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INVERSE OBSTACLE SCATTERING WITH CONDUCTIVE BOUNDARY
CONDITION FOR A COATED DIELECTRIC CYLINDER

AHMET ALTUNDAG

ABSTRACT. The inverse problem under consideration is to reconstruct the conductive function
of a coated dielectric infinite cylinder from the far field pattern for scattering of a time-harmonic
E-polarized electromagnetic plane wave. We propose an inverse algorithm that extends the
approach suggested by Akduman and Kress [1] for an impedance cylinder embedded in an ho-
mogeneous background medium. It is based on a system of nonlinear boundary integral equation
associated with a single-layer potential approach to solve the forward scattering problem. We
present the mathematical foundations of the method and exhibit its feasibility by numerical
examples.

1. INTRODUCTION

The problem is to determine the conductive function defined on the coated boundary from
scattering of time-harmonic E-polarized electromagnetic plane waves. In the current paper we deal
with dielectric scatterers covered by a thin boundary layer described by a conductive boundary
condition and confine ourselves to the case of infinitely long cylinders.

Let the simply connected bounded domain D C IR? with C2 boundary dD represents the
cross section of an infinitely long homogeneous dielectric cylinder having constant wave number kg
with Im{kq}, Re{kq} > 0 embedded in a homogeneous background with positive wave number k.
Denote by v the outward unit normal vector to D. Then, given an incident plane wave u’ = e?*o@-d
with incident direction given by the unit vector d, the direct scattering problem for E-polarized
electromagnetic waves by a coated dielectric is modeled by the following conductive boundary
value problem for the Helmholtz equation: Find solutions u € H._(IR?\ D) and v € H*(D) to the
Helmholtz equations
(1.1) Au+kiu=0 in R*\ D, Av+ k3w =0 inD
with the conductive boundary conditions
(1.2) U=, % = % +ingv on 0D

for some complex valued function n € C'(9D) with Re{n} < 0 and the total field is given by
u = u' + u® with the scattered wave u® fulfilling the Sommerfeld radiation condition

a S
(1.3) llm r1/? <81j“ - ik;ous> =0, r=]|z|,

uniformly with respect to all directions.
The latter is equivalent to an asymptotic behavior of the form

(1.4) i (z) = ek\/al {uoo (2) Lo <|i|) } L 2] = oo,

Key words and phrases. inverse scattering; Helmholtz equation; transmission problem; singlelayer approach;
nonlinear integral equations.
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uniformly in all directions, with the far field pattern u., defined on the unmit circle S* in IR?
(see[10]). In the above, u and v represent the electric field that is parallel to the cylinder axis,
(1.1) corresponds to the time-harmonic Maxwell equations and the conductive boundary conditions
(1.2) model the continuity of the tangential components of the electric and magnetic field across
the interface 0D with the term inv modelling the boundary layer.

The inverse obstacle problem we are interested in is, given the conductive layer and the far field
pattern us for one incident plane wave with incident direction d € S* to determine the conductive
function 7. More generally, we also consider the reconstruction of 7 from the far field patterns for a
small finite number of incident plane waves with different incident directions. This inverse problem
is nonlinear and ill-posed, since the solution of the scattering problem (1.1)—(1.3) is nonlinear with
respect to the conductive function and since the mapping from the conductive function into the
far field pattern is extremely smoothing.

For a stable solution of the inverse problem we propose an algorithm that extends the approach
suggested by Akduman and Kress[1] for the case of an infinitely long impedance cylinder with
arbitrarily shaped cross section embedded in a homogeneous background. Representing the solution
v and u® to the forward scattering problem in terms of single-layer potentials in D and in IR? \ D
with densities ¢4 and g, respectively, the conductive boundary condition (1.2) provides a system
of two boundary integral equations on 0D for the corresponding densities, that in the sequel we
will denote as field equations. For the inverse problem, the required coincidence of the far field of
the single-layer potential representing u°® and the given far field u., provides a further equation
that we denote as data equation. The system of the field and data equations can be viewed as
three equations for three unknowns, i.e., the two densities and the conductive function n. They
are linear with respect to the densities and nonlinear with respect to the conductive function.

To some extend, the inverse problem consists in solving a certain Cauchy problem, i.e., extending
a solution to the Helmholtz equation from knowing their Cauchy data on some boundary curve.
With this respect we also mention the related work of Ben Hassen, Ivanyshyn and Sini [6], Cakoni
and Colton [7], Cakoni, Colton and Monk [8], Eckel and Kress [11], Fang and Zeng [12], Ivanyshyn
and Kress [14], Jakubik and Potthast [15]. For the simultaneous reconstruction of the shape and
the impedance function in a homogeneous background we refer to Kress and Rundell [19], Liu,
Nakamura and Sini[21], Nakamura and Sini [23], and Serranho [24].

The plan of the paper is as follows: In Section 2, as ingredient of our inverse algorithm we
provide an existence proof for the solution of the forward scattering problem via a single-layer
approach followed by a corresponding numerical solution method in Section 3. The details of the
inverse algorithm are presented in Section 4 and in Section 5 we demonstrate the feasibility of the
method by some numerical examples.

2. THE DIRECT PROBLEM

The forward scattering problem (1.1)—(1.3) has at most one solution (see Gerlach and Kress [13]).
Existence can be proven via boundary integral equations by a combined single- and double-layer
approach (see Gerlach and Kress [13]).

Here, as one of the ingredients of our inverse algorithm, we follow [4] and suggest a single-layer
approach. For this we denote by

{
u(a,y) = H(Klr =), = #v,

the fundamental solution to the the Helmholtz equation with wave number k in IR? in terms of
the Hankel function H(gl) of order zero and of the first kind. Adopting the notation of [10], in a
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Sobolev space setting, for kK = kg and k = ko, we introduce the single-layer potential operators
Sy : H™Y2(8D) — HY?(8D)
by

25) (k) () =2 /8 (o)) ds(y). @ €D,

and the normal derivative operators
K : HY2(dD) — HY/%(4D)
by

(26) (Kip)a) =2 [ 272

For the Sobolev spaces and the mapping properties of these operators we refer to [17, 22].
Then, from the jump relations it can be seen that the single-layer potentials

o(z) = / Bi, (2, 9)paly) ds(y), = € D,
oD

o(y)ds(y), x€dD.

2.7)
w(z) = /@ @) ds). @ €R\D,

solve the scattering problem (1.1)—(1.3) provided the densities ¢4 and ¢q satisfy the system of
integral equations

Skapd — Skeo = 2u'|ap,

(2'8) ou’
o |sp

®d + po + NSk, pa + K, pa — K o = 2

Theorem 2.1. Provided ko is not a Dirichlet eigenvalue of the negative Laplacian for the domain
D the system (2.8) has a unique solution in H=/2(0D) x H~'/2(0D).

Proof. We first establish that (2.8) has at most one solution. If ¢4 and g satisfy the homogeneous
form of (2.8) then the single-layer potentials (2.7) solve the scattering problem with zero incident
field. Consequently, since the forward scattering problem has at most one solution, we have u® = 0
in IR?\ D and v = 0 in D. Then u* is also defined in D and has vanishing trace on dD. Therefore,
the assumption on ky implies that «® = 0 also in D and consequently ¢g = 0 on 9D by the jump
relations. Analogously, v considered in IR? \ D also has vanishing trace on 9D and consequently
using the radiation condition if k4 is real valued or the exponential decay at infinity if Imkg > 0
we have v = 0 in IR? \ D. Again the jump relations imply ¢4 = 0 on 9D and the uniqueness proof
for the solution of the system (2.8) is completed.

To establish existence of a solution, we note that due to the assumption on kg the inverse
operator S];ol : HY2(0D) — H~'/2(0D) exists and is bounded. With its aid, we can equivalently
transform (2.8) into

pa+ Spy [Sky — Skolea — o = 25, u'|ap,
(2.9) y
o \sp

®d + po + NSk, pa + K, pa — K oo = 2
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Now (2.9) is of the form

S Ly
Pd Pd ko lop
A . +B . =2 Sul
0 0
o |sp

with the matrix operators
AB: H Y2(D) x H~Y2(dD) — H~'/2(dD) x H~Y/*(dD)

given by

I —I S [Sky = Skl 0

A= and B=

I 1 Sk, + Kp,  —Kj,
Clearly, A has a bounded inverse and B is compact since its components are compact. In partic-
ular, Sy, — Sk, : H'/2(0D) — H'Y?(dD) is compact because of cancellation of singularities in
the two single-layer operators. Therefore existence of a solution follows from uniqueness by the
Riesz—Fredholm theory for compact operators (see [17]). O

We note that instead of using Sobolev spaces the existence analysis can also be carried out in a
classical Holder space setting replacing H~/2(0D) by C%*(dD).
3. NUMERICAL SOLUTION

For the numerical solution of (2.8) and the presentation of our inverse algorithm we assume that
the boundary curve 9D is given by a regular 2r—periodic parameterization

(3.1) 0D = {z(t) : 0 <t < 27}.

Then, via ¥ = ¢ o z. emphasizing the dependence of the operators on the boundary curve, we
introduce the parameterized single-layer operator

S+ H-Y/200, 2] x C?[0,27] — H/?[0, 27]
by
- 'L 27 (1) ,
S, 2)(t) = 5 ; Hy (k|z(t) — 2(7)]) [2'(7)[ ¢ (7) dT
and the parameterized normal derivative operators
K}, : H-/2]0,2x] x C2[0,27] — H~'/?[0, 2]
by

= ik [P O - [2(r) = 2()] L)

K (v, 2)(t) = */ Hy P (k|2 (t) = 2(n)]) |2/ () () dr
g 2 Jo Ol —2(0] !

for t € [0,27]. Here we made use of H(gl)/ = —Hfl) with the Hankel function Hfl) of order zero

and of the first kind. Furthermore, we write a~ = (as, —ay) for any vector a = (a1, as), that is, a*

is obtained by rotating a clockwise by 90 degrees. Then the parameterized form of (2.8) is given
by

gkd (Y, 2) — §k0 (to,2) = 2ut o z,

(3.2)

a4+ o +noz§kd(z/}d,z) +K1’w(¢d72) — f?;/m(d)o,z) = E (2] - gradu’ o 2.



AHMET ALTUNDAG
15

INVERSE OBSTACLE SCATTERING WITH CONDUCTIVE BOUNDARY CONDITION FOR A COATED DIELECTRIC CYLINDEBR

The kernels _
M(t,7) = 5 Hg (k|=(t) = 2(0)]) [/ (7)

and

ik O @ =20 50— i
L) = 5 e B R - () 20

of the operators §k and I~(l'€ can be written in the form

t—T1

M(t,7) = My(t,7)In (4 sin? ) + Ms(t,7),

(3.3)

t—rT1

L(t,7) = Li(t,7)In <4 sin? ) + Ly(t,7),

where
Mi(t,7) 1= =5 Jo(Kla(t) — 2(D))IZ/ ()],

t—
My (t,7) := M(t,7) — M1(t,7)In (élsin2 5 T) ,

LI 10 R G ) RN
L) =~ 5 S el O — D)

Lo(t,7) := L(t,7) — Ly (t,7) In (4 sin? - 5 T) .

The functions My, Ms, L1, and Lo turn out to be smooth with diagonal terms

i C 1 k
e e G O) KO

in terms of Euler’s constant C' and

L[ -2"(1)

2r AP
For integral equations with kernels of the form (3.3) a combined collocation and quadrature meth-
ods based on trigonometric interpolation as described in Section 3.5 of [10] or in [20] is at our
disposal. We refrain from repeating the details. For a related error analysis we refer to [17] and
note that we have exponential convergence for smooth, i.e., analytic boundary curves 0D.

For a numerical example, we consider the scattering of a plane wave by a dielectric cylinder with a
non-convex kite-shaped cross section with boundary 0D described by the parametric representation

(3.4) z(t) = (cost 4 0.65cos 2t — 0.65, 1.5sint), 0 <t < 2.

Lo(t,t) =

The following conductive functions are chosen in our experiments.

(3.5) m = —sin*(0.5¢) + i cos*(0.5¢t)

(3.6) Ny = —1.5—sin®t +isint
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(3.7) s = —0.5¢~E=PD* 1 §(0.6 4+ 0.2sint)

From the asymptotics for the Hankel functions, it can be deduced that the far field pattern of
the single-layer potential ©® with density g is given by

(3.8) Uoo(T) = ’Y/QD e~ R0y () ds(y), e St

where .

e's

= vV 877]{}0 '

The latter expression can be evaluated by the composite trapezoidal rule after solving the system
of integral equations (2.8) for ¢y, i.e., after solving (3.2) for 1. Table 3.1 gives some approximate
values for the far field pattern uqo(d) and ue(—d) in the forward direction d and the backward
direction —d. The direction d of the incident wave is d = (1,0) and the wave numbers are kg = 2.8
and kg = 1 + 14, and the conductive function 7 is chosen. Note that the exponential convergence
is clearly exhibited.

TABLE 3.1. Numerical results for direct scattering problem

n Re uoo(d) Im oo (d) Reuoo(—d) Im teo (—d)
8 | -2.5727739209 | 0.4381005402 | -2.4613551693 | 0.6118414535
16 | -2.6086999117 | 0.5099897666 | -2.4645038927 | 0.5815194742
32 | -2.6087198359 | 0.5099895695 | -2.4645127478 | 0.5815282913
64 | -2.6087198065 | 0.5099895747 | -2.4645127414 | 0.5815282789

4. THE INVERSE PROBLEM

The inverse scattering problem that we are concerned with is, given the shape of the scatterer,
to determine the conductive function 1 from a knowledge of the far field pattern for one or several
incident plane waves. The inverse problem is ill-posed since the mapping taking conductive function
7 into the farfield pattern associated with the scattering problem (1.1) and (1.2) is highly smoothing
since the far field is an analytic function. We will handle this issue of ill-posedness by using
Tikhonov regularization. We note that the far field pattern for one incident plane wave uniquely
determine the conductive function 7. As a consequence of Rellich’s lemma (see [10]), the far field
pattern uniquely determine «* in IR?\ D provided Imky > 0. Then from the first condition in (1.2)
using Imk, > 0 we observe that v is also uniquely determined in D. From (1.2) we can read off
the uniqueness of conductive function 7 if we assume that 9D is analytic since in this case v can
not vanish on open intervals of 0D.

We now proceed describing an algorithm for approximately solving the inverse scattering prob-
lem by extending the method proposed by Akduman and Kress [1]. After introducing the far field
operator S., : H=Y/2(9D) — L?(S') by

(4.1) (Soo) (&) 1= 7 /a ey dsy), @S,

from (2.7) and (3.8) we observe that the far field pattern for the solution to the scattering problem
(1.1)—(1.3) is given by

(4.2) Uso = Sootp0
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in terms of the solution to (2.8). Here S! denotes the unit circle in IR?. Therefore we can state
the following theorem as theoretical basis of our inverse algorithm.

Theorem 4.1. For a given incident field u' and a given far field pattern us,, assume that 0D and
the densities pgq and g satisfy the system of three integral equations

Skad — Skypo = 2u’,
(4.3) ; / / du!
: a + o +inSk,pa + Ky 0a — Ky o = 2 5

500900 = Uco-

Then n solves the inverse problem.

Given the far field pattern us,, the density ¢p is found by solving the third equation in (4.3),
i.e., the data equation

(4.4) SocP0 = Uso-

Since the operator Se, : L2(0D) — L?(S') is compact, it can not have bounded inverse. Therefore
the equation (4.4) is ill-posed.
We also require the parameterized version

Seo : H/2]0,27] x C?[0,27] — L*(SY)
of the far field operator as given by
(4.5) Soo (10, 2) (&) := /Ozﬂ e~ 22Dy (rydr, e S
Then the parameterized form of (4.3) is given by
S, (a, 2) — Sk (1o, 2) = 2u’ o 2,

_ _ ~ ) .
(4.6) Ya + o +in o 28k, (Va, 2) + K, (Ya, 2) — K}, (o, 2) = m [2/]* - gradu® o 2,
Soo(¥0,2) = oo

The third equation of (4.6) requires stabilization and for this we use Tikhonov regularization,
i.e., the ill-posed data equation is replaced by

(47) O“/JO + ggogoowo = g:ouoo;

with some positive regularization parameter o and the adjoint operator S L2 (S1) — L2[0,27] of
Soo. After finding the density 1y from the (4.7) we can now find density ¢4 from the first equation

of (4.6).
(4.8) ba = S} (2u' 0 2 — Sk, (¥, 2))

Now it remains to find the conductive function 7 from the second equation of (4.6).

29002 _ 4y — 1)y — K} (4, 2) + K}y, (¥, 2)
gkd (1/)(1»2)

The reconstruction of the conductive function from equation (4.9) will be sensitive to errors due to
the fact that it blows up in the vicinity of zeros of the Si, (¢4, z). To obtain a more stable solution

(4.9) noz=—i
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(see Akduman and Kress [1]), we express the unknown conductive function in terms of some basis

functions p;, j = 0,£1,£2,...,£N as a linear combination
N
(4.10) n= Z ajpy on OD.
j=—N

A possible choice of basis functions consists of splines or trigonometric polynomials. We satisfy
the second equation of (4.6) in a least square sense, penalized via Tikhonov regularization, for the

unknown coefficient a_y, . .., ay i.e., we determine the coefficients a_y, ..., ay in (4.10) such that
for a set of grid points z1, ..., 2zp on 9D the least square sum
M N N N ou 2
(411) 3 [alom)+tio(m)+i 3 5 () Siathaemn) + K ) = Ky 0 ) = (o)
m=1 j=—N

is minimized.

The above algorithm has a straightforward extension for the case of more than one incident wave.
Assume that ui, ... ,u}lp are P incident waves with different incident directions and usg 1, .. ., Uso,P
the corresponding far field patterns for scattering from dD. Then the inverse problem to deter-
mine the unknown conductive function n from these given far field patterns and incident fields is
equivalent to solving

gkd(qu,pa Z) - gko (7/}047, Z) - QU; °z,
L . . 2 4
(4.12)  ap +ino 28k, (’(/}dm,z) + K,’Cd (wd,pv z) +op — K;’CO (1/)0,;” z) = m [Z’]l . gradu; oz,
goo(l/Jo,p,Z) = Ucop-

for p =1,...,P. We first solve the first field and data equations in (4.12) for p = 1,..., P to
obtain 2P densities ¥4 1,...,%qp and ¥o1,...,%0 p. We satisfy second equation of (4.12) in a

least square sense, penalized via Tikhonov regularization, for the unknown coefficient a_y,...,ay
such that for a set of grid points z1,..., 2y on 0D the least square sum

(4.13)

- J ou’ ’

Z Z wdm('zm)"f‘wO,p(ZM)'i'i Z ajﬂj(zm)gkdwd,p(zm)+I~(I/cdz/}d7p(zm>_[?llcowom(zm)_87;(2170

p=1m=1 j=—N

is minimized.

5. NUMERICAL EXAMPLES

To avoid an inverse crime, in our numerical examples the synthetic far field data were obtained by
a numerical solution of the boundary integral equations based on a combined single- and double-
layer approach (see [9, 18]) using the numerical schemes as described in [10, 16, 17]. In each
iteration step of the inverse algorithm for the solution of the field equations we used the numerical
method described in Section 3 using 64 quadrature points. The equation (4.11) was solved by
Tikhonov regularization with an H? Sobolev penalty term and with regularization parameter \.
The regularized equation is solved by Nystrom’s method with the composite trapezoidal rule again
using 64 quadrature points. In addition, the regularized data was solved by Tikhonov regularization
with an L? penalty term and with regularization parameter a.
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In all our example we used N = 10 as degree for the approximating trigonometric polynomials
in (4.10), and the wave numbers ky = 4.5 and kg = 2 + 2i, and the regularization parameters
a=10"" and A = 1. In order to obtain noisy data, random errors are added point-wise to s,
[|usol|

€l
with the random variable £ € C and {Re&, Im&} € (0,1).

(5.1) Uoso = Uoo + 0

TABLE 5.2. Parametric representation of boundary curves.

Counter type Parametric representation

Apple-shaped : 2(t) = 0'5+0‘14f8_s7t:;2't1 sin2 (cost, sint) : t € [0, 27]}
Kite-shaped : z(t) = {(cost + 1.3cos’>t — 1.3,1.5sint) : t € [0, 27}
Peanut-shaped 2(t) = {v/cos?t + 0.25sint (cost,sint) : t € [0, 27]}
Rounded triangle : z(t) = {(2 + 0.3 cos 3t)(cost,sint) : ¢t € [0, 27|}

In all the following examples, the green curve represents exact graph of conductive function 7,
the blue curve represents the reconstruction obtained from noisy data and the red curve represents
the reconstruction obtained from noiseless data. In all examples we represent reconstructions
from exact data and perturbed data with 1% relative error in the L? norm. In the figures 1, 2,3,
and 4, the scatterers are apple-shaped, kite-shaped, peanut-shaped, and rounded-triangle-shaped
respectively.

FIGURE 1. Reconstruction of 1 (3.6). Real part of iy obtained for P=1 (the left
figure), imaginary part of 7o obtained for P=1 (the middle left fig.), real part of
71 obtained for P=8 (the middle right fig.), imaginary part of 72 obtained for P=8
(the right fig.).
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FIGURE 2. Reconstruction of n; (3.5). Real part of i1 obtained for P=1 (the left
figure), imaginary part of 7y obtained for P=1 (the middle left fig.), real part of
71 obtained for P=8 (the middle right fig.), imaginary part of 1; obtained for P=8
(the right fig.).

o8|

075

FIGURE 3. Reconstruction of 13 (3.7). Real part of n3 obtained for P=1 (the left
figure), imaginary part of 13 obtained for P=1 (the middle left fig.), real part of
13 obtained for P=8 (the middle right fig.), imaginary part of 13 obtained for P=8
(the right fig.).

FIGURE 4. Reconstruction of 1 (3.6). Real part of iy obtained for P=1 (the left
figure), imaginary part of 7o obtained for P=1 (the middle left fig.), real part of
72 obtained for P=8 (the middle right fig.), imaginary part of 7o obtained for P=8
(the right fig.).

Our examples clearly indicate the feasibility of the proposed algorithm with a reasonable stability
against noise. From our further numerical experiments it became obvious that using more than
one incident wave improved on the accuracy of the reconstruction and the stability.

Further research will be directed towards applying the algorithm to real data, to extend the
numerics to the three dimensional case. One can also extend this inverse scattering problem to
a simultaneous reconstruction of the conductive function and the shape of the scatterer. Similar
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problems have recently been considered by Kress and Rundell [19] and Serranho [24] for impenetra-
ble scatterers. The shape reconstruction of transmision problem via single-layer potential approach
was investigated by Altundag and Kress [4] and [5] and by Altundag [2], [3]. Uniqueness in inverse
obstacle scattering with the conductive boundary condition was established by Gerlach and Kress
[13]. However, there is no uniqueness result for one or finitely many incident fields for conductive
transmission problem for shape reconstruction.
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Dynamic Analysis of Some Impulsive
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School of Mathematics and Computer Science, Zunyi Normal College,

Zunyi, 563002, Guizhou, P. R. China.

Abstract: In this paper, the authors study some impulsive fractional-order neural net-
work with mixed delay. By the fractional integral and the definition of stability, the existence
of solutions of the network is proved, the sufficient conditions for stability of the system are
presented. Some examples are given to illustrate the main results.

