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SOME RESULTS CONCERNING SYSTEM OF MODULATES
FOR L%(R)

A. Zothansanga! and Suman Panwar?

L2 Department of Mathematics,
University of Delhi, Delhi 110 007. INDIA
Le-mail:azothansanga26@yahoo.com
2e-mail: spanwar87@gmail.com

Abstract: Frames by integer translates were studied by Kim and Kwon [6]. Chris-
tensen et.al [3] studied Riesz sequences of translates and their generalized duals. In
this paper we consider a system of modulates for L?(IR). A necessary and sufficient
condition for a system of modulates for L?(R) to be a frame sequence (Riesz se-
quence,orthonormal sequence) is given. We also prove a result related to the frame
operator of a frame sequence {Ey¢}rcz. Finally, it is proved that for n > 1, the
system of modulates {FyxB,, }rez is a Riesz Fischer sequence.

AMS Subject Classification 2010: 42C15, 42C30

Key Words: Frame, system of modulates, Bessel sequence, Riesz-Fischer sequence.

1 Introduction

A basic approach to the decomposition of a signal in terms of elementary signals
was given by Dennis Gabor [7] in 1946. While answering some deep problems in non-
harmonic Fourier series, Duffin and Schaeffer [5] in 1952 abstracted Gabor’s method
and defined frames for Hilbert spaces. Frames are widely used in mathematics,
science and engineering. In particular they are used in filter banks, wireless sensor
networks, multiple-antenna code design, signal processing, image processing and
many more. For a nice and comprehensive survey on various types of frames, one
may refer to [1,2,4,8,10].

Coherent frames {fj}rer are the frames for which the elements fj appear by
action of some operators (belonging to a special class) on a single element f in
a Hilbert space. This feature is necessary for applications because it simplifies
calculations and makes it simpler to collect information about the frame.

In this paper, we consider the case where the operators act by modulation. A
necessary and sufficient condition for a system of modulates for L?(R) to be a frame
sequence(Riesz sequence,orthonormal) is given. We also prove a result related to
the frame operator of a frame sequence {Fy¢}rez. Finally, it is proved that for

n > 1, the system of modulates {Ex By, }rez is a Riesz Fischer sequence.

13
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2 Preliminaries

Definition 2.1. [4] Let H denote a Hilbert space, I denotes a countable index
set and [f;]ier denotes the closed linear span of the sequence {f;}ic;r . A family
of vectors {f;}icr is called a frame for H if there exist constants A and B with
0 < A < B < 0o such that

(1) AFI> <D KFf)P < BISIP, forall f € H.

iel

The positive constants A and B are called lower frame bound and upper frame
bound for the family {f;}icr, respectively. The inequality (1) is called the frame
inequality. If in (1) only the upper inequality holds, then {f;};cs is called a Bessel

sequence.

If the family of vectors {f;}:cr is a frame for [f;];cr, then it is called a frame

sequence.

Definition 2.2. [4]A family of vectors {f;}ics is called a Riesz basis for H if it is
complete in H and if there exist constants A and B with 0 < A < B < oo such that
(2) AY el <Y efil> < BY lel.
i€l i€l i€l

If the family of vectors {f;}ics satisfies (2) , then it is called a Riesz sequence
and if it satisfies the left hand inequality of (2), then it is called a Riesz-Fischer
sequence.

For a € R and ¢ € L%*(R), the modulation operator E, on L?(R) is defined as
E.¢(z) = e*™@¢(x) | x € R and the dilation operator D,, a # 0 on L*(R) is
defined as Dyo¢(z) = mgf)(f), z eR.

Definition 2.3. Let ¢ € L?(R) . The sequence {Ej¢}rez is called a system of
modulates for L?(R). Further,

(I) If {Exo}rez is a frame for L2(R), then it is called a frame of modulates.
(IT) If { Ex¢}rez is a Bessel sequence for L?(R), then it is called a Bessel sequence

of modulates.

For a system of modulates {Ey¢}rez, the associated pre-frame operator is T :
12(Z) — L?*(R), given by T{ay}rez = Y. apEr¢. The adjoint operator of T' or
kEZ

the analysis operator T* : L?(R) — [2(Z), is given by T*{f} = {{f, Ex¢)}rez,
feL?R.

If the system of modulates {Er¢}rez is a Bessel sequence, then by composing
T and T*, we obtain the frame operator S : L?(R) — L*(R) defined as Sf =

kzz<f7 Ek¢>Ek¢a f c L2<R)
€
If the system of modulates {Ejy¢}yez is a frame, then the frame operator S is

invertible.

14
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Definition 2.4. For n € N, the B-splines B,, are defined inductively as B; =
1

2
Xj-1,1] and Bpi1 = By, * By, that is Boii(z) = [ Bp(z —t)dt.

Nl

3 Main Results

We give necessary and sufficient condition for the system of modulates { Ex¢} ez, ¢ €
L?(R), to be a frame sequence, Riesz sequence or an orhonormal sequence in terms

of a function ® associated with ¢.

Theorem 3.1. For ¢ € L*(R) consider the function ® on R defined as ®(x) =
ST oz + k)|2. Consider the set N = {x € [0,1],®(x) = 0}. Then for A,B > 0,
IZ}fZ following characterizations hold:

(1) {Exd}rez is a frame sequence with bounds A and B if and only if

A< ®(x) < B,a.ex€|0,1] — N.

(2) {Ex¢d}rez is a Riesz sequence with bounds A and B if and only if

A< P(z)<B,acxzel0l]

(8) {Exd}rez is an orthonormal sequence if and only if

®(x) =1,a.ex €[0,1].

Proof. (1) Let {ci}rez € 1*(Z) and {Er¢}rez be a Bessel sequence with the pre-

frame operator T. Using Theorem 3.2 in [9], we have

1
3) 1T {ex}vezl® = / |3 cxe?mike 2a(z) da.
0 keZ

Let the Kernal of T' be denoted as Ker(T). Then using Equation (3)

Ker(T) = {{Ck}kez € 1*(7), chez’”m =0,for all z € [0,1] — N.}
kEZ
Let {Ck}kez S Ker(T)L.Then <{Ck}keZa {dk}kez> =0, for aﬂ{dk}kez S Ker(T).
As {Ejy}rez is an orthonormal basis for L2(0,1), {cx }rez € Ker(T)" if and only
if
1

/Z cke%ikxz drpe?mikzdy = 0.

o kEZ kez
Hence,
Ker(T)" = {{ck}kez € 13(2), chem’“ =0,for all x € N.}
keZ
Using the definition of Ker(T)", for all {c; }rez € Ker(T)", we have

(4) Z lex|* = A / |ch62mkx|2dx

kEZ 01]-N FEZ
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Now using equation (3) and (4)and Lemma 5.4.5 in [4], { Ex¢} ez is a frame sequence
with lower bound A if and only if
A / |ch62ﬂikx‘2dx < / |ch62mkx‘2¢(l‘)dl‘
01]-n kEZ 01]-n kEZ

which is equivalent to
A< P(z)aexec|0,1]—N.
Also,{Er¢}rez is a frame sequence with upper bound B if and only if
B / | che2”km|2dx > / | che27rika:|2¢(x)dz

01]-N *EZ 01]-N *€Z

which is equivalent to
B> ®(z) aexec[0,1] - N.
Hence, we obtain

A< ®(z) < Baexzel01]—N.

(2) Let {ck}rez € [>(Z). Then using Theorem 3.2 in [9] , we have

1
o) Teihieel = [ 13 et o (a)do ana

0 kez

1
(6) 3 el :/|ch62ﬂ"w|‘2 dz.

keZ o keL
Also, {Erd}rez is a Riesz sequence with bounds A and B if and only if

(7) AY el < | T{eidrezl® < BY lenl.

keZ kEZ
Using (5) and (6) in (7) we get that {Exd}rez is a Riesz sequence with bounds A

and B if and only if
1

A/|ch62ﬂikz‘2dl‘</|zc 627r1km|2 d$<B/|ZC eQ‘mkml dz.
0

kEZ kEZ keZ

which implies that
A< ®(x) < Bya.e z €0,1].

(3) Let {ck}rez € 12(Z). We know that {Exd}rez is an orthonormal sequence if
and only if
(8) S el < IT{ertrezl® <D lexl*.

keZ keZ

Thus, {Er¢}rez is an orthonormal sequence with bounds A and B if and only if
1

/‘che2mkx|2d$</|zc 627mk1| q) /|ZC ekam 2dl‘

0 k€Z kEZ kEZ

This proves (3). O
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From general frame theory we know that if for ¢ € L?(R), {Er¢}rez is a frame
sequence. Then, for all f € [Ex¢|rez, we have

f=> {f.ST Evd)Ero.

kEZ

In order to apply the above frame decomposition, we should be able to calculate
S™1E¢ for all k € Z. The following theorem helps to simplify this process by
proving that instead of calculating S~ Ey¢ for all k € Z, it is sufficient to calculate
S—1¢.

Theorem 3.2. For ¢ € L?(R) assume that {Exd}rez is a frame sequence. Then,
for all f € [Eydlkez,

(1) SEf = ExSf, for allk € Z.

(2) STYELf = ExS™Yf , for all k € Z.

where S denotes the frame operator for [Eyd|rez.

Proof. (1) Given f € [Ex@lrez and k € Z, we have

SEpf= > (Exf,Ewd)Ey¢.

k'€Z

= Z <f7 Ek’7k¢>Ek/¢.

=
letting k' — k' + k, we finally obtain
SExf= Ex 3 (f.Exd)Er¢

k’'cZ

ELSf.

(2) Since {Ex¢}rez is a frame sequence, it is a frame for [Ey¢|iyez. Therefore, the

operator S is invertible. Therefore, the proof of (2) follows from (1). O

4 Applications

We now prove that the B-spline B; is a Riesz sequence with Riesz bound 1.

Theorem 4.1. For By = X
1.

=11 {ExB1}kez is a Riesz sequence with Riesz bound

|627rika: |2dl'

o=

Proof. Note that for k € Z, ||ExB1||*> =

[N

For k # j, (ExB1, E;By) = [ e*milh=izy,

ol

Thus, {E;Bi}rez is an orthonormal sequence and therefore in view of
Theorem 3.1, the result follows.
O

As an important outcome of Theorem 3.1, we now prove that the integer modu-

lates of any B-spline form a Riesz-Fischer sequence.

17
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Theorem 4.2. Forn > 1, {Ey By, }kez is a Riesz Fischer sequence with lower bound
1.

Proof. By Theorem 3.1, for n > 1, {ExB, }xez is a Riesz Fischer sequence with

lower bound 1 if and only if

1< ®(z), z€][0,1], where &(z) = Z |Bp(z + k)2
kEZ
By corollary 6.2.1 in [4], we have

ZBn(x—l- k) =1, for all z € R.
kez
Now,

(9) 1= \ZB,L($+I€)|2 < Z|Bn(x+k)\2, for all x € R.
kez keZ

Since {ExB1 }rez is a Riesz sequence with Riesz bound 1, by Theorem 3.1 we have

(10) Z\Bl(a:+k)|2 =1, aex€[0,1].
kez
Using (9) and (10), we have

1<) Bu(z+ k)% aex (0,1
keZ
Thus, for n > 1, {Eyx B, }rez is a Riesz Fischer sequence with lower bound 1. O
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ABSTRACT
The D transform is proclaimed as a new integral transform which states an
equivalence between analogue and discrete systems [16]. In this article, we establish
a convolution theorem of the D transform and give its definition in the space of
generalized functions. The definition of the D transform of a distribution is a one
to one and linear mapping. Over and above, we establish that the D transform of a
Boehmian is a distribution and retain its classical properties.

Keywords: D Transformation; Integral Transform; Analogue System; Discrete Sys-
tem; Distribution; Boehmian.

1 INTRODUCTION

The sampling techniques are based on the transformation x, — x, where z, is an
analogue function and x is the sequence

(n) = 2o (nT), (1)

7T being a sampling period.
Let x4 be an analogue signal which is casual; i.e. ¢ < 0 = z, (t) = 0. Then the
D transform of z,, is defined by [16]

m

D (24) (m) := /a:a (t)eT (Tm)!dt,m eN. (2)
0

Given an analogue system which is characterized by an impulse response h, then

a discrete system is described by an impulse response D (h,) whose input signal is

D (xq), where z,, is an input signal of the analogue system with output D (y,) given
by

D (za *Ya) = D(x4) * D (24), (3)

where
t

To % 1 (1) = / To (7) o (£ — 7) dr. (4)

0



20

2 S.K.Q. Al-Omari

It also clear that the cited transform extends possibilities concerning linear difference
and differential equations as well. For, we recall the following example from the given
citation.

Example [16] Given a system which is described by the linear differential equation

where £ and R are given as in Figure 2 of [16]. Then an equivalent discrete
system under the D transform can be written as

<7£2> Ayy+y=x

y(n) —y(n-1)
= .

where A1y (n) =

Hence, calculations then lead to the solution z, (t) = d (t), where 0 represents a
Dirac delta distribution.

We enumerate certain properties of the D transform summarized as follows :

(1) Linearity : D (Azq + pya) = A\D (24) + 4D (Ya) -

d"x,
dtm

(2) Derivation : D < ) = A, D (z,), where

An = Al (Anfll‘) .

dF
(3) Integration : For f = - e have

(4) Sum and integral correspondence : /:pa () dt =31 D(xa) (m).
0

2 CONVOLUTION THEOREM OF D TRANSFORM

Denote by e the usual convolution product but extended in its upper limit. That is,

(fog)(t) = /f(T)g(t—T) dr. (5)
0

Then we establish the following theorem.
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Theorem 1 ( Convolution Theorem) Let z, and y, be casual analogue signals.
Then we have

m

D(za ®Ya) (m) = ZD (za) (k) D (ya) (m — k). (6)

k=0

Proof Let z, and y, be arbitrary signals; then, by (5) and (1), we get that

D(:ca-ya)(m):/ /M(T)ya(t_T)dT 67(21)! ar.
0 0

Fubinitz theorem also gives
o0 oo » (i)m
D(zq ®ya) (m) = /:ca (1) /ya (t—T)eT %dtdr
0 0

The change of variables, £ =t — 7, implies that

o0

D (2 » 4) () J/ ;7ya = gzl)nldng
0

Hence, the binomial theorem, (o + )™ = Y"1 (') a™* 3", suggests

D (24 @ ya) ( é(?‘) k)! Z% (r)eT (i!)kdf
X(?%@M;g?t;% . (7)
0
Using the formula (1) = mi”];)'k‘ Equation (7) can be simplified to mean
D (za ®Ya) (M) = kzm::op (a) (k) D (ya) (m — k)

This completes the proof of the theorem.

3 GENERALIZED D TRANSFORM

In this section we discuss the D transform on a distribution space [3,10,13] of compact
support and a quotient space of Boehmians [7]. To this end, reader is supposed to
be aquainted with the concept of distribution spaces [17]. The minimal structure of
Boehmians has been given in Section 3.2. of this note.

21
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3.1 DISTRIBUTIONAL D TRANSFORM

Denote by E(R") the space of smooth functions over RT equipped with its usual
topology [13,10] then for real values ¢,¢ > 0, we certainly get that

L)
T being the sampling period.

By (8), we define the distributionl D transform of a distribution in E (RT), the
space of distributions of compact support, as

D (20) (m) = <:1:a (t) ,e?(7)> . (9)

=
Reader can simply establish some properties of D transform which are listed in
the following remark.

Remark 1 Let z, € E (R) be given; then the following are satisfied in the distri-
butional sense :

=
(1) D is linear.

(2) 73? is one to one.

Proof is straightforward.

Moreover, the generalized convolution of (5) can also be described by the inner
product

((@a 0 ya) (8), ¢ (1)) = (za (1), (Ya (7), ¢ (E+ 7)),

=
where ¢ (1) € E(R") is arbitrary. Hence, the distributional D transform therefore
acts on the convolution e by the equation

= LI =
D (xa ®ya) (m) = D (2a) (k) D (ya) (m — k). (10)
k=0

3.2 GENERAL BOEHMIAN

The space of Boehmians as the youngest space of generalized functions consists
of the following elements : A linear space Y and a subspace X of Y. To all pairs
(f,0),(g,%), f,g € Y,0,% € X, is assigned the products f * ¢, g * 1) such that the
following holds :

(L)¢xy eXand px9 =1 *¢.
2)(fx)x=fx(d*7).

) (f+g)xd=frd+gro.

Ak (fx¢)=(kf) ¢ =[x (ko) ,k €R.

et A be the collection of sequences from X satisfying :
(5)If (en) € A and fx€, =g*ep,n=1,2,..., then f = g;

22
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(6) (€n),(Tn) € A= (e xTy) € A;
Then elements of A are called delta sequences or approximating identities.
Let A be the class of pairs of sequences defined by

A= {((f) () s (F) S Y. (en) € A},

Vn € N.
Then the pair ((fp), (€n)) € A is said to be quotient of sequences, &, when
€

n

Jn* €m = fm * €, Vn,m € N.

Quotients of sequences — and =— are equivalent, — ~ = if
€n Tn €n Tn

Jn * €m = gm * Tn,Vn,m € N.

The operation ~ is an equivalent relation on A and hence, splits A into equivalence
classes.
The equivalence class containing & is denoted by f"] . These equivalence

€n €n
classes are called Boehmians and the space of all Boehmians is denoted by B (Y, X,A, x) .

The sum and multiplication by a scalar of two Boehmians are naturally defined
in the respective ways :

2] 2] - [z

€En *Tp

and

K [fn] = [Kfn} , & being complex number.

€n €n

The operations * and DF, the k-th derivative, are defined by [fn] * [Qn] = [fn * gn}

€n Tn €n *Tn
and DF [fn] — [Dkf”]

€n €n
Many a time, Y is equipped with a notion of convergence. The intrinsic relation-
ship between the notion of convergence and the product * are given by:

() If f, = f asm — oo in Y and, ¢ € X is any fixed element, then
fnxd— fxdinY asn — oo.

(2)If f, > fasn—ooin Y and (e,) € A, then f, x€, — fin Y as n — oc.

The operation * is extended to B (Y, X,A, *) x X by the following definition.

More details of the construction of Boehmians are given in [1, 2, 4, 5, 6, 7, 8, 9,
11, 12, 14, 15].
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3.3 D TRANSFORM OF A BOEHMIAN

Denote by U the space of test functions of bounded support and U its conjugate
space of distributions defined on R*. By A we mean the subset of U of all sequences
of analogue signals (64;)g in U such that :

() [ Gas )t = 1
0

(17) 044 (t) > 0,Vi € N;

(792) supp b4 (t) — 0 as i — oo.

Then each sequence of such signals is called delta sequences which correspond to
dirac delta function.

In the next, let us be concerned with the Boehmian space B (E,U, A, o) where E
is the group, U is the subgroup of E and, e is the operation, then, with A, a typical
element of B (E,U, A, e) is written in the form

Lag
B = |::| 9
gai
where x,; is an analogue sequence from E (RT) and 6,; € A.

Sum, derivation, multiplication by scalars and the operation e between Boehmi-
ans in B(E,U, A, e) are respectively defined in the natural way as :

|:l‘m‘:| + I:yai:| _ [xai.ﬁai'i_yai.eai] :

eai /Bai 9&1/ L IBQ’L
dk
ak Tai| | dok Lai
dzk 0 N 0 ’

Tai| | KZai .
K [ ] = [ } , k being complex number,
Qai Hai

|:xai:| o |:yai:| _ |:«Tai ® yai:|
Hai Bai eai L4 ﬁai
Theorem 2 Let (z4i) € E, (04;) € A be a pair of analogue sequences be given such

that 3 = [:gm:

Proof Let ¢ € U(RT) be arbitrary. Choose (04x,) € A such that (6uk,) (m — k) > 0
on the support of ¢, 1 < k < m. Then the fact that Lai represents a quotient

at

and

€ B(E,U,A, o). Then Dz,; converges uniformly in U (RT).

means
xaiOGQj :.%ajO(gm',’L',j € N. (11)

Applying D transform to (11) yields

ipxai (k) D@aj (m — k) = ipl’a]‘ (k) DQM- (m — k) y (12)
k=0 k=0

24
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from which we get
Dﬂjai (k?) Deaj (m — k?) = D$aj (]{2) DHM- (m — k‘) . (13)

Therefore,

Dzai (k) () = Dzai(k) (W )

Daako (m - ]{;)90
'
= DxaiDOy, (m — k) <D€k(m—k)> .
ako
By (13) we write
'
Dzai (k) (p) = Dxaky (k) Dba; (m — k) <D9k(m—k)>
ako
D ai (M= F) 14
Lakg (Deako (m — k‘)) ( )
But the fact that k
t

as ¢ — 0o, when inserted in (14), yields
Dxyi (k) () — P as i — o0

() 0
here ® :=e7T .
e T T Dy (m — &)

Once again, the fact that ® is ofcourse smooth function with a property that

supp ® C supp ¢

implies that Dz, (k) defines a distribution in U (RT).

This completes the proof of the theorem.
Theorem 3 Let [%ﬂ} = [yai
HOéi 6ai

verge to the same limit in U’ (R1).

] € B(E,U,A,e); then Dzy; (k) and Dy, (k) con-

Proof Let [:;m} = [gm] € B(E,U,A,e); then defining a set A,; and B,; by
at ai

T, i+l .ﬁaﬂ7 if 7 odd
(Aa)i = 2 2

Yori OHQ%, if 4 even

and
{ Oniz1 @ By, if i odd

Ha%- o,Ba%-, if 7 even

implies |:Aai :| |:xai :| |: Yai :|
i — | === )
Bai 9041' ﬁ ai

25
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Therefore DA,; converges in U (R1) and

il_i)HoloDAa(%—n (p) = iliglopxai (¢) -
Thus, DA,; and Dz,; converge to same limit.
Similarly we proceed for DA,; and Dy,; .
Hence the proof is completed.
Now, by virtue of above, we introduce the D transform of the equivalence class

[g‘“} €B(E,U,A,e) as

D [x‘”] = lim Dz, (16)

Haz' 1—00

on compact subsets of RT.

Theorem 4 The transform D : B (E,U,A, ) — U (RT) is well defined.

T A
Proof Considering the equation [ Hm} = [;‘;‘M] we get, by the concept of quotients,
at ai

that

Tai ® Boj = Yai ® Oai- (17)
Applying D transform to (17) then using the idea of (12) and (13) we get
Dxgi (k) DBy (m — k) = Dyaj (k) Dai (m — k).
In particular, for i = j, we get
Dzai (k) DBai (m — k) = Dyai (k) DBq; (m — k). (18)
Considering limits as i — oo, from (18), we find

lim Dzy; (k) = lim Dy, (k).

1—00
Hence the theorem.

Theorem 5 The transform D : B(E,U, A,e) — U (R") is infinitely smooth.

Tai

Proof Let [
at
7 € N such that

] € B(E,U,A,e) and K be an open bounded set of R then, there is

DO (m—k)>0,1 <k <m, onk.

Hence,

ol

”3‘“} = lim Dz (k)

Hm‘ 1—00

. DO, (m —k
= Jim Doo WW
aj

26



some definition of a new integral transform... 9

By (13) we get
P [%ﬂ} — lim Dzxoj (k) DOoi (m — k)

9(;”' 17— 00 Deaj (m — k‘)
e 7 (£)" Do (k)

K.
K Do (m—Fk)

—

Last step follows from (15).

Since Dz and Dz, are in E(RT) our result follows.
This completes the proof of the theorem.

Theorem 6 Let (Zq4i), (Yai) € E, (6ai) , (Bai) € A be given sequences of signals such

that [:C‘“ yo"'] €B(E,U,A,e). Then

9041' ’ IBQ’L'
,Z:) Lai . Yai _ i i g ,Z:) Lai Z:) Yai
Gai Bai N k! T 9011' Bai .

Proof of this theorem is a result of (15) and (16).

Theorem 7 Let [zm] define a Boehmian in B (E, U, A, e) then

= . L F
P Bo‘f] (Do) (m— k)= T (i) Daa; (k),1 < k< m.

Proof Let ¢ € U(RT) then (15) and (16) give

D Bz] (DOaj) (m = k) () = lim Dza; (k) (Dai) (m — k) (¢)
The equation in (13) then yields
D [zZ:] (Dbaj) (m — k) (¢) = lim Dxa; (k) (Dbai) (m — k) ()
t\k
= i e w00

k!

Hence the theorem.

Theorem 8 The transform D : B(E, U, A e) — U (RT) is continuous with respect
to § - convergence.
Proof Let (8;) € B(E,U,A,e),5 € B(E,U,A,e) be such that S, 9, B. There can
exists (a:oéi’k),(xak) € E, (04i) € A, such that 5, = V;‘k] Bo= [Q;Qk}
a; a;

and T,k — Zak for every k € N as ¢ — oo in E. Continuity of D implies
D (Zaik) — D (o) as i — oo in U (RT).
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Thus, Dg; LA D as 1 — oo.
This completes the proof of the theorem.

Theorem 9 The transform D : B (E,U,A, ) — U (RT) is linear.

Proof Let k1, ks € R then we get
= Tai Yaui k12 ai k2yai
B ([ ] aa 5]) = [+ [ 5]
< ' [eaz} 2| Bai O i Bai

Z_)’ <l<:1 |::;az:| + ko [Zm}) =k Zlggopgpm + k:g hm Dym

= LTai Yai ~ | zai Yai
D = k1D D
(b ] e [f2] ) = [ 0 3

This completes the proof of the theorem.

That is

That is

Theorem 10 The transform D : B(E,U, A, e) — U (RT) is one - to - one.

Proof Let {zm] [Zm} then x,; ® ﬁ = Yaj ® Oi. Applying D transform then

using (13) and considering limits for ¢ = j, imply lim z,; = limy,; as i — oo.

Thus,
= 2ai = Yai
D =D .
-2 15
We state without proof the following theorems. Due simplicity of the proofs we

prefer they be omitted.
</Bo¢i i [za1:|> 7(6(1)@' €A

Theorem 12 If D [gm} = 0, then Bm} = 0 in the sense of Boehmians of
B(E,U,A,e).

Hence the proof.

ol

Theorem 11 7:3 ([zm] e, (m— k)) =

(6%

Theorem 13 If p, is a sequence of Boehmians in B (E,U, A, e) such that p,, LY p as

n — oo, then Dp,, CY Dp as n — oo in U (RT) on compact subsets.

Conflict of Interests The author declare that there is no conflict of interests re-
garding the publication of this paper.
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ABSTRACT

The study of iterated contraction was initiated by Rheinboldt in 1969.
The concept of iterated contraction proves to be very useful in the study
of certain iterative process and has wide applicability. In this paper a brief
introduction of iterated contraction maps is given and some fixed point results
are discussed.

1. INTRODUCTION

In 1969, Rheinboldt [4] gave unified convergence theory for a class of
iterative processes. He initiated the process of finding solution of the nonlin-
ear operator equation F'z = 0 using metric fixed point theory. Rheinboldt
developed a general convergence theory for iterative processes of the form
Try1 = Grp,k = 0,1,...; and founded on certain nonlinear estimates for
the iteration function G as well as on a so called concept of majorizing se-
quences, His new approach reduces the study of the iterative process to that

of a second order nonlinear difference equation.

02000 Mathematics Subject Classification: 47H10, 54H25.
Key words and phrases: Nonexpansive mappings, Iteration process, Fixed points of
nonexpansive map,Compact map, Iterated contraction map.
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The purpose of this paper is to establish yet another fixed point theo-
rem for iterated contractions maps in different settings. Our results extends
several results contained in [1], [2], [6] etc.

2. PRELIMINARIES

If f is a contractive mapping, then under certain conditions the sequence
ZTni1 = fx, tends to the unique fixed-point of f. Ortega, J. M. and Rhein-
boldt, W. C. [3] proved this type results. The following definitions are useful
to our discussion.

Definition 2.1 If f: X — X is map such that d(fz, ffz) <k d(z, fz)
forall z € X,0 < k < 1, then f is said to be an iterated contraction map.

In case d(fz, ffx) < d(z, fx),x # fx, then f is an iterated contractive
map. See for further results [3,4].

Definition 2.2 A map f : X — X, satisfying d(fz, fy) < kd(z,y),0 <
k <1, for all x,y € X, is called a contraction map.

A contraction map is continuous and is an iterated contraction.

For example, if y = fz, thend(fz, ffr) < kd(x, fz) is satisfied. However,
converse is not true.

If f:[-1/2,1/2] — [-1/2,1/2] is given by fz = z? , then f is an iterated
contraction but not a contraction map.

If f: R— R, defined by fz =0 for x € [0,1/2) and fz =1 for z € [1/2,1],
then f is not continuous at z = 1/2, and f is an iterated contraction.

Remark 2.1 A contraction map has a unique fixed point. However, an
iterated contraction map may have more than one fixed point.

For example, the iterated contraction function fz = z? on [0,1] has f0 =0
and f1 =1, two fixed points.

Remark 2.2 If f : R — Ris given by fr = 2zx+1, then f is a continuous
map but f is not an iterated contraction. It is easy to see that d(fx, ffx) <
kd(x, fx) is not satisfied for 0 < k < 1.

Remark 2.3 A discontinuous function need not always be an iterated

contraction.

Let X = [0,1]. Define f : [0,1] — [0,1] by fz = 1/2,z € [0,1/2), and
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fz =0,z €[1/2,1]. Then f is discontinuous.
If we take z = 1/4, then d(fz, ffz) < kd(z, fz),0 < k < 1, is not satisfied
and hence f is not an iterated contraction.

If f:[0,1] — [0,1] defined by fx =1/4,2 € [0,1/2), and fz =3/4,z €
[1/2,1],then f is discontinuous at x = 1/2, f has fixed points when z = 1/4
and x = 3/4.

If f: R— R defined by fo = 2/3+1/3 for z < 0, and fz = x/3 for
x > 0, then f is an iterated contraction and f has no fixed point.

If f:]0,1] — [0,1] is defined by fz = 0 for z € [0,1/2), and fz = 1/2
for x € [1/2,1], then f is discontinuous at z = 1/2 and f is an iterated
contraction map and has a fixed point f(1/2) = 1/2.

The following is a fixed point theorem for iterated contraction map.

Theorem 2.1 If f : X — X is a continuous iterated contractive map and
the sequence of iterates {z,} defined by z,+1 = fx,,n =1,2,... for x € X
has a subsequence converging to y € X, then y = fy, that is,f has a fixed
point.

Proof: Let x,.1 = fz,,n = 1,2,... Then the sequence {d(z,+1,2,)} is
a non-increasing sequence of reals. It is bounded below by 0, and therefore
has a limit. Since the subsequence converges to y and f is continuous on X,
so f(zn,) converges to fy and ff(x,,) converges to f fy.

Thus d(y, fy) = lim d(@n,, Tpy,) = Uim d(@n,,, Tn,s,) = A(fY, 1Y),

If y # fy, then d(f fy, fy) < d(fy,y), since f is an iterative contractive map.
Consequently, d(fy,y) = d(ffy, fy) < d(fy,y), a contradiction and hence
fy=y.

We give the following example to show that if f is an iterated contraction
that is not continuous, then f may not have a fixed point.

Let f : R — R, given by fz = z/5+ 1/5 for x < 0, and fz = x/5 for
x > 0. Then f does not have a fixed point. Here f is discontinuous at = = 0.
If f is continuous but X is not complete, then f need not have a fixed point.

For example, if f : (0,1] — (0,1] given by fz = /2, then f is an iterated

contraction, but has no fixed point.
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A continuous function f that is not an iterated contraction may not have
a fixed point.

The following example illustrates the fact:

If f: R— R is a translation map fz = x + 2, then f has no fixed point but
f is continuous.

Note 2.1 If f is not contraction but some powers of f is contraction,
then f has a unique fixed point on a complete metric space.

For example, if f : R — R is defined by fx = 1 for x rational and fz =0
for x irrational, then fofx = f2x = 1 a constant map, is a contraction map,
and f has a unique fixed point.

Note 2.2 Continuity of an iterated contraction is sufficient but not nec-
essary.

Let f :[0,1] — [0,1] be defined by fz =0 on [0,1/2), and fx = 2/3, for
x € [1/2,1]. Then f is an iterated contraction and f0 = 0, f2/3 = 2/3, and
f is not continuous.

As stated in Note 2.1 that if f is not contraction still f may have a unique
fixed point when some powers of f is a contraction map. The same is true
for iterated contraction map.

Theorem 2.2 Let f : X — X be an iterated contraction map on a
complete metric space X. If for some power of f, say f" is an iterated
contraction, that is, d(f"z, f"f"z) < k d(z, f'z) and f" is continuous at y,
where y = lim(f")"z, for any arbitrary z € X. Then f has a fixed point.

Proof: Since X is a complete metric space and f is an iterated contrac-
tion that is continuous at y, therefore y = f"y, where y = lim(f")"z.

It is easy to show that d(y, fy) < k" d(y, fy). Since k" < 1, therefore
d(y, fy) = 0 and hence f has a fixed point.

We give the following example to illustrate the theorem.

Example 2.1 If f : [0,1] — [0,1] is given by fz = 1/4,xz €
0,1/4], f(z) = 0,z € (1/4,1/2), and fz = 1/2,z € [1/2,1], then f is not
continuous at x = 1/4. However, if we take iteration, then f"(1/4) = 1/4

on [0,1/2) and f"(1/4) = 1/2 on [1/2,1] for r = 2,3,... It is clear that
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f(1/4) =1/4.

Note 2.3 If f is not an iterated contraction in Theorem 2.2, but f" is an
iterated contraction with f"y = y, then f has a fixed point.

The following example is worth mentioning.

Example 2.2 Let f : [0,1] — [0,1] defined by fz = 1/4 for z €
[0,1/4], fx =0 for x € (1/4,1/2), fx = 1/2 for x € [1/2,3/4] and fx = 3/4
for z € (3/4,1].

Here f is not iterated contraction but f” is iterated contraction for r =
2,3,...f*(x) = 1/4 for z € [0,1/2) and f?*(z) = 1/2 for z € [1/2,1]. In this
example f has a fixed point at z = 1/4.

3. MAIN RESULTS

In this section, we will prove some fixed point theorems for iterated maps
under different settings. Our results will corollarize many existing results.
The first theorem is as follows:

Theorem 3.1 If f : X — X is an iterated contraction map, and X is a
complete metric space, then the sequence of iterates x,, converges to y € X.
In case, f is continuous at y, then y = fy, that is,f has a fixed point.

Proof: Let 41 = fz,,n =1,2..;21 € X. It is easy to show that {z,} is
a Cauchy sequence, since f is an iterated contraction. The Cauchy sequence
{x,,} converges to y € X, since X is a complete metric space. Moreover, if f
is continuous at y, then x,,.; = fz, converges to fy. It follows that y = fy.

Note 3.1 A continuous iterated contraction map on a complete metric
space has a unique fixed point. If an iterated contraction map is not contin-
uous, even then it may have a fixed point.

For example, if f : [0,1] — [0,1] is given by fz = 0 for z € [0,1/2) and
fr =2/3 for x € [1/2,1]. In this example, X = [0,1] is complete but f is
not continuous at x = 1/2. However, f is continuous at z = 0, f0 = 0 and f
is continuous at z = 2/3, f2/3 = 2/3.

Theorem 3.2 If f : C' — C'is an iterated contraction and is continuous,
where C' is closed subset of a metric space X, then f has a fixed point provided

that f(C) is compact.
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Proof: We show that the sequence {z,} has a convergent subsequence.
Using iterated contraction and continuity of f we get a fixed point.
Definition 3.1 Let X be a metric space and f : X — X. Then f is said

to be an iterated nonexpansive map if

d(fz, ffr) < d(z, fr)

for all z € X.

The following is a fixed point theorem for the iterated nonexpansive map.

Theorem 3.3 Let X be a metric space and f : X — X an iterated
nonexpensive map satisfying the following :

(i) if  # fx, then d(f fz, fx) < d(fz,x),

(i) if for some x € X, the sequence of iterates =, 1 = fz, has a convergent
subsequence converging to y say and f is continuous at y. Then f has a fixed
point.

Proof: It is easy to show that the sequence {d(z, 11, x,)} is a nonincreas-
ing sequence of positive reals bounded below by 0. The sequence has a limit.
Hence, d(fy,y) = lim d(2n,, Tn,,,) = lim d(Tn,,,, Tn,.,) = d(f fy, fy).

This is a contradiction to (i). Therefore f has a fixed point, that is, fy = y.

If C' is a compact subset of a metric space X and f : C' — C an iterated
nonexpansive map, satisfying condition (i) of the above theorem, then f has
a fixed point.

Note 3.2 If C is compact, then condition (ii) of Theorem 3.3 is satisfied,
and hence the result.

If C is a closed subset of a metric space X and f : C' — C an iterated
contraction. If the sequence {x,, } converges to y, where f is continuous at
y, then fy =y, that is, f has a fixed point.

The following theorem deals with two metrics on X.

Theorem 3.4 Let f: X — X satisfy the following:

(i) X is complete with metric d and d(z, fz) < d(z, fz) for all z, fx € X,
(ii) f is iterated contraction with respect to 4,
Then for x € X, the sequence of iterates x,, = f™x converges to y € X. If

f is continuous at y, then f has a fixed point, say fy =y.
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Proof: It is easy to show that {z,} is a Cauchy sequence with respect
to . Since d(z, fr) < d(z, fx), therefore {z,} is a Cauchy sequence with
respect to d. The sequence {z,} converges to y in (X, d) since it is complete.
The function f is continuous at y, therefore fy = f lim x, = lim fz, =
lim x,.+1 = y. Hence the result.

Kannan [2] considered the following map.

Let f: X — X satisfy d(fz, fy) < k[d(x, fx) + d(y, fy)] for all z,y € X
and 0 < k < 1/2. Then f is said to be a Kannan map.

If y = fx, then we get d(fx, ffx) < kld(z, fr) + d(fx, f fz)]. This gives
d(fx, ffz) < rkk)d(az,fx), where 0 < rkk) < 1, that is, f is an iterated
contraction. A Kannan map is an iterated contraction map.

The following result due to Kannan [2] is valid for iterated contraction
map.

Theorem 3.5 Let f: X — X satisty d(fz, fy) < k[d(z, fz) + d(y, fy)]
for all z,y € X,0 < k < 1/2, f continuous on X and let the sequence of
iterates {x,} have a subsequence {z,,} converging to y. Then f has a fixed
point.

The following result deals with two mappings.

Theorem 3.6 Let f: X — X and g : X — X, where X is a complete
metric space, satisfy d(fz,gfx) < kd(z, fz) and d(gz, fgz) < kd(x, gz) for
some k,0 < k < 1 and for each z; € X. If f and g are continuous on X, then
f and g have a common fixed point.

Proof: We consider the sequence of iterates as follows. Let zo =
fri,x3 = gx9,x4 = fxo, and so on. In this case it is easy to show that
the sequence {z,} is a Cauchy sequence and converges in X since X is a
complete metric space.

Let lim z, = y. Then lim x5, = y and lim x5, 1 = y. Since f and g are

continuous on X, therefore,

fy=flimxo,_1 =1lim fre, 1 =1lim x9, =y.

gy = g lim 29, = lim g9, = lim Topi1 =Y.
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Hence y = fy = gy and y is a common fixed point.

Results of this type for topological vector spaces are given in [5]. We are
giving the following:

Theorem 3.7 Let f: X — X be a continuous iterated contraction map
such that:
(i) if x # fx, then d(fz, f fz) < d(x, fx), and
(ii) the sequence x,,1 = f(x,) has a convergent subsequence converging to
y(say).
Then the sequence {z,} converges to a fixed point of f.

Proof: It is easy to see that the sequence {d(x,, z,11)} is a nonincreasing
and bounded below by 0. Let {z,,} be a subsequence of {x,} converging to
y. Then,

d(y, fy) = lim d(xn,; Tn,.,) = ATy, Tnipn) = d(fy, 1Y) < dy, fy).

This is a contradiction so y = fy. Since d(zp41,y) < d(z,,y) for all n, so
{z,} converges to y = fy.

The result due to Cheney and Goldstein [1] follows as a corollary.

Corollary 3.1 Let f be a map of a metric space X into itself such that
(i) f is a nonexpansive map on X, that is, d(fz, fy) < d(z,y) forall z,y € X,
(ii) if z # fx, then d(fz, ffz) < d(z, fz),

(iii) the sequence z,,1 = f(z,) has a convergent subsequence converging to
y(say). Then the sequence {x,} converges to a fixed point of f.

The following is well known for contractive maps.

Note 3.3 If f: X — X is a contractive map and f(X) compact, then f
has a unique fixed point.

It is easy to see that the sequence of iterates {x,} converges to a unique
fixed point of f. However, for nonexpansive map, a sequence of iterates need
not converge to a fixed point of f. For example, if fxr = —z, then the sequence
of iterates {z,,} does not converge to a fixed point of f(f0 =0).

Note 3.4 If g = afz+ (1 —a)z,0 < a < 1, then the fixed point of f is
the same as of g.

Let fy =y. Then gy = afy + (1 — a)y, that is, gy = y since fy = y.

8
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Let gy = y. Then we show that y = fy. Here gy = afy+ (1 — a)y = v.
Then fy =y, that is, f has a fixed point y [6]. In case the sequence z, 1 =
gz, converges to y a fixed point of g, then y = fy.
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Abstract

The main purpose of this paper is to introduced and studied a new class of non-
linear regularized nonconvexr random wvariational inequalities with fuzzy mappings in
g-uniformly smooth Banach spaces. An existence theorem of random solutions for
this kind of nonlinear reqularized nonconvexr random variational inequalities with fuzzy
mappings is established and a new iterative random algorithm with random errors is
suggested and discussed. The results presented in this paper generalized, improved
and unified some recent works in this fields.

Keywords: Nonlinear regularized nonconvex random variational inequalities, fuzzy
mappings, uniformly r-prox regular sets, random iterative sequences, randomly re-
laxed (K¢, (;)-cocoercive mapping, randomly accretive mappings, convergence analysis,
random mixed errors, g-uniformly smooth Banach spaces.
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1 Historical Backbone

Variational inequalities are an important and generalization of classical variational
inequalities which have wide applications in many fields for example mechanics,
physics, optimization and control theory, nonlinear programming, economics and en-
gineering sciences and in face, the problems for random variational inequalities are
just so. It is known that accretivity of the underlying operator plays indispensable
roles in the theory of variational inequalities and its generalizations. In 2001, Huang
and Fang [16] were first to introduced generalized m-accretive mapping and gave the
definition of the resolvent operators for generalized m-accretive mapping in Banach spaces.

The fuzzy set theory which was given by Zadeh [29] at university of California
in 1965 has emerged as an interesting and fascinating branch of pure and applied
sciences. The applications of the fuzzy set theory can be found in many branches of
regional, physical, mathematical and engineering sciences. In 1989, Chang and Zhu
[8] first introduced and studied a class of variational inequalities for fuzzy mappings.
Since then several classes of variational inequalities, quasi variational inequalities and
complementarity problems with fuzzy mappings were considered by Agarwal et al.
[1], Anastassiou et al. [2], Chang and Huang [7], Ding et al. [11], Huang [15], Lee
et al. [18, 19], Salahuddin [22, 23],and Zhang and Bi [30]. Note that most of results
in this direction for variational inequalities have been done in the setting of Hilbert spaces.
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On the other hand, random variational inequality problems and random quasi-
variational inequality problems have been studied by Bharucha and Reid [4], Chang [5, 6],
Chang and Huang [7], Huang [15], Khan and Salahuddin [17], Salahuddin [22], Tan [24]
and Yuan [28], etc..

The projection method is an important tools for finding an approximate solutions
of various types of variational inequalities and quasi variational inequalities. The idea of
this techniques is to established the equivalence between the variational inequalities and
fixed point problems using the concepts of projection. The most of results regarding the
existence and the iterative approximation of solutions to variational inequality problems
have been investigated and considered so far the case where the underlying set is a convex
set. Recently the concepts of convex set has been generalized in many directions which has
pointed and important applications in various fields. It is well known that the uniformly
prox regular set are nonconvex and included the convex sets as special cases . This class
of uniformly prox regular sets has played an important part in many nonconvex ap-
plications such as optimization, dynamic systems and differential inclusions, see [9, 10, 26].

Inspired by the recent works going on this fields, see [3, 13, 15, 16, 17, 18, 20, 21, 25],
in this paper, we introduced and considered a nonlinear reqularized nonconver random
variational inequalities with fuzzy mapping involving randomly relaxed cocoercive and
randomly accretive mappings in ¢-uniformly smooth Banach spaces. We suggested a
random perturbed projection iterative algorithm with random mixed errors for finding a
random solutions of aforementioned problems for fuzzy mappings. We also proved the
convergence of the defined random iterative sequences under some suitable assumptions.
The results presented in this paper generalized, improve and unify some recent results in
this paper.

2 Conceptual Backbone

Throughout this paper, we suppose that (€, R, 1) is a complete o-finite measurable space
and X is a separable real Banach space endowed with dual space X*, the norm || - || and
an dual pairing (-,-) between X and X*. We denote by B(X') the class of Borel o-fields
in X;2% and CB(X) denote the family of all nonempty subsets of &, the family of all
nonempty closed bounded subsets of X', respectively. The generalized duality mapping
Jy: X — 2% is defined by
Jo(x) = {f" € X"+, f*) = ll=[|% [|f*]| = 2|7~} Vo € X

where ¢ > 1 is a constant. In particular Jy is a usual normalized duality mapping. It is
known that in general Jy(z) = ||z||7" 1 Jo(x) for all x # 0 and J, is single valued if X* is
strictly convex. In the sequel, we always assume that A" is a real Banach space such that

Jq is a single valued. If X is a Hilbert space then J,; becomes the identity mapping on X
The modulus of smoothness of X is the function 7y : [0, 00) — [0,00) is defined by

1
mx(t) = sup{5 (o +yll + llz —yll) =1 llzll < 1, llyll < ¢}.

41



Nonlinear Regularized Nonconvex Random Variational Inequalities with
Fuzzy Event in g-uniformly Smooth Banach Spaces

Salahuddin 3

A Banach space X is called uniformly smooth if

t—0

X is called g-uniformly smooth if there exists a constant ¢ > 0 such that
mx(t) <ctl qg> 1.

Note that Jj is a single valued if X" is uniformly smooth. Concerned with the characteristic
inequalities in g-uniformly smooth Banach spaces. Xu [27] proved the following results.

Lemma 2.1 The real Banach space X is q-uniformly smooth if and only if there exists a
constant cg > 0 such that for all x,y € X

2+ yl|? < =] + ¢(y, Jg(x)) + cqllyll.

Let ©(-,-) represent the Hausdorff metric on CB(X) defined by

D(A,B) = max {supd(a, B), supd(A, b)} for all A, B € CB(X),
acA beB

where

d(a,B) = d(B,a) = inf|la—10| for a€ A.
beB

Definition 2.2 A mapping x : Q@ — X is said to be measurable if for any B € B(X),{t €
Q,z(t) € B e R}

Definition 2.3 A mapping T : Q x X — X is said to be a random mapping if for each
fired © € X, T(t,x) = y(t) is measurable. A random mapping T} is said to be continuous
if for each fized t € Q, f(t,-) : @ x X — X is continuous.

Definition 2.4 A multivalued mapping T : Q — 2% is said to be measurable if for any
BeBX), TYB)={tcQ: Tt)nB#0} € X.

Definition 2.5 A mapping u : Q — X is said to be a measurable selection of a measurable
mapping T : Q x X — 2% if u is measurable and for any t € Q, u(t) € Ty(z(t)).

Definition 2.6 A mapping T : Q x X — 2% is said to be a random multivalued mapping
if for each fired v € X, T(-,z) : Q x X — 2% is a measurable multivalued mapping. A
random multivalued mapping T : Q@ X X — CB(X) is said to be ©-continuous if for each
fizedt € Q, T(t,-) : Q@ x X — 2% is a randomly continuous with respect to the Hausdorff
metric on .

Definition 2.7 A multivalued mapping T : Qx X — 2% is said to be a random multivalued
mapping if for any x € X,T(-,x) is measurable (denoted by T}, or T}).
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Let 2 be a set and F(X') be a collection of fuzzy sets over X'. A mapping F:QxX = §(X)
is called a fuzzy mapping. For each x € X, F((z) (denote it by T in the sequel) is a fuzzy

mapping on X and F,(y) is the membership-grade of y in F.
Let A € §F(X), a € (0,1], then the set

Ay = {zeX: Alz) > a}
is called an a-cut of A.

Definition 2.8 A fuzzy mapping T : Q x X — §(X) is called measurable, if for any
a € (0,1], (T()a : 2 — 2% is a measurable multivalued mapping.

Definition 2.9 A fuzzy mapping T:QxX — F(X) is a random fuzzy mapping if for
any x € X, T(,x) : @ x X — F(X) is a measurable fuzzy mapping (denoted by Ty, short
down T} ).

Definition 2.10 Let IC be a nonempty closed subsets of q-uniformly smooth Banach space
X. The proximal normal cone of IC at a point u € X is given by

NEw) ={¢ € & :u € Pc(u+ o) for some a > 0}
where av > 0 s a constant and
Pic(u) ={v e K:di(u) = |u—ol|}.
Here dic(u) is the usual distance function to the subset K that is

— inf ||lu — .
dic(u) ;g,cllu v

Lemma 2.11 Let K be a nonempty closed subset in g-uniformly smooth Banach space X .
Then (¢ € N,Ig(u) if and only if there exists a constant a« = a(¢,u) > 0 such that
(¢, dq(v —w)) < allv—ul* Vo e K.

Lemma 2.12 Let K be a nonempty closed and convexr subset in q-uniformly smooth Ba-
nach space X. Then ¢ € N,ICD(u) if and only if

(¢, dq(v—u)) <0 Yo e K.

Lemma 2.13 [5] Let G : Q x X — CB(X) be a D-continuous random multival-
ued mapping. Then for a measurable mapping u : Q@ — X, a multivalued mapping
G(-,u(+)) : Q — CB(X) is measurable.

Lemma 2.14 [5] Let A,T : Q@ — CB(X) be measurable multivalued mappings and u :
Q — X be a measurable selection of A. Then there exists a measurable selection v : Q — X
of T such that for allt € Q2 and € > 0,

lu() —o@)] < (14 €)D(A®F),T(1))-
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Definition 2.15 The tangent cone Tic(x) to K at a point x € K is defined as follows
Ti(x) ={v e X : di(z;v) = 0}.
The normal cone of K at x by polarity with Ti(z) defined as follows
Nic(z) = {C: (¢, Jq(v)) <0 Vo € Tie(2)}.

The Clarke normal cone NE (z) is given by
N (x) = @[ N (2)]

where @0(S5) mean the closure of the convex hull of S. Clearly NE(z) C NE(x) but the
converse is not true. Since IV, ,ICD (x) is always closed and convex cone where N ,g (z) is convex
but may not be closed, see [9, 10, 21].

Definition 2.16 For anyr € (0,400], a subset IC, of X is called the normalized uniformly
proz-regular (or uniformly r-proz-regqular) if every nonzero prozimal normal to K, can be
realized by an r-ball that is Vu € K, and 0 # ¢ € NE (u), [|¢]| =1 one has

1
<Cajq(v - u)> < EHU - UHQ Vv e K.

Proposition 2.17 Let r > 0 and K, be a nonempty closed and uniformly r-prox regular
subset of q-uniformly smooth Banach space X. Set

Ur)={ue X :0<dg, (u) <r}.
Then the following statements are hold:
(a) for all x € U(r), P, (x) # 0;
(b) for allv" € (0,7), Px, is Lipschilz continuous mapping with constant L on

U ) ={ue X :0<dk, (u) <r'};
(¢) the proximal normal cone is closed as a set valued mapping.

Let T : Q x X — F(X) be a random fuzzy mapping satisfying the condition (%) :
(%) : there exists a function a : & — (0,1] such that for all (t,z) € Q x X, we have
(T)a(zy € CB(X) where CB(X) denotes the family of all nonempty bounded closed

subsets of X. By using the random fuzzy mapping 7}, we can define a random multivalued
mapping 73 : @ x X — CB(X) by T; = (Tt)a(x) for x € X. In the sequel T; is called the
multivalued mapping induced by the random fuzzy mapping T;. Let o : X — (0,1] be
a function and g,h : Q@ x X — X be the nonlinear random single valued mapping such
that IC, C g+(X). For a given measurable mapping 7 : Q@ — (0,1) we finding measurable
mappings z, u : 2 — X such that

(neu(t) + by (2(t) — ge(x (), 9 (y(£)) — he(2(t))) + % lge(y(t)) = he(x(®)1* ¥ ge(y(2)) € K,

(2.1)
which is called a nonlinear regularized nonconvex random variational inequalities with fuzzy
mappings.
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Lemma 2.18 Let IC, be a uniformly r-prox reqular set then the problem (2.1) is equivalent
to finding x(t) € X,u(t) € Ty(z(t)) such that hi(x(t)) € K and

0 € neu(t) + hy(2(t)) = ge(x(t)) + Nic, (he(2(1))), (22)
where N,g (s) denotes the P-normal cone of IC, at s in the sense of nonconvezr analysis.

Proof. Let (z(t),u(t)) with z(t) € X, he(z(t)) € K, and u(t) € Ti(x(t)) be the random
solution sets of the problem (2.2). If

neu(t) + he(x(t)) — ge(2(t)) = 0

because the vector zero always belongs to any normal cone, then

0 € mpu(t) + he(z(t)) — ge(w(t)) + N, (ha(2(1)))-

If
neu(t) + he(x(t)) — go(2(t)) # 0
then for all z(t) € X with g.(x(¢)) € K, one has

(=(neu(t) + he(2(t)) — g:(2(1))), 9: (y(2)) — ha(2(2))) < %Hgt(y(t)) —he(z(®)]? (2:3)
From Lemma 2.11, we have

—(neult) + he(x(t) — gi(2(1))) € NE, (he(2(t)))

and

0 € ru(t) + he(w(t)) — ge(2(t)) + N, (he(x(1)))- (2.4)
Conversely if (z(t),u(t)) with z(t) € X, hi(z(t)) € K, and u(t) € Ty(x(t)) is a random
solution sets of the problem (2.2) then from Definition 2.16, 2:(¢) € X and wu(t) € Ty(z(t))
)-

with h¢(z(t)) € K, are random solution sets of the problem (2.1
n

Lemma 2.19 Let Ty : Qx X — F(X) be a random fuzzy mapping induced by a multivalued
mapping T : Qx X — CB(X) and g,h : Qx X — X be the random single valued mappings
and n: Q — (0,1) be a measurable mapping, then (x(t),u(t)) with (x(t)) € X, hi(z(t)) €
Kr,u(t) € Ty(x(t)) is a random solution sets of the problem (2.1) if and only if

he(x(t)) = P, [9:(2(t)) — neu(t)], (2.5)
where Py, is the projection of X onto the uniformly r-prox reqular set IC,.

Proof. Let (x(t), u(t)) with z(t) € X, hy(z(t)) € K, u(t) € Ty(z(t)) be a random solution
sets of the problem (2.1). Then from Lemma 2.18, we have

0 € mpu(t) + he(z(t)) — ge(w(t)) + N, (ha(a(1))) (2.6)

45



Nonlinear Regularized Nonconvex Random Variational Inequalities with
Fuzzy Event in g-uniformly Smooth Banach Spaces

Salahuddin 7
=
ge(2(t)) — meu(t) € (I + NE ) (ha(2(t))) (2.7)
=g
he(2(t)) = P, [ge(2(t)) — neu(t)], (2.8)

where [ is an identity mapping and P, = (I + N,]gr)_l. [ |
Remark 2.20 The inequality (2.5) can be written as follows

z(t) = z(t) — hu(z(t)) + P, [9:(z(t)) — neu(t)], (2.9)
where n : @ — (0,1) is a measurable mapping.

Algorithm 2.21 Let T} : Q x X — $(X) be a random fuzzy mapping satisfying the
condition () and T : Q x X — CB(X) be a multivalued random mapping induced by the
random fuzzy mapping T;. Let g,h : Q x X — X be the random single valued mappings.
For any given xg : Q — X the random single valued mappings, Ti(xo(t)) : Ax X — CB(X)
is measurable by Lemma 2.13. We know that for any xo(t) € X, Ti(xo(t)) is measurable
and there exists a measurable selection ug(t) € Ti(xo(t)), see [13, 14]. Set

z1(t) = (1= A)zo(t) + Adlzo(t) — he(2o(t)) + P, [g:(20(2)) = nruo(t)] + Areo(t) + ro(t)

where n, X : Q — (0,1) are measurable mappings and 0 < A\ < 1 is a random constant and
eo(t), ro(t) : Q@ — X is the random measurable mapping which is a random errors to take
into account of a possible inexact computation for the proximal point. Then it is easy to
see that ©1 : Q — X is a random measurable mapping. Since ug(t) € Ty(xo(t)) then there
exists a random measurable selection uy(t) € Ti(x1(t)) for all t €

[uo(t) —wa ()] < (1 + (%)@(Tt(fco(t)),Tt(l’l(t)))-

By induction, we can define the measurable random sequences xy,(t), un(t) : & — X induc-
tively satisfying

Tnp1(t) = (L= A)wn () + Aelwn (t) = hu (20 (8)) + Prc, (9¢ (20 (8)) = neun(t)) + An(t)en(t) +(’rn(t))7
2.10
un(t) € To(@a()); un(t) — w1 ()] < (14 (1 +n) "D (Te(za(t), Ti(zar1(1))  (2.11)

where 0 < A\t < 1 is a random constant and {ey(t)}5°, {rn(t)}5°, are random sequences
i X to take into account of a possible inexact computation for the resolvent operator
satisfying the following conditions:

lim e,(t) = lim r,(t) =0,

n—o0 n—oo

> len(t) = en1(®)] < oo and > |Ira(t) = ra—1 ()] < oo. (2.12)

n=1
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Definition 2.22 Let X be a q-uniformly smooth Banach spaces. A random single valued
mapping g : 2 X X — X 1is called

(i) randomly accretive if
(ge(x(t)) — 9:(y(2)), Jg(x(t) — y(t))) = 0 Va(t),y(t) € X,t € &

(ii) randomly p-strongly accretive if there exists a measurable mapping p : Q@ — (0,1)
such that

(ge(2 (1)) = ge(y(1)), Jq(x(t) — y(1)) = puellx(t) — y(O1? Va(t),y(t) € Xt €

(iii) randomly relazed p-accretive mapping if there exists a measurable mapping p :  —
(0,1) such that

(ge(2(1)) = g9:(y (1)), Jo(2(t) — y(1))) = —pullw(t) —y(O)[|* Va(t),y(t) € X,t €

(iv) randomly ay-Lipschitz continuous mapping if there exists a measurable mapping « :
Q — (0,1) such that

19:(2(2)) — ge(y () < eellz(®) —y(@)]| Va(t), y(t) € Xt € Q.

Definition 2.23 Let g: Qx X — X be a random single valued mapping and T : QA x X —
CB(X) a random multivalued mapping. Then T; is said to be

(i) randomly accretive if
(u(t) = v(t), jo(2(t) —y(@)) = 0, Va(t),y(t) € X, u(t) € Ty(x(t)),v € Te(y(t)),

(ii) randomly (K¢, (;)-relaxed cocoercive mapping with respect to g, if there exist the mea-
surable mappings k,( : Q@ — (0,1) such that for all z(t),y(t) € X, t € Q

(u(t) = v(t), Jq(g:(x(t)) = 9:(y(1)))) = —rullut) — o@D + Cellgr (2(2)) — ge(y ()|
Vu(t) € Ti(z(t)), v(t) € Ti(y(t)),

(iii) randomly o — ®-Lipschitz continuous mapping if there exists a measurable mapping
a:Q— (0,1) such that for all x(t),y(t) € X,t € Q

D(Ti(2(1)), Te(y (1)) < aellz(t) —y(B)]]

where ®© is the Hausdorff pseudo metric defined in X .
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3 Main Backbone

In this section, we prove the existence and the convergence of problem (2.1).

Theorem 3.1 Let X be a g-uniformly smooth real Banach space. Let Ty : Q@ x X — F(X)
be a random fuzzy mapping satisfying the condition (x) and T, : Q@ x X — CB(X) be
a random multivalued mapping induced by random fuzzy mapping. Suppose that T; is
a randomly ©-Lipschitz continuous with random measurable mapping « :  — (0,1).
Let Ty be the randomly (k¢ (¢)-relaxed cocoercive with respect to the random mapping g
and g : Q@ x X — X be the randomly Lipschitz continuous with a measurable mapping
B:Q — (0,1). Let h : @ x X — X be the randomly relaxed p-accretive mapping with
measurable mapping p : Q@ — (0,1) and randomly Lipschitz continuous with the measurable
mapping v : Q@ — (0,1). If for any t € Q,y(t), z(t) € X, we have

| P, (u(t)) — Prc, (=(t)) < —

S lly() = =@l (3.1)

Assume that the measurable mapping n: Q — (0, 1) satisfying the following assumptions

0<9t=1—)\t(1—pt)<1,

.
Qut —— {81 — am(—ruad +GB) + cyrfaf < 1,
Qr = /14 que + !
Q: <1, O< <l p<x1
and
Jim len ()] = Jim [rn(t)] = 0,
o0 [ee]
Z len(t) — en—1(t)] < oo, Z 70 (t) — rn—1(t)| < oo, (3.2)
n=0 n=0

where ' € (0,r), then the random mappings =, (t),un(t) : Q@ x X — X generated by
random algorithm converge strongly to the random mappings x*(t),u*(t) : Qx X — X and
x*(t),u*(t) € X with he(z(t)) € Ky is a random solution sets of problem (2.1).

Proof. From Algorithm 2.21 and (3.1), ¢t € Q and 0 < A\; < 1, we have

[nt1 () =2 ()] < (L=A) |20 (8) =201 () [+ A (|20 (8) =201 () = (he (20 () = s (2n -1 (1)) )]

r

+ /
r—r

(3.3)
Since hy is randomly relaxed ps-accretive mapping and randomly Lipschitz continuous
mapping, we have

[2n(t) = 2n-1(t) = (he(2n(t)) = he(zn 1 ODI? = [J2n(t) = 202 @)

19¢(@n () =gt (2n—1(£)) =1 (tn () —un—1 () )+ Al len () —en—1 (D) [[+]rn () —rn1 ()]
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—q{he(an(t) = he(an-1(t)), Jg(n(t) — Tn-1(t))) + cqllhe(@n(t)) — he(zn—1(t))]|7
< lzn(t) = a1 O + quellzn(t) = a1 (O + ¥ cqllzn(t) — zn-1(8)[|
< (14 g +vieg)llzn(t) — zna ()]

= [l (t) = 2n-1(t) = (he(2n(t)) = he(zn-1 ()] < /1 + que + cg¥f[|zn(t) —2na(B)]. (3.4)

Since T; is randomly oy — ®-Lipschitz continuous mapping, then we have

1
lun(t) = un—1 (@)} < 1+ )D(Te(zn(t)), Te(zn-1(2)))
1

< o1+ )flan(t) — 2na (O] (3.5)
Again T; is randomly (¢, (;)-relaxed cocoercive mapping with respect to g; and g is

randomly Lipschitz continuous mapping with measurable mapping g : Q@ — (0,1), we
have

1ge (2 () = ge(@n—1()) = 1 (un (8) = n—1 () < [|ge (20 (2)) = ge(@n—1(D))]*
—qni{un(t) = tn—1(8), Jg (9 (xn (1)) = g1(xn—1(1)))) + cqnf un (t) — un—1(£)]|

< llgr(en(®)) = gr(n 1 () = am(salin(®) ~ w1 (O + GllgeCrn(t)) — guCen 1 ()10
bl un(t) = w1 ()]
< Billan(t) = en O+ @mmead (14 ) ea®) = 2010 = enGBen() — 2101
begifad (14 ) ea(t) = an s (D)7
< (87 — a1+ )0+ GBY) + cqrfad (1 4+ )Dllan(t) — za 1 (1)

= Nlge(@n(t)) = ge(2n—1(2)) = ne(un(t) — un—1(t))||

< {J81 —an(wod(+ Ds ) +eatott s Dl —m0ll G0

From (3.3),(3.4) and (3.6), we get
[2n1(t) = zn (@) < (1 = A2 () = 2n-a (O] + (/1 + que + e

r

+

Bt~ (om0 Sy G0 + g1+ D)0 alt) - s 0]
Fllen(®) = en s O]l + lIra(t) — rua (4]
< (1= At A a®) — 2 a0+ Mllen(t) — ena )]+ lra(e) = raa (9

< Onllen(t) — 2na ()] + Allen(t) — ena @) + lIra(t) — ra1(B)]] (3.7)
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where 0, =1 — A\t + A\epny

r

1 1
Png = Q¢+ — (/Bg — qne(—rraf (1 + ﬁ)q + GBY) + eqniaf (1 + E)q

and Qy = /1 + que + 471

Let 6; =1 — X\ + M\¢pr and

r

pe= Q¢+ /81— am(—rea + GBY) + cqnfod.

r—r!

We have py, ; — p¢ and 0,,; — 0y as n — oo. It follows from (3.2), 0 < Ay < 1 and 6; € (0,1)
such that 6, < 6f for all n > Ny. Therefore from (3.7), we have

@ns1(t) = 2n(®)]] < OFllzn(t) = 2nt (O + Adllen(t) = ent (]| + ralt) = ruos ()]l ¥ > 1
without loss of generality, we may assume that
[Zn1(t) = zn ()] < Opllzn(t) = zn1 ()] + Adllen(t) — ena (DI + [[rn(t) = rna (D], ¥ = 1.

Hence for any m > n > 0, we have

m—1 m—1
[2n+1(8) = zn(B)]] < Z i1 (t) — ()] < Z 6; " |1() — o (1)

m—1 4 m—1 4
2SS0 e (1) — eja () + 30 S0 () — i (Ve > 1 (38)
i=n j=1 i=n j=1

It follows from condition (3.2) that ||z, (t) — z,(t)]| — 0 as n — oo and so {z,(t)} is
a Cauchy sequence in X. Let x,(t) — z*(t) as n — oo. By the random ®-Lipschitz
continuity of T;(-) we have

[uns1(t) — un(®)]| < (1 + L)Q(Tt(fvnﬂ(?f))aTt(ﬂcn(t)))

1+n
1
< (1+ m))at||xn+l(t) —zp(t)]| — 0, as n — oo. (3.9)

It follows that {u,(t)} is a Cauchy sequence in X. We can assume that wu,(t) — u*(t).
Note that u,(t) € Ty(z,(t)) we have
<

d(u”(t), Ty(x* (1)) < [lu*(t) = un ()] + d(un(t), Te(2*(t)))
< () = un ()] + (1 + %)@(Tt(wn(t))’ﬂ(w*(t)))
< JJu*(t) —un(B)|| + (1 + %)atﬂmn(t) —z*(t)|| - 0asn — co. (3.10)

Hence d(u*(t), T;(z*(t))) = 0 and therefore u*(t) € Ti(z*(t)) € X.
By the random D-Lipschitz continuity of T3(-), Lemma 2.19 and condition (3.2) and

limlen(t)]| = Tim [lra ()] =0,
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we have
¥ (t) = (1 = A)x™ (1) + Me[2"(t) — he (27 (t)) + P, (ge(2™ () — mu™ (1)) (3.11)

By Lemma 2.19, we know that (z*(t),u*(¢)) is a random solution sets of problem (2.1).
This completes the proof. m
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Abstract

Wick-type stochastic coupled KdV equations are researched. By means of
Hermite transformation, white noise theory and F-expansion method, three types
of exact solutions for Wick-type stochastic coupled KdV equations are explicitly
given. These solutions include the white noise functional solutions of Jacobi
elliptic function (JEF) type, trigonometric type and hyperbolic type.

