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A New System of variational Inclusions with

(H, η)-accretive Operators in Banach Spaces

Chaofeng Shi, Shuling Zhang∗

Department of Mathematics, Xianyang Normal University, Xianyang, Shaanxi,712000, P.R.China

Abstract In this paper, we introduce and study a new system of variational in-

clusions involving (H, η)-accretive operators, we prove the existence and uniqueness

of solutions for this new system of variational inclusions. We also construct a new

algorithm for approximating the solution of this system and discuss the convergence

of the sequence of iterates generated by the algorithm.

Key words (H, η)-accretive operator, Resolvent operator technique, System of vari-

ational inclusion, Iterative algorithm

1.INTRODUCTION

Variational inclusions are important generalization of classical variational inequalities and

thus, have wide applications to many field including, for example, mechanics, physics, opti-

mization and control, nonlinear programming, economics, and engineering sciences. For these

reasons, variational inclusions have been intensively studied in recent years. For details, we refer

the reader to [1-12] and the reference therein.

Recently, some interesting and important problems related to variational inequalities and

complementarity problems have been considered by many authors. Ansari and Yao [1] studied a

system of variational inequalities using a fixed point theorem. Huang and Fang [9] introduced a

system of order complementurity problems and established some existence results for there using

fixed-point theory. Kassay and Kolumbán [10] introduced a system of variational inequalities

and proved an existence theorem using Fan’s lemma. Kassay, Kolumbán and Páles [11] intro-

duced and studied Minty and stampacchia variational inequality systems using the Kakutani-

Fan-Glicksberg fixed-point theorem. In [12], Verma introduced and studied some systems of

variational inequalities and developed some iterative algorithms for approximating the solutions

∗E-mail: shichf@163.com, This research is supported by the natural foundation of Shaanxi province

of China(Grant. No.: 2006A14)and the natural foundation of Shaanxi educational department of

China(Grant. No.:07JK421)
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of these systems of variational inequalities. Very recently, Fang and Huang [4] introduced a

system of variational inclusions and developed a Mann iterative algorithm to approximate the

unique solution of the system.

On the other hand, monotonicity technique were extended and applied in recent years be-

cause of there importance in theory of variational inequalities, complementarity problems, and

variational inclusions. In [8], Huang and Fang introduced a class of generalized monotone op-

erators, maximal η-monotone operators, and defined an associated resolvent operator. Using

resolvent operator methods, they developed some iterative algorithms to approximate the solu-

tion of a class of general variational inclusions involving maximal η-monotone operators. Huang

and Fang’s method extended the resolvent operator method associated with an η-subdifferential

operator due to Ding and Luo [2]. In [3], Fang and Huang introduced another class of general-

ized monotone operators, H-monotone operators, and defined an associated resolvent operator.

They also established the Lipschitz continuity of the resolvent operator and studied a class of

variational inclusions in Hilbert spaces using the resolvent operator. In recent paper [5], Fang

and Huang further introduced a new class of generalized monotone operators, (H, η)-monotone

operators, which provide a unifying framework for classes of maximal monotone operators, max-

imal η-monotone operators, and H-monotone operators. They also studied a class of variational

inclusions using the resolvent operator associated with an (H, η)-monotone operator. In [6], Fang

and Huang generalize the resolvent operator technique by introducing a new class of H-accretive

operators in Banach spaces. They extend the concept of resolvent operators.

Motivated and inspired by above works, in this paper, we introduce and study a new system

of variational inclusions involving (H, η)-accretive operators in Banach spaces. Using the re-

solvent operator method associated with (H, η)-accretive operators, we prove the existence and

uniqueness of solutions for this new system of variational inclusions. We also construct a new

algorithm for approximating the solution of the system of variational inclusions and discuss the

convergence of iterative sequence generated by the algorithm. The present results improve and

extend many known results in the literature.

2. PRELIMINARIES

Let X be a real Banach space endowed with a norm ‖ · ‖ and dual space X∗, 〈·, ·〉 be the

dual pair between X and X∗, and 2X denote the family of all nonempty subsets of X. The

generalized dual mapping Jq : X → 2X∗
is defined by

Jq(x) = {f∗ ∈ X∗ : 〈x, f∗〉 = ‖x‖qand ‖f∗‖ = ‖x‖q−1},∀x ∈ X,

where q > 1 is a constant. In particular, J2 is the usual normalized dual mapping. It is

known that, in general, Jq(x) = ‖x‖q−2J2(x), for all x 6= 0, and Jq is single-valued if X∗ is

strictly convex. In the sequel, unless otherwise specified, we always suppose that X is a real

2
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Banach space such that Jq is single-valued. The modulus of smoothness of X is the function

ρX : [0,∞) → [0,∞) defined by

ρX(t) = sup{1
2
(‖x + y‖+ ‖x− y‖)− 1; ‖x‖ < 1, ‖y‖ ≤ t}.

A Banach space X is called uniformly smooth if lim
t→0

ρX(t)
t = 0, X is called q-uniformly smooth

if there exists a constant c > 0, such that

ρX(t) ≤ ctq, q > 1.

Note that Jq is single-valued if X is uniformly smooth. The following theorem gives characteristic

inequalities in q-uniformly smooth Banach spaces.

Theorem X[6]

Let X be a real uniformly smooth Banach space. Then, X is q-uniformly smooth if and only if

there exists a constant cq > 0, such that for all x, y ∈ X,

‖x + y‖q ≤ ‖x‖q + q < y, Jq(x) > +cq‖y‖q,

Definition 2.1 Let T,A : X → X be two single-valued operators. The operator T is said

to be

(i) accretive if

〈Tx− Ty, Jq(x− y)〉 ≥ 0,∀x, y ∈ X;

(ii) strictly accretive if

〈Tx− Ty, Jq(x− y)〉 ≥ 0,∀x, y ∈ X,

and the equality holds if and only if x = y;

(iii) strongly accretive if

〈Tx− Ty, Jq(x− y)〉 ≥ r‖x− y‖q,∀x, y ∈ X;

(iv) strongly accretive with respect to H if there exists some constant γ > 0, such that

〈Tx − Ty, Jq(H(x)−H(y))〉 ≥ γ‖x− y‖q,∀x, y ∈ X;

(v) Lipschitz continuous if there exists some constant s > 0, such that

‖Tx − Ty‖ ≤ s‖x− y‖,∀x, y ∈ X

Remark 2.1 If T and H are Lipschitz continuous with constants τ and s, respectively, and

T is strongly accretive with respect to H with a constant γ, then γ ≤ τsq−1.

Example 2.1 Let X = (−∞,+∞), Tx = −x and Hx = −2x, for all x ∈ X. Then, T is

strongly accretive with respect to H, but T is not strongly accretive.

3
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Example 2.1 Show that the strong accretivity of T with respect to H is a generalization of

the strong accretivity of T .

Definition 2.2 A single-valued operator η : X ×X → X is said to be

(i) accretive if

〈Jq(u− v), η(u, v)〉 ≥ 0,∀u, v ∈ X;

(2) strictly accretive if

〈Jq(u− v), η(u, v)〉 ≥ 0,∀u, v ∈ X

and equality holds if and only if u = v;

(3)strongly accretive if there exists a constant δ > 0, such that

〈Jq(u− v), η(u, v)〉 ≥ δ‖u− v‖q,∀u, v ∈ X;

Definition 2.3 Let η : X × X → X and H : X → X be two single-valued operators and

let M : X → 2X be a multivalued operator. M is said to be:

(1)accretive if

〈Jq(x− y), u− v〉 ≥ 0,∀u, v ∈ X, x ∈ Mu, y ∈ Mv;

(2)η-accretive if

〈Jq(x− y), η(u, v)〉 ≥ 0,∀u, v ∈ X, x ∈ Mu, y ∈ Mv;

(3) strictly η-acretive if M is η-accretive and equality holds if and only if u = v;

(4) strongly η-accretive if there exists some constant r > 0, such that

〈Jq(x− y), η(u, v)〉 ≥ r‖u− v‖2,∀u, v ∈ X, x ∈ Mu, y ∈ Mv;

(5) m-accretive if M is accretive and (I + λM)(X) = X, for all λ > 0, where I denotes the

identity operator on X;

(6) (m, η)-accretive if M is η-accretive and (I + λM)(X) = X, for all λ > 0;

(7) H-accretive if M is accretive and (H + λM)(X) = X, for all λ > 0;

(8) (H, η)-accretive if M is η-accretive and (H + λM)(X) = X, for all λ > 0.

Remark 2.1 If X = H, a Hilbert space, then we can obtain the corresponding definition of

maximal η-monotone operators, H-monotone operators, and (H, η)-monotone operators, which

were first introduced in Huang and Fang[8], Fang and Huang[3], respectively, obviously, the class

of (H, η)-accretive operators provides a unifying framework for classes of M -accretive operators,

(m, η)−accretive operators and H− accretive operators.

For our results, we need the following lemmas.

Lemma 2.1 Let η : X × X → X be a single-valued operator, H : X → X be strictly

η-accretive operator and M : X → 2X be an (H, η)-acretive operator. Then, the operator

(H + λM)−1 is single-valued, where λ > 0 is a constant.

4
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Proof. Let u ∈ X, x, y ∈ (H + λM)−1(u). It follows that −H(x) + u ∈ λM(x) and

−H(y) + u ∈ λM(y). Since M is (H, η)-accretive,

〈η(x, y), Jq(H(x)−H(y))〉 ≥ 0

The strict accretiveness of H implies that x = y. Thus, (H + λM)−1 is simple-valued. The

proof is complete.

Based on Lemma 2.1, we can define the resolvent operator RH,η
M,λ associated with H and M

as follows.

Definition 2.4 Let η : X ×X → X be a single-valued operator, H : X → X be a strictly

η− accretive operator and M : X → 2X be an (H, η)-accretive operator. The resolvent operator

RH,η
M,λ : X → X is defined by

RH,η
M,λ(u) = (H + λM)−1(u),∀u ∈ X

Lemma 2.2 Let η : X × X → X be a single-valued Lipschitz continous operator with

constant τ,H : X → X be a strongly η-accretive operator with constant r and M : X → 2X

be an (H, η)-accretive operator. Then, the resolvent operator RH,η
M,λ : X → X is Lipschitz

continuous with constant τ q−1/r, that is,

‖RH,η
M,λ(u)−RH,η

M,λ(v)‖ ≤ τ q−1

r
‖u− v‖,∀u, v ∈ X,

Proof. Let u, v be any given points in X. It follows that

RH,η
M,λ(u) = (H + λM)−1(u)

and

RH,η
M,λ(v) = (H + λM)−1(v).

This implies that
1
λ

(u−H(RH,η
M,λ(u))) ∈ M(RH,η

M,λ(u))

and
1
λ

(v −H(RH,η
M,λ(v))) ∈ M(RH,η

M,λ(v)).

Since M is η-accretive,

〈η(RH,η
M,λ(u), RH,η

M,λ(v)), Jq( 1
λ(u−H(RH,η

M,λ(u)))

− 1
λ(v −H(RH,η

M,λ(v))))〉 ≥ 0.

The inequality above implies that

τ q−1‖u− v‖ · ‖RH,η
M,λ(u)−RH,η

M,λ(v)‖q−1

≥ ‖u− v‖‖Jq(η(RH,η
M,λ(u), RH,η

M,λ(v))‖
≥ 〈Jq(u− v), η(RH,η

M,λ(u), RH,η
M,λ(v))〉

≥ 〈Jq(H(RH,η
M,λ(u))−H(RH,η

M,λ(v))),

η(RH,η
M,λ(u), RH,η

M,λ(v))〉
≥ r‖RH,η

M,λ(u)−RH,η
M,λ(v)‖q.
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Hence,

‖RH,η
M,λ(u)−RH,η

M,λ(v)‖ ≤ τ q−1

r
‖u− v‖,∀u, v ∈ X.

3. A NEW SYSTEM OF VARIATIONAL INCLUSIONS

In this section, we shall introduce a new system of variational inclusions involuing (H, η)-

accretive operators in Banach spaces. In what follows, unless otherwise specified, we always

assume that X1 and X2 are two real Banach spaces, A ⊂ X1 and B ⊂ X2 are two nonempty,

closed and convex sets. Let

F : X1 ×X2 → X1, G : X1 ×X2 → X2,

H1 : X1 → X1,H2 : X2 → X2, and η : X ×X → X be five operators. Moreover, let M : X1 →
2X1 be an (H1, η)-accretive operator and N : X2 → 2X be an (H2, η)-accretive operator. The

system of variational inclusions is formulated as follows.

Find (a, b) ∈ X1 ×X2, such that

0 ∈ F (a, b) + M(a),

0 ∈ G(a, b) + N(b).
(3.1)

Some examples of problem (3.1) include the following.

(I) If X1 = H1, and X2 = H2 two Hilbert spaces, then, problem (3.1) reduces to the following

problem. Find (a, b) ∈ A×B, such that

0 ∈ F (a, b) + M(a),

0 ∈ G(a, b) + N(b).
(3.2)

(II) If X1 = H1 and X2 = H2, two Hilbert spaces, M(x) = ∂ϕ(x) and N(y) = ∂Φ(y), for

all x ∈ H1 and y ∈ H2, where ϕ : H1 → R ∪ {+∞} and Φ : H2 → R ∪ {+∞} are two proper,

convex, lower semicontinuous functionals, and ∂ϕ and ∂Φ denote the subdifferential operators of

ϕ and Φ, respectively, then problem (3.1) reduces to the following problem: find (a, b) ∈ A×B,

such that
〈F (a, b), x− a〉+ ϕ(x)− ϕ(a) ≥ 0,∀x ∈ H1,

〈G(a, b), y − b〉+ Φ(y)− Φ(b) ≥ 0,∀y ∈ H2,
(3.3)

which is called a system of nonlinear variational inequalities.

(III) If X1 = X2 = H1, a Hilbert space, A = B,F (x, y) = ρT (y) + x − y, and G(x, y) =

γT (x) + y − x, for all x, y ∈ H, where T : A → H is a nonlinear mapping, and ρ > 0 and γ > 0

are two constants, then problem (3.3) reduces to the following system of variational inequalities:

find (a, b) ∈ A×A, such that

〈ρT (b) + a− b, x− a〉 ≥ 0,∀x ∈ A,

〈γT (a) + b− a, x− b〉 ≥ 0,∀x ∈ A,
(3.5)

which is the system of nonlinear variational inequalities considered by verma [12].

6

SHI, ZHANG : VARIATIONAL INEQUALITIES AND ACCRETIVE OPERATORS 13



4.EXISTENCE AND UNIQUENESS

In this section, we will prove existence and uniqueness for solutions of problem (3.1). For

our main results, we have the following characterization of solutions of problem (3.1).

Lemma 4.1 Let η : X ×X be a single-valued operator, H1 : X1 → X1 and H2 : X2 → X2

be two strictly η-accretive operators, M : X1 → X1 be (H1, η)-accretive, and N : X2 → X2 be

(H2, η)−accretive. Then, for any given (a, b) ∈ X1 ×X2, (a, b) is a solution of problem (3.1) if

and only if (a, b) satisfies
a = RH,η

M,ρ[H1(a)− ρF (a, b)],

b = RH,η
N,λ[H2(b)− λG(a, b)],

where λ > 0 and ρ > 0 are two constants.

Proof. The fact directly follows from Definition 2.4.

Theorem 4.1 let η : X × X → X be a Lipschitz continuous operator with constant σ.

Let H1 : X1 → X1 be a strongly η-accretive, Lipschitz continuous operator with constant γ1, τ1,

and H2 : X2 → X2 be a strongly η-accretive, Lipschitz continous operator with constants γ2

and τ2. Let M : X1 → 2X1 be (H1, η)-accretive and N : X2 → 2X2 be (H2, η)-accretive. Let

F : X1 ×X2 → X1 be an operator, such that, for any given (a, b) ∈ X1 ×X2, F (·, b) is strongly

accretive with respect to H1 and Lipschitz continuous with constants r1 and s1, respectively,

and F (a, ·) is Lipscaitz continuous with a constant θ, let X1 × X2 → X2 be an operator, such

that, for any given (x, y) ∈ X1 × X2, G(x, ·) is strongly accretive with a constant ξ. Let there

exist constants ρ > 0 and λ > 0, such that

γ2σ
q−1 q

√
τ q
1 − qρr1 + cqρqsq

1 + γ1σ
q−1λξ < γ1γ2,

γ1σ
q−1 q

√
τ q
2 − qλr2 + cqρqsq

2 + γ2σ
q−1ρθ < γ1γ2,

Then, problem (3.1) admits a unique solutions.

Proof. For any given λ > 0 and ρ > 0, define Tρ : X1 ×X2 → X1 and Sλ : X1 ×X2 → X2

by

Tρ(u, v) = RH1,η
M,ρ [H1(u)− ρF (u, v)] (4.2)

and

Sλ(u, v) = RH2,η
N,λ [H2(v)− λG(u, v)],

for all (u, v) ∈ X1 ×X2.

For any (u1, v1), (u2, v2) ∈ X1 ×X2, it follows from (4.2) and Lemma 2.2 that

‖Tρ(u1, v1)− Tρ(u2, v2)‖
≤ σq−1

γ1
‖H1(u1)−H1(u2)− ρ(F (u1, v1)− F (u2, v2))‖

≤ σq−1

γ1
‖H1(u1)−H1(u2)− ρ(F (u1, v1)− F (u2, v1))‖

+ρσq−1

γ1
‖F (u2, v1)− F (u2, v2)‖

(4.3)
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and
‖Sλ(u1, v1)− Sλ(u2, v2)‖

≤ σq−1

γ2
‖H2(v1)−H2(v2)− λ(G(u1, v1)−G(u2, v2))‖

≤ σq−1

γ2
‖H2(v1)−H2(v2)− λ(G(u1, v1)−G(u1, v2))‖

+λσq−1

γ2
‖G(u1, v2)−G(u2, v2)‖

(4.4)

By assumptions and Theorem X we have

‖H1(u1)−H1(u2)− ρ(F (u1, v1)− F (u2, v1))‖q ≤ ‖(H1(u1)−H1(u2)‖q

−qρ〈F (u1, v1)− F (u2, v1), Jq(H1(u1)−H1(u2))〉
+ρqcq‖F (u1, v1)− F (u2, v1)‖q

≤ (τ q
1 − qρr1 + cqρ

qsq
1)‖u1 − u2‖q

(4.5)

and
‖H2(v1)−H2(v2)− λ(G(u1, v1)−G(u1, v2))‖q

≤ (τ q
2 − qλr2 + cqλ

qsq
2)‖v1 − v2‖q.

(4.6)

Furthermore,

‖F (u2, v1)− F (u2, v2)‖ ≤ θ‖v1 − v2‖. (4.7)

and

‖G(u1, v2)−G(u2, v2)‖ ≤ ξ‖u1 − u2‖. (4.8)

It follows from (4.3)—(4.8) that

‖Tρ(u1, v1)− Tρ(u2, v2)‖
≤ σq−1

γ1

q

√
τ q
1 − qρr1 + cqρqsq

1‖u1 − u2‖
+σq−1ρθ

γ1
‖v1 − v2‖,

‖Sλ(u1, v1)− Sλ(u2, v2)‖
≤ σq−1

γ2

q

√
τ q
2 − qλr2 + cqλqsq

2‖v1 − v2‖
+σq−1λξ

γ2
‖u1 − u2‖.

(4.9)

Now, (4.9) implies that

‖Tρ(u1, v1)− Tρ(u2, v2)‖+ ‖Sλ(u1, v1)− Sλ(u2, v2)‖
≤ (σq−1

γ1

q

√
τ q
1 − qρr1 + cqρqsq

1 + σq−1λξ
γ2

)‖u1 − u2‖
+(σq−1

γ2

q

√
τ q
2 − qλr2 + cqλqsq

2 + σq−1ρθ
γ1

)‖v1 − v2‖
≤ k(‖u1 − u2‖+ ‖v1 − v2‖),

(4.10)

where
k = max{σq−1

γ1

q

√
τ q
1 − qρr1 + cqρqsq

1 + σq−1λξ
γ2

,

σq−1

γ2

q

√
τ q
2 − qλr2 + cqλqsq

2 + σq−1ρθ
γ1

}

Define ‖ · ‖1 on X1 ×X2 by

‖(u, v)‖1 = ‖u‖+ ‖v‖,∀(u, v) ∈ X1 ×X2.
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It is easy to see that (X1 ×X2, ‖ · ‖1) is a Banach space. For any given λ > 0 and ρ > 0, define

Qλ,ρ : X1 ×X2 → X1 ×X2 by

Qλ,ρ(u, v) = (Tρ(u, v), Sλ(u, v)),∀(u, v) ∈ X1 ×X2.

By (4.1), we know that 0 < k < 1. It follows from (4.10) that

‖Qλ,ρ(u1, v1)−Qλ,ρ(u2, v2)‖1 ≤ k‖(u1, v1)− (u2, v2)‖1.

This proves that Qλ,ρ : X1 × X2 → X1 × X2 is a contraction operator. Hence, there exists a

unique (a, b) ∈ X1 ×X2, such that

Qλ,ρ(a, b) = (a, b),

that is,
a = RH1,η

M,ρ [H1(a)− ρF (a, b)],

b = RH2,η
N,λ [H2(b)− λG(a, b)].

By Lemma 4.1, (a, b) is the unique solution of problem (3.1).

Remark 4.1 From Theorem 4.1 we can get the existence and uniqueness of solutions for

problem (3.1)—(3.5).

Remark 4.2 From Definition 2.1 we know that

r1 ≤ s1τ
q−1
1 , r2 ≤ s2τ

q−1
2

Remark 4.3 If X is 2-uniformly smooth and there exists ρ = λ > 0, such that

| ρ− r1γ2
2σ−γ2

1γ2ξ

σ(c2s2
1γ2

2−γ2
1ξ2)

|

<

√
(r1γ2

2σ−γ2
1γ2ξ)2−(γ2

2τ2
1 σ2−γ2

1γ2
2)(c2s2

1γ2
2−γ2

1ξ2)

σ(c2s2
1γ2

2−γ2
1ξ2)

(σ2τ2
1 − γ2

1)(c2s
2
1γ

2
2 − γ2

1ξ2) < (r1γ2σ − γ2
1ξ)2, γ2

1ξ2 < c2s
2
1γ

2
2

and
| ρ− r2γ2

1σ−γ2
2γ1θ

σ(c2s2
2γ2

1−γ2
2θ2)

|

<

√
(r2γ2

1σ−γ2
2γ1θ)2−(γ2

1τ2
2 σ2−γ2

2γ2
1)(c2s2

2γ2
1−γ2

2θ2)

σ(c2s2
2γ2

1−γ2
2θ2)

,

(σ2τ2
2 − γ2

2)(c2s
2
2γ

2
1 − γ2

1θ2) < (r1γ1σ − γ2
2θ)2, γ2

2θ2 < c2s
2
2γ

2
1 ,

then condition (4.1) is satisfied. We note that all Hilbert spaces and Lp(or lp) spaces (2 ≤ p < ∞)

are 2-uniformly smooth.

5.ITERATIVE ALGORITHM AND CONVERGENCE

In this section, we will construct the Mann iterative algorithm for approximating the unique

solution of problem (3.1) and discuss the convergence analysis of the algorithm.

9

SHI, ZHANG : VARIATIONAL INEQUALITIES AND ACCRETIVE OPERATORS16



Lemma 5.1 [7] Let {cn} and {kn} be two real sequences of nonnegative numbers that

satisfy the following conditions.

(i) 0 ≤ kn < 1, n = 0, 1, 2, · · · and lim sup
n

kn < 1.

(ii) cn+1 ≤ kncn, n = 0, 1, 2, · · ·
Then, cn converges to 0 as n →∞.

Algorithm 5.1 Let η, H1,H2,M, N, F and G be the same as in Theorem 4.1. For any

given (a0, b0) ∈ X1 ×X2, define the Mann iterative sequence {(an, bn)} by

an+1 = αnan + (1− αn)RH1,η
M,ρ [H1(an)− ρF (an, bn)], n = 0, 1, 2, · · ·

bn+1 = αnbn + (1− αn)RH2,η
N,λ [H2(bn)− λG(an, bn)], n = 0, 1, 2, · · ·

(5.1)

where

0 ≤ αn < 1 and lim sup
n

αn < 1. (5.2)

Theorem 5.1 Let η, H1,H2,M,N, F , and G be as in Theorem 4.1. Assume that all the

conditions of Theorem 4.1 hold. Then, (an, bn) generated by algorithm 5.1 converges strongly

to the unique solution (a, b) of problem (3.1) and there exists d ∈ [0, 1), such that

‖an − a‖+ ‖bn − b‖ ≤ dm(‖a0 − a‖+ ‖b0 − b‖), for all n ≥ 0.

Proof. By Theorem 4.1, problem (3.1) admits a unique solution, (a, b). It follows from

lemma 4.1 that
a = αna + (1− αn)RH,η

M,ρ[H1(a)− ρF (a, b)],

b = αnb + (1− αn)RH2,η
N,λ [H2(b)− λG(a, b)]

(5.3)

By (5.1) and (5.3),

‖an+1 − a‖ ≤ αn‖an − a‖+ (1− αn)

‖RH1η
M,ρ [H1(an)− ρF (an, bn)]−RH1,η

M,ρ [H1(a)− ρF (a, b)]‖
≤ αn‖an − a‖+ (1− αn)σq−1

γ1

‖H1(an)−H1(a)− ρ(F (an, bn)− F (a, b))‖
≤ αn‖an − a‖+ (1− αn)σq−1

γ1

‖H1(an)−H1(a)− ρ(F (an, bn)− F (a, bn))‖
+(1− αn)σq−1ρ

γ1
‖F (a, bn)− F (a, b)‖

≤ αn‖an − a‖+ (1− αn)σq−1

γ1

q

√
τ q
1 − qρr1 + cqρqsq

1

‖an − a‖+ (1− αn)σq−1ρθ
γ1

‖bn − b‖

(5.4)

and
‖bn+1 − b‖ ≤ αn‖bn − b‖+ (1− αn)

‖RH2,η
N,λ [H2(bn)− λG(an, bn)]−RH2,η

N,λ [H2(b)− λG(a, b)]‖
≤ αn‖bn − b‖+ (1− αn)σq−1

γ2

q

√
τ q
2 − qλr2 + cqλqsq

2‖bn − b‖+ (1− αn)σλξ
γ2
‖an − a‖.

10

SHI, ZHANG : VARIATIONAL INEQUALITIES AND ACCRETIVE OPERATORS 17



It follows from (5.4) and (5.5) that

‖an+1 − a‖+ ‖bn+1 − b‖ ≤ αn(‖an − a‖+ ‖bn − b‖)
+(1− αn)k(‖an − a‖+ ‖bn − b‖)
= (k + (1− k)αn)(‖an − a‖+ ‖bn − b‖)

where 0 ≤ k < 1 is defined by

k = max{σq−1

γ1

q

√
τ q
1 − qρr1 + cqρqsq

1

+σq−1λξ
γ2

, σq−1

γ2

q

√
τ q
2 − qλr1 + cqλqsq

2 + σq−1ρθ
γ1

}.

Let cn = ‖an − a‖+ ‖bn − b‖ and kn = k + (1− k)αn. Then (5.6) can be rewritten as

cn+1 ≤ kncn, n = 0, 1, 2, · · ·

By (5.2), we know that lim sup
n

kn < 1, it follows from lemma 5.1 that 0 ≤ kn ≤ d < 1 and that

‖an − a‖+ ‖bn − b‖ ≤ dn(‖an − a‖+ ‖bn − b‖), for all n ≥ 0.

Therefore, (an, bn) converges geometrically to the unique solution (a, b) of problem (3.1).
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Abstract: In this paper, a class of generalized set-valued variational inclusions in Banach spaces
are studied, which include many variational inclusions studied by others in recent years. By using
an important inequality, several existence theorems for the generalized set-valued variational inclu-
sions in smooth Banach spaces are established, and some perturbed iterative algorithms for solving
this kind of set-valued variational inclusions are suggested and analyzed. Our results improve and
generalize many known results.
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1 Introduction

In recent years, variational inequalities have been extended and generalized in different directions,
using novel and innovative techniques, both for their own sake and for the applications. Useful and
important generalizations of variational inequalities are set-valued variational inclusions, which have
been studied by several authors.

Recently, Chidume, Zegeye and Kazmi [1] studied the following class of set-valued variational
inclusion problems in a Banach space E. For a given m-accretive mapping A : D(A) ⊂ E → 2E , a
nonlinear mapping N(·, ·) : E × E → E, two set-valued mappings T, F : E → CB(E) (here CB(E)
denotes the family of all nonempty closed and bounded subsets of E) and a single-valued mapping
g : H → H, find q ∈ E,w ∈ T (q), v ∈ F (q) such that

f ∈ N(w, v) + λA(g(q)), (1.1)

where f ∈ E is a given point and λ > 0.
For a suitable choice of the mappings T, F,N, g,A and f ∈ E , a number of known and new

variational inequalities, variational inclusions, and related optimization problems can be obtained
from (1.1).

Inspired and motivated by the works of [1-3], in this paper, we introduce and study a class of
more general set-valued variational inclusions in Banach spaces. By using the inequality of Liu [6],
the existence theorem and approximate theorem of solutions of the set-valued variational inclusions
in smooth Banach spaces are established and suggested. The results presented in this paper gener-
alize, improve and unify the corresponding results of Chidume, Zegeye and Kazmi [1], Huang and
Fang [2, 3], Huang [4], Fang and Huang [5], Liu and Kang [7].

∗This work was supported by the Natural Science Foundation of Xianyang Normal University
†E-mail: shichf@163.com, This research is supported by the natural foundation of Shaanxi province of China(Grant.

No.: 2006A14)and the natural foundation of Shaanxi educational department of China(Grant. No.:07JK421)
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2 Preliminaries

Let E be a real Banach space, E∗ be the topological dual space of E, 〈·, ·〉 be the dual pair
between E and E∗, D(T ) denotes the domain of T , and J : E → 2E∗

is the normalized duality
mapping defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}

for all x ∈ E.

Definition 2.1 Let A : D(A) ⊂ E → 2E be a set-valued mapping, φ : [0,∞) → [0,∞) a strictly
increasing function with φ(0) = 0. The mapping A is said to be

(1) accretive if, for any x, y ∈ D(A), there exists j(x− y) ∈ J(x− y) such that

〈u− v, j(x− y)〉 ≥ 0

for all u ∈ Ax and v ∈ Ay;

(2) φ-strongly accretive if, for any x, y ∈ D(A), there exists j(x− y) ∈ J(x− y) such that

〈u− v, j(x− y)〉 ≥ φ(‖x− y‖)‖x− y‖

for all u ∈ Ax and v ∈ Ay;

(3) φ-expansive if, for any x, y ∈ D(A), there exists j(x− y) ∈ J(x− y) such that

‖u− v‖ ≥ φ(‖x− y‖)

for all u ∈ Ax and v ∈ Ay;

(4) φ-strongly pseudocontractive if, for any x, y ∈ D(A), there exists j(x−y) ∈ J(x−y) such that

〈u− v, j(x− y)〉 ≤ ‖x− y‖2 − φ(‖x− y‖)‖x− y‖

for all u ∈ Ax and v ∈ Ay;

(5) m-accretive, if A is accretive and (I + ρA)D(A) = E for all ρ > 0, where I is the identity
mapping.

Definition 2.2 Let T, F : E → 2E be two set-valued mappings, N(·, ·) : E → E a nonlinear
mapping, and φ : [0,∞] → [0,∞] a strictly increasing function with φ(0) = 0.

(1) The mapping x → N(x, y) is said to be φ-strongly accretive with respect to the mapping T if,
for any x1, x2 ∈ E, there exists j(x1 − x2) ∈ J(x1 − x2) such that

〈N(u1, y)−N(u2, y), j(x1 − x2)〉 ≥ φ(‖x1 − x2‖)‖x1 − x2‖

for all u1 ∈ Tx1, u2 ∈ Tx2 .

(2) The mapping y → N(x, y) is said to be accretive with respect to the mapping F if, for any
y1, y2 ∈ E, there exists j(y1 − y2) ∈ J(y1 − y2) such that

〈N(x, v1)−N(x, v2), j(y1 − y2)〉 ≥ 0

for all v1 ∈ Fy1, v2 ∈ Fy2.

Definition 2.3 Let T : E → CB(E) be a set-valued mapping and H(·, ·) a Hausdorff metric in
CB(E), T is said to be ξ-Lipschitz continuous, if for any x, y ∈ E,

H(Tx, Ty) ≤ ξ‖x− y‖

2
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where ξ > 0 is a constant.
Definition 2.4 The set-valued mapping T : E → CB(E) is said to be uniformly continuous, if

for any given ε > 0, there exists a δ > 0 , such that for any given x, y ∈ E, when ‖x− y‖ < δ , we
have

H(Tx, Ty) ≤ ε,

where H is a Hausdorff metric in CB(E).
We also need the following lemmas.
Lemma 2.1 [10] Let E is a real Banach space and J : E → 2E∗

is the normalized duality
mapping, then for any given x, y ∈ E,

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x + y)〉

for all j(x + y) ∈ J(x + y).
Lemma 2.2 [8] Let X and Y be two Banach spaces, T : X → 2Y a lower semicontinuous

nonempty closed convex valued function. Then T admits a continuous selection, i.e., there exists a
continuous selection mapping H : X → Y , such that h(x) ∈ Tx, for all x ∈ X .

Lemma 2.3 [9] Let E be a complete metric space, T : E → CB(E) a set-valued mapping. Then
for any given ε > 0 and x, y ∈ E, u ∈ Tx, there exists v ∈ Ty such that

d(u, v) ≤ (1 + ε)H(Tx, Ty).

3 Iterative Algorithms

Using Lemma 2.3, we suggest the following algorithms for generalized set-valued variational
inclusion(1.1).

Algorithm 3.1 For any given x0 ∈ E, u0 ∈ Tx0, z0 ∈ Fx0, compute the sequences {xn}, {yn},
{zn}, {wn} and {vn} by iterative schemes such as

xn+1 ∈ anxn + bn(f + yn −N(wn, vn)− λW (g(yn))) + cnen,
yn ∈ a′nxn + b′n(f + xn −N(un, zn)− λW (g(xn))) + c′nfn,
un ∈ Txn, ‖un − un+1‖ ≤ (1 + 1

n+1 )H(Txn, Txn+1),
zn ∈ Fxn, ‖zn − zn+1‖ ≤ (1 + 1

n+1 )H(Fxn, Fxn+1),
wn ∈ Tyn, ‖wn − wn+1‖ ≤ (1 + 1

n+1 )H(Tyn, T yn+1),
vn ∈ Fyn, ‖vn − vn+1‖ ≤ (1 + 1

n+1 )H(Fyn, Fyn+1),
n = 0, 1, 2, · · · ,

(3.1)

where {en} and {fn} are any bounded sequences in E, and {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are
constants such that an + bn + cn = a′n + b′n + c′n = 1.

The sequence {xn} generated by Algorithm 3.1 is called the Ishikawa iterative sequence with
errors.

In Algorithm 3.1, if b′n = c′n = 0, for all n ≥ 0, then yn = xn . Take zn = vn and wn = un for all
n ≥ 0. Then we obtain the following algorithm.

Algorithm 3.2 For any given x0 ∈ E, u0 ∈ Tx0, z0 ∈ Fx0, compute the sequences {xn}, {wn}
and {vn} by the iterative schemes such as

xn+1 ∈ anxn + bn(f + xn −N(wn, vn)− λW (g(xn))) + cnen,
wn ∈ Txn, ‖wn − wn+1‖ ≤ (1 + 1

n+1 )H(Txn, Txn+1),
vn ∈ Fxn, ‖vn − vn+1‖ ≤ (1 + 1

n+1 )H(Fxn, Fxn+1),
n = 0, 1, 2, · · · .

(3.2)

The sequence {xn} generated by Algorithm 3.2 is called the Mann iterative sequence with errors.

3
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4 An Existence Result

Lemma 4.1 Let E be a real Banach space and T : E → CC(E) a lower semicontinuous and
φ-strongly psuedocontractive mapping, where CC(E) denotes the family of all closed and convex
subsets of E. Then T admits a continuous and φ-strongly psuedocontractive selection.

Proof : By Lemma 2.2, T admits a continuous selection such that h(x) ∈ T (x) for all x ∈ E.
Now we prove that h : E → E is φ-strongly pseudocontractive. In fact, since T : E → CC(E) is
φ-strongly psuedocontractive, for any x, y ∈ E and u ∈ Tx, v ∈ Ty, there exists j(x− y) ∈ J(x− y)
such that

〈u− v, j(x− y)〉 ≤ ‖x− y‖2 − φ(‖x− y‖)‖x− y‖.

Especially, letting u = h(x) ∈ Tx, v = h(y) ∈ Ty, we know that

〈h(x)− h(y), j(x− y)〉 ≤ ‖x− y‖2 − φ(‖x− y‖)‖x− y‖,

which implies that h : E → E is continuous and φ-strongly psuedocontractive. This completes the
proof.

Theorem 4.1 Let E be a real smooth Banach space, T, F : E → CB(E) and A : D(A) ⊂ E → 2E

be three set-valued mappings, g : E → D(A) be a single-valued mapping, and N(·, ·) : E × E → E
be a single-valued continuous mapping satisfying the following conditions:

(1) A ◦ g : E → CC(E) is accretive and lower semicontinuous ;

(2) T : E → CB(E) is µ−Lipschitz continuous;

(3) F : E → CB(E) is ξ−Lipschitz continuous;

(4) the mapping x → N(x, y) with respect to the mapping T is φ-strongly accretive , where
φ : [0,∞] → [0,∞] is a strictly increasing function with φ(0) = 0 ;

(5) the mapping y → N(x, y) is accretive with respect to the mapping F ;

(6) N(Tx, Fx) ∈ CC(E),∀x ∈ E.

Then for any given f ∈ E and λ > 0, there exist q ∈ E, w ∈ Tq and v ∈ Fq, which is a solution of
set-valued variational inclusion (1.1).

Proof. For any given f ∈ E, let Sx = f − N(Tx, Fx) − λA ◦ g(x) + x. Since E is a smooth
Banach space, J : E → 2E∗

is single-valued. From the conditions (1), (4) and (5), we know that

〈u− v, j(x− y)〉 ≤ ‖x− y‖2 − φ(‖x− y‖)‖x− y‖, ∀u ∈ Sx, v ∈ Sy.

This implies that S is φ-strongly psuedocontractive. Since N(·, ·) is continuous, T and F are M -
Lipschitz continuous, and λA ◦ g is lower semicontinuous, it follows that S is lower semicontinuous
and φ-strongly psuedocontractive. By condition (6), the operator S : E → CC(E) satisfies the
conditions of Lemma 4.1 and so there exists a continuous φ-strongly psuedocontractive mapping
h : E → E such that

h(x) ∈ Sx = f −N(Tx, Fx)− λA(g(x)) + x.

From Lemma 2.2 in Liu and Kang [7], h have a unique fixed point q, i.e.,

q = h(q) ∈ S(q) = f −N(Tq, Fq)− λA(g(q)) + q.

This implies that f ∈ N(Tq, Fq) + λA(g(q)). Therefore, there exists w ∈ Tq, v ∈ Fq such that
f ∈ N(w, v) + λAg(q). This completes the proof.

Remark 4.1 Theorem 4.1 generalizes Theorem 3.1 in Chidume, Zegeye and Kazmi [1] in the
following sense: Theorem 4.1 requires the operator A◦g is accretive whereas Theorem 3.1 of Chidume,
Zegeye and Kazmi [1] requires that A ◦ g is m-accretive.

Remark 4.2 The proof method in Theorem 4.1 is quite different from one in Theorem 3.1 in
Chidume, Zegeye and Kazmi [1].
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5 Convergence of Algorithms

Lemma 5.1 [8] Let {αn}, {βn}, {γn} be three nonnegative real sequences satisfying the following
inequality

αn+1 ≤ (1− ωn)αn + βn + γn, (5.1)

for all n ∈ N , where {ωn} ⊂ [0, 1], Σωn = ∞, βn = o(ωn) and Σγn < ∞. Then limn→∞ αn = 0.
Theorem 5.1 Let E, T, F, A, g be the same as in Theorem 4.1, {an}, {bn}, {cn}, {a′n}, {b′n} and

{c′n} be real sequences in [0, 1] satisfying the following conditions:

(i) an + bn + cn = a′n + b′n + c′n = 1, bn + cn ∈ (0, 1), n ≥ 0;

(ii) limn→∞ bn = limn→∞ b′n = limn→∞ c′n = limn→∞
cn

bn+cn
= 0;

(iii) Σbn = +∞.

If R(I −N(T (·), F (·))) and R(A ◦ g) are both bounded, N(T (·), F (·)) and A ◦ g are both uniformly
continuous, then the sequences {xn}, {wn} and {vn} generated by Algorithm 3.1 strongly converge
to the solution q, w, v of set-valued variational inclusion (1.1).

Proof. By the proof of Theorem 4.1, for any x, y ∈ E, x̄ ∈ Sx, ȳ ∈ Sy, there exist w ∈ Tx, v ∈ Fx
and u ∈ Ty, z ∈ Fy such that

x̄ = x− (N(w, v) + λA(g(x))) + f,

ȳ = y − (N(u, z) + λA(g(y))) + f

and
〈N(w, v) + λA(g(x))−N(u, z)− λA(g(y)), j(x− y)〉

= 〈x− x̄− (y − ȳ), j(x− y)〉 ≥ φ(‖x− y‖)‖x− y‖ ≥ A(x− y)‖x− y‖,

where A(x, y) = φ(‖x−y‖)
1+‖x−y‖+φ(‖x−y‖) for all x, y ∈ E. This implies that

〈x− x̄−A(x, y)x− (y − ȳ −A(x, y)y), j(x− y)〉 ≥ 0

for all x, y ∈ E, x̄ ∈ Sx, ȳ ∈ Sy. From Lemma 2.1, we know that

‖x− y‖ ≤ ‖x− y + r((x− x̄)−A(x, y)x− (y − ȳ −A(x, y)y))‖ (5.2)

for all x, y ∈ E and x̄ ∈ Sx, ȳ ∈ Sy, where r > 0 is a constant. Since R(I − N(T (·), F (·))) and
R(A ◦ g) are both bounded, letting dn = bn + cn, d′n = b′n + c′n and

D = max{sup{‖w − q‖ : w ∈ f + x−N(Tx, Fx)− λA(g(x)), x ∈ E},

sup
n≥0

‖en − q‖, sup
n≥0

‖fn − q‖, ‖x0 − q‖} < ∞,

by induction, we can prove that max{‖xn − q‖, ‖yn − q‖} ≤ D. It follows from (3.1) and (3.2) that
there exist pn ∈ Syn and rn ∈ Sxn such that

xn+1 = (1− dn)xn + bnpn + cnen

= (1− dn)xn + dnpn + cn(en − pn), (5.3)

and

yn = (1− d′n)xn + b′nrn + c′nfn, (5.4)

for all n ≥ 1. From (5.3), we know that

(1− dn)xn = xn+1 − dnpn − cn(en − pn), (5.5)

5
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for all n ≥ 1. By Lemma 2.3, there exists p′n ∈ Sxn+1 such that

‖pn − p′n‖ ≤ (1 +
1
n

)H(Sxn+1, Syn). (5.6)

Therefore, from (5.5), we know that

(1− dn)xn = [1− (1−A(xn+1, q))dn]xn+1 + dn(1−A(xn+1, q))xn+1

−dnp′n + dn(p′n − pn)− cn(en − pn). (5.7)

Notice

(1− dn)q = [1− (1−A(xn+1, q))dn]q + dn(1−A(xn+1, q))q − dnq. (5.8)

Combining (5.2), (5.7) and (5.8), we know that

(1− dn)‖xn − q‖ ≥ [1− (1−A(xn+1, q))dn]‖xn+1 − q

+
dn

1− (1−A(xn+1, q))dn
[(1−A(xn+1, q))xn+1

− p′n − (1−A(xn+1, q))q + q]‖ − dn‖p′n − pn‖ − cn‖en − pn‖
≥ [1− (1−A(xn+1, q))dn]‖xn+1 − q‖ − dn‖p′n − pn‖ − 2Dcn,

which implies

‖xn+1 − q‖ ≤ 1− dn

1− (1−A(xn+1, q))dn
‖xn − q‖

+
dn

1− (1−A(xn+1, q))dn
‖p′n − pn‖+

2Dcn

1− (1−A(xn+1, q))dn

≤ (1−A(xn+1, q)dn)‖xn − q‖+ Mdn‖p′n − pn‖+ 2DMcn, (5.9)

where M is a constant. From (5.3),(5.4) and the boundedness of {xn}, {yn}, {en} and {pn}, we
know that

‖xn+1 − yn‖ = ‖(1− dn)(xn − yn) + dn(pn − yn) + cn(en − pn)‖
≤ (1− dn)‖(xn − yn)‖+ dn‖pn − yn‖+ cn‖en − pn‖ → 0.

From the uniformly continuity of S, we know that H(Syn, Sxn+1) → 0 as n → ∞. Furthermore,
from (5.6), we know that

‖pn − p′n‖ → 0. (5.10)

Let inf{A(xn+1, q) : n ≥ 0} = r. We assert that r = 0. Suppose that r > 0. Then (5.9) yields that

‖xn+1 − q‖ ≤ (1− rdn)‖xn − q‖+ Mdn‖pn − p′n‖+ 2DMcn, ∀n ≥ 0. (5.11)

Taking αn = ‖xn − q‖, ωn = rdn, βn = Mdn‖pn − p′n‖ and γn = 0 in (5.1), it follows from the
conditions (i)-(iii) and (5.10) that

Σωn = ∞, βn = o(ωn), Σγn < ∞.

Now (5.11) and Lemma 5.1 ensure that ‖xn−q‖ → 0, which means that r = 0. This is a contradiction.
Therefore, r = 0 and there exists {‖xni+1 − q‖} such that

‖xni+1 − q‖ → 0 (i →∞).

Since {pn} and {en} are both bounded, from dni+1 → 0, bni+1 → 0, cni+1 → 0 and xni+1 → q, we
know that

xni+2 = (1− dni+1)xni+1 + bni+1pni+1 + cni+1eni+1 → q.

By induction, we can prove that xni+j → q for all j ≥ 0, which implies xn → q. Also, we know that
yn → q. The rest proof is same as the proof of Huang [4]. This completes the proof.

Remark 5.1 Theorem 6.1 generalizes Theorem 3.2 in Chidume, Zegeye and Kazmi [1] in the
following sense:
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1. Theorem 5.1 requires the operator A ◦ g is accretive whereas Theorem 3.2 in Chidume, Zegeye
and Kazmi [1] requires A ◦ g is m-accretive.

2. The Mann iterative scheme in Chidume, Zegeye and Kazmi [1] is replaced by a new Mann
iterative scheme with errors.

Remark 5.2 The proof method in Theorem 5.1 is quite different from one in Theorem 3.2 in
Chidume, Zegeye and Kazmi [1].
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1 Introduction

In this paper, we study two-point boundary value problems of the form

y
′′

= g(x) + f(x, y, y
′
), (1)

subject to the boundary conditions

y(0) = A, y(c) = B.

Where f is continuous on the set D = {(x, y, y
′
)|x ∈ [0, c] or x ∈ [c, 0], y, y

′ ∈ R}
and g(x) is given function.

Two-point boundary value problems occur in applied mathematics, theoretical

physics, engineering, control and optimization theory. Several numerical methods for

solving two-point boundary value problems were studied in[3,5,6,8,9]. The Adomian

decomposition method (ADM) has been studied by many scientists [1,2,11] for solv-

ing differential and integral problems in many scientific applications. It decomposes

the solution into the series which converges rapidly.

In this work, anew modified of the ADM is proposed to overcome difficulties oc-

curred in the standard ADM for solving two-point boundary value problems, namely,

the modified ADM (MADM). Main idea of the MADM is to create a canonical form

containing all boundary conditions so that the zeroth component is explicitly de-

termined without additional calculations and all other components are also easily

determined.

This paper is organized as follows: in sections 2, the proposed method is ana-

lyzed. Several numerical illustrations are demonstrated in section 3.

2 The method

We propose the new differential operator, as below

L = x−1 d

dx
x2 d

dx
x−1, (2)
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so, the problem(1) can be written as,

Ly = g(x) + f(x, y, y
′
). (3)

The inverse operator L−1 is therefore considered a two-fold integrals operator, as

below,

L−1(.) = x

∫ x

c

x−2

∫ x

0

x(.)dxdx. (4)

By operating L−1 on problem(3), we have

y(x) = A +
(B − A)

c
x + L−1g(x) + L−1f(x, y, y

′
), (5)

where

y(c) = B, y(0) = A.

The Adomian decomposition method introduce the solution y(x) and the nonlinear

function f(x, y, y
′
) by infinite series

y(x) =
∞∑

n=0

yn(x), (6)

and

f(x, y, y
′
) =

∞∑
n=0

An, (7)

where the components yn(x) of the solution y(x) will be determined recurrently. Spe-

cific algorithms were seen in [12] to formulate Adomian polynomials. The following

algorithm:

A0 = F (u),

A1 = F
′
(u0)u1,

A2 = F
′
(u0)u2 +

1

2
F
′′
(u0)u

2
1,

A3 = F
′
(u0)u3 + F

′′
(u0)u1u2 +

1

3!
F
′′′
(u0)u

3
1, (8)

.

.

3
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.

can be used to construct Adomian polynomials, when F (u) is a nonlinear function.

By substituting(6)and(7) into (5),

∞∑
n=0

yn = A +
(B − A)

c
x + L−1g(x) + L−1

∞∑
n=0

An. (9)

Through using Adomian decomposition method, the components yn(x) can be de-

termined as

y0 = A +
(B − A)

c
x + L−1g(x), (10)

yn+1 = L−1An, n ≥ 0,

which gives

y0 = A +
(B − A)

c
x + L−1g(x),

y1 = L−1A0,

y2 = L−1A1,

y3 = L−1A3, (11)

.

.

.

From (8) and (11), we can determine the components yn(x), and hence the series

solution of y(x) in (6) can be immediately obtained. For numerical purposes, the

n-term approximant

Φn =
n−1∑
n=0

yk, (12)

can be used to approximate the exact solution. The approach presented above can

be validated by testing it on a variety of several linear and nonlinear initial value

problems.

4

HASAN, ZHU : BOUNDARY VALUE PROBLEMS AND ADOMIAN METHOD 29



3 Numerical examples

In this part we present four examples. The first and the second examples are consid-

ered to illustrate the method for linear two-point boundary value problems. While

in third and fourth examples we solve a nonlinear two-point boundary value problem.

Example 1. Let us consider the following linear problem[4,7] :

y
′′

= y
′ − e(x−1) − 1, 0 < x < 1, (13)

y(0) = 0, y(1) = 0.

The exact solution is y(x) = x(1− e(x−1)).

In an operator form, Eq.(13) becomes

Ly = y
′ − e(x−1) − 1. (14)

Applying L−1 on both sides of(14) we find

y = L−1(−e(x−1) − 1) + L−1y
′
,

Using Adomian decomposition for y(x) as given in(6)we obtain

∞∑
n=0

yn(x) =
1

e
+

3x

2
− x

e
− x3

2
− ex−1 + L−1

∞∑
n=0

y
′
n.

The components yn(x) can be recursively determined by using the relation

y0 =
1

e
+

3x

2
− x

e
− x3

2
− ex−1,

yn+1 = L−1y
′
n, n ≥ 0.

This in turn given

y0 =
1

e
+

3x

2
− x

e
− x3

2
− ex−1,

y1 =
1

e
− ex−1 +

5x

12
− x

2e
+

3x2

4
− x2

2e
− x3

6
,

y2 =
1

e
− ex−1 +

7x

12e
+

5x2

24
− x2

4e
+

x3

4
− x3

6e
− x4

24
,

5

HASAN, ZHU : BOUNDARY VALUE PROBLEMS AND ADOMIAN METHOD 30



.

.

.

In Fig. 1 we have plotted
∑3

i=0 yi(x), which is almost equal to the exact solution

y(x) = x(1− e(x−1)).

Example 2. Let us consider the following linear equation[9]:

y
′′

= y + cos(x), 0 < x < 1, (15)

Subject to the boundary conditions

y(0) = 1, y(1) = 1.

The exact solution is y(x) = c1e
x + c2e

−x − cos(x)/2,where

c1 = −3 cosh(1)+3 sinh(1)+cos(1)+2
4 sinh(1)

,c2 = 3 cosh(1)+3 sinh(1)−cos(1)−2
4 sinh(1)

In an operator form, Eq.(15) becomes

Ly = y + cos(x). (16)

Applying L−1 on both sides of(16) we find

y = 1 + L−1(cos(x)) + L−1y,

Using Adomian decomposition for y(x) as given in(6)we obtain

∞∑
n=0

yn(x) = 2− x + x cos(1)− cos(x) + L−1

∞∑
n=0

yn.

The components yn(x) can be recursively determined by using the relation

y0 = 2− x + x cos(1)− cos(x),

yn+1 = L−1yn, n ≥ 0.

6
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This in turn given

y0 = 2− x + x cos(1)− cos(x),

y1 = −1 +
x

6
+ x2 − x3

6
− 7

6
x cos(1) +

1

6
x3 cos(1) + cos(x),

y2 = 1− 217x

360
− x2

2
+

x3

36
+

x4

12
− x5

120
+

427x

360
cos(1)− 7x3

36
cos(1),

y3 = −1 +
9649x

15120
+

x2

2
− 217x3

2160
− x4

24
+

x5

360
+

x6

360
− x7

5040
− 3593x

3024
cos(1)

+
427x3

2160
cos(1)− 7x5

720
cos(1) +

x7

5040
cos(1) + cos(x),

.

.

.

This means that the solution in a series form is given by

y(x) = y0+y1+y2+y3+... = 1−0.889108x+x2−0.14755x3+0.0416667x4−0.00769486x5

+0.00277778x6 − 0.0000912099x7 + ...

Note that the Taylor series of the exact solution with order 7 is as below

y(x) = 1− 0.888758x + x2 − 0.148126x3 + 0.0416667x4 − 0.00740632x5

+0.00277778x6 − 0.000176341x7 + ...

Example 3. Let us consider the following nonlinear problem:

y
′′

= y2 + 2− x4, − 2 < x < 0, (17)

Subject to the boundary conditions

y(0) = 0, y(−2) = 4.

The solution is y(x) = x2.

7
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In an operator form, Eq.(17) becomes

Ly = y2 + 2− x4. (18)

Applying L−1 on both sides of(18) we find

y = −2x + L−1(2− x4) + L−1y2,

proceeding as before we obtain

y0 = −16x

15
+ x2 − x6

30
,

yn+1 = L−1An, n ≥ 0.

By using A reliable modification in[10] we get

y0 = x2,

y1 = −16x

15
− x6

30
+ L−1A0 = −16x

15
− x6

30
+ x

∫ x

−2

x−2

∫ x

0

x(x4)dxdx = 0, (19)

yn+2 = 0, n ≥ 0.

In view of (19), the solution is given by

y(x) = x2.

Example 4. Consider the following nonlinear problem[8]:

y
′′

= y2 + 2π2 cos(2πx)− sin4(πx), 0 < x < 1, (20)

with the boundary conditions

y(0) = 0, y(1) = 0.

The exact solution is y(x) = sin2(πx).

In an operator form, Eq.(20) becomes

Ly = y2 + 2π2 cos(2πx)− sin4(πx). (21)

8
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Applying L−1 on both sides of(21) we find

y = L−1(2π2 cos(2πx)− sin4(πx)) + L−1y2,

proceeding as before we obtain

y0 =
1

2
+

15

128π2
− 3x2

16
− cos(2πx

2
− cos(2πx

8π2
+

cos(4πx

128π2
+

3x

16
,

yn+1 = L−1An, n ≥ 0.

In Fig. 2 we have plotted
∑1

i=0 yi(x), which is almost equal to the exact solution

y(x) = sin2(πx).

References

[1] G. Adomian, Solving Frontier problems of physics: The decomposition method,

Kluwer, Boston, MA, 1994.

[2] G. Adomian, R. Rach, Modified decomposition solution of linear and nonlinear bound-

ary -value problems, Nonlinear Anal. 23(5)(1994) 615-619.

[3] Basem S. Attili, Muhammed I. Syam, Efficient shooting method for solving two point

boundary value problems , Chaos Solitons Fractais.35(2008)895-903.

[4] H. Caglar, N. Caglar, K. Elfaituri, B-spline interpolation compard with finite differ-

ence, finite element and finite volume methods which applied to two-point boundary

value problems, Appl. Math. Comput. 175(2006)72-79.

[5] M. A. El-gebeily and B.S. attili, An iterative shooting method for a certain class

of singular two-point boundary value problems, An international journal computers

mathematics with applications . 45(2003)69-76.

[6] S. M. El-Sayed, Multi-integral methods for nonlinear boundary value problems, a

fourth- order method for a singular two-point boundary value problem, J.Comput.

Math. 71(1999)159.

9

HASAN, ZHU : BOUNDARY VALUE PROBLEMS AND ADOMIAN METHOD 34



[7] Q. Fang, T. Tsuchiya, T.Yamamoto, Finite difference, finite element and finite

volume methods applied to two-point boundary value problemss, J. Comput.Appl.

Math.139(1)(2002)9-19.

[8] S.N. Ha, A nonlinear shootiong method for two-point boundary value problems, Com-

put. Math. Appl. 42(10-11) (2001)1411-1420.

[9] O.A. Taiwo, Exponential fitting for the solution of two-point boundary value problems

with cubic spline collocation tau-method, int, j, Comput. Math.79(3)(2002)299-306.

[10] A.M. Wazwaz, A reliable modification of Adomian decomposition method, Apple.

Math.Comput. 102(1999)77-86.

[11] A.M .Wazwaz, A reliable algorithm for obtaining positive solution for nonlinear

boundary value problems, Comput. Math. Appl. 41 (2001) 1237-1244.

[12] A.M .Wazwaz, A new algorithm for calculating Adomian polynomials for nonlinear

operators, Apli. Math. Comput. 111 (1) (2000) 33.

10

HASAN, ZHU : BOUNDARY VALUE PROBLEMS AND ADOMIAN METHOD 35



1 

Cauchy and Poison Integrals of Tempered Ultradistributions of 

Roumieu and Beurling Types 

By 

S.K.Q. Al-Omari 

Department of Basic Sciences, Faculty of Engineering Technology 

Al-Balqa’ Applied University , Jordan 

Shrideh2001@yahoo.co.in 

 

Abstract 

Equipped with a new topology, necessary conditions for convergence of sequences of 

ultradifferentiable functions of rapid descents are obtained .The Cauchy and Poison 

integrals of a certain space of tempered ultradistributions are shown to be well-defined. 

Boundedness theorem is , then, verified. 

Keywords: Cauchy and Poison integrals, ultradifferentiable function, Roumieu type 

tempered ultradistribution, Beurling type  tempered ultradistribution. 

 

1. Introduction 

Let C  be an open convex cone, with vertex 0 , in Rn , such that C  does not contain any 

entire straight line. Let C'  denote a compact subcone of C  and, T R iCc n= +  is the 

corresponding tubular radial domain of C. Then, the Cauchy kernel corresponding to the 

tube Tc  is defined by [cf. [2, 4]] 

( ) ( )( )K z - t = −∫ exp , ,
*C

i z t dη η                   (1.1) 

where, z T ,t R ,c n∈ ∈  and { }Cy,yt,:RtC n* ∈≥∈= allfor 0   is the dual of C . 

The a si
,  and b sj

, , wherever they appear, ,...,=ji, 0,1,2 are to be considered as sequences 

of positive real numbers on which the constraints imposed are [cf.[9,p.66]]  

(i) ...=i,aaa +i-ii 1,2,11
2 ≤ ; 

 ...j,bbb +j-jj 1,2,11
2 =≤ ;  

(ii) 1and0 11 >> TT, SS,  are constants such that 
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 ,...2,1,0,,min
0

=≤ −≤≤
kiaaSTa kik

ik

i
i ;  

 ,...2,1,0,,min
0

11 =≤ −≤≤
kjaaTSb kjk

jk

j
j ; 

(iii)  There are constants S, T such that 

,...2,1,
11

1 =≤
+

∞

+=

−∑ i
a

a
iS

a

a

i

i

ik k

k ; 

,...2,1,
11

1 =≤
+

∞

+=

−∑ j
b

b
Tj

b

b

j

j

jk k

k    . 

 Let the sequence ( )bj  satisfy (i), (ii) and (iii) and, that ( )b jbj j/  is almost 

increasing. Then the associated function of  ( )bj  is defined by [1, p.31]      

  ( ) ( ) ∞<<= jbbjb j
j

i
0,/!logsup 0

* ρρ  .                     (1.2) 

For our main results we define on ( )bj  and ( )ja  the respective associated functions  ( ).'b  

and ( ).'a  where 

  

( ) ( )

( ) ( )








=

=

∈

∈

i
i

Ni

j
j

Nj

aa

and

bb

/logsup

/logsup

0

0

'

'

ρρ

ρρ

  .            (1.3) 

At times, (ii) and (iii) are replaced by the weaker conditions  

 (ii) '  ,...2,1,0,1 =≤+ iaSTa i
i

i  ; 

  ,...2,1,0,111 =≤+ jbTSb j
j

j  ; 

 (iii) ' ∑
∞

=

− ∞<
1

1

i i

i

a

a
     , 

 and  

  ∑
∞

=

− ∞<
1

1

j j

j

b

b
        

respectively. 

Functions possessing a property that, they  and their partial derivatives decrease to zero, 

asx → ∞ , faster than every power of 1 x  , are said to be of rapid descent or rapidly  
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decreasing functions. The ultradifferentiable functions are defined to be  the set of all 

infinitely smooth functions ( ∞C -functions) whose derivatives satisfy certain growth 

conditions as the order of the derivatives increase. 

 We denote by }{
}{ ( )S R

b

a n

j

i the set of all infinitely smooth complex valued functions ( )xφ , 

on Rn ,such that for certain positive constants A , B and E, depending on φ  , the relation 

  ( ) ( )x x E A B a bα β α β
α βφ ≤            (1.4) 

remains true for arbitrary }{( )0, 0 UNN n∈βα . 

Elements satisfying (1.4) are , indeed , ultradifferentiable functions of rapid descents in 

the sense of Roumieu and therefore are called ultradifferentiable functions of Roumieu 

type. 

 The dual space }{
}{ ( )na

b RS i

j
′  of the function space }{

}{ ( )S R
b

a n

j

i is called the space of 

tempered ultradistributions of Roumieu type(see [ ]5  , [ ]6  and [ ]5 ).  

 However, it will be interesting to know that such ultradistribution space we define in this 

article and the ultradistributions we introduce in [ ]9  as well as the spaces of 

ultradistributions constructed by Carmichael,R.D., Pathack ,R.S. and Pilipovic, S. in [ ]4  

generalize  the Schwartz space S′ of tempered distributions [ ]10 . That is, { }
{ }i

j

a
bSS '⊂′ . This 

,due to its construction,   can not be applied for the ultradistributions   appear in [ ]3  , [ ]7  

and[ ]8  which are duals of a Zemanian space Z of  Fourier transforms of   test functions of 

bounded support . 

Norms on }{
}{S

b

a

j

i  can be  defined by 

  ( )
( )( )

βα
βα

βα

βα

φ
φξ

baBA

xx

n

n

Rx
N

BA

∈
∈

=
0,

, sup        

  taking into account that conditions  on  φ  ,  A and B  are already mentioned in (1.4)  . 

 

2. Convergence in  the Space  }{
}{S

b

a

j

i  
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Let }{
}{ ( )φ ∈S R

b

a n

j

i . On }{
}{S

b

a

j

i , we define a  norm by virtue of  the equation 

  ( )
( ) ( ) ( )

η φ
φ

α β

β

β
β

A B

x a x A

B b
,

,

'

sup
exp

=   , 

where  A , B are constants dependent on φ  and ( )a x A'  have  significance of (1.3).  

With this topology, we prove certain theorem justifying convergence of sequences as 

follows 

Theorem 2.1. Let 100 == ba . Then, a necessary condition for a sequence 

( )θ ν }{
}{ ( )na

b RS i

j
∈  to converges  to zero, as ν → ∞ , is that 

                                                              ( ) 0, →νθη BA   as ∞→v  .  

Proof. Let }{
}{ ( )φ ∈S R

b

a n

j

i . The relation (1.4) implies that  

  

( ) ( )x x

A B a b
N n

α
ν
β

α β
α β

θ
α β< ∞ ∈, , 0   .  

Therefore,  

  

( ) ( )x x

A B a b

α
ν
β

α β
α β

θ
→0              (1.5) 

uniformly in x  as α β+ → ∞  . 

We have, 

( )( ) ( )( )
.

1
.

1

xbaBA

xx

baBA

xx

βα
βα

β
ν

α

βα
βα

β
ν

α θθ +

≤  

Since ( )α
α aA1  and ( )β

β bB1  are both bounded, we have  

  

( ) ( )x x

A B a b

e

k

α
ν
β

α β
α β

θ
≤ ,           (1.6) 

for all 1>≥kx  and some constant e. 

Let x → ∞ , right hand side of (1.6) converges to zero in α β, ∈ N n
0 . This together with 

(1.5) implies that for some x Rn
0 ∈ , α β0 0 0, ∈ N n  we have  
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( )( ) ( ) ( )

sup
,α β

α
ν
β

α β
α β

α
ν
β

α β
α β

φ φ

∈
∈

=
N

x R
o
n

n

x x

A B a b

x x

A B a b

0 0
0 0

0 0

0 0

.        (1.7) 

By virtue of (1.3) and (1.7) we obtain 

  
( )( ) ( )( ) ( )x x

A B a b

x a x A

B bN
x R

o
n

n

0 0
0 0

0 0

0 0

α
ν
β

α β
α β α β

ν
β

β
β

φ θ
≤

∈
∈

sup
exp

,

'

 .          (1.8) 

Combining (1.7) and (1.8) then yields 

  ( ) ( )ξ θ η θν νA B A B, ,≤ .           (1.9) 

Hence as ν → ∞ , ( ) 0, →νθξ BA , whenever ( ) 0, →νθη BA .  

 Conversely, due to analysis which is alike to that in the first part, we have 

  
( )( )

0→
βα

βα

β
ν

αφ

baBA

xx
          (1.10) 

uniformly in x Rn∈ , nN0∈β , as x → ∞ , similarly, 

 

  
( )( )

0→
βα

βα

β
ν

αφ

baBA

xx
            (1.11) 

uniformly in nN0, ∈βα , as x → ∞ ,  

and,    

  
( )( )

0→
βα

βα

β
ν

αφ
baBA

xx
          (1.12) 

uniformly in nN0∈α , x Rn∈ , as β → ∞ . 

Owing to (1.10), (1.11), (1.12) and (1.3) we find nN011, ∈βα  and nRx ∈1  such that  

  
( )( ) ( ) ( )( ) ( )( )

βα
βα

β
ν

α

βαβα
βα

β
ν

α

β
β

β
ν

β

θθθ
baBA

xx

baBA

xx

bB

Axax

n

n

n

n

Rx
N

Rx
N

∈
∈

∈
∈

≤=
0

11

11

1

0 ,

11
'

sup
exp

sup .  

Hence, ( ) ( )η θ ξ θν νA B A B, ,≤ . Allowing ν → ∞ , completes the proof of the above theorem. 

In view of  Theorem 2.1, following theorem is true. 
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Theorem 2.2. Let 100 == ba . For every }{
}{ ( )f S R

b

a n

j

i∈ , there is a constant 0>d  such 

that 

  
( )( ) ( )

β
β

β

β

θ
θ

bB

Axax
df

n

n

Rx
N

'exp
sup,

0

∈
∈

≤         , 

for all }{
}{ ( )θ ∈S R

b

a n

j

i   . 

 

3. Cauchy Integral of Tempered Ultradistributions  

of Roumieu Type 

We mainly devote this section to theorems justifying the definition of  the Cauchy and 

Poison integrals of tempered ultradistributions in a particular ultradistribution space and 

,further, we verify  a related   restricted theorem for the boundedness of  kernels as 

follows.  

Theorem 3.1. .Let the sequence ( )ai  satisfy (i) and (iii)' and , z Tc∈ but fixed . Then,  

 

                             ( ) }{
}{ ( )na

b RStzK i

j
∈−   , 

as a function of ( )t t Rn∈ ⊆Ω  . 

Proof. Let Sn be the surface area of the unit sphere in R yn
y,σ σ δ= =  , ( )δ δ= >C' 0  

and ( ) 'Im Czy ∈=  be a certain compact subcone of C  . For a fixed z Tc∈  and n-tuple  

β  of non-negative integers satisfying 

  ( ) ( ) ( )βπσ ββ +Γ≤− −− nStzKD n
nt 2  ,         (3.1) 

 Lemma 1 in  [2] ,then, implies that 

                                            ( ) ∞∈− CtzK  ,  

as a function of t Rn∈ . 

Set 
11 −−

=
β

β

α

α
βα b

b

a

a
a , ,...2,1, =βα   . 
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Without lose of generality, we may assumeβ α> . By virtue of [1, Lemma 4.1] and 

condition (iii)', we have  

  0→βαβ a ,            (3.2) 

as α β, → ∞ . Further 

  01 →βαa , as α β, → ∞ .           (3.3) 

The fact that αα aa 1−  vanishes after α -step and, properties of Gamma functions, 

( ) ( )( ) ( )nnnnn Γ−+−+=+Γ ...21 βββ , yields that  

  
( ) ( ) ( ) ( )













 +









 +










Γ=

+Γ −

β
α

β
αα

βα
βαβ γ

β

γγγ
β

Lb

bn

bLa

ban

bLa

bna
n

baL

nba 1

22

11

11

0000 ...
1

.      (3.4) 

Employing (3.2) and (3.3) in (3.4) then yields 

  
( )

000 →
+Γ

βα
ββαγ

β
baL

nba
 , 

as α β, → ∞ . Therefore, 

  ( )Γ n R L a b+ ≤β γ α β β
α β  ,           (3.5) 

for some constant 0>R . 

With the aid of (3.5) and (3.1) we have 

  ( ) ( )t D K z t t S nt n
nα α βσ β− ≤ +− − Γ  

      ( ) βα
ββαβα γπσ baLStR n

n
−−≤ 2   . 

Setting ( ) ( )n
nRStE πσα

2= , A = γ  and ( )πσγ 2LB =  the above inequality is 

interpreted to mean 

  ( )t D K z t E A B a bt

α β α β
α β− ≤  . 

This completes the proof of the theorem.  

Now, let }{
}{ ( )U S R

b

a n

j

i∈ ⊆' ,Ω Ω , and z be an arbitrary but fixed in Tc . Then, with the aid 

of the above theorem, we may define the Cauchy integral of  U  to be the map 
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( ) ( ) Ω∈〉−〈= ttzKUzU t ,,;C .                     (3.6) 

 

Theorem 3.2. Let }{
}{ ( )U S R R

b

a n n

j

i∈ ⊆' ,Ω . Let the sequence ( )jb  satisfy conditions (i) and 

(ii)  and, ( )ai  satisfy (i). For an arbitrary compact subcone C'  of C  and some 

( ) 0' >= Ctt , we have the existence of constants Rand ρ  such that the inequality 

  ( ) ( ) ( )( )AtayRbxU '*exp; +≤ ρC                     (3.7) 

holds true. 

Proof. Upon employing Theorem 2.1, (3.1) then yields 

  ( ) ( )C U x U K z tt; ,= 〈 − 〉  

      
( ) ( )

≤
−

∈
∈

D
D K z t a t A

B bN
t

t

n

sup
exp '

β

β

β
β0

Ω

 

     
( ) ( )

( ) d

d

ydbB

AtadSd
D +

+Γ
≤ β

β
β π

β
2

exp '

     , 

where, d is the dimension and D is certain positive constant. 

Let p d= +β , q d= and  the sequence ( )bj  satisfy (ii) . We have 

  ββ bbSb d
p

d 1≤+ , 

for some constant 01 >S . 

 i.e ( ) ( ) pd
p bbSb 11 ≤β . 

Hence, setting ( ) ( )0bpbBSD d
d

d=ρ  and, employing the fact that ( )pd BBB 11 =β  

implies  

  ( ) ( ) ( )( ) ( )( )p

p

d
p

d
d

d byBAtabSpbBSDZU πδ2exp; '
1Γ≤C  

( ) ( )( ) ( ) ( )( ) ( )AtabyBbpSbpbBSD p

pp
d

d
d

'
010 exp2! δπ=  

( )( )( ) ( )AtabbpyBS p

p

p

'
01 exp!2logsupexp δπρ≤ .            (3.8) 

The notations σ δ,  have the usual meaning in Theorem 3.1. Setting BSR πδ21=  and 

considering (1.2), relation (3.8) produces (3.7) . 
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This completes the proof of the theorem. 

 

4. Poison Integral of Tempered Ultradistributions  

of Roumieu Type 

Let C  be an open, convex cone and z Tc∈ be arbitrary but fixed, the Poison kernel 

related to a tubular radial domain Tc  is defined by 

  ( ) ( ) ( )
( )iyK

tzKtzK
tzQ

2
;

−−=      ,          (4.1) 

where ( )K z t; stands for the Cauchy kernel  corresponding to the tube Tc  .  

Lemma 4.1. Under the assumption that the sequence ( )ai  satisfies (i) and (iii)' , the 

Poison kernel 

  ( ) }{
}{ ( )Ω∈ i

j

a
bStzQ ; ,  

as a function of ( )t Rn∈ ⊆Ω , where z Tc∈ , but fixed.  

Proof. of the above Lemma is similar to the proof considered in Theorem 3.1 .The 

detailed analysis is thus avoided . 

 As a consequence of Lemma 4.1, the generalized Poison integral of   tempered 

ultradistribution }{
}{ ( )Ω∈ i

j

a
bSU '  can be defined as  

 

  ( ) ( )〉〈= tzQUzUP t ;,;  ,                   (4.2) 

CTz∈ . 

It is apparent from definitions that  Theorems 3.2 and 3.1 can similarly  be verified for 

the Poison integral .  

Remark. Denoting  by ( )
( )( )na
b RS i

j
  the set of all complex valued infinitely differentiable 

functions ( )φ x  such that (1.4) holds for some constant E and arbitrary constants A and B,  

the elements of ( )
( )( )na
b RS i

j
 are ultradifferentiable functions of rapid descent of Beurling 

type and ,therefore ,the corresponding dual, ( )
( )( )na
b RS i

j

' , consists of tempered ultra-

distributions of Beurling type  . 
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 It is apparent from definitions that ( )
( )( ) }{

}{ ( )na
b

na
b RSRS i

j

i

j
⊂  and ,thus, continuous 

linear functionals on }{
}{ ( )na

b RS i

j
 are, indeed , continuous linear functionals on ( )

( )( )na
b RS i

j
 . 

i.e 

    }{
}{ ( ) ( )

( )( )na
b

na
b RSRS i

j

i

j

'' ⊂ . 

To consider the Beurling type ultradistributions ,  (3.5) and (4.2)  can  be confirmed 

similarly. 
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INVERSE OF SOME CLASSES OF PERMUTATION BINOMIALS

AMELA MURATOVIĆ-RIBIĆ

Abstract. In this paper we will find inverse polynomials of some special
classes of permutation binomials. Both considered polynomials and their in-
verses are easy to calculate and have only a few nonzero coefficients what
makes them suitable for applications.

In this paper We consider three known classes of permutation binomials and
find their inverses. Inverses of two considered classes are actually new classes of
permutation polynomials (PP).

