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A New System of variational Inclusions with

(H,n)-accretive Operators in Banach Spaces

Chaofeng Shi, Shuling Zhang*

Department of Mathematics, Xianyang Normal University, Xianyang, Shaanxi,712000, P.R.China

Abstract In this paper, we introduce and study a new system of variational in-
clusions involving (H,n)-accretive operators, we prove the existence and uniqueness
of solutions for this new system of variational inclusions. We also construct a new
algorithm for approximating the solution of this system and discuss the convergence
of the sequence of iterates generated by the algorithm.

Key words (H,n)-accretive operator, Resolvent operator technique, System of vari-

ational inclusion, Iterative algorithm
1.INTRODUCTION

Variational inclusions are important generalization of classical variational inequalities and
thus, have wide applications to many field including, for example, mechanics, physics, opti-
mization and control, nonlinear programming, economics, and engineering sciences. For these
reasons, variational inclusions have been intensively studied in recent years. For details, we refer
the reader to [1-12] and the reference therein.

Recently, some interesting and important problems related to variational inequalities and
complementarity problems have been considered by many authors. Ansari and Yao [1] studied a
system of variational inequalities using a fixed point theorem. Huang and Fang [9] introduced a
system of order complementurity problems and established some existence results for there using
fixed-point theory. Kassay and Kolumbén [10] introduced a system of variational inequalities
and proved an existence theorem using Fan’s lemma. Kassay, Kolumbén and Péles [11] intro-
duced and studied Minty and stampacchia variational inequality systems using the Kakutani-
Fan-Glicksberg fixed-point theorem. In [12], Verma introduced and studied some systems of

variational inequalities and developed some iterative algorithms for approximating the solutions

*E-mail: shichf@163.com, This research is supported by the natural foundation of Shaanxi province
of China(Grant. No.: 2006A14)and the natural foundation of Shaanxi educational department of
China(Grant. No.:07JK421)
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of these systems of variational inequalities. Very recently, Fang and Huang [4] introduced a
system of variational inclusions and developed a Mann iterative algorithm to approximate the
unique solution of the system.

On the other hand, monotonicity technique were extended and applied in recent years be-
cause of there importance in theory of variational inequalities, complementarity problems, and
variational inclusions. In [8], Huang and Fang introduced a class of generalized monotone op-
erators, maximal 7-monotone operators, and defined an associated resolvent operator. Using
resolvent operator methods, they developed some iterative algorithms to approximate the solu-
tion of a class of general variational inclusions involving maximal 7-monotone operators. Huang
and Fang’s method extended the resolvent operator method associated with an n-subdifferential
operator due to Ding and Luo [2]. In [3], Fang and Huang introduced another class of general-
ized monotone operators, H-monotone operators, and defined an associated resolvent operator.
They also established the Lipschitz continuity of the resolvent operator and studied a class of
variational inclusions in Hilbert spaces using the resolvent operator. In recent paper [5], Fang
and Huang further introduced a new class of generalized monotone operators, (H,n)-monotone
operators, which provide a unifying framework for classes of maximal monotone operators, max-
imal n-monotone operators, and H-monotone operators. They also studied a class of variational
inclusions using the resolvent operator associated with an (H,n)-monotone operator. In [6], Fang
and Huang generalize the resolvent operator technique by introducing a new class of H-accretive
operators in Banach spaces. They extend the concept of resolvent operators.

Motivated and inspired by above works, in this paper, we introduce and study a new system
of variational inclusions involving (H,n)-accretive operators in Banach spaces. Using the re-
solvent operator method associated with (H,n)-accretive operators, we prove the existence and
uniqueness of solutions for this new system of variational inclusions. We also construct a new
algorithm for approximating the solution of the system of variational inclusions and discuss the
convergence of iterative sequence generated by the algorithm. The present results improve and

extend many known results in the literature.

2. PRELIMINARIES

Let X be a real Banach space endowed with a norm || - || and dual space X*, (-,-) be the
dual pair between X and X*, and 2% denote the family of all nonempty subsets of X. The
generalized dual mapping J, : X — 2X" is defined by

Jo(z) = {f* € X* : {w, f*) = |lz||"and ||f*|| = [|2]|*"*}, V2 € X,

where ¢ > 1 is a constant. In particular, Jo is the usual normalized dual mapping. It is
known that, in general, Jy(z) = [|z||72J2(x), for all z # 0, and J, is single-valued if X* is

strictly convex. In the sequel, unless otherwise specified, we always suppose that X is a real
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Banach space such that J; is single-valued. The modulus of smoothness of X is the function
px : [0,00) — [0,00) defined by
1
px(t) = sup{5(llz +yll + llz —yl) = 1 2 <1, lyll < t}.

A Banach space X is called uniformly smooth if 1ltir% pXT(t) = 0, X is called g-uniformly smooth

if there exists a constant ¢ > 0, such that
px(t) <ct?, g>1.

Note that J; is single-valued if X is uniformly smooth. The following theorem gives characteristic
inequalities in g-uniformly smooth Banach spaces.

Theorem X [6]
Let X be a real uniformly smooth Banach space. Then, X is g-uniformly smooth if and only if

there exists a constant ¢, > 0, such that for all z,y € X,
[z 4+ yll! < Jlzl|!+ g <y, Jo(x) > +cqllyll,

Definition 2.1 Let T, A : X — X be two single-valued operators. The operator T is said
to be
(i) accretive if
(Tx — Ty, Jy(x —y)) > 0,Vx,y € X;

(ii) strictly accretive if
(Tx — Ty, Jy(x —y)) > 0,Vz,y € X,

and the equality holds if and only if z = y;

(iii) strongly accretive if
(Tw =Ty, Jy(x —y)) 2 rllz =yl Ve, y € X;
(iv) strongly accretive with respect to H if there exists some constant y > 0, such that
(T =Ty, Jy(H(x) = H(y))) = 7]z = y[|* Yo,y € X;
(v) Lipschitz continuous if there exists some constant s > 0, such that
1T =Tyl < sllz = yll, Yo,y € X

Remark 2.1 If T and H are Lipschitz continuous with constants 7 and s, respectively, and
T is strongly accretive with respect to H with a constant +, then v < 75971,
Example 2.1 Let X = (—o0,+00),Tx = —x and Hx = —2xz, for all x € X. Then, T is

strongly accretive with respect to H, but T is not strongly accretive.
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Example 2.1 Show that the strong accretivity of T with respect to H is a generalization of
the strong accretivity of T

Definition 2.2 A single-valued operator n: X x X — X is said to be

(i) accretive if

(Jg(u—v),n(u,v)) >0,Yu,v € X;

(2) strictly accretive if

<Jq(u - U):n(uav)> > O,V’LL,’U €X

and equality holds if and only if u© = v;

(3)strongly accretive if there exists a constant § > 0, such that
<Jq(’LL - U)v 77(% U)> > 5”” - v”q,‘v’u, S X;

Definition 2.3 Let n: X x X — X and H : X — X be two single-valued operators and
let M : X — 2% be a multivalued operator. M is said to be:
(1)accretive if

(Jo(x —y),u—v) >0,Vu,v € X,z € Mu,y € Mv;

(2)n-accretive if
(Jy(z —y),n(u,v)) > 0,YVu,v € X,z € Mu,y € Mu;

(3) strictly n-acretive if M is n-accretive and equality holds if and only if u = v;

(4) strongly n-accretive if there exists some constant > 0, such that
<Jq($ - ZJ)J?(U’U» > THU - UHQ?VU?U € X7$ € Muay € M’U;

(5) m-accretive if M is accretive and (I + AM)(X) = X, for all A > 0, where I denotes the
identity operator on X;

(6) (m,n)-accretive if M is n-accretive and (I + AM)(X) = X, for all A > 0;

(7) H-accretive if M is accretive and (H + AM)(X) = X, for all A > 0;

(8) (H,n)-accretive if M is n-accretive and (H + AM)(X) = X, for all A > 0.

Remark 2.1 If X = H, a Hilbert space, then we can obtain the corresponding definition of
maximal n-monotone operators, H-monotone operators, and (H,n)-monotone operators, which
were first introduced in Huang and Fang[8], Fang and Huang[3], respectively, obviously, the class
of (H,n)-accretive operators provides a unifying framework for classes of M-accretive operators,
(m,n)—accretive operators and H— accretive operators.

For our results, we need the following lemmas.

Lemma 2.1 Let n: X x X — X be a single-valued operator, H : X — X be strictly
n-accretive operator and M : X — 2% be an (H,n)-acretive operator. Then, the operator

(H + AM)~! is single-valued, where A > 0 is a constant.
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Proof. Let u € X,z,y € (H + AM) *(u). It follows that —H(x) + v € AM(x) and
—H(y) +u € AM(y). Since M is (H,n)-accretive,

(n(z,y), Jo(H(z) — H(y))) >0

The strict accretiveness of H implies that # = y. Thus, (H + AM)~! is simple-valued. The
proof is complete.

Based on Lemma 2.1, we can define the resolvent operator Rﬁ: )\ associated with H and M
as follows.

Definition 2.4 Let n: X x X — X be a single-valued operator, H : X — X be a strictly
n— accretive operator and M : X — 2% be an (H, n)-accretive operator. The resolvent operator

R+ X — X is defined by
R (u) = (H + AM) ™ (u),Vu € X

Lemma 2.2 Let n: X x X — X be a single-valued Lipschitz continous operator with
constant 7, H : X — X be a strongly 7-accretive operator with constant » and M : X — 2%
be an (H,n)-accretive operator. Then, the resolvent operator RAH/Z\ : X — X is Lipschitz

continuous with constant 79! /r, that is,
Hn H,n Ta-1
||RM,>\(U) - RM,)\(U)H < TH“ - UH,VU,U € Xa

Proof. Let u,v be any given points in X. It follows that
Ry (w) = (H + AM) ™" (u)
and
R\ (v) = (H + AM) ™ (v).
This implies that
(u— H(R)j} (1)) € M(Ry (u))

and

Since M is n-accretive,

The inequality above implies that
79w — of| - | Ry (w) — Ry (v)][7!
> [|u = v]|[| g (n(Rag (u), Ryg’\ ()]
> (Jy(u —v), n(Ryy (u), Ry (v)))
> (Jo(H(Ryy\(w)) — H(R\(v))),
(R (w), RYGA (v))
> 7| R4 (u) — RYGA (0)]]7.
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Hence,

H, H, Tt
HRMZ\(U) - RMZ\(U)” < THU — v, Vu,v € X.

3. A NEW SYSTEM OF VARIATIONAL INCLUSIONS

In this section, we shall introduce a new system of variational inclusions involuing (H,n)-
accretive operators in Banach spaces. In what follows, unless otherwise specified, we always
assume that X; and X5 are two real Banach spaces, A C X; and B C X5 are two nonempty,

closed and convex sets. Let
F:Xl XX2—>X1,GIX1 XX2—>X2,

Hy: Xy — X1,Hy: Xo — Xo,and n: X x X — X be five operators. Moreover, let M : X; —
2X1 be an (Hj,n)-accretive operator and N : Xo — 2% be an (Hs, n)-accretive operator. The

system of variational inclusions is formulated as follows.

Find (a,b) € X; x Xo, such that

0 € F(a,b) + M(a),

(3.1)
0 € G(a,b) + N(b).

Some examples of problem (3.1) include the following.
(I) If X1 = H1, and X2 = Ha two Hilbert spaces, then, problem (3.1) reduces to the following
problem. Find (a,b) € A x B, such that

0 € F(a,b)+ M(a), (3.2)
0 € G(a,b) + N(b).

(IT) If X1 = Hy and Xy = Ha, two Hilbert spaces, M(x) = dp(z) and N(y) = 0®(y), for
all x € H; and y € Ha, where ¢ : H; — RU {400} and ® : Hy — RU {+o0} are two proper,
convex, lower semicontinuous functionals, and dp and d® denote the subdifferential operators of
¢ and @, respectively, then problem (3.1) reduces to the following problem: find (a,b) € A x B,

such that
(F(a,b),x —a) + o(z) — p(a) > 0,V € Hy,
(G(a,b),y = b) + B(y) — ®(b) = 0,Vy € Ha,
which is called a system of nonlinear variational inequalities.
(III) If X; = X2 = Hi, a Hilbert space, A = B, F(z,y) = pT(y) +  —y, and G(z,y) =
~T'(z) +y — x, for all x,y € H, where T': A — H is a nonlinear mapping, and p > 0 and v > 0

(3.3)

are two constants, then problem (3.3) reduces to the following system of variational inequalities:
find (a,b) € A x A, such that

(pT'(b) +a—b,z —a) >0,V € A, (3.5)
(vI'(a) +b—a,x —b) > 0,Vx € A, .

which is the system of nonlinear variational inequalities considered by verma [12].
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4. EXISTENCE AND UNIQUENESS

In this section, we will prove existence and uniqueness for solutions of problem (3.1). For
our main results, we have the following characterization of solutions of problem (3.1).

Lemma 4.1 Let n: X x X be a single-valued operator, H; : X1 — X; and Hs : Xo — Xy
be two strictly n-accretive operators, M : X1 — X; be (Hi,n)-accretive, and N : Xy — Xo be
(Hz,m)—accretive. Then, for any given (a,b) € X; x X, (a,b) is a solution of problem (3.1) if
and only if (a,b) satisfies

a= Ry Hy(a) = pF(a,b)],
b= Ry1[Ha(b) — AG(a, b)),
where A > 0 and p > 0 are two constants.

Proof. The fact directly follows from Definition 2.4.

Theorem 4.1 let n : X x X — X be a Lipschitz continuous operator with constant o.
Let Hy : X1 — X be a strongly n-accretive, Lipschitz continuous operator with constant ~;, 7,
and Hy : X9 — X3 be a strongly n-accretive, Lipschitz continous operator with constants -9
and 9. Let M : X; — 2% be (Hy,n)-accretive and N : Xo — 2%2 be (Ha,n)-accretive. Let
F : X; x X9 — X; be an operator, such that, for any given (a,b) € X; x Xg, F(-,b) is strongly
accretive with respect to H; and Lipschitz continuous with constants 71 and s1, respectively,
and F'(a,-) is Lipscaitz continuous with a constant 6, let X; x X2 — X5 be an operator, such
that, for any given (x,y) € X1 x X2, G(z,-) is strongly accretive with a constant £. Let there
exist constants p > 0 and A > 0, such that

Y201/ — apry + copts] + MoTTINE < 172,
vt (’/7'2(1 — gATa + cgplsd + 1207 ph < 179,

Then, problem (3.1) admits a unique solutions.
Proof. For any given A > 0 and p > 0, define T}, : X1 x X5 — X; and 5 : X1 x Xa — X»
by
T, (u,0) = RESIHy (u) — pP(u,v)] (1.2)

and

Sx(u,v) = Ry Ha(v) — AG(u,v))],

for all (u,v) € X1 x Xs.
For any (u1,v1), (u2,v2) € X7 x X, it follows from (4.2) and Lemma 2.2 that

| Tp(ur,v1) — Tp(ug, v2)||

o 1||H1( 1) — Hi(u2) — p(F(u1,v1) — F(uz,v2))|
C’“nHl(ul) Hy (ug) — p(F(u1,v1) = F(uz,v1))]
+p"q | F (uz,v1) — F(uz,vs)|

IN

IN
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and
HS)\(ul,vl) Sx(uz, v2)||
< o || Ha(v1) — Ha(vz) — MG (ur,01) — G(uz, v2))]
”q E [Ha(v1) — Ha(v2) — A(G(u1,v1) — G(u1, v2))||
+Ni1HG@nﬂ&)—(XU%UﬁH

By assumptions and Theorem X we have

[ H1(u1) — Hi(uz) — p(F(u1,v1) — F(ug,v1))[|7 < [[(Hi(u1) — Hi(ug)||?
—qp(F(u1,v1) — F(ug,v1), Jo(H1(u1) — Hi(uz2)))
+plegl|F(ur,v1) — F(ug, v1)||?

< (1 = gpry + cgpst) ||y — ugl|?

and
[H2(v1) — Ha(v2) — AM(G(ur, v1) — G(ur, v2))[|?
< (14 — gAra + cgA1sd)||Jv1 — va|2.
Furthermore,
[ F (ug, v1) = F(ug, v2)|| < 6|vr — v2].
and

|G (u1,v2) — G(uz,v2)|| < &l|lur — ual.

It follows from (4.3)—(4.8) that

1T (u1, v1) — Tp(uz, v2)]|

-1
< E G — qpry + cqpistur — |
+ 220 vy — vy

I1Sx (w1, v1) — Sx(ug, va)|
< 210/ — gy + g A85 [y — v
-1
+ 7 un — .

Now, (4.9) implies that

| Tp(u1,v1) — Tp(ug, v2) || + [[Sx(u1,v1) — Sx(uz, vo)|
q—1)
< (le \/7- — qpr1 + cqplsi + %)Hul — ugl|
od—1 a—1p0
H(E 4T — vy + g5+ T |[oy — vy
< E(flur — ual| + [[v1 — val]),

where

k = max{%; ”q_l \‘77'{1 — qpr1 + cqplsi + L;l)‘f

2 )
1 a=1,p
T \/72 - q)\’l"z +cgNlsg + L7}

Define || - [|1 on X x X3 by

[, 0) 1 = flull + [[ol, ¥(u, v) € X1 x X».

15

(4.4)

(4.5)

(4.7)

(4.8)

(4.9)

(4.10)
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It is easy to see that (X7 x Xo, || -||1) is a Banach space. For any given A > 0 and p > 0, define
Q)\,p:Xl ><X2—>X1 ><X2 by

Qxp(u,v) = (T)(u,v), Sx(u,v)),V(u,v) € X1 x Xo.
By (4.1), we know that 0 < k < 1. It follows from (4.10) that

1Qx,p(u1,v1) — Qx p(uz, v2)|l1 < E|(u1,v1) — (u2, v2)1.

This proves that @), : X1 x X2 — X7 x X is a contraction operator. Hence, there exists a

unique (a,b) € X1 x X2, such that
Q)\,p(aa b) = (av b)a

that is,
a = RiPH (a) — pF(a,b)],
b= RiX"[Ha(b) — AG(a,b)].

By Lemma 4.1, (a,b) is the unique solution of problem (3.1).

Remark 4.1 From Theorem 4.1 we can get the existence and uniqueness of solutions for
problem (3.1)—(3.5).

Remark 4.2 From Definition 2.1 we know that

—1 —1
r < simf 0, 1o < SoTy

Remark 4.3 If X is 2-uniformly smooth and there exists p = A > 0, such that

| p— 17509772 |
o(c2s7v3 7€)

< V(1130 —3726)2— (137702 =773 (c2s113 —13€2)

o(casivy —7€?)

(0?7F — 1) (casTng —27E2) < (rimeo —716)?,77E < casiv3

and .
| p— T2'712¢7;’72“£19 |
o(cas3vi—v56?)
< V (r2730—43710)2— (131302 —7313) (c25317 —136)
o (cas2?—~262)

(0?73 —13) (28377 — 770%) < (rmo —230)*,930° < casint,

)

then condition (4.1) is satisfied. We note that all Hilbert spaces and Ly, (or l,,) spaces (2 < p < 00)

are 2-uniformly smooth.

5 ITERATIVE ALGORITHM AND CONVERGENCE

In this section, we will construct the Mann iterative algorithm for approximating the unique

solution of problem (3.1) and discuss the convergence analysis of the algorithm.
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Lemma 5.1 [7] Let {c,} and {k,} be two real sequences of nonnegative numbers that
satisfy the following conditions.

(i)0<k,<1,n=0,1,2,--- and limsupk, < 1.

(ii) st < kncnyn=0,1,2, - "
Then, ¢, converges to 0 as n — oo.

Algorithm 5.1 Let n, Hy, Hy, M, N, F and G be the same as in Theorem 4.1. For any
given (ag, bo) € X1 X Xo, define the Mann iterative sequence {(an,by)} by

i1 = nan + (1 — an) Ry Hy(an) — pF(an, by)],n = 0,1,2,- -

o (5.1)
bp+1 = apby, + (1 — O‘n)RN,i [Ha(bn) — AG(ap, by)],n=0,1,2,---

where

0<a,<1 and limsupa, < 1. (5.2)
n

Theorem 5.1 Let n, Hy, Ho, M, N, F, and G be as in Theorem 4.1. Assume that all the
conditions of Theorem 4.1 hold. Then, (ay,b,) generated by algorithm 5.1 converges strongly
to the unique solution (a, b) of problem (3.1) and there exists d € [0, 1), such that

lan —all + [[bn — bl| < d™([lao — al| + [[bo — b]}), for all n. > 0.

Proof. By Theorem 4.1, problem (3.1) admits a unique solution, (a,b). It follows from

lemma 4.1 that
a = ana+ (1 — )Ry [Hi(a) — pF(a,b)],

P (5.3)
b= anb+ (1 - an)RYE'[Ha(b) — AG(a,)]
By (5.1) and (5.3),
llans1 — all < anllan, —all + (1 — ay)
IR Hy (an) — pF(an, by)] — Ry Hi(a) — pF(a,b)]]
< apllan —afl + (1= o) %
|Hi(an) — Hi(a) — p(F(an, by) — F(a,b))]|
< apllan — al| + (1 — o) 2 (5.4)

M
| H1(an) — H11(a> — p(F(an, by) — F(a,by))|
+(1 = an) 2| F (@, by) — F(a, )|

—1
< apllan —all + (1 — c)zn)"q71 (’/Tf — qpr1 + cgpls]

—1
lan — all + (1 = a) “=—L2|b,, — 0|

and
an-i-l - bH < angn - b” + (1 - O‘n)
IRNA" [Ha(bn) — AG(an, bn)] — RNK![Ha(b) — AG(a, b)]|
< anllon — bl| + (1 — ) 2

{78 — adra + cgA188[1by — b)) + (1 — an) 25 |ay, — al|.
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It follows from (5.4) and (5.5) that

lant1 = all + b1 = bl < an(llan — all + |[bn — b))
+(1 = an)k(llan — all + [[bn — 0[])
= (k+ (1 = k)an)(llan — al + [[bn — b))

where 0 < k < 1 is defined by

_ g1 q q
k= max{" {1/7'1 — qpr1 + cgpis]
oc?7INe 0971 4f g g o71pb
+5 S T — A+ egNisy + )

Let ¢, = [lan, — al| + ||by, — b|| and ky,, = k + (1 — k)a,. Then (5.6) can be rewritten as

Cn+1 S knCTm n= 071727' T

By (5.2), we know that limsup k,, < 1, it follows from lemma 5.1 that 0 < k,, < d < 1 and that

llan — a|| + ||bn, — b|| < d"(||an — a|| + ||bn, — b]|), for all n > 0.

Therefore, (ay,, by,) converges geometrically to the unique solution (a,b) of problem (3.1).
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Abstract: In this paper, a class of generalized set-valued variational inclusions in Banach spaces
are studied, which include many variational inclusions studied by others in recent years. By using
an important inequality, several existence theorems for the generalized set-valued variational inclu-
sions in smooth Banach spaces are established, and some perturbed iterative algorithms for solving
this kind of set-valued variational inclusions are suggested and analyzed. Our results improve and
generalize many known results.
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1 Introduction

In recent years, variational inequalities have been extended and generalized in different directions,
using novel and innovative techniques, both for their own sake and for the applications. Useful and
important generalizations of variational inequalities are set-valued variational inclusions, which have
been studied by several authors.

Recently, Chidume, Zegeye and Kazmi [1] studied the following class of set-valued variational
inclusion problems in a Banach space E. For a given m-accretive mapping A : D(A) C E — 2F a
nonlinear mapping N(+,-) : E x E — E, two set-valued mappings T, F' : E — CB(E) (here CB(E)
denotes the family of all nonempty closed and bounded subsets of E) and a single-valued mapping
g:H— H, find ¢ € E,weT(q),v € F(q) such that

f e N(w,v) +AA(g(q)), (1.1)

where f € F is a given point and A > 0.

For a suitable choice of the mappings T, F, N,g, A and f € E , a number of known and new
variational inequalities, variational inclusions, and related optimization problems can be obtained
from (1.1).

Inspired and motivated by the works of [1-3], in this paper, we introduce and study a class of
more general set-valued variational inclusions in Banach spaces. By using the inequality of Liu [6],
the existence theorem and approximate theorem of solutions of the set-valued variational inclusions
in smooth Banach spaces are established and suggested. The results presented in this paper gener-
alize, improve and unify the corresponding results of Chidume, Zegeye and Kazmi [1], Huang and
Fang [2, 3], Huang [4], Fang and Huang [5], Liu and Kang [7].

*This work was supported by the Natural Science Foundation of Xianyang Normal University
TE-mail: shichf@163.com, This research is supported by the natural foundation of Shaanxi province of China(Grant.
No.: 2006A14)and the natural foundation of Shaanxi educational department of China(Grant. No.:07JK421)
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2 Preliminaries

Let E be a real Banach space, E* be the topological dual space of E, {-,-) be the dual pair
between F and E*, D(T) denotes the domain of T, and J : E — 2" is the normalized duality
mapping defined by

J(z) = {a* € B* : {x,2*) = ||z||* = ||]2*|*}

for all z € E.

Definition 2.1 Let A : D(A) C E — 2% be a set-valued mapping, ¢ : [0,00) — [0, 00) a strictly
increasing function with ¢(0) = 0. The mapping A is said to be

(1) accretive if, for any x,y € D(A), there exists j(x —y) € J(z — y) such that
(u—v,j(z—y) =0
for all u € Az and v € Ay;
(2) ¢-strongly accretive if, for any z,y € D(A), there exists j(x — y) € J(x — y) such that
(u—v,j(x—y)) > oz —yl)lz -yl
for all u € Az and v € Ay;
(3) ¢-expansive if, for any z,y € D(A), there exists j(x —y) € J(x — y) such that
lu =l = é(llz - ylI)
for all u € Az and v € Ay;
(4) ¢-strongly pseudocontractive if, for any x,y € D(A), there exists j(z —y) € J(z —y) such that
(u—wv,j(@—y) <llz = ylI* = ol — yl)llz — yll
for all u € Az and v € Ay;

(5) m-accretive, if A is accretive and (I + pA)D(A) = E for all p > 0, where I is the identity
mapping.

Definition 2.2 Let T, F : E — 2F be two set-valued mappings, N(-,-) : E — E a nonlinear

)
mapping, and ¢ : [0,00] — [0, 0] a strictly increasing function with ¢(0) = 0.

(1) The mapping x — N (x,y) is said to be ¢-strongly accretive with respect to the mapping 7" if,
for any x1,xo € F, there exists j(z1 — x2) € J(x1 — z2) such that

(N(u1,y) — N(uz,y), j(21 — 22)) > ¢(|lw1 — 22]) |21 — 22

for all uy € Twi,us € Txo .

(2) The mapping y — N(x,y) is said to be accretive with respect to the mapping F if, for any
y1,Y2 € E, there exists j(y1 — y2) € J(y1 — y=2) such that

(N(x,v1) = N(z,v2),7(y1 — y2)) >0
for all v1 € Fyy,vs € Fys.

Definition 2.3 Let T : E — CB(E) be a set-valued mapping and H(-,-) a Hausdorff metric in
CB(E), T is said to be &-Lipschitz continuous, if for any x,y € E,

H(Tz, Ty) < |l —y||
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where £ > 0 is a constant.

Definition 2.4 The set-valued mapping T : E — CB(F) is said to be uniformly continuous, if
for any given € > 0, there exists a 6 > 0, such that for any given z,y € F, when ||z — y|| < 4§ , we
have

H(T,Ty) <,
where H is a Hausdorff metric in CB(FE).

We also need the following lemmas.

Lemma 2.1 [10] Let E is a real Banach space and J : E — 2F" is the normalized duality
mapping, then for any given z,y € E,

lz+yl* < lll® + 20y, j (= + y))

for all j(z+y) € J(x +y).

Lemma 2.2 [8] Let X and Y be two Banach spaces, T : X — 2Y a lower semicontinuous
nonempty closed convex valued function. Then T admits a continuous selection, i.e., there exists a
continuous selection mapping H : X — Y, such that h(z) € Tz, for all z € X .

Lemma 2.3 [9] Let F be a complete metric space, T : E — CB(FE) a set-valued mapping. Then
for any given € > 0 and x,y € E,u € Tz, there exists v € T'y such that

d(u,v) < (14 e)H(Tx,Ty).

3 Iterative Algorithms

Using Lemma 2.3, we suggest the following algorithms for generalized set-valued variational
inclusion(1.1).

Algorithm 3.1 For any given x¢ € E,ug € Tz, 20 € Fxg, compute the sequences {z,}, {yn},
{zn}, {wn} and {v,} by iterative schemes such as

Tp+1 € AnTp + bn(f + Yn — N(wm Un) - )‘W(g(yn))) + cnén,
Yn S a%mn + b{n(f + Ty — N(Una ZTL) - )\W(g(x"l))) =+ C{n-f'fl’

Up € Ty, [[Un — Upyr || < (14 n_l;'_l VH(Tz, Topn1),

Zn € Fay, Hzn - Zn+1|| < (1 + nil)H(mean-&-l); (3-1)
Wy, € TyYn, ||wn - wn+1|| < (1 + n_li_l)H(Tyn,Tynqtl)a

Uy € Fyy, ||'Un - Un+1|| < (]- + ,Hl,l H(Fynvan+1)v

n=0,1,2,---,

where {e,} and {f,} are any bounded sequences in E, and {a,}, {bn}, {cn}, {a,}, {b,}, {c,,} are
constants such that a,, + b, + ¢, =a,, + b, + ¢, = 1.

The sequence {z,} generated by Algorithm 3.1 is called the Ishikawa iterative sequence with
errors.

In Algorithm 3.1, if b/, = ¢/, = 0, for all n > 0, then y,, = x,, . Take z, = v, and w,, = u,, for all
n > 0. Then we obtain the following algorithm.

Algorithm 3.2 For any given 29 € E,ug € Txg, 20 € Fxo, compute the sequences {x,}, {w,}
and {v,} by the iterative schemes such as

Tn+1 € AnTp + bn(f + T — N(wna Un) - )\W(g(xn))) + Cnén,
Wy, € Ty, ||wn - w7z+1|| < (1 + n_li_l)H(T-rnaTxn+l)a

Un S Fl'n» ||Un - Un+1|| S (1 + %_H)H(anann-&-l)v
n=0,1,2--.

(3.2)

The sequence {x,} generated by Algorithm 3.2 is called the Mann iterative sequence with errors.

21



22 SHI, ZHANG : SET-VALUED VARIATIONAL INCLUSIONS

4 An Existence Result

Lemma 4.1 Let E be a real Banach space and T : E — CC(FE) a lower semicontinuous and
¢-strongly psuedocontractive mapping, where CC(E) denotes the family of all closed and convex
subsets of . Then T admits a continuous and ¢-strongly psuedocontractive selection.

Proof : By Lemma 2.2, T admits a continuous selection such that h(z) € T(x) for all x € E.
Now we prove that h : E — E is ¢-strongly pseudocontractive. In fact, since T : E — CC(FE) is
¢-strongly psuedocontractive, for any z,y € E and u € Tz,v € Ty, there exists j(z —y) € J(x —y)
such that

(u—v,j(x—y) <llz—yl|* = ollz — yl)lz -yl
Especially, letting uw = h(z) € Tz,v = h(y) € Ty, we know that

(h(z) = h(y), j(z = ) < llz = ylI* = ol — yl) |z = yll,

which implies that A : E — FE is continuous and ¢-strongly psuedocontractive. This completes the
proof.

Theorem 4.1 Let F be a real smooth Banach space, T, F : E — CB(E)and A: D(A) C E — 2F
be three set-valued mappings, g : E — D(A) be a single-valued mapping, and N(-,-) : Ex E — E
be a single-valued continuous mapping satisfying the following conditions:

1) Aog: E — CC(FE) is accretive and lower semicontinuous ;

3

(1)

(2) T: E — CB(F) is p—Lipschitz continuous;
(3) F: E — CB(FE) is {—Lipschitz continuous;
(4)

4) the mapping  — N(z,y) with respect to the mapping T is ¢-strongly accretive , where
¢ :]0,00] — [0, 0] is a strictly increasing function with ¢(0) =0 ;

(5) the mapping y — N(z,y) is accretive with respect to the mapping F;
(6) N(Tx,Fx) € CC(E),Vz € E.

Then for any given f € E and A > 0, there exist ¢ € E, w € Tq and v € Fq, which is a solution of
set-valued variational inclusion (1.1).

Proof. For any given f € E, let Sx = f — N(T'z,Fx) — A o g(z) + =. Since E is a smooth
Banach space, J : E — 2F7 is single-valued. From the conditions (1), (4) and (5), we know that

(w=v,j(@—y) <llz—yl* = é(lz —ylllz —yll, Vue Sz,veSy.

This implies that S is ¢-strongly psuedocontractive. Since N(-,-) is continuous, T and F' are M-
Lipschitz continuous, and AA o g is lower semicontinuous, it follows that S is lower semicontinuous
and ¢-strongly psuedocontractive. By condition (6), the operator S : E — CC(FE) satisfies the
conditions of Lemma 4.1 and so there exists a continuous ¢-strongly psuedocontractive mapping
h: E — E such that

h(z) € Sx = f — N(Tz,Fz) — MA(g(z)) + =.

From Lemma 2.2 in Liu and Kang [7], h have a unique fixed point ¢, i.e.,

q="nh(q) € S(q) = f — N(Tq,Fq) — AA(g(q)) + q¢.

This implies that f € N(Tq, Fq) + MA(g(q)). Therefore, there exists w € Tq,v € Fq such that
f € N(w,v) + MAg(q). This completes the proof.

Remark 4.1 Theorem 4.1 generalizes Theorem 3.1 in Chidume, Zegeye and Kazmi [1] in the
following sense: Theorem 4.1 requires the operator Aog is accretive whereas Theorem 3.1 of Chidume,
Zegeye and Kazmi [1] requires that A o g is m-accretive.

Remark 4.2 The proof method in Theorem 4.1 is quite different from one in Theorem 3.1 in
Chidume, Zegeye and Kazmi [1].
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5 Convergence of Algorithms

Lemma 5.1 [8] Let {a,}, {Bn}, {7n} be three nonnegative real sequences satisfying the following
inequality

ap41 < (1 - Wn)an + ﬁn + Yns (51)

for all n € N, where {w,} C [0,1], Bw,, = 00, B, = o(wy) and Ly, < oo. Then lim,_,o a, = 0.

Theorem 5.1 Let E, T, F, A, g be the same as in Theorem 4.1, {a,},{bn},{cn},{al,}, {b),} and
{c},} be real sequences in [0, 1] satisfying the following conditions:

(1) an+bp+cp=a, +b, +c, =1,b,+cy, € (0,1),n>0;

iy 1 . , . , . )
(ii) limy— o0 by = limy, 00 b, = limy, 00 €], = limy, o0 ﬁ =0;

(iii) ¥b, = +o00.
If R(I— N(T(-),F(-)) and R(A o g) are both bounded, N(T(+), F(-)) and A o g are both uniformly

continuous, then the sequences {z,}, {w,} and {v,} generated by Algorithm 3.1 strongly converge
to the solution ¢, w, v of set-valued variational inclusion (1.1).

Proof. By the proof of Theorem 4.1, for any x,y € E,T € Sz,y € Sy, there exist w € Tx,v € Fx
and u € Ty, z € Fy such that

T=x—(N(w,v)+M(g(2))) + f,

y=y— (N(u,2) +AA(g(v))) + f
and
(N(w,v) + A(g(x)) — N(u,z) — AA(g(y)), j(x — y))

= (-2 - (y—9),i(x-y) = o(lz —ylDllz -yl = Alz - y)llx -yl

where A(z,y) = 1+||xf8|\|17¢y(‘|ll)x—y\|) for all z,y € E. This implies that

(x—7—Alz,y)r — (y — 9 — Az, y)y), j(x —y)) > 0

for all z,y € F,z € Sz,y € Sy. From Lemma 2.1, we know that

|z —yll < [lz -y +r((z—2) - Alz,y)z — (y — ¥ — Az, y)y)) |l (5.2)

for all z,y € F and z € Sz,y € Sy, where r > 0 is a constant. Since R(I — N(T'(-),F(-))) and
R(A o g) are both bounded, letting d,, = by, + ¢y, d,, = b, + ¢}, and

D = max{sup{||w —q|| :w € f+2— NTz,Fz)— MA(g(z)),z € E},
sup [[en — gl sup [ fn — qll; lzo — qll} < oo,
n>0 n>0

by induction, we can prove that max{||z, — ¢l|, ||yn — ¢||} < D. It follows from (3.1) and (3.2) that
there exist p, € Sy, and r, € Sz, such that

Tpy1 = (1 - dn)‘rn + bnpn + cpen
= (1 - dn)xn + dnpn + Cn(en 7pn)a (53)
and
Yn = (1 —d))wp + b1 + ¢ (5.4)

for all n > 1. From (5.3), we know that

(1 - dn)xn = Tn+1 — dnpn - Cn(en - pn>7 (55)

23
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for all n > 1. By Lemma 2.3, there exists p], € Szy41 such that

1
[pn —pnll < (1+ Z)H(warh Syn). (5.6)
Therefore, from (5.5), we know that

(I =dp)zy =[1 = (1 = A(@nt1,0))dn]tns1 + dn(l — A(Tni1,9))Tnsa

_d’ﬂp’ln + dn(p;z = Pn) = Cnl€n — Pn)- (5.7)
Notice

(I=dn)g=[1= (1= A@ns+1,0))dn]q + dn(1 = A(2n11,9))q — dng- (5.8)
Combining (5.2), (5.7) and (5.8), we know that

(I=d)llzn—qll > [1-0—A@n+1,9)dn]llTnt1 — ¢
d
n 1-A
+ 1— (1 . A(l'nJrl,(I))dn [( (xn+1aQ))$n+1
= = (1= A@nt1,9)q + dlll = dnllpl, = pall = cnllen — pall

> 1= (1= A@nt1, ))dnll|#ns1 = gl = dnllp, = pnll = 2Dcn,

which implies

1-4d,
loni—all S el —
dp , 2Dc,
T 0 A )ds P P T A ),
< (1= Alenss, @)dn) |20 — gl + Md, o), — poll + 2D Me, (5.9)

where M is a constant. From (5.3),(5.4) and the boundedness of {x,},{yn},{en} and {p,}, we
know that

”(1 - dn)(xn — Yn) + dn(pn - yn) + Cn(en — )l
(1= dn)[(zrn — yn)ll + dullpn — Ynll + callen — pull — 0.

Znt1 — ynll

IN

From the uniformly continuity of S, we know that H(Sy,, Sxn,+1) — 0 as n — oo. Furthermore,
from (5.6), we know that

[P =PIl — 0. (5.10)
Let inf{A(xp+1,q) : » > 0} = r. We assert that » = 0. Suppose that r > 0. Then (5.9) yields that
|Tni1 —qll <A —=rdy)||zn — ql| + Mdy|lpn — pl,|| + 2DMe,,, Vn > 0. (5.11)

Taking oy, = ||zn — q||, wn = rdp, Bn = Md,||pn — p,|| and v, = 0 in (5.1), it follows from the
conditions (i)-(iii) and (5.10) that

YSwp =00, [n=o0(wy), Iy, < oo.

Now (5.11) and Lemma 5.1 ensure that ||z, —¢|| — 0, which means that 7 = 0. This is a contradiction.
Therefore, r = 0 and there exists {||zn,+1 — ¢||} such that

[#n,41 =gl =0 (i — o).
Since {p,} and {e,} are both bounded, from d,,, 11 — 0,b,,+1 — 0,¢pn,+1 — 0 and z,,,11 — ¢, we
know that
Ln;i+2 = (1 - d’ﬂiJrl)xnle + bni+1pni+l + Cni+1€n+1 — G-

By induction, we can prove that x,,,; — ¢ for all j > 0, which implies z,, — ¢. Also, we know that
yn — q. The rest proof is same as the proof of Huang [4]. This completes the proof.

Remark 5.1 Theorem 6.1 generalizes Theorem 3.2 in Chidume, Zegeye and Kazmi [1] in the
following sense:
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1. Theorem 5.1 requires the operator A o g is accretive whereas Theorem 3.2 in Chidume, Zegeye

and Kazmi [1] requires A o g is m-accretive.

2. The Mann iterative scheme in Chidume, Zegeye and Kazmi [1] is replaced by a new Mann

iterative scheme with errors.

Remark 5.2 The proof method in Theorem 5.1 is quite different from one in Theorem 3.2 in

Chidume, Zegeye and Kazmi [1].
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1 Introduction
In this paper, we study two-point boundary value problems of the form
Yy :g<x)+f(xayay)> (1>

subject to the boundary conditions

y(0) = A,y(c) = B.

Where f is continuous on the set D = {(x,y,y )|z € [0,c] or z € [¢,0],y,9 € R}
and g(z) is given function.

Two-point boundary value problems occur in applied mathematics, theoretical
physics, engineering, control and optimization theory. Several numerical methods for
solving two-point boundary value problems were studied in[3,5,6,8,9]. The Adomian
decomposition method (ADM) has been studied by many scientists [1,2,11] for solv-
ing differential and integral problems in many scientific applications. It decomposes
the solution into the series which converges rapidly.

In this work, anew modified of the ADM is proposed to overcome difficulties oc-
curred in the standard ADM for solving two-point boundary value problems, namely,
the modified ADM (MADM). Main idea of the MADM is to create a canonical form
containing all boundary conditions so that the zeroth component is explicitly de-
termined without additional calculations and all other components are also easily
determined.

This paper is organized as follows: in sections 2, the proposed method is ana-

lyzed. Several numerical illustrations are demonstrated in section 3.

2 The method

We propose the new differential operator, as below

d d
I = -1 > 2% -1 )
Tod dr (2)

27
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so, the problem(1) can be written as,

Ly = g(z) + f(z, 9,y ). (3)

The inverse operator L' is therefore considered a two-fold integrals operator, as

below,
L) :ZE/ x_2/ x(.)dzdz. (4)
c 0
By operating L™! on problem(3), we have

(B—4)

- v+ L7 g(x) + L7 f(z,y,y), (5)

y(x) = A+

where

y(c) = B,y(0) = A.

The Adomian decomposition method introduce the solution y(z) and the nonlinear

function f(z,y,y’) by infinite series

y(.ﬁlﬁ) = Zyn(aj)v (6)
and .
fle,y,y) = A, (7)

where the components y, (x) of the solution y(x) will be determined recurrently. Spe-

cific algorithms were seen in [12] to formulate Adomian polynomials. The following

algorithm:
Ay = F(u),
A= F/(uo)ul,
Ay = F () + %F (uo)ti2,
Ay = F (ug)us + F (o) uruz + — F" ()i, (8)

3!
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can be used to construct Adomian polynomials, when F'(u) is a nonlinear function.

By substituting(6)and(7) into (5),

Zyn :A—i—gx—kL_lg(x)%—L_lZAn. 9)
n=0 n=0

c

Through using Adomian decomposition method, the components y,(z) can be de-

termined as
(B—A)

PR + L 1g(x), (10)

Yo=A+
Yn+1 = L_lAnan Z 07

which gives
(B—4)

Yo = A+ . r+ L tg(x),
y1 = L™ A,
yp = L1 Ay,
ys = L' As, (11)

From (8) and (11), we can determine the components y,(z), and hence the series
solution of y(z) in (6) can be immediately obtained. For numerical purposes, the

n-term approximant
n—1
=y, (12)
n=0

can be used to approximate the exact solution. The approach presented above can
be validated by testing it on a variety of several linear and nonlinear initial value

problems.
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3 Numerical examples

In this part we present four examples. The first and the second examples are consid-

ered to illustrate the method for linear two-point boundary value problems. While

in third and fourth examples we solve a nonlinear two-point boundary value problem.

Example 1. Let us consider the following linear problem[4,7] :

"

y =y —e V1, 0<az<l,

The exact solution is y(z) = z(1 — e®~Y).

In an operator form, Eq.(13) becomes
Ly=vy —e® V1,
Applying L™ on both sides of(14) we find
y=LY =D 1)+ LY,

Using Adomian decomposition for y(x) as given in(6)we obtain

= 1 3z =z 2° L =
Y ) = -+ I et Yy

The components ¥, (z) can be recursively determined by using the relation

1 3z =z

This in turn given

12 2e+4 2¢ 6

T, N Tz N Y N w2 at
= — — € _— _— e — - — — — — —
2= 5 12¢ " 24 e 4 6e 24

(13)

(14)
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In Fig. 1 we have plotted Z?:o y;(x), which is almost equal to the exact solution
y(r) = 2(1 — @),
Example 2. Let us consider the following linear equation[9]:

y =y+4cos(z), 0<z<l, (15)
Subject to the boundary conditions

xT

The exact solution is y(z) = ¢1e” + cpe™® — cos(z)/2,where

—3 cosh(1)43sinh(1)+cos(1)+2 Co — 3 cosh(1)+3sinh(1)—cos(1)—2

a = Zsinh(1) C2 = Zsinh(1)

In an operator form, Eq.(15) becomes
Ly =y + cos(z). (16)
Applying L™ on both sides of(16) we find
y=1+ L (cos(z)) + L'y,

Using Adomian decomposition for y(z) as given in(6)we obtain

i Yn(2) =2 — 2 4+ xcos(1) — cos(z) + L™ i Yn-

n=0 =
The components y,(x) can be recursively determined by using the relation

Yo =2 — x + xcos(1) — cos(x),

Ynt1 = L_lyna n > 0.

31
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This in turn given

Yo =2 — x + xcos(1) — cos(x),

y1=—1+ % + 2% — %3 — gx cos(1) + éx3 cos(1) + cos(x),
217 22 2 2t x® 427x T3
Yo = 1 — 360 —5—1—%4—@—%4- 360 COS(l)—%COS(l),
9649 2%  217x% 2t 2P 20 x7 3593x
3= 1+ 550 2 ~ 160 21 T 360 T 360 5010 302z <Y

42 3 5 7
+ 2176% cos(1) — %IO cos(1) + 5g4O cos(1) + cos(x),

This means that the solution in a series form is given by

y(x) = yot+yi+ya+ys+... = 1-0.889108z+ 22 —0.1475523+0.04166672* —0.007694862°

+0.002777782°% — 0.0000912099z7 +- ...

Note that the Taylor series of the exact solution with order 7 is as below

y(x) = 1 — 0.888758x + % — 0.1481262° 4 0.0416667z* — 0.007406322°

+0.0027777825% — 0.0001763412" + ...

Example 3. Let us consider the following nonlinear problem:

y =y +2—2t, —2<z<0, (17)

Subject to the boundary conditions

The solution is y(z) = z?.
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In an operator form, Eq.(17) becomes
Ly=v9>+2—2" (18)
Applying L™! on both sides of(18) we find
y=—2x+L 12—+ L2
proceeding as before we obtain

16z, af
15 30
Yns1 = LA, n>0.

Yo =

By using A reliable modification in[10] we get

Yo =T,
16z  2° = 16z 936+ /x _2/’” (Ydedz =0, (19)
h=——¢ "5~ 0= ——7— — o= T r(x”)ardr = 0,
15 30 15 30 2 0

Example 4. Consider the following nonlinear problem[8]:
y' =1y?+ 2% cos(2mx) — sin*(rz), 0<z <1, (20)

with the boundary conditions

The exact solution is y(z) = sin®(7z).

In an operator form, Eq.(20) becomes

Ly = y* 4 2n% cos(2mx) — sin'(7x). (21)
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Applying L™ on both sides of(21) we find

y = L(2n? cos(2mx) — sin®(wx)) + L™ 1y2,

proceeding as before we obtain

cos(2rx  cos(2mx

cos(4dmx 3z

1 N 15 32
o=5T 182" 16 9
Yn+1 = L_lAna

872 12872 ' 16’

n > 0.

In Fig. 2 we have plotted >_,_,4i(x), which is almost equal to the exact solution

y(z) = sin®(7x).
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Abstract
Equipped with a new topology, necessary conditifmmsconvergence of sequences of
ultradifferentiable functions of rapid descents at#ained .The Cauchy and Poison
integrals of a certain space of tempered ultradigions are shown to be well-defined.
Boundedness theorem is , then, verified.
Keywords: Cauchy and Poison integrals, ultradifferentiablaction, Roumieu type

tempered ultradistribution, Beurling type tempeunéidadistribution.

1. Introduction

Let C be an open convex cone, with ver@xin R", such thatC does not contain any

entire straight line. LelC denote a compact subcone ©f and, T® = R" +iC is the

corresponding tubular radial domain of C. Then,@aeichy kernel corresponding to the

tube T° is defined by [cf. [2, 4]]
K(z-t)= jexp(i(z—t n))dn, (1.1)

where,zOT° tOR ,andC’ :{tD R" ))t,y( = Ofor alIyDC} is the dual ofC.
The a's and b:s, wherever they appeair,j = 0,1,2...,are to be considered as sequences
of positive real numbers on which the constraimpased are [cf.[9,p.66]]
(i) ai2 <a,a.,i=12,.;
bj2 <b.b.,,j=12,.;

(i) SS >0andT,T, >1 are constants such that
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a <ST mina,a_, i,k = 012....;
b < ST/ Org(isr]]akaj_k,j,k =012,...;
(i)  There are constang Tsuch that

ih <Si i,i =12,...;

K=i+1 Ay &y

© b

> %sij—J,j =12,..
k=j+1 j+1

Let the sequencdb,) satisfy (i), (ii) and (i) and, thab, /(jb;) is almost
increasing. Then the associated function(bjf) is defined by [1, p.31]
b'(p) =suplog(p’ jib, /b, Jo< j <o . (1.2)
For our main results we define (ébj) and (aj) the respective associated functiob{)

anda(.) where
b(o)= jsDuNpog(pi /b,)
and . (1.3)
a'(p) = supog(o' /2,)

iON,
At times, (ii) and (iii) are replaced by the weakenditions
(i)  a, <STa,i=012..;
b.,<ST'b,j=012..;
iy Y 3icw |
i=1 a1
and
im< 00
=Y
respectively.
Functions possessing a property that, they and plaetial derivatives decrease to zero,

agx| - «, faster than every power df|X , are said to be of rapid descent or rapidly
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decreasing functions. The ultradifferentiable fime$ are defined to be the set of all

infinitely smooth functions €~ -functions) whose derivatives satisfy certain gtowt

conditions as the order of the derivatives increase

We denote byﬁ{:}}( R“)the set of all infinitely smooth complex valued étions ¢(x),

on R",such that for certain positive constaAtsBandE, depending org , the relation
x”géﬁ)(x)\ <EATBIg (1.4)

remains true for arbitrarg, 0N/ (N U{0}).

Elements satisfying (1.4) are , indeed , ultradéfeiable functions of rapid descents in

the sense of Roumieu and therefore are calleddiffeeentiable functions of Roumieu
type.
The dual spacéS{'t{)ia}‘}(R”) of the function spaceﬁ{:}}( R‘)is called the space of

tempered ultradistributions of Roumieu type(§ge, [6] and[5]).
However, it will be interesting to know that sudlradistribution space we define in this

article and the ultradistributions we introduce [8] as well as the spaces of
ultradistributions constructed by Carmichael,RPathack ,R.S. and Pilipovic, S. [4]
generalize the Schwartz spaBeof tempered distributionho]. That is,S' [ S{{bj’}} This
.due to its construction, can not be appliedtferultradistributions appear [8] , [7]
and[g] which are duals of a Zemanian spasf Fourier transforms of test functions of
bounded support .

Norms onﬁ{:]} can be defined by

fAB() p |X (0('3 )1

Adglfly \ﬁ’\

xDR"

taking into account that conditions agn, A andB arealready mentioned in (1.4) .

2. Convergencein the Space 51{:]}
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Let quSfj]}( F\"). On %{;‘}} , we define a norm by virtue of the equation

’7A,B( SUp

where A , Bare constants dependent pranda (|X/ A have significance of (1.3).

With this topology, we prove certain theorem justi§ convergence of sequences as
follows

Theorem 2.1. Let a,=b,=1. Then, a necessary condition for a sequence
(6,) 05 (R") to converges to zero, as— , is that

Nas(8,) - 0 asv - o .
Proof. Let qu%{:}}( F@) . The relation (1.4) implies that

x“6\7) (x)|

TR
AT B g, b,

<o , a,fFON, .

Therefore,

X”H(f)(x)|
A g - (1.5)
i By

uniformly in x as|a|+|f - « .
We have,

X7 X6 (x) 4

A4 G-V T

B”a,h, A"B"a,h, (X

Since]/(A‘”‘qa‘) and :I/(B"’]‘qﬂ‘) are both bounded, we have

x? 6P (x
o gA i < E’ (1.6)
A" B g, D,

for all [{=k>1 and some constart.

Let [X — oo, right hand side of (1.6) converges to zeraig@ ON; . This together with

(1.5) implies that for some, OR", a,,8, DNy we have
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ACEE

oo f) ()

”2’55 A"Ba, b, A"IBMg, b, 0
By virtue of (1.3) and (1.7) we obtain
Xl (x,) ) 67 (x) expal()/ A | w9
A B, by " B”b,

Combining (1.7) and (1.8) then yields
Ensl(6,)=na6(6,)- (1.9)
Hence as/ - o, &,,(6,) -~ 0, wheneven,,(8,) - 0.
Conversdy, due to analysis which is alike to that in thetfpart, we have
‘Xa#ﬁ)(xx
A",

uniformly in x OR", BONg, as|x — o, similarly,

0 (1.10)

xg?(x)
A8 a,b,

uniformly in @, BONg, as|X - o,

0 (1.11)

and,

a,{B)
A"B"a, b,

uniformly in @ ONg, x OR", as|f - «.
Owing to (1.10), (1.11), (1.12) and (1.3) we fiogl 5, 0N, and x, OR" such that

N ’ng(ﬁ)(x)expa'q)q / AL x60(x) ; X6 (x)
o By A“B gy o A'B a b,

XOR"

Hence,7,5(6,) < &a5(6,) . Allowing v - o, completes the proof of the above theorem.

In view of Theorem 2.1, following theorem is true.
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Theorem 2.2. Let a, =b, =1. For every f D%{j}}( R“), there is a constantl >0 such

that

(s ,9>‘sdsup‘9(m(x)e)(p a(x/A)

1Bl
BOND B
XEIRno q'g‘

for all HDS{{S}}( R’“) .

3. Cauchy Integral of Tempered Ultradistributions
of Roumieu Type

We mainly devote this section to theorems justifying ti&inition of the Cauchy and
Poison integrals of tempered ultradistributiona jparticular ultradistribution space and
further, we verify arelated restricted theof@mthe boundedness of kernels as

follows.

Theorem 3.1. .Let the sequendg, ) satisfy(i) and(iii)' and, z OT°but fixed. Then,

K(z-)os(R) |
as a function ot(t 00 R”) :
Proof. Let § be the surface area of the unit spher®inc=0, =4y , 5= d(C) >0

and y(=Imz)OC' be a certain compact subcone®f. For a fixedz OT® andn-tuple
[ of non-negative integers satisfying
IDFK(z-t) < S, (20) ™ (n+(3) . (3.1)
Lemma 1 in [2] ,then, implies that
K(z-t)oc*,

as a function ot JR".

L
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Without lose of generality, we may assuyfje:|a|. By virtue of [1, Lemma 4.1] and

condition (iii)', we have

1Bl/2)s ~0, (3.2)
as|al,|4 - o . Further
Ya,, — 0, aslal|f - . (3.3)

The fact thata,, /a, vanishes aftefa|-step and, properties of Gamma functions,

r(n+|8)=(n+|8-1)(n+|8-2).nr(n), yields that

axuinﬂﬂ)—rm{yf%a’]U”*ﬁﬂq}{orﬂﬂhﬁﬂ} (3.4)

YA Pa,h, | yLab | ptab, T 7,
Employing (3.2) and (3.3) in (3.4) then yields
ahr (n+[p)
e b,
as|al,|4 - «. Therefore,
r(n+|)< Ry ¥a, b, , (3.5)

for some constanR >0.

With the aid of (3.5) and (3.1) we have
1| (z- 9| s|{" so7 " r( n|A)
< R|t|‘a‘ 31(2770)_"_"8‘J)auﬁ‘l—w%\qp\ _
Setting E = Qt|‘”‘ SnR)/ (2mo)', A=y andB=Ly/(2m0) the above inequality is
interpreted to mean
1" |DfK(z- )< EATE g b, .
This completes the proof of the theorem.

Now, letU DS'}:%(Q),Q 0 R, andz be an arbitrary but fixed if®. Then, with the aid

of the above theorem, we may define @auchy integrabf U to be the map
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CU;z)=, K(z-t)tOQ. (3.6)

Theorem 3.2. Let U Dsm( R‘),Q O R. Letthe sequenc(bj) satisfy condition§) and

(i) and, (a) satisfy (i). For an arbitrary compact subcon€ of C and some
t= t(C')> 0, we have the existence of constaR@nd o such that the inequality
(cUix) < pexdp’ (R/y))+a (t/A) (3.7)

holds true.

Proof. Upon employing Theorem 2.1, (3.1) then yields
C(U:x) =ku., K(z= 1)

. Sup|Df’K(z— t)expa'(|t|/ A)|
- @‘3 B\/”\qﬁ‘

<D deF(d +|ﬁ|)exm'qt|/A)
o, fondy

where,d is the dimension and is certain positive constant.

Letp=|4+d, g=dand the sequenc(bj) satisfy (ii) . We have

Bga < S0

for some constarg >0.
ie [y, )<(stby)/b,.
Hence, settingp = (DS,B%, )/(ph,) and, employing the fact thay'B” = B*(1/B")
implies
c(U;2) < D((s, B, (p)s"byexex (1] A))/ (2728]y) b,
= D((s,B%, )/(pb, Y57 P, )/ (2783)y|)"D, ) exem 1)/ 2)
< p exp sgplog((S_L/(ZzBdlpr p!bo)/bp) exm’ﬂt|/A). (3.8)

The notationsg,d have the usual meaning in Theorem 3.1. SetfwgS /272B and

considering (1.2), relation (3.8) produces (3.7) .
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This completes the proof of the theorem.

4. Poison Integral of Tempered Ultradistributions
of Roumieu Type
Let C be an open, convex cone aadIT®be arbitrary but fixed, the Poison kernel
related to a tubular radial domalirf is defined by

Q(zt)= K(z _Kt()zlfy)z BUSSS (4.1)

where K(z;1) stands for the Cauchy kernel corresponding tduthe T° .

Lemma 4.1. Under the assumption that the sequelﬁag satisfies(i) and (iii)', the

Poison kernel
Q(zt)O q‘;ﬂ(Q)
as a function ot DQ(D R“), wherez OT¢, but fixed.

Proof. of the above Lemma is similar to the proof consdein Theorem 3.1 .The
detailed analysis is thus avoided .
As a consequence of Lemma 4.1, the generalmasion integralof tempered

ultradistributionU 0S¥/ (Q) can be defined as

P(U;2)=U,.Q(zt)) , (4.2)

zOTC.
It is apparent from definitions that Theorems &2l 3.1 can similarly be verified for

the Poison integral .

Remark. Denoting byS{,’j?f(R”) the set of all complex valued infinitely diffeteable
functions ﬂx) such that (1.4) holds for some constarand arbitrary constants and B,
the elements olS(Q}(R”) are ultradifferentiable functions of rapid descehBeurling
type and ,therefore ,the corresponding duslg’j‘))(R“), consists of tempered ultra-

distributions ofBeurling type.
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It is apparent from definitions thaﬂS@))(R“)DSﬁ(R”) and ,thus, continuous
linear functionals orﬁfﬂ(R”) are, indeed , continuous linear functionals%(R”) :
i.e
SR sR).
To consider the Beurling type ultradistributions(3.5) and (4.2) can be confirmed

similarly.
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INVERSE OF SOME CLASSES OF PERMUTATION BINOMIALS

AMELA MURATOVIC-RIBIC

ABSTRACT. In this paper we will find inverse polynomials of some special
classes of permutation binomials. Both considered polynomials and their in-
verses are easy to calculate and have only a few nonzero coefficients what
makes them suitable for applications.

In this paper We consider three known classes of permutation binomials and
find their inverses. Inverses of two considered classes are actually new classes of
permutation polynomials (PP).

Let p be a prime, let n be a positive integer, let ¢ = p™ and let F; denote the
Galois field of order ¢. Let f(X) = Z?:_g a; X" € F, be a PP then its inverse (see
3]) is f~H(X) = S22 b X7 where

g—1-j)! tq—
(1) bj = ZMCLSO@? ,..aqq_;,
and sum is over all integers t; > 0, 0 < j < g—2such that to+t1+- - -+t4—2 = g—1—7
and ¢ + 2t + - + (¢ — 2)tg—2 = (¢ — 2) mod (¢ —1).
It is known that there are permutation polynomials of the form

q—

2) F(X) = X7 +ax
where d|(¢ — 1) and a € F,(see [1, Theorem 4.3]).

Proposition 1. The inverse of the permutation polynomial (5) is of the form
d—1
FTHX) =D by X
s=0

where
qg—1

je=s +1, s=0,1,...,d—1,

and its coefficients are given by

—14+d—s—js
Lq +db Jéj

o q—1—7s (g—1—js+d—ud—s)
TR Y N SR I -

u=1

Proof. An application of the formula (1) to polynomial (5) gives
_ g—1—=7\ 4
3) b= ( ; ) a
where 0 <t <g—1-—7j and

(4) t+(g—1-j—t)—
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Last equation is equivalent to

. —1+d
t—&-(q—l—j—t)qT:u(q—l)—l
where u is a positive integer. Solve it for ¢ to get
. j—1
t=(q—-14+d—ud—j)—d——:.
(g—1+d—ud—j) 1

As ¢ — 14+ d— du — j is an integer, the fraction dg%} has to be an integer too.
Therefore

i —1
P —s  sez,
q—1
which gives
q—1
= 1
Jj=3s d +
But 0 < j < ¢ — 2 implies that
-1
jo=sI" 241 s=0,1,....d—1.

d
Condition 0 <t < g — 1 — j5 implies that

0<qg—14+d—ud—js—s<qg—1—7s.
Therefore u satisfies

g—1+d—s—Jj

1<u<
SU> d

which gives

qul+ddfs*jsj ) )

o q—1=Js (q—1—js+d—ud—s)

b; (q—l—js—i—d—ud—s)a H

u=1

Specially (see [2, Theorem 7.11 and Remark 7.12]) consider the case d = 2. Then
(5) F(X)=X" +aX
is a PP if ¢ is odd and a = (¢* + 1)(c¢? — 1)~ for ¢ € F} such that ¢* # 1.
Proposition 2. The inverse of the PP (2) is of the form
FTHX) =ben X5 4y X
where its coefficients are given by

b {((1+a)q23+ 1—a)= )27, if L s even
g+l = . —

a—3 .
L s odd

—~
—
—_
+
)
~—
N
I
—~
—_
[
9
~—
[\
|
—
Y
=]
[

and



RIBIC :... PERMUTATION BINOMIALS

INVERSES OF PERMUTATION BINOMIALS

Proof. An application of the formula (1) to polynomial (2) gives

_ q—1—-7\ 4
(©) b= ( ; ) ‘
where 0 <t <g—1—j and
. g+1 _
(7) t+(@—1-j—t)=7— = (¢~ 2)(modg —1).
Last equation is equivalent to
) +1
t+(q717jft)q7:u(qfl)fl
where u is a positive integer. Solve it for ¢ to get
) — 1
B T
qg—1
As ¢+ 1 —2u — j is an integer, the fraction 22%} has to be an integer too. Also
0 < j < q— 2 implies that

t=(qg+1-2u—j)

j=— or j =1

For j =1, t = ¢ — 2u and the condition 0 < ¢ < ¢ — 1 — j implies that 1 < u < 4+
which gives

q—1

by — Z < -2 > a2 = (14 a)T2 — (1 —a)"2)27 ",

— q—2u
For j = L ¢ = %1 _ 9, —1, and condition 0 < < g—1—j implies 1 < u < 4%
and therefore
L4t _ a=3 48\ 1 g1 .
boss — i ( ng >aq21_2“: (14+a) is—&—(l—a) :)2 L if 221 is even
T 2\ -2 (14+a)= —(1—a)*=)27%, if 45 is odd.

Example 1. Let ¢ = 13, a = 2, L;l = 6 is even. For the polynomial f(X) =
X7 +2X we have

by = (1+2)7'=(1-2)7H2" =5
by = (1+2)7 +(1-2)7)27 1 =4,
and therefore f~1(X) = 4X7 +5X.

Example 2. Let ¢ = 7, a = 4 then g = 3 is odd. For the polynomial f(X) =
X* +4X we have

b = (L+4)7' -(1-497)27" =4,
by = (1+4)2-(1-4H27t=1
and therefore f~1(X) = X% +4X.

Consider now a class of PP (see [4, Theorem 1.])

(8) f(X) = X"(X"+1)

O

49
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where 3|(¢ — 1), u and v are positive integers, (v,q — 1) = ‘15—1, (u, L) =1,
u # v(mod3), and 2(¢~1/3 =1 in F,. Let v = zqg—l, z=1,2.
Proposition 3. The inverse of the polynomial (8) is a permutation trinomial

FHX) = by, X] +bj, X7 + b, X0,

. . . . . . q—1
where for co being the least positive solution of the Diophantine equation 5=c —
uY =1,
g—1
LT=eg—1 -1
jo=g—1- 3" _ 57 for s=0,1,2,
U

h = ¢y + us(mod2) and

bj, = M(q— 1—js,3,(q—1—js+ we=—1-Jj)+1 _ %)(mod?)))(modp).

