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THE METHOD OF LAPLACE AND WATSON’S LEMMA

RICHARD A. ZALIK

ABSTRACT. in this paper we present a diferent proof of a well known asymp-
totic estimate for Laplace integrals. The novelty of our approach is that it em-
phasizes, and rigorously justifies, the appealing heuristic method of Laplace.
As a bonus, we also obtain a simple and short proof of Watson’s Lemma.

Let a be an element of the extended real number set [—oo, oo]. If
Jim f(x)/g(x) = 1
we write
f(@) ~g(x), =z—a

and say that f is asymptotic to g, or that g is an asymptotic approximation to f.
If there is no risk of ambiguity, we may also write f ~ g for the sake of brevity.

Note that f ~ ¢ if and only if lim(f(z) — g(z))/g(x) = 0. In other words, if
and only if the relative error made in approximating f by g tends to zero. In some
cases, in particular when the values involved are either very small or very large, it
may be more appropriate to estimate the relative rather than the absolute error.

In this article we discuss the problem of obtaining asymptotic estimates for
integrals of the form

(1) I(x) ::/Jefmp(t)q(t)dt,

where J is a bounded or unbounded interval, p(z) and ¢(z) are functions satisfying
certain properties, and © — oo. Most authors, such as Bender and Orszag [1]
use an appealing heuristic method attributed to Laplace to obtain an asymptotic
estimate for I(z). A rigorous proof may be found in, for example, Erdélyi [2, §2.4]
(see also Olver [3, pp.80-82]). We give another rigorous proof of this estimate in
Theorem 1. The novelty of our approach consists in breaking down the proof by
means of two preliminary lemmas that highlight and rigorously justify the method
of Laplace.

Under suitable conditions I(z) has an infinite asymptotic expansion (see for
example [3, pp.85-88]). In Theorem 2 we use Lemma 2 to give a simple proof
of Watson’s lemma, which gives an infinite asymptotic expansion for I(z) when
p(t) = t. We define asymptotic series in the paragraph preceding the statement of
Theorem 2.

We begin with

Lemma 1. Let J be an interval of the form [a,00) or [a,b], a < b, and assume
that the following conditions are satisfied:

Key words and phrases. Asymptotic methods; Laplace integrals; Watson’s Lemma.
2010 Mathematics Classification: 34E05.
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2 RICHARD A. ZALIK

(a) The function p(t) is real-valued and measurable on J and for every point
c>ainJ,

2) inf{p(t); € J 01 [¢, 00)} > pla).
(b) There is a number o > 0 such that p(t) is continuous and strictly increasing
on [a,a + o].
(¢) The function q(t) is Lebesgue integrable on J.
(d) There are numbers oo > —1 and Q # 0 such that

q(t) ~Q(t —a)*, t—a'.
Let I(x) be given by (1) and, for 6 > 0 such that a+0 € J,

(3) I(z,68) := / " e~ P q(t) dt.

Then e*xp(t)q(t) is Lebesgue integrable on J for every positive x and there is a
number n > 0 such that p(t) is strictly increasing on [a,a + 7], and 0 < 6 < 7
implies that

(4) I(z) ~ I(x,0), x— oo.

Remark 1: Equation (2) is needed when J = [a,00) to ensure that p(t) remains
bounded away from p(a) as ¢ grows. If J = [a,b], (2) is equivalent to p(t) having a
unique absolute minimum at a.

Proof. The integrability follows from
le=mPM g (t)| = e~ @ e=2lPO=P@]|4(1)| < e72P(D)|g(t)].

From (b) and (d) there is a number 1 > 0 such that p(¢) is continuous and strictly
increasing on [a,a + 7], and if ¢ € (a, a + 7] then

Q71 (t—a)™q(t) - 1| < 1/2.
Thus Q~1(t — a)~%q(t) > 1/2, and we conclude that ¢(t) has constant sign on
(a,a + n] and that

9] > 1/2)[QIt —a)* on (a,a+1].

Let § € (0,n] be arbitrary but fixed, and let Js := J \ [a,a + ) and
Ms = inf{p(t);t € Js}.

Assume x > 0. Since the hypotheses imply that p(a) < M;s we have

/ e~ P q(t) dt
Js

Let C € (p(a), Ms). By continuity, there is a 6; € (0,0] such that p(a + 1) < C.
Since p(t) is strictly increasing on [a,a + 1], we deduce that p(t) < C for t €
[a,a + 61]. Since ¢(t) has constant sign on (a,a + §], we have

a-+d a+d
[ g = [ e 0gw)ar

a+61 a+d1
[ e Ol a0l [ e O - 0 d > Kae O

g/ =P Oq(t)] dt < Kye Mot
Js

[(z,0)| =

12
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Thus o
e~ g(t) dt
f']‘s—() < Kqel@—Ms)z 0, x— .
I(x,0)
Since
I(z) = I(z,6) + / e "PWq(t) dt,
Js

the assertion follows. O

As a consequence of Lemma 1 we obtain the following basic proposition, which
will be used to prove both theorems in this paper.

Lemma 2. Let J be an interval of the form [a,o0) or [a,b] with a < b, and assume
that the function q(t) satisfies conditions (c) and (d) of Lemma 1. Then

/ e “q(t)dt ~ Q/ e "t —a)*dt, x— oo.
J J

Proof. It J = [a,00), Lemma 1 implies that there exists a number b > a such that

b
/ e tq(t) dt ~ / e q(t)dt, x — oo.
J a

Thus we may assume without loss of generality that J = [a, b].

Let .
“Tha(t) dt “Th(t) dt
Aw) = e AOE sy —f+§ ati)dt_
e Tt —a)>dt e Tiq(t)dt
QJ, e d tq(t)d
a+6 o a+5 —xt
t)dt dt
Az (x,0) := faa_i_é c ( ) As(x,0) := Jo € ( ) .
Q[ et —a)* dat’ f e~t( o dt
Applying Lemma 1 we see that there is a 91 > 0 such that if 0 < 5 < 51, then
(5) zhﬂngo Ay (z,9) = IILH;O As(z,0) = 1.

Let € > 0 be given. Then there is a do > 0 such that if 0 < ¢ — a < d2, then

(6) QM (t —a)"q(t) — 1| <e.
Let § := min(dq, d2). Since the Generalized Mean Value Theorem implies there is a
€ € (a,a + 0) such that Ax(x,d) = Q1€ — a)~q(£), we conclude from (6) that
—£ S AQ(I,(S) -1 S E.
Since
A(‘T) = Al (1’, 5)14.2(1', 5)*‘43 ((E, 6)7
we deduce from (5) that

1—e<lim inf A(z) <lim sup A(z) <1+e.

T—0 T—00

Since € is arbitrary, the assertion follows. O

Theorem 1. Let J be an interval of the form [a,o0) or [a,b], a < b, and assume
that the following conditions are satisfied:
(a) The function p(t) is real-valued and measurable on J and for every point
¢ > ain J, inequality (2) holds.
(b) There is a number o > 0 such that p(t) is continuous and strictly increasing
on [a,a+ o], and p € C'(a,a + o).

13
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(¢) There are numbers P,y > 0 such that
) plt) — pla) ~ Pt — 0, ¢ )
and
(8) p(t) ~ uP(t—a)* ', t—at.

(d) The function q(t) is Lebesgue integrable on J.
(e) There are numbers A > 0 and Q # 0 such that

(9) qt) ~Qt—a)*t, t—a.

Then e~ *PMq(t) is Lebesque integrable on J for every positive x, and if 1(x) is
given by (1) then

—p(a)
(10) @)~ 9r(2) 22 oL
o \p) (Px)Me
Remark 2: Conditions (b), (c) and (d) are satisfied if, for instance, there is a
positive integer x4 and a positive number o such that p € C*[a,a + o],

pPa)=0,1<¢<pu—1, and p"W(a)<D0.

Proof. From Lemma 1 we deduce that there is a dg > 0 such that p(t) is continuous
and strictly increasing on [a,a + &), p € C(a,a + ], and (4) is satisfied for any
§ € (0,60]. Let § be an arbitrary but fixed number in (0, do], and let I(z,d) be
given by (3). Making the change of variable s = p(t) we see that

Y LR O
R I Ok

Setting ¢ = p(a) and applying (7) we have

1 122
_ t— )"
lim () —a)" _ i =@ 1/P.
s—ct s—c t—at p(t) — p(a)
Therefore
_ A\ Yu
(11) pil(s)—aw (SPC> , s—ch.

Moreover, (9) implies that

alp ' ()] ~ Q" (s) —a*!, st
Thus, from (11),

o\ A/
(12) e~ e(50) L sl

On the other hand, (8) and (11) yield

(13) Pl ()]~ uP (s) = @)~ p(P) (s =)' T s et
Combining (12) and (13) we conclude that
Q[P '(s)] ~\/W) (g _ pMuml o
p’[p L(s)] ~(Q/m)(P) ( ) ) —C,

14
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and Lemma 2 implies that

p(a+d)
1)~ [ @) Vs s =
p(a
p(a+d)

(@u)(P) ) [ e (s s

p(a)
pt@a [T e
(Q/1)(P) e e gy
0

But Lemma 1 implies that there is a 6 € (0, do] such that

p(at+3d)—p(a) oo A
/ P AL BN / e NPT g =T (—) Mz oo,
0 0 H

and the assertion follows. O

In the preceding theorem we have assumed that the minimum of p(¢) is unique
and occurs at a. In other cases the interval of integration may be subdivided at
the maxima and minima of p(t). We may then apply Theorem 1 to intervals where
the minimum is at a left end—point, and Corollary 1 below to intervals where the
minimum is at a right end—point.

Making the change of variable t — —t we obtain

Corollary 1. Let J be an interval of the form (—o0,b] or [a,b], a < b, and assume
that the following conditions are satisfied:

(a) The function p(t) is real-valued and measurable on J and for every point
c<binlJ,
inf{p(t);t € J N (—o0,c|} > p(b).
(b) There is a number o > 0 such that p(t) is continuous and strictly decreasing
on [b—o,b], and p € C*[b — 0,b).
(¢) There are numbers P,y > 0 such that
p(t) —pb) ~ Pb—t)", t—b".
and
p(t) ~ —puPb—t)* t—=b.
(d) The function q(t) is Lebesgue integrable on J.
(e) There are numbers A > 0 and Q # 0 such that
at) ~QUb—t), t—b.

Then e~ PN q(t) is Lebesque integrable on J for every positive z, and if 1(z) is

given by (1) then
Q A\ e—zp(®)

Before proceeding further, let us recall the definition of asymptotic expansion in
the particular format that we require here. Let (fx)32, be a sequence of functions,
let (a(k))32, be a sequence of scalars such that the set of integers k for which
a(k) # 0 is infinite, and let m(k) := inf{r > k : a(r) # 0}. We say that

fl@)~Y ak)fey, =— aq,
k=0

15
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if for every n > 0
n—1

Z fe ~a(m(n)) fmmy, = —a,

Fron Lemma 2 we obtain a sunple proof of Watson’s Lemma ([2, §2.4], [3, p.71]):

Theorem 2. (Watson’s Lemma) Let J be an interval of the form [0,00) or [0,],
b >0, and assume that q(t) is Lebesgue integrable on J and that there are o > —1
and 8 > 0 such that

oo
t)~ > apt® PRt 0T

If
I(x) := /Je*mq(t) dt,
then

T — 0.

Za,k Oé+ﬂk+1)

potBktl

Proof. Defining if necessary ¢(t) to equal 0 on [b,00) we may assume, without
essential loss of generality, that J = [0, c0).

Let n > 0 be an arbitrary integer, and let N denote the smallest integer k > n
such that ap4+1 # 0. By definition,

n
. Zakta-i-ﬁk N aN+ltoz+,3(N+l)’ t = ot.
k=0
Applying Lemma 2 we conclude that

00 n 00
/ q(t) — Z apt® PR e Tt dt ~ / teHBWNFD =2t gt g — o0,
0 0

k=0
ie.,
" T(a+Bk+1) T(a+B(N+1)+1)
I(.’L’) - Z ak pot+Bk+1 ~ IaJrg(NJrl)Jrl ) o0,
k=0
and the assertion follows. O

The interested reader will have no difficulty in applying Lemma 1 and Lemma 2
to obtain a version of Watson’s lemma for an arbitrary p(t), as in [3, p.86].
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Abstract

In the present paper we establish several strong differential subordinations regardind the new operator
RDY ,, given by RDY , : A; — AZ, RDY ,f(z,¢) = (1 — ¢)R" f(2,¢) + aDX f(z,(), where R" f(z,()
denote the Ruscheweyh derivative, D} f(z,() is the generalized Saldgean operator and Ay, = {f €
HU xT), f(2,¢) =2+ ant1(¢) 2" 4+ ..., 2€ U, ¢ € U} is the class of normalized analytic functions
with A7, = Af. A certain subclass, denoted by RD., (0, A, ), of analytic functions is introduced by
means of the new operator.

Keywords: strong differential subordination, univalent function, convex function, differential operator, best
dominant, generalized Saldgean operator, Ruscheweyh derivative.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane U = {z € C: |z| <1}, U = {z € C: |z| < 1} the closed
unit disc of the complex plane and H(U x U) the class of analytic functions in U x U.

Let A%, = {f € H(U x U), f(z,¢) = 2+ an1 (2" + ..., 2 € U, ¢ € U}, with Aje = Az,
where ay, (¢) are holomorphic functions in U for k& > 2, and H*[a,n,(] = {f € H(U x U), f(2,() =
a+a, () 2"+ ant1(Q)2" ™ +..., 2€ U, (€U}, for a € Cand n €N, a (¢) are holomorphic functions in
U for k > n.

Definition 1.1 For f € AZ, A >0 and n € N, the operator DY is defined by DY : A7 — AZ,
D3f(%¢) = f(20),

Dif(z,6) = (=X f(2,0)+Af'(2,0) = Daf (2,0) -
Dy f(z0) = (1=X)Dif(2,0) + Xz (DRf (2,0)) = Da(D3f (2,0)), z€UceUl.

Remark 1.1 If f € A7 and f(z) = 2+ 3725 a; (¢) 27, then D} f (2,0) = 2+ 272, [1 4+ (5 — 1) A" a; () 2,
2eU, CeU.

Definition 1.2 For f € A, n € N, the operator R" is defined by R™ : A7 — A7,

Rf (20 = [(%0,
le(Z,C) = Zf/ (Z7C)7
(n+ DR f(2,¢) = 2(R"f(20) +nR"f(2¢), z€U(eU.

Remark 1.2 If f € A}, f(2,() = 2+ 37250, (Q) 27, then R*f (2,¢) = 2+ 372, Oy i 105 (0) 27, 2 € U,
cel.
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Generalizing the notion of differential subordinations, J.A. Antonino and S. Romaguera have introduced
in [4] the notion of strong differential subordinations, which was developed by G.I. Oros and Gh. Oros in [6],
[5].

Definition 1.3 6] Let f (z,(¢), H (2,¢) analytic in U x U. The function f (z,() is said to be strongly sub-
ordinate to H (z,() if there exists a function w analytic in U, with w(0) = 0 and |w(z)| < 1 such that
f(z,¢)=H (w(z),C) for all { € U. In such a case we write f(z,() << H (2,(),z€ U, (€ U.

Remark 1.3 /6] (i) Since f(2,¢) is analytic in U x U, Jor all ¢ € U, and uniwalent in U, for all ¢ € U,
Definition 1.3 is equivalent to f (0,{) = H (0,(), for all ¢ € U, and f (U X U) CH (U X U).

(ii) If H (2,¢) = H (2) and f (2,¢) = f (2), the strong subordination becomes the usual notion of subor-
dination.

We have need the following lemmas to study the strong differential subordinations.

Lemma 1.1 /3] Let h(z,() be a convex function with h(0,() = a for every ( € U and let v € C* be a
complex number with Rey > 0. If p € H*[a,n,(] and p(z,() + %zp’z (2,0) << h(z,Q), then p(z,() <<

g (2,¢) <= h(zC), where g(2,() = — [ h(t,¢) t=—Ydt is convex and it is the best dominant.

ol
nzn

Lemma 1.2 /3] Let g (z,¢) be a convex function in UxU, for all¢ € U, and let h(z,¢) = g(z,()+nazg.(z,¢),
z €U, ¢ €U, wherea > 0 andn is a positive integer. Ifp(z,¢) = g(0,{)+pn (C) 2" +ppi1 () 2"+, 2 € U,
¢ € U, is holomorphic in U x U and p(z,¢) + azp.(z,() << h(2,¢), z € U, ¢ € U, then p(z,¢) << g(z,()
and this result is sharp.

2 Main results

Definition 2.1 Let 6 € [0,1), o, A > 0 and m € N. A function f € Af is said to be in the class
RD,, (0, N, «, €) if it satisfies the inequality

Re (RDY,f(2,Q)). >0, z€U, CeU. (2.1)
Theorem 2.1 The set RD,, (6, A, , () is convez.

Proof. Let the functions f; (2,{) = z + Z;iz ajr ()27, k = 1,2, 2 € U, ¢ € U, be in the class
RD,, (0, X, 0,¢). It is sufficient to show that the function h(z,{) = n;f1 (2,¢) + n2f2 (2,¢) is in the class
RDy, (6, A, , ), with n; and 7, nonnegative such that n; + ny = 1.

Since 1 (2,0) = 2 + 320, (a1 (¢) + 1,052 () 29, 2 € U, ¢ € U, then

RDY' b (2,0) = 2+ i {al+(G-DAN"+ (1 - C::Lb+j71} (nyaj1 (€) +maaj2 (Q)) 27, 2€U, (€.

J:
(2.2)
Differentiating (2.2) we obtain

(RDFah (20) =14+ 55 {all+ G = DA™ + (1= @) Cty sy} (naass (2) +maa (Q)) j# ", 2 €U, C €

U.
Hence

Re (RDg’fah (z,C))/Z =1+Re (771 §2j {a M+G-DN"+(1—a) ,T,'f+j71} aj1 () zj_1> (2.3)

o ("2 > el G- DA+ (=) Ot} (O ) |

Taking into account that f1, fo € RD,, (4, A, «, () we deduce

Re (nk ij {all+G-DN" + (1 —a) 1} ai Q) Zj1> >np(6-1), k=12 (24)
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Using (2.4) we get from (2.3)
Re (RDYh(2,0)). > 1+, (6 —1)+n,(0—1) =08, z€U e,
which is equivalent that RD,, (0, A, @, () is convex. ®

Theorem 2.2 Let g(2,() be a conver function such that g(0,() = 1 and let h be the function h(z,() =
g(z,¢) + ci2zg;( 2,(),z€U, (e€U,c>0. Ifa,A>0, meN, feRD,(,\a) and F(z,() =
I (f)(2,¢) = &% [Jt°f (t,Q)dt, z€ U, ( € U, then

(RDY, f (2, C)) << h(z(), z€U, ¢CeU, (2.5)

implies ) B
(RDY,F(2,0)), << g(2,¢), z€U, ¢eU,

and this result is sharp.
Proof. We obtain that R
SHE (50) = (e + 2)/ £ (£ C) dt. (2.6)
Differentiating (2.6), with respect to z, we have (¢ + 1) F (2, ¢)+ 2F.(2,¢) = (c+2) f(2,() and
(c+1) RDYF (2,¢) + 2 (RDY F (2,¢)). = (c+2) RDY', f (2,C), 2€U, (€U. (2.7)

Differentiating (2.7) with respect to z we have

(RDY',F (2,0)", = (RDY.f (2,0))., z€U CeU. (2.8)

m ;1
(RD)\,QF(Z7<))z+ C-I-QZ

Using (2.8), the strong differential subordination (2.5) becomes

2 (RDYLF (2,0), <= 9(2,0) + ——=2g. (2,0) . (2.9)

m / 1
(RD)\7&F(’Z7C))Z+ c+2 NeY o ) C+2

Denote , o
p(z,¢) = (RD"’ F(z C))Z, zeU, CeU. (2.10)

Replacing (2.10) in (2.9) we obtain

P2 Q)+ g (2:0) <=9 (5,0 + 5200 (2,0),  z€U (eU.
Using Lemma 1.2 we have
p(2,0) <= g(2,0), z€ U, C€U, ie. (RDY,F (z, C)) <=<9(2¢),2z€U, CeU,

and this result is sharp. m

Theorem 2.3 Let h(z,() = G0z L cU,¢el, b€ [0,1) and ¢ > 0. If a,A >0, m € N and I. is

142z
given by Theorem 2.2, then

I.[RDp, (6, A\, , Q)] C RDy, (6%, X, 0, C) (2.11)
where §" =25 — C +2(c+2) (( —6) B (c) and B (z) = [ {dt.

Proof. The function h is convex and using the same steps as in the proof of Theorem 2.2 we get from
the hypothesis of Theorem 2.3 that p(z,() + C}r2zp’z (2,() < h(z,C), where p(z,() is defined in (2.10).

/
Using Lemma 1.1 we deduce that p(z,{) << g(z,{) << h(z,(), thatis (RDZ?QF(Z,C)) <=<g(z,¢) <=

. 25— 2)(¢=4 e+l
h(z,¢) Lwhere 9(z,¢) = %32 foz et C+(1+t Lt = (20 —¢) + CJ;L)+(2C ) oz t1+t
g (U x U ) is symmetric with respect to the real axis, we deduce

dt. Since g is convex and

Re (RD;’faF(z,C))/ > |H|11111Re g(z,0)=Reg(1,())=0"=26—C+2(c+2)(C—6)B(c). (2.12)

From (2.12) we deduce inclusion (2.11). =
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Theorem 2.4 Let g(z,() be a convex function such that g (0,¢) = 1 and let h be the function h(z,() =
9(2,Q) +29.(2,0), 2€U, (€U. Ifa, A >0, meN, f e A; and the strong differential subordination

(RDY f(2,0)), << h(2,0), z€U, C€T, (2.13)

holds, then

w«g(z,o, zeU ¢eU,

and this result is sharp.

Proof. By using the properties of operator RDY',, we have
RDJf(2,0) = 2+ 532 {al+ G = DA™ + (1 - a) Oty } 05 (Q) 29, 2 € U, (€ T

Consider p(z,¢) = RD;\’faZf(z,C) _ 24352 {al1+(i—1)A] :r(l—a)cmﬂ,l}aj(c)y ()2t pa(O) 2+
.., z€U CeU.

Let RDY', f(z,¢) = 2p(2,(), 2z € U, ( € U. Differentiating with respect to z we obtain (RDf\’faf(z, C))

Then (2.13) becomes

!/
z

By using Lemma 1.2, we have

p(2,¢) << g(2,¢), z€U, (€T, ie.

w << g(Z,C), zel, CEU

Theorem 2.5 Let h(z,() be a conver function such that h(0,¢) = 1. If ,A >0, m €N, f € A7 and the
strong differential subordination

(RDY f(2,0)), =< h(2,(), z€U, C€T, (2.14)

holds, then

w -<'<g(ZaC) -<-<h(Z,§>, zeU, CEU’

where g (2,¢) = 1 [ h(t)dt is convex and it is the best dominant.

BDEaI20) 4 {all+ G- DN+ (L —a) Oy 4} a; (¢) 277!

and p (0,) = 1, we obtain for f(2,0) = 2+ ¥, () #, p(5,Q) + 22 (,0) = (RDY, f(2,0)
We have p (z,¢) + 2p’, (2,¢) << h(2,¢), 2 € U, ¢ € U. Since p(z,¢) € H*[1,1,¢], using Lemma 1.1, for

n =1and v = 1, we obtain p(2,() << g(2,{) << h(2,(), 2 € U, ( € U, ie. w << g(z¢) =
%foz h(t)dt << h(z,¢), z€ U, ¢ €U, and g (z,() is convex and it is the best dominant. m

Proof. With notation p (z,() =

Corollary 2.6 Let h(z,() = W, a convex function in U xU,0< B < 1. Ifa,A>0,mcEN, fc Af
and verifies the strong differential subordination

(RDY,f(2,0). =< h(2,(), z€U, (e, (2.15)

then RD™
M <=<g(%¢) << h(z(), z€U, (e,

where g is given by g(z,{) =26 -+ w In(1+2), 2 € U, ¢ € U. The function q is convex and it is the
best dominant.
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RDY, f(2,0)

z )

Proof. Following the same steps as in the proof of Theorem 2.5 and considering p(z,() =
the strong differential subordination (2.15) becomes

¢+ (28—-¢)2

U U.
T2 , z€eU (e

p(2,C) + 2p.(2,¢) << h(z,() =
By using Lemma 1.1 for n = 1 and v = 1, we have p (z,{) << g(2,¢{) << h(z,(),z€ U, (€U, ie.,

RD™ , # —
%{W«g(m:i/o (t,¢)dt = ”fﬁf far=25- ¢+ X+,

2€U,CeU. m

Theorem 2.7 Let g(z,() be a convex function such that g (0,¢) = 1 and let h be the function h(z,() =
9(2,0) +29.(2,¢), z€U, CeU. Ifa,A>0, meN, f € A? and the strong differential subordination

m—+1 /
(W>Z<< h(z,¢), z€U (€U, (2.16)

holds, then

RDYI (26) =
RDYf(20) =<=9(z0, =€l (Cel,

and this result is sharp.

Proof. For f € Aj ., f(z,0) =2+ Z;’iz a; (¢) 2 we have
RDYf(2,0) =2+ 220 {al+ (G - DN+ (A —a) Oy i1 }a; ()2, €U, Cel.
m+1 2 P oo o . m+1 o m1 s Zj
Consider p (z,¢) = 22ha 14 _ 352, (all+G—DA™  +(1—a) Ot ay ()

m+j
1435, (a1 (= DA™ 4+ (1=0) Ot Yoy (€)

RD’" of (20 T 243552, (al+G-DA+(1—a)C 1 )a;(¢)2d
m+j

352, (all+G =D +(1—a)Cpy;)ag (21
(RDY' [ £(2:0))" (RDT  f(2,0)"
We have pl. (2,0) = “pigrme —P (50 Fpreo

ZzRDY ! f(2,) '
Then p (z,¢) + 2p), (2,¢) = <RD£"Q(ZC))

Relation (2.16) becomes p (z,¢) + 2p., (2,¢) << h(z,¢) = g(2,¢) + 29, (2,¢), z € U, ¢ € U, and by using

_ mATr, _
Lemma 1.2 we obtain p(z,{) << g(2,(), z€ U, ( € U, i.e. Ijﬁ)mif((zg<<g( (), z€U,CeU. n

Theorem 2.8 Let g(z,() be a convex function such that g (0,¢) = 1 and let h be the function h(z,() =
9(2,Q) +29.(2,¢), z€U,(eU. Ifa,A>0, m €N, f € A7 and the strong differential subordination

nE D@D gt f (2,0 + T RDR  (2.0)

DO D Rty (e, -

al(m+1)(2m 172(175)‘)
altnt m+2 = %] iy (e D Eme D 2R

m+1
P P D>\+f(2’,<)*

} DY f(2,¢) << h(z,(), =z€U (€U, (2.17)

holds, then ) B
[RDo f(2,Q)], <= 9(2.(), =2€U, ¢eU.

This result is sharp.
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Proof. Let )
p(z,¢) = (RDY f(2,0)), = (1 = @) (R™ f(2,0))} + a (DY f(2,0)). (2.18)
=1+4) (@l+G=DN"+ 10 =a)Chy; 1) da; Q)27 =1+p1(Q)z+p2(¢) 2% + e

=2
By using the properties of operators RDY',, R™ and DY', after a short calculation, we obtain
m m m m m m m2 m
p(2:0) + 2p. (2,¢) = D ppt2 £ (5, ¢) — WELVEED RIS (2, ) + "= RDY, f (2,€) —

a=x
m+1)(m+2 m m+1)(2m+1)— 2022 m o|m®— 5 .
[( : = )\Z]D +2f (Z C) [( X z : )\2 }DA +1f(zvc)_ WDA f(zaC)

Usmg the notatlon in (2.18), the strong differential subordination becomes
(2, Q) + 2p(2,¢) << h(2,¢) = g(2,¢) + 29.(2, ().
By using Lemma 1.2, we have
p(z,¢) << g(2,¢), z€U, ¢eU, ie. (RDY,f(z C)) <=<9g(2,(), 2€U,(eU,
and this result is sharp. m

Theorem 2.9 Let h(z,() be a conver function such that h(0,¢) = 1. If ,A >0, m €N, f € A7 and the
strong differential subordination

RDYE?f (2,€) —

(m+1)(m+2) (m+1)(2m+1)

1 m?
RDJEF (2,0) + *—RDY f (2.6) -

2(1—X)
al(m=+1)(m+2)— " a((m+1)(2m+1) - =5~ .
[ 42 =5l pe g a0y + l - }Dﬁlf(z,C)—
@ [mQ — (1;?)2} _
DR (5.Q) << h(2,), z€ U, (T, (2.19)

holds, then ) o

[RDY\ f(2,Q)], =< g(2,0) << h(2,¢), z€U, (€T,
where g (z,() = * fo t)dt is convex and it is the best dominant.

li
Proof. Using the properties of operator RDY’,, and considering p (z) = (RDQ’faf (z, C)) e H*[1,1,(],

(X

we obtain ,
p(2,0) + 2p. (2,) = UMD R £ (5, ¢) — ADERED R £ (2,¢) + "= RDY, f (2,C) —
2
[(7rL+1)(m+2) )\2] m4-2 [(m+1)(2m+1)—L1>\’2ﬁ] mal « [mQ_ (13;) i| -
z D f(Z C) P D)\ f(zvé-)_ D)\f(Z7<),ZEU,C€

U.
Then {2 ppmi2f (5 ¢) — (ntDEmED) pRmtlf (2,¢) + "= RDY, f (2,€) —

2
a{szl—;) ]

al(m m -1 2(1—X)
[t =55] 2 (¢ 4 T prty (2,0) - DY f(2,¢) << h(2,0),

z €U, ¢ €U, becomes p(z,¢) + 2p. (2,() << h(2,(), z € U, ¢ € U. By using Lemma 1.1, for n = 1 and
~ = 1, we obtain

a[(m+1)(2m+1)—

p(2,0) << g(2,¢) =< h(z(), z€U, (€U, ie

(RDY. £(2,0)). <= g (2,¢) = 1/Zh(t)dt«h(z,g), 2eU, ¢cel,
2z Jo

and ¢ (z,() is convex and it is the best dominant. m
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Corollary 2.10 Let h(z,¢) = 44-(125%4)2 a convex function in U xU,0< B <1. Ifa,A>0,meN, f € Al

and verifies the strong differential subordination

2
it DCmED (2,0 + ™ RDYAf (210)

a|(m m alm+1)@m+1) - 2050
[On+ D m+2) = 3] vy [+ 1) (2m 4 1) - 2

z z
o [mZ — (1;5)2]

z

} DY+ f(2,0) —

Nf(2,0) << h(z,¢), zeU ¢eU, (2.20)

then o
[RDY, f(2,0)]. << g(2,¢) =< h(2,(), z€U, (€T,

where g is given by g(z,{) =28 —( + @ In(1+2), z€ U, ¢ €U. The function q is convex and it is the
best dominant.

!

)
z

Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z, ¢) = (RDS\”,’af(z, C))

the strong differential subordination (2.20) becomes

C+(26-0)z

T2 , ze€U, CeU.

p(z,Q) + 2p%(2,0) << h(z,() =

By using Lemma 1.1 for n = 1 and v = 1, we have p (z,{) << g(2,{) << h(2,(),z€ U, ( €U, ie.

(RDY f(2,0)). <<g(z,C):%/0‘ (6,0 dt = C+12ité dt:%_@rwlnuj%)’
2€U,CeU. m
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Abstract

In the present paper we establish several strong differential subordinations regardind the new operator
RIG, ., given by RIp, \ ;@ Ane — A, RIp, 31 f(2,) = (1 — a)R™f(2,¢) + al (m, A1) f(2,(), where
R™ f(z,(¢) denote the Ruscheweyh derivative, I (m, A, 1) is the multiplier transformation and A}, = {f €
HU xT), f(2,) =2+ ant1 () 2" +..., 2€ U, ¢ €U} is the class of normalized analytic functions.
A certain subclass, denoted by RZ.,, (4, A, 1, a, ¢), of analytic functions is introduced by means of the new
operator.
Keywords: strong differential subordination, univalent function, convex function, best dominant, differential
operator, multiplier transformation, Ruscheweyh derivative.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane U = {z € C: |z| <1}, U = {z € C: |z| < 1} the closed
unit disc of the complex plane and H(U x U) the class of analytic functions in U x U.

Let A% = {f e HUxU), f(2,() = z+ans1(¢) 2" +..., 2 € U, ( € U}, where ax (¢) are holomorphic
functions in U for k > 2, and H*[a,n, (] = {f € H(UxU), f(2,¢) = a+ay, (¢) 2"+ an1 () 2" 4..., z€ U,
¢ €U}, for a € C,n €N, a (¢) are holomorphic functions in U for k > n.

We also extend the differential operators presented above to the new class of analytic functions AZQ
introduced in [8].

Definition 1.1 [1] For f € A} .. n,m € N, the operator S™ is defined by S™ : Ay . — Ay,
S°f(z¢) = f(20),
Stf

(
(ZaC) = Zjé(ZaC)a"w
S”H'lf(z,g“) = z(S™f (Z,C))/Z, 2z€eU, CeU.

Remark 1.1 [1] If f € Ase, f(0) = 2+ S0 5 ()27, then 8™ (2,0) = 2+ 201 ™a5 (¢) 7,
zeU CeUl.

Definition 1.2 /3] Forn € N, m e NU{0}, A\, 1 >0, f € A}, f(2,() =2+ Z;inﬂ aj (¢) 27, the operator
I(m,\1) f(2,¢) is defined by the following infinite series

A0 f0=s+ 5 (BRI 004, sevceT

j=n+1
Remark 1.2 [3] It follows from the above definition that

I+ I (m+ 1,00 (2,0 =[1+1=NT(m,\I1) f(z,0)+ Xz (I (m,\1D) f(2,C)., ze U, eU.
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Generalizing the notion of differential subordinations, J.A. Antonino and S. Romaguera have introduced
n [7] the notion of strong differential subordinations, which was developed by G.I. Oros and Gh. Oros in [9],
[8].

Definition 1.3 [9] Let f (2,¢), H (z,¢) analytic in U x U. The function f (z,() is said to be strongly sub-
ordinate to H (z,() if there exists a function w analytic in U, with w(0) = 0 and |w(z)| < 1 such that
f(z,¢)=H (w(z),C) for all { € U. In such a case we write f (z,() << H (2,(),z€ U, (€ U.

Remark 1.3 [9] (i) Since f(2,¢) is analytic in U x U, for all ¢ € U, and univalent in U, for all ¢ € U,
Definition 1.3 is equivalent to f (0,() = H (0,¢), for all¢ € U, and f (U xU) C H(U xU).

(i) If H (2,{) = H (2) and f (2,{) = f(z), the strong subordination becomes the usual notion of subor-
dination.

We have need the following lemmas to study the strong differential subordinations.

Lemma 1.1 [1] Let h(z,() be a convex function with h(0,() = a for every ¢ € U and let v € C* be a
complex number with Rey > 0. pr € 'H*[a n,(] and p(z,¢) + lZ;D’Z( ,C) << h(z,(), then p(z,() <<

g(2,0) << h(z,(), where g(z,() = h(t,¢)tn—1dt is convex and it is the best dominant.

Lemma 1.2 [1/ Le t g(2,¢) be a convex function in U x U, for all { € U, and let h(z,() = g(z,¢) +

nazg,(z,¢), z € U, ( € U, where a > 0 and n is a positive integer. If p(z,¢) = g(0,¢) + pn (¢) 2" +
D1 (€) "‘H—I— , 2 €U, ¢ €U, is holomorphic in U x U and p(z,() +azp.(z,¢() << h(z,(), 2 € U, ¢ € U,
then p(z,¢) << g( ,0) and this result is sharp.

2 Main results

Definition 2.1 Let a, A\,1 >0, n,m € N. Denote by RI}, , ; the operator given by RI, |, Ay - — A7,

RI,,O,;7/\7lf(Z,<) = (1 - Q)Rmf(z7<) +al (mv/\vl) f(ZaC)v KAS U7 C € U

Remark 2.1 If f € A, f(z ,C):erZ;inHaj (C) 27, then
RIZ \ f(2 C)zz—kz‘j:n_&_l{a(%) +(1-a)Cpy ;i l}aj(C)zj,zeU,CEU.

Remark 2.2 For a =0, RI?, auf(z,0) = R f(2,(), where z € U, ¢ €U, and for a« =1, RI}, auf (20 =
I(m,\1) f(2,C), where z € U, ¢ € U, which was studied in [8], [4]. For | =0, we obtain RIY \ of (2,() =
RDY, f (2,¢) which was studied in [5], [6] and for I = 0 and X\ = 1, we obtain RI, 1 of (2,¢) = Ly f (2,()
which was studied in [1], [2].
Form =0, RIg, ,f (2,() = (1 —«) RYf (2,O)+al (0,\,1) f(2,) = f(2,¢) = R°f (2,{) = T (0, \,1) f (2,Q),
where z € U, ¢ € U.

Definition 2.2 Let 6 € [0,1), a,A\,l > 0 and n,m € N. A function f(z,() € Ay is said to be in the class
RZm (6, M1, e, Q) if it satisfies the inequality

Re (RIS . f(2,0). >68, z2€U, CeT. (2.1)
Theorem 2.1 The set RZ,, (6, \, 1, a, () is convex.

Proof. Let the functions f; (z,{) = z + Z;‘;WH ajk (Q)27, k =1,2, 2 € U, ¢ € U, be in the class

m (0, A\, 1, €). It is sufficient to show that the function h(z,¢) = 1, f1 (2,() + n2f2 (2,{) is in the class
RZpm (6, A1, a, (), with n; and 1, nonnegative such that n; + n, = 1.

Since h(z,{) = z + Z;’im_l (maj1 (€) +nyajz (€)) 27, 2 € U, ¢ € U, then

L+A(G—1)+1\"

R0 =+ 5 {a(FREEIEN g aon b inen @ 4 man @)+ 22)

j=n+1

zeU CeU.
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Differentiating (2.2) with respect to z we obtain
i . m .
(RIgadh (2 0) =14 5% {o (F2E2H) " + (1= a) Oyt | (masn (Q) +magz Q) 557, 2 € U,

CelU.
Hence
0 1+X(j—1 AN .
Re (ngz,k,lh (Z’C))Iz =1+Re (771 > j{a < = l(]-i- 1 )+ > +(1-a) OZLL+]'—1} aj1 (©) ZJ1>
j=n+1

(2.3)

o (772 o {a <1Hl(j+—11)+l>m +d-a) Cﬁﬂ—l} a2 (C) zj1> .
Jj=n+1

Taking into account that fi, fo € RZ,, (J, A, [, a, () we deduce
Re <nkj_§3+1j {a (B2 s - fan ) ) S (6-1), k=12
Using (2.1) we get from (2.3)
Re (RIS, h(2,0). > 14+m (65— 1) +n,(6—1) =6, z€U, (e,
which is equivalent that RZ,, (0, \, [, o, () is convex. m

Theorem 2.2 Let g (z,() be a convex function such that g (0,¢) =1 and let h(z,() = g (z,{)+ c_lﬂ zg. (2,0),
where z € U, ( € U, ¢ > 0.

Ifo, A\l >0, n,m €N, f e RLy (6N, ) and F(2,) = I.(f)(2,¢) = &5 [Jt°f (t.{)dt, z € U,
¢ eU, then

/

(RI%,A,lf (Z7<))Z <=<h (Za C) , ZE€ Ua C € U7 (24)
implies
(RI;:L,A,ZF (Z7 C))/Z <=<g (Z7 C) , R € Uv C S Ua

and this result is sharp.

Proof. We obtain that ;
S0 =(e+2) [ rf 0 (2.5)

0
Differentiating (2.5), with respect to z, we have (¢ + 1) F (2,() + 2F} (2,{) = (¢ + 2) f (2,¢) and
(C+ 1) RI’%,A,ZF (Z, g) +z (RI%,A,ZF (Z, C)); = (C + 2) RI%,)\,lf (Zvé-) ) z € Ua C € U (26)

Differentiating (2.6) with respect to z we have

(RIS F (2,0). + 2 (RIS F (2.0), = (RIS (2.0)., z€U, Cel. (2.7)

c+2
Using (2.7), the strong differential subordination (2.4) becomes

/ 1 1
(ngn,,A,IF (2, C))z + cr2” (RI?n,A,zF (2, C));Iz) <g(2) + mz!fz (2). (2.8)
Denote , —
p(Z,C) = (RI’ro?fL,)\,lF (ZaC))Za z € U7 C eU. (29)

Replacing (2.9) in (2.8) we obtain

p(z,¢)+ 2pl (2,¢) << g(z,¢) + zq, (2,¢), z€U ¢eU.

c+2 c+ 2

Using Lemma 1.2 we have
p(2,¢) <<g(2,0), z€U, CeU, ie. (RI%,)\JF(Z,C)); <=<9(20,z€U CeU,

and this result is sharp. m
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Theorem 2.3 Let h(z,() = W, 2€U,CeU,5€0,1) and ¢ > 0. If a,\,1 >0, m € N and I, is
giwven by Theorem 2.2, then
I.[RZ,, (6, \1,a,0)] CRZp (6", 0, 1,0,C), (2.10)

wher65*=25—ﬁ+w/3(%2 2) and B (z) = o

0 t+1 dt.

Proof. The function h is convex and using the same steps as in the proof of Theorem 2.2 we get from

the hypothesis of Theorem 2.3 that, p (z,¢) + chrz zp’, (2,() << h(z,(), where p(z,() is defined in (2.9).

/
Using Lemma 1.1 we deduce that p (2,{) << g (z,{) << h(z,({), that is (RIQ il (2, C)) <=<g(2z,¢) <=

et2
h(z,¢), where g(2,() = <2 [t +2_1%jzotdt (20 —¢) + C+22(+<2 J) Jot 177 dt. Since g is convex

and g (U X U) is symmetric with respect to the real axis, we deduce

c+2
n

Re (RIp, \,F (2 C))/>m1nReg( O)=Reg(1,() =0 =26—C+ (C+2)(C 5)5<

|z=1

- 2) . (2.11)

From (2.11) we deduce inclusion (2.10). =

Theorem 2.4 Let g(z,() be a convex function such that g(0,() = 1 and let h be the function h(z,() =

9(2,¢) + 29.(2,¢), z€ U, (€ U.
Ifa,\,\1 >0, n,meN, fe ‘A*C and satisfies the strong differential subordination

(RIS A1 f(2.0). << h(2,0), z€U, CeT, (2.12)

then

RI® z, _
%(O <=<g(2,¢), z€eU ¢eU,

and this result is sharp.

Proof. By using the properties of operator RIS 1> We have

RIG (2 Q) = 2+ 3 {o (B2 (1 -0y Oy by (g) A,2eU,(eT.
o oo o LEAG=D+1y™ o s
¢) = Hmaalled) _ LD BFEEE U G 2 2 G AR GO L = 14pn (€) 2" +pnt1 (¢) 2"+

z z

Consider p(z,
ey 2z€U,CeU.
—_ !
Let RI, 1 f(2,¢) = 2p(2,(), z € U, ¢ € U. Differentiating with respect to z we obtain (ngl’)\’lf(z, C)) =
p(Z’C)+ZpZ(Z’C)7 z G U’ é- GU'
Then (2.12) becomes

p(2,€¢) + 2pL(2,C) <= h(z,0) = g(2,¢) + 29.(2,(), z€U, CeU.
By using Lemma 1.2, we have

p(2,¢) << g(z0), zeaceﬁxeﬁﬁﬁ§@9<<m@q zeU,cel.

Theorem 2.5 Let h(z,() be a convex function such that h(0,¢) = 1.
Ifa,\, >0, nmeN, fe .A;;( and satisfies the strong differential subordination

(RIg A 1f(2,0). <= h(2,0), z€U, (€T, (2.13)

then

M << g(2,¢) =< h(2,¢), z€U, CeU,

where g (2,¢) = =+ [ h(t, ¢) b ldt is convex and it is the best dominant.
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Proof. Let p(z,() = Blnaaf (20 _ A {o () " (A-a) O e (97 -

z z
1+ S {o (B50) " 4 (- @) Oy o (O 9 = 14 S0 (97, 2 €U e,
/ R
Differentiating with respect to z, we obtain (RI%VMf(z,C)) = p(z,¢) + 2p,(2,¢), z € U, ¢ € U, and
z

(2.13) becomes
p(z.0) +2p.(2,¢) << h(2,¢), z€U, (eU.

Since p(z,¢) € H* [1,n,(], using Lemma 1.1 for v = 1, we have
p(2.0) <= g(2,() << h(2,(),z€U, (€U, ie

RITC:L,)\,lf(ZV ¢) 1
z

<=<g(z() = /Ozh(t,C)tvllldt<<h(z,C), zeU CeU,

1
n

nz

and g (z,() is convex and it is the best dominant. m

Corollary 2.6 Let h(z,() = W a convex function in U x U, 0< B < 1. Ifa>0,meN, f¢c Ave

and verifies the strong differential subordination
(ngz,k,lf(zaC)); == h(Z,C), z € U7 (: € Ua (214)

then

w << g(2,¢) =< h(zC), z€U, CEU’

where g is given by g(z,{) =20 -+
best dominant.

22— L1 — . . L
(TLCZ;) OZ t1+t dt, z € U, ¢ € U. The function q is convex and it is the

RISL,A,LJC(%C)

Proof. Following the same steps as in the proof of Theorem 2.5 and considering p(z, () = = ,

the strong differential subordination (2.14) becomes

P2, Q) 28 (2,Q) << bz, ) = S ey e

By using Lemma 1.1 for v = 1, we have p(2,¢) << g(z,{) << h(z,(), 2 € U, ( €U, i.e.

RI’ror[L,)\,lf(Z7<) . 1 z 1 B 1 z 1 C+(2B—<)t
f<<g(z7<')* %/O h(t,{)tn ldt—il/o tn lidt

nzn nzn 1+1¢

P (- N S =
=26+ = /01+tdt, €U, CeT.

1
n

Theorem 2.7 Let g(z,() be a convex function such that g(0,{) = 1 and let h be the function h(z,{) =

9(2,0) +29.(2,0), 2€U, (€.
Ifa,\,1>0,n,meN, fe A:,g and the strong differential subordination

ZRI%H,A,Zf (2,¢
RI’SL,)\,lf (2,0)

)> <= h(z(), z€U, (€U, (2.15)

holds, then
RI%-;—L,\,If (2,0)

U. U
R () OB 2elcel

and this result is sharp.
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Proof. For f € A, f(2,0) =2+ 32, a; ()2 we have

RIS\ f(2,0) = 2+ 32 {a (R " 1 (1 a) Oy oy ()20, 2 €U, Ce T,
Consider

oo 1aG-D+ ™ m ,

(0 = a0 ”Zf—nﬂ{“(*ﬁl”) +(1-a) Omi}}%- GE
P& - @ = . m .
RIS\ f (2) D {a (%) +(1—a)0$+j,1}aj () 2

RIp 1510 (20), RIG 31 (2:0)
We have p’, (2,() = W —p(z2,0)- W and we obtain

- _ (ALl GO
p(ZaC)-I-Z pz (27C) - ( RI?n,AJf(LC) )Z.
Relation (2.15) becomes

P(z, Q) +2p.(2,¢) <= h(2,¢) = 9(2,¢) + 2.(2,¢), 2€U, (eU.

By using Lemma 1.2, we have

RITOQH A, 1f(2,0)

BRI\ f (20) <=<9(2,(), z€U, ¢eU.

p(2,¢) << g(2,¢), z€U, ¢, ie.

Theorem 2.8 Let g(z,() be a convex function such that g(0,{) = 1 and let h be the function h(z,{) =

9(2,0) +29.(2,0), 2€U, (€.
Ifa,\,\1 >0, n,meN, f €A and the strong differential subordination

(m+1)(m+2)

RIQ+2Azf(Z ¢)—

(m + 1)£2m * 1)RIm+1 af (2,0 +
(1+1)°

2 I(m+2,\1)f(2¢)—

—(m+1)(m+2)

m2 «
7RI%,A,lf (2,Q) + —

2(1+1-X)(+1) I(m+1,\0) f(2,0)+

—(m+1)2m+1)

z A2
2
% W - m2] I(m A f(2,0) << h(z,(), z€U, CeT, (2.16)
holds, then -
[RI5 A1 f(2,Q) << 9(2,(), =z€U, (eU.
This result is sharp.
Proof. Let
p(2¢) = (RIg . f (2,0)), = (1= @) (R™f(2,Q), + a (I (m, A1) f(2,0)). (2.17)

MG — l )
=1+ Z { <1+ lj+11)+ ) +(1_0‘)C$+j1}jaj(C)ZJ_1:1+pn(C)Z"+pn+1(C)Z"+1+....
j=n+1

By using the properties of operators RIJ y;, R™ and I (m, A\, 1), after a short calculation, we obtain
p(2,Q) b2l (2,Q) = WU e p (e () DB pra | f (2 )4 RIS, f (2,) +
@ [C3E — o+ 1) (m+2)] Tm+2,0,0) £ (2,0) - 2 F(”Q)(l“) —(m+1)2m+1)|-

I(m+ 1,00 f(20)+ [M—mQ Im M) f(2,0).
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Using the notation in (2.17), the differential subordination becomes
p(2,Q) + 2pl(2,¢) << h(z,¢) = 9(2,¢) + 29%(2, O).
By using Lemma 1.2, we have
p(2,¢) << g(2.0), 2€U, C€T, ie. (RIg 1 f(2.0). << g(z.¢), z€U, (€T,
and this result is sharp. m

Theorem 2.9 Let h(z,() be a convex function such that h(0,{) = 1.
Ifa,\,1>0,n,meN, fe A" ne and satisfies the strong differential subordination

(m+1)(m+2)

(m+1)2m+1)

R1a+2xzf(2 ¢)— RIQHAIf( Q)+

(1+1)
)\2

m2 «
7RIr($L,)\,lf (Z7<) + - - (m + 1) (m + 2) I(m + 27/\7l) f (Z7<) -

2(0+1-=X)(I+1)
)\2

—(m+1)CCm+ 1) IT(m+1,\1)f(2)+

(I+1—=))°
/\2

«
z

— mZ] I(m,\1) f(2,¢) =< h(z,(), z€U, ¢eU, (2.18)
then ) B
(RI;:,,)\Jf(Z,C))Z =<=<g (27C) <= h‘(zvc)7 S U7 C € U7

where g (z,() = j Joh(t,0) twLdt is convex and it is the best dominant.

(RIa wf (2 g))/ we obtain

()=
p(2,C) + 2pl,(2,¢) = PHUHED pro o F(z,¢) = HNEm ) pre | F (2,0 + RIS f (2,0 +

@ [C3E — e+ )+ 2] Tm+2,0,0) f(2,0) - 2 [W—(m—&—l)(?m—&-l)}

Proof. Using the properties of operator RIj , ; and considering p (z,

z

I(m+1,00) f(20)+ [M —mﬂ Tm N f(2,0),2€U,¢eT.
Then (2.18) becomes
p(z,0) + 2p.(2,¢) << h(z,(), zeU, (eU.

By using Lemma 1.1, for v = 1, we obtain p(z,{) << g¢(z,{) << h(z,(), z € U, ¢ € U, ie.
(RI%’)\,lf(z,g‘)) <= g(%/() fo (t,¢) t?_ldt << h(z,(), z€ U ¢ €U, and g(z,() is convex

and it is the best dominant. m

Corollary 2.10 Let h(z,() = M a convex function in U x U, 0< < 1. Ifa>0, meN, f € A
and verifies the strong differential subordmatzon

(m+1)(m+2)

(m+1)(2m+1)

RIZ o5 .f (2,0) — RIZ 15, f (2,0) +

(1+1)°

RIO‘ X

ol (50+2

—(m+1)(m+2)| I (m+2,\1)f(2¢)—

2(0+1-X)(I+1)
/\2

w e

—(m+1)C2m+1) | I(m+1,\1)f(2()+

(I+1-X)7
)\2

v e

- m2] I(m,\1) f(z,¢) << h(2,(), z€U, ¢eU, (2.19)
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then ) B
(Rjgz,)\,lf(zag))z <= g(Z,C) <= h(»’«',C); z € Ua C S Ua

1 _
where g is given by g(z,{) =20 -+ 2@715) Oz tf’_‘_tl dt, z € U, ¢ € U. The function q is convex and it is the
nzn

best dominant.
!/
Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z, ¢) = (le;ih)\’lf(z7 C)) ,

the strong differential subordination (2.19) becomes

_(+(28-0Q)e

U U.
T2 , z€U Ce

p(2,¢) + 2p.(2,¢) << h(z,()

By using Lemma 1.1 for v = 1, we have p (z,() << g(2,{) << h(z,(),z€ U, €U, ie.

1 # 1
(Rfﬁ‘b,x,zf(zv@); <<g(z,0) = L/ h(t, ()t tdt =
nzn 0
172 (+(28-0)t 2(¢ - B) /Zti—l =
— A S Sl VA PR, Yo - dt, ze U, (€ U.
| |
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Global behavior of the max-type difference
equation x,,1; = max{ A 1

(0%
Tn—m’ Tp_y

Taixiang Sun*! Hongjian Xi?> Bin Qin 2
1College of Mathematics and Information Science, Guangxi University, Nanning 530004, P.R. China

2Department of Mathematics, Guangxi College of Finance and Economics, Nanning 530003, P.R. China

Abstract In this paper, we study global behavior of the following max-type differ-
ence equation

A 1
Tpt1 = max{ s ——1 n=0,1,...,
n—m Tpn_

where A € (0,400), @ € (0,1) and m,k € {0,1,2,---}, and initial values
T, T_y41, 20 € (0,400) with | = max{k,m}. The special case when m = 0
and k = 2 has been completely investigated by A.Gelisken and C.Cinar. Here we
extend their results to the general case.

AMS Subject Classification: 39A10; 39A11.

Keywords: Max-type difference equation, Positive solution, Periodicity.

1 Introduction

In the recent years, there has been a lot of interest in studying the global behavior of, so called,
max-type difference equations, see e.g.[1-24] (see also references therein). In [9], the second order

max-type difference equation

A 1
Tpy1 = max{—, —
n n—2

b, n=0,1,...,

has been studied. In this paper, we study the following max-type difference equation

A 1
Tpy1 = max{ st n=0,1,..., (1.1)
n—m Tp_

The project is supported by NNSF of China(10861002) and NSF of Guangxi (2010GXNSFA(013106) and SF
of Education Department of Guangxi (200911MS212)
+ E-mail address: stxhql@gxu.edu.cn

32



T. SUN ET AL, MAX-TYPE DIFFERENCE EQUATION

where A € RT = (0, +00), a € (0,1) and m, k € {0,1,2,---}, and initial values z_;, x_;1,- -+, 29 €
RT with | = max{k,m}.

2 The case A <1

In this section, we investigate the equation (1.1) with A < 1. It is easy to see that if {x,}°°

n=-—1

is a positive solution of equation (1.1), then for all n > 0,
Tnp1To_p > 1. (2.1)

Lemma 2.1. Let {z,}>° , be a positive solution of equation (1.1) and P,, = max{xy, Tp_1," - -,
Tp—9i—1,1} for allm > 1+ 1. Then

(1) xpy1 < Py for allm > 1+ 1 and {P,};2,,, is non-increasing.

(2) x,, is bounded and moreover A/P, 11 < x, < P41 for any n > m+ 1+ 2.

Proof. By (2.1), we obtain that for any n > [ + 1,

2
@ «
Axnfmfkfl Lp—2k—1 }

Tpy1 = max{ - , 5
« o
In—mTp_m—k-1 Tp_gTp_ok_1

2
< max{Ax,_,,_p_1,Tp_ok_1}
< max{Tp_m—k—1,Tp—2k—1,1}
< P,
Hence
Ppy1 = max{Tpi1,Tn, -+, Tp-a, 1} < Py,

which implies that for all n > [ 4+ 1,
Tn < Py

Furthermore, it follows that for all n > m + 1+ 1,

1 A
Tpt1 = max{ N R
n-m Ly 1+1

The proof is complete. O

Remark 2.2. Note that from definition P, we have that P, > 1 for all n > [ + 1.
Lemma 2.3. Let {z,}°° _, be a positive solution of equation (1.1) and P,, be as in Lemma

2.1. If limp— oo Pp, = S, then limsup,,_, . xn, =95 > 1.

Proof. Since P, is a subsequence of x,, it follows

S < limsup x,.

n——~o0
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On the other hand, by z,11 < P, for all n > [ 4 1, we obtain

limsupz, <limsup P, = S.

n—-auoo n—=aoR

The proof is complete.

|

Theorem 2.4.  Suppose that {z,}7° _; is a positive solution of equation (1.1) with A < 1,

then lim,— oo xp, = 1

Proof. By Lemma 2.1 we may assume that there exist 0 < m; < mg < --- < my < --- and

0<ng <ng<---<ng<---such that

Tny+1 — liminfz, = L > 0,
n——-mm~o
Lng—m B Lla
Tp—k  — Lo,
Tmy+1 — limsupz, =5 > 1,
n—=eo
Tmi—m — K17

Tm—k — Ka.

By taking the limit in the following relationship
1

}

Tmy+1 = max{ o
'/I:mtfm xmt—k

as t — o0, it follows

S = max{ —}
K, K§
A A 1
B {Kl lfKEZzTg
- 1 1
ke Ui < xg
1 A 1
PRI TR o <
T lm TR <wg
2 1 2
1
S —
L

which implies SL < 1.

We claim S = 1. Indeed, if S > 1, then by taking the limit in the following relationship

1
xz 1 = Imax y
ne+ {xnt—m xgtik}
as t — 00, we obtain
1 A 1 1 1 1
1>—=->L= — s o>
gz b=mad 7 2 () > 72 g
3
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This is a contradiction. The claim is proven.

Furthermore by taking the limit in (2.2) as ¢ — oo, we obtain

1 A 1 1 1 1
l=—>L= —  — 1> (> —>_=1
S = maX{Ll’Lg}—(L2) Ly, S8
which implies lim,,_ .o, z,, = 1. The proof is complete. O

3 Thecase A>1and m=0

In this section, we investigate the equation (1.1) with A > 1 and m = 0. Let z,, = VAy,(n >
—k), then the equation (1.1) implies the equation

( 1 B
Yn+1 = Maxy —,
" Yn ygfk

}s (3.1)

where B = A="%% < 1 and initial values YoksY—kil, Yo € RT. Tt is easy to see that if

{yn}o2 . is a positive solution of equation (3.1), then for all n > 0,

Yn+1Yn = 1. (32)

Lemma 3.1. Let {y,}>° _, be a positive solution of equation (3.1) and Q,, = max{yn, Yn—1, - -,
Yn—k—1,1} for alln > k+ 1. Then

(1) Yyny1 < Qy for alln > k +1 and {Qy}; ., Is non-increasing.

(2) yy, is bounded and moreover 1/Q11 < yp < Q41 for any n > k + 2.

Proof. By (3.2), we obtain that for any n > k + 1,

Yn—1 Byn_—4 }
YnYn—1 Yo 1Yo 1
max{yn—1,Byp_1_1}

Ynt1 = max{

IN

N

< max{Yn—1,Yn—k-1,1}

Qn-

IN

Hence
Qn+1 = max{yn+1,Yn," s Yn—k, 1} < Qn,
which implies that for all n > k + 1,
Yn < Qp1-

Furthermore, it follows that for all n > k + 1,

{ 1 B S 1
Yn+1 = mMaxy—, = .
" Yn yg_k Qk+1
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The proof is complete. g

Remark 3.2. Note that from definition (,, we have that @, > 1 for all n > k + 1.
Lemma 3.3. Let {y,} > _, be a positive solution of equation (3.1) and @, be as in Lemma

3.1. If limp— 0o Qn, = S, then limsup,,_ oo Yn =95 > 1.

Proof. Since @, is a subsequence of y,, it follows

S < limsup yp,.

n—-—oo

On the other hand, by yn+1 < @, for all n > k + 1, we obtain

limsup y, <limsup@, = S.

n—:-:o0 n—-—aoo
The proof is complete. O

Theorem 3.4 Let {y,}°° _, be a positive solution of equation (3.1) and Q, be as in Lemma

3.1. Iflim, oo Qn = S, then there exists N1 > 0 such that yn,+2p > Yn,2(p41) = S for all

p >0, and limy, .o yn,+2p = S and lim, o0 Yn,42p+1 = 1/5.

Proof For e = };—gs, by (3.2) and Lemma 3.3 there exists N such that for any n > N,
Yn-k-1 < S+e

and

Yn—1 By x4 )
YnYn—1 ’ yﬁfkyf{fk—l
max{yn—1, Byp_r_1}
maX{ynqv B(S + 5)}

max{yn_1,5 —€}.

Yn+1 = max{

IN A

It follows from Lemma 3.1 and Lemma 3.3 that there exist N <nj; <ng < ---<ng < ---such
that y,, > S. By taking a subsequence we may assume that ny = 2l +t (0 <t < 2). Hence

S<Yn, = Y+t < maX{y2(zk—1)+t75 —¢}
= Yolp—1)+t = maX{yZ(lk72)+ta S —e}
= Yop-2)+t = max{y2(lk73)+ta S —e}

= Yng-

Choose N1 = n1, then yn,+2p > yn,42(p+1) = S for all p > 0.
On the other hand, for sufficiently large p > 0,

1 1 By§, 10—

1+2p—Fk
max{ ST <ynitopr2 = max{ 'y o }
YN1+2p+1 YNi+2p+1 YN +2p+1-kYN, +2p—k
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1
S ma‘x{ bl Byj.\{fl +2p7k‘}
YN1+2p+1

< max{—— B(S+e)

YN1+2p+1
= max{ , S —¢}
YN1+2p+1
_ 1
YN1+2p+1 ‘
Hence yn, +2p+2UN, +2p+1 = 1 and limy, o0 YN, 12p+1 = 1/S. The proof is complete. O

From Theorem 3.4, we get
Theorem 3.5 Suppose that {z,}>> , is a positive solution of equation (1.1) with A > 1, then

limy,,—.oo X2, and lim,,__, T2,+1 are convergent.