Let p be a prime, let n be a positive integer, let q = pn and let Fq denote the
Galois field of order q. Let f(X) =

∑q−2
i=0 aiX

i ∈ Fq be a PP then its inverse (see
[3]) is f−1(X) =

∑q−2
i=0 biX

i where

(1) bj =
∑ (q − 1− j)!

t0!t1! . . . tq−2!
at0
0 at1

1 . . . a
tq−2
q−2 ,

and sum is over all integers tj ≥ 0, 0 ≤ j ≤ q−2 such that t0+t1+· · ·+tq−2 = q−1−j
and t1 + 2t2 + · · ·+ (q − 2)tq−2 ≡ (q − 2) mod (q − 1).

It is known that there are permutation polynomials of the form

(2) f(X) = X
q−1+d

d + aX

where d|(q − 1) and a ∈ Fq(see [1, Theorem 4.3]).

Proposition 1. The inverse of the permutation polynomial (5) is of the form

f−1(X) =
d−1∑
s=0

bjsX
js

where

js = s
q − 1

d
+ 1, s = 0, 1, . . . , d− 1,

and its coefficients are given by

bjs
=
b q−1+d−s−js

d c∑
u=1

(
q − 1− js

q − 1− js + d− ud− s

)
a(q−1−js+d−ud−s).

Proof. An application of the formula (1) to polynomial (5) gives

(3) bj =
∑ (

q − 1− j
t

)
at

where 0 ≤ t ≤ q − 1− j and

(4) t + (q − 1− j − t)
q − 1 + d

d
≡ (q − 2)(modq − 1).

1
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2 AMELA MURATOVIĆ-RIBIĆ

Last equation is equivalent to

t + (q − 1− j − t)
q − 1 + d

d
= u(q − 1)− 1

where u is a positive integer. Solve it for t to get

t = (q − 1 + d− ud− j)− d
j − 1
q − 1

.

As q − 1 + d − du − j is an integer, the fraction d j−1
q−1 has to be an integer too.

Therefore

d
j − 1
q − 1

= s s ∈ Z,

which gives

j = s
q − 1

d
+ 1.

But 0 ≤ j ≤ q − 2 implies that

js = s
q − 1

d
+ 1 s = 0, 1, . . . , d− 1.

Condition 0 ≤ t ≤ q − 1− js implies that

0 ≤ q − 1 + d− ud− js − s ≤ q − 1− js.

Therefore u satisfies

1 ≤ u ≤ q − 1 + d− s− js

d

which gives

bjs =
b q−1+d−s−js

d c∑
u=1

(
q − 1− js

q − 1− js + d− ud− s

)
a(q−1−js+d−ud−s).¤

Specially (see [2, Theorem 7.11 and Remark 7.12]) consider the case d = 2. Then

(5) f(X) = X
q+1
2 + aX

is a PP if q is odd and a = (c2 + 1)(c2 − 1)−1 for c ∈ F∗q such that c2 6= 1.

Proposition 2. The inverse of the PP (2) is of the form

f−1(X) = b q+1
2

X
q+1
2 + b1X

where its coefficients are given by

b q+1
2

=

{
((1 + a)

q−3
2 + (1− a)

q−3
2 )2−1, if q−1

2 is even
((1 + a)

q−3
2 − (1− a)

q−3
2 )2−1, if q−1

2 is odd

and

b1 = ((1 + a)q−2 − (1− a)q−2)2−1.
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INVERSES OF PERMUTATION BINOMIALS 3

Proof. An application of the formula (1) to polynomial (2) gives

(6) bj =
∑ (

q − 1− j
t

)
at

where 0 ≤ t ≤ q − 1− j and

(7) t + (q − 1− j − t)
q + 1

2
≡ (q − 2)(modq − 1).

Last equation is equivalent to

t + (q − 1− j − t)
q + 1

2
= u(q − 1)− 1

where u is a positive integer. Solve it for t to get

t = (q + 1− 2u− j)− 2
j − 1
q − 1

.

As q + 1 − 2u − j is an integer, the fraction 2 j−1
q−1 has to be an integer too. Also

0 ≤ j ≤ q − 2 implies that

j =
q + 1

2
or j = 1.

For j = 1, t = q− 2u and the condition 0 ≤ t ≤ q− 1− j implies that 1 ≤ u ≤ q−1
2

which gives

b1 =

q−1
2∑

u=1

(
q − 2
q − 2u

)
aq−2u = ((1 + a)q−2 − (1− a)q−2)2−1.

For j = q+1
2 , t = q+1

2 − 2u− 1, and condition 0 ≤ t ≤ q− 1− j implies 1 ≤ u ≤ q−1
4

and therefore

b q+1
2

=
b q−1

4 c∑
u=1

(
q−3
2

q−1
2 − 2u

)
a

q−1
2 −2u =

{
((1 + a)

q−3
2 + (1− a)

q−3
2 )2−1, if q−1

2 is even
((1 + a)

q−3
2 − (1− a)

q−3
2 )2−1, if q−1

2 is odd.
¤

Example 1. Let q = 13, a = 2, 13−1
2 = 6 is even. For the polynomial f(X) =

X7 + 2X we have

b1 = ((1 + 2)−1 − (1− 2)−1)2−1 = 5,

b7 = ((1 + 2)
10
2 + (1− 2)

10
2 )2−1 = 4.

and therefore f−1(X) = 4X7 + 5X.

Example 2. Let q = 7, a = 4 then 6
2 = 3 is odd. For the polynomial f(X) =

X4 + 4X we have

b1 = ((1 + 4)−1 − (1− 4)−1)2−1 = 4,

b4 = ((1 + 4)2 − (1− 4)2)2−1 = 1

and therefore f−1(X) = X4 + 4X.

Consider now a class of PP (see [4, Theorem 1.])

(8) f(X) = Xu(Xv + 1)
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4 AMELA MURATOVIĆ-RIBIĆ

where 3|(q − 1), u and v are positive integers, (v, q − 1) = q−1
3 , (u, q−1

3 ) = 1,
u 6= v(mod3), and 2(q−1)/3 = 1 in Fq. Let v = z q−1

3 , z = 1, 2.

Proposition 3. The inverse of the polynomial (8) is a permutation trinomial

f−1(X) = bj2X
j
2 + bj1X

j1 + bj0X
j0 ,

where for c0 being the least positive solution of the Diophantine equation q−1
3 c −

uY = 1,

js = q − 1−
q−1
3 c0 − 1

u
− s

q − 1
3

for s = 0, 1, 2,

h = c0 + us(mod2) and

bjs = M
(
q − 1− js, 3,

(
q − 1− js +

u(q − 1− js) + 1
v

− 3h

z

)
(mod3)

)
(modp).

Proof. An application of the formula (1) to PP (8) gives that

(9) bj =
∑(

q − 1− j
t

)

where 0 ≤ t ≤ q − 1− j and

ut + (u + v)(q − 1− j − t) ≡ (q − 2)(modq − 1)

which is equivalent to

(10) ut + (u + v)(q − 1− j − t) = −1 + m(q − 1), m ≥ 1,m ∈ Z
Solve this equation for t to get

(11) t = (q − 1− j) +
u(q − 1− j)−m(q − 1) + 1

v
.

Let m = zk + ĥ, ĥ = 0, 1, then

t = (q − 1− j)− 3k +
u(q − 1− j) + 1

v
− 3ĥ

z
which implies

u(q − 1− j) + 1
v

− 3ĥ

z
∈ Z.

Condition g.c.d.(u, q−1
3 ) = 1 implies that Diophantine equation q−1

3 c− uY = 1 has
solutions of the form c = c0 + su and Y = (q − 1 − j) = Y0 + sv, where c0 is the
least positive integer that solves this equation, y0 correspond to c0 and s ∈ Z. Now

u(q − 1− j) + 1
v

− 3h

z
=

c

z
− 3ĥ

z
∈ Z

which implies that ĥ = c0 + su(modz) = h and

j = q − 1−
q−1
3 c− 1

u
∈ Z.

On the other hand

1 ≤
q−1
3 c− 1

u
≤ (q − 1) implies 0 < c0 + su ≤ 3u +

3
q − 1

.

If q − 1 > 3 then 0 ≤ s ≤ 2 and thus the only non-zero coefficients of f−1 are for

js = q − 1−
q−1
3 c0 − 1

u
− s

q − 1
3

for s = 0, 1, 2.
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If q−1 ≤ 3 the inverse has at most three nonzero coefficients for every PP. Formula
(11) and 0 ≤ t ≤ q − 1− js imply that

bjs =
∑

t

(
q − 1− js

t

)

where sum runs over all t, 0 ≤ t ≤ q − 1− js of the form

t = (q − 1− js)− 3k +
u(q − 1− js) + 1

v
− 3h

z
k ≥ 0, k ∈ Z.

Therefore, (see [4, Lemma 4.])

bjs = M
(
q − 1− js, 3,

(
q − 1− js +

u(q − 1− js) + 1
v

− 3h

z

)
(mod3)

)
(modp).¤

Example 3. Let q = 25, f(X) = X(X8 + 1). Then u = 1, v = 8 and c0 = 1.
Inverse has nonzero coefficients for indices j0 = 17, j1 = 9 and j2 = 1. Coefficients
are

b17 = M(7, 3, (7 + 1)(mod3)) =
27 − 2

3
(mod5) = 2

b9 = M(15, 3, (15 + 2)(mod3)) =
215 + 1

3
(mod5) = 3

b1 = M(23, 3, (23 + 3)(mod3)) =
223 + 1

3
(mod5) = 3

and thus f−1(X) = 2X17 + 39 + 3X.

Example 4. Let q = 25, u = 3, v = 16 and f(X) = X3(X16 + 1).
j0 = 19, j1 = 11 and j2 = 3. Then

b19 = M(5, 3, 0) = 1, b11 = M(13, 3, 2) =
213 − 2

3
= 0 b3 = M(21, 3, 1) = 1

and thus f−1(X) = f(X) = X19 + X3.

Remark 1. In ([4, Remark 1.]) it was shown that f(X) = Xu(Xv +1) permutes
the Fq if and only if g(X) = Xu(Xv + a), a3 = 1 permutes Fq. Inverse of the
polynomial g(X) has the same form and coefficients are given by

bjs = amM(q − 1− js, 3, (q − 1− js +
u(q − 1− js) + 1

v
− 3h

z
)(mod3))(modp)

where m = (q − 1− js + u(q−1−js)+1
v − 3h

z )(mod3).

Consider now a new class of (PP). Let 5|(q − 1), u and v are positive integers,
(v, q − 1) = q−1

5 , (u, q−1
5 ) = 1, v + 2u 6= v( mod 5), and 2(q−1)/5 = 1 in Fq and

( 1+
√

5
2 )

q−1
5 + ( 1−√5

2 )
q−1
5 ≡ 2(modp). These conditions are sufficient and necessary

for polynomial

(12) f(X) = Xu(Xv + 1)

to be a PP over field Fq,( see [4, Theorem 2]). Let v = q−1
5 z where 1 ≤ z ≤ 4.
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Proposition 4. The inverse of the polynomial (12) is a PP of the form

f−1(X) = bj4X
j
4 + bj3X

j3 + bj2X
j2 + bj1X

j1 + bj0X
j0 ,

for c0 being the least positive solution of the Diophantine equation q−1
5 c− uY = 1,

js = q − 1−
q−1
5 c0 − 1

u
− s

q − 1
5

for s = 0, 1, 2, 3, 4,

h = c0 + su(modz) and

bjs = M
(
q − 1− js, 5,

(
q − 1− js +

u(q − 1− js) + 1
v

− 5h

z

)
(mod5)

)
(modp).

Proof. Proceeding in the same way as in the proof of Proposition 2. coefficients
are given by

(13) bj =
∑(

q − 1− j
t

)

where sum is over

t = (q − 1− j) +
u(q − 1− j)−m(q − 1) + 1

z q−1
5

,m ∈ Z, m ≥ 1.

Diophantine equation c q−1
5 − Y u = 1 has solutions in the form c = c0 + su and

Y = (q − 1 − j) = y0 + sv where c0 is the least positive such solution and s ∈ Z.
Let m = zk + h where 0 ≤ h < z and k = 0, 1, 2, . . .. Now

t = q − 1− j +
u(q − 1− j) + 1

v
− 5h

z
− 5k

and t can be integer if u(q−1−j)+1
q−1
5

= c0+su ∈ Z and h = c0+su( mod z). Therefore

js = q − 1− c0
q−1
5 − 1
u

− s
q − 1

5
.

As 0 ≤ js < q − 1 then s can take values s = 0, 1, 2, 3, 4. Coefficients of the inverse
(see [4, Lemma 5. and formula (1)]) are given by

bjs
= M

(
q − 1− js, 5,

(
q − 1− js +

u(q − 1− js) + 1
v

− 5h

z

)
(mod5)

)
.¤

Remark 2. In ([4, Remark 2.]) it was shown that f(X) = Xu(Xv +1) permutes
the Fq if and only if g(X) = Xu(Xv + a), a5 = 1 permutes Fq. Inverse of g(X) is
having the same form as inverse of f(X) just its coefficients are given by

bjs = amM(q − 1− js, 5, (q − 1− js +
u(q − 1− js) + 1

v
− 5h

z
)(mod5))( mod p)

where m = (q − 1− js + u(q−1−js)+1
v − 5h

z )(mod5).

Example 5. Let q = 81 and f(X) = X(X16 + 1) so u = 1 and v = 16.
Diophantine equation has the form 16X − Y = 1 so c0 = 1 and thus

j0 = 65, j1 = 49, j2 = 33, j3 = 17, j4 = 1.
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b65 = M(15, 5, 1) = M(14, 5, 0) + M(14, 5, 1) = 1
b49 = M(31, 5, 3) = M(30, 5, 2) + M(30, 5, 3) = 2
b33 = M(47, 5, 0) = M(46, 5, 0) + M(46, 5, 4) = 1
b17 = M(63, 5, 2) = M(62, 5, 1) + M(62, 5, 2) = 2
b1 = M(79, 5, 4) = M(78, 5, 3) + M(78, 5, 4) = 2.

Inverse polynomial is

f−1(X) = X65 + 2X49 + X33 + 2X17 + 2X.

Example 6. Let q = 81 and f(X) = X3(X32 + 1), then u = 3, v = 32, z = 2
and c0 = 1. We have

j0 = 75, j1 = 59, j2 = 42, j3 = 27, j4 = 11.

Inverse polynomial is f−1(X) = X75 + 2X59 + X43 + 2X27 + 2X11.
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3. Muratović-Ribić, A. A note on the coefficients of inverse polynomials, Finite Fields and
Their Application 13 (2007) 977-980.

4. Wang, L. On Permutation Polynomials, Finite Fields and Their Applications 8,311-322
(2002).

University of Sarajevo, Faculty of Science, Zmaja od Bosne 33-35, 71000 Sarajevo,
Bosnia and Herzegovina

E-mail address: amela@pmf.unsa.ba

RIBIC :... PERMUTATION BINOMIALS 53



On the numerical solution of functional
differential equations

S. Karimi Vanani and A. Aminataei

Department of Mathematics, K. N. Toosi University of Technology,
P.O. Box: 16315-1618, Tehran, Iran.

e-mail addresses: ataei@kntu.ac.ir and solatkarimi@yahoo.com

Abstract
In this paper, the aim is to solve the functional differential equations in the

following form using multiquadric approximation scheme,{
u′(t) = f(t, u(t), u(α(t))), t1 ≤ t ≤ tf ,
u(t) = φ(t), t ≤ t1,

(1)

where f : [t1, tf ] × R × R → R, α(t) is a continuous function on [t1, tf ] and
φ(t) ∈ C represents the initial point or the initial data.
We present the property of multiquadric approximation scheme and its advan-
tage of using the data points in arbitrary locations with arbitrary ordering. In
the sequel, presented numerical solutions of some experiments, illustrates the
high accuracy and the efficiency of the proposed method.

Keywords: Multiquadric approximation scheme; Delay differential equations; Functional
differential equations; Pantograph equations.
2000 Mathematics Subject Classification: 65N; 65L10; 65N55.

1. Introduction

The multiquadric (MQ) approximation scheme is an useful method for the numerical
solution of ordinary and partial differential equations (ODEs and PDEs). It is a grid-free
spatial approximation scheme which converges exponentially for the spatial terms of ODEs
and PDEs.
The MQ approximation scheme was first introduced by Hardy [2] who successfully applied
this method for approximating surface and bodies from field data. Hardy [3] has written a
detailed review article summarizing its explosive growth in use since it was first introduced.

1
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In 1972, Franke [4] published a detailed comparison of 29 different scattered data schemes
against analytic problems. Of all the techniques tested, he concluded that MQ performed
the best in accuracy, visual appeal, and ease of implementation, even against various finite
element schemes.

Functional differential equations are considered as a branch of delay differential equa-
tions (DDEs). DDEs arise in many areas of mathematical modeling. For instance, popula-
tion dynamics, infectious diseases, physiological and pharmaceutical kinetics and chemical
kinetics, the navigational control of ships and aircraft and control problems. There are
many books to the application of DDEs which we can point out to the books of Driver [5],
Gopalsamy [6], Halanay [7], Kolmanovskii and Myshkis [8], Kolmanovskii and Nosov [9]
and Kuang [10]. Some modelers ignore the ‘lag’ effect and use an ODE model as a sub-
stitute for a DDE model. Kuang ([10], p.11) comments under the heading “Small Delay
Can Have Large Effects”, on the dangers that researchers risk if they ignore lags which
they think are small; see also El’sgol’ts and Norkin ([11], p.243 et seq.). Other modelers
replace a scalar DDE by a system of ODE in an attempt to simulate phenomena more
appropriately modeled by DDEs .There are inherit qualitative differences between DDEs
and finite systems of ODEs that make such a strategy risky. The fact that many phenom-
ena frequently modeled by ODEs can be bettered modeled by DDEs has not escaped the
attention of the numerical analysis community. It is bettered to discuss about the DDEs
independently and try not to enter issue of ODEs in the problem which it is a complete
DDE problem. Many different methods have been presented for numerical solution of
DDEs such that we can point out to the Radau IIA method ([12]), Runge-Kutta method
and continuous Runge-Kutta method ([13] and [14]).

In the following of these methods, we are interested to solve functional differential
equations (FDEs)(1) of DDEs by the MQ approximation scheme, because this method of
solution works excellently, particularly when the data are scattered. The organization of
this paper is as follows: Section 2 is devoted to introduce the MQ approximation scheme
and its preliminary concepts. In Section 3 we have applied the MQ approximation scheme
to equation (1). In Section 4 we have presented some experiments and their numerical
results which illustrate the efficiency and accuracy of the proposed method.

2. MQ approximation scheme

The basic MQ approximate schem assumes that any function can be expanded as a
finite series of upper hyperboloids,

u(t) =
N∑

j=1

ajh(t− tj), t ∈ Rd, (2)

where N is the total number of data centers under consideration, and

h(t− tj) = ((t− tj)2 + R2)
1
2 , j = 1, 2, . . . , N.

(t− tj)2 is the square of Euclidean distance in Rd and R2 > 0 is an input shape parameter.
Note that, the basis function h is continuously differentiable, and is a type of spline
approximation.

2
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The expansion coefficients aj are found by solving a set of full linear equations,

u(ti) =
N∑

j=1

ajh(ti − tj), i = 1, 2, . . . , N. (3)

Zerroukut et al [15] found that a constant shape parameter (R2) has achieved a better
accuracy. Mai-Duy and Tran-Cong [16] have developed new methods based on radial basis
function networks (RBFN) for the approximation of both functions and their first and
higher derivatives. The so called direct RBFN (DRBFN) and indirect RBFN (IRBFN)
methods where studied and it was found that the IRBFN methods yields consistently
better results for both functions and derivatives. Recently, Aminataei and Mazarei [17]
stated that, in the numerical solution of elliptic PDEs using direct and indirect RBFN
methods, the IRBFN method is very accurate than other methods and the error is very
small. They have shown that, especially, on one dimensional equations, IRBFN method
is more accurate than DRBFN method.

Micchelli [18] proved that MQ belongs to a class of conditionally positive definite
RBFN. He showed that the equation (2) is always solvable for distinct points. Madych
and Nelson [19] proved that the MQ interpolation always produces a minimal semi-norm
error, and that the MQ interpolant and derivative estimates converge exponentially as the
density of data centers increases.

In contrast, the MQ interpolant is continuously differentiable over the entire domain of
data centers, and the spatial derivative approximations were found to be excellent, most
especially in very steep gradient regions where traditional methods fail. This excellent
ability to approximate spatial derivatives is due in large part by a slight modification of
the original MQ scheme by permitting the shape parameter to vary with the basis function.

Instead of using the expansion in equation (2), we used from ([20]− [22]) the following:

u(t) =
N∑

j=1

ajh(t− tj), t ∈ Rd, (4)

where
h(t− tj) = ((t− tj)2 + R2

j )
1
2 , j = 1, 2, . . . , N,

R2
j = R2

min(
R2

max

R2
min

)(
j−1
N−1

), j = 1, 2, . . . , N,

and
R2

min > 0.

R2
max and R2

min are two input parameters chosen so that the ratio

R2
max

R2
min

∼= 10 to 106.

Madych [23] proved that under circumstances very large values of a shape parameter
are desirable. The adhoc formula in equation (4) is a way to have at least one very large
value of a shape parameter without incurring the onset of severe ill-conditioning problems.
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Spatial partial derivatives of any function are formed by differentiating the spatial basis
functions. Consider a one dimensional problem. The first derivative is given by simple
differentiation:

u′(ti) =
N∑

j=1

aj(ti − tj)
hij

, hij = ((ti − tj)2 + R2
j )

1
2 , i = 1, 2, . . . , N.

3. Numerical solution of FDEs

In this section, we are interested to solve equation (1), i.e.{
u′(t) = f(t, u(t), u(α(t))), t1 ≤ t ≤ tf ,
u(t) = φ(t), t ≤ t1,

(5)

by the MQ approximation scheme mentioned in section 2. The aforesaid equation is one of
the main delay differential equations including following important pantograph equations:

{
u′(t) = au(t) + bu(rt), 0 ≤ t ≤ tf ,
u(0) = u1,

where a, b ∈ C and 0 < r < 1. This equation is a very special delay differential equation
that arise in quite different fields of pure and applied mathematics such as number theory,
dynamical systems, probability, quantum mechanics and electro-dynamics. In particular
it was used by Okendon and Taylor [1] to study how to electric current collected by the
pantograph of an electric locomotive.

For the solution of equation (5), it is sufficient to suppose that approximate solution
is

u(t) =
N∑

j=1

ajh(t− tj), t ∈ [t1, tf ],

with

u′(ti) =
N∑

j=1

aj(ti − tj)
hij

, i = 1, 2, . . . , N.

Now we use the N collocation points to gain a system of N equations with N unknowns.
Then we must solve this system to distinct the unknown coefficients.
By imposing the supplementary condition to the problem, we have following system for
equation (5),{ ∑N

j=1
aj(ti−tj)

hij
= f(ti,

∑N
j=1 ajh(ti − tj),

∑N
j=1 ajh(α(ti)− tj)), i = 2, 3, . . . , N,∑N

j=1 ajh(t1 − tj) = u1.
(6)

Here, the differential equation yields N − 1 equations and initial condition produce one
equation. Thus the system has N equations with N unknowns. This system must be
solved to extract the unknown coefficients. Hence, we have used the Gauss elimination
method with total pivoting to solve such a system.

4

VANANI, AMINATAEI : ...FUNCTIONAL DIFFERENTIAL EQUATIONS 57



Remark. It is noticeable that collocating points can be scattered. This is the main differ-
ence between this method of solution and other methods. In next section, the numerical
results demonstrate this issue, easily and the efficiency of MQ approximation scheme in
this sense, is observable.

4. Numerical experiments

In this part, we present some experiments in-which their numerical solutions illustrate
the high accuracy and efficiency of MQ approximation scheme.
Problem 1. Consider following pantograph equation [14](p.167),{

u′(t)− u(1
2 t) = 0, t ∈ [0, 1],

u(0) = 1.

The considered delay is α(t) = 1
2 t or r = 1

2 . The exact solution is u(t) =
∑∞

k=0

1
2

1
2 k(k−1)

k! tk.
The MQ approximate solution is obtained with Rmax = 150, Rmin = .99 and N = 21, and
the results are given in Table I.

Table I

ti MQ approximate solution Exact solution Error
0 0.999999999978 1 2.2× 10−11

.05 1.050627608197 1.050627608238 4.12× 10−11

.1 1.102520898478 1.102520898518 4.09× 10−11

.15 1.155695642676 1.155695642708 3.23× 10−11

.2 1.210167710898 1.210167710940 4.22× 10−11

.25 1.265953071919 1.265953071922 3.48× 10−12

.3 1.323067793204 1.323067793243 3.98× 10−11

.35 1.381528041658 1.381528041681 2.3× 10−11

.4 1.441350083511 1.441350083507 3.9× 10−11

.45 1.502550284794 1.502550284799 5.02× 10−12

.5 1.565145111761 1.565145111746 1.4× 10−11

.55 1.629151130950 1.629151130963 1.34× 10−11

.6 1.694585009799 1.694585009792 6.31× 10−11

.65 1.761463516598 1.761463516621 2.34× 10−11

.7 1.829803521200 1.829803521189 1.09× 10−11

.75 1.899621994909 1.899621994899 9.81× 10−11

.8 1.970936011106 1.970936011130 2.49× 10−11

.85 2.043762745581 2.043762745551 2.95× 10−11

.9 2.118119476412 2.118119476428 1.61× 10−11

.95 2.194023584937 2.194023584941 4.59× 10−12

1 2.271492555499 2.271492555501 2.06× 10−12

5
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Problem 2. Consider the following FDE,{
u′(t) + u(t)− u(rt) = t2 + 2t− (rt)2, t ∈ [0, 2],
u(t) = 0, t ≤ 0.

Here, the delay α(t) = rt is considered and the exact solution is u(t) = t2. For r = 0.5
with Rmax = 1950, Rmin = 50.26 and N = 6, we have the following Table which illustrate
the efficiency and accuracy of MQ approximation scheme.

Table II

ti
MQ approximate

solution
Exact

solution Error

0 0 0 0
.4 0.160000000 0.160000000 0
.8 0.640000000 0.640000000 0
1.2 1.440000000 1.440000000 0
1.6 2.560000000 2.560000000 0
2 4.000000000 4.000000000 0

For r = .25 with Rmax = 2950, Rmin = 150.26 and N = 6, we have MQ approximate
solution in Table III.

Table III

ti
MQ approximate

solution
Exact

solution Error

0 0 0 0
.4 0.160000000 0.160000000 0
.8 0.640000000 0.640000000 0
1.2 1.440000000 1.440000000 0
1.6 2.560000000 2.560000000 0
2 3.999999999 4.000000000 1.0× 10−9

In the following, we have presented an almost complicated experiment which its nu-
merical results shows that, in spite of complexity of problem, in MQ method, data can be
scattered. Therefore this method isn’t depend on the selection of points. Here, also we
observe the high efficiency and accuracy of this method, too.

Problem 3. Consider the following FDE,{ √
et + sin(

√
t) u′(t) +

√
cos(t) u(α(t)) =

√
et + sin(

√
t) et +

√
cos(t) eα(t), t ∈ [0, 1],

u(t) = t2 + t + 1, t ≤ 0,

the exact solution is et.
By choosing Rmax = 50, Rmin = .499, N = 15 and α(t) =

√
t, we have the following Table

for MQ approximate solution.

6
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Table IV

ti
MQ approximate

solution
Exact

solution Error

0 1.0000000000 1 0
.06 1.0618365460 1.0618365465 5.45× 10−10

.15 1.1618342422 1.1618342427 5.28× 10−10

.2 1.2214027577 1.2214027581 4.6× 10−10

.28 1.3231298118 1.3231298123 5.37× 10−10

.34 1.4049475901 1.4049475905 4.63× 10−10

.41 1.5068177847 1.5068177851 4.12× 10−10

.47 1.5999941928 1.5999941932 4.12× 10−10

.55 1.7332530174 1.7332530178 4.67× 10−10

.64 1.8964808790 1.8964808793 3.04× 10−10

.69 1.9937155328 1.9937155332 4.43× 10−10

.76 2.1382762201 2.1382762204 3.96× 10−10

.85 2.3396468515 2.3396468519 4.25× 10−10

.91 2.4843225330 2.4843225333 3.84× 10−10

1 2.7182818281 2.7182818284 3.59× 10−10

And by choosing α(t) = t2, when Rmax, Rmin and N are as before, we also have the
following Table for MQ approximate solution.

Table V

ti
MQ approximate

solution
Exact

solution Error

0 1.0000000000 1 0
.06 1.0618365459 1.0618365465 6.45× 10−10

.15 1.1618342422 1.1618342427 5.28× 10−10

.2 1.2214027577 1.2214027581 4.6× 10−10

.28 1.3231298119 1.3231298123 4.37× 10−10

.34 1.4049475901 1.4049475905 4.63× 10−10

.41 1.5068177847 1.5068177851 4.12× 10−10

.47 1.5999941929 1.5999941932 3.12× 10−10

.55 1.7332530175 1.7332530178 3.67× 10−10

.64 1.8964808788 1.8964808793 5.04× 10−10

.69 1.9937155330 1.9937155332 2.43× 10−10

.76 2.1382762203 2.1382762204 1.96× 10−10

.85 2.3396468517 2.3396468519 2.25× 10−10

.91 2.4843225331 2.4843225333 2.84× 10−10

1 2.7182818283 2.7182818284 1.59× 10−10

We have observed that, in this problem there is a little difference between the results of
Tables IV and V in spite of different delays. This is an excellent advantage for application
of MQ method, because delay differential equations are very sensitive to the delays and

7
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their behaviors. In particular, when we apply a method which needs collocation points, if
scattered data used, the round off error may occurs, soon. But this method (MQ method)
isn’t depend on collocating points in large scales.

Problem 4. Consider the following non-linear FDE,{
u′(t) + u2( t

2) = 0, t ∈ [0, 1],
u(t) = e−t, t ≤ 0.

The exact solution is u(t) = e−t. For Rmax = 40, Rmin = 1.2 and N = 8, we have the
following Table which illustrate the efficiency and accuracy of MQ approximation scheme
for non-linear FDEs, too.

Table VI

ti
MQ approximate

solution
Exact

solution Error

0 1.00000000 1 0
1
7 0.86688225 0.86687789 4.35× 10−6

2
7 0.75148083 0.75147729 3.53× 10−6

3
7 0.65144157 0.65143905 2.87× 10−6

4
7 0.56471978 0.56471812 1.66× 10−6

5
7 0.48954264 0.48954165 9.87× 10−7

6
7 0.42437329 0.42437284 4.53× 10−7

1 0.36787948 0.36787944 4.70× 10−8

5. Conclusion

In this study, the MQ approximation scheme is proposed for solving functional differen-
tial equations. This method of solution is easy to implement and yields desired accuracy
only in few terms. As we have observed, the method works excellently for functional
differential equations in spite of scattered data. The computations associated with the
experiments discussed above, were performed by using Maple 10.
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1. Introduction 

 

 

Here we include only a brief idea of fuzzy numbers. For details one my refer [6], [7]. 

 Let D denote the set of all closed bounded intervals A= 




 −

−
AA,  on the real line R . For 

A, B∈D define A ≤ B  if and only if 
−−

≤ BA  and 
−−

≤ BA , d ( )BA, = max








−−
−−

−−
BABA , .  

 It is easy to see that defines a metric on D and ( )dD,  is complete metric space. Also ≤  

is a partial  order in D. A fuzzy number is a fuzzy subset of real line R  which is bounded , 

convex and normal. Let ( )RL denote the set of all fuzzy numbers which are upper 

semicontinuous and have compact support. In other  words, if  X ∈ ( )RL  then for 

any [ ]1,0∈α , αX  is compact , where  

  

             αX =




=>

∈≥

00)(,

]1,0()(,

α

αα

iftXt

iftXt
 . 

  

For each 10 ≤< α , the α -level set αX  is a non-empty compact subset of R . The 

linear structure of ( )RL  induces addition YX +  and scalar multiplication ∈λλ ,X R , in 

terms of α -level sets, by 

 

 [ ] [ ] [ ] [ ] [ ]ααααα
λλ XXandYXYX =+=+  

 

64JOURNAL OF CONCRETE AND APPLICABLE MATHEMATICS, VOL.7, NO.1, 64-69, 2009, COPYRIGHT 2009 EUDOXUS
PRESS,LLC



 2 

for each 10 ≤≤ α . 

Define :
−

d  ( )RL x ( )RL → R  by ( ) ( )αα

α

YXdYXd ,sup,
10 ≤≤

−

= . For  YX , ∈ ( )RL  define   

X ≤  Y if  and only if  X α ≤  Yα  for any  [ ]1,0∈α . It is know that ( )RL  is a complete metric 

space with the metric 
−

d [5].  

A metric on ( )RL  is said to be translation invariant if ( ) ( )YXdZYZXd ,, =++  for 

all ∈ZYX ,, ( )RL . 

 A sequence ( )kXX =  of fuzzy numbers is a function X  from the set N  of natural 

numbers into ( )RL . The fuzzy number kX  denotes the value of the function at Nk ∈  [5]. 

 

By a lacunary sequence we mean an increasing integer sequence  such that 

 and . Throughout this paper the intervals determined by 

  will be denoted by  and the ratio    will be abbreviated as  .  

 The idea of statistical convergence of a sequence of real numbers was introduced by 

Fast [1]. Schoenberg [8] studied statistical convergence as a summability method and listed 

some of elemantary properties of statistical convergence.Both these authors noted that if 

bounded sequence is statistically convergent to l , then it is Cesaro summable to l . Lacunary 

statistical convergent sequences were introduced by Fridy and Orhan [2]. 

 

A sequence ( )kxx =  is said to be statistically convergent to l  if for every 0>ε ,  

{ } 0:lim 1 =≥−≤−

∞→ εlxnkn kn  

where the vertical bars denote the cardinality of the set which they enclosed, in which case we 

write lxS =− lim . 

 

 For sequences of fuzzy numbers Nuray and Savas [3] and Nuray [4] have investigated 

statistically convergent and lacunary statistical convergent sequences of fuzzy numbers. 

 

 In this paper we introduce and study strongly almost statistical convergence, lacunary 

strongly almost statistical convergence and lacunary strongly almost summable of sequences 

of fuzzy numbers. 

 

 

2. Lacunary Strongly Almost Convergence 

 

Definition 1.A sequence ( )kXX =  of fuzzy numbers is said to be strong  almost 

statistically convergent to fuzzy number oX  if for every 0>ε   

 

( )( ){ } 0,:lim 1 =≥≤−

∞→ εokmn XXtdnkn  uniformly in m ,  

 

where  

( )
1

...1

+

+++
= ++

k

XXX
Xt kmmm

km . 
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 In this case we write ok XX → ( )Ŝ . The set of all strong almost statistically 

convergent sequences is denoted by Ŝ . 

 

 

 Definition 2. Let ( )rk=θ  be a lacunary sequence and let ( )kXX =  be a sequence of 

fuzzy numbers. A sequence ( )kXX =  of fuzzy numbers is said to be lacunary strongly almost 

statistically convergent to fuzzy number oX  if for every 0>ε  

 

( )( ){ } 0,:lim 1 =≥∈−

∞→ εokmrrr XXtdIkh  uniformly in m . 

 

In this case we write ok XX → ( )θŜ . The set of all lacunary strong almost statistically 

convergent sequences is denoted by Ŝ . 

 

 

Definition 3. Let ( )rk=θ  be a lacunary sequence and let ( )kXX =  be a sequence of 

fuzzy numbers. A sequence ( )kXX =  of fuzzy numbers is said to be lacunary strong almost 

summable if there is a fuzzy number oX  such that 

 

( )( ) 0,lim 1 =∑
∈

−

∞→

rIk

okmrr XXtdh  uniformly in m . 

We shall use θN̂  to denote the set of all lacunary strong convergent sequences of 

fuzzy numbers. 

 

Theorem 4. θN̂  is complete metric space with the metric 

 

 ( ) =YX ,δ ( ) ( )( )∑
∈

−

rIk

kmkmrr YtXtdh ,sup 1 . 

Proof. Let ( )nX  be a Cauchy sequence in θN̂ , where  

 

( ) ( ) ( )∈== ,...,, 321

nnnn

i

n
XXXXX θN̂  for each .Nn ∈  Then 

 

 ( ) =tn XX ,δ ( ) ( )( ) ∞→→∑
∈

−
tnasXtXtdh

rIk

t

km

n

kmrr ,0,sup 1 . 

Hence for each k  and m , ∞→tnas , , we have ( ) ( )( ) 0, →t

km

n

km XtXtd . In particular 

 

( ) ( )( ) ( ) 0,lim,lim ,00, == ∞→∞→

tn

tn

t

m

n

mtn XXdXtXtd  

 

for each fixed m . Hence ( )n

n
X  is a Cauchy sequence in ( )RL . Since ( )RL  is complete, it is 

convergent 

 lim n

n k k
X X→∞ =  
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say, for each .Nk ∈  Since ( )n

n
X  is a Cauchy sequence, for each 0>ε , there exists 

( )εoo nn =  such that  

 ( ) εδ <tn XX ,  ,   for all ontn ≥, . 

So, we have 

( ) ( )( ) ( ) ( )( ) ε≤= ∑∑
∈

−

∈

−

∞→

rr Ik

km

n

kmr

Ik

t

km

n

kmrt XtXtdhXtXtdh ,,lim 11  

for all m  and onn ≥ . This implies that ( ) εδ <XX n , , for all onn ≥ , that is  

XX
n → ∞→nas , where ( )kXX = . Since 

( )( ) ( )( ) ( ) ( )( ) 0,,, 111 →+≤ ∑∑∑
∈

−

∈

−

∈

−

r

o

r

o

r Ik

km

n

kmr

Ik

o

n

kmr

Ik

okmr XtXtdhXXtdhXXtdh  

∞→ras , uniformly in m . So, we obtain ( )kXX = θN̂∈ . Therefore θN̂  is complete metric 

space. This completes the proof. 

 

There is strong connection between θN̂  and the class of sequences of fuzzy numbers 

ŵ , which is defined by 

 

( ) ( )( )








=== ∑
=

−
minuniformlyXXtdnXXw

n

k

okmnk ,0,lim:ˆ
1

1 . 

In special case ( )r2=θ , we have θN̂ = ŵ . 

 

 

Theorem 5. Let ( )rk=θ  be a lacunary sequence and let ( )kXX =  be a sequence of 

fuzzy numbers. Then 

 

(i) For  , we have θN̂ ŵ⊂ . 

           (ii)        For , we have ⊂ŵ θN̂ . 

           (iii)      θN̂ ŵ=  if  . 

 

Proof. (i)  If , then there is a  such  for all r. Suppose that 

( )θNXX ok
ˆ→ ,  and for each 1≥m  let ( )( ){ }ε≥∈= okmrmr XXtdIkN ,:  . By the 

definition, given , there is an  such that  

 

                                                         (1) 

 

Now let  and let n be any integer satisfying    ,  

 

then for each 1≥m , we have 
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    ( )( ){ }ε≥≤−

okm XXtdnkn ,:1  

 

    ( )( ){ }ε≥≤≤
−

okmr

r

XXtdkk
k

,:
1

1

 

                                 

                                            =  

                                             

                                             

                                                  by (1)                                                                                            

 

 

so, the result follows immediately. 

 

 (ii)  Suppose that , then there exists a  such that   for 

sufficiently large r. Since  , we have    . If ( )wXX ok
ˆ→ ,  then for every 

, for each 1≥m  and sufficiently large r, we have 

 

  ( )( ){ }ε≥≤ okmr

r

XXtdkk
k

,:
1

 

  ( )( ){ }ε≥∈≥
−

okmr

r

XXtdIk
k

,:
1

1

 

  ( )( ){ }ε
δ

δ
≥∈

+
≥ −

okmrr XXtdIkh ,:
1

1  

   

which yields that ( )θNXX ok
ˆ→ . 

 

 (iii) Follows from (i) and (ii). 

 

The following theorem gives the relation between lacunary almost statistical 

convergence and lacunary strongly almost convergence of sequences of fuzzy numbers. 

 

Theorem 5. Let ( )rk=θ  be a lacunary sequence and let ( )kXX =  be a sequence of 

fuzzy numbers. Then 

 

(i) ( )θNXX ok
ˆ→  implies ( )θSXX ok

ˆ→ . 

            (ii) ( )kXX = m̂∈  and ( )θSXX ok
ˆ→  imply ( )θNXX ok

ˆ→ . 

           (iii) θθ SN ˆˆ =  if ( )kXX = m̂∈ , 

 

where ( ) ( )( ){ }∞<== okmmkk XXtdXXm ,sup:ˆ
, . 
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 Proof.(i) If 0>ε and ( )θNXX ok
ˆ→ , we can write  

 

 ( )( ) ( )( )

( )( )

∑∑
≥

∈

−

∈

− ≥

εokm

rr

XXtd

Ik
okmr

Ik

okmr XXtdhXXtdh

,

11 ,,  

 

( )( ){ }εε ≥∈≥ −

okmrr XXtdIkh ,:1 . 

 

It follows that ( )θSXX ok
ˆ→ . 

 

 (ii) Suppose that ( )kXX = m̂∈  and ( )θSXX ok
ˆ→ . Since ( )kXX = m̂∈ , there is a 

constant 0>B  such that ( )( ) BXXtd okm <,  for all Nmk ∈, . Therefore we have, for every 

0>ε  

 ( )( ) ( )( )

( )( )

( )( )

( )( )

∑∑∑
<

∈

−

≥

∈

−

∈

− +=

εε okm

r

okm

rr

XXtd

Ik
okmr

XXtd

Ik
okmr

Ik

okmr XXtdhXXtdhXXtdh

,

1

,

11 ,,,  

 

( )( ){ } εε +≥∈≤ −

okmrr XXtdIkhB ,:1  

 

Taking the limit as 0→ε , the result follows. 

 

(iii) Follows from (i) and (ii). 
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NEWMARK METHOD APPLIED TO THE ELASTO-DYNAMIC
PROBLEM WITH SLIP-RATE DEPENDENT FRICTION

NOUIRI BRAHIM AND BENABDERRAHMANE BENYATTOU

Abstract. We consider the dynamic evolution of an elastic body in unilateral
frictional contact with a rigid foundation. Friction is modeled by the Coulomb
law with a coe¢ cient that depends on the slip rate, which is a non-monotone
function. This problem is ill posed; the solution is non-unique and shocks.
We use the Newmark method for time discretization of the problem. We have
obtained an elliptic variational inequality at each time step. We prove by the
minimization problem the existence of the solution. An upper bound for time
step size, which is not a (Courant, Friedrichs and Lewy) CFL condition, is
deduced from the solution uniqueness criterion using the �rst eigenvalue of the
eigenvalue problem.

1. Introduction

Duvaut and Lions [3] obtained the �rst existence and uniqueness results in the
mathematical approach of the dynamic contact problems with friction in elasticity.
They studied the special case of a prescribed normal pressure where the contact
surface is known in advance. To obtain some existence results without this restric-
tive assumption, Martins and Oden [12], [11], relaxed the non-penetrability of mass
by considering the normal compliance model of contact with friction.
Since the pure elastic problem with friction seems to be very irregular, they

considered only the viscous case. As far as we know, there is no general existence
result for dynamic elastic contact.
All the above results involve a �xed friction coe¢ cient �. In the study of many

frictional processes (stick-slip motions, earthquakes modeling, etc...) the friction
coe¢ cient has to be considered variable during the slip. Usually choice of such a
variation is the friction law in which the friction coe¢ cient is dependent on the slip
rate

:
u� (t) i.e. � = �

��� :u� (t)���. The simplest function of � versus the slip rate is the
discontinuous jump from a "static" value (for

:
u� (t) = 0) down to a "dynamic" value

(for
:
u� (t) 6= 0). The same frictional instabilities can occur when the coe¢ cient of

friction � is a smooth and decreasing function of the slip rate (see [14] and [22]).
Ionescu and Paumier [6], [7], studied this model of friction for the one-dimensional
shearing problem of in�nite elastic slab. They pointed out that the solution of the
problem is not uniquely determined. However, since the problem is ill posed, a
criterion to select the most appropriate solution with a physical interpretation is
needed. Whatever is the selection rule to choose the solution, shocks will occur.
A possible choice for this criterion is the so-called perfect delay convention: "the
system only jumps when it has no other choice" (see [7] and [2]).

Key words and phrases. Eigenvalue, Elastodynamic, Friction, Inquality variational, Newmark
method, Optimization, Slip-rate.
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2 NOUIRI BRAHIM AND BENABDERRAHMANE BENYATTOU

Three technique can be used to transform this ill posed problem into a well
posed one and to justify the choice of the perfect delay criterion are currently
under investigation. In all three cases, another problem (which depends on a small
parameter) is considered. This new problem is well posed and its unique solution
converges to the solution of the initial (ill posed) problem chosen by the perfect
delay convention.
The �rst technique, due to Renard [19], [20], consists in adding a small mass

concentrated on the friction surface. Using stability arguments, Renard has proved
the convergence of the solution of a large class of loadings in the one-dimensional
case.
The second one uses a rate and state dependent friction law of Dieterich and

Ruina type (see [21], [18], [4] and [15]). Favreau and al. [5] have shown numerically
that the limit solution, when the characteristic slip L! 0 is the one corresponding
to the rate dependent model assuming the perfect delay convention. For both
methods, there are no existence or uniqueness results in two or three dimensional.
The third technique uses a viscoelastic constitutive law with small viscosity (see

[9]). An existence and uniqueness result is obtained in the general three-dimensional
case.
B. Nouiri and B. Benabderrahmane [13], they are presented a new technique, is

based on the Newmark method for the time discretization of the dynamic evolution
of an elastic body in unilateral frictional contact with a rigid foundation. An
existence and uniqueness result is obtained in the one-dimensional case.
In this paper, we have generalized the above technique [13] in two or three-

dimensional case. We have obtained an elliptic variational inequality at each time
step. We prove by the minimization problem the result of solution existence. An
upper bound for time step size, which is not a (Courant, Friedrichs and Lewy)
CFL condition, is deduced from the solution uniqueness criterion using the �rst
eigenvalue of the eigenvalue problem.

2. Problem statement

We take the geometry of an elastic body rubbing on a rigid surface, represented
by a bounded domain 
 � Rn (n = 2 or n = 3): The boundary �of 
 is assumed
to be Lipschitz is divided as follows: � = ��d [ ��f [ ��c where �d; �f and �c are
three disjoint parts and (meas(�d) > 0). �f is the surface on which the force z(x)
is exercised and �c is the surface of contact with friction. To simplify the problem
without losing in generality, we are going to suppose that the displacement �eld
U(x) on �d is equal to zero. We denote by � and � the unit outward normal vector
on �f and the tangent vector on �c respectively.
It is important to specify the condition modeling slip-rate dependent friction

with to imposed normal constraint:

(2.1) �� (�u(t)) = �S on �c

(2.2) j�� (�u(t))j � S�(
��� :�u� (t)���) with

(2.3) j�� (�u(t))j � S�(0) if
:
�u� (t) = 0 on �c
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(2.4) �� (�u(t)) = S�(
��� :�u� (t)���) :

�u� (t)��� :�u� (t)��� if
:
�u� (t) 6= 0 on �c

Where �u is the displacement �eld, �� and �� denote the normal constraint and
the tangential constraint respectively. � the friction coe¢ cient on �c; which is
dependent of the slip rate

:
�u� (t) and S represents the normal load on �c. The

condition (2:3) describes the stick phenomenon, while the condition (2:4) describes
the slip phenomenon.
The elasto-dynamic problem of contact with friction to imposed normal con-

straint considered here consists of �nding the displacement �eld �u : ]0; T ]�
 �! Rn
such that:

(2.5) div �(�u(t)) + r(t) = �
::
�u(t) in 


(2.6) �(�u(t)) = A"(�u(t)) in 


(2.7) �u(t) = 0 on �d

(2.8) �(�u(t))� = z(t) on �f

(2.9) �u(t) verifying (2:1)� (2:4)

(2.10) �u(0) = �u0(x);
:
�u(0) = �u1(x) in 


Where r represents the density of volume forces (for example the weight) and �u0;
�u1 are the initial data. div denotes the divergence operator of the tensor valued
functions and � = (�ij) stands for the stress tensor �eld. This latter is obtained
from the displacement �eld by the constitutive law of linear elasticity de�ned by
(2:6). A is the fourth order symmetric and elliptic tensor of linear elasticity and
"(v) = 1

2

�
rv +rT v

�
represents the linearized strain tensor �eld.

To simplify the problem (2:5) � (2:10), we homogenize the movement equation
(2:5), the boundary conditions (2:1); (2:8) and the initial condition (2:10).
We denote by uss the "stick solution":

uss : ]0; T ]� 
 �! Rn

Satisfying the following auxiliary problem, which is corresponding to the stick
condition (2:3):

(2.11)

8>>>>>>>><>>>>>>>>:

div �(uss(t)) + r(t) = ��uss(t) in 

�(uss(t)) = A"(uss(t)) in 

uss(t) = 0 on �d
�(uss(t))� = z(t) on �f
��(u

ss(t)) = �S on �c
_uss� = 0 on �c
uss(0) = �u0(x); _uss(0) = �u1(x) in 


We denote by �q(t) the tangential constraint on �c corresponding to the "stick
solution" of the problem (2:11); i.e. q(t) = ��� (uss(t)) and we pose u(t) = �u(t)�
uss(t).
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4 NOUIRI BRAHIM AND BENABDERRAHMANE BENYATTOU

We deduce from the problems (2:5)�(2:10) and (2:11) the homogeneous dynamics
problem with friction, which consists of �nding the displacement �eld u : ]0; T ] �

 �! Rn such that:
(2.12) div �(u(t)) = ��u(t) in 


(2.13) �(u(t)) = A"(u(t)) in 


(2.14) u(t) = 0 on �d

(2.15) �(u(t))� = 0 on �f

(2.16) ��(u(t)) = 0 on �c

(2.17) j�� (u(t))� q(t)j � S�(0) if _u� (t) = 0 on �c

(2.18) �� (u(t)) + S�(j _u� (t)j)
_u� (t)

j _u� (t)j
= q(t) if _u� (t) 6= 0 on �c

(2.19) u(0) = _u(0) = 0 in 


Where
��(u) = (� (u) �) �; �� (u) = � (u) � � �� (u) �

Remark 1. In the passage from the problem (2:5)� (2:10) to the problem (2:12)�
(2:19), we remark that the e¤ects by the external force r; the parameters F; S and
initial data �u0; �u1lead to the e¤ects of q(t) and S:

It is easy to verify that the problem (2:11) is well posed, i.e. it admits a unique
solution, and therefore the essential point in the following will be to study the
problem (2:12)� (2:19).

3. Hypothesis and variational formulation

We suppose that the elastic tensorA is symmetrical and coercive, i.e. A = (Aijkh),
satisfying the following conditions:

(3.1) Aijkh 2 L1 (
) ;Aijkh = Ajikh = Aijhk a.e. in 


(3.2) 9�0 > 0 : Aijkh� ij � �kh � �0� ij� ij a.e. in 
;8� ij = � ji 2 R
It is supposed that the friction coe¢ cient �; satisfy the following hypothesis:

� : �c � R+ �! R+

(3.3) u �! �(x; u) is continuously di¤erentiable on [0;+1[ a.e. on �c

(3.4) x �! �(x; u);x �! @u�(x; u) is measurable a.e. on R+

(3.5) 9`� � 0;8a; b 2 R+ : j� (x; a)� � (x; b)j � `� ja� bj a.e. on �c

(3.6) 9M0 > 0 : j@u�(x; u)j �M0 a.e. on �c

We assume also that �, r , z; S and q have the following regularities:
(3.7) �(x) � �0 > 0; �(x) 2 L1 (
)
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(3.8) r(t; x) 2 L2
�
0; T ;

�
L2 (
)

�n�
(3.9) z(t; x) 2 L2

�
0; T ;

�
L2 (�f )

�n�
(3.10) S(x) � 0;S 2 L1(�c); q 2 Lp
We designate by Lp the subspace following of [Lp (�c)]n:

Lp = fz 2 [Lp (�c)]n =z(x) � �(x) = 0 a.e. x 2 �cg ; 1 � p <1
Let us denote by H =

�
L2(
)

�n
the Hilbert space endowed with the inner product:

(u; v) =

Z



�u � vdx, u; v 2 H

which generates an equivalent norm given by:

jujH =

0@Z



�u2dx

1A 1
2

Let V0 be the closed subspace of V =
�
H1(
)

�n
given by:

V0 = fv 2 V; v = 0 on �dg
equipped with the usual norm k�k. We denote by h�; �i the duality pairing between
V 00 and V0.
For p < 2 (n� 1)� (n� 2) one designates by 
� : V0 ! Lp the compact operator

that associated to all displacementv the tangent component of her trace on �c:


� (v) = v � (v � �) �
Let us introduce now the bilinear form a(:; :) and functional f and j given by the
following formulas:8>><>>:

a : V0 � V0 �! R; f : V0 �! R and j : V0 � V0 �! R such as:
a (u; v) =

R


A"(u)"(v)dx, u; v 2 V0;

hf(t); vi =
R
�c
q(t) � v�dx, v 2 V0;

j (u(t); v) =
R
�c
S� (ju� (t)j) jv� j dx, u; v 2 V0:

;

By using (3:1); (3:2) and the Korn inequality, one deduces that the bilinear form
a(�; �) is symmetric and coercive, i.e.

(3.11) a (u; v) = a (v; u) , 8u; v 2 V0

(3.12) 9�0 > 0 : a (v; v) � �0 kvk2V , 8v 2 V0
With the above notations, the problem(2:12)� (2:19) leads to the following second
order hyperbolic variational inequality:

(3.13)

8>><>>:
Find u : ]0; T ] �! V0; such that 8v 2 V0, 8t 2 ]0; T ] ; we have:
(�u(t); v � _u(t)) + a (u(t); v � _u(t)) + j ( _u(t); v)� j ( _u(t); _u(t)) �

hf(t); v � _u(t)i
u(0) = _u(0) = 0
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6 NOUIRI BRAHIM AND BENABDERRAHMANE BENYATTOU

Remark 2. The main di¢ culty in the study of the above evolution variational
inequality is the non-monotone dependence of � (�) versus the slip-rate

�� :u� (t)��.
4. Elliptic problem at each time step

We consider here the Newmark method, with parameters � = 1
4 and 
 =

1
2 ; for

the time discretization of the variational problem (3:13). To this end, let �t > 0
be the time step, M the maximum number of steps, and T = M ��t. We denote
by um; _um and �um the discretization of the solution at time t = m � �t; i.e.
um = u(m��t); _um = _u(m��t) and �um = �u(m��t) respectively, for all 0 � m �M:
The initial condition in (3:13) become:

(4.1) u0 = _u0 = �u0 = 0

which is the starting of recursive problem. Suppose that we have established the
solution up to t = m ��t, i.e. we have uk; _uk; �uk for all k � m:
In the Newmark method, the numerical solution um+1; _um+1; �um+1 of (3:13) at

t = (m+ 1) ��t is obtained from:

(4.2) um+1 = um +�t � _um + �t
2

4

�
�um+1 + �um

�
(4.3) _um+1 = _um +

�t

2

�
�um+1 + �um

�
In terms of velocity, the above problem can be written as the following variational
inequality:

(4.4)

8<:
Find _um+1 2 V0 such that:�
_um+1; v � _um+1

�
+ �t2

4 a
�
_um+1; v � _um+1

�
+

+�t
2

�
j
�
_um+1; v

�
� j

�
_um+1; _um+1

��
� G

�
v � _um+1

�
, 8v 2 V0

where:

G(v) =


fm+1; v

�
+

�
_um +

�t

2
�um; v

�
� �t
2
a

�
_um +

�t

2
�um; v

�
If _um+1 is obtained, then we can deduce um+1 and �um+1using:

um+1 = um +
�t

2

�
_um + _um+1

�
�um+1 =

2

�t

�
_um+1 � _um

�
� �um

An implicit scheme for the homogeneous problem (2:12) � (2:19) is used to solve
the nonlinear problem, given by a variational inequality (4:4) at each time step.

4.1. Existence of the solution. Let us introduce the energy functional � : V0 �!
R given by:

(4.5) �(v) =
1

2
(v; v) +

�t2

8
a (v; v) +

�t

2

Z
�c

S �	(x; jv� j) d��G(v)

where 	 : �c � R+ ! R+ denotes the primitive of � i.e.

(4.6) 	(x; p) =

pZ
0

� (x; �) d�;8� 2 R+; a:e:x 2 �c
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The following result can be obtained using the same technique as in [8].

Theorem 1. Under hypothesis (3:3)� (3:7); (3:10). We have:
1) If u = _um+1 2 V0 is a local minimum for � i.e. there exists � > 0 such that

(4.7) �(u) � �(v) 8v 2 V0; ku� vkV � �:

then u is a solution of (4:4).
2) There exists at least a global minimum for �; i.e. there exists ug 2 V0 such

that:
�(ug) � �(v) 8v 2 V0:

Proof. 1) Let us suppose that (4:7) holds. If v 2 V0 and �0 2 ]0; 1[ such that
�0 ku� vkV < � then for all � 2 ]0; �0[ we have:

�(u) � �(u+ � (v � u))

Bearing in mind that j
� (u+ � (v � u))j � j
� (u)j � � (j
� (u)j � j
� (v)j) we
deduce that:

� (u; v � u) + �
2

2
(v � u; v � u) + ��t

2

4
a (u; v � u) + (��t)

2

8
a (v � u; v � u)+

�t

2

Z
�c

S [	(x; ju� j+ �(jv� j � ju� j))�	(x; ju� j)] d� � �G(v � u)

Dividing this last inequality by � and passing to the limit with � ! 0 we deduce
(4:4).
2) We have:

8v 2 V0 : j�(v)j � C kvkV ; C > 0

Then
Lim

kvk!+1
�(v) =1

By using the Weierstrass theorem, we deduce that � admits at least a global
minimum. �

4.2. Uniqueness of the solution. Let us analyze here what are the conditions to
be imposed on the parameters �t , A, � and �, such that the functional � would be
strongly coercive. We have to consider the following eigenvalue problem connected
to (4:4) :
Find � 2 R and v : 
 �! Rn, v 6= 0, such as:

(4.8) div �(v) = ��v ; �(v) = A"(v) in 


(4.9) v = 0 on �d ; �(v)� = 0 on �f

(4.10) ��(v) = 0; �� (v) = gv� on �c

Where

g(x) = � 2

�t
S(x) Inf

�2R+
@��(x; �)

The variational formulation of (4:8)� (4:10) is:

(4.11) v 2 V0; v 6= 0 a (v; w) + � (v; w) =

Z
�c

gv� � w�d� , 8w 2 V0
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Theorem 2. Let 
 be bounded. We have:
1) The eigenvalues and the eigenfunctions of the problem (4:11) consist of a

sequence
�
�2n; 'n

�
n2N with

�0 � �1 � �2 � � � � ; and Lim
n�!+1

�n = �1

2) Let � > 0 and let us denote by �0(�) the �rst eigenvalue of (4:11) in which g
was replaced by �g. Then � �! �0(�) is convex and the following inequality holds:

(4.12) a (v; v) + �0(�) (v; v) � �
Z
�c

gv2�d� , 8v 2 V0

3) If g � 0 then � �! �0(�) is an increasing function.

Remark 3. In general, �0is not negative, hence there exist at most a �nite number
of positive eigenvalues.

Proof. 1) Let 
 be a positive constant, we rewrite (4:11) as follows :

(4.13) b (v; w) = � (v; w) , 8v; w 2 V0
where:

� = 
 � � and b (v; w) = a (v; w) + 
 (v; w)�
Z
�c

gv� � w�d�

We are going to prove that the bilinear form b(�;�) is coercive. We have:

8v 2 V0 : b (v; v) = a (v; v) + 
 (v; v)�
Z
�c

gv2�d�

And by using the interpolation inequality (see [17]), we obtain:Z
�c

v2�dx � �C kvkH kvkV , �C > 0

Therefore we have:

b (v; v) � �0 kvk2V + 
 kvkH � �� �C kvkH kvkV
Where:

�� =
2S

�t
M0

Posing 
 = ��2 �C2

4�0
, we obtain:

(4.14) b (v; v) � �0 kvk2V
The problem (4:13) admits a unique solution v 2 V0. Then, it exists an increasing

sequence of eigenvalues (�n). Moreover �n tends to +1. We denote by Vn � V0
the �nite dimension subspace of eigenfunctions associated to the eigenvalue �n.
Finally, for �n = 
 � �n we deduce the �rst part of the theorem 2.
2) Let � > 0. We replace in (4:13) g by �g, we remark that �0; as a function of

�, is the lower bound of a family of a¢ ne functions:

(4.15) �0(�) = Inf
v2V0;kvkH=1

�
a (v; v) + 
 � �

Z
�c

gv2�d�

�
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Hence it is a concave function. Since �0(�) = 
 � �0(�) we obtain that � �!
�0(�) is convex. Moreover we have:

(4.16) b (v; v) � �0(�) (v; v) , 8v 2 V0

Which implies (4:12).
3) Let �1 > �2.We use (4:11) with g = �g, v = w = ' and � = �2 to get:

(4.17) a (';') + �0(�2) (';') = �2

Z
�c

g'2�d�

From (4:12) with v = ' and � = �1 to obtain:

(4.18) a (';') + �0(�1) (';') � �1
Z
�c

g'2�d�

Substitution of (4:18) from (4:17) yields to: �0(�1) > �0(�2). Then the function
� �! �0(�) is strictly increasing. �

We can now express the criteria of the uniqueness and the stability of the solution
of the problem (4:4):

Theorem 3. Let 
be bounded. We have:
(i) r� is a lipschitz functional, i.e. There exists a real constant `� � 0 such

that:

(4.19) 8v1; v2 2 V0 : kr�(v1)�r�(v2)kV 0 � `� kv1 � v2kV
(ii) If

(4.20)
(�t)2

4
�0 < 1;

where �0is given by the above theorem, then � is a uniformly convex functional, i.e.
there exists � > 0 such that:

(4.21)


r2�(v)w;w

�
� � kwk2V , 8v; w 2 V0;

and (4:7) has a unique solution which is also the unique solution of (4:4), i.e.
u =

:
u
m+1.

Remark 4. The above condition (4:20) on the time step �t is not a (Courant,
Friedrichs and Lewy) CFL condition. If the process is stable, i.e. �0 � 0, then
there is no condition (in terms of convergence and stability) on the time step. If
the process is unstable, i.e. �0 > 0, then (4:20) which is equivalent to:

�t < �tcr =
2p
�0

Proof. (i) Let v1; v2; w 2 V0, we have:

jhr� (v1)�r� (v2) ; wij � j(v1 � v2; w)j+
�t2

4
ja (v1 � v2; w)j+

+
�t

2

Z
�c

S � j� (x; jv1� j)� � (x; jv2� j)j jw� j d�
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By using the continuity of the trace operator and (3:5), we obtain:

jhr� (v1)�r� (v2) ; wij � kv1 � v2kH kwkH +
�t2

4
kAkL1(
) kv1 � v2kV kwkV +

+
S�t

2
`�

Z
�c

jjv1� j � jv2� jj jw� j d�

� kv1 � v2kH kwkH +
�t2

4
kAkL1(
) kv1 � v2kV kwkV +

+
`�S�t

2
C kv1 � v2kV kwkV

� `� kv1 � v2kV kwkV
Where:

`� =
`�S�t

2
C +Max

�
1;
�t2

4
kAkL1(
)

�
Here `� is a constant such that (4:19) holds.
(ii) Let v; w 2 V0, we have:


r2�(v)w;w
�
= Lim

�!0

hr�(v + �w); wi � hr�(v); wi
�

By a simple calculation one gets:



r2�(v)w;w

�
= (w;w) +

�t2

4
a (w;w) +

�t

2

Z
�c

S�0 (x; jv� j) jw� j2 d�

We distinguish the two following cases:
1) If � is an increasing function, then:

8v 2 V0 : �0 (x; jv� j) � 0
We have:



r2�(v)w;w

�
� jwj2H +

�t2

4
�0 kwk2V � � kwk

2
V , � =

�t2

4
�0

And by consequence , the functional � is uniformly convex, then � admits a
unique global minimum.
2) If � is a decreasing function, then:

8v 2 V0 : �0 (x; jv� j) � 0
We have:

(4.22)


r2�(v)w;w

�
� (w;w) + �t

2

4
a (w;w)� �t

2

4

Z
�c

gw2�d�

From (4:12), we obtain:

(4.23) ��t
2

4
a (w;w)� �0(�)

�t2

4
(w;w) � ���t

2

4

Z
�c

gw2�d�

And by the use (4:22); (4:23) and (3:12), it comes:

(4.24)


r2�(v)w;w

�
�
� � �0(�)�t

2

4

�
jwj2H +

�t2

4
�0

�
� � 1
�

�
kwk2V
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By using (4:20) and The function � �! �0(�) is increasing, then, it exists �� > 1
such that �0(��)�t

2

4 < 1, therefore:

r2�(v)w;w

�
� � kwk2V0 when � =

�� � 1
��

Min

�
1;
�t2

4
�0

�
Since the functional � is convex, problem (4:4) and (4:7) are equivalent. The
uniqueness of u comes from the strict convexity of the functional �. �

Conclusion 1. In this paper, we present a new technique able to transform this
ill posed problem into a well posed one. This technique is based on the Newmark
method and the minimization problem. The solution of well posed problem chosen
by the criterion using the �rst eigenvalue of the eigenvalue problem. This criterion
is not a (Courant, Friedrichs and Lewy) CFL condition.
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RELATIVE FREDHOLM ALTERNATIVE TO BOUNDARY
VALUE PROBLEM FOR THE ELLIPTIC EQUATIONS

BENABDERRAHMANE BENYATTOU AND NOUIRI BRAHIM

Abstract. The aim of this study is to prove some regularity results by passing
to the Fredholm alternative for the elliptic problem governed by the Laplace
equations with contact without friction boundary conditions. This investiga-
tion permits to evaluete of the index of the Laplace operator.

1. Introduction

From the previous works [4] and [5], the Fredholm alternative for the Laplace
equations and Maxwell equations, with the classical boundary conditions (Dirichlet,
Neumann and mixed : Dirichlet-Neumann), has been studied using the fundamen-
tal results of functional analysis [8], [10], [11] and others concerning the Sobolev
spaces and their properties [12], [13] and [6]. Using some theoretical results con-
cerning the elliptic problems in [6], [8], [10], [11], [12], [13], this paper presents the
analysis of the Fredholm alternative question for the elliptic problem governed by
the Laplace operator with contact without friction boundary conditions. This prob-
lem is the limit of the elasticity problem when the sum of the elasticity coe¢ cients,
(�+ �) > 0; tends to zero.

Let 
 is homogeneous, elastic and isotropic medium occupying a bounded domain
in IR2, limited by straight polygonal boundary � which is supposed to be regular,

� =
NS
j=1

�j ; �i \ �j = ?;8i 6= j; where �j =]Sj ; Sj+1[, and Sj are the di¤erent

corners of 
. In this study �j and � j represent the unit outward normal vector
and the tangent vector on �j , respectively. !j represents the opening of the angle
that makes �j and �j+1 toward the interior of 
:
Let f : 
 ! R2; the elliptic problem considered here consists of �nding the

displacement �eld u : 
 �! R2 satisfying:

(P )

�
�u+ f = 0 in 
�

u:�j ;
�
�(u):�j

�
:� j
�
= (0; 0) on �j ; j = 1; :::; J

;

The boundary conditions used in this problem are called contact without friction
(C.W.F ).

2000 Mathematics Subject Classi�cation. 35Jxx.
Key words and phrases. Fredholm alternative, Green formula, Index, Laplace, Oblique deriv-

ative, Sobolev space, Variational solution.
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2 BENABDERRAHMANE BENYATTOU AND NOUIRI BRAHIM

We denote by �(u) = (�ij(u)) ; i; j = 1; 2, where the elements �ij(u) are given
by Hook�s law, in the case (�+ �)! 0; using Lamé coe¢ cient � > 0 :

�ij(u) = � [2"ij(u)� �ij"kk(u)] ; i; j = 1; 2

where �ij is Kronecker symbol and "ij(u) = 1
2 (@ixj + @jxi) is the linearized tensor

of linear elasticity. @j is used as the partial derivative of u with respect to xj .
Generally, the problem (P ) hasn�t su¢ ciently regular solution, hence we try to

impose conditions on f 2 L2 (
)2allowing variational solution included in the space
V such as V =

n
v 2 H1 (
)

2
; u:�j = 0, on �j

o
is in Hs+2(
)2 \ V (s � 0); where

Hs+2(
) denotes (s+ 2) order Sobolev space.
Studying of the (C.W.F ) boundary conditions, it is proved (see[2]) that the

problem (P ) amount to the two problems of oblique derivatives boundary conditions
without coupling:

(Pk)

8<:
�uk + fk = 0 in 


ajDxuk + bjDyuk = 0 on �j
a2j + b

2
j 6= 0

j = 1; :::; J; k = 1; 2

Then (see [2]) there is a constant Cs such that

(1.1) kuks+2 � Cs k�uks
is satis�ed for all u 2Ws (
) ; where

Ws (
) =
n
u 2 H2 (
)

2 \ V ;
�
�(u):�j

�
:� j = 0 on �j ; Dxu+Dyu 2 Hs

0 (
)
o

2. Fredholm alternative

Let <s (
) be the subspace of Hs (
)
2 de�ned by

<s (
) =
n
f 2 Hs (
)

2
; f = �u; u 2Ws (
)

o
Using the inequality (1:1), it can be seen that <s (
) is a closed subspace ofHs (
)

2
:

Let Ns (
) be the orthogonal of <s (
) in H�s (
)
2
; i.e.

Ns (
) =
n
v 2 H�s (
)

2
; (v; f) = 0 for all f 2 <s (
)

o
According to a generalization of Green formula, it can be observed that the elements
of Ns (
) are solutions to the homogeneous contact without friction problem:�

�u = 0 in 
�
u:�j ;

�
�(u):�j

�
:� j
�
= (0; 0) on �j ; j = 1; :::; J

2.1. Some results concerning theGreen formula. LetDs (
) =
n
v 2 H�s (
)

2
; �v 2 L2 (
)2

o
be the subspace of H�s (
)

2 equipped with norm

kvkDs(
)
= kvk�s + k�vk0

By using the techniques of Lions-Magenes [13] and P.Grisvard [5], we prove the
following result:

Lemma 1. D
�


�
is dense in Ds (
) :

83



RELATIVE FREDHOLM ALTERNATIVE 3

Lemma 2. We introduce the subspace Xs (�), de�ned by

Xs (�) = f((�(u):�) :�;�u:�) : u 2Ws (
)g
The application v 7�! (v:�; (�(v):�) :�) on �; which is well-de�ned for all v 2
D
�


�
; prolongs by continuity in a continuous linear application:


s : Ds (
) �! Xs (�)
� such that

(�u; v)� (u;�v) = h((�(u):�) :�;�u:�) ; 
s (v:�; (�(v):�) :�)i
for all u 2 Ws (
) and v 2 D

�


�
, where the notation h:; :i represents the duality

pairing between Xs (�) and Xs (�)
�
:

An analogous Lemma has been introduced by P. Grisvard [5] in the case of the
Dirichlet problem.

Proof. For all u 2Ws (
) and v 2 D
�


�
we have

(1.2) (�u; v)� (u;�v) =
Z
�

(�(u):�) :vd� �
Z
�

(�(v):�) :ud�;

for all u 2Ws (
) :
According to the boundary condition (u:�; (�(u):�) :�) = (0; 0) in �; the Eq.

(1:2) becomes

(�u; v)� (u;�v) =
Z
�

((�(u):�) :�) v:�d� �
Z
�

((�(v):�) :�)u:�d�;

Or equivalently

(1.3) (�u; v)� (u;�v) =
Z
�

(�(u):�):�;�u:�) (v:�; (�(v):�) :�) d�

It is clear that the left term of Eq. (1:3) is bilinear continuous, therefore we �nish
the proof by using the density of D

�


�
in Ds (
) : �

Remark 1. From the Eq. (1:3) ; the following expression is obtained

(u;�v) = 0; 8u 2 D (
) ; 8v 2 Ns (
)

and consequently we have �v = 0 2 L2 (
)2 what implies that v belongs to Ds (
)
and gives a sense to 
s (v:�; (�(v):�) :�) 2 Xs (�)

�
:

Lemma 3. We have

Ns (
) =
n
v 2 H�s (
)

2
; �v = 0; 
s (v:�; (�(v):�) :�) = (0; 0)

o
where 
s is a generalized of the trace map de�ned by duality (see Lemma 2).

Proof. Thanks to Lemma 2, it is easy to verify that Ns (
) � [<s (
)]? :
Reciprocally, let v be in [<s (
)]? then

(v;�u) = 0; 8u 2Ws (
)

According to (1:3) ; it can be written

� (u;�v) =
Z
�

((�(u):�) :�;�u:�) (v:�; (�(v):�) :�) d�
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4 BENABDERRAHMANE BENYATTOU AND NOUIRI BRAHIM

Or equivalently

(u;�v) = 0; 8u 2Ws (
) ; 8v 2 ID (
)
what implies �v = 0:
Using the Lemma 2, we �nd

h((�(u):�) :�;�u:�) ; 
s (v:�; (�(v):�) :�)iXs(�)�Xs(�)
� = 0; 8u 2Ws (
)

consequently,


s (v:�; (�(v):�) :�) = 0

�

We have the necessary and su¢ ciencies conditions on f 2 Hs(
)2; in order to
allow for u; solution of (P ) to be in Hs+2 (
)

2 \ V: This condition is expressed as
follows:

(f; v) = 0; for all v 2 Ns(
)

3. Laplace index

3.1. Dimension of Ns (
). In this subsection, we are interested in the study of
Ns (
). It is proved that Ns (
) is a �nished dimension subspace, after having, we
will determinate exactly his dimension.

We start with comparative study between the trace operator 
s which is de�ned
in Lemma 2 and usual trace operators.

Remark 2. For v 2 Ns (
) we have
i) �v = 0; i:e. v is analytic in 
 n S ;
ii)
�
v:�j ;

�
�(v):�j

�
:� j
�
= (0; 0) on �j ; j = 1; :::; J:

Expression ii) is signi�ed that the function
�
v:�j ;

�
�(v):�j

�
:� j
�
which is continuous

on 
 n S is null on
0

�j ; j = 1; :::; J , where
0

�j indicates the interior of �j what
doesn�t imply that 
s (v:�; (�(v):�) :�) = 0:
This Remark permits us to deduce a regularity result in the neighborhood of

the regular parts boundary. This result can be obtained by using the re�ection
processes, compared to each segments of �j ; j = 1; :::; J; and the analyticity of
harmonic distributions.
These results permit us to introduce the space Ms (
) ; de�ned by

Ms (
) =
n
v 2 H�s (
)

2 \ C1
�

8S

�
; �v = 0; (v:�; (�(v):�) :�)��j = (0; 0)

o
An analogous space was constructed by P. Grisvard [5].
Consequently, it is clear that Ns (
) �Ms (
) and besides we have the following

Theorem:

Theorem 1. If ! is satis�ed the following condition

! 6= `�

k + 2
; `; k 2 N; ` 6= (k + 2); k = 1; :::; s

then we obtain Ns (
) =Ms (
) :
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We start giving some important results:

We denote by H
m+ 1

2
0;0 (�j) the subspace Hm+ 1

2 (�j) de�ned by the following con-
ditions: 8>><>>:

f (k)(Sj) = f (k)(Sj+1) = 0Z
�j

��f (m)(t)��
(t� Sj) (Sj+1 � t)

dt < +1 ; k = 0; :::;m� 1

Equipped with norm

kfk
H
m+1

2
0;0 (�j)

= kfkm+ 1
2
+

264Z
�j

��f (m)(t)��
(t� Sj) (Sj+1 � t)

dt

375
1
2

Where �j = ]Sj ; Sj+1[ ; j = 1; :::; J and m is an integer.