Keywords: Coupled KdV equations; F-expansion method; Hermite transform; Wick-
type product; White noise theory.
PACS No. : 05.40.+£a, 02.30.Jr.

1 Introduction

In this paper, we shall explore exact solutions for the following variable coefficients
coupled KdV equations.

up + hy(t)uu, + he(t)vv, + hs(t)tuge, = 0,
(t,z) e Ry x R, (1.1)
Vg + hy(t)uvg + hy(t)vgee = 0,

where hq(t), ha(t), hg(t) and hs(t) are bounded measurable or integrable functions on
R, . Random wave is an important subject of stochastic partial differential equations

1
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(PDEs). Many authors have studied this subject. Wadati first introduced and studied
the stochastic KdV equations and gave the diffusion of soliton of the KdV equation
under Gaussian noise in [28,30] and others [3-6, 23| also researched stochastic KdV-
type equations. Xie first introduced Wick-type stochastic KdV equations on white
noise space and showed the auto- Backlund transformation and the exact white noise
functional solutions in [35]. Furthermore, Xie [36-39], Ghany et al. [12-14, 16-19]
researched some Wick-type stochastic wave equations using white noise analysis.

In this paper we use F-expansion method for finding new periodic wave solutions
of nonlinear evolution equations in mathematical physics, and we obtain some new
periodic wave solution for coupled KdV equations. This method is more powerful
and will be used in further works to establish more entirely new solutions for other
kinds of nonlinear (PDEs) arising in mathematical physics. The effort in finding exact
solutions to nonlinear equations is important for the understanding of most nonlinear
physical phenomena. For instance, the nonlinear wave phenomena observed in fluid
dynamics, plasma, and optical fibers. Many effective methods have been presented,
such as variational iteration method [7,8], tanh-function method [9,32,40], homotopy
perturbation method [11,27, 33], homotopy analysis method [1], tanh-coth method
[29,31, 32], exp-function method [21,22,34,41,42] , Jacobi elliptic function expansion
method [10,24-26], the F-expansion method [43-46]. The main objective of this paper
is using the F-expansion method to construct white noise functional solutions for wick-
type stochastic coupled KdV equations via hermite transform, wick-type product, white
noise theory. If equation (1.1) is considered in a random environment, we can get
stochastic coupled KdV equations. In order to give the exact solutions of stochastic
coupled KdV equations, we only consider this problem in white noise environment. We
shall study the following Wick-type stochastic coupled KdV equations.

(1.2)

U+ Hi(t)oUoU, + Hy(t) oV oV, + Hs(t) © Upge = 0,
Ve+ Hy(t)oU oV, + H3(t) © Vige =0,

where “o” is the Wick product on the Kondratiev distribution space (S_1) which was
defined in [20], H(t), Ha(t), H3(t) and Hy(t) are (S_;)-valued functions.

2 Description of the F-expansion Method

In order to simultaneously obtain more periodic wave solutions expressed by various
Jacobi elliptic functions to nonlinear wave equations, we introduce an F-expansion
method which can be thought of as a succinctly over-all generalization of Jacobi elliptic
function expansion. We briefly show what is F-expansion method and how to use it
to obtain various periodic wave solutions to nonlinear wave equations. Suppose a
nonlinear wave equation for u(t,x) is given by.

p(“? utaumumﬂ;uzzx,---) = 0; (21)



Wick-type Stochastic Coupled KdV
Equations Using F-expansion Method,
Hossam A. Ghany and M. Zakarya
55

where u = u(t, x) is an unknown function, p is a polynomial in u and its various partial
derivatives in which the highest order derivatives and nonlinear terms are involved. In
the following we give the main steps of a deformation F-expansion method.

Step 1. Look for traveling wave solution of Eq.(2.1)by taking

u(t,z) = u(€) ,&(t,z) = kx + s/ot(S(T)dT + ¢, (2.2)

Hence, under the transformation (2.2). Eq.(2.1) can be transformed into ordinary
differential equation (ODE) as following.

O(u, séu', ku', kK*u" K*u”,...) = 0, (2.3)

Step 2. Suppose that u(£) can be expressed by a finite power series of F(§) of the
form.

ult,2) = u() = Y a:F(€), (2.4

where ag, aj, ..., ay are constants to be determined later, while F’(£) in(2.4) satisfy
[F'(&))* = PF*(&) + QF*(¢) + R, (2.5)
and hence holds for F(&)

F'F" = 2PF3F' + QFF',
F" =2PF?* + QF,
F/// — 6PF2F/ + QF’,

where P, (@), and R are constants.

Step 3. The positive integer N can be determined by considering the homogeneous
balance between the highest derivative term and the nonlinear terms appearing in (2.3).
Therefore, we can get the value of N in (2.4).

Step 4. Substituting (2.4) into (2.3) with the condition (2.5), we obtain polynomial
in f{EO[F(E)),(t=0+1,%42,...,5 =0,1). Setting each coefficient of this polynomial
to be zero yields a set of algebraic equations for ag, aq,...,an, s and 4.

Step 5. Solving the algebraic equations with the aid of Maple we have ag, a4, ...,an, s
and 6 can be expressed by P, and R. Substituting these results into F-expansion
(2.4), then a general form of traveling wave solution of Eq. (2.1) can be obtained.
Step 6. Since the general solutions of (2.4) have been well known for us Choose
properly (P,@ and R.) in ODE (2.5) such that the corresponding solution F'(§) of it
is one of Jacobi elliptic functions. (See Appendix A, B and C.)
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3 New Exact Traveling Wave Solutions of Eq. (1.2)

Taking the Hermite transform, white noise theory, and F-expansion method to ex-
plore new exact wave solutions for Eq.(1.2). Applying Hermite transform to Eq.(1.2),
we get the deterministic equations:

Ut<t?$> Z) + ~l(ta Z)ﬁ(ta Z, Z)Um(ta Z, Z) + H2(ta Z)V(t,:]j, Z)‘Zc(ta Z, Z)
) =0

"‘H?,(t,Z)Uacxm t,fE,Z (31)

f/t(t,x, z) + IﬁU(t, x, z)ffx(t,x, z) + ﬁg%m(t,x, z) =0,

where 2 = (21, 29, ...) € (CV) is a vector parameter. To look for the travelling wave solu-
tion of Eq.(3.1), we make the transformations Hy(t, z) := hy(t, 2), Ha(t, 2) == ha(t, 2),
Hs(t,z) := hs(t,z), Hy(t,2) = ha(t,2), U(t,z,2) = u(t,z,2) = u(&(t,z,2)) and
V(t,x,2) = v(t,x,2) = v(E(t, z, 2)) with.

t
E(tyx,z) = kx + s/ o(r, z)dr + c,
0

where k, s and ¢ are arbitrary constants which satisfy sk # 0, §(7) is a nonzero function
of the indicated variables to be determined later. So, Eq.(3.1) can be transformed into
the following (ODE).

” (3.2)

sou’ + khjuu' + khovv' + E3hgu” = 0,
s6v’ + khyuv' + kP*hgv” =0,

where the prime denote to the differential with respect to £. In view of F-expansion
method, the solution of Eq. (3.1), can be expressed in the form.

u(t, =, 2) = u(§) = B, (a: F(8)),
{ u(t,z,2) = v(€) = B, (BiF(€)), (3.3)

where a; and b; are constants to be determined later. considering homogeneous balance
between u” and wu',vv" and the order of v and wv’ in (3.2), then we can obtain
N =M =2, s0 (3.3) can be rewritten as following.

{ u(t,z, 2) = ap + a1 F(§) + as F*(§),

o(t,x,2) = by + b1 F(§) + b F2(), (3.4)

where ag, aj, as, by, by and by are constants to be determined later. Substituting (3.4)
with the conditions (2.5),(2.6) into (3.2) and collecting all terms with the same power
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of fFHEF () ,(i=0+1,42,....5 =0,1). as following.
( 2k[12k2a2Ph3 + b%hg + a%hl]F?’Fl
+3Kk[2k%a; Phs + ayashy + bibyhy| F2F
+[2a986 + kb2hy + 8k3aaQhs + 2kagaghy + ka2hy + 2kbobyhy] FF'
+[sa1h3 + ka0a1h1 + k‘boblhg + k?’alth]F/ = 0,
(3.5)

2kby[12k2 Phs + aghy) F3F'

+k[6k2by Phy + 2a1byhy + agbihy| F2F'

+[2$b2(5 + 2ka0b2h4 + ka1b1h4 + 8k3b2Qh3]FF/
L —|—b1 [8(5 —f- ka0h4 + k3Qh3]Fl = 0

Setting each coefficient of f(£)[f"(£)]’ to be zero, we get a system of algebraic equations
which can be expressed by.

2k[12k*as Phs + b3hs + a3hy] = 0,

3k[2k?a; Phy + ajashy + bibahy] = 0,

20980 + kbihy + 8k3ayQhs + 2kagashy + ka2hy + 2kbobshy = 0,
saihs + kagaihy + kbobihe + k3a1Qhs = 0,

2kby[12k* Phs + aghy) = 0,

k[6k%*b; Phs + 2a1bahy + asbihy] = 0,

25byd + 2kagbyhy + kaibiha + 8k3b,Qhs = 0,

b1[sé + kaghy + k*Qhs] = 0.

with solving by Maple to get the following coefficient.

(a; = by = 0,ap = arbitrary constant,
@ — _ 12k2Phs(t,2)
2= h4(tvz) !

| -12K2Ph3(t,2) [hi(t,2)—ha(t,2) _ __. h1(t,z)—ha(t,z)
by = +i h4(t,3z) \/ : hQ(t,S = Fia2 W’ (3.7)
bO _ j:[3k2Qh3(t,z)—a0(h1(t,z)—h4(t,z))]
Vha(t,2)[hi(t,2)—ha(t,2)]

(S _ —k[a0h4 (t,z)+k2 Qhs (t,z)]
\ S :

Substituting by coefficient (3.7) into (3.4) yields general form solutions of eq. (1.2).

12]{72Ph3(t, Z)

) Ve, 2), (33

u(t,z,z) = ag — |

5
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_ j:[3k2Qh3(t,z)+ao(h1(t7z)—h4(t72))}
VVha(t,2)[ha (t,2)—ha(t,2)]

12ik2Phs(t,2) [ hi(t,2)—ha(t,2) 2
2R [ P €1, ,2),

v(t,x, z)

(3.9)

with
E(t,x,2) =k [m — /Ot{a0h4(7', 2) + k*Qhs(r, Z)}dT:| :

From Appendix C, we give the special cases as following:
Case 1. if we take P =1,Q = (2 — m?) and R = (1 — m?), we have F(£) — cs(§) ,

12k2h3 (t, Z)

o) ) ¢ Ebhe2), (3.10)

ul(tv'xa Z) =ap — [

1 [3K%h3(t,2)(2—m2)tag (b1 (t,2)—ha(t,2))]
u(t,z,2) =+ Vha2(t2)(hn (62)—ha(t,2)

(3.11)

12ik2hs(t,z hi(t,2)—ha(t,z
200 (e) | Il bl cg2(g (1, 7)),

with
&(t,z,z) =k {x — /0 {aoha(r, 2) + k*(2 — m*)hs(7, 2) }dr | .

In the limit case when m — o we have c¢s(§) — cot(£), thus (3.10),(3.11) become.

12k2h3(t, Z)

ha(t.2) ] cot?(&(t, 2, 2)), (3.12)

u2(t75€72) = ap — [

1 [6Kk2h3(t,2)+ao(hi(t,2)—ha(t,2))]
vt z,2) =+ Vha(t,2) [ (6,2)—ha(£,2)]

(3.13)

12ik2h3(t,z ha(t,2)—ha(t,z
+ h4(t?z() : 1(hz)(t,;;( ) COt2(£2(t,$,z)),

with
&t,x,z) =k {m - / {aoha(T, 2) + 2k hs(T, Z)}dT:|.
0

In the limit case when m — 1 we have c¢s(€) — csch(§), thus (3.10).(3.11) become.

12k2h3 (t, Z)

Tt 2) ] csch?(&5(t, z, 2)), (3.14)

U3<t,$,2) =ap — [

6
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_ | BE?ha(tz)+ao( (t,2) —ha(t:2))]
’Ug(t, Z, Z) ==+ \/hg(t,Z)[hl(tvz)fh‘l(t’z)]
(3.15)

12ik2h3(t,z hi(t,z)—ha(t,z
+ h4(t?z() : 1(h2)(t,z§( ! CSCh2(€3(t,LE,z)),

with
&(t,z,2) =k {x - /Ot{a0h4(7, 2) + k*hs(r, z)}dr}

Case 2. if we take P =1,Q = (2m? — 1) and R = —m?(1 — m?), then F(£) — ds(¢) ,

12k2h3 (t, Z)

hat2) ds*(&u(t, @, 2)), (3.16)

u4(t,$,2) = agp — [

1 [8K%h3(t,2)(2m2—1)+ag(h1(t,2) —ha(t,2))]
va(t, @, 2) = £ Vh2(62)[h (62)—ha(6,2)]

(3.17)

12ik®h3(t,2) [ ha(t,2)—ha(t,2)
T VT s 487 (Gl 2,2)),

with
&lt,z,2) =k {x - /t{a0h4(7, z) + k*(2m® — 1)hs(7, 2) }dr|.
0

In the limit case when m — o we have ds(§) — csc(§), thus (3.16),(3.17) become.

12]{?2}13 (t, Z)

ha(t, 2) ] esc?(&5(t, o, 2)), (3.18)

u5(t,l',Z) =ay — [

— 4 [=3k2hs(t2) tao(ha(t2)—ha(t,2))]
Vh2(t,2) [l (8,2) =ha(t,2)]

12ik%h3(t,z hi(t,2)—ha(t,z
+ h4(t?z(§ ) 1(th2)(t,z§(t ) esc?(Es(t, 7, 2)),

U5(t7 z, Z)

(3.19)

with
et 2) = k [x - /Ot{a0h4(7-, 2) — k2hy(r, z)}dT] |

Remark that. In the limit case when m — 1 we have ds(§) = ¢s(§) — csch(§), thus
(3.16),(3.17) become the same solutions in case 1.

Case 3. if we take P = 1,Q = 1_§m2 and R = %, then F(§) — ns(§) £ cs(€),

 3k%hs(t, 2)

u6(t,fli,2’) = Qo h4<t Z)

[ns(ﬁﬁ(t, z,z)) £ es(&e(t, x, z))] : (3.20)

7
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1 [8Kk%h3(t,2)(1—2m2)+2a0 (k1 (t,2) —ha(t,2))]
vs(t, 7, 2) =+ 23/ha(t,2) [l (t,2)—ha(t,2)]
2 ) (3.21)
3ik“hs(t,z hi(t,z)—ha(t,z
+ h4(z(zt) ) (thQ)(tz)(t ) |:n3(§6(t7xa Z)) + CS(fﬁ(t,x, Z)):| )
with
1 t
&(t,x,2) =k {x - 5/ {2a0ha(7, 2) + k*(1 — 2m*)hs(r, z)}dT] :
0
In the limit case when m — o we have (ns(§) £ ¢s(€)) — (csc(§) £ cot(§)),
thus (3.22),(3.23) become.
3k2hs(t 2
ur(t, @, 2) = ag — 3k7hs(t, 2) csc(&q(t, x, 2)) £ cot(&(t, z, 2)) | (3.22)
h4(t7 Z)
o [3k2h3(t,z)+2a0(h1(t,z)—h4(t,z))]
vr(t,z, 2) = & 2\/ha(t,2) [l (t2)—ha(t,2)]
2 . (323)
3ik?ha(t,2) [hi(tz)—ha(tz
g [ At {030(57(@% z)) £ cot(& (¢, , Z))} ,
with
1 [t 9
&(tx,z) =k|xz — 5 {2a0h4(7, z) + k“hs(T, z)}dT .
0
In the limit case when m — 1 we have (ns(§) £ ¢s(€)) — (coth(&) £ csch(§)),
thus (3.22),(3.23) become.
3k2hs(t 2
us(t, x,2) = ag — 3k7hs(t, 2) coth(és(t, z, z)) % csch(és(t, z, 2)) | | (3.24)
h4(t7 Z)
_ :l:[—3k2h3(t,z)+2a0(h1(t,z)—h4(t,z))]
vs(t, , 2) 21/ha(t,2) [l (,2)—ha(t,2)]
(3.25)

2
3ik2h3(t,z hi1(t,z)—ha(t,z

+ h4(tg,(zt) : (thz)(t,z)(t : {COth(Sg(t’xv’z)) + CSCh(fg(t,x,Z)):| )

with
I 9
&tz 2) =k|z — 5 {2aoh4(7, z) — K*hs(7, 2) }dr|.
0

Remark that: there are another solutions for Eq.(1.2). These solutions come from

setting different values for the cofficients P, @ and R.(see Appendex C.). The above
mentioned cases are just to clarify how far our technique is applicable.

8
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4 White Noise Functional Solutions of Eq.(1.2)

In this section, we employ the results of the Section 3 by using Hermite transform
to obtain exact white noise functional solutions for Wick-type stochastic coupled KdV
equations (1.2). The properties of exponential and trigonometric functions yield that
there exists a bounded open set D C R, X R, p < 0o, A > 0 such that the solution
u(t,z, z) of Eq.(3.1) and all its partial derivatives which are involved in Eq. (3.1) are
uniformly bounded for (¢,z,z) € D x K,()), continuous with respect to (¢,z) € D
for all z € K,(\) and analytic with respect to z € K,()), for all (t,2) € D. From
Theorem 4.1.1 in [20], there exists U(t, z, 2) € (S)_; such that u(t,z,z) = U(t, z)(2)
for all (¢,z,2) € D x K,(\) and U(t, x) solves Eq.(1.2) in (S)_;. Hence, by applying
the inverse Hermite transform to the results of Section 3, we get New exact white noise
functional solutions of Eq.(1.2) as follows:

e New Wick-type stochastic solutions of (JEF):

Up(t,x) = ag — |

Vi(t,z) = j:[3k2H3(t)(2—m2)+a0(H1(t)_H4(t))}
7 / Ha(t)o[H (t)— Ha(t)]

(4.2)
12ik% H, Hi(t)—H. —_
4 20l 10 o 0572(34 (1, @),
1252 Hy (1)
Us(t =qy — [——2] o ds*%(E,(t 4.3
2( 7':B) Qo [ H4(t) ]0 S ( 2( 7'1'))7 ( )
Va(t,z) = :t[3k2H3(t)(2m271)+a0(H1(t)fH4(t))]
’ / Ha(t)o[H1(t)—Ha(t)]
(4.4)
ik2 H. Hy(t)—H, -
412 H4(t:;(t) o 1(22(t)4(t) o ds<>2(:2(t7 7)),
3k2Ha(t *
Us(t,x) = ag — Sk Hs(t) o |:n8<>(53(t,.’11)) + CSQ(Eg(t,Z'))] , (4.5)
Hy(t)
Vg(t x) _ :t[Sszg(t)(1—2m2)+2a0(H1(t)—H4(t))]
’ 24/ H(t)o[Hy (t)—Ha(t)]
(4.6)

o2
3ik2H. Hy(t)—H. —_ —_
LU0 o | [IEERG o st (Balt, ) es'(Ea(t0)|

9
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El(t,x)—k{x—/{aom )+ E*(2—m 3(7)}dr],

Sa(t,z) = k [az - /Ot{aoH4(r) + k% (2m”* — 1)H3(T)}dr] ,

1 t
Eg(t,x):k[x—é/{zaom (1) + k*(1 — 2m?)Hs (1 }d’i’:|
0

e New Wick-type stochastic solutions of trigonometric functions:

Vi(t,z) =

Vs(t,z) =

UG(t, .CE)

Vs(t,z) =

:ao—

Uy(t,z) = ag —

12K Hy(t)

T Ot E ),

[6k2 H3(t)+ao(Hy (t)—Ha(t))]

\/ Ha(t)o(H1 (t)—Ha(t))

L 122 Hs(t) [ Hi(t)—Ha(t) <>cot°2( 4(t, 1)),

H4(t

Us(t,z) = ao —

) Ha(t)

12k Hs(t)

Ha(t) ] o csc®?(Z5(t, 7)),

[

:I:[ 3k%H3(t)+ao(Hy(t)—Ha(t))] 12ik2 H3(t)

o

H, (t)—Ha(t)

3k*H(t)
Hy(t

/ Ha(t)o[H1(t)—Ha(t)] Ha(t)

o ©esc?(Es(t,z)),

o losc(Bult, ) & cot'Eute x))]&,

[3k?Hs(t )+2a0(H1(t) Hy(t)] | 3ik*Hs(t)

2\/H2

H;y (t)fH4

Ha(t)

Y—Hy ()] Hy(t)

(VN [CSCO(EG(t,m)) + cot®(Zs(t, m))} 02,

10
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(4.8)

(4.10)

(4.11)

(4.12)
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with
Eu(t,z) =k [m — / {aoH4(T) + 2k*Hs( )}d’]':|,
t
Es(t,x) =k {x — / {aoHy(T) — k‘2H3(7')}d7':|,
0
1 2
Se(t,z) =k r=g {2a0H4 T) + k*Hs(7) }dr|.
e New Wick-type stochastic solutions of hyperbolic functions:
12k%H.
Ur(t,z) = ag — | %] o esch®® (24 (¢, z)), (4.13)
4
_ 1 [3k2H3(t)+ao(Hi(t)—Ha(t))] 12ik2 H3(t)
Vit @) =+ /Ha(t)o[Hy ()~ Ha(1)] Ha(t)
(4.14)
\/ H (f“(t o csch®® Zq(t, x),
3k2Hy(t *
Us(t,z) = ag — Sk Hs(t) o [coth°(58(t, z)) %+ csch®(Eg(t, x))] , (4.15)
Hay(t)
_ 4 [-3K2H3(0)+2a0(H1(t)—Ha(t))] | 3ik*H3(t)
Va(t,z) = & 2y/Ha (t)o[H1 (t)— Ha(1)] S0
(4.16)

02
o —Hl(gg(g—4(t) o |:C0th0(58(t, T)) £ CSChQ(Eg(t7$)):| ,
with

57(t,x):k[a;—/{aoﬂ4 ) + k% Hs( )}dT},

Z(t,7) = k [x _ % /0 (2a0HA(r) — k;?H?,(T)}dT} |

We observe that. For different forms of Hy, Hy, H3 and H,4, we can get different exact
white noise functional solutions of Eq.(1.2) from Egs.(4.1)-(4.16).

11
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5 Example

It is well known that Wick version of function is usually difficult to evaluate. So,
in this section, we give non-Wick version of solutions of Eq.(1.2). Let W; = B, be
the Gaussian white noise, where B; is the Brownian motion. We have the Hermite
transform W;(z) = 3., 2 fot n;(s)ds [20]. Since exp®(B;) = exp(B; — %), we have
sin®(B;) = sin(B; — %), cos®(B;) = cos(B; — %), cot®(By) = cot(B; — 32), csc®(By) =
cse(By — —2), coth®(B;) = coth(B; — —2) and csch®(B;) = csch(B; — —) Suppose that
Hl( ) HQ( ) = )\1H3( ) Hg( ) = )\2H4( ) and H4( ) = F( ) + )\3Wt where )\1,)\2
and A3 are arbitrary constants and I'(¢) is integrable or bounded measurable function
on R,. Therefore, for H;(t)Hy(t)Hs(t)H(t) # 0. thus exact white noise functional

solutions of Eq.(1.2) are as follows:

Us(t,z) = SkQ{@ —4), cot (<I>1(t,x))}, (5.1)

ag
[ 6k2Xo (A Ag— 1)]
Vo(t, z) = +6k Ag{ Doy T

(5.2)

2,/ (122=1) cot2(<I>1(t,:1:))},
Ul()(t LII) = 3]{32{@ — 4)\2 CSC ((IDQ(t,x))}, (53)

2 3k2Xg (A Ag—1) (,\ Ag—1) ]

Vio(t, z) = £3k°X { oo T
(5.4)

(Af\’}":\; csc?(Dy(t, 1) }

2
Un(t,z) = ag — 3k* X\, [CSC(E(t, x)) £ cot(Ps(t, :L’))] , (5.5)
Vi (¢, z) = £3k%A [H?”““;z?&—”h
HAH &)= 2 2/A A2 (A1 A2 —1)

(5.6)

252 [etoteo) icot@ﬂt’z”r}’

12
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Ua(t, z) = ag — 12k* Xy csch?(®y4(t, x)),

Iy
Viat, ) = i3’f%{ [\/iiﬁi?ff-i;] *

41y / —(’\1\)1‘2);1) csch2(¢)4(t, x) },

Us(t, ) = ag — 3k*Xo |:C0th(q)5(t, x)) £ csch(Ps(t, x))} 2,

. 2a0 4
‘/13(t7 I’) - i3k2)\2{ [2316;;21(;‘21(1\21/\12)_1)} +

N [coth<<1>5<t, x)) % esch(@s(t, @)} 02}’

o et 30n [T s 1))
o) =Ko o020 [ T 25 1))
o) 4o 0TI [ )]
o1 =4[ o 03] [ 0% 05 )

2

By (t, 7) — [g; - (Z‘LO_TW{/;F(TW + N[Bs — ﬁ]}] |

13
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(5.9)

(5.10)
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6 Conclusion

We have discussed the solutions of stochastic (PDEs) driven by Gaussian white noise.
There is a unitary mapping between the Gaussian white noise space and the Poisson
white noise space. This connection was given by Benth and Gjerde [2]. We can see in
the section 4.9 [20] clearly. Hence, by the aid of the connection, we can derive some
stochastic exact soliton solutions if the coefficients , and are Poisson white noise func-
tions in Eq. (1.2). In this paper, using Hermite transformation, white noise theory and
F-expansion method, we study the white noise solutions of the Wick-type stochastic
coupled KdV equations. This paper shows that the F-expansion method is sufficient to
solve the stochastic nonlinear equations in mathematical physics. The method which
we have proposed in this paper is powerful, direct and computerized method, which
allows us to do complicated and tedious algebraic calculation. It is shown that the
algorithm can be also applied to other NLPDESs in mathematical physics such as mod-
ified Hirota-Satsuma coupled KdV, (2+1)-dimensional coupled KdV, KdV-Burgers,
schamel KdV, modified KAV Burgers, Sawada-Kotera, Zhiber-Shabat equations and
Benjamin-Bona-Mahony equations. Since the equation (1.2) has other solutions if se-
lect other values of P, and R (see Appendix A, B and C). So there are many other
of exact solutions for wick-type stochastic coupled KdV equations.

Appendix A.
the jacobi elliptic functions degenerate into trigonometric functions when m — 0.

sn&é — sin&, cné — cos&, dn€ — 1, sc€ — tan&, sdé — sin&, cd§ — cos&,
ns§ — csc&,nc — secE,ndé — 1,cs§ — cot &, dsE — csc&, dcé — secé.

Appendix B.
the jacobi elliptic functions degenerate into hyperbolic functions when m — 1.

sné — tan &, cné — sech &, dné — sech &, sc€ — sinh &, sdé — sinh &, cdé — 1,
nsé — coth &, ncé — cosh &, ndé — cosh, csé — csché, dsé — csch &, de€ — 1.

Appendix C. The ODE and Jacobi Elliptic Functions
Relation between values of (P , @ , R) and corresponding F(§) in ODE

(F)*(§) = PFY(§) + QF*(§) + R,

14
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P Q R F(¢)
m? —1 —m? 1 sng, cd§ = Z%ﬁ
—m? 2m? — 1 1 —m? cné
-1 2 —m? m? —1 dn§
1 e m? nsé = ghe, dog = 2
1—m? om? — 1 —m? ncé = ez
m? —1 2 —m? -1 nd{zdLng
1—m? 2 —m? 1 sc€ = ohe
S
—m2(1 —m?) 2m?—-1 1 sd§ = ﬁ%
1 2 — m? 1—m? csé = Gpe
| om? —1 —m¥(1—m?) ds¢ = dne
4 2 4 1+dn¢’ vi—m2+dne
m? m2-2 m? . dne m sne
T 3 e sné +icn, WI-m2sné+cne’ 1+dne
1 1—2m? 1 Ccné Sne
P 2 1 ns¢ + csg, Vvi—m2sne+dne’ 1+CNE°
m2—1 m2+1 m2—1 _dne
1 2 1 1£mSné
1—m?2 m24+1 1—m2 . Ccng
K 2+ " ncé £ iscé TI80E
1 m241 —(1—m?)?
= . 1 mené £ dné
1 m2—2 m?
L . = nsé + dsé
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A NOTE ON n-BANACH LATTICES

BIRSEN SAGIR! AND NiHAN GUNGOR?2

ABSTRACT. In this paper we describe n-Banach lattices by Riesz space equipped
with n-norm. We consider spaces of reguler operators and order bounded op-
erators between n-Banach lattices and Banach lattices, we generate norm on
these space by the aid of n-norm. Then we investigate properties of operators
on these space with generated norm.

1. INTRODUCTION

Riesz spaces, also called vector lattices, K-lineals which were first considered by
F. Riesz, L. Kantorovic, and H. Freudenthal in the middle of nineteen thirties. L.
Kantorovic and his school first recognized the importance of studying vector lat-
tices in connection with Banach’s theory of normed vector spaces; they investigated
normed vector lattices as well as order-related linear operators between such vector
lattices. In the middle seventies the research on this subject was essentially influ-
enced by H.H. Schaefer. H. H. Schaefer present the theory of Banach lattices and
positive operators as an inseparable part of the general Banach space and operator
theory. In particular, deep results of the general theory and classical analysis were
used to prove related properties in case of general Banach lattices. More recently
other important study concerning this subject appeared CD. Aliprantis and O.
Burkinshaw.

Let a real vector space X be an ordered vector space equipped with an order
relation <. A vector x in an ordered vector space X is called positive whenever
0 =< z holds. The set of all positive vectors denoted by X . An operator is a
map between two vector space. An operator T : X — Y between two ordered
vector space is called positive if 0 < T (z) for all z € X. A Riesz space is an
ordered vector space X with property that for each pair vectors z,y € X the
supremum and the infimum of the set {z,y} both exists in X. For any vector x
in a Riesz space X, define 27 := 2 V0 = sup{z,0}, 2~ := x A0 = sup{—=,0},
|z| := sup {x,—z}. If T: X — Y be an linear operator between two Riesz spaces
such that sup {|Ty| : |y| < z} exists in Y for each z € X, then the modulus of
T exists and |T|z = sup {|Ty| : |y| X z} for each x € XT. Also |T (z)| = |T|(|z|)
holds for all z € X. A subset A of a Riesz space is said to be bounded above
(bounded below) whenever there exists some z satisfying y < z (z < y) for all
Yy € X. A subset in a Riesz space is called order bounded if it is bounded both above
and below. A Riesz space is called Dedekind complete whenever every nonempty
bounded above subset has supremum (whenever every nonempty bounded below
subset has infimum). An linear operator T : X — Y between two Riesz spaces is

2000 Mathematics Subject Classification. 46B42.
Key words and phrases. Riesz spaces, n-norm, n-Banach lattices, reguler operators, order
bounded operators.
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said to be reguler if it can be written as a difference of two positive operators. The
vector space of all reguler operators form X to Y denoted by L, (X,Y). Of course
this is equivalent to saying there exists a positive operator S : X — Y satisfying
T < S. An linear operator T : X — Y between two Riesz spaces is said to be order
bounded if it maps an order bounded subsets of X to order bounded subsets of Y.
The vector space of all order bounded operators from X to Y denoted by L, (X,Y).
Every positive operator is order bounded. Therefore every reguler operator is also
order bounded. Hence L, (X,Y) C L, (X,Y). A norm ||.|| on a Riesz space is said
to be a lattice norm whenever |z| < |y| implies ||z|| < ||y||. For more detailed, it
can be looked [1, 2, 6, 7].

2. OPERATORS ON n-BANACH LATTICES

Fistly, we will give the some required definitions. The notion of n-normed space
as well as its properties was introduced by S. Giihler in [4] as a generalization of
the normed space.

Let X be a real linear space. A function ||.,...,.|| : X™ — R is called a n-norm
on X™ if it satisfies following conditions, for all « € R and z1, x2, ..., zn,y € X;
i) [|z1,22, ..., Zn|| = 0 < x1, 22, ..., T, are linearly dependent
ii) ||z1,x2, ..., x, || is invariant under permutations of x1,xa, ..., T,
i) ||lazt, za, ..., Tnl| = | |21, T2y oovy 0 ||
)|z1 +y, 2, oy || < |21, T2, s Tl + Yy 225 ey T ||
Then the pair (X, |.,...,.||) is called n-normed space.

A sequence {zj} of n-normed space X is said to be convergent if there exists an
element = € X such that

klim lex — 21,0y 2n—1]] =0
for all z1,..., 2,1 € X [5].
Let (X,].,..-,.|]) and (Y,].,...,.||) be n-normed spaces. For an operator
T: (X, s ) = X s .]l), define [],, by

[T (x1), T (22), .o, T () |

||l‘1, Ly eeny .’L‘nH

T, = sup{ Ner, 22| # o}.
But, this natural definition of [.]
take Y as normed space.

Let X be n-normed space and Y be normed space. An operator T': X™ — Y be
a n-linear operator on X if T is linear in each of variable. An n-linear operator is
bounded if there exists a constant k& > 0 such that ,

,, is not a norm [8] .For this reason, we need to

IT (21,22, oy n)|| < k21,22, 0y Tn |

for all (21,9, ...,x,) € X™. If T is a bounded n-linear operator, then the n-operator
norm defined by

TN := sup {|T (w1, @2, oy zn)[| 121, 25 ooy || < 1}

and the space of all bounded n-linear operators from X" to Y denoted by L(X™,Y).
If Y is a Banach space, then L(X™,Y) is a Banach space with n-operator norm.
Also it’s known that when 7" : X™ — Y is a n-linear operator, 1" is bounded if and
only if T is continuous [8].
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Let X be a Riesz space. The cartesian product X™ is a Riesz space under the
ordering

T =(T1,22, . Tn) S 2= (21,22,,2n) < T; X 2

holds in X for each i = 1,2,..,n. If x = (21,29,...,x,) and z = (21, 29, ..., 2,) are
vectors of X™, then

xVy=(x1Vz1,22V 22, .., &, V 2p,) and z Ay = (21 A 21,Z2 A 29, e, Ty, A Z)
[2].Hence we can see
|LL‘| = |($1"T23 ,mn)l = (|£Z71‘ ) ‘$2| y ey |Ccn|)

for all x = (21,9, ...,x,) € X™. Also, it’s clearly that

+ —

)t 5) and #7 = (21, 22,...,2,)" = (27,27, ...,

2t = (21,29, .. n) " = (mf,x%, oy T
We demonstrate the space of positive vectors z+ = ($1,$2,...,.’En)+ by xn",
Through this paper X" will be equipped with this ordering.

In [2, 10], the space of reguler operators and order bounded operators between
Banach lattices is defined and equipped with reguler norm and bound norm, re-
spectively. Also some properties of these operators are showed. In this study, we
define n-Banach lattice with the aid of Riesz space equipped with n-norm and then
we generalize some of these properties by using n-normed.

Definition 1. Let X be a Riesz space. A n-norm |-, ...,-|| on X is said to be a
n-lattices norm whenever |z| % |y| implies ||z, z1, ..., zn—1|| < ||y, 21, - 2n—1]| for all
21,y 2n—1 € X. When X equipped with a n-lattice norm, it’s defined as a n-normed
Riesz space. If n-normed Riesz space X is complete, then it’s called as n-Banach
lattice.

Since |z| < ||z|| and ||z|| = |z| for all z element of n-normed Riesz space X,
we can see easily that the following equality

||17,Zl, "'azn—ln = |||:C‘ y 215 '-'7271,—1”

for all z1,...,2,—1 € X. Also |zt —yT,21,.., zn—1|| < ||z =y, 21, ..., 2n—1] and
|||:I"‘ - |y| y 1y "'72"71*1“ < Hl‘ - Yz, ...,Zn,1|| for all 21y Zn—1 € X.
It’s known that the space [, with 1 < p < oo is n-normed space with

P

1
21, 2, s T, = ﬁz Z |det (z45,)["
JiJ

,t=1,...,n [5].If |, equipped with an order relation < such that |z| < |y| & |zx| <
|yr| whenever « = (), y = (y&) for all k € N, then [, is a Riesz space according
to this relation and ||.,.[, is a n-lattice norm. So (lp, Il .||p) is an example of

n-normed Riesz space.
The following lemma will used in the proof of the future theorem. We prove the
theorem by using the method which is well-known as in [3, 9].

Lemma 1. n-normed space X is a n-Banach space if and only if every convergent
series is absolutely convergent.

n

).
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[e.e]
Proof. Firstly, let X be a n-Banach space. Assume that > ||zg, 21, ..., 2Zn—1]]

is convergent for all zi,...,z,_1 € X. From convergent priflzilple of real series
f: |2k, 215 ey 2n—1]] = 0 (M — o0). If we take S,, = S T, then
k=m+1 k=1
1S: — S, 215 oy 2n—1ll = |Tms1 + Tma2 + -+ 21, 21, oy Zn—1 |
< @1, 215 -5 Zn—1]| F | Tma2; 215 ooy 21|l +

+- g, 21, e Znt|
l

S Z ||xkazlv'”7znle‘
k=m-+1
So that ||S; — Sm, 21, ..., 2n—1|| — 0 (m,l — o) and then we see that (S,,) is a
oo
Cauchy sequence. Since X is n-Banach space, Y xj is convergent.
k=1

For the converse, every convergent series is absolutely convergent. Let {xx} be
a Cauchy sequence of X, so ||z — @m, 21, ...; Zn—1|| = 0 (k,m — o00). Then there
exists strictly increasing sequence {k,,} of natural numbers such that
1
||$km+1 T Lhim s Ly ooes anln < 27m

o0

o0
for allm € N. Hence we obtain Y ||Zk,, +1 — Tk,,, 215 --s Zn—1|| < 00, then > (zg, +1 — xk,,)
m=1

k=1
v

is convergent from the hypothesis. If we take T, = Y (zk,+1 — 2k, ), then
m=1
lim T, = lim (xg,4+1 — @k, ) exists and so the subsequence {zy, 41} is convergent.
V—00

V—00

Therefore {x} is convergent and hence the proof is completed. O

Theorem 1. Let X be n-Banach lattice and Y be normed Riesz space. If
T:X™ =Y is positive surjective n-linear operator, then it’s continuous.

Proof. It’s known that if T': X™ — Y is n-linear operator, then boundedness and
continuity are equivalent [8]. Assume that T is not bounded. Then there exists a
sequence {3} of X such that ||zg, 21, ..., 2n_1|| = 1 and || T (zx, 21, ey Zn_1)|| > k3
for all k € N and zq,..., 2,1 € X. Since T is positive operator, we can write

|T (xk7zla sy Zn,1)| j T |(xk7zla seey zn71)| = T(|xk| ) |Zl| 3oy |zn71|) .

Hence we find,

IT (il s [21] s ooos [znaa DI 2 1T (2, 20, s zam )| ] = 1T (2, 210, s 20| 2 52
If we consider that ||zk, 21, ..., 2Zn—1]| = |||zk|, 21, -, Zn—1|| and yr = |x|, then there
is a sequence {y;} such that
(2.1) IT (e, [zl oy lzna | = &

with ||yk, 21, ..., 2n—1]| = 1 and 0 < yy, for every k € N.

o0 &)
Since Y w < oo and X is a n-Banach space, then the series ) %
k=1 k=1

(oo}
is m-norm convergent in X. If we say that y = > %, then it’s obvious that
k=1
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0 < ¥ =<y holds for every k € N. Hence, from the inequality (2.1) we obtain

B< |7 (% 1l 2l )| S 1T @5 211 e 2D < 00
for all £ € N, but it’'s a contradiction. Therefore T" must be bounded, so T is
continuous. (]

When X and Y be normed Riesz space, the definition of reguler norm |||, is
given in [1, 2]. Now we will generate n-reguler norm by using n-norm.

Definition 2. Let X be n-Banach lattice and Y be Banach lattice. If T : X™ — Y
be a n-linear operator with modulus, then the n-reguler norm |||T|||, is defined by
T = HTHI = sup {[| T (z1, @2, s @) || ¢ |21, @2, ooy ]| < 1}

for all 1,29, ...;2, € X.
Also we can give equivalent definition of n-requler norm as
T, := mf {|[[S]I] : £T =< S}
Theorem 2. If X be n-Banach lattice and Y be Banach lattice with Y Dedekind

complete, then L. (X", Y) is a Banach lattice under the n-reguler norm. Also

TN < T, implies for allT € L, (X",Y).

Proof. From the definition of n-reguler norm, if T is a positive operator then

T/l = 1T ||| = [IIT]|| holds. Let T,S € L, (X",Y) satisfying 0 < .S < T. So,
we can write

IS (21, T2, oy @n)| 3 S X1, T2, oy n)| 3T (21,22, ooy )| = T (|21], 22| 5 ooy |T0])
for all 1, x, ..., zn € X with ||x1, 22, ..., xn|| = |||z1], |22], ..s |Z0]]] < 1. Because of

0= S (z1,22, ..., Tpn), we find

1S (21, 2, -y ) |

1S (@1, 22, s w) [ | < 15 ](21, 22, -0 20) ]

IT[(z1, 22, s @) [ || = T (Ja] s [22] s ooy 2a )]
Tl [l oo [l < (IT]]-

IAIA

Therefore, we obtain
ISI| = sup {[[S (w1, T2, ooy wn) || : |21, T2, s || < 1} <|[T]]

Let T, S € L, (X™,Y) satisfying |S| < |T|. Since |S| and |T'| are positive opera-
tors, from the preceding result we write

ST = NHSHIT < HHTTHE = T -

Hence n-reguler norm is a lattice norm. Also, we get

TN = sup{[[T(z1, 22, ... )| ¢ lz1, 22, s ]| < 1}
= sup{|[|T (z1,x2, ..., xn)| | : |1, 22, ooy || < 1}
< sup{[[ [T (|l @2l s - lnl) | 2 Ml |@2] s oo Joal | < 1}
< sup {17 (21, 22y -y 20) || & |21, 225 ooy 20 || < 1}

T, -
O
Theorem 3. If X be n-Banach lattice and Y be Banach lattice with Y Dedekind

complete, then Ly(X™,Y) is a Dedekind complete Banach lattice under the n-reguler
norm.
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Proof. Tt’s known that L,(X",Y) is Dedekind complete whenever Y is Dedekind
complete [1, 2]. Let {T},,} be a Cauchy sequence of Ly(X™,Y") with respect to the
n-reguler norm. Then, there is a subsequence such that

|||Tm+1 - Tmmr = |H |TTn+1 - TM| ||| <2
for all m € N. Since |||Tmt1 —Twll| < [[|Tms1 — Tml||, holds for all m € N
from Theorem 2, {T,,} be a Cauchy sequence of L(X™,Y). So there exists a

T € L(X™Y) with |||T, — T|||] — 0. Now let any = = (x1,22,...,2,) € X',
Since

T-T) () =3 (M1 ~T) () 2 3 ITos - Tl (@)
for all z = (21, 29, ..., 2,) € X™ with |z| < z, the modulus of T' — T,,, exists and
(2.2) T — Tl (2) = sup{(T = Tpn) (2) : 2| 2} 2 [Top1 — T (@)

holds for each z € X" . T'isa reguler operator i.e. T € Ly (X™,Y), because we can

o0
write T = (T — T1) + T1. From (2.2), [T = TIlI, < 3 Tir1 — Tilll, < 2
i=m

and hence |||T,, — T|||,. — 0. O

The order bound norm of an order bounded linear operators between Banach
lattices is defined by [10]. We will introduce a new norm using n-norm on the space
Ly (X™,Y) whenever X be n-Banach lattice and Y be Banach lattice. For this, we
need the following proposition.

Proposition 1. If X be n-Banach lattice and Y be Banach lattice and T : X™ — Y
is an order bounded operator then there exists a real constant A such that for all x =
(1,2, ..., xy) € X" there is y € YT such that |(21, 22, .., 2n)| X (T1,T2, e, Tn)
implies |T (21, 22, ..., zn)| 3 y with ||y]| < A|z1, 22, ..., Tnl|-

Proof. Since T is an order bounded, it’s obvious that |(z1, 22, ..., 2n)| = (z1, T2, ..., Tp)
implies |T (21, 22, ..., zn)| < y for any (x1,22,...,2,) € X", We will show n-norm
condition, for this assume to the contrary that this condition. In this case, we can
find a sequence {zy} of Xt with ||z, e€1,...,en—1]| = 1 for all k € N such that for
any yx € YV with [(21, 22, ..., 2n)| < (2, €1, .o, € 1) implies [T (21, 22, .-, 2)| X Yn
it’s must be

lywll > k2",

o0 o0

Since X is n-Banach space the series > 27 %), convergent, so we write z = > 2=k
k=1 k=1

Now, let y € YT such that

=y.

[(z1, 22y oy 2n)| =X (2, €1,y €n—1) implies |T (21, 22, ..., 2p)
If |(z1, 29, ..y 2n)| = (2K, €1, ..., €n—1) then
‘(2_1“2172'2, ,zn)| = (2_k$k,el, ...,en,l) < (z,€1,.r€n-1)
and hence |T (21, 22, ..., 2, )| < 2Fy. Therefore we obtain ||2ky}| > k2F and so
Il > &
for all £ € N. It’s a contradiction so the proof is completed. (Il
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Definition 3. If X is n-Banach lattice, Y is Banach lattice and T : X" — Y is
an order bounded operator then we define the n-order bound norm of T,
I[|IT]]], = inf{\ € R :there exists y € YT such that |(z1, 22, ..., 2n)| = (21,22, ..., Tn)
implies |T (21,22, ..., 2n)| 3y with ||ly|| < A1, 22, ..., Tnl| for all (21,29, ...,2,) €
X'y,

Theorem 4. IfT € L, (X",Y), then |||T[| < [[[T][|, < [[|T]||,. Moreover, if Y is
a Dedekind complete, then |||T'|||, = |||T||, holds for all T € L, (X™,Y).

Proof. Let any (1,22, ..., ;) € X" with ||z1,22,...zn] < 1. We can write
I21, 22, ..oy 2ol < ||Z1, %2, ..., zp|] < 1 for all (21, 22,...,2,) € X" satisfying the con-
dition |(z1, 22, ..., 2n)| X (21, %2, ...,%y) in definition of ||[.|||, norm. If we consider
that |T" (21, 22, ..., 2n)| Sy and |ly|| < A||z1, 22, ...,y ||, then we obtain

||T(2’1,Z2,...,Zn)|| < ”yH <A
Therefore we find |||T]|| < A, then

T < T[N,

holds for all T € L, (X™,Y).

Now, let S € L, (X", Y) with £7 < S. If we take y = S (x1, 22, ..., z,), then
|(21, 22y oy 2n)| 2 (21,22, ...,2,) implies |T (21,22, ..., 2n)| = |T| (21, 22, .y 20)| =
S (x1,2,...,2,) = y. Hence we obtain

”y” = ||S(£U1,$2,...7£En)” < |||SH| ||x17$2»~~-,$n|| .
So, |[|S]]] € inf{ X € R : there exists y € Y *such that |(z1, 22, ..., 2)| = (1, T2, .., Tp)
implies |T" (21, 22, ..., 2n)| = y with ||y|| < Al|z1, 22, ..., z,]|| for any (1,22, ...,2,) €
X" }. Then we get
T, < T, -
([l
It’s known that if T : X — Y is an order bounded disjointness preserving

operator, then |T| exists and |T'| (x) = |T (x)| for all z € X [2]. By the aid of this
information, we will get the following proposition.

Proposition 2. If X is n-Banach lattice and Y is Banach lattice and T, S : X" —
Y are order bounded disjointness preserving operators then

T = ST < 21T = S]] -
Proof. Let (z1,Z2,...,2p) € X"". Then

| (21, @2, 0o wn) = [S] (21, 2, 2n) | = [T (21,22, 0, 20)| = |S (21,22, 00, 20|

IA

(T —S) (1,22, ...; Ty)|

so we find

(T —S) (z1, 22, ..., z)|
T = S|l [|x1, 22, oy Tn ]| -

T (21, z2, ..., xn) — |S| (@1, 22, ..y ) ||

IN N

For (z1,%2,...,xn) € X™, we write

|T) (21,22, ..., xn) — |S| (21, 22, ..., )|
< |71 (@m0, ) ) = 1S (@122, m0) )|
+ ‘|T\ ((.%'1,.%‘2,...7.’17”)7) -S| ((xl,xg, ,xn)f)‘
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hence we obtain

AT = IS]) (@1, @25 oo )|

Th

IN

1T =S| (|l=F, 23, 2| + o1, 25, 2 |))
2 ||T - SH ||CE1,.’172, ,LCn” .

e proof is completed. O

IN

We will obtain the corollary by using the preceding proposition as the method
in [10].

Corollary 1. If X be n-Banach lattice and Y be Banach lattice, for each k € N

Ty

: X" = Y is an order bounded disjointness preserving operator andT : X™ —Y

18 a bounded operator with T,, — T for the n-operator norm then T is an order
bounded disjointness preserving operator and |T,,| — |T| for the n-operator norm.

(1]
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Abstract

In this paper the author derives several interesting differential subordination results. These subordi-
nations are established by means of a differential operator obtained using Ruscheweyh derivative R™ f(z)
and the multiplier transformations I (m, A1) f(z) namely

RIy, 5, the operator given by RIj, \; : An — An, RI, 51 f(2) = (1 — a)R™ f(2) + od (m, 1) f(2),
forzeUmeN, \1>0and A, = {f €HU): f(2) =2+ ant12" ™ +..., 2€ U},

A number of interesting consequences of some of these subordination results are discussed. Relevant
connections of some of the new results obtained in this paper with those in earlier works are also provided.

Keywords: differential subordination, convex function, best dominant, differential operator.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and H(U) the space of holomorphic
functions in U.

Let A, = {f € HU) : f(2) = 2+ apn12"™ + ..., 2 € U} and Hla,n| = {f € HU) : f(z) =

a+apz" +an 12" ..., z€U}forace Candn €N.
Denote by K = {f €A, :Re ZJ{,/;S) +1>0, z¢ U} , the class of normalized convex functions in U.

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g, if there is a
function w analytic in U, with w(0) =0, |w(z)| < 1, for all z € U, such that f(z) = g(w(z)) for all z € U. If
¢ is univalent, then f < ¢ if and only if f(0) = ¢(0) and f(U) C ¢(U).

Let ¢ : C3x U — C and h an univalent function in U. If p is analytic in U and satisfies the (second-order)
differential subordination

U(p(2), 2 (2), 2°p" (2); 2) < (2), zeU, (1.1)

then p is called a solution of the differential subordination. The univalent function q is called a dominant of
the solutions of the differential subordination, or more simply a dominant, if p < ¢ for all p satisfying (1.1).

A dominant ¢ that satisfies ¢ < ¢ for all dominants ¢ of (1.1) is said to be the best dominant of (1.1).
The best dominant is unique up to a rotation of U.

Definition 1.1 (Ruscheweyh [18]) For f € A,, m,n € N, the operator R™ is defined by R™ : A, — A,,
Rf(2) = f (2)

R'f(2) = 2zf (2), ...
(m+1)R™ 1 f(2) = 2(R™f (2)) + mR™f (2), z€U.

Remark 1.1 If f € Ay, f(2) =2+ 372, 100527, then R™f (2) = 2+ 372, %a_jzj, zeU.
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Definition 1.2 (/3/) For f € A,, m,n € N, A\l > 0, the operator I (m,\,1) f(2) is defined by the following

infinite series
_ AG-1)+1+1 ;
j=n-+1
Remark 1.2 [t follows from the above definition that
I(0,\10) f(z) = f(2),
U+ DI (m+ 1N f(2) = [ +1 =M1 (m,\) f(2) + Xz (T(m, A\ D) f(2)), z€U.

Remark 1.3 Forl =0, A > 0, the operator DY* = I (m, A, 0) was introduced and studied by Al-Obouds [11],
which is reduced to the Sdaldgean differential operator [14] for A = 1.

Definition 1.3 (/6]) Let a,\,l >0, m,n € N. Denote by RI, , ; the operator given by RI, |, + Ay — Ay,
RIS 1 f(2) = (1 —)R" f(2) + al (m, A1) f(2), z€U.

Remark 1.4 If f € Ay, f(2) =2+ 372, a;27, then

RIG 1 f(2) = 2 Sy {0 (BRGS0 - o) B a2, for 2 € U

Remark 1.5 For a=0, RI), ,f(2) = R"™f(z), where z € U and for a =1, RI,  ,f(2) =1 (m,\1) f (2),
where z € U, which was studied in 2], [8/

For 1 = 0, we obtain RI}, , of (2) = RDT',f (2) which was studied in [{], [5], [10] and for | = 0 and
A =1, we obtain RIS, ; of (2 ) L f (2 whzch was studied in [1], [7].

For m =0, RI§ f(2) = (1—a)Rf (2) + al (0,\,1) f(2) = f(2) = R°f (2) = 1(0,\1) f (2), where
zeU.

Lemma 1.1 (Miller and Mocanu [12]) Let g be a convex function in U and let h(z) = g(z) + nazg'(z), for
z € U, where a > 0 and n is a positive integer.
If p(2) = g(0) + pp2"™ + ppi12"t 4+ ..., 2 € U, is holomorphic in U and
p(2) +azp'(2) < h(z), z€U,
then
p(z) <g(2), =z€U,
and this result is sharp.

Lemma 1.2 (Hallenbeck and Ruscheweyh [12, Th. 3.1.6, p. 71]) Let h be a convex function with h(0) =
and let v € C\{0} be a complex number with Re v > 0. If p € H[a,n| and

a,

p(2) + %zy(@ <h(z),  zeU,

then
p(2) < g(2) < h(2), zeU,
where g(z) = —= [ h(t)t/"1dt, z € U.

2 Main results

Theorem 2.1 Let g be a convex function, g(0) = 1 and let h be the function h(z) = g(z) + 5%4'(2), z € U.
If a,\, 1,6 >0, myn €N, f €A, and satisfies the differential subordination

RI%  , f(2)\* :
(%fl()> (RIm Al ( )) = h(Z), zel, (21)

o s
<7le”\z’lf(z)) < g(2), zeU,

then

and this result is sharp.
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z z

o § 1y LEAGDHY ™ (g gy i =Dy, 5 6
Proof. Consider p(z) = (M) _ (z S5z {o(FEEEE) T+ -a) S ez ) =1+ psn2® +

Poni12°TH ..., zel.
We deduce that p € H[1, 6n].

. . . . RIﬁLAzf(Z) o—1 @ ! 1 /
Differentiating we obtain (f> (RIW)\’lf(z)) =p(2) +520'(2), z€ U.
Then (2.1) becomes

1
p(z) + Ezp'(z) < h(z) =g(z) + 59 (2), z€U.
By using Lemma 1.1, we have
p(z) <g(2), ze€U ie

Theorem 2.2 Let h be an holomorphic function which satisfies the inequality Re (1 + ZZ,/;S)) > f%, zeU,

and h(0) = 1. If o, A\, 1,6 > 0, m,n € N, f € A, and satisfies the differential subordination

RI® 2\ 7! ;
<%f()) (RIG A f(2)) < (z), =€, (22)

then s
RIY z
< m,);lf( )) ~ q(z), e U,

where q(z) = 25 [ h(t)tw—dt.

nzn
Proof. Let
m . 6
14AG—1)+1 ntj—1)! ;
RIG\F@N (2 S {o () 4 (- 0) St oo
o) = () = :
o0 6 o0
_ L+AG - +N\" (n+j—1)! -1 _ j—1
= ”j;l{“(H—l +-a) e =1 X e

j=né+1

for z €U, p € H[1,nd].

@ 6—1 /
Differentiating, we obtain (RI’" *Zlf(z)> (RI%M (z)) =p(2) + $2p'(2), z € U, and (2.2) becomes

p(2) + %zp’(z) < h(z), =zel.

Using Lemma 1.2, we have

a P 6
p(z) <q(z), z€U, Iie. <M) < q(2)

- 66/ ht)ta—ldt, zeU,
0

nzmn

and ¢ is the best dominant. m

Corollary 2.3 Let h(z) = W be a convex function in U, where 0 < G < 1.If o, 8,1, A > 0, m,n € N,
f € A, and satisfies the differential subordination

RI® , f(2)\* ! ,
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then s
RI% z
<7m’;’lf( )) <q(z), z€eU,

2(1— [3)6 z tn
- &

where q is given by q(z) = (26 —1) + 0 9T “dt, z € U. The function q is convex and it is the best

dominant.

Rlslﬁxﬁlﬂz))&

z

Proof. Following the same steps as in the proof of Theorem 2.2 and considering p(z) = (

the differential subordination (2.3) becomes

1+ (28 -1)z

eU.
1+ 2 7

p(2) +2p'(2) < h(z) =

By using Lemma 1.2 for v = §, we have p(z) < ¢(z), i.e

RIZ b 5 [
<7m’”f(z)) <q(2) = i/ h(t)tntdt =
z nzn Jo
)

6 [ d4@B-NE 6 [ et
ﬁ/ot it = /O [(25 D)td 4 2(1-B) dt

nzn 1+t nzn 14t

2(1-5)5/%%—1
=(26-1 ; dt, evU.
@6 -1 +—— o T+t ‘

5
n

Remark 2.1 Form=1,n=1,1=2, A=1, a= %, 6 =1 we obtain the same example as in [9, Example
5.2.1, p. 179].

Theorem 2.4 Let g be a convex function such that g (0) = 1 and let h be the function h(z) = g (2)+524' (2),
zeU. Ifa,\, 1,6 >0, m,n €N, fe A, and the differential subordination

S+l RIS 2 RIGAG) (f"uﬂz)) (I 00 ()

-2 <h(z), zeU
6 26 o 2 RI ’
(B pif @) 0 (BRI f@) [ ) mid )
(2.4)
holds, then
RI® z
2 m,)\,lf< ) . ~ g(z) L€ U,

(RI%H,A,J (z))

and this result is sharp.

Proof. Consider p(z) = % and we obtain
m+1,X,1

541 Rl \if(2) 2RI\ f(2) (RIg i f(2) o (RIg i f(2)

P +35 P () =2 6 (RIQ+1,\lf(Z)) T (RI§,+1,,\,lf(Z))2 |: RIT 5 f(2) 2 RIG 1 xf(2)

Relation (2.4) becomes

p(x)+50(2) < h(z) = g(2) + 59 (), z€U.
By using Lemma 1.1, we have
p(z) <g(z), =ze€U, ie =z matf (2) <g(z), =zeU.
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Theorem 2.5 Let h be an holomorphic function which satisfies the inequality Re (1 + Zs,(i§)> > —%, z e U,
and h(0) = 1. If o, \,1,6 > 0, myn € N, f € A, and satisfies the differential subordination

o6+1 7rL )\ lf( ) 2'2 RISLA,Zf(Z) (RI{Y A lf(z)) (RI 1A lf(Z))/

z + = -2 <h(z), z€eU

6 o SR o 2| R z RI z ’ ’

(R[m+17/\)lf (z)) (RI7n+1,)\,lf(Z)) m,/\,zf( ) m+1,A,zf( )
(2.5)
then
RI® z
m,/\,lf( ) . ~ q(z), 2 c U,
(RI%Jrl,A,lf(z))

where q(z fo tiildt.

Proof. Let p(z) = z%, zeU, peH[l,n].

m+1,x,1 \#
Differentiating, we obtain
Z b4 RIG L f(2) i RIG 5.1 f(2) (RIm A 1f(z))/ _ (RI;:L+1,>\,zf(Z))I
P& H 30 () = A G o) T T i @) | Flaade) 2R g |0 7 € U and

(2.5) becomes
p(z) + %p'(z) < Nh(z), =z€eUl.
Using Lemma 1.2, we have
RIg . (2) B
(RI%H,A,J(Z))Q nan

p(z) <q(z), ze€U, ie =z

and ¢ is the best dominant. m

Theorem 2.6 Let g be a convex function such that g(0) = 1 and let h be the function h(z) = g(z) + 5&¢'(2),
zeU Ifa,\1,6 >0, m,n €N, f e A, and the differential subordination

(it @) o [(5000)"((R50070)')
a 2 3 a z m z
At rswic Rl e cyw e il b cyw e ad  IRUCHNEL LAY
holds, then ,
22M<g(z), zelU.

RI> “f(z)

This result is sharp.

RIS f(2)
Proof. Let p(z) = ZQW. We deduce that p € H[0, n].
Differentiating, we obtain

’ 1" ’ 2
z,7 2s12 (RIGuf() | 28 | (RIgaf@)"  ((RIg.1()
p(2) + 30" (2) = 2795= RIo 7)) T8 | TR, 7G) RI% 7 (2) ,ze U

Using the notation in (2.6), the differential subordination becomes

nz ,

§e) + 520 (2) < ) = g2) + 22 (),

By using Lemma 1.1, we have

I()é
p(z) < g(2), zeU, ie 22 M <g(2), ze€U,
7n7A,lf(Z)

and this result is sharp. m
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Theorem 2.7 Let h be an holomorphic function which satisfies the inequality Re (1 + Zs,lég)> > —%, zeUl,

and h(0) = 1. If o, \,1,6 > 0, myn € N, f € A, and satisfies the differential subordination

’ " N\ 2
226 +2 (Rfm,x,zf (Z)) f (le',/\,zf(z)) B (RIm,)\,lf (Z)) Zh), zeU 27)
) RI%,,\,lf (2) 1) RI;}W\Jf (2) RI%A’lf (2)
then ( )/
RIG, \f (2)
22 RI—%7A7lf B <q(z), zel,

where q(z) = -5 I ()t~ Ldt.

nzn

Proof. Let p(z) = zQW, z €U, p e H[0,n].

. L : RI;, '
Differentiating, we obtain p (z) + 2p’ (2) = z2¥% + %
moyA, e

1" ’ 2
(RIS )" [ (RIS () e
RIS |1 f(2) RIS 1 f(2) ’
U, and (2.7) becomes

p(z) + %zp'(z) < h(z), =zeUl.

Using Lemma 1.2, we have

I
(2) <qlz), zeU, i (B8] () gz =20 /zh(t)ﬁfldt cu
z z), =z , e 2o z) = n , Z ,
b 1 RIm,)\,lf(z) I nzw Jo

and ¢ is the best dominant. m

Theorem 2.8 Let g be a convex function such that g(0) =1 and let h be the function h(z) = g(z) +nzg'(2),
zeU Ifa,\,1 >0, m,n €N, fe A, and the differential subordination

RIG . f (z).(RI,?L,A,Ilf;z)) <h(z), zeU (2.8)
(mz.0)]

RIG af (2)
z (RITD;L’Mf (z))

1—

holds, then

- <g(2), zeUl.

This result is sharp.

Proof. Let p(z) = % We deduce that p € H[1,n].

RIp 1 f(2)-(RIg xaf(2)" /
=y Y =p(z)+2p (2), z€U.
[(RI;‘L)\J (z)) ]2 p( ) p ( )

Using the notation in (2.8), the differential subordination becomes

Differentiating, we obtain 1 —

p(2) + 2p'(2) < h(z) = g(2) + nzg'(2).

By using Lemma 1.1, we have

RIC z
p(z) <g(z), z€eU ie maif (2) <g(z), =z€eU,

z (RI%7A7lf (z))/

and this result is sharp. m
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Theorem 2.9 Let h be an holomorphic function which satisfies the inequality Re (1 + Zs,lég)> > —%, zeUl,

and h(0) = 1. If o, \,1 > 0, myn € N, f € A,, and satisfies the differential subordination
"
RI%,,\Jf(Z) ’ (RI%A,zf(Z))
2 <h(z), z€U, (2.9)
(R150i8 ()|

RIG \ 1] (2)
z (RISL’/\J]" (z))l

1—

then

<q(2), zeUl,

where q(z) = —L¢ [ h(t)tw—Ldt.

nzn

Proof. Let p(z) = %, z €U, p € H[0,n].

P a0 = p(2) 4 22/ (), 2 € U, and (2.9) becomes

p(z) +2p'(2) < h(z), =ze€Ul.

Differentiating, we obtain 1 —

Using Lemma 1.2, we have

RI z 1 z L
p(z) <q(z), z€eU Iie. maif (2) - <q(z) = T/ h(t)t="tdt, zcU,
2 (BI5\00 () nz Jo

and ¢ is the best dominant. m

Corollary 2.10 Let h(z) = ﬂfi—;lﬁ be a convex function in U, where 0 < B < 1. If a, \,1 >0, m,n € N,
f € A, and satisfies the differential subordination

RIT, 5. f (2) (ngukvlf(z))“

3 <h(z), ze€U, (2.10)
(R0 @)

RIG S (2)
z (RI%,A,zf(Z))/

1_
where q is given by q(z) = (26 —1) + 2(1—1@ OZ %dt, z € U. The function q is convexr and it is the best
nzn
dominant.