Keywords: fractional-order neural network,mixed delay,fixed point theorem
Clc number: 0175.13

Introduction

In this paper, we study some impulsive fractional-order neural network with mixed delay

(Dew(t) = —Ca(t) + AF(2(t)) + BG(x(t — 7))
+D [' K (t—n)H(x(n))dy+ J, 0<t<bt#t, "
Ax(ty) =I(z(ty)), k=1,2,3,-.,m
L 2(n) = »(n), 1€ (—o0,0]

where “Df is the standard Caputo fractional derivative of order o, o € (0,1),2(t) =
(z1(t), 22(t), - ,2,(t))" is the neuron state vector of the neural network; C' = diag(cy, ca, -, ¢,)
is a diagonal matrix and ¢; > 00 € N =1,2,--- ,n, A = (@ij)nxn, B = (bij)nxn, D = (dij)nxn

are the connection weight matrix, the delayed weight matrix and the distributively delayed

connection weight matrix, respectively; J = (Jy, Ja, - -+, J,,)T is an external input; F(z(+)) =
(fiz1()), falma()), - Sul@n ()T, Gl2() = (91(21()), g2(2()), - gz () H(2() =
(hi(z1(+)), ha(m2(+)), - -+, hn(zn(+)))" represents the neuron activation function; 7 = (7;;)nxn

*Project supported by Zunyi science and technology mutual fund,Guizhou Province Education Science
and planning issues

fCorresponding author: Xianghu Liu; E-mail addresses: liouxianghu04@126.com;
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is the transmission delay of the neural network satisfies 0 < 7;; < d, where ¢ is a pos-
itive constant; K(-) = diag(ki(-), ka2(-), -+ ,kn(-)) is the delay kernel function and satis-
fies [7°k;(t)dt = 1, the function I : X — X is continous, and 0 = t, < t1 < tp <

C <t < o < by = by Ax(ty) = x(t)) — a(ty), x(t)) and z(¢;) denote the right and
the left limits of x(t) at t = tx, ©(n) = (©1(t),pa(t), -+, ()T is the initial function
and ¢;(n) € C(|]—00,0],R),i € N,p;(0) = 0, the norm of C(]—00,0],R) is denoted by
@] = 22 suplei (D)}

It is well known that the delayed and impulsive neural networks exhibiting the rich and
colorful dynamical behaviors are important part of the delayed neural systems. The delayed
and impulsive neural networks can exhibit some complicated dynamics and even chaotic
behaviors. Due to their important and potential applications in signal processing, image
processing, artificial intelligence as well as optimizing problems and so on, the dynamical
issues of delayed and impulsive neural networks have attracted worldwide attention , many
interesting stability criteria for the equilibriums and periodic solutions of delayed or impul-
sive neural networks have been derived via Lyapunov-type function or functional approaches.
For example, Wang and Zheng!Uinvestigated the global asymptotic stability of the equilib-
rium point of a class of mixed recurrent neural networks with time delay in the leakage by
using the Lyapunov functional method, linear matrix inequality approach and general con-
vex combination technique term under impulsive perturbations. Sebdani et al.l!lconsidered
bifurcations and chaos in a discrete-time-delayed Hopfield neural network with ring struc-
tures and different internal decays. M.U. Akhmet, E. ylmaz®lgot a criteria for the global
asymptotic stability of the impulsive Hopfield-type neural networks with piecewise constant
arguments of generalized type by using linearization.

For the last decades, fractional differential equations [*~'! have received intensive atten-
tion because they provide an excellent tool for the description of memory and hereditary
properties of various materials and processes, such as physics, mechanics, chemistry, engi-
neering, etc. Therefore, it may be more meaningful to model by fractional-order derivatives
than integer- order ones. Recently, fractional calculus is introduced into artificial neural

12 investigated stability of fractional-

(13]

network . For example, Boroomand and Menhajas
order Hopfield-type neural networks through energy-like function analysis, Chen et al.
studied uniform stability and the the existence,uniqueness and stability of its equilibrium
point of a class of fractional-order neural networks with constant delay . The authors 1417
analyzed the stability of some other neural networks with delay. We all know that the de-

lay is not always a constant, it maybe change in the network. Time-verying delays and
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distributed delays may occur in neural processing and signal transmission, which can cause
instability, oscillations, there are few papers that consider the problems for fractional-order
neural network with mixed delay and impulse. Thus, it is worth investigating some impulsive
fractional-order neural network with mixed delay

To the best of our knowledge, the system(1) is still untreated in the literature and it is
the motivation of the present work. The rest of this paper is organized as follows: In section
2, some notations and preparations are given. In section 3, some main results of (1) are

obtained. At last, some examples are given to demonstrate the main results.

1 Preliminaries

In this section,we will give some definitions and preliminaries which will be used in the
paper.

In order to define the solution of (1), the authors consider the following spaces PC(J, R) =
{z:J = R: () € Ct, tgs1], k = 0,--- ,m, there exist x(t) and z(t;) with z(t;) =
z(ty),k = 1,--- ,m}. The norm ||z||pc = sup{||z(t)||. : t € J}.PCYJ, X)={x : J —
X,z € CY((t, tpy1], X), k= 0,1,2,--- ,n, there exist 2/(t}), k = 1,2,--- ,n, }. The norm
||| pcr = sup{||z(t)||pe, [|2'(E)||pe : t € J}. Obviously PC(J, X) and PC*(J, X) are Banach
spaces.

Let’s recall some known definitions of fractional calculus. For more details, one can
see[4,5,6].

Definition 1 The integral

1

I'f(t) = m/o (t—s)*'f(s)ds, a>0,

is called Riemann-Liouville fractional integral of order o, where I' is the gamma function.

For a function f(¢) given in the interval [0, 00), the expression

"D = o () [ =

where n = [a] + 1, [a] denotes the integer part of number «;, is called the Riemann-Liouville
fractional derivative of order a > 0.

Definition 2 Caputo’s derivative for a function f : [0,00) — R can be written as

D f(t) = "DRf(t) =y 7 fP0)], n=[a]+1,
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where [a] denotes the integer part of real number a.
Theorem 1 According to the Lemma2.6'8) one can get that if u(t) € PC'(J, X), then
J4 Cun(t) _ u@) - U(Z)a le [O, tl]a
u<t> - Zi:l Il(“(tl)) - U(O),t S (tk,tk-l-l]? k>1.
Proof: Ift € [0,t], then
I7°D(t) = Fiq)/o (t — s)q_lr(ll_ " /OS(S — 1) W (T)drds
—1 t ! t (g — )" 9dsdr
- r@ras g J, 10 [ - e -
:/0 o' (7)dr
= u(t) — u(0).
Ifte (tk7tk+1], k > 1, then
7Dy :—1 t —g)at ss—T’qulT Tds
L ! -1 S — )% (F)drds
- r=g ), ¢ -
k—1 1 tit1 1 s 0
+ 2 T =q) /t (t—s) /0 (s —7) % (T)drds
+—F(q)F(1 —J /tk (t— )" /0 (s — 1) % (T)drds
—1 ! a1 S — )% (T)drds
ey AR At
k-1 1 tit1 o1 i1 tit1 L
+ 2 T =) /tz (t—s) []Zo/tj (s — 1) % (1)dT
s t k=1 iy )
[ = s+ g [ o > i
+ /tk (s —7) % (1)dr]ds
=g, O [ €=
o 1 b o g1 —q
—1—121 2. F(q)F(l—q)/t] u(7’>d7’/ti (t—s)T(s—71) s
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k—1 1 lit1 tig1 . .
" — T(@T(1 - q) /t ! (T)dT/T (t—5)"" (s —7)""ds
— 1 ti+1 t - .
+ pa I'(q)T(1—q) /t] u (T)dr /tk (t — )1 (s — 1) %s
1 t . t - .
+T(q)I‘(1 —q) /tk u (T)dT/T (t—s)"(s—71) s
k
= u(t) — Z Li(u(t;)) — u(0),

with the help of the substitution s = z(t — 1) + 7,

/T t(t — §)1 (s — 7)79ds = /0 1(1 P

_ Il —q)'(q)
I'(1—q)'(q)
R CI I'(1—-¢)'(q).

The proof is completed.

Let recollect the definition of stability which can be found in [13] and will be used in our
main results.
Definition 3 The solution of system (1.1) is said to be stable if for any € > 0, there exist
d(to,e) > 0, such that 0 < tg <, ||p(t) — o(t)|| < & imply ||y(t,to, p(t)) — z(t, to, d(2))|| < &
for any two solutions y(t,to, ©(t)), (t, to, ¢(t)) associated with o(t), ¢(t) that are the initial

function. It is uniformly stable if the above ¢ is independent of ¢.

2 Existence and uniqueness of solution

In this section, we will investigate the existence and uniqueness of solution for im-
pulsive fractional-order neural network with mixed delay. Without loss of generality, let

t e (tk,tk+1],1 <k<m-1.

For sake of convenience ,the authors adopt the following notations and assumptions:
H(1): For j =1,2,--- ,n, the functions f;, g;, h;, I : X — X satisfy:

There exist Lipschitz constants Lg; > 0,Ly; > 0,Ly; > 0, Lj, > 0, such that |f;(z) —
Fil < Lygjle =yl 1g;(x) = g;(W)] < Lgjle—yl, |hj(2) = hi(y)| < Lnjle—yl, He(z) = Le(y)] <

5
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Ljg|lz — vy, for all z,y € X.
H(2): The delay kernel function K(-) = diag(ki(+), ka(-), - - , kn(+)) satisfies

/ ki(t)dt=1, k"= / ki(t)e tdt < oo, i=1,2,--- n.
0 0

H(3):¢j, a;j, bij, dij and Lyj, Ly;, Ly;, Ljy, satisfy the following conditions:

DI = S0y Jaf] = S0y supgs{laglLys b 1B = S0y ] = S0y supy bl Ly},
D[] = D200 1d5 | = D20 subyi{|dis [ L b, 11711 = 32550 1 L] = 3255 supg;{[ Lyl b, m < n;
(1) Cppax = max{cj} C’min = min{c¢;};

(1) M = [|7*]] + tagmy (Comae + 1A*]| + (1B + 1 D7]]) < 1.

Theorem 2 If the assumption H(1),H(2) and H(3) hold , for each 2° = (29,23, -+, 20), the
system(1) has a unique solution.

Proof: Consider the system (1), we will study the solvability and stability of it.
(1)Existence.

By Theorem 1, it is showed that the (1) is equivalent to the following integral equation

k n
0)+ Y I(wi(ty) + I*[—caat +Z%fy (@;( ))+sz‘j9(9§j(t—ﬂj))
+3 0 [ byt— G ()dn+
0)+Z[($i(tz_))+%a)/o(t— s)* 7 [—eiwi(s +Za2]f3 ;i ))+Zbijg($]’(t—7—i]’))

+ Z dij /_S kj(s —n)hy(z;(n))dn + Jilds. 2)

Constract the following sequences 27, 29 = 29,

(1) = a0 + 3 I((E) + ﬁ / (t =) iz (s) + Y a (5 ()

+D big(Z (= 7)) + Y dy / ki(s = n)hy (2] (n))dn + Ji)ds,
j=1 j=1 —o°

we can calculate that

1271 (8) — 27 ()] = sup{| () — 27 ()]}
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k
< supl 3 (106 — 1G(7)
=1
1 ' a—1 n—1
I AGE T |+ZMML FE )
3 llas(a1 s = 7)) = o7 s = 7))
# 30l [ s = Iy ) — by )l
11+ gy Coms + AT+ B DR - 20

< M"||zi (8) — 2 ()]
< M™(M —[|7[D]=1],

so the sequences z!* are convergent and the limits satisfy (2), the existence is proved .
(2) Stability.
Assume that x(t) = (21 (t), 22(t), - , 2, (t))T and y(t) = (y1(t), y2(t), -+, yu(t))T are the
two solutions of (1) with the different initial condition z;(n) = ¢;(n) € C((—o0,0], R),
#:(0) =0, vi(n) = wi(n) € C((—00,0], R), v;(0) = 0,7 € N. We have

DF (yit) — i(t)) = —ci(ya(t) — 2i(t)) + Z ai; (f5(y; (1)) — f3(x;(1))) +

> b9yt —7i3)) — gl (t — 7)) + Z di; / (¢ = n)(h;(y;(n)) — hy(z;(n)))dn.

j=1

According to the Definition 2 and the initial function ¢;(0) =0,ifn=1,0<g < 1,
ID%(t) = u(t) — u(0).

So the solution of the (1) can be denoted by the following form

k

yilt) = zi(t) = Y I(ya(ty) —@ilty) + 1°[eilya(t) — 2ilt +Zaw Fily; (1) = fi(x;(t))) +

=1

wa (95wt = 733)) — gl (t — 75 +Zdw / 5t =) (hy(y;(m) = hy(;(n)) )l

=D (wilty) —@ilty)) + L)/O (t =) [—ci(yils) )+ Z% (fi(y;(s)) = fi(;(s))) +
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Then

lyi(t) =z < Y I(yi(ty) —@ilt;))

+ﬁ/0 (t =) Heilyi(s) — zi(s)] +Z]aij|\(fj(yj(s)) — fi(z;(s)))]

+Z 1031195 (y; (s — 735)) — g(z;(s — 735)))]
+Z|dw| / M) — ey ) dnlds

Z Lyklya(t;") = ai(t))]

! t “yi(s) — xi(s)|ds
e / (t = ) luls) — ()l

ilLrimr | (=) yy(s) —a;(s)ld

+ Dol [ e= o yte) = aolas

+ En |bij] Lg; 1 /Tij(t—s)all%'(s — Tij) = ¢;(s — 7ij) ds
= () Jo

+Z‘bij|ngm/ (t =) yi(s — 73) — 5(s — 75)|ds
j=1 i

n 1 t -
3 Wl gy | (=9 ) = s )l 0 <o <
j=1

3 lllass [ (=9 sl = 6inlds —o0 <y <0
J=1

m

Z Liklyi(t; ) — @i(t;))

tegsupdJuilt) — xi<t>|}ﬁ =
5 Jag Ly sup{ly; () — xﬂt»}ﬁ / (t - 5)* ds

j=1

3 blLygsundlon ) — 6O s [ =9 @

8
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n 1 t
3 Il Lygsupdlns () = 2, s [ (0= 97
=1 Tis
n t
30 b Lol (m) = sy [ (=9 s 0<m < s
i=1 0
+ 3 il Lng sup{|p;(n) — ¢j(ﬁ)!}m/0 (t—s)""ds, —oo<n<O.
j=1

From(3), one can get

n

ly(®) = (@)l = Y supflys — wil} < (17 + b

= (a+1)

(07

b " "
I IR0 — 6l

which implies that

o (1B7[1 + [1D*])
a+1) = Tla+ D] = b%(Cnax + [[A*[] + || B*[| + || D*]])

ly(t) = =(0)]] < i [l (t) = o)1

For Ve > 0, there exists § = F(a+1)_r(a+1)|‘I;il(ﬂg*(ﬁﬁ%thl;‘*H+”B*”+HD*H)6, such that ||y(t) —

x(t)|| < €, when ||p(t) — ¢(t)|| < 0 , so the solution z(t) is uniformly stable, which means
that the network(1) is uniformly stable.

3 Some examples

In this section, according to the impulsive fractional-order neural network (1), some ex-

amples are given to illustrate the main results.

2-1 —-101

Example 3.1 Choose C' = diag(—0.01,0.01), A = , B = , D =

5 6 -5 1

—-101 0.8 0.2 .
1) I = sl T \od) fiz; (1)) = g(z; (1)) = hy(z; (1)) = =5, let
L¢j = Lgj = Lypj = ﬁ, m = 30 , for the convenience, the authors take the interval 1 , it is

easily to prove that the assumption (H1)(H3) hold, so example 3.1 is uniformly stable . For
the convenience of studying the local and the whole conditions, the authors take the time
t=40(figl) and t=400(fig2) and get the unique equilibrium point z*=(-2.6047,-1.3012).

(Cone + A"+ IB7I + D" ID) 1y () = ()|
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figl fig2
1-1 —11 1 -1
Example 3.2 Choose C' = diag(—0.02,0.01), A = , B = , D= ,
5 6 11 -1 1
0.4 0.1 L mes® )
I = , T = » fili() = gi(x;(1) = =m b2 () = =5 let Ly =
0.6 0.1 fe fe
Ly = Ly; = ﬁ,m = 30, the interval is 1, it is proved that the assumption (H1)(H3)

hold, so example 3.2 is uniformly stable . The authors also choose the time t=40(fig3) and
t=4000(figd) and get the unique equilibrium point z*=(1.4574,-0.8297).

0 5 10 15 20 25 30 ES 40 0 500 1000 1500 2000 2500 3000 3500 4000
fig3 figd

4 Conclusions

In this paper,by the fractional integral, the authors changed the derivative equation to
integral one, for the convergence of sequences and the definition of stabilty, the existence
of solutions of the network has been proved, the sufficient conditions for stability of the
system have been presented. The authors also gave two examples and designed the relevant

experimental procedures, after some experiments, the results have been illustrated .I think

10
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that the design of impulsive item is difficult. The finite item is proved to be feasible, but how

the infinite one or the variable one , this can be our future work.
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Abstract

We investigate the basins of attraction of equilibrium points and period-two solution of the difference
equation of the form

2
B Brpx,—1+Cx;_ B
Tnt+1 = D) b ) TL—O,I,...,
ars + 0XpTp_1

where the parameters a,b,C, B are positive numbers and the initial conditions x_1,zo are arbitrary
nonnegative numbers. We show that this equation exhibits global period-two bifurcation, as certain
parameters are pasing through the critical value.

Keywords: attractivity, basin, difference equation, invariant sets, periodic solutions, stable set
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1 Introduction and preliminaries
We investigate global behavior of the equation
Bxnz, 1+ Cx?_
Tpy1 = —n oy =0,1,2,... (1)

ax? + brpx,_1

where the parameters a, b, C, B are positive numbers and the initial conditions z_1,x9,z_1 + 29 > 0 are
arbitrary nonnegative numbers. It is a special case of the second order homogeneous quadratic fractional
equation

Az? + Brpzy—1 + Cx2_,

2 bl
ar? + brprn_1 +cri_

Tpal = n=0,1,2, ... (2)

and of the general second order quadratic fractional equation

Az2 + Brpwy—1 + Ca2_ | + Dxy + Exyy + F
ar? + brpry_1 +cx? | +dr, +ex,_1+ f

Tpt+1 = , n=20,1,2, ... (3)
which global dynamics is under investigation. Some special cases of Eq.(3) have been considered in the series
of papers [3, 4, 9, 10, 17]. Some special second order quadratic fractional difference equations have appeared
in analysis of the systems of linear fractional difference equations in the plane, see [5, 7, 8, 14, 15, 16].
Describing the global dynamics of Eq.(3) is formidable task as this equation contains as a special cases
many equations with well known but complicated dynamics, such as Lynes’ equation. Equation (3) contains
as a special case linear fractional equation which dynamics was investigated in great details in [11] and in
many papers which solved some conjectures and open problems posed in [11]. Equation (2) can be brought
to the form )
A(2) +B () +C

Tptl = 5 , n=20,1,2,... (4)
a (ﬁ—’il) +b (;j—’il) +c
and one can take the advantage of this auxiliary equation to describe the dynamics of Eq.(2). In this paper
we take a different approach based on the monotonic properties of the right hand side of Eq.(2) and theory
of monotone maps, and use it to describe precisely the basins of attraction of all attractors of that equation.
The special cases of Eq.(1) when C' = 0 or a = 0 are linear fractional difference equations which global
dynamics is described in [11]. We show that Eq.(1) exhibits three types of global behavior characterized
by the existence of a unique positive equilibrium solution and a unique minimal period-two solution, which
stable manifold serves as the boundary of the basins of attraction of locally stable equilibrium and points
at infinity (0, 00) and (00, 0). In fact, Eq.(1) exhibits period-two bifurcation studied in great details in [12].
Equation (1) is a special case of the general second order difference equation

Tn4+1 = f (xnawn—l) 5 n= 07 11 27 ceey (5)
where )
Buv + Cv
) = e o

The next result is important for the general second order difference equation of the form (5), see [2].

Theorem 1 Let I be a set of real numbers and f : I x I — I be a function which is non-increasing in the
first variable and non-decreasing in the second variable. Then, for ever solution {x,},> | of the equation

Tpt1 = [ (@n, 2p-1), z_1,20 €1, n=0,1,2, .. (6)
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the subsequences {xan} - and {x2n—1},—, of even and odd terms of the solution do exactly one of the
following:

(i) Eventually they are both monotonically increasing.

(ii) Eventually they are both monotonically decreasing.

(i1i) One of them is monotonically increasing and the other is monotonically decreasing.

We now give some basic notions about monotone maps in the plane.

Consider a partial ordering < on R? are said to be related if x < y or y < z. Also, a strict inequality
between points may be defined as ¢ < y if ¢ < y and x # y. A stronger inequality may be defined as
x = (z1,22) Ky = (y1,y2) if z <y with z1 # y1 and 2 # yo.

A map T on a nonempty set R C R? is a continuous function 7 : R — R. The map T is monotone
if x < y implies T'(x) < T'(y) for all x,y € R, and it is strongly monotone on R if x < y implies that
T(x) < T(y) for all z,y € R. The map is strictly monotone on R if < y implies that T'(z) < T'(y) for
all z,y € R. Clearly, being related is invariant under iteration of a strongly monotone map.

Throughout this paper we shall use the North-Fast ordering (NE) for which the positive cone is the
first quadrant, i.e. this partial ordering is defined by (z1,y1) =ne (x2,y2) if 1 < z2 and y; <y and the
South-East (SE) ordering defined as (x1,y1) <se (x2,92) if 1 < x9 and y; > yo.

A map T on a nonempty set R C R? which is monotone with respect to the North-East ordering is
called cooperative and a map monotone with respect to the South-East ordering is called competitive.

If T is differentiable map on a nonempty set R, a sufficient condition for 7" to be strongly monotone
with respect to the SE ordering is that the Jacobian matrix at all points = has the sign configuration

+ -

i ™)

sign (Jp(x)) =

provided that R is open and convex.

For = € R?, define Q(x) for £ = 1,...,4 to be the usual four quadrants based at z and numbered in
a counterclockwise direction, for example, Q1(x) = {y € R?> : x1 < y1, 22 < y2}. Basin of attraction of
a fixed point (Z,y) of a map 7', denoted as B((Z,y)), is defined as the set of all initial points (zo, yo) for
which the sequence of iterates T™((zo, o)) converges to (Z,y). Similarly, we define a basin of attraction
of a periodic point of period p. The next five results, from [13, 12], are useful for determining basins
of attraction of fixed points of competitive maps. Related results have been obtained by H. L. Smith in
[18, 19].

Theorem 2 Let T be a competitive map on a rectangular region R C R?. Let X € R be a fized point of T
such that A :== R Nint (Q1(X) U Q3(X)) is nonempty (i.e., X is not the NW or SE vertex of R), and T is
strongly competitive on A. Suppose that the following statements are true.

a. The map T has a C' extension to a neighborhood of X.

b. The Jacobian Jr(X) of T at X has real eigenvalues A\, p such that 0 < |\| < u, where |\| < 1, and
the eigenspace E* associated with X is not a coordinate axis.

Then there exists a curve C C R through X that is invariant and a subset of the basin of attraction of X,
such that C is tangential to the eigenspace E* at X, and C is the graph of a strictly increasing continuous
function of the first coordinate on an interval. Any endpoints of C in the interior of R are either fized
points or minimal period-two points. In the latter case, the set of endpoints of C is a minimal period-two
orbit of T'.

We shall see in Theorem 4 that the situation where the endpoints of C are boundary points of R is of
interest. The following result gives a sufficient condition for this case.
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Theorem 3 For the curve C of Theorem 2 to have endpoints in OR, it is sufficient that at least one of the
following conditions is satisfied.

i. The map T has no fized points nor periodic points of minimal period two in A.

ii. The map T has no fized points in A, det Jr(X) > 0, and T'(x) =X has no solutions x € A.

iii. The map T has no points of minimal period-two in A, det Jp(X) < 0, and T'(x) = X has no solutions
T € A.

For maps that are strongly competitive near the fixed point, hypothesis b. of Theorem 2 reduces just
to |A] < 1. This follows from a change of variables [20] that allows the Perron-Frobenius Theorem to be
applied. Also, one can show that in such case no associated eigenvector is aligned with a coordinate axis.
The next result is useful for determining basins of attraction of fixed points of competitive maps.