We recall that D(�j) is dense in H
m+ 1

2
0;0 (�j) for all integer m: Relatively to this

space we have

Proposition 1. The application

u 7�! (ffkg ; fgjg)

de�ned by �
fk(x) = Dk

yu(x; 0); x > 0; k = 0; :::; s� 1
gj(y) = Dj

xu(0; y); y > 0; k = 0; :::; s� 1
is linear, continuous and surjective (and admits a continuous linear relevement) of
Hs(
) in the subspace

s�1Y
k=0

Hs�k� 1
2 (R+)�

s�1Y
j=0

Hs�j� 1
2 (R+)

and satisfying the following conditions8<: f
(j)
k (0) = g

(k)
j (0); j + k � s� 2

rR
0

���f (j)k (t)� g(k)j (t)
���2 dt

t
; for j + k = s� 1

where r is a �nished or in�nite number.

For the demonstration we invite the reading to consult P. Grisvard [5].

Lemma 4. For ! 6= `�
k+2 ; `; k 2 N; 1 � k � s, we have

Xs (�) =
JY
j=1

H
s+ 1

2
0;0 (�j)�

JY
j=1

H
s+ 3

2
0;0 (�j)

We are of course identi�ed ('; ) 2 Xs (�) to
��
'j
	J
j=1

;
�
 j
	J
j=1

�
; where 'j

and  j indicate the restriction of ' and  to �j ; j = 1; :::; J; respectively .

Proof. Using the Proposition 1, we will determine the splice conditions between�
'j ;  j

�
so that ('; ) =

��
'j
	J
j=1

;
�
 j
	J
j=1

�
is element of Xs (�) : These condi-

tions are obviously related to each corner Sj :
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6 BENABDERRAHMANE BENYATTOU AND NOUIRI BRAHIM

Essentially, we limit to search for those that are relative to the corner S1, as
amounting by the following a¢ ne change of variables :�

X = x� y cot!
Y = y

to the particular case: S1 = (0; 0) and !1 = �
2 or !1 =

3�
2 . This change conserves

the spaces
Hs+2 (
) ; V and Hs

0 (
)

on the other hand it doesn�t conserve the expression Dxu+Dyu which becomes

Dxu� cot!1Dxu+Dyu

In the same way the considered change doesn�t conserve the boundary conditions
((�(u):�) :�;�u:�) which become
i) For y = 0;we have

(1.4) �u:� = u1 (x; 0)

(�(u):�) :� =

�
�11(u) �12(u)
�21(u) �22(u)

��
�1
�2

��
�1
�2

�
; where8<: �11(u) = � [Dxu1 (x; 0) + cot!1Dxu2 (x; 0)�Dyu2 (x; 0)]

�12(u) = �21(u) = � [Dyu1 (x; 0)� cot!1Dxu1 (x; 0) +Dxu2 (x; 0)]
�22(u) = ��11(u)

then

(1.5) (�(u):�) :� = � [Dxu1 (x; 0) + cot!1Dxu2 (x; 0)�Dyu2 (x; 0)]

ii) For x = 0; we have

(1.6) �u:� = � [cos!1u1 (0; y) + sin!1u2 (0; y)] and

(1.7) (�(u):�) :� = �

�
Dxu1 (0; y)� cot!1Dxu2 (0; y) + cos 2!1Dyu2 (0; y)�

sin 2!1Dyu1 (0; y)

�
In the following, we are interested only to the case 0 < ! < �

2 : The case
�
2 < ! < 3�

2
is treated similarly to the previous one.
We have u 2Ws (
) ; i.e., u must verify the following boundary conditions

(u:�; (�(u):�) :�) = (0; 0) on �j

which becomes, after the a¢ ne change of variables, as follows:
i) For y = 0;�

u:� = u2 (x; 0) = 0
(�(u):�) :� = � [Dxu2 (x; 0) +Dyu1 (x; 0)� cot!1Dxu1 (x; 0)] = 0

or

(1.8)
�

u2 (x; 0) = 0
Dyu1 (x; 0)� cot!1Dxu1 (x; 0) = 0

ii) For x = 0;

(1.9)
�

u:� = sin!1u1 (0; y) + cos!1u2 (0; y) = 0
(�(u):�) :� = Dxu2 (0; y)�Dyu1 (0; y) + cot!1Dxu1 (0; y) = 0
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Thanks to (1:8) ; (1:9) the expressions (1:4) ; (1:5) and (1:6); (1:7) become, respec-
tively:
(1.10)�

u1 (x; 0)
�Dy (u2 (x; 0)� tan!1u1 (x; 0)) = � [Dyu2 (x; 0)�Dxu1 (x; 0)]

; for y = 0

(1.11)
�

1
sin!1

u2 (0; y) =
1

cos!1
u1 (0; y)

�2� cot!1Dxu2 (0; y)
; for x = 0

Therefore, we must specify the splice conditions between (1:10) and (1:10); when !
belongs to Ws (
) such that


 = R�+ � R�+ =
�
(x; y) 2 R2; x > 0 and y > 0

	
In the following, we are going to search the conditions that we must impose so that

the vectors
��
'j
	2
j=1

;
�
 j
	2
j=1

�
belong to Xs (�) :

We pose 8>><>>:
 1 (x) = u1 (x; 0)
 2 (y) = u1 (0; y)

'1 (x) = Dyu2 (x; 0)�Dxu1 (x; 0)
'2 (y) = Dxu2 (0; y)

The functions 'j and  j ; j = 1; 2; must satisfy the condition Dx: +Dy: 2 Hs
0 (
)

using the a¢ ne change of variables.
We start by:  j ; j = 1; 2:
i)  1 : The condition Dx 1 +Dy 1 2 Hs

0 (
) becomes

Dx 1 (x) +Dy 1 (x)� cot!1Dx 1 (x) 2 Hs
0 (
)

Using the de�nition of Hs
0 (
) ; it results

Dk
y [(1� cot!1)Dx 1 (x) +Dy 1 (x)] ; k = 0; :::; s� 1

Or

(1.12) (1� cot!1)DxD
k
yu1 (x; 0) +D

k+1
y u1 (x; 0) ; k = 0; :::; s� 1

ii) 2 : According to the condition Dx 2 +Dy 2 2 Hs
0 (
) ; we obtain

(1.13) (1� cot!1)Dj+1
x u1 (0; y) +DyD

j
xu1 (0; y) ; j = 0; :::; s� 1

Now pass to the case of 'j ; j = 1; 2: As in the previous cases, it is easy to verify
the following cases:
i) '1 :

(1.14)
�
Dk+2
y u2 (x; 0) + (1� cot!1)DxD

k+1
y u2 (x; 0)�

� (cot!1)kD2
xD

k
yu1 (x; 0) = 0; k = 0; :::; s� 1

ii) '2 :

(1.15) (1� cot!1)Dj+2
x u2 (0; y) +DyD

j+1
x u2 (0; y) = 0; j = 0; :::; s� 1

Posing �
gj (y) = Dj

xu1 (0; y) ; `j (y) = Dj
xu2 (0; y)

fk (x) = Dk
yu1 (x; 0) ; hk (x) = Dk

yu2 (x; 0)
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the expressions (1:12)� (1:15) become

(1.16)
�

fk+1 (x)� (cot!1 � 1) f
0

k (x) = 0

� (cot!1 � 1) gj+1 (y) + g
0

j (y) = 0
; k; j = 0; :::; s� 1

(1.17)

(
hk+2 (x) + (1� cot!1)h

0

k+1 (x)� (cot!1)
k
Dk+2
x u1 (x; 0) = 0

(1� cot!1) `j+2 (y) + `
0

j+1 (y) = 0

By recurrence, we can see that Eq. (1:16) is equivalent to the following relation

(1.18)

(
fk (x) = �kf

(k)
0 (x) ; k = 0; :::; s

gj (y) =
�
1
�

�j
g
(j)
0 (y) = 0; j = 0; :::; s

Where � = (1� cot!1).
So that  1;  2 belong to H

s+ 3
2

0;0 (R+) ; it is necessary that

(1.19)

8<: f
(j)
k (0) = g

(k)
j (0) ; j + k � s

sR
0

���f (j)k (t)� g(k)j (t)
���2 dtt < +1; j + k = s+ 1

'1, '2 belong toH
s+ 1

2
0;0 (R+) provided that the following condition (cot!1)kDk+2

x u1 (x; 0) =

0 is veri�ed, which is possible, because in the case y = 0; u1 (x; 0) is arbitrarily cho-
sen. As a consequence, the condition (1:19) is always veri�ed by replacing f by h
and g by `:
According to (1:18), from Eq. (1:19) it results

�mf
(m)
0 (0) = g

(m)
0 (0) ; for m � s

such that f0(0) = g0(0) = u1(0; 0) = 0:
This identity is veri�ed when �m = 1; for all m; m = 0; :::; s � 1. Accordingly,

thanks to (1:18) ; we see that it is the case when

!1 6=
`�

k + 2
; `; k 2 N; ` 6= (k + 2); k = 1; :::; s

Consequently, we deduce8<:  
(j)
1 (0) =  

(j)
2 (0) = 0; j = 0; :::; s� 1

sR
0

��� (s)1 (t)���2 dtt < +1; sR
0

��� (s)2 (t)���2 dtt < +1
what proves that  1;  2 belong to H

s+ 3
2

0;0 (R+) : By the same techniques we demon-

strate that '1; '2 2 H
s+ 1

2
0;0 (R+) : �

3.2. Dimension of Ms (
). We introduce the following subspace

Ms (
) =
n
v 2 H�s (
)

2 \ C1
�

8S

�
; �v = 0; (v:�; (�(v):�) :�)��j = (0; 0)

o
and the functions:

N (!) = Card
n
k 2 N�; k < !

�
(s+ 2)

o
N (!) is the biggest number strictly inferior to !

� (s+ 2) : We have
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Theorem 2. Suppose 
 is a simply connected, the dimension of Ms (
) is exactly

N =
JX
j=1

N (!j)

We immediately get the following Lemma.

Lemma 5. Suppose 
 is a simply connected, � :Ws (
)! Hs (
)
2 is an operator

with index. More precisely, � is injective (because dim (Ker�) = 0 <1) ; has a
closed image of codimension lower or equal to N < +1 in Hs (
)

2
:

In the particular case, where 
 doesn�t have any angle ! of the following form

`�

k + 2
; `; k 2 N; ` 6= (k + 2); k = 1; :::; s

the codimension of the image of � in Hs (
)
2 is exactly equal to N:

Before proving the Theorem 2, we need some Lemmas.
For more of convenience, we suppose that we are in the case where S1 (0; 0) ;

and where the segment �1 is carried on the axis Ox ( with !1 > 0 ), the plan is
supposed to orient in the usual direction.
We set z = x+ iy = r exp(i�):

Lemma 6. Let k 2 N� satisfy k < !1
� (s+ 2) ; there exist uk 2 Ms (
) such that,

if we set wk = uk � vk,we have

wk 2 H1 (
)
2
;
wk
r
2 L2 (
)2 ;

where

vk = 4 (�1)k sin 2!
�
Re z��k ; Im z��k

�
; with �k =

k�

!
� 1

Proof. As for k < !1
� (s+ 2) ; we have

rsvk = 4 (�1)k rs sin 2!
�
Re z��k ; Im z��k

�
2 L2 (
)2

We know, thanks to P. Grisvard [7], if u 2 Hs
0 (
) then

u

rs
2 L2 (
), where r des-

ignates the distance of u 2 
 to the set S = fS1; S2; :::; SJg. As rsvk 2 L2 (
)
2,

then vk 2 H�s (
)
2.

It is obvious that this function is harmonic and null on the segments �1 and �J ,
moreover it is regular the neighborhood of �1 n S1:
Let ('k;  k) be the trace of (vk:�; (�(vk):�) :�) on �1; it is clear that ('k;  k) 2

H
1
2 (�)�H� 1

2 (�) ;therefore by applying the variational method we see that exists
wk 2 H1 (
)

2 harmonic and satisfying

wk = ('k;  k) on �

Posing uk = wk + vk, thanks to condition wk = 0 on �1 and �J , we have wk 2
H1
0 (
)

2
; and consequently wk

r 2 L2 (
)2 : �

Remark 3. (Consequences of Lemma 7 ); Taking into account the fact that

1

r

�
Re z��k ; Im z��k

�
=2 L2 (
)2
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and that functions de�ned by�
Re z��k ; Im z��k

�
; k 2 N�; k < !1

�
(s+ 2)

are linearly independent in Ms (
), we deduce that the functions uk; such that
k 2 N� and k < !1

� (s+ 2) ; are linearly independent in Ms (
) : As we can repeat
same construction for each corner, we deduce that

dim (Ms (
)) � N

Lemma 7. For ' 2
0

D (]0; r0[) and  2
0

D (]0; ![) ; if r0 < 1 and r0 < d (0; S) ; then
f belongs to Hs

0 (
), where

f (r; �) =
r
`�
! �2

jln rj ' (r) (�)

And if ` � !1
� (s+ 2) ; then there is a constant C` such that

kfks � C` k kHs(]0;![)

�
s
max
j=0

max
0�r�r0

rj'(j) (r)

�
The proof of this Lemma is obtained by using, as in P.Grisvard [5], the direct
calculations.
Let�s come back to the proof of the Theorem 2:

Proof. Let w 2 Ms (
) ; we study w in the neighborhood of the corner S1: Thanks
to the regularity of w, we can develop the �rst and the second component of w ,
per report to �; in series of cosine and sine respectively, as follows:

w = (u; v) =

24X
k�1

uk (r) cos�k�;
X
k�1

vk (r) sin�k�

35 ; where �k = k�

!
� 1

As w is harmonic, u and v are also. Of �w = 0; by passing in polar coordinates
it can be written: 8><>:

u
00

k +
u
0

k

r
� �2k

uk
r2
= 0

v
00

k +
v
0

k

r
� �2k

vk
r2
= 0

By noticing that these di¤erential equations are the same ones, we thus take only
one of them, (for example: the one that depends on u).
It is easy to verify that the solution of this equation is given by

uk (r) = akr
�k + bkr

��k ; �k =
k�

!
� 1

And like w 2 H�s (
)
2
(u 2 H�s (
)), we have

hu; fi =
X
k�1

r0Z
0

!Z
0

uk (r) f(r; �)J(r; �)drd�

where J(r; �) = r sin (�k�) denotes the Jacobian.
By substituting of uk; f and J(r; �) by these values, it results

hu; fi =
X
k�1

r0Z
0

!Z
0

�
akr

k�
! �1 + bkr

� k�
! +1

� r `�! �2
jln rj ' (r) (�)

!
r sin

�
�

�
k�

!
� 1
��

drd�
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or

hu; fi =

24X
k�1

0@ak r0Z
0

r
(`+k)�

! �2

jln rj ' (r) dr + bk

r0Z
0

r
(`�k)�

!

jln rj ' (r) dr

1A35 :
24 !Z
0

 (�) sin

��
k�

!
� 1
�
�

�
d�

35
Therefore

hu; fi � C` kuk�s k kHs(]0;![)

�
s
max
j=0

max
0�r�r0

rj'(j) (r)

�
by varying the functions ' and  ; in the case when the function r

(`�k)�
!

jln rj is not
integrated in the neighborhood of zero, it can be seen that the last inequality is not
possible that if bk = 0.
In the particular case, when ` = !1

� (s+ 1) ; it is noted that bk = 0 for k �
!1
� (s+ 2) :
We have thus to prove that

u (r; �) =
X
k�1

�
akr

k�
! �1 cos

�
k�

!
� 1
�
� + bkr

� k�
! +1 cos

�
k�

!
� 1
�
�

�
and consequently, for 0 < r < r0 we have

v (r; �) =
X
k�1

akr
k�
! �1 cos

�
k�

!
� 1
�
� +

X
1�k<!1

� (s+2)

bkr
� k�

! +1 cos

�
k�

!
� 1
�
�

This will permit to have the following expression

u+
X

1�k<!1
� (s+2)

bkuk =

=
X
k�1

akr
k�
! �1 cos

�
k�

!
� 1
�
� �

X
1�k<!1

� (s+2)

bk

�
Re
�
z�

k�
! +1

�
� uk

�
Thanks to Lemma 7, the second sum in the right-hand member of this equality is

an element of H1 (
) ; and consequently, the series de�ned an element of H1
�


0
�
;

where


0
= fz 2 C : 0 < Re z < r0g \ 


By the same techniques, we verify that

v +
X

1�k<!1
� (s+2)

b
0

kvk =

=
X
k�1

a
0

kr
k�
! �1 sin

�
k�

!
� 1
�
� �

X
1�k<!1

� (s+2)

b
0

k

�
Im
�
z�

k�
! +1

�
� vk

�
is an element of H1

�


0
�
:

By repeating the same processes in the neighborhood of each corner of 
; we see
that is a vectorial subspace M

0

s (
) of dimension N in Ms (
) such that

Ms (
) �M
0

s (
) +H
1 (
)

2
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whereM
0

s (
) is a subspace generated by the elements of the Lemma 7 corresponding
to each corner, i.e.:

M
0

s (
) = huki ; where uk =
�
Re

�
1

z�k

�
; Im

�
1

z�k

��
According to the uniqueness of the solution of the variational problem, it results
Ms (
)\H1 (
)

2
= f0g ; what implies thatMs (
) �M

0

s (
) : This inclusion joined
to the inequality dimMs (
) � dimM

0

s (
) involves dimMs (
) = dimM
0

s (
) =
N: �

Conclusion 1. Thanks to the inequality a priori (1:1) which is checked for all
u 2 Hs+2 (
)

2 \ V; it can be seen that the operator of Laplace, � : Hs+2 (
)
2 \ V

! Hs (
)
2 is injective and has closed image of �nished codimension. Consequently

� is an operator with index which is worth �2N .
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Integral Inequalities Regarding Double Integrals 
 
 

W. T. Sulaiman 
 

Dept. of Mathematics,  College of Computer Sciences 
and Mathematics, University of Mosul, Iraq. 

Email.  waadsulaiman@hotmail.com. 
 
 

Abstract.  New integral inequality regarding double 
                               integrals is presented. 
 
 
   1. Introduction 

 
The following open question was proposed in [2] 
Under what conditons does the inequality 
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In [1],  the authors gave an answer by establishing the following 
 
   Theorem . If the function  f  satisfies 
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for every real   .01 >≥ βα and  
 
  The aim of this paper is that to give a new theorem concerning a similar result but for a 
double integrals and over the domain  .],[],[ baba ×  
 
 
 
   2. New inequality 
    
We state and prove the following 
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   Theorem 2.1.  Let  f(x,y) , g(x) , h(y)  be continuous functions defined on ],,[],[ baba ×  
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Proof .   By changing the order of the integration,  we have 
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≥
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∫ ∫ γβ

γβ
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b

a

b

a

 

Now 

                                .)()(),()()(1),(1 11 yhxgyxfyhxgyxf −−≥
−

+ ααααα

α
α

α
 

Multiplying the above inequality by  )()( yhxg γβα ,  we obtain    
)()()1()()(),()()(),( 11 yhxgyhxgyxfyhxgyxf γαβαγαβαγβα αα ++−+−+ −−≥  

                                             
)()()()()1()()(),( 11 yhyhxgxgyhxgyxf ′′−−≥ ++−+−+ γαβαγαβα αα  

Double integration get 

           ∫ ∫∫ ∫ −+−+≥
b

a

b

a

b

a

b

a

dydxyhxgyxfdxdyyhxgyxf )()(),()()(),( 11 γαβαγβα α  
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b

a

b

a

)()()()()1( ′′−− ∫ ∫ ++ γαβαα  
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)()( 1111
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α
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α
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=
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γαβα
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 We now deal with the three cases separately 

   Case 1.  We claim that  .γα
γβ
γβαγβα

λβ
γβαβ +≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
++

+≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
++ and   In fact 

       .11 βα
γβ
γβαβ

β
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γβα

β
α
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⎠

⎞
⎜⎜
⎝
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⇒
+
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+
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Therefore,  we have 
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γβα

γβγβαγβα

γβα
γβ
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α

+
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+

+
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+
+
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
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++ γβ
γβα

γ
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β
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α  

                       )()()()(),( yhyhxgxgyxf ′′
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+
+
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≤ ++++ γαβαγβα

γβα
γβ
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α . 

 
Double integrating both sides the above inequality from a to b gives 

     dydxyhxgyxfdydxyxf
b

a

b

a

b

a

b

a
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++
++ )()(),(),( γβαγβα

γβα
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                                                            ∫ ∫ ′′
++

+
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b

a

b

a
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γβα
γβ  

                ∫ ∫++
≥

b

a

b

a
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γβα
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( )∫ ∫ ′′−
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+
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b

a

b

a
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γβα
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≥

b

a

b

a
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                 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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−
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           .)()(),(∫ ∫++
=

b

a

b

a

dydxyhxgyxf γβα

γβα
α  

 
Case 2.  Since  g(x)>0,  g  is  increasing. Hence  .0)()( =≥ agxg  It is not difficult to show 
that  (ii)  implies 
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Therefore,  from (2.3)  we have 
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b
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b

a
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γβα
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Case 3. We have, by (iii), 

              )(),()()(),( xgyxfyhxgyxf γβαγβαγβα

γβα
β

γβα
α ++++

++
+

++
≤  

                                                                          )(yh γβα

γβα
γ ++

++
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                                         )()(),( xgxgyxf ′
++

+
++

≤ ++++ γβαγβα
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β
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++

+ ++ γβα

γβα
γ , 

which implies 
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β    

                        ( )∫ ∫ ′−
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a

b
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b

a

b

a

dydxyhxgyxf γβα
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   3. Applications 
 
 
   Corollary 3.1.  Suppose that the statement of Theorem 2.1 is satisfied. If 

(3.1)                        ∫ ∫ ∫ ∫ ∈∀≥
b

y

b

x

b

y

b

x

byxdudtutdudtutf ,],0[,),(  

then 

(3.2)                        ∫ ∫∫ ∫ ≥++
b bb b

dydxyxyxfdxdyyxf
0 00 0

),(),( γβαγβα , 

provided                         

                              ( )( ) .)1()()1()(
)1()1()( 2

αγγγβαββγβ
γαβαγβα

++++++
+++++

≥b  

 
Proof .  Follows from Theorem 2.1,  using  (ii)  and putting  .)()(,0 zzhzga ===  
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   Corollary 3.2.  Supose that the statement of Theorem 2.1 is satisfied . If 

(3.3)                 ∫ ∫ ∫ ∫ ∈∀−−≥
b

y

b

x

b

y

b

x

bayxdudtauatdudtutf ,],[,)()(),(  

then 

(3.4)                   dydxayaxyxfdxdyyxf
b

a

b

a

b

a

b

a
∫ ∫∫ ∫ −−≥++ γβαγβα )()(),(),( , 

provided 

                                   .
)1(

)1()1()(
+++

++++
≥−

γβα
γαβααab  

 
Proof .  Follows from Theorem 2.1,  by putting  g(z)=h(z)=z-a .   
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   Abstract.  Two new general theorems concerning necessary and sufficient  
conditions  for the series  ∑ nnna βλ  to be summable  

snqR,−ϕ  whenever ∑ na  

is summable  ,1,, ≥≥− kspR
knφ   are presented . 

    
 
    1. Introduction 
 
Let  ( )nϕ   be a sequence of positive real numbers,  let  ∑ na  be an infinite series with 
the sequence of partial sums ( )ns .  Let  ( )nt  denote the n-th (C,1) means of the seque- 
nce ( )nna .  The series  ∑ na  is said to be summable ,1,1, ≥kC

k
 if  (see[1]) 

(1.1)                                            .1
1

∞<∑
∞

=

k
n

n

t
n

 

and it is said to be summable  1,1, ≥− kC
k

ϕ ,  if (see [5]) 

(1.2)                                          .
1

1

∞<∑
∞

=

−
k

n
n

k

k
n t

n
ϕ

 

If we are taking  ,nn =ϕ   
k

C 1,−ϕ  reduces to  
k

C 1,  summability . 
Let  ( )np   be a sequence of positive numbers such that 

                        ( ) .0110
==∞→∞→= −−=∑ PPnaspP n

v vn  
The sequence-to-sequence transformation 

(1.3)                                           ∑
=

=
n

v
vv

n
n sp

P
u

0

1  

defines  the sequence ( )nu   of the Riesz mean or simply the ( )npN ,  mean of the 
sequence ( )ns   generated by the sequence of coefficients ( )np  ( )]2[see . The series 

∑ na  is said to be summable  1,, ≥kpR
kn   if 

(1.4)                                       .
1

1
1 ∞<−∑

∞

=
−

−

n

k
nn

k uun  

In the special case when  1=np  for all n,  then  
knpR,   summability is the same as 

k
C 1,  summability . The series  ∑ na is summable  ,1,, ≥− kpR

knϕ   if 
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                                              .
1

1
1 ∞<−∑

∞

=
−

−

n

k
nn

k
n uuϕ  

For  ,nn =ϕ    
knpR,−ϕ   summability is the same as  

knpR,  summability  . 
In what follows we are assuming ( )nq   is a sequence of positive  numbers such that 

                         .)0(,, 11
0

==∞→∞→= −−
=
∑ qQnasqQ

n

v
vn  

Concrning  
k

C 1, summability,  Mazhar [3] has proved the following 
 
   Theorem 1.1.  If 
(1.5)                              ,),1( ∞→= masomλ  

(1.6)                             ∞→Ο=∆∑
=

masnn
m

n
n ,)1(log

1

2λ ,   

(1.7)                           ,)(log
1

∞→Ο=∑
=

masm
v

tm

v

k
v  

then the series  ∑ nna λ  is summable  .1,1, ≥kC
k

 
 
Ozarslan [4], on the other hand ,  generalized the previous result by giving the 
following 
 
   Theorem 1.2.  Let  ( )nϕ   be a sequence of positive real numbers and the conditions 
(1.5)-(1.6)  of Theorem (1.1)  are satisfied .  If 

(1.8)                           ,)(log
1

1

∞→Ο=∑
=

−

masmt
v

k
v

m

v
k

k
vϕ  

 

(1.9)                                         ,
1

1

1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Ο=

−∞

=
+

−

∑ k

k
v

vn
k

k
n

vn
ϕϕ

 

then the series  ∑ nna λ  is summable  .1,1, ≥− kC
k

ϕ  
 
It should be mentioned that  on taking  nn =ϕ   in Theorem (1.2),   we get Theorem 
1.1 . 
 
 
                                          
    2.  Lemmas 
 
The following Lemmas are  needed  for our aim 
    
   Lemma 2.1.  Let  ( )nβ  be nonnegative, nondecreasing sequence of real numbers 
satisfying   

(2.1)                                              .
1

2 ∞<∆∑
=

m

n
nnn λβ  

Then conditions  (1.5)  and  (3.1) implies 
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 (2.2)                                        ,)1(
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(2.3)                                   ,)1(
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(2.4)                                ,,)1( ∞→Ο=∆ nasn nn λβ    
                                  
(3.5)                                 .,)1( ∞→Ο= nasnn λβ  
 
Proof.  By virtue of (1.5), 

              ∑∑∑
∞

=

∞

=

∞

=

∆∆=∆
nv

v
n

nn
n

n λβλβ
11

 

                              ∑∑
∞

=

∞

=

∆≤
nv

v
n

n λβ 2

1

 

                             ∑∑
=

∞

=

∆=
v

n
v

v
v

11

2 βλ  

                            v
v

vv λβ 2

1

)1( ∆Ο= ∑
∞

=

 

                               .)1(Ο=  
                                
        

            ∑∑∑
∞

===

∆∆=∆
nv

v

m

n
nn

m

n
n λββλ

11

 

                               ∑∑
∞

=

∞

=

∆∆≤
nv

v
n

n λβ
1

 

                             ∑∑
=

∞

=

∆∆=
v

n
n

v
v

11
βλ  

                             ( )11
1

ββλ −∆= +

∞

=
∑ v
v

v  

                              v
v

v βλ∑
∞

=

∆Ο≤
1

)1(  

                                .)1(Ο=  
         
 

                ∑
∞

=

∆∆=∆
nv

vnnn nn λβλβ    

                                 ∑
∞

=

∆∆≤
nv

vnn λβ  

                               ∑
∞

=

∆≤
nv

vnn λβ 2  

                               v
vn

vv λβ 2)1( ∆Ο= ∑
∞

=

 

                               .)1(Ο=  
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                               ,)1(Ο=   by the first part . 

   Lemma 2.2.  Let  ,∞→nQ  as ,∞→n nϕ is nonnegative such that and  ⎟⎟
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⎞
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Proof.  As  ,∞→nQ  then 
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Since by the mean value theorem, 
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   3. Main Results 
 
   Theorem 3.1.  Let  ( ) ( ) ( )nnn βφϕ ,,   be sequences of positive real numbers such 
that ( )nβ  is nondecreasing satisfying (1.5 ) and (2.1 ) . Then sufficient conditions for 
the series ∑ nnna βλ  to be  summaqble  

snqR,−φ ,  whenever  ∑ na is sumable 

knpR,−φ , ,1≥≥ ks  are 
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Proof.  Let  ( ) ( )nn Tt ,   denote the  ( ) ( )nn qNpN ,,,   mean of the series  

∑∑ nnnn aa βλ,  respectively.  By definition,  we  have 
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To prove the theorem, by Minkowski's inequality,  it is sufficient to show that 
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     Theorem 2.2. Let 
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Observe that  nY  as defined transform the space of sequences satisfying (3.13) into the 
space of sequences satisfying (3.9).  By applying the Banach-Steinhaus theorem there 
exists a constant  K>0 such that 
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Applying  (3.6)  to  1+−= vvv eea ,  where  ve  is the  vth  coordinate vector,  we have 
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Applying  (3.16)  for  (3.17) and (3.18) ,  it follows that 
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The above inequality is true  if and only if each term of the left-hand side  is  Ο  (the 
right-hand side) .  Therefore,  we have 
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Since  vv λλ ∆,   are linearly independent  and the same is true for vv ββ ∆, , the 
three terms  in the L.H.S. of the above equality are linearly independent.  Therefore 
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Abstract: In this paper, we obtain boundedness criteria for third order nonlinear delay 

differential equation: 
 

))(())(),(()())(),(),(()( rtxhrtxrtxgtxtxtxtxftx −+−′−+′′′′′+′′′  

  = ))(),(),(),(),(,( txrtxtxrtxtxtp ′′−′′− , 

where 0>r  is a constant delay. We introduce a Lyapunov functional as a basic tool and  

use it throughout the paper. Our result includes a new boundedness theorem in addition to 

the ones previously obtained for delay differential equations. 

 

 
 

 

1. Introduction 

 

It is well-known that delay differential equations or more generally functional 

differential equations are used as models to describe many physical and biological systems. In 

fact, many actual systems have the property aftereffect, i.e. the future states depend not only 

on the present, but also on the past history. Aftereffect is believed to occur in mechanics, 

control theory, physics, chemistry, biology, medicine, economics, atomic energy, information 

theory, etc. Therefore, it is very important to study the qualitative behaviors of solutions of 

delay differential equations or more generally functional differential equations. 

In 1965, Ponzo [11] introduced a technique, involving integration by parts, to 

construct  a Lyapunov function for nonlinear third order differential equation without delay: 
 

0))(()())(),(()())(),(()( =+′′+′′′+′′′ txhtxtxtxgtxtxtxftx . 

He constructed a Lyapunov function and gave some sufficient conditions to guarantee the 

asymptotic stability of trivial solution of this equation. Later,  based on the result of Ponzo  

[11], Tunç [12] improved the result established by Ponzo [11] to nonlinear third order delay 

differential equation 
 

0))(())(),(()())(),(()( =−+−′−+′′′+′′′ rtxhrtxrtxgtxtxtxftx  

and proved  the asymptotic stability of trivial solution of this equation.  

Now, taking into consideration the result of Tunç [12], we deal with nonlinear third 

order delay differential equation of the form:  

 

_________ 

Keywords:  Boundedness, Lyapunov functional, nonlinear delay differential equation  

                     of third order.                    
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))(())(),(()())(),(),(()( rtxhrtxrtxgtxtxtxtxftx −+−′−+′′′′′+′′′  

             = ))(),(),(),(),(,( txrtxtxrtxtxtp ′′−′′−                 (1) 

or its equivalent system:  

)(tx′ = )(ty ,  

)(ty′ = )(tz , 

)(tz′ = ))(())(),(()())(),(),(( txhtytxgtztztytxf −−− + ∫
−

∂

∂
t

rt

dssysysxg
x

)())(),((  

+ ∫
−

∂

∂
t

rt

dsszsysxg
y

)())(),(( + ∫
−

t

rt

dssysxh
dx

d
)())((  

+ ))(),(),(),(),(,( tzrtytyrtxtxtp −− ,                                                   (2) 

where r  is a positive constant, that is, r  is a constant delay; the functions f , g , h and p  

depend on only the arguments displayed explicitly and the primes in the equation (1) denote 

differentiation with respect to +ℜ∈t , [ )∞=ℜ+ ,0 .  It is assumed that the functions f , g , 

h and p  are  continuous for all values of their respective arguments on 3ℜ , 2ℜ , ℜ  and 
5ℜ×ℜ+ , respectively. These acceptations guarantee the existence of the solution of equation 

(1) (See [2, pp.14]). Besides, it is supposed that the derivatives )(xh
dx

d
, ),( yxg

x∂

∂
, 

),( yxg
y∂

∂
 and ),,( zyxf

z∂

∂
 exist and are continuous. Moreover, it is also assumed that the 

functions ),,( zyxf , ))(),(( rtyrtxg −− , ))(( rtxh −  and )),(,),(,,( zrtyyrtxxtp −−  satisfy a 

Lipschitz condition in x , y , z ,  )( rtx − , )( rty −  and z . Then the solution is unique 

(See [2, pp.14]). All solutions considered are supposed to be real valued; throughout the paper 

)(  and  )(   ),( tztytx  are abbreviated as x , y  and z , respectively    

 

2. Preliminaries 

 

In order to reach the main result of this paper, we give some important basic 

information for the general non-autonomous delay differential system (See Burton [1],   

Èl’sgol’ts [2], Èl’sgol’ts and Norkin [3], Gopalsamy [4], Hale [5], Hale and  Verduyn Lunel 

[6], Kolmanovskii and Myshkis [7], Kolmanovskii and  Nosov [8], Krasovskii [9] and 

Yoshizawa [13]). Now, we consider the general non-autonomous delay differential system: 

 

),( txtfx =& , )( θ+= txxt , 0≤≤− θr , 0≥t ,                   (3) 

where [ ) n

HCf ℜ→×∞ ,0:  is a continuous mapping, 0)0,( =tf , and we suppose that f  

takes closed bounded sets  into bounded sets of nℜ . Here ( ) . ,C  is the Banach space of 

continuous function [ ] nr ℜ→− 0 ,:φ   with supremum norm, 0>r , HC   is the open H -ball 

in C ; [ ]( ){ }HrCC
n

H <ℜ−∈= φφ :  ,0,: .   
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Definition  1. (See [13].) A function ),( 0 φtx is said to be a solution of (3) with the 

initial condition HC∈φ  at 0tt = , 00 ≥t , if there is a constant 0>A  such that ),( 0 φtx  is a 

function from [ ]Atrt +− 00   ,  into nℜ  with the properties: 

(i) Ht Ctx ∈),( 0 φ  for Attt +<≤ 00 , 

(ii) φφ =),( 00
txt , 

(iii) ),( 0 φtx  satisfies (3) for Attt +<≤ 00 . 

Standard existence theory, see Burton [1], shows that if HC∈φ  and 0≥t , then there 

is at least one continuous solution ),,( 0 φttx  such that on [ )α+00  , tt  satisfying equation (3) 

for 0tt > ,   φφ =),(txt  and α  is a positive constant. If there is a closed subset HCB ⊂  such 

that the solution remains in B , then ∞=α . Further, the symbol  .  will denote a convenient 

norm in nℜ  with x = ini x≤≤1max . Now, let us assume that )(tC ={φ : [t-α, t] → nℜ  φ  is 

continuous} and tφ  denotes the φ  in the particular )(tC , and that tφ  = )(max ttst φα ≤≤− . 

Clearly, equation (1) is also particular case of (3). 

 

Definition  2. (See [1].) A continuous function [ ) [ )∞→∞  ,0 ,0:W  with 0)0( =W , 

0)( >sW  if 0>s , and W  strictly increasing is a wedge. (We denote wedges by W  or iW , 

where i  an integer.) 

 

Definition  3.  (See [1].) Let D  be an open set in nℜ  with D∈0 . A function 

[ ) [ )∞→×∞  ,0 ,0: DV  is called positive definite if 0)0,( =tV  and if there is a wedge 1W  with 

)(),( 1 xWxtV ≥ , and is called decrescent if there is a wedge 2W   with )(),( 2 xWxtV ≤ . 

 

Definition 4.  (See [1].)  Let ),( φtV  be a continuous functional defined for 0≥t , 

HC∈φ . The derivative of V  along solutions of (3) will be denoted by V&  and is defined by 

the following relation  

h

txtVtxhtV
tV tht

h

)),(,()),(,(
suplim),( 00

0

φφ
φ

−+
= +

→

& , 

where ),( 0 φtx  is the solution of (3) with φφ =),( 00
txt . 

 

 

3. Main result 

 

Our main result is the following theorem. 

 

Theorem. In addition to the basic assumptions imposed on the functions f , g , h  and 

p  appearing in equation (1),  we assume that there are positive constants a , b , c , 1c , λ , µ , 

L  and  M  such that the following conditions hold for all x , y  and z :  

(i) λ2),,( +≥ azyxf , )0( ≠y , and  0),,( ≥
∂

∂
zyxf

z
y . 

(ii) 0)0,( =xg , µ2
),(

+≥ b
y

yxg
, )0( ≠y , Lyxg

x
≤

∂

∂
),(  and Myxg

y
≤

∂

∂
),( . 
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(iii) 0)0( =h , cxh
dx

d
c ≤≤< )(0 1 . 

(iv) cab − > 0),(
1

)0,,(
0 0

≥
∂

∂
+

∂

∂
∫ ∫

y y

dxg
xy

dxf
xy

a
ηηηηη , )0( ≠y . 

(v) )()),(,),(,,( tqzrtyyrtxxtp ≤−−  for all t , x , )( rtx − , y , )( rty −  and z , where 

max ∞<)(tq  and ),0(1 ∞∈ Lq , ),0(1 ∞L  is space of integrable  Lebesgue functions. Then, 

there exists a finite positive constant K  such that the solution )(tx of equation (1) defined by 

the initial functions  
 

)()( ttx φ= , )()( ttx φ ′=′ , )()( ttx φ ′′=′′  

satisfies the inequalities 

Ktx ≤)( , Ktx ≤′ )( , Ktx ≤′′ )(   

for all 0tt ≥  , where [ ]( )ℜ−∈  ,, 00

2
trtCφ ,  provided that  









+++++++++
<

)1(

4
 ,

)1)((

4
min

aMcMLacLacaMaL

a
r

λµ
. 

Proof.  We introduce the Lyapunov functional V = ),,( ttt zyxV  defined by  

),,( ttt zyxV =
2

2

1
z + ayz + ∫

y

dxfa
0

)0,,( ηηη + ∫
y

dxg
0

),( ηη + yxh )(  

+ ∫
x

dha
0

)( ξξ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθγ ,                    (4) 

where ρ  and γ  are some positive constants which will be determined later in the proof.  

Now, the assumptions λ2),,( +≥ azyxf , µ2
),(

+≥ b
y

yxg
, )0( ≠y ,  and 

cxh
dx

d
c ≤≤< )(0 1  imply  

 

 ∫
y

dxf
0

)0,,( ηηη ≥  2

2

2
y

a







 + λ
 , 

∫
y

dxg
0

),( ηη = ∫
y

d
xg

0

),(
ηη

η

η
≥  2

2

2
y

b







 + µ
, 

∫=
x

dh
dx

d
hxh

0

2 )()(2)( ξξξ ≤ ∫
x

dhc
0

)(2 ξξ , 

respectively. 
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Making use of the inequalities obtained above, the Lyapunov functional V = ),,( ttt zyxV  

implies that   

),,( ttt zyxV ≥ 2

2

1
z + ayz +

2
2

2
y

a
+ 2

2

2
y

b







 + µ
+ yxh )( + ∫

x

dha
0

)( ξξ  

                                            + 2yaλ  + ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθγ  

≥ ( )2

2

1
ayz + + 2

2
y

a

cab







 −
+

2

1

0

1 )(2
2









− −−

∫ yadhc
ac x

ξξ  

                                             + 2)( ya µλ + + ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + 0)( 

0

2 ≥∫ ∫
− +r

t

st

dsdz θθγ .            (5)                                                   

Therefore, it can be seen from (5) that there exist some positive constants iD , )3 ,2  ,1( =i  

such that  

V ≥ 2

1xD + 2

2 yD + 2

3 zD + ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθγ  

≥ 2

1xD + 2

2 yD + 2

3 zD  ≥ )( 222

4 zyxD ++ ,                                                 (6)                                    

 where 4D = { }321 ,,min DDD , since the integrals ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθ   and ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθ  are 

non-negative.  

Now, time derivative of functional ),,( ttt zyxV  along system (2) gives that 

  ),,( ttt zyxV
dt

d
= 2

0 0
),(

1
)0,,()(

),(
ydxg

xy
dxf

xy

a
xh

dx

d

y

yxg
a

y y










∂

∂
−

∂

∂
−−− ∫ ∫ ηηηηη  

( ) 2),,( zazyxf −− + ∫
−

∂

∂
t

rt

dssysysxg
x

z )())(),((  

( )yzyxfzyxfa )0,,(),,( −−  

+ ∫
−

∂

∂
t

rt

dsszsysxg
y

z )())(),(( + ∫
−

∂

∂
t

rt

dssysysxg
x

ay )())(),((  

+ ∫
−

∂

∂
t

rt

dsszsysxg
y

ay )())(),(( + ∫
−

t

rt

dssysxh
dx

d
z )())((  

+ ∫
−

t

rt

dssysxh
dx

d
ay )())(( + ∫

−

−

t

rt

dssyry )(22 ρρ + rz 2γ - ∫
−

t

rt

dssz )(2γ  

+ )( zay + ))(),(),(),(),(,( tzrtytyrtxtxtp −− .                                       (7) 
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By noting the assumptions (i)-(v) of theorem and the inequality 222 vuuv +≤ , ones can 

easily get the followings: 

 

                           ( ) 2),,( zazyxf −− ≤ 22 zλ− , 

2

0 0
),(

1
)0,,()(

),(
ydxg

xy
dxf

xy

a
xh

dx

d

y

yxg
a

y y










∂

∂
−

∂

∂
−−− ∫ ∫ ηηηηη  

≤ 2

0 0
),(

1
)0,,( ydxg

xy
dxf

xy

a
cab

y y










∂

∂
−

∂

∂
−−− ∫ ∫ ηηηηη 22 ayµ−  

≤ 22 ayµ− , 

∫
−

∂

∂
t

rt

dssysysxg
x

z )())(),(( ≤
2

L
)(2 trz +

2

L
∫
−

t

rt

dssy )(2 , 

∫
−

∂

∂
t

rt

dsszsysxg
y

z )())(),(( ≤
2

M
)(2 trz +

2

M
∫
−

t

rt

dssz )(2 , 

∫
−

∂

∂
t

rt

dssysysxg
x

ay )())(),(( ≤
2

aL
)(2 try +

2

aL
∫
−

t

rt

dssy )(2 , 

∫
−

∂

∂
t

rt

dsszsysxg
y

ay )())(),(( ≤
2

aM
)(2 try +

2

aM
∫
−

t

rt

dssz )(2 , 

∫
−

t

rt

dssysxh
dx

d
z )())(( ≤

2

c
)(2 trz +

2

c
∫
−

t

rt

dssy )(2 , 

∫
−

t

rt

dssysxh
dx

d
ay )())(( ≤

2

ac
)(2 try +

2

ac
∫
−

t

rt

dssy )(2 , 

)( zay + )),(,),(,,( zrtyyrtxxtp −−  

≤ zay + )),(,),(,,( zrtyyrtxxtp −−  

≤ ( ) )( tqyaz + ≤ ( ) )(5 tqzyD + ,                                                

where { }aD   ,1max5 = . 

Substituting the inequalities in (7), it is easily seen that 

),,( ttt zyxV
dt

d
≤ 2

2

2
2 yr

acaMaL
a 















 +++
−−

ρ
µ  

 2

2

2
2 zr

cML















 +++
−−

γ
λ  
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( )yzyxfzyxfa )0,,(),,( −−  

               + ∫
−







−

+++
t

rt

dssy
accaLL

)(
2

)( 2ρ  

               + ∫
−







−

+
t

rt

dssz
Ma

)(
2

)1( 2γ  

+ ( ) )(5 tqzyD + .                                                                   (8) 

By choosing 
2

)( accaLL +++
=ρ   and 

2

)1( Ma+
=γ , we get  

),,( ttt zyxV
dt

d
≤ 2

2

2
2 yr

acaMaL
a 















 +++
−−

ρ
µ  

2

2

2
2 zr

cML















 +++
−−

γ
λ   

( )yzyxfzyxfa )0,,(),,( −−  

+ ( ) )(5 tqzyD +     by  (8). 

The above inequality implies that 

),,( ttt zyxV
dt

d
≤ 2 yα− 2 zσ− ( )yzyxfzyxfa )0,,(),,( −− + ( ) )(5 tqzyD +      (9) 

for some positive constants α  and σ  , provided that 









+++++++++
<

)1(

4
 ,

)1)((

4
min

aMcMLacLacaMaL

a
r

λµ
. 

Now, we consider the term 

( )yzyxfzyxfa )0,,(),,( − , 

which is contained in  (9). 

By using the mean value theorem (for derivative), we have 

( )yzyxfzyxfa )0,,(),,( − = 2)0,,(),,(
yz

z

zxfzyxf
a 




 −
 

 = ),,(2
zyxf

z
ayz θ

∂

∂
, 10 ≤≤ θ . 

By using the assumption (i), it also follows that  
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0),,(2 ≥
∂

∂
zyxf

z
ayz θ . 

Now, obviously, ones can see that  

),,( ttt zyxV
dt

d
≤ ( ) )(5 tqzyD + .                                                                  (10)       

Also by using the inequality 21 uu +<  and (10) , it is clear that  

),,( ttt zyxV
dt

d
≤ ( ) )( 2 22

5 tqzyD ++ .                                                           (11)                                            

Next, the inequality (6) implies that  

)( 22 zy + ≤ ),,( 1

4 ttt zyxVD
− . 

Using this fact into (11), we obtain  

),,( ttt zyxV
dt

d
≤ ( ) )(),,(2 1

45 tqzyxVDD ttt

−+  

 = )(),,()(2 1

455 tqzyxVDDtqD ttt

−+ .                                      (12) 

Now, integrating (12) from 0  to t  and using the assumption ),0(1 ∞∈ Lq  and Gronwall-Reid-

Bellman inequality, we get 

),,( ttt zyxV ≤ ),,( 000 zyxV + ( ) dssqzyxVDDAD

t

sss )(),,(2
0

1

455 ∫
−+  

≤ ( )ADzyxV 5000 2),,( + 









∫

−

t

dssqDD
0

1

45 )(exp  

≤ ( )ADzyxV 5000 2),,( + ( ) ∞<=−

1

1

45exp KADD ,                   (13) 

where 01 >K  is a constant, 1K = ( )ADzyxV 5000 2),,( + ( )ADD
1

45exp −  and ∫
∞

=
0

)( dssqA .  

Thus, both inequalities (6) and (13) imply that  

)()()( 222 tztytx ++ ≤ KzyxVD ttt ≤− ),,(1

4 , 

where 1

41

−= DKK . Therefore, ones can conclude that 

Ktx ≤)( , Kty ≤)( , Ktz ≤)(  

for all 0tt ≥ . That is,  

Ktx ≤)( , Ktx ≤′ )( , Ktx ≤′′ )(  
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for all 0tt ≥ . Now the proof is complete. 

Example.  We consider nonlinear third order delay differential equation: 

( ) )(2)(sin)(4)())((8)( 2 rtxrtxrtxtxtxtx −+−′+−′+′′′++′′′ .        

=
)()()()()(1

1
222222

txrtxtxrtxtxt ′′+−′+′+−+++
.                                (14) 

Now, it can be seen that differential equation (14) has the form (1) and it may be expressed as: 

)(tx′ = )(ty ,  

)(ty′ = )(tz , 

)(tz′ = ( ) )()(8 2
tzty+− - ( ))(sin)(4 tyty +  )(2 tx−  

+ ∫
−

t

rt

dssy )(2 + ( )∫
−

+

t

rt

dsszsy )()(cos4                                                     

+
)()()()()(1

1
222222

tzrtytyrtxtxt +−++−+++
.                                 (15) 

Clearly, by comparing (15) with (2) and viewing the assumptions of the theorem, it follows 

that 

 

)( yf = 28 y+ ,  

88 2 ≥+ y = λ2+a , 

)( yg = yy sin4 + ,  0)0( =g ,  

y

yg )(
=

y

ysin
4 + , ( 0≠y ),  

                  3
sin

4 ≥+
y

y
= µ2+b ,  

xxh 2)( = , 0)0( =h , 2)( =′ xh ,  

( ]2,01 ∈c , 2=c , 2>ab , 5=M  and 0=L  (or ε=L  for any 0>ε ), 

)),(,),(,,( zrtyyrtxxtp −−  

=
222222 )()(1

1

zrtyyrtxxt +−++−+++
≤

21

1

t+
 

and 

∞<=
+

= ∫∫
∞∞

21

1
)(

0

2

0

π
ds

s
dssq ,  
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that is, ),0(1 ∞∈ Lq . 

Hence, the above facts show that all the conditions from (i) to (v) of theorem hold.  

Now, we introduce the Lyapunov functional  

),,(1 ttt zyxV = 2

2

1
z + ayz + ( )∫ +

y

da
0

28 ηηη + ( )∫ +

y

d
0

sin4 ηηη  

+ yx2 + ∫
x

da
0

2 ξξ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθγ  

=
2

2

1
z + ayz + 24ay +

4

4
y

a
+ 22y + ycos1− + yx2  

+
2

ax + ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθγ ,                                 (16) 

where ρ  and γ  are some positive constants, which will be determined later. Clearly, the 

Lyapunov functional ),,(1 ttt zyxV  is a special case of  ),,( ttt zyxV , which is given by (4). 

Now, in particular, we can choose 6=a  and 1=λ  since λ2+a =8 . Hence, clearly, it 

follows from (16) that  
 

),,(1 ttt zyxV = 2

2

1
z + yz6 + 226y + 4

2

3
y + ycos1− + xy2  

+ 26x + ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθγ  

=

2

2

15

5

2








+ yz + 4

2

3
y + ( )2133 yx

−− + 23x +
2

6

19
y + 2

10

1
z  

+ ∫ ∫
− +

0

2 )( 
r

t

st

dsdy θθρ + ∫ ∫
− +

0

2 )( 
r

t

st

dsdz θθγ  

≥ 23x + 2

6

19
y + 2

10

1
z ≥ )(

10

1 222
zyx ++  

= )( 222

6 zyxD ++ .                                                                      (17) 

Next, by differentiating the functional ),,(1 ttt zyxV  and using (16) and (15), we find 
 

),,(1 ttt zyxV
dt

d
= 2sin

622 yr
y

y








−+− ρ ( ) 222 zry γ−+−  

+
222222 )()(1

6

zrtyyrtxxt

yz

+−++−+++

+
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+ ∫
−

+

t

rt

dsszsyz )())(cos4( + ∫
−

+

t

rt

dsszsyy )())(cos4(6  

+ ∫
−

t

rt

dssyz )(2 + ∫
−

t

rt

dssyy )(12 - ∫
−

t

rt

dssy )(2ρ - ∫
−

t

rt

dssz )(2γ .         (18)                                               

By using the facts 5cos4 ≤+ y , 1
sin

≤
y

y
 and  the inequality 222 baab +≤ ,  we obtain the 

following inequalities for some terms included in (18): 

 

2sin
622 yr

y

y








−+− ρ ≤ ( ) 216 yrρ−− , 

( ) 222 zry γ−+− ≤ ( ) 22 zrγ−− , 

∫
−

+

t

rt

dsszsyz )())(cos4( ≤
2

5 2rz +
2

5
∫
−

t

rt

dssz )(2 , 

∫
−

+

t

rt

dsszsyy )())(cos4(6 ≤ 15 2ry +15 ∫
−

t

rt

dssz )(2 , 

2)(2 rzdssyz

t

rt

≤∫
−

+ ∫
−

t

rt

dssy )(2  

and 

+≤∫
−

26)(12 rydssyy

t

rt

∫
−

t

rt

dssy )(6 2 . 

By gathering all discussions above into (18), we have  

 

),,(1 ttt zyxV
dt

d
≤ ( )( ) 22116 yr+−− ρ 2

2

7
2 zr 
















+−− γ  

( ) ∫
−

−−

t

rt

dssy )(7 2ρ ∫
−









−−

t

rt

dssz )(
2

35 2γ  

+
222222 )()(1

6

zrtyyrtxxt

yz

+−++−+++

+
.                          (19)                           

If we choose 7=ρ   and 
2

35
=γ  , then the equality (18) implies that  

),,(1 ttt zyxV
dt

d
≤ ( ) 22816 yr−− ( ) 2212 zr−−  
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+
222222 )()(1

6

zrtyyrtxxt

yz

+−++−+++

+
. 

Now, ones can conclude that  

),,(1 ttt zyxV
dt

d
≤ 2yα− 2

zσ−  +
222222

22

)()(1

67

zrtyyrtxxt

zy

+−++−+++

++
 

for some positive constants α  and  σ  provided that 
21

2
<r .  

Hence, we can write                                                                      

),,(1 ttt zyxV
dt

d
≤

222222

22

)()(1

67

zrtyyrtxxt

zy

+−++−+++

++
 

≤
2

22

1

67

t

zy

+

++
=

21

7

t+
+

2

22

1

6

t

zy

+

+
 

≤
21

7

t+
+

2

22

1

)(6

t

zy

+

+
 

≤
21

7

t+
+ ),,(

)1(

6
1

6

2 ttt zyxV
Dt+

.                                            (20) 

Now, integrating (20) from 0  to t , using the fact  ),0(
1

1 1

2
∞∈

+
L

t
 and Gronwall-Reid-

Bellman inequality, it can be easily obtained the boundedness of all solutions of equation 

(14). 

 

 

References 

[1] T. A.  Burton, Stability and periodic solutions of ordinary and functional-differential 

equations. Mathematics in Science and Engineering, 178. Academic Press, Inc., Orlando, FL, 

1985.  

[2] L. È. Èl’sgol’ts, Introduction to the theory of differential equations with deviating 

arguments. Translated from the Russian by Robert J. McLaughlin Holden-Day, Inc., San 

Francisco, Calif.-London-Amsterdam, 1966. 

[3]  L. È.  Èl’sgol’ts and S. B. Norkin, Introduction to the theory and application of 

differential equations with deviating arguments. Translated from the Russian by John L. Casti. 

Mathematics in Science and Engineering, Vol. 105. Academic Press [A Subsidiary of 

Harcourt Brace Jovanovich, Publishers],  New York-London, 1973. 

[4] K. Gopalsamy,  Stability and oscillations in delay differential equations of population 

dynamics. Mathematics and its Applications, 74. Kluwer Academic Publishers Group, 

Dordrecht, 1992. 

[5]  J. Hale, Theory of Functional Differential Equations. Springer-Verlag, New York-

Heidelberg, 1977. 

TUNC : ON DELAY DIFFERENTIAL EQUATIONS 137



[6] J. Hale and S. M. Verduyn Lunel, Introduction to functional-differential equations. 

Applied Mathematical Sciences, 99. Springer-Verlag, New York, 1993.  

[7] V. Kolmanovskii and A. Myshkis,  Introduction to the Theory and Applications of 

Functional Differential Equations. Kluwer Academic Publishers, Dordrecht, 1999.   

[8] V. B. Kolmanovskii and V. R.  Nosov, Stability of functional-differential equations. 

Mathematics in Science and Engineering, 180. Academic Press, Inc. [Harcourt Brace 

Jovanovich, Publishers], London, 1986. 

[9]  N. N. Krasovskii, Stability of motion. Applications of Lyapunov's second method to 

differential systems and equations with delay. Translated by J. L. Brenner Stanford University 

Press, Stanford, Calif. 1963. 

[10]  A. M. Lyapunov,  Stability of motion. Mathematics in Science and Engineering, Vol. 30 

Academic Press,  New York-London. 1966  

[11] P. J. Ponzo, On the stability of certain nonlinear differential equations. IEEE Trans. 

Automatic Control AC-10 , (1965),  470-472. 

[12]  Tunç, C. Stability criteria for certain third order nonlinear delay differential equations 

Portugaliae Mathematica, (in press), (2008). 

[13]  T. Yoshizawa, Stability theory by Liapunov's second method. The Mathematical Society 

of Japan, Tokyo, 1966. 

TUNC : ON DELAY DIFFERENTIAL EQUATIONS138



SOME GENERALIZED CLASSES OF DIFFERENCE SEQUENCES
OF FUZZY NUMBERS DEFINED BY A MODULUS FUNCTION

AYHAN ESI AND MEHMET AÇIKGÖZ

Abstract. The purpose of this paper is to introduce the concepts of lacu-
nary strong convergence of generalized di¤erence sequences of fuzzy numbers
with respect to a modulus function. We give various properties and inclusion
relations on these classes of sequences of fuzzy numbers.

1. Introduction

The concepts of fuzzy sets and fuzzy set operations were �rst introduced by
Zadeh [14] and subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy ordering, fuzzy measures of fuzzy events, fuzzy mathematical
programming. Matloka [8] introduced bounded and convergent sequences of fuzzy
numbers and studied their some properties. Later on sequences of fuzzy numbers
have been discussed by Diamond and Kloeden [3], Nanda [11], Esi [4], Altin et. al
[1], Mursaleen and Başarir [9] and many others.
Let D denote the set of all closed bounded intervals A = [A,A] on the real line

R. For A;B 2 D de�ne A � B if and only if A�B and A � B;
d(A;B) = max

�
jA�Bj ;

��A�B��	 :
It is easy to see that d de�nes a metric on D and

�
D; d

�
is complete metric space.

Also � is a partial order on D. A fuzzy number is a fuzzy subset of real line R
which is bounded, convex and normal. Let L (R) denote the set of all fuzzy numbers
those are upper semicontinuous and have compact support. In other words, if X
2 then for any � 2 [0; 1]; X� is compact, where X� (t) = ft 2 R : X (t) � �g
for � > 0: The 0�cut is de�ned as the closure of the strong 0�cut, i.e. closure
ft 2 R : X (t) > �g :
For each 0 < � � 1; the �-level set X� is a non-empty compact subset of R:

The linear structure of L (R) induces addition X+Y and scalar multiplication �X;
X 2 R; in terms of �-level sets de�ned by

[X + Y ]� = [X]� + [Y ]� and [�X]� = �[X]�

for each 0 � � � 1:
De�ne d : L (R)xL (R) ! R by d (X;Y ) = sup

0���1
d (X�; Y �) for X;Y 2 L (R) :

De�ne X � Y if and only if X� � Y � for any � 2 [0; 1]: It is known that L (R) is
a complete metric space with the metric d (see for instance [8]).

Date : April 30, 2008.
2000 Mathematics Subject Classi�cation. 40A05; 40C05; 40D25; 40E05.
Key words and phrases. Fuzzy numbers, lacunary sequence, di¤erence sequence, modulus

function.
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2 AYHAN ESI AND MEHMET AÇIKGÖZ

A metric on L (R) is said to be a translation invariant if d (X + Z; Y + Z) =
d (X;Y ) for X;Y; Z 2 L (R) :
The metric d has the following properties:

(1.1) d (cX; cY ) = jcj d (X;Y )

for c 2 R and

(1.2) d (X + Y;Z +W ) � d (X;Z) + d (Y;W )

A sequence of fuzzy numbers is a function X from the set N of natural numbers
into L (R) : The fuzzy number Xk denotes the value of the function at k 2 N [8].
We denote by w (F ) the set of all sequences X = (Xk) of fuzzy numbers.
A sequenceX = (Xk) of fuzzy numbers is said to be bounded if the set fXk : k 2 Ng

of fuzzy numbers is bounded [8]. We denote by l1 (F ) the set of all bounded se-
quences X = (Xk) of fuzzy numbers.
A sequence X = (Xk) of fuzzy numbers is said to be convergent to a fuzzy

number X0, if for every " > 0 there is a positive integer n0 such that d (Xk; X0) < "
for k > n0 [2]. We denote by c (F ) the set of all convergent sequences X = (Xk) of
fuzzy numbers.
It is straightforward to see that c (F ) � l1 (F ) � w (F ) : For further studies,

one may refer to [3] and [14].
In [11], it is shown that c (F ) and l (1) are complete metric spaces.
By a lacunary sequence � = (kr) ; r = 0; 1; 2; :::; where k0 = 0; we mean an

increasing sequence of non-negative integers with hr = kr � kr�1 !1 as r !1:
We denote Ir = (kr�1; kr] the intervals determined by � and qr = kr

kr�1
for r =

0; 1; 2; ::: . Lacunary sequences have been discussed in [2,5,6].
The notion of modulus function was introduced by Nakano [10]. We recall that

a modulus f is a function from [0;1) to [0;1) such that
(i) f (x) = 0 if and only if x = 0:
(ii) f (x+ y) � f (x) + f (y) ; for all x � 0; y � 0;
(iii) f is increasing,
(iv) f is continuous from the right at zero.
Since jf (x)� f (y)j � f (x� y) ; it follows from (iv) f is continuous on [0;1):

Furthermore, we have f (nx) � nf (x) for all n 2 N from condition (ii) : A modulus
function may be bounded or unbounded. This concept have been studied by Ruckle
[13], Maddox [7], Pehlivan and Fisher [12] and many others.
In the present note we introduce and examine the concepts of lacunary strong

convergence of generalized di¤erence sequences of fuzzy numbers with respect to a
modulus function.

Lemma 1. Let f be a modulus function and let 0 < � < 1: Then for each x > �
we have f (x) � 2f (1) ��1x:

Let w (F ) be the set of all sequences of fuzzy numbers. Let r 2 N be �xed, then
the operation

�r : w (F )! w (F )

is de�ned by

�Xk = Xk �Xk+1 and �rXk = �
�
�r�1Xk

�
(r � 2)
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GENERALIZED CLASSES OF DIFFERENCE SEQUENCES OF FUZZY NUMBERS 3

for all k 2 N: The generalized di¤erence has the following binomial representation:

�rXk =
rX
v=0

(�1)v
�
r

v

�
Xk+v; for all k 2 N:

De�nition 1. Let � = (kr) be a lacunary sequence and f be a modulus function.
We de�ne the following classes of sequences of fuzzy numbers as follows:

N0
� (�

m; F; f) =

(
X = (Xk) 2 w (F ) : lim

r!1
h�1r

X
k2Ir

f [d
�
�mXk; 0

�
] = 0

)
;

N� (�
m; F; f) =

(
X = (Xk) 2 w (F ) : sup

r!1
h�1r

X
k2Ir

f [d (�mXk; X0)] = 0

)
and

N1
� (�m; F; f) =

(
X = (Xk) 2 w (F ) : sup

r
h�1r

X
k2Ir

f [d
�
�mXk; 0

�
] <1

)
:

If X = (Xk) 2 N� (�m; F; f) ; then the sequence X = (Xk) of fuzzy numbers is
said to be lacunary strongly �m�convergent to the fuzzy number X0 with respect
to modulus function f:
If we take f (x) = x; we obtain the classes of sequences of fuzzy numbers

N0
� (�

m; F ) ; N� (�
m; F ) and N1

� (�m; F ) from the above classes of sequences
of fuzzy numbers, respectively.

2. Main Results

In this section we state and prove the results of this paper.

Theorem 1. N0
� (�

m; F; f) ; N� (�
m; F; f) ; and N1

� (�m; F; f) are closed under
the operations of addition and scalar multiplication.

Proof. We shall prove only N0
� (�

m; F; f) : The others can be treaated similarly.
Let X = (Xk) ; Y = (Yk) 2 N0

� (�
m; F; f) and �; � 2 R:Then there exist positive

K� and K� such that j�j � K� and j�j � K� : From the de�nition of modulus f
and by taking into account the properties (1.1) and (1.2) of the metric d, we have

h�1r
X
k2Ir

f [d
�
��mXk + ��

mYk; 0
�
] � K�h

�1
r

X
k2Ir

f [d
�
�mXk; 0

�
]

+K�h
�1
r

X
k2Ir

f [d
�
�mYk; 0

�
] ! 0 as r !1:

Hence �X + �Y 2 N0
� (�

m; F; f) : �

Theorem 2. Let f be a modulus. Then N� (�m; F ) � N� (�m; F; f) :

Proof. Let X = (Xk) 2 N� (�m; F ) : Then we have

Ar = h
�1
r

X
k2Ir

d
�
�mXk; 0

�
! 0 as r !1:
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4 AYHAN ESI AND MEHMET AÇIKGÖZ

Let " > 0 and choose � with 0 < � < 1 such that f (t) < " for every t with 0 � t � �:
Then we can write

h�1r
X
k2Ir

f [d (�mXk; X0)] = h�1r
X

k2Ir;d(�mXk;X0)��

f [d (�mXk; X0)]

+h�1r
X

k2Ir;d(�mXk;X0)>�

f [d (�mYk; X0)]

� h�1r hr"+ h
�1
r 2f (1) ��1hrAr

from Lemma. Therefore X = (Xk) 2 N� (�m; F; f) : �

Theorem 3. Let f be a modulus. If lim
t!1

f(t)
t = � > 0; then N� (�m; F ) =

N� (�
m; F; f) :

Proof. By Theorem 2, we need only to show that N� (�m; F; f) � N� (�
m; F ) :

Let � > 0 and X = (Xk) 2 N� (�m; F; f) : Since � > 0, we have f (t) � �t for all
t � 0: Hence we have

h�1r
X
k2Ir

f [d (�mXk; X0)] � �h�1r
X
k2Ir

d (�mXk; X0) :

Therefore we have X = (Xk) 2 N� (�m; F ) : �

Theorem 4. Let m � 1 be a �xed integer and f be a modulus, then
N0
�

�
�m�1; F; f

�
� N0

� (�
m; F; f) ; N�

�
�m�1; F; f

�
� N� (�m; F; f)

and
N1
�

�
�m�1; F; f

�
� N1

� (�m; F; f) :

Proof. The proof of the inclusions follow from the following inequality

h�1r
X
k2Ir

f [d (�mXk; X0)] � h�1r
X
k2Ir

f [d
�
�m�1Xk; X0

�
]+h�1r

X
k2Ir

f [d
�
�m�1Xk+1; X0

�
]

since �mXk = �m�1Xk ��m�1Xk+1; properties of modulus f and by taking into
account the property (1:2): �

Theorem 5. Let � = (kr) be a lacunary sequence and f be a modulus. If 1 <
lim infr qr � lim supr qr <1, then j�1j (�m; F; f) ; where

j�1j (�m; F; f) =
(
X = (Xk) 2 w (F ) : lim

n!1

1

n

nX
k=1

f [d (�mXk; X0)] = 0

)
:

Proof. Suppose that 1 < lim infr qr: Then there exists a � > 0 such that qr =
kr
kr�1

� 1 + � for su¢ ciently larger r: Since hr = kr � kr�1; we have hr
kr
� �

1+� and
kr�1
hr

� 1
� : Let X = (Xk) 2 j�1j (�m; F; f) : We may write

h�1r
X
i2Ir

f [d (�mXi; X0)] = h�1r

krX
i=1

f [d (�mXi; X0)]� h�1r
kr�1X
i=1

f [d (�mXi; X0)]

=
kr
hr

 
k�1r

krX
i=1

f [d (�mXi; X0)]

!
� kr�1

hr

0@k�1r�1 kr�1X
i=1

f [d (�mXi; X0)]

1A
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Hence, we obtain j�1j (�m; F; f) � N� (�m; F; f) : Now suppose that lim supr qr <
1 and let " > 0 be given. Then, there exists a constant T > 0 such that qr < T
for all r 2 N: Suppose that let X = (Xk) 2 N� (�m; F; f) : Then there exists i0
such that for every i � i0

Ai = h
�1
i

X
j2Ii

f [d (�mXj ; X0)] < ":

We can also choose a number M > 0 such that Ai �M for all i 2 N: Now let n be
any integer with kr�1 < n < kr: Then

n�1
nX
j=1

f [d (�mXj ; X0)] � k�1r�1

krX
j=1

f [d (�mXj ; X0)]

= k�1r�1

8<:
krX
j2I1

f [d (�mXj ; X0)] +

krX
j2I2

f [d (�mXj ; X0)] + :::+

krX
j2Ir

f [d (�mXj ; X0)]

9=;
= k�1r�1

8<:
i0X
i=1

X
j2Ii

f [d (�mXj ; X0)] +

rX
i=i0+1

X
j2Ii

f [d (�mXj ; X0)]

9=;
� k�1r�1

8<:
i0X
i=1

X
j2Ii

f [d (�mXj ; X0)] + " (kr � ki0)

9=;
= k�1r�1 fh1A1 + h2A2 + :::+ hi0Ai0 + " (kr � ki0)g

� k�1r�1

�
sup

1�j�i0
Aj

�
+ " (kr � ki0) k�1r�1 < Mk�1r�1ki0 + "T

since kr�1 ! 1 as n ! 1; it follows that X = (Xk) 2 j�1j (�m; F; f) : This
completes the proof. �

3. Conclusion

Giving particular values to the sequence � = (kr) ; modulus function f and
m 2 N; we obtain some classes of sequences of fuzzy numbers which are special
cases of the classes of sequences that we have de�ned. The most of the results
proved in the previous section will be true for these classes.
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Abstract. Through an orthogonal experiment, the effect of adding MgO, Al2O3,
Fe2(SO4)3, SiO2 and CaO to Jinhe phosphorus ore decomposition is studied. A class
of response curved surface mathematical models, which concern the rate of phosphorus
ore decomposition and the receiving rate of phosphoric anhydride with each orthogonal
factor are also established by using the software Statistics Package for Social Science
(in short, SPSS). Furthermore, the optimal components of the phosphorus ore are
calculated by the mathematical software Matlab. The results presented in this paper
can provide a theoretical foundation for artificial blending rock and the exploitation of
phosphorus ore with middle or low grade in producing wet-process phosphoric acid.

Key words and phrases: Orthogonal experiment design, response curved sur-
face mathematical model, mathematical softs SPSS and Matlab, optimal components of
artificial blending phosphorus ore, wet-process phosphoric acid.
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1 Introduction

Recently, the exploitation and applications of phosphorus ore with middle or low grade have
become very fashionable and important for studying the utilization ratio of resource, the
quality of ultimate production and the economy benefit of blending rock. See, for example,
[1-8] and the references therein.

In [9], Lu studied the problem of rational ore matching for enhancing the utilization
ratio of resources, stabilifying the quality of ultimate production and improving economy
benefit. But the author did not let us know how to select the proportion to blend rock.
Very recently, Cai [2] introduced some laboratory tests for 10 kinds of imported iron ore and
obtained the research results of classifying them into three categories. Through the single
factor experiments, Cui [3, 4] studied the effects of adding potassium sulfate, sodium sulfate,
copper sulfate and zinc sulfate in phosphorus ore on decomposition rate of phosphorus ore,
recovery ratio of phosphoric acid and the crystallization of calcium sulfate. Furthermore,
we observed the crystallizations of calcium sulfate by electron micrograph and analyzed the
mechanism of effect.

On the other hand, based on the chemistry expert systems, Pan et al. [12] constructed
the basic theory systems of intelligent mathematics. Further, the authors pointed that “the

1This work was supported by the Scientific Research Fund of Sichuan Provincial Education Department
(2006A106) and the Sichuan Youth Science and Technology Foundation (08ZQ026-008).

2The corresponding author: hengyoulan@163.com (H. Y. Lan)
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intelligent mathematics can provide some necessary mathematical methods and models for
the expression, consequence and getting of knowledge, and can offer some golden rule for
the design of expert systems”. By using the response curved surface methodology and
technique, Sun et al. [13] and Xu et al. [15] investigated the main effects and interactions of
individual factors to each evaluating indicator, and established the response curved surface
regression equations and the significant results of the regression coefficient. Further, Xu et
al. [15] pointed out “the response curved regression is chosen for making up for the deficiency
of the orthogonal experiments in the research”. For more details of mathematical modelling
and experiment design methods, the readers can refer to [7, 8, 11, 14] and the references
therein.

Motivated and inspired by the above works, in this paper, based on an orthogonal
experiment, the effect of adding salts and oxides to Jinhe phosphorus ore decomposition is
studied. A class of response curved surface mathematical models, which concern the rate
of phosphorus ore decomposition and the receiving rate of phosphoric anhydride with each
orthogonal factor are also established by using SPSS. Moreover, the optimal components of
the phosphorus ore are calculated by Matlab. Theory basis is provided for artificial blending
rock, and the approach can be applied to exploit the phosphorus ore with middle or low
grade in producing wet-process phosphoric acid.

2 Single Factor Experiments

In this section, based on the optimal reaction conditions for the single factor experiments
in [5], the effect of adding salts and oxides of different configuration and different consistence
on phosphorus ore shall be studied in the production of wet-process phosphoric acid. The
mathematical models of influence of relevant factors, which concern the ratio of phosphorus
ore decomposition (DR) and the receiving ratio of phosphoric anhydride (RR) will also be
obtained.

2.1 Material and Reagents

Jinhe phosphorus ore (purchased from Sichuan Shifang Chemical Industry Co., Ltd.) was
selected as material, which is high grade. Its chemical components are shown in Table 1.
Sulfuric acid is industrial vitriol (98%). Magnesia, aluminium oxide, ferric oxide and cupric

Table 1: Chemical components of the phosphorus ore
Components P2O5 CaO MgO Fe2O3 Al2O3 F acid-insoluble substance
Content (%) 32.73 45.59 0.69 0.72 0.22 2.61 7.20

sulfate are AR, and ferric sulfate is CP.

2.2 Results for Single Factors Problems

Throughout this paper, we always suppose that x1, x2, x3 and x4 denote magnesia, alumina
oxide, ferric oxide and ferric sulfate, respectively. For i = 1, 2, 3, 4, let yi1 and yi2 be the
DR and RR with respect to xi, respectively and let R2

i1 and R2
i2 be the square of goodness

of fit in the models of the DR and RR with respect to xi, respectively.
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To jinhe phosphorus ore, in producing wet-process phosphoric acid, by the figures in [3, 4]
and the linear (nonlinear) regressions of each evaluating indicator against individual factors
treated from SPSS (13.0 for windows), the single-factor experiment shows as follows:

(1) The effect of artificial adding magnesia to phosphorus ore decomposition is great.
See, Fig. 1.
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Figure 1: The effect of magnesia content.

The DR and RR are of negative linear with respective to the content of magnesia, it is
because

y11 = 90.32− 2.98x1, R2
11 = 0.966, y12 = 91.68− 2.62x1, R2

12 = 0.925.

Hence, magnesia is harmful.
(2) The effect of adding alumina and ferric oxide is dissimilar to that of magnesia (see,

Fig. 2).
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(a) alumina

0 0.5 1 1.5 2 2.5 3 3.5 4
95.5

96

96.5

97

97.5

98
RR
DR

(b) ferric oxide

Figure 2: The effect of alumina and ferric oxide content.

The proper alumina and ferric oxide are favorable to phosphorus ore decomposition.
Indeed,

y21 = 95.54 + 0.68x2 − 0.11x2
2, R2

21 = 0.939,

y22 = 96.23 + 0.52x2 − 0.09x2
2, R2

22 = 0.938
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and

y31 = 95.57 + 1.78x3 − 0.85x2
3 + 0.11x3

3, R2
31 = 0.981,

y32 = 96.24 + 2.65x3 − 1.40x2
3 + 0.20x3

3, R2
32 = 0.934.