Acknowledgments The project is supported by NNSF of China(10861002) and NSF of
Guangxi (0728002).
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A General System Of Quadratic Functional Equations In

Non-Archimedean Fuzzy Menger Normed Spaces
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L2Department of Mathematics, Iran University of Science and Technology,
Narmak, Tehran, Iran.
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Abstract. In this paper, we prove the generalized Hyers—Ulam—Rassias stability for a general system of quadratic func-
tional equations in non—Archimedean fuzzy Menger normed spaces. Our results notably generalize previous papers in
this topic and by the method of our paper, one can prove many various general systems of n functional equations and n

variables (n € N) in fuzzy normed spaces.

Keywords: Quadratic Functional Equations, Non-Archimedean Fuzzy Menger Normed spaces, Generalized Hyers—Ulam—

Rassias stability.

1. Introduction and preliminaries

A. K. Katsaras[21] introduced an idea of a fuzzy norm on a linear space in 1984, in the same year
Wu and Fang[34] introduced a notion of fuzzy normed space to give a generalization of the Kolmogoroff
normalized theorem for fuzzy topological linearspaces. In 1992, Felbin[10] introduced an alternative
definition of a fuzzy norm on a linear space with an associated metric of Kaleva and Seikkala type(see
[19]). Xiao and Zhu[35] studied the linear topological structures of fuzzy normed linear spaces. In 1994,
Cheng and Mordeson introduced a definition of a fuzzy norm on a linear space in such a way that the
corresponding induced fuzzy metric is of Kramosiland Michalek type[23]. In 2003, Bag and Samanta[5]
modified the definition of Cheng and Mordeson[6] by removing a regular condition. Following D.

Mihet[24] and modifying the definition of a fuzzy normed space in [4], A. K. Mirmostafaece and M.

02000 Mathematics Subject Classification: 39B22, 39B82, 46510, 46S40.
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2 M. B. Ghaemi and H. Majani

Sal Moslehian[26] introduced non—Archimedean fuzzy normed spaces. Recently D. Mihet[25] restated
definition of them. Although many results in the classical normed space theory have a non—Archimedean
counterpart, their proofs are different and require a rather new kind of intuition [3, 8, 27, 28, 33].

In 1897, Hensel[15] has introduced a normed space which does not have the Archimedean property.
During the last three decades theory of non—Archimedean spaces has gained the interest of physicists for
their research in particular in problems coming from quantum physics, p—adic strings and superstrings
[22]. One may note that |n| <1 in each valuation field, every triangle is isosceles and there may be no
unit vector in a non—Archimedean normed space; cf. [27]. These facts show that the non—Archimedean

framework is of special interest.

Definition 1.1. Let K be a field. A valuation mapping on K is a function |- | : K — R such that for
any a,b € K we have

(i) |a] > 0 and equality holds if and only if a = 0,

(ii) |abl = |al[b],

(iii) |a 40| < |a| + |0].

A field endowed with a valuation mapping will be called a valued field. If the condition (¢i7) in the

definition of a valuation mapping is replaced with

(i73)" |a + b| < max{|al, |b|}

then the valuation | - | is said to be non—Archimedean. The condition (iii)" is called the strict triangle
inequality. By (i), we have |1| = | — 1| = 1. Thus, by induction, it follows from (iii)’ that |n| < 1 for
each integer n. We always assume in addition that |- | is non trivial, i.e., that there is an ag € K such

that |ag| € {0,1}. The most important examples of non-Archimedean spaces are p—adic numbers.

Example 1.2. Let p be a prime number. For any non-zero rational number a = p"™* such that m

and n are coprime to the prime number p, define the p—adic absolute value |a|, = p~". Then |-| is a
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A General System Of Quadratic ... 3
non-Archimedean norm on Q. The completion of Q with respect to | - | is denoted by Q, and is called

the p—adic number field.

Definition 1.3. A triangular norm (briefly t-norm, [30]) is a binary operation T : [0,1] x [0,1] — [0, 1]
which is commutative, associative, non—decreasing in each variable and has 1 as the unit element.
Basic examples are the Lukasiewicz t-norm Tr, Tr(a,b) = max(a + b — 1,0), the product t-norm Tp,

Tp(a,b) = ab and the strongest triangular norm Ty, Thar(a,b) = min(a, b).

Now we recall definition of a non—-Archimedean fuzzy Menger normed space which is given in [25]

and [26].

Definition 1.4. Let X be a linear space over a mon—Archimedean field K and T be a continuous t—
norm. A function N : X x R — [0,1] is said to be a non—-Archimedean fuzzy Menger norm on X if for
all x,y € X and all s,t € K,

(N1) N(z,¢) =0 for ¢ <0;

(N2) =0 if and only if N(z,c) =1 for all ¢ > 0;

(N3) N(cx,t) = N(z, ﬁ) if c£0;
(NA4) N(z +y,max{s,t}) > T(N(z,s), N(y,t));

(N5) limy oo N(z,t) = 1.
If N is a non-Archimedean fuzzy Menger norm on X, then the triple (X,N,T) is called a non—
Archimedean fuzzy Menger normed space.

It follows from (NA4) that N(z,.) is non-decreasing for every x € X. Also one can show that the

condition (N A4) is equivalent to the following condition:

N(z +y,t) = T(N(z,1), N(y,1)).
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Definition 1.5. Let (X,N,T) be a non-Archimedean fuzzy Menger normed space. Let {x,} be a
sequence in X. Then {x,} is said to be convergent if there exists x € X such that

lim,, oo N(z,, —x,t) = 1, for all t > 0. In that case, x is called the limit of the sequence {x,} and we
denote it by N —limz,, = x. A sequence {x,} in X is called Cauchy if for each € > 0 and each t > 0

there exists ng such that for all n > ng and all p > 0 we have N(Zpyp — Tp,t) > 1 —¢.

Let T be a given t—norm. Then (by associativity) a family of mappings 7" : [0,1] — [0,1], n € N, is

defined as follows:

T (z) = T(x,x) , T"(x) = T(T" *(2),z) , = €[0,1].

For three important t—norms Ta;, Tp and 17, we have

Ty(z) =z, Tp(z) =2" , T7(r) = max{(n + 1)z —n,0} , n € N.

Definition 1.6. (Hadzi¢[13]) A t-norm T is said to be of H-type if a family of functions {T"(t)};

n € N | is equicontinuous at t =1, that is,

Vee (0,1)30€(0,1) : t>1—-6 = T"(t)>1—c (n>1).

The t-norm T); is a trivial example of t—norm of H-type, but there are t-norms of H-type with

T # Ty (see, e.g., Hadzié[12]).

Lemma 1.7. We consider the notations of the definition(1.5). Also assume that T is a t-norm of
H-type. Then the sequence {x,} is Cauchy if for each € > 0 and each t > 0 there exists ng such that

for all n > ng we have N(xpiq1 — Tp,t) > 1 —¢.
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Proof. Due to

N(@ntp — 20, t) 2 T(N(Tpyp — Totp-1,1), N(Tntp-1 — Tn,t)) >

T(N(xn-&-p — Tn+p—1, t), T(N(xn-i-p—l — Tn+p—2, t), N(xn-&-p—? — T, t))) >

> T(N(xn-i-p — Tn4p—1; t), T(N(xn-‘rp—l — Tn+p—2, ),
T(N(anrQ - $n+1’t)v N(anrl - xmt))) e )a

and by the assumption, T is an H-type t—norm, the sequence {x,} is Cauchy if for each ¢ > 0 and each
t > 0 there exists ng such that for all n > ng we have N (2,11 —xy,t) > 1 —e. We will use this criterion

in this paper. U

It is easy to see that every convergent sequence in a non—Archimedean fuzzy Menger normed space is
Cauchy. If each Cauchy sequence is convergent, then the fuzzy Menger norm is said to be complete and
the non—Archimedean fuzzy Menger normed space is called a non—Archimedean fuzzy Menger Banach
space.

The first stability problem concerning group homomorphisms was raised by Ulam[32] in 1940 and
solved in the next year by Hyers[14]. Hyers’ theorem was generalized by Aoki[2] for additive mappings
and by Th. M. Rassias[29] for linear mappings by considering an unbounded Cauchy difference. In
1994, a generalization of the Rassias theorem was obtained by Gavruta[l 1] by replacing the unbounded
Cauchy difference by a general control function.

The functional equation

flx+y)+ fle—y) =2f(x) +2f(y) (1.1)

is related to a symmetric bi—additive function [1, 20]. It is natural that this equation is called a quadratic
functional equation. In particular, every solution of the quadratic equation(1.1) is said to be a quadratic
function. It is well known that a function f : X — Y where X and Y are real vector spaces, is quadratic

if and only if there exists a unique symmetric bi-additive function B such that f(z) = B(z,z) for all
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z. The bi—additive function B is given by

Bla,y) = {(f&+3) ~ f(z —u).

The Hyers-Ulam stability problem for the quadratic functional equation was solved by F. Skof[31]. S.
Czerwik[7] proved the Hyers—Ulam-Rassias stability of the equation(1.1). Later, S.-M. Jung[17] has
generalized the results obtained by Skof and Czerwik. Eshaghi Gordji and Khodaei [9] obtained the
general solution and the generalized Hyers—Ulam—Rassias stability of the following quadratic functional

equation for a,b € Z\{0} with a # +1, £b,

flaz +by) + flax — by) = 2a* f () + 2b* () (1.2)

Throughout this paper, unless otherwise explicitly stated, we assume that u € R, i,m,n € NU {0},
K is a non—Archimedean field, T' is an H-type continuous t—norm, (Y, N,T) be a non—Archimedean
fuzzy Menger Banach space over K, (Z, M,T) be a non—Archimedean fuzzy Menger normed space over
K and X be a vector space over K. Also assume f : X” — Y be a mapping. We consider following

general system of quadratic functional equations:

f(alxl + blyla x2, 7xn) + f(xla vy Ip—1, AnTyp — bﬂy’n> =

202 f (21,2, ooy ) + 203 F (21, ooy Tp);

(1.3)

f(x17 ey Tp—1, ATy + bnyn) + f(xla vy Ip—1,AnTp — bnyn) =

2a%f(xlv vmn) + Qb%f(xlv vy Tn—1, yn)a

for all z;,y; € X and a;,b; € K\ {0} with a; # £1,4b; , i =1,...,n.
In this paper, we establish the generalized Hyers—Ulam—Rassias stability of system(1.3) in non—

Archimedean fuzzy Menger Banach space .

2. Main Results

In this section, we prove the fuzzy generalized Hyers—Ulam—Rassias stability of system(1.3).
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Theorem 2.1. Let p; : X"t — Z fori € {1,...,n} be a mapping such that

mo___ m —
O = QX1 ey Ty Yiy ovey Ty U) =

1 m+1 m+1 m m m
T{M(2a?m+2 T T o wi(a" " a1, 0w, 0,08 2y, e, A gvn)7u)7
.a? 2m a2

b2 m-+1 m+1 m m .
N(a2m+2 P e f@" e, a1, 0,07 Tig, A @), ) o
1 Ay i+1°

yea
ST = O (21, Y1, T2, ooy Ty ) = OT(X1, Y1, T2y oovy Ty, U5 (2.1)
O = O (L1, ooy Ty Yiy orey Ty, U) =
T(gp?(xl,.‘.,xi,yi,...,xn,u),@ﬁl(xl,...,:vl-,hyi,l,...,xn,u)>;
limy, oo @) = 1;
and
Uy = Uy (21,00 Ty Yy ) = PL(21, ey Ty Yy )5
U,y =V, (21, ey Ty Yy U) = T(fl)zl(xl, s Ty Yy W)y U1 (214 ooy 1:7,,,yn,u)); (2.2)
U =U(21, ., Ty Yy ) = My 00 U (21, ooy Ty Yy u) = 1.
and
. 1
n}gnooM(W%(aT:cl, ey QX A Yy ey affxn),u) =1; (2.3)

for allu >0 and z;,y; € X and a; € K\ {0} with a; # £1,2b; , i =1,...,n. Let f : X" =Y be a

mapping satisfying

N(f(all”l + b1y, T2y ey @) + fla121 — b1y, Toy ey ) —

20’%.]6(1.17 7x’n) - 2b%f(y17‘r27 ...,xn),u> Z M(g@l(xlaylvx27 7xn)7u)a

N(f(xlv ey Tp—1, AnTp + bnyn) + f(xlv ey Tp—1,AnTn — bnyn)_

202 f(21, ooy ) — 262 f(21, ...,xn_l,yn),u) > M((pn(xl, ...,xn,yn),u);
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for allu >0 and x;,y; € X and a;,b; € K\ {0} with a; # £1,4+b; , i = 1,...,n. Then there exists a

unique mapping F : X™ — 'Y satisfying (1.3) and
N(f(xl, cin) — F(x1, xn)u) > (2.4)
forallu>0andz;, € X, i=1,....,n.

Proof. Fix i € {1,2,...,n} and consider the following inequality.

N(f(l‘l,zg, ey Q305 —|— biyi7 7In) —|— f(JChl‘Q, ceey QL5 — bzy“ ...,In)—

(2.5)
2 2
2a; f(x1, ..oy Tn) — 205 f (21, 2y ey Yi, ...,xn)7u> > M(goi(:vl, ey T Yis ...,xn)7u>.
Let y; = 0 in (2.5). Then we get
1
N(f(x17...7xn) — ?f(xl,xz,...,aixi,...,xn),u) >
i
1 b?
T«M 52 50i(21, oy 4,0, T 1y ooy T )y 0 ), N( =5 f (21,0, 1,0, 2441, o0, T ), U
a; a;
Hence
1 1
N 55— fla121, s @i 171, Ty o, Tp) — 55 f(Q101, 0oy G4, iy 150y Ty ) U ) >
as...a; as...a;
1
TIM 7202 a2<pi(a1x1,...,ai_lxi_l,xi,o,xiﬂ,...,mn),u y
1..a;
b2
1
N(a2 2 (a1$1,---,aif1$i7170,3«“i+1a---,l’n)au)}-
1..a
So we have
N 1 f m+1 m+1,, . m,.. m _
InTE__ImtI am gam (a7 @y, 0l @i, a7 T, e ) X))
I a e a2
1 f( m+1 m+1l,. . m . m ) >
ImTE_ImTE o oam al" w0 T X, A i1y e, G Ty) U ) >
1 Rt} +1Yn
T M 1 m—+1 m—+1 m 0 m m
S Pm T ImTZom 2mg0i(a1 T1yeey G 1,07 T, 0, Q5 1 T 1y ooy gy T), U )
aj s az’m...a2
b7 1 1
7 m+ m—+ m m _.m
N( TV R S 2mf(a1 Ty 2i-1,0,07 1 Tig, ., Gy xn),u)} = .
aj .. aily...ak
Therefore we obtain
N 1 m—+1 m+1 1 m > (bm 2.6
2m+2 2m+2f(a1 L1seees O xn)_ 2m me(al L1, 7anxn)au ( )
aj ...ay ai™...a2
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for all m € NU {0}. Hence by (2.1) and (2.6) the sequence

1

o am a2y, a2}
m...a?
is Cauchy. By completeness of Y, we conclude that it is convergent. Therefore we can define F': X" — Y
by
1

lim N(F(.'I;l, ...,wn) = Bm om
a .

m-—00 7 . a2m

f(aTxl,...,a,Txn),u) =1, (2.7

'n

forallu >0, z; € X and a; € K\ {0} with a; # +1,4b; , i = 1,...,n. Using induction with (2.6) and

(2.2), we obtain

1
N(f(:cl, s @n) = e f (', ...,axmn),u) >0, (2.8)

ay™...aZ

By taking m to approach infinity in (2.8) and using (2.2) one obtains (2.4).

For i € {1,2,...,n} and by (2.5) and (2.7), we get

N(F(J?l,afg, ceey Q305 + bzyu ,xn) + F(J?l,l‘g, vy QL5 — bzy“ ...,J}n)—
202F (21, .oy ) — 262 F (1, ooy T 1, Yy Tig 1y onr T ), u) =

. 1
lim N(Wf(ai"xl, coes 7@+ biYi), ey A T )+
2m g2

m—0oQ
) (2.9)
Wf(a{”xl, oy @@ — biYi)y ey A T ) —
am..a2
2a? 2h?
g w, L a T, ') — o f(a] 21, s ] Y, ...,a?wn),u) >
a?™..a? a?™..a?

1
mhm M(a%m...a%m%(al Ty ooy B Xy A7 Yiy oeey Ay xn)m)

By (2.3) and (2.9), we conclude that F' satisfies (1.3).
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Suppose that there exists another mapping F’ : X™ — Y which satisfies (1.3) and (2.4). So we have

N(F(xl,...,xn) —F'(xl,..,,xn),u) _

1 1
lim N(iF al’xy,...,are,) — ———f(al’z1, ..., a0 x,)+
m—oo a%m...a%m ( 1o fn n) a%ma%mf( 1 Sn n)
1 f( m m )_ 1 F/( m m ) >
2 g2m A1 X1y eeey Oy Ty 2m _g2m A1 T1yeeey Oy Ty ), U | =2
1 ---ayn 1 Yn

m m 2m 2m m m 2m 2m
T{\I/(al Ty eeey O Ty Yny |G- 05 |u),\If(a1 Xy oy O Ty Yy |@T™ ) \u)},

which tends to 1 as m — oo by (2.2). Therefore F' = F’. This completes the proof. O

In the manner of proof of Theorem(2.1), one can prove the following corollary.
Corollary 2.2. Let ¢; : X"t — Z fori € {1,...,n} be a mapping such that

m o _ . m _
Y, = ¥; ($17~--733i7yi7--->$mu) -

m—+1 m+1 m m m .
2m a2m¢i(a’1 LTlyeeey Ay 1 Tj—1,05 xivoaai+1xi+17"'7a’n an),’lt),
i+10n

M L
2a?m+2..4a?m+2a

71n = (I)T(xlvyhier ...71',”,1[,) = QOTln(xl,y171'2, "‘7x’nau);

m _ §&m _
(I)i _(I)z (xlw")xi)yia'"axnau) =

m m .
T(cpi (T1y ooy Tiy Yiy ooey Ty W)y P (L1 ooy Tim 1, Yim 1y ooy xn,u)),

limy,— oo @' = 1;

and
‘1/1 - q11(3717 "'7xnayn7u) = @,}L(JTl, "'7x7l?y’ﬂ7u);
\Ilm - \Pm(xlj ceey xnayn»u) - T<(I)?(xlv ~"7xnvynau)a \I/mfl(xlv "'7mn,ynvu));
U = U(L1, .y Ty Yy ) = iy 00 Uin (X1, ooy Ty Yy 1) = 1.

and

. m m m m —1-
lim M(W%(al Ty ey B Xy A7 Yiy ey Ay :En)7u> =1

1 n
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for allu >0 and z;,y; € X and a; € K\ {0} with a; # £1,+b; , i =1,...,n. Let f : X" =Y be a

mapping satisfying

N(f(all”l +b1y1, @2, ., Tn) + flarzr — biyr, 2, .oy ) —

2a%f(l’1, 71771) - Zb%f(yl,IQ, ...,xn),u) > M(Sﬁl(zlath% 7In)7u>a

N(f(xl, ooy Tp— 1, ATy + bpyn) + f(21, ooy Tne1, ATy — bryn)—

202 f(21, .oy 2n) — 202 f(21, ...7xn,17yn),u) > M(cpn(xl, ...7xn,yn),u);

for all z;,y; € X and a;,b; € K\ {0} with a; # +1,+b; , i =1,...,n. Assume that f(x1,22,....,2,) =0

if v; =0 for some i =1,...,n. Then there exists a unique mapping F : X™ — Y satisfying (1.3) and
N(f(xl, oy Tp) — F(2q, ...,xn),u) >

forallu>0andx; € X, i=1,...,n.
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Abstract

Here we present an application of Horner’s method in evaluating
the sequence of Stirling numbers of the second kind. Based on
the method, we also give an efficient way to calculate the differ-
ence sequence and divided difference sequence of a polynomial,
which can be applied in the Newton interpolation. Finally, we
survey all of the results in Proposition 1.4.

AMS Subject Classification: 05A15, 65B10, 33C45, 39A70, 41AK0.

Key Words and Phrases: Horner’s method, Stirling numbers
of the second kind, divided difference, Newton interpolation.

1 Introduction

The number of ways of partition a set of n elements into £ nonempty
subsets is called the Stirling number of the second kind, denoted by
S(n, k). In other words, S(n, k) is the number of equivalence relations
with k classes on a finite set with n elements. From [3], S(n, k) equals
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S(n, k) = %Z;(—l)j (f) (k—25)"

1

1 (1)

t=0

As a division algorithm, Horner’s method is a nesting technique
requiring only n multiplications and n additions to evaluate an arbitrary
nth-degree polynomial, which can be surveyed by Horner’s theorem
(see, for example, [1]).

Theorem 1.1 Let

P(z) = agr® + ag 128V + -+ a1z + ap.

[f bd = Qq and
b = ap + b1, k=n—-1,n-2,....1,0,
then by = P(xy), and P(z) can be written as
P(z) = (z — x0)Q(z) + by,
where
Q(2) = bgx® ' 4 bg_127% 4 -+ byx + by,

The theorem can be proved using a direct calculation. An additional
advantage of Horner’s method is the differentiation of P(x):

P'(z) = Q) + (x — 20)Q' (z).

Hence, P'(xy) = Q(xp), which is very convenient when applying New-
ton’s method to find roots of a polynomial.

Example 1 As an example, we use Horner’s method to evaluate P(z) =
x* — 222 4+ 31 — 4 at 2y = —1. First we construct the synthetic division
as follows.
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1'0:—1 a4:1 CL3:0 CL2:—2 CL1:3 a0:—4

b4ZL’0 =-1 b3l’0 =1 bQZEO =1 bllL‘O =—4

b4:1 b3:—1 bgz—l 61:4 b0:—8

Hence,

et =202 + 3z —d= (v +1)(2* —2* —x +4) -8,

In [6], Pathan and Collyer present an excellent survey on Horner’s
method and its application in solving polynomial equations by deter-
mining the location of roots. In this note, we shall give other appli-
cations of Horner’s method in the calculation of Stirling numbers of
the second kind, the difference sequences, and the divided difference
sequences (or equivalently, the coefficients of Newton interpolation) of
polynomials. There are numerous ways to evaluate a Stirling number
sequence or Stirling matrix. For example, in [4], El-Mikkawy gives an
algorithm based on Newton’s divided difference interpolating polyno-
mials. In [2], Cheon and Kim present a method based on the relation-
ship between the Stirling matrix and other combinatorial sequences
such as the Vandermonde matrix, the Bernoulli numbers, and Eule-
rian numbers. However, our algorithm of calculating Stirling number
sequences based on Horner’s method is different and efficient, which
contains an idea suitable for constructing algorithms in calculation of
many sequences. This general idea will be presented in Proposition 1.4.

From Proposition 1.4.2 of [7], if the polynomial f(n) of degree < d
is expanded in terms of the basis (2), 0 < k < d, then the coefficients
are A¥f(0), namely,

=S atr0) () = 3 S 2)

k=0

where (n);, =n(n—1)--- (n—k+1) are the falling factorial polynomials.
In particular, for f(n) = n?, we have A°f(0) = f(0) = 0 and

nd = iAkod (Z) - iS(d, k) (n), (3)
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where the rightmost equation comes from (1). Therefore, we may give
the following algorithm to find out the kth order difference of f at 0
and Stirling numbers of the second order from (2) and (3) respectively.

Algorithm 1.2 Write (2) as

fn) = (n-0) (A0f<0>+<n—1>( 1 2l

+(n—d+1)Ad§!(O)>)~-->.

Use synthetic division to obtain f(n)/(n —0), a polynomial of degree
d — 1, with the constant term A°f(0). Then, evaluate (f(n)/(n —0) —
A°£(0))/(n—1) to find the quotient polynomial of degree d—2 including
its constant term A'f(0). Continue this process until a single constant
is left, which is AYf(0)/d!. Or equivalently, Use Horner’s method to

find

ATO) )y (A2f<o>

f(n) =(n=0)fi(n), deg fi(n) <d—1,

where the constant term of fi(n) is A°f(0). Then, use Horner’s method
again to evaluate

filn) = (n=1)fa(n), deg fo(n) <d -2,

which contain the constant term A'f(0)/1!. Continue the process and
finally obtain

ficr=(n—d+1)fa(n), fa(n) = A"f(0)/dL.

When f(n) = n?, from (3) it can be seen that the above algo-
rithm provides a way to evaluate the Stirling numbers of the second
kind S(d,1), S(d,2),..., S(d,d) defined by (1).

Example 2 Consider f(n) =n*—2n? 4+ 3n — 4. We use the following
synthetic division to find out its difference sequence from order 0 to 4.
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0 1 0 -2 —4
0 O 0
1 1 0 -2 3 -4
1 1 -1

=
| w w

Hence, A°f(0) = f(0) = —4, A'f(0) = 2, A%f(0) = 5(2!) = 10, and
A3f(0) = 6(3!) = 36, and A*f(0) = 1(4!) = 24, which can be read on
the diagonal from the top right to the bottom line.

Example 3 From expansion (see, for examples, [3] and [7])

4

n' =" S(4,k)(n),

k=1
or equivalently,

we may use the following division to evaluate S(4,k) (k =1,2,3,4).

1 1 0 0 O
1 1

2 | 1111

1~3 (@)

=
| w w
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Hence, we canread S(4,1) =1, 5(4,2) =7, 5(4,3) =6,and S(4,4) =1
diagonally from the top right to the bottom line. In addition, the first
calculation gives {1,0,0,0,0}, the second calculation {1,1,1,1,}, the
third calculation {1, 3,7}, and the fourth calculation {1,6}, which are
respectively the first, second, third, and fourth row of the table of the
Stirling numbers of the second kind. In other words, the division of x¢
by x — j generates {S(d, j),S(d —1,7),---,S(j,7)}-

From (3) we immediately know that S(d,d) = 1 because it is the
coefficient of n?. Using our method, one may calculate the matrices
related to Stirling numbers easily, for example, matrices T,, and W,
defined by (2) and (16) in [8].

Algorithm 1.2 can also be used to evaluate non-centeral Stirling
numbers of the second kind (¢f. [5]) defined by

d
(2= a) = 3 Suld, k) (@)
k=0

with a parameter a. In fact, a similar argument can be used to calculate
{Sa(d, k)} by using the transformation z — a — x in Algorithm 1.2.

From Theorem 1.1 we also know that Horner’s method provides
simple algorithms to evaluate divided differences and derivatives of a
polynomial, and the former can be used to find the coefficients of the
Newton interpolation while the latter can be used to approximate the
zeros of the polynomial with any required significant digits.

Let X = {xo,21,...,24} be a set of d + 1 distinct points, and let
f(z) be a polynomial of degree d. Then we can write f(z) in terms of
its Newton interpolation form on the set X as

f(x) = flwo] + flwo, m1](x — 20) + fl20, 21, 22| (¥ — W) (T — 21) + -+~

+flxo, x1, .. xq)(x — x0) (2 — 21) -+ (X — Tg—1), (4)
where f[xo] = f(x0) and flxg, 21, ... 2zx] is the kth order divided differ-
ence of f at {zg,x1,...,2x} defined by

1

T — Zo

flzo, x1,. ..z = (fle1, x2, -z — flro, z1, ..., xp_1])

for k=1,2,...,d, and can be evaluated using the following algorithm.
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Algorithm 1.3 Write (4) as

f@) = [flwo] + (z = mo) (flwo, 21] + (x — @1) (flwo, 21, 22 + -+
+(x —xq1) flro, 21, .. 24)])),
where fxo] = f(xg). Use synthetic division to obtain (f(z)— f(xo))/(x—

xg), a polynomial of degree d—1, with the constant term f|xo, z1]. Then,
evaluate (f(x)— f(xo))/(x—x0)— flxo, 21])/(x —21) to find the quotient

polynomial of degree d —2 and its constant term f|xg, x1,z3]. Continue
this process until a single constant is left, which is flzo, x1,...,x4]. Or
equivalently, Use Horner’s method to find

f(x) = f(xo) = (x — x0) fi(x), deg fi(z) <d—1,
where the constant term of fi(x) is flzo,x1]. Then, use Horner’s
method again to evaluate

fi(z) = (z — 1) fa(x), deg fa(z) <d -2,
which contains the constant term flzo, x1,x2|. Continue the process
and finally to obtain

fio1 = (v —zg-1) fa(z),  fa(n) = flxo,21,. .., 2a].
Example 4 To find the divided differences of f(x) = 2* — 22? + 3z — 4
on the set {—1,0,1,3,4}, we consider f(x)— f(—1) = 2 — 222+ 3x+4
and use the following synthetic division to obtain its divided difference
at the given knot points.

-1, 1 0 -2 3 4

-1 1 1 -4
0 | 1 -1 —1 4 0

0 0 0
1 |1 -1 -1 4

1 0
301 0 -1

3

1 3
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Hence, f[_l] = f(_1> = _87 f[_170] = 47 f[_laoa 1] = _17 f[_LO? 173] =
3, and f[—1,0,1,3,4] = 1. It can be seen that the new method is much
easier than the traditional method.

Let r be a real number, and let f(z) be a polynomial of degree d.
Then, using the Taylor expansion of f(x) yields

f(z) = f(r)+f’(r)(x—r)+%@(@«_TVJF...JF

which can written recursively as

f(a:)—f(r) = (ZL’—T‘)fl(l‘), flc(x> = (x_r)fk-i-l(x)a k= 1’27 s 7d_17

and the constant term of fi(z) is f®(r)/k! (k =1,2,...,d). Thus we
may apply Horner’s method to find all derivatives of f at . Obviously,
for polynomial

aes (d) r
g(z) = f(r)+ f'(r)z + fQ—(!>x2 + / d!( )J:d, (6)

the roots of g(z) = 0 are the roots of equation f(z) = 0, each dimin-
ished by r. We can use the process to diminish a root of the proposed
equation by its first digit. Then we apply it again to diminish the cor-
responding root of the resulting equation by its first digit, which is the
second digit of the required root of the original equation. Using this
process continuously, we finally approximate the root of the original
equation f(z) = 0 to the required significant digits. More details can
be found in [9]. Here is an example.

Example 5 Consider equation f(z) = z* — 22? + 3z — 4 = 0, which
has a root in the interval (1,2). We may use (6) to find g(z), where
r = 1. The process can be shown in the following synthetic division.
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1 -1 2
11 -1 2 =2
1 2 1
12 1 3
1 3
1 3 4
1
1 4
Hence, we obtain
f) = o py =3 0y W 10

2! 3! 4!

and the corresponding

g(z) = =2 + 3z + 42° + 42° + 2.

Therefore the new equation is g(z) = 0. Multiply the root by 10 and
change the equation to be

2 4+ 4023 + 40022 + 30002 — 20000 = 0.

It is easy to see that g(z) has a root between 3 and 4. Thus we may
use (6) again to generate a new polynomial and solve the corresponding
equation.
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3 1 40 400 3000 —20000
3 129 1587 13761

1 43 529 4587 —6239

3 138 2001

1 46 667 6588
3 147

=
&

The above table shows that an approximation of the original polynomial
equation to its second significant digit is 1.3, and the third significant
digit can be found using the polynomial equation

o + 5223 4 814x? 4 6588z — 6239 = 0.
Multiply the root by 10 to change the equation to be
zt + 52023 + 8140022 4 65880002 — 62390000 = 0,

which has a root in the interval (8,9). Thus, the original polynomial
equation f(z) = ' — 22% + 3x — 4 = 0 has a root of approximately
1.38, and its better approximation with more significant digits can be
found from the equation

zt + 55223 4+ 9426422 + 7992288 — 4206064 = 0

generated by using the following table. Since z* + 5522 + 9426422 +
7992288z — 4206064 = 0 has a root between 5 and 6, we obtain the
root of original equation with four significant digits as 1.385.
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8 1 520 81400 6588000 —62390000
8 4224 684992 58183936

1 528 85624 7272992 —4206064
8 4288 719296

1 536 89912 7992288

8 4352

1 544 94264
8

1 552

From Example 5, one may find Horner’s method is not an efficient
way to evaluate the roots of polynomial equations, but it is a faster way
to find out the coefficients of the expansions of polynomials in terms of
nested bases formed by products of linear polynomials.

Proposition 1.4 Let ¢y (x) = arz — by, k =1,2,..., and let f(zx) be a
polynomial of degree d. Then

d
f@)=co+ Y alli_ ;(x), (7)
k=1

where ¢, (k = 0,1,...,d) can be found using the synthetic division
based on Horner’s method.

One may see the examples of Proposition 1.4 from the algorithms
applied to the expansions (2)-(5). Interested readers may also construct
examples for any polynomial expansion defined by (7). For instance,
we may calculate the binomial sequence (Z) (k=0,1,...,n) forn e N
by applying Horner’s method to the expansion

" = Xn: (Z) (x — 1)~

k=0
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COMMON FIXED POINT RESULTS WITH APPLICATIONS
IN CONVEX METRIC SPACES
SAFEER HUSSAIN KHAN and MUJAHID ABBAS

Abstract ___ The notion of metric convexity introduced by Takahashi [24] is em-
ployed to obtain sufficient conditions for the existence of a common fixed point
for a Banach operator pair of mappings satisfying generalized contractive con-
ditions. As an application, related results on best approximation are derived.

Our results generalize various known results in contemporary literature.

Keywords and Phrases: Convex metric space, common fixed point, best
approximation, Banach operator pair.
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1. INTRODUCTION and PRELIMINARIES

Metric fixed point theory is a branch of fixed point theory which finds
its primary applications in functional analysis. The interplay between the
geometry of Banach spaces and fixed point theory has been very strong and
fruitful. In particular, geometric conditions on mappings and/or underlying
spaces play a crucial role in metric fixed point problems. Although it has a
purely metric flavor, it is also a major branch of nonlinear functional analysis
with close ties to Banach space geometry, see for example [10] and references
mentioned therein. Several results concerning the existence and approxima-
tion of a fixed point of a mapping rely on convexity hypotheses and geometric
properties of the Banach spaces. Takahashi [24] introduced the notion of a
convexity on metric spaces. Afterwards, Ciric [6], Ding [7], Goebel and Kirk
9], Guay et al [11], Shimizu and Takahashi[20, 21] and other authors have
studied fixed point theorems in convex metric spaces (see also [4]). On the
other hand, Shahzad[19] introduced a class of noncommuting mappings called
R-subweakly commuting mappings, and thus obtained common fixed points

of S-nonexpansive mappings in normed spaces. Recently, Chen and Li [5] in-

1
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troduced the class of Banach operator pairs as a new class of noncommuting
maps. In this paper, common fixed points for Banach operator pair of map-
pings which are more general than Cj,-commuting mappings, are obtained in
the setting of a convex metric space. As an application, invariant approxima-
tion results for these mappings are also derived.

For the sake of convenience, we gather some basic definitions and set out
the terminology needed in the sequel.
Definition 1.1.  Let (X, d) be a metric space. A mapping W : X x X X
[0,1] — X is said to be a convex structure on X, if, for each (x,y,\) €

X x X x[0,1] and v € X,

A metric space X together with a convex structure W is called a convex metric
space. Obviously, W (x,z,\) = x.

Let X be a convex metric space. A nonempty subset F of X is said to be convex
if W(z,y,\) € E whenever (z,y,\) € E x E x [0,1]. A subset E of a convex
metric space is said to be ¢-starshaped or starshaped with respect to q if there
exists ¢ in F such that W (x,q, \) € E whenever (z,\) € E x[0,1]. Obviously,
g- starshaped subsets of X contain all convex subsets of X as a proper subclass.
Takahashi [24] has shown that open spheres B(x,r) = {y € X : d(y,z) < r}
and closed spheres Blz,r] = {y € X : d(y,z) < r} are convex in a convex
metric space X. A convex metric space X is said to have property (A) if:
dW(y,z,\),W(z,z,\)) < Ad(y, z), forall z,y,z € X and X\ € (0, 1). Property
(A) is a convex metric space analogue of condition (/) for the starshaped metric
spaces of Guay et al, see Definition 3.2 [11]. Throughout this paper, a convex
metric space X is assumed to have property (A).

Note that every normed space is a convex metric space. Takahashi [24] has
also shown that there are convex metric spaces which cannot be embedded in
any normed space .

Example 1.2. Let X = {(z1,79,23) € R® : zy,79,73 > 0}. For z =
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(w1, 72,73),y = (Y1,%2,%3) and z = (21,22, 23) in X, and «, 3,7 € [0, 1] with
a+ B+~ =1, define a mapping W : X3 x [0,1]> — X by,

Wz, y, 2z, «,B,7) = (axy + fro + yos, ayr + Sys + Yys, azy + Sza + v23),

and a metric d : X x X — [0,00) by, d(z,y) = |z191 + 22y2 + z3y3| . Here X
is a convex metric space but it is not a normed space.

Example 1.3. Let X = {(71,22) € R? : z1,79 > 0}. For z = (x1,23),
y = (y1,92) in X, and a € [0, 1]. Define a mapping W : X x X x [0,1] — X by

ar1ze + (1 — a)y1y2

W - 1-
(:E,y, a) (Oé{L‘l + ( a>y17 azy + (1 — a)yl

),

and a metric d : X x X — [0,00) by d(z,y) = |1 — y1]| + |z122 — y192| . It can
be verified that X is a convex metric space but not a normed space.
Definition 1.4. Let 7,5 : X — X. A point z € X is called:

(1) a fized point of T if Tx = x;

(2) a coincidence point of the pair {T, S} if Tx = Sx;

(3) a common fized point of the pair {T,S} if v = Tz = Sx.

F(T),C(T,S) and F(T,S) denote the set of all fixed points of T', the set of all
coincidence points of the pair {7, S}, and the set of all common fixed points
of the pair {T', S}, respectively.

Definition 1.5. Let E be a ¢-starshaped subset of a convex metric space

X.Let TS : X — X g€ F(S) and F be both T and S invariant. Put
Yqu = {y)\ YN = W<T'T7Q7 )‘) and \ € [07 1]}7

and for each = in X, d(Sz,Y;") = inf{d(Sxz,y») : A € [0,1]}. The map T is
said to be:

(1) an S-contraction if there exists k € (0,1) such that

d(Tx, Ty) < kd(Sz, Sy);

(2) asymptotically S-nonexpansive if there exists a sequence {k,}, k, > 1,

with lim k, = 1 such that d(T"x,T"y) < k,, d(Sz, Sy) for each z,y in £

n—o0
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and n € N. If k£, = 1 for all n € N, then T is called an S- nonexpansive
mapping. If S = I (the identity map), then T is an asymptotically

nonexpansive mapping;
(3) R-weakly commuting if there exists a real number R > 0 such that
d(STx,TSz) < Rd(Tx,Sx)
for all z in F;
(4) R-subweakly commuting if there exists a real number R > 0 such that
d(T'Sz, STx) < Rd(Sz,Y]™)
for all x € E;

(5) Cy-commuting if STz = TSz for all x € Cy(S,T), where C,(S,T) =
U{C(S,Ty) : 0 < k <1} and Tpx = W (Tx,q, k).

Clearly C,-commuting maps are weakly compatible but the converse is not
true in general ( see for example [2] ).
A self mapping 7" on a convex metric space X is said to be
(6) affine on E if
T(W(x,y,\) =W(Tz, Ty, \)

for all z,y € F and \ € (0,1);
(7) uniformly asymptotically reqular on E if for each € > 0, there exists a
positive integer N such that d(T"xz, T""'x) < ¢ for all n > N and for all = in
E.
The ordered pair (7,1) of two self maps of a metric space (X,d) is called
a Banach operator pair if the set F(I) is T-invariant, namely T'(F(I)) C
F(I). Obviously, any commuting pair (7', I) is a Banach operator pair but not
conversely in general, see [5]. If (T, ) is a Banach operator pair then (I,7)
need not be a Banach operator pair (cf. Example 1 [5]). If the self-maps T
and I of X satisfy

d(ITz,Tx) < kd(Iz,z)

4
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for all z € X and k > 0, then (7, I) is a Banach operator pair.
Example 1.6. Let X = R with usual metric and M = [1,00). Let T'(z) = 22
and [(x) =2z —1, forall z € M. Let ¢ = 1. Then M is convex with ¢ € F(I),
F(I) = {1} and C,(I,T) = [1,00). Note that the pair (7,I) is Banach
operator but 7" and I are not C,-commuting maps and hence not R-subweakly
commuting maps.
2. COMMON FIXED POINT RESULTS

In this section, the existence of common fixed points of Banach operator
pair of mappings is established in a convex metric space. The following result
is a consequence of ([14], Theorem 2.1).
Theorem 2.1.  Let M be a subset of a metric space (X,d), and I and T
be weakly compatible self-maps of M. Assume that cI/T(M) C I(M), cIT(M)
is complete, and T" and [ satisfy for all z,y € M and 0 < h < 1,

d(Tz, Ty) < hmax{d(Iz,ly),d(Iz,Tz),d(Iy, Ty),d(Iz,Ty),d(ly, Tz)} .

Then M N F(I)N F(T) is a singleton.

The following result extends and improves Lemma 3.1 of [5] and Theorem 1
in [16].

Lemma 2.2. Let M be a nonempty subset of a metric space (X, d), and (7', 1)
be a Banach operator pair on M. Assume that c/T'(M) is complete, and T
and [ satisfy for all x,y € M and 0 < h < 1,

d(Tz,Ty) < hmax{d(Iz, Iy),d(Tx,[z),d(Ty, ly),d(Tz, Iy),d(Ty, [z)} .
(2.1)

If I is continuous and F'(I) is nonempty, then there exists a unique common

fixed point of 7" and 1.
Proof. By our assumptions, T'(F (1)) C F(I) and F(I) is nonempty and closed.
Moreover, cl(T(F(I))) being subset of cl(T(M)) is complete. Further, for all
x, y € F(I), we have by inequality (2.1),
d(Tx,Ty) < hmax{d(Iz,Iy),d(Iz,Tx),d(ly,Ty),d(Iy, Tx),d(Iz, Ty)}
= hmax{d(z,y),d(x,Tz),d(y, Ty),d(y, Tx),d(z, Ty)}.

5
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Hence T is a generalized contraction on F'(I) and cl(T(F(I))) C cl(F(I)) =
F(I). By Theorem 2.1, T has a unique fixed point z in F(I) and consequently
F(I)N F(T) is singleton.

The following result presents an analogue of Lemma 3.3 [3] for Banach operator
pair without linearity of I.

Lemma 2.3. Let [ and T be self-maps on a nonempty g-starshaped subset
M of a convex metric space X. Assume that [ is continuous and F'(I) is ¢-
starshaped with ¢ € F(I), (T, 1) is a Banach operator pair on M and satisfy

foreachn >1

d(1z, Iy), dist(Iz,Y]""), dist(Iy,Y,]"),

d(T"z, T"y) < k,max
dist(Iz, Y™, dist(Iy,Y,]"")

(2.2)

for all z,y € M, where {k,} is a sequence of real numbers with k, > 1 and

lim k, = 1. For each n > 1, define a mapping 7},, on M by

Thr = W(Tnx7 q, /J’n)7

where p, = ;C\—Z and {\,} is a sequence of numbers in (0, 1) such that lim A, =

n—oo

1. Then for each n > 1, T,, and [ have exactly one common fixed point z,, in
M such that
Iz, =z, = W(T"z, q, i),

provided cl(T,,(M)) is complete for each n.
Proof. By definition,

Tox=W(T"x,q, ).
As (T, I) is a Banach operator pair, for each n > 1, T"(F(I)) C F(I) and
F(I) is nonempty and closed. Since F'(I) is ¢-starshaped and 7"z € F(I), for
each z € F(I), T,x = W(T"x,q, u,) € F(I). Thus (T, I) is Banach operator
pair for each n. Also by (2.2),

ATz, Ty) = dW(T"x, q, p), W(T"y,q, itn))
< /Lnd(Tnx,T”y)
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IN

Anmaz{d(Iz, Iy), dist(Iz,Y,""), dist(1y, YY),

dist(Iz, Y, dist(Iy, Y, ")}

IN

Anmaz{d(Iz, Iy),d(Iz, T,z),d(Iy, T,y),
d(Iz,T,y),d(1y, T,x)}

for each x,y € M. By Lemma 2.2, for each n > 1, there exists a unique x,, € M
such that z,, = Iz, = T,x,. Thus for each n > 1, M N F(T,)) N F(I) # ¢.
The following result extends the recent results due to Chen and Li ([5], The-
orems 3.2-3.3) to asymptotically I-nonexpansive maps.

Theorem 2.4. Let I and T be self-maps on a g-starshaped subset M of a
convex metric space X . Assume that (7, ) is Banach operator pair on M, F(I)
is g-starshaped with ¢ € F(I), I is continuous, T is uniformly asymptotically
regular and asymptotically /-nonexpansive. Then F(T) N F(I) # ¢, provided
cl(T(M)) is compact and T is continuous.

Proof. Notice that compactness of c¢l(T(M)) implies that ¢lT,,(M) is compact
and thus complete. From Lemma 2.3, for each n > 1, there exists z,, € M
such that =, = Iz, = W(T"x,q, pu,). As T(M) is bounded, so d(z,,T"x,) =
AW (T"x,q, pn), T"xy)) < (1 — pn)d(T"xp, q) — 0 as n — oo. Since (7, 1) is
Banach operator pair and /x, = z,, so I['T"x, = T"Ix, = T"x, and thus we

get

d(x,, Tx,) = d(z,, T"w,) +d(T"2,, T" M 2,) + d(T" 2, Tay,)
< d(zn, T"x) + d(T "z, T" M 2,) + kid(IT 2, [2,)

= d(x,, T"2,) + d(T"zy, T" ' 2,) + k1d(T" 20, ).
Further, T is uniformly asymptotically regular, therefore we have
d(xn, Tx,) < d(xn, T"2yn) + d(T"2,, T ay,) + kid(T" 2y, 2,) — 0,

as n — o0o. Since cl(T(M)) is compact, there exists a subsequence {T'z,,} of
{T'z,} such that T'z,, — y as m — oo. By the continuity of I and 7" and the
fact d(zy, T'vy) — 0, we have y € F(T)N F(I). Thus F(T) N F(I) # ¢.

7
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Corollary 2.5([5], Theorems 3.2-3.3). Let I and T be self-maps on a g-
starshaped subset M of a normed space X. Assume that (7, 7) is Banach
operator pair on M, F(I) is g-starshaped with ¢ € F(I), I is continuous and
T is I-nonexpansive. Then F(T) N F(I) # ¢, provided cl(T(M)) is compact.

Corollary 2.6 ([1], Theorem 2.2 and [13], Theorem 6). Let I and T" be self-
maps on a g-starshaped subset M of a normed space X. Assume that (T, 1) is
commuting pair on M, F(I) is g-starshaped with ¢ € F/(I), I is continuous and
T is I-nonexpansive. Then F(T') N F(I) # ¢, provided cl(T(M)) is compact.
Meinardus [17] was the first to employ a fixed point theorem to prove the ex-
istence of an invariant approximation in Banach spaces. Subsequently, several
interesting and valuable results have appeared in the literature of approxima-
tion theory ( [1], [19] and [22] ).

Definition 2.7. Let X be a metric space and M be a closed subset of X.
If there exists a yo € M such that d(z,yo) = d(z, M) = inf{d(x,y) : y € M},
then g is called a best approximation to x out of M. We denote by Pys(x), the
set of all best approximations to x out of M.

Remark 2.8. Let M be a closed convex subset of a convex metric space.
As W(u,v,A) € M for (u,v,\) € M x M x [0,1], the definition of convex
structure on X implies that W (u,v,\) € Py (). Hence Py(x) is a convex
subset of X. Also, Py(x) is a closed subset of X. Moreover, it can be shown
that Py(x) C OM, where 0M stands for the boundary of M.

Now we obtain results on best approximation as a fixed point of Banach op-
erator pair of mappings in a convex metric space.

Theorem 2.9. Let M be a subset of a convex metric space X and [,T : X —
X be mappings such that u € F(I)NF(T) for some v € X and T(OMNM) C
M. Suppose that Pys(u) is nonempty and g¢-starshaped, I is continuous on
Py (u), d(Txz,Tu) < d(Iz, Iu) for each x € Py(u) and I(Py(u)) C Ppy(u). If
(T, 1) is a Banach operator pair on Pys(u), F'(I) is nonempty and g-starshaped
for ¢ € F(I), T is uniformly asymptotically regular and asymptotically I-
nonexpansive then Py (u) N F(I) N F(T) # ¢, provided T is continuous and
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cl(T'(Py(u))) is compact.

Proof.  Let x € Py(u). Then for any h € (0,1), d(W(u,z,h),u) < (1 —
h)d(xz,u) < dist(u,C). It follows that {W(u,z,h) : 0 < h < 1} and the set
M are disjoint. Thus z is not in the interior of M and so x € M N M. Since
T(OMNM) C M, Tx must be in M. Also Iz € Py(u), w € F(I)NF(T) and
I and T satisty d(Tz, Tu) < d(Ix, [u), thus we have

d(Tz,u) = d(Tz,Tu) <d(Ix,Iu)
= d(Ilz,u) = dist(u, M).

It further implies that Tz € Py (u). Therefore T' is a self map of Py(u). The
result now follows from Theorem 2.4.

The above result extends Theorem 3.2 of [1], Theorems 4.1-4.2 of [5], Theorem
7 of [13], Theorem 3 of [18], the corresponding results of [15], [16], [22], and[23].
Remarks 2.10.

(1) Theorem 2.4 extends and improves Theorems 1 and 2 of Dotson [8],
Theorem 2.2 of Al-Thagafi [1], Theorem 4 of Habiniak [12] and Theorem
1 of Khan and Khan [16].

(2) As an application of Theorem 2.4, we can prove an analogue of recent
invariant approximation results in [2], namely, Theorem 3.1-Theorem 4.4
for asymptotically I-nonexpansive map 7" for which (7, 1) is a Banach

operator pair.

(3) Theorem 2.7 extends and improves Theorem 3.4 of Beg et al [3] to convex

metric spaces.
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ABSTRACT. The derivative operator method is systematically employed in examining four
typical basic hypergeometric series theorems, named as the g-Chu-Vandermonde identity,
the ¢g-Pfaff-Saalschiitz theorem, the ¢g-Dougall-Dixon formula and Watson’s ¢-Whipple trans-
formation, which establish numerous identities on g-harmonic numbers, including several
surprising summation formulae.

1. INTRODUCTION AND NOTATIONS

Let Ny be the set of nonnegative integers. With the ¢-shifted factorial of order n € Ny given
by

n—1

(;9)o=1 and (z;q),:= H(l —z¢¥) for n=1,2,--
k=0

we define the ¢g-binomial coefficients

m - % and [Z] T (@ qu;((i);)n—k

as well as the basic hypergeometric series

Y

o = = (a0§(1)n(a1§Q)n"'(ar§Q)nZn
v ] 2 (@ @)n (b1;@)n -+ (b3 @

where for convenience, 0 < |¢| < 1 will be assumed throughout the paper. See Gasper and
Rahman [6] for a comprehensive study of the theory of basic hypergeometric series.

¢ ao’ al’ s a,
14+r@r
bh e br

2000 Mathematics Subject Classification. Primary 05A30, Secondary 33D15.
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For a differentiable function f(x), denote the two derivative operators by

Df(a)= fr)  ad  Dufa) = f(r)

Then it is easy to check the following derivatives of g-binomial coefficients at x = 0

m=0‘

T +m m
(1) 2" = a2 oeat) = ot
z+m] ! m] "
12) 2" =) ) Ho )
where the g-analogue of harmonic number [1] reads as
n k
(1.3) Ho(q) =0 and H,(q) = ; T for n=1,2,---

which will frequently be written as H,, instead of H,,(q) for brevity.

Richard Askey has pointed out that Isaac Newton was the first to notice that the partial
sums of the harmonic series arise from the differentiation of a product [10]. In the sequel,
many harmonic number identities were discovered by using this differentiation method (see
[1, 3, 5, 11] for example).

In this paper, we will apply further the derivative operator method to four typical ba-
sic hypergeometric series formulae. Numerous identities on g-harmonic numbers will be
established. Especially, we will examine, in detail, the ¢-Chu-Vandermonde identity, the ¢-
Pfaff-Saalschiitz summation theorem, the g-Dougall-Dixon formula and Watson’s ¢-Whipple
transformation. They will present a complete coverage on the g-harmonic numbers identities
related to these four fundamental g-series summation formulae.

The method can briefly be described as the following three steps:

e For a given g-series theorem, reformulating it in terms of ¢g-binomial sum equation.
e Applying the derivative operator Dy across the resulting g-binomial equation.
e Writing down the g-harmonic number identities by specifying parameters.

In most cases, this procedure can be carried out through quite routine computations. How-
ever there are several situations in which a limiting relation on finite g-harmonic number
sums will be required, that will be proved in the sixth section. As a documentary source for
further references on g-harmonic number identities, ninty examples will carefully be selected
as consequences.

The rest of the paper will be organized as follows. From Section 2 to Section 5, we shall
systematically investigate the g-harmonic number identities by utilizing the aforementioned
four well-known basic hypergeometric series formulae. Then the sixth section will present a
quite useful limiting relation concerning a class of finite ¢g-sums. Finally, the paper will end
up with Section 7 by comparing the classical harmonic number identities appeared in [5] and
their g-analogues obtained in this paper.
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2. THE ¢-CHU-VANDERMONDE IDENTITY

Recall the ¢-Chu-Vandermonde convolution identity [6, Appendix II-6]

q—n’ a‘ . :| . (C/a; Q)n n
201 G4l = oA
{ ¢ (¢ @n
Performing the parameter replacements

a — q—n—,un

c—>q1+’\"+m} where A\ €Ny

we can equivalently restate it as the following g-binomial identity

v n+pn||lr+n+An T+ 2n+ An+ pn
21 (n—k)(n—k+pn) — )

k=0

Applying the derivative operator Dy across this equation and then appealing to (1.1), we
find the expression

Zq( k)(n—k+p ){ k’“ } {n B k]{HAn—i—n_H)\n-l—k} = { n a ]{HAn+un+2n_H>\n+;m+n}-
k=0

According to the factor inside the braces {-- -}, splitting the left-hand side into two sums
with respect to k and then evaluating the first one by (2.1), we get immediately the following
g-harmonic number identity.

Theorem 1 (A, u € Np).

- B (n—ktum) | TV | [+ An 2n+An+pn
Z g R kram) { kﬂ } { "ok :|H)\n+k - { n : } {Honin + Hantumin — Hantpunton |-
k=0

One special case corresponding to p = 0 reads as

u + An| [2n 4+ An
22 (nik)z K " n — 2 n+n = n n
(2.2) kzzoq {k‘]{n—k‘_HAM o {H/\+ H/\+2}
which can further be specialized by letting A = 0 to the following identity
n - 12 -
2n
2.3 el I 9H,, — Han .
(2.3) kZ:Oq | M _n{H Hon )

3. THE ¢-PFAFF-SAALSCHUTZ THEOREM

Making the parameter replacements
a — q—n—,un—,u’m

14+An+Nz

b—q where A\, p, v € Ny

/
c — ql—l—un—l—zx T
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in the g-Pfaff-Saalschiitz theorem [6, Appendix II-12]

q ", a, b 1 (c/asq)ulc/biq)n
502 ¢, ql‘"ab/c’q’ q} = (G a)a(c/(ab); )

we can reformulate it as the ¢g-binomial equation

- [Z} [k—l—)\rlljxm} [n+lw;+“/m} (k) (et ) [(A—u)n—l—()\’—u’)m} [(H+u+2)n+(“/+w)m}
Z |:k+l/n+z/m:| |:/€+(>\—/J—l/—2)n+()\’_/.U_y/)m:| q anTp = |:n+1/n+l/-’5:| |:(>‘_/J_V—1)7L+()\’—p’—y’)m:| .
k=0 k k - +

In view of (1.1) and (1.2), we establish the following three theorems on g-harmonic sums by
applying the derivative operator Dy respectively to the cases i/ =1/ =0, X' =1/ = 0 and
N =1/ =0 of the last identity.

Theorem 2 (A, u,v € No: A > 1+ pu+v).

oty L L[]
Z q . vn+k| [(A—p—v—2)n+k {HA"‘i'k - H(A u—v—=2 n—l—k}
i I

[()\—u)n} [(u+u+2) :|
= [un—iﬁz O—p—v—1)n {H()\ un_H()\—u—l)n‘l’ HAn_H()\—p—V—l)n}-

S R

Theorem 3 (A, pu,v € No: A> 1+ pu+v).

. (n—k)(n—k+pun) [Z} [Anljk} [“nljn} E—
Z q [un+k:| [(A7u7u72)n+k:| { HW*"*”H@*#*V*@M}

k=0 k k

[()\—u)n} [(,u+l/+2) }
- [un—i—riz} [(,\ i - 1) }{n — Myt —H gty Mzt PO p—v-1pn -

n

n

Theorem 4 (A, u,v € No: A > 1+ pu+v).

sy | A 1 G
Zq vn+k] [(A—p—v—2)n+k {Hun—i-k HO‘ H—V= 2"+k}
i I

_ [(A—nu)n} [(M+I;L+2)n}{ Hotptvm — Hipgv+2n + Hungn }
[t [Arr= D] | =Hoev-n + Hocnn = Hoep-v-1n

n

n

These identities contain the following interesting special cases.

Example 1 (Theorem 2: A =2 and p =v =0).

n

>od R T e =} =2 [ (0t =70}

k=0

Example 2 (Theorem 2: A =3, y =1 and v = 0).

Y K (AN ) e

k=0
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Example 3 (Theorem 2: A =3, p =0 and v = 1).

i 47 [ ! } [3” + k“} {Hanir — Hi} = [%ﬂ 2{H2n + Hap — 2H,, ).

Example 4 (Theorem 3: A = 2 and p1 = v = 0).

qu K7 [ } [Q”M}{mm — Hyi) = [QST{nH{% ~H, ).
Example 5 (Theorem 3:A=3, u=1andv=0).

Zq(” Wik 0] [20] [316K] L gy g, = P77 {0 4 24 Mo 200 )
Example 6 (Theorem 3:A=3, u=0andv=1).

iqm—kﬂ[kj} [3n+k}{k+m— k) = [3:}2{n+H3n—H2n}.

Example 7 (Theorem 4: A=3, p=0and v=1).

Zq(n o[ } [ k‘} (M1} = [%ﬂz{gmn — 2H,, — Han}.

4. THE TERMINATING ¢-DOUGALL-DIXON THEOREM

In this section, we shall derive three summation theorems on g-harmonic numbers by exam-
ining the following terminating version of the g-Dougall-Dixon formula [6, Appendix 11-21]
a, qa% —qa% b, d, q™ ’ ) ana] ~ (ag;¢)nlaq/(bd); q)n
1 ; =
az, —az, aq/b,aq/d, q'"™"al”" bd (aq/b: q)n(aq/d; q)n

4.1.  Firstly, making the parameter replacements

—Nn—x

1+bn where b,d € Ny
1+dn

a—4q
b—yq
d—q
we can rewrite the terminating ¢-Dougall-Dixon formula as the ¢g-binomial equation

[m+n:| [1+m+bn+dn+n:|
[Z+bn+n:| [mﬁdn—i—n}
n n

S [,E 1% [';AL::] Eid:;l] (1= 7 2%) = (1 = g7

k=0 k

which yields, under the derivative operator Dy, the following summation theorem.

Theorem 5 (g-harmonic number identity: b,d € Np).

[k+bn:| [k+dn:| [l—l—bn-;dn—i-n}

Zq [ } W{l + (1—-¢""%*) (2Hi—Hontr— Hdn+k)} = W-

n n
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As applications, we display the following g-harmonic number identities.

Example 8 (Theorem 5: b =0 and d — o0).
- k| T n—2k _
S =1
k=0
Example 9 (Theorem 5: b, d — o0).
n 2
Sod |y ] 20— = @ o
k=0
Example 10 (Theorem 5: b =1 and d — ).

S [F][" TP M+ e} =1

Example 11 (Theorem 5: b =0 and d = 1).

i ¢ [n —kt k:} [an— kz} {1 . (l_qnf%)(m_m%)} _ [1 2271} '

k=0
Example 12 (Theorem 5: b =d = 1).

i " [n _kt k;} 2 [an— k;} 2{1 ) = [1 4;1371}

4.2.  Secondly, under the parameter replacements
a — q—’ﬂ—fE

b — gtttn where b,d € Ny

—n—dn

d—q

the terminating ¢-Dixon formula becomes the following ¢-binomial equation

Z” ool 14 | 1 s | 'l TP iy oy L
1— = (-1 1- bn+z] [n+dn—=zx
k:o( ! )[kﬂ [P i A )["+n [t

dn2+(1§”)‘

Applying the derivative operator Dy to it gives rise to the summation theorem.

Theorem 6 (g-harmonic number identity: b,d € Ny).

2 [k+bn] [n+dn [bn—dn:|
sl n

kZ:O g e [7]{;1} W{l_"(l_q”2k)<k+2Hk—an+k+Hdn+k)} — (—1)"W(]dn2+(1;n)‘

k

n n

As applications, we display the following g-harmonic number identities.

Example 13 (Theorem 6: b =0 and d — ).

kz_o q(l-l-k)(k—n) |:/Z::| {1 —+ (1—qn72k)(k+Hk)} — 1

82



W. CHU, N. GU: q-HARMONIC NUMBER IDENTITIES

Basic Hypergeometric Series and g-Harmonic Number Identities

Example 14 (Theorem 6: b =d = 0).