1—

then

<q(2), zeU,

Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z) = M

Z(RI':(‘:L,)\,Z (z)) ’
the differential subordination (2.10) becomes

14+ (28-1)z

p(2) + 2p'(2) < h(z) = 11 > eU.
By using Lemma 1.2 for v = 1, we have p(z) < ¢(z), i.e.
RI¢ z 1 z
madf B) oy = — / h(t)t=~Ldt =
z (RI%,A,lf(ZD nam Jo

1 [P14+@268-1t 1, 1 /z 1, w1
tntdt = 28— 1)tnt+2(1 - dt
nz%/o 1+1¢ nzw Jo (26-1) ( ﬁ)l'ﬂf

2(1-5) / th !
=26-1)+ T dt, zeU.
(6 ) nzn 0 1+t i
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Example 2.1 Let h(z) = 112 a convex function in U with h (0) =1 and Re ( h’(S) + 1) > -1
Let f(2) = 2+ 2%, 2z € U. Forn=1m=11=2X=1,a = 1%, we obtain Rlémf(z)
sRUf(2) + 51 (1,1 2) f(2) = 3f( z) + Zf’(Z):ZJr/%/ZQ,ZGU
1
Then ( 2,12f( )) =1+4 Z and (R1112f( )) :1—3?7
RI %1 2f(2) z+52° _ 3452
e DR
% 3 !
1— Rll’l’zf(z)l'(Rll’l’glf(:) —1_ (Z+%22)';?0 — 502°430249
(rifa0) | (1+52) (3+102)
We have q (z) = L [ Tt = —1—1—@.
Using Theorem 2.9 we obtain
5022 +302+9 1—=z
5 , zeU,
(3+10z) 142
induce e 2n (1 )
+ 9z n(l+z
14+ —" U.
3710- 2 0 °F
Theorem 2.11 Let g be a convex function such that g(0) = 0 and let h be the function h(z) = g(z) +nzg'(2),
zeU Ifa,\,1 >0, m,n €N, fe A, and the differential subordination
2
(BRI aif ()] 4 RIS (2) - (RIS () < h(z),  z€U (211)
holds, then
/
RI%,A,lf(Z)' (RI%,A,zf(Z))
. <g(z), zeUl.
This result is sharp.
RO (BRIl @) e deduce that p € H[0,n]
2
(2) + 2p' (2), z € U.

Proof. Let p(z)
"
Differentiating, we obtain ( ol (2 )) ] + RIS, f () ( o f(z ))

Using the notation in (2.11), the differential subordination becomes
= 9(2) + nzg'(2).

p(2) +2p'(2) < h(2)

By using Lemma 1.1, we have
!
) (RI%,A,lf(Z))
<g(z), =ze€U,

RIG 31 (2)
p(z) < g(z), z€eU, Iie. >
and this result is sharp. m
Theorem 2.12 Let h be an holomorphic function which satisfies the inequality Re (1 + Z,}LL,(S)) > f%,
z€U, and h(0) =0. If a, \,1 > 0, m,n €N, f € A,, and satisfies the differential subordination
2
(RI5 00 f ()| + RIGAuF (2) - (RIg a0 (2))" < B(z), 2 €U, (212)
then
!
7rL)\lf( ) (RISLA,Zf(Z))
p, <4q(2), =z€eU,
(t)t=—Ldt.

—z Jo M

where q(z
nz n
8



Ruscheweyh derivative and
multiplier transformation
Alb Lupa,s Alina
86

Proof. Let p(z) = Rl aud () (BRI 21 1(2) , z€ U, peH[0,n].

z
"

li
Differentiating, we obtain [(RI%)A,lf (z)) } +RIp \,f(2) (RI%)\)lf (z)) =p(2)+2p (2), 2z € U, and

(2.12) becomes
p(z) +2p'(2) < h(z), =ze€eUl.

Using Lemma 1.2, we have

I0id () (R0 T () .o
p(z) <q(2), zeU, ie. il () ( A (Z)) <q(2):%/ h(t)twtdt, zeU,
0

z nzn

and ¢ is the best dominant. m

Corollary 2.13 Let h(z) = %j_;l)z be a convex function in U, where 0 < B < 1. If a, \,1 >0, m,n € N,

f € A, and satisfies the differential subordination

(15017 ()] + RIGaid (2) - (RIGaif (2)) < h(z). 2 €U, (213)

then

m,\lf( z)- (RISLA,J(Z)),

z

<q(2), zeU,

where q is given by q(z) = (26 —1) + 2(1 ’6) fz tl"th dt, z € U. The function q is convex and it is the best

dominant.

RI%,A,:f(Z)'(Rffn,A,zf(Z))/

z 3

Proof. Following the same steps as in the proof of Theorem 2.12 and considering p(z) =
the differential subordination (2.13) becomes

14+(268-1)z
' h _ U.
p(e) +2p'(2) < h(z) = —————— z¢€
By using Lemma 1.2 for v = 1, we have p(z) < q(2), i.e
/!
RIG s (2)- (Rla A zf(z)) 1 8
s s <q(z) = — / h(t)ts~1dt =
z nzn» Jo
1 [F1+(28-1)t 1, 1 / L 1
tndt = 286-1)t» " +2(1— dt
nz%/o L+t nzw Jo (26 -1) ( 6)1“‘75
2(1—0) /z gwt
=(28-1 dt, ze€U.

Example 2.2 Let h(z) = 3£ a conver function in U with h(0) = 1 and Re ( 7 () 1) > -1

1+z (Z)
Let f(z2) =2z+2%, z€U. Forn=1,m=1,1=2 A=1,a =%, we obtamRIEmf(z):
sRU(2)+31(1,1,2) f(2) = 3f (2) + 32f' (2) = 2 + ZQ, z€U.
1 / "
Then (RIF, of (2)) =1+, (Rll71’2f ) =%,

1 1
RIZ, 20 (RIT, 1)) (5)(1p20) _

»—\colm)—‘

2022 +52 41,

z z

1 172 1 1 " .
[(lez,m (Z)) } +RIF o (2)- (R112,1,2f (Z)) =(1+ %2)2 +(2+37%) P =3 +102+1

We have q(z) = %foz hﬁdt 1 21n(21+z)-
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Using Theorem 2.12 we obtain

50 1—
L2024 1 <2, zeU,
3 1+2
induce - ol (1
322+52+1<—1+¥, zeU.

Theorem 2.14 Let g be a convex function such that g(0) = 0 and let h be the function h(z) = g(2)+ 1559 (2),
zeU Ifa,\,1>0,6€(0,1), myn €N, f €A, and the differential subordination

B / /
Z RIG a1 (2) (RI%H,,\JJC(Z)) (RI%’A’lf(z))
(Rfffsz(z)> =0 Rl od @ R | M et @4y

holds, then

RI%H,A,Zf(Z) ' < 4

5
<g9g(2), zeUl.
z RIT%,’)\’lf(z)) 9(2)

This result is sharp.

[e3 6
Proof. Let p(z) = RI’"H;Jf(Z) . (RIQ fl (z)> . We deduce that p € H[1,n].

. L . 8 RISy F(2) ([ (RIgianaf(2) RIp 5./ (2)
Differentiating, we obtain (RI;;lf(z)> Jrlljé’z (lenj_ll,i,flf(z)) _ 5(RI%,:,Yzlf(z)) =p(2)+ 1i5 2p' (2),

ze U
Using the notation in (2.14), the differential subordination becomes

p(z) + 2p'(2) < h(2) = g(2) +

1-46

By using Lemma 1.1, we have

RI®
p(z) <g(2), =z€U ie. miaf (2) . (R z

z Iroﬁ,,\lf

s
(z)) =< g(2), zeU,

and this result is sharp. m

h'(z) 27
zeU,and h(0)=1. If o, \,1 >0, 6 € (0,1), m,n € N, f € A, and satisfies the differential subordination

< Z >6 RIr(:erl,/\,lf(Z) (RISLH,A,J(Z))I (RI%,A,zf(Z))/
(2)

Theorem 2.15 Let h be an holomorphic function which satisfies the inequality Re (1 + Zhu(z)) > —1

-6 < h(z), =zeU, 2.15
RI%,A,lf 1-¢ ngwl,,\,zf(z) RI%,,\JJC(Z) =) ( )
then s
RID 15 1f(2) z
. . — <q(z), =ze€U,
z RIm,)\,lf(Z) ( )
where q(2) = 2% [ h(t)t =" 1dt.

RI::,,-H Auf(2) z 8
Proof. Let p(z) = - . (RIﬁL,A,zf(Z)) , z€ U, peH[0,n].
o RI7C:1+1,>\,lf(z) ((ngwd,x,zf(z))/ 5<RI;::1,)\,lf(z))l) _ (Z)—|— 1 Zpl (Z)
- 1-6 ’

Differentiating, we obtain (Rffyi,j,z,f(z)) e —

RI§,+1,)\,lf(z) RI::,,,,\,],f(Z)
z € U, and (2.15) becomes

p(z) + = 62;0’(2) < Nh(z), =z€eUl.

10
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Using Lemma 1.2, we have

RI z 1— z .
p(z) = q(z), zeU, le. m+1,k,lf( ) ! <R £ ) = q(z) = T(?S/ h(t)tTéildtv zeU,
0

z I;jh)\’lf (2)

nz n

and ¢ is the best dominant. m
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On a certain subclass of analytic functions involving generalized
Saldgean operator and Ruscheweyh derivative
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Abstract

The main object of this paper is to study some properties of certain subclass of analytic functions in the
open unit disc which is defined by the linear operator RDY , : A — A, RDY , f(z) = (1 — a)R" f(2) + aD} f(2),
z € U, where R" f(z) is the Ruscheweyh derivative, DY f(z) the generalized Sdldgean operator and A, = {f €
HU) : f(2) = 2+ anp12™™ + ..., z € U} is the class of normalized analytic functions with A; = A. These
properties include a coefficient inequality, distorsion theorem and extreme points of differential operator. We
also discuss the boundedness properties associated with partial sums of functions in the class TSY , (5,7) -

Keywords: analytic functions, coefficient inequalities, partial sums, starlike functions.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and H(U) the space of holomorphic

functions in U.
Let A, = {f € HU) : f(2) = 2+ aps12"™ + ..., 2 € U} with A; = A. Denote by 7 the subclass of A
consisting the functions f of the form f (z) =z — 372, a;27, a; >0, z € U.

Definition 1.1 (Al Oboudi [9]) For f € A, X >0 and n € N, the operator DY is defined by DY : A — A,

M) = f(2)
D)\f(z) = (1=Nf(E)+A2f'(2) =Daf (2), -
Dy f(2) (1= X Dif(2) + Az (D3 f (2)) = Da(D3f (2)), =2€U.

Remark 1.1 If f € A and f(2) = 2+ Y 250,27, then DY f (2) = 2+ 372, [1+ (j — 1) N a;27, z € U.
If fe€T and f(2) = z—2ﬁ2ajz‘j, then DY f (z) = z—z;?cﬁ 1+ —1DN" a2, z€U.

Remark 1.2 For A =1 in the above definition we obtain the Saldgean differential operator [14].

Definition 1.2 (Ruscheweyh [18]) For f € A, n € N, the operator R"™ is defined by R" : A — A,

Rf(2) = [f(2)
R'f(2) = zf (2), ..
(n+1)R"™Mf(2) = 2(R"f(2)) +nR"f(z), ze€U.
Remark 1.3 If f € A, f(2) = z+zj pa;2), then R"f (2) = 2+ 3772, ::,J”j 11)),'%27, zeU.
IffeT, f(z) =2—3j2ya;27, then R"f (2) = 2 — 372, (73'&3_1)), ajzl, z€U.

Definition 1.3 [// Let v,a > 0, n € N. Denote by RDY , the operator given by RDY , : A— A,

RDY ,f(z) = (1 = a)R"f(2) + aDX f(2), zeU.
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Remark 1.4 If f € A, f(z) = z+2§°;2 a;z’, then
RDY  f(z ):erZ;)OQ{oc[lJr(jfl)/\]" (1- )%}aﬂj, zeU.
Thzs operator was studied also in [5], [7], [8], [10], [11].

FfEeT, f(z) =2 -2y a;20, then

RD}  f(2) = 2 — 2;12{ L+ G- DA+ (1—a) G L ay2d, 2 € U

Remark 1.5 Fory =0, RDY f(z) = R"f(2), where z € U and for v =1, RDY , f () = D} f (2), where z € U.
For A =1, we obtain RDY , f (z) = Ly, f (2) which was studied in [2], [3] and [6].

If f and ¢ are analytic functions in U, we say that f is subordinate to g, written f < g, if there is a function w
analytic in U, with w(0) = 0, |w(z)| < 1, for all z € U, such that f(z) = g(w(z)) for all z € U. If g is univalent,
then f < g if and only if f(0) = g(0) and f(U) C g(U).

We follow the works of A. Abubaker and M. Darus [1].

Definition 1.4 Let 0 < 8 <1, a, A > 0, n € N, v € C\{0}. Then, the function f € A is siad to be in the class
S8 o (8B,7) if

L((rosa@) N
v | TRDLLI®) R

We define now the class TSY , (B8,7) by
TSK,CM (/Ba 7) = S;\L,oe (6’ 7) nT

2 Coefficient Inequality
Theorem 2.1 Let the function f € T. Then f(z) is in the class TS , (3,7) if and only if
> 14 A {ali+ -0+ 0-0 B e <0l (2.1)
where y € C— {0}, ,a>0,neN, zeU.
Proof. Let f(z) € 7SY , (3,7). Then, we have

2(RD3, f(2))

fte{ RD}_f(2)

— 1|} > =gl

ARDY () 2= Xrai{al+ G- DN+ (1 —a) St a2

RDY 1 (2) -, {a [1+G - DA + (1 — ) SH=E } a2

=32, G- D {all+ G- DX+ (1 - o) B 0y
Re — : > =Bl
2= {all+ G- DN+ (1 - ) BE 0,

By chossing the valkues of z on the real ais and letting z — 1~ through real values, the above inequality immediately
yields the required condition (2.1).
Conversely, by applying the hypothesis (2.1) and letting |z| = 1, we obtain

«(RDY f(2)) 1| 250D {a L+ G- DA+ (1—a) Gt fﬁ'}a 29
RDY. f(z) 2= T {all+ G- DA" + (1 - ) S a2

ﬁ|7|( Z { 1+ (G —1)AN" +(1—a)%¥}%>
1- ijz { N+G-DN"+(1-a) (:!6_]’:11))!! } 0,

< Bl
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Hence, by maximum modulus theorem, we have f € TSY , (8,7), which evidently completes the proof of theorem.
Finally, the result is sharp with the extremal functions f; be in the class 7SY , (8,7) given by

Bl
G =1+ 8h0 {all+G - DX" + (1 -a) SE ]

fi(z2)=2— 20, for j > 2. (2.2)

Corollary 2.2 Let the function f € T be in the class TS , (3,7). Then, we have

oo Bl
TG 148D {all+ G- DA + (1 - o) BEE]

The equality is attained for the functions f given by (2.2).

s Jor j =2 (2.3)

3 Growth and distortion theorems

Theorem 3.1 Let the function f € T be in the class TSY , (B8,7). Then for |z| = r, we have

B Blv| . Bl .2
L+ 8D [+ X"+ (1 —a) (n+1)] (I+8D[a@+N"+ (1 —a)(n+1)]

with equality for

P<f(R) <+

_ Blv| 52
A+ B a1 +X"+ A=) (n+1)]"

Proof. In view of Theorem 2.1, we have

f(z) =

o0

A8 [ @+N"+ (1 -a)(n+1)]) a5 <

=2

DG =148n) [+ A"+ (1 —-a)(n+D]a; < Byl
j=2

Hence

J 5|7|
‘<”+Z‘” srr Z“J—T T eaE N 0o mrD]

and

Blv| 2
> — a;rd >r—r? a; >r— = re.
7 Zﬂ Zﬂ 4B+ A + (- (1]
This completes the proof. m

Theorem 3.2 Let the function f € T be in the class TSY , (8,7). Then, for |z| =1 we have

B 26| 26| 2
(I+B)[a@+N"+(1-a)(n+ 1)] (1 + B [ (T+N)" + (1 —a) (n+1)]

with equality for

<) <

Bl 2

flz) =2- A+ 8N+ 1)t 1)]

Proof. We have

S - 28| 2
I <r+Y jajir? <r+2r?Y a; <r+ n r
FEN <+ o 2% S e F N + =@ (T
and
2
\>T—Zja3r3>r—2r22aj_ 6|,7| 2

A+ BD [T +X)"+ (1 —a)(n+1)]

which completes the proof. ]
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4 Extreme points

The extreme points of the class 7S , (3,7) will be now determined.

_ ) - Bl i
Theorem 4.1 Let i (=) =z and f; (2) = 2z - Gomrm G v w oy 2 4 2 2

Assume that f is analytic in U. Then f € TSY , (8,7) if and only if it can be expressed in the form

F(2) =3 nfil2),
j=1

where p1; > 0 and Z;}il = 1.

Proof. Suppose that f(2) = > 72, p1;f;(2) with p; > 0 and 772, p1; = 1. Then

FE) =S mifi(e) = () + Dy () =

= Jelil :
pz+ Y |z —— , " ——2 | =
= G=1+ 800 {all+ G- DX"+ (1 - o) SE

Z_i:uj Bl 4 S
= G-1anh el G- DA+ (- ) Sl

Then

Ew (=148 {al+ G = DA + (1 - a) Gk

Z H
= (

=18 {all+ G- )A"+ (1 - ) SR Bl

oo o0
o= umm =1 <1
j=2

j=1

Thus f € 78X, (8,7) by Theorem 2.1.
Conversely, suppose that f € 7SY , (3,7). By using (2.3) we may set and

G =148 {alt+ G- DN+ (- a) S}

M,: a;
’ Al !
for j > 2 and p1; =1 - 3772, ;.
Then
p = G148 {all+ G- DX+ (- o) SES )

pafi(2) + Zﬂjfj (2) = Zﬂjfj (2),

with p; > 0 and 2?11 p; =1, which completes the proof. m
Corollary 4.2 The extreme points of TS , (8,7) are the functions fi (z) = z and

Bl

—2), forj = 2.
G-1+8hD {alt+ G- VA" +(1- o) GEF ]

fi(2) =
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5 Partial sums

We investigate in this section the partial sums of functions in the class 7SY , (3,7). We shall obtain sharp
lower bounds for the real part of its ratios. We shall follow similar works done by Silverman [15] and Khairnar and
Moreon [12] about the partial sums of analytic functions. In what follows, we will use the well known result that

for an analytic function w in U,
1
Re L(Z) > 0’ = U,
1—w(z)
if and only if the inequality |w (2)| < 1 is satisfied.

Theorem 5.1 Let f(2) = 2 — >, a;z) € TSy, (8,7) and define its partial sums by f1(z) = z and fn, (2) =
z— Y pa;2), m>2. Then

f(2) 1
Re<m>21—c7n+l, zeU, meN, (51)
" fu (2)
m (% Cm+1
Re(f(z)>21+cm+1’ zeU,meN, (5.2)
where

G+ 8D {all+ G- DA+ (1 - a) SR
Bl

Cj =
This estimates in (5.1) and (5.2) are sharp.

Proof. To prove (5.1), it suffices to show that

et (f{n((% - (1 cml+1>) Lo el

By the subordination property, we can write

1-— Z;nzz a/ij71 — Cm+1 Z;)o:m-‘,-l a/jzjfl _ 1 T w (2)
1—2;”22%2‘]'—1 1—w(2)

for certain w analytic in U with |w ()| < 1. Notice that w (0) = 0 and

lw (2)] < 12y m1 &
— m o0 *
2-2 Zj:Q aj — Cm41 Zj:m—i—l a;

Now |w (z)| <1 if and only if

m o0 oo
Zaj + Cm+1 Z a; < ZCJ'CL]‘ <1.
J=2 j=m+1 Jj=2

The above inequality holds because ¢; is a non-decreasing sequence. This completes the pr_oof of (5.1). Finally, it

2

is observed that equality in (5.1) is attained for the function given by (2.3) when z = re?™ as r — 17. Similarly,

we take

fin (2) Cm+1 > — 1- ZTZQ ajz]‘il + Cm1 Z(J?im—&-l a‘jzj71 1t w (2)

(1 +cmyr) ( 75 1+omn 1 *Z;n:z ;231 Cl-w(2)’

where 0
(1 +cm+1) Zj:m+1 aj

|§ m =3 .
2 — 223‘:2 aj + (1 — cm+1)Zj:m+1 aj

w (2)

Now |w (z)] < 1 if and only if

m oo oo
Zaj + Cm+1 Z a; < ZCJ'CL]‘ <1.
J=2 j=m+1 Jj=2

This immediately leads to assertion (5.2) of Theorem 5.1. This completes the proof. m
Using a similar method, we can prove the following theorem.
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Theorem 5.2 If f € TS , (8,7) and define the partial sums by f1(2) = z and fp, (2) = 2z — Z;nzz a;jz’. Then

and

!/

1

Re({(z))21m+ , zeU,meN,
fm(z) Cm+1

Re (L)) > oo

f(z) )] " m+1+cme’

where c; is given by (5.3). The result is sharp for every m, with extremal functions given by (2.2).
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ON THE (r,s)-CONVEXITY AND SOME HADAMARD-TYPE
INEQUALITIES

YM. EMIN OZDEMIR, *ERHAN SET, AND YAHMET OCAK AKDEMIR

ABSTRACT. In this paper, we define a new class of convex functions which is
called (r, s)—convex functions. We also prove some Hadamard’s type inequal-
ities related to this new class of functions.

1. INTRODUCTION

Let f : I € R — R be a convex function defined on the interval I of real
numbers and a,b € I with a < b. Then, the following double inequality is well
known in literature as Hermite-Hadamard inequality holds for convex functions:

TEGE a/bf(x)dx<f(a)+f(b)_

2 b—a 2

In [1], Pearce et al. generalized this inequality to r—convex positive function f
which is defined on an interval [a, b], for all z,y € [a,b] and A € [0,1];

1 .
FOz+(1-Ny) < (A [f(%;)] + (}_—A N @) Jf r#0
[ (@))” [ ()] ,if r=0
Obviously, one can see that 0—convex functions are simply log —convex functions
and 1—convex functions are ordinary convex functions. Another inequality which

well known in the literature as Minkowski Inequality is given as following;
b

b
Let p>1,0< /f(:c)pdx < 00, and 0 < /g(x)pdx < 00. Then
b 5 b % b ]
ay | [u@sg@ya| < [rarae) | [oari

a a

Definition 1. [See [4]] A function f : I — [0,00) is said to be log—conver or
multiplicatively convez if log f is convez, or, equivalently, if for all x,y € I and
t € [0,1] one has the inequality:

(1.2) flz+ 1=ty < [f@)] F)]

We note that a log —convex function is convex, but the converse may not neces-
sarily be true.

2000 Mathematics Subject Classification. Primary 26D15, 26A07.
Key words and phrases. Hadamard’s inequality, r—convex, s—convex.
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In [6], Gill et al. proved following inequality for r—convex functions.

Theorem 1. Suppose f is a positive r—convex function on [a,b]. Then

bia/a F(#)dt < Ly (f(a), f (b)).

If f is a positive r—concave function, then the inequality is reversed.

(1.3)

For recent results on r—convexity see the papers [2], [5] and [6].

Definition 2. [See [3]] Let s € (0,1]. A function f :[0,00) — [0,00) is said to be
s—convez in the second sense if

(1.4) flrz+(1-t)y) <t°f(z)+(1-1)f(y)
for allx,y € Ry and t € [0,1].

In [10], s—convexity introduced by Breckner as a generalization of convex func-
tions. Also, Breckner proved the fact that the set valued map is s—convex only if
the associated support function is s—convex function in [11]. Several properties of
s—convexity in the first sense are discussed in the paper [3]. Obviously, s—convexity
means just convexity when s = 1.

Theorem 2. [See [8]] Suppose that [ :[0,00) — [0,00) is an s—convex function in
the second sense, where s € (0,1] and let a,b € [0,00), a < b. If f € L1 [0,1], then
the following inequalities hold:

i, (ath 1 fla)+ ()
L5 271 < dr < :
(15) f(z)z;a/af(x)x s+1
The constant k = —S}rl is the best possible in the second inequality in (1.5). The

above inequalities are sharp.

Some new Hermite-Hadamard type inequalities based on concave functions and
s—convexity established by Kirmaci et al. in [9]. For related results see the papers
[7], 8] and [9].

The main purpose of this paper is to give definition of (r, s) —convexity and to
prove some Hadamard-type inequalities for (r, s) —convex functions.

2. MAIN RESULTS

Definition 3. A positive function f is (r,s) —convezx on [a,b] C [0,00) if for all
x,y € [a,b], s € (0,1] and X € [0,1]

fOz+(1=Ny) < { fA((?;;jZ(fi)(;) 1= N fr ()" zf :f#ro: .

This definition of (r, s) —convexity naturally complements the concept of (r, s) —concave
functions in which the inequality is reversed.

Remark 1. We have that (0, s) —convez functions are simply log — convex functions
and (1,1) —convex functions are ordinary convex functions.

Remark 2. We have that (r,1) —convex functions are r—convex functions.
Remark 3. We have that (1, s) —convex functions are s—convex functions.

Now, we will prove inequalities based on above definition.
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Theorem 3. Let f : [a,b] C [0,00) — (0,00) be (r,s) —convex function on [a,b]
with a < b. Then the following inequality holds;

1
G

(2.1) o [ rww < () @ o

forr,s € (0,1].

Proof. Since f is (r, s) —convex function and r > 0, we can write

flta+(1=6)b) < (" [f(a)]" + A =)*[f(B)]")
for all t € [0,1] and s € (0,1]. It is easy to observe that

b 1
f@de = | flta+ (1 —t)b)dt
o= ]

3=

b—a

< / (2 @) + (1 —8)° [FO)])7 dt.
0

Using the inequality (1.1), we get

i\m

0

- (=) (f’"(a)+f’“(b))r
- () r@ror.

0

0/ + A=) [fO])"dt < [(/tif ) +(/ (1-1) )]

Thus

I

[ e < () @ o

which completes the proof. ([l

Corollary 1. In Theorem 3, if we choose (1,s) —convex function on [a,b] with
a < b. Then, we have the following inequality;

o [ wars () @ 7o,

Corollary 2. In Theorem 3, if we choose (r,1)—convex function on [a,b] with
a < b. Then, we have the following inequality;

bia/abf(x)dxé (ril) (@) + f7 (B)]7 .

Remark 4. In Theorem 3, if we choose (1,1) —convex function on [a,b] C [0, 00)
with a < b. Then, we have the right hand side of Hadamard’s inequality.

She
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Theorem 4. Let f,g : [a,b] C [0,00) — (0,00) be (11, $) —convex and (rq, s) — convex
function on [a,b] with a < b. Then the following inequality holds;
(2.2)

1 ’ 1 ™1 T AT T2 T2\ s
s [ @ < () @I+ O ()l + o o)

“\s+1

forr1>1and%+%:l.

Proof. Since f is (r1, s) —convex function and g is (r2, $) —convex function, we have

1

flta+ @1 =1)b) < (¢ [f(@)]" + (A=) [f()])™
and
glta+ (1— 1)) < (¢ [gla)]™* + (1 —1)° [g(B)]"*) ™=
for all ¢t € [0,1] and 71,72, s € (0, 1]. Since f and g are non-negative functions, hence
fta+ (1 —t)b)g(ta+ (1 —t)b)
< @@ + Q=D [FOI)T (¢ (o) + (L - 1) [g)]™) 7
Integrating both sides of the above inequality over [0, 1] with respect to ¢, we obtain

1

/ [F(ta+ (1 — D)b)g(ta+ (1— £)b)] dt

< [ 1@ @0 oI gl + 10 lgo)) ] at
0
By applying the Holder’s inequality, we have

[l @y + =00 e @) + 0 -0 lao))* | a

0

fevr o

= (5 W@ + O (I 07

By using the fact that

IN

/ (@)™ + (1 - 0)° [Fo)]™ dt)] [ / (t# [9(@)]”* + (1 — 1) [g(v)]"? dt)
0 0
1

b 1
bia/ f(:c)g(a:)dmz/[f(ta+(1—t)b)g(ta—i—(l—t)b)] dt.

0
We obtain the desired result. O

Corollary 3. In Theorem 4, if we choose s =1, r1 =re =2 and f(z) = g(x), we
have the following inequality;

bia/abf(xfdxéw.
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Corollary 4. In Theorem 4, if we choose s = 1 and ry = ro = 2, we have the
following inequality;

L[t < LU O ol s b0
2 2

b—a

Theorem 5. Let f : [a,b] C [0,00) — (0,00) be a (r,s) —convex function on [a,d]
with v, s € (0,1]. If f € Li[a,b], then one has the following inequalities;

g, (a+b fr(a) + f"(b)
(2~3) 27 f( 9 )S ST

Proof. By the (r, s) —convexity of f, we have that
€ + y T T
F(5) 2 @+ 1 o)

for all z,y € [a,b]. If we take x =ta + (1 — t)b and y = (1 — t)a + tb, we obtain

f (a;b> < 21% [f"(ta + (1= )b) + " ((1 — t)a + tb)]

for all t € [0,1]. Integrating the above inequality over [0, 1] with respect to ¢, we
get
1 1
a+b 1 - -
(2.4) F\=5—) <52 | [t Q=tp)dt+ [ f7 (1~ t)a+ tb) dt

-2
0 0

3w

From the facts that

L b
/fr(m+ (1 - t)b)dt = bia/a 7 (@)dz

0

/ﬂ -tarma= o [ @

we obtain the left hand side of the (2.3).
By the (r, s) —convexity of f, we also have that

(2.5) flta+ (1 —=t)b) + f (tb+ (1 —t)a)
< P fa)+ A=) f(O) + 77 (0) + (1= 1)°f" (a)
for all ¢t € [0, 1] . Integrating the inequality (2.5) over [0, 1] with respect to t, we get
b
f"(a) + f7(b)
"(z)dr < ——————.
| e < O
which completes the proof. [l

and

b—a

Remark 5. In Theorem 5, if we choose r = 1, we have the inequality (1.5).

Remark 6. In Theorem 5, if we choose s = r = 1, we have the Hadamard’s
inequality.
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COMPACT COMPOSITION OPERATORS ON WEIGHTED
HILBERT SPACES

WALEED AL-RAWASHDEH

ABSTRACT. Let ¢ be an analytic self-map of open unit disk D. A composi-
tion operator is defined as (Cy, f)(2) = f(¢(2)), for z € D and f analytic on
D. Given an admissible weight w, the weighted Hilbert space H,, consists of

all analytic functions f such that ||fH§{w = |f(0)]2 +/ If' (2)2w(z)dA(z) is
D

finite. In this paper, we study composition operators acting between weighted

Bergman space A2 and the weighted Hilbert space H,. Using generalized

Nevalinna counting functions associated with w, we characterize the bounded-
ness and compactness of these composition operators.

1. INTRODUCTION

Let D be the unit disk {z € D : |z| < 1} in the complex plane. Suppose ¢
is an analytic function maps D into itself and ¢ is an analytic function on
D, the weighted composition operator Wy ., is defined on the space H (D) of
all analytic functions on D by

Wy f)(2) = ¥(2)Cp f(2) = ¥(2) f((2)),

for all f € H(D) and z € D. The composition operator C, is a weighted
composition operator with the weight function 1 identically equal to 1. It
is well known that the composition operator C,f = f o ¢ defines a linear
operator C, which acts boundedly on various spaces of analytic or harmonic
functions on ID. These operators have been studied on many spaces of ana-
lytic functions. During the past few decades much effort has been devoted
to the study of these operators with the goal of explaining the operator-
theoretic properties of Wy, , in terms of the function-theoretic properties
of the induced maps ¢ and ¥. We refer to the monographs by Cowen and
MacCluer [1], Duren and Schuster [2], Hedenmalm, Korenblum, and Zhu [3],
Shapiro [6], and Zhu ([9], [10]) for the overview of the field as of the early
1990s.

For a@ > —1, we define the measure dA, on D by
dA(z) = (—log |z])*dA(z),

where dA is the normalized Lebesgue measure on the unit disk D. The
weighted Bergman space A2 consists of all functions f analytic on D that

2010 Mathematics Subject Classification. Primary 47B33, 47B38, 30H10, 30H20; Secondary
47B37, 30HO05, 32C15.

Key words and phrases. Composition operators, weighted Bergman spaces, Hardy spaces,
weighted Hilbert spaces, compact operators, generalized Nevalinna counting function.
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satisfy
12 = / F(2)2dAu(z) < oo,
D

In this definition, the measure dA, can be replaced by the measure (1 —
|z|)*dA(z) and this results an equivalent norm; see [5] for example. Shapiro
8] showed that f € A2 if and only if f' € AZ,,. In particular, he proved
that

F1IZ = 1F O + 11142,

this formula is just the Bergman space version of the Little-Paley identity.

The Hardy space H?(DD) consists of functions f analytic on D that satisfy

1712 = sup / F(rQ) P (C) < oo,
<

0<r<1 JoD

where o is the normalized Lebesgue measure on the boundary of the unit
disk. In view of the Little-Payley identity, it is natural to define the Hardy
space as A% ;.

Given a positive integrable function w € C2[0,1), we extend w on D by
setting w(z) = w(|z|) for each z € D. Let w be the weight function such that
w(2)dA(z) defines a finite measure on D; that is, w € L'(D, dA). For such a
weight w, the weighted Hilbert space JH,, consists of all analytic functions f
on D such that

1£113e, = [FO) + 112,

where
1712 = / () P(2)dA(2) < oo.
D

For example, consider the weighted Hilbert space 3, associated with the
weight w, (1) = (1 — r%)® where @ > —1. The weighted Hilbert space J;
is the Hardy space H2. The Dirichlet space D, is H, for 0 < o < 1. The
weight Bergman space A2, where a > —1, is the weighted Hilbert space
j‘Ca+2.

Recently, Kellay and Lefévre [4] characterized the compactness of com-
position operators acting on the weighted Hilbert space H,, with the weight
function w that satisfies the following conditions:

(1) w is non-decreasing.
w(r)(1 = r)~(*9) is non-decreasing for some § > 0.

One of the two properties of convexity is fulfilled: w is convex and
lin% W'(r) = 0; or w is concave.
r—r

In this paper, we consider the admissible weight w that only satisfies two
conditions; namely we say w is admissible weight if it is convex and satisfies
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lim w(r) = lim1 W'(r) = 0. We characterize boundedness and compactness
r—1- T—

of composition operators act between weighted bergman space A2 and the
weighted Hilbert space H,,. The results we obtain about composition oper-
ators will be given in terms of a generalized Nevalinna counting functions,
which we define next.

The Nevalinna counting functions play an essential role in study of compo-
sition operators on weighted Hilbert spaces. The classical Nevalinna function
of the inducing map ¢ is defined by

M= X wos(py) seDMpO

iy Nl

where as usual a € o~ 1{z} is repeated according to the multiplicity of the
zero of ¢ — z at a. The Nevalinna counting function N, was first used by
Shapiro in [8] to study composition operators on Hardy spaces H2. In the
same paper Shapiro also defined the generalized counting functions N, - for
v > 0 by

gl
Nl = X (re(h)) s s emieton
acp~1{z}
and used them to study composition operators from a weighted Bergman
space to itself. For more information about the Nevalinna counting func-
tions; see [8], [6], and [1], for example. Kellay and Lefevre [4] defined the
generalized Nevalinna function associated to the admissible weight w by

New(z)= Y wla), z€D\{p(0)},
acp={z}
and used them to study composition operators from a weighted Hilbert
space to itself. Note that if w(r) = (log(1/r))”, then N, is the generalized
Nevalinna counting function N .

The next lemma explains how the generalized Nenalinna counting func-
tion NV, arise naturally in the study of composition operators on weighted
Hilbert spaces, and its proof is a modification of that of (Theorem 2.32,
[1]). This lemma is a generalization of the change of variables formula [8].
Shapiro’s formula is a special case of Stanton’s formula for integral means
of analytic functions [7] that extends the Little-Paley identity. The utility
of the change of variables formula in the study of composition operators on
Hardy and Bergman spaces comes form Stanton’s formula.

Lemma 1.1. Let g and w be positive measurable functions, and ¢ is a
nonconstant analytic self-map of D. Then

/Dg(w(z))\w’(Z)IQW(Z)dA(Z) —/ 9A)No o (A)dA(N).

(D)
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Proof. Suppose ¢ is a nonconstant analytic self-map of D. Since ¢'(z) is not
identically zero, ¢ is locally univalent on D except at the points at which
the derivative equal to zero. Since the zeros of ¢ at most countably many,
we can find a countable collection of disjoint open sets {R,,} such that the
area of D\ U R,, is zero, and such that ¢ is univalent on each R,,.

Let 1, be the inverse of ¢ : R, — ¢(R,). Then the usual change of
variables applied on R,,, with z = ¥, (\) and dA()\) = |¢'(2)|>dA(2), gives

/ 9(9(2) 1¢'(2)* w(z)dA(2) =/ 9(A) w (Pn(A) dA(N).

Rn (Rn)
Let x, denotes the characteristic function of the set ¢(R,,). Since the zeros
of ¢/(z) is countable, we have

o0

/ 0 (9(2)) ¢/ (2) 2 w(z)dA(z) = / 90 w (n(N) dA(N)
D 17 @(Rn)

ey (Z Xn(A) w (%(A))) dA(A)
(D) n=1

e i

A w (2 (A dA(N),
(D)g()<nz::1 ( ())) (A)

where {2, ()} denotes the sequence of zeros of p(z) — A, repeated according
to multiplicity. This completes the proof, since the sum in the last equation
is N, ew(N). O

Recall that an operator is said to be compact if it takes bounded sets to
sets with compact closure. The following lemma characterizes the compact-
ness of a composition operator, and its proof is just a modification of that of
(Proposition 3.11, [1]). The proof is a standard technique of Montel’s The-
orem and definition of a composition operator Cy, so we omit the proof’s
details.

Lemma 1.2. Let ¢ be an analytic self-map of D. Then C, : A2 — 3,

is compact if and only if whenever {f,} is a bounded sequence in A% that

converges to 0 uniformly on compact subsets of D then li_>rn |Cy frllzc, = 0.
n—oo

The next lemma shows that the generalized Nevalinna functions N,
while not subharmonic themselves, satisfy a subharmonic mean value prop-
erty. This lemma is a modification of (Corollary 6.7, [8]) and its proof similar
to that of (Corollary 4.6, [8]), so we omit the proof’s details.

Lemma 1.3. Let w be an admissible weight. Let ¢ be an analytic self-map
of D and ¢(0) # 0. Then for every 0 < r < |p(0)| we have

Newl®) < 5 [ Npul©)aA(0).
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2. COMPACTNESS OF A COMPOSITION OPERATOR

In this section we characterize the boundedness and compactness of a com-
position operator C, mapping weighted Bergman space A? into weighted
Hilbert space H,, associated with the admissible weight w. The notation
A ~ B means that there are two positive constants ¢; and ¢y independent
of A and B such that c;A < B < ¢ A.

Theorem 2.1. let ¢ be an analytic self-map of D. Then C, : A% — H,, s
bounded if and only if

Nuw(X) =0 ((—log |A)*T), as |\ — 1.

Proof. We first show that N, satisfies the given growth condition. For
A € D, consider the test function

( ‘)\‘ )(2+a/
fa(z) = (1= xz)o

Let 15 (z) be the Mobius self-map of D that interchanges 0 and A, that is

A\ —
¢)\(Z) = 1— 5\22'

It is well-known that || fA||?42 ~ 1. Then we have

IComIBe, = IAWOIE + [ KNP (Pu(AC)
~ )P + o BN ()44C)
©
~ )P + o BOPNau(4C)
©

= IO + 2+ PR = lafye [ 5 Rre el )
= APOD + 2+ 0P - o [ ,1_“”_”(2+2a|w;<z>|2dA<z>
= AN + @0~y [ e i

Now for any |z| < %, we get

a 2
ICtilk, 2 a2 o e 240
(2 + a)?|\?

= 42+a(1 _ ‘)\’2)2+a W*’(/\)’
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where the last inequality can be seen by using the sub-mean property Lemma
1.3. If || is sufficiently close to 1, we get for some positive constant C

Ncp,w()‘) < C(l - ‘)“2)2+a”ccp(f/\)ug{w'
Since || fAl|%2 ~ 1 and (1—|A[?) is comparable to log(‘—}\'), we get the desired

growth condition.

For the converse, let f € A2. Then, by the change of variables formula
Lemma 1.1, we get

ICo(F)IEe, = 7 (2O + / 1 (0(2) 21! (2) Peo(2)dA()
— (0 + /D /() 2N (2)dA(2).

By our hypothesis, there is a finite positive constant C' and 0 < r < 1 such
that

1 2+«
Neow(z) <C <log <||>) , for z € D\rD.
z
Therefore, we get
IC(HIIF, < C |f'(2)[PdAa+2(z)
D\rD
< ClIfI2,.

By using the Closed Graph Theorem, we get the boundedness of C,,. O

In the next theorem we are following operator-theoretic wisdom: If a
“big-oh” condition determines when an operator is bounded, then the cor-
responding “little-oh” condition determines when it is compact.

Theorem 2.2. let ¢ be an analytic self-map of D. Then C, : A2 K, is
compact if and only if

Nuw(X) = o ((—log |A])*T), as |\ — 1.

Proof. Suppose that C, is compact and the given grow condition does not
hold. Then there exists a sequence {\,} in D with |A,| — 1 as n — oo such
that

Now(An) > B (=log |\ ])* ™, for some 3 > 0.

Now consider the function
(1 . |)\n‘2)(2+a)/2
(1 . an)Q—‘ra

It is clear that | full42 ~ 1 and {f,} converges uniformly to 0 on com-
pact subsets of . So, by compactness of C, and Lemma 1.2, we have

. 2 .
Tim ([ (f)ll3e, = 0.

falz) =
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On the other hand, using similar argument as that in the proof of Theorem
2.1, there are positive constants C' and C] such that

1C(fu)3e, > / (02D Pl (2) Pw(2)dA(2)

Nga,w(kn)
BT
N w n
> CCH%
(_ log p‘n’)
> CCiB.

Which contradicts the compactness of C,, because C' and (' are constants
independent of n.

For the converse, Let {f,,} be a sequence in the unit ball of A2 converges
to 0 uniformly on compact subsets of . Then Cauchy’s estimate gives
/] converges uniformly to 0 on compact subsets of D. Let ¢ > 0, by our
hypothesis there exists ¢ € (0, 1) such that

N,w(z) < e(—log|z])*T*, for § <|z| < 1.
To end the proof, by Lemma 1.2, it is enough to show li_>m |Cy(fn) Hg{w =
n—oo

ICo(FlEe, = [l ()2 + / (022l (2) Peo(2)dA()
— (0 + / () PN ()dA(2)
— a0 + / )N ()dA) + / L) PN (2)dA(2)

|z|>6

= Ifn(w(O))IQJr/l<5|f£(2)|2N¢,w(z)dA(Z)+6/ | fn(2)2(—log |2])*T*dA(2)

|z|>6

= !fn(w(o))IZJr/ | F1(2)* N (2)dA(2) + €| ful| -
EE)

Since € > 0 is arbitrary, {f,} and {f}} converge to 0 uniformly on compact
subsets of D, we can make the right hand side of the last inequality as small
as we wish by choosing n sufficiently large. This completes the proof. O
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A NEW DOUBLE CESARO SEQUENCE SPACE DEFINED BY
MODULUS FUNCTIONS

0GUZ OGUR

ABSTRACT. The object of this paper is to introduce a new double Cesaro se-
quence spaces Ces(?) (F,p) defined by a double sequence of modulus functions.
We study some topologic properties of this space and obtain some inclusion
relations.

1. INTRODUCTION

As usual, N, R and Ry denote the sets of positive integers, real numbers and
nonnegative real numbers, respectively. A double sequence on a normed linear
space X is a function x from N x N into X and briefly denoted by = = (z(4, j)).
Throughout this work , w and w? denote the spaces of all single real sequences and
double real sequences, respectively.

First of all, let us recall preliminary definitions and notations.

If for every € > 0 there exists n. € N such that |zx; — al| y < & whenever k,[ >
n. then a double sequence {xy;} is said to be converge (in terms of Pringsheim) to
a € X [10].

A double sequence {xy;} is called a Cauchy sequence if and only if for every
€ > 0 there exists ng = no(e) such that |z, — zp 4| < € for all k,1,p, g > ng.

A double series is infinity sum Z?I:l zx,; and its convergence implies the conver-

gence by ||.||x of partial sums sequence {S, ,,, }, where S, ,, =Y 11 > 0 @k (see
2),3)).

If each double Cauchy sequence in X converges an element of X according to
norm of X, then X is said to be a double complete space. A normed double
complete space is said to be a double Banach space [2].

Let X be a linear space. A function p: X — R is called paranorm, if

i) p(0) =0,

i7) p(x) > 0 for all x € X,

iit) p(—x) = p(x) for all x € X

) p(z +y) < p(z) +p(y) for all z,y € X,

v) if (A\,,) is a sequence of scalars with \,, — X as n — oo and (z,,) is a sequence
of vectors with p (z, —z) — 0 as n — oo, then p (Apz, — Az) — 0 as n — oo (
continuity of multiplication by scalars).

A paranorm p for which p(z) = 0 implies « = 0 is called total [7].

A double sequence space E is said to be solid (or normal) if (yz;) € E whenever
lykt] < |zgi| for all k,1 € N and (zx) € E.

2000 Mathematics Subject Classification. 40A05, 40A25, 40A30.
Key words and phrases. Double sequence, modulus function, paranorm, Cesaro sequence space,
solidity.
1
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A function f : [0,00) — [0, 00) is said to be a modulus function if it satisfies the
following:
1) f(z) =0 if and only if z = 0;
2) f(z+y) < f(z)+ [(y) for all &,y € [0,00)
3) f is increasing;
4) f is continuous from right at 0.

It follows that f is continuous on [0, c0) . The modulus function may be bounded
or unbounded. For example, if we take f(z) = =/ (x + 1), then f(x) is bounded.
But, for 0 < p < 1, f(z) = zP is not bounded [9].

By the condition 2), we have f(nz) < n.f(z) for all n € N and so f(z) <
f (nm%) <nf (%) , hence

1
“f@) < f (3) for all n € N.
n n
The FK-spaces L (f), introduced by Ruckle in [11], is in the form

L(f) = {x cw: ) f(lul) < oo}

k=1
where f is a modulus function. This space is closely related to the space ¢ which is
an L (f) space with f(z) = x for all real > 0. Later on, this space was investigated
by many authors (see [1,4,5,8,13]).
For 1 < p < oo, the Cesaro sequence space is defined by

jz :c(z'>|> <oop,

=1

Ces, = xew:i<

Jj=1

equipped with norm

S|

0o j p %
lzll = > ( > x(i)|> .
j=1 i=1

This space was first introduced by Shiue [14]. It is very useful in the theory of
matrix operators and others [6]. Sanhan and Suantai introduced and studied a
generalized Cesaro sequence space Ces(p), where p = (p;) is a bounded sequence
of positive real numbers (see [12]).

Finally, Bala [1] introduced the space Ces(f,p) using a modulus function f as
follows;

Ces(f,p) = waZlf<;Z|x(z)|>] < o0
j=1 i=1

where p = (p;) is a bounded sequence of positive real numbers.

In this work, we introduce double sequence spaces Ces(? (£, p) as follows;

Let p = (pn,m) be a bounded double sequence of positive real numbers and
F = (fn.m) be a double sequence of modulus functions. The space Ces®) (f,p) is
defined by

Pn,m

0o oo 1 n,m
068(2)(F,p) ={ T Ew: Z Z fn,m m Z |‘Ti7j| < o0

n=1m=1 =1
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If fom(x) =2, pnm =p (1 <p < oo) for all n,m € N, then the space Ces®(F,p)
reduced to double Cesaro sequence space.

The following inequality will be used throughout this paper. Let (pnm) be
a bounded double sequence of strictly positive real numbers and denote H =
SUD;, 15, Pn,m- For any complex a, m and by, ,, we have

P < D (|anm P+ [bom

where D = max (1, 2H*1) . Also, for any complex A,

[A[Pmm < max <1, \)\|H) .

Pn,m )

|an,m + bn,m

2. MAIN RESULTS

Theorem 1. The double sequence space Ces(Q)(F,p) is a linear space over the
complez field C.

Proof. Let x,y € Ces(z)(R p) and A, 8 € C. Then there exist integers My, Nz such
that |A| < M, and || < Ng. Hence we have

o oo r ) n.m Pn,m

Z Z fn,m W Z |)‘mi,j + 5yi,j|

n=1m=1 L 2,j=1

oo oo r 1 n,m 1 n,m Pn,m
S Z Z fn,m nm Z |>\x1,J| +fn,m nim Z |Byi,j|

n=1m=1 L i,j=1 i,j=1

o oo | 1 n,m n,m Pr.m
< 2 (M | o 3 Feial | Mo | o 3 o

n=1m=1 L ’ 3,j=1 n.m 1,9=1

o oo 1 n.m Pn,m
< DY D | Mifum — Z |3,
n=1m=1 3,j=1
Pn,m
1 n,m
n=1m=1 i,7=1
0o 0o 1 n,m p’Vl,Wl
< D.max (l,M)\H ! Z Z M) fnm o Z |z 41
n=1m=1 2,j=1
Pn,m
o0 o0
+D.max (LNé{*l) Z Z Ng frn.m Z ‘yw
n=1m=1 1,7=1
where D = max (1, 2H’1) . This shows that Az+By € Ces® (F,p) and so Ces® (F,p)
is a linear space. ([l

Theorem 2. The double sequence space 063(2)(F, p) is paranormed space with the
paranorm

1
Pn,m\ A1

0o 0o n,m
SO [ 3 o

n=1m=1 =1
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where H = sup,, ,, Pnm < 00 and M = max (1, H).

Proof. Tt is clear that g(z) = g(—x) and g(0) = 0. For any z,y € Ces? (F, p),

g(z+y)

M8

IN

<

I
3
I

n

o
n=1

M8

1

[eS)
m=1

Snm

fn,m

g(z) +9(y).

. Pr,m\ 7
L™
o Z |@i,j + Vgl
=1
1 K 1
— >zl |+ fom | —
n.m n.m

1,j=1

n,m
Z |y,

4,j=1

Pn,m

L
M

For the continuity of scalar multiplication suppose that {)\(S)} is sequence of scalar

such that ‘)\(S) - )\‘ — 0 and g(z® —2) — 0 as s — co. We shall show that

g()\(s)x(s) —Az) — 0as s — oo.

g()\(s)x(s) —\z)

IN

IN

where K = 1 + max (1, sup )\(S)). We must show that

SN 1 fam

n=1m=1

ij=1

L
M

=

_ Pn,m
1 n,m ) .
fn,m n.am )\( ):L';) 7)\1:1_]
I =1
o | —— nf Az L \G) g, o\
L ) i ©J
L i,j=1
Frm [ A 8) (s
’ n.m “
7,7=1
L Ti” ‘A(S)ml \z;
n.m & \J J
1 i,j=1
1 n,m Pn,m
fn,'m ﬁ xg,sj) - in,j
1m=1 ’ =1
‘)\(5) Al nm Pmm ﬁ
n.m Z 2.l )
3,5=1
1
‘)\(s) _ )\ nm Pn,m M
T 2 el ~0

112
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L
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as s — 00. For all s € N there exists T' > 0 such that ‘)\(5) — /\‘ < T . Taking € > 0.
Since z € Ces® (F,p), then there exist ng,mg € N such that

o oo ‘)\(5) _| nm Py ‘ A®)
2% e | Xl || 42 3 e
n=ng m=myo 1,7=1 n=1m=mo+1
0o mo ))\(5) — )\ nm Prm
2 2 e | 2 Il
n=no+1m=1 1,7=1
0o oS T n,m Pr,m no 'S n,m
DDA ETS SIEF] | REES ol wil I8 53 o
n=ng m=mgqo 1,j=1 n=1m=mo+1 i,7=1
00 mo n,m Pn,m
+ Z Z frm Z |xw|
n=ngo+1m=1 i,j=1
< &
2
for all s € N. Also, we have
ne mo | ))\(s) 2| nm q Pr.m _
22 o | 2 bl || <3
n=1m=1 L i,j=1 ]
as s — oo. Consequently,
o o T ‘/\(S) ) 1 Pn,m
> |fum 3 oo -0
n=1m=1 L i,7=1 ]
as s — 00. Since
Pn,m
. co oo ‘)\(S) — )\ nm
g2 xa) < (B)F 9@ =)+ [ 303 | fun | Tt D o]
n=1m=1 : i,5=1
we get g(Az(®) — \x) — 0 as s — oo, O

Theorem 3. The double sequence spaces Ces® (F,p) is complete with respect to
its paranorm.

Proof. Let {m(s)} be a double Cauchy sequence in Ces? (F,p) such that (8 =
{ 5683} for all s € N. Then we have
k=1

’
1
Pn,m M

0 ol ~0

l]

oo 0o 1 n,m
(1) Z Z f‘n,m ﬁ Z

n=1m=1 i,j=1

(s) _
i,j
{x(s)} is a Cauchy sequence in C for each fixed 4,5 € N.

as s,t — oo. Hence for each fixed 7,7 € N, |z

113

Z |i,;

1,5=1

Pn,m

Pn,m
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)
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— x;; as s — oo and let define
x = (x; ;). From (1), we have that for € > 0 there exists V € N such that

0o 0o r 1 n,m q Pn,m
= GNP C)) M
S o (s S a9l <
n=1m=1 L i,j=1 ]
for s,t > N and so by taking ¢ — co we have
r 1 Pnym
oo 00 1 n,m ( ) u
S
— T — X <e
DD | | o 2 [ — i
n=1m=1 2,j=1

for all s > N. Thus we get g(z(*) — ) — 0 for all s > N. Finally we must show
that 2 € Ces® (F,p). By definition of a modulus function, for all s > N we get

w o T Prom\ T
E E fn,m nim § | Zi,j
n=1m=1 i,j=1
1
oo oo r nom Pn,m M
1§ (5) 4 .(5)
= Z Z fom nm Z Tij — Ti; T
n=1m=1 =1
~ 1
SIS 1 n,m PromN\ M
} :2 : } : (s)
< fn,m o Tij — L4 5
n=1m=1 =1
p 1
co oo 1 n,m mm M
S
2 DIDDRETS P D o
n.m = ’
n=1m=1 i,j=1
< e+ ga®),

which implies that z € Ces® (F,p). Then Ces® (F,p) is complete.

Theorem 4. Let F' =
(i) limsup I, m((g < oo for all n,m € N implies Ces? (H,p) C Ces® (F,p),

) Ces(z)(H,p) N Ces? (F,p) C Ces® (F + H,p).

(from) and H = (hp,m) be two modulus functions. Then

Proof. (i) By the hypothesis there exists K > 0 such that f,, »,(t) < K.hy, ,(t) for
all n,m € N. Let = € Ces® (H,p), then we have

Pn,m Pn,m
SIS 1 n,m 0o 0o 1 n,m
E E fnm m § |xi,j| < § § Khn,m m § |xi,]|
n=1m=1 =1 n=1m=1 i,j=1
Pn,m
0o 0o
_ H
= o'y > E |z 4
n=1m=1 1,7=1
< o0,

where C' = max (1, K) . Hence we get = € Ces® (F,p).
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(ii) Let = € Ces® (H,p) N Ces® (F,p). Hence we have

o oo r n,m Pn,m
1
525 |G ) [ 3 s
n=1m=1 =1
o oo r ) nom ) n,m Pn,m
- 53 [ (St 7 B
n=1m=1 : 7,7=1 ’ 3,j=1
Pn,m Pn,m
[S SIS n,m 1 m
Z Z er m Z ‘mt,j| + Z Z hn,m Z 7J'| ;
n.m <
n=1 i,j=1 n=1m=1 J=1

where D = max (1, 2H_1) Therefore we get z € Ces? (F—|—H p) and this complete
proof. ([

Corollary 1. The space Ces®) (F,p) is solid.

Proof. Suppose that z € Ces? (F,p) and lyi,j| < |x; | for all 4,5 € N. Then, by
the monotonity of the modulus function we have

0o 0 Pn,m 0o 0o 1 n,m Pn,m
oIV (S= o) | RIS w) of P LS o ¥
n=1m=1 i,j=1 n=1m=1 =1

< o©oQ.
This implies that y € Ces® (F,p) and so Ces? (F, p) is solid. O

Theorem 5. Let (py.m) and (gn,m) be bounded double sequences of positive real
numbers such that 0 < pn.m < @nm < 00 for all n,m € N. Then for any modulus

F = (fum), Ces®(F,p) C Ces?(F,q).
Proof. Let = € Ces?(F,p) . Then we have

Pn,m

o0 oo n,m

1
Z fnm 7m Z |$i7j| < Q0.
n=1m=1 =1

Hence there exists N € N such that f, ., (ﬁ S Pt |x”|) <1 for all n,m > N.
Since 0 < pp,m < Gn,m , We get

) 0o 1 n,m qn,m 0o Pn,m
S [t (i Sl)| € XX [ [ S e
n=N m=N =1 n=N m=N i,j=1

< o0
and so z € Ces? (F, q). O
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Abstract
Let f € C?([-1,1]), p > 0 and let L be a linear right fractional
differential operator such that L (f) > 0 throughout [—1,0]. We can find
a sequence of polynomials @, of degree < n such that L (Q») > 0 over
[—1, 0], furthermore f is approximated uniformly by Q. The degree of this
restricted approximations is given by an inequalities using the modulus of
continuity of f®.

2010 AMS Mathematics Subject Classification : 26A33, 41A10, 41A17,
41A25, 41A29.

Keywords and Phrases: Monotone Approximation, right Caputo fractional
derivative, right fractional linear differential operator, modulus of continuity.

1 Introduction

The topic of monotone approximation started in [5] has become a major trend
in approximation theory. A typical problem in this subject is: given a pos-
itive integer k, approximate a given function whose kth derivative is > 0 by
polynomials having this property.

In [2] the authors replaced the kth derivative with a linear differential oper-
ator of order k. We mention this motivating result.

Theorem 1 Let h,k,p be integers, 0 < h < k < p and let f be a real func-
tion, fP) continuous in [—1,1] with modulus of continuity wi (f(p),a:) there.
Let a; (z), j = h,h +1,...,k be real functions, defined and bounded on [—1,1]
and assume ap (x) is either > some number o > 0 or < some number 8 < 0
throughout [—1,1]. Consider the operator

L- i @ | 15] )
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and suppose, throughout [—1,1],

L(f)=0. (2)

Then, for every integer n > 1, there is a real polynomial Q, () of degree < n
such that
L(Qn) > 0 throughout [—1,1] (3)

and

max |f (z) = Qn ()] < Ok Py (f(”), 1) , ()

—1<z<1 n

where C' is independent of n or f.

In this article we extend Theorem 1 to the right fractional level. Now L
is a linear right Caputo fractional differential operator. Here the monotonic-
ity property is only true on the critical interval [—1,0]. Quantitative unifom
approximation remains true on all of [—1,1].

To the best of our knowledge this is the first time right fractional monotone
Approximation is introduced.

We need and make

Definition 2 (/3]) Let a > 0 and [a] = m, ([-] ceiling of the number). Con-
sider f € C™ ([—1,1]). We define the right Caputo fractional derivative of f of
order a as follows:

1
(D f) (@) = / (£ — o)™ £ (1) d, (5)

for any x € [—1,1], where T is the gamma function.
We set

Di_f(z)=[(2),
D" f (z) = (=1)" f" (z), Vaze[-1,1]. (6)

2 Main Result

We present

Theorem 3 Let h,k,p be integers, h is even, 0 < h < k < p and let f be a
real function, f®) continuous in [—1, 1] with modulus of continuity w, (f(p), 6) ,
0 >0, there. Let aj (z), j = h,h+1,..., k be real functions, defined and bounded
on [—1,1] and assume for x € [—1,0] that ay, () is either > some number a > 0
or < some number B < 0. Let the real numbers ag =0 < a1 <1 < as <2<
v < ap < p. Here DY’ f stands for the right Caputo fractional derivative of
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f of order o anchored at 1. Consider the linear right fractional differential
operator

k
L:= Z o (z) [D}Y ] (7)
j=h
and suppose, throughout [—1,0],

L(f)=0. (8)

Then, for any n € N, there exists a real polynomial Q, (x) of degree < n
such that
L(Q,) >0 throughout [—1,0], 9)

and

max |f (z) = Qn ()] < Cnk Py (f@% 1) , (10)

—1<z<1 n

where C' is independent of n or f.

Proof. Let n € N. By a theorem of Trigub [6, 7], given a real function g,
with g(®) continuous in [—1,1], there exists a real polynomial g, (x) of degree
< n such that

. , , 1
(4) — g < j-p () —
_max g (2) — ¢y (2)| < By’ "Pen <9 ; n) ; (11)
Jj=0,1,...,p, where R, is independent of n or g.

Here h,k,peZ,y,0< h <k <p.

Let a; >0,j=1,..,p,suchthat 0 < oy <1<y <2<az3<3.<..<
ap <p. Thatis [e] =34,5=1,..,p.

We consider the right Caputo fractional derivatives

(-1’

(D;lig) (z) = m

/ (-2 g0 0t (12)
(Pi_g) @) = (1Y g (@),
and

(D20) @) = s [ =2y e 0 (13)

(D) @) = (-1 4P (@): 5 = L..p,

where I' is the gamma function
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‘We notice that
|(Dy" g) (x) — (D} qn) (z)| =

| e wa [t wal = oy
o | (0 0 - ) ] <

e [ e o wa S o

TGy Gy B e (1) < an

20— ; 1
& R piP (P Z).
STETETL A )

We proved that for any = € [—1, 1] we have

o a; 20— . 1
Hence it holds
a; a; 2~ Jj—p (p) 1
_pax, [(D129) (2) = (Di”qs) (z)] < WRW w1 <9 7n> ;

(19)

j=0,1,...;p.
Above we set DY_g(z) = g(z), DY_g, (z) = qn(2), V = € [-1,1], and
ag =0, i.e [ag] =0.

Put
sj = sup }a;l () oy (@)|, G =hyik, (20)
—1<z<1
and
PRAYES 2T
=R p) — e L 2 21
n pW1 (f an> ;‘Sjr(jfoé‘j‘i“l)n ( )

I. Suppose, throughout [—1,0], ap (z) > « > 0. Let Q. (z), z € [-1,1], be a
real polynomial of degree < n so that

o _ o (19)
Jmax [ (f (@) +m, ()71 a") = (D2Qu) (@) <
207 vy, [+ 1
TG " (f n) 2

4
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j = 03 17 P
In particular (j = 0) holds

max )(f () +mn, (h!f1 ;Uh> —Qn (m)) < R,n"Pw; (f(p), 1> ,

—1<z<1 n
and )
_ < Nt -p (» Z) =
17 (0) = Qu @) < ()4 Ry (9,1
2J—aj .
MR (») i=p
( ) pW1 (f > ZSJF jfoéj‘i’l)n
w !
+RnPwy | fP, =) <
n
97—
(P) Z ) pk-p
(f > ZS]F]‘“J"’D
That is
— <
_max |f(2) — Qn ()] <
(1S . kg, (o), 1L
p | 1+ (RY) Jz:;lsjm n wl(f ’n)’
proving (10).
Here i

and suppose, throughout [—1,0], Lf > 0.
So over —1 <z <0, we get

-1 -1 (1—a)
@, (2)L(Qn(2)) = ;" (2) L(f (2)) + Mz +

(h*O&thl)

(22)

Zah #)a; (@) [ DY Qu (2) - DY f (@) - Je DY a"| =

(1—a)" " 27 i w1
U"F(h—ah—i—l ZJF j—Oéj-i-l) Ryor (1 ‘n
(lfx)h_ah B
T —an+1) T T (h—an+1

(23)

(24)

(25)

(26)

(27)

(28)
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(1—a2)" =T (h—an+1)
I'h—ap+1)

>0 [1—F(h—ah+1)

Thoa+n |20 29

Mn

Explanation: We know I' (1) = 1, I'(2) = 1, and I" is convex and positive on
(0,0). Here 0 <h—qap <land1<h—ap+1<2 ThusT'(h—a)+1)<1
and

1-T(h—ap+1)>0. (30)

Hence
L(Qn(x)) >0,z € [-1,0]. (31)

II. Suppose, throughout [—1,0], ap (z) < 8 < 0. In this case let @, (z),
x € [-1,1], be a real polynomial of degree < n such that

Cmax [ (f (@) = m, ()7 e") = (D2Qu) (@) < (32)
20— 1
Jj—p () =
F(]*O&jJrl)an w1 (f 7n)
7=0,1,...,p.

In particular holds (j = 0)

max )( F@) —n, ()" xh> —Q, (x)) < Ryn~Pw, ( 7@, i) . (33)

—1<z<1
and
max |f (z) — Qn (z)] <n,, (W)™" + Ryn P (f(p), 1) (as b;fore)
—1<z<1 -
e <f(p)’ ;‘> " Zsjr Jz_Jo:]—F 0/ (34)
That is

reproving (10).
Again suppose, throughout [—1,0], Lf > 0.
Also if —1 <z <0, then

(1—z)"

T —an 1) (36)

' (@) L(Qn (@) = oy (2) L (f () -

122



Right Fractional Monotone Approximation
George A. Anastassiou

Za () [D2.Q@n () = DY f (@) + 12 (D) | '<

(1L—a)" e 27 i ® L
n"F(h—ah—i—l ZSJI‘ j—a]—i—l) Ryor (1 ‘n

1—az)r . 1—az) 7\
Ty 1) Th—an+1) )

. (F(h—athl)—(l—x)hah) <n (1_(1_W> <0, (37

I'h—ap+1) T'h—ap+1)

and hence again
L(Qn(x)>0, Vael[-1,0]. (38)

Remark 4 Based on [1], here we have that D}? f are continuous functions,

j=0,1,...,p. Suppose that ap (x), ..., (x) are continuous functions in [—1,1],
and L(f) > 0 on [—1,0] is replaced by L(f) > 0 on [—1,0]. Disregard the
assumption made in the Theorem 3 on ay, (z). Forn € N, let Q,, (x) be qn, (x)

of (19) for g = f. Then Q. (z) converges to f at the Jackson rate [, p. 18,
Theorem VIII] and at the same time, since L (Q.,) converges uniformly to L (f)
n [-1,1], L(Qn) > 0 on [—1,0] for all n sufficiently large.
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operator and Ruscheweyh operator
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Abstract

The purpose of this paper is to introduce sufficient conditions for subordination and super-
ordination involving the derivative operator DRY"" and also to obtain sandwich-type result.

Keywords: analytic functions, differential operator, differential subordination, differential super-
ordination.
2010 Mathematical Subject Classification: 30C45.

1 Introduction

Let H (U) be the class of analytic function in the open unit disc of the complex plane U =
{z € C: |z| < 1}. Let H (a,n) be the subclass of H (U) consisting of functions of the form f(z) =
a+ap2™ 4+ 12"+

Let A, = {f € H(U) : f(2) = 2+ ani12" +..., € U} and A = A;.

Denote by K = { feA:Re z;c,/éz) +1>0, z€U } , the class of normalized convex functions
in U.