(3) The effect of adding ferric sulfate to phosphorus ore decomposition is prominent.
See, Fig. 3.
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Figure 3: The effect of ferric sulfate content.

In fact,

y41 = 95.68 + 0.74x4 − 1.08x2
4 + 0.14x3

4, R2
41 = 0.991,

y42 = 96.41 + 2.92x4 − 1.72x2
4 + 0.18x3

4, R2
42 = 0.972.

On the other hand, the scatter graphs show when the content of ferric sulfate is less than
0.3%, the DR and RR are of positive linear with respect to the content of ferric sulfate.
Otherwise, they will become negative linear.

The single factor experiment results can provide theoretical foundation for studying
phosphorus ore components by orthogonal experiment design and can guide the exploitation
of phosphorus ore with middle or low grade.

3 Optimal Experiment Design

Based on an orthogonal experiments with the same material and reagents as in above single
factors experiment, we shall find the optimal components of Jinhe phosphorus ore by adding
oxides in producing wet-process phosphoric acid, and obtain the function of concerning the
DR and RR with each orthogonal factor by using SPSS.

3.1 Orthogonal Experiment Design

The DR and RR were chosen as two main indicators to evaluate the capability of the
artificial blending phosphorus ore. According to earlier single factors experiments results,
MgO (A), Al2O3 (B), Fe2(SO4)3 (C), SiO2 (D) and CaO (E), which have the significant
influence on the two indicators, were served as five factors and each factor was contained
three levels. Therefore, L27(313) orthogonal table was selected for the multi-factors exper-
iment. The arrangements of each experiment and the design of the orthogonal table head
are displayed in Tables 2 and 3, respectively.
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Table 2: Factors and levels of orthogonal experiment
Factors (wt%)

Levels A B C D E
1 0 1 0 0 0
2 1 3 5 10 4
3 3 5 10 20 8

Table 3: Design of the table head
Factors A B empty empty C empty empty

Column No. 1 2 3 4 5 6 7
Factors empty empty D empty E empty

Column No. 8 9 10 11 12 13

3.2 Experimental Approach

With Jinhe phosphorus ore as the material, the mixture with water according to the pro-
portion 1:3.5 and the adding oxides according to orthogonal table was put in a reactor.
The loaded reactor was put into constant temperature water trough and controlled the
temperature at 70◦C, which fluctuant range is 0.5◦C. Then, the measured sulfuric acid was
appended continuously and whisking intension was controlled at 200rpm by electromotive
beater. Next, the liquid and solid were separated by using vacuum filtration when the re-
action time is 3 hours. Finally, the content of the phosphoric anhydride was analyzed, and
the Evaluating indicators (in short, EI), i.e., the ratio of phosphorus ore decomposition and
the receiving ratio of phosphoric anhydride were computed.

In this process, the concentration of the sulfuric acid is 30% and its actual dosage is
100%-105% of the theoretic dosage in producing wet-process phosphoric acid. Further,
the content of the phosphoric anhydride was determined by using gravimetric quinolinium
molybdophosphate method.

3.3 Experimental Results

The experiment arrangements and results are listed in Table 4. These values were evalu-
ated using SPSS. Two different statistical methods were carried out in this study. A direct
observation was carried out to compare the different effect of each factor to artificial adding
oxides for the phosphorus ore. Compared with the above traditional data analysis method,
the multiple regressions was conducted to optimize the regression model for each evaluat-
ing indicator in addition to picking out effective factors. Eventually we used both direct
observation and multiple regressions method to predict process parameters separately and
some experiments were carried out to compare the two predicted results.

3.3.1 Direct Observation

The statistical parameter Ii, IIi, IIIi and Ri were calculated following the procedures de-
scribed by Yang [16], where Ii, IIi and IIIi represent the sum of DR or RR at level I,
II and III, respectively, i represents the factors A, B, C, D and E, and Ri represents the
range of DR or RR between level I, II and III. The results (see Table 5) reveal that the
effect of all the factors to DR was in the order of E>A>B>C>D. As for RR, effect of all
the factors was in the order of E>B>A>D>C.
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Table 4: Results of orthogonal experiment
Factors (wt%) EI (%) Factors (wt%) EI (%)

No. A B C D E DR RR No. A B C D E DR RR

1 1 1 1 1 1 97.46 97.08 15 2 2 3 3 3 94.14 94.01
2 1 1 2 2 2 95.74 94.96 16 2 3 1 2 3 97.73 96.21
3 1 1 3 3 3 92.79 90.52 17 2 3 2 3 1 96.45 97.89
4 1 2 1 2 3 96.67 96.65 18 2 3 3 1 2 93.48 94.69
5 1 2 2 3 1 96.61 96.86 19 3 1 1 2 3 82.82 82.23
6 1 2 3 1 2 91.45 94.55 20 3 1 2 3 1 93.83 95.27
7 1 3 1 3 2 96.89 94.89 21 3 1 3 1 2 91.99 93.98
8 1 3 2 1 3 94.45 93.82 22 3 2 1 3 2 91.03 90.22
9 1 3 3 2 1 94.04 94.92 23 3 2 2 1 3 89.65 92.41
10 2 1 1 3 2 97.81 97.16 24 3 2 3 2 1 96.31 96.45
11 2 1 2 1 3 86.89 83.61 25 3 3 1 1 1 96.61 95.42
12 2 1 3 2 1 95.34 94.70 26 3 3 2 2 2 95.76 96.22
13 2 2 1 1 1 97.33 96.37 27 3 3 3 3 3 91.55 92.71
14 2 2 2 2 2 95.98 97.08

3.3.2 Response Surface Methodology

Mathematical model for response surface of each evaluating indicator against m individual
factors were treated as follows:

Y = b0 +
m∑

j=1

bjxj +
m∑

1=i<j

bijxixj +
m∑

j=1

bjjx
2
j .

By using enter method and the soft SPSS, multiple regressions of each evaluating indi-
cator against individual factors and some possible interactions were treated. The significant
(P < 0.1) regressions are illustrated in Table 6 and the significance analysis of each eval-
uating indicator against individual factors is listed in Table 7, where R2 is the square of
goodness of fit and sig. denotes the level of significance.
3.3.3 Optimization Confirmation Experiments

It follows from Table 7 that the response curved surface equations are as follows:

DR = −73.74A + 5.16A ∗ C + 2.38A ∗D + 5.99A ∗ E + 62.11B − 4.04B ∗ C

−2.07B ∗D − 4.86B ∗ E + 0.36C ∗ C − 0.21C ∗D + 0.97C ∗ E

+9.62D − 0.22D ∗D − 0.26D ∗ E + 0.52E ∗ E,

RR = −73.15A + 5.12A ∗ C + 2.35A ∗D + 6.05A ∗ E + 61.55B − 3.98B ∗ C

−2.07B ∗D − 4.77B ∗ E + 0.36C ∗ C − 0.21C ∗D + 0.98C ∗ E

+9.65D − 0.21D ∗D − 0.27D ∗ E + 0.48E ∗ E.

Hence, the optimal adding contents, i.e. the stationary points based on the above re-
gression models were calculated by the Matlab Solver, which is incorporated into Matlab
(version 7.0.1). The optimal parameters and levels for DR and RR through direct obser-
vation and multiple regressions are displayed in Table 8.

Further, the confirmation experiments were conducted based on the predicted optimum
levels of the enter regressions and the results for DR and RR are 94.87 and 95.77, respec-
tively.
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Table 5: Direct observation results on DR and RR
Factors

EI A B C D E
Ii 856.1 834.67 854.35 839.31 863.98
IIi 855.15 849.17 845.36 850.39 850.13

DR IIIi 829.55 856.96 841.09 851.1 826.69
Ri 26.55 22.29 13.26 11.79 37.29

rather excellent level A1 B3 C1 D3 E1

effect of all the factors E>A>B>C>D
Ii 853.25 829.51 845.23 841.93 864.96
IIi 851.72 853.6 848.12 848.42 853.75

RR IIIi 834.91 856.77 846.53 849.53 821.17
Ri 18.34 27.26 2.89 7.6 43.79

rather excellent level A1 B3 C2 D3 E1

effect of all the factors E>B>A>D>C

Table 6: SPSS output for regression models
EI R2 F value for model P < 0.1
DR 0.989 69.919 0.000
RR 0.988 68.409 0.000

On the other hand, through direct observation, two indexes were synthetically consid-
ered and the more excellent technical adding oxides scheme A1B3C2D3E1 was selected.
Furthermore, the validatory experiment based on the obtained adding oxides scheme were
done and the results for the direct observation are as follows: DR and RR are 94.57 and
95.23, respectively.

Therefore, the experimental results show that the phosphorus ore with high grade be-
comes middle or low grade by adding salts and oxides in producing wet-process phosphoric
acid, the results of the regression experiments is better than traditional experiments on the
optimum adding content.

3.4 Discussion

It is well known that orthogonal experiments are especially useful in statistical analysis of
multiple factors problems (see, for example, [16]). However, this method is able to keep error
acceptable to a certain extent. If the error caused by linearization becomes unacceptable,
it is worth-while to add the quadratic of the Taylor expansion into the linear equation.
Therefore, the approximate equation of the nonlinear relationship has a form of quadratic
polynomial of the independent variable. For example, for a five-factor issue, a regression
model applied to both linear and nonlinear model is:

Y = b0 +
5∑

i=1

bixi +
5∑

1=j<k

bjkxjxk +
5∑

n=1

bnnx2
n.

But, this leads to much larger scale of data to be collected and parameters to be re-
gressed. From the function above, the regression coefficients to be calculated are 21 in total.
In fact, some items in function above are not significant in F test as some values are not
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Table 7: Test for significance of regression coefficient on DR and RR
Term Unstandardized Coefficients Standardized Coefficients T value sig.

β Std. Error γ

A −73.744 14.737 −1.430 −5.004 0.000
B 62.113 8.209 2.253 7.567 0.000
D 9.619 1.940 1.319 4.959 0.000

A∗C 5.156 1.084 0.645 4.755 0.000
A∗D 2.382 0.542 0.596 4.393 0.001
A∗E 5.991 1.356 0.600 4.420 0.001
B∗C −4.044 0.710 −0.947 −5.698 0.000

DR B∗D −2.069 0.355 −0.969 −5.829 0.000
B∗E −4.861 0.887 −0.911 −5.479 0.000
C∗C 0.362 0.166 0.229 2.182 0.050
C∗D −0.208 0.104 −0.184 −2.010 0.068
C∗E 0.970 0.340 0.343 2.850 0.015
D∗D −0.215 0.089 −0.544 −2.428 0.032
D∗E −0.257 0.130 −0.182 −1.987 0.0702
E∗E 0.522 0.259 0.211 2.018 0.066
A −73.148 14.892 −1.419 −4.912 0.000
B 61.553 8.296 2.233 7.420 0.000
D 9.649 1.960 1.323 4.922 0.000

A∗C 5.119 1.096 0.641 4.671 0.001
A∗D 2.352 0.548 0.589 4.292 0.001
A∗E 6.049 1.370 0.606 4.416 0.001
B∗C −3.980 0.717 −0.932 −5.548 0.000

RR B∗D −2.067 0.359 −0.968 −5.763 0.000
B∗E −4.771 0.897 −0.894 −5.322 0.000
C∗C 0.362 0.167 0.229 2.162 0.051
C∗D −0.209 0.105 −0.185 −1.991 0.070
C∗E 0.975 0.344 0.345 2.833 0.015
D∗D −0.213 0.090 −0.539 −2.381 0.035
D∗E −0.271 0.131 −0.192 −2.068 0.061
E∗E 0.482 0.262 0.195 1.842 0.090

Table 8: Optimal adding contents
Adding contents

Factors DR RR
Direct observation Enter regression Direct observation Enter regression

A 0 0.4214 0 1.0345
B 5 0.3928 5 1.2729
C 0 3.6181 5 5.0237
D 20 20.4207 20 19.5741
E 0 0.548 0 0.2303
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significant in F test in analysis of variance (in short, ANOVA) and in t test as some values
are not significant in t test in regression coefficients table. If only F test significant items
are not in the regression function, it could be concise. But it involves independent variables
filtering issue. While in resolving multiple regressions problems, not all the independent
variables have exactly the same effect on dependent variable. Some of them are signifi-
cant while others can be ignored. Significant independent variables should be filtered out
through certain approach. Methods such as forwards regressions, backwards regressions,
stepwise regressions, enter regressions and optimization subclass regressions are commonly
used. In this paper, by using F test to model and t test to regression coefficients, the enter
multiple regressions are carried out with considering individual factors, their square and
interaction items.

4 Conclusions

In this paper, based on the optimal reaction conditions of [5] and the single factor exper-
iments in producing wet-process phosphoric acid, the effect of adding salts and oxides of
different configuration and different consistence on phosphorus ore reaction is first stud-
ied and the corresponding mathematical models for single factors problems on the ratio of
phosphorus ore decomposition (DR) and the receiving ratio of phosphoric anhydride (RR)
are obtained by using the mathematical soft SPSS (13.0 for windows).

Secondly, based on the orthogonal experiments design and response curved surface tech-
nique, the optimal components of Jinhe phosphorus ore in producing wet-process phospho-
ric acid are obtained by adding oxides. The response curved surface mathematical models,
which concern the DR and RR with each orthogonal factor are also established by SPSS
as follows:

DR = −73.74A + 5.16A ∗ C + 2.38A ∗D + 5.99A ∗ E + 62.11B − 4.04B ∗ C

−2.07B ∗D − 4.86B ∗ E + 0.36C ∗ C − 0.21C ∗D + 0.97C ∗ E

+9.62D − 0.22D ∗D − 0.26D ∗ E + 0.52E ∗ E,

RR = −73.15A + 5.12A ∗ C + 2.35A ∗D + 6.05A ∗ E + 61.55B − 3.98B ∗ C

−2.07B ∗D − 4.77B ∗ E + 0.36C ∗ C − 0.21C ∗D + 0.98C ∗ E

+9.65D − 0.21D ∗D − 0.27D ∗ E + 0.48E ∗ E.

Further, the optimal adding contents, i.e. the stationary points based on the above
regression models are calculated by using the mathematical soft Matlab (version 7.0.1).
The optimal parameters and levels for DR and RR through direct observation and multiple
regressions are compared.

Finally, the validation experiments indicate that the optimized conditions by enter mul-
tiple regressions are better than by direct observation analysis, and the components of
Jinhe phosphorus ore will be improved under the optimized artificial blending rock con-
ditions. Experiment results suggest that multiple regressions can avoid the weakness of
direct observation. The results presented in this paper provide a theoretical foundation for
artificial blending rock and the exploitation of phosphorus ore with middle or low grade in
producing wet-process phosphoric acid.
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1. Introduction

Let E be a real Banach space and C be a nonempty closed convex subset of
E. Recall that a mapping f : C → C is a contraction on C if there exists a
constant k ∈ (0, 1) such that ‖f(x) − f(y)‖ ≤ k‖x − y‖, x, y ∈ C. We use ΣC

to denote the collection of mappings f verifying the above inequality. That is,
ΣC = {f : C → C | f is a contraction with constant k}. Note that each f ∈ ΣC

has a unique fixed point in C.
Now let T : C → C be a nonexpansive mapping (recall that a mapping

T : C → C is nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖, x, y ∈ C), and Fix(T )
denote the set of fixed points of T , that is, Fix(T ) = {x ∈ C : x = Tx}.

We consider the Mann iterative scheme for nonexpansive mapping: for T
nonexpansive mapping and αn ∈ (0, 1),

xn+1 = αnxn + (1− αn)Txn, n ≥ 0, (1.1)

where the initial guess x0 ∈ C is chosen arbitrarily.

This study was supported by research funds from Dong-A University.
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The Mann iterative scheme for nonlinear mappings has extensively been stud-
ied over the last forty years for constructions of fixed points of nonlinear mappings
and of solutions of nonlinear operator equations involving nonexpansive map-
pings, monotone, accretive and pseudo-contractive operators and others. (see,
e,g., [3,4,11,13]). In particular, the construction of fixed points of nonexpansive
mappings by Mann iterative scheme is important and useful in the theory of
nonexpansive mappings and its applications in a number of applied areas, for
instance, in image recovery and signal processing (see e.q., [2,16,17]).

In 2003, Nakajo and Takahashi [15] proposed the following modification of the
Mann iterative scheme (1.1) in a Hilbert space H:





x0 = x ∈ C,

yn = αnxn + (1− αn)Txn,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qn(x0),

(1.2)

where PK denotes the nearest point (metric) projection from H onto a closed
convex subset K of H. They proved that if the sequence {αn} is bounded above
from one, then {xn} generated by (1.2) converges strongly to PFix(T )(x0). Their
argument does not work outside the Hilbert space setting.

Recently, without any additional projection in the scheme, Kim and Xu [12]
provided a simpler modification of Mann iterative scheme (1.1) in a uniformly
smooth Banach space as follows:





x0 = x ∈ C,

yn = βnxn + (1− βn)Txn,

xn+1 = αnu + (1− αn)yn,

(1.3)

where u ∈ C is an arbitrary (but fixed) element, and {αn} and {βn} are two
sequences in (0,1). They proved that {xn} generated by (1.3) converges to a
fixed point of T under the control conditions:

(C1) lim
n→∞

αn = 0, lim
n→∞

βn = 0;

(C2)
∞∑

n=0

αn = ∞, (or, equivalently,
∞∏

n=0

(1− αn) = 0),
∞∑

n=0

βn = ∞;

(C3)
∞∑

n=0

|αn+1 − αn| < ∞,
∞∑

n=0

|βn+1 − βn| < ∞.

On the other hand, as the viscosity approximation method, Moudafi [14] and
Xu [20] considered the iterative scheme: for T a nonexpansive mapping, f ∈ ΣC

and αn ∈ (0, 1),

xn+1 = αnf(xn) + (1− αn)Txn, n ≥ 0. (1.4)
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Under the conditions (C1), (C2) and (C3) on {αn}, Xu [20] showed in a uniformly
smooth Banach space that {xn} generated by (1.4) converges strongly to a fixed
point of T , which solves certain variational inequality. The results of Xu [20]
extended the results of Moudafi [14] to a Banach space setting. In 2006, Jung
[9] considered the iterative scheme: for N > 1, T1, T2, · · · , TN nonexpansive
mappings, f ∈ ΣC and αn ∈ (0, 1),

xn+1 = αnf(xn) + (1− αn)Tn+1xn, n ≥ 0, (1.5)

where Tn := Tn mod N , and extended results of Xu [20] (and Moudafi [14]) to
the case of a family of finite nonexpansive mappings. In particular, under the
conditions (C1), (C2) and the perturbed control condition on {αn}

(C4) |αn+N − αn| ≤ ◦(αn+N ) + σn,
∞∑

n=0

σn < ∞,

he obtained the strong convergence of the sequence {xn} generated by (1.5) to a
solution in

⋂N
i=1 Fix(Ti) of certain variational inequality in either a reflexive Ba-

nach space having a uniformly Gâteaux differentiable norm with the assumption
that every weakly compact convex subset of E has the fixed point property for
nonexpansive mappings or a reflexive Banach space having a weakly sequentially
continuous duality mapping, and gave an example which satisfies the condi-
tions (C1), (C2) and (C4) , but fails to satisfy the condition (C3) for N > 1;∑∞

n=0 |αn+N − αn| < ∞.
Very recently, Yao et al. [21] proposed the following modified Mann iterative

scheme: for T nonexpansive mapping, f ∈ ΣC and {αn}, {βn} ⊂ (0, 1),




x0 = x ∈ C,

yn = βnxn + (1− βn)Txn,

xn+1 = αnf(xn) + (1− αn)yn.

By using Lemma 2 of Suzuki [19], they studied strong convergence of this iterative
scheme in a uniformly smooth Banach space under the following conditions on
the parameters {αn} and {βn}

(C5) αn → 0,
∞∑

n=0

αn = ∞, 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1.

In this paper, motivated by [9,20,21], as a viscosity approximation method, we
introduce modified Mann iterative scheme for finite nonexpansive mappings : for
N > 1, T1, T2, · · · , TN nonexpansive mappings, f ∈ ΣC and {αn}, {βn} ⊂ (0, 1),

(IS)





x0 = x ∈ C,

yn = βnxn + (1− βn)Tn+1xn,

xn+1 = αnf(xn) + (1− αn)yn,
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and establish the strong convergence of the sequence {xn} generated by (IS) in a
reflexive Banach space having a weakly sequentially continuous duality mapping
under certain appropriate conditions on the parameters {αn} and {βn} and the
sequence {xn}. Moreover, we show that this strong limit is a solution of certain
variational inequality. The main results improve the recent result of Kim and
Xu [12] to the viscosity approximation method for finite nonexpansive mappings.
Our results also improve the corresponding results of [8,9,10,21,22].

2. Preliminaries and Lemmas

Let E be a real Banach space with norm ‖ · ‖ and let E∗ be its dual. The
value of f ∈ E∗ at x ∈ E will be denoted by 〈x, f〉. When {xn} is a sequence in
E, then xn → x (resp., xn ⇀ x, xn

∗
⇀ x) will denote strong (resp., weak, weak∗)

convergence of the sequence {xn} to x.
The norm of E is said to be Gâteaux differentiable if

lim
t→0

‖x + ty‖ − ‖x‖
t

(2.1)

exists for each x, y in its unit sphere U = {x ∈ E : ‖x‖ = 1}. Such an E is called
a smooth Banach space. The norm is said to be uniformly Gâteaux differentiable
if for y ∈ U , the limit is attained uniformly for x ∈ U . The space E is said
to have a uniformly Fréchet differentiable norm (and E is said to be uniformly
smooth) if the limit in (2.1) is attained uniformly for (x, y) ∈ U × U .

By a gauge function we mean a continuous strictly increasing function ϕ de-
fined on R+ := [0,∞) such that ϕ(0) = 0 and limr→∞ ϕ(r) = ∞. The mapping
Jϕ : E → 2E∗ defined by

Jϕ(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖‖f‖, ‖f‖ = ϕ(‖x‖)}, for all x ∈ E

is called the duality mapping with gauge function ϕ. In particular, the duality
mapping with gauge function ϕ(t) = t denoted by J , is referred to as the normal-
ized duality mapping. The following property of duality mapping is well-known:

Jϕ(λx) = sign λ

(
ϕ(|λ| · ‖x‖)

‖x‖
)

J(x) for all x ∈ E \ {0}, λ ∈ R, (2.2)

where R is the set of all real numbers; in particular, J(−x) = −J(x) for all x ∈ E
([5]).

Following Browder [1], we say that a Banach space E has a weakly sequential
continuous duality mapping if there exists a gauge function ϕ such that the
duality mapping Jϕ is single-valued and continuous from the weak topology to
the weak∗ topology, that is, for any {xn} ∈ E with xn ⇀ x, Jϕ(xn) ∗

⇀ Jϕ(x).
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For example, every lp space (1 < p < ∞) has a weakly sequentially continuous
duality mapping with gauge function ϕ(t) = tp−1. Set

Φ(t) =
∫ t

0

ϕ(τ)dτ, for all t ∈ R+.

Then it is known [1] that Jϕ(x) is the subdifferential of the convex functional
Φ(‖·‖) at x. Thus it is easy to see that the normalized duality mapping J(x) can
also be defined as the subdifferential of the convex functional Φ(‖x‖) = ‖x‖2/2,
that is, for all x ∈ E

J(x) = ∂Φ(‖x‖) = {f ∈ E∗ : Φ(‖y‖)− Φ(‖x‖) ≥ 〈y − x, f〉 for all y ∈ E}.

It is well-known that if E is smooth, then the normalized duality mapping J is
single-valued and norm to weak∗ continuous. Also, if E has a uniformly Gâteaux
differentiable norm, the normalized duality mapping J is uniformly norm to
weak∗ continuous on each bounded subsets of E ([5,6]).

Let C be a nonempty closed convex subset of E. C is said to have the fixed
point property for nonexpansive mappings if every nonexpansive mapping of a
bounded closed convex subset D of C has a fixed point in D. Let D be a subset
of C. Then a mapping Q : C → D is said to be a retraction from C onto
D if Qx = x for all x ∈ D. A retraction Q : C → D is said to be sunny
if Q(Qx + t(x − Qx)) = Qx for all t ≥ 0 and x + t(x − Qx) ∈ C. A sunny
nonexpansive retraction is a sunny retraction which is also nonexpansive. Sunny
nonexpansive retractions are characterized as follows [7. p.48]: If E is a smooth
Banach space, then Q : C → D is a sunny nonexpansive retraction if and only if
the following condition holds:

〈x−Qx, J(z −Qx)〉 ≤ 0, x ∈ C, z ∈ D. (2.3)

(Note that this fact still holds by (2.2) if the normalized duality mapping J is
replaced by a general duality mapping Jϕ with gauge function ϕ.)

We need the following lemmas for the proof of our main results, For these
lemmas, we refer to [5,11,13].

Lemma 2.1. Let E be a real Banach space and ϕ a continuous strictly increasing
function on R+ such that ϕ(0) = 0 and limr→∞ ϕ(r) = ∞. Define

Φ(t) =
∫ t

0

ϕ(τ)dτ, for all t ∈ R+.

Then the following inequality holds

Φ(‖x + y‖) ≤ Φ(‖x‖) + 〈y, jϕ(x + y)〉, for all x, y ∈ E,
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where jϕ(x + y) ∈ Jϕ(x + y). In particular, if E is smooth, then one has

‖x + y‖2 ≤ ‖x‖2 + 2〈y, J(x + y)〉, for all x, y ∈ E.

Lemma 2.2. Let {sn} be a sequence of non-negative real numbers satisfying

sn+1 ≤ (1− λn)sn + λnδn + γn, n ≥ 0,

where {λn}, {δn} and {γn} satisfy the following conditions:
(i) {λn} ⊂ [0, 1] and

∑∞
n=0 λn = ∞;

(ii) lim supn→∞ δn ≤ 0 or
∑∞

n=1 λnδn < ∞;
(iii) γn ≥ 0 (n ≥ 0),

∑∞
n=0 γn < ∞.

Then limn→∞ sn = 0.

Let µ be a continuous linear functional on l∞ and (a0, a1, · · · ) ∈ l∞. We
write un(an) instead of µ((a0, a1, · · · )). µ is said to be Banach limit if µ satisfies
‖µ‖ = µn(1) = 1 and un(an+1) = µn(an) for all (a0, a1, · · · ) ∈ l∞. If µ is a
Banach limit, the following are well-known:

(i) for all n ≥ 1, an ≤ cn implies µ(an) ≤ µ(cn),
(ii) µ(an+N ) = µ(an) for any fixed positive integer N ,

(iii) lim inf
n→∞

an ≤ µn(an) ≤ lim sup
n→∞

an for all (a0, a1, · · · ) ∈ l∞.

The following lemma was given in [22] as the revision of [18, Proposition 2].

Lemma 2.3. Let a ∈ R be a real number and a sequence {an} ∈ l∞ satisfy the
condition µn(an) ≤ a for all Banach limit µ. If lim supn→∞(an+N − an) ≤ 0 for
N ≥ 1, then lim supn→∞ an ≤ a.

Finally, the sequence {xn} in E is said to be weakly asymptotically regular if
for N ≥ 1,

w − lim
n→∞

(xn+N − xn) = 0, that is, xn+N − xn ⇀ 0

and asymptotically regular if for N ≥ 1,

lim
n→∞

‖xn+N − xn‖ = 0,

respectively.

3. Main results

Now, we study the strong convergence results for modified Mann iterative
scheme (IS) in Banach spaces.
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We consider N mappings T1, T2, · · · , TN . For n > N , set Tn := Tn mod N ,
where n mod N is defined as follows: if n = kN + l, 0 ≤ l < N , then

n mod N :=
{

l if l 6= 0,

N if l = 0.

For any n ≥ 1, Tn+NTn+N−1 · · ·Tn+1 : C → C is nonexpansive and so, for
any t ∈ (0, 1) and f ∈ ΣC , tf + (1 − t)Tn+NTn+N−1 · · ·Tn+1 : C → C defines a
strict contraction mapping. Thus, by the Banach contraction mapping principle,
there exists a unique fixed point xk

t (f) satisfying

(A) xn
t (f) = tf(xn

t (f)) + (1− t)Tn+NTn+N−1 · · ·Tn+1x
n
t (f).

For simplicity we will write xn
t for xn

t (f) provided no confusion occurs.
The following result for the existence of Q(f) which solves a variational in-

equality

〈(I − f)(Q(f)), Jϕ(Q(f)− p)〉 ≤ 0, f ∈ ΣC , p ∈ F :=
N⋂

i=1

Fix(Ti) 6= ∅

was obtained by Jung [10].

Theorem J [10]. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping Jϕ with gauge function ϕ. Let C be a nonempty
closed convex subset of E and T1, · · · , TN nonexpansive mappings from C into
itself with F :=

⋂N
i=1 Fix(Ti) 6= ∅ and

F = Fix(TNTN−1 · · ·T1) = Fix(T1TN · · ·T3T2)

= · · · = Fix(TN−1TN−2 · · ·T1TN ).

Then {xn
t } defined by (A) converges strongly to a point in F . If we define Q :

ΣC → F by
Q(f) := lim

t→0
xn

t , f ∈ ΣC , (3.1)

then Q(f) is independent of n and Q(f) solves a variational inequality

〈(I − f)(Q(f)), Jϕ(Q(f)− p)〉 ≤ 0, f ∈ ΣC , p ∈ F.

Remark 3.1. (1) In Theorems J, if f(x) = u, x ∈ C, is a constant, then it
follows from (2.3) that (3.1) is reduced to the sunny nonexpansive retraction
from C onto F ,

〈Q(u)− u, Jϕ(Q(u)− p)〉 ≤ 0, u ∈ C, p ∈ F.
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(2) We point out that in Theorem 3.1, Lemma 3.1 and Theorem 3.2 of [10], for
abbreviation, the normalized duality mapping J instead of the duality mapping
Jϕ was indeed assumed. The normalized duality mapping J in [10] should be
replaced by the duality mapping Jϕ. But even if we assume the duality mapping
Jϕ, we can obtain the conclusion in Theorem J by using the same methods as
Proposition 3.1 and Theorem 3.2 below.

Using Theorem J, we have the following result.

Proposition 3.1. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping Jϕ with gauge function ϕ. Let C be a nonempty
closed convex subset of E and T1, · · · , TN nonexpansive mappings from C into
itself with F :=

⋂N
i=1 Fix(Ti) 6= ∅ satisfying the following conditions:

(i) TNTN−1 · · ·T1 = T1TN · · ·T3T2 = · · · = TN−1TN−2 · · ·T1TN ;

(ii)
F = Fix(TNTN−1 · · ·T1) = Fix(T1TN · · ·T3T2)

= · · · = Fix(TN−1 · · ·T1TN ).

Let {αn} and {βn} be sequences in (0, 1) which satisfy the condition:
(C1) limn→∞ αn = 0, limn→∞ βn = 0.
Let f ∈ ΣC and let {xn} be the sequence generated by

(IS)





x0 = x ∈ C,

yn = βnxn + (1− βn)Tn+1xn,

xn+1 = αnf(xn) + (1− αn)yn, n ≥ 0.

and µ a Banach limit. Then

µn(〈(I − f)(Q(f)), Jϕ(Q(f)− xn)〉) ≤ 0,

where Q(f) = limt→0+ xt and xt is defined by xt = tf(xt) + (1 − t)Sxt for
S = TNTN−1 · · ·T1 and t ∈ (0, 1).

Proof. Note that the definition of the weak sequential continuity of duality
mapping Jϕ implies that E is smooth. Let xt = tf(xt) + (1 − t)Sxt for S =
TNTN−1 · · ·T1 and t ∈ (0, 1). Then by Theorem J, {xt} strongly converges to a
point in F , which is also denoted by Q(f) := limt→0+ xt.

Now, since

xt − xn+N = (1− t)(Sxt − xn+N ) + t(f(xt)− xn+N ),

by Lemma 2.1, we have

Φ(‖xt − xn+N‖) ≤Φ((1− t)‖Sxt − xn+N‖)
+ t〈f(xt)− xn+N , Jϕ(xt − xn+N )〉. (3.2)
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Let p ∈ F . Then we have

‖xt − p‖ ≤ t‖f(xt)− p‖+ (1− t)‖Sxt − Sp‖
≤ t‖f(xt)− p‖+ (1− t)‖xt − p‖

This gives that

‖xt − p‖ ≤ ‖f(xt)− p‖ ≤ ‖f(xt)− f(p)‖+ ‖f(p)− P‖
≤ k‖xt − p‖+ ‖f(p)− p‖

and so

‖xt − p‖ ≤ 1
1− k

‖f(p)− p‖, t ∈ (0, 1),

and hence {xt} is bounded. We also have

‖xn − p‖ ≤ max{‖x0 − p‖, 1
1− k

‖f(p)− p‖}

for all n ≥ 0 and all p ∈ F and so {xn} is bounded. Indeed, let p ∈ F and
d = max{‖x0 − p‖, 1

1−k‖f(p)− p‖}. Noting that

‖yn − p‖ ≤ βn‖xn − p‖+ (1− βn)‖Tn+1xn − p‖ ≤ ‖xn − p‖,

we have

‖x1 − p‖ ≤ (1− α0)‖y0 − p‖+ α0‖f(x0)− p‖
≤ (1− α0)‖x0 − p‖+ α0(‖f(x0)− f(p)‖+ ‖f(p)− p‖)
≤ (1− (1− k)α0)‖x0 − p‖+ α0‖f(p)− p‖
≤ (1− (1− k)α0)d + α0(1− k)d = d.

Using an induction, we obtain ‖xn+1 − p‖ ≤ d. Hence {xn} is bounded, and so
are {yn}, {Tn+1xn} and {f(xn)}. As a consequence with the control condition
(C1), we get

‖xn+1 − Tn+1xn‖
≤ ‖xn+1 − yn‖+ ‖yn − Tn+1xn‖
≤ αn(‖f(xn)‖+ ‖yn‖) + βn(‖yn‖+ ‖Tn+1xn‖) → 0 (as n →∞).

By using the same method, we have

‖xn+N − Tn+N · · ·Tn+1xn‖ → 0 (as n →∞).
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Indeed, noting that each Ti is nonexpansive and using just above fact, we obtain
the finite table

xn+N−Tn+Nxn+N−1 → 0,

Tn+Nxn+N−1−Tn+NTn+N−1xn+N−2 → 0,

...
Tn+N · · ·Tn+2xn+1−Tn+N · · ·Tn+1xn → 0.

Adding up this table yields

xn+N − Tn+N · · ·Tn+1xn → 0 (as n →∞).

Moreover, we prove that

xn+N − TNTN−1 · · ·T1xn = xn+N − Sxn → 0 (as n →∞). (3.3)

Indeed, we can see the following:
If n mod N = 1, then Tn+NTn+N−1 · · ·Tn+1 = T1TN · · ·T2;
If n mod N = 2, then Tn+NTn+N−1 · · ·Tn+1 = T2T1TN · · ·T3;

...
If n mod N = N , then Tn+NTn+N−1 · · ·Tn+1 = TNTN−1 · · ·T1.

In view of the condition (i)

TNTN−1 · · ·T1 = T1TN · · ·T3T2 = · · ·TN−1TN−2 · · ·T1TN ,

so we have

TNTN1 · · ·T1 = Tn+NTn+N−1 · · ·Tn+1, for all n ≥ 1.

This implies that

xn+N − Sxn = xn+N − TNTN−1 · · ·T1xn

= xn+N − Tn+NTn+N−1 · · ·Tn+1xn → 0 (as n →∞).

Observe also with (3.3) that

‖Sxt − xn+N‖ ≤ ‖xt − xn‖+ en,

where en = ‖xn+N − Sxn‖ → 0 as n →∞, and

〈f(xt)− xn+N , Jϕ(xt − xn+N )〉
= 〈f(xt)− xt, Jϕ(xt − xn+N )〉+ ‖xt − xn+N‖ϕ(‖xt − xn+N‖).

164



Strong convergence of modified Mann iteration 11

Thus it follows from (3.2) that

Φ(‖xt − xn+N‖)
≤Φ((1− t)(‖xt − xn‖+ en))

+ t(〈f(xt)− xt, Jϕ(xt − xn+N )〉+ ‖xt − xn+N‖ϕ(‖xt − xn+N‖))
(3.4)

Applying the Banach limit µ to (3.4), we have

µn(Φ(‖xt − xn+N‖)) ≤ µn(Φ((1− t)(‖xt − xn‖+ en)))

+ tµn(〈f(xt)− xt, Jϕ(xt − xn+N )〉)
+ tµn(‖xt − xn+N‖ϕ(‖xt − xn+N‖))

(3.5)

and it follows from (3.5) that

µn(〈xt − f(xt),Jϕ(xt − xn)〉)
≤ 1

t
µn(Φ((1− t)‖xt − xn‖)− Φ(‖xt − xn‖))
+ µn(‖xt − xn+N‖ϕ(‖xt − xn+N‖))

= −1
t
µn

{∫ ‖xt−xn‖

(1−t)‖xt−xn‖
ϕ(τ)dτ

}

+ µn(‖xt − xn+N‖ϕ(‖xt − xn+N‖))
= µn(‖xt − xn‖(ϕ(‖xt − xn‖)− ϕ(τn))),

(3.6)

for some τn satisfying (1 − t)‖xt − xn‖ ≤ τn ≤ ‖xt − xn‖. Since ϕ is uniformly
continuous on compact intervals of R+,

‖xt − xn‖ − τn ≤ t‖xt − xn‖

≤ t

(
2

1− k
‖f(p)− p‖+ ‖x0 − p‖

)
→ 0 (as t → 0),

and Q(f) = limt→0 xt, we conclude from (3.6) that

µn(〈(I − f)(Q(f)),Jϕ(Q(f)− xn)〉)
≤ lim sup

t→0
µn(〈xt − f(xt), Jϕ(xt − xn)〉) ≤ 0.

¤
Theorem 3.1. Let E be a reflexive Banach space having a weakly sequentially
continuous duality mapping Jϕ with gauge function ϕ. Let C be a nonempty
closed convex subset of E and T1, · · · , TN nonexpansive mappings from C into
itself with F :=

⋂N
i=1 Fix(Ti) 6= ∅ satisfying the following conditions:

(i) TNTN−1 · · ·T1 = T1TN · · ·T3T2 = · · · = TN−1TN−2 · · ·T1TN ;
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(ii)
F = Fix(TNTN−1 · · ·T1) = Fix(T1TN · · ·T3T2)

= · · · = Fix(TN−1 · · ·T1TN ).

Let {αn} and {βn} be sequences in (0, 1) which satisfy the conditions:
(C1) limn→∞ αn = 0, limn→∞ βn = 0;
(C2)

∑∞
n=0 αn = ∞.

Let f ∈ ΣC and let {xn} be the sequence generated by

(IS)





x0 = x ∈ C,

yn = βnxn + (1− βn)Tn+1xn,

xn+1 = αnf(xn) + (1− αn)yn, n ≥ 0.

If {xn} is weakly asymptotically regular, then {xn} converges strongly to Q(f),
where Q(f) ∈ F solves a variational inequality

〈(I − f)(Q(f)), Jϕ(Q(f)− p)〉 ≤ 0 f ∈ ΣC , p ∈ F.

Proof. First, we note that by Theorem J, there exists a solution Q(f) of a
variational inequality

〈(I − f)(Q(f)), Jϕ(Q(f)− p)〉 ≤ 0, f ∈ ΣC , p ∈ F,

where Q(f) = limt→0 xt, and xt is defined by xt = tf(xt) + (1 − t)Sxt for
S = TNTN−1 · · ·T1 and t ∈ (0, 1).

We proceed with the following steps:
Step 1. ‖xn − p‖ ≤ max{‖x0 − p‖, 1

1−k‖f(p) − p‖} for all n ≥ 0 and all
p ∈ Fix(T ) as in the proof of Proposition 3.1. Hence {xn} is bounded and so
are {yn}, {Tn+1xn} and {f(xn)}.

Step 2. lim supn→∞〈(I − f)(Q(f)), Jϕ(Q(f)− xn)〉 ≤ 0. To this end, put

an := 〈(I − f)(Q(f)), Jϕ(Q(f)− xn)〉, n ≥ 1.

Then Proposition 3.1 implies that µn(an) ≤ 0 for any Banach limit µ. Since
{xn} is bounded, there exists a subsequence {xnj} of {xn} such that

lim sup
n→∞

(an+N − an) = lim
j→∞

(anj+N − anj )

and xnj ⇀ q ∈ E. This implies that xnj+N ⇀ q since {xn} is weakly asymptot-
ically regular. From the weak sequential continuity of duality mapping Jϕ, we
have

w − lim
j→∞

Jϕ(Q(f)− xnj+N ) = w − lim
j→∞

Jϕ(Q(f)− xnj ) = Jϕ(Q(f)− q),
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and so

lim sup
n→∞

(an+N − an)

= lim
j→∞

〈(I − f)(Q(f)), Jϕ(Q(f)− xnj+N )− Jϕ(Q(f)− xnj )〉 = 0.

Then Lemma 2.3 implies that lim supn→∞ an ≤ 0, that is,

lim sup
n→∞

〈(I − f)(Q(f)), Jϕ(Q(f)− xn)〉 ≤ 0.

Step 3. limn→∞ ‖xn −Q(f)‖ = 0. By using (IS), we have

xn+1 −Q(f) = αn(f(xn)−Q(f)) + (1− αn)(yn −Q(f)).

Applying Lemma 2.1, we obtain

‖xn+1 −Q(f)‖2
≤ (1− αn)2‖yn −Q(f)‖2 + 2αn〈f(xn)−Q(f), J(xn+1 −Q(f))〉
≤ (1− αn)2‖xn −Q(f)‖2 + 2αn〈f(xn)− f(Q(f)), J(xn+1 −Q(f))〉

+ 2αn〈f(Q(f))−Q(f), J(xn+1 −Q(f))〉
≤ (1− αn)2‖xn −Q(f)‖2 + 2kαn‖xn −Q(f)‖‖xn+1 −Q(f)‖

+ 2αn〈f(Q(f))−Q(f), J(xn+1 −Q(f))〉
≤ (1− αn)2‖xn −Q(f)‖2 + kαn(‖xn −Q(f)‖2 + ‖xn+1 −Q(f)‖2)

+ 2αn〈f(Q(f))−Q(f), J(xn+1 −Q(f))〉.
Now, by using gauge function ϕ, we define for every n ≥ 0

θn :=

{ ‖Q(f)−xn‖
ϕ(‖Q(f)−xn‖) , if Q(f) 6= xn

0, if Q(f) = xn.

From sup{ ‖Q(f)−xn‖
ϕ(‖Q(f)−xn‖) : Q(f) 6= xn} < ∞, we obtain lim supn→∞ θn < ∞. Also

from (2.2), we have

J(Q(f)− xn+1) = θn+1Jϕ(Q(f)− xn+1), for all n ≥ 0.

It then follows that

‖xn+1 −Q(f)‖2 ≤ 1− (2− k)αn + α2
n

1− kαn
‖xn −Q(f)‖2

+
2αn

1− kαn
〈(I − f)(Q(f)), J(Q(f)− xn+1)〉

≤ 1− (2− k)αn

1− kαn
‖xn −Q(f)‖2 +

α2
n

1− kαn
M

+
2αn

1− kαn
θn+1〈(I − f)(Q(f)), Jϕ(Q(f)− xn+1)〉,

(3.7)
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where M = supn≥0 ‖xn −Q(f)‖2. Put

λn =
2(1− k)αn

1− kαn
and

δn =
Mαn

2(1− k)
+

1
1− k

θn+1〈(I − f)(Q(f)), Jϕ(Q(f)− xn+1)〉.

From (C1), (C2) and Step 2, it follows that λn → 0,
∑∞

n=0 λn = ∞ and
lim supn→∞ δn ≤ 0. Since (3.7) reduces to

‖xn+1 −Q(f)‖2 ≤ (1− λn)‖xn −Q(f)‖2 + λnδn,

from Lemma 2.2, we conclude that limn→∞ ‖xn − Q(f)‖ = 0. This completes
the proof. ¤
Corollary 3.1. Let E be a reflexive Banach space with a weakly sequentially
continuous duality mapping Jϕ with gauge function ϕ. Let C be a nonempty
closed convex subset of E and T1, · · · , TN nonexpansive mappings from C into
itself with F :=

⋂N
i=1 Fix(Ti) 6= ∅ satisfying the following conditions:

(i) TNTN−1 · · ·T1 = T1TN · · ·T3T2 = · · · = TN−1TN−2 · · ·T1TN ;

(ii)
F = Fix(TNTN−1 · · ·T1) = Fix(T1TN · · ·T3T2)

= · · · = Fix(TN−1 · · ·T1TN ).

Let {αn} and {βn} be sequences in (0, 1) which satisfy the conditions;
(C1) limn→∞ αn = 0, limn→∞ βn = 0;
(C2)

∑∞
n=0 αn = ∞.

Let f ∈ ΣC and let {xn} be the sequence generated by (IS). If {xn} is asymp-
totically regular, then {xn} converges strongly to Q(f), where Q(f) ∈ F is the
unique solution of a variational inequality

〈(I − f)(Q(f)), Jϕ(Q(f)− p)〉 ≤ 0 f ∈ ΣC , p ∈ F.

Remark 3.2. If {αn} and {βn} in Corollary 3.1 satisfy conditions:
(C1) limn→∞ αn = 0, limn→∞ βn = 0;
(C2)

∑∞
n=0 αn = ∞;

(A1)
∑∞

n=0 |βn+N − βn| < ∞; and
(A2)

∑∞
n=0 |αn+N − αn| < ∞, or the perturbed control condition:

(A3) |αn+N − αn| ≤ ◦(αn+N ) + σn,
∑∞

n=0 σn < ∞,
then the sequence {xn} generated by (IS) is asymptotically regular. Now we give
only the proof in case when {αn} and {βn} satisfy the conditions (C1), (C2),
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(A1) and (A3). Indeed, by Step 1 in the proof of Proposition 3.1, there exists a
constant L > 0 such that

L = max{sup
n≥0

{‖f(xn)‖+ ‖Tn+1xn‖}, sup
n≥0

{‖xn‖+ ‖Tn+1xn‖}}.

Since for all n ≥ 1, Tn+N = Tn, we have

xn+N − xn = (αn+N−1 − αn−1)(f(xn−1)− Tnxn−1)

+ (1− αn+N−1)βn+N−1(xn+N−1 − xn−1)

+ [(βn+N−1 − βn−1)(1− αn+N−1)

− (αn+N−1 − αn−1)βn−1](xn−1 − Tnxn−1)

+ (1− βn+N−1)(1− αn+N−1)(Tn+Nxn+N−1 − Tn+Nxn−1)

+ αn+N−1(f(xn+N−1)− f(xn−1)),

and so

‖xn+N − xn‖
≤ (1− βn+N−1)(1− αn+N−1)‖xn+N−1 − xn−1‖

+ kαn+N−1‖xn+N−1 − xn−1‖+ (1− αn+N−1)βn+N−1‖xn+N−1 − xn−1‖
+ |βn+N−1 − βn−1|L + 2|αn+N−1 − αn−1|L

≤ (1− (1− k)αn+N−1)‖xn+N−1 − xn−1‖+ |βn+N−1 − βn−1|L
+ 2(◦(αn+N−1) + σn−1)L.

By taking sn+1 = ‖xn+N − xn‖, λn = (1 − k)αn+N−1, λnδn = 2 ◦ (αn+N−1)L
and γn = |βn+N−1 − βn−1|L + 2σn−1L, we have

sn+1 ≤ (1− λn)sn + λnδn + γn.

Hence, by (C1), (C2), (A1), (A3) and Lemma 2.2,

lim
n→∞

‖xn+N − xn‖ = 0.

In view of this observation, we have the following result.

Corollary 3.2. Let E, C and Ti, · · · , TN be as in Corollary 3.1. Let {αn} and
{βn} be sequences in (0, 1) which satisfy the conditions (C1), (C2), (A1) and
(A3) (or the conditions (C1), (C2), (A1) and (A2)) in Remark 3.2. Let f ∈ ΣC

and let {xn} be the sequence generated by (IS). Then {xn} converges strongly to
Q(f) ∈ F , where Q(f) is the unique solution of a variational inequality

〈(I − f)(Q(f)), Jϕ(Q(f)− p)〉 ≤ 0, f ∈ ΣC , p ∈ F
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Remark 3.3 (1) Proposition 3.1 and Theorem 3.1 improve the corresponding
results of Jung [8,9,10], Kim and Xu [12] and Zhou et al. [22] (that is, Theorem
10 of [8], Theorem 2 in [9], Proposition 3.1 and Theorem 3.3 in [10], Theorem 1
in [12], and Theorem 5 and Theorem 6 in [22]) in several aspects.

(2) Theorem 3.1 also extends Theorem 1 of Yao et al. [21] to the case of a
family of finite mappings under the different conditions on the parameter {βn}
and the sequence {xn} in the space having a weakly sequentially continuous
duality mapping.

(3) Corollary 3.1 (and Corollary 3.2) also improves Theorem 1 of Kim and
Xu [12] to the viscosity approximation method for finite nonexpansive mappings
together with different condition from the condition (A2) on {αn}.

(4) Even the case of βn = 0, Corollary 3.2 generalizes Theorem 10 of Jung
[8] and Theorem 2 of Jung [9] since the assumption of uniformly Gâteaux dif-
ferentiable norm and the fixed point property (that is, the uniform smoothness
assumption) was removed.

(5) Even the case of f(x) = u, x ∈ C, a constant, Theorem 3.1 also works in
a Banach space setting as opposed to iterative scheme of Nakajo and Takahashi
[15], which works in only in the framework of Hilbert spaces.
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LINEAR COMBINATIONS OF COMPOSITION OPERATORS
ON H∞(BN )

ZE-HUA ZHOU∗ AND YUAN CHEN

Abstract. We investigate the compactness of linear combinations of composition
operators acting on bounded holomorphic function space H∞(BN ) in the unit ball
of CN , and completely characterize the association of compactness and coefficients
of linear combinations of composition operators.

1. Introduction

The algebra of all holomorphic functions on the unit ball BN in CN will be denoted
by H(BN ). Let S(BN ) be the set of holomorphic self- maps of BN , and H∞(BN )
denote the space of all bounded holomorphic functions on BN endowed with the
norm of ‖f‖ = sup

z∈BN

|f(z)|, the closed unit ball of H∞(BN ) is written by H∞.

For z, w ∈ BN , it is well known that the pseudo-hyperbolic distance between z
and w is

ρ(z, w) = |ϕz(w)| =
∣∣∣∣z − Pz (w)− SzQz (w)

1− 〈w, z〉

∣∣∣∣
where Sz =

√
1− |z2|, Pz is the orthogonal projection from CN onto the one dimen-

sional subspace [z] generated by z, and Qz is the orthogonal projection from CN

onto CN − [z].
Let ϕ ∈ S(BN ), the composition operator Cϕ induced by ϕ is defined by

(Cφf)(z) = f(φ(z)),

for z in BN and f ∈ H(BN ). It is easy to see that the composition operator Cϕ is
always bounded on H∞(BN ) with norm 1.

During the past few decades much effort has been devoted to the research of such
operators on a variety of Banach spaces of holomorphic functions with the goal of
explaining the operator-theoretic behavior of Cϕ, such as compactness and spectra,
in terms of the function-theoretic properties of the symbol ϕ. We recommend the
interested readers refer to the books by J. H. Shapiro [8] and Cowen and MacCluer
[1], which are good sources for information on much of the developments in the
theory of composition operators up to the middle of last decade.

In the past few years, many authors are interested in studying the mapping prop-
erties of the difference of two composition operators, i.e., an operator of the form

T = Cϕ − Cψ.

The primary motivation for this has been the desire to understand the topologi-
cal structure of the whole set of composition operators acting on a given functions.

2000 Mathematics Subject Classification. Primary: 47B38; Secondary: 46E15, 32A37.
Key words and phrases. bounded analytic function spaces; composition operators; linear combi-

nations; coefficients.
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Most papers in this area have focused on the classic reflexive spaces, however, some
classical non-reflexive spaces have also been discussed lately in the unit disc in the
complex plane. In [6], MacCluer,Ohno and Zhao characterized the compactness of
the difference of composition operator on H∞ spaces by Poincaré distance. Their
work was extended to the setting of weighted composition operators by Hosokawa,
Izuchi and Ohno [3]. In [7], Moorhouse characterized the compact difference of com-
position operators acting on the standard weighted bergman spaces and necessary
conditions on a large scale of weighted Dirichlet spaces. Hosokawa and Ohno [3] and
[4] gave a characterization of compact difference on Bloch space in the unit disc. In
[9] and [2], Carl and Gorkin et al., independently extended the results to H∞(Bn)
spaces, they described compact difference by Carathéodory pseudo-distance on the
ball, which is the generalization of Poinaré distance on the disc.

Lately, Izuchi and Ohno [5] characterized the compactness of linear combinations
of composition operators on the Banach algebra of bounded analytic functions on
the open unit disk.

Motivated by [5] on the disk, we generalize the results to the unit ball, investigate
the compactness of linear combinations of composition operators acting on bounded
holomorphic function space H∞(BN ) in the unit ball of CN , and completely char-
acterize the association of compactness and coefficients of linear combinations of
composition operators. For the proof, we need some complex calculation skills.

2. Main Results

For our discussion of compactness, we will need the following, minor modification
of that of Theorem 3.4 in [1].

Proposition 1. (Compactness Criterion) Let ϕ1, ϕ2, · · · , ϕn be distinct functions
in S(BN ) and λi ∈ C with λi 6= 0. Then the linear combination of composition oper-

ators
n∑
i=1

λiCϕi is compact on H∞(BN ) if and only if whenever {fm}mis a bounded

sequence in H∞(BN ) such that {fm}m converges to 0 uniformly on any compact

subset of BN , then
∥∥∥∥ n∑
i=1

λiCϕi

∥∥∥∥
∞

tends to 0 as n →∞.

Let ϕ1, ϕ2, · · · , ϕn be distinct functions in S(BN ) and n ≥ 2. Let Z = Z(ϕ1, ϕ2, · · · , ϕn)
be the family of sequence{zk}k in BN satisfying the following three conditions:

(a) |ϕi(zk)| → 1 as k →∞ for some i;
(b) {ϕi(zk)}k is a convergent sequence for every i;

(c)
ϕj(zk)−Pϕj(zk)(ϕi(zk))−Sϕj(zk)Qϕj(zk)(ϕi(zk))

1−〈ϕi(zk),ϕj(zk)〉 is a convergent sequence for every
i, j.

(c’) ρ(ϕi(zk), ϕj(zk))k is a convergent sequence for every i, j.
Note that if |ϕi(zk)| → 1 as k → ∞ for some i, then it is easy to see that there

exists a subsequence
{
zkj

}
j
∈ Z.

For {zk}k ∈ Z, we write

I(zk) = {i : 1 ≤ i ≤ n, |ϕi(zk)| → 1 as k →∞}.

By condition (a), I(zk) 6= ∅. By condition (b), there exists δ with 0 < δ < 1 such
that |ϕj(zk)| < δ < 1 for every jnot ∈ I(zk) and k. For each t ∈ I(zk), let

I0(zk, t) = {j ∈ I(zk) : ρ(ϕj(zk), ϕt(zk)) → 0 as k →∞}.
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For s, t ∈ I(zk), it is clear that either I0(zk, s) = I0(zk, t) or I0(zk, s)
⋂

I0(zk, t) = ∅.
Hence there is a subset t1, t2, tl ⊂ I(zk) such that

I(zk) =
l⋃

p=1

I0({zk}, tp) and

l⋃
p=1

I0({zk}, tp)
⋂ l⋃

p=1

I0({zk}, tq) = ∅

for p 6= q.

When we consider the compactness of linear combinations
n∑
i=1

λiCϕi , some Cϕi

could be compact, that is ‖ϕi‖∞ < 1 (see Exercise 4.1.8(b) in [1]). We may exclude
such trivial ones from our linear combinations.

Theorem 1. Let ϕ1, ϕ2, · · · , ϕn be distinct functions in S(BN ) with ‖ϕi‖∞ = 1,
and λi ∈ C with λi 6= 0 for every i. Then the following conditions are equivalent.

(1)
n∑
i=1

λiCϕi is compact on H∞.

(2)
∑
{λi : i ∈ I0(zk, t)} = 0 for every {zk}k ∈ Z = Z(ϕ1, ϕ2, · · · , ϕn) and

t ∈ I(zk).

Proof. (1) ⇒ (2).

Suppose that
n∑
i=1

λiCϕi is compact on H∞. Let {zk}k ∈ Z and t ∈ I(zk), that is

|ϕt(zk)| → 1 as k →∞. For each positive integer k, denoting

fk(z) =
1− |ϕt (zk)|2

1− 〈z, ϕt (zk)〉
∏

j /∈I0({zk},t)

〈
ϕϕj(zk) (z) , ϕϕj(zk) (ϕt (zk))

〉
ϕϕji

(zk) (z),

where ji can be any integer ∈ I0(zk, t). It is easy to check that fk(z) ∈ H∞,
‖fk‖∞ ≤ 2 and {fk}k converges to 0 uniformly on every compact subset of BN . It
follows that∥∥∥∥∥

n∑
i=1

λiCϕifk

∥∥∥∥∥
∞

≥

∣∣∣∣∣
n∑
i=1

λifk (ϕi (zk))

∣∣∣∣∣
=

∣∣∣∣∣∣
∑

i∈I0({zk},t)

1− |ϕt (zk)|2

1− 〈ϕi (zk) , ϕt (zk)〉
∏

j /∈I0({zk},t)

〈
ϕϕj(zk) (ϕi (zk)) , ϕϕj(zk) (ϕt (zk))

〉
ϕϕji

(zk) (ϕi (zk))

∣∣∣∣∣∣ .

Here by the definition of I0(zk, t), it follows that ρ(ϕi(zk), ϕt(zk)) → 0 as k → ∞.
Hence 〈

ϕϕt(zk) (ϕi (zk)) , ϕt (zk)
〉

=
|ϕt (zk)|2 − 〈ϕi (zk) , ϕt (zk)〉

1− 〈ϕi (zk) , ϕt (zk)〉
→ 0,

furthermore
1− |ϕt (zk)|2

1− 〈ϕi (zk) , ϕt (zk)〉
→ 1

as k →∞.
With the same proof, when k →∞, we have

|ϕi (zk)|2 − 〈ϕt (zk) , ϕi (zk)〉
1− 〈ϕt (zk) , ϕi (zk)〉

→ 0

and
1− |ϕi (zk)|2

1− 〈ϕt (zk) , ϕi (zk)〉
→ 1.
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Note that i ∈ I0(zk, t),
1−|ϕi(zk)|2

1−|ϕt(zk)|2 → 1, it follows that 1− |ϕi (zk)|2, 1− |ϕt (zk)|2,1− 〈ϕt (zk) , ϕi (zk)〉
and 1− 〈ϕi (zk) , ϕt (zk)〉 are equivalent as k →∞.

On the other hand∣∣∣ϕϕj(zk) (ϕi (zk))− ϕϕj(zk) (ϕt (zk))
∣∣∣2

=
〈
ϕϕj(zk) (ϕi (zk))− ϕϕj(zk) (ϕt (zk)) , ϕϕj(zk) (ϕi (zk))− ϕϕj(zk) (ϕt (zk))

〉
= 1−

(
1− |ϕj (zk)|2

) (
1− |ϕi (zk)|2

)
|1− 〈ϕi (zk) , ϕj (zk)〉|2

−

1−

(
1− |ϕj (zk)|2

)
(1− 〈ϕi (zk) , ϕt (zk)〉)

(1− 〈ϕi (zk) , ϕj (zk)〉) (1− 〈ϕj (zk) , ϕt (zk)〉)


−

1−

(
1− |ϕj (zk)|2

)
(1− 〈ϕt (zk) , ϕi (zk)〉)

(1− 〈ϕj (zk) , ϕi (zk)〉) (1− 〈ϕt (zk) , ϕj (zk)〉)

 + 1−

(
1− |ϕj (zk)|2

) (
1− |ϕt (zk)|2

)
|1− 〈ϕt (zk) , ϕj (zk)〉|2

,

from the equality above, it follows that(
1− |ϕj (zk)|2

) (
1− |ϕi (zk)|2

)
×

∣∣∣∣ 1
1− 〈ϕi (zk) , ϕj (zk)〉

− 1
1− 〈ϕt (zk) , ϕj (zk)〉

∣∣∣∣2
=

(
1− |ϕj (zk)|2

) (
1− |ϕi (zk)|2

)
×

∣∣∣∣ 〈ϕi (zk)− ϕt (zk) , ϕj (zk)〉
(1− 〈ϕi (zk) , ϕj (zk)〉) (1− 〈ϕt (zk) , ϕj (zk)〉)

∣∣∣∣2
≤

(
1− |ϕj (zk)|2

) (
1− |ϕi (zk)|2

)
× 1

(1− |ϕj (zk)|) (1− |ϕi (zk)|)
×

∣∣∣∣〈ϕi (zk)− ϕt (zk) , ϕj (zk)〉
(1− 〈ϕt (zk) , ϕj (zk)〉)

∣∣∣∣2
≤ 4

∣∣∣∣〈ϕi (zk)− ϕt (zk) , ϕt (zk)〉+ 〈ϕi (zk)− ϕt (zk) , ϕj (zk)− ϕt (zk)〉
(1− 〈ϕt (zk) , ϕj (zk)〉)

∣∣∣∣2
≤ 8

|〈ϕi (zk)− ϕt (zk) , ϕt (zk)〉|2 + |〈ϕi (zk)− ϕt (zk) , ϕj (zk)− ϕt (zk)〉|2

|1− 〈ϕt (zk) , ϕj (zk)〉|2
.

Where ∣∣∣∣〈ϕi (zk)− ϕt (zk) , ϕt (zk)〉
1− 〈ϕt (zk) , ϕj (zk)〉

∣∣∣∣2
≤

∣∣∣∣∣ |ϕt (zk)|2 − 〈ϕi (zk) , ϕt (zk)〉
1− |ϕt (zk)|2

∣∣∣∣∣
2

→ 0

as k →∞ and∣∣∣ 〈ϕi(zk)−ϕt(zk),ϕj(zk)−ϕt(zk)〉
1−〈ϕt(zk),ϕj(zk)〉

∣∣∣2
≤ |ϕi (zk)− ϕt (zk)|2 × |ϕj (zk)− ϕt (zk)|2 × 1

|1−〈ϕt(zk),ϕj(zk)〉|2

≤
[∣∣∣|ϕi (zk)|2 − 〈ϕt (zk) , ϕi (zk)〉

∣∣∣ +
∣∣∣|ϕt (zk)|2 − 〈ϕi (zk) , ϕt (zk)〉

∣∣∣]
×||ϕj(zk)|2−〈ϕt(zk),ϕj(zk)〉|+||ϕt(zk)|2−〈ϕj(zk),ϕt(zk)〉|

|1−〈ϕt(zk),ϕj(zk)〉|2 .

(d)

If follows from condition (c) that〈
ϕϕj(zk) (ϕt (zk)) , ϕj (zk)

〉
=
|ϕj (zk)|2 − 〈ϕt (zk) , ϕj (zk)〉

1− 〈ϕt (zk) , ϕj (zk)〉
→ α, |α| < 1

and 〈
ϕϕt(zk) (ϕj (zk)) , ϕt (zk)

〉
=
|ϕt (zk)|2 − 〈ϕj (zk) , ϕt (zk)〉

1− 〈ϕj (zk) , ϕt (zk)〉
→ γ, |γ| < 1.
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While
|ϕi (zk)|2 − 〈ϕt (zk) , ϕi (zk)〉

1− |ϕt (zk)|
→ 0 and

|ϕt (zk)|2 − 〈ϕi (zk) , ϕt (zk)〉
1− |ϕt (zk)|

→ 0,

therefore (d) → 0 as k →∞.
That is

ϕϕj(zk) (ϕi (zk))− ϕϕj(zk) (ϕt (zk)) → 0
as k →∞. Therefore

lim
k→∞

ϕϕj(zk) (ϕi (zk)) = lim
k→∞

ϕϕj(zk) (ϕt (zk))

sincej /∈ I0({zk}, t). By the definition of I0(zk, t) and (c)

lim
k→∞

ϕϕj(zk) (ϕt (zk)) = βj,t 6= 0

for some βj,t ∈ CN .
By condition (1) and Proposition 1,∥∥∥∥∥

n∑
i=1

λiCϕifk

∥∥∥∥∥
∞

→ 0

as k →∞. Therefore we get ∑
i/∈I0({zk},t)

λi

 ∏
j /∈I0({zk},t)

βji,t |βj,t|
2 = 0.

Consequently, we have ∑
i/∈I0({zk},t)

λi = 0.

(2) ⇒ (1).

Suppose that
n∑
i=1

λiCϕi is not compact on H∞, then there exists a sequence {fm}m
in the ball of H∞ (BN ) such that fm → 0 uniformly on every compact subset of BN

and
∥∥∥∥ n∑
i=1

λifm (ϕi)
∥∥∥∥
∞
→ 0 as m →∞.

For some ε > 0, considering a sequence of {fm}m, we may assume that∥∥∥∥∥
n∑
i=1

λifm (ϕi)

∥∥∥∥∥
∞

> ε > 0

for every m.

Take zk ∈ BN with |zk| → 1 and
∣∣∣∣ n∑
i=1

λifm (ϕi) (zk)
∣∣∣∣ > ε.

Considering a subsequence of {zk}k, we may assume that ϕi(zk) → αi as k →∞
for every i. Since fm → 0 and uniformly on every compact subset of BN , |αi| = 1
for some i. Moreover we may assume that{zk}k ∈ Z. Also we have

lim
m→∞

inf

∣∣∣∣∣∣
∑

i∈I({zk})

λifm (ϕi (zk))

∣∣∣∣∣∣ ≥ ε.

Recall that there exists a subset {t1, t2, · · · , tl} ⊂ I{zk} such that

I{zk} =
l⋃

p=1

I0 ({zk} , tp),
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and
I0 ({zk} , tp) ∩ I0 ({zk} , tq) = ∅

for p 6= q.
Let i ∈ I0 ({zk} , tp), then

ρ
(
ϕi (zk) , ϕtp (zk)

)
→ 0

as k →∞.
By Schwarz’s lemma, it follows that

ρ
(
fm (ϕi (zk)) , fm

(
ϕtp (zk)

))
≤ ρ

(
ϕi (zk) , ϕtp (zk)

)
→ 0 (e)

as k →∞.
Since {fm (ϕi (zk))}m is bounded, considering a sequence of {zk}k , we may assume

that fm (ϕi (zk)) → βi as k → ∞ for every i. By (e), it follows that βi = βtp for
every i ∈ I0 ({zk} , tp). Therefore by condition (2),

lim
k→∞

∑
i∈I({zk})

λifm (ϕi(zk)) = lim
k→∞

l∑
p=1

∑
i∈I0({zk},tp)

λifm (ϕi(zk))

=
l∑

p=1

∑
i∈I0({zk},tp)

λiβtp =
l∑

p=1

βtp
∑

i∈I0({zk},tp)

λi = 0.

This contradicts condition. This completes the proof of Theorem 1. �

The following corollaries follow from Theorem 1.

Corollary 1. Let ϕ1, ϕ2, · · · , ϕn be distinct functions in S (BN ) with ‖ϕi‖∞ = 1
and λi ∈ C with λi 6= 0 for every i if

∑
i∈J

λi 6= 0 for every J ∈ {1, 2, · · · , n}, then

n∑
i=1

λiCϕi is not compact on H∞. This says that the sum
n∑
i=1

Cϕi is never compact

on H∞ for every ϕi ∈ S (BN ) with ‖ϕi‖∞ = 1, i = 1, 2, · · · , n.

Corollary 2. Let ϕ1, ϕ2, · · · , ϕn be distinct functions in S (BN ) with ‖ϕi‖∞ = 1

and λi ∈ C with λi 6= 0 for every i. Suppose that
n∑
i=1

λi = 0 and
∑
i∈J

λi 6= 0 for every

non-empty subset J of {1, 2, · · · , n}. Then
n∑
i=1

λiCϕi is compact on H∞ if and only

if Cϕi − Cϕj is compact on H∞ for every i, j with i 6= j.

Proof. Suppose that
n∑
i=1

λiCϕi is compact on H∞. Then by Theorem 1, for every

{zk}k ∈ Z, I ({zk}) = {1, 2, · · · · · · , n} and I0 ({zk} , t) = {1, 2, · · · · · · , n} .
For every t ∈ ({zk}). Hence lim|ϕi(z)|→1 ρ (ϕi (z) , ϕj (z)) → 0, by [9], Cϕi −Cϕj is

compact for every i, j. Suppose that Cϕi − Cϕj is compact for every i, j. Since
n∑
i=1

λiCϕi =
n∑
i=1

λiCϕ1 +
n∑
i=1

λi (Cϕi − Cϕ1) =
n∑
i=2

λi (Cϕi − Cϕ1),

it follows that
n∑
i=1

λiCϕi is compact. �

Under the assumption of Corollary 2, we obtain the following corollary by Theo-
rem 3 in [9].
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Corollary 3. Let ϕ1, ϕ2, · · · , ϕn be distinct functions in S (BN ) with ‖ϕi‖∞ = 1

and λi ∈ C with λi 6= 0 for every i. Suppose that
n∑
i=1

λi = 0 and
∑
i∈J

λi 6= 0 for

every non-empty proper subset J of {1, 2, · · · , n}. Then the following conditions are
equivalent:

(1)
n∑
i=1

λiCϕi: H∞ → H∞ is compact;

(2)
n∑
i=1

λiCϕi: B → H∞ is compact.
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1. Introduction

Let (X,Φ) be a uniform space, where X is a nonempty set equipped with a
nonempty family Φ of subsets ofX×X satisfying certain properties. Φ is called the uni-
form structure of X and its elements are called entourages or neighbourhoods or sur-
roundings. Interested readers can consult Bourbaki [4] and Zeidler [19] for the definition
of uniform space. The definition is also available on internet (by Wikipedia, the free
encyclopedia).

The concept of a W−distance on metric space was introduced by Kada et al [8]
to generalize some important results in nonconvex minimizations and in fixed point
theory for both W−contractive and W−expansive maps. The theory of fixed point or
common fixed point for contractive or expansive selfmappings in complete metric space
has been well-developed. Interested readers can consult Berinde [2, 3], Jachymski [6],
Kada et al [8], Kang [9], Rhoades [13, 14], Rus [16], Rus et al [17], Wang et al [18] and
Zeidler [19] for further study of fixed point or common fixed point theory.

Using the ideas of Kang [9], Montes and Charris [15] established some results
on fixed and coincidence points of maps by means of appropriate W−contractive or
W−expansive assumptions in uniform space. Furthermore, Aamri and El Moutawakil
[1] proved some common fixed point theorems for some new contractive or expan-
sive maps in uniform spaces by introducing the notions of an A−distance and an
E−distance.

In [1], the following contractive definition was employed:
Let f, g : X → X be selfmappings of X. Then, we have

(1) p(f(x), f(y)) ≤ ψ(p(g(x), g(y))), ∀ x, y ∈ X,

where ψ : IR+ → IR+ is a nondecreasing function satisfying
(i) for each t ∈ (0,+∞), 0 < ψ(t),
(ii) lim

n→∞
ψn(t) = 0, ∀ t ∈ (0,+∞).

ψ satisfies also the condition ψ(t) < t, for each t > 0.
In this paper, we shall establish some common fixed point theorems by employing

the concepts of an A−distance and an E−distance, the notion of the comparison func-
tions, as well as a contractive condition of the integral type. Literature abounds with
several contractive conditions that have been employed by various researchers over the
years to obtain different fixed point theorems. For the various contractive definitions
that have been employed over the years and the notion of the comparison functions, we
refer our interested readers to Berinde [2, 3], Branciari [5], Rhoades [13, 14], Rus [16]
and Rus et al [17]. Both Branciari [5] and Rhoades [13] used contractive conditions of
the integral type to extend the Banach’s fixed point theorem.

2
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2. Preliminaries

We shall require the following definitions and lemma in the sequel. The Remark
2.1, Definitions 2.2 - 2.6 and Lemma 2.7 are contained in [1, 9, 15]. Let (X,Φ) be a
uniform space.
Remark 2.1: When topological concepts are mentioned in the context of a uniform
space (X,Φ), they always refer to the topological space (X, τ(Φ)).
Definition 2.2: If V ∈ Φ and (x, y) ∈ V, (y, x) ∈ V, x and y are said to be V−close.
A sequence {xn}∞n=0 ⊂ X is said to be a Cauchy sequence for Φ if for any V ∈ Φ, there
exists N ≥ 1 such that xn and xm are V−close for n, m ≥ N.

Definition 2.3: A function p : X ×X → IR+ is said to be an A−distance if for any
V ∈ Φ, there exists δ > 0 such that if p(z, x) ≤ δ and p(z, y) ≤ δ for some z ∈ X, then
(x, y) ∈ V.
Definition 2.4: A function p : X ×X → IR+ is said to be an E−distance if
(p1) p is an A−distance,
(p2) p(x, y) ≤ p(x, z) + p(z, y), ∀ x, y ∈ X.
Definition 2.5: A uniform space (X,Φ) is said to be Hausdorff if and only if the
intersection of all V ∈ Φ reduces to the diagonal { (x, x) | x ∈ X} , i.e. if (x, y) ∈ V for
all V ∈ Φ implies x = y. This guarantees the uniqueness of limits of sequences. V ∈ Φ
is said to be symmetrical if V = V −1 = { (y, x) | (x, y) ∈ V } .
Definition 2.6: Let (X,Φ) be a uniform space and p be an A−distance on X.
(i) X is said to be S−complete if for every p−Cauchy sequence {xn}∞n=0 , there exists
x ∈ X with lim

n→∞
p(xn, x) = 0.

(ii) X is said to be p−Cauchy complete if for every p−Cauchy sequence {xn}∞n=0 , there
exists x ∈ X with lim

n→∞
xn = x with respect to τ(Φ).

(iii) f : X → X is p−continuous if lim
n→∞

p(xn, x) = 0 implies lim
n→∞

p(f(xn), f(x)) = 0.
(iv) f : X → X is τ(Φ)−continuous if lim

n→∞
xn = x with respect to τ(Φ) implies

lim
n→∞

f(xn) = f(x) with respect to τ(Φ).
(v) X is said to be p−bounded if δp(X) = sup { p(x, y) | x, y ∈ X} <∞.

We shall require the following lemma in the sequel.
Lemma 2.7: Let (X,Φ) be a Hausdorff uniform space and p be an A−distance on X.

Let {xn}∞n=0 , {yn}∞n=0 be arbitrary sequences in X and {αn}∞n=0 , {βn}∞n=0 be sequences
in IR+ converging to 0. Then, for x, y, z ∈ X, the following hold:
(a) If p(xn, y) ≤ αn and p(xn, z) ≤ βn, ∀ n ∈ IN, then y = z. In particular, if p(x, y) = 0
and p(x, z) = 0, then y = z.

(b) If p(xn, yn) ≤ αn and p(xn, z) ≤ βn, ∀ n ∈ IN, then {yn}∞n=0 converges to z.
(c) If p(xn, xm) ≤ αn ∀ m > n, then {xn}∞n=0 is a Cauchy sequence in (X,Φ).

3
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Remark 2.8: A sequence in X is p−Cauchy if it satisfies the usual metric condition.
See [1] for this remark.
Definition 2.9 [Berinde [2, 3]]: A function ψ : IR+ → IR+ is called a comparison
function if:
(i) ψ is monotone increasing ; (ii) lim

n→∞
ψn(t) = 0,∀ t ≥ 0.