;qk(uk—n) [2}2{1 + (g ) (kt2Hy) | = {(1): Z; 8’
Example 15 (Theorem 6: b — oo and d = 0).
iqk(l—l—k—n) [Zr{l + ey kssny ) = (—1)g(27).,
Example 16 (Theorem 6: b =0 and d = 1).
> B[ 0} =
Example 17 (Theorem 6: b =1 and d — ).
qu(l—i—k n) n n+k} [2n kHl (12 (kb 2H Hn+k)} _ qn2+
Example 18 (Theorem 6: b — oo and d = 1).
S g [ B LI ot} = (~1Pg 20,
Example 19 (Theorem 6: b =1 and d = 0).

jijqk“+k D P+ o ) = (1)),

4.3.  Finally, carrying out the parameter replacements

a — q—’ﬂ—fE
—n—bn where b,d € Ny

—n—dn

b—q
d—q

in the terminating ¢g-Dougall-Dixon formula, we can express it as the g-binomial equation

[m+n:| [2n+bn7—:-dn—m:|
A

e WP
2=

n— 2k)+m(n 2k) __ ( 1) (1 —q )
k=0

which results, under the derivative operator Dy, in the following summation theorem.

Theorem 7 (g-harmonic number identity: b,d € Np).

[n+bn:| [n+dn:| [2n+b:+dn:|

n 2k n
Zq 2 k W{l + 1—¢" 2k)(2k+2Hk+an+k+Hdn+k)} = (—1) W‘
kL ok v

As applications, we display the following g-harmonic number identities.
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Example 20 (Theorem 7: b, d — o).
i g"2") [Zr{l + 20" (k) | = (= 1)"(¢; @)
Example 21 (Thej;om 7:b=0and d — ).
i (") [2}3{1 + (1= ¢ )2k +3He) } = (—1)"
Example 22 (Thelj):r(;m 7. b=d=0).
iq(”f’“) [2‘}4{1 +2(1 - ") (k+ 2H)} = (-1)" |
k=0

Example 23 (Theorem 7: b =1 and d — ).

Qn}
0|

PN ) =
k=0

Example 24 (Theorem 7: b =0 and d = 1).

Zq(ng%) [Z}z[zk [n—l—k} {1 + (1—q"~ 2’“)(2k+371k+71n+k)} - (_1)"[3:}-

Example 25 (Theorem 7: b=d = 1).
4n}

Zq("ézk) %[ n+k} {1+ 20-¢" 25kt Hp+ M) } = (—1)n[n

5. WATSON’S ¢- WHIPPLE TRANSFORMATION

Watson’s ¢-Whipple transformation [6, Appendix I11-18] is fundamental in the g-series theory

a? qa% qa% b? C? d? 67 q_n ’ . q2+na2:|

801 a% aq/b,aq/c,aq/d, aq/e, ¢'"a bede

— ((Iq, q)n(aq/( )’ )n % ¢3 q naba d7 CLQ/(C€) ‘ i q
(aq/b; q)n(aq/d; q)n aq/c,aq/e,q "bd/a |7 7|

It will systematically be explored in five different manners to prove five transformation

theorems concerning g-binomial coefficients and ¢-harmonic numbers.

1
az,

5.1. Making the parameter replacements

a — q—(E—’l’L )

b — ql—l—bn

c — giten where b,c,d, e € Ny

d — ql—l—dn

1+en
Vs

e —q
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we can reformulate Watson’s ¢-Whipple transformation as

ﬁia_qﬂw%) CIOCTET T BN aens
o e e e
[m:n} [1+m+bfrzl+dn+n:| n [ZL} [Z—l—gbn} [Z—l—gdn} [1+m+c¢2+en+n:|

= (1 - qm) [m—i—b:;—l—n} [m+d:+n:| ; qmg [m+czz+n:| [m+e;z+n:| [1+m+b72+dn+€:| :

Under the derivative operator Dy, this gives the following transformation theorem.

Theorem 8 (Transformation formula: b, ¢, d, e € Ny).

e e [ [ [ e
S ) e e e

X {1 - (1—qn72k)(k+7'fbn+k+7'(cn+k+7'fdn+k+7'(en+k—27'{k)}

_ ) ey T
- [n—;bn} [n—i—dn} Z [ A [n+cn] [n+en:| [1+lm+dn+q :

n /=0 l l 1

We collect the following g-harmonic number identities as consequences.

Example 26 (Theorem 8 b=c=d =0 and e — ).
n -1
qu(l—l—n—k)[}i} {1_(1_ n— 2k)(k+Hk)} _ (1_q1+n){1+n+Hn+1}‘

Example 27 (Theorem 8: b=c=d =e =0).

n . n1-2 1+n

Example 28 (Theorem 8 b=c=d =0 and e = 1).

n qk(l—l—n—k) 1
raT il (1= ¢ ) (k + Hy + Hopr) } =
= [Vl

Example 29 (Theorem 8 b=d =0, c=1 and e — o0).

1+2n
—dq

1 + ql—l—n

2’)’L -1 1+n
[n} {1+n+lzqﬁ+7{2n+l}-

n+k
Z k(1+n—k) [[%}} {1— (1= ¢")(k+Hpsr)} = (1 = ¢"*) {1 +n+Hapsr — Ha}

Example 30 (Theorem 8 b=d =0 and c =e =1).

n+k
Z e [[% }}2—{ — (=2t } = S {1 n o 2Hann — 2H,
k=0 k

Example 31 (Theorem 8: b, ¢, d — oo and e = 0).
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Example 32 (Theorem 8: b, ¢, d, e — o0).

iqk(l—l—n—k) [2}2{1 — (1= ") (k — 2Hx) } = (g @) [ﬂ

Example 33 (Theorem 8 b=d =1, ¢ =0 and e — o0).

> k)[ } [[znﬂz {1— g2y om0} =
k=0

Example 34 (Theorem 8 b=c=d =1 and e = 0).

s T

[2::| 2 — |:1+2gl+é:| :

[1+3n} n (1 — g+ [n-;e}?

qu(l—l—n k) [ } "k } q" ) (k+3Hpik—Hi) } =

[n} = (1- g+t |:1+2£n+€:| .

A

Example 35 (Theorem 8 b=c=d =1 and e — ).

Z kE(14n—k) [ :| [n—’_k} {1 _ _qn—2k)(k+3Hn+k _2Hk)} — [1-23%} - [ﬂ [n—;q

ik &) = BT

Example 36 (Theorem 8: b=c=d=e¢=1).

g} ] [Ez’lﬁl 1= (1= ") (b + 4Hs — 2H1) } =

Example 37 (Theorem 8 b =0,d =1 and ¢, e — 00).

iqk(l—l—n—k) [n 2;— k‘} [2nn— kz} {1—(1_qn_2k)(k+Hn+k_Hk)} _ [1 + Qn} . [?ﬂ [Ez}e (¢:q)e.

T
/]

2 [1+2n+€:|

Example 38 (Theorem 8: b, ¢, d — oo and e = 1).

3 o el ISV » i 2

=0

Example 39 (Theorem 8 b=d =1 and ¢, e — o0).

kz; qk(l—l—n—k) [n }I{;— k;} 2 [2nn— k:} 2{1—(1—q”’2k)(k+27{n+k—27'(k)} _ [1 2371} [iﬂ |:1+§n+€:| ()

5.2.  With the parameter replacements

a — q—(E—’l’L )

b — ql—l—bn

14+cn

c—q where b,c,d, e € Ny

d — ql—l—dn

n—en

e —q )
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Watson’s g-Whipple transformation can be rewritten as

oy ey Ol DT T s
1—
kZ:O( q ) [k;m} [n+b]:z+m:| [n+c]zz+m:| [n+d]zz+m:| [k—i—e]zz—m} q

N I+z+bntdntn] (_1)£ n] [€+bn] [+dn] [z+cn—en (14t
- (1—(] )[[:J’,’l[””] [zfdf”]]z [n+cn—i[-l;:|:| [[Z—fen}—gﬂ} £|:1+:|z£bn+fn+2:|:| H( ’ )
/=0 l l 14

Applying the derivative operator Dy to it, we get the following transformation theorem.

Theorem 9 (Transformation formula: b, ¢, d, e € Ny).

L [ [ [ e
S o[ ] pm e pae

X {1 + (1—(1”7%)(QHk—an+k—7'fcn+k—Hdn+k+7'fen+k)}

I SR I vl vl i |
- [n—i-lm} [n—i—dn} Z( 1) [n+cn:| [€+en:| [1+bn+dn+q q

n n /=0 14 l l

neZ+(1§Z)

We collect the following g-harmonic number identities as consequences.

Example 40 (Theorem 9: b =c=d =0 and e — ).
- n]! n— — n
S ] - = = 7 = ) Han
k=0
Example 41 (Theorem 9: b=1, c=d =0 and e — o0).
~ %]
q 2n
=

Example 42 (Theorem 9: b =d =0, ¢ — oo and e = 1 with n > 0).

{1 - (1= qn_%)Hmk} = (¢ = qn){Han — Hn}-

n 2n
qu Li; {1 +(1- qn_%)HnJrk} = (1- q_n){Hn—l - H2n}-
k=0 "]
Example 43 (Theorem 9: b=c=d =0 and e =1 with n > 1).

n 2n
qu%{l _ (l_qn72k)(Hk_an+k)} — M{Hanl‘FHn—l—Hzn}-
=0 k]l &

q—q"

Example 44 (Theorem 9: b, ¢, d — oo, e = 0).

e R

Example 45 (Theorem 9: b=d =1, ¢ =0 and e — o0).

n n+k] 2
Tk
k=0

ik

{1 ‘l— (l—qnizk)("'{k—ZHerﬁk)} -
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Example 46 (Theorem 9: b=d =1, ¢ — oo and e = 0).
n n13 [n+k:|2
qu[k‘} 2n) 2
i i

Example 47 (Theorem 9: b=c=d =1 and e — ).

{1+ (1= ¢ ) BHr — 2Hpss) } = [ tlnj - (_1)5%(](1;@)‘

;qk[zr [[{n}}g {1+ (1 — ¢ ) (2Hy — 3Hpsr)} = [M

Example 48 (Theorem 9: b =c=d =1 and e = 0).

e _[D1'FT
Z q( [2n:| [1+2n+£:|

1 l

iqk[;‘f’[nﬂ {1430 =gy~ Hui)} =

ar ) S = e
Example 49 (Theorem 9: b =0, ¢, d — oo and e = 1).

n

i qkﬁﬂ [n?—lk‘ } {1+ 0= ¢""")Y(Hi + Huyr) } = Z(—l)g[nﬁbg } ).

k=0 /=0

Example 50 (Theorem 9: b, ¢, d — oo and e = 1).

Zq [ } [271} [n?}k } {1+ =¢" ) QHs+ Hur) } = g(_l)g[n?g} ((Z;;q)nqn“(ly)'

Example 51 (Theorem 9: b =1, ¢, d — oo and e = 0).

ST 0 e sy = S [ [ )

k=0 /=0

5.3.  Performing the parameter replacements

a — q—(E—’l’L )

b — ql—l—bn

c—q " where b,c,d,e € Ny
d — ql—l—dn

e — q—n—en )

we can express Watson’s g-Whipple transformation as

S0 - gty WP rsencn
—z] [n+bn+x cn—a [n+dn+z] [k+en—z
= o 1 s v i

z+n 1+z+bn+dn+n :| [£+bn:| [£+£dn:| |:Z+n+c¢z+enfz:| 14e o

= (1-¢") [z+bn+n z+dn+n Z( £+cn m} [Z—l—e?—m} |:1+z+b1z+dn+2:| q*

which results, under the derivative operator Dy, in the following transformation theorem.
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Theorem 10 (Transformation formula: b, ¢, d, e € Ny).

R L
S ) e e e

X {1 + (1—(1”7%)(k+27'fk—7'fbn+k+7'fcn+k—Hdn+k+7'fen+k)}
[1+bn+dn+n:| n i [£+bn:| [Z—l—gdn} [n—i—cn—é—en—i—é} (1+Z) .
n 4 -n
= [n+bn:| [n+dn:| 2 :(_1) |:€:| [Z—l—gcn} [£+en:| [1+bn+dn+€:| q ? .

n n /=0 l l

We collect the following g-harmonic number identities as consequences.

Example 52 (Theorem 10: b=d =0, ¢ =1 and e — oo with n > 0).

n 2n
Y g —Lﬁg {1+ a0} = (¢" = @) {1+ 0+ Han — Haa )

k=0 "]
Example 53 (Theorem 10: b=d =0 and ¢ = e =1 with n > 0).

n 2n:| 2

kZO e [Lik} {1+ G} = G5 o, -2 ).
= k

Example 54 (Theorem 10: b =0 and ¢, d, e — 00).

n

kZ:O o [m {14 amreemo} = 3 (-1 (e Q)e[% (3t

/=0

Example 55 (Theorem 10: b, d — oo and ¢ = e = 0).

gqm+k_”) T 4 (- )k + )} = gmf [T )

Example 56 (Theorem 10: b =0, c=e =1 and d — o0).

kzzoqk(uk—n) [:} [ng]z {1 (1= ") (k + Hy + 2Hn+k)} = ;(_1)5[2‘} %_;qlq(l?)—ne

Example 57 (Theorem 10: b=d =1, ¢ =0 and e — o0).

iqkw—n)[zr [E};}L (14 (1= ") (b4 8H—2H 1) } = [[;Zp n (—1)5%%%‘“

Example 58 (Theorem 10: b=d =1 and ¢ = e = 0).

S [h] [Efiﬂz (11" ) (41— 2H,00)} = [[;:}? n (_1)5%&@)_@
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Example 59 (Theorem 10: b =0,d =1 and ¢, e — 00).

iqk(uk—n) [n 2;— k‘} [an— k‘} (1+01-¢" 2) (ke + Hy — Haosr)}

k=0

SR Red MR

/=0 12

Example 60 (Theorem 10: b, d — oo and ¢ = e = 1).

iqk(uk—n)[%?r[ 2n } (1+(1 _qn_zk)(k+2Hk+2Hn+k)}

Y (_1)6[ 2n r[gn}g} (4;9)n

yn ntll 7] (g9)

1+Z) ey

Example 61 (Theorem 10: b=d =1 and ¢, e — o0).

S PR T e - e 2~ 2M))

[ S w0

Example 62 (Theorem 10: b, d — 00, ¢ =0 and e = 1).

St TR 0 00 s )

DEIR S

Example 63 (Theorem 10: b=1, c=e =0 and d — o0).

Z gtkem [ } " k} [%n_ k"} (w0 )= o || q ()

5.4.  Under the parameter replacements
a — q—fE—’I’L )

b — ql—l—bn

—n—Ccn

c—q where b,c,d, e € Ny

—n—dn

d—q

n—en

e —q
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Watson’s g-Whipple transformation becomes the equation

PR i o i G i IR e pR o
Z( q ) [k;z] [n+b:+z:| [k«kcnfz] [k+dnfz:| [k+en—z] q

k k k

k=0

4 17 et

= - 1 To+bntn]| [ntdn—=x]| (n=On=thdn) cn—x en—zx n+bn n+x]
( ) ( Q)[+b+][+dn ];q [u ][u HZ +b£d+]

Applying the derivative operator Dy to it, we obtain the following transformation theorem.

Theorem 11 (Transformation formula: b, ¢, d, e € Ny).

et [ ) [
SO k] e e e e

X {1 + (1—(]”72]6)(2k+2Hk_an+k+ch+k+Hdn+k+Hen+k)}

bn dn {+bn] [n+dn] [{+cn+en+n
— Z(ng(nﬁ—l-dn[}[é}[é}[ ]
’”nb” ”*d” / [Z—I—ch} [Z—I—;n} [Z—l—bn—gdn—n} :

We collect the following g-harmonic number identities as consequences.

Example 64 (Theorem 11: b =0 and ¢, d, e — 00).
n n—2k n n n 14+n—2¢
> g )[;{; } {1+ a-amermn } = ;(—1)5(% q)e[g}q( ).

k
Example 65 (Theorem 11: b — oo and ¢ =d = e = 0).

n

i ") [Zr{l + (-2 2k+5H,) § = (—1)" [ﬂ i [n Z q g0,

k=0 /=0

Example 66 (Theorem 11: b =0, c=d =1 and e — o0).

3ttt} = [l S5 p il s
Example 67 (Theorem 11: b= 0 and ¢ = d = e = 1).
iq(”f’“) [m %{1 + (1= q" %) (2k + My + 3Hoir) }
-y R
Example 68 (Theorem 11: b — oo and c =d = e = 1).
;q(n;k) [Zr [Zg;s{ T+ (1=q" ) (kb 23 H 1) | = j (n=0)(2n=0) [ } i [1;?}.

91



W. CHU, N. GU: q-HARMONIC NUMBER IDENTITIES

16 Wenchang Chu and Nancy S. S. Gu

Example 69 (Theorem 11: b — 0o, ¢ =e =1 and d = 0).
S [
=

Example 70 (Theorem 11: b — 0o, d =1 and ¢ = e = 0).

. (") 4 [21?} _ _ n . (n—0)(2n—0) | T 2 Bﬂ
Zq 2 [k‘} e {1 + (1—q" 2k)(2k+47-{k+7-{n+k)} = (—-1) Zq [A TR
i "] = L]

Example 71 (Theorem 11: b=1and ¢ =d = e = 0).

5[]

2o Ty o0 o) = G S [

n

2 [3n+€:|

{1+ a-g25)@kt3Hp42H,0) = (—1)" Z q" [ﬂ
(=0

Example 72 (Theorem 11: =0, c=1 and d, e — 00).

i ") [21?} [nﬁlk [{1+ (U= ") @k + Hy o+ Hoi)} = i(—l)g [ iy [a57).

k=0

Example 73 (Theorem 11: b =1 and ¢, d, e — 00).

9 UE] 1] K FE RIS
k=0

n

= S0y [ oo,

Example 74 (Theorem 11: b =1, ¢ =0 and d, e — o0).

S [ e i o)
k=0

n

S e

/=0

Example 75 (Theorem 11: b=1, c=d =0 and e — o0).

n

S T[T P H] 2 ] (i) ST
k=0

n
/=0

5.5.  Carrying out the parameter replacements

a — q—(E—’l’L )

b — q—n—bn

—n—Ccn

c—q where b,c,d, e € Ny

—n—dn

d—q

n

e — q—n—e
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we can display Watson’s ¢-Whipple transformation as

- A [ i

_ rt+n—=2k [k
Z(l q )[k;z] [k+bnfz:| [k+cnfz:| [k+dn z] [k+en z]q

k=0 k k

k(1+3k73n)+z(n73k)+(g)

_ [z+n] [2n+bn+dn z (t—z—n) [ }[MZM} [n+dn} |:Z+n+cr2+enfz:|
_( 1) (1 q ) [n+bn z] [n+d: z Zq [+c :1;:| |:Z+e; z:| |:2n+bnzdnfz:|

which yields, under the derivative operator Dy, the following transformation theorem.

Theorem 12 (Transformation formula: b, ¢, d, e € Ny).

Lot [ [ ] e
S e e

X {1 + (1_(]”72]6)(3k+2Hk+an+k+ch+k+Hdn+k+Hen+k)}

PP o [
[n+bn:| [n+dn:| Z q [f:| [Z—l—gcn} [£+en:| [2n+bn+dn:| :

n n /=0 l l

We collect the following g-harmonic number identities as consequences.

Example 76 (Theorem 12: b, ¢, d, e — o0).

iq’f(”?”“‘?’")[zr{w(l— "2 3k + 2Me) b = (=1)"(¢; ¢)n [ﬂqm—n)—(’;),

Example 77 (Theorem 12: b, ¢, d — oo and e = 0).

iqk(usk—sn) [Zr{l 4 3(1— Y (k + Hk)} — (—1)" . [n} (¢; Q)nqe(e—n)—(g)‘

Example 78 (Theorem 12: b, e — oo and ¢ = d = 0).
- 4 n n? —n)—(1
Z qk(1+3k—3n) [Z:| {1 + (1 — g %)(3]{5 + 4Hk)} ( 1) [€:| qZ(Z ) (2)

Example 79 (Theorem 12: b=c=d =0 and e — ).

n

iqk(”sk‘g")[zr{w(l— ") 3k 4 5} = (1" S g [T 7).

=0
Example 80 (Theorem 12: b=c=d=e =0).

n

n

kz;qk(1+3k—3n [ } {1+3 i 2k)(k+2Hk)} _ (_1)nzqe(£—n)—(g) [Zr[nz—q [Qn —/

/=0

93
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Example 81 (Theorem 12: b=c=d =1 and e — ).

i k(1+3k—3n)[n}2 [2’?}3 {1—|—(1— n=2K) (3k + 2H;, + 3H )}
' el pppttte B

o L] S~ TIET oo
= (-1 2 n+4] [4n e
e TR
Example 82 (Theorem 12: b=c=d=e=1).
kZ_qu(Hgk_sn) [Zr [gggr
] = () [ BT
2n12 q ’ An] 4012
Pl

Example 83 (Theorem 12: b=d =1, ¢ =0 and e — o0).

{1+ a-g=2")@rs2rtart, 0 §

n n13 |:2n:|2 |:4n:| n n [2n:|2 »
S g [ L (e} = (-1 Y[ ] L)
k=0 [ k } [n:| =0 [é’}

Example 84 (Theorem 12: b=0and c=d =e=1).

n 3 2n73 3n n 2 2n] [3n+£
Zg’f“”’f—?’")[m [ig {13012 k4 H ) ) = (1) [g;} q“‘")‘(z)[ﬂ [fjg[g im}
pr "+] )= e L]

Example 85 (Theorem 12: b=d =0, c =1 and e — o0).

. k(143k—3n) | T 4 [21?} ok _(_1\n ~[n 2[5;11} (e—n)—(3)
Zq [k:} — {1 + (1—q )(3k+4nk+m+k)} =(—-1) [A o= 2)
o "] = 7]

[2,?}2 Zn} i qe(e—n)—(’;) mg [?m;q

Example 86 (Theorem 12: b=d=0and c =e=1).

n 4
qu(1+3k—3n) [Z} s s {102 Bkt aMy 42, 00) | = (—1)"[ . Sy
r ] pary )7
Example 87 (Theorem 12: b=c=d =0 and e = 1).

- k(1+3k—3n) | T > [21?} n[2n - (e—n)—(3) [ 3
5o s - ) S 0[ y
k=0 k =0 e Ile

Example 88 (Theorem 12: b, ¢, d — oo and e = 1).

 h(14sk_sm [ ] [20 2n .
kz_()q(+ e 0 L o o ssmianno)

w20 G Dn emny—(n
Y %[””}(q;q)eq( o
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Example 89 (Theorem 12: b, ¢ — co and ¢ =d = 1).

n

- 2n1%1 2n 2 2n 2n ("
k(143k—3n e — (_1\n £(f—n)
,;_0 q (1+ )[ 3 } [n N k‘} {1—|—(1—q 2k)(3k+27‘(k+27'(n+k)} = ( 1) 2 [ / } [n n f}q (2)

Example 90 (Theorem 12: b, ¢ — 0o, ¢ =0 and d = 1).

n

kz; qk(1+3k—3n) [2}2 [%ﬂ [n?kz } {1+(1—q”*2’“)(3k+3nk+nn+k)} = (—1)" > [ﬂ [221} qe(g_n)_(g).

6. LIMITING RELATION ON FINITE SUMS OF ¢-HARMONIC NUMBERS

Recall the assumption 0 < |¢| < 1 in the introduction, that will be invoked in this section
for deriving limiting relations. Let {Py(w), Qr(w)} be two sequences of polynomials with
Pi(w) and Qg(w) being of degree k in w and P(0) = Qx(0) = 1 (i.e. the constant term
being equal to one). Suppose that A\, v,n, k € Ny with & < n. Then there holds the limiting
relation

. P)\k—l-z/(qy)
(6.1 tim {20y )

P)\(n—k)—l—zx (qy) }
- Hon_ = 0.
Qr(n—k)+v(qY) ik (4)

To see this, rewrite the left-hand side of (6.1) in two terms

Dorrn(q”) _ Bonnld) }
{QAk+V(qy)Hny+k (q) QA(n—k)+u(qy)Hny+n_k (q)

Pr(n—k)+v(¢¥)
= {Hny—l-k (Q) - Hny—i—n—k (q)}m
Paisn(q”) PA(n—km(qy)}

Quesw(q¥) Qxtn—k)+»(q¥)

Py(n—#)+v (d¥) .
Observe that both D@ and Hy4+x(q) are bounded. More precisely, we have

+ Huy+x(q) {

- Pur(¢?) Py (0) . — gl l4]
lim = =1 and | lim H,yix(q ‘ < = .
P @)~ Oeral0) i Hoss )| < 27711 = g1

They imply further the following two limiting relations

{ P)\]H_l,(qy) _ P)\(n—k)—l—zx(qy) } -0
Qi+ (¢Y)  Qxgn—r)+0(¢¥) ‘

From these four relations, the limiting relation displayed in (6.1) follows consequently.

lim {Hny+k(q) — Hny+n_k(q)} =0 and lim

Yy—oo Yy—oo

Now we are ready to prove the limiting relation on finite sums of the ¢-binomial coeffi-
cients and the ¢g-harmonic numbers, similar to that in [5, Theorem 13] on classical harmonic
numbers.
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Theorem 13. Let {P,(w), Qx(w)} be two polynomial sequences with Py(w) and Qx(w) being
of degree k in w and Py(0) = Qx(0) = 1. If f.(k) is a function independent of y which
satisfies the reflection property f.(k) = — fo(n — k), then there holds the limiting relation:

Piin(¢Y)
(6.2) ylggo Z fulk QZ\\IZV )Hny—i-k(Q) =0.

Proof. Reversing the summation order and applying the reflection property, we can refor-
mulate the finite sum stated in the theorem as

P,\k+y Prso(q¥) Pain i in(a?)
2 Z fn Q)\k-i- ny—i—k Z fn {Q);\]:: ((((]]y Hny—i—k (Q) - %Hny—kn—k (q)}

According to (6.1), the last line tends to zero as y — oo, which confirms (6.2). O

There is a large class of functions satisfying the reflection property stated in Theorem 13.
In particular for § € Z and a, v, A\, u, v € Ny, the following functions

fu(k) ={1— q"_%}[zr [k+kom:|l‘ [nfw%u gF o)

have frequently appeared in the transformations proved in Sections 4 and 5. According to the
theorems numbered from 2 to 12, we have found 90 summation and transformation formulae
on ¢-binomial coefficients and g-harmonic numbers, that are presented as 90 examples. Even
though the computations to deduce them are almost routine, Theorem 13 becomes often
indispensable for simplifying finite ¢-harmonic number sums, when there exist one or more
free parameters involved tending to infinity.

Now we take the summation formula displayed in Example 52 to illustrate how to derive
g-harmonic number identities from the theorems established in this paper.

First, specifying with b = d = 0 and ¢ = 1, we may state Theorem 10 as the following
transformation

] PPN U 1 i
kzoq ]y U000 )} = 2N R e ¢

Then letting e — oo and applying Theorem 13, we derive

Z k(1+k—n) }} {1+(1 ) (k) } Z %q(l?)_nz‘
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The right-hand side may be expressed in terms of basic hypergeometric series and then
further simplified by means of the ¢-Chu-Vandermonde formula as follows

. 2n _ . n 6, —n—1
q;q]zhmq q{2¢1{ T ’q;q]—l}
e—1 1 —¢ q
2n __n n .
— lim & ¢ {gn—i-l (q"/€:@)nm1 B 1}
eml 1-e (4" @)1

= (¢" = ") {1+ n+Haop — Hna }.

This confirms the g-harmonic number identity stated in Example 52.

n

1—g"*! é 4, ¢, 9
1—g¢q e q27 an

7. COMPARISON WITH CLASSICAL HARMONIC NUMBER IDENTITIES

Generally, for a given classical binomial identity, there may exist more than one g-analogue.
This phenomenon happens also for harmonic number identities. In order to facilitate refer-
ence for the reader, we tabulate the comparison between classical harmonic number identities
and their g-analogues established respectively in [5] and the present paper. Here the entry
numbers stand for that displayed in the two tables collected in [5] and the example numbers
for the corresponding g-analogues found in this paper. We point out, by the way, that for
the two formulae in Examples 42 and 52, their following common limiting case (the classical
harmonic number identity) has been missed from reference [5]
i (%)
(n+k)

k=0 k

{1+(n—2k‘)Hn+k} :n{Hgn— n—l}-

H Entry ‘ Examples H Entry ‘ Examples H Entry ‘ Examples H

[ 1 ]1 | 117 22,5578 | II-7 [56,66 |
| 12 [4 | I-18 [24,62,90 [ II-8 [63,75 |
[ 3 ]2 | T-19 [25,60,89 [ II-9 [57 |
| 4 |5 | 1-20 | 26,40 | 1I-10 |58 |
| I5 [3 | I-21 [27 | II-11 [708 |
[ 16 [6 [ T-22 ]28 [ 112 |71 |
[ L7 ]7 [ 123 J2941 [ II-13 6983 ]
[ -8 [8,13,31,54,64 ] I-24 [30 [ [-14 [67 |
[ -9 19,14,20,32,76 ]| 1-25 [43 [ 1-15 [68,81 |
| I-10 [11,37,59 | 1-26 |53 | 1116 [65,79 ]
| I-11 [12,39,61 | II-1 [34 | 1I-17 |80 |
| I-12 [16,49,72 | 1I-2 [36 | 118 |87 |
| I-13 [18,2350,88 | 1I-3 [3345 [ 1I-19 [86 |
| I-14 [10,17,38,73 | II-4 |46 | 1120 |84 |
| I-15 [19,51,74 | 15 3547 [ II-21 |82 |
[ I-16 [1521,44,77 | 116 |48 [ Missed [ 42,52 |
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Concluding Comments. In the previous paper [5], four classical hypergeometric series
theorems are examined through the derivative operator method. Following the same scheme,
their g-analogues are explored in the present work. Altogether both papers provide a com-
prehensive coverage to the identities on the classical and ¢g-harmonic numbers. The authors
hope that the summation and tranformation formulae shown in both papers may serve as a
documentary source for further references.
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Abstract : Recently, we introduced some interesting relations between Genocchi number and
Bernstein polynomials(see [9]). In this paper, we give some interesting identities on the g-Genocchi

polynomials and Bernstein polynomials.

Key words : Genocchi numbers and polynomials, ¢-Genocchi numbers and polynomials, Bernstein

polynomials
1. Introduction

Throughout this paper, let p be a fixed odd prime number. The symbol, Z,, Q, and C, denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic
closure of Q,. Let N be the set of natural numbers and Z; = NU{0}. As well known definition, the
p-adic absolute value is given by |z|, = p~" where z = pré with (¢,p) = (s,p) = (¢,s) = 1. When
one talks of g-extension, ¢ is variously considered as an indeterminate, a complex number ¢ € C, or
a p-adic number ¢ € C,. In this paper we assume that ¢ € C, with |1 —¢|, < 1.

We assume that UD(Z,) is the space of the uniformly differentiable function on Z,. For

f € UD(Z,), the fermionic p-adic invariant integral on Z, is defined as follows:

pN -1

= [ f@dnos@) = Jim 3 )17 see 1,21 (L.1)

For n € N, let f,(x) = f(z + n) be translation. As well known equation, by (1.1), we have

() = /fx+ndu1 /f Y1 (z +2Z D). (1)

The Genocchi polynomials are defined by the generating function as follows:

e tn
= ;)Gn(x)a. (1.3)

In the special case, x = 0, G,,(0) = G,, are called the n-th Genocchi numbers(see [1-9]).

We introduced the g-Genocchi polynomials as follows:
o0

2t et = Z Gn,q(x)ﬁ. (1.4)

get +1 o n!

In the special case, ¢ = 0, Gy, 4(0) = G, 4 are called the n-th g-Genocchi numbers.
From (1.4), we note that

Gglz) = ZL: <7> Gzl (1.5)

=0
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From (1.2) and (1.4), for n = 1, we have

2t - tr
(z+y)t _ Tt __ v
t/Zp e (y) = e = ;Gn,q(;ﬂ)n!. (1.6)
By (1.6), we obtain
G
Goa@) =0, [ @ty dpsty) = E224D for e (17)
’ Zp n + 1
Bernstein polynomials of degree n are given by
Bin(z) = (Z) 2*(1 —2)" %, where z € [0,1],n,k € Zy,sce [3, 4, 5,7, 8, 9]. (1.8)

In [1], Kim introduced p-adic extension of Bernstein polynomials as follows:
By n(z) = (Z) 2*(1 —2)" ™%, where x € Z,, and n,k € Zy. (1.9)
In this paper, we give some properties for the g-Genocchi numbers and polynomials. By using

these properties, we investigate some interesting identities on the Bernstein polynomials and the

g-Genocchi polynomials.
2. Some identities on the Bernstein and ¢-Genocchi polynomials

From (1.6), we can derive the following recurrence formula for the ¢-Genocchi numbers:

2, ifn=1
Gog=0, and ¢(Gy +1)" +Gp (= ’ ’ 2.1
0,q a(Gq ) q {07 o> 1, (2.1)
with usual convention about replacing (G4)” by Gr.qw-
By (1.4), we easily get
= " 2t . > tm
T;)qu*l(l - x)(_l)nﬁ = (_1>q6t + le:C = (_1)Q;Gn,q($)m- (22)
By (2.2), we obtain the following theorem.
Theorem 1. Let n € Z,. Then we have
Ghq(z) = (—1)"*1q*1Gn,q_1(1 —x).
From (1.7), we note that
Gog =0 / Ty (x) = Cnita o e N (2.3)
0,q ) . q H—1 nt+l’ . .

By (2.1), for n € N with n > 1, we have
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1 1<~ /n 2.4
= = (ngG14(1)) + Z(Z>Gl7q(1) (2.4)
q 1<
2n 1
= q—zq nag(1)
2n 1
T Tt

Therefore, by (2.4), we obtain the following theorem.
Theorem 2. For n € N with n > 1, we have

1
qGnq¢(2) =2n+ 5Gn’q.

By (2.3) and Theorem 2, we obtain the following corollary.

Corollary 3. For n € N with n > 1, we have

1
*/ ¢z +2)"dp_y(z) =2+¢
q.Jz

Gn+1,q*1
n+1

By (1.7), (2.3) and Corollary 3, we know that

/Z (1~ 2) s (z) = (~1)" / (@ — 1)y (2)
_ (_l)n Gn-&-l,q(_l)

n-+1
lGn+1,q*1,w*1(2)
q n+1
1

; / ¢z +2)"dp_ ()

D
GTLJrl,q*l
n+1

=2+ q/ q "z"dp—1(2).

Zp

Therefore, we obtain the following theorem.

Theorem 4. For n € N with n > 1, we have

/Z ¢*(1— @) () = 2+ ¢ / ¢ ().

D ZP

In (1.9), we take the fermionic p-adic invariant integral on Z, for one Bernstein polynomials as

follows:
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3
~~—_
~ 3
|
B
/N
S

_k>(_1)nkl/z " ldu_y (x)

D

. n = n—k . 7Z,k,lc;n—l+1,q
_<k>z< l >( 1) n—1+1

/Z q* By (z)dp—1(z) = (k

P

n—k
n n—=k Gk+l+1
= E —1)! 2 wh keZ,.
<kz) l_()( ; >( )k_i_l_’_l,weren7 €2y

From the reflection symmetric properties of Bernstein polynomials, we note that
Bin(x) = Br—gn(l — ), where n,k € Zy and « € Zj,.

For n,k € Z; with n > k + 1, we have

/

¢ Bn(@)di(@) = [ @B = 2)dia (@)

-(7) 3 ()0 [ a0 dna

=0 P

() (e (2vaf

Therefore, we have the following theorem.

D

D

Theorem 5. For n,k € Z; with n > k + 1, we have

[ o= (1) 32 (5o (2t

P =0

By (2.5) and Theorem 5, we obtain the following theorem.

Theorem 6. Let n,k € Z; with n > k+ 1. Then we have

n—k k
n—k Gryiv1 k _ Gnit1,q-1 w1
_1l 4 _1k7 l 2 4 .
;( I )( Vi1 Z(l>( ) L

=0

Let ny,no, k € Z4 with n; +ng > 2k + 1. Then we get

/Z ¢ By (2) Bi o () dpt1 ()

P

EE ) s

=0 P

(S e

=0 P

(M) ()% (B (2 vaf q‘””wnlmldul(w)> .

=0

Therefore, we obtain the following theorem.

102

¢ " ldu_y (z)) .

(2.5)



N. JUNG ET AL: q-GENOCCHI NUMBERS

Theorem 7. For ny,nqe k € Z with n; +no > 2k + 1, we have

/Z ¢ B (2) Bi o (2)dpt1 ()

P

2k
o s %) 2k 142k Gn1+n2—l+17q—1,w—1
() () Z (e (rSmmzmr)

=0

By simple calculation, we easily see that

/Z 4 By (2) By (1)1 (1)

P

) E ) e

1=0 .
ni+ns—2k
ni no [+ ne — 2k Gl+2k+1,q
N -1 Ton 0 Wh keZ,.
<k)<k> ; ( )< l [+ ok 1 Vhere ke Sy

Therefore, by (2.7) and Theorem 7, we obtain the following theorem.

Theorem 8. Let n1,n9,k € Zy with ny + ne > 2k + 1. Then we have

2k

2k Gn1+nzfl+l —1 —1
-1 142k (2 + 4~ W
> () (et
ni+ns—2k
_ 1+z2 (71)1 ny + ng — 2k GH_Q]H_Lq
i l [+2k+1

For nyi,ngo,ns, k € Zy with ny + ng +ng > 3k + 1, by the symmetry of Bernstein polynomials,
we see that

/Z ¢ Bty (2) By (2) iy () dpi—1 (2)

ya

IS (e | oot

3k
= m "2 3 3k — l+3ki/ —hz, —x ni+nz+nsg—lI
<k>(k>(k)§<l>( 1) wqh qu w (I’+2) d,LL_l(SC)

S BIGIEMI G E|

Therefore, we have the following theorem.

qhmwwxn1+n2+n3ld‘u_l(x)> )

P

Theorem 9. For ny,ng,ne, k € Z4 with n; +ngo + n3 > 3k + 1, we have

/Z 4" B, () By () By () dpi1 ()

P

_ ni1 no ns ik: 3I€ (_1)l+3k 2+ Gn1+n2+n3fl7q717w71
BUVAVIAVY I G Fnatns—1+1)"

=0
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In the same manner, multiplication of three Bernstein polynomials can be given by the following
relation:

/Z 0 B (2) By (2) By () dpi_1 (1)

ya

ni+ns+ns—3k
() (n2) (ns v+ ne+ng—3k / ©, 143k
_(k)<k>(k> Z ( 1)( ) qu dp—1(x)

=0 I3

n ng—3k
_ ny ng ns 1+n§—:n3 3 (_1)l ny1 + ng +ng — 3k Gl+3k+1,q
k k k — l 1+3k+1’
where n1,n9,ns3, k € Z with nq + no +ng > 3k + 1.

Therefore, by Theorem 9, we obtain the following theorem.

Theorem 10. Let ny,ng,n3, k € Z4 with ny + ne +n3 > 3k + 1. Then we have
3k

Z <3]€) (71)l+3k (2 1 qGn1+"2+"3*l+1,q*l,uﬁl )
l

— ny+ne+nsg—1+1
ni+ns+nz—3k

_ Z (1) (nl +no +mn3 — 3/€) Gii3k+1,q

£ z [+3k+1

Using the above theorem and mathematical induction, we have the following theorem.

Theorem 11. Let m € N. For ny,no,...,nm, k € Zy with ny +--- +n,, > mk + 1, the
multiplication of the sequence of Bernstein polynomials By, ,,, (%), . . ., B n,, (x) with different degrees
under fermionic p-adic invariant integral on Z, can be given as

[ (H Bin, <x>> i (@)
Zp i=1

m mk
_ <H (T]:L>> Z(_l)l+mk+l (2 + anl+"'+nml+1$qliw1> .
i=1

i ny 4ty — 1

We also easily see that

/zp g (H P (””) s (@)
i <ﬁ (¥) ) e R 25

ey = l l+mk+1
By Theorem 11 and (2.8), we have the following corollary.

Corollary 12. Let m € N. For ny,ns,...,nm, k € Zy with ny +--- 4+ n,;, > mk + 1, we have

&k G -
Z(fl)l+mk <2 +gq ni+-An, —l+1,g 1w )
rar; PR ——

ni+-+nm,m—mk

_ Z (m + Ny — mk) (_1)1 Gl+mk+1,q

— l l+mk+1
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Abstract

In this paper, some topological concepts and definitions are generalized to cone
metric spaces. The distance between two sets in cone metric spaces is defined,
where some examples are given. Moreover, it is proved that every cone metric space
is a Ty — space and that Baire’s category theorem is still valid in cone metric spaces.
Regarding, the theory of linear operators in cone normed spaces, we defined bounded
linear operators and scalar bounded linear operators. Examples are given to show
that not necessarily all linear operators are bounded on finite dimensional cone
normed spaces and to show that not every continuous linear operator between cone
normed spaces is bounded.

Key words: Cone metric, cone normed, cone Banach, strongly minihedral,
absolute value function, Meager (the first category), Nonmeager ( the second
category), Baire’s category theorem, monotonic, semi-monotonic, linear operator,
scalar bounded, continuous.

1 Introduction and Preliminaries

Cone metric spaces were first introduced in [4], where the authors described
convergence in cone metric spaces and introduced completeness. Furthermore,
in [1,5,7,13,14], they proved some common fixed point theorems in cone metric
spaces. In [2], the authors introduced some generalized topological concepts
and definitions in cone metric spaces and proved that every cone metric space
is topological space as well as they proved some fixed point theorems in di-
ametrically contractive mappings in cone metric spaces. Furthermore, cone
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metric spaces were studied by many authors (see [6,8-12] ). However, in this
paper, some topological concepts and definitions are generalized to cone met-
ric spaces. We defined the distance between two sets in cone metric spaces
supported by examples. Moreover, it is proved that every cone metric space
is a Ty — space. Also to prove Baire’s category theorem in cone metric space,
we defined the first category (Meager) and the second category (nonmeager).
We also defined the cone normed space and proved that each cone normed
space is a cone metric space. Furthermore, we defined cone Banach space and
we gave an example about that and we defined the absolute value function
and scalar bounded linear operator in cone metric spaces as well. Finally, we
generalized bounded linear operators between two cone normed spaces and by
an example showed that not necessarily all linear operators are bounded on
finite dimensional cone normed spaces and to show that not every continuous
linear operator between cone normed spaces is bounded.

Let E be a real Banach space and P a subset of E. Then, P is called a cone
if and only if

P1) P is closed, non empty and P # {0}
P2)a,b€e R a,b>0;x,y € P=ax+byecP
P3)xre Pand —x € P=12=0

Given a cone P C FE, we define a partial ordering < with respect to P by
xr < yif and only if y — x € P. We write x < y to indicate that z < y but
x # vy, while x << y will stand for y — x € IntP. (IntP = interior of P ).

The cone P is called normal if there is a number K > 0, such that for all
ryye B, 0<z<y=|z|<K]|yl, where K is called the normal constant
of P.

The cone P is called regular if every increasing sequence which is bounded
from above is convergent. That is if {z,,} is sequence such that z; < z5 <
.. <z, <y for some y € E, then there is x € F such that || x, — z ||— 0 as
n — oo.

Equivalently the cone P is called regular if every decreasing sequence which is
bounded from below is convergent[4]. Throughout this article we assume that
the cone P is normal with constant K.

P is called minihedral cone if sup{z,y} exists for all z,y € F, and strongly
minihedral if every subset of £ which is bounded from above has a supremum
and hence any subset of £ which is bounded from below has an infimum . A
norm || . || on E is called monotonic if 0 < x < y implies || z ||<|| v ||, and
semi-monotonic if || z ||[< K || y || for some K > 0 and all x and y such
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that 0 <z <y [3]. It is know by [3] that P is normal if and only if || . || is
semi-monotonic.

Throughout this article we assume that P is a cone in E with IntP # &
and < is partial ordering with respect to P. We also appeal to the following
relations:

IntP + IntP C IntP and AMIntP C IntP, X >0

2 Cone Metric Spaces and Baire’s Category Theorem

Definition 1 [}/ A cone metric space is an ordered pair (X,d), where X
any set and d : X x X — E is a mapping satisfying: d1) 0 < d(z,y) for all
z,y € X, and d(x,y) = 0 if and only if x = y. d2) d(z,y) = d(y,z) for all
z,y € X. d3) d(z,y) < d(x,z) +d(z,y) for all z,y,z € X.

Example 2 Let E = R" and P = {(z1,%2,....,x,) € R" :2; > 0,i =1,2,3,...,n}
with © = (x1, T2, ..., xn) <y = (Y1,Y2, -, Yn) if and only if (y; —x;) > 0 for
alli=1,2,3,...,n. Then any subset of P has an infimum.

Definition 3 Let A # & and B # & be two subset of a cone metric space
(X,d). Then the distance between A and B, denoted by d (A, B), is defined
by d(A,B) =inf{d(z,y):x € A, y€ B}. If A= {a}, we write d(a, B) for
d(A, B).

Example 4 Let E = R* and P = {(z,y) : ® >0, y > 0}. Define d : R* x

R — E by d((z1,22), (41,2)) = (|21 —wi [ 22— w2 [) and let A =
{(z,y) eR?:0<2<1,0<y<1},B={(z,y) e R?:2<2 <3, 0<y<1},
C = {00}, D= {(43)} Then d(A,B) = (1,0), d(A,C) = (0,0),
d(C,B) = (2,0).

Example 5 Let E = R* and P = {(z,y) : x>0, y > 0}. Define d : R* x

R* - E by d((z1,22), (y,02)) = (lov—wn |, |22 — w2 |) and let A =
{(z,y) eR?:0<2<1,2<y<3},B={(r,y) eR?:3< <4, 0<y<3}.
Then d(A,B) = (2,1).

Lemma 6 Let ¢, co € P such that ¢y < co+ s for all s >> 0. Then ¢ < cs.

Proposition 7 (see prop.(1) in [2]) Every cone metric space (X,d) is a first
countable topological space, whose topology 7. is given by

7.={U C X :Vx € U, 3¢ >> 0 such that B(x,c) C U} U {0} (1)

where
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B(z,c) ={y e X : d(z,y) << ¢} (2)

Theorem 8 Let (X,d) be a cone metric space and A # @ a subset of X.
Then x € A if and only if d (x, A) = 0.

PROOF. Suppose z € A. Then, for fixed ¢ >> 0 and eachn € N, B (x, c) N
n

A # @. Therefore, for each n € N there exists a,, € A such that 0 < d (z, A) <
d(z,a,) < % Hence, % —d(xz,A) € P, for all n € N. That P is closed implies
that —d(x, A) € P and our conclusion then is that d(z, A) = 0. Conversely,
d(z,A) =0< %0 for all n € N and some ¢y >> 0 implies the existence of a

sequence a, € A such that d(z,a,) < 0 for all n € N. Since P is a closed
n

cone then we conclude that —lim, .. d(x,a,) € P, lim, . d(z,a,) € P
and hence lim,, ., d(x,a,) = 0. Now let ¢ >> 0 be given and choose § > 0
such that ||b]] < ¢ implies that b << ¢. Since lim, . d(z,a,) = 0 then for
some ng € N and all n > ny we have ||d(z,a,)|| < ¢ and so d(z,a,) << ¢
for all n > ng. Thus, a, — z in (X, d). Since every cone metric space is first
countable topological space then x € A.

As a consequence of the above Theorem, if a subset A of a cone metric space
(X,d) is closed and = ¢ A, then d (z, A) > 0.

Theorem 9 Every cone metric space (X,d) is a Ty — space.

PROOF. Let z # y be two points in X. Suppose B(z, g) N B(y, g) = () for
all ¢ >> 0, then by the triangle inequality d(z,y) < ¢ for all ¢ >> 0. Hence
d(z,y) < “ for all n € N and some cop >> 0. Since P is a closed cone then

d(xz,y) = 0 and so = y which is a contradiction.

Definition 10 A subset M of a topological space (X,7.) is called: (I) Rare
(nowhere dense) in X if Int(M) = 0. (II) Meager (the first category) in X
if M is the union of countably many sets each of which is rare in X.(III)

Nonmeager (second category) in X if M is not meager in X.

Lemma 11 [j/Let (X,d) be a cone metric space, P be a normal cone with
normal constant K. Let {x,} and {y,} be two sequences in X and y, — vy,
Ty — T as (n — ), then d(z,,y,) — d(z,y) as n — oo.

Lemma 12 Let (X, d) be a cone metric space. If a,, € E such that b < a,, for
alln and a,, — a then b < a.
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Theorem 13 (Baire’s Category Theorem in Cone Metric Space) Ev-
ery complete nonempty cone metric space (X, d) is nonmeager in itself. Hence
X = U2 My, My, closed, then at least one My, contains a nonempty open sub-
set.

PROOF. Suppose the complete cone metric space (X, d) were first category.
Then X = U2, M}, with each M}, rare in X, we can shall construct a Cauchy
sequence {z;} in X whose limit x (which exists by completeness) is no Mj,
and get a contradiction. By assumption, M; is rare in X, so that by defi-
nition, M; does not contain a nonempty open set. But X does have. This
implies that M; # X. Hence choose z; € M;  and an open ball about it,

- c
say By = B(z1,¢1) = M, with ¢; < 5 where ¢ € IntP is some fixed point.
By assumption, M, is rare in X, so M, does not contain a nonempty open

c
set. Hence, it does not contain the open ball B(zy, 51) This implies that

—c & .
My N B(xy, 51) is not empty and open, so that we may choose an open ball

in this set say, By = B(z3,¢3) C My N B(:L‘l,%), Co < % By induction

c c
we thus construct a sequence of balls, By, = B(zg, Ek)’ cr < oF such that
Ck

c
By N My, = @ and By1 C B(wy, 5) C By, k=1,2,3,... . Since ¢ < o the
sequence z of the centers is Cauchy and hence converges, say x, — x € X
because X is complete by assumption. Also, for every m and n > m we have

B, C B(xm,c?m), so that d(x,,x) < d(zpm, z,) + d(x,,x) < %n + d(zp, ).
Since x,, — x, then we have oy %n —d(xy,,x) € P for all n € N and some
n

cp >> 0. Since P is a closed cone we conclude that %n — d(Tpm,v) € P and so

x € By, for every m. Since B,, C M,, ¢, we now see that x ¢ M,, for every
m, so that © ¢ X = UX_, M,,. This contradicts that x € X.

3 Cone Normed Spaces

Definition 14 (see also [15], [16]) A cone normed space is an ordered pair
(X, || . ||lc) where X is a vector space over R and || . ||: X — E is a function
satisfying:

C1)0<| z|le, forallze X.
C2) || z ||lc=0 if and only if = =0.
C3) || a.x ||o=| a ||| x ||e, for each x € X and o € R.
Colz+ylle<llzlc+1ylle zyeX
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Proposition 15 FEach cone normed space is cone metric space. Namely, d :
X X X — E is defined by d(z,y) =|| x —y || -

PROOF. forall z,y,z€ X

dl)d(z,y) =0 ifandonlyif ||z—y|.=0 ifandonlyif z—y =0z =y.
d2) d(z,y) = |z =y lle= I =(y = 2) [l by (C3) [ y —  [le= d(y, z).

d3) d(z,y) =z —y =z —2+z -yl by (C4) [z —z+2z—y <]

t=zlet+lz=ylle=d(z2)+d(zy)

Remark 16 Convergence in cone normed space is described by the cone met-
ric induced by the morm. For erxample, a sequence x, € X s said to con-
verge to an element x € X, if for all ¢ >> 0 there exists ng such that

d(zn,x) =| T, — x ||.<< ¢ for all n > ngy. Hence, by [{], when the cone
is normal, a sequence x, — x if and only if || d(x,,x) ||=|||| 0 — x [|c]]— 0
asn — oo.

Definition 17 A sequence x,, € X is called Cauchy sequence if for allc >> 0
there exists ng such that d(x,, Tm) =|| Tn — xm ||c<< ¢ for all m,n > ny.

FEquivalently by [4] if lim | d(xp, xm) ||= lim Il ©n — 2 ||c]|= O.
Definition 18 A cone normed space (X, | . ||.) is called cone Banach space

if every Cauchy sequence in X convergent in X.

Example 19 Let (E,| . ||.), E = R?, P = {(z,y):2 >0,y >0}. The
function || . ||. defined by || (z,y) ||c= (o |z |,6|y]|), B >0 isa cone
norm space and cone Banach space. Indeed,

C) | (@) le> 0, || (z,9) le=0<= (a]z],B]y])=(0,0) < alz|=0
and B ly|=02=0,y=0 < (z,y) = (0,0).

C2) || a(z,y) [le=l (ax,ay) |le= (a [ ax |, 5 | ay |) =| a | (alz], Bly]) =l a | . |
(@, 9) [l -

C3) | (z,y) + (zw) =[x +zy+w|=(a|z+z|flyt+w]) <(a]|z|
WIZ)LHﬁlylﬂLﬁlw|)=(a|$|,ﬁlyl)+(0¢IZI,ﬂIwI)Z I (zy) e +
z,w) e -

This space is complete and hence cone Banach. Let z, = (xn,y,) € R? be a
Cauchy sequence.
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Hence by Lemma /4 in [4],

iz =z =l (2 = 2, = g [el=
m,I}LIEOO H (Oé ’ Tp—Tm ‘75 ’ Yn—Ym |) “: m,lfilr—r}oo\/a2 ‘ Tp — Tm ’2 +ﬁ2 ‘ Yn — Ym ’2 = 0

Therefore, | £, — T |— 0, | Yo — Ym |— 0 as n,m — oo and hence {z,} and
{yn} are Cauchy sequence in the field R. Find x,y € R such that | x,—x |— 0
Y —y|— 0 as n— oo.

We shall show that z, = (Tn,yn) — 2 = (x,y) in cone norm space and hence
(B2 - Nle) is complete. lim Il 20 = z [lell= lm [l (zn = 2,50 — y) [lcll=

n—oo

lim || (o |20 =2 |,8 |y —y [lI= lim /a2 |z, —x |2 +82 |y —y 2= 0.

n—oo

Proposition 20 Fvery cone normed space is topological space.

The result follows by [2] since each cone normed space is cone metric space.
Actually, the topology is given by

7.={U C X :Vzx €U, 3¢ >>0 such that B(z,c) CU}U{P} (3)

where
B(z,c)={ye X ||z —vy |l.<< ¢} (4)

Proposition 21 The cone metric d induced by a cone norm on a cone normed
space satisfies :
d(z+a,y+a)=d(zy) (5)
d(ax, ay) = a|d(z,y) (6)

for all x,y,a € X and every scalar a.

PROOF. We have d (z + a,y +a) =|| z+a— (y+a) [|.=|| z—y ||.=d(z,y)
and d (ax, oy) = ax —ay [lo=[ a || z =y l=] « [ d(z,y).

Definition 22 The absolute value function abs : E — E is defined by:
a a>0

abs(a) =4 —a a <0 (7)

0 otherwise

Note that if a <0 then —a >0 and abs(a) € P.
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Definition 23 A cone norm || . ||,: E — P is said to satisfy the property (A)
if :—c<a<cifandonlyif | al|.<c foralla € E and ¢ >> 0.

Example 24 Let E = R? and P = {(z,y) € R*:x >0,y > 0}. Then the
norm || . ||n: E — P defined by || (x,y) |ln= (| x |,| v |), satisfies the property
(A). Indeed a = (x,y), satisfies || a ||.< ¢ = (c1,¢2), c1,¢2 > 0 if and only if
(lz][y]) <(a,c) ifand only if —c=(—c1,—c2) S a=(z,y) < (a1,c2) =
c. Also it can be easily seen that || . ||, is monotonic on P (i.e. 0 < a <b
implies || @ < |1 o).

Remark 25 Using (C4) and that E is normal cone with constant K, we can
show that

Fabs([[y lle = T2 lle) IS KNz =yl - Yo,y e X (8)

Indeed, ||z [le=| z =y +y <l ==y lle + | ¥ llc and || y le=]ly —z+2 [ <|

y—z lle + | @ lle; hence, | z |lc = |l y le<Il =y [lc and || y [l — |
T |<|| =y |l.. But then 0 < abs(|| y |lc — || = ||c) <|| ® — y || implies that
labs( y lle = I lle) IS Kl =y ||l - Purthermore, if || . || is a cone

norm on E with the property (A) then |[|[|| = [le = | y llellnll< K[l = =y [l -

For more examples of cone normed spaces and the completion of cone normed
spaces see [15] and [16], respectively.

4 Bounded Linear Operators Between Cone Normed Spaces

Definition 26 A linear operator T : (X, || . ||lc;) = (Y, - |le;) between cone
normed spaces over the same cone P in E, is called : (a) Bounded if there
exists M > 0 such that for all x € X,

I Tz e, < M| 2 ey (9)

(b) Scalar bounded if there exists L > 0 such that for all x € X,

Tz (e I1< L2 ley (10)

When T s scalar bounded, we define its scalar norm by

[T ls= inf {L > 0[] Tz le, [ < LI @ ley ||, Ve € X (11)
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From the above definition it easy to see that every bounded linear operator
between cone normed spaces is scalar bounded with L = MK and K is the
normal constant of the cone P in F and

Tx ||,

17 le sup T2 Ll )
ozex ||| 2 [le ]

Proposition 27 If the norm || . || on E is monotonic or the normal constant

K =1, then (X ||| - ||e]l) s @ normed linear space.

PROOF. If |24+ y ||, <|| = |le; + || ¥ ||e;, then monotonicity of || . || implies
that || [| 24y le, <] 2 [le; + 1 ¥ lled IS @ [le; [| + 1 ¥ lley || and the triangle
inequality follows. The other axioms for the norm are trivially satisfied.

Remark 28 If || . || is monotonic on E then we call the above normed space
(X, - Nlell), the normed space associated to the cone normed space (X, ||

Nlex

Definition 29 A map T : (X, . |le,) — (Y5 - |le,) is called continuous at
xo € X, if for all g € E with ¢ >> 0 there exists p € E, p >> 0 such that for
adlze X, || x—xg|e,<p implies || Tx — Txg ||, < q. T is called continuous,
if it is continuous at each x € X.

Theorem 30 If T : (X,| . |le,) = (Vs - |le) s a bounded linear operator
then it is continuous.

PROOF. Assume 7' is bounded and let 2y € X then there exists M > 0 SilCh
that || Tz ||, < M || = ||, for all z € X. Now for ¢ >> 0, choose p = e
Then, x € X, ||  — x¢ ||, < p implies || Ta — Tz ||, =] T(z — x0) ||, < M ||

q
T — 2o ||, < MM =q.

Linear operators on finite dimensional normed linear spaces are necessary
bounded. However, in general, it is not the case for cone normed spaces. Also,
the converse of the above theorem may not be true.

Example 31 Let E = R? and P = {(x

Y)ER?: x>0,y >0} and X = E.
Define on E the cone norm || (x,y) ||.= (| =

1y D). Then,

(a) the linear operator T : (E,||.|l.) — (E,| .|l.) define by T (x,y) =
(x —y,y —x) is not bounded. Indeed, for any m > 0, m # 1, let x,, =

1 1 1
(,m), then for m > 1, we have || Tz, |.=|| (m—,—m) l|-=
m
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1 1 1
(m—,m— is not comparable to m. || (—,m) |.= (1,m?), and

m

2

m m
for 0 <m <1, let x=(1,-1) then || Tz ||.=] (2,-2) [l.= (2,2) > m. ||
(1, =1) [le= (m,m).

(b) The linear operator T in (a) is continuous. Since cone metric spaces are
first countable [2], in order to prove continuity of T, it will be enough to show
that it is sequentially continuous. To this end assume that z, = (T,,yn) 1S
a sequence in E such that z, — z = (x,y). Then, by Lemma (1) in [4],
Jim | d(z0,2) = Jim | 20— 2 o= dm | (120 —2 |, 90—y 1) II= 0.
Equivalently, if | ,—x |— 0 and | y,—y |— 0. But then, 0 <|| Tz, —Tz ||.=||
(Tn = Yns Yo = T) = (€ =4,y = @) =] (@0 = Yo =2+ Y40 — 20 —y + 2) [l=
(I @n—yn—2+yllyn—2n—y+al]) <

(|xn_x|+|y_yn|7|yn_y|+|x_xn |) implies;

2 2
0 < T2—T [l < /(| 2w —2 |+ [ =y )P+ (g —y |+ 2 =2, ) =
0, hence ||| Tz, — Tz ||||— 0, that is Tz, — Tz.

(c) It can be easily shown that any linear operator on E represented by a diag-
onal matriz is bounded. For example, if T is defined by T (z,y) = (ax, fy),
a,B € R, then || T (z,y) [[< max{[a || B} ] (z,9) [l -

Theorem 32 If the norm of E is monotonic. Then any linear operator on a
finite dimensional cone normed space is scalar bounded.

PROOF. Let (X,| . |s) be a finite dimensional cone normed space over a
cone P in F with a monotonic norm || . ||, and (Y,| . |s,) an arbitrary
cone normed space over the same cone. Then any linear operator 7' from X
into Y is bounded if treated as a linear operator between the normed linear

spaces (X, ||| - [l 1) s (Y51 - lle,]]) - But bounded linear operators between
these two normed spaces are exactly scalar bounded operators from (X, || . ||c,)
into (Y, || - [|c,) -
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Abstract. In this paper, we obtain the general solution and the stability result for the
following functional equation

fBx+y)+ fBx—y) = flx+y) + flx —y) +2f(3x) — 2f(x)

in random normed spaces (in the sense of Sherstnev) under arbitrary ¢-norms.

1. INTRODUCTION

The stability problem of functional equations originated from the question of Ulam [59] in
1940, concerning the stability of group homomorphisms. In 1941, D. H. Hyers [38] gave the
first affirmative answer to the question of Ulam for Banach spaces. In 1978, Th. M. Rassias
[63] provided a generalization of Hyers’ Theorem which allows the Cauchy difference to be
unbounded. (see [8]-[33] and [49]-[52]).

This new concept is known as generalized Hyers-Ulam stability of functional equations
(see [1]-4],[28, 29, 37],[39]-[46] and [48, 54, 57]). The functional equation

fl@+y)+f(@—y) =2f(x) +2f(y) (L.1)

is related to symmetric bi-additive function. It is natural that this equation is called a
quadratic functional equation. In particular, every solution of the quadratic equation (1.1)
is said to be a quadratic function. It is well known that a function f between real vector
spaces is quadratic if and only if there exits a unique symmetric bi-additive function B such
that f(z) = B(z,z) for all z (see [1, 43]). The bi-additive function B is given by

Bla,y) = (/& +y) — f(z ~ ) (12)

Hyers-Ulam-Rassias stability problem for the quadratic functional equation (1.1) was proved
by Skof for functions f : A — B, where A is normed space and B Banach space (see [58]).
Cholewa [5] noticed that the Theorem of Skof is still true if relevant domain A is replaced
by an abelian group. In the paper [7], Czerwik proved the Hyers-Ulam-Rassias stability of
the equation (1.1). Grabiec [34] has generalized the above mentioned result.