Theorem 4 (A) Assume the hypotheses of Theorem 2, and let C be the curve whose existence is guaranteed
by Theorem 2. If the endpoints of C belong to OR, then C separates R into two connected components,
namely

W_ ={zeR\C:JyeCwithx <sey}t and W,y :={zecR\C:3JyecC withy <s z}, (8)

such that the following statements are true.

(i) W_ is invariant, and dist(T"(z), Q2(X)) — 0 as n — oo for every x € W_.

(1) Wy is invariant, and dist(T"(x), Q4(X)) — 0 as n — oo for every x € Wi

(B) If, in addition to the hypotheses of part (A), X is an interior point of R and T is C? and strongly
competitive in a neighborhood of X, then T' has no periodic points in the boundary of Q1(X) U Q3(X) except
for X, and the following statements are true.

(i1i) For every x € W_ there exists ng € N such that T™(x) € int Q2(X) for n > ng.

(iv) For every x € W, there exists ng € N such that T"(z) € int Q4(X) for n > ny.

If T is a map on a set R and if X is a fixed point of 7', the stable set W?*(X) of X is the set {z € R :
T"(x) — X} and unstable set W"(X) of X is the set

n=—0oo
n——oo

{ z € R : there exists {xn}o C R s.t. T(xy) = Tpt1, vo =2, and lim z, =X }

When T is non-invertible, the set YW*(X) may not be connected and made up of infinitely many curves, or
W"(X) may not be a manifold. The following result gives a description of the stable and unstable sets of
a saddle point of a competitive map. If the map is a diffeomorphism on R, the sets W*(X) and W*(X) are
the stable and unstable manifolds of z.

Theorem 5 In addition to the hypotheses of part (B) of Theorem 4, suppose that p > 1 and that the
etgenspace BV associated with 1 is not a coordinate axis. If the curve C of Theorem 2 has endpoints in OR,
then C is the stable set W*(X) of X, and the unstable set W*(X) of T is a curve in R that is tangential to
E* at X and such that it is the graph of a strictly decreasing function of the first coordinate on an interval.
Any endpoints of W*(X) in R are fized points of T

Remark 1 We say that f(u,v) is strongly decreasing in the first argument and strongly increasing in
the second argument if it is differentiable and has first partial derivative D f negative and first partial
derivative Ds f positive in a considered set. The connection between the theory of monotone maps and the
asymptotic behavior of Eq.(6) follows from the fact that if f is strongly decreasing in the first argument
and strongly increasing in the second argument, then the second iterate of a map associated to Eq.(6) is a
strictly competitive map on I x I, see [13].
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Set xp,—1 = uy, and x,, = v, in Eq.(6) to obtain the equivalent system

it = Fomn) * 70D
Let T'(u,v) = (v, f(v,u)). The second iterate T2 is given by

T*(u,v) = (f(v, ), f(f(v,u),v))
and it is strictly competitive on I x I, see [13].
Remark 2 The characteristic equation of Eq.(6) at an equilibrium point (T, Z):

A — Dy f(2,2)\ — Daf (2,7) = 0, (9)

has two real roots A\, p which satisfy A < 0 < p, and |A| < p, whenever f is strictly decraesing in first
and increasing in second variable. Thus the applicability of Theorems 2-5 depends on the nonexistence of
minimal period-two solution.

There are several attractivity results for Eq. (6). Some of these results give the sufficient conditions for
all solutions to approach a unique equilibrium and they were used efficiently in [11]. See also [1, 6]. Next
result is from [6].

Theorem 6 Consider Eq. (6) where f : I x I — I is a continuous function and f is decreasing in the
first argument and increasing in the second argument. Assume that T is a unique equilibrium point which
is locally asymptotically stable and assume that (¢, ) and (1, @) are minimal period-two solutions which
are saddle points such that

(9,%) Zse (Z, ) Zse (¥,9).
Then, the basin of attraction B ((Z,T)) of (Z,T) is the region between the global stable sets W* ((¢,v)) and
W2 (¢, ¢)) . More precisely

B((7,7) ={(z,y) : 3yu, v : yu <y < i, (x, 1) € W ((¢,9)), (%, 9u) € W (¢, 0))} -

The basins of attraction B ((¢,1)) = W* ((¢,v)) and B ((¢,¢)) = W?* (¢, ¢)) are exatly the global stable

sets of (¢,v) and (¢, §).
If (x_1,20) € Wi (¢, 9)) or (x—1,20) € W ((¢,)), then T™ ((x_1,x0)) converges to the other equi-

librium point or to the other minimal period-two solutions or to the boundary of the region I x I.

2 Local stability analysis

First, notice the function f (u,v) is decreasing in the first variable and increasing in the second variable.
By Theorem 1, for every solutions {z,},. | of Eq. (1) the subsequences {zo,} -, and {x9,_1},-, are
eventualy monotonic.

It is clear that Equation (1) has a unique positive equilibrium point 7 = %. If we denote

Buv + Cv?
f(u,v) - au2+buv 1)

then a linearization of Equation (1) is of the form

Ynt1l = SYn + tYn—1,
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where

of _ _ —aBu?v — 2aCuv? — bCv3\
= —t=——(7,7) = 5 (z,T)
u (au? 4 buw)
_aB7* +2a07° +0C7° 1 aB+2aC +0C
(a72 + b72) T (a +b)?
aB + 2aC + bC
(a+0)(B+C)’

Lemma 1 FEquation (1) has a unique positive equilibrium point T = iibc'

i) If (3a+b) C < (b— a) B, then the equilibrium point T is locally asymptotically stable.

i) If b < a orif b > a and (3a +b) C > (b — a) B, then the equilibrium point T is a saddle point.

ii1) If (3a 4+ b) C' = (b — a) B, then the equilibrium point T is non-hyperbolic (with eigenvalues \y = —1
and Ao = 1).

Proof. i) Equilibrium point 7 is locally asymptotically stable if

1
|s|<1—t<2<:>|s|<1—|—s<2<:>—§<8<1.

Since s < 0, we have

s > _1@_aB+2aC+bC>_1
2 (a+b)(B+C) 2
< 2(aB+2aC+bC) < (a+b)(B+C)=aB+aC+bB+bC

& aB+3aC+bC <bB< (3a+b)C < (b—a)B,

which implies that b — a > 0. Therefore, the equilibrium 7 is locally asymptotically stable if (3a + b) C' <
(b—a)B.
ii) If |s| > |1 — t| and s + 4t > 0, then the equilibrium point 7 is a saddle point. We obtain

244t >0 2+ 4t > 0,

which is satisfied by ¢ > 0, and

1
Is] > |[1—-te —s>[1+s/les<l+s<—-s=>s<——

2
aB + 2aC + bC 1
- —— < Ba+b)C>(b—a)B.
@1b)(Br0) = 2T B> (b—a)
Notice that, if b — a < 0 then (3a + b) C > (b — a) B is satisfied, so equiilibrium point 7 is a saddle point
ifb<aorifb>aand (3a+b)C > (b—a)B.
iii) Equilibrium point ¥ is non-hyperbolic point if

1
|s|:|1—t\<:>s:—§<:)(3a+b)C:(b—a)B.

Since s = —t = —%, then the characteristic equation at the equilibrium point is of the form
1 1
M4 -A—--=0
* 2 2 ’

with eigenvalues A\; = —1 and A\ = % O



SECOND ORDER QUADRATIC FRACTIONAL DIFFERENCE EQUATION, M. KULENOVIC ET AL 6
41

3  Periodic solutions
In this section we present results about existence of minimal period-two solutions of Eq. (1).

Theorem 7 If b < a or B < C or (3a+b)C > (b—a)B, then Eq. (1) has no minimal period-two
solutions.
b) If b > a and (3a+b) C < (b— a) B, then Equation (1) has minimal period-two solution:

¢ h, 0,1, (¢ # ¢ and ¢ > 0 and ¢ > 0),

where

B-C B-C 4aC
_ 1— D), 27(1 D),D:l— .
¢ 2a ( VD), v 2a +VD (b—a)(B—C’)>0
Proof. Notice that b > a and (3a 4+ b) C < (b — a) B imply that B > C.
Suppose that there is a minimal period-two solution {¢, v, $,v,...} of Eq.(1), where ¢ and ¢ are
distinct positive real numbers. Then, we have

¢ = By¢p+Co?

p— a¢2+bw¢7 (10)
W= Boyp+Crp?

T ad?+bey

from which we obtain (since that ¢ > 0 and ¢ > 0)
By + C¢ = ap? + byo, (11)

B¢+ Cp = ad? + b (12)
Subtracting Eq.(12) from Eq.(11), we have

B¢ =) +C(¢p—9) =a(y® —¢?),

i.e. B_C
Y+ o= —. (13)

a
Adding Eq.(11) to Eq.(12) we obtain

B +¢)+C(p+¢) =a(y?+¢%) + 2006
i.e.

(B+C) (Y +9¢) =a(+0)*+2(b—a)y¢. (14)
Substituting (13) into (14), we have

(B+C)B;C:a<B;C>2+2(b—a)¢¢

i.e. CB_C
o=

a b—a’

From (13) and (15) we see that Eq.(1) has no minimal period-two solutions if

B-C<0orb—a<0.
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By (13) and (15) we have that positive ¢ and 9 satisfy the quadratic equation

¢2_BT—C¢+§B_C:0, (b>aand B> C)

a b—a

with solutions

o B_C(li\/ﬁ),

T2
where 4aC B(b—a)—C(3a+b)
a —a)— a+
D=1- = b b—a)B.
b~ B0 b0 (B-0) >0s (3a+b)C < (b—a)
Equation (13) implies that
B-C
Yi= T =i =0n

By substitution
In—1 = Unp,
Ty, = Up.
Eq.(1) is transformed to the system of equations
Un+1 = Un

Bunv, + Cu2

Un41 =
av2 + buy,vy,

The map T corresponding to the system (16) is of the form

()= Cacn )

Buv + Cu?
#. The second iteration of the map T is

av? 4 buv
() r ()= (ol )= (e,

Bvh (u,v) + Cu?
ah? (u,v) + buh (u,v)’

where h (u,v) =

where

k(u,v) =
and the map T2 is competitive by Remark 2 . The Jacobian matrix of the map 72 is
Oh  Oh
J u _ ou  Ov
T\ y )"\ o ok |-
ou  Ov
Now we obtain that Jacobian matrix of the map T2 at the point (¢,1) is of the form

n(2)- (55 20,

du\yp) dv\y
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where

oh <¢> _ aBy? 4+ 2aCoth + qus?, a7

du\¢ W (at) + bo)*
on <¢> ¢ (aBy* + 220y + bCH?)
ov\y) (av? + bgi))?
ok (¢ (aBy? + 2aCgnp + bC¢?) (aB?* + 2aC¢np + bCY?)
ou (zp) T 02 (1) + bd)? (ad + bip)?
Ik <¢> _ aB¢* +2aCy) + bCy* < - aB? + 2aCtp + bC¢2> '
Ov \9h ¢ (ag + b)? W (a1 + bg)?

The corresponding characteristic equation is

; (18)

. (19)

M —pA+q=0,

where

oh <¢) N ok <¢>> _aBy? 4+ 2aC¢p + bC¢?
ou\y)  ow\y) ¥ (arh + be)?
aB®? + 2aCdnh + bCy)> < aBy? + 2aCdtp + bC¢2>
¢ (ag + by) Y (arh + be)

ie.
p=a" +b"(14+a")=a"+b"+a"b",

where

o aBy? + 2aC¢1p + bC'¢? . aB¢? + 2aC i) + bC?
¥ (ap +bg)® ¢ (ad + byp)® '

Notice that now is

so that
_ ¢ k7K * *27% k1%
q = detJp y =a*b*(1+a")—a™b* =a"b

p = a" +b"+a*b".

Theorem 8 Suppose that Eq.(1) has the minimal period-two solution. Then, this solution is a saddle
point.

Proof. We need show that
Ip| > |1 +4q| and p*—4q> 0.
Indeed,
(i) p? — 4¢ > 0 & (a* + b* + a*b*)® — 4a*b* > 0
o a2 + b2 + a*20°2 4+ 20*°20* + 20*b*2 > 20*b*,
which is sasfied because of a*2 + b*2 > 2a*b*.
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p| >1+¢qlep>1+gesa™+b0">1

aBy? + 2aCdh + bCd?  aBg? + 2aC ) + bCr?
W (ath + bg)? ¢ (a + bip)”
& (aBy? +2aCdp + bCH*) ¢ (ad + bp)* + (aBe* + 2aCep + bC?) 4 (ar) + bep)?
> ¢ (ag + bip)® (ar) + bg)? |

By (11) and (12) we have

>1

Ip| > |1+ 4
& (aBy? + 2aC¢nh + bCH?) ¢ (ad + bp)? + (aBe* + 2aC¢np + bC?) ¢ (arp + bep)?
> (BY+C9) (ay) +bo) (Bo + CY) (ag + bi)

& L =abBC (¢* +¢") +2aC (aB + bO) ¢¢ (¢* + ¢°) + (a®B* + 3a°C? + b*C? + 2abBC — b>B?) ¢** > 0
& L =abBC (¢ +¢?)? +2aC (aB 4 bC) ¢ (¢ + %) + (> B2 + 3a>C? + b2C? — 1> B?) > > 0.
Using (13) and (15) we have

bB —aB — aC — bC

¢* + 9 = (¢ +¢)° — 24 = (B C)

a?(b—a) ’
which implies
I — abBC (B—C)bB azB aC — bC +2aC(aB+bC)C(B C)” (bB a32 aC —bC)
a2 (b —a) a3 (b—a)

2 o 2
—|—(a232—|—3a202+b202—b232) c (B Cg
a?(b—a)
_ OV (b—a) B — bB = aC

= CB-0)Y[b-—a)B (3a+b)C]a3(b_a)>0,

which is satisfied because B—C' > 0,b—a > 0 and (3a + b) C' < (b —a) B . Therefore, L > 0 < |p| > |1 + ¢|,
i.e. the minimal period-two solution of Eq.(1) is a saddle point. O

4 Global results and basins of attraction

In this section we present results about basins of attraction of Eq.(1).

Theorem 9 If (3a+b)C < (b — a) B, then Eq.(1) has a unique equilibrium point T which is locally asymp-
totically stable, and two minimal period-two points (¢, 1))and (Y, ¢) which are saddle points. Then, the basin
of attraction B ((Z,T)) of (T,T) is the region between the global stable sets W* ((¢, 1)) and W?* ((¢, ¢)). The
basins of attraction B ((¢,v)) = W?* ((¢,v)) and B((¢,¢)) = W (¢, ¢)) are exatly the global stable sets
of (¢,) and (1, ¢). Furthermore,

i) if (x—1,20) € W- ((¢,v)), then nh_{%ox% =00 and nli_)Irolo:UQn+1 =0;

ii) if (x—1,20) € W4 (¢, @), then li_)m ZTop = 0 and li_)m Topi1 = 0O.
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Wil o.w)
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Figure 1: The orbits of solutions with B=4,C=1,a=1, b = 3.

Proof. Using assumption (3a +b) C' < (b —a) B and its consequence % . f—fb, it is easy to check

that (¢,¢) jse (§7 E) jse (w, (25), where
b = B_C<1—\/5),w:BQ_C<1+\/B),

2a a
D - 1- 4aC :B(b—a)—C(3a+b)
(b—a)(B-C0C) (b—a)(B-C)
ie. P,

Since the equilibrium point (Z, T) is locally asymptotically stable for 7" it is also locally asymptotically stable
for T2. Equation (1) corresponds to the system of difference equations (16) which can be decomposed into
the system of the even-indexed and odd-indexed terms as follows:

.
U2n = V2n—1,

U2n+1 = U2n,

2
; Bugp_1v2,-1 + Cvs,,_4 (21)
2n — D) )
aus, 1+ bugy—1v2n—1
Bugnva, + C3,
Von+1 = 2 .
L aus, + bugnva,

The conclusion folows from Lema 1 and from Theorems 6, 7 and 8 and using the facts:

i) if (uo,v0) € W- ((¢,)), then

(u2n, v2n) = T* ((ug,v0)) — (0,00) and (uzni1,v2n+1) = T2 ((ug, v0)) — (00,0);



SECOND ORDER QUADRATIC FRACTIONAL DIFFERENCE EQUATION, M. KULENOVIC ET AL 11
46

ii) if (UO, 1)0) eWy ((w, (25)), then
(t2n, von) = T* ((ug, v0)) = (00,0) and (ugni1,vons1) = T2 ((ug,v0)) — (0,00).

Consequently,
i) if (z_1,20) € W_ ((¢,%)), then T?" ((z_1,x0)) — (0,00) and T2+ ((x_1,20)) — (00,0), i. e.

lim x9, = co and lim x9,+1 = 0;
n—oo n—oo

i) if (z_1,20) € Wy (¢, ¢)), then T?" 1 ((z_1,20)) — (0,00) and T?" ((z_1,70))— (00,0), i. e.

lim 9, =0 and lim z9,41 = co.
n—oo n—oo

(See Figure 1 and Figure 2.) O

Wi e.w) B((x3)

1.25 (x.x) T(a)
T¥a)
i S

e Wiyl

) T®

0.63r

. T e
* e

0 063 1.25 236
Figure 2: The orbits of solutions with B=4,C=1,a=1, b =3.

Theorem 10 If b < a or if b > a and (3a+b)C > (b—a)B), then Eq.(1) has a unique equilibrium
point T which is saddle point and has no minimal period-two solutions . There exists a set C which is an
invariant subset of the basin of attraction of (T,T). The set C is a graph of a strictly increasing continuous
function of the first variable on an interval (and so is a manifold) and separets R = (0,00) x (0, 00) into
two connected and invariant components W_ ((Z,T)) and Wy ((Z,T)) which satisfy:
i) if (x_1,20) € W_ ((Z,T)), then lim x9, = co and lim xo,+1 = 0;
n—oo n—oo

ii) if (x_1,29) € W4 ((Z,T)), then lim z9, =0 and lim zg9,41 = co.
n—oo n—o0



SECOND ORDER QUADRATIC FRACTIONAL DIFFERENCE EQUATION, M. KULENOVIC ET AL 12
a7

Proof. It is easy to check that (Z,7) is a saddle point for the strictly competitive map T2 as well. The
existence of the set C with stated properties follows from Lema 1 and Theorems 7, 2 and 4. Therefore,
using (21), we obtain:

i) if (up,v0) € W- ((Z,)), then

(ugp, vop) = T ((ug,vp)) — (0,00) and (ugpt1,von+1) = T2+l ((up,vp)) — (00,0);
i) if (ug,v9) € Wy ((Z,T)), then
(U, van) = T ((ug, v9)) = (00,0) and (ugni1, vans1) = T2 ((ug, v)) — (0, 00).

Consequently,
i) if (x_1,70) € W_ ((7,T)), then T?" ((z_1,20)) — (0,00) and T?"*! ((z_1,20))— (o0,0), that is

lim 9, =00 and lim x9,1 = 0;
n—o0 n—o0o

i) if (x_1,20) € Wy ((Z,T)), then T?"* ((x_1,20)) — (0,00) and T?" ((x_1,z0))— (00, 0), that is

lim x9, =0 and lim 22,41 = 00.
n—oo

n—00
(See Figure 3.) O
7
L W)
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4t ‘- |
.\ Wi(xx) |
'y )
3 . | h“
T"'b‘ll ﬁa) | ----.—....._.,-._._____
2 p
b, G ld{\q’
I N 4y .
’I T(I)) T{b) - 4. .
00 1 2 é :’ 3 6‘ 7

Figure 3: The orbits of solutions with B=4,C =1,a=2,b=1.
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Theorem 11 If (3a+b)C = (b—a)B, then Eq.(1) has a unique equilibrium point T which is non-
hyperbolic and has no minimal period-two solutions. There exists a set C which is an invariant subset
of the basin of attraction of T. The set C is a graph of a strictly increasing continuous function of the first
variable on an interval and separates R = (0,00) x (0,00) into two connected and invariant components
W_ ((z,T)) and Wy ((Z,T)) which satisfy:
i) if (x—1,20) € W ((T,T)), then lim x9, = 0o and lim xo,+1 = 0;
n—oo n—oo

i) if (x—1,20) € Wy ((Z,T)), 1i_>m Top = 0 and 1i_>m Topi1 = OO.

7_
R
:. Fi(xx))
6r
!
|
5r |
i
|
.
4+ . - B
. \ W’((x_x)jb.
l'\ o -
. Ty T
2l } \: . ! »
I‘}'a). _"f :
1 i . (x’%} ot
T e
ja - _
| e
% 1 2 E 4 5 6 7

Figure 4: The orbits of solutions with B=5,C=1,a=1, b =2.

Proof. By Lema 1, the eigenvalues of the map T" at the equilibrium point (Z,T) are A\; = —1, Ay = %,

which means that p1 = A? = 1 and ps = A3 = 1 are eigenvalues of the map 72. Using (17), (18), (19) and
(20) we obtain

Ty (@) R —R

2(T,T) = )
’ “R> R(1+R)
where R = tB—aC

@) (BrO)- The straight-forward calculation shows that the eigenvector corresponding the
eigenvalue py = i is of the form

vQ:( a ”11)@1 > v € R\ {0},

T 4R

which shows that eigenvector vo is not parallel to coordinate axes. Therefore all conditions of Theorem 2
are satisfied for the map T? with R = (0,00) x (0,00). As a consequence of this and using (21), we have:
i) if (up,v0) € W_ ((Z,T)), then (ugn,va,) — (0,00) and (ugn+1, vont1) — (00,0);
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i) if (ug,v0) € W4 ((Z,T)), then (uzn,ven) — (00,0) and (ugn+1, v2n+1) — (0,00).
It means that:
i) if (z_1,70) € W_ ((, 7)), then T?" ((z_1,20)) — (0,00) and T?* ! ((z_1,10))— (c0,0), i.e.
lim 9, =00 and lim x9,41 = 0;
n—o0 n—oo
i) if (x_1,20) € Wy ((Z,7)), then T?"+ ((2_1,20)) — (0,00) and T?" ((x_1,20))— (00,0), i.e.
lim z9, =0 and lim zg,4; = 0.
n—oo n—oo
(See Figure 4.) O

Remark 3 As one may notice from the figures all stable manifolds of either saddle point equilibrium
points or non-hyperbolic equilibrium points or saddle period-two solutions are asymptotic to the origin,
which is the point where Eq.(1) is not defined. These manifolds can not end in any other point on the axes
since the union of axes without the origin is an invariant set, Thus the limiting points of the global stable
manifolds of either saddle point equilibrium points or saddle period-two solutions have end points at (0, 0)
and (00, 00).
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Aspects of univalent holomorphic functions involving Saldgean
operator and Ruscheweyh derivative
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Abstract

Making use Sidldgean operator and Ruscheweyh derivative,we introduce a new class of analytic functions
L(~,a, B) defined on the open unit disc, and investigate its various characteristics. Further we obtain dis-
tortion bounds, extreme points and radii of close-to-convexity, starlikeness and convexity and neighborhood
property for functions belonging to the class L(v, a, 5).

Keywords: Analytic functions, univalent functions, radii of starlikeness and convexity, neighborhood property,
Salagean operator, Ruscheweyh operator.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Let A denote the class of functions of the form f(2) = 2+ 372, ajz?, which are analytic and univalent
in the open unit disc U = {z: 2 € C : |z| < 1}. T is a subclass of A consisting the functions of the form
flz)=2z— 25022 laj| 27. For functions f,g € A given by f(z) = z+ Z;}iz ajzt, g(z) = z+ Z;}ig bjz7, we define
the Hadamard product (or convolution) of f and g by (f * g)(2) = 2+ 372, ajbjzl, 2z €U.