See Rus [16] and Rus et al [17] for more on the comparison functions.
Remark 2.10: Every comparison function satisfies the condition ψ(0) = 0.
Also, both conditions (i) and (ii) imply that ψ(t) < t, ∀ t > 0.

In this paper, we shall employ the following contractive condition of the integral
type: Let f, g : X → X be selfmappings of X. There exist a comparison function
ψ : IR+ → IR+ and a monotone increasing function Φ : IR+ → IR+ with Φ(0) = 0 such
that ∀ x, y ∈ X, we have

(2)
∫ p(f(x),f(y))

0
ϕ(t)dt ≤ Φ

(∫ p(x,g(x))

0
ϕ(t)dt

)
+ ψ

(∫ p(g(x),g(y))

0
ϕ(t)dt

)
,

where ϕ : IR+ → IR+ is a Lebesgue-integrable mapping which is summable, nonnegative
and such that for each ε > 0,

∫ ε
0 ϕ(t)dt > 0.

Apart from condition (2), we shall also use the following contractive condition of the
integral type: Let f, g : X → X be selfmappings of X. There exist a constant L ≥ 0
and a comparison function ψ : IR+ → IR+ such that ∀ x, y ∈ X, we have

(3)
∫ p(f(x),f(y))

0
ϕ(t)dt ≤ L

∫ p(x,g(x))

0
ϕ(t)dt+ ψ

(∫ p(g(x),g(y))

0
ϕ(t)dt

)
,

where ϕ : IR+ → IR+ is a mapping as defined in (2).
Although, condition (2) is more general than (3), but we shall state without proof a
commmon fixed point result involving condition (3) and which also extends some re-
sults of [1, 5, 7, 10].
Remark 2.11: The contractive condition (2) is more general than (1) in the sense
that if in (2), ϕ(t) = 1, ∀ t ∈ IR+, and Φ(u) = 0, ∀ u ∈ IR+, then we obtain (1).
Our results are generalizations and extensions of some results of Aamri and El
Moutawakil [1], Branciari [5], Jungck [7] and Olatinwo [10, 11].

3. The Main Results

The main results of this paper are the following:
Theorem 3.1: Let (X,Φ) be a Hausdorff uniform space and p an E−distance on
X. Suppose that X is p−bounded and S−complete. Let f and g be commuting
p−continuous or τ(Φ)−continuous selfmappings of X such that
(i) f(X) ⊆ g(X);

4
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(ii) p(f(xi), f(xi)) = 0, ∀ xi ∈ X, i = 0, 1, 2, · · · ;
(iii) both f, g : X → X satisfy the contractive condition (2).
Let ψ : IR+ → IR+ be a comparison function and Φ : IR+ → IR+ a monotone increasing
function such that Φ(0) = 0. Suppose that ϕ : IR+ → IR+ is a Lebesgue-integrable
mapping which is summable, nonnegative and such that for each ε > 0,

∫ ε
0 ϕ(t)dt > 0.

Then, f and g have a unique common fixed point.
Proof: We shall first establish the existence of the common fixed point of f and g by
using property (p1) of E−distance:
Consider xn = f(xn−1) with x0 ∈ X. Choose x1 ∈ X such that f(x0) = g(x1),
choose x1 ∈ X such that f(x1) = g(x2), and in general,
choose xn ∈ X such that f(xn−1) = g(xn).
Therefore, we obtain by the repeated application of (2) that∫ p(f(xn),f(xn+m))

0 ϕ(t)dt ≤ Φ
(∫ p(xn,g(xn))

0 ϕ(t)dt
)

+ ψ
(∫ p(g(xn),g(xn+m))

0 ϕ(t)dt
)

= Φ
(∫ p(xn,f(xn−1))

0 ϕ(t)dt
)

+ ψ
(∫ p(f(xn−1),f(xn+m−1))

0 ϕ(t)dt
)

= ψ
(∫ p(f(xn−1),f(xn+m−1))

0 ϕ(t)dt
)

≤ ψ
(
Φ
(∫ p(xn−1,g(xn−1))

0 ϕ(t)dt
)

+ ψ
(∫ p(g(xn−1),g(xn+m−1))

0 ϕ(t)dt
))

= ψ
(
Φ
(∫ p(xn−1,f(xn−2))

0 ϕ(t)dt
)

+ ψ
(∫ p(f(xn−2),f(xn+m−2))

0 ϕ(t)dt
))

= ψ2
(∫ p(f(xn−2),f(xn+m−2))

0 ϕ(t)dt
)

≤ · · · ≤ ψn
(∫ p(f(x0),f(xm))

0 ϕ(t)dt
)
≤ ψn

(∫ δp(X)
0 ϕ(t)dt

)
,

from which we have that

(4)
∫ p(f(xn),f(xn+m))

0
ϕ(t)dt ≤ ψn

(∫ δp(X)

0
ϕ(t)dt

)
,

where p(f(x0), f(xm)) ≤ δp(X), δp(X) = sup { p(x, y) | x, y ∈ X} <∞
and

∫ δp(X)
0 ϕ(t)dt > 0 (by the condition on ϕ).

Therefore, using the definition of comparison function in (5) yields
ψn
(∫ δp(X)

0 ϕ(t)dt
)
→ 0 as n →∞,

from which it follows that∫ p(f(xn),f(xn+m))

0
ϕ(t)dt→ 0 as n →∞,

so that lim
n→∞

p(f(xn), f(xn+m)) = 0 since
∫ ε
0 ϕ(t)dt > 0 for each ε > 0.

Hence, by applying Lemma 2.7 (c), we have that {f(xn)}∞n=0 is a p-Cauchy sequence.
Since X is S−complete, lim

n→∞
p(f(xn), u) = 0, for some u ∈ X. Therefore

lim
n→∞

p(g(xn), u) = 0. Since f and g are p−continuous, then
lim

n→∞
p(f(g(xn)), f(u)) = lim

n→∞
p(g(f(xn)), g(u)) = 0.

Also, since f and g are commuting, then fg = gf, so that we have
lim

n→∞
p(f(g(xn)), f(u)) = lim

n→∞
p(f(g(xn)), g(u)) = 0,
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and by Lemma 2.7 (a), we obtain f(u) = g(u).
Since f(u) = g(u), fg = gf, we have f(f(u)) = f(g(u)) = g(f(u)) = g(g(u)).
Suppose that p(f(u), f(f(u))) 6= 0. Using condition (3), then we have that∫ p(f(u),f(f(u)))

0 ϕ(t)dt ≤ Φ
(∫ p(u,g(u))

0 ϕ(t)dt
)

+ ψ
(∫ p(g(u),g(f(u)))

0 ϕ(t)dt
)

= Φ
(∫ p(u,f(u))

0 ϕ(t)dt
)

+ ψ
(∫ p(f(u),f(f(u)))

0 ϕ(t)dt
)

= ψ
(∫ p(f(u),f(f(u)))

0 ϕ(t)dt
)
<
∫ p(f(u),f(f(u)))
0 ϕ(t)dt,

which is a contradiction. Thus,
∫ p(f(u),f(f(u))
0 ϕ(t)dt = 0 (by the fact that

∫ ε
0 ϕ(t)dt > 0

for each ε > 0). Therefore, it implies that p(f(u), f(f(u)) = 0.
Also, by using condition (ii) of the theorem, then we have that p(f(u), f(u)) = 0.
Since p(f(u), f(u)) = 0 and p(f(u), f(f(u))) = 0, then using Lemma 2.7 (a) yields
f(f(u)) = f(u).
Thus, we have g(f(u)) = f(f(u)) = f(u). Hence, f(u) is a common fixed point of f
and g.
The proof is similar when f and g are τ(Φ)−continuous as S−completeness implies
p−Cauchy completeness.
We now prove the uniqueness of the common fixed point of f and g :
Suppose not. Then, there exist u, v ∈ X such that f(u) = g(u) = u and
f(v) = g(v) = v. Let p(u, v) 6= 0. Then, we have∫ p(u,v)

0 ϕ(t)dt =
∫ p(f(u),f(v))
0 ϕ(t)dt ≤ Φ

(∫ p(u,g(u))
0 ϕ(t)dt

)
+ ψ

(∫ p(g(u),g(v))
0 ϕ(t)dt

)
= Φ

(∫ p(u,f(u))
0 ϕ(t)dt

)
+ ψ

(∫ p(f(u),f(v))
0 ϕ(t)dt

)
= ψ

(∫ p(u,v)
0 ϕ(t)dt

)
<
∫ p(u,v)
0 ϕ(t)dt,

from which we have that∫ p(u,v)
0 ϕ(t)dt = 0, by the condition on ϕ. Therefore, it implies that p(u, v) = 0.

In a similar manner, we also have that p(v, u) = 0.
Using condition (p2) of E−distance, we have p(u, u) ≤ p(u, v) + p(v, u),
from which it follows that p(u, u) = 0.
Since p(u, u) = 0 and p(u, v) = 0, then by Lemma 2.7 (a), we have that u = v.

Corollary 3.2: Let (X,Φ) be a Hausdorff uniform space and p an E−distance on
X. Suppose that X is p−bounded and S−complete. Let f and g be commuting
p−continuous or τ(Φ)−continuous selfmappings of X such that
(i) f(X) ⊆ g(X);
(ii) p(f(xi), f(xi)) = 0, ∀ xi ∈ X, i = 0, 1, 2, · · · ;
(iii) both f, g : X → X satisfy the contractive condition (3).
Let ψ : IR+ → IR+ be a comparison function and ϕ : IR+ → IR+ a Lebesgue-integrable
mapping which is summable, nonnegative and such that for each ε > 0,

∫ ε
0 ϕ(t)dt > 0.
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Then, f and g have a unique common fixed point.
Proof: The proof of Corollary 3.2 follows a similar argument as in Theorem 3.1.
Remark 3.3: The results in this paper are generalizations and extensions of both The-
orem 3.1 and Theorem 3.2 of Aamri and El Moutawakil [1], Theorem 2.1 of Branciari
[5] as well as some results of Olatinwo [10, 11, 12].
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STATISTICAL APPROXIMATION TO PERIODIC FUNCTIONS
BY A GENERAL CLASS OF LINEAR OPERATORS

GEORGE A. ANASTASSIOU AND OKTAY DUMAN

Abstract. In this paper, we are considering A-statistical convergence and
by using various matrix summability methods we present an approximation
theorem, which is a non-trivial generalization of Baskakov�s result [5] regarding
the approximation to periodic functions by a general class of linear operators.

1. Introduction

Recent studies demonstrate that the notion of statistical convergence, which
was �rst introduced by Fast [1], plays an important role in the approximation
theory (see, e.g., [2, 3, 4]). This type of convergence method is quite e¤ective,
especially when the classical limit fails. The aim of this study is to obtain a general
approximation theorem via statistical convergence, which generalizes Baskakov�s
results (see [5]) on the approximation to periodic functions by means of a general
class of linear operators.
Consider the sequence of linear operators

(1.1) Ln(f ;x) =
1

�

�Z
��

f(x+ t)Un(t)dt; f 2 C2� and n = 1; 2; :::;

where

Un(t) =
1

2
+

nX
k=1

�
(n)
k cos kt:

As usual, C2� denotes the space of all 2�-periodic and continuous functions on the
whole real line, endowed with the norm

kfkC2� := sup
x2R

jf(x)j ; f 2 C2�:

If Un(t) � 0; t 2 [0; �]; then the operators (1.1) are positive. In this case, Korovkin
[6] proved the following approximation theorem:

Theorem A [6]. If limn!1 �
(n)
1 = 1 and Un(t) � 0 for all t 2 [0; �] and n 2 N ,

then, for all f 2 C2�;
lim
n!1

Ln(f ;x) = f(x) uniformly with respect to all x 2 R.

Observe that Theorem A is valid for the positive linear operators (1.1) we con-
sider. However, Baskakov [5] shows that an analogous result is also valid for a more
general class of linear operators that are not necessarily positive. In this paper,

Key words and phrases. Statistical convergence, positive operators, Baskakov theorem, Ko-
rovkin theorem.
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2 GEORGE A. ANASTASSIOU AND OKTAY DUMAN

using the concept of statistical convergence we give a generalization of both of the
results of Korovkin and Baskakov.
Before proceeding further we recall some basic de�nitions and notation used in

the paper.
Let K be a subset of N, the set of all natural numbers. Then, the asymptotic

density of K, denoted by �(K), is given by

�fKg := lim
j

1

j
jfn � j : n 2 Kgj

whenever the limit exists, where jBj denotes the cardinality of the set B: A number
sequence (xn) is statistically convergent to L if, for every " > 0;

� fn : jxn � Lj � "g = 0;

or, equivalently,

lim
j

1

j
jfn � j : jxn � Lj � "gj = 0

for every " > 0: In this case, we write st � limn xn = L: Note that convergent
sequences are statistically convergent, but the converse is not always true. Although
every convergent sequence is bounded, a statistically convergent sequence does not
need to be bounded. If

� fn : jxnj > Mg = 0 for some M > 0;

then we say that (xn) is statistically bounded. Of course, every bounded sequence
is statistically bounded but not conversely. However, we can easily see that every
statistically convergent sequence must be statistically bounded. Connor [7] proved
the following useful characterization for statistical convergence.

Theorem B [7]. st� limn xn = L if and only if there exists an index set K with
�fKg = 1 such that lim

n2K
xn = L; i.e., for every " > 0; there is a number n0 2 K

such that jxn � Lj < " holds for all n � n0 with n 2 K:

Other important properties of statistical convergence may be found in the papers
[1, 8, 9]. Now let A := (ajn); j; n = 1; 2; :::; be an in�nite summability matrix. For
a given sequence (xn); the A- transform of x, denoted by ((Ax)j), is given by

(Ax)j =
1X
n=1

ajnxn

provided the series converges for each j 2 N. We say that A is regular [10] if

lim
j
(Ax)j = L whenever lim

n
xn = L :

Assume that A is a non-negative regular summability matrix. Using this type
matrices Freedman and Sember [11] extent the statistical convergence to the concept
of A-statistical convergence as follows:
The A-density of a subset K of N is de�ned by

�AfKg = lim
j

X
n2K

ajn
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STATISTICAL APPROXIMATION TO PERIODIC FUNCTIONS 3

provided that the limit exists. Of course, if we take A = C1 = (cjn); the Cesáro
matrix given by

cjn :=

8<:
1

j
; if 1 � n � j
0; otherwise,

then �C1fKg = �fKg: As in the de�nition of statistical convergence, we say that
(xn) is A-statistically convergent to L if, for every " > 0;

�A fn : jxn � Lj � "g = 0;
or, equivalently,

lim
j

X
n : jxn�Lj�"

ajn = 0:

This limit is denoted by stA � limn xn = L (see, e.g., [9, 11, 12]). Observe that
if A = C1; then C1-statistical convergence coincides with statistical convergence.
Also, if

�A fn : jxnj > Mg = 0 for some M > 0;

then (xn) is called A-statistically bounded. It is not hard to see that every conver-
gent sequence is A-statistically convergent to the same value for any non-negative
regular matrix A: This follows from the well-known regularity conditions of A in-
troduced by Silverman and Toeplitz (see, for instance, Hardy [13, pp. 43-45]); but
its converse is not always true. Actually, if A = (ajn) is any nonnegative regular
summability matrix satisfying the condition

lim
j
max
n
fajng = 0;

then A-statistical convergence is stronger than convergence (see [9]). We should
note that Theorem B is also valid for A-statistical convergence (see [12]).

2. A Statistical Approximation Theorem

We denote by E the class of operators Ln as in (1.1) such that the integrals
�=2Z
t

�Z
t1

Un(t2)dt2dt1; 0 � t <
�

2
;

tZ
�=2

�Z
t1

Un(t2)dt2dt1;
�

2
� t � �;

are non-negative. Obviously, the class E contains the class of positive linear oper-
ators Ln with Un(t) � 0; t 2 [0; �].
Now we are ready to give our main result.

Theorem 2.1. Let A = (ajn) be a non-negative regular summability matrix. If the
sequence of operators (1:1) belongs to the class E; and if the following conditions

(a) stA � lim
n
�
(n)
1 = 1;

(b) �A

8<:n : kLnk = 1

�

�Z
��

jUn(t)j dt > M

9=; = 0
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4 GEORGE A. ANASTASSIOU AND OKTAY DUMAN

hold for some M > 0, then, for all f 2 C2�; we have
stA � lim

n
kLn(f)� fkC2� = 0:

Proof. Since the functions cos t and Un(t) are even, we may write from (1.1) that

1� �(n)1 =
2

�

�Z
0

(1� cos t)Un(t)dt:

Now integrating twice by parts of the above integral we have

1� �(n)1 =
2

�

�Z
0

sin t

0@ �Z
t

Un(t1)dt1

1A dt
=

2

�

�Z
0

cos t

0B@ �=2Z
t

�Z
t1

Un(t2)dt2dt1

1CA dt:
By the hypothesis (a); we see that

(2.1) stA � lim
n

8><>:
�Z
0

cos t

0B@ �=2Z
t

�Z
t1

Un(t2)dt2dt1

1CA
9>=>; dt = 0:

Since the operators belong to E; the sign of the term inside the brackets is the same
as the function cos t for all t 2 [0; �]: So, it follows from (2.1) that

(2.2) stA � lim
n

8><>:
�Z
0

�������cos t
0B@ �=2Z

t

�Z
t1

Un(t2)dt2dt1

1CA
������� dt
9>=>; = 0:

Now we claim that

(2.3) stA � lim
n

8><>:
�Z
0

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt
9>=>; = 0:

To establish this, for any " > 0; we �rst choose � = �(") such that 0 < � <
r

"

M�
:

Since
�Z
0

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt �
Z

jt��=2j��

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt
+

Z
jt��=2j>�

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt;
we write

(2.4)

�Z
0

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt � Jn;1 + Jn;2;
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where

Jn;1 :=

Z
jt��=2j��

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt
and

Jn;2 :=

Z
jt��=2j>�

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt
Setting, for some M > 0;

K := fn : kLnk > Mg ;
we get from (b) that �AfNnKg = 1: Also, observe that������

�Z
t1

Un(t2)dt2

������ � M�

2

holds for all n 2 NnK and for all t1 2 [0; �]. Since 0 < � <
r

"

M�
; we have

Jn;1 < "

for every " > 0 and for all n 2 NnK. This means that
lim
n!1
(n2NnK)

Jn;1 = 0

Since �AfNnKg = 1; it follows from Theorem B that

(2.5) stA � lim
n
Jn;1 = 0:

On the other hand, we get

Jn;2 �

�������
Z

jt��=2j>�

cos t

cos(�=2� �)

0B@ �=2Z
t

�Z
t1

Un(t2)dt2dt1

1CA dt
������� ;

which implies that

Jn;2 �
1

cos(�=2� �)

�Z
0

cos t

0B@ �=2Z
t

�Z
t1

Un(t2)dt2dt1

1CA dt
for all n 2 N. By (2.2), it is clear that
(2.6) stA � lim

n
Jn;2 = 0:

Now, for a given r > 0; de�ne the sets

D : =

8><>:n :
�Z
0

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt � r
9>=>; ;

D1 : =
n
n : Jn;1 �

r

2

o
;

D2 : =
n
n : Jn;2 �

r

2

o
:
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6 GEORGE A. ANASTASSIOU AND OKTAY DUMAN

Then, by (2.4), we immediately get that

D � D1 [D2;
and hence

(2.7)
X
n2D

ajn �
X
n2D1

ajn +
X
n2D2

ajn

holds for all j 2 N. Letting j !1 in both sides of (2.7) and also using (2.5), (2.6),
we conclude that

lim
j

X
n2D

ajn = 0;

which proves our claim (2.3). Now letm be an arbitrary non-negative integer. Since���1� �(n)m

��� =

������ 2�
�Z
0

(1� cosmt)Un(t)dt

������
=

�������
2m2

�

�Z
0

cosmt

0B@ �=2Z
t

�Z
t1

Un(t2)dt2dt1

1CA dt
�������

� 2m2

�

�Z
0

�������
�=2Z
t

�Z
t1

Un(t2)dt2dt1

������� dt;
(2.3) implies, for every m � 0; that

stA � lim
n
�(n)m = 1:

The operators (1.1) can be written as follows:

Ln(f ;x) =
1

�

�Z
��

f(t)

(
1

2
+

nX
k=1

cos k(t� x)
)
dt;

see, e.g., [6, p. 68]. Then we observe that

Ln(1;x) = 1

and

Ln(cos kt;x) = �
(n)
k cos kx;

Ln(sin kt;x) = �
(n)
k sin kx

for k = 1; 2; :::; and for all n 2 N, see, e.g., [6, p. 69]. Thus, we have
stA � lim

n
kLn(fm)� fmkC2� = 0;

where the set ffm : m = 0; 1; 2; :::g denotes the class f1; cosx; sinx; cos 2x; sin 2x; :::g:
Since ff0; f1; f2; :::g is a fundamental system of C2� (see, for instance, [6]), for a
given f 2 C2�; we can �nd a trigonometric polynomial P given by

P (x) = a0f0(x) + a1f1(x) + :::+ amfm(x)

such that for any " > 0 the inequality

(2.8) kf � PkC2� < "

205



STATISTICAL APPROXIMATION TO PERIODIC FUNCTIONS 7

holds. By linearity of the operators Ln; we have

(2.9) kLn(f)� Ln(P )kC2� = kLn(f � P )kC2� � kLnk kf � PkC2� :
It follows from (2.8), (2.9) and (b) that, for all n 2 NnK;
(2.10) kLn(f)� Ln(P )kC2� �M":
On the other hand, since

Ln(P ;x) = a0Ln(f0;x) + a1Ln(f1;x) + :::+ amLn(fm;x);

we obtain, for every n 2 N, that

(2.11) kLn(P )� PkC2� � C
mX
i=0

kLn(fi)� fikC2� ;

where C = maxfja0j ; ja1j ; :::; jamjg: Thus, for every n 2 NnK; we get from (2.8),
(2.10) and (2.11) that
(2.12)

kLn(f)� fkC2� � kLn(f)� Ln(P )kC2� + kLn(P )� PkC2� + kf � PkC2�
� (M + 1)"+ C

mP
i=0

kLn(fi)� fikC2�

Now, for a given r > 0; choose " > 0 such that 0 < (M + 1)" < r. Then de�ne the
following sets:

E : =
�
n 2 NnK : kLn(f)� fkC2� � r

	
;

Ei : =

�
n 2 NnK : kLn(fi)� fikC2� �

r � (M + 1)"

(m+ 1)C

�
; i = 0; 1; :::;m:

From (2.12), we easily check that

E �
m[
i=0

Ei;

which yields, for every j 2 N,

(2.13)
X
n2E

ajn �
mX
i=0

X
n2Ei

ajn:

Taking limit as j ! 1 in both sides of (2.13) and using the hypothesis (a) we
obtain that

lim
j

X
n2E

ajn = 0:

So we have
stA � lim

n
kLn(f)� fkC2� = 0:

Theorem is proved. �
Concluding Remarks. If we replace the matrix A with the identity matrix, then
our Theorem 2.1 reduces to Baskakov�s result (see [5, Theorem 1]). Observe that if
the matrix A = (ajn) satis�es the condition limj maxnfajng = 0; then Baskakov�s
result does not necessarily hold while Theorem 2.1 still holds. Furthermore, taking
the Cesáro matrix C1 instead of A, one can obtain the statistical version of Theorem
2.1.
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                           Abstract. In this paper general new theorems concerning  
                           integral inequalities are given. These theorems cover  
                           known results,  generalizations and new results. 
                       

1. Introduction 
    
   In [4] the following result was proved  
If   0≥f  is a continuous function on [0,1] such that 

(1.1)                                   ∫ ∫ ∈∀≥
1 1

],1,0[,)(
x x

xdttdttf  

then 

(1.2)                              .0,)()(
1

0

1

0

1 >∀≥ ∫∫ + ααα dxxfxdxxf  

 
The following question was raised  in [4] 
If  f  satisfies the above assumptions, under what additional assumptions can one claim 
that 

(1.3)                       ?0,,)()(
1

0

1

0

>∀≥ ∫∫ + βαβαβα dxxfxdxxf  

 It was proved in [3]  that  if  0≥f  is a continuous function on [0,b] satisfying 

(1.4)                      ,],0[,0,,)( bxbdttdttf
b

x

b

x

∈∀>≥ ∫∫ ααα  

then 

(1.5)                         .0,)()(
00

>∀≥ ∫∫ + ββαβα
bb

dxxfxdxxf  

In [1] the authors gave an answer to the posed question of [4] by establishing the 
following 
    
   Theorem 1.1.  If  f  is nonnegative continuous satisfies (1.1),   then 

(1.6)                       ∫∫ ≥+
1

0

1

0

)()( dxxfxdxxf αββα  

for every  1≥α  and  .0>β  
 
Finally,  the author in [2]  generalized the result of [1] by giving the following 
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   Theorem 1.2.  Suppose  ggfbaLgf ,0,,],[, 1 ≥∈ is nondecreasing. If 

(1.7)                            ∫∫ ∈∀≥
b

x

b

x

baxdttgdttf ,],[,)()(  

then 

(1.8)            .1,0,,)()()( ≥+≥∀≥ ∫∫ + βαβαβαβα
b

a

b

a

dxxgxfdxxf  

 
2. Main Result  

 
We state and prove the following   
   
   Theoem 2.1.   Suppose  ,0,, ≥ϕgf ( )ℜ∈Φℜ→ ],,[,,,],[:, baCbagf ϕφ , g,ϕ  
are nondecreasing . If 

(2.1)                            ( ) ( )∫ ∫ ∈∀≥Φ
b

x

b

x

baxdttgdttf ,],[)()( φ  

then 
 

(2.2)                       ( ) ( ) ( ) ( )dxxgxgdxxfxg
b

a

b

a
∫∫ ≥Φ )()()()( φϕϕ .                                 

If  (2.1) reverses,  then (2.2)  reverses . 
 
Proof .  Integration by parts gives 

          ( ) ( ) ( )( ) dxdttgtfxgxg
b

x

b

a
∫∫ −Φ′′ )(()()( φϕ  

                    ( ) ( ) ( )( ) ( ) ( ) ( )( )[ ]dxxgxfxgdttgtfxg
b

a

b

a

b

x

)()()()()()( φϕφϕ −Φ−−⎥
⎦

⎤
⎢
⎣

⎡
−Φ= ∫∫  

               ( ) ( ) ( )( ) ( ) ( ) ( )( )dxxgxfxgdttgtfag
b

a

b

a

)()()()()()( φϕφϕ −Φ+−Φ−= ∫∫ . 

Therefore 

     ( ) ( ) ( )( ))()()( xgxfxg
b

a

φϕ −Φ∫ dx   

                                    

( ) ( ) ( )( ) ( ) ( ) ( )( )dttgtfagdxdttgtfxgxg
b

a

b

x

b

a
∫∫∫ −Φ+−Φ′′= )()()()(()()( φϕφϕ  

         .0≥  
 
 
 
 
Theoem 2.2.   Suppose  ,0,, ≥ϕgf ( )ℜ∈Φℜ→ ],,[,,,],[:, baCbagf ϕφ , g,ϕ  are 
nonincreasing . If 
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(2.3)                            ( ) ( )∫ ∫ ∈∀≥Φ
x

a

x

a

baxdttgdttf ,],[)()( φ  

then 

(2.4)                          ( ) ( ) ( ) ( ) .)()()()( dxxgxgdxxfxg
b

a

b

a
∫∫ ≥Φ φϕϕ  

If  (2.3) reverses,  then (2.4)  reverses . 
 
Proof .  Integration by parts gives 

          ( ) ( ) ( )( ) dxdttgtfxgxg
x

a

b

a
∫∫ −Φ′′ )(()()( φϕ  

                    ( ) ( ) ( )( ) ( ) ( ) ( )( )dxxgxfxgdttgtfxg
b

a

b

a

x

a

)()()()()()( φϕφϕ −Φ−⎥
⎦

⎤
⎢
⎣

⎡
−Φ= ∫∫  

               ( ) ( ) ( )( ) ( ) ( ) ( )( )dxxgxfxgdttgtfbg
b

a

b

a

)()()()()()( φϕφϕ −Φ−−Φ= ∫∫ . 

Therefore 

     ( ) ( ) ( )( ))()()( xgxfxg
b

a

φϕ −Φ∫ dx   

                                    

( ) ( ) ( )( ) ( ) ( ) ( )( )dttgtfbgdxdttgtfxgxg
b

a

x

a

b

a
∫∫∫ −Φ+−Φ′′−= )()()()(()()( φϕφϕ  

         .0≥  
 
   Theorem 2.3.  Suppose  ,0,, ≥ϕgf ( ),],,[,,,],[:, ℜ∈Φℜ→ baCbagf ϕφ    

,,, ϕgf  are nondecreasing .  If 

(2.5)                        ,],[)()(
)(

)(

)(

)(

baxdttdtt
bf

xf

bf

xf

∈∀≥Φ∫ ∫φ  

then 

(2.6)                    ( ) ( ) ( ) ( )dxxfxgdxxfxg
b

a

b

a
∫∫ ≥Φ )()()()( φϕϕ  . 

If (2.5) reverses,  then  (2.6)  reverses . 
 
Proof .    We have 

       ( ) ( ) dxdtttxgxg
bf

xf

b

a
∫∫ −Φ′′

)(

)(

)()()()( φϕ  

                ( ) ( ) ( ) ( ) ( )( )[ ] dxxfxfxgdtttxg
b

a

b

a

bf

xf

)()()()()()(
)(

)(

φϕφϕ −Φ−−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−Φ= ∫∫  

             ( ) ( ) +−Φ−= ∫
)(

)(

)()()(
bf

af

dtttag φϕ  ( ) ( ) ( )( ) dxxfxfxg
b

a

)()()( φϕ −Φ∫ , 

which implies 
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   ( ) ( ) ( )( ) dxxfxfxg
b

a

)()()( φϕ −Φ∫  

                       ( ) ( ) ( ) ( )∫∫∫ −Φ+−Φ′′=
)(

)(

)(

)(

)()()()()()()(
bf

af

bf

xf

b

a

dtttagdxdtttxgxg φϕφϕ  

                    .0≥  
 
 
 
 
Theorem 2.4.  Suppose  ,0,, ≥ϕgf ( ),],,[,,,],[:, ℜ∈Φℜ→ baCbagf ϕφ    gf ,  
are nondecreasing ,  ϕ  is nonincreasing .  If 

(2.7)                        ,],[)()(
)(

)(

)(

)(

baxdttdtt
xf

af

xf

af

∈∀≥Φ∫ ∫φ  

then 

(2.8)                    ( ) ( ) ( ) ( )dxxgxgdxxfxg
b

a

b

a
∫∫ ≥Φ )()()()( φϕϕ  . 

If (2.7) reverses,  then  (2.8)  reverses . 
 
 
Proof.  It is similar to the proof of theorem 2.3  and therefore it is omitted . 
 
 
 
   3.  Applications 
 
We start with the following new result which generalized a similar result to theorem 1.1 
, but in this case we have interchanged the domains of  α   and  β  . 
 
   Theorem 3.1.   Let f  be nonnegative continuous satisfying (1.7), then 

(3.1)                   ∫∫ ≥+
b

a

b

a

dxxgxfdxxf )()()( αββα ,    .1,0 ≥>∀ βα  

Proof.  Making use of theorem 2.1  by putting 
                                      ,0,)(, >===Φ γϕφ γxxI  
we have 

(3.2)                        .0,)()()( 1 >≥ ∫∫ + γγγ
b

a

b

a

dxxgdxxgxf  

Applying the AG inequality,  we have,  for  ,1≥β  
                                ,)()()()1()( 1 xgxfxgxf −+−≥ βββ ββ  
which implies 
(3.3)                )()()()1()()( 1 xgxfxgxgxf −++ +−≥ βαβααβ ββ . 
Since  for  ,0, >βα  we have 
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(3.4)                        ( )( ) 0)()()()( ≥−− xgxfxgxf ββαα , 
then via (3.3),  the above implies 
                 )()()()()()( xgxgxfxgxfxf βααββαβα ++ −≥−  
                                            ( ))()()( 1 xgxgxf βαβαβ +−+ −≥  . 
The result follows by integrating the above and making use of  (3.2). 

 
 

Theorem 1.2  can also be obtained from theorem 2.1 as follows 
 
   Theorem 3.2 [2] .  Let  f,g  be nonnegative continuous ,  g is nondecreasing. If (1.7) 
satisfied,  then (1.8) valid . 
 
Proof.  Making use of the AG inequality,  we have 
(3.5)        ( )( ) .1,)()()()()( 1 ≥+−+≥− +−+++ βαβα βαβαβαβα xgxgxfxgxf  
By (3.2), on integrating the above,  we obtain 

(3.6)          ( ) ( ) ( )∫∫ ≥−+≥− +−+++
b

a

b

a

dxxgxgxfdxxgxf .0)()()()()( 1 βαβαβαβα βα  

Now,  by the AG inequality again,  we have 

               ( ).)()()()()()( xgxgxfxgxfxf βαβαβαβα

α
β ++ −≥−  

Integrating the above  with the using of (3.6)  we get 

           ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≥− ∫ ∫∫∫ ++

b

a

b

a

b

a

b

a

dxxgdxxgxfdxxgxfdxxf )()()()()()( βαβαβαβα

α
β  

                                                        ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≥ ∫ ∫ +

b

a

b

a

dxxfdxxgxf )()()( βαβα

α
β . 

The above implies 

          ( )αβ /1+ .0)()()( ≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− ∫∫ +

b

a

b

a

dxxgxfdxxf βαβα  

 
The following  is a generalization  of the result of [1] . 
 
   Theorem 3.3.   If 0, ≥gf  are continuous functions on [a,b] satisfying 

(3.7)                            ],,[,)()( baxdttgdttf
b

x

b

x

∈∀≥ ∫∫ αα  

  then 

(3.8)                    .0,,)()()( >≥ ∫∫ + βαβαβα
b

a

b

a

dxxgxfdxxf  

Proof.   The inequality 
                                   ( )( ) 0)()()()( ≥−− xgxfxgxf ααββ  
implies 
(3.9)                     ( ) ( ) .)()()()()()( xgxfxgxgxfxf ααβααβ −≥−  
On putting   ,)(,)()( βα ϕφ xxxxx ===Φ   in theorem 2.1  and using (3.9),  we obtain 
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                ( ) ( ) .0)()()()()()( ≥−≥− ∫∫ dxxgxfxgdxxgxfxf
b

a

b

a

ααβααβ  

 
The result of [1]  follows by putting in theorem 3.3,  .)( xxg =  
 
Another kind of such integral inequalities,   the following reverse inequality . 
    
   Theorem 3.4.  Let  f, g  be nonnegative continuous functions defined on [a,b] and 
let .10 <<< αβ  If 

(3.10)                         ,],[,)()( baxdttgdttf
b

x

b

x

∈∀≤ ∫∫ −− ββ  

then 

(3.11)                             ∫∫ −− ≤
b

a

b

a

dxxgxfdxxf )()()( αββα  

Proof.  The inequality 
                                  ( )( ) ,0)()()()( ≤−− −− xgxfxgxf ββαα  
implies 

                 ( ) ( ) .)()()()()()( dxxgxfxgdxxgxfxf
b

a

b

a
∫∫ −−−− −≤− ββαββα  

But the  RHS  of the above inequality is  ,0≤   which follows from theorem 2.1, by 
putting    αβ ϕφ xxxxx ===Φ − )(,)()( ,  the result follows . 

 
 

   Theorem 3.5.  Let  f, g  be nonnegative continuous and let .10 <<< αβ If 

(3.12)                             ∫ ∫ ∈∀≤
x

a

x

a

baxdttgdttf ,],[,)()(  

then 

(3.13)                             .)()()( ∫∫ −− ≤
b

a

b

a

dxxfxgdxxf βαβα  

Proof.  Making use of the AG inequality,  we have for  ,10 << α  
                                  ,)()()()1()( 1 xgxfxgxf −+−≤ ααα αα  
which implies  
(3.14)                     .)()()()1()()( 1 xgxfxgxgxf −−−− +−≤ βαβαβα α  
The inequality   ( )( ) ,0)()()()( ≤−− −− xgxfxgxf ββαα   with (3.14)  implies 

            ( ) ( )dxxgxgxfdxxfxgxf
b

a

b

a

)()()()()()( βαβαβαβα −−−− −≤− ∫∫  

                                                             ( )dxxgxgxf
b

a

)()()( 1 βαβαα −−− −≤ ∫ . 

The last integral  is nonpositive,  which follows from  theorem 2.2,  by putting 
                                          .)(, 1−−===Φ βαϕφ xxI  
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1 Introduction

The following Bernstein’s result is classical.

Theorem 1.1. (see e.g. [4, p. 88]) Denoting D1 = {z ∈ C : |z| < 1}, if G ⊂ C

is open, so that D1 = {z ∈ C; |z| ≤ 1} ⊂ G and if f : G → C is analytic in G, then

the complex Bernstein polynomials Bn(f)(z) =
∑n

k=0

(
n
k

)
zk(1− z)n−kf(k/n), uniformly

converge to f in D1.

An upper estimate of this uniform convergence was found in several recent works, see

e.g. [1-3], [5] and can be expressed by the following.

Theorem 1.2. Let DR = {z ∈ C; |z| < R} denote the open disk of radius R > 1 and

center 0, and let us suppose that f : DR → C is analytic in DR, that is we can write

1
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2 Complex Bernstein polynomials

f(z) =
∑∞

k=0 ckzk, for all z ∈ DR. Then for all n ∈ N and 1 ≤ r < R we have

‖Bn(f)− f‖r ≤ O[1/n],

with explicit constants depending on f and r in O
[

1
n

]
(for example, by e.g. [3] we can

write ‖Bn(f)− f‖r ≤ Mr(f)
n , where 0 < Mr(f) = 2

∑∞
j=2 j(j− 1)|cj |rj < ∞). Here ‖ · ‖r

denotes the uniform norm in Dr.

Also, recently we proved the following Voronovskaja’s theorem in complex setting.

Theorem 1.3. ([2])Let R > 1 and suppose that f : DR → C is analytic in DR, that

is we can write f(z) =
∑∞

k=0 ckzk, for all z ∈ DR. For any r ∈ [1, R) and n ∈ N we have

‖Bn(f)− f − e1(1− e1)
2n

f ′′‖r ≤ 5Kr(f)(1 + r)2

2n2
,

where e1(z) = z and Kr(f) =
∑∞

k=3 |ck|k(k − 1)(k − 2)2rk−2 < ∞.

In Section 2 we prove that if the analytic function f is not a polynomial of degree

≤ 1, then we have ‖Bn(f) − f‖r ≥ Cr(f)
n , n ∈ N, that is in Theorem 1.2 in fact the

equivalence ‖Bn(f)− f‖r ∼ 1
n holds. In Section 3 we prove that for any p ∈ N, r ≥ 1, if

f is not a polynomial of degree ≤ max{1, p − 1}, then we have ‖B(p)
n (f) − f (p)‖r ∼ 1

n ,

where the constants in the equivalence depend on f , r and p.

2 Approximation by Complex Bernstein Polynomials

The main result of this section is the following.

Theorem 2.1. Let R > 1, DR = {z ∈ C; |z| < R} and let us suppose that f : DR → C

is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckzk, for all z ∈ DR. If f is not a

polynomial of degree ≤ 1, then for any r ∈ [1, R) we have

‖Bn(f)− f‖r ≥ Cr(f)
n

, n ∈ N,

where the constant Cr(f) depends only on f and r.

Proof. For all z ∈ DR and n ∈ N we have

Bn(f)(z)− f(z) =

1
n

{
z(1− z)

2
f ′′(z) +

1
n

[
n2

(
Bn(f)(z)− f(z)− z(1− z)

2n
f ′′(z)

)]}
.

In what follows we will apply to this identity the following obvious property :

‖F + G‖r ≥ | ‖F‖r − ‖G‖r | ≥ ‖F‖r − ‖G‖r.
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It follows

‖Bn(f)− f‖r ≥
1
n

{∥∥∥∥
e1(1− e1)

2
f ′′

∥∥∥∥
r

− 1
n

[
n2

∥∥∥∥Bn(f)− f − e1(1− e1)
2n

f ′′
∥∥∥∥

r

]}
.

Taking into account that by hypothesis f is not a polynomial of degree ≤ 1 in DR, we

get
∥∥∥ e1(1−e1)

2 f ′′
∥∥∥

r
> 0. Indeed, supposing the contrary it follows that z(1−z)

2 f ′′(z) = 0

for all z ∈ Dr, which implies f ′′(z) = 0 for all z ∈ Dr \ {0, 1}. Since f is supposed to be

analytic, from the identity theorem of analytic (holomorphic) functions this necessarily

implies that f ′′(z) = 0, for all z ∈ DR, i.e. that f is a polynomial of degree ≤ 1, which

is a contradiction.

But by Theorem 1.3 we have

n2

∥∥∥∥Bn(f)− f − e1(1− e1)
2n

f ′′
∥∥∥∥

r

≤ 5Kr(f)(1 + r)2

2
.

Therefore, there exists an index n0 depending only on f and r, such that for all n ≥ n0

we have ∥∥∥∥
e1(1− e1)

2
f ′′

∥∥∥∥
r

− 1
n

[
n2

∥∥∥∥Bn(f)− f − e1(1− e1)
2n

f ′′
∥∥∥∥

r

]
≥

1
2

∥∥∥∥
e1(1− e1)

2
f ′′

∥∥∥∥
r

,

which immediately implies

‖Bn(f)− f‖r ≥ 1
n
· 1
2

∥∥∥∥
e1(1− e1)

2
f ′′

∥∥∥∥
r

,∀n ≥ n0.

For n ∈ {1, ..., n0 − 1} we obviously have ‖Bn(f) − f‖r ≥ Mr,n(f)
n with Mr,n(f) =

n · ‖Bn(f) − f‖r > 0, which finally implies ‖Bn(f) − f‖r ≥ Cr(f)
n for all n, where

Cr(f) = min{Mr,1(f), ..., Mr,n0−1(f), 1
2

∥∥∥ e1(1−e1)
2 f ′′

∥∥∥
r
}. This completes the proof.

Combining now Theorem 2.1 with Theorem 1.2 we immediately get the following.

Corollary 2.2. Let R > 1, DR = {z ∈ C; |z| < R} and let us suppose that f : DR →
C is analytic in DR. If f is not a polynomial of degree ≤ 1, then for any r ∈ [1, R) we

have

‖Bn(f)− f‖r ∼ 1
n

, n ∈ N,

where the constants in the equivalence depend on f and r.

3 Approximation by Derivatives of Complex Bern-

stein Polynomials

The main result of this section is the following.
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4 Complex Bernstein polynomials

Theorem 3.1. Let DR = {z ∈ C; |z| < R} be with R > 1 and let us suppose that

f : DR → C is analytic in DR, i.e. f(z) =
∑∞

k=0 ckzk, for all z ∈ DR. Also, let

1 ≤ r < r1 < R and p ∈ N be fixed. If f is not a polynomial of degree ≤ max{1, p− 1},
then we have

‖B(p)
n (f)− f (p)‖r ∼ 1

n
,

where the constants in the equivalence depend on f , r, r1 and p.

Proof. Denoting by Γ the circle of radius r1 > and center 0 (where r1 > r ≥ 1), by

the Cauchy’s formulas it follows that for all |z| ≤ r and n ∈ N we have

B(p)
n (f)(z)− f (p)(z) =

p!
2πi

∫

Γ

Bn(f)(v)− f(v)
(v − z)p+1

dv,

which by Theorem 1.2 and by the inequality |v − z| ≥ r1 − r valid for all |z| ≤ r and

v ∈ Γ, immediately implies

‖B(p)
n (f)− f (p)‖r ≤ p!

2π
· 2πr1

(r1 − r)p+1
‖Bn(f)− f‖r1 ≤ Mr1(f)

p!r1

n(r1 − r)p+1
.

It remains to prove the lower estimate for ‖B(p)
n (f)− f (p)‖r. For this purpose, as in the

proof of Theorem 2.1, for all v ∈ Γ and n ∈ N we have

Bn(f)(v)− f(v) =

1
n

{
v(1− v)

2
f ′′(v) +

1
n

[
n2

(
Bn(f)(v)− f(v)− v(1− v)

2n
f ′′(v)

)]}
,

which replaced in the above Cauchy’s formula implies

B(p)
n (f)(z)− f (p)(z) =

1
n

{
p!

2πi

∫

Γ

v(1− v)f ′′(v)
2(v − z)p+1

dv+

1
n
· p!
2πi

∫

Γ

n2
(
Bn(f)(v)− f(v)− v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv



 =

1
n

{[
z(1− z)

2
f ′′(z)

](p)

+

1
n
· p!
2πi

∫

Γ

n2
(
Bn(f)(v)− f(v)− v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv



 .

Passing now to ‖ · ‖r it follows

‖B(p)
n (f)− f (p)‖r ≥ 1

n

{∥∥∥∥∥
[
e1(1− e1)

2
f ′′

](p)
∥∥∥∥∥

r

−

1
n

∥∥∥∥∥∥
p!
2π

∫

Γ

n2
(
Bn(f)(v)− f(v)− v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv

∥∥∥∥∥∥
r



 ,
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where by using Theorem 1.3 we get
∥∥∥∥∥∥

p!
2π

∫

Γ

n2
(
Bn(f)(v)− f(v)− v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv

∥∥∥∥∥∥
r

≤

p!
2π

· 2πr1n
2

(r1 − r)p+1

∥∥∥∥Bn(f)− f − e1(1− e1)
2n

f ′′
∥∥∥∥

r1

≤

5Kr1(f)(1 + r1)2

2
· p!r1

(r1 − r)p+1
.

But by hypothesis on f we have
∥∥∥∥
[

e1(1−e1)
2 f ′′

](p)
∥∥∥∥

r

> 0. Indeed, supposing the contrary

it follows that z(1−z)
2 f ′′(z) is a polynomial of degree ≤ p − 1. Now, if p = 1 and p = 2

then the analyticity of f obviously implies that f necessarily is a polynomial of degree

≤ 1 = max{1, p − 1}, which contradicts the hypothesis. If p > 2 then the analyticity of

f obviously implies that f necessarily is a polynomial of degree ≤ p− 1 = max{1, p− 1},
which again contradicts the hypothesis.

In continuation reasoning exactly as in the proof of Theorem 2.1, we immediately get

the desired conclusion.

Remark. Let us suppose that f (p) ∈ C[0, 1], p ∈ N. By taking r = 1 and λ = 1 in

[6, Theorem 2], we immediately obtain the following upper estimate for the derivatives

of the real Bernstein polynomials attached to f , valid for all n ≥ np

‖B(p)
n (f)− f (p)‖ ≤ Ap[ω1(f (p); 1/n) + ωϕ

2 (f (p); 1/
√

n) + ‖f (p)‖/n],

where ‖ · ‖ denotes the uniform norm on C[0, 1], np ∈ N depends only on p, ω1 denotes

the uniform modulus of continuity, ϕ(x) =
√

x(1− x) and ωϕ
2 denotes the Ditzian-Totik

second order modulus of smoothness.

Then, the above Theorem 3.1 suggests the following open question : for any p ∈ N,

there exist the positive constants Cp and np depending only on p, such that for all n ≥ np

Cp[ω1(f (p); 1/n) + ωϕ
2 (f (p); 1/

√
n) + ‖f (p)‖/n] ≤ ‖B(p)

n (f)− f (p)‖.
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Modified Adomian decomposition method for Solving

singular two-point boundary value problems ∗
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Abstract

In this paper, modified Adomian decomposition method for solving singu-

lar two-point boundary value problems is formulated. The proposed method

can be applied to linear and nonlinear problems. The scheme is tested for

some examples and the obtained results demonstrate efficiency of the pro-

posed method.

AMS:65L10

Keywords: Adomian decomposition method; Singular two-point boundary

value problems

1 Introduction

The singular two-point boundary value problems arise from many engineering

and physics applications. Several numerical methods for solving singular non-linear

differential equations were studied in [2,4,5,10]. Russell and Shampine [9] have shown
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that for(linear) f(x, y) = kx + g(x) has a unique solution. Manoj Kumar [6,7,8]

have suggested a new finite difference method, the fourth-order finite difference

method and a higher order method for solving singular two-point boundary value

problems(1), where α ∈ (0, 1). Al-Gahatani[1] proposed integral formulation for the

solution of a class of second-order boundary value problems which are described

by the equation y
′′

+ P (x, y, y
′
, y

′′
) = 0,x ∈ (0, a). He solved the resulting integral

equation by expressing the dependent variable y as a power series which made the

computation of various integrals possible. The goal of this paper is to introduce a

new reliable modification of Adomian decomposition method. For this reason, a new

differential operator is proposed which can be used for singular two-point boundary

value problem

y
′′

+
α

x
y
′
= g(x) + f(x, y), (1)

under the boundary condition

y(0) = A, y(c) = B, c 6= 0

where α ≤ 1 and A,B are finite constants. We assume that, f(x, y) is a continuous

real values function for every x ∈ (0, 1).

Main idea of the method is to create a canonical form containing all bound-

ary conditions so that the zeroth component is explicitly determined without addi-

tional calculations and all other components are also easily determined. Recently,

A modified form of the decomposition method was developed by Wazwaz [11,12].

Convergence of Adomian’s method proved by Cherruault et al.[3].

2 Analysis of the method

We propose the new differential operator, as below

L = x−1 d

dx
x2−α d

dx
x−1+α, (2)

so, the problem(1) can be written as,

Ly = g(x) + f(x, y), (3)

2
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The inverse operator L−1 is therefore considered a two-fold integrals operator, as

below,

L−1(.) = x1−α

∫ x

c

x−2+α

∫ x

0

x(.)dxdx. (4)

By operating L−1 on problem(3), we have

y(x) = A + (B − A)c−1+αx1−α + L−1g(x) + L−1f(x, y), (5)

where

y(c) = B, y(0) = A.

The Adomian decomposition method introduce the solution y(x) and the nonlinear

function f(x, y) by infinite series

y(x) =
∞∑

n=0

yn(x), (6)

and

f(x, y) =
∞∑

n=0

An, (7)

where the components yn(x) of the solution y(x) will be determined recurrently. Spe-

cific algorithms were seen in [11] to formulate Adomian polynomials. The following

algorithm:

A0 = F (u),

A1 = F
′
(u0)u1,

A2 = F
′
(u0)u2 +

1

2
F
′′
(u0)u

2
1,

A3 = F
′
(u0)u3 + F

′′
(u0)u1u2 +

1

3!
F
′′′
(u0)u

3
1, (8)

.

.

.

3
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can be used to construct Adomian polynomials, when F (u) is a nonlinear function.

By substituting(6)and(7) into (5),

∞∑
n=0

yn = A + (B − A)c−1+αx1−α + L−1g(x) + L−1

∞∑
n=0

An. (9)

Through using Adomian decomposition method, the components yn(x) can be de-

termined as

y0 = A + (B − A)c−1+αx1−α + L−1g(x), (10)

yn+1 = L−1An, n ≥ 0,

which gives

y0 = A + (B − A)c−1+αx1−α + L−1g(x),

y1 = L−1A0,

y2 = L−1A1,

y3 = L−1A3, (11)

.

.

.

From (8) and (11), we can determine the components yn(x), and hence the series

solution of y(x) in (6) can be immediately obtained. For numerical purposes, the

n-term approximant

Φn =
n−1∑
n=0

yk, (12)

can be used to approximate the exact solution. The approach presented above can

be validated by testing it on a variety of several linear and nonlinear initial value

problems.

4
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3 Numerical illustrations

Example 1. We consider the linear boundary value problem :

y
′′

+
ρ

x
y
′
= −x1−ρ cos x− (2− ρ)x−ρ sin x, (13)

y(0) = 0, y(1) = cos 1.

We put

L(.) = x−1 d

dx
x2−ρ d

dx
x−1+ρ(.),

so

L−1(.) = x1−ρ

∫ x

1

x−2+ρ

∫ x

0

x(.)dxdx.

In an operator form, Eq.(13) becomes

Ly = −x1−ρ cos x− (2− ρ)x−ρ sin x. (14)

By applying L−1 to both sides of(14) we have

y = y(0) + (y(1)− y(0))x1−ρ + L−1(−x1−ρ cos x− (2− ρ)x−ρ sin x)

= x1−ρ cos 1 + x1−ρ

∫ x

1

x−2+ρ

∫ x

0

x(−x1−ρ cos x− (2− ρ)x−ρ sin x)dxdx,

and it implies,

y(x) = x1−ρ cos 1− x1−ρ cos 1 + x1−ρ cos x = x1−ρ cos x.

so, the exact solution is easily obtained by this method.

Example 2. Consider the linear boundary value problem:

(xαy
′
)
′
= βxα+β−2((α + β − 1) + βxβ)y, (15)

y(0) = 1, y(−1) =
1

e
= 0.367879,

with exact solution y(x) = exβ
.

5
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We solve the problem(15)for α = −2,β = 3, rewrite (15)as

y
′′ − 2

x
y
′
= 9x4y, (16)

we put

L() = x−1 d

dx
x4 d

dx
x−3(),

so

L−1(.) = x3

∫ x

−1

x−4

∫ x

0

x(.)dxdx.

In an operator form, Eq. (16) becomes

Ly = 9x4y. (17)

Applying L−1 on both sides of (17)we find

y = y(1) + (y(0)− y(−1))x3 + 9L−1x4y.

Proceeding as before we obtained the recursive relationship

y0 = 1 + 0.632121x3,

yk+1 = 9L−1x4yk, k ≥ 0.

This in turn gives

y0 = 1 + 0.632121x3,

y1 = 0.394647x3 + 0.5x6 + 0.105353x9,

y2 = −0.0293754x3 + 0.0657744x9 + 0.0416666x12 + 0.0052676x15,

y3 = 0.0028707x3 − 0.0048959x9 + 0.0032887x15 + 0.0013889x18 + 0.0001254x21,

y4 = −0.0002889x3+0.0004784x9−0.0002448x15+0.0000783x21+0.0000248x24+1.741956×10−6x27.

Consequently, the series solution is

y(x) = 1+0.9999738x3+0.5x6+0.1667104x9+0.0416667x12+0.0083116x15+0.0013889x18

+0.0002037x21 + 0.0000248x24 + 1.741956× 10−6x27

6
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Not that the Taylor series of the exact solution y(x) = ex3
with order 27. is as below

ex3

= 1+x3+0.5x6+0.166667x9+0.0416667x12+0.00833333x15+0.00138889x18+0.000198413x21

+0.0000248016x24 + 2.75573× 10−6x27

Example 3. We consider the non-linear boundary value problem:

(xαy
′
)
′
= βxα+β−2(βxβey − (α + β − 1))/(4 + xβ), (18)

y(0) = ln(
1

4
), y(1) = ln(

1

5
),

with exact solution y(x) = ln( 1
4+xβ ).

We solve (18) for α = −1, β = 2, so we can rewrite (18)as

y
′′ − 1

x
y
′
=

4x2

4 + x2
ey, (19)

y(0) = ln(
1

4
), y(1) = ln(

1

5
),

We put

L() = x−1 d

dx
x3 d

dx
x−2(),

so

L−1(.) = x2

∫ x

1

x−3

∫ x

0

x(.)dxdx.

In an operator form, Eq. (19) becomes

Ly =
4x2

4 + x2
ey. (20)

Applying L−1 on both sides of (20)we find

y = y(0) + (y(1)− y(0))x2 + 4L−1 x2

4 + x2
ey.

By modified Adomian decomposition method [12]we obtain

y0 = ln(
1

4
),

7
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y1 = ln(
4

5
)x2 + 4L−1 x2

4 + x2
A0,

yk+1 = 4L−1 x2

4 + x2
Ak, k ≥ 1. (21)

The Adomian polynomials for the nonlinear term F (y) = ey are computed as follows:

A0 = ey0 ,

A1 = y1e
y0 ,

A2 = (y2 +
1

2
y2

1)e
y0 , (22)

A3 = (y3 + y1y2 +
1

3!
y3

1)e
y0 ,

Substituting (22) into (21) and it must noted that, to compute y1 we use the

Taylor series of 1
4+x2 with order 10. In this case we obtain

y0 = ln(
1

4
),

y1 = −0.2520728x2 + 0.03125x4 − 0.0026042x6 + 0.0003255x8 − 0.0000488x10

+8.1380208× 10−6x12 − 1.4532180× 10−6x14,

y2 = 0.0098820x2−0.0105030x6 +0.0006510x8−0.0000326x10 +2.7126736×10−6x12

−2.9064360× 10−7x14 + 3.6330450× 10−8x16 − 5.0458959× 10−9x18,

.

.

.

In Fig.1 we have plotted
∑4

i=0 yi(x), which is almost equal to the exact solution

y(x) = ln( 1
4+x2 ).

8
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Modified Adomian decomposition

method for solving nonlinear oscillatory

systems ∗
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Abstract

In this paper, an efficient modification of Adomian decomposition method

is introduced for solving nonlinear oscillatory equations of the form

y
′′
(x) + cy

′
(x) + εy(x) = f(x, y).

The proposed method can be applied to linear and nonlinear problems. The

scheme is tested for some examples and the obtained results demonstrate ef-

ficiency of the proposed method.
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1 Introduction

The decomposition method has been shown[1-3,8-14] to solve eectively, easily and

accurately a large class of linear and nonlinear, ordinary, partial, deterministic or

stochastic dierential equations with approximate solutions which converge rapidly

to accurate solutions. In recent years, many papers were devoted to the problem of

approximate solution of nonlinear oscillatory equation [4-7]. The basic motivation

of this work is to apply the modied Adomian decomposition method to the non-

linear oscillatory equations. For this reason, a new differential operator is proposed

which can be used for nonlinear oscillatory equations. In addition, the proposed

method is tested for some examples and the obtained results show the advantage of

using this method.

2 Modified Adomian decomposition method

Consider the non-linear oscillator equation written in the form

y
′′
(x) + cy

′
(x) + εy(x) = f(x, y), (1)

y(0) = a, y
′
(0) = b,

where c is real number and ε is a parameter (not necessarily small). We propose the

new differential operator, as below

L(.) = e−mx d

dx
e−hx d

dx
e(m+h)x(.), (2)

where 2m + h = c, m(m + h) = ε,

so, the problem (1) can be written as,

Ly = f(x, y). (3)

The inverse operator L−1 is therefore considered a two-fold integral operator, as

below,

L−1(.) = e−(m+h)x

∫ x

0

ehx

∫ x

0

emx(.)dxdx. (4)

2
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By applying L−1 on (3), we have

y(x) =
1

h
y
′
(0)e−mx +

(m + h)

h
y(0)e−mx − 1

h
y
′
(0)e−(m+h)x − m

h
y(0)e−(m+h)x

+L−1f(x, y). (5)

The Adomian decomposition method introduce the solution y(x) and the nonlinear

function f(x, y) by infinite series

y(x) =
∞∑

n=0

yn(x), (6)

and

f(x, y) =
∞∑

n=0

An, (7)

where the components yn(x) of the solution y(x) will be determined recurrently.

Specific algorithms were seen in [8,12] to formulate Adomian polynomials. The

following algorithm:

A0 = F (u),

A1 = F
′
(u0)u1,

A2 = F
′
(u0)u2 +

1

2
F
′′
(u0)u

2
1,

A3 = F
′
(u0)u3 + F

′′
(u0)u1u2 +

1

3!
F
′′′
(u0)u

3
1, (8)

.

.

.

can be used to construct Adomian polynomials, when F (u) is a nonlinear function.

By substituting(6)and(7) into (5),

∞∑
n=0

yn =
1

h
y
′
(0)e−mx +

(m + h)

h
y(0)e−mx − 1

h
y
′
(0)e−(m+h)x − m

h
y(0)e−(m+h)x

+L−1

∞∑
n=0

An. (9)

3
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Through using Adomian decomposition method, the components yn(x) can be de-

termined as

y0 =
1

h
y
′
(0)e−mx +

(m + h)

h
y(0)e−mx − 1

h
y
′
(0)e−(m+h)x − m

h
y(0)e−(m+h)x,

yn+1 = L−1An, n ≥ 0, (10)

which gives

y0 =
1

h
y
′
(0)e−mx +

(m + h)

h
y(0)e−mx − 1

h
y
′
(0)e−(m+h)x − m

h
y(0)e−(m+h)x,

y1 = L−1A0,

y2 = L−1A1,

y3 = L−1A3, (11)

.

.

.

From (8) and (11), we can determine the components yn(x), and hence the series

solution of y(x) in (6) can be immediately obtained. For numerical purposes, the

n-term approximant

Φn =
n−1∑
n=0

yk, (12)

can be used to approximate the exact solution. The approach presented above can

be validated by testing it on a variety of several linear and nonlinear initial value

problems.

3 Numerical examples

In this section, three oscillatory equations are considered and then are solved by

standard and modified Adomian decomposition methods.

4
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Example 1. The Linear Damping Oscillator Equation

Consider the linear damping oscillator equation:

y
′′

+ 2εy
′
+ y = 0, (13)

y(0) = a, y
′
(0) = 0.

Standard Adomian decomposition method: we put

L(.) =
d2

dx2
(.),

so

L−1(.) =

∫ x

0

∫ x

0

(.)dxdx.

In an operator form, Eq.(13) becomes

Ly = −2εy
′ − y. (14)

By applying L−1 to both sides of (14) we have

y = y(0) + xy
′
(0)− L−1(2εy

′
+ y).

Proceeding as before we obtained the recursive relationship

y0 = y(0) + xy
′
(0),

yn+1 = −L−1(y + 2εy
′
), n ≥ 0,

and the first few components are as follows

y0 = a,

y1 = −a
x2

2
,

y2 = 2aε
x3

3!
+ a

x4

4!
,

y3 = −4ε2x4

4!
− 4aε

x5

5!
− a

x6

6!
,

5
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.

.

.

y = y0 + y1 + y2 + y3 + ... = a− a
x2

2
+ 2aε

x3

3!
+ a(−4ε2 + 1)

x4

4!
− 4aε

x5

5!
− a

x6

6!
+ ...

Modified Adomian decomposition method:we put 2m + h = 2ε, m(m + h) = 1,

it follows that h = ±2i
√

1− ε2,m = ε∓ i
√

1− ε2, i =
√−1.

Substitution of h = −2i
√

1− ε2, m = ε + i
√

1− ε2, in Eq.(2) yields the operator

L() = e−(ε+i
√

1−ε2)x d

dx
e2i

√
1−ε2x d

dx
e(ε−i

√
1−ε2)x(),

so

L−1(.) = e(−ε+i
√

1−ε2)x

∫ x

0

e−2i
√

1−ε2x

∫ x

0

e(ε+i
√

1−ε2)x(.)dxdx.

In an operator form, Eq.(13) becomes

Ly = 0. (15)

Now, by applying L−1 to both sides of (15), we have

L−1Ly = 0,

and it, implies that

y =
ε− i

√
1− ε2

−2i
√

1− ε2
ae(−ε−i

√
1−ε2)x +

ε + i
√

1− ε2

2i
√

1− ε2
ae(−ε+i

√
1−ε2)x

⇒ y = ae−εx(cos
√

1− ε2x +
ε√

1− ε2
sin
√

1− ε2x.

So the exact solution is easily obtained by proposed Adomian decomposition

method .

Example 2. Consider the following Duffing equation:

y
′′
(x) + 3y(x)− 2y3(x) = cos x sin 2x, (16)

6
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with initial conditions

y(0) = 0, y
′
(0) = 1.

The analytic solution of this equation is y(x) = sin x.

Standard Adomian decomposition method: we put

L(.) =
d2

dx2
(.),

so

L−1(.) =

∫ x

0

∫ x

0

(.)dxdx.

In an operator form, Eq.(16) becomes

Ly = cos x sin 2x + 2y3 − 3y. (17)

By applying L−1 to both sides of (17) we have

y = y(0) + xy
′
(0) + L−1(cos x sin 2x) + L−1(2y3 − 3y).

Proceeding as before we obtained the recursive relationship

y0 = y(0) + xy
′
(0) + L−1(cos x sin 2x) =

5x

3
− sin x

2
− 1

18
sin 3x,

yn+1 = L−1(2An − 3yn), n ≥ 0, (18)

when An’s are Adomian polynomials of nonlinear term y3, as below

A0 = y3
0,

A1 = 3y2
0y1,

A2 = 3y2
0y2 + 3y0y

2
1, (19)

.

.

.

Substituting (19) into (18) gives the components y0, y1,...

7
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We take

y = y0 + y1.

By using Taylor series of y = y0 + y1 with order 7 we get

y = x− x3

6
− x5

15
+

101x7

1260
+ ...

Modified Adomian decomposition method: we put 2m + h = 0, m(m + h) = 3,

it follows that h = ±2i
√

3, m = ∓i
√

3, i =
√−1.

Substitution of h = −2i
√

3, m = i
√

3, in Eq. (2)yields the operator

L(.) = e−i
√

3x d

dx
e2i

√
3x d

dx
e−i

√
3x(.),

so

L−1(.) = ei
√

3x

∫ x

0

e−2i
√

3x

∫ x

0

ei
√

3x(.)dxdx.

In an operator form, Eq.(16) becomes

Ly = 2y3 + cos x sin 2x. (20)

Applying L−1 to both sides of (20) we find

y =
sin
√

3x√
3

+ L−1(cos x sin 2x) + 2L−1y3.

Proceeding as before we obtain

y0 =
sin
√

3x√
3

+
sin3 x

3
,

yn+1 = 2L−1An, n ≥ 0. (21)

when An’s are Adomian polynomials of nonlinear term y3,mentioned in (19), we

obtain y0, y1,...

By using Taylor series ofy = y0 + y1 we get

y = x− x3

6
+

x5

120
− x7

5040
+ ...

Not that the Taylor series of the exact solution y(x) = sin x with order 7 is as below

sin x = x− x3

6
+

x5

120
− x7

5040
+ ...

8
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So the rate of convergence of modified Adomian is faster than standard Adomian

method for this problem.

Example 3. Consider the non-linear equation:

y
′′
(x)− 2y

′
(x) + y(x) + y2(x) = cos2 x + 2 sin x, (22)

subject to the initial conditions

y
′
(0) = 0, y(0) = 1.

The analytic solution of this equation is y(x) = cos x.

Standard Adomian decomposition method: we put

L(.) =
d2

dx2
(.),

so

L−1(.) =

∫ x

0

∫ x

0

(.)dxdx.

In an operator form, Eq.(22) becomes

Ly = cos2 x + 2 sin x− y2 − y + 2y
′
. (23)

By applying L−1 to both sides of (23) we have

y = y(0) + xy
′
(0) + L−1(cos2 x + 2 sin x) + L−1(−y2 − y + 2y

′
).

Proceeding as before we obtained the recursive relationship

y0 = y(0) + xy
′
(0) + L−1(cos2 x + 2 sin x) = 1 + 2x +

x2

4
− 2 sin x +

sin2 x

4
,

yn+1 = L−1(−An − yn + 2y
′
n), n ≥ 0, (24)

when An’s are Adomian polynomials of nonlinear term y2, as below

A0 = y2
0,

A1 = 2y0y1,

9
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A2 = 2y0y2 + y2
1, (25)

.

.

.

Substituting (25) into (24) gives the components y0, y1, y2,...

We take

y = y0 + y1 + y2

Modified Adomian decomposition method: we put 2m + h = 0, m(m + h) = 1,

it follows that h = 0, m = −1.

Substitution of h = 0, m = −1, in Eq. (2)yields the operator

L(.) = ex d2

dx2
e−x(.),

so

L−1(.) = ex

∫ x

0

∫ x

0

e−x(.)dxdx.

In an operator form, Eq.(22) becomes

Ly = cos2 x + 2 sin x− y2. (26)

Applying L−1 to both sides of (26) we find

y = ex − xex + L−1(cos2 x + 2 sin x)− L−1y2.

Proceeding as before we obtain

y0 =
1

2
− 11

25
ex +

3

5
xex + cos x− 3

50
cos 2x− 2

25
sin 2x,

yn+1 = −L−1An, n ≥ 0. (27)

When An’s are Adomian polynomials of nonlinear term y2 mentioned in (25), we

obtain, y0, y1, y2,....

The graph of y =
∑2

i=0 yi is sketched in Fig 1 and compared with the solution

of the standard Adomian decomposition method.

The comparison between the results mentioned in Examples 1-3 show the power

of the proposed method of this paper for these nonlinear oscillator equations.

10
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4 Conclusion

Adomian decomposition method has been known to be powerful device for solving

many functional equations as algebraic equations, ordinary and partial differential

equations, integral equation and so on. In this paper, we proposed an efficient

modification of the standard Adomian decomposition method for solving nonlinear

oscillator equations. In Example 1, the system was a linear systems and we derived

the exact solution. For non-linear system we usually derive a very good approxima-

tions to the the solution, as in Example 3, and some times the exact solutions can

be found, as in Example 2(Duffing equation). The study showed that the modified

Adomian decomposition method is simple and easy to use and produces reliable

results with few iterations used.
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SMOOTH DEPENDENCE BY PARAMETER FOR DELAY
INTEGRO-DIFFERENTIAL EQUATIONS

LOREDANA-FLORENTINA GALEA

Abstract. Using the Perov�s �xed point theorem and the theorem of �ber generalized contractions is
obtained the smooth dependence by parameter of the solution of initial value problems associated to
neutral delay integro-di¤erential equations.

2000 AMS Mathematics Subject Classi�cation: 47H10.
Keywords and phrases: Perov�s �xed point theorem, Picard operators, �ber contraction principle, smooth

dependence by parameter.

1. Introduction

An e¢ cient technique to approach systems of operatorial equations (see [14]) and operatorial (di¤erential
and integro-di¤erential) equations of neutral type ( see [4], [1], [2], [3] and [5]) can be obtained using the
Perov�s �xed point theorem (see [7], [9] and [11]). In the study of the smooth dependence by parameters of
the solution of operatorial equations is very useful the notions of Picard and weakly Picard operators (see
[14] and [13]) and the theorem of �ber generalized contractions (see [10], [12] and [11]).
In what follows we apply the Perov�s �xed point theorem to the initial value problem associated to the

following delay Volterra integro-di¤erential equation of neutral type:

(1)

8>><>>:
x0 (t) = f (t; x (t) ; x0 (t� �)) +

tZ
t��

g (t; s; x (s) ; x0 (s)) ds; t 2 [0; b]

x (t) = ' (t) ; t 2 [��; 0]
This equation generalize the following delay integral equation from [6] and [8]:8>><>>:

x (t) = f (t; x (t)) +

tZ
t��

g (t; s; x (s)) ds; t 2 [0; b]

x (t) = ' (t) ; t 2 [��; 0]
In this paper we will study the dependence of the solution by a parameter �. We recall the following

notions and results:

De�nition 1. ([11], [14] and [13]) Let (X; d) be a metric space.
An operator A : X ! X is Picard operator if there exists x� 2 X such that:
(i) x� is the unique �xed point of A;
(ii) the sequence (An (x0))n2N converges to x

�, for all x0 2 X, where A0 = Id (X) and An+1 = A � An,
8 n 2 N:
De�nition 2. ([11], [14] and [13]) Let (X; d) be a metric space. An operator A : X ! X is weakly Picard
operator if the sequence (An (x0))n2Nconverges for all x0 2 X and the limit (which may depend on x0) is
a �xed point of A.

Theorem 1. ( The Perov�s �xed point theorem - A.I.Perov - [9]) Let (X; d) be a complete generalized metric
space such that d (x; y) 2 Rn. Suppose that T : X ! X is a map for which exists a matrix Q 2 Mn (R)
with the property:

d (T (x) ; T (y)) 6 Qd (x; y) ; 8 x; y 2 X:
If all the eigenvalues of Q lies in the open unit disc of R2, then T is a Q-contraction (that is lim

m!1
Qm = 0)

and has an unique �xed point x� so that the sequence of successive approximations, xm = Am (x0), converges
to x� for any x0 2 X.

1
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2 LOREDANA-FLORENTINA GALEA

Moreover, for any m 2 N� the following estimation holds:

d (xm; x
�) 6 Qm (In �Q)�1 d (x0; x1) :

The Perov�s �xed point theorem was used to obtain a technique for the existence, uniqueness and
approximation of the solution of initial value problems associated to neutral di¤erential equations and
neutral integro-di¤erential equations, in [1], [2], [4] and [5]. The same technique was applied in [3] to obtain
the existence and uniqueness of the solution of the initial value problem (1).

Theorem 2. (A �ber generalized contraction principle - I.A.Rus - [10], [11] and [12]) Let (X; d) be a
metric space (generalized or not) and (Y; �) be a complete generalized metric space (� (x; y) 2 Rn+). Let
A : X � Y ! X � Y be a continuous operator and B : X ! X, C : X � Y ! Y operators. Suppose that:
(i) the operator B has an unique �xed point x� and for any x0 2 X the sequence given by xn+1 = B (xn)
converges in X to x�;
(ii) A (x; y) = (B (x) ; C (x; y)), for all x 2 X; y 2 Y ;
(iii) there exists a matrix Q 2 Mn (R+), with Qm ! 0 as m ! 1, such that � (C (x; y1) ; C (x; y2)) 6
Q� (y1; y2), for all x 2 X and y1; y2 2 Y . Then, the operator A has an unique �xed point (x�; y�) and for
any (x0; y0) 2 X � Y the sequence given by (xn+1; yn+1) = A ((xn; yn)) converges to (x�; y�) in X � Y .