Proof. An application of the formula (1) to PP (8) gives that

(9) bj=Z<q_1_j)

where 0 <t <¢g—1—7 and
ut+(u+v)(g—1—j—1t)=(¢q—2)(modq — 1)

which is equivalent to

(10) ut+(u+v)(g—1—j—t)=—1+m(g—1), m>1,meZ

Solve this equation for ¢ to get
(11) t=(qg—1-j

Letm:zk+ﬁ,ﬁ20,1, then

HU(qflfj)*m(q*lHl.

t:(qflfj),g,kJer%
v z

which implies
ulg—1—-47)+1 3h
v z
Condition g.c.d.(u, %) = 1 implies that Diophantine equation %c —uY =1 has
solutions of the form ¢ = ¢g+ suand Y = (¢ — 1 — j) = Yy + sv, where ¢ is the
least positive integer that solves this equation, yy correspond to ¢y and s € Z. Now

u(g—1-j)+1 3h ¢ 3h

€ Z.

=—-——€cZ
v z z z
which implies that h = ¢o + su(modz) = h and
j=q—-1——=——¢cZ.
U
On the other hand
g—1
Fe—1 . . 3
1< —=——<(¢g—1) implies 0<co+su§3u+71.
U q—

If g — 1> 3 then 0 < 5 < 2 and thus the only non-zero coefficients of f~! are for
-1
e —1 - 1

f =0,1,2.
w 3 or s

js:q_l_



RIBIC :... PERMUTATION BINOMIALS 51

INVERSES OF PERMUTATION BINOMIALS

If ¢ —1 < 3 the inverse has at most three nonzero coefficients for every PP. Formula
(11) and 0 <t < ¢ —1— js imply that

b;, :Z (q_lt_js>

t
where sum runs over all £, 0 <t < ¢ —1— j, of the form

u(q—l—js)—i—l_%

t=(q—1-js)—3k+ . — k>0, keZ
Therefore, (see [4, Lemma 4.])
. . u(lg—1—7s)+1 3h
bj, =M<q—1—3s,3, (q—1—js+ (a ” Js) —?)(m0d3))(modp)D

Example 3. Let ¢ = 25, f(X) = X(X®+1). Then u =1, v =8 and ¢y = 1.
Inverse has nonzero coefficients for indices jo = 17, j; = 9 and jo = 1. Coefficients
are

b = M(7.3.(7 4 1)(m0d3)) = 22 (mod5) =
by = M(15,3.(15 + 2)(mod3)) = 2oL (mods) = 3
b = M(23.3.(23 4 3)(mod3)) = 2t (mods)

and thus f~1(X) = 2X'" + 3% + 3X.

Example 4. Let ¢ =25, u =3, v =16 and f(X) = X3(X!6 4+ 1).
Jo =19, 71 = 11 and jo = 3. Then
213 _ 9
3

bio = M(5,3,0) =1, by = M(13,3,2) = =0 by=M(21,3,1) =

and thus f~1(X) = f(X) = X9 + X3,

Remark 1. In ([4, Remark 1.]) it was shown that f(X) = X*(X"+1) permutes
the F, if and only if g(X) = X“(X" +a), a® =1 permutes F,. Inverse of the
polynomial g(X) has the same form and coefficients are given by

ulg—1—js)+1 3h

bj, =a"M(q—1-7s,3,(¢—1—js + " - 7)(mod3))(modp)

where m = (¢ — 1 — js + 7“((171;]'5”1 - %)(mod3).

Consider now a new class of (PP). Let 5|(¢ — 1), u and v are positive integers,

(v,q—1) = T (u, &= =1, v+ 2u # v( mod 5), and 26¢=1/5 = 1 in F, and
(1+‘[)7 + (= ‘[) T = = 2(modp). These conditions are sufficient and necessary
for polynomial

(12) fX)=X"“(X"+1)

to be a PP over field Fy,( see [4, Theorem 2]). Let v = Q;slz where 1 < z < 4.
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Proposition 4. The inverse of the polynomial (12) is a PP of the form
FHX) = bj, X+ bj, X7 + by, X724 bj, X7 4 by, X7,

or ¢o being the least positive solution of the Diophantine equation =tc —uY =1,
g p /4 q 5

ey -1 q-1
jo=q—1—-2 il —sq for s=0,1,2,3,4,
U )
h = ¢p + su(modz) and
—1—j)+1 5h
bj, = M(q— 1—js,5,(q—1—js+ ulg ” Jo)H1 - 7)(m0d5))(m0dp).

Proof. Proceeding in the same way as in the proof of Proposition 2. coefficients
are given by

g—1—7
(13) b= ( . J)
where sum is over
u(g—1-j)—m(g—-1)+1

q—1
275

t=(—-1-j)+ ,m € Z,m > 1.

Diophantine equation c% — Ywu = 1 has solutions in the form ¢ = ¢y + su and
Y = (¢—1-j) = yo + sv where ¢ is the least positive such solution and s € Z.

Let m=zk+ h where 0 < h<zand k=0,1,2,.... Now

u(g—1—-j)+1 5h
v z

t=q—1—j+ — 5k

and ¢ can be integer if “(q%_lj”l =cop+su € Z and h = ¢p+su(mod z). Therefore

coqgl—lisqfl

U )

As 0 < js < g —1 then s can take values s = 0,1,2,3,4. Coeflicients of the inverse
(see [4, Lemma 5. and formula (1)]) are given by

u(g—1-js)+1 5h

js:qflf

Remark 2. In ([4, Remark 2.]) it was shown that f(X) = X*(X"+1) permutes
the F, if and only if g(X) = X“(X”+a), a° =1 permutes F,. Inverse of g(X) is
having the same form as inverse of f(X) just its coeflicients are given by

ulg=1-js)+1 %)(mod@)( mod p)

bjs:amM(q—l—js,5,(q—l—js—|— 0

where m = (¢ — 1 — js + w — 21)(mod5).

Example 5. Let ¢ = 81 and f(X) = X(X'® +1)sou =1 and v = 16.
Diophantine equation has the form 16X —Y =1 so ¢y = 1 and thus

Jo=065 j1 =49, j52=33, js=17, ja=1
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bes = M(15,5,1) = M(14,5,0) + M(14,5,1) = 1
bie = M(31,5,3) = M(30,5,2) + M(30,5,3) = 2
bz = M(47,5,0) = M(46,5,0) + M(46,5,4) = 1
bi; = M(63,5,2) = M(62,5,1) + M(62,5,2) = 2
by = M(79,5,4) = M(78,5,3) + M(78,5,4) = 2.

Inverse polynomial is
FHX) = X% +2X% + X3 4 2x1T 42X

Example 6. Let ¢ = 81 and f(X) = X3(X3? + 1), then u = 3, v =32, 2 = 2
and cg = 1. We have

Jo=1T15, j1=059, Jja=42, j3=27, jys=1L
Inverse polynomial is f~1(X) = X7 +2X59 4 X43 4 2X27 4 2x 11,
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Abstract
In this paper, the aim is to solve the functional differential equations in the
following form using multiquadric approximation scheme,

u'(t) = f(t,u(t), u(a(t))), t1 <t <ty, 1)
u(t) = o(t), t<t,

where f : [t1,tf] x R x R — R, «(t) is a continuous function on [t;,t;] and
¢(t) € C represents the initial point or the initial data.

We present the property of multiquadric approximation scheme and its advan-
tage of using the data points in arbitrary locations with arbitrary ordering. In
the sequel, presented numerical solutions of some experiments, illustrates the
high accuracy and the efficiency of the proposed method.

Keywords: Multiquadric approximation scheme; Delay differential equations; Functional
differential equations; Pantograph equations.
2000 Mathematics Subject Classification: 65N; 65L.10; 65N55.

1. Introduction

The multiquadric (MQ) approximation scheme is an useful method for the numerical
solution of ordinary and partial differential equations (ODEs and PDEs). It is a grid-free
spatial approximation scheme which converges exponentially for the spatial terms of ODEs
and PDEs.

The MQ approximation scheme was first introduced by Hardy [2] who successfully applied
this method for approximating surface and bodies from field data. Hardy [3] has written a
detailed review article summarizing its explosive growth in use since it was first introduced.
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In 1972, Franke [4] published a detailed comparison of 29 different scattered data schemes
against analytic problems. Of all the techniques tested, he concluded that MQ performed
the best in accuracy, visual appeal, and ease of implementation, even against various finite
element schemes.

Functional differential equations are considered as a branch of delay differential equa-
tions (DDEs). DDEs arise in many areas of mathematical modeling. For instance, popula-
tion dynamics, infectious diseases, physiological and pharmaceutical kinetics and chemical
kinetics, the navigational control of ships and aircraft and control problems. There are
many books to the application of DDEs which we can point out to the books of Driver [5],
Gopalsamy [6], Halanay [7], Kolmanovskii and Myshkis [8], Kolmanovskii and Nosov [9]
and Kuang [10]. Some modelers ignore the ‘lag’ effect and use an ODE model as a sub-
stitute for a DDE model. Kuang ([10], p.11) comments under the heading “Small Delay
Can Have Large Effects”, on the dangers that researchers risk if they ignore lags which
they think are small; see also El’'sgol’ts and Norkin ([11], p.243 et seq.). Other modelers
replace a scalar DDE by a system of ODE in an attempt to simulate phenomena more
appropriately modeled by DDEs .There are inherit qualitative differences between DDEs
and finite systems of ODEs that make such a strategy risky. The fact that many phenom-
ena frequently modeled by ODEs can be bettered modeled by DDEs has not escaped the
attention of the numerical analysis community. It is bettered to discuss about the DDEs
independently and try not to enter issue of ODEs in the problem which it is a complete
DDE problem. Many different methods have been presented for numerical solution of
DDEs such that we can point out to the Radau ITA method ([12]), Runge-Kutta method
and continuous Runge-Kutta method ([13] and [14]).

In the following of these methods, we are interested to solve functional differential
equations (FDEs)(1) of DDEs by the MQ approximation scheme, because this method of
solution works excellently, particularly when the data are scattered. The organization of
this paper is as follows: Section 2 is devoted to introduce the MQ approximation scheme
and its preliminary concepts. In Section 3 we have applied the MQ approximation scheme
to equation (1). In Section 4 we have presented some experiments and their numerical
results which illustrate the efficiency and accuracy of the proposed method.

2. MQ approximation scheme

The basic MQ approximate schem assumes that any function can be expanded as a
finite series of upper hyperboloids,

N
ut) = ajh(t —t;), te R, (2)
j=1

where N is the total number of data centers under consideration, and
ht—t;)=((t—t;)*+ R}z, j=1,2,...,N.

(t—tj)2 is the square of Euclidean distance in R% and R? > 0 is an input shape parameter.
Note that, the basis function h is continuously differentiable, and is a type of spline
approximation.
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The expansion coefficients a; are found by solving a set of full linear equations,
N
u(tz) :Zajh(ti—tj),i:1,2,...,N. (3)
j=1

Zerroukut et al [15] found that a constant shape parameter (R?) has achieved a better
accuracy. Mai-Duy and Tran-Cong [16] have developed new methods based on radial basis
function networks (RBFN) for the approximation of both functions and their first and
higher derivatives. The so called direct RBFN (DRBFN) and indirect RBFN (IRBFN)
methods where studied and it was found that the IRBFN methods yields consistently
better results for both functions and derivatives. Recently, Aminataei and Mazarei [17]
stated that, in the numerical solution of elliptic PDEs using direct and indirect RBFN
methods, the IRBFN method is very accurate than other methods and the error is very
small. They have shown that, especially, on one dimensional equations, IRBFN method
is more accurate than DRBFN method.

Micchelli [18] proved that MQ belongs to a class of conditionally positive definite
RBFN. He showed that the equation (2) is always solvable for distinct points. Madych
and Nelson [19] proved that the MQ interpolation always produces a minimal semi-norm
error, and that the MQ interpolant and derivative estimates converge exponentially as the
density of data centers increases.

In contrast, the MQ interpolant is continuously differentiable over the entire domain of
data centers, and the spatial derivative approximations were found to be excellent, most
especially in very steep gradient regions where traditional methods fail. This excellent
ability to approximate spatial derivatives is due in large part by a slight modification of
the original M(Q scheme by permitting the shape parameter to vary with the basis function.

Instead of using the expansion in equation (2), we used from ([20] — [22]) the following:

N
u(t) =Y ajh(t—t;), te R, (4)
j=1
where )
h(t—t;) = ((t—t;)*+ Rz, j=1,2,...,N,
2 2 Rgmw (4=1) .
R]:len(Rz )N_l) j:1)2) ;N)
mn
and
R2,, >0
RZ, .. and R% . are two input parameters chosen so that the ratio
Z’zm =~ 10 to 10°.

min

Madych [23] proved that under circumstances very large values of a shape parameter
are desirable. The adhoc formula in equation (4) is a way to have at least one very large
value of a shape parameter without incurring the onset of severe ill-conditioning problems.
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Spatial partial derivatives of any function are formed by differentiating the spatial basis
functions. Consider a one dimensional problem. The first derivative is given by simple
differentiation:

, N ay(ti — t)) 9 ol .
u(ti)2277 hij = ((ti —t;)° + Rj)z, i=1,2,...,N.

3. Numerical solution of FDEs

In this section, we are interested to solve equation (1), i.e.

u'(t) = f(t, u(t), u(a(t))), t <t <ty
{U(t) B(1), t<t, 1 ! (5)

by the MQ approximation scheme mentioned in section 2. The aforesaid equation is one of
the main delay differential equations including following important pantograph equations:

{ W' (t) = au(t) + bu(rt), 0<t<ty,
Uy,

where a,b € C' and 0 < r < 1. This equation is a very special delay differential equation
that arise in quite different fields of pure and applied mathematics such as number theory,
dynamical systems, probability, quantum mechanics and electro-dynamics. In particular
it was used by Okendon and Taylor [1] to study how to electric current collected by the
pantograph of an electric locomotive.

For the solution of equation (5), it is sufficient to suppose that approximate solution
is

N
u(t) =Y ajh(t —t;), t € [t1,ty],
j=1
with
N ai(ti — t5)
:Z J, i=1,2,...,N.

Now we use the N collocation points to gain a system of N equations with N unknowns.
Then we must solve this system to distinct the unknown coefficients.

By imposing the supplementary condition to the problem, we have following system for
equation (5),

2,’I

Zévlaj (t1 —t;) = u1.

Here, the differential equation yields N — 1 equations and initial condition produce one
equation. Thus the system has N equations with N unknowns. This system must be
solved to extract the unknown coefficients. Hence, we have used the Gauss elimination
method with total pivoting to solve such a system.

{ ijla = [(ti, 0y azh(ts — ), 00, ajh(a(t;) — t;)), i=2,3,...,N, (6)
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Remark. It is noticeable that collocating points can be scattered. This is the main differ-
ence between this method of solution and other methods. In next section, the numerical
results demonstrate this issue, easily and the efficiency of MQ approximation scheme in
this sense, is observable.

4. Numerical experiments

In this part, we present some experiments in-which their numerical solutions illustrate
the high accuracy and efficiency of MQ approximation scheme.
Problem 1. Consider following pantograph equation [14](p.167),

{ W' (t) —u(3t) =0,  tel0,1],
u(0) = 1.

1
1 Sk(k—1)
The considered delay is a(t) = 3t or r = 1. The exact solution is u(t) = Y72, Z——t".

The MQ approximate solution is obtained with R4 = 150, Rpin = .99 and N = 21, and
the results are given in Table 1.

Table I

t; MQ approximate solution Exact solution Error

0 0.999999999978 1 2.2 x 1071
.05 1.050627608197 1.050627608238 412 x 1071
1 1.102520898478 1.102520898518 4.09 x 10~ 11
15 1.155695642676 1.155695642708 3.23x 10711
2 1.210167710898 1.210167710940 422 x 1071
.25 1.265953071919 1.265953071922 3.48 x 10712
3 1.323067793204 1.323067793243 3.98 x 10~ 11
.35 1.381528041658 1.381528041681 2.3 x 101
A 1.441350083511 1.441350083507 3.9 x 101
45 1.502550284794 1.502550284799 5.02 x 10712
5 1.565145111761 1.565145111746 1.4 x 10711
.55 1.629151130950 1.629151130963 1.34 x 10711
6 1.694585009799 1.694585009792 6.31 x 10~ 11
.65 1.761463516598 1.761463516621 2.34 x 10711
7 1.829803521200 1.829803521189 1.09 x 10711
75 1.899621994909 1.899621994899 9.81 x 1011
8 1.970936011106 1.970936011130 2.49 x 10~ 11
.85 2.043762745581 2.043762745551 2.95 x 10~ 11
9 2.118119476412 2.118119476428 1.61 x 10711
.95 2.194023584937 2.194023584941 4.59 x 10712
1 2.271492555499 2.271492555501 2.06 x 10712
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Problem 2. Consider the following FDE,

{ W () +ult) —u(rt) =2+ 2t — (rt)2,  t€]0,2],

u(t) =0, t<0.

Here, the delay a(t) = rt is considered and the exact solution is u(t) = t2. For r = 0.5
with Ryaz = 1950, Ry = 50.26 and N = 6, we have the following Table which illustrate
the efficiency and accuracy of MQ approximation scheme.

Table II
no MODRE ohton B
0 0 0 0
A4 0.160000000 0.160000000 0
.8 0.640000000 0.640000000 0
1.2 1.440000000 1.440000000 0
1.6 2.560000000 2.560000000 0
2 4.000000000 4.000000000 0

For r = .25 with R4 = 2950, Ry = 150.26 and N = 6, we have M(Q approximate
solution in Table III.

Table I11

ao MR sohution Error

0 0 0 0

A4 0.160000000 0.160000000 0

.8 0.640000000 0.640000000 0

1.2 1.440000000 1.440000000 0

1.6 2.560000000 2.560000000 0

2 3.999999999 4.000000000 1.0 x 107

In the following, we have presented an almost complicated experiment which its nu-
merical results shows that, in spite of complexity of problem, in MQ method, data can be
scattered. Therefore this method isn’t depend on the selection of points. Here, also we
observe the high efficiency and accuracy of this method, too.

Problem 3. Consider the following FDE,

{ Vet + sin(Vt) w(t) + /cos(t) u(a(t)) = \/et + sin(V/1) et + \/cos(t) e, te]0,1],

u(t)=t2+t+1, t<0,

the exact solution is ef.

By choosing Rz = 50, Riin = 499, N = 15 and «(t) = v/, we have the following Table
for MQ approximate solution.
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Table IV

oo MQapposmate obntion Error

0 1.0000000000 1 0

.06 1.0618365460 1.0618365465 5.45 x 10710
.15 1.1618342422 1.1618342427 5.28 x 10710
2 1.2214027577 1.2214027581 4.6 x 10710
.28 1.3231298118 1.3231298123 5.37 x 10719
.34 1.4049475901 1.4049475905 4.63 x 10710
A1 1.5068177847 1.5068177851 412 x 10710
A7 1.5999941928 1.5999941932 412 x 10710
55 1.7332530174 1.7332530178 4.67 x 10710
.64 1.8964808790 1.8964808793 3.04 x 10710
.69 1.9937155328 1.9937155332 4.43 x 10710
.76 2.1382762201 2.1382762204 3.96 x 10~1Y
.85 2.3396468515 2.3396468519 4.25 x 10710
91 2.4843225330 2.4843225333 3.84 x 10710
1 2.7182818281 2.7182818284 3.59 x 10~10

And by choosing a(t) = t2, when Rz, Rmin and N are as before, we also have the
following Table for M(Q approximate solution.

Table V
¢, MQ approximate Exact Error
solution solution

0 1.0000000000 1 0

.06 1.0618365459 1.0618365465 6.45 x 10~10
.15 1.1618342422 1.1618342427 5.28 x 10710
2 1.2214027577 1.2214027581 4.6 x 10710
.28 1.3231298119 1.3231298123 4.37 x 10710
.34 1.4049475901 1.4049475905 4.63 x 10°10
A1 1.5068177847 1.5068177851 412 x 10710
A7 1.5999941929 1.5999941932 3.12x 10710
.55 1.7332530175 1.7332530178 3.67 x 10710
.64 1.8964808788 1.8964808793 5.04 x 10710
.69 1.9937155330 1.9937155332 2.43 x 10710
.76 2.1382762203 2.1382762204 1.96 x 1010
.85 2.3396468517 2.3396468519 2.25 x 10710
91 2.4843225331 2.4843225333 2.84 x 10710
1 2.7182818283 2.7182818284 1.59 x 10~10

We have observed that, in this problem there is a little difference between the results of
Tables IV and V in spite of different delays. This is an excellent advantage for application
of MQ method, because delay differential equations are very sensitive to the delays and
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their behaviors. In particular, when we apply a method which needs collocation points, if
scattered data used, the round off error may occurs, soon. But this method (MQ method)
isn’t depend on collocating points in large scales.

Problem 4. Consider the following non-linear FDE,

{ u'(t) +u?(3) =0,

u(t) =e™", t<O0.

t €[0,1],

The exact solution is u(t) = e™!. For Ryaz = 40, Rpin = 1.2 and N = 8, we have the
following Table which illustrate the efficiency and accuracy of M(Q approximation scheme
for non-linear FDEs, too.

Table VI
MQ approximate Exact

ti @ S(I))ﬁ)ltion solution Error

0 1.00000000 1 0

% 0.86688225 0.86687789 4.35 x 1076
% 0.75148083 0.75147729 3.53 x 1076
% 0.65144157 0.65143905 2.87 x 1076
: 0.56471978 0.56471812  1.66 x 10~°
% 0.48954264 0.48954165 9.87 x 1077
% 0.42437329 0.42437284 4.53 x 1077
1 0.36787948 0.36787944 4.70 x 1078

5. Conclusion

In this study, the MQ approximation scheme is proposed for solving functional differen-
tial equations. This method of solution is easy to implement and yields desired accuracy
only in few terms. As we have observed, the method works excellently for functional
differential equations in spite of scattered data. The computations associated with the
experiments discussed above, were performed by using Maple 10.
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1. Introduction

Here we include only a brief idea of fuzzy numbers. For details one my refer [6], [7].

Let D denote the set of all closed bounded intervals A= [A,A} on the real line R . For

A- B‘}

It is easy to see that defines a metric on D and (D,d) is complete metric space. Also <
is a partial order in D. A fuzzy number is a fuzzy subset of real line R which is bounded ,
convex and normal. Let L(R)denote the set of all fuzzy numbers which are upper

9

A, Be D define A<B if and only if A< B and ASIR,d(A,B):maX{‘A—B

semicontinuous and have compact support. In other words, if X € L(R) then for

any e [0,1], X % is compact , where

v LX) >a if ae(0,1]
LX(0)>0 if a=0

For each 0 < <1, the & -level set X “ is a non-empty compact subset of R . The
linear structure of L(R) induces addition X +Y and scalar multiplication AX, A€ R, in
terms of « -level sets, by

(X +Y])" =[x]" +[r]" and [2x]" =2[X]"
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foreach 0<a <1.

Define d: L(R)x L(R) — R by d(X,Y)=supd(X“,Y%). For X,Y e L(R) define

0<e<l

X < Y if andonly if X* < Y® forany ac [0,1]. It is know that L(R) is a complete metric
space with the metric c_z' [5].

A metric on L(R) is said to be translation invariant if E(X +ZY+27Z)= E(X ,Y) for
all X,Y,Ze L(R).

A sequence X = (X k) of fuzzy numbers is a function X from the set N of natural

numbers into L(R). The fuzzy number X , denotes the value of the function at ke N [5].

By a lacunary sequence we mean an increasing integer sequence & = (k) such that

k,=0and h, =k, —Kk,_y — o asr — oo Throughout this paper the intervals determined by

& = (k) will be denoted by I, = (k,_;, k,] and the ratio will be abbreviated as g,. .

L¢

The idea of statistical convergence of a sequence of real numbers was introduced by
Fast [1]. Schoenberg [8] studied statistical convergence as a summability method and listed
some of elemantary properties of statistical convergence.Both these authors noted that if
bounded sequence is statistically convergent to [, then it is Cesaro summable to /. Lacunary
statistical convergent sequences were introduced by Fridy and Orhan [2].

A sequence x = (xk) is said to be statistically convergent to [ if for every € >0,
tim, o[k <n: |x, —f2ef=0
where the vertical bars denote the cardinality of the set which they enclosed, in which case we

write S —limx=1/.

For sequences of fuzzy numbers Nuray and Savas [3] and Nuray [4] have investigated
statistically convergent and lacunary statistical convergent sequences of fuzzy numbers.

In this paper we introduce and study strongly almost statistical convergence, lacunary
strongly almost statistical convergence and lacunary strongly almost summable of sequences
of fuzzy numbers.

2. Lacunary Strongly Almost Convergence

Definition 1.A sequence X = (X k) of fuzzy numbers is said to be strong almost

statistically convergent to fuzzy number X if for every £ >0
tim, . n'fe<n: d(,(x).X,)2 =0 uniformlyin m

where
X, +X

m+l1 +...t Xm+k
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In this case we write X, — X, (A) The set of all strong almost statistically

convergent sequences is denoted by S.

Definition 2. Let 8 = (k,) be a lacunary sequence and let X =(X,) be a sequence of
fuzzy numbers. A sequence X = (X k) of fuzzy numbers is said to be lacunary strongly almost
statistically convergent to fuzzy number X if for every £ >0

lim, A«

r—oo r

{k el, E(tkm (X).x,)= 8} =0 uniformly in m .

In this case we write X, — X, (S‘ 0 ) The set of all lacunary strong almost statistically

convergent sequences is denoted by S.

Definition 3. Let 8 = (k,) be a lacunary sequence and let X =(X,) be a sequence of
fuzzy numbers. A sequence X = (X k) of fuzzy numbers is said to be lacunary strong almost
summable if there is a fuzzy number X, such that

h' Y d(t,,,( =0 uniformly in m .

r—>oo r
kel,

We shall use N , to denote the set of all lacunary strong convergent sequences of
fuzzy numbers.

Theorem 4. N o 1s complete metric space with the metric

8(X,Y)=sup, b 3" dlt,, (X)1,,(Y)).

kel,

Proof. Let (X ”) be a Cauchy sequence in N, , where
(X”):(X;’)z(Xl”,X;’,X;,...)e N, for each ne N. Then

5(X",X’)= sup,h;lzg(tkm(X”),tkm(X'))—)O as n,t — oo,

kel,
Hence for each k and m, as n,t — o, we have E(tkm (X ! ), Lim (X ' )) — 0. In particular
hmn,t—)OO E(tOm (X " )’ tOm (X ' )) = hmn,r—>oo E(X " ’ X ' ) = 0
for each fixed m . Hence (X ! )n is a Cauchy sequence in L(R). Since L(R) is complete, it is

convergent

lim X=X,

n—oo
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say, for each k€ N. Since (X " )n is a Cauchy sequence, for each € > 0, there exists
n, =n, (&) such that

5(X”,X’)<€ , forall n,t>n,.

So, we have

tim . h Y, (0 ey, (30 )= Y, (), ()< €

kel, kel,

for all m and n = n, . This implies that 5(X” , X)< g,forall n=2n_,thatis

X" — X asn— oo, where X =(X ). Since

B Y, (X).X,) < b Y dle, ()X e Yl (X0 ), ()5 0

kel, kel, kel,

as r — oo, uniformly in m . So, we obtain X =(X,)e N ¢ - Therefore N ¢ 1s complete metric
space. This completes the proof.

There is strong connection between N o, and the class of sequences of fuzzy numbers
w, which is defined by

W= {X =(x,): lim, n‘lzg(tkm (X),X,)=0, uniformly in m}
k=

In special case 8 = (2’ ), we have Ne =W.

Theorem 5. Let 6 = (k,) be a lacunary sequence and let X =(X k) be a sequence of
fuzzy numbers. Then

1)) For limsup,q, < @, we have N, C w.
(ii) For liminf.q, > 1, we have wc N,,.

(i) N,=w if 1< blminf.q, = limsup,q, < o=.

Proof. (i) If limsup,q, < oo, then there is a K = 0 such g, <~ K for all r. Suppose that
X, = XO(NQ), and foreach m=11let N, =‘{ke I : E(tkm(X),XO)Zgl . By the

definition, given £ = 0, there is an r, € N such that

Nem

— <& forall r »>r, andm= 1. (1)

Now let M = max{N,,,: 1 =r = r,]}and let n be any integer satisfying k,_; <n =k

Foo

then for each m >1, we have
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1 . - . . -
=" - {-\"'1:'1'1 + Ny + -+ ‘1""'4'9:-:1 + ‘1""-':-~,;.-1:-m + -t -"":-'m}

Ky

M 1, Nirgsem C Nem
kr—a ky_s Brges -
M 1 P Nem ,

= My—s To + - |__5llp..:=,?.ﬂ ?'}{hrj“'i + -+ ﬂr]
M Kr—ky

i:l Ta+gnlh|:l by(l)
Kr—z kr

=

Kr—z

M '
r, +£q, {?:},+Eh

so, the result follows immediately.

(ii) Suppose that liminf.g, > 1, then there exists a & > 0 such that g, = 1 + & for

sufficiently large r. Since h,=k, — k,_; , we have — = ﬁ X, =X, (W), then for every

Kr

£ = 0, for each m >1 and sufficiently large r, we have

fe<k o a,(x)x,)2 e

which yields that X, — X, (N, ).
(iii) Follows from (i) and (ii).

The following theorem gives the relation between lacunary almost statistical
convergence and lacunary strongly almost convergence of sequences of fuzzy numbers.

Theorem 5. Let 6 = (kr) be a lacunary sequence and let X = (X k) be a sequence of
fuzzy numbers. Then

@) X, — X, (¥, ) implies X, — X, (S, ).
i) X =(X,)em and X, - X, ($,) imply X, — X, (¥, ).
(iii) N, =S, if X =(X,)em,

where ﬁ1={X =(X,): sup,, d(tkm(X),X0)<oo}.
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A

Proof.(i) If £ >0and X, — X, (Ng ), we can write

h' Y de,, (X).X,)2ht > d(,, (X).X,)

kel, kel,
d(n,, (X).X, )ze

>en'fker,: dl,(x).x,)ze}.
It follows that X, — Xo(ﬁe).

(ii) Suppose that X =(X,)e i and X, — XO(LSA‘H). Since X =(X,)e i, thereis a
constant B > 0 such that g(tkm (X),X,)< B forall k,me N . Therefore we have, for every
>0

h' 3, (X)x,)=h" Yde,(X).x,)+n" >de,(X).X,)

kel, kel, kel,
d(ty, (X).X, )2 d(ty, (X).X, )<e
<Biffker,: dl,(x).X,)ze}+e

Taking the limit as & — 0, the result follows.

(iii) Follows from (i) and (i1).
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NEWMARK METHOD APPLIED TO THE ELASTO-DYNAMIC
PROBLEM WITH SLIP-RATE DEPENDENT FRICTION

NOUIRI BRAHIM AND BENABDERRAHMANE BENYATTOU

ABSTRACT. We consider the dynamic evolution of an elastic body in unilateral
frictional contact with a rigid foundation. Friction is modeled by the Coulomb
law with a coefficient that depends on the slip rate, which is a non-monotone
function. This problem is ill posed; the solution is non-unique and shocks.
We use the Newmark method for time discretization of the problem. We have
obtained an elliptic variational inequality at each time step. We prove by the
minimization problem the existence of the solution. An upper bound for time
step size, which is not a (Courant, Friedrichs and Lewy) CFL condition, is
deduced from the solution uniqueness criterion using the first eigenvalue of the
eigenvalue problem.

1. INTRODUCTION

Duvaut and Lions [3] obtained the first existence and uniqueness results in the
mathematical approach of the dynamic contact problems with friction in elasticity.
They studied the special case of a prescribed normal pressure where the contact
surface is known in advance. To obtain some existence results without this restric-
tive assumption, Martins and Oden [12], [11], relaxed the non-penetrability of mass
by considering the normal compliance model of contact with friction.

Since the pure elastic problem with friction seems to be very irregular, they
considered only the viscous case. As far as we know, there is no general existence
result for dynamic elastic contact.

All the above results involve a fixed friction coefficient p. In the study of many
frictional processes (stick-slip motions, earthquakes modeling, etc...) the friction
coefficient has to be considered variable during the slip. Usually choice of such a
variation is the friction law in which the friction coefficient is dependent on the slip
rate i, (t) i.e. = (|ur(t)]). The simplest function of p versus the slip rate is the
discontinuous jump from a "static" value (for 4., (¢t) = 0) down to a "dynamic" value
(for w,(t) # 0). The same frictional instabilities can occur when the coefficient of
friction p is a smooth and decreasing function of the slip rate (see [14] and [22]).
Ionescu and Paumier [6], [7], studied this model of friction for the one-dimensional
shearing problem of infinite elastic slab. They pointed out that the solution of the
problem is not uniquely determined. However, since the problem is ill posed, a
criterion to select the most appropriate solution with a physical interpretation is
needed. Whatever is the selection rule to choose the solution, shocks will occur.
A possible choice for this criterion is the so-called perfect delay convention: "the
system only jumps when it has no other choice" (see [7] and [2]).

Key words and phrases. Eigenvalue, Elastodynamic, Friction, Inquality variational, Newmark
method, Optimization, Slip-rate.
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Three technique can be used to transform this ill posed problem into a well
posed one and to justify the choice of the perfect delay criterion are currently
under investigation. In all three cases, another problem (which depends on a small
parameter) is considered. This new problem is well posed and its unique solution
converges to the solution of the initial (ill posed) problem chosen by the perfect
delay convention.

The first technique, due to Renard [19], [20], consists in adding a small mass
concentrated on the friction surface. Using stability arguments, Renard has proved
the convergence of the solution of a large class of loadings in the one-dimensional
case.

The second one uses a rate and state dependent friction law of Dieterich and
Ruina type (see [21], [18], [4] and [15]). Favreau and al. [5] have shown numerically
that the limit solution, when the characteristic slip L — 0 is the one corresponding
to the rate dependent model assuming the perfect delay convention. For both
methods, there are no existence or uniqueness results in two or three dimensional.

The third technique uses a viscoelastic constitutive law with small viscosity (see
[9]). An existence and uniqueness result is obtained in the general three-dimensional
case.

B. Nouiri and B. Benabderrahmane [13], they are presented a new technique, is
based on the Newmark method for the time discretization of the dynamic evolution
of an elastic body in unilateral frictional contact with a rigid foundation. An
existence and uniqueness result is obtained in the one-dimensional case.

In this paper, we have generalized the above technique [13] in two or three-
dimensional case. We have obtained an elliptic variational inequality at each time
step. We prove by the minimization problem the result of solution existence. An
upper bound for time step size, which is not a (Courant, Friedrichs and Lewy)
CFL condition, is deduced from the solution uniqueness criterion using the first
eigenvalue of the eigenvalue problem.

2. PROBLEM STATEMENT

We take the geometry of an elastic body rubbing on a rigid surface, represented
by a bounded domain @ C R™ (n = 2 or n = 3). The boundary T'of Q is assumed
to be Lipschitz is divided as follows: T' = T'y U ff UT. where I'y, I'y and I'; are
three disjoint parts and (meas(I'q) > 0). I'y is the surface on which the force F (z)
is exercised and T, is the surface of contact with friction. To simplify the problem
without losing in generality, we are going to suppose that the displacement field
U(x) on I'y is equal to zero. We denote by 1 and 7 the unit outward normal vector
on I'y and the tangent vector on I'. respectively.

It is important to specify the condition modeling slip-rate dependent friction
with to imposed normal constraint:

(2.1) oy (u(t)) =—-S onT,

(2.2) o7 (a(t))] < Su(

i (1) ]) with

(2.3) oy (a(t))] < Sp(0)  if Gir(t) = 0 on T,

71
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(2.4) or (a(t)) = Sul if @i-(t) #£0 on T,

ir )

Where @ is the displacement field, ¢, and o, denote the normal constraint and
the tangential constraint respectively. p the friction coefficient on T'., which is
dependent of the slip rate #,(t) and S represents the normal load on I'.. The
condition (2.3) describes the stick phenomenon, while the condition (2.4) describes
the slip phenomenon.

The elasto-dynamic problem of contact with friction to imposed normal con-
straint considered here consists of finding the displacement field @ : )0, T]xQ — R”"
such that:

(2.5) divo(a(t)) + r(t) = p i(t) in Q
(2.6) o(u(t)) = As(a(t)) in Q
(2.7) a(t) =0 on Iy

(2.8) o(u(t))n=F(t) on Ty
(2.9) u(t) verifying (2.1) — (2.4)
(2.10) @(0) = tg(z); u(0) = a1 () in Q

Where 7 represents the density of volume forces (for example the weight) and g,
w1 are the initial data. div denotes the divergence operator of the tensor valued
functions and ¢ = (o;;) stands for the stress tensor field. This latter is obtained
from the displacement field by the constitutive law of linear elasticity defined by
(2.6). A is the fourth order symmetric and elliptic tensor of linear elasticity and
e(v) =1 (Vv + VT'U) represents the linearized strain tensor field.

To simplify the problem (2.5) — (2.10), we homogenize the movement equation
(2.5), the boundary conditions (2.1), (2.8) and the initial condition (2.10).

We denote by u®® the "stick solution":

u® :]0,T] x @ — R"

Satisfying the following auxiliary problem, which is corresponding to the stick
condition (2.3):

divo(u®s(t)) + r(t) = pti®*(t) in Q
o(u®?(t)) = Ae(u®*(t)) in Q

u**(t) =0 on Ty

(2.11) o(w®(t))n=F({t) onTy

op(u®®(t)) =—S on T,

u3° =0 onI.

u®*(0) = Go(z); u**(0) =ay(x) in Q

We denote by —q(t) the tangential constraint on T, corresponding to the "stick
solution" of the problem (2.11), i.e. ¢(t) = —o,(u**(t)) and we pose u(t) = u(t) —
u®s(t).
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We deduce from the problems (2.5)—(2.10) and (2.11) the homogeneous dynamics
problem with friction, which consists of finding the displacement field « : ]0,T] x
0 — R™ such that:

(2.12) divo(u(t)) = pi(t) in Q

(2.13) o(u(t)) = Ae(u(t)) in Q

(2.14) u(t) =0on Ty

(2.15) o(u(t))p =0on Iy

(2.16) op(u(t)) =0on T,

(2.17) lor (u(t)) — q(t)] < Sp(0) if 4,-(t) =0on T,
(2.18) or (u(t)) + Su(|u(t)]) Z:E& =q(t) if u,(¢)#0onT,
(2.19) u(0) =4(0) =01in

Where

on(u) = (o (u)n)n, o7 (u) =0 (u)n— oy, (u)n

Remark 1. In the passage from the problem (2.5) — (2.10) to the problem (2.12) —
(2.19), we remark that the effects by the external force r, the parameters F, S and
initial data 1o, Uilead to the effects of q(t) and S.

It is easy to verify that the problem (2.11) is well posed, i.e. it admits a unique
solution, and therefore the essential point in the following will be to study the
problem (2.12) — (2.19).

3. HYPOTHESIS AND VARIATIONAL FORMULATION

We suppose that the elastic tensor A is symmetrical and coercive, i.e. A = (Aijkh)7
satisfying the following conditions:

(3.1) Aiikn € L (Q); Aijkn = Ajikh = Aijni a.e.in Q

(3.2) Jag > 0 AjjgnTij - Ten = aoTijTi; ae. inQ,Vr; =75 €R

It is supposed that the friction coefficient p, satisfy the following hypothesis:

pwile xRy — Ry

(3.3) u — p(z, u) is continuously differentiable on [0, +oo[ a.e. on I'.
(3.4) x — p(x,u);x — Oyu(x,u) is measurable a.e. on Ry

(3.5) 3¢, >0,Va,b e Ry : |pu(x,a) — p(z,b)| <L, la—b| ae onT,
(3.6) AMy > 0 : |Oyp(z,u)] < My a.e. on T,

We assume also that p, r , F,S and ¢ have the following regularities:

(3.7) p(x) > py > 0; p(z) € L™ (Q)
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(3.8) r(t,@) € 22 (0,73 [L* ()] ")
(3.9) F(tz)eL? (O,T; L2 (Ff)}n)
(3.10) S(x)>0;5 € L>*(T,), g L,

We designate by £, the subspace following of [L? (T'.)]":
Ly ={z€[LP(T)]" /2(z) m(z) =0ae z €T}, 1<p<oo
Let us denote by H = [LQ (Q)]n the Hilbert space endowed with the inner product:

(u,v) = /pumdm, u,v € H
Q
which generates an equivalent norm given by:

lul g = /qud:zc

Q
Let V be the closed subspace of V = [HI(Q)]n given by:
Vo={veV,o=0 onTy4}

equipped with the usual norm ||-||]. We denote by (-, -) the duality pairing between
Vg and Vp.

Forp <2(n—1) / (n —2) one designates by v, : Vy — L, the compact operator
that associated to all displacementv the tangent component of her trace on I'.:

2

V(W) =v—(v-7)T
Let us introduce now the bilinear form af(.,.) and functional f and j given by the
following formulas:
a:VoxVog— R, f: Vg — Rand j:VyxVy— R such as:
a(u,v) = [, As(w)e(v)de, u,v eV,
(f(t),v) = Jp_q(t) - vrdz, v € Vb, ’
J (ut),v) = Jp. Sp(lur(B)]) lv-| dz, u,v € V.

By using (3.1), (3.2) and the Korn inequality, one deduces that the bilinear form
a(-,-) is symmetric and coercive, i.e.

(3.11) a(u,v) =a(v,u), Vu,v€Vp

(3.12) Jdag > 0:a(v,v) > ag ||’UH%/, Yo € Vy

With the above notations, the problem(2.12) — (2.19) leads to the following second
order hyperbolic variational inequality:

Find v : ]0,T] — Vp, such that Yo € Vg, Vt € ]0,T], we have:
gy d (00— 00 + e )0 — i)+ @lb).o) — g (00, i0)) >
‘ (f(t),v—1u(t))

u(0) = a(0) = 0
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Remark 2. The main difficulty in the study of the above evolution variational
inequality is the non-monotone dependence of i (-) versus the slip-rate |u7(t)|.

4. ELLIPTIC PROBLEM AT EACH TIME STEP

We consider here the Newmark method, with parameters § = i and v = %, for
the time discretization of the variational problem (3.13). To this end, let At > 0
be the time step, M the maximum number of steps, and T' = M - At. We denote
by u™,4™ and 4™ the discretization of the solution at time ¢t = m - At, i.e.
u™ = u(m-At), "™ = 4(m-At) and 4™ = i(m- At) respectively, for all 0 < m < M.

The initial condition in (3.13) become:

(4.1) wW=4"=i"=0

which is the starting of recursive problem. Suppose that we have established the
solution up to t = m - At, i.e. we have u¥,u*, i* for all k < m.

In the Newmark method, the numerical solution u™*t 4™+ §m+L of (3.13) at
t=(m+1)- At is obtained from:

At?
(4.2) wT = A @™ = (0 i)

m m o AL -
(4.3) am =4 Jr?(u Hpqm)

In terms of velocity, the above problem can be written as the following variational
inequality:

Find 4™*! € V; such that:
(4.4) (am v —am ) + ATtQa (wm o —amth) +

TAL [ (@ o) — g ()] > @ (0 — ) Yo € Vo

where:

m om - AL At (. At
G(U):<f +1,v>+<u +7u ,v)—Qa(u —|—7u ,v)

m+1 m—+1

If ™1 is obtained, then we can deduce u and i using:

At
m+1l _ ., m =Y (m - m—+1
U u + 5 (u +u )
2
=
An implicit scheme for the homogeneous problem (2.12) — (2.19) is used to solve
the nonlinear problem, given by a variational inequality (4.4) at each time step.

- m+1

ii — 'm+17,am) —

u

4.1. Existence of the solution. Let us introduce the energy functional ® : Vj —
R given by:

At? At

(4.5) O(v) = = (v,v) + — ¢ (v,v) + —/F SV (z,|v.])dl — G(v)

1
2 2
where ¥ : ', x Ry — Ry denotes the primitive of u i.e.

P
(4.6) U (z,p) = /u (z,0)d(, V¢ € Ry aex €T,

0

75
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The following result can be obtained using the same technique as in [8].

Theorem 1. Under hypothesis (3.3) — (3.7), (3.10). We have:
1) If u = 4™ € Vy is a local minimum for ® i.e. there exists § > 0 such that

(4.7 O(u) < ®(v) Yo € Vo, [lu—ul,, <4.

then u is a solution of (4.4).
2) There exists at least a global minimum for ®, i.e. there exists uy € Vg such
that:

D(uy) < ®(v) Yv € Vp.

Proof. 1) Let us suppose that (4.7) holds. If v € V; and 6y € ]0,1[ such that
o |[u — vl|,, < d then for all 0 € ]0,6y[ we have:

D(u) <P(u+6(v—u))

Bearing in mind that |y, (u+ 0 (v — )| < |, () = 0 (1y, ()] — |, (0)]) we
deduce that:

6* At? (OAL)?

Q(u,v—u)+?(v—u7v—u)+07a(u7v—u)+ 5 a(v—uv—u)+
At
7/ S (@, [ur| +0(fvr| = [ur])) = ¥z, [ur )] dT" > 0G(v — u)
Ic
Dividing this last inequality by 6 and passing to the limit with § — 0 we deduce
(4.4).
2) We have:
Yo eVy:|®w)| > Clvl,, C>0
Then

Lim ®(v) =00
llvll—+o0
By using the Weierstrass theorem, we deduce that & admits at least a global
minimum. (Il

4.2. Uniqueness of the solution. Let us analyze here what are the conditions to
be imposed on the parameters At , A, p and p, such that the functional ® would be
strongly coercive. We have to consider the following eigenvalue problem connected

to (4.4) :

Find A € R and v : Q — R™, v # 0, such as:
(4.8) divo(v) = Apv; o(v) = Ag(v) in Q
(4.9) v=0onTy ;o(v)n=00nT;
(4.10) op(v) =0; o,(v)=gv, on I,
Where

2
g(z) = —Es(w)qui@cu(m,é“)

The variational formulation of (4.8) — (4.10) is:

(4.11) veVy,v#0 a(v,w)+)\(v,w):/ gur - wrdl, Yw € Vp
Ie
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Theorem 2. Let §2 be bounded. We have:
1) The eigenvalues and the eigenfunctions of the problem (4.11) consist of a

sequence ()\i, gon) nen With

AMNZA > A >+, and Lim A\, = —0o0
n—-—4oo

2) Let B > 0 and let us denote by Ao(B) the first eigenvalue of (4.11) in which g
was replaced by Bg. Then 8 — Xo(B) is convex and the following inequality holds:

(4.12) a(v,v) + Xo(B) (v,v) > ﬁ/ gv2dl' , YveVy
e

3) If g > 0 then B8 — X\o(B) is an increasing function.

Remark 3. In general, \gis not negative, hence there exist at most a finite number
of positive eigenvalues.

Proof. 1) Let v be a positive constant, we rewrite (4.11) as follows :
(4.13) b(v,w) =40 (v,w) , Yv,weVy
where:
0=v—Xand b(v,w) =a(v,w)+v(v,w) — / gur - wodl
r.
We are going to prove that the bilinear form b(-,) is coercive. We have:
Yo € Vo :b(v,v) =a(v,v) + v (v;v) —/ gv2dl’
e
And by using the interpolation inequality (see [17]), we obtain:
[ itz <Clolly ol . €0

c

Therefore we have:

) .
b(v,v) > ao[lvlly + 7 vl —aC ol [l

Where:
28
~— 2O
CTA
Posing v = &420?;2, we obtain:
2
(4.14) b(v,0) > ao vl

The problem (4.13) admits a unique solution v € V. Then, it exists an increasing
sequence of eigenvalues (d,). Moreover J,, tends to +oo. We denote by V,, C Vj
the finite dimension subspace of eigenfunctions associated to the eigenvalue §,,.

Finally, for A,, = v — §,, we deduce the first part of the theorem 2.

2) Let 8 > 0. We replace in (4.13) g by Bg, we remark that &, as a function of
B, is the lower bound of a family of affine functions:

(4.15) So(B) = Inf {a (v,v) +v — /B/FC ngdF}

veVo,|lvfl g =1
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Hence it is a concave function. Since \o(8) = v — do(8) we obtain that § —
Ao(B) is convex. Moreover we have:

(4.16) b(v;v) > do(B) (v,v), Yvely
Which implies (4.12).
3) Let 8; > 5. We use (4.11) with g = 89, v = w = ¢ and § = 3, to get:

(4.17) a (e, @) + Ao(Bs) (¢, ) = 62/ gp3dl

FC

From (4.12) with v = ¢ and 8 = 3, to obtain:

(4.18) a(p.9) + 20(B1) (0.0) > By / gg2dl

Substitution of (4.18) from (4.17) yields to: Ao(5;) > Ao(B3). Then the function
B — Ao(p) is strictly increasing. O

We can now express the criteria of the uniqueness and the stability of the solution
of the problem (4.4).

Theorem 3. Let Qbe bounded. We have:
(i) V@ is a lipschitz functional, i.e. There exists a real constant Ly > 0 such
that:

(4.19) Yoi,vp € Vo i |[V®(v1) — VO(02) |y < Lo o1 — v2ly
(i) If
2
(4.20) (Aj) o <1,

where A\gis given by the above theorem, then ® is a uniformly convex functional, i.e.
there exists a > 0 such that:

(4.21 (V2O (v)w,w) > a|w|i , Yo,w e V,

)
and (4.7) has a unique solution which is also the unique solution of (4.4), i.e.
w=gu""
Remark 4. The above condition (4.20) on the time step At is not a (Courant,
Friedrichs and Lewy) CFL condition. If the process is stable, i.e. Ao < 0, then

there is no condition (in terms of convergence and stability) on the time step. If
the process is unstable, i.e. Ao > 0, then (4.20) which is equivalent to:

2

At < Aty = —
Vo

Proof. (i) Let vy, vq, w € Vp, we have:

2

(V@ (01) =V (v),w)| < (1 — vz, w)| + ATt |a (v1 — vg, w)[ +

At
+5 [ 8- lntanfore) = s (o foae Dl | ar
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By using the continuity of the trace operator and (3.5), we obtain:

At?
(9 (01) = V& (02) ) < o =l ol + S AL o = vl Ty +
SAt
+ 2000 [ lorel = foue | o ar
FC
At?
< lor = el ol + - 1Al ey o = vl Ty +
£,SAt
+ ITO [[o1 = wally lwlly,

<ALy [lvr — vally llwlly

Where:
£, SAL
by =

At?

Here {3 is a constant such that (4.19) holds.
(ii) Let v, w € Vj, we have:

9 - AVO(v + fw),w) — (VO (v),w)
(V2o (v)w,w) = %3‘7701 7

By a simple calculation one gets:

At? At
(V20 (v)w,w) = (w,w) + ¢ (w,w) + ?/ Sy (z, |vy|) lwe|* dT
e
We distinguish the two following cases:

1) If p is an increasing function, then:

Vo e Vo' (2, ]v]) >0
We have:
At?

At?
2 2 2
(V2®(v)w, w) > Jwl} + o [wly > aflwly , a= o

And by consequence , the functional ® is uniformly convex, then & admits a
unique global minimum.
2) If p is a decreasing function, then:

Vo e Vo' (2, ]v]) <0

We have:
(4.22) <V2<I>(v)w,w> > (w,w) + Atha (w,w) — A4152/F gw?dl
From (4.12), we obtain: C
(4.23) —ATtQa (w,w) — )\O(B)ATtQ (w,w) < —BA;Z/F gw?dl’

And by the use (4.22), (4.23) and (3.12), it comes:

_ At? 2 _
(4.24) (V20 (v)w, w) > Mﬁ(ﬁ)‘* lw|3, + ATtao (%1) l[wl|?,
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By using (4.20) and The function 3 — X\o(f3) is increasing, then, it exists 5 > 1
such that )\O(B)Ath < 1, therefore:

B—1 At?
(VO (v)w,w) > a ||w\|?/0 when o = BBMm {1, 4%}

Since the functional ® is convex, problem (4.4) and (4.7) are equivalent. The
uniqueness of u comes from the strict convexity of the functional ®. O

Conclusion 1. In this paper, we present a new technique able to transform this
ill posed problem into a well posed one. This technique is based on the Newmark
method and the minimization problem. The solution of well posed problem chosen
by the criterion using the first eigenvalue of the eigenvalue problem. This criterion
is not a (Courant, Friedrichs and Lewy) CFL condition.
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RELATIVE FREDHOLM ALTERNATIVE TO BOUNDARY
VALUE PROBLEM FOR THE ELLIPTIC EQUATIONS

BENABDERRAHMANE BENYATTOU AND NOUIRI BRAHIM

ABSTRACT. The aim of this study is to prove some regularity results by passing
to the Fredholm alternative for the elliptic problem governed by the Laplace
equations with contact without friction boundary conditions. This investiga-
tion permits to evaluete of the index of the Laplace operator.

1. INTRODUCTION

From the previous works [4] and [5], the Fredholm alternative for the Laplace
equations and Maxwell equations, with the classical boundary conditions ( Dirichlet,
Neumann and mixed : Dirichlet-Neumann), has been studied using the fundamen-
tal results of functional analysis [8], [10], [11] and others concerning the Sobolev
spaces and their properties [12], [13] and [6]. Using some theoretical results con-
cerning the elliptic problems in [6], [8], [10], [11], [12], [13], this paper presents the
analysis of the Fredholm alternative question for the elliptic problem governed by
the Laplace operator with contact without friction boundary conditions. This prob-
lem is the limit of the elasticity problem when the sum of the elasticity coefficients,
(A4 u) > 0, tends to zero.

Let €2 is homogeneous, elastic and isotropic medium occupying a bounded domain
in TR?, limited by straight polygonal boundary I which is supposed to be regular,
N
r=Ur,, I;nT; = &,¥i # j, where I'; =|S;, 5,11, and S; are the different
j=1
corners of Q. In this study 77 and 77 represent the unit outward normal vector
and the tangent vector on I';, respectively. w; represents the opening of the angle
that makes I'; and I';j; toward the interior of €.
Let f : @ — R2, the elliptic problem considered here consists of finding the
displacement field u : @ — R? satisfying:

P) Au+ f=01in Q
(uwr?, (S(u).n?) 77) = (0,0) on Ty, j=1,....J0 ’
The boundary conditions used in this problem are called contact without friction
(C.W.F).

2000 Mathematics Subject Classification. 35Jxx.
Key words and phrases. Fredholm alternative, Green formula, Index, Laplace, Oblique deriv-
ative, Sobolev space, Variational solution.
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We denote by X(u) = (045(u)),4,j = 1,2, where the elements o;;(u) are given
by Hook’s law, in the case (A + ) — 0, using Lamé coefficient p > 0 :
oij(u) = p (2845 (w) — dijenr(u)], 4,5 = 1,2
where §;; is Kronecker symbol and &;;(u) = 3(d;z; + 0;x;) is the linearized tensor
of linear elasticity. 0; is used as the partial derivative of u with respect to z;.

Generally, the problem (P) hasn’t sufficiently regular solution, hence we try to
impose conditions on f € L? (Q)Qallowing variational solution included in the space
Vsuchas V = {v € H* (Q)%; un =0, on I‘j} is in H*T2(2)?2NV (s > 0), where
H**2(Q) denotes (s + 2) order Sobolev space.

Studying of the (C.W.F) boundary conditions, it is proved (see[2]) that the

problem (P) amount to the two problems of oblique derivatives boundary conditions
without coupling:

Auy, + fk =0in Q
(Py) a;jDyup +b;Dyup =0on Ty j=1,...J k=12

a? + b? #0
Then (see [2]) there is a constant Cy such that
(1.1) [l < Cs [[Aull,

is satisfied for all u € Wy (), where

W, (Q) = {u e H2(Q?NV; (S(u).n?) .77 =0onT;, Dyu+ Dyuc HE (Q)}

2. Fredholm ALTERNATIVE
Let R, () be the subspace of H* (Q)? defined by
Ro (@) ={f e B (% f = Au, we W, (@)}
Using the inequality (1.1), it can be seen that R, () is a closed subspace of H* () .
Let N, (Q) be the orthogonal of R, (Q) in H—* (Q)*, i.e.

N, (Q) = {v e H*(Q)?2, (v,f)=0foral feR, (Q)}

According to a generalization of Green formula, it can be observed that the elements
of Ny (2) are solutions to the homogeneous contact without friction problem:

Ay =0in Q
(u.nj7 (Z(u).nj) .Tj) =(0,0) onTy, j=1,...,J
2.1. Some results concerning the Green formula. Let D, () = {U e H*(0)*; AvelL? (9)2}
be the subspace of H ™% (9)2 equipped with norm

10l p, ) = llvll_s + 1Al

By using the techniques of Lions-Magenes [13] and P.Grisvard [5], we prove the
following result:

Lemma 1. D (Q) is dense in D, ().
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Lemma 2. We introduce the subspace X (T'), defined by

Xs () = {((E(w)-n) -, —u.m) - we W (Q)}

The application v — (v.n, (E(v).n).7) on ', which is well-defined for all v €
D (Q) , prolongs by continuity in a continuous linear application:

vs 1 Ds (Q) — X4 (T)* such that
(Au,v) = (u, Av) = ((X(u).n) .0, —w.T) 75 (0.1, (E(v).7) 7))

for all w € W, (Q) and v € D (Q), where the notation (.,.) represents the duality
pairing between X (T') and X, (T)".

An analogous Lemma has been introduced by P. Grisvard [5] in the case of the
Dirichlet problem.

Proof. For all u € W, () and v € D () we have

(1.2) (Au,v) — (u, Av) / ) .wdo —/ ) .udo,
r r

for all u € W5 (Q).
According to the boundary condition (u.n, (3(u).n).7) = (0,0) in T, the Eq.
(1.2) becomes

(Au,v) — (u, Av) = /((E(u)n) ) v.ndo — / ((2(v).n) .1) u.Tdo,
r r
Or equivalently

(1.3) (Au,v) — (u, Av) = /(E(u).n).n7 —u.t) (v.n, (X(v).n).7)do
r

It is clear that the left term of Eq. (1}) is bilinear continuous, therefore we finish
the proof by using the density of D () in D, (). O

Remark 1. From the Eq. (1.3), the following expression is obtained
(u,Av) =0, Yu € D (Q), Yv € N, (Q)

and consequently we have Av =0 € L2 (Q)? what implies that v belongs to Dy ()
and gives a sense to v, (v.n, (B(v).n).7) € X, (I)".

Lemma 3. We have
N, () = {ve H* (), Av=0; 7, (v, (S(v)n).7) = (0,0)}
where v, is a generalized of the trace map defined by duality (see Lemma 2).

Proof. Thanks to Lemma 2, it is easy to verify that N () C [Rs (Q)]J‘ .
Reciprocally, let v be in [R, ()] then

(v, Au) =0, Yu € W, ()
According to (1.3), it can be written

— (u, Av) = /((E(U)~77) 1, —u.r) (v, (X(v).n) .7) do

r
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Or equivalently
(u, Av) =0, Vu € W5 (Q), Yo e ID(Q)

what implies Av = 0.
Using the Lemma 2, we find

((B(w)n) -, —u.T) 7, (00, (B(v)-0) 7)) x ()< x. ) = 0, Vu € Wi (Q)
consequently,
Vs (v, (X(v).n).7) =0
|

We have the necessary and sufficiencies conditions on f € H*(Q)?2, in order to
allow for u, solution of (P) to be in H*+2(Q)> N V. This condition is expressed as
follows:

(f,v) =0, for all v € Ns()

3. LAPLACE INDEX

3.1. Dimension of N, (). In this subsection, we are interested in the study of
N (Q). It is proved that N, () is a finished dimension subspace, after having, we
will determinate exactly his dimension.

We start with comparative study between the trace operator v, which is defined
in Lemma 2 and usual trace operators.

Remark 2. For v € N, (Q) we have
i) Av =0, i.e. v is analytic in Q\ S ;
1) (v.nj, (E(v).nj) .Tj) =(0,0) on Ty, j=1,..,J

Expression i) is signified that the function (v.nj , (E(v).nj ) I ) which is continuous

on Q\ S is null on %j, 7 =1,...,J, where f‘j indicates the interior of I'; what
doesn’t imply that v, (v.n, (X(v).n).7) = 0.

This Remark permits us to deduce a regularity result in the neighborhood of
the regular parts boundary. This result can be obtained by using the reflection
processes, compared to each segments of I';, 7 = 1,...,.J, and the analyticity of
harmonic distributions.

These results permit us to introduce the space M, (Q2), defined by

M, (Q) = {v € H* (2N C® (QS); Av=0; (v, (S(v)a).7) /1, = (0, o)}

An analogous space was constructed by P. Grisvard [5].
Consequently, it is clear that N, (©2) C M, () and besides we have the following
Theorem:

Theorem 1. If w is satisfied the following condition
2T ke 0 (h+2), k=1
w k _"_ 2, 7 9 ) - 9t S

then we obtain Ny () = M, (Q).
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We start giving some important results:
m 1 .
We denote by ITJ(L()Jr2 (T';) the subspace Hm™ s (T';) defined by the following con-
ditions:

FR(S5) = fM(Sj41) =0

EARIO] E=0,..m—1
/(t—S)(SJ+1—t)dt<+oo 9

J

Equipped with norm

= dt
1t 0y = Wl + | | 757505
F]
Where T'; =15;, 541, =1,...,J and m is an integer.
We recall that D(I';) is dense in H0 0 ( ;) for all integer m. Relatively to this

space we have

Proposition 1. The application

— ({fe} . {9;})
defined by
fe(z) = D,Zu(a:,O), x>0, k=0,..,s—1
g](y) = D%U(O)y)a y>0, k=0,.,s—-1
is linear, continuous and surjective (and admits a continuous linear relevement) of
H*(Q) in the subspace

s—1 s—1
I_IHS*IC*2 (R4) x HHFJT(RH
k=0 j=0

and satisfying the following conditions
fP0)=g7(0). 5 + k<52
"G 2. dt
[|50 0 =g Fogori+r=s—1
0
where v s a finished or infinite number.
For the demonstration we invite the reading to consult P. Grisvard [5].

Lemma 4. Forw;éke—&,ﬂ,keN,lgkgs, we have
J J .
s+ s+—

H " (I H Hpo® (L)

. . J J
We are of course identified (p,9) € X, (T') to ({cpj}j:l , {wj}jzl) , where ¢,
and ¢, indicate the restriction of ¢ and ¢ to I';, j = 1,..., J, respectively .
Proof. Using the Proposition 1, we will determine the splice conditions between
(cpj,z/)j) so that ( ({cpj }] 1 {1/) } ) is element of X (I"). These condi-
tions are obv1ously related to each corner S
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Essentially, we limit to search for those that are relative to the corner S, as
amounting by the following affine change of variables :
X =x—ycotw
Y=y
to the particular case: S; = (0,0) and w; = 5 orwy = 37” This change conserves
the spaces

H*"2(Q), V and Hj (Q)
on the other hand it doesn’t conserve the expression D u + D,u which becomes
Dyu — cotwi Dyu+ Dyu

In the same way the considered change doesn’t conserve the boundary conditions
((3(w).n) .n, —u.7) which become
i) For y = 0,we have

(1.4) —u.7 = u (z,0)

o 011(U) 012(U) n n
(XE(u).m).m= < oor(1) e (1) ) ( 77; ) < 77; ) , where
Dy (z,0) + cot wi Dyus (z,0) — Dyus (z, 0)]
= p[Dyu; (z,0) — cotwi Dyug (x,0) + Dyug (x,0)]
ng(u) = —Jll(u)
then
(1.5) (X(u).n) .n = p[Dyui (x,0) + cot wi Dyus (x,0) — Dyus (z,0)]
i1) For x = 0, we have

(1.6) —u.T = — [coswyuy (0,y) + sinwius (0,y)] and

Dyuq (0,y) — cotwiDyusg (0,y) + cos 2wy Dyus (0,y) —

(1.7) (Z(w).n).n=p sin 2wy Dyyus (0,9)

In the following, we are interested only to the case 0 < w < 5. The case § < w < 37”
is treated similarly to the previous one.
We have u € Wy (), i.e., u must verify the following boundary conditions

(u.n, (E(u).n).7) =(0,0) on T
which becomes, after the affine change of variables, as follows:
i) For y =0,
u.n =1uz(x,0)=0
(X(u).n) .7 = p[Dyus (z,0) + Dyu; (x,0) — cot wi Dyuy (2,0)] =0

or

(1.8) uz (£,0) =0
’ Dyuq (x,0) — cotwi Dyuq (z,0) =0
i1) For x = 0,
w.n = sinwyuy (0,y) + coswyuz (0,y) =0

(1.9) { (X(u).n) .7 = Dyus (0,y) — Dyuy (0,y) + cot wiDyuq (0,y) =0

87
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Thanks to (1.8), (1.9) the expressions (1.4),(1.5) and (1.6), (1.7) become, respec-
tively:
(1.10)

uy (x,0)

Dy (ug (z,0) — tanwius (x,0)) = p[Dyus (2,0) — Dyus (2,0)] fory =0

1 _ 1
(111) { sinw1u2 (O’y) T coswi U1 (O?y) , forz =0

—2pcotwiDgusg (0,y)

Therefore, we must specify the splice conditions between (1.10) and (1.10), when w
belongs to W () such that

Q=R% xR% ={(z,y) €R? 2 >0and y >0}

In the following, we are going to search the conditions that we must impose so that
the vectors ({cpj }5:1 A }3:1) belong to X, (T').

