™ % and then

2
mm>=zm+w&>-wﬁkm+%N>+vwa>
=2
220(0) = za+za+WE >(0) + W (0)2z + w2 (0)% +0(l2,21),
k0 | = dwrkd () E M)
x1(—1) = ze TR L Ze"TR + W' (— ) —|—W ( 1)zz + Wy (—
2

Tor(—1) = zae T 4 zgeiwThl 4 W§§>(_1>% F W (—1)22 + W2 (-1)

From the definition of f(u,z;),we have

122) =T O)fo(:9) = DraGa”. 1) | i |

=2
Z

12—
)2

where
O = a2 (0) - 2o (=1)214(0) | P*2?,(0) + N*xy(—1)x14(0)
1 1t N* + aP* (N* 4 aP*)2
aP*xoi(—1)z1:(0) + OtN*J?Qt( 1)
(N* 4+ aP*)?
P*N*Z‘lt(O) + 2aP* N*29i(—1)214(0) + a? P*N*23,(—1)
(N* 4+ aP*)3
and

B3, (=1) | 2BP e (—)a1,(0)  B(P*)? $1t().

fia=— N~ (N*)2 (N)?
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Thus

xot(—1)x14(0)

(N* + aP*)
+P*x%t(0) + N*xos(—1)x14(0)

(N* 4+ aP*)?
+OZP*952t(—1)$1t(0) + aN*z3,(—1)
(N* + aP*)?

P*N*22,(0) + 2aP* N*z9:(—1)21,(0)
- (N* +aP*)3
o?P*N*a3,(—1)  Ba3,(=1) | 2BP*N*wp(—1)z1:(0)

9(,2) = Dryfa*(~21,(0) -

(N* 4+ aP*)3 N+ (N*)?
(P*)?x1,(0)

3
—W] +O(|(2,2)[")

By comparing the coefficients with (4.4), we get

—x% —iwTR0
g0 = 2Drp[—ate MmO _ %
a*P*ef2in;¢0 4 a*aN*efiw'rkG
(N* 4+ aP*)?
a*a2P*67iw‘rk9 + a*a2N* a*N*P*efﬁwT;ﬁG
(N* 4+ aP*)? ~ (N*+aP*)3
2a* a2N*P*e—iw7k0a* a2N*P*
- (N* + aP*)3
6042 ZBaP*e_“”T’CG _ QB(P*)Qe—in'rkﬂ
TN (N*)2

a0 4 e TR0
(N* 4+ aP¥)
90&* P* 4+ @ aN*eiwThl + graN*e—iwmrd
(N* + aP*)?

a*QQP*einkG + a*aap*e—mme + 2§*Oé2aN*

2a* N* P* + 2a*a2N*P*eiwrk9
- (N* + aP+)3

2a*aaN* Pre~ vkl 4 og*a?aN* P*
- (N* + aP*)3

2B8aa 2PBaPretvTrl 4 28a P e WY — 23(P*)2
- N* + (N*)2 ]

g1 = ﬁm[—a’?aa —
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10 C. CELIK

a*aeiun'ke
(N* + aP*)
a* P* €2iw‘rk.0 + a*aN*eiw‘er 4 a* aap*eiw‘rke 4 a* O[@QN*
(N* +C¥P*)2
a* N*P* 62iw7k0 4 2t aaN*P*einkQ 4 E*QZEQN*P*
(N* +04P*)3
ﬁa2 25513*6“”7’“9 _ B(P*)2e2iwrk9
N* (N*)Q

—x _20wTRl

go2 = 2D7i[-a'e

g1 = QETk[—a*(WQ((l))(_ ) 1w7’k9+2W1(1)( 1)e—iw7k0)
: (2) (0)eiwTko M _1yg
_a*(Wl(f)(O)e—szkO + Wl(ll)(_l)a + Wao (0% k + Wao ; 1) )
(N* 4+ aP*)
TP (W (=1)e T+ W) (~ e )
(N* + aP*)?
—x N\T* 2 —iwT 1 w2 (g)eiwTro w _1yg
LN (W 0 W (a4 BG4 Ba e
(N* —|—OLP*)2
iwr It _
OzP*(W(Q)( ) 7Zw7k0+W1(i)(_ )a+ wis (0)6 k0 + Wso éfl)a)
(N* 4+ aP*)?
@ aN* (WP (0)a + 2w (0)a)
20 11
(N* 4+ aP*)?
_@NTP (Wi (~1)e™ 0 4 2W) (~De )
(N* 4+ aP*)3

P'Lw'r 0 (1) _1a
2@ alN P WD (0)e 4+ WP (—1)a 4 War O War (T
(N* + aP*)3
* Dk 2 2 2 — 2
FQENTPH (W (0)a + 20 (0)a)  BWsD (0)a + 205 (0)a)
(N* + OéP*)3 N*
w2 (g)eiwTro M _1yg
| 2BaP (WP ()70 + Wi (1o + BalGe— 4 Ha )
(N*)2
BUP*) (W) (= 1)ems? 1 2w} (~1)emivree)
(N*)2

To determine go1, we need to compute Wy (#) and Wi1(6). By (4.1) and (4.4),
we have
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(4.5) W' = a,—2'q—2q

{ AW — 2Re(q*(0) foq(9)), e[—1,0)
AW —2Re(7*(0) fog(9)) + fo, 60=0

AW + H(z,%,0).

where
22 z2
(4.6) H(Z,E,e) = HQO(Q)? +H11(9)Z§+H02(9)? + ...
Note that on the center manifold Cjy near to the origin,
(4.7) W =W,z + W,z
Thus we obtain,
(48) (A — QZ’lUTk)Wgo(@) = —Hgo(e), AW11(9) = —H11(9)
By using (4.3), for fe[—1,0),
(4.9) H(z.z,0) = q°(0) foq(9) — ¢"(0) f0(0)q(0) = —ga(0) — ga(6).

Comparing the coefficients with (4.6), we obtain the following

(4.10) Hy(0) = —g20q(0) — §02G(0),  H11(0) = —g119(8) — §114(0).
From (4.8) and (4.10) and the definition of A, we get

Wao(0) = 26w, Wao(0) — g209(8) — Go2d(0).

Noticing ¢(#) = ¢(0)e** 7+, we have

(411)  Wag(0) = L2 g(0)e" 0 + L2 g(o)e= 0 4 Byes?,
TEW 3Trw

where £y = (E%l), E£2))6R2 is a constant vector. Similarly, we have

(4.12) Wi () = —@q(O)eW”e 4 u g(0)e 0 4y,
TRWw TrW

where Ey = (Eél), E§2))6R2 is a constant vector. Now we will try to find E; and
Es. From the definition of A and (4.8), we obtain
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12 C. CELIK

0
(413) /dn(@)Wgo(ﬂ) = 2inkW20(0) - HQO(O),
and
0
(4.14) / dn(0)W1(0) = —H (0),

where dn(0) =n(9,0).
By (4.8) and (4.9), we have

H(0) = —g20q(0) — G2q(0)
_2iwrkf _ ae "TkY
) ) (N*+aP*)
+P*5’2“”’@9+o¢N*e*””k9+a2P*e’”“"k9+o¢2N*
(4 15) +2T N*P*eiZinkQ_E_J;’(;;]\?*P;*)zfiwfkeazjv*lg*
. k — (N*+aP*)3

2BaP*e”1WTh? _2f(P*)2e 2w kO
(N=)?

and

Hyj(0) = —g119(0) —g1,4(0)
& ae

B ae
_2Rea_ (N*+ap*) )
+2P*+OéN*elek9+aN*ef1,wﬂ'k9 + a2 P*eiwTh®
] N*+ap*)2 (N*+(¥P*)2
_|_aaP*e_“‘”'k‘g+2ReaN* _ 2N*P*42a%N*P*eiVTk?

PwT 0 —iwT 6

(4.16) 1275, (N+aPo)? (N*+aP*)?
__2ReN*P*e” ""kY 4 2Re N*P*
(N*-‘r(xP*)s

280w " 2[3aP*eink9+2BaP*e’iw’k9—2ﬂ(P*)2
N* (N*)2

Substituting (4.13) and (4.15) and noticing that

0
iwm]—/e“”’“edn(e) q0) = 0

1

0
—iwrkl—/e_iw”edn(e) q(0) = 0,

-1
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13

A3

—Age™ Tk 4 2w

we obtain
i _einTkG  ae” kO ]
) (N*+aP)
JrP*e_"’“‘”keraN*e_””ke
N*taP")?
0 2 (7' 0 2
a*Pre "Wk Lo N*
2iwri I — [ 2™0dn(0) | By = 27y, T (N"taP*)?
 N*P* e 2WThO 902 N* Pre— W ThO G2 N* P*
4 (N +aP)?
2BaP* e WThY _9g(P*)2e—2iw TR0
I N J
which is
i _e2iw7'k9 _ ae WK
(N*+aP*)
Pre— 20wl L N*e—iwT R0
e,
. . Pre—iwTkO 4 2 N*
2iw — A —Aye Tk &
L i2 B =2 S NTgaP
A3 —Age™ Tk 4 24y N* P*e—2iwTR0 1 9,2 N* P* o= iwT0 (2 ¥ p
o (N*+aP*)3
28aP* e~ WTEO _25(P*)2e~ 21w k0
L (N*)?
Now if we solve this system for Fq,we get
Y )
(1) (1) —lWTg
E(l) = 2 'Elle +E12 2 —2i 0 —Aze '
17 = 5| 28aP*e—wTkO _23(P*)2e—2iwTk . .
Bl BaP"e (N*gj)z( )"e —A4€ Tk + 29w
: (1) (1)
E(Z) _ 2 QZU) — A1 ‘Ellg + E12 ) ) .
1= E A 2BaP* e WThY _9g(P*)2e 2w Tk R
3 (N*)2
where
E(l) 26w ae—mme N P*e—ZinkG + aN*e—inkO
= —€ —_
H (N* + aP*) (N* + aP*)2
E(l) a2p*efiw'rk6 + OzQN* N*P*ef2iw'rk6 4 2a2N*P*67iw7k6a2N*P*
12 (N* + OéP*)2 (N* + OZP*)?)
B 2w — A —Age~ Wk ‘
1=

Similarly, substituting (4.12), (4.14) and (4.16), we obtain { B

—9Rea — et | ge—iwTkO

n IP* taN* e k0 LGN* e~ iwTk0

(N*faP*)
a2 P*eiwTif

(N"FaP+)?

aa?P*e "Wk 12 Re aN*

+ & ez T

(N"FaPr)?

9 _2N*P*42a2N*P*e'¥7k%  2Re N*P*e '“7k%12Re N*P*
(N*+aP*)3 (N*+aP*)3 ’
_ 2Baa@ 28aP* ek 1 2BGP T IWTRO _28(P*)?

v

which implies that

(N=)?
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B _ 2 ) EY 1B A
2 Bs _2%%Q + 2BaP e’k +2ﬂ(‘7\£)§ kT —2B(P") —Ay
g _ 2| A B By +ER 2
2 By | —A —2Bem y 2Bl +25(?V12)§ K _28(P)? |-
where

E(Q) R Oéeiw'rke +aefiw'rk6 2P*+aN*ein’“9 +aN*67iwrk0
= —2Rea —
11

(N* + aP*) (N* 4+ aP*)?
E(2) _ a2P*€iw‘rk9 N aaQP*e_“’”k‘g + QRGO(N* IN* P* + 2a2N*P*eiw7k0
12— (N* +OZP*)2 (N* _|_ap*)2 (N* +04P*)3
N B CRC b

Thus we can compute Wy (0) and Wi1(0) from (4.11) and (4.12) and determine
the following values to investigate the qualities of bifurcating periodic solution in
the center manifold at the critical value 7. For this purpose, we express ggjs in
terms of the parameters and delay. And then we can evaluate the following values;

. 2
7
c1(0) = Sorn (920911 — 2|g11)* — @) + %,
p_  Rela ()
27 RefN(mi)}

B = 2Re{c1(0)},

7y e} + I (ri)}
WTk

Theorem 4.1. u, determines the direction of Hopf bifurcation; if py > 0, then
the Hopf bifurcation is supercritical and the bifurcating periodic solutions exist for
T > To, if iy < 0, then the Hopf bifurcation is subcritical and the bifurcating periodic
solutions exist for T < To. By determines the stability of the bifurcating periodic
solutions; bifurcating periodic solutions are stable if S5 < 0, unstable if B4 > 0.
Ty determines the period of the bifurcating solution; the period increases if To > 0,
decreases if Ty < 0.

In the following section, we shall give a numerical example to verify the theoret-
ical results.
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5. A NUMERICAL EXAMPLE.

In this section, we present some numerical simulations to verify the results in
Lemma 2.1, Lemma 2.2, Theorem 3.1 and Theorem 4.1 by using MATLAB(7.6.0)
programming. We simulate the predator-prey system (1.1) by choosing the param-
eters, « = 0.7, 8 =0.9 and § = 0.6, i.e., we consider the following system,

NG N()P(t —T)
S = NO-N©) - N(t) + 0.7P(t — 1)
(5.1)
) P(t—1)
o = 09P(- )06 - —5)

which has only one positive equilibrium Ef = (Ng, Pf) = (0.5775,0.3465). By
algorithms in the previous sections, we obtain 79 = 2.6124, w = 0.4670. So by
Theorem 3.1, the equilibrium point E* is asymptotically stable when 7¢€[0,7¢) =
[0,2.6124) and unstable when 7 > 2.6124 and also Hopf bifurcation occurs at 7 =
To = 2.6124 as it is illustrated by computer simulations.

By the theory of Hassard et al. [9], as it is discussed in previous section, we also
determine the direction of Hopf bifurcation and the other properties of bifurcating
periodic solutions. From the formulaes in section 3 we evaluate the values of ps,
By and Ts as

py = —1.4654 <0, [y =15368>0 and T5=1.9723>0

from which we conclude that Hopf bifurcation of system (5.1) occurring at 79 =
2.6124 is subcritical, the bifurcating periodic solution exists when 7 crosses 7g
to the left, and also the bifurcating periodic solution is unstable and the period
increases.

In computer simulations, the initial conditions are taken as (Ny, Py) = (0.01,0.01)
and MATLAB DDE (Delay Differential Equations) solver is used to simulate the
system (5.1). We first take 7 = 1.8 < 7¢ and plot the density functions N(t) and
P(t) in Fig-1,2 respectively which shows the positive equilibrium is asymptotically
stable for 7 < 7¢..

However in Fig-3,4 below, we take 7 = 2.3 sufficiently close to 7¢ which illustrates
the existence of bifurcating periodic solutions from the equilibrium point Ej.
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0 i i i i i i
0 50 100 150 200 250 300 350

Time(t)

FIGURE 1. The trajectory of prey density versus time with the
initial conditions Ny = 0.01, Py = 0.01. When 7 = 1.8 < 79 where
the equilibrium point E* is asymptotically stable.
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FIGURE 2. The trajectory of predator density versus time with the
initial conditions Ny = 0.01, Py = 0.01. When 7 = 1.8 < 79 where
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A DETERMINISTIC INVENTORY MODEL OF
DETERIORATING ITEMS WITH STOCK AND TIME
DEPENDENT DEMAND RATE

B. MUKHERJEE AND K. PRASAD

ABSTRACT. In formulating inventory models, two fact of problem have been
of growing interest, one being the deterioration of items, the other being the
variation in demand rate. Time-varying demand patterns are usually used to
reflect sales in deferent phases of the product life cycle in the market. The
effect of deterioration of physical goods cannot be disregarded in many in-
ventory systems. A deterministic inventory model for deteriorating item with
inversely time dependent of two parameter weibull distribution to represent
the deterioration rate has been studied in this paper. Time dependent and
stock dependent demand rate separately has been studied by numerous au-
thors while in this paper considering simultaneously both stock dependent
and time dependent demand rate has been studied. The present-model has
been solved analytically to minimize the cost. A numerical example has been
carried out to illustrate the solution procedure.

1. INTRODUCTION

In the classical inventory model life time of an item is infinite while it is in
storage. But effect of deterioration plays a vital role in the storage of some goods
like vegetable, fruits, medicine etc. In such cases a certain part of these goods
are either damaged or decayed and are not in a condition to satisfy the future
demand of customer as a fresh unit. Mathematical model of inventory system has
been developed by many of the researcher but most of them have consider the
demand rate is constant also we know that now a day market is full of competitive
environment as a result it is fluctuating day by day so in such a environment there
are nothing fixed or constat. The inventory problem of deteriorating item was
first researched by Within [17] who studies the problem of fashion goods at the
end of inventory cycle. Sing et al. [16] they used constant rate of deterioration
and linear rate of demand depending upon the current stock level. Ghare and
Schrader [7]developed an inventory model with a constant rate of deterioration. An
order level inventory model for items deteriorating at a constant rate was discussed
by Shah and Jaiswal [15]. Aggarwal [1] reconsidered this model by rectifying the
error in the work of Shah and Jaiswal [15] in calculating the average inventory
holding cost. In all these models, the demand rate and the deterioration rate were
constant, the replenishment rate was infinite and no shortage in inventory was
allowed.

Key words and phrases. Inventory, Deterioration, Weibull distribution , Demand.
2010 AMS Math. Subject Classification. Primary 90B05; Secondary 65K10.
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2 B. MUKHERJEE AND K. PRASAD

Researchers started to develop inventory systems allowing time variability in
one or more than one parameters. Dave and Patel [5] discussed an inventory
model for replenishment.This was followed by another model by Dave [4] with vari-
able instantaneous demand, discrete opportunities for replenishment and shortages.
Bahari-Kashani [2] discussed a heuristic model with time-proportional demand. An
Economic Order Quantity (EOQ) model for deteriorating items with shortage and
linear trend in demand was studied by Goswami and Chaudhuri [8]. On all these
inventory systems, the deterioration rate is a constant.Another class of inventory
models has been developed with time-dependent deterioration rate.

Covert and Philip [3] used a two-parameter Weibull distribution to represent
the distribution of the time to deterioration. This model was further developed by
Philip [12] taking three-parameter Weibull distribution for the time to deteriora-
tion. Mishra [10] analyzed an inventory model with a variable rate of deterioration,
finite rate of replenishment and no shortage, but only a special case of the model
was solved under very restrictive assumptions. Deb and Chaudhuri [6]studied a
model with a finite rate of production and a time-proportional deterioration rate,
allowing backlogging. Goswami and Chaudhuri [8] assumed that the demand rate,
production rate and deterioration rate were all time dependent. Detailed informa-
tion regarding inventory modeling for deteriorating items was given in the review
articles of Nahmias [11] and Rafaat [13]. An order-level inventory model for dete-
riorating items without shortage has been developed by Jalan and Chaudhuri [9].

Here we have consider that demand is depending on time as well as current
stock level of the system and the deterioration rate is considered as a two parame-
ter weibull distribution which is function of time.

2. NOTATION AND ASSUMPTIONS

To develop an inventory model of deteriorating item the following notations and
assumptions are used throughout the paper.

2.1. Notations. :
C, holding cost per unit per unit time.
Cs shortage cost per unit per unit time.
Cy cost of a deteriorated unit.

average cost of the system.
q(t) inventory level at time t.
6(t) the deterioration rate.

T duration of per cycle.
D(q) demand function.
A replenishment cost.

2.2. Assumptions. :

(i) Shortages are allowed and backlogged.

(i4) T is the fixed duration of a cycle.

(#31) Lead time is zero and Replenishment is instantaneous.
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(7v) The items considered in this model are deteriorating items with variable rate
of deterioration 0(t).

(v) The deteriorating rate is defined as two parameter weibull distribution

0(t) =a Bt°71, Where 0 < a < 1,0 < < 1and = %,where n is the natural
number.

(vi) Demand rate is defined as the function of q(t) as D(q(t)) = a + bt?~1q(t).

3. MATHEMATICAL MODEL AND ITS ANALYSIS

On the basis of above mentioned assumptions, at the beginning that is at time
t = 0 ,S units are hold for each cycle of the considered inventory system and the
items are depleted gradually in the interval [0,¢;] due to the combined effects of
demand and deterioration.

At time t = t1, the inventory level reaches zero and then inventory level depleted
up to —S7 due to demand only in the interval [t1,T] and the whole process is re-
peated.

Proposed model:

INVENTORY

L]

fsec)
-

) I TIME @

|
L
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4 B. MUKHERJEE AND K. PRASAD

The variation of inventory level ¢(t) with respect to time can be described by
the following differential equation as follow:

dg _
dt
dg _
dt

(3.1) —0q(t) — D(q(t)), 0<t<ty.

(3.2) ~D(q(t)), t<t<T.

With the boundary conditions as

(3.3) q(0)=S5, q(t1)=0, q(T)=-5

The solutions of above equations are given by

1
s an=i5(5) e - e, vsisn

(3.5) q(t) = ki (—;) %716—’“‘3 {I% —u

where ky = < 5+b,k = % and

1

I, = /efzzﬂ Ydz, where z = —kit?

B

1

= —(—kat?)F et (ﬂ - 1) (—kat?) 2kt

e
(3.6) - (; - 1) (; - 2) 1 e

Total number of deteriorating items in (0,¢;)

D

S — Total demand in time (0,t;)

(3.7) = S- /Ot1 [a + btP~Lq(t)]dt.
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Case Study:

If 3 = 1 the equation (3.7) in this case reduces to

2 2ab
Dr = Sl—e"Yi(1—kv) - at + 23 (bt — 2VE)
1 1
4ab
(3.8) + (L= k) e - 1),
1

Hence total Inventory during the time (0, ;)
t1
Hr - / o(t)dt
0

(3.9) — /tla -1 5 —kt? |} —(I) i@t
. Jo kiB\ ks ‘ 7 5) 1=,

which for present case reduces to

4a 3 2at
(3.10)  Hp= -4y s
1

4
3k‘1 +k)7; (kl\/aeklmfeklmfk%ﬁ‘i’l) .

Similarly the total shortage during the time (¢1,T)

T
Br - —/ o(t)dt
ty
T (-1 51 4B
o S 160 B U GV

also for this case the equation (3.11) reduces to

2a (.3 E a a 2 2b(v/E—VT 2

(3.12)  + 2by/Ee2PVEVT) _op/T2b(VE—VT) _ 20(VE—VT) | 1} .
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6 B. MUKHERJEE AND K. PRASAD

Therefore average cost of the system

A DT T BT
1 T) =2 e A .
(3 3) C(ty,T) T+Cd T + Ch T + Cy T

Differentiating cost function with respect to ¢; and T using equations (3.8), (3.10)
and (3.12), we have

oCc  Cq0Dr  CnOHr Cs0Br

.14 — === — s
(3.14) o T oh T o T an
oc A Dy Hy C;,0Br C;
(3'15) aiT**ﬁ*CdﬁfchﬁJr?aiT*ﬁ T

The optimal value of ¢t; and 1" as t7, 1™ can be obtained by satisfying the nec-
essary condition for minimization of the cost

provided they satisfy the sufficient conditions
(3.16) O?;? >0
@17 (5) (5) - (o) >»

If the solution for ¢; and T do not satisfy the sufficient conditions (3.16) and
(3.17) then no feasible solution will be optimal for the set of parameter value which
has been used to solve the above equations. Such a situation will imply that the
parameter values are inconsistent and there is some error in their estimation. A
new parameter’s value is required to analyse the situation further.