2. Main result

Consider the integro-di¤erential equation:

(2)

8>><>>:
x0t (t; �) = f (t; x (t; �) ; x

0 (t� �; �) ; �) +
tZ

t��

g (t; s; x (s; �) ; x0 (s; �) ; �) ds; t 2 [0; b]

x (t; �) = ' (t; �) ; t 2 [��; 0] ; � 2 [a; c]

where ' 2 C ([��; 0]� [a; c]) in the following conditions:
(i) (continuity): g 2 C ([��; b]� [��; b]� R� R� [a; c]), f 2 C ([0; b]� R� R� [a; c]) and ' 2 C1 ([��; 0]� [a; c]);
(ii) (boundedness): ' (t; �) > 0; for all (t; �) 2 [��; 0]� [a; c] and there exists m1;M1 > 0;m2;M2 > 0

such that:

m1 6 g (t; s; u; v; �) 6M1; for all (t; s; u; v; �) 2 [��; b]� [��; b]� R+ � R� [a; c]
and

m2 6 f (t; u; v; �) 6M2; for all (t; u; v; �) 2 [0; b]� R+ � R� [a; c]
(iii) (�rst compatibility condition): ' (0; �) = 0; 8 � 2 [a; c] and

'0t (0; �) = f (0; 0; '
0
t (��; �) ; �)+

tZ
��

g (0; s; ' (s; �) ; '0t (s; �) ; �) ; � 2 [a; c]

(iv) (Lipschitz property): there exists �1; �1 > 0; �2; �2 > 0 such that:

jf (t; x1; y1; �)� f (t; x2; y2; �)j 6 �1 jx1 � x2j+ �1 jy1 � y2j
and

jg (t; s; x1; y1; �)� g (t; s; x2; y2; �)j 6 �2 jx1 � x2j+ �2 jy1 � y2j
for all (t; s; �) 2 [��; b]� R� [a; c] and (xi; yi) 2 R+ � R; i = 1; 2;
(v) (smoothness): f (s; �; �; �) 2 C1 (R� R� [a; c]) ; and g (t; s; �; �; �) 2 C1 (R� R� [a; c]) ; for all t,s 2

[��; b], ' 2 C2 ([��; 0]� [a; c]) and there exists M3;M4;M5;M6 > 0 such that:����@f@x (s; u; v; �)
���� 6M3 ;

����@f@y (s; u; v; �)
���� 6M4;����@g@x (t; s; u; v; �)

���� 6M5 ;

����@g@y (t; s; u; v; �)
���� 6M6;

(vi) (second compatibility condition): '0� (0; �) = 0;

'00t� (0; �) =
@f

@�
(0; ' (0; �) ; '0t (��; �) ; �) +

@f

@x
(0; ' (0; �) ; '0t (��; �) ; �) � '0� (0; �)+
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+
@f

@y
(0; ' (0; �) ; '0s (��; �) ; �) � '00t� (0; �) +

0Z
��

�
@g

@�
(0; s; ' (s; �) ; '0t (s; �) ; �)+

+
@g

@x
(0; s; ' (s; �) ; '0t (s; �) ; �) � '0� (0; �) +

@g

@y
(0; s; ' (0; �) ; '0t (0; �) ; �) � '00ts (0; �)

�
ds

for all � 2 [a; c] :
Consider the following generalized metric spaces (X; d) and (Y; �), where:

X = C ([��; b]� [a; c])� C ([��; b]� [a; c])
and Y = C ([��; b]� [a; c])� C ([��; b]� [a; c]) and the metrics are:
� : Y � Y ! R2

� ((x1; y1) ; (x2; y2)) =

�
max

t2[��;b];�2[a;c]
jx1 (t)� x2 (t)j � e��[(t+�)+(��a)];

max
t2[��;b];�2[a;c]

jx1 (t)� x2 (t)j � e��[(t+�)+(��a)]
�

d : X �X ! R2; d = �jX�X .
If we di¤erentiate the equation from (2) in respect with t and denoting x0t (t; �) = y (t; �), we obtain:

(3)

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

(2:1:)

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

x (t; �) =

tZ
0

f (s; x (s; �) ; y (s� �; �) ; �)ds+

+

tZ
0

0@ �Z
���

g (�; s; x (s; �) ; y (s; �) ; �) ds

1A d�; t 2 [0; b]
y (t; �) = f (t; x (t; �) ; y (t� �; �) ; �) +

tZ
t��

g (t; s; x (s; �) ; y (s; �) ; �) ds

(2:2:) (x (t; �) ; y (t; �)) = (' (t; �) ; '0t (t; �)) ; t 2 [��; 0]

Denoting u (t; �) = @x
@� (t; �) and v (t; �) =

@y
@� (t; �), we have:

(4)

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(3:1:)

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

u (t; �) =

tZ
0

�
@

@�
f (s; x (s; �) ; y (s� �; �) ; �) + @

@x
f (s; x (s; �) ; y (s� �; �) ; �) �

�u (s; �) + @

@y
f (s; x (s; �) ; y (s� �; �) ; �) � v (s; �)

�
ds+

+

tZ
0

8<:
�Z

���

�
@

@�
g (�; s; x (s; �) ; y (s; �) ; �) � u (s; �)+

+
@

@y
g (�; s; x (s; �) ; y (s; �) ; �) � v (s; �)

�
ds

�
d�

v (t; �) =
@

@�
f (t; x (t; �) ; y (t� �; �) ; �) + @

@x
f (t; x (t; �) ; y (t� �; �) ; �) �

� u (t; �) + @

@y
f (t; x (t; �) ; y (t� �; �) ; �) � v (t� �; �)+

+

tZ
t��

�
@

@�
g (t; s; x (s; �) ; y (s; �) ; �) +

@

@x
g (t; s; x (s; �) ; y (s; �) ; �) �

�u (t; �) + @

@y
g (t; s; x (s; �) ; y (s; �) ; �) � v (s; �)

�
ds; t 2 [0; b]

(3:2:) (u (t; �) ; v (t; �)) = ('0� (t; �) ; '
00
t� (t; �)) ; t 2 [��; 0]
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4 LOREDANA-FLORENTINA GALEA

De�ne the operators, B : X ! X; C : X � Y ! Y; A : X � Y ! X � Y by A (x; y) := (B (x) ; C (x; y)),
where

(5) B (x; y) (t; �) := (B1 (x; y) (t; �) ; B2 (x; y) (t; �)) =

=

8><>:
(second part of x (t; �) from (2.1.) , second part of y (t; �) from (2.1.)) ;

t 2 [0; b]
(' (t; �) ; '0t (t; �)) ; t 2 [��; 0]

and

(6) C ((x; y) ; (u; v)) (t; �) := (C1 ((x; y) ; (u; v)) (t; �) ; C2 ((x; y) ; (u; v)) (t; �)) =

=

8><>:
(second part of u (t; �) from (3.1.) ; second part of v (t; �) from (3.1.)) ;

t 2 [0; b]
('0� (t; �) ; '

00
t� (t; �)) ; t 2 [��; 0]

Theorem 3. a) In the conditions (i)-(iv) the equation (3) has in X an unique solution (x�; y�). Moreover,
for any (x0; y0) 2 X, the sequence ((xn; yn))n2N de�ned by:

xn+1 (t; �) =

tZ
0

f (s; xn (s; �) ; yn (s� �; �) ; �) ds+

+

tZ
0

0@ �Z
���

g (�; s; xn (s; �) ; yn (s; �) ; �) ds

1A d�; t 2 [0; b]
xn (t; �) = '

0 (t; �) ; for all n 2 N; and t 2 [��; 0]

yn+1 (t; �) = f (t; xn (t; �) ; yn (t; �) ; �) +

tZ
t��

g (t; xn (s; �) ; yn (s; �) ; �) ds; t 2 [0; b]

yn (t; �) = '
00
t� (t; �) ; t 2 [��; 0]

uniformly converges to (x�; y�), for any t 2 [��; b] and � 2 [a; c].
b) In the conditions (i)-(vi) the solution (x�; y�) has the property x� (t; �) 2 C1 [a; c], y� (t; �) 2 C1 [a; c] and
the pair

�
@x�

@� ;
@y�

@�

�
is the unique solution of the equation (4) on Y.

Proof. Conditions (i) and (ii) imply thatB (X) � X. and condition (i) imply thatB (x; y) 2 C1 ([��; 0]� [a; c])�
C ([��; b]� [a; c]).
From condition (ii) we have

B1 (x; y) (t; �) > 0; for all (t; �) 2 [��; b]� [a; c]
B1 (x; y) (t; �) 6 bM2 + b�M1; for all (t; �) 2 [��; b]� [a; c]

B2 (x; y) (t; �) > 0; for all (t; �) 2 [��; b]� [a; c]
B2 (x; y) (t; �) 6M2 + �M1; for all (t; �) 2 [��; b]� [a; c] :

From condition (iii), we have:

B1 (x; y) 2 C ([��; b]� [a; c] ; [0; bM2 + b�M1])

B2 (x; y) 2 C ([��; b]� [a; c] ; [0;M2 + �M1]) ; 8 (x; y) 2 X:
So, B (X) � X. Then,

dB (B (x1; y1) ; B (x2; y2)) =

= (kB1 (x1; y1)�B1 (x2; y2)kB ; kB2 (x1; y1)�B2 (x2; y2)kB) =

=

0@ max
t2[��;T ];�2[a;c]

������
tZ
0

f (s; x1 (s; �) ; y1 (s� �; �) ; �) ds+

+

tZ
0

0@ �Z
���

g (�; s; x1 (s; �) ; y1 (s; �) ; �) ds

1A d�� tZ
0

f (s; x2 (s; �) ; y2 (s� �; �) ; �) ds�
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�
tZ
0

0@ �Z
���

g (�; s; x2 (s; �) ; y2 (s; �) ; �) ds

1A d�
������ � e��[(t+�)+(��a)];

max
t2[��;T ];�2[a;c]

jf (t; x1 (t; �) ; y1 (t� �; �) ; �)+

+

tZ
t��

g (t; s; x1 (s; �) ; y1 (s; �) ; �) ds� f (t; x2 (t; �) ; y2 (t� �; �) ; �)�

�
tZ

t��

g (t; s; x2 (s; �) ; y2 (s; �) ; �) ds

������ � e��[(t+�)+(��a)]
1A :

We have that:������
tZ
0

f (s; x1 (s; �) ; y1 (s� �; �) ; �) ds+
tZ
0

0@ �Z
���

g (�; s; x1 (s; �) ; y1 (s; �) ; �) ds

1Ad��
�

tZ
0

f (s; x2 (s; �) ; y2 (s� �; �) ; �) ds�
tZ
0

0@ �Z
���

g (�; s; x2 (s; �) ; y2 (s; �) ; �) ds

1Ad�
������ 6

6
tZ
0

jf (s; x1 (s; �) ; y1 (s� �; �) ; �)� f (s; x2 (s; �) ; y2 (s� �; �) ; �)jds+

+

tZ
0

0@ �Z
���

jg (�; s; x1 (s; �) ; y1 (s; �) ; �)� g (�; s; x2 (s; �) ; y2 (s; �) ; �)j ds

1A d� 6
6

tZ
0

h
�1 kx1 � x2kB � e

�[(s+�)+(��a)] + �1 ky1 � y2kB � e
�[(s+�)+(��a)] � e���

i
ds+

+

tZ
0

24 �Z
���

�
�2 kx1 � x2kB � e

�[(s+�)+(��a)] + �2 ky1 � y2kB � e
�[(s+�)+(��a)]

�
ds

35 d� 6
6

tZ
0

�
�1 kx1 � x2kB + �1 ky1 � y2kB � e

���� � e�[(s+�)+(��a)]ds+
+

tZ
0

24 �Z
���

(�2 kx1 � x2kB + �2 ky1 � y2kB) � e
�[(s+�)+(��a)]ds

35d� 6
6
�
�1
�
kx1 � x2kB +

�1
�
� e��� ky1 � y2kB

�
� e�[(s+�)+(��a)]+

+

�
�2
�2
kx1 � x2kB +

�2
�2
ky1 � y2kB

� tZ
0

e�[(s+�)+(��a)]
����
���

d� 6

6
�
�1
�
kx1 � x2kB +

�1
�
� e��� ky1 � y2kB

�
� e�[(s+�)+(��a)]+

+

�
�2
�2
kx1 � x2kB +

�2
�2
ky1 � y2kB

��
e�[(t+�)+(��a)] � e�[t+(��a)] � e�[�+(��a)] + e��a

�
6

6
���1

�
+
�2
�2

�
kx1 � x2kB +

�
�1
�
� e��� + �2

�2

�
ky1 � y2kB

�
� e�[(t+�)+(��a)]:

So,
kB1 (x1; y1)�B2 (x2; y2)kB 6
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6
��1
�
+
�2
�2

�
kx1 � x2kB +

�
�1
�
� e��� + �2

�2

�
ky1 � y2kB :

On the other hand, for t 2 [0; b], we have:������f (t; x1 (t; �) ; y1 (t� �; �) ; �) +
tZ

t��

g (t; s; x1 (t; �) ; y1 (t� �; �) ; �) ds�

�f (t; x2 (t; �) ; y2 (t� �; �) ; �)�
tZ

t��

g (t; s; x2 (t; �) ; y2 (t� �; �) ; �) ds

������ 6
6 jf (t; x1 (t; �) ; y1 (t� �; �) ; �)� f (t; x2 (t; �) ; y2 (t� �; �) ; �)j+

+

tZ
t��

jg (t; s; x1 (t; �) ; y1 (t� �; �) ; �)� g (t; s; x2 (t; �) ; y2 (t� �; �) ; �)j ds 6

6 �1 jx1 (t; �)� x2 (t; �)j � e��[(t+�)+(��a)] � e�[(t+�)+(��a)]+
+�1 jy1 (t� �; �)� y2 (t� �; �)j � e��[t+(��a)] � e�[t+(��a)] � e��� � e��+

+

tZ
t��

(�2 jx1 (s; �)� x2 (s; �)j � e��[(s+�)+(��a)] � e�[(s+�)+(��a)]+

+ �2 jy1 (s; �)� y2 (s; �)j � e��[(s+�)+(��a)] � e�[(s+�)+(��a)]
�
ds 6

6 �1 kx1 � x2kB � e��[(t+�)+(��a)] + �1 ky1 � y2kB � e�[(t+�)+(��a)] � e���+

+

tZ
t��

�
�2 kx1 � x2kB e

�[(s+�)+(��a)] + �2 ky1 � y2kB � e
�[(s+�)+(��a)]

�
ds 6

6
�
�1 kx1 � x2kB + �1 � e

��� ky1 � y2kB
�
� e�[(t+�)+(��a)]+

+

�
�2
�
kx1 � x2kB +

�2
�
ky1 � y2kB

� tZ
t��

��e�[(s+�)+(��a)]ds 6

6
��
�1 +

�2
�

�
kx1 � x2kB +

�
�1 � e��� +

�2
�

�
ky1 � y2kB

�
� e�[(t+�)+(��a)]:

So,

kB2 (x1; y1)�B2 (x2; y2)kB 6
�
�1 +

�2
�

�
kx1 � x2kB +

�
�1 � e��� +

�2
�

�
ky1 � y2kB :

We infer that:

dB (B (x1; y1) ; B (x2; y2)) =

 
kB1 (x1; y1)�B1 (x2; y2)kB
kB2 (x1; y1)�B2 (x2; y2)kB

!
6

6
�

�1
� +

�2
�2

�1
� � e

��� + �2
�2

�1 +
�2
� �1 � e��� + �2

�

� kx1 � x2kB
ky1 � y2kB

!
; 8 (x1; x2) 2 X; (y1; y2) 2 X:

The eigenvalues of the matrix:

Q =

�
�1
� +

�2
�2

�1
� � e

��� + �2
�2

�1 +
�2
� �1 � e��� + �2

�

�
are �1 = 0 and �2 = �1

� +
�2
�2 + �1e

��� + �2
� > 0. We infer that:

0 < �2 < 1, h (�) = �2 � (�1 + �2) � � �2 > �2 � �1e���
The equation �2 � (�1 + �2) � � �2 = 0 have the solutions �1 < 0 and �2 > 0, and the top of the graph

for the associate function by second order is V
�
�1+�2
2 ;��

4

�
, where � = (�1 + �2)

2
+ 4�2.

Plotting geometrical the graphs for the functions h (�) and u (�) = �2�1e��� , we see that exists an unique
point �� > �2 such that:
h (��) = u (��) and h (�) > �2�e��� , 8 � > ��.
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On the other hand, this can be obtained from the properties:
h (�) < 0; 8 � 2 [0; �2) ; u (�) > 0;8 � > 0
lim
�!1

h (�) =1; lim
�!1

�2�1e
��� = 0

and because the function u (�) = �2�1e��� have in � = 0 overall minimum (minim global), and in � = 2
�

local maximum.
If we choose a value � > �� then the operator B = (B1; B2) given by (5) is Q-contraction, and from the

Perov�s �xed point theorem, it has an unique �xed point (x�; y�) 2 X.
The pair (x�; y�) is the unique solution of initial value problem (3), because for any t 2 [0; b] and � 2 [0; b]

(7) x� (t; �) =

tZ
0

f (s; x� (s; �) ; y� (s� �; �) ; �)ds+

+

tZ
0

0@ �Z
���

g (�; s; x� (s; �) ; y� (s; �) ; �) ds

1A d�
and

(8) y� (t; �) = f (t; x� (t; �) ; y� (t� �; �) ; �) +
tZ
0

g (t; s; x� (s; �) ; y� (s; �) ; �) ds

Using the continuity and compatibility, from x�; y� 2 C [��; b] and x� (t) = ' (t) ; 8 t 2 [��; 0] we infer
that x� 2 C1 [��; b].
Di¤erentiating in respect with t the equation (7), we obtain:

(x�)
0
(t; �) = f (t; x� (t; �) ; y� (t� �; �) ; �)+

+

tZ
t��

g (t; s; x� (s; �) ; y� (s; �) ; �) ds , 8 t 2 [0; b]

which together with equation (8) give us (x�)0 = y�.
We propose to obtain the point ��. It observed that:
h (�) = �2�1e

��� , � = H (�) = �1 + �2 + ��1e
��� + �2

� ,
so �� is �xed point of H.
Moreover, H 0 (�) < 0, ��2

�2 + �1e
��� (1� ��) < 0.

- If � > 1
� then H

0 (�) < 0 and H 0 � 1
�

�
= ��2�1 < 0. Then, H 0 (�) < 0, 8 � > 1

� .
- If 1� < �2 then we�ll consider � = H (�2) > �

� and then, for any � > � we have 0 < �2 < 1.
- If 1� > �2 exists two possibilities:
1) If h

�
1
�

�
< 1

�2 �e
�1 then we take � = H

�
1
�

�
> �� and then, for any � > � we have 0 < �2 < 1.

2) If h
�
1
�

�
> 1

�2 �e
�1 then is clear that 1

� > �
� and for any � > 1

� we have 0 < �2 < 1.
So, in given conditions, we can �nd � (which can be H (�2), or H

�
1
�

�
, or 1

� ) such that 0 < �2 < 1,
8 � > �.
b) The smoothness condition f (s; �; �; �) 2 C1 (R� R� [a; c]), 8 s 2 [��; b], g (s; �; �; �; �) 2 C1 (R� R� R� [a; c]),

8 s 2 [��; b] and condition (iv) allow us to take the constants �1; �2; �1 and �2 from Lipschitz property
such as:
�1 =




@f@x


 ; �1 = 


@f@y


 ; �2 = 


 @g@x


 ; �2 = 


@g@y


 .
We show that C ((x; y) ; �) : Y ! Y is contraction, for any (x; y) 2 X.
For any (u1; v1) ; (u2; v2) 2 Y we have:

�B (C ((x; y) ; (u1; v1)) ; C ((x; y) ; (u2; v2))) =

= (kC1 ((x; y) ; (u1; v1))� C1 ((x; y) ; (u2; v2))kB ;

kC2 ((x; y) ; (u1; v1))� C2 ((x; y) ; (u2; v2))kB) :
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Then, ������
tZ
0

�
@

@�
f (s; x (s; �) ; y (s� �; �) ; �) + @

@x
f (s; x (s; �) ; y (s� �; �) ; �) � u1 (s; �)+

+
@

@y
f (s; x (s; �) ; y (s� �; �) ; �) � v1 (s� �; �)

�
ds+

+

tZ
0

8<:
�Z

���

�
@

@�
g (�; s; x (s; �) ; y (s; �) ; �) +

@

@x
g (�; s; x (s; �) ; y (s; �) ; �) � u1 (s; �)+

+
@

@y
g (�; s; x (s; �) ; y (s; �) ; �) � v1 (s; �)

�
ds

�
d��

�
tZ
0

�
@

@�
f (s; x (s; �) ; y (s� �; �) ; �) + @

@x
f (s; x (s; �) ; y (s� �; �) ; �) � u2 (s; �)+

+
@

@y
f (s; x (s; �) ; y (s� �; �) ; �) � v2 (s� �; �)

�
ds+

�
tZ
0

8<:
�Z

���

�
@

@�
g (�; s; x (s; �) ; y (s; �) ; �) +

@

@x
g (�; s; x (s; �) ; y (s; �) ; �) � u2 (s; �)+

+
@

@y
g (�; s; x (s; �) ; y (s; �) ; �) � v2 (s; �)

�
ds

�
d� 6

6
tZ
0

���� @@xf (s; x (s; �) ; y (s� �; �) ; �)
���� � ju1 (s; �)� u2 (s; �)j ds+

+

tZ
0

���� @@y f (s; x (s; �) ; y (s� �; �) ; �)
���� � jv1 (s� �; �)� v2 (s� �; �)j ds+

+

tZ
0

0@ �Z
���

���� @@xg (�; s; x (s; �) ; y (s; �) ; �)
���� � ju1 (s; �)� u2 (s; �)j ds

1A d�+
+

tZ
0

0@ �Z
���

���� @@y g (�; s; x (s; �) ; y (s; �) ; �)
���� � jv1 (s; �)� v2 (s; �)j ds

1A d� 6
6

tZ
0

�1 ju1 (s; �)� u2 (s; �)j � e��[(s+�)+(��a)] � e�[(s+�)+(��a)]ds+

+

tZ
0

�1 jv1 (s� �; �)� v2 (s� �; �)j � e��[s+(��a)] � e�[s+(��a)] � e��� � e��ds+

+

tZ
0

0@ �Z
���

�2 ju1 (s; �)� u2 (s; �)j � e��[(s+�)+(��a)] � e�[(s+�)+(��a)]ds

1Ad�+
+

tZ
0

0@ �Z
���

�2 jv1 (s; �)� v2 (s; �)j � e��[(s+�)+(��a)] � e�[(s+�)+(��a)]ds

1Ad� 6
6 1

�

�
�1 ku1 � u2kB + �1e

��� kv1 � v2kB
�
e�[(t+�)+(��a)]+
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+

tZ
0

"
(�2 ku1 � u2kB + �2 kv1 � v2kB)

1

�
� e�[(s+�)+(��a)]

�����
���

#
d� =

6 1

�

�
�1 ku1 � u2kB + �1e

��� kv1 � v2kB
�
e�[(t+�)+(��a)]+

+
1

�
(�2 ku1 � u2kB + �2 kv1 � v2kB)

tZ
0

e�[(�+�)+(��a)]d� 6

6 1

�

�
�1 ku1 � u2kB + �1e

��� kv1 � v2kB
�
e�[(t+�)+(��a)]+

+
1

�2
(�2 ku1 � u2kB + �2 kv1 � v2kB) � e

�[(t+�)+(��a)] 6

6
���1

�
+
�2
�2

�
ku1 � u2kB +

�
�1
�
e��� +

�2
�2

�
kv1 � v2kB

�
� e�[(t+�)+(��a)]:

So,
kC1 ((x; y) ; (u1; v1))� C1 ((x; y) ; (u2; v2))kB 6

6
��1
�
+
�2
�2

�
ku1 � u2kB +

�
�1
�
e��� +

�2
�2

�
kv1 � v2kB :

On the other hand, we have:���� @@�f (t; x (t; �) ; y (t� �; �) ; �) + @

@x
f (t; x (t; �) ; y (t� �; �) ; �) � u1 (t; �)+

+
@

@y
f (t; x (t; �) ; y (t� �; �) ; �) � v1 (t� �; �)+

+

tZ
t��

�
@

@�
g (t; s; x (s; �) ; y (s; �) ; �) +

@

@x
g (t; s; x (s; �) ; y (s; �) ; �) � u1 (s; �)+

+
@

@y
g (t; s; x (s; �) ; y (s; �) ; �) � v1 (s; �)

�
ds�

� @

@�
f (t; x (t; �) ; y (t� �; �) ; �)� @

@x
f (t; x (t; �) ; y (t� �; �) ; �) � u2 (t; �)�

� @

@y
f (t; x (t; �) ; y (t� �; �) ; �) � v2(t� �; �)�

�
tZ

t��

�
@

@�
g (t; s; x (s; �) ; y (s; �) ; �) +

@

@x
g (t; s; x (s; �) ; y (s; �) ; �) � u2 (s; �)+

+
@

@y
g (t; s; x (s; �) ; y (s; �) ; �) � v1 (s; �)

�
ds

���� �
6 �1 ju1 (t; �)� u2 (t; �)j � e��[(t+�)+(��a)] � e�[(t+�)+(��a)]+

+�1 jv1 (t� �; �)� v2 (t� �; �)j � e��[t+(��a)] � e�[t+(��a)] � e��� � e��+

+

tZ
t��

�2 ju1 (t; �)� u2 (t; �)j � e��[(s+�)+(��a)] � e�[(s+�)+(��a)]ds+

+

tZ
t��

�2 jv1 (t; �)� v2 (t; �)j � e��[(s+�)+(��a)] � e�[(s+�)+(��a)]ds 6

6
�
�1 ku1 � u2kB + �1e

��� kv1 � v2kB
�
� e[(t+�)+(��a)]+

+
1

�
(�2 ku1 � u2kB + �2 kv1 � v2kB) � e

[(t+�)+(��a)]:

So,
kC2 ((x; y) ; (u1; v1))� C2 ((x; y) ; (u2; v2))kB =
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=
�
�1 +

�2
�

�
ku1 � u2kB +

�
�1e

��� +
�2
�

�
kv1 � v2kB :

For any (u1; v1) ; (u2; v2) 2 Y and � 2 [a; c], we obtain:
�B (C ((x; y) ; (u1; v1)) ; C ((x; y) ; (u2; v2))) 6

6
�

�1
� +

�2
�2

�1
� e

��� + �2
�2

�1 +
�2
� �1e

��� + �2
�

�
� ((u1; v1) ; (u2; v2)) :

We can choose � > �� and then C ((x; y) ; �) is Q-contraction on Y, 8 (x; y) 2 X, and Qn ! 0, when
n!1.
From a �ber generalized contraction, we infer the existence and uniqueness of �xed point ((x�; y�) ; (u�; v�)) 2

X � Y of the operator A, that is
B (x�; y�) = (x�; y�) and C ((x�; y�) ; (u�; v�)) = (u�; v�)
and moreover, for x0 2 C2 ([��; b]� [a; c] ;R+), y0 = @x0

@t , u0 =
@x0
@� , v0 =

@y0
@� , the sequence

(An ((x0; y0) ; (u0; v0)))n = ((xn; yn) ; (un; vn))
in which (un+1; vn+1) = C ((xn; yn) ; (un; vn)), converges uniformly to ((x�; y�) ; (u�; v�)).
It is clear that in the condition (i)-(v) we have xn 2 C1 ([��; b]� [a; c]), 8 n 2 N� and yn (t; �) 2

C1 ([a; c]), 8 t 2 [��; b], 8 n 2 N�.
So, y� (t; �) 2 C1 ([a; c]), 8 t 2 [��; b] and
xn

unif���! x� , yn = @xn
@t

unif���! y�

un =
@xn
@�

unif���! u� , vn =
@yn
@�

unif���! v�

Then, y� = @x�

@t , u
� = @x�

@� , v� = @y�

@� and the pair
�
@x�

@� ;
@y�

@�

�
is the unique solution of the equation

(3) on Y. �
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Abstract

In this paper, we introduce an iterative scheme by a new hybrid
method for finding a common element the set of solutions of an equi-
librium problem and the set of fixed points of a nonexpansive mapping in
a Hilbert space. We show that the iterative sequence converges strongly
to a common element of the above two sets by the new hybrid method in
the mathematical programming.

2000 Mathematics Subject Classification: 46C05, 47D03, 47H09, 47H10,
47H20.

Key words and phrases: hybrid methods; equilibrium problem; fixed
point problems; nonexpansive mapping

1 Introduction

Let C be a closed convex subset of a real Hilbert space H and let PC be
the metric projection of H onto C. A mapping S : C → C is said to be
nonexpansive if

‖Sx− Sy‖ ≤ ‖x− y‖,
for all x, y ∈ C. We denote by F(S) the set of fixed points of S. If C is
bounded closed convex and S is a nonexpansive mapping of C into itself,
then F(S) is nonempty (see [6]). We write xn −→ x (xn ⇀ x, resp.) if
{xn} converges (weakly, resp.) to x. Let F be a bifunction of C × C
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into R, where R is the set of real numbers. The equilibrium problem for
F : C × C −→ R is to find x ∈ C such that

F (x, y) ≥ 0 for all y ∈ C. (1.1)

The set of solutions of (1.1) is denoted by EP(F ). Numerous problems
in physics, optimization, and economics reduce to find a solution of (1.1).
Some methods have been proposed to solve the equilibrium problem (see
[1, 3, 8, 12]). In 2005, Combettes and Hirstoaga [2] introduced an iterative
scheme of finding the best approximation to the initial data when EP(F )
is nonempty and they also proved a strong convergence theorem.

In 1953, Mann [7] introduced the iteration as follows: a sequence {xn}
defined by

xn+1 = αnxn + (1− αn)Sxn, (1.2)

where the initial guess element x0 ∈ C is arbitrary and {αn} is a real
sequence in [0, 1]. The Mann iteration has been extensively investigated
for nonexpansive mappings. One of the fundamental convergence results is
proved by Reich [10]. In an infinite-dimensional Hilbert space, the Mann
iteration can conclude only weak convergence [4]. Attempts to modify
the Mann iteration method (1.2) so that strong convergence is guaranteed
have recently been made. For finding an element of EP (F )∩F (S), Tada
and Takahashi [11] introduced the following iterative scheme by the hybrid
method in a Hilbert space: x0 = x ∈ H and let

8
>>>>>>>><
>>>>>>>>:

un ∈ C such that f(un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

wn = (1− αn)xn + αnSun,

Cn = {z ∈ H : ‖wn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qnx0,

(1.3)
for every n ∈ N, where {αn} ⊂ [a, b] for some a, b ∈ (0, 1) and {rn} ⊂
(0,∞) satisfies lim infn−→∞ rn > 0. Further, they proved {xn} and {un}
converge strongly to z ∈ F (S) ∩ EP (F ), where z = PF (S)∩EP (F )x0.

On the other hand, Takahashi, Takeuchi and Kubota [14] proved
the following strong convergence theorem by using the hybrid method
in mathematical programming. For C1 = C and x1 = PC1x0, define a
sequence as follows:

8
><
>:

yn = αnxn + (1− αn)Snxn,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

(1.4)

where 0 ≤ αn < α < 1 for all n ∈ N. They proved a strongly convergence
theorem in a Hilbert space.

In this paper, motivated and inspired by the above results, we intro-
duce a new iterative scheme, as follows for C1 = C, x1 = PC1x0, and

2
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let
8
>>>>>><
>>>>>>:

un ∈ C such that f(un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnxn + (1− αn)Sun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

(1.5)
for finding a common element of the set of solutions of an equilibrium
problem and the set of solutions of fixed points of a nonexpansive map-
pings in a Hilbert space. Moreover, we show that {xn} and {un} converge
strongly to PF (S)∩EP (F )x1 by the hybrid method in the mathematical pro-
gramming.

2 Preliminaries

Let H be a real Hilbert space. Then

‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y, y〉 (2.1)

and

‖λx + (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2 (2.2)

for all x, y ∈ H and λ ∈ [0, 1]. It is also known that H satisfies the Opial’s
condition [9], that is, for any sequence {xn} with xn ⇀ x, the inequality
lim infn−→∞ ‖xn−x‖ < lim infn−→∞ ‖xn− y‖ holds for every y ∈ H with
y 6= x. Hilbert space H satisfies the Kadec-Klee property [5, 13], that is,
for any sequence {xn} with xn ⇀ x and ‖xn‖ −→ ‖x‖ together imply
‖xn − x‖ −→ 0.

Let C be a closed convex subset of H. For every point x ∈ H, there
exists a unique nearest point in C, denoted by PCx, such that

‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C.

PC is called the metric projection of H onto C. It is well known that PC

is a nonexpansive mapping of H onto C and satisfies

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2 (2.3)

for every x, y ∈ H. Moreover, PCx is characterized by the following prop-
erties: PCx ∈ C and

〈x− PCx, y − PCx〉 ≤ 0, (2.4)

‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2 (2.5)

for all x ∈ H, y ∈ C.
For solving the equilibrium problem, let us assume that the bifunction

F satisfies the following conditions (see [1]):

(A1) F (x, x) = 0 for all x ∈ C;

3
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(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for any x, y ∈ C;

(A3) F is upper-hemicontinuous, i.e., for each x, y, z ∈ C, lim supt−→0+ F (tz+
(1− t)x, y) ≤ F (x, y);

(A4) F (x, ·) is convex and lower semicontinuous for each x ∈ C.

The following lemma appears implicitly in [1]

Lemma 2.1. [1] Let C be a nonempty closed convex subset of H and let
F be a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and
x ∈ H. Then, there exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ C.

The following lemma was also given in [2].

Lemma 2.2. [2] Assume that F : C × C −→ R satisfies (A1)-(A4). For
r > 0 and x ∈ H, define a mapping Tr : H −→ C as follows:

Tr(x) = {z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}

for all z ∈ H. Then, the following hold:

1. Tr is single- valued;

2. Tr is firmly nonexpansive, i.e., for any x, y ∈ H, ‖Trx − Try‖2 ≤
〈Trx− Try, x− y〉;

3. F (Tr) = EP (F );

4. EP (F ) is closed and convex.

3 Strong convergence theorems

In this section, we show a strong convergence theorem which solves the
problem of finding a common element of the set of solutions of an equi-
librium problem and the set of fixed points of a nonexpansive mapping in
a Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C × C into R satisfying (A1)-(A4)
and let S be a nonexpansive mappings from C into H such that F(S) ∩
EP (F ) 6= ∅. For C1 = C, x1 = PC1x0, define sequences {xn} and {un}
of C as follows:
8
>>>>>><
>>>>>>:

un ∈ C such that f(un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnxn + (1− αn)Sun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

(3.1)
for every n ∈ N, where {αn} ⊂ [a, b] for some a, b ∈ (0, 1), and {λn} ⊂
[a, b] ⊂ (0, 2α) and {rn} ⊂ (0,∞) satisfies lim infn−→∞ rn > 0. Then
{xn} converges strongly to PF(S)∩EP (F )x.

4
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Proof. We show first that the sequence {xn} is well defined. By
induction we can show that F(S) ∩ EP (F ) ⊂ Cn for all n ∈ N. It is
obvious that F(S)∩EP (F ) ⊂ C = C1. Suppose that F(S)∩EP (F ) ⊂ Ck

for each k ∈ N. Hence, for u ∈ F (S)∩EP (F ) ⊂ Ck and from un = Trnxn,
we note that

‖un − u‖ = ‖Trnxn − Trnu‖,
≤ ‖xn − u‖, (3.2)

for every n ∈ N. Thus, we have

‖yn − u‖ = ‖αnxn + (1− αn)Sun − u‖
≤ αn‖xn − u‖+ (1− αn)‖un − u‖
≤ αn‖xn − u‖+ (1− αn)‖xn − u‖
= ‖xn − u‖. (3.3)

Hence u ∈ Ck+1. This implies that

F(S) ∩ EP (F ) ⊂ Cn for all n ∈ N. (3.4)

Next, we prove that Cn is closed and convex for all n ∈ N. It is
obvious that C1 = C is closed and convex. Suppose that Ck is closed and
convex for some k ∈ N. For z ∈ Ck, we know that ‖yk − z‖ ≤ ‖xk − z‖ is
equivalent to

‖yk − xk‖2 + 2〈yk − xk, xk − z〉 ≥ 0. ( by (2.1))

So, Ck+1 is closed and convex. Then, for any n ∈ N, Cn is closed and
convex. This implies that {xn} is well-defined. From Lemma 2.1, the
sequence {un} is also well defined.

From xn = PCnx0, we have

〈x0 − xn, xn − y〉 ≥ 0

for each y ∈ Cn. Using F(S) ∩ EP (F ) ⊂ Cn, we also have

〈x0 − xn, xn − u〉 ≥ 0 for each u ∈ F(S) ∩ EP (F ) and n ∈ N.

Hence, for u ∈ F(S) ∩ EP (F ), we have

0 ≤ 〈x0 − xn, xn − u〉
= 〈x0 − xn, xn − x0 + x0 − u〉
= −‖x0 − xn‖2 + ‖x0 − xn‖‖x0 − u‖.

This implies that

‖x0 − xn‖ ≤ ‖x0 − u‖ for all u ∈ F (S) ∩ EP (F ) and n ∈ N.

From xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn, we obtain

〈x0 − xn, xn − xn+1〉 ≥ 0. (3.5)

5

WATTANAWITOON ET AL : APPROXIMATIONS BY A HYBRID METHOD...258



It follow that, for n ∈ N,

0 ≤ 〈x0 − xn, xn − xn+1〉
= 〈x0 − xn, xn − x0 + x0 − xn+1〉
= −‖xo − xn‖2 + 〈x0 − xn, x0 − xn+1〉
≤ −‖xo − xn‖2 + ‖x0 − xn‖‖x0 − xn+1‖

and hence
‖x0 − xn‖ ≤ ‖x0 − xn+1‖.

Since {‖xn − x0‖} is bounded, limn−→∞ ‖xn − x0‖ exists. Next we can
show that limn−→∞ ‖xn+1 − xn‖ = 0. In deed, from (3.5) we get

‖xn − xn+1‖2 = ‖xn − x0 + x0 − xn+1‖2
= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn+1〉+ ‖x0 − xn+1‖2
= −‖xn − x0‖2 + 2〈xn − x0, x0 − xn + xn + xn+1〉+ ‖x0 − xn+1‖2
≤ −‖xn − x0‖2 + ‖x0 − xn+1‖2.

Since limn−→∞ ‖x0 − xn‖ exists, this implies that

limn−→∞‖xn − xn+1‖ = 0. (3.6)

Since xn+1 ∈ Cn, we have

‖xn − yn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − yn‖ ≤ 2‖xn − xn+1‖.
By (3.6), we obtain

limn−→∞‖xn − yn‖ = 0. (3.7)

For v ∈ F (S) ∩ EP (F ), from Lemma 2.2, we get

‖un − u‖2 ≤ 〈Trnxn − Trnu, xn − u〉
= 〈un − u, xn − u〉
=

1

2
(‖un − u‖2 + ‖xn − u‖2 − ‖xn − un‖2)

and hence ‖un − u‖2 ≤ ‖xn − u‖2 − ‖xn − un‖2.
From (3.2), we obtain

‖yn − u‖2 ≤ αn‖xn − u‖2 + (1− αn)‖Sun − u‖2
≤ αn‖xn − u‖2 + (1− αn)‖un − u‖2
≤ αn‖xn − u‖2 + (1− αn){‖xn − u‖2 − ‖xn − un‖2}
= ‖xn − u‖2 − (1− αn)‖xn − un‖2.

Since {αn} ⊂ [a, 1], we obtain

(1− a)‖xn − un‖2 ≤ (1− αn)‖xn − un‖2 ≤ ‖xn − u‖2 − ‖yn − v‖2
≤ ‖xn − yn‖{‖xn − u‖ − ‖yn − u‖}.

From this and (3.7), implies

limn−→∞‖xn − un‖ = 0. (3.8)

6
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Since lim infn−→∞ rn > 0, we get

limn−→∞‖xn − un

rn
‖ = limn−→∞

1

rn
‖xn − un‖ = 0. (3.9)

Since (1− αn)Sun = yn − αnxn, we have

(1− a)‖Sun − un‖ ≤ (1− αn)‖Sun − un‖ = ‖yn − αnxn − (1− αn)un‖
≤ αn‖un − xn‖+ ‖yn − un‖
≤ ‖un − xn‖+ ‖yn − xn‖+ ‖xn − un‖
≤ 2‖xn − un‖+ ‖xn − yn‖.

From (3.8) and (3.7), we obtain

limn−→∞‖Sun − un‖ = 0. (3.10)

Since {xn} is bounded, there exists a subsequence {xni} of {xn} which
converges weakly to z. From ‖xn−un‖ −→ 0, we obtain also that uni ⇀ z.
Since uni ⊂ C and C is closed and convex, we obtain z ∈ C. From (3.10)
we obtain Suni ⇀ z. Let us show z ∈ EP (F ). Since un = Trnxn, we have

F (un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0,∀y ∈ C.

From (A2), we also have

1

rn
〈y − un, un − xn〉 ≥ F (y, un)

and hence

〈y − uni ,
uni − xni

rni

〉 ≥ F (y, uni).

From
uni

−xni
rni

−→ 0, it follows by (A4) that 0 ≥ F (y, z) for all y ∈ C. For

t with 0 < t ≤ 1 and y ∈ C, let yt = ty + (1− t)z. Since y ∈ C and z ∈ C,
we have yt ∈ C and hence F (yt, z) ≤ 0. So, from (A1) and (A4) we have

0 = F (yt, yt) ≤ tF (yt, y) + (1− t)F (yt, z) ≤ tF (yt, y)

and hence 0 ≤ F (yt, y). From (A3), we have 0 ≤ F (z, y) for all y ∈ C and
hence z ∈ EP (F ). Let us show that z ∈ F (S). Assume z /∈ F (S). From
Opial’s condition, we have

lim infn−→∞‖uni − z‖ < lim infn−→∞‖uni − Sz‖
= lim infn−→∞‖uni − Suni + Suni − Sz‖
= lim infn−→∞‖Suni − Sz‖
≤ lim infn−→∞‖uni − z‖

This is a contradiction. Thus, we obtain z ∈ F (S). Hence z ∈ F (S) ∩
EP (F ).

Finally, we show that xn −→ z, where z = PF (S)∩V I(C,A)EP (F )x0.
Since xn = PCnx0 and z ∈ F (S) ∩ EP (F ) ⊂ Cn, we have

‖xn − x0‖ ≤ ‖z − x0‖.

7
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It follows from z′ = PF (S)∩EP (F )x0 and the lower semicontinuity of the
norm that

‖z′−x0‖ ≤ ‖z−x0‖ ≤ lim infi−→∞‖xni−x0‖ ≤ lim supi−→∞‖xni−x0‖ ≤ ‖z′−x0‖.
Thus, we obtain that limk−→∞ ‖xni − x0‖ = ‖z − x0‖ = ‖z′ − x0‖.
Using the Kadec-Klee property of a Hilbert space H, we obtain that

limk−→∞xni = z = z′.

Since {xni} is an arbitrary subsequence of {xn}, we can conclude that
{xn} converges strongly to z, where z = PF (T )∩EP (F )x.

As direct consequences of Theorem 3.1, we can obtain two corollaries.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C × C into R satisfying (A1)-(A4)
such that EP (F ) 6= ∅. For C1 = C, x1 = PC1x0, define sequences {xn}
and {un} of C as follows:
8
>>><
>>>:

un ∈ C such that f(un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

for every n ∈ N, where {αn} ⊂ [a, b] for some a, b ∈ (0, 1), and {λn} ⊂
[a, b] ⊂ (0, 2α) and {rn} ⊂ (0,∞) satisfies lim infn−→∞ rn > 0. Then
{xn} converges strongly to PEP (F )x.

Proof. Putting S = I and αn = 0 in Theorem 3.1, the conclusion
follows.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C × C into R satisfying (A1)-(A4)
and let S be a nonexpansive mappings from C into H such that F(S) 6= ∅.
Let {xn} and {un} be sequences generated by x1 = x ∈ H and let

8
>>><
>>>:

un ∈ C such that 〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnxn + (1− αn)Sun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

for every n ∈ N, where {αn} ⊂ [a, b] for some a, b ∈ (0, 1), {λn} ⊂
[a, b] ⊂ (0, 2α) and {rn} ⊂ (0,∞) satisfies lim infn−→∞ rn > 0. Then
{xn} converges strongly to PF(S)x.

Proof. Putting F (x, y) = 0 for all x, y ∈ C and rn = 1 in Theorem
3.1, the conclusion follows.
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A New Method for Solving Unconstrained Optimization

Problems

Liliu Mo 1,2 and Ling Hong 1

In this paper, a new conjugate gradient formula βNew
k is given to compute the search direc-

tions for unconstrained optimization problems. General convergence results for the proposed
formula with some line searches such as the exact line search, the Grippo-Lucidi line search
and the Wolfe-Powell line search are discussed. Under the above line searches and some as-
sumptions, the global convergence properties of the given methods are discussed. The given
formula βNew

k ≥ 0, and the search directions dk which are generated by the given βNew
k un-

der the strong Wolfe-Powell line search satisfy the sufficient descent condition. Preliminary
numerical results show that the proposed methods are efficient.

KEY WORDS: Unconstrained optimization; Conjugate gradient; Exact line search;
Inexact line search; Global convergence.

1. INTRODUCTION

Due to the simplicity of its iteration and its very low memory requirements, the conjugate
gradient method has played a special role for solving large-scale nonlinear optimization problems.
It is designed to solve the following unconstrained nonlinear optimization problem:

min{f(x) | x ∈ <n}, (1.1)

where f : <n → < is a smooth, nonlinear function whose gradient will be denoted by g(x). The
iterative formula of the conjugate gradient method is given by

xk+1 = xk + tkdk, (1.2)

where tk is a steplength which is computed by carrying out a line search, and dk is the search
direction defined by

dk =

{
−gk, if k = 1,

−gk + βkdk−1, if k ≥ 2,
(1.3)

where βk is a scalar and gk denotes g(xk). There are at least six formulas for βk which are given
below:

βHS
k =

gT
k (gk − gk−1)

(gk − gk−1)T dk−1
(Hestenses− Stiefel[7], 1952);

1 College of Mathematics and Information Science, Guangxi university, 530004, Nanning, Guangxi,

P. R. China. e-mail : moliliu83@sohu.com
2 This work is supported by the Chinese NSF grants 10761001.
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βFR
k =

gT
k gk

gT
k−1gk−1

(Fletcher −Reeves[4], 1964);

βPRP
k =

gT
k (gk − gk−1)
gT
k−1gk−1

(Polak −Ribière− Polyak[9, 10], 1969);

βCD
k = − gT

k gk

dT
k−1gk−1

(Conjugate Descent[3], 1987);

βLS
k = −gT

k (gk − gk−1)
dT

k−1gk−1
(Liu− Storey[8], 1991);

βDY
k =

gT
k gk

(gk − gk−1)T dk−1
(Dai− Y uan[1], 1999).

Generally, the PRP method performs much better than the FR method from the computation
point of view. When the objective function is convex, Polak and Ribière[12] proved that the
PRP method with the exact line search is globally convergent. But Powell [11] showed that there
exist nonconvex functions on which the PRP method does not converge globally. He suggested
that βk should not be less than zero. Under the sufficient descent condition, Gilbert and Nocedal
[5] proved that the modified PRP method βk = max{0, βPRP

k } is globally convergent with the
Wolfe-Powell line search.

In the already-existing convergence analysis of the conjugate gradient methods, the following
line searches are often used.

The exact line search is to find tk such that the cost function is minimized along the direction
dk, that is tk satisfying

f(xk + tkdk) = lim
t≥0

f(xk + tdk). (1.4)

The weak Wolfe-Powell (WWP) line search is to find tk satisfying

f(xk + tkdk)− f(xk) ≤ δ tkg
T
k dk, (1.5)

g(xk + tkdk)T dk ≥ σgT
k dk, (1.6)

where δ ∈ (0, 1
2), σ ∈ (δ, 1).

The strong Wolfe-Powell (SWP) line search is to find tk satisfying (1.5) and

| g(xk + tkdk)T dk |≤ σ | gT
k dk |, (1.7)

where δ ∈ (0, 1
2), σ ∈ (δ, 1).

This paper is organized as follow: In section 2, a new conjugate gradient formula and the
corresponding algorithm are given. The global convergence results of the new formula with the
exact line search, the Grippo-Lucidi line search and the Wolfe-Powell line search are given in
section 3. The preliminary numerical results are contained in section 4.

2

MO , HONG : UNCONSTRAINED OPTIMIZATION PROBLEMS264



2. THE NEW FORMULA AND THE CORRESPONDING ALGORITHM

It is well known that the global convergence of the most efficient PRP method can not
be established with the weak Wolfe-Powell conditions (1.5) and (1.6). However, some methods
which posses the global convergence property with the weak Wolfe-Powell(WWP), such as the
FR method, do not perform better than the PRP method in numerical results. Powell[12 ] has
given some arguments that explain the poor performance of the FR method for some problems.
and also showed that the PRP method behaves quite differently. However, the PRP method
with the exact line search is not globally convergent for some nonconvex functions, see Powell’s
counter example in [11 ].

Therefore, many of the variants of the PRP method had been widely studied.
In recent years, Z. X. Wei etc. proposed a new conjugate gradient method in [13] as follows:

βWY L
k =

gT
k (gk − ‖gk‖

‖gk−1‖gk−1)

gT
k−1gk−1

. (2.1)

The new conjugate gradient method with the given βWY L
k under some line search is global

convergent, good numerical results are obtained. Motivated by [13], we modify the famous PRP
conjugate gradient method as follows:

βNew
k =

gT
k (gk − ‖gk‖

‖gk−1‖gk−1)

‖ gk−1 ‖2 +µ(gT
k dk−1)2

, µ > 0. (2.2)

Hence, we obtion a new conjugate gradient formula.
Now we give the following algorithm firstly.

Algorithm 2.1
step 1: Given x1 ∈ Rn, ε > 0, set d1 = −g1 , k = 1, if ‖ g1 ‖≤ ε, then stop;
step 2: Compute tk by some line searches;
step 3: Let xk+1 = xk + tkdk, gk+1 = g(xk+1), if ‖ gk+1 ‖≤ ε, then stop;
step 4: Compute βk+1 by (2.2) and generate dk+1 by (1.3);
step 5: Set k := k + 1, go to step 2.

The following assumptions are often used in the studies of the conjugate gradient methods.
Assumption A: The level set Ω = {x|f(x) ≤ f(x1)} at x1 is bounded, namely, there exists a
constant (a > 0) such that

‖ x ‖≤ a for all x ∈ Ω. (2.3)

Assumption B: In some neighborhood N of Ω, f is continuously differentiable, and its gradient
g is Lipschitz continuous, namely, for all x, y ∈ N , there exists a constant L ≥ 0 such that

‖ g(x)− g(y) ‖≤ L ‖ x− y ‖ . (2.4)

3. THE GLOBAL CONVERGENCE PROPERTIES

In this section, the convergence properties of the new formula with the exact line search
will be studied firstly; secondly, in order to ensure the sufficient descent condition, the Grippo-
Lucidi line search is introduced, and the behaviors of the new formula with this line search are

3
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discussed; in the end, some arguments about the convergence properties of the new formula with
the Wolfe-Powell line search are also given.

3.1. The convergence properties with the exact line search

The following lemmas are very useful in the process of the studies on the conjugate gradient
methods.

Lemma 3.1.1 Suppose that assumptions A and B hold. Consider the methods in the form
of (1.2) and (1.3), where dk satisfies

gT
k dk < 0

for all k, and tk is obtained by WWP (1.5) and (1.6), then,

∑
k≥1

(gT
k dk)2

‖ dk ‖2
< +∞. (3.1)

By the way, the inequation (3.1) also holds for the exact line seach, the Armijo-Goldstein
line search and the strong Wolfe-Powell (SWP) line search. The proofs had been given in [15].

Theorem 3.1.2. Suppose that assumptions A and B hold, the sequence {xk} is generated
by Algorithm 2.1, tk is computed by exact line search. if ‖ sk ‖=‖ tkdk ‖→ 0 while k →∞, then

lim
k→∞

inf ‖ gk ‖= 0. (3.2)

Proof. let θk be the angle between −gk and dk, then, by the exact line search, we have
gT
k dk−1 = 0 and dk = −gk +βkdk−1. The above two equations indicate ‖ dk ‖= sec θk ‖ gk ‖ and

βk+1 ‖ dk ‖= tan θk+1 ‖ gk+1 ‖. So we have

tan θk+1 = βNew
k+1 sec θk

‖ gk ‖
‖ gk+1 ‖

= sec θk

‖ gk ‖ gT
k+1(gk+1 − ‖gk+1‖

‖gk‖ gk)

‖ gk+1 ‖ ·(‖ gk ‖2 +µ(gT
k+1dk)2)

≤ sec θk

‖ gk ‖ · ‖ gk+1 ‖ · ‖ gk+1 − ‖gk+1‖
‖gk‖ gk ‖

‖ gk+1 ‖ · ‖ gk ‖2

= sec θk

‖ gk+1 − gk + gk − ‖gk+1‖
‖gk‖ gk ‖

‖ gk ‖
≤ sec θk

‖ gk+1 − gk ‖ + |‖ gk ‖ − ‖ gk+1 ‖|
‖ gk ‖

≤ sec θk
2 ‖ gk+1 − gk ‖

‖ gk ‖
.

(3.3)

If (3.2) does not hold, that is to say, for all k, there exists γ > 0 such that

‖ gk ‖≥ γ. (3.4)

By ‖ sk ‖→ 0 and Lipschitz condition (2.4), there must exist an integer M ≥ 0 for all k ≥ M ,
such that

‖ gk+1 − gk ‖≤
1
4
γ. (3.5)

4
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Combining (3.3), (3.4) and (3.5), we obtain

tan θk+1 ≤
1
2

sec θk. (3.6)

Note that, for all θ ∈ [0, 1
2), the following inequation holds

sec θ ≤ 1 + tan θ. (3.7)

(3.6) and (3.7) induce

tan θk+1 ≤
1
2

+
1
4

+ · · ·+ (
1
2
)k+1−m(1 + tan θm) ≤ 1 + tan θm.

This result indicates that the angle θk must be always less than some angle θ which is less than
π
2 . But by the lemma 3.1.1, we have

∑
k≥1

(gT
k dk)2

‖dk‖2 =
∑
k≥1

‖ gk ‖2 ·(cos θk)2 < +∞.

This implies lim inf
k→∞

‖ gk ‖= 0, which contradicts (3.4). The proof is completed.

When tk is determined by the exact line search, Yuan [14] has proved that if the cost function
is uniformly convex, for all k, the following inequation

f(xk)− f(xk + tkdk) ≥ C ‖ sk ‖2, (3.8)

holds, where C > 0 is a constant.
By this property, we have the following theorem which shows that the new formula (2.2)

with the exact line search is convergent to the uniformly convex functions.
Theorem 3.1.3 Suppose that assumptions A and B hold, f(x) is uniformly convex and

{xk} is generated by Algorithm 2.1. If the steplength tk is determined by the exact line search,
then (3.2) holds.

Proof. Since f(x) is uniformly convex on the level set Ω = {x ∈ Rn : f(x) ≤ f(x1)}, when
k → ∞, by (3.8) we have ‖ sk ‖→ 0, combining this result with theorem 3.1.2, (3.2) holds
immediately.

3.2. The convergence properties with the Grippo-Lucidi line search

On some studies of the conjugate gradient methods, the sufficient descent condition

gT
k dk ≤ −C ‖ gk ‖2, C > 0, (3.9)

plays an important role. Unfortunately, this condition is hard to hold. It has been showed that
the PRP method with the strong Wolfe-Powell line search does not ensure this condition at
each iteration. So, Grippo and Lucidi [6] managed to find some line searches which ensure the
sufficient descent condition, and they presented a new line search which ensures this condition.
The convergence of the PRP method with this line search had been established.

In this subsection, we will show that βNew
k with the Grippo-Lucidi line seach is convergent.

Grippo-Lucidi line search . Compute

tk = max{σj τ | gT
k dk |

‖ dk ‖2
; j = 0, 1, · · ·} (3.10)

5
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satisfying the conditions:
f(xk + tkdk) ≤ f(xk)− δt2k ‖ dk ‖2, (3.11)

−C2 ‖ gk+1 ‖2≤ gT
k+1dk+1 ≤ −C1 ‖ gk+1 ‖2, (3.12)

where δ > 0, τ > 0, σ ∈ (0, 1) and 0 < C1 < 1 < C2.
The following theorem shows that the Grippo-Lucidi line search is suitable for the new

formula βNew
k .

Theorem 3.2.1 Suppose that assumptions A and B hold. Consider the method of form
(1.2) and (1.3), tk is computed by (3.10). Then for all k, there exists tk > 0 such that (3.11)
and (3.12) hold. Furthermore, there exists a constant c > 0 such that

tk ≥ c
| gT

k dk |
‖ dk ‖2

. (3.13)

Proof. We prove this theorem by induction. Since d1 = −g1, (3.12) holds for k = 1. Suppose
that (3.12) holds for some k ≥ 1. Denote

C3 =
min(1− C1, C2 − 1)

2LC2
> 0. (3.14)

By Lipschitz condition (2.4) and (3.12), for any tk ∈ (0, C3
|gT

k dk|
‖dk‖2 ), we have

| gT
k+1dk+1+ ‖ gk+1 ‖2| ≤ | βNew

k+1 | · | gT
k+1dk |

≤ ‖ gk+1 ‖2 ·
‖gk+1−

‖gk+1‖
‖gk‖

gk‖·‖dk‖
‖gk‖2+µ(gT

k+1
dk)2

≤ ‖ gk+1 ‖2 ·
‖gk+1−gk+gk−

‖gk+1‖
‖gk‖

gk‖·‖dk‖
‖gk‖2

≤ ‖ gk+1 ‖2 · (‖gk+1−gk‖+|‖gk‖−‖gk+1‖|)·‖dk‖
‖gk‖2

≤ ‖ gk+1 ‖2 ·2‖gk+1−gk‖·‖dk‖
‖gk‖2

≤ ‖ gk+1 ‖2 ·2Ltk· ‖ dk ‖2

‖ gk ‖2

≤ ‖ gk+1 ‖2 ·min(1− C1, C2 − 1).

So (3.12) holds for k = k + 1.
On the other hand, by the mean value theorem and Lipschitz condition, we can obtain

f(xk+1)− f(xk) =
∫ 1

0
g(xk + t · tkdk)T (tkdk)d(t)

= tkg
T
k dk +

∫ 1

0
[g(xk + t · tkdk)− g(xk)]T (tkdk)d(t)

≤ tkg
T
k dk +

1
2
Lt2k ‖ dk ‖2

= − t2k | gT
k dk | · ‖ dk ‖2

‖ dk ‖2 tk
+

1
2
t2kL ‖ dk ‖2

= t2k ‖ dk ‖2 (− | gT
k dk |

‖ dk ‖2 tk
+

L

2
)

≤ t2k ‖ dk ‖2 (−L + 2δ

2
+

L

2
)

= −δt2k ‖ dk ‖2 .

6
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So, (3.11) holds for tk ∈ (0, 2
L+2δ

|gT
k dk|
‖dk‖2 ).

The existence of tk satisfying (3.11) and (3.12)has been proved. Furthermore, (3.13) holds
for C = min(τ, C3,

2
L+2δ ). The proof is completed.

With the above results, the global convergence of the formula βNew
k with the Grippo-Lucidi

line search can be established by the following theorem.
Theorem 3.2.2 Suppose that assumptions A and B hold, consider the method of form (1.2)

and (1.3), tk is computed by Grippo-Lucidi line search, βNew
k is determined by (2.2). Then

lim
k→∞

‖ gk ‖= 0. (3.15)

Proof. By the Lipschitz condition (2.4), (3.10) and (3.12), we have

‖ dk ‖ ≤ ‖ gk ‖ + | βNew
k | · ‖ dk−1 ‖

≤ ‖ gk ‖ (1 +
‖ gk − ‖gk‖

‖gk−1‖gk−1 ‖
‖ gk−1 ‖2 +µ(gT

k dk−1)2
‖ dk−1 ‖)

≤ ‖ gk ‖ (1 +
‖ gk − gk−1 ‖ + |‖ gk−1 ‖ − ‖ gk ‖|

‖ gk−1 ‖2
‖ dk−1 ‖)

≤ ‖ gk ‖ (1 +
2Ltk−1

‖ gk−1 ‖2
‖ dk−1 ‖2)

≤ ‖ gk ‖ (1 +
2τL | gT

k−1dk−1 |
‖ gk−1 ‖2

)

≤ (1 + 2C2τL) ‖ gk ‖ .

(3.16)

Because of the assumption A, it is obviously that the zoutendijk condition (3.1) holds. Com-
bining (3.1), (3.12) and (3.16), we have

∞ >
∑
k≥1

(gT
k dk)2

‖ dk ‖2
≥ C2

1 (1 + 2C2τL)−2
∑
k≥1

‖ gk ‖2 .

This result implies limk→∞ ‖ gk ‖= 0.
From the theorem 3.2.2, we know that any accumulation point of {xk} which is generated

by (2.2) with the Grippo-Lucidi line search is a stationary point. This result is contributed to
the property: the directions given by βNew

k approach to −gk while ‖ sk−1 ‖ tend to zero.

3.3. The convergence properties with the Wolfe-Powell line search

In above section, we introduced the Grippo-Lucidi line search which were designed to match
the requirements of the convergence of the PRP method. In fact, the main contribution of the
Grippo-Lucdi line search is that it can ensure the sufficient descent conditions. But the global
convergence study might not yield a better conjugate gradient method from the numerical
computational point of view. In fact, the method given by Grippo and Lucidi did not perform
better than the PRP method which employed (3.17 ).

Powell [11] suggested that βk should not be less than zero. This suggestion is useful to the
PRP method, see the detail in [11]. Unedr the sufficient descent conditon, Gilbert and Nocedal
[5] proved that the modified PRP method

βk = max(0, βPRP
k ) (3.17)

7
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is globally convergent with the Wolfe-Powell line search.
In this section, we will prove that, under the strong Wolfe-Powell line search, by restricting

the parameter σ < 1
4 , the given βNew

k possess the sufficient condition which deduces the global
convergent result of the new method under the strong Wolfe-Powell line search.

Now, we firstly prove the following lemma which shows that the sequence {dk} generated by
algorithm 2.1 satisfies sufficient descent condition.

Lemma 3.3.1 Suppose that the sequences {gk} and {dk} are generated by the method of
the form (1.2),(1.3) in which βk was computed by (2.2), and the steplength tk is determined by
the Wolfe-Powell line search (1.5) and (1.7), if σ ∈ (0, 1

4), then there exists a positive constant
C such that the sufficient descent condition (3.9) and βNew

k ≥ 0 hold.
Proof. We prove this lemma by induction. We firstly prove the descent property , namely

gT
k dk < 0. Suppose that for all k, gT

k dk 6= 0. Since gT
1 d1 = − ‖ g1 ‖2< 0, and set

gT
k−1dk−1 < 0, (3.18)

hold for i = k − 1. By Cauchy-Schwarz inequality, we get

0 ≤ 1− gT
k gk−1

‖ gk ‖‖ gk−1 ‖
≤ 2. (3.19)

Form (1.3) and βk = βNew
k , we have

gT
k dk

‖ gk ‖2
= −1+

gT
k dk−1

‖ gk−1 ‖2 +µ(gT
k dk−1)2

(1− gT
k gk−1

‖ gk ‖‖ gk−1 ‖
) ≤ −1+

gT
k dk−1

‖ gk−1 ‖2
(1− gT

k gk−1

‖ gk ‖‖ gk−1 ‖
).

(3.20)
Combining(3.19),(3.20) and (1.7), we can deduce that

gT
k dk

‖ gk ‖2
≤ −1− 2σ

gT
k−1dk−1

‖ gk−1 ‖2
. (3.21)

By repeating this process and the fact gT
1 d1 = − ‖ g1 ‖2, we have

gT
k dk

‖ gk ‖2
≤ −2 +

k−1∑
j=0

(2σ)j . (3.22)

Since
k−1∑
j=0

(2σ)j <
∞∑

j=0

(2σ)j =
1

1− 2σ
,

(3.22) can be written as
gT
k dk

‖ gk ‖2
≤ −2 +

1
1− 2σ

. (3.23)

Since σ ∈ (0, 1
4), so −2 + 1

1−2σ < 0 which implies gT
k dk < 0, namely (3.18) holds for i = k.

Now we prove the sufficient edscent property as follows. In fact, if σ ∈ (0, 1
4), set c = 2− 1

1−2σ ,
then 0 < c < 1, and (3.23) implies that

gT
k dk ≤ −c ‖ gk ‖2 . (3.24)
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So gT
1 d1 = − ‖ g1 ‖2≤ −c ‖ g1 ‖2 and (3.24) immediately deduce that the sufficient descent

condition (3.9) hold for all k ≥ 1.
For βNew

k , we can prove that βNew
k are always not less than zero. namely

βNew
k =

gT
k (gk − ‖gk‖

‖gk−1‖gk−1)

‖ gk−1 ‖2 +µ(gT
k dk−1)2

≥
(‖ gk ‖2 − ‖gk‖

‖gk−1‖ ‖ gk ‖‖ gk−1 ‖)
‖ gk−1 ‖2 +µ(gT

k dk−1)2
= 0.

The proof is finished.
Gilbert and Nocedal [5] introduced the following property(*) which pertains to the PRP

method under the sufficient descent condition. Now we will show that this property(*) pertains
to the new method.

Property(*): Consider a method of form (1.2) and (1.3). Suppose that

0 < γ ≤‖ gk ‖≤ γ. (3.25)

We say that the method has property(*), if for all k, there exist constants b > 1, λ > 0 such
that | βk |≤ b and if ‖ sk−1 ‖≤ λ we have |βk| ≤ 1

2b .
The following lemma shows that the new method has the property(*).
Lemma 3.3.2 Consider the method of form (1.2) and (1.3) in which βk = βNew

k . Suppose
that assumptions A and B hold, then, the method has property(*).

Proof. set b = γ2(γ+γ)
γ3 > 1, λ = γ2

4Lγb . By (2.2)and (3.25) we have

| βNew
k | ≤

| gT
k (gk − ‖gk‖

‖gk−1‖gk−1) |
‖ gk−1 ‖2 +µ(gT

k dk−1)2

≤
‖ gk ‖ (‖ gk ‖ +γ

γ ‖ gk−1 ‖)
‖ gk−1 ‖2

≤
γ(γ + γ2

γ )

γ2
=

γ2(γ + γ)
γ3

= b.

(3.26)

From the assumption B and (2.4)holds. If ‖ sk−1 ‖≤ λ then,

| βNew
k | ≤

(‖ gk − gk−1 ‖ + ‖ gk−1 − ‖gk‖
‖gk−1‖gk−1 ‖) ‖ gk ‖

‖ gk−1 ‖2

≤ (Lλ+ |‖ gk−1 ‖ − ‖ gk ‖|) ‖ gk ‖
‖ gk−1 ‖2

≤ (Lλ+ ‖ gk − gk−1 ‖) ‖ gk ‖
‖ gk−1 ‖2

≤ 2Lλ ‖ gk ‖
‖ gk−1 ‖2

≤ 2Lγλ

γ2
=

1
2b

.

(3.27)

The proof is finished.
If (3.25) holds and the methods have property(*), then, the small steplength should not be

too many. The following lemma shows this property.
Lemma 3.3.3 Suppose that assumptions A, B and (3.9) hold. Let {xk} and {dk} be

generated by (1.2) and (1.3) in which tk satisfies the Wolfe-Powell line search (1.5) and (1.6),

9
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βk has property(*). If (3.25) holds, then, for any λ > 0, there exist ∆ ∈ N+ and k0 ∈ N+, for
all k ≥ k0, such that

| κλ
k,∆ |≥ ∆

2
,

where κλ
k,∆ = {i ∈ Z+ : k ≤ i ≤ k + ∆ − 1, ‖ si−1 ‖≥ λ}, | κλ

k,∆ | denotes the numbers of the
κλ

k,∆.
Lemma 3.3.4 Suppose that assumptions A, B and (3.9) hold. Let {xk} be generated by

(1.2) and (1.3), tk satisfies Wolfe-Powell line search (1.5) and (1.6), and βk ≥ 0 has property(*).
Then,

lim inf
k→∞

‖ gk ‖= 0.

The proofs of lemma 3.3.3 and lemma 3.3.4 had been given in [2]. By the above three lemmas,
we have the following convergence result.

Theorem 3.3.5 Suppose that assumptions A, B and (3.9) hold. Let {xk} be generated by
(1.2) and (1.3), tk satisfies the Wolfe-Powell line search (1.5) and (1.6), βk is computed by (2.2),
then

lim inf
k→∞

‖ gk ‖= 0.

This theorem is the immediate result of the above three lemmas, so the proof is omitted.
Theorem 3.3.5 shows that under some assumptions, the new formula with the Wolfe-Powell

line search is globally convergent.

4. NUMERICAL RESULTS

In this section, we report the detailed numerical results of a number of problems by algorithm
2.1. Furthermore, the original PRP methods are given. we test the following four conjugate
gradient methods :

PRPSWP : PRP method under the strong Wolfe-Powell conditions;
PRP+SWP : conjugate gradient method with βk = max{0, βPRP

k }under the strong Wolfe-
Powell conditions;

WY LSWP : conjugate gradient method βk defined by (2.1)under the strong Wolfe-Powell
conditions;

NEWSWP : New conjugate gradient method βk defined by (2.2)under the strong Wolfe-
Powell conditions, µ = 3.13;

In our implementation, we choose parameters for line search conditions as follows: δ =
0.01, σ = 0.1. The termination condition is

‖ gk ‖≤ 10−5.

The experiments were carried out on some famous test problems which can be obtained on
net. In the following tables, the numerical results are written in the form NI/NF/NG, where
NI, NF, NG denote the number of iterations, function evaluations and gradient evaluations
respectively. Dim denotes the dimension of the test problems.

The numerical result of each method under strong Wolfe-Powell condition is showed in Table
1.
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Table 1 Tests Results for the PRPSWP/PRP+SWP/WYLSWP/NEWSWP Methods

PRPSWP PRP+SWP WY LSWP NEWSWP

Problem Dim NI/NF/NG NI/NF/NG NI/NF/NG NI/NF/NG

ROSE 2 29/502/65 22/394/60 42/464/102 32/353/27

FROTH 2 12/30/20 10/28/20 17/87/28 21/50/38

BADSCP 2 - 34/396/84 44/423/125 54/341/114

BADSCB 2 13/80/22 11/123/22 - 26/50/38

BEALE 3 9/126/21 9/173/20 17/136/29 17/89/30

JENSAM 4 - - 11/31/21 9/121/16

HELIX 2 49/255/83 32/265/55 74/396/123 32/269/53

BARD 2 23/98/37 27/152/43 43/136/66 26/245/41

GAUSS 2 4/57/6 4/57/6 4/9/5 4/9/5

GULF 2 1/2/2 1/2/2 1/2/2 1/2/2

SING 3 181/706/300 49/155/79 44/191/74 70/201/115

WOOD 3 195/1278/353 84/461/170 145/649/252 93/509/171

KOWOSB 4 108/528/188 51/249/79 52/343/84 48/241/78

BIGGS 6 174/648/284 - 122/584/194 13/173/18

OSB2 11 255/1306/420 192/854/322 221/910/363 334/1596/549

WATSON 20 1887/5053/2961 753/2155/1216 1613/4132/2516 2055/5420/3171

ROSEX 8 23/402/59 25/371/62 39/488/88 38/626/80

50 31/533/76 25/398/59 37/333/82 45/365/93

100 29/479/77 33/566/101 43/399/94 47/415/96

SINGX 4 181/706/300 49/155/79 44/191/74 70/201/115

PEN1 2 5/18/12 6/20/14 5/18/12 5/18/12

PEN2 4 12/134/28 12/136/27 10/128/25 8/125/24

50 467/1824/775 547/1916/944 121/1023/230 104/884/207

VARDIM 2 3/9/7 3/9/7 3/9/7 3/9/7

50 10/52/36 10/52/36 10/52/36 10/52/36

TRIG 3 12/81/24 14/131/25 14/271/26 14/271/26

50 41/279/72 41/230/72 38/219/66 38/219/66

100 46/342/87 46/341/85 47/434/86 47/434/86

BV 3 12/25/16 12/25/16 12/25/16 12/25/16

10 75/241/117 75/241/117 52/151/85 52/151/85

IE 3 5/12/7 6/14/8 5/12/7 5/12/7

50 6/13/7 5/11/6 6/13/7 6/13/7

100 6/13/8 6/13/8 6/13/8 6/13/8

200 6/13/8 6/13/8 5/59/7 5/59/7

500 6/13/8 6/13/8 6/13/8 6/13/8

RRID 3 10/75/13 113/33/19 13/31/17 14/31/18

50 26/55/31 26/65/31 27/57/31 25/52/29

100 30/67/36 30/67/36 30/67/36 27/59/33

200 30/66/36 30/66/36 30/66/37 30/66/37

BAND 3 9/68/13 10/23/17 7/64/12 7/64/12

50 18/183/24 16/331/25 19/670/26 18/572/25

100 18/183/24 16/373/26 18/712/27 18/713/28

200 19/283/27 117/340/27 18/677/26 18/629/26

LIN 2 1/3/3 1/3/3 1/3/3 1/3/3

50 1/3/3 1/3/3 1/3/3 1/3/3

500 1/3/3 1/3/3 1/3/3 1/3/3

1000 1/3/3 1/3/3 1/3/3 1/3/3

LIN1 2 1/51/2 1/51/2 1/51/2 1/51/2

10 1/3/3 1/3/3 1/3/3 1/3/3

LIN0 4 1/3/3 1/3/3 1/3/3 1/3/3

11

MO , HONG : UNCONSTRAINED OPTIMIZATION PROBLEMS 273



In order to rank these methods, we compute the total number of function and gradient
evaluations by the following formula

Ntotal = NF + 5 ∗NG. (4.1)

In the part, we compare the PRP+SWP, WYLSWP and the NEWSWP with the PRPSWP
as follow: for each testing example i, compute the total numbers of function evaluation and
gradient evaluations required by the evaluated method j(EM(j)) and the PRPSWP method by
the formula (4.1), and denote them by Ntotal,i(EM(j)) and Ntotal,i(PRP ); then calculate the
radio

ri(EM(j)) =
Ntotal,i(EM(j))
Ntotal,i(PRP )

. (4.2)

If EM(j0) does not work for example i0, but EM(PRP ) works for example i0, we replace
the ri0(EM(j0)) by a constant τ1 which is defined as follows:

τ1 = max{ri(EM(j0)) : (i, j0) /∈ S1},

where S1 = {(i, j0): method j0 does not work for example i}.
If EM(PRP ) does not work for example i0, but EM(j0) works for example i0, we replace

the ri0(EM(j0)) by a constant τ2 which is defined as follows:

τ2 = min{ri(EM(j0)) : (i, j0) /∈ S1}.

If EM(PRP ) and EM(j0) do not work for example i0, then we define ri0(EM(j0)) = 1.
The geometric mean of these ratios for method j over all the test problems is defined by:

r(EM(j)) = (
∏
i∈S

ri(EM(j)))
1
|S| , (4.3)

where S denotes the set of the test problems and | S | the number of elements in S. One
advantage of the above rule is that, the comparison is relative and hence does not be dominated
by a few problems for which the method requires a great deal of function evaluations and gradient
functions.

According to the above rule, it is clear that r(PRPSWP)= 1. The values of r(PRP+SWP ),
r(WYLSWP), r(NEWSWP)are listed in table 2.

Table 2 Relative Efficiency of the PRPSWP, PRP+SWP, WYLSWP, NEWSWP Methods

PRPSWP PRP+SWP WYLSWP NEWSWP
1 0.9149 0.9529 0.8774

From Table 2, we observe that the average performances of the new conjugate gradient
formula are the best among the four methods. Therefore, the new formula most efficient for
unconstrained minimization problems.
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Abstract. In this note, the existence of invariant best simultaneous approximation in ε-chainable 
metric space is proved. In doing so, we have used a recent result of Xu regarding the fixed points of 
set- valued mappings. 
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1.Introduction : 
 In the realm of Best Approximation Theory, it is viable, meaningful and potentially 

productive to know whether some useful properties of the function being approximated are 
inherited by the approximating function. In this perspective, Meinardus [8] observed the general 
principle that could be applied, while doing so.The author has employed a fixed point theorem as a 
tool to establish it . The result of Meinardus was further generalized by Habiniak [5], Smo1uk [15] 
and Subrahmanyam [16]. 

 
On the other hand, Beg and Shahzad [2], Fan [4], Hicks and Humphries [6], Reich [10], 

Singh [13, 14] and many others have used fixed point theorems in approximation theory, to prove 
existence of best approximation. Various types of applications of fixed point theorems may be seen 
in Klee [7], Meinardus [8] and Vlasov [18]. Some applications of the fixed point theorem to best 
simultaneous approximation is given by Sahney and Singh [11]. For the detail survey of the 
subject, we refer the reader to Cheney [3]. 

 
In this note, we use a recent result of Xu [19] regarding the fixed points of set-valued 

mappings and prove the existence of invariant best simultaneous approximation in ε-chainable 
metric space. 

 
2.Prelimineries:  
Let ε be a positive number. Recall that a metric space (X, d) is said to be ε-chainab1e if for 

every x, y∈X, there is an ε-chain from x to y ,that is, a finite set of points x = x0,x1,x2,…,xn = y such 
that  d(xi-1,xi)<ε for i =1,2,.. .,n. 
We denote by CB(X) the family of all nonempty closed bounded subsets of X, by C(X) the 
family of all nonempty compact subsets of X, and by H the Hausdorff metric on CB(X) 
induced by d. The metric H is defined as follows: 
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H(A,B)= max {sup d(a, B), sup D(b, A)} 
                 a∈A             b∈B 
for A,B∈C(X), where d(x, K) = inf {d(x, y) for x∈X , y∈K and K⊆X }. 
  