‘We pose
Py (z) = (2,0)
¥y (y) = u1 (0,y)
¢q () = Dyus (z,0) — Dyug (z,0)
@ (y) = Dauz (0,y)
The functions ¢; and 9;, j = 1,2, must satisfy the condition D,.+ D,. € Hg ()
using the affine change of variables.
We start by: ¢;, j =1,2.
i) 91 : The condition Dy, + Dy, € Hi () becomes

Dy (x) + Dyhy (z) — cotwi Dyt () € Hi ()
Using the definition of H§ (£2), it results
D]; (1 —cotwy) Dytpy () + Dytpy (x)], k=0,...,s — 1
Or
(1.12) (1= cotwy) DeDiuy (2,0) + Dy uy (2,0), k=0,...,s — 1
1)1y : According to the condition Dy, + Dythy € Hi (£2), we obtain
(1.13) (1 —cotwq) DIt uy (0,y) + DyDiug (0,y), j=0,..,5 — 1

Now pass to the case of ¢;, j = 1,2. As in the previous cases, it is easy to verify
the following cases:

i)
(1.14) { DE+2q, (3:}60) + (1 = cotwy) D DEF g (2,0) —
— (cotwy)” DZDEuy (2,0) =0, k=0,...,s—1
i) @ :
(1.15) (1 — cotwy) DIT2uy (0,y) + Dy DI tuy (0,y) =0, j=0,...,s — 1
Posing

{ 9j (y) = Dju1 (0,y); £; (y) = Dius (0,y)
e () = D’y“ul (2,0); hg(x) = D];Ug (z,0)
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the expressions (1.12) — (1.15) become

fonr (@) = (cotwn — ) fo (@) =0
(1.16) { Z(eotwr — 1) gj41 () -|-g;- () =0 k,j=0,...,8—1

(1 —cotwy)ljya (y)+ f;-“ (y) =0

By recurrence, we can see that Eq. (1.16) is equivalent to the following relation

feolm) =k (2), k=0,..s
1.18 /0
(118) { g W) =29 (¥)=0,j=0,...s

(1.17) { hira () + (1= cotwn) by (2) — (cotwn)” DEF2uy (2,0) = 0

Where a = (1 — cotwy).
S 3 . .
So that v, ¥, belong to Hojgz (Ry), it is necessary that

90 =9"(0), j+k<s

J

1.19 s ; 2
(1.19) S0 0) = g 0 4 < oo, j4k=s+1
0

©1, P belong to HS;% (R, ) provided that the following condition (cot wy)" DE+2q (2,0) =
0 is verified, which is possible, because in the case y = 0, u; (, 0) is arbitrarily cho-
sen. As a consequence, the condition (1.19) is always verified by replacing f by h
and g by /.
According to (1.18), from Eq. (1.19) it results

Olmf(gm) (0) = g(()m) (0),for m < s

such that fo(0) = go(0) = u1(0,0) = 0.
This identity is verified when o™ = 1, for all m, m = 0,...,s — 1. Accordingly,
thanks to (1.18), we see that it is the case when

wl#%; GEkeEN, 0+ (k+2), k=1,..s

Consequently, we deduce

P (0) =5 (0) =0, j=0,...,5 — 1

@[ 4 < oo, [l 0] % < +oc

0 0
what proves that 1, 15 belong to Hg:g% (R4) . By the same techniques we demon-
strate that ¢q, ¢, € HOS,E% (Ry). O
3.2. Dimension of M, (2). We introduce the following subspace

M, (Q) = {v e H(Q)2NC™ (QS); Av=0; (v, (S(v)).7) /1, = (0, 0)}

and the functions:

N(w):Card{keN*; k< %(s+2)}

w

N (w) is the biggest number strictly inferior to £ (s 4 2). We have
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Theorem 2. Suppose Q is a simply connected, the dimension of M, (Q) is exactly

J
N = ZN (w;)

We immediately get the following Lemma.

Lemma 5. Suppose Q is a simply connected, A : W, () — H*® (9)2 18 an operator
with index. More precisely, A is injective (because dim (KerA) =0 < o0), has a
closed image of codimension lower or equal to N < 400 in H® (Q)2 .

In the particular case, where  doesn’t have any angle w of the following form

lr
m, g,kEN, E#(k+2), k—].,...,S

the codimension of the image of A in H® (9)2 is exactly equal to N.

Before proving the Theorem 2, we need some Lemmas.

For more of convenience, we suppose that we are in the case where S; (0,0),
and where the segment I'; is carried on the axis O, ( with w; > 0 ), the plan is

supposed to orient in the usual direction.
We set z = = + iy = rexp(if).

Lemma 6. Let k € N* satisfy k < % (s +2), there exist up € M, (Q) such that,
if we set wy = ug — vi,we have
we € HY ()2, 2% e 12(Q)?
r
where

k
v = 4 (—1)" sin 2w [Rez™ %, Im 2=, with aj, = Uﬂ -1

Proof. As for k < %% (s +2), we have

réu, =4 (—1)k 7° sin 2w [Re zfa’“,Imzfo”“] erL? (Q)Q

We know, thanks to P. Grisvard [7], if u € H§ () then ?% € L% (Q), where r des-
ignates the distance of u € 2 to the set S = {51, S5, ..., Ss}. As rv, € L2 (Q)?,
then v, € H™* (Q)%.

It is obvious that this function is harmonic and null on the segments I'y and I',
moreover it is regular the neighborhood of T’y \ Sj.

Let (¢4, 1) be the trace of (vg.n, (X(vg).n).7) on I'y, it is clear that (¢, 1,) €
Hz (T') x H=2 (I) ,therefore by applying the variational method we see that exists
wy, € H' (2)? harmonic and satisfying

wi = (¢, ¥;) on T
Posing ur = wy + vk, thanks to condition wr = 0 on I'y and 'y, we have w; €
H} (©)?, and consequently Le ¢ [2 (€)°. O

Remark 3. (Consequences of Lemma 7 ); Taking into account the fact that

% [Re zfa’“,Imzfa’“] ¢ L* (Q)2
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and that functions defined by
[Rez~® Imz" "], ke N, k< “1 (s +2)
T
are linearly independent in M (Q), we deduce that the functions uy, such that

k€ N* and k < “* (s +2), are linearly independent in M, (2). As we can repeat
same construction for each corner, we deduce that

dim (M, (0)) > N

0 0
Lemma 7. For ¢ € D (]0,79[) and ¢ € D (J0,w]), ifro <1 and rg < d(0,S5), then
f belongs to H§ (2), where

~

ro 2

£00) = e (1) 6)

And if £> % (s+2), then there is a constant Cy such that

£l < Co 9l - goswpy {max max o) (T)}

7=0 0<r<rg

The proof of this Lemma is obtained by using, as in P.Grisvard [5], the direct
calculations.
Let’s come back to the proof of the Theorem 2:

Proof. Let w € M, (), we study w in the neighborhood of the corner S;. Thanks
to the regularity of w, we can develop the first and the second component of w |,
per report to 6, in series of cosine and sine respectively, as follows:

k
w = (u,v) = g uy () cos a0, E vg (r)sinagf | , where o = Ty
w
E>1 E>1

As w is harmonic, u and v are also. Of Aw = 0, by passing in polar coordinates
it can be written:

’
" u (9

k 2

’
" v Vi

k 2
)

By noticing that these differential equations are the same ones, we thus take only
one of them, (for example: the one that depends on w).
It is easy to verify that the solution of this equation is given by

km
ug (1) = apr® + bpr” M, ap = w

And like w € H= (Q)® (u € H™* (Q)), we have

T W

(u, f) = Z//Uk (r) f(r,0)J(r,0)drdd

k=1 o

where J(r,0) = rsin (ay0) denotes the Jacobian.
By substituting of ug, f and J(r,0) by these values, it results

(u, f) = 2/7 (akr’%*l + bkr*’%ﬂ) <T|fir|2<p (r) e (9)) 7sin <e (’Zr - 1)) drdf
0

k>17
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or
i O (4im o TO  (t—k)m
(wh) = |3 o) e ) dr b [ e () dr
[ln 7| [ln 7|
[k>1 0
- )
/1/; () sin ((ﬂ - 1> 9) do
w
Lo
Therefore
< 3 YINE))
(1) < el 161y { i mae 6 1)}
[
by varying the functions ¢ and 1, in the case when the function 7|1n7wr\ is not

integrated in the neighborhood of zero, it can be seen that the last inequality is not
possible that if by = 0.

In the particular case, when £ = “X (s+1), it is noted that by = 0 for k& >
“L(s+2).

We have thus to prove that

_ e L ~imi g (BT
u(r,0) = Z (akr coS < " 1) 0 4 byr coS ( " 1) 9)
E>1
and consequently, for 0 < r < rg we have
- Er—1 km _ —kx g km
v(r,0) =Y agr cos ( " 1) 0+ Z bir cos ( 1) 0
k>1 1<k<*2(s42)
This will permit to have the following expression

u+ Z bruy =

1<k< L (s42)

=N apr s 1cos (IZT — 1) 0 — Z by (Re (Z—I%"H) — uk)

E>1 1<k<Zt(s+2)

Thanks to Lemma 7, the second sum in the right-hand member of this equality is
an element of H! (), and consequently, the series defined an element of H'! (Q/) ,
where

Q ={z€C:0<Rez<ro} NN
By the same techniques, we verify that

v+ Z b;vvk =

1<k<*Ll(s42)
=Y a,r% Lsin km —-1]60- Z b, (Im (Z_M—H) —v )
= k w k k
k>1 1<k<“L(s42)

is an element of H! (Q,) )

By repeating the same processes in the neighborhood of each corner of §2, we see
that is a vectorial subspace M, () of dimension N in M, () such that

M, (Q) C M, (Q) + H' (Q)°
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where M, ; () is a subspace generated by the elements of the Lemma 7 corresponding
to each corner, i.e.:

M, (@) = {u), where e = [Re ()t (1]

According to the uniqueness of the solution of the variational problem, it results
M, (Q)NH! (Q)* = {0}, what implies that M, (€2) C M, (). This inclusion joined
to the inequality dim M, (Q) > dim M. () involves dim M, (Q) = dim M, () =
N. O

Conclusion 1. Thanks to the inequality a priori (1.1) which is checked for all
we H P2 (Q)2 NV, it can be seen that the operator of Laplace, A : HST2 (Q)> NV
— H? (Q)2 is injective and has closed image of finished codimension. Consequently
A is an operator with index which is worth —2N.
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Abstract. New integral inequality regarding double
integrals is presented.

1. Introduction

The following open question was proposed in [2]
Under what conditons does the inequality

(1.1) Jl. f 7 (x)dx > Jl.xﬂ f«(x)dx

hold for « and g ?

In[1], the authors gave an answer by establishing the following

Theorem . If the function f satisfies

(1.2) Jl.f(t) gt > 17X

0

vx €[01],

then
1

1
jf“+ﬂ(x)dx > jxﬂ f«(x) dx
0 0
foreveryreal «>1 and g >0.

The aim of this paper is that to give a new theorem concerning a similar result but for a
double integrals and over the domain [a,b]x[a,b].

2. New inequality

We state and prove the following
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Theorem 2.1. Let f(x,y), g(x), h(y) be continuous functions defined on [a,b]x[a,b],
[a,b] respectively, f isnonnegative, g(a)=h(a)=0, g'(x),h'(y) >1Vx,ye][a,b].
Let a>1 g,y>0. If

(2.1) ﬁf(t,u)dtdu ﬁ t)g'(t)hu)h'(u)dtdu Vv x,y e[a,b],
= (g () —g2(x))(h? (b) ~h*(y)),

then

(2.2) [ yydey = [[1(xy) 97 ()07 (y)dxdy,

provided one of the following holds :
(i) 9(x),h(y) =21 Vvxye[ab].

a9

(i) gﬁ+7(b)hﬂ+7(b) > (a++)(a+y+]) |
{ﬂ(a+ﬂ+7j+1}{y((z+ﬁ+yj+l}
By B+
iy max 9O 0O | a+fry+l
h*#2b) " g« *(b)| = (a+pB+D(a+r+D(b-a)

Proof . By changing the order of the integration, we have

[T1]ftuyg”()g'0)h"* (y)h'(y) dtdudxdy

I
D C— T
< —— T
7N\

0 ey T
X C— T

f(tu)g”™ (x) g'(x)dt dx]hy‘l(y) h'(y)dudy

Il
D C— T
< — T

ftu)dt[g”*(x) 9'(%) dXJh“(Y) h'(y) dudy

7~ N\
< T o — T

(I f(t,u)g” (1) dt}hy‘l(Y)h’(Y)dU dy

g”(t)dt [ [ f(t,uyh"*(y)h'(y)dudy

‘H xR - S

D T @ — T =T

g’ (®dt | ftuydu [h(y)h'(y)dy

a

jg (t)dtif(t,u)hy(u)du
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f(t,u)g” (t)h” (u)dtdu.

D ey T
D ey T

1
By
Also,

f(t.u)g”™ (x) g'(x)h" " (y) h'(y) dtdudxdy

i

X C— T

J U [fe “)dtd“} 72(x) 90 b (y) h'(y) dxy
J(o°

>

JICRORX: 2(0))(12(0) ~h?(¥))g”*(x) g'(x)h"* (y) h'(y) dxdly

= -hll—\ »—_—

=~ [(g2(0) - 92(x)g”*(x) g'(x) dx J h?(b) ~h? (y) )" *(y) h'(y) dy

a

_1(g”?(b) g”*(b) | h"*(b) h"*(b)
4 p p+1 y y+2
_ 97" ()h"(b) .

By(B+2)(r+2)

|

.p

Therefore
g’ (b)h""* (b)

B 7
f(t,u)g”(@t)h”(u)dtdu > Gi2012)

QD e T

Now
Z 17+ g (R (1) 2 F(0y) g )
Multiplying the above inequality by o g”(x)h” (y), we obtain
Fe,y)g” (D" (y) 2 a f(xy)g“ " ()h*77(y) —(@-1) g“” (x)h* (y)

>a f(xy) g )7 (y) = (@ =1 g“ " (x) g’ () h 7 (y)h'(y)
Double integration get

[T g” " (y)ydxdy > a [ [ (% y) g™ ()h“"™ (y)dxdy

aa a

—(@=1)[[ g7 () g'()h“ (y)h'(y) dxdly

g a+p+1 (b) ha+y+l (b) g 1 g a+p+1 (b) ha+;/+l (b)
(a+p+D)(a+y+]) (a+p+)(a+y+])
_ g a+p+1 (b) ha+;/+l (b)
(a+p+)(a+y+1)
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We now deal with the three cases separately

Case 1. We claimthat g atpry <a+pf and y atpry <a+y. Infact
p+a p+y

B<P+y =1+

£1+g:>a+'8+7£a+’8:ﬂ(w}£a+ﬂ.
+y B B+y s B+y

Therefore, we have

a ¥ y a a+p+y ﬂ+ Y a+f;—}’
P g 00N (y) £ e 1 (k) +—a+ﬂ (9”7 0N (y)) o7
a+f+y a+pf+y
(2.3) <X gerrgy) P g (5% j(x) 9'(%) hy( Py j(y)h'(y)
a+pf+y a+pf+y
<X gperrigyy s BT gen gxphe (y)h(y).
a+p+y a+p+y

Double integrating both sides the above inequality from a to b gives

Uf”*ﬁty(x y)dxdy > jjf (x,¥)9” (x)h’ (y) dxdy

T/ﬂy
—ﬂ a+p aty
poy Hg () 9'()h“ (y)h'(y) dxdy
.[.[fa(X'Y)gﬂ(X)hy(y)dxdy
a+ﬂ °J

+ ﬂ—+7 ”f (x,¥)g” (x)h” (y)dx dy — g“+ﬁ(x)g(x)h“”(y)h(y)dxdy)
a+p+y

a+ﬂ+ .[.[fa(xiy)gﬂ(x)hy(y)dxdy

a+,6’ ga+ﬁ+1(b)ha+y+l(b) ~ ga+ﬁ+1(b)ha+y+l(b)
a+pf+y\(a+f+)(a+y+D) (a+pf+)(a+y+])

= mjjf (x,y) g’ ()h” (y) dxdy.

Case 2. Since g(x)>0, g is increasing. Hence g(x)>g(a)=0. Itis not difficult to show
that (ii) implies
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ﬂ@ﬂz+ arfiy),

g B+y ] 1(b)h7( B+y ] 1(b) < ga+ﬂ+1(b)ha+7+l(b) |
P{a+ﬂ+y}ﬂﬂ4?+ﬂ+y}ﬂ}_(a+ﬂ+Dw+7+D

B+y B+y
TMMW;MmQQWMWe
jjf“quwdmy>

B+y

+—— 1 x
a+pf+y

lefa(xly)gﬁ(x)hy(y)dxdy
a+ﬂ+y prrl)

b b [a+ﬁ'+ﬂ. a+pf+y

[Hf (x,¥) 9" (x)h” (y) dxdy - Hg ””J(x)g(x)h[ﬂ“hy)h(y)dxdy}

Bty

a+ﬁ yiif%KYNf%@h“WdW + a+ﬂ+yx
ﬁ[a;’f}'ﬂ/}rl(b)h [a;f;yj (b)

(a+f+D(a+y+1) {ﬂ(mﬂwjﬂﬂy(mﬂwjﬂ}

{ a+/>’+l (b) ha+;/+l (b) g
/!

p+y B+
p Vi ¥ ﬂ+7 >
2 g [T e on axay + 2o
g a+p+1 (b) ha+y+l (b) ~ g a+f+1 (b) ha+y+1 (b)
(a+p+)(a+y+)) (a+p+D)(a+y+])
[] 1 y)a”00h7 (y)dxdy.
a+ﬂ+ %

Case 3. We have, by (iii),
£, ¥) 07 00N (y) € —%— £ (x,y) + — B — g7 ()
a a+pf+y

+p+y
ha+ﬁ+y
+a+ﬁ+y W
< a fa+ﬂ+y ﬂ a+pf+y ’
Sy PR R et ML)
L= (y)h(y),
a+f+y

which implies
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m”f””(x Noxy > S [0 a” o () axay

'B i @ B 14 _ yatBty '
a+,6’+y££f (x¥) 97 O’ (y)dedy - g (x) g'(x) dxly)

+— ﬂ j J (£ (% y) 9" ()h7 (y) dxdy == (y) h'(y) dxdly)

\%

m”f (x,¥)g” (x)h” (y) dxdy

ﬂ ga+ﬂ+l (b) ha+y+1 (b) ~ ga+ﬂ+y+l (b) (b _ a)
a+pf+y\(a+p+)(a+y+]) a+p+y+1

7 ga+ﬂ+l (b) ha+ﬂ+l (b) ~ ha+ﬁ’+7+l (b) (b _ a)
a+p+y\(a+p+)(a+y+]) a+p+y+1

>mjjf (x,¥) 9" (x)h” (y) dxdy

ﬂ ga+ﬂ+l(b)ha+y+l(b) ~ a+ﬁ+l(b)ha+7+l(b)
a+pf+y\(a+p+D)(a+y+1) (a+pf+D)(a+y+1)

7/ ga+ﬁ+l(b)ha+;/+l(b) ~ ga+ﬂ+l(b)ha+7+l(b)
a+p+y\(a+f+)(a+y+1) (a+p+D)(a+y+])

‘ml [ %09 (h () dxcly.

3. Applications

Corollary 3.1. Suppose that the statement of Theorem 2.1 is satisfied. If

b b b b

(3.1) ”f(t,u)dtdu > jjtudtdu VX, e[0,b],
y X y X

then
b b b b

(3.2) [ y)dxdy > [[£<(xy)x” y” dxdy ,
00 00

provided

b BN @t frh(ary+l)
B+ B+Y)+aB)(B+7)(r+D)+ay)

Proof . Follows from Theorem 2.1, using (ii) and putting a=0, g(z)=h(z)=z.



114

SULAIMAN : INTEGRAL INEQUALITIES FOR DOUBLE INTEGRALS

Corollary 3.2. Supose that the statement of Theorem 2.1 is satisfied . If

(3.3) ﬁf(t,u)dtdu > ﬁ(t—a)(u—a)dtdu vx,yelab],
then h h

(3.4) [T (yyady > [ 100y (x-)” (y—ayaxey,
provided ; ;

(b-a)" > (a+p+D)(a+y+1])
T (a+pB+y+D)

Proof . Follows from Theorem 2.1, by putting g(z)=h(z)=z-a .
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Abstract. Two new general theorems concerning necessary and sufficient
conditions for the series Zan/lnﬂn to be summable (p—|R,qn|s whenever Zan

is summable ¢—|R,p,| , s>k >1 are presented .

1. Introduction

Let (¢p,) be asequence of positive real numbers, let > a, be an infinite series with
the sequence of partial sums (s, ). Let (t,) denote the n-th (C,1) means of the seque-
nce (na,). Theseries ) a, is said to be summable [C1| , k>1, if (see[1])

(11) S <o
n=1 n
and it is said to be summable ¢—|CJ , k>1, if (see [5])
0 k-1
(1.2) Zf”n“k It <.
n=1

If we are taking ¢, =n, ¢—|Cl| reducesto |C.1] summability .

Let (p,) be asequence of positive numbers such that
P,=>..p,—» asnswo (P,=P, =0).

The sequence-to-sequence transformation

(1.3) u,= Pizn: P, S,

n v=0
defines the sequence (u,) of the Riesz mean or simply the (N, pn) mean of the
sequence (s,) generated by the sequence of coefficients (p,) (see[2]). The series
D a, issaid to be summable |R,p,| , k=1 if
(1.9 >, —u,| <.

n=1

In the special case when p, =1 foralln, then |R, p,| summability is the same as
IC1, summability . The series »_a, is summable ¢—|R,p,| , k=1, if
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> optu, —un_1|k < o0,
n=1

For ¢, =n, ¢—|R,p,| summability isthe sameas |R, p,| summability .
In what follows we are assuming (qn) is a sequence of positive numbers such that

Q,=>.q, »®, asn-ow, (Q,=q,=0).
v=0

Concrning |C.1, summability, Mazhar [3] has proved the following

Theorem 1.1. If

(1.5) A, =0(), as m— oo,

(1.6) > nlog n‘AZ/ln =0(), as m— oo,
n=1
o It [

(1.7) =O(logm) as m >,
v=1 \Y

then the series » a4, is summable [C1| , k>1.

Ozarslan [4], on the other hand , generalized the previous result by giving the
following

Theorem 1.2. Let (p,) be a sequence of positive real numbers and the conditions
(1.5)-(1.6) of Theorem (1.1) are satisfied . If
m k-1
(1.8) Z(/)Vk |tv|k =O(logm) as m— oo,
v=1 \Y

0 k-1 k-1
(1.9) PRa=E O(_¢Vk j ,
then the series > a, 4, issummable ¢—|C1 , k>1.

It should be mentioned that on taking ¢, =n in Theorem (1.2), we get Theorem
11.

2. Lemmas

The following Lemmas are needed for our aim

Lemma 2.1. Let (ﬂn) be nonnegative, nondecreasing sequence of real numbers
satisfying
(2.1) > .ng,
n=1
Then conditions (1.5) and (3.1) implies

A Q| <o,
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2.2) S A4, = 0Q).

(2.3) S 4] =0,

(2.4) nB,[A4,| =0@), asn— oo,
(3.5) B2l =01, asn—ooo.

Proof. By virtue of (1.5),
D BalA| =2 B D AAL]
n=1 =1 v=n
5.3 x4,
22,3,
v n=1
0@ > va,
v=1
0@).

<

DMs 2D 7

[}
iN

A2,

Z:;|/1n||Aﬂn| = Z:;|A,b’n|

S an

-3 pal3 s

nga. |A/1n| =ng,

> AAL|
<ng, i

<ng, i|A2/1V

AAZ,|

A2,

-0 Y VA,
~0@).

117
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Bl ol = B2 D AR
< B, Y |A4,|

=0(0) X A./A4]
=0(), by the first part .

Lemma2.2. Let Q, -, as n — o, @, is nonnegative such that and [(péq” j is

n

nondecreasing, let s>1.Then

§0qu S_l s-1 n S
—| —=0(1
(QVJ QL ()Z (QQJ

Proof. As Q, — o, then

G

Since by the mean value theorem,

Q,-Quy = (Qj)', for some n—-1<v<n

=0(1) Q;1AQ,|
=0 Q'q,,

J Q1 —Qus
Qin

n1

then we have

—0(1)2QQ

2,9,)" 00,) 4,
( Qv J Q—l ()Z[ n ] QnQr?_l
=0( st n
()Z(pn [Q QJ

and hence

3. Main Results

Theorem 3.1. Let (¢, ), (¢,), (B,) be sequences of positive real numbers such
that (ﬂn) is nondecreasing satisfying (1.5 ) and (2.1 ) . Then sufficient conditions for
the series Zan/ln/i’n to be summagble ¢—|R,qn|5, whenever Zan is sumable
¢—|R,p,| . s=k=>1, are
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31) " pyidy _ O((va 1?5’1}
= Q Q. Q
(3.2) (2., =0@,
(33) 9, =0(4,),
P.a,
(3.4) o " o, P,=0(np,),
(3.5) AB, =0(nB,).

Proof. Let (t,),(T,) denotethe (N,p,), (N,qg,) mean of the series
> a,, Y. a,4,pB, respectively. By definition, we have

(36) Yn = Tn _Tn—l

Qinvl PnPn]_vl
Then via Abel's transformatlon we have

= P._,a, ”/1,8
QnQn—1; ' v

- Q‘g [z[zij[‘gwj DLESESEYY

q —1qv —1Qv
= Qi X A B, + X A B+~ X ALB,
QnQn—l V=, ( ' pv pv
—1Qv X 2{ ﬂv )+ Png)n Xnﬂ/nﬁn

=Y +Y + Y + Yo +Yos

To prove the theorem, by Minkowski's inequality, it is sufficient to show that
Do N[ <o, r=12345.
n=1

Applying Holder's inequality, and using lemma 2.1,

2?;_1|Yn1| z¢n_l ZQ —1X
n=1

Qinvl

m n-1 S n-1 s-1
< s-1 qn Qv—l X S A S s( qv j
Z;qon QsQn—l szll q\j_l V| | V| ’BV v=l Qn—l
& Qr, SR
=01 Ln An
( ) v=1 5 | | | | ﬂ n=v Q;Qn—l

=0 D o X AL By

ZQ -1 avﬂ’vﬂv ’ :tn _tn—l pn i Pv—la'v '
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=0 > o HX,[°
v=1

=0 Yo X,[ (o %,
v=1

—0@ Y4 x|
v=1
=0().
Sorthaf =S b S P
Qinvl pv
m n-1 ps n-1 s-1
S s—-1 qn quv ﬂ s[ ij
Z¢ QSQ“; o AL A 20
1qv O L
v j’v v NS~
Z:; P, | || |ﬂ v QnQy
-0 Yo el [ 4
O 2,07 S KA A

=0 XX, [
v=1
= 0(1), asin the previous case .

S

s = i¢r?71| qn E PV_lQV XvAﬂ“va

n=2 —1 v=1 pv
<30 o B S o, (Sanis, |
-2 Q Qn Pl i o
PLQ; 2y 0,
=0(1 —vL=v X 1A, —n_n
() v=l pv | | | |IB n=v+l Qr?Qr?—l
m PS,Q s m (Ds—lqs
=0 Y =X [|ad |8, Y
() v=1 p\j | | | |ﬁ n:v+1Q Qn_1
m . Pquf
=0 Y ¢ X, '[a1
W ¥ pi Q" X [1a41A,

=0 Yo pv X, ['[a4,| B,

1

=0 24X, VAL A,

-0 3 Sl Jatianls) - 0w [ St )

v=l \ r=1

M|ALy| B
=0(1) Z A%, 8, + OQ) mz_(v+1)|AZzv B
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+0(@) Ef(v +1)|AZ,.4||AB,| + O @)

-0() +0Q) 2v|&/1v w|V7B,
0@ +0Q t211|MV+1|ﬁv+l
- 0().
S ol = So g3 R 1 0,
S o A |
-0 50 g 58 P o |
-00 Soi Qs ) ;? e Sl
‘O(l)ZPQ 1 & Q?_nl
=0() Z - p“st“V x4 a2,
=0Q) ;(p:'llxvls VIAVB,
~oQ gwlxvlk
- 0().
Finally, .
>0 el = 20| X,

m (P )y s s e
=0() glwn [p—gJ Xl 1l 54

n=<n

=0 Yo%,/
n=1

0@ XX,
- 0Q) .
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Theorem 2.2. Let

. k-1 pn k _ ¢vk71
(37) ng‘:l¢n (Pn Pn—lj - O( Pk J,

\

then necessary conditions for the series Zaninﬂn to be summablego—|R,qn|S ,
whenever »'a, issummable ¢—|R,p,| .1<k<s, are

¢(k 1)/s(pvjk’5 QVJ
38 ) =
(38) Ahy ((ﬂi R ) \a,
k-1)/ k/s 2-1/s
o e
q,
(310) ALB, =0 [¢‘j - (E,— (&j J

av

\Y

k/s 1-1/s
(e (Q
(3.12) 2B, =0 (%1 =) o] |

Proof. We are given that

(3.12) igoﬂvnr <o,
n=1
whenever
(3.13) S A [ <o,
n=1
The space of sequences (an) satisfying (3.13) is a Banach space if normed by
© 1/k
(3.14) ||x||:[|xo|k+z¢:l|xn|k] |
n=1

We as well consider the space of the sequences satisfying (3.12) . This space is a BK-
space with respect to the norm

» 1/s
@15) = (ol Sl )
n=1

Observe that Y, as defined transform the space of sequences satisfying (3.13) into the
space of sequences satisfying (3.9). By applying the Banach-Steinhaus theorem there
exists a constant K>0 such that

(3.16) Iv] < K[X].

Applying (3.6) to a, =e, —e,,,, where e, isthe vth coordinate vector, we have

v+l?
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0, if n<v,
X, = &, if n=v,
R
Py P ,if n>v
I:)npn—l
0, if n<v,
vy.=1% 5, if n=v,
Q,
" AQ,,A4,8,), if n>v
QnQn—l '

By (3.14) and (3.15) it follows that

K 1/k
(3.17) ||X||=(¢vk( ] Zw{;’vpp”]] ,
s-1 q S < s-1 S
3.18 Y| = ) A,
ORI £¢V (San] So gk s mjj

Applying (3.16) for (3.17) and (3.18) , it follows that

s-1 qv 5 S S-! )
— A,
(0\, [QV vﬂvj + n;ﬂ(on (Q Q o (Qv 1 ﬂ )J

e w(2] S 2]

The above inequality is true if and only if each term of the left-hand side is O (the
right-hand side) . Therefore, we have

oo 52t
_0(1)( (E—] }+0(1) pvk["ij,;J
—0(1){¢ (E] ]

1/s

which implies
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(k-1)/s k/s
ﬂ’vﬂv :O(¢11//S (p\l] (&jJ !
N Ay
. s-1 q S k-1 p k
S A 1ﬂ’v v =0 1 v o
ng;-l¢n [Qnin (Q\F ﬂ )j ( ) ¢ (PVJ J

(AQ.,44,)) Z¢> [QQ_IJ 0(@) cov“(E,—V”J}-

Making use of lemma 2.2, we obtain

A S %_qusl ! _oq H(&Jk
( (Qv—l}‘\/ﬂv)) ( QV st_l () §0v Pv

and also

or

or
AQ, B -0 P [pJ [&] o...
¢V PV qV
That is
(k-1)/s k/s 1-1/s
(C Ay + QAL B, + QA nAB) = O P (p] [&j Q..
¢V PV qV

Since A, , AA, are linearly independent and the same is true for S, , Ag, , the
three terms in the L.H.S. of the above equality are linearly independent. Therefore

¢(k /s p k/s Q 1-1/s
each of these termsis O [—VJ (—Vj Q,4 | - This implies

1-1/s P q

v v

(k=1)/s k/s Q 2-1/s
o222 (8))
q,
(k /s kis 1-1/s
P, Q,
AL B, = O { 1-1/s (FJ (E ,
k/s 1-1/s
i (p, Q,
AalB, = ( 1-1/s F I :
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Boundedness criteria for certain third order nonlinear delay differential equations

Cemil Tung
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Abstract: In this paper, we obtain boundedness criteria for third order nonlinear delay
differential equation:

x7() + f(x(0), X' (1), x"(0))x" (1) + g (x(t = r), x'(t = r)) + h(x(t = 1))

= P(t, X(t),X(l' - r)’ X,(l'), X,(t - 7"), x”(t)) >

where r > 0 is a constant delay. We introduce a Lyapunov functional as a basic tool and
use it throughout the paper. Our result includes a new boundedness theorem in addition to
the ones previously obtained for delay differential equations.

1. Introduction

It is well-known that delay differential equations or more generally functional
differential equations are used as models to describe many physical and biological systems. In
fact, many actual systems have the property aftereffect, i.e. the future states depend not only
on the present, but also on the past history. Aftereffect is believed to occur in mechanics,
control theory, physics, chemistry, biology, medicine, economics, atomic energy, information
theory, etc. Therefore, it is very important to study the qualitative behaviors of solutions of
delay differential equations or more generally functional differential equations.

In 1965, Ponzo [11] introduced a technique, involving integration by parts, to
construct a Lyapunov function for nonlinear third order differential equation without delay:

X+ f(x(@), X" (O)x" (1) + g (x(), X' ()X (1) + h(x(1)) = 0.,

He constructed a Lyapunov function and gave some sufficient conditions to guarantee the
asymptotic stability of trivial solution of this equation. Later, based on the result of Ponzo
[11], Tung [12] improved the result established by Ponzo [11] to nonlinear third order delay
differential equation

xX"() + f (x(0), X' )X () + g (x(t — 1), x'(t = 1)) + h(x(t = 1)) = 0

and proved the asymptotic stability of trivial solution of this equation.
Now, taking into consideration the result of Tung¢ [12], we deal with nonlinear third
order delay differential equation of the form:

Keywords: Boundedness, Lyapunov functional, nonlinear delay differential equation
of third order.
AMS (MOS) Subject Classification: 34K20.
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X7() + f (x(), X' (1), x"(0)x" () + g (x(t — 1), x"(t = 1)) + h(x(t = 1))

= p(t, x(0), x(t = ), x'(1), x"(t = r), x"(1)) ¢y
or its equivalent system:
X' ()= y(),
Y= z(1),

t

, d
()= — f(x(0), y(1), 2(0) 2(t) = g (x(2), y()) — h(x(1)) + j gg(X(S), y(s))y(s)ds

t—r

t a ! d
+’I a—yg(x(s),y<s>)z<s)ds+j - hG(s)y(s)ds

+P(1,x(f)7x(t—r)’y(f)7y(t—’”)7z(f)), (2)

where r is a positive constant, that is, r is a constant delay; the functions f, g, h and p
depend on only the arguments displayed explicitly and the primes in the equation (1) denote
differentiation with respect to te R*, R = [O,oo). It is assumed that the functions f, g,
h and p are continuous for all values of their respective arguments on R°>, R*, R and

R* xR, respectively. These acceptations guarantee the existence of the solution of equation

(1) (See[2, pp.14]). Besides, it is supposed that the derivatives dih(x), aig(x, y),
x X

0 0 . ) .
8_ g(x,y) and 8_ f(x,y,z) exist and are continuous. Moreover, it is also assumed that the
y Z
functions f(x,y,z), gx(t—r),y(t—r)), h(x(t—r)) and p(t,x,x(t —r),y, y(t —r),z) satisfy a
Lipschitz condition in x, y, z, x(t—r), y(t—r) and z. Then the solution is unique
(See [2, pp.14]). All solutions considered are supposed to be real valued; throughout the paper
x(t), y(t) and z(t) are abbreviated as x, y and z, respectively

2. Preliminaries

In order to reach the main result of this paper, we give some important basic
information for the general non-autonomous delay differential system (See Burton [1],
El’sgol’ts [2], El’sgol’ts and Norkin [3], Gopalsamy [4], Hale [5], Hale and Verduyn Lunel
[6], Kolmanovskii and Myshkis [7], Kolmanovskii and Nosov [8], Krasovskii [9] and
Yoshizawa [13]). Now, we consider the general non-autonomous delay differential system:

x=f(t,x), x, =x(t+6), —r<6<0,:>0, (3)

where f : [0,oo)>< C, — R" is a continuous mapping, f(¢,0)=0, and we suppose that f

takes closed bounded sets into bounded sets of R". Here (C, . ) is the Banach space of

continuous function ¢ : [— r, 0] — R" with supremum norm, r >0, C, is the open H -ball

inC; C, ::{¢e (C[— r,0}, 9?"):||¢||<H}.
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Definition 1. (See [13].) A function x(¢#,,¢)is said to be a solution of (3) with the
initial condition ¢e C,, at t=¢,, t, 20, if there is a constant A >0 such that x(z,,¢) is a
function from [to -1, t,+ A] into R" with the properties:

) x,(t,,¢9)eC, fort,<t<t,+A,

(ii) x, (1. 9) = 9.

(iii) x(#,,¢) satisfies (3) for t, <t <t,+A.

Standard existence theory, see Burton [1], shows that if ¢€ C,, and ¢ =0, then there
is at least one continuous solution x(t,#,,¢) such that on [to,to + ) satisfying equation (3)
for t>1¢t,, x,(t,¢)=¢ and « is a positive constant. If there is a closed subset B < C,, such
that the solution remains in B, then & = oo. Further, the symbol || will denote a convenient

x,.|. Now, let us assume that C(¢t)={¢: [t-&, t] > R" | @ is
(1))

) 0. 3
norm in R" with |x|— max .,

continuous} and ¢, denotes the ¢ in the particular C(¢), and that ||¢t|| =max, ...,

Clearly, equation (1) is also particular case of (3).

Definition 2. (See [1].) A continuous function W:[O, oo)%[O,oo) with W(0)=0,
W(s)>0 if s>0, and W strictly increasing is a wedge. (We denote wedges by W or W,,

where i an integer.)

Definition 3. (See [1].) Let D be an open set in R" with O D. A function
V: [0, o)X D — [O, o) is called positive definite if V(z,0) =0 and if there is a wedge W, with

V(t,x)=2W, (|x) , and is called decrescent if there is a wedge W, with V(t,x) <W, (|x|).

Definition 4. (See [1].) Let V(¢,¢) be a continuous functional defined for >0,

¢e C,, . The derivative of V along solutions of (3) will be denoted by V and is defined by
the following relation

V(t,¢) =limsup VI +h X, 0,0) Z VT, X, (4, 9)) ,

h=0 h

where x(t,,¢) is the solution of (3) with X, (t,.0)=09.

3. Main result
Our main result is the following theorem.

Theorem. In addition to the basic assumptions imposed on the functions f, g, & and
p appearing in equation (1), we assume that there are positive constants a, b, c, ¢;, 4, i,
L and M such that the following conditions hold for all x, y and z:

) f(x,y,2)=2a+24, (y#0),and yaif(x,y,z)zo.
Z

i) g0 =0, £V 5 p 0y (y20), <L and <M.
y

0 0
ag(x,y) gg(x, y)
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(iii) 7(0)=0, O0<c, Sih(x)Sc.
dx

. ac o 1¢ 0
(iv) ab—c >;j0 af(x,n,O)ndm;jo S8 20, (y#0).

) |p(l, x,x(t—r),y, y(t—r),z)|£q(t) forall ¢, x, x(t—r), y, y(t—r) and z, where

max g(t) <o and ge L'(0,00), L'(0,00) is space of integrable Lebesgue functions. Then,
there exists a finite positive constant K such that the solution x(z) of equation (1) defined by
the initial functions

x()=¢@), X @) =¢"(1), x"(1) =¢"(1)

satisfies the inequalities
|x(t)| <K,

X <K,

x”(t)| <K

forall £ >1, , where gpe C*([r, —r.7,], R), provided that

) dau 42
r < min s .
aL+aM +ac+(L+c)1+a) L+M+c+M(A+a)

Proof. We introduce the Lyapunov functional V = V(x,,y,,z,) defined by

1 y y
V(2 =22 kayeraf fn0mdn+ [ g(emdn +h(xy

+a jo"h(cf)df + pj). j v (8)d&ds + ;/T jzz (0)déds , 4)

—r t+s —r t+s

where p and ¥ are some positive constants which will be determined later in the proof.
Now, the assumptions f(x,y,2)>a+24, M >2b+2u, (y#0), and
y

O<ec < ih(x) <c imply
dx

/ 24
[} £ nomdn 2 [“* jyz :

: g (x, b+2
O e
n

2

(0 =2 &)< HEE < 2 W&E,

respectively.
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Making use of the inequalities obtained above, the Lyapunov functional V =V (x,,y,,z,)
implies that

2
Viry2) 25 +ayz+%y2+[b +22“jy2+h<x)y NG

+aly’ +pj). jyz(ﬁ)dﬁds+y} jzz(é’)dé’ds

—r t+s —r t+s

1 » (ab-c) , L Y
25(z+ay) +(02acjy +a_2C(1/2C Oh(g)df—a |y|j

+(a/1+,u)y2+p.(|1 jyz(e)dedswf jzz(e)dadszo. 5)

—r t+s —r t+s

Therefore, it can be seen from (5) that there exist some positive constants D,, (i =1, 2,3)
such that
0 t 0
V> D1x2+D2y2+D3z2+pJ' jyz(a)dads+7j Izz(e)dads

—r t+s —r t+s

>Dx*+D,y*+D,z° 2D, (x> +y* +7°), (6)

0 t 0 t
where D,=min{D,,D,,D,}, since the integrals J. jyz(ﬁ)dﬁds and J. jzz(e)dﬁds are

—r t+s —r t+s

non-negative.
Now, time derivative of functional V(x,,y,,z,) along system (2) gives that

y 2
{a 8(x.y) _ih(x)_ﬁj if(x,n,omdn——j ig(x,ﬂ)dﬂ}y
y % ox y o ox

d
_V -xt’ ,«’Z,« = -
(X,5¥,52,) ) I

dt
S

~(fCoy.0=a) 2 [ oo g(x(s), y(5) y(s)ds
t—r X

—a(f(x,y,2)— £ (x,y,0))yz

t a t a

+ zig g(x(s), y(s)z(s)ds + ayt:fra g(x(5), y(5)) y(s)ds
t a d t d h d
+aytj 5y SR IEN) s+z£ L hx(s) ()

jyz(s)ds+yzzr— 7jz2(s)ds

t—r t—r

+ay J. %h(x(s))y(s)ds +py2r -p

+(ay+ Z) p(t7 X(t),)C(t— l"), }’(t), }’(t_ l"), Z(t)) . (7)
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By noting the assumptions (i)-(v) of theorem and the inequality 2|uv| <u’+v*, ones can
easily get the followings:

_(f(x’y’z)_a)z2g_2/1z2’

gy d
{a ; —ho—— j—f(xﬂo)ﬂdﬂ——fa—g(xﬂ)d”}

a oy 8 1 ¢ a 2 2
< {ab—c—;jo af(x,n,omdn—;jo ag(x,n)dn}y — 2uay
—2,uay2,

j—g(x(s) YEDY()s <2 1204 j Y (s)ds.
j 5y SN < T 0+ j 2 (s)ds
ayj—g(x(s) YENy()s <2 0+ j Y (s)ds.,
ay j 5 8030 < Ty )+ T j 2 (s)ds.
zi%h(x(s))y(s)ds << r0+s jrﬁ(s)ds,
ayj—h(x(s))y(s)ds <O+ j ¥ ()ds,

(ay+2z) p(t,x, x(t=1),y, y(t =r),2)
< |ay + z| |p(t, X, x(t—r),y,y({t—r), z)|
< (dl+al)a) < D3]+ e,

where D, = max{l, a}.
Substituting the inequalities in (7), it is easily seen that

LV (yz) < 2aﬂ—[aL+aM +ac+2pjr}y2

dt 2

~ 2/1_(L+M +c+27jr}2

2
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_a(f(x’ Vs Z) - f(X, y,O))yZ

_(L+aL+c+ac)_
2

p} [y (s)ds
[(+a)M
2

y} 22 )as

+D5(]y|+|z|)q(t).

(L+aL+c+ac)
2

_ (1+a)M

By choosing p = and ¥ , we get

aL+aM +ac + Zer}yz

iV(xt,yt,zt)S—{Za,u—( >

dt
_{2/1_(L+M +c+27jr}2

2

—alf(x,y,2)— f(x,9,0))yz

+D,(y|+|la) by (®.

The above inequality implies that

@®)

%vuﬂyt,z» <—ay* -0t —a(f(xy,2) - f(x.0)yz+ D[y +|)a®)  ©)

for some positive constants & and o , provided that

. dau 42
r < min s .
aL+aM +ac+(L+c)1+a) L+M+c+M(1+a)

Now, we consider the term

a(f(x, ) Z) - f(X, y,O))yz 5

which is contained in (9).

By using the mean value theorem (for derivative), we have

a(f(x, Y, Z)_f(x,y,()))yz :a[f(x’ Vs Z)_f(x’ Z’O)}yZZ

4

=ayz28%f(x,y,9z),oses1.

By using the assumption (1), it also follows that
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ayzza%f(x,y,&)zo.

Now, obviously, ones can see that

d

V3,02 < Ds (o] +[2llgo) (10)
Also by using the inequality|u| <1+u* and (10) , it is clear that

d
EV(x,,y,,zJSDs(zwz +22)q) . 11)

Next, the inequality (6) implies that
(Y +2) <D V(x,,y,.2,).

Using this fact into (11), we obtain

d _
V(32 =D, 2+ D;'V(x,,y,.2,))a0)

=2D,q(1)+ D;D;'V(x,,y,,2,)q(t) . (12)

Now, integrating (12) from 0 to ¢ and using the assumption g€ L'(0,%) and Gronwall-Reid-
Bellman inequality, we get

t
V(. ,,2)<V (X0, Y9, 20) +2DsA+ DD} [ (V(x,, y,,2,))g(s)ds

0
< (V(xy, ¥9»2) +2D5A) exp(DSDf.[q(s)dsj
0
< (V(xy, 9y, 2,) + 2D, A) exp(D,D;'A) = K, < oo, 13)

where K, >0 is a constant, K, = (V(x,, ,.2,) + 2DsA) exp(D;D;'A) and A = Iq(s)ds .
0
Thus, both inequalities (6) and (13) imply that
O+ O+ <DV (x,y,,z) <K,

where K = K,D,". Therefore, ones can conclude that

x| <K,

YO|<K,

2| <K

forall  >¢,. That is,
x| <K,

X <K,

X <K
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for all 2 t,. Now the proof is complete.

Example. We consider nonlinear third order delay differential equation:

x7(t) + (8 +(x'(1))* )x"(t) +4x'(t—r)+sinx’(t—r)+2x(t—r).

1

= 2 2 2 72 72 72 ‘ (14)
1+t +x (O +x (t—r+x"@O)+x " @t—-r)+x (1)

Now, it can be seen that differential equation (14) has the form (1) and it may be expressed as:
X'(t)= y(),
Y=z,
()= =8+ y> (1)) - (4y(1) +sin y(t)) —2x(t)

+2 j y(s)ds + j (4+ cos y(s))z(s)ds

t—r t—r

1
+1+t2 + X2+ X2 —-r)+ Y O+ Y -+ 22 @)

15)

Clearly, by comparing (15) with (2) and viewing the assumptions of the theorem, it follows
that

f(y)=8+y>,
8+y>>8=a+24,

g(y)=4y+siny, g(0)=0,

SO _g MY (y20),
y y

sin y
y

h(x)=2x, h(0)=0, h'(x)=2,

4+

>3=b+2u,

cle(0,2], c=2,ab>2, M=5and L=0 (or L=¢ forany €>0),

P(f,xax(t_”),y»)’(t_”),z)

1 < 1

A+ XX -r) Y Y -+ 2 1+t

2

and

=

R 1 b4
s)ds = ds =—< oo,
!q() '([1+s2 2
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thatis, ge L'(0,).
Hence, the above facts show that all the conditions from (i) to (v) of theorem hold.
Now, we introduce the Lyapunov functional

y

Vl(x,,y,,z,)=%z2+ayz+aj(8+n2)l7dn+I(4n+sinn)dn
0

0

+2yx+2aj£§d§+pj). jyz(e)dads + 7}1 sz(G)des

0 —r t+s —r t+s

1
=Ez2+ayz+4ay2+%y4+2y2+1—cosy+2yx

+ax2+pj). jyz(ﬁ)dﬁds+y} jzz(é’)dé’ds, (16)

—r t+s —r t+s

where p and ¥ are some positive constants, which will be determined later. Clearly, the
Lyapunov functional V,(x,,y,,z,) is a special case of V(x,,y,,z,), which is given by (4).

Now, in particular, we can choose a=6 and A=1 since a+24=8. Hence, clearly, it
follows from (16) that

Vl(xnyt’zt)=%z2+6yz+26y2+%y4+1—cosy+2xy

+6x2+pj)‘ jyz(e)dads + ;/])‘ jzz(a)dé’ds

—r t+s —r t+s

_2 li ’ 2 4 a1, P 2 12 2 l_z
—5(Z+ 5 yj +2y +3QX| 3 |y|) +3x"+ 5 y +10z

+pjl jyz(a)dads + 7} jzz(e)deds

19 1 1
>3x 4=y +—z22 > — (x> 4y + 2
Y 10Z 10( yore)
=D (x> +y>+2°). (17)

Next, by differentiating the functional V,(x,,y,,z,) and using (16) and (15), we find

%Vl(x,,y,’zt)=—(22+6m—prJy2 —2+y? )
y

z+6y
+ 2 2 2 2 2 2
I+t +x " +x(t—-r)+y +y (t-r)+z
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+z j(4 +cos y(s))z(s)ds +6y j.(4 +cos y(s))z(s)ds

t—r t—r

+22 [y(9)ds+12y [y(s)ds-p [ y*(s)ds-y [*()ds.  (18)

t—r t—r t—r t—r

MY <1 and the inequality 2lab| < a® +b*, we obtain the

By using the facts |4 + cos y| <5,

following inequalities for some terms included in (18):

sin y

—(22+6 —prjyzﬁ—(l6—pr)y2,

~2+y )t - 2- )2

>

z j (4+cos y(s))z(s)ds < % 7%+ :

t—r

jzz(s)ds,

6yj(4+cos y(s)z(s)ds <15 ry>+15 Izz(s)ds,

2z J.y(s)ds <rz’+ J.yz (s)ds

and

12y jy(s)ds <6ry’ + 6jy2(s)ds.

By gathering all discussions above into (18), we have

3050 5 =6+ 200 =27+ |2

[ .2 35\ ¢,
—(/0—7)Iy (s)ds —(7/—?1!} (s)ds

t—r

z+6y
+ . 19
1+ + x> +x(t—r)+y +y (t-r)+7° 19

If we choose p=7 and y= 3—25 , then the equality (18) implies that

%Vl(xt,yt,zt) <—(16-28r)y* —(2-21r)z?
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|2+ 6]
1+ + 2+ X2 —r)+y2 +y*(t—-r)+z>

Now, ones can conclude that

d 7+6y°+z°
—Vl(xt,yt,zt)S—ayz—ozz + 2, 2, 2 . 2 2 2
dt I+t"+x " +x"(@t—r)+y +y (t—-r)+z

. . 2
for some positive constants & and o provided that r < o

Hence, we can write

d 7T+6y°+z7°
—Vl(x,,y,,z,)S 2 2 2 2 2 2
dt I+t +x " +x"(t—r)+y +y (t-r)+z

2 2 2 2
S7+6y 27 7 +6y +z
1+1¢° 1+¢>  1+1¢°

2 2
< 7 +6(y +z7)
1+t 1+¢°

7 6
< +
1+t (1+1*)D,

Vix,,y,.2,). (20)

Now, integrating (20) from O to ¢, using the fact e L'(0,0) and Gronwall-Reid-

t2
Bellman inequality, it can be easily obtained the boundedness of all solutions of equation
(14).
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SOME GENERALIZED CLASSES OF DIFFERENCE SEQUENCES
OF FUZZY NUMBERS DEFINED BY A MODULUS FUNCTION

AYHAN ESI AND MEHMET ACIKGOZ

ABSTRACT. The purpose of this paper is to introduce the concepts of lacu-
nary strong convergence of generalized difference sequences of fuzzy numbers
with respect to a modulus function. We give various properties and inclusion
relations on these classes of sequences of fuzzy numbers.

1. INTRODUCTION

The concepts of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [14] and subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy ordering, fuzzy measures of fuzzy events, fuzzy mathematical
programming. Matloka [8] introduced bounded and convergent sequences of fuzzy
numbers and studied their some properties. Later on sequences of fuzzy numbers
have been discussed by Diamond and Kloeden [3], Nanda [11], Esi [4], Altin et. al
[1], Mursaleen and Bagarir [9] and many others.

Let D denote the set of all closed bounded intervals A = [A,A] on the real line
R. For A, B € D define A < B if and only if A<B and A < B,

d(A,B) =max {|A-B|,|A-B|}.

It is easy to see that d defines a metric on D and (D,a) is complete metric space.
Also < is a partial order on D. A fuzzy number is a fuzzy subset of real line R
which is bounded, convex and normal. Let L (R) denote the set of all fuzzy numbers
those are upper semicontinuous and have compact support. In other words, if X
€ then for any a € [0,1], X“ is compact, where X*(t) = {t e R: X (¢t) > o}
for o > 0. The O—cut is defined as the closure of the strong 0—cut, i.e. closure
{teR: X (t) > a}.

For each 0 < a < 1, the a-level set X is a non-empty compact subset of R.
The linear structure of L (R) induces addition X +Y and scalar multiplication A X,
X € R, in terms of a-level sets defined by

[X + Y] = [X]* +[Y]® and [AX]® = A[X]®

for each 0 < @ < 1. B
Define d : L(R)xL (R) — R by d(X,Y) = sup d(X*Y?*) for X,Y € L(R).
0<a<1
Define X <Y if and only if X* <Y for any « € [0, 1]. It is known that L (R) is

a complete metric space with the metric d (see for instance [8]).

Date: April 30, 2008.

2000 Mathematics Subject Classification. 40A05; 40C05; 40D25; 40E05.

Key words and phrases. Fuzzy numbers, lacunary sequence, difference sequence, modulus
function.
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A metric on L (R) is said to be a translation invariant if d(X + Z,Y 4+ Z) =
d(X,)Y) for XY, Z € L(R).
The metric d has the following properties:

(1.1) d(eX,cY)=|cd(X,Y)
for c € R and
(1.2) dX+Y,Z+W)<d(X,Z2)+d(Y,W)

A sequence of fuzzy numbers is a function X from the set IV of natural numbers
into L (R) . The fuzzy number X denotes the value of the function at k € N [8].
We denote by w (F') the set of all sequences X = (Xj,) of fuzzy numbers.

A sequence X = (X},) of fuzzy numbers is said to be bounded if the set { X}, : k € N}
of fuzzy numbers is bounded [8]. We denote by [ (F') the set of all bounded se-
quences X = (Xj) of fuzzy numbers.

A sequence X = (Xj) of fuzzy numbers is said to be convergent to a fuzzy
number Xy, if for every £ > 0 there is a positive integer ng such that d (X, Xo) < €
for k > mg [2]. We denote by ¢ (F) the set of all convergent sequences X = (X}) of
fuzzy numbers.

It is straightforward to see that ¢ (F) C I (F') C w (F'). For further studies,
one may refer to [3] and [14].

In [11], it is shown that ¢ (F) and [ (c0) are complete metric spaces.

By a lacunary sequence © = (k,.); r = 0,1,2,..., where kg = 0, we mean an
increasing sequence of non-negative integers with h, =k, — k,._1 — oo as r — oo.

We denote I, = (k,—_1,k,] the intervals determined by © and ¢, = k’:il for r =

0,1,2,... . Lacunary sequences have been discussed in [2,5,6].

The notion of modulus function was introduced by Nakano [10]. We recall that
a modulus f is a function from [0, c0) to [0, c0) such that

(7) f(x) =0if and only if z = 0.

(1) f(z+9) < f(2)+ [ (y), forall 3> 0, y > 0,

(#4i) f is increasing,

(iv) f is continuous from the right at zero.

Since |f (z) — f (v)| < f(x —y), it follows from (iv) f is continuous on [0, o).
Furthermore, we have f (nz) < nf (x) for all n € N from condition (47) . A modulus
function may be bounded or unbounded. This concept have been studied by Ruckle
[13], Maddox [7], Pehlivan and Fisher [12] and many others.

In the present note we introduce and examine the concepts of lacunary strong
convergence of generalized difference sequences of fuzzy numbers with respect to a
modulus function.

Lemma 1. Let f be a modulus function and let 0 < 6 < 1. Then for each x > §
we have f (z) < 2f (1) 'a.

Let w (F) be the set of all sequences of fuzzy numbers. Let 7 € N be fixed, then
the operation

A" w(F) — w(F)
is defined by
AXp =X — Xpp1 and A"Xp =A(A"71X,) (r>2)
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for all £ € N. The generalized difference has the following binomial representation:

T

A"X) = Z (-1)" <Z)Xk+v, for all k € N.

v=0

Definition 1. Let © = (k) be a lacunary sequence and f be a modulus function.
We define the following classes of sequences of fuzzy numbers as follows:

NG (A™,F, f) = {X = (Xi) €w(F): lim h,! > fld (A X, 0)] = 0} ,
kel,

Ng (A™,F, f) = {X = (X)) €w(F): sup byt Y fld (AT Xy, Xo)] = 0}

ree kel

and

N (A™,F, f) = {X = (Xy) € w(F) : suph,* Z fld (A" X,0)] < oo}.

kel

If X = (X)) € No (A™,F, f), then the sequence X = (X}) of fuzzy numbers is
said to be lacunary strongly A™—convergent to the fuzzy number X, with respect
to modulus function f.

If we take f(z) = z, we obtain the classes of sequences of fuzzy numbers
NG (A™,F), No (A™,F) and N (A™, F) from the above classes of sequences
of fuzzy numbers, respectively.

2. MAIN RESULTS

In this section we state and prove the results of this paper.

Theorem 1. NJ (A™ F, f), No (A™ F, f), and N& (A™, F, f) are closed under
the operations of addition and scalar multiplication.

Proof. We shall prove only Ng (A™,F, f). The others can be treaated similarly.
Let X = (X)), Y = (V) € N (A™, F, f) and «, B € R.Then there exist positive
K, and Kz such that |o| < K, and |8] < Kp. From the definition of modulus f
and by taking into account the properties (1.1) and (1.2) of the metric d, we have

he' 7 fld (@A™ Xy + BA™Y;,0)] < Kohy 'Y fld (A™ X4, 0)]

kel, kel
+Kpgh, ! Zf[d(AmYk,ﬁ)} — 0 asrT — 0.
kel
Hence aX + Y € N (A™,F, f). O

Theorem 2. Let f be a modulus. Then Ng (A™,F) C No (A™,F, f).
Proof. Let X = (Xj) € No (A™, F). Then we have

A, =ht Zd(Aka,ﬁ) —0as T — o0.
kel,

141
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Let e > 0 and choose ¢ with 0 < § < 1 such that f (¢) < e for every ¢t with 0 < ¢ <.
Then we can write

he' Y0 flAd (AT Xy, Xo)] = bt > fld(A™ Xy, Xo)]
kel kel ,d(A™ X, X0)<d
+h, ! > Fld(A™Yy, Xo)]

kel d(A™ X}, X0)>5
< hthee+hit2f (1)6 h,A,
from Lemma. Therefore X = (X) € Ng (A™, F, f). O

Theorem 3. Let f be a modulus. If tlim@ = 8 > 0, then No (A™,F) =
Ne (A™, F, f).
Proof. By Theorem 2, we need only to show that Ng (A™, F, f) C No (A™ F).

Let 8> 0 and X = (Xj) € No (A™, F, f). Since § > 0, we have f (t) > jt for all
t > 0. Hence we have

ht D7 fld(A™ Xy, Xo)] > Bt > d(A™ X, Xo)
kel, kel
Therefore we have X = (X) € No (A™, F). O

Theorem 4. Let m > 1 be a fized integer and f be a modulus, then
N& (AL F, f) € NG (A™.F, ), Ne (A™ ' F,f) C Ne (A™,F,f)
and
N (A™ 1 F, f) C N& (A™,F, f).
Proof. The proof of the inclusions follow from the following inequality
he' > Fld (A X, Xo)] < byt Y fld (A X, Xo)+h 0D fld (A X, Xo)]
kel, kel, kel,
since A™ X, = A™7 X, — A™71X, 1, properties of modulus f and by taking into
account the property (1.2). O

Theorem 5. Let © = (k) be a lacunary sequence and f be a modulus. If 1 <
liminf, ¢, < limsup, ¢, < oo, then |o1| (A™, F, f), where

01| (A™, F, f) = {X — (Xp) € w(F): 7}320% Y Fld (A" X, X)) = 0} .
k=1

Proof. Suppose that 1 < liminf, g.. Then there exists a 6 > 0 such that ¢, =
kk—il > 1+ ¢ for sufficiently larger r. Since h, = k, — k,._1, we have Z—’ > %H and

Froy < $. Let X = (Xy) € |o1| (A™, F, f). We may write

hy
k. kr_1
he' Y fA(A™ X, Xo)] = Byt Y fIA(A™ X Xo)] = bt Y fld(A™ X, Xo))
i€l, i=1 =1

kpr—1
ky (. _ ky_ _
- h<kr1_2f[d<mxi,xo>]>— hrl krh;ﬁd(mxi,x@)}
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Hence, we obtain |o1| (A™, F, f) C Ng (A™, F, f). Now suppose that lim sup,. ¢, <
oo and let € > 0 be given. Then, there exists a constant T' > 0 such that ¢, < T
for all » € N. Suppose that let X = (Xi) € Ng (A™, F, f). Then there exists i
such that for every i > ig

A =h ") flA(A™X;, Xo)] < e.
JEL;
We can also choose a number M > 0 such that A; < M for all # € N. Now let n be
any integer with k,_1 < n < k,. Then

n ko
nUST AN X0 < kS fld(A™X, X))
j=1 j=1

ko k.
= kD fAA™X Xo) + ) fId(A™ X, Xo)] + .+ D fld(A™

Jjen Jjelz Jelr

C A S e X - Y Y (A X))

i=1jel; i=io+1j€El;

< BSOS AT, Xo)] + < e~ )

i=1jel;

= k' {MmA +hoAs + o+ g Aig e (ke — ki) }

IN

kT { sup Aj} +e(ky — kig) bty < ME Y Ky + €T
1<j<io

since k,_1 — oo as n — oo, it follows that X = (Xj) € |o1| (A™, F, f). This

completes the proof. O

3. CONCLUSION

Giving particular values to the sequence © = (k,), modulus function f and
m € N, we obtain some classes of sequences of fuzzy numbers which are special
cases of the classes of sequences that we have defined. The most of the results
proved in the previous section will be true for these classes.
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Abstract. Through an orthogonal experiment, the effect of adding MgO, AlxOs,
Fes(S04)3, SiO2 and CaO to Jinhe phosphorus ore decomposition is studied. A class
of response curved surface mathematical models, which concern the rate of phosphorus
ore decomposition and the receiving rate of phosphoric anhydride with each orthogonal
factor are also established by using the software Statistics Package for Social Science
(in short, SPSS). Furthermore, the optimal components of the phosphorus ore are
calculated by the mathematical software Matlab. The results presented in this paper
can provide a theoretical foundation for artificial blending rock and the exploitation of
phosphorus ore with middle or low grade in producing wet-process phosphoric acid.

Key words and phrases: Orthogonal experiment design, response curved sur-
face mathematical model, mathematical softs SPSS and Matlab, optimal components of
artificial blending phosphorus ore, wet-process phosphoric acid.
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1 Introduction

Recently, the exploitation and applications of phosphorus ore with middle or low grade have
become very fashionable and important for studying the utilization ratio of resource, the
quality of ultimate production and the economy benefit of blending rock. See, for example,
[1-8] and the references therein.

In [9], Lu studied the problem of rational ore matching for enhancing the utilization
ratio of resources, stabilifying the quality of ultimate production and improving economy
benefit. But the author did not let us know how to select the proportion to blend rock.
Very recently, Cai [2] introduced some laboratory tests for 10 kinds of imported iron ore and
obtained the research results of classifying them into three categories. Through the single
factor experiments, Cui [3, 4] studied the effects of adding potassium sulfate, sodium sulfate,
copper sulfate and zinc sulfate in phosphorus ore on decomposition rate of phosphorus ore,
recovery ratio of phosphoric acid and the crystallization of calcium sulfate. Furthermore,
we observed the crystallizations of calcium sulfate by electron micrograph and analyzed the
mechanism of effect.