Let the functions f and g be analytic in U. We say that the function f is subordinate to g,
written f < g, if there exists a Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1,
for all z € U, such that f(z) = g(w(2)), for all z € U. In particular, if the function g is univalent in
U, the above subordination is equivalent to f(0) = ¢(0) and f(U) C g(U).

Let ¢ : C> x U — C and h be an univalent function in U. If p is analytic in U and satisfies the
second order differential subordination

Y(p(2), 20 (2), 220" (2); 2) < h(z), for z €U, (1.1)

then p is called a solution of the differential subordination. The univalent function ¢ is called a
dominant of the solutions of the differential subordination, or more simply a dominant, if p < ¢ for
all p satisfying (1.1). A dominant ¢ that satisfies ¢ < ¢ for all dominants ¢ of (1.1) is said to be the
best dominant of (1.1). The best dominant is unique up to a rotation of U.

Let ¢ : C* x U — C and h analytic in U. If p and ¢ (p(2), 2p’ (2),2%p" (2) ; 2) are univalent
and if p satisfies the second order differential superordination

h(z) < P(p(2), 20 (2), 2" (2)52), 2z €U, (1.2)

then p is a solution of the differential superordination (1.2) (if f is subordinate to F', then F' is
called to be superordinate to f). An analytic function ¢ is called a subordinant if ¢ < p for all p
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satisfying (1.2). An univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is
said to be the best subordinant.
Miller and Mocanu [17] obtained conditions h, ¢ and 1 for which the following implication holds

h(z) < Y(p(2), 20 (2), 2%p" (2)52) = q(2) < p(2).

For two functions f(z) = z + 3 ;25 a;27 and g(2) = z 4+ Y52, b;j2’ analytic in the open unit
disc U, the Hadamard product (or convolution product) of f (z) and g (z), written as (f * g) (), is
defined by

F(2)rg(2)=(Frg)(2) =2+ > ashzl.

j=2
Definition 1.1 (Al Oboudi [7]) For f € A, X > 0 and n € N, the operator DY is defined by
Dy': A— A,
Df(2) = [(2)
Dif(z) = (1=N)f(z)+A2f'(2) = Daf (2)

DY'f(z) = (1—2X) D/\mflf (z2) + Az (DY'f (2)) = Dy (D/\mflf (z)) , for z € U.

Remark 1.1 If f € A and f(2) = 2+ 3 [, a;27, then DY f (2) = 2+ 352, [+ (j — 1) A]"™ a;27,
for z e U.

Remark 1.2 For A =1 in the above definition we obtain the Sdlagean differential operator [20)].
Definition 1.2 (Ruscheweyh [19]) For f € A andn € N, the operator R™ is defined by R" : A — A,

Rf(z) = f(2)
R'f(z) = zf (2)

(n+1) R f(2) = 2(R"f(2)) +nR"f(2), zeU.

Remark 1.3 If f € A, f(z) = z—i—zjqizajzj, then R f (2) =z + 3 7% :fjj 11), ajz! for z € U.

The purpose of this paper is to derive the several subordination and superordination results
involving a differential operator. Furthermore, we studied the results of M. Darus, K. Al-Shags [15],
Shanmugam, Ramachandran, Darus and Sivasubramanian [21], R.W. Ibrahim, M. Darus [16].

In order to prove our subordination and superordination results, we make use of the following
known results.

Peﬁnition 1.3 [18] Denote by @Q the set of all functions f that are analytic and injective on
U\E (f), where E(f) ={¢ € 0U : lin%f (2) = oo}, and are such that f'(¢) # 0 for ( € OU\E (f).
z—

Lemma 1.1 [18] Let the function q be univalent in the unit disc U and 0 and ¢ be analytic in
a domain D containing q (U) with ¢ (w) # 0 when w € q(U). Set Q(z) = z¢' (2) ¢ (¢(2)) and

h(z) =0(q(2)) + Q(2). Suppose that
1. Q 1is starlike univalent in U and

2. Re (5B >0 forzev.
If p is analytic with p (0) = ¢ (0), p(U) C D and
0(p(2) +2p'(2) 6 (p(2)) < 0(q(2)) + 24 (2) ¢ (¢(2)),

then p(z) < q(z) and q is the best dominant.
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Lemma 1.2 [1}] Let the function q be convex univalent in the open unit disc U and v and ¢ be

analytic in a domain D containing q (U). Suppose that
1. Re <';;((5((5))))> >0 for ze U and
2.9 (2) = 2¢' (2) ¢ (q(2)) is starlike univalent in U.

Ifp(2) e H[q(0),1]NQ, withp(U) C D and v (p(z)) + 20" (2) ¢ (p(2)) is univalent in U and

v(q(2)) + 24 (2) ¢ (q(2)) <v(p(2)) + 20" (2) 6 (p(2)) ,
then q(z) < p(z) and q is the best subordinant.

2 Main results

Definition 2.1 Let A > 0 and n,m € N. Denote by DRT’" : A — A the operator given by the
Hadamard product of the generalized Sdldgean operator DY* and the Ruscheweyh operator R",

DR™f (2) = (DY * R") f (2) ,
for any z € U and each nonnegative integers m,n.

Remark 2.1 If f € A and f(z) =2z + Z;ig a;z?, then

DRY"f(2) = 2 + Y L+ G =A™ (2567:11))!!%223', forzeU.

This operator was studied in [12].

Remark 2.2 For A =1, m = n, we obtain the Hadamard product SR™ [1] of the Salagean operator
S™ and Ruscheweyh derivative R™, which was studied in [2], [3].

Remark 2.3 For m = n we obtain the Hadamard product DRY [4] of the generalized Sdldgean
operator DY and Ruscheweyh derivative R"™, which was studied in [5], [6], [8], [9], [10], [11].

Using simple computation one obtains the next result.
Proposition 2.1 [12]/ For m,n € N and X\ > 0 we have
2(DRY™f(2)) = (n+1) DRY"™ ™ f (2) — nDRY™" f (2) . (2.1)

We begin with the following

Theorem 2.2 Let % eEHWU),zeU, fe A, mneN, \>0 and let the function q(z)
A
be conver and univalent in U such that q (0) = 1. Assume that
a 2q (2) | 2¢" (Z))
Re(1+—=q(z2)— + >0, zeU, 2.2
( 5q() q(z)  d(2) 22
fora,8e€C,0#0, z€ U, and
P (a, 85 2) o= (2.3)
m,n+1 !
B(n+1) (o s 2) i (a— g PES (2) 8
n a—. — fn.
(DRT™f (2))’ DR{™ f (2)

If q satisfies the following subordination

VY (o, B 1 2) < g (2) + (2.4)
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for,a,3 € C, 3 #0 then 1
DR f (2)
W<Q(Z); zel, (2.5)

and q is the best dominant.

Proof. Our aim is to apply Lemma 1.1. Let the function p be defined by p () := = DD]};QL:”]{((ZZ))
A
zeU, z#0, f € A. The function p is analytic in U and p (0) =1
Differentiating this function, with respect to z,we get
o (2) = 2(DRY"" f(2))' n 2(DRY"f(2)" [ 2(DRY(2) 2
P2 = DRI G) DR, (2) DR, f(2)

By using the identity (2.1), we obtain

)

(DR’” 1y )'
(DRY™f (2 >)’ -

z (DRT’nf (z)),
DRY"™f (2)

=(n+1)

—-n (2.6)

By setting 6 (w) := aw and ¢ (w) := g, a, 8 € C, B # 0it can be easily verified that 6 is analytic

in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
Also, by letting Q (2) = 2¢' (2) ¢ (¢ (2)) = ﬁz% () %) we find that @ (z) is starlike univalent in U.
z)

Let h(2) = 0(q(2) +Q(2) = ag(2) + ZH 2 eU
If we derive the function @), with respect to z, perform calculations, we have Re (Zh,(z)) =

a _24'(2) | 2" (2)
RQ(HBQ(Z) q(z>+q<>)>0

By using (2.6), we obtain

_ AR I) (DRY™@) (DRM@)
ap (2) + B = 0oy + 6 | (0 1) S ))’ o mi

DR () 2(DR™" f(2))’
ﬁ(n-i—l)W-l—(a— ﬂ)%—ﬁn.

By using (2.4), we have ap (z) + ﬁ% <aq(z)+ ﬁ%.

Therefore, the conditions of Lemma 1.1 are met, so we have p (2) < q(2), z € U, i.e.%
A

< q(z), z € U, and q is the best dominant. m

Corollary 2.3 Let q(z) = %igz, 1< B<A<1,mmneN A>0, ze€ U Assume that (2.2)
holds. If f € A and

mon _ 14 Az (A-B)z

Bz < e H T A By

fora,BeC, 8#0, -1 < B<A<1, where Y\"" is defined in (2.3), then

2 (DR f (2)) . 14 Az
DRY™f (2) 1+ Bz

and iigz 1s the best dominant.

Proof. For q(z) = }igj, —1 < B < A<1,in Theorem 2.2 we get the corollary. m
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Corollary 2.4 Let q(z) = %Z,m,n €N, A >0,z € U. Assume that (2.2) holds. If f € A and

142 2z
1— +ﬁl—z2’

P (a, B, 13 2) <
fora, B € C, B #0, where Y\"" is defined in (2.3), then

z(DRY"™"f (z))/ - 1+ 2
DRY"™f (2) 1-2’

and % 1s the best dominant.

Proof. Corollary follows by using Theorem 2.2 for ¢ (z) = %

Theorem 2.5 Let q be conver and univalent in U, such that q(0) =1, m,n € N, A\ > 0. Assume
that

Re <%q(z)> >0, fora,0€C, u#0, zeU. (2.7)

If f € A, % € H[g(0),1]NQ and Y™ (v, B, p; 2) is univalent in U, where "™ (o, B; 2)
A

is as defined in (2.3), then

aq (z) + ﬁzg(g) < YN (a, B, 1152), 2z €U, (2.8)
implies
z (DRT’nf (z))l

q(z) < DRI (2) zeU, (2.9)

and q is the best subordinant.

| |
Proof. Let the function p be defined by p(z) := %, zelU, z#£0, f e A
A
By setting v (w) := aw and ¢ (w) := g it can be easily verified that v is analytic in C, ¢ is
analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
Since ¢ is convex and univalent function, it follows that Re (Vl(q(z))> = Re (%q (Z)> > 0, for

#(q(2))
a,8€C, 3#0.
By using (2.8) we obtain

2q (2) zp' (2)
aq(z)+ 4 (2 <ap(z)+p o)
Using Lemma 1.2, we have
B B z (DR;”’nf (z)), 3

and q is the best subordinant. m
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Corollary 2.6 Let q(z) = Itdz 1 < B< A<1, m,neN,\>0. Assume that (2.7) holds. If

14+Bz’
2(DR™"™#( ’
FeAXDEION <y (0),1]0Q and
1+ Az (A—B)z o '
a1+Bz+ﬁ(1+Az)(l+Bz) <Py (@, B 2),

fora,BeC, 8#0, -1 < B < A<1, where Y\"" is defined in (2.3), then

1+4z 2 (DRY"f (2))
1+ Bz DRY"™f (2)

1+Az
1+B=z

and 18 the best subordinant.

Proof. For q(z) = %igi, —1 < B < A<1in Theorem 2.5 we get the corollary. m

Corollary 2.7 Let q(z) = 32 m,n € N, A > 0. Assume that (2.7) holds. If f € A,%
A

1—27
€ Hqg(0),1]NQ and

1+ 2 2z
o+ By < U (@, 5;2),

for a, 3 € C, B #0, where Y\"" is defined in (2.3), then

1+ 2 - z (DR;”’nf (z))/
1—2 DRY™f (2)

142

1= is the best subordinant.

and

Proof. Corollary follows by using Theorem 2.5 for ¢ (z) = % ]

Combining Theorem 2.2 and Theorem 2.5, we state the following sandwich theorem.

Theorem 2.8 Let q1 and g2 be analytic and univalent in U such that q1 (z) # 0 and q2 (2) # 0,
for all z € U, with zq} (z) and zq, (z) being starlike univalent. Suppose that q1 satisfies (2.2) and

qa satisfies (2.7). If [ € A, HDRIIE) e H[g(0),1]NQ and " (o, B; 2) is as defined in (2.3)

DR f(z)
univalent in U, then
Bzqi (2) | mn Bzqj (2)
aq (z) + ——— < o, 05 2) < ags (2) + ,
q1 ( ) ¢ (Z) 1/})\ ( 5 ) q2 ( ) 0 (Z)
for a, 6 € C, B # 0, implies
z (DRT’nf (z))/

q1 (Z) < DRT’nf (Z) =< g2 (Z) ’

and q1 and qo are respectively the best subordinant and the best dominant.

For q1 () = }I‘gg, @2 (z) = %igi;, where —1 < By < By < A1 < Ay < 1, we have the following

corollary.
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Corollary 2.9 Let m,n € N, A > 0. Assume that (2.2) and (2.7) hold for qi (z) = 1tdiz g

1+B;1z

14 Ag2 (DRI ()

G2 (2) = 1355, respectively. If f € A, PRI © Hq(0),1]NQ and

1+ Az (Al — Bl) 2 mn '
a1+Blz+5(1+A1z) (1+ By2) <" (@, B 2)
< 1+ Agz (A2 — Bg) Z

7 Bz (1+ Asz) (14 Be2)’

fora,BeC, 8#0, -1 < By < By <A1 <Ay <1, where \"" is defined in (2.3), then

hence

L+ 4z 2 (DRY"f (2))' L+
1+ Bz DRY"™f (2) 1+ Bgz’

1+A1z d 14+ Aoz

i and g% are the best subordinant and the best dominant, respectively.
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Abstract: In this paper, we propose and analyze a new predictor corrector type
method for solving uniformly regular invex equilibrium problems by using the aux-
iliary principle technique. The convergence criteria of this new method under some
mild restrictions is also studied. New and known methods for solving variational-like
inequalities and equilibrium problems appear as special consequences of our work.

Key Words: Equilibrium problem, Invex function, Prox regular set.

MSC: 49J40, 91B50

1 Introduction

A variety of problems arising in optimization, economics, finance, networking, trans-
portation, structural analysis and elasticity can be studied in the framework of
Equilibrium problems. The theory of equilibrium problems provides productive and
innovative techniques to investigate a wide range of such problems. Blum and Oettli
[1] and Noor and Oettli [2] has shown that variational inequalities and mathemati-
cal programming problems can be seen as a special case of the abstract equilibrium
problems.

There are a many numerical methods including the projection technique and its
variant forms, Weiner-Hopf equations, the auxiliary principle technique and resol-
vent equations method for solving variational inequalities. However, it is known that
projection, Weiner-Hopf equations, and proximal and resolvent equations techniques
cannot be extended and generalized to suggest and analyze similar iterative meth-
ods for solving uniformly regular invex equilibrium problems and variational-like
inequalities due to the presence of function 7 (.,.). To overcome this shortcoming,
one may use auxiliary principle technique. Several interesting generalizations and
extensions of classical convexity have been studied and investigated in recent years.
Hanson [3] introduced the invex functions as a generalization of convex functions.
Later, subsequent works inspired from Hanson’s result have greatly found the role



Predictor Corrector type method,
Wasim Ul-Haqg, Manzoor Hussain

and applications of invexity in non linear optimization and other branches of pure
and applied sciences. The basic properties and role of preinvex functions in opti-
mization, equilibrium problems and variational inequalities was studied by Noor
[2,4,5] and Wier and Mond [8]. Motivated from the above and recent work of Noor
et al. [47], we use the auxiliary principle technique which is mainly due to Glowinski
et al. [12] to propose and analyze a new predictor-corrector type method for solving
the uniformly regular invex equilibrium problems. We also study the convergence
of this new method under some suitable conditions.

2 Preliminaries

Let (.,.) and ||.|| denote the inner product and norm respectively in a real
Hilbert space H. In the sequel let f: K — H and n(.,.): K x K — H be a
continuous function, where K is a nonempty closed convex set in H. Now, we
recall some basic definitions and concepts of non-smooth analysis, for details
see [48,49].
Definition 1.The proximal normal cone denoted by NZ(u) of the set K at u is
defined by

NE(u)={€ € H:u € Pglu+ af]}
where a@ > 0 is a constant and Pk[.] is the projection of H onto the set K and
defined as

Prlul ={v* € K :dx = ||v —u"||}

Here d (.) is the usual distance function to the subset K, and defined as
di (u) = inf ||lv —ul|.
K (u) = inf [l —
The proximal normal cone has the following characterization.

Lemma 1. Let K be a closed subset in H. Then ¢ € NE(u) if and only if there
exists a constant such that

Ev—u) <alv—ul?, WweK.
Definition 2. The Clarke normal cone, denoted by N (u) is defined as
N (u) = 0[Nk ()], Vue K

where @ means the closure of the convex hull. Clearly NZ(u) ¢ N{(u), but the
converse is not true. Note that N (u) is always closed and convex, whereas N (u)
is convex but may not be closed, see [49].

Poliquin et al. [49] and Clarke et al. [48] have introduced and studied a new class
of nonconvex sets, which are also called uniformly prox-regular sets. This class
of uniformly prox-regular sets has played an important role in many nonconvex

134
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applications such as optimization, dynamical systems and differential inclusion. In
particular, we have

Definition 3. For a given r € (0, 0c], a subset K, is said to be uniformly r—proximal
regular if and only if for each v € K, and all proximal normal vectors 0 # £ € N 2 (u),

1
<H§H’n(v’”)> < o lln@wl, Ve K,

The class of uniformly prox-regular sets contains the class of convex sets, p-convex
sets, C1'! submanifolds (possibly with boundary) of H, the images under a C'!
diffeomorphism of convex sets and many other nonconvex sets, see [48,49]. It is
clearsimple to note that if r = oo then uniformly r—proximal regular set K reduces
to convex set. This observation plays a key role in this work. It is known that if K
is a uniformly r—prox-regular set, then the proximal normal cone N }?(u) is closed
as a set-valued mapping. Thus, we have N¥(u) = N¥(u). From now onward the set
K, is considered to be uniformly proximal regular invex set. For a given continuous
bifunction F'(.,.) : K, x K, — H, consider the problem of finding u € K, such that

k
P+ () o wlf 20, W ek,

where k is a positive constant. By letting A = % such that A = 0 for r = oo, then
the above problem becomes

F(u,v) + A n(v,u)||* >0, YovekK,. (2.1)

This type of problem is called uniformly regular invex equilibrium problem. Note
that for n(v,u) = v — u, then the uniformly regular invex equilibrium problem
reduces to uniformly regular equilibrium problem introduced and studied by Noor
[26,3 — 5] and Noor and Noor [30] and for » = oo uniformly regular invex equilibrium
problem reduces to classical equilibrium problem introduced and studied by Blum
and Oettli [1] and Noor and Oettli [2]. If F(u,v) = (Tu,n(v,u)), where T : H — H
is a nonlinear continuous operator, then problem (2.1) is equivalent to finding u € K,
such that

<Tu + X (v, )| ,n(v,u)> >0, Vvek,. (2.2)

which is a variant form of varitainol-like inequality problem. Note that for r =
oo problem (2.2) reduces to varitainol-like inequality problem studied by various
authors in recent years, see Noor [19] and Yang and Chen [43]. If n(v,u) = v —u
and r = oo uniformly r—proximal regular set reduces to convex set K.and problem
(2.2) is equivalent to finding u € K such that

(Tu,v—u) >0, V vekK. (2.3)

which is known as the classical variational inequality introduced and studied by
Stampacchia [40]. For the recent applications, numerical methods and formulation
of variational inequalities, variational-like inequalities and equilibrium problems, see
[1-51] and the references therein.

Definition 4. The function F'(.,.) : K x K — H is said to be:
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(i). n—pseudomonotone

F(u,v) > 0= —F(v,u) >0, Yu,ve€ K.

(ii). partially relaxed strongly n—monotone, if there exist a constant a > 0 such
that
F(u,v) + F(v,2) < a|n(z,v)|?*, Yu,v,z€ K,

Note that for z = u, n(z,u) = 0, ¥ u € K, thus partially relaxed strongly monotonic-
ity reduces to
F(u,v) 4+ F(v,u) <0, VYu,v,€K,

which is known as the n—monotonicity of F' (.,.) . It is obvious that n—monotonicity
implies n—pseudomonotonicity, but the converse is not true.

3 TIterative methods and convergence analysis

In this section, we introduce some iterative scheme for solving the uniformly regular
invex equilibrium problem (2.1) by using the auxiliary principle technique, which is
due to Glowinski et al. [12].

For a given u € K,, consider the auxiliary uniformly regular invex equilibrium
problem of finding w € K, such that

pF (u,v) + pX (v, w)|* + (E'(w) — E'(wn),n (v,un41)) >0, VvekK,, (3.1)

where p is a positive constant and E’(u) is the differential of a strongly preinvex
function E at u € K. From the strong preinvexity of the differentiable function
E(u), it follows that problem (3.1) has a unique solution. Note that if w = u,
then w is a solution of uniformly regular invex equilibrium problem (2.1). This
observation leads us to propose and analyze the following iterative scheme for solving
the uniformly regular invex equilibrium problem (2.1).

Algorithm 1. Given ug € H, calculate u,4; from the following iterative scheme
PE (wn, v)+pA [1(0, wn) [P +(E' (un+1) = E'(wn), 0 (v,un11)) 20, ¥ v € K, (3.2)

F (t,v) 4+ pX (v, un)[|* 4+ (B (wn) — E'(un),n (v,w,)) >0, YveK, (3.3)

where p, 4 are both positive constants.
If F (u,v) = (Tu,n(v,u)), then we have

Algorithm 2. Given ug € H, calculate u,1 through iterative scheme

(pTwa+ A [0, w0) | + B (tns1) = B'(wa), 1 (v, un41)) 20, Vv e K,
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(1T + (0, un)|P + E'(w) = B (ua), 1 (0,0)) 20, Vv € K,

where p, 4 are both positive constants.

When r = 400, then A = 0, so the uniformly regular invex equilibrium problem
reduces to equilibrium problem. i.e.

F(u,v) >0, Vve K
and the uniformly prox-regular set K becomes convex set K. Thus, we have

Algorithm 3 [47]. For up € H we calculate uy4+1 through the following iterative
scheme
PF (wn,v) + (E'(unt1) — E'(wn),v — tn41) >0, Vv e K

pF (tn,v) + (E'(wy) — E'(up),v —wy) >0, YveK

where p, ;1 are both positive constants.
Now if, F (u,v) = (T'u,v), then we have

Algorithm 4[47]. For ug € H we calculate u,41 through the following iterative
scheme
<pT7~Un + El(un+1) - E,(wn),v - Un+1> >0, Vve K

(UTuy + E'(wp) — E'(up),v —wy) >0, YveK
where p, i are both positive constants.

We now study the convergence criteria of Algorithm 1. For this purpose, we need
the following condition.

Assumption 1[47]. V u, v, z € K, the function 7 (., .) satisfies the following condi-
tion

n(u,v) =n(u,z)+n(z,v). (3.4)

Assumption has been used to study the existence of a solution of a variational-like
inequalities. Note that 7 (u,v) = 0 if and only if u = v, Yu,v € K.

Theorem 1. Suppose the function F(.,.) is partially relaxed strongly n—monotone
with constant o > 0 and suppose E(u) be a strongly preinvex function with 5 > 0. If
0<p< O%/\, O<pu< aiﬂ and the above assumption holds, then the approximate
solution obtained from Algorithm 1 converges to a solution u € K of the uniform

regular invex equilibrium problem (2.1).
Proof Let u €K, be a solution of (2.1), see [1,19]. Then
pF(u,v) + pX|n (v,w)|* >0, Yo € K, (3.5)

PE(u,0) + p 0 (v, w)[* > 0, Yo € K, (3.6)
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where p and p are both positive constants.Taking v = w41 in (3.5) and v = u in
(3.2), we have

pF(u, un-‘rl) =+ P)\ H77 (un+1>u)H2 >0, Vo € KT7 (3'7>

/

PE(wn,w) + pA 10 (s w,)[* + (B () = E'(wa), 1, wn1) ) 2 0, Vo € Ko

(3.8)
Now we consider the generalized Bergman function as

B(u,2) = B(u) — E(2) — (E'(2),n(u,2)) = 8 |In (u, )|,

where we have used the fact that the function F(u) is strongly preinvex.

Combining (3.7) — (3.9) and (3.4), we have

!

B(u, wn)—B(u, tns1) = E(un+1)—E(wn)—<E’(wn), n(u,wn)>+<E

= Blunin) — Blwy) = (B'(wn) = B (), 0w, wn) ) = (B (wa). a1, wa) )
> B[ e w0 |+ (B () = B (). (0 i)

> B 1n (un+1, wn)H2 — p{F (u, tn41) + F(wn,u) } — pA{ |7 (un+1, U)H2 + {17 (u, wn)H2}
> {8 = pla+ M)} |7 (uns1,wn)|
since F'(.,.) is partially relaxed strongly monotone with a constant a > 0.

In a similar way, we have

B(u, un) = Bu,wy) = B |1 (uny wp)||* = p{ F(w, wn) + F(un, w)} = pA{]ln (u,un) | +
17 (wn, w)|*}

> {8 = pla + )} I (uny wp) ||

since F'(.,.) is partially relaxed strongly monotone with a constant o > 0.

If upy1 = wy = uy, then clearly w, is a solution of (2.1). Otherwise, for 0 < p < B

a+A
and 0 < p < QLJW\, the sequences B(u, wy,) — B(u, up41) and B(u, uy,) — B(u,w,) are
nonnegative and we must have

limy, o0 (1|7 (Unt1, wn)[]) = 0 and limy, oo (|| (wn, un)||) = 0.

Thus

limp, o0 {77 (Unt1, Un ) || = limp oo (|7 (unt1, wn)|]) + limp—oo (|7 (wn, ug)|) = 0.

(U’?H-l)? 77(% un+1)>
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It follows that the sequence {u,} is bounded. Let u be a cluster point of the subse-
quence {uy, }, and let {u,; } be a subsequence converging towards %. Now using the
technique of Zhu and Marcotte [46], it can be shown that the entire sequence {u,}
converges to the cluster point u satisfying the uniformly regular invex equilibrium
problem (2.1).
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ON SOME ZWEIER I-CONVERGENT DIFFERENCE SEQUENCE
SPACES

KULDIP RAJ AND SURUCHI PANDOH

ABSTRACT. In the present paper we introduce some Zweier ideal convergent difference
sequence spaces defined by a sequence of Orlicz functions. We study some topological
properties and inclusion relations between these spaces. We also make an effort to
study these sequence spaces over n-normed spaces.

1. Introduction and Preliminaries

An ideal convergence is a generalization of statistical convergence. The ideal conver-
gence plays a vital role not only in pure mathematics but also in other branches of science
especially in computer science, information theory, biological science, dynamical systems,
geographic information systems, and motion planning in robotics. Kostyrko et al. [14]
introduced the notion of I—convergence based on the structure of admissible ideal I of
subsets of natural number N. For more details about ideal convergence see ([10], [15], [24],
27)).

Let X be a non empty set. Then a family of sets I C 2% (Power set of X) is said to be
an ideal if I is additive, that is, A Bel=AUBe€land Acl,BCA=Bel.

A non empty family of sets £(I) C 2% is said to be filter on X if and only if ® € £(I), for
A, B € £(I) we have AN B € £(I) and for each A € £(I) and A C B implies B € £(I).
An ideal I C 2% is called non-trivial if I # 2X. A non-trivial ideal I C 2% is called
admissible if {{z} : + € X} C I. A non-trivial ideal I is maximal if there cannot exists
any non-trivial ideal J # I containing I as a subset.

n

A subset A of N is said to have asymptotic density 6(A) if §(A) = lim 1 Z xa(k) exists,

n—oo N, —
where x4 is the characteristic function of A.
If we take I = Iy = {A C N: Ais a finite subset}, then I is a non trivial admissible ideal
of N and the corresponding convergence coincide with the usual convergence.
If we take I = Iy = {A C N : §(A) = 0} where 6(A) denotes the asymptotic density of
the set A, then Ij is a non trivial admissible ideal of N and the corresponding convergence
coincide with the statistical convergence.
Recently, some new sequence spaces by mean of the matrix domain have been discussed
by Malkowsky [17] and many others. Sengonul [25] defined the sequence y = (y;) which is
frequently used as the ZP—transformation of the sequence x = (z;), that is,

Yi = px; + (1 = p)zia
where z_; =0, 1 < p < oo and ZP denotes the matrix ZP = (z;;,) defined by

2 (i =k);
zip =1 1—p, (i—1=Fk)(i,keN);
0, otherwise.

2010 Mathematics Subject Classification. 40A05, 40D25, 40G15.
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Sengonul [25] introduced the Zweier sequence spaces Z and Zj as follows:

Z={x=(zx) €w: ZPz € c}
and
Zo={x = (xx) € w: ZPx € ¢y},

where w denotes the space of all real or complex sequences x = (zy).

By ls, ¢, co we denote the classes of all bounded, convergent and null sequence spaces.
The notion of difference sequence spaces was introduced by Kizmaz [12] who studied the
difference sequence spaces I (A), ¢(A) and ¢o(A). The notion was further generalized
by Et and Colak [3] by introducing the spaces loo(A™), ¢(A™) and co(A™). Let n be a
nonnegative integer, then for 3 = ¢, ¢y and I, we have sequence spaces

3(A™) ={x = (z) € w: (A"xy) € 3},

where A"z = (A"xy) = (A" 1oy — A"z, 1) and A%y, = zy for all k € N, which is
equivalent to the following binomial representation

n - v n
A T = z%(—l) < v >xk+v-
Taking n = 1, we get the spaces studied by Et and Colak [3]. For more details about
sequence spaces see ([19], [21], [22]) and references therein.

Let X be a linear metric space. A function p : X — R is called paranorm, if

(1) p(x) >0 for all x € X,

(2) p(—=x) =p(x) for all z € X,

(3) p(z+y) <p(x)+p(y) for all z,y € X,

(4) if (\,) is a sequence of scalars with A, — X as n — oo and (x,,) is a sequence of
vectors with p(z, —z) — 0 as n — oo, then p(A\,z, — Az) - 0 asn — oco.

A paranorm p for which p(xz) = 0 implies z = 0 is called total paranorm and the pair
(X, p) is called a total paranormed space. It is well known that the metric of any linear
metric space is given by some total paranorm (see [28], Theorem 10.4.2, pp. 183).

An Orlicz function M : [0,00) — [0,00) is a continuous, non-decreasing and convex such
that M(0) = 0, M(xz) > 0 for z > 0. Lindenstrauss and Tzafriri [16] used the idea of
Orlicz function to define the following sequence space. Orlicz sequence space is defined as

EM:{wa:ZM(@) < oo, for some p>0}.
k=1 P

The space £j; is a Banach space with the norm

I|z]] :inf{p> o:;M(Wp’“') < 1}.

It is shown by Lindenstrauss and Tzafriri [16] that every Orlicz sequence space £y contains
a subspace isomorphic to £,(p > 1) which is an Orlicz sequence space with M (t) = ¢? for
1 < p < oo. An Orlicz function M satisfies Ay—condition if and only if for any constant
L > 1 there exists a constant K (L) such that M (Lu) < K(L)M(u) for all values of
u > 0. Later on, Orlicz sequence spaces were investigated by Parashar and Chaudhary
[20], Esi [4], Tripathy et al. [26], Bhardwaj and Singh [1], Et [2], Esi and Et [5] and many
others. Also if M is an Orlicz function, then we may write M (Az) < AM (z) for all A with
0< A<



ON SOME ZWEIER I-CONVERGENT DIFFERENCE SEQUENCE SPACES 3

Definition 1.1. A sequence (z}) € w is said to be I-convergent to a number L if for every
€ >0, the set {k € N: |z — L| > ¢} € I. In this case we write I —limxzj, = L.

Definition 1.2. A sequence (1) € w is said to be I-null if L = 0. In this case we write
I —limzx, = 0.

Definition 1.3. A sequence (zj) € w is said to be I-Cauchy if for every € > 0, there exist
a number m = m(e) such that {k € N: |z — x| > €} € I.

Definition 1.4. A sequence () € w is said to be I-bounded if there exist M > 0 such
that {k € N: |zx| > M} € 1.

Definition 1.5. A sequence space F is said to be solid (or normal) if (axxy) € F whenever
(xr) € E and for all sequence (ay) of scalars with |ay| < 1 for all &k € N.

Definition 1.6. A sequence space E is said to be symmetric if (z3) € E implies (2,)) €
FE, where 7 is a permutation of N.

Definition 1.7. A sequence space E is said to be sequence algebra if (xxyx) € E whenever
(xk)a (yk) € E.

Definition 1.8. A sequence space F is said to be convergence free if (y;) € E whenever
(xg) € E and 23, = 0 implies y = 0.

Definition 1.9. Let K = {k; < k2 < ...} C N and let E be a sequence space. A K —step
space of E is a sequence space A& = {(z1,) € w: (zx) € E}.

Definition 1.10. A canonical preimage of a sequence (zy,) € A¥ is a sequence (yx) € w
defined by

N T, ifk e K
Y =1 o , otherwise.

A canonical preimage of a step space AE. is a set of canonical preimages of all the elements
in AE that is, y is in the canonical preimage of A& if and only if y is a canonical preimage
of some z € \E.

Definition 1.11. A sequence space E is said to be monotone if it contain the canonical
preimages of its step spaces.

Throughout the article Z!, Zf, ZL  mL and mIZO represents Zweier I-convergent, Zweier
I-null, Zweier bounded I-convergent and Zweier bounded I-null sequence spaces, respec-
tively.

Lemma 1.12. The sequence space E is solid implies that E is monotone (See [13]).

Let M = (M,) be a sequence of Orlicz functions, u = (u,) be a sequence of strictly
positive real numbers and p = (p,,) be a bounded sequence of positive real numbers. In
the present paper we define the following sequence spaces:
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ZI(M’AT,p’u) =
oo Pn
n(ZP(Ax))y, — L
{m:(mk):{neN:E M, [un(27(A")) |1 >e}€[} for some L € C.
P
n=1

ZEM, AT p,u) = {xz (zg) : {nEN:ZMn

n=1

un(zr @)l ]\
; > .

ZL (M, A" p,u) =

{x:(xk):{neN:ElK>07iMn

n=1

fun(ze @72l ™
: > .

Also, mL(M, A" p,u) = ZI(M, A", p,u) N ZL (M, A" p,u) and mIZO(M,A’”,p,u) =
Z§(M, AT pu) N Z5 (M, AT, p,).

If we take (pg) = 1 for all k, then we have

ZE M, AT pou) = ZE M, AT u), ZE(M, AT p,u) = ZEHM, A" v), ZL (M, A", p,u) =
ZL (M, AT u), mL (M, AT pu) = ZE(M, AT u)NZE (M, AT, u) and mIZO(M,A’",p, u) =
ZEM, AT u)y N ZL (M, AT u).

If we take (uy) =1 for all k, then we have

ZI(M,ATJ),’UJ) = ZI(MvATap)v Zé(M,AT,p,U) = Zé(M,Ar,p), Z&(M,A’",p,u) =
ZL (M, A", p), mL (M, A", p,u) = ZL(M, A" p)N ZL (M, A", p) and mIZO(M,A’",p, u) =
ZEM, AT pyn ZL (M, A" p).

If we take (M,) = M, (pn) = 1, (u,) = 1 for all n € N and r = 0, then we get the
sequence spaces defined by Hazarika et al. [11].

The main purpose of this paper is to introduce the sequence spaces Z!(M, A" p,u),
ZE(M, A", p,u) and ZL (M, A", p,u). We study some topological properties and inclusion
relations between these sequence spaces. An effort is made to study these sequence spaces
over n-normed spaces in the section third of this paper.

2. Main Results

Theorem 2.1. Let M = (M,,) be a sequence of Orlicz functions, u = (uy) be a sequence of

strictly positive real numbers and p = (pn) be a bounded sequence of positive real numbers.
Then the spaces Z1 (M, A" p,u), Z§H{(M, A" p,u) and ZL (M, A", p,u) are linear over the
complex field C.

Proof. We shall prove the result for the space Z/(M, A", p,u). Let x = (zx), y = (yx) €
ZY(M, A", p,u) and «, B be scalars. Then there exist positive numbers p; and py such

that
{n eN: ZMn

n=1

{nEN:iMn

n=1

|un (ZP (AT
p1

Pn
))"_qu ZE}GI for some Ly € C.

|un(ZP(A"y))n — Lo|
P2

Pn
] 26}6[ for some Ly € C.
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that is,

[ele] Pn

|un (ZP(ATx))y — L1 €

2.1 A =<{neN: M, >—-r el
1) 1 { > . :

oo Pn

n(ZP(A"y)),, — L

(2.2) Ar={neN:> M, un(Z2A Y = Lal | 5 €4

—_ P2 2

Let p3 = max{2|alp1,2|8|p2}. Since M = (M,) is a nondecreasing and convex func-
tion, we have

M [l(aunmwx))n + Bun(Z7(A7y))a) — (aLi + BLo)|

Pn

P3
Pn
< | [0l (2P A D)) = L] |Bllun (27 (A"y) — Lol
= n 03 3
P r . Pn » r _ Pn
g |l ZPA ) = T (27(A ) LQI] |
p1 p2

Now from equations (2.1) and (2.2), we have

{n e i My, [Kwn(zpw%))” + Bun (ZP(A"y))n) — (aLy + Bm)'] B 6}

P3
CAlUA el

Therefore, ax + By € Z{(M, A", p,u). Hence ZI(M, A", p,u) is a linear space. Simi-
larly, we can prove that Z (M, A", p,u) and ZL (M, A", p,u) are linear spaces. O

Theorem 2.2. The spaces mL (M, A" p,u) and méo (M, A", p,u) are paranormed spaces,
with the paranorm g defined by

|un(Zp(Ar$))n|

PTLTIL
1 <1, f07“somep>0}7
p

g(x) = inf {ppf? : sup M,
n
where H = max{1,suppy}.
n

Proof. Clearly g(—z) = g(x) and ¢g(0) = 0. Let z = (zx) and y = (yx) € mL(M, A", p,u).
Now for p1, p2 > 0 we denote

jun (2 (A7) |7
P1 o

Az = {Pl : sup M,

and

IN

P2
If p = p1 + p2. Then by using Minkowski’s inequality, we obtain

un<Zp<N<w+y>>>nr" p '|un<Zp<Nx>>n|r”

DIAT 1Pn
A4{02:SupMn M 1}'

My,

IN

p p1+ p2 " P1

prt+p " P2

Y '|un<ZP<Ny>>nr"_
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Therefore,
Pn
ZP(AT ,
wpar, [ @@
n P
and
Pn
. Pn n Zp AT + n -
glx+y) = mf{(ﬂl‘i‘m)pH M, [un(Z2( p(x »)) W <1, ;m €A37P2€A4}
P |tn (ZP (AT )5 #
< inf (pl)? : M, ntlh Sl S 241} <1, pP1 € Ag
P1
. o |un (2P (ATy)a| |
+ inf (pQ)H:an— <1, ps € Ay
2
= g(z) +9(y).

Let t"™ — L and let g(A"2™—A"z) — 0 as m — oo. To prove that g(t™A"z™—LA"z) — 0
as m — oo. We put

As = {pm > 0:sup M,
n Pm

|un<Zp<A"xm>>n|r" . 1}

and

Ag = {ps > 0:sup M,

Pn
[un (ZP (A" (2™ — x)))n| <1
Ps
by the continuity of M = (M,,), we observe that

. [Jun(Zr @ aram — LaTa)),,| " o [z Aram — LATa™),| o
" |tm — L|pm + |L|ps - " |tm_L|pm+|L|ps
o [z @aram - Laray), ™
" |tm - L|Pm + ‘L|Ps
™ — Llpm jun (2P (A7), ]
[t™ — L|pm + |Llps " Pm
Pn

N |L|ps |un (ZP(ATz™ — ATx)) |

|t™ — Llpm +|Llps~ " Ps

From the above inequality it follows that

Pn
P(+M AT T I
Jun (ZP(t" AT2™ — LA m))n|‘| -

sup M,
a |67 — Llpm + [L|ps

and consequently

(2.3)  g(t™ATz™ — LA"x) inf{[|t™ — L|pm + |L|ps] & : pm € As, ps € Ag}

|t — LI inf{(pn) T : pm € A5}

|| inf{(ps) # : ps € Ag}

max{1, [t™ — L|'# }g(A"2™) + max{1, |L| #}
g(ATz™ — A"x).

IN 4+ A
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It is obvious that g(A"2™) < g(A"z) + g(A"z™ — A"z), for all m € N. Clearly, the right
hand side of the relation (2.3) tends to 0 as m — oo and the result follows. This completes
the proof. O]

Theorem 2.3. Let My and My be Orlicz functions satisfying As—condition. Then
(Z) W(M27 A'r‘,p7 U) g W(M10M27 Ar’p, ’lL)
(ii) W ( My, A", p,u) N W (Ma, A", p,u) = W(My + Mz, A", p,u) forW =z Z1 71 .

Proof. (i) Let x = (z) € Z!(Ma, A", p,u). Let € > 0, be given. For some p > 0, we have
|un(ZP(A"))n — L|

(2.4) {x:(xk):{neN:ng P nze}el}.

n=1
Let € > 0 and choose 0 < 6 < 1 such that M;(t) < e for 0 <t <. We define

wn (ZP(A"2)),, — L
a2 @)~ 1
P
3 3 Pn — 3 Pn 3 Pn

and consider neN,l(lJrgnyngé[Ml(yn)] _nel\ll}l;igé[Ml(yn)] +nel\ll}rgi,>5[M1<yn)] .
We have

. 3 Pn < G 3 Pn — .
(2.5) neﬁll}r;ﬁ[Ml(yn)] < [My(2)] +n€§}r£é5[(yn)] . G =supp,

For second summation (i.e. y, > J), we have y, < % < 1+ %. Since M; is nonde-
creasing and convex, it follows that

Mi(yn) < M1(1 n %”) < %M1(2)+ < %Ml(%)

Since M, satisfies the As—condition, we can write

19 19 _ g

We get the following estimates:

. . P < -1 H ; P
(2.6) neg,}ri>6[M1(yn)] < max{1, (K6~ M;(2)) }+n€§}g}m>5[yn]

From equations (2.4), (2.5) and (2.6), it follows that

{x = (zp) : {n eN: iMl (Mg |u”(Zp(A;x))" — L|] "> > e} € I}.
n=1

Hence Z1(My, A", p,u) C ZT(MioMa, A", p,u).

(ii) Let z = (z) € ZI(My, A", p,u) N Z1(My, AT, p,u). Let ¢ > 0, be given. Then
there exists p > 0 such that
o] Pn
{x:(xk):{nEN:ZMl 26}6[}
Pn
> e} S I}.

|un (ZP(A"2)), — L‘
P

n=1
and
‘un(Zp(Arx))n — L
p

{x:(xk):{nEN:ZMg

n=1
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The rest of the proof follows from the following relations:

0o r 1Pn
ZP(AT —L
{n eN: Z<M1 +M2> |Un( ( px))n ‘ > 6}
n=1 L J
o r bl AT LS
c {n N ST |G| }
n=1 L P J
. r bl AT LS
U{n eN: Z M, [un(27(A"2)n — L] > e}
n=1 L P J

Taking Ma(x) = x and M;(z) = M(x) for all x € [0, 00), we have the following result. O
Corollary 2.4. W C W(M, A", p,u), where W = Z1, Z.
Theorem 2.5. The spaces ZE(M, A", p,u) and még (M, A", p,u) are solid and monotone.

Proof. We shall prove the result for ZJ (M, A", p,u). For mIZU (M, A", p,u), the result can
be proved similarly. Let z = (z3) € Z{ (M, A", p,u), then there exists p > 0 such that

) {neNziMn WA»'] }

n=1 p

Let (ax) be a sequence scalar with |ag| < 1 for all & € N. Then the result follows
from (2.7) and the following inequality

M, llakumzpw:c)m ] "

< |O‘k‘Mn
P

jun (2P (A7), ]
p

< M,

Jun (2P (A7), |7
P

for all n € N. The space Z{ (M, A", p,u) is monotone follows from the Lemma (1.12). O

Theorem 2.6. The spaces Z1(M, A" p,u) and mL(M, A", p,u) are neither monotone
nor solid in general.

Proof. The proof of this result follows from the following example. Let I = Iy, M, (z) = =
for all x € [0,00), p = (pn) = 1, u = (u,) = 1, for all n and » = 0. Consider the K-step
space Ty of T' defined as follows.

Let (z1) € T and (yx) € T} be such that

| =, ifkisodd.
Y = 0, otherwise.

Consider the sequence (zy) defined by xj, = % for all k € N. Then (z4) € ZT(M, A", p, u)
but its K- step space preimage does not belongs to Z1 (M, A", p,u). Thus Z{ (M, A" p,u)
are not monotone. Hence, Z(M, A", p,u) is not solid by Lemma (1.12). O

Theorem 2.7. The spaces Z1 (M, A", p,u) and Z{ (M, A", p,u) are sequence algebra.

Proof. We prove that Z{ (M, A", p,u) is sequence algebra. For the space Z!(M, A", p, u),
the result can be proved similarly. Let x = (z3),y = (yx) € ZL(M, A", p,u). Then

{n eN: iMn n (A 2))n]

n=1 p1

Pn
] 26}6[, for some p; > 0.
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and »
‘UTL(ZP(ATZ/))H|

P2
Let p = p1p2 > 0. Then we can show that

Pn
> ZP (AT y
B T L (S ] R
p
Thus, (zxyx) € ZL(M, A", p,u). Hence ZE(M, A", p,u) is sequence algebra. O

{nEN:iMn

n=1

Ze} € I, for some py > 0.

n=1

Theorem 2.8. Let M = (M) be a sequence of Orlicz functions. Then ZE(M, A", p,u) C
ZE M, A" p,u) C ZL (M, A" p,u) and the inclusions are proper.

Proof. Let x = (z) € ZY(M, A", p,u). Then there exists L € C and p > 0 such that

oo Pn
{nEN:ZMn 26}6[.

n=1
Pn

|un(ZP(A"2))n — L|
p

‘We have

Pn

[un (ZP(A"2))n|
2p

|un(ZP(A"x))n — L|
p

1

M,
2

+Mn

1
< -M,
-2

Hpn
5 .

Taking supremum over n on both sides we get = (z,) € ZL (M, A", p,u). The inclusion
ZEM, A" p,u) € ZE(M, A", p,u) is obvious. The inclusion is proper follows from the
following example.
Let I = I;, M, (z) = 2% for all z € [0,00), u = (u,) =1, p= (p,) = 1 and r = 0 for all
n € N.
(a) Consider the sequence () defined by ), = 1 for all k € N. Then (z) € ZI(M, A", p,u)
but (z) ¢ ZL(M, A", p,u).
(b) Consider the sequence (yy) defined as
| 2, ifkiseven
Yk = { 0, otherwise.

Then (yk) € Zéo(MvArvpa U’) but (yk) ¢ ZI(MvArapv U) U

Theorem 2.9. The spaces Z1 (M, A", p,u) and ZE(M, A", p,u) are not convergence free
i general.

Proof. The proof of this result follows from the following example. Let I = I, M, (z) = 2*
for all x € [0,00), u=(uy) =1, p=(pn) =1 and r =0 for all n € N.

Consider the sequence (z;) and (y;) defined by z), = 75 and yj, = k? for all k € N. Then
(zx) belongs to Z1(M, A", p,u) and Z{ (M, A", p,u), but (yx) does not belongs to both
ZE (M, A" p,u) and ZE(M, A", p,u). Hence, the spaces are not convergence free. O

Theorem 2.10. mL (M, A" p,u) is a closed subspace of loo(M, A", p,u).

Proof. Let (xg)) be a Cauchy sequence in m% (M, A", p,u) such that (") — z. We show
that x € m%L (M, A", p,u). Since (1'](:)) € mL (M, A" p,u), then there exists a; such that

s ATV — ail 17"
{n eN: ZM" [un(27(A Z ))n aZ'] > e} el.
n=1

We need to show that
(i) (a;) converges to a.
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= lua(zrara)), - 1™

(ii) If U = {x: (1) : {nGN:ZMn tn px n ] > e}} then U¢ € 1.
n=1

(i) Since (x,(f)) be a Cauchy sequence in mL (M, A" p,u), then for a given € > 0, there
exists ky € N such that

|U7L((ZP(AT5U(i)))7L - (Zp(Arx(j)))n) ‘
P

Pn
sup M, [ ] < g for all 4,57 > ko.

}

For a given € > 0, we have

BZ]:{’HENiMn[

n=1

Jun ((27(A72D)),0 <ZP<ATz<j>>>n)|r” )

}
}

Wl m

Wl ™

jun (2P (A7) — ai>>n|r"
p <

Bi:{neN:iMn

n=1

Wl m

p
Then B;j, B;, B; € I. Let B¢ = Bj; U B U B}, where

oo Pn
n={nens 3 [zl )

n=1
Then B¢ € I. We choose ng € B¢, then for each i, j > ng we have

{nEN:iMn[W n<e}

n=1 p
lun (Z7(AT 2D _a,.))n|r” _ e}

Bj—{neN:iMn

n=1

. Pn
Jun (27 (A2 aj>>n|] §

p 3

D{neN:iMn

n=1

ﬁ{nGN:iMn

n=1

Wl ™

p

[un(Z7 (A7)0 (Zp(mwr“ < }

un (ZP(AT2D) — a;)),, r" e}
< = ;.
p 3

ﬂ{nEN:iMn

n=1

Then (a;) is a Cauchy sequence of scalars in C and so there exists a scalar a € C such
that a; — a as ¢ — oo.
(ii) Let 0 < 6 < 1 be given. We show that if

U= {:c = (ag) : {n eN: iMn |un(Zp(A’"ac—a))n|1 " < 5}}, then U¢ € I.

p
n=1
Since (¥ — z, then there exists gy € N such that

Jun (2P (A7), — (prm))n)rn < ( 0 )H}

p 3D

which implies that P¢ € I. The number ¢o can be so chosen that together with (2.8),

(2.8) P:{neN:iMn

n=1
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(g a>|r” 3 <6>H}
p 3D ’

(AT 2 (200) _ b
[un (27 (A2 aqmn] 25}“

we have

Q—{nEN:iMn

n=1

Thus, we have Q° € I. Since

{nGN:iMn

P
Then we have a subset S € N such that S¢ € I, where

o0 P( AT (q0) _ pn A
o= fnen S s awna]”(4)")

lun (2P (AT — a))n|r“ ) 5}.

n=1

Let U¢ = P U Q° U S°, where

U—{nGN:iMn

n=1

p

Therefore, for each n € U¢, we have

{n N i o, [ Jun(Z7 (A7~ a))n|] " 5}

n=1 p

0 P(AT (0 —(ZP(AT bn a
Q{REN:ZMn[m((Z (Arzl)), — (ZP(A x>>n>|] <<a> }

p 3D
= [z ara® —a))al]™ (8"
U Txpldo) — q
N neN:ZMn n 40 "] <(> }
{ = p 3D

) Pn H
ﬁ{nEN:;Mn[W1 < (;;) }

Hence, the result follows.

n=1

Note that the inclusion mL (M, A" p,u) C loo(M, A", p,u) and mIZO(M,AT,p, u) C
loo (M, AT, p,u) are strict. So in view of Theorem (2.10). We have the following result. O

Theorem 2.11. The spaces mby (M, A", p,u) and mIZO (M, A" p,u) are nowhere dense in
ZOO(M7AT7P7 ’LL)

Theorem 2.12. The spaces mL (M, A", p,u) and mIZU (M, A", p,u) are not separable.

Proof. We shall prove the result for the space m%L (M, A" p,u) . Let A be an infinite
subset of N of increasing natural numbers such that A € I. Let

1,ifne A
Pn = { 2, otherwise.
M,(x) =z, u = (up) = 1 and r = 0 for all n. Let {Py = (x,) : @, = 0 or 1,n €
A,z, = 0, otherwise}. Since A is infinite, so Py is uncountable. Consider the class
of open balls By = {B(z,%) : 2 € Py}. Let C; be an open cover of mL (M, A" p,u)
and mIZ0 (M, A", p,u) containing Bj. Since Bj is uncountable, so C; cannot be re-
duced to a countable subcover for mL (M, A", p,u) as well as mIZ0 (M, A", p,u). Thus,
mL (M, A", p,u) and mIZO (M, A", p,u) are not separable. O
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3. Sequence spaces over n-normed spaces

The concept of 2-normed spaces was initially developed by Géhler [6] in the mid of 1960’s,
while that for n-normed spaces one can see in Misiak [18]. Since then, many others have
studied this concept and obtained various results, see Gunawan ([7], [8]) and Gunawan
and Mashadi [9]. Let n € N and X be a linear space over the field R of reals of dimension

d, where d > n > 2. A real valued function ||-,--- || on X™ satisfying the following four
conditions:

(1) ||x1, @2, ,x,|| = 0if and only if zq, 29, - , x, are linearly dependent in X,

(2) ||z1,22, -+ ,xy|| is invariant under permutation,

(3) |laxy,xa, -+ ,xnl| = || |21, 22, -, 24| for any a € R, and

(4) ||$+$/,$2, e 7xn|| < ||J),l‘2, e aan + ||$/,$2, e 7xn||
is called an n-norm on X, and the pair (X, ||-,--- ,||) is called a n-normed space over the
field R.
For example, we may take X = R"™ being equipped with the n-norm ||x1,zo, -, z,||E
= the volume of the n-dimensional parallelopiped spanned by the vectors x1,2a, -, Ty,

which may be given explicitly by the formula
Hxlax27 e 7xn||E - | det(xlj)‘v

where x; = (%1, %2, ,Tin) € R for each ¢ = 1,2,--- ,n. Let (X,]||,---,-||) be an
n-normed space of dimension d > n > 2 and {a1,as,- - ,a,} be linearly independent set
in X. Then the following function ||-,--- ,||oc on X"~ ! defined by

[lz1,z2,  , Tpn_1l||oo = max{||z1, 22, ,Zp_1,a|| : 1 =1,2,--+ ;n}
defines an (n — 1)-norm on X with respect to {a1,ag, - ,an}.
A sequence (z1) in a n-normed space (X, ||-,--- ,-||) is said to converge to some L € X if

lim ||zp — L,z1, -+ ,2n-1]| =0 for every z1,---,2,-1 € X.
k—oco

A sequence (z1) in a n-normed space (X, ||-,--- ,-||) is said to be Cauchy if

lim ||z — 2p, 21, -, 2n-1]|| =0 for every z1,---,2z,_1 € X.
k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the n-norm. A complete n-normed space is said to be n-Banach space.
For more details about n— normed space see [23] and references therein.

Let (X,||-,---,-||) be an n-normed space and W(n — X) denotes the space of X-valued
sequences. Let M = (M,,) be a sequence of Orlicz functions, u = (u,) be a sequence of
strictly positive real numbers and p = (p,,) be a bounded sequence of positive real num-
bers. For some p > 0, we define the following classes of sequences:

ZI<MuAT7p7u7 H7 7“) =

{x:(xk):{nEN:iMn

p

Pn
ZP(A" - L
Hun( (ATz)), e ,anM 26} eI,LeR}
Zé(M,AT,p,’UJ, Hv ’H) =

{m:(xk):{nEN:iMn

(e P ,ZMM“ >€} GI}
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ZgO(M,AT,p,u, ”a 7”) =

{m:(xk):{neN:ElK>O,ZMn
n=1

p r p'Vl
MZ(A»M >K}6I}

P
AlSO, mIZ(MaAT7paua ||a e 7”) = ZI(MaArvpaua ||a e ,-||)ﬂZ§O(M,AT,p,u, ||a e v”)
and mIZo(MaAT»pﬂa -5l = Zé(M,AT,]Lu, [ "H)ch{o(MvArvpﬂ‘v [+
If we take (p,) =1 for all n then we have
ZI(./I\/I,AT,p,u, H7 7H) = %I(M’Ar7u7 ||7 a'”)a Z({(/\I/I7Arvpau7 ||a 7”)
:IZO(MﬂAT7U7 ”a a'”)a ZDO(IM,AT,;D,U, ”7 a”) = ?DO(M,AT,U, ”a a'”)v
mZ(MvATvpvuvH'v"' »H) =Z (M,AT,’U,, ”a ,-H)QZOO(M,AT,’LL, ”v 7”)
and mIZo(M7AT’p7u7 ||7 o ’H) = ZOI(MvATauv ”v e ’”) N ZéO(M,AT,’U,, H7 e 7H)
If we take (u,) =1 for all n then we get
ZI(OA,AT,I%U, H7 7“) = IZI(M,AT,p7|‘~7~-~ 7”) ZI(/\I/l AT y D, U, || ) ||)
:IZ()(M,AT,p, ||> a'||)7 Zoo(fAvATapvu’H'v"' 7”) % (M A’,p, H H)
mZ(MaArap7uaH'7"' 7”) =7 (MaAr7p7 ||7 ,||)ﬁZOO(M Ar’p, || ||)
and mIZo(M7AT’pvuv ”’ a”) = Zé(M,AT,p, ”a v”) mZgo(M’Arvpa ” T ”)
The main aim of this section is to study some topological properties and inclusion relations
betweenthespaces ZI(M7AT7paua ||a 7'”)7 Z({(M7Arap7u7 ||7 v”) and Zio(MvArypv
U, ||a v”)

Theorem 3.1. Let M = (M,,) be a sequence of Orlicz functions, v = (u,) be a se-
quence of strictly positive real numbers and p = (pp) be a bounded sequence of positive

real numbers. Then the spaces ZL(M, A" p,u, |-, ,-|), ZE(M, A" p,u, |-+ ,-]|) and
ZL (M, AT pu, ||+ ,-|) are linear over the real field R of real numbers.

Proof. We shall prove the result for the space Z/(M, A", p,u, |-, ---,-||). Let z = (z),
y = (yx) € ZL(M, A", p,u,||- -+ ,-||) and let a, 3 be scalars. Then there exist positive

numbers p; and ps such that

{neN ZM

Un(ZP(A"x))y, — L
p1

un Z;D A" )) L2

P2
that is,
Pn
Un Zp ATz )) Ll €
1 _ § M, e 2 H >lep
(3) {TLEN - o z1 z 1 =5 S
p’!l
'LLn Zp AT )) —L2 €
2 _ N : §M ‘ , n,” >ler
(3 ) {TLG P 21 Zn—1 5 S

Let p3 = max{2|a|p1,2|ﬁ|p2}. Since M = (M,,) is a nondecreasing and convex func-
tion, we have

g

Pn
(ozu,,,(ZP(Arm))n—i-Bun(ngP(Ary))n)_(QL1+BL2)72:1’ R IM
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Pn
< M, |}M %’Zh”' ’Zn_lH +18 W’Zh... ’Zn_lH]
Pn Pn
SMn[ szt o, WIIM |

Now from equations (3.1) and (3.2), we have

{n eN: YoM, [ (27O B2 A ) = D BLs) ,znl\” n

3
>€}CD1UD2€I.

Therefore, ax+ By € ZL (M, A", p,u, |-, ,-||). Hence ZI (M, A", p,u, |-, ,-||) is a lin-
ear space. Similarly, we can prove that ZL (M, A", p,u,|-,--- ,-||) and ZL (M, A", p,u, ||, - -
are linear spaces. O
Theorem 3.2. The spaces my(M, A", p,u,||-,--- ,-|]) and my (M, A", p,u,|----,-|)

are paranormed spaces, with the paranorm g defined by

’ un(ZP(A"x))p

Pﬁn
721,--'7Zn—1H] <1, forsomep>0}7
P

g(x) = inf {p% :sup M,
n

where H = max{1, sup,, p,, }-

Proof. Clearly g(—z) = g(x) and g(0) = 0. Let x = (z3) and y = (yx) € mL(M, A", p, u).

Now for pi1, p2 > 0 we denote

Pn

52 T

\WH] Sl}
P1

D3 = {Pl : sup M,

and

Pn

n Zp AT n

‘Hy))M <1},
P2

If p = p1 + p2. Then by using Minkowski’s inequality, we obtain

Do~ {psssmpa,

-
Mn [ un(ZP(A;(x'H/)))n yRLy " ?anl‘
- . 1 Pn
P1 ‘UH(ZP(A T))n H
n yR1, "y Rn—1
p1+ P2 I P1 |
- 1Pn
n ZP(AT n
p2 Mn ‘u ( ( y)) 3 R1y """ 7Z’I’L71H
p1+ P2 I P2 |
Pn
n ZP (A" n
which in terms give us, sup M, ‘u (27(A7(z +y))) 32150 5 Zn—1 ” <1
n P
and
. . Un (ZP (A" (z + n E
9(I+y)—lnf{(Pl+Pz)H M, ‘ i p( u) )21, ,Zn—lM <1

1)
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p1 € D3, p2 € D4}

P T L}?
‘M%... ’ZHM <1p eD:s}

P1

P T %
\(Z,EM))M <1p2€p4}
2

< inf{(pl)pH" : M,

+ inf {(pg)pl? s M,

= g(x) +9(y).
Let t™ — L and let g(A"z™—A"z) — 0 as m — oco. To prove that g(t™ A"z —LA™z) — 0

as m — oco. We put
Pn
n Zp AT m n
a2 ,ZMH] < 1}

D5 = {pm > 0:sup M,
n Pm

and

’un(ZP(AT[()a:m ki) L ,zn—lurn < 1}

by the continuity of M = (M,,), we observe that

Dg = {ps > 0:sup M,
n

Pn
Un (ZP (™A™ — LA X)), H
M, S 21yttt s B
"l t™ — L|pm + |L|ps ! !
P
TP AT ™ — [LAT ™
< Mn ‘un( (t * ° ))TL’ZI’ 7Zn71H
[t™ — L|pm + | L|ps
- Pn
U (ZP(LA"2™ — LA™ ),
+M71 H “ y 215 7Zn—1H
DPn
t"™ — Llpm n(ZP(ATZ™)),
"~ Llp un (27 x»7aww%4M

g n
. Pn
|L|ps "U/n(Zp(A7<:1;m—.’I})))n e 1H
[t~ Llpm + | Llps " ps R
From the above inequality it follows that

P

n(ZP(t"AT™ — LA™ 2)),,

’u ( W(L ° x)) 7217"'7271le Sl
|t™ — L|pm + | L|ps

Pm

+

sup M,
n

and consequently

(3.3) gt ATx™ — LA"x)

inf{[|t™ — L|pm + |L|ps] ® : pm € Ds, ps € Dg}

< ™ = LI inf{(pm) # : pm € D5}
+ ‘L|% inf{(pS)% :ps € Dg}
< max{1,|t™ — L|'# }g(A"2z™) + max{1, |L| %}

g(AT2x™ — A"x).

It is obvious that g(A"2™) < g(A"z) + g(A"z™ — A"z), for all m € N. Clearly, the right
hand side of the relation (3.3) tends to 0 as m — oo and the result follows. This completes
the proof. O
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Theorem 3.3. Let My and My be Orlicz functions that satisfies Ag—condition. Then
(Z) W(M27 Arvpvuv Hv e 7”) g W(M10M2v 3 ATP»% ||7 T ||)

(1)) WMy, A" pyu, |- ) N W (Mo, A" pyu, ||+, 0]|) = WMy + Ma, AT, p, u,
||" Tt ”) fOT W= ZI?ZOIa cho

Proof. (i) Let z = (xx) € Z!(Ma, A", p,u, |-+ ,-||). Let € > 0, be given. For some

p > 0, we have
(ZP(A"2)), — L o
‘“n 2n 7217"'azn—1“] ZG}GI}

(3.4) {x = (zg) : {n eN: ZMQ
n=1 P

Let € > 0 and choose 0 < 6 < 1 such that M;(t) < e for 0 <t <. We define

un (ZP(A"x)),, — L
yn:M2 ‘ "( ( ))n A R 7Zn—1“]
p
i i M Pn — i M Pn i M Pn

and consider e (l)glyngé[ 1(yn)] neN}gigé[ 1(yn)]P™ + nEN}I;L>5[ 1(yn)]
We have

. 3 Pn < G ; Pn — .
(3.5) neNl}I;@[Ml(yn)} < [M(2)]7 + n@ll}rig[(yn)] , G Sup py

For second summation (i.e. y, > d), we have y, < yT" <1+ yT". Since M; is nonde-
creasing and convex, it follows that

M) < M (14 22) < San)r < pan (),

Since M; satisfies the As—condition, we can write

1 n 1 n n
Mi(yn) < K22 000(2) + K220y (2) = K220, (2),

20 279 0
We get the following estimates:
. . Pn < —1 H : Pn
(3.6) perin My (yn)I < max{l, (K67 M1(2)) 7} + | lim _ [yn]

From equations (3.4), (3.5) and (3.6), it follows that

{x— (z1) : {n EN: iMl <M2 ‘ “"(Zp(ApTx)) —Lo zanrn> > e} c I}.

n=1
Hence ZI(M%ATvpvua H7 T vH) C ZI(M10M27AT7p7u’ ”7 T 7”)

(ii) Let x = (x1) € ZL( My, A" p,u, |-, ,-|) N ZE (Mo, AT p,u, |-, ,-|]). Let € > 0,
be given. Then there exists p > 0 such that

{xz (xp) : {n eN: iMl ‘ un(Zp(A;x))n _L’zl,... 7zn_1H]pn > e} IS I}
n=1

and

p

{x:(xk):{neN:ng

n=1

Pn
ZP(AT - L
omsms, )
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The rest of the proof follows from the following relations:

00 r 7 Pn
n(ZP(A"x))y, — L
{HGNSZ(M1+M2) Y ( ( .’b)) JZL, 21 >€}

n=1 L p i
0o r qPn
W(ZP(A"x)),, — L
- nEN:ZM1 un(Z(A"2)) 321,00 Zn—1 >
n=1 L p i

o0 - 1Pn
n(ZP (A" —L
U{NENZZMQ UL( ( p'r))n S 21,y Zn1 >€}

Taking Ma(x) = x and M;(z) = M(x) for all x € [0, 00), we have the following result. O

Corollary 3.4. W C W(M, A", p,u, |-, ,-|), where W = Z1 ZL.

Theorem 3.5. The spaces ZL (M, A" p,u, ||-,--- ,-||) and mIZU(./\/l7 AT puy ||, are

solid and monotone.

Proof. We shall prove the result for Z§(M, A", p,u,||-,--- ,-||). For m§ (M, A", p,u,||.,
-,+|l), the result can be proved similarly. Let z = (zx) € Z{(M, A", p,u, |-, ,-|),

then there exists p > 0 such that

(3.7) {n eN: i M,

Let (o) be a sequence scalar with |ag| < 1 for all k € N, we have

Pn
un(ZAD) IH] >6}€I
p b 9 b ad -_ .