92000 Mathematics Subject Classification: 46540,54E40.
9Keywords: Additive-quadratic functional equation; Random normed space.
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A. Najati and M. B. Moghimi in [47] introduced the following functional equation

fQRx+y)+ [z —y) = f(x+y) + flx —y) +2f(22) — 2f(x)

with f(0)=0. It is easy to see that the mapping f(z) = az® + bz + ¢ is a solution of the
functional equation. They established the general solution and the generalized Hyers-Ulam-
Rassias stability for the functional equation whenever f is a mapping between two quasi
Banach spaces.

The aim of this paper is to investigate the stability of the additive—quadratic functional
equation in random normed spaces (in the sense of Sherstnev), under arbitrary continuous
t-norms.

In the sequel we adopt the usual terminology, notations and conventions of the theory of
random normed spaces, as in [6, 55, 56]. Throughout this paper, A" is the space of dis-
tribution maps; that is, the space of all mappings F' : RU {—o0, 00} — [0,1], such that F'
is left-continuous and non-decreasing on R, F(0) = 0 and F(+c0) = 1. DT is a subset of
A" consisting of all functions F' € A" for which I~ F(4+00) = 1, where |~ f(x) denotes the
left limit of the function f at the point x; that is, I~ f(z) = lim,_ - f(t). The space A™
is partially ordered by the usual point-wise ordering of functions, i.e., F' < G if and only if
F(t) < G(t) for all t in R. The maximal element for A" in this order is the distribution

function €¢ given by
® 0, ift<o0,
£ =
0 1, ift>0.

Definition 1.1. ([55]). A mapping T : [0,1] x [0,1] — [0, 1] is a continuous triangular norm
(briefly, a continuous t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

() T is continuous;

(c) T(a,1) =a for all a € [0,1];

(d) T(a,b) < T(c,d) whenever a < c and b <d for all a,b,c,d € [0,1].

Typical examples of continuous t-norms are Tp(a,b) = ab, Ta(a,b) = min(a,b) and
Tr(a,b) = max(a + b — 1,0) (the Lukasiewicz t-norm). Recall (see [35], [36]) that if T is a
t-norm and {z,} is a given sequence of numbers in [0, 1], T2 z; is defined recurrently by
TY 2; = 1 and T/ 2; = T(Tf:jlmi,mn) for n > 2. T2, x; is defined as Ty Tn4i. It is
known ([36]) that for the Lukasiewicz ¢t-norm the following implication holds:

lim (T0) @nps =1 4= Y (1 —2n) < o0, (1.3)
n=1

Definition 1.2. ([56]). A random normed space (briefly, RN-space) is a triple (X, u,T),
where X is a vector space, T is a continuous t-norm, and u is a mapping from X into DT
such that, the following conditions hold:

(RN1) po(t) =eo(t) for allt > 0 if and only if x = 0;

(RN2) praz(t) = ux(li—‘) forallr e X, a #0;

(RN3) pioty(t+5) > T(pe(t), py(s)) for all z,y € X and t,s > 0.

Every normed space (X, ||.||) defines a random normed space (X, u, Th) where

t
pa(t) = =
t+ |

for all t > 0, and T is the minimum ¢-norm. This space is called induced random normed
space.
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Definition 1.3. Let (X, u,T) be an RN-space.

(1) A sequence {xn} in X is said to be convergent to x in X if, for every e >0 and \ > 0,
there exists positive integer N such that g, —z(€) > 1 — X whenever n > N.

(2) A sequence {zn} in X is called Cauchy sequence if, for every ¢ > 0 and A > 0, there
exists positive integer N such that pg, —z,,(€) > 1 — X\ whenever n > m > N.

(3) An RN-space (X, u,T) is said to be complete if and only if every Cauchy sequence in X
is convergent to a point in X.

Theorem 1.4. ([55]). If (X, u, T) is an RN-space and {zn} is a sequence such that x, — x,
then limp— oo fa, (t) = pz(t) almost everywhere.

In this paper we deal with the following functional equation:
fBr+y)+fBz—y) = flz+y) + fle—y) +2fB3z) - 2f(x) (1.4)
on random normed spaces. It is easy to see that the function f(x) = az® + bz is a solution
of the functional equation (1.4). In section 2 we investigate the general solution of functional

equation (1.4) when f is a mapping between vector spaces, and in section 3 we establish the
stability of the functional equation (1.4) in RN-spaces.

2. GENERAL SOLUTION

We need the following two lemmas for the general solution of (1.4). Throughout this
section X and Y are vector space.

Lemma 2.1. If an even function f: X — Y with f(0) = 0 satisfies (1.4) for all z,y € X,
then f is quadratic.

Proof. Replacing y by = + y in (1.4), by evenness of f, we obtain

flAz +y)+ f2z —y) = f(2x +y) + f(y) + 2f(3z) — 2f(z) (2.1)
for all z,y € X. If we Replace y by —y in (2.1), we get by evenness of f,
flAz —y) + fQ2z +y) = f(2z —y) + f(y) + 2f(32) — 2f(2) (2:2)
for all z,y € X. If we add (2.1) to (2.2), we have
fldz+y) + f(dz —y) — 2f(y) = 4f(3z) — 4f(x) (2.3)
for all z,y € X. Letting y = 0 in (2.3), we get
f(4z) =2f(3x) — 2f(z) (2.4)
for all x € X. Once again letting y = 2z in (2.3), we get
f(6x) = 4f(3z) + f(2z) — 4f(x) (2:5)
for all x € X. It follows from (2.4) and (2.5) that
f(6x) = 2f(4z) + f(2x) (2.6)
for all x € X. Once again letting y = 4z in (2.3), we get
J(82) = 2/(4) + 4/ (32) — 4f(a) (2.7)
for all z € z. It follows from (2.4) and (2.7) that
f(8x) = 4f(4x). (2.8)
If we replace = by § in (2.8), we get that
f(2z) =4f(x) (2.9)
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for all 2 € X. Replacing = by § in (2.6), we obtain

F(32) = 2£(20) + () (2.10)
for all z € X. It follows from (2.9) and (2.10) that
f(B3z) =9f(x). (2.11)

Replacing y by 3y in (1.4), we get

F(Bz +3y) + f(Bx — 3y) = f(z + 3y) + f(z — 3y) +2f(3z) — 2f(x) (2.12)
for all z,y € X. By (2.12) and using (1.4) and (2.11), we get

9 (x+y) +9f(x—y) = flz+y) + flz—y) +2f(3y)
—2f(y) +2f(3z) — 2f(x)
for all z,y € X. Hence the function f: X — Y is quadratic. a

Corollary 2.2. If an even function f : X — 'Y satisfies (1.4) for all z,y € X, then mapping
g: X —Y defined by g(x) := f(z) — f(0) is quadratic.

Lemma 2.3. If an odd function f : X — 'Y satisfies (1.4) for all z,y € X, then fis additive.

Proof. By letting y = = in (1.4), we get

f(4z) = 2f(32) — 2/ (x) (2.13)
for all x € X. If we let y = 3z in (1.4), we get by the oddness of f,
f(6z) = 2f(3x) + f(4z) — 2f (z) — f(22) (2.14)
for all z € X. It follows from (2.13) and (2.14) that
f(6z) = 2f(4z) — f(2) (2.15)
for all z € X. Once again, by letting y = 5z in (1.4), we get by the oddness of f,
f(8z) — f(2z) = f(6z) — f(4z) + 2f(3z) — 2f(x) (2.16)
for all x € X. By (2.13) and using (2.15) and (2.16), we get
f(8z) =2f(4x) (2.17)
for all z € X. If we replace z by § in (2.17), we obtain
f(2x) = 2f(x) (2.18)
for all z € X. Now, in (2.15), replacing = by 3, we have
1(32) = 2/(20) — f() (2.19)
for all z € X. It follows from (2.18) and (2.19) that
f(3z) = 3f(x) (2.20)
for all x € X. By (1.4) we conclude that
Bz +y)+ Bz —y) = flz +y) + f(z —y) +4f(z) (2.21)

for all z,y € X. Replacing z in (2.21) by 3 and multiplying both sides of (2.21) by 2 we
obtain

fle+3y) + f(z=3y) =3f(z+y) +3f(z —y) — 4f(z) (2:22)
for all z,y € X. Replacing z and y by y and x in (2.21), respectively, we get
fle+3y) — flz=3y) = flz+y) - flx—y) +4f(z) (2.23)

120



M.E. GORDJI ET AL: FUNCTIONAL EQUATION IN RANDOM NORMED SPACES

Stability of a mixed type additive and quadratic functional ... 5

for all z,y € X. By adding (2.22) to (2.23), we obtain

flz+3y) =2f(z+y) + flz—y) - 2f(2) +2f(y) (2.24)
for all z,y € X. Replacing y by —y in (2.24)
flz=3y) =2f(z —y) + flz+y) - 2f(2) +2f(y) (2.25)
for all z,y € X. Once again, if we replace z in (2.24) by = — 2y, we get that
flz+y)=2f(—y)+ f(z - 3y) —2f(z — 2y) + 2/ (y) (2:26)
for all z,y € X. It follows from (2.25) and (2.26),
flx—2y) =2f(z —y) — f(x) (2.:27)
for all z,y € X. Replacing y by —y in (2.27), we lead to
flx+2y) =2f(z +y) — f(x) (2.28)
for all z,y € X. If we replace y by z + y in (2.27), we get that
[z +2y) = fz) +2f(y) (2:29)

for all z,y € X. It follows from (2.28) and (2.29),

flz+y) = fl2)+fv)
for all z,y € X. Hence mapping f : X — Y is additive. d

Theorem 2.4. A function f : X — Y satisfies (1.4) for all x,y € X if and only if there
exists a symmetric bi-additive function B : X x X —'Y and an additive function A : X — Y,
such that f(z) = B(z,z) + A(x) for all z € X.

Proof. If there exists a symmetric bi-additive function B : X x X — Y and an additive
function A : X — Y, such that f(z) = B(z,z) + A(x) for all z € X. It is clear that function
f: X — Y satisfies (1.4).

Conversely, let f satisfies (1.4). We decompose f into the even part and odd part by setting

fola) = (@) + F(=a)), fole) = 3 (f(&) — F(~)),

for all x € X. By (1.4), we have

fe(Bz +y)+ fe(Bx —y) = %[f(?w +y)+ f(=3z —y) + f(3z —y) + f(—3z +y)]

= SUGe+y) + Gz — )]+ L1 (=32 + (~y) + f(-32 — ()]
= J[f (@t y) + [l —y) +27(32) — 2f(z)]

+ ol = 9) + f—a — (~9) + 2 (~32) — 2f(~=)]

= SUG@+9) + F(—2 =) + 5 (f@ —y) + S~ (~y)

205 (F(30) + F(=32)] — 203 (@) + f(~)]
= fe(@ +y) + fe(z —y) + 2fc(3z) — 2fc(2),

for all z,y € X. This means that f. satisfies (1.4). Similarly we can show that f, satisfies
(1.4). By Corollary 2.2 and Lemma 2.3, we achive that the function f. — f(0) and f, are
quadratic and additive respectively. Therefore there exists a symmetric bi-additive function
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B : XxX — Y suchthat fo(z) = B(z,z)+f(0) forallz € X. So f(z) = B(z,z)+A(x)+£(0)
for all x € X, where A(x) = fo(z) for all z € X. O

3. STABILITY

Throughout this section X will be a real linear space and (Y, u,T) will be a complete
RN-space.

Theorem 3.1. Let f : X — Y be an even function with f(0) = 0 for which there is
p: X x X — DV (p(x,y) is denoted by ps, ) with the property:

Ihf (3z4y)+ f (32 —y)— F(z+y) — F(e—y) ~2 (32) +2f (x) (1) 2 Py (t) (3.1)
for all z,y € X and all t > 0. If
lim T2 (2pgnti-1  gnti-1 (22n+it) + Ponti-1  g5onti—1 (22n+it)
n—oo —F—z=—F—= —g Xt —=x
+ Ponti-1 o —3anti=1 1(22n+lt)) =1 (3.2)
4 ? 4
and
lim p2n1,2ny(22nt) =1 (33)
n—oo

for allz,y € X and allt > 0, then there exists a unique quadratic mapping Q : X — Y such
that

1Q(a)—f () (£) 2 Tz (2p2i;1 <, 2i4*1 z(zit)“’Pm';l . 5.2:';1 I(zit)“’PﬂZl z, —3.?:‘*1 z(22it))v (3-4)
forallz € X and all t > 0.
Proof. By replacing y by x + y in (3.1), we get
Hf (4a-ty)+f (22—y) — FQaty) — F () ~2F 32) 42£ @) (B) 2 Pty (E) (3.5)
for all z,y € X. If we Replace y by —y in (3.5), we get
15 (4z—y)+ F (2a+y) — f (2a—y)— f () ~2f (32) 42§ (2) (1) 2 Py (1) (3.6)
for all z,y € X. If we add (3.5) to (3.6), we have
If (da4y)+ f (dm—y) 27 () —4f (32)+4£ (2) (B) 2 Pty (E) + Poa—y (D). (3.7)
Letting y = 0 in (3.7), we get the inequality
M2 (4a)—4f (3a)+4f () (1) = 2pz,2(t) (3.8)
for all x € X. Once again by letting y = 4z in (3.7), we get the inequality

I1f (82) 2 (42) —4f (Bx)+4f (2) (t) 2 pa52 (L) + o, 32 () (3.9)
for all x € X. It follows from (3.8) and (3.9) that
for all z € X. If we replace = by § in (3.10), we obtain
ff2e)-af(@)(t) 2 2pz 2 (1) + pz e (1) + P%,%(t) (3.11)
for all z € X. Letting
Yaw(t) =203 2 (8) + pz s (t) + ps =52 (1) (3.12)
for all z € X, then we get
1f (20)—4f () (1) = Y (t) (3.13)
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for all x € X and all ¢ > 0. Thus we have

M f(2x) —f(x) (t) > wz,ﬂf (22t) (314)
22
for all x € X and all ¢ > 0. Hence,
14 JICLARE)) _ f2kax) (t) Z w?kz,ka(22(k+1>t) (315)
22(k+1) 22k
for all z € X and all k € N. This means that
t k
Hy@k+la)  f2ka) (W) 2 1/}2’%,2’%(2 +1t) (3.16)
22(k+1) 22k

forallz € X, t>0andallk € N. As 1 > 1 + 55 + ... + 5, by the triangle inequality it
follows

n—1 14 n—1 k+1
Hf2na) —f(x) (t) 2 Tk:l (I’L F2k+1g) _ F(2kx) ( k+1 )) 2 Tk::l (kax,Qk’ac(Q + t))
22n 22(k+1) 22k 2
= 1-11(1/}27;—1%21‘—190(211:)) (3.17)

2TL
f(2277/1) }7 we

for all z € X and ¢ > 0. In order to prove the convergence of the sequence {
replace ¢ with 2™z in (3.17) to find that

Hgentmaz)  fema) (t) > Tinzl(¢2i+mflz,2i+mflz(2i+2mt))~ (3.18)
22(n+m) 22m

Since the right hand side of the inequality (3.18) tends to 1 as m and n tend to infinity,
sequence {f (222“70)} is a Cauchy sequence. Therefore, we may define Q(z) = limp oo £ (222,;'”)
for all x € X. Now, we show that @ is a quadratic map. Replacing z,y with 2"z and 2"y

respectively in (3.1), it follows that

2n
Ki@2natany) | f(32m0-20y)  f@rai2ny)  f@Ra-2my) o f(3.27a) 2 (1) 2 pana,any (277F).
22n + 22n - 22n - 22n - 22n + 22n

(3.19)
Taking limit as n — oo, we find that Q satisfies (1.4) for all z,y € X. Therefore by Lemma
2.1 we get that mapping @ : X — Y is quadratic.
To prove (3.4), take limit as n — oo in (3.17) and by (3.12). Finally, to prove the uniqueness
of the quadratic function @ subject to (3.4), let us assume that there exists a quadratic
function Q" which satisfies (3.4). Since Q(2"z) = 2*"Q(z) and Q’'(2"z) = 2°"Q’(x) for all
z € X and n € N, from (3.4) it follows that

2n+1
1)~ (@) (2) = Ho(na)-qr2na) (27 E)
2n 2n
Z T(,UJQ(an),f(QnI) (2 t), Hf@2rz)—Q'(2mx) (2 t))
> T(TZ(2pgi4n—1 . 2itn—1 z(22n+it) + Poitn—1_ 5gitn—1 I(22n+it)
Z T I —r
+ Pyitn-1 o —3.20tn—1 1(22n+it)), T2, (2p gitn—1 . 2itn—1 x(22n+it)
7 , I ZE

Lgaiin (227F))) (3.20)

2n-+1
+ Pgitn—1_ goitn—1 (2 t) 4+ pgitn—1
B s g, =22

for all z € X and all t > 0. By letting n — oo in (3.20), we find that Q = Q’. O

Theorem 3.2. Let X be a real linear space, (Y, u, T) be a complete RN-space and f : X —'Y
be an odd function which there is p : X x X — DV ( p(x,y) is denoted by pz,, ) with the
property:

f (3a+y)+F (3o—y)— F(e+y)— f (a—y)—2f (3a)+2f (2) (1) = Pa,y(t) (3.21)

123



M.E. GORDJI ET AL: FUNCTIONAL EQUATION IN RANDOM NORMED SPACES

8 M. Eshaghi Gordji, M. Bavand Savadkouhi and J. M. Rassias

for allz,y € X and allt > 0. If

lim T2 (2pgnti-1  gnti-1 (2n+it) + ponti-1_ gonti-1 (2n+it)
n— o0 —F—z=—F—= —g =g —=
F panrizi gonric (27771) =1 (3.22)
T Da—r
and
hm pgnx,gny(Qnt) =1 (323)

for all z,y € X and all t > 0, then there exists a unique additive mapping A : X — Y such
that

A 1@ (1) 2 TE1 (20221 21 () +ppic1, apicr () +ppir s (2'F)), (3:24)
for allz € X and all t > 0.
Proof. By letting y = z in (3.21), we get

1f (42) 27 (32) +2£(2) (£) = P, (t) (3.25)
for all z € X. If we let y = 3z in (3.21), we get by the oddness of f,

Pf (62) ~2f (32)— F(42)+2f (@) +£ 2) (1) 2 P32 (1) (3.26)
for all z € X. It follows from (3.25) and (3.26) that
Bf(6x)—2f (4z)+ £ (22) (1) = Pa,z(t) + a2 () (3.27)
for all z € X. Once again, by letting y = 5z in (3.21), we get by the oddness of f,
I (82)— £ (22) — £ (62)+ f (4a) —2f (3a)+2f (=) (£) = Pz 52 (L) (3.28)
for all x € X. By (3.25) and using (3.27) and (3.28), we get
1hf(sa)—2f(aa) (8) 2 2p2.2 () + pa 32 (t) + po,5a(t) (3.29)
for all z € X. If we replace x by 7 in (3.29), we get that
Hf(am)—2f(x) (1) = 2/)%,% )+ Pz sz )+ Pz sz (t) (3-30)
for all z € X. Let
Boralt) = 2035 (1) + g 32 (0 + P52 (1) (331)
for all x € X and all ¢ > 0, then we get
fif(2w)—2f(2) (8) 2 a0 (t) (3:32)
for all z € X and ¢ > 0. Thus we have
Pic) o (8) 2 Goa(2t) (3:33)
2
for all x € X. Therefore,
Hopek+1a)  p2ka) (t) > ¢2kz,2kz(2k+lt) (3~34)
SFF1 oF

for all x € X and all k¥ € N. Hence

—1 —1 k+1
B ICLED) _f(w)(t) > TI?:l (Mf(2k+1z) _ f(2ka) (t)) > Tl?:l (¢2kz,2kz(2 + t))
2n okF1 ok

= Tin:1(¢2‘—1x,2i_190(2it)) (3~35)
for all x € X and ¢ > 0. In order to prove the convergence of the sequence {fgzz)}, we
replace x with 2™z in (3.35) to find that
pnimay gema (1) 2 T (fpiim 10 gem-1,(2™0). (3.36)

ontm 2m
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Since the right hand side of (3.36) tends to 1 as m and n tend to infinity, sequence {f@nz }
is a Cauchy sequence. Therefore, we may define A(z) = lim,— (gnl) for all x € X. Now,
we show that A is a additive map. Replacing x,y with 2"z and 2"y respectively in (3.21),

it follows that

[y@anetany) | J@2me_2my)  fENbany)  f@R-2ny) o f@.2m) L, fene) (B) 2 pane,any(271).
2m 2m 2m 2m 2m 27
(3.37)

Taking limit as n — oo, we find that A satisfies (1.4) for all z,y € X. Therefore by Lemma
2.3 we get that mapping A : X — Y is additive.
To prove (3.24), take limit as n — oo in (3.35) and by (3.31). Finally, to prove the uniqueness
of the additive function A subject to (3.24), let us assume that there exists an additive
function A’ which satisfies (3.24). Since A(2"z) = 2" A(z) and A'(2"z) = 2"A'(z) for all
z € X and n € N, from (3.24) it follows that
Aoy -7 () (28) = frana)—ar 2na) (2711

> T(pa@ne)—rene) (2"t), fhyana)—arana) (27t))

> T(Tioil (2p2i+"*1 g 2itn—1 z(2i+nt) + paitn—1 5 3.2047n 1 z(2i+nt)

4 ’ 4 4 ’ 4

+ p2Vi+§71 o, B2t m(2i+nt)), = (2p gitn=l, sitn-1 x(2i+nt)
+ pgitn-—1 . B.2itn—1 z(2i+nt) + pgitn-—1 . B.2itn—1 z(2i+nt))) (3.38)
4 ’ 4 4 ’ 4
for all x € X and all ¢t > 0. By letting n — oo in (3.38), we find that A = A’. O

Theorem 3.3. Let f : X — Y be a function with f(0) = 0 for which thereisp: X xX — D¥
( p(x,y) is denoted by psz,y ) with the property:

1 f (3249)+ £ (32 —9) — F(24v)— f (2—v) ~2f (32)+2/ (2) (1) = pay (E) (3-39)
for all x,y € X and all t > 0. If
lim 772 (2pgnti-1  gnti-1 (2n+it) + Ponti-1  gonti-1 (2n+it)
n—oo gzt —= —g Tt —=x

+ pPonti-1 p Banti=1 T(Q"-HII‘,) 4+ 20 _onti-1  _gnti-1 (2n+it) + P _on+i—1  _gonti—1 (2n+it)
] 1 ‘ P rL— a1 T x 1 T

’ 1 1 )

+ P _gnti—1  _gonti—t (2n+it)) =1= lim T2 (2pnti-1 L, 2ni=l 96(22n+i15)
3 L 1 x n—00 I 1

)

2 s 2 L 2 L
+ Ponti-1 gsonti-1 (2 n+lt) + Pontic1  _gonti-1 (2 n+lt) + 20 _gnti-1 _onti-1 (2 nJMt)
gz, —= g, —= —_—g T, g

+ P _onti-1  _gonti-1 (22n+it)—|—p_2n+7:—1 3.2mti—1 (22n+it)) (3.40)
4 z 4 x - i Tz =
and
nlingo P2"w,2"y(22nt) =1= nlingo 02"'96,2“’y(2nt) (3-41)

for all x,y € X and all t > 0, then there exists a unique additive mapping A: X — Y and a
unique quadratic mapping @ : X — Y such that

1Q ()~ A(a)— £ () () 2 Tz'o:l(QPﬂZl 2,2ty (2 t) + pzl 1y, 82121 (2%) + P2l4 L, 5201 m(zit)

x

+2p_21‘—1z _gi—1 (2 t)+p_21‘—1 _g.pi-1 27 1 ( )
T %1 ===
+ T2, (2p4i-1 5 21 (2 t) + p21 1, 52i=1 21 1 x(2zt) + Poi-1 p, —3.2171 Z(QZt)
T T g 7 E:
+2p,2i71x ,21'7196(2 t)+,0,2i71  =s.2i=1 2L 1 (Tt) +p_ 2im1 3421711(2%)),
T %1 —1 I 7

(3.42)
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for allz € X and all t > 0.
Proof. Let

fe(@) = S[f (@) + f(=2)]
for all z € X. Then f.(0) =0, fe(—z) = fe(z), and

DO =

fe (3a+9)+ fe (3a—y)— fe (24) — fe (2 —y) ~2fe (32) +2fc () () > Pa,y(28) + ps,—y(2t)
> oy (t) + p—o,—y(t) (3.43)

for all x,y € X. Hence, in view of Theorem 3.1, there exists a unique quadratic function
Q : X — Y satisfying (3.4). Let

fol@) = 51 () — F(~)]
for all x € X. Then f,(0) =0, fo(—x) = —fo(x), and

o Baty)+fo(3—y)— folo+y)— fol(e—y)—2f0 (3a)+2f0(2) () = P2,y (2t) + p—z,—y(2t)
> pay(t) + p—o,—y(t) (3.44)

for all z,y € X. From Theorem 3.2, it follows that there exist a unique additive mapping
A: X — Y satisfying (3.24). Now it is obvious that (3.42) holds true for all x € A, and the
proof of Theorem is complete. O
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Abstract

Monotonic random walk of particles on a one-dimensional lattice is considered.
This model is treated as the limit case of the model in which the particles move
on aring. In this limit case the ring is great. The average velocity of the particles
has been found.

Key words: stochastic models, random walk, traffic, average velocity, Markov
chains.

1. Introduction

Models of random walk on a lattice are used for the study of the road traffic.

The appearance of cell automata models in the problem of traffic flows is
associated with works of Nagel and al. [11, 12], which were published in mid-
nineties. In [11, 12] the dependence of the average velocity and intensity of
traffic flow on the model parameters was studied. The following factors, which
contributed to the activation of this approach, can be noted

1) desire to explain the discrepancy between the solutions of traffic equations
and experimental observations, which exhibited chaotic behavior in the so-called
regime of instability;

2) desire to create models discrete in time and space (or only on one coor-
dinate), which would be independent on continuum models and could take into
account the individual behavior of “particles with motivated behavior”.

It has been noted that the scheme considered in [11, 12] is similar to monotonic
random walks on a lattice. This theme has its own history. In particular, the
works of Soviet mathematician Yu.K. Belyaev and his students [1, 13] are devoted
to traffic flows in the underground and contain exact results for one-dimensional
random walk (not only monotonic walk).

130



BUSLAEV, TATASHEV: MONOTONIC RANDOM WALK

As the Russian mathematician M. Blank noted, in subsequent development
of the model of cellular automata, the Western science has been satisfied by
numerical results only, which is apparently due to the relative availability of
computational tools. M. Blank gave well-defined statements and found exact
results in a number of important cases, [2, 3].

Here we are talking about exact estimates, while simulation results such as
the statement of the decisive influence of the presence of heavy trucks on flow
work certainly exist.

In [8] a model of movement of particles (vehicles) on a multi-lane road location
was considered. In this model the velocity of movement is the sum of determi-
nate and stochastic components. In this model the determinate component of
movement corresponds to the background movement on lane and the stochastic
component corresponds to individual manoeuvres of particles. Each lane is a
sequence of cells. The dimension of the cell is determined by the dynamic di-
menston i.e the length of the road segment occupied by a particle. The dynamic
dimension takes into account the safety requirement and depends on velocity of
movement, [10]. Stochastic movement is described by monotonic random walk
on cells of lane and the regular movement is described by uniform movement of
all the cells of lane, [7, 8].

In [9] a model of random walk on one-lane ring has been considered. The
formula has been found for the average velocity of particles. This formula is a
generalization of the formula, found in [3], for the model of random walk, where
randomness occurs only for the initial configuration of particles.

In [4-6] models of random walk on a discrete lattice, similar to models intro-
duced in [7, 8], have been used to solve some traffic optimization problems.

The present work considers a stochastic model, which describes movement of
particles (vehicles) on a one-dimensional lattice. The model is the limit case of
the model considered in [9], in which the number of cells is great.

2. Formulation of problem

Let us describe the stochastic model of movement on the ring, which was con-
sidered in [9]. The ring contains n cells and m < n particles. The (i + 1)th cell
follows the ith cell in the direction of movement, i = 1,2,...,n— 1. The 1st cell
follows the nth cell. Transitions of particles occur at discrete times 1,2,3,.... If
at a discrete time the cell, which follows the particle in the direction of movement,
is empty then the particle passes to the following cell with a probability p which
does not depend on behavior of the other particles. The initial configuration of
particles on the lattice is fixed.

States of the model are determined by configurations of particles on the lattice.
The steady state probabilities and the average velocity of particles were found
in [9]. The initial configuration of particles on the lattice is fixed.

In [9] a Markov chain was considered, each state of which corresponds to
a state of the model. The number of states is equal to number C]" of m-
combinations from a set of n elements. It is proved that the probabilities of
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states depend on the number of particle clusters only. ”Cluster” is a group of
occupied cells isolated from other clusters by empty cells.

By u(n, m,p) denote the average individual velocity of movement of particles,
i.e. the stable probability that some fixed particle passes at the current time to
the next cell.

In accordance with results of work [9]

n min(m,n—m) Cp
u(n, m,p) = —

— kLol
k; (1—pyk-t mt !

where

min(m,n—m) -1
n 1
c= © Zogkierr S )
( E—1 k ! ! (1 - p)kil

Let r be the density of flow defined as r = m/n. In present work the limit of
individual velocity u(r, p) has been found for n — oo, m — oo so that m/n — r.
3. The average velocity of particles

Theorem 1. The limit of individual velocity u(r,p) for n — oo, m — oo,
m/n — r exists and is calculated as

1—/1—4rp(l—r
lim  w(n,m,p) =u(r,p) = \/ Pl ) (1)

n—o00, m/n—r 2r

Proof. Let A; be the event that the ith cell is occupied and Bj, be the event
that there are only k clusters. Consider a pair of cells with numbers 1 and 2 as a
Markov chain with four states Ey = (0,0), £y = (0,1), E» = (1,0), E5 = (1,1),
where 0 or 1 in the ith position means that cell 7 is empty or occupied, i = 1,2
(Flg 1) Then EO = Al AQ, El = AlAQ, E2 = AlAQ, E3 = AlAQ.

Let po, p1, po and p3 be the stable probabilities of states Fy, Ei, Fy and FEs.
The stable probabilities of both the original model and the considered pair of
cells exist and do not depend on the choice of the initial state, [9].

If £ is the number of clusters for the current state of model, then k& particles
have empty cells ahead in the direction of movement.

Then the ratio a = a(n,m) of average number of clusters to the number of
particles is equal to the probability P(A;/A;) that the cell is free in front of
the fixed particle. Let g(n,m) be intensity of particles, that is the number of
particles passing the section per a time unit

q(n,m) = pra(n,m) = pma(n, m)/n. (2)

We have o ”
P(Ay/A)) = PR a(n,m) = a. (3)

3
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Figure 1: States of the pair of neighboring cells

It follows from (3) that
l1—a
b3 =

a 2. (4)

We shall use the fact that for the considered model all states with the same
number of clusters have the same probability. This fact is a consequence of for-
mula found in [9]. In accordance with this formula

C
P(K) = (s o)
where P(k) is the probability of a state with %k clusters; C' is the normalizing
constant.

Let us use the notion of a dual model. A similar notion was introduced in
[3]. In the dual model there are n — m particles, which correspond to the empty
places of the original model. Direction of movement in the dual model is opposite
to direction of movement in the original model.

Lemma 1. The following equality is true

a(n,n —m) = ] i Ta(n,m), r= % (6)

Proof of Lemma 1. Flow intensities in the original and dual models are equal
q(n,m) = q(n,n —m).
From this equality and (2) it follows that

pma(n,m)/n = p(n —m)a(n,n —m)/n
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and hence (6) is true.

Let us derive the formula for a.

Let p13 be probability of transition from state E; to state E3 (Fig. 1b, 1d)
and psy probability of transition from state Ej to state Ey (Fig. 1lc, 1d). From
state F3 the chain can come only to state F5. The chain can come to state Fj
only from E,. For a stable state the number of entrances to a state per time unit
1s equal to the number of exits from this state

P3P32 = P1P13- (7)
Next we derive formulas for transition probabilities
p32 =ap+o(l), n — oo, m/n —r, ()
P13 = ag 4 p(1 —ap)+o(l), n— o0, m/n —r. (9)
—r

Equations (7)—(9) allow to write the balance equation so that value of a could
be found.

Lemma 2. Fquality (8) is true for the probabilities of transition from state
FEs to state Es.

Proof of Lemma 2. Transition of chain from state Es5 to state Ey occurs if a
particle passes from cell 2 to cell 3, Fig. 1c, 1d, and so

pa2 = P(A3/A1A2)p. (10)

The equality o
P(A3/A1A2) = a(n — l,m — 1)

is true. This equality follows from the one-to-one correspondence between two
sets, one of which is the set of states of the original models, for which cells 1 and
2 are occupied, and the other set is the set of states of the model with n — 1 cells
and m — 1 particles, for which cell 1 is occupied.

Indeed, a model state is described by vector (6,...,60,) where the value of

0;,i=1,...,n,is 1 for A; and 0 for A;. State (1, Lo, ... ,0{")) of the original

model corresponds to state (1,6’&”_1), . "67(;1—11)) of the model with n — 1 cells

and Qz(n_l) = 02@1, i=2,...,n— 1. All the configurations of m — 2 particles on
the set of cells 3,...,n have the same probability under condition A; A;By. The
probabilities of all particle configurations on the set of cells 2,..., n — 1 of the
model with n—1 cells and m —1 particles under condition A1 By, k=1,... ,m—1
are also equal. The states which are in one-to-one correspondence have the same
conditional probabilities. Indeed, let a(k) be the number of model states for
which cells 1, 2 are occupied and there are k clusters, £ =1, ...,

min(m — 1,n —m). Then the probability of a configuration of m — 2 particles
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on the set of cells 3,...,n, under the condition A;A,, if there are k£ clusters in
the model, is calculated with formula (5) where

min(m—1,n—m) -1
- _alk)
C‘( 2 <1—p>k1) |

k=1

The probability of a fixed configuration of m — 2 particles on the set of particles
2,...,n—11in the model with n—1 cells and m — 1 particles under the conditions
Ay, if there are k clusters in the model, is the same. If states of two models are
in one-to-one correspondence, then these states are characterized by the same
number of clusters. So the considered conditional probabilities of these states
are the same.

Value of a(m,n) is continuous on density r so that

lim  (P(A3/A14;) —a(n,m)) =

n—00, m/n—r

= lim  (a(n—1,m—1)—a(n,m)) =0.
n—00, m/n—r

Hence, L
P(A3/A145) = a(n,m) + o(1), n — oo, m/n — r. (11)

Formula (8) follows from (10) and (11). Lemma 2 is proved.

Lemma 3. For the transition from state E, to state Es, equation (9) is true.

Proof of Lemma 3. Transition of the chain from state F; to state E5 (Fig. 1b,
1d) occurs if the particle occupying the n-th cell passes to cell 1 and the particle
occupying cell 2 does not move. The transition occurs with probability p if cells
n and 3 are occupied, and with probability p(1 — p) if cell n is occupied and cell
3 is empty. We have (Fig. 2)

= P(A3/A_1A2)P(An/A_1A2A3)p+

+P(A3/A1A2) P(Ay /A1 A Ag)p(1 — p). (12)
We have
1 - _
a(n,m) = ot ps (p1P(Az/ A1 Ag) + p3P(A3/A1Ag)). (13)

From (11) and (13) we have
P(A3/A1Ay) = a(n,m) +o(1), n — oo, m/n —r. (14)
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n I 2 3 n I 2 3

KI A’Z KS K1 A2 A3

Figure 2: States of the four cells. Conditional probabilities of states of cell n are
calculated

Comparing the behavior of the original and dual system and taking into ac-
count (6) and (14) we have

P(A, /A1 Ay) = P*(A3/ A1 Ay) = a(n,n —m) +o(1) =

=7 L a(n,m)+o(1), n - oo, m/n —r, (15)
—r

where the asterisk indicates that probability is calculated for the model for which
the number of particles is n — m and the number of cells is n still.
We have (Fig. 2a)

P(A, /A1 AyA3) = a(n —2,n —m — 1). (16)

Equality (16) follows from the one-to-one correspondence between configurations
of n —m — 2 empty places on the set of cells 4, ..., n, for which cells 1 and 3 are
empty, cell 2 is occupied and there are k clusters in the considered model, and
the set of configurations of n —m — 2 empty places on the set of cells 2,... ,n—2
of the model with n—2 cells and n—m — 1 empty places, for which cell 1 is empty

and there are k — 1 clusters. State (0, 1,0, 05171), ...,0M) of the original model
,Q(n_2)) of the model with n — 2 cells, where

corresponds to state (0, Qén_Q), e 00
914("72) = 01@2, i=2,...,n—2. In addition, in accordance with (5) the conditional
probabilities of the states that are in correspondence are the same. Indeed, let
B(k) be the number of the original model states, for which cells 1,3 are free, cell
2 is occupied and there are k clusters, k = 2,..., min(n — m,m — 2). Then the
probability of a fixed configuration of n —m — 2 empty places on cells 4, ..., n of
the original model under the condition A;A5As is calculated with formula (5),

where k is the number of clusters for this configuration,
min(m,n—m) 6([) -1
D S =
=2 ( p)

This probability is equal to the probability of a fixed configuration of n—m —2
empty places on set of cells 2, ..., n—2 of the model with n—2 cells and n—m—1
empty places under the condition A; if there are k — 1 clusters in the model for
this configuration. For a state of this model the number of clusters is less by one
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than for the corresponding state of the original model, therefore the considered
conditional probabilities are the same for corresponding states of the models.

As

lim  (a(n,n—m)—an—2,n—m—1))=0
n—00, m/n—r

we have
aln—2,n—m—1)=a(n,n —m)+o(l), n — oo, m/n — . (17)

From (6), (16) and (17) we obtain (Fig. 2a)

P(A, /A1 AyA3) = : ira(n, m) +o(1), n — oo, m/n —r. (18)

Taking into account (15) and (18) we have (Fig. 2b)

P(A, /A1 Ay A3) = 0 i Ta(n, m) +o(1), n — oo, m/n —r. (19)

From (12), (14), (18) and (19) we obtain (9). Lemma 3 has been proved.

Let us proceed to prove Theorem 1.
From the fact that probabilities of all the states with the same number of
clusters are the same it follows that

D1 = Pp2. (20)
From (4), (7)—(9) and (20) we obtain

p(l—ap)+o(1), n oo, mfn s (21)

pi(l—a)p= prag

Passing to the limit in (21) we obtain

r
m(1 —a)p:plal _rp(l — ap). (22)
From (22) we obtain the quadratic equation for a
a’rp—a+1—r=0. (23)

The solution of this equation, all values of which are not greater than 1, is

1—/1—4rp(l —1r
a=a(r,p) = \/ 27“pp( ) (24)

Some values of the second branch of the solution of equation (23) are greater
than 1 and a pass from the first branch to the second one means that function
u(r, p) is discontinuous. In accordance with theory of Markov chain, steady state
probabilities are unique and therefore solution (24) is unique.
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Recall u(r, p) = pa(r,p). Then (1) is true.

Theorem 1 is proved.

Table 1 shows values of average velocity u(170, 170r) of particles for n = 170
and different values of p, r, and the corresponding limit values of u(p, ).

Table 1. Average velocity «(170,170r) (on the left) of particles for n = 170
and different values of p, r, and the corresponding value of u(r,p) (on the right)

r=20.1 r=0.3 r=0.5 r=0.7 r=20.9

p=0.11]0.09110.091]0.072 | 0.072 | 0.052 | 0.051 | 0.031 | 0.031 | 0.010 | 0.010

=0.3]0.279 ] 0.278 | 0.226 | 0.225 | 0.164 | 0.163 | 0.097 | 0.097 | 0.031 | 0.031

=0.5(0474]04721]0.399 | 0.397 | 0.294 | 0.293 | 0.171 | 0.170 | 0.053 | 0.052

P
P
p=20.7]0.6770.676 | 0.599 | 0.597 | 0.454 | 0.452 | 0.257 | 0.256 | 0.075 | 0.075
p=20.9]0.890 | 0.889 | 0.845 | 0.843 | 0.686 | 0.684 | 0.362 | 0.361 | 0.099 | 0.099

4. Conclusion
In this paper the formula has been found for the average velocity of movement

on a one-dimensional lattice as the limit case of random walk on a ring as the
length of the ring tends to infinity.
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A New Approach of Statistical Hypothesis Verification

Tuliana F TATAN

Abstract

A new approach of statistical hypothesis verification is proposed. We shall
prove a theorem which allow us to express our likelihood ratio test. Since
its distribution is difficult to calculate we shall use the simulation with our
algorithm in order to determine the critical value of the generalized likelihood
ratio.

Keywords: hypothesis verification, parameter space, critical value, gen-
eralized likelihood ratio,

1 Introduction

The paper is organized as follows. The first section gives a brief review of the
paper. The second section presents the proposed approach of statistical hypothesis
verification. The third section focuses on computing critical value of the generalized
likelihood ratio. The sections 4 introduces an algorithm for two classes comparing.
The section 5 presents some conclusions of this paper. The paper one finishes with
its references.

Assume that we have:

e a selection Xl(l), . 7XJ(\}1) on a random vector X ~ A (p™ ¥M)) and
e a selection Xl(z), . 7X](\?2) on a random vector X2 ~ N (u(?, %),

where M, 12 21 ¥ unknown parameters, u1), (2 being d x 1 vectors and
Y1 ¥ being a d x d definite positive matrix.
We propose to verify the hypothesis

Hy: pD = 4@ n0 = 0@

The critical value V,, of our likelihood ratio test V' (which is used for testing of
the hypothesis Hp) has to be determined such that P(V < V,,|Hg) = «a, a being
the risk of first order which has to be small. We shall prove a theorem which allow
us to express V. Since the distribution of this ratio V is difficult to calculate we
shall use the simulation with our algorithm in order to determine the critical value
V, of the generalized likelihood ratio.

2 Hypothesis Verification Concerning the Identity
of Two Normal Distribution

We denote by:

e Q the parameter space where X1, 2(2) are d x d defined positive matrices,
e ), is a subset of the parameter space for which (1) = £

e ), is a subset of the parameter space for which ¥V = 3 and p(M) = ®.
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Proposition[4] We consider the hypotheses
Hy 2 = 2@ 0 £ 4,0
Hy: s — 2@ 0 _ u<2)
Hyp: ) = p®, £ 2 5C

If I1, 15 and l;5 are the likelihood ratios for verification of the hypotheses Hq, Ho
and respective His, then

llgilllg.
Proof:
The likelihood function is
1 13 t
I — exp | —= (Xu — ) (x)-1 (Xu)f#(l)) .
(2m) FOEND) ) 3L 5 7 l 22:: ’
Ny
1 @ _ @\ (v@-1(x@ _ @
exp | =5 D (X — @) (=) (xP - p@) | (1)
a=1

The maximum likelihood estimates of parameter with respect to (2 are:

v =X Zx(ﬂ) j=1,2,

1 t
s - L Z(Xm N (x99 -x") =173
] =1
or
E(J)_is =12 (2)
where
N N =) N =)\
;=3 (%9 -X7) (x;0 -xV), j=T32. (3)
i=1

The maximum value of the likelihood function from (1) with respect to 2 is

Ny
1 1 <M\ 1)\ — (1)
Lo = — Ny OXD [_22()@_){ )(2<1>) 1(X§3)—X ) :
(2m) 2N HN2) 5177 L 52)) a=1
1 Q> @ @\ a@2)\-1 @ _ 2
-exp —52()(& e )(2 ) (Xa e ) . (4)
a=1

Taking into account [4] that
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Ny

_% > (x0 _y(l))t EW) (x0 - %) = _%d

a=1

and respectively
1 §N2 x () X'(Q) ! @Y= x(©@) _ X(Q) = ——de
2 ( o ) ( ) ( O‘ ) 2

the relation (4) may be written in the form

1 —Ny — N2
LQ: ~ N2.e2d.e2d;

(QW)%(N1+N2) . |2(1)|Tl . |2(2)‘T

therefore

1 =N
Lo = N~e2d

N
PR Ol

)

where N = N; + Ns.
With respect to 21, the maximum value of the likelihood function is

Lo, =

a=

where

we have used the notation

S =851+ 5,

with S; and Sy from (3).
With respect to 9, the maximum value of the likelihood function is

Ny
1 N _
Lo, = ————— - oxp [—2 > (Xg) -~ X) (£4)~1 (ng - X)

a=

- exp l—;i ( X® - ) (=91 (XC(YQ) —X)] ,

where
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and

=3 (X)) (x0-%) + 30 (x2- %) (x-%)"

a=1 a=1

Since, keeping with [4] we have

5 (x0- %) 5 (300 - X) 30 (3 - %) (597 (3O - X) = N
a=1 a=1
we deduce
1 N
Log,=————F5 2% (10)
T et et

We can write

Ny t
s =3 (xP-XV XV -X) (x0 -XV XV -X) 4

a=1
No
@ =@ | =2 == @ _%v® ,v@ _ v\ _
+a§_:1(Xa2 x? X X) (Xf X? X X)
- i (0 - %) (0 - XY 4y (70 - %) (X0 -x) 4
A (o@ =N\ (@) @\ —2 =\ (@ <\
+az::1 (x@ -X7) (x@ -X") + % (X7 -X) (X -X) . ()
Based on the relation (7), from (11) we deduce

s =85+ (X - X) (Y(” - Y)t + N, (X(Q’ -X) (¥~ Y)t . (12)

Since l1,ls and l1o are the likelihood ratios for verification of the hypotheses
Hi, Hs respective Hys it results
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We obtain

Lo, Lo, Lo,
Lo Lo, Le
Substituting (5) and (10) into (13) we shall obtain

lllg = = l12. (13)

1 e - 1) Ny - 2) Ny
DIV ST X DY :
Iy — (2m) 2N |50 S e S il (14)
1 ez d |XA]*|7

. N1 Ny
(27‘—)%N,IE(1)|T 1E@| T

Using (9) and (2) in (14) we deduce

1512 - 1So| |57 F
lig = Nid Nod .

NlT_N2T N

3 Computing Critical Value of the Generalized Like-
lihood Ratio

The critical value I, of the likelihood ratio test ! (which is used for testing of the
hypothesis Hy) has to be determined such that P(l <l,|Hp) = «, a being the risk
of first order which has to be small.
From [4] we know that
Vo = |S|21 =157,
|52

where n = ny +ng, and n; = N; — 1, j = 1,2 is the same with the likelihood ratio
for verification of the hypothesis Ho.

It results that for verification of the hypothesis Hy we can use the statistic
[Sy[2™ - |Sy|2m2

V=WV = -
|52

(15)
instead of the statistic .
The distribution of this ratio V is difficult to calculate since:

e |S1|,|S2],]5*| are generalized dispersions (see [7]); their distributions don’t
have a form which can permit us to calculate the critical values ;

e |S1],|S2| and |S*| are not independently.

Therefore, in order to determine the critical value V,, of the generalized likelihood
ratio such that

P(V < Vo |Hy) = a,

(a being the risk of first order which has to be small) one use the simulation with
the following algorithm:
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Algorithm 1
Step 0. Inputs Ny, No, uM, u®, 21 5(2) 4.
Step 1. Generate Xl(l), . ,X](\;l) ~ N (p®,xM),

Step 2. Generate XI(Q), e ,X](\Z) ~N(p®,5®),
Step 3. Generate S, Sz using (3).
Step 4. Calculate S* using the relation (12).
Step 5. Calculate |Sy|, |Sa|.
Step 6. Calculate |.S*|.
Step 7. Calculate V' with (15).
Step 8. We have to repeat for m times the steps 1-7 (for example m > 2000) and
we shall obtain the selection l1,1s, ... 1L,.
Step 9. We construct a histogram with {l1,12,...5,} (see [7]) such as:
Step 9.1. We choose a positive integer k which represents the number of the
histogram intervals Iy, Io, ... Ix.
Step 9.2. We determine the absolute frequencies f1, fa, ... fr, namely the number
of the selection values which are in the interval I, 1 < j <k.
Step 9.3. We determine the relative frequencies ri,ra,...7, 3 = %, 1<i<k.
The graph from the Figure 1 represents the form of selection histogram i1, lo, . . . L,
which one obtains by simulation.

Vi

&

5L I, x

Figure 1. Histogram

The critical value for our test V,, one chooses such that the sum of rectangle area
from the left side of I, is a, where a = P(V <'V,,) is the risk of the first kind.

4 An Algorithm for Two Classes Comparing

In this section we shall describe an algorithm which can classify some new given
d- dimensional objects, Y71, ..., Yx drawn from N (u, ), testing if they apart into
one of the two classes C7 or Cs.

The class C'y contains N; vectors: X{l), . ,X](\;l) while the class Cs contains Ny
vectors: X{z), e ,X](\Z).

Algorithm 2

Step 0. Input K, Ny, No, i, pD, 1@ 2, 21 £3) 4.
Step 1. We generate Y1, ..., Y ~ N (1, X).
Step 2. We verify the hypothesis:
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Ho: p1 = o, (1) = »n(®)
using the Algorithm 1.
In the case when the hypothesis isn’t true we have to go to Step 4.
Otherwise, go to Step 3.
Step 3. For i :=1 to K
do begin
We test the null hypothesis
H:Y;, Xl(l), .. ,XJ(\}B are drawn from N(p®,£M)
against the alternative hypothesis
NH : X£1)7 . ,XI(\}I) are drawn from N(p™M,SMW) u # 1y
using [3] the Algorithm 3.1;
end
Step 4. We verify the hypothesis:
Ho: B =@y # po, see [7], [4].
In the case when the hypothesis is true we have to go to Step 5.
Otherwise, go to Step 6.
Step 5. For i:=1to K
do begin
We test the null hypothesis

H: Yi,Xfl), .. ,XJ(\}B are drawn from N(u(l), Y) and

Xl(Q), o X](\Z) are drawn from N(u®,x%),

against the alternative hypothesis
NH : X{l), e XI(\}I) are drawn from N (pV, %) and

Y;, XfQ), .. 7XJ(\?2) are drawn from N(u?, ),

using [3] the Algorithm 3.2;
end
Step 6. We verify the hypothesis:

e Hy: p=pM, »=x0
o Hy: p=p? ¥ =x3

using the Algorithm 1.

If one of the hypotheses is true, namely if the new objects belong to the same
class C7 or C5 then the algorithm one finishes.

If either of the hypotheses is not true, namely if the new objects don’t belong to
the same class C7 or Cs then go to Step 7.
Step 7. For i:=1to K

do begin

We test the null hypothesis

H:Y;, Xl(l), ... 7X](\}1) are drawn from /\/'(,u(l)7 2(1)) and

X£2), e ,Xj(\i) are drawn from N(M(Q),E(Q)),
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against the alternative hypothesis
NH : Xl(l), . ,X](\}l) are drawn from N(u(l), 2(1)) and

Y;, X1(2)7 ... 7XJ(\Z) are drawn from N(u®,5®),

using [3] the Algorithm 3.3.
end

5 Conclusions

The paper discusses a new approach of statistical hypothesis verification. We have
proved a theorem which allow us to express our likelihood ratio test. Since its
distribution is difficult to calculate we have used the simulation with our algorithm
in order to determine the critical value of the generalized likelihood ratio. This
algorithm is used in order to construct a complex algorithm for two classes compar-
ing. In conclusion, the classification problem of the new given objects Y, ..., Yk,
drawn from N (u, ) is a complex problem which one reduces to application of the
Algorithm 1 and Algorithms 3.1, 3.2 or 3.3 (see [3]).
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Abstract

Here we develop the right delta fractional calculus on time scales.
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1 Background

For the basics of times scales please read [1], [2], [3], [5], [7], [8], [9], [10], [11],
[12], [13].

Let T be a time scale, and ([9], p. 38) gk, hx : T?> = R, k € Ny = NU {0},
s, t €T :go(t,s)=ho(ts) =1,

g1 (t5) = / gk (0 (7) ,5) AT, (1)

t
hiv1 (8,8) = / hi (1,8) AT, Vs,t€T.

We have
h? (tv S) = hr_1 (ta S) ) (2)

92 (t,8) = gr_1 (o (t),s), kEN, t Tk

Also
g1 (t,s) =hy(t,s)=t—s, Vs,teT. (3)

Here gi, hi are continuous in ¢.
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Example 1 (see [9], p. 89-40)

i) When T =R,
k
tf
gi (t,8) = hy (t,8) = ( kIS) , VsteR. (4)
it) When T = Z, we get
(k)
t—s
() = 2
and o
t—s+k-1
gt = L2 U )
furthermore it holds
hi, (t,s) = (—=1)F g (s,t), k€N, V s,t€Z. (6)

We need
Theorem 2 (/9], p. 45) We have that
ha (t,8) = (=1)" gn (5,1), (7)

for every t € T and every s € TF".
If T =T*, then (7) is true for every s,t € T.

We need delta Taylor formula on time scales.

Theorem 3 ([6], [11]) Assume T =TF, f € C™(T), m € N, s,t € T. Then

Py =3 1 () b (18) + B2 () (1) (®)
k=0
where .
RS, () (1) = / B (0 (7)) 13" (7) Ar. (9)

We notice that

R () (1) = - / “hnes (0 (7)) F27 (7) Ar

In this article we assume T = T*.
‘We make
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Definition 4 Let o > 0. We consider the continuous functions
go:T? > R:
go (t,8) =1,
t
Jat1 (t,8) = / o (0 (7),8) AT, Vs,teT.
S
We are motivated a lot by the formula

/ (z—s)" " (s — t)”_lds _ (@t
¢ Tw I'(v) '(p+v) ~

where pu,v > 0 and T' is the gamma function.

Assumption 5 Leta,f>1 and x <t <7, x,t,7 € T. We assume that

o(T)
/ Gor (0 (1) ,2) g1 (0 () 1 £) At = gayps (0 (7) 1)

We call for o, 8 >1andz <t <,

a(T)
0@.r)i= [ gt (@) 0)95-1 (0 (), ) A

By Theorem 1.75, p. 28, [9] for f € C,.q(T) and ¢t € T*, we have

o(t)
/t f) AT = u() £ (1),

where p (t) == o (t) — t.
So by (15) we get that

0 (.’E, T) = GJa-1 (U (T) ,.%') gp-1 (U (T) ) T) 1% (T) :

(16)

Definition 6 Let f € Ly ([a,b)NT). We define the right forward graininess

deviation functional of f as follows:

b
E(f,oc,@b,T,x):/ f(r)0(a,7) AT =

b
[ £ (7) gor (0 (), 2) g1 (0 () ,7) u (7) AT

If T=R, then u(r) =0 and hence E (f,a,5,b,R,z) = 0.
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2 Results
We give

Definition 7 Leta,be T, a > 1 and f : [a,b]|NT — R. Here f € Ly ([a,b) N'T)
(Lebesgue A-integrable function on [a,b) N'T). We define the right A-Riemann-
Liowville type fractional integral

b
1o f(t) = / Gor (0 (7)) () AT, (18)
fort € la,b)N'T. Here ftb AT = f[t,b) AT

By [8] we get that I} ft 7) AT is absolutely continuous in ¢ €
[a, b)) N'T

Lemma 8 Let o > 1, f € L1 ([a,b)NT), f : [a,b] N T — R. Assume that
g1 (0 (1) ,t) is Lebesque A-measurable on ([a,b] N'T)?; a,b € T. Then I f €
Lq ([a, b)) N'T), that is I f is finite a.e.

Proof. By Tietze’s extension theorem of General Topology we easily derive
that the continuous function go_; on ([a,b] N'T)* is bounded, since its contin-
uous extension F,_; on [a,b]” is bounded. Notice here ([a,b] N'T)? is a closed
subset of [a, b]°.

So there exists M > 0 such that g,y (s,t)] < M, V (s,t) € ([a,b] N'T)>.

Let here id denote the identity map. We see that
(0,id) (([a,5) N T) x ([a,) N T)) C ([a, ] NT)*.

Therefore |go—1 (0 (7),t)] < M, V¥ (7,t) € ([a,b)NT) x ([a,b] NT), since
(o (1),t) € (Ja,b] N T)?.

Define K : Q := ([a,5] N T)* — R, by

go—1 (o (7),1), ifa<t <7 <D,
K t) :=
1 {0, ifa<t<t<b,

where t,7 € T.

Clearly here K is Lebesgue A-measurable on €2, since the restriction of a mea-
surable function to a measurable subset of its domain is a measurable function,
and the union of two measurable functions over disjoint domains is measurable.
Notice here that |K (7,t)] < M,V (7,t) € ([a,b] N T)>.

Next we consider the repeated double Lebesgue A-integral

/(/ K (7)1 ( )IAt>AT/|f (/ K (r |At>
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b
<M(b—a) / () A7 = M (b= a) | fll,, ayramy < 5

By Tonelli’s theorem we derive that (r,t) — K (,t) f(7) is Lebesgue A-
integrable over ().
Let now the characteristic function

1, if 7 €[t,b)
Xt.b) (1) = {O, else,

where 7 € [a,b] NT.

Then the function (7,t) — Xy (7) K (7,¢) f (7) is Lebesgue A-integrable
over ).

Hence by Fubini’s theorem we get that

b b
/ Xy (1) K (7.1) () A = / Go1 (0/(7) ,£) f () Ar = T2 £ (1)

is Lebesgue A-integrable on [a,b] N T, proving the claim. m
From now on we make

Assumption 9 We suppose that ge_1 (o (-),-) is continuous on ([a,b] N'T)?,
for any a > 1.

We give the following semigroup property of right A-Riemann-Liouville type
fractional integrals.

Theorem 10 Let a,b €T, f € L1 ([a,b) NT); o, 3 > 1. Then
00 f(x) =127 f(2) — E(f,e, 8,0, T,x), Vaela,bNT. (19)

Proof. Here we have

b
2 f) = / 951 (0 (7). £) f () Ar.

We observe that
b

1) = [ g (o)) L ()8t =

b b
/ gam1 (o (), ) < / gﬁl(U(T)af)f(T)AT> At =

/ </t Ga—1 (0 (t),2) gs—1 (o (T),t) f(7) AT) At =: (x).
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Clearly here it holds
|goc—1 (J (t) ,:L‘)| S Ml, v t,l‘ € [avb} N T7

and
‘gﬁ—l (U (T) ’t)‘ < Moy, v T,t € [a’ﬂb] N Ta

where My, My > 0.
Hence

Lot / (/ |9a—1 (0 (t),2)|lgg-1 (o (7), t)||f(T)|AT> At <
M1M2</Ib</tb|f(7')AT>At>§M1M2</:</abf(7)|Ar>At>§

M, M5 (b—a) ||fHL1([a,b)mr) < 00.

So that Ig‘f]f_f (z) exists, V « € [a,b] N T. Consequently by Fubini’s theorem
we have

/:f(r) (/; Jo1 (o (t),2) gs_1 (0 (1), 1) At) Ar

(here z <t < 7)

b o(1)
:/ () (/ o (0 (8),2) g5 (0 (7) ,£) At

o(r)
/ Ga—1 (0 (t),2) gg—1 (o (1),1) At) AT

) b
by((13:)¢(14))/ga+61( (1), AT—/f() (z,7) A
=L f(a / F(7)0(z,7) AT
(17)

2P f (@) — E(f,0,8,b,T,x),

proving the claim (19). m
We make
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Remark 11 Let p > 2 :m—1 < pu < m, m € N, i.e. m = [u] (ceiling
of the number), v = m —pu (0 < v < 1). Let f € C%([a,b]NT). Clearly
here ([10]) f2" is Lebesgue A-integrable function. We define the right delta
fractional derivative on T of order p — 1 as follows

b
A (@) = ()" (I AT) () = ()" / g5 (0 (), 1) [2" (7) AT, (20)

ViteabnT.

Notice Af:lf € C([a,b]NT), by a simple argument using the dominated
convergence theorem in Lebesque A-sense.

If p=m, then v =0, then

b
AP = (0" [ AT AT =) (127 0 - 14 ) e

More generally, by [8], given that f AT g everywhere finite and absolutely
continuous on [a,b] N'T, then f2" exists A-a.e. and is Lebesgue A-integrable
on [t,b)NT,V ¢t € [a,b] N'T, and one can plug it into (20).

Remark 12 We observe that
(oAl ) 0 = (0 (B AT @)

(19) (—1)™ ((Il;:wiﬂfA””) (t)— E (fAm“u -1, 7+1, b,’]I‘,t))

= ()" ((Ig’ifAm) ()~ E (fN”M 1,7+ 1,b,’1I‘,t)) . (22)
Therefore

(B AL ) O+ (OB (A" = 1,5+ LB Tt =

b
()" (G A" 1) = ()" / g1 (0 (), ) f2" (D) AT (23)

(10)

= Ry, (f)(t).

Now we can use (8) with s =b.

We have established the following delta time scales right fractional Taylor
formula.

Theorem 13 Assume T = T*, f € C™(T), m € N, a,b € T, and p > 2 :
m—1<pu<m,v=m—u; also suppose Assumption 5, Assumption 9. Then

—

m—

PO =30 2 )b (10) + (578571 F) () +

k=0
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(_1)mE (fAma/u’ - 135—’_ 1ab>T7t> ; (24)
Vitela,bNT.

Remark 14 One can rewrite (24) as follows

m—1 : b
O =3 1 Oh )+ [ g2 (0.0 (MZF) (7) Ar
k=0 t
b m
" [ Ol e o)A (25)

Vté€la,b NT.

Corollary 15 In the assumptions of Theorem 13, additionally assume that
A1) =0,k=0,1,...,m—1. Then

B(t):=f(t)+(-1)""'E (fA’”,M —1,541,b,T, t)

b
= [ a2 (o) (A7) () A, (26)
Vite€labNT.