On the other hand, based on the chemistry expert systems, Pan et al. [12] constructed
the basic theory systems of intelligent mathematics. Further, the authors pointed that “the

I This work was supported by the Scientific Research Fund of Sichuan Provincial Education Department
(2006A106) and the Sichuan Youth Science and Technology Foundation (08ZQ026-008).
2The corresponding author: hengyoulan@163.com (H. Y. Lan)
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intelligent mathematics can provide some necessary mathematical methods and models for
the expression, consequence and getting of knowledge, and can offer some golden rule for
the design of expert systems”. By using the response curved surface methodology and
technique, Sun et al. [13] and Xu et al. [15] investigated the main effects and interactions of
individual factors to each evaluating indicator, and established the response curved surface
regression equations and the significant results of the regression coefficient. Further, Xu et
al. [15] pointed out “the response curved regression is chosen for making up for the deficiency
of the orthogonal experiments in the research”. For more details of mathematical modelling
and experiment design methods, the readers can refer to [7, 8, 11, 14] and the references
therein.

Motivated and inspired by the above works, in this paper, based on an orthogonal
experiment, the effect of adding salts and oxides to Jinhe phosphorus ore decomposition is
studied. A class of response curved surface mathematical models, which concern the rate
of phosphorus ore decomposition and the receiving rate of phosphoric anhydride with each
orthogonal factor are also established by using SPSS. Moreover, the optimal components of
the phosphorus ore are calculated by Matlab. Theory basis is provided for artificial blending
rock, and the approach can be applied to exploit the phosphorus ore with middle or low
grade in producing wet-process phosphoric acid.

2 Single Factor Experiments

In this section, based on the optimal reaction conditions for the single factor experiments
in [5], the effect of adding salts and oxides of different configuration and different consistence
on phosphorus ore shall be studied in the production of wet-process phosphoric acid. The
mathematical models of influence of relevant factors, which concern the ratio of phosphorus
ore decomposition (DR) and the receiving ratio of phosphoric anhydride (RR) will also be
obtained.

2.1 Material and Reagents

Jinhe phosphorus ore (purchased from Sichuan Shifang Chemical Industry Co., Ltd.) was
selected as material, which is high grade. Its chemical components are shown in Table 1.
Sulfuric acid is industrial vitriol (98%). Magnesia, aluminium oxide, ferric oxide and cupric

Table 1: Chemical components of the phosphorus ore
Components P,O; CaO MgO FeyO3 AlyOs F acid-insoluble substance
Content (%) 32.73 45.59  0.69 0.72 0.22 2.61 7.20

sulfate are AR, and ferric sulfate is CP.

2.2 Results for Single Factors Problems

Throughout this paper, we always suppose that x1, xo2, x3 and x4 denote magnesia, alumina
oxide, ferric oxide and ferric sulfate, respectively. For i = 1,2,3,4, let y;1 and y;2 be the
DR and RR with respect to z;, respectively and let R?l and RZ-Q2 be the square of goodness
of fit in the models of the DR and RR with respect to x;, respectively.
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To jinhe phosphorus ore, in producing wet-process phosphoric acid, by the figures in [3, 4]
and the linear (nonlinear) regressions of each evaluating indicator against individual factors
treated from SPSS (13.0 for windows), the single-factor experiment shows as follows:

(1) The effect of artificial adding magnesia to phosphorus ore decomposition is great.

See, Fig. 1.

94 T T T
® —&—RR
92T ® DR| 4

74
0

Figure 1: The effect of magnesia content.

The DR and RR are of negative linear with respective to the content of magnesia, it is

because

Y11 =90.32 —2.98z1, R? =0.966, y12=91.68—2.62z;, R, =0.925.

Hence, magnesia is harmful.
(2) The effect of adding alumina and ferric oxide is dissimilar to that of magnesia (see,

Fig. 2).

(a) alumina (b) ferric oxide

Figure 2: The effect of alumina and ferric oxide content.

The proper alumina and ferric oxide are favorable to phosphorus ore decomposition.
Indeed,

Y21 = 95.54 + 0.68z9 — 0.1123, R3; = 0.939,
Yoo = 96.23 + 0.52z5 — 0.0923, R3, = 0.938
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and

y31 = 95.57 + 1.78z3 — 0.85235 4+ 0.1123, R3, = 0.981,
Y3z = 96.24 + 2.65z3 — 14023 + 0.20x3, R3, = 0.934.

(3) The effect of adding ferric sulfate to phosphorus ore decomposition is prominent.
See, Fig. 3.

Figure 3: The effect of ferric sulfate content.

In fact,

ya1 = 95.68 + 0.74x4 — 1.0827 4 0.14z3, R3, = 0.991,
yao = 96.41 + 29224 — 1.722% + 0.1823, R, = 0.972.

On the other hand, the scatter graphs show when the content of ferric sulfate is less than
0.3%, the DR and RR are of positive linear with respect to the content of ferric sulfate.
Otherwise, they will become negative linear.

The single factor experiment results can provide theoretical foundation for studying
phosphorus ore components by orthogonal experiment design and can guide the exploitation
of phosphorus ore with middle or low grade.

3 Optimal Experiment Design

Based on an orthogonal experiments with the same material and reagents as in above single
factors experiment, we shall find the optimal components of Jinhe phosphorus ore by adding
oxides in producing wet-process phosphoric acid, and obtain the function of concerning the
DR and RR with each orthogonal factor by using SPSS.

3.1 Orthogonal Experiment Design

The DR and RR were chosen as two main indicators to evaluate the capability of the
artificial blending phosphorus ore. According to earlier single factors experiments results,
MgO (A), AlaO3 (B), Fea(S04)3 (C), SiO2 (D) and CaO (E), which have the significant
influence on the two indicators, were served as five factors and each factor was contained
three levels. Therefore, Lo7(3'3) orthogonal table was selected for the multi-factors exper-
iment. The arrangements of each experiment and the design of the orthogonal table head
are displayed in Tables 2 and 3, respectively.
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Table 2: Factors and levels of orthogonal experiment
Factors (wt%)

Levels A B C D E
1 0 1 0 0 0
2 1 3 ) 10 4
3 3 ) 10 20 8
Table 3: Design of the table head
Factors A B empty empty C empty empty
Column No. 1 2 3 4 5 6 7
Factors empty empty D empty E empty
Column No. 8 9 10 11 12 13

3.2 Experimental Approach

With Jinhe phosphorus ore as the material, the mixture with water according to the pro-
portion 1:3.5 and the adding oxides according to orthogonal table was put in a reactor.
The loaded reactor was put into constant temperature water trough and controlled the
temperature at 70°C', which fluctuant range is 0.5°C'. Then, the measured sulfuric acid was
appended continuously and whisking intension was controlled at 200rpm by electromotive
beater. Next, the liquid and solid were separated by using vacuum filtration when the re-
action time is 3 hours. Finally, the content of the phosphoric anhydride was analyzed, and
the Evaluating indicators (in short, EI), i.e., the ratio of phosphorus ore decomposition and
the receiving ratio of phosphoric anhydride were computed.

In this process, the concentration of the sulfuric acid is 30% and its actual dosage is
100%-105% of the theoretic dosage in producing wet-process phosphoric acid. Further,
the content of the phosphoric anhydride was determined by using gravimetric quinolinium
molybdophosphate method.

3.3 Experimental Results

The experiment arrangements and results are listed in Table 4. These values were evalu-
ated using SPSS. Two different statistical methods were carried out in this study. A direct
observation was carried out to compare the different effect of each factor to artificial adding
oxides for the phosphorus ore. Compared with the above traditional data analysis method,
the multiple regressions was conducted to optimize the regression model for each evaluat-
ing indicator in addition to picking out effective factors. Eventually we used both direct
observation and multiple regressions method to predict process parameters separately and
some experiments were carried out to compare the two predicted results.

3.3.1 Direct Observation

The statistical parameter I;, I1;, I11; and R; were calculated following the procedures de-
scribed by Yang [16], where I;, II; and I1I; represent the sum of DR or RR at level I,
11 and 111, respectively, i represents the factors A, B, C, D and E, and R; represents the
range of DR or RR between level I, IT and II1. The results (see Table 5) reveal that the
effect of all the factors to DR was in the order of E>A>B>C>D. As for RR, effect of all
the factors was in the order of E>B>A>D>C.
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Table 4: Results of orthogonal experiment
Factors (wt%) EI (%) Factors (wt%) EI (%)

No. A B C D E DR RR |[Noo. A B C D E DR RR
1 1 1 1 1 1 9746 9708|165 2 2 3 3 3 9414 94.01
2 1 1 2 2 2 9574 9496 |16 2 3 1 2 3 9773 96.21
31 1 3 3 3 9279 9052 |17 2 3 2 3 1 9645 97.89
4 1 2 1 2 3 9667 9665 | 18 2 3 3 1 2 9348 94.69
5 1 2 2 3 1 961 98|19 3 1 1 2 3 8282 8223
6 1 2 3 1 2 9145 9455|120 3 1 2 3 1 93.83 9527
7T 1 3 1 3 2 989 9489 |21 3 1 3 1 2 9199 93.98
8 1 3 2 1 3 9445 938222 3 2 1 3 2 91.03 90.22
9 1 3 3 2 1 9404 949223 3 2 2 1 3 89.65 9241
0 2 1 1 3 2 9781 971624 3 2 3 2 1 9631 96.45
1 2 1 2 1 3 8.8 86125 3 3 1 1 1 96.61 9542
12 2 1 3 2 1 9534 9470 |26 3 3 2 2 2 9576 96.22
13 2 2 1 1 1 9733 9637 27r 3 3 3 3 3 9155 92.71
14 2 2 2 2 2 9598 97.08

3.3.2 Response Surface Methodology

Mathematical model for response surface of each evaluating indicator against m individual
factors were treated as follows:

m m m
Y =by+ Z bjxj + Z bijxixj + Z bjjac?.
j=1 1=i<j j=1

By using enter method and the soft SPSS, multiple regressions of each evaluating indi-
cator against individual factors and some possible interactions were treated. The significant
(P < 0.1) regressions are illustrated in Table 6 and the significance analysis of each eval-
uating indicator against individual factors is listed in Table 7, where R? is the square of
goodness of fit and sig. denotes the level of significance.

3.3.3 Optimization Confirmation Experiments

It follows from Table 7 that the response curved surface equations are as follows:

DR = —T73.74A+5.16A*C +238A % D +5.99A« £+ 62.11B —4.04B x C
—2.07TB*D —486B+E+0.36C +C —0.21C'* D +0.97C *
+9.62D — 0.22D * D — 0.26D « £ + 0.52E x E,

RR = —T73.156A+5.12A%C +2.35A % D +6.05A « £ + 61.55B — 3.98B *« C
—2.07B+ D —4.TTBx E 4+ 0.36C «C' — 0.21C * D + 0.98C « E
+9.65D — 021D« D —0.27D « E + 0.48E % E.

Hence, the optimal adding contents, i.e. the stationary points based on the above re-
gression models were calculated by the Matlab Solver, which is incorporated into Matlab
(version 7.0.1). The optimal parameters and levels for DR and RR through direct obser-
vation and multiple regressions are displayed in Table 8.

Further, the confirmation experiments were conducted based on the predicted optimum
levels of the enter regressions and the results for DR and RR are 94.87 and 95.77, respec-
tively.
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Table 5: Direct observation results on DR and RR

Factors
El A B C D E
I; 856.1 834.67 854.35 &839.31 863.98
1I; 855.15 849.17 845.36 850.39 &850.13
DR 111, 829.55 856.96 &841.09 &851.1 826.69
R; 26.55  22.29 13.26 11.79  37.29
rather excellent level Ay B3 Cy Dy E,
effect of all the factors E>A>B>C>D
I; 853.25 829.51 845.23 841.93 864.96
1I; 851.72 853.6 848.12 848.42 853.75
RR II1; 834.91 856.77 846.53 849.53 821.17
R; 18.34  27.26 2.89 7.6 43.79
rather excellent level Aq Bs Cq D3 E,
effect of all the factors E>B>A>D>C

Table 6: SPSS output for regression models
EI R? F value for model P<0.1
DR 0.989 69.919 0.000
RR  0.988 68.409 0.000

On the other hand, through direct observation, two indexes were synthetically consid-
ered and the more excellent technical adding oxides scheme A1B3CsDsE; was selected.
Furthermore, the validatory experiment based on the obtained adding oxides scheme were
done and the results for the direct observation are as follows: DR and RR are 94.57 and
95.23, respectively.

Therefore, the experimental results show that the phosphorus ore with high grade be-
comes middle or low grade by adding salts and oxides in producing wet-process phosphoric
acid, the results of the regression experiments is better than traditional experiments on the
optimum adding content.

3.4 Discussion

It is well known that orthogonal experiments are especially useful in statistical analysis of
multiple factors problems (see, for example, [16]). However, this method is able to keep error
acceptable to a certain extent. If the error caused by linearization becomes unacceptable,
it is worth-while to add the quadratic of the Taylor expansion into the linear equation.
Therefore, the approximate equation of the nonlinear relationship has a form of quadratic
polynomial of the independent variable. For example, for a five-factor issue, a regression
model applied to both linear and nonlinear model is:

5 5 5
Y =by+ Z bix; + Z bjka:jxk + Z b,ml%.
i=1 1=j<k n=1

But, this leads to much larger scale of data to be collected and parameters to be re-
gressed. From the function above, the regression coefficients to be calculated are 21 in total.
In fact, some items in function above are not significant in F' test as some values are not
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Table 7: Test for significance of regression coefficient on DR and RR

Term Unstandardized Coefficients Standardized Coefficients T value sig.
I} Std. Error vy

A —73.744 14.737 —1.430 —5.004  0.000
B 62.113 8.209 2.253 7.567  0.000
D 9.619 1.940 1.319 4.959  0.000
AxC 5.156 1.084 0.645 4.755 0.000
AxD 2.382 0.542 0.596 4.393 0.001
AxE 5.991 1.356 0.600 4.420  0.001
B+xC  —4.044 0.710 —0.947 —5.698  0.000
DR Bs«D —2.069 0.355 —0.969 —5.829  0.000
BxE  —4.861 0.887 —0.911 —5.479  0.000
CxC 0.362 0.166 0.229 2.182 0.050
C«D  —0.208 0.104 —0.184 —2.010 0.068
CxE 0.970 0.340 0.343 2.850 0.015
D«D  —0.215 0.089 —0.544 —2.428  0.032
D«E  —0.257 0.130 —0.182 —1.987 0.0702
ExE 0.522 0.259 0.211 2.018 0.066
A —73.148 14.892 —1.419 —4.912  0.000
B 61.553 8.296 2.233 7.420  0.000
D 9.649 1.960 1.323 4.922  0.000
AxC 5.119 1.096 0.641 4.671  0.001
AxD 2.352 0.548 0.589 4.292  0.001
AxE 6.049 1.370 0.606 4.416  0.001
BxC  —3.980 0.717 —0.932 —5.548  0.000
RR BxD  —2.067 0.359 —0.968 —5.763  0.000
BxE  —4.771 0.897 —0.894 —5.322  0.000
C+C 0.362 0.167 0.229 2.162  0.051
CxD  —0.209 0.105 —0.185 —1.991 0.070
C+E 0.975 0.344 0.345 2.833 0.015
D«D  —0.213 0.090 —0.539 —2.381 0.035
D«E  —0.271 0.131 —0.192 —2.068 0.061
ExE 0.482 0.262 0.195 1.842  0.090

Table 8: Optimal adding contents
Adding contents

Factors DR RR
Direct observation Enter regression Direct observation Enter regression
A 0 0.4214 0 1.0345
B 5) 0.3928 5) 1.2729
C 0 3.6181 ) 5.0237
D 20 20.4207 20 19.5741
E 0 0.548 0 0.2303
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significant in F test in analysis of variance (in short, ANOVA) and in ¢ test as some values
are not significant in t test in regression coefficients table. If only F' test significant items
are not in the regression function, it could be concise. But it involves independent variables
filtering issue. While in resolving multiple regressions problems, not all the independent
variables have exactly the same effect on dependent variable. Some of them are signifi-
cant while others can be ignored. Significant independent variables should be filtered out
through certain approach. Methods such as forwards regressions, backwards regressions,
stepwise regressions, enter regressions and optimization subclass regressions are commonly
used. In this paper, by using F' test to model and ¢ test to regression coefficients, the enter
multiple regressions are carried out with considering individual factors, their square and
interaction items.

4 Conclusions

In this paper, based on the optimal reaction conditions of [5] and the single factor exper-
iments in producing wet-process phosphoric acid, the effect of adding salts and oxides of
different configuration and different consistence on phosphorus ore reaction is first stud-
ied and the corresponding mathematical models for single factors problems on the ratio of
phosphorus ore decomposition (DR) and the receiving ratio of phosphoric anhydride (RR)
are obtained by using the mathematical soft SPSS (13.0 for windows).

Secondly, based on the orthogonal experiments design and response curved surface tech-
nique, the optimal components of Jinhe phosphorus ore in producing wet-process phospho-
ric acid are obtained by adding oxides. The response curved surface mathematical models,
which concern the DR and RR with each orthogonal factor are also established by SPSS
as follows:

DR = —T73.74A+5.16A*C +238A % D +5.99A « £+ 62.11B —4.04B x C
—2.07B*D —486B+ E+0.36C +C —0.21C'* D +0.97C *
+9.62D — 0.22D * D — 0.26D « £ + 0.52E x E,

RR = —T73.15A+5.12A%xC +2.35A % D +6.05A « £+ 61.55B — 3.98B « C
—2.07B+ D —4.7TTBx E 4+ 0.36C «C' — 0.21C * D + 0.98C « E
+9.65D — 021D« D —0.27D « E + 0.48E x E.

Further, the optimal adding contents, i.e. the stationary points based on the above
regression models are calculated by using the mathematical soft Matlab (version 7.0.1).
The optimal parameters and levels for DR and RR through direct observation and multiple
regressions are compared.

Finally, the validation experiments indicate that the optimized conditions by enter mul-
tiple regressions are better than by direct observation analysis, and the components of
Jinhe phosphorus ore will be improved under the optimized artificial blending rock con-
ditions. Experiment results suggest that multiple regressions can avoid the weakness of
direct observation. The results presented in this paper provide a theoretical foundation for
artificial blending rock and the exploitation of phosphorus ore with middle or low grade in
producing wet-process phosphoric acid.
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ABSTRACT. Strong convergence theorems on modified Mann iteration for finite
nonexpansive mappings are established in Banach spaces. The main theorems
generalize the corresponding result of Kim and Xu [12] to the viscosity approxima-
tion method for finite nonexpansive mappings in a reflexive Banach space having
a weakly sequentially continuous duality mapping. Our results also improve the
corresponding results of [8,9,10,21,22].
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1. Introduction

Let F be a real Banach space and C' be a nonempty closed convex subset of
E. Recall that a mapping f : C — C is a contraction on C if there exists a
constant k € (0,1) such that ||f(z) — f(y)|| < k|lz —y|, =, y € C. We use X
to denote the collection of mappings f verifying the above inequality. That is,
Yo={f:C — C| fis a contraction with constant k}. Note that each f € X¢
has a unique fixed point in C.

Now let T : C — C be a nonexpansive mapping (recall that a mapping
T :C — C is nonexpansive if |Tx — Tyl < ||z —y||, =, y € C), and Fix(T)
denote the set of fixed points of T, that is, Fiz(T) ={z € C: x = Tx}.

We consider the Mann iterative scheme for nonexpansive mapping: for T
nonexpansive mapping and «, € (0, 1),

Tpt1 = nZp + (1 — )Tz, n >0, (1.1)

where the initial guess xg € C' is chosen arbitrarily.

This study was supported by research funds from Dong-A University.
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The Mann iterative scheme for nonlinear mappings has extensively been stud-
ied over the last forty years for constructions of fixed points of nonlinear mappings
and of solutions of nonlinear operator equations involving nonexpansive map-
pings, monotone, accretive and pseudo-contractive operators and others. (see,
e,g., [3,4,11,13]). In particular, the construction of fixed points of nonexpansive
mappings by Mann iterative scheme is important and useful in the theory of
nonexpansive mappings and its applications in a number of applied areas, for
instance, in image recovery and signal processing (see e.q., [2,16,17]).

In 2003, Nakajo and Takahashi [15] proposed the following modification of the
Mann iterative scheme (1.1) in a Hilbert space H:

xo=x € C,
Yn = Opdnp + (1 - an)Tmna
Cn={2€C:|lyn — 2zl < llzn — 2]I}, (1.2)
Qn={2€C:(x, —2z,x0—x,) >0},
Tn+1 = PCann (5170)7
where Py denotes the nearest point (metric) projection from H onto a closed
convex subset K of H. They proved that if the sequence {«,} is bounded above
from one, then {z,} generated by (1.2) converges strongly to Ppy(1)(2o). Their
argument does not work outside the Hilbert space setting.
Recently, without any additional projection in the scheme, Kim and Xu [12]

provided a simpler modification of Mann iterative scheme (1.1) in a uniformly
smooth Banach space as follows:

g =1z € C,
Yn = BpTp + (1 - 6n)Txn7 (13)
Tnt1 = aptt + (1 — o) yn,

where u € C is an arbitrary (but fixed) element, and {«,} and {3,} are two

sequences in (0,1). They proved that {z,} generated by (1.3) converges to a
fixed point of T" under the control conditions:

(C1) lim a, =0, lim 8, =0;

(C2) Z ay, = 00, (or, equivalently, H (1-a,)=0), Z B, = oo;
n=0 n=0 0

(C3) Z a1 — | < o0, Z |Bn+1 — Bl < 0.

n=0 n=0

On the other hand, as the viscosity approximation method, Moudafi [14] and
Xu [20] considered the iterative scheme: for T' a nonexpansive mapping, f € ¢
and «a, € (0,1),

Tnt1 = anf(xn) + (1 — )Tz, n>0. (1.4)



Strong convergence of modified Mann iteration

Under the conditions (C1), (C2) and (C3) on {a, }, Xu [20] showed in a uniformly
smooth Banach space that {z, } generated by (1.4) converges strongly to a fixed
point of T, which solves certain variational inequality. The results of Xu [20]
extended the results of Moudafi [14] to a Banach space setting. In 2006, Jung
[9] considered the iterative scheme: for N > 1, T1,Ts, -+, T nonexpansive
mappings, f € Y¢ and «, € (0,1),

Tnt1 = anf(zy) + (1 — an)Thi1®n, n >0, (1.5)

where T, := T}, mod N, and extended results of Xu [20] (and Moudafi [14]) to
the case of a family of finite nonexpansive mappings. In particular, under the
conditions (C1), (C2) and the perturbed control condition on {a,}

oo
(C4) lansN — an| < o(anin) + o, Zan < o0,

n=0
he obtained the strong convergence of the sequence {x,} generated by (1.5) to a
solution in ﬂf\il Fix(T;) of certain variational inequality in either a reflexive Ba-
nach space having a uniformly Gateaux differentiable norm with the assumption
that every weakly compact convex subset of E has the fixed point property for
nonexpansive mappings or a reflexive Banach space having a weakly sequentially

continuous duality mapping, and gave an example which satisfies the condi-
tions (C1), (C2) and (C4) , but fails to satisfy the condition (C3) for N > 1;

S0 o lansn — an| < oo.
Very recently, Yao et al. [21] proposed the following modified Mann iterative
scheme: for T' nonexpansive mapping, f € X¢ and {«a,}, {8.} C (0,1),
rg=x € C,
Yn = 5nxn + (1 - ﬁn)Txna
Tnt1 = apf(Tn) + (1 — an)yn.
By using Lemma 2 of Suzuki [19], they studied strong convergence of this iterative

scheme in a uniformly smooth Banach space under the following conditions on
the parameters {«,} and {f3,}

n—oo

o
(Ch) o, — 0, Z an, =00, 0<liminf 3, <limsuppf, < 1.
n—O n—oo

In this paper, motivated by [9,20,21], as a viscosity approximation method, we
introduce modified Mann iterative scheme for finite nonexpansive mappings : for
N >1,T,Ts, -, Ty nonexpansive mappings, f € ¢ and {a, }, {8.} € (0,1),

xg=x € C,
(IS) Yn = 5713571 + (1 - Bn)Tn—l-lxna
Tn+1 = O‘nf(l'n) + (1 - an)ym

157
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and establish the strong convergence of the sequence {z,,} generated by (IS) in a
reflexive Banach space having a weakly sequentially continuous duality mapping
under certain appropriate conditions on the parameters {«,} and {8, } and the
sequence {x, }. Moreover, we show that this strong limit is a solution of certain
variational inequality. The main results improve the recent result of Kim and
Xu [12] to the viscosity approximation method for finite nonexpansive mappings.
Our results also improve the corresponding results of [8,9,10,21,22].

2. Preliminaries and Lemmas

Let E be a real Banach space with norm || - || and let E* be its dual. The
value of f € E* at € E will be denoted by (z, f). When {z,,} is a sequence in
E, then x,, — x (resp., z, — x, T, — z) will denote strong (resp., weak, weak*)
convergence of the sequence {z,} to z.

The norm of F is said to be Gateaux differentiable if

e

lim " (2.1)

exists for each x, y in its unit sphere U = {z € E : ||z|| = 1}. Such an F is called
a smooth Banach space. The norm is said to be uniformly Gateaux differentiable
if for y € U, the limit is attained uniformly for x € U. The space E is said
to have a uniformly Fréchet differentiable norm (and E is said to be uniformly
smooth) if the limit in (2.1) is attained uniformly for (z,y) € U x U.

By a gauge function we mean a continuous strictly increasing function ¢ de-
fined on RT := [0, 00) such that ¢(0) = 0 and lim,_,o, ¢(r) = co. The mapping
Jo B — 2F" defined by

Jo(e) ={f € E": (&, ) = [l £, [/ = ([}, for all z € E

is called the duality mapping with gauge function . In particular, the duality
mapping with gauge function p(t) = t denoted by J, is referred to as the normal-
ized duality mapping. The following property of duality mapping is well-known:

Pl

Jo(Ax) = sign )\< 2 )J(a:) forall z € E\ {0}, AeR, (2.2)

where R is the set of all real numbers; in particular, J(—x) = —J(x) forall x € E
(15])-

Following Browder [1], we say that a Banach space F has a weakly sequential
continuous duality mapping if there exists a gauge function ¢ such that the
duality mapping J,, is single-valued and continuous from the weak topology to

the weak® topology, that is, for any {z,} € F with x, — z, J,(x,) N Jo ().
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For example, every [P space (1 < p < 00) has a weakly sequentially continuous
duality mapping with gauge function ¢(t) = tP~1. Set

t
d(t) = / o(t)dr, forallteRT.
0

Then it is known [1] that J,(x) is the subdifferential of the convex functional
®(]|-||) at . Thus it is easy to see that the normalized duality mapping J(z) can
also be defined as the subdifferential of the convex functional ®(||z|) = ||=|*/2,
that is, for all x € E

J(x) = 0%(|lz])) = {f € E* - @([lyl) — @(l|=]]) = (y — x, f) forally € E}.

It is well-known that if £ is smooth, then the normalized duality mapping J is
single-valued and norm to weak* continuous. Also, if F has a uniformly Gateaux
differentiable norm, the normalized duality mapping J is uniformly norm to
weak® continuous on each bounded subsets of E ([5,6]).

Let C' be a nonempty closed convex subset of E. C is said to have the fized
point property for nonexpansive mappings if every nonexpansive mapping of a
bounded closed convex subset D of C' has a fixed point in D. Let D be a subset
of C. Then a mapping QQ : C — D is said to be a retraction from C' onto
D if Qr = z for all x € D. A retraction QQ : C — D is said to be sunny
if Q(Qr +t(z — Qx)) = Qx for all t > 0 and x + t(x — Qx) € C. A sunny
nonexpansive retraction is a sunny retraction which is also nonexpansive. Sunny
nonexpansive retractions are characterized as follows [7. p.48]: If E is a smooth
Banach space, then @) : C — D is a sunny nonexpansive retraction if and only if
the following condition holds:

(x —Qx,J(z—Qx)) <0, ze€C, z€D. (2.3)
(Note that this fact still holds by (2.2) if the normalized duality mapping J is
replaced by a general duality mapping J, with gauge function ¢.)

We need the following lemmas for the proof of our main results, For these
lemmas, we refer to [5,11,13].

Lemma 2.1. Let E be a real Banach space and ¢ a continuous strictly increasing
function on RT such that p(0) =0 and lim, . ¢(r) = co. Define

t
O(t) = / o(t)dr, forallt e R*,
0

Then the following inequality holds

(llz +yll) < ®(z[)) + (Y, jo(z +y)), forallz,ye€ E,
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where j,(z +y) € Jy(x +y). In particular, if E is smooth, then one has

o+ yll* < llzl|* + 2y, J(z +y)), forall z,y € E.

Lemma 2.2. Let {s,} be a sequence of non-negative real numbers satisfying
Sn+1 < (1 - )\n)sn + )\nén + Yo, N > 0,

where {\,}, {0n} and {y.} satisfy the following conditions:
(1) {An} C[0,1] and >°07 o Ay = o005

(ii) limsup,, . 6, <0 or >0 | Apdy, < 005

(ifi) Y >0 (2> 0), 3207 < 00.

Then lim,, o S, = 0.

Let p be a continuous linear functional on [*° and (ag,ai,---) € [*°. We
write u, (ay,) instead of u((ag,ay,---)). pis said to be Banach limit if y satisfies
el = (1) = 1 and up(ant1) = pn(ay) for all (ag,aq,---) € 1°°. If pis a
Banach limit, the following are well-known:

(i) for all n > 1, a, < ¢, implies p(a,) < p(ey),
(ii) p(ant+n) = p(ay,) for any fixed positive integer N,
(iii) linnl)igfan < pn(an) < limsupa, for all (ag,a,---) € 1°°.

n—oo

The following lemma was given in [22] as the revision of [18, Proposition 2].

Lemma 2.3. Let a € R be a real number and a sequence {a,} € I satisfy the
condition i, (ay) < a for all Banach limit p. If limsup,,_,  (an+n —ap) <0 for
N > 1, then limsup,,_, a, < a.

Finally, the sequence {z,} in E is said to be weakly asymptotically regular if
for N > 1,

w— lim (z,on —x,) =0, thatis, z,on —z, =0
n—oo
and asymptotically reqular if for N > 1,

lim ||zpen — xn] =0,
n—oo

respectively.

3. Main results

Now, we study the strong convergence results for modified Mann iterative
scheme (IS) in Banach spaces.
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We consider N mappings Ty, Ta, -+ ,Tn. For n > N, set T,, := T}, mod N
where n mod N is defined as follows: if n=&kN +1, 0 <[ < N, then
l if 1#0,
n mod N := 1 7
N if 1=0.

For any n > 1, TunThynN-1---Tht1 : C — C is nonexpansive and so, for
any t € (0,1) and f € X, tf + (1 — )Ty NThin—1- - Tni1 : C — C defines a
strict contraction mapping. Thus, by the Banach contraction mapping principle,
there exists a unique fixed point ¥ (f) satisfying

(A) i (f) =tf(@y () + (1 = )T NToyn—1 - Tgr2y (f)-

For simplicity we will write z}" for ' (f) provided no confusion occurs.
The following result for the existence of Q(f) which solves a variational in-
equality

(I = NQUNJ(QU) =) <0, fEYc, peF =) Fia(T;) #0
was obtained by Jung [10].

Theorem J [10]. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping J, with gauge function ¢. Let C be a nonempty
closed convexr subset of E and Ty,--- ,Tn nonexpansive mappings from C into
itself with F = ﬂfil Fiz(T;) # 0 and

F = Fiﬂf(TNTN_l . Tl) = FZIE(TlTN tee T3T2)

Then {z}'} defined by (A) converges strongly to a point in F. If we define @ :
EC — F by
QU= Jimaf, [eve, (31)

then Q(f) is independent of n and Q(f) solves a variational inequality

(I =NQ)):Jp(Q(f) —p)) <0, [feXc, peF.

Remark 3.1. (1) In Theorems J, if f(x) = u, z € C, is a constant, then it
follows from (2.3) that (3.1) is reduced to the sunny nonexpansive retraction
from C onto F,

(Q(u) —u, J,(Q(u) —p)) <0, ueC, peF.
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(2) We point out that in Theorem 3.1, Lemma 3.1 and Theorem 3.2 of [10], for
abbreviation, the normalized duality mapping J instead of the duality mapping
J, was indeed assumed. The normalized duality mapping J in [10] should be
replaced by the duality mapping J,. But even if we assume the duality mapping
J,, we can obtain the conclusion in Theorem J by using the same methods as
Proposition 3.1 and Theorem 3.2 below.

Using Theorem J, we have the following result.

Proposition 3.1. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping J, with gauge function ¢. Let C be a nonempty
closed conver subset of E and Ty,--- ,TN nonexpansive mappings from C' into
itself with F := ﬂf\; Fix(T;) # 0 satisfying the following conditions:

(i) TNTx-1 T =TTy T3 = =Ty 1Tz TiTx;

.. F:Fiﬂf(TNTNfl-"Tl) = Fl.T(TlTNTgTQ)
(11) = e e e — FZx(TN_l..TITN)_

Let {cv,} and {B,} be sequences in (0,1) which satisfy the condition:
(C1) limy, 00 vy =0, limy, o0 By, = 0.
Let f € X¢ and let {x,} be the sequence generated by
ro=x € C,
(IS) Yn = BnTn + (1 - ﬂn)Tn—l-lxnv
Tnt1 = anf(zn) + (1 —an)yn, n=0.

and i a Banach limit. Then

(I = FIQ(S)), Jo(Q(f) — n))) <0,
where Q(f) = lim;_o+ x¢ and x¢ is defined by x; = tf(z) + (1 — t)Sxy for
S=TNTNn_1---T1 and t € (0, 1)
Proof. Note that the definition of the weak sequential continuity of duality
mapping J, implies that E is smooth. Let z; = tf(z;) + (1 — t)Say for S =
TnTn-1---Ty and t € (0,1). Then by Theorem J, {z;} strongly converges to a

point in F', which is also denoted by Q(f) := lim;_ ¢+ ;.
Now, since

Ty — Tpin = (1 = 1)(Sze — i) + 0(f(20) — Tnin),
by Lemma 2.1, we have

O(l|lze — wnin ) <@((1 =[Sz — 2ngnl)

+t{f(xt) — Tntn, Jtp(l‘t — Znin)). (3.2)



Let p € F. Then

This gives that

|24

and so

Strong convergence of modified Mann iteration

we have

e = pl| < t[|f(x) —pll + (1 = 8)]| Sz — Spl|
<t f(ze) —pll + (1 =)z — pll

—pll < [f (@) = pll < 1f (@) = FDI + 1f () —

< kllze — pll + I f(p) — pl

lze = pll < 7= If(P) —pll,  t€(0,1),

and hence {z;} is bounded. We also have

for all n > 0 and all p € F and so {x,} is bounded. Indeed, let p € F' and

lzn = pll < max{|lzo —pll, 7= I f(p) — pll}

d = max{|lzo — pl, 175 f(») — pl|}. Noting that

[yn =PIl < Bullen = pll + (1 = Bu)[[Togr2n — pll < [l2n

we have

lz1 = pll

8
A%

Using an induction, we obtain ||z,1

(C1), we get

(1 —ao)llyo — pll + aoll f(z0) — pll
(1 = ao)llzo — pll + o (][ f(z0) — f(p
(1= (1= k)ao)l|zo — pll + ol f(p) — 1l
(1—(1—k)ag)d+ ap(l —k)d =d

INIA N IA

Hanrl - Tn+1xn”

S ||xn+1

= Ynll + [[yn — Tny12n ||
< an([[f @)l + llynll) + Bu(lynll + 1 Tns12nl]) — 0

By using the same method, we have

lTn+nN — Then - Thy1xnl — 0 (as n — o0).

gl

_p||7

)+ 11f(p) -

—p|| < d. Hence {z,} is bounded, and so
are {yn}, {Tht12n} and {f(z,)}. As a consequence with the control condition

(as n — 00).
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Indeed, noting that each T; is nonexpansive and using just above fact, we obtain
the finite table

Ty N—LpnyNTpin—1 — 0,

Tn—&—N-Tn—i-N—l _Tn—l—NTn—i-N—lxn—i-N—Q - 07

Toin - ThyoTpi1—TninN - Thy12n — 0.
Adding up this table yields
TN — Tnan - Thi1x, — 0 (as n — 00).
Moreover, we prove that
ToeN —INTN-1 - ThTy = Tpen — STy, — 0 (as 1 — 00). (3.3)
Indeed, we can see the following:

Ifn mod N =1, then T+ NThin—1--The1 =T1TN - - Th;
If n mod N = 2, then Tn+NTn+N—1 cee Tn+1 = T2T]_TN o 'Tg;

Ifn mod N = N, then Tn+NTn+N71 o 'Tn+1 = TNTN,1 s Tl.
In view of the condition (i)

INTN-1--Th=TTN--T3T2 =" TN aTN-2---TiTN,
so we have
INnTN, - Ty =ThsNThyN-1- - Tht1, foralln>1.
This implies that

TpyN — STy = TpaN —INTN_1---T12y

=TpiN — Loy NToiN-1 Tht12n — 0 (as n — o0).
Observe also with (3.3) that
152 — 2nan || < 2 — 2nll + en,
where e, = ||[xp+n — Sz,|| — 0 as n — oo, and

<f(xt) — Tn+N, Jga(xt - xn+N)>

= (f(@1) = 2t, Jp(wr — ny ) + [J20 — 2y nlle(lze — 2ngn|)-
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Thus it follows from (3.2) that

O(l|lze — zninl)
<O((1 = t)([ler — znll + €n)) (3-4)
+({f(2e) = 20, Jp (2 = 2nin)) + 20 = 2wl (llze = zngn )

Applying the Banach limit p to (3.4), we have

tn(@(lze = 2 |) < pa (1 =) (lze — 20l + €n)))
+ tpn ((f(x4) —$t7<]go($t — TpiN))) (3.5)
+ thn([|ze — nanlle(llze — 2nan )

and it follows from (3.5) that
o ({ze = f(21),Jp (20 — 20)))

i (@((1 = D)z~ all) — B, )

+n(llze = 2nin (2 = 2ninl])

1 |zt —zn |
— 7?“” / cp(T)dT}
(A=) lzs—zn ||

+ pn(lze = ey nlle(lze — 2nin )
= pin([ze = znll(e(lze = zall) = ©(m0))),

IN

for some 7, satisfying (1 — t)||xt — xn|| < 7 < ||zt — z,]|. Since ¢ is uniformly
continuous on compact intervals of RT,

e — | — 7o < e —
2
<t( {20 =l + oo =5l ) 0 (as e o)

and Q(f) = lim;_.o =4, we conclude from (3.6) that

< lirtnsgp o ({2 — f24), Jp(xr — 240))) < 0.

O

Theorem 3.1. Let E be a reflerive Banach space having a weakly sequentially
continuous duality mapping J, with gauge function ¢. Let C be a nonempty
closed convex subset of E and Ty,--- ,TN nonexpansive mappings from C into
itself with F := ﬂfil Fix(T;) # 0 satisfying the following conditions:

(i) TNTx-1 T =TTy T3 = =Ty 1Tz TiTx;
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. F:Fiﬂj(TNTNfl-"Tl) = le(TlTNTgTQ)
(11) - .= Fix(TNil e T1TN)-

Let {cv,} and {B,} be sequences in (0,1) which satisfy the conditions:
(C1) limy, 00 vy = 0, limy, oo B, =0;

(C2) 30 gan = 00,

Let f € X and let {x,} be the sequence generated by

ro=x € C,
(IS) Yn = ﬁnxn + (1 - ﬁn)Tn—i—lJ;ny
Tn+1 = O‘nf(xn) + (1 - Oén)?/n, n > 0.

If {x,} is weakly asymptotically regular, then {x,} converges strongly to Q(f),
where Q(f) € F solves a variational inequality

(I =R Jo(Q(f) —p) <0 feXc, pekF.

Proof. First, we note that by Theorem J, there exists a solution Q(f) of a
variational inequality

(I = NQ)) J(Q(f) —p)) <0, feXc, peF,

where Q(f) = lim¢_ox¢, and x; is defined by z; = tf(xs) + (1 — t)Sx; for
S=TNnTn_1---T7 and t € (O, 1)

We proceed with the following steps:

Step 1. |[lz, — p| < max{||lzo — pl, 2511/ (p) — pll} for all n > 0 and all
p € Fiz(T) as in the proof of Proposition 3.1. Hence {z,} is bounded and so
are {yn }, {Tn+17n} and {f(zn)}.

Step 2. limsup,, (I — f)(Q(f)), J,(Q(f) — z,)) < 0. To this end, put

an = ((I = UQ)), Jo(Q() = 2n)), n =1

Then Proposition 3.1 implies that p,(a,) < 0 for any Banach limit p. Since
{zn} is bounded, there exists a subsequence {z,,} of {z,} such that

limsup(an4 N — an) = lim (@p, 4N — an,;)
n—o00 J—00
and x,, — q € E. This implies that z,,; v — ¢ since {z,} is weakly asymptot-
ically regular. From the weak sequential continuity of duality mapping J,, we
have

w— lim J,(Q(f) — Tn,4n) = w — lim J,(Q(f) — zn,) = Jo(Q(f) — q),

J—0o0 J—00
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and so

lim sup(an s — an)

n—o0

= jliggo«f = INQ(f)), Jo(Q(f) = Tnj4+n) — Jo(Q(f) — zn;)) = 0.
Then Lemma 2.3 implies that limsup,, , . a, < 0, that is,

limsup((Z — F)(Q(F)). Jo(Q(F) — 2a)) < 0.

n—oo

Step 3. lim,, . ||z, — Q(f)|| = 0. By using (IS), we have

Tnt1 — QUf) = an(f(zn) — Q(f)) + (1 — an)(yn — Q(f))-
Applying Lemma 2.1, we obtain

lznt1 — QA

< (1= an)?lyn = QUHI? + 200 (f (n) = Q(f), J (2041 — Q(f)))

~—

< (1= an)?zn = QUAIP + 200 (f(2n) = F(Q(f)), I (@nt1 — Q()))
+ 200 (f(Q(S)) = Q(f), J (xnt1 — Q(S)))

< (1= an)?zn = QUOIP + 2kan |z — QA Hzn+1 — Q)]
+ 200 (f(Q(f)) - @

)
< (1= an)’[lzn = QUAIZ + kan(lzn = QUAIP + [2n1 — QA
+ 20, (f(Q(f)) = Q(f), J(@nt1 — Q(S)))-

Now, by using gauge function ¢, we define for every n > 0
e —zn]l ;

o, = 4 elQ=-=.I if Q(f) # zn

0 if Q(f) = an

From sup{% : Q(f) # xn} < 00, we obtain limsup,,_, . 6, < co. Also

from (2.2), we have

JQ) = Ts1) = Oni1p(Q(f) = ns1), for all m > 0.
It then follows that

)
Q(
(f), J(@nt1 = Q(S))
Q(
)

1—(2—k)a, +a?

fonss - QUIP < —— B0t S ()
T (1= QUL TQU) = 7))
1-(2-Fk)an 9 a? (3.7)
< S, QU+

+ 70["9%1((1 = NQN), Jo(Qf) = Znt1)),
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where M = sup,,>¢ [lz2n — Q(f)||>. Put

A :M and
1— ko,
Mo, 1

on :2(1 _ k‘) + 1— k0n+1<(1 - f)(Q(f))7J<P(Q(f) - $n+1)>-

From (C1), (C2) and Step 2, it follows that A, — 0, >.>7 A, = oo and
limsup,,_, ., 6, < 0. Since (3.7) reduces to

21 = QUAIZ < (1 = Aa)llzn — QUAIZ + Aabi,

from Lemma 2.2, we conclude that lim, o ||z, — Q(f)| = 0. This completes
the proof. [

Corollary 3.1. Let E be a reflexive Banach space with a weakly sequentially
continuous duality mapping J, with gauge function ¢. Let C be a nonempty
closed convexr subset of E and Ty,--- ,TN nonexpansive mappings from C' into
itself with F = ﬂfil Fix(T;) # 0 satisfying the following conditions:

(i) TnTn_q1---T1 =TT - .T3T2 =-.=TNn_1TNn_9"" 'TlTN;

F = FiLE(TNTN_l . Tl) = FZCC(TlTN e Tng)

(i) = = Fix(Ty_r - TiT).

Let {ay,} and {8} be sequences in (0,1) which satisfy the conditions;

(C1) limy, 00 ap, = 0, limy, o0 By, = 0;

(C2) 325 g an = o0.

Let f € X¢ and let {x,} be the sequence generated by (IS). If {x,} is asymp-
totically regular, then {x,} converges strongly to Q(f), where Q(f) € F is the
unique solution of a variational inequality

(I =NQ)): Jpo(Q(f) —p)) <0 feXe, peF.

Remark 3.2. If {a,,} and {3, } in Corollary 3.1 satisfy conditions:
(C1) limy, o0 vy, = 0, limy, o0 B, = 0;
(C2) 2o pg on = 00;
o0
(Al) ano |ﬁn+N - /Bn‘ < o0; and
(A2) 30 o lant N — an| < 00, or the perturbed control condition:
(A3) |ansn — an| < o(@nin) + 0ny  DoneOn < 00,
then the sequence {x, } generated by (IS) is asymptotically regular. Now we give
only the proof in case when {a,,} and {3,} satisfy the conditions (C1), (C2),
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(A1) and (A3). Indeed, by Step 1 in the proof of Proposition 3.1, there exists a
constant L > 0 such that

L = max{sup{|[f (zn)[| + [Tns12all}; sup{lzal + [ Tnsrzall}}-
n>0 n>0

Since for all n > 1, T,,. vy = T;,, we have

Tyt N = Tn = (nyN-1 = @p-1)(f(@n-1) = TnTpn-1)
+ (1 = anyN-1)BnsN-1(TnsN-1 — Tpn_1)
+(Bran—1— Bn-1)(1 — anyn-_1)
—(ansn—1 = n1)Bn1](Tn-1 — Thxn_1)
+ (1= Bagn-1)1 = angyN-1) (T4 NTnrN—1 — T NTn—1)
+ ansN-1(f(@nen-1) = f(zn-1)),

and so

[N — @
< (1= Brsn-1)(1 — angpn—1)|TnsN—1 — Tn-1]
+kanyn-1llzniN—1 — Tp-1]l + (1 — anyN-1) Bag N-1l|Tns N1 — Tn-1]]
+|BneN—1 = Bn-1|L + 2]anyn—1 — ap_1|L
< (1= =kansn-)lTnsn-1 = To-1ll + |BasN-1 = Bu—1|L
+ 2(o(apyN-1) + 0pn-1)L.

By taking s,4+1 = ||Znen — Znll, An = (1 — k)ansn—1, Andn = 20 (apin—1)L
and v, = |BntN-1 — Bn-1|L + 20,1 L, we have

Spt1 < (1 - )\n)sn + AnOn + Yn-
Hence, by (C1), (C2), (A1), (A3) and Lemma 2.2,

lim |z,in — zn] = 0.
n—oo

In view of this observation, we have the following result.

Corollary 3.2. Let E, C and T;,--- ,Tn be as in Corollary 3.1. Let {a,} and
{Bn} be sequences in (0,1) which satisfy the conditions (C1), (C2), (Al) and
(A3) (or the conditions (C1), (C2), (A1) and (A2)) in Remark 3.2. Let f € ¥¢
and let {x,} be the sequence generated by (IS). Then {x,} converges strongly to
Q(f) € F, where Q(f) is the unique solution of a variational inequality

(I =NQ))J(Q(f) —p)) <0, feXc, peF
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Remark 3.3 (1) Proposition 3.1 and Theorem 3.1 improve the corresponding
results of Jung [8,9,10], Kim and Xu [12] and Zhou et al. [22] (that is, Theorem
10 of [8], Theorem 2 in [9], Proposition 3.1 and Theorem 3.3 in [10], Theorem 1
n [12], and Theorem 5 and Theorem 6 in [22]) in several aspects.

(2) Theorem 3.1 also extends Theorem 1 of Yao et al. [21] to the case of a
family of finite mappings under the different conditions on the parameter {3, }
and the sequence {z,} in the space having a weakly sequentially continuous
duality mapping.

(3) Corollary 3.1 (and Corollary 3.2) also improves Theorem 1 of Kim and
Xu [12] to the viscosity approximation method for finite nonexpansive mappings
together with different condition from the condition (A2) on {«,,}.

(4) Even the case of 3, = 0, Corollary 3.2 generalizes Theorem 10 of Jung
[8] and Theorem 2 of Jung [9] since the assumption of uniformly Gateaux dif-
ferentiable norm and the fixed point property (that is, the uniform smoothness
assumption) was removed.

(5) Even the case of f(z) = u, z € C, a constant, Theorem 3.1 also works in
a Banach space setting as opposed to iterative scheme of Nakajo and Takahashi
[15], which works in only in the framework of Hilbert spaces.
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LINEAR COMBINATIONS OF COMPOSITION OPERATORS
ON H>(By)

ZE-HUA ZHOU* AND YUAN CHEN

ABSTRACT. We investigate the compactness of linear combinations of composition
operators acting on bounded holomorphic function space H* (B ) in the unit ball
of CV, and completely characterize the association of compactness and coefficients
of linear combinations of composition operators.

1. INTRODUCTION

The algebra of all holomorphic functions on the unit ball By in C*V will be denoted
by H(By). Let S(By) be the set of holomorphic self- maps of By, and H*(By)
denote the space of all bounded holomorphic functions on By endowed with the
norm of ||f|| = sup |f(2)|, the closed unit ball of H>(By) is written by H.

z€BN

For z,w € By, it is well known that the pseudo-hyperbolic distance between z

and w is
|_ Z_Pz(w)_SzQz(w)
N 1—(w,z)

where S, = /1 — |22|, P, is the orthogonal projection from C" onto the one dimen-
sional subspace [z] generated by z, and Q. is the orthogonal projection from C¥
onto CV — [z].

Let ¢ € S(By), the composition operator Cy, induced by ¢ is defined by

(Cof)(z) = f(o(2)),
for z in By and f € H(By). It is easy to see that the composition operator C, is
always bounded on H*°(By) with norm 1.

During the past few decades much effort has been devoted to the research of such
operators on a variety of Banach spaces of holomorphic functions with the goal of
explaining the operator-theoretic behavior of C,, such as compactness and spectra,
in terms of the function-theoretic properties of the symbol ¢. We recommend the
interested readers refer to the books by J. H. Shapiro [8] and Cowen and MacCluer
[1], which are good sources for information on much of the developments in the
theory of composition operators up to the middle of last decade.

In the past few years, many authors are interested in studying the mapping prop-
erties of the difference of two composition operators, i.e., an operator of the form

T=C,-Cy.

The primary motivation for this has been the desire to understand the topologi-
cal structure of the whole set of composition operators acting on a given functions.

p(z,w) = |pz(w)
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Key words and phrases. bounded analytic function spaces; composition operators; linear combi-
nations; coefficients.
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Most papers in this area have focused on the classic reflexive spaces, however, some
classical non-reflexive spaces have also been discussed lately in the unit disc in the
complex plane. In [6], MacCluer,Ohno and Zhao characterized the compactness of
the difference of composition operator on H*° spaces by Poincaré distance. Their
work was extended to the setting of weighted composition operators by Hosokawa,
Izuchi and Ohno [3]. In [7], Moorhouse characterized the compact difference of com-
position operators acting on the standard weighted bergman spaces and necessary
conditions on a large scale of weighted Dirichlet spaces. Hosokawa and Ohno [3] and
[4] gave a characterization of compact difference on Bloch space in the unit disc. In
[9] and [2], Carl and Gorkin et al., independently extended the results to H>(B,,)
spaces, they described compact difference by Carathéodory pseudo-distance on the
ball, which is the generalization of Poinaré distance on the disc.

Lately, Izuchi and Ohno [5] characterized the compactness of linear combinations
of composition operators on the Banach algebra of bounded analytic functions on
the open unit disk.

Motivated by [5] on the disk, we generalize the results to the unit ball, investigate
the compactness of linear combinations of composition operators acting on bounded
holomorphic function space H>(By) in the unit ball of CV, and completely char-
acterize the association of compactness and coefficients of linear combinations of
composition operators. For the proof, we need some complex calculation skills.

2. MAIN RESULTS

For our discussion of compactness, we will need the following, minor modification
of that of Theorem 3.4 in [1].

Proposition 1. (Compactness Criterion) Let @1, 2, ,pn be distinct functions
in S(Byn) and \; € C with \; # 0. Then the linear combination of composition oper-

n

ators Y \iCy, is compact on H*®(By) if and only if whenever { fu }mis a bounded
i=1

sequence in H>®(By) such that {fm}m converges to 0 uniformly on any compact

n
subset of By, then H > )\Z-C'%.H tends to 0 as n — oc.
i=1

o0

Let o1, @2, -+ , ¢n be distinct functions in S(By) and n > 2. Let Z = Z(p1, 2, - -
be the family of sequence{z;}, in By satisfying the following three conditions:
(a) |pi(zx)] — 1 as k — oo for some i;
(b) {@i(2k)}x is a convergent sequence for every i;
(©) 05 (28) =Py, (2) (01 (2k)) =50 () Qoo () (#i (7))
1—(pi (k)5 (2k))

is a convergent sequence for every
i, 3.

(c) plwi(zk), ¢j(zr)), is a convergent sequence for every i, j.

Note that if |¢;(zx)| — 1 as k — oo for some i, then it is easy to see that there
exists a subsequence {zkj }j € Z.

For {z;}, € Z, we write
I(zi) ={i:1<i<m,|pi(z) =1 as k — oo}.

By condition (a), I(zx) # (. By condition (b), there exists 6 with 0 < § < 1 such
that |¢;(2zx)| < 6 < 1 for every jnot € I(z) and k. For each t € I(z), let

Io(zr,t) = {5 € I(zk) = p(@j(2k), p1(21)) — 0 as k — oo}

7()0”)
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For s,t € I(z), it is clear that either Iy(zg, s) = Ip(2k,t) or Io(zk, s) () Lo(2k,t) = 0.
Hence there is a subset t1,t9,t; C I(zx) such that

l l l
I(z) = |J To({z}o tp) and | To({zr},t0) () U To({ze},tg) = 0

for p # q.
n
When we consider the compactness of linear combinations ) A\;Cy,, some C,,
i=1
could be compact, that is ||pi]|lcc < 1 (see Exercise 4.1.8(b) in [1]). We may exclude
such trivial ones from our linear combinations.

Theorem 1. Let ¢1,p2, -+ ,pn be distinct functions in S(By) with ||¢illcc = 1,
and \; € C with A\; # 0 for every i. Then the following conditions are equivalent.

n
(1) > NiCy, is compact on H™.

=1
(2) S AN i€ In(zk,t)} = 0 for every {zx}r € Z = Z(e1,02,++ ,pn) and
t e I(Zk)

Proof. (1) = (2).
Suppose that >~ A\;C,, is compact on H*®. Let {zx}r € Z and t € I(z), that is
i=1
lpt(z)| — 1 as k — oo. For each positive integer k, denoting
1— oy ()|
fr(z) = m H <9%j(zk) (2) »Poi(zr) (¢ (Zk:))> Poj, (k) (2),
’ 3#lo({zr}:t)

where j; can be any integer € Iy(zg,t). It is easy to check that fp(z) € H®,
I felloo < 2 and {fx}x converges to 0 uniformly on every compact subset of By. It

follows that

=1

>

> Xife (@i (Zk))‘
i=1

oo

1 — |y (z) |
= X L — (i (), ¢t (21)) 11 <‘p%‘(2k) (@i (20)) > Py ) (01 (Zk))> ZACKACE
i€lo({zk },t) ! ’ J¢lo({zi},t)

Here by the definition of Iy(zg,t), it follows that p(vi(zk), pi(zx)) — 0 as k — oo.

Hence

_ ot (a)* = (i (1) s ot (21)
L= (i (2k) ; ¢t (21))

— 0,

(Ponizn) (@1 (21)) s 0t (2))

furthermore )
1 — [ (21)]
L — (i (21) s o1 (21))

as k — oo.
With the same proof, when & — oo, we have
i (z)|” = (e (21) , 01 (1)) 0
L — (¢t (2x) i (21))

and )
1 — | (21)]

L — (et (21) i (1))
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leos 2 .
Note that i € Io(z, 1), % — 1, it follows that 1 — |; (z)[%, 1 = | (26121 = (1 (21) , 01 (21))

and 1 — (p; (21) , ¢t (21)) are equivalent as k — oo.
On the other hand

“P@Dj(zk) (pi (z1)) — Po;(zk) (¢ (Zk))‘z
= (i, 20) (0 () = Py ) (91 (1)
|2

(1l @) (1l
1

) »Poi(ar) ((Pz (Zk)) — Poi(zk) ((Pt (Zk))>
) [, (e @R) - e o)
@ =i () e (20))) (1= (25 (2) » ¢ (2x)))
(2k) , i (2k
) Pj

(1)
Ly (=l @oP) (1= e )
(o (zk ’

)
11— (i (21) , 05 (21))

(1= ls (@) ) (1 -
(1= (5 (1), 01 (D)

from the equality above, it follows that
1 1

(1= tes 0I2) (1= It (aw)2) x | — - (Zk) - (Zk» T CaRre
(1_ l0; (21)] ) (1_ 103 (1) |2) % zk) = ¢t (21) , 5 (2k))

o7 ) (1= (e (21) 95 (21)))
< (1= les G0)?) (1= I (o |2)x e 1_|%(Zk)|)

o | (wi () — o (1), 05 (21))
(
4’@1(«%) ot (21) 5 ot (1)) + (@i (21) — @t (21) 5 05 (21) — ot (21))
)

(

)
‘2
(et

— 1=

(1
)
L0 (21))) 11— (e (21) , 05 (20))

2

2

2

(1= (ot (1), 05 (22)))
(1 — (ot (2k %(Zk)>

2
(i (2k) — r (2) o () + [(2i (2) — n (2) 5 (2) — e ()
11— {pe (1), 05 (20))I

<

<8

Where
2

’ (@i (2) — ot (1) , ot (21))
1 — (ot (21), 05 (21))

2
< o ()7 — (i (Zk);@t )| 0
1 — |t (2)]
as k — oo and
)<¢¢<Zk>fw(m,soj(m—w(z;c» 2
1_<4Pt(zk)790j(zk)2> ) )
< li (20) = 1 (@) x Los (20) = o1 (@) X ot @

s[\wmzwr?—«ot( )1 () + [l ()l = o1 () o (o))
o 123 )P = (ot ) 3 (2D |02 (o) = (03 (1) 02 20)) |
11—(pe(z) 05 (2x))]? '

2k))
oz
If follows from condition (c) that

(o 0 20) = PP = ol <

and

loe (1) 7 = (05 (21) » 0t (21))
1 — (o5 (2k) st (21))

(Porar) (5 (1)) s e (21)) = — 1, ]y <1
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While
s () = (o1 () i Gl o el = ) o)
1 — [t (21)] 1 — lpr (2)]
therefore (d) — 0 as k — oo.
That is

P (zr) ((PZ (Zk)) — Poi(zr) (9075 (zk)) —0
as k — oo. Therefore

o) (9i (2r)) = M @) (00 (20))
sincej ¢ Io({zx},t). By the definition of Iy(zx,t) and (c)
klinolo Po;(zk) ((Pt (Zk)) = /8j7t 7é 0
for some ;1 € CV.
By condition (1) and Proposition 1,

i=1 0

— 0

as k — oo. Therefore we get

>ooon IT  Bitlsul? =
i¢lo({zr},t) J¢lo({zk}.t)
Consequently, we have
dooox=o

i To({zx}.t)
(2) = (1).
Suppose that Z XiC,, is not compact on H>, then there exists a sequence { fi, },,

in the ball of H % (B ) such that f,, — 0 uniformly on every compact subset of By
— 0 as m — oo.

For some € > 0, considering a sequence of {fy,},,, we may assume that

Z /\ifm (901)
=1

and

>e>0

for every m.

n
Take z € By with |zx] — 1 and
/L'i

(99 a0)| > .

Considering a subsequence of {zk},; we may assume that ¢;(zx) — o; as k — oo
for every i. Since f,,, — 0 and uniformly on every compact subset of By, |a;| = 1
for some i. Moreover we may assume that{z;}, € Z. Also we have

lim inf Z Xifm (pi (zk))| > €.

m—oo
icl({zr})

Recall that there exists a subset {t1,t2,--- , ¢} C I{z;} such that

!
ey = To (a) o 1),

p=1
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and
Io ({21}, tp) N 1o {2k}, tq) =0

for p # q.
Let i € Iy ({Zk} ,tp), then

p (‘Pi (2x) > Pty (Zk)) —0

as k — oo.
By Schwarz’s lemma, it follows that
p (fm (@i (2k)) s fn (21, (21))) < p (@i (2k) s o1, (21)) — 0O (e)
as k — oo.

Since { fm (@i (21)) },,, is bounded, considering a sequence of {2}, , we may assume
that fr, (@i (2r)) — Bi as k — oo for every i. By (e), it follows that g; = 3, for
every i € Ip ({zx},tp). Therefore by condition (2),

!
klgilo Z /\ifm(%(zk))zklggoz Z Aifm (pi(2k))

i€I({zk}) p=Llielo({z1}tp)

l l
=2 > MNB =38 > N=0
p=1

p=1liclo({z}:tp) i€lo({z }:tp)

This contradicts condition. This completes the proof of Theorem 1. O
The following corollaries follow from Theorem 1.

Corollary 1. Let ¢1,¢2, - ,¢n be distinct functions in S (Bn) with ||l = 1
and \; € C with A\; # 0 for every i if Y A\i # 0 for every J € {1,2,--- ,n}, then
i€
n n
XiCy; is not compact on H*®. This says that the sum ) C,, is never compact
i=1 i=1

on H* for every ¢; € S(Bn) with |||l o =1,i=1,2,--- ,n.
Corollary 2. Let ¢1,¢9, -+ ,¢n be distinct functions in S (Bn) with ||l = 1

n

and A; € C with A\; # 0 for every i. Suppose that)_ X\i =0 and > \; # 0 for every
i=1 i€
n
non-empty subset J of {1,2,--- ,n}. Then Y \Cy, is compact on H* if and only
i=1
if Cp, — Cyp; is compact on H* for every i,j with i # j.

n
Proof. Suppose that ) A\;Cy, is compact on H*°. Then by Theorem 1, for every

=1
{zetr € 2, T {z}) = {1,2,------ ,n}and Iy ({zx},t) = {1,2,------ ,n}.
For every t € ({z}). Hence limy, )—1p (i (2), %5 (2)) — 0, by [9], Cyp, — C, is
compact for every ¢, j. Suppose that Cy, — Cy, is compact for every i, j. Since

D AiCo =D XiCy + > Xi(Cy = Cp) = > X (Cy, — Cy),
i=1 i=1 i=1 i=2
it follows that > \;C,, is compact. O
i=1

Under the assumption of Corollary 2, we obtain the following corollary by Theo-
rem 3 in [9].
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Corollary 3. Let ¢1,¢2, - ,¢n be distinct functions in S (Bn) with ||l = 1
and \; € C with N\ # 0 for every i. Suppose that Y~ X\; = 0 and > A\; # 0 for

i=1 icJ
every non-empty proper subset J of {1,2,--- ,n}. Then the following conditions are
equivalent:

n

(1) > AiCyp,: H® — H™ is compact;
i=1
n

(2) > AiCy;: B — H*™ is compact.
i=1
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Abstract

In this paper, we establish some common fixed point theorems for selfmappings in
uniform space by employing both the concepts of an A—distance and an E—distance
introduced by Aamri and El Moutawakil [1], the notion of the comparison functions as
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1. Introduction

Let (X,®) be a uniform space, where X is a nonempty set equipped with a
nonempty family ® of subsets of X x X satisfying certain properties. ® is called the uni-
form structure of X and its elements are called entourages or neighbourhoods or sur-
roundings. Interested readers can consult Bourbaki [4] and Zeidler [19] for the definition
of uniform space. The definition is also available on internet (by Wikipedia, the free
encyclopedia).

The concept of a W—distance on metric space was introduced by Kada et al [§]
to generalize some important results in nonconvex minimizations and in fixed point
theory for both W —contractive and W —expansive maps. The theory of fixed point or
common fixed point for contractive or expansive selfmappings in complete metric space
has been well-developed. Interested readers can consult Berinde [2, 3], Jachymski [6],
Kada et al [8], Kang [9], Rhoades [13, 14], Rus [16], Rus et al [17], Wang et al [18] and
Zeidler [19] for further study of fixed point or common fixed point theory.

Using the ideas of Kang [9], Montes and Charris [15] established some results
on fixed and coincidence points of maps by means of appropriate W —contractive or
W —expansive assumptions in uniform space. Furthermore, Aamri and El Moutawakil
[1] proved some common fixed point theorems for some new contractive or expan-
sive maps in uniform spaces by introducing the notions of an A—distance and an
FE—distance.

In [1], the following contractive definition was employed:

Let f, g: X — X be selfmappings of X. Then, we have

(1) p(f(2), f(y)) < ¥(p(g(),9(y)), Yz, y € X,

where 1 : RT — IR" is a nondecreasing function satisfying
(i) for each t € (0,400), 0 < (1),

(ii) nhj& Y"(t) =0, Ve (0,400).

1) satisfies also the condition ¥ (t) < t, for each t > 0.