Definition 1.1 Sdldagean [5]) For f € A, n € N, the operator S™ is defined by S™ : A — A,
S%f(z) = [(2)

S'f(z) = zf(2), ...
S"lf(z) = 2(S"f(2), zeU.

Remark 1.1 If f€ A, f(z) =2 + doisgai2, then S™f (z) = 2 + Zjoi2 jha;zl, z€U.
IffeT, f(z) =2— 3 ga;2", then S"f(2) = 2 = 372, j"a;27, = € U.
Definition 1.2 (Ruscheweyh [4]) For f € A, n € N, the operator R"™ is defined by R" : A — A,
Rf(2) = [(2)

R'f(z) = 2f'(2), .
(n+1D)R"™f(2) = 2(R"f(2) +nR"f(2), zeU.

Remark 1.2 If f€ A, f(z) =2+ 72, ajz?, then R"f (2) =z + > 0 (n+j71)llajzj, zeU.

J=2 nl(j-1)

IffeT, f(2) =23 2ya;2, then R"f (2) = 2 =372, %%@zﬂ zeU.
Definition 1.3 [1], [2] Let v > 0, n € N. Denote by L% the operator given by L2 : A — A,

Lif(z) = (1 - R"f(2) + 78" f(z), =€l

Remark 1.3 If fe A, f(z) =z + Z;ﬁ2 a;z’, then L2 f(z) = z + Zjo:2 {’yj” + (1 — ) L=l } a;jz’, z € U.

nlG—1)!

IFfeT, f(2)=2—-37"ya;2, then L2f(2) = 2 — Y277, 1, {’yj" +(1-7) (:IJ(FJ?;I))!! } ajzl, 2z € U.
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Following the work of Sh.Najafzadeh and E.Pezeshki [3] we can define the class L(7, a, 3) as follows.

Definition 1.4 Fory>0,0<a<1and0< (<1, let L(v,a,3) be the subclass of T consisting of functions
that satisfying the inequality

L f(z) =1
(1) —a) — (T f ()~ 1) (1.1)
where ) i Lgf(g) n |
L f(z) = (1 — p) ST w(LE f(2)), (1.2)
O0<rv <.

Remark 1.4 If f€ T, f(z) =2 -3 72, ajzl, then
Lamf(2) = 1= Y32y L+ G = V] {nim + (1 —7) St f a2t 2 e U

2 Coefficient bounds

In this section we obtain coefficient bounds and extreme points for functions is L(v, «, ).

Theorem 2.1 Let the function f € T. Then f € L(v,«, ) if and only if

o

j—1)!
> (e utg — )+ 8w - 1] {4 (=) S g <2001 - ), (2.1)
j=t+1
The result is sharp for the function F(z) defined by
Plz) =2 — 26v(1 — a) o j>t41

(14 G = D)L+ 82w = 1)) g + (1 =) S |
Proof. Suppose f satisfies (2.1). Then for |z| < 1, we have
L7 5(2) = 1] = B[2ALL" £() — @) — (L7 f(2) = 1)| =

o

. n (Tl+ | — 1)' j—1
P e
spvti--@-1 3 {0 - B - e <
j=t+1
> wati -0+ 0 - B 21— g+
j=t+1

S Bav - 11+l - 1) {ﬂl+(j—1)A]”+(1—v)M}aj=

=t n!(j—1)!
S bt 1]+ ) Lo - =D o, 21— 0 <0

Hence, by using the maximum modulus Theorem and (1.1), f € L(v, o, 3). Conversely, assume that

Lenf(z) —1 ‘ _
w(LE" f(z) — ) = LY f(2) — 1)

= e [ G = D1 g + (1= ) S L ey

(1= @) = X3 [+ 0 = V] @v = 1) {yim + (1 = 9) 2 a2
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Since Re(z) < |z| for all z € U, we have

S L+ G = D] " + (1= ) S a2

Re _ .
(1= ) = D2 [+ 0 = D] @v = 1) {7sm + (1= 9) L a2

<B. (2.2)

By choosing choose values of z on the real axis so that L™ f (2) is real and letting z — 1 through real values,
we obtain the desired inequality (2.1). =

Corollary 2.2 If f € T be in L(v,«, 3), then
20v(1 — )
[+ (G — DI+ By = D] {757 + (1 = 7) S

aj < j Z t+ 1, (23)

with equality only for functions of the form F(z).
Theorem 2.3 Let f1(z) = z and
20v(1 — )

fi(z)=2- —
[+ G — D)1+ B — D) {gn + (1 - ) G

i, (2.4)

for0<a<1,0<f8<1,7y>0and 0 <v <1. Then f(2) is in the class L(~y,,3) if and only if it can be
expressed in the form

HOESINO) (25)

where wj > 0 and Z;’;l w; = 1.

Proof. Suppose f(z) can be written as in (2.5). Then

> 26v(1 — a) ;
fz)=2—- wj ——2.
; [+ G = DI+ BEv = D] {rim + (1 - ) St}

Now,

& eug -0l porra-4isr)
28v(1 — @) !

j=t+1

26v{1 — o) = 3 wj=1-w; <L
[+ (G = DI+ By = D] {7im + (1= 7) R j:t; ’ -

Thus f € L(7, a, ).
Conversely, let f € L(v,a,3). Then by using (2.3), setting

[+ (G = DI+ By = D] {i™ + (1= 7) LR
20v(1 — «)

wj = aj, j=>t+1

and w; =1— Zjiz wj, we have f(z) = Z;’;t w; fj(2). And this completes the proof of Theorem 2.3. =

3 Distortion bounds

In this section we obtain distortion bounds for the class £(v, «v, 8).
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Theorem 3.1 If f € L(v,a, (), then

r— 26v(1 - a) rt < f(2)]

(1+ ut)[1 + B(2v — 1)] [7(15 F 1) 4 (1—7) “,ZTZ)!}

25”(1 - a) Pl

<r+4 '
(1+ pt)[1+ 620 — D] [(t + 1) + (1= 7) L2

holds if the sequence {0 (7, B,v)}32,,1 is non-decreasing, and

20v(1 —a)(t+1)
(L )1+ B2 = D] [t + 1) + (1 — ) Lt

1- < 1f'(2)]
)

20v(1 —a)(t+1) ‘

<1+ —r
(Lt )1+ B2 — D] [yt + 1) 4 (1) L2

holds if the sequence {5122, | is non- decreasing, where

i (v,8,v)
J j }?O

(v, B,v) = L+ p(G = D] [1 + B(2v — 1)] {w'n +(1—~) M} ,

nl(j—1)!
The bounds in (3.1) and (3.2) are sharp, for f(z) given by

26v(1 — ) S+
(L+ )1+ 8w = D] [7(t+ 1) + (1 - 7) Lk

f(z) =z —

Proof. In view of Theorem 2.1, we have

= 26v(1 — @)
a; < =
2" (L4 ut)[L+ B2y = D] [t +1)m + (1 =) Lot
We obtain o N
2= 1o > 4y <<l + 12 Y
Jj=t+1 j=t+1
Thus
- 2l =) < |£(2)
A +ut)l+ 8y = D] [yt +)m+ (1 —y) St
<ri 20v(1 — «) ey

(L4 )L+ 82w = 1) [y(t+ 1" + (1 - ) Sk

Hence (3.1) follows from (3.5). Further,

> 26v(1 — )
aj S 1]
2 (@ un+ B — 1) [y + 1) + (1) G|

Hence (3.2) follows from

L—r" > ja; <|f/ () <1400 > jay.

j=t+1 j=t+1

, zZ==r.
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(3.1)

(3.2)

(3.3)

(3.4)
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4 Radius of starlikeness and convexity
The radii of close-to-convexity, starlikeness and convexity for the class L(v, «, 8) are given in this section.

Theorem 4.1 Let the function f € T belong to the class L(7y,, 3), Then f(z) is close -to-convex of order 6,
0 <6 <1 in the disc |z| < r, where

(L= 6) [1+p( — DI L+ B2y - D] {3+ (1 — ) =]

;= inf 4.1
T S 26vj(1 - a) (0
The result is sharp, with extremal function f(z) given by (2.3).
Proof. For given f € 7 we must show that
lf'(z) =1 <1-6. (4.2)

By a simple calculation we have

1f'(z) =1 < Y jalel

j=t+1
The last expression is less than 1 — ¢ if
oo .
J t
Jj=t+1

Using the fact that f € L(v, «, 8) if and only if

§ e -+ 5 1) A i
et 20v(1 — «) 7=
(4.2) holds true if
i s eI sey ) {2 + (=) B}
1-46 T 4 26v(1 — «) ’
j=t+1

Or, equivalently,

& =0 DI L+ By - D"+ () G
2 < ) 2301 —a) ’

j=t+1

which completes the proof. m

Theorem 4.2 Let f € L(,,3). Then
1. f is starlike of order 6, 0 < é < 1, in the disc |z| < ri where,

_[u-onseG - ser {40 - S
TS 26v(1—a) (j - 5) '

2. [ is convex of order 6, 0 < § < 1, in the disc |z| < ro where,

[0 uG - )+ By - 1) {ygn 4+ (- 2=l
r2 = jgtlﬂ 26vj(j—1) (1 —a) .

Each of these results is sharp for the extremal function f(z) given by (2.5).
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Proof. 1. For 0 < 6§ < 1 we need to show that
/
ZJ{(S) - 1‘ <1-6. (4.3)
We have - .
2f'(2) B 1‘ < Zj:t+1(] —1)aj [2]
f(2) 1= Z_?it-&-l a; |z|'

The last expresion is less than 1 — 6 if

j—96
Z (176)aj|z\t<1.

J=t+1
Using the fact that f € L(y, a, 8) if and only if

5 (U G = D] 1+ B — )] {757 + (1 - ) G
20v(1 — )

j=t+1

aj<1.

(4.3) holds true if

j—20 | ‘t [1 + ,U(.] - 1)] [1 + 6(2V — 1)] {/-Y.]n + (1 - ’Y) (:,J(rf:ll))" }

1-6 20v(1 — )

Or, equivalently,

(1= 8) [1+ (G = DI+ Bv = D] {rjm + (1 — ) Y=}
200(1—a) (j — 9) ’

|2l <

which yields the starlikeness of the family.
2. Using the fact that f is convex if and only zf’ is starlike, we can prove (2) with a similar way of the proof
of (1). The function f is convex if and only if

l2f" (2)] < 1-6. (4.4)
We have
2f" () < | Y GG —Dagle| 7t <1-6
j=t+1
3 ]7(1]75)‘” 2]t < 1.

j=t+1
Using the fact that f € L(y,a, ) if and only if

o [1+ (= D] [+ B@v = 1] g + (1 - ) S

j:Zt—:H 261/(1*05) a; < 1.
(4.4) holds true if
JG=0) e R DI B0 ] g+ () S
1-46 20v(1 — ) ’

or, equivalently,

(1=8)[1+ (G = D)L+ B2v = D] {75m + (1 - 7) Y=}

t—1
2 < Wi G- a) !

which yields the convexity of the family. m
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5 Neighborhood Property

In this section we study neighborhood property for functions in the class L(7v, a, 3).

Definition 5.1 For functions f belong to A of the form and ¢ > 0, we define n — € - neighborhood of f by
NI(f) ={g(z) € Az g(z) =2+ ) bz, Y j" |a; = b < e},
j=2 j=2

where 1 1s a fixed positive integer.
By using the following lemmas we will investigate the 7 — e - neighborhood of function in £L(7, o, 3).
Lemma 5.1 Let -1 < <1,ifg(z) =2+ Z;‘;Q bjzd satisfies

= 20v(1 — «)
;]P+1 ‘b7| < m

then g(z) € L(7, a, ).

Proof. By using of Theorem 2.1, it is sufficient to show that

1G-Sy =D o - SR e
20v(1 — a) N 251/(1704)[ + By =1
But ( N
1 w—1 0 4 (1 — ) =L 1
1+ ey - DI{ + 0 - GES)  er 1+ 50— 1))

20v(1 — «) ~ 20v(1 — )

Therefore it is enough to prove that

. j—1)!
Lt (1) e
QUi p) = o 2 <,

the result follows because the last inequality holds for all j > t+1. =

Lemma 5.2 Let f(2) =2 — Y peoapz" €7,7>0,0<a<1,0<B<1ande>0. If% € L(v,a,0),
then

& _ p+1
Z j#*la; < 26v(l —a)(1+€)(t+1) —
vt [+ G — D] [+ 8@ — 1] [yt + 1)+ (1= ) L2
where either p =0 or p = 1. The result is sharp with the extremal function
28v(1 — 1
f(z) - BV( 04)( +€) t : Zt'H, 2 eU.
[ G = D)L+ B0 = D] [+ 1)+ (1 - ) L]
Proof. Letting g(z) = %_;62 we have
= a
= — J J
9(z) =z Z T2 zeU
J=t+1
In view of Theorem 2.3, g(2) = 372, 1;9;(2) where n; >0, 377 n; =1,
91(z) =z
and 08u(1 )
05(2) = 2 — Br(l —a)(1+¢€) S, istrl

[+ (G = DI+ BEv = D] {yim + (1= 9) S
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So we obtain,

20v(1 —a)(1+¢)

9(z) =mz+ Z n;lz —

2]
St - DI+ B = D) g+ (- ) G
L i - 20v(1 — a)(1+e€) i

s [l = D]+ By = D) + (- 7) S

Since n; > 0 and Z;}iz n; < 1, it follows that

= , 20v(1 —a)(1+e)
ap < sup j*H -
j:Zt-&:-l izt L4 (i - D1+ 62 — 1) {w‘" +(1— ) B }

Since whenever p =0 or p = 1 we conclude
20v(1 — a)(1 +¢)
[1+n( = D)L+ By = D] {7im + (1 - ) Y=Y

Wi, p, v, a, B, €) = j°H

is a decreasing function of j, the result will follow. The proof is complete. m
Theorem 5.1 Let p=0 or p=1 and suppose 0 < 3 < 1 and
[t gt = ][+ B2 — 1) [3( 4+ 1) + (1= 7) S8 2801 — a)(1 + )t + 1)

-1<6< ]
[1-+ (e = ] [1+ B2 = 1) [+ 1) + (1 = ) L

f(z) €T and %ﬁ:z € L(vy,a, B), then the n — e-neighborhood of f is the subset of L(\, «, 3), where

2(1 =) {0 [+ pu(t = DI[L+ B = D] [t + 1) + (1= 7) Eh] = By [+ 620 = D] (1 + (¢ + )7 |

e<

(1402 = D] [1+ (e = D) 1+ B2 = D] [+ )+ (1 - ) 2]

nlt!
The result is sharp.

Proof. For f(2) =2 — 3272, |aj] 2, let g(z) = 2 + > s b;jz? be in NZ(f). So by Lemma 5.2, we have

o) (o]
S Fm b =Y a; — b — ay
=2 =2

20v(1 —a)(1+¢€)(t + 1)1

<e+ e
(L alt = D] [1+ B2 — D] [yt 17 + (1 - ) L]

By using Lemma 5.1, g(z) € L(v, «, B) if

20v(1 —a)(1+€)(t+ 1)1 < 20v(1 — )
(1 (= D) [+ 8@ — 1] [+ 1)+ (1 =) E2] — 1+ 00v = 1)

€+

2(1—a) {0y [1+u(t—D][1+B2r—D][y(t+1) " +(1—) L] gy [1+6(20—1D)](1+€) (t+1)7+ }

1 <
that is, & < (102 — D[t p(t— ][4 B 2o— )] [y (4 1)+ (1—) Y

plete. m

and the proof is com-



UNIVALENT HOLOMORPHIC FUNCTIONS, ALINA LUPAS
59

References

[1] A. Alb Lupas, On special differential subordinations using Saldgean and Ruscheweyh operators, Mathematical
Inequalities and Applications, Volume 12, Issue 4, 2009, 781-790.

[2] A. Alb Lupas, On a certain subclass of analytic functions defined by Salagean and Ruscheweyh operators,
Journal of Mathematics and Applications, No. 31, 2009, 67-76.

[3] Sh. Najafzadeh, E. Pezeshki, Some aspects of univalent holomorphic functions involving Ruscheweyh and
Salagean operator, Analele Universit#tii Oradea, Fasc. Matematica, Tom XX (2013), Issue No. 1, 61-70.

[4] St. Ruscheweyh, New criteria for univalent functions, Proc. Amet. Math. Soc., 49(1975), 109-115.

[5] G. St. Sildgean, Subclasses of univalent functions, Lecture Notes in Math., Springer Verlag, Berlin, 1013
(1983), 362-372.



J. CONCRETE AND APPLICABLE MATHEMATICS, VOL. 13, NO.'S 1-2,60-68 , 2015, COPYRIGHT 2015 EUDOXUS PRESS LLC
60

Properties on a subclass of univalent functions defined by using a
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Abstract

In this paper we have introduced and studied the subclass RD(d, «, 8) of univalent functions defined by the
linear operator RDY ., f(z) defined by using the Ruscheweyh derivative R"f(z) and the generalized Saligean
operator DY f(z), as RDY , : A— A, RDY  f(z) = (1 —v)R"f(2) +vDX f(2), z € U, where A, = {f € H(U) :
f(2) = 24 ant12™™ 4+ ..., 2z € U} is the class of normalized analytic functions with A; = A. The main
object is to investigate several properties such as coefficient estimates, distortion theorems, closure theorems,
neighborhoods and the radii of starlikeness, convexity and close-to-convexity of functions belonging to the class
RD(d, o, B).

Keywords: univalent function, Starlike functions, Convex functions, Distortion theorem.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and H(U) the space of holomorphic
functions in U.
Let A, ={f e HU): f(2) =2+ apns12" +..., 2€ U} with A; = A.

Definition 1.1 (Al Oboudi [8]) For f € A, X >0 and n € N, the operator DY is defined by DY : A — A,

Df(z) = f(2)
D) f (2) (1 =X f(2) +Azf'(2) = Daf (2), -
Dy f(z) = (=N D3f(2) +Az(DRf(2) = Da(Dif (), z€U.

Remark 1.1 If f € A and f(2) = 2+ Y 250,27, then DY f (2) = 2+ 372, [L+ (j — D) A" a;27, z € U.
For A =1 in the above definition we obtain the Sdaldgean differential operator [13].

Definition 1.2 (Ruscheweyh [12]) For f € A, n € N, the operator R™ is defined by R™ : A — A,

Rf(2) = f(2)
R'f(2) = zf'(2), ..
(n+ 1) R"™Mf(2) = 2(R"f(2)) +nR"f(z), ze€U.

Remark 1.2 If f € A, f(2) = 2+ 372 a2, then R"f (2) = 2 + 372, %aﬂj, zeU.
Definition 1.3 /3] Let v, A > 0, n € N. Denote by RDY , the operator given by RDY ,: A — A,
RDY, f(2) = (L =7)R"f(2) +7D3f(2), z€U.

Remark 1.3 If f€ A, f(z) =2+ Zjiz ajz?, then
RDY_ f(2) =2+ 32, {7[1 +G-DN"+(1—7) %}aﬂ] zeU.
This operator was studied also in [4], [6], [7], [9], [10].
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Remark 1.4 Fory =0, RDY f(z) = R"f(2), where z € U and for v =1, RDY | f () = D} f (z), where z € U.

For \ =1, we obtain RDY , f (2) = L. f (2) which was studied in [1], [2] and [5].
We follow the works of A.R. Juma and H. Ziraz .

Definition 1.4 Let the function f € A. Then f(z) is said to be in the class RD(d, o, B) if it satisfies the following

criterion:

|1( z(RDgfﬁf(z))’+0zz2(RDz\lﬁf(z))” )
d*(1—a)RDY_ f(z) + az(RDY  f(2))
whered€e C—{0},0<a<1,0<p<1,2z€U.

| <8,

(1.1)

In this paper we shall first deduce a necessary and sufficient condition for a function f(z) to be in the class
RD(d,a, ). Then obtain the distortion and growth theorems, closure theorems, neighborhood and radii of univa-

lent starlikeness, convexity and close-to-convexity of order ¢, 0 < § < 1, for these functions.

2 Coefficient Inequality

Theorem 2.1 Let the function f € A. Then f(z) is said to be in the class RD(d, o, 3) if and only if

S (Ut alj — 1) — 1+ Ald) {v L4 G- DA +(1— ) } < Bldl,

Jj=2

whered € C—{0},0<a<1,0<8<1,2z€U.

Proof. Let f(z) € RD(d, o, 3). Assume that inequality (2.1) holds true. Then we find that
HRDR,J()) +a(RDR S
(1 —a)RDY_ f(2) +az(RDY_, f(2))
- |z;";2<1 +ai = D)6 - D {7+ G- VA" + (1 -7) S g

(0 al— 1) (Y L+ G = DA + (1 —7) G o,

_ TS0 taG -G - (Y04 G = DN + (1= ) G L oyl

1= %0 +a( - 1)) {7 [+ G = DA™+ (1) S } a;|2i-1

Choosing values of z on real axis and letting z — 17, we have

(n+j5—1!
n!(j—1)!

< Bld|.

= . ) . n n+qj—1)!
>+l = 1) =1+ 84 {1+ G~ DA + (1= S b o, < i
= ! !
Conversely, assume that f(z) € RD(d, a, 3), then we get the following inequality
2(RDR, f(2)) + az®(RDY f(2))"
(1 —a)RDY_ f(2) + az(RDY_ f(2))
2+ D1+ ali = D) {3 [+ G = DA + (1 - 7) S L a2
2+ N2, +aG - D) {1+ G- DA+ (1 - ) S 0y
Bldlz + 3320+ ali = 1) — 1+ 8la) {7 [T+ G = DA + (1 - 7) GEH L 0y
2+ Dy +aG - D) {1+ G- DA" + (1) S by

Since Re(—e'?) > —|e?’| = —1, the above inequality reduces to

fldr = a1 +al = )G~ 1+ 8D {y [+ G- DA+ (1= S par

r=3 21+ a(j—1)) {7 14+ (G —DA" +(1—-9) (:Ijj:f))!! } ard

Letting » — 1~ and by the mean value theorem we have desired inequality (2.1).
This completes the proof of Theorem 2.1 m

Re{ ; — 1} > —pld|

Re{

—1+pd|} >0

e

> 0.
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Corollary 2.2 Let the function f € A be in the class RD(d,«, 3). Then
0 < Bld]| . T 122
(L+a( = 1)G =1+ Bld) {3 [+ G = VA" + (1 - ) G |
3 Distortion Theorems
Theorem 3.1 Let the function f € A be in the class RD(d,a, 3). Then for |z| =7 < 1, we have
gld| 2
- n T S f z
Ao+ A+ A+ - nmrn =
r—+ Bld| r2.
T ()@ 4Bl [y (LN 4 (=) (n+1)]
The result is sharp for the function f(z) given by
Ald| 2
flz) =2+ - z .
B = ) B (L AT (L) (n 5 D)
Proof. Given that f(z) € RD(d, «, 3), from the equation (2.1) and since
L+ )1+ pld) [y (1+N)" + (1 =7) (n+1)]
is non decreasing and positive for j > 2,then we have
(1+a)A+8ld) [y X+ X"+ (1 —=7)(n+1)] Z
> . n n+j—1)
— ! !
which is equivalent to,
i Bldl__ . (3.1)
= 1+ o)1+ Bld) [y(1+ )"+ (1 =7) (n+1)]
Using (3.1), we obtain
z)=z+ Z a2
=2
2)| < |z| +Zaj\z|j < r—l—Zajrj < T+T2Zaj
j=2 j=2 j=2
pld| 2
<r+ 7 re.
(I+a)d+Bld) [y (1+A)"+ (L =7)(n+1)]
Similarly,
gl .

f z Z 702 - mn T
S A AT A B L+ T+ =)+ 1)
This completes the proof of Theorem 3.1. m

Theorem 3.2 Let the function f € A be in the class RD(d, «, 3). Then for |z| =r < 1, we have
20|d| /
- n r S f z
T B+ @@ =)
< 24|d| .
T ()4 Bd) [y (1 + X"+ (1 =7) (n+ 1)
The result is sharp for the function f(z) given by

gl .