Pn Pn
w(ZP (A7), w(ZP(AT ),
Mn ‘aku ( ( x)) s 21, 7Zn71H S |ak|Mn M7Z13”' 7Zn71H
p p
(2 (Ara)) "
<, |[[YEAE T ’Z"’lH
o
for all n € N. The space Z{(M, A", p,u, |-, ,-||) is monotone follows from the Lemma
(1.12). O
Theorem 3.6. The spaces Z1 (M, A", p,u, |-, ,-||) and mL (M, A" p,u,|---,-||) are
neither monotone nor solid in general.
Proof. The proof of result follows from the Theorem (2.6). O
Theorem 3.7. The spaces ZL(M, A", p,u, |-, ,-||) and ZE(M, A" p,u,||-,--- ,-|) are
sequence algebra.
Proof. We prove that Z (M, A", p,u, |-+ ,-||) is sequence algebra. For the space Z1(M,
A", p,u, ]+, ,-||), the result can be proved similarly. Let x = (z1),y = (yx) € ZE(M, A"

y Dy U, ||7 a”) Then

00 r 1 Pn
an AT n

{neN:ZMn ‘M,zhn.,zn,lH ZG}GI, for some p; > 0.
1

00 r 1Pn
an A" n
{nEN:ZMn ‘M,le“,zan 26}6], for some py > 0.
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Let p = p1p2 > 0. Then we can show that

{neN ZM [ 2N (A zY))n ),zl,...,zn_lH]p"Ze}eI.

p
Thus, (vryr) € Z&(M, A", p,u, |-+ ,-||). Hence ZL(M, A", p,u,|-,---,-||) is sequence
algebra. O
Theorem 3.8. Let M = (M,,) be a sequence of Orlicz function. Then ZL(M, A", p,u, |- ,-|)
c ZLH M, A" pyu, ||y ]l) € ZE (M AT pyu, ||+ ) and the inclusions are proper.
Proof. Let x = (z3) € ZL(M, A" p,u,||-,--- ,-||). Then there exists L € R and p > 0 such
that .
(ZP(A™x)), — L !
neN: ZM ‘uk Z))n ,zl,~~~,zn_1H >ep el
p
We have
Pn Pn
n(ZP(A"x)), 1 W(ZP(A"x)),, — L
M“w»l ’Z"”M < Ly ||m@@a. - 1H]
2p 2 p
e el
nay TRl An— .
2|15 1 1
Taking supremum over n on both sides we get = = (z) € ZL (M, A", p,u, |-, ,-||). The
inclusion Z&(M, A", p,u, |-, ,-||) € ZL(M, A", p,u, |-, ,|) is obvious. The inclusion

is proper follows from the following example.

Let I = I, M, (z) = 2% for all z € [0,00), u = (u,) =1, p= (p,) = 1 and 7 = 0 for all
n € N.

(a) Consider the sequence () defined by xj, = 1 for all k € N. Then (zx) € ZI (M, A", p,u
H" T H) but (xk) ¢ Zé(M7 A", p,u, H’ T 7”)

(b) Consider the sequence (y;) defined as

| 2, ifkiseven
Yk 0, otherwise.

Then (yk) € ZéO(M,AT,p,u, ||, T 7”) but (yk) ¢ ZI(MvAT7p7U’7 H’ T 7”) O
Theorem 3.9. The spaces ZL(M, A" p,u, |-, ,-||) and ZE(M, AT p,u, |-, ,-|) are
not convergence free in general.

Proof. The proof follows from Theorem (2.9). O
Theorem 3.10. mL (M, A" p,u, |-, ,-||) is a closed subspace of loo (M, A", p,u, |-, ,-||).
Proof. Let (mk ) be a Cauchy sequence in mZ(M A" p,u, |- - ,|) such that 2 — z.
We bhOW tha‘t S mZ(M,AT,le, H ) ) H) SIHCG (xl(c)) € mZ(M,AT,p,u, Hv te 7'H)7

then there exists a; such that

{neN ZM

We need to show that
(i) (a;) converges to a.

(ii)IfV:{:c—( {neN ZM

W(ZP(AT2D)), — a; b
= - )) - azla"'azn—IH‘| >ep el
P

un(ZP(ATz))n — L o
p 721a"'7zn—1H 26 )
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then V¢ € I.

(i) Since (x,(j)) be a Cauchy sequence in m% (M, A", p,u,|-,--- ,-||), then for a given € > 0,
there exists kg € N such that

un((Z7(AT ), = (ZP(ATTO)) W
P s “1, n—1

sup M, [

<§ for all i, § > ko

}

For a given ¢ > 0, we have

Fij:{nEN ZM [

Wl ™

((zP(AT2D)),, — (ZP(AT2D)),)
p sy 1y " 3 ”n IH <

Un( Zp ATz )_ai))n z z M pn’ < 6}
y~1ly " s An—1 o
3

p |

i:{neN ZM
. Pn
SRR

Fj: nEN:ZMn
n=1 p

Then Fyj, F;, Fy € I. Let F© = Ff, U F{ U F¥, where

[e%e] Pn
P {neN:ZMn un(®i =) ’Z’HM <€}
p
n=1

Then F¢ € I. We choose ng € F°, then for each i,j > ng we have

[ee) Pn
{”EN:ZMnlwvzh'”’znlM <€}
n=1

un(ZP(ATe — a,)),, "
p y 21y 5 Rn IH <

Wl ™

) {n eN: ZM }
. Pn
un (ZP(ATx (i ))n — (ZP(A"m(J)))n €
{neN ZM ; 21, 2 1” <<
Up (2P A’"x(J) —a b €
{nGN ZM P i)n ,zl,u',zn_lH] <§ .

Then (a;) is a Cauchy sequence of scalars in R and so there exists a scalar a € R such
that a; — a as i — oo.
(ii) Let 0 < 0 < 1 be given. We show that if

o] Pn
IP(ATp —
V:{x:(mk):{nEN: E M, (27 px a>)n721,"'72’n1H] <5}}7then
n=1

Ve el
Since (¥ — z, then there exists gy € N such that

(3.8) :{neN ZM[

()}

Wl m

((Zr(Aa D), = (ZPA@)) M )
P
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which implies that G¢ € I. The number ¢y can be so choosen that together with (3.8), we
= {n eN: Z M, [

have
. H
unaqo_a)z B Hp < i
y %1, s An—1 3D .
Thus, we have H¢ € I. Since

» r (qo)i Pn
{TLEN ZM unZ AZ %a )) 7215"'azn—1H‘| 26}61

P
Then we have a subset R € N such that R¢ € I, where

H
W (ZP (AT z(90) — b 5
:{HEN ZM Y xp %q )) 7217"'72n1“] < <31) .

Let V¢ = G°UH U RC, where

{neN ZM

Therefore, for each n € V¢, we have

. - Dn
{HEN: ZMn un(Zp(A x*a))n,zh'” 7Zn—1“] <6}
n=1

p

Pn H
i oy (8
P s <1, s An—1 3D

Pn H
Un, aq0 —a) )
s 21" 3 Rn—1 < 37D .

PO ) 1Hr"<5}

;{neNziMn[

n=1

{neN ZM

{neN ZM[

Hence, the result follows.

Note that the inclusion m% (M, A", p,u, ||, ,-||) C loo(M, A", p,u, |-, ,-||) and

my (M, A", pou, |- ) Cloo(M, A, p,u, ||, -+ ,-||) are strict. So in view of Theorem
(3.10). We have the following result. O
Remark: The spaces m% (M, A", p,u, ||-,-- ,-||) and mIZO (M, A", p,u, |-, ,||) are nowhere
dense in loo (M, pyu, ||+, -|])-

Theorem 3.11. The spaces mby(M, A" p,u,||-,--- ,-|) and mIZO(/\/LAT,p,u, I 51D

are not separable.

Proof. The proof follows from the Theorem (2.12). O
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Abstract

In this paper, we give Carleson measure characterizations of the classes F# (p,q, s), then we use
these characterizations to study boundedness and compactness of the composition operator Cy from
the a-normal classes N'® into F#(p,q,s) classes. Moreover, necessary and sufficient conditions for
Cy from the spherical Dirichlet class D# to the classes F# (p, g, s) to be compact are given in terms
of the map ¢.

1 Introduction

Let D = {z : |z] < 1} be the unit disc in the complex plane C and JD its boundary. Let M(ID) be the
class of all meromorphic functions and H(ID) the class of all holomorphic functions on D. Also, dA(z) be
the normalized area measure, so that A(D) = 1. The Green’s function is defined by

1
g(z,a) = log m,

where ¢4(2) = == is the automorphism of I interchanging the points zero and a € D. Note that

©alpa(2)) = 2z, and so ¢, 1(2) = p.(z). For all z,a € D, we know that

(1= [zP)ea(2)] = 1 = pa(2)]* < 29(z, a). (1)
For a function f € M(D), a natural analogue of f’(z) is the spherical derivative
1f'(2)]
f# z) = .
B =T er

For « € (0,00) we say that the function f € M(D) belongs to the a-normal class N* = N¢(D), if
£l = 1£(0)] + sup(L - |2[)*f#(2) < oo (see [18)).
z€

The little a-normal class N§* = N§' (D) consists of all f € N such that
lim (1 —[2/)*f#(2) =0 (see [18]).

|z|—=1

AMS 2000 classification: 47B38, 30D99, 46E15.
Key words and phrases: Composition operators, normal functions, F#(p, q, s) classes
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For some results on N'* class, we refer to [1, 8, 11].
For some r € (0, 1), we say that the function f € M(D) belongs to the class of spherical Bloch functions
B# (see [21]) if

17135 := sup / (F#(2))%dA(2) < oo,
D(a,r)

a€D
lz:daz
radius . We clearly have N/ C B#. In the analytic case, we know that the corresponding definition
with f#(z) replaced by |f/(z)| both give the space of Bloch functions B. In the meromorphic case, the
situation is different.

A function f € M(D) belongs to the spherical Dirichlet class D# (see [12]) if

where, D(a,7) = {2z : p(z,a) = |pa(2)| = | | < r} is the pseudo-hyperbolic disc with center a and

112 = / (f#(2))%dA(2) < oc.
Let fe M(D), 0<p<oo, —2<g<oo and 0< s < oo. If
11 gy = 510 [ (PGP0~ 2797 (2, )dAG) < .
then f € F#(p,q,s) (see [18]). Moreover, if

lim [ (f#())"(1 = |2*)79°(2,a)dA(2) = 0,

la|—1 Jp

then f € Fg#(p,q,s). The classes F'7#(p,q,s) were intensively studied by Rétty# in [18]. The classes
F#(p,q,s) and Ff (p, q, s) behave sometimes in a quite different way than their analytic counterparts.
For example, the Green’s function g(z,a) cannot be replaced by the weight function (1 — |4 (2)|?) in
general (see [2] and [21]). Therefore the classes M#(p, ¢, s) and M (p,q, s) defined as follows.

A function f € M(D) is said to belong to the classes M# (p, q, s) if

1F15.q.s = Sup/[f#(z)]p(l —[2[1)(1 — |a(2)]?)*dA(2) < oo,
a€D JD
If

Il}ml [F#E)P( = 121171 = [¢a(2)[?)°dA(2) = 0,
al—=1Jp

then f € Mg#(p, q, 5). For the inequality 1— |, (2)|? < 29(z, a), for all z,a € D, we see that F'#(p, q,s) C
M*#(p,q,s) and Fg#(p, q,8) C Mg%(p,q, s), but, as mentioned before, the opposite inclusions do not hold
in general.

If F is any set, the characteristic function y g of the set E is given by

() = 1, if z € F,;
XEVE) =0, ifz¢ E .

The function xg(z) is measurable if and only if E is measurable (see [19] ).

Recall that a linear operator T : X — Y is said to be bounded if there exists a constant C > 0 such
that [|T(f)|ly < C||f||x for all maps f € X. Moreover, T : X — Y is said to be compact if it takes
bounded sets in X to sets in Y which have compact closure. For Banach spaces X and Y contained in
M(D) or H(D), T : X — Y is compact if and only if for each bounded sequence {x, } € X, the sequence
{Tz,} €Y contains a subsequence converging to a function f € Y.

Two quantities A and B are said to be equivalent if there exist two finite positive constants C7 and Cs
such that C1B < A < (9B, written as A =~ B. Throughout this paper, the letter C' denotes different
positive constants which are not necessarily the same from line to line.
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The composition operator Cy : H(D) — H(D) is defined by Cy = f o ¢, where ¢ is a holomorphic
self-map of the open unit disc in C. There have been several attempts to study compactness and bound-
edness of composition operators in many function spaces (see e.g.[4, 5, 6, 7, 9, 10, 13, 17, 23] and others).
Lappan and Xiao in [14] studied the boundedness of the composition operator Cy in meromorphic case
from the normal class N to their Mobius invariant subclasses.

In this paper, we show some clear differences between the analytic and the meromorphic cases of
the classes F'(p,q,s). We give a Carleson measure characterization of the composition operator Cy on
F#(p,q,s). Also, we characterize by means of s-Carleson measures and compact s-Carleson measures
the boundedness and compactness of composition operator Cy : M(D) — M(D) from a-normal classes
N to F#(p,q,s) classes. Moreover, we investigate the compactness of composition operator Cy from
spherical Dirichlet class D# to F#(p, q,s).

Now we quote several auxiliary results which will be used in the proofs of our main results. The following
lemma can be found in [18], Corollary 3.2.3.

Lemma 1.1 Let 0 <p< o0, —2<qg<oo and 0< s < 0.

o I M#(p,q,s) CN'F, then F#(p,q,5) = M#(p,q,5).

# o # #
o If Mj (p,q,s) CNy?” , then Fj (p,q,s) = M (p,q,s).
Taking the same technique used in lemma 1 of [14], we get the following lemma:

Lemma 1.2 For o > 0, there are two functions f1, fa € N such that
Mo = inf [(1 - 2P (fF (2) + 15 (2))] > 0,

where My is a positive constant.

Using the standard arguments similar to those outlined in proposition 3.11 of [4], we have the following
lemma:

Lemma 1.3 Leta € (0,00),0<p<o0, —2<g< o0 and 0<s<oo. If¢:D— D be an analytic self-
map and X = F#(p,q,s) or B;f. Then Cy : N — X is compact if and only if for every bounded sequence
{fn} C N, which converges to 0 uniformly on compact subsets of D as n — oo, lim ||Cyfy|lx = 0.

2 The classes F7(p,q,s) and s-Carleson measures

In this section, we show some clear differences between the analytic and the meromorphic cases of the
classes F(p,q, s).

For 0 < s < oo, we say that a positive measure p defined on D is a bounded s-Carleson measure,
provided u(S(I)) = O(|I|®) for all sub-arcs I of D, where |I| denotes the arc length of I C 9D and S(I)
denotes the Carleson box based on I, that is

] z
— : — < — .
S(I) {zeD 1 o = |z| < 1, E el

For 0 < s < 00, a positive Borel measure p on D is a bounded s-Carleson measure if and only if

sup/ |04 (2)]dp < oo (2)
a€D JD

and p is a compact s-Carleson measure if and only if

im, [ I, de =0, 3)

la|—1
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Lemma 2.1 Let 0 < p < 00,—2 < ¢ < 0o and f € M(D). Then, for 0 < s <1, f € F#(p,q,s) if and
only if dv = (f#(2))P(1 — |2|?)7"*dA(z) is a bounded s-Carleson measure on D.

Proof: From (2) it follows that dv = (f#(z))P(1 —|z|?)97*dA(2) is a bounded s-Carleson measure if and
only if

sup/ |l (2)|°dv < oo. (4)
acD JD

Using (1), we see that

sup / () 5y = sup / 6L ()P F# ()P (L — |2[2) o+ dA(2)

a€D a€hD

= Sup/(f#(Z))”(l = [21%)7(1 = |ga(2)[*)*dA(2)
D

acD

IN

C’sup/(f#(z))p(l — |21%)99%(2,a)dA(2) < occ.
a€D JD

If dv is a bounded s-Carleson measure, then f € N%Q, for 0 < s <1 we have f € F#(p,q,s).
For 1 < s < oo the meromorphic case differs from the analytic case (see Theorem 2.4 in [22]) as the
following lemma shows.

Lemma 2.2 Let 0 < p < 00,—2 < ¢ < oo and f € M(D). Then, for 1 < s < oo, the following
statements are not equivalent:

(i) fe€F*(p.qs);
(ii) dv = (f#(2))P(1 — |2|?)?**dA(2) is a bounded s-Carleson measure on D.

Proof: An easy calculation shows that N* C F#(p,ap—2,s) for 0 <p < o00,0 < a < oo and1 < s < o0

(see theorems 3.2.1, 3.3.3 and also corollary 3.2.2 in [18]). In the case a = q;Z, we have that

q+2

N C F#(p,q,9). (5)

However, in this case it is possible that F#(p,q,s) C N as in the case of the class QY (see [2] and [3],
Lemma 1).

Hence, F#(p,q,s) = N5 (for all 0 < p < 00,—2 < ¢ < 00 and 1 < s < o), dv being a bounded
s-Carleson measure does not imply that f € F#(p,q,s) by Lemma 1.1. Thus the lemma is proved.

In case of compact s-Carleson measures we have a more complete description which is similar to the
analytic case.

Lemma 2.3 Let 0 < p < 00,-2 < g < o0 and f € M(D). Then, for 0 < s < oo, the following are
equivalent:

(i) feF(pas);

(i) dv = (f#(2))P(1 — |2|?)?*dA(2) is a compact s-Carleson measure on D.

Proof: (i)= (ii). If f € Fg%&(p7 q,$), then, by (1) and (2), dv is a compact s-Carleson measure on D.
(ii)= (i). For any r € (0,1) and D(a,r) = {z € D : |pa(2)| < r}, we have

I(a) = / (F#(2)P(1 — 29 (2, a)dA(2)

-/ i r)}(f#(z))f’(l — [2)1g° (2, a)dA(2)
~ L(a)+ b))
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b)
Suppose now that dv is a compact s-Carleson measure on D. Since
] > log4 > 1, lpa(2)] < 15
AR PN E)]
P <41 - lpa(2)?). leal2)l > 1,
we obtain for so = max(s,2) and D(a, 1) = {z € D : [pa(2)| < §} that
ha) = [ PO~ R (e a)dA)
D(a,7)
< [ REPa- P adAe) (6)
D(a,%)
and
Ir(a) = / (f7 ()P (L = |21%)9° (2, a)dA(2)
D\D(a, })
< 43/ (S7 ()P (1 =211 = |pa(2)]?)°dA(2). (7)
D\D(a,})
Hence, by (6) and (7), we get
I@) = [(GFEP0- 1)y a)dAl)
< C/D(f#(z))f’(l —[2)1(1 = |pa(2)[?)*dA(2). (8)

which means that f € FO# (p, q, s). Hence the proof is completed.

3 Boundedness of composition operators from N to F#(p,q, s)

We are going to work with composition operators acting on N* and A§. For a function ¢ : D — D, we
say that Cy : N¥(NG) — F#(p,q,s) is bounded if

||C¢f||F#(p,q,s) < C”fH/\/aa f € NQ(N(SI)'

For 0 <p<oo,-2<g< oo and 0 < s < oo, we define the following notations:

dpg(o,p,q,s) = %(1 — |z|2)q+sdA(2),

_ |¢/(Z)‘p _ 22 199%(2. a P
Polepar) = [ (1~ 2 (oA C),

_ |¢/(2>|p _s12)e(1 — 2)[2)# 5
%(a,p,q,s,a)—/m(1_|¢(z)|2)ap<1 2P)I(1L — |pa(2) 2 dA(2).

Lemma 3.1 If ¥y(a,p,q,s,a) is a finite at some point a € D, then, Yy(a,p,q,s,a) is a continuous
function of a € D.

Proof: The proof is very similar to that of the lemma 2.3 in [20].

We proof the following result.
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Theorem 3.1 Let 2 < p < 00,—2 < ¢ < o0 and 0 < s < oo. Then, the following statements are
equivalent:

(i) Cy: N™— F#(p,q,s) is bounded;
(ii) Forp > 2, Cy: N& — F#(p,q,s) is bounded;
(iii) sup ®y(e,p,q, s, a) < oo;

acD

(iv) due(a,p,q,s) is a bounded s-Carleson measure.

Proof: (i) = (ii) is clear since N§' C N.

(i) = (iii). First, note that if f € N* and f,.(2) = f(rz) for r € (0,1), then f, € N§ with [|f;||xe <
I fllare. Secondly, for the two functions f; and fo given by the Lemma 1.2, we have for k = 1,2, and
a €D,

IC P12 ICOIP ) Bre = ICo(F)e B s

/D(f;f(W(Z)))pIW’(Z)\”(l = |2*)79° (2,0)dA(2).

\%

Because of the Lemma 1.2,
(1-— |z|2)a(ff(z) + ff(z))z My >0, forall zeD,

we have that

el o )
< 3 (0 ) 4 (120 9 (2)"

(L= lo2))™
Thus,
s [ o @A
< s (o 0# ()"0 - 1" i)
s [ (20 0 (2)" (1~ 2P (. a)dAC)
< ZplColl (Al + 1213

This inequality and Fatou’s lemma imply (iii) holds. For all f with | f|lxe < 1, it is clear that the
boundedness of Cy is identical to ||Cy || p# (p,q.5) < 00. Let f € N with || f||ar« < 1, we have

Coflnqe = sup / ((f 0 9)*(2))" (1~ |17)79° (2, ) A(2)

IN

posup [ AP e A
[y Rres e (U PR ACOID

sup ®4(e,p,q, s,a) < oo.
a€D

IN

Hence (iii) implies (i). So, it remains to check (iii) implies (iv), suppose that (iii) holds. By (2), we see
that (iv) is equivalent to sup ¥y (a, p, g, s,a) < co. From (1), we get that
acD

su |¢/(2)‘p _1s12)e(1 — 2)12)s 5
| o ey 0 el PraAe

a€D JD

= su Wi — |2[2)9F3 ¢! (2)|°dA(z
aeg/(1¢( e (1= = A G)

sup/ lon (2)°dpg (o, p, g, s) < o0,

IN
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then (iv) holds. Now we suppose that (iv) is true. For f € N'*, we get

1Co s gy < Csup / ((f 2 9)#(2))" (1 = [21%)2(1 = lpa(2))"dA(2)

acD

A\

< Clf e sup Uy (a,p, q, 5, a),
acD

and so Cy : N — F#(p,q, s) is bounded. Thus (iv) implies (i) and the proof is complete.

Theorem 3.2 Let 2 < p < 00,—2 < ¢ < 00 and 0 < s < oo. Then, the following statements are
equivalent:

(i) Cy: N — Fgﬁ7£ (p,q,s) s bounded;
(11) sup (I)¢(Ol,p, q, S,CL) < oo and ¢ € Fo#(pa q, 5)'
ach
Proof: Suppose that (ii) holds, and let f € NV§. Then Cy : N — F¥(p,q, s) is bounded by Theorem
3.1. We only show that Cy f € Fg#(p, g, s). For any € > 0, we can choose r € (0,1) such that
(F#(w)"(1 = [w)P* <e, for |w|>r.

Thus

sup / ((F 0 8)F(2))7 (1 — |22) 76" (2, a)dA(2)
[p(2)|>r

a€D

PP 2P
) i‘ég/ww 0 lopype ¢ (=a0dAG)

< e supPy(a,p,q,s,a).
acD

IN

Since ¢ € Fo# (p,q,s), for r as above, we have
lim ((CoN)*(2))"(1 = |2[*)79° (2, a)dA(2)

lal=1 J)g(z)|<r
¢/ (2)[P(1 = [2]*)?

Pa 3 ) A
< Wl e G- Topya ¢ (AR
< L /¢< i< |6/ (2)[P(1 = |21*)7g° (2, a)dA(z) = 0.

(1 — r2)po¢ |la]—1

Combining above, we get that Cyf € F(f’é(])7 q,8).

Conversely, if Cy : N — Fo#(p,q,s) is bounded, then Cy : N§ — F#(p,q,s) is bounded. By
Theorem 3.1, we get that sup ®4(a, p, g, s,a) < co. Finally, by considering f(z) = z, the boundedness of
acD

Cy implies ¢ € Fg‘7£ (p, q, s). The proof is complete.

4 Compactness of composition operators from N to F'#(p,q, s)

Theorem 4.1 Let o € (0,00),0 < p,s < 00,—2 < q < 00, with g+ s > —1 and let ¢ : D — D be a
holomorphic function. Then, for f € M(D) the following are equivalent:

(i) Cs: N*— F#(p,q,s) is compact;
(ii) Cp : N — F#(p,q,s) is compact;
(iii) ¢ € F#(p,q,5) and

: ¢ (=) [P 2
lim su (1 = |2]")1g°(2,a)dA(z) = 0. 9
ey [ = oy~ )G A )
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Proof: The proof follows from the proof of Theorem 1 in [23] by replacing the derivative f’ with the
spherical derivative f#.

Theorem 4.2 Let o € (0,00),p > 1,-2 < g < 00, and ¢ : D — D. Then, for f € M(D) the following
statements are equivalent:

(i) Cp: N*— Fg#(p,q, s) 18 bounded;
(i) Cp : N*— Fo#(p,q, s) 18 compact;

(i) lim By(ep,g;s,a) =0;

(iv) due(a,p,q,s) is a compact s-Carleson measure;
(v) Cy:N§ — Ff (p,q,s) is compact;
(vi) ¢ € Ff(p,q,s) and (9) holds.

Proof: (ii)= (i). This implication is obvious.
(i)= (iii). Assume that (i) holds. Let fi, fo € N* be two functions from Lemma 1.2, such that

(1- |z|2)°‘(f1#(z) + fz#(z))Z My >0, forall zeD,
Since Cy : N — Fg"ﬁ(p7 q,s) is bounded, we get Cy f1 € Fg‘7E (p,gq,s) and Cyf2 € Fg"ﬁ(p7 q, ). Thus

. —im [P e aVdA(s
hmltbd)(a,p,q,s,a) = (},4’1/]])(1—|¢(Z)|2)ap(1 12|7)%g% (2, a)dA(2)

lal—
s im0 04 e) (o 0 )”] 1= o2)10° . a)dae) = .

(iii)= (iv). Suppose (iii) holds. By (2) (iv) is identical to ‘ii‘ml Uy(a,p,q,s,a) =0.
By (1) we have

lim Vy(a,p,q,s,a) < ‘lilml%(a,p,q,s?a) = 0.
al—

|a]—1

(iv)= (i). Suppose that (iv) holds, then for all f € N'®, we get

lim [ ((f0@)*(2))"(1 = [2)"(1 = |pa(2)*)*dA(2)

la|—1 Jp
< ”f”i/’a |OHI_I}1 ql(b(a?pqu Sva) =0.

By Lemma 2.3, Cyf € Fg#(p, ¢,8), 80 Cy : N* — Fo#(p,q, s) is bounded.

(iv)= (ii). Let {fn} € N* which converges to 0 uniformly on compact subsets of D and let || fp || < 1.
Next, we will show that [|Cy fr|lp#(p,q,s) converges to 0 as n — oc.

Since lim U4(a,p,q,s,a) = 0, there is an r > 0 such that ¥,(a,p,¢,s,a) < ¢ for every € > 0 and

la]—1

a € G, where G, = {z € D: |z| > r}. So for any compact set U C D, we have

@)= e —21)%9°(2,a z)<e for a
0= [ | G aame e <o for e, o)

By Lemma 3.1, we see that I(a) is also continuous. For any given a; there is a compact set U; C D such
that (10) holds. The continuousness of I(a) tells us that there is a neighborhood U(a;) of a; such that
(10) holds. By the compactness of C(G,) = D — G,., we can choose finitely many U(a;)(i = 1,2,...,n)
such that C(G,) = |J U;, then for all a € C(G,), (8) holds for all a € D

=1

1=
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There exists a number N > 0, such that if n > N, sup[f# (¢(2))]P(1 —|¢(2)|?)*? < . Then for n > N
U

and any a € D, we have
/D (£ (6(2)"16/ ()P (L — |2[2)16° (2, a)dA(2)
/ (£ (6(2)" 16/ (2)P(1 = |52)9(1 = [ga(2)2)*dA(2)

(i [+ [ Yo 0~ a0 < <

Thus ||Cy frll p#(p,q,s) converges to 0 as n — oo, i.e., Cy : N — F(#(p, q,s) is compact.

(ii) = (v). It is clear.

(v) = (vi). Since the identical mapping belongs to N§', ¢ € F (p, g, s). Since Cy : N& — Fi (p,q, ) is
compact, Cyp : N — F(;#(p,q, s) is compact. By Lemma 3.1, it is easy to see that (9) holds.

(vi) = (i). Suppose (vi) is satisfied. For all € > 0, there exists D : 0 < D < 1, such that if D < r < 1,
that for a € D

IN

Q

[ A ey adac)
o> (

1—|o(2)?)
su M —2|)9¢° (2, a)dA(z
= aeg/¢(z)>r (1- |¢(z:)\2)0‘p(1 SR

Therefore,

/Q ((F 0 9)* ()" (1 — |22)76° (2, a)dA(2)

IN

p ‘(b/(z)lp _ 2’2 90%(2. q P €
e [, G ey (G <

On the other hand,

lim (Cof)*(2))"(1 = |21)7g° (2, a)dA(2)

lal=1J|p(z)|<r
6/(2)P(1 = [22)0
S b
1Flee Y, [ e O BB

T SR )
=727 i /¢<z>|9 /()P (1~ |2)7g° (2, a)dA(z) =

IN

9°(2,a)dA(2)

IA

Combining above, we get that Cyf € Fg#(p, ¢, ), ie, Cy : N@ — Fg#(p, g, s) is bounded. The proof is
completed.

Now we consider the composition operators from the spherical Dirichlet class D# into F#(p, g, s)
classes. Our result is stated as follows:

Theorem 4.3 Let « € (0,00),2 < p< oo, 1 <s<ooand -2 < q< oo If o : D — D, then
Cy : D¥ — F#(p,q, s) is compact if and only if

|i}131 HC¢(<)O<1)HF#(17,LLS) =0. (11)

Proof: Assume that Cy : D# — F#(p,q,s) is compact. Since {¢, : a € D} is a bounded set in D# and
(¢pa — @) — 0 uniformly on compact sets as |a| — 1, the compactness of Cy yields that

||C¢((100«)||F#(p,q,s) —0 as |a| — 1.
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Conversely, let {f,} C D# be a bounded sequence. Since f,, € D# C N,

1+|z|

Hence, {f,} is a normal family. Thus, there is a subsequence { f,, }, which converges to f analytic on D
and both f,, — f and fjfi — f# uniformly on compact subsets of . It follows that f € D# from the
following estimates:

a2 < 510l (1+ ) for > € D.

# z 2 z 1im 2 z
[uteraae = [ g (56 aAe)
tminf | (£, (2))"dA()

lim inf 1154 < C < 0.
— 00

IN

IA

We replace f by Cyf, we remark that Cy is compact by showing

||C¢fnk - Cbe”F#(p,q,s) —0 as k— oo.

We write
ICo) By
= suwp [ [0 0 ) (1~ 159" (. 0)dAG)
= swp [ (2 62) 160~ 2Pz a)A)
— sup [ [l ]pw IS P21~ 1212)79° (2, @)dAC)
- [ [ e
S A (Rl R
Here

Npwt(w)y= Y 1P 21~ [2*)1g° (=, a),

z€¢ 1 (w)
is the counting function (see [7, 15]). Thus (11) is equivalent to

i, [ 02,

|a]—1 D |]. —a'l,U|2p

a—w

H NP w)dA(w) =

1—aw

Hence, for any € > 0 there exists an d, where 0 < ¢ < 1, such that for |\| > ¢ and all a € D,

Sup/ N2 (w)dA(w) < e (1— AP, (12)
a€D JD(A,1/2)

Thus, by Lemma 2.1 in [16],

sup / (F (w) = F#(w))" ND9 () dA(w)

aceD JD

< Csuw / ( / o2 (W) (f () — f#(u>)pdA(u>)WdA(w)~ (13)

a€D (1= wl)?

173
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Observe here that the characteristic function xp(w,1/2) (%) = XD(u,1/2) (W)-
Using (12) in (13), for sufficiently large &,

sup / (F (w) = [# ()" NE@* (w)dA(w)

su (f#( ) _ f#( ))p p»q,;S w u
< C aeﬁ/ 0Tl /<u1/2> NP (w)dA(w)dA(u)
= su f#( )) P,q,5 w u
= C aGB(/’u>r /u|<r> 1— ‘u|) /D(u71/2)N’ ( )dA( )dA( )

For one hand, since f,,, f € D#* C N and 2 < p < oo, we have

Uk - W) b
Il( ) - aeg/u|>r (1_ ‘UDQ /]D)(u,l/Q)]V7 ( )dA( )dA( )

< < sup / (F# () — 1#(u)"(1 — Jul)P2dA(u)
a€D J|u|>r
< e — FIE 2 sup / (P () — 1 (w))*dA(w)
a€D J|u|>r
< e llfan = FIRZ W — fllBs
< e lfan = Flibs-

On the other hand,

a — su (fr:fi (u) - f#(u))p D,q,8 w ”
La) = sup /| / oy N A A

acD (1 - |U‘D2

< Csup / NP (1) dA(w) /u|<r(fjfi (u) — f*(u))PdA(w) < C'e,

a€D JD

Therefore, for sufficiently large k, the above discussion gives
||C¢fnk - C¢f||1})7‘#(p7q7s)

. / ((fay 0 )% (2) = (F 0 6)F(2))"(1 — |2[2)19° (2, a)dA(2)

a€D JD

— sup / (F# () — [#(w))" NPD* (w) dA(w) < Ce.

acD JD

It follows that Cy is a compact operator. Therefore, the proof is completed.
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Construction of Spline Type Orthogonal Scaling
Functions and Wavelets

Tung Nguyen and Tian-Xiao He
Department of Mathematics
Illinois Wesleyan University

Bloomington, IL 61702-2900, USA

Abstract

In this paper, we present a method to construct orthogonal spline-type scaling
functions by using B-spline functions. B-splines have many useful properties
such as compactly supported and refinable properties. However, except for the
case of order one, B-splines of order greater than one are not orthogonal. To
induce the orthogonality while keeping the above properties of B-splines, we
multiply a class of polynomial function factors to the masks of the B-splines
so that they become the masks of a spline-type orthogonal compactly-supported
and refinable scaling functions in La. In this paper we establish the existence of
this class of polynomial factors and their construction. Hence, the correspond-
ing spline-type wavelets and the decomposition and reconstruction formulas for
their Multiresolution Analysis (MRA) are obtained accordingly.

AMS Subject Classification: 42C40, 41A30, 39A70, 65T60

Key Words and Phrases: B-spline, wavelet, MRA.

1 Introduction

We start with the definitions of Multiresolution Analysis (MRA) and scaling func-
tions.

Definition 1.1 A Multiresolutional Analysis (MRA) generated by function ¢
consists of a sequence of closed subspaces V;,j € Z, of La(R) satisfying

(i) (nested) V; C Vi for all j € Z;
(ii) (density) UjezVj = L2(R);
(iii) (separation) N;ezV; = {0};

(iv) (scaling) f(x) € V; if and only if f(2z) € Vjy1 for all j € Z;



2 Spline Type Orthogonal Scaling Functions and Wavelets

(v) (Basis) There exists a function ¢ € Vi such that {¢(x — k) : k € Z} is an
orthonormal basis or a Riesz basis for Vj.

The function whose existence asserted in (v) is called a scaling function of the MRA.

A scaling function ¢ must be a function in Lo(R) with [ ¢ # 0. Also, since ¢ € V;
is also in Vi and {¢y 1, := 27/2¢(2x — k) : k € Z} is a Riesz basis of V;, there exists a
unique sequence {pg}72 . € l2(Z) that describe the two-scale relation of the scaling
function

— 00

oo

¢x) = > ped(2w — k), (1.1)

k=—o0

i.e., ¢ is of a two-scale refinable property. By taking a Fourier transforAmation
on both sides of (1.1) and denoting the Fourier transformation of ¢ by ¢(§) :=
75, d(x)e™ % dx, we have

where

S — o iE/2
P(z) = 5 g prz” and z =e (1.3)

k=—o0

Here, P(z) is called the mask of the scaling function. Now, regarding the property
that {¢(z — k)} must be either an orthonormal basis or a Riesz basis, we have the
following characterization theorem (see, for example, Chs. 5 and 7 of [4])

Theorem 1.2 Suppose the function ¢ satisfies the refinement relation ¢(x) =
> ped(2z — k). Then we have the following statements

(i) ¢ forms an orthonormal basis if and only if |P(2)|? + |P(=2)|*> = 1 for z € C
with |z| = 1.
(ii) ¢ forms a Riesz basis if and only if |P(2)|> + |P(=2)|* < 1 for z € C with
|z| = 1.

Finally, from the scaling function ¢, we can construct a corresponding wavelet
function ¢ by the following theorem (see, for example, [1, 7, 9])

Theorem 1.3 Let {V;}jcz be an MRA with scaling function ¢, and ¢ satisfies
refinement relation in (1.1). Then we can construct a corresponding wavelet func-
tion as

190
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o) = S (-1 pire(2e — k) (1.4)

kEZ
and denote W; = span{y)(2ix — k) : k € Z}.

Furthermore, W; C V4 is the orthogonal complement of V; in Vi1, and {;,(x) =
20/2p(2x — k) : k € Z} is an orthonormal basis of Wj.

In the next sections, we will examine the B-spline functions as a scaling functions
and construct an orthogonal spline type scaling functions from them. The proof of
the main result shown in Section 2 and some properties of the constructed spline type
scaling functions are presented in Section 3. The corresponding spline type wavelets
and their regularities as well as the decomposition and reconstruction formulas are
also given. Finally, we illustrate our construction by using some examples in Section
4.

2 Construction of orthogonal scaling functions from
B-splines

In this paper we are interested in a family of B-spline functions, B, (x), the uniform
B-spline with integer knots 0, 1, ..., n+1 defined as follows (see [2, 3]).

Definition 2.1 The cardinal B-splines with integer knots in Ny, denoted by B, (x),
is defined inductively by

B = 0 oruines
and By (z) := (Bp—1 % By)(z) = /_00 B,_1(xz —t)Bo(t)dt (2.1)

From the definition, it is easy to verify that B, (z) is compactly supported and in
Ly(R), which satisfies [ B, # 0. By using Fourier transformation, we also have the
refinement relation of B, (x)

! ( " )Bn(Zx—j) (2.2)

Next, we would like to see if By, (z) forms an orthornormal basis or not. We ex-
amine the mask P,(z) of B,(z). We have

ro-ize(f) () e
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4 Spline Type Orthogonal Scaling Functions and Wavelets

Thus considering theorem 1.2 we have

2n 2n
L e I
_ |1+ cos(¢/2) —isin(&/2) 2"+‘1 — cos(£/2) + isin(¢/2) [*"

2 2
= cos®™(£/4) + sin®™(£/4) < cos®(£/4) + sin?(£/4) = 1

The equality happens only when n=1. Therefore, except for the case of order one
(i.e., n = 1), B, (x) are generally not orthogonal (indeed they are Riesz basis). To in-
duce orthogonality, we introduce a class of polynomial function factors S(z). Hence,
instead of B, (z), we consider a scaling function ¢, (z) with the mask P,(2)S,(2),
ie

where P, (z) are defined as (2.3). We want to construct S, (z) such that the shift set
of the new scaling function form an orthogonal basis. In other words, we need that
Sn(z) satisfy the following condition

|Pa(2)Sn(2)[* + | Pu(—2)Sn(=2)|* = 1 (2.5)

Now we consider S, (z) of the following type: S, (2) = a1z +as2®+...+a,2", n €N,
and find their following expressions.

Lemma 2.2
Let Sy, (z) be defined as above. Then there holds

‘Sn(Z)P

n n—1 n—2
= Z a? 42 Z a;a;+1c08(£/2) + 2 Z a;a;12c08(2£/2) + ...
i=1 i=1 i=1

+ 2a1anc08((n — 1)£/2).
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Proof. We have

S (2)]?
= |a1(cos(&/2) —isin(£/2)) + ... + an(cos(n&/2) — isin(né/2))|?
= |(a1c08(£/2) + ... + ancos(n€/2)) — i(arsin(£/2) + ... + ansin(né/2))|?
= (a1c08(£/2) + ... + ancos(n€/2))* + (arsin(€/2) + ... + ansin(né/2))?
= a1(cos?(£/2) + 5in*(£/2)) + ... + an(cos®(n&/2) + sin®(n&/2))

+ Z 2a;a;(cos(i€/2)cos(j€/2) + sin(i&/2)sin(j€/2))

i#]
=Y a; + ) 2aiacos((i — §)¢/2)
i=1 i#j

n n—1 n—2
= Z a? + 2 Z a;a;11c08(€/2) + 2 Z a;a;42c08(2£/2) + ...
i=1 i=1 i=1

+ 2a1anc08((n —1)£/2)

A similar procedure can be applied to find |S,, (—2)|?

[Sn(=2)I?

n—1 n—2
= Z a? —2 Z a;a;+1c08(£/2) + 2 Z a;a;12c08(2£/2) + ...
i=1 i=1 i=1
+ (=1)"2a1ancos((n — 1)£/2).
From Lemma 2.2, if we write each cos(k&/2) as a polynomial of cos(£/2), then

1S,(2)|? = Qn(z) where z = cos(£/2). Obviously, Q,(x) has the degree of n — 1. It

is also easy to observe that |S,(—z)|?> = Q,(—x). Now equation (2.5) becomes

1= [Pa(2)Su(2)I + |Pa(=2)Su(~2) P
= cos™ (¢/4)Qu (@) + 5in® (¢/4)Qn ()

- (L) g, )+ (L2E2) g,

- (25) @+ (552 aun)

So finally we get

(52) @@+ (152) et -1 (2:6)
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6 Spline Type Orthogonal Scaling Functions and Wavelets

Next, to show the existence of Q(z) in the above equation, we make use of the Poly-
nomial extended Euclidean algorithm (see [6, 16]).

Lemma 2.3 Polynomial extended Euclidean algorithm If a and b are two
nonzero polynomials, then the extended Euclidean algorithm produces the unique pair
of polynomials (s, t) such that as+bt=gcd(a,b), where deg(s) < deg(b)—deg(ged(a, b))
and deg(t) < deg(a) — deg(gcd(a,b)).

We notice that ged((1£2)", (135%)") = 1, so by Lemma 2.3, there exists uniquely Q(z)
and R(z) with degrees less than n such that (1££)"Q(z) + (1:5%)"R(z) = 1. If we
replace « by —x in the previous equation, we have (152)"Q(—x)+(H%)"R(—z) = 1.
Due to the uniqueness of the algorithm, we conclude that R(z) = Q(—z). So we
have showed the existence of a unique Q(z) = Q,(z) satisfying equation 2.6.

To construct @, (z) explicitly, we use the Lorentz polynomials shown in [8, 15]
and the following technique.

{— 1+x+1—x -l
- 2 2

2n—1 om—1 1"‘33)2”_1_1‘(1_37 A
= { 2 2

1=

B ].-I—.’E n [n—1 m—1 1+$ n—1—1 1—2 7
S\ 2 p- i 2 2
1— 2 n [n— m— 1 1_ n—1—1 1+ i
2 ; 1 2 2
=0
where the polynomials presenting in the brackets are the Lorentz polynomials. We

notice that the degrees of the two polynomials in the brackets are n —1, and because
Qn(2) in equation 2.6 is unique, we can conclude that

0u(@) ”i( Qni—l ) <1;x)”” <12:c)i 27

=0

(]

= o

)

With the construction of @, (), we take a step further by showing the existence of
S~ a?,Y a;ai41, ... in Lemma 2.2.

It is well-known that the set {1, cos(t), cos(2t), ..., cos((n — 1)t)} is linearly inde-
pendent. As a result, {1, cos(£/2), cos(2£/2), ...,cos((n—1)&/2)} forms a basis of the
space Pp,_1(x) = {P(z) : x = cos(£{/2) and P is a polynomial of degree less than n.
Based on this fact and the existence of Q,(z) in equation (2.6), it is obvious that
the coefficients Y~ a?,>" a;a;41, ... in Lemma 2.2 must exist uniquely.

We now establish the main result of this paper.
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Theorem 2.1 Let P,(z) and S,(z) be defined as above. Then for n = 1,2,...,
the spline type function ¢, (x) with the mask P, (z)S,(z) is a scaling function that
generates an orthogonal basis of Vi in its MRA.

From the construction of ¢, (z), we immediately know they are compactly sup-
ported and refinable. We will prove that they are in Lo(R) in next section.
3 Properties of the constructed scaling function

3.1 The scaling function ¢,(z) is in Ly(R)

To show that the newly constructed scaling function ¢, (z) with mask P, (2)S,(z) is
in Lo(Z), we make use of the following theorem

Theorem 3.1 [11, 12] Let ¢ be a scaling function with mask P(z)S(z) where
P(z) = (52)" and S(2) = 2' 3.5 _a;27. Then ¢ € Lo(R) if

k
(k+1)> a3 <2 (3.1)
j=0

We also need the following lemma for the proof of Theorem 2.1.

Lemma 3.2 [14] We have the following formula for binomial coefficients

(+)- ”,ﬁ(l +o(1)) (52)

Proof. (The proof of Theorem 2.1) In this case, with the S, (z) we use to construct
¢n(x), the condition (3.1) becomes

nZa? < 22n-1 (3.3)
j=1

Recall from Lemma 2.2 that

Qn(z) = @n(cos(£/2))

n—1

= ia? +2 Z a;a;+1c08(€/2) + ... + 2a1ancos((n — 1)£/2)

i=1 i=1
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8 Spline Type Orthogonal Scaling Functions and Wavelets

Taking the integration from 0 to 27 of both sides, we have

27

Qn(z)dg

2 n n—1
= /0 (Z a? 42 Z a;a;+1c0s(§/2) + ... + 2a1ancos((n — 1)5/2)) 13

i=1 i=1
n
_ 2
=27 E a;
i=1

On the other hands, from the expression of @, (z) in (2.7) we have

o B 2r n—1 m—1 1+ n—1—1 12 i
a= PR (5F) ()«

I

=0

Combining the two equations above we have

i=1
Now we need to show that the expression on the right hand side of (3.3) is smaller

than 22— As it is hard to obtain a simplification for the left hand side of (3.3), we

—.
will use estimation shown in Lemma 3.2 to get an upper bound for it. From lemma
3.2, we get

( o — 1 > ) ( n—1 ) (2n — 1)ie” @D "s@-1? il
. . ~ 1 T __ 2 __ i3
v v L n — 1)16 2(n=1)  6(n—1)2

= <2n_1> eé(ﬁiﬁal)+ﬁ((n—ll)27<2n11)2)

—~

Using the fact that ¢ < n, we can estimate the right hand side to approximate

2n — 1 ie§%+§212: 2n — 1 iei/3: 2n—1 4 ‘
n—1 n—1 n—1

Thus, from (3.3) we obtain
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e [T () ()

i=1 T Jo i= '

LB ) (e
+

—o [ (R (e (o))
1 _

2

|

Notice that the inequality above can be easily verified by checking that the maxi-
mum of the expression inside the integral is attained at cos(£/2) = —1.

For n > 10, we have

Mel/?’ = 2+L el3) < 2+1 el/3) <2957
n—1 n—1 - 9 -

, or equivalently 2n < (55z)". Consider the

2271—1

We now prove that 2.95" <
function h(n) = (55z)" — 2n for n > 10. We have

n 10
B (n) = <2495) In (;495> -2> (;‘;5> In <;§5) -2>0

Thus, h(n) > h(10) > 0. We have proven Y., a? < 22"~!/n for all n > 10. Finally,
we can easily check the inequality is also true for all 1 < n < 9. The case of n =1
is trivial since S1(z) = z. For the cases of 2 < n < 9, denote the difference of
St a? — 22" /n by ay,. Thus,

’Ll’L

aana -
27771221( 2n—1 ) <1+co;(§/2))"‘1"' (1—0025(5/2)>id§_2%—1

Using Mathematica, we have the following table
n 2 3 4 5 6 7 8 9

an -2 12 -19 - 320 706 1792 T 32 T 147456

22n 1

As for n from 2 to 9, all the «, are negative, inequality (3.3) is completely proven,
which indicates that the scaling function ¢, (x) is in Lo(R) and also completes the
proof of Theorem 2.1



10 Spline Type Orthogonal Scaling Functions and Wavelets

|
As examples, we consider the cases of n = 1 and 2. It is easy to find that
S1(z) = z and ¢, (z) is the Haar function. For n = 2,

1 3 1-+v3
Sy(z) = +2\fz+ 2\[2,2

and the corresponding ¢»(x) is the Daubechies scaling function.

3.2 Refinement relation and corresponding wavelets

Let My, (2) := Po(2)Sn(z) = % iT;o cxz®. Then M, (z) is the mask of ¢,(r) and
thus we have the refinement equation

bn(2) = ckpn(2x — k) (3.5)
vk
We also have the corresponding wavelets
Un(@) =D (1) ei=xn (22 — k) (3.6)
vk

One natural question at this point is from the refinement equation to determine
explicitly the scaling function ¢, (z) and thus the wavelet functions ¢, (x). We
propose a method by the iterative procedure described in Theorem 5.23 of [1].

We start with ¢ (x) = By(z). From o0 () we can construct (b%l)(x) by using
the refinement equation (3.5)

oM (@) => el (2 — k)
Vk

Now from gZ)Sll)(x) we can continue to construct (i)g)(x) again by the refinement
equation. Continuing the process for a certain number of times, we can obtain an
approximation of ¢, (x).

Simple as it seems, this iteration method is not a very good way to construct ¢
as we do not know how many times should we repeat the process to find a good
enough approximation for ¢. For this reason, more direct method is developed and
will be addressed in future paper.

From Theorem 2 of [11], we have the following result on the regularities of spline
type wavelets 1, (z).

Theorem 3.1 Let ¢, (x) be constructed as the previous section with the mask shown
in Theorem 2.1. Then the corresponding wavelets ¥y, () established in (5.6) are in
CPr , where B, are greater than

1 n
2
n— ilog2 n},l a;
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3.3 Decomposition and reconstruction formula

Finally, upon obtaining the new scaling function and corresponding wavelet function,
we may establish the corresponding decomposition and reconstruction formulas by
using a routine argument. Roughly speaking consider a function f € Lo(R) with f;
being an approximation in Vj, a space generated by the 4t order scaling function.
Then

Ii= Z < fydjk > djk (3.7)

kez

Because we have the orthogonal direct sum decomposition V; = V;_1 + W;_1, we
can express f; using bases of V;_; and bases of W;_; as follows

fi=fitgi1=Y <fdjsix>dimint Y <fitjore>¢i1k  (3.8)

kez keZ

And now we have the following theorem regarding the relationship of these coeffi-
cients.

Let {V; : j € Z} be an MRA with scaling function ¢ satisfying the scaling rela-
tion ¢(x) = >, Pr®(22 — k), and let W be the orthogonal complement of V; in
Vj4+1 with wavelet function 1. Then the coeflicients relative to the different bases in
(3.7) and (3.8) satisfy the following decomposition formula

< fipjg>=2"17 Zpkfzz < fi ik >
kez

< fooa > =272 (=1 Fpi g < f, g >
keZ

and the reconstruction formula

<o >=2"2 "pron < fidjo1k > A2 (1) P < fr o1k >
kez kez

4 Examples for n =3 and n =4

Besides the examples of the cases of n = 1 and 2 shown at the end of Section 3.1, in
this section we give an examples on the cases of n = 3 and n = 4. According to the
previous sections, we will construct an orthogonal scaling function ¢3(x) from the
third order B-spline function Bs(x).

In order to construct the function ¢s(z), we start with its mask Ps(z)S3(z), where
P3(z) = (142)3 is the mask of the third order B-spline. Let S3(z) = a12+az2%+a3z®,
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then by Lemma 2.2, we have
Qs(x) = |S3(2)| = (af + a3 + a3) + 2(a1a2 + azaz)cos(€/2) + 2a1azcos(€)

= (a3 4 a3 + a3) + 2(ajas + azaz)cos(£/2) + 2ayas(2cos*(£/2) — 1)
= (af + a3 + ai — 2a1a3) + 2(a1az + agaz)cos(§/2) + darazcos® (£/2)
= (a2 + a3 + a2 — 2aya3) + 2(a1az + azaz)x + 4ayazx®

where x = cos(£/2) and z = e "%/,

On the other hand, by equation (2.7) we have

L
<142r:v> +5(1;x) (12x)+10<12x>

3 9

Thus, from the above equations, we have the following system of equations

a? + a3+ a3 — 2aja3 = 4

2(aras + azas) = —3 (4.1)
daiasz = =
Simplify (4.1) we get
af +a3+a} =2
ai1as + asaz = f% (4.2)
aijaz = %

From this system, we have (a1 +aa+a3)? = af +a3 +a3 +2(a1a2 +azaz +araz) = 1.
Without loss of generality, consider the case a; + as + a3 = 1. Combining this with

aias + asaz = —% and ajas = % we have the following solution
ar =4 (14 V10 - V5 +2/10)
az = 3 (1 —V10) (4.3)
3 =4 (14 V10 +v5+2V10)

We verify the condition for ¢3 to be in Ly(R)

202 1 a2 19 - 32 22371

aitas5+a;=—< — =

Thus ¢3 is indeed in Ls(R). Now we will attempt to construct ¢s explicitly. It has
the mask

1+2\°
Ps(2)S3(z) = (2> (a1z + agz® + azz?)

= 0.02492 — 0.060422 — 0.09523 + 0.3252* + 0.5712° + 0.23522°
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By (1.1), (1.2) and (1.3) we have the refinement equation

p3(x) = 0.0498¢5 (22 — 1) — 0.121¢53(22 — 2) — 0.191¢3(2x — 3)

+0.650¢5(22 — 4) + 1.141¢3(22 — 5) + 0.4705¢3(2z — 6) (44)

The corresponding spline type wavelet 13(z) can be expressed as

V3(z) = 0.0498¢5(2z) + 0.121¢5(22 + 1) — 0.191¢3(2z + 2)
— 0.650¢3(2 + 3) + 1.141¢5(2x + 4) — 0.4705¢3(22 + 5),

which is in C%s and

1
b3 >4 — 5 log, (57).

We now consider the case n = 4. Again, we construct an orthogonal scaling
function ¢4(z) from the forth order B-spine By(z) with the mask P;(z) = (14%)*.

We examine the mask Py(2)S4(2) of ¢a(x), where Sy(2) = arz + agz? + az2® + as2*.
By Lemma 2.2, we have

Qa(z) = |S4(2)[* = (af + a3 + a3 + a3) + 2(a1a2 + a2a3 + azas)cos(€/2)
+ 2(a1as + agaq)cos(§) + 2a1ascos(3€/2)
= (a} + a3 + a3 + a3) + 2(araz + azas + azay)cos(£/2)
+ 2(araz + agaq)(2cos?(£/2) — 1) + 2a1a4(4cos®(€/2) — 3cos(£/2))
= (a? + a2 + a3 + a? — 2a1a3 — 2aza4)
+ (2a1a2 + 2a2a3 + 2asa4 — 6aja4)cos(§/2)
+ (4ayaz + 4agay)cos? (£/2) + 8ayascos® (€/2)
= (a} + a3 + a3 + a3 — 2a,a3 — 2a2a4)
+ (2a1a2 + 2aza3 + 2azas — 6ajaq)x
( 3

+ (4ara3 + 4(12@4)x2 + 8ajaysx
where z = cos(£/2) and z = e i€/2

Using equation (2.7) we get another expression for Q4(z)

=3 (1) (%) ()

=0

(5 ) ) () () oo 5

_ 29 5 3
f8—3 z + 1022 — 5
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14 Spline Type Orthogonal Scaling Functions and Wavelets

Thus, from the above equations, we have the following system of equations

a? + a3 + a3 + a3 — 2a1a3 — 2aza4 = 8

2a1a9 + 2asa3 + 2aza4 — 6a1a4 = —22—9 (4.5)
4(11(13 + 4(12&4 =10
8ajas = —%
Simplify (5.1) we have the following system
a%—}—a%—i—a%—i—a?l:l?)
aiag + asas + asay = —% (46)

5

a1a3 + az04 = 3
_ _ 5
104 = — 35

Solving for this system of equations yields 8 solutions. One of the numerical solutions
is

ay = 2.6064
= —2.3381

2 (4.7)

as = 0.8516

as = —0.1199

We verify the condition for ¢4 to be in La(R)

2:4—-1
ai+a3+aj+a;=13<32=

Thus ¢4 is indeed in Lo (R). Now we will attempt to construct ¢, explicitly. It has
the mask

142

4
) (a1z + asz? + asz® + a4z4)

Pi(2)Si(2) = <
= 0.1629z 4 0.505522 + 0.44612% — 0.01982* — 0.13232° + 0.02182°
+0.023327 — 0.007528
By (1.1), (1.2) and (1.3) we have the refinement equation

da(z) = 0.3258¢4 (22 — 1) 4 1.011¢4 (22 — 2) + 0.8922¢4(22 — 3) — 0.0396¢4 (22 — 4)

— 0264664 (22 — 5) + 0.0436¢4 (22 — 6) + 0.0466¢4 (22 — 7) — 0.015¢4 (2 — 8)
(4.8)

The corresponding spline type wavelet ¢3(z) can be expressed as

Pa() = 0.3258¢4(2x) — 1.011¢4(27 4 1) + 0.892264 (22 + 2) + 0.0396¢4 (2 + 3)
— 0264604 (2 + 4) — 0.0436¢4 (22 + 5) + 0.046664 (22 + 6) + 0.015¢4 (2 + 7)

which is in CP+ and

1
Ba>4— 3 log,(52).
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1 Introduction

The Banach Contraction Principle which published in 1922 [5] and then the beginning of
fixed point theory in metric spaces is related to which in particular situation was already
obtained by Liouville, Picard and Goursat. A number of authors have defined and studied
contractive type mappings on a complate metric space X which are generalizations of
well-known Banach contraction (see [18], [19],[26], [11]).

The notion of modular space was introduced by Nakano [24] and was intensively devel-
oped by Koshi, Shimogaki, Yamamuro (see [21, 27]) and others. A lot of mathematicians
are interested fixed point of modular space. In 2008, Chistyakov introduced the notion of
modular metric space generated by F-modular and developed the theory of this space [7],
on the same idea was definedthe notion of a modular on an arbitrary set ad developed
the theory of metric space generated by modular such that called the modular metric
spaces in 2010 [8]. Afrah A. N. Abdou [1] studied and proved some new fixed points the-
orems for pointwise and asymptotic pointwise contraction mappings in modular metric
spaces. Azadifer et. al. [2] introduced the notion of modular G-metric spaces and proved
some fixed point theorems of contractive and Azadifer et. al. [4] proved the existence
and uniqueness of a common fixed point of compatible mappings of integral type in this

*Corresponding author. Tel.: +90 236 2013209; fax: +90 236 2412158.
E-mail addresses: eklnc07@gmail.com (E. Kiling), cihangiralaca@yahoo.com.tr (C. Alaca).
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space. Kiling and Alaca [20] defined (e, k) —uniformly locally contractive mappings and
n-chainable concept and proved a fixed point theorem for these concepts in a complete
modular metric spaces. Recently, many authors [3, 6, 9, 10, 14, 23] studied on different
fixed point results for modular metric spaces.

In this paper, we give modular metric versions of the fixed point theorem which was
given by Jungck [17] and a generalization of this theorem which was given by Fisher [16].

2 Preliminaries

In this section, we will give some basic concepts and definitions about modular metric
spaces.

Definition 2.1 [[8], Definition 2.1] Let X be a nonempty set, a function w : (0, 00) X
X x X — [0,00] is said to be a metric modular on X if satisfying, for all z,y,z € X the
following condition holds:

(1) wy(x,y)=0foral A >0 < z=y;
(11) wy (x,y) = wy (y,x) for all A > 0;
(149) wryp (z,y) < wy (z,2) +w, (z,y) for all A, > 0.
If instead of (i), we have only the condition

() wx(z,z) =0 for all A > 0, then w is said to be a (metric) pseudomodular on X.

The main property of a metric modular [[8]] w on a set X is the following: given
z,y € X, the function 0 < A — w, (z,y) € [0, 0] is nonincreasing on (0, cc0). In fact, if
0 < g < A, then (4i7), (¢) and (ii) imply

Wy ('Tu y) S IU)\,# ('ra ZC) + 'LU“ (.73, y) = 'LU“ (3:7 y) :
It follows that at each point A > 0 the right limit wy,¢ (z,y) = lig\lr}r (Wa (z,y) and the
n—
left limit wy_¢ (z,y) = lirﬂowk,s (x,y) exist in [0, 00] and the following two inequalities
hold:
Wx+o (‘Ta y) < wy ($7 y) < Wx—o (QJ, y) : (21)

Definition 2.2 [[23]] Let X,, be a complete modular metric space. A self-mapping T
on X, is said to be a contraction if there exists 0 < k < 1 such that
for all z,y € X, and A > 0.

Theorem 2.1 [[23]] Let X, be a complete modular metric space and T" a contraction
on X,,. Then, the sequence (1), . converges to the unique fixed point of 7" in X, for
any initial x € X,.

Definition 2.3 [[23]], Definition 2.4] Let X, be a modular metric space. Then
following definitions exist:
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1) The sequence (x, in X, is said to be convergent to x € X,, if wy (x,,x) — 0,
neN
as n — oo for all A > 0.

(2) The sequence (xy),,.y in X,, is said to be Cauchy if wy (T, z,) — 0, as m,n — oo
for all A > 0.

(3) A subset C' of X, is said to be closed if the limit of a convergent sequence of C
always belong to C.

(4) A subset C of X, is said to be complete if any Cauchy sequence in C'is a convergent
sequence and its limit is in C.

3 Main Results

In this section we will give two main theorems for commuting mappings in modular
metric spaces, the fixed point theorem which was given by Jungck in 1976 [17] and a
generalization of this theorem which was given by Fisher [16] in 1981 for metric spaces.

Theorem 3.1 Let [ and 7' be commuting mappings of complete modular metric space
X, into itsef satisfiying the inequality

wy (Tz, Ty) < kawy (Iz, Iy) (3.1)

for all z,y € X, where 0 < k < 1.If the range of I contains the range of T ,I is continuous
and w) (x, [z) < oo then T and I have a common unique fixed point.

Proof. Let zqg € X, be arbitrary. Then Tzy and [xy are well defined. Since Tzy €
I(X,), there is some x; € X, such that [x; = Txy. Then choose xs € X, such that
Izy = Txy. In general if z, is choosen, then we choose a point z,,; in X,, such that
Iz, 1 = Tx,. We show that (z,) is Cauchy sequence . From (3.1) we have

wy (Izp, [2441) = wx (Txp_1, Txy,) < kawy (lz,_1, 12,)
Then with induction we have
wy (Izp, [2,41) < kawy (Txg_1, [2,) < ... < k"wy ([xg, [21)
If we take the limit as n — oo, we get
wy ([zp, [2,41) — 0

such that

Without loss of generality we can assume that for ﬁ > 0 there exists —=—
€

w_a (Txn, IT,41) <

m—n m — N

For m,n € N and m > n we have

wy Iz, [x,) < w Y (Izy, [Tnq) +w Y (Izpi1, [xpi) + ... +w Y (Izp_1,12,)
5 € 5

+ + ...+

m-n m-n m-—n

IN

IA
™
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Thus (z,)isa Cauchy sequence. Since X,, is complete, there is some u € X, such that

lim Iz, = limTz,_1 =u

n—oo n—oo

Since [ is continuous and 7" and I commute we get

Tu = I ( lim I:cn> — lim Iz,

n—oo n—o0

Tu = I ( lim Txn> — lim IT%, = lim TIx,

n—oo n—oo n—oo

From (3.1) we get
wy (TIx,, Tu) < k) (I2xn,fu)

Taking the limit as n — oo we obtain
wy (Tu, Tu) < kawy (Tu, Tu)
Hence we get Ju = Tu. Again from (3.1)
wy (Txy,, Tu) < kawy Iz, Tu)
Letting n tend to co we get
wy (u, Tu) < kawy (u, Tu) = kawy, (u, Tu)

Hence T'u = u. To show the uniqueness of u, assume that there exists v € X, such that
Tv = 1Iv =w, then

wy (u,v) = wy ({u, Tv) = wy (Tu, Tv) < kawy (ITu, Iv)

Then u = v. This completes the proof. W

Theorem 3.2 Let S and 7" be commuting mappings and / and J be commuting
mappings of a complete modular metric spaceX,, into itself satisfying

wy (Sz, Ty) < kawy (Iz, Jy)

for all z,y € X, where 0 < k < 1. If I andJ are continuous and w) (Ixg, Jz1) < o0,
then all S, T, I and J have a unique common fixed point.

Proof. Let zy € X,, be arbitrary. Since Sz € J (X,,), let 1 € X, be such that Jz; =

Szo and also, as Txy € I (X,,), let x5 € X, such that [xs = T'zq. In general xq, 1 € X, is

choosen such that Jxg, 1 = Sxy, and x5,,9 € X, suh that Ixo,,0 = Tx2,.1, n=0,1, ...
Denote

Yon = J$2n+1=SI2n

Yon+1 = Ixonto = Txopt1, n >0

207
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Then, it can be proved that (y,) isa Cauchy sequence.

wx (Jxant1, [Ton42) wy (Sxan, Tront1) < kawy (22n, JTon11)

S I{I.UJ)\ (T[L‘Qn_l, SCL’Qn) S l{?k?’w)\ (Jl‘gn_l, ]Ign)
S ka)\ (Jx2n—17 IxZn)

< Kwy (Jran—3, [19,-2)

< Ewy (Jxs, [19)

< KPPy (Jag, Ing)

Then taking n — oo we have
wy (JTant1, [T2p42) — 0
Then there exists € > 0 such that

Wy (JTant1, [Ton42) < €

Without loss of generality we can assume that for ﬁ < 0, there exists —=— > 0 such

m—n
that
€

w_r (JTopi1, [Zopia) <
m—n m —n

Hence choosing m = 2k + 1,n = 2l + 2, k > [ and using triangle inequality we get

WA (Y, Yn) W (Yokt1, Yarr2) = W ([ Topi2, JTor41)

< w_a (Izokt2, JTot1) + (. (Jxopy1, [zor) + ... + WA (142, JTa141)
€ €
< + + ...+
m-n m-n m-—n
< ¢

Hence (y,,) is a Cauchy sequence. Let u € X,, be such that

lim Sxy, = lim Jzg,11 = lim Two,y 1 = lim [29,,0 = u
n—oo n—oo n—od

n—oo

Since [ is continuous and / and S commute it follows that

lim I2x2n+2 =Iu, lim SIzs, = lim ISxy, = Iu=1u

n—oo n—oo n—oo

From (3.2)
wy (S1wan, Trons1) < kawy ([2$2m J372n+1)

Taking the limit as n — oo we get
wy (Tu,u) < kavy (Tu, w)

Thence Tu = u.
Similarly we obtain Ju = u, as J is continuous and 7" and J are commute.
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From (3.2) we have, as [u = u,

W\ (SU, T$2n+) < k.wy, (Ua J$2n+1)

Taking the limit as n — oo we get

wy (Su,u) =0

Hence Su = u. Again from (3.2) considering the results above, we have

wy (Su,Tu) =0

Hence T'u = Su.Thus we proved that

Su=Tu=Iu=Ju=u

Clearly u is the unique common fixed point of all S,7,1 and J. This completes the

proof. W
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1. Introduction and preliminaries

It is known that common fixed point theorems are generalizations of fixed point theorems. Over
the past few decades, there have been many researchers who have interested in generalizing
fixed point theorems to coincidence point theorems and common fixed point theorems.