  Suppose that I denotes the unit interval [0,1].Then a continuous mapping 
         W: XxXxI →X is said to be a convex structure on X if the inequality  
 

d(u, W(x, y,λ) ≤ λ d(u, x)+(1-λ) d(u, y) 
 
holds for all x, y, u∈X and λ∈I. The metric space X together with a convex structure W is called a 
convex metric space. Banach space and each of its convex subsets are simple examples of convex 
metric spaces. There are many convex metric spaces which can not be imbedded in any Banach 
space. For examples and other details we refer to Takahashi [7]. 
 A subset K of a convex metric space X is said to be convex if W(x, y,λ)∈K for all 
 x, y∈K and λ∈I.  The set K is said to be starshaped if there exists p∈K such that W(x,p,λ)∈K for 
all x∈K and λ∈I. Here p is called the star centre of K. Evidently, starshaped  subsets of X contain 
all convex subsets of X as a proper subclass. 
 Let X be a convex metric space, and K be a starshaped subset of X with p as its star centre. Then X 
is said to satisfy condition (1) at p∈K if for any x, y ∈K, λ∈I, 
 

d(W(x, p, λ), W(y, p,λ))≤λ d(x, y) . 
 

It may be observed that any normed space X always satisfies condition (l)  
( Beg and Shahzad [2]). It is well-known that the hyperspace (C(X),H) is an 
ε-chainable, whenever (X, d) is an ε-chainable metric space ([19],Theorem 1). 
 
We shall make use of the following theorem due to Xu ([19],Theorem 2) in our main result. 
 

Theorem 1. Let (X, d) be a complete ε-chainable metric space, and let  
T: X→C(X) be a set-valued mapping such that 
 

H(Tx, Ty) ≤ k d(x, y)) d(x, y) 
 
for all x, y∈X with 0< d(x, y)< ε , where k : (0,∞)→[0,1) is a real-valued  function with the property  
(P)  For each 0< t< ε, there exist ε (t)>0 and s(t)<1 such that k(r)≤s(t) 
 provided t≤r< t + ε(t) .    
Then T has a fixed point. 
Remarks.  
(l) The property (P) is equivalent to saying that lim sup k(s )<1 for all 0<t<ε. 
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                                                                               s→t+

(2) If we replace C(X) by CB(X), taking k(s)=k(a constant) ε∈ [0,1) and omitting the condition (P) 
in Theorem 1, the conclusion still holds (Beg and Azam [1], Beg and Shahzad [2, Theorem 1]). 

3.Results : 
Let (X, d) be a metric space, and G a nonempty subset of X. Suppose A∈B(X), the set of 

nonempty bounded subset of X. Then we define 
 

 rG(A) = inf {sup d(a,g) : g∈G  a∈A} 
                                       centG (A) = {g0∈G: sup d(a,g0) = rG (A), a∈A }. 
                                                                                        
The number rG(A) is called the Chebyshev radius of A with respect to G. Also, an 
element g∈ centG (A) is called a best simultaneous approximation of A with respect to G. If A={x}, 
x∈X, then rG(A) = d(x,G) and centG (A) is the set of all best approximations of x out of G. We refer 
the readers to Milman [9] for further details of these concepts. 
Now, we present our main result of this note. 
 
Theorem 2. Let X be an ε-chainable convex metric space satisfying condition (I), and  
T:X→ C(X) be a set-valued mapping. Suppose that centG(A) is nonempty compact, starshaped and 
T-invariant, where G∈ C(X) and A∈C(X).Further, suppose that T satisfies  the following 
conditions: 
(i) T is continuous on centG(A) , and  
(ii) d(x, y) ≤ H(A,G) implies H(Tx, Ty) ≤Φ (d(x, y)) d(x, y) for all  
x, y ∈A∪ centG(A), with 0<d(x, y)<ε,where Φ: (0,∞) → [0,1) is a real-valued  function with  
lim sup Φ(s)<1 for all  t with 0<t<ε. 
 s→t+ 

 
Then centG(A) contains a T-invariant point. 
Proof. Let p be the star-centre of centG(A) . Then W(x,p,λ)∈ centG(A) for each 
 x∈centG(A). Let { kn } be a real sequence with 0≤kn<l such that kn→1 as n→∞.  
  Now define Tn:centG(A)→C( centG(A)) by Tn (x) = W(Tx,p,kn) for all x∈ centG(A). Now applying 
condition (I), we obtain 
 

H(Tnx, Tny) = H(W(Tx,p, kn),W(Ty,p, kn)) 
                                                          ≤ kn H(Tx, Ty) 

                         ≤ knΦ(d(x,y)) d(x,y) (using (ii)) 
Thus we get  

H(Tnx, Tny) ≤Φn(d(x,y)) d( x,y) 
for all d(x,y) ≤ H(A,G), where Φn= knΦ:(0,∞) → [0,1) is a real-valued function with 
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lim sup Φ(s)<l for all 0< t <ε. Then it follows from Theorem 1 that each Tn has a 
s→t+ 

fixed point, say zn. Since centG(A) is compact, {zn} has a convergent subsequence {zn i } such that 

zn i  →z as i → ∞ for some z∈X. Since 

zn i  ∈Tn i  zn i = W(Tzn i ,p,kn i ) , 

and kn i →1 as i →∞, it follows that z∈Tz. 
This completes the proof of our theorem. 
Open Question. It is not known whether the condition of Theorem 2 is valid if C(X) is replaced by 
CB(X). 
 
Acknowledgement. The authors wish to thank Professors Ismat Beg and Hong-Kun Xu for 
providing some of their reprints which motivated the present study. 
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Models based on Normal and

Laplace Random Variables

by

Saralees Nadarajah1

Abstract: The normal and Laplace distributions are the oldest known continuous distributions in
statistics. The distributions of their linear combinations, products and ratios arise in many areas
of the sciences and engineering. In this note, the exact distributions of αX + βY , | XY | and
| X/Y | are derived when X and Y are independent normal and Laplace random variables. Several
motivating applications are discussed.

Keywords and Phrases: Laplace distribution; Linear combination; Normal distribution; Prod-
uct; Ratio.

1 Introduction

In this note, we derive the exact distributions of αX + βY , | XY |, and | X/Y | when X and Y
are independent random variables having the normal and Laplace distributions with the pdfs

fX(x) =
1√
2πσ

exp

{
−(x − µ)2

2σ2

}
(1)

and

fY (y) =
1

2φ
exp

(
−| y − λ |

φ

)
, (2)

respectively, for −∞ < x < ∞, −∞ < y < ∞, −∞ < µ < ∞, −∞ < λ < ∞, σ > 0 and φ > 0. We
assume without loss of generality that α > 0.

Why study the linear combinations, products and ratios of normal and Laplace random vari-
ables? Four motivating applications from speech enhancement, option pricing, Bayesian statistics
and discrimination theory are discussed in Section 2. The exact expressions for the pdfs and the
cdfs of αX +βY , | XY | and | X/Y | are given in Sections 3, 4 and 5, respectively. The calculations
involve several special functions, including the complementary error function defined by

erfc(x) =
2√
π

∫
∞

x

exp
(
−t2

)
dt

and the hypergeometric function defined by

1F3 (a; b, c, d;x) =
∞∑

k=0

(a)
k

(b)
k
(c)

k
(d)

k

xk

k!
,

where (e)k = e(e + 1) · · · (e + k − 1) denotes the ascending factorial. The properties of the above
special functions can be found in Prudnikov et al. [1] and Gradshteyn and Ryzhik [2].
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2 Motivating Applications

2.1 Speech Enhancement

Over the past four decades, the problem of speech enhancement (SE) has been discussed by many
researchers, see e.g. [3]–[11]. The main objective of SE is to improve the performance of speech
communication systems in a noisy environment.

The noisy component of noisy speech is the sum of the independent components of clean speech
and noise. Usually, statistical models are used to estimate the clean speech and noise components.
In the case of spectral representation of the signal, these components will be complex variables and
one would model the statistical behavior of the real and imaginary parts. It is widely acknowl-
edged that the two most popular statistical models for speech data are the normal and Laplace
distributions.

Suppose X and Y are independent random variables representing the clean speech and noise
components (the real and imaginary parts of the components, in the case of the spectral represen-
tation), respectively. The problem of SE requires estimation of the noisy component given by the
sum Z = X + Y .

2.2 Option Pricing

The famous option pricing formula introduced by Kou [12] is derived by taking the sum of normal
and Laplace random variables with zero means.

2.3 Posterior Density of the Normal Standard Deviation

The most popular posterior distribution for the standard deviation of the normal distribution can
be obtained as follows. Suppose u is an observation from a normal distribution with mean λ and
standard deviation ω. Suppose too that the observer has some prior knowledge about λ given by
p(λ, ω) = g(λ), where g(·) denotes a symmetric probability density function (pdf). Then the joint
posterior of λ and ω will be

p (λ, ω | u) ∝ exp

{
−(u − λ)2

2ω2

}
g(λ).

Thus, the marginal posterior of ω will be

p (ω | u) ∝
∫

∞

−∞

exp

{
−(u − λ)2

2ω2

}
g(λ)dλ. (3)

If we take g(·) to be a Laplace pdf then the posterior distribution given by (3) is the same as that
of the product XY when X ∼ Normal and Y ∼ Laplace are independent of each other.

2.4 Discrimination Problem

It is well–known that the normal distribution is used to analyze symmetric data with short tails,
while the Laplace distribution is used for data with long tails. Although these two distributions may
provide similar fit for moderate sample sizes, it is still desirable to choose the better fitting model

2
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since inference procedures often involve tail probabilities, where the distributional assumption be-
comes crucial. Hence, it is important to make the best possible decision based on the available
data.

Suppose an experimenter has n observations and the elementary data analysis, say a histogram,
stem and left plot, or the box plot, suggests that they have come from a symmetric distribution.
The experimenter wants to determine which of normal or Laplace distributions fits the data better.
The usual approach for this is based on discriminant analysis. In fact, Kundu [13] used the ratio
of maximized likelihoods to discriminate between normal and Laplace distributions.

A different approach is as follows. Let F̂X denote the estimate of the cdf of X by assuming
that the n observations come from (1). Similarly, let F̂Y denote the estimate of the cdf of Y by
assuming that the n observations come from (2). For every real number c plot a point T (c) in
a Cartesian coordinate system with the coordinates (F̂X(c), F̂Y (c)). Note that the coordinates of
T (c) lie between 0 and 1, so that the graph is always located within the unit square {(x, y) : 0 ≤
x ≤ 1, 0 ≤ y ≤ 1}. Moreover, by letting c = ±∞ we see that the graph always starts at (0, 0) and
ends at (1, 1). See Figure 1.

[Figure 1 about here.]

The above graph can be used to discriminate between the two distributions. Note that the area
above the graph is equal to

A(X,Y ) =

∫
1

0

Pr(X ≤ c)dPr(Y ≤ c)

=

∫
1

0

Pr(X ≤ c)fY (c)dc

= Pr(X < Y ).

In view of this relation, the area A(X,Y ) can be utilized as a measure of the size difference between
the two distributions with A(X,Y ) = 1 if and only if the distribution of X lies entirely below the
distribution of Y . On the other hand, if X and Y are identically distributed, A(X,Y ) = 1/2.
Clearly, the computation of A(X,Y ) requires the study of the distribution of the ratio X/Y .

3 Distribution of the Linear Combination

Here, we consider the distribution of Z = αX + βY when X and Y are independent random
variables, distributed according to (1) and (2), respectively. Theorem 1 derives explicit expressions
for the pdf and the cdf of Z in terms of the complementary error function.

Theorem 1 Suppose X and Y are independent random variables, distributed according to (1) and
(2), respectively. Then, the cdf of Z = αX + βY can be expressed as

FZ(z) =
1

4

[
2erfc

(
βλ + αµ − z√

2ασ

)
− exp

{
1

φ2
+

2β(βλ + αµ − z)

α2σ2φ

}
erfc

(
βλ + αµ − z√

2ασ
+

ασ√
2βφ

)

− exp

{
1

φ2
− 2β(βλ + αµ − z)

α2σ2φ

}
erfc

(
βλ + αµ − z√

2ασ
− ασ√

2βφ

)]
(4)
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for −∞ < z < ∞. The corresponding pdf can be expressed as

fZ(z) =
A(z) + B(z)

4βφ
exp

{
−(z − βλ − αµ)2

2α2σ2

}
(5)

for −∞ < z < ∞, where

A(z) = exp

{(
α2σ2 − φβz + φβ2λ + φαβµ

)2

2β2φ2α2σ2

}
erfc

{
α2σ2 − φβz + φβ2λ + φαβµ√

2βφασ

}

and

B(z) = exp

{(
α2σ2 + φβz − φβ2λ − φαβµ

)2

2β2φ2α2σ2

}
erfc

{
α2σ2 + φβz − φβ2λ − φαβµ√

2βφασ

}
.

Proof: The cdf FZ(z) = Pr(αX + βY ≤ z) can be expressed as

FZ(z) =
1

2φ

∫
∞

−∞

exp

(
−| y − λ |

φ

)
Φ

(
z − βy − αµ

ασ

)
dy

=
1

2φ

∫
∞

−∞

exp

(
−| w |

φ

)
Φ

(
z − βw − βλ − αµ

ασ

)
dw, (6)

where Φ(·) denotes the cdf of the standard normal distribution. Using the relationship

Φ(−x) =
1

2
erfc

(
x√
2

)
,

(6) can be further rewritten as

FZ(z) =
1

4φ

∫
∞

−∞

exp

(
−| w |

φ

)
erfc

(
βw + βλ + αµ − z√

2ασ

)
dw

=
1

4φ

{∫
∞

0

exp

(
−w

φ

)
erfc

(
βw + βλ + αµ − z√

2ασ

)
dw

+

∫
∞

0

exp

(
−w

φ

)
erfc

(−βw + βλ + αµ − z√
2ασ

)
dw

}

. (7)

The two integrals in (7) can be calculated by direct application of equation (2.8.9.1) in volume 2
of Prudnikov et al. [1]. The result follows. �

The following corollaries provide the cdfs for the sum and the difference of the normal and
Laplace random variables.

Corollary 1 Suppose X and Y are independent random variables, distributed according to (1) and
(2), respectively. Then, the cdf of Z = X + Y can be expressed as

FZ(z) =
1

4

[

2erfc

(
λ + µ − z√

2σ

)
− exp

{
1

φ2
+

2(λ + µ − z)

σ2φ

}
erfc

(
λ + µ − z√

2σ
+

σ√
2φ

)

− exp

{
1

φ2
− 2(λ + µ − z)

σ2φ

}
erfc

(
λ + µ − z√

2σ
− σ√

2φ

)]

(8)
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for −∞ < z < ∞.

Proof: set α = 1 and β = 1 into (4). �

Corollary 2 Suppose X and Y are independent random variables, distributed according to (1) and
(2), respectively. Then, the cdf of Z = X − Y can be expressed as

FZ(z) =
1

4

[
2erfc

(−λ + µ − z√
2σ

)
− exp

{
1

φ2
+

2(−λ + µ − z)

σ2φ

}
erfc

(−λ + µ − z√
2σ

+
σ√
2φ

)

− exp

{
1

φ2
− 2(−λ + µ − z)

σ2φ

}
erfc

(−λ + µ − z√
2σ

− σ√
2φ

)]
(9)

for −∞ < z < ∞.

Proof: set α = 1 and β = −1 into (4). �

Note that the parameters in (4), (8) and (9) are functions of µ/σ (coefficient of variation for the
normal model), λ/φ (coefficient of variation for the Laplace model), φ/σ (ratio of scale parameters),
and φ.

4 Distribution of the Product

Theorem 2 derives an explicit expression for the cdf of | XY | in terms of the hypergeometric
function.

Theorem 2 Suppose X and Y are independent random variables, distributed according to (1) and
(2), respectively, with λ = µ = 0. Then, the cdf of Z =| XY | can be expressed as

FZ(z) =
z√
2φσ

{
3C√

π
1F3

(
1

2
;
3

2
, 1,

1

2
;− z2

8φ2σ2

)
+

z√
2φσ

1F3

(
1; 2,

3

2
,
3

2
;− z2

8φ2σ2

)}
(10)

for −∞ < z < ∞, where C denotes Euler’s constant.

Proof: The cdf FZ(z) = Pr(| XY |≤ z) can be expressed as

FZ(z) =
1

2φ

∫
∞

−∞

{
Φ

(
z

σ | y |

)
− Φ

(
− z

σ | y |

)}
exp

(
−| y |

φ

)
dy, (11)

where Φ(·) denotes the cdf of the standard normal distribution. Using the relationship

Φ(−x) =
1

2
erfc

(
x√
2

)
,

(11) can be rewritten as

FZ(z) =
1

2φ

∫
∞

−∞

exp

(
−y

φ

)
erfc

(
− z√

2σ | y |

)
dy − 1

=
1

φ

∫
∞

0

exp

(
−y

φ

)
erfc

(
− z√

2σy

)
dy − 1

=
1

φ

∫
∞

0

y−2 exp

(
− 1

φy

)
erfc

(
− yz√

2σ

)
dy − 1. (12)
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The integral in (12) can be calculated by direct application of equation (2.8.5.14) in volume 2 of
Prudnikov et al. [1]. The result follows. �

Note that the parameters in (10) are functions of φσ (product of scale parameters).

5 Distribution of the Ratio

Theorem 3 derives explicit expressions for the pdf and the cdf of | X/Y | in terms of the comple-
mentary error function.

Theorem 3 Suppose X and Y are independent random variables, distributed according to (1)
and (2), respectively, with λ = 0. Then, the cdf of Z =| X/Y | can be expressed as FZ(z) =
G(z) − G(−z), where

G(z) =
1

2
exp

(
σ2 + 2φµz

2φ2z2

)
erfc

(
µ√
2σ

+
σ√
2φz

)
(13)

for −∞ < z < ∞. The corresponding pdf is fZ(z) = g(z) + g(−z), where g is the derivative of G
given by

g(z) =
1

2
√

πφz3
exp

(
σ2 + 2φµz

2φ2z2

)[
√

2σz exp

{

−
(

µ√
2z

+
σ√
2φz

)
2
}

−
√

πσ2

φ
erfc

(
µ√
2z

+
σ√
2φz

)
−

√
πµzerfc

(
µ√
2z

+
σ√
2φz

) ]
(14)

for −∞ < z < ∞.

Proof: The cdf FZ(z) = Pr(| X/Y |≤ z) can be expressed as

FZ(z) =
1

2φ

∫
∞

−∞

{
Φ

(
µ + z | y |

σ

)
− Φ

(
µ − z | y |

σ

)}
exp

(
−| y |

φ

)
, (15)

where Φ(·) denotes the cdf of the standard normal distribution. Using the relationship

Φ(−x) =
1

2
erfc

(
x√
2

)
,

(15) can be rewritten as

FZ(z) =
1

4φ

∫
∞

0

{
erfc

(
µ − z | y |√

2σ

)
− erfc

(
µ + z | y |√

2σ

)}
exp

(
−| y |

φ

)
dy

=
1

2φ

{∫
∞

0

erfc

(
µ − zy√

2σ

)
exp

(
−y

φ

)
dy −

∫
∞

0

erfc

(
µ + zy√

2σ

)
exp

(
−y

φ

)
dy

}
. (16)

The two integrals in (16) can be calculated by direct application of equation (2.8.9.1) in volume 2
of Prudnikov et al. [2]. The result follows. �

Note that the parameters in both (13) and (14) are functions of µ/σ (coefficient of variation)
and σ/φ (ratio of scale parameters).
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A Generalization Of An Integral Inequality 
 
 

W. T. Sulaiman 
                          
                                Dept. of Mathematics,  College of Computer Science 
                                     and Mathematics,  University of Mosul, Iraq. 
                                           Email.  waadsulaiman@hotmail.com . 
                                 

 
 

Abstract. A generalization of integral inequality 
presented by [1] is given. Other new results are  

                               also proved. 
            
 
   1. Introduction 

 
The following open question was proposed in [2] 
Under what conditons does the inequality 
 

(1.1)                                    ∫∫ ≥+
1

0

1

0

)()( dxxfxdxxf αββα  

hold  for  ?βα and  
 
In [1],  the authors gave an answer by establishing the following 
 
   Theorem . If the function  f  satisfies 

(1.2)                               ],1,0[,
2

1)(
1

0

2

∈∀
−

≥∫ xxdttf    

then 

                                       ∫∫ ≥+
1

0

1

0

)()( dxxfxdxxf αββα  

for every real   .01 >≥ βα and  
 
  The aim of this paper is that to give some generalization of the previous result as 
well as to establish another new result . 
 
 

 
   2. New Results 
 
We state and prove the folowing 
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   Theorem 2.1.  Let  hgf ,,  be continuous functions defined on ( ) ],[,],[ babah  
respectively,  f  is nonnegative,   ( ) ,0)( =ahg  ( ) ],[,1)()( baxxhxhg ∈∀≥′′ . h is 
nondecreasing and let  .0,1 >≥ βα  If 

(2.1)                     ( ) ( ) ( ) ,],[)()()()( baxdtththgthgdtthf
b

x

b

x

∈∀′′≥ ∫∫  

then 

(2.2)                            ( ) ( ) ( )dtthgthfdtthf
b

a

b

a

)()()( βαβα ∫∫ ≥+ . 

 
Proof.   Since   ( )( ) ( ) ,0)()()( ≥′′=′ ththgthg   and  h  is nondecreasing,  then  ( ))(thg  
is increasing.  That is   ( ) ( ) .0)()( => ahgthg   We have  for  ,0>γ  via changing the 
order of integration 
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By using the AG inequality,  for   ,1≥α  

                   ( ) ( ) ( ) ( ))()()(1)(1 1 thgthfthgthf −≥
−

+ ααα

α
α

α
 

Multiplying  the above inequality  by  ( ))(thg β   gives 

              ( ) ( ) ( ) ( ) ( ),)()()(1)()(1 1 thgthfthgthgthf −++ ≥
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which implies 
            ( ) ( ) ( ) ( ) ( ))()1()()()()( 1 thgthgthfthgthf βαβαβα αα +−+ −−≥  
                                              
       ( ) ( ) ( ) ( ) dtththgthgthgthf )()()()1()()( 1 ′′−−≥ +−+ βαβα αα . 
 
Integrating  both sides of the above inequality implies 
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Now  making use of the  AG  inequality again,  to have 
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On integrating the above from a to b,  we obtain 
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The result follows. 
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Theorem 2.2.  Let  hgf ,,  be continuous functions defined on ( ) ],[,],[ babah  
respectively,  f  is nonnegative,   ( ) ,0)( =ahg  ( ) ],[,1)()( baxxhxhg ∈∀≥′′ . h is 
nondecreasing and let  .0,1 >≥ βα  If 
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then (2.2)  is satisfied . 
 
Proof .  Let  .0>γ  Then  we have 
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a

x

a

)()()()( 1−∫ ∫ γ  

                       ( ) ( ) ( ) dxxhxhgxhgdtthf
b

a

x

a

)()()()( 1 ′′⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= −∫ ∫ γ  

                     ( ) ( ) ( ) ( ) dxxhxhgxhgdtththgthg
b

a

x

a

)()()()()()( 1 ′′⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′′≤ −∫ ∫ γ  

                       ( ) ( ) dxxhxhgxhg
b

a

)()()(
2
1 1 ′′= ∫ +γ  

                     ( ) .
)2(2
)(2

+
=

+

γ

γ bhg  

Therefore, we have 

                        ( ) ( ) ( ) ( )dtthgtgfbhgbhg b

a

)()(1)(
2
1

)2(2
)( 2

2
γγ

γ

γγγ ∫−≥
+

+
+

, 

which implies 

                              ( ) ( ) ( ) .
2

)()()(
2

+
≥

+

∫ γ

γ
γ bhgdtthgtgf

b

a

 

The rest if the proof is exactly the same as what has been done in theorem 2.1. 
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   Theorem 2.3.  Let  hgf ,,  be continuous functions defined on ( ) ],[,],[ babah  
respectively,  f  is nonnegative,   ( ) ,0)( =ahg  ( ) ],[,1)()( baxxhxhg ∈∀≥′′ . h is 
nondecreasing and let .10 <<< αβ  If 

(2.5)                     ( ) ( ) ( ) ,],[)()()()( baxdtththgthgdtthf
b

x

b

x

∈∀′′≤ ∫∫  

then 

(2.6)      ( ) ( ) ( ) ( ).)(
1

)()()( 1 bhgdtthgthfdtthf
b

a

b

a

+−−−

+−
+

≤+ ∫∫ βαβαβα

βα
βαβα  

 
Proof .  As before, it is not difficult to show that for  ,0>γ  
                                             

( ) ( ) ( ) .
2

)()()(
2

+
≤

+

∫ γ

γ
γ bhgdtthgthf

b

a

 

By the AG inequality, we have for  ,10 << α  

                            ( ) ( ) ( ) ( ))()()(
1

)(
1 1 thgthfthgthf −≤

−
+ ααα

α
α

α
 

 
Multiplying  the above inequality  by  ( ))(thg β−   gives 

              ( ) ( ) ( ) ( ) ( ).)()()(1)()(1 1 thgthfthgthgthf −−−− ≤
−

+ βαβαβα

α
α

α
 

and this implies 
                 ( ) ( ) ( ) ( ) ( ))()1()()()()( 1 thgthgthfthgthf βαβαβα αα −−−− −−≤  
                                   ( ) ( ) ( ) ( ) )()()()1()()( 1 ththgthgthgthf ′−−≤ −−− βαβα αα , 
  and hence                                  

            ( ) ( ) ( ) ( ) dtthgthfdtthgthf
b

a

b

a

)()()()( 1−−− ∫∫ ≤ βαβα α  

                                                        ( ) ( ) dtththgthg
b

a

)()()()1( ′′−− ∫ −βαα  

                                         ( ) ( )
1
)()1(

1̀
)( 11

+−
−−

+−
≤

+−+−

βα
α

βα
α

βαβα bhgbhg  

                                              ( ) .
1
)(1

+−
=

+−

βα

βα bhg  

 
Now  making use of the  AG  inequality again,  to have 
  

                    ( ) ( ) ( ) ( ),)()()()( thgthfthgthf βαβαβα

βα
β

βα
α −−− ≤

−
−

−
 

and this implies 

               ( ) ( ) ( ) ( ))()()()( thgthgthfthf βαβαβα

βα
β

βα
α −−−

−
+≤

−
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                               ( ) ( ) ( ) ( ) )()()()()( ththgthgthgthf ′′
−

+≤ −− βαβα

βα
β . 

On integrating the above from a to b,  we obtain 
 

         ( ) ( ) ( )dtthgthfdtthf
b

a

b

a

)()()( βαβα βα −− ∫∫ +  

                           ( ) ( ) ( ) ( ) dtththgthgdtthgthf
b

a

b

a

)()()()()( ′′+≤ ∫∫ −− βαβα βα  

                      ( ) ( )
1
)(

1
)( 11

+−
+

+−
≤

+−+−

βα
β

βα
α

βαβα bhgbhg     

                         ( ) .)(
1

1 bhg +−

+−
+

= βα

βα
βα

                     

                                                                 
                                         
 

 
 
 
 

  3. Applications 
 
 
   Remark 3.1.  The result of [1] follows from Theorem 2.1 by puttimg 
                                            .1,0,)()( ==== baxxhxg    
 
 
   Corollary 3.2.  Let  f , g  be continuous functions defined on [a,b],  f  is 
nonnegative, 

],,[1)(,0)( baxxgag ∈∀≥′=   and let  .0,1 >≥ βα  If 

(3.1)                           ,],[)()()( baxdttgtgdttf
b

x

b

x

∈∀′≥∫ ∫  

then 

(3.2)                                ∫ ∫≥+
b

a

b

a

dxxgxfdxxf )()()( βαβα . 

 
Proof.   Follows from Theorem 2.1  by putting   .)( tth =  
 
   Corollary 3.3.  Let  f  be nonnegative continuous function defined on [a,b], and let 

.0,1 >≥ βα  If 

(3.3)                                   ( ) ,],[
2

)(
2

baxaxdttf
b

x

∈∀
−

≥∫  

then 
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(3.4)                                 .)()()( ∫∫ −≥+
b

a

b

a

dxxfaxdxxf αββα  

Proof.   Follows from Corollary  3.2  by putting  .)( attg −=  
 
 
  Corollary 3.4.   If  f  is continuous in the domain stated, and  if ,0,1 >≥ βα  then 
the following inequalities holds (follows  from Corollary 3.2). 
 

(1)                                    ,sin)()(
2/

0

2/

0

dxxxfdxxf ∫∫ ≥+
π

βα
π

βα  

provided 

                                         ]2/,0[2cos)(
2/

2
1 π

π

∈∀≥∫ xxdttf
x

. 

 
 

(2)                                    ( ) ,sin)()( 1
1

0

1

0

dxxxfdxxf βαβα −+ ∫∫ ≥  

provided 

                                            ( )( ).sin)()( 212
2

1

2
1 xdttf

x

−−≥∫ π  

(3)                                       ,ln)()(
11

dxxxfdxxf
bb

∫∫ ≥+ ββα  

provided 

                                    ( ) ],1[lnln)( 22
2
1 bxxbdttf

b

x

∈∀−≥∫ . 

 

(4)                                 ,)()( dxexfdxxf x
bb

βαβα ∫∫
∞−∞−

+ ≥  

provided 

                                 ( ) .],()( 22
2
1 bxeedttf

b

x

xb −∞∈∀−≥∫  

 
    Corollary 3.5.  Let  f, g  be continuous functions defined on [a,b],  f  is nonnegative, 

],,[1)(,0)( baxxgag ∈∀≥′=  and let  .0,1 >≥ βα  If 

(3.5)                            ,],[)()()( baxdttgtgdttf
x

a

x

a

∈∀′≤∫ ∫  

and 

(3.6)                                           ,)()( 2
2
1 bgdttf

b

a
∫ ≥  

then 
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(3.7)                                         .)()()( ∫∫ ≥+
b

a

b

a

dxxgxfdxxf βαβα  

Proof.   Follows from Theorem 2.2  by putting  .)( tth =  
   
 
   Corollary  3.6.  Let  f , k  be nonnegative continuous functions defined on [0,b], k is 
nonincreasing, ,],0[1)( bttk ∈∀≥′   and let  .0,1 >≥ βα  If 

(3.8)                             ,],0[)()()(
0 0 0

bxdtdutkukdttf
x x t

∈∀≤∫ ∫ ∫  

and 

(3.9)                                           ,)(
2
1)(

2

00
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫∫

bb

duukdttf  

then 

(3.10)                                .)()()(
00
∫∫ ≥+
bb

dxxxkxfdtxf ββαβα  

 

Proof.  Follows rom Corollary 3.5  by  putting  ∫=
t

duuktg
0

)()( as follows 

               dxdtxkxfdxdttkxfdxxf
xbxbb β

βα

β

αβα
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≥⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≥ ∫∫∫∫∫ +

00000

)()()()()(  

                                                  .)()(
0
∫=
b

dxxxkxf ββα  
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Abstract 

This paper deals with certain class of kernels and investigates the convolution transform 

of ultra-distributions of Roumieu-type supported inside compact subsets. Inversion 

sequence of operators of the transform is discussed. 

Keywords: convolution transform, class of kernels, ultra-differentiable function, ultra-

distribution, Roumieu-type ultra-distribution. 

 

1. Introduction 

The generalized convolution transform [cf. [2]] 

 

                                ( ) ( ) ( )F x f t G x t= −, ,               (1.1) 

 

for a given x , is defined to be the number that f  assigns to a test function space 

containing the kernel ( )G x t−  as a function of t . The transform (1.1) is investigated by 

Hirschman and Widder [3,4] by restricting the class of kernels ( )G t  to a fairly wide class 

of functions . Related formulae ,therein, are obtained. For real numbers c  and d , among 

others, [2] define a space lc d,  of test functions by means of a sequence ( )γ k k o=

∞
of 

seminorms , where 

 

                            ( ) ( ) ( ) ( ) ( )γ φ γ φ φk k c d
kK t t≡ =, , sup   ,                                  (1.2) 
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2 

( )K t  is infinitely smooth, ( )K t ≠ 0 , and  

                               ( ) ( )
( )

K t
e for t

e for t

ct

dt
=

∈ ∞

∈ −∞ −








1

1

,

,
   . 

 

However, the above test function space lc d,  meets the needs for quite variety of kernels 

given by [3], [4]. In this research work, we consider the class of kernels defined by [1], 

[5],[3] 

 

( ) ( )[ ]

( ) ( ){ }

G t
i

F s e ds

i
s a s c X

i

i
st

i

i

k
k k

=

≡ 


− −

− ∞

∞ −

− ∞

∞

=

∞

∫

∫

1

2

1

2
1 1

1

1

π

π
Π /

 

                  ( )( )]exp ,s a c e dsk k
st1 1

1
−

−
        (1.3) 

where, Re ,Re , ,a a c c a c ak k k k k k k= = ≤ < < ∞−∑0 1 2 , and N N+ −+ = ∞ , where 

 { }( ) { }( ){ }N N a a N c a
x

k k± →±∞
= −lim inf , , , 

and,     {}( )N x⋅ ,  is the number of a s b sk k
, ,,  between 0  and x .  

 

2.  The Convolution Transform of { } )(R
pe℘  and its  Dual of Compact Support 

 

 The e s ii
, , , , ,...= 0 1 2 , wherever they appear, are to be considered as a sequence of 

positive real numbers on which the following constraint is emposed [cf.[7,p.66]] 

(i) e ST e ei
i

k i
k i k≤

≤ ≤ −min
0

,  (Stability under ultradifferentiable operators) 

Where, S T> >0 1,  being constants.  

An infinitely differentiable function φ  over R  is said to be an ultradifferentiable function 

of Roumieu type if and only if for every compact subset K  of R there are positive 

constants A  and C  depending on φ  and K  such that 

 ( )sup
x K

k

k

k
k

d

dx
x CA e

∈
≤φ .            
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The set of all such a  φ is denoted by  { } )(R
pe℘ . 

We denote by { } )(R
pe℘′  the strong dual of { } )(R

pe℘ . Its elements so-called  

ultradistributions of Roumieu type of compact support. 

 

Lemma 2.1. Let α 1  and α 2  be defined by [cf. [1,(2.1)]] 

 ( ) ( )α α1 20 0= −∞ < = ∞ >max , , min ,a a a ak k k k ,        (2.1) 

such that c d< >α α2 1, , then for real x  and N N+ −+ = ∞  we have 

 ( )∈− txG  { } )(R
pe℘    , 

where ( )G t  is that defined by (1.3). 

 

Proof.  Conditions c < α 2 , and d < α 1 , the fact that ( )G x t lc d− ∈ , [1, p.182] for any real 

x ,    imply that 

 ( )( )
( )

( )( )γ k c d
t

ct
kG x t e G x t, ,

,

sup− = −
∈ ∞1

          (2.2) 

and 

 ( )( )
( )

( )( )γ k c d
t

dt
kG x t e G x t, ,

,

sup− = −
∈ −∞ −1

          (2.3) 

are both finite.          

Considering ( )t ∈ ∞1, , we, for any x R∈ , choose sufficiently small constant E > 0  such 

that ( ) ( )G x t E ek ct− ≤ − . 

Allowing K  vary over all compact subsets of ( )1,∞  and considering supremum over all 

t K∈  we have, by the structure of the sequence ( )ep , the existence of constants 

A h1 1 0, >  dependent on ( )G t  such that  

 
( )

( )( )sup
,t K

k k
kG x t E A e

∈ ⊂ ∞
− ≤

1
1 1 .           (2.4) 

Analogous argument for ( )t ∈ −∞ −, 1 , yields that  

 
( )

( ) ( )sup
,t K

k k
kG x t E A e

∈ ⊂ −∞ −
− ≤

1
2 2 .          (2.5) 
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Combing (2.4) and (2.5) yields that,  

 ( )( )sup
t K R

k k
kG x t E A e

∈ ⊂
− ≤ , 

for some positive constants E and A depending on ( )G t . 

 In view of above lemma and conditions employed on α α1 2,  and ( )G t , we define 

the convolution transform of ultradistribution ∈f { } )(R
pe℘′  to be the map 

 

                                                    ( ) ( ) ( )F x f t G x t= −, ,                    (2.6) 

for any real x . 

 

Theorem 2.2. Let c d< >α α α2 1 1, ,  and α 2  are as in (2.1), and N N+ −+ = ∞ . Let the 

sequence ( )ep  satisfy (i), then for ∈f { } )(R
pe℘′  we have 

    ( ) ( ) ( )D F x f t D G x tx
k

x
k= −, ,        (2.7) 

Proof. Conditions c d< >α α2 1,  and N N+ −+ = ∞  implies that ( )∈− txG { } )(R
pe℘  .   

Following [2], we attempt to prove the theorem by induction on the order of the 

derivatives k . 

 For k = 0 , (2.7) is that (2.6). Assume (2.7) is true for ( )k − 1  derivatives. Let x  

be fixed and ∆ x ≠ 0 . consider, 

 ( ) ( ) ( ) ( ) ( ) ( )1 1

1

1

1∆
∆ ∆x

d

dx
F x x

d

dx
F x f t

d

dx
G x t f t t

k

k

k

k

k

k x









 + −








 − − =

−

−

−

− , ,η , 

where 

 ( ) ( ) ( ) ( )η∆ ∆
∆x

k

k

k

k

k

k
t

x

d

dx
G x x t

d

dx
G x t

d

dx
G x t=









 + − − −








 − −

−

−

−

−

1 1

1

1

1
.     (2.8) 

To prove the theorem enough to prove that ( )η ∆ x t → 0  uniformly in the topology 

of { } )(R
pe℘ . For any non negative integer m, (2.8) can be written as 

 ( )( ) ( ) ( )η ξ ξ∆

∆

∆x
m

m

x t

x t x m k

m kx t

y
t

x
dy

d

dx
G d=

−
−

− + + −

+ −−∫ ∫
1 1

1
.        (2.9) 
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Let { }I x t x x t x= − − < < − +ξ ξ: ∆ ∆ . Then, Lemma 2.1, condition (i)   and (2.9) 

imply 

 ( )( ) ( ) ( ) ( )η ξ
ξ

∆
∆ ∆

x
m

I

m k

m k

k

k

m

mt
x d

dx
G C

x
AT Se AT e≤ ≤

∈

+ −

+ −
−

−2 2

1

1

1

1sup .    (2.10) 

 

Hence,  

 ( )( )sup ' '

t K
x

m m mt C A e
∈

≤η∆ ,          (2.11) 

where, ( )C C
x

AT Se
k

k
' = −

−

∆
2

1

1  and A AT' = . 

Allowing ∆ x → 0  in (2.10) together with (2.11) prove the theorem. 

 

3. Inversion Formula. 

 Definition 3.1. Let ( )R Dm  be the inversion sequence of operators [1], [2] 

 ( ) ( )( )R D e
D

a

D

c
a c Dm

b D

k

m

n k
k k

m

= −








 −








 +

−

=

−
− −Π

1

1

1 11 1 exp , 

where, ( ) ( )e f x f x k D
d

dx

kD

= + =, . 1
1

−







−
D

c
 is given by  

 ( )
( )

( )
1

0

0

1

−





 =

>

− <









−
−∞

−

−∞

∫

∫

D

c
F x

c e e f y dy for c

c e e f y dy for c

cx cy

x

cx cyx
        (3.1) 

and lim
m

mb
→∞

= 0 . 

Theorem 3.2. Under the hypothesis of (2.6) and for a sequence ( )ei  satisfying (i) we 

have, 

     ( )∈xF  { } )(R
pe℘    , 

for any real x . 

Proof. Let K  be a compact subset of R. and ( )ep  satisfy (i). Then, there is r N∈  such 

that 
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 ( ) ( )D F x C D G x tx
n

o k r t K

n k≤ −
≤ ≤ ∈

+' max sup  

    <
≤ ≤

+
+C C A e

o k r

n k
n k

' max  

     < D A e
n

n
' , 

where, D C C A ST er r
r= '  and A AT' = . Constants S T,  are that in (i). This completes the 

proof of the theorem. 

Theorem 3.3. Let ( ) ( ) ( )F x f t G x t= −, . We have, 

      ( ) ( )∈xFDRm { } )(R
pe℘  

where ∈f { } )(R
pe℘′  and ( )ep  satisfies (i). 

Proof. Presence of condition (i) is to ensure that ( )∈xF { } )(R
pe℘′ , see the above 

Theorem. The definition of ( )e F x
kD

 and properties of { } )(R
pe℘   implies that ( )e F x

kD

 and 

( )1−







D

a
F x  are both in { } )(R

pe℘ .  We only need to prove that 

                               ( )∈






 − xF
a

D
1 { } )(R

pe℘  . 

For,  let a > 0 . By Theorem 3.2, we find positive constants C and A such that 

                     ( )sup
t K

x
n n

nD F x CA e
∈

< ,          (3.2) 

for any compact subset K  of R. Employing (3.1) and integrating by parts, n-times, we 

have 

 ( ) ( )dn

dx

D

a
F x

d

dx
a e e F y dy

n

n

n

ax ay

x

1
1

−





 =











− −∞

∫  

          ( )=
−∞

∫a e e D F y dy
ax ay

x

x
n . 

Thus, invoking (3.2) we have 

 ( ) ( )d

dx

D

a
F x a e e D F y dy CA e

n

n

ax

x

ay

x
n n

n1
1

−





 ≤ <

− ∞ −

∫ . 

Analogous proof can be followed for a < 0 . Hence, our theorem is completely proved. 
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Theorem 3.4. Let α α1 2,  have similar conditions as in Theorem 2.2. Then, for ( )∈tf  

{ } )(R
pe℘′ and condition (i) holds, we have 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )lim , ,
m

m
n nR D F x x f t t

→∞
=θ θ , 

Whereθ ∈D (Schwartz test function space), n N∈2 . 

Proof  is similar to that in [8, Theo. 3.2]. 
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Abstract

In contrast with the convergence and Gibbs phenomenon for the classical Fourier series,
the same problems are treated for generalized Fourier series in this paper. More precisely, the
pointwise and uniform convergence are discussed; It turns out that the Gibbs phenomenon
can be removed at rational discontinuity under some conditions. Finally, some numerical
experiments are presented to illustrate our theory.
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1 Introduction

Fourier series is important in both mathematics and engineering. One of fundamental problems
in that area is the convergence in some senses. Let f ∈ L2([0, 1]) be 1-periodic. Then its Fourier
series is defined by S(f, ·) :=

∑
n∈Z cnei2πn· on R, where the Fourier coefficients cn are given by

the formula cn =
∫ 1
0 f(x)e−i2πnxdx for n ∈ Z. A Fourier series is called convergent (uniformly

convergent), if the partial sums

SN (f, ·) =
N∑

n=−N

cnei2πn·

is convergent (uniformly convergent). For the convergence of Fourier series, the following well
known theorems are of importance.

∗Supported by the National Natural Science Foundation of China (Grant No. 10671008)
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Theorem A. (Jordan’s test) Let f be 1-periodic and of bounded variation in some neighborhood
N(x) of x ∈ R. Then

lim
N→∞

SN (f, x) =
1
2

[f(x + 0) + f(x− 0)] .

If, in addition, f is continuous at x, then limN→∞ SN (f, x) = f(x) holds automatically; Moreover,
if f is continuous in N(x), then limN→∞ SN (f, ·) = f(·) uniformly on any closed subinterval of
N(x).

Theorem B. Let f be a 1-periodic function and of bounded variation on [0, 1]. If f has a jump
discontinuity at x ∈ (0, 1) and is continuous on (x− δ, x)∪ (x, x + δ) for some δ > 0, then there
exists the Gibbs phenomenon at x, i.e., the Fourier series S(f, ·) does not converge uniformly to
f in N(x).

From Theorem B, we find that when a Fourier series is used to approximate a function f with
a jump discontinuity, the N -th partial sum of f overshoots the function value at the jump point.
This Gibbs phenomenon was studied by Wilbraham ([16]), Michelson ([11]) and Gibbs ([2]) long
time ago. More investigations can be found in many references, e. g. in [1], [12], [15], [17] and
etc. Two dimensional cases were treated very recently by G. Helmberg in [3], [4], [5].

Although wavelet analysis shows many advantages over the classical Fourier analysis, all
standard wavelet expansions do exhibit Gibbs phenomenon ([7], [13] and [14]). This is not good,
because in many applications, Gibbs phenomenon represents an undesirable effect. Many efforts
have been made to eliminate or remove this behavior. For example, to avoid it, either Cesàro or
the Abel means are used instead of the partial sums of the Fourier series.

This paper is devoted to the convergence and Gibbs phenomenon for generalized Fourier
series. Before proceeding, let us first briefly introduce generalized Fourier series. It is well known
that the classical Fourier basis does not give a satisfactory representation of a nonlinear and non-
stationary signal ([6]). To better deal with such signals and to overcome shortcoming of Fourier
basis, the authors of [10] introduce a class of orthonormal exponential bases, which includes the
classical Fourier basis, the Walsh system and others: Let

gn(x) :=

{
anx + bn, x ∈ [

0, 1
2

)
,

cnx + dn, x ∈ [
1
2 , 1

]

be real-valued functions for n ∈ Z. Then a characterization is given for {ei2πgn : n ∈ Z} to be
an orthonormal basis for L2([0, 1]). Li and Yan ([8]) extend that result to multi-knot piecewise
linear functions:

Theorem C. Let q ∈ N be a positive integer and Nq := {0, 1, . . . , q−1}. For n ∈ Z and l ∈ Nq,
define 1-periodic function gn, l by

gn,l(x) := aj
nx + bj

n,l, x ∈ Ij , (1)

where Ij =
[

j
q , j+1

q

)
(0 ≤ j ≤ q− 1), aj

n depends on n, j and
{

aj
n : n ∈ Z

}
= qZ for j ∈ Nq. Then

the set
G :=

{
ei2πgn, l : n ∈ Z, l ∈ Nq

}
(2)

2
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forms an orthonormal basis for the space L2([0, 1]) if and only if

Bn :=
1√
q

(
ei2πbj

n, l

)
l, j∈Nq

(3)

is unitary for each n ∈ Z.

Many examples are given by this theorem ([8]). In particular, Theorem C leads to the results
in [10], when q = 2. As the Fourier basis, G constitutes bases, but not unconditional bases, for
Lp([0, 1]) with 1 < p < ∞, p 6= 2 ([9]). We call the function system G defined by (2) the generalized
Fourier system. Similar to the classical Fourier series, the generalized Fourier series of f is defined
by

G(f, ·) :=
∑

n∈Z

q−1∑

l=0

c̃n, le
i2πgn, l(·), (4)

where the generalized Fourier coefficients c̃n, l are given by

c̃n, l =
∫ 1

0
f(x)e−i2πgn, l(x)dx (5)

for n ∈ Z and l ∈ Nq. The partial sums of generalized Fourier series of function f are well-defined
on the whole real line by

GN (f, ·) :=
N∑

n=−N

q−1∑

l=0

c̃n, le
i2πgn, l(·) (6)

for N = 0, 1, · · · . Throughout the paper, we always assume that q ≥ 2, because q = 1 essentially
reduces to the classical Fourier series.

In the next section, some sufficient conditions are provided for pointwise and uniform conver-
gence of GN (f, ·); Further, it is shown that Gibbs phenomenon for generalized Fourier series can
be removed at rational discontinuity under some conditions. Examples and numerical experiments
are presented in Section 3 to illustrate our theory.

2 Convergence and Gibbs Phenomenon

We always use generalized Fourier bases given in Theorem C, when discuss the convergence of a
generalized Fourier series. The following simple lemma will be frequently used in this section.

Lemma 1 For f ∈ L2([0, 1]) and k ∈ Nq, define 1-periodic function hk by

hk(·) := f

( ·+ k

q

)
(7)

on [0, 1). Then, on Ik =:
[

k
q , k+1

q

)
,

lim
N→∞

GN (f, ·) = lim
N→∞

SN (hk, q · −k) . (8)

3
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Proof Recall that for x ∈ Ik, gn, l(x) = ak
nx + bk

n, l and

GN (f, x) =
N∑

n=−N

q−1∑

l=0

c̃n, le
i2πbk

n, lei2πak
nx

with c̃n, l =
∫ 1
0 f(y)e−i2πgn, l(y)dy. Then c̃n, l =

∑q−1
j=0 e−i2πbj

n, l
∫
Ij

f(y)e−i2πaj
nydy. Substituting this

into GN (f, x) and using the unitary property of Bn(Theorem C), one has

GN (f, x) = q

N∑

n=−N

(∫

Ik

f(y)e−i2πak
nydy

)
ei2πak

nx =
N∑

n=−N

(∫ 1

0
hk(t)e

−i2πak
n· t+k

q dt

)
ei2πak

nx.

Note that
{

aj
n : n ∈ Z

}
= qZ for each j ∈ Nq. Then

GN (f, x) =
N∑

n=−N

(∫ 1

0
hk(t)e

−i2π
ak

n
q
·tdt

)
e
i2π

ak
n
q

(qx−k)
,

which is a classical Fourier partial sum of function hk at qx− k. Finally (8) follows easily . ¤

By Theorem A and Lemma 1, we obtain the following pointwise convergence of the generalized
Fourier series of a 1-periodic function f of bounded variation.

Proposition 1 If f is 1-periodic and of bounded variation in some neighborhood N(x) of x, then

lim
N→∞

GN (f, x) =





1
2 [f(x + 0) + f(x− 0)] , x ∈ (0, 1)\Nq

q ,

1
2

[
f(x + 0) + f

(
x + 1

q − 0
)]

, x ∈ Nq

q .

Proof For x ∈ [0, 1), there exists uniquely k ∈ Nq such that x ∈ Ik. Define 1-periodic function
hk by

hk(·) =: f

( ·+ k

q

)

on [0, 1), as in (7). Then hk is of bounded variation in some N(qx− k). Hence, one can conclude
limN→∞ SN (hk, qx − k) = 1

2 [hk(qx− k + 0) + hk(qx− k − 0)] , according to Theorem A. When
x ∈ (k

q , k+1
q ), qx−k ∈ (0, 1) and hk(qx−k+0) = f (x + 0) , hk(qx−k−0) = f (x− 0) . Therefore,

the above limit value reduces to 1
2 [f (x + 0) + f (x− 0)]. Similarly, when x = k

q , hk(qx− k− 0) =

hk(0 − 0) = hk(1 − 0) = f
(
x + 1

q − 0
)

and hk(qx − k + 0) = hk(0 + 0) = f (x + 0) . Hence,

limN→∞ SN (hk, qx− k) = 1
2

[
f (x + 0) + f

(
x + 1

q − 0
)]

. These together with Lemma 1 leads to
the final result. ¤

Proposition 1 gives point-wise convergence of a generalized Fourier series. Comparing with
Theorem A, the difference behaves on the set Nq

q . Now, we turn to the uniform convergence of a
generalized Fourier series.

4
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Theorem 1 Let f be 1-periodic, of bounded variation on [0, 1] and continuous in some neigh-
borhood N(x) of x. Then limN→∞GN (f, ·) = f(·) uniformly in each closed subinterval of N(x)
if one of the following two conditions holds:

(i) N(x) ⊆ (0, 1)\Nq ;
(ii) x = k

q with k ∈ Nq, f is continuous on (x − 1
q , δ1) ∪ (δ2, x + 1

q ) with δ1, δ2 > 0 and

f
(
x− 1

q

)
= f

(
x− 1

q + 0
)

= f(x) = f
(
x + 1

q − 0
)

.

Proof One proves case 1 firstly: Since N(x) ⊆ (0, 1)\Nq , N(x) ⊆ (k
q , k+1

q ) ⊆ Ik for some k ∈ Nq.

Assume N(x) = (x− δ, x + δ) =: N(x, δ) for some δ > 0. Define 1−periodic function hk by

hk(·) := f

( ·+ k

q

)

on [0, 1). Then, hk is of bounded variation on and continuous in N(qx − k, qδ) due to that of
f in N(x, δ). By Theorem A, limN→∞ SN (hk, ·) = hk(·) uniformly on each closed subinterval
of N(qx − k, qδ). Equivalently, limN→∞ SN (hk, q · −k) = hk(q · −k) uniformly of N(x, δ). Using
Lemma 1 and the fact hk(q · −k) = f(·) on Ik, one has that

lim
N→∞

GN (f, ·) = lim
N→∞

SN (hk, q · −k) = f(·)

uniformly in each closed subinterval of N(x, δ). This completes the first part.
For x = k

q , one observes hk(0 + 0) = hk(0) due to the continuity of f in N(x). On the other

hand, hk(0 − 0) = hk(1 − 0) = hk(0) because of the assumption f (x) = f
(
x + 1

q − 0
)

. Hence

hk is continuous at 0. Moreover, the continuity of f on (x, x + δ) ∪ (δ2, x + 1
q ) implies that hk is

continuous in (−ε, qδ) for some ε > 0. Again using Theorem A, one knows that

lim
N→∞

SN (hk, ·) = hk(·)

uniformly on each closed subinterval of (−ε, qδ). Then it follows from Lemma 1 and the definition
of hk that limN→∞GN (f, ·) = limN→∞ SN (hk, q ·−k) = f(·) uniformly on each closed subinterval
of (x− ε

q , x + δ).
To finish case 2, it is sufficient to show limN→∞GN (f, ·) = f(·) uniformly on each closed

subinterval of (x− δ, x + ε
q ), for which one considers similarly 1-periodic function

hk−1(·) := f

( ·+ k − 1
q

)
(9)

on [0, 1). Note that the continuity of hk−1 on (1−qδ, 1+ε) (for some ε > 0) comes from that of f on
(x− 1

q , δ1)∪(x−δ, x) and f
(
x− 1

q

)
= f

(
x− 1

q + 0
)

= f(x). Then limN→∞ SN (hk−1, ·) = hk−1(·)
uniformly on each closed subinterval of (1− qδ, 1 + ε). Moreover, by Lemma 1 and the definition
for hk−1, one concludes that limN→∞GN (f, t) = limN→∞ SN (hk−1, qt − k + 1) = f(t) uniformly
on each closed subinterval of (x− δ, x + ε

q ). Finally, the desired result follows. ¤

Remark 1 The condition f(x) = f
(
x + 1

q − 0
)

in Theorem 1 is necessary: In fact, the con-
tinuity of f at x implies f(x) = f(x + 0). Combining this with Proposition 1, one receives the
desired.

5
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Theorem 1 shows that the uniform convergence for generalized Fourier series keeps the same as
the classical Fourier series, when a neighborhood N(x) doesn’t intersect with N

q ; If N(x)∩ N
q 6= ∅,

the situation changes. However, it provides a chance to avoid Gibbs phenomenon, as seen in
Theorem 2. This is an advantage over the classical Fourier series. Now, we give a simple lemma
to introduce the next theorem.

Lemma 2 Let q ∈ 2N and ϕ be a 1-periodic function defined by

ϕ(·) =:

{
1, x ∈ I2j ,

−1, x ∈ I2j+1

(10)

for j ∈ Nq/2. Then limN→∞GN (ϕ, ·) = ϕ(·) uniformly on [0, 1].

Proof Note that ϕ(·) is continuous on (0, 1)\Nq

q and ϕ(x) = ϕ(x + 0) = ϕ(x + 1
q − 0) for

x ∈ Nq

q . Then limN→∞GN (ϕ, ·) = ϕ(·) pointwise by Proposition 1. Now, it is sufficient to show
the uniform convergence:

For j ∈ Nq and p ∈ qZ, let m := ]
{

n ∈ Z : aj
n = p

}
stand for the cardinality of the set.

Because the generalized Fourier system
{

ei2πgn, l : n ∈ Z, l ∈ Nq

}
forms an orthonormal basis for

L2([0, 1]), for f(·) =: e2πip·χIj (·) ∈ L2([0, 1]),

1
q

=
∫ 1

0
|f(x)|2 dx =

∑

n∈Z

q−1∑

l=0

∣∣∣∣
∫ 1

0
f(x)e−i2πgn, l(x)dx

∣∣∣∣
2

= q
∑

n∈Z

∣∣∣∣∣
∫

Ij

ei2π(p−aj
n)xdx

∣∣∣∣∣
2

.

This with p−aj
n ∈ qZ leads to 1

q = qm(1
q )2 and m = 1. In particular, m =: ]

{
n ∈ Z : aj

n = 0
}

= 1.

It follows that there exists uniquely nj ∈ Z such that aj
nj = 0 for each j ∈ Nq. Since ϕ is a constant

on Ik and aj
n ∈ qZ,

c̃n, l =
∫ 1

0
ϕ(x)e−i2πgn, l(x)dx = 0

for n 6= nj , j ∈ Nq. Define N0 = max{ |nj | : j ∈ Nq}. Then, for N > N0,

GN (ϕ, ·) = GN0(ϕ, ·) =
q−1∑

j=0

q−1∑

l=0

c̃nj , le
−i2πgnj, l(·).

Therefore GN (ϕ, ·) converges uniformly on [0, 1] as N →∞. This completes the proof. ¤

Using Theorem 1 and Lemma 2, we prove the following result: It tells us that the Gibbs
phenomenon doesn’t happen, when a family of functions are represented by generalized Fourier
series; While it does by the classical Fourier series.

Theorem 2 Suppose that x = k
q ∈ [0, 1) be a rational number. Let f be 1-periodic, of bounded

variation on [0, 1] and have a jump discontinuity at x. If f is continuous on (x− 1
q , δ1)∪(x−δ, x)∪

(x, x + δ) ∪ (δ2, x + 1
q ) for some δ, δ1, δ2 > 0 and f

(
x− 1

q

)
= f

(
x− 1

q + 0
)

= f(x− 0), f (x) =

f(x + 0) = f
(
x + 1

q − 0
)

, then limN→∞GN (f, ·) = f(·) uniformly in each closed subinterval of
(x− δ, x + δ).

6
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Proof Let l := 1
2 [f(x + 0) − f(x − 0)] and ϕ be the function in (10). Since x = k

q ∈ [0, 1) is a
rational number, one can assume q ∈ 2N and k ∈ Nq. Moreover, define

h(·) := f(·)± lϕ(·)
on R, where one takes “−” if k ∈ 2Nq/2 and “+” otherwise. Then h is 1-periodic and of bounded
variation on [0, 1]. Since ϕ(x + 0) = 1, when k ∈ 2Nq/2 and ϕ(x + 0) = −1 otherwise,

h(x + 0) = f(x + 0)± lϕ(x + 0) = f(x + 0)− l =
1
2
[f(x + 0) + f(x− 0)].

Similarly, h(x− 0) = f(x− 0)± lϕ(x− 0) = f(x− 0)+ l = 1
2 [f(x+0)+ f(x− 0)]. This shows that

h(x + 0) = h(x− 0). Moreover, one can conclude h(x + 0) = h(x), because ϕ is right continuous
at x and the assumption f (x) = f(x + 0). Consequently, h is continuous at x. Moreover, the
continuity of f and ϕ on (x − 1

q , δ1) ∪ (x − δ0, x) ∪ (x, x + δ0) ∪ (δ2, x + 1
q ) implies that h is

continuous on (x− 1
q , δ1) ∪ (x− δ0, x + δ0) ∪ (δ2, x + 1

q ).

Note that ϕ(x + 0) = ϕ
(
x + 1

q − 0
)

and the given condition f(x + 0) = f
(
x + 1

q − 0
)

.

Then h(x+0) = h
(
x + 1

q − 0
)

. Similar arguments shows h(x−0) = h
(
x− 1

q + 0
)

= h
(
x− 1

q

)
.

Combining this with the continuity of h at x, one has h(x) = h
(
x + 1

q − 0
)

= h
(
x− 1

q + 0
)

=

h
(
x− 1

q

)
. By Theorem 1, limN→∞GN (h, ·) = h(·) uniformly in each closed subinterval of (x−

δ, x + δ). Using GN (h, ·) = GN (f, ·)± lGN (ϕ, ·) and Lemma 2, one receives the desired. ¤

Remark 2 An example for f is the function φ given in (10). There are many others, as seen
in the next section. For arbitrary rational number x ∈ [0, 1), there always exist q ∈ 2N and
k ∈ Nq such that x = k

q . By Theorem 2, we can choose adaptively the generalized Fourier system
according to q such that the Gibbs phenomenon is removed at the discontinuity x.

Remark 3 It should be pointed out that the condition f(x) = f(x + 0) = f
(
x + 1

q − 0
)

in
Theorem 2 is necessary: In fact, the uniform convergence of limN→∞GN (f, ·) = f(·) implies that
of limN→∞ SN (hk, q ·−k) = hk(q ·−k) on [x, x+ε], thanks to Lemma 1 and the definition of hk in
(7). Using the continuity of SN (hk, q·−k), one knows that hk(q·−k) is continuous on [x, x+ε] and
furthermore f(x) = f(x+0). This together with Proposition 1 leads to f(x+0) = f

(
x + 1

q − 0
)
.

A disadvantage of Theorem 2 is the assumption of x being rational. However, the following
proposition shows that the Gibbs phenomenon always happens at the irrational jump discontinuity
using a generalized Fourier system given in [8] and [10]. It is a good idea to study generalized
Fourier bases with irrational knots. However, it seems to us not so easy.

Proposition 2 Let f be 1-periodic and of bounded variation on [0, 1]. If f has a irrational jump
discontinuity at x ∈ (0, 1) and is continuous on (x − δ, x) ∪ (x, x + δ) for some δ > 0. Then
G(f, ·) shows Gibbs phenomenon at x.

Proof Since x ∈ (0, 1) is irrational, there exist 2 ≤ q ∈ N and k ∈ Nq such that x ∈ (k
q , k+1

q ).
Let hk be defined as in (7). Then qx − k is a discontinuity of hk and hk is continuous on
(qx − k − qδ, qx − k) ∪ (qx − k, qx − k + qδ). By Theorem B, SN (hk, q · −k) does not converge
uniformly to hk(q · −k) in N(x) as N → ∞. This together with Lemma 1 yields that GN (f, ·)
does not converge uniformly to f(·) in N(x). Finally, the desired follows. ¤

7
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3 Numerical Results

In this section, some numerical results are given to illustrate our theory established in Section 2.
In all examples, we take N = 50, q = 2 and

gn, 0(x) =
{

2nx, x ∈ [0, 1
2),

2nx + 1
2 , x ∈ [12 , 1),

gn, 1(x) =
{

2nx, x ∈ [0, 1
2),

2nx + 1, x ∈ [12 , 1).

Figure 1 and Figure 2 shows that the Gibbs phenomenon can be completely removed at 0, 1
2 , 1 by

using generalized Fourier system and can’t be by the classical Fourier basis; Gibbs phenomenon
still exists at 0, 1

2 , 1 in Figure 3, because the conditions in Theorem 2 are not satisfied; From
Figure 4 and Figure 5, we see that a generalized Fourier system is not necessarily better than the
Fourier system. Figure 4 shows that the Gibbs phenomenon exists even at the continuity 1

2 , if
f(1

2 − 0) 6= f(0 + 0). When that condition holds, the Gibbs phenomenon does’t happen at the
continuity 1

2 , see Figure 5.

Acknowledgements We would like to thank Prof. Yuesheng Xu very much for his valuable
discussion.
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Abstract

A one parameter semi-group of operators is a function F : [0; 1] ! L(X;X);
such that: (i) F (s + t) = F (s)F (t)and (ii) F (0) = I, where X is a Banach space
and L(X;X) is the space of all bounded linear operators on X.
In this paper we de�ne a novel order on general Banach spaces that induces a

continuous half-norm di¤erent from the well known canonical half-norm considered
by Arendt. Such half-norm de�nes a positive cone X+ which enables one to de�ne
positive semi-groups and get results similar to those in the case of C[a,b], the Banach
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semigroups which leave such X+ invariant.
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0. Introduction.
Let X be a Banach space and L(X) be the space of bounded linear operators on

X: A semigroup on X is a map T : [0;1) ! L(X) that satis�es (i) T (0) = I; the
identity operator on X; (ii) T (s+ t) = T (s)T (t): We write (T (t)) to denote such a
semigroup. The semigroup (T (t)) is called a c0 semigroup if T is a continuous map
when L(X) has the strong operator topology. The in�nitesimal generator of (T (t))
is the linear operator A de�ned by

D(A) =

�
x 2 X : lim

t!0+

T (t)x�x
t exists

�
and Ax = lim

t!0+

T (t)x�x
t for all x 2 D(A):

If X is an ordered Banach space and X+ is the cone of positive elements in X,
[5] ; then the semigroup (T (t)) is called positive if T (t)X+ � X+ for all t � 0; [12] :
Positive semigroups on general ordered Banach spaces have been investigated by
many authors,[1] ; [2] ; [3] and [4]. The Banach space C(K); the continuous functions
on a compact metric space K; is an ordered Banach space with the natural order,
f � g if f(t) � g(t) for all t 2 K: Such order gives C(K) a rich structure that
enabled researchers to prove deep and more results on positive semigroups on C(K)
than on general ordered Banach spaces; [1] ; [8] :
It is the object of this paper to de�ne a new order on general Banach spaces,

X; using the extreme points of the unit ball of X� that produces rich structure on
X, similar in some way to that on C(K). This enabled us to introduce new
concepts on Banach spaces with our new order, that is known to hold
only for Banach lattices, such as the positive minimum principle,and we
prove similar results on semigroups on X as some of those on C(K) that
does not hold for general ordered Banach spaces.
I. The New Order on Banach Spaces.
Let X� be the dual of the Banach space X; and B1(X�) be the unit ball of X�:

It is Known [6] ; that B1(X�) is the w��closed convex hull of its extreme points.
Let K be the collection of all sets of linearly independent extreme points of
B1(X

�). K is ordered by inclusion : A � B if A � B for A;B 2 K:
Now let C be a chain in K; and

^
C =

S
A2C

A: Since C is a chain, the elements of

^
C are linearly independent extreme points, and A �

^
C for all A 2 C: Thus C has

an upper bound. By Zorn�s Lemma, K has a maximal element say A: Thus A is a
maximal subset of linearly independent extreme points of B1(X�):
Two subsets A and B of the set A is said to form a cut of A if and only if

A = A [B and A \B = ; and X� = [A]� [B]:

Example 1.1. The natural basis (�n) of l1 = c�0 is a maximal subset of linearly
independent extreme points of B1(l1): The same holds for lp = (lp�)�; 1 < p <1;
1
p +

1
p� = 1:

Example 1.2. Let (en) ; (fn) be two orthonormal basis of l2; and X = K(l2);

the space of compact operators on l2. It is known, [10] ; that X� = C1(l
2); trace

class operators. The set A = fei 
 fj : i; j 2 Ng is a maximal subset of linearly
independent extreme points of B1(X�); [16] :
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Example 1.3. Let X = C(K); space of continuous functions on the compact
set K: For t 2 K, let �t be the point mass measure on K: The set A = f�t : t 2 Kg
is a maximal subset of linearly independent extreme points of B1(X�):
It should be remarked that the above sets A give the natural ordering on the

corresponding space.
Now we use the set A to de�ne a new order on any Banach space X:
De�nition 1.4. Let A be a �xed maximal subset of linearly independent ex-

treme points of B1(X�): An element x 2 X will be called positive (strictly positive)
if hx ; x�i � 0 (hx; x�i > 0) for all x� 2 A: We write x � 0 (x > 0) for positive
(strictly positive) x 2 X:
De�nition 1.5. Let X be a Banach space and A be a �xed maximal subset

of linearly independent extreme points of B1(X�): For x; y 2 X; we say x � y if
y � x � 0:
We should remark that it could happen that for certain maximal subsets A ,

X may has no strictly positive elements. But, since if x� 2 extB1(X
�); then

�x� 2 extB1(X�); we can choose A such that X has strictly positive elements.
Proposition 1.6. For any Banach space X; the relation \ � " is a partial order

on X:
Proof. The re�exivity and transitivity of �� " is clear. We only prove the

antisymmetric..
For x; y 2 X; let x � y and y � x: Then hx� y; x�i � 0 and hy � x; x�i � 0 for

all x� 2 A. This implies that hy � x; x�i = 0 for all x� 2 A. But A is a maximal
linearly independent subset of extreme points of (B1(X�)): Hence hy � x; x�i = 0
for all x� 2 Ext(B1(X�)) and so hy � x; x�i = 0 for x� 2 Conv(Ext(B1(X�))):
Consequently hy � x; x�i = 0 for x� 2 w��closure of Conv(Ext(B1(X�))): By
Krein-Milman Theorem, [6], hy � x; x�i = 0 for all x� 2 B1(X�): Thus y � x = 0
and y = x:
De�nition 1.7. For a Banach space X; X� is called A decomposable if there

exists � > 0 such that for any cut A and B of A the subspaces [A] and [B] are

complemented in X�; and the projection P : X� =
___

[A] +
____

[B] �! [A] has norm
kpk � �; where [A] and [B] are the w�-closure of the subspaces of X� generated by
A and B respectively.
Proposition 1.8. The spaces lp; 1 � p < 1 and M(K) are A decomposable

with � = 1 and A = f�ng ; f�t : t 2 Kg respectively.
Proof . We will prove that M(K) is decomposable with � = 1:
Let A and B be two disjoint subsets of A: Then there exist two disjoint subsets

E1; E2 in K such that K = E1
�
[ E2 and A = f�t : t 2 E1g ; B = f�t : t 2 E2g :

Consequently [A] and [B] are subspaces of M(K) such that M(K) = M(E1) �
M(E2); with M(E1) = w� � cl(A); and M(E2) = w� � cl(B):Further for any
x 2M(K) : x = y+z; where, y = w��lim

P
t2D�E1

xt�t and z = w��lim
P

t2Q�E2
xt�t;

where D and Q are �nite sets in E1 and E2;respectively. Further kyk � kxk : Thus
the projection P onto w� � cl(A) has norm � 1:
Now : let X be a Banach space with A a �xed maximal subset of linearly

independent extreme points of B1(X�) such that X� is A decomposable: For x; y
in X let : A1 = fx� 2 A : hy � x ; x�i � 0g and A2 = fx� 2 A : hy � x ; x�i < 0g :
Then A1 ; A2 form a cut of A. Further : x � y on A1 and y � x on A2: De�ne :
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x _ y =
�
y on [A1]

x on [A2]

�
and x ^ y =

�
x on [A1]

y on [A2]

�
:

Let P : X� ! [A1] be the projection on [A1]: Since X� is decomposable, then
P (x�) = x� for x� 2 [A1] and P (x�) = 0 for x� 2 [A2]: Thus x_y can be extended to
a continuous linear functional on X� by setting x_y(x�) = x_y(P (x�)). Similarly
for x ^ y: Let x+ = x _ 0; x� = x ^ 0;

^
X = span X[ fx+; x� : x 2 Xg in X��;

and jxj = x+ + x�:
De�nition 1.9. A Banach space X will be called absolute if for every x 2 X

both x+ and x� are in X: In other words X =
^
X:

Proposition 1.10. The spaces, c0 ; lp; 1 < p < 1; and C(K) are absolute
Banach spaces.
Proof. We prove the lemma for lp; 1 < p <1:
Let x = (xn) 2 lp: Let A = f�n : n 2 Ng be the �xed maximal subset of linearly

independent extreme points of B1(lp�): So
A1 = f�n 2 A : xn � 0g and A2 = f�n 2 A : xn < 0g :

Now : let I = fn 2 N : �n 2 A1g and J = fn 2 N : �n 2 A2g : Clearly I \J = ;;
so A1 and A2 form a cut of A. For k 2 N

hx+; �ki =
�
xk k 2 I
0 k 2 J

�
and hx�; �ki =

�
�xk k 2 J
0 k 2 I

�
:

Thus :

kx+kp =
�P
k2I

jxkjp
� 1

p

�
� 1P
k=1

jxkjp
� 1

p

<1 ;

kx�kp =
�P
k2J

jxkjp
� 1

p

�
� 1P
k=1

jxkjp
� 1

p

<1:

So both x+ and x� are in lp: Hence jxj = x++x� 2 lp and lp is an absolute Banach
space.
Proposition 1.11. Let X be an absolute Banach space and A be a �xed

maximal subset of linearly independent extreme points of B1(X�) such that X� is
A decomposable. Then :
(i) jxj � 0 for all x 2 X:
(ii) � jxj � x � jxj for all x 2 X:
Proof. Since X is an absolute Banach space, then jxj 2 X for all x 2

X: Now for x� 2 A either x� 2 A1 = fx� 2 A : hx ; x�i � 0g or x� 2 A2 =
fx� 2 A : hx ; x�i < 0g : If x� 2 A1; then hjxj ; x�i = hx; x�i � 0: If x� 2 A2;
then hjxj ; x�i = h�x; x�i = �hx; x�i � 0: So jxj � 0 and x � jxj for all x 2 X:
Similarly � jxj � x for all x 2 X: Hence � jxj � x � jxj for all x 2 X:
Remark 1.12. For x; y 2 X; let sup fx; yg ; inf fx; yg denote the least upper

bound and the greatest lower bound of the set fx; yg respectively.
De�nition 1.13. The ordered Banach space (X;� ) is called a Banach lattice

if for each pair (x; y) 2 X�X; the elements sup fx; yg = x_y and inf fx; yg = x^y
exist in X:
Proposition 1.14. An absolute Banach space is a Banach lattice and re�exivity

guarantees the absoluteness.
Proof. Let X be a re�exive Banach space and A be a �xed maximal subset of

independent extreme points of B1(X�) with X� be A decomposable. Then x _ y
and x ^ y are in X: For x� 2 A1, one has : hx _ y; x�i = hy; x�i � hx; x�i : For
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x� 2 A2 : hx _ y; x�i = hx; x�i : Hence hx; x�i � hx _ y; x�i for all x� 2 A which
implies that x � x _ y: Similarly y � x _ y: So x _ y is an upper bound for fx; yg :
To prove that x _ y is the least upper bound for fx; yg ; suppose there exists

w 2 X such that x � w ; y � w and w � x _ y: Let x� 2 A: Then :
hx; x�i � hw; x�i � hx _ y; x�i and hy; x�i � hw; x�i � hx _ y; x�i :

But either x� 2 A1 or x� 2 A2: If x� 2 A1; then hy; x�i = hx _ y; x�i � hw; x�i ;
and so hx _ y; x�i = hw; x�i : If x� 2 A2; then hx; x�i = hx _ y; x�i � hw; x�i ; and
so hx _ y; x�i = hw; x�i : Consequently x _ y = sup fx; yg :
Similarly x ^ y = inf fx; yg :
Corollary 1.15. lp; 1 < p <1 is a lattice.
One also can prove :
Proposition 1.16. The Banach space c0 with A = f�n : n 2 Ng is a lattice,

and the Banach space C(K) with A = f�t : t 2 Kg is a lattice.
De�nition 1.17. Let X be a Banach space ordered by A a �xed maximal

subset of linearly independent extreme points of B1(X�) and B be a subset of X:
We say that :
(i) B is bounded above if there exists a 2 X such that x � a for all x 2 B:
(ii) B is bounded below if there exists b 2 X such that b � x for all x 2 B:
Proposition 1.18. (a) every set B in c0 and lp ; 1 < p <1; that is bounded

above has a supremum.
(b) every set B in c0 and lp ; 1 < p <1; that is bounded below has an in�mum.
(c) If a Banach space X contains a strictly positive element x0 ; then it contains

in�nitely many strictly positive elements.
(d) int(c+0 ) = ;; int(lp

+

) = ; and int(C(K)+) 6= ;:
Proof. (a) Let B � lp and B be bounded above. Then there exists y = (yn) 2

lp such that x = (xn) � y for all x 2 B: So xn � yn for all n 2 N and for all x 2 B:
Now : let Hn = fhx; �ni : x 2 Bg : Then for each n 2 N; Hn is a bounded set of

real numbers. So it has a supremum. Let z = (zn) be de�ned as zn = supHn . So
xn � zn � yn for all n 2 N: That z 2 lp follows from

1P
n=1

jznjp �
1P
n=1

jxnjp + jynjp <1:

That z = supB follows from zn = sup fhx; �ni : x 2 Bg : The proof for c0 is similar
and it will be omitted.
(b) The proof is similar to(a).
(c) In fact for all positive integers n; nx0 2 X and hnx0; x�i = n hx0; x�i > 0:
(d) We will prove int(c+0 ) = ;: Let x0 = (xn) 2 int(c+0 ): Then there exists � > 0

such that the ball B(x0; �) � c+0 : Since x0 = (xn) 2 c0 ; then lim
n!1

xn = 0: So there

exists n0 2 N such that jxnj < �
3 for all n > n0: Let y = (yn) be such that :

yn =

8<: xn n � n0
� �
3 n0 < n < 2n0

0 n � 2n0

9=; :

Then :
ky � x0k1 = sup

n
jyn � xnj � sup

n>n0

��xn �� �
3

�� � �
3 +

�
3 < �:

This implies that y 2 B(x0 ; �) and hy; �ni = yn = � �
3 for all n0 < n < 2n0 : So

y =2 c+0 and so x0 =2 int(c+0 ): Thus int(c+0 ) = ;:
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Proposition 1.19. Let X be a Banach space and A be a �xed maximal subset
of linearly independent extreme points of B1(X�): Then set X+ = fx 2 X : x � 0g
is a normed closed cone in X:
Proposition 1.20. Let X be a Banach space and A be a �xed maximal subset

of linearly independent extreme points of B1(X�): Then the function � : X �! R
such that �(x) = sup

x�2A
hx; x�i satis�es the following :

(1) �(x+ y) � �(x) + �(y) for all x; y 2 X:
(2) �(�x) = ��(x) for all x 2 X; for all � 2 R; � � 0:
(3) �(�x) or �(x) > 0 for all x 2 X; x 6= 0
Proof. We only prove (3) : Let x 2 X; x 6= 0: Then �(x); �(�x) can�t be both

negative. For if so, then �(x) = sup
x�2A

hx; x�i � 0 and �(�x) = sup
x�2A

h�x; x�i � 0:

Hence hx; x�i � 0 and h�x; x�i � 0 for all x� 2 A: This implies that hx; x�i = 0 for
all x� 2 A; and so x = 0: It follows that either �(x) or �(�x) is strictly positive
otherwise x would be zero.
Proposition 1.21. LetX be a Banach space and A be a �xed maximal subset of

linearly independent extreme points of B1(X�): For x 2 X; let �(x) = sup
x�2A

hx; x�i.