JE) = U A A+ A+ (= (et D]
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Proof. From (3.1)
oo
"(2) =1+ Zjaszl
j=2

20| .
I+ a)@+8ld) [y 1T+ X"+ (1=7) (n+1)]

o0 o0
@) <1=) dalaf ™t <14+ jari ™t <1+
j=2 j=2

Similarly,
26|d|

fl(2)|>1- - r.
S T B L+ T () 1)
This completes the proof of Theorem 3.2. m

4 Closure Theorems

Theorem 4.1 Let the functions fi, k=1,2,...,m, defined by
z)=z+ iaj)kzj, ajr >0, (4.1)
be in the class RD(d, «, ). Then the function h(z) defined by
z) = i“kfk(z)7 g 2> 0,
k=1

is also in the class RD(d, a, 3), where

Zﬂk =1
k=1

Proof. We can write

= Z Pm? + Z Z ! =z + Z Z 1 12

k=1 k=1j=2 j=2k=1

Furthermore, since the functions fi(z), k = 1,2, ..., m, are in the class RD(d, «, ), then from Theorem 2.1 we have

(n+j-1)!

n!(j—1)! }aj’k<6|d

S+l = D) ~ L+ Al {1+ G~ DA + (1=
Jj=2
Thus it is enough to prove that

S+ al = D)~ L+ 8l {1+ G~ DA + (1= B }(Zukaj,>=

n!(j—1)!

guk; LtaG= 1) - 1+ gl {1+ G- 0+ (- S

m

<> wBld| = Bld.

Hence the proof is complete. m

Corollary 4.2 Let the functions fr, k = 1,2, defined by (4.1) be in the class RD(d, o, 3). Then the function h(z)
defined by

is also in the class RD(d, o, ).
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Theorem 4.3 Let
fl(z) =z,

and
fi(z)=z+

Bld] P ) > 2
1 ; i n n+j—1)! )=
(1+a - 1)~ 1+ Al {7+ G- DA + (1) B

Then the function f(z) is in the class RD(d, a, 3) if and only if it can be expressed in the form:

f(2) = nifi(z) + Zu]fj

whereulzo, M]203]22 andﬂl"‘Z;.;QMj:l

Proof. Assume that f(z) can be expressed in the form

f(2) = fi(z) + Zujf]

S Bld| j
=z+ . 2
2 v 001 G+ G- DA+ (- Sy

Thus

= (1+a(j—1)( — 1+ 8ldl) {v[l +E-DN"+(1-7) S’;@?‘:ﬁﬁ}
3ld| '

e

(L+a(G=1)G =1+ 8ld) {3 [+ G - D" + (1 - ) GH=H

Hence f(z) € RD(d, a, B).
Conversely, assume that f(z) € RD(d,a, ).

Bld| -
(n+7 1)!}“]’ = ZQ“J' =l-pm <1
J:

Setting
(La(G = D)G =1+ Bld) {7 [+ (G = DA + (1 - ) L
since -
py =1-— ZN]*
j=2
Thus

f(2) = fi(z) + Zujfj

Hence the proof is complete. m
Corollary 4.4 The extreme points of the class RD(d, «, 3) are the functions

fl(z) =2,

and

8ld y
(L+a(-1)G—1+8d) {0 +G - DN"+ Q-7 S

fj(Z) =z+

64
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5 Inclusion and Neighborhood Results
We define the - neighborhood of a function f(z) € A by
Ns(f)={9e€A:g(z —z—i—szj and Z]|a] bj| <6} (5.1)
Jj=2 Jj=2
In particular, for e(z) = 2
Ns(e) ={g € A:g(z —z+Zb23 and Z]|b\<5} (5.2)

Furthermore, a function f € A is said to be in the class RD*(d, o, 8) if there exists a function h(z) € RD(d, o, ()
such that
‘—2—1'<1—57 2eU, 0<E< L. (5.3)
(2)

Theorem 5.1 If

L g-nar s a-n BHE s pas s a -], 52
and
5o 20d|
(I4+a)@+8ld) [y 1T+ X"+ (1 =5) (n+1)]
then

RD(d,«, ) C Ns(e).

Proof. Let f € RD(d,«, 3). Then in view of assertion (2.1) of Theorem 2.1 and the condition
(B0 - DN+ Q=) S > b (140" + (1= 7) (n+ 1)) for j > 2, we get

(1+a)A+6ld) [y X+ X"+ (1 —7) (n+1)] Z
ad . n n+j—1)!
; (I+a(i-1)) J—1+6Id|){7[1+(J—1))\] +(1—7)(n!(j‘]7_1)!)}aj < fldl,
which implise
Bl
Z S T+ A RO+ 0 + A=) D] o4
Applying assertion (2.1) of Theorem 2.1 in conjunction with (5.4), we obtain
(L+a) (L +Bld) by (L+ X" + (1 =) (n+1)] Y a; < Bld],
=2
214+ )(L+Bld) [y 1+ A"+ (1 =) (n+1)]>_a; < 26/d]
j=2
23|d| _
3 i < AT+ B G 1+ A + (- @D

j=2

by virtue of (5.1), we have f € Ns(e).
This completes the proof of the Theorem 5.1. m
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Theorem 5.2 If h € RD(d,a, 3) and

6 (1+a)d+8d)[yA+N)"+ (1 =) (n+1)]
2(1+a)(I+pld) [y (1+X2)" + (1 =) (n+1)] = Bld|’

f—1- (5.5)

then
Ns(h) € RD*(d, a, 3).

Proof. Suppose that f € Ns(h), we then find from (5.1) that
D ila; —b;| <6,
j=2
which readily implies the following coefficient inequality
> laj —bs] <
=2

Next, since h € RD(d, «, ) in the view of (5.4), we have

3 Bld|
2 bi< A+a)1+8ld) A+ N +(1—7) (n+ 1) (5.7)

N O

j=2
Using 5.6) and (5.7), we get
f(z) ‘ 2 2a laj —bjl 8
— 1< o =
) L=2=b 7 (1 - <1+a>(1+md|)hgfl»wu—w)(nﬂﬂ)
0 (+a)48d)y(1+N"+ (1= (n+1)] ¢
T 2(1+a)1+8ld) [y (1 +N)" + (1 =) (n+1)] - Bld] ’

provided that £ is given by (5.5), thus by condition (5.3), f € RD*(d, o, 3), where ¢ is given by (5.5). m

6 Radii of Starlikeness, Convexity and Close-to-Convexity

Theorem 6.1 Let the function f € A be in the class RD(d,«,3). Then f is univalent starlike of order 6,
0<6<1,in|z| <ry, where

r1 = inf
J

(1=8)(1+al = D)6 = 1+ Bld) {3 [L+G = DA+ (1—7) BEHY) T
BldI(T =) |

The result is sharp for the function f(z) given by

Bld| J i>9
o =
(L+a(=1)G =1+ Bld) {71+ G - VA" + (1 —7) G |

Proof. It suffices to show that

fi(z) =2+

ZJ]:(S) —1’ <1-6, |z <r.
Since o . 4
SN EUUY P > S R DL
f(2) 1+Zg 2 aj2F 1 l_zj_2“j|2|j_1 .

To prove the theorem, we must show that

SEa - Dol
1- Z g ajl2li™t T '
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It is equivalent to
oo
> G —=ajlzf Tt <16,
j=2

using Theorem 2.1, we obtain

(1= 81+l = 0)G — 1+ 8d) {31+ G = DA + (1 — ) GE=m L 77
BldI(1 o) '

2| <

Hence the proof is complete. m

Theorem 6.2 Let the function f € A be in the class RD(d,«, 3). Then f is univalent convex of order 6,0 < § <1,
in |z| < re, where

o (1f(s)(1+a(j—1))(1‘—1+6\dl){v[1+(j—1)A]"+(1w) %?’:f))!!} m
ro=in 2 — 8)A)d] '

The result is sharp for the function f(z) given by

Bld| . i>9 6.1
(I al— 1) — 1+ 8d) {7 [1+ G- DA+ (1 -y G 77 "

Proof. It suffices to show that

fi(z)=z+

zf"(2)
<1-4, z| < ro.
7'z) A
Since - ) o )
z2f"(2)| > 230 — Da;z " > 230 — a2~
1) 1+ 3772, jajzi—" 13272, jaglzl !

To prove the theorem, we must show that

> o2 d(j = DaylzP !

= - 6,
1- Zj:Z]aj|Z|j71
> il =8l <16,
j=2

using Theorem 2.1, we obtain

(1= 8)(1+a( = 1)G —1+8ld) {3 [+ G = DA" + (1 - ) G
20— 8)Bld ’

2Pt <

or

(1= 8)(1+a( — 1) — 1+ ld) {1+ G = A" + (1 - 7) B T

o= 3~ 5)0M

Hence the proof is complete. m

Theorem 6.3 Let the function f € A be in the class RD(d, v, 3). Then f is univalent close-to-convex of order 6,
0<6<1,in|z| <rs, where

" (1=60)1+a(j —1))( — 1+ pld) {7 14— DN+ (1—7) (ﬁzg':ll))l!} =
3 ZII} ]5|d| .

The result is sharp for the function f(z) given by (6.1).
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Proof. It suffices to show that

F(2) =1 <1—6, |2 <rs.

Then

z)—1| = Z]a] J-t <Zga |zt

Thus |f/(z) — 1] <1—6if 300, L% L|z|7~1 < 1. Using Theorem 2.1, the above inequality holds true if

or

J=2 1—

(1=6)(1+a( = 1)~ 1+81d) {71+ G = DA+ (1 - 7) Gt}

27t < -
P < Jold|

(1=8)(1 +al = D)6 = 1+ 8ld) {1 [1+ G = DA + (1 — ) SE 7
71 |

2| <

Hence the proof is complete. m
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Abstract

In this paper, we provide an existence result of a fixed point for a
mapping whose domain is C([a, b], E) and its range is a subset of E, where
E is a Banach space and C([a, b], E') the space of all continuous functions
from [a,b] into E. Our proof is different and shorter than the proof given
in [5] by using mild assumptions and omitting an ordering on the space.
Finally we apply the fixed point obtained to give an existence result for
an ordinary differential equation which is known as the periodic boundary
value problem without any lower solution or an ordering on the space as
assumed in [5].

Keywords : PPF dependent fixed points, Razumikhin classes, Partially
ordered sets, Algebraic closedness with respect to a difference.
Mathematics Subject Classification 2000: 54H25, 55M20

1. Introduction and preliminary results

The fixed point theorems for mappings satisfying certain contractive con-
ditions have been continually studied for several decades (see [2,5-11,15] and
references contained therein). Bernfeld et al. [3] proved the existence of PPF
(past, present and future) dependent fixed points in the Razumikhin class for
mappings that have different domains and ranges. After that, Dhage [4] ex-
tended the existence of PPF dependent fixed points to PPF common dependent
fixed points for mappings satisfying the weaker contractive conditions. In 2007,
Drici et al. [5] proved fixed point theorems for mappings with PPF dependence
in partially ordered metric spaces. A natural question may arise that “Is it
possible to obtain the results obtained in [5] without assuming ordering on the
space and furthermore relaxing some assumptions?” The main aim of this paper
is to give a positive answer to this question. In the rest of this section, we need
the following preliminaries.

Suppose that E is a Banach space with the norm || - ||g and I is a closed
interval [a,b] in the real line R. Let Ey = C(I, E) be the set of all continuous

* corresponding author
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E-valued mappings on I equipped with the norm || - | g, defined by
191z, = supllo®)lle Vo € Eo. (1.1)
€

For a fixed element ¢ € I, the Razumikhin class of mappings in Fjy is defined by

Re={¢ € Eo: ||9]lm, = [¢(c)lle}- (1.2)

Recall that a point ¢ € Fjy is called a PPF dependent fixed point or a fixed
point with PPF dependence of a mapping T : Ey — E if T¢ = ¢(c) for some
cel.

Remark 1.1 One can embed the Banach space E into Eqg = C(I, E) by defining
F:E — Egase— F(e) and F(e)(t) = e for all t € I. It is obvious that F is a
well-defined mapping and sup,c; || F(e)(t)|| = |lellg and so F is an isometry.

Definition 1.2 Let A be a subset of E. Then

(i) A is said to be topologically closed with respect to the norm topology if
for each sequence {x,} in A with z,, — x as n — oo implies x € A.

(ii) A issaid to be algebraically closed with respect to the difference if x—y € A
for all z,y € A.

Definition 1.3 A mappings T : Ey — F is said to satisfy the condition of Cirié
type generalized contraction if there exists a real number A € [0, 1) satisfying

IT¢—Tal < Amax{||¢ - oz, l|6(c) — T6 5, ale) — Tal|s.
1
5ll6(e) = Talls + lla(e) ~ 9|1}, (1.3)
for all ¢, € Ey and for some ¢ € I.

Recently, Dhage [4] proved the existence of PPF fixed points for mappings
satisfying the condition of Cirié¢ type generalized contraction (for more details,
for example, refer to [13]) assuming topological closedness with respect to the
norm topology for a Razumikhin class.

Theorem 1.4 (Dhage, [4]) Suppose that T : Ey — E satisfies the condition
of Ciri¢ type generalized contraction. Assume that R. is topologically closed
with respect to the norm topology and is algebraically closed with respect to the
difference, then T has a unique PPF dependent fized point in R..

Question. Is the result of Theorem 1.4 valid if one omit the assumption of
being topological closed of R.?

The following proposition gives an affirmative answer to the question.

Proposition 1.5 The Razumikhin class R. is topologically closed with respect
to the norm topology.
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Proof. Let {¢,} be a sequence in R, converging to ¢. This implies that
Jim [|¢n — Gllm, =0, where [[¢n — ]|, = Sup [¢n(t) — &(1)] -
Therefore
Jim 6nll, = 16l and lim l6n(0)ls = 9(t)]5 for allt eI
Since ¢, € R, for all n € N, we obtain that ||¢n| g, = ||¢n(c)|| . Therefore
1im [16,(0)12 = 1] 2

By the uniqueness of the limit, we have ||¢|| g, = ||¢(c)||z- Hence ¢ € R, and
thus R, is topologically closed with respect to the norm topology. m

Hence, using Proposition 1.5, we can drop the topological closedness with
respect to the norm topology for R. in Theorem 1.4.

The following example shows that despite of the closedness of Razumikhin
class R, the algebraical closedness with respect to the difference of Razumikhin
class R, may fail.

Example. Let Ey = C(]0,1],R) and ¢ = 1. If we take ¢(z) = 2% and p(x) =z
then ¢, ¢ € R, while ¢ — ¢ € R..

Proposition 1.6 If the Razumikhin class R. is algebraically closed with respect
to the difference, then R. is a convez set.

Proof. Since R. is algebraically closed with respect to the difference, we have
Re — Re € Re. Using the fact that —R. = R, we obtain that R, + R, C R..
Since AR. C R.. for all A € [0,1], we get that AR. 4+ (1 — A)R. C R.. Hence
R is a convex set. W

One can verify that Razumikhin class R, is a cone (i.e., A\¢ € R, for each
¢ € Re. and A > 0). Then by applying the previous theorem, we obtain that
Razumikhin class R, is a convex cone (also closed).

We need the following famous Banach contraction principle.

Theorem 1.7 ([1]). Let (X,d) be a complete metric space and let T be a
contraction on X, i.e., there exists v € [0,1) such that d(Tx,Ty) < rd(z,y) for
all x,y € X. Then T has a unique fized point.

2. Main results
In this section we investigate a PPF dependent fixed point in Ey for the map-
ping T : Eg = C(I,E) — E, where E is a Banach space with the norm | - ||

and [ is a closed interval [a, b] of the real line.

In 2007, Drici et al. [5] proved the following fixed point theorems for map-
pings which are PPF dependent in a partially ordered metric space.
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Theorem 2.1 (/5]) Let (E,d, <) be a partially ordered complete metric space
and T : Eg — E is a mapping, where Eg = C(I, E). Assume that

(i) T is nondecreasing;

(ii) for all ¢, € Ey with ¢ < «,d(To, Ta) < kdo(¢, ar), where do(¢p, ) =
maXsers d((b(S), Oz(S)) and k € [Oa 1)a

(iii) There exists a lower solution ¢g such that ¢o(c) < Tdo;

(iv) T is continuous or if {¢,} is a nondecreasing sequence in Ey converging

to ¢ € Ey, then ¢, < ¢ for alln € N.
Then T has a PPF dependent fixed point in Ey.

Theorem 2.2 (/5]) Assume that the conditions (ii), (iii) and (iv) of Theorem
2.1 hold. Let Ey be such that for any nondecreasing sequence ¢, converging to
o* € Fy, ¢n < ¢*. Then T has a PPF dependent fized point.

It is difficult to define a partial ordering on the metric space in order to
guarantee the assumptions of the aforementioned theorem. It is more difficult
when the metric space is uncountable. Hence it is natural to ask whether we
can obtain the result of Theorem 2.1 and Theorem 2.2 without having an order
on the space with mild assumptions. We will answer the question as follows.

Theorem 2.3 Let (E, d, <) be a complete metric space and T : Eg = C(I, E) —
E be a mapping. If the following inequality holds

d(T¢7 TO[) < kdo((ba O[) = ksup d((b(S), OZ(S)), V(ba (ORS EO) (21)
sel

then T has a PPF dependent fized point in Ey.

Proof. We can embed E into Ey by defining F' : E — Ej as F(e)(t) = e
where e € F and t € I. In other words we suppose an element of E as a constant
function of I into E. Moreover

ddﬂ%FUD:gyWWMWFUWD:M%ﬂhﬁGE-@@
This means that F' is also an isometry from E into Ey. Now the composition
FoT of F and T is a mapping on Fy and Ej is a complete metric space with
respect to the metric do(¢, ¢) = sup,c; d(o(t), p(t)). It is obvious from (2.1) and
(2.2) that FoT is a contraction on Ey and so by using Theorem 1.7, FoT has a
unique fixed point ¢* € Ey. Hence F(T(¢*)) = ¢* and so

T(¢")(t) =T(¢") = ¢"(t), Vtel.

This completes the proof. m
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Remark 2.4 From the proof of Theorem 2.2 one can inform that the fived
point is unique and if xo = ¢ € Eqy then the sequence {x, = FoT (tn_1)}n>1 1S
convergent to the fixed point.

Example 2.5 Let E R,[a,b] =[0,1], and T : Ey = C([0,1],R) - E =R be
defined by T(¢) = —1¢(1 ) for all ¢ € Ey. One can check that T cannot fulfill
all of the assumptzons of Theorem 2.1 and Theorem 2.2 while it satisfies the
conditions in Theorem 2.3 and its PPF fized point is the zero function, i.e.,

¢(t) =0, for all t € [0, 1].

3. Applications

As an application of Theorem 2.3 we consider the following ordinary differen-
tial equation which is known as the periodic boundary value problem (in short,
PBVP) without any lower solution assumed in [5] and free of considering an
ordering on the space;

(1) = f(t x(t), 1), (2.3)
xo = ¢o € Cﬂ[ Ta ]IR]::
2(0) = 2(J) = go(0);t € I = [0,.]]

where f € C[[-7,0] x R x D] and x¢(s) = z(t+s), Vse€[-70].

Assume that,

0 < (f(t,x,9)+Ax)—(f(t,y, )+ Ay) <p sup |p(s)—tp(s)], VYV 0<p <A

—7<5<0

Then the (PBVP) has a unique PPF dependent fixed point.

By using the same method as given in [5] and for the sake of the reader we
present the sketch of the proof.
Put

z (t) + dx(t) = o(t),
To = o, (2.4)
z(0)=z(J), Vitel.

and so we have
x@)—-xUDeAt+l/¢eA“S)U@ﬂds, (2.5)
0
and then using x(0) = z(J), we get
z(0)(1 —e ) =e /J Mo (s)ds,
0

and so
67)\‘] J As
0
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Substituting (2.6) into (2.5), we deduce that

J
x(t):/o G(t,s)o(s)ds, (2.7)
where

A(J+s—t)
{ %, 0 S s<t< J,

Now adding Az (¢) to both sides of (2.3) we get

{ x/(t) +2x(t) = f(t,x(t), x¢) + Ax(t) = F(t, 2(t), 24), (2.8)
T = ¢o, x(0) = x(J) = ¢0(0).

Define
E1 ={w:= (x)ter : @ € D,z € C[[0,1], R], 2(0) = (J) = ¢0(0), 20 = ¢po € D},
together with

do(wy := (T¢)ter, w2 := (Y¢)ter) =sup sup |x(s) — y(s)|.
tel —17<s<0

Now define S : F1 — R as

S(w) = S((xe)ter) = /07' G(t,8)F(s,x(s), xs)ds.

As proved in [5] S is a contraction and (E1,dp) is a complete metric space
and so it follows from Theorem 2.3 that S has a unique PPF fixed point and
this completes the proof.
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Abstract

Let f € C°([-1,1]), s€ N and L* be a linear right fractional differen-
tial operator such that L* (f) > 0 on [—1,0]. Then there exists a sequence
Qn, n € N of polynomial splines with equally spaced knots of given fixed
order such that L* (Qn) > 0 on [—1,0]. Furthermore f is approximated
with rates right fractionally and simultaneously by @, in the uniform
norm. This constrained right fractional approximation on [—1,1] is given
via inequalities invoving a higher modulus of smoothness of f(*).

2010 AMS Mathematics Subject Classification : 26A33, 41A15, 41A17,
41A25, 41A28, 41A29, 41A99.

Keywords and Phrases: Monotone Approximation, right Caputo fractional
derivative, right fractional linear differential operator, modulus of smoothness,
splines.

1 Introduction

Let [a,b] C R and for n > 1 consider the partition A, with points z;, =
a+1i (}’_T“), i=0,1,...,n. Hence A,, = maxi<;<p (Tin — Ti—1.0) = }’_T“

Let Sp, (Ay,) be the space of polynomial splines of order m > 0 with simple
knots at the points x;,, ¢ = 1,...,m — 1. Then there exists a linear operator
Qn: Qn = Qy (f), mapping B [a,b]: the space of bounded real valued functions
f on [a,b], into Sy, (A,) (see [4], p. 224, Theorem 6.18).

From the same reference [4], p. 227, Corollary 6.21, we get
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Corollary 1 Let 1 < o < m, n > 1. Then for all f € C°"1a,b]; r =

0,...,0—1,
b —a o-r=1 (b*l) b —a
S Cl Wm—o+1 f [ (1)
o] n n

where Cy depends only on m, Cy = C1 (m).

(Faeyely

o—r—1

By denoting Cy = C1 maxg<,<o—1 (b —a) we obtain

Lemma 2 ([1]) Let 1 < o0 < m, n > 1. Then for all f € C°71a,b]; r =
0,...,0—1,

|7 - _ <

n

C s_1) b—a
Fﬁqwm—aﬂ (f( 1)7>, (2)

where Cy depends only on m, o and b — a. Here wy,—,11 is the usual modulus
of smoothness of order m — o + 1.

We are motivated by

Theorem 3 (/1]) Let h,k,0,m be integers, 0 < h <k <o—1, c < m and
let f € C° ' a,b]. Let aj(z) € Bla,b], j = hyh+1,....k and suppose that
ap(x) > a>0o0rap(r) < B <0 for al x € [a,b]. Take the linear differential
operator

k &
L=Y aj(2) ] (3)
j=h
and assume, throughout [a,b],

L(f)=0. (4)

Then, for every integer n > 1, there is a polynomial spline function @, (x) of
order m with simple knots at {a +1 (b;"') ,i=1,...,n— 1} such that L (Qy) >
0 throughout [a,b] and

50— qp

C b—
S o—k—1 Wm—o+1 (f(a_1)7 a) ) 0 S T S h. (5)

[e%e) n n
Moreover, we find

< Lw'm—o’-i-l <f(61)7 b_na) 5 h+1 <r<oc- 1, (6)

0o ncff'rfl

|50 -t

where C' is a constant independent of f and n. It depends only on m, o, L, a,b.