Remark 16 Notice (by [8]) that (Ig‘__lAg__lf> (t) and BE(f2",up— 1,7+ 1,b,

T,t) are absolutely continuous functions on [a,b] N'T.

One can use (25) and (26) to establish right fractional delta inequalities on
time scales of Poincaré type, Sobolev type, Opial type, Ostrowski type, Hilbert-
Pachpatte type, etc, analogous to [4].

To keep article short we avoid this similar task.

Our theory is not void because it is fulfilled when T = R, etc, see also [4].
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1. Introduction

In this paper we prove the existence of a center manifold for the following class of
partial functional differential equations with infinite delay

d
(1.1) %u(t) = Au(t) + L(us) + g(ws), t > 0, 0 €R,
Uy = @ € B,

where A : D (A) — E is a linear operator defined on a Banach space (E, |.|). We suppose
that A satisfies the following Hille-Yosida condition.

(H;) There exist w € R and My > 1 such that (w,4+00) C p(A) and

My
1.2 AV < —— f
(1.2) |R(A, )‘_()\—w)" orn € Nand A > w,

where p(A) denotes the resolvent set of A and R(\, A) = (A — A)~! for A > w.

Without loss of generality, we assume that My = 1. Otherwise, one can renorm the
space (E, |.|) with an equivalent norm for which we get the estimation (1.2) with My = 1.
Remark that with the condition (H;) the domain of the operator A is not necessarily
dense in F.

B is a normed linear space of functions mapping (—oo, 0] into E satisfying the funda-
mental axioms introduced by Hale and Kato in [20] (see also [22] and section 2). As usual,
for every t € R, the history function u; € B is defined for § € (—o00,0] by u; (0) = u (t +0).
L is a bounded linear operator from B to F and ¢ is Lipschitzian from B into E with
g(0) =0.

The center manifold theory is a powerful tool in the analysis of the qualitative behavior
of solutions for infinite dimensional dynamical systems, because the interesting behavior
takes place on the center manifold. The existence and other proprieties (bifurcation,
stability, etc.) of centre manifolds for partial functional differential equations have been
considered in many works. For further references on the development and applications of
the center manifold theory, we refer the reader to [10, 12-14, 17-19, 21, 23-30] and the
references therein.

Partial functional differential equations with infinite delay have been studied extensively
in the literature, for the reader, we refer to [1-3, 8, 9, 11, 20, 22, 32] , and the references
therein. In [3], the authors proved when A satisfies (H;) the existence, regularity of
solutions and stability of equilibriums of equation (1.1). They obtained that the phase

space of (1.1) is given by YV := {go eB:p0) e (A)} If g is differentiable at 0 with

¢'(0) = 0, then the linearized equation of (1.1) around zero is given by

(13) { 9o(t) = A(t) + L(w). 120
v, = ¢ € B.

If all characteristic values of equation (1.3) have negative real part and B is uniform fading
memory space, then the zero equilibrium of (1.1) is uniformly asymptotically stable (more
details can be found in [3]). However, if there exists at least one characteristic value with
a positive real part, then the zero solution of (1.1) is unstable. In the critical case, when
exponential stability is not possible and there exists a characteristic value with zero real
part, the situation is more complicated since either stability or instability may hold. The
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existence of a center manifold brings up the question about the dynamics of the system
in this critical case.

In [17] and [29], the authors studied the existence of a center manifold for equation (1.1)
when D(A) = E and the delay is finite. In this paper, we consider equation (1.1) when
the domain D(A) is not necessarily dense in E and the delay is infinite. The non-density
of the operator A in equation (1.1) occurs, in many situations, from restrictions made on
the space where the equations are considered (for example, periodic continuous solutions,
Holder continuous functions) or from boundary conditions ( the space C'! with null value
on the boundary is not dense in the space of continuous functions). For more details, we
refer to [4-7] .

As a simple example of equation (1.1), let us consider the following Lotka—Volterra
model with diffusion, which has been studied in [5] and [11] (see also [32, p.10])

¢

2 0 0
%v(t,x) = D%U(t,x) +/ K@) (t+0,2)do+ / G (0,v(t+0,x)do,

fort >0and 0 <z <m,
v(t,0) =v(t,m) =0, for t >0,
L v(0,0) = vp(0), for —oco <@ <0and 0 <z <.

The organization of this work is as follows. In section 2, we recall some results about
integral solutions and the semigroup generated by the linearized equation (1.3). We
describe the variation-of-constants formula for non-homogeneous problems. We also give
some results on the spectral analysis of (1.3). In section 3, we prove the existence of a
global center manifold for equation (1.1) with sufficiently small nonlinearities. In section
4, we study the existence of a local center manifold when the function ¢ is only C'-function
in a neighborhood of zero. In section 5, we prove an important result namely that the
flow on the center manifold is governed by an ordinary differential equation in a finite
dimensional space.

2. Fading memory spaces, variation-of-constants formula and spectral
decomposition

We use the axiomatic approach introduced by Hale and Kato [20] for the phase space
B. That is the best way to treat the infinite delay differential equations, since properties
of solutions depend especially on the choice of the space B. We assume that (B, |-|) is a
linear normed space of functions mapping (—oo, 0] into the Banach space E and satisfying
the following fundamental axioms.

(A) There exist a positive constant N, a locally bounded function M (-) on [0, +00) and
a continuous function K () on [0, +00), such that if x : (—oc0,a] — E is continuous on
[0, a] with z, € B, for some o < a, then for all ¢t € [0, al,
('l) Ty € B,
(17) t — x4 is continuous with respect to |-| on [0, al,
(i73) N |z (t)| < |xg] < K (t — o) sup |z (s)|+ M (t — o) |zs|.

o<s<t

(B) B is a Banach space.

As a consequence of axiom (A), we deduce the following result.

170



M. ADIMY ET AL: CENTER MANIFOLDS...
4

Lemma 2.1. [20] Let Cyo := Coo((—00,0]; E) be the space of continuous functions map-
ping (—o0, 0] into E with compact support. Then, Cog C B. More precisely, for a < 0, we
have

lp| < K(—a) sup |p(0)],

a<6<0

for any ¢ € Coy with supp(p) C [a,0].

Our next objective is to write equation (1.1) as an integral equation (variation-of-
constants formula). We need the following lemma.

Lemma 2.2. [7] Assume that (H;) holds. Let Ay be the part of the operator A in D(A),
which s defined by

{ D(Ag) = {z € D(A) : Az € D(A)},
Apx = Ax.

Then Ay generates a Co-semigroup (To(t))i>0 on D(A).

Definition 2.3. [3] Let ¢ € B. A function v : R — FE' is called an integral solution of
equation (1.1) on R if the following conditions hold.
(1) w is continuous on [0, 00),
(1) ue = ¢,
¢
(141) / u(s)ds € D(A) fort > o,

(iv) u(t) = ¢ (0) + A/tu (s)ds+ /tL(us)ds + /tg (xs)ds for t > o.

For the next, we assume that B satisfies axioms (A) and (B).

Theorem 2.4. [3] Assume that (Hy) holds and g is Lipschitzian. Then, for all ¢ € B
such that ¢ (0) € D (A), equation (1.1) has a unique integral solution which is given by

ult) = To(t—o0) o (0) + ,\ETOO/;TO (t —s) AR (N, A) [L (us) + g (zs)] ds fort > o,
o(t) fort <o,
where R (X, A) = (A — A)~".
Let Y = {(b eEB:¢(0) € M} be the phase space corresponding to equation (1.1).
For ¢ > 0, we define the operator U (t) by
U)o =u(,9,L,0), €Y,
where u (-, ¢, L,0) is the integral solution of equation (1.1) with g = 0 and o = 0.

Theorem 2.5. [3] Assume that (Hy) holds. Then (U (t)),s is a Co-semigroup on Y.
Moreover, (U(t)):>o satisfies, fort > 0, ¢ € Y, the following translation property.

U(t+6)p) (0) fort+6 >0,
(Ut)9) (6) :{ g(zb(t<+ ) >f02~(t)+e <0.
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In order to give a variation-of-constants formula for equation (1.1), we need to introduce
the following sequence of linear operators B,, : E — B defined, for n > w and = € F, by

1
_ n(nd +1)R(n, A)x, —— <0 <0,
(Bnx)(0) = 1 "
0,0 <——.
n
For x € FE, the functions B, belong to Cyy with the support included in [—1,0]. By
Lemma 2.1, we deduce that

e

< K(1)|z| for z € E and n > w.

The following integral formula of equation (1.1) was obtained in [9].

Theorem 2.6. [9] Assume that (Hy) holds. Then, for all ¢ € Y, the integral solution
u of equation (1.1) satisfies the following variation-of-constants formula
t
(2.1) w=U(t—o0)p+ lim | U(t—s)B,g(zs)ds fort > o.
Moreover, for any T > o, the limit in (2.1) exists uniformly fort € [0, T].

To get some interesting properties of partial functional differential equations with infi-
nite delay, we need to suppose the following axiom.

(C) If a uniformly bounded sequence (¢,), in Cy converges to a function ¢ compactly
in (—o0,0], then ¢ is in B and |, — ¢| — 0 as n — oc.

Let (So (t)),»o be the strongly continuous semigroup defined on the subspace
By ={¢ € B:¢(0) =0}
by
t+0),t+6<0,
CICEIORS B AN A

Definition 2.7. Assume that B satisfies (C).
(1) B is said to be a fading memory space if for all ¢ € By,

(1) Moreover, B is said to be a uniform fading memory space, if

S0 (6] — 0.
The following results give some properties of fading memory spaces.

Lemma 2.8. [22] (i) If B is a fading memory space, then the functions K () and M (-)
in (A) can be chosen to be constants.

(12) If B is a uniform fading memory space, then the functions K(-) and M(-) can be
chosen such that K(-) is constant and M(t) — 0 as t — oo.

Proposition 2.9. [22] If B is a fading memory space, then the space BC ((—o0,0]; E)
of all bounded and continuous E-valued functions on (—oo,0|, endowed with the uniform
norm topology, is continuously embedding in B.
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In order to study the qualitative behavior of the semigroup (U (t)),s,, we suppose the
following assumption.

(Hy) Tp (t) is compact on D (A) for each ¢ > 0.

Let V be a bounded subset of a Banach space Z. The Kuratowski measure of non-
compactness a (V') of V' is defined by

. d > 0 such that there exists a finite number of sets Vi, ..., V,, with
a (V) = inf diam (V;) < d such that V' C .QV; '

Moreover, for a bounded linear operator P on Z, we define |P|, by
|Plo =inf{k >0:a(P(V)) <ka(V) for any bounded set V in Z}.
For the semigroup (U (t)),5(, We define the essential growth bound wess (U) by

1
Wess (U) 1= ltlimg log |U (t)],, -
We have the following fundamental result.

Theorem 2.10. [11] Assume that (Hy) and (Hy) hold, and B is a uniform fading memory
space. Then

wess (U) < 0.
Definition 2.11. Let C be a densely defined operator on Z. The essential spectrum of C
denoted by 0.s5(C) is the set of A € ¢(C) such that one of the following conditions holds.
(i) Im(A — C) is not closed,
(1) the generalized eigenspace M, (C) := UK er(A — C)* is of infinite dimension,
k>1
(73) A is a limit point of o(C) \ {\}.
The essential radius of any bounded operator P on Z is defined by
Tess(P) := sup{|A| : A € 0.s(P)}.
Let Ay denote the infinitesimal generator of (U (t)),5, . Then
D(Ay) ={peY:¢' €Y, ¢(0) € D(A) and ¢'(0) = Ap(0) + L(¢)},
App = ¢.
Let
ot (Ay) ={)N € o (Ay) : Re(\) > 0}.
As an immediate consequence of Theorem 2.10, we have the following spectral property
of AU-

Lemma 2.12. Assume that (Hy) and (Hg) hold, and B is a uniform fading memory
space. Then, o (Ay) is a finite set of eigenvalues of Ay which are not in the essential
spectrum. More precisely, A € ot (Ay) if and only if there exists x € D(A)\{0} solving
the following characteristic equation

ANz = x — Az — L(eMz) =0,
where eXx is the element of B defined for all 0 < 0 by (e*x)(0) := M.
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Proof. Theorem 2.10 implies that wess(U) < 0. By Corollary 2.11 of ([16], page 258), we

know that o™ (Ay) is a finite subset of the point spectrum o,(Ay). On the other hand,
we have for t > 0

Tess(U(t)) = ee==U) < 1 and et7e=(A0) < g, (U(2)).
It follows that
Oess(Ay) C{A € C: Re(N) < 0}.

Consequently, o7 (Ay) is a finite subset of the point spectrum o,(Ay). Let A € o7 (Ay).
Then, there exists ¢ € D(Ay), ¢ # 0 such that Ayp = A\p, which implies that

lim - (U()p — 9) = Ap.

t—0+ ¢

1
By axiom (A) — (i7), we deduce that lim (E (U(t)p — gp)) (0) = Ap(0). On the other

t—0+
hand,

(Fwwe-a) 0 =a(; [ ©e00) + 1 [ L0

t t
Let t go to zero. From the closedness of the operator A, we obtain that
©(0) € D(A) and Ap(0) + L(p) = Ap(0).
By the spectral mapping theorem ([16], page 277), we have
eM e a,(U(t) and U(t)p = eMop.
Using the translation property of the semigroup solution, we obtain that
©(0) = eMp(0) for 6 < 0.
Since ¢ # 0, then ¢(0) # 0 and
ker A(X) # {0}.

Conversely, let A € C with Re(\) > 0. Then, for all x € F we have ez € B. If there
exists a € D(A)\ {0} such that A(A)a = 0, then ¢ = e*'a € Y. Hence p € C((—00,0]; F)
and ¢'(0) = Aa = Ap(0) + L(p) € D(A). By Theorem 3 in [3], we conclude that

v € D(Ay) and App = Ap. O

As wess (U) < 0, we have the following spectral decomposition of the phase space Y.

Theorem 2.13. Assume that (Hy) and (Hs) hold, and B is a uniform fading memory
space. Then, there exist linear subspaces of Y denoted by Y_, Yy and Y, respectively with

Y=Y aY,aY.

such that

(Z) AU(Y_) C Y_, AU(}/O) C Yv(-) and AU(Y+) C Y+,’

(17) Yo and Yy are finite dimensional;

(1ii) o(AplYo) = {A € 0(Ay) : ReA =0}, o(Ay|Yy) ={N € 0(Ay) : Re A > 0},

(iv) U@)Y- C Y_ fort > 0 and U(t)|Yo U Y, can be extended to t < 0 such that
Ut)Yo CYy, UR)YYy CYy forteR;

174



M. ADIMY ET AL: CENTER MANIFOLDS...

8

(v) for any 0 <~y <inf {|Re | : A € 0(Ay) and Re X # 0}, there exists K > 1 such that,
foro ey,

\U(t)P_p| < Ke " |P_yp| fort >0,

U(t)Pop| < Kesl'l |Pyg| fort € R,

U(t) Pyl < K |Pry| fort <0,
where P_, Py and P, are the projections of Y into Y_, Yy and Y, .
Y | Yy and Y, are called respectively the stable, center and unstable subspaces of the
semigroup (U(t)),s -

3. Global existence of the center manifold
Theorem 3.1. Assume that (Hy) and (Hs) hold, and there exists € > 0 such that

Lip(g) = sup l9(1) = gle2)| _
N 2]
Then, there exists a bounded Lipschitz map hy : Yy — Y_ @Y, such that hy(0) = 0 and

the Lipschitz manifold

My :={p+ hy(p) : ¢ € Yo}
is globally invariant under the flow of equation (1.1) on'Y .
M, is called the center manifold of equation (1.1).

Proof. Let M = BC(Yp, Y- @Y, ) denote the Banach space of bounded continuous maps
h:Yy —Y_ &Y, endowed with the uniform norm topology. We define

F :={h € M : his Lipschitz, h(0) = 0 and Lip(h) < 1}.
Let h € F and ¢ € Yj. Using the strict contraction principle, one can prove the existence
of vf € Y} solution of the following equation
t

(3.1) v = U+ i [ Ut —7) (Bugf + h(vf)))o dr, t € R.

n—oo 0

We now introduce the mapping 7, : F — M defined, for h € F and ¢ € Yj, by

T,(h)p = lim [ U(-r) (Eng(vf + h(vf))>_ dr

- ’ )
~ lim U(—7) (Bng(vf + h(vf))) dr.

n—oo 0

The first step is to prove that 7, maps F into itself. Let 1,90 € Y5, 0 < v <
inf {|ReA| : A € 0(Ap) and Re # 0} and ¢t € R. Suppose that Lip(g) < e. Then,

¢
J4—
/ e3lt=Tl [vft — v¥?| dr

0

[0f* = vf?| < Kes o1 — oo + 2K | Pole

)

where K is the positive constant given by Theorem (2.13). By Gronwall’s lemma, we get

that
e ot — o] < K [y — o] 2P,
Then

0! = vf?| < K |1 — o] el 3T2RIRIE ¢ € R,
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If we choose ¢ such that

(3.2) 2K |Py| e < %

we obtain

(3:3) [of' —vf?| < K |1 — ol €31,
Moreover,

[ To(h)pr = Ty(h)gs| < / [U(=)P|lg(v?" + h(vf')) — g(vf* + h(vF?))] dT

+oo
T / U(=) Py | |g(0F" + h(uf)) — g(vf* + h(v2))] dr.
0

Consequently,

0 +oo
Ty~ Ty(keal <2 [ Ko7 |PoJefopt = opldre2 [ Ke T [P|elof - o2 dr.
—00 0

Using the inequality (3.3), we obtain

0 +o00
Ty(h)er — Ty(h)pa| < 2K* |P_|e o1 — <P2|/ e27dr+2K? |Py|e ¢ — sozl/ e 27dr.
—00 0
It follows that
4e
1 Ty(h)p1 — Ty(h)ps| < 7K2 ([P + [Pg]) |01 — 2] -

We choose ¢ such that A
€
ZR(P-+ |P) < 1.
Then T, maps F into itself.
The next step is to show that 7T} is a strict contraction on F. Let hy, hy € F and ¢ € Yj.
Let v}, i = 1,2, denote the solution of the following equation
t

. ~ ) . 0
v =U(t)p+ lim [ U(t—r1) (Bng(vi + hz(v;))> dr for t € R.

n—oo 0

Then,

t
v} —vf| < eK |Py / e3lt=l (|vl =02 + [h1(v)) — ha(v2)] + |ha (v2) — ho(v2)|) d7|.
0

t
T4
/eSt ldr
0

Consequently,

|vg—u§} < 2K | Py + eK |Py| |h1 — ha|

t
Jig—
/eSt 7! |U71_—’U72_|d7'
0

By Gronwall’s lemma, we obtain

3eK 7
o) —vi] < 87 [Pol [ — o el3+21R0
Thanks to (3.2), we state

K 4
vf —v?] < sk |Po| |hy — ha| ez for all t € R.
t t v
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For 1 =1, 2, we have

T,(hi)p = lim U(—1) <§ng(v; + hi(vi)))_ dr

_ nlggo o U(—1) (éng(v; + hi(vi))>+ dr.
It follows that :
|Ty(h1)p — Ty(he)p| < 2K |P_| 6E;K |Fol |1 — ho| + KIF-|e |hy — ha|
oK (P 6€;K Byl Iy — o) + ZAPHE )
Consequently,
[13(0) = Ty < (1P| 1P 2 (1R 2255 1] = .
We choose ¢ such that
1P-1+1P 25 (1R 25 1] <1,

Then Ty, is a strict contraction on F. Consequently, it has a unique fixed point h, in F

(Tg(hg) - hg)'
Finally, we show that

My :={p+hy(p) - ¢ € Yo}
is globally invariant under the flow on Y. Let ¢ € Y, and v be the solution of equation
(3.1). We claim that t — vf + hy(vy) is an integral solution of equation (1.1) with initial
condition ¢ + hy(p). In fact, we have T,(h,)(v]) = hy(v) for t € R. Moreover,

T, @) = im [ U(=7) (BagQfyr + hy(vF,r))) dr

n—oo [ _

> 400 - +
—lim [ U(=7) (Bagler + hy(0£,r))) .
n—oo 0
Therefore
t 5 _
he(wf) = lim [ U(t—7) (Bng(vf + hg(vf))) dr
- +o0 - +
—lim [ U= 7) (Buglof + (7)) dr
n—oo t

Then, for ¢ € R, we obtain
t

- 0
of +hy(0f) = U(e)e + lim | UG =7) (Baglef +hy(u9))) dr
t ~ _
+ lim Ut —1) (Bng(vf + hg(vf))> dr
ol N )
— lim Ut —1) <Bng(vf + hg(vf))) dr.

n—0o0 t
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For any t > a, we have
¢

lim U(t—r) (Eng(v‘f + hg(vf))>7 dr

—lim [ UEt-7) (éng@f + hg(vf))>_ dr

t _

tlim [ U= 7) (Bug(og + hy(0£))) " dr

and
lim [ U(t—7) (Eng(vf + hg(vf)))_ dr

—U(t - a) ( lim / Ula —7) (Bng(vf + hg(vf))>7 dT) .

n—oo
—00

By the same argument, we have

t

lim | U(t—71) (Eng(vf + hg(vf)))Jr dr

a JrOO _ +
—lim [ UFt-7) <Bng(vf + hg(vf))) dr
a+oo _ +
“lim [ Ut —7) (Bng(vf + hg(vf))> dr,
n—oo t

and
—+oo

lim Ut —7) (Eng(vf + hg(vf))>+ dr

T (Jimn [ 0= 7) (Bugtos +g0020) ).

n—oo

Moreover, note that

ho(wf) = i [ Ula—7) (Buglof +hy(05))) " dr
. ~ +
~ lim Ua—7) (Bng(vf + hg(vf))> dr.

n—oo

In particular

t

_ 0
vf =U(t —a)f+ lim [ Ut—r) (Bng(vf + hg(vf))) dr.

Consequently, for any ¢ > a, we obtain

t

0F 4 hy(0) = UGt — ) (0 + hy(ef)) + Tim [ Ut~ 7) (Buglof + hy(0))) dr

t ~ +
+ lim [ Ut —7) (Bng(vf + hg(vf))> dr
t

+ lim [ U(t—r7) (Eng(vf + hg(vf)))_ dr.
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Therefore, for any t > a,
t

o+ hyef) = Ult — a) (0F + hy(f) + lim [ UGt~ 7) (Buglef + hy(u£)) dr
Finally, we conclude that vf + hy(vy) is an integral solution of equation (1.1) on R with
initial value ¢ + hy(p). O

Theorem 3.2. Let h € F and ¢ € Yy. If v¥ is the solution of equation (3.1) on R, then
[0f] < K Lol €31 and. [of + hy(u)] < 2K || €31

Conversely, if we choose € such that

2Ke
T(IP—|+IP+|+3|P0|) <1,

then for any integral solution u of equation (1.1) on R with u, = O(ezM), we have
u € My for allt € R.
Proof. Let v¥ be the solution of equation (3.1). Then, using the estimate (3.3) we obtain
v < K |o| ezl for t € R.
Moreover, from the fact that Lip(h) < 1 and h,(0) = 0, we obtain
f + hy(v7)| < 2K || 2 for t € R.

Let u be an integral solution of equation (1.1) such that u; = O(ez!!). Then there exists
a positive constant K such that |u,| < Koezl!l for all t € R. Note that
t
u =U(t—s)us+ lim | U(t —7)Bng(u,)dr, t > s.

n—oo
S

On the other hand,
t

- +
uf =U(t —s)uf + lim [ Ut —71) (Bng(uT)> dr, s > t.

Moreover, for s > t and s > 0 we have
Ut — s)uf| < K9 |Pruy| < KoK |Py| e 9eill = KoK |Py| e 32,

Therefore,
lim ’U(t — s)uj| = 0.

It follows that .

- +
uf = _nhjgo U(t—r) (Bng(u7)> dr.
t

Similarly, we can prove that
t _

u, = lim Ut —1) <§ng(u7)> dr.

n—oo
—00

We conclude that
t

- 0
wy = u +u; UG ud+ lim [ Ut —7) (Bng(uT)> dr for t € R.

n—od 0
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Let ¢ € Yy such that ¢ = uy. By Theorem 3.1, there exists an integral solution w of
equation (1.1) on R with initial value ¢ + hy(¢) such that, for all t € R, w, € M, and
t

w = U)g+ lim | Ut—r) (Eng(w7)>0 dr
n—oo 0

+ lim U(t—r) (Eng(w7)>+ dr

n—oo [

~ Tim tm Ut —7) (Eng(wT))_ dr.
Then
v <|jim [ 06=7) (B (ot — gtun)))
+im [ 0= (Butotun) - otw) dr
i [ 06— (Ba o) — gtwn) .

This implies that

lug — wy| < Ke (|P0|

¢
/ es! = u, — w,|dr
0
t +o00
+ |P_|/ e |, — w,| dr + |P+|/ ) u, — w, d7'> :
—00 t

Let N(t) = e 31 Ju; — wy| for all £ € R. Then, N = sup (N(t)) < co. On the other hand,

teR
t N t 5 —+o00 .
| R Y Y o )
0 —00 t
2Ke

N < 2 @I+ P+ P K.
Consequently, N =0and u, = w, for t € R. In particular, M, contains all bounded
solutions of equation (1.1). O

we have

N(t) < KeN (ypoy

Finally, we obtain

4. Local existence of the center manifold

In this section, we prove the existence of a local center manifold when g is defined in a
neighborhood of zero. We suppose that

(H3) There exists p; > 0 such that g : B(0,p;) — FE is C'-function, ¢(0) = 0 and
g'(0) =0, where B(0,p1) ={p € B:|p| <p}.

For p < p1, we define the cut-off function g, : B — E by

_ [ 9(p)if el <p,
00)={ o i <
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We consider the following partial functional differential equation

d

(4.1) %u(t) = Au(t) + L(ug) + go(ue), t > o,
Us = € B.

Theorem 4.1. Assume that (Hy), (Hy) and (H3) hold. Then there exist 0 < p < p; and

a Lipschitz continuous a mapping hy, : Yo — Y_ @ Y, such that hy,(0) = 0 and the local
Lipschitz manifold

My, = {¢ +hg,(9) : p € Yo}
is globally invariant under the flow associated to equation (4.1).

Proof. Using the same arguments as in [31], Proposition 3.10, p.95, one can show that
g, is Lipschitz continuous with

Lip(g,) < 2sup |g'()] -
lel<p

It follows that Lip(g,) goes to zero when p goes to zero. According to Theorem 3.1, we
deduce that there exist p > 0 and mapping hg, : Yy — Y_ @ Y, with hy, (0) = 0 such that
the Lipschitz manifold

My, = {o+ hg,(p) - ¢ € Yo}
is globally invariant under the flow of equation (4.1). O

Remark 4.2. (i) The set

M,, = {¢ +hy,(¢) : ¢ € Yo} N B(0, p)

is called the local center manifold associated to equation (1.1).
(i1) My, contains all bounded integral solutions by p of equation (1.1).

5. Reduction principle: flow on the center manifold

We establish that the flow on the center manifold is governed by an ordinary differential
equation in a finite dimensional space. We assume that the conditions of Theorem 3.1
are satisfied. We also assume that the unstable space Y, is reduced to zero. This means
that o(Ay) C {A € C:Re\ <0} and

Y=Y _ @Y.

Let d be the dimension of the center space Yy and ® = (¢, ..., ¢4) be a basis of Yy. Then,
there exist d elements ¢7, ..., ¢; of Y*, the dual space of Y, such that

{ (07, 05) = &7 () = 655, 1 < i, j < d,
¢r=0onY._.

Denote by ¥ the transpose of (¢7, ..., ¢5). Let ¢ € Y. Define

(W, 6) 1= (67(0), .. ()"
Then, the projection operator Fy: Y — Y} is given by

Fogp = (¥, 9) .
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Put U°(t) := U(t)|Ys. As Y; is a finite dimensional space, (U°(t)),cg is a strongly con-

tinuous group. Then, there exists a d x d matrix G ([15], Theorem 2.15, p.102) such
that

U'(t)® = ®e'®, t € R.
Let n € N, n > ng >w and i € {1,....,d} . We define the function z7, ; on E by

nily) = <¢f,§ny>, y€eE.

Then, x},; is a bounded linear operator on E. Let z;, be the transpose of (z;, ,,..., 7}, ;).

n,i

We obtain

T

(wivy) = (¥, Ba ()
Consequently,
sup |z} | < oo.
n>ng
This implies that (z7)
important result.

is a bounded sequence in £(E,R?). Then, we get the following

n>ng

Theorem 5.1. There exists x* € L(E,R?) such that (z7))
the sense that

.
nsn, COTVETgES Weakly to x* in

(xr,y) — (z",y) asn — oo fory € E.
To prove this result, we need the following fundamental theorem [33, p. 776]

Theorem 5.2. Let X be a separable Banach space and (z)) be a bounded sequence in

n2p
X*. Then there exists a subsequence (z;k)k>0 of (z;‘;)n>p which converges weakly in X* in

the sense that there exists z* € X* such that

<z;‘;k,y> — (2"y) ask — o0 forye X.

%
n)nZnO
;klk)keN which
converges weakly to some z7 in Zy. We claim that all the sequence (x;kb)n>n0 converges

weakly to x7, in Zy. This can be done by contradiction. Suppose that there exists a

Proof of Theorem 5.1. Let Z; be a closed separable subspace of E. Since (x
is a bounded sequence, thanks to Theorem 5.2 there is a subsequence (:E

. ~x : ~x *
nsne Which converges weakly to some 77, with 77, # 27 .

subsequence (:Ej;q) of (z)
qeN

Let w(., 0, ¢, f) be the integral solution of the following equation

d?u

{ Lot = AR(t) + L) + f(1), £ > o,
Uy = @ € B,

where f is a continuous function from R to F. By using the variation-of-constants formula
and the spectral decomposition, we obtain

t ~ 0
POﬂt<'70-> 07 f) = lim U (t - €> <an(£)) d£

—
n—i—ooa

and

Po (Baf(€)) = @ (0. Buf(§)) = @ (w, F(€))
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It follows that

Pyis(.,0,0, f) = lim @/te“—E)G <\If,§nf(5)>d§,

n—-4oo

= lim ® / te“—f)G (¥, f(€)) dE.

n—-+o00

Let f = ¢ (for a fixed ¢ € Zj) be a constant function. Then

C
ng? np’
k—+oco J, p—+oo J

t t
lim et8)G <:1:* > d¢ = lim et8)G <x* c> dg.

Consequently,

t t
/ -9 (5 ) de — / 06 (75 ¢} de.

Hence 7, = 77, . This yields to a contradiction.

We now conclude that the whole sequence (z7},),,, converges weakly to 27 in Zy. Let
Z1 be another closed separable subspace of E. By using the same argument as above, we
obtain that (z7,),,, converges weakly to z7, in Z. Since Zy N Z; is a closed separable
subspace of F, we get that ¥, = x7 in ZyN Z;. For any y € E, we define z* by

(", y) = (27, 9) ,

where Z is an arbitrary given closed separable subspace of E such that y € Z. Then z*
is a bounded linear operator from E to R? such that

2] < sup [z] < o0
n>ng

and (z

nsn, cOnverges weakly to 2™ in . [J

As an immediate consequence, we obtain the following result.

Corollary 5.3. For any continuous function f: R — E, we have

i [ U= (Buf(©) de = [ 9% p(6))de to e R

—
n-l—ooa o

Let ¢ € Yy. Then from the properties of the center manifold, we know that the integral
solution starting from ¢ + h(yp) is given by v + hy(v{), where v{ is the solution of
¢

~ 0
W =UM)p+ lim | Ult—1) (BAg(vf + hg(vf))> dr, t € R.

A—o0 Jo
Let z(t) be the component of vy € Y. Then
Oz(t) =vf for t € R.
By Theorem 5.1 and Corollary 5.3, we have for ¢t € R

t
B2 (t) = BeCt2(0) + @ /0 75 (7 g0 4 hy(v7))) dr.

We conclude that z satisfies
t

2(t) = e2(0) + lim [ 779 (27 g(vé + hy(v?))) dr.

n—oo 0
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Finally, we obtain at the following ordinary differential equation (the reduced system)
(5.1) 2'(t) = Gz(t) + (z*, g(Pz(t) + hy(Pz(t)))) for t € R.
This determines the flow on the center manifold.

Remark: In this paper, the center manifold reduction technique has been proposed for
some partial functional differential equations with infinite delay in fading memory spaces.
We expect many applications of this important result, especially to study the stability of
equilibriums in critical cases when the classical methods (like the linearization principle)
do not work. We also expect to use it to develop new results on bifurcation theory for
partial functional differential equations with infinite delay.
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Abstract

In this paper, we introduced and studied a new class of generalized nonlinear
variational like inequality for fuzzy random mappings and have proved existence
theorem for auxiliary problem of the fuzziffied random generalized nonlinear vari-
ational like inequalities. By exploiting the theorem, we construct and analyze a
new random iterative algorithm for finding the selections of the fuzziffied ran-
dom generalized nonlinear variational like inequality. Further more, we prove the
existence of unique solutions of the fuzzified random iterative algorithm for find-
ing the selection of the fuzziffied generalized nonlinear variational like inequality
problems. The convergence analysis of fuzziffied random iterative sequences gen-
erated by the random iterative algorithm is also discussed.

Keywords: Fuzziffied random generalized nonlinear variational like inequali-
ties, fuzziffied random iterative sequences, random iterative algorithm, Hausdorff
space, Hilbert spaces, measurable spaces, Borel set.

Mathematics Subject Classification: 49J40

1 Introduction

Variational inequality theory has been a very effective and powerful tool for study-
ing a wide range of problems arising in many diverse fields of pure and applied sci-
ences. It is well known that one of the most important problems in variational in-
equality theory is the development of efficient and implementable iterative algorithms
for solving various class of variational inequalities and variational inclusions. In [§]
and [20, 27, 28, 30, 31, 32] there are lot of iterative algorithms for finding the approx-
imate solutions of various variational inequalities. Glowinski, Lions and Tremolieres
[16] had developed the auxiliary principle techniques. By using the auxiliary principle
technique, Ding [13, 14, 15] suggested several iterative algorithms to compute approx-
imate solutions for some class of general nonlinear mixed variational inequalities and
variational like inequalities in reflexive Banach spaces. Variational inequalities have
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been widely used as a mathematical programming tool in modeling, optimization and
decision making problems. However, facing uncertainty is a constant challenge for op-
timization and decision making problems. Treating uncertainty for fuzzy mathematical
results in the study of fuzzy optimization and decision making, the variational inequal-
ities have been generalized and extended in multi direction using novel techniques of
fuzzy environment.

It is well known that fuzzy set theory which was introduced by Zadeh [35] in
1965 has gained importance in analysis, from both theoretical and practical point of
view. The fuzzy sets are distinguished from ordinary or crisp sets in that the degree of
membership of an element in a fuzzy set can be any number in the unit interval [0,1] as
opposed to a number from the binary pair {0,1} for crisp sets. This property of fuzzy
sets enable us to represent realistically imprecise concepts in which the transition from
membership to membership is gradual.

In 1989, Chang and Zhu [4] introduced the concepts of variational inequality for
fuzzy mappings which were later developed by Chang and Huang [5], Noor [29], Lee et
al. [24], Ding [10], Ding and Park [11] etc. in Hilbert spaces. Recently Huang and Lan
[17] considered nonlinear equations with fuzzy mappings in fuzzy normed spaces and
Lan and Verma [22] considered fuzzy variational inclusion problems in Banach spaces.
The concepts of random fuzzy mapping was first introduced by Huang [18]. The
random variational inclusion problem for fuzzy random mappings is studied by Lee et
al. [25], Dai [9] and Ahmad and Faraj [1]. The random variational inequality (inclusion)
problems and random quasi-variational inclusion problems have been studied by Chang
[3], Khan and Salahuddin [21], Cho et al. [7], Lan [23] and Huang and Cho [20] etc.

Inspired and motivated by recent works [1, 6, 9, 16, 25, 26, 31, 33, 36|, in this
paper we introduced and studied a new class of fuzziffied random generalized nonlinear
variational like inequalities. An existence theorem for auxiliary problem of the fuzziffied
random generalized nonlinear variational like inequality is established. By exploiting
the theorem, we construct and analyze a new random iterative algorithm for finding
the solution of the fuzziffied random generalized nonlinear variational like inequality.
Further, we prove the existence of unique solutions of the fuzziffied random generalized
nonlinear variational like inequality problems and discuss the convergence analysis of
fuzziffied random iterative sequences generated by the random iterative algorithm.

Our results improve and generalize many known corresponding results presented in
(12, 14, 18, 20].

2 Preliminaries
Throughout this paper, let H be a real Hilbert space endowed with dual space
H*, pairing between norm denoted by ||.||, inner product (u,v) forw € H, v € H*, D

be a nonempty closed convex subset of H. We denote by 27 and CB(H) the family
of all nonempty subsets and the families of all the nonempty bounded closed subsets
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A

of H respectively, H(.,.) represents the Hausdorff metric on CB(H). Let (2, %) be a
measurable space, where (2 is a set and X is o-algebra of subsets of 2. We denote by
B(H) the class of Borel o-fields in H.

Definition 2.1. A mapping f : 2 — H is said to be measurable if for any C' € B(H),
Oy ={teQ: f(t)eC}ex.

Definition 2.2. A multivalued mapping A : Q@ — CB(H) is said to be measurable if
for any C' € B(H),
AN C)={teQ: A)NC #0} €.

Definition 2.3. A mapping f : Q x H — H is called a random operator if for any
w € H, f(t,w) = w(t) is measurable. A random operator f : Q2 x H — H is said to be
continuous if for any ¢ € ), the mapping f(¢,-) : H — H is continuous.

Definition 2.4. A mapping u : Q@ — H is called a measurable selection of the
multivalued measurable mapping A : Q — CB(H) if u is a measurable mapping and
teQ, u(t) € At).

Definition 2.5. A mapping 7 : Q x H — CB(H) is called a random multivalued
mapping if for any w € H, T(-,w) is measurable. A random multivalued mapping
T:Qx H— CB(H) is said to be H-continuous if for any ¢t € €, T'(t,-) is continuous
in the Hausdorff metric.

Let F(H) be a collection of fuzzy sets over H. A mapping F from H into F(H) is
called a fuzzy mapping. If F is a fuzzy mapping on H, for any u € H, F(u) (denoted

by F, in what follows) is a fuzzy set on H and F,(z) is the membership function of z
in F,.

Let M € F(H), q € [0,1], then the set
(M), = {ue H: M(u)>q}
is called ¢-cut of M.

Definition 2.6. A fuzzy mapping F : Q — F(H) is called measurable if for any
a € (0,1], (F(+)a :  — 27 is measurable multivalued mapping.

Definition 2.7. A fuzzy mapping F' : Q x H — F(H) is called a random fuzzy
mapping if for any w € H, F(-,w) : Q — F(H) is a measurable mapping.

Clearly, the random fuzzy mapping includes multivalued mapping, random multi-
valued mappings and fuzzy mappings as the special cases:

Let A, T :Q x H— F(H) be two fuzzy random mappings satisfying the following
condition (S):
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(S): There exist two mappings a,c : H — (0,1] such that for all (t,w) € Q x H,
(Atw)aw) € CB(H), (Tiw)ew) € CB(H). By using the fuzzy random mappings A, 7T,
we can define two random multivalued mappings A and T as follows:

V(tw) €Qx H — A:Qx H—CB(H), (t,w) = (Atw)aw),
V(tw)eQxH — T:QxH-—CB(H), (t,w) = (Thw)ew),
where Ay = A(t, w(t)).

So, A and T are called the random multivalued mappings induced by the fuzzy
random mappings A and T respectively.

Given mappings a,c : H — (0, 1] the fuzzy random mappings A, T : Q@ x H —
F(H) satistying the condition (S). Let N : Qx HxH — H andn: Qx HxH — H* be
the mappings. Let b: H x H — (—o00,00) be a real valued function. For given f € H
and any measurable mapping v : 2 — H, find measurable mappings u,z,y : 2 — H
such that A, (2(t)) > a(u(t)), Tiuw (y(t)) > c(u(t)) and

(Ne((8), y(8)) = f,me(o(t), ut)))+a(u(t), v(t)—u(t)) = blu(t), u(t))—blu(t), v(t)) (2.1)

for all v(t) € H, t € Q and n(u(t),v(t)) = n(t,u(t),v(t)), where a : H x H —
(—o0, +00) is a coercive continuous bilinear form, that is there exists the measurable
mappings e,d : 2 — (0,1) such that

(C1) a(v(t),v(t)) > di|jv(t)]|* for all v(t) € H
(C2) a(u(t),v(t))| < eflu@)]-lv@)]| for all u(t),v(t) € H.

It follows from (C7) and (Cy) that d(t) < e(t). Again function b(.,.) is non differ-
entiable and satisfies the following conditions:

(C3) for any measurable mapping v : Q — H, b(.,v(t)) is linear;
(Cy4) for each measurable mapping w : 2 — H, b(w(t),.) is a convex function;

(C5) for any measurable mappings w,v : Q@ — H, b(w(t),v(t)) is bounded, that is
there exists a measurable function v : 2 — (0,400) such that

b(w(t),v(t)) < wllw@-llo@)];
(Cs) for any measurable mappings w, v,z : Q — H
b(w(t),v(t)) — b(w(t), z(t) < b(w(t), v(t) — 2(t)).

The inequality (2.1) is called fuzziffied random generalized nonlinear variational
like inequalities.

Remark 2.1.
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1. For any measurable mapping w,v : Q2 — H

b(—w(t),v(t)) = =b(w(t),v(t)) and b(—w(t), v(t)) < vellw(®)[|.[[o(®)]],

hold from condition (C5) and (Cj), respectively. So
[b(w(t), v()] < yellw (@] o@)]-
2. For any measurable mappings w, v,z : 0 — H

[b(w(t), v(t)) = b(w(t), 2()| < wllw@)] [[o(t) — 2()]l;

follows from conditions (Cy) and (Cg). So, b(w(t),v(t)) is continuous with respect
to second variable.

Special Cases:

1. If a is zero operator f = 0. Then problem (2.1) is equivalent to the problem
(2.1) of Dai [9]. For any measurable mapping v :  — H, finding measurable
mappings u, x,y : 2 — H such that

Aruy (1)) = a(u(®)),  Truw(y(t) = c(u(t))
and
(N (z(t),y()), n(v(t), u(t)) + b(u(t), v(t)) — b(u(t),u(t)) =0 (2.2)
where Nyn: Hx H— H.
2. fAT:H— CB (H) are classical set valued mappings we can define the fuzzy
mappings A, T : H — F(H) by
u— xA(u), u— xT(u)

where yA(u) and x7T'(u) are characteristic functions of A(u) and T'(u) respec-
tively, taking a(u) = ¢(u) = 1 for all uw € H. For given f € H and any measurable
mapping v : 2 — H, find measurable mappings u, x,y : 2 — H such that

(Ni(z(t), y(t) = f,me(v(t), u(d))) +a(u(t), v(t) —u(t)) —b(u(t), v(t) > blu(t), u(t))

(2.3)
for all v(t) € H. It is called random generalized nonlinear variational like inequal-
ities, which is the variant form of a problem studied by Liu et al. [26].

3. If a is zero operator, AT : D — H and n: D x D — H* be the single valued
mappings, then (2.3) reduces to the following nonlinear mixed variational like
inequality:

For a given f € H, find u € D such that
(N(A(u), T(u)) — fyn(v,u)) + b(u,v) — b(u,u) <0, Vv e H, (2.4)
considered by Ding [14].
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4. If N(Au,Tu) = Au — Tu, f =0 and b(u,u) = p(u), where ¢ : H — (—00, 00) is
a functional. Then (2.4) is equivalent to a problem for finding v € D such that

(Aw) = T(u), n(v,u)) = ¢(u) —¢(v), VveD. (2.5)

It is called mixed nonlinear variational like inequalities, considered and studied
by Ding [13].

5. Again, n(v,u) = gv — gu, for all u,v € D where g : D — D is a mapping, then
(2.5) is equivalent to finding u € K such that

(Au—Tu, gv —gu) > p(u) —¢(v), Yve D, (2.6)
which was studied by Yao [34].

Definition 2.8. A random multivalued mapping A:Qx H — CB(H) is said to be
H-Lipschitz continuous, if there exists a measurable function A : Q@ — (0, 4+00) such
that

A ~

H(A(t, u (1)), A(t, uz (1)) < MO [Jua(t) = ua()|* ¥ wa(t), ua(t) € H.

We give the following Lemmas.

Lemma 2.1[1]. Let A : Q x H — CB(H) be a H-continuous random multival-
ued mapping, then for measurable mapping u : € — H, the multivalued mapping
A(,u(t)) : Q@ — CB(H) is measurable.

Lemma 2.2[2]. Let A;, A;:Q — CB(H) be two measurable multivalued mappings,
€ >0 beaconstant and z; : Q2 - H be a measurable selection of Ay, then there exists
a measurable selection x5 : 2 — H of Ay such that for all ¢ € €,

l21() = 22@)I < (1+ ) H(Ai(t), As(1)).
Lemma 2.3[3]. Let D be a nonempty closed convex subset of a Hausdorff linear

topological space F and ¢,v : D x D — R be the mappings satisfying the following
conditions:

(a) Y(u,v) < ¢(u,v) for all u,v € D and ¢(u,u) > 0 for all u € D;
(b) for each u € D ¢(u,.) is upper semicontinuous on D;
(c) for each v € D, the set {u € D : ¢(u,v) < 0} is a convex set;

)

(d) there exists a nonempty compact set K C D and uy € K such that ¢ (ug,y) <0
for all v € D\ K.

Then there exists v € K such that ¢(u,0) > 0 for all u € D.

Definition 2.9. Let N : QO x Hx H — H andn: Q x D x D — H* be the mappings.

6

191



ANASTASSIOU ET AL: NONLINEAR VARIATIONAL INEQUALITIES

(i) N is said to be random 7-strongly monotone with respect to the first variable if
there exists a measurable function s; 5 : Q@ — (0, 1) such that

(Ni(u(t),.) = Ne(v(t), ), me(ult),v(t)) = sinllult) —v(t)]?
for all u,v € D, t € €Q;
(ii) N is said to be randomly 7-monotone with respect to the second variable if
(Ve u(t)) = Ne( 0(t)), me(u(t), v(t))) = 0
for all u,v € D and t € €;

(iii) NV is said to be randomly Lipschitz continuous if there exists a measurable map-
ping 0 : © — (0, 1) such that

[Ne(u(t), ) = Ne(v(), )| < drwllu(t) —v(®)| Vu,ve D, t el

(iv) N is said to be n-hemicontinuous with respect to A and T of the first and second
variables if for any u,v € D, the mapping ¢ : [0, 1] — (—o00, 00) defined by

9(t) = (Ni(a(t)u(t) + (1 — a(t))v(t), a)u(t) + (1 — a(t))v(t)), m(u(t), v(t)))
is continuous at 0%;

(v) nis said to be randomly Lipschitz continuous with measurable mapping o : 2 —
(0,1) such that

(), ()] < aryllu(t) —o@)]] ¥V u,ve D, t e

(v) nis said to be randomly strongly monotone with a measurable mapping p : Q@ —
(0,1) such that

(u(t) —v(t), ne(ult),v(t))) > peyllu®) —v@)||* ¥V u(t),v(t) € D, t € Q.
Definition 2.10. Let N : Q@ x H x H — H, n: Q2 x D x D — H* be the mappings.
A random multivalued mapping A : Q x H — C'B(H) is said to be

(i) randomly monotone if

(Ne(2(t),.) = Niy(2), ), m(u(t), v(t))) = 0

for all 2(t) € A(t, u(t), y(t) € A(t,v(t)), u(t),v(t) € H, t € Q;
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(ii) A is said to be random 7-strong monotone with respect to the first variable of N
if there exists a measurable function 7 : 2 — (0, 00) such that

(Ni(x(t),.) = Ne(y(2), ), me(u(t),v(t)) = menlult) — o)
for all z(t) € A(t,u(t)), y(t) € A(t,v(t)), u(t),v(t) € H, t € Q.
Lemma 2.4. Let (€2,3) be a measurable space and D be a nonempty convex subset

of a topological vector space. Let ¢ : Q2 x D x D — (—00,00) be a real valued function
such that

(i) for each (v,u) € D x D, t — ¢(t,v,u) is measurable mapping;

(ii) for each (t,v) € Q x D, u — ¢(t,v,u) is continuous on each nonempty compact
subset of D;

(iii) for each (t,u) € Q@ x D, v — ¢(t,v,u) is lower semicontinuous on each nonempty
compact subset of D;

(iv) for each t € 2, each nonempty finite set {vy,vq, -+ ,v,} C D and for each
m m
u ;awz (e; >0, ;az 1), min ot v;,u) <0;

(v) for each t € €, there exists a nonempty compact subset Dy of D and a nonempty
compact subset K of D such that for each u € D\ K there is a v € co(Dy U {u})
with o(t,v,u) > 0.

Then there exists a measurable mapping u : 2 — D such that ¢(¢,v, u(t)) < 0 for
all v e D and t € ().
Definition 2.11. A random multivalued mapping 7 : Q x H — CB(H) is said to be
randomly H-Lipschitz continuous, if there exists a measurable function & : 2 — (0, 00)
such that

A ~

H(T(t,u(t), T(t,0(t))) < rpllut) — v(®)|| Y u(t), v(t) € H, t € Q.

3 Auxiliary Problem and Algorithm

Now we consider the following auxiliary problem with respect to the fuzziffied random
generalized nonlinear variational like inequality problem (2.1).

For any given measurable mapping u : {2 — D, for measurable mapping v : & — D,
find measurable mapping @ : © — D such that for all ¢ € Q 2(t) € A(t,w(t)),
g(t) € T(t,w(t)) and

(@(@), m(v(t), w(t)) = (u(t), n(v(t), w(t)) — pe(Nu(2(t),§(t)) = f,me(v(t), (1))
—pra((t), v(t) — w(t)) — piblu(t), v(t)) + peblu(t), @(t)) (3.1)

8
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where p : 2 — (0, 00) is a measurable mapping.

Theorem 3.1. Let (£2,%) be a measurable space, D be a nonempty convex closed
subset of H and f € H. Let random fuzzy mappings A, T : Q x H — F(H) satisfy
the condition (S) and A and T, the random multivalued mappings induced by the
fuzzy random mappings A and T respectively. Let N : Q x H x H — H be the
mapping such that N is random 7-hemicontinuous with respect to A and T in first
and second variables. Let n : 2 x D x D — H* be the random Lipschitz continuous
with a measurable function ¢ : Q@ — (0,1) and random 7 strongly monotone with
respect to the measurable mappings p : @ — (0,1). For each v € D, n(.,v(t)) be
continuous and semi continuous in second variables and 7, (v(t), u(t)) = —n(u(t), v(t))
for all u,v € D, t € Q. Suppose a : D x D — (—o00, +00) satisfies (C1) and (Cy). Let
b:D x D — (—o00,+00] be a real valued function satisfying (C}).

(1) For each t € €2, the mappings A(t,.), T(t,.) are randomly H-Lipschitz continuous
with the measurable functions A, x : Q — (0, 1) respectively;

(2) the measurable mappings Ny(.,.) is randomly Lipschitz continuous and randomly
n-strongly monotone with respect to the random multivalued mappings A in the
first variable with the measurable functions ¢, s : Q© — (0, +00) respectively and
N(.,.) is randomly Lipschitz continuous and randomly 7-relaxed monotone with
respect to the random multivalued mapping 7" in the second variable with the
measurable functions &, 7 : Q — (0, +00) respectively.

Then the auxiliary problem (3.1) has a unique random solutions.
Proof. For any fixed measurable mapping u : 2 — D, for any measurable mappings
v,w: Q= D, we define the functional ¢,¢ : Q x D x D — (—00, +00] by

Gr(v(t), w(t)) = (u(t), n(v(t), w(t))) = (u(t), m(v(t), w(t)))
+ pe(Ne(@1(8), 91.(8)) — fm(v(t), w(t)))
+ pra(v(t), v(t) — w(t)) — peb(u(t), w(t)) + peb(u(t), v(t))

for all z1(t) € A(t,v(t)), y1(t) € T(t,v(t)) and
Ur(v(t), w(t)) = (w(t), m(v(t), w(t)) = (ult), ne(v(t), w(t)))

+ pe(Ne(22(t), y2(t)) — fym(v(t), w(t)))
+ pra(w(t), v(t) —w(t)) — pb(u(t), w(t)) + pd(u(t), v(t)),

for all 2(t) € A(t, w(t)), ya(t) € T(t, w(t)).

Since A and T are random multivalued mappings induced by the fuzzy random
mappings A and T respectively i.e., for each t € Q, u(t) € D, A(t,u(t)) and T'(t,u(t))
are measurable mappings. From Lemma 2.4, for any fixed (v(t),u(t)) € D x D, t —
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wr(v(t), u(t)) is measurable. Now we verify the functional ¢ and ¢ satisfy all conditions
of Lemma 2.3 in the weak topology. It is easy to see that for all v(t), w(t) € D, t € Q,

Gr(v(t), w(t)) = u(v(t), w(t)) = (v(t) — w(t), n(v(t), w(t)))
+ o (Ni(21(1), 41 (1) = Ni(1), 91.(8)), i (0(1), w(t)))
+ pe(Ne(2(t), 11(2)) = Ne(w2(t), 42(2)), e (0(1), w(2)))
+ pa(v(t) —w(t), v(t) — w(t))
> (e + pe(sengm = Tenpy + di]llo(t) —w(®)]* = 0,

which implies that ¢; and 1) satisfy the condition (1) of Lemma 2.3. Given a is a
coercive continuous bilinear from, therefore a(v(t),v(t) — w(t)) is weakly upper semi
continuous with respect to w(t). Since b is convex, lower semi continuous in the second
variable. For any measurable mapping v :  — D, the mapping u(t) — n:(u(t),v(t)) for
t € Q is convex and upper semi continuous. Therefore ¢,(v(t),.) is weakly upper semi
continuous in the second variable and the set {t € Q, v(t) € D : ¢ (v(t), w(t)) < 0}
is convex for each measurable mapping w : 2 — D. Therefore the Assumption (b)
and (c) of Lemma 2.3, and (iv) of Lemma 2.4 hold. Let © : Q@ — D be a measurable
mapping. Assume

Ly = [pen + pr(sevgn = Tevgan + 4] owglu(t) — 5@)] + o))
+ eyl [ Ne(za(8), y1.(8) = fII =+ pevel[u(@)]
and
={teQ, w(t)e D: ||lwt)—0o(t)] < L}
_ Since M; is weakly compact subset of D and for any w(t) € D\M and wy(t) €
At w(t)), yo(t) € T(tw(t), 21(t) € A(t,0(1)), 1(t) € T(t,0(1))

Ye(0(2), w(t)) = (w(t), n(v(t), w(t))) — (u(t), m(v(t), w(t)))
+ pe(Ne(w2(t), ya(t)) — f,m:(0 (t),w(t))>

+ pra(w(t), v(t) — w(t)) — pb(u(t), w(t)) + pblu(t), v(t))
) ) + (u(t)

e

o~

—~
=

S

[
A~ /N T/~

Hence condition (d) of Lemma 2.3 holds. By Lemma 2.3, for ¢ € 2, there exists
a measurable mapping @ :  — D such that ¢;(u(t),w(t)) > 0 for each measurable
mapping u : Q — D.

10
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We know that mapping N;(.,.) is random Lipschitz continuous in first and second
variable and the mapping A(t,.), T(t,.) are random H-Lipschitz continuous. Based on
Lemma 2.1, for any measurable mapping v : 2 — D, we obtain w : 2 — D, there exist
z1(t) € A(t,v(t)), yi(t) € T(t,v(t)) such that

(o(t), m(v(t), () = (u(t), m(v(t), @(t)) = pe(Ne(x1(£), y1(£)) — f,m(v(t), w(2)))
—pra(v(t),v(t) —w(t)) — peb(u(t), v(t)) + pb(u(t), w(t)) (3.2)
for each given measurable mappings v : 2 — D.
Let 5 be in (0, 1] and a measurable point v : @ — D. Replacing v(t) by vs(t) =
Bou(t) + (1 — B)w(t) in (3.2), we have
(vs(t), m(vs(t), (1)) = (u(t), ne(vs(t), w(t))) — pr{Ne(2s(t), ys(t)) — f,
ne(vs(t), w(1))) — pra(vp(t), va(t) — (1))
—pib(u(t), v(t)) + peb(u(t), w(t)) (3-3)
for all v(t) € D, t € Q, for 25(t) € A(t,vs(t)) and yg(t) € T(t, vs(t)).

Since b is convex in the second variable, (Ny(x(t),y(t)), n:(v(t),.)) is concave and
upper semicontinuous. From (Cs) and (3.3), we have

[{vs(£), me(v(t), w(t)))] = BI(u(t), me(v(t), (t))) — pr{Ne(xs(t), ys(t)) — f,
ne(v(t), w(t))) — prafvs(t), v(t) — w(t)) — piblu(t), v(t))
+ pub(u(t), w(t)] ¥ o(t) € D, T €,

implies that

[(va(t), me(v(t), w(£)))] = (u(t), me(v(t), w(t))) — pe{Ne(ws(t), ys(t)) — f,
( (t), (1)) — pra(vp(t), v(t) — @(t)) — peb(u(t), v(t))
pib(u(t), w(t)) V u(t) € D, t €,

where p : 2 — (0, 1) is a measurable mapping.

Letting 8 — 07 in the above inequality, thus

(@(t), me(v(t), w(t)) = (u(t), ne(v(t), (1)) — pe(Ne((t), y(t)) — frme(v(t), @(t)))
= pra((t),v(t) — (1)) — peb(u(t), v(t)) + peb(u(t), w(t))

for all v(t) € D, t € Q, x(t) € A(t,w(t)) and y(t) € T(t,(t)).

This shows that for any ¢t € (2 and given each measurable mapping u : 2 — D,
for each v : 2 — D measurable mapping, the measurable mapping w : @ — D,
z(t) € A(t,w(t)), y(t) € T(t,w(t)) is the random solution of the auxiliary problem
(3.1).

11
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We prove that for any ¢ € Q, the measurable mapping t — w(t), z(t) € A(t, w(t)),
y(t) € T(t, w(t)) is unique random solutions of the auxiliary problem (3.1). Suppos-
ing the measurable mapping wy(t), wy(t) € D, x1(t) € A(t,wi (1)), yi(t) € T(t,w(t)),
To(t) € A(t,wa(t)), ya(t) € T(t,wo(t)) are two random solutions of the auxiliary prob-
lem (3.1), we have the conclusion that for allv: Q — D, t € Q

(wi(2), me(v(t), wi(t))) = (u(t), me(v(t), wi(t))) — pe(Ne(z1(t), 11(2)) — f
m(v(t), wi(t))) — pea(wi(t), v
— publu(t), v(t)) + pib(u(t), wi(1)) (3.4)
and
(wa(t), me(v(t), wa(t))) = (u(t), me(v(t), wa(t))) — pe(Ne(z2(t), y2(1)) — f
m(v(t), wa(t))) — pra(wa(t), v(t) — wa(t))
— peb(u(t), v(t)) + peb(u(t), wa(t)). (3.5)

and
(wa(t), me(wi(2), wa(t))) = (u(t), me(wi(t), wa(t))) — pe(Ne(z2(t), y2(1)) — f
ni(wi(t), wa(t))) — pra(ws(t), wr(t) — wa(t))
— publu(t), wi(£)) + pib(u(t), ws (1))

(wi(t) — wa(t), me(wi(t), wa(t))) < —pr(Ne(x
me(wi(t), wa(t))) — pe(Ne(22(t), 41(2))
— Ni(2a(t), (1)), (w1 (1), wa(t)))
— pra(wi(t) — wa(t), wi(t) — wa(t)).
Noting that N ~(., .) is random 7-strongly monotone with respect to random mul-
tivalued mapping A in first variable with measurable function s; : 2 — (0, +00) and

random 7-relaxed monotone with respect to the random multivalued mapping 7" in the
second argument with r : Q — (0, 4+00), a(.,.) a coercive we have

H
~~
o~
N——
Neyd
<
~~
~
N——
N——
=
—
S
[\
—~
~
N—
Ny
S
—~
N—
N—

pellwr(t) = w1 < —pulre + sev g + di) [wi () — wa(t)]* < 0
which yield that wy(t) = wa(t).

~ Further let x,(t) € A(t,wi (1), m(t) € T(t,wi(t)), zo(t) € A(t,wa(t)), y2(t) €
T(t,ws(t)) by Lemma 2.2, we get

l21(8) = o) < (1 + ) H(A(t, wi (1), At, wa(t)) < (L+ €A, g llwn(t) — wa(D)]

12
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lyn(8) = g2 ()] < (L + )H(T(t,wi (), T(t,wa(1))) < (1+ )y g [Jwn () — wa(t)]]-

So we get x1(t) = x2(t) and y;(t) = ya(t), which imply that for any ¢ € 2 and the
measurable mapping v : 2 — D, the measurable mapping w, z,¥y : £ — D such that
teQ, i(t) € A(t,w(t)), §(t) € T(t,w(t)) is a unique random solutions of the auxiliary
problem (3.1).

4 Existence and Convergence Analysis

In this section, we first construct an algorithm for solving the fuzziffied random general-
ized nonlinear variational like inequality (2.1). Then we prove the existence of solutions
for the fuzziffied random generalized nonlinear variational like inequalities (2.1) and
also discuss the convergence of the sequence generated by the Algorithm 4.1. From
Theorem 3.1, we suggest the following algorithm for the fuzziffied random generalized
nonlinear variational like inequalities (2.1).