219



A DETERMINISTIC INVENTORY MODEL OF DETERIORATING ITEMS WITH STOCK.. 7

Numerical Example:

Numerical values of t7, T, C* have been calculated with the help of C program for
solution of system of non-linear equation using Newton Rapshon method by consid-
ering the parametersas A=8, Cy=1, Cp,=2, Cy=5, a=100, b=0.30

@ 7 T c
0.10 2.264520 3.240990 448.589996
0.20 1.751950 2.717921 440.370331
0.30 1.504149 2.553645 472.665436
0.40 1.362177 2.515763 513.252136
0.50 1.266038 2.522837 552.972595
0.60 1.192582 2.547586 590.161011
0.70 1.131593 2.579973 624.946655
0.80 1.078012 2.615901 657.758423
0.90 1.029138 2.653523 688.969910

It is observed that these result satisfy the sufficient conditions (3.16) and (3.17)
for minimizing the cost of the system.

Conclusion:

Numerical calculation shows that as the value of the parameter alpha increases
then optimal value t; is decreases continuously but the optimal value of T is de-
creases firstly up to a = 0.50 and after then it starts to increase . The optimal cost
is also decreases initially up to a = 0.20 but after then it starts to increase. This
shows that the time of duration of shortage is increases as deterioration is increases.
From these result we may also conclude that as time passes the deterioration rate
decreases which leads to reduction to the average cost of the system.
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OPEN PROBLEMS IN SEMI-LINEAR UNIFORM SPACES

ABDALLA TALLAFHA

ABSTRACT. Semi-linear uniform space is a new space defined by Tallatha, A
and Khalil, R in [7]. The authors studied some cases of best approximation
in such spaces, and gave some open problems in uniform spaces. Besides they
defined a set valued map p on X X X and asked two questions about the
properties of p. In 2011, Tallafha [8] defined another set valued map § on
X x X, and give more properties of semi-linear uniform spaces using the maps
p, 6 and he answered the questions about p. The purpose of this paper is to
introduce some open questions concerning this new spaces.

1. INTRODUCTION

Uniform spaces had been studied extensively through years. We refer the reader
to [1],12], [3], [4], [5], [6], [9] and[10] for the basic structure of uniform spaces.

Semi-linear uniform space is a new space defined by Tallatha, A and Khalil, R in
[7], the authors define a set valued map p, called metric type, on semi-linear uniform
spaces that enables one to study analytical concepts on uniform type spaces. They
asked two question about the properties of p, besides they studied some cases of
best approximation in such spaces, and gave some open problems in approximation
theory in uniform spaces . In [8], Tallatha, A. defined another set valued map ¢ on
X x X, and he gave more properties of semi-linear uniform spaces using p and 4.
Besides he solved the two question about the properties of p.

Let X be a set and Dx be a collection of subsets of X x X, such that each
element V' of Dx contains the diagonal

A={(z,z) :x € X}
and
V =V ={(y,2): (x,y) €V}

for all V € Dx (symmetric), Dy is called the family of all entourages of the
diagonal. Let ' be a sub collection of D, then the pair (X,T') is called a uniform
space if

(1) V3 and Vo are in I" then V1 NV, € T,
(i¢) for every V €T, there exists U € ' such that Uo U C V,
(i) N V=A,
Ver

)ifVeland VCW e Dy, then W eT.

(iv) if

Key words and phrases. Best approximation, uniform spaces, semi-linear uniform spaces, fixed
point.
2010 AMS Math. Subject Classification. Primary: 54E35; Secondary: 41A65.
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2. UNIFORM TYPE SPACES

Let (X,T") be a uniform space. By a chain in X x X we mean a totally( or
linearly) ordered collection of subsets of X x X, where V; < V5 means V; C V.

Definition 2.1. [7] We call (X,T') a semi-linear uniform space if it is a uniform
space where T is a chain and condition (vi) is replaced by

Uv=xxx
ver

An example of a semi-linear uniform space is the following.

Example 2.2, Let V; = {(z,y) :y—t < x < y+t, and —o00o < y < oo}. Then
(R,T), withT ={V;: 0 < t < oo} is a semi-linear uniform space.

One can generate semi-linear uniform spaces as follows. Let Dx be a chain in
the power set of X x X, such that, each element of Dx is symmetric, contains A,

U v=xxx
U e Dx

(| U=A.

U e Dx
Then one can easily see that (X, Dy) is a semi-linear uniform space.
We should remark that the topology in metric and normed spaces can be
generated by semi-linear uniformities.
Throughout the rest of this paper, (X,T') will be assumed semi-linear uniform
space. Let (X,T') be a semi-linear uniform space. For z,y € X let

Clz,y) =n{VeTl: (z,y) € V},

and

and
={C (z,y):z,ye X }.
Clearly C (z,y) = {V=t el : (z,y) eV}
Definition 2.3. [7] Let (X,T") be a semi-linear uniform space. We define the set
valued map: p: X x X — %, p(x,y) = C (x,y).The map p will be called a set
metric on (X,T).
Proposition 2.4. [7] For a semi-linear uniform space, we have the followings:
(1) p(x,y) = A if and only if x =y,
(i) plz,y) = ply, ).
In [7], the authors gave the following questions.
e Question 1. [7] Is p(z,y) C p(x, z) N p(z,y)?
e Question 2. [7] If p(z, z) = p(z,w), for some z € X, Must w = 2?

The above questions is answered negatively by Tallatha, A. in [8]. Also Tallatha
showed that the answer of question 1 still negative, if N is replaced by U.
Definition 2.5. [7] Forx € X and E C X, we define

E)= n :
ple,B)= 0 p(@y)

Clearly, if € E, then p(z, E) = A.
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Definition 2.6. [7] For x € X and V € T, we define The open ball of center x
and radius V' to be
B(z,V)={y: (z,y) e V}.
FEquivalently
Bz, V) ={y:plz,y) SV}
Clearly if y € B(x,V), then there is a W € T" such that B(y, W) C B(z,V).

Definition 2.7. B C X is called bounded if B C B(x,V), for some V € ',z € X.
In [8], the following concepts are defined, and the following results are proved.

Definition 2.8. Let (X,T') be a semi-linear uniform space. then, the set valued

map § on X x X is defined by
WV:vel, Yifr#y
o(x,y { (zy) ) Y
B =10 Fr=y

where I‘Zm’y) is the complement of T'(; ).

Clearly, if z = y then le_ ,) 18 the empty set so we define 0(z, x) to be the empty
set, and §(z,y) = d(y, x). for all (z,y) € X x X. and A C §(x,y) for all = # y.
The first natural question that one should ask, is there a semi-linear uniform

space which is not materialize?. The answer is yes as the following example shows.

Example 2.9. Lett € (0,00),fort # 1 and
Vi={(z,y): 2>+ <t UA,T ={V;: 0 < t < o0}.
Then (R,T), is a semi-linear uniform space which is not materialize.

Proposition 2.10. Let (X,T') be a semi-linear uniform space. Then,
(z) IfVer, ) then V-G p(z, ).

) 6(x,y) g(pz/x,y) for all (z,y) € X x X .
) If V €Ty, then §(z,y) C V.
) If (z,y) € p(s,t) then p(z,y) € p(s, ).
) If (z,y) € 6(s,t) then é(x,y) C (s, t).
) If U €T satisfies U G p(x,y), then U C 6(x,y).
(vii) If U € T satisfies §(x,y) S U, then p(z,y) C U.
i) If U € T satisfies §(z,y) CU C p(x,y), then U = 6(z,y) or U = p(z,y).
) If (s,t) & & (z,y) then § (z,y) Cd(s,t).
) 1If (s,t) & p(x,y) then p(z,y) S0 (s,t).

) If 6(x,y) ; 0(s,t), the there exist U € ', such that 6(x,y)
(zii) If p(x,y) G p(s,t), the there exist U € T, such that p(x,y)

S U Cé(s,t).
C UGS p(s,t).
Theorem 2.11. Let (X,T') be a semi-linear uniform space. Then,

(1) {p(z,y): (z,y) € X x X} is a chain.

(1) {0(z,y): (z,y) € X x X, x #y} is a chain.
Theorem 2.12. Let (X,T') be a semi-linear uniform space. Then, © = pU§UT
is a chain.

Theorem 2.13. Let (X,T') be a semi-linear uniform space. Then,

(1) (X, p) is a semi-linear uniform space.
(i4) (X,9d) is a semi-linear uniform space.
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Lemma 2.14. Let (X,T) be a semi-linear uniform space. Then, p(z,y) C p(s,t)
if and only if 6(x,y) C 0(s,t).

Theorem 2.15. Let (X,T') be a semi-linear uniform space. Then, p(z,y) = p(s,t)
if and only if 6(x,y) = 0(s, ).

In [7], the authors defined the concepts of, convergent, Cauchy and they
proved that (i) Every convergent sequence is Cauchy. (ii) Every Cauchy sequence
is bounded. (iii) If (z,) converges then the limit is unique. Also they gave the
following open question.

e Question 3. If p(x, E) = A, must » € E *?

Clearly the converse of the above question is true.

3. PROXIMINALITY IN SEMI-LINEAR UNIFORM SPACES

What is nice about semi-linear uniform spaces is that theory of best approxi-
mation can be studied in such spaces without tools that metric structure usually
offers. In [7] the authors defined the following concepts and proved the following
results.

Definition 3.1. Let (X,T") be semi-linear uniform space, and E C X. The set
E s called proximinal if for any x € X, there exists some e € E  such that

p(x, E) = p(z,e).
Proposition 3.2. If E C X is proximinal, then E s closed.

This question is given in [7], is still open.
e Question 4. If F is compact, must F be proximinal?.
But the following partial answer is given.

Theorem 3.3. [7] Let (X,T") be a semi-linear uniform space. Then every finite set
is proximinal.

Corollary 3.4. If E1, Es, ..., E,, are proximinal in (X,T), then |J F; is proziminal
i =1
too.

Also every sequence with it’s limit is compact, so we have another partial answer
to the question.

Theorem 3.5. Let (X,T) be a semi-linear uniform space and (y,) be a convergent
sequence in X. Then E = {y,y,,Y,,...} is proziminal, where y = limy,,.

4. FIXED POINT IN SEMI-LINEAR UNIFORM SPACE

In [9], A.Tallaftha defined Lipschitz condition for functions and contrac-
tions functions on semi-linear uniform spaces which enables us to study fixed
points for such functions. Since Lipschitz condition, and contractions are usu-
ally discussed in metric and normed spaces, and never been studied in other weaker
spaces. We believe that the structure of semi-linear uniform spaces is very rich,
and all the known results on fixed point theory can be generalized.

Definition 4.1. [12] Let f: (X,Tx) — (Y,T'y). Then f is uniformly contin-
uwous if VU € Ty, IV € T'x such that if (x,y) € V, then (f (x), f (y)) € U.
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Clearly using our notation we have:

Proposition 4.2. Let f: (X,T'x) — (Y,T'y). Then f is uniformly continuous
if and only if VU € T'y, 3V € I'x such that, for all x,y € X, if p (x,y) CV, then
py (f (@), fy) CU.

The following Proposition, shows that we may replace p by § in Proposition 3.2.

Proposition 4.3. [9]. Let f: (X,T'x) — (Y,T'y). Then f is uniformly contin-
uous if and only if VU € Ty, IV € T'x, such that for all x,y € X, if 0, (z,y) CV,
then 8, (f (2), f (4)) C U.

In [9], Tallafha gave the following.

Definition 4.4. Let f: (X,T') — (X,T'), then f satisfied Lipschitz condition
if there exist m,n € N such that mé(f (z), f (v)) C né(x,y). Moreover if m > n,
then we call f a contraction.

Remark 4.1. One may use the set valued function p, instead of § in the above
definition.

It is known that, every topological space (X, 7), whose topology induced by a
metric or a norm on X, can be generated by a uniform space see[4], Also we now
that if f is a contraction then it satisfies Lipschitz condition, if f satisfies Lipschitz
condition, then it is uniformly continuous. In [9] Tallatha gave a similar results.

Theorem 4.5. [9]. Every topological space whose topology induced by a metric or
a norm on X, can be generated by a semi-linear uniform space. namely,

r= {Ve,e>0:V€ = | {=} x B(x,e)}.
zeX
Theorem 4.6. [9]. Let (X, T'x) be any semi-linear uniform space, and f : (X,T") —
(X,T), then.
(1) If f s a contraction then it satisfies Lipschitz condition.
(2) If f satisfies Lipschitz condition, then it is uniformly continuous.

Definition 4.7. [7]. A semi-linear uniform space (X, T') is called complete, if every
Cauchy sequence is convergent.

Fixed point theorems is one of the well known results in mathematics, and has
a useful applications in many applied fields such as game theory, mathematical
economics and the theory of quasi-variational inequalities. It states that every
contraction from a complete metric space to it self has a unique fixed point. So the
following question is natural.
e Question3.8. Let (X,I') be a complete semi-linear uniform space. And
f:(X,T) = (X,T) be a contraction. Does f has a unique fixed point.

Remark 4.2. All the results which was obtained using contraction on metric spaces
can be consider as an open questions in semi-linear uniform space.
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ALZER INEQUALITY FOR HILBERT SPACES OPERATORS

ALI MORASSAEI AND FARZOLLAH MIRZAPOUR

ABSTRACT. In this paper, we give the Alzer inequality for Hilbert space oper-
ators as follows:

Let A, B be two selfadjoint operators on a Hilbert space H such that 0 <
A,B< %], where I is identity operator on H. Also, assume that AV B := (1—
A)A+ AB and A\ B := A3 <A_%BA_% * A% are arithmetic and geometric
means of A, B, respectively, where 0 < A < 1. We show that if A and B are
commuting, then

B' Vs A —B'fy A'<AVy,B— At B,

where A’ := 1 — A B ' :=1—-Band 0 < A < % Also, we state an open
problem for an extension of Alzer inequality.

1. INTRODUCTION AND PRELIMINARIES

Let 1, -+ ,z, € (0, %] and A\, -+, \, > 0 with Z?:I A; = 1. We denote by A,

and G, the arithmetic and geometric means of x1,--- , x, respectively, i.e
n n N
A?L:Z/\jxjv Gn:ijJa
j=1 j=1
and also by A/ and G}, the arithmetic and geometric means of 1 — z1,---,1 —z,

respectively, i.e.

n

A =3 N0—y), G =][a-z)h.
=1

j=1
Alzer proved the following inequality and its refinement [1, 2]
(1.1) A -G, <A, -G,

Throughout the paper, let B(H) denote the algebra of all bounded linear opera-
tors acting on a complex Hilbert space (H, (-,)) and I is the identity operator. In
the case when dim’H = n, we identify B(H) with the full matrix algebra M, (C)
of all n X n matrices with entries in the complex field and denote its identity
by I,. A selfadjoint operator A € B(H) is called positive (strictly positive) if
(Az,z) > 0 ((Az,z) > 0) holds for every z € H and then we write A >0 (A > 0)
[6, 8]. For every selfadjoint operators A, B € B(H), wesay A < Bif B—A > 0. Let
f be a continuous real valued function defined on an interval [a, 8]. The function

Key words and phrases. Operator concavity, selfadjoint operator, arithmetic mean, geometric
mean, harmonic mean.

2010 AMS Math. Subject Classification. Primary 47A63; Secondary 15A42, 46L05, 47A30.
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2 A. MORASSAEI AND F. MIRZAPOUR

f is called operator decreasing if B < A implies f(A) < f(B) for all A, B with
spectra in [o, 8]. A function f is said to be operator concave on [a, 8] if

AM(A)+ (A =Nf(B) < f(AMA+(1-A)B)
for any selfadjoint operators A, B € B(H) with spectra in [«, 8] and all A € [0, 1].
The main result of this paper is the following theorem:

Theorem (Alzer Inequality). Suppose that A, B € B(H) are commuting opera-
tors such that 0 < A< B <1l andlet A':=I—Aand B =1-B. If0 <A< 1,
then

B'V A -B #\ A <AV\B-At, B.

2. MAIN RESULTS

In this section, we state an identity between arithmetic and geometric mean for
positive operators and then we consequent the Alzer inequality.

We recall that, the weighted arithmetic mean V) and the weighted geometric
mean (the A-power mean) t, defined for 0 < A < 1:

AVyB:=(1-\NA+AB,
1 1 1 A 1
Aty B:= A3 (A—fBA—a) A%

Also, we know that A iy B = B #;_, A and if AB = BA then A§\B = A" B>,

Notice that if A = % in above definitions, we have the classic arithmetic and

geometric means and denote its as follows:

A::AVB:AV%B:%/H—%B,

G:=A{B=Af, B=A* (A—%BA—%) A

Nl
Nl

Also, we know that A’ = A’V B’ and G' = A" { B’.
In the following theorem, we state distance between the arithmetic mean and
the geometric mean as an infinite series.

Theorem 2.1. Assume that A and B are two positive operators in B(H) such that
|B~2AB~ || <1 and A € (0,1). Then we have

(2.1) AV, B— Aty B:i(—n’“(l;A) (AB~' - 1)" B.
k=2

Proof. By using the binomial series, we have
L INI-A L . 1-A
(Btap=3) "= (1+ (B 1Bt - 1))

1S (VN (Btas o)
(2.2) —I+;( . )(B AB I)
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ALZER INEQUALITY FOR HILBERT SPACES OPERATORS 3
Now, by multiplying each side (2.2) by B2, we get

—A
B3 (B*%AB*%)1 B3

k=1
=B+<1 1A>(A—B>+§2( ;A)B% (B—%AB—%_I)’“B%
_ _ . B /1= A 1 Sl 7%k%
=B+ (1-\(-1)(B A>+k§_:2( h )B (B HA-B)BH| B
Y k.

=(1—-NA+AB— i(fl)kfl

k=2

so, Bti_x A=AV, B - 2212(—1)'“_1(1?‘) (AB7! — I)kB7 which completes
the proof. 0

We know that, if A and B are two commuting positive operators in B(H), then
AB is positive operator and (AB)% = A2 B2, Furthermore, if B is invertible, then
AB™! = B A. Also, we recall that if A and B are not commuting, then AB is not
necessarily positive. For example, A = < (1) 8 ) and B = < } 1 > are positive
but their product is not [10, p. 309].

Now, by using the above statements and Theorem 2.1, the following corollary is
obvious.

Corollary 2.2. With the assumptions in Theorem 2.1, if A and B are commuting,
then

S p—1(1—A ik Epizk

AVAB—-Af§yB=> (-1) B2 (B—A*B= .
k
k=2
In the following theorem we state the Alzer inequality for two commuting positive

operator in B(H).

Theorem 2.3 (Alzer Inequality). Suppose that A, B € B(H) are commuting oper-
ators such that0 < A< B < %I, andlet A/ :=T—Aand B =1-B. If0< X< %,
then

(2.3) B'VyA -B §y AA<AV,B-At, B.

Proof. Tt is clear that 0 < A < B < %I < B'< A" <1Iandalso A’B'= B'A’. By
using Corollary 2.2, we obtain

@9 AViB-ans-Y (N ) ET e ars
k=2
and

(2.5) B VA =Bty A=Y (~1)F! <1 ; A) A (A - B AT
k=2
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4 A. MORASSAEI AND F. MIRZAPOUR

Since A — B = B— A, B < A" and kK > 2 we have A’%(A’ — BRATSE <
Bl%k(B — A)kB%. On the other hand, since 0 < A < % and (—1)’“’1(2‘) >
0foral 0 < o <1andk > 2 we get (—1)’“*1(1;/\)14’%(/1’ — BRAYSE <
(—1)’“’1(1;”\)3%(3 — A)’“B%, which completes the proof. O
Corollary 2.4. With the above notations, we have

A'-G <A-G.
Proof. Sufficient in the Theorem 2.3 we set A = % and use of this fact that AVB =
BV A and AfB = BfA. O

3. OPEN PROBLEM

In this section, we present an extension of Alzer inequality for Hilbert space
operators as an open problem. For this purpose, first, we express some fundamental
properties of the geometric mean. For to see many details c.f. [3, 4, 9, 11].

The geometric mean Gy := Go(A4, B) of two positive operators A and B was
introduced as the solution of the matrix optimization problem, [3]

(3.1) Ga(A, B) = maX{X . X=X, < e > zo}.

This operator mean can be also characterized as the strong limit of the arithmetic-
harmonic sequence {®,,(4, B)} defined by [5, 7]

(3) ®o(A,B)=1A+1B,
' ®,+1(A,B) = 18,(A,B) + 1A(®,(A,B))"'B (n>0).

We know that, the explicit form of Go(A, B) is given by
1
(3.3) Go(A,B) = A? (A—%BA—%) A

M. Raissouli, F. Leazizi and M. Chergui in [11] described an extended algorithm of
(3.2) involving several positive operators. The main idea of such an extension comes
from the fact that the arithmetic, harmonic and geometric means of m positive real

numbers ai,as, - ,a,, can be written recursively as follows
1 & 1 m—1
(3.4) An(ar,az, - a,) = m z; a; = Eal + TAM—I(CL% S am)
j:
(3.5)
1 = _ 1, m-—1 N
Hm(a1>a27"’ 7am) = Ezajl = <ma11+mHm—1(a27"' 7am)>

j=1

L m—1
(3.6)  Gplai,ag, - ,am) == Yaraz---am = ai" (Gp_1(az, - ,am)) ™
The extensions of (3.4) and (3.5) when the scalers variable a1, a2, -+ , an, are pos-
itive operators can be immediately given, by setting A=1 = lim, (A + €I)~*. We
know that the power geometric mean of two positive operators A and B defined by

1
(3.7) ®. (A, B):=B? (B—%AB—%) " Bt
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ALZER INEQUALITY FOR HILBERT SPACES OPERATORS 5

Assume that Ay,--- A, € B(H) (m > 2) are m positive operators. In this
section we introduce the geometric mean of Ap,---, A,,. By using the algorithm
(3.2), we define the recursive sequence {T,,} := {T},(A4, B)}, where A, B € B(H) are
two positive operators, as follows

Ty = %A—&— —mn:lB;
Thyr = WT:IT" + LA(TnilB)mil (n>0).

m

(3.8)

In what follows, for simplicity we write {T},} instead of {T},(4, B)} and we set
TG = (T,(A™, B™H)) 7" .

n

In the following theorem Raissouli, Leazizi and Chergui [11] proved the convergence
of the operator sequence {T,}.

Theorem 3.1. With the above assumptions, the sequence {T,} = {T,(A,B)}
converges decreasingly in B(H), with the limit

1
m

(3.9) Jim T, =@, (4,B) = B* (B*%AB*%) BE.