In this paper, we shall establish some common fixed point theorems by employing
the concepts of an A—distance and an E—distance, the notion of the comparison func-
tions, as well as a contractive condition of the integral type. Literature abounds with
several contractive conditions that have been employed by various researchers over the
years to obtain different fixed point theorems. For the various contractive definitions
that have been employed over the years and the notion of the comparison functions, we
refer our interested readers to Berinde [2, 3|, Branciari [5], Rhoades [13, 14], Rus [16]
and Rus et al [17]. Both Branciari [5] and Rhoades [13] used contractive conditions of
the integral type to extend the Banach’s fixed point theorem.
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2. Preliminaries

We shall require the following definitions and lemma in the sequel. The Remark
2.1, Definitions 2.2 - 2.6 and Lemma 2.7 are contained in [1, 9, 15]. Let (X, ®) be a
uniform space.

Remark 2.1: When topological concepts are mentioned in the context of a uniform
space (X, ®), they always refer to the topological space (X, 7(®)).

Definition 2.2: If V € ® and (z,y) € V, (y,z) € V, x and y are said to be V —close.
A sequence {zy},2, C X is said to be a Cauchy sequence for @ if for any V € @, there
exists N > 1 such that z,, and x,, are V—close for n, m > N.

Definition 2.3: A function p : X x X — IR" is said to be an A—distance if for any
V € @, there exists 0 > 0 such that if p(z,2) < § and p(z,y) < 6 for some z € X, then
(z,y) € V.

Definition 2.4: A function p: X x X — R™ is said to be an E—distance if

(p1) pis an A—distance,

(p2) p(z,y) <pz,2) +p(2,9), Vo, yelX.

Definition 2.5: A uniform space (X, ®) is said to be Hausdorff if and only if the
intersection of all V' € ® reduces to the diagonal { (z,z) | x € X}, i.e. if (z,y) € V for
all V' € ® implies x = y. This guarantees the uniqueness of limits of sequences. V € &
is said to be symmetrical if V=V~ ={ (y,2) | (z,y) € V}.

Definition 2.6: Let (X, ®) be a uniform space and p be an A—distance on X.

(i) X is said to be S—complete if for every p—Cauchy sequence {z,} -, there exists
z € X with lim p(zy,z) = 0.

(i) X is saidntoo%e p— Cauchy complete if for every p—Cauchy sequence {z,,},- , there
exists - € X with lim x,, =z with respect to 7(®).

(iii) f: X — X is p—continuous if nlirgop(mn,$) = 0 implies JLI&p(f(mn), f(z))=0.
(iv) f : X — X is 7(®)—continuous if JLngoxn = x with respect to 7(®) implies
lim f(zn) = f(z) with respect to 7(®).

7(LV)OOX is said to be p—bounded if 0,(X) =sup { p(x,y) | x, y € X} < 0.

We shall require the following lemma in the sequel.

Lemma 2.7: Let (X, ®) be a Hausdorff uniform space and p be an A—distance on X.

o0

Let {zn}, o {yntney be arbitrary sequences in X and {on},"

{Bn},2 be sequences
in IR converging to 0. Then, for x, y, z € X, the following hold:

(a) If p(xn,y) < o and p(xp, 2) < B, Vn € IN, theny = z. In particular, if p(z,y) =0
and p(x,z) =0, then y = z.

(0) If p(2n, yn) < o and p(xn,2) < Bp, ¥V n € IN, then {yn}, -, converges to z.

(c) If p(@pn, Tm) < an ¥V m >n, then {z,},~ is a Cauchy sequence in (X, ®).
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Remark 2.8: A sequence in X is p—Cauchy if it satisfies the usual metric condition.
See [1] for this remark.

Definition 2.9 [Berinde [2, 3]]: A function ¢ : RT™ — IR™ is called a comparison
function if:

(i) ¢ is monotone increasing ; (ii) Jim P"(t) =0,¥vt>0.

See Rus [16] and Rus et al [17] for more on the comparison functions.

Remark 2.10: Every comparison function satisfies the condition (0) = 0.

Also, both conditions (i) and (ii) imply that ¢(¢) <t¢, V¢ > 0.

In this paper, we shall employ the following contractive condition of the integral
type: Let f, g : X — X be selfmappings of X. There exist a comparison function
¢ : RT — IR and a monotone increasing function ® : Rt — IR™ with ®(0) = 0 such
that V z, y € X, we have

p(f(x).f(v)) p(z,9(x)) p(9(x),9(y))
@ et <o ([T pwar) o ( [ plt)dt ).
0 0 0

where ¢ : RT — IR™ is a Lebesgue-integrable mapping which is summable, nonnegative
and such that for each € > 0, [ @(t)dt > 0.

Apart from condition (2), we shall also use the following contractive condition of the
integral type: Let f, g : X — X be selfmappings of X. There exist a constant L > 0
and a comparison function ¢ : RT — IR™' such that V z, y € X, we have

p(f(2),f(y)) p(z,9(x)) p(9(z),9(y))
® pit <t [ g+ ([ Pyt
0 0

0

where ¢ : Rt — IR" is a mapping as defined in (2).

Although, condition (2) is more general than (3), but we shall state without proof a
commmon fixed point result involving condition (3) and which also extends some re-
sults of [1, 5, 7, 10].

Remark 2.11: The contractive condition (2) is more general than (1) in the sense
that if in (2), o(t) =1, Vt € R, and ®(u) =0, ¥ u € R™, then we obtain (1).

Our results are generalizations and extensions of some results of Aamri and El
Moutawakil [1], Branciari [5], Jungck [7] and Olatinwo [10, 11].

3. The Main Results

The main results of this paper are the following:
Theorem 3.1: Let (X, ®) be a Hausdorff uniform space and p an E—distance on
X. Suppose that X is p—bounded and S—complete. Let f and g be commuting

p—continuous or 7(P)—continuous selfmappings of X such that
(i) f(X) € g(X);
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(i) p(f (@), f(23)) =0, Va; € X, i =0,1,2,--+;

(iii) both f, ¢g: X — X satisfy the contractive condition (2).

Let ¢ : Rt — IR™ be a comparison function and ® : R™ — IR* a monotone increasing
function such that ®(0) = 0. Suppose that ¢ : Rt — IR is a Lebesgue-integrable
mapping which is summable, nonnegative and such that for each € > 0, [; ¢(t)dt > 0.
Then, f and g have a unique common fixed point.

Proof: We shall first establish the existence of the common fixed point of f and g by
using property (p;) of E—distance:

Consider z,, = f(x,—1) with g € X. Choose x; € X such that f(z¢) = g(x1),

choose x1 € X such that f(x1) = g(z2), and in general,

choose x,, € X such that f(z,—1) = g(zn).

Therefore, we obtain by the repeated application of (2) that

fé)(f(xn),f(zn+m)) (p(t)dt <& fé?(l‘mg(xn)) ( )dt) + (fO 9(@n),9(Tn+m)) (p(t)dt)

— & fé)(xmf(mn 1)) ot )dt) + o (fé) (f(@n-1),f(@ntm-1)) w(t)dt)
— 7’/) fp(f(xnfl)zf(zn+mfl)) ( )dt

< [0 () ) o (e )
—wék%“mﬂ p(t)dt) 4 (Jo o2 oD opydr )
— ’I,Z)Q f()p mn 2 (anrm 2)) ( )dt)

<y (I wyar) < um (7 ebyat)

from which we have that

p(f(@n),f(Tnim)) n p(X)
@ / pltjde < ([ gt

0

where p(f(zo), f(zm)) < 0p(X), §,(X) =sup { p(x,y) | x, y € X} < o0
and foép(x) p(t)dt > 0 (by the condition on ).
Therefore, using the definition of comparison function in (5) yields
P" (fg"(x) gp(t)dt) — 0 as n — oo,
from which it follows that
p(f(@n).f(Znim))
/0 e(t)dt — 0 as n — oo,
so that nlirgop(f(xn), f(@nsm)) = 0 since [ @(t)dt > 0 for each € > 0.
Hence, by applying Lemma 2.7 (c), we have that {f(z,)},— is a p-Cauchy sequence.
Since X is S—complete, lim p(f(zn),u) = 0, for some u € X. Therefore
nh_)ngo p(g9(zpn),u) = 0. Since fnanoélj g are p—continuous, then
Jim p(f(g(zn)), f(u)) = lim p(g(f(2n)), 9(u)) = 0.
Also, since f and g are commuting, then fg = ¢gf, so that we have

Jim p(f(g(2n)), f(u)) = lim p(f(g(zn)), g(u)) =0,
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and by Lemma 2.7 (a), we obtain f(u) = g(u).

Since f(u) = g(u), fg = gf, we have f(f(u)) = f(g(u)) = g(f(u)) = g(g(u)).
Suppose that p(f(u), f(f(u))) # 0. Using condition (3), then we have that

fé’(f(“)vf(f(u))) p(t)dt <@ fé’(%g 0

Bydt) + o (S D o)ar

(
Lo(ydt) + v (J7UO I (1) at )
_ féo(f DI gpyr) < fROOTTED) oay,

which is a contradiction. Thus, fé)(f(u)’f(f(u)) @(t)dt = 0 (by the fact that [ ¢(t)dt >0
for each € > 0). Therefore, it implies that p(f(u), f(f(u)) = 0.

Also, by using condition (ii) of the theorem, then we have that p(f(u), f(u)) = 0.
Since p(f(u), f(u)) = 0 and p(f(u),{(f(u))) = 0, then using Lemma 2.7 (a) yields
f(f(w) = f(u).

Thus, we have g(f(u)) = f(f(u)) = f(u). Hence, f(u) is a common fixed point of f
and g.

The proof is similar when f and g are 7(®)—continuous as S—completeness implies
p—Cauchy completeness.

We now prove the uniqueness of the common fixed point of f and g :

Suppose not. Then, there exist u, v € X such that f(u) = g(u) = u and

f(v) = g(v) = v. Let p(u,v) # 0. Then, we have

RO g = PUSO) oy < g ([pmo) gp(t)dt>
- & féo(u’f(u)) o(t)dt
— ¢ ( Jpw) cp(t)dt) < JPU) (b dt,

from which we have that

fop(um) @(t)dt = 0, by the condition on ¢. Therefore, it implies that p(u,v) = 0.
In a similar manner, we also have that p(v,u) = 0.

Using condition (py) of E—distance, we have p(u,u) < p(u,v) + p(v,u),

from which it follows that p(u,u) = 0.

Since p(u,u) = 0 and p(u,v) = 0, then by Lemma 2.7 (a), we have that u = v.

Corollary 3.2: Let (X,®) be a Hausdorff uniform space and p an E—distance on
X. Suppose that X is p—bounded and S—complete. Let f and g be commuting
p—continuous or 7(P)—continuous selfmappings of X such that

(i) F(X) C g(X);

(ii) p(f (), f(23)) =0, Vo, € X, i =0,1,2,- -+

(iii) both f, g : X — X satisfy the contractive condition (3).

Let ¢ : RT™ — IR™ be a comparison function and ¢ : R™ — IR™ a Lebesgue-integrable
mapping which is summable, nonnegative and such that for each € > 0, [ ¢(t)dt > 0.
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Then, f and g have a unique common fixed point.

Proof: The proof of Corollary 3.2 follows a similar argument as in Theorem 3.1.

Remark 3.3: The results in this paper are generalizations and extensions of both The-

orem 3.1 and Theorem 3.2 of Aamri and El Moutawakil [1], Theorem 2.1 of Branciari

[5] as well as some results of Olatinwo [10, 11, 12].
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STATISTICAL APPROXIMATION TO PERIODIC FUNCTIONS
BY A GENERAL CLASS OF LINEAR OPERATORS

GEORGE A. ANASTASSIOU AND OKTAY DUMAN

ABSTRACT. In this paper, we are considering A-statistical convergence and
by using various matrix summability methods we present an approximation
theorem, which is a non-trivial generalization of Baskakov’s result [5] regarding
the approximation to periodic functions by a general class of linear operators.

1. INTRODUCTION

Recent studies demonstrate that the notion of statistical convergence, which
was first introduced by Fast [1], plays an important role in the approximation
theory (see, e.g., [2, 3, 4]). This type of convergence method is quite effective,
especially when the classical limit fails. The aim of this study is to obtain a general
approximation theorem via statistical convergence, which generalizes Baskakov’s
results (see [5]) on the approximation to periodic functions by means of a general
class of linear operators.

Consider the sequence of linear operators

(1.1) L,(f;z) = % / flx+t)U,(t)dt, feCyrandn=12,..,

where
1 n
Un(t) = 5t Z /\,(:b) cos kt.
k=1
As usual, Cy; denotes the space of all 2r-periodic and continuous functions on the

whole real line, endowed with the norm

||f||02,r ‘= sup |f($)| ’ f € CV27r'
z€R

If U,(t) > 0, t € [0, 7], then the operators (1.1) are positive. In this case, Korovkin
[6] proved the following approximation theorem:

Theorem A [6]. If lim, /\g”) =1 and U,(t) >0 for all t € [0,7] and n € N,
then, for all f € Cor,

lim L,(f;z) = f(x) uniformly with respect to all x € R.
n—oo

Observe that Theorem A is valid for the positive linear operators (1.1) we con-
sider. However, Baskakov [5] shows that an analogous result is also valid for a more
general class of linear operators that are not necessarily positive. In this paper,

Key words and phrases. Statistical convergence, positive operators, Baskakov theorem, Ko-
rovkin theorem.
2000 Mathematics Subject Classification. 41A25, 41A36.
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using the concept of statistical convergence we give a generalization of both of the
results of Korovkin and Baskakov.

Before proceeding further we recall some basic definitions and notation used in
the paper.

Let K be a subset of N, the set of all natural numbers. Then, the asymptotic
density of K, denoted by §(K), is given by

o{K} :zlijm%HnSj:néKH

whenever the limit exists, where | B| denotes the cardinality of the set B. A number
sequence (x,) is statistically convergent to L if, for every € > 0,

o{n:|z, —L| >} =0,
or, equivalently,
1
lim5|{n§j:\xnfL| >et =0
J

for every € > 0. In this case, we write st — lim,, x,, = L. Note that convergent
sequences are statistically convergent, but the converse is not always true. Although
every convergent sequence is bounded, a statistically convergent sequence does not
need to be bounded. If

0{n:|zn| > M} =0 for some M >0,

then we say that (x,) is statistically bounded. Of course, every bounded sequence
is statistically bounded but not conversely. However, we can easily see that every
statistically convergent sequence must be statistically bounded. Connor [7] proved
the following useful characterization for statistical convergence.

Theorem B [7]. st —lim, z, = L if and only if there exists an index set K with
0K} =1 such that liHII{ Tn = L, i.e., for every € > 0, there is a number ng € K
ne

such that |z, — L| < € holds for all n > ng with n € K.

Other important properties of statistical convergence may be found in the papers
[1, 8, 9]. Now let A := (ajn), j,n =1,2,..., be an infinite summability matrix. For
a given sequence (z,), the A- transform of z, denoted by ((Ax),), is given by

n=1

provided the series converges for each j € N. We say that A is regular [10] if

lim (Az); = L  whenever limz, =L.
J n

Assume that A is a non-negative regular summability matrix. Using this type
matrices Freedman and Sember [11] extent the statistical convergence to the concept
of A-statistical convergence as follows:

The A-density of a subset K of N is defined by

IA{K} = li§n Z Ajn

nek

201
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provided that the limit exists. Of course, if we take A = Cy = (¢j,,), the Cesdro
matrix given by
. )
-, if1<n<j
Cn =\ J
0, otherwise,

then d¢, { K} = ¢{K}. As in the definition of statistical convergence, we say that
(z,,) is A-statistically convergent to L if, for every & > 0,

da{n:|zn —L| 2} =0,

lim Z ajn = 0.

J
n : |z, —L|>e

or, equivalently,

This limit is denoted by sta — lim, z, = L (see, e.g., [9, 11, 12]). Observe that
if A = (4, then C-statistical convergence coincides with statistical convergence.
Also, if
da{n: |z, > M} =0 for some M >0,

then (x,) is called A-statistically bounded. It is not hard to see that every conver-
gent sequence is A-statistically convergent to the same value for any non-negative
regular matrix A. This follows from the well-known regularity conditions of A in-
troduced by Silverman and Toeplitz (see, for instance, Hardy [13, pp. 43-45]); but
its converse is not always true. Actually, if A = (a;,) is any nonnegative regular
summability matrix satisfying the condition

limmax{aj,} =0,
J n

then A-statistical convergence is stronger than convergence (see [9]). We should
note that Theorem B is also valid for A-statistical convergence (see [12]).

2. A STATISTICAL APPROXIMATION THEOREM

We denote by E the class of operators L,, as in (1.1) such that the integrals

/2 1

//Un(tg)dtgdtl, 0 < t<g,
t t1

t
//Un(tz)dtgdtl, 5 < t<m

w/2 t1

are non-negative. Obviously, the class E contains the class of positive linear oper-
ators L,, with U, (t) >0, t € [0,7].
Now we are ready to give our main result.

Theorem 2.1. Let A = (a;jn) be a non-negative reqular summability matriz. If the
sequence of operators (1.1) belongs to the class E, and if the following conditions

(a) sta —lim )\gn) =1,

1 s
) daldn: Lol = ;/\Un(t)|dt>M —0
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hold for some M > 0, then, for all f € Cor, we have
sta —1m L (f) = fllo,, = 0.

Proof. Since the functions cost and U, (t) are even, we may write from (1.1) that

w27
1AM = f/(1 — cost)Un (t)dt.
™
0

Now integrating twice by parts of the above integral we have

s ™

1= = %/sint /Un(tl)dtl dt
0 t
T /2
= g/cost //Un(tg)dtgdtl dt.
" t 4
By the hypothesis (a), we see that
™ T/2 7
(2.1) sta — liTan /cost //Un(tg)dtgdtl dt = 0.
0 t t1

Since the operators belong to E, the sign of the term inside the brackets is the same
as the function cost for all ¢ € [0, 7]. So, it follows from (2.1) that

Iy 77/27r

(22) StA — lim / cost //Un(tg)dthtl dt =0.
0 t t1

Now we claim that

| 7/2 7

(2.3) StA — lim / //Un(tg)dtgdtl dt =0.
n
0 t t1

To establish this, for any € > 0, we first choose 6 = §(¢) such that 0 < 6 < Miﬂ'
Since
T| /2T /27
/ / / Un (ta)dbsdts | dt < / / / U, (t2)dtadty | dt
0 |t [t—m/2|<6 |t ta
/2
+ / / / U, (t)diadts | dt,
lt—m/2|>6 |t t1
we write

T|7T/2

(2.4) / //Un(tg)dthtl dt < Jpi1+ Jno,
t t1

0
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where
/2 1
Jn,l = / //Un(tg)dtgdtl dt
[t—m/2|<6 |t 4
and
/2 1
Jn,2 = / //Un(tg)dtgdtl dt
[t—m/2|>6 |t t1

Setting, for some M > 0,
K :={n:|L,| > M},
we get from (b) that § 4 {N\K} = 1. Also, observe that

s

M
/Un(tz)dtz < Tﬂ

ty
holds for all n € N\K and for all ¢; € [0, 7]. Since 0 < § < Mi’ we have
\ M~

Jn,l <é€
for every € > 0 and for all n € N\K. This means that

lim J,1=0
(net )
Since d 4 {N\K} = 1, it follows from Theorem B that
(2.5) stqg —limJ, 1 =0.
On the other hand, we get
/2
t
Jpo < / o // (t2)dtadty | dt|,
’ cos(m/2 — 8)
lt—7/2|>6
which implies that
/2

1
o < t t dt dty | dt
Tz < cos(m/2 — /COS // 2)dizd

for all n € N. By (2.2), it is clear that

(2.6) sta —lim J, o = 0.
n
Now, for a given r > 0, define the sets
0y 71'/271'
D : = n:/ //Un(t2)dt2dt1 dt>r 3,
0 |t
r
Dy :{n:t]n,125}7
r
Dy :{n:Jn7QZ§}.
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Then, by (2.4), we immediately get that

D C Dy U Ds,
and hence
(27) Z Ajn < Z Qjn + Z Ajn
nebD neDq neDy

holds for all j € N. Letting j — oo in both sides of (2.7) and also using (2.5), (2.6),

we conclude that
li§n Z ajn =0,
nebD

which proves our claim (2.3). Now let m be an arbitrary non-negative integer. Since

™

2
‘1 A= 7/(1 — cosmt)U, (t)dt
T
0
Iy 71'/2 e
2m?
= |—— [ cosmt U, (to)dtadty | dt
i
0 t t1

s 7\'/271'
2 2
ﬂ/ //Un(tg)dtgdtl dt,
™
0 t t1

(2.3) implies, for every m > 0, that

IN

sta — lim/\gf,f) =1.

The operators (1.1) can be written as follows:

LMﬁ@=i/f@{;+z}%WF®}%
o k=1

see, e.g., [6, p. 68]. Then we observe that

L,(1;2)=1
and
L,(coskt;z) = )\2") cos kz,
L,(sinkt;z) = )\,(Cn) sin kx

for k =1,2,..., and for all n € N, see, e.g., [6, p. 69]. Thus, we have
sta — hrrln (Lo (frm) — fm”CQ,, =0,

where the set {f,,, : m =0, 1,2, ...} denotes the class {1, cos z, sin x, cos 2z, sin 2z, ... }.
Since {fo, f1, f2,...} is a fundamental system of Co, (see, for instance, [6]), for a
given f € Cy,, we can find a trigonometric polynomial P given by

P(z) = ao fo(z) + a1 fi(z) + ... + am fin(2)
such that for any € > 0 the inequality
(2.8) If = Plle,. <e
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holds. By linearity of the operators L,,, we have

(2.9) [1Ln(f) = Ln(P)ll ey, = 1 En(f = Pllc,, < ILallllf = Plle,, -
It follows from (2.8), (2.9) and (b) that, for all n € N\ K,
(2.10) 1Ln(f) = Ln(P)ll e, < Me.

On the other hand, since
Ln(va) = aOLn(fO;x) + aan(fl; x) + o+ aan(fm; .T),

we obtain, for every n € N, that

(2.11) ILa(P) = Ple,, < C Y ILalfi) = fille,, -
i=0
where C = max{|ao|, |a1], ..., |am|}. Thus, for every n € N\K, we get from (2.8),
(2.10) and (2.11) that
(2.12)
1Ln(f) = Flle,, < NEn(f) = Ln(P)lle,, + 1En(P) = Pllg,, +If = Plic,,

m

<(M+1e+C ;J 1 Ln(fi) = fillc,,

Now, for a given r > 0, choose € > 0 such that 0 < (M + 1)e < r. Then define the
following sets:

E : ={neNK:|L(f) = fllg,, 27},
r—(M+1) )
E, : = K ||L.(fi) — fi > — =0,1,...,m.
cr = e MK L)~ e, 2 T | = 0L
From (2.12), we easily check that

EC 0 E;,
=0

which yields, for every j € N,

(2.13) D aim <D ajn

nek 1=0 neFE;

Taking limit as j — oo in both sides of (2.13) and using the hypothesis (a) we

obtain that
1i§n Z ajn = 0.

nekr
So we have

Theorem is proved. O

Concluding Remarks. If we replace the matrix A with the identity matrix, then
our Theorem 2.1 reduces to Baskakov’s result (see [5, Theorem 1]). Observe that if
the matrix A = (a;,,) satisfies the condition lim; max, {a;,} = 0, then Baskakov’s
result does not necessarily hold while Theorem 2.1 still holds. Furthermore, taking
the Cesdro matrix C7 instead of A, one can obtain the statistical version of Theorem
2.1.
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Abstract. In this paper general new theorems concerning
integral inequalities are given. These theorems cover
known results, generalizations and new results.

1. Introduction

In [4] the following result was proved
If f >0 isa continuous function on [0,1] such that

(1.1) j f (t)dt > jtdt, vx e [04],
then X X
(1.2) [T 00dx > [x* f(x)dx, Va>0.

The following question was raised in [4]
If f satisfies the above assumptions, under what additional assumptions can one claim

that
1 1
(1.3) jf‘”ﬂ(x)dxzjx“ fA(x)dx, Va,f>0?
0 0
It was proved in [3] that if f >0 isa continuous function on [0,b] satisfying
b b
(1.4) jf“(t)dtzjt“dt, a,b>0, Vxe[0,b],
then
b b
(1.5) [T )dx = [x* £7(x)dx, VB >0.
0 0

In [1] the authors gave an answer to the posed question of [4] by establishing the
following

Theorem 1.1. If f is nonnegative continuous satisfies (1.1), then
1

1

(1.6) [P (x> [x” £ (x)dx
0 0

forevery a¢>1and g >0.

Finally, the author in [2] generalized the result of [1] by giving the following
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Theorem 1.2. Suppose f,gel'[a,b], f,g=>0, gisnondecreasing. If

b b
(1.7) [f@dt=[gmdt, vxelab],
then X X
(1.8) If“*ﬂ(x)dxzjf“(x)gﬁ(x)dx, Va,f20, a+fB=1.
2. Main Result

We state and prove the following

Theoem 2.1. Suppose f,g,¢ >0, f,g:[a,b] >R, ®,4,0cC([ab]l,R), ¢,g
are nondecreasing . If

(2.1) T(I)(f(t)) dt ziqﬁ(g(t)) dt  vxelab],
then X X
(2.2) j #(9(x) ©(f (x)) dx > j o(9(x))¢(g(x))dx

If (2.1) reverses, then (2.2) reverses.

Proof . Integration by parts gives

[o g(x)g(x)f (f(t)- (g (t)))dt dx

(9] (@(f 1)~ #(a(t)) dt} Ico g ()= (@(F (x))- #g ()]

b

o(9(@))[(@(f ©)-g(g®))dt + j 2(900)(@(f (x))-#(g (x)))dx

Therefore

[o(a0)(@(1 (00)-pla00)

(g(x)g(x)j (f@®)-g(g®))dtdx + p(g(@)](@(f (1)-4(g()))dt

Il
o 9"-—.!3'
D C— T

v

Theoem 2.2. Suppose f,g,¢ >0, f,g:[a,b]—> R, <D,¢,¢)eC([a,b],iR), ¢,Q are
nonincreasing . If
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(2.3) fcp(f(t)) dt zf¢(g(t)) dt  vxela,b],
then ’ a
(2.4) j #(9(x) ®(f(x)) dx > j o(9(x))8(g(x))dx.

If (2.3) reverses, then (2.4) reverses.

Proof . Integration by parts gives

[o g(x)g(x)f (f(t)- (g (t)))dt dx
(X)j (f(t)-¢(a(t)) dt} jgo g(x))(@(f (x))-p(g(x)))dx

o(9(0)) [ (@(f (1) -g(0)))dt - j #(900)(@(F (X)) - g(g(x)))dx
Therefore
[ (g00)(@(F(x)-¢(g(x)) dx
J (909)g (x)J (f©)-glg®))dtdx+ o(g()[(@(f (1)-4(a(®)))dt
>0. a
Theorem 2.3. Suppose f,g,¢ >0, f,g:[a,b] >R, ®,¢,0<cC([a,b],R),

f,0,¢, are nondecreasing . If
f (b) f (b)

(2.5) j d(t) dt > j¢(t) dt  Vvxe[a,b],
f(x) f(x)

then

(2.:6) j (9 (x)) ©(f (x)) dx > j o(9(x))g(f (x))dx

If (2.5) reverses, then (2.6) reverses.

Proof We have
f(b)
j #(9(x))g'(x) [ (@) - 4(t)) dtdx
f(x)

f (b) b

= p(g(x) [(@(t)-g(t))dt j<p 00 (@(F () - (£ ()] dx
f(x) a
f (b)
- 9(9(a)) [(@@)-g(t))dt + j (9 (0)(@(f (x))- 4(f (x))) dx
f(a) a
which implies
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b

[o(a00)(@(f (x))-4(F (x))) dx

a
f (b) f(b)

2(900)g'(0) (@) -4(1)) dtdx + p(g(a)) [(@(t) - 4(t))ct

f(x) f(a)

QO 9T

\Y

Theorem 2.4. Suppose f,g,9 >0, f,g:[a,b]—>R, ®,¢,0eC([a,b],R), f,g
are nondecreasing, ¢ isnonincreasing . If
f(x) f(x)

2.7) j o(t) dt > f¢(t) dt  Vxe[ab],
f(a) f(a)
then
(2.8) [e(a00) @(f () dx = [o(g(x))p(g())dx .

If (2.7) reverses, then (2.8) reverses.

Proof. Itis similar to the proof of theorem 2.3 and therefore it is omitted .

3. Applications

We start with the following new result which generalized a similar result to theorem 1.1
, but in this case we have interchanged the domainsof « and g .

Theorem 3.1. Letf be nonnegative continuous satisfying (1.7), then
b b
(3.1) If‘”""(x)dxzjfﬁ(x)g“(x)dx, V a>0, B>1.

Proof. Making use of theorem 2.1 by putting
D=¢g=1, p(x)=x", >0,
we have

(3.2) Tf(x)gy(x)dxzj‘g7+l(x)dx, y > 0.

Applying the AG inequality, we have, for g>1,
72 A=A’ (x)+ AEx) g7 (x),
which implies

(3.3) FP(x)g“(x) 2 Q=) g (x) + T () g“"(X).
Since for «,f >0, we have
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(34) (F00-g"()(f7 (- 9” ()20

then via (3.3), the above implies
Fr ()= 170097 () 2 7)) 9" (x) - 9“7 (x)

> () g (9~ 9" (¥) .
The result follows by integrating the above and making use of (3.2).

Theorem 1.2 can also be obtained from theorem 2.1 as follows

Theorem 3.2 [2] . Let f,g be nonnegative continuous, g is nondecreasing. If (1.7)
satisfied, then (1.8) valid .

Proof. Making use of the AG inequality, we have

(3.5) P (x) - g (x) 2(a+ AT (9“7 (0 - 9“7 (). a+p21.
By (3.2), on integrating the above, we obtain

36) (7 (0-g" (x)dx 2 (a + )

a

(FO) g (x) - g (x))dx 2 0.

D ey T

Now, by the AG inequality again, we have
£ (x) - f(wg(w>ﬁﬁ (99’ (0-9"” (x)).
Integrating the above with the using of (3.6) we get

jf“*ﬁ(x)dx jf (x)g” (x)dx > = (jf (x) g” (x) dx — jg“*ﬂ(x)dxj

a

le

Uf (x) g” (x) dx— _ff‘”ﬁ(x)dxj

The above implies

1+ p/la) U f “*ﬁ(x)dx—.tf f“(x)gﬁ(x)de >0.

The following is a generalization of the result of [1] .

Theorem 3.3. If f,g >0 are continuous functions on [a,b] satisfying

(3.7) j'f“(t)dt > j.g“(t)dt, VX €[a,b],
then X X
(3.8) Jf‘”ﬁ(x)dxzjf“(x)gﬂ(x)dx, a, > 0.

Proof. The inequality
(F700-9” ()(F* () -g*(x9) =0
implies
(39) 700 (F* () -9"(0) = 9”0 (F* () -9 (¥) -
On putting  ®(x) = #(X)=x*, @(x)=x", intheorem 2.1 and using (3.9), we obtain
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J1700(F 200 -g“())dx = [g7 (0 (F“(x)- g (x))dx 20.

The result of [1] follows by putting in theorem 3.3, g(x) = x.

Another kind of such integral inequalities, the following reverse inequality .

Theorem 3.4. Let f, g be nonnegative continuous functions defined on [a,b] and
let0<f<a<l If

(3.10) T f7(t)dt < .Tg‘ﬁ(t) dt, wxelab],
then X X
(3.11) jf“-ﬂ(x) dx < j f 7 (x) g“ (x) dx

Proof. The inequality
(F -9 ) 7 () -9 (9) <0,
implies

Jreo(f 7 (0-g7(x)dx < [g“ () (f 7 (x) - g7 (x))x..

But the RHS of the above inequality is <0, which follows from theorem 2.1, by
putting  @(x) = (x) = x*, @(x) =x“, the result follows .

Theorem 3.5. Let f, g be nonnegative continuousand let 0 < f < a <1.1f

(3.12) j f(t)dt < jg(t) dt, Vxe[a,b],
then ) )
(3.13) j fe’(x)dx < jg“(x) 7 (x)dx .

Proof. Making use of the AG inequality, we have for 0 <« <1,
Fr) < Q-a)g”(x) + a F(X) 9“7 (%),
which implies
(3.14) Fr) g7 () <@Q-a)g” ()+ F(x)g“ " (x).
The inequality (f“(x)—g“())(f *(x)—g™”(x)) <0, with (3.14) implies

b

[ (F2 (0= £ ()ax < [ (F2(x) g7 (x)- 9“7 (x))dx

a

<af (F()g“"*(0-g” (x))dx.

The last integral is nonpositive, which follows from theorem 2.2, by putting
d=¢g=1, p(x)=x“"".
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1 Introduction

The following Bernstein’s result is classical.

Theorem 1.1. (see e.g. [4, p. 88]) DenotingD; = {z € C: |z2| < 1}, if G C C
is open, so that Dy = {z € C;|z| < 1} C G and if f : G — C is analytic in G, then
the complex Bernstein polynomials By,(f)(z) = > 5_y (1) 2"(1 — 2)"* f(k/n), uniformly
converge to f in D;.

An upper estimate of this uniform convergence was found in several recent works, see
e.g. [1-3], [5] and can be expressed by the following.

Theorem 1.2. Let Dr = {z € C;|z| < R} denote the open disk of radius R > 1 and

center 0, and let us suppose that f : D — C is analytic in Dg, that is we can write
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f(z) =32y crz”, for all z € Dr. Then for alln € N and 1 <r < R we have

1Bn(f) = fll» < O[1/n],

with explicit constants depending on f and r in O [%] (for example, by e.g. [3] we can
write | Bu(f) — fllr < 2290 where 0 < Mo (f) = 232, — Dleslr? < 00). Here |- |,
denotes the uniform norm in D,.
Also, recently we proved the following Voronovskaja’s theorem in complex setting.
Theorem 1.3. ([2])Let R > 1 and suppose that f : Dr — C is analytic in Dg, that
is we can write f(z) =Y pe k2, for all z € Dg. For anyr € [1,R) and n € N we have

61(1 — 61)
2n

< KA+ 1)

1)~ 1 - #l < 2R

where e1(z) = z and K, (f) =3 pes |exlk(k — 1) (k — 2)?r*=2 < 0.

In Section 2 we prove that if the analytic function f is not a polynomial of degree
< 1, then we have ||B,(f) — fll» > CTT(f), n € N, that is in Theorem 1.2 in fact the
equivalence || B, (f) — fl|, ~ % holds. In Section 3 we prove that for any p € N, r > 1, if
f is not a polynomial of degree < max{1,p — 1}, then we have ||B$Lp)(f) — @, ~

where the constants in the equivalence depend on f, r and p.

2 Approximation by Complex Bernstein Polynomials

The main result of this section is the following.
Theorem 2.1. Let R > 1, Dp = {z € C;|z| < R} and let us suppose that f : D — C
is analytic in Dg, that is we can write f(z) = Y peq k2, for all z € Dg. If f is not a

polynomial of degree < 1, then for any r € [1, R) we have

I1Bal) ~ flle = D e,

where the constant C,.(f) depends only on f and r.

Proof. For all z € D and n € N we have
Buf)) — () =
S o+ 1 (B - 10 - L2 )] -

In what follows we will apply to this identity the following obvious property :

IE+Glr = [IE = Gl [ = [[F]lr = 1G]]
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It follows

1B (f) = flIr >
71]{<12—> _Hn Bn<f>—f—%;") ]}

Taking into account that by hypothesis f is not a polynomial of degree < 1 in Dg, we

f// f//

e1(l—eq)
1 5 1 f//

get > 0. Indeed, supposing the contrary it follows that @ "(z)=0
for all z € D,, w}:ich implies f”(z) = 0 for all z € D, \ {0,1}. Since f is supposed to be
analytic, from the identity theorem of analytic (holomorphic) functions this necessarily
implies that f”(z) = 0, for all z € Dg, i.e. that f is a polynomial of degree < 1, which
is a contradiction.

But by Theorem 1.3 we have

er(l —e1) KA+

- 2

T

f/l

Therefore, there exists an index ng depending only on f and r, such that for all n > ng

_1|:n2 :|Z
s n r

we have
61(1 — 61)
2

" 61(1_61) 7
f Bn(f)—f—Tf

which immediately implies

761(12_ el)f” ,Vn > ng.

1 1

r

For n € {1,...,n9 — 1} we obviously have ||B,(f) — fll» > M#(f) with M, ,(f) =

n - |Bu(f) = fll» > 0, which finally implies [|B,(f) — fll» > <Y for all n, where
Cr(f) = min{MT,l(f)u ceey Mr,nofl(f)a %

Combining now Theorem 2.1 with Theorem 1.2 we immediately get the following.

e1(l—e
1( - 1)f//

}. This completes the proof.

Corollary 2.2. Let R > 1, Dg = {2z € C;|z| < R} and let us suppose that f : Dr —
C is analytic in Dg. If f is not a polynomial of degree < 1, then for any r € [1, R) we
have

1

where the constants in the equivalence depend on f and r.

3 Approximation by Derivatives of Complex Bern-
stein Polynomials

The main result of this section is the following.

217
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Theorem 3.1. Let D = {z € C;|z| < R} be with R > 1 and let us suppose that
[ : Dr — C is analytic in Dg, ie f(z) = Doy ckz®, for all z € Dg. Also, let
1<r<r <RandpéeN be fited. If f is not a polynomial of degree < max{l,p — 1},

then we have

1

BW(f) — @)~ =
IBY ()= f ]~ =,

where the constants in the equivalence depend on f, r, r1 and p.
Proof. Denoting by I' the circle of radius r1 > and center 0 (where r1 > r > 1), by

the Cauchy’s formulas it follows that for all |z| < r and n € N we have

V[ Bu(f)(v) = f(v)
B®) _ () = L/ A RASY A L
P - 1) = o [ 2,
which by Theorem 1.2 and by the inequality |v — z| > r1 — r valid for all |z| < r and
v € I', immediately implies

27T plry

!
1B ) = 1P < 5 gt Balh) = Flle < Mo ()=

It remains to prove the lower estimate for ||B,(«Lp)(f) — f®)||,.. For this purpose, as in the

proof of Theorem 2.1, for all v € T and n € N we have
B.(f)w) ~ ) =
U+ L (B0 - 500 - 2 )|,

n n 2n

which replaced in the above Cauchy’s formula implies

B - 106 = 1 {2 [ o

2mi 2(v — z)ptl

o (BaD@) = T~ R0 w)

1
E 211 T (U _ Z)p+1 dv =
- (p)
; { D]
Lt (B ) - 0 )
n . %/F (v — z)p+1 dv
Passing now to || - || it follows
(p)

IBE() - 1), > - {‘ e )
o g (B0 - 1) - 52 0)
n 2w /F (v — 2)P+1 dv ,
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where by using Theorem 1.3 we get

o n? (BalD)(w) = f(0) = 972 (w))
r

dv|| <
27 (v —z)ptl v =
p! 27 n? ei(l—e1) ,
A I L |y = B A <
21 (ry — )Pt nlf) =1 ) o

5K, (H(L+m)?  plry

2 (ry —r)ptl’
ei(l—e1) en (P) .
[# f } > 0. Indeed, supposing the contrary

it follows that @f”(z) is a polynomial of degree < p— 1. Now, if p=1 and p = 2

But by hypothesis on f we have

then the analyticity of f obviously implies that f necessarily is a polynomial of degree
<1 =max{1,p — 1}, which contradicts the hypothesis. If p > 2 then the analyticity of
f obviously implies that f necessarily is a polynomial of degree < p—1 = max{1,p— 1},
which again contradicts the hypothesis.

In continuation reasoning exactly as in the proof of Theorem 2.1, we immediately get
the desired conclusion.

Remark. Let us suppose that f®) € C[0,1], p € N. By taking 7 =1 and A = 1 in
[6, Theorem 2], we immediately obtain the following upper estimate for the derivatives

of the real Bernstein polynomials attached to f, valid for all n > n,
IBP(f) = FPU < Aplon(fP51/n) +wE (fP51/v/n) + || FP | /n],

where || - || denotes the uniform norm on C10, 1], n, € N depends only on p, w; denotes
the uniform modulus of continuity, ¢(z) = \/z(1 — x) and wy denotes the Ditzian-Totik
second order modulus of smoothness.

Then, the above Theorem 3.1 suggests the following open question : for any p € N,

there exist the positive constants C, and n, depending only on p, such that for all n > n,,
Colen(FP;1/m) + 5 (FD; 1) + 1PN /] < [BP(F) — 7P
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tion and Research, under CEEX grant, code 2-CEx 06-11-96.
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1 Introduction

The singular two-point boundary value problems arise from many engineering
and physics applications. Several numerical methods for solving singular non-linear

differential equations were studied in [2,4,5,10]. Russell and Shampine [9] have shown
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that for(linear) f(z,y) = kx + g(z) has a unique solution. Manoj Kumar [6,7,8]
have suggested a new finite difference method, the fourth-order finite difference
method and a higher order method for solving singular two-point boundary value
problems(1), where a € (0,1). Al-Gahatani[l] proposed integral formulation for the
solution of a class of second-order boundary value problems which are described
by the equation 3" + P(x,y,y,y ) = 0,z € (0,a). He solved the resulting integral
equation by expressing the dependent variable y as a power series which made the
computation of various integrals possible. The goal of this paper is to introduce a
new reliable modification of Adomian decomposition method. For this reason, a new
differential operator is proposed which can be used for singular two-point boundary

value problem

” o

Yy +;y :g($)+f($ay>7 (1>

under the boundary condition

y(0) = A,y(c) = B,c #0

where o < 1 and A, B are finite constants. We assume that, f(x,y) is a continuous
real values function for every z € (0, 1).

Main idea of the method is to create a canonical form containing all bound-
ary conditions so that the zeroth component is explicitly determined without addi-
tional calculations and all other components are also easily determined. Recently,
A modified form of the decomposition method was developed by Wazwaz [11,12].
Convergence of Adomian’s method proved by Cherruault et al.[3].

2 Analysis of the method

We propose the new differential operator, as below

d d
-1 2—« —14+«
L=x e : (2)

so, the problem(1) can be written as,

Ly:g(x)—i—f(:c,y), (3>
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The inverse operator L~! is therefore considered a two-fold integrals operator, as

below,
L) = 21 / e / +()dwda. (4)
c 0

By operating L' on problem(3), we have
y(x) = A+ (B — A)c = + L g(x) + L7 f(a,p), (5)

where
y(c) = B,y(0) = A.

The Adomian decomposition method introduce the solution y(z) and the nonlinear

function f(x,y) by infinite series

y(@) = pula), (6)

and

f(z,y) = ZA"’ (7)

where the components y,,(x) of the solution y(x) will be determined recurrently. Spe-
cific algorithms were seen in [11] to formulate Adomian polynomials. The following

algorithm:

AO = F(u),
Al = F/(Uo)ul,

! 1 1
AQ =F (UO)UQ + §F (UQ)U%,

, " 1 7
Az = F (ug)usz + F (up)ujug + §F (uo)uy, (8)



224 HASAN, ZHU : MODIFIED ADOMIAN DECOMPOSITION METHOD...

can be used to construct Adomian polynomials, when F'(u) is a nonlinear function.

By substituting(6)and(7) into (5),

Z Yo = A+ (B—A)c "t + L lg(z) + L7 Z A,. 9)
n=0

n=0
Through using Adomian decomposition method, the components y,(x) can be de-

termined as

Yo =A+ (B — At 4 L1g(x), (10)
Yn+1 = L_lAnu n Z 07

which gives

yo=A+(B-— A)c’Haxl*O‘ + L’lg(x),

Y1 = L7 Ap,
Yo = L_1A17
ys = L' A3, (11)

From (8) and (11), we can determine the components y,(x), and hence the series
solution of y(z) in (6) can be immediately obtained. For numerical purposes, the

n-term approximant

i
L

3
Il
o

can be used to approximate the exact solution. The approach presented above can
be validated by testing it on a variety of several linear and nonlinear initial value

problems.
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3 Numerical illustrations

Example 1. We consider the linear boundary value problem :

17

y + By/ =—z'""cosz — (2 — p)z "sinz, (13)
T

y(0) =0,y(1) = cos 1.

We put

d d
()= 1% 2-p & —14p(
()= P e (),

2 [Fae o duds

In an operator form, Eq.(13) becomes

SO

Ly=—x'""Pcosx — (2 — p)z Psinw. (14)
By applying L™! to both sides of(14) we have
y =y(0) + (y(1) —y(0))a' "+ L™ (—z' P cosz — (2 — p)z *sinx)

=2 cosl+ o / / (—a* P cosz — (2 — p)r P sinz)drd,

and it implies,
_ 1=p 1—p 1—p R )
y(x) =2 "Pcosl —x Pcosl+ax Pcosx =z "cosuz.

so, the exact solution is easily obtained by this method.

Example 2. Consider the linear boundary value problem:
(a%y) = Ba 2 ((a+ B = 1) + Ba”)y, (15)

1
y(0) =1,y(—1) = = = 0.367879,

with exact solution y(x) =e
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We solve the problem(15)for o« = —2,3 = 3, rewrite (15)as

" 2 !/

y — =y =9z, (16)
T
we put
d d
L — -1 > 4> -3
0 =o' —a' =27,

SO

In an operator form, Eq. (16) becomes
Ly = 92'y. (17)
Applying L™ on both sides of (17)we find
y =y(1) + (y(0) —y(=1))2* + 9L~ 'a"y.
Proceeding as before we obtained the recursive relationship
Yo = 1+ 0.6321212,

Yra1 = IL ™y, k> 0.

This in turn gives

Yo = 1+ 0.6321212°,
y1 = 0.3946472% + 0.52° 4+ 0.10535327
Yy = —0.02937542> + 0.06577442" + 0.04166662* 4 0.00526762",
y3 = 0.00287072° — 0.0048959z7 + 0.00328872"° + 0.0013889z'® + 0.000125422",
ys = —0.00028892°40.00047842" —0.00024482°+0.00007832>" +-0.00002487** +1.741956 x 10 02"

Consequently, the series solution is
y(z) = 140.99997382° +0.52°+0.16671042°+0.041666 72'*+0.00831162'°+0.0013889z '

+0.000203722" + 0.00002482%* + 1.741956 x 10~ 62%7
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xT

Not that the Taylor series of the exact solution y(z) = ** with order 27. is as below

e = 142340.52540.1666672°4-0.041666722+0.0083333325+0.001388892 8 +0.00019841322!

+0.00002480162%* + 2.75573 x 10752%7

Example 3. We consider the non-linear boundary value problem:

(z°y) = B> 2(BaPe — (a+ B — 1)) /(4 +27), (18)

y(0) = In(3),y(1) = In(),

with exact solution y(x) = In(;15).

4428
We solve (18) for a = —1, 5 = 2, so we can rewrite (18)as
" 1, 4$2
g = T e 19
e el (19)
1 1
= In(= — In(=
We put
d 5d
_ 1@ 34

SO

In an operator form, Eq. (19) becomes

422

Ly = ——¢é".
Yo ag et
Applying L™ on both sides of (20)we find

2
eY.

y = y(0) + (y(1) — y(0))2” + 4L—14 e

By modified Adomian decomposition method [12]we obtain

1
Yo = ln(z_l)’
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4, 5 -1 z’ A
yl — ln(g)x —|—4L 4—|—;U2 0
1 z°
Yk+1 = 41~ mAk, ]C Z 1. (2].)

The Adomian polynomials for the nonlinear term F(y) = e¥ are computed as follows:
AD = eyo,

Al = yleyoa

1
Ay = (y2 + 5?/%)6%7 (22)

1
As = (y3 + 1y + gy:f)eyoy

Substituting (22) into (21) and it must noted that, to compute y; we use the

Taylor series of ﬁ with order 10. In this case we obtain

1
Yo = ln(g_l)’

Y = —0.252072822 4 0.03125z* — 0.00260422° 4+ 0.00032552° — 0.00004882°
+8.1380208 x 107 °2'% — 1.4532180 x 10~ %z,
Yo = 0.00988202% — 0.01050302° + 0.00065102° — 0.00003262:'° +2.7126736 x 10622

—2.9064360 x 10~ "z + 3.6330450 x 10~ %26 — 5.0458959 x 10~ x5,

In Fig.1 we have plotted Z?:o y;(x), which is almost equal to the exact solution

y(2) = In(rLs).
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In this paper, an efficient modification of Adomian decomposition method

is introduced for solving nonlinear oscillatory equations of the form

11 ’

y (z) +cy (z) +ey(x) = fz,y).

The proposed method can be applied to linear and nonlinear problems. The
scheme is tested for some examples and the obtained results demonstrate ef-
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1 Introduction

The decomposition method has been shown[1-3,8-14] to solve eectively, easily and
accurately a large class of linear and nonlinear, ordinary, partial, deterministic or
stochastic dierential equations with approximate solutions which converge rapidly
to accurate solutions. In recent years, many papers were devoted to the problem of
approximate solution of nonlinear oscillatory equation [4-7]. The basic motivation
of this work is to apply the modied Adomian decomposition method to the non-
linear oscillatory equations. For this reason, a new differential operator is proposed
which can be used for nonlinear oscillatory equations. In addition, the proposed
method is tested for some examples and the obtained results show the advantage of

using this method.

2 Modified Adomian decomposition method
Consider the non-linear oscillator equation written in the form

y (@) + ey (@) + ey(a) = f(ay), (1)

’

y(0) = a,y (0) = b,
where ¢ is real number and € is a parameter (not necessarily small). We propose the
new differential operator, as below

d d
L() = e ™Mz —hx  _(m+h)x ) )
() e d.’lje dl’e ()7 ( )

where 2m + h = ¢, m(m + h) = e,

so, the problem (1) can be written as,

Ly = f(z,y). (3)

The inverse operator L~! is therefore considered a two-fold integral operator, as

below,

L) :e(m”‘)“”/ ehx/ e ()dxdz. (4)
0 0
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By applying L= on (3), we have

1 ’ (m+h> 1 ’

— —mx —-mx __ —(m+h)z m
y(z) = 3y (0)e™™ + ——y(0)e 7y (0)e

%y(O)S_(m—HL)I

+L7 f(z,y). ()

The Adomian decomposition method introduce the solution y(z) and the nonlinear

function f(z,y) by infinite series

y([E) = Zyn(‘r): (6)

and
flzy) =) A, (7)

where the components y,(z) of the solution y(x) will be determined recurrently.
Specific algorithms were seen in [8,12] to formulate Adomian polynomials. The

following algorithm:

Al = F/(UO)Ul,

/ 1 1"
AQ =F (Uo)UQ -+ §F (Uo)U%,

! " 1 "
Az = F (uo)us + F (uo)urus + §F (uo)us, (8)

can be used to construct Adomian polynomials, when F'(u) is a nonlinear function.

By substituting(6)and(7) into (5),

= _ L —mz (m+h) —mz L, —(m+h)z —(m+h)z

+L7! i A, (9)
n=0
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Through using Adomian decomposition method, the components y,(x) can be de-

termined as

_]_/ —ma (m+h) ]_/
Yo = 3y (0)e™™ + ——

Yny1 = LT A,,n >0, (10)

which gives

Yo = %y’ (0)e™™ + (mTth)y(O)emx _ %y/(())e(m+h)x %y(0>e*(m+h)m,
y1 = L' Ay,
Yo = L1 Ay,
ys = L' As, (11)

From (8) and (11), we can determine the components y,(x), and hence the series
solution of y(x) in (6) can be immediately obtained. For numerical purposes, the

n-term approximant

i
L

3
Il
o

can be used to approximate the exact solution. The approach presented above can
be validated by testing it on a variety of several linear and nonlinear initial value

problems.

3 Numerical examples

In this section, three oscillatory equations are considered and then are solved by

standard and modified Adomian decomposition methods.
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Example 1. The Linear Damping Oscillator Equation

Consider the linear damping oscillator equation:
y' 42y +y=0, (13)

y(0) = a,y (0) = 0.
Standard Adomian decomposition method: we put

L() = 450,

() = /0 /Om(.)dxdx.

In an operator form, Eq.(13) becomes

SO

Ly =—2ey —y. (14)
By applying L~! to both sides of (14) we have
y=y(0) + 2y (0) — L' (2ey +y).
Proceeding as before we obtained the recursive relationship
yo = y(0) +y (0),

Yn+1 = _L_l(y + 2€y,)7n >0,

and the first few components are as follows

.CL’S 4

Yo = 2ae§ + AT

A2 e
Ys = —Aey — daegp —agr
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2 3 4 5 I’G

y:y0+y1+y2—|—y3+...:a—a%+2ae%+a(—462+1)%—4ae§—ag—i—...

Modified Adomian decomposition method:we put 2m + h = 2¢, m(m + h) = 1,
it follows that h = £2ivV1 —e2m = e Fiv/1 — €2, i = /—1.
Substitution of h = —2iv/1 — €2, m = e +iy/1 — €2, in Eq.(2) yields the operator

L() = e (VT2 d oivi=@a 4 (e—ivi-)a 0.

—€

dx dx

SO

L_l(.) _ e(—6+’i\/1—62)50 /‘I 6—21"\/1—6250 /‘CL‘ 6(6+i\/1_€2)x(.)d$d(13.
0 0

In an operator form, Eq.(13) becomes
Ly =0. (15)
Now, by applying L™! to both sides of (15), we have
L™'Ly =0,

and it, implies that

y — Mae(_€_l\‘ 1_62)33 _|_ € +i 1 _ 62 ae(_5+i\/ 1—62)]}
—2iv1 — €2 2iv/1 — €2

=y =ae “(cosV1— e+ sin V1 — €ez.

€
V1—¢2
So the exact solution is easily obtained by proposed Adomian decomposition

method .

Example 2. Consider the following Duffing equation:

"

y () + 3y(z) — 2y*(x) = cos xsin 2, (16)
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with initial conditions

The analytic solution of this equation is y(x) = sin z.

Standard Adomian decomposition method: we put

L() = 450,

() = /0 /Ow(.)dxdx.

In an operator form, Eq.(16) becomes

SO

Ly = cos x sin 2z + 23> — 3y.

By applying L™! to both sides of (17) we have

y = y(0) + zy (0) + L™ (cos zsin 2z) + L™(2y° —

Proceeding as before we obtained the recursive relationship

S5r sinzx

yo = y(0) + 2y (0) + L™ (cos wsin2z) = = — -~ —

3 2

Yny1 = L7124, — 3y,),n >0,

when A,,’s are Adomian polynomials of nonlinear term 32, as below

AO :yg’

Al = 398917

Az = 3y3ys + 3yoyi,

Substituting (19) into (18) gives the components yo, y1,...

237
(17)

3y).

1 . 5

g Sin 3z,
(18)
(19)
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We take
Y ="Yo+Y
By using Taylor series of y = yo + y; with order 7 we get

2P N 10127 N
=r——=—-—
y 6 15 ' 1260

Modified Adomian decomposition method: we put 2m + h =0, m(m + h) = 3,
it follows that h = i2ix/§, m = :Fi\/g, 1=+—1.
Substitution of h = —2iv/3, m = iy/3, in Eq. (2)yields the operator

—1 xd % acd —iV/3x
L(.)=e \/§562\/§%6 Var( )y,

SO

L) = ei‘/g’:/ 6—21‘\/59;/ V3 () dada.
0 0
In an operator form, Eq.(16) becomes
Ly = 2y® + cos x sin 2z. (20)

Applying L™! to both sides of (20) we find

B sin\/3x
RV

Proceeding as before we obtain

+ L™ (cos xsin2x) + 2L~ y°.

B sin \/gx n sin®
Yo \/g 3 )
Yni1 = 2L A, > 0. (21)

when A,’s are Adomian polynomials of nonlinear term 3® mentioned in (19), we
obtain yo, y1,...
By using Taylor series ofy = yo + y; we get

x3 2P x’

V=TT T 10 5040 T

Not that the Taylor series of the exact solution y(z) = sin x with order 7 is as below

3 2P x’

Slnx:x—g+1—2[)—5040+...
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So the rate of convergence of modified Adomian is faster than standard Adomian

method for this problem.

Example 3. Consider the non-linear equation:

"

y'(z) — 2y (z) + y(z) + y*(z) = cos’ = + 2sin x, (22)

subject to the initial conditions

The analytic solution of this equation is y(x) = cos z.

Standard Adomian decomposition method: we put

=20,

L) = /O /Om(.)dxdzr.

In an operator form, Eq.(22) becomes

SO

Ly =cos’z +2sinz —y® —y + 2y . (23)
By applying L~ to both sides of (23) we have
y = y(0) + zy (0) + L™ (cos’ z + 2sinz) + L™ (—y> —y +2¢).
Proceeding as before we obtained the recursive relationship

2 102

Yo = y(0) + 2y (0) + L™ (cos® z + 2sinx) = 1 + 22 + % — 2sinx + SHZ =

Yn+1 = L_1<_An — Yn + Qy;z)7n 2 Oa (24)

when A,,’s are Adomian polynomials of nonlinear term 3?2, as below
AO = y(2)?

Ay = 2yoy1,
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Ay = 2yoy2 + 43, (25)

Substituting (25) into (24) gives the components yo, 1, y2,-..-
We take

Y=Y +y1+¥y
Modified Adomian decomposition method: we put 2m + h =0, m(m + h) = 1,
it follows that h =0, m = —1.

Substitution of h =0, m = —1, in Eq. (2)yields the operator

L(.) = e“@eﬂ”(.),

L) = /O /0 e=*()dxda.

In an operator form, Eq.(22) becomes

SO

Ly = cos* & + 2sinx — y°. (26)
Applying L™ to both sides of (26) we find
y=e" —xe” + L cos? z + 2sinx) — Ly

Proceeding as before we obtain

RO T o 2 s
= — — —€ —XTe COSTT — — COS LxX — — S1In zx
Po=5795° T5 50 25 ’

Yns1 = —L 1A, n > 0. (27)
When A,’s are Adomian polynomials of nonlinear term y* mentioned in (25), we
obtain, yo, y1, ya2,....
The graph of y = Z?:o y; is sketched in Fig 1 and compared with the solution
of the standard Adomian decomposition method.
The comparison between the results mentioned in Examples 1-3 show the power

of the proposed method of this paper for these nonlinear oscillator equations.
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4 Conclusion

Adomian decomposition method has been known to be powerful device for solving
many functional equations as algebraic equations, ordinary and partial differential
equations, integral equation and so on. In this paper, we proposed an efficient
modification of the standard Adomian decomposition method for solving nonlinear
oscillator equations. In Example 1, the system was a linear systems and we derived
the exact solution. For non-linear system we usually derive a very good approxima-
tions to the the solution, as in Example 3, and some times the exact solutions can
be found, as in Example 2(Duffing equation). The study showed that the modified
Adomian decomposition method is simple and easy to use and produces reliable

results with few iterations used.
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ABSTRACT. Using the Perov’s fixed point theorem and the theorem of fiber generalized contractions is
obtained the smooth dependence by parameter of the solution of initial value problems associated to
neutral delay integro-differential equations.
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1. INTRODUCTION

An efficient technique to approach systems of operatorial equations (see [14]) and operatorial (differential
and integro-differential) equations of neutral type ( see [4], [1], [2], [3] and [5]) can be obtained using the
Perov’s fixed point theorem (see [7], [9] and [11]). In the study of the smooth dependence by parameters of
the solution of operatorial equations is very useful the notions of Picard and weakly Picard operators (see
[14] and [13]) and the theorem of fiber generalized contractions (see [10], [12] and [11]).

In what follows we apply the Perov’s fixed point theorem to the initial value problem associated to the
following delay Volterra integro-differential equation of neutral type:

t

)= f(txt),x (t—71))+ /g(t,&w(s),x'(s))ds, t €10,0]

t—7

(1)
x(t)=p(t), t€[-T,0]

This equation generalize the following delay integral equation from [6] and [8]:
t

o) =f(tal)+ [ g(tsa()ds, tel0
t—71
z(t)=¢(t), t€[-T,0]
In this paper we will study the dependence of the solution by a parameter A\. We recall the following
notions and results:

Definition 1. ([11], [14] and [13]) Let (X, d) be a metric space.

An operator A : X — X is Picard operator if there exists x* € X such that:

(i) x* is the unique fized point of A;

(i) the sequence (A™ (20)),cy converges to o*, for all o € X, where A° = Id(X) and A" = Ao A",
vV neN.

Definition 2. ([11], [14] and [13]) Let (X,d) be a metric space. An operator A : X — X is weakly Picard
operator if the sequence (A™ (xq)),,cyconverges for all xg € X and the limit (which may depend on xo) is
a fized point of A.

Theorem 1. ( The Perov’s fized point theorem - A.I Perov - [9]) Let (X, d) be a complete generalized metric
space such that d(z,y) € R™. Suppose that T : X — X is a map for which exists a matriz Q € M, (R)
with the property:

d(T'(z),T (y) < Qd(z,y), Va,y € X.

If all the eigenvalues of Q lies in the open unit disc of R?, then T is a Q-contraction (that is W}Enoo Qm=0)

and has an unique fized point x* so that the sequence of successive approzimations, x,, = A™ (xg), converges
to x* for any xp € X.
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Moreover, for any m € N* the following estimation holds:
d(@m,a*) < Q™ (In = Q)" d (xo, 1)

The Perov’s fixed point theorem was used to obtain a technique for the existence, uniqueness and
approximation of the solution of initial value problems associated to neutral differential equations and
neutral integro-differential equations, in [1], [2], [4] and [5]. The same technique was applied in [3] to obtain
the existence and uniqueness of the solution of the initial value problem (1).

Theorem 2. (A fiber generalized contraction principle - I.A.Rus - [10], [11] and [12]) Let (X,d) be a
metric space (generalized or not) and (Y, p) be a complete generalized metric space (p(x,y) € R%). Let
A: X XY — X XY be a continuous operator and B: X — X, C: X xY — Y operators. Suppose that:
(i) the operator B has an unique fized point ©* and for any xo € X the sequence given by Tn11 = B ()
converges in X to x*;

(ii) A(z,y) = (B(z),C(x,y)), forallz € X, yeY;

(i) there exists a matric Q@ € M, (Ry), with @™ — 0 as m — oo, such that p (C (z,y1),C (z,y2)) <
Qp (y1,y2), for allz € X and y1,y2 € Y. Then, the operator A has an unique fized point (x*,y*) and for
any (zo,yo) € X XY the sequence given by (Tp+1,Yn+1) = A ((Tn,Yn)) converges to (z*,y*) in X x Y.