Algorithm 4.1. Suppose that a : D x D — (—o0,00) satisfies (Cy) — (Cy), b :
D x D — (—o0,00) satisfies (C3) —(Cs), N: QxHxH — H,n:QxDxD — H* are
mappings and f € H. For any given measurable mapping ug : 2 — D by Lemma 2.1,
the multivalued mappings A(.,uo(.)), T(.,uo(.)) : @ x H — CB(H) are measurable,
hence there exist measurable selection xg : Q — D of A(.,,ue(.)) and yo : @ — D of
T(.,u(.)). From Theorem 3.1 for given each measurable mapping v : Q — D, there
exists measurable mapping u; : 2 — D, the measurable selection x; : 2 — D of
A(,ui())) and y1 : Q = D of T(.,uy(.)) such that for all ¢t € Q,

(ui(t), me(v(t), w(t))) = (uo(t), ne(v(t), ua(t))) — pe{Ne(@1(t), 11(1)) — f,
n(v(t), (1)) — praur (t), v(t) — ur(t)) — pebluo(t), v(?))
+ peb(uo(t), ur(t)) + (eo(t), m(v(t), wi(t)))
and
21 (£) — o ()| < (14 1) H(A(t, ua(t)), A(t, uo(t)))
lys (1) = yo(0)]] < (1 + DH(T(t,ua (1)), T(E, uo(t)))-

Continuing the above process inductively, we can define the following random
iterative sequences {u,(t)} and {z,(t)} and {y,(t)} for solving problem (2.1) as follows:

(g1 (8), 06 (0(1), unga(£))) 2 (un (), (0 (2), tn 41 (8))) = AN (T4 1 (1), Yn1a (1) =
N (0(t), uny1(8)) = pra(nta (), v(t) = ungr(8)) = peblun(t), v(t))
+ peb(un(t), unia (1)) + (en(t), e (v(t), uns1 (1)),

Zne1(t) € At una (), Yna(t) € T(t unsa (1)),

[n41(E) —zn(B)] < (A
[yn1(t) = yn O < (L4 (14 n) ) H(T(E, unsa (1)),
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for n > 0, where {e,(t)},>0 C H and p : 2 — (0, 00) is measurable mapping.

Theorem 4.1. Let (£2,X) be a measurable space and D be a nonempty closed convex
subset of H and f € H. Let the measurable mapping 7 : 2 x D x D — D be random
strongly 17 monotone and random Lipschitz continuous with the measurable functions
w, o — (0, 400) respectively. Let the measurable function b: D x D — (—o0, +0]
be a real valued function satisfy (C3) — (Cg). Suppose a : D x D — (—o0,+00)
satisfy (C}) and (Cs). Suppose A, T : Q x H — F(H) be two random fuzzy mappings
satisfying the condition (S). Let A, T : Q@ x H — CB(H) be random H-Lipschitz
continuous multivalued mappings induced by A and T respectively. The measurable
function N is randomly Lipschitz continuous and random strongly monotone in the
first variable with respect to the random multivalued mapping A with the measurable
functions d,s : 2 — (0,+00) respectively. Ny(.,.) is randomly Lipschitz continuous
and random relaxed monotone with respect to the random multivalued mappings T
in the second variable with measurable functions &, 7 : @ — (0,+00) respectively
too. Suppose that A and T are Lipschitz H-continuous with )\H K : Q0 — (0,1)
respectively and

—d
Lo =2 lim flen(t)] = 0. (4.2)

Ot O n—o0

~
<5t)‘t,ﬁA + ftlit,ﬁf) > SNy Q= d

If there exists any measurable function p :  — (0, +00) satisfying

et

and one of the following conditions:
P St,N; — Tt,Nz — 4tDt
(5t)\t,gA + ft"ft,gf)g —q;
Ve, = reng = ap)? = (A 00+ &omy iy )* = @) (1= p7)
< >3 (4.4)
(Cslf/\ﬂ;r/i + ft/‘itﬁf) —q;
<5t)‘t,HA + ’St“t,f{,f) > qr,
|St:NA — TNy ape| > \/((51t)‘tﬂA + ft“t,HT)Q — 7)1 —p}),
pe < 1, (4.5)
p Tt, Nz — qtPt — St,N;
¢
G — (0cA g + &k r.)?

\/<5t,NA — TNz — @pe)* + (Clt2 - <5t)‘t,HA + ftfit,gf)Q)(l - P?)

<
4 — (5t>‘t,1§{4 + ft/i“qu

14
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(5t)\t,gg + ft’ftﬁf) < G-

Then there exist measurable mappings u,x,y : £ — D such that for all ¢ € Q,
z(t) € A(t,u(t)), y(t) € T(t,u(t)) has a unique solutions of (2.1). Moreover the
random iterative sequences {u,(t) }n>0, {Zn(t) }n>0 and {y,(t) }n>0 obtained by random
Algorithm 4.1 converges to u(t), x(t) and y(t), respectively.

Proof. From the proof of Theorem 3.1, for each ¢t € €2 and the measurable mapping
u: Q — D, there exists a unique solution w (i.e., u(t) € D, z(t) € A(t,u(t)), y(t) €
T(t,u(t))) satisfying the auxiliary problem (3.1). Defining a random mapping G :
Q2 x D — D satisfying Gy(u(t)) = w(t) (i.e. u(t) = w(u(t)) where w(t) (i.e. u(t) € D,
z(t) € A(t,u(t)), y(t) € T(t,u(t)))) is the unique solution of (3.1). Now we will prove
that the random mapping G is a contraction mapping. Let any u;(t) and us(t) in D,
there exists unique wq(t) = Gi(uy(t)), wa(t) = Gi(ua(t)) for all v(t) € D and t € Q,
such that

(Gelua(t)), me(v(t), Gi(wa (1)) = (ur(t), m(v(t), Ge(ua(t)))) — pr{Ni(1(8), 4 (1))
= Fim(v(t), Gi(u (1)) = pra(Gi(ua (1)), v(2)
= Gi(wi (1)) = piblua (1), v(1))
+ pib(ua (1), Gt(ul(t))) (4.6)

for all 1 (t) € A(t,uy(t)) and y1(t) € T(t,u1(t)) and

(Gilua(t)),me(v(t), Gi(ua(t)))) = (ua(t), m(v(t), Gi(us(t)))) — pr{Ni(z2(t), ya(1))
= Fim(u(t), Gi(uz(t)))) — pra(Gi(ua(t)), v(t)
t

)
= Gi(ua(1))) = pib(ua(t), v(t))
+ peb(ua(?), Gt(u2< ), (4.7)
for all zo(t) € A(t, us(t)) and yy(t) € T(t,us(t)) for all t € Q. Taking v(t) = Gy(us(t)
in (4.6) and v(t) = G¢(uy(t)) in (4.7) and adding these inequalities with n.(u(t), v(t)) =

—n(v(t),v(t)) and the assumption of b(.,.), we arrive at

pinl|Gi(ur (1)) — Gilua(1)) |12
< (Ge(ui(t)) = Gilua (1)), m(Ge(ur
< (ua(t) —ua(t) — pe(Ne(w1(t), ya(
— Ne(@a(t), y2(1))), me(Ge(ua (1)), Ge(ua(t)))
— pra(Gi(ur(t)) — Gi(ua(t)),
+ peb(ui (t) — ua(t), Gie(ua(t))
< Jlua(t) = ua(t) — pe(Ne(z1(2),
= Ne(@2(8), y2 () [ 17e( G (ua (¢
— pede||Gi(un () — Ge(ua(t))
+ pevellun(t) — wa O[] Ge(ur(t)) — Ge(ua(t))[|. (4.8)

15
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Now from the random Lipschitz H -continuity of N both variables and strong
random monotonicity of N with first variable and random relaxed monotonicity of N
with second variables, we have

16
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[l (8) =2 (8)—pr(Ni (w1 (£), 1 () = Ne(2(t), o ()

= [Jur(t) = ua(B)[|* = 2pe(Ne (1 (t), y2 (£)) — Ne(2(t), y2(t)), ua () — ua(t))
+ EIN (1 (1), 91.(8)) = No(wa(t), y2 ()]

< lua (8) = ua ()11 = 2p(Ny(1.(8), y1.(8)) = Ne(w2 (), y1(t)), ua () — ua(t))
— 2pe(Ne(@2(1), y1(t)) — Ne(a(t), y2(1)), ua (t) — ua(?))

47 [N (), (6)) — NeCaal), sa ()| + [ NuCa(6), 31 (6)) — NeGaa(t), (o)) ]
< Jlua (8) = s ()1 = 2oest, g llus (1) = wa()[* + 200y s (1) = wa(8)]?

4 [Bullea () — w0)] + &l (1) — ()]

< (1= 200505, = o) la () = wal®)

4 [ A, un (1)), At (1)) + €T, (1)), Tt uae))]
< [1= 2l = revy) | (1) = wa ()]

42 [0l (0) = wal0)] + gy (6) = wa0)]]

< [L= 2050w, = o) + 026N, + G, ] () — a2, (149)
From (4.8) and (4.9), we get

Gl (8)) — Gi(ua(0)
< [ouy/1 = 200y = ruieg) + PO, + €k )? + o]l (8) = ()|

G (ur(t)) = Gilua ()]l = pudy||Gi(un (1)) — Gilua(t))],
that is

|Ge(ua(t)) = Geluz ()] < 0(1)[Jur(t) — ua ()],

where

Ut\/l — 2pt(3t,NA —TeN.) + P?((st)\t’[f]A + ftfit,gfy + PVt
e + pedy

By (4.3), and one of (4.4) and (4.5), therefore G : Q@ x D — D is a contraction
mapping. Hence there exists a unique point 4(t) € D such that a(t) = Gy(u(t)) and
for each measurable mapping v : Q — D,

(@), m(v(t),a(t))) = (a(t),n(v(t), a(t)) = pe(Ne(2(1), §(t))
= fome(v(t), (1)) — pra(a(t), v(t) — a(t))
— peb(a(t), v(t)) + peb(a(t), aft)), (4.11)

o) = <1. (4.10)

17
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where p : 2 — (0,1) is a measurable mapping, which implies that

(Ne(2(2), 9(2)) = [ m(v(t), a(t))) + a(a(t),v(t) — a(t)) = bla(t), a(t)) — b(a(t), v(t)),

for all v(t) € D, that is a(t) € D, @(t) € A(t,a(t)), 4(t) € T(t,a(t)) is the unique
random solutions of the problem (2.1).

Next we consider the convergence of random iterative sequence generated by Al-
gorithm 4.1. Taking v(t) = u,41(t) in (4.11) and v(t) = u,(t) in (4.1) and adding these
inequalities we have

e[t 1 () = wn (O < (Unga () = wn(8), 06 (un i1 (1), un(t)))
< (Uns1(t) = un(t) = pe(Ne(@n41(t), Yns1 (1))
= Ne(@n(t), yn())); e (uns1 (£), un(t)))
— pea(Ups1(t) = un(t), U1 (t) — un(t))
+ peb(tni1(t) — un(t), un(t) — unia(t))
+ (en(t), m(unt1(t), un(?)))

< [Ut\/l = 2p4(St.n; — TeNg) T p?(ét)\t,f[A + ft“t,HT)Q + oY) 1 (8) — wn () |

[t 41(t) = un (D)l = pedilltin i1 () = wn (O + [len(®l[tinia () = un (@), ¥ 0> 1.
That is

[tn+1() = wn ()| < On(t)[|tn-1(t) — un(t)]| + [len(D)]] (4.12)
where
6.(t) = Ut\/l — 2pe(8e,8; — TeNg) + P?(‘St)‘t,ﬁA + ft"t,ﬁf)%l + 172+ py
e e + pedy ‘
Let
Ut\/l - 2pt(3t,NA - Tt,NT) + P?((St)\t,ﬁ/i + ftﬁt,ﬁ;f)z + PVt
0(t) = , ViteQ.

fe + prdy

We know that for each t € Q, 0,(t) — 6(¢) and |le,(t)|| — 0 as n — oo. By
Condition (4.2), it follows that 6(t) € (0,1) and hence (4.12) implies that {w,(t)} is
a Cauchy sequence in D. Since D is complete, there exists a measurable mapping
u: € — D such that u,(t) = u(t) as n — co.

Further, from Algorithm 4.1, we have
1
1)) = 2n < N (1 ) onsa(0) = w0

16 = 9 < ity (14 ) i (6) = (1)

18
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which implies that {x,(f)}, {yn(t)} are also Cauchy sequences in H. Let z,(t) — (),
Yn(t) = y(t), n — oo. Since {u,(t)}, {x,(t)} and {y,(t)} are sequences of measurable
mappings, we know that u,z,y : Q@ — H are measurable. Now we prove that x(t) €
A(t,u(t)) and y(t) € T(t,u(t)) for any t € Q, we have

d(z(t), A(t,u(t)) = inf{||lz(t) —z|: z € fl(t,zﬂ(t))}

[2(t) =z (D)]] + d(2n(t), AL, u(t)))
l(t) = 2 (Ol + HA, wa (1)), Alt, ult)))

ININ TN

~ Hence, x(t) € A(t,u(t)), for all t € Q. Similarly, we can prove that y(t) €
T(t,u(t)). So we have

(Ne((8),y(8)) = fm(o(t), u(t))) + alu(t), v(t) — u(t)) < bu(t), u(t)) — b(u(t), v(t)),

for all v(t) € D, t € . This completes the proof.
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Abstract We define and study the spaces M, ,, 1 < p < oo, that are of
Dyrr-type. Using the harmonic analysis associated with a singular second order
differential operator, we give new characterization of the dual space M;).,p and
we describe its bounded subsets. Next, we define the convolution product in
M’p)p X M,,, 1 <7 <p<ooand we prove some new results.

Keywords: Dy» type, convolution product, differential operator.
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1 Introduction

The spaces Drr; 1 < p < 0o, have been studied by many authors ([1], [2], [3],

[4], [9]). In this paper, we consider the second order differential operator defined
on |0, +oo[, by

A/

Au=nu"+—

/ 2
Au + piu,
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where A is a non negative function satisfying some conditions and p is a non
negative real number.

This operator plays an important role in Mathematical Analysis. For ex-
ample, many special functions (orthogonal polynomials) are eigenfunctions of
operator of A type. The radial part of the Laplacian-Beltrami on symmetric
space is also of A type.

The operator A has been studied by many authors and from many points
of view ( see [5],[8] [13], [14], [16], [17]). In particular, in [5] and [14] many
properties of harmonic analysis related to the operator A have been studied
(translation operators, convolution product, Fourier transform...).

In this work, we introduce the function spaces M, ,, 1 < p < oo, similar to
Dy», but replacing the usual derivatives by the operator A.

The main result of this paper consists to give a new characterization of the
dual space M’, ,, of the space M, , and a description of its bounded subsets.
More precisely, in the first section, we recall some harmonic analysis results
related to the convolution product and the Fourier transform connected with
the differential operator A, that we use in the next sections.

In the second section, we define the space M, ,, 1 < p < oo, to be the set
of measurable functions f on [0, +oo[ such that for all k& € N; A*f belongs to
the space LP(dv) (the space of measurable functions on [0, +oco[ of p!* power
integrable on [0, 400 with respect to the measure dv(z) = A(z)dz). We give
some properties of this space, in particular we prove that it is a Frechet space.

The third section is consecrated to the study of the dual space M’, ,. We
give a nice description of the elements of this space and we characterize its
bounded subsets.

In the last section, we define and study the convolution product in M’p,p X
M, ., 1 <r <p < oo, where M, is the closure of the space D,(R) ( the space
of even infinitely differentiable functions on R, with compact support ) in M, ..

2 The operator A

In this section, we define and recall some properties of the harmonic analysis
related to the operator A, defined on 0, +o00[, by

Au = " A// 2
u=1u +Xu + p7u,

where

-1
A(x) = 2?1 B(x); a>—,

and B is a positive even infinitely differentiable function on R, with
B(0) =1.
We assume that the functions A and B satisfy the following conditions

i) A is increasing, and lim A(z) = +oc.
r— 400
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A’ A’
ii) — is decreasing, and lim (z) =2

A z—+oo A(x)

iii) there exists a constant & > 0, satisfying

’

B (z) o bz

Bl =2p— 22t 4 79" F(g), forp > 0
B/

B(;:; =e %% F(z) ,forp =0

where F' is C* on ]0, oo[, bounded together with its derivatives on all interval
[0, 00, zg > 0.

This operator has been studied by many authors ([6],[8],[14]). In particular,
the following results have been established :
For all A € C, the equation

Au = —\u
{ w(0) = 1, w/(0) = 0 (2:2)

admits a unique solution denoted by .

The function ¢, satisfies the following properties :
e product formula
(o)
Y,y = 0; oa(z)ea(y) Z/ ea()w(z,y, 2)A(2)dz (2.3)
0

where w(z,y, .) is a measurable positive function on [0, +-o00[, with support
in [|z — y|, z + y], satisfying

. /Oocw(x,y,z)A(z)dz =1
o Vz > 0; w(z,y,z2) =w(y,zx,z)
o Vz>0; w(x,y,z) =w(z,2,y)
e Vz > 0, the function
A oa(x)
is analytic on C.
e VA>0and z € R |pxr(x)| <1

e V) € C, the function

T — pa(T)
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is even infinitely differentiable on R, and for all £ € N there exist m; € N
and cy4,; > 0 such that

Vr € R;

(Vo) € carl+ a2 gnle). (2

e For p > 0, and from ([13], p.99) we have
Ve > 0,VA eR, |or(z)| < polz) < m(l+ z)exp(—px), (2.5)
where m is a positive constant.

e We have the integral representation of Mehler type,
Ve >0,YAe €, oi(x) :/ k(x,t) cos(At)dt, (2.6)
0
where k(z,.) is an even positive C*° function on | — z, z[, with support in
[—x, z]. Also, for all A € C, A # 0, the equation
Au = -\
has a solution ®,, satisfying
D, (x) = A2 (z) exp (iAz) V(z, ),
with

lim V(z,\)=1.

=400
Consequently there exists a function (spectral function)
A — c(N),
such that,
YA€ C,A#£0; ox =c(A)Py +c(—\)P_,.
The function
A —c(N)
satisfies the following property
e For A € R ,we have ¢(—\) = c()).
e The function |c(\)|~2 is continuous on [0, +o0] .

e there exist positive constants ky, ks, and k3, such that
YA e C, ImA <0,|A\| > ks;

Fy A2 < e < R (AT (2.7)
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We denote by
e dv(z) the measure defined on [0, +o0[, by

e [P(dv),1 < p < +o0; the space of measurable functions on [0, +o00[, satis-
fying
“+oo 1/p
o = ([ H@ram) <o 1sp<n

1/

0
£ loo. ess sup | f(x)] < +o0; p =400

2€[0,+o00[

o dvy()) the measure defined on [0, +o0[, by

X
dy(A\) = ——
e
e LP(dy),1 < p < +o0; the space of measurable functions on [0, +0o[, satis-
fying
+o00 1/p
1, = ([ HOPa®) <o 1<p<roc
0
ooy = esssup[f(A)] < +oo; p=+o0

AE[0,+00]
Definition 2.1 i) The translation operator associated with the operator A
is defined on L'(dv), by
+oo
Y,y 2 0; T, f(y) = (2)w(z,y,z)dv(z)
0

where w is the function defined by the relation (2.3).

ii) The convolution product, associated with the operator A of f,g € L*(dv)
is defined by

+oo

[xg(r) = ; T.f(y)g(y)dv(y)-

We have the following properties

o T.oa(y) = ox(x)pa(y)

o If f € LP(dv),1 < p < 4o0; then for all z € [0,400[, the function 7 f
belongs to LP(dv), and we have

17 fllp < 1A -
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e Let p,q,r € [1,00] such that 1/r=1/p+ (1/q) — 1. If f € LP(dv) and
g € Li(dv) then the function f * g € L"(dv) and we have

1 gl < NFlp0 N9l - (2.8)

Definition 2.2 The Fourier transform associated with the operator A is defined
on L(dv), by
—+oo

VAER; Ff(A) = ; f(@)ex(z)dv(z).

We have the following properties
e For f € L'(dv), such that Ff € L'(dy), we have the inversion formula for
F: for almost every z € [0, 400/,

fl@) =F 1 Ff)(z) (2.9)
where F~1 is the application defined on L!(dy) by

+o0

F Y g)(x) = / d(Nea(@)dr(V). (2.10)

0

e Let f be in L!(dv). For all z € [0, +oc[, we have

VA ER; F(Tf)(A) = oa(@) Ff(N).
e For f,g € L'(dv), we have

VA ER, F(fxg)(\) = FF(A)Fg(A).

e The Fourier transform F, can be extended to an isometric isomorphism from
L?(dv) onto L?(dry). This means that

Vf € L2(dv); | Ffllyp = 112, - (2.11)

Vf e L*(dy);

Ul =10, - (2.12)

e For all f € D,(R) we have

F(f) = Foo' x(f) (2.13)
where Fy is the usual Fourier transform on D, (R) defined by
Fo(fH(N) / f(z) cos(Ax)dz and Py is the generalized Weyl transform as-

sociated w1th A given by

( see [14]).
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Proposition 2.1 Let p € [1,2], f € LP(dv) and g € LP(dvy). Then Ff €
LP (dv), F~Y(g) € L? (dv) and we have

1F Flly oy < N lps [F 719

}p/,l/ < ||g||p7’y

p

This result is an immediate consequence of the Riesz-Thorin theorem ([10], [11]).

We denote by

o £.(R) the space of even infinitely differentiable functions on R.

e S.(R) the subspace of &,(R) , consisting of functions f rapidly decreasing
together with their derivatives.

e S2(R) = oS« (R), where ¢ is the eigenfunction of the operator A associated
with the value A = 0. For p = 0 the space S2(R) is Si(R).

e D.(R), S.(R) and (S?)'(R) are respectively the dual spaces of D (R), S«(R)
and S?(R).

From [13], the Fourier transform F is a topological isomorphism from S%(R)
onto S« (R). The inverse mapping is given by the relation (2.10).

Definition 2.3 The Fourier transform F is defined on (S?)'(R) by
<F(T),p >=<T,F '(p) >, ¢S (R).

Then F is an isomorphism from (S2)'(R) onto S’(R).

3 The space M,,

We denote by

e For f € LP(dv), p € [1,00], T} is the element of D/ (R) defined by
<Tpp>= [ f@p@ia), ¢eD.®),

o For g € LP(dv), p € [1,00], Ty is the element of S’ (R) defined by
< Ty o= [T aeBO), v e S.@)

Remark 3.1

i) Using the relation (2.5) and the fact that A(x) ~ exp(2px) (x — +0o0) for
p > 0, we deduce that for all p € [1,2],
LP(dv) C (S2)'(R).
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ii) From proposition 2.1, we deduce that for all f € LP(dv), 1 < p < 2;
Ff belongs to the space L? (dv) and we have

F(Ty) =Tr) (3.1)

Definition 3.1 Letp € [1,00]. We define M, ,, to be the set of even measurable
functions f on R such that for all k € N there exists g, € LP(dv) satisfying

ATy =T, (3.2)
in D, (R),
where, for all T' € DL(R) (resp.(S2)'(R)),
< AT, p >=<T,Ap >; ¢ € D,(R) (resp.S2(R)).

The space M, ,, is equipped with the topology generated by the family of
norms

’Vm,p(f) = 07<nka<‘rm ”gk”p,w m € N,

where g, k € N, is the function given by the relation (3.2).

Let
dp: Myp x M, — [0,00]
(fo9) = dp(f9) =Y L ymp(f—9)

2m 1+ Y p(F — )

m=0

Then d), is a distance on M, ,,. Moreover the sequence (f)ren converges to
0in (M, p,dp) if and only if

VmeN; Ym,p (fk)k—’ 0

In the following, we will give some properties of the space M, ,,.
Proposition 3.1 (M, ;. d,) is a Frechet space.

Proof. Let (fn)nen be a Cauchy sequence in (M, ,,d,) and (g k)ken C LP(dv)
such that

ATy =T, ., keN (3.3)

Then for all k£ € N, (gn.k)nen is a Cauchy sequence in LP(dv).
We put
f=go= lim f,
and
gy = lim gn, keN7,
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in LP(dv). Thus
VEEN; T, , —T, (3.4)
in D, (R). Since A is a continuous operator from D, (R) into itself, we deduce

that
ATy, — ATy

n—00

in D, (R).
From the relations (3.3) and (3.4), we deduce that

VkeN; Ay =T,.

This proves that f € M, , and

in (M, p, dp).
Proposition 3.2 Letp € [1,2] and f € M, ,. Then
i) For all k € N, the function
A= (L+A)FF(H(N)

_p

p—1

it) Mpp NC(R) C E(R), where C.(R) is the space of even continuous func-
tions on R .

belongs to the space LP' (dv), with p' =

Proof. i) Let f € M, ,, 1 <p <2, and g, € LP(dv) such that
ATy =T, keN

From the relation (3.1), we have
F(Tg) = Tr(g),

which gives
F(A™T}) = Trg)

On the other hand
F(AFTy) = N*F(Ty) (3.5)

= Terr(p)
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hence

NEF(f) = Flgr)

this equality, together with the fact that the function F(gx) belongs to the space
LP'(dv) implies i).

ii) Let f € M, , NCi(R). From the assertion i), we deduce that F(f) €
L (dy) N L*(dy).

On the other hand, the transform JF is an isometric isomorphism from L?(dv)
onto L?(dv), then from the inversion formula for F and using the continuity of
the function f, we have

+oo
Ve €R; f(z) = ; FFN)ga(@)dy(A). (3.6)

Consequently, ii) follows from the relation (2.4) and the fact that for all k € N,
the function
A= AFFF(N)

belongs to the space L!(dvy).
Proposition 3.3 Let p € [1,2], then, for all r € [2,00],

M, , NC(R) C M.

r

Proof. Let f € M, ,NC.(R), p€[1,2], r>2and ' =

r—1
From the proposition 3.2, we deduce that f € £,(R) and that for all k € N, the
function
A= XFE(FHN)

belongs to the space L”,(dv). By applying Holder’s inequality it follows that
this last function belongs to the space L" (dv). On the other hand, from the
relation (3.6), we deduce that

VeeR, Affa) = /000(—A?)’“f(f)(»w(x)dwu)

= FHENRFE) (@),

Consequently, from proposition 2.1 it follows that for all £ € N, the function
AF f belongs to the space L™ (dv).

4 The Dual spaceM,

In this section we will give a new characterization of the dual space M;’p of
M, . Tt is clear that for every f € M, ,, the family {V,,,.(f),m € N,e > 0}
is a basic of neighborhoods of f in (M, ,,d,), where

Vm,p,e(f) ={g¢ Mp,pa'}/m,p(f —g) <e}.

10
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In addition, T € M;’p if and only if there exist m € Nand ¢ > 0 such that
VfeMpp, | <T,f>]<cYmp(f) (4.1)

For f € L¥ (dv) and ¥ € M, ,,, we put

< AK(T}),p >= /0 Fa)n(2)dv() (4.2)
with Ty, = AkTw. Then
| <AFTy), o> < I fllp ol
< |l ven(¥)

this proves that for all f € L?' (dv) and k € N, the functional A*T; defined by
the relation (4.2) belongs to the space M, .

In the following, we shall prove that every element of M’p’p is also of this
type.

Theorem 4.1 Let T € D,(R). Then T belongs to Mj, ,, 1 < p < oo, if and

only if there exist m € N and {fo, ..., fm} C L¥ (dv) such that
T =Y AT, (4.3)
k=0

where AFTy, is given by the relation (4.2).
Proof. 1t is clear that if
T=> ATy {fo,. fm} C L7 (dv)
k=0

then T belongs to the space M/, .
Conversely, suppose that T € M;,yp. From the relation (4.1) there exist
m € N and ¢ > 0 such that

VoeMpp, [ <T,0>] < cYmp(p)

Let
(LP(dv))™ Y = {(fo, e fn)s fr € LP(dv), 0 < k < m}

equipped with the norm
[Gos o fdasanyrs = maz vl

Now, we consider the mappings

A My, — (LP(dv))™ "

11
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Y = ((pmgla 7gm)

where
AFT, =T,

o k>1

and

B:Im(A) - C
B(Ap) =<T,¢ > .
From the relation (4.1) we deduce that
BA(p)l = | <T,¢>|
A (e (dvy)m+r

IA

this means that B is a continuous functional on the subspace Im(.A) of the space
(LP(dv))™*!. From Hahn Banach theorem’s there exists a continuous extension
of B to (LP(dv))™*1, denoted again by B.

By Riez’s theorem there exist (fo, ..., fm) € (¥ (dv))™*! such that

v ((1007 7@177,) € (Lp(dy))Tn-"_la

Bl om) =S~ [ Ful@)on(w)du(x).
%o ® kZ_O/O k\T )Pk

By means of the relation (4.2), we deduce that for ¢ € M, ,, we have

<To>=5" [ fule)or(a)dv(z)
2 kZ_O/O k Pk

=3 <Ay o>
k=0

This completes the proof of the theorem 4.1.

Proposition 4.1 Let p > 2. Then for all T € M), , T € (S2)'(R) and there
exist m € N and F € LP(dv) such that

./,:.(T) =5 T(1+)\2)T”F
Proof. Let T € ./\/l;),p. From the theorem 4.1 there exist m € N and (fo, ..., fin) €
(LY (dv))™ 1, p = P such that

-1’

m
T =Y A'Ty,.

k=0

From the remark 3.1 i) and the fact that the operator A is continuous from
(S2)'(R) into itself, we deduce that T belongs to (S2)'(R). Consequently, by
virtue of the relation (3.5), we have

F(T) = Tagrzym s

12
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where
m )\Qk
F = —_—
kZ:O Ty o)

which proves the result.

Proposition 4.2 Let T' € D, (R), then T' € M;, 5 if and and only if there exist
m €N and F € L*(dy) such that

f(T) = T(1+)\2)771F

Proof. From the proposition 4.1, we deduce that if T € ./\/12)72 then there exist
m € N and F € L?(dy) verifying

f(T) == T(1+)\2)mF'

Conversely, suppose that

f(T) == T(1+)\2)7"'F7
with F' € L?(dy). Since F is an isometric isomorphism from L?(dv) onto L?(d~),
then there exists G € L?(dv) such that F(G) = F and from the relation (3.1)

we have
F(Ta) =Tr.

Consequently
F(T) =F( - A)"Ta)

thus

T =Y (-1)FChAFT,
k=0
and the theorem 4.1 implies that T belongs to M/, ,.

For a > 0, we denote by
e D, (R) the subspace of D,(R) consisting of function f such that suppf C
[—a,a].
o D', ,(R) the dual space of D, 4(R).
e W™(R), m € N the space of function f : R — C, of class C*™ on R, even and
with support in [—a, a], normed by

Qma(f) = maz [AM(f)]oow

0<k<m

Lemma 4.1 For all m € N, there exists sg € N such that for all s > sg, the
function g5 defined by

1

V$€R7 gS(ZC) :f_l(m

)(@).

is even, of class C*™ on R and infinitely differentiable on R\{0}.

13
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Proof. Let m € N. From the relations (2.4) and (2.10), we deduce that there
exists sg € N, sufficiently large such that for s > sy, the functions gs and

= —_ fcl 2m R.
fs fo((1+)\2)s)areo class C*™ on

In the following we shall prove that for s > sg, the function g, is infinitely
differentiable on R\{0}.

Let v € S,(R); v >0 and / Y(x)dx = 1.Then,
R

nEr-lr-loofs *o wn = fs

in L?(R,dx), where v, (z) = ny(nz) and *, is the usual convolution product
on R.

Now, we take k = E(«) + 2. Since s is sufficiently large, then for every j € N,
0 < j < 2k, the function fij) belongs to LQ(R,dsc) and

hrf fs(j) *o Yn = (fs *o %)(j) = fs(j) (4.4)
in L2(R, dx).
Consequently
VieN,0<5 <k lim NIF(fs %0 ¥n) 2 (4.5)
; lim oWp) = — :
J IS e 0LJs m (14 A2)s
in L2(R, dx).
Using the relations (2.7) and (4.5), we deduce that
2 1
li S *¥o Yn) = — 5y
WA Folfxe ) = 2 5ay
in L2(dv), and the relations (2.12); (2.13) lead to
2
—gs = lim (%) (fs o ¥n) in L (dv). (4.6)
T n—-—+0oo

Let [a,b] C]0,00[ and 6 € D, (R) such that

: —a a
O(z)=1 1f_xa EG[T, Z]
EREL
and ¢ an infinitely differentiable function on R such that
p(z) =1 if x € [a,b]
{ suppey C]%,bJr 1]

supp(f) C]

using the relation (4.4), we deduce that
lim ((1 —0)(fs*o wn»(%) =((1- 9>f8)(2k)

n—-+00

14
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in L?(R,dx), and by the same way as before, we have

lim (") 7H((1 = 0)(fs %o ¥n)) = FH(Fo((1 —0)fs) (4.7)

n—-4oo
in L2(dv). However, using the expression of (*x)~! (see[14]) and the relation

(4.6) we get

Zpge = lim_p(%0) (1= O)(fs %o ) in LA(@) (1)

n—-+oo

On the other hand, by a standart calculus, for all s > sy, we have
fs(@) = e PPy (Ja]),

where, Py is a real polynomial; which implies that the function (1 —6)fs belongs
to S« (R) .

Since, Fy is an isomorphism from S, (R) onto itself and F is an isomorphism
from S2(R) onto S, (R), we deduce that the function F~*(Fo(fs(1—0))) belongs
to S2(R) .

Hence, the relations (4.7) and (4.8) lead to

%(pgs = (p]'-il(fo(fa(l - 9)))

this shows that the function gy is infinitely differentiable on all interval [a, b] C
10, co[ and by parity it is infinitely differentiable on R\ {0}.

Proposition 4.3 Let a > 0 and m € N. Then there exists s, € N such that for
every s €N, s> s,, we can find ps € WI'(R) and Fs € D, ,(R) satisfying

§=(I—A)*Ty, +Tp,
in D.(R).

Proof. From lemma 4.1 there exists s, € N such that for every s € N, s > s,,
the function g, is of class C?™ on R, and we have

(I — AT, =6é.
Let h € D, (R), satisfying

Vo e [,%7 g]; h(z) = 1.

Then,
h(I — A)*Ty, = 0.

On the other hand, the lemma 4.1 involves that for every s > s,, the function

Fy(z) = (h=1) = A)*gs + (I = A)*((1 = h)gs) (4.9)

15
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belongs to the space D, 4(R).
Moreover, we have

Tih-1)(1-ay2g. = (h =1 = A)°T,, =0
and this implies, by using the relation (4.9) that
Tr. = Tu-)y:-ng.)
= (= A)Ta-nyg.)-

Hence,
TFs + (I - A)SThgs = (I - A)STQS = 6

We complete the proof of the proposition by taking s = hgs .
For f € D, 4(R), a > 0, we denote by

b Pm(f) = o@%xm H(%)kfnoo,v

o Nym(f) = maz [|AX(f)lpw, p € [1,00].

0<k<m

Lemma 4.2 Letp € [1,00]. For all m € N, there exist ¢ > 0 and m’ € N such
that
Vo €Dy o(R), Ppnlp) <cNpm (@)

Proof. The case p = oo is proved in [6], then for all m € N, there exist ¢ > 0
and m’ € N such that for all 0 < k < m, we have

d
”(%)k‘»"lloo,u < ¢ max HAk(PHoow (4.10)

0<k<m/’

On the other hand, from the inversion formula for F, we have
Akp(z) = / F(A Q) (N (@)dr(N)
- / (X F () (Voa()dr (V)

Now, from the relation (2.7), it follows that

* dy(N)
/o (1 + A2)a+2 <00

This involves that

e (1 + NP E ()|
e F((I = A)HEOT0)| o

”Ak@”ooy

INIA

16
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< (I = A)FEO Y, (4.11)

According to the relation (4.10) and (4.11), we deduce that for every k; 0 <
k<m;

d
||(£)k§0||oo,u < CmN1,77L/+E(0¢)+3(S0)’

!
where ¢, = ¢2™ TE(@)+3 Hence,

Pr() < N1y B(a)+3(0)- (4.12)

For p €]1, 00[, the result follows by using Holder’s inequality and the relation
(4.12).

Theorem 4.2 Let a > 0 and B’ a weakly™ bounded set of D, ,(R). Then, there
exists m € N such that the elements of B’ can be continuously extended to
W (R). Moreover, the family of these extensions is equicontinuous.

Proof. Let p € [1,00]. Since B’ is weakly* bounded in D ,(R), then from [12]
and lemma 4.2 there exist a positive constant ¢ and m € N such that
VT e B, VpeD,,R),

| <T,¢>| < cNpm(p) (4.13)
Let’s consider the mappings
AWM R) — (LP(dv))™

@ — (A Q)ockm

and for all T € B/,
Ly : A(Dyo(R)) — C

< Ly, Ap >=<T,p > .

From the relation (4.13), we deduce that
Vo € Dy o(R),
| < Ly, Ap > | < cll@ll e (awy)ym+r

this means that Ly is a continuous functional on the subspace A(D, ,(R)) of
the space (LP(dv))™*! and that for all T € B’

Lrl(p, ,(r) = sup <Lr,Ap>|<c
IL7|[(D...(R)) W W S | ; |

From the Hahn Banach theorem’s, Lt can be continuously extended on (LP(dv))™*!
denoted again by Lp. Furthermore, for all T € B’

| LT |l (Lr (@vyym+r = sup | < Ly, >|

HwH(Lp(d,,))nL+1 Sl

17
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= |Lrllap..m) <c (4.14)

Now, from the Riez’s theorem, there exists (fr.1)o<k<m C L¥ (dv) such that
V'IJZJ = (1!]0; 7'(/}’m) € (Lp(d]/))mrl’l’

m

<Lrp>=>) /OO S (@) (@) dv
k=070

with
L7l (Lr(vyym+r = pax I fraellpr -

Thus, from (4.14) it follows that
VI eB,V0<k<m

I frkllpr v < c (4.15)

In particular, for ¢ € WI*(R) we have

m

<Irde>= 3 [ fru@)at o) ine)
k=0"0

using Holder inequality and the relation (4.15), we get
VT € B, ¥ ¢ € WHR);

| < Ly, Ap > | < (m + 1)elv(B(0,a)]V?lellwy =)

this shows that the mapping LroA is a continuous extension of T' on WJ*(R)
and that the family {LroA}rep is equicontinuous, when applied to Wi*(R).
This completes the proof of the theorem 4.2.

In the following, we will give a new characterization of the space M’p’p.
Theorem 4.3 Let T € D,(R). Then for p € [1,00] and p' = p"%l, T belongs to
M;’p if and only if for every ¢ € D, (R), the function T x ¢ belongs to the space
L' (dv), where

Txp(x) =<T,Tp>.
Proof. Let T € /\/l;)’p. From the theorem 4.1 there exist m € N and fy, ..., fin €
LP (dv) such that

m

T= ZAk(Tfk)a

k=0
in Mj, ,. Thus, for every ¢ € D.(R)

Txp = ZTfk*Akap
k=0

= Z frox Ak
k=0

18
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Since, for all k € N, 0 < k < m, fi € L? (dv) and AFp € L'(dv), then we
deduce that fi * AF@ € LP (dv). This implies that the function 7 * ¢ belongs
to the space LP (dv).

Conversely, let T' € D, (R) such that for every ¢ € D, (R) the function T ¢
belongs to the space L (dv). For ¢, ¢ in D.(R), we have
<Trwp,p > = <T,ox1p >
= <TW*xp>
= < TT*dH © >

From Holder inequality and using the hypothesis we obtain
| <Trap,tp > [ < (Tl olle
from which, we deduce that the set
B' = {Tr.y, ¢ € D:(R); [lpllp,, < 1}

is bounded in D, (R).

Now, using the theorem 4.2, it follows that for all @ > 0 there exists m € N
such that for all ¢ € D.(R); [|¢|lp,, < 1, the mapping Tr., can be continuously
extended on the space WZ*(R) and the family of these extensions is equicontin-
uous, which means that there exists ¢ > 0 such that

Vo € Du(R); [[@llpy <1, VY € W' (R)

Y2 8)

| < TT*¢,¢ > | < C”w”Wgﬂ(R)

This involves that
V¢ € Du(R); Vi € WIH(R)

| < Trug, ¥ > | < clldllwp@ll@llp- (4.16)

On the other hand, we have
Vi € Du(R), Vb € W (R)

< Trig, >=<T x Ty, > (4.17)
where, for all ¢ € D, (R)

<T*Ty, o> = <T,Ty*p>
= <T)Yxp>.
The relations (4.16) and (4.17) lead to
V¢ € D.(R),
| <T Ty, > | <clldlwpmllelpy

this last inequality shows that the functional 7'+T}, can be continuously extended
on the space LP(dv) and from Riez’s theorem there exists
g € L? (dv) such that

T+Ty =T, (4.18)
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Furthermore, from the proposition 4.3 , there exist s € N, ¢, € W*(R) and
@s € Dy o(R) satisfying

d=U-A)P°Ty, +T,,
then

T=U-A)Tx*Ty,)+Tx=T,,

= = AT *Ty,) + Trup, - (4.19)

We complete the proof by using the hypothesis, the relations (4.18), (4.19) and
the theorem 4.1.

In the following, we will give a characterization of the bounded sets in M;w.

Theorem 4.4 Letp € [1,00[ and B’ a subset of M, ,. The following assertions
are equivalent.

i) B’ is weakly bounded in M, .

ii) There exist ¢ > 0 and m € N such that for every T € B’ we can find
fors s fm,o C LP (dv) satisfying

T =3 ATy, with max | filly <
k=0
iii) For every ¢ € D.(R), the set {T * p}rep: is bounded in LP (dv).

Proof. 1) Suppose that B’ is weakly* bounded in M/, ,, then from [12] B’ is

equicontinuous. There exist ¢ > 0 and m € N such that
VT eB ,YfeM,p |<T,f>]<cymplf) (4.20)
As in the proof of the theorem 4.2, we consider the mappings
A M,y — (LP(dv))™ !

f’_> (f?.gla"'agm)a
with
Aka:Tgk; 0<k<m

and for all T € B/,
Ly: AM,,) —C

< Lp, A(f) >=<T,f >.

Then, the relation (4.20) implies that
Yoe Mgy,
ILr(Ap)| < cl Al (e (awyym+1-
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Using Hahn Banach’s theorem and Riez’s theorem, we deduce that L can be
continuously extended on (LP(dv))™*!, denoted again by Lz, and that there
exists (frx)o<k<m C LP (dv) verifying

VU/ = (11[}05 71/}7?7,) S (Lp(dy))m+17
cLrt>=5 [ frole)n(@)dv(a)

with
L7 l(ze(dnyym+r = o ax [ frkllpw < e

In particular, if ¢ = A(f), f € M, ,,

<Lp A(f) >=<T,f>=> < ATy, f>
k=0
this proves that i) implies ii).
2) Suppose that there exist ¢ > 0 and m € N such that for every T' € B’ we
can find {fo 7, ..., fm, 7} C LP (dv) satistying

m
k
VT e Bl? T= ;A TfT,k and og}cagxm HfT,kHP’W <c

then
VfeM,,VIeB

<T, f>= ’;J/OOO Jre(x)gr(z)dv(x)

consequently,
VT € B, VfeM,,,

| < T, f > < (m+1)evmp(f)

which means that the set B’ is weakly™ bounded in M’, ,, and proves that ii)
implies i).

3) Suppose that ii) holds. Let ¢ € D,(R), then from theorem 4.3 we know
that for all T € B’ the function T * ¢ belongs to the space L? (dv). But

T*@:ZTM x AFop
k=0

consequently,
VT € B,

1T @llpr o < (m+ 1)y p(0)-
Which shows that the set {T % ¢}peps is bounded in L? (dv) and therefore ii)

involves iii).
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4) Suppose that iii) holds. Let T' € B’, for all ¢, ¥ € D,(R), we have

| < TTM/,,QD > |
1T Yl v llellp,o

|<TT*L,071Z)>|

IN

from which, we deduce that the set
B' ={Tr.p, T € B', ¢ € Du(R); |lplp, < 1}

is bounded in D, (R).

Now, using the theorem 4.2, it follows that for all a > 0 there exists m € N
such that for all ¢ € Dy (R); ||¢|lp,, <1, and T € B’, the mapping T, can be
continuously extended on the space WI*(R) and the family of these extensions
is equicontinuous, which means that there exists ¢ > 0 satisfying

VT € B',Vyp € D.(R); V¢ € W (R)

| <Treg, ¥ > | < clldllwp @ ll@llpw (4.21)

On the other hand, for every T' € B’, we have
V¢ € Du(R), Vi) € WIH(R)

< Trap, Y >=<T x Ty, > (4.22)

from the relations (4.21) and (4.22) we deduce that the functional T * T}, can
be continuously extended on the space LP(dv) and from Riez’s theorem there
exist gry € LP (dv) such that

T+Ty="T,,, (4.23)
However, the relations (4.21) and (4.23) involve that
VT € B,
97,0l v < cll¥llwm ) (4.24)

By using the proposition 4.3, it follows that there exist s € N,
s € W(R) and g € D, o(R) verifying, for all T € B/,

T=Tx5=(I—ANT*Ty)+ Trep.
and by the relation (4.23) we get
T=(I-A)Ty,, +Trap,
thus, from the hypothesis, we obtain,
VT € B, |IT % pslpr v < cs,
and using the relation (4.24), we have
VT € B, |lgr.slly v < cllosllwy @)

this completes the proof.
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5 Convolution product on the space /\/l’p’p x M,

In this section, we define and study the convolution product on the space M’ pp X
M, ,, 1 <r <p< oo, where M, , is the closure of the space D.(R) in M, ,.

Proposition 5.1 Let p € [1,00[. For every x € [0, 00[, the operator T, given by
the definition 2.1 1), is a continuous mapping from M, , into itself.

Proof. Let f € M, ,, and gi € LP(dv) such that
T, = ATy, keN

then,
Vo € D.(R);
< AkTTIf7<p >=< TTng,QD > .
Since the operator 7, is continuous from LP(dv) into itself, we deduce that

for all f € M, , and x € [0, o[, the function 7, f belongs to the space M, ;.
Moreover,

Ymp(Tef) = pnax 1729kl p.v
< pnax 9% llp,0 = Ymp(f)

which shows that the operator 7, is continuous from M, , into itself.

Definition 5.1 The convolution product of T € M’, , and f € M, , is defined
by
Vz € [0,00]

Tx flx)=<T,T.f >.

Let T € Mpp; T = ZAkak with {fx}o<h<m C L (dv) and ¢ € M,,,,1 <

r < p, then for all k E N there exists ¢y € L"(dv) such that

b = AR Ty
It follows that for 0 < k < m the function f * ¢ belongs to the space LI(dv)
1 1 1 1 1
with, — = — + — — 1 = —~ — — and by using the density of D,(R) in M, ,., we de-
q r o p r.p
duce that the expression Z fi * ¢ is independent of the sequence { fx }o<r<m.-
k=0
Then, we put
Tx¢=> frxoi (5.1)
k=0
This allows us to say that
M, * M, . C LI(dv). (5.2)
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Lemma 5.1 Let1<r <p<oo, T €M, and p € M, ,. Then, for all k € N
A*Tr.y = Trug,

with
Ty, = AFTy.

Proof. If ¢ € D,(R), then the function T x ¢ is infinitely differentiable and we
have

Ak(TT*d)) = TA" (Tx¢p) = TT*Akqb
therefore, the result follows from the density of D, (R) in M, .

Proposition 5.2 Let 1 <r < p < oo and g € [1,00] such that

1 1

qg r p
then for every T € M', ,, the mapping

¢ —Tx¢

is continuous from M, . into M, 4.

m

Proof. Let T € M/, ,; T = ZAkak with {fx}o<k<m C Lp/(dl/) then for
k=0
¢€Mp,7'71 <r<p,

Tw¢=> fi*or
k=0
where ¢, € L"(dv) and
Ty, = AFT,.

From the lemma 5.1, we have
VseN, Vo eM,,
ATreg = Trag,

using the relation (5.2), we deduce that the function T * ¢ belongs to the space
Mg
On the other hand, from the relation (5.1), we obtain

q,v

T = T % ¢,
Y1,q(T * $) Joax, T * ¢
But .
T o= fu*brts
k=0
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consequently,

m

1T Gsllaw < Y I fillyr ol frsllro
k=0
m
< (Sl ) 1t (@),

k=0

Hence,

'Yl,q(T * d’) < (Z ||fk‘|p/,u)7m+l,r(¢)

k=0

which proves the result.

Definition 5.2 Let 1 < p,q,r < oo such that

The convolution product of T € M', , and S € M’, ; is defined by
VoeA,,
<SxT,¢p>=< S5, Tx¢p>.

From this definition and the proposition 5.2 we deduce the following result

Proposition 5.3 Let 1 < p,q,r < oo such that

Then, for allT € M, , and S € M’, 4, the functional S T is continuous on
M

pr-
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Abstract

Here we present complex multivariate simultaneous approximation for
general smooth singular integral operators converging with rates to the
unit operator. The associated and presented inequalities are in ]|,
1 < p < oo norm and they involve multivariate related moduli of smooth-
ness. At the end we list as our theory’s applicators the special cases
of multivariate complex Picard, Gauss-Weierstrass, Poisson-Cauchy and
Trigonometric singular integral operators.
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Key Words and Phrases: Complex multivariate Approximation, multi-
variate singular integral, simultaneous approximation, multivariate modulus of
smoothness, rate of convergence.

1 Introduction

Here we are motivated by [1]-[3] and expand these works to complex valued
functions. We present simultaneous approximation in ||| p+ 1 <p < oo, of mul-
tivariate general smooth singular integral operators to the unit operator with
rates. At the end we list specific operators where our theory can be applied.
From our approximation results one can derive interesting convergence proper-
ties of these general operators. Our expansion to complex case is based on basic
properties of complex numbers and complex valued functions.
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2 Main Results

Here r € N, m € Z., we define

(_1)T_j <§> jim? lf.] = 1a25 w1y

[m]

(o = r ] (1)
" 1= =™ <7f)jm, if j =0,
j=1 J
and .
(522‘] = Zo{g’z]jk’ k= 1,2,...,m & N. (2)
j=1
See that .
>oalnl=1, (3)
3=0
and i
_ -1 r—j (T — (-1 r [T ' 4
2D (a) ()(0) (4)

J=1
Let L, be a probability Borel measure on RN, N > 1, ¢, >0, n € N.
We now define the real multiple smooth singular integral operators

r
HLT::L] (f;xla 7:L'N) = ZOIR,’L] /N f (xl + Slja T2 + 52j) <y TN + SN]) dy’f” (5)3
7=0 R

()
where s := (51,...,88), ¥ := (1, ...,7nx) ERV;nr e NNm e Z,, f: RY - Ris
a Borel measurable function, and also (£,,),, ¢y is a bounded sequence of positive

real numbers.
[m]
rmn

Above operators 0. are not in general positive operators and they preserve

constants, see [1].

Definition 1 Let f € C (RN), N > 1, m €N, the mth modulus of smoothness
for 1 <p < oo, is given by

wm (fih), == sup [[AYf (@), (6)
lItll,<h
h > 0, where
A=Y 0 () f e o). 7)
j=0
Denote
Wi (f3 1) o = wm (f, h) (8)
Above, z,t € RV,
2
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‘We make

Remark 2 We consider here complex valued Borel measurable functions f :
RN — C such that f = fi +ifa, i = /—1, where fi, fo : RN — R are implied
to be real valued Borel measurable functions.

We define the complex singular operators

Ol (fra) := O] (frs2) + 001 (i), x € RV, (9)

n
One notices easily that

We assume that 9[:’”] (fiiz) eR, Vz eRY, j=1,2.

o) (Fi0) = £ ()] < (10)

o) (f132) = f1 ()] +

ol (fai2) = 2 ()|

also
[GERNIE] (1)
okt (hie) = @)+ el (o) — o @)
and
ol (-1 < (12)

Furthermore it holds

e[rnfl] (f1) - f1Hp+

ol (f)— fof . w0

fa (IE) = fl,oz (’JZ) + Z‘](.2,04 (IE) 5 (13)

where o denotes a partial derivative of any order and arrangement.
Here based on Theorem 9 of [1] we obtain

Theorem 3 Let f: RN — C, N > 1, such that f = fi +ifs, j = 1,2. Here

m €N, fj € C™(RY), z € RN. Assume ||fjall,, < oo, for all oy € ZT,
N

k=1,..,N : |a = Zak = m; j = 1,2. Let e be a Borel probability
k=1

measure on RN, for £, > 0, (&,) bounded sequence. Assume that for all

neN

N
a:=(a1,...,an), ar €ZT, k=1,...,N, |a| := Zak = m we have that
k=1

/. (fj[u) (1+ 1) ) <. (14)
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Forj=1,...m, anda := (o1, ...,an), axy € ZT, k=1,...,N, |a| := Zak =7,

call

Comn .74 Hsk dpte (815, SN) - (15)

k=1
Then

IN

m . m Ca;n:f (:E)
9[ ] il (1 Z(g[ Z Nﬂi"
F=1 al,-lg‘az%z@ H ag!
k=1

Z (wr (fr,0,&n) T wr (f2,0,60))

)+
(“115’3%”) (H )
(L () (#1250 emn

The m = 0 case follows

Corollary 4 Let f : RN — C: f = fi +ifs, N > 1. Here j = 1,2. Let
fi € Cp (RY) (continuous and bounded functions). Then

il = ([, () we) o

(wT' (flv gn) +wr (f27 fn)) )

/RN (1 + ”;'Z'Q)T dpe (s) < o0. (18)

Proof. By Theorem 11 of [1]. m

by assuming

Theorem 5 ([3]) Let f € C' (RY), [, N € N. Here M, is a Borel probability

measure on RY, &, > 0, (§,),cy @ bounded sequence. Let 8 := (By,...,By),
N

B, € Z*, i = 1,..,N; |B8] = Z'Bi = I. Here f(x+sj), z,5 € RV is
i=1
L, -integrable wrt s, for j = 1,...,r. There exist W, -integrable functions h;, j,

h‘,@piz»]? hﬁ17527i37j7"'7h‘517ﬁ2»-~7ﬂN 1IN, = >0 (J - 1 T) on RN SUCh tha’t
‘B“f (z + 57)

o '<hnﬁ( ). =18, (19)
O0x]
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9Nt f (@ + 55)

< - o =
833%239011 *hﬁww(s)’ ig=1,..., B,

oy &Cij\i’f .0z 0ah

S h/B1>/827"')BN—17iN7j (S)) Z]V = 17 "'7ﬂN7

vV x,s € RV,
Then, both of the next exist and
(07 (7:0)) = 00 (foi). (20)
We give

Theorem 6 Let f : RN — C such that f = fi + ifs. Here j = 1,2. Let
fi € cml (RN), m,l,N € N. For f; the assumptions of Theorem 5 are valid.
Call v =0, 3. Assume ||f(’7+a)Hoo < oo and

L) (s

where Mg, 15 @ Borel probability measure on RN, for £, >0, (§n)pen is bounded

||§|2>Tdu5n (s) < o0, (21)

N
sequence; for all ay € Zt, k=1,..,N : |a| = Zak =m.
k=1

Forj = 1,...,m, and a := (ai,..,ay), ax € Z*, k = 1,...N, |a| =

N ~
Zak =7, call
k=1
N
SO g
Ca,n,j T \/]RN kl;[lsk d/‘LEn (S) .

Then

CEITE) RVATES SF ) N iy |
j=1

N
at,y...,an>0: H |
~ (6778
lar|=j k
k=1

Z (Wr (fl,erav fn) + wr (fZ,erav gn))

N
(al’&'{fi?o) <kl:[1 ak!>
( /. (N |sk|ak> (1+ ”‘;'j)rdugn <s>) .

oo

: (22)
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Proof. By Theorem 10 of [3]. m
Also we have

Theorem 7 Let f : RN — C such that f = fi + ifs. Here j = 1,2. Let
fi € ch (RN), [,N € N. The assumptions of Theorem & are valid for f;. Call

v=0,5. Assume
Isll2\"
/]RN <1 + £ dpe (s) < 0.

H (e[f]nf)7 - waOO < </sz (1 n ||§7|l|2>r dic. (S)) . (23)
(wr (f1,9,60) + wr (fory,60)) -

Proof. By Theorem 11 of [3]. m
By Theorem 4 of [2] we get

Then

Theorem 8 Let f: RN — C: f = fi +ifs. Here j =1,2. Let f; € C™ (RN),
meN, N >1, withfj,aeLp(RN), la| =m, z € RV, Letp,q>1:%+é=
1. Here pg is a Borel probability measure on RN for &, > 0, (En)pen 18 @
bounded sequence. Assume for all a := (aq,...,an), ap € Z*, k = 1,...,N,

N
la] == Zak = m, we have that

k=1
/RN ((INI ’“') <1 ! ls”)>d’“‘f (8) < eo. (24)
k=1 n

N
Forj=1,...m, and o := (o1, ..,an), ax € Zt, k=1,...,N, |a| := Zak =7,
k=1

call

N
ComF = / H sz"'dugn (s). (25)
RY p21

Then

ol (fi2) - f (@) - i(s[j”] 3 Canjla (@) .

’ Jr

N
i=1 lel=7 T aw!
k=1

p,x

m 1
((q (m—1)+ 1)é> az—:m (ﬂ Oék!>
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L) ]

(wr (Fras€n)y +0r (foar€), ) - (26)
We further get

Theorem 9 Let f : RN — C: f = fi+ifs, j =1,2. Let f; € (C (RN) NL, (RN)),
N >1,pg>1: % + % = 1. Assume pe, probability Borel measures on RY,
(§1)nen > 0 and bounded. Also suppose

[ (B a9 <o (27)

0= < ([, (+ 1) o )" (28)

(wr (f1,€0), + wr (fz,fn),,) :

Proof. By Theorem 6 of [2]. m
Based on Theorem 8 of [2] we get

Then

s |-

Theorem 10 Let f: RN — C, f = fi+ifs, j = 1,2. Let f; € (C (RN) N Ly (RN)),
N > 1. Assume pe  probability Borel measures on RY, ($n)peny > 0 and
bounded. Also suppose

L. (1 * ”iby e, () < oo (29)

o (e sl )T < > ,

o -1 = ([, (1+ ) g, (30)
(wr (flafn)1 + wr (f27£n)1> .

Based on Theorem 10 of [2] we get

Then

Theorem 11 Let f : RN — C, f = fi +ifs, j = 1,2. Let f; € C™ (RN),
m,N € N, with fjo € Ly (RN), la| = m, = € RYN. Here pe s a Borel
probability measure on RY for &, >0, (§n)nen 18 a bounded sequence. Assume

N
forall a:= (ayq,...an), ax € ZT, k=1,...,N, |a| := Zak = m that we have
k=1

/. ( (f{ |> (1 ¥ ”g)) due, (5) < oc. (31)
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N
Forj=1,...m, and o := (ay,...,an), a €Z*, k=1,..,N, |a| := Zak =7,

k=1
call
N
Comj = / H Sgkd'“&n (s) . (32)
RN 124
Then
[ml (. o~ <] Comjta (@)
O (Fi2) = f (@) =3 057 > =5 <
J=1 la|=j H !
k=1 1,z
1
Z N (Wr (fl,(lvfn)l + W (f27a7§n)1) . (33)

ol =m H()ék!
k

=1

/RN <ﬁ|sk|ak) (1+ ”i2>r dpe_ (s).

Based on Theorem 12 of [3] we get

Theorem 12 Let f : RN — C, f = f1 +ifs; j = 1,2, with f; € C™T (RN),
m,l, N € N. The assumptions of Theorem 5 are valid for f;. Cally=0,05. Let
Jiv+a) € Lp (RN), o) =m, z € RN, p,g>1: %’—F % = 1. Here pi¢ is a Borel

probability measure on RY for &, >0, (§n)nen 18 a bounded sequence. Assume
N

forall a:= (ayq,...ay), ax € ZT, k=1,...,N, |a| := Zak = m we have that

[t (s

N
Forj=1,...m, and a := (o1, ...,an), g €Z, k=1,..,N, |a| := Zak =7,
k=1

';:”2> ) due_(s) < oc. (34)

call

N
— e (e
Ca,n,j T /]RN klillsk duﬁﬂ (S) .
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Then

m

(em (f;ﬂf))v—fw (33)—25Lm] ) Canjlyre (z) < (35)

J.r N
j=1 la=7 H ag!
k=1

p,x

()|
<q<m—1>+1>q> ( a,)
kr:[lk

L) <””§,'1'2>Tduan wr‘

(Wr (f1,7+a> fn)p + wr (f2,v+aa fn)p) .

Based on Theorem 13 of [3] we get

Theorem 13 Let f : RN — C, f = fi+ifs, j=1,2. Let f; € C! (RN) ,I,N €
N. The assumptions of Theorem 5 are valid. Cally =0,3. Let f;, € L, (RN),
r€RN, pg>1: % + % = 1. Assume P, probability Borel measures on RV,
(£n)nen > 0 and bounded. Also suppose

[ (),
pe (s) < oo.
RN é-n "

), 5], = (L0422 wo)
(wr (1) +0r (f260), )

By Theorem 14 of [3] we get

Then

Theorem 14 Let f : RN — C, f = fi +ifs, j = 1,2. Let f; € C! (RN),
I,N € N. The assumptions of Theorem & are valid for f;. Call v = 0,8.
Let fj € Ly (]RN), z € RN, Assume L probability Borel measures on R,
(£1)nen > 0 and bounded. Also suppose

/ <1 + ”S”2>Tdu£ (s) < 0.
RN gn "
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Then

loma), o] < ([ (Y o). o
(wr (fL"/’én)l + wr (f2,'yv£n)1) .