The concept of metric space, as an ambient space in fixed point theory, has been generalized
in several directions. Some of such generalizations are: the quasi-metric spaces, the generalized
metric spaces and the generalized quasi-metric spaces.

The notion of quasi-metric, also known as b-metric, is in line of metric in which the
triangular inequality d(x,y)<d(x,z)+d(z,y) is replaced by quasi-triangular inequality
d(x,y)<kld(x,z)+d(z,y)],k>1 (see [1], [6], [7], [8], [11], [12], [25], [30], [34], [35]).

In 2000 Branciari [8] introduced the concept of generalized metric space (gms), by replacing
the triangle inequality with tetrahedral inequality. Starting with the paper of Branciari, many
fixed point and common fixed point results have been established in this interesting space. For
further information, the reader can refer to [2, 13-16, 20, 22-24, 28-29, 32-33, 36].

Recently L. Kikina and K. Kikina [26] introduced the concept of generalized quasi-metric
space (gqms) by replacing the tetrahedral inequality d(x,y)<d(x,z)+d(z,w)+d(w,y) with a
more general inequality, namely quasi-tetrahedral inequality
d(x,y)<kld(x,z)+d(z,w)+d(w, )],k >1. The generalized metric space is a special case of
generalized quasi-metric space (fork =1). Also, every quasi-metric space is a gqms, while the
converse is not true [26]. Further aspects may be found in ([21], [26], [27]). By using this
generalized quasi-metric space successfully defined an “open” ball and hence a topology. On the
other hand this topology fails to provide some useful topological properties: a “open” ball in
generalized quasi-metric space needs not to be open set; the generalized quasi-metric needs not
to be continuous; a convergent sequence in generalized quasi-metric space needs not to be
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Cauchy; the generalized metric space needs not to be Hausdorff and hence the uniqueness of
limits cannot be guaranteed.

The above properties of generalized metric spaces (spesial case of gqms for £ =1) that do

not hold for metric spaces were first observed by Das and Dey [13], [14] and also these facts
were observed independently by Samet [32] and also by Sarma, Rao and Rao [33]. Initially these
were considered to be true, implying non correct proofs of several theorems. This made some of
the previous results to be reconsidered and to be corrected.
Under these circumstances, not every fixed point theorem from metric spaces can be extended in
gms or in gqms. Even in the case this extension may be done, the proof of such theorem is
technically more complicated than in the usual setting. Because of those difficulties, some
authors have taken the Hausdorffity as additional condition in their theorems, but this is not
always necessary. For example, the assertion in [33] that the space needs to be Hausdorff is
superfluous, a fact first noted by Kikina and Kikina [23]. See also [36].

The aim of this paper is to present a general theorem, from which a lot of current results on
common fixed points in different kind of spaces (metric, quasi metric, gms, gqms, etc.) are taken
as corollaries.

The following definition was given by Kikina in 2012.

Definition 1.1 [26] Let X be a set. A function d: X x X — R, is called a generalized quasi-
metric in X if and only if there exists a constant k£ >1 such that for all x,ye X and for all
distinct points z, w € X, each of them different from x and y the following conditions hold:

(1) d(x,y)=0=x=y;
(1) d(x,y)=d(y,x);
@@ii) d(x,y)<kld(x,z)+d(z,w)+d(w,y)] (quasi-tetrahedral inequality)

Inequality (3) is often called quasi-tetrahedral inequality and k is often called the coefficient
ofd . A pair (X,d)is called a generalized quasi-metric space (gqms) if X is a set and d is a

generalized quasi-metric in X.
The set B(a,r)={xe X :d(x,a)<r}is called “open” ball with center a € X and radius

r>0.
The family r={Qc X :VaeQ,3r>0,B(a,r)c O} is a topology on X and it is called

induced topology by the generalized quasi-metricd .

Definition 1.2 Let (X,d)be a gqms.
(1) 4 sequence {x,} in X is said to be convergent to a point x € X , if and only if
limd(x,,x)=0. We denote this by x, — x .

(2) A sequence {x,}is a Cauchy sequence if and only if for each & >0 there exists
a natural number n(g) such that d(x,,x,)<é&for all m>n>n(g).

(3) (X,d) is called complete if every Cauchy sequence is convergent in X.
Definition 1.3 Let (X,d) be a ggms. The generalized quasi-metric d is said to be continuous

if and only if for any sequences{x,},{y,} < X, such that limx, = xandlimy, =y, we have

n—90

limd(x,,y,)=d(x,y).
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The following example illustrates the existence of the generalized quasi-metric space for an
arbitrary coefficientk >1:

Example 1.4 [26] Let X = {l—l n=1, 2,..}u{1,2}, Define d : X x X — R as follow:
n
0 forx=y
1 1 1
—  for xe{1,2} and yzl——orye{l,Z} and x=1-—,x#y
n n n

d(x,y)=
3k for x,ye{l,2},x#y

1 otherwise

Then it is easy to see that (X,d) is a generalized quasi-metric space and is not a generalized
metric space (fork >1).

Note that the sequence {x,}={l—1} converges to both 1 and 2 and it is not a Cauchy
1-L)=1,Vn,meN

The above example shows us some of the properties of metric spaces which do not hold in
gqms (see [26]).

Kikina and Kikina in [27] extended the well-known Ciric's quasi-contraction principle [10]
in a generalized quasi-metric space. We restate Theorem 2.6[27] as follows:

sequence: d(x,,x,)=d(1-1

n?

Theorem 1.5 Let (X, d) be a complete ggms with the coefficient k>1and let T: X — X be a

self-mapping satisfying:
d(Tx,Ty) < hmax{d(x, y),d(x,Tx),d(y,Ty),d (x,Ty),d(y,Ix)} (1)

forall x,y e X, where 0<h<+. Then T has a unique fixed point in X,

By this Theorem, in special case k=1, we obtain the Ciric's quasi-contraction principle in a
generalized metric space which is presented in [15] and [22].

Let F be the set of functions &:[0,00) —[0,00) satisfying the condition &(¢) =0if and only if
t =0. We denote by ¥ the set of functions € ' such that i is continuous and non-decreasing.

We reserve @ for the set of functions « € FF such that a is continuous. Finally, by I" we denote
the set of functions S € F satisfying the following condition: /8 is lower semi-continuous.

Lakzian and Samet in [28] established the following fixed point theorem.

Theorem 1.6. ([28]). Let (X,d) be a Hausdorff and complete gms and let T : X — X be a
self-mapping satisfying y(d(Tx,Ty) <w(d(x,y))—@(d(x,y)). For all x,ye X, where y € ¥
and ¢ € ®. Then T has a unique fixed point in X.

In [5], it is given a slightly improved version of Theorem 1.6, obtained by replacing the
continuity condition of ¢ with a lower semi-continuity.

Definition 1.7 ([19]) Let X be a non-empty set and T,F : X — X . The mappings T and F

are said to be weakly compatible if they commute at their coincidence points (i.e. TFx = FTx
whenever Tx = Fx ). A point y € X is called point of coincidence of T and F if there exists a point

x € X such that y =Tx = Fx.
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Di Bari and Vetro [16] extended Theorem 1.6 of Lakzian and Samet to the following
common fixed point theorem:

Theorem 1.8 ([16]) Let (X,d) be a Hausdorff gms and let T and F be self-mappings on X
such that TX < FX . Assume that (FX,d)is a complete gms and that the following condition
holds:

w(d(Tx,Ty) <y (d(Fx,Fy)) - ¢(d (Fx, Fy))
forall x,ye X, where w e ¥ and ¢ €. Then T and F have a unique point of coincidence in
X. Moreover, if T and F are weakly compatible, then T and F have a unique common fixed
oint.
P In [9], Choudury and Kundu established the (y,a,f)-weakly contraction principle in partially
ordered metric spaces. Recently, Isik and Turkoglu [18], and Bilgili et al [5] extended the results
in [9] to the set of generalized metric spaces:

Theorem 1.9 ([5]). Let (X,d)be a Hausdorff and complete gms, and let 7: X — X be a

self-mapping such that
w(d(Ix,Ty) < a(d(x,y)) - f(d(x,y)
forall x,ye X ,where y e ¥, € ®, B €T and these mappings satisfy condition
w(t)—a(t)+ p(t) >0, forall t>0.
Then T has a unique fixed point in X.

Theorem 1.10 (Isik and Turkoglu [18]) Let (X,d) be a Hausdorff and complete g.m.s. and
let T,F: X — X be self~-mappings such that TX c FX, and FX is a closed subspace of X, and
that the following condition holds:

v (d(Tx,Ty) < a(d(Fx, Fy)) - B(d(Fx, Fy))
forall x,y e X,where y e ¥, € @, € and these mappings satisfy condition
w(t)—a(t)+ B(t)>0, forall t>0
Then T and F have a unique coincidence point in X. Moreover, if T and F are weakly compatible,

then T and F have a unique common fixed point.
The following lemma will play an important role in obtaining the main results of this paper.

Lemma 1.11 [17] Let X be a nonempty set and f : X — X a function. Then there exists a
subset E < X such that f (E) =f(X) and f: E — X is one-to-one.

2. Main results

In this section, we state and prove our main results. Firstly, we prove an important proposition
that makes unnecessary the Hausdorffity condition for the most of well known theorems on gms
and gqms.

Proposition 2.1 If {y }is a Cauchy sequence in a generalized quasi-metric space (X,d)

with the coefficient k 21andlim y, =u, then the limit u is unique.
n—>0

Proof. Assume that u'#u is also lim y, .

n—o
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If {y }1is a sequence of distinct points, y, # y, for all n#m, there exists n, € N such that u

and u'are different from y, for all n>n,. For n>n,, by rectangular property of Definition 1.1
we obtain

d(u7u') < k[d(unyn)+d(yn7yn+1)+d(yn+l7u')]

Letting n tend to infinity we get d(u,u")=0 and so u=u", a contradiction.
If {y,}1is not a sequence of distinct points, then we have the following two cases:
a) The sequence {y,} contains a subsequence {y } of distinct points, and in this case, we can

use the same reasoning as above.
b) The sequence {y,} contains a constant subsequence{y, }:y, =c;Vpe N. Then

c=limy, =u=u', acontradiction. This completes the proof of the Proposition.

Remark 2.2 From the above proposition it follows that even in the cases of gms and gqms, the
including of the Hausdorffity condition in any theorem, in order to implies the uniqueness of
limit of Cauchy sequence, is unnecessary

The following results are inspired by the techniques and ideas of [17].

The main Theorem

A natural way to unify and prove in a simple manner several fixed point and common fixed
point theorems is by considering functional” contractive condition like
F(d(Ix,Ty),d(x, y),d (x,Tx),d (y,Ty),d (x,Ty),d (y,Tx)) < 0, Vx,y € X
where F: R’ — R is an appropriate function. For more details about the possible choices of F

we refer to the 1977 paper by Rhoades [31]; see also Turinici [37], Berinde and Vetro [3],
Berinde [4], etc.

Let (X, d) be a space (metric, quasi-metric, generalized metric, generalized quasi-metric,
etc.) in which the following theorem has been proved:
Theorem *: If (X, d) is a complete space and T : X — X is a self~-mapping satisfying

Fd(Ix,Ty),d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)) <0, Vx,y € X (4)
forall x,y € X . Then T has a unique fixed point in X.
We will prove here the main theorem:
Theorem 2.3 Let (X, d) be a space on which the Theorem * holds and T, f : X — X be self-
mappings such thatT(X)c f(X). Assume that (fX,d)is a complete space and that the
following condition holds:
F(d(Tx, Ty),d(fx, ), d(f, T, d (5, T), A, T, d(fTe) <O (5)

for all x,ye X. Then T and f have a unique coincidence point in X. Moreover if T and f are
weakly compatible, then T and f have a unique common fixed point.
Proof . By Lemma 2.1, there exists £ < X such that f(E)= f(X)and f:E — X is one-to-one.
Now, define amap &: f(E)— f(E)byh(fx)=Tx. Since fis one-to-one on E, / is well-defined.
Note that,

F(d(h(f), k(). d(fx, ), d (S, h(fx)), d (13, h(f9)), d (fx, h(fy), d (S, h( fx))) <0



A general common fixed point theorem for
weakly compatible mappings,
Kristag Kikina et al
216

for all fx, fy € f(E). Since f(E)= f(X)is complete, by using Theorem *, there exists x, € X
such that 4( fx,) = fx,. Hence, T and f'have a point of coincidence, which is also unique. It is clear
that 7" and fhave a unique common fixed point whenever 7 and f are weakly compatibles.

Corollary 2.4 (A generalization of the Ciric's quasi-contraction principle [10]) Let (X, d) be a
gqms with the coefficient k>1and let T, f : X — X be self-mappings such that T(X) c f(X).

Assume that (fX,d)is a complete ggms and that the following condition holds:
d(Tx,Ty) < hmax{d (fx, fy),d(fx,Tx),d(fp,Ty),d(fx,Ty),d(fp, Tx)} (1)
forall x,y e X, where 0<h<+. Then T and f have a unique coincidence point in X. Moreover

if T and f are weakly compatible, then T and f have a unique common fixed point.
Proof. Corollary 2.4 is taken from Theorem 2.3 in case when Theorem* is the Theorem 1.5
and
F(d(Tx,Ty),d(x, y),d(x,Tx),d(y,Ty),d (x,Ty),d(y,Tx))
=d(Tx,Ty)—hmax{d(x, y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} where 0< h <

From this Corollary, in the special case f =1, we have the Theorem 1.5.

Corollary 2.5 Theorem 1.8 is taken from Theorem 2.3 in case when Theorem* is the

Theorem 1.6 and
F(d(Tx,Ty),d(x,y),d(x,Tx),d(y,1y),d (x,Ty),d(y,Tx))
=y (d(Tx,Ty)) —y(d(x, y)) +@(d(x, y)

Corollary 2.6 Theorem 1.10 is taken from Theorem 2.3 in case when as Theorem* is the

Theorem 1.9 and
F(d(Tx,Ty),d(x,y),d (x,Tx),d(y,Ty),d(x,Ty),d(y,Tx))
=y (d(Tx,Ty)) - a(d(x, y)) + f(d(x, y)

Corollary 2.7 Let (X, d) be a ggms with the coefficient k>1and let T, f: X — X be self-
mappings such thatT(X)c f(X). Assume that (fX,d)is a complete ggms and that the
following condition holds:

d(Tx,Ty) < hmax Uxy 2)
forall x,ye X, where 0<h<+,and

U,, c{d(fx, fy),d(fx,Tx),d(fy,Ty),d(fx,Ty),d(fy,Tx)} A3)

Then T and f have a unique coincidence point in X. Moreover if T and f are weakly compatible,
then T and f have a unique common fixed point.
Proof. By (2) and (3), we have:

d(Tx,Ty) < hmax Uxy < hmax{d(fx, fy),d(fx,Tx),d(fv,Ty),d( fx,Tv),d( fy,Tx)} .
Then it suffices to apply Corollary 2.4.

For different expression of U,,, in the Corollary 2.2, we get different theorems. For
example:

Corollary 2.3 For U, ={d(fx,[fy)}, we have an extension and generalization of the

Banach contraction principle in a ggms.



A general common fixed point theorem for
weakly compatible mappings,
Kristag Kikina et al
217

Corollary 2.4 For U, ={d(fx, [y),d(fx,Tx),d(fy,Ty)}, we have an extension and

generalization of the Rhoades theorem [31] in a ggms.
Remark 2.5 We can obtain many other similar results of Rhoades classification [31].

Conclusion 2.7 If in the future will be proved any new theorem of the type of Theorem* with a
new appropriate form of the function F', then it holds also its corresponding Theorem 2.3.
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Abstract

In this paper, we discuss the nonlocal conditions for fractional order nonlinear integro-differential equations
on an infinite interval, and prove the existence and uniqueness of bounded solutions. Our analysis relies on the
some standard fixed point theorems.

Keywords: Fractional order; Integro-Differential equations; Existence; Fixed point theorem.

1 Introduction

It is well known that fractional differential equations are generalizations of classical differential equations
to an arbitrary order. Fractional differential equations arise in many engineering and scientific disciplines
as the mathematical modeling of systems and processes in the fields of physics, chemistry, aerodynamics,
electrodynamics of complex medium, polymer rheology, etc. involves derivatives of fractional order[3,4]. on
the other hand, the integro-differential equations is an important branch of nonlinear analysis[5].

In 2008, Lakshmikanthama and Vatsala [1] studied basic theory of fractional differential equations
Du(t) = f(t,u(t)), w0)=wuy, 0<g<]l, (1.1)

In 2012, Karthikeyan and Trujillo [2] consider existence and uniqueness results for fractional integrodif-
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ferential equations with boundary value conditions by used fixed point theorem

{ Doy(t) = f(t,y(t), Sy(t)), O0<a<l, tel0,T]
ay(0) + by(T) = c, (1.2)

Motivated by Lakshmikanthama et al [1] and Karthikeyan et al [2], in this paper, we consider the following

the nonlocal conditions for fractional order nonlinear integro-differential equations in £ on an infinite interval:
Do = f(t,u,Tu), VteJ, u(0)+gu)=uy, 0<a<l, (1.3)
where J = [0, 00) is an infinite interval, ug € E, f € C(J x Ex E,E), g € (J, E),

(Tu)(t) = /0 k(t, s)u(s)ds,Vt € J, (1.4)

ke CID,R], D={(t,s) e J x J:t> s}
Let BC[J,E] = {u € C[J,E] : sup|ju(t)|| < oo} with norm ||u|pc = sup||u(t)|. Then BC[J,E] is a
teJ teJ

Banach space.

2 Preliminaries

Let us list some conditions.

t

(Hy) k* = sup/ |k(t, s)|ds < 0.
ted Jo

(Ha) [If(t,u,v) = f(t, @, 0)| < B()[a]lu —all +blv =[], g(u) —g(v) < Lllu—v|| V& Ju,a0v,0€E,

where constants a > 0,b > 0,L > 0,5 € C[J, Ry] and

g = /Ooc(t —8)*18(s)ds < 00, o = /Ooo(t — )" f(s,6,0)||ds < oo,

here 6 denotes the zero element of E.

a + bk*)5*

(Hg) co=L+ ( F(Oé) < 1.

3 Main Results
Theorem 3.1 If conditions (H;) — (H3) are satisfied, then Eq (1.3) has a unique solution u € C1[J, E] N

BC|[J, E]; moreover, for any vy € BC[J, E], the iterative sequence defined by

1 ! a—1
U (t) = ug — g(u) + Tla) /0 (t—8)*""f(s,n-1(8), (Tvn-1)(s))ds (n=1,2,3,---) (1.5)

converges to u(t) uniformly in ¢t € J.



Integro-Differential equations of fractional order on unbounded
domains,
Xuhuan Wang, Yongfang Qi
221

Proof. It is clear that u € C[J, E] N BC[J, E] is a solution of Eq (1.3) if and only if u € BC[J, E] is a

solution of the following integral equation:

ult) = o — g(u) + ﬁ / (t— )27 f(s, u(s), (Tu)(5))ds. (16)
Define operator A by
1 K a—1
(A0(0) = w0~ ) + / (t— )77 f(s,u(s), (Tu)(s))ds. (L.7)

By (Hz), we have
1 (& w, )| < 1F(E0,0) | + B)|allull + bllol]], Vi€ Ju,vekE. (1.8)
It follows from (H7), (Hz2) and (1.7), (1.8) that, for u € BC[J, E],

[(Aw) ()] < [Juoll + [lg(w)]| + ﬁ/o (t =) £(5,0,0)]| + B(s) (allu(s)l| + bl (Tw)(s)I)]ds

(a+ k") |Jull s

(o) /0 (t—8)*""B(s)ds

< luoll + llg(w)ll + ﬁ/o (t =) I f(s,0.0)lds +

a* + (a + bk")|lul e
I(a)

< luoll + llg(w)]l + , VteJ

so Au € BC|J,E],ie. A: BC|J,E] — BC|[J, E]. On the other hand, for u,v € BC[J, E], we have, by (1.7),
(Hl) and (I‘IQ)7

[(Auw)(t) = (Av)(@)]| < [lg(u) = g(v)[| + ﬁ /O (t = 5)* 7 [B(s)(allu(s) = v(s)[l + DI (Tu)(s) — (Tw)(s)])]ds

< llg(w) = g(0)|| + ﬁ /0 (t = 5)* 7 [B(s)(allu(s) — v(s)]| + bh™ u(s) — v(s)I)lds

+ bk* —
< L ol e @O = vl

/ (t— s)‘)‘_lﬂ(s)ds,
0

INEeY!
a + bk*)3*
< (L—l—J)Hu—UHBC:co||u—u||Bc, vt e J (1.9)
INC))
S0,
|[Au — Av||pe < col|lu —v||Be, Yu,v € BC[J, E].
Since ¢ = L + (atbk)B” 1 on account of (H3), the Banach fixed point theorem implies that A has a

INCY)

unique fixed point v in BC[J, E] and the sequence {v,} defined by (1.5) converges to v uniformly in t € J.

The theorem is proved.
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Theorem 3.2 Let conditions (H;) — (H3) be satisfied and u(t) be the unique solution in C*[J, E] N BC[J, E]

of Eq (1.3). Then

tli>r£o u(t) = u(oo) (2.0)
exists, and
u(o0) = ug — g(u) + ﬁ /Ooo(t —8)* " f(s,u(s), (Tu)(s))ds. (2.1)

then problem (1.4) has a unique solution.

Proof. By the proof of Theorem 3.1, u(t) satisfies Eq.(1.6). Let t5 > ¢; > 0. Then, by a simple computation,

we can get
lu(ta) — u(ty)]| < ||ﬁ / (- 5)° 1 (s, u(s), (Tu)(s))ds|
1 " a—l L " —8)718(s)(allu(s u)(s s
<y . = 70000+ iy [ ) B el + T () e
! (a+ bk Julle

S " —g)e 1 s s+ — - —$)*718(s)ds
< ey s 0o+ CEIEE [Pt

which implies by virtue of (Hz) that limit (2.0) exists and (2.1) holds.

Theorem 3.3. Let conditions (H;) — (H3) be satisfied. Denote by u(t) and u*(t) the unique solutions in

C'[J, E) N BC[J, E] of Eq. (1.3) and the following the nonlocal conditions
Doy = f(t,u,Tu), VtedJ, 0<a<l; u(0) = ug, (2.2)

respectively. Then

lu* —ullpe < T——llug — uoll, (2.3)

¢
where c¢g is defined in (Hs).

proof. By the Theorem 3.1, we have
|un —ullpec — 0, |luf —u*|pc —0 as n— oo, (2.4)
where u,,(t) and w (¢) are defined by (1.5) and

* = u* L ' —g) (g v s v* s))ds n =
00 = v+ e [ =9 ). (T @) (= 1,23, (25)
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(v € BC[J, E] is arbitrarily given). Similar to (1.9), we get from (1.5) and (2.5)

[[ur (8) = vn ()] < Jug — woll + ﬁ /0 (t = )" B(s)(allvy 1 (s) = vn—1(s)l| + BII(Tw;; 1) () — (Twn-1)(s)l])]ds

< [lug — uoll +

R e o U
e | e=staisa

(a+bk™)B"[v5, 1 — vnallBO
I(e)

< Jlug — uoll + , vtelJ

SO

[of, = vnllBe < [lug = uoll + collvr 1 —vnallBo (n=1,2,3,--),

and hence
o, = vnllBe < (1+co+ -+ Hllug — uoll + cillvg — vollse

1—cg * nl, *
- 1-—- C(()) l[ug — uoll + cgllvg — vollpe (n=1,2,3,--). (2.6)

Observing (2.4) and 0 < ¢g < 1, and taking limits in (2.6), we obtain (2.3).

Remark. From (2.3) we know that u*(t) — w(t) uniformly in ¢t € J as uf — wuo. This means that, under
conditions (H;) — (Hs), the unique solution of Eq.(1.3) is continuously dependent on the initial value ug.
In the same way, we can discuss the nonlocal conditions for fractional order nonlinear integro-differential

equation of mixed type:
Dy = f(t,u,Tu,Su), Vted, u0)+gu)=uy, 0<a<l, (2.7)
where J = [0,00), ug € E, f € C(J X E x E x E,E), Tu, Su are defined by
/kts s)ds,Vt € J, /hts s)ds,Vt € J, (2.8)

k,h € C[D,R], here D = {(t,s) € J x J : t > s}. In this situation, conditions (H;) — (H3) are replaced by

the following conditions (H,) — (Hy):

oo
(Hy) k*—sup/ |k(t, s)|ds < oo, h* —sup/ |h(t, s)|ds < oo and
teJ teJ

hm/ |h(t',s) — h(t,s)|ds =0,Vt € J
(Hp) IIf (t,u,0,w) = f(t,3,9,@)| < Bt)[alu —al +bllv — 0] +cllw — @], g(u) —g(v) < Lllu—vl| Ve

J,u, @,v,0,w,w € E, where constants a > 0,b > 0,¢>0,L > 0,8 € C[J, R;] and

ﬂ* = /Ooo(t — S)ailﬁ(S)dS < 00, O[* - Aw(t - S)ailuf(‘%evo)”ds < o0,
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here 6 denotes the zero element of F.
(a + bk* 4 ch*)3*
I'a)

We can prove similarly: if conditions (Hj) — (Hj) are satisfied, then

(H:;) co=L+ < 1.

(a) Eq.(2.7) has a unique solution u € C*[J, E] N BC[J, E]; moreover, for any v € BC[J, E], the iterative

sequence defined by

=ug — g(u L t —8)* (s v s ) s U s))ds n =
Un(t) = uo 9()+F(a)/0(t )* (s, vn-1(8), (Tvp-1)(s), (Sun—1)(s))ds  (n=1,2,3,--)

converges to u(t) uniformly in ¢t € J.
(b) the limit (2.0) exists, and

1 > a—1
u(o0) =uo = g(w) + 5y /0 (t =) f(s,u(s), (Tu)(s), (Su)(s))ds.

() inequality (2.3) hold, where ¢ is defined in (H}) and u*(t) is the unique solutions in C1[.J, E]N BC|[J, E]

of the following the nonlocal conditions

Dy = f(t,u,Tu, Su), VteJ, u(0) = ug, 0<a<l.
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Abstract: In this note, we suggest a new iterative method for finding the
common element of the set of common fixed points of a finite family of psuedo-
contractive mappings and set of solutions of extended general quasi variational
inequality problem on the basis of Wiener-Hopf equations. The convergence
criteria of this new method under some mild restrictions is also studied. New
and known methods for solving various classes of Wiener-Hopf equations and
variational inequalities also appear as a special consequences of our work.
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1. Introduction

A variety of problems arising in optimization, economics, finance, network-
ing, transportation, structural analysis and elasticity can be addressed via the
framework of variational inequalities. The theory of variational inequalities pro-
vides productive and innovative techniques to investigate a wide range of such
problems. The origin of variational inequality problem can be traced back from
that of Stampacchia’s variational inequality problem [1] introduced in early 1964.
It is a known fact that the variational inequality problem is equivalent to fixed
point problem, which plays a central role in suggesting new and novel iterative
schemes for solving variational inequality problem and its variant forms. The
classical variationl inequality has been generalized in many directions by several
researchers, see [3, 6, 7, 8, 9] and the references therein. Recently Noor et al.
[3, 5] has intriduced and investigated a new class of variational inequality prob-
lem known as extended general quasi variational inequality problem. It has been
shown by Noor et al. [3] that the extended general quasi variational inequalities
are equivalent to the implicit fixed point problem.

On the other hand, several modifications and extentions hve been made to
the classical projection iterative methods in many directions through a number
of techniques It was Shi [2],who proved the equivalence between variational
inequality problem and Weiner-Hopf equations by considering the problem of
solving a system of mnonlinear projections, known as Wiener-Hopf equations.
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Noor et al. [3] have extended the projection method and showed that a class
of variational inequalities known as extended general variational inequalities are
equivalent to implicit general Weiner-Hopf equations.

In 2008, Lu et al. [4] considered an iterative scheme for finding a common
element of set fixed points of a finite family of nonexpansive mappings and the
set of solution of the variational inequalities based on Wiener-Hopf equations.
Motivated from the above and recent work of Noor et al. [3], we suggest an
iterative algorithm to find a common element of set of.fixed points of a finite
family of psuedo-contractive mappings and the set of solutions of extended general
quasi variational inequalities on the basis of Wiener-Hopf equations. We also
study the convergence of this new method under some suitable conditions. The
results contained in this paper brings a significant improvement to already known
results and will continue to hold for them.

2. Preliminaries

Let {.,.) and ||.|| denote the inner product and norm respectively in a real
Hilbert space H. Now, we recall some basic definitions and tools of a real Hilbert
space H.

Definition 1.1. A nonlinear mapping T : H — H is called

a). strongly monotone, if there exists some constant av > 0 such that

(T —Ty,x —y) > alz—y|*, Yy H,
b). a—relaxed monotone, if there exists a constant o > 0 such that
2
<T$ —Ty,x _y> 2 (—Oé) H.’IJ— yH , Vy € H.

Note that for & = 0 the Definition 1.1(a) reduces to monotonicity of 7'
c). Lipschitz continuous, if there exist a constant 77 > 0 such that

[Tz =Tyl <nlle—yll, vy € H.

Definition 1.2. A mapping S : K — K is called k—strictly pseudo-
contractive in the sense of [13], if there exists a constant 0 < k < 1 such that

1Sz = Syl* < llz = yI* + 11 = )z = (I = ) yl*, Va.y € K.

where [ is the identity map. Observe that k& = 0 implies that S is the usual
nonexpansive map.

Lemma 1.2 [4] Let the sequence {a,} of non-negative real numbers satis-
fying the following

nt1 < (1—=0,)an + by, ¥Yn>ng
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where ng is some non-negative integer, {Hn} is a sequence in (0, 1) such that
>0, = o0, by, = 0(6,,), then lim,, o a, = 0.

Lemma 1.3 [3, 5] Let K(z) be a closed convex set in H. Then, for a given
z € H, v € K(x) satisfies the inequality

<.’E—Z,y—l‘> 207 VyGK(I'),

if and only if

Tr = PK(E)Z,

where Pr ;) is the projection of H onto the closed convex-valued set K(x) in

Lemma 1.4 [3, 5] The function € H : h(xz) € K(z) is a solution of the
extended general quasi variational inequality if and only if € H : h(x) € K(z)
satisfies the relation
where P () is the projection mapping and A > 0 is a positive constant.

Let S : K — K be a k—strict pseudo-contractive mapping with a fixed
point. Let us denote by {Sk}zzl, the finite family of nonexpansive mappings
defined as:

Spr =kx+ (1 —k)Sz, Yz € K. (2.1)

with the set of fixed points F'(S,) (ie., F'(S,) ={x € K : x = Tx}). Setting
F(S)=n._,F(S,) then the following assertions hold:

Lemma 1.6 [11] Let K be a nonempty closed convex subset of a real
Hilbert space H and let S : K — K be a k—strict pseudo-contraction with a
fixed point. Then F'(S) is closed and convex. Define a mapping Sg : K — K
by Skx = kx + (1 — k)Sx, Vo € K. Then Sy is nonexpansive such that
F(Sk) = F(95).

Lemma 1.7 [12] Let K be a nonempty closed convex subset of strictly
convex Banach space X. Let {T}, : n € N} be a sequence of nonexpansive
mappings on K. Suppose NS, F(T},) # 0. Let {4, } be a sequence of positive
numbers such that Zzozl 0n = 1. Then a mapping S on K can be defined by

Sz = 0,Tha (2.2)
n=1

for each « € K is well defined, nonexpansive and F' (S) = N2, F'(T},) holds.

3. Iterative methods and convergence analysis

Let T, g,h: H — H be certain nonlinear mappings and K () is a nonempty
closed convex-valued set in H. Consider the problem of finding an element z € H,
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h(xz) € K(x) such that
(T, g(y) = h(x)) =0, Vy € H,g(y) € K() (3.1)

such type of inequality known as extended general quasi variational inequalities
introduced and studied by Noor et al. [3]. We denote by A the set of solutions
of variational inequality (3.1).

Variational inequality (3.1) entails extended general variational inequality,
general variational inequality, variational inequality and other numerous pro-
belms as special cases as qouted in [3].

We also faces the probelm of solving the Wiener-Hopf equations which observe
a close reltions to variational inequalities as proved by Shi [2]. A huge amount of
interest has been shown by many reaschers in this regard, see e.g. [3, 4, 10]. To
be more specific, let us denote by Qg (y) = 1 — SkghflpK(z), where P () is
the implicit projection mapping, S is the finite family of nonexpansive mappings
defined as by (2.1), I is identity map and assume that h~1 exist. Let us consider
the problem of finding z € H such that

Th™'SkPr(z)z + A Qr(s)z = 0. (3.2)

where T, g, h : H — H are given nonlinear mappings and A is a positive constant.
Equation (3.2) is known as implicit general Wiener-Hopf equations containing
the finite family of nonexpansive mappings Sf.

Now we suggest the iterative method as follow:

Algorithm 1. For a given iterate z9 € H, compute 2,41 via the following
scheme:

h(SL’n) = (1 - Bn) PK(In)Zn + ﬂnSkPK(In)Zna
28 = (1 =7,) 20 + Y [9(zn) = AT20],
where {7,,} and {8,,} are two sequences in [0, 1] and Sy, is defined by (2.1).
If 1 — 3,, =0, then Algorithm 1 becomes:

Algorithm 2. For a given iterate zg € H, compute 2,41 via the following
scheme:

h(mn) = SkPK(xn)va
2" = (1=7,) 20 + Y [9(zn) — AT20],
where {7,,} is the sequence in [0, 1] and Sy, is defined by (2.1).
If Sy = I, then Algorithm 1 reduces to:

Algorithm 3. For a given iterate zg € H, compute 2,41 via the following
scheme:

2= (= 7n) 20 + 75 [9(en) — ATzn],
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where {v,,} and {3,,} are two sequences in [0, 1].

If Sy =1 and 1 — 3,, = 0, then Algorithm 1 collapses with the same one as
suggested by Noor et al. [3]. i.e.

Algorithm 4. For a given iterate zg € H, compute 2,1 via the following
scheme:

h(.%‘n) = PK(mn)Zna
2= (1=7,) 20+ 75 [9(zn) = AT2,]

where {7,,} is the sequence in [0, 1].

In short, suitable and appropriate choices of mappings may leads one to
obtain certain new and known algorithms for solving various classes of Wiener-
Hopf equations and variational inequality problems.

Now we study the convergence of our proposed algorithm which is the main
objective of this section. Since the implicit projection PK(_) is not nonexpansive
but satisfy some Lipschitz type continuity as quoted by Noor et al. [3]. Also they
pointed out that this mapping satisfy an inequality stated as below.

Assumption 1 [3] The implicit projection Pg () mapping satisfies the
following inequality

| Pr(2)2 = Pryz|| < 7llz —

where 7 is a positive constant. This assumption plays an important part in
studying the existence and convergence of iterative algorithms, see [3, 5].

We also need the following:

Lemma 1.5 [3, 5] The solution € H : h(xz) € K(x) satisfies the extended
general quasi variational inequality if and only if, z € H is a solution of the
extended general implicit Wiener-Hopf equation, where

h(x) = SkPK(w)Z
z ={g(x) = \Tz},

where A > 0 is a positive constant.

Theorem 3.1. Let T, g,h : H — H be relaxed monotone mappings with
constants a1, vg, and a3 and Lipschitz continuous with constants 77;, 75 and 75
respectively. Let S be defined by (2.1) such that Q@ = F (S)NA # &. Let {2, }
and {x,} be two sequences generated by Algorithm 2.1. Let {v,,} and {5, }
are two sequences in [0, 1] satisfying the following conditions:

(4) fo:o Tn = 0.

i _ o1 vai-ni¢(2-¢)

(44) ’/\ | <

H

with ag > 1;4/C (2 =€), € < 1, where € = \/1 + 2a + n3++/1 + 223 + n2+
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If the Assumption 1 and conditions (i) and (ii) holds, then the sequence
{zn} and {z,} converges strongly to z* € A = WHE(T, g,h) and z* € Q,
respectively.

Proof. Let us assume that * € 2 and z* € A be the solution. Then

h(z*) = (1 = B,,) P (2+)2" + B,k Pk (2+)2", }

2= (1—7,) 2" +7,[g(z*) — A\Tz*]. (3.3)

Consider

[2n+1 = 2"l = (1 = 7,,) 20 + 75 [9(z0) = AT'w,] — 27|
= [[(1=7,) 20 + Y [9(zn) = ATn] = {(1 —v,,) 2" + 7, [9(z") — ATz ]}||
< (I =) llzn = 27 + 7, llg(zn) = g(2*) = M(Twy, — Tz
< (=) llzn = 27| + v {llan — 2% = (g(zn) — g(2"))|]
+|xn — 2" — AN(Txy — Tz} (3.4)

Next, we estimate

@y — 2% = NTxp — Ta")|)? = |Jan — 2| — 2 (xn — 2", N(Txp — Tx*)) + || Tz, — Ta*||?
* 2 * 2 * 2
< wn — 2% + 2Xay [Jzn — 2|° + 03 |lzn — 2|

< (1 + 2 a1 + ?ﬁ) |z — :13*||2 ,

which yields

|zn — 2" = N(Tz, — Tz")|| < \/1+2Xa1 + 03 ||z, — 27 (3.5)

Similarly, we have

N 2w — 27, glzn) — g(a))
I

* * 2
[n — 2" = (g9(zn) — g(@))[I” = llan —=
+(g(xn) — g(="))
< Jlan — ")) + 202 [, — ]

< (14202 +13) |z, — 2*|%,

2 2
+ 03 ||lzn — 2|

which yields

lzn = 2 = (g(zn) — g(@"))|| < \/1+ 202 + 75 |2 — 27| (3.6)

Exploiting (3.5) and (3.6) into (3.4), we obtain

lonss = 1< (1= 2 = = {1 2har 48+ 1+ 200 4}l = 7]
(3.7)
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Now we estimate ||z, — *|| . For this, consider

2y — 2™l = ||z — 2" = h(zn) + h(z") + Pr(a,) = P
< wn —a* = (h(zn) + h(@)|| + || Pr(2n) 20 — Pren) 2|
< lan — 2% = (h(zq) + ~(@)|| + | Pr @) 20 — Prc(ar)2nl|

+ ||PK(x*)zn — PK(x*)z*” .

Invoking the Assumption 1 and Lipschitz type continuity of the implicit pro-
jection mapping, we have

zn — 2% < llwn —2* — (A(@n) + R@)) | + 7 [l — 2| + (|20 — 27| -
(3.8)
Since
|20 — 2% = (h(@n) + h(@)|? = [lon — 2*]° = 2 (2, — 2", h(z,) — h(z"))
*\ (12
+ [|~(2r) — h(z")|
< oo — 2|1 + 203 |2 — 2*||* + 03 |2 — 2*

< (1+ 203 + 1) [lzn — 2*|°,

2
|

which implies
lzn — 2" = (h(zn) + h(z"))Il < /14 203 + 03 l2n — 27| (3.9)

Using (3.9) into (3.8) and sipmlifyng, we get

* 1 *
[£n — 2™ < = 20 =27l (3.10)
1= (t+ /14 2a3+n3)

On subtituting (3.10) into (3.7) we obtain

V142 ar + 03 + /14 200 + 13 —
1— (14 +/1+2a3+n3) "

[zt = 27 < (1 =) lzn = 27[[ 474 {

A 12xa1 03 /14200 +13
17(T+\/1+2a3+n§)

Letting p , we get

21 = 21 < (U =) lzn = 27l + v 120 = 271
<=7, (0 =@}z — 27|
Then clearly

n
zns1 =271 < TTHL =701 = )} 120 = =71
k=0
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Since Yoo V=00 and 1 — p < 1. Thus we have

Jim (H{l — 71— u)}> = 0.
k=0

Consequently by virtue of Lemma 1.2, we obtain

lim ||z, — 2| =0,
n—oo

implies the sequence {z,} strongly converges to z* € A satisfying (3.2). Simi-

larly from (3.10) we get

lim ||z, —2*|| =0.
n—oo

implies that {x,,} strongly converges to x* € (Q satisfying (3.1) . This completes

the proof.

REFERENCES

10

11

G. Stampacchia, Formes bilineaires coercitives sur les ensembles convexes,
C. R. Acad. Sci, Paris, 258 (1964), 4413-4416.

P. Shi, Equivalence of variational inequalities with Wiener-Hopf equations,
Proc. Amer. Math. Soc., 111 (1991), 339-346.

M.A. Noor, K.I. Noor, A.G. Gul, Some iterative schemes for solving extended
general quasi variational inequalities, Appl. Math. Inf. Sci., 7, No. 3, 917-925
2013.

A.X. Lu,S.J. Yang , W.L. Li, Convergence theorems for variational inequal-
ities based on Wiener-Hopf equations method in Hilbert spaces, Int. J. of
Appl. Math.and Mech. 4(3), 46-53, 2008.

M.A .Noor, K.I.LNoor, Sensitivity analysis of some quasi variational inequali-
ties, J. Adv. Math. Stud., 7 (2013), in Press.

C. Baiocchiand, A. Capelo, Variational and quasi variational inequalities, J.
Wiley and Sons, New York, 1984.

M.A. Noor, General variational inequalities, Appl. Math. Letters, 1 (1988),
119-121.

M.A.Noor, Quasi variational inequalities, Appl. Math. Letters, 1 (1988),
367-370.

M.A.Noor, Extended general variational inequalities, Appl. Math. Letters,
22 (2009), 182-185.

Noor, M.A., (1993).Wiener-Hopf equations and variational inequalities, J.
Optim. Theory Appl., 79, 197-206.

H. Zhou, Convergence theorems of fixed points for k-strict pseudo-
contractions in Hilbert spaces, Nonlinear Analysis Theory, Methods & Ap-
plications Series A, 69, 456—462, 2008.

232



An iterative method for implicit general
Wiener-Hopf equations and nonexpansive
mappings, Manzoor Hussain, Wasim Ul-Haq

12 R.E. Bruck Jr., Properties of fixed point sets of nonexpansive mappings in
Banach spaces, Transactions of the American Mathematical Society, 179,
251-262, 1973.

13 Browder, FE, Petryshyn, WV, (1967) Construction of fixed points of non-
linear mappings in Hilbert spaces, J. Math. Anal. Appl., 20, 197-228.

233



J. APPLIED FUNCTIONAL ANALYSIS, VOL. 10, NO.'S 3-4,234-253 ,2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC
234

Parametric Duality Models for Multiobjective
Fractional Programming Based on
New Generation Hybrid Invexities

Ram U. Verma
Texas State University
Department of Mathematics
San Marcos, TX 78666, USA

verma99@msn.com

Abstract

In this paper we intend to introduce the new-generation second order hybrid B —
(b, p,w, &, 0, p, 7)-invexities, which generalizes most of the existing invexity concepts in
the literature, and then we develop a wide range of higher order parametric duality
models and results for multiobjective fractional programming problems. The obtained
results generalize and unify, based on this new class for second order hybrid invexities,
a wider spectrum of investigations in the literature on applications to other results on
multiobjective fractional programming.

Keywords: New class of generalized invexities, Multiobjective fractional programming,
efficient solutions, Parametric duality models
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1 Introduction

In a series of publications, Zalmai [42] introduced Hanson-Antczak type invexities and applied
to a class of second order parametric duality models for semiinfinite multiobjective fractional
programming problems. Verma [26 - 28] investigated based on higher order univexities some
results on parametric duality models to the context of fractional programming, while Mishra,
Jaiswal and Verma [16] formulated some results on duality models for multiobjective fractional
programming problems based on generalized invex functions. Verma [25] also introduced a
general framework for a class of (p, 7, 0)—invex functions to examine some parametric suf-
ficient efficiency conditions for multiobjective fractional programming problems for weakly
e—efficient solutions.

Inspired by the accelerated recent advances on higher order invexities and other develop-
ments to the context of multiobjective fractional programming problems, we first introduce
the new generation second order hybrid (b, p,w, £, 0, p, 7)-invexities, which generalizes largely
most of existing notions, including Antczak type B — (p,7)—invexities, second we develop
some duality models for two dual problems with relatively suitable constraints for proving
weak and strong duality theorems under the new invexity conditions. The results established
in this paper, not only generalize the results on exponential type hybrid invexities regarding
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duality models for multiobjective fractional programming problems, but also generalize the
higher order invexity results in general settings.

We consider under the general framework of the new-generation second order hybrid
(b, p,w, &, 0, p, T)-invexities of functions, the following multiobjective fractional programming
problem:

(P)

AlD) £le) . (o)
g1(x)" g2(2)" 7 gp(®)

subject tox € Q={zx € X : Hj(z) <0,5 €{L1,2,---,m}}, where X is an open convex subset
of R" (n-dimensional Euclidean space), f; and g; for i € {1,---,p} and H; for j € {1,---,m}
are real-valued functions defined on X such that f;(z) > 0, g;(z) > 0 for i € {1,---,p} and
for all x € Q. Here @ denotes the feasible set of (P).

Minimize (

Next, we observe that problem (P) is equivalent to the nonfractional programming prob-
lem:

(PA)

Minimize (fu(x) = gi (), Jyl@) = gy ) )

subject to x € @) with

A= (M) = (

where z* is an efficient solution to (P).

Based on efficiency results, we develop some duality models and prove a number of ap-
propriate duality theorems under several hybrid invexity constraints. We also recognize the
significant role of second order hybrid invexiries in semiinfinite programming problems, es-
pecially in terms of applications to game theory, statistical analysis, engineering design (in-
cluding design of control systems, design of earthquakes-resistant structures, digital filters,
and electronic circuits), random graphs, boundary value problems, wavelet analysis, environ-
mental protection planning, decision and management sciences, optimal control problems,
continuum mechanics, robotics, data envelopment analysis, and beyond. For more details, we
refer the reader [1 - 43].

2 New Generation Second Order Invexities

The general invexity has been investigated in several directions. We generalize the notion of
the first order Antczak type B—(p, 7)-invexiies to the case of the second order (b, p,w, &, 6, p, 7)-
invexities. These notions of the second order invexity encompass most of the existing notions
in the literature. Let f be a twice continuously differentiable real-valued function defined on
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X.

Definition 2.1 The function f is said to be second order (b, p,w,&,0,p,7)-invex at x* € X
if there exist functions w, & : X x X - R”, b: X x X — Ry, and real numbers 7 and p such

that for all x € X and z € R",

bz, x*)(%(eﬂf@%f(f*ﬂ - 1)) > %<Vf(:c*) + V2 f ()2, ) 1)

1 _ .
— 55 (V@)= ) 1) 4 (e a0 )2 for 5 #0 and 70

b, ) (2 (VO 1)) > (Vi) + 592702 0z, 2)

r

— (V)2 € a) + e, a0, )P for p=0 and £ 0,

ba,a")([f0) = £a7)]) = = ((Tf(a") + V2 f(@)z, 00— 1))
_|_

1 _ X
— (V)2 ) 1) e, a6, )P for £ 0 and 7 =0,

b, 2)([f(@) — 1)) = (Vf(a*) + V2 1)z w(a, )
1
— (T 1)) 4 pla )0, 7)1 for p =0 and 7 = 0.
Definition 2.2 The function f is said to be second order (b, p,w,&,0,p,T)-pseudoinvex at

x* € X if there exist functions w,€ : X x X — R", a function b : X x X — Ry, and real
numbers 7 and p such that for allz € X and z € R,

1 . x
—~<Vf(:c*) + V2f(z*)z, ePw(@:z™) _ 1>
p
1,1 . x

= =GV ")z M) = 1) 4 p(a, 27|02, 27 2 0
p

= bz, x*)(i(eﬂj'(m)*j'(m*)] — 1)) >0 forp#0 and 7 # 0,

r

(V1) + V1) w(e.a)))

= (7168w + ol a6, ) 2 0
1

- b(‘r’x*)(;(eﬂj'(m)*f(m*)] — 1)) >0 forp=0 and ¥ #0,
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(V5(a*) + V2 (at)z, e — 1))

[l = Rl =
—~

1 . x
(VA2 ) — 1)) 4 pla, )0z, 2%) |2 = 0

= b(:c,:c*)([f(:c) - f(x*)]) >0 forp#0 and 7 =0,

(V@) + 92"z, w(e,a))
1 * * * *
- ((GVH )€ )) + pla, )0z, 2")* > 0
= b(e,a") (/@) = f(@")]) 20 for p=0 and 7 = 0.
Definition 2.3 The function f is said to be second order strictly (b, p,w, &, 0, D, 7*)-pseudoinvex

at x* € X if there exist a function w,€ : X x X — R", a function b: X x X — Ry, and real
numbers 7 and p such that for all x € X and z € R",

L (V1) + 92 1(a)z, e — 1))

1/,1 . «
_ 5(<5V2f(33*)2’, epf(ac,ac ) 1>) —|—p(x,x*)||9(:c,:c*)||2 >0
= b(x, x*)(%(eﬂf(m)*f(m*)] — 1)) >0 for p#0 and 7 #£ 0,

(<Vf(:c*) + V2 f(z*)z, w(z, :c*)>)
(V272 € a))) + ol 210G, 2 > 0
= b(x, x*)(i(e’:[f(m)*f(m*)] — 1)) >0 forp=0 and 7 # 0,

r

(V1) + V2 f(a*)z, @) — 1))

=l = =
—~

1 ~ x
(VA @), ) 1)) + pla,a) |8, ) > 0

4

(:c,:c*)([f(x) - f(x*)]) >0 forp#0 and 7 =0,

(V76" + V2 1)z (e, 2)
= (VP62 E ) + pla a0 o) 2 0

= b(:c,:c*)([f(:c) - f(x*)]) >0 forp=0and 7 =0.



New Generation Hybrid Invexities 5

Definition 2.4 The function f is said to be second order prestrictly B — (b, p,w,&,0,p,7)-
pseudoinvex at x* € X if there exist functions w, € : X x X — R", a functionb: X x X — R,
and real numbers 7 and p such that for all x € X and z € R",

S((Vra) + V2 a)z ) - )

1/,1 . «
= = ((GVHE)2 ) 1)) 4 pla ) o2 2> 0
- b(x’x*)(%(eﬂj'(x)*f(m*)] — 1)) >0 forp#0 and 7 #0,

(<Vf(3:*) + V2 f(z*)z, w(z, :c*)>)
— GV 6w a)) + pla, )6, 7)1 > 0
- b(‘r’x*)(i(eﬂj'(m)*f(m*)] — 1)) >0 forp=0 and ¥ # 0,

r

(VF(") + V2 ()2, P — 1))

[l =l =
—~

1 ~ x
(V2 @), ) — 1)) + pla,a) |8z, ) > 0

4

(z.2%) (f@) = F@")]) 2 0 for p#0 and 7 =0,

(Vi) + V2 f(a)z (@, 2)))
— (39252 € 2) + plar 26 7)1 > 0
= b(e,a") (/@) = f(@")]) 20 for p=0 and 7 = 0.
Definition 2.5 The function [ is said to be second order (b, p,w, &, 6, p. 7)-quasiinver at a* €

X if there exist functions w, € : X x X — R"™, a function b: X x X — Ry, and real numbers
7 and p such that for all x € X and z € R™,

1 e
b(x, x*)(j(er[j(m)fj(m - 1)) <Oforp#0and7#0
7
1 - .
= —(Vf(a")+ V> f(z")z, epwl@e™) _ 1)
p
1,1 . .
- =(GVH@E)z P — 1) 4 plx, ) |0(x, 7)) <0,
p
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(V@1 >1_1)) <0 forp=0and 7 #0
+ V2 f(z *)z,w(:c,:c*)>)

—_

<§V2f($*)z,§(xax*)>) + p(, ")z, 2)[* <0,

bz, 2) (1 (2) = @) <O forp#0 and 7 =0

- %Wf(x*) + V2 f(a")z, ) — 1)

5<§V2f($*)z, HED) — 1)+ pla, @) ||z, 2)|* < 0,

*)([f(x) ~J@)]) <0 forp=0 and 7 =0
- ( ) V)2l a)))
(; )2, €@, @) + pla, ) |6, )| < 0.

Definition 2.6 The function f is said to be second order strictly (b, p,w, &, 8, p, ) -quasiinvex

7
at z* € X if there exist functions w,& : X x X — R", a function b: X x X — Ry, and real
numbers 7 and p such that for all x € X and z € R",

b(x,x*)(%(eﬂj'(m)*f(m*)] — 1)) <0 forp#0 and 7 #0
- %Wf(x*) + V2 f(a)z, @) — 1)
LT ) 1) W <
b(x, x (%( i @)= f(=)] ))SO forp=0and 7 #0
= (V@) + 721z w(@,a7)))

(
-

V2 f(2*)z, &(x, I*)>) + p(, 27)[|0(z, 2)|* <0,

N~

{
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Definition 2.7 The function f is said to be second order prestrictly (b, p,

at z* € X if there exist functions w, & : X x X — R", a function b: X x X — Ry, and real
numbers 7 and p such that for all x € X and z € R",

New Generation Hybrid Invexities

=
—~
&
8

)(If@) = f@)]) <O fori#0 and 7 =0
(V") + V2 f(z*)z, ePe(@a”) _ 1)

2

[l = Bl =

(z*)z, P$@27)

~
N —
<
~

*)([f(x) — f@*)]) S0 forp=0 and 7 =0
= ( )+ V() (e, a))

( ; (w,x )>) + pla, )]0z, z*)||* < 0

S
—~
&

8

<Vf(:c*

2

+ V2f(z")z, ePw(@z™) _ 1>

(z*)z, ePE(@")

[l = Bl =
T~
N —

<

[y

Flf(z)—f(=)] _

("
+ V2 f(z*)z, w(z, :c*)>)

7~
N | =

v2f<sc*>z,s<x,x*>>) + pla, )0z, 22 < 0,

S
—~
&

8

*)([f(:c) - f(x*)]) <0 forp#0 and 7 =0
(VI@") + V2 f(a")z, e ) — 1)

2

[l = Bl =
7~
N —

<

~

(z*)z, ePE@=7)

1) + pla,2”)[|0(z, 2)|* <0,

w, &, 0, D, T)-quasiinvex

)(%(eﬂf(m)*f(m*)] — 1)) <0 forp#0and 7 #0
)

1) + ple, a")[0(z, 2")|* <0,

))<0 forp=0and 7 #0

1) + pla,z")10(z, 2")|* <0,
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8 R.U. Verma

b(z, x*)([f(cc) — f(x*)]) <0 forp=0and7=0
( (IID)+M%ﬁWW%xWPSO

Now we consider the efficiency solvability conditions for (P) and (PA) problems. We need
to recall some auxiliary results crucial to the problem on hand.

Definition 2.8 A point z* € Q is an efficient solution to (P) if there exists no x € Q such

fhat i) _ i)
6@ = gila)

Next to this context, we have the following auxiliary problem:

Vi=1,---p

(PA) _
minimizezeq (f1(r) — Mgi(x), - fol@) — Apgp(T)),
subject to x € Q,

fx)
gi(z*)"

where \; for i € {1,-- -, p} are parameters, and \; =
Next, we introduce the solvability conditions for (PA) problem.

x* is an efficient solution to (P) if there exists no « € @ such that

(fl(fc) fo(x) fp(@) fi(z") fa(z") fp(z™)
91(x)" ga(z)” 7 gp(2) gi(x*)" ga(z*)” 7 gp(a*)

) <( ).

Lemma 2.1 [28] Let 2* € Q. Suppose that f;(x*) > g;(z*) fori=1,---,p. Then the following
statements are equivalent:

(i) =* is an efficient solution to (P).
(ii) x* is an efficient solution to (PX), where

A )
A= la@) @)

Lemma 2.2 [28] Let z* € Q. Suppose that f;(z*) > gi(x*) fori=1,---,p. Then the following
statements are equivalent:

(i) x* is an efficient solution to (P).
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New Generation Hybrid Invexities 9

(ii) There exists ¢ = (c1,-- -, ¢p) € R\ {0} such that

fil)y -

fi(z™)
gi(z*)

=2 scilfile) - (

= S alfile) - (25 )gia)] for any @ € Q.

Next, we recall the following result (Verma [28]) that is crucial to developing the results
for the next section based on second order (¢, p, 7, 8, p, ¥)-invexities.

Theorem 2.1 Let 2* € F and \* = maxi<i<p fi(x*)/g:(x*), for each i € p, let f; and g;
be twice continuously differentiable at x*, for each j € q, let the function z — G,(z,t) be
twice continuously differentiable at x* for all t € Tj, and for each k € r, let the function
z — Hy(z,s) be twice continuously differentiable at x* for all s € Sk. If x* is an optimal
solution of (P), if the second order generalized Abadie constraint qualification holds at x*, and
if for any critical direction y, the set cone

(VG5 6), 0, V2G5 (" b)) )t € Ty(a*), 5 € g}
+ Span{(VHk(:c*, s), (y, V2 Hy(z*, s)y}) 1 s € Sk, ker},
where Tj(z*) = {t € Tj = Gj(z*,t) =0},

is closed, then there exist u* € U ={u e RP : u >0, >F_ u; = 1} and integers v and v*,

with 0 < vy <v* <n+1, such that there exist v§ indices jm, with 1 < jo, < g, together wzth
vy points tm € TJm (x*), mev§, v — 1/0 indices ky,, with 1 <ky, <r, together with v* — v
points s™ € Sy, form ey \1/0, and v* real numbers v},, with v}, > 0 for m € v§, with the
property that T

Zu IV fi(z *(Vgi(z*)] + Z F VG, (@*, ™)
+ ) unVH(a",s™) =0, (2.1)
m:u[’;Jrl

*

[Zu [V2fi(2") — A" V2gi(2*)] + Zv V3G, (a*, ™)

m=1

*
v

+ > U VEH(,s™)|y) > 0, (2.2)

m:u[’;Jrl

where Ty, (%) = {t € T}, : G, (x*, 1) =0}, U={u e R? :u > 0,57 u; = 1}, and v\

is the complement of the set v relative to the set v*.
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10 R.U. Verma

We next recall a set of second-order necessary optimality conditions for (P). This result
will be needed for proving strong and strict converse duality theorems.

Theorem 2.2 [30] Let z* be an optimal solution of (P), let \* = ¢p(a*) =

maxi<i<p fi(x*)/gi(z*)}, and assume that the functions f;, gi, i € p, Gj, j € q, and Hy, k €
r, are twice continuously differentiable at x*, and that the second-order Guignard constraint
qualification holds at x*. Then for each z* € C(z*), there exist

P
u*GUE{ueRp:uZO,Zuizl},
i=1

v* € R ={veR?:v >0}, and w* € R" such that

p
> uiVfi(z*) = ANVgi(x —|—Zv VG,( ZkaHk =0,

P
<z*,{2uf[v2fi(:c —NV2gi(z —|—Zv V26, (z +Zka2Hk( )}z> >0,
i=1 k=1
ui[fi(z") - /\*gi(u’C )] =0, iep,
VG =0, jeq
where C(z*) is the set of all critical directions of (P) at x*, that is,
Cz*) ={z € R": (Vfi(z")—AVygi(z"),2z) =0, i € A(z"), (VH;(z"),z) <0, je B(z")},

Ale®) ={jep: fi(z")/g;(x") = max fi(x™)/gi(z")}, and B(x*) = {j € m : H;(«*) = 0}.

1<

We shall assume that the functions f;, g;, i € p, Hj, j € m are twice continuously dif-
ferentiable on the open set X. Moreover, we shall assume, without loss of generality, that
gi(x) >0, i € p, and p(z) > 0 for all z € X.

3 Duality Model I

In this section, we consider two duality models with relatively standard constraint structures
and prove weak and strong duality theorems. Consider the following two problems:

(DI) Maximize A

subject to
Zul[vfl( —AVygi(y +Z’UmVH( ) =0, (3.1)
%({ uz‘[V2fz( ) — )\V291( )] + Z’Ujv2Hj(y)}z) >0, (3.2)

i=1 j=1
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P
D wilfily) = Agi(y)] = 0, (3.3)
i=1
> viH;(y) > 0, (3.4)

=1
yeX, zeR", uelU, veRL, NeR,.

<.

(DI) Mazimize A

subject to (3.2) - (3.4) and

(Do ulViw) = AVaiw)] + Y0 VH ). w(x.9)) > 0. (35)
<{ Zul[v%ﬂ(y) —A\V3gi(y)] + ZvjVQHj(y)}z,w(:c, y)> >0 forallz €F, (3.6)

—<%{ Zul[v2f1(y) = AV2gi(y)] + ZvjVQHj(y)}z, &(x, y)> >0 forallzeF, (3.7)

where w, £ : X x X — R"™ are functions.

Comparing (DI) and (DI), we see that (DI) is relatively more general than (DI) in the
sense that any feasible solution of (DI) is also feasible for (DI), but the converse is not
necessarily true. Furthermore, we observe that (3.1) is a system of n equations, whereas (3.5)
is a single inequality. We observe that from a computational point of view, (DI) is preferable
to (DI) because of the dependence of (3.5) - (3.7) on the feasible set of (P). We will just
establish the duality theorems for the pair (P) — (DI) since the duality results for the pair
(P) — (DI) are similar in nature.

We shall use the following list of symbols in the statements and proofs of our duality
theorems:

Ei(xz, \) = fi(x) — Agi(x), i€ p,

NE

E(m,u, \) = ) ui[fi(x) — Agi(z)],

1

-
Il

I(u)y={iep:u; >0}, Jy(v)={jem:v; >0}
The next two theorems show that (DI) is a dual problem for (P).
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12 R.U. Verma

Theorem 3.1 (Weak Duality) Let x and S = (y, z,u, v, \) be arbitrary feasible solutions of
(P) and (DI), respectively, and assume that either one of the following two sets of hypotheses
is satisfied:

(a) (i) for each i € Iy = I(u), &E(-,u,\) is prestrictly (b,w, &, p;, 0,p,7)- quasiinvex at
Y,

(i) for each j € Jy = Jy(v), Hj is strictly (b,w, &, p;, 0, p, 7)-quasiinvez at y;
(iti) D ier, wili(®,y) + 3 5c s, vibi(@,y) = 0;
(b) the Lagrangian-type function
p m
€= L(&u,0,0) = > wilfi(€) = Agi(€)] + > v Hy(§)

i=1 j=1
s (byw, &, p, 0, D, T)-pseudoinvez at y, p(x,y) > 0.
Then ¢(x) > X for ¢(x) = (—ﬁgg, cee —gzg;)
Proof: Based on the assumptions, we have

Hj(z) <0< Hj(y), j €m.

This implies

1 -vm
Z(mXimH (@) -H; (W) _ 1) <
~( ) <o, (33)
which further implies
1, 2ym
b(x,y)(t(erzjzl[Hj(m)ij(y)] _ 1)) <0. (3.9)
7

Then by (ii), we have (for j € J)

- 1 .
(VH;(y) + V2 H;(y)z, ™) — 1) — 55 (V2H; ()2, ePtlrw) — 1)
Iz

el =

+ pi(a, oz, »)* <o. (3.10)

Using (3.1), (3.2), (3.10) and (iii), we have (for i € I)

1 - 1.1 _
=(VE(y, u, A) + VEEi(y, u, N2, 700 — 1) — —(SV2Ei(y, u, )z, 700 — 1)
p p
> —pi(,y)|0@, y)lI”,  (3.11)
which applying (i) implies
i(eﬂsxx,uw,gi(yw) -1))>0,i€l,. (3.12)
=
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New Generation Hybrid Invexities 13

Since the above inequality holds (for both cases of 7), we have

Zul[fl( )‘gl Z )\gl( )] > 0.

It follows that
p(x) £ A

(b): Using the dual feasibility of S, nonnegativity of p(z,y), (3.1), and (3.2), we obtain
the following inequality:

1 _
—~<VL(y, u, v, \) + V2L(y, u,v, \)z, ePw@y) _ > < V2L(y, u,v, \)z, ePE(@y) _ >
p

’Bz|>—‘

> —p(z, )]0z, )%,

which in view of our (b,w,¢&, p, 0, p, 7)-pseudoinvexity assumption implies that
1 N
b FlL(zw,0,A) = Lyu,v,N] _ 1) >
7 (CC, y) (6 ) — Y

which implies
L(x,u,v,)\) - L(y,u,’U, )\) > 0

Since z € F, v > 0, and (3.3) holds, we get
P
> wilfi(x) = Agi(x)] > 0,
i=1

which is precisely (3.11). As seen in the proof of part (a), this inequality leads to the desired
conclusion.
O

Now we consider the second the theorem to show that DI) is a dual of (P). We adopt the
similar notations as for Theorem 3.1. and define real-valued functions E;(.,u) and B, (., v) by

Ei(xvuv )‘) = ul[fl(x) - )‘gl(x)]a 1€ {L v 'ap}

and

Bj(w,v) = vjH;(x), j =1,

Theorem 3.2 (Weak Duality) Let x and D = (y, z,u, v, A) be arbitrary feasible solutions of
(P) and (DI), respectively. Let f;, g; fori € {1,---,p} and H; for j € {1,---, m} be twice con-
tinuously differentiable at y € X, and let there exist u* € U = {u € RP : u > 0,%F_ u; = 1}
and v € R,

Suppose, in addition, that any one of the following assumptions holds:
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(i) E;(.;y,u*,\) Vie{l,---,p} are second order (b,p,w,&,0,p,T)-pseudoinver at y € X
if there exist functions w, & : X x X — R", b : X x X — Ry, and real numbers 7
and p for all x € X and z € R", and B;(.,v*) Vj € {1,---,m} are second order
(b, p,w, &, 0, p, T)-quasiinvex at y € X if there exist functions w,& : X x X — R"™, a func-
tionb: X x X — Ry, and real numbers 7 and p for allx € X, z € R"™, and p(x,z*) > 0.