Further, the next estimation holds
1\" _
(3.10) 0< T, —®,1(AB)< (1> (Tong ”) Vn > 0.
™ m

Notice that ® 1 (A, B) = Aw B~ when A and B are two commuting positive
operators and so, ®1 (A, I) = Awm, ®.(I,B) = B~ for all positive operators
A and B. Also, the map (4, B) — @1 (A, B) satisfies the conjugate symmetry
relation, i.e.

m—1

(3.11) ®, (A B)= A3 (A*%BA*%)TA% — & (B, A).
In the same paper, we see the definition of geometric operator mean of Aq,--- | A,,
as follows.

Definition 3.2. Assume that Ay, -+, Ay, € B(H) are the positive operators. The

geometric operator mean of Ay,--- , Ay, is defined by the relationship
(312) Gm(A17 A27 e 7Am) = q)% (Ala Gm71<A23 e 7Am)) .
It is easy to verify that, if A, -, A,, are commuting, then

Gm(AlaAQa te 7Am) = (A17A2 o 'Am)% .

In particular, for all positive operators A € B(H) we have G,,,(4,A4,--- JA) = A
and G, (I,1,--- A1, --- ,I) = Aw. Also, we know that (4, B) — Ga(A, B) is
symmetric, but G, is not symmetric for m > 3, for more details see [11, Example
2.3,

The geometric operator mean G, (A1, Aa, -+, A,,) has nice properties that for
seeing more details c.f. [11].
Open Problem. Let Aq,--- , A,, be n selfadjoint operators on an Hilbert space

H such that 0 < A; < %I, where I is identity operator on H [6, 8]. Also, let A,, :=
A, (A4, ,A,) and G, := G, (A1, -+, A,) be arithmetic and geometric means
of Ay,---, A, [11], and Al := A, (A}, --,A]) and G], .= G,(4}, - ,A]) be

n
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6 A. MORASSAEI AND F. MIRZAPOUR
arithmetic and geometric means of A7, .-+, A}, where A} :=1-A4; (j=1,---,n),
respectively. Then it seems that

(1]
2]

A;L - G;L S An - Gn-
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DIRECT RESULTS ON THE ¢-MIXED SUMMATION INTEGRAL
TYPE OPERATORS

ISMET YUKSEL

ABSTRACT. In this paper, we introduce a g-mixed summation integral type op-
erators and investigate their approximation properties. We obtain a Voronovskaja
type theorem and give direct results on degree of approximation for continuous
functions.

1. INTRODUCTION

Let f be a locally integrable function on the interval [0, c0). the mixed summa-
tion integral type operators are defined as

(1.1) Su(fiz) = (n—1) st(x)/bn,v_l(t)f(t)dt + e H(0)
v=1 0

where

v
Spw(z) =€ (n:') and by, ,(t) = ( " +:j -1 ) t'(14+¢)7 "0
are respectively Szdsz and Baskakov basis functions. This operators were studied
in [6] and in [13]. Phillips [11] firstly studied Bernstein polynomials based on the
g—integers. Gupta and Heping [7] studied the rate of convergence of g—Durrmeyer
type operators. Aral and Gupta [1] introduced Durrmeyer type modification of the
g—Baskakov type operators. Recently in [5], Gupta and Aral studied convergence of
the g— analogue of Szdsz-beta operators. Our aim is to obtain direct results on ¢—
mixed summation integral type operators. Before, we give some properties of ¢—
calculus. Throughout this paper we use following the notations and the formulas,
which can be founded in [4], [8], [9] and [10] and [12]: For n € N and a,b € R, the

q—integer and the g— factorial are defined by

(1.2) nlg=01-¢")/(1—q), for0<qg<1; [nlg=mn, forg=1
and
(1.3) [n]q! = [1g[2]g--[n]q, m € N\{0}; [0]¢! = 1.
The g—binomial coefficients are given by
n nJq!
(14) { v ] N Mq!%n] U]q!70 svsm

Key words and phrases. g—integral, g-mixed operators, Voronovskaja type theorem, K- func-
tional, weighted approximation.
2010 AMS Math. Subject Classification. 41A25, 41A36.
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2 I. YUKSEL
The g—derivative D, f of a function is given by

(1.5 (Dur) (@) = L),

and (D,f)(0) = f(0) provided that f’(0) exists. The two g—analogues of the
exponential function are defined by

for x #£0

(1.6)
2 g 1 z"
er = = and £ = "\ 1)/2 =1+ (1-qax)r
D Bt Rl (e (o > T q
where

(1+a) H1+qJ La).

The improper g—Jackson integral is deﬁned as

/A
_ q' . q"
(1.7) /f(zc)dqxf (1 —q)Zf(Z)I, A>0.
0 nez
The ¢g—Gamma function and the g—Beta function are defined as
oo/A(1—q)
(1.8) Fy(u) = K(A,u) / " e dga
0
and
. (W, (0)
¥ T'j(uw)ly(v
1. B =K(A - — -\ a\r)
( 9) q(u’v) ( ’u)/ (1+x)u+vdqm T (u+v)
0
where

A 1\ - -
K(Au) = (1+> (1+A), " and (a+ b)) = [[(a+ " 'D).
1+A A q Jj=1

In particular, for u € Z, K(A,u) = ¢““~1/2 and K(A,0) =1

2. GENERALIZED g—MIXED OPERATORS

Let p,v € N, n € N\{0}, A > 0 and f be a real valued continuous function
defined on the interval [0, 00). Using the formulas and the notations between (1.2)
and (1.9), we introduce g—mixed summation integral type linear positive operators
for0 <g<1as

(2.1)
/A

Sn,p,q (f7 n+p Z Sn’p’ / bn,p,vfl(t; q)f(t)dqt+€;[’L+P]q7(CE)f(O)
0

where

([TL +p]q,r.(x))v 67[n+p]qr(z) T'(l‘) — Q[n +p— 2]611,

Sn.,p,v (T(.T); Q) = [n + p]q
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¢-MIXED OPERATORS 3

and
N | n+pt+ov-1 qvtbvgy
b P (t q) = v (1 +t)n+p+v'
q q
If we write ¢ = 1, p = 0 and put x instead of r(x) in (2.1), then the operators

Sh.p,q are reduced to mixed summation integral type operators given (1.1).
Now we give an auxiliary lemma for the Korovkin test functions.

Lemma 2.1. Let ey, (t) =t™, m =0,1,2,3,4. we have

(i) Snpqleoiz) = 1,
(11) Snpqler;x) = w,
' _ [n+p—2]q$c2 2]z
(190) Snpqle2;z) = Pn+p-3, ¢n+p-3],
(i) Snpaglesiz) = n+p— 22 (1240 + [4)) [0+ p — 2o
nopig (€35 @Sn+p—4yn+p-3, ¢n+p—4,n+p-3,
[2]4[3] 2
¢Pln+p—4gn+p-3
[n+p— 252"

(v) Snpalesiz) = q12[n+p—5] [n+p—4lyn+p-—3,

( qq + qq"‘[fﬂq) [n+p—2]3x3
q*?[n+p —5lgn+p—4n+p -3,
([2]4[3]44* + [2]4[5]4q + [4]4[5]¢) [ + p — 2]42°
¢"n+p—>5lgn+p—44n+p—3
2]4[3]4[4]qx
@[n+p—>5lgln+p—4gn+p—3],

+

Proof. Using (1.8) and (1.9), we can obtain the estimate,

0o /A oo /A
bn,p,,u(t)tmd ;o [ ntptru—1 gotm P
/ gt qa v ‘! (1+t)g+p+v q
m+p+v—1]! Blv+m+1,n+p—m-—1)
W+ p—1!  KAv+m+])

o+ mlgl[n +p—m — 2]
g [ + p — L g Dwem/2

(2.2) -

From (2.2) and (1.6), we get

Snpqleosz) = Zq’u(v—l)/an’p’ (r(x); )+€ [n+plgr(z)

_ e;[n—&-p]qr(ac) (Z qv(v—l)/2 ([n +p]q7"(x))v N 1)

ot [v]q!

e Ir+Plar(@) lnplar(a)
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4 i. YUKSEL

which completes the proof of (i). By a direct computation

(0230 [v]
Snpgler;z) = zq( sv)/2 1 Sn,p,o(1(2); q)
v=1

[n+p—2],

e 2
= qzy " s, 0 (r(2);0),
v=1

which gives proof of (ii). Using the equality [v+ 1], = [v — 1], + [2],¢" "}, we can
write

n+p-—2 qx) V2 —5u—
Supalen®) = | [Hp]?)] S (e

qqx (v2—3v—4)/
i +p 3, Z 25 o1 (7(2); 0),
which gives proof of (iii). Using the equality
[v+1g[v+2]y = [v—1)40v—2]4 + ([24q + [4])q" *[v — 1], + [2]4[3]4¢* 3,

we can write

S 7p7q(€35 )
[n+p— 2

— (v2=Tv—6)/2
[n+p—4], n+p 3lq Z snpw-3(r(z); )

+([2}qq + [4}11)[” +p— Q]Q(qm) Zq(k275k710)/25n,p,v 5(r(z): q)

m+p—dn+p-3; 4

[2]¢[3]qqz v2—3v—1
it p— 4l tp—3] Zl O s (r(@); ),

which gives the proof of (iv). For the proof of (v), using the equality

[v+ 1q[v + 2]g[v + 3],
= [v—1]glv = 2o = 3]g + ([2)4¢* + [4l4q + [6]9)a" [0 — glv — 2],
+([2]q[3]qq + [24[5]qq + [4]4[5 ]q)q%iﬂ” -1+ [Q]q[?’]q[‘ﬂqqgvig»

238



¢-MIXED OPERATORS 5

we can write

Sn.pq(€a;T)

[n+p — 2]3(qx)* . (v2—9v—12)/2
_ (D s (r(a)sa)
+p—3, ; .

[n+p—5l4n+p—44n

([214¢> + [4l4q + [6]4) [2 + P — 212(¢2)> S (12 _70_15) 2 .
[n+p—5lgn+p—4yn+p-3, ;;q( s s (r(@);q)

([Q]q[g]qqz + [2]¢[5]qq + [4]q[5]q) n+p— Q]q(ql’)z
[n+p—5lgln+p—4gn+p-—3

[eS)
2 gy,
X Z q(” g 20)/237L,p,'u—2(T(w); Q)

+

v=2
[2]4[3]q[4]gq - (v —3v—18)/2
q Sn, ,v—l(r(z); Q)
[n+p_5]q[n+p_4}q[n+p_3]q,U; :
Thus, we get the desired result. O

Lemma 2.2. Let g € (0,1), n > 3 and p € N. Then we have the following inequality

dx(z+1)

Sn t—2)%x) < ——— .
1p1q(( ) ) q2[n+p_3]q

Proof. From linearity of S, , , operators and Lemma 2.1, we can write the second
moment as

Snpal(t — 2)%2) = (

Using the equality

m+p—2, 22 [2]q
¢*n+p -3, Q 4+¥M+p—$q'

m+p—2q—¢*n+p—3l4=1+q—q"" 2

we obtain
1+q—q“p2) [2]
2.3 Sy, t—x2;zc =< 4 1
( ) th(( ) ) qg[n+p_3]q q2[n+p_3]q
then we reach the result of Lemma. O

Lemma 2.3. Let (g,) C (0,1) a sequence such that g, — 1 and q¢I* — a asn — oo.
Then, for any p € N, we have the following limits

(4) lim [n+plg, Snpg. (t—2)%2) = (2—a)z?+ 22
(#) lim [n —|—p](21n Sppan (t—2)h2) = (3a® — 12a + 12) zt (3 —12a)z® + 1222,

Proof. (i). From (2.3), we obtain desired result

2

nh_{go[n + Plg. Sn,pa. (= )75 @)

_ mﬂ<<@+%—¢ﬁp%m+m%>ﬁ+_m%m+m%$>

n—0co 2n+p—3g, q2ln+p— 3,

= (2-a)z’®+ 2.
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6 i. YUKSEL

(ii). From Lemma 2.1, using the linearity property of the S, ;. operators for
n > 5, we can write

Snvpvqn ((t - IE)4; LU) = Cl (nvpa Q’I'L)x4 + CQ(nap, qn)xg + C3(n,p7 qn)x2 + C4(7’L,p, Qn)m

where
[n+p—2];
C n’ yn q"
wnPin) = ey T, p— Al 0 — 3,
B Aln+p—22 6n+p—2
aSn+p—A4gn+p-3 @n+p-3,
([2]an% + [4]Q7LQTL + [6](1”)[” +p - Q]gn
CZ(napvqn) = 12
a2[n+p =5y, In+p—4g,[n+p—3,
_4([2]ann + [4]Qn)[n +p - Q]Qn 6[2]Qn
@Gn+p—4gn+p-34  En+p-3l,
03(n7pa QTL)
_ ([2)g. [3]4, a5 + [2] g, [5]4 90 + [4]g, [5]4,) [ + P — 24, _ 4[2]4, (34,
gt n+p—>5lg,In+p—4g,[n+p—3,, galn+p—4g,n+p— 3,
and
2 n 3 n 4 n
Crtmp ) — RIREMOR

qg[n+p75](]n[n+p74]Qn[n+p7 3]‘171,.

It is obvious that

(2.4) lim [n + p]gnC’4(n,p, qn) = 0.

n—oo

Using the relations [n +p — 2], = [3],, + ¢ [n+p— 5., [n+p— 3y = [2]4, +
@[n+p—>5]gand [n+p—4],, =1+ qgnn+p— 5, we will get following limits.
Firstly,

lim [0+ plg C1(n,p, qn)

~  lim { [n+p—5]; (1—q ™" ")*(=3q, + 347 + 2, + 1)

n—oo

q’?l[n +p - 4](17L [n +p - B]QH

L[t p = 5lg,[n+ ple, (1~ qu P 1) (6q7 — 3¢5 — 995 — Tqp + ¢b + 9q2 + 6¢n + 3)

aSn+p—4q,In+p—34,

N [n+ )2, (=360 + 3¢ + 645 + 2q] — 8¢5 — 12¢}, — 5q;y + 2¢ + 9¢2 + 64, + 3)

@n+p—4g [n+p—3,,
N [n+pl; 1+, +q;)° }
G2 n+p—>5lg,In+p—4,In+p-3,
= 3(1-a)®*+6(1—a)+3.
(2.5)
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¢-MIXED OPERATORS 7

Secondly,
lim [n+ pl2 Ca(n,p, qn)

— lm { [+ = 5lg, [0+ plg, (1= g ™") (=267 + 3¢5 + 4 + 1) (00 +1)°
aSn+p—4,n+p-3,,
N [n+pl2, (6¢)," + 64" —4q) — 8¢5 — 8¢}, — 445 + g5 + qn + 1)
@2 [n+p—4g,[n+p -3,
n+pls, (1+ g0 +q7)° }

n—oo

_|_
a2n+p—>5lg,[n+p—4q,n+p—3,,
(2.6% 12(1—a)—9.

Finally,

lim [0+ plg Cs(n, p, qn)

i n+p2 (4" —¢® —2¢° +4¢° + 6¢° + 3¢ + 1)

= lim
n—oco Galn+p—4g,[n+p -3,
n @ +4¢% +10¢" + 17¢° + 22¢° + 22¢* + 17¢% + 10¢> + 4q + 1 }
q’rlbl[n +p - 5}‘]7@ [n +p - 4]‘171 [n +p - 3]’171

27) = 12
Combining the limits between (2.4) and (2.7), we reach the desired result. O

3. VORONOVSKAJA TYPE THEOREM

Now we give a Voronovskaja type theorem for the S, , . operators. B[0,c0)
denotes the set of all bounded functions from [0, 00) to R. B[0, 00) is a normed space
with the norm ||f||p = sup {|f(z)| : z € [0,00)}. Cp[0, >0) denotes the subspace of
all continuous functions in B0, 00). The weighted Korovkin- type theorems were
proved by Gadzhiev in [2] and [3]. We give the Gadzhiev’s results in weighted spaces.
Let p(z) = 1+ ¢?(x), p(x) is a monotone increasing continuous function from
[0,00) to R. B,[0,00) denotes the set of all functions f , from [0, c0) to R, satisfying
growth condition |f(z)| < My p(z),where My is a constant depending only on f.

1
tx € R} .
C,[0, 00) denotes the subspace of all continuous functions in B, [0, oc) and C}[0, o0)

denotes the subspace of all functions f € C,[0, c0) for which ‘ llim |f ()] (p(z) "

B,[0,00) is a normed space with the norm ||f||, = sup {|f(x)| (p(z))

exists finitely.

Theorem 3.1. Let (¢,) C (0,1) a sequence such that g, — 1 and ¢ — a as
n — oo. For any f € C[0,00) such that f', f" € C[0,00) we have the limit

lim [+ ply, (Snpa (f2) — £(2)) = (2 ey x) ().

n—oo

Proof. By Taylor’s expansion of f, we have

f@&) = f@) + f/(a)(t - 2) + %f”(l‘)(t —o)* +e(t,z)(t —2)?

where e(t,2) — 0 as t — «. Then, from Lemma 2.1, we obtain
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8 i. YUKSEL

1
Snpan(f33) = fz) + §f//($)sn,p,qn((t — )% ) + Snpoan (€ ) (T — z)? ).
For third term on the right side, using Cauchy-Schwarz inequality we write

S (€0 D) (t = 2)%12) < 1/ g (2(6,2); 201/ Sr p g (8 = )85 2).
Then

lim [+ plg, Sn p.q, (e(t, 2) ((t — 2)*; 2)

<\l Sy (€2 2)50) [ 1 [n+ B3, S, (= 2)%2).

From Lemma 2.3 (i), lim [n+p]2 Sy p.q, ((t—2)*; ) is finite. Since Lim S, , 4, (€2(t, ), z) =
n—00 n—00

0, we have
lim [n + plg, Snp.q. (€t ) ((t — z)%z) = 0.

n—oo
Thus, we obtain
1

Jim [0+ pla, (Snp.a, (f32) = f(2)) = 5 f"(2) B [0+ pla, Snpa, (= )% ).
Considering Lemma 2.3 (i), we get the desired result. ]

4. DIRECT RESULTS

In this section, we denote first modulus of continuity on finite interval [0, b], b > 0

(4.1) wop(fid) = sup [flz+h)— f2)].
0<h<6,z€[0,b]

The Peetre’s K —functional is defined by
Ks(f;0) = inf {[If —gllp +0llg"lp: g€ WL}, 6>0

where W2, = {g € Cp[0,00) : ¢’,¢" € C[0,00)}. By, p. 177, Theorem 2.4 in [14],
there exists a positive constant M such that

(4.2) Ka(f;6) < Mws(f, V)

where

wa(f;0) = sup sup [f(x+2h) = 2f(x+h) - f(z).
0<h<d z€[0,00)

Theorem 4.1 ([2] and [3]). (a) There exists a sequence of linear positive operators
L, : Cy[0,00) — B,[0,00) such that

(4.3) lim ||L,(¢") —¢"ll, =0, v=0,1,2,
and there exists a function f* € C,[0,00)\C5[0, 00) with
T () = £l > 1

(b) If a sequence of linear positive operators Ly, : C,[0,00) — B,[0, 00) satisfies
conditions (4.3), then

im[|La(f) — fll, = 0.
for every f € C}[0,00).
Throughout this paper we take growth condition as p(x) = 1 + 2.
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¢-MIXED OPERATORS 9

Lemma 4.2. Let ¢ € (0,1), n > 3 and p € N. Then, for every x € [0,00) and
" € Cpl0,00) we have the inequality

2|l

[Snpalfi) ~ J@) < e

z(xz +1).

Proof. Using Taylor’s expansion

and from Lemma 2.1, we have

Supalfi) = Supa | [ (= 0)f" (@)duia
xT
Then, using the inequality
t

Je-wrwad <5125

x

we get

(=2 \__ 2s

Sunalf52) = 1@ < 118,00 (15 a—

]

Theorem 4.3. Let (¢,) C (0,1) an sequence such that ¢, — 1 as n — oo. Then
for everyn >3, pe Nz € [0,00) and f € Cg[0,00) we have the inequality

x(x+1) )

[Sn.p.gn (f37) = f(2)] < 2Mwy (fa 2n+p-3,.

Proof. For any g € W2, we can write

1Sn.p.00 (f52) = F(@)| < [Snpa.(f = 9:2) = (f = 9) (@) + |Sn.p.q. (9, 2) — g(2)].

Then, from Lemma 4.2, we have

. 2x(x + 1)
[Snpan(fi2) = f@I <20f = glls + a5

n

lg" |-

Now taking infimum over g € W2 on the right side of the above inequality and
using the inequality (4.2), we get the desired result. O

Theorem 4.4. Let (g,) C (0,1) an sequence such that g, — 1 as n — oco. Then,
for every p € N and f € C}[0,00), we have

J}LII;O HSn7p7qn (f,m) - f(x)”P = 0'
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10 i. YUKSEL

Proof. From Lemma 1.1, it is obvious that ||Sy, ;4. (€0, ) —1||, = 0 and ||Sy p.q, (€1, 2)—
z||, = 0. For every n > 3 we write

-2 2
£n+p ]qn 22 . [ }qn 2z — 22
HS (62'.T) _xQH _ sup qn[”“‘p_?’]qn qn[”“‘p_?’]qn
n,p,qn (€25 2 2€[000) 1+ 22
4 x(zx+1)
ST a7 SUWp ————~
Qn[n +p— 3]61n, z€[0,00) 1+z
= o(1).
Thus, from Theorem 4.1, we obtain desired result of Theorem. O

Theorem 4.5. Let f € C,[0,00),(gn) C (0,1) a sequence such that g, — 1 as
n — 00 and wi p41](f,0) be its modulus of continuity on the finite interval [0,b+1],
b > 0. Then for every n > 3 and p € N, there exists a constant M > 0 such that
the inequality holds

b(1+b)? 4b(1+b
19n,pa. (f3 x)_f(x)HC[O,b] <M <M + Wio,b+1] <f§ M)) .

Proof. Let x € [0,b] and t > b+ 1. Since t —z > 1, we have
[f@) = f@)] < M2+ (t—o+a)”+27)

(4.4) < 3Mp(1+b)%(t— )2

Let z € [0,b], t < b+ 1 and § > 0.Then, from (4.1), we have

(4. 0= @) < (14 55 wiosen (1.0

Due to(4.4) and (4.5), we can write

50 - 1) < 30050+ 02— 2+ (14 55 )i (1)

Then, using Cauchy- Schwarz’ s inequality and Lemma 2. 2, we get

|Sn.p.q. (f32) — f(2)]

1 1/2
< 3Mf(1 =+ b)QSn,p,qn ((t - {E)2; $) + W[O,bJrl](f; 5) |:1 + g (Sn,p,qn ((t - x)Q; .7,‘)) / :|
z(z+1) 1 da(z+1) )1/2

< 12My(1+b)2 e+ ) |14+ | 57——— .