Next we specialize on the case of a = —1, b = 1. That is working on [—1,1].
By Lemma 2 we get
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Lemma 4 Let 1 < o < m, n > 1. Then for all f € C°7 ' ([-1,1]); j =
0,1,...,0 —1,

, , C 2
@ _ oW 2 (o-1) 2
Hf @ Hoo = emimr¥meot (f ’n> ’ @
where Cy := Cy (m, o) := Cy (m) 277 1.
Since
2 1
(c—1) = <2m,—cr+1 (c—1) —
Wm—o+1 (f ) n) >~ Wm—o+1 (f ) TL) (8)

(see [2], p. 45), we get

Lemma 5 Let 1 < 0 < m, n > 1. Then for all f € C°71([-1,1]); j =
0,1,..,0 —1,

&

4 4 1
Hf(” —QY|| < —wmon (f(" 1),>, (9)

n
where C5 = C5 (m,0) := Cy (m)2™.

We use a lot in this article Lemma 5.

In this article we extend Theorem 3 over [—1, 1] to the right fractional level.
Indeed here L is replaced by L*, a linear right Caputo fractional differential
operator. Now the monotonicity property is only true on the critical interval
[—1,0]. Simultaneous fractional convergence remains true on all of [—1,1].

We make

Definition 6 (/3]) Let a > 0 and [a] = m, ([-] ceiling of the number). Con-
sider f € C™ ([—1,1]). We define the right Caputo fractional derivative of f of
order a as follows:

(Ot @0 =l [ a=am  ga, (10)

for any x € [—1,1], where T is the gamma function.
We set

DY_f(z) = f (),
D" f () = (=1)" f") (x), Vae[-1,1]. (11)
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2 Main Result

Theorem 7 Let h,k,o,m be integers, 1 < 0 < m, n € N, h is even, with
0<h<k<o—-2andlet fe C(-1,1]), with f=Y having modulus
of smoothness wy,—s11 (f("fl),d) there, 6 > 0. Let o (x), j = h,h +1,...,k
be real functions, defined and bounded on [—1,1] and suppose ay (x) is either
>a>0o0r< B <0 on[-1,0]. Let the real numbers ap =0 < a3 < 1 <
ay <2< ...<ay_9<0—2. Here D{? f stands for the right Caputo fractional
derivative of f of order a; anchored at 1. Consider the linear right fractional
differential operator

k
= Zaj (x) [Dfi] (12)
j=h
and suppose, throughout [—1,0], L* (f) > 0.
Then, for every integer n > 1, there exists a polynomial spline function
Qn () of order m > 0 with simple knots at {71 Jrz%, 1=1,...,n— 1} such
that L* (Qn) > 0 throughout [—1,0], and

sup [(DYf) (2) — (D17 Qu) (2)] <
—1<x<1
29— Cs o-1) 1
: m—o 7 [ I 13
j=h41,..,0-2.
Set
l; ;== sup ’ah (x)aj(x)], h<j<Ek. (14)
ze[—1,1]

When j =1, ..., h we derive

sup [(DF24) () ~ (D2Qu) ()] < T2 ( flo-), 1) _

—1<z<1 n

oT—ar 2h aj—A 2j—aj
Zz Z + ——
T(r—a,+1) AL (h—a; —A+1) I'(j—oa;+1)

(15)
Finally it holds
sup |f (z) = Qn (2)] <
—1<z<1
Cy e 1)L K gr—ar
no—k— 1uhn o+1 (f ) Bl jg: (T A'd:i;ij +1 (16)

Proof. Set ag =0, thus [ag] = 0. We have [a;] =j,j=1,...,0 — 2.
Let @, as in Lemma 5.
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We notice that (z € [-1,1])

[(DT2F) (@) = (D12Qn) (#)] =

1 ! 1 ! 1
coea | [ e @a [e-w o e - an)
J x T
1 ! i , ,
TG—a) / (t—a)y = (fm () — QY (ﬁ)) dt‘ <
] xT
1 ! i , 4 ©)
comay [ 0 - o e < (18)
J x
1 1 jma; -1 C3 (-1 1
TG —aj) </ (o)t ) i eomeen \F70 5 ) =
1 (-2 o w1 1\ _
T(G—aj) (—ay) noato ot )= (19)
(1 _m)j_aj C; (c—1) 1
. _ —)<
L(j—a;+1) pr—i1om=a+1 | f ‘n)
97 Cy o 1
: _ 7 — . 2
F(j—Oéj+1) nofjflwm o+1 <f ' n ( O)
Hence
o a; 207 C; (oc—1) 1
Hlef - DliQ”Hoo,[—l,l] = L(j—a;+1) no—j—l(“)m*‘f+1 (f n )
(21)
G=0,1,.,0—2.
We set
c o, 1) (37 Cl
= Clwm—o 7Ty — §— , . 22
Pn 2W +1 (f n) J;L Jr(j_aj+1)no—]—1 ( )

I. Suppose, throughout [-1,0], ay, (z) > @ > 0. Let Q, (z), x € [-1,1], the
polynomial spline of order m > 0 with simple knots at the points z;,, i =
1,..n—=1,0n[-1,1] (z; = —1+i2,i=0,1,...,n, here A, = 2), so that

h

Qcy x Qi
_max |Di2 (f () +pnh!> — (D2@Qn) ()] <
21— Cs (1) 1
; m—o 7 s ] 2
I'(j—a;+1) no—i-1% + (f n (23)

i=0,1,...,0—2.
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When j =h+1,...,0 — 2, then

_max (DY f) (@) = (DY2Qn) (#)] <
29— & o-1) 1
I'(j—a;+1) po—i—10m=otl (f ‘n)’ (24)
proving (13).
For j =1,...,h we find that
2h h h—j 1 )hfaﬁ)\
D{? ( ) = (25)
! );) AL (h—a; —A+1)°
Therefore we get from (23)
h—j A h—aj—X
a g (DT (2™ a
J _ _ J <
00 @ (0 B G - o) o) <
(26)
2% & (o-1) 1
I'(j—a;+1) po—i—1m=otl <f ‘n)’
j=1,..h
Therefore we get for j = 1,..., h, that
max |(Df) (2) = (DV2Qn) (@)] < (27)

—1<x<1

h .
2hmei A 2 Cs 1
(o-1) =) _
(Z )\IF h_a _)\+1)>+F(j_aj+1)ng_j_1wm—o+1 (f an>

A=0
Cowm—o+1 (f(g_l ) Zl (

2777

j—aj +1)n‘7 i-1

h—j h—o;—X j—a; .
Z 2 n 27 Cg omon [ £ 1\ _
/\'F(h—ozj—/\—kl) F(j—aj+1)n”—3—1 "n

A=0

k oi—o;
Crwm—o (01)’1> 1ﬁ . 28
— C oy rt)

h—j 2h—o¢j—/\ 2j—aj 1
E + = - <
AL (h—ao; —A+1) I'j—a;j+1)no—i-1

1y 1 a ‘
* (o-1) =} - - -
Citonerir (#1770 2) iy | [ L0 G
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h= Qh—a;—A 97 =0
Z::)\'F(h—aj ) TGt D

Hence for j =1, ..., h we derived (15):

—1<z<1 n

max |(D?if) (.’If) — (D;XiQn> (37)| S %Wmfodrl <f(g_1)a 1) :

oT—ar 2h aj—\ 2j—aj
Zz Z + ——
T(r—a,+1) AL (h—a; —A+1) I'(j—oa;+1)

When j = 0 from (23) we obtain

h
T
_max f(z)+ Pngy — Qn ()

s (o-1) 1
S Fw'm—a+l <f 75 .

And o 1
_ Fn (e—-1) =) —
s @) = Q) < 2 o (7002

k
Cy o1 1 9T—ar
7 Ym—o 7 y lT
T + (f n Tgh F(t—a,+1)no—7"1
C; oy 1

n021wm o+1 <f( 2 7’L> =

1 k
Cgwmfodrl <f(o_1)7 )

n

e

h! "T(r—a; +1)no—7-1  npo-1|—=
Cik w f(o 1) 1 1 il 2T +1

po—k—1mootl B! F'(r—a-+1)

+

Proving

max |f (z) = Qn (z)] <

—1<z<1

k
C3 1\ |1 gr—ar
2} Wm—o+1 (f(al), ) [ l _— + 1

no—k-1

So that (16) is established.
Also if —1 <z <0, then

. h—ap,
(@) L (Qn (2) = a; ' (z) L* (f (2)) + pnp((lho)MJr
Zah 2) |:DaJ Qn (z) — DY f(z) — %Df‘ixh (223)

(30)

(31)

(32)

(33)

(35)

82



Spline right fractional monotone approximation
involving right fractional differential operators
George A. Anastassiou

(1 - T/)h " 92— C’; (0—1) 1 B
pnm Z ] — Oy —+ ]_) ne—Ji— 1w’m—o+1 f ) E =

(1—z)' (1—z)"

~~ Y ., = v
Prth—ap+1) p”lr(h—ahﬂ)

P [(1 — )" T (h—an+1)

S 1—F(h—ah+1)
T(h—an + 1) = P

T (h—an+ 1) ]20' (36)

Explanation: We know that I' (1) = 1, I'(2) = 1, and I" is convex and positive
n (0,00). Here 0 < h—ap < land 1 < h—ap+1<2. ThusT'(h—ap, +1) <1
and 1 —T'(h—ap +1) > 0. Hence L* (@, (z)) >0, z € [-1,0].
IT. Suppose on [—1,0] that ap (z) < 8 < 0. Let @, (x), € [-1,1], be the
polynomial spline of order m > 0, (as before), so that

. zh a
_max 1Dy? (f () — pnh!) — (D12Qn) (2)] <
210 Cy o1 1
I'(j—a;+1) po—i—1m=otl (f ‘n)’ (87)

F=0,1,.,0—2.
Similarly as before we obtain again inequalities of convergence (13), (15) and
(16).
Also if —1 <z <0, then

h—ay,
@)L (@) =0 @) L (@) = pup et (39)
Zah (@)t (@) [ D5 Qu (2) — D2 f (2) + 22 (D32 )] '€

o k .
(L—a) S 2 G ( -1 1)
— + l A - m—ao (a )77 = 39
p”F(h—ah—i—l) j:hjf(j—aj—kl)n”—ﬂ—lw s n (39)

m(l‘w =Py (F(hahﬂ) (1z)h_ah>§ (40)

Fh—ah—i—l) ( —Oéh-i-l)
1—1—:1chah
0
(i)
and hence again L* (@, (z)) >0, z € [-1 L]
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Abstract

In the present paper we introduce sufficient conditions for strong differential subordination
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1 Introduction

Denote by U the unit disc of the complex plane U = {z € C: |z| <1}, U={z€C: |z| <1}
the closed unit disc of the complex plane and H(U x U) the class of analytic functions in U x U.
Let

Are ={f e HU xT), f(z,¢) =2+ an1 ()" +..., z€U, (€U},
with A’{C = AZ, where ay, (¢) are holomorphic functions in U for k > 2, and

Hla,n, ¢l ={f € KU x V), f(z,0) =a+an(¢)2" +ans1(¢) " +..., z€U, ¢€T},

for a € C and n € N, ay, (¢) are holomorphic functions in U for k > n.

Generalizing the notion of differential subordinations, J.A. Antonino and S. Romaguera have
introduced in [16] the notion of strong differential subordinations, which was developed by G.I. Oros
and Gh. Oros in [17].

Definition 1.1 [17] Let f(2,¢), H (z,¢) analytic in U x U. The function f(z,() is said to be
strongly subordinate to H (z,() if there exists a function w analytic in U, with w(0) = 0 and
lw(2)| < 1 such that f(z,¢) = H (w(2),¢) for all ¢ € U. In such a case we write f(z,) <<
H(z,(),zcU ¢el.

Remark 1.1 [17] (i) Since f (2,() is analytic in U x U, for all { € U, and univalent in U, for all
¢ € U, Definition 1.1 is equivalent to f (0,¢) = H (0,(), for all{ € U, and f (U X U) CH (U X U) .

(i) If H (2,¢{) = H (2) and f (2,() = f(2), the strong subordination becomes the usual notion
of subordination.

As a dual notion of strong differential subordination G.I. Oros has introduced and developed
the notion of strong differential superordinations in [18].
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Definition 1.2 [18] Let f(2,¢), H (z,¢) analytic in U x U. The function f(z,() is said to be
strongly superordinate to H (z,() if there exists a function w analytic in U, with w(0) = 0 and
lw (2)] < 1, such that H (2,¢) = f(w(2),¢), for all { € U. In such a case we write H (2,{) <=
f(z,0),2z€UCel.

Remark 1.2 [18] (i) Since f (2,¢) is analytic in U x U, for all ¢ € U, and univalent in U, for all
¢ € U, Definition 1.2 is equivalent to H (0,¢) = f(0,¢), for all{ € U, and H (U X U) cf (U X U) .

(i) If H (2,{) = H (2) and f (2,¢) = f (2), the strong superordination becomes the usual notion
of superordination.

Peﬁnition 1.3 We denote by Q* the set of functions that are analytic and injective on U X
U\E (f,¢), where E(f,{) = {y € oU : limf (z,{) = oo}, and are such that f,(y,() # 0 for
z—y

y € OU x U\E (f,C). The subclass of Q* for which f (0,() = a is denoted by Q* (a).
For two functions f(z,() = Z‘*‘Z?ig a; (¢) 27 and g(z,¢) = 2+ Z;’; bj (¢) 27 analytic in U x U,
the Hadamard product (or convolution) of f (z,() and g (z,(), written as (f * g) (2, () is defined by
F (20 %920 =(f*9)( —z+Zag
Definition 1.4 (/1)) For f € A%, A > 0 and m € N, the extended generalized Saldgean operator
DY is defined by DY : A7 — A7,
Dg\f (ng) = f(Z,C)
D}\f(zvg) = (1—>\)f(2,<)+AZf;(Z,C):D)\f(Z,C)
DY f(2,¢) = (L=X)DFf(2,¢) + Az (DXf (2,0)), = Dy (DYf (2,€)), for z€U, ¢€U.

Remark 1.3 If f € Af and f(2,¢) = 2+ Y325 a; (C) 27, then
DY f(2,0) =2+ 352 1+ (G —1) N, (), forz€ U, C€U.

Definition 1.5 ([2]) For f € A%, m € N, the extended Ruscheweyh derivative R™ is defined by
R™ . AZ — A%,

Rof (Z,C) = f('%()
le(Z,C) = Zf; (Z,C)
(m+1)R™f(2,() = 2(R™f(2,Q),+mR"f(2,¢), z€U, (€U,

Remark 1.4 If f € AZ, f(z,() :z—l—Z;?iQaj (¢) 27, then R™f (z, )—z—i-zj o ZZ,JFJJ 11) a;j (¢) #,
2eU, Cel.

Extending the results from [10] to the class A7 we obtain:

Definition 1.6 (/11]) Let A > 0 and n,m € N. Denote by DR\"" : At — Af the operator
given by the Hadamard product of the extended generalized Sdldgean operator DY and the extended
Ruscheweyh operator R,

DRJ™f (2,¢) = (D + B™) £ (2,0).

for any z € U, ¢ € U, and each nonnegative integers m,n.
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Remark 1.5 If f € A7 and f(2,() =z + 3725 a; (¢) 27, then

DRY"f(2,) =z + Zjig 1+ (G —1A™ (:!J(rj:ll))!!a? ()2, forze U, ¢ eU.

Remark 1.6 For m =n we obtain the operator DRY' studied in [12], [13], [14], [15], [3], [4], [5].
For A\ =1, m = n, we obtain the Hadamard product SR™ [6] of the Saladgean operator S™ and
Ruscheweyh derivative R™, which was studied in [7], [8], [9].

Using simple computation one obtains the next result.

Proposition 1.1 For m,n € N and A > 0 we have For m,n € N and A > 0 we have

DRI f (2,¢) = (1= A) DRI (2,¢) + Az (DR f (2,())’" (1.1)

z

and
2 (DR (2,0)), = (n+ 1) DR f (2,0) = nDRY™f (2,€). (1.2)

The main object of the present paper is to find sufficient condition for certain normalized analytic
functions to satisfy
zDRmH’"f z,C
— ( 2) <=2 (2,0),
(DRY""f (2,0))
where ¢ and ¢y are given convex and univalent functions in U x U such that q; (2,¢) # 0 and
g2 (2,() #0,forall z€ U, £ € U.

In order to prove our strong differential subordination and strong differential superordination
results, we make use of the following known results.

q (z,¢) <<

Lemma 1.1 Let @e function q be univalent in U X U_and 0 and ¢ be analytic in a domain D
containing q (U X U) with ¢ (w) # 0 when w € q (U X U). Set Q(z,¢) = 24, (2,() ¢ (¢(2,¢)) and
h(z,¢) =0(q(z,¢)) + Q(2,¢). Suppose that

1. Q is starlike univalent in U x U and

zh (2,4) 77
2.Re(Q(Z’O>>Oforz€U,C€U. -
If p is analytic with p(0,¢) = ¢ (0,¢), p(U xU) € D and

0(p(2,0) + 20, (2,0) ¢ (2 (2,0)) << 0(q(2,0) + 2¢. (2,¢) ¢ (¢ (2,0))

then p(z,() << q(z,¢) and q is the best dominant.

Lemma 1.2 Let the function q be convex univalent in U x U and v and ¢ be analytic in a domain
D containing q (U X U). Suppose that

1. Re(%>>0forzeuﬁeﬁ and

2. Y (2,¢) = 24, (2,¢) ¢ (q (2,C)) is starlike univalent in U x U.

Ifp(2,¢) € H*[q(0,¢),1,¢]NQ*, with p (U xT) € D and v(p(2,)) + 2p. (2) ¢ (p (2,()) is
univalent in U x U and

v(q(2,Q) + 2q; (2,0) ¢ (¢(2,¢)) =< v (p(2,0)) + 21, (2,¢) ¢ (p(2,0)) ,

then q(z,() << p(z,() and q is the best subordinant.
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2 Main results

First, our purpose is to find sufficient conditions for certain normalized analytic functions f such

that
SDRYF (2,0)

(DRY™f (2,0))"°

where g1 and ¢o are given univalent functions.

q1 (2,¢) <= << @ (2,0, z€UCelU,0<6<1,

2 DRI f(2,0)
(DRY™£(=0)" B
0 < 6 <1 and let the function q(z,() be convex and univalent in U x U such that q(0,() = 1.
Assume that

Theorem 2.1 Let € H*(UXU), 2zeU,Cel,fe AZ’ m,n € N, A > 0,

IEACHS) n 2q7> (2,¢)
Q(ZaC) q, (27<)

Re (1 + %q (2,¢)

fora,3€C,3#0,2cU, (€U, and

>>0, zeUCel, (2.1)

SDRYF (2,0)

Py (o, B,6;2,() ==« (2.2)
* (DRY™f(2,0)""
DRy (2,¢) DRY™f (2,¢)
6 1)—1 2) —=2 L (146 1 2 |
B |80 1) = L (0 2) s S = (1 8) (4 ) T2
If q satisfies the following strong differential subordination
VT (@ B852.0) << g Q) + ), (23)
fora,6€C, 8 #0 then
Ky m,n+1
SDR (= ¢) <=<q(zC), z€U ¢CeU, (2.4)

m,n 1+6
(DR f (2.0)"
and q is the best dominant.

z‘SDRT'nJrlf(z,C)

(DR f(2,0))"

6 <1, f € Az The function p is analytic in U x U and p(0,¢) =1
Differentiating this function, with respect to z,we get

: _ DRI 2(DRY"f(20). 2(DEY"1(20)),
sz (Z7 C) - (DRT’nf(Z,C))1+6 + DRT’nJrlf(Z,C) (1 + 6) DR;n’nf(z,C)

By using the identity (1.2), we obtain

I m,n+2
P 1)1+ (n+2) gg;”“jzézyg_
A %

p(2,Q)
DR f (2,¢)
DRY"f(2,0)

Proof. Let the function p be defined by p(z,() := 2€U,Ce€U,z#0,0<

(146)(n+1) (2.5)

By setting 6 (w) := aw and ¢ (w) := g, a, B € C, 8 # 0 it can be easily verified that 6 is analytic
in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
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Also, by letting Q (2,¢) = 2¢, (2,{) ¢ (¢ (2,()) = ﬂzq(zz(gc) we find that @ (z,() is starlike univa-
lent in U x U.

Let h (%) = 0(q (%)) + Q(2,) = ag(2,0) + ZLED 2 e U, ¢ eT.

If we derive the function @, with respect to z, perform calculations, we have Re (z}z;(z’o ) =

z 29"y (2,C)
Re (1 + 5q(z () — qzi C)O + ZZ?Z@ ) > 0.

By using (2.5), we obtain ap (z,() + 52?’32 5 =

SDRPM f(ag DRY"™2£(2,0) DRY"™ 1 f(2,)
(DRT?nf(z’O)M + B [ n+1)—1+(n+2) _A—DR;"’"“f(z,g) —(1+8)(n+1) DRY™F(z0) |
By using (2.3), we have ap (z,() + ﬁipp{z(%q) <=<aq(z,¢) + ﬂqu(lz(z_SO,

Therefore, the conditions of Lemma 1.1 are met, so we have p (z,() << q(z,(), z € U, ( € U,

2 DRY" M f(2,0) = . .
Le. R Te0) <=<q(2,¢), z€ U, ¢ € U, and q is the best dominant. m
A 2,

Corollary 2.2 Letq(z,{)—%, —1<B<A<1,mneN,A>0,zcU, (cU. Assume that
(2.1) holds. If f € Af and

(+ Az
(+ Bz

(A-B)¢z
(C+Az) (C+ Bz)’

fora,eC, #0, -1<B<A<1,0<6<1 where " is defined in (2.2), then

V" (@, 8,852,¢) < @ + 6

PDRYM(2,0) (4 Az
(DRY™"f (z,0))'"°  (+ Bz

and (+Az

B s the best dominant.

Proof. For q(z,() = gig'z, —1< B < A<1,in Theorem 2.1 we get the corollary. m

Theorem 2.3 Let q be conver and univalent in U x U, such that ¢(0,() = 1, m,n € N, A > 0.
Assume that

Re (%q(z,g)> >0, fora, B€C, B#0, 2€U, ¢ €T. (2.6)

ZéDRm’nJrlf( ) mn . . .
* < N * * E) .
IffeAr0<é6<1, R € H*[q(0,¢),L,¢{INQ* and " (o, 5,65 2,¢) is univalent in

U x U, where YY" (a0, 8,65 2,C) is as defined in (2.2), then

00,0 + ZEEL <27 (0,6.6:,0), 2l (T (2.7
implies )
6 m,n—+

q(2,¢) << = DRy™ J(0) zcU, CeU, (2.8)

1+67
(DRY™f (2.0))
and q is the best subordinant.

2 DR F(2,0)

Proof. Let the function p be defined by p(z,() = R
A Zs

0<6<1,feAL

z2eU,(elU,z+#0,
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By setting v (w) := aw and ¢ (w) := ﬁ it can be easily verified that v is analytic in C, ¢ is

analytic in C\{0} and that ¢ (w) # 0, w € C\{O}
Since ¢ is convex and univalent function, it follows that Re (Z;&fgf) = Re <%q (2,¢ )) > 0, for

a,BeC,B#0.
By using (2.7) we obtain

aq (2,) +ﬁ% <= ap(2,0) + p?i 5)
Using Lemma 1.2, we have
Ky m,n+1
0(2.0) <<p(e. = 22 TEG Ly ceT

m,n 1467
(DR (2,0) "
and q is the best subordinant. m

Corollary 2.4 Let q(z,() = $42, -1 < B< A< 1, m,n €N, A > 0. Assume that (2.6) holds.