(ii) E;i(.;y,u*,\) Vie{l,---,p} are second order (b, p1,w,&,0,p,T)-pseudoinvex at y € X
if there exist functions w, & : X xX — R", b: XxX — Ry, and real numbers T and p for
allz € X and z € R™, and B;(.,v*) Yj € {1,---,m} are second order (b, p2,w, &, 0, p, 7)-
quasiinvex at y € X if there exist functions w, £ : X x X - R*, b: X x X — Ry,
and real numbers 7 and p for all x € X, z € R™, and p1(x,z*), po(x,2*) > 0 with
pQ(CCa:C*) > pl(CC,CC*).

(#ii) E;(.;x*,u*, X)) Vi€ {1, p} are second order prestrictly (b, p1,w,&, 0, D, 7)-pseudoinvex
aty € X if there exist functions w,& : X x X — R”, a function b : X x X — R,
and real numbers ¥ and p for all x € X and z € R™, and B;(.,v*) Vj € {1,---,m}
are second order strictly (b, p2,w, &, 0, p, 7)-quasiinver at y € X if there exist functions
w,£: X x X — R", a function b : X x X — Ry, and real numbers 7 and p for all
x € X, z€R", and p1(z,x*), p2(x,2*) > 0 with pa(z,z*) > p1(z, *).

(i) E;(.;y,u*,\) Vie{l,---,p} are second order prestrictly (b, p1,w,&,0,p, T)-quasiinvex
aty € X if there exist functions w,& : X x X — R”, a function b : X x X — R,
and real numbers ¥ and p for all x € X and z € R™, and B;(.,v*) Vj € {1,---,m}
are second order strictly (b, p2,w, &, 0, D, 7)-pseudoinver at y € X if there exist functions
w,£: X x X — R", a function b : X x X — Ry, and real numbers 7 and p for all
x € X, z€R", and p1(z,x*), p2(x,x*) > 0 with pa(z,z*) > p1(z, z*).

(v) For eachi € {1,---,p}, fi is second order (b, p1,w, &, 0, p, 7)—invex and —g; is second or-
der B—(b, p2,w, &, 0, p, 7)—inver at z*. H;(.,v*) Vj € {1,---,m} is (b, p3,w,&, 0, D, 7)—quasi-

invex at y, and X5, 0% p3+p* > 0 for p* = X7 ui(pr+¢(x*)p2) and for p(x*) = %

Then @(x) > X for p(z) = (ﬁgg, cee gzgg)

Proof: 1f (i) holds, and since z € @ and y € D, it follows from (3.1) and (3.2) that
1 * m *
(S AW) = AV 0] + T v H()

+[iuf [V2fi(y) — AV?gi(y)] + X705 v Hy(y )} 2, ePeew) _ 1>

<[Zu [V2fily) = AV2g(y) +Z [V2H ()| 7 P00 — 1) > 0. (3.13)
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Since v* > 0, € @ and (3.3) holds, we have
ET:W;HJ'(CC) <0< ZT:lv;Hj(y)a

and so
bz, y)(i(eﬂm (@)~ H; (4)] _ 1)) <0
7
since 7 # 0 and b(x,y) > 0 for all z € Q. In light of the (b, p,w, £, 0, p, 7)-quasiinvexity of
B;(.,v*) at y, it follows that

S(VH}(3) + V2 ()2, ) = 1) = (S92 ()2, 250 — 1) + pla, ) [0 )| <0
and hence,
(S VH () + VR H )z, ) 1)
— S(GEVEH W)= 05 — 1) < gl ) [0z, ) P (314)

It follows from (3.13) and (3.14) that

p
%(ELUE‘ (Vi) = AV gi@)] + D _ui [V fi(y)z — AV3gi(y)2], ™Y — 1>
=1

p
—%é D UiV fi(y)z — AVgi(y)2], P — 1> > p(a,y)[0(z, y)|I*- (3.15)
=1

Since p(z,y) > 0, applying (b, p,w, £, 0, p, 7)—pseudo-invexity at y to (3.15), we have

1 - . .
b(z,y) (e"Fi G =BGyl _ 1) > g (3.16)

Since b(x,y) > 0, (3.16) implies

Thus, we have
X7_uilfi(z) — Agi(x)] = 0. (3.17)

Since uf > 0 for each i € {1, - -, p}, we conclude that

%Azow_l,---,p.

Hence, ¢(z) > A, i.e., (DI) is a dual for (P).
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16 R.U. Verma

The proof for (ii) is similar to that of (i), but we include for the sake of the completeness.
If (ii) holds, and if x € @, then it follows from (3.1) and (3.2) that

(S [V fily) = AV gi(w)] + ZjLv) v H(y)

P
Z V2£i(y) — AV2gi(y)] + Z V2H ]z, ebw(zy) _ 1)

el =

- ([l - A

1=1

+ Z 0}V H; (y) ]2, 7D~ 1) > 0 (3.18)

Since v* > 0, € @ and (3.3) holds, we have
Em =1Y; H( ) < OZE}’llv}ij(y),

and so 1
bz, y)(;(eﬂm (@)—H;(y)] _ 1)) <0

since 7 # 0 and b(x,y) > 0 for all x € Q. In light of the (b, p2,w, &, 8, p, 7)-quasiinvexity of
B;(.,v*) at y, it follows that

1 .
5<VHj(y) + V2H;(y)z, e — 1)
1,1 ~
- 5<5V2Hj(y)z, P ) — 1) + py (, y)[|6(x, y)||* < 0.

Now it follows from (3.18) that

LS i) - AT 5iv)
+ % Zp;u [V2fi(y)z = AV2gi(y)z], ™) — 1)
- %@f_luf[%i; Wi V2 fi(y)z — AV2gi(y)2], PEE9) 1)
= p2(z,y))l0(z, 1 2. (3.19)

Since p1(x,y), p2(x,y) > 0 with pa(z,y) > p1(x,y), applying B — (b, p1,w, &, 0, p, 7)—pseudo-
invexity at y to (3.19, we have

1 - “ .
;b(:c,y) (e’“[Ei(mv“ A)—Ei(y,u”,N)] 1) > 0. (3.20)

It follows from (3.20) that
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Sl [fi(x) = Agi(w)]

> 3w fi(y) — Agi(v)])
> 0.
Thus, we have
S uilfi(x) — Agi(@)] > 0. (3.21)

Next, the proofs for (iii)-(v) are similar to that of (i).
O

Before we prove the theorem on strong duality, we recall that an efficient solution x* € F
is referred to as a normal efficient solution of (P) if the generalized Guignard constraint
qualification is satisfied at * and for each ig € p, the set cone({VG;(z*,t) : t € Tj(z*),j €
gy U{Vfi(z*) = NiVgi(x*) i € p,i # io}) + span({VHy(2z*,5) : s € Sk, k € r}) is closed,
where A} = fi(z*)/g;(z*), i € p.

Theorem 3.3 (Strong Duality) Let z* be a normal efficient solution of (P) and assume that
for each feasible solution (y, z,u,v, \) of (DI), any one of the four sets of conditions specified
in Theorem 3.2 is satisfied. Then there exist u*,v*, \*, such that (x*,z*,u*, v*, \*) is an
efficient solution of (DI) and p(z*) = A*.

Proof: The proof is similar to that of Theorem 3.2. O

4 Concluding Remarks

We observe that the obtained results in this paper can be generalized to the case of multiob-
jective fractional subset programming with generalized invex functions, for instance based on
the work of Mishra, Jaiswal and Verma [16], and Verma [29] to the case of the e— efficiency
and weak e—efficiency conditions to the context of minimax fractional programming problems
involving n-set functions.
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1 Introduction

Infinite variance distributions have been used for modeling of data that arise in finance,
telecommunications, insurance and medicine, see Kabasinskas et al. (2009), Nolan (2003),
Tsay (2002), Rachev and Mittnik (2000) and Gallardo (2000), among many others. These
applications justify the need to develop an effective methodology for the prediction of
heavy tailed processes.

The set of all finite variance random variables constitutes a Hilbert space (denoted
by H) with the inner product < XY >p= FE(XY), for every X,Y in H. If values
of a random process are in a Hilbert space then one can find the best linear prediction
based on projections on the past values. When the second moment is infinite the classical
method (prediction based on the Hilbert space H) for prediction fail. Several researchers
have studied prediction of infinite variance processes. Cline and Brockwell (1985) used
minimum dispersion criterion for the prediction of causal ARMA processes with i.i.d.
innovations. They assumed that innovations have regularly varying tails. In the case
of a-stable random processes, minimum dispersion criterion focuses tails of errors. This
criterion is used in Kokoszka (1996) for predicting FARIMA processes with innovations
in the domain of attraction of an a-stable distribution with 1 < o < 2. Generally, the
predictor using minimum dispersion criterion is not unique and, except some cases, the
calculations for finding predictors are not routine. We refer the reader interested in the
prediction of infinite variance processes to Cambanis and Soltani (1984), Miamee and
Pourahmadi (1988) and Soltani and Moeanaddin (1994).

In Mohammadi and Mohammadpour (2009), using integral representation of a-stable

random variables a Hilbert space, is defined: the following Hilbert space

{[ rwar@)|r e roz.e.0}

where M is an a-stable, 0 < a < 2, random measure on (£, £) with finite control measure
p. The prediction method is based on the introduced Hilbert space with an inner product
known as stable covariation. In Karchera et al. (2013) three methods for predicting

a-stable random fields are investigated.
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Non-causal ARMA processes with finite or infinite variance innovations are important
process that the above described methods cannot be applied to. As we know, there is not
any model based method for predicting such processes. It should be noted that there is
a best linear predictor for non-causal ARMA processes with finite variance innovations,
but, in practice we can not compute predictor.

In this article, our aim is to find the best linear prediction of the linear process { X;|t €

7} of the following form

+oo
Xt = Z Cth,j, te Z, (1)

j=—00
where {W;} is an arbitrary sequence of random variables which satisfies many weak as-
sumptions (see Theorem 2.1). Consider the process {X;|t € Z} which satisfies the follow-
ing system

®(B)X; = ©(B)Z,

where {Z,} is an arbitrary sequence, ®(B) = 1—¢;B'—---—¢, B, O(B) = 1+6, B'+- - -+
0,87 p,q € N and B is a backward shift operator. Obviously, two processes {®(B)X;}
and {O(B)Z,} satisty (1).

Section 2 is devoted to the construction of Hilbert spaces based on linear processes of
the form (1). In Section 3, we explain the prediction method. Finally, in Section 4, we
explain the application of the new prediction method for a financial time series which a

non-causal ARMA(2,0) is an appropriate model for that.

2 Hilbert space generated by a linear process

In this section, under mild conditions we present a Hilbert space such that it contains the
linear process of the form (1).
We can rewrite the linear process of the form (1) as

+oo
Xi= Y oW (2)

j=—o00
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In the sequel, we consider sequence of random variables {IW;} such that for every sequence
{aj} - (C7

+oo

Z ar;W_; =0 ifand only if a; = 0, for every j € Z. (3)

j=—o0

Also, we consider linear processes of the form (2) such that

+00 400
Z |¢;]* < o0 and \ Z Ct+jW—j| < 00, a.S. (4)
j=—00 j=—00

Theorem 2.1. Let {W;} be a sequence of random variables satisfying (3). Let
+oo
A = { Z criW_j + u‘t € Z,p € C, and{c;} satisfies 4}.
j=—00
For every two elements X = ;’im Wi+ andY = ;’ioo diyr i W_j + 1o in A,
we assign the following value to them,

+oo
<X,Y >u= Z Ct1+jdt2+j + H1fh2.

j=—00

Then, there is a Hilbert space (denoted by A) containing A such that
<X,)Y >=< X,Y >3, (5)
for every X, Y € A.

Proof. 1t is obvious that A is a vector space with field C. It is enough we show that A is
an inner product space. Condition (3) ensures that the function < .,. >4 is well defined
and < .,. >4 satisfies properties of the inner product. Therefore, A is an inner product

space. Now, the completion of A is a Hilbert space satisfying (5). [
Definition 2.2. We call the space A, the Hilbert space generated by the process {W;}.

Remark 2.3. If {W,} is an i.i.d. sequence of random variables such that Var(W;) < 400
and E(W,) = 0, for every t € Z then A is a subset of the Hilbert space H generated from

all finite variance random variables. In this case, we have
< X,)Y >p=Var(W)) < X,Y >4,

for every XY € A.
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Remark 2.4. The inner product of the space A is not necessary based on distribution
function. For example, even if the distributions Wi and Wy in A are different, it is
possible to have ||Wi||a = [[Wal|a, where ||.||a = (< .,. >a)2. Conversely, consider two
non-zero random variables Wi and aWsy in A such that they have same distribution for

a # 1. However, it is possible to have ||Wi||a # ||aWs]|a.

Example 2.5. Assume that the process {X,;} satisfies the system

400
X = Z Cth_j, teZ,

j==oc

where {c;} and {W;} satisfy (3) and (4). From Theorem (2.1), the process {W;} takes its
values in the space A. On the other hand, by assuming that {X;} satisfies (3), the process
{X,} takes its values in the following space

+o0
Al - { Z dt+ijj

j=—o00

t € Z,{d;} C C, and{d;} satisfies 4}.

Two functions ||.|]|a and ||.||a, are not necessary equal. This result follows from the fact

that the introduced inner product is not based on distribution function.

By a similar argument as in the proof of Theorem 2.1, we can generalize the space A

to a larger space such that sum of linear processes takes its values in a Hilbert space.

Theorem 2.6. Let the following two sets
{{Wt”lt €L}, v= 1,...,1} and{{cﬂt AR 1,...,1}

satisfy

I +oo

Z Z cr, ;W2 =0 ifandonlyif ¢; =0, forallj € Zandv =1,...,1, (6)

v=1 j=—o0

where I € N. Moreover, assume that

“+oo “+00
D P <o and | Y W[ <00, as. (7)

j:—oo 32700
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for everyv =1,...,1. Consider the space

I +oo
B = {Z Z Co, 4 WZj + 1

v=1 j=—00

t, € Z,ju € C, and{c}} satisfies 6 and 7}.

For every two elements

I 4o I +o
X = Z Z el W2t and Y = Z Z dy, ;W2 + o
v=1 j=—00 v=1j=—o0

in B assign the following value to them

I 4o
<X, Y > = Z Z C§y+jd§y+j+ﬂlﬂ2'

v=1 j=—o00

Then, there is a Hilbert space (denoted by B) containing B such that
< X,Y >p=< XY >p5,

for every X,Y € B.

3 Prediction method

In the previous section, under conditions (3) and (4) we showed that every linear process
{X}} in the form of (2) takes its values in a Hilbert space. Therefore, using the projection

theorem (see Brockwell and Davis (1991) chapter 2), one can find the best linear prediction

of X, 1, in terms of some past values Xy,...,X,,. In other words, using the projection
theorem, we can find the coefficient vector a,, = (ayy, . .., apn,)" such that
n

where A is the Hilbert space generated by the linear process {W;}. The coefficient vector

a,, satisfies the following equations

< Z CLian+1_i — Xn+h7 Xn+1—j > 1= 0, j = 1, oo, n. (8)

=1
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Set v(h) :=< Xy, X, >4, h € Z. Then, equations (8) can be rewritten as

Fnan = Tn» (9)

where
Fn = [fy(z - j)]i,j:l ~~~~~ n

and v, = (y(h),...,v(n+h—1)). If ', is non-singular then we have the unique solution,
a, =1 1%.

Remark 3.1. Similarly to Proposition 5.1.1 in Brockwell and Davis (1991), it can be
shown that if v(0) > 0 and y(h) — 0, as h — +oo then Iy, is non-singular. For the linear
process { X} of the form (2) with conditions (3) and (4) we have y(h) — 0, as h — 4oc.

Therefore, Ty, in (9) is non-singular.

3.1 Prediction method for a class of linear processes with infi-

nite variance

Consider the real valued process {X; = > /°° ¢;W,_;|t € Z}, with conditions (3) and

j=—o0

(4) and {W,;} is an i.i.d. sequence of random variables such that

P(W; > )

P(W; < —x)
P(|Wy| > z)

P(|Wy| > z) = 27 *L(x), P, =)

— p and —q, (10)

as ¥ — +oo, where L(.) is a slowly varying function at infinity, a« € (0,2), p € [0,1]
and ¢ = 1 — p. In the sequel, for the process {X;} we describe a reasonable method for

estimating the coefficient vector a,, in (9). Assume that

+oo .
_ CrC X, X
oy = Db gy~ D XX

- n 2 )
k=—o00 Ck Zt:l Xi

In Davis and Resnick (1985) it is shown that

heZ.

(Pu(1), ... pu(H)) =p (p(1),...,p(H)), H>0 (11)
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as n — +o0o. The notation “ —p 7 denotes convergence in probability. By dividing two

sides (9) on > __|cx|? we obtain
[Na, =77, (12)

where
L5 = (i = Dlij=1..n and 7 = (p(h), ..., p(n+h = 1))
Using (11), we can estimate I} and v;. We summarize the obtained results in the following

lemma. In this lemma a reasonable estimator for a,, is presented.

Lemma 3.2. Let Xi,..., Xy be a path of length N from the linear process {X; =
o0 ;Wi } with conditions (3) and (4) and {W,} is an i.i.d. sequence of random

j=—00

variables satisfying (10). Let

~

be non-singular and 7y, y = (pn(h), ..., pn(n+h —1)). Let &,y = FA*ZVVA*”N Then,

a, N —p a, as N — +oo.

4 Application in finance

In this section, we utilize the new prediction method for predicting a set of financial data.
Andrews et al. (2009) showed that the natural logarithms of the volumes of Wal-

Mart stock traded daily on the New York Stock Exchange between December 1, 2003 and

December 31, 2004, can be fitted by the following non-causal ARMA(2,0) process

X, + 2.0766X,_; — 2.0772X, o = Z,,

where {Z;} is an i.i.d. sequence of a-stable random variables with o = 1.8335. As we
know, there is not any model base method for predicting this process. For the values
{x;}2™% we found thz x/274 = 16.08896. Our aim is to predict X, ;1 in terms of
some past values. Firstly, we find the best linear prediction for the process {X; =

X; — 16.08896|t € Z}. Then, we consider X’;H + 16.08896 as a predictor of X, ;.
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We have X} + 2.0766 X}, — 2.0772X} , = Z;, where Z; = Z; — 16.07931. We can
rewrite X} as X = Z; —2.0766.X;_,+2.0772X/ ,. Using the introduced space in Theorem
2.6, the values of the process {Z; —2.0766 X} | +2.0772X} ,|t € Z} are in a Hilbert space.

Therefore, for the process {X;} we have

1+2.07662 +2.07722 h=0
v(h) =< —2.0766 x 2.0772 h=1

0 otherwise

Figure 1 shows the value of X, ; and its prediction in terms of 20 past values, for n =

20, ...,273. We calculated the mean square error of prediction and true values:
|28
- 2
— il — T = 0.2435914.
953 n:21<$ 1= Tny1)

The procedure described in this section can be used for predicting of causal and non-

causal ARMA processes.
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16.5
|

16.0
|

0 50 100 150 200 250

Figure 1: Dotted line displays the natural logarithms of the volumes of Wal-Mart stock traded
daily on the New York Stock Exchange between December 21, 2003 and December 31, 2004.
Smooth line displays the predicted values for X,1; in terms of 20 past values, where n =

20,...,273.
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Abstract

The construction of Boehmians is similar to the construction of field of quotients
and in some cases, it just gives the field of quotients. Strong Boehmians are intro-
duced as a subclass of generalized functions to generalize distributions [4]. In this
article, we continue the analysis obtained in [20] and [21]. We discuss the Fresnel
transform on a certain space of strong Boehmians. The Fresnel transform and its
inverse are extended to a context of Boehmians and are well-defined, linear, analytic
and one-to-one mappings. New convergence is also defined.

Keywords: Fresnel Transform; Generalized Fresnel Transform; Tempered Distrib-
ution; Boehmian; Strong Boehmian.

1 INTRODUCTION

In wave optics theory, the generalized Fresnel transform is frequently used to describe
beam propagation in paraxial approximation and Fresnel diffraction of light . The
generalized Fresnel transform (the diffraction Fresnel transform) of an arbitrary
function f(z) is defined as [16, 9]

Fuf () = / B (o1.1.95.002.7) f (&) d (1)

where

1 )
E (a1,71,79, @2;x,T) := T exp (2% (a1x2 — 22T + oz27'2)>

is the transform kernel parameterized by a real matrix M being restricted by ajas —
Y179 = 1. Since diffraction Fresnel transforms are related to a wide class of optical
transforms; their various properties and applications have brought great interests
for physicists recently. In this article, we pay attention to a particular case of the
diffraction Fresnel transform, namely, the fresnel transform a3 = as. The reason we
choose this simplified form of the diffraction Fresnel transform ”Fresnel transform”
lies in two aspects: the first is that the Fresnel transform can be analyzed more
conveniently which provide a favourable performance; the second reason is related



2 S.K.Q. Al-Omari

to the complexity of finding a strong Boehmian space that can handle the diffraction
Fresnel transform entangled with four parameters.

However, our results are new even for usual Boehmian spaces. We consider
certain space of Boehmians named as "strong Boehmian space” for the distributional
Fresnel transform. Enlightened by this space, the extended Fresnel transform is
shown to constitute a usual Boehmian. Further properties are also discussed.

We spread the paper into five sections: The Fresnel transform is reviewed in
Section 1. Section 2 presents a general construction of usual Boehmian spaces. The
strong Boehmian space is obtained in Section 3. The image space of Boehmians is
described in Section 4. Properties of the extended Fresnel transform and its inverse
are discussed in Section 5.

By considering the case, a; = ag, the reduction of Equ.(1) is the so-called Fresnel
transform whose integral equation given by [8, p.p.207]

TF(r) = F(r) = /Rf (2) expi (7 — 2) da, @)

where f (z) is a single valued function over R. Let E (R) be the dual space of E (R) of
all infinitely smooth complex-valued functions ¢ (), over R( the set of real numbers),
such that

7 (8) = sup | Dko (@) < o, (3)
€K

where k € N(k=0,1,2,...) and K run through compact subsets of R. Elements of
E' (R) are called distributions of compact support. The topology of E (R) is generated
by the sequence (7, (¢))g° of multinorms which makes E (R) locally convex Hausdorff
topological vector space, D (R) C E (R), D (R) is the test function space of compact
support. The topology of D (R) is, therefore, stronger than that induced on D (R)
by E' (R), and the restriction of any element of E (R) to D (R) is in D' (R); the dual
space of Schwartz distributions.

The classical theory of the Fresnel transform is extended to distributions in £’ (R)

by the formula
A

Tf(r)=F (7) £ (f @) expi(r —2)*), ()

where 7 € R is arbitrary but fixed.
We state without proof the following theorem.

Theorem 1.1(Analyticity of T). Let f € E' (R), then T is differentiable and
DETf (1) = (f (2), Diexpi (7 — 2)°),
for every nonnegative integer k.

Theorem 1.2. The mapping T is linear and one-one .

Proof is straightforward.

267
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Definition 1.3. Let f and g € E' (R). The generalized convolution product A of f
and g is defined as

(f L g)(@),0(x) = (f(2),(g(7),0(x+T)),
for every ¢ € E(R).

Theorem 1.4. For every f € E' (R),% (z) = (f (1), ¢ (x + 7)) is infinitely smooth
and satisfies the relation

Dkv (2) = (f (), Dk (a+7))
for all k € N.

Proof (see [16] for more details).

2 THE STRONG SPACE OF BOEHMIANS B,

Let Y=N x R,R = (—00,00), then f (n,z) € E(Y) if and only if f(n,z) is infinitely
smooth and

0 (f (n,)) = sup | DEf (n, )| < oo, (5)

for every k € N, K being compact subset of R.
Let f(n,x) € E(Y) and w € D (R). The usual convolution product of f (n,x)
and w with respect to z is given by

(fkw)(n,w)Z/Rf(n,y)w(x—y)dy, (6)

n €N.
Let E (R) (C D (R)) be the set of all test functions w such that

/Rw(x)dm: 1.

, is said to be a quotient of functions if and only if

The pair (f,w), or f(iz},x)

f(n,x) Adpw (z) = f(m,z) A dyw (z),

n,m € N and d,w () = rw (rx) .

fz) g(m,z)

Two quotients of functions are equivalent, ~ . if and only if
w

f (nv'r) A dmw (w) =g (max) A dpw (:I?) . (7)

Let Q = f(nz) (Z’x)
[f(ﬂaﬂ«“)

w
such Boehmians is denoted by B;.

cf(nx) e EY),weE (R)} , then the equivalence class
f(n,z)
w

} containing is said to be a strong Boehmian. The space of all
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Addition, scalar multiplication, differentiation and convolution in B, are defined

Y £0u2)] falma) _[adavrotnniae],
w w A
([Fe0)] - [t gy [1100)] _ 2 )
and
Fn)] oy [F0na) av]
respectively. [ ] [ }

& convergence B, 5 B in B, if for some fy (n,z), f (n,2) € E' (Y) such that
51): |:fv(:j’$):|,5: |:f(f::’$):| we have fv(n,x)ﬁf(n’m) asU—)OOin
E (Y).

f(n,z) A dyw

Theorem 2.1. The mapping f (n,x) — [
w

] is continuous and imbed-

ding from E' (Y) — B,.

Proof see [7, Theorem 3.1] for detailed proof.

3 STRUCTURE OF USUAL BOEHMIANS

One of most youngest generalizations of functions, and more particularly of distri-
butions, is the theory of Boehmians. The idea of construction of Boehmians was
initiated by the concept of regular operators introduced by Boehme [6]. Regular
operators form a subalgebra of the field of Mikusinski operators and they include
only such functions whose support is bounded from the left. In a concrete case, the
space of Boehmians contains all regular operators, all distributions and some objects
which are neither operators nor distributions.

The construction of Boehmians is similar to the construction of the field of
quotients and in some cases, it gives just the field of quotients. On the other hand,
the construction is possible where there are zero divisors, such as space C (the space
of continous functions) with the operations of pointwise additions and convolution.

Let G be a linear space and S be a subspace of G. We assume to each pair of
elements f € G and w € S, is assigned the product f x g such that the following
conditions are satisfied:

(1) If w,9p €S, then w1 €S and wx 1) =P xw.

(2) If f€G and w,y €S, then (fxw)*x1 = f* (w*1).

(3) If f,g€ G,weS and X €R, then

(f+g)*w=frw+g*wand A(f *w) = (\f) *w.

Let A be a family of sequences from S, such that:
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Ay If f,g€G,(0,) €A and f*xd,=g*0,(n=1,2,..), then f=g,Vn.

Ay If (wy), (0n) € A, then (wy, *1,) € A.

Elements of A will be called delta sequences. Consider the class A of pair of
sequences defined by

A= {((fa) s @) : (fa) € G" (wn) € A},

for each n € N.

An element ((fn), (wn)) € A is called a quotient of sequences, denoted by, [‘fv}
Wn
Zf fn*wm = fm*wnavn m € N.
Two quotients of sequences & and T are said to be equivalent, f— g", ]
wn Wn 7%

fn* Y, = gm *wp,Vn,m € N.
The relation ~ is an equivalent relation on A and hence, splits A into equiv-

alence classes. The equivalence class containing f—n 1s denoted by n] . These

Wn, W,
equivalence classes are called Boehmzians; or usual Boehmians; and the space of

all Boehmians is denoted by B.
The sum of two Boehmians and multiplication by a scalar can be defined in a nat-
fn 9n Jn * by + gn ¥ wn In _ In _ afn
ural way and o |—| = la—| = |—|,a €

1/}71 Wnp, * wn Wn Wn n
C, space of compleac numbers.

The operation * and the differentiation are defined by [fn} [f;n ] = [cfn :: in }
3 Da 3 n n
and’Do‘[f]—[ f].

Wn Wn
Many a time, G is equipped with a notion of convergence. The relationship
between the notion of convergence and * are given by:
4) If fpn—f asn— o0 in G and, w € S is any fized element, then

fonxw— fxwin G(asn — 00).
B)If fon—f asn—o00in G and (wy,) € A, then
fon*xwn — fin G(asn — ).

The operation * can be extended to B x § by : If [f”
Wn

e

In B, two types of convergence, § convergence and A convergence, are defined as
follows:

]EBandweS,then

0 convergence: A sequence of Boehmians (3,,) in B is said to be ¢ convergent to

a Boehmian 3 in B, denoted by 3, LA B, if there exists a delta sequence (wy,)
such that
(/Bn *wn) ) (B *Wn) S g,\V/k,TL €N,
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and
(B, xwi) — (B*wg) as n — oco,in G, for every k € N.

The following is equivalent for the statement of § convergence:

Theorem 3.1. 3, LN B (n— o0) in B if and only if there is f, %, fr € G and
(wg) € A such that g, = [fn’k] 8= [fk} and for each k € N, fp, , — fi as

Wk Wk

n — oo in G.

A convergence: A sequence of Boehmians (f,,) in B is said to be A convergent

to a Boehmian f in B, denoted by £, A B, if there exists a (wy,) € A such
that (8,, — B) *wy, € G,Vn € N, and (f,, — ) *w, — 0 as n — oo in G. See;
[1—7,15—17,19], for further investigation.

4 THE IMAGE SPACE OF BOEHMIANS

The function £ (n,7) is a member in £(Y),Y = N x R, if there is f (n,z) € E' (Y)
such that £ (n,7) := (Tf) (n,7) :== F(n,7).

A sequence (€, (n,7))or; — £(n,T) as v — o0, in L (Y), if and only if there are
fo(n,z), f(n,z) in E (Y), such that

fo(n,z) — f(n,z) as v — o0,
where, ¢, (n,7) = (T'f,) (n,7),€(n,7) = (Tf) (n, 7).

To L£(Y) and E (R), the usual convolution product Y is interpreted to mean

(LY w) (n,y):/ L(n, 7 —y)dnw (y)dy, n,m €N, (8)

R

where { =T f,w € E(R).
Let
ER) = {(d.w) :w e E(R),suppdyw — 0 as n — oo}

then F (R) is a family of delta sequences.
Following results constitute the space B (L’, (B, A), E, Y) of general Boehmians.

Lemma 4.1. Let f € E' (Y) and w € E (R), then the following holds
T(f(n,z) Adpw () (n,7) =LY w)(n,7),
where L =Tf.

Proof. Let f € E' (Y) and w € E (R), then by using Equ.(4) we get

T (f (n,2) A dytw) (n,7) = <(f (n,2) A dyw) () , expi (T — x)2> .
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Definition 1.3 implies

T(f (n2) A deo) (,7) = (f (0,2), (oo () ,expi (7 = (@ +))°) )
<f(n,x),<dmw(y),expi((7—y)—x)2>>,

That is,

T(f (1.2) & dus) (0,7) = [ (£ (0.0) expi (7 = 9) = 2)°) duso () .

Equ.(8) gives

T(f (n,z) A dpw) (n,7) = / t(n, 7 —y)dmw (y)dy = (£(n,7) Y w) (n,7),
R
where ¢ =T'f.
This completes the proof of the lemma.

Lemma 4.2. Let { € L(Y) and w € E(R), then £/ Y w € L(Y).

Proof. Let f (n,z) € E' (Y) be such that £ (n,7) = Tf (n,7) . From Lemma 4.1. we
see that

Uy w)(n,T)=T(f (n,z) A dpw) (n,7),

m,n € N. The fact that w € F (R) implies (d,,w) € E (R), by [7, p.p.886,(2.4)] .
Hence,
f(n,z) Adpw € E (Y).

Thus, ¢ Yw e L(Y).
This completes the proof of the lemma.

Lemma 4.3. Let £ (n,7) € L(Y),w,¥ € E(R), then £ Y (w A )= (LY w) A .

Proof. The hypothesis of the lemma and Liebniz Theorem yield

(0 (@A) (n,7) = /Run,r—y)dm(ww(y)dy

_ /R</R£<n,f—y>mw<my—t>dy)wt)dt-

The substitution my — t = x implies

(0 (w 4 9)) (n,7) :/R </Re<n,f— t;x) mw(x)da;) W () dt

The substitution £ = mz implies

€Y (@ A ) (n,7) :/R (/Re(n,T—z— ;) dmw(z)dz> m (1) dt
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Once again, the substitution ¢ = mr togather with Liebniz Theorem imply

(0 (A B)) (n,7) :/R (/Rﬁ(n,T—z—r)dmw(z)dz) d (1) dr

Hence, by Equ.(8), we get that

LY (wAY))(n,T1) = / (LY w)(T—=r)dnt(r)dr
R
= (Y w) L) (n,7)
The lemma is therefore completely proved.
Lemma 4.4. Let /1,0 € L(Y),w € E(R), then

(i)(€1+€2)Yw:€1Yw+€2Yw;
(i) k(61 ¥ @) = (kly) Y w = 04 Y (kw) .

Proof is straightforward from properties of integral operators.

Lemma. 4.5. Let {1,y € L(Y),(dyw) € E(R) and 1 Y w = {5 Y w, then £; = /5
in £(Y).

Proof. For every (i (n,7),lz2(m,7) € L(Y), there are the corresponding dis-
tributions fi (n,z), fo (m,x) € E (Y) such that ¢, = Tf; and ¢y = Tfo.
Hence, the hypothesis of the lemma and linearity of the distributional Fres-
nel transform, imply 7' (f1 (n,z) — fo(m,z)) Y w = 0,Vn,m € N. Therefore
7 (fi (n,x) — fa(m,z)) = O,n,m € N,z € R, in L(Y). Thus ¢ (n,7) =
ly(m,7)in L(Y),Yn,m € N,T €R.

Hence the lemma.

Lemma 4.6. Let ¢, — ¢in £L(Y) as v — oo and w € F(R), then ¢, Yw — £ Y w
in £(Y) as v — oo.

Proof is a straightforward consequence from definitions.

Lemma 4.7. Let £, — £ in £(Y) as v — oo and (dyw) € E(R), then £, Y w — £
as v — 00.

Proof. We have ¢, (n,7) Y w — £(n,7) = Tf,(n,7) Y w —Tf(n,7), for some
fo(n,z), f(n,z) € E (R). Hence, Lemma 4.1. implies

by(n,7)Yw—L(n,7) =T (f, (n,z) A dyw) (n,7) —Tf (n,7), for some r € N.
Once again, linearity of T and the fact that (d,w) is delta sequence yield
EU (n77_) Yw— E(?’L, T) =T (fU (n7$) A drw - f (na .’L')) (na T)

— T(fo(n,z) = f(n,z))(n,7) as r — oc.
Hence
ly (N, T)Yw—1~L(n,7) — 0 as v — 0.

The proof is therefore completed.
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The Boehmian space B (E, (E,\),E, Y) is thus constructed.
A typical element in B (E, (E,\),E, Y) is denoted by

t(n,)
dow |-
Two Boehmians [Ela(l:cf)] and [%} are said to be equal in B (ﬁ, (E,\),E, Y)
if and only if
b (n, 7)Y =4Ls (M, T) Y w. (9)

In B (E, (E, ) B, Y), we define, addition, scalar multiplication, differentiation and
convolution between Boehmians by

) ) - g,

" {E(nﬂ')} _ {kf(nﬂ')} . Db V(nﬂ')} _ [Dkf(n,T)}

dpw dpw dpw dpw
and
t(n,7) t(n,7) Y9
Y ) =
[ dpw ] v [ dpw ’
respectively.

Definition 4.8. (6 convergence): [, LN B in B (C, (E, N) E, Y) is § conver-
gent if there exists a delta sequence (dyw) € E (R) such that

(B, Yw),(BYw)e L Vu,neN,

and
(B, Yw) — (B Yw) as v — oo,in L, for every v € N.

Theorem 4.9. 3, 9, B (v— o0) in B ([,, (B, A) E, Y) if and only if there are

by (n,7),0(n,7) € L and (d,w) € E(R) such that 3, = [W} B =
[E(n, - '

dpw

] and for each v € N, 4, (n,7) — £(n,7) as v — oo in L.

Definition 4.10.(A convergence): (3,,) A Bin B (ﬁ, (E,\),E, Y) is A convergent,

if there exists a (dyw) € E (R) such that (8, —8) Y w € L£,Yv € N, and
By, —PB)Yw—0asv—ooin L.
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5 FRESNEL TRANSFORMS TO BOEHMIANS

This section is devoted for extending the Fresnel transform to Boehmians in B;.

Let [f(n,:z:)] € B, then, the extended Fresnel transform of [f(n,m)] is viewed
w w
- f ()] _ [£(n,7)
~ n,xr B n, T n
o I A
where ¢ = T'f.

Theorem 5.1. The mapping T : B, — B(E, (E,\),E, Y) is well-defined.

Proof. Let [f (n,x)] = [g (TZ’ :1:)] € By, then, using Equ.(7) yields
w

f(n,z) Adptp = g(m,x) A dyw. (11)
Applying the Fresnel transform on both sides of Equ.(11), and applying Lemma

4.1. imply 41 (n,7) Y b = by (m,T) Y w where, {y =T f,lo =Tg, f,g € E' (R).
Hence, from Equ.(9), we obtain

)= [

in the space B(ﬁ, (B, A) E, Y).
The proof is completed.

Theorem 5.2. The mapping T:B, — B(ﬁ, (E, L) B, Y> is linear.

Proof Let [f (Z’wq , [9 OZ’”“")} € B,, then
L) | [olma)) _[£oundadottoima) ne]

Employing the Fresnel transform for Equ.(12) yields

() - [

w 0 wY
- ) )

By using Lemma 4.1., we get

P D = (PSR e (7)),

where ¢4 =T f, b =Tg.
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Further, for each k € R, we have

()] () -]

w

0 =Tf.

Hence the theorem is proved.

Theorem 5.3. T : B, — B(ﬁ, (B, L) I, Y) is one-one mapping.

f(n, x)] 7 [g (m, x)] € B; be such that

Proof Let [ ” ¢
7 [W] _ [Wl’ﬂ in B (£, (B.1).B.Y)
Equ.(10) then yields
] - P
where 1 (n,7) = Tf (n,z) , €2 (m,7) = Tg (m, z)

From Equ.(9) we get, ¢1 (n,7) Y 10 = lo (m,T) Y w. Applying Lemma 4.1. leads

to
f(n,z) Adptp = g(m,x) A dyw.

Hence, upon considering Equ.(7), proof of our theorem is completed.

¢ ~
Definition 5.4. Let [(R’T)] € B(E, (E, \) ,E,Y> , then we define its inverse
W

Fresnel transform by

where ¢/ =Tf.
Theorem 5.5. The mapping 7 : B(E, (E,\),E, Y) — B; is well defined.

El (na T) . 62 (m7 T) I
Proof. Let [ o= P e B(E, (E, 1), E, Y) , then {1 (n,7) Y ¢ =
ly (m,T) Y w. By virtue of Lemma 4.1. we get

T(f (n,x) Adpt) =T (g (m,x) A dpw),

for some f and g in E' (R), where ¢; = T'f,ly = Ty.
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The property that T' is one-one results in
f(n,z) Adptp = g(m,x) A dyw.

Therefore,

f(n,z)] _ [g(m,z)
i
in B.

The proof is therefore completed.

Theorem 5.6. The mapping 7! : B(E, (E, N) E, Y) — B, is linear.

Proof of this theorem is analogous to that of Theorem 5.2. Details are, thus,
avoided.

Theorem 5.7. 71 : B(ﬁ, (E, A) B, Y) — B, is continuous with respect to §
convergence.

Proof Let 8, — [ in B(L',, (E,A),E’, Y). Then, using Theorem 3.1, there are
0 (n,7),€(n,7) € B(L, (B, )&),E,Y) and (dyw) € E(R) such that 8, =

by (n,T) _ [L(n,7) )
[ dow ] B = [ 4w and ¢, (n,7) — £(n,7) as v — oo in L. Hence,

for some f, (n,z), f (n,z) € E (Y), where £, (n,7) = Tf, (n,7),£(n,7) =
Tf (n,7), we have f, (n,z) — f(n,z) as v — oo in E (Y). This implies

fo ()] [f ()
in B;. [ ) ] [ ) ]

That is, T‘lﬁqJ — T8 as v — co.
This completes the proof of the theorem.

Theorem 5.8. T !: B(E, (E, A) E, Y) — B, is continuous with respect to A
convergence.

Proof Let 5, — f as v — oo in B(ﬁ, (E,\),E, Y) , then we find ¢, (n,7) €

s - Cy (n,

B([l, (E, 1), E, Y) , (dyw) € E (R) such that (8, — f) Y w = {(”;)“’}

and £, (n,7) — 0 as v — 00, £y, (n,7) = T'f, (n,7), for some f, (n,z) € E (Y).
By aid of Lemma 4.1. we get

By -6)vw=|

T(f (n,z) Admw)] '

Employing 7! yields

17 (8, - 9) v = | P

w

} = fo(n,3) =0,

as v — oo, by [7, Theorem 3.1]. Thus T-'3, — T~'3 in B,.
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The theorem is completely proved.

Theorem 5.9. T : B, — B(L’, (E, A) B, Y) is continuous with respect to £ con-
vergence.

Proof. Let 3, £ B in B, then for some f,(n,z),f(n,z) € E (Y) we have
5= [Lea)] T
(v Y w

w
applying the Fresnel transform implies ¢,, (n, 7) — £ (n, 7) as v — oo. Therefore
by (n,T)Yw—{(n,7) Y was v — o0 , or equivalently,

- e

as v — oo. Thus T (8,,) 5T (B) as v — oo. The proof is, therefore, completed.

and f, (n,x) — f(n,x) as v — oo. Hence,

It can further be observed that :

Theorem 5.10. T : B, — B(L, (E, \) E, Y) is continuous with respect to A
convergence.

Proof Let (3, 2 B in By as v — oo. Then, we find f, (n,z) € E (Y),w €
v (n,x) Adpy
E (R) such that (8, — 8) A dpw = [f (n, ) w

and f, (n,z) — 0 as

n — oo. Hence, we have T((Bv—ﬁ) A dpw) = [T<fv (n,z) A dmw) _

w
by (n,T) Y w
w

W

] =, (n,7) — 0 as v — oo in £ (Y). Therefore

T((B, — B) A dpw) = (TBU—TB)YwﬁOaSU%oo.

Hence, T8, A4 T8 as v — oo in B(E, (E,\),E, Y) .
The theorem is proved.
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Abstract

We study the solvability of nonlinear second order elliptic partial differential equations
with nonlinear boundary conditions where we impose asymptotic conditions on both non-
linearities in the differential equation and on the boundary in such a way that resonance
occurs at a generalized eigenvalue; which is an eigenvalue of the linear problem in which
the spectral parameter is both in the differential equation and on the boundary. The
proofs are based on some variational techniques and topological degree arguments.

Keywords: nonlinear elliptic equations, nonlinear boundary conditions, weighted Robin-
Neumann-Steklov eigenproblem, resonance conditions.

1 Introduction

In this paper we prove the existence of (weak) solutions to nonlinear second order elliptic
partial differential equations with (possibly) nonlinear boundary conditions

—Au+c(z)u = f(z,u) inQ,
ou + o) (z,u)  on 09 (1)
— +o(x)u=g(z,u n
ay g ) )
where the nonlinear reaction-function f(z,u) and the nonlinear boundary function g(z,w)
interact, in some sense, with the generalized spectrum of the following linear problem (with

possibly singular (m, p)-weights)

—Au+ c(x)u = pm(x)u in €,

U 2
% +o(x)u = pp(x)u on 0f). @)
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Notice that the eigenproblem (2) includes as special cases the weighted Steklov eigenproblem
(when m = 0 and p # 0) which was considered in [3, 4, 6, 17, 24] as well as the weighted
Robin-Neumann eigenproblem (when p = 0 and m # 0); the latter is also referred to in the
literature as Neumann or regular oblique derivative boundary condition (see e.g. [1, 16] and
references therein). When m # 0 and p # 0, we have then the eigenparameter p both in the
differential equation and on the boundary condition, we refer for instance to [5, 7, 8, 18].
Unlike previous results in the literature, what sets our results apart is that we compare both
the reaction nonlinearity f in the differential and the boundary nonlinearity g in Eq.(1) with
higher eigenvalues of the spectrum of problem (2), where the spectral parameter is both in
the differential equation and on the boundary (with weights).

The nonlinear problem (1) has received much attention in recent years. Such problem (and its
parabolic analog) has been studied in [9, 22| as a model for heat conduction in a body where
cooling and heating appear inside and at the boundary at a rate proportional to a power
of u. Problem (1) has also been considerably studied by many authors in the framework of
sub and super-solutions method. We refer e.g. to [1, 2, 21|, and references therein. Since it
is based on (the so-called) comparison techniques, the (ordered) sub-super solutions method
does not apply when the nonlinearities are compared with higher eigenvalues.

After Landesman-Lazer [14], much work has been devoted to the study of the solvability
of elliptic boundary value problems (with linear homogeneous boundary conditions) where
the reaction nonlinearity in the differential equation interacts with the eigenvalues of the
corresponding linear differential equation with linear homogeneous boundary conditions (res-
onance and nonresonance problems). For some recent results in this direction we refer e.g.
to [11, 12, 13, 19, 20, 23], and references therein.

A few results on a disk (n = 2) were obtained in the case of linear elliptic equations with
nonlinear boundary conditions, where the nonlinearity on the boundary was compared with
the first Steklov eigenvalue (that is, m = 0 in Eq.(2)). We refer to Cushing [10] and Klin-
gelhofer [15] (the results in [15] were significantly generalized to higher dimensions in [1] in
the framework of sub and super-solutions method as aforementioned). In [3, 17] the reso-
nance problem for elliptic equations with nonlinear boundary conditions was analyzed using
bifurcation theory (see Remark 3.6 herein). More recently, the authors in [19] proved non-
resonance results for problem (1) in which the nonlinearities interact, in some sense, only
with either the Steklov or the Neumann spectrum. In a very recent paper of one of the
authors [18], nonresonance results for problem (1) were proved in which both nonlinearities
in the differential equation and on the boundary interact, in some sense, with the generalized
spectrum of problem (2).

It is our purpose in this paper to establish existence results for problem (1) by imposing
asymptotic conditions on both nonlinearities in the differential equation and on the boundary
in such a way that resonance occurs at a generalized eigenvalue of problem (2). Our results
generalize earlier ones in [1, 2, 12, 23], and in some instances some of those in [3, 11, 17]
which were obtained in a different setting.

The content of this paper is organized as follows. In Section 2, we state and prove some
preliminary results that we shall need in the sequel. Section 3 is devoted to the statement
and proof of existence results for Eq.(1) at resonance. The proof of the main result is
based on variational and topological degree arguments. We conclude the paper with some
remarks which show (among other) how our result can be extended to problems with variable
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coefficients.

Throughout this paper we assume that 2 is a bounded domain in R™ (n > 2 ) with boundary
09 of class C%1, 9/0v is the (unit) outer normal derivative. By a weak solution of Eq.(1) we
mean a function u € H'(Q2) such that

/ VuVo + / e(w)uv + 7{ o (2)uv = / Fau)o + 7{ gz v forall v € HY(Q), (3)

where / denotes the (volume) integral on € and % denotes the (surface) integral on 0.

Let us mention that H'(Q) denotes the usual real Sobolev space of functions on € endowed
with the (¢, o)-inner product defined by

(U, V) (c,0) = /Vqu—i—/c(a:)uv—i—%a(a:)uv (4)

with the associated norm denoted by |||, ). (The conditions on ¢ and o which imply that

(4) is an inner product are given below.) This norm is equivalent to the standard H'()-norm.
Besides the Sobolev spaces, we shall make use, in what follows, of the real Lebesgue spaces

Li(09Q), 1 < q < oo, and the compactness of the trace operator I' : H'(Q) — LI(99) for

2(n—1
1<g< (n2 (Sometimes we will just use u in place of I'u when considering the trace
n —

of a function on 02.)
The functions ¢ : @ - R, 0 : 90 - R, f: QxR —- R and g : 92 x R — R satisfy the
following conditions.

(C1) ce LP(Q2) withp > n/2 whenn > 3 (p > 1 whenn = 2) and o € L1(9N) with ¢ > n—1
when n >3 (¢ > 1 when n = 2) with (¢,0) > 0; that is, ¢(z) > 0 a.e. on Q and o(z) >
0 a.e. on 02 such that

/c(ac) dz + ]éo(:}:) dx # 0.
(C2) f: QxR —Randg:902 xR — R are Carathéodory functions (i.e., measurable in x

for each u, and continuous in u for a.e. x).

(C3) There exist constants a;, ag > 0 such that for a.e. z € 9Q and all u € R,

lg(xz,u)|] < a1 + azjul® with0 < s < %

(C3’) There exist constants by, by > 0 such that for a.e. x € 2 and all u € R,

2
| f (2, u)| < by + bolul® with0 < s < L+2

2  Generalized Eigenproblems and Weighted Nonresonance

To put our results into context, we have collected in this short section some relevant results on
generalized linear eigenproblems and nonresonance for nonlinear elliptic problem (1) needed
for our purposes. We refer to a paper of one of the authors [18] for the proofs of these results.
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Consider the linear problem

—Au+ c(x)u = pm(z)u in Q,

ou
W +o(x)u = pp(x)u on 02,

where (m, p) € LP(Q) x L1(0N2) with p and ¢ as in Section 1, and (m, p) > 0; that is,
m(z) > 0a.e. on Qand p(x) > 0 a.e. on I with /m(az) dx + j{p(x) dx # 0. (6)

(We stress the fact that the weight-functions m and p may vanish on subsets of positive
measure. )
The (generalized) eigenproblem is to find a pair (i, ) € R x HY(Q) with ¢ # 0 such that

/V(va + /c(x)cpv + fa(x)cpv =L </ m(z)pv + %p(w)gw) for all v € HY(Q). (7)

Picking v = ¢ it follows that, if there is such an eigenpair, then one has that p > 0 and
/ m(x 4,0 + 74 ,0(:1:)(,02 > 0. Therefore, one can split the Hilbert space H'(Q) as a direct

(¢, 0)-orthogonal sum in the following way,

HY(SQ) = Vi y () & H],, ) (), (8)

where Vi, y(Q) := {u € HY(Q): /m(ac)u2 + y{p(l’)u2 = O} and H(lm’p)(ﬂ) = [T/(mw)(Q)]L.

On H (1m p)(Q) C H'(Q), we will also consider the inner product defined by
(10 = [ mla)uw + § ployuo, )
with corresponding norm denoted by || - [[(,,,) (see e.g. [18] for details).

Assuming that the above assumptions are satisfied, one of the authors [18] proved that, for
n > 2, the eigenproblem (5) has a sequence of real eigenvalues

O<p <pe<...<p;<...—00,asj— oo,

each eigenvalue has a finite-dimensional eigenspace. The eigenfunctions ¢; corresponding to
these eigenvalues form a complete orthonormal family in the (proper) subspace H, (1 p)(Q).
Moreover, the first eigenvalue p is simple, and its associated eigenfunction ¢ is strictly
positive (or strictly negative) in €2 and the following inequalities hold.

(i) For all u € HY(Q),

1 </m(x)u2 +yfp(x)u2) < /|Vu|2 +/c(x)u2 +7§a(x)u2, (10)

where p1 > 0 is the least eigenvalue for Eq.(5). If equality holds in (10), then w is a
multiple of an eigenfunction of Eq.(5) corresponding to p.
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(ii) For every v € @;<; E(pi), and w € ®;>j11E (i), we have that
[0l 0y < willol,,) — and 1]1..0y > 5511 [0] 20, (11)

where E(y;) is the p;-eigenspace, @®i<jE () is the span of eigenfunctions associated
with eigenvalues below and up to 1, and || - |, ,) is the norm induced by (9).

The next theorem concerns an existence result for the nonlinear problem (1) in the case of
weighted nonresonance. We refer to [18] for the proof of this result.

Theorem 2.1 (Weighted nonresonance between consecutive generalized eigenvalues)
Suppose that the assumptions (C1)-(C3’°) and (6) are met, and that the following conditions
hold.

(C4) There exist constants a, b, a, € R such that

am(z) < liminf fla,u)
|u|—o0 [

flz,u)

u

< pm(x)

< limsup
|u|—o00

and

ap(x) < liminf 9(x,u) < lim sup 9(z,v) < bp(x),

ul—o0 u |u|—o0 B

uniformly for a.e. x € Q, respectively for a.e. x € 05, where
1 < min(a, o) < max(b, 5) < pjt1. (12)
Then, Eq.(1) has at least one (weak) solution u € H ().

Remark 2.2 The result in Theorem 2.1 remains valid if one replaces the functions f(z,u)
and g(z,u) with f(z,u) + A(z) and g(z,u) + B(x) respectively, where A € L?(Q) and B €
L2(09).

3 Main Result

In this section, we prove an existence result for problem (1) at resonance which includes
both the Steklov as well as Neumann and Robin problems with appropriate choices of the
weights m and p as aforementioned. Notice that the nonlinearity in the boundary condition
is at resonance as well. We require that the nonlinearities satisfy some sign conditions and a
Landesman-Lazer type condition (possibly at a generalized higher eigenvalue).

Consider the following nonlinear problem

—Au+c(z)u = pym(z)u+ f(z,u) inQ,
ou (13)
O 4 o= p(e)ut gl,u)  on 9

where p1; is a generalized eigenvalue of the (weighted) problem (5).

Theorem 3.1 (Resonance at any generalized eigenvalue)
Suppose that the assumptions (C1)-(C3’) and (6) are met, and that the following conditions
hold.
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(C5) There exists a constant 3 such that

fz,u) fz,u)

0 < liminf < lim sup < Bm(x)
lulmo0 lulso0 U
and
0 < liminf 9(z,v) < lim sup g(@,u) < Bp(x),
|u|—00 U |u|—o00 u

uniformly for a.e. x € Q, respectively for a.e. x € 082, where 5 < (pj+1 — pj)-

(C6) Sign conditions: There exist functions a, A € L*(Q), b, B € L*(0%), and constants
r <0 < R such that

f(z,u) > A(z) and g(xz,u) > B(x)
for a.e. x € Q, respectively for a.e. x € 02 and all u > R,
f(z,u) < a(x) and g(x,u) < b(zx)
for a.e. x € Q, respectively for a.e. x € 9 and all u < r.

Then, Eq. (13) has at least one (weak) solution u € H(Q) provided that the following
Landesman-Lazer type condition holds:

fro+ fop +]§ g+ + ]{ g >0 forall o€ E(u;)\{0}, (14
>0 ©<0 ©>0 <0

where E(p;) is the pj-eigenspace, fi(x) :=liminf f(z,u), g¢4(z) :=liminfg(x,u),

f-(z) :=limsup f(z,u), g¢g—(x):=limsupg(z,u) and, / and% denote the integrals
p>0 p>0

U—r—00 U—r—00

on the sets {x € Q: p(x) > 0} and {x € 00 : p(x) > 0} respectively.

Unlike previous results in the literature, what sets our results apart is that we compare both
the reaction nonlinearity f in the differential equation and the boundary nonlinearity g with
higher eigenvalues of the spectrum of problem (2), where the spectral parameter is both in
the differential equation and on the boundary (with possibly singular weights). It should
also be noted that the presence of the boundary nonlinearity extends the range of allowable
‘forcing’ terms in the condition (14). Our results generalize earlier ones in [1, 2, 3, 12, 17, 23|
(see Remark 3.6 for details).
We will use variational and topological degree techniques combined with some duality ar-
guments. Before giving a proof of our main result, we first prove several lemmas that are
relevant in order to obtain a priori estimates. (For some of these lemmas, we borrow some
techniques of proof from [12, 13].)
For u € H'(2), we shall write

w=u+a+a+v,

where v’ € E® := E(u;), @ € ®i<j—1E(1), @ € ®i>j41E (i), and v € V{, ;). Moreover, we

shall set

wi=ta+v—ia—u’
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Lemma 3.2 Let 5 > 0 be as in Theorem 3.1. Then there exists 6 = 6(8) > 0 such that for
all w € HY()

/Vqu + /c(:c)uw + %a(m)uw — (pj + B) (/m(m)uw + fp(x)uw) >4 HuL

Proof. Let u € H'(f2), define Dg(u) by

2

(co)

Dg(u) := /Vqu + /c(a:)uw + fa(x)uw — (5 +5) </m(x)uw + %p(m)uw) .
Taking into account the (¢, o)-orthogonality of @, v, 4 and u® in H'(Q) and the fact that
v € Viin,p) and u® € EY | one has that

2
(m,p)

D) = [[ll%, ) + 1012, 0y — 1112y = (15 + B) (630, + (15 + B) 1%, + B[]

- wi +08) . Wi _
> (\un?w) it h) uuuﬁc,g)) el + (Mf lal2,., - \un?w))

Hj+1 i-1
> 6 (113 0) + N0 + 2, ) ) = ]|t

2

I

(c,0)

pi+ 6wy

Wheredzmin{l,l— ,
Hi+1  Hj—1

— 1}. The proof is complete. O

Lemma 3.3 Let > 0 be as in Theorem 3.1, § > 0 be associated with § by Lemma 3.2, and
€ > 0. Then for all T € LP(Q2) and T € L1(09Q) satisfying T(z) < pm(z)+¢€, 7(x) < Bp(z) +¢€
respectively, and all uw € H*(Q,) one has

(1 0)(e0) — 15 ( [miwa+ ¢ p(x)uw> - [ty + f rlau > o Jut

where Cs > 0 is a constant depending on § and €, provided that € > 0 is sufficiently small.

I

2
(¢,0)

Proof. Let D-(u) := (u,w)(cq) — H; </ m(z)uw + %p(x)uw) - /f(:r)uw + %%(w)uw.
Using the computations in the proof of Lemma 3.2 we obtain that

D;(u) 25”1& ’

. K HUL

— (6 — ¢K) Hui

ol

2 2 2
(e,o (¢,0) (e, (¢,0) ’

where K is a constant. If e is sufficiently small then we get that C5 > 0. The proof is complete
O

Lemma 3.4 Assume (C1)-(C3’) and (6) are met, and that (in addition) f and g satisfy the
sign-condition (C6). Then, for each real number K > 0 there are decompositions

f(mvu) :pK(:c,u)—i—fK(J:,u) and g(as,u) ZQK(x’U)+gK(x’U) (15)

of f and g such that
0 <upk(z,u) and 0<uqg(z,u) (16)
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for a.e. © € Q, respectively for a.e. x € 052, and all u € R. Moreover, there exist functions
© € L*(Q) and & € L*(09Q) depending on a, A, f and b, B, g respectively such that

|fx(@,u)| <@(z) and |9k (z,u)| < (x) (17)
for a.e. x € Q, respectively for a.e. x € 0Q2, and all u € R.

inf{g(z,u), K} ifu>1,
sup{g(z,u), K} ifu<—1,
and Gg (z,u) := g(x,u) — gi (z,u) for z € Q and |u| > 1.

Proof. Given K > 0, define jx (z,u) := {

Jr (x,u) if |u|] > 1,
Set gi (x,u) = C udr(z,u/|u]) if0 < |u| <1,
0 ifu=0.

Finally, define gx := g — qx. By an easy calculation, one can check that all the conditions
of the lemma are satisfied with & = C' + max{|b(z)|, |B(x)|, K}, where the constant C' > 0
depends on R, —7, 1, b1, by. Similar arguments are used in the case of the function f. The
proof is complete. O

Lemma 3.5 Assume (C1)-(C3’) and (6) are met, and that in (addition) f and g satisfy
(C5) and (C6). Then, for each real number K > 0, the functions px and qx provided by
Lemma 3.4 satisfy the following additional conditions

P (z,u)l < (Bm(z) +e)lul = K and gk (z,u)| < (Bp(z) +e)lul - K (18)
for a.e. x € Q, respectively for a.e. x € 09, and all u € R with |u| > max{1, €}.

Proof. It follows from (C5) that for all € > 0 there exists k = k(€) > 0 such that

[f(z,w)] < (Bm(z) +e)lul  and g(z,u)| < (Bp(z) + €)lul (19)
for a.e. x € Q, respectively for a.e. x € 9Q, and u € R with |u| > k.
g(x,u) ifu>1 and g(z,u) < K,
K ifu>1 d > K
Let u € R with |u| > 1. Then g (z,u) := .1 w2l and g(z,u) 2 K,
g(z,u) ifu< -1 and g(x,u) > —K,
K ifu<-1 and g(z,u) < —K
0 ifu>1 and g(x,u) <K,
—K ifu>1 d > K
It follows that qx (z,u) = 9(z,u) 1_ v and g(z,u) 2 K,
0 ifu<-1 and g(z,u) > —K,
gz,u)+ K ifu<-1 and g(z,u) < —-K.

By (19) we get that

0 <gr(zr,u) < (Bplz)+e)u—K if u>max{l,x}
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and
0>qx(z,u) > (Bplx)+e)u+ K ifu<—max{l,x}.

Therefore
lgxc (z,w)] < (Bp(x) +€) [ul — K

for a.e. x € 90 and all v € R with |u| > max{1,x}. Similar arguments are used in the case
of f. The proof is complete. O

Proof of Theorem 3.1. The proof is divided into four steps.
Step 1. Let § be associated to the constant § by Lemma 3.2. Then, by assumption (C5),
there exists k = ks > 0 such that

[fe,w)] < (Bm(2) +d)ul  and  g(z,w)] < (Bp(e) +d)lul (20)

for a.e. x € €, respectively for a.e. z € 09, and all u € R with |u[ > &, where dis a
sufficiently small constant such that 0 < d << §. By using Lemma 3.4 with K = 1, Eq.(13)
is equivalent to

—Au+ c(z)u = pym(z)u + p1(z,u) + fi(z,u) inQ,

ou (21)
T o(x)u= pjp(x)u+ q(z,u) + g1(z,u)  on I,

where p1, f1, ¢1 and g; are defined in Lemma 3.4 and satisfy conditions (16) and (17). More-
over, since f and g verify the inequalities (20), by Lemma 3.5 we get that

1z, u)| < (Bm(z) +d)ul+1  and g (z,w)] < (Bpe) +d)ul+1  (22)

for a.e. @ € Q, respectively for a.e. x € 99, and all u € R with |u[ > max{1, x} (see the
construction of p; and ¢ in Lemma 3.4). Let us choose & > max{1, x} so that (1/|u]) < d.
It follows that

0<

(@, u) < Bm(x)+d and 0< (@, u)

- < B plo) + d, (23)

for a.e. z € Q, respectively for a.e. z € dQ, and all u € R with |u| > &, where d = 2d << 4.
Step 2. Let us define 7, 7 : Q x R by

. p1(@, u) for |u| > &
F(z,u) = u _R R) — —R
pi(z, R) +7p1(x, R) w pi(x, k) ?1(% D) for |u| < &.
2K? 2K
- q1(z,u) for |u| > &
Az, u) = u —E R) — —R
q1(z, k) —|—_q1(x, R) wt ¢ (7, k) _Ch(% R) for |u| < F.
2R? 2R

The functions 7 and 7 are Carathéodory in  x R since p; and ¢ are. Moreover, by (23) one
has
0<(w,u) < Amx)+d  and  0<F(z,u) < Bp() +d, (24)
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for a.e. @ € Q, respectively for a.e. z € JQ, and all u € R.
Define h,h: Q x R — R by

h(IL‘,U) = f1($7u)+pl($au) —’7(IE,U)U and h(x,u) :gl(zau)"i'(h(m?u) _’7(3371‘) U,
then it follows from (17) that for some ((z) € L*(Q) and ((z) € L?(09),
A(e,w)] < {(z)  and  |h(z,uw)] < ((x)

for a.e. x € Q, respectively for a.e. x € 99, and all u € R, where , (N depend on 5, m, p, kK
and the bounds of f; and g;.
Finally, Eq.(21) is equivalent to

—Au+ c(x)u = pym(x)u+ Y(r,u) u + h(z,u) inQ,
ou

ov

- = (25)
+o(z)u = pjp(x)u+ y(z,u)u + h(z,u) on 0f.

We will use the Leray-Schauder Fixed Point Theorem to prove that Eq.(25) has at least one
(weak) solution. In order to apply this theorem, we need to show the existence of an a priori
bound for all possible (weak) solutions of the family of equations

—Au+ c(@)u — pym(z)u — (1= N)dm(z))u — A [(z,u) + h(z,u)] =0 inQ,

ngj +o(x)u— pjplx)u— (1 = Ndp(x)u — A [’y(a:, u) + h(z, u)} =0 on 09,
where A € [0, 1].

It is clear that for A\ = 0, Eq.(26) has only the trivial weak solution. Now, if u is a (weak)
solution of (26) for some A € (0, 1], it follows from inequalities (24) that

(26)

(I=XNdm(x)+M(z,u) < (B+d)m(z)+d and (1—-N)dp(x)+Iy(z,u) < (B+d)p(x)+d.

Therefore, using Lemma 3.3, Holder inequality, the Sobolev Embedding Theorem, and the
continuity of the trace operator, one gets that

0= (1)) — 1) < / m(a)uw + f p(:c)uw) - / (W) + 7{ F, ww
- )\/h(x,u)w - A%B(m,u)w

L (7S Py

jc,a) —k (HUL (c,0) - HUOH(QU)) )

where w = @ +v — 4 —u’, ut = a4 +v+a, 7(z,u) = (1 — \)dm(z) + \y(x,u) and T2, u) =

-ai

k
(1 =XN)dp(z) + My(z,u). For d sufficiently small, it follows that C;5 > 0. Taking a = 20, e
[
get that
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1/2
L 2 0
<
| oy SO (a+20 ]l y) - (27)
Step 3. We claim that there exists a constant C' > 0 such that
[ull g < C (28)

for any (possible) weak solution u € H'() of (26) (C is independent of v and \). If we
assume that the claim does not hold, then there exist sequences () in the interval (0, 1] and
(un) in HY(Q) with ||uy,|| ;1 — oo such that u, is a (weak) solution of the following problem

—Au+c(z)u — pym(@)u — (1 —A)dm(x))u — A\, f(z,u) =0 inQ,

O o)y plau— (1= A playu — A glwr,w) =0 on 90

(29)

That is,

0= (unvv)(c,a)_uj(unvU)(m,p)_(l_)‘n)d(unv (m,p) — /f Z, un V=An f (x,un)v (30)

for every v € H(2). From (27), it follows that

Huf’;H(C,O’)

0
| A

[|un (o) — and — 0. (31)

Therefore, # is bounded in H'(2). By the reflexivity of H'(£2), the compact embed-
Unll(eo)

ding of H'(€2) into L?(£2) and the compactness of the trace operator, one can assume (taking

a subsequence if it is necessary) that

Un Unp,

— w in HY(Q); W — w in L*(Q) (also in L?(9N));
nll(c,o

||U9z||(c,(,—)

0
# 5w in L2(Q) (also in L*(9Q)).
nll(e,0)

0
Set v, = ﬁ Substituting v in (30) by (v,/A,), and taking into account the orthogo-
u?
(c,0)
nality and the fact that v, € EY, we get

0< (1= ANl I8,y = = [ e, = foun @)

By taking the liminf as n — oo, we have that

lim nf ( / @, wn)om + 7{ g(x,un)vn> <. (33)
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Let It ={x € Q:w(z) >0} and I~ = {x € Q: w(z) < 0}. Then for a.e. x € I'" there
exists v(z) € N such that for all n > v(z), one has (passing to a subsequence if necessary),

u#(m)‘ (HUQH(C’U))_I < %w(:v)

and i
(@) ([|eh]lery) @)

Therefore, for all n > v(x) one has

1

un(@) (8 y) = @)+ @)l ) ™ = W)~ @S] ) > 5 ).