= s(1+0) 2n+p-3, “io.+11(f50) 5 (q%[n+p—3]qn
Choosing,

52 4b(1 +b)
g[n+p =3,

and M = min{12M},2}. We reach the proof of Theorem. O

Corollary 4.6. Let a > 0, (¢,) C (0,1) sequence such that g, — 1 as n — oo and
f€C}[0,00). Then, we have

=0.

lim sup |Sn7p7Qn (f? x) — f(x)|
n—00 ;>0 14 g2ta
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¢-MIXED OPERATORS 11

Proof. For a >0, f € C}[0,00) and z¢ > 0, Considering the inequality
sup |Sn,p,qn (fv :L') — f({L')|

>0 1+ x2ta

[Sn.p,00 (f3 )] /()]

< S (Fi2) - . L
< NSnpan (f52) = f(@)lcl0,20] +f§fo R +f§fo R
from Theorem 4.5 we get the desired result. (]
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NEW APPROACH FOR MULTIDIMENSIONAL SCALING WITH
CATEGORICAL DATA

HENNING LAUTER AND AYAD M. RAMADAN

ABSTRACT. Multidimensional scaling is the problem of representing n objects
geometrically by n points, so that the interpoint distances correspond in some
sense to experimental dissimilarities between objects. In this paper we consider
a parametric family of multivariate multinomial distributions. We observe
realizations w of W with

w = (h11, ..., A1, h12, ..., hir)-

Here all frequencies h;; are nonnegative, (hyy, ..., hg;) is a realization of W
with
k i
D ha = i, P(hat, ey hyg) = h,ilh,pl(mtl)h” s (s )R
i1 s e

A categorical data is considered. We formulate a problem and find a scal-
ing for these data. Using a stress function to fit our results we find a good
configuration for the data.

1. INTRODUCTION

The traditional methods scaling need knowledge of the dimensions of the area
being investigated [8]. The central motivating concepts of MDS is that the dis-
tances between the points representing the stimuli of interest should correspond in
some sensible way to the observed proximities. With this in mind various authors
have approached the problem by defining an objective function which measures the
discrepancy between the observed proximities and the fitted distances [3]. In many
situations, however, tables of counts resulting from the cross-classification of more
than two categorical variables are of interest.

The analysis of three-dimensional tables poses entirely new conceptual problems
as compared with the analysis of those of two dimensions. However, the extension
from tables of three dimensions to those of four or more, whilst often increasing
the complexity of both analysis and interpretation. Much work has been done
on the analysis of multidimensional contingency tables [1]. Often data sets contain
categorical data, e.g., levels of factors or names. There does not exist any ordering or
any distance between these categories. At each level there are measured some metric
or categorical values. We introduce a new method of scaling based on statistical
decisions. For this we define empirical probabilities for the original observations and
find a class of distributions in a metric space where these empirical probabilities can
be found as approximations for equivalently defined probabilities. With this method
we identify probabilities connected with the categorical data with probabilities in
metric spaces. Here we get a mapping from the levels of factors or names into

Key words and phrases. Multidimensional scaling, stress function, categorical data.

2010 AMS Math. Subject Classification. Primary 62Hxx; Secondary 62H17, 62H30.
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2 H. LAUTER AND A. M. RAMADAN

points of a metric space. This mapping yields the scale for the categorical data [6].
We use a stress function to compare the distances between the given data in any
dimension and the results in R.

2. MEASURE OF SIMILARITY AND DISSIMILARITY

Measures of similarity are often called similarity coefficients, and are some times,
although not necessary, defined to lie in the range [0,1]. Often the measures of
(dis)similarity are not observed directly but are obtained from a given (n x p) data
matrix. Given observations on p variables for each of n individuals or objects, there
are many ways of constructing an (n x n) matrix showing the similarity or dissimi-
larity of each pair of individuals. perhaps the most familiar measure of dissimilarity
is Euclidean distance d,, such that [7]:

(2.1) d,, = {Z(% )2}

3. STRESS FUNCTION

We denote the dissimilarity between objects ¢ and j by 65, 1 < 7,7 < n and
suppose that d;; = d;; for all 4, j.Representing points in R* are collected in n x k
matrix X = (21,...,2,) € R"* called a configuration matrix in what follows.
d;;(X) denotes the distance between x; and z; w.r.t. the usual Euclidean distance
in R*. Fitting distances by least squares means minimizing stress, i.e.

(3.1) FX)= Y (6 —dy(X))?

1<i<j<n

over all configurations X € R"*¥[5]. We observe realizations w of W with

(32) w = (hll,...,hkl,hlg,...,hkL).
Here all frequencies h;; are nonnegative, (hyy, ..., hy) is a realization of W; with
k .
- ny h h
3.3 hi = ny, Plhy,....hy) = ———m— ST )
(3-3) ; l n (ha ki) oyl hkl!pl(M 1) Pr (1, 1)

Such observation w can be represented as in Table (3.1).

Frequencies h11 hia his e hir
ha1 hao has . har,
hkl hk2 hkg s hkL

Marginal sums || hy; =71 hyos =72 hyz=fn3 -+ hyp =17

TABLE 1. Structure of observations

The parameter 4 is a common parameter for all variables W1y, ..., W and ¢; is a
parameter only for W;.
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4. MOST SEPARATING SCALES

Ahrens and Lauter [2] introduced a method for scaling which bases on a test
statistic. This will be generalized for higher dimensional ¢-way classification tables.
This was considered by Léuter [4] too. We will define scales for the factors on the
basis of tests. This differs from the approach in the preceding chapter, but it is
well motivated too. At first we denote the levels of the ¢ factors in an arbitrary
way by real numbers. The factor 7 has v; levels. Then we put 7;; for the level j of
the factor 4, all levels are described by

T = (7’11, ceey 7'1,/1, ceey qu,q)t
and altogether we have v = ). v; levels.

Scale points are to be constructed on the basis of the observations. The obser-
vations are those which are given by the categories and the frequencies. In our
understanding the categories are identified with points t¢1,...,t; € R? and these
points are to be determined in an optimal way. As in the preceding chapter a
model can be formulated in spaces RP for 1 < p < ¢ depending on the specific
background. The observations express the correspondence to some classes, denoted
by {v11 -+, Ykn, }. Explicitly we have the observations

{11, -y Y1n, } = {h11 timesty, hio timests, ..., hyp timesty },
hence we have n; = hyy. Or we write
yi; =t1,5 =1,  hi;y15 = t2,j = hui+1, ..., hurthio; .5y = tp, 7 = hiy—hip, ..., hiy.
In an analogous way we have for the other classes i = 1,..., k
yij =t1, 5 =1, hisyy = to, 5 = ha+1, ., hiathis sy =t 5 = hiy—hip, .. hig.

It holds n; = h;4. For statistical decisions one needs assumptions on the distri-
butions. Depending on the meaning of the observations we can choose the dis-
tributions. Quite often binomial, normal or Poisson distributions are useful, but
especially in reliability or survival analysis exponential or Weibull distributions are
to be chosen. Now we derive the criterion for choosing the values 7;;.

Assuming that we are given k distributions Py, , ..., Py, and for each distribution
Py, with a density fy, we have a random sample Yy, ...,Y;,,. All random variables
should be independent. For testing

(4.1) H:Py =..=Pp,

against K, that not all distributions are the same, we use the likelihood ratio test.
The joint density for Y = (Y11, ..., Yiy, ) is denoted by fy,.. s,. As usually the
LRT is given by

K

it R(y) = maxy, 9, for,...00Y) > e

maxy fo,..9(Y)

ply) =1

where ¢ ensures the significance level. The aim is to find such a scale that the
distributions or here classes can be discriminated as well as possible. Therefore we
have to determine such a vector 7* that maximizes the corresponding test statistic.
Or we use an appropriate test statistic from an admissible test for H against K.
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4 H. LAUTER AND A. M. RAMADAN

Definition 4.1. If R denotes the test statistic where large values of R lead to the
rejection of the hypothesis then ™ with

(4.2) R(t") = max R(T)

is called a most separating scale.

5. MODEL OF NORMAL DISTRIBUTIONS

‘We assume that
Y11 . Y1n1

Yii ... Yin,
are independent and normally distributed p-dimensional random variables, Y;; ~
N,(p;, X). Then we consider the test problem
(5.1) H: p=..=p, against K: notH.

We denote the sample mean for the ith distribution by y;., i =1,...,k, the total
mean by

ng

1 1<
Y. = Ezzyzj = ﬁznjyj*
j=1

i=1 j=1
The unbiased estimator for the variance is

k  n;

1 i
S= >3V - Vi) (Vi - Vi)

i=1 j=1

Then
k
—k—p+1 _
T2Y:n—g (Y =Y )iS Yy, — Y.

is approximately F-distributed. H. Ahrens and J. Lauter[2]proposed the approxi-
mation T3(Y) =~ Fy, 4, for
(k—1)(n—k—p) .
0= 7717(,%1)1)}’2” if n—(k—1p—2>0
0 otherwise,

g=n—k—p+ 1.

Then an admissible test is given by

_ 1 if T()2 (y) > Fgl792;a
(5.2) ely) = { 0 otherwise,

for the a-fractile of the Fy, ,,-distribution. Especially the normal model will be
considered later. For testing H against K we use T and therefore we use T¢ for
determination of most separating scales

In section 4 the categories were identified by t1,...,¢; and we defined the y;;. For
any ¢; we find a p x v matrix C; with t; = Cj7. Every y;; is one of the values

CiT7,...,CrT. We assume

Y;'j NNp(‘LLZ-,E), Z:1,,]€,j: ].,...,711'
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NEW APPROACH FOR MULTIDIMENSIONAL SCALING WITH CATEGORICAL DATA 5

We use

1 L 1 k 1 k L
:Z;ht“ , Eg w, he. Tg;hu,

L
he.-L =Y hy=ny, h.-kL=n.
=1
Then we calculate

1 & 1 k
— n—t Zyts = n—t(hﬂCl + ...+ htLCL)T, Y. = E(hlcl + ...+ h.LCL)T
h kh. h kh.
Y. — Y. = ((—ﬂf—l)Cl (ifiL)CL>T:: D, .
T n T n

The test ¢ in (5.2) is an admissible test for H against K from (5.1) and so we can
use T2 for finding most separating scales. For calculating this statistic we use

k k
H = Zni (yi. — y) (yz - y..)t = ZniDiTTtth’a
i=1 =1

1 k n; ¢ 1 L
_kz:lzl(yzs_gh)(yzs_yz) :n—kzlg leleT
for
Fy=C; — %(hncﬁ + ..+ hiLCL)
and
Cn—k-ptl ¢ B B
T3 = =D —hp ;m(yzx —y.)' S Ny —y.) =
o n—k—-p+1 _
_mtr(fls 1),
k
tr({HS™Y) = 7t sDIS™ID;
r( ) T[;n }7‘
)
n—k—p+1
(5.3) T@:W [anDS 1D]
with

kL
S = nik ZzhilFilTTtF:l

i=1 I=1
For a good decision in the analysis of variance it is necessary that the observed
value of the test statistic is large. Then it is natural to look for such 7-values which

maximize Tg.

The calculation of these 7* is rather difficult. One has to use numerical methods.

In special cases explicit solutions are given.
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6 H. LAUTER AND A. M. RAMADAN

6. CALCULATION OF MOST SEPARATING SCALES

In general one has to use some optimization software for finding a maximal 7*.
We will consider in some detail the special case of normal distributions. In section
6.3 we considered the statistic 7T¢ is the statistic to be maximized. Up to a factor
this coincides with

k
(6.1) tr(HS™Y) = [Znipfs—lpi}T
=1
with

o 1 k L o
= nszzhilFilTT Fil'

i=1 =1
Now we consider g-way classification models and p < ¢q. Then we have the p x v
matrices C;, D;, F;; and with H, := H, S; := S we have

k
(6.2) tr(HS™Y) = tr(H,S-1) = 7t [Z ninS;lDi]T
i=1
for
| kL
. = G FyrmtF.
(6 3) S-,— nik;;hll dATT L'y
Define
k
(6.4) Y(7,a) == a {ZninS;lDi] a
i=1

and then 7* fulfills
(6.5) (1%, 7%) = max (7, 7).
We see that i does not change if 7 is substituted by A7 for any real .

Definition 6.1. 7 is called a local extremum if
d
N — T — P < p.
d)\w((l AT 4+ Mo, (1= N)T + )\v>|,\70 <0 YveR

We are interested in characterizing such a local extremum. This gives us the
next theorem.
Theorem 6.2. T is a local extremum if and only if «(7) = 0 with

k k k L
1
a(r) =) TLinS;lDiT—HE ni Y Y hyFLST DTt Bl ST Dyt
i=1 i=1

=1 j=11=1
Proof. We put 7, = (1 — A\)7 + Av and obtain
d

an\ =v— Ty, anﬁhzoz (vf?)?tJr?(v—?)t,
d 4 4, d 1
aSTA = 75‘1’)\ (aSTk)ST)\

251



NEW APPROACH FOR MULTIDIMENSIONAL SCALING WITH CATEGORICAL DATA 7

and consequently

4
X

k L
SN hpFu(wFt + ' - 277 LS
j=11=1

1

S;1|>\:0 I

Now we calculate in a direct way

d ~
51/1(7/\, 72)|a=0 = 2v'a(7)

and so the theorem is proven. (I

This theorem gives us a proposal for the calculation of a local extremum.
Step 1: Find dissimilarity matrix d;;(X) for X, where(X is given). Choose an
initial point 7¢ then find §;;(7¢). If the stress function f(X) < a tolerance STOP.
Else go to step 2.
Step 2: Set w := m a(tg) and Ty = (1 — A\)7g + Aw for euclidian norm |a(7y)|
of a(ro).
Step 3: Determine such \; that

Y(Ta,Tay) = mftxlb(ﬂﬁx)

Step 4: Set 71 := T, and calculate a(71). Check f(X). In this way we get a
sequence of g-vectors 7,71, Ta,... and have

(10, 70) < P(71,71) < Y(T2,72) < ...
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Abstract
Here we present basic Lp fractional integral inequalities for left and
right Riemann-Liouville, generalized Riemann-Liouville, Hadamard, Erdelyi-
Kober and multivariate Riemann-Liouville fractional integrals. Then we
derive basic Lp fractional inequalities regarding the left Riemann-Liouville,
the left and right Caputo and the left and right Canavati type fractional
derivatives.

2010 Mathematics Subject Classification: 26A33, 26D10, 26D15.
Key words and phrases: fractional integral, fractional derivative, Hardy
type inequality, fractional inequality.

1 Introduction

We start with some facts about fractional integrals needed in the sequel, for
more details see, for instance [1], [11].

Let a < b, a,b € R. By OV ([a,b]), we denote the space of all functions
on [a, b] which have continuous derivatives up to order N, and AC ([a, b)) is the
space of all absolutely continuous functions on [a, b]. By ACY (|a,b]), we denote
the space of all functions g with ¢(¥=1 € AC ([a, b]). For any a € R, we denote
by [«] the integral part of « (the integer k satisfying k < a < k+ 1), and [«/]
is the ceiling of a (min{n € N, n > a}). By L; (a,b), we denote the space of all
functions integrable on the interval (a,b), and by L (a, b) the set of all functions
measurable and essentially bounded on (a,b). Clearly, Lo (a,b) C Ly (a,b).

We start with the definition of the Riemann-Liouville fractional integrals,
see [14]. Let [a,b], (—o0 < a < b < 00) be a finite interval on the real axis R.
The Riemann-Liouville fractional integrals I, f and I;* f of order o > 0 are
defined by

(12, f) (2) = ﬁ / Cf0) @ -0 (x> a), 1)
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(12 f) (o /f V(¢ —2)°Vdt, (z<b), @)

respectively. Here I" (o) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals. We mention some properties of
the operators I3, f and Ii* f of order o > 0, see also [16]. The first result yields
that the fractional integral operators I, f and I;* f are bounded in L, (a,b),

1 <p < o0, that is

[, <KL, (Bt < K OAIL (3)
where (b )a
—a
K = Tlay @) (4)

Inequality (3), that is the result involving the left-sided fractional integral, was
proved by H. G. Hardy in one of his first papers, see [12].

In this article we prove basic Hardy type fractional integral inequalities and
we are motivated by [12], [13], [6],[5].

2 Main Results

We present our first result.

Theorem 1. Let p,q > 1 such that % + % =10, >0,i=1,....,m. Let f; :
(a,;b) — R,be Lebesgue measurable functions so that || f;[[, is finite, i = 1,...,m.
Then

m

H I f:)

<

P [(pZaz—le— +1) (1‘[Faz (i—1)+1)i)]

(H £l ) ()

(I3 fi) () = r(lai) /j (z— )" £ (2) dt, (6)

Proof. By (1) we have

x>a,t=1,..,m.
We have that
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a; 1 * a;—1
(2 @) < e [ @0 s 0l @

T >a,t=1,..,m.
By Holder’s inequality we get

i (e ([ )

< ((;(a = (/ it |"dt> , Q
T >a,1=1,...,m.
Therefore
m pgla i+m(1—p)
Tl @ < — =9 (H/ £t qctt) 7
= (H mi)) 1 (vl = 1)+ 1)
. (9)
€ (a,b).

Consequently we get

/(HU% )d:r< - !
IT (T (aq)” (

pla; —1) +1))

i=1

b P a;+m(l—p m b %
. (/ (z —a) 2 o ) ) (H/ | fi (t)|th> (10)
a i=17a

P

b B0 (f s ora)
= =1 11
(rZactmi-n+1) (H @@y ea-n+rm)| "
proving the claim. |

We give also the following general variant in

Theorem 2. Let p,q > 1 such that %—F% =1r>0aq >0,i=1,....m
Let fi : (a,b) — R,be Lebesgue measurable functions so that | fi[|, is finite,
1=1,...m
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Then
};[1 (Ig1 i) . = [(T (:f:l a; —m+ 7;) + 1)i <Zﬁ1 T(e;) (pla; — 1) + 1)11))]

: (H IIfZ-IIq) : (12)
i=1

Proof. Using r > 0 and (8) we get

: x—a)" r((ei=1)+3)
2R @ < oy oy (/ e |th> D)

and
m (; a; m+7 m r
i=1 11;[1F (a;) (H (ploy — 1) + 1) ) i=1
- (14)
Consequently

(b— a)@ ai-mi3) g
Q(i —m—f—’;)—&-l) (il_qlr(am ( )+1)‘°>
~ (f[ (/abm <t>|th>;)r
The claim is proved. n
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We continue with

Theorem 3. Let p,q > 1 such that % + % =1l;a; >0,i=1,....m. Let f; :
(a,b) — R,be Lebesgue measurable functions so that || f; |, is finite, i = 1,...,m.
Then

m

[T @r)

=1

i avtm(}-1)+3
<

P [(pzaﬁ-ml— +1> <Hraz (i—1)+1)i>]

Proof. By (2) we have

@i g _ 1 ’ )@l
(I3 1) @) = e [ =" £ (18)
r<bi=1,....m
We have that
a; 1 b a;—1
(5:8) @) < gy [ =27 18 0] (19)

r<bi=1,...m
By Holder’s inequality we get

b 5/ b i
(I fi) ()] < F(lai) (/ (t—z)P>Y dt) (/ |fi (0)]* dt) (20)

1 (b—a)™ s X
3 e (/ it |dt> , (21)
r<bi=1..m
Therefore

m Zaer(l P)
11U s) @) < MU ( /Ifz |th> ,
i=1 (Hll“(ai)> ll;ll(( i—1)+1)

- (22)
x € (a,b)

5
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Consequently we get
m

/<H|f“fz )dxg <m

fir@) (ff ee-n+)

.</ab(b_x)pza+m1 p) ><H/ i (¢ |th> (23)

1

P

(b - a)pgl ai+m(1—p)+1 (H f If ()] dt)
(S ecema—p 1) (e er oo nn)] .
proving the claim. |

It follows

Theorem 4. Let p,q > 1 such that %—l—% =1r>00 >0i=1,.,m
Let f; : (a,b) — R, be Lebesgue measurable functions so that [|f;||, is finite,
1=1,....m

Then

_ m 4 1
m i—m+ gty

H (I i)
=1

HM§

(b—a)=

T l<<>><>l

~ (H ||fz-||q> : (25)

Proof. Using r > 0 and (21) we get

_xr ocfl %
|(L7 f) (x)r—r(ol@)” (Zz PORETIETE: </ |fi (t |th> , (26)
and
T gai—m+ﬂ INT
s Qi g r 1 (b_x) (i:l P) . q !
115 @ < ﬁr(al),.(m (H </ 17+ 0 dt) ) |
T (11 ¢ (ai—l)—i-l))
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Consequently it holds
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(r (i o —m + 7;) + 1) (f[ll“(ai) (pla; — 1) + 1)%)“

n ;
~ H(/ |fi<t>|qczt>

i=1

T

is proved.

‘We need

Definition 5. ([14, p.99])The fractional integrals of a function f with re-
spect to given function g are defined as follows:
Let a,b € R, a < b, a > 0. Here g is an increasing function on [a,b] and
g € C'([a,b]). The left- and right-sided fractional integrals of a function f with

respect to

another function ¢ in [a, b] are given by

. 1 g
(I84of) () = p(a)/a (g(x)—g (&)™

" L[ g WImd
0O = 575 [, G0 -y <

respectively.
We present

(29)

Theorem 6. Let p,q > 1 such that %—&—% =1l;a; > 0,72 =1,...,m. Here

a,b € R and strictly increasing g with I3/

as in Definition 5, see (30). Let

fi : (a;b) = R, be Lebesgue measurable functions so that | fif|,, . is finite,
1=1,...,m.

Then

m
1T,
=1

Proof.

<

fi)

i=1

m
: (H ||fi||Lq(g)> .
i=1
By (30) we have

(Ig—;—;gfi) (z) = T ! ] /ax (g( AU dt,
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T>a,t=1,..,m.
We have that

|(I84.4f:) (2)] < F(lai) /x(g(x)—g(t))“ L) £ (1) dt
1 ¢ a;—1
- r(oﬁ)jc (9(x) —g()™ " 1 fi ()] dg(1) (34)

T >a,1=1,..,m.
By Holder’s inequality we get

(2208) @] = s ([ (00 = a0 agty ) ([ 150 dste )

L (gle) —gla)™ s (0 q
e 1 (/ i 0) dg<t>> (35)

_ 1 (g(x) _ g(a))a —1+1
“T0) e e (36)
r>a,t=1,..,m.
So we got
z) — g(a))® 15
|(I84:0fi) ()] < o) — 9(a) o[ fill 2, () > (37)

I'(a;) (pla; —1) + 1)7

T >a,r=1,....,m.
Hence

m
P> aitm(1-p) o,

115 @ < Y@ =o@) = ) (APRED
i=1 Z_];Il (T (e)? (pla; — 1) + 1))

€ (a,b).
Consequently, we obtain

P i a;+m(1—p)

b/ m Hsz Lo(9) 12 (g (a)) = dg(z)
/ <H [(Ioi, i) (@ )\p> dg(z) <
@ \i=1 [T (T ()” (p(a; — 1) + 1))

i=1
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T P& etmO-pia
vl L4(9) =1

=1 | (T () (p(e — 1) + 1))

7

(9(b) — g(a)) ,
(pin:ai—i—m(l—p)—Fl)

=1

(39)

proving the claim. [ |

We also give

Theorem 7. Let p,q > 1 such that %—&— % =1 a,>0i=1,....,m;r >0.
Here a,b € R and strictly increasing g with Iﬁ;g as in Definition 5, see (30).
Let f; : (a,b) — R, be Lebesgue measurable functions and |/fil,,_(,) is finite,
1=1,...,m.