Then k:k
�
is a norm on X; where kxk

�
= max(�(x); �(�x)):

Proof. Let x; y 2 X : Then
(i) k0k

�
= max(�(0); �(�0)):

If kxk
�
= 0; then max(�(x); �(�x)) = 0; so both �(x) and �(�x) = 0; and

hence x = 0:
(ii) k�xk

�
= max(�(�x); �(��x)): Now : if � � 0; then �(�x) = ��(x) and

�(��x) = ��(�x): Consequently
k�xk

�
= � kxk

�
= j�j kxk

�
:

If � < 0; then � = ��; � > 0: So
�(�x) = �(��x) = ��(�x) = j�j�(�x);

and
�(��x) = �(�x) = ��(x) = j�j�(x):

Thus
k�xk

�
= max(�(�x); ��(�x)) = �max(�(x); �(�x)) = j�j kxk

�
:

(iii) Since kx+ yk
�
= max(�(x+ y); �(�(x+ y)); then either

kx+ yk
�
= �(x+ y) � �(x) + �(y) � kxk

�
+ kyk

�
;

or
kx+ yk

�
= �(�(x+ y)) � �(�x) + �(�y) � kxk

�
+ kyk

�
:

Thus in either case kx+ yk
�
� kxk

�
+ kyk

�
:

Remark 1.22. Let X be an absolute Banach space and A be a �xed maximal
subset of linearly independent extreme points of B1(X�): Then j�(x)j � kxk

�
for

all x 2 X and k:k
�
is monotone ( kxk

�
� kyk

�
if 0 � x � y ).

Proof. Let x 2 X: Since kxk
�
= max (�(x); �(�x)) ; then �(x) � kxk

�
and

�(�x) � kxk
�
: By Lemma 1.20, either �(x) > 0 or �(�x) > 0: If �(x) > 0; then

j�(x)j = �(x) � kxk
�
: If �(x) < 0; then �(�x) > 0: This implies hx; x�i < 0 for

all x� 2 A: But :
�(�x) = sup

x�2A
h�x; x�i = sup

x�2A
� hx; x�i = � inf

x�2A
hx; x�i � � sup

x�2A
hx; x�i = ��(x)

So ��(x) � �(�x) � kxk
�
: Hence j�(x)j � kxk

�
:
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To prove that k:k
�
is monotone, let x; y 2 X such that 0 � x � y: Then

0 � hx; x�i � hy; x�i for all x� 2 A: Hence sup
x�2A

hx; x�i � sup
x�2A

hy; x�i : Thus

�(x) � �(y): This implies that kxk
�
� kyk

�
:

Proposition 1.23. Let X be a Banach space and A be a �xed maximal subset
of linearly independent extreme points of B1(X�): Then kxk

�
� kxk for all x 2 X:

The two norms k:k
�
and k:k are not equivalent norms in general.

Proof. Let x 2 X: Then
�(x) = sup

x�2A
hx; x�i � sup

x�2A
jhx; x�ij � sup

x�2B1(X�)

jhx; x�ij = kxk :

�(�x) = sup
x�2A

h�x; x�i � sup
x�2A

jhx; x�ij � sup
x�2B1(X�)

jhx; x�ij = kxk :

But : kxk
�
= max(�(x); �(�x)) � kxk :

Now : let X = l2 and suppose there exists c > 0 such that c kxk � kxk
�
: For

n 2 N; let x =
nP
k=1

c �k 2 l2: Then

kxk
�
= max(�(x); �(�x)) = c:

But :

c kxk = c
�

nP
k=1

c2
� 1

2

=
p
nc2:

Choose n large enough such that c <
p
nc2: But this contradicts c kxk � kxk

�
: So

k:k and k:k
�
are not equivalent in general.

Proposition 1.24. LetX be a Banach space and A be a �xed maximal subset of
linearly independent extreme points of B1(X�): De�neX

�

= fx 2 X : �(�x) � 0g :
Then X

�

= X+:
Proof. Let x 2 X�

: Then :
�(�x) = sup

x�2A
h�x; x�i = sup

x�2A
� hx; x�i = � inf

x�2A
hx; x�i � 0:

So inf
x�2A

hx; x�i � 0; which implies hx; x�i � 0 for all x� 2 A: Hence X� � X+:

Now let x 2 X +: Then hx; x�i � 0 for all x� 2 A ; which implies h�x; x�i � 0
for all x� 2 A . Hence �(�x) = sup

x�2A
h�x; x�i � 0: This implies X+ = X

�

:

II Positive Semigroups.
In this section we will study positive semigroups on Banach spaces ordered by

maximal linearly independent subset of extreme points of B1(X�): Through out of
this section X will be a Banach space and A be a �xed maximal subset of linearly
independent extreme points of B1(X�) and X is ordered by A, and by what we
remarked, following de�nition 1.5, we can choose A such that extB1(X�) 6= ':
An operator T 2 L(X) is called positive if Tx � 0 if x � 0: The following theorem

holds true for general ordered Banach spaces, and the proof will be omitted. The
same holds true for Theorem2.2.
Theorem 2.1. Let (T (t))t�0 be a C0 semigroup on X with in�nitesimal gen-

erator A: Then the following are equivalent :
(i) T (t) is positive for all t � 0:
(ii) R(�;A) is positive for su¢ ciently large �:

We remark that if A is a densely de�ned linear operator on X and int(X+) 6= ;;
then int(X+) \D(A) 6= ;: Further : int(X+) \Range(R(0; A)) 6= ; if 0 2 �(A):
Theorem 2.2. Suppose X+ is normal and int(X+) 6= ;: Let A be a densely

de�ned linear operator on X and [!;1) � �(A) for some ! 2 R: If R(�;A) satis�es
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R(�;A)x � 0 if and only if x � 0 for all � > !; then A is the in�nitesimal generator
of a strongly continuous positive semigroup.
De�nition 2.3. An unbounded operator A on X is said to satisfy the positive

minimum principle if for every x 2 D(A) \ X+ and x� 2 A : hx ; x�i = 0 implies
that hAx ; x�i � 0:
De�nition 2.4. Let B be a positive bounded linear operator on X: An element

x0 2 X is called semi-maximal for B if for every x 2 X there exists � > 0 such
that jhx; x�ij � � hBx0 ; x�i for every x� 2 A:
Example 2.5. LetX = C ([0; 1]) : Let A = f�t : t 2 [0; 1]g be the �xed maximal

subset of extreme points of B1(X�): De�ne :
B : C ([0; 1]) �! C ([0; 1])
Bx(t) = (t+ 1)x(t):

Clearly B is a positive bounded linear operator on X: The constant function
x0(t) = 1 is a semi-maximal element for B: To see that : Let x 2 C ([0; 1]) : Then
jhx; �tij = jx(t)j and hBx0 ; �ti = t+ 1:
Now : since [0; 1] is compact, then there exists M > 0 such that jx(t)j � M for

all t 2 [0; 1] : Hence
jx(t)j �M(t+ 1) =M hBx0; �ti :

Theorem 2.6. Let X be an absolute real Banach space such that X+ is normal
and int(X+) 6= ;: Let A be a densely de�ned linear operator on X that satis�es :
(i) The positive minimum principle.
(ii) There exists x0 2 X and �0 2 (!;1) � �(A) such that x0 is strictly

positive and semi-maximal for R(�0; A):
(iii) R(�;A) � 0 for all � > !:

Then A is the in�nitesimal generator of a strongly continuous positive semigroup.
Proof. The main idea of the proof is how one can de�ne a norm on X under

which �R(�;A) is a contraction.
First suppose that ! < 0 and �0 = 0: Let y = R(0; A)x0 : Then y > 0: Indeed if

y is not strictly positive, then there exists x� 2 A such that hR(0; A)x0 ; x�i = 0:
Since A satis�es the positive minimum principle, then hAR(0; A)x0 ; x�i � 0: But
x0 = �AR(0; A)x0 : This implies that

0 < hx0; x�i = �hAR(0; A)x0; x�i � 0:
This cannot be true. Hence y > 0: Since x0 is semi-maximal for R(0; A), then for
all x 2 X there exists � > 0 such that jhx; x�ij � � hy; x�i for all x� 2 A: That
means jxj � �y:
Now we for x 2 X; we de�ne kxk0 = inf f� > 0 : jxj � �yg :We claim that k:k0

is a norm on X: Indeed :
(1) If kxk0 = 0; then

inf f� > 0 : �� hy; x�i � hx; x�i � � hy; x�i ; x� 2 Ag = 0:
Hence hx; x�i = 0 for all x� 2 A: Thus x = 0:
(2) For x 2 X and � 2 R we have :

k�xk0 = inf f� > 0 : ��y � �x � �yg :
= inf f� > 0 : �� hy; x�i � h�x; x�i � � hy; x�i ; x� 2 Ag

= inf
n
� > 0 : � �

j�j hy; x
�i � �

j�j hx; x
�i � �

j�j hy; x
�i ; x� 2 A

o
= j�j inf

n
�
j�j > 0 : �

�
j�j hy; x

�i � �
j�j hx; x

�i � �
j�j hy; x

�i ; x� 2 A
o

= j�j kxk0 :
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(3) For x1 ; x2 2 X we have :
kx1 + x2k0 = inf f� > 0 : ��y � x1 + x2 � �yg

= inf f� > 0 : �� hy; x�i � hx1 + x2; x�i � � hy; x�i ; x� 2 Ag

= sup

�
� > 0 : there exists no x� 2 A with
jhx1; x�i+ hx2; x�ij � � hy; x�i

�
Since jhx1; x�ij+ jhx2; x�ij � jhx1; x�i+ hx2; x�ij � � hy; x�i we get :

kx1 + x2k0 = sup
�
� > 0 : there exists no x� 2 A with
jhx1; x�ij+ jhx2; x�ij � � hy; x�i

�

� sup
�
� > 0 : there exists no x� 2 A with

jhx1; x�ij � � hy; x�i

�
+sup

�
� > 0 : there exists no x� 2 A with

jhx2; x�ij � � hy; x�i

�
= kx1k0 + kx2k0 :

Further k:k0 is equivalent to k:k on X: Indeed : Let x 2 X; y 2 int(X+) and

� > 0 such that B(y; �) � X+: Then





y �
+ �x

2kxk � y




 = 


 �x

2kxk




 = �
2 < �: This

implies that y
�
+ �x

2kxk 2 X
+; and so y

�
+ �x

2kxk � 0: Hence �
2kxky
� � x � 2kxky

� : It

follows that from (�) that kxk0 �
2kxk
� :

Now : since X+ is normal, then by Proposition A.2.2 in [5], [�y; y] is norm
bounded, . So there exists M > 0 such that kxk � M for all x 2 [�y; y] : For
x 2 X and v = x

kxk0
; we have : kvk0 = 1: But kvk0 = inf f� > 0 : ��y � v � �yg :

So kvk0 y � v � kvk0 y: Consequently �y � v � y and v 2 [�y; y] : By normality
of X+ we get : kvk =




 x
kxk0




 � M: This implies that kxk � M kxk0 : Thus k:k0
and k:k are equivalent norms on X:
Now : for x 2 [�y; y] ; one has y�x and y+x are positive. Further, if � > 0; then

R(�;A) is a positive operator. Hence R(�;A)(y � x) � 0, R(�;A)(y + x) � 0; and
this implies ��R(�;A)y � �R(�;A)x � �R(�;A)y: The resolvent identity gives :

�R(�;A)y = �R(�;A)R(0; A)x0
= R(0; A)x0 �R(�;A)x0
� R(0; A)x0 = y:

It follows that :
�y � ��R(�;A)y � �R(�;A)x � �R(�;A)y � y

and �y � �R(�;A)x � y: Hence k�R(�;A)xk0 � 1 and k�R(�;A)k0 � 1: Thus
�R(�;A) is a contraction with respect to k:k0 norm. By Hille-Yosida Theorem A
is the in�nitesimal generator of a C0 semigroup of contractions on X with respect
to k:k0 : Since k:k0 and k:k are equivalent, then there exists a ; b > 0 such that :
a kxk0 � kxk � b kxk0 for every x 2 X: Hence :

kT (t)xk � b kT (t)xk0 � b kxk0 � b
a kxk :

This implies that T (t) is uniformly bounded with respect to k:k norm. But
R(�;A) � 0 for all � > !: Theorem 2.1 implies (T (t))t�0 is a positive semigroup.
Finally : for � > ! > 0 consider the linear operator A� �: We claim

[! � �;1) � �(A� �): Indeed : If � 2 [! � �;1) ; then �+ � 2 �(A): Since
0 � R(�+ �;A) = R(�;A� �);
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then � 2 �(A � �) and R(� : A � �) � 0 for all � 2 [! � �;1) : By the �rst
part of the proof, A�� is the generator of a strongly continuous positive bounded
semigroup (T (t))t�0 : Thus A = A � � + � is the in�nitesimal generator of the
positive semigroup S(t) = T (t)e�t:
Now : for the case �0 > ! > 0: Since R(�0; A) = R(0; A � �0 ); then using (ii)

we get : for all x 2 X there exists � > 0 such that
jhx ; x�ij � � hR(�0; A)x0 ; x�i

= � hR(0; A� �0 )x0 ; x�i
for all x� 2 A: So x0 is a semi-maximal for R(0; A� �0 ): Now :

y = R(�0; A)x0 = R(0; A� �0 )x0 > 0:
For if not true, there exists x� 2 A such that hR(�0; A)x0; x�i = 0: By the positive
minimum principle hAR(�0; A)x0; x�i � 0: But x0 = (�0 �A)R(�0; A)x0 : Thus

0 < hx ; x�i = �0 hR(�0; A)x0 ; x�i � hAR(�0; A)x0 ; x�i � 0;
which cannot be true. Hence y > 0 and x0 is a semi-maximal element for
R(0; A� �0 ):
Theorem 2.7. Let (T (t))t�0 be a C0 semigroup on X with in�nitesimal

generator A: Suppose that the set G = fx 2 X : x > 0g \ int(X+) 6= ;. Then the
following are equivalent :
(i) T (t) is positive for all t > 0:
(ii) The in�nitesimal generator A satis�es the positive minimum principle.
Proof. (i) �! (ii) Let x 2 D(A); x � 0 and x� 2 A such that hx ; x�i = 0:

Then :

hAx ; x�i =
�
lim
t!0+

T (t)x�x
t ; x�

�
= lim

t!0+

1
t hT (t)x ; x

�i � 1
t hx ; x

�i
= lim

t!0+

1
t hT (t)x ; x

�i � 0:
Conversely (ii) �! (i) Let s = inf f� 2 R : [�;1) � �(A)g : Let x 2 int(X+)

and x > 0: Then
�0 = inf f� > s : R(�;A)x > 0; for all � 2 (�;1)g

is �nite since lim
�!1

�R(�;A)x = x: We claim that �0 = s: In fact if this is not true,

then [�0;1) � �(A); R(�0; A)x is not strictly positive. But since
�0 = inf f� > s : R(�;A)x > 0; for all � 2 (�;1)g ;

then for all positive integers n; R(�0+ 1
n ; A)x > 0: This implies that R(�0; A)x � 0:

Consequently there exists x� 2 A such that hR(�0; A)x ; x�i = 0: But A satis�es
the positive minimum principle. So hAR(�0; A)x ; x�i � 0: However

x = (�0 �A)R(�0; A)x = �0R(�0; A)x�AR(�0; A)x:
Hence

hx ; x�i = h�0R(�0; A)x ; x�i � hAR(�0; A)x ; x�i
= �0:0� hAR(�0; A)x ; x�i � 0:

Hence hx ; x�i � 0: But hx ; x�i > 0 by assumption. This is a contradiction. Thus
s = �0: Thus hR(�;A)x ; x�i > 0 if x 2 int(X+) and hx ; x�i > 0 for every x� 2 A
for every � > s:
Now : if x > 0 and x =2 int(X+); then x is in the boundary of X+ and

so there exists a sequence (xn) in int(X+) such that xn converges to x: Thus
hR(�;A)x ; x�i � 0 for every x� 2 A for every � > s: if x 2 X such that x � 0 and
for some x� 2 A; hx ; x�i = 0: Choose a strictly positive element x0 2 int(X+): Put
xn = x+

x0
n : Then :
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hxn ; x�i =


x0
n ; x

��+ hx ; x�i = 1
n hx0 ; x

�i+ hx ; x�i > 0
for all n 2 N for all x� 2 A. Hence the set of strictly positive elements in X is
dense in X+: It follows that R(�;A) � 0 for all � > s: Theorem 2.1 implies that
T (t) � 0 for all t � 0:
De�nition 2.8. An operator T 2 L(X) is called inner norm map if

jhTx ; x�ij � kTk hx ; x�i
for all x 2 X+ and all x� 2 A:
Examples 2.9.

(1) Let T : l2 �! l2 be such that T
� 1P
i=1

xi�i

�
= x1�1: Then

kTk = sup
kxk�1

kTxk = sup
kxk�1

kx1�1k � 1:

Since T�1 = �1, then kTk = 1: For x =
1P
i=1

xi�i 2 l2; we have :

hTx ; �ki =
�
xk k = 1
0 k 6= 1

�
:

So jhTx ; �kij � jxkj = jhx ; �kij for all k 2 N: Hence jhTx ; x�ij � kTk jhx ; x�ij
for all x� 2 A:
(2) Let A = f�n : n 2 Ng � `2; and T be any projection operator on any

subspaces generated by any subset of A: Then T is an inner norm operator.
(3) Let g be any positive function in C[0; 1]; and T : C[0; 1] �! C[0; 1] , with

Tf = gf: Then T is an inner product map.
Example (3) holds true for all positive multipliers on all classical sequences

spaces.
We should remark that one can give many other examples.
Theorem 2.10. Let A be a bounded Schwarz map: Then the following are

equivalent :
(i) etA � 0 for all t � 0:
(ii) For 0 � x 2 X ; if hx; x�i = 0; then hAx ; x�i � 0 for all x� 2 A:
(iii) A+ kAk � 0:

Proof. (i) �! (ii) Let x� 2 A and hx; x�i = 0 with x 2 X+: Then :

hAx ; x�i =
�
lim
t!0+

etAx�x
t ; x�

�
= lim

t!0+

D
etAx
t ; x�

E
� hx ; x�i

t

= lim
t!0+

1
t



etAx ; x�

�
� 0:

(ii) �! (iii) Let x 2 X+ and x� 2 A: Then :
h(A+ kAk)x ; x�i = hAx ; x�i+ kAk hx ; x�i :

If hx ; x�i = 0; then by (ii) hAx ; x�i � 0: If hx ; x�i > 0 then, since
jhAx ; x�ij � kAk hx ; x�i ;

for all x� 2 A and x 2 X+; hAx ; x�i+ kAk hx ; x�i � 0: Thus A+ kAk � 0:
(iii) �! (i) For x� 2 A and x 2 X+ we have :


etAx ; x�
�
=


e�tkAket(A+kAk)x ; x�

�
= e�tkAk



et(A+kAk)x ; x�

�
= e�tkAk

� 1P
n=0

tn

n! (A+ kAk)
n
x ; x�

�
= e�tkAk

1P
n=0

tn

n! h(A+ kAk)
n
x ; x�i :
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Since e�tkAk � 0 and (A+ kAk)n � 0 for all n 2 N; then etA � 0:
De�nition 2.11. Let (T (t))t�0 be a positive semigroup on an absolute Banach

space X ordered by the set A with in�nitesimal generator A and (S(t))t�0 be a
semigroup in L(X) with in�nitesimal generator B:We say that (T (t))t�0 dominates
(S(t))t�0 if jS(t)xj � T (t) jxj ; for all x 2 X and for all t � 0:
Example 2.12. Let X = C ([0; 1]) : Let (T (t))t�0 and (S(t))t�0 be de�ned on

C ([0; 1]) as follows :

(T (t)f)(s) = estf(s) and (S(t)f)(s) = eistf(s):

Clearly (T (t))t�0 and (S(t))t�0 are semigroups on C ([0; 1]) and (T (t))t�0 is a
positive semigroup. Now :

jS(t)f(s)j =
��eistf(s)�� = ��eist�� jf(s)j = jf(s)j � est jf(s)j = T (t) jf(s)j :

Hence T (t) dominates S(t):

The following theorem is known for Banach lattices. However, we don�t assume
in this theorem that our Banach space is absolute.
Theorem 2.13. Let (T (t))t�0 , (S(t))t�0 be two positive semigroups in L(X)

with in�nitesimal generators A and B respectively. Suppose that D(B) � D(A).
Then the following are equivalent :
(i) S(t) � T (t) for all t � 0;
(ii) Bx � Ax for 0 � x 2 D(B):
Proof. (i) �! (ii) Let x 2 D(B); x 2 X+ and x� 2 A: Then :

hBx ; x�i =
�
lim
t!0+

S(t)x�x
t ; x�

�
= lim

t!0+

D
S(t)x
t ; x�

E
� hx ; x�i

t

= lim
t!0+

1
t (hS(t)x ; x

�i � hx ; x�i)
� lim

t!0+

1
t (hT (t)x ; x

�i � hx ; x�i)
= lim

t!0+

1
t hT (t)x� x ; x

�i

=

�
lim
t!0+

T (t)x�x
t ; x�

�
= hAx ; x�i :

Hence Bx � Ax for all x 2 D(B) = D(A) \D(B):
Conversely (ii) �! (i) Since (T (t))t�0 ; (S(t))t�0 are positive semigroups,

then by Theorem 2.1 both R(�;A) and R(�;B) are positive for large �:
Now : Choose � > max(!(A); !(B)) and 0 � x 2 D(B): Using Theorem 5.3

in [13] ; we have : R(� : B)x 2 D(B): Using (ii), D(B) � D(A) and R(�;B) is
positive we get : (A�B)R(�;B)x � 0: But R(�;A) is positive. So

R(�;A)(A�B)R(�;B)x � 0:
The identity :

R(�;A)x�R(�;B)x = R(�;A)(A�B)R(�;B)x
gives

R(�;A)x�R(�;B)x � 0;
and therefore R(�;A)x � R(�;B)x for all 0 � x 2 D(B): Since D(B) = X; then
R(�;A) � R(�;B) for large �: Consequently for x 2 X+ we have :

R(�;A)(R(�;A)x�R(�;B)x) � 0:

Hence
R2(�;A)x � R(�;A)R(�;B)x � R(�;B)R(�;B)x = R2(�;B)x :
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By mathematical induction we get : Rn(�;A)x � Rn(�;B)x: Theorem 8.3 in [13] ;
now gives :

S(t)x = lim
n!1

(ntR(
n
t ; B))

nx

� lim
n!1

(ntR(
n
t ; A))

nx

= T (t)x.

References

[1] W. Arendt, P. Cherno¤ and T. Kato, A Generalization of Dissipativity and Positive Semi-
groups. J. Operator Theory, 8 (1982), 167-180.

[2] W. Arendt, Kato�s Inequality. A Characterization of Generators of Positive Semigroups,
Proc. Roy. Irich Acad. Sect. A 84 (1984), 155-174.

[3] W. Arendt, Resolvent Positive Operators, Proc. London Math. Soc. 54(3) (1987), 321-349.
[4] C. J. K. Batty and E.B. Davies, Positive Semigroups and Resolvents, J. Operator Theory,

10 (1983), 357-363.
[5] Ph. Clément, One Parameter Semigroups, North Holland, Elsevier Science Publishing Com-

pany, Inc. New York, 1987.
[6] J. Conway, A Course in Functional Analysis, Springer-Verlag, New York, 1990.
[7] E. B. Davies and H. Hanche-Olsen, The Generators of Positive Semigroups, J. Funct. Anal.

32 (1979), 207-212.
[8] R. Derndinger, ½Uber Das Spektrum Positiver Generatoren , Math. Z. 172 (1980), 281-293.
[9] E. Hille, and R.S. Phillips, Functional Analysis and Semigroups . Amer. Math. Soc. Colloq.

Publi. 31, Providence, Rhode Island, 1957.
[10] H. Jarchow, Locally Convex Spaces, B. G. Teubner Stuttgart, Germany, 1981.
[11] G. K

::
othe, Topological Vector Spaces, Springer-Verlag, Berlin 1969.

[12] R. Nagel, One Parameter Semigroups of Positive Operators, Lecture Notes in Mathematics
(1184),Springer-Verlag, Berlin 1986.

[13] A. Pazy, Semigroups of Linear Operators and Applications to Partial Di¤ erential Equations,
Springer-Verlag, New York, 1983.

[14] D. W. Robinson, Continuous Semigroups on Ordered Banach Spaces, J. Funct. Anal. 51
(1983), 268-284.

[15] H. L. Royden, Real Analysis, Prentice Hall, Englewood Cil¤s, New Jersey 07632, 1988.
[16] W. Rudin, Functional Analysis, McGraw-Hill, Inc. New York, 1991.
[17] W. Ruess and C. Stegall, Extreme Points in Duals of Operator Spaces, Math. Ann. 261

(1982), 533-546.
[18] H. Schaefer, Topological Vector Spaces, Springer-Verlag, New York, 1971.
[19] H. Schaefer, Banach Lattices and Positive Operators, Springer-Verlag, New York, 1974.

YARMOUK, KHALIL : ON POSITIVE SEMIGROUPS340



A note on Euler numbers and polynomials

C. S. Ryoo, Young Sil, Yoo

Department of Mathematics, Hannam University, Daejeon 306-791, Korea

Abstract : In this paper, we give a formula on relationship between the Bernoulli numbers

and Euler numbers. Finally, we investigate the zeros of the Euler polynomials En(x).

Key words : Bernoulli numbers, Bernoulli polynomials, Euler numbers, Euler polynomials,

alternating sums of powers

2000 Mathematics Subject Classification : 11S80, 11B68

1 Introduction

In the 21st century, the computing environment would make more and more rapid progress

and there has been increasing interest in solving mathematical problems with the aid of

computers. By using software, mathematicians can explore concepts much more easily than

in the past. The ability to create and manipulate figures on the computer screen enables

mathematicians to quickly visualize and produce many problems, examine properties of

the figures, look for patterns, and make conjectures. This capability is especially exciting

because these steps are essential for most mathematicians to truly understand even basic

concept. Many mathematicians have studied Bernoulli polynomials, Bernoulli numbers,

Euler polynomials, and Euler numbers. Bernoulli polynomials, Bernoulli numbers, Euler

polynomials, and Euler numbers posses many interesting properties and arising in many

areas of mathematics and physics. In this paper, we give a formula on relationship between

the Bernoulli numbers and Euler numbers. We observe the structure of the real roots of

our Euler polynomials, En(x), using numerical investigation. By computer experiments, we

demonstrate a remarkably regular structure of the complex roots of En(x). Finally, we give

a table for the solutions of our Euler polynomials En(x). This numerical investigation is

especially exciting because these steps are essential for most students to truly understand

even basic concept of Euler numbers En and Euler polynomials En(x).

2 Relationship between the Bernoulli and Euler numbers

Throughout this paper Z,Q,R and C will be denoted by the ring of rational integers, the field

of rational numbers, the field of real numbers and the complex number field, respectively.

First, we introduce the ordinary Bernoulli numbers and Bernoulli polynomials. The usual

Bernoulli numbers Bn are defined by

eBt =
∞∑

n=0

Bn
tn

n!
=

t

et − 1
,
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where the symbol Bk is interpreted to mean that Bk must be replaced by Bk when we

expand the one on the left. This relation can be written as

e(B+1)t − eBt = t.

Hence we obtain

B0 = 1, (B + 1)k −Bk =

{
1, if k = 1,

0, if k > 1,

with the usual convention about replacing Bk by Bk, (i ≥ 0). The Bernoulli polynomials

Bn(x) are defined by the generating function:

eB(x)t =
∞∑

n=0

Bn(x)
tn

n!
=

t

et − 1
ext,

It is easily see that

Bk(x) =
k∑

i=0

(
k

i

)
Bix

k−i, Bk(0) = Bk.

Bernoulli polynomials and Bernoulli numbers posses many interesting properties and arise

in many areas of mathematics. Bernoulli numbers play an important role in mathematics.

They first appeared in Ars Conjectandi, a famous and posthumous treaties published in

1713, by Jakob Bernoulli when he studied the sums of powers of consecutive integers sp(n) =∑n−1
k=1 kp, where p and n are two positive integers(cf. [1], [2], [3]). The sums sp(n) can be

written in the form

sp(n) =
p∑

k=0

Bk

k!
p!

(p + 1− k)!
np+1−k.

Thanks to Bernoulli’s polynomials, it’s possible to rewrite the expression of the sums sp(n)

as

sp(n) =
n−1∑

k=0

kp =
1

p + 1
(Bp+1(n)−Bp+1).

Bernoulli numbers also appear in the computation of the numbers

ζ(2p) =
∞∑

k=1

1
k2p

.

We also have

ζ(1− 2k) = −B2k

2k
, k > 0.

Next, we introduce the ordinary Euler numbers and Euler polynomials. The usual Euler

numbers En and the usual Euler polynomials En(x) are defined by means of the following

generating functions:
2

et + 1
=

∞∑

n=0

En
tn

n!
, (|t| < 2π), (1)

2
et + 1

ext =
∞∑

n=0

En(x)
tn

n!
, (|t| < 2π),
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respectively. Let u be algebraic in complex number field. Then Frobenius-Euler numbers

are defined by

eH(u)t =
1− u

et − u
=

∞∑

n=0

Hn(u)
tn

n!
, (|t| < 2π), (2)

This relation can be written as

H0(u) = 1, (H(u) + 1)k − uHk(u) = 0 (1 ≤ k).

Therefore we have

uHk(u) =
k∑

i=0

(
k

i

)
Hi(u),Hk(u) =

1
u− 1

k−1∑

i=0

(
k

i

)
Hi(u), for u 6= 1.

By (1) and (2), note that Hn(−1) = En. Let n, k be positive integers (k > 1), and let

Sn(k) = 1n + 2n + 3n + 4n · · ·+ kn.

It was well known that

Sn(k) =
1

n + 1

n∑

i=0

(
n + 1

i

)
Bi(k + 1)n+1−i, cf. [1], [2], [3], (3)

where
(
n
k

)
is binomial coefficients. Since

Sn(2k) = 1n + 2n + · · ·+ (2k)n = (1n + 3n + + · · ·+ (2k − 1)n) + (2n + 4n + + · · ·+ (2k)n),

we obtain
k∑

m=1

(2m− 1)n = Sn(2k)− 2nSn(k). (4)

Now, we consider the alternating sums of powers of consecutive integers

Tn(k) =
2k∑

k=1

(−1)kkn, (5)

where k and n are two given positive integers. The sums Tn(k) can be written in the form

Tn(k) = −1n + 2n − 3n + 4n − 5n + · · ·+ (−1)2k−1(2k − 1)n + (−1)2k(2k)n

= (2n + 4n + + · · ·+ (2k)n)− (1n + 3n + 5n + · · ·+ (2k − 1)n)

= 2n(1n + 2n + · · ·+ kn)−
k∑

m=1

(2m− 1)n.

By (4), we have the following theorem.

Theorem 1. Let k, n(n ≥ 1) be positive integers. Then we have

Tn(k) = 2n+1Sn(k)− Sn(2k).

By simple calculations and (3), we have the following corollary.
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Corollary 2. Let k, n(n ≥ 1) be positive integers. Then we have

Tn(k) =
1

n + 1

n∑

i=0

(
n + 1

i

)
Bi

{
2n+1(k + 1)n+1−i − (2k + 1)n+1−i

}
.

Since ∞∑

n=0

En(x)
tn

n!
=

2
et + 1

ext = eEtext = e(E+x)t =
∞∑

n=0

(E + x)n tn

n!
,

we have

En(x) =
n∑

n=0

(
n

k

)
Ekx

n−k.

In order to obtain the relationship between the Bernoulli and Euler numbers, we introduce

some interesting properties. We derive each of the following results:

2
n−1∑

l=0

(−1)lelt = 2(1− et + e2t − e3t + · · ·+ (−1)n−1e(n−1)t)

=
2

et + 1
+ 2

(−1)n−1ent

et + 1

=
2

et + 1
− (−1)n 2ent

et + 1

=
∞∑

k=0

Ek
tk

k!
− (−1)n

∞∑

k=0

Ek(n)
tk

k!
,

(6)

and

2
n−1∑

l=0

(−1)lelt =
∞∑

k=0

2
n−1∑

l=0

(−1)llk
tk

k!
. (7)

Next, by combining (6) and (7), we have the following theorem.

Theorem 3. Let k, n be given positive integers. Then we obtain

Ek + (−1)n+1Ek(n) = 2
n−1∑

l=0

(−1)llk = 2(0− 1k + 2k − 3k + · · ·+ (−1)n−1(n− 1)k). (8)

Setting n = 2n + 1 in Theorem 3, we obtain

Ek + (−1)2n+2Ek(2n + 1) = 2(−1k + 2k − 3k + · · ·+ (−1)2n(2n)k).

We now derive an interesting formula:

Ek + Ek(2n + 1) = 2(−1k + 2k − 3k + · · ·+ (2n)k).

By (5), (9) and Theorem 1, we obtain

Ek + Ek(2n + 1) = 2Tn(k) = 2n+2Sn(k)− 2Sn(2k). (9)

Finally, by combining Corollary 2 and (9), we have the relationship between the Bernoulli

and Euler numbers.

Theorem 4. Let k, n be given positive integers. Then we obtain

Ek + Ek(2n + 1) =
2

n + 1

n∑

i=0

(
n + 1

i

)
Bi

{
2n+1(k + 1)n+1−i − (2k + 1)n+1−i

}
.
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3 Distribution and Structure of the zeros

Because
∂F

∂x
(x, t) = tF (x, t) =

∞∑

n=0

dEn

dx
(x)

tn

n!
,

it follows the important relation

dEk

dx
(x) = kEk−1(x).

Then, it is easy to deduce that Ek(x) are polynomials of degree k. Here is the list of the

first Euler’s polynomials.

E0(x) = 1, E1(x) = x− 1
2
,

E2(x) = x2 − x,

E3(x) = x3 − 3
2
x2 +

1
4
,

E4(x) = x4 − 2x3 + x

E5(x) = x5 − 5
2
x4 +

5
2
x2 − 1

2
E6(x) = x6 − 3x5 + 5x3 − 3x,

E7(x) = x7 − 7
2
x6 +

35
4

x4 − 21
2

x2 +
17
8

,

E8(x) = x8 − 4x7 + 14x5 − 28x3 + 17x,

E9(x) = x9 − 9
2
x8 + 21x6 − 63x4 +

153
2

x2 − 31
2

,

· · ·

Since
∞∑

n=0

En(1− x)
(−1)ntn

n!
=

2
e−t + 1

e(1−x)(−t) =
2

et + 1
ext =

∞∑

n=0

En(x)
tn

n!
,

we obtain

En(x) = (−1)nEn(1− x). (10)

The question is: what happens with the reflexive symmetry (10), when one considers Euler

polynomials? Prove that En(x), x ∈ C, has Re(x) = 1
2 reflection symmetry in addition

to the usual Im(x) = 0 reflection symmetry analytic complex functions (Figure 1). Prove

that En(x) = 0 has n distinct solutions. Find the numbers of complex zeros CEn(x) of

En(x), Im(x) 6= 0. Since n is the degree of the polynomial En(x), the number of real zeros

REn(x) lying on the real plane Im(x) = 0 is then REn(x) = n−CEn(x), where CEn(x) denotes

complex zeros. See Table 1 for tabulated values of REn(x) and CEn(x). Next, we investigate

the zeros of the Euler polynomials by using computer. Figure 1 displays the zeros of Euler

polynomials En(x), n = 40, 60, 80, 100, x ∈ C.
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Figure 1 : Zeros of En(x)

Figure 2 displays the stacks of zeros of En(x), 1 ≤ n ≤ 100 from a 3-D structure.

Our numerical results for approximate solutions of real zeros of En(x) are displayed.

The results are obtained by Mathematica software. We observe a remarkably regular struc-

ture of the complex roots of Euler polynomials. We hope to verify a remarkably regular

structure of the complex roots of Euler polynomials( See Table 1).
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Figure 2 : Stacks of zeros of En(x), 1 ≤ n ≤ 100

Table 1. Numbers of real and complex zeros of En(x)

degree n real zeros complex zeros

26 10 16

27 7 20

28 8 20

29 9 20

30 10 20

31 11 20

32 8 24

33 9 24

34 10 24

35 11 24

36 12 24

37 9 28

38 10 28

39 11 28

40 12 28

Next, we calculated an approximate solution satisfying En(x), x ∈ R. The results are
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given in Table 2.

Table 2. Approximate solutions of En(x) = 0, x ∈ R

degree n x

1 0.5000

2 0.0000, 1.000000

3 −0.366025404, 0.500000000, 1.366025404

4 −0.6180339, 0.0000, 1.0000, 1.61803

5 −0.61803,−0.61803, 0.5000, 1.6180, 1.6180

6 0.00000, 1.00000

7 −0.497731435, 0.500000000, 1.49773143

8 −0.932327751, 0.00000, 1.0000, 1.93232775

9 −1.21973,−0.50008, 0.5000, 1.50008, 2.2197

10 −1.3652,−1.01497, 0.000, 1.0000, 2.0149, 2.3652
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Abstract

In this paper we observe the structure of the roots of q-Euler polynomials En(x, h|q),
using numerical investigation. We study that the q-Euler polynomial are analytic continued

to Eq(s). A new formula for the q-Euler Zeta function ζE,q(s|h), in terms of nested series of

ζE,q(n|h) is derived.
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1 Introduction

Throughout this paper, Z,R and C will denote the ring of integers, the field of
real numbers and the complex numbers, respectively.

When one talks of q-extension, q is variously considered as an indeterminate,
a complex numbers or p-adic numbers. In complex number field, we will assume
that |q| < 1 or |q| > 1. The q-symbol [x]q denotes [x]q = 1−qx

1−q .
In this paper we observe an interesting phenomenon of ‘scattering’ of the

zeros of En(x, h|q). Also, we study that the q-Euler polynomials due to T.Kim
(see [1,8]) are analytic continued to Eq(s). By those results, we give a new
formula for the q-Euler zeta function due to T.Kim, cf. [1,5,7].

2 Generating q-Euler polynomials and numbers

For h ∈ Z, the q-Euler polynomials were defined as
∞∑

n=0

En(x, h|q)
n!

tn = [2]q
∞∑

n=0

(−1)nqhne[n+x]qt, (2.1)

1
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for x, q ∈ C, cf. [1,7]. In the special case x = 0, En(0, h|q) = En(h|q) are called
q-Euler numbers, cf. [1,2,3,4]. By (2.1), we easily see that

En(x, h|q) =
[2]q

(1− q)n

n∑

l=0

(
n

l

)
(−1)l 1

1 + ql+h
qlx, cf.[7, 8], (2.2)

where
(
n
j

)
is binomial coefficient. From (2.1), we derive

En,q(x, h|q) = (qxE(h|q) + [x]q)n

with the usual convention of replacing En(h|q) by En(h|q). In the case h = 0,
En(x, 0|q) will be symbolically written as En,q(x). Let Gq(x, t) be generating
function of q-Euler polynomials as follows:

Gq(x, t) =
∞∑

n=0

En,q(x)
tn

n!
. (2.3)

Then we easily see that

Gq(x, t) = [2]q
∞∑

k=0

(−1)ke[k+x]qt. (2.4)

For x = 0, En,q = En,q(0) will be called q-Euler numbers.
From (2.3), (2.4), we easily derive the following: For k(= even) and n ∈ Z+,

we have

En,q(k)− En,q = [2]q
k−1∑

l=0

(−1)l[l]nq . (2.5)

For k(= odd) and n ∈ Z+, we have

En,q(k) + En,q = [2]q
k−1∑

l=0

(−1)l[l]nq . (2.6)

By (2.4), we easily see that

Em,q(x) =
m∑

l=0

(
m

l

)
qxlEl,q[x]m−l

q . (2.7)

From (2.5), (2.6), and (2.7), we derive

[2]q
k−1∑

l=0

(−1)l−1[l]nq = (qkn − 1)En,q +
k−1∑

l=0

(
n

l

)
qklEl,q[k]n−l

q , (2.8)

where k(= even) ∈ N. For k(= odd) and n ∈ Z+, we have

[2]q
k−1∑

l=0

(−1)l[l]nq = (qkn + 1)En,q +
k−1∑

l=0

(
n

l

)
qklEl,q[k]n−l

q . (2.9)

2
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3 Zeros of q-Euler polynomials

In this section, we plot the zeros of q-Euler polynomials are solutions of Em(x, h|q),m =
40, q = 1/2, x ∈ C (Figure 2).
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Figure 1: Zeros of q-Euler polynomials E40(x, h| 12 ), h = 1, 3, 5, 7
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The behavior of the zero of q-Euler polynomials Em(x, h|q),m = 40, q =
1/2, x ∈ C for h is presented (Figure 3).
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Figure 2: Zeros of q-Euler polynomials E40(x, h| 12 ), h = 10, 20, 30, 40

We plot the zeros of q-Euler polynomials are solutions of Em(x, h|q),m =
40, q = −1/2, x ∈ C(Figure 4).

4
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Figure 3: Zeros of q-Euler polynomials E40(x, h| − 1
2 ), h = 1, 3, 5, 7

The behavior of the zero of q-Euler polynomials Em(x, h|q),m = 40, q =
−1/2, x ∈ C for h is presented (Figure 5).

4 q-Euler zeta function

It was known that the Euler polynomials are defined as

2
et + 1

ext =
∞∑

n=0

En(x)
n!

tn, |t| < π. (4.1)

For s ∈ C, x ∈ R with 0 ≤ x < 1, define

ζE(s, x) = 2
∞∑

n=0

(−1)n

(n + x)s
, and ζE(s) = 2

∞∑
n=1

(−1)n

ns
. (4.2)

5
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Figure 4: Zeros of q-Euler polynomials E40(x, h| − 1
2 ), h = 10, 20, 30, 40

Euler numbers are related to the Euler zeta function as

ζE(−n) = En, ζE(−n, x) = En(x).

For s, q, h ∈ C with |q| < 1, we define q-Euler zeta function as follows:

ζE,q(s, x|h) = [2]q
∞∑

n=0

(−1)nqnh

[n + x]sq
, and ζE,q(s|h) = [2]q

∞∑
n=1

(−1)nqnh

[n]sq
. (4.3)

For k ∈ N, h ∈ Z, we have

ζE,q(−n|h) = En(h|q).

6
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In the special case h = 0, ζE,q(s|0) will be written as ζE,q(s). For s ∈ C, we
note that

ζE,q(s) = [2]q
∞∑

n=1

(−1)n

[n]sq
.

We now consider the function Eq(s) as the analytic continuation of Euler
numbers. All the q-Euler numbers En,q agree with Eq(n), the analytic contin-
uation of Euler numbers evaluated at n,

Eq(n) = En,q for n ≥ 0.

Ordinary Euler numbers are defined by

2
et + 1

=
∞∑

n=0

En
tn

n!
, |t| < π. (4.4)

From the definition of Euler numbers, it is easy to show that

E0 = 1, and En = −1
2

n−1∑

l=0

(
n

l

)
El, n = 0, 1, 2, · · · .

From (4.1), we can consider the q-extension of Euler numbers En as follows:

E0,q =
[2]q
2

, and En,q = − 1
[2]qn

n−1∑

l=0

(
n

l

)
qlEl,q, n = 1, 2, 3, · · · , (4.5)

In fact, we can express E′
q(s) in terms of ζ ′E,q(s), the derivative of ζE,q(s).

Eq(s) = ζE,q(−s), E′
q(s) = ζ ′E,q(−s), E′

q(2n + 1) = ζ ′E,q(−2n− 1), (4.6)

for n ∈ N ∪ {0}. This is just the differential of the functional equation and so
verifies the consistency of Eq(s) and E′

q(s) with En,q and ζ(s).
From the above analytic continuation of q-Euler numbers, we derive

Eq(s) = ζE,q(−s), Eq(−s) = ζE,q(s)
⇒ E−n,q = Eq(−n) = ζE,q(n), n ∈ Z+.

(4.7)

The curve Eq(s) runs through the points E−n,q and grows ∼ n asymptoti-
cally as (−n) → −∞. The curve Eq(s) runs through the point Eq(−n) and
limn→∞Eq(−n) = limn→∞ ζE,q(n) = −2 (Figure 7). From these results, we
note that

ζE,q(−n) = Eq(n) 7→ ζE,q(−s) = Eq(s).

7
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Figure 5: The curve of Eq(s) runs through the pointζn,q, q = 11/10

5 Analytic continuation of q-Euler polynomials

For consistency with the redefinition of En,q = Eq(n) in (4.5) and (4.6), we have

En,q(x) =
n∑

k=0

(
n

k

)
Ek,qq

kx[x]n−k
q .

The analytic continuation can be then obtained as

n 7→ s ∈ R, x 7→ w ∈ C,

Ek,q 7→ Eq(k + s− [s]) = ζE,q(−(k + (s− [s]))),(
n

k

)
7→ Γ(1 + s)

Γ(1 + k + (s− [s]))Γ(1 + [s]− k)

⇒ En,q(s) 7→ Eq(s, w) =
[s]∑

k=−1

Γ(1 + s)Eq(k + s− [s])q(k+s−[s])w[w][s]−k
q

Γ(1 + k + (s− [s]))Γ(1 + [s]− k)

=
[s]+1∑

k=0

Γ(1 + s)Eq((k − 1) + s− [s])q((k−1)+s−[s])w[w][s]+1−k
q

Γ(k + (s− [s]))Γ(2 + [s]− k)
,

where [s] gives the integer part of s, and so s− [s] gives the fractional part.
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Abstract - In this paper we investigate a boundary value problem for a
semilinear equation of the form ��u+ �u+ f(u) = g; when the nonlinearity f
satis�es a Lipschitz condition
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rem, Banach �xed point theorem
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1. Introduction

Let 
 � RN be a bounded domain and g 2 L2(
). We consider the
boundary value problem

��u(x) + �u(x) + f(u(x)) = g(x); x 2 
; (1)

u = 0 on @
, (2)

where f : R �! R satis�es the Lipschitz condition jf(u)� f(v)j 6 � ju� vj for
all u; v 2 R (� > 0), f(0) = 0 and � is the Laplacian operator. We assume
that the positive parameter � satis�es the condition � > �.

The problems of the type (1); (2) are motivated by the stationary di¤usion
phenomenon and have been investigated by many authors.

In a great number of papers the problem (1); (2) is studied when the
nonlinearity f satis�es an inequality of the type jf(u)j � a jujp + b, or in the
case f(u) = jujp for some p 2 R�f1g.

1
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In this paper we investigate the existence and the uniqueness of the
solution of the problem (1); (2); when the nonlinearity f satis�es only a Lipschitz
condition.

We will prove using the Minty-Browder theorem, that the problem (1); (2),
in the said conditions for f , g and the positive parameters � and �, has a unique
weak solution. The proof of the principal result of this paper uses essentially
the monotonicity properties of the linear di¤erential operator generated by the
term ��u of the equation (1).

Theorem 1.1. Let f : R �! R, g : 
 �! R and �, � positive
parameters so that:

(i) jf(x)� f(y)j 6 � jx� yj for all x; y 2 R;
(ii) f(0) = 0;
(iii) g 2 L2(
);
(iv) � > �.

Then the problem (1); (2) has a unique weak solution.

2. Proof of Theorem 1.1.

We denote by E the real Hilbert space L2(
). The inner product and the
corespondent norm in E will be denoted by h�; �i2 and k�k2.

Let A : D(A) � E �! E de�ned by Au(x) = ��u(x) for x 2 
, where
D(A) = H2(
) \H1

0 (
). It is known that the linear operator A is a maximal
monotone operator.

Let L : D(L) = D(A) �! E de�ned by Lu(x) = ��u(x) + �u(x) for
x 2 
, i.e. L = A+ �I where I is the identity of E.

Rg(I + �A) = fu+ �Au=u 2 D(A)g = E for all � > 0; because A is a
maximal monotone operator. It results that Rg(A+�I) = Rg(L) = E; because
A is linear.

Also we have

hLu; ui2 = hAu; ui2 + � hu; ui2 > � hu; ui2 = � kuk
2
2 (3)

for all u 2 D(L), i.e. L is a strongly positive linear operator.
Let F : E �! E de�ned by Fu(x) = f(u(x)); x 2 
 ( the de�nition

is correct, because from the properties of f , it results that Fu 2 L2(
) for all
u 2 L2(
)). We have

kFu� Fvk22 =
Z



jf(u(x))� f(v(x))j2 d� 6 �2
Z



ju(x)� v(x)j2 d� = �2 ku� vk22

for all u; v 2 E( � is the Lebesgue measure in RN ). It results that the nonlinear
operator F is a Lipschitz operator with the constant �.
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Now we can writte the problem (1); (2) in the equivalently operatorial
form

Lu+ Fu = g: (4)

From (3) we obtain

kLuk2 � � kuk2 for all u 2 D(L):

Consequently there exists L�1 : E �! D(L) � E which is linear and
bounded, L�1 2 L(E), the Banach space of all linear and bounded operators
from E to E. Moreover we have

L�1

L(E) � 1

�
:

The equation (4) can be written now as

u+ L�1Fu = L�1g: (5)

We consider the operator T : E �! E de�ned by

Tu = u+ L�1Fu =
�
I + L�1F

�
u:

Therefore the equation (5) becomes

Tu = L�1g; (6)

and our problem is reduced to the study of the properties of the operator T .
We will prove now that the operator T satis�es an inequality of the type

hTu� Tv; u� vi2 � � ku� vk
2
2 for all u; v 2 E (� > 0)

i.e. T is a strongly monotone operator. With the Cauchy-Schwartz inequality
we obtain

�


L�1Fu� L�1Fv; u� v

�
2
= �



L�1(Fu� Fv); u� v

�
2
�

�
��
L�1(Fu� Fv); u� v�

2

�� �
�


L�1(Fu� Fv)



2
� ku� vk2 �

�

�
ku� vk22

and then

hTu� Tv; u� vi2 =


u+ L�1Fu� v � L�1Fv; u� v

�
2
=

= ku� vk22 +


L�1Fu� L�1Fv; u� v

�
2

� ku� vk22 �
�

�
ku� vk22 =

�
1� �

�

�
ku� vk22 ;

for all u; v 2 E. From the assumption � > � it results that 1� �
� > 0 and our

assertion is proved.

3
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It is known that every strongly monotone operator is coercive (i.e.
lim

kuk2!1
hTu;ui2
kuk2

= 1). It�s easy to observe that T is continuous and strictly

monotone in the sense that hTu� Tv; u� vi2 > 0 for all u; v 2 E with u 6= v.
According to the Minty-Browder theorem, the equation (6) has a unique solu-
tion. Therefore the proof of the Theorem 1.1. is complete.

3. Remarks

1. The conclusion of the Theorem 1.1. can be established also using the
Banach �xed point theorem. The operatorial form (5) of the studied problem
can be written as V u = u, where the operator V : E ! E is de�ned by
V u = �L�1Fu+ L�1g: We have

kV u� V vk2 =


L�1Fu� L�1Fv



2
=


L�1(Fu� Fv)



2
�

L�1

L(E) kFu� Fvk2 � �

�
ku� vk2 for all u; v 2 E:

It results that V is a strict contraction from E to E because � > �. Accord-
ing to the Banach �xed point theorem, V has a unique �xed point, and this fact
justi�es the existence of the unique solution of the problem (1); (2).

2. The Theorem 1.1. implies the fact that the problem

��u(x) + �u(x) + f(u(x)) = 0; x 2 
;

u = 0 on @


has only the trivial solution u � 0, for all � > �.
It results that there are no eigenvalues of the nonlinear eigenvalues

problem
�u(x)� f(u(x)) = �u(x); x 2 
;

u = 0 on @


in the interval (�;+1).
3. For �xed g 2 L2(
), let u(�) be the unique weak solution of the

problem (1); (2) for all � > �. From (5) we obtain

ku(�)k2 =


�L�1Fu(�) + L�1g



2
�

L�1

L(E) kFu(�)k2 + 

L�1

L(E) kgk2 � �

�
ku(�)k2 +

1

�
kgk2 :

So we have obtained the following estimation:

ku(�)k2 �
1

�� � kgk2 :

It results that ku(�)k2 �! 0 when � �!1 and this fact signi�es that for large
values of �; the solution u(�) has only very small values.
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Abstract 
 
In this paper we obtained common fixed point theorems in fuzzy metric space under the 

Lipschitz type analogue of a strict contractive condition by using the notion of weak 

compatible of type A. In the setting of our results, we provide pair of mappings, which 

ensures the existence of a common fixed point.    

 
Key words and Phrases: Weak compatible of type A, Contractive condition, Common fixed point. 
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Introduction 

 

The study of fixed points for non-compatible mappings can be extended to the class 

of non-expansive or Lipschitz mapping pairs even without continuity of the 

mappings involved or completeness of the space. 

The notion of weak commutativity generalized by Junjck [3] and another 

generalization is given by Pant [6] as R-weak commutative of type (Ag). Two self 

maps S and T of a metric space X are called compatible if limn d(STxn,TSxn) = 0, 

whenever {xn} is a sequence in X such that limn Txn = limn Sxn = p for some p in X. 

It follows that the maps S and T are called non-compatible if they are not 

compatible. Thus S and T are non-compatible if there exists at least one sequence 

{xn} such that limnTxn = limnSxn = p for some p in X but limn d(STxn,TSxn)≠0 or 

limn d(STxn,TSxn) does not exists. 

In 1965, Zaded introduce the notation of fuzzy set. George and Veermani [1] 

modified the concept of fuzzy metric space introduced by Kramosil and Michalek 

[4]. They also showed that every metric space induces a fuzzy metric. 
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Definition 1.1[7].  A binary operation: [0,1] x [0,1] → [0,1] is called a continuous t-

norm if ([0,1],) is an abelian topological monoid with unit 1 such that a*b ≤ c*d 

whenever a≤c and b ≤  d for all a, b, c, d ∈[0,1]. 

Definition 1.2 [4]. The 3-tuple (X,M,*) is called a fuzzy metric space (FM space)  if 

X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X
2 

x [0,∞) 

satisfying the following conditions; for all x, y, z in X and s, t >0,  

(FM-1) M(x,y,0) = 0, 

(FM-2) M(x,y,t) = 1 ∀ t > 0 iff x = y, 

(FM-3) M(x,y,t) = M(y,x,t), 

(FM-4) M(x,y,t)*M(x,z,s) ≤ M(x,z,t+s), 

(FM-5) M(x,y,.):[0,1) → [0,1] is left continuous. 

   
Note that M(x,y,t) can be thought of as the degree of nearness between x and y with 

respect to t. We identify x = y with M(x,y,t) = 1 for all t > 0 and M(x,y,t) = 0 with ∞ 

and we can fined some topological properties and example of fuzzy metric space . 

Lemma 1.1 ([2]) For all x, y in X  M(x,y,t) be non-decreasing.  

Definition 1.3 ([2]) Let (X,M,*) be a fuzzy metric space: 

(1) A  sequence  {xn} in  X is  said to be a  convergent to  a  point x in X  if    

limn M(xn, x, t) = 1    for all t > 0           

(2) A  sequence  {xn} in  X is  said to be a Cauchy sequence if  

        limn M(xn+p, xn, t) = 1    for all t > 0 and p > 0.         

 

If in a fuzzy metric space every cauchy sequence is convergent then the FM space is 

complete. 

Remark: Since * is continuous, it follows from FM-4 that the limit of the sequence 

in FM space is uniquely determined. 

FM 6: Let (X,M,*) be a fuzzy metric space then  lim
 
t M(xn, x, t) = 1  ∀ x, y in X.     

                                                                                                    

Lemma 1.2([5]) If all x, y ∈X, t > 0 and for a number k∈(0,1), 

 M(x, y, kt) ≥ M(x, y, t) then x = y. 
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Definition 1.4 Let {xn} be a sequence in FM space (X,M,*). The self maps S and T 

are called non-compatible if there exists at least one sequence  {xn} in X such that 

limnTxn = limnSxn = p for some p in X but limn M(STxn,TSxn,t)≠1 or limn 

d(STxn,TSxn,t) does not exists. 

Main Result 

Theorem 1. Let S and T be non-compatible self mappings of a fuzzy metric space 

(M,X,*) such that  

(I) )()( XSXT ⊂     where )(XT  is closure of the range of T 

(II) M(Tx,Ty,kt) 









≥
),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,(min

tSyTyMtSyTxM

tSxTyMtSxTxM

tSxTyMtSxTxM

tSyTyMtSyTxM
tTySxMtSySxM  

If T and be weak compatible of type A, then S and T have a unique common fixed 

point. 

Proof : Since S and T are  non-compatible mappings the there exists  a sequence 

{xn} in X such that  

∞→n
lim Sxn =

∞→n
lim Txn = p              for some p∈X………  (1) 

 but either 
∞→n

lim  M(TSxn, STxn,t) ≠ 1 or limit does not exist. Again )()( XSXT ⊂ and 

p∈ )(XT  therefore there exists u in X such that Su = p , (where 
∞→n

lim Sxn = p). If 

Tu ≠ Su then by (II) 

 M(Tx n ,Tu,kt) 









≥
),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,x(min n

tSuTuMtSuTxM

tSxTuMtSxTxM

tSxTuMtSxTxM

tSuTuMtSuTxM
tTuSxMtSuSM

n

nnn

nnn

n

n

On taking limit n→∞ 

M(Su,Tu,kt) 









>
),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,(min

tSuTuMtSuSuM

tSuTuMtSuSuM

tSuTuMtSuSuM

tSuTuMtSuSuM
tTuSuMtSuSuM  

⇒M(Su,Tu,kt)> M(Su,Tu,t)  ⇒  Su = Tu. 
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Now, S and T are weak compatible of type (A), therefore TTu = STu. 

If Tu ≠ TTu the by (II)  

M(Tu,TTu,kt) 









>
),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,(min

tSTuTTuMtSTuTuM

tTTuSuMtSuTuM

tSuTTuMtSuTuM

tSTuTTuMtSTuTuM
tTTuSuMtSTuSuM  









>
),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,(min

tTTuTTuMtTTuTuM

tTTuTuMtTuTuM

tTuTTuMtTuTuM

tTTuTTuMtTTuTuM
tTTuTuMtTTuTuM

 M(Tu,TTu,kt) > M(Tu,TTu,t). 

⇒  Tu = TTu = STu. 

Hence, Tu is common fixed point of S and T. 

Uniqueness: Let for u ≠ v, Tu and Tv are two common fixed points of S and T. 

Assume that Tu ≠ Tv, then by (II) 

M(Tu,Tv,kt) 









>
),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,(min

tSvTvMtSvTuM

tTvSuMtSuTuM

tSuTvMtSuTuM

tSvTvMtSvTuM
tTvSuMtSvSuM  

= 








),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,(min

tTvTvMtTvTuM

tTvTuMtTuTuM

tTuTvMtTuTuM

tTvTvMtTvTuM
tTvTuMtTvTuM  

M(Tu,Tv,kt) > M(Tu,Tv,t)  ⇒ Tu = Tv. 

In the theorem, we make modification in the condition of theorem 1 with R-

weak commutative of type (Ag),we get discontinuity at common fixed point. Let S 

and T satisfying following condition: 

∞→n
lim TTxn = Tp     and   

∞→n
lim STxn = Sp…………(2), 

whenever {xn} is a sequence such that  
∞→n

lim Txn =  
∞→n

lim Sxn = p for some p in X  

Theorem 2.  Let S and T be non-compatible self mappings of a fuzzy metric space 

(M,X,*) satisfying (II) of theorem 1 and the above condition (2). If T and S were R-

weak commutative of type (Ag), then S and T have a unique common fixed point 

and fixed point is a  fixed point of discontinuity. 
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Proof: Since S and T are non-compatible mappings the there exists a sequence {xn} 

in X such that by (1)             
∞→n

lim Sxn =
∞→n

lim Txn = p              for some p∈X 

 but either 
∞→n

lim Sxn M(TSxn, STxn,t) ≠ 1 or limit does not exist. Again by (2) we have 

∞→n
lim TTxn = Tp and   

∞→n
lim STxn = Sp. 

Further,  R-weak commutative of type (Ag) yields  

M(TTxn, STxn, kt) ≥ R M(Txn, Sxn,t) 

On taking limit, we get Tp = Sp and TTp = STp. 

Now, we claim that TTp=Tp. Let TTp≠Tp, then by (II)  

 M(Tp,TTp,kt) 









>
),,(*),,(

),,(*),,(
,

),,(*),,(

),,(*),,(
),,,(),,,(min

tSTpTTpMtSTpTpM

tTTpSpMtSpTpM

tSpTTpMtSpTpM

tSTpTTpMtSTpTpM
tTTpSpMtSTpSpM  

= M(Tp,TTp,t) 

Which is contradiction, therefore TTp=Tp. 

⇒  Tp = TTp = STp. Hence, Tp is common fixed point of T and S. 

Now, we show that S and T are discontinuous at the common fixed point Tp=Sp=p. 

If possible, suppose T is continuous. Then considering sequence {xn}  of (1) we get  

∞→n
lim TTxn = Tp = p. R-weak commutativity of type (Ag) implies that 

  M(TTxn, STxn, kt) ≥ R M(Txn, Sxn,t). 

 On taking limit n→∞ this yields 
∞→n

lim STxn = Tp = p. 

 Therefore, 
∞→n

lim  M(TSxn, STxn,t) =1. This contradiction the fact that either 

 
∞→n

lim  M(TSxn, STxn,t) ≠ 1 or nonexistent for the sequence {xn}  of (1). Hence T is 

discontinuous at the fixed point. Next, suppose that S is continuous. Then for the 

sequence {xn}  of (1), we get 
∞→n

lim STxn = Sp = p and 
∞→n

lim SSxn = Sp = p. In view of 

these limits, the inequality M(Tp,TSx
n
,kt) 
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yields a contradiction unless  
∞→n

lim TSxn = Tp =Sp. But  
∞→n

lim TSxn = Sp and   

∞→n
lim STxn = Sp  contradicts the fact  that either 

∞→n
lim  M(TSxn, STxn,t) ≠ 1 or 

nonexistent for the sequence {xn}  of (1). Hence both T and S are discontinuous at 

their common fixed point. 

Example1: Let X = [1,10] and M(x, y,t) = 
),( yxdt

t

+
 and d is usual metric on X. 

Define S,T:X→X by Tx = 







≥
+

<≤

3
4

2

311

xif
x

xif

and  Sx = 










≥
+

<≤
+

2
5

12

21
2

12

xif
x

xif
x

 

Also consider the sequence xn = 2+(1/n). 
∞→n

lim Sxn =
∞→n

lim Txn = 1.  

∞→n
lim TSxn = 3/4 and 

∞→n
lim STxn = 3/5.  

Clearly, T & S are noncompatible but T & S are weak compatible of type (A).  

⇒TT2=ST2 and T2 = S2 = 1 (also TT1=ST1 & T1=S1=1). We observe that S and 

T satisfying the conditions of theorem 1 and hence 1 is the fixed point. 

Example2: Let X = [1,10] and M(x, y,t) = 
),( yxdt

t

+
 [by 1] and d is usual metric on 

X. Define S,T:X→X by Tx = 




≤<

>=

314

311

xif

xorxif
and   

Sx = 













>
+

≤<

=

3
4

1

315

11

xif
x

xif

xif

    Also consider the sequence {xn = 3+(1/n): n≥1}.  

∞→n
lim Sxn =

∞→n
lim Txn = 1. 

n
lim TSxn = 4 and 

n
lim STxn = 1. Clearly, T & S are 

noncompatible but it can be verify T & S are R-weak commutative of type (Ag) . We 

observe that S and T satisfying the conditions of theorem 2 and hence 1 is the fixed 

point. 
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Conclusion: Firstly, we ensure the unique fixed point without compatible mappings 

but weak compatible of type A with Lipschiz type analogue of a plane contractive. 

Secondly, we provide a pair of mappings (R-weak commutative of type (Ag)) which 

ensures the existence of a common fixed point, however, both the mappings are 

discontinuous at the common fixed point. 

Acknowledgement: Authors thank to M.P.C.O.S.T., Bhopal, for financial cooperation 

through project M-19/2006.  
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Solving second order ordinary differential equations with

constant coefficients by Adomian decomposition method ∗

Yahya Qaid Hasan †, Liu Ming Zhu

Department of Mathematics, Harbin Institute of Technology

Harbin, 150001, P.R.China

Abstract

In this paper, an efficient modification of Adomian decomposition method

is introduced for solving second-order ordinary differential equations with con-

stant coefficients. The proposed method can be applied to linear and nonlinear

problems. Some examples were presented to show the ability of the method

for linear and nonlinear ordinary differential equations.

Keywords: Adomian decomposition method; second-order ordinary differ-

ential equations .

1 Introduction

In this paper, we consider the second order ordinary differential equation with con-

stant coefficients of the form

y
′′

+ ay
′
+ by = g(x) + f(x, y), (1)

y(0) = A, y
′
(0) = B.

∗
†Corresponding author. E-mail address: yahya217@yahoo.com
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Where f(x, y) is nonlinear function , g(x) is given function and A,B, a, b are con-

stants. The purpose of this paper to introduce a new differential operator to study

the problem(1).

In recent years a large amount of literature developed concerning Adomian de-

composition method [1-5,7], and the related modification [6,8,9,11]to investigate

various scientific models. The method is tested for some examples.

2 Analysis of the method

Under the transformation a = 2n+k and b = n(n+k) the equation (1) is transformed

to

y
′′

+ (2n + k)y
′
+ n(n + k)y = g(x) + f(x, y), (2)

where n,k are constants.

We propose the new differential operator, as below

L() = e−nx d

dx
e−k d

dx
en+k(), (3)

so, the problem (2) can be written as,

Ly = g(x) + f(x, y). (4)

The inverse operator L−1 is therefore considered a two-fold integral operator, as

below,

L−1(.) = e−(n+k)x

∫ x

0

ekx

∫ x

0

enx(.)dxdx. (5)

Applying L−1 of (5) to the third terms y
′′

+ (2n + k)y
′
+ n(n + k)y of Eq.(2) we

find

L−1(y
′′

+ (2n + k)y
′
+ n(n + k)y

= e−(n+k)x

∫ x

0

ekx

∫ x

0

enx(y
′′

+ (2n + k)y
′
+ n(n + k)y)dxdx

= e−(n+k)x

∫ x

0

ekx(enxy
′
+ (n + k)enxy − y

′
(0)− (n + k)y(o))dx

2
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= y − 1

k
y
′
(0)e−nx − (n + k)

k
y(0)e−nx +

1

k
y
′
(0)e−(n+k)x +

n

k
y(0)e−(n+k)x.

Operating with L−1 on (4), it follows

y(x) =
1

k
y
′
(0)e−nx +

(n + k)

k
y(0)e−nx − 1

k
y
′
(0)e−(n+k)x − n

k
y(0)e−(n+k)x

+L−1g(x) + L−1f(x, y). (6)

The Adomian decomposition method introduce the solution y(x) and the nonlinear

function f(x, y) by infinite series

y(x) =
∞∑

n=0

yn(x), (7)

and

f(x, y) =
∞∑

n=0

An, (8)

where the components yn(x) of the solution y(x) will be determined recurrently.

Specific algorithms were seen in [7,10] to formulate Adomian polynomials. The

following algorithm:

A0 = F (u),

A1 = F
′
(u0)u1,

A2 = F
′
(u0)u2 +

1

2
F
′′
(u0)u

2
1,

A3 = F
′
(u0)u3 + F

′′
(u0)u1u2 +

1

3!
F
′′′
(u0)u

3
1, (9)

.

.

.

can be used to construct Adomian polynomials, when F (u) is a nonlinear function.

By substituting(7)and(8) into (6),

∞∑
n=0

yn =
1

k
y
′
(0)e−nx +

(n + k)

k
y(0)e−nx − 1

k
y
′
(0)e−(n+k)x − n

k
y(0)e−(n+k)x

3
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+L−1g(x) + L−1

∞∑
n=0

An. (10)

Through using Adomian decomposition method, the components yn(x) can be de-

termined as

y0 =
1

k
y
′
(0)e−nx +

(n + k)

k
y(0)e−nx − 1

k
y
′
(0)e−(n+k)x − n

k
y(0)e−(n+k)x

+L−1g(x), (11)

yn+1 = L−1An, n ≥ 0,

which gives

y0 =
1

k
y
′
(0)e−nx +

(n + k)

k
y(0)e−nx − 1

k
y
′
(0)e−(n+k)x − n

k
y(0)e−(n+k)x

+L−1g(x),

y1 = L−1A0,

y2 = L−1A1,

y3 = L−1A3, (12)

.

.

.

From (9) and (12), we can determine the components yn(x), and hence the series

solution of y(x) in (7) can be immediately obtained. For numerical purposes, the

n-term approximant

Φn =
n−1∑
n=0

yk, (13)

can be used to approximate the exact solution. The approach presented above can

be validated by testing it on a variety of several linear and nonlinear initial value

problems.

4
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3 Numerical illustrations

Example 1. We consider the linear homogenous initial value problem :

y
′′ − 2y

′
+ 2y = 0, (14)

y(0) = 0, y
′
(0) = 5.

We put 2n + k = −2 and n(n + k) = 2,

it follows that k = ∓2i, n = −1± i, where i =
√−1,

substitution of k = 2i and n = −1− i in Eq.(3) yields the operator

L() = e(1+i)x d

dx
e−2ix d

dx
e(−1+i)x(),

so

L−1(.) = e(1−i)x

∫ x

0

e2ix

∫ x

0

e(−1−i)x(.)dxdx.

In an operator form, Eq.(14) becomes

Ly = 0. (15)

Applying L−1 on both sides of(15) we find

L−1Ly = 0,

and it implies,

y =
1

2i
y
′
(0)e(1+i)x+

−1 + i

2i
y(0)e(1+i)x+y(0)e(1−i)x− 1

2i
y
′
(0)e(1−i)x−−1 + i

2i
y(0)e(1−i)x

=
5i

2
ex(cos x− i sin x)− 5i

2
ex(cos x + i sin x) = 5ex sin x

So, the exact solution is easily obtained by this method.

Example 2. We consider the linear non-homogenous initial value problem:

y
′′ − 3y

′
+ 2y = x, (16)

y(0) = 1, y
′
(0) = 0.

5
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We put 2n + k = −3 and n(n + k) = 2

it follows that k = −1, k = 1 and n = −1, n = −2,

substitution of k = −1 and n = −1 in Eq.(3) yields the operator

L() = ex d

dx
ex d

dx
e−2x(),

so

L−1(.) = e2x

∫ x

0

e−x

∫ x

0

e−x(.)dxdx.

In an operator form, Eq.(16) becomes

Ly = x. (17)

Applying L−1 to both sides of (17) we find

L−1Ly = e2x

∫ x

0

e−x

∫ x

0

e−x(x)dxdx,

and it implies,

y(x) = −y
′
(0)ex + 2y(0)ex + y(0)e2x + y

′
(0)e2x − 2y(0)e2x +

3

4
− ex +

1

4
e2x +

x

2

=⇒ y(x) =
3

4
+ ex − 3

4
e2x +

x

2
.

So, the exact solution is easily obtained by this method.

Example 3. We consider the nonlinear initial value problem:

y
′′ − 4y = 8y ln y, (18)

y(0) = 1, y
′
(0) = 0.

put 2n + k = 0 and n(n + k) = −4

it follows that k = ∓4, n = ±2,

substitution of k = −4,n = 2 in Eq.(3) yields the operator

L() = e−2x d

dx
e4x d

dx
e−2x(),

so

L−1(.) = e2x

∫ x

0

e−4x

∫ x

0

e2x(.)dxdx.

6

HASAN, ZHU : SECOND ORDER DIFFERENTIAL EQUATIONS 375



According to (18) we have,

Ly = 8y ln y,

proceeding as before we obtain

y0 = −1

4
y
′
(0)e−2x +

1

2
y(0)e−2x + y(0)e2x +

1

4
y
′
(0)e2x − 1

2
y(0)e2x

=
1

2
e−2x +

1

2
e2x,

yn+1 = L−1An, n ≥ 0

when An’s are Adomian polynomials of nonlinear term y ln y as below[6]

A0 = y0 ln y0,

A1 = y1(1 + ln y0,

A2 = y2((1 + ln y0) +
y2

1

2
(1 +

1

y0

),

.

.

.

It must be noted that, to compute y we use the Taylor series of e∓2x with order 8.In

this case we obtain

y0 = 1 + 2x2 +
2

3
x4 +

4

45
x6 +

2

315
x8 + ...

y1 =
4

3
x4 +

8

9
x6 +

8

105
x8 +

16

405
x8 + ...

y2 =
16

45
x6 +

8

15
x8 +

16

525
x10 + ...

y3 =
16

315
x8 +

256

945
x10 +

608

7425
x12...

.

.

.

7
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This means that the solution in a series form is given by

y(x) = y0 + y1 + y2 + y3 + ... = 1 + 2x2 + 2x4 +
4

3
x6 +

2

3
x8 + ...,

and in the closed form

y(x) = e2x2

.

4 Conclusion

Adomian decomposition method has been known to be a powerful device for solving

many functional equation as algebraic equations, ordinary and partial differential

equations, integral equations and so on . Here we used this method for solving

second-order ordinary differential equation with constant coefficients. It is demon-

strated that this method has the ability of solving equations of both linear and

non-linear differential equations. For linear equations we derived the exact solutions

and for nonlinear equations, we usually derive a very good approximations to the

solutions, and some times the exact solution can be found.
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