It follows that for a.e. € I'", there exists an integer v(x) € N such that for all n > v(z),

1

vp(z) >0 and wup(x) > iw(m)(Hugﬂ(w_)) — 00 (since Hu%H(C J)) — 00).

On the other hand, for a.e. x € I~ there exists J(x) € N such that for all n > ¥(z),
-1
wn@) (60l oy) = (@) @) (] )™ < @)+ (@) ) (] ) ™" < 5 ().

1
Therefore, for n > 9(x), u,(z) < 3 w(x)(HugLH(c,a)) — —oo0.
In order to apply Fatou’s Lemma we need to find ng € N such that for n > ny,

f(@, up) vy > 1(z) ae. and  g(z,un) v, > 1(z) ace., (34)

for some [ € L'(Q) and [ € L'(dQ). Indeed, from (27) one gets
LI

ot (o)™ <2t ()™ 2

Therefore, by (31) one has that for n > ny, Hu#”?cg) (HUQH(CJ))_I < O, where C is a

constant independent of n. Since J(z, u,(x)) > 0, one has that for n > ny,

(2, wn(@) un (@) () (|[uS]| . 0)
30, un(@)) ([0 ey)  [n @) + (@) — (ot () — ) (@)

3, un (@) s @) ([ ) = ~C(,un @) ),

where 1 € L'(Q2), and C > 0 are independent of n. Therefore, for n > ng,
3, (@) um ()0 () > ~C(Bm() + ) Iy ().

Now, using the decomposition of f, one has that for n > ny,

F (@, un(@))vn(z) = 3 (2, tn(2))un(@)vn (@) + 2(2, un (2))vn ()

> ~C(Bm(x) + d) i(x) - K ly(x) = I(a),

€1

Uy

Y@, un () ) un (7)vn () = -1
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where Iy € L'(€Q). We use similar arguments to obtain the function 7 in (34). Notice that it
follows from (32) and (34) that sup/f(x,un)vn < o0 and supy{g(x,un)vn < 00. Therefore,

by Fatou’s Lemma and the properties of lim inf, one has

/ frw < liminf fx, up)op; }1{ g+w < lim infj{ g(z,up)vp
w>0 w>0 w>0

n—oo w>0 n—oQ

n— o0 n—00

/ f+w —i-?{ grw +/ f-w —i—?{ g-w <0,
w>0 w>0 w<0 w<0

which contradicts the assumption (14). Thus the claim holds.
Step 4. We use the Leray-Schauder Fixed Point Theorem combined with some duality

f-w < liminf [z, up)vp; % g_w < lim inf}[ g(x, up)vp,
w<0 w<0 w<0 w<0

and that

arguments.

Define T : HY(Q) — (H'(Q))* by

T(u)o = / VuVo + / e(w)uv + ?{ o (@)uv — (1 + d) ( / m(@)uw + f p(x)uw) .

It follows from Theorem 2.1 and Remark 2.2 that T is linear, continuous and bijective.
Therefore, by the Open Mapping Theorem we have that 7! is continuous. From (26) one
sees that

0= T(u)v— A </(f(at, w) + dm(z)u)v + f(g(x, w) + dp(x)u)v)

where A € [0,1]. Applying T~! we get 0 = u — )\[T_lJ}(u) — T71J}(u)] where J(u)v =
/(f(:):, u) +dm(z)u)v, Jy(u)v = j{(g(az, u) + d p(x)u)v. Now, let M be defined by

Mu =T Jp(u) = T~} (w).

Notice that from the continuity of T~! and the compactness of .J 4 and Jg (see [19]) we have
that M is a compact operator from H'(Q) to itself. Therefore, one sees that u — A Mu = 0.
It follows from the a priori estimate (28) and the Leray-Schauder Fixed Point Theorem that
M has a fixed point. Thus, Problem (13) has a (weak) solution. The proof is complete. O

Remark 3.6 We (briefly) indicate how some of our results extend previous ones in the
literature.

(i) In [3] no reaction term f is considered and the nonlinear perturbation g is sublinear at
infinity.

(ii) In [17] the p-Laplacian is considered and the nonlinear perturbations f and g are
bounded.

Here, we consider the case p = 2 and the nonlinear perturbations f and ¢ may be unbounded,
with at most linear growth asymptotically.
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Remark 3.7 If the boundary nonlinearity ¢ is Lipschitz in u, uniformly in  and the func-
tions ¢,m € L>®(), o, p € C1(Q), one can show with a slight modification of the proof that
the solution obtained in Theorem 3.1 is actually in H?().

Remark 3.8 Our resonance results remain valid if one considers nonlinear equations with a
more general linear part (in divergence form) with variable coefficients:

"9 ou .
_ Z or; <aij(m)8$i> +c(z)u = f(z,u) inQ, 55)

—Z +o(x)u = g(z,u) on 09,

where o € L>°(09Q) with o(x) > 0 a.e. on 0%, and 9/0v := v- AV is the (unit) outer conormal
derivative. The matrix A(z) := (a;;(x)) is symmetric with a;; € L°°(€2) such that there is a
constant v > 0 such that for all £ € R”,

(A(x)€,6) > ’)/|§|2 a.e. on .
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Abstract. In this article, we work on the general complex-valued
discrete singular operators over the real line regarding their conver-
gence to the unit operator with rates in the L, norm for 1 < p < oco.
The related established inequalities contain the higher order L, mod-
ulus of smoothness of the engaged function or its higher order deriv-
ative. Also we study the complex-valued fractional generalized dis-
crete singular operators on the real line, regarding their convergence
to the unit operator with rates in the uniform norm. The related es-
tablished inequalities involve the higher order moduli of smoothness
of the associated right and left Caputo fractional derivatives of the
related function.
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1 Background

In [5], Chapter 19, the authors studied the approximation propeties of the gen-
eral complex- valued singular integral operators O, ¢(f;x) defined as follows:

They considered the complex valued Borel measurable functions f: R — C
such that f = f1 +ifs, i :== /—1. Here fi, fo : R — R are implied to be real
valued Borel measurable functions.
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Let £ > 0 and p, be a Borel probability measure on R. For » € Nand n € /A

they put
—1) 7 (D)5 =1,...
Oé] — ( ) - (])J r57i N J ) ?T? (1)
L=, (=) ()i, j=0.
Then, they defined the general complex-valued singular integral operators

as

o0

O.clfio)i= [

— 00

> af(x+jt) | dpe(t),vE > 0. (2)
j=0

Clearly by the definition of R.H.S.(2) they had

®r,§(f; 33) = @r,§(f1;x) + i@r,f(fZ;x)' (3)

They supposed that ©,¢(f;;2) € R, Vz € R, j =1,2.

In [5], Chapter 19, the authors defined the modulus of smoothness finite as
follows:
Let f1, fo € C"(R), n € Z" with the rth modulus of smoothness finite, that is

wr (S, h) = sup [|A] A (2)]| o < 00, (4)
J |t|<h g
h > 0, where
e N v (T pm) -
M) = 3 () e+ ) )
j=12.

In [5], Chapter 19, The authors also defined the rth L,-modulus of smooth-
ness for fi, fo € C™(R) with fl(n),fzn) €eL,R),1<p<ooas
wr(f3 )y = sup [|A7 1 (a)
t|<h

! 1t pa; >0, with j=1,2. (6)

(n

There they supposed that wr(fj ), h)p < 00, h >0, j=1,2.
They denoted

T
O = Zajjk, k=1,...,n€eN.
j=1
They assumed that the integrals

Ch,¢ ::/ t*dpg (t)

— 00

are finite, k = 1,...,n.

They noticed the inequalities
0re(f57) = f(2)] < |Ore(fi;2) = fr(@)| +|Ore(fo;2) — falz)],  (7)
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10re(f;2) = f(@)]l o p < 1Ore(fr52) = fr(@) o + [1Ore(f2i7) = f2() | »
(®)

and

1©re(f52) = f(@), 0 < 1Ore(fr;2) = fr(@)ll,, . +1Ore(f2;2) = fo()], o0 = 1.

)

Furthermore, they stated that the equality
f9@) = 17 @) +if" (@), (10)
holds for all k =1,...,n
The authors stated

Theorem 1 ([5] p.365) Let f : R — C such that f = f1 + ifs. Here j = 1,2.
Let f; € C™ (R), n € Z*. Assume that

/_Oo e (1 + '?) dpse(t) < 0.

Suppose also that wr(f(n) h) < 00,Vh > 0. Then

n
f(k)
Or¢(fi) )= 5k0k,5
k=1 00,T

o) st coton)

When n = 0 the sum in L.H.S. (11) collapses.

They gave their results for the n = 0 case as follows.

Corollary 2 ([5] p.366)Let f : R — C : f = fi + ife. Here j = 1,2. Let

fi € C(R). Assume
/ (1 + ?) dpe(t) < o0.

Suppose also w,(fj, h) < 0o,Yh > 0. Then

06 sl < | [ (14 'g) nel®)] @519+l 0). (1)

Next they stated
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Theorem 3 ([5] p.366) Let g € C"~Y(R), such that g~(") exists, n,r € N. Fur-
thermore assume that for each © € R the function g\ (x + jt) € Li(R, pe) as

a function of t, for allj =0,1,....,n—1; 5 =1,...,r. Suppose that there exist
A 20,0 =1...,nj =1,....r, with A5 ; € Li(R, pg) such that for each
x € R we have B

99 ( + jt)] < A5 (8), (13)

Jor prg—almost allt € R, all;— 1,...,n;5=1,2,...,7. Then g(J)(:E—i—y ) deﬁnes

a ug—mtegmble function with respect to t for each z e R, alj=1,.
j=1,...,7r, and

(Ore (g52) = Or¢ (99:2) (14)

forallx e R, all}zl,...,n

They presented the following approximation result

Theorem 4 ([5] p.366)Let f : R — C, such that f = fi+ifs. Here j =1,2. Let
f; € C"P(R), n,p e Z*, and Wr(fy(nﬂ),h) < o0,Yh >0, for j =0,1,...,p.

Assume "
[ele] " t T
[w |t] <1 + €) dpe(t) < oo.

We consider the assumptions of Theorem 3 wvalid regarding fi, fa for n = p.
Then

(@r,ﬁ(f;x))(j) i f kﬂ 6ka,§ (15)
< % [/_Z " <1+|€|> dug(t)} (wr( 9,6 +wn(f77),6))

forall j=0,1,... ,p- Whenn =0 the sum in L.H.S.(15) collapses.
They started to present their L, results with the following theorem

Theorem 5 ([5] p.367)Let f : R — C such that f = f1+ifs. Here j = 1,2. Let

fi € C™ (R) with f;n) €eL,(R),neN,p,g>1: %—i— % = 1. Suppose that
oo |t| rp+1 |
/ (1 + £ ) — 1| ™7 dpe(t) < oo,
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and cpe €ER, k=1,...,n. Then

(16)

n (k
TE(fv Z f ka,g

P,z

/°;<<1+';'>”“—1> i)

=

1
((n—D))(g(n — 1) + 1)i (rp+ 1)»
5 (wr(fl(n)vg)p—’—wT( (n)vf) )

IN

=

For the case of p =1, they obtained

Theorem 6 ([5] p.368)Let f : R — C such that f = f1 + ifs. Here j = 1,2.
Let f; € C™ (R) with f](n) € L1 (R), n € N. Suppose that

[0+8) -

andcpe €R, k=1,...,n. Then

Ore(f;2) Z
k=1 1,z

( |t‘ 1) |t|n—1 d/.tg(t)‘|
(
2

,).

1" dpe (8) < oo,

f®) (2

5kck7§ (17)

1
(n—1!(r+1)

€ (wr (™, 1 +wn(f

For n = 0, they showed

Proposition 7 ([5] p.368) Let f : R — C such that f = fi1+ifs, where f1, fo €
(C(R)NL, (R)); p,g>1: % % = 1. Suppose that

+
(1 + |t> dpe(t) < oo.

Then

10e(f) — f1l, < [ /- (1 ¥ ?) dugt)} O+ on(fanh). (8)

Finally, they gave the case of n =0, p=1 as
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Proposition 8 ([5] p.368)Let f : R — C such that f = f1+1ifa, where f1, fo €
(CR)YN Ly (R)). Suppose

/O:O (1 + ?)Tdug(t) < 0.

(oo}

Then

10,.6(F) — £, < { /

— 00

<1+'§> d%(t)] (@r(f1s )1 +wr(f2 1) (19)

Next, the authors demonstrated their simultenous L, approximation results.
They started with

Theorem 9 ([5] p.369)Let f : R — C, such that f = f1 +ifs. Here j = 1,2.

Let f; € C™?(R), n € N,p € Z*, with f{"*" € L,(R), j = 0,1,...,p. Let
L1 1 _ 0 |¢] rptl np—1

p.q>1: 5+, =1 Suppose that S 1+ '3 —1¢ dpe(t) < oo,

and cre € R, k =1,...,n. We consider the assumptions of Theorem 3 valid

regarding f1, fo for n = p. Then

~ ~ n (k) (o
(@T’g(f;zc))(]) — 9 (z) - Z ! X ( )5kck,5 < ﬁ (20)
k=1 P
1 (n+7) (n+7)
1 1 UJT( 7§)p+wr( 75)?
<q<n—1>+1>q<rp+1>»( 1 i )

(s

for allj:(),l,...,p.
They had

Proposition 10 ([5] p.369)Let f : R — C, such that f = f1+ifs. Let fl(;)7 2(3) €
(CR)NL,(R)),7=0,1,....,p€Z; p,g>1: Il)Jr% = 1. Suppose that

/_0; <1 + E)p dpie(t) < oc.

We consider the assumptions of Theorem 3 wvalid regarding fi, fo for n = p.
Then

[CeE o
< [/ () ] (w00 i),
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Next they gave the related L; result as

Theorem 11 ([5] p.369) Let f : R — C, such that f = fi +ifz, and j = 1,2.
Let fi,f2 € C"7(R), with "™ € Li(R), n € N, j = 0,1,...,p € Z".

Suppose that
YT e
) ) ) < .

and ce € R, k =1,...,n. We consider the assumptions of Theorem 3 valid
regarding f1, fo for n = p. Then

A (P
H(Gr,g(f;x))(]) 10 -3 T D (22)
k=1 ' 1,z
[e’) r+1
(n— 1)}(7‘ +1) [ ((1 - ?) B 1) |t|"1d/¢£(t)] :

(w00 + w0, (5, 001)

for all}zO,l,...,p.

Their last simultaneous approximation result follows

Proposition 12 ([5] p.370)Let f : R — C, such that f = f1 + ifs. Here
fl(J), Q(J) e (CR)YNL; (R)), j=0,1,...,p € Z*". Suppose

/Z (1 + ?)Tdug(t) < 0.

We consider the assumptions of Theorem 3 wvalid regarding fi, fo for n = p.
Then

[@uctrmn® -5 <[ (14 %) ductt] (ot + 8,00

—o0 3
(23)
forallj=0,1,...,p.

Next in [5], Chapter 19, the authors defined the generalized complex frac-
tional integral operators as follows:
Let £ >0, z,z0 € R, f: R — C Borel measurable, such that f = f1 +4f2. Sup-
pose fi, fo € C™ (R), with | £ &

< 00,
o0

< oo. Let e probability
oo
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Borel measure on R, V¢ > 0. Then

o0

Ocrin) = [

— 00

S7af(w+jt) | due(t)
j=0

o] T

/_O; 2ajf1(x+jt) d,ug(t)—kz‘/

— 0 =

O, ¢(f152) + 10, ¢(f2; ),

aj — (71)7‘7]' (;)j777 ) J = 1, IEEEN S
L= (D) ()i, g =0,

where

forr € Nand v > 0.

Additionally, they denoted
gk = ZQ]jk7k: 17...7m_ 1,
j=1

where m = [v], [-] is the ceiling of a number.

They supposed here that ©,.¢ (f1,2),0,.¢ (f2,2) € R, Vz € R.

The authors also assumed existence of ¢ ¢ == [7 tkdu5 t),k=1,...

and the existence of [~ L[ dpe(t), k=0,1,...,7.
Finally, they gave their fractional result as

Theorem 13 ([5] p.371)It holds

_ ol k) ()
8,110~ 3 U5
k=1 [eS)
T 7“! o0 ’y-‘rk:
= LZ:% (r—k)T (v+k+1)¢" /_oo ! dﬂg(t)]

. (sug {max [w, (D]_f1,€),wr (D], f1,€)]}

TE

+ sup {max [wr (szfg, f) s wr (D], fa, f)} }) )

z€R
If m =1 the sum disappears in L.H.S.(27).

Let j =1,2. Above Dgo_fj is the right Caputo fractional derivative of order

v > 0 s given by

DL = g |, €= e

(25)

(26)

7m_]~a

(27)

(28)

(24)

a;fa(x +jt) | due(t)
0

303



Approximation by Complex Generalized
Discrete Singular Operators,
George A. Anastassiou & Merve Kester
304

Vo < zo € R fized.
They supposed D, _ f(x) = 0,Yz > xo.

Also D}, f; is the left Caputo fractional derivative of order v > 0 is given
by

1 ’ —1 p(m)
D;mexzzi/ 2 — 1)L ) (g, 29
oJ() F(mf’y) zo( ) J () ( )
Vo > zo € R fixed, where I' (v) = fooo e~ttvtdt,v > 0.
They assumed D7, fj(x) = 0, for z < z.

On the other hand, in [1], the authors defined important special cases of ©,. ¢
operators for discrete probability measures i, as follows :

Let feC*(R),neZT,0<£< 1,z €R.

i) When
—lv]
e ¢
pe(V) = ———> (30)
I
v=—00
they defined the generalized discrete Picard operators as
00 T —lvl
> (%ajf($+ju)> e ¢
« v=—00 \ j=
(3 (fa $) = %) v : (31)
> e
1) When
2
e ¢
Mf(V) B (32)
>oef
v=—00
they defined the generalized discrete Gauss-Weierstrass operators as
> r -2
> (Zoajf(x+ju)> e ¢
% v=—00 \j=
Wie(fiz) = SR : (33)
> e
i7i) Let « € N, and 8 > é When
VQO[ _|_ 6204 _B
) = — i (34
()
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they defined the generalized discrete Poisson-Cauchy operators as

> (Z o f( +ju>> (2 1 g2y’

" v=—o0 \ j=0
Qe (f50) = - — (3)
Z (VQO‘ +€2o¢)
They observed that for ¢ constant they have
Ple(cz) = Wi (az) = Qe (o) =c (36)

They assumed that the operators P. (f;x), W), (f;z), and Q; ¢ (f;x) € R, for
z € R. This is the case when || f||, p < o0.

iv) When
—lv]
e
#g(’/) = Hg,P(V) =1 (37)
14 2¢e ¢
they defined the generalized discrete non-unitary Picard operators as
00 T —lvl
> (_Zoajf(ﬂjl/)) e ¢
V=—0C J=
P.e(f;z) = . (38)
¢ 14 28e™ ¢
Here p¢ p(v) has mass
o vl
> oe
mepi= (39)
¢ 142" €
They observed that
—lv|
fig p (V) € ¢
: I ol (40)
me p Z e €
which is the probability measure (30) defining the operators Pre.
v) When
2
e ¢
pe (V) = pe w (v) = (41)

_ 1 ’

VTE (1 erf (\@)) +1
T

with erf(z) = % i e~ dt, erf(co) = 1, they defined the generalized discrete
0

non-unitary Gauss-Weierstrass operators as

> (iajf(:cﬂv)) -

v=—o00 \ j=0

Wie (fi2) == \/;5(1 —erf (JLZ)) +1

(42)

10
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Here pi¢ vy (v) has mass

5
e = v=—o0
(i)
They observed that .
pew(v) e
me,w i e_T”Q 7

which is the probability measure (32) defining the operators W' ¢

The authors observed that P.¢ (f;z), Wy (f;2) € R, for z € R

In [1], for kK = 1,...,n, the authors defined the ratios of sums

o0 —|v|
> vhe e
* . v=—00
Cre 0 P
> e
v=—00
0o _2
R
* _ v=—00
Pre = " 2z
> e
V=—00

and for a € N, g > %, they introduced

[ee]

> vk (e + §2a)_ﬁ
Ghe="= -
Z (1/20‘ +§2a) B8

(43)

(46)

(47)

Furthermore, they proved that these ratios of sums ¢y ¢, pj ¢, and g, . are finite

for all £ € (0,1].

In [1], the authors also proved

]
> e
mgﬁpzwilﬂlasfﬁOJr
14 2€e™ ¢
and
[ee] V2
> ¢
mew = i —lasé—0".

1+\/7?§(17erf(\/%))

11

(48)
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The authors introduced also
0= aji*, k=1,...neN (50)
j=1

Additionally, in [1], the authors defined the following error quantities:

Eop(f,x) : =Pe(fio)— f(2) (51)
i (ioajf(x +ju)> e_éy‘
_ v=—o00 \j= B
- 1426t T
Eow(f,z) + =Weelfio) - f(2) (52)
£ (Hasterm) e
Sk U ~ f(a).
\/?5(1 —orf (ﬁ)) +1
Furthermore, they introduced the errors (n € N):
o Vk vl
n f(k) (x) y;oo ¢
En,P(fa l‘) = T,&(f; (ﬂ) - f(II,') - k! 5k (53)
k=1 1428e ¢
and
[e's) . _%
B (f2) = Woefi)~ Fla)— 30 225, =" (5
’ ’ — k! ﬁ(l—erf(%)) +1
Next, they obtained the inequalities
|Eop(f,2)] < me.p |Ple(fix) = f(@)] + [ f(@)] Ime,p — 1, (55)
|Eo,w (f,2)| < mew |Wie(fra) = f(@)| + | f(@)| [mew = 1], (56)
and
|En,p(f, )] (57)

k)
< mer |Prelfio) - 1) = 30 TP o[ + 1) e — 1.
k=1 ’

12
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with

. — fP() .,
S Mmew Wr,{(f; z) — f(z) — Z T‘Sk’pk,f + [f(@)]|mew —1].
k=1 ’

In [1], they first gave the following simultaneous approximation results for
unitary operators. They showed

Theorem 14 Let f € C™(R) with f™ € C,(R) ( uniformly continuous func-
tions on R).

i) Forn € N,
n )
Pre(ri)— 1)~ T P (59)
k=1 oz
o0 =lvl
on(F)£) ; lv|™ (1+ |?) e ¢
= 77/' § e—éu\ )
and
" k)
| re(sm) — f@) =30 T i (60)
k=1 00,T
Wr(f(n)af) V};mbln (14—%) e ¢
- n! ioj eif
ii) Forn =0,
io: (1 + %)Tei‘ﬁv‘
72 50) =S, <09 | =g | 00
e
and )
> (1 + %)r e e
[Wee (Fi2) = f(@)|| o, Swrl£,8) | =52 . (62)
R

In the above inequalities (59) - (62), the ratios of sums in their right hand sides
(R.H.S.) are uniformly bounded with respect to £ € (0,1].

13
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In [1], they had also

Theorem 15 Let f € C*(R) with f € C,(R), n €N, and § > ndrtl
i) Forn e N,

" p(k)
HQ:,g (Fi) @) - 3 T D (63)
k=1 ’ 00, T
< Wr(f(n),g) l/:i_oo ‘V|n (1 + %)r (VZQ + 520)7[3
> n! 7§ (l/ga + §2a>_/8
ii) Forn =0,
S (1) e
Qe (fiw) = F@)ll, s wr(,) | — = = - (64)
L e

In the above inequalities (63) - (64), the ratios of sums in their R.H.S. are
uniformly bounded with respect to £ € (0,1].

Next, they stated their results in [1] for the errors Ey p, Eo,w, En p, and
E,, w. They had

Corollary 16 Let f € C,(R). Then

i)
S wlflvhe s
Bop(fa)l < | T | £ @ mep 1], (65)
1+ 2e ¢
ii)
¥ wlfvhe
Bow ()] < | = @ mew 11 (66)

\/ﬁ(lferf (%)) +1

In [1], for E, p and E, w, the authors presented

14
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Theorem 17 Let f € C™(R) with f) € C,(R), n € N,and [flloo g < 00. Then

i)
1En,p(f: )]l o (67)
] n M r  —lvl
i [T OHE) 1l e — 1
- n! 14 2¢e ¢ ek e
ii)
1Enw (f, )|l (68)
00 N vl r -2
wr(f("),f) V:Z:OO|I/| (1+ 3 ) e ¢

IN

+ 1 flloo & Ime,w — 1] -

nl Vg (1—et (L)) +1

In the above inequalities (67) - (68), the ratios of sums in their R.H.S. are
uniformly bounded with respect to £ € (0,1].

In [2], the authors represented simultaneous L, approximation results. They
started with

Theorem 18 i) Let f € C™(R), with f™ € L, (R),n € N, p,q > 1: %—I—é =1,
and rest as above in this section.Then

. ZL ) (g .
Pre(fim) - 1)~ S T P (69)
k=1 »
1 11
< 1 1 ( *é)pggwr(f(n)ag)p
(n=DY(an —= D)+ )7 (rp+1)7 "
where
> e np—1 =l
Z <(1+|£> 1>|V|ple€
My = — ~ . (70)
> e
which is uniformly bounded for all € € (0,1].
Additionally, as & — 07 we obtain that R.H.S. of (69) goes to zero.
ii) Whenp =1, let f € C"(R), f™ € Li(R), and n € N —{1}. Then
. ZL B (g .
Pre(Fim)— 1) = >0 T e ()
k=1 1

1

S o e

15
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holds where MY , is defined as in (70). Hence, as & — 0%, we obtain that R.H.S.
of (T1) goes to zero.

iii) Whenn =0, let f € (C(R) N L,(R)), p,q > 1 such that 1%—|—% =1 and the
rest as above in this section. Then

|Pre (f52) = f@), < (3830) 7 wr(£.6), (72)
where -
> ()7
M,’;’k,ﬁ = o ) (73)
>

which is uniformly bounded for all € € (0,1].

Hence, as € — 07, we obtain that Pr¢ — unit operator I in the L, norm for
p>1.

iv) Whenn =0 and p =1, let f € (C(R)NL1(R)) and the rest as above in

this section. Then the inequality

|Pre (f32) = f(@)]], < MF ewr(f, 60 (74)

holds where Z\_ll*)5 is defined as in (73). Furthermore, we get FBre — I inthe Ly
norm as € — 0.

Next, the authors presented their quantitative results for the Gauss-Weierstrass

operators, see [2]. They started with

Theorem 19 i) Let f € C™(R), with f™ € L,(R),n € N,p,q > 1: % % =1,
and the rest as above in this section. Then
H e (fs Z (75)
p
< S - (N7)P Ebwn (1, ),
(v = D) (aln— 1) + )5 Gp 17
where -
v P np—1 =X
Z ((1+|§> —1>|1/|p e €
Npg:=—— C— (76)
> o

which is uniformly bounded for all € € (0,1].
Additionally, as & — 07 we obtain that R.H.S. of (75) goes to zero.

16
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ii) Forp=1, let fecC"R), f™ € L1(R), and n € N—{1}. Then

-2

1
(n—1D!(r+1)
holds where Ny . is defined as in (76). Hence, as § — 0%, we obtain that R.H.S.
of (T7) goes to zero.
iii) Forn =0, let f € (C(R)NL,(R)), p,q > 1 such that % + % =1 and the
rest as above in this section. Then

1

Ny &wr(f™, €)1

Wy (f5) = F @), < (N;) "7 wr(£.), (78)
where -
3 (1+"g‘)we*§2
Nyei=2 - (79)
>

which is uniformly bounded for all £ € (0,1].

Hence, as € — 07, we obtain that W;’ig — unit operator I in the L, norm for
p> 1.

iv) Forn=0andp=1, let f € (C(R)NL1(R)) and the rest as above in this
section. Then the inequality

[Wye (fi2) = (@), < Nigwn(f, )1 (80)
holds where Nf,g is defined as in (79). Furthermore, we get Wre — I in the Ly

norm as € — 07T,

For the Possion-Cauchy operators, in [2], the authors showed

Theorem 20 i) Let f € C™(R), with f™ € L,(R),n € N,p,g>1: 141 =1,

»Ta
38> L")H ,a €N, and the rest as above in this section. Then
") (g
HQ:,g (Fi) @) - 3 T g (51)
k=1 ’ p
1 1 1
< ( p )p fgwr(f(n) £)
1 1 283 »SJp
(n=1Y(a(n =1)+1)7 (rp+ 1)~
where
- s np-1( 20 | c2ay P
> <(1+e') ‘1)""“@2 +€)
Spei= = (82)
> (s gy

17
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is uniformly bounded for all £ € (0,1].
Additionally, as &€ — 0T, we obtain that R.H.S. of (81) goes to zero.
ii) Whenp =1, let fe C™R), f™ € Li(R), B> =2 andn € N— {1}.
Then
1

R

n (k-)
Qe (Fio)— 1) - 3 =Dy,
k=1

(83)

1

Si e€wr(F™, 01

holds where S ¢ is defined as in (82). Hence, as §& — 0T, we obtain that R.H.S.
of (83) goes to zero.
iii)When n = 0, let f € (C(R)NLy(R)), p,q > 1 such that 1% —|—% = 1,

8> p(%z)ﬂ, and the rest as above in this section. Then

1Qe (f32) = F@I|) < (Spe) " wrl£,6)p (84)
where -
> (1) e
R (55)
Z (V2a+§2a)7,3

V=—00

which is uniformly bounded for all € € (0,1].

Hence, as & — 01, we obtain that Qﬁé — unit operator I in the L, norm for
p>1.

iv) Whenn =0 andp =1, let f € (C(R)NLi(R)), B> 53 and the rest as
above in this section. The inequality

Q7 (F52) = f@)], < Stwn (£, (86)
holds where 5‘1"5 is defined as in (85). Furthermore, we get Qj’g — I in the Ly
norm as & — 07F.

Next in [2], they stated their results for the errors Ey p, Eo.w, En p, and
E, w as follows

Theorem 21 i) Let p,q > 1 such that % + % =1, n € N such that np # 1,

18
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f € L,(R), and the rest as above in this section. Then

1En.p(f; o), (87)

géwr(ﬂnhf)p( 5 e'ﬁ")q

V=—00

< 1
T ((n -1 (g(n— 1)+ )7 (rp+ 1)7

( i ((1 n %)7-]&4—1 ) 1) |u|””1@s”'> 1

V=—0o

X

1+2¢e ¢

+If @), Ime,p = 1]

holds. Additionally, as & — 07, we obtain that R.H.S. of (87) goes to zero.
ii) Whenp =1, let f € C"(R),f € Li(R), f™ € Li(R), and n € N — {1}.
Then

1 En,p(f, 2, (88)
gwr (f(n)7 g)l
=D (r+1)
fe’e] M r+1_ n—1 _|§1,\
3 (1+ 5) 1) " e
% v=—00 i
14 2¢et

+[f @)y Ime,p = 1]

holds. Additionally, as & — 0T, we obtain that R.H.S. of (88) goes to zero.
iii) When n = 0, let p,q > 1 such that % + é =1, f € L,(R), and the rest as
above in this section. Then

|Bop(f)ll, < wr<f,£>p( 3 ) (89)
0 1/
(Z (H'Z')Tpe’é”) ’
% V=—00 .
14+ 2¢e" €

+If @, [me,p =1

holds. Hence, as & — 07, we obtain that R.H.S. of (89) goes to zero.

19
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iv) When n =0 and p = 1, the inequality

i (1 + l%)reilﬁy‘
|Eop(f.x)ll, < szool n 256_% wr(f, €)1 (90)

+ 1 £ (@)l [me,p — 1]

holds. Hence, as € — 0T, we obtain that R.H.S. of (90) goes to zero.

Next in [2], the authors gave quantitative results for E,, w(f, )

Theorem 22 i) Let p,q > 1 such that % + % =1, n € N such that np # 1,
f € L,(R), and the rest as above in this section. Then

1Enw (f, 2], (91)

fém(ﬂ"%f)p( dooeE )

V=—0o

< 1 1
~ ((n=DYan =) + )7 (rp+1)7

(& (0a o)

— N (1 —erf (L&)) +1

X

+1f @), [me,w — 1

holds. Additionally, as & — 0%, we obtain that R.H.S. of (91) goes to zero.
ii) Forp=1,let feC™R),fe L (R), f™ € Li(R), andn € N—{1}. Then
”En,W(fa 73)”1 (92)

gwr(f(n)ag)l
- (n—=D!(r+1)

o (e D L
(e ()

X

+ £ (@)l [me,w — 1]

holds. Additionally, as & — 0%, we obtain that R.H.S. of (92) goes to zero.
iii) Forn =0, let p,q > 1 such that 1%—|—$ =1, f € L,(R), and the rest as above

20
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in this section. Then

=

HEQW(f?x)”p < wr(fvﬁ)p( Z €g2>
(i (1+'Z)Tpe£2>P

X

m(l—erf (%)) +1

+ [ F @), lme,w =1

holds. Hence, as € — 0T, we obtain that R.H.S. of (93) goes to zero.

iv) For n =0 and p = 1, the inequality

i (1 + %)T.e%z

| Eow (f2)ll, < \/F§<1—erf (%>) 1 wr(fy 1

+If @)y Ime,w — 1

holds. Hence, as & — 07, we obtain that R.H.S. of (94) goes to zero.

(94)

Furthermore in [3], the authors gave their fractional approximation results

as follows

Theorem 23 Let f € C™ (R), m = [v], v > 0, with Hf(m)HOO <00, 0<¢L

1.Then
i)
m—1 f(k)g "
O EDY %
k=1 -
- 7!
Sl
: |JcZ—0 (Tfk)'r(’y+k+1)§k ’Y,k‘|
. Slelg {max [wr (DZ—fa 5) , Wp (szfy g)] } 7
where

[v]

= k
> e
1 . v=—00
S'Yyk T vl

> |
> e

V=—0o0

21
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is uniformly bounded for all £ € (0,1].

ii)
m—1 (k)g *
H GRS EDY %
k=1 .
- r!
52
: |J;) (r_k)!r('y+k+1)§k ’Y,k‘|
S:g {max [w, (D]_f,€),w, (DL.f,6)]},
where

00 2
vt e

o LEw

S’Y,k? =

o0
> e

vV=—0o0

is uniformly bounded for all £ € (0,1].

iii) For 8> 1t a €N,

k!
k=1

m—1 (k;)g *
HQi,g (11— 3 Tt

o0

. 7! 3
= lz (r—k)T(y+k+1)¢" S””“]

k=0

- sup {max [wr (DZ—fa 5) y Wr (D:;/va g)] } )

zER

where -
> e )

5,3 — v=—00
v,k o0 -8

> (o)

V=—0o0

is uniformly bounded for all £ € (0,1].
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(98)

(100)

In [3], the authors also demonstrated their fractional results for the error

terms as

Theorem 24 Let f € C"™(R), m = [v], v > 0, with Hf(m)Hoo <oo,0<¢<

1, and &, be as in (26).Then

22
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i)
1Ey,p(f)ll o (101)
" r!
St
= g (r—R)I (y+k+1)e "
Slelg {max [wT (DZ—f7€) y Wr (D:Z.Iff7§):|} + ||fHoo |m§,P - 1| )
where

1S v
> e

V=—0o0

St = - 102
o 1426 ¢ (102)
is uniformly bounded for all £ € (0,1].
ii)
1By w ()l o (103)
r !
> - P
=k (y+k+1)¢
.sug {max [wr (D_Z_f, E) , Wy (Dsz,f)]} + | fll o [mew — 11,
e
where

5 V:i‘::oo I e
Sk = JTE (1 —orf (\/ig)) +1 (104

is uniformly bounded for all £ € (0,1].

23
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2 Main Results

Here we study important special cases of ©, ¢ operators for discrete probability
measures (.
Let f : R — C be Borel measurable complex valued function such that
f = fi+ifz where f1, fo : R — R are real valued Borel measurable functions
and i = y/—1. Additionally, assume that f;, fo € C*(R),n € ZT,and 0 < ¢ < 1.
i) When

oy
e ¢
pe(WV) = ———1 (105)

S e

V=—00

we define the complex generalized discrete Picard operators as

> (Zf())

()= N . (106)
R
Here we observe that
Ple(fiz) = Ple (fisz) +iPl (f232) (107)
P (f;x)—f( )\ (108)
[P e (f:2) || (109)
< | Pl (fuim) = (@) + [P (foi2) = f2 ()|
and for p > 1,
|Pre (f5) || (110)
< ||Pre (fi52) H + || Ble (fas ) — fz(x)Hp-
1) When
pe(v) = ———, (111)
> oef

we define the complex generalized discrete Gauss-Weierstrass operators as

> (iajf(:cﬂv))eg
v=—00 \ j=0

:’5 (f;z):= ) . (112)
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Here we observe that,

Wre (fiz) = Wie (fiy2) +iWe (f2),

(Wye (fiz) = f ()
< Wie (fisz) — fu(@)] + [We (fas ) — f2 ()],

[Wye (f;2) ||

[We (s ) (@)]| o + [Wie (fai2) = f2(2)]] -
and for p > 1,

[We (f:2) ||

W2 i) = @], + Wy () — £ @)

iii) Let @ € N, and 3> L. When

2c 20\ —B
pe) = 8D
5 e)

V=—0o0

we define the complex generalized discrete Poisson-Cauchy operators as

v=—o00 \j=0

R

V=—0Q

-8

Here we observe that

re(fiz) = Qre (fisx) +iQ7 ¢ (f23 ),

|QF e (fiz) — f( >\

< ‘Qrf(f17 |+‘Qr£ f2’ ) fg(il?) )
Q7. (f; ) ||
||Qr§ fla || +||Qr§ f27 ) fQ(:E)HOOa
and for p > 1,
Q7. (f; ) ||
HQr,g f1; ) Q;,g (f2§33)—f2 (ﬂf)Hp

25

> (E a; f(z +jl/)> (2 +2) 7"

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)
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Observe that for ¢ € C constant we have
P;‘,g (¢;x) = W:,g (¢;z) = Q:é () =c. (123)

We assume that for z € R, the operators Py, (fj; ), W, (fj;x), and Qr ¢ (fj;x) €
R where j = 1,2. This is the case when || f;|| 5 < oo for j =1,2.
iv) When

—lv

() = e p(v) - (124)

14 2¢eE

we define the complex generalized discrete non-unitary Picard operators as

> (iajmw)e:

v=—0o0 \ j=0
Poe(fiz) = (125)
¢ 1+2¢e ¢
Here p p(v) has mass
o =y
S e
me pi= (126)
¢ 1+ 2567%
We observe that )
fie p(v) e ¢
> - T > PR (127)
me,p Z e ¢
which is the probability measure (105) defining the operators P;.
v) When
2
e ¢
o) = e (v) 1= (128)

()

we define the complex generalized discrete non-unitary Gauss-Weierstrass oper-
ators as

> (iamw) -

v=—o00 \ j=0
Wie (fi) = (129)
1
V€ (1 —erf (75)) +1
Here p¢ y (v) has mass
[e') 2
2. e
mew = = : (130)

26
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We observe that

pew®) e . (131)

(&)
mew S oee

which is the probability measure (111) defining the operators Wie.

We state our first result as follows

Theorem 25 Let f : R — C such that f = fi +ifs. Here f; € C"(R),
i ey (R), j=1,2, and n € N. Then

i)
(k)
v (fix) = fle) = k; fT(“)ékc;& “ (132)
S r =yl
w’l“( 1(n),£) +w7’(f2("),£) V:z;oo|l/|n 1+ %) e ¢
§ n' iO: e% ’
ii)
)
H e (fim) = fl@) =) fT,(x)ékpz,g (133)
k=1 ’ 00,
00 N v ro—u2
- (wr(fl”%f)wr( 5’”,5)) = v (1+1)
o n' io: e%ﬂ 9
iii) for « € N and g > 2L
n_ f(k)
‘@;ﬁg (i)~ 1) = > T Do (134)
k=1 0o,z

(o]

> (o)

V=—00

n!

o n M " 2a 2« -
< (M 1‘”),5)+wr(f§”’,s>> 2 (L) e e)

Proof. By Theorems 1, 14, 15. =

For the case of n = 0, we give the following result

27
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Corollary 26 Let f : R — C such that f = f1 + ifs. Here f; € Cy(R) for
j=1,2. Then

i)
1Pre (fi) = f@)] (135)
io: (1+‘2|)T67‘5V‘
< (el 8) Fwe(f,9) | T 7
u:zfooe ‘
ii)
Wy (fi2) = f@)]| ., (136)

i (1+|§ﬂ)re 3
< (wT(f17§)+wT(f27§)) L o 2 )

—v

2. e

V=—0o

iii) for a € N and g > ot

2c0 7

|Qre (Fi2) = f(@) ., (137)

> (1+4) (o re)
< (wr(f1, ) +wr(f,9) | T
> (v 467

V=—00

-B

Proof. By Corollary 2, and the Theorems 14, 15. m

In [4], the authors gave

Theorem 27 Let g € C" Y(R), such that g™ exists, n,r € N, 0 < £ < 1.
Additionally, suppose that for each x € R the function g(j)(m +jv) € Li(R, pe)
as a function Ojf v, forallj =0,1,...,n—1; j =1,...,7. Assume that there
evist \;;, >0, 7 =1,...,n; j =1,....,m, wzth A, € Li(R, pe) such that for
each © € R we have

199 (@ + )] < A5,(0), (138)
for pg—almost all v € R, all i = 1,...,n; j = 1,2,...,7. Then, g™ (x—|—j )
defines a pg—integrable function with respect to v for each x € R, all j =
1,....,n5=1,...,r
i) When
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we get )
(Pre (f52) = Pie (132,

forallz € R, and for all j=1,...,n.

ii) When
2
e ¢
Mg(”) B —
N
v=—00
we have

* 7 * j
( r& (f7$)) V= Wr,{ (f(j)7$) ;
for all z € R, and for all j=1,...,n.

iii) Let « € N, and 8 > é When

2c 20\ —B
() = oo(” +&°7)

Z (1/204 + 52(’)

V=—00

7

-8

we obtain

(Qre (f;fﬂ))m = Q¢ (f(j);x) ;

for all z € R, and for all j=1,...,n.

Now, we present following simultaneous results for the operators

and Q7 ..

(139)

(140)

(141)

*
g

Theorem 28 Let f : R — C, such that f = f1 +ifs and 0 < § < 1. Here

f; €C"P neNpeZt, j=1,2, and f("+j) € Cy, (R) where j = 0,1, ...

\ p-

We consider the assumptions of the Theorem 27 valid for n = p there. Then

i)
~ - n o p(+k)
(Bre(rim)? — (@) - 3 L g
k=1
wr (A,6) 4o (7)) L2

<

n!

29

(142)
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( “(f; ))G) _ fG)( ) — iwé * (143)
& ;T xT £ k! kpk;,g ”
or (19.6) v (£77.€)\ [LZ M (1+8) e
a n! ioj v ,
iit)
J = n (k)
” (@ (52) " = 1) - ]”Tv(x)%qz,g (144)
k=1 . 00,T
Wy ( 1(n+3)’§> + w, (f2(n+3)7£> V;Z.joo |V‘n (1 i %)T (V2(x N 6204)—,3
< ' A ! |
n: ; (1/20‘ +€20¢)

where § > %ZH, a € N.

Proof. By Theorems 25, 27. =

Next, we state our L, results for the operators Bre, Wre, and Q:,E' We start
with

Theorem 29 Let f: R — C such that f = f1 +ifs and 0 < £ < 1.

i)Here f; € C™(R) with f](") €eL,R),neN, j=1,2, and p,q > 1 such that
% + % = 1. Then

n (k)
< (i) — @) - S D
k=1

k! g (145)
p
< & ( ol 1.0+ n 7.0y ) s
- ((n—l)!)(q(n—l)q_l)% (rp+1)7 e
where N
Z ((1 n %)TP+1 _ 1) |V|np71 6%
My e = —— i — (146)
e ¢

30
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which is uniformly bounded for all € € (0,1].
ii) Whenp=1, let f; € C*(R), f\") € Li(R), j =1,2, andn € N—{1}. Then

noor(k)
e (o) — £ - T P (147)
k=1 ! 1
we(F, 01 + we (£ O
: 5( -+ 1) Mig

holds where M . is defined as in (146).
iii) When n=20,let fj € (C(R)NLH(R)), j =1,2, and p,q > 1 such that
% + E =1. Then

1P (f:2) = F@), < @rlF1,€)p +wrlf2,6)p) (M) (148)
where -
5 (1)t
e = (149)
> e

which is uniformly bounded for all € € (0,1].
iv) Whenn =0 andp = 1, let f; € (C(R)NLy(R)), j = 1,2. Then the
equality

1P (f32) = F@)Il, < (wr(fis € +wr(f2,€1) Mg (150)
holds where Mi& is defined as in (149).

Proof. By Theorems 5, 6, 18, and Propositions 7, 8. m

For the operators W*g, we obtain
Theorem 30 Let f: R — C such that f = f1 +ifs and 0 < € < 1.
i) Here f; € C™(R) with f;") € L,(R),neN, j=1,2 p,q > 1 such that
zl) + % = 1. Then

n (k)
T (fs Z (151)
k= p
< 5i< wr(f1",©)p + wi 2(")75% ) (N2 )7
- (n—1)(gn—1)+ 1)1 (rp+1)7 ) 7F
where -
S () e
Npe = —— S (152)
e ¢

31
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which is uniformly bounded for all € € (0,1].
ii) When p =1, let f; € C"(R), f\") € Li(R), j = 1,2, and n € N — {1}. Then

H r,g(fv Zf 5kpk§ (153)
k=1 1
wr (A, 1 + wr (557,01 e
= 5( D 1) )le

holds where Ny . is defined as in (152).
iii) When n = 0 let fj € (C(R)NLy(R)), j = 1,2, and p,q > 1 such that
% + % =1. Then

IWre (F32) = F@)], < (@rlf1,E)p +wr(f2,6)p) (Nje) " (154)

where -
> (1+4)7e
Nyg=——=—— (155)
> o

which is uniformly bounded for all € € (0,1].
iv) Whenn =0 and p = 1, let f; € (C(R)NLi(R)), j = 1,2. Then the
iequality

H 5 (f;z) (33)||1 < (wr(f1,6n +wr(f2,f)1)Nf,g (156)
holds where NLE is defined as in (155).

Proof. By Theorems 5, 6, 19, and Propositions 7, 8. =

For the operators Q:,E’ we get
Theorem 31 Let f: R — C such that f = fi +ifs and 0 < £ < 1.
i) Let f; € C™(R) with fj(n) € L,(R),neN,j=12 pq>1 such that
14l=, g et o eN. Then

‘ Qe (fi) Z ) (157)

o F (£ s

< 5% ( r( 1 ’g)p"" r( 75) 1) (S;,é')p

((n—1)N(q(n — 1)+ 1)7 (rp+ 1)
where

S () ) ey

Spe="—" = (158)
> (g™

32
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is uniformly bounded for all £ € (0,1].
ii) Whenp = 1, let f; € C"(R), f\" € Li(R), j = 1,2, n € N~ {1}, and

ﬂ>%. Then
‘Qr&(fv Zf *

wi( <">,s>1+wr< <">,§>1 .
= 5( ICESICGES) RE

holds where S . is defined as in (158).
iii) Whenn = 0, let f; € (C(R) N Ly(R)), j =1,2, p,q > 1 such that %—&—% =1,
and B > %. Then

(159)

1Qre (f32) = f(@)]] < (@r(frs€)p + wr(fas€)p) (Sie)? (160)

P
where -
> (1) e
G o= (161)
Z (V2a+£2a)*,3

which is uniformly bounded for all £ € (0,1].
iv) Whenn=0andp =1, let f; € (CR)NLi(R)), j=1,2, 8> 3 The
inequality

Qe (fi2) = f@)]], < (wr(f1, 1 +wi(f2,€)1) St (162)
holds where 5';‘75 is defined as in (161).

Proof. By Theorems 5, 6, 20, and Propositions 7, 8. =

Now, we give our simultaneous results for L, norm. For the case of p > 1,
we have

Theorem 32 Here f : R — C such that f = f1 +ify and 0 < § < 1. Let
fj C’”*P(IR{), with f"* € L,(R), n € N, j=0,1,...,p € Z*. Let p,q >

5 —I— = = 1. We consider the assumptions of Theorem 27 as valid for n = p
there Then
i)
= ~ n (5+k) €T
(Pretrio)? — 19 @) -3 T Py o (163)
k=1 ’ P

S =

wo (£ D) (n+3) i
< 5 < 7( 36) ( 2; 75)]? ) (M]’;,g)p’
(n=1Y(g(n—-1)+1)7 (rp+1)

=

33
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ii)
- - n (5+k)
H( refi2) Y = O @) —ijk—(x)ékpkg (164)
k=1 pE
< 5;( wr( (n+] 75) (f2(n+5)7£)p )( * )%
- ((n—1)!) <q<n—1>+1>% (rp+1)7 ) P
iii) for > 2D 6 e N
(G+k)
H(Q’;,g(f;x)) — O Z 7 ( )5qu£ (165)

(n+7) (n+7)
1 Wy ) 5 ) g N
ggp< 0,0y e )1)<s ).
(n=1)) (g(n—1)+1)7 (rp+1)7
Proof. By Theorems 9, 27, 29-31. =
Now, we give our results for the special case of n = 0.

Proposition 33 Here f : R — C such that f = fi +ifs and 0 < § < 1.
Let f](j) e(CR)NL,R)), j=1,2, 7=0,1,...,p € Z%; p,qg > 1 such that
%+% = 1. We consider the assumptions of Theorem 27 as valid for n = p there.

Then for all j =0,1,...,p, we have

i)

[Eretrie)? - 19| < (w0 402,00, ) 01 0F . 100
i)

|wzetrian® - f<3><x>\ = (@ ran .0, (559% aon
iii) for > 2D o e N

|@etsen® - f@(m)\ = (@D a0, (550 o)

Proof. By Theorems 27, 29-31 and Proposition 10. =

For the special case of p = 1, we obtain

Theorem 34 Here f : R — C such that f = f1 +ify and 0 < § < 1. Let
fi € CPHP(R), with f"* € Li(R), n € N={1}, ] = 0,1,...,p € Z*. We
consider the assumptions of Theorem 27 as valid for n = p there. Then for all

34
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i=0,1,...,p, we have

= . "R (o
(Bre(ri)? - 0wy - 3 T g

k=1

< ¢ (%(ff”*;),@l +wr(f2(”+5),€)1> M,

1,z

(n— D (r+1)
ii)

H (Welfsa)” = 19 (@) = 3 P oupie

wy( (n+3)7£)1+wr( (n+ )75)1 i}
= 5( DI+ 1) Nie

iii)for6>”+2¢,a€N

[e3

J+k

= (
H(Q:,g(f;ﬂ?))m j) Z ! 5kQZ,5

wr(F7 €)1 + wi( “””,5)1 )
= 5( CESVICES)) Sie-

1,z

Proof. By Theorems 11, 27, 29-31. =

For p =1 and n = 0, we give

(169)

(170)

(171)

Proposition 35 Here f : R — C such that f = fi1 +if2 and 0 < § < 1. Let
f9 e (CR)NL (R),j=0,1,...,p € Z+. We consider the assumptions of
Theorem 27 as valid for n = p there. Then for all 5 =0,1,...,p, we have

i)

|(Pre(52)? = 19 (@)

1,z

5

ii)

\ Wee(F50) D - 10 (@)

1,z

iii) for 8> o2 a €N

2c¢

[@:etr)® = 1)

1,z

35

< (w,.(fl(]),g)l +w7~(fz(j),€)1> M,

< (wr(fl(ﬁ),f)l +Wr(f2(j)7£)1> Sie

(172)

< (wrufj),s)l +wr<f§]),§)1) Nie. (73)

(174)
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Proof. By Theorems 27, 29-31 and Proposition 12. =

Next, we give the fractional approximation results for the operators P,
W:@ and Q:,g- We start with
Theorem 36 Here f : R — C such that f = f1 +ifs and 0 < £ < 1. Let
£ €C™(R), m=[],~ >0, with Hf}”“H < o0, j =1,2.Then
oo
i)

m—_1 (k)(s *
SR % (175)
k=1 : .
- il
Sl
: |J;) (T*k)'F (’y+k+1)€k ’Y,k‘|
. (Slelﬁ {max [UJT (szflyf) , Wr (Dlel,g)]}
+Sl€1§ {max [w, (D]_ f2,€) ,w, (D2, f2,6)] }) ,
where S;k is defined as in (96) .
ii)
* e f W6y,
’ e (f) - f — Z Tk{ (176)
k=1 .
- r!
52
: |JCZ—O (T_k)'].—‘ (’y+k+1)£k "/,k‘|

: (sup {max [w, (D]_f1,€) ,wr (DI, f1,€)] }

z€R

+sup {max [, (DY_fo.€) swr (DL, fo. ©)] }) ,

z€R

where S2 ;. is defined as in (98).

36
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iii) For 8 > 2t a €N,

m—1 (k) 5 *
'Q&Cﬂ—f—}jfém“ (177)
k=1 ’ 00

[t

(= k) (y+k+1)¢ 7"

- (sup {max [w, (D}_f1,€) ,w, (D), f1,€)] }

z€R

z€R

+Sup {max [wr (Dz_f%f) y Wr (szf%g)] }) )

where Sf;k is defined as in (100) .

Proof. By Theorems 13, 23. =

Let f : R — C such that f = f1+if>.We define the following error quantities:

Eop(fiz) :+ =Pe(f;z)— fz) (178)
£ (Sawiim)
. v=—o00 \ j=0
1 v 25@7% f(IE),
Eow(f,x) + =Wie(fiz) — f(2) (179)
£ (Soseiim)t
S——"— f(@).
\/7?5(1 ~erf (%)) +1
Additionally, we introduce the errors (n € N):
') Vk vl
o o 2o
Enp(f,z) = Pre(fiz) — fz) - 2 Ok Y (180)
and
n f(k) (l‘) u:z—:ooy ¢
Enw(f.@) = Wie(fio)=flx)=) Ok (181)

37
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We observe that

|Eo,p(f, )] (182)
< |Eo,p(f1,2)| + |Eo,p(f2, )|,

| Eo,w (f, ) (183)
< |EBow(f1, )| + |Eow(f2, )]

Next, we give following results for errors Ey p(f,z) and Eow (f,x).

Corollary 37 Here f : R — C such that f = fi + ifs.Let f; € Cu(R) for
73 =1,2. Then

i)
S @l ) e e
Burlhol s | (184)
+ (@) + | f2(2)]) Ime,p — 1],
ii)
S (@rlfr. D)+ wn(fo o) e
Eowl(f, < — 185
+ (i@ + [ f2(2)]) [mew —1].
Proof. By Corollary 16, (182), and (183). =
We also observe that
[ En,p(fs )l o (186)
< NEnp(fr.2)ll + [1Enp(f2, @)l o
and
[ En,w (f, )] o (187)

< N Enw (f1 o)l + 1 Enw (f2,2) | -

For E, p and E, w, we present

Theorem 38 Here f : R — C such that f = f1 +ifa. Let f; € C™"(R) with
f;n) € Cu(R), j =1,2, n € Nyand || fj||, g < 0o. Then

38
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i)
1En,p(f;2) o o (188)
(wr(F7,0) +wr (157, €)) = (i) e
- n! 1+26e ¢
+ (Wil + 1l ) I, = 11,
ii)
| B ()|, (189)
P GG Rt ) (1 )
D (e ()

 (Milloog + 12 llooz) e =11

In the above inequalities (188) - (189), the ratios of sums in their R.H.S. are
uniformly bounded with respect to € € (0,1].

Proof. By Theorem 17, (186), and (187). m

Furthermore, for p > 1, we obtain that

| B (f )], (190)
< N Bup(frs )|, + 1 Bup(fo )],

and

1Enw (f,2)ll, (191)
< NEnw (1,0, + 1Enw (f2,2)],,-

Next, we state our L, approximation results for the errors Ey p, Eow, En, p,
and E, y. We start with

Theorem 39 i) Let p,q > 1 such that % + % =1, n € N such that np # 1,
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fi € Lp(R), j = 1,2, and the rest as above in this section. Then
[ En,p(f,2)], (192)
< (wr( 1(n)> )p +wr( én),f)p)

¢ ( b e"!)q
((n— 1)) (g(n — 1)+ 1)7 (rp+ 1)»

r 1

D

V=—0o0

1+2¢e ¢

+ (1A, + 12)0,) e — 1

holds.
ii) Whenp =1, let f; € C*(R), f; € Li(R), f") € Li(R), and n € N — {1}.
Then

HEn,P(f,x)Hl (193)
(wr( 1(n)7£)1+wr( Z(n),g)1>
s ¢ CESVICES)
i ((1 + %)H_l — 1) "t et
% v=—00 i
142" ¢

+A@)y + I f22)11) [me,p =1

holds.
iii) When n =0, let p,q > 1 such that % + % =1, f; € L,(R), and the rest as
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above in this section. Then

1
q

|Bo.p(f.2)ll, < (w7-(f17£)p+w7-(fz,€)p)<Z ) (194)

( i (1+ Z')”%‘;) 1p

V=—00

X

1+ 2¢e ¢

+ (IA@1, + 1 2@),) Ime.p ~ 1|

holds.
iv) When n =0 and p = 1, the inequality
[Eo.p(f,z)ll, < (wr(f1, 91 +wi(f2,8)1) (195)
oo
lv T =y
Z (1+T) e ¢
« v=—00 i
1+26e €
+ (LA @)y + [f2(2)1) [me,p — 1
holds.

Proof. By Theorem 21 and (190). m

We have also

Theorem 40 i) Let p,q > 1 such that % + % =1, n € N such that np # 1,

41
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fi € Lp(R), j = 1,2, and the rest as above in this section. Then

| Enw (f,2)]l, (196)
< (WT’( {n)ag)p‘i’wr( Q(n)vf)p)

<=

((n— 1)) (g(n —1) + )7 (rp+1)

=

(5. (00 )

At ()

+ (IA@I, + 1@, Imew - 1]

holds.
ii) Forp = 1, let f; € C"(R),f; € Li(R), ") € Li(R), j = 1,2, and
n € N—{1}. Then

||En,W(fax)||1 (197)

(sr (A 01+ 0 (57, 601)
s ¢ (n—D!'(r+1)

i ((1 + 'Eﬂ)m - 1) Piares
\/7?5(1 —erf (%)) +1

X

+ (1@ + 1 f22)]1) Imew — 1]

holds.
iii) For n = 0, let p,q > 1 such that % + % =1, f; € Ly(R), and the rest as

42
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above in this section. Then

Q=

| Bow (f,2)l, < <w7-<f1,s)p+wr<fz,£>p><Z ) (198)

V=—00
1

(Z (er)"e®)

V=—00

\/7?§(l—erf (%)) +1

+ (IA@, + 1 )1,) mew =1

holds.
iv) For n =0 and p = 1, the inequality
1Eow (fo)ll, < (@A, 1 +wn(£7,8) (199)
o,wlJ, T 1 = wrlJ1 7 1 WrlJo 7 1
> EAYEE:
Z (1+?) e ¢
« v=—00

\/ﬁ(lferf JLE))H

+ (IA@I, + 15@),) Imew - 1
holds.

Proof. By Theorem 22, and (191). m

Next, we demonstrate our simultaneous approximation results for the deriv-
atives of the errors Ey p, Eo,w, En p, and E, w. We start with

Corollary 41 Let f;j) € Cu(R), 7=0,1,....,p, p€ZT, and 0 < £ < 1. We
consider the assumptions of Theorem 27 as valid for n = p there. Then for all
i=0,1,...,p, we have

i)
o) K —lv

o) ()
j > (@) e
(Bop(f,o)0)| < | === ( )

(200)

1+2¢e ¢

+([f9@)| + O @) ) Ime.p -1,

43

338



Approximation by Complex Generalized
Discrete Singular Operators,
George A. Anastassiou & Merve Kester
339

ii)

~ ol AT N R SN )
N 0) —
(Bow (fa)V)| < (it () 1

+ (|19 @)| + [£D@)|) mew - 11.

Proof. By Corollary 37, and Theorem 27. m

(201)

We have also
Theorem 42 Let f; € C""P(R), n € N, p € Z" and f;"”) € Cu(R), j =
0,1,...,p, 0 < £ <1, and Hf(i)H " < 00. We consider the assumptions of

Theorem 27 valid for n = p. Then for all j = 0,1,..., p, we have

i
H(E"*P(f’ x))(j)Hoo,m (202)
(et g rarg) ((E b (4 ) e
B n! 1+2¢e ¢
+ <‘ f1(3) + fz(j) ) |me.p — 1|,
o0,R 0o,R
and
ii)
|20 Hm (203)
) (wr(F"9,) + (£, 0)) éwle" (1+ %)Telﬂ

n! ﬁ(l—erf(%))—i—l

f(j) ) Imew — 1].
oco,R

{ )

+ /2

A

Proof. By Theorems 27, 38. m

oo,R

Next, we give following L,, approximation results. We obtain
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Theorem 43 i) Let f; € C"+7(R), with "7 € L,(R),n € N,j=0,1,...,p €
Zt. Let p,qg > 1: }% + é =1, np # 1. We consider the assumptions of Theorem
27 as valid for n = p there. Then for all j =0,1,...,p,

|Enp (£

(204)

p

v
-0 - ) 1
i 1 )Ty |u|"P-1e‘:')p
L (™)

1+2¢e ¢

+ (‘ ) Ime,p — 1
P
holds.

i) Let f; € C™+P(R), with ") € Ly (R), n € N= {1}, j = 0,1,...,p € Z*.
We consider the assumptions of Theorem 27 as valid for n = p there. Then for
all 7=0,1,...,p,

@) +||I19 @

"

p

| Enprap) | (205)

1

(wr (A 01 4w (54, 001)
(n=1!(r+1)

> r+1 ) v
> ()7 - wre®

V=—00

+(]
holds.

iii) Let f;;) € (C(R)NL,(R)), j = 0,1,...,p € Z*; p,q > 1 such that
% + % = 1. We consider the assumptions of Theorem 27 as wvalid for n = p

< ¢

1 +2£eié

D@+ 49 @ )|mg,p—1

"

1 1

45

340



Approximation by Complex Generalized
Discrete Singular Operators,
George A. Anastassiou & Merve Kester

there. Then for all j =0,1,...,p,

s, = (. rers.0,) £ ) o

p V=—00

( i (1+ 'Z')We‘g”> 1

V=—0Q

1+2¢e ¢

+ (Hﬁ(;)(x)Hp + Hfz(a)(m)Hp) lme.p — 1]
holds.

iv) Let fjg) € (C(R)NL; (R)),5=0,1,...,p € ZT. We consider the assump-
tions of Theorem 27 as valid for n = p there. Then for all j =0,1,...,p,

0 0 0
o, ([, < r ) r ;
[nrtr.an@], < (s on i 0n) (207
i (1 + %)T ei‘ﬁy‘
. Vﬁiool+2§e €

+([f2@|, + £ @], ) tmer —1
holds.

Proof. By Theorems 27, 39. m
For E, w(f,x), we have

Theorem 44 i) Let f; € C"1P(R), with f;n+3) €L,(R),neN,j=0,1,...,p€
Z*. Let p,qg > 1: %} + % =1, np # 1. We consider the assumptions of Theorem
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27 as valid for n = p there. Then for all j =0,1,...,p,

| (20|
< (w0 + w0, (5, 0)

(208)

—
—
3
|
—
S~—
=
—~
[
—~
3
I
—
~—
_|_
—
~—
Q=
—
<
i}
+
—
~—
=

@)

P

N (]
holds.

ii) Let f € C"P(R), with f™+) € Ly (R), n e N—{1},j=0,1,...,p € ZF.
We consider the assumptions of Theorem 27 as valid for n = p there. Then for
all 7=0,1,...,p, we have

| B (5,209
(w,«( (n+J)7§)1 +Wr(f2(n+3)7§)l)

(209)

<
: CEEVIGESY
> |v]| r+1 n—1 =2
3 <(1+£) 1>|y| et
% v=—00 -
V€ (1 —erf (ﬁ)) +1
#(lw@], @], ) e -1
holds. .
iii) Let 9 e (CR)NL,(R)), 5 =0,1,....,p € Z"; p,qg > 1 such that
]% + 5 = 1. We consider the assumptions of Theorem 27 as wvalid for n = p
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there. Then for all j =0,1,...,p,

|Bow 09| < (wr(ff”,op+w7-(f§”,e>p)(i eé”)?zlo)

( i (1+Ig)rpe_g2>

V=—0o0

()

X

(e, ) me

holds.
iv) Let fU) € (C(R)NLy(R)),j=0,1,...,p € Zt. We consider the assump-
tions of Theorem 27 as valid for n = p there. Then for all j =0,1,...,p,

[, < (oD +ant00) (211)

S (1)

V=—00

) B

1

X

+([7@], + @] ) imew -1
holds.

Proof. By Theorems 27, 40. m

Finally, we give the fractional results for the error terms as

Theorem 45 Here f : R — C such that f = f1 +ifs. Let f; € C™ (R),

m = [v], v >0, with f;m) <00, 0<E<1, and ), be as in (26).Then
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1E.p(F)l (212)

T

<

7l
54
kzzo (r— k)T (y+k+1)¢F %’“]

. (sup {maX [wr (szfl,f) , Wy (D;Yg:fl,f)]}

z€R

+sup {maX [WT (szf%g) y Wr (Dsz%é-)] })

z€R
+ (f1llo + I f2ll0) e, p =11,

where S5 ;. is defined as in (102).

ii)

1Ey.w (Nl (213)

T

r!
S5
kZ:O (r— k)T (y+k+1)¢" ’”’“]

. (sup {max [w, (D]_f1,€) ,wr (D], f1,€)]}

z€R

+ sup {max [wr (D;_f27 f) swr (DY, f2, f)] }>

z€R
+ (If1llso + 11f2lloc) Ime,w — 11,

where Sik is defined as in (104).
Proof. By Theorems 13, 24. =
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