Then

m

H (Igj-;gfi)

i=1

: (H ||fi||Lq(g)) . (40)
i=1
Proof. Using r > 0 and (37) we get

v (g(@) = gla)y (1)

’(Iﬁ;gfi) (x)| =T (Oli)r (p(ozi _ 1) n 1)§ ”fiHTI;q(g) > (41)
and
1 o) =ty (EE) '
[T 5) @) < 22— — <H|fz-||Lq<g)> . (42)
= (fr (@)oo -n+nr) =
x € (a,b).

Consequently, it holds

/a 1:[ (181, 1:) ()] dg(z) <
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: (H llfz-lqu@) (43)
=1

_ (g(b) — g(a))rél ai_w%)H (ﬁl ||f¢||Lq<g>>r (44)
- <'r (lil a; —m+ 7;) + 1> (f{l (I‘ (o) (pla; — 1) + 1);))7"
The claim is proved. |

We continue with

Theorem 8. Let p,q > 1 such that %4—% =1La; > 0,i=1,....,m. Here
a,b € R and strictly increasing g with ;" as in Definition 5, see (31). Let
fi : (a,b) — R, be Lebesgue measurable functions and ||fiHLq(q) is finite, i =
1,...,m. '

Then

m > ctm($-1)+3

()| < O

Lo [(p;aﬁmu—pm) (Z_[Ilnai)(p(ai—l)ﬂ)%)]

: (H ||fz‘||Lq(g)> . (45)
i=1

Proof. By (31) we have

(08 @ = s || o (46)

r<bi=1,..,m.
We have that

(5200 @] < 75 | (o)~ g 015 0]

’ a;—1
— ey [ (00— @) £ 0 datt) )

r<bi=1..m.
By Hoélder’s inequality we get

11
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[(5200) @) < 705 (/:@(t)—g( D dg() > (/ @)1 dg(0) )

L () - gl "
g Ry (/ 1 () de ) (49)

_ 1 (900 - g(x))““““
= F (az) (p(al B 1) N 1)% HszL (q) ] (49)

r<bi=1..,m

So we got
" (9(b) — gla))*~*5
I fi < T i ) 50
e T L Y
r<bi=1
Hence

pZaier(l P) m

T1|(5,5) @) < WO gt = ) (ARG
i=1 H (T (e)? (pla; — 1) 4+ 1))

€ (a,b).

Consequently, we obtain

ﬁ ”fz”L 2(9) <f: (g(b) — g(x))pigl a;+m(1—p) dg(ﬂj))

/“b (ﬁ (1201 (x)m dg(x) < =

T (0 (as)? (plas = 1) + 1))

p > a;+m(l—p)+1

(o) — )" R
(pZai-l-m(l—p)—Fl)

i=1

- ||fz\|p
,1;[ l p(a; — 1) +1))

proving the claim. |
We also give
Theorem 9. Let p,q > 1 such that % + % =1l0; >0,0=1,....om, r > 0.

Here a,b € R and strictly increasing g with I} as in Definition 5, see (31).

12
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Let f; : (a,0) = R, be Lebesgue measurable functions and |/fil_(,) is finite,
1=1,...,m.
Then

m

<

[T (5.,%)

i=1

— 1
3

Lo [( (So-m+2) 1) (fire oo -1+

m
: (H ||fi||Lq(g)) : (53)
i=1
Proof. Using r > 0 and (50) we get

r_ (g(b) — g(a))"**7)

(52 8:) @) < (e~ 07 (54)
and
r _gflai—nl+% m T
T1| (5 o) @] < 2O —9e) 4 1>r (H ||fz-||Lq<g>> . 659)
=t IT (T (e0) (plai = D+ 1)7) \is

[

1=

z € (a,b).
Consequently, it holds

INCOE g(x))r@l o) dg<x>>

b m r
IT|(52,5) (@) d (x)<< m '
/ai—1‘<b ) ‘ g (ZH (Waﬂ(p(ai—l)“)é))

=1

: (_H ||fi||Lq(g)) (56)

() - sty () (f 1)

- (7“ (i i —m+ ;”) + 1) <ﬁ1 (F (i) (o — 1) + 1);)>7~ (57)
The claim is proved. _

13
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We need
Definition 10 ([13]). Let 0 < a < b < 00, & > 0. The left- and right-sided
Hadamard fractional integrals of order «a are given by

x x a—1
(Jaf) (x) = ﬁ/@ (ln y) f;y)d% x> a, (58)
and . . B
(Je_f) (@) = W/m (m %) f?(Jy)dy, x < b, (59)
respectively.

Notice that the Hadamard fractional integrals of order « are special cases of
left- and right-sided fractional integrals of a function f with respect to another
function, here g (x) =Inz on [a,b], 0 < a < b < 0.

Above f is a Lebesgue measurable function from (a,b) into R, such that
(72 (1£1)) () amd/for (Jg_(|f])) (x) € R, ¥ x € (a,).

‘We present

Theorem 11. Let p,q > 1 such that %Jr% =1L;a; > 0,2 =1,...,m. Here
0 <a<b<oo,and J;i as in Definition 10, see (58). Let f; : (a,b) — R, be
Lebesgue measurable functions and ”fi”Lq(ln) is finite, i = 1,...,m .

Then

m

1T ()

i=1

<

1
Lp(in) (p Sa; +m(l—p)+ 1)
i=1

: (H ”fi”Lq(ln)) : (60)
i=1

Proof. By Theorem 6, for g(z) = Inx. [ |
We also have

Theorem 12. Let p,q > 1 such that % + % =La;>0,0=1,....m;r > 0.
Here 0 < a < b < 0o, and Jg} as in Definition 10, see (58). Let f; : (a,b) — R,
be Lebesgue measurable functions and HfiHLq(ln) is finite, i = 1, ..., m.

Then

1T (ar)
i=1

14

280



ANASTASSIOU: FRACTIONAL INEQUALITIES

: (H ||fi||Lq(ln)> . (61)

Proof. By Theorem 7, for g(z) = Inx. |
We continue with

Theorem 13. Let p,q > 1 such that %4—% =1la; > 0,2 =1,...,m. Here
0 <a<b< oo, and J;* as in Definition 10, see (59). Let f; : (a, ) — R, be
Lebesgue measurable functions and ”fi”Lq(ln) is finite, i = 1,...,m.

Then

~ (H ||fz-||Lq(m)> - (62)

Proof. By Theorem 8, for g(z) = Inz. |
We also have

Theorem 14. Let p,q > 1 such that % + % =10, >0,i=1,....,m;r > 0.

Here 0 < a < b < oo, and J;" as in Definition 10, see (59). Let f; : (a,b) = R,
be Lebesgue measurable functions and HfiHLq(ln) is finite, ¢ = 1, ...,m. Then

m N
Z: ai—m-‘r%-‘r;

< (1n(%) =

H Ty 1)

o (Emes) ) (e o)

’ (H ”fi”Lq(ln)) . (63)
=1

Proof. By Theorem 9, for g(z) = Inzx. |
We need

Definition 15 ([16]). Let (a,b), 0 < a < b < 00; a,0 > 0. We consider the
left- and right-sided fractional integrals of order « as follows:
1) for n > —1, we define

_ggmoletn) T gento—lf (1) gt
(sl @ = “ry— | e (64

15
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2) for n > 0, we define

T

These are the Erdélyi-Kober type fractional integrals.
We present

Theorem 16. Let p,q > 1 such that 1 i l =1la; > 0,2 =1,...,m. Here
0<a<b<oo,o>0n>-1,and Ig‘jro_n 1s as in Definition 15, see (64).
Let f; : (a,b) = R, be Lebesgue measurable functions and |27 f;(z)| (5o i
finite, t = 1,...,m

Then

Zoc+m(1—1)+1

1 ooy i (b —a )
H( (124 ) (2) < :
% (pzai+m<1—p)+1)
i=1
1
({1 (rten e =+ %)) A
i=1
Proof. By Definition 15, see (64), we have
ggoleitn) T gonto—lf (1) dt
IOH — 67
( a+; Uv]f’t) (-T) T (az) /a (IU _ ta)l_o‘i ) ( )
x > a. We rewrite (67) as follows:
Li(fi)(x) = a7 (12, f) (@)
v / S )T 1) e (68)
I' (i) Ja ' ’
and by calling Fy;(t) = t7" f;(t), we have
L)@ = e [ 0= By (69)
1\J4 — T (az) . 17 )
i =1,...,m, x > a. Furthermore we notice that
1 ’ a;—1
Li(f)(2)] < o _ o) EL )| de
L@ < g [ @ = Rl (70)
1=1,...m, x> a.
So that now we can act as in the proof of Theorem 6. |

16
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We continue with

Theorem 17. Let p,q > 1 such that 1—|—l:1' a; >0,i=1,...m,r>0.
Here 0 <a <b<oo,0>0,n7> -1, and I(H_(7 is as in Definition 15 see (64).
Let f; : (a, b) — R, be Lebesgue measurable functlons and ||z7" f;(x )||Lq($a) is
finite, i = 1,.

Then

(bg — a”)i§1 ai—m—&-%—&-%
<

= 1
Lr(2) (7" (Z o —m+ 7;}) + 1>
i=1
1

- = @)l ) ()
({1 (vt e =1+ %)) <H "

i=1

ﬁ( T (1040 i) (@)

Proof. Based on the proof of Theorem 16, and similarly acting as in the
proof of Theorem 7. |
We also have

Theorem 18. Let p,q > 1 such that %4— % =1,0; >0,7=1,...,m. Here
0<a<b<oo,o>0,n>0,and Ilf‘j;a’n is as in Definition 15, see (65). Let
fi : (a,b) — R, be Lebesgue measurable functions and Hx_"(”"’ai)fi(x)

is finite, i =1, ..., m.
Then

HLq(x“)

2 artm(z—1)+3

G () i) < o

1

—— . 1 x—o(n+ai)fi(x) ) ) (72)
(H (F(ai)(p(ail)Jrl)P)) (gH HLqu )

i=1

Proof. By Definition 15, see (65) we have

(Ia_l Unfl) (x) _ ] /b tU(l—?I—Oéi)—lfj (t) dt7 (73)

T (o) (to — x")l i

x < b. We rewrite (73) as follows:
La(f)@) = o (I, ,f) (@)

17
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1P P .
= 7 — 7)™ (t"’(’”o”) (¢ ) dte, 74
g ) fi (1) (74)
and by calling Fy;(t) = =71+ (1), we have
L)) = ey [ 7 =2 B (75)
2\J1 - T (Oé;) . 2% )
i =1,...,m, x < b. Furthermore we notice that
LRI < ey [ 07—y B0l (76)
20 )\T)] = T (Olv) . x 21 )
t=1,...,m, z <b.
So that now we can act as in the proof of Theorem 8. |

We continue with

Theorem 19. Let p,q > 1 such that %+ % =1L a0;>0,9=1,....m,r>0.
Here0 <a<b<oo,0>0,17>0,and Il?i;o,n is as in Definition 15, see (65) Let
fi : (a,b) = R, be Lebesgue measurable functions and Hx_"(""’ai)fi(x)
is finite, i = 1,...,m. Then

HLq(a:U)

2 oi—mt +1

L (- 1

o m "
Lr(27) (7’ <Z ai—m—i—’;l) —|—1>
i=1

—— 1 - xfa(mrai)fi(l,) > (77)
(H (F(ai)(p(ai—l)-l—l)’l’)) (HH HLq@a)

i=1

Proof. Based on the proof of Theorem 18, and acting similarly as in the
proof of Theorem 9. |
We make

2

Definition 20. Let H (ai,b;) CRN, N > 1, a; < b;, a;,b; € R. Let a; > 0,

=1

N
i =1,.,N; f € Ly H (as, 1)), and set a = (ay,...,an), b = (b1,...,bN),
a=(ag,...,an), x—(wh.. N), t=(t1,..,tN) -

We define the left mixed Riemann-Liouville fractional multiple integral of
order « (see also [15]):

(I f) (@) = —— / /INH i =) T (b e ty) diy . dt
H AN =1

=1

(78)

18
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with z; > a;,2=1,..., N.
We also define the right mixed Riemann-Liouville fractional multiple integral
of order « (see also [13]):

b by IV
(I}?_f) (33) = L/ / H(ti—.I‘i)ai_lf(tl,...,tN)dtl...dtN,
(ai) T T

T N =1
i=1

=

(79)

Notice I, (|f]), Ig- (| f]) are finite if f € L < (ai7bi)) .
i=1

2

=

We present

Theorem 21. Let p,q > 1 such that % + % = 1. Here all as in Definition

N
20, and (78) for I, . Let f; : [] (as,b;)) — R, j = 1,...,m, such that f; €
i=1

(1 00)

Then it holds

1 (b — a) (@i D+5)+3)

[124 <1
i=1 '

pfl@n) (m(p(ai = 1) + 1) +1)7 (F(ai) (p(ci — 1) + 1)%>m

(80)
) ﬁ (a'iabi)

1=1

AT
=1 1

Proof. By Definition 20, see (78), we have

T1 zny N
(Ig+fj) ({,C) = N;/ / H (:L‘Z — tﬁaiil fj (tl, ...,tN) dtl...dtN,
[T ()" o =

i=1

(81)
furthermore it holds

1 o e N .
|(I2,f;) ()] < Ni/ / I i =t s (b st iy dty,

N =1

(82)

19
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By Holder’s inequality we get

N »
1 o e a;—
(120 f;) ()] € —— (/ / Il(xi—ti)p( i 1>dt1...dtN>
a1 AN =1

N
il;llr(ai)
(/j /a:N | fj (ltl,...,tN)thl...dtN>é (83)
< ﬁrl(a) (f[l < / (a; — ;)P 7Y dti>i> ( /ﬁ(%bi) . (t”th) 5 o

1
q

/N Ifj(t)l"dt)- (85)
fio.a)

i

1 al <xiaz-><°“—”+é>)
, <E<<p<ail>+1>i

N
for x € ] (as,b:).

i=1
Consequently, we get
p

o) @) de < >
1 (ai,bi) j=1 <11_V[ I (az)) (ﬁ (p (Oli — 1) + 1)m>

i=1
i—1 i—1

s

N
: ( / [ @ — ay)m®e—b+y dxl...de) (87)

N
l:[l(azvbi) i=1

20
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N g plei =) +1)+1
i)
=\ (p(ei = 1)+ 1)+ 1) (I ()" (p (i = 1) +1)"

i=1

Y]

[/, wore) |. 59

Jj=1

i=1

proving the claim. |

We have
Theorem 22. Let p,g > 1 such that % + % = 1;r > 0. Here all as in
N
Definition 20, and (78) for I, . Let f; : I] (ai,b;)) = R, j = 1,...,m, such that
i=1
N K3
fi € Lq <H (aiabi)) :
i=1
Then
m N m((ai—1)+21)+1)
bi — ai ( (( P T
H Ingfj < ( ) 1 m
e (o (=14 3) 1) T (o = 1)+ 1)
I1£51l : (89)

Proof. We have

T zy N
(Ig—i-fj) (Z‘) = ;/ / H(l‘i—ti)ai_l fj (tl,,t]\[)dtldt]\/‘,

AN =1

(90)

x1 oy N
(125) @] < = [ o [T 007 1 (et dis

N
ITT () "™ Yot
i=1
(91)
N
J = 17"'am7 T € H (ai7bl)

i=1

21
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By using (85) of the proof of Theorem 21 and r > 0 we get

i ({1 ()
Lo ——— S :
e <ﬁ S\ (i —1)+1)7

3

I [e,  mora) . (92

j=1 H (ai;b;)
N
for x € H (ai,bi) .
i=1
Consequently, we get
1\ T
§ 1f5 ()] dt
m 1 jl;ll f_ﬁl(ai,bi) ! ‘
/ H| o fi) ( x)‘rdxg N mr N
H(at 7 — mr
(fre)  ([we-n+n¥)
=1 1=
N
/ it )H (wi = )" (D) dr (93)
@i i=1

= ﬂ (b; — ai)mr((ai*1)+%)+1
= i=1 (mr ((Oéi -1+ %) + 1) T (a)™ (p(cs — 1) + 1)%

I

II.f5ll , (94)
j[[ ! H(am)

i=1

proving the claim. [ |
We also give

Theorem 23. Let p,q > 1 such that % + % = 1. Here all as in Definition
N
20, and (79) for Iy* . Let f; : [] (ai,bi) — R, j = 1,...,m, such that f; €
i=1
N
Lq (H1 ((li, bl))
Then it holds

ﬁ Iy f; < ﬂ (b; — ai)(m((ai—l)-&-%)-&-%)
a p [T ) S\ (e - )+ + 1) (F(ai) (p(cv; — 1)+1)%)m

22
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(H Il o~ )) (95)

Proof. By Definition 20, see (79), we have

b1
(I3 f;) () / H ti — )™ fy (t,

...,tN) dty...dty,
IN =1

(96)
furthermore it holds

by
(I3 f) ()| € —— H (ti — 2)* 7 | fs (b1, ooy t)| dby dty,
J N 1—\ / / J

TN =1
7.1

N
j=1,...m,z €[] (a;b).

=1
By Holder’s inequality we get

(5 1)) ()| g (/b /xN 1 ey dtl...dtN>;

’L

</b1 /bN|fJ (t1, .oyt )|th1...dtN> (98)

Q=

. N
&: 2
H-

I
&
=
8
|
)

QU
S*
N——

D=
N———

23
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- ( / n <t>|th) | (100)
IT (as,b:i)

Hence

ﬁ [(I-f5) @) < 1 (ﬁ (b — Z)<“l‘1>+;>m”
j=1 o : (INI F(a2)>mp izt (plai = 1)+ 1)7
T [, more) (101)

N
for z € T (as,b:).
i=1
Consequently, we get

[ TR @ dr<
il;ll(a“bi) Jj=1 (Hl I (ai)>

N

: / N [T b = )™= oy day (102)
I1 (aibi) 51

i=1

11_\7[ ( (b; — ai)m(P(m—l)-‘-l)-‘-l >

S\ (m(p(ai —1) +1) + 1) (T (3))” (p (e = 1) + 1))

(i

proving the claim. [ |

Cl]

/N 5 Wdt) , (103)
’1_[ (ai,bi)

i=1

‘We have

Theorem 24. Let p,g > 1 such that % + % = 1;r > 0. Here all as in

N
Definition 20, and (79) for I . Let f; : I] (a;, b)) = R, j =1,...,m, such that

et (1] ).

=1

24
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Then

(b — ag) (= D3) )

3=

m N
1151 <11
j=1 i=1

@y =\ (o (0= 1)+ §) +1) " Ta)™ (i = 1) +1)

- (H 150, b)) (104)
j=1 q, I (ai,

2

Proof. We have

b1
(Ib fg)( / H t; —CEZ al (tl,...,tN)dtl...dtN,

(105)
furthermore it holds

b1
(I f;) (@) € —— / / Ht,»—xi)%—l\fj(tl,...,tN)|dt1...dtN,

1" N =1

:12

i=1

(106)
N
ji=1,. meH(ai,bi).
i=1
By using (100) of the proof of Theorem 23 and r > 0 we get

ﬁ|(‘[ f)( )‘T 1 (ﬁ((b,_x)(aL1)+p>>mr
P N i —— R |
j=1 b (II_V[ T (Ckz)) i=1 (p (ai —-1)+ 1);

1:[1 (/H (ai,bi) £ OF dt) ’ (107)

N
for x € [] (as, ;).
i=1
Consequently, we get

1
q
m

j=1

PN <t>|qczt)

i=1

[u—
/\

=

/H(al o) ]1_[1| I fj) (@) de < (ﬁl‘(aﬂ)mr < (p(ail)Jrl)"Zf)

i=1
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N

/ v T -y gy (108)
Hl(aivbi) i=1

i=

(bz - ai)mr((ai—l)—&-%)—&-l

N

i\ (mr (@ =D+ 1) +1) T (@)™ (e — 1) +1)F

T

AT & , (109)
j=1

q7'l:[1(ai7b1:)

proving the claim. |

Definition 25 ([1], p. 448). The left generalized Riemann-Liouville frac-
tional derivative of f of order 8 > 0 is given by

1 d\" [* —p—
Dif (x) = m (dx) /a (@ —y)" g lf(y) dy, (110)
where n = [8] + 1, z € [a,]].

For a,b € R, we say that f € L; (a,b) has an L, fractional derivative D? f
(8> 0) in [a,d], if and only if

(1) D8=Ffc C([a,b]), k=2,...,n=[B] + 1,

(2) D17 € AC ([a,b])

(3) DIf € Lo (a.h).

Above we define DOf := f and D;°f := Ig+f, ifo0<d <1,

From [1, p. 449] and [11] we mention and use
Lemma 26. Let 8 > a > 0 and let f € L; (a,b) have an L. fractional
derivative D? f in [a,b] and let D?=Ff (a) =0, k = 1,...,[8] + 1, then

D) = pops | e DI W )

forall a <z <b.
Here D¢ f € AC ([a,b]) for B—a > 1, and D% f € C ([a, b]) for f—a € (0,1).
Notice here that

D2 f (x) = (17 (D2f)) (2), a<w<b (112)

We present

Theorem 27. Let p,q > 1 such that %—i— % =16>0;>0,0=1,....,m.
Let f; € Lj(a,b) have an L., fractional derivative D% f; in [a,b] and let
Dgiikifi (a) =0, k;, = 1,..., [ﬂz] + 1.

Then

26
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i (ﬁi—ai)-l-'m(%_l)_i_%

@) < b-a)= R
=t P <p;(5iai)+m(1p)+1)p

e 1 < (feea,). s
(,HIF (Bi — i) (p(Bi — o — 1) + 1)p> i=1

Proof. Using Theorem 1, see (5), and Lemma 26, see (112). |
We also give

Theorem 28. Let p,q > 1 such that %—I—% =1r>006 >a >0,i=
1,...,m. Let fi € Ly (a,b) have an L, fractional derivative D% f; in [a,b] and
let DPi=kif (a) =0, k;=1,....[8] + 1.

Then
m Z(ﬁﬂu*az) m+%+%
b—
H Docbf2 < ( ) .
=1 r ( (Z( )—m—i—?])—i—l)
i=1
1 T e
S - LTIz, | - (114)
(Hl L' (Bi —aq) (p(Bi — i — 1) + 1)”) =1
i—
Proof: Using Theorem 2, see (12), and Lemma 26, see (112). [ ]
‘We need

Definition 29 ([8], p. 50, [1], p. 449). Let v > 0, n := [v], f € AC"™ ([a, b]).
Then the left Caputo fractional derivative is given by

DY f(x) = ﬁ /z (z — t)"—u_l f(n) () dt

= (™) @), (115)

and it exists almost everywhere for = € [a,b], in fact DY, f € Ly (a,b), ([1], p.
304).