Finally we have

Theorem 15 Let f : RN — C, f = fi +ifs, j = 1,2, with f; € C™T (RY),
m,l, N € N. The assumptions of Theorem & are valid for f;. Cally=0,3. Let
Jivta) € Ln (RN) , la| =m, x € RN. Here pe, s a Borel probability measure

on RN for &, > 0, (&,),ey i bounded. Assume for all a := (ay,...,an),
N
ar €2, k=1,...N, |a| := Zak = m, we have that
k=1
. Il )"
/ ((H |sk“k> (1+ : 2) )dufn (s) < . (38)
RN b1 n

N
Forj=1,...m, anda = (o1, ...,an), axy € ZT, k=1,...,N, |a| := Zak =7,
k=1
call
N
Com = /R . 1 sexdpe, (s). (39)
k=1

Then

(%’j’ﬁ(f;x))w—fv(w)—iégf s St B

N
j=1 lee|=7 H !
k=1

1,z

1
z N (WT (fl,’y+047§n)1 + wr (f2,'y+m§n)1) :

|or|=m H ak!
k

=1

o (E) (42

Proof. By Theorem 15 of [3]. m

10
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3 Applications

Let all entities as in section 2. We define the following specific operators for
f:RYN - C.
i) The general multivariate Picard singular integral operators:

PIM(fixy, .. xN) = . 41
w (fiz1 (2£nN ol (41)

)

f(z1+ 514,22+ s27,....,an +snj)e & dsi..dsn.
]RN

ii) The general multivariate Gauss-Weierstrass singular integral operators:

Wi (fizq, ..., = . 42
T’ﬂ(fml J}N) (\/@NZ:] ()

f(z1+ 814,22 + 24, .., an + snj)e € dsi..dsy.
RN

iii) The general multivariate Poisson-Cauchy singular integral operators:

Ul (i) = WY Dol (43)
=0
N 1
fx1+ 814, an + snj) H 7Bd31...d81\/7
RN i (S%(x _~_§72LO¢)
with a €N, g > 5 55, and
F 2(Xﬂ—1
W, = 1(5) ag, - (44)
I (5:)T (8~ 34)
iv) The general multivariate trigonometric singular integral operators:
T (frar, o) = AN Z (45)

81...d5N,

)ﬁ Ln(%) 2Bd

/ f(x1+ 517, an +sN]
RN S;i

i=1

11
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where 8 € N, and

B 28-1
A =26 (=17 B> (—1)" @ k2 (46)

= — RN BFR)

One can apply the results of this article to the operators PJ-TL], WT[»?Z], U,LTL}7 TJ-TL]
(special cases of H[T":l]) and derive interesting results. We intend to do that in a
future article.

Conclusion: Our approximation results here imply important convergence
properties of operators QL"ZL] to the unit operator.
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Abstract. In this paper, we establish the stability and superstability of *—bihomomorphisms on C*-ternary
algebras associated with the following functional equation

f(x_yvt)+f(xvt_$) :2f(it,t)—f(y,t)—f(l’,$).

1. Introduction

Let f be a mapping such that in general case its domain is a semigroup and its range is a topological vector space.
Suppose that we are given a functional equation E(f) = 0 so that the boundedness of f gives the boundedness of
E(f). More precisely, in the category of normed spaces, the functional equation E(f) = 0 is stable if for every £ > 0
there exists a 6 > 0 that whenever ||E(g)|| < ¢ then there exists a function f such that E(f) =0 and || f —g]| < e.
The equation E(f) = 0 is superstable whenever every approximate solution of E(f) >0 or E(f) < 0
is a true solution of E(f) = 0. In other words, the boundedness of E(f) shows that either f is bounded or E(f) = 0.
In question, stability was originated from Ulam conjecture by the following explanation.

Given a metric group (G, d), a number € > 0 and a mapping f : G — G which satisfies the inequality

d(f(z.y), f(z).f(y)) < g, for all x,y in G, does there exist an automorphism g of G and a constant & > 0, depending
only on G, such that d(g(z), f(z)) < ke for all x in G?

Hyers proved the Ulam conjecture in the category of Banach spaces under the following theorem. Suppose that
E;, FE5 are two Banach spaces and f : Fy — F5 is a function that for all z,y € F; satisfy the inequality
If(x+y)—f(x)— f(y)|| < € then there exists an additive function g : E; — F» that for all x € Ey, ||g(z)— f(z)] < e.
So far we have the stability of Hyers-Ulam. Th. M. Rassias extended the Ulam’s theorem by setting (||z||” +||y||?)
instead of € where 0 < p < 1, that, at present, is called Hyers—Ulam—Rassias stability. Thence the stability theory
was extended day by day and several applications were obtained in a variety of branches of physics and mathemat-
ical sciences among others in Supersymmetric theories and Yang-Baxter equation and Cubic analog of Laplace and
d’Alembert equations. The primitive work of Ulam has come in [69] and partial solution of Hyers is shown in [19].
The generalization of Hyers theorem by Rssias appears in [(6]. The expression Hyers-Ulam-Rassias stability was

propounded in [66]. For the history and various aspects of stability theory we refer the reader to [2, 34], [5]-[47],

92000 Mathematics Subject Classification: 39B82, 39B52.
Y Keywords: stability; suprestability ; C*-ternary algebra; bi-homomorphism
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[52, 53] and [62]-[65].

Ternary algebraic operations have propounded originally in 19th century in Cayley [4] and J.J.Silvester’s paper
[68]. The application of ternary algebra in supersymmetry is presented in [51] and in Yang-Baxter equation in
[55]. Cubic analogue of Laplace and d’alembert equations have been considered for first order by Himbert in
[18],[50]. The previous definition of C*-ternary algebras has been propounded by H.Zettle in [70]. In relation to

homomorphisms and isomorphisms between various spaces we refer readers to [56]-[61], [67].

2. Preliminaries

Assume A is a linear space over a complex field equipped with a mapping [ ] : 4> = A x A x A — A with
(x,y,2) — [x,y,z2] that is linear in variables z,y,z and satisfies the associative identity, i.e. [z,y,[z,u,v]] =
[z, [y, z,ul,v] = [[z,y, z],u,v] for all z,y,z,u,v € A. The pair (4,] ]) is called a ternary algebra. The ternary
algebra (A,[]) is called unital if it has an identity element, i.e. an element e € A such that [z,e,e] = [e,e, 2] = &
for every x € A. A x — ternary algebra is a ternary algebra together with a mapping * : A — A which satisfies
(x*)* =z, (\a)* = Xz*, (x+y)* = 2* +y*, [z,y, 2]* =[5, 9%, 2] for all 2,7,z € A and all A\ € C. In the case that

A is unital and e is its unit, we assume that e* = e.

A is normed ternary algebra if A is a ternary algebra and there exists a norm ||.|| on A which satisfies ||[z, y, 2]|| <
Izl llyll 11| for all z,y, z € A. Whenever the ternary algebra A is unital with unit element e, we repute |e]| = 1. A
normed ternary algebra A is called a Banach ternary algebra, if (4, ] ||) is a Banach space. A C*-ternary algebra
is a Banach * — ternary algebra if ||[z, z*, z]|| = ||z||® for all z € A.

We suggest [54] for definition of C*-ternary algebra.

Theorem 2.1. Assume that A and B are two C*-ternary algebras, then the cartesian product Ax B is a C*-ternary

algebra.

Proof. We define in A x B sum and scaler product and ternary product, pointwise ie

(a1,b1) + (ag2,b2) = (a1 + a2, b1 + b2) and A(a,b) = (Aa, Ab) and [(a1,b1), (a2, b2), (as, b3)] = ([a1, az, as], [b1, b2, b3])
for all a,a1,a2,a3 € Aand b,by,ba,b3 € Band A € C. Also we define (a,b)* = (a*,b*) and ||(a, b)|| = maz(||all,]]|])
for all @ € A and b € B. The only subject that is not clear is C*-ternary algebra identity,

I[(a,b), (a,0)*, (a, b)]I| = [|([a, a*, a], [b, b*, b])|| = max(||al[?, [|bI|*) = max(|[al], |[b]])* = ||(a, b)||® O

Now we proceed to the resumption of definitions.

Let X,Y,Z be linear spaces. A mapping f : X XY — Z is said to biadditive if for each fixed x in X, the map
y — f(z,y) is additive and for each fixed y in Y the map = — f(z,y) is additive. We say that f: X xY — Z is
bilinear if f is biadditive and f(A\x, uy) = Auf(z,y) forall \,p e Cand z € X,y €Y.

Definition 2.2. [I] Suppose A and B are ternary algebras. A bilinear mapping f : A x A — B is called ternary
algebra left[right] bihomomorphism if it satisfies

f([w7y72]7t) = [f(x7t)>f(y7t)vf(z7t)] [f(.%‘, [y7z7t]) = [f(xuy)7f(m72)7f($7t)]]
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for all z,y,z,t € A. fis called bihomomorphism if it is right and left bihomomorphism. In the case the function f

is bijective and bihomomorphism, it will be called ternary algebra biisomorphism.

Definition 2.3. Let A and B be C*—ternary algebras and f : A Xx A — B be a bihomomorphism. f is called
«—bihomomorphism if f(z*) = f(z)* for every z € A x A.

3. Biadditivity
We need the following theorem to prove the main results of the present paper.

Theorem 3.1. Let X and Y and Z be linear spaces and f: X XY — Z be a mapping. Then [ is biadditive if and
only if

fle—y, ) + fz,t —s) =2f(2,t) — f(y,1) — f(z,5) (3.1)
forallz,ye X andt,se€Y.

Proof. If f is a biadditive mapping, it is obvious that it satisfies (3.1). Conversely suppose that f satisfies (3.1). In
(3.1) weset x =y =s =1t =0, we have f(0,0) = 0. Letting z =y = s =0in (3.1), we obtain f(0,¢) = 0. Putting
y=s=1t=0 we get f(x,0) =0. Setting s =0 in (3.1) we arrive at

fl@—y,t) = fz,t) = f(y, 1) (3-2)
Letting 2 = 0 in (3.2), shows that f(—y,t) = —f(y,t). Thus (3.2) gets out in the following form

fl@—y,t) = fz,t) + f(=y, 1) (3.3)
By changing y to —y, (3.3) shows that f is additive with respect to first variable. Putting y = 0 in (3.1), we obtain

flaz,t—s) = f(z,t) — f(x,s). (3.4)

Setting t = 0 in (3.4), we arrive at f(z,—s) = —f(x, s). Interchanging s by —s in (3.4) and the last equality we

see that f is additive with respect to the second variable. So f is biadditive . g

Theorem 3.2. Let X and Y and Z be linear spaces and f : X XY — Z be a biadditive mapping. Then f is bilinear
if and only if

fAz, py) = Apf(z,y) (3.5)
for each zin X and y in Y and \,u € Tt = {ew;() <6< g}
4

Proof. At the beginning suppose that (3.5) is satisfied. Since f is biadditive, f(rz,sy) = rsf(x,y) for all r;s € Q

and z € X and y € Y. Now we consider some equalities:

(0 =) 0o io— )
Ifggé)gw thenOSQ—ggg and e =¢  2'e2 =4 2.
Ifr<6< 3% then 0 <0 —m < g and e = (0= ¢im = (1) 0-7),

T, —iT s
i(0+ =)

. i(0+ = —
T and e’eze( 2).6 2 = (—i)e 27,

2
So by using the above equalities and (3.5), we arrive at f(Az, uy) = Auf(x,y)

If%“gago then og9+gg
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forall \,u e T' ={2€C;|z] =1} andz € X andy € Y.

IfO<rs<1llettings; =s++vV1—-s2icTlandr =r++V1—-r2icT

1+ 7 $1 + S . . .
Sor=— 5 ! ,§ = ! 5 L Therefore, by paying attention to what come in the above

flrz,sy) =rsf(x,y). Now if A, u belong to C then

A= [Me p = |plet, A = [|Al] + Ao, |12] = [|pe]] + po that in those 0 < A, o < 1. Thus
FOw, py) = M + A2)e™ra, ([[ul] + p2)ery) = eMre f(([IN] + A2)a, ([l] + p2)y) = Auf (z,y)

for all x € X and y € Y. Hence f is bilinear. The converse is clear. O

Theorem 3.3. Let X,Y,Z be linear spaces and f : X XY — Z be a mapping. Then f is bilinear if and only if

fOAz = Ay, pt) + f(Ax, pt — ps) = Au(2f(z,t) — f(y,t) — f(z,5)) (3.6)

forallz,y € X andt,s €Y and \,u € T1.
4

Proof. 1f f is bilinear, then it is obvious that f satisfies (3.6).

On the other hand, suppose that f satisfies (3.6). Setting A = p = 1 in (3.6). By Theorem 3.1, f is biadditive.

Putting y = s = 0 in (3.6), we achieve f(A\x,ut) = Auf(x,t) for all A, € Tt and t € Y. Therefore, according to
4

theorem 3.2 f is bilinear. O

Notation: Let XY, Z be linear spaces. For a given mapping f: X XY — Z, we set

E)\,Mf(x’ya t7 S) = f(/\x - /\yvlut) + f(/\xa.ut - ILLS) - )‘/-L(Qf(xa t) - f(y7t) - f(x7 8))

for all z,y € X and s,t € Y and A\, u € C.

4. Stability of x—bihomomorphisms of C*-ternary algebras

In this section we investigate the Stability of *—bihomomorphisms between C*-ternary algebras.

Theorem 4.1. Let A and B be two C*—ternary algebras and ¢ : A* — [0,00) be a function such that

1
©(0,0,0,0) =0 lim E@(Z"lx, 2nly only onls) =0, (4.1)
n—oo
- 1
My(z,y)= > EM(2"laz,2’“y) < o0 (4.2)

where x,y,t,s € A and l € {+1,—1} and
M(J?, y) = (10(07 Zz, 23}’ 0) + 90(37, -z, 22% y) + QO(O, 07 2y7 O) + 3(@(1‘7 07 Y, _y) + QD(Z‘, 07 07 y) + (,0(37, Oa 0) O) + 90(0) 07 Y, 0))
and f: Ax A — B be a mapping which satisfies

||f(:1?,y)—f(m*,y*)\| S‘P(‘T7y7070)v (43)

1Exuf(z,y,t,8)]| < olz,y,t,5), (4.4)
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max(||f([x,y7t],s) - [f($78)7f(y75)7f(t7S)H|7 Hf(xv [y7t7SD - [f(x7y)7f(xat)7f(xas)m < gp(x3,y3,t3,33), (4'5)

1
lim Tf( "z, 2My) = lim o L pna, 2y y) = lim o f(27",2%y), (4.6)
_ 3 _ 3n Yy
Jim a7 FCE L) = i g U = () (@7

for all z,y,t,s € A and A\, u € T+. Then there exists a unique *—bihomomorphism of ternary algebras
4
H:Ax A— B such that

|H(z,9) ~ a9l < {V(zy) (19)

and H(z,y) = lim —f(2"2,2"y) [H(z.y) = lim 4"f(, 2]

n—oo 4m n— o0 2 ’ n

forall x,y € A.
Proof. Setting A = =1 in (4.4) we have

||f($—y,t) +f(x7t_s) —Qf(l',t) +f(y7t) +f(£f,8)” < @(x,yvtas)' (49)

Putting z =y =t =s =0 in (4.9), we obtain f(0,0) = 0 by (4.1).
Letting x =y = s = 0 in (4.9), shows that

1£(0. )] < #(0,0,¢,0).
Assuming y =t =s =0 in (4.9) we get
[1f (2, 0)]| < ¢(x,0,0,0).
Setting y = —x,t = 2s in (4.9) we arrive at
[|f(2z,25) + 2f(x,s) — 2f(x,2s) + f(—=x,29)|| < o(x,—x,2s,s). (4.10)
Putting = s = 0 in (4.9) we conclude that
1f(=y.t) + fy, DI < (0, y,£,0) + ¢(0,0,£,0). (4.11)
Letting y = x,t = 2s in (4.11) we get
[|f(—z,2s8) + f(z,25)]]| < ¢(0,z,2s,0) + ©(0,0,2s,0). (4.12)
By using (4.10) and (4.12) we come to
|| f(22,25) + 2f(x,s) — 3f(z,2s)|| < ¢(0,2,2s,0) + p(z, —,2s,5) + ¢(0,0,2s,0). (4.13)
In (4.9) setting y = 0 and s = —t, we achieve
1f(2,2t) = f(,t) + £0,8) + f(z, =0)|| < (20,8, —1). (4.14)
Assuming y = ¢ =0 in (4.9) we have

||f(.%', S) + f(:L‘7 _S)” < 90(*7:’ 0,0, S) + go(x, 0,0, 0)' (4‘15)
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Substituting s by t in (4.15) shows that
[f(z,—t) + f(z, )] < p(z,0,0,t) + ¢(x,0,0,0). (4.16)
(4.14) and (4.16) show that
[|f(x,2t) = 2f(z,t)|| < @(x,0,¢,—t) + ¢(,0,0,t) + ¢(2,0,0,0) + ¢(0,0,¢,0). (4.17)
Letting ¢t = s in (4.17) and multiply both sides by 3, gives
|13f(z,2s) — 6f(z,s)|| < 3(p(z,0,s,—s) + @(x,0,0, ) + ¢(2,0,0,0) + ©(0,0,s,0)). (4.18)

(4.18) and (4.13) give

|If(22,25) — 4f (z,5)|| < M(x, s). (4.19)
, ) 1
Now let [ = 1. By replacing x by 27z and s by 2’s, and multiplying both sides of (4.19) by yEESE we get
1 « : 1 . ‘ . ,
J+1l,. oi+tley = r(9d J J J
I f @ 2,27 s) — — f(P2, V9)|| < oy M(2a,20s).
Now for given m,p € N, we have
1 m m m
g T 277, 27005) — L f(am,27s)]| <
meETt 1
j+1 J+1loy J J
S e S, 27%s) - (2, 2s)]| <
j=m
m+p—1 1 . ‘
Z i M2z, 2s). (4.20)
j=m

1
So by (4.20) and (4.2), the sequence 4—nf(2”:1:, 2"y) is a Cauchy sequence in Banach space B for all z,y € A, and

1
hence it is convergent. Define H : A x A — B by H(x,y) = lim 4—nf(2”33,2"y) for all x,y € A. Letting m = 0
and p — oo in (4.20), so we obtain (4.8) with [ = 1. From (4.4) and (4.1), we get

1
HE)\AHH(.'E,y,t,S)H S lim 7||E>\ Mf(2n$72ny72nt32n8)|| S
s n— 00 4n 3

s 1 n n n n
nILH;O Ecp(2 x,2"y,2"t,2"s) = 0.

Thus E) ,H(x,y,t,s) =0 for all z,y,t,s € Aand A\, u € T1. So, according to Theorem 3.3 H is a bilinear mapping.
4
By (4.5), (4.6) and (4.1), we conclude that

maX(HH([%yvt]vs) - [H($7s)7H(y7S)7H(t’S)] H7 HH(.%‘, [y7tas]) - [H(x,y),H(Lt),H(x,s)] H) =

1 1
max(|] lim 4—”f(2"[m,y,t],2"s) — lim 4‘ﬁ[f(Q"m,2’15),f(2"y,2’15),f(2"t,2ns)}||,

n—oo

H lim 7f( z,2”[y,t,s}) — lim i[f(znz,gny)’f(2n1,72nt)7f( T, 2"s )]H)

n—oo 4 n—oo 43

i —mar(|£([2"2, 2"y, 2°1),2%) — [£(2"0,2"5), f(2"9,2"8), F(2°1,2°5)],

S 431
I[f(2"z, [2"y, 2", 2" s]) — [f(2"x,2"y), f(2"x,2"t), f(2"2,2"s)][|) <
1
lim YEd (2573, 23my3, 2343 23163) = 0.
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bihomomorphism. On the other hand, by (4.3), we have
1H (2, y) = H(z" y7)|| = lim Z{If(2"2,2"y) = f((2"2)", (2"9)")]| < 9 (2"2,2"y,0,0) = 0.
Hence H is *—bihomomorphism. Now let T': A x A — B be another *—bihomomorphism satisfying (4.8), then by
(4.2) we have
1H (2, y) = T(wp)ll = lim || F(2",2%) = T(e,y)l| = lim - ||f(2",2") - T(2"2,2"y)|| <

1 - 1 1
lim ——M;(2"z,2"y) = lim 1 —M(2"x,2"y) = 0.
So, we conclude that H(z,y) = T(z,y) for all z,y € A.
Now assume that [ = —1.
Interchanging x by * T and s by 2ji1 in(4.19) and multiplying its both sides by 47, we achieve

T S

Jf( 49 +1 -
H f(2j’2]) f(2j+1?2]+1)||— M(2]+172j+1)
Now for given m,p € N, we see that
s T S mirct S S
m-+ m +1
™2 f( o)~ S Y W 2) — 47 (i, o)l <
j=m
ez x s
Z VM5 5)- (4.21)
Jj=m
By (4.21) and (4.2) the sequence 4"f(2n 2n) is Cauchy in Banach space B. Then it is convergent for all z,y € A.
Define H; : A x A — B by Hy(z,y) = hm 4"f(2— —) for all x,y in A. The rest of the proof is similar to the
case that [ = 1. ]

Theorem 4.2. Let 6,p1,p2,p3,p4 be real numbers such that 8 > 0 and all of p1,p2,ps3,pa be located in (0,2) [or
all in (2,00)] and A,B be C*ternary algebras and f : A x A — B be a mapping that satisfies

1f (2, y) = fa"y)I < O(l=”* + llyl[7),

BN (29,8 8) || < O |27 + [ly[[P* + ([l + []s][*),
maz(||f([z,y,t],8) = [f (2, ), f(y, 8), F (&) M (@ [y, 85 ) = [f (2, 9), f 1), f (2, 9)]]],
<O+ llyP 172 + [[£]]P2 + []5°[P),

lim —f(2"ac 2"y) = hm L]‘(2”96 231y) = lim i]‘(23"93,2”3/),

n— 00 0o 431

[Jim 4" f(o5, o) = lim @Wgnﬁn—gnﬁwwniﬂ

for all z,y,t,s € A and X\, € Tt. Then there exists a unique *—bihomomorphism H : A x A — B which satisfies
4
the following inequality
I[H(z,y) — f(z,y)l] <
10 2 6+ 3 x 2Ps 7+ 2P4

Pl P2 P3
g o 111" + gy el Il + g

P — Ppa
yull” lyl72),

and
H(z,y) = lim ——f(2"2,2%)  [H(z,y) = lim 4" f( L]
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for all x,y € A.

Proof. We set in Theorem 4.1
o(x,y,t,5) = 0(||z|["* + [[yl[”> + [[E][** +[Is]["*).
O

Theorem 4.3. Let A and B be two C*—ternary algebras and ¢ : A* — [0, 00) be a function such that ©(0,0,0,0) = 0

and
1 1
lim 27@(2”x,2”y,2"t, $)=0 [ lim 2—ncp(x,2”y,2"t, 2"s) =0 ]
— 1 — 1
(z,1) = ZOEM (272,1) 2)2—]1\4 x,27t) < 00 | (4.22)
J= Jj=

where x,y,t,s € A and
M(z,t) = p(x, —z,t,t) + ¢©(x,0,0,0) + ©(0,z,¢,0) + ©(0,0,t,0),
[ M(x,t) = p(z,z,t,—t) + p(2,0,0,0) + ¢(x,0,0,t) + ¢(0,0,¢,0) |
and f: Ax A— B be a mapping satisfying
[f(z,y) = f" 9yl < plz,z,2,9) LS (@,y) = f@ 90 < (@, y,9,9) |
Exwf (g, t,9)l] < o2y, 5)
([, y. 1], 8) = [F (2, 8), F(y,8), F(E,9)I] < ola®, 9%, 87, 5%)
[ f (@, [y, t,8]) = [F(z,y), f(@,0), f(,9)]]] < o(a®, 97,8, 5%) ]
Tim o f@ry) = Tm o f0My)  [m o f(r2') = Tm (277

forall x,y,t,s € A and \,pn € TY. Then there exist a unique *—bihomomorphism H : A x A — B such that
4

1H (2, y) = f(z,y)l] < %Ml(x,y) [[H(z,y) = f(,9)]] < %Mz(m,y) ] (4.23)
and
H(z,y) = lim fo( Y) [ H(z,y) = lim ;nf(:v,?”y) }

for all x,y € A.
Proof. Putting y =t =s =0 in (4.9) shows that
I1f (@, 0)|] < ¢(2,0,0,0). (4.24)
Setting y = —z and s =t in (4.9) we get
1f (22, 8) + f(2,0) = f(x,8) + f(=2, )] < (2, —2,t,1). (4.25)
Substituting y with x in (4.11) we obtain
[lf(=z,t) + fz,t)]| < ¢(0,z,t,0) + ¢(0,0,¢,0). (4.26)
By using (4.24) and (4.25) and (4.26) we come to

[lf(2z,t) — 2f(z,t)|| < M(=,1t). (4.27)
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. 1
Replacing x with 27z and multiply its both sides by 271 we get

. 1 . .
j+1 _ = J J
||2j+1f(2 x,t) 2jf(2 :U,t)\|§2j+1M(2 x,t).
Now let m,p be in N. We have
1 1 m+p—1 1 _ 1 4 m+p—1 )
||2m+pf(2m+px,t) - 5@ b)]| < Z ||ﬁf(21+lx,t) — 5@l < Z ST M(2w,t). (4.28)
J=m Jj=m

1
From (4.22) and (4.28) the sequence {2—nf(2”x,y)} is Cauchy and hence is convergent. Define H : A x A — B by

1
H(z,y) = lim 2—nf(2"x,y) for all x,y in A.
Letting m = 0 and p — oo in (4.28), it follows that (4.23) is satisfied. The rest of the proof is similar to the proof
of Theorem 4.1 . O

Theorem 4.4. Suppose that 0, p1, p2, p3, P4 be real numbers such that @ > 0, p1,pa, ps lie in (0,1) [p2, p3 ,pa liein (0,1)].
Let A and B be two C*-ternary algebras and f : A x A — B be a mapping satisfying
()= f @, y )| < O]+ 2] P2+ ][7 4[|y [[7*) LI s )= (@™ y )< Ol l[P Iy [P+ [yl 1P+ yl*) ]
EN . f (@, y,t,8)]] < O[] [P+ [ly[ P> + [[]]7* + |]s][P*)
1 (2,5, ], 8) = [f(z,8), F(y, s), f (& )l < O |P + ([P [P + [[£9]]P2 + []s%][P+)
[1f (@, [y, t,8]) = [F(z,9), flz,0), fl, o)) < O[] + [y P2+ [[E2]P2 + [|s?][P) ]
1 1 1 1 .
Jim o0 f (2%, y) = lim o (2"z,y) [ lim onf(@:2"y) = lim 2ﬁf(fv,?’"y)]

for all x,y,t,s € A and \,u € T+. Then there exist a unique left [right] *—bihomomorphism H : A x A — B such
4
that

— P1 p2 P Pa
1 (@) = £ )] < 0ol all? + gl + 3l + 1]")

_ p p P P

1) — £ )]l < 0l + 12l + 5o 0l + 5 0l17) ]
and
A S 1 n
n—oo n—oo

for all x,y € A.
Proof. Tt follows by Theorem 4.3 by putting o(z,y,t,s) = 0(||z|[P* + ||y||P2 + [|¢]|P* + ||s][P4). O

5. Superstability
In this section, we investigate the Superstability of *—bihomomorphisms of C*-ternary algebras.

Theorem 5.1. Let A and B be two C*—ternary algebras and ¢ : A* — [0,00) be a function such that

S0(07 y7 t, S) = w(x7 O’ t? s) = SD(I7 y’ t7 O) = 0 (5'1)
lim (2", 27y, 271t 27Ls) = 0 5.2
Jim (2%, 2y, 2, 2%s) = (5:2)
for all z,y,t,s € A andl € {1,-1} and let f : A x A — B be a mapping satisfying
1f(z,y) = fa" y9)] < e, y, 2, y), (5.3)
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Exuf (29,8, 8)]] < p(x,y,t,5), (5:4)

maz(||f([z,y. 1], ) = [f(z.5), f(y, 8), F &L (2 [y £ 8]) = [f,9), fla, 1), fz,8)]l]) < o(a®, 9%, 8%, 5%), (5.5)

lim 4—f( T, 2"y) = hm —f(23"a: 2"y) = hm —f( z,2%"y), (5.6)
[lim 4"f(—, L) = lim 43" f(—, L) = lim 4°" f(—, -2)]
T 00 2n on N— 00 23n on n— 00 2n 23n

for all z,y,t,s € A and A\, € T. Then f is a x—bihomomorphism.
4
Proof. Letting A = p=11in (5.4) to get

||f($_y’t) +f(x’t_5) —2f(33,t) +f(yat) +f(x’3)” < @(xvyvtas)' (57)

Reputing z =y =t = s =0 in (5.7) to obtain f(0,0) = 0. Putting x =y = s = 0 in (5.7) to obtain f(0,t) =0
for all t € A. puttingy =s =1t =01in (5.7) to get f(z,0) =0 for all x € A. In (5.7), put z = 0 and s = ¢, we
arrive at f(—y,t) = —f(y,t), for all y,t € A. Letting t = y = 0 in (5.7), we conclude that f(z,—s) = —f(x,s)
for all z,s € A. Put y =0 and s = —¢ in (5.7) to obtain f(z,2t) = 2f(z,t) for all z,t € A. Suppose that s =0
and y = —z in (5.7) we arrive at f(2z,t) = 2f(z,t) for all z,t € A. Thus we receive f(2z,2y) = 4f(x,y) for all
x,y € A. By induction, we get f(2"z,2"y) = 4" f(x,y) for all z,y € A and n € Z Now let [ = 1. From (5.4), we
get

1 1
1B o f G,y tos)| = T 1B f (27,279,200, 2%) | < T (27, 279,27, 2%) = 0.

Thus E . f(z,y,t,s) =0 for all x,y,t,s € A and A\, u € T}. So, according to Theorem 3.3, f is a bilinear map. By
4
(5.2), (5.5) and (5.6) we conclude that

max(||f([m,y,t],s) - [f(x’s)’f(y’3)7f(t78)] ||’ Hf(‘% [y,t,S]) - [f(x’y)af(xvt)’f(x78)] ||) =

ma(]| lim_ ﬁf@"[x,y,tm" )~ lim - [F(2"0,2"s), £(2y,2"5), F(2°1,25)],

n— oo 43

| Jim o f(2%, 27t 5]) — T [F(27, 2%), £(2", 2, f(2°, 275)]) =

n—oo n—oo 43 4

3 1 n n n n n n n n n n
nl;rrgoﬁmax(||f([2 x, 2"y, 2"t],2"s) — [f(2"x, 2"s), f(2"y, 27s), f(27¢, 27 s)]||,

|lf(2", [2"y, 27,27 s]) — [F (2", 2%y), f(2"2, 2"1), (272, 2"s)][]) <

1
lim (272, 277, 27787, 2% %) = 0.

n—oo

So f(lz,y.t],s) = [f(z,s), f(y,s), f(t,s)] and [f(=,[y,t,s]) = [f(z,y), f(z,0), f(z,9)].
Therefore f is a bihomomorphism. On the other hand, by (5.3), we have

* * : 1 n n n * n * 1 n n n n
1f(z,y) = fla®,y7)ll = lim —2|lf (2", 2%) = f((2"2)", (2"y)")I| < 5 e(2"2, 2%y, 2", 2"y) = 0.
Hence f is *—bihomomorphism. The proof of other case is similar. |
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Theorem 5.2. Let 0, py,p2, p3, pa be real numbers such that @ > 0, p1 + ps + ps + pa lie in (0,2) [p1 + p2 + ps +
py lie in (2,00)]. Let A and B be two ternary C*-algebras and f : A x A — B be a mapping satisfying

1f (2 y) = f@™ g < 0|2 [[y][P27),

Ex S (@, t, )] < Ol [yl P [[£][7°Is]]*),
mam(Hf([x,y,t],s) - [f(LL',S),f(y78),f(t78)]||, ||f($7 [y?tas]) - [f(l‘,y),f(l‘,t),f(!E,S)]”

< Ol [y [[72]1£7][P2] 5P+,

. 1 . 1 ) 1
lim = f(2",2"y) = lim oo f (27w, 2"y) = lim oo f (2", 27y)

n—oo 4m
[nhjgoll f(27727) :nILH;o45 f(ﬁ;?l) :nlggo‘fi f(zj,ﬁ)]

for all z,y,t,s € A and X\, € Tt. Then fis a x—bihomomorphism.
4

Proof. It follows from Theorem 5.1 by putting ¢(z,y,t, s) = 0(||z|[P* [|y||P>||t]|P3||s]|P*). O
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Abstract. In this article we study the general complex-valued sin-
gular integral operators over the real line regarding their convergence
to the unit operator with rates in the L, norm, 1 < p < co. The
related established inequalities involve the higher order L, modulus
of smoothness of the engaged function or its higher order deriva-
tive. Also we study the complex-valued fractional general singular
integral operators on the real line, regarding their convergence to
the unit operator with rates in the uniform norm. The related es-
tablished inequalities involve the higher order moduli of smoothness
of the associated right and left Caputo fractional derivatives of the
engaged function.We finish with applications to trigonometric sin-
gular integral operators. The related simultaneous approximations
are also studied extensively.

1 Convergence of Complex General Singular In-
tegral Operators Background

We consider here complex valued Borel measurable functions f : R — C such
that f = f1 +ifs, i := /—1. Here fi1, fo : R — R are implied to be real valued
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Borel measurable functions.
Let £ > 0 and p, be a Borel probability measure on R. For r € Nand n € 7+

we put
aj—-{(_nr:<pj2-. A (1)
1 - Zj:l (-n™’ (;)J ",J=0.
Here we study the convergence of smooth general singular integral operators

Ore(fia) = /Oo > af(x+jt) | dpe(t), ¢ > 0. (2)

— 00

3=0
Clearly by the definition of R.H.S.(2) we have
Orc(f:2) = Opelfi; ) + iOelfoi ). 3)
We assume that ©,.¢(f;;2) € R, Vz € R, j =1,2.

I) Let f1,f2 € C"(R), n € Z* with the rth modulus of smoothness finite,
ie.

we( £, 1) = sup A7 ()] oo0 < 00, (4)
J tI<h ’
h > 0, where
re(), N - 1y (T () ;
N =3 (5) 2o 4o )
iz
j=1,2.

‘We need to introduce
T
0k =Y a;i¥ k=1,...,neN
j=1

The integrals

Che 1= / t*dpg(t)

— 00

are assumed to be finite, k =1,...,n.

One notices easily that

0re(f52) = f(2)] < |Ore(fii7) — [r(@)| + |Ore(fos2) — fa(z)]  (6)

also

10re(fi2) = (@)l S NOre(fr; ) = f1(2)ll o, + [1Ore(f232) = fa2(2)ll o, »
(7)
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and

18 (f52) = f(@), ., < 1Ore(fisz) = fr(@)], ,+HOre(fos ) = fo(@)Il, P > 1.
Furthermore it holds (8)
£ (z) = f1<k)( ) +zf(’“)( ), )

forallk=1,...,n

2 Main Results

By using Theorem 9 of [1] we obtain

Theorem 1. Let f : R — C such that f = f; + ¢f2. Here 7 = 1,2. Let
f; € C™"(R), n € Z*. Suppose that

[m [t|™ <1 + |€t|) dpe(t) < oo.

Assume also that w, (f(") h) < 00,Vh > 0. Then

’ Ore(f;z) Z f 5k0k,§ (10)
< [/_Z " (1 + 5') d,ug(t)} (wr (£, +w,(157.6)

When n = 0 the sum in L.H.S.(10) collapses.
Proof. By Theorem 9 of [1] and (6), (7), (9) we get

_ ") (x) .
Ore(fiz) — flz) - Z T5kck,g = |||Ore(fr;2) Z 5kck,£
k=1 oz =1
)
+i |Ore(f2;z) — folz) — f2 k,(w) 5k0k4
k=1 ’ 0, T
< ||Ore(f1;2) Z 5k0k £
k=1 0,
f(k)
+(|O0r.e(fo; ) Z 5k6k,§
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SO (142 ]
9 [ e (1 s

[ |t|”( 3) )] (w17 + 0 187.6)).

proving the claim. n
The n = 0 case follows.

Corollary 2 (to Theorem 1). Let f : R — C: f = f; +ify. Here j = 1,2.

Let f; € C (R). Suppose
/00 (1 + ?)Td,ug(t) < oo.

Assume also w,(f;,h) < 0o,Vh > 0. Then

10re() — fll. < [ N (1+'§) dugof)] (r (1) +wr (). (11)

In [4] we proved

Theorem 3([4]). Let g € C" '(R), such that g™ exists, n,r € N. Further-
more suppose that for each © € R the function gG) (x +jt) € Li(R,pue) as a
function of t, for all 3 =0,1,...,n—1; j =1,...,7r. Suppose that there exist
/\}73‘ >0,7=1,...,n;5 = 1,...,7, with /\573’ € Li(R, pg) such that for each
z € R we have B

199 (@ + jt)] < X5,5(1), (12)

for pg—almost allt € R, all j=1,...,n;5=1,2,...,r. Then gG) (x+4t) defines
a pe—inltegrable function with respect to t for each x € R, all 5 =1,...,n
j=1,...,7r, and

(Ore (g:2)7 = 016 (99:2) (13)
forallz e R, all}z 1,....n
We present the following simultaneous approximation result.

Theorem 4. Let f : R — C, such that f = fi + ifs. Here j = 1,2. Let
fi € C"P(R), n,p € ZT, and Wr(f;mr]),h) < 00,Yh >0, for 7 =0,1,...,p.

Suppose
o0 t T
/ t]™ (1 + |€|) dp(t) < oo.
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We consider the assumptions of Theorem 8 walid regarding f1, fo for n = p.
Then

©netrian® - 10 - 32 LN
k=1 00,
< { | (H?) dugoﬁ)} (wr( .9 +wn(,9), (1)

forall j=0,1,...,p. When n =0 the sum in L.H.S. (14) collapses.
Proof. Similar to Theorem 1 here, and based on Theorem 8 of [4]. |

IT) Here let f1, fo € C™*(R) with fl("), (M e »(R), 1 < p < co. We need
the rth L,-modulus of smoothness

wr (£, )y = sup A7 £ (2)

v, h >0, with j =1,2. (15)

Here we assume that wr(f(n) h)p < o0, h >0, j=1,2.
We present

Theorem 5. Let f : R — C such that f = f; + ifs. Here j = 1,2. Let
l
p T

f; € C™ (R) with f;") €L,(R),neN, pg>1: L — 1. Assume that

q
and ¢y e €R, k=1,...,n. Then

H T{(fa Z
k= p,x

1 > |t| T np—1 %
1 1+ — — d
S( (n—1)N(gn—1)+ 1) (rp+ 1)7 UOO (( + g) 1) It] uf(t)]
(

€5 (wn(F",p +0r(£57,6)p) - (16)

Proof. By Theorem 1 of [2] and (6), (8), (9) we get

|t| rp+1 1 )
(1+ £) — 1| Jt]™7 dpe(t) < oo,

f®) (z

5k0k,g

nrlk)
H@r,g(f; r) — f(x) — ! k|(x) OpCr,e

k=1

p,z

f(k)
‘H re(frsz) — fi(z Z 5k0k§]
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+1

Or¢(fo;x) — falz) — k!‘skck,ﬁl

Orc(fiin) — filw) - 3 b

n (k)
@T’g(fg; ZL’) — fg(x) Z f2 (x) 5k0k,§

< R.H.S(16),

+

p,x

proving the claim. [ |
Based on Proposition 3 of [2], similarly we give

Proposition 6. Let f : ]R — C such that f = fi + ifs, where f1,f2 €
(CR)NL,(R); pyg>1: % = 1. Assume that

L
( |t> die(t) < .

=

Then

jnctn =, < [~ (1+1) o) O+ €)y). ()

Based on Theorem 2 of [2] we get similarly

Theorem 7. Let f : R — C such that f = f; +ifs. Here j = 1,2. Let
fi € C™ (R) with f;n) € Ly (R), n € N. Assume that

[0+8) -

and ¢y e €R, k=1,...,n. Then

1" dise () < o,

n (k)
Or¢(f;2) Z f 5ka,5
k=1 1,z

/_o; ((1 + |2|) 1) " d,uf(t)l (18)

€ (wr( 75)1 + wir( (n)7§)1) .

«_ Y
S-Di(r+1)

Based on Proposition 4 of [2], we give similarly
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Proposition 8. Let f : R — C such that f = f; + ifs, where f1,f5 €
(C(R)N Ly (R)). Assume

/Z (1 + ?)Tdué(t) < 0.

u@muv—ﬂhs{[w(r+')d%@ﬂWAﬁ@h+w4ﬁ@n» (19)

Then

Next we give simultaneous approximation results.

Theorem 9. Let f : R — C, such that f = fi + ifs. Here j = 1,2. Let

fi € C"P(R), n € N,p € Z*, with f{"™ € L,(R), j = 0,1,...,p. Let
1

p,q>1: 5+ 5 =1 Assume that [ ((1 + It\> 1> et dpe(t) < oo,

and ce € R, k= 1,...,n. We consider the assumptions of Theorem & valid
regarding f1, fa for n = p. Then

f k+J)

(Ore(fs 35)) f(J) Z 5k0k,§

1 . .
(qn—1)+1)% (rp+ )7 (“T( ("9, 6)p + wr(/ .6),)

(NGO el

for all}:(),l,...,p.
Proof. By Theorem 11 of [4], and as in the proof of Theorem 5 here. |

We give the related

fi +ifa. Let f9f9) €

Proposition 10. Let f : R — C, such that f
% = 1. Assume that

(CR)NL,(R),j=0,1,....p€Z*pg>1:1+1

/O:O (1 + '2) dpig(t) < oo,

We consider the assumptions of Theorem & wvalid regarding fi1, fo for n = p.
Then

|©re(m© - 50

p

< [/: (1+ E') duf(t)r(wr( 9.0+ wr (Y ,f)p)7 (21)
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i=0,1,...,p.
Proof. By Proposition 12 of [4]. |

Next comes the related Lq result.

Theorem 11. Let f : R — C, such that f = f1 +ifs, and j = 1,2. Let
f1, f2 € C™"P (R), with f;nﬂ) €Li(R),neN, 3 =0,1,...,p € ZT. Assume

that
* |t| r n—1
. 1+ 0 = 1) [¢]" ™ dpe(t) < oo,

and cpe € R, k = 1,...,n. We consider the assumptions of Theorem 3 valid
regarding fi1, fo for n = p. Then

; = m T+17 n—1
CESVICESY /m<(”§> 1)“ d“é(”]f 22)
(B0 (£, 601))

for all}zO,l,...,p.
Proof. Based on Theorem 15 of [4]. [ |

7 = i (k+5) xT
©re(ria)0) = fO@) - 3 L

k=1

The last simultaneous approximation result follows

Proposition 12. Let f: R — C, such that f = f1 + ifs. Here fl(j), 2(3‘) €
(CR)YNL; (R)),j=0,1,...,p € ZT. Assume

/_o; (1 4 ?) dpae () < oo.

We consider the assumptions of Theorem 8 wvalid regarding fi, fo for n = p.
Then

|©re(r)© = 7

1

<[/ (1+ 1) 0] (.91 - 0860).

(23)
forall j=0,1,...,p.
Proof. Based on Proposition 16 of [4]. |
IIT) We need
Definition 13. Let r € N, v > 0. We define
—)" (M), i=1,...,7
@ = (-1 . (])J NP j T (24)
1 - Zj:l (1) (j)] ,J=0.
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Denote

b= ajif k=1, m-1, (25)
j=1
where m = [v], [-] is the ceiling of a number.

In the next let £ > 0, z,29 € R, f : R — C Borel measurable, such that
f = fi+ifs Suppose fi, f> € C™ (R), with || /™| < oo, |||

Let pe probability Borel measure on R, V€ > 0. Consider the fractional
integral

< 00.

oo

Brclsia) i = [

— 00

> oaf(x+jt) | dpe(t) (26)
j=0

o0

:/OO iajfl(erjt) dug(t)Jri/

> afala+jt) | dpg(t)
—00 - —00 =0
= 0,¢(f1;2) + 1O, (f2; 7).

We assume here that ©,.¢ (f1,2),0,.¢ (f2,2) € R, Vz € R.
Assume existence of cx ¢ = ffooo tkdug(t), k=1,...,m — 1. Also suppose

the existence of [ e[ dpe(t), k=0,1,...,7.

Using Theorem 18 of [3], we obtain similarly, as in Theorem 1 here, the next
result.

Theorem 14. It holds

_ m=L e(k)(y_
8.1 10— 3 U5
2

- 7! 0 ek
- LZO (r=k)T(y+k+1)¢" /_oo i dug(t)]
. (sgg {max [w, (D]_f1,€) ,wr (D], f1,6)]} )

+sup {max [w, (D]_ f2,€) ,wy (D, f2,€)] }) )

z€R

If m =1 the sum disappears in L.H.S.(27).

Definition 15 (for Theorem 14). Let j = 1,2. Above D] _f; is the right
Caputo fractional derivative of order v > 0 is given by

D5, 4j@) = pe s [T =0 e (28)
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Va < xp € R fixed.
We assume D) _ f(x) = 0,Vz > zo.

Also D}, f; is the left Caputo fractional derivative of order v > 0 is given
by

DL fie) = iy [ =077 (29)

Va >z € R fixed, where I' (v) = [~ e~ "t" " dt,v > 0.
We assume D7, fj(x) = 0, for z < zo.

3 Convergence of Complex Trigonometric Sin-
gular Integral Operators

In this section we apply the general theory of this article to the complex-valued
trigonometric smooth general singular integral operator T, ¢(f, z) defined below.
We make

Remark 16. We need the following preliminary result.
Let j,m € Z, m > 1 such that 0 < j < 2m — 1. The integral

/oo x], (Siﬁx)zm e {(2)]000 zJ (¥)2m dZIJ, lf] ?S oven | (30)

oo T if j is odd

is an (absolutely) convergent integral (See also Note 17).
According to [5], page 210, item 1033, we obtain
case 1: jiseven, j <2m —1

2m—j m

/Om 2 (Sizx)zmdas = 2753:12)7%_] i |Z — e G

k=1

and
case 2: jisodd, 7 <2m —1

© lsinz\" (—1 u k2m=i=1 [In (2k)]
J e S S A m k
/0 * ( x ) de = 27 2m ji—1 'Zl (m — k)!/(m + k) (32)

In particular, for j = 0 the formula (31) becomes
m L2m—1

/000 (siI;x)Qm de =n(=1)"my (~1)* T (33)

k=1

10

268



ANASTASSIOU, MEZEI: COMPLEX SINGULAR INTEGRALS

We consider here complex valued Borel measurable functions f : R — C

such that f = f1 +ifs, i:=+v—1.

Let 8 € Nand £ > 0. Here we study the convergence of smooth trigonometric
singular integral operators

Tre(f; ) : W/ Zajforgt <Sm(tt/’5))2ﬁdt, (34)

where
o o 2
W = / (sm(t/§)> Bdt
- '
o . 28
- 25“5/ (Smt) dt (35)
0 t
B 261
k
33) 5el-26
SR Y
Clearly by the definition of R.H.S.(34) we have
Tre(f;w) = Tre(fri@) +iTh¢(fos @) (36)

We assume that T,.¢(f;;2) € R, Vz € R, j =1,2.

Let |-] denote the integer part of a real number and let

Cpe = W/ (bm t/§)> dtk=1,... n. (37)

Note 17. As in the proof of Theorem 6 from [2], inequality (54) there, for

8> % we have
°° i (sint 28
t — dt < oo. (38)
0

1 oo sin ¢ 2B
e = et [ (1)

Ek fooo ¢ (smt) dt

S A Er LT
0, k = odd

< 00, (39)

Hence

, k= even

. k+1
for any k such that g > “3=.

11
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I) Let f1,f2 € C"(R), n € Z* with the rth modulus of smoothness finite,
ie. wr(f(n) h) <oo,h>0andlet B €N, g > 2L,

One notices easily that

Tre(fim) = f(@)] < [Tre(frs2) = fr(@)] + [ Tre(f2;2) — fo(z)] - (40)

also
1Te(fi2) = f@)ll o0 S N Tre(frsz) — fr(@)ll o o + [ Tre(fos ) — fa(@)ll o 0
(41)
and

1T e(f;2) = f)l, , < N Tre(frs ) = fr(@)l], , I Tre(f2;2) = (@), o0 = 1.
(42)
By using Theorem 14 of [1] we obtain

Theorem 18. Let f: R — C such that f = f; +ifs. Here j = 1,2. Let f; €

C"(R),n€Z" and B > 1+ |2 | Assume also w,,(f(n) h) < 00,Vh > 0.
Then

Ln/2]
1 (@) !

Tre(fra) — fo) =

S 02k Cok g < -
= @ o, TP [ (-

. l [ e (;”f)ﬁ dt] (™0 +n.0) & )

When n = 0,1 the sum in L.H.S.(43) collapses.
Proof. By Theorem 14 of [1] and (40), (41), (9), similar to the proof of Theorem
1. |

The n = 0 case follows.

Corollary 19 (to Theorem 18). Let f:R —C: f = fi +ifs. Here j = 1,2.
Let f; e C(R) and 5 > 1+ V;—lJ . Assume also w,(fj, h) < 0o, Vh > 0. Then

[fo (1+1)" (bmt)ﬁdt}

1T (f) = fllo < Py
m(-1)°8 [Ek:l(_ )* G=homEn

} (@r(f1,€) +wr(f2,8)).
(44)
In [4] we mentioned

Theorem 20 ([4, Theorem 22 there]). Let g € C"1(R), such that g\™) ewists,
n,r € N. Furthermore suppose that for each = € R the function g(j)(x +

12
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. 28 ~
jt) € Ly (R, (%) dt) as a function of t, for all j = 0,1,...,n — 1;
j=1,...,r. Suppose that there exist )‘}j >0, jz 1,...,n; 5 =1,...,r, with

. 28
)‘iyj ely (R, (M) dt) such that for each x € R we have

199 (@ + jt)| < A5, (1), (45)

for almost everyt € R, all j =1,...,n;j=1,2,...,7. Then gG)(x—th) defines
a Lebesgue integrable function with respect tot for eachx € R, all j =1,...,n;
j=1,...,r, and

(Tre (£;0)D = T (f052). (46)
for all x € R, all}z 1,...,n.
We present the following simultaneous approximation result.

Theorem 21. Let f: R — C, such that f = f1 +ifs. Here j =1,2. Let f; €
Cre(R), nyp € ZF, BN, B> 1+ |2 | and w,(f{"), h) < c0,Yh > 0,

for ; =0,1,...,p. We consider the assumptions of Theorem 20 valid regarding
f1, f2 for n=p. Then

. [n/2] f(2k'+5) (x)

@) = @) () — LA CO)
(Tre(f52)) V() ;::1 2h)] O2kCak,¢
o ro/a 26
e o (2 a i
<& | P | (wr (A", 4w (57, 0)) . (47)

' [fo (=) dt}
forall 7 =0,1,...,p. When n=0,1 the sum in L.H.S. (47) collapses.
Proof. Similar to Theorem 4 here, and based on Theorem 27 of [4]. |

IT) Here let f1, fo € C™(R) with fln), 2(n) € L,(R), 1 < p < oo. We assume
that w,.(fgﬁ"),h)p <oo,h>0,j=1,2
We present

Theorem 22. Let f: R — C such that f = fi; +if2. Here j = 1,2. Let f; €
C" (R) with £ € L, (R), n €N, p,g>1:1+1=1peNp> rlimwtl
Then

[n/2]

(2K) (5
Tre(fsz) — flo) — Z f(2k§')52kc2k,§
k=1 : b
13
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el sint
< — Z / P 1+h< ) dt (48)
(fo (smt el

£” (n) (n)
: 1 1 wr(fl af)p +wr(f2 75)1) .
(n=1N(g(n —1)+1)s (rp+1)* ( )

When n = 0,1 the sum in L.H.S.(48) collapses.
Proof. By Theorem 6 of [2] and (40), (42), (9), similar to Theorem 5 here. W

Based on Proposition 8 of [2], similarly we give

Proposition 23. Let f : R — C such that f = f; + ify, where f1, fo €
(C(R)NL,(R);p,g>1:2+1=18€eN,8> I2* Then

Mﬂ

ITee() — £l < / (Smt) dt| (s + (s E)y).

(49)

oo snlt
Jo ( !

Based on Theorem 7 of [2] we get similarly

Theorem 24. Let f : R — C such that f = f; + ifs. Here 7 = 1,2. Let
fie C*(R) with £ € Ly (R), n €N, f € N, > 1+ Then

[n/2] f(Qk)(x
Tre(fiz) — f(z) — z 20! o 02k Cak ¢ (50)

k=1 1,z

. g (Wr(fl 75)1 +W7‘(f2 ;f)l) i |:/ tn—l-i—h (Slnt>2ﬁ dt‘| .
(=D + 1) [[77 (24) @t =1 o t

When n = 0,1 the sum in L.H.S.(50) collapses.

Based on Proposition 9 of [2], we give similarly

Proposition 25. Let f : R — C such that f = f; + ifs, where f1, fo €
(CR)NL; (R)),BeN,3> %1 Then

(wr(f1, 1 +wr(f2,)1) < | [0 ((sint ) ]
Tre(f) = flly < : > 20) dt] . (sl
DT INE T P a] [/o # (%) @] e

Next we give simultaneous approximation results.
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Theorem 26. Let f : R — C, such that f = f1 +ifs. Here j = 1,2. Let
fi € C"P(R), n € N,p € Z*, with f{"™ € L,(R), j = 0,1,...,p. Let
p,qg>1: 1%—!— % =1,p8€eN, 3> % We consider the assumptions of
Theorem 20 valid regarding f1, fo for n = p. Then

2L paktd) () 1
W(SQI@CQI«,& < (CED)

b,z

- (w8, +wr(f§"+7),£>p)
1

(Tre(f52)7 = fO (@) —

k=1
_ 1
(q(n — 1)+ 1)% (rp+

[rp]+1

S > I o P
0 T

forall 7=0,1,...,p. When n.=0,1 the sum in L.H.S.(52) collapses.
Proof. By Theorem 30 of [4], and as in the proof of Theorem 5 here. |

We give the related

Proposition 27. Let f : R — C, such that f = f1 + ifs. Let fl(j), Q(j) €
(CR)NL,(R),j=0,1,....p€Z*pg>1:L+1=18€eN, g> 2
We consider the assumptions of Theorem 20 wvalid regarding f1, fo for n = p.
Then

|@en@ - 10| < [rr] o0 gh (sint)29 gy

v L5 (226)* at]

p (wr (£, 8+, (5,6)

(53)

j=0,1,...,p.
Proof. By Proposition 31 of [4]. |

Next comes the related L; result.

Theorem 28. Let f : R — C, such that f = f1 +ifs, and j = 1,2. Let
f1, fo € C"P(R), with f;”ﬂ) €eLi(R),neN,j=01,...,peZ" BeN,
8> # We consider the assumptions of Theorem 20 valid regarding f1, fo
for n=p. Then

_ y /2] ((2647)
(Tre(f;2) ) = £0) (@) - > f(%)!()%kczk,ﬁ

k=1 e

1 ek i sint n
: (n = 1)+ 1) [ f5 (524)* LZ:/ o ( ¢ > dt] & (54)
. (Wr( (7L+J),§)1 + w, 2(7L+J),§)1) :

15
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forall 7=0,1,...,p. When n.=0,1 the sum in L.H.S.(54) collapses.
Proof. Based on Theorem 34 of [4]. |

The last simultaneous approximation result follows

Proposition 29. Let f : R — C, such that f = fi1 + ifs. Here fl(j)va(j) c

(CR)NL 1 (R), j =0,1,....p € ZT, B € N, B > L. We consider the

assumptions of Theorem 20 valid regarding f1, fo for n = p. Then

[foo e };} / (Smt> dt] (55)

: (wr(ffj),f)l + wr(fg(”,f)l) :

|@elrn® = 19| <

forall =0,1,...,p.
Proof. Based on Proposition 35 of [4]. |

III) In the next let £ > 0, z, 29 € R, f : R — C Borel measurable, such that

f = f1+if2. Suppose f1, fo € C™ (R), with Hfl(m)H
Consider the fractional integral

Tre(f;x) : W/ Zayf © + jt) (Sin(ltt/g))%dt (56)
_ Vl[//_o; jzi;)ajfl(ﬁjt) <Sin(tt/€))2ﬂdt
+% /: iajfg(x-l-jt) (Sin(tt/f)fﬂdt

= T?"&(f

z)
We assume here that T, ¢ (f1,2),Tre (f2,
Let €N, B> >0, reN.

(m)H < 0Q.

+ZT7"§(f25 )
z) ER, Vz € R.

Using Theorem 23 of [3], we obtain similarly, as in Theorem 1 here, the next
result.

Theorem 30. It holds

_ 222 omy
T (fa ) —f () - f<2k)(,)52k62k,£
k=1 :

f(]oo t’y+k (smt) dt

[ r!
_kZ:O (r—k)IT(v+k+1) fooo (%)Qﬂdt

IA

16
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£ <sup {max [w, (D}_f1,£),wr (D), f1,€)]} (57)

z€R

+sup {max [w, (D]_ f2,€) ,wy (D], f2,€)] }) .

rz€R

If m = 1,2 the sum disappears in L.H.S.(57).

4 Applications to Particular Complex Trigono-
metric Singular Operators

In this section we work on the approximation results given in the previous
section, for some particular values of r, n, p and £.

Case § = 2. We have the following results
Theorem 31. Let f: R — C such that f = fi1 +ifs. Here j = 1,2. Let
fj € C*(R). Assume w,(fj,h) < 00,Vh > 0. Then

Tie() ~ flle < 2 24 T) @O +n(fh). (39
Proof. By Theorem 18, withn=r=1, § = 2. |

Corollary 32. Let f : R — C such that f = f; + ifs, where f1,fs €
(CR)YNLy (R)). Then

3ln2
ITie(h) = Flh < Gathnéh +ealO) (222 41). 69
Proof. By Proposition 25, with r = 1,8 = 2. |

Corollary 33. Let f: R — C such that f = fi; + ifs. Here j = 1,2. Let
f; € C* (R) with f; € Li(R). Then

ITi(f52) — F@)lh < o (24 7)€@+l (60)

Proof. By Theorem 24, with r=n=1,5= 2. |

Corollary 34. Let f : R — C, such that f = f1 +ifs. Here j = 1,2. Let
f; € CYP(R),peZt and wl(fj(lﬂ),h) < 00,Yh >0, for j =0,1,...,p. We
consider the assumptions of Theorem 20 valid regarding f1, fo for n = p. Then

|Terzon® - s0@)| <2 (m2+ ) (0,0 +en (s, 0)
forall j=0,1,....p. (61)

17
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Proof. We are applying Theorem 21 here forn =r=1, § = 2. |

Corollary 35. Let f : R — C, such that f = fi1 +if2, and j = 1,2. Lel
fi, fo € CYP(R) and fUtY) € Li(R), 5 = 0,1,...,p € Z+. We consider the
assumptions of Theorem 20 valid regarding f1, fo for n = p. Then

~ ~ 35 T 1 ~. 1 ~
[@e(sian®) = fO@ < 52 (24 ) (01 +a(577,01).
(62)
forall j =0,1,...,p.
Proof. We are applying Theorem 28 here forn =7 =1, § = 2. |

Corollary 36. Let f : R — C, such that f = f1 + ifs. Let fl(j), 2@ €
(C(RYNLy(R)),j=0,1,...,p € Z*; We consider the assumptions of Theorem
20 valid regarding f1, fo for n=p. Then

1@ = (Ol < (1P 0+ (9. 0) T+ 22 (e

for alljzo,l,...p.
Proof. By Proposition 27, with p = 2,7 =1,5 = 2. |

Corollary 37. Let f : R — C such that f = fi1 + ifs, where f1,fs €
(C(R)N Ly (R)). Then

ITielh) = Tl < a0y 2+ 2m2. (6

Proof. By Proposition 23, with p =2,r =1,5 = 2. |

Corollary 38. Let f : R — C, such that f = f1 + ifs. Here fl(j),féj) €
(CR)NL;y (R),5=0,1,...,p € Z*; We consider the assumptions of Theorem
20 valid regarding f1, fo for n = p. Then

i ; i i 3In2
| (TN = Dl < (wr(A7, 01 +wr(F5, 1) ( — 1) ()
forall 5 =0,1,...p.
Proof. By Proposition 29, with r = 1,5 = 2. |

Corollary 39. Let f : R — C, such that f = f1 + ifs. Here fl(j),fg(j) €
(C(RYNLy (R)),j=0,1,...,p € Z*; We consider the assumptions of Theorem
20 valid regarding f1, fo for n = p. Then

[(Te)? = £l < (w20 +enl,00) (5 +2m2) (69

forall 7=0,1,...p.