(+Bz’
* Z DRT "Hf(z,C) * *
Iff € AC; (DRt\n’nf(Z,C))1+6 € H [q (Oag)vlvd mQ and

¢+ Az (A—B)(z
aC+Bz+ﬂ(C+Az)(C+Bz)

fora,BeC, 8#0, -1 < B<A<1, where \"" is defined in (2.2), then

<<\ (o, 8,65 2,€),

¢+ Az SDRY™ N (2,0)
C"‘BZ == (DRm’nf(Z C))l-l-&
A )

and g+—B 1s the best subordinant.

+Bz?
Combining Theorem 2.1 and Theorem 2.3, we state the following sandwich theorem.

Proof. For q(z,() = ?ri —1< B < A<1in Theorem 2.3 we get the corollary. m

Theorem 2.5 Let q1 and qa be analytic and univalent in U x U such that q1 (z,¢) # 0 and g2, # 0,
forall z € U, ¢ € U, with z(q1), (2,¢) and z(q2)., (2,¢) being starlike univalent. Suppose that ¢

satisfies (2.1) and qo satisfies (2.6). If f € AZ, (Z;Zi;:f( g)() )5 € H*[q(0,¢),1,{]NnQ*, 0<6<1
A ’

and Y\ (o, 8,8;2,C) is as defined in (2.2) univalent in U x U, then
qi1 (Za C)

for a, B € C, 8 #0, implies

<N 0, 8,8:2,0) << o (,0) + = =S

aq (z,¢) +

SDRY™ f(2,0)
(DR f (2,0)"*°

and q1 and qo are respectively the best subordinant and the best dominant.

q1(27C)'<'< —<QQ(Z7C)7 66@767&07

For ¢1 (2,¢) = gigii, ¢ (2,¢) = gi—gzi, where —1 < By < By < A1 < Ay < 1, we have the

following corollary.
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Corollary 2.6 Let m,n € N, A > 0. Assume that (2.1) and (2.6) hold for ¢ (z,() = Sz g

25DR;”m+1f(z,() % N C+flz
(DRm’nf(z C))1Jr5 € H [q (07 C) ’ 17 C] N Q and
A I

g2 (2,¢) = gigii, respectively. If f € A7, 0 <6 <1,

¢+ Az (A1 — B1)(z . .
aC+B12 ((+ A12) (¢ + Biz) ==Yy (@, 6,6:2,0)
<= C+A2Z (AQ —Bg) (z

(6% )
C + BQZ (C + AQZ) (C + BQZ)
fora,B€C, B#0, =1 < By < By < A1 < Ay <1, where ¥\"" is defined in (2.2), then
A

C+diz PDRY(2,0)  C+ Az
C+Biz  (DRM™f(2,0)'™° (4B

hence %%1’; and g%;i are the best subordinant and the best dominant, respectively.

Next, our purpose is to find sufficient conditions for certain normalized analytic functions f such
that
aDRY" f (2,¢) + bDRY™ f
(a+0b)z

6
QI(Zag) <—<< (27C)> <<q2(27<)? ZGUaceﬁa

where g1 and g9 are given univalent functions

m+1,n P m,n 2 6 — —
QDR (a4 D ’O) eH (UxT),f €A 2€U, CeT, b,abe

C,6#0,a+b#0, mn €N, X>0 and let the function q(z,¢) be convex and univalent in U x U
such that ¢ (0,¢) =1, z € U, ( € U. Assume that

2q, (2,Q) Zq;’z(Z,C)>
10 T aeo )7

Theorem 2.7 Let <

Re (1 + %q (2,¢) — (2.9)

fora,B€C,B#0,2zcU, U, and

aDRt\”H’nf (2,Q) + bDRY™ f (=, <)>6 + (2.10)

wt\n’n(avbvaaﬁaé;'%C) ::O‘< (a+b)z

86 [aDRY ™" f (2,€) + (b= a) DRV F (2,€) = bDRY™ f (2,C)]
A (aDRHf (2,0) + bDRY £ (2,0)

If q satisfies the following strong differential subordination

mn . Bzq; (2:€)
1/})\ (CL, b7a7ﬂ76a Z, C) == aq (Z7C) + q (Z;C) ) (211)

fora,B€C, 3#0, 2z€U, (U, then

<=<q(2,C), z€U (€U, 6cC, §#0, (2.12)

aDRYY" f (2,¢) + bDRY™ f (2,C) '
(a+b)z

and q is the best dominant.



Differential sandwich theorems, Andrei Loriana
92

m—+1,n m,n 6 J—
Proof. Let the function p be defined by p (z,() := (aDR* f((zl’li)l—SZDRA f(z,g)> ,2€eULeU,

2#0,6,a,b€C, 6 #0,a+b#£0, f € AZ. The function p is analytic in U x U and p(0,¢) = 1.
Differentiating this function, with respect to z, we get

5—1
aDRT™ £(2,0)+bDRT™ £(2,0)
Zp’z (Z? C) =0 ( . (a+b)z > a+rb.
a(DRYV" 1(2,0) +b(DRY™ £(2.0)) aDR;”H’"f(z,()+bDR;"’"f(z,§)]
z - 22 :
We have

o {aDRPTYE (5,0 + bDRPF (2,0
ZpZ<Z,C)6< (a+b)z ) :
1

aDRYH f(2,) + bDRYf (2,0)

/

[az (DRTH’"f (z,C)) +

z

bz (DRI f (2,¢))". — aDRYHY" f (2,¢) — bDRI (2, g)} . (2.13)
By using the identity (1.1) we obtain

(50 9 [aDRY™7f (2,0) + (b= a) DRy £ (2,¢) = bDRY™ (2,0)] | o1

p(2,¢) A (aDR;”H’” £(2,¢) + bDRY™ f (2,¢ ))

By setting 6 (w) := aw and ¢ (w) := g, a, 8 € C, B # 0 it can be easily verified that 6 is analytic
in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Also, by letting Q (2,¢) = 2d, (2,{) ¢ (¢ (2,()) = ﬂiqq(lz(%f),we find that @ (z, () is starlike univa-
lent in U x U.

Let h(2,0) = 0(q(2,0) + Q(2,) = ag(z,¢) + ZEED e U, ¢eT.

If we derive the function @), with respect to z, perform calculations, we have Re (z%’(;g)) =
2,(z0) | 29250
Re (1 +59(0 -85 t <o ) > O
By using (2.5), we obtain ap (z, () + 32252 p(z C =

6
aDRY " f(2,0)+bDRY™ f(2,0) B8[aDRY " £(2,0)+(b-a) DRYM " £(2,)~bDRY"" £ (2,0)]
«Q + m—+1,n m, n
(atb)z /\(aDR T f(2,0)+bDRY T f(2,0))

By using (2.11), we have ap (z,() + fZ2£==52 p(z C << aq(z,()+ 0 ;ézo
6
‘ <aDR;"+1’"f(z,()erDR;\"’"f(z,())

From Lemma, 1.1, we have p (z,¢) << q(2,(), z€ U, ¢ €U, i.e i)

<=<q(2,(),2€U CeU,§e€C,§+#0and qis the best dominant. m

Corollary 2.8 Let q(z,() = %Jr—Bz,zeU (eU,-1<B<A<1, mmneN,\>0. Assume that
(2.9) holds. If f € A% and

C+Az+ﬁ (A—B)(z
(+ Bz (C+ Az) (C+ B2)’

fora,feC, B#0, -1 < B <A<, where \"" is defined in (2.10), then

W;’n (aa b: Oé,,@, 6a 2, C) <<«

§€C, 840,

(aDRT“’”f (2:0) + BDET" (2,0) ) St
(a+0b)z ¢+ Bz’
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and g%‘i s the best dominant.
Proof. For q(z,() = gigz, —1 < B < A<1,in Theorem 2.7 we get the corollary. m
Theorem 2.9 Let q be convexr and univalent in U x U such that ¢ (0,¢) = 1. Assume that
Re <%q(z,§)> >0, fora,8€C, 8#£0. (2.15)
m+1,n m,mn 6
IFfeA: 6,ab€C,8#0,a+b#0, <“DR* e f(“)) € H*g(0,0),1,{]N Q" and
VY (a,b, a, B, 6;2,C) is univalent in U x U, where \"" (a,b, o, 3,8; 2,¢) is as defined in (2.10),
then Bad (2.0)
Zq 27 m,n
aq(z,() + ———== <<\ (a,b,a, 3, 6; 2, 2.16
implies
6
DRerl,n bDRm,n .
4(5:0) << ( Ll PR f(z’o)  S€C.640,2€U, CeT,  (217)

and q is the best subordinant.

(a+b)z

CeU,2#0,a,beC,a+b#0,6C,6#0, f EAZ. The function p is analytic in U x U and
p(0,0) =1.

By setting v (w) := aw and ¢ (w) := g it can be easily verified that v is analytic in C, ¢ is
analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Since ¢ is convex and univalent function, it follows that Re (%é;z((zz_’,(()))l) = Re (%q (2,¢ )) > 0, for
a,B€C, 3#0.

By using (2.7) we obtain

m—+1,n m,n 6
Proof. Let the function p be defined by p(z,() := <CLDRA J(2€) +ODRy f(z’o> , z € U,

2 (2,0

2q 2p’, (2,Q)
aq(z,¢)+ 0 1.0

<< ap(z,() +ﬁm-

From Lemma 1.2, we have

aDRY" f(2,¢) + bDRY™ f (2, C))é

CEDE 2zeU, CeU, 6§€C, 6§#0,

q(2,¢) <<p(z,C)—<

and ¢ is the best subordinant. m

Corollary 2.10 Let q(z,() = Az 1 < B<A<1,z€U (€U, mmneN,\>0. Assume

~ (+Bz’
m+1,n m,n [
that (2.15) holds. If f € A¢, (CLDR* f(fﬁi;ZDR* ﬂz’“) e H*[q(0,¢),1,{]NQ*, 6 €C, §#0
and .y A B
+ Az — z mon ‘
B P A By (a,b, e, 8,8 2,C),

fora,peC, 8#0, -1 < B<A<1, where Y\"" is defined in (2.10), then

(+4z (aDRf\”H’" f(2,¢) + bDRY™ f

5
¢+ Bz (a+0b)z <Z,C)) 0€C 870, ab€C atb#0

and g%‘i 1s the best subordinant.
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Proof. For q(z,() = gi—gz, —1 < B < A<1,in Theorem 2.9 we get the corollary. m

Combining Theorem 2.7 and Theorem 2.9, we state the following sandwich theorem.

Theorem 2.11 Let q1 and go be convex and univalent in U xU such that q1 (z,¢) # 0 and 2 (2,¢) #

0, for all z € U, ( € U. Suppose that qi satisfies (2.9) and qo satisfies (2.15). If f € Az,

m—+1,n m,n 6
DHLCOIPIIED ) € (0.0, 1.0 Q8 € €8 £ 0, abe Coath 0 and

Y (a,b, @, B, 6;2,C) is as defined in (2.10) univalent in U x U, then
62 (QI)lz (Zv C)
q1 (Za C)

for a, 6 € C, B #0, implies

ﬁZ (Q2)lz (Za C)

<= P (@b, @, 3,85 2,¢) << age (2,C) + @ (2,0

aqi (Zv C) +

<<q2(2,¢), z€U(eU,6€cC,5+#0,

aDRYY" f (2,¢) + bDRY™ £ (2,C) '
(a+b)z

q (z,0) << (

and q1 and qa are respectively the best subordinant and the best dominant.

For q1 (2,¢) = g%i, @ (2,¢) = %%Z, where —1 < By < By < A1 < Ay < 1, we have the

following corollary.

Corollary 2.12 Let m,n € N, A > 0. Assume that (2.9) and (2.15) hold for q1 (z,() = %%1; and

5
_ (+Asz . * DRm+l’nf(ZvC) * *
32 (2,¢) = ﬁ; respectively. If f € AZ, (ﬁw) € H*[q(0,¢),1,¢]NQ* and

<+A12 + (Al —Bl) CZ
(+Biz ((+A12)((+ Bi2)

OzC+A2Z (AQ —Bg) CZ
C + BQZ (C + AQZ) (C + B22)7

fora,B€C, B#0, =1 < By < By < A1 < Ay < 1, where ¥}"" is defined in (2.10), then
A

<< (a,b,, 8,6;2,Q)

<=

zeU CeU,

Cr iz (aDRIIE () +0DRYF (5,0 e
¢+ Bz (a+0)z ¢+ Bz’

6€C,6#0,a,beC,a+b#0, hence gigiz and gigz‘z are the best subordinant and the best
dominant, respectively.
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HERMITE-HADAMARD TYPE INEQUALITIES FOR
(h — (a,m))-CONVEX FUNCTIONS

M.E. OZDEMIR, HAVVA KAVURMACI ONALAN* AND MERVE AVCI ARDI(

ABSTRACT. In this paper, we define (h — (o, m))-convex functions that is a
new class of convex functions as a generalization of (a,m)—convexity and
h—convexity. We also prove some Hadamard’s type inequalities.

1. INTRODUCTION

Let f: I C R — R be a convex function on the interval I of real numbers and
a,b € I with a < b. The inequality

(L.1) f<a;rb>ébia/abf(z)d:c§f(a);f(b)

is known as Hermite-Hadamard’s inequality for convex functions, [9].
In [6], Toader defined m—convexity as the following.

Definition 1. The function f : [0,b] — R, b > 0, is said to be m—convex where
m € [0,1], if we have

[tz +m(l—t)y) <tf(z) +m(l—1t)f(y)
for all z,y € [0,b] and t € [0,1]. We say that f is m— concave if (—f) is m—convez.

In [3], Dragomir proved the following theorem.

Theorem 1. Let f : [0,00) — R be an m—-convex function with m € (0,1] and
0<a<b If f€Li[a,b], then the following inequalities hold:

) f(a;—b) S bla/:f(m:zf(z)dm

b
1 I E ()
2 2 mn 2

1| f@+mf ()

IN

In [10], definition of («, m) —convexity was introduced by Mihegan as following.
Definition 2. The function f : [0,0] — R, b > 0, is said to be (o, m) —convez,
where (a,m) € [0,1]?, if we have

fltz+m(l—t)y) <t f(z) + m(l — ") f(y)
for all x,y € [0,b] and t € [0, 1].
1991 Mathematics Subject Classification. 20D10;20D15.

Key words and phrases. (h — (a, m))-convex functions,Hadamard’s inequality.
* Corresponding Author.
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2 M.E. OZDEMIR, HAVVA KAVURMACI ONALAN* AND MERVE AVCI ARDIC

Denote by K2 (b) the class of all (a,m) —convex functions on [0,b] for which
£(0) < 0. T we take (@,m) = {(0,0), (a,0), (1,0, (1,m),(1,1), (a, 1)} , it can be
easily seen that («, m) —convexity reduces to increasing, a—starshaped, starshaped,
m—convex, convex and a—convex functions, respectively.

In [16], Set et al. proved the following Hadamard type inequalities for (a, m) —convex

functions.
Theorem 2. Let f : [0,00) — R be an (a,m) —convezx function with (o, m) €
(0,1 If 0<a<b<ocand f € Ly [a,b]NL, (2 L] then one has the inequality:
a+b 1 fl@)+m2*-1)f ()
. < m .
(13) () <52 / - ds

Theorem 3. Let f : [0,00) — R be an (a,m) —convezx function with (o, m) €
(0,1>. If 0<a<b< oo and f € Ly [a,b], then one has the inequality:

b a) +amf (L amf (&
(1.4) /f(a:)dar:gmin{f()+ FG) T+ f(m)}.

b—a a+1 ’ a+1

Theorem 4. Let f : [0,00) — R be an (a,m) —convez function with (e, m) €
(0,1). If f € Ly [ma,b] where 0 < a < b, then one has the inequality:

(1.5) oy — f(x)dz + . f(x)dx
am + 1
< U (@) + ).

In [1], Bakula et al. proved the following theorem.
Theorem 5. Let f,g : [0,00) — [0,00) be such that fg is in L' ([a,b]), where
0<a<b<oo. If fis (cq,m1)— conver and g is (ag,ma) — convex on [a,b] for
some fized aq,my, aa,mo € (0,1], then

(1.6) / f(x)g(z)de < min{Ny, Nao},
—a
where
fa)g(a) 1 b
N, = W99 - 2
! Oél+042+1+m2 011+1 Oél+062+1 f(a)g mo
1 1 b
+m1|:042+1_041+042+1:|f(7nl>g<a)
e = ot el ()7 ()
myims |1 — - — —
12 Oél+1 052+1 Oél+042+1 mq g mo
and
f(b)g(b) [ 1 1 } (a>
Ny = — 277 — b el
2 a1 +as+1 e ap+1 ap+as+1 f()g mo

1 1 a
+ - ) g
m1|:0é2+1 a1+a2+1:|f<m1)g()

o1 - et ()0 ()
mims |1 — - — — .
12 a; +1 as+1 a1 +ag+1 mq g mo
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(h — (o, m))-CONVEX FUNCTIONS 3

For the recent results based on the above definition see the papers [1], [2], [11]-[14]
and [16].

In [8], Hudzik and Maligranda considered among others the class of functions
which are s—convex in the second sense.

Definition 3. A function f: Rt — R, where RT = [0, 00), is said to be s—convex
in the second sense if

flax + By) <o’ f(z) + B°f(y)

for all z,y € [0,00), o, 8 > 0 with o + 8 = 1 and for some fixed s € (0,1]. This
class of s—convex functions in the second sense is usually denoted by K?2.

It can be easily seen that for s = 1, s—convexity reduces to ordinary convexity
of functions defined on [0, 00).

In [4], Dragomir and Fitzpatrick proved a variant of Hadamard’s inequality which
holds for s—convex functions in the second sense.

Theorem 6. Suppose that f : [0,00) — [0,00) is an s—convex function in the
second sense, where s € (0,1), and let a,b € [0,00), a < b. If f € L*[a,b], then the
following inequalities hold:

b
(1) 2 (7)< 2 [ fone < O

The constant k = S_‘%l is the best possible in the second inequality in (1.7).

In [7], Godunova and Levin introduced the following class of functions.

Definition 4. A function f: I CR — R is said to belong to the class of Q(I) if it
is non-negative and for all x,y € I and X € (0,1) satisfies the inequality;

flx) [y
A 1-Ny) < —+ —~.
fOow+ -2y < 504 S0
In [5], Dragomir et al. defined the following new class of functions.

Definition 5. A function f: I C R — R is P—function or that f belongs to the
class of P(I), if it is non-negative and for oll x,y € I and X € [0, 1], satisfies the
following inequality;

fOz+ (1= Ny) < fz) + f(y)-

In [5], Dragomir et al. proved the following inequalities of Hadamard type for
class of Q(I)— functions and P— functions.

Theorem 7. Let f € Q(I), a,b € I witha < b and f € Lq[a,b]. Then the following
inequalities hold:
a+b 4 b
< d
(50 =52 [ s

’ a
e [ e sy < L0 L0

where p (x) = %, x € [a,b)].

and
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4 M.E. OZDEMIR, HAVVA KAVURMACI ONALAN* AND MERVE AVCI ARDIC

Theorem 8. Let f € P(I), a,b € I witha < b and f € Ly[a,b]. Then the following
inequalities hold:

(18) i (”b) <

; [F @)+ FO)]

In [15], Varosanec defined the following class of functions.
I and J are intervals in R, (0,1) C J and functions h and f are real non-negative
functions defined on J and I, respectively.

Definition 6. Let h: J C R — R be a non-negative function, h # 0. We say that
f: 1 — R is an h—convex function, or that f belongs to the class SX (h,I), if f is
non-negative and for oll x,y € I,a € (0,1) we have

(1.9) flaz+ (1 —a)y) <h(@)f(z) +h(l —a)f(y).

If inequality (1.9) is reversed, then f is said to be h—concave, i.e. f € SV (h,I).
Obviously, if h(a) = a, then all non-negative convex functions belong to SX (h, I)
and all non-negative concave functions belong to SV (h,I); if h(a) = L, then
SX(h,I) = Q(I); if h(a) = 1, then SX(h,I) 2 P(I); and if h(a) = o, where
€ (0,1), then SX(h,I) D K2
In [17], Sarikaya et al. proved a variant of Hadamard inequality which holds for
h—convex functions.

Theorem 9. Let f € SX (h,I), a,b € I, witha <b and f € Ly ([a,b]). Then

1 a+b I !
110 s (50) <5 [ 1@ <@ o) [ h)do

In [12], Ozdemir et al. defined (h, m) —convexity and obtained Hermite-Hadamard-
type inequalities as following .

Theorem 10. Let f : [0,00) — R be an (h, m) —convez function with m € (0,1],
tel0,1].If 0<a<b<oo and f € Ly [a,b], then the following inequality holds:

bia/abf(x)d:r
min{f(a)/o dt+mf<:;>/01h1—t)dt,

f(b)/olh(t)dt+mf /Olh 1-1) dt}

Theorem 11. Let f : [0,00) — R be an (h,m) —convex function with m € (0,1],
€[0,1]. If 0<a<b<ooand f € Ly [ma,bl], then the following inequality holds:

(1.11)

IN

1
m+1

(1.12)

ma

1 mb 1 b
e | t@dee | f(w)dx]

1
< [f(a)+ f () /0 h(t) dt.
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(h — (o, m))-CONVEX FUNCTIONS 5

Theorem 12. Let f : [0,00) — R be an (h, m) —convex function with m € (0, 1],
te0,1]. If 0<a<b< oo and f € Ly a,b], then the following inequality holds:

(1.13)
(50 < FE s (2)] e
< (;) [f(a)+mf (%) +ms (:1) m2f (ﬂf’bgﬂ /Olh(t)dt.

The aim of this paper is to define a new class of convex function and then
establish new Hermite-Hadamard-type inequalities.

2. MAIN RESULTS

In the beginning we give a new definition (h — (a, m)) —convex function.
I and J are intervals on R, (0,1) C J and functions h and f are real non-negative
functions defined on J and I, respectively.

Definition 7. Let h: J C R — R be a non-negative function, h # 0. We say that
f:10,8] € [0,00) — R is an (h — (o, m)) —convex function, or that f belongs to the
class SX((h — (a,m)),b), if f is non-negative, we have

(2.1) f@tz+m(l—t)y) <h@)f(z) +mh(l - %) f(y)
for all z,y € [0,b], (c, m) € [0,1) and t € [0,1].

If the inequality (2.1) is reversed, then f is said to be (h — (a, m),b) —concave
function on [a, b].

Obviously, if we choose h(t) = t, then we have non-negative (a,m)—convex
functions. If we choose @ = m = 1, then we have h—convex functions. If we
choose a = 1, then we have (h — m) —convex functions. If we choose a = m =1
and h(t {t, 1, 1,ts} , then we obtain non-negative convex functions, p—functions,
Godunova Levin functions and s—convex functions in the second sense, respectively.

The following theorems were obtained by using the (h — (o, m)) —convex func-
tions.

Theorem 13. Let h : J C R — R be a non-negative function, h # 0 and f :
[0,b] C [0,00) — R be an (h — (o, m)) —convex function with (a,m) € [0,1] x (0,1]
and t € [0,1]. If f € Ly [ma,b], h € L1 [0,1], one has the following inequality:

[ e
< min{f(a)/ol BVt +mf (::L) /Olh(l—t“)dt,
f(b)/olh(to‘)dt—kmf(:%) /Olh(l—t“)dt}.