We have D}, f = fM. nez,.

We also need

Theorem 30 ([4]). Let v > p+1, p > 0, V,
) =

¢ N. Calln = [v], m* := [p].
Assume f € AC™ ([a,b]), such that f*) (a k=

*4+1,..,n—1, and

7

27
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D, f € Lo (a,b). Then Diuf € AC ([a,b]) (where DL, f = (I~ f)) (),

and
1

DLf (@) = o= [ -0 DL e

— (1277 (DY) (a). (116)

Vaelab.

We present

Theorem 31. Let p,q > 1 such that %—I—% = 1;and let v; > p; +
1, pi > 0,vi,p0 ¢ Nyi = 1,...,m. Call n; := [v;], m! := [p;]. Suppose
fi € AC™ ([a,b]), such that fi(k'i)(a) =0,k =mi;mf+1,..,n —1, and
DY f; € Ly (a,b).

Then
m > (vi—pi)+m(s—1)+2
s (b— a)é§1 pi)Fm(5-1)
H (D*Zzﬁ) < . T
= P (Pg(ViPi)+m(1p)+l>
1 il L
T ~ ([IIP%s, ) i)
<HF(VZ'_Pi)(p(yi_Pi—1)+1)P> i=1
i=1
Proof. Using Theorem 1, see (5), and Theorem 30, see (116). ]

We also give

Theorem 32. Let p,q > 1 such that %—l—% = 1,r > 0;and let v; >
pi +1, 00> 0,v,p ¢ Nyi =1,...,m. Call n; := [v;], m§ := [p;]. Suppose
fi € AC™ ([a,b]), such that fi(k")(a) =0, ki = m,m; +1,.,n, — 1, and
D:&fz € Loo (aab)'

Then
m S (vi—pi)—m+2 41
_ b—a)=1
[[onn| < 0= .
= r <T<Z(V¢—pi)—m+?>+1>
i=1
1 m
T - (H ID:afinq) L ()
(T 0= p 0= -0 )\
Proof. Using Theorem 2, see (12), and Theorem 30, see (116). |
We need
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Definition 33 ([2], [9], [10]). Let a > 0, n := [a], f € AC™ ([a,b]). We
define the right Caputo fractional derivative of order v > 0, by

Dy_f (z) := (~1)" ;= f " (), (119)

we set ﬁ(if = f, ie.

— b
DY f () = A R Y (120)

I'(n-—a)
Notice that D, f = (=1)" f™, n eN.
We need

Theorem 34 ([4]). Let f € AC™ ([a,b]), « >0, n €N, n:= [a], a > p+1,
p>0,7=1[p], a,p ¢ N. Assume f®®) =0, k=mrr+1,.,n—1, and
Dy f € Lo ([a,0]). Then

Dp_f (@) = (12" (Di_1)) () € AC (fa,1]), (121)
that is .
DLt =y [ =2 (Dr) . (2
Vaelab.
We present

Theorem 35. Let p,q > 1 such that %—&—% =lLa;>pi+1,p,>0,0i=
1,...,m. Suppose f; € AC™ ([a,b]), n; € N, n; := [a;], r: = [pi], @i, pi ¢ N,
and fi(ki) (b) =0,k =ryr+1,..,n;,—1, and ﬁ?ifi € Lo ([a,b]),i=1,...,m.

Then

in:(oéi* D+m(2-1)+2
< (b _ a)i:l P (P ) p

» (p§<ai—pi>+m<1—p>+1);

I1 (5% 1.
i=1

i=1

(1t : : <ﬁ | s ) . (123)
(il:ll [ (i —pi) (ple; — pi — 1) + l)P) i=1 q

Proof. Using Theorem 3, see (17), and Theorem 34, see (121). |

We also give

Theorem 36. Let p,q > 1 such that %+% =1r>0,0; > p;i+1,p;>0,1=
1,...,m. Supposef; € AC™ ([a,b]), n; € N, n; := [a], rs = [pi], i, pi ¢ N, and
fi(ki) (b) =0, ki =ri,ri+1,...,n;— 1, and Dy fi € Lo ([a,0]), i =1,...,m.

Then
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oo
(b—q)m @I
<

N C—)

. 1 ) (ﬁ”p;}“ﬁ q). (124)
=1

('ﬁlr (a; — pi) (pla; — p; — 1) + 1)%

1 (%)

i=1

Proof. Using Theorem 4, see (25), and Theorem 34, see (121). |
We need
Definition 37. Let v > 0, n :== [v], a == v —n (0 < a < 1). Let

a,b e R, a<z<b feC(a,b]). We consider C¥ ([a,b]) := {f € C™([a,b]) :
L*f™ € C*([a,b])}. For f € C¥([a,b]), we define the left generalized v-
fractional derivative of f over [a,b] as

/
ALf = (L) (125)
see [1], p. 24, and Canavati derivative in [7].
Notice here AY f € C ([a,b]) .
So that
(AL @) = s [ @07 1 @ (126)
@ xil"(l—a)dm a . ’
V€ lab].
Notice here that
Arf=f" nez,. (127)

‘We need

Theorem 38([4]). Let f € CY([a,b]), n = [v], such that f@) (a) = 0,
i=r,r+1,...,n—1, where r := [p], with 0 < p < v. Then

(26) (2) = [ -t wa,

I'(v—p)

i.e.

(ALS) =157 (ALf) € C([a, b)) (129)

Thus f € C? ([a,b]).
We present

Theorem 39. Let p,q > 1 such that % —|—% =L v,>p;>0,1=1,....m.

Let f; € C¥ ([a,b]), n; = [v;], such that fi(ki) (a) =0,k =ryri+1,...,mn; — 1,
where r; :=[p;], i =1,...,m.
Then
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i(l’i— i )+m %—1 +%
(b — a,)m:l P ( )

» (pi<u¢pi>+m<1p>+1)’l’

i=1

(i : ! (H ||AZf‘fiq) : (130)
(l:[lr (vi = pi) (p(vi — pi = 1) + 1),,) Faley

i=1

Proof. Using Theorem 1, see (5), and Theorem 38, see (129). |
We also give

Theorem 40. Let p,q > 1 such that %—&—% =1L,r>0v,>p >0,1i=
1,....m. Let f; € C% ([a,b]), n; = [v4], such that fi(k") (a) =0, ki = ri,r; +

1,..,n; — 1, where r; := [pz] , i = ]_7 ey
Then
i i(l/i—pi)—m—i-ﬂ_p%
b—qa)i=t )
[ < —0=9 7
=1

m 1 1 (H ||Azifiq> . (131)
(,I;Ilr (vi — pi) (p(vi — ps — 1) + 1)p) Pt

Proof. Using Theorem 2, see (12), and Theorem 38, see (129). |
We need

Definition 41 ([2]). Let v > 0, n:=[v],a=v—n,0< a <1, f € C([a,b]).
Consider

CY ([a,b]) == {f € C"([a,b]) : L= f™ € C* ([a,b])}. (132)

Define the right generalized v-fractional derivative of f over [a, b], by

!

Ay f = (1) (1) (133)
We set AY_f = f. Notice that
v _ (_1)"—1 d ’ —a p(n)
(B¢ N @ = ftmg | - man s
and AY_f € C([a,b]).
We also need
31
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Theorem 42 ([4]). Let f € C¥ ([a,b]), 0 < p < v. Assume f() (b) = 0,

i=rr+1,..,n—1, where r := [p], n:= [v]. Then
AP f(z)= _ /b (J — x)"ip*l (AZ f) (J)dJ. (135)
b= F(V—p) T -
vV x € [a,b], ie.
A f=1""(Ay_f) € C([a,b]), (136)
and f € Cf_([a,b]).
We present
Theorem 43. Let p,q > 1 such that % + % =Lv,>p;>0,i=1,..,m.

Let f; € C}" ([a,b]) such that fi(ki) b =0, ki =ryr+1,...,n; — 1, where

ri = [pi], ni =[], i=1,...,,m.
Then
m i(w—m)-&-m(%—l)—k%
. b—a)i=1
[T ag )| <= :
1=

(1] : 1 <H HAZszq> . (137)
<1:11F (vi —pi) (P(vi —pi — 1) + 1)p> i

Proof. Using Theorem 3, see (17), and Theorem 42, see (136). |
We also give

Theorem 44. Let p,q > 1 such that %—&—% =1,r>0v>p >01=
1,...,m. Let f; € C}" ([a,b]) such that fi(ki') b =0,k =ri,ri+1,...,n; — 1,

where r; := [pi], ni = [vs], i=1,...,,m.
Then
A i(Vi*Pi)fer%Jr%
' b—a)i=t
[T <—0= %
i=1 T (r(Z(VZ—pZ>—m+Z7,>+1>
i=1

1 ) <H||Al’;ifi|’q>. (138)

(ijll“ (V’L - Pz‘) (p(l/i —pi — 1) + 1)% i1

Proof. Using Theorem 4, see (25), and Theorem 42, see (136). |
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Function and some of Its Applications
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Abstract

The role of the Difference Calculus, with all its applications to var-
ious branches of Applied Mathematics, is well established. One of the
main applications of the Calculus of Differences is to provide meth-
ods for obtaining solutions to Difference Equations. However, while
the published research on obtaining approximate solutions to various
types of Differential Equations is quite extensive, the corresponding
research for finding approximate solution of Difference Equations is
rather limited. In this paper we present a method for obtaining ap-
proximate solutions of the Difference Equation y(z+1) —y(z) = f(x),
a < x < 0o, by means of an appropriate transformation, for a broad
class of functions. Using the same transformation, it is possible to ex-
press in closed form sums of the form Zf\{:o fla+ ), K <oo. Asa
characteristic example, the Hurwitz Zeta Function will be considered.

Key words and phrases: Complete monotonicity; difference equation;
approximate solution; Gamma function; Hurwitz zeta function.

1 Introduction

We begin by introducing the R-transform.

Definition 1. Let f(z) be a real valued function of the real variable z,
defined on the interval [a, c0). The function f(x) is assumed to be continuous
over its interval of definition. Given f(x), we define a new function R (x),
named the R-transform of f(x), by means of the formula

1 r+2
R{f(x)} := Ra(x) := 3{f(m)+4f(93+1)+f($+2)}—/ f@)at (1.1)
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Starting with (1.1), we may define a family of functions Ry (z) := R{R1(z)},
R3(z) := R{R2(z)} and, in general

Ripi(z) := R{Ri(z)}, keN=1{0,1,2,..}, (1.2)

where Ro(z) := f(x).
Next, we list some basic properties of the R-Transform.

1. The R-transform of a function f(z) is a linear transform, i.e.

n n
R{Z%fk(l‘)} = aR{fu(x)}, (1.3)
k=1 k=1
where c¢1,ca, ..., ¢y, are constants.

2. Assuming that f(x) is A times differentiable on [a, 00), then

dxA T da

Ry {dAf(gj)} _ & R{f(x)}, kA=1,2 ... (1.4)

3. If Ri(x) = R{f(z)} and b is an arbitrary constant, then (assuming
x + b belongs to the domain of f)

Ri(x+b)=R{f(x+0)}. (1.5)

The proofs of (1.3), (1.4), and (1.5) stem directly from Definition 1.

- R{ /x o f(t)dt} _ / R, (1.6)

Proof. Let F(t) be an antiderivative of f(¢). Then, by (1.3), (1.4), and
(1.5)

z+b B B B z+b d{R(F(t)} B z+b
R{/x f(t)dt} — R{F(z+b)} R{F(x)}_/m LU dt_/m R{F(t)}dt.

5. If f(x) is monotone on [a, c0), then
2
[BUf (@)} = [Ra(2)] < S |f(e+2) = f(2)] (L.7)
Proof. Let us assume that f(x) is increasing on [a,c0). Then,
z+1
f@< [ st < s+

and
x+2

f(x+1)</ fO)dt < f(z+2),

z+1
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from which, by addition, one obtains
T+2
f@) + far )< [ f0d < far 1)+ S+ 2),

xT

or equivalently,

2 F@) 4 Fa )4 3 2 > RUF@)} > 7@+ 3 St 1) =2 f ),

or even,

[f(z+2) = f(z)] > R{f(x)} > *% [f(z+2) = f(2)],

[SVIN )

since f(x) was assumed to be increasing on [a, c0). It has thus been proved
that

2
[BUf (@)} = [Ba(2)] < 5 If (2 +2) = f(2)].
In case where f(x) is decreasing on [a, 00), — f(x) will be increasing over the
same interval and (1.7) is readily obtained. ]

6. If f(x) is positive and decreasing, or is negative and increasing on
[a,00), then

[B{f(2)}| = [Ra(2)] < g [/ ()] (1.8)

Proof. Assuming that f(z) is possitive and decreasing, then according
to (1.7)

Ra@)] < 21/ +2) ~ f@) = 2((@) ~ o +2)) < 2 (a),

since f(z +2) >0, i.e.
2
Ri(@)l < S 17
In the case where f(x) is negative and increasing, —f(z) will be positive

and decreasing, and (1.8) is obtained easily. |

7. If f(z) is positive and decreasing or is negative and increasing on
[a,00), and if

e T =0
then
ngoo Ri(x) =0. (1.9)

Proof. From equation (1.8) it follows that

0 < |Ri(z)| < %If(rc)l,
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and since, by assumption

A S =0
it follows
lim Ry(z)=0.
T—+00

8. If f(x) is positive and decreasing, or is negative and increasing on
[a, 00), then

<§|f(:c)+f(:c+1)|, k=1,2,3,...  (L10)

k
D Ri(z+ )
A=0

Proof. Let us first assume that f(x) is positive and decreasing on [a, 00).
Then, making use of formula (1.7), one obtains

k

Rie+ 0] < 2 S 1F @+ A+2) — fo+ )],
A=0

M=

k
Z Ri(z+ M) <
A=0

T
)

ie.
k

Ria+ 2] < 3 3 [f+0) ~ S+ A+2)],
A=0

M=

k
D Ri(x+ )
A=0

>
i
=)

but
k

S N~ fa A+ 2) =

[SSRN )

[f@)+ fz+1)— fla+k+1)— f(z+k+2)],

k
S IR+ )] < 3 [F() + fl+ 1),
A=0
since, by assumption f(x 4+ k + 1) and f(x 4+ k 4 2) are positive quantities.
In case where f(x) is negative and increasing, on [a, 00), the function — f(z)
will be positive and decreasing over the same interval, and thus the formula
(1.10) is easily obtained. [ |

9. On the assumption that the fourth order derivative of f(z) exists on
[a, 00), one has

1
Ri(z) = R{f(0)} = o5 fV(€), w<&¢<a+2 (1.11)
Proof. Since R{f(z)} is actually the error in evaluating the area under

a given curve f(t), from t = x up to t = x + 2, by means of the Simpson’s
rule, expression (1.11) for the error is well known, see for example [1]. W
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2 Completely Monotonic Functions

A function f(z) is said to be completely monotonic (c.m.) on [a,00), if
(i) f(x) possesses derivatives of all orders and
(i) (=D)Ff® () > 0 or (1) fF)(z) <0, for k=0,1,2,....
Functions of complete monotonicity have attracted special attention by
various researchers, see for example [7], [14], [8], [9], [10], [3], and [4].

Definition 2. A (smooth) function defined on some interval [a,o0) is
said to belong to the class My, if its fourth derivative is completely mono-
tonic, i.e.

feMya {(-DFf®O @) >0 or (-DFf® (@) <0, for k=4,56,...}
Typical functions belonging to the class My, are the following:
e x P p>0, x>0

1
xa, q>1, >0

e lnx, xz>0;

e e x>0

The Laplace transform f(x) of a positive function F(¢), 0 < t < oo,
Le. f(x)= [,° F(t)e ™dt, see [2], [15], [16], and [5].

The R-Transform, when applied to functions of My, leads to some quite
interesting results, which are to be developed in the sequel.

Theorem 1. Let f € My. Then, the functions Ri(x), k = 1,2,...,
where Rj(z) = R{f(x)} and Ryi1(x) = R{Ry(z)}, are completely mono-
tonic on [a,00) and have the sign of f®)(x).

Proof. Let us assume without loss of generality that (—1)*f®)(z) > 0,
k=4,5,.... Notice that, by virtue of (1.11), for m = 0,1, ..., if D = d/dz,
we have

(1" D" Ra(e) = (~)" DR (@)} = () RAD () = S e g,

where x < &,, < z +2. Since f € My and (—1)™* = (=1)™ we see that
Ry (z) is completely monotonic and has the sign of f*(z). In a similar
fashion we can show that the statement is true for Ro(z). Indeed,

(~1)" D™ Ra(a) = (~ )" R{D™ Ry (@)} = (~1)" o B ) > 0,

where z < n, < x+2, m=0,1,2,..., since Ri(z) is c.m. and hence in M.
Also, Ry(x) > 0, i.e. Ry(x) and f*)(z) have the same sign.
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Proceeding in a similar way, we prove step by step, that all Ri(x) are
c.m. and positive. |

Remark 1. Clearly, if f is c.m. on [a,00), so are its derivatives of all
orders. Likewise, if f € My, then f(™ € My for m = 1,2, .... Hence, by
Theorem 1, if f € My, we have that D™ Ry (x) is c.m. for all m, k= 1,2, ....

Theorem 2. On the assumption that f € My, a < z < 00, all functions
D™Ry(x), m,k = 1,2, ..., will be absolutely decreasing on the interval [a, 00),
i.e. will be either positive and decreasing, or will be negative and increasing
on [a,00).

Proof. Assuming that (—1)¥f*)(z) > 0, k = 4,5,6,..., all the Ry(z)’s
are positive and decreasing (since Ri(z) > 0 and DRy(x) <0, k =1,2,...),
while the functions DRy(x), k = 4,5,6,..., are negative and increasing
(since DRy (z) < 0 and D?Ry(x) >0, k=1,2,...).

Likewise, step by step, we prove that the functions D?Ry,(z), k = 4, 5,6, . . .
are positive and decreasing, D3Ry (z), k = 4,5,6, ..., are negative and in-
creasing, etc.

The case (—1)*f*¥(x) <0, k =4,5,6,... is treated in a similar way. W

Theorem 3. If f € My, then

R < (3) 15t (2.1)

Proof. Since f € My, by virtue of Theorem 2 the functions Ry
k=1,2,... will be absolutely decreasing on [a, c0). Then by means of (

z)

(2),
1.8)

2
‘Rk(fﬂ” <§’Rk71('x)‘7 k:1727"'7n-

Multiplying together the inequalities above, from k =1 up to k = n, (2.1)
is easily obtained. |

Corollary 1. Under the hypothesis of Theorem 3,

lim R,(z) =0 forevery =z € (a,00). (2.2)

n—o0

Corollary 2. Under the hypothesis of Theorem 3, and on the additional
assumption that lim,_,o, f(z) = 0 we have

lim R,(z) =0, forevery neN. (2.3)

T—r00

Theorem 4. If f belongs to My, = € [a, 00), then

k

Z n+1 CL'"{')\

|Rn(a:) + Ro(z +1)]. (2.4)
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Proof. Since f is in My, by Theorem 2 the functions Ri(z), k =
1,2,3,... will be absolutely decreasing on [a,00). Making use of (1.10)
one obtains

k

Z n+1 $+)\

A=0

|Rn(m) + Ry (x +1)].

Corollary 3. Under the hypothesis of Theorem 4,

k

§ n+l

A=

n+1
V< (3) (F@I+lfe). @)

Theorem 5. If f € My, then

1

[Bn(@)| < 55 @), n=1,2,3,.... (2.6)

Proof. We will prove (2.6) using mathematical induction.
For n =1 (2.6) is true because |Ry(z)| = g5 |f(4)(£)}, r<&<zx+2,and
since | f (4) (z)| is absolutely decreasing on [a, 0)

Ri@)] = o5 |9 < o5 [F0)].

Assuming that (2.6) is true for n = k, we will show that (2.6) will also be
true for n = k + 1. Making use of (1.11)

1
Rpy1(x) = R{Rk(x)} = %R,(f) (n) where z<n<az+2.

Therefore,
_ 1 pm 1w
Rri(@)| = o5 [RO0)] < o5 [BY @)
(by virtue of Theorem 2), i.e
1w, 1 (4)
Bk (@)] < 55 ’R’f (x)‘ ~ 90 ‘R’“ (f <x>)1

(from (1.4)), i.e

(f(4) (@) (4k)

because of our assumption about Ry (z), and finally,

7O @)

< gl (1) <

)

1

|Ri+1 ()| < 00F+T
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so by means of the principle of mathematical induction (2.6) is true for all
n=1,2.3,.... m
Theorem 6. If f(z) is any continuous, real-valued function, defined on
[a,00) and k is any positive integer, then
k

Zf(x—i—)\):

A=0
= 2J@) + Sf@+ )~ Sfa R+ 1)~ flotk+2)

r4+k+2

z+k+1 k
+;/$ F(t)dt + % /x+1 F(t)dt + ;;Rl(x + ). (2.7)

Proof. The proof is straightforward. Starting with the definition of
Ri(t), applying it for t = x,t =x + 1,t = x + 2,...,t = z + k and adding
the resulting equations, formula (2.7) is obtained. |

Theorem 7. If f(z) is any continuous, real-valued function defined on

[a,00) and k is any positive integer, then

k

Zf(x—i—)\)

A=0

) 1 ) 1
= —sp(z) + ésn(:c +1)— ésn(x +k+1)— ésn(x +k+2)

6
1 [rtk+l 1 [rtk+2 1 k
- " Z n — n , 2.
+2/x s (t)dt—|—2/$+1 s (t)dt+2n+1§3 x4+, (2.8)
where ] ] 1
sn(z) = f(z) + §R1(x) + 2—2R2(:r) +...+ Q—an(:L') (2.9)

Proof. Starting with formula (2.7) and taking the R-transform of both
sides m times successively, m = 0, 1, ...,n, one obtains

k
Z Ry(x+ A)

A=0
5 1 5 1
= —Rn(z)+ éRm(x +1) - 6Rm(ac +k+1) - ERm(x +k+2)

6
1 [etk+l 1 [rHk+2 1 k

+/ R (t)dt + / Ron(t)dt + =) " Repya(z + A).
2 x 2 z+1 2 A=0
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Multiplying both sides by (1/2)", and adding the resulting equations from
m = 0 up to m = n, one obtains (2.8), where the quantity s,(x) is defined
by formula (2.9). [ |

Theorem 8. If f(z) is any continuous, real valued function, defined on
the interval [a, c0), then

r+2
F@) = 2on(z) — Tsn(@+1) = sn(z+2)+ 1/ sn(®)t+ —— Ry i1 (2),

6" 6 6 2 2n+1
(2.10)
where s, (x) is given by (2.9).
Proof. From formula (2.8), one obtains
k—1
S fl@t+1+N)
A=0
5 1 ) 1
= gsn(x +1)+ ésn(:n +2)— ésn(x +Ek+1)— ésn(:n +k+2)
1 r+k+1 r+k+2 1 k—1
—l—/ s (t)dt+/ sp(t)dt + —= Y Rpyi(z+14N).
2 z+1 " 2 z+2 " 2n+l )\2:;) "
Subtracting this equation from (2.8), equation (2.10) is obtained. [ |

3 An Approximate Solution of the Difference Equa-
tion y(z + 1) —y(z) = f(z)

The Difference Equation Ay(z) := y(x + 1) — y(x) = f(x), f(z) given, was
first studied by Krull, in his pioneer work [11] and subsequently by other
researchers [12], [6], and [13]. In the present work we derive, by means of the
R-transform, an approximate solution to this equation for various functions
flx), x > a.