18
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Proof. By Proposition 29, with » = 5 = 2. |

Corollary 40. Consider the assumptions of Theorem 30 are fulfilled. Then

o=

IToe (- £ < (W} ¢

. (sup {max {wl (Df_fl,f) W1 (Déxfhg)}} (67)

z€R
1 1
+sup {max [Wl (Dﬁ_fmf) ;W1 ( i z’fﬂ }) :
z€R
Proof. By Theorem 30, with § =2,v7 = %71“ =1. |

Case $ = 3. We have the following results
Corollary 41. Let f : R — C such that f = f; + ifs, where f1,f2 €
(CR)YN Ly (R)). Then

1T2.6(f) = flli < (w2(f1,)1 +walfz,6)1) (141(;111 (iﬁ) + ﬁ) . (68)

Proof. By Proposition 25, with r =2, 8 = 3. |

Corollary 42. Let f : R — C such that f = f; + ifs, where f1,fs €
(CR)YN Ly (R)). Then

40 3%\ 16 15 . 256
T - < —1 — 4+ —In—].
(69)
Proof. By Proposition 25, with r = 3,8 = 3. |

Corollary 43. Let f : R — C such that f = f; + ifs. Here j = 1,2. Let
fj € C*(R) with f; € Ly (R). Then

ITse(f50) = F(@)]la < ( o ln o+ 22) E@wi(f1, 02 +wr(f5,€)2). (T0)

Proof. By Theorem 22, with p=2,r=n=1,5=3. ]

Corollary 44. Let f : R — C such that f = f1 + ifs, where f1,fo €
(C(R)N Ly (R)). Then

40 3% 15 . 256 47

1T2.6(f) = fll2 < (w2(f1,8)2 + walf2,6)2) $ 1= In <4> + 97 lnﬁ + 59"

(71)
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Proof. By Proposition 23, with p=r =2, = 3. |

Corollary 45. Let f : R — C such that f = fi1 + ifs. Here j = 1,2. Let
fj € C*(R) with f; € Li(R). Then

[T1e(fs2)—f(2)]1 < (121(;111 (3:> + 22) E(wi(f1, )1 +wi(f3,6)1). (72)

Proof. By Theorem 24, with r=n=1,5 = 3. |

Corollary 46. f: R — C such that f = f;+ifs. Here j = 1,2. Let f; € C* (R)
with f7" € L1(R). Then

"(x 25 5 256
ITactfio)— 1)~ T bneadl < (55 + o0 57 ) € a1+ a0,
(73)
Proof. By Theorem 24, with r =n = 2,5 = 3. |

Corollary 47. Let f:R — C, such that f = fi1 +ifs. Here j =1,2. Let f; €

C*P(R), p € Z*. Assume also wl(fj(lﬂ),h) < 00,Yh >0, for 7 =0,1,...,p.
We consider the assumptions of Theorem 20 wvalid regarding f1, fo for n = p.
Then

~ ~ 5
H(Tl,g(f; 2)) - f(J)(x)H < 55— 27— 32102+ 27In3] (74)
0, T T
(w0 + (77,0 ¢
for all}:O,l,...,p.
Proof. We are applying Theorem 21 here forn =r =1, g = 3. |

Corollary 48. Let f: R — C, such that f = f1 +ifa. Here j = 1,2. Let

f; € CP(R), p € ZT. Assume also Ld3(f;j),h) < o0o0,Yh >0, for j =0,1,...,p.
We consider the assumptions of Theorem 20 valid regarding f1, fo for n = p.
Then

H(Tl,g(f;a:))@ _f(F)(x)H _ 11

00,T

(137 — 9012 + 90 1n3] (75)
(ws(r?,) + ws(19,9))

for all}zo,l,...,p.
Proof. We are applying Theorem 21 here for n =0,r =3, 5 = 3. |

Corollary 49. Let f : R — C, such that f = fi +ifs. Here j = 1,2. Lel
f; € CYTP(R), with f;lﬂ) € Ly(R), j = 0,1,...p € Z*. We consider the

20
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assumptions of Theorem 20 valid regarding f1, fo for n = p. Then

G ) PRI (B B e
| T30 D ~ s @) < (o 20 4 2 (76)
g (w1(f1(1+j)a€)2 + wl( 2(1+j)7£)2> )
for all}zo,l,...,p.
Proof. By Theorem 26, with p=2,r=n=1,5= 3. |

Corollary 50. Let f : R — C, such that f = f1 +ife, and 57 = 1,2. Let

f1, f2 € C*P(R), with f]@H) € Li(R), j=0,1,...p € Z*. We consider the
assumptions of Theorem 20 valid regarding f1, fo for n = p. Then

| To(550)) — 1O @)+ 2270 @)l < (22 +a-ln 22576>

€ (w2 (AP 01 + w7, 601)) (1)

for all}zO,l,...,p.
Proof. By Theorem 28, with r =n =2, = 3. |

Corollary 51. Let f : R — C, such that f = f1 +ifs. Let f1(7)7f2(3) c

(C(R)N Ly (R)),j=0,1,...,p € Zt; We consider the assumptions of Theorem
20 valid regarding fi, fo for n = p. Then

| TP ~ 1Oz < (wa(£D, €12 + a7, 6)2)

40 3% 15 . 256 47

for all}zo,l,...,p.
Proof. By Proposition 27, with p =r =2, = 3. |

Corollary 52. Let f : R — C, such that f = f1 + ifs. Here fl(j),fz(j) €
(C(RYNLy (R)),j=0,1,...,p € Z*; We consider the assumptions of Theorem
20 valid regarding f1, fo for n = p. Then

) 59102 (. 01+ 00) (10 o (25

forall 7=0,1,...,p.
Proof. By Proposition 29, with r = 1,8 = 3. |

Corollary 53. Consider the assumptions of Theorem 30 are fulfilled. Then
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|Tae (f,) = F Ol < % (—95 12522 — 127\/5)

£3 (sup {max [wg (Df_f1,§) , W2 (D?azfl,ﬁ)]}

z€R

+sup {max [wz (Dé_fg,f) , W2 (D*%xfmﬁﬂ }) {(80)

R
Proof. By Theorem 30, with § =3,y = %,r =2. |
Case 3 = 4. We have the following results

Corollary 54. Let f : R — C such that f = f; + ifs, where f1,fs €
(C(R)YNL; (R)). Then

104/15
1T1,e(f) = flln < (w1(f1,6)1 +wi(f2,€)1) <1 + %m 2381/20> : (81)

Proof. By Proposition 25, with r =1, 8 = 4. |

Corollary 55. Let f : R — C such that f = f1 + ifs. Here j = 1,2. Let
f; € C*(R) with f; € La (R). Then

35 210 | (327/8

ITve(f;2) = f(2)]2 < ( St

)) € (@r(F1s )2+ w1 (fE)2).

(82)
Proof. By Theorem 22, with p=2,r=n=1,5=4. |

Corollary 56. Let f : R — C such that f = f; + ifs, where f1,fs €
(C(R)N Ly (R)). Then

630 229/15 956
[T2,6(f) = fll2 < (w2(f1, )2 + w2(f2,£)2) \/m TR

Proof. By Proposition 23, with p =r =2, = 4. |

(83)

Corollary 57. Let f : R — C such that f = fi1 + ifs. Here j = 1,2. Let
fj € C*(R) with f; € Li(R). Then

105 = 229/15 945 4 1085
. < 4
7ol ) = F)l < <1517r In 357750 + To0sr M3 T 4832)
E(ws(f1,6)1 +ws(f5,6)1) - (84)

Proof. By Theorem 24, with r =5,n=1,5 = 4. |

Corollary 58. Let f:R — C, such that f = fi +ifs. Here j =1,2. Let f; €
C?*TP(R), p € Z+. Assume also wl(ffﬂ),h) < o0,Yh >0, for j =0,1,...p.
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We consider the assumptions of Theorem 20 wvalid regarding f1, fo for n = p.
Then

¥ = 105 =
H(leg(f;m))@) D) - Emng(?ﬂ)(x)H < [2r — 120102 + 811n 3]
105 (2+7) (2+7) 2
e (@0 + (), 9) €, (85)
for all}zo,l,...,p.
Proof. We are applying Theorem 21 here forn =2, r =1, 5 = 4. |

Corollary 59. Let f: R — C, such that f = f1 + ify. Here j = 1,2. Let

f; € C*P(R), with f;lﬂ) € Ly(R), j = 0,1,...p € Z*. We consider the
assumptions of Theorem 20 valid regarding f1, fo for n = p. Then

7 = 27/8
(Tl,s(f;fv))(j)f(J)(w)HzS( %+ 210 | (37 ))

5ir o\ 32
£ (1 (7,6 +n (19, 000), (86)

for alljz(),l,...,p.
Proof. By Theorem 26, with p=2,r=n=1,5=4. |

Corollary 60. Let f: R — C, such that f = f1 +if2, and j = 1,2. Lel
f1, f2 € C3*P(R), with f;gﬂ) € Li(R), 1 =0,1,...p € Z*. We consider the
assumptions of Theorem 20 valid regarding fi1, fo for n = p. Then

5 = 385 5.(5 315 394 2415
T NG _ £G) — 299 (2 (5+2) <
Teta)®) - 10w - S 109@)| < (i grm + o308
€ (ws (£, 1 +wa(F£77, 1), (87)
for all}zO,l,...,p‘
Proof. By Theorem 28, with r =n = 3,5 = 4. |

Corollary 61. Let f : R — C, such that f = fi +ifs. Let f;7, f{) €
(C(RYNLy(R)),j=0,1,...,p € Z*; We consider the assumptions of Theorem
20 valid regarding f1, fo for n = p. Then

7 = = ~ 630 929/15 256
| (Tt (IND) = 1D < (wa(2, €2 +wal£5,6)2) J I T

_ (88)
forall 7=0,1,...,p.
Proof. By Proposition 27, with p =1 =2, = 4. |
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Corollary 62. Let f : R — C, such that f = f1 + ifs. Let flG)7 fQG) €
(CR)NLy(R)),5=0,1,...,p € Z*; We consider the assumptions of Theorem
20 valid regarding f1, fo for n = p. Then

D) 4G ) ) 630 | 210415 407

[TV = Ol < (7,02 +en(71),€)2) \/m SR CTETTFY
_ (89)

forall 7=0,1,...,p.

Proof. By Proposition 27, with p = 2,7 = 1,5 = 4. |

Corollary 63. Let f : R — C, such that f = f1 + ifs. Here fl(j)7 Q(j) €
(CRYNL; (R),j=0,1,...,p € ZT; We consider the assumptions of Theorem
20 valid regarding f1, fo for n = p. Then

151n | 381/20
(90)

' j j ; 104/15
H(Te (N = FD|y < (wl(fl(j),f)l +on( 2(3)75)1) <1+ 630 2 )

forall 7=0,1,...,p.
Proof. By Proposition 29, with r =1, 8 = 4. |

Corollary 64. Consider the assumptions of Theorem 30 are fulfilled. Then

Tae (£, = £ ()| < % (—10011 — 15848v2 + 21303V3) ¢*
- (i‘éﬁ {max [wr (D3_1,€) w2 (D21,€) |} (o)
o o (0L 1) o (0L 52)]})
Proof. By Theorem 30, with 8 =4,y =1,r =2. [ |

Note 65. All the approximation results of this article lead to interesting and
useful convergence conclusions regarding our general and trigonometric opera-
tors as approximators to the unit operator.
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Abstract

The method of additional conditions or MAC is applied to the bound-
ary value problems of mathematical physics, where the classical solution
does not exist or a nonphysical generalized solution is obtained. The cir-
cular elastic plate under a transversal force at the center of the plate is
considered. The MAC solution is obtained using MAC transformation for
Laplace equation.

KEY WORDS: Laplace and biharmonic equations, membrane, plate, MAC
solution.

1 Introduction

Let us consider an isotropic elastic body. If one point of a body is given a small
displacement which could present a displacement of one atom then the reaction
at that point should be a force in general case and it is not a stress. That
follows immediately from the balance of forces acting on the body. It seems
that we have the small displacements and also small deformations in the whole
body and the classical linear elasticity theory should be applied. But it is well
known that an elastic body under applied force has a infinite displacement of
the point of application of the force (1). So we obtain an unsolvable problem
in the theory of linear elasticity. It could be possible to create a MAC solution
of the given problem but it is not the goal of this paper. The method how to
introduce the MAC solution could be understandable from what follows.

Some classical boundary value problems from elasticity could be considered.
Sometimes it is easy to obtain the general solution of the differential equations
of the problems. But we could meet difficulties to satisfy the prescribed bound-
ary conditions. We will see that the solutions of some problems do not exist. In
this case it is possible to create a generalized solution, using a limit of existing so-
lutions. These solutions can be easily verified in experiments. If the experiment
shows, that the physical solution exists and differs from the obtained generalized
solution then the MAC or the method of additional conditions can be applied.
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This method allows to transform the obtained generalized solution to the phys-
ically acceptable form. Examples of MAC solutions are solution in scheme of
Dugdale-Barrenblat (5) in fracture mechanics. This scheme was applied to the
linear elastic crack problem. The linear elastic solution has singularity near the
tip of a crack. To avoid this singularity Dugdale and Barrenblat introduced
additional yield stresses near the tip. The applied nonsingular condition gave
the size of the zone, there the stresses are applied. This scheme was developed
in (4), where the second additional condition of zero J-integral was introduced.
This new condition gave the value of the applied additional stresses, which are
6 times more then the given stresses at infinity. This stress concentration factor
corresponds to the experiments of Griffith’s and Inglis (4). The usual strength
criteria, which are used in the elastic stress fields without singularities, can be
used here.

Sen-Venan method in elasticity could be considered as another example of MAC.
Let us apply the method of additional conditions (MAC) to consider the dis-
placements of an elastic plate under a transversal force. The equations and
boundary conditions of the plates with some solved problems can be found in
(2), (6), (7). Our goal is to present the MAC in this problem.

2 Circular plate

2.1 Nonexistent solution

Consider the bending of a circular elastic plate. The differential equation of the
problem is
AAu =0, (1)

where u is the transversal displacements of the points of a circular plate, A is
the Laplace operator. We consider an axis symmetric case, then the equation
(1) will take the form

I L) R

where the plate occupies the domain Q : 0 < r < R. Suppose the following
boundary conditions

u(0) = uo, (3)
u(R) = 0. (4)
%0 =0 )
M(R):_D.i.£<r-g"7f)(fz)=o (6)

The condition (5) is natural and it is one of two values which are possible
in classical case. The second possible value is infinity. The MAC theory could
allow to consider any finite value of the condition (5). It will not be considered
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in this paper.

The condition (6) is taken just for simplicity to use the result of the work (5)
and to show the MAC approach in case of elastic plate.

The general solution of the equation (2) is

u=Cr-Inr+Cy-7?-Inr+C5+ Cy - 12, (7)

where the arbitrary constants C, Cs, C3, Cy could be found using the boundary
conditions (3)-(6). The derivative of the function (7) is

ou Cl

E:7+Cg~r~(2~lnr+1)+2'04~r. (8)
We obtain at r = 0 from (8):
ou
%)=, (9

The constant C7; = 0 because of the finiteness of that derivative in the experi-
ments with the plate. If the condition (5) is not zero then the solution of the
given problem does not exist.

If we put the function (7) into the condition (3) then

03 = U(O) = Ug- (10)
Then the condition (4) gives the following equation
Cy-R* InR+wug+Cy-R*=0. (11)

If the force P is applied ar » = 0 then the equilibrium equation allows to find

B P
- 2-71-R’

Q(R) (12)

The expression for @) in the theory of elastic plate is

an-0-2 (12 2), -

where D is the bending stiffness of the plate. The equations (12) and (13) create

T R P
- . = . = . 14
C=1Q0) =7 QR) = —— (14
Then the equation(11) gives the constant Cj
() P Uug
=—Cy mR—-—=-——"—-InR— —,. 1
04 02 nkR R2 S 7D nkR R2 ( 5)
The solution (7) and its derivative (8) will take the form
P, P-mnR  u\
- 2] 20 2 1
u(r) 5D " nr+u0+(8~7r~D R2> T (16)
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ou P P-InR g
“(r) = (21 1) +2. 0. 1
o =g p @ rt b+ <8~W~D }F> (7
The bending moments are from (8):
Pu v Ou
M,=-D-|—+—-—%], 1
(87‘2 r 31“) (18)
1 Ou 0%u

Using (16), (18), and (19) we obtain
M.=-2-D-(Co-(14v)-(2-Inr+1)+Co +Cy- (1 +v)), (20)
Mi=-2-D-(Cy-(1+v)-2-Inr+1)4+v-Co+Cs-(1+v)). (21)

We can see in the experiment with the circular plate under the force P in
the middle of a plate, that there are only the finite bending moments and
corresponding stresses. It means that the logarithmic terms in the expressions
(20) and (21) must be avoided. Then it should be

P
8- m-D
Therefore we obtain from (22) that

Cy = = 0. (22)

P=0. (23)

The force P # 0 according to the stated problem. This contradicts to the value
(23). We can conclude from the obtained contradiction that the solution of the
stated problem does not exist.

As we can see that the situation with the plate is similar to the situation with
the membrane (3): the classical solution of the problem does not exist but the
physical solution of the problem exists evidently.

2.2 Generalized solution

We can obtain the generalized solution of the problem using the similar way as
in the membrane problem (3). It means that can suppose the distribution of
the force P near the origin in the small circle. Then we can find the solution of
the stated problem. And after that the radius of the small circle must tend to
zero. This approach is presented in (6).

Let us consider for instance consider the case of boundary condition

du

dr
instead of the condition (6). Then the generalized solution of the problem
according to (8) is:

(R) =0 (24)

P-r? ! r+ P
.ni _ .
8-m-D R 16-w-D

u(r) = (R —7?). (25)
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The bending moments are (8):

M,«zﬁ-((l—ky)-ln?—l), (26)
Mt=£~((1+u)~ln§—u). (27)

We can see that the expression for the displacement u according to (25) is
well enough. But the expressions (26), (27) for the bending moments have
singularities at the point of application of the force. They can not be used to
determine the stresses near the origin. Another models have to be considered
to determine the real stresses. We will use for that the MAC-solution of our
problem.

2.3 MAC-solution

The method of Marcus (6) will help to obtain the MAC-solution for our plate
problem.
Consider the differential equation of the plate (1) in the form

0? 0% 0%u 9%

L V(= 4+ ) =0. 28
(521 ayQ)(axQ + ayg) (28)
The bending moments are
0%u 0%u
M,=-D-(224,.2¢ 2
i (E)m2 v ay2>’ (29)
0%u 0%u
The sum of the expressions (29), (30) gives
%u  0%u
If we introduce a new notation
M, + M, 0%u  0%u
M="_"Y= _D. (++—), 32
1+v (8x2+8y2) (32)
the equations (28) and (32) can be written in the form:
M 9*M
W + Tgﬂ = 0, (33)
Pu 0%u M
P s 4
Ox? + 0y? D (34)
5
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We consider the symmetric case and therefore the equations (33), (34) in polar
coordinates will take the form

1 0 oM
S (5 - (35)

1 0 ou M
7vm(”&>:‘p- (36)

The equation (35) is the classical membrane equation and its general MAC-
solution according to (3) can be written in the form:

M(T) :Cl+CQ'T, (37)

where C'; and Cs are arbitrary constants.
Then the equation (36) yields

1 0 ou 1
T,ar<7n.ar>_—D-(Cl+Cg‘T). (38)

This equation could be considered in two ways: to find the classical solution
and to find the MAC solution. Let us consider the classical solution of (38).
Consider the general solution of the equation (38)

1 r? r3
u(r) =Cs n(r) + Co— 5 (G- T+ Ca 5 ), (39)

where C3 and Cj are arbitrary constants.
Using the boundary conditions (3)-(6) the solution (38) will be

9 /7r\2 4 /13
(-3 G ) :
U(T)u0(5R+5R (40)
The bending moments M,., M; could be obtained from Egs. (18), (19) and the
force @ - from the equilibrium equation (12). Using classical equation

oM

=—— 41

Q) = - (41)

at r = R we find the connection between applied force P and displacement ug:
5-P-R?

S 42

W=7 D (42)

3 Conclusion

The nonexistent, generalized and MAC solutions of the circular elastic plate
were considered. Some problems of mathematical physics with nonexistent so-
lutions can have the MAC-solutions. These MAC-solutions are corresponding
and explaining the real physical situation of applied force.
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Approximate bi-homomorphisms and bi-derivations
in normed Lie triple systems
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Abstract. We prove the generalized Hyers—Ulam stability of the following 2-dimensional quadratic functional equation:
fl@+y,z—w)+ flz—y,z+w) =2f(z,2) + 2f (y, w).

Moreover, we investigate the stability of bi-homomorphisms and bi-derivations on normed Lie triple systems.

1. Introduction

In 1940 S.Ulam [36] proposed the general Ulam stability problem:

Let Gy be a group and let G2 be a matric group with the matric d(.,.). Given € > 0, does there
exists a 6 > 0 such that if a function h : G1 — G4 satisfies inequality d(h(acy) — h(x)h(y)) < 4 for all
x,y € Gq then there is a homomorphism H : G — G with d(h(x), H(x)) < € for allx € G1?

D. H. Hyers [24] gave a partial affirmative answer to the question of Ulam in the context of Banach
spaces. In 1950, a generalized version of Hyers’ theorem for approximate additive mappings was given by
T. Aoki [2]. In 1978, Th. M. Rassias [30] extended the theorem of Hyers by considering the unbounded

cauchy difference inequality

1f (2 +y) = ) = F)ll <ellzl” + [lyl|”) (=0, pe[0,1))

In 1990, Th. M. Rassias during the 27th International Symposium on Functional Equations asked the
question whether such a theorem can also be proved for p > 1. In 1991, Z. Gajda [22] following the
same approach as in Th. M. Rassias [30] gave an affirmative solution to this question for p > 1. Tt
was proved by Z. Gajda [22], as well as by Th. M. Rassias’ and P. Semrl [34] that one can prove Th.
M. Rassias’ type theorem when p = 1. Th. M. Rassias Theorem for the stability for stability of the
linear mappings between Banach spaces provided some influence for the development of the concept of
generalized Hyers—Ulam stability, a fact which rekindled interest in the subject of stability of functional

equations. This concept is known today as generalized Hyers—Ulam stability or Hyers-Ulam-Rassias

stability of functional equations; cf. [4, 33]. Several mathematicians following the spirit of the approach
in the paper of Th. M. Rassias [30] for the unbounded Cauchy difference obtained various results. For
example in 1982, J. M. Rassias [29] obtained an analogous stability theorem in which he replace the

factor ||z||” + ||y||P by [|z||”.||y]|? for p,q € R with p+ ¢ # 1. In 1994, P. Gavruta [23] provided a further
generalization of Th. M. Rassias’ theorem in which he replaced the bound &(||z||” + [|y||P) in (1.1) by

02000 Mathematics Subject Classification: 39B82, 16W25, 17A40,39B52.
OKeywords: Normed Lie systems; bi-homomorphism; bi-derivation; Generalized Hyers—Ulam stability.
3

OE-mail: 1j.shokri@urmia.ac.ir, 2a.ebadian@urmia.ac.ir, r.aghalary@urmia.ac.ir,madjid.eshaghi@gmail.com

OThe corresponding author: madjid.eshaghi@gmail.com (Madjid Eshaghi Gordji)
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a general control function p(z,y). In 1996, G. Isac and Th. M. Rassias [25] applied the generalized
Hyers-Ulam stability theory to prove fixed point theorems and obtained some new applications in
nonlinear Analysis. During the last decades several stability problems of functional equations have
been investigated by a number of mathematicians; cf. [4]- [32] and references therein.

Ternary algebraic operations were considered in 19th century by several mathematicians such as
Cayley [3] how introduced the notion of cubic matrix which in turn was generalized by Kapranov [?]et.
al. in 1990. there are some applications, although still hypothetical, in the fractional quantum Hall
effect, the nonstandard statistics, supersymmetric theory, and Yang-Baxter equation. the comments on
physical applications of ternary structures can be found in Refs. [1, 26, 35, 37].

A normed (Banach) Lie triple system is a normed (Banach) space (A;||.||) with a trilinear mapping

(x,y,2) — [zyz] from A x A x A to A satisfying the following axioms

[vyz] = —[yaz],
[zyz] + [yza] + [z2y] = 0
I[uv[wyz]] = [[uwvz]yz] + [z[uvy]2] + [zyluvz]],

[lzyz]ll < =y =1,

for all u,v,z,y,z € A.
Let A and B be normed Lie triple systems. A C-linear mapping H : A — B is said to be a

homomorphism if
H([zyz]) = [H(x)H(y)H(z)]

for all x,y,z € A. A C-linear mapping ¢ : A — B is called a derivation if
§([wyz]) = [6(x)y2] + [26(y)2] + [z (2)]

for all z,y,z € A.
Let A and B be normed Lie triple systems. A C-bilinear H : A x A — B is said to be a bihomomor-
phism if it satisfies
H([zyz],w) = [H(z,w)H(y,w)H (2, w)],
H(z, [yzw]) = [H(z,y)H (2, 2)H(z,w)]

for all x,y,z,w € A. A C-bilinear § : A x A — B is said to be a biderivation if it satisfies

([zyz], w) = [0(z, w)yz] + [x0(y, w)z] + [xyd(z, w)],
6(x, [yzw]) = [0(z, y)zw] + [yd(z, 2)w] + [yz6(z, w)]
for all z,y,z,w € A.

In this paper, we have analyzed the Hyers-Ulam-Rassias stability of bi-homomorphism and bi-

derivation associated with the following quadratic functional equation

flx+yz—w)+ flx —y,z+w) =2f(x,2) + 2f(y,w), (1.1)

in Lie triple systems, which can be regarded as ternary structures. The reader is referred to [27, 28] for
some other related results.
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Throughout this paper, suppose that A is normed Lie triple system with norm ||.| 4 and that B is a
Banach Lie triple system with norm ||.||5. For given mapping f : A x A :— B and given subset E of C,
we define Dy , : A* — B by

Dy uf (@ y,z,w) == f(Az + Ay, pz — pw) + f(Ax — Ay, pz + pw) — 2 uf(z, z) — 2Anf (y, w)

forall \,p € T' = {2 € C: |2| =1} and all z,y, 2z,w € A.

2. Stability of bi-linear mappings
Throughout this section X denotes a normed space and ) is a Banach space. We aim to prove the

generalized Hyers—Ulam stability of 2-dimensional linear mappings.

Lemma 2.1. Let V and W be C-linear spaces and f :V xV — W be a bi-additive mapping, such that
FOz, py) = Auf(x,y) for all \,py € TV = {2 € C: |z| =1} and all ,y,z,w € V, then f is C-bilinear.

Proof. Since f is a bi-additive, we get f(3z,3y) = +f(z,y) for all z,y € X. Obviously, f(0z,0y) =
0f(x,y), now let 1, o € C(ug # 0, puo # 0), and let My and My are two natural numbers, respectively,
greater than |u1] and |uz|. By an easily geometric argument, one can conclude that there exist numbers
A1, M2, Aa1, Aao € T such that 2”—1 = A1 + A2 and 2”—2 = Aa1 + Aaa. Therefore

f(M12,u1 M22#2)7%%f(2/11 Ha

flz, pay) = Y LY 2957
= % %f(()\u + A12)x, (A21 + A22)y)
_ M ()\11 + A12). M ()\21 + A22) f(@,y) = papa f(2,y)
for all z,y € V. Thus the mapping f : V x V — W is a C-bilinear. O

Lemma 2.2. LetV and W be C-linear spaces and f : VxV — W be a mapping satisfies Dy , f(x,y, z,w) =
0 forall \,u € T' ={2€C:|z| =1} and all z,y,z,w € V, then f is C-bilinear.

Proof. Letting A = p = 1, Theorem 2.1 in [?], f is bi-additive. Puttingy = w = 0in Dy ,(z,y, z,w) = 0,
we get f(Ax,puz) = A\uf(x,y) for all \,u € T! and all x,y,z,w € X. So by Lemma 2.1, the mapping f
is C-bilinear. ([

Theorem 2.3. Let f : X x X — Y with f(0,0) = 0 be a mapping for which there exist a function
0 : X% —[0,00), such that

||DA,uf($;y7Zaw)Hy < @(x7yazaw)7 (21)

o(xz,y, z,w) 24 p(2"x, 2"y, 2"z, 2"w) < oo (2.2)
for all \,p € T' and x,y,z,w € X. then there exist a unique bi-linear mapping T : X — ) such that

1/ (2, y) = T, 9)lly <

forallz,y € X.

. 1. .
o(x.x,y, —y) + 5@(% —z,y,y) + ¢(0,2,0,y) (2.3)

N o
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Proof. Assume that A =y =1. Put w = z and y = —x in (2.1) to obtain

||f(2(E, 22’) - 2f(x7 Z) - 2f(_xa Z)”y < 50(1'7 —Z, Z, Z) (24)

for all z,z € X. Letting x = z = 0 in (2.1), we get

for all y,w € X. Replacing y by x and w by z in (2.5)

||f(33, _Z) + f(_xv Z) - 2f($, Z)”y < 90(071'7 O’ Z) (26)

for all z,z € X. Putting = y and w = —z in (2.1), we get

||f(2$, 22) - 2f(£7 Z) - Qf(x’ —Z)Hy < (,0(3?,33, 2, _Z) (27)

for all z,z € X. By inequalities (2.4) and (2.7), we get
||2f(-757 _Z) - 2f(_$7 Z)Hy < 90(1'7‘% 2 _z) + <p(x, -, Z7Z) (2'8)

for all z,z € X. By (2.6) and (2.7), we have

||f(2.’£, 22) - 4f(1'7 Z) - f(xv _Z) + f(—1'7 Z)Hy < (P(x, Z,z, _Z) + @(071’7 03 Z) (29)

for all z,z € X. By two inequalities (2.8) and (2.9), we get
3 1
5@(:177 €z, 72) + §¢(I7 —T, %z, Z) + 90(07 €L, Oa Z)

1f(22,2y) —4f(z,2) <
forall z, z € X. Setting z = y in the above inequality and put ¢ (x, y) := %gp(m, z,y, fy)Jr%go(:r, —z,y,y)+
©(0,2,0,y) to get

or

Lr@n2m) - f@w)|. < o),
4 y 4

for all x,y € X. Replacing x by2/x and y by 27y and dividing 47 in the above inequality, we obtain
that

| @24y - L@ 2| < e@e2y)

4
for all z,y € X and all 7 =0,1,.... One can use induction to show that
1 1 1 n—1 . ) )
‘ 47f(2n$72ny) - 471f(2mx, Zmy)Hy < Zg;n 477922, 27y) (2.11)

for all nonnegative integers n > m and all x,y € X. It follows from the convergence of the series
(2.2) and (2.11) that the sequence {4%]”(2":167 Q”y)} is a Cauchy sequence for all x,y € X. Due to the

completeness of ), this sequence is convergent. Define T : X x X — ) by



SHOKRI ET AL: NORMED LIE TRIPLE SYSTEMS

approximate bi-homomorphisms and bi-derivations in... 5

for all z,y € X. By (2.1) and (2.2), we have
IT(x+y,z—w)+T(x—y,z4+w)—2T(x,2) — 2T (y, w)|y

= tim | F@ ), 2 - )+ f@ ), 27+ w)

2 2 .
— 4—nf(2”a:, 2"z) — 4—”f(2”y, 2”w)Hy
1
< lim 4—ncp(2"x,2"y,2”z,2”w) =0

for all z,y, z,w € X. Then T satisfies (1.1), so by Lemma 2.2, the mapping 7' : X x X — Y is C-bilinear.
Setting m = 0 and taking n — oo in (2.11), one can obtain the inequality (2.3).
Now, let T" : X x X — Y be another bi-linear mapping satisfy (2.3). Then we have

1
1 n n n n 1 n n n n
< @ lT@"2,2%y) = f(2"2,2"y)lly + 12", 2"y) = T'(2"2, 2"y)lly

2 /3 1
< o (582", 2%, 2y, -2"y) + S 32", ~2"0, 2"y, 2"y) + $(0,2"2,0,2"))

1 /1 1
< — (= 5" 4ky(2kong, 2kon ):f A=k (2F g, 2k 0
4n(2]§ VR 20)) = 5 34T e 2t) —

asn — o0o. Hence T'=T".

The next result is a dual to the previous theorem in some sense. O

Theorem 2.4. Let f : X x X — Y with f(0,0) = 0 be a mapping for which there exist a function
0 : X% —[0,00), such that

||D)\,/,Lf(xvyv va)” < So(mvya va)a

1 (oo}
o(x,y, z,w) := 1 Z4"@(2_"33,2_";1/,2_",2,2_"11)) < o0 (2.12)
n=0
for all \,p € T' and x,y,z,w € X. Then there exists a unique bi-linear mapping T : X — Y such that

3 1. 5
1f (2, y) = T(2,y)|| < §<p(:v~x, Y, —y) + 5@(:6, —z,y,y) + (0,2,0,y)

forallz,y e X.
Proof. It follows from(2.10) that

Hf(x,y) - 4f(%:c7 %y)Hy S U5, 59)

for all z,y € X. So

n—1
ip(E Yy g T yH ISy ®E Y
<Y i) Y G ||, <5 NG (29)
Jj=m

for all nonnegative integers m and n with n > m and all z,y € X. It follows from convergency of two

series (2.12) and (2.13) that the sequence {4" f(5%, 5= )} is a Cauchy sequence for all 2,y € X. Since Y
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is complete, the sequence {4" f(5%, 5% )} is convergence for all z,y € X. So we can define the mapping
T:XxX —)Yby

T(z,y) = lim 4"f(=, L)

n— 00 on’ 9gn
for all z,y € X. Moreover, letting m = 0 and passing the limit n — oo in (2.13), we get desired

inequality. The rest of the proof is similar to the proof of Theorem 2.3. ]

3. Stability of bi-homomorphisms in normed Lie triple systems

In this section, we prove the stability of bi-homomorphisms in normed Lie triple systems associated

with the bi-linear functional equation.

Theorem 3.1. Let 0 and p < 2 be positive real numbers, and let f: Ax A — B with f(0,0) =0 be a
mapping such that

1D f (2,95 2, w) |8 < Ol + [yl + 11215 + lwllZ), (3.1)

1f([z,y, 2], w) = [f(z, w) f(y, w) f(z,w)]|z
I f (@, [y, z,w)) = [f(z,y) f (2, 2) f(@,w)]]|5 (3.2)
<Ol l% + Nyl + 1215+ lwliZ)
for all \, ;i € T' and x,y,z,w € A. Then there exist a unique bi-homomorphism H : A x A — B such
that

(1% + lyllZ) (3-3)

)
Hf(x,y) - H(if,y)||8 g 4 — 9p

for all x,y € A.

Proof. First let us assume [|0]|” = 0 for p < 0. Put ¢(z,y,z,w) = 0(||z]|y + [yl + 121" + w]%)
in Theorem 2.3, to get a unique C-bilinear mapping H given by H(z,y) := lim, . 35 f(2"z,2"y)
satisfying (3.3). It follows from (3.1) that
1H ([2,y, 2], w) — [H(z, w)H (y, w) H (z,w)]||5
+ [H(z, [y, z,w]) — [H(z,y)H(z,2) H(z, w)] ||
: 1 n n n n n n n n n n
FIF@ 0, (22", 2"]) — [F(2", 2") (2", 2°2) F(2" . 2"w)] )

3

onp
O I% A+ Hlyll% + 1215+ flwll%) =0

< Jim
for all z,y,z,w € A. So
H([z,y, 2], w) = [H(z,w), H(y,w), H(z,w)]
and
H(z,ly,z,w]) = [H(z,y), H(z, 2), H(z, w)]
for all x,y,z,w € A. O
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Theorem 3.2. Let 0 and p > 2 a positive real number, and let f : A x A — B be a mapping satisfying
(5.1) and (3.2). Then there exists a unique bi-homomorphism H : A x A — B such that

1f(2,y) = H(z,y)l5 < (% + [1yllZ%)-

2 —4
Proof. Put p(x,y,z,w) = (|||’ + [[y||"s + 2|’y + [lw]|*y) in Theorem 2.4 and note that inequality
(3.2) implies that f(0,0) = 0. One can define H : Ax A— B

H(r,y):= lim 4"f(, )

for all z,y € A. Then desired inequality for H and f is obtained. The rest of the proof is similar to the
proof of Theorem 2.4. O

Theorem 3.3. Let 6 and p # % be positive real numbers, and f : A x A — B, with f(0,0) =0, be a
mapping such that
I1Dxpf (@, 2,w) |5 < Ol l|Z- Iyl 12115 lwliZ),

1f ([, y, 2], w) = [f (z, w), f(y, w), f(z,w)][|8
+f (@, [y, z,w)) = [f(2,9), f (2, 2), f(z,w)]]|5 (3.4)
< Ol Nyl 1215 1w 12)
for all \,up € T' and all z,y,z,w € A. Then there exists a bi-homomorphism H : A x A — B such that

(3.5)

2l Iyl 5 p<
If(@,y) — Hzy)ls = 5 24” 3
g llellF - lvlE 5 »>

N[ = N[

Proof. In case p < 3, we first assume [|0]|7 = 0 for p < 0. Put ¢(z,y, z,w) = O(||z|/%.|lyl|%- 11215 w]%)
in Theorem 2.3, to get a unique C-bilinear mapping H given by H(z,y) := lim, 4%f(2"x,2”y)
satisfying (3.5). Eq. (3.4) implies that
IH ([z,y, 2], w) = [H(z, w)H(y, w)H(z,w)]|| 5
+ [1H (2, [y, 2, w]) — [H (2, y)H (2, 2) H (2, w)]||5

= lim 7(”]0([ €T, 2ny’ 277,2}7 an) - [f(2nz7 an)a f(2ny7 an)7 f(2nz7 an)]”B

(2 2,277, 2 ) — [F(2°0, 2") (2, 2°2) F (2", 2"0)] )
: 247%0 p P P D
< Tim 20l el ) = 0

for all z,y,z,w € A. So
H([z,y, 2], w) = [H(z,w), H(y, w), H(z, w)]
and
H(z,ly,z,w]) = [H(z,y), H(z, 2), H(z, w)]
for all z,y,z,w € A.
The rest of proof is similar to the proof of Theorems 3.1 and 2.3.
In the case p > 1, put o(z,y,z,w) = 0(|z|%.llyll% 2% lw[?) in Theorem 2.4, to get unique C-

L) satisfies inequality in (3.5). The rest of

bilinear mapping H given by H(z,y) := lim, o 4" f(55%, 5%

proof is similar to the proof of Theorems 3.2 and 2.4 O
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4. Stability of bi-derivations in normed Lie triple systems
In this section we prove the Hyers-Ulam-Rassias stability of bi-derivation of (1.1).

Theorem 4.1. Let 6 and p # % be positive real numbers, and let f: Ax A — B with f(0,0) =0 be a
mapping such that

D3 uf (@9, 2,w) |8 < O]yl 1215 1wlZ),

”f([xayaz]aw) - [f(x,w),y,z} - [:Evf(yaw)vz] - [%,y,f(Z,IU)]HB
—|—||f(:C7 [yvsz]) - [f(:r,y),z,w] - [y,f(:r,z)w][y,z,f(x,w)]HB (4'1)
< Ol Nyl 1215 [1w1Z)
for all x,y,z,w € A. If f satisfies
nlirr;o 4%]‘(2”30, 2"y) = nl;rr;o %f(?”x, 231y)) = nILH;O 4%]“(23"‘%7 2"y)

for all x,y, € A. Then there exists a unique bi-derivation 6 : A x A — B such that

=2 (= 1y%) 5 p<3
1f(zy) =0z, y)lls < 45870 oo, i (4.2)
h 24?)0,4(”‘%”}”1‘/“;) i D> %

for all x,y € A.

Proof. For the case p < & by putting @(z,y, 2,w) = 0(lal Iyl 2 wly) in Theorem 2.3, it
follows that there exists C-bilinear mapping ¢ given by d(x,y) := lim,, 4% f(2"z,2™y) which satisfies
inequality (4.2).
It follows from (4.1) that
||(5([.’E, Y, Z]’ w) - [6(.’1), ’U}), Y, Z] - [$7 6(:(}, HJ), Z] - [JI, Y, 6('27 UJ)] ||B
+ H(S(.T, [y’ 2, w]) - [6($7 y)7 2, w] - [y> 5(3;‘, z)v w] [yv 2, (5(1‘, w)} HB

- i (a0 [
_ [:E74inf(2”x,2"w),z} - [m,y,%ﬂf@”zﬂ"w)] HB
+ Hﬁf(?gnx, 23"y, 2, w]) — L%nf(Q"x, 2"y), z,w]
o d ] - e e
= nlgréo (Hﬁf(p”m, 2My, 2" 2], 25" w) — 43%[]”(2”9:, 23 ), 2™y, 2" 2]
- E[T’x, f(2"y, 23 w), 2" 2] — 4%[2”;5, 2"y, f(2" 2, 23”11))]"8

1 n n n n 1 n n n n
+ | @, 29,272, 2m0]) - S (2, 27), 272, 2 )
1

1
— (2 (22,272, 2] — (2, 272, £(2 e 2 w)]| )

. 0
< Jlim (g @ el 2 2 20 2 )
0
+ g (2% 2yl 2 21527 )
. 2020m
= Jim = (fal %Iyl 12 ) = 0

n— oo 43n
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for all z,y, z,w € A. Therefore

d([xyz], w) = [0(z, w)yz] + [xd(y, w)z] + [xyd(z, w)],
6(z, [yzw]) = [0(z, y)zw] + [yd(z, 2)w] + [yz6(z, w)]

for all z,y,z,w € A.
For the case p > 3, similar to the first case by putting ¢ (z,y, z,w) = 0([|z||%[|yl/%- Iz %-[Jw]|%) in
Theorem 2.4 and by the same argument in Theorem 3.2 one can get a unique C-bilinear mapping ¢

2 L) which satisfies inequality (4.2). O

given by 6(z,y) := lim, o 4" f (5%, 5=

Theorem 4.2. Let 0 and p # 2 be positive real numbers, and let f: Ax A — B with f(0,0) =0 be a
mapping such that

1Dxuf (@, y, 2,w) 8 < Ol + Nylll + 11215 + lwllZ),

1f ([, y, 2], w) = [f (2, w),y,2] = [, fy,w), 2] — [z, y, f(z,w)]l[B
Hf (@, [y, 2, w]) = [f(@,9), 2, w] = [y, f(z, 2), wlly, 2, f(z,w)]] (4.3)
SOl + 1yl + 1=0% + lwliZ)
for all x,y,z,w € A. If f satisfies
i L f(2,27) = T (2", 9y) = lim 72, 2")

for all x,y,€ A. Then there exists a unique bi-derivation 6 : A x A — B such that

Szl + vl p<2
If(z,y) — 6(z,y)|ls <{ 27 1A AR ,
oz (lzlf + lyl) 5 p>2

for all x,y € A.

Proof. If p < 2, we first assume that ||0][? = 0 for p < 0. Put p(z,y,z,w) = 0(||lz||} + [|yl"% + 2% +
[w]%y) in Theorem 2.3, to get a unique C-bilinear mapping 4 given by §(z,y) = limy, o0 7+ f (2", 2"y)
satisfies desired inequality. The rest of the proof is similar to the proof of Theorem 4.1.

If p > 2, putting ¢(z,y, z,w) = 0(||z|| + [yl + Iz’ + lw]|®y) in Theorem 2.4, to get a unique

C-bilinear mapping § given by §(z,y) := lim, .o 4™ f(55, 5% ) satisfies desired inequality. The rest of

the proof is similar to the proof of Theorem 4.1. ([
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SOME INEQUALITIES FOR THE g-DIGAMMA
FUNCTIONS

W. T. Sulaiman
Department of Computer Engineering
College of Engineering
University of Mosul, Iraq.

Abstract. In [7] the authors proved many inequalities concerning
the g-digamma function of the form f2(xy) < (=) f(x) f (y) and
f(x+y)<(2) f(x)+ f(y).Inthe present paper we reproof some

of the above results by simpler method using different technique
as well as we present many other new results.

2000 Mathematics Subject Classification : 33D05.
Key words : g-digamma function, integral inequality.

1. Introduction

Let ¢ be a complex number, the g-shifted factorial are defined by
n-1

(1.1) (c;9), =1 (c,q), =H(1—ch), n=12,..
k=0
(12) (c;a)., =lim(c;q), =] [~ cq" ).
k=0
For x complex we denote
1-q*
1.3 = :
(13) Xe="—4
The g-Jakson integrals from O to c are defined by [5,6]
(1.4) [f9dex=@a-a)cd flea")a",
0 n=0
and
(15) [T0dx=@-a) Y fa")a",
0 N=—o0

provided the sum converges absolutely .
The g-analogue of the Gamma function is defined by Jakson [6] as follows
(a:9) -
(1.6) L(x)=7-"—5-(1-0q)7", x#0,-1,-2,......,
’ @*;a).

and it is satisfying the following
(1.7) L(x+1) =[x}, [,(x), T,@=1
andtendsto I'(x)as q—1.
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The g-integral representation of the Gamma function is (see [2,4]) as follows
(1.8) T, (0 = K, () [t e 'd t,
0

where
el L
*(Q-ataq),
and
oo 00" Ca-dia).a-0) "),
14— (~@-a9)aha).-@-a) 9 ),

The g-analogue of the psi function w(x) = % is defined as the logarithmic
X
o : : I (X)
derivative of the g-gamma function, thatis w,(x) = r
X
q

From (1.6), we obtain for x>0

n+Xx

V40 = ~logL—q) +logqy. -

(1.9) =—log(l-q)+log qiﬁ—qn
| x-=1
(1.10) ~log(l—q) + OQqH 4,1
For x>0, we put
() = log(x) E[Iog(x)j
log(a) log(a)
and
X
where E(Iog(x)j is the integer part of Iog(x).
log(q) log(q)

From (1.9) one can deduce that
0 nkqnx
(1.11) w9 (x) = log** qzl—n .
n=1 _q

2. results
We start with the following Lemma

Lemma2.1. Let X,y >0, 0<a<l, then
(2.1) a*+a’>a""’,
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and the function f(x) =a*+a’—a*"”’ is non-increasing.
Proof. On keeping y fixed, we have

f'(x) = loga(a* —a*"’) <0.
Therefore f is non-increasing. Since lim f(x) =a’ >0, then f(x)>0.

A short proof is giving for the following Lemma

Lemma2.2[7]. For 0<q<3 and 0<x<1 wehave y (x)<0.
Proof. From (1.9),

() = ~logl~a) +10g .

an
_q“

<—log(1—q)+logq> q™
n=1

X

q
1-q*

=—log(l-q)+logq

qq
@-qg)**

<0,

<-log(l-q)+ Iogqﬁ = log

as q* <(1-q)"" for 0<qg<4i.

The following results extend the scope of Lemma2.2to 0<q<1.
Lemma2.3. For 0<q<1 0<x<l wehave y,(x)<O0.
Proof. We have
w(x) = - log(L—q) +log gy

n=1]-_qn

<—Iog(1—q)+|ogqi g -
n=ll_q

nx

:—Iog(l—q)+logqj qqx dx
1

1_
—log(1-g)+ [~
J1-4

=—log(l-q)+log(1-q)=0.

The following result is proved in three different methods

Theorem 2.4[7]. Forall 0<g<land 0<Xx,y<1,
(2.2) y(x+y) <w(X)+w(y).

Proof.
Method 1. By Lemma2.1, q"*¥ —g* —q" is non-decreasing in both xand y.
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n(x+y) _ qnx _ qny

Wy X+ Y) =1y () ~wy () = log(d- )+ log gy

- 1-q"

0 2n _ n
2Iog(1—q)+|ongw

n=1 1_q
~log(L-q)—logqd q" —loggd ——

n=1 n:ll_q

©q°lo
:Iog(l—q)—ﬁlogq—j%dz
1

q t du
—log(l—q)———logq + [
90-a)—— gq+£1_u

q
- ——_logq >0.
1—q'%99>

Method 2. This method is restricted to x>0, 0 <y < oo.
Write
f(X) =ywx+y)-w () -w(y).
On keeping y fixed, we have
f'(x) =y'(x+y)-y'(X)
= log? qun(q”(“y’ —qx)so.
mil—(

Therefore f is non-increasing .
As lim f(x) =-w(y) >0, then f(x)>0.

Method 3. We have
pd (x+ V)< )+ (),
Let a,c bechosensuchthat 0<a<x, y<c<y+a and
@- Xy (y) 2 ay () -y, (a)),
then we have

[ wdceyaxs< [ yPdx [y (y)dx

that is
vo@+y) -y, (x+y)<w, @) -y, (x)+@-x)p(y)
or
v X+ )2y (X)+y (V) +y,(@a+y) -y, () -w, @)+ (x-a)yP(y).
Since, by the mean value theorem
v,(@+y)—y,(y) =ay,(c), for some y<c<a+y,

then

Wo (X+Y) 2y () +w (y) +ap;(C) — v, (a) + (x—a/(y)

2y, (X) +y ().
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>y (V) + v () -y @)+ (x-a)y P (y)
2y, (Y) +yq ()

An easy proof is given for the following theorem

Theorem 2.5[7]. Let qe(0,). Let k >1 be an integer.
(1) Ifkiseven, then

(2.3) O x+y) 2y )+ ().
(2) Ifkisodd, then
(2.4) O x+y) <y )+ ().

Proof. Making use of (1.11), we have via Lemma 2.1, when k is even
w0 y) -y 0 -y (y)

k

— Iogk+l qil nqn <qn(x+y) _qnx _qny)z 0.
n=1-+"

If k isodd, the above inequality reverses .

The following results are all new :

Theorem 2.6. Let k >1 be an integer, s>1, 1+1=1, then
(i) If k odd,
/s /
@9) k)< b m)"

(i) If k even (2.5) reverses.
In particular, for odd k

x+y |\
W) <vd 0w o).
the above inequality reverses if k is even. If k is odd, then

(7% (x+ y)f <p® w(y).
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1/t

wOf O m)".

, we obtain

1/s
o nkqnx © I,.]kqny
|ng+1 q J [Iogkﬂ q J
[ ng‘l—q” nZ;‘l—q”
1
2

On putting s=t=

X+ 2
s IEZU I O)
If k isodd, w{’(x) is decreasing and hence

(=Y <O ) <w® o).

Theorem 2.7. Let k >1 be an odd integer. Then

s /s /
(2.6) O 0y) < o f P o)
In particular for x, y>1,
(2.7) Oy <P wiy).
Proof.

o K ~ NXy

+ n
w9 (xy) = log® 1q2%
n=1 +7

o KX s o kvt 1
S(logkuqzn q n} (Iogk”qzn q ynJ
n=1 1_q
e )

In particular, If x,y>1 then y{(x*)<w{(x), and the same for y and hence we
have

wO0y) < PN WP o)"
On putting s =t =2, we obtain

2o < yPEpy).

Theorem 2.8. Let a, b > 0. Define

I, (1+ax) T, (1+by) .
[, (2+ax+by)

Then the function B, is non-increasing

B, (1+ax,1+by) =

Proof. Define
I,(+ax) I, (1+by)

I, (2 +ax +by)
log f (x) = logl', (1 +ax) +log [, (1 +by) —log ", (2 + ax + by)

f(x) = B,(l+ax,1+by)=
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On keeping y fixed and differentiating with respect to X, we have
f'(x) al'(l+ax) aI'(2+ax+hy)
f(x) T[(@+ax) [(2+ax++by)
= ay,(l+ax)- a¥,(2+ax+by)

_ a|09q21 q;n (qnax _ qn(l+ax+by))g 0.
n=1+""

Theorem2.9. Let s>1, ++1=1.Then

(2.8) W, (xy)+log(L—q) > (W(x*)+logL—a) | (W(y") + log(L—q) "
Proof. We have
©
) qn[s+t]
¥, (xy) = —log(1—q)+logq)’ o
n=1 _q
0 q S q t
=—log(l-q)+logq 5
o) bl
- . 1/s " ny! 1/t
q q
> —log(l—q)+logq - .

s 1/s ¢ 1/t
0 an 0 qny
=—log(l-q)+| logq . logq i B
él_q n= 1_q
which implies
s /s t 1/t
¥, (xy) +log-q) > (¥(x*)+log—q))* (¥(y") +logL- )
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Some Product Summability Of An Infinite Series

W. T. Sulaiman

Abstract. New results concerning product summability
of an infinite series are given. Some special cases are
also deduced.

1. Introduction

Let Zan be a given infinite series with partial sums s, . Let u, denote the nth
Cesaro mean of order « >—1 of the sequence (s,) . The series > a, is summable
IC.af,, k=1, if

(1) Yoot

For a=1, |C,a], reducesto |C1 summability.

k

<o (Flett [1]).

a o
u, —u,,

Let (pn) be a sequence of positive real constants such that P, =p, +...+ p, > ©
As n—o (P, =p_,=0). The (N, p) transform ¢, of (s,) generated by (p, ) is

defined by
l n
(2) ¢n = _Z PryvSy -
Pn v=0
The sequence - to — sequence transformation
q)n :iz vav
Pn v=0

defines the sequence (@, ) of (N, p, ) transform of (s, ) generated by (p,). The
series ) a, issummable |R,p,| , k=1 if

3) S e, — o, [ <o
n=1

In the special case when p, =1 foralln (resp. k=1), |R, |0n|k summability reduces
to [C1, (resp. |R,p,|) summability .
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The series Zan is said to be summable ‘(N p )(N,qj, when the (N, p) transform
of the (N,q) transform of (s, ) is a sequence of bounded variation (see Das [2]) .

We give the following new definition :
Let (T,) defines the sequence of the (W,qn) transform of the (W, pn) transform of

(s,) generated by the sequences (g, ) and (p,) respectively. The series » a, is
said to be summable |(R,q,)(R, p,), . k=1, if

k

4) Z:nk_l|Tn _Tn—1| <00,
n=1
We may assume through the paper that Q, =q, +...+ 0, — o, ash — o,
2. New Results
We state and prove the following

Theorem 1. Let k>1, (1,) be a sequence of constants. Define

fv:Z(Il_r’ szrzz\; prfr'

r=v r

Let
(5) pva:O(PV)’
w nk—lq: (qu )k—l
6 =0 '
( ) n:varl Q:Qn—l { Q\i( ]

Then sufficient conditions for the implication

7) > a,is summable R, p,| = D a4, is summable |(R,q,)(R. p,),

are
® |4|F =0(Q,),
@ P |Alf,=00),
1) p,J4l=0@Q,),
(11)  P,|4.|=0O(p,),
(12) P,|A4|F, =0(p,Q,)
and

(13) PV|A/1V|: O(pva)

Proof. Let (S,) be the sequence of partial sums of Zan/ln . Let v,,V, bethe
(N, p,), (N,q,)(N,p,) transforms of the sequences (s, ), (S,) respectively. We
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write t,=v, -v,,, T,=V, -V, . Therefore

P~
14 t — P a ,
( ) n Pn Pn_l ; v-1%v
and
1< 1<
Vn = — qr - vaV
Qn r=0 I:,r ;
1 n.q,
-7 pvsv 5
Qn v=0 rz=\; Pr
= iz vav fv
Qn v=0
T.=V, -V,
= 9, prsrfr+ Paon Ty
Qnanl r=0 n-1
Gy ’ Py <
p fr avﬂ’v + — aviv
Q Q n-1 ; ; I:)nQn—l ;
(15) — qn Zn:aﬂ Zn:prfr +ﬁiavlv
Q Q v=0 =v PnQn—l v=0
qn . /1 1 pnqn n ﬂ’v
= P,a,—) p f,+ —/——) P_a,—
QnQn—1 ; 1 P"—l ; I:’nQn—l vZ ' Pv—l

O N A R
25 ({50 ) (00 )

q n-1 P
= t,AF, Pt A f, -2t AL F,. | |[+Pt A f

QnQn_l ~ n n“"n 'n

\

i P P
+ p”q” Z(pvtvﬂ“v + = th/lvj + _ntnﬂ'n '
I:)nQn—l v=1 pv pn

7

= ZT”J
j=1

In order to complete the proof, it sufficient to show that

N nkt

“<w, j=123456,7.

nj

Applying Holder's inequality,
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k

k-1 Kl k-1
n |Tnl| :Zn Q lzltv V'V
= n~<n-1 Vv

m+1 k—l kK n-1 n-1 -1
a, 1 k q,
S ES Ll R [ZQ |

Q Q V= 1 v n-1
() m k—l k
v=1 q n= v+1Q Qn -1
y Al F
=0@)> v | - =00).
v=l Qv
k
nk71|Tn2|k - an - V- ltvﬂ’v fv
n=2 n=2 n -1 v=1

m m+1 n

=0(1 t|'|4,] )
%V e n%Q:QH

= k-1 kak
-oWSv )

v=1 v

- 0(1)Vi:vk-l|tv|k = 0().

N

k

nk—1|T |k :mzﬂnk—l a, nz_llpvlt AL E
n=2 " n=2 QnQn—l v=1 pv v
m+1 1 q n-1 ‘ n— q
<y ' n* n t,| (A4, F, .
2 QQ_le;pvkqv“| Faaf ( inj
m m+1
=0 t.| A F
(); p\ll< \II<1| | | | nzv;—lQ in
pk
v A4, RS —2— = O(1).
Z 1t a4, [f o ®

S k-1 k u k-1 k
DL =D Rt A, 1|
n=1 n=1

- 0(1) Zm:nk*1|tn|k 12, PEfX=0().

n=1

P, 0,
5 vav

n~n-1 v=1

Z kl|Tn5| _anl
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m+1 nk lqri:

t| |4
val || “n%QQ_l

V

=0 v, 2, ]f gv ~0().

v

k

n—lP
lT — nkl pqn Vlt Aﬂ/
| n6| nz; PinVZ]; pv
n-1

e, plar &P 0, )"
S PSP a3
n-1

n=2 PQ—lvlp\l/(q V=
1 Pady
—O)Zpkk1|t||M| Z” PO

=1 v v n=v+1

Pk
)Y v | AL
(); [ a4, oFQl

—=0(1).

Finally

N k-1 k N k-1 Pn

DT = D n Tt 4,

n=1 n=1 pn
« P¥

X0t ] =00

n=1 n

This completes the proof of the theorem .

Theorem 2. Let

= n“'pf ((wp,)”
(16) zl T O( pr J
(17) P, =0(p,Q,),
(18) Q, = O(ng, ).

Then necessary conditions for the implication (8) to be satisfied are

1-0 QQ.: P, 1Z0 vERQ, N vieQ, I
! (1+ I:v )qv I:)v , ! Pv fv , ! (1+ I:v+1) Pv .
Proof. For k>1 define

A =1{a,): D a, is summable R, p,| |,
B ={(b,): b, is summable [(R,q,)(R, p,), J
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From (15), we have

(19) Tn :Z( anv + pnqn ]avﬂ*v
v=1 QnQn—l PnQn—l

With t, and T, as defined by (14) and (19), the spaces A" and B” are BK-spaces

with norms defined by
1/k

@0 e ={ff + S}
n=1

" 1/k
e el ={ + S|
n=1
respectively. By the hypothesis of the theorem,
@) ], <o = |, <o».
The inclusionmap i: A" —B" defined by i(a) =a is continuous since A" and

B” are BK-spaces. By the closed graph theorem, there exist a constant K>0 such
that

(23) e, < K],
Let e, denote the nth coordinate vector. From (14) and (19), with (an) defined
by
a, =e, —e,,, n=v, a,=0 otherwise, we have
0, n<v
N T
PV
pnpv, N>V
I:)npn—l
and
0, n<v
F
T - (qvv +pqu]iv oy
Qva-l Pva—l
F
A, ( 0F, , P, J’lv .
QnQn—l IDnQn—l
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SULAIMAN: PRODUCT SUMMABILITY

From (20) and (21), we have

K Lk
pv S k-1 p pv
24 = ,
(24) el {v [Pj S (PP]}
k
@) |, - VH( aF , P, }ﬂv A, ( A,F, Pl Jﬂ“
Qva—l Pva—l QnQn—l I:)nQ-n—l

+ > n*t
Applying (23), we obtain

n=v+1
E k
—1[ qv \ + pqu jﬂ'v
Qvafl Pva—l

k

(26) v*

+ ink‘l

n=v+1

A [anv L Pl jﬂ
! QnQn—l F’nQn—l !
p,p, )
— O 1 k-1 Mv nk -1 n Mv )
( [ [ ] +”Z+1 (Pnpn—lj}
As the RH.S of (26), by (16),

t o k 1 k
_O(l)[v (PJ kaln;ﬂP 2 ]
k k-1 k
ol 2 A
P, P, P,
k
= O[vk‘l{&j J
PV
k
and the fact that each term of the L.H.S of (26) is O[v“(%} } we obtain

k k
k—l( q,F, L Pl ] |/1V|k: ol vkt &J ,
Qva—l I:’va—l I:>v

which implies by (17)

k
( g J(1+Fv)k|iv|k:0& ,

Qva—l
|A | — O Qv—le &
! @+F)a, P, )
Also, we have, by (26),

(27) inkl(qnpva)ﬂv+(qnﬁl+l + pnqn jAﬂ'v
QnQn—l QnQn—l PnQn—l

n=v+1

that is

Rt
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The above , via the linear independence of A, and AA4,, implies

k k
Zw: nkl(anwl +_Palh j A |k e Vkl(&j
n=v+1 Qnanl Pnanl ! PV

A4 @+F,,) Zn“( il J - O[VH(%N (by (17))

n=v+1 QnQn_l v

As, by (18), via the mean value theorem,

[AQ1 = Qilg - ( j
A 1 —— =001 ni’n —
n%l (Qn 1} ) n=zv+1 Q:Q:fl ( )n=zv+l Q:Q:,l n:Z\Hl Q Qn 1
we get
k
1 4| Py
Az @+ F,, ) o " o(vk 1[%] ]
which implies
1-1/k
AJ, = o(v el &J.
1+F,., P,
Also, by (26),
k k
znkfl qn pv 1:v ﬂv — O Vkl(&J ,
n=v+1 QnQn_l I:)v

K k
KA, AN nk—l( s j -0 Vk—l(&J ’
p | | n;l Qnanl Pv

k
k1 a4l Py
p\i/( ka |ﬂ’v| Q_\f = O{Vk 1(?\, ] )

which implies

3. Applications

Corollary 3. Let k>1. Define

28) f, = qT szzn:fr.
Let r=v r=v
(29) Q,=0(v),

(30) f, =0(a,).

Then sufficient conditions for the implication
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(31) > a, issummable |R,q,| = > a A, issummable |(R,q,)(C.1),
are

(32) |/1n| <Q,,

(33) 4, f, =0(),

(34) I4,|F, =0(@Q,),

(35  [a4[F,=0(,),

(36) |A%,| =0(q, ).

Proof. Follows from theorem 1 by putting p, =1 for all n.

Corollary 4. Let k>1. Define

(37) f —Z— F=>pf,.
Let 7

(38) vp, = O(R,),

(39) P, f,=0(v).

Then sufficient conditions for the implication

(40) > a, issummable |C1, = > a 1, issummable [(C1)(R,p,),
are

(41) 4,] <,

42 w,|al=0(R),

@) |alF, =0(v),

(44 [aa,|F,=00),

(45) A4, = 0().

Proof. This follows from theorem 1, by putting q, =1 for all n, noticing that (3)
is obviously satisfied as

@ S Zlea)

Corollary 5. Let f, ,F, beasdefined in (28). Let (18) be satisfied and
(47) n=0(Q,).

Then necessary conditions for the implication (31) are

_ Qva—l — Vl_l/ka — Qv
wmogimi) O( ", J MV O((uaﬂw}

Proof. Follows from theorem 4 by putting p, =1for all n, noticing that (16) is
satisfied, the same as (46) .
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Corollary 6. Let f, ,F, beasdefined in (36) . Let (16) be satisfied and
(48) P, =0(wp,).
Then necessary conditions for the implication (40) are

2 2-1/k 2-1/k

=0 Y Pl oY | ar=0 L P
1+F, P, P, f, 1+F,, P,
Proof. Follows from theorem 4 by putting q, =1 foralln.
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