2. MAIN RESULT

Consider the integro-differential equation:

¢
xp (t,A) = f(t,z(t,N), 2" (t—71,0),\) + /g(t,s,x(s,)\),x'(s,)\),)\)ds, t €[0,0]

z(t,A) =@t AN, t€[-7,0], X€la,d]

where ¢ € C ([-7,0] x [a,c]) in the following conditions:
(i) (continuity): g € C ([-7,b] x [-7,b] x R x R x [a,]), f € C ([0,b] x R x R X [a,c]) and ¢ € C* ([-7,0] x [a, c]);
(ii) (boundedness): ¢ (¢, A) = 0, for all (¢, ) € [-7,0] X [a, c] and there exists my, My > 0,ma, My > 0

such that:

(2)

my < g(t,s,u,v,\) < My, for all (¢,s,u,v,\) € [-7,b] X [-7,b] x Ry X R X [a, ]
and
ma < f (t,u,v,A) < Mo, for all (¢,u,v,\) €[0,b] x Ry X R X [a,]
v (0,A) =0, V€ [a,c] and
¢
wi(o,/\)=f(0,0,¢2(—T,/\),A)+/9(0757<P(57>\)AOQ(SJ)J\%AE[G:C]

—T

(iii) (first compatibility condition):

(iv) (Lipschitz property): there exists aq, 1 > 0, ag, B2 > 0 such that:

|f (21,91, A) = £ (£ 22,92, )| < o |21 — 22| + Br [y1 — v2
and
g (£, 5, 21,91, A) — g (£, 8, 22,2, \)| < az w1 — @2| + B2 |y1 — w2
for all (¢,s,A) € [—T, b] X R x [a,c] and (z;,y;) € Ry xR, i =1,2;
(v) (smoothness): f(s,+, ) € CL(R xR x [a,c]), and g (t,s,-,-,+) € CL (R xR x [a,c]), forall t,s €
[—7,b], ¢ € C?([-7,0] x [a,c]) and there exists M3z, My, M5, Mg > 0 such that:

(s,u,v,\)| < M3 ;

g (S,U,U, )‘)’ < M4§

0
6:5 oy

‘ggtsuv)\)‘gM5;‘C{)g

6y (t,s,u,v,)\)' < Mﬁ;

(vi) (second compatibility condition): ¢4 (0,) =0,

of
O\

(0,0 (0,0) .0, (0 ) + 20,00, (=7, A) . 0) - 0 (0.0) +

I (0,0) = o
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0

50,000,000 ) 00+ [ [ 00500061 5.0 0 +

0 7]
5 (050 (50,94 (5.0, G (0,0) + 505,60 (0.0), ¢ (0,1) 1) 9/, (0. )| ds

for all A € [a,(].
Consider the following generalized metric spaces (X, d) and (Y, p), where:

X = C([=70] x [a,c]) x C([-7,0] x [a,c])
and Y = C ([-7,b] x [a,c]) x C([—7,b] X [a,c]) and the metrics are:
p:Y xY — R?

p((z1,y1), (x2,92)) = < max |71 () — @2 (8)] - e lFD T,
te[—m,b],\E[a,c]

O — o (D) - e 0L+ —a)]
e ax () (B e

d: X xX —>R? d= p|y,x-
If we differentiate the equation from (2) in respect with t and denoting z} (¢, \) = y (¢, A), we obtain:

x (t,N) :/f(s,:c(s,)\),y(s—7'7)\),)\)ds+

3) (2.1.) +/ (w/ g(n, s,z (s, A),y(s,A),\) ds) dn, t €[0,0]

0 —T

t

y (&) =ftz @A), y(E—7,20),0)+ /g(t,s,m(s,)\),y(s,)\),)\)ds
[

(2'2‘) (x (t7 )‘) Y (tv )‘)) = (90 (tv )‘) ) 90; (tv )‘)) , Le =T, 0]

Denoting u (¢, \) = 9% (¢,\) and v (¢, \) = @ 4 (t,A), we have:

/[ f(s,z(s,A), (S—T,)\),)\)—I—%f(s,x(s,)\),y(s—n)\),/\)~
0

-u(s,)\)—i—aaf(s x(s,A), (s—T,)\)Q\)-v(sQ\)] ds+

/{/{ g s,z (s,7),y(s,A),A) - u(s,A) +

BL)¢ * a%g (5,2 (5,A), 5 (5,4),A) .vw)} ds}dn

00N = o (1 (6 X) 5 =7 A) A o (1 (1 0) (=7 0), 0)

Ot (8, 0) g (E— TN, A) ot — 7 A) +

u(t,\) + ay

+/ |:aa/\ (tsx(s )\) (5,)\),)\)—1—%g(t,s,x(s,)\),y(s,)\)a)\)'

t—7

u(t,m+§yg<t,s,x<s,x>,y<s,x>,x>~v<s,A> ds, t € [0,0)
(32) (w(t,A),0 (£ N) = (24 (£:A) @ls (X)), £ € [0
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Define the operators, B: X - X, C: X xY =Y, A: X xY - X xY by A(z,y) := (B(z),C(z,y)),
where
(5) B (z,y) (t,A) == (B1 (z,9) (£, A), B2 (z,y) (£, A)) =
(second part of x (t,A) from (2.1.), second part of y (¢, \) from (2.1.)),
={ te€]0,b] and
(0 (), 1 (£ N), t € [-7,0]
(6) C(@,y), (u,0) (¢, A) := (CL ((z,y), (w, ) (£, A), C2 (2, y) , (u,0)) (£, X)) =
(second part of w (t,A) from (3.1.), second part of v (¢,A) from (3.1.)),
={ te€]0,b
(@5 (2), 00 (5 A)) ¢ € [=7,0]

Theorem 3. a) In the conditions (i)-(iv) the equation (3) has in X an unique solution (z*,y*). Moreover,
for any (x0,y0) € X, the sequence ((Tn,Yn)),cy defined by:

t
Tt (E, ) /f $,Zn (8, A),yn (s — T, \), A) ds+
0

+/ (ﬂ/ n,s,xn(s,)\),yn(s,/\),)\)ds) dn, t €[0,0]

0 —T
T (8, N) = ¢ (t,\), for alln €N, and t € [-7,0]
¢
Ynt1 (6 A) = [ (E 20 (6 A) ,yn (6, ), A) + / g(t,zn (5,2),4n (s,A), A)ds, t € [0, 0]
t—T1
Yn (tv )‘) = (pg)\ (t7 >‘) , t€e [77-7 O]
uniformly converges to (x*,y*), for any t € [-7,b] and X € [a,c].
b) In the conditions (i)-(vi) the solution (x*,y*) has the property x* (t,-) € C' [a,c], y* (t,-) € C*|a,c| and

the pair (%—“f, %) is the unique solution of the equation (4) on Y.

Proof. Conditions (i) and (ii) imply that B (X) C X. and condition (i) imply that B (z,y) € C! ([-7,0] x [a,c]) x
C([-7,b] X [a,]).
From condition (ii) we have
By (z,y) (t,\) =0, for all (¢t,\) € [-7,b] X [a, ]
By (z, )(t,)\) < ng + br My, for all (t,A) € [—7,b] X [a, (]
By (z,y) (t,\) >0, for all (¢t,\) € [-7,b] X [a, ]
By (z,y) (t,\) < My + M, for all (t,\) € [—-7,b] X [a,].
From condition (iii), we have:
By (z,y) € C([-7,b] x [a,],[0,bM3 + br My])
B2 ($7y) € C([_Ta b] X [(L, C] ’ [07M2 + TMI])? v (x,y) €X.
So, B(X) C X. Then,
dp (B (z1,51), B (22,52)) =
= ([I1B1 (z1,91) = B1 (z2,92) | g, |1 B2 (1, 51) — B2 (22, 92) | 5) =

B (tG[TI}}%}/\(G[a,c} /f (S’ 1 (S’ )\) Y1 (S =T, )‘) ) )‘) ds+
0

t
o
0

(ﬂ/ 9(77787561(5)\)73/1 (37)‘)7)‘)ds) dn—/f(s,xQ(s,)\),yg(s—T,)\),)\)dS—
0

—T
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n

t
B / / 9 (777 S, T2 (57 >‘) » Y2 (87 A) ) )‘) ds d77 : 6_6[(t+7-)+()\_a)]a
0

-7

t t, A t—T7,\), A
te[—Tr,I%%}/\(E[a,c}lf( ;21 (8, )’yl( T,A),A) +

t
—&—/g(t,s,m (s, M) ,y1 (8, A), A)ds — [ (t,2 (£, N) ,y2 (E — T, A\) , A) —

t

t
- / 9 (15,22 (5, 0) 1y (5,), A) ds| - =0+ +0Oa)]
t—T1
We have that:
t t n
/f(s,:vl(&A),yl(sfﬂk),k)d8+/ /g(n,s,m(s,x),yl(s,»,ws dn—
0 0 —T
t t n
[N =) Nds— [ | [ g5 (s m 50, ) ds i <
0 0
t

1—T

g /|f($7$1 (57>‘)7y1 (577—7)‘)?)‘) 7f(5a$2 (57)‘)ay2 (S*T,)\),/\)‘d8+
0
n

+ / |g(77757$1 (Sa)‘)7y1 (S,A),/\)—9(7’],8,.7}2(S,A),yQ(S,A),)\”dS d77<

—T

t
0/
t
< / {041 ey — ol - LIFIFOD] L By gy — | - Ll HOa). 6—97] st
0

t n

+/ / (a2 |21 — 22| 5 - Hlls+n+(-a) 4 5 lys — ol g - 69[(s+7—)+(/\—a)]) ds| dn <
0 —

) —T
t

< / (ar llzr — 22|l + Billyr — vl - e 77) - el ggy

0
tr o
Jr/ / (a2 |1 — 22|l g + Ba lyr — w2l ) - 1T 0gs | dn <
0 -7

o 5 —0T S+T —a
< (S o sally + 2 e =l ) -
t

b B2 s+r)+(—a)]|”
# (2 hor — il + 22 s =l ) [ errvoe)

dn

n—rt

N

« 6 —0r s+T —a
< (Sl sally + 5 e =l ) - X
(0%
(53 o =zl + 53 Lo =gl ) (104700 -] _ ool 2-e) <

(o721 (6%} Bl —0r ﬂ2 O[(t+7)+(A—a
< [(0+02) o1 = sl + (e'e +92) o1 —yzuB} et

So,
|B1 (z1,91) — B2 (x2,2)|| 5 <
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o (6] 61 —0r ﬂQ
< (545 o=l + (54 22 I =l

On the other hand, for ¢ € [0, b], we have:
ftzr &N,y =12, N+ [ gt s,z (&N ,y1 (E—7,0),\)ds—
t
—fa2(tA),y2(t =7, 0),A) = [ gt s,2 (8, M), 92 (E—T7,A),A)ds| <
<|f @z (8 A), 0 (t—T»)\)at)\) =[G (6, A),y2 (=7, 0), A)|[+
¢

+ / |g(t,s7m1 (t?)‘)7yl (t_Ta)‘)7)‘)_g(t>Sa$2 (ta)‘)a:y? (t—T,A),)\)|dS g

t—T1

J
/

<oy loy (8, N) — 29 (8, N)] - e OO FA=a] L b1+ +A=a)]
+61 |y1 (t -, /\) — s (t -, )\)| . 676[t+()\7a)] . 69[t+()\7a)] . 6767' . 607'+
t
n / (a1 (5, \) — 33 (5, )] - e~lHT+HO=a)] lls+n)+(ma)] 4
t—1

T Balyr (8, 0) — ya (8, A)] - e~ Plls+D+(=a)] 69[<s+T>+<A—a>1) ds <

Sanflor = ol p - e MDA 4 By gy — |y - DO 707y
t
+ [ (anllor =l MO gy g — g - 16+ O s <

t—T1

< (e [lzr — 22|l + B e [lyr — yal ) - P1EFITAL

t
(e
(Pl =l + 5 el ) [ 0500 <

t—T1
Q
< {(041 + ?2) |71 — 22llp + <51 e+ ﬂ;) ly1 — Z/2||B} D F Ol
So,
o _or , B
| B2 (z1,91) — B2 (z2,92)|| g < <O<1 + %) |21 — 22| 5 + <51 e 0 02) llyr —v2ll5 -

We infer that:
| B1 (z1,91) — B1 (3527y2)13>

dp (B (z1,91), B (72,92)) = <||B2 (1,91) — B2 (z2,92) || g

ooz Bp—0r 4 by ) 21 — 22| 5
SO O 62 LV (21,22) € X, (y1,10) € X.
= < o + % 61.6—97_1_ % 1 _y2HB (z1,22) (y1,92)

The eigenvalues of the matrix:

O

o= (3B Berp)
ar+ G Pi-e
are Ay =0 and Ay = 4 + 33 + Bre 07 + %2 > 0. We infer that:
0< A< 1<:>h(9)=92—(a1 +62)9—Oz2 >92'ﬁ16_07—
The equation 62 — (o + B2) @ — as = 0 have the solutions #; < 0 and 6, > 0, and the top of the graph
for the associate function by second order is V (O”T%, —%)7 where A = (ag + 52)2 + 4as.

Plotting geometrical the graphs for the functions & (#) and u (8) = 6231797, we see that exists an unique

point * > 0, such that:
h(6%) = u(0*) and h(0) > 0?Be 07,V 0 > 6*.
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On the other hand, this can be obtained from the properties:

h(0) <0,V0e[0,02), u(f)>0,Y0>0

Jim 0 (0) = Jim (25,07 =0

and because the function u () = 6?81e~" have in 6§ = 0 overall minimum (minim global), and in § = 2
local maximum.

If we choose a value 6 > 6* then the operator B = (B, Bs) given by (5) is Q-contraction, and from the

Perov’s fixed point theorem, it has an unique fixed point (z*,y*) € X.
The pair (z*,y*) is the unique solution of initial value problem (3), because for any ¢ € [0, b] and n € [0, b]

(7) x* (t,A) = /f (s,2" (8,\),y" (s —7,\), N)ds+
0
t n
+ g(m,s,2" (s, A),y" (s,\),A\)ds | dn
v
and
(8) y (A =zt (A, E—T,A),N) —l—/g(t,s,m* (8, N),y* (s,A), ) ds
0

Using the continuity and compatibility, from z*,y* € C[—7,b] and z* (t) = ¢ (¢), V t € [—7,0] we infer
that z* € C* [—7,b].
Differentiating in respect with t the equation (7), we obtain:

(x*)/ (ta /\) = f (t,l’* (t7)‘)ay* (t -7, >‘) 7>‘) +

t
—|—/g(t,s,m*(s,)\),y*(s,)\),)\)ds,Vte[O,b]

t

which together with equation (8) give us (z*) = y*.

We propose to obtain the point 8*. It observed that:

h(0) = 0*p1e™" & 0= H (0) = o1 + B2 + 017 + %2,

so 6* is fixed point of H.

Moreover, H' (§) <0< —%2 + B1e /7 (1 - 671) < 0.

-1f0 > L then H' (§) <0 and H' (1) = —7%8; < 0. Then, H' () <0,V 6 > L.

- If % < 0y then we’ll consider § = H () > 6* and then, for any 6 > 0 we have 0 < Ay < 1.

- If % > 05 exists two possibilities:

1)Ifh (%) < T—lzﬁe_l then we take § = H (%) > 6* and then, for any 6 > 0 we have 0 < Ay < 1.

2)Ifh (%) > T%ﬁe_l then is clear that % > #* and for any 6 > % we have 0 < Ay < 1.

So, in given conditions, we can find 6 (which can be H (62), or H (1), or 1 ) such that 0 < Xy < 1,
Vo> 0.

b) The smoothness condition f (s,-,-,-) € C1 (R x R x [a,(]),V s € [-7,b],9 (8, ) € CL (R x R x R x [a,]),
V s € [—7,b] and condition (iv) allow us to take the constants aj,as,8; and f2 from Lipschitz property
such as
of of
ox oy

9g 9g
ox oy

;0422‘

;P = ‘ ; B2 = ‘
We show that C ((z,y),:) : Y — Y is contraction, for any (z,y) € X.
For any (u1,v1), (u2,v2) €Y we have:

PB (C (('T7 y) ) (ul’vl)) ,C ((x,y) ) (UQ’ UQ))) =
= (IC1 ((z,y) , (u1,v1)) = C1 (2, ) s (u2,v2)) 55
1C2 ((z,y) , (u1,v1)) — C2 ((2,9) , (uz,v2))l5) -

m;)



LOREDANA-FLORENTINA GALEA 251

Then,

{;\f(s,x(s,)\),y(s—ﬁ)\),k) +%f(svl.(s?)‘)vy(s_’ra)‘)v)‘)'ul (57)‘)+

/

s (50 (s =70 ) (sm>] dst

+/{/ 0 (5 (50 (5 ) N 3 (105, (50) (5,0 ) 1 (5.0) +

+a%g(ms7w(8, N9 (50,0 01 w)] ds} -

—/ [;\f(s,x(s,/\),y(s—r,/\),)\) —|—%f(s,x(s,/\),y(s—r,/\),)\)~uQ(s,)\)+
0

+§yf(s,a:(s,)\),y(s—7',)\),)\)-vg(s—T,)\)] ds+

_/{/ |:aa)\g (n757$(57>‘)5y(5’)‘)7)‘)+%g(n757$(57/\)’y(37)‘)7>‘)'u2(57/\)+
0

-7

+§yg(n,s,x(s,x>,y<s,x) ) v (s,A)] ds} dn <

t

</‘iﬂs,w(s,m,y(s—mm\-|u1 (5, ) — s (5, \)| ds+

_|_/‘88f(sw(s,)\),y(s—T,)\),)\)‘ ’ |U1 (S_T7>\)_U2 (S_T7)\)|d8+

<

0
%g (8,2 (s,\),y (s, )\),)\)‘ Jug (8, A) — ug (s, A)] ds) dn+

0
‘8:1/9 (T],S,.’,E(S,)\) ,y(S, A)vA)‘ ! |U1 (Sa/\) — V2 (S’)‘)|d5> d77 <

< / o [t (5, 0) — wa (5, A)] - e=PL+T+O=a)] L BllsHn)+ 0] g
0

t
+/51 o1 (s — 7, A) — v (s — 7, A)| - e Ol Amall L Olst(A—a)l  o=07 07 gy
0

-7

t n
—|—/ (w/ g |uy (s,A) — ug (s, \)] - e 05T+ A=)l ~69[(5+7)+(>‘_”)]ds) dn+
0
t

n
+ / (W / Ba o1 (5,A) = vz (5, )] - eI+ T e”[“*f)*(“”ds) dn <
0

-7

1 —uvT T —a
< (o fJur = wall g+ Bre ™ flur = wa|| ) "HHFTFOTAL 4
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t
o
0

n
[(s+7)+(A—a)]

1
(a2 |lur —uzllg + B2 ||U1—U2||B)§'€9 dn =

n—r

1
<y (o1 [lur = uall g + Bre 7 [Jug — wal| ) 21Ty

t

1 —a

g (az = sl + o for = vall ) [ 07y <
0

1 o O
<3 (o1 lJus — wall g + Bre™"" luy — va|| ) lHI TRl

1 _
o (a2 lur — uz|| g + Ba lvr — val| ) - e#1EFITA=] <

02
< (%4 22) s — wally + (27 4 22 oy — wall | - 0,
S Ve 62 B 0 02 B

So,
ICy (2, ), (u1,v1)) — C1 (2, ) , (u2,v2)) || g <

aq (6] 51 —0r 52
< (5 + 5 =l + (G + 52 ) s = el
On the other hand, we have:

%f(t,z(t,/\),y(t—ﬂ)\),/\) —|—%f(t,a:(t,)\),y(t—r,/\),)\)-u1 (t,\) +

+§yf<t,x<t,x>,y<t—m>,x>-m(t—mn

t
0 0
[ R s s ) A+ s (5:0) 5 0) ) (s, +
t—1

—|—§y (t, s, (8, A),y(s,A),A)-v1(s,\)| ds—
—% (t,x(t,)\),y(t—r,/\),)\)—%f(t,x(t,)\),y(t—ﬂ)\),)\)-ug(t,)\)—
—%f(t,x(t,)\),y(t—r,)\),)\)~v2(t—7',)\)—

—/ [aa)\g(t,s,x(s,)\),y(s,)\),)\)+ig(t,s,m(s,)\),y(s,)\),A)-uz(s,)\)—i—

t

gt (5200 (50 ) s W)] s

< an fur (£ 2) — up (8, A)] - e OLHDFO=] L Sl +HO—a)]

+Bl |U1 (t -, )\) — Uy (t -, )\)| . 670[t+()\7a)] . 69[t+(/\7a)] . 6707— . 697-1-
t

n / o [t1 (5 ) — g (£, )] - e=0LGFFA=a)] Bl +0-a] g

<

t

t
+ / Ba |1 (£, A) = va (£, N)| - e s FA=a)] L Ol +m)+(A—a)l g
t—T1

< (041 ||U1 _ “2”3 + 616—07— ||111 _ 'UQHB) .e[(t+7')+(>\—a)]_|_

1 —
5 (@2 [Jur — sl g + Bz [Jvr = va| ) - el T,

1C2 ((z,y) , (u1,v1)) — C2 ((2,9) , (uz,v2))|| g =

So,
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— (o + ) =l + (B + 2 o = val.
For any (u1,v1), (u2,v2) € Y and A € [a, ¢], we obtain:
pB (C((2,9), (u1,01)),C((x,y) , (uz,v2))) <

4y o B 6797 + B2
< 0 62 0 02 .
= ( o1 + 0402 616—97 + 562 p((ula Ul) ) (UQ,’UQ))

We can choose 8 > 6* and then C ((z,y),-) is Q-contraction on Y, V (x,y) € X, and Q" — 0, when
n — oo.

From a fiber generalized contraction, we infer the existence and uniqueness of fixed point ((z*,y*), (u*,v*)) €
X XY of the operator A, that is

B(z*,y") = (%, y") and C((z",y7), (u*,v7)) = (u*,0")

and moreover, for zg € C? (|-, b} x [a, c] R+) Yo = %, ug = adx)?, vy = di the sequence

(A" ((z0,Y0) , (w0, v0))),, = ((TnsYn) , (tn, vn))

in which (up41,0n+41) = C ((Zn,Yn), (Un,v,)), converges uniformly to ((z*,y*), (u*,v*)).

It is clear that in the condition (i)-(v) we have x, € C!([-7,b] X [a,c]), Vn € N* and y, (¢,-) €

C! (la,c]),V t € [-7,b], ¥V n € N*.
So, y* (t,-) € C* ([a,c]), ¥V t € [-7,b] and

unif « 9x, unif
LTn X Yn = atn

_ Ozy MMAf _ Oy umif
Un = "3 U, Un = By

Then, y* = aa—””; , ut = 88””; , vF = % and the pair (%”3;, %y;) is the unique solution of the equation
(3)onY. O
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Abstract

In this paper, we introduce an iterative scheme by a new hybrid
method for finding a common element the set of solutions of an equi-
librium problem and the set of fixed points of a nonexpansive mapping in
a Hilbert space. We show that the iterative sequence converges strongly
to a common element of the above two sets by the new hybrid method in
the mathematical programming.
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47H20.

Key words and phrases: hybrid methods; equilibrium problem; fixed
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1 Introduction

Let C be a closed convex subset of a real Hilbert space H and let Pc be
the metric projection of H onto C. A mapping S : C — C is said to be
nonexpansive if
1Sz — Syl <z -y,

for all z,y € C. We denote by F(S) the set of fixed points of S. If C is
bounded closed convex and S is a nonexpansive mapping of C' into itself,
then F(S) is nonempty (see [6]). We write z, — = (zn — =z, resp.) if
{zn} converges (weakly, resp.) to xz. Let F be a bifunction of C' x C
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into R, where R is the set of real numbers. The equilibrium problem for
F:C xC — Risto find x € C such that

F(z,y) >0 foralyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(F). Numerous problems
in physics, optimization, and economics reduce to find a solution of (1.1).
Some methods have been proposed to solve the equilibrium problem (see
[1, 3, 8, 12]). In 2005, Combettes and Hirstoaga [2] introduced an iterative
scheme of finding the best approximation to the initial data when EP(F')
is nonempty and they also proved a strong convergence theorem.
In 1953, Mann [7] introduced the iteration as follows: a sequence {x,, }
defined by
Tnt1 = AnTn + (1 — an)STn, (1.2)

where the initial guess element 2o € C is arbitrary and {on} is a real
sequence in [0,1]. The Mann iteration has been extensively investigated
for nonexpansive mappings. One of the fundamental convergence results is
proved by Reich [10]. In an infinite-dimensional Hilbert space, the Mann
iteration can conclude only weak convergence [4]. Attempts to modify
the Mann iteration method (1.2) so that strong convergence is guaranteed
have recently been made. For finding an element of EP(F)N F(S), Tada
and Takahashi [11] introduced the following iterative scheme by the hybrid
method in a Hilbert space: o =« € H and let
8

1
%un € C such that f(un,y) + r—(y — UnyUn — Zn) >0, VYyeCl,

wn = (1 — an)Tn + anSun,
Cn={z€ H :[lwn — 2|| < [lzn — 2]},
Qn={z€C:{(xn—z,20—zn) >0},

" @ni1 = Pe,ng. o,

(1.3)
for every n € N, where {a,} C [a,b] for some a,b € (0,1) and {r,} C
(0, ) satisfies liminf, .o rn > 0. Further, they proved {z,} and {u,}
converge strongly to z € FI(S) N EP(F), where z = Pr(s)nEp(F)To-

On the other hand, Takahashi, Takeuchi and Kubota [14] proved
the following strong convergence theorem by using the hybrid method
in mathematical programming. For Ci = C and 1 = Pc, %o, define a
sequence as follows:

8
Eyn = QnTn + (1 - an)Snxna
o O ={z€Cn:lyn — 2l < llzn — 2[I} (1.4)

" Tp41 = Pc, 20, nEN,

where 0 < ay, < a < 1 for all n € N. They proved a strongly convergence
theorem in a Hilbert space.

In this paper, motivated and inspired by the above results, we intro-
duce a new iterative scheme, as follows for C1 = C, 1 = Pc,x0, and
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let

8
1
%un € C such that f(un,y) + T—(y — Un, Un — Tn) >0, VyeC,

Yn = OnTn + (1 — an)Sun,
Cry1 ={z € Cn: lyn — 2l < [Jzn — 2|},
T Tn+1 :Pcn+1xo, n €N,

(1.5)
for finding a common element of the set of solutions of an equilibrium
problem and the set of solutions of fixed points of a nonexpansive map-
pings in a Hilbert space. Moreover, we show that {x,} and {u,} converge
strongly to Pr(s)nepr)Z1 by the hybrid method in the mathematical pro-
gramming.

2 Preliminaries
Let H be a real Hilbert space. Then
lz = ylI* = llzlI* = llyI* - 2(z — ) (2.1)
and
Az + (1= Nyll* = Allzl* + (1 = Nllyl* =A@ =Nz —y|*  (2.2)

for all z,y € H and A € [0, 1]. It is also known that H satisfies the Opial’s
condition [9], that is, for any sequence {z,} with z,, — z, the inequality
liminf, o ||Zn — 2| < liminf, . ||z» — y|| holds for every y € H with
y # x. Hilbert space H satisfies the Kadec-Klee property [5, 13|, that is,
for any sequence {xn} with z, — z and ||xn|| — ||z| together imply
[E —

Let C be a closed convex subset of H. For every point x € H, there
exists a unique nearest point in C, denoted by Pcx, such that

|z — Pez|| < ||z —y|| forallye C.

Pc is called the metric projection of H onto C. It is well known that Pc
is a nonexpansive mapping of H onto C' and satisfies

(z —y, Pox — Poy) > ||Pcx — Pyl (2.3)

for every x,y € H. Moreover, Pcx is characterized by the following prop-
erties: Pox € C and

(x — Pcz,y — Pcx) <0, (2.4)

lz = yl* 2 llz — Pezl* + |y - Pex|® (2.5)

forallz € Hyy e C.
For solving the equilibrium problem, let us assume that the bifunction
F satisfies the following conditions (see [1]):

(Al) F(z,z) =0 for all z € C;
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(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for any z,y € C;

(A3) F isupper-hemicontinuous, i.e., for each z,y,z € C, limsup, o4+ F(tz+

(I =t)z,y) < F(z,y);
(A4) F(z,-) is convex and lower semicontinuous for each z € C.
The following lemma appears implicitly in [1]

Lemma 2.1. [1] Let C be a nonempty closed convex subset of H and let
F be a bifunction of C x C into R satisfying (A1)-(A4). Let r > 0 and
x € H. Then, there exists z € C such that

F(z,y)Jr%(yfz,zfm) >0 forally e C.

The following lemma was also given in [2].

Lemma 2.2. [2] Assume that F: C x C — R satisfies (A1)-(A4). For
r >0 and x € H, define a mapping T, : H — C' as follows:

Tr(x):{ZEC:F(z,y)—I—%(y—z,z—x) >0,Vy € C}

for all z € H. Then, the following hold:
1. T, is single- valued;

2. T, is firmly nonexpansive, i.c., for any x,y € H, |Trz — Try|* <
(Trw — Try,x — y);

3. F(T,) = EP(F);
4. EP(F) is closed and conver.

3 Strong convergence theorems

In this section, we show a strong convergence theorem which solves the
problem of finding a common element of the set of solutions of an equi-
librium problem and the set of fixed points of a nonexpansive mapping in
a Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (Al)-(A4)
and let S be a nonexpansive mappings from C into H such that F(S) N
EP(F) # 0. For C, = C, x1 = Pc,xo, define sequences {zn} and {u,}
of C as follows:

8

gun € C such that f(un,y)+ %(y — Un,Un —Tn) >0, Yyel,

Yn = OnTn + (1 — Oén)S’LLn,
Cnp1 ={2 € Cn : [lyn — 2[| < [lzn — 2|},

T Tpg1 = PC,,,_Hl'O, n €N,

(3.1)
for every n € N, where {an} C [a,b] for some a,b € (0,1), and {\n} C
[a,b] C (0,2a) and {rn} C (0,00) satisfies iminf,__orn > 0. Then

{zn} converges strongly to Pr(synpp(r)®.
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Proof. We show first that the sequence {z,} is well defined. By
induction we can show that F(S) N EP(F) C C, forallm € N. It is
obvious that F(S)NEP(F) C C = Ci. Suppose that F(S)NEP(F) C Ci
for each k € N. Hence, for u € F(S)NEP(F) C Cy and from u, = T, T,
we note that

lun —ull = |Tr, 20 = Tr, ull,
for every n € N. Thus, we have
lyn —ull = |lanzn + (1 — an)Sun — ul|

anflzn —ull + (1 = an)llun — ull

INIA

anllzn — ull + (1 — an)l|zn — ull
e — ul]. (3.3)

Hence u € Ck41. This implies that
F(SYNEP(F)C C, forallneN. (3.4)

Next, we prove that C, is closed and convex for all n € N. It is
obvious that C1 = C is closed and convex. Suppose that Cj is closed and
convex for some k € N. For z € Cj, we know that ||y — z|| < ||zr — 2] is
equivalent to

Nk — zil|> + 2(yx — z, 2k — 2) > 0. ( by (2.1))

So, Ck+1 is closed and convex. Then, for any n € N, C), is closed and
convex. This implies that {x,} is well-defined. From Lemma 2.1, the
sequence {un} is also well defined.

From z,, = P¢,, o, we have

(xo — Tn,xn —y) >0
for each y € C,. Using F(S) N EP(F) C C,, we also have
(xo — Tn,zn —u) > 0 for each u € F(S)N EP(F) and n € N.
Hence, for u € F(S) N EP(F), we have
0 <(xo— Tn,Tn —u)
= (o — Tn,Tn — To + To — u)
= —llzo —@al® + [lzo — alllzo — ull.
This implies that
|lzo — zn|| < ||zo —ul] for all w e F(S)NEP(F) and n € N.

From z,, = Pc, 20 and zn4+1 = Pc,,, %0 € Cpy1 C Chr, we obtain

n+1

(o — Tn, Tn — Tnt1) > 0. (3.5)
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It follow that, for n € N,

0 < (20— Zn,Tn — Tni1)

(o — Tn, Tn — To + To — Tny1)

= —llzo —znll® + (o — 2n, 20 — Tns1)

IN

—llzo = zall® + llzo — znll w0 — T4l
and hence
lzo = @nll < llzo — Zn41]-

Since {||zn — xo||} is bounded, lim, o ||zn — 2ol exists. Next we can
show that lim, .o || Zn+1 — Zn|| = 0. In deed, from (3.5) we get
Hxn - xn-!—lHQ = an — Zo + o — xn+1||2

= H;rn - 350”2 + 2<36n — X0,T0 — $n+1> + ||$o - $n+1|\2

= —||&n — zo|® + 2(xn — T0,T0 — Tn + Tn + Tnt1) + ||To — Tni1]®

< —llen — 2ol + [lmo — Tata ||
Since lim, oo ||Zo — x| exists, this implies that
limp——ool|Zn — Tny1|| = 0. (3.6)
Since xp41 € Cp, we have
[n = ynll < llzn = @nsrll + 2041 = ynll < 2[|zn — zptal].

By (3.6), we obtain
limy, oo l|Tn —ynll = 0. (3.7)

For v € F(S) N EP(F), from Lemma 2.2, we get

||un — u\|2 < (Tr,zn—Tr,u,Tn —u)

n

\
—

Up — Uy, Tr, — U)

(lun = wl® + o — ull® = lzn — ual®)

N | =

and hence ||un — ul|® < ||zn — ul® = |20 — un|*

From (3.2), we obtain

anllen = ull* + (1 — an)||Sun — ul®

anllen = ull* + (1 — an)llun — ull*

anllen = ull® + (1 = an){llzn —ul® — llzn — un]*}

e = ull® = (1 = ) — wal®.

llyn — ull?

ININ TN

Since {an} C [a, 1], we obtain

(1= an)llzn — unl® < llzn —ull* = llyn —o||?

[0 = ynl{[lzn = ull = llyn —u|}-

2
(I=a)|lzn —ua|” <
<

From this and (3.7), implies

limp——ool|zn — unl|| = 0. (3.8)
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Since liminf, .. 7, > 0, we get

— Un

. Tn . 1
hmn_,oo”?ﬁiH = hmn_,ooT—Hxn —uy| = 0. (3.9)

Since (1 — an)SUun = Yn — anxn, we have

(1 - a)||Sun — unl| (1 = an)[[Sun — unll = lyn — an®n — (1 — an)ux||
o flun — znll + [lyn — un|

[tn = @l + lyn — znll + 20 — unll

ININ N DA

2||zn = unll + [lzn = ynl-

From (3.8) and (3.7), we obtain
limp oo |[Stun — un|| = 0. (3.10)

Since {z, } is bounded, there exists a subsequence {x,, } of {z,} which
converges weakly to z. From ||z, —un| — 0, we obtain also that u,, — z.
Since un, C C and C is closed and convex, we obtain z € C. From (3.10)
we obtain Su,; — z. Let us show z € EP(F). Since u, = T, zn, we have

1
F(un,y) + 7<y_umun _xn> >0,vy e C.

n

From (A2), we also have

1
7<y_un7u"_xn>ZF(y7u’ﬂ)
and hence
Un; — Ty
<y_u’ﬂi7 nr = >2F(y7u"i)'

i

From u";& — 0, it follows by (A4) that 0 > F(y, z) for all y € C. For

t with 0 < t <landyeC,lety: =ty+ (1 —t)z. Sincey € C and z € C,
we have y; € C and hence F(y:,z) < 0. So, from (A1) and (A4) we have

0= F(yt,y:) < tF(ye, y) + (1 =) F'(ys, 2) < tF(ye,y)

and hence 0 < F(y:,y). From (A3), we have 0 < F(z,y) for all y € C and
hence z € EP(F). Let us show that z € F(S). Assume z ¢ F(S). From
Opial’s condition, we have

liminf, . col|tn, — 2| < liminf, . o||un, — Sz||
= liminf, oo ||tn; — StUn; + Sun; — Sz||
= liminf, o ||Sun, — Sz||
<liminfn —col|tn; — 2|
This is a contradiction. Thus, we obtain z € F(S). Hence z € F(S) N
EP(F).
Finally, we show that x, — 2z, where z = Pr(s)nvI(c,A)EP(F)T0-

Since x,, = Pc,,xo and z € F(S) N EP(F) C Cp, we have

[0 = 2ol < ||z = zo]|-
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It follows from 2z’ = Pr(synep(ryTo and the lower semicontinuity of the
norm that

' ~ol| < lz—gol| < liminfi— |, —aol| < limsup, ., e, —zol| < ' —ao].

Thus, we obtain that limg——c ||Tn; — To|| = ||z — zol| = ||2" — zo]|.
Using the Kadec-Klee property of a Hilbert space H, we obtain that

. !
limg——oon;, =2 =2".

Since {xn,} is an arbitrary subsequence of {z,}, we can conclude that
{zn} converges strongly to z, where z = Pp(r)ngp(r)e. O

As direct consequences of Theorem 3.1, we can obtain two corollaries.
Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (Al)-(A4)
such that EP(F) # 0. For C1 = C, x1 = Pc,xo, define sequences {zn}
and {un} of C as follows:

8

1
%un € C such that f(un,y)+ r—(y — UnyUn —Tn) >0, YyeCl,

ZCOni1 ={z€Cnillyn — 2l < llzn — 2|},

Tnt1 = Po, 70, mEN,

for every n € N, where {an} C [a,b] for some a,b € (0,1), and {\,} C
[a,b] C (0,2c) and {rn} C (0,00) satisfies liminf, oo 7, > 0. Then
{zn} converges strongly to Pgppyx.

Proof. Putting S = I and a, = 0 in Theorem 3.1, the conclusion
follows. O
Corollary 3.3. Let C be a nonempty closed conver subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (Al)-(A4)
and let S be a nonexpansive mappings from C into H such that F(S) # 0.
Let {zn} and {un} be sequences generated by x1 = x € H and let

8un € C such that (y — un,un —xn) >0, VyeC,
Yn = AnTn + (1 — an)Sun,
01 ={2€Cn:|lyn — 2| < llzn — 2|},

T Tpr = Pc, yx0, mnEN,
for every n € N, where {an} C [a,b] for some a,b € (0,1), {An} C
[a,b] C (0,2c) and {rn} C (0,00) satisfies liminf, oo, > 0. Then
{zn} converges strongly to Pp(s)x.
Proof. Putting F(x,y) = 0 for all z,y € C and r, = 1 in Theorem
3.1, the conclusion follows. O
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A New Method for Solving Unconstrained Optimization
Problems

Liliu Mo !? and Ling Hong !

In this paper, a new conjugate gradient formula BIJCV “? is given to compute the search direc-

tions for unconstrained optimization problems. General convergence results for the proposed
formula with some line searches such as the exact line search, the Grippo-Lucidi line search
and the Wolfe-Powell line search are discussed. Under the above line searches and some as-
sumptions, the global convergence properties of the given methods are discussed. The given
formula B,JCV e® > (0, and the search directions dj which are generated by the given ﬁ,iv °® un-
der the strong Wolfe-Powell line search satisfy the sufficient descent condition. Preliminary

numerical results show that the proposed methods are efficient.

KEY WORDS: Unconstrained optimization; Conjugate gradient; Exact line search;
Inexact line search; Global convergence.

1. INTRODUCTION

Due to the simplicity of its iteration and its very low memory requirements, the conjugate
gradient method has played a special role for solving large-scale nonlinear optimization problems.
It is designed to solve the following unconstrained nonlinear optimization problem:

min{f(z) | x € R"}, (1.1)

where f: R" — R is a smooth, nonlinear function whose gradient will be denoted by g(x). The
iterative formula of the conjugate gradient method is given by

Tht1 = Tk + trdy, (1.2)

where tj, is a steplength which is computed by carrying out a line search, and dj is the search
direction defined by

— if k=1

=9k + Brdi—1, if k=2,
where [ is a scalar and g denotes g(zy). There are at least six formulas for 3; which are given
below:

HS — 9k (9 — 91-1) (Hestenses — Stiefel[7],1952);
g (9K — gr—1)Tdr—1 ’ 7

L College of Mathematics and Information Science, Guangxi university, 530004, Nanning, Guangxi,
P. R. China. e-mail : moliliu83@sohu.com
2 This work is supported by the Chinese NSF grants 10761001.
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T
pER = Tgki (Fletcher — Reeves[4],1964);
9k _19k—1

T _
GPRP — w (Polak — Ribi¢re — Polyak[9,10], 1969);
9k _19k—1

T
e = _dTgkigk (Conjugate  Descent[3], 1987);
k—19k—1

T —
BES = —W (Liu — Storey[8],1991);
k—19k—

T
9k 9k )
BPY = - g:—1)Tdk—1 (Dai — Yuan|1],1999).

Generally, the PRP method performs much better than the FR method from the computation

point of view. When the objective function is convex, Polak and Ribiere[12] proved that the
PRP method with the exact line search is globally convergent. But Powell [11] showed that there
exist nonconvex functions on which the PRP method does not converge globally. He suggested
that Gx should not be less than zero. Under the sufficient descent condition, Gilbert and Nocedal
[5] proved that the modified PRP method B = max{0, 35F} is globally convergent with the
Wolfe-Powell line search.

In the already-existing convergence analysis of the conjugate gradient methods, the following
line searches are often used.

The exact line search is to find ¢ such that the cost function is minimized along the direction
dy, that is t; satisfying

flak +trdy) = lim f(zy + tdy). (1.4)

The weak Wolfe-Powell (WWP) line search is to find ¢ satisfying

flag + tydy) — f () <6 gy di, (1.5)
g(xk + trd) " di > ogj di, (1.6)
where § € (0, 3), o € (4,1).
The strong Wolfe-Powell (SWP) line search is to find ¢, satisfying (1.5) and

| g(zp + trde) di |[< o | gl di |, (1.7)

where § € (0, 3), o € (4,1).

This paper is organized as follow: In section 2, a new conjugate gradient formula and the
corresponding algorithm are given. The global convergence results of the new formula with the
exact line search, the Grippo-Lucidi line search and the Wolfe-Powell line search are given in

section 3. The preliminary numerical results are contained in section 4.
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2. THE NEW FORMULA AND THE CORRESPONDING ALGORITHM

It is well known that the global convergence of the most efficient PRP method can not
be established with the weak Wolfe-Powell conditions (1.5) and (1.6). However, some methods
which posses the global convergence property with the weak Wolfe-Powell( WWP), such as the
FR method, do not perform better than the PRP method in numerical results. Powell[12 | has
given some arguments that explain the poor performance of the FR method for some problems.
and also showed that the PRP method behaves quite differently. However, the PRP method
with the exact line search is not globally convergent for some nonconvex functions, see Powell’s
counter example in [11 ].

Therefore, many of the variants of the PRP method had been widely studied.

In recent years, Z. X. Wei etc. proposed a new conjugate gradient method in [13] as follows:

gl{(Qk - ||giflll“gk—l)

9t 19K-1

BIYE = . (2.1)

The new conjugate gradient method with the given ﬂ,ZVYL under some line search is global
convergent, good numerical results are obtained. Motivated by [13], we modify the famous PRP
conjugate gradient method as follows:

T(, _ gkl
New __ Ik (gk ||gk—1||gk_1)

New
| gre—1 1> +(gf di—1)

Hence, we obtion a new conjugate gradient formula.

510> 0. (2.2)

Now we give the following algorithm firstly.
Algorithm 2.1
step 1: Given 1 € R", ¢ >0,setdy =—g1, k=1, if | g1 |< ¢, then stop;
step 2: Compute t; by some line searches;
step 3: Let Tpy1 = ok + trdy, gry1 = 9(@r41), if || gey1 < €, then stop;
step 4: Compute Bi11 by (2.2) and generate di11 by (1.3);
step 5: Set k:=k + 1, go to step 2.

The following assumptions are often used in the studies of the conjugate gradient methods.
Assumption A: The level set Q = {z|f(z) < f(z1)} at z1 is bounded, namely, there exists a
constant (a > 0) such that

|z|[<a for all x €. (2.3)

Assumption B: In some neighborhood N of §2, f is continuously differentiable, and its gradient
g is Lipschitz continuous, namely, for all =,y € N, there exists a constant L > 0 such that

l9(z) =g IS Llz—yl. (2.4)

3. THE GLOBAL CONVERGENCE PROPERTIES

In this section, the convergence properties of the new formula with the exact line search
will be studied firstly; secondly, in order to ensure the sufficient descent condition, the Grippo-
Lucidi line search is introduced, and the behaviors of the new formula with this line search are



266 MO , HONG : UNCONSTRAINED OPTIMIZATION PROBLEMS

discussed; in the end, some arguments about the convergence properties of the new formula with
the Wolfe-Powell line search are also given.

3.1. The convergence properties with the exact line search

The following lemmas are very useful in the process of the studies on the conjugate gradient
methods.
Lemma 3.1.1 Suppose that assumptions A and B hold. Consider the methods in the form
of (1.2) and (1.3), where dj, satisfies
ngdk <0

for all k, and ¢, is obtained by WWP (1.5) and (1.6), then,

T 1.)2
Sk (3.1)
Z

By the way, the inequation (3.1) also holds for the exact line seach, the Armijo-Goldstein
line search and the strong Wolfe-Powell (SWP) line search. The proofs had been given in [15].
Theorem 3.1.2. Suppose that assumptions A and B hold, the sequence {x}} is generated
by Algorithm 2.1, ¢, is computed by exact line search. if || si ||=|| txdg || — 0 while k — oo, then

lim inf || gr ||= 0. (3.2)
k—o0

Proof. let 0; be the angle between —g, and dg, then, by the exact line search, we have
gidi—1 =0 and dj, = —gi + Brdy_1. The above two equations indicate || d. ||= sec Oy, || gx || and
Br+1 || di ||= tan k11 || gk+1 || So we have

tanfp 1 = ﬁ,i\f{” sec GkM
| g1 |l o]
I 9k || 9itr (rr1 — Mt an)
= secly
I g1 11 -(ll gn 12 +1lgi 1 dk)?)
o o o g - g — Mgl | i
< sect .
Rk (33)
gkl
— sechy I gr+1 — g6 + 96 — o g |
9k
< wog e =g 1 llgell = g
- 2| ||H gk ||
Il 9w |
If (3.2) does not hold, that is to say, for all k, there exists 7 > 0 such that
| g = - (3.4)

By || sx ||— 0 and Lipschitz condition (2.4), there must exist an integer M > 0 for all k > M,
such that

1
I gks1 — gk (1< 17 (3.5)
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Combining (3.3), (3.4) and (3.5), we obtain
1
tan @ < 5 sec 0. (3.6)

Note that, for all 6 € [0, %), the following inequation holds

secd <1+ tané. (3.7)
(3.6) and (3.7) induce
L1 L kti-m
tan9k+1§§—|—1—l—---+(§) (1+tanb,,) <1+ tanb,.

This result indicates that the angle 8, must be always less than some angle 6 which is less than

T 2
Z. But by the lemma 3.1.1, we have ) % =3 |l gk ||? (cosB;)? < +oc.
k>1 k>1

This implies 1ikm inf || gi |= 0, which contradicts (3.4). The proof is completed.
— 00

When ¢, is determined by the exact line search, Yuan [14] has proved that if the cost function
is uniformly convex, for all k, the following inequation

flaw) = flan + tedy) > C || s 1%, (3.8)

holds, where C' > 0 is a constant.

By this property, we have the following theorem which shows that the new formula (2.2)
with the exact line search is convergent to the uniformly convex functions.

Theorem 3.1.3 Suppose that assumptions A and B hold, f(z) is uniformly convex and
{z}} is generated by Algorithm 2.1. If the steplength ¢ is determined by the exact line search,
then (3.2) holds.

Proof. Since f(z) is uniformly convex on the level set Q = {x € R" : f(z) < f(x1)}, when
k — oo, by (3.8) we have || s ||[— 0, combining this result with theorem 3.1.2, (3.2) holds
immediately.

3.2. The convergence properties with the Grippo-Lucidi line search

On some studies of the conjugate gradient methods, the sufficient descent condition
T 2
gpde < =Cllge|”, C>0, (3.9)

plays an important role. Unfortunately, this condition is hard to hold. It has been showed that
the PRP method with the strong Wolfe-Powell line search does not ensure this condition at
each iteration. So, Grippo and Lucidi [6] managed to find some line searches which ensure the
sufficient descent condition, and they presented a new line search which ensures this condition.
The convergence of the PRP method with this line search had been established.

In this subsection, we will show that 5,?7 W with the Grippo-Lucidi line seach is convergent.
Grippo-Lucidi line search . Compute

T gidi |
| di |12

ty = max{o’

j=0, 1, --} (3.10)
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satisfying the conditions:
flan + tedy) < f(ax) =0t || dy |1?, (3.11)

~Ca || g1 I’< gigrdirn < =Ct |l g |17, (3.12)

where § >0,7>0,0€ (0, 1)and0< C; <1< Cs.

The following theorem shows that the Grippo-Lucidi line search is suitable for the new
formula ﬂfcv ew,

Theorem 3.2.1 Suppose that assumptions A and B hold. Consider the method of form
(1.2) and (1.3), t; is computed by (3.10). Then for all k, there exists ¢ > 0 such that (3.11)

and (3.12) hold. Furthermore, there exists a constant ¢ > 0 such that

’9k dg |
T 17

(3.13)

Proof. We prove this theorem by induction. Since d; = —gi, (3.12) holds for £ = 1. Suppose
that (3.12) holds for some k£ > 1. Denote

min(l —Cy, Cp—1)

Cs = L0, > 0. (3.14)
By Lipschitz condition (2.4) and (3.12), for any ¢, € (0, C3 |Hgd;|l|'§‘) we have
| gF 1 derat g 1P < 1B |- glerldlﬁ | “
lgk4+1— T g |-l e
< 2 | Tkl
< gk P =g +u(gk+1”dk> H
k41— +9k — 1= giol|- [l |
= Dol .(II +||||k||T|gk|| [DRIEA]
< o P 2t
U || dg
< Nlgrm P
T lal
< [l gk 7 -min(l = C, O — 1),

So (3.12) holds for k =k + 1.
On the other hand, by the mean value theorem and Lipschitz condition, we can obtain

F(een) - flan) = Alu%+rm@VuMwa>
- tkgkdk+/ (4t tady) — g(ar)]T (bedi)d (1)

< tkgkdk+2Ltk | d |I”
A AR A

= tv L || dg
mkwﬁ ‘+zk” I”
dk
:tQ d 2 gk;
tuwmﬁ———* b

= 0t |l di |I”.
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So, (3.11) holds for #4 € (0, 7255 %%]).

The existence of ¢, satisfying (3.11) and (3.12)has been proved. Furthermore, (3.13) holds
for C' = min(7, Cs, L+25) The proof is completed.

With the above results, the global convergence of the formula ﬂN €W with the Grippo-Lucidi
line search can be established by the following theorem.

Theorem 3.2.2 Suppose that assumptions A and B hold, consider the method of form (1.2)
and (1.3), t; is computed by Grippo-Lucidi line search, 3Y¢? is determined by (2.2). Then

i g = 0. (3.19
Proof. By the Lipschitz condition (2.4), (3.10) and (3.12), we have

Pl < llgell+ 187 -l iy |

| gr — Hgfﬂ”gkfl [

< lgell 1+ | die—1 1)
| e
9k — k=1 || T Il 9=1 || — Il 9%
< lgell T+ 5 | de—11])
- | gr—1 || (3.16)
k: 1
< gkl (1+
A PR

< (1+2C7L) | gk |l -

Because of the assumption A, it is obviously that the zoutendijk condition (3.1) holds. Com-
bining (3.1), (3.12) and (3.16), we have

o>y \f”& kH? > C2(1+20rL) 2 Y |l gr |12 -
g>1 11 %k E>1

This result implies limg . || g% ||= 0
From the theorem 3.2.2, we know that any accumulation point of {xy} which is generated
by (2.2) with the Grippo-Lucidi line search is a stationary point. This result is contributed to

IBNew

the property: the directions given by approach to —gy while || sx_1 || tend to zero.

3.3. The convergence properties with the Wolfe-Powell line search

In above section, we introduced the Grippo-Lucidi line search which were designed to match
the requirements of the convergence of the PRP method. In fact, the main contribution of the
Grippo-Lucdi line search is that it can ensure the sufficient descent conditions. But the global
convergence study might not yield a better conjugate gradient method from the numerical
computational point of view. In fact, the method given by Grippo and Lucidi did not perform
better than the PRP method which employed (3.17 ).

Powell [11] suggested that () should not be less than zero. This suggestion is useful to the
PRP method, see the detail in [11]. Unedr the sufficient descent conditon, Gilbert and Nocedal
[5] proved that the modified PRP method

B = max(0, 5) (3.17)
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is globally convergent with the Wolfe-Powell line search.

In this section, we will prove that, under the strong Wolfe-Powell line search, by restricting
the parameter o < %, the given ﬂ,iv €% possess the sufficient condition which deduces the global
convergent result of the new method under the strong Wolfe-Powell line search.

Now, we firstly prove the following lemma which shows that the sequence {dy} generated by
algorithm 2.1 satisfies sufficient descent condition.

Lemma 3.3.1 Suppose that the sequences {gx} and {dj} are generated by the method of
the form (1.2),(1.3) in which 8y was computed by (2.2), and the steplength ¢; is determined by
the Wolfe-Powell line search (1.5) and (1.7), if o € (0, 1), then there exists a positive constant
C such that the sufficient descent condition (3.9) and BY¢* > 0 hold.

Proof. We prove this lemma by induction. We firstly prove the descent property , namely

gFdy < 0. Suppose that for all k, gl'dy # 0. Since gfd; = — || g1 [|*< 0, and set
gh_1dk—1 <0, (3.18)

hold for ¢ = k — 1. By Cauchy-Schwarz inequality, we get

T
0<1— kIl o (3.19)
I s M g1 |
Form (1.3) and B = BY°%, we have
Td Td _ T B Td _ T B
Ik k2:_1+ gk le 2(1_ 9is Jk—1 )< 14 Ik k12 9k 9k—1 '
I gx |l I gr—1 117 +1(gp, dr—1) I g M1 gr—1 ] I gr—1 | I g MM gr—1 ||
(3.20)
Combining(3.19),(3.20) and (1.7), we can deduce that
Tq r o di—
il o 1 gpPh1 el (3.21)
I gk | I g1 |
By repeating this process and the fact g d; = — || g1 ||?, we have
Td k—1 )
Ik < 243 (20 (3.22)
|| 9k || =0
Since
k—1 ) ) ) 1
2 (20 <3 (20 =5,
7=0 7=0
(3.22) can be written as
9 dr_ 24 (3.23)
(7. 1-20 '

Since o € (0, %), so —2 + ﬁ < 0 which implies gf di, < 0, namely (3.18) holds for i = k.
Now we prove the sufficient edscent property as follows. In fact, if o € (0, %), set c=2— ﬁ,
then 0 < ¢ < 1, and (3.23) implies that

gide < —cllgi |- (3.24)
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Sogldi = — || 1 |I?< —c || ¢1 ||* and (3.24) immediately deduce that the sufficient descent
condition (3.9) hold for all £ > 1.
For »3;]9[ €W we can prove that ﬁ,iv W are always not less than zero. namely

llge

sen_ o (9r — pohpoe) (o 1P — 25 loe g 1)

gk 2 gl de-)? =l gr 1 +ulgf de—1)?
The proof is finished.
Gilbert and Nocedal [5] introduced the following property(*) which pertains to the PRP
method under the sufficient descent condition. Now we will show that this property(*) pertains

to the new method.
Property(*): Consider a method of form (1.2) and (1.3). Suppose that

0<v<|grll<7 (3.25)

We say that the method has property(*), if for all k, there exist constants b > 1, A > 0 such
that | B |< b and if || sg_y1 [|< A we have |B;| < 5.

The following lemma shows that the new method has the property(*).

Lemma 3.3.2 Consider the method of form (1.2) and (1.3) in which 8, = BY¥¢“. Suppose
that assumptions A and B hold, then, the method has property(*).

Proof. set b = w >1,A= ﬁ;b' By (2.2)and (3.25) we have

T _ gl
‘ ﬂ,ivew ‘ < ‘ 9k (gk ||gk71Hgk_1) ‘
= | gr—r 12 gl dp—1)?
_ o FAPgw 5 11 g1 1) (3.26)
= =N
— i ) .
- TO+5) Ay +7) .
> 72 - ,)/3 -

From the assumption B and (2.4)holds. If || sx—1 ||< A then,

(l gk = g1 I+ 1 gn-1 — 7L2Lrg s 1) 1] g |

IBNew S
= o P
o WAl =1ge D1l gr |
- | gr—1 ’2
< EA gk =gk 1) [l 9 | (3.27)
- |‘ ge—1 |I?
_ 2|
gk l?
< 2IyN 1
= 422

The proof is finished.

If (3.25) holds and the methods have property(*), then, the small steplength should not be
too many. The following lemma shows this property.

Lemma 3.3.3 Suppose that assumptions A, B and (3.9) hold. Let {z;} and {dy} be
generated by (1.2) and (1.3) in which ¢ satisfies the Wolfe-Powell line search (1.5) and (1.6),
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Br has property(*). If (3.25) holds, then, for any A > 0, there exist A € N and kg € N, for

all k > kg, such that
A

57
where Ii%yA ={ieZ: k<i<k+A-1,s-1[>A},]| /ﬁﬁA | denotes the numbers of the

A
TN

A
,{Ik’Au
Lemma 3.3.4 Suppose that assumptions A, B and (3.9) hold. Let {x;} be generated by
(1.2) and (1.3), t satisfies Wolfe-Powell line search (1.5) and (1.6), and S > 0 has property(*).
Then,

liminf || g ||= 0.
k—o0

The proofs of lemma 3.3.3 and lemma 3.3.4 had been given in [2]. By the above three lemmas,
we have the following convergence result.

Theorem 3.3.5 Suppose that assumptions A, B and (3.9) hold. Let {z)} be generated by
(1.2) and (1.3), t;, satisfies the Wolfe-Powell line search (1.5) and (1.6), 8 is computed by (2.2),
then

liminf || g ||= 0.
k—oo

This theorem is the immediate result of the above three lemmas, so the proof is omitted.
Theorem 3.3.5 shows that under some assumptions, the new formula with the Wolfe-Powell
line search is globally convergent.

4. NUMERICAL RESULTS

In this section, we report the detailed numerical results of a number of problems by algorithm
2.1. Furthermore, the original PRP methods are given. we test the following four conjugate
gradient methods :

PRPSW P: PRP method under the strong Wolfe-Powell conditions;

PRPTSW P: conjugate gradient method with 3; = maz{0, ]fRP}under the strong Wolfe-
Powell conditions;

WY LSW P: conjugate gradient method ) defined by (2.1)under the strong Wolfe-Powell
conditions;

NEWSWP: New conjugate gradient method [ defined by (2.2)under the strong Wolfe-
Powell conditions, u = 3.13;

In our implementation, we choose parameters for line search conditions as follows: § =
0.01,0 = 0.1. The termination condition is

g < 107°.

The experiments were carried out on some famous test problems which can be obtained on
net. In the following tables, the numerical results are written in the form NI/NF/NG, where
NI, NF, NG denote the number of iterations, function evaluations and gradient evaluations
respectively. Dim denotes the dimension of the test problems.

The numerical result of each method under strong Wolfe-Powell condition is showed in Table
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Table 1 Tests Results for the PRPSWP/PRPTSWP/WYLSWP/NEWSWP Methods

PRPSWP  PRPTSWP WYLSWP  NEWSWP
Problem  Dim  NI/NF/NG  NI/NF/NG NI/NF/NG  NI/NF/NG
ROSE 2 29/502/65 22/394/60 42/464/102  32/353/27
FROTH 2 12/30/20 10/28/20 17/87/28 21/50/38
BADSCP 2 - 34/396/84 44/423/125  54/341/114
BADSCB 2 13/80/22 11/123/22 - 26/50/38
BEALE 3 9/126/21 9/173/20 17/136/29 17/89/30
JENSAM 4 - - 11/31/21 9/121/16
HELIX 2 49/255/83 32/265/55 74/396/123  32/269/53
BARD 2 23/98/37 27/152/43 43/136/66 26/245 /41
GAUSS 2 4/57/6 4/57/6 4/9/5 4/9/5
GULF 2 1/2/2 1/2/2 1/2/2 1/2/2
SING 3 181/706/300  49/155/79 44/191/74 70/201/115
WOOD 3 195/1278/353  84/461/170 145/649/252  93/509/171
KOWOSB 4 108/528/188  51/249/79 52/343/84 48/241/78
BIGGS 6 174/648/284 - 122/584/194  13/173/18
OSB2 11 255/1306/420  192/854/322 221/910/363  334/1596/549
WATSON 20  1887/5053/2961 753/2155/1216 1613/4132/2516 2055/5420/3171
ROSEX 8 23/402/59 25/371/62 39/488/88 38/626/80
50 31/533/76 25/398/59 37/333/82 45/365/93
100 29/479/77 33/566,/101 43/399/94 47/415/96
SINGX 4 181/706/300  49/155/79 44/191/74 70/201/115
PEN1 2 5/18/12 6/20/14 5/18/12 5/18/12
PEN2 4 12/134/28 12/136/27 10/128/25 8/125/24
50 467/1824/775  547/1916/944  121/1023/230  104/884/207
VARDIM 2 3/9/7 3/9/7 3/9/7 3/9/7
50 10/52/36 10/52/36 10/52/36 10/52/36
TRIG 3 12/81/24 14/131/25 14/271/26 14/271/26
50 41/279/72 41/230/72 38/219/66 38/219/66
100 46/342/87 46/341/85 47/434/86 47/434/86
BV 3 12/25/16 12/25/16 12/25/16 12/25/16
10 75/241/117  75/241/117 52/151/85 52/151/85
1) 3 5/12/7 6/14/8 5/12/7 5/12/7
50 6/13/7 5/11/6 6/13/7 6/13/7
100 6/13/8 6/13/8 6/13/8 6/13/8
200 6/13/8 6/13/8 5/59/7 5/59/7
500 6/13/8 6/13/8 6/13/8 6/13/8
RRID 3 10/75/13 113/33/19 13/31/17 14/31/18
50 26/55/31 26/65/31 27/57/31 25/52/29
100 30/67/36 30/67/36 30/67/36 27/59/33
200 30/66/36 30/66/36 30/66/37 30/66/37
BAND 3 9/68/13 10/23/17 7/64/12 7/64/12
50 18/183/24 16/331/25 19/670/26 18/572/25
100 18/183/24 16/373/26 18/712/27 18/713/28
200 19/283/27 117/340/27 18/677/26 18/629/26
LIN 2 1/3/3 1/3/3 1/3/3 1/3/3
50 1/3/3 1/3/3 1/3/3 1/3/3
500 1/3/3 1/3/3 1/3/3 1/3/3
1000 1/3/3 1/3/3 1/3/3 1/3/3
LIN1 2 1/51/2 1/51/2 1/51/2 1/51/2
10 1/3/3 1/3/3 1/3/3 1/3/3
LINO 4 1/3/3 1/3/3 1/3/3 1/3/3
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In order to rank these methods, we compute the total number of function and gradient
evaluations by the following formula

Ntotal :NF+5*NG (41)

In the part, we compare the PRPTSWP, WYLSWP and the NEWSWP with the PRPSWP
as follow: for each testing example i, compute the total numbers of function evaluation and
gradient evaluations required by the evaluated method j(EM(j)) and the PRPSWP method by
the formula (4.1), and denote them by Nioqri(EM(5)) and Nytar,i(PRP); then calculate the
radio

. Ntetal,i(EM(j))

T’L(EM(])) B Ntotali(PRP) ‘ (42)

If EM((jp) does not work for example ig, but EM (PRP) works for example iy, we replace
the r;,(EM (jo)) by a constant 71 which is defined as follows:

71 = maz{ri(EM (jo)) : (i,jo) ¢ S1},

where  S1 = {(i, jo): method jy does not work for example i}.
If EM(PRP) does not work for example ig, but EM (jo) works for example i, we replace
the r;,(EM (jo)) by a constant 7o which is defined as follows:

T2 — mZTL{TZ(EM(]o)) : (i,jo) ¢ Sl}

If EM(PRP) and EM (jo) do not work for example iy, then we define r;,(EM (jo)) = 1.
The geometric mean of these ratios for method j over all the test problems is defined by:

B
r(EM (7)) = (]] ri(BM (7)) 7T, (4.3)
€S
where S denotes the set of the test problems and | S | the number of elements in S. One
advantage of the above rule is that, the comparison is relative and hence does not be dominated
by a few problems for which the method requires a great deal of function evaluations and gradient
functions.

According to the above rule, it is clear that 7(PRPSWP)= 1. The values of r(PRPTSW P),
r(WYLSWP), r(NEWSWP)are listed in table 2.

Table 2 Relative Efficiency of the PRPSWP, PRPTSWP, WYLSWP, NEWSWP Methods
PRPSWP PRPTSWP WYLSWP NEWSWP

1 0.9149 0.9529 0.8774

From Table 2, we observe that the average performances of the new conjugate gradient
formula are the best among the four methods. Therefore, the new formula most efficient for
unconstrained minimization problems.
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1.Introduction :

In the realm of Best Approximation Theory, it is viable, meaningful and potentially
productive to know whether some useful properties of the function being approximated are
inherited by the approximating function. In this perspective, Meinardus [8] observed the general
principle that could be applied, while doing so.The author has employed a fixed point theorem as a
tool to establish it . The result of Meinardus was further generalized by Habiniak [5], Smoluk [15]
and Subrahmanyam [16].

On the other hand, Beg and Shahzad [2], Fan [4], Hicks and Humpbhries [6], Reich [10],
Singh [13, 14] and many others have used fixed point theorems in approximation theory, to prove
existence of best approximation. Various types of applications of fixed point theorems may be seen
in Klee [7], Meinardus [8] and Vlasov [18]. Some applications of the fixed point theorem to best
simultaneous approximation is given by Sahney and Singh [11]. For the detail survey of the
subject, we refer the reader to Cheney [3].

In this note, we use a recent result of Xu [19] regarding the fixed points of set-valued
mappings and prove the existence of invariant best simultaneous approximation in e-chainable
metric space.

2.Prelimineries:

Let ¢ be a positive number. Recall that a metric space (X, d) is said to be e-chainable if for
every X, yeX, there is an e-chain from x to y ,that is, a finite set of points X = Xo,X1,X2,...,Xn = ¥ Such
that d(x.1,x;))<e fori=1,2,...,n.

We denote by CB(X) the family of all nonempty closed bounded subsets of X, by C(X) the
family of all nonempty compact subsets of X, and by H the Hausdorff metric on CB(X)
induced by d. The metric H is defined as follows:
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H(A,B)=max {sup d(a, B), sup D(b, A)}
acA beB
for A,BeC(X), where d(x, K) = inf {d(x, y) for xeX , yeK and KcX }.

Suppose that | denotes the unit interval [0,1].Then a continuous mapping
W: XxXxI —X is said to be a convex structure on X if the inequality

d(u, W(x, y,A) <A d(u, X)+(1-1) d(u, y)

holds for all x, y, ue X and A€l. The metric space X together with a convex structure W is called a
convex metric space. Banach space and each of its convex subsets are simple examples of convex
metric spaces. There are many convex metric spaces which can not be imbedded in any Banach
space. For examples and other details we refer to Takahashi [7].

A subset K of a convex metric space X is said to be convex if W(x, y,A)eK for all

X, yeKand Ael. The set K is said to be starshaped if there exists peK such that W(x,p,A) eK for
all xeK and Lel. Here p is called the star centre of K. Evidently, starshaped subsets of X contain
all convex subsets of X as a proper subclass.

Let X be a convex metric space, and K be a starshaped subset of X with p as its star centre. Then X
is said to satisfy condition (1) at peK if for any X, y €K, Ael,

d(W(x, p, 1), W(y, p.A))<r d(x, y) -

It may be observed that any normed space X always satisfies condition (1)
( Beg and Shahzad [2]). It is well-known that the hyperspace (C(X),H) is an
g-chainable, whenever (X, d) is an g-chainable metric space ([19], Theorem 1).

We shall make use of the following theorem due to Xu ([19], Theorem 2) in our main result.