Theorem 9. Consider the equation Ay(x) = f(z), a < z < 0o, where
f(z) is given (the solution to this equation is determined up to an arbitrary
periodic function p(x) of period 1). Let us also define

r(n,z) = 2n1+1 R?E;()m) (3.1)
Then, the function
1 5) 1
Yn(@) = —gsn(@ +1) = won(2) + 5 [Snl@ +1) + Su(@)],  (32)

where

Sp(x) :/ sp(t)dt, ¢ = constant,
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(sp(z) is given by (2.9)) will satisfy the Difference Equation

Ayn(®) = yn(z + 1) = ynu(2) = [1 —r(n, 2)] f(2),

ie. yp(z) as defined in (3.2), is an approximate solution of Ay(z) = f(z),
provided that, for z > a we have r(n,z) — 0 as n — oo.

Proof. We have

1 4 5 1 [et2
Ay () = yn(z+1)—yp(x) = —63n(x—|—2)—Gsn(x+1)+6sn(a?)+2/ sn(t)dt,

and taking into account (2.10) and (3.1),

1
Ayn(z) = f(2) = Gy B (@) = [1 = r(n, 2)] f(2).
|
Remark 2. The power of the method lies in the fact that r(n,z) is
negligible as compared to 1, even for n = 1 (first order approximation),

over some interval [a,c0), for some family of functions, for example for the
functions belonging to the class My.

Example 1. The Difference Equation Ay(z) =Inz, x € [3,00).
For n =1 Theorem 9 gives the approximate solution

D) = —gsr(a+ 1) = 251(2) + 3 [Si(o+ 1)+ Si(@)],

where by (2.9)

sl(x):f(x)—i—%Rl(x) and  Sy(z) = /jsl(t)dt.

Tedious but straightforward calculations yield

(x+3)?2 x+3 1 (x+2)? 5x+2) 9
— |- S | — — 2| m(z+2
y1(z) [ s T 6 36 n(z+3)+ s T ¢ %6 n(z+2)
(x+1)2 5(x+1) 27 2z 35 T
_2hh D+ |42 Pl -2 (s
—I-[ s T g 36 n(x+1) + s t6 36| 10% 3 (3.3)
The error term, over the interval [3,00) is
1 RQ(.CC)
L,2)| = =
and since f(x) = Inz belongs to My,
1
— |In®
[Bo(a)| < [Ro(3)] < 5oz [nP@)|
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(from Theorems 2 and 5), while |[lnz| > |ln 3| for > 3, we have

1 17!

~ -5
2 T3 g ge S 2181070 w23

Ir(1,z)| <

Now recall that the logarithm of the Gamma function InT'(z) also satisfies
Ay(z) = Inz. Hence, we expect that

InT(z) =~ y1(z) + p(x), where  p(z+1) = p(x). (3.4)

To determine p(x) we look at the asymptotic behavior of InT'(x) and y;(x)
as x — o0o. Stirling’s formula gives

Inl'(z) =(1/2)In(27) —z+ (x —1/2)Inz + O (1/2),
while (3.3) yields
yi(z) =3/4—x+ (x—1/2)Inz + o(1).

Comparison of the above two formulas suggests that p(x) of (3.4) is the
constant (1/2)In(27) — 3/4. Therefore,

Inl'(z) = y1(z) + (1/2) In(27) — 3/4. (3.5)

The accuracy (3.5) is illustrated by the following list.

x yi(x) + (1/2) In(27) — 3/4 InI'(x)

3 0.693146 0.693147
3.45 1.14623 1.14623

4 1.791759 1.791759

In fact, the accuracy gets better as x increases.

Example 2. Solve the difference Equation Ay(z) = x%, g > 1, on the
interval [5, 00).
Taking n = 1, and proceeding as in Example 1 we find the approximate
solution to be

27 5q ¢ 1
* [_36 6(q+1)(x+1)+4(q+1)(2q+1)(x+1)2] @+ 1)
9 5q ¢ 1
* [_36 6(q+1)($+2)_4(q+1)(2q+1)(x+2)2] (z+2)7
1 q 7> 1
*{‘36%@ 1>(“3)_4<q+1><2q+1>(“3)2] (e+3)2
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Ra(x)
f(@)

since f(z) = zi € My and f(z) is increasing, |r(1,x)| < |r(1,5)] for x > 5,
we have

1

5z , and

The error term |r(1, )|, over the interval [5,00) is |r(1,z)| =

7

[T —kq)

1

r(1,2)] = 5

1 1

22 902

11
22 902

Ry(x) f® () 1
f(x) f(x) (5q)%
For example, if ¢ = 2, in which case the expression for y;(x), gives the

approximate solution of Ay(z) = /z, we get |r(1,z)| < 4,17 - 1078, for all
x > b.

4 Evaluating Finite/Infinite Sums

Finite sums of series can be computed with the aid of the R-transform. The
main result is summarized in the following theorem.

Theorem 10. (a) For any function f(z), continuous on the interval
[a, 00), we have

k
Y fE+N=f@) +fle+ )+ fl@+2)+...+ fla+k)=
A=0
) 1 ) 1
= ~Sn —Sn 1) — - n 1) — = n 2
55 (x)—|—6$ (x+1) 58 (x+k+1) 58 (x+k+2)
1 etk 1 fo+kt2
+= / sp(t)dt + = / sp(t)dt + e(n, x), (4.1)
2 T 2 41
where s, (x) is given by (2.9) and the error term e(n, x) is
L
e(n2) = ooy > Rup(z+ ) (4.2)
A=0
(b) If we further assume that f € My, then
1
(4n) ‘ ‘ (4n) ’
0 < le(n,2)] < oo [|/9@)| + |F@+ D] @3)

It should be noted that the error e(n, z) depends only on x and n and not on
k. As a matter of fact, for a given n, the error, in absolute value, decreases
as x increases, since f € My.

Proof. (a) The first part of the Theorem 10 follows directly from Theo-
rem 7, equation (2.8).

(b) By virtue of (4.2), (2.4), and Theorem 4,

k

Z n+1 iL"F)\

A=0

n n 1.
e(n, )] = ey < 5o IRa(@) + Raa + 1)
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Now, making use of Theorem 5 yields
S — GO ‘ ‘ (4n) 1 ‘
e(n,@)] < 5oz (|19 @)| + |19 @+ 1))).
Example 3. Evaluate the sum of the harmonic series

oo
/\Ez;)x—i-)\

on the interval [5,00) (here k is an integer > 1).
Applying (4.1) with n = 1, one obtains

>

(x+k+1)—2(z)+e(l,2),

where

6

2 N e (2 P e 2 (2 2T B
6 4 6 4 36\z+3 z+2 z+1 z/)
For the error term on [5,00) we have
-4 [ /1) /1)’
1 1 = Z -

(since |f#)(z)] = |(1/2)W| = 4l|z|7°), ie. |e(1, )| < 1.993-107°, =z >5.
Theorem 11. (a) Assuming that f € M, and the series

B(z) = <1—x13>ln(:c+3)+ <5—x1_2>1n(:r+2)

Z flz+A)
A=0
converges, we have
- 1 I I
S f@+d) = Zsn(@)+osalz+1)+5 [ sa(t)dt+s sn(t)dt+e(n, )
A=0 6 2 x 2 r+1
(4.4)
where s, (x) is given by (2.9) and
1 o0
e(n,x) = PTEs) Z Royi(x+N) (4.5)
A=0
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(b) With the same assumptions as in Part (a), we have

0 < |e(n, z)| < 3% Ru(z) + Rz +1)]. (4.6)

Proof. (a) From (2.9)

i.e.

0 <|sn(2)| =

Since the series -
PIRICEDY

A=0
is assumed to be convergent, we must have

Jim fz) =0,
so from (4.7)
lim sp(z) =0. (4.8)

T—r—+00

Equation (4.4) is obtained immediately from (4.1), if we pass to the limit as
k — 400 , and make use of (4.8).
(b) Regarding the error term e(n, x), we know that

k

> Rup(z+ )

A=0

1
0 <le(n, )| =

- on+1 <

1
o an n mn 1
2o [Bn(x) + Ru(z +1)]

(from (2.4)) and if we pass to the limit as k — 400, (4.6) is obtained. W

Example 4 (The Hurwitz Zeta Function). The following series, is
known as the Hurwitz Zeta Function
> 1
C(S7 Q) = Z T N<?
~ (q+n)
where here ¢ and s are assumed to be real, with ¢ > 0 and s > 1, so that
the infinite series converges. Making use of Theorem 11, with n = 1, {(s, q)
can be expressed as

351 27 1 9 1 1 1

%E+%(q+1)s +36(q+2)8+36(q+3)3

((s,q) =
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n 1 1 1 n ? 1 +§ 1 +1 1
s—=116¢1 6(g+1)st 6(¢g+2)! 6(qg+3)5!
+ ! {— SRR N S — }+e(1 5)
As-D(G-2 | ¢2 (gr1)2" (g+2)72  (q+3)2 )
(4.9)
where .
0<le(l,q,8)] < 8 |R1(q,s) + Ri(qg+1,s)],
i.e.
111 /1 5 5 1
0<615Qa5 <'<+ + + >—|—
) A Ve e DA P Ry
1 1 1 1 1
- - + + . 4.10
s—1 ( ¢t g+t (g+27t 0 (g 3)31) ’ (410)

The function R(g, s) considered as a function of ¢ (s fixed) belongs to My.
The same function considered as a function of s (¢ > 1 fixed) also belongs
to My, as can be easily shown. Indeed,

n an —S n_—s
(—1) @(q )= (Ing)"q~* > 0. q>1.

In the region ¢ > gg > 1 and s > sg > 1, the error term satisfies

0 <le(L,q,s)| <le(L,q0,50)l,

since R1(q,s) and R;i(q + 1,s) belong to My, therefore Ri(q,s) + Ri(q +
1,5) € My, i.e. the function f(s) := Ri(q,s) + Ri(q + 1,s) is absolutely
decreasing with respect to both variables ¢ and s in the region ¢ > gg > 1
and s > sg > 1. For example, in the region ¢ > 3 and s > 4, the error term
satisfies

0 < le(l,q,5)] <|e(1,3,4)] ~ 3.422-1075.
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COMMUTANTS OF A TOEPLITZ OPERATOR WITH A
CERTAIN HARMONIC SYMBOL

ABDELRAHMAN YOUSEF

ABSTRACT. In this paper we show, under some conditions, that only polyno-
mials of T, 4> can commute with T, 5.

1. INTRODUCTION

Let dA = %rdrd@, where (r,0) are the polar coordinates in the complex plane
C, denote the normalized Lebesgue area measure on the unit disk D, so that the
measure of D equals 1.

The Bergman space L2(D) is the Hilbert space consisting of all analytic functions
in L?(D,dA), the space of all square integrable functions on D with respect to the
area measure dA. It is well known that L2(D) is a closed subspace of the Hilbert
space L?(D,dA), and has the set {y/n + 12" | n > 0} as an orthonormal basis. Let
P be the orthogonal projection from L?(D,dA) onto L2(D).

For a function ¢ € L>(D) , the Toeplitz operator T, with symbol ¢ is the oper-
ator on L2(D) defined by Ty f = P(¢f), for f € L2(D).

In [3], Cuckovié proved that if S is an operator in the closed norm subalgebra,
generated by Toeplitz operators, such that S commutes with T.», then S = Ty,
where 9 is a bounded analytic function on D. Later in [2], Axler, Cuckovi¢ and
Rao proved that if two Toeplitz operators on a Bergman space commute and the
symbol of one of them is analytic and nonconstant, then the other one is also ana-
lytic. Also, they asked the following question:

Suppose ¢ is a bounded harmonic function on the disk that is neither analytic
nor conjugate analytic. If ¢ is a bounded measurable function on the disk such
that Ty and Ty commute, must v be of the form a¢ + b for some constants a, b?

The only work in the literature that has been done regarding this question can be
found in [9]. The authors there obtained a positive answer under some restrictions.
In fact, they proved if f € L'(D,dA) is of the form f(re??) = ij:_oo e f1.(r)
such that Ty is bounded, and Ty commutes with Tz, then Ty must be a poly-
nomial of T, > of degree at most 3. Using the same technique in their result, one
can see that if f € L>°(D), then Ty = aT,1z + bl for some constants a,b, which
answers the question above partially. Moreover, and in a more general setting, the

Date: September 26, 2012.
Key words and phrases. Toeplitz operators, Bergman space, Mellin transform.
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third author in [9] showed in [11] that if Ty commutes with T where ¢ is a

2+9(2)’
bounded analytic function on D and f(re?) = Zg:_oo e f1.(r) is bounded, then
Ty =aT, 30 + bI for some constants a, b.

Now, a related question to the above question and its partial answer is the
following: what are the commutants of 7,437, or in other words, are polynomials
of T, > the only commutants of T,, ;7. In section 3 of this paper, we shall give a
partial answer to this question.

2. PRELIMINARIES

A function f is said to be quasihomogeneous of degree p, where p is an integer,
if it is of the form e™?¢, where ¢ is a radial function. In this case the associated
Toeplitz operator T is also called quasihomogeneous Toeplitz operator of degree
p. Those Toeplitz operators were studied in [4] and [6]. The reason that we study
such family of symbols is that any function f in L?(ID,dA) has the following polar
decomposition

Flre®) = 3 e filr),
kEZ
where f, are radial functions in L2([0, 1], 7dr).

Now, we need to introduce the Mellin transform that has been a very useful
tool in obtaining many results. The Mellin transform fof a radial function f in
L([0,1],rdr) is defined by

R 1
fe) = [ syt ar

It is well known that, for these functions, the Mellin transform is well defined on
the right half-plane {z : ®z > 2} and it is analytic on {z : Rz > 2}.

The following lemma, in [9], is helpful to avoid tedious calculations.

Lemma 1. Let k,p € N and let f be an integrable radial function. Then
Tyivo p(27) = 2(k + p + 1) F(2k + p + 2)2"+7
and
Too () =4 O fo<k<p-1
I 2k —p+ D) F(2k —p+2)2FP if k> p.

For convenience, we would like to remind the reader by the following property
of the Bergman projection, that will be used to eliminate the calculations in the
next lemma. Let n and m be a nonnegative integers. Then

(1) P(z"z™) = ]

— 1
Q- LT
Oa 'Lf n<<m

For more about Bergman projection, one can see [5] or [12]. Now, using the
above lemma and the property of the Bergman projection one can observe the fol-
lowing;:

Forn=1,T" .(1) = 2, so for n = 2 we have, T2, (1) = T.1s(2) = 2% + 1.

N
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Now by induction, Suppose that 722 (1) = z¥~! +by_22""2 4 .- + byz + by. This
implies, using (1) , that

Tzk-ﬁ-i(l) = Toz(ZF 7 b 02" 2+ £ bz 4 by)
= F a1+t aiz+a
Hence, we can say that:

Remark 1. For every k € N, T¥, _(1) = g(z), where g(2) is a monic polynomial of
degree k.

3. MAIN RESULTS

The main tool in [9] was the Mellin transform, and their idea was based on com-
paring the coeflicients of the terms of the same degree on both sides, starting from
the highest degree, which allowed them to compute the degree and find the symbol
of each term. We state their result, [9, Theorem 2, P. 886], as:

Let f(re??) = Ziv:_oo e f1.(r) be a function in L' (D, dA) such that the Toeplitz
operator Ty is bounded. If Ty commutes with T, z, then Ty = Q(T,45) where Q is
a polynomial of degree at most 3.

In the following theorem, we will denote the commutator of two operators T and
S by [T,5] =TS — ST. So, T commutes with S iff [T, S] = 0.

Theorem 1. Let f(re®?) =572 _ e fi(r) be a function in L'(D,dA) such that
the Toeplitz operator T is bounded. Assume that there exist two positive integers
N and M such that fon(r) = eV and forra(r) = ArPMEL where ¢ and ¢ are
constants. If [Ty, Ty4z) = 0, then Ty = Q(T,4z) where Q is a polynomial of degree
at most 3.

Proof. For simplicity let hy = hy(r,0) = fr(r)e?*?. Since [Ty, T.+z] = 0, then for
each n € N, we have [T, T.,:](2") = 0.

Now, the term in z of degree n+2N +1is ([Thyy, T2]+[Thons, T2])(2") = 0. But
[Thons T2 = [Teo2n, T,] = 0, since Toeplitz operators with analytic symbols com-
mute. Hence, [Th,y,,,T](2") = 0. Which means han2(r,6) is conjugate analytic,
but this can only happen if fony2(7) = 0. Also, the coefficient of z"+2N+2m+1) jg
zero, so we can obtain by induction, that fon o, (r) =0 for all m > 1.

Similarly, since the coefficient of z"T2M+2m equals 0, then again we can prove
by induction that fopryom+1(r) =0 for all m > 1. Now, let L = max{N, M}, then
the symbol f becomes f(re®) = STr___ e f,(r). Hence, using [9, Theorem 2,
P. 886] finishes the proof.

([l

In the following lemma, which we will use in the next theorem, we show that
any element in the orthogonal basis of the Bergman space can be written as a
polynomial of T, > evaluated at 1.

Lemma 2. For every k € N, 2* = Qi (T.+2)(1) where Qy is a monic polynomial
of degree k.
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Proof. By remark 1, Tf+2(1) =2F +ap_ 12" '+ 4+ a1z + ag. This implies,

(2) F=TF (1) —ap_12" — - — a1z — ag
Similarly,
(3) =T (1) — b2 2 — o = bz — by

Now, plug (3) into (2) to obtain:
K =TF (1) — a1 (TE2 (1) —bg22" 2 — o — b1z —bg) — -+ — a1z — ag
Continuing the above process, gives us:
F =T () + e T (1) + o T2 (1) + -+ e Toyz(1) + cof

which finishes the proof. [

The technique, used in [9], does not work if we replace T, by a finite sum of
finite product of such operator. The idea used in the proof of next theorem is very
simple, and one can use it to obtain the same result in [9] without using Mellin
transform.

n_m Na,j
Theorem 2. Let T = ZHTf<w>’ where f(lyj)(rew) = Z eika(f(l’j))k(r) €
1=1 j=1 k=—o0
L*(D) for everyl =1,2,...,nand j=1,2,...,my. If TT. s =T, T, then there
my
exists a polynomial Py of degree N = 1I£1lagxn z; Nq,jy such that T' = Pn(T.4z).
J:
Proof. Using lemma (1), one can see that if f(re'®) = Z ™™ f,.(r), then
k=—o00
M
Tf(zn) = Z Temefk(r)(zn)
k=—n
M ~
= Y 2n+k+1)f2n+k+2)"F
k=—n

which is a polynomial of degree M. This implies that, for some 1 < [ < n the
product ([T7%, Ty, ;)(1) is a polynomial of degree 37" N ;). But T is a finite
sum of such products, so T'(1) is a sum of polynomials each of degree Z;n:ll Na.j
for I = 1,2,...,n. Now, let N = maxi<i<n ).y Nq ) to obtain that T(1) =
anz¥ +an_12V "+ -+ a1z + ap. By lemma (2), 2¥ = Qp(T..:)(1) for every
k € N. This implies that, T(1) = anQn (Toxz)(1) + - - + a1 Q1 (Tox5)(1) + aol.
So, T(1) = Pn(Ty1z)(1), where Py is a polynomial of degree N. Now, using
lemma (2) again, we have for every k € N, T(2*) = T(Qr(T.+:)(1)). But T
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commutes with 7z, it follows that

T(Zk) = T( k(TZ+2)
k

1l
OO
/?:/-\
o33
R
S5

Hence, T' = Py (T4z).

Now, consider the weakest topology on the algebra of all bounded linear operators

acting on L2(D), in which the map T — T(p) is continuous for all polynomials p.
It is easy to see that the commutant of T, ; in the algebra of all bounded linear
operators on L2(D) is the closure of the set { Py (T,4z) : Py is polynomial}. O

Remark 2. Here are some remarks related to Theorem 2:

(1]
2]
(3]
(4]

[5]
[6]

7]
(8]

(9]

(1) It is shown, in [7, Corollary 6.5 , P. 533], that 77" , is not a Toeplitz oper-
ator whenever n > 4. The authors in [9] obtained a polynomial of T,z of
degree at most 3, because they were looking for commutants of 7,4z among
Toeplitz operators.

(2) The question, ”when the product of two Toeplitz operators with bounded
symbols is a Toeplitz operator?” is still unsolved. So, it is worth mentioning
here that the operator 7" in Theorem 2 above is not necessarily a Toeplitz
operator. Also, we can’t say that if the degree N of the polynomial T' =
Pn(T.+5) is greater than 4, implies that 7' is not a Toeplitz operator,
because we have no control on the coefficients of such a polynomial, and
the terms, in the expansion of T, that are not Toeplitz operators might
cancel each other.
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APPLICATION OF ESTIMATES OF ALPHA-STABLE
DISTRIBUTION TO DISTRESS FORECAST

AUDRIUS KABASINSKAS, ZIVILE KALSYTE, JIMMIE GOODE,
AND ASTA VASILIAUSKAITE

ABSTRACT. This article proposes a method to evaluate the change in distress
value of companies belonging to the US health care industry. The method
involves the use of stable distribution parameters (as also the key financial
ratios) in the formation of neural network committees. For each sector of the
health care industry, we use genetic algorithms to select the most important
parameters of alpha-stable distributions. As a result, the committee prediction
error is significantly reduced. The proposed method is compared with neural
network committees without stable distribution parameters (using key finan-
cial ratios only). The results show that the committees formed using genetic
algorithms with stable distribution parameters (for each sector separately) are
significantly better than the committees formed only with the key financial
indicators.

1. INTRODUCTION

Adya and Collopy [1] showed that most authors compare the performance of neu-
ral networks with these traditional methods: discriminant analysis, logistic regres-
sion, regression models, decision trees, ID3, NEWQ), Probit, Logit, Five Qualitative
response models, Five Software reliability models, k Nearest Neighbour, Experts,
Leading indicators, and Factor-Logistic. Neural networks are chosen to predict the
financial situation because they show significantly better results concurrently to the
above mentioned methods.

The neural networks are connected to committees. Distress value direction (in-
crease or decrease) for the coming year is forecasted from current year’s data by
two different committees of neural networks. Fach neural network is trained to
predict next year’s distress direction (better, worse or unchanged value of distress)
for each sector. Thus we have a total of nine neural networks corresponding to
each of the following sectors of the health care industry: Medical Instruments and
Supply (M_I.a_S), Medical Appliances and Equipment (M_A_E), Long Term Care
(L_T_C), Home Health Care (H.H_C), Health Care Plans (H.C_P), Drug Manufac-
tures Major (D-M_M), Drug Manufactures Other (D-M_O), Diagnostic Substances
(D-S), and Biotechnology (B). In this way, each committee member reflects the
specifics of the economic sector, and at the same time, the committee reflects the
entire health care industry.

The available data covers the 2006-2010 period, during which the financial cri-
sis produced strong shocks in the financial markets that resulted in the failure of
businesses and financial institutions.

Neural network committees are formed by two different methods:

Key words and phrases. Genetic algorithms, neural networks, distress forecasting, alpha-
stable distribution.
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(1) Using the key financial indicators that best describe the company’s dis-
tress level (Current Ratio, Total Asset Turnover, Gross Margin), and other
supplementary financial indicators, which are listed in the Data section.

(2) Using the stable distribution’s parameters (Alpha, Beta, Sigma, Mu) to
describe a company’s situation in the context of other sectors in addition
to key financial ratios (Current Ratio, Total Asset Turnover, Gross Margin),
with a genetic algorithm selecting the most important parameters.

In both cases, the committees combine nine neural networks, each of them trained
to predict the direction of a single sector’s distress. Neural networks are different
only in the sets of features that have been used in training.

Real-world financial time series are often characterized by skewness, kurtosis,
heavy tails [8, 3], self-similarity and multifractality [2]. One distribution supported
by empirical evidence, first observed more than 45 years ago by Mandelbrot [4], is
the stable distribution. Its advantages for modeling financial risk factors are now
well documented (see, for example [6, 8, 3]). In our statistical analysis of TAT, CR,
GM and OM factors, we also fit data series to the a-stable distribution.

2. METHODOLOGY

First neural networks are used for distress value prediction by using two different
data sets for learning and testing purposes. So we have:

(1) 9 neural networks trained and tested using Current Ratio, Total Asset
Turnover, Gross Margin, and the supplementary indicators that help com-
panies evaluate distress more accurately,

(2) 9 neural networks trained and tested using stable distribution parameters
in addition to the features in (1).

To train each of the above networks, we use data from all sectors, and to test
the network, we use each sector’s data separately. Thus, neural network weights
hold information about the details of each sector’s identity.

We form average and weighted committees of neural networks trained using the
same set of attributes ((1) or (2)) for comparison.

After neural network ensembles are formed from neural networks trained and
tested using stable distribution parameters, they are used as fitness functions for
the genetic algorithm. In this way we select the stable distribution parameters that
are important for each sector separately.

2.1. Neural networks. A feedforward multi-layer perceptron (MLP) is used for
forecasting of distress value direction, with one hidden layer and one output node.
The training phase is the most important, as this determines the network’s weights.
During the training phase, the differences between the MLP output values and the
known target values are minimized. Bayesian regularization is used for updating
the weight and bias values according to Levenberg-Marquardt optimization.

Let x1,... 229 be a vector of financial ratios, y be the distress value, w; be the
matrix of linking weights from input to hidden layer, and wy the weights from
hidden to output layer. The MLP with one hidden layer is a model:

(1) y = fa(wa fi(wiz)).
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During the training phase, mean squared errors (MSE) are minimized to estimate
weight matrices.

The function for hidden nodes is the hyperbolic tangent sigmoid transfer func-
tion. The function for output node is linear transfer function. The MSE is computed
by taking the differences between the target and the actual neural network output,
squaring them, and averaging over all data vectors,

1 N
(2) MSE = NZ (aj - yj)2

Jj=1

where a; represents the target value, y; the network output for the jth training
pattern, and N the number of training patterns.

2.2. Genetic Algorithms. A GA is chosen for searching of the local optima of
data vectors consisting of financial ratios and considering many points in the search
space simultaneously by probabilistic rules. GAs perform these stages:

e Initialization and Selection. A population of chromosomes (the combination
of financial ratios) is selected as the starting point of the search. The
MSE fitness function then maps each chromosome’s performance to a scalar
value.

e Using crossover, only the high scoring members are chosen for the new
solution. The crossover occurs only at the one-point crossover rate.

e The data vector randomly changes during mutation process. The algorithm
stops when the minimum of the MSE function is found.

The genetic optimization problem is defined by:

e The parameters that have to be coded for the problem. This is a 31 digit
vector (a population of data vectors) generated by the GA (1010...0011)
define which financial ratios used (1 used, 0 not used).

e Compute the fitness function to evaluate the performance of each data
vector. Find a combination of financial ratios with minimum MSE of neural
network. A solution of the GA population is used to construct input data
set for neural network, which is then trained using a training set and tested
with a test set. MSE is used to determine its fitness. The output of GA is
a string, which defines proposed combination of financial ratios.

This process is repeated for each solution in the GA population. This allows
exploring all possible combinations of 31 financial ratios and tends to favor the
most likely solutions.

2.3. Statistical analysis. We start from TAT, CR, GM and OM empirical data
analysis. We first estimate mean, variance, skewness, and asymmetry, then fit the
normal and a-stable distributions to the data series.

Following the well-known definition (see [7, 9]) a random variable X has the

a-stable distribution, denoted X iSa (0,8, 1), if it has a characteristic function of
the form:

_f exp{—o*-|t|*- (1 - z,Bsgn( ) tan(Z2)) +iut},ifa # 1
3 o) = { expg Jt] - (14 iBsgn(t)2 - log |t2> +ipt},ifa =1
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Each stable distribution is described by four parameters, the first and most im-
portant being the stability index « € (0,2], which is essential for characterizing
financial data. The others are a a skewness parameter 8 € [—1, 1], location param-
eter u € R, and scale parameter o > 0.

The probability density function of an a-stable distribution is

+oo
(4) plx) = %/ o(t) - exp(—iat)dt.

In the general case, this function (4) cannot be expressed in closed form. Infinite
polynomial expressions of the density function are well known, but it is not very use-
ful for maximum likelihood estimation (MLE) because of issues such as error estima-
tion in the tails and difficulties with truncating the infinite series. We instead use an
integral expression of the PDF in the standard parameterization with a Zolotarev-
type formula ([3], section 2.1). The pth moment E|X|” = [[* P(|X|" > y)dy of an
a-stable random variable X exists and is finite only if 0 < p < .. Thus for a < 2,
the variance does not exists, and for o < 1, we cannot use mean as a positional
characteristic.

3. DATA

Each committee member reflects a cluster of companies grouped by activity (eco-
nomic sector). The data vectors describing companies from D_S;, D-M_M, D_M_O,
HC.P,HHC,L.T_C,MI.aS, M_A_E, and B sectors are chosen as input data for
neural networks for the following reasons:

(1) Tt is difficult to separate companies into the sectors, as each company pro-
duces several kinds of products which can be attributed to a number of
different sectors. Therefore, it is difficult to describe the dynamics of an
industry according to company distributions within these sectors. That’s
why neural networks were trained with data from all sectors together and
tested each sector separately and then combined into the committees.

(2) The same companies can be found in different sectors classified by Standard
Industrial Classification system from the US Bureau of Census because of
limitations in describing companies’ activities. The companies can special-
ize in these biotech related applications: research, production processes or
products. Almost all companies analyzed sell somewhat different products
and rely on different technologies and usages. That’s why their production
processes diffuse into different industries.

(3) A more general concept of industry can be obtained by using knowledge-
based perspective in addition to the classification into sectors including
products, technologies and users perspectives. For example, the health care
industry can be defined as a biomedical industry according to knowledge-
based perspective. It overlaps medical technology, instruments, and med-
ical supplies and is influenced by knowledge, techniques, tools. This has
different impacts to various sectors over time.

(4) All segments are regulated by significant government supervision, taking
into account President Obama’s commitments to healthcare reform. For
example, the Patient Protection and Affordable Care Act was passed by
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Congress in 2010. It describes conditions in the healthcare industry. Be-
cause of healthcare reform, the amount of uninsured people is reduced. The
high cost of developing new drugs and medical devices will tend to offset
some of the cost savings because of higher taxes. Different segments of each
industry are influenced differently by advantages and disadvantages of the
healthcare reform process.

(5) Healthcare delivery and financing in the United States faces problems such
as high cost and quality. All of them have influenced companies and citizens.
For example total healthcare expenditures increased and the cost is rising
faster than inflation.

The data for both committees are formed on the same principle. Each company
is described by the data vector consisting of input data and the target value. Target
values for both committees are the same (see the Output Data section 3.1), while
the input data is different for both committees (see sections 3.2 and 3.3). Two
different data sets are formed from financial ratios. Four data vectors describe each
company. Each of them describes the situation of the company in different year
from the selected period. Two different types of data vectors are formed:

(1) Data vectors are formed from the 31 financial ratios as input parameters
to describe current year financial situation plus changes of distress value
between the current year and one year ahead.

(2) Data vectors are formed from the data of 21 financial ratios as input pa-
rameters to describe current year financial situation plus changes of distress
value between the current year and one year ahead.

3.1. Output Data. As already mentioned, the committees differ in the input data,
while the choice of target values for both teams is identical, according to the table
below (Table 1). A company’s financial situation is measured by distress value
(DV). There are three key financial indicators that can determine distress value:
Total Asset Turnover (TAT), Current Ratio (CR), and Gross Margin (GM). De-
pending on the indicator values assigned to each company, the distress value varies
from 1 to 8.

TABLE 1. Outputs of distress value

DV | CR | TAT | GM
1 <1 | <50 | Dec
2 <1 | >50 | Dec
3 <1 | <50 | Inc
4 <1]| >50]| Inc
5 >1 | <50 | Dec
6 >1| >50 | Dec
7 >1 1| <50 | Inc
8 >1| >50 | Inc

Note: Distress value (DV): 1 - The situation is very tense; 2 - The situation is poor; 3 -
Satisfactory situation; 4 - The average situation; 5 - On average, a good situation; 6 - A good
situation; 7 — Stable situation; 8 - The situation is really good.

When a company is in a risky situation, the distress value is equal to 1, and
when the company’s financial situation is very good, the value is equal to 8. The
neural network committees predict the DV change after one year. Thus the neural
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network output is (+1) if the situation will be improved, (-1) if it will get worse,
and (0) if it will remain unchanged.

3.2. Input data committee, trained by using key financial indicators. Se-
lected indicators can be divided into the following perspectives: liquidity, financial
leverage, profitability, efficiency, productivity, and effectiveness. List of financial
ratios are given below.

Liquidity ratios

Total Current Assets / Total Current Liabilities
(Total Current Assets- Inventories) / Total Current Liabilities
Shareholder’s Equity /Total Liabilities
Financial leverage ratios
Total Liabilities*100/Total Assets
Total Long Term Liabilities*100 / Total Assets
Total Current Liabilities*100/Total Assets
(Total Current Assets-Total Current Liabilities)/ Total Assets
Shareholder’s Equity*100/Revenue
Total Long Term Liabilities*100/Revenue
Total Current Liabilities*100/Revenue
Profitability ratios
Gross Profit*100/Revenue
Net Income*100/Revenue
Net Income*100/Total Assets
Total Operating Expenses*100/Cost of Revenue
Net Income*100/Shareholder’s Equity
Operating Income*100/Revenue
Efficiency ratios
Cost of Revenue*100/ Total Operating Expenses
Receivables*360/Revenue
Revenue/Total Assets
Revenue/Total Long Term Assets
Revenue/Shareholder’s Equity
Productivity ratios
Goodwill & Intangibles/Revenue
Net Property, Plant & Equipment*100/Revenue
Total Current Assets*100/Revenue
(Total Current Assets-Inventory-Receivables)*100/Cash& Short Term In-
vestments
Effectiveness ratios
R& D as a percentage of sales
R& D as a percentage of General and administrative + Selling and mar-
keting
Sales as a percentage of total operating cost
Sales as a percentage of General and administrative 4+ Selling and marketing

3.3. Input data committee, trained using stable distribution parameters.
List of financial ratios (Gross Margin (GM), Operating Margin (OM), Current
Ratio (CR) and Total Asset Turnover (TAT)) and stable distribution parameters
(alpha, beta, sigma, mu) are provided below:
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CR,
CR._alpha,
CR_beta,
CR_sigma,
CR_mu,
TAT,

TAT _alpha,
TAT _beta,
TAT _sigma,
TAT _mu,
OM,
OM_alpha,
OM_beta,
OM_sigma,
OM_mu,
GM,
GM_alpha,
GM_beta,
GM_sigma,
GM_mu
Distress_Value of the current year.
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All these mentioned parameters are calculated for particular year.

3.4. Distributional analysis. Empirical data analysis of all ratios and separately
of Total Asset Turnover (TAT), Current Ratio (CR), and Gross Margin (GM) has
shown that:

e all financial ratios are non-normally and non-stable distributed;
e the distributions of TAT, CR, and GM ratios differs for different periods
and different industries, but usually they are stable distributed.

These results imply that given financial ratios cannot be used in linear regression.
The non-linear regression or neural networks should be applied to forecast distress
value.

Secondly TAT, CR, and GM data series are usually either normal or a-stable
distributed. The Gaussian distribution is a special case of the a-stable law when
a=2. This means that we may use estimates of a-stable distribution parameters
to forecast the distress value changes. When these estimates are normally [5] dis-
tributed, linear regression (if necessary) may be used. However, we will use them
to train neural networks with our genetic algorithm approach.

4. EXPERIMENTS

The first experiment compares two committees of neural networks, which will
be used to predict change of distress in next year. The above groups are used for
training:

(1) the standard accounting ratios, the key indicators, and the current year
distress value

(2) key indicators (TAT, GM, OM, and CR), stable distribution parameters of
these indicators, and the current year distress value.
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The second experiment aims to determine the most important parameters that
are used for better prediction results showing committee training. This is expected
to improve the forecasting performance and identify each sector.

The experiments are organized as follows:

(1) We calculate Total Asset Turnover, Current Ratio, and Gross Margin for
each sector. We classify each company, using Table 1. Form the target
values for each company as the change between current year class and one
year ahead class. Therefore, these research strategies are selected:

(a) The idea is that company performance dynamics fully reflect changes
in the economic environment. The same financial ratios are used to
evaluate performance for company distress as also to describe the de-
velopment of economic environment. These financial indicators can be
classified as liquidity, financial leverage, profitability, efficiency, pro-
ductivity, and effectiveness ratios.

(b) Using the parameters of the alpha-stable distribution (for Total Asset
Turnover, Current Ratio, and Gross Margin) and indicators thmeself
to describe the development of economic environment.

(2) Divide the data into learning and testing groups. The learning group con-
sists of data from all sectors in the 2006, 2007, 2008, 2010 years. Testing
data contains only 2009 for each sector separately (which is not used for
learning process).

(3) Neural networks that are trained using the same set of features are con-
nected to the mean and the weighting committees.

(4) The data sets that are used for committees, with better prediction results,
for each sector separately are selected the most important collections. In
this way it is expected to improve the forecasting results.

5. RESULTS

This section presents all the results obtained during experiments mentioned in
Section 4. We first give alpha-stable distribution parameter estimates of the input
data. Secondly, we select the neural network with the lowest forecast error of
distress value. Finally, we select the most important features for each health care
sector using a genetic algorithm.

5.1. Alpha-stable distribution parameter estimates of input data. We esti-
mate alpha-stable distribution parameters of Gross Margin (GM), Operating Mar-
gin (OM), Current Ratio (CR) and Total Asset Turnover (TAT'). Section 3.3 gives
a complete list of parameters estimated. Figure 5.1 shows the dynamics of alpha-
stable parameters over our observation period. The Operating Margin case is given
as an example. The complete list of alpha-stable distribution estimates is given in
Table 2.

From Figure 5.1a, one may see that parameter alpha varies in the interval [0.36,
2] for the operating margin feature in all sectors. For Diagnostic Substances and
Biotechnology sectors, parameter alpha is less that 1 almost all the time. Concur-
rently, OM for Home Health Care sector is always equal to 2, while in the Long
Term Care and Drug Manufac Other sectors, OM oscillates. Higher values of alpha
indicate smaller possible deviations in sector OM, while smaller a suggest extreme
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FIGURE 1. Dynamics of Operating Margin stable parameter es-
timates over period 2006-2010: a) alpha, b) beta, ¢) sigma, and
d) mu parameter

or even chaotic deviations. If « is more than 1, then forecast of operating margin
may be made, i.e. expected future value may be found.

The asymmetry parameter beta has high variability in the health care industry,
taking on values in the entire interval [-1,1]. Positive values indicate that operating
margin has a higher probability to be bigger than “average” OM of that sector, and
negative beta indicates that OM has higher probability to be lower than “average”
OM of that sector. However, if parameter alpha is close to 2, beta is not an
important parameter and may be treated as equal to 0, like in case of Home Health
Care sector and etc.
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APP. OF EST. OF ALPHA-STABLE DISTR. TO DISTRESS FORECAST 11

Parameter sigma is an identifier of scale/volatility. One may see that “volatility”
in 2008 has increased for almost all sectors. However, sigma for the HealthCare
Plans sector increses over all periods considered.

Position parameter mu indicates “average” OM in a particular sector. Figure
5.1d shows that mu decreases for almost all sectors, with the exception of Med
Appliances and Equipment.

5.2. Distress value prediction. We compare committees of combined neural net-
works trained for distress value prediction within each sector separately. Training
groups use different features sets described in sections 3.2 and 3.3. In Table 3 they
are called the “31 ratios” (described in more detail in section 3.2) and “21 ratios”
(described in more detail refer to section 3.3). Comparable results of both methods
are given in Table 3.

TABLE 3. Error of forecast when financial ratios are used as input features

Sector 31 ratios 21 ratios
DS 26.30 0.00
D.M_M 77.00 18.18
D_M.O 31.50 21.73
HCP 78.70 0.00
HHC 40.00 20.00
L. T.C 28.30 16.66
MI.a.S 27.10 13.46
M_A_E 66.60 75.80
B 40.60 20.83
Average 46.23 20.74
Weighting 4.30 0.00

We can see that the neural network committee consisting of neural networks and
stable distribution parameters have smaller errors in both case, with the exception
of the M_A _E case.

5.3. Features selection. Using genetic algorithms we aim to select data sets of
the most important features for each sector consisting of the 21 ratios (see section
3.3).

TABLE 4. Error of forecast when stable parameters are used as
input features from genetic algorithm

Sector NN GA+NN
DS 0.00 0.00
D_M_M 18.18 18.18
D_.M_O 21.73  17.39

H.C_P 0.00  2.22
HHC 20.00 20.00
L.TC 16.66  20.00

MI.a.S 13.46 13.46
M_A_E 75.80 22.09
B 20.83 14.58
Average 20.74 14.21
Weighting 0.00 0.00
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After selection of the most important features using genetic algorithms, forecast
results improve for sectors D_.M_O, M_A _E, and B, while they remain unchanged for
sectors D_S, D_.M_M, H . H_.C, and M_I_a_S. Prediction results are worse for sectors
H_.C_P and L_T_C.

The results of weighting method has not changed when the networks are trained
with all the features and selected most important features. Meanwhile, the average
method group had better outcomes when the neural network is trained using the
selected features group. Knowing which features are the most important for each
sector, we can see how sectors differ from each other.

Lower alpha indicates a larger number of unprofitable companies in each sector.
Beta describes the trend of companies. The company is susceptible to losses if
beta< 0 or profits if beta> 0.

Mu describes the financial situation of the “average” company in each sector.
Sigma (scale parameter) defines the differences between companies in each sector.
The goal is to discover the most important features in each sector.

When comparing sectors by the selected features obtained using genetic algo-
rithms, we identify similarities and differences:

(1) Similar sectors are: a) D-M_O and H_.C_P (the most important indicators
are CR and CR_sigma in these sectors) and b) L_.T_C and B (the most
important indicator is CR_sigma in these sectors).

(2) Similar sectors are: D_S and M_I_a_S (the most important indicators are
TAT _alpha, TAT beta, TAT sigma, and TAT mu in these sectors). Totally
different sectors are: D_M_O (the most important indicators are (OM_alpha,
OM_beta, OM_mu) in this sector and H_H_C (the most important indica-
tors are (OM, OM_sigma) in this sector.

(3) Similar sectors are: a) D_S and M_I_.a_S (the most important indicator
are (OM_beta, OM_sigma) in these sectors. b) D-M_M and D-M_O (the
most important indicators are (OM_alpha, OM_beta, OM_sigma) in these
sectors. Totally different sectors are: H_.C_P (the most important indicators
are (OM_alpha, OM_beta, OM_mu) in this sector and H-H_.C (the most
important indicators are (OM, OM_sigma) in this sector.

(4) Similar sectors are: H.C_P and M_A_E. There are no important indicators
from this group in these sectors.

It is also reflected in the Table 5 presented below, where 1 means that the feature
is selected as important, and zero means that particular feature is not important
for a particular sector.

Sector identity may be revealed by comparing key features set of each sector to
the other sectors features set.
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TABLE 5. Feature selection results from 21 attributes

S

=
=
HHOHOHOHHHOOHOHHOHOOHU
=
o
=
;

Index CP HC _T.C MlIasS
CR
CRe-alpha
CR_-beta
CR_sigma
CR_mu
TAT

TAT _alpha
TAT _beta
TAT _sigma
TAT _mu

D.
0
0
1
1
0
0
1
1
1
1
OM 0
0
1
1
0
0
0
1
0
0
1

[e=]

OM_alpha
OM_beta
OM_sigma
OM_mu
GM
GM_alpha
GM_beta
GM_sigma
GM_mu
DV, current

PO PP OO0OORFEFFEFOOORRRFEORRFOOO|IY

H_ H_ L
1 0 0
0 1 0
0 0 0
1 0 1
0 0 0
0 0 1
0 0 0
1 1 0
1 0 0
0 1 1
0 1 1
1 0 1
1 0 1
0 1 0
1 0 0
0 0 1
0 1 0
0 0 0
0 0 1
0 0 1
1 1 1

—F OO R HPORRPOORREEFEORRRO
OO OO RO MFHOOOORFRK H
HHRFOHOOOOORrRORRFERFRORFRORHOOOID™

6. CONCLUSIONS

The neural network committee that used a-stable distribution parameters for
training showed better forecasting results (average error 20.74% ) than the commit-
tee which used basic standard financial ratios with no stable distribution parameters
(average error 46.23% ).

Using a genetic algorithm, we selected the most important features of each of the
committee members whose training used stable distribution parameters. Feature
selection for weighted committee had no significant impact on the outcome because
in both cases (with and without feature selection), the weighted committee fore-
casting error is equal to zero. Meanwhile, the average error with feature selection
reduced the forecasting error from 20.74 to 14.21 percent.

Finally, our results show that distress may be forecasted without direct infor-
mation about the main financial ratios (TAT, GM, OM, and CR must be used).
Meanwhile, if we have complete information about Gross Margin, Operating Mar-
gin, Current Ratio, Total Asset Turnover (as also, their historical alpha-stable
parameter estimates) and Distress Value of the current year, we may forecast with
much smaller error.
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