Theorem 1. Let (X, d) be a complete e-chainable metric space, and let
T: X—C(X) be a set-valued mapping such that

H(Tx, Ty) <k d(x, y)) d(x, y)

for all x, ye X with 0< d(x, y)< ¢, where k : (0,,0)—[0,1) is a real-valued function with the property
(P) For each 0< t< g, there exist € (t)>0 and s(t)<1 such that k(r)<s(t)
provided t<r<t + g(t) .
Then T has a fixed point.
Remarks.
() The property (P) is equivalent to saying that lim sup k(s )<1 for all O<t<e.
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st
(2) If we replace C(X) by CB(X), taking k(s)=k(a constant) e [0,1) and omitting the condition (P)
in Theorem 1, the conclusion still holds (Beg and Azam [1], Beg and Shahzad [2, Theorem 1]).
3.Results :
Let (X, d) be a metric space, and G a nonempty subset of X. Suppose AeB(X), the set of
nonempty bounded subset of X. Then we define

rs(A) =inf {sup d(a,g) : geG acA}
centg (A) = {goeG: sup d(a,go) =rc (A), acA }.

The number rg(A) is called the Chebyshev radius of A with respect to G. Also, an

element ge centg (A) is called a best simultaneous approximation of A with respect to G. If A={x},
xeX, then rg(A) = d(x,G) and centg (A) is the set of all best approximations of x out of G. We refer
the readers to Milman [9] for further details of these concepts.

Now, we present our main result of this note.

Theorem 2. Let X be an e-chainable convex metric space satisfying condition (1), and

T:X— C(X) be a set-valued mapping. Suppose that centg(A) is nonempty compact, starshaped and
T-invariant, where Ge C(X) and AeC(X).Further, suppose that T satisfies the following
conditions:

(i) T is continuous on centg(A) , and

(i) d(x, y) £ H(A,G) implies H(Tx, Ty) <& (d(x, y)) d(x, y) for all

X,y €Au centg(A), with 0<d(X, y)<e,where ®: (0,0) — [0,1) is a real-valued function with

lim sup ®(s)<1 for all twith O<t<e.

S—t+

Then centg(A) contains a T-invariant point.
Proof. Let p be the star-centre of centg(A) . Then W(x,p,A)e centg(A) for each
xecentg(A). Let { k, } be a real sequence with 0<k,<I such that k,—1 as n—oo.
Now define T:centg(A)—>C( centg(A)) by T, (X) = W(Tx,p,ky) for all xe centg(A). Now applying
condition (I), we obtain
H(Twx, Tay) = H(W(TX,p, Kq),W(TY,p, kn))
<k, H(Tx, Ty)
<k ®@(d(x,y)) d(x,y)  (using (ii))
Thus we get

H(Tox, Try) <@p(d(x.y)) d(x,y)
for all d(x,y) <H(A,G), where ®,= k,®:(0,0) — [0,1) is a real-valued function with
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lim sup ®(s)<I for all 0< t <e. Then it follows from Theorem 1 that each T, has a
st
fixed point, say z,. Since centg(A) is compact, {zn} has a convergent subsequence {z, } such that

Zy, —zas i — oo for some zeX. Since
Zni ETni Zni = W(Tzni ,p,kni) )
and ki i —1as i —wo, it follows that zeTz.

This completes the proof of our theorem.
Open Question. It is not known whether the condition of Theorem 2 is valid if C(X) is replaced by
CB(X).

Acknowledgement. The authors wish to thank Professors Ismat Beg and Hong-Kun Xu for
providing some of their reprints which motivated the present study.
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Models based on Normal and

Laplace Random Variables
by

Saralees Nadarajah'

Abstract: The normal and Laplace distributions are the oldest known continuous distributions in
statistics. The distributions of their linear combinations, products and ratios arise in many areas
of the sciences and engineering. In this note, the exact distributions of aX + Y, | XY | and
| X/Y | are derived when X and Y are independent normal and Laplace random variables. Several
motivating applications are discussed.

Keywords and Phrases: Laplace distribution; Linear combination; Normal distribution; Prod-
uct; Ratio.

1 Introduction

In this note, we derive the exact distributions of aX + Y, | XY |, and | X/Y | when X and YV
are independent random variables having the normal and Laplace distributions with the pdfs

o) = e {2 )

2ro 202
and

fr(y) = %exp (—%) (2)

respectively, for —co <z < 00, —c0 <Yy < 00, —00 < U < 00, —00 < A < 00, 0 >0and ¢ >0. We
assume without loss of generality that a > 0.

Why study the linear combinations, products and ratios of normal and Laplace random vari-
ables? Four motivating applications from speech enhancement, option pricing, Bayesian statistics
and discrimination theory are discussed in Section 2. The exact expressions for the pdfs and the
cdfs of aX + Y, | XY |and | X/Y | are given in Sections 3, 4 and 5, respectively. The calculations
involve several special functions, including the complementary error function defined by

erfe(x) = %/OO exp (—tz) dt

and the hypergeometric function defined by
o k

€T
153 (a;b, ¢, d; ) Z @, 1
= (

where (e) = e(e+1)--- (e + k — 1) denotes the ascending factorial. The properties of the above
special functions can be found in Prudnikov et al. [1] and Gradshteyn and Ryzhik [2].

! Author’s address: School of Mathematics, University of Manchester, Manchester M13 9PL, UK, E-mail: sar-
alees.nadarajah@manchester.ac.uk
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2 Motivating Applications

2.1 Speech Enhancement

Over the past four decades, the problem of speech enhancement (SE) has been discussed by many
researchers, see e.g. [3]-[11]. The main objective of SE is to improve the performance of speech
communication systems in a noisy environment.

The noisy component of noisy speech is the sum of the independent components of clean speech
and noise. Usually, statistical models are used to estimate the clean speech and noise components.
In the case of spectral representation of the signal, these components will be complex variables and
one would model the statistical behavior of the real and imaginary parts. It is widely acknowl-
edged that the two most popular statistical models for speech data are the normal and Laplace
distributions.

Suppose X and Y are independent random variables representing the clean speech and noise
components (the real and imaginary parts of the components, in the case of the spectral represen-
tation), respectively. The problem of SE requires estimation of the noisy component given by the
sum Z =X +Y.

2.2 Option Pricing

The famous option pricing formula introduced by Kou [12] is derived by taking the sum of normal
and Laplace random variables with zero means.

2.3 Posterior Density of the Normal Standard Deviation

The most popular posterior distribution for the standard deviation of the normal distribution can
be obtained as follows. Suppose u is an observation from a normal distribution with mean A and
standard deviation w. Suppose too that the observer has some prior knowledge about A given by
p(A,w) = g(\), where g(-) denotes a symmetric probability density function (pdf). Then the joint
posterior of A and w will be

povertw e g0

Thus, the marginal posterior of w will be

pwlw « ["ew {—M}guw. 3)

PN 2w?

If we take g(-) to be a Laplace pdf then the posterior distribution given by (3) is the same as that
of the product XY when X ~ Normal and Y ~ Laplace are independent of each other.

2.4 Discrimination Problem

It is well-known that the normal distribution is used to analyze symmetric data with short tails,
while the Laplace distribution is used for data with long tails. Although these two distributions may
provide similar fit for moderate sample sizes, it is still desirable to choose the better fitting model
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since inference procedures often involve tail probabilities, where the distributional assumption be-
comes crucial. Hence, it is important to make the best possible decision based on the available
data.

Suppose an experimenter has n observations and the elementary data analysis, say a histogram,
stem and left plot, or the box plot, suggests that they have come from a symmetric distribution.
The experimenter wants to determine which of normal or Laplace distributions fits the data better.
The usual approach for this is based on discriminant analysis. In fact, Kundu [13] used the ratio
of maximized likelihoods to discriminate between normal and Laplace distributions.

A different approach is as follows. Let F 'x denote the estimate of the cdf of X by assuming
that the n observations come from (1). Similarly, let Fy denote the estimate of the cdf of Y by
assuming that the n observations come from (2). For every real number ¢ plot a point T'(c) in
a Cartesian coordinate system with the coordinates (Fx (c), Fy (c)). Note that the coordinates of
T(c) lie between 0 and 1, so that the graph is always located within the unit square {(x,y) : 0 <
x < 1,0 <y < 1}. Moreover, by letting ¢ = +00 we see that the graph always starts at (0,0) and
ends at (1,1). See Figure 1.

[Figure 1 about here.]

The above graph can be used to discriminate between the two distributions. Note that the area
above the graph is equal to

1
AX)Y) = /0 Pr(X <¢)dPr(Y <c¢)

1
= / Pr(X <c¢)fy(c)de
0
= Pr(X <Y).
In view of this relation, the area A(X,Y") can be utilized as a measure of the size difference between
the two distributions with A(X,Y) = 1 if and only if the distribution of X lies entirely below the

distribution of Y. On the other hand, if X and Y are identically distributed, A(X,Y) = 1/2.
Clearly, the computation of A(X,Y") requires the study of the distribution of the ratio X/Y.

3 Distribution of the Linear Combination

Here, we consider the distribution of Z = aX + Y when X and Y are independent random
variables, distributed according to (1) and (2), respectively. Theorem 1 derives explicit expressions
for the pdf and the cdf of Z in terms of the complementary error function.

Theorem 1 Suppose X and Y are independent random variables, distributed according to (1) and
(2), respectively. Then, the cdf of Z = aX + BY can be expressed as

1 BA+ap—=z\ 1 26(5)\+a,u—z)} <6)\+a,u—z aa)
e 4[2%( g ) e P e (P " Vg

_exp{i_2ﬁ(ﬁ>\+au—z)}erf0<ﬁ>\—l—au—z_ ao ) "
¢2 OZ2O'2¢ \/5&0’ \/56(25
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for —oo < z < co. The corresponding pdf can be expressed as

2
e - ABTBE) {_<z—m_2am} -

46¢ 20%c

for —oo < z < o0, where

A(Z) = ex (a202 — 9Bz + ¢52)\ i ¢aﬂu)2 erfc { 0202 Skl ¢52)\ . (baﬂu}
P 23%2¢%a’c? V2Bbac

and

B(Z) — exp{(a20'2+¢6Z—¢62)\_¢Q6M)2}erfc{a2a2+¢62 ¢62)\ <Z5aﬂ,u}

2ﬁ2¢2(¥20'2 \/’5¢a0_

Proof: The cdf Fiz(z) = Pr(aX + BY < z) can be expressed as

0 = & [ (2o ()
1 | w | z—pw — PN —ap
= %/_Ooexp <—7> ¢>< = )dUJ, (6)

where ®(-) denotes the cdf of the standard normal distribution. Using the relationship

B(—z) = %m(%),

(6) can be further rewritten as

B w | bw~+ A+ apu—z
Fz(z) = 4¢/ exp <—7> ( oo )dw

B w Bw~+ A+ ap—z

= 4¢{/0 exp< ¢>erf ( oI >dw

0o w —Bw+ BA+ap — =z
—I-/O exp <_$> erfc ( Toom ) dw}. (7)

The two integrals in (7) can be calculated by direct application of equation (2.8.9.1) in volume 2
of Prudnikov et al. [1]. The result follows. B

The following corollaries provide the cdfs for the sum and the difference of the normal and
Laplace random variables.

Corollary 1 Suppose X and Y are independent random variables, distributed according to (1) and
(2), respectively. Then, the cdf of Z = X +Y can be expressed as

1 A+ — 1 20+ pu— A+ p—
et = e () o [ B e (M )

_exp{i_2()\+,u—z)}erfc<)\—|—u—z_ o )
¢° o%¢ V2o V26
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for —oo < z < .

Proof: set « =1 and =1 into (4). B

Corollary 2 Suppose X andY are independent random variables, distributed according to (1) and
(2), respectively. Then, the cdf of Z = X —Y can be expressed as

FZ(Z) = i[2erfc<w>—exp{%+w}erfc<_)‘+:u’_z+ U)

V20 ) V20 V2¢

. 1 2(A4p—2) . “Atp—z o
‘ p{¢2 29 }efc< V2o \/§¢>>] ©)
for —oo < z < 0.

Proof: set « =1 and = —1 into (4). &

Note that the parameters in (4), (8) and (9) are functions of /o (coefficient of variation for the
normal model), A/¢ (coefficient of variation for the Laplace model), ¢/o (ratio of scale parameters),
and ¢.

4 Distribution of the Product

Theorem 2 derives an explicit expression for the cdf of | XY | in terms of the hypergeometric
function.

Theorem 2 Suppose X and Y are independent random variables, distributed according to (1) and
(2), respectively, with A = = 0. Then, the cdf of Z =| XY | can be expressed as

z 3C 13 1 22 z 33 22
F = = (= F3(=21,5— F3(1;2,=, = —— 1
Z(Z) \/5(}50{\/7_71 3(2;27 X 8(]5202)—’_\/5(}501 3( 79797 8(]5202)} (0)

for —oo < z < 0o, where C denotes Euler’s constant.

Proof: The cdf Fiz(z) = Pr(| XY |< z) can be expressed as

o = L {eli) (o)) o

where ®(-) denotes the cdf of the standard normal distribution. Using the relationship

B(—z) = %erfc <%> ,

(11) can be rewritten as

Fu(z) = 2¢/ exp< >erfc< fayyy> 1
(e
_ ¢/ exp< 1y>erfc< \/_0>dy—1 (12)
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The integral in (12) can be calculated by direct application of equation (2.8.5.14) in volume 2 of
Prudnikov et al. [1]. The result follows. B

Note that the parameters in (10) are functions of ¢o (product of scale parameters).

5 Distribution of the Ratio

Theorem 3 derives explicit expressions for the pdf and the cdf of | X/Y | in terms of the comple-
mentary error function.

Theorem 3 Suppose X and Y are independent random wvariables, distributed according to (1)
and (2), respectively, with A\ = 0. Then, the cdf of Z =| X/Y | can be expressed as Fz(z) =
G(z) — G(—z), where

1 02 + 202 I o
G(z) = 5 eXP <W> erfc <E + \/§¢z> (13)

for —oo < z < 0o0. The corresponding pdf is fz(z) = g(z) + g(—z), where g is the derivative of G

given by
B 1 o2 4+ 20z 0 o \?
1= agme eXp( 20%2 ) [ﬁazexp {_ <@ ! ﬁ¢>z>

— Vrpzerfe <é + \/gd)z) ] (14)

1 o
o (e )
for —oo < z < 0.

Proof: The cdf Fz(z) = Pr(| X/Y |< z) can be expressed as

s = ) (2 o

where ®(-) denotes the cdf of the standard normal distribution. Using the relationship

B(—z) = %erfc <%> ,
(15) can be rewritten as
) = [ o (B () (1Y,
(D)o (2l 2

The two integrals in (16) can be calculated by direct application of equation (2.8.9.1) in volume 2
of Prudnikov et al. [2]. The result follows. B

Note that the parameters in both (13) and (14) are functions of u/o (coefficient of variation)
and o/¢ (ratio of scale parameters).
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A Generalization Of An Integral Inequality

W. T. Sulaiman

Dept. of Mathematics, College of Computer Science
and Mathematics, University of Mosul, Iraqg.
Email. waadsulaiman@hotmail.com .

Abstract. A generalization of integral inequality
presented by [1] is given. Other new results are
also proved.

1. Introduction

The following open question was proposed in [2]
Under what conditons does the inequality

(1.1) .1[ f 7 (x)dx > jxﬁ f“(x)dx

hold for « and g ? 0 O

In [1], the authors gave an answer by establishing the following
Theorem . If the function f satisfies

(1.2) j f(t)dt > 1_2)‘2 . wxelod],

0

then
1 1
If“*ﬁ(x)dx > jxﬂ f«(x)dx
0 0
foreveryreal a>1 and g>0.

The aim of this paper is that to give some generalization of the previous result as
well as to establish another new result .

2. New Results

We state and prove the folowing
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Theorem 2.1. Let f,g,h be continuous functions defined on h([a,b]),[a,b]
respectively, f is nonnegative, g(h(a))=0, g'(h(x))h'(x)>1, Vx e[a,b]. his
nondecreasing and let o >1, #>0. If

(2.1) j (h(t))dt > jg h(t))g'(h®))h'(t)dt  Vxe[a,b],
then X
(2.2) [ (h)dt = [ £<(hr))g” (h(t))dt

Proof. Since (g(h(t)))rzg’(h(t))h’(t) >0, and h is nondecreasing, then g(h(t))
is increasing. Thatis g(h(t)) > g(h(a))=0. We have for y >0, via changing the
order of integration

[ £(h@) g ((h()g'(h())h'(x) dit dx

D — T

f(h(t)) j (1)) g'(h())h'(x) dxdit

[N

;jf h(t))g” (h(t))d
Also
t(h())g”*(h(x))g’(h())h'(x) dt dx

D ey T
X C— T

:TUf h(t) dtJ 2(h(x))g'(h(x))h'(x) dx
j[f g(h(®))g'(h(t) h(t)dtJ 7(h(x))g'(h())h’(x) dx
- 2 1070 - 0 (0o ()0 (h0) )
_1(g™( h(b) _97%(h(0) ) _ 97*(h(b))
2 y+2 y(y +2) '
Therefore,
i f h Ve h d > m
{ (h@)o (e = ==

By using the AG inequality, for « >1,
= £(h(0) + “29(h©) > F(r0)g” (1)
Multiplying the above inequality by g ?(h(t)) gives
éf“(h(t)) /(h®) + “2 g (h) 2 £ (b)) g (),
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which implies

f<(ht)g” (ht) = a f(h®)g“"*(h) - (@-Dg“” (h(t))
> a f(h(t)g“*(h(t))-(a -1 g“(h(t))g'(h(t))h'(t) dt .

Integrating both sides of the above inequality implies

o

t(h)g” (h)dt > a [ £(h()g*”*(ht)) dt

a

D ey T

—%a—DJg”ﬁhGDg(MOWKOm

SR RPN )
a+ f+1 a+ f+1
_ ga+ﬂ+1(h(b))
a+f+1

Now making use of the AG inequality again, to have

2t () + L g (D) = £9(h0)g” (o)
a+f

a+pf
and this implies

£ (ht)) 2 £(h))g” (h(t)) - ﬁﬂ g7 (h())

a+pf

> f(h(t))g” (h(t)) - mg“*ﬂ(h(t))g'(h(t))h'(t) .

On integrating the above from a to b, we obtain

o p a+p
— j f </ (h(t))dt >

a p o P
gl 0O (o)

+ af ﬂu t(h)g” (h®)dt - g« (h(t))g'(h())h'(t) dtj

a

(24 B a B
> gl T h@)e" o)
s ﬁ ga+ﬁ+l(h(b)) ~ ga+/3+1(h(b))
a+p\ a+f+1 a+ p+1
__C feo p
= ool O o)

The result follows.
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Theorem 2.2. Let f,g,h be continuous functions defined on h([a,b]),[a, b]
respectively, f is nonnegative, g(h(a))=0, g'(h(x))h'(x)>1, Vx e[a,b]. his
nondecreasing and let o >1, #>0. If

(23) [f(h@)dt < [g(h®)g'(h®)h'@)dt  vxe[ab),
and
(2.4) [ f(h)at z%gz(h(b)),

then (2.2) is satisfied .

Proof. Let y>0. Then we have

[ ()" (h())g'(h(x))h(x) dit dx

o

- If h(t)) T 2(h(x))g’(h(x))h'(x) dxdt

t

_1 [ 1(h)(g” (h(6))- g (h(t)))dt

9
o

7 a
> 27 ()~ [ 1(h®)g” (h®)ek
4 Va

Also,
f(h(t)) 9" (h(x))g(h(x))h(x) dt dx

D —— T
0 Sy

Uf h(t) dtj (h(x))g'(h(x))h'(x) dx

m'—.U g,-_,o—

(nga)) (ha))h'mdthy1(h<x>)g'(h<x>>h'<x>dx

=5 [o ) o) ax

2(]/ +2)
Therefore, we have
7+2 (h(b)) y , l b
2(7+2) (o) g(®))g’ (h(t))dt
2(7+2) 27/ (h(b))- 7}!: (9®)g” (h(t))
which implies
p 7+2 h b
[ 1(g)g” (et > 90O
2 y+2
The rest if the proof is exactly the same as what has been done in theorem 2.1.
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Theorem 2.3. Let f,g,h be continuous functions defined on h([a,b]),[a,b]
respectively, f is nonnegative, g(h(a))=0, g'(h(x))h'(x)>1, Vx e[a,b]. his
nondecreasingand let 0< S <a <1. If

(2.5) j f(h(t))dt < j g(h@))g'(h(t))h'®)dt  vxe[a,b],
then
(2.6) a! fe/(h(t))dt + ﬁ’! f“(h)g~(h(t))dt < ;_;ﬁﬁlg“ﬁ“(h(b))-

Proof . As before, it is not difficult to show that for » >0,

h , 9" (h(b)
! (g’ (hw)dt <=2

By the AG inequality, we have for 0<a <1,
1 a-1
- fe (h(t))+—a g (he) < f(h®)g“ " (h(t)

Multiplying the above inequality by g~ (h(t)) gives
= 1(h(0)g ” (h) + <29 (h®) < F(h0)g* " (h().
and this implies
t<(h®)g () < a f(h®)g“"*(ht)) - (@-1 9“7 (h(t))
< a f(h®)g“”*(h®)-(a-1g“” (ht)g'(h®)h(t),

and hence

[fe(h®)g”(h®)dt < a [ f(h®)g“”*(h(t)) dt

D e T

~(@=1)[g“”(h(®))g’'(h())h'(t)dt

B R L)) PN R L)
a-p+1 a-p+1
_ ga—ﬂﬂ(h(b))
a-p+1

Now making use of the AG inequality again, to have

@ et (ht)) - —L— g (hD) < f(h)g (D)

and this implies

@ gen(h) < £ (h)g 7 (hD) + —L— g= P (h(r)
a-p a-p
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< f(h(t)) g (h(t)) + ﬁg“”(h(t))g'(h(t))h'(t) .

On integrating the above from a to b, we obtain
b b
a [t (hw)dt + g £ (ht) g~ (h(t))dt

< af t(h®)g ™ (h®)dt + 9“7 (h(t))g'(h®)h'(t) it

£, 977 (0®) ;97" (b))

a-p+1 a-p+1
_ a+p a-p+1
= a g ? )

3. Applications

Remark 3.1. The result of [1] follows from Theorem 2.1 by puttimg
g(x)=h(x)=x, a=0,b=1.

Corollary 3.2. Let f, g be continuous functions defined on [a,b], f is
nonnegative,
g(@=0, g'(x)>1 vxe[a,b], andlet «>1, £>0. If

(3.1) _Tf(t)dt > Tg(t)g’(t)dt vx e[a,b],
then x X
(3.2) [ )dx = [ £9(x)g” (0 dx.

Proof. Follows from Theorem 2.1 by putting h(t) =t.

Corollary 3.3. Let f be nonnegative continuous function defined on [a,b], and let

a>1 B>0.If

(3.3) jlf(t)dt  x ‘Za)z vx e[a,b],

then

307
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(3.4) IJqf”’*ﬁ(x)dx > i(x—a)ﬂ fo(x)dx .

a

Proof. Follows from Corollary 3.2 by putting g(t)=t-—a.

Corollary 3.4. If f is continuous in the domain stated, and if « >1, >0, then
the following inequalities holds (follows from Corollary 3.2).

l2 7l2
(1) [ gde> [ £esin” xdx,
0 0
provided
l2
jf(t)dt > lcos2x  Wxe[0,7/2].
1 1
@) JFer (x> [ £2(x)(sin?x)" dx,
0 0
provided
1 2
[fmdt > %((%)2 ~(sin™x) )
. ;
©) J'f””ﬂ(x)dxzj'f(x)ln” xdx |
1 1
provided
b
[ f®dt>4(n%b-In2x) vxenb].
b b
() J'f“*/’(x)dxz jfa(x)eﬂde,
provided 7 7

_Tf(t)dt > 1(e® —e”) Vxe(-m,b].

Corollary 3.5. Let f, g be continuous functions defined on [a,b], f is nonnegative,
g(@)=0, g'(x) 21 vxe[a,b], andlet «>1, f>0. If

(3.5) JX‘f(t)dt < Ig(t)g'(t)dt vx e[a,b],
and a a
(3.6) [fmd = 59°0),

a

then
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(3.7) Tf“*ﬁ(x)dxz_Tf“(x)g”’(x)dx.

Proof. Follows from Theorem 2.2 by putting h(t) =t.

Corollary 3.6. Let f, k be nonnegative continuous functions defined on [0,b], k is
nonincreasing, k'(t) >1 v te[0,b], andlet ¢ >1, £>0. If

(3.8) Jx'f(t)dt < Jx'jk(u)k(t)du dt Vvxe[0,b],
and 0 00

(3.9) :[f(t)dt = %@k(u)duj ,

then

(3.10) jf“*ﬁ(x)dt > J'f“(x)k”’(x)x”’ dx.

t
Proof. Follows rom Corollary 3.5 by putting g(t):_[k(u)du as follows
0

b B

b X B b X
J'f“*ﬁ(x)dx > jfa(x)[jk(t)dtj dx > If“(x)kﬂ(x)(jdtj dx

0

:j'f“(x)kﬂ(x)x""dx.
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Abstract
This paper deals with certain class of kernels and investigates the convolution transform
of ultradistributions of Roumieu-type supported inside compact subsets. Inversion
sequence of operators of the transform is discussed.
Keywords: convolution transform, class of kernels, ultra-differentiable function, ultra-

distribution, Roumieu-type ultra-distribution.

1. Introduction

The generaized convolution transform [cf. [2]]
F(x)= (f(t).G(x- 1)), (1.2)

for a given x, is defined to be the number that f assigns to a test function space
containing the kernel G(x—t) as a function of t. The transform (1.1) is investigated by
Hirschman and Widder [3,4] by restricting the class of kernels G(t) to afairly wide class
of functions . Related formulae ,therein, are obtained. For real numbers ¢ and d , anong
others, [2] define a space |, of test functions by means of a sequence (y,),_ of

seminorms, where

V(@) =V ical@) = supk () (1) (12)
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K(t) isinfinitely smooth, K(t) # 0, and

e  fortO(Lw)

e  for tO(-c0,~1)

However, the above test function space |, meets the needs for quite variety of kernels

given by [3], [4]. In this research work, we consider the class of kernels defined by [1],

[S1.[3]

G(t)= % i [F (s)]_l e'ds
=] | Ala-5a) (- 9 6) X

exp(s(1/a - ¥/g))] " ¢ ds (1.3)
where, Rea, =3, ,Re5 = G 0< 3/ G<1) & <e,and N, + N_ =, where

N, = tim inf {N({a}.d- N{¢}.4},

X — *oo

and,  N({1,X) isthe number of a;s, b sbetween 0 and x.
2. The Convolution Transform of [ {ep}(R) and its Dual of Compact Support

The e's, i=0,1,2,.., wherever they appear, are to be considered as a sequence of
positive real numbers on which the following constraint is emposed [cf.[7,p.66]]

() g < ST ng'Q e g,, (Stability under ultradifferentiable operators)

Where, S>0,T > 1 being constants.
Aninfinitely differentiable function ¢ over R issaid to be an ultradifferentiable function
of Roumieu type if and only if for every compact subset K of R there are positive
constants A and C depending on ¢ and K such that

k
su 3 “x)

<CAg.
xOK | AX %




312

AL-OMARI : CERTAIN CLASS OF KERNELS FOR ROUMIEU CONVOLUTION...

The set of all such a gisdenoted by [ {ep}(R).

We denote by D{ep}(R) the strong dual of D{ep}(R). Its elements so-called

ultradistributions of Roumieu type of compact support.

Lemma 2.1 Let a, and a, be defined bfcf. [1,(2.1)]]

a, = ma>(ak Fooa, <0) a, = mirﬁak ® 3, > 0), (2.1)
such thatc<a, ,d>a,, then for realx and N, + N_ =« we have

G(x~t)0 Oy y(R)

whereG(t) is that defined bl.3).

Proof. Conditions c<a,, and d <a,, the fact that G(x~t) Ol [1, p.182] for any real

X, imply that
reo(G(x- 1) = supleG( x- p‘ 22)
tE(l,oo)
and
yk,cyd(G(x—t)) = sup P A( x )‘ (2.3)
tE(—oo,—l)

are both finite.

Considering t 0(1,0), we, for any x OR, choose sufficiently small constant E >0 such
that |G*)(x~t) < Ee*.

Allowing K vary over al compact subsets of (1,00) and considering supremum over all
t OK we have, by the structure of the sequence (ep), the existence of constants
A, ,h, >0 dependent on G(t) such that

sup G(k)(x—t)‘s EAeg. (2.4)

tOKO(1,e0)

Analogous argument for t 0(—c0,~1), yields that

sup l)‘G(k)(x— t)‘ <EAg. (2.5)

tOKO( 00—
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Combing (2.4) and (2.5) yields that,
sup|G(")(x— t)| < EAg,

tOKOR

for some positive constants E and A depending on G(t).
In view of above lemma and conditions employed on a,,a, and G(t), we define

the convolution transform of ultradistribution f 00 {ep}( R) to bethe map

F(x)=( f(t).G(x~ 1), (2.6)
for any real x.

Theorem 2.2Letc<a,,d>a,,a, and a, are as in(2.1), and N, + N_ = . Let the
sequence(ep) satisfy(i), then for f DD{ep}(R) we have

DiF(x) =( (1), DiG(x~ 1)), 2.7)
Proof. Conditions c<a,,d>a, and N, +N_=w implies that G(x~t)0 0 (R) .
Following [2], we attempt to prove the theorem by induction on the order of the

derivatives k.
For k=0, (2.7) isthat (2.6). Assume (2.7) is true for (k —1) derivatives. Let x

befixed and Ax # 0. consider,

dk—l k-1

) e Fler )= S 9 - 10 6lx-9) = 9

where

NOE (ﬁj{%e(xm X~ t)—%G(x— t)}—s?G(x— 0). 2.8)

To prove the theorem enough to prove that 7 Ax(t) - 0 uniformly in the topology
of I {ep}(R). For any non negative integer m, (2.8) can be written as

d mt+ k-1

0= G0 ) S eer @9

AX Ix-t x-t dx™ k-1
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Let | ={E:x—t—|Ax|<5< X—t+|4 >1} Then, Lemma 2.1, condition (i) and (2.9)

imply
- A dm+k—1 A _
|f722(t)|s| A Su% ez G(¢) < cl X ATy se (A" (210
2 o |dX 2
Hence,
supnf(t)< C Amer, @1y

toOK
where, C' = C@(AT)“'1 Se, and A = AT,

Allowing 4x - 0 in(2.10) together with (2.11) prove the theorem.

3. Inversion Formula.

Definition 3.1. Let R (D) be the inversion sequence of operators[1], [2]
-1
_ oo, D _D 1, A1
R(D)= e klzl(l a—nj(l C—J exf(a;* +6)D),

-1
where, e f(x) = f(x+ K, D:%. (1—%) is given by
CX 00 —CY
-1 ce|l eflydy forecO0
(1-Ej F(x) = I _Cy(y) 3.2)
—cef_we f(y dy fore<o

and limb, =0.

m- oo

Theorem 3.2 Under the hypothesis ¢2.6) and for a sequencg) satisfying(i) we
have,

F(x)0 Ogy(R)
for any real x.

Proof. Let K be a compact subset of R. and (ep) satisfy (i). Then, thereis r ON such

that



AL-OMARI : CERTAIN CLASS OF KERNELS FOR ROUMIEU CONVOLUTION... 315

D;F(x) < C max supD™*G{ x~ {

osksr ¢k

<C max|C A"“e,,

o<ksr

<D A'e,
where, D=CCA ST gand A = AT. Constants S,T arethat in (i). This completes the
proof of the theorem.

Theorem 3.3 Let F(x) =( f(t),G(x~ 1)) . We have,
R.(D)F(x)O 0 )(R)
where f DD{ep}(R) and (ep) satisfieq(i).
Proof. Presence of condition (i) is to ensure that F(x)00} }(R), see the above

kD kD
Theorem. The definition of e F(X) and properties of ¢, )(R) impliesthat e F(x) and

(1—%} F(x) arebothinO {¢,}(R). Weonly need to prove that

D
(1—EJF(X)D D) (R) -

For, let a>0. By Theorem 3.2, we find positive constants C and A such that
supD;F(x)| < CA’g, (3.2)
toOK

for any compact subset K of R. Employing (3.1) and integrating by parts, n-times, we

have

s (12) F= g Std o

=a6] e H Y dy

Thus, invoking (3.2) we have
aa% [

eli-2)
1-—] F(x
= (¥
Analogous proof can be followed for a <0. Hence, our theorem is completely proved.

-ay

e[QF()‘dy< CAe

<

a
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Theorem 3.4 Let a,,a, have similar conditions as in Theoreh®. Then, for f (t)O

O {ep}(R) and condition(i) holds, we have

im(R,(D) F"(x).604)=( (9.6(1).

m- oo

Whered 0D (Schwartz test function spgce 12N .
Proof issimilar tothat in [8, Theo. 3.2].
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Abstract

In contrast with the convergence and Gibbs phenomenon for the classical Fourier series,
the same problems are treated for generalized Fourier series in this paper. More precisely, the
pointwise and uniform convergence are discussed; It turns out that the Gibbs phenomenon
can be removed at rational discontinuity under some conditions. Finally, some numerical
experiments are presented to illustrate our theory.

Key Words: generalized Fourier series, pointwise convergence, uniform convergence, Gibbs

phenomenon
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1 Introduction

Fourier series is important in both mathematics and engineering. One of fundamental problems
in that area is the convergence in some senses. Let f € L?([0,1]) be 1-periodic. Then its Fourier
series is defined by S(f, -) = Y ez cne?™ on R, where the Fourier coefficients ¢, are given by
the formula ¢, = fol f(x)e 2™=dy for n € Z. A Fourier series is called convergent (uniformly
convergent), if the partial sums

N
SN(f, .) — Z cneu”n'
n=—N

is convergent (uniformly convergent). For the convergence of Fourier series, the following well

known theorems are of importance.

*Supported by the National Natural Science Foundation of China (Grant No. 10671008)
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Theorem A. (Jordan’s test) Let f be 1-periodic and of bounded variation in some neighborhood
N(x) of x € R. Then

lim S (f, ) = 5 [f(z+0) + fz—0)].

N—o0
If, in addition, f is continuous at z, then limy_,oo SN (f, x) = f(z) holds automatically; Moreover,
if f is continuous in N(x), then imy_oo SN(f, -) = f(-) uniformly on any closed subinterval of
N(z).

Theorem B. Let f be a 1-periodic function and of bounded variation on [0, 1]. If f has a jump
discontinuity at x € (0, 1) and is continuous on (x — 0, x) U (z, © + §) for some § > 0, then there
exists the Gibbs phenomenon at x, i.e., the Fourier series S(f, -) does not converge uniformly to
fin N(z).

From Theorem B, we find that when a Fourier series is used to approximate a function f with
a jump discontinuity, the N-th partial sum of f overshoots the function value at the jump point.
This Gibbs phenomenon was studied by Wilbraham ([16]), Michelson ([11]) and Gibbs ([2]) long
time ago. More investigations can be found in many references, e. g. in [1], [12], [15], [17] and
etc. Two dimensional cases were treated very recently by G. Helmberg in [3], [4], [5].

Although wavelet analysis shows many advantages over the classical Fourier analysis, all
standard wavelet expansions do exhibit Gibbs phenomenon ([7], [13] and [14]). This is not good,
because in many applications, Gibbs phenomenon represents an undesirable effect. Many efforts
have been made to eliminate or remove this behavior. For example, to avoid it, either Cesaro or
the Abel means are used instead of the partial sums of the Fourier series.

This paper is devoted to the convergence and Gibbs phenomenon for generalized Fourier
series. Before proceeding, let us first briefly introduce generalized Fourier series. It is well known
that the classical Fourier basis does not give a satisfactory representation of a nonlinear and non-
stationary signal ([6]). To better deal with such signals and to overcome shortcoming of Fourier
basis, the authors of [10] introduce a class of orthonormal exponential bases, which includes the
classical Fourier basis, the Walsh system and others: Let

anx + by, x €
gn(x) ==
cnx +dy, T€E

be real-valued functions for n € Z. Then a characterization is given for {612”9" : n € Z} to be
an orthonormal basis for L?([0,1]). Li and Yan ([8]) extend that result to multi-knot piecewise
linear functions:

Theorem C. Let q € N be a positive integer and Ny := {0, 1, ..., g—1}. Forn € Z and | € N,
define 1-periodic function gy, by

Gna(z) := alx + bf;w x e I, (1)

where I; = [%, %) (0<j<q-1), a% depends on n,j and {a% tnE Z} = qZ for j € Ny. Then
the set ‘
G := {67’2”9"71 :nez,le Nq} (2)
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forms an orthonormal basis for the space L?([0,1]) if and only if

1 12 bj
B ::—(elﬂnvl) 3
"V 1,jEN, (3)
is unitary for each n € 7.

Many examples are given by this theorem ([8]). In particular, Theorem C leads to the results
n [10], when ¢ = 2. As the Fourier basis, G constitutes bases, but not unconditional bases, for
LP([0,1]) with 1 < p < 0o, p # 2 ([9]). We call the function system G defined by (2) the generalized
Fourier system. Similar to the classical Fourier series, the generalized Fourier series of f is defined
by

q—1 .
= 33 el ®)

neZ =0

where the generalized Fourier coefficients ¢, ; are given by

1 .
it = / Fla)e 27910 g (5)
0

for n € Z and | € N,;. The partial sums of generalized Fourier series of function f are well-defined
on the whole real line by

N q-1
Z Z 127Tgn l( (6)
——N =0

for N =0,1,--- . Throughout the paper, we always assume that g > 2, because ¢ = 1 essentially

n=

reduces to the classical Fourier series.

In the next section, some sufficient conditions are provided for pointwise and uniform conver-
gence of Gn(f, -); Further, it is shown that Gibbs phenomenon for generalized Fourier series can
be removed at rational discontinuity under some conditions. Examples and numerical experiments
are presented in Section 3 to illustrate our theory.

2 Convergence and Gibbs Phenomenon

We always use generalized Fourier bases given in Theorem C, when discuss the convergence of a
generalized Fourier series. The following simple lemma will be frequently used in this section.

Lemma 1 For f € L*([0,1]) and k € N, define 1-periodic function hy by

m)i=1 (“EF) 7)

q

on [0, 1). Then, on I} =: {%,%‘1) ,

lim GN(f -):]\}i_I)HOOSN (hk, q-—k). (8)

N—o0
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Proof Recall that for z € Iy, gn (z) = akz + bful and

N q-—1

ok ok
Gn(f, ) = Z ch,l(?l%b"'lemmnx

n=—N =0

with &, ; = fol f(y)e*iQ’Tg"vl(y)dy. Then ¢, ;| = Z?;é e 1270, flj f(y)e*izmglydy. Substituting this
into Gn(f, ) and using the unitary property of B, (Theorem C'), one has

N . . N 1 . .
GN(f, x) =q Z ( f(y)emmﬁydy) 6127raﬁz — Z </ hk(t)emﬂaﬁ-tgkdt> 6127”15133.
n=—N I n=—N 0

Note that {a% S Z} = qZ for each j € N;. Then

N

1 - ak ok
Gn(frx)= ( /0 hk<t>e””q‘tdt> P ),

n=—N

which is a classical Fourier partial sum of function hy at gz — k. Finally (8) follows easily . O

By Theorem A and Lemma 1, we obtain the following pointwise convergence of the generalized
Fourier series of a 1-periodic function f of bounded variation.

Proposition 1 If f is 1-periodic and of bounded variation in some neighborhood N (z) of z, then
[f(x+0)+ f(z—0)], v € (0, D\,

1
. B 2
zx}gllooGN(f7$)_ %[f(m+0)+f<$+%—0)}v SL'G%-

Proof For z € [0, 1), there exists uniquely k£ € N, such that z € Ij,. Define 1-periodic function

hye by
hi() =: f (T)

on [0, 1), as in (7). Then hy is of bounded variation in some N (gz — k). Hence, one can conclude
limy oo Sy (hg, gr — k) = % [hi(qx — k 4+ 0) + hi(gx — k — 0)], according to Theorem A. When
we (5,25 gz —k € (0,1) and hy(gz —k+0) = f (¢ +0) , hy(gz —k —0) = f (¢ — 0). Therefore,
the above limit value reduces to 3 [f (z + 0) + f (x — 0)]. Similarly, when z = g, hi(gr —k—0) =

hi(0 — 0) = hy(1 — 0) = f(:c—l—%—O) and hy(gz — k +0) = hy(0 +0) = f(x +0). Hence,

My —oo SN (M, gz — k) = & [f (x+0)+ f <w + % - O)] . These together with Lemma 1 leads to
the final result. O

Proposition 1 gives point-wise convergence of a generalized Fourier series. Comparing with
. N .
Theorem A, the difference behaves on the set 7‘1. Now, we turn to the uniform convergence of a

generalized Fourier series.
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Theorem 1 Let f be 1-periodic, of bounded variation on [0, 1] and continuous in some neigh-
borhood N(z) of x. Then imn_.oc GN(f, -) = f(-) uniformly in each closed subinterval of N(x)
if one of the following two conditions holds:

(i) N() € (0, I\,

(ii) v = g with k € Ny, f is continuous on (x — %,(51) U (02,2 + %) with 61,02 > 0 and

f(x—%):f(:n—%—kO):f(:n):f(:n%—%—O).

Proof One proves case 1 firstly: Since N(x) C (0, 1)\%, N(z) C (%, %) C I, for some k € N,.
Assume N(z) = (x — §,z + 0) =: N(x,0) for some ¢ > 0. Define 1—periodic function hx by

hi() == f <—;k>

on [0, 1). Then, hy is of bounded variation on and continuous in N(gz — k,¢d) due to that of
fin N(z,6). By Theorem A, limy_. Sn(hi, ) = hi(-) uniformly on each closed subinterval
of N(qx — k, qd). Equivalently, limy_,o. Sy (hg,q - —k) = hi(q - —k) uniformly of N(z,d). Using
Lemma 1 and the fact hy(q- —k) = f() on Ij, one has that

Jim G (f,) = Jim Sw(hi,q-—k) = ()

uniformly in each closed subinterval of N(z,d). This completes the first part.
For x = g, one observes hy(0 4 0) = hy(0) due to the continuity of f in N(x). On the other

hand, h;(0 — 0) = hg(1 — 0) = hg(0) because of the assumption f (z) = f (x + % — 0) . Hence
hy is continuous at 0. Moreover, the continuity of f on (z,x + d) U (2, + %) implies that hy is
continuous in (—¢, gd) for some € > 0. Again using Theorem A, one knows that

lim Sy (hg,-) = hi(:)

N—oo

uniformly on each closed subinterval of (—¢, ¢d). Then it follows from Lemma 1 and the definition
of hy that limy_.oo GN(f, ) = imy 0o SN (hg, q- —k) = f(-) uniformly on each closed subinterval
of (x — ¢,z +9).

To finish case 2, it is sufficient to show limy_,oc GN(f,) = f(+) uniformly on each closed
subinterval of (z — 6, + ), for which one considers similarly 1-periodic function

)= g () )

on [0, 1). Note that the continuity of hy_1 on (1—gd, 1+€) (for some € > 0) comes from that of f on
(z—1,61)U(e—6,z) and | <x - =y <x ~140) = f(2). Then limy e Sn (h1,) = b1 (")
uniformly on each closed subinterval of (1 — ¢d,1 + €). Moreover, by Lemma 1 and the definition
for hy_1, one concludes that limy_,oo GN(f,t) = imy_ 0o SN (hr—1,qt — k + 1) = f(t) uniformly

on each closed subinterval of (z — 6,2 + {). Finally, the desired result follows. [J

Remark 1 The condition f(x)
tinuity of f at x implies f(x) = f(x + 0). Combining this with Proposition 1, one receives the
desired.

(x + é — 0) in Theorem 1 is necessary: In fact, the con-
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Theorem 1 shows that the uniform convergence for generalized Fourier series keeps the same as
the classical Fourier series, when a neighborhood N (x) doesn’t intersect with %; If N(z)n % # 0,
the situation changes. However, it provides a chance to avoid Gibbs phenomenon, as seen in
Theorem 2. This is an advantage over the classical Fourier series. Now, we give a simple lemma
to introduce the next theorem.

Lemma 2 Let g € 2N and ¢ be a 1-periodic function defined by

1, x GIQj,
w»:{_4 (10)

, T E 12j+1

for j € Nyjp. Then limy oo Gn(p, -) = () uniformly on [0, 1].

Proof Note that ¢(-) is continuous on (0, 1)\—‘1 and p(z) = p(x +0) = oz + % —0) for

2 € N Then limy_o0 Gn(p, -) = ¢(-) pointwise by Proposition 1. Now, it is sufficient to show
the unlform convergence:
For j € Ny and p € ¢Z, let m := ﬁ{n €Z: al :p} stand for the cardinality of the set.

Because the generalized Fourier system {ei%g"’l :nezle Nq} forms an orthonormal basis for
L*([0, 1]), for f() = €*™xy,(-) € L*([0, 1)),
/ 127r p an)xdx

/]f ]d:L‘—ZZ/f _12”9’” ) dz

neZ [=0
This with p—a?, € qZ leads to % = qm(%)2 and m = 1. In particular, m =: # {n €Z: a) = 0} =1.

2

_qz

nez

It follows that there exists uniquely n; € Z such that al, ; = 0 for each j € Ny. Since ¢ is a constant
on I, and a}, € qZ,

1 .
i = [ pla)eBrmiDdz 0
0
for n # nj, j € Ny. Define Ny = max{ |n;| : j € Ng}. Then, for N > N,
-1

Gl ) = Gyl ) = 3 g e 270010,

g
l

[y

Q
[}

.
i

o
Il

=)

Therefore Gy (¢, ) converges uniformly on [0, 1] as N — oco. This completes the proof. [J

Using Theorem 1 and Lemma 2, we prove the following result: It tells us that the Gibbs
phenomenon doesn’t happen, when a family of functions are represented by generalized Fourier
series; While it does by the classical Fourier series.

Theorem 2 Suppose that v = % € [0, 1) be a rational number. Let f be 1-periodic, of bounded
variation on [0, 1] and have a jump discontinuity at x. If f is continuous on (m—f 01)U(z—0, z)U

(x,x+5)u(52,x+%) for some 6,081,902 > 0 andf(z:—%) :f(:v—%%—O) =f(x—0), f(z)=

flx4+0)=f (1‘ + % - 0) , then limy_oo GN(f, ©) = f(-) uniformly in each closed subinterval of
(x — 0,2 +0).
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Proof Let!:= i[f(z+0)— f(z —0)] and ¢ be the function in (10). Since z = g €l0,1)isa
rational number, one can assume ¢ € 2N and k£ € N;. Moreover, define

h(-) = f()) £lp()

on R, where one takes “—" if k € 2N, 5 and “+” otherwise. Then h is 1-periodic and of bounded
variation on [0, 1]. Since ¢(x + 0) = 1, when k € 2N, /5 and p(z +0) = —1 otherwise,

h(x+0):f(a:+0)j:lcp(a:+0):f(:c+0)—l:%[f(a:+0)+f(:c—0)].

Similarly, h(z —0) = f(z —0) £ lp(z —0) = f(x—0)+1 = L[f(z+0) + f(z — 0)]. This shows that
h(z + 0) = h(x — 0). Moreover, one can conclude h(z + 0) = h(z), because ¢ is right continuous
at x and the assumption f (z) = f(x + 0). Consequently, h is continuous at x. Moreover, the
continuity of f and ¢ on (z — %,51) U (z — do, ) U (x, x + dp) U (02, + %) implies that h is
continuous on (z — %, 91) U (z — do, © + o) U (92,2 + %)

Note that ¢(x +0) = ¢ (:U + % - O) and the given condition f(z + 0) = (x + % -0

f
Then h(z+0) =h (x + é - 0) . Similar arguments shows h(z —0) = h (:L‘ — % + 0) =h (ZL’ — %
Combining this with the continuity of h at x, one has h(z) = h (;1: + % - O) =h (x - % + 0) =

h (w - %) . By Theorem 1, limy_.c Gn(h, -) = h(-) uniformly in each closed subinterval of (z —
0,z +9). Using Gn(h, -) = GN(f, -) £IGN(p, -) and Lemma 2, one receives the desired. [J

Remark 2 An example for f is the function ¢ given in (10). There are many others, as seen
in the next section. For arbitrary rational number x € [0, 1), there always exist ¢ € 2N and
k € Ny such that x = %. By Theorem 2, we can choose adaptively the generalized Fourier system
according to q such that the Gibbs phenomenon is removed at the discontinuity x.

Remark 3 It should be pointed out that the condition f(x) = f(z +0) = f (w—i— % - 0) in
Theorem 2 is necessary: In fact, the uniform convergence of imy_.oo GN(f, ) = f(-) implies that
of imy 00 SN (hi, ¢-—k) = hi(q-—k) on [z, x+¢€], thanks to Lemma 1 and the definition of hy in
(7). Using the continuity of Sy (hg, q¢-—k), one knows that hi(q-—k) is continuous on [z, x+¢€| and
furthermore f(x) = f(x+0). This together with Proposition 1 leads to f(x+0) = f (:c + % — 0).

A disadvantage of Theorem 2 is the assumption of z being rational. However, the following
proposition shows that the Gibbs phenomenon always happens at the irrational jump discontinuity
using a generalized Fourier system given in [8] and [10]. It is a good idea to study generalized
Fourier bases with irrational knots. However, it seems to us not so easy.

Proposition 2 Let f be 1-periodic and of bounded variation on [0, 1]. If f has a irrational jump
discontinuity at x € (0, 1) and is continuous on (x — 9§, x) U (z, x + §) for some § > 0. Then
G(f, -) shows Gibbs phenomenon at x.

Proof Since z € (0, 1) is irrational, there exist 2 < ¢ € N and k € N, such that z € (g, %)
Let hi be defined as in (7). Then gz — k is a discontinuity of hx and hy is continuous on
(gx — k — qd, gx — k) U (qz — k, gz — k + ¢d). By Theorem B, Sy (hg, ¢ - —k) does not converge
uniformly to hi(q - —k) in N(x) as N — oo. This together with Lemma 1 yields that Gn(f,-)

does not converge uniformly to f(-) in N(z). Finally, the desired follows. [J
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3 Numerical Results

In this section, some numerical results are given to illustrate our theory established in Section 2.
In all examples, we take N = 50, ¢ = 2 and

| 2na, z € [0, %),
gn,0(x) = { 2nx + %, x € [% 1

| 2nz, x €0, %),
gn.1(2) = { 2nx+1, x € [% 1

Figure 1 and Figure 2 shows that the Gibbs phenomenon can be completely removed at 0, %, 1 by
using generalized Fourier system and can’t be by the classical Fourier basis; Gibbs phenomenon
) %7
Figure 4 and Figure 5, we see that a generalized Fourier system is not necessarily better than the

still exists at O 1 in Figure 3, because the conditions in Theorem 2 are not satisfied; From

Fourier system. Figure 4 shows that the Gibbs phenomenon exists even at the continuity %, if
f (% —0) # f(0+0). When that condition holds, the Gibbs phenomenon does’t happen at the
continuity %, see Figure 5.

Acknowledgements We would like to thank Prof. Yuesheng Xu very much for his valuable
discussion.
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Figure 1: (1): original signal f; (2): Sn(f, z); (3): GN(f, x)
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Figure 2: (1): original signal f; (2): Sy(f, z); (3): GN(f, x)
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Figure 3: (1): original signal f; (2): Sn(f, z); (3): GnN(f, x)
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Figure 4: (1): original signal f; (2): Sy (f, );
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Figure 5: (1): original signal f; (2): Sy(f, z);
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Abstract

A one parameter semi-group of operators is a function F : [0, co] — L(X, X),
such that: (i) F(s+t) = F(s)F(t)and (ii) F'(0) = I, where X is a Banach space
and L(X, X) is the space of all bounded linear operators on X.

In this paper we define a novel order on general Banach spaces that induces a
continuous half-norm different from the well known canonical half-norm considered
by Arendt. Such half-norm defines a positive cone X+ which enables one to define
positive semi-groups and get results similar to those in the case of C[a,b], the Banach
space of continuos functions on the compact interval [a,b]. We try to characterize
semigroups which leave such X invariant.
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0. Introduction.

Let X be a Banach space and L(X) be the space of bounded linear operators on
X. A semigroup on X is a map T : [0,00) — L(X) that satisfies (i) T(0) = I, the
identity operator on X, (i) T(s+t) = T(s)T(t). We write (T'(t)) to denote such a
semigroup. The semigroup (7'(t)) is called a ¢y semigroup if T is a continuous map
when L(X) has the strong operator topology. The infinitesimal generator of (T'(t))
is the linear operator A defined by

D(A) = {x € X: lim % exists} and Az = lim % for all z € D(A).

t—0+ t—0+

If X is an ordered Banach space and X is the cone of positive elements in X,
[5], then the semigroup (7'(t)) is called positive if T(t)X T C X+ for all ¢ > 0, [12].
Positive semigroups on general ordered Banach spaces have been investigated by
many authors,[1], [2], [3] and [4]. The Banach space C'(K), the continuous functions
on a compact metric space K, is an ordered Banach space with the natural order,
f>gif f(t) > g(t) for all t € K. Such order gives C(K) a rich structure that
enabled researchers to prove deep and more results on positive semigroups on C'(K)
than on general ordered Banach spaces, [1], [8].

It is the object of this paper to define a new order on general Banach spaces,
X, using the extreme points of the unit ball of X* that produces rich structure on
X, similar in some way to that on C(K). This enabled us to introduce new
concepts on Banach spaces with our new order, that is known to hold
only for Banach lattices, such as the positive minimum principle,and we
prove similar results on semigroups on X as some of those on C(K) that
does not hold for general ordered Banach spaces.

I. The New Order on Banach Spaces.

Let X* be the dual of the Banach space X, and By (X*) be the unit ball of X*.
It is Known [6], that Bq(X™) is the w*—closed convex hull of its extreme points.
Let K be the collection of all sets of linearly independent extreme points of
B1(X™*). K is ordered by inclusion : A< B if ACB for A Be€K.

A
Now let C be a chain in K, and C = (J A. Since C is a chain, the elements of
AeC

8’ are linearly independent extreme points, and A C 8’ for all A € C. Thus C has
an upper bound. By Zorn’s Lemma, K has a maximal element say 2. Thus 2 is a
maximal subset of linearly independent extreme points of By (X™*).

Two subsets A and B of the set 2 is said to form a cut of 2 if and only if

A=AUBand ANB =0 and X* = [A] & [B].

Example 1.1. The natural basis (J,,) of I! = ¢} is a maximal subset of linearly
independent extreme points of By(I'). The same holds for I? = (IP*)*, 1 < p < o0,
Tt =1

Example 1.2. Let (e,), (f.) be two orthonormal basis of 2, and X = K(I?),
the space of compact operators on [2. It is known, [10], that X* = Cy(I?), trace
class operators. The set A = {e; ® f; :4,j € N} is a maximal subset of linearly
independent extreme points of By (X*), [16].
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Example 1.3. Let X = C(K), space of continuous functions on the compact
set K. For t € K, let §; be the point mass measure on K. The set A = {¢; : t € K’}
is a maximal subset of linearly independent extreme points of By (X™*).

It should be remarked that the above sets 2 give the natural ordering on the
corresponding space.

Now we use the set 2 to define a new order on any Banach space X.

Definition 1.4. Let 2 be a fixed maximal subset of linearly independent ex-
treme points of By (X*). An element z € X will be called positive (strictly positive)
if (x,2*) >0 ({z,z*)>0) for all z* € A. We write > 0 (z > 0) for positive
(strictly positive) z € X.

Definition 1.5. Let X be a Banach space and 2 be a fixed maximal subset
of linearly independent extreme points of B1(X*). For z,y € X, we say « < y if
y—a > 0.

We should remark that it could happen that for certain maximal subsets A ,
X may has no strictly positive elements. But, since if a* € extB;(X™*), then
—z* € extB(X™*), we can choose A such that X has strictly positive elements.

Proposition 1.6. For any Banach space X, the relation “ < ” is a partial order
on X.

Proof. The reflexivity and transitivity of “< ” is clear. We only prove the
antisymmetric..

For z,y € X, let x <y and y < z. Then (z — y,2*) > 0 and (y — x,z*) > 0 for
all * € 2. This implies that (y — x,2*) = 0 for all z* € A. But 2 is a maximal
linearly independent subset of extreme points of (B1(X*)). Hence (y —z,2*) =0
for all 2* € FEzt(B1(X*)) and so (y — z,2*) = 0 for 2* € Conv(Exzt(B1(X"))).
Consequently (y —z,2*) = 0 for z* € w*—closure of Conv(Ext(B1(X*))). By
Krein-Milman Theorem, [6], (y — z,2*) = 0 for all * € B;(X*). Thus y — 2 =0
and y = .

Definition 1.7. For a Banach space X, X* is called 2 decomposable if there

exists A > 0 such that for any cut A and B of 2 the subspaces [A] and [B] are

complemented in X*, and the projection P : X* = [A] + [B] — [A] has norm
||| < A, where [A] and [B] are the w*-closure of the subspaces of X* generated by
A and B respectively.

Proposition 1.8. The spaces I”, 1 < p < co and M(K) are 2 decomposable
with A =1 and A ={d,}, {J: : t € K} respectively.

Proof. We will prove that M (K) is decomposable with A = 1.

Let A and B be two disjoint subsets of 2. Then there exist two disjoint subsets
FEq,Ey in K such that K = EiUFE, and A = {6;: te By}, B={0;:t€ E>}.
Consequently [A] and [B] are subspaces of M (K) such that M(K) = M(E;) ®
M(E5), with M(E;) = w* — cl(A), and M(F2) = w* — cl(B).Further for any
x € M(K):xz=y+z, where,y = w*=lim >  x:0;and z = w*—lim Y  x:d;,

teDCE: teEQCE;
where D and @ are finite sets in Ey and Es,respectively. Further |ly|| < ||z||. Thus
the projection P onto w* — cl(A) has norm < 1.

Now : let X be a Banach space with 20 a fixed maximal subset of linearly
independent extreme points of By (X™*) such that X* is 2 decomposable. For z,y
inXlet: A ={z*eA: (y—z,z*) >0}and Ay = {z* € A: (y —z, z*) <0}.
Then 2A; , s form a cut of /A. Further : x <y on 2A; and y < z on As. Define :
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m,:{g " EH and My:{; o EH

Let P : X* — [24] be the projection on [24]. Since X* is decomposable, then

P(z*) = a* for x* € [4] and P(z*) = 0 for * € [2s]. Thus zVy can be extended to
a continuous linear functional on X* by setting z Vy(z*) = = Vy(P(z*)). Similarly

A
forx Ay. Let 27 =2V 0, 2= =2 A0, X = span XU {2, 27 : 2z € X} in X**,
and |z| =2t + 2.

Definition 1.9. A Banach space X will be called absolute if for every z € X

both 2 and x~ are in X. In other words X = )/S

Proposition 1.10. The spaces, ¢g , P, 1 < p < 00, and C(K) are absolute
Banach spaces.

Proof. We prove the lemma for P, 1 < p < co.

Let x = (x,) € IP. Let A= {6, : n € N} be the fixed maximal subset of linearly
independent extreme points of Bj(IP*). So

B ={6,ed: z, >0} and Yy ={d,€UA: z, <0}.

Now:let I={neN:§,edtand J={ne N :0, € As}. Clearly INJ = 0,

so Uy and QA form a cut of A. For k € N

+ _ Tk kel _ _ —Tk kelJ
(@ "5k>_{0 keJ} and  (z ’5’f>_{o kel [

Thus : )
p\” o p)”
ot = (Z o) < (S o) <,
kel k=1
1 1
- p\” S p\”
ool = (S b)) < (£ b)) <o
keJ k=1
So both T and ™ are in [P. Hence |z| = 2T +2z~ € [P and [? is an absolute Banach
space.

Proposition 1.11. Let X be an absolute Banach space and 2 be a fixed
maximal subset of linearly independent extreme points of By (X™*) such that X* is
2A decomposable. Then :

(7) |z| >0 forall z € X.

(17) —|z] <z <|z| foral xe X.

Proof. Since X is an absolute Banach space, then |z| € X for all z €
X. Now for a* € either z* € A = {z*€A: (x,z*) >0} or a* € Ay =
{z*eA: (x,z*) <0}. If z* € Ay, then (|z|,z*) = (z,2*) > 0. If z* € Ay,
then (|z|,z*) = (—z,2™) = —(x,2*) > 0. So |z| > 0 and =z < |z| for all z € X.
Similarly — |z| < z for all z € X. Hence — |z| < z < |z| for all z € X.

Remark 1.12. For z,y € X, let sup {x,y}, inf {z,y} denote the least upper
bound and the greatest lower bound of the set {z,y} respectively.

Definition 1.13. The ordered Banach space ( X, <) is called a Banach lattice
if for each pair (z,y) € X x X, the elements sup {z,y} = ¢ Vy and inf {z,y} = Ay
exist in X.

Proposition 1.14. An absolute Banach space is a Banach lattice and reflexivity
guarantees the absoluteness.

Proof. Let X be a reflexive Banach space and 2 be a fixed maximal subset of
independent extreme points of By (X*) with X* be 2 decomposable. Then z V y
and = Ay are in X. For z* € %4, one has : (zVy,z*) = (y,a*) > (z,2*). For
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x* € As : (xVy,x*) = (x,x*). Hence (x,z*) < (xVy,z*) for all z* € A which
implies that z < x V y. Similarly y < z Vy. So z V y is an upper bound for {z,y}.

To prove that = V y is the least upper bound for {z,y}, suppose there exists
w € X such that t <w , y <wand w <z Vy. Let z* € A. Then :

(x,2*) <{w,z*) < (zVy,z*) and (y,z*) <{(w,z*) <(zxVy,z*).

But either z* € 2y or z* € As. If 2* € 24, then (y,z*) = (z Vy,z*) < (w,z*),
and so (z Vy,z*) = (w,z*). If * € Ao, then (x,2*) = (z Vy,z*) < (w,z*), and
so (zVy,z*) = (w,z*) . Consequently z Vy = sup {z,y}.

Similarly Ay = inf {z, y}.

Corollary 1.15. [P, 1 < p < o is a lattice.

One also can prove :

Proposition 1.16. The Banach space ¢ with % = {d,, : n € N} is a lattice,
and the Banach space C(K) with A = {d; : ¢ € K} is a lattice.

Definition 1.17. Let X be a Banach space ordered by 2 a fixed maximal
subset of linearly independent extreme points of B;(X™*) and B be a subset of X.
We say that :

(¢) B is bounded above if there exists a € X such that < q for all x € B.

(#) B is bounded below if there exists b € X such that b < z for all z € B.

Proposition 1.18. (a) every set B in ¢y and I? ;1 < p < oo, that is bounded
above has a supremum.

(b) every set Bin ¢y and [P ;1 < p < 00, that is bounded below has an infimum.

(¢) If a Banach space X contains a strictly positive element z , then it contains
infinitely many strictly positive elements.

(d) int(c) =0, int(?") =0 and int(C(K)*) # 0.

Proof. (a) Let B C {? and B be bounded above. Then there exists y = (y,,) €
[P such that z = (z,,) <y for all x € B. So z,, <y, for all n € N and for all z € B.

Now : let H,, = {(x,0,) : € B}. Then for each n € N, H,, is a bounded set of
real numbers. So it has a supremum. Let z = (z,,) be defined as z,, = sup H,,. So
Ty < zp <y, for all n € N. That z € [P follows from

Z |2n]” < Z |Znl” + |ynl” < oo

That z = sup B follows from zn = sup {(x,0,) : * € B}. The proof for ¢y is similar
and it will be omitted.

(b) The proof is similar to(a).

(¢) In fact for all positive integers n, nzg € X and (nzg,z*) = n (xg,z*) > 0.

(d) We will prove int(cj ) = 0. Let g = (z,,) € int(c] ). Then there exists ¢ > 0
such that the ball B(zg, €) C car. Since xg = (x,) € ¢o , then nlinéoscn = 0. So there

exists ng € N such that |z,| < § for all n > ng. Let y = (y,) be such that :

Ty n < ng
Yn = -3 nyg <n < 2ng
0 n > 2ng
Then :
ly — ol = sup|yn — 2| < sup |:cn ——f<f+i<e
n>ng
3

This implies that y € B(mo ,€) and (y,0,) =y, = —< forall ng <n <2ng.So
y ¢ cf and so xg ¢ int(cy ). Thus int(cl) = @
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Proposition 1.19. Let X be a Banach space and 2 be a fixed maximal subset
of linearly independent extreme points of By (X*). Then set X* = {z € X : 2 > 0}
is a normed closed cone in X.

Proposition 1.20. Let X be a Banach space and 2 be a fixed maximal subset
of linearly independent extreme points of B;(X*). Then the function o : X — R
such that a(z) = sup (z,z*) satisfies the following :

r*e

(1) alz+y) <alz)+ ay) for all 2,y € X.

(2) a(Ax) = da(x) for all x € X, for all A € R, A > 0.

(3) a(—=x) or a(x) >0 foralze X, z#0

Proof. We only prove (3) : Let € X, x # 0. Then a(z), a(—z) can’t be both
negative. For if so, then a(z) = sup (z,2*) <0 and a(—z) = sup (—=z,z*) <0.

r*eA r*eA

Hence (z,2*) < 0 and {(—z,2*) <0 for all 2* € 2. This implies that (x,2*) = 0 for
all z* € A, and so z = 0. It follows that either a(x) or a(—x) is strictly positive
otherwise « would be zero.

Proposition 1.21. Let X be a Banach space and 2 be a fixed maximal subset of

linearly independent extreme points of B1(X*). For x € X, let a(z) = sup (x,z*).
e

Then |.|| is a norm on X, where [z|| = max(a(z),a(-z)).
Proof. Let z,y € X. Then
(3) 0], = max(a(0), a(—0)).
If [[z|| = 0, then max(a(z),a(—x)) = 0, so both a(z) and a(—z) = 0, and
hence x = 0.
(@) ||IAz| = max(a(Az),a(=Az)). Now : if A > 0, then a(A\z) = Aa(x) and
a(—=Az) = Aa(—z). Consequently
e, = Alle
If A <0, then A =—p, > 0. So
a(\2) = a(—pz) = pa(~z) = N a(—2),

=[Al =

a4 e

and
a(=Az) = a(pz) = pa(z) = |A a(z).
Thus
Az, = max(a(pz), po(—z)) = pmax(a(z), a(—z)) = [A[||z], -

(#49) Since ||z +yl| = max(a(z +y),a(—(z +y)), then either

lz+yll, = alz+y) < alz) +aly) <[] +Iyll,
or

[z +yll, = al=(z+y)) <a(=z) +a(=y) <zl +Ilyll, -
Thus in either case [z +y|| < |zl + [yl -

Remark 1.22. Let X be an absolute Banach space and 2 be a fixed maximal
subset of linearly independent extreme points of By (X*). Then |a(x)| < |z  for
all z € X and ||| is monotone ( [lzf| <|y[ if0<z<y).

Proof. Let z € X. Since |z|| = max(a(z),a(—z)), then a(z) < [|z| and
a(—r) < |z|| . By Lemma 1.20, either a(z) > 0 or a(—z) > 0. If a(z) > 0, then
la(z)| = a(z) < [lz|| . If a(z) < 0, then a(—=x) > 0. This implies (z,2*) < 0 for
all z* € 2. But :

a(—z) = sup (—z,x*) = sup — (z,z*) = — inf (z,2*) > —sup (x,z*) = —a(x)
r*eA r*eA zr e r*eA
So —a(z) < a(—z) < Hx||a . Hence |a(z)] < ||:1:||a .
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To prove that [|.|| is monotone, let z,y € X such that 0 < z < y. Then
0 < (z,z*) < (y,z*) for all z* € A. Hence sup (z,z*) < sup (y,z*). Thus
r*eA r*eA
a(z) < a(y). This implies that ||z|| < |y|| -
Proposition 1.23. Let X be amBanachaspace and 2 be a fixed maximal subset
of linearly independent extreme points of B1(X™). Then [|z| < |z| for all € X.
The two norms ||.|| and ||.|| are not equivalent norms in general.
Proof. Let z € X. Then
a(z) = sup (z,z%) < sup [(z,27)] < sup |(z,2")| = =]
z*eA r*eA z*€B1(X*)
a(—z) = sup (—z,z%) < sup [(z,2")] < sup  [(z,27)] = [|lz].
z*eA r*eA z*€B1(X*)
But : [[z]] = max(a(z),a(-z)) < ||z[.
Now : let X = [? and suppose there exists ¢ > 0 such that ¢||z|| < ||lz|| . For

n

n e N,let =3 ¢y € 1% Then
k=1

e, = max(a(z), a(—z)) = c.

But :

1
clloll = (£ ) = v
Choose 7 large enough such that ¢ < /nc®. But this contradicts c|z|| < ||z]| . So
Il and ||.|| are not equivalent in general.

Proposioi:ion 1.24. Let X be a Banach space and 2 be a fixed maximal subset of
linearly independent extreme points of By (X*). Define X~ = {z € X : a(—z) < 0}.
Then X" = X

Proof. TLetz € X". Then :

a(—x) = sup (—z,z*) = sup — (z,z*) = — inf (z,z*) <0.
T e T e zr e
So mmefm (z,2*) >0, which implies (x,2*) > 0 for all z* € 2. Hence X~ C X .

Now let z € X *. Then {x,x*) > 0 for all z* € 2, which implies (—z,z*) <0
for all z* € 2. Hence a(—z) = sup (—z,z*) < 0. This implies X+ = X"

r*eA

IT Positive Semigroups.

In this section we will study positive semigroups on Banach spaces ordered by
maximal linearly independent subset of extreme points of By(X™*). Through out of
this section X will be a Banach space and 2 be a fixed maximal subset of linearly
independent extreme points of B;(X*) and X is ordered by 2, and by what we
remarked, following definition 1.5, we can choose 2 such that extBy(X™*) # ¢.

An operator T' € L(X) is called positive if Tz > 0if z > 0. The following theorem
holds true for general ordered Banach spaces, and the proof will be omitted. The
same holds true for Theorem2.2.

Theorem 2.1. Let (T'(t)):>0 be a Cy semigroup on X with infinitesimal gen-
erator A. Then the following are equivalent :

(¢) T(¢) is positive for all ¢ > 0.

(#1) R(M\, A) is positive for sufficiently large A.

We remark that if A is a densely defined linear operator on X and int(X™) # 0,
then int(X 1) N D(A) # 0. Further : int(X+) N Range(R(0,A)) #0 if 0€ p(A).

Theorem 2.2. Suppose X7 is normal and int(X+) # (). Let A be a densely

defined linear operator on X and [w, 00) C p(A) for some w € R. If R(\, A) satisfies
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R(A, A)x > 0 if and only if z > 0 for all A > w, then A is the infinitesimal generator
of a strongly continuous positive semigroup.

Definition 2.3. An unbounded operator A on X is said to satisfy the positive
minimum principle if for every x € D(A) N X and 2* € A : (z, 2*) = 0 implies
that (Ax, z*) > 0.

Definition 2.4. Let B be a positive bounded linear operator on X. An element
xo € X is called semi-maximal for B if for every x € X there exists A > 0 such
that |(z,z*)| < A (B ,z*) for every z* € 2.

Example 2.5. Let X = C([0,1]).Let 2 = {d; : ¢t € [0, 1]} be the fixed maximal
subset of extreme points of By (X*). Define :

B:C([0,1]) — C([0,1])
Bz(t) = (t + 1)z(1).

Clearly B is a positive bounded linear operator on X. The constant function
xo(t) = 1 is a semi-maximal element for B. To see that : Let € C ([0,1]). Then
|{(z, 6)| = |z(t)| and (Bxg, d:) =t + 1.

Now : since [0, 1] is compact, then there exists M > 0 such that |z(¢)| < M for
all t € [0,1]. Hence

lx(®)| < M(t+1) = M (Bxo, 0¢)

Theorem 2.6. Let X be an absolute real Banach space such that X is normal
and int(X ) # (. Let A be a densely defined linear operator on X that satisfies :

(1) The positive minimum principle.

(#4) There exists g € X and A\g € (w,00) C p(A) such that zy is strictly
positive and semi-maximal for R(\g, A).

(i7i) R(A,A) >0 for all A > w.

Then A is the infinitesimal generator of a strongly continuous positive semigroup.

Proof. The main idea of the proof is how one can define a norm on X under
which AR(A, A) is a contraction.

First suppose that w < 0 and Ay = 0. Let y = R(0, A)xo . Then y > 0. Indeed if
y is not strictly positive, then there exists * € 2 such that (R(0, A)zo , *) = 0.
Since A satisfies the positive minimum principle, then (AR(0, A)zq , z*) > 0. But
xog = —AR(0, A)xo . This implies that

0 < (xzg, *) = — (AR(0, A)xg, z*) < 0.
This cannot be true. Hence y > 0. Since zo is semi-maximal for R(0, A), then for
all € X there exists A > 0 such that |(z,2*)| < A(y,z*) for all * € A. That
means |z| < Ay.

Now we for z € X, we define ||z||, = inf {A > 0: |z| < Ay} .We claim that |||,
is a norm on X. Indeed :

(1) If ||z[|, = O, then

inf (A > 0: ) (y,2%) < (2,2°) < A (y,2%), 2° € A} =0,
Hence (z,2*) =0 for all * € . Thus = = 0.
(2) For € X and 8 € R we have :
|Bz|ly =inf {A>0: -y < Bz < Ay}.

=inf{A>0:=-XA(y,a*) < (Bz,z*) < A(y,a*), z* € A}

:inf{)\>0:—ﬁ<y,z*>§£

= |ﬂ|inf{‘%| >0:—ﬁ<y,x*) < Blexr) < A (g, 2y, o 691}

=18l -
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(3) For 1 , x5 € X we have :
1 + 22y =inf {A>0: Ay <1 + 22 < Ay}

=inf{A>0: -A(y,z*) < (z1 + 22, 2*) < A(y,z*), z* € A}

— A > 0:there exists no x* € 2 with
TP )+ (@) > Ay, )
Since (1, 2*)| + [{z2, 2*)| > [(z1,2") + (w2, 2%)| > A (y,2*) we get :
{ >0: there exists no x* € A with }
[(z1,2*)] + [{22,27)] > A(y, z7)
A>0: there exists no x* € A with
[(z1,2%)| > Ay, ")

Lsu A > 0: there exists no x* € A with
P (w2, 27) > A (y, 2%)

= llzallo + [zl -

|21 + 22|y = sup

Further ||, is equivalent to ||.]| on X. Indeed : Let z € X, y € int(X ') and

e > 0 such that B(y,e) € X*. Then ’y + et Y| = Hﬁ‘ = § < e. This
implies that y + 3T € X*, andsoy + siey = 0. Hence —QHny <z< 2“?"’/. It
follows that from (*) that |z, < M

Now : since X' is normal, then by Proposition A.2.2 in [5], [~y,%] is norm
bounded, . So there exists M > 0 such that ||z| < M for all z € [~y,y]. For
z € X and v = -, we have : lv]l, = 1. But [jv||, =inf {A > 0: Ay < v < Ay}.
So [vllgy < v < ||v[lyy. Consequently —y < v <y and v € [—y,y|. By normality
of X we get : ||v]| = Hﬁ” < M. This implies that ||z < M ||z||,. Thus |||,

0

and |.|| are equivalent norms on X.

Now : for x € [—y,y|, one has y—x and y+x are positive. Further, if A > 0, then
R(\, A) is a positive operator. Hence R(A, A)(y —z) > 0, R(\, A)(y +x) > 0, and
this implies —AR(\, A)y < AR(A, A)z < AR(A, A)y. The resolvent identity gives :

AR(N, A)y = AR(A, A)R(0, A)xo

= R(O, A).To - R(/\, A).To

< R(Ov A)mO =Y.
It follows that :

—y < AR\, A)y < AR\ A)z < AR(MN Ay <y

and —y < AR(M\, A)z < y. Hence [[AR(\, A)z||, <1 and ||[AR(X, A)[|, < 1. Thus
AR(A, A) is a contraction with respect to ||.||, norm. By Hille-Yosida Theorem A
is the infinitesimal generator of a Cy semigroup of contractions on X with respect
to |||, - Since |[.||, and ||| are equivalent, then there exists a, b > 0 such that :
allzlly < ||lz|| < b|lz|, for every x € X. Hence :

1Tzl <bIT®)lly < by < 7 ll=]-
This implies that T'(¢) is uniformly bounded with respect to ||.|| norm. But
R(A,A) >0 for all A > w. Theorem 2.1 implies (T'(t));>o is a positive semigroup.

Finally : for @ > w > 0 consider the linear operator A — a. We claim
[w—a,0) C p(A—«a). Indeed : If 4 € [w — a,00), then p+ a € p(A). Since

0 < Rij+a, A) = Ris, A — ),
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then p € p(A—«) and R(p : A —a) > 0 for all 4 € [w— @,00). By the first
part of the proof, A — « is the generator of a strongly continuous positive bounded
semigroup (7'(¢))¢>0 . Thus A = A — a + « is the infinitesimal generator of the
positive semigroup S(t) = T'(t)e.

Now : for the case A\g > w > 0. Since R(\g, A) = R(0, A — X\ ), then using (ii)

we get : for all x € X there exists A > 0 such that
[, 2)] < A (R(h, A)zo, o)
=A <R(0,A - )\0 ):I,'() y Z'*>
for all 2* € A. So z( is a semi-maximal for R(0, A — X\ ). Now :
Yy = R()\(),A)JJO = R(O, A— ) )SL‘O > 0.
For if not true, there exists * € 2 such that (R(\g, A)xo, 2*) = 0. By the positive
minimum principle (AR(\g, A)zo, z*) > 0. But g = (Ag — A)R(Ag, A)xo . Thus
0< <ZL', ZL'*> - >‘0 <R(>‘07A)x0 s .’E*> - <AR()‘07A)$O ) :L‘*> < 07
which cannot be true. Hence y > 0 and x( is a semi-maximal element for
R(0,A— X ).

Theorem 2.7. Let (T'(t))i>0 be a Cp semigroup on X with infinitesimal
generator A. Suppose that the set G = {z € X : 2 > 0} Nint(X ™) # (). Then the
following are equivalent :

(7) T'(t) is positive for all ¢ > 0.

(#4) The infinitesimal generator A satisfies the positive minimum principle.

Proof. (i) — (it) Let z € D(A), x > 0 and z* € A such that (z, 2*) = 0.
Then :

* . T(t)x—x *
(Az, x*) = <tlir(§l+()t’ x >

= t£%1+% (T(t)w, z*) — (z, z*)

= liré1+% (T(t)x, z*) > 0.
t—
Conversely (ii) — (i) Let s =inf{\ € R: [\, 00) C p(A)}. Let z € int(X™)
and = > 0. Then
Ao =inf{A > s: R(u, A)x >0, for all u € (A, 00)}
is finite since lim pR(u, A)x = x. We claim that A\g = s. In fact if this is not true,
p—00

then [Ag, 00) C p(A), R(Mo, A)z is not strictly positive. But since
Ao =inf{A > s: R(u,A)z >0, for all p € (N, 00)},

then for all positive integers n, R(Ag+ ;1“ A)x > 0. This implies that R(\g, A)x > 0.
Consequently there exists * € 2 such that (R(A\g, A)z, *) = 0. But A satisfies
the positive minimum principle. So (AR(Ag, A)x, *) > 0. However

T = ()\0 - A)R()\()7 A)LL‘ = )\OR()\O, A){E — AR()\Q, A).’L‘
Hence

(x, x*) = (AoR(No, Az, *) — (AR(No, A)x, ™)

= A()O - <AR()\07A)LE, LE*> S 0.

Hence (z, 2*) < 0. But (x, *) > 0 by assumption. This is a contradiction. Thus
s = Xo. Thus (R(\, A)x, 2*) > 0if 2 € int(X ") and (x, 2*) > 0 for every z* € A
for every A > s.

Now : if z > 0 and = ¢ int(X™), then z is in the boundary of X* and
so there exists a sequence (z,) in int(X') such that z, converges to x. Thus
(R(A\, A)x, z*) > 0 for every a* € A for every A > s. if © € X such that z > 0 and
for some z* € A, (z, 2*) = 0. Choose a strictly positive element zo € int(X ™). Put
xn:x—&—%. Then :
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(T, z*) = (2, 2*) + (z, 2*) = L (xg, 2*) + (z, 2*) > 0
for all n € N for all z* € . Hence the set of strictly positive elements in X is
dense in XT. It follows that R(\, A) > 0 for all A > s. Theorem 2.1 implies that
T(t) >0 for all t > 0.

Definition 2.8. An operator T € L(X) is called inner norm map if

Tz, 2| < |7tz =)

for all z € X and all z* € 2.

Examples 2.9.

(1) Let T : 1?2 — I? be such that T'{ 3 2;8; | = 161. Then
=1
Tl = sup [T

llzll<

I
|

sup ||z161] < 1.
llzll<1

Since T, = 61, then ||T|| = 1. For x = Y x;6; € I?, we have :
i=1

x - k=1

So |{(Tz, 6i)| < |zk| = [(x, dk)| for all k € N. Hence |[(Tz, z*)| < ||T|| {z, z=*)|
for all x* € .

(2) Let A={5, : n € N} C 2, and T be any projection operator on any
subspaces generated by any subset of 2. Then T is an inner norm operator.

(3) Let g be any positive function in CI0,1], and T : C[0,1] — C[0,1] , with
Tf =gf. Then T is an inner product map.

Example (3) holds true for all positive multipliers on all classical sequences
spaces.

We should remark that one can give many other examples.

Theorem 2.10. Let A be a bounded Schwarz map. Then the following are
equivalent :

(i) €4 >0 forall ¢t>0.

(14) For 0 <z € X ;if (z,z*) =0, then (Az, z*) > 0 for all z* € 2.

(135) A+ ||A]| > 0.

Proof. (i) — (i) Let z* € A and (z,z*) = 0 with z € X . Then :

tA

(Az, z*) = ( lim <= o*
t—0+
tA *
— lim <e x x*>7<$’ﬂ?>
t—0t+ ¢ t
= lim L <etAac ac*> > 0.
t—0+ t ’

(it) — (ii7) Let z € X T and z* € A. Then :
(A+[|A]Dz, %) = (Az, «) + || Al (z, 7).
If (x, z*) = 0, then by (ii) (Az, z*) > 0. If (x, *) > 0 then, since
[(Az, a*)| < [|A][(z, 2%),
forall z* € A and z € X, (Az, z*) + || A]| (z, *) > 0. Thus A + || 4] > 0.
(i13) — (i) For z* € A and x € X we have :
(g, o) = (el tAtiAl g o
_ o tlAl (eA+IAD g o)

(S G (A o)

n=0

= e A 32 5 (A 4], 2%).
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Since e 141 >0 and (A+ ||A|)™ >0 for all n € N, then 4 > 0.

Definition 2.11. Let (T(¢));>0 be a positive semigroup on an absolute Banach
space X ordered by the set 2 with infinitesimal generator A and (S(t)):>0 be a
semigroup in L(X) with infinitesimal generator B. We say that (T'(¢));>o dominates
(St)ez0 if |S@)x| <T(¢)]|z|, for all z € X and for all ¢ > 0.

Example 2.12. Let X = C ([0,1]). Let (T'(t))¢>0 and (S(¢))t>0 be defined on
C ([0,1]) as follows :

(T(t)f)(s) = e* f(s) and (S(t)f)(s) = ™" f(s).
Clearly (T'(t))i>0 and (S(¢))¢>0 are semigroups on C ([0,1]) and (T'(¢))i>0 is a
positive semigroup Now :

1S F(s)] = [e f(s)] = [e"| 1£ ()| = £ ()] < e |f(s)] = T(&) ()] -
Hence T'(¢) domlnates S(t).

The following theorem is known for Banach lattices. However, we don’t assume
in this theorem that our Banach space is absolute.

Theorem 2.13. Let (T'(t))i>0 , (S(t))i>0 be two positive semigroups in L(X)
with infinitesimal generators A and B respectively. Suppose that D(B) C D(A).
Then the following are equivalent :

(i) S(t) <T(t) forallt>0,

(ii) Bx < Az for 0 <z € D(B).

Proof. (i) — (i) Let x € D(B), z € X+ and z* € 2. Then :

*\ . St)z—=x *
<B1:3 T > - tl_l>I(r)l+ t y L >
_ N S(t)x * (z,z*)
Jm (S0 7 -
— T 1 *\ *
= i LS, #) (2, 27))
< tim 3 (T(t)z, 2%) = (=, 27)
. B 1 _ *
= tLH(I)L  (T(t)x —x, )
_ /iy T2
= tli%hf x > (Ax, x*).
A)N

Hence Bz < Az for all x € D(B) = D(A) N D(B).
Conversely (ii) — (i) Since (T'(t))t>0, (S(t))i>0 are positive semigroups,
then by Theorem 2.1 both R(), A) an are positive for large A.
Now : Choose A > max(w(A4),w(B)) an < z € D(B). Using Theorem 5.3
n [13], we have : R(A : B)x € D(B). Using (ii), D(B) C D(A) and R(A, B) is
positive we get : (A — B)R(\, B)z > 0. But R(\, A) is positive. So
R(M\, A)(A— B)R(\, B)x > 0.

jol

=

}’
O\-//\

The identity :
R(\, A)x — R(\, B)x = R(A\, A)(A— B)R(\,B)z
gives
R\ A)x — R(\,B)z >0,
and therefore R(A, A)x > R(A, B)x for all 0 <z € D(B). Since D(B) = X, then
R(X\, A) > R(\, B) for large A. Consequently for 2 € X+ we have :
R(A, A) (R, A)z — R(A, B)z) > 0.

Hence
RQ()\,A)x > R\ A)R(N, B)x > R(A\,B)R(\, B)z = Rz()\, B)x
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By mathematical induction we get : R™*(\, A)z > R"™(\, B)x. Theorem 8.3 in [13],

now gives :
S(t)r = lim (2R(%,B))"x
< lim (2R(%, A)"
=T(t)x.
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1 Introduction

In the 21st century, the computing environment would make more and more rapid progress
and there has been increasing interest in solving mathematical problems with the aid of
computers. By using software, mathematicians can explore concepts much more easily than
in the past. The ability to create and manipulate figures on the computer screen enables
mathematicians to quickly visualize and produce many problems, examine properties of
the figures, look for patterns, and make conjectures. This capability is especially exciting
because these steps are essential for most mathematicians to truly understand even basic
concept. Many mathematicians have studied Bernoulli polynomials, Bernoulli numbers,
Euler polynomials, and Euler numbers. Bernoulli polynomials, Bernoulli numbers, Euler
polynomials, and FEuler numbers posses many interesting properties and arising in many
areas of mathematics and physics. In this paper, we give a formula on relationship between
the Bernoulli numbers and Euler numbers. We observe the structure of the real roots of
our Euler polynomials, E, (), using numerical investigation. By computer experiments, we
demonstrate a remarkably regular structure of the complex roots of E,(x). Finally, we give
a table for the solutions of our Euler polynomials E,(z). This numerical investigation is
especially exciting because these steps are essential for most students to truly understand

even basic concept of Euler numbers E,, and Euler polynomials E,,(z).

2 Relationship between the Bernoulli and Euler numbers

Throughout this paper Z, Q, R and C will be denoted by the ring of rational integers, the field
of rational numbers, the field of real numbers and the complex number field, respectively.
First, we introduce the ordinary Bernoulli numbers and Bernoulli polynomials. The usual

Bernoulli numbers B,, are defined by

P t
€ :Z;)Bnn!:et—l’
n=
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where the symbol By is interpreted to mean that B* must be replaced by Bj when we

expand the one on the left. This relation can be written as

o(BFVE _ Bt _ 4

Hence we obtain
1, ifk=1,

By=1, (B+1)f—-B"=
0, ifk>1,

with the usual convention about replacing B* by By, (i > 0). The Bernoulli polynomials
By, (z) are defined by the generating function:

Bt — EOO B (x)ﬁ _ ¢ oot
- n | - t_ 9
o n! e 1

It is easily see that
k

Bi(x) =Y (’;) Biz*~ Bi(0) = By.

i=0
Bernoulli polynomials and Bernoulli numbers posses many interesting properties and arise
in many areas of mathematics. Bernoulli numbers play an important role in mathematics.
They first appeared in Ars Conjectandi, a famous and posthumous treaties published in
1713, by Jakob Bernoulli when he studied the sums of powers of consecutive integers s,(n) =
S =1 kP, where p and n are two positive integers(cf. [1], [2], [3]). The sums s,(n) can be

Writlen in the form
B p'
k . np+]__]€.

sp(n) = §xl "
Sk (p+1—k)!

Thanks to Bernoulli’s polynomials, it’s possible to rewrite the expression of the sums sp(n)

as

n—1
1
sp(n) =D k¥ = — 1 Bpr1(n) — Bpr).
k=0 p

Bernoulli numbers also appear in the computation of the numbers

= 1
C2p) =) 15
k=1

We also have
By,

2k

Next, we introduce the ordinary Euler numbers and Euler polynomials. The usual Euler

C(1—2k) = k> 0.

numbers FE,, and the usual Euler polynomials F,(z) are defined by means of the following

generating functions:

2 =t
T1 = ZEnEa (‘t’ < 27T)7 (1)
n=0 ’

et

2 oo
et = E E,(z)

t

et +1 =

tn
= (it < 2m),
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respectively. Let u be algebraic in complex number field. Then Frobenius-Euler numbers

are defined by

H(u)t_l_u_ooH v t <2 2
e =—=) n(u) s (¢ < 2m), (2)

Therefore we have

wH () = Z; <I;)Hi(u),Hk(u) = - L : 2 (f)H(u) for u £ 1.

By (1) and (2), note that H,(—1) = E,,. Let n,k be positive integers (k > 1), and let
Sp(k)=1"4+2" 43" +4" ... + k"

It was well known that

Sull) = > (”j 1)Bi<k PR e 1], 2, 3, 3)

where (Z) is binomial coefficients. Since
Sp(2k) =17+ 2" oo 4 (26)" = (1" 4 3" + 4+ + (2k — 1)) + (27 + 47 + + - + (2k)"),

we obtain
k

D@m= 1)" = S,(2k) — 2"S, (k). (4)

m=1

Now, we consider the alternating sums of powers of consecutive integers

Tu(k) =) (-1)*k", ()

where k and n are two given positive integers. The sums T},(k) can be written in the form

To(k) = —1" 42" = 3" 44" — 5" 4 .- 4 (=1)?* 12k — 1)" + (—1)2F(2k)"
= (2" 4" (20— (1" 35 -+ (26— 1))

k
=2"(1" 42"+ K = > (2m— 1)

m=1

By (4), we have the following theorem.

Theorem 1. Let k,n(n > 1) be positive integers. Then we have

T (k) = 2" 1S, (k) — S, (2k).

By simple calculations and (3), we have the following corollary.
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Corollary 2. Let k,n(n > 1) be positive integers. Then we have

Tn(k) — 1 Z < n+ 1>B {2n+1 k+ 1)n+1 i (2]€ + 1)71_:,_1_2'}.

n+1 = 1
Since
— " 2 xt Et xt (E+z)t = ntn
ZEn(x)m:et—&—le =e'e" =e :Z(E—i—:c) pk
n=0 n=0
we have .
n _

n=0
In order to obtain the relationship between the Bernoulli and Euler numbers, we introduce

some interesting properties We derive each of the following results:

22 l lt _ et + et _ o3t NS (_1)n—1€(n—1)t)

2 N 2(_1)n—16nt
et + 1 et + 1 (6)
2 L 2ent

SR e+ 1

ZZ%E%ﬂ E:Ek k“

and
tk
SuEULES v W e "
Next, by combining (6) and (7), we have the followmg theorem.

Theorem 3. Let k,n be given positive integers. Then we obtain

Ep+ (=) Ey(n —22 — 1k ok g ()" - DR (8)

Setting n = 2n + 1 in Theorem 3, we obtain
Ep+ (1) 2B (2n +1) = 2(—1%F 428 — 3k ... 1 (1) (2n)k).
We now derive an interesting formula:
Ep+ E.(2n+1)=2(—1F+2F —3F + ... 4+ (2n)F).
By (5), (9) and Theorem 1, we obtain
B+ Ep(2n + 1) = 2Ty, (k) = 2"728,, (k) — 25, (2k). (9)
Finally, by combining Corollary 2 and (9), we have the relationship between the Bernoulli

and Euler numbers.

Theorem 4. Let k,n be given positive integers. Then we obtain
2 <n +1

Ey,+Ex(2n+1) =
n+1 P

)B {Qn-‘rl k+1)n+1 1 (2k+1)n+1—i}.
7
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3 Distribution and Structure of the zeros

Because
OF > dE,,6 _t"
ax ($7 t) t (337 t) — d.f[f (m) n| )

it follows the important relation

Then, it is easy to deduce that Ej(z) are polynomials of degree k. Here is the list of the

first Euler’s polynomials.

1
Ey(x)=1, FEi(z)=x— 2
BEy(x) = 2% — =z,
3 1
E — 3 2,2 -
3(x) ==x 5% + 1
Ey(z) =2 —22% + 2
) ) 1
Bs(z) = 2° — §I4 + 51:2 5
Eg(z) = 2% — 32° + 52° — 3z,
7 35 21 17
E — 7 _ ",06 e 4 202 -0
7(x) =x 5% T 5T 5
Eg(z) = 2® — 427 4 14a® — 2823 + 17z,
9 153 31
Eo(z) = 2% — Za® 4 2120 — 632 + —"2% — =,
2 2 2
Since
o o0
(—1)ntn 2 (17 )(7t) 2 t t
ZEn(l—x) nl e ttll ’ :et—klex :ZE”(DC)H’
n=0 n=0
we obtain
E.(z) = (-1)"Ey(1 — x). (10)

The question is: what happens with the reflexive symmetry (10), when one considers Euler
polynomials? Prove that E,(z),z € C, has Re(z) = 3 reflection symmetry in addition
to the usual I'm(z) = 0 reflection symmetry analytic complex functions (Figure 1). Prove
that E,(z) = 0 has n distinct solutions. Find the numbers of complex zeros Cg, () of
E,(z),Im(z) # 0. Since n is the degree of the polynomial E, (x), the number of real zeros
R, (z) lying on the real plane I'm(x) = 0 is then Rp, ;) = n—Cg, (), Where Cp, (,) denotes
complex zeros. See Table 1 for tabulated values of R, () and CF, (). Next, we investigate
the zeros of the Euler polynomials by using computer. Figure 1 displays the zeros of Euler
polynomials E,(x),n = 40, 60, 80,100,z € C.

345
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[ J [ )
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Figure 1 : Zeros of E,(z)

Figure 2 displays the stacks of zeros of E,(z),1 < n < 100 from a 3-D structure.

Our numerical results for approximate solutions of real zeros of E,(x) are displayed.

The results are obtained by Mathematica software. We observe a remarkably regular struc-

ture of the complex roots of Euler polynomials. We hope to verify a remarkably regular

structure of the complex roots of Euler polynomials( See Table 1).
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100

o
Re(x)

Figure 2 : Stacks of zeros of E,(z),1 <n <100

Table 1. Numbers of real and complex zeros of E,(x)

degree n || real zeros complex zeros ‘
26 10 16
27 7 20
28 8 20
29 9 20
30 10 20
31 11 20
32 8 24
33 9 24
34 10 24
35 11 24
36 12 24
37 9 28
38 10 28
39 11 28
40 12 28

Next, we calculated an approximate solution satisfying F,(z),x € R. The results are
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given in Table 2.

Table 2. Approximate solutions of F,(z) =0,z € R

degree n x
1 0.5000
2 0.0000, 1.000000
3 —0.366025404, 0.500000000, 1.366025404
4 —0.6180339, 0.0000, 1.0000, 1.61803
) —0.61803, —0.61803, 0.5000, 1.6180, 1.6180
6 0.00000, 1.00000
7 —0.497731435, 0.500000000, 1.49773143
8 —0.932327751, 0.00000, 1.0000, 1.93232775
9 —1.21973, —0.50008, 0.5000, 1.50008, 2.2197
10 —1.3652, —1.01497, 0.000, 1.0000, 2.0149, 2.3652
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Abstract

In this paper we observe the structure of the roots of g-Euler polynomials Ej(z, h|q),
using numerical investigation. We study that the g-Euler polynomial are analytic continued
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Cr,q(n|h) is derived.
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1 Introduction

Throughout this paper, Z,R and C will denote the ring of integers, the field of
real numbers and the complex numbers, respectively.

When one talks of g-extension, ¢ is variously considered as an indeterminate,
a complex numbers or p-adic numbers. In complex number field, we will assume
that |g| < 1 or |g| > 1. The ¢-symbol [z], denotes [z], = %.

In this paper we observe an interesting phenomenon of ‘scattering’ of the
zeros of E,(x,h|q). Also, we study that the ¢g-Euler polynomials due to T.Kim
(see [1,8]) are analytic continued to E,(s). By those results, we give a new
formula for the g-Euler zeta function due to T.Kim, cf. [1,5,7].

2  Generating g-Euler polynomials and numbers

For h € Z, the g-Euler polynomials were defined as

oo

Z Tl)t = [2]11 Z(—l) qh 6[ + ]qf, (21)
n=0 ' n=0
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for z,q € C, cf. [1,7]. In the special case x = 0, E, (0, h|q) = E,(h|q) are called
g-Euler numbers, cf. [1,2,3,4]. By (2.1), we easily see that

Bl = ot S () (0 g™, of L8l (22)
=0

where (’;) is binomial coefficient. From (2.1), we derive

Enq(x, hlg) = (¢"E(hlq) + [z]q)"

with the usual convention of replacing E™(h|q) by E,(h|g). In the case h = 0,
E,(x,0|q) will be symbolically written as E, 4(z). Let G4(x,t) be generating
function of g-Euler polynomials as follows:

oo t"
t=>_ B (%) . (2.3)
n=0 ’
Then we easily see that
Gyla,t) = [2, S (~1)kelk ol (2.4)
k=0

For © =0, E, , = E, 4(0) will be called ¢g-Euler numbers.
From (2.3), (2.4), we easily derive the following: For k(= even) and n € Z,
we have

k—1
Enq(k) = Eng = [2] ) (=1)'[l)7- (2.5)
1=0
For k(= odd) and n € Z,, we have
k—1
Enq(k) + Eng = [2g ) (=1)'ll]; (2.6)
1=0
By (2.4), we easily see that
= m X m—
Bl =3 () ) Bralely (2.7

From (2.5), (2.6), and (2.7), we derive

k—1

2, S0 = (g E,q+2( ) HEL L @8)
=0

where k(= even) € N. For k(= odd) and n € Z,, we have

k—1 k—1
2] 7= (¢"+1) Enq—|—z< ) ME oK) (2.9)

=0 =0

~
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3  Zeros of g-Euler polynomials

In this section, we plot the zeros of g-Euler polynomials are solutions of F,, (z, h|g),m =
40,9 = 1/2,x € C (Figure 2).

3 3
2 2
°
°
1 1
Im(x) 0 Imx) 0
1 1
°
oo ® o
2 ® 2
2 1 0 1 2 3 4 5 2 1 0 1 2 3 4 5
Re(x) Re(x)
3 3
2 2
® o
1 1 ® o
Imx) 0 I o—o—o Im(x) 0 lo—o—o0— |
1 1 PY
o © °
2 -2
2 1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5
Re(x) Re(x)

Figure 1: Zeros of g-Euler polynomials Eyo(x,h|3),h =1,3,5,7



352 KIM, RYOO : g-EULER NUMBERS AND POLYNOMIALS

The behavior of the zero of ¢-Euler polynomials E,,(z,h|q),m = 40,q =
1/2,z € C for h is presented (Figure 3).

1.5
1 o o
°
° °
0.5
Imx) 0 ° ° o Imx)
0.5
° °
1 ®eo o
1.5
1.5 1 0.5 0 0.5 1 1.5 2
Re(x)
2 2
1.5 1.5
1 1
0.5 ° 0.5
° ooy
°
Imx) 0 ° Imx) 0
°
0.5 o® 0.5 o’
1 1
1.5 1.5
5 1T 05 0 0.5 1 15 2 15 1T 05 0 0.5 1 15 2
Re(X) Re(X)

Figure 2: Zeros of ¢g-Euler polynomials Eyo(x,h|3),h = 10,20, 30,40

We plot the zeros of g-Euler polynomials are solutions of E,,(z,h|q),m =
40,q = —1/2,z € C(Figure 4).
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L4 °
°
° ® °
o ° ® °
Imx) S Imx) .
-0.75-0.5-0.25 0 0.25 0.5 0.75 -0.75-0.5-0.25 0 0.25 0.5 0.75
Re(x) Re(x)
e °* .
® ®
° ° ® °
1M -4 Im(x) H

Re(X)

-0.75-0.5-0.25 0 0.25 0.5 0.75

1

-0.75-0.5-0.25 0
Re(x)

0.25 0.5 0.75

1

Figure 3: Zeros of ¢-Euler polynomials Fyg(x, h| — %), h=1,3,57

The behavior of the zero of ¢-Euler polynomials F,,(z,h|q),m = 40,q =

—1/2,2 € C for h is presented (Figure 5).

4  g-Euler zeta function

It was known that the Euler polynomials are defined as

2 . = E,(2)
= E —t" . 4.1
et + 16 — n! t ) |t| <7 ( )
For s € C,z € R with 0 < x < 1, define
Ce(s, ) 7;:0: (n+ $)57 and (g(s) 7;:1: ns (4.2)
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Figure 4: Zeros of ¢-Euler polynomials F4o(z, h| — %), h = 10,20, 30,40

Euler numbers are related to the Euler zeta function as
(e(—n) = E,, (p(-n,z)= E,(2).

For s,q,h € C with |g| < 1, we define ¢-Euler zeta function as follows:

X (_1\n,nh X \n,nh
Ceq(s,zlh) =[2]4 Z ([nlj_;l]s, and (g q(s|h) = [2], Z (}7)1]5 (4.3)
n=0 q n=1 q

For k € N, h € Z, we have

Cmq(=nlh) = En(hlg).



KIM, RYOO : g-EULER NUMBERS AND POLYNOMIALS

In the special case h = 0, (g 4(s]0) will be written as (g 4(s). For s € C, we
note that
(—

1)
[nl5

n

CBa(s) =124 )
n=1

We now consider the function E,(s) as the analytic continuation of Euler
numbers. All the ¢-Euler numbers E, , agree with E,(n), the analytic contin-
uation of Euler numbers evaluated at n,

E,(n) =E, 4 forn > 0.
Ordinary Euler numbers are defined by

2 =
) :ZEHH, It < . (4.4)
n=0

From the definition of Euler numbers, it is easy to show that

n—1
1
Eo=1, and E, = —52 <7)El n=01,2---.
=0

From (4.1), we can consider the g-extension of Euler numbers F,, as follows:

n—1

2 1

Eoq = %, and E, 4 = —[2]—77 Z <7>qlElyq,n =1,2,3,---, (4.5)
" 1=0

In fact, we can express Ey(s) in terms of ( ,(s), the derivative of (g 4(s).

Ey(s) = Cp.q(=5), Ey(s) = Cpq(=5), Bg(2n +1) = (g o(—2n—1),  (4.6)

for n € NU{0}. This is just the differential of the functional equation and so
verifies the consistency of F,(s) and Ej(s) with E, , and ((s).
From the above analytic continuation of g-Euler numbers, we derive

Eq(s) = Cpq(=5), Eq(—s) = (pq(s) (4.7)

=E_,q,=E;(—n)=Cgq(n),necZy. '
The curve E,(s) runs through the points E_, , and grows ~ n asymptoti-
cally as (—n) — —oo. The curve Eg(s) runs through the point E,(—n) and
limy, 00 Eg(—n) = lim, o0 Crq(n) = —2 (Figure 7). From these results, we
note that

Crq(—n) = Eg(n) = (pq(—5) = Ey4(s).
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Leq(9)

-20 -15 -10 -5 0

Figure 5: The curve of E,(s) runs through the point(, 4,¢ = 11/10

5 Analytic continuation of ¢g-Euler polynomials
For consistency with the redefinition of E,, ; = E4(n) in (4.5) and (4.6), we have

b= (b

k=0

The analytic continuation can be then obtained as

n—seR z—weC,
Eyq = Eq(k+ 5 —[s]) = Cpq(—=(k+ (s = [s]))),

(n) _ I'(1+s)
k D(1+k+(s—[s]))T(1+ [s] — k)

= D(L - 8)By(h 45 — [s])g Dl
= Eng(s) = Ey(s,w) = k;1 F(14+k+(s—[s])T(A + [s] — k)
_ %El D(1+ ) By((k — 1) + 5 — [s])g k= Do BDw ] T+
T T(k+ (s — )T+ [s] — k) ’

where [s] gives the integer part of s, and so s — [s] gives the fractional part.
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1. Introduction

Let Q € RY be a bounded domain and g € L?(Q2). We consider the
boundary value problem

—Au(z) + du(z) + f(u(z)) = g(z); x € Q; (1)

u =0 on 09, (2)

where f : R — R satisfies the Lipschitz condition |f(u) — f(v)| < a|u — v| for
all u,v € R (@ > 0), f(0) = 0 and A is the Laplacian operator. We assume
that the positive parameter \ satisfies the condition A > a.
The problems of the type (1), (2) are motivated by the stationary diffusion
phenomenon and have been investigated by many authors.
In a great number of papers the problem (1),(2) is studied when the
nonlinearity f satisfies an inequality of the type |f(u)| < a|u[’ + b, or in the
case f(u) = |ul? for some p € R—{1}.
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In this paper we investigate the existence and the uniqueness of the
solution of the problem (1), (2), when the nonlinearity f satisfies only a Lipschitz
condition.

We will prove using the Minty-Browder theorem, that the problem (1), (2),
in the said conditions for f, g and the positive parameters A and «, has a unique
weak solution. The proof of the principal result of this paper uses essentially
the monotonicity properties of the linear differential operator generated by the
term —Aw of the equation (1).

Theorem 1.1. Let f: R — R, g: Q2 — R and A, o positive
parameters so that:
(i) |f(@)— f@) <ale—y| for all 2,y € R;
(i) £(0)=0;
(iii) g € L*(Q);
(iv) A > a.
Then the problem (1),(2) has a unique weak solution.

2. Proof of Theorem 1.1.

We denote by E the real Hilbert space L?(2). The inner product and the
corespondent norm in E will be denoted by (-,-), and [|-||,.

Let A: D(A) C E — FE defined by Au(z) = —Au(z) for z € Q, where
D(A) = H*(Q) N HY(Q). Tt is known that the linear operator A is a maximal
monotone operator.

Let L : D(L) = D(A) — FE defined by Lu(z) = —Au(z) + Au(z) for
x €, ie. L =A+ M where [ is the identity of E.

Rg(I 4+ 0A) = {u+0Au/u € D(A)} = E for all § > 0, because A is a
maximal monotone operator. It results that Rg(A+ AI) = Rg(L) = E, because
A is linear.

Also we have

(Lu,u)y = (Au,u)y + A {u,w)y > A {u,u)y = Aul; (3)

for all w € D(L), i.e. L is a strongly positive linear operator.

Let F': E — E defined by Fu(z) = f(u(z)); x € Q ( the definition
is correct, because from the properties of f, it results that Fu € L?(Q) for all
u € L?(Q2)). We have

1Fu=Foll = [ 1) - fe@) du<a? [ fut) - o) de=a® u - o}
Q Q

for all u,v € F( u is the Lebesgue measure in R™ ). It results that the nonlinear
operator F' is a Lipschitz operator with the constant a.
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Now we can writte the problem (1),(2) in the equivalently operatorial

form
Lu+ Fu=g. (4)

From (3) we obtain

| Lully > A|ul|l, for all u e D(L).

Consequently there exists L~! : E — D(L) C E which is linear and
bounded, L= € L(FE), the Banach space of all linear and bounded operators
from E to E. Moreover we have

1
1||L(E) S 2\

(I
The equation (4) can be written now as
u+ L Fu=L""g. (5)
We consider the operator T': E — E defined by
Tu=u+L '"Fu=(I+L"F)u.
Therefore the equation (5) becomes

Tu=L""g, (6)

and our problem is reduced to the study of the properties of the operator T
We will prove now that the operator T' satisfies an inequality of the type

(T —Tv,u—v), > Bu—v|3 forall u,v € E (8> 0)

i.e. T is a strongly monotone operator. With the Cauchy-Schwartz inequality

we obtain
— (L' Fu— L' Fo,u—v), = — (L' (Fu— Fv),u—v), <
< (L7 (Fu— Fuv),u—wv),| <
<L Fu = Po)l, - lu—vlly < 5 = vll3
and then

(Tu—Tv,u—v), = <u+L_1Fu—v—L_1Fv,u—v>2 =

= ||lu— ng +(L™"Fu— L '"Fo,u— v),

2 (67 2 « 2
> flu—vl3 = S lu—vl3 = (1= 5) hu=vll,

for all u,v € E. From the assumption A > « it results that 1 — § > 0 and our
assertion is proved.
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It is known that every strongly monotone operator is coercive (i.e.
lim LW
lull—oo 1412
monotone in the sense that (T'u — Tv,u — v), > 0 for all u,v € E with u # v.
According to the Minty-Browder theorem, the equation (6) has a unique solu-

tion. Therefore the proof of the Theorem 1.1. is complete.

= 00). It’s easy to observe that T is continuous and strictly

3. Remarks

1. The conclusion of the Theorem 1.1. can be established also using the
Banach fixed point theorem. The operatorial form (5) of the studied problem
can be written as Vu = u, where the operator V : E — F is defined by
Vu=—L"'Fu+ L™ 'g. We have

Vo Velly = 7 Fu— 17 o], = 27 (7~ Rl <

HL—1H£(E) |[Fu— Fv|, < % |lu—v|, forall u,vekE.

It results that V is a strict contraction from E to E because A > «. Accord-
ing to the Banach fixed point theorem, V" has a unique fixed point, and this fact
justifies the existence of the unique solution of the problem (1), (2).

2. The Theorem 1.1. implies the fact that the problem

—Au(z) + du(z) + f(u(z)) = 0; z €
u =0 on 09

has only the trivial solution v = 0, for all A > «.
It results that there are no eigenvalues of the nonlinear eigenvalues
problem

Au(z) — f(u(z)) = du(x); x €
u =0 on 0N

in the interval (cr, +00).
3. For fixed g € L*(Q), let u()\) be the unique weak solution of the
problem (1), (2) for all A > «. From (5) we obtain

[uMl, = [|[-L7 Fu(A) + L7 g]|, <

1
12 gy IO + 17 gy Nl < S Nl + 5 Nl

So we have obtained the following estimation:

1
My £ —— .
[w Ny < 5= lgl
It results that ||u()\)]|, — 0 when A — oo and this fact signifies that for large
values of A, the solution u(A) has only very small values.
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Abstract

In this paper we obtained common fixed point theorems in fuzzy metric space under the
Lipschitz type analogue of a strict contractive condition by using the notion of weak
compatible of type A. In the setting of our results, we provide pair of mappings, which
ensures the existence of a common fixed point.
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Introduction

The study of fixed points for non-compatible mappings can be extended to the class
of non-expansive or Lipschitz mapping pairs even without continuity of the
mappings involved or completeness of the space.
The notion of weak commutativity generalized by Junjck [3] and another
generalization is given by Pant [6] as R-weak commutative of type (Ay). Two self
maps S and T of a metric space X are called compatible if lim, d(STx,,TSx,) =0,
whenever {x,} is a sequence in X such that lim, Tx, = lim, Sx, = p for some p in X.
It follows that the maps S and T are called non-compatible if they are not
compatible. Thus S and T are non-compatible if there exists at least one sequence
{x,} such that lim,Tx, = lim,Sx, = p for some p in X but lim, d(STx,,TSx,)#0 or
lim, d(STx,,TSx,) does not exists.

In 1965, Zaded introduce the notation of fuzzy set. George and Veermani [1]
modified the concept of fuzzy metric space introduced by Kramosil and Michalek

[4]. They also showed that every metric space induces a fuzzy metric.
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Definition 1.1[7]. A binary operation: [0,1] x [0,1] — [0,1] is called a continuous t-
norm if ([0,1],) is an abelian topological monoid with unit 1 such that a*b < c¢*d
whenever a<c and b< dforalla, b, c,de][0,1].

Definition 1.2 [4]. The 3-tuple (X,M,*) is called a fuzzy metric space (FM space) if
X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X% x [0,00)
satisfying the following conditions; for all x, y, z in X and s, t >0,

(FM-1) M(x,y,0) =0,

(FM-2) M(x,y,t) =1 Vt>0iff x =y,

(FM-3) M(x,y,t) = M(y.x,1),

(FM-4) M(x,y,t)*M(x,z,s) < M(x,z,t+s),

(FM-5) M(x,y,.):[0,1) — [0,1] is left continuous.

Note that M(x,y,t) can be thought of as the degree of nearness between x and y with
respect to t. We identify x = y with M(x,y,t) = 1 for all t > 0 and M(x,y,t) = 0 with o
and we can fined some topological properties and example of fuzzy metric space .
Lemma 1.1 ([2]) For all x, y in X M(x,y,t) be non-decreasing.
Definition 1.3 ([2]) Let (X,M,*) be a fuzzy metric space:

(1) A sequence {x,}in X is said to be a convergent to a point x in X if

lim, M(x,, x,t)=1 forallt>0
(2) A sequence {x,}in X is said to be a Cauchy sequence if

lim, M(Xp4p, X5, ) =1 forall t>0and p > 0.

If in a fuzzy metric space every cauchy sequence is convergent then the FM space is
complete.

Remark: Since * is continuous, it follows from FM-4 that the limit of the sequence
in FM space is uniquely determined.

FM 6: Let (X,M,*) be a fuzzy metric space then lim M(x,, x,t)=1 V x, yin X.
Lemma 1.2([5]) If all x, y € X, t > 0 and for a number ke (0,1),

M(x, y, kt) > M(x, y, t) then x = y.
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Definition 1.4 Let {x,} be a sequence in FM space (X,M,*). The self maps S and T
are called non-compatible if there exists at least one sequence {x,} in X such that
lim, Tx, = lim,Sx, = p for some p in X but lim, M(STx,,TSx,,t)#1 or lim,
d(STx,,TSx,,t) does not exists.

Main Result

Theorem 1. Let S and T be non-compatible self mappings of a fuzzy metric space
(M,X,*) such that

() T(X)c=S(X) where T(X) is closure of the range of T

(II) M(Tx, Ty kt)

* *
me{M (Sx.Sy.0). M (Sx,Ty’t)’M(Tx,Sy,t) M (Ty,Sy,t) M (Tx,Sx,t) M(Ty,Sx,t)_}

M (Tx, Sx,t)* M (Ty, Sx,t) " M (Tx, Sy,t) * M (Ty, Sy,t)

If T and be weak compatible of type A, then S and T have a unique common fixed
point.

Proof : Since S and T are non-compatible mappings the there exists a sequence
{x,} in X such that

lim Sx, =lim Tx, =p for some pe X......... (1)

n—oo n—oo

but either lim M(TSx,, STx,,t) # 1 or limit does not exist. Again T(X) c S(X)and

n—oo

pe T(X) therefore there exists u in X such that Su =p, (where lim Sx,, = p). If

Tu+# Su then by (II)
M(Tx , ,Tu,kt)

2miny M (Sx,,,Su,t),M (Sx,,Tu,t), ,
MTx,,Sx,,t)* M (Tu,Sx,,t) M (Tx,,Su,t)* M (Tu,Su,t)

On taking limit n—o0

M(Su,Tu,kt)

* k
>min{M(Su’Su’t)’M(Su’Tu’t)’M(Su,Su,t) M (Tu,Su,t) M (Su,Su,t) M(Tu,Su,t)_}

M (Su,Su,t)* M (Tu, Su,t) ’ M (Su, Su,t)*M (Tu, Su,t)

= M(Su,Tu,kt)> M(Su,Tu,t) = Su="Tu.

M (Tx,,Su,t)*M (Tu,Su,t) M (Tx,,Sx,,t)* M (Tu,Sx,,t) 3

}
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Now, S and T are weak compatible of type (A), therefore TTu = STu.
If Tu # TTu the by (II)
M(Tu, TTu,kt)

* *
>min{M (St STty M(Su Ty, M STw*MUTu STu) _M(TwSun)*M(SuTTur) _}

M(Tu,Su,t)* M(TTu Su,t) M (Tu, STut)* M(TTu,STut)

ES %
>min{M TuTTut) M (TM’TTMJ)’M(TM,TTM,I) MTTuTTut) M(Tu,Tut)*MTu,TTur) _}

M(Tu,Tu,t)* M(TTu,Tu,t) ~MTu,TTut)* M(TTu,TTut)
M(Tu,TTu,kt) > M(Tu,TTu,t).

= Tu=TTu = STu.

Hence, Tu is common fixed point of S and T.

Uniqueness: Let for u= v, Tu and Tv are two common fixed points of S and T.
Assume that Tu # Tv, then by (II)

M(Tu,Tv,kt)

* *
>mm{M (St Sv.0). M (S Ty, A L SV.D* M (T, Sv.0) M (T, S, M(Su,Tv,t)}

M (Tu,Su,t)*M (Tv, Su,t) ’ M (Tu,Sv,t) *M (Tv, Sv,t)

. M (Tu,Tv,t)*M (Tv,Tv,t) M (Tu,Tu,t)*M (Tu,Tv,t
= mind M (Tu,Tv.0), M (Tu,Tv,p), LT TD* M I, Tv,0) MTu,Tu,n)*M Tu,1v.1) _
M (Tu,Tu,t)* M (Tv,Tu,t) M (Tu,Tv,t)*M (Tv,Tv,t)

M(Tu,Tv,kt) > M(Tu,Tv,t) = Tu="Tv.

In the theorem, we make modification in the condition of theorem 1 with R-
weak commutative of type (A,),we get discontinuity at common fixed point. Let S
and T satisfying following condition:

limTTx,=Tp and 1imSTx,=Sp............ (2),

n—oo n—oo

whenever {x,} is a sequence such that lim Tx, = 1lim Sx, = p for some p in X

Theorem 2. Let S and T be non-compatible self mappings of a fuzzy metric space
(M, X, *) satisfying (II) of theorem 1 and the above condition (2). If T and S were R-
weak commutative of type (A,), then S and T have a unique common fixed point

and fixed point is a fixed point of discontinuity.
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Proof: Since S and T are non-compatible mappings the there exists a sequence {x,}

in X such that by (1) lim Sx, =limTx, =p for some pe X

n—oo

but either lim Sx, M(TSx,, STx,,t) # 1 or limit does not exist. Again by (2) we have

n—oo

limTTx, =Tpand 1imSTx, = Sp.

Further, R-weak commutative of type (A,) yields

M(TTx,, STx,, kt) > R M(Tx,, Sx,,t)

On taking limit, we get Tp = Sp and TTp = STp.

Now, we claim that TTp=Tp. Let TTp#Tp, then by (II)
M(Tp,TTp,kt)

MTp.STpt)* M(TTp.STpt)  M(Tp,Sp.t)* M(Sp.TTpt
>mm{M(Sp’STW)’M(SP’TTW)’ (Tp.STp)*MITp.STpt) M(Ip.Sp.t)*M(Sp.TTp1) _}

M(Tp,Sp,t)*M(TTp,Sp,t) ~M(Tp,STp,t)* M(TTp,STp,1)

= M(Tp,TTp,t)

Which is contradiction, therefore TTp=Tp.

= Tp =TTp = STp. Hence, Tp is common fixed point of T and S.

Now, we show that S and T are discontinuous at the common fixed point Tp=Sp=p.
If possible, suppose T is continuous. Then considering sequence {x,} of (1) we get

lim TTx, = Tp = p. R-weak commutativity of type (A,) implies that

n—oo

M(TTx,, STx,, kt) > R M(Tx,, Sx,,t).
On taking limit n—oo this yields lim STx, = Tp = p.

n—oo

Therefore, lim M(TSx,, STx,,t) =1. This contradiction the fact that either

n—oo

lim M(TSx,, STx,,t) # 1 or nonexistent for the sequence {x,} of (1). Hence T is

n—oo
discontinuous at the fixed point. Next, suppose that S is continuous. Then for the

sequence {x,} of (1), we get 1lim STx, = Sp =p and lim SSx,, = Sp = p. In view of

these limits, the inequality M(Tp,TSx , ,kt)
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M(Tp,S5x,0)*M(Tx,,SSx,,t)  MIp,Sp,0)*M(TSx,,Spt)
" M(Tp,Sp.t) *M(TSx,,Sp,t) "M(Tp, SSx 1) *M(TSx,,S5x% ,t)
yields a contradiction unless lim TSx, = Tp =Sp. But 1lim TSx, = Sp and

n—oo n—oo

Zmin{M(Sp, Sx,,£),M(Sp.Tx, 1)

lim STx, = Sp contradicts the fact that either lim M(TSx,, STx,,t) #1 or

n—oo n—oo

nonexistent for the sequence {x,} of (1). Hence both T and S are discontinuous at

their common fixed point.

Examplel: Let X = [1,10] and M(x, y,t) = . and d is usual metric on X.
t+d(x,y)
2
1 if 1<x<3 YA <<
Define S,T:X—X by Tx = {2+ x and Sx=1 2
if x=3 2x+1
5 if x=2

Also consider the sequence x, = 2+(1/n). lim Sx, =lim Tx, = 1.

n—oo n

lim TSx,, = 3/4 and lim STx, = 3/5.

Clearly, T & S are noncompatible but T & S are weak compatible of type (A).
=TT2=ST2 and T2 =S2 =1 (also TT1=ST1 & T1=S1=1). We observe that S and

T satisfying the conditions of theorem 1 and hence 1 is the fixed point.

Example2: Let X = [1,10] and M(x, y,t) = t; [by 1] and d is usual metric on

+d(x,y)
1 i =1 3
X. Define S, T:X—X by Tx = if x=1lorx>
4 if 1<x<3
1 ifx=1
Sx=45 if 1<x<3 Also consider the sequence {x, = 3+(1/n): n>1}.
x+1
—if x>3
PR

lim Sx, =lim Tx,, = 1. lim TSx, =4 and 1lim STx, = 1. Clearly, T & S are

n—seo n—»eo

noncompatible but it can be verify T & S are R-weak commutative of type (A,) . We
observe that S and T satisfying the conditions of theorem 2 and hence 1 is the fixed

point.
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Conclusion: Firstly, we ensure the unique fixed point without compatible mappings

but weak compatible of type A with Lipschiz type analogue of a plane contractive.

Secondly, we provide a pair of mappings (R-weak commutative of type (A,)) which

ensures the existence of a common fixed point, however, both the mappings are

discontinuous at the common fixed point.
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Solving second order ordinary differential equations with

constant coefficients by Adomian decomposition method *

Yahya Qaid Hasan T, Liu Ming Zhu
Department of Mathematics, Harbin Institute of Technology

Harbin, 150001, P.R.China

Abstract

In this paper, an efficient modification of Adomian decomposition method
is introduced for solving second-order ordinary differential equations with con-
stant coefficients. The proposed method can be applied to linear and nonlinear
problems. Some examples were presented to show the ability of the method
for linear and nonlinear ordinary differential equations.

Keywords: Adomian decomposition method; second-order ordinary differ-

ential equations .

1 Introduction

In this paper, we consider the second order ordinary differential equation with con-

stant coefficients of the form

y' +ay +by = g(x) + flz,y), (1)

y(0) = A,y'(0) = B.

*

fCorresponding author. E-mail address: yahya217@yahoo.com
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Where f(z,y) is nonlinear function , g(z) is given function and A, B, a,b are con-
stants. The purpose of this paper to introduce a new differential operator to study

the problem(1).

In recent years a large amount of literature developed concerning Adomian de-
composition method [1-5,7], and the related modification [6,8,9,11]to investigate

various scientific models. The method is tested for some examples.

2 Analysis of the method

Under the transformation a = 2n+k and b = n(n+k) the equation (1) is transformed

to

v+ @2n+k)y +n(n+k)y =g(x)+ f(z,y), (2)

where n,k are constants.

We propose the new differential operator, as below
d d
L() = e e —e"(), (3)
so, the problem (2) can be written as,

Ly = g(z) + f(x,y). (4)

The inverse operator L~! is therefore considered a two-fold integral operator, as

L7Y() = e~ (nth)e / / Ndxdz. (5)

Applying L=' of (5) to the third terms y" + (2n +k)y +n(n+k)y of Eq.(2) w
find

below,

Yy ' + @n+ )y +nn+k)y

(k) / / “(y" + (2n + k)y +n(n + k)y)deds

= e [Ty (R = (0) = (0 Bly(o))ds
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k 1,
(O)efn:v - (n—IL_ >y(0>efnm + Ey <O)ef(n+k)x +

Operating with L™! on (4), it follows

/

Ey(o)ef(nJrk)x

_ 1
VTR 2

/ k /
o) = 1 O™ + "D gm0 nibir Ry o)
+L79(e) + L7 () )

The Adomian decomposition method introduce the solution y(z) and the nonlinear

function f(z,y) by infinite series

y(@) = yal2), (7)

and
flay) => A, (8)

where the components y,(z) of the solution y(z) will be determined recurrently.
Specific algorithms were seen in [7,10] to formulate Adomian polynomials. The
following algorithm:

A() = F(U),
Al = F/(Uo)ul,
! ]. 1"
AQ = F (UO)UQ + §F (Uo)U%,

/ 1 ]_ "
Ag =F (Uo)U3 + F (uo)u1u2 + gF (UO)ui)u (9)

can be used to construct Adomian polynomials, when F'(u) is a nonlinear function.

By substituting(7)and(8) into (6),

= L. —nx n+k —nz ! —(n+k)z n —(n+k)x
S v = 1y @ + P g - Ly g)emtreme Ly gt
n=0
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+L7'g(z) + LY A, (10)
n=0

Through using Adomian decomposition method, the components y,(z) can be de-

termined as

o= 1/ )+ PR ) Ly gpemtistie Ty )t
+L7g(x), (11)
Yni1 = L7'4,,n>0,
which gives
Yo = %y'(O)e"” G Z k)y(O)e‘m - %?/(0)6‘(”*'“” - %U(O)e‘("*'“)m
+L " g(x),
y1 = L Ao,
yo = L1 Ay,
ys = L' As, (12)

From (9) and (12), we can determine the components y,(z), and hence the series
solution of y(x) in (7) can be immediately obtained. For numerical purposes, the

n-term approximant

i
L

S
I
o

can be used to approximate the exact solution. The approach presented above can
be validated by testing it on a variety of several linear and nonlinear initial value

problems.
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3 Numerical illustrations
Example 1. We consider the linear homogenous initial value problem :

y —2y +2y=0, (14)

We put 2n + k = —2 and n(n + k) = 2,
it follows that & = F2i, n = —1 £+ i, where : = /—1,
substitution of k = 2i and n = —1 — 7 in Eq.(3) yields the operator

zacd —imd —1+i)x
L():e(H)%@ ? d_we( (),

SO
L) = e(li)x/ 62”‘”/ 10T dadz.
0 0
In an operator form, Eq.(14) becomes
Ly = 0. (15)
Applying L™! on both sides of(15) we find
L™ 'Ly =0,
and it implies,
1

— o (0)eH=z
22.y( Jel T+

1, ~
— o (0)et—Dz _
5, (0)e

-1+
21

-1+
21

y = y(0)e T 4y (0)e 7 — y(0)et =9

LY} Y}

= —e®(cosx —isinz) — Eez(cos:c +isinz) = be®sinx

So, the exact solution is easily obtained by this method.

Example 2. We consider the linear non-homogenous initial value problem:
y' =3y +2y =, (16)

y(0) =1,y (0) = 0.
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We put 2n + k= —3 and n(n + k) = 2
it follows that k = -1,k =1and n=—1,n = -2,
substitution of k = —1 and n = —1 in Eq.(3) yields the operator

d _d
L _ il 2
() e dl‘e d:l?e ()7

= e [Cendar

In an operator form, Eq.(16) becomes

SO

Ly = z. (17)

Applying L™! to both sides of (17) we find

L7 'Ly =é€? / / x)dxdz,

/ ’ 3 1 X
y(w) = =y (0)e” +2y(0)e” + y(0)e +y (0)e* = 2y(0)e™ + 7 — " + e + T

and it implies,

3 T 32:1: Z
:>y(:1:)zz—|—e Ve —|—§.

So, the exact solution is easily obtained by this method.

Example 3. We consider the nonlinear initial value problem:
y' —4y =8ylny, (18)

y(0) =1,y (0) = 0.
put 2n +k =0 and n(n+ k) = —
it follows that k = F4,n = £2,
substitution of k = —4,n = 2 in Eq.(3) yields the operator

d d
L() — 672x_64x_672x<),

e Lo [ dad

SO
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According to (18) we have,

Ly = 8ylny,
proceeding as before we obtain
1, —2 1 —2x 2x L 2x 1 2x
Yo =—~y (0)e ="+ sy(0)e™ + y(0)e™ + —y (0)e™ — ~y(0)e
4 2 4 2
1 1
— 56—2m 4 §€2$,

Yn+1 = L_lAna n >0

when A,’s are Adomian polynomials of nonlinear term yIny as below[6]
Ao = yoInyo,

Ay =y (1 +Inyp,

2
1
Ay = yo((L4+Ingo) + 21+ ),
Yo

It must be noted that, to compute y we use the Taylor series of ™2 with order 8.In

this case we obtain

2 4 2
2 gty D6 2 s
Yo +x+3x+45x+315x+
44,86, 8
= = —T —X —X
=3t Tt T 05" T 405
16, 8 4 16 4
?J2—4596 +15x +525x =+ ...

16 256 ,, 608 .,

$= 315" T 945 7425"
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This means that the solution in a series form is given by

4 2
?J(l"):yo+y1+yz+y3+.-.:1+2x2+2x4+§x6+§x8—|—...,

and in the closed form

y(z) =e

4 Conclusion

Adomian decomposition method has been known to be a powerful device for solving
many functional equation as algebraic equations, ordinary and partial differential
equations, integral equations and so on . Here we used this method for solving
second-order ordinary differential equation with constant coefficients. It is demon-
strated that this method has the ability of solving equations of both linear and
non-linear differential equations. For linear equations we derived the exact solutions
and for nonlinear equations, we usually derive a very good approximations to the

solutions, and some times the exact solution can be found.
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