Proof. Since f is (h — (o, m)) —convex function, ¢t € [0, 1] and («, m) € [0,1]x (0, 1],
then

(2.2)

[tz +m(1 —t)y) <h(t*)f(z) +mh(l —1%)f(y)
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6 M.E. OZDEMIR, HAVVA KAVURMACI ONALAN* AND MERVE AVCI ARDIC

52)

a
m
, we have

for all z,y > 0. It follows that

fta+ (1 —)b) < h(t*)f(a) + mh(l —t*)f

7N\

and
fib+ (1 —t)a) < h(t*)f(b) + mh(l —t* f

Integrating the above inequalities with respect to t over |
1

) f(ta+(1—t)b)dt§f(a)/olh(t"‘)dt+mf< )/olh |- t%)d

‘_./\
N—

and
1 1 1
/ f(tb+ (1 —t)a)dt < f(b)/ (t“)dt—i—mf / h(1 —t%)d
0 0 0
However,
/fta+ (1 —=1t)b)dt = /ftb+ (1-1t)a /f
—a
we get
1 b
el IO
b 1
< mm{ / h(t") dt—|—mf()/ h(l—1t%)dt
m/ Jo
1 a 1
b h(t™)dt — h(1—t%)dt
10 [ neyaremg (2) [Cn-eal
which is the required result. The proof is completed. (Il

Remark 1. In Theorem 13, if we take h(t) = t, then the inequality (2.2) reduces
to inequality (1.4).

Remark 2. In Theorem 13, if we take o = m = 1, then the inequality (2.2) reduces
to the right hand side of inequality (1.10).

Remark 3. In Theorem 13, if we take o = 1, then the inequality (2.2) reduces to
inequality (1.11).

Remark 4. In Theorem 13, if we take o = m =1 and h(t) = {t,1,t°}, then the
inequality (2.2) reduces to the right hand side of inequality in (1.1), (1.8) and (1.7)
which are Hermite-Hadamard-type for non-negative convex functions, p— functions
and s—convex functions in the second sense, respectively.

Theorem 14. Let h : J C R — R be a non-negative function, h # 0 and f :
[0,b] C [0,00) — R be an (h — (a,m)) —convez: function with (e, m) € [0,1] x (0, 1]
and t € [0,1]. If f € Ly [ma,b], h € L1[0,1], one has the following inequality:

(2.3)

1 mb 1 b
j [ (z)dx + —ma/ f(z)dx

mb—a b ma

IN

m@+f@ﬂ47mwﬁ+méﬁuwm4
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for all0 <ma <a<mb<b< oco.
Proof. Since f is an (h — (a, m)) —convex function, we can write

flta+m(l—=1)b) < h(t")f(a) +mh(l —t)f (b)),
fb+m(l —t)a) < h(t*)f(b) +mh(1—t*)f (a),

f(A=ta+m(1—(1-1¢)b) < h((1-1))f(a)+mh(l—(1-1)%)f(b)
and
f(A=)b+m (1= (1-1t)a) <h((1-1)%) f(b) +mh(1—(1-1¢))f(a)

for all ¢ € [0,1] and (o, m) € [0,1] x (0,1].
Adding the above inequalities with each other, we get

f(ta+m(1—t)b) + f(tb+m(1 —t)a) + f((1 —t)a + mtb) + f((1 — t)b+ mta)
< h(t%)[f(a) + f (B)] + mh(l —t%) [f(a) + f (b)]

+h (1 =0)) [f(a) + f ()] +mh (1= (1 =)%) [f(a) + f ()]

Integrating the above inequality with respect to ¢ over [0, 1], we get

mb b
2 [ pwyaa+ _Qma/ f@)de

mb—a b ma

1 1
< [fa)+ £ ()] [/ (R(t%) + R (1 — 1)) dt +m / (h(1 — %)+ h(1 — (1 - 1)*)) dt .

Since [ h(t*)dt = [, h((1 —)*)dt and [; (1 —t*)dt = [, h(1 — (1 —t)*)dt, we
obtain the deblred result. O

Remark 5. In Theorem 14, if we take h(t) = t, then the inequality (2.3) reduces
to inequality (1.5).

Remark 6. In Theorem 1/, if we take o = m = 1, then the inequality (2.3) reduces
to the right hand side of inequality (1.10).

Remark 7. In Theorem 14, if we take o = 1, then the inequality (2.3) reduces to
inequality (1.12).

Remark 8. In Theorem 14, if we take o = m =1 and h(t) = {t,1,t°}, then the
inequality (2.3) reduces to the right hand side of inequality in (1.1), (1.8) and (1.7)
which are Hermite-Hadamard-type for non-negative convexr functions, p—functions
and s—convex functions in the second sense, respectively.

Theorem 15. Let h : J C R — R be a non-negative function, h # 0 and f :
[0,0] € [0,00) — R be an (h — (a, m)) —convez function with (a,m) € [0,1] x (0,1]
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and t € [0,1]. If f € Ly [a,b], h € L1]0,1], one has the following inequalities:

(2.4)
15 <t [ (o) e emn (1-53:) 1 (2))
< {h <21a> f(a) + mh (1 - ;) f (;’1)] /01 h(t®)dt
b)) - ) ()] 10

forall0<a<b<oo.

Proof. Since f is an (h — (a,m)) —convex function, we can write

f(sc;y) gh(;a)f(x)erh(l;)f(i)

for all z,y € [0,00) . If we choose z =ta+ (1 —¢t)b, y =tb+ (1 —t) a, we get

(2.5) f(a;Lb> Sh(;a)f(ta—l—(l—t)b)—&—mh<1—;Q)f(tb'~_(1m_t)a>

for all ¢ € [0,1] and (a,m) € [0,1] x (0,1]. Thus by integrating with respect to ¢
over [0, 1], we have

f<“;“b) §h<21a> /Olf(ta+(1—t)b)dt+mh(1—21a> /Olf<m(1m_m)df-

Taking into account that

/fta—l— (1—-¢t)b b—a/f

1 _ b
/0 f(tb+(; t)a>dt_bia/af(§l)d$'
Then we get

(52) =t () oo ) (2

which is the first inequality in (2.4).
To prove the second inequality in (2.4), we use the right side of (2.5) with
(h — (a,m)) —convexity of f, we have

h<21a>f(ta+(1t)b)+mh<121a>f<(1_t)ma+tb>

o(2) s (2)

s (1= g0 ) (@ =0 £ +mn - =07 ()]

and
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for all t € [0,1] and (a,m) € [0,1] x (0,1]. Thus by integrating the resulting
inequality with respect to ¢ over [0, 1], we have

/Olh(;a>f(ta+(1t)b)+mh<121a>f<(1_t)ma+tb>
< h(i) {f(a)/ol BVt +mf <TI;) /Olh(l—t"‘)dt}
tmh (1—21&> {f (4) /Olh((l—t)“)dt—&—mf (n’;) /Olh(l—(l—t)o‘)dt}

which is equal to second inequality in (2.4). O
Remark 9. In Theorem 15, if we take h(t) = t, then we have
b 2¢ _ 1 z
plety o 2 / f(z) +m( ) /(%)
2 b—a J, 2¢

f@)+m@ -0rE)
a+1 a+1

1

2a

The left hand side of this inequality is in ( 1.3).

Remark 10. In Theorem 15, if we take a = 1 and h(t) = t, then the inequality
(2.4) reduces to inequality (1.2).

Remark 11. In Theorem 15, if we take o = 1, then the inequality (2.4) reduces to
inequality (1.13).

Remark 12. In Theorem 15, if we take « = m =1 and h(t) = {t,1,t°}, then the
inequality (2.4) reduces to inequalities in (1.1), (1.8) and (1.7) which are Hermite-
Hadamard-type for non-negative convex functions, p— functions and s— convex func-
tions in the second semse, respectively.

Theorem 16. Let h : J C R — R be a non-negative function, h # 0 and f,g :
[0,0] C [0,00) — R be such that fg € Ly [a,b], hihy € L1[0,1] where 0 < a <b <
oo. If fis (h1 — (a1,m1)) —convex and g is (hy — (a2, m2)) —convex function on
[0,0], one has the following inequality:

b
(2.6) bia/ f(x)g(x)de <min{H;, Hy}
where
1 1
H, = f(a)g(a)/o Ry (£ )ha(t*?)dt + ma f(a)g <n32)/0 hy (£ )by (1 — t22)dt

+myf (%) g(a)/ol B (92 )y (1 — £°0 )t

b b ! o o
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and
1 a 1
e = 000) [ menae ) mar@g (L) [ nuena - e
0 0

+maf (n‘;) g(b) /01 ha (92 )hy (1 — 90)dt

1
+m1m2f (T_Zl) g <’r)f.1:2) /0 hl(l — tal)hg(l — tQQ)dt

for some fized (a1, m1), (a2, m2) € [0,1] x (0,1] and t € [0,1].

Proof. Since f € SX (hy — (a1,m1),0) and g € SX (hy — (a2, m2),b) , we have

it (=08 < 1@ 1(0) + maa(1 e (1)
and
g(ta+ (1 —t)b) < ha(t*?)g(a) + moha(1 — t%%)g (;;)

for all ¢ € [0,1]. Since f and g are non-negative,
flta+ (1 —t)b)g(ta+ (1 —t)b)

< R ha(t°) f()g(a) + maf(a)g (nfj) (19 Y ha(1 — 192)

105

i f (ni’) g(a) ha(t%)h1 (1 — t%V) + mymo f (ﬂ’;l) g <n€2) B (1 — t91))ho(1 — £92).

1

Then integrating the resulting inequality with respect to ¢ over [0, 1],

1
b—a

[ 1@

IN

f(a)g(a) /0 hi(t*)ha(t*?)dt + ma f(a)g (WD /0 by (t%1 ) ho (1 — t22)dt

o f (;Z) g(a) /01 ho (92 )hy (1 — 191 )it

1

1
+m1m2f <nl;) g <7’Il;> [) hl(l — tal)hg(l — taQ)dt.
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Analogously we have

b
e [ @@

< f(b)g(b)/ iy (4% Yo (£2 )t + ma f(b)g (:@‘)/0 B (47 Y (1 — £92)dt

0 2

v f (ﬂf;) q(b) /01 ha (£92 ) (1 — 19t

1
Fmamaf <TZ1> g (ﬂ‘;) /0 hi(1 — %) ho(1 — t92)dt

which completes the proof. ([l

Remark 13. In Theorem 16, if we take hi(t) = ha(t) = t, then the inequality (2.6)
reduces to inequality (1.6).

(1]
2]
(3]
(4]

(5]
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Voronovskaya Type Asymptotic Expansions for
Generalized Discrete Singular Operators
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Abstract. Here we give asymptotic expansions for the generalized
discrete versions of unitary Picard, Gauss-Weierstrass, and Poisson-
Cauchy singular operators. These are of Voronovskaya type expan-
sions and they are connected to the approximation properties of
these operators.

AMS 2010 Mathematics Subject Classification: 41A60.

Key Words and Phrases: Asymptotic expansion, singular oper-
ator.

1 Background

In [2] p.307-310, the authors studied the smooth general singular integral oper-
ators ©,¢(f; ) defined as follows. For r € N and n € Z,, they defined

(=07, j=1,..,7
L= Y- =0 0

i=1

T
that is > «; = 1. Let f : R — R be Borel measurable. For each £ > 0, e 1s a
j=0
probability Borel measure on R.
They defined for x € R the integrals

Ol fia) = /OO S g fla+ ) | dpe(t). (2)

— 00

Jj=0



Voronovskaya Type Asymptotic Expansions for
Generalized Discrete Singular Operators
George A. Anastassiou & Merve Kester

and they assumed O, , ¢(f;z) € R, Vo € R. They also stated the fact that the
operators ©,.,, ¢ are not in general positive. They gave their main result as

Theorem 1 Suppose £ [7_[t|" due(t) < p, V€ € (0,1], p > 0 and cpe =
ffooo tkdué(t), k=1,....,n—1. Let f : R — R be such that f™ exists, n € N,
and is bounded and let & — 04, 0 <y < 1. Then

T’ﬂ,ﬁ(f; Z

When n =1 the sum collapses.

f(k) r " B
V[ aiit | e toe™). @)
j=1

They also covered the following special cases:

Corollary 2 (n=1 case) Let f such that f'exists and it is bounded. Let & —
0+, 0 <y < 1. Here suppose &~ f [t| dpe(t) < p, V€ € (0,1], p > 0. Then

Or1e(fiz) = fl) =0 (7). (4)
Corollary 3 (n=2 case) Let f such that f" exists and it is bounded. Let

§Th—> 0+, 0 < v < 1. Here suppose £ 2 ffooo t2due(t) < p, V€ € (0,1], p > 0.
en

Or26(fix) — f(x) = f'(x) Z%‘j cre+o(E877). (5)

Corollary 4 (n=3 case) Let f such that f®) exists and it is bounded. Let
€0+, 0<~y <1, with&® 1= |t\3du§(t) <p, V€€ (0,1], p> 0. Then

Ore(fia) - f(a) = ch e+ I Zaﬂ ea +o(E7).

(6)

Corollary 5 (n=4 case) Let f such that f* exists and it is bounded. Let
£ 0+, 0<y <1, with&* [T t*duc(t) < p, V€ € (0,1], p> 0. Then

Orae(fiz) — flz) = Z%J 615+f Z%J cae (7)

j=1

f/// r 4
Z ;33 | ese +o(E47).
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On the other hand, in [3], the authors defined important special cases of ©,. ¢
operators for discrete probability measures p, as follows :

Let fe C*(R),neZT,0< <1,z €R.
i) When
—lvl
e ¢
ne(V) = ——p> (8)
R

vV=—0o0

they defined the generalized discrete Picard operators as

" v=—o0 \ j=0
Pr,n,f (f,ﬁl?) = ) —|v] ' (9)
2 e
1) When
2
e ¢
pelv) = ———. (10)
> et

they defined the generalized discrete Gauss-Weierstrass operators as

:,n,ﬁ (fa 1‘) = P~ .2 . (11)
S

V=—00

iii) Let o € N, and 8 > é When

o)

He) = — —, (12)
£ (e
they defined the generalized discrete Poisson-Cauchy operators as
[e’e) r . o "y
2 (Z a; f(z +JV)> (v +€*)
« v=—o00 \ j=0
rmn,€ (f’x) = e 20y —B (13)
X (e + )
v=—00
They observed that for ¢ constant they have
Prnelce) =W, e(Gz) =07, (cr) =c (14)
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They assumed that the operators P}, . (f;z), W, . (f;x), and ©;,  (f;2) €
R, for x € R. This is the case when || f|| < oc.

In [3], for kK =1, ...,n, the authors defined the sums

) v
S vke
Che =" —mr (15)
>oe
v=—00
1.1 —v2
> vie ¢
Phe = —=— (16)
>Xoecs
v=—00

and for a € N, g > %T;'l, they introduced

i vk (l/za + §2a)76

e = — (a7
()

Furthermore, they proved that these sums CZ,@ p,”;)g, and q;)g are finite.
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2 Main Results

First, we present our results for the generalized discrete Picard operators.

Proposition 6 Let n € N. Then, there exists K1 > 0 such that

R

e Y e
= — < K; <0 (18)
> e

for all € € (0,1].

Proof. Since ) 712 = %2 (Euler, 1741), we have that
v=1

oo B
1< Y o F (19)
= 1+QZ€7%
v=1
1+2 S
< + Z:lﬁ
2
T
= 14+ —= < o0
+ 3 00
Thus 1
—— <L (20)
> et
Therefore, by (20), we obtain
= n vl
¢ _Z,: e = vl
= e

Z ef% v=—00

v=—00

Il
[~
A/~
N
m|s
~_
3
o
|
M‘E
~_
o
|
M‘E

For v > 1, we have

)
[N

(e ees
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where z := % > 1. Since

S T
then N
2"l > ; (24)

Thus, by (21), (22), and (24), we get

R, = 2i<(z>ne—é>e—ﬁ (25)

AN AN
[\] [\)
3 3
s s
= =
ml ml
SRS

Define the function g(v) = e~ 2 for v € [1,00). Thus, we have ¢'(v) = —3e" 2.
We see that ¢'(v) < 0 for all v € [1,00). Then, by [4], we obtain

o) oo
Ze*% < g(1)+ /efgdu (26)
v=1 1

= 37% + 237%

= 3e .

Hence, by (21), (25), and (26), we have

Ry < 3¢ 22"lnl (27)
=K; <o

forall £ € (0,1]. m
Now, we present our main result for P

Theorem 7 Let f : R — R be such that f exists, n € N, and is bounded.
Let € - 0" and 0 <y < 1. Then

n—1

(k) r
Prnelfin) — 1) = S D (S0t ) i evote ). (29)
1 : j=1

E
Il

When n =1, the sum on R.H.S. collapses.

Proof. By (15), Theorem 1, and Proposition 6. ®
For n =1, we have
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Corollary 8 Let f : R — R be such that f' exists, and is bounded. Let & — 0T
and 0 <~ < 1. Then

Py e(fiz) = f(z) = o(€'77). (29)

Proof. By Theorem 7. m
For n =2, we get

Corollary 9 Let f : R — R be such that " exists, and is bounded. Let & — 0T
and 0 < v < 1. Then

Proe(fiz) = fla) = f'(2) | D aji | cie+o(&). (30)

j=1

Proof. By Theorem 7. m
For n = 3, we obtain

Corollary 10 Let f : R — R be such that " exists, and is bounded. Let
§— 0" and 0 <~y < 1. Then

Prycfin) — fla) = Z%J et L0 Z%J G +o(E).

(31)

Proof. By Theorem 7. m
For n = 4, we derive

Corollary 11 Let f : R — R be such that f®) exists, and is bounded. Let
§— 0" and 0 <y < 1. Then

Plaelfiz)—f@) = f@) Y ai]cie
j=1

(32)

f// T f/// T 4
Z% Gt Z%J G +0(647),

Proof. By Theorem 7. m
Next, we present our results for the generalized discrete Gauss-Weierstrass
operators.

Proposition 12 Let n € N. Then, there exists Ko > 0 such that

—n = n —"5—2
& X e

V=—00

&)
> e

vV=—0oQ

< Ky <00 (33)

for all € € (0,1].
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Proof. Since

v <v?
for all v € Z, we have

%

LA S -

Y
for all £ € (0,1]. Thus

v L2

6_% >e T.

o0
Additionally, since Y~ 5 = %2 (Euler, 1741), we notice that
v=1

> 2
1 < Ze_%

V=—00

oo u2
= 1+2) e €
v=1

< 1+22%
v=1

2

1+ 5 <
= — <>
3
which yields that
1
= - <1
S e
v=—00
Therefore, we get
oo v
gfn Z |V|7L €7T o
E < e Y e

IN
o
3
=
3
o
|

v=—00

:Rl.

Hence, by (27), we obtain the desired result. m
Now, we present our main result for W g

(34)

(37)
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Theorem 13 Let f : R — R be such that f) exists, n € N, and is bounded.
Let £ — 0% and 0 <~ < 1. Then

n—1

W:,n,g(f; 1‘) - f( ) Z

k=1

f““ - -
Z%J Pre+o€ 7). (38)

When n =1, the sum on R.H.S. collapses.

Proof. By (16), Theorem 1, and Proposition 12. m
For n = 1, we have

Corollary 14 Let f : R — R be such that f’ exists, and is bounded. Let & — 0T
and 0 <~ < 1. Then

Wi e(fiw) = fz) = o(&77). (39)

Proof. By Theorem 13. m
For n =2, we get

Corollary 15 Let f : R — R be such that f” exists, and is bounded. Let
E— 0" and 0 <y < 1. Then

Wiaglfiw) = f(@) = /(@) | D aid | pie+ol€ ). (40)

Proof. By Theorem 13. m
For n = 3, we obtain

Corollary 16 Let f : R — R be such that f"' exists, and is bounded. Let
E— 0" and 0 <y < 1. Then

Wiselfio) = flz) = Z%J Pret f Zaﬂ Pse+0(E77).
j=1

(41)

Proof. By Theorem 13. m
For n = 4, we derive

Corollary 17 Let f : R — R be such that f® exists, and is bounded. Let
£E— 0" and 0 <~y < 1. Then

Wiae(fiz) = fl@) = f'2) (D ai|pie
j=1

(42)

" r " T
f £C * f * 4—~
E:O‘ﬂ Paet E ;i | p3e +o(677).
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Proof. By Theorem 13. =
Finally, we present our results for the generalized discrete Poisson-Cauchy
operators.

Proposition 18 Let a,n € N and 8 > "2'21. Then, there exists Kg > 0 such
that

D VN R =
= < K3 < 00 (43)
E (1/20‘ +§2a)—[3
for all € € (0,1].
Proof. By [1], we have
(oo}
Z (V2a+£2a>_6 < 0.
Then, we observe that
o > Y (e (44)
— £—2aﬂ + 22 (VQQ + 52&)75
v=1
> gl
Therefore, we have
1
= — < (45)
Z (1/204 +€20z)
Hence, we get
D VN R = =
== < @Y ) )
z (V2a+§2a)_’6 v=—00
N Y
§ Z |V|n72aﬁ

0o 1 2aB—n
2 Zl <1/> < 00,

*
rmn,E"

for all € € (0,1] since 2a8 —n>1. m
Now, we present our main result for ©

10
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Theorem 19 Let f : R — R be such that f) exists, n € N, and is bounded.
Let £ 07, 0<y <1, and 8 > “£4L. Then

(k) r
s (fia -3 f V(S o | ge + o6, @)
j=1

k=1 :

When n =1, the sum on R.H.S. collapses.

Proof. By (17), Theorem 1, and Proposition 18. ®
For n = 1, we have

Corollary 20 Let f : R — R be such that f' exists, and is bounded. Let
B>52 ¢ — 0T, and 0 <y < 1. Then

05 1¢(fi7) = fla) = o('77). (48)
Proof. By Theorem 19. m
For n =2, we get
Corollary 21 Let f : R — R be such that f" exists, and is bounded. Let
B>m3 ¢ 50t and 0 <~y <1. Then

2c0

O ae(fi2) = fla) = f'(@) | D ayj | aic+o(€7). (49)
=1

Proof. By Theorem 19. m
For n = 3, we obtain

Corollary 22 Let f : R — R be such that f"' exists, and is bounded. Let
B>5H € — 0%, and 0 < < 1. Then

(i) — @) = Zaﬂ e+ T S| e o€ )

(50)

Proof. By Theorem 19. m
For n = 4, we derive

Corollary 23 Let f : R — R be such that f exists, and is bounded. Let
B> 7§Z5af—>o+, and 0 <~y < 1. Then

O e(fim) = flo) = f2) D aii]aie
j=1

(51)

f// T f/// T A
Z%J G+ Zow Ghe +o(€7).

Proof. By Theorem 19. m

11
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ABSTRACT. In this paper, the authors established the general solution and gen-
eralized Ulam - Hyers stability of the simple additive-quadratic and simple cubic-
quartic functional equations

f2z) =3f(z) + f(-x),
9(2z) = 12g(z) + 4g9(—x),

via Banach space using direct and fixed point method.

1. INTRODUCTION

In mathematics, a functional equation is any equation that specifies a function in
implicit form. Often, the equation relates the value of a function (or functions) at
some point with its values at other points. For instance, properties of functions can
be determined by considering the types of functional equations they satisfy.

But the theory of functional equations is relatively young. The beginning of a
theory of functional equations is connected with the work of an excellent specialist in
this field, Hungarian mathematician J. Aczel. The stability problem for functional
equations first was planed in 1940 by Ulam [41]:

When is it true that a function which approximately satisfies a functional equation
must be close to an exact solution of the equation?.

2010 Mathematics Subject Classification. :39B52, 32B72, 32B82 .

Key words and phrases. : Additive functional equation, quadratic functional equation, cubic
functional equation, quartic functional equation, mixed additive-quadratic functional equations,
mixed cubic-quartic functional equations, generalized Ulam - Hyers stability, Banach space, fixed
point.
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If the problem accepts a solution, we say that the equation is stable. This phe-
nomenon is called Ulam — Hyers stability and has been extensively investigated for
different functional equations.

Let (G,.) be a groupoid and let (Y,.) be a groupoid with the metric p. The
following definition of stability of the equation of additive homomorphism from G
toY

flx+y) = flo)+ f(y) (1.1)

is formulated.

Definition 1.1. Equation (I.1)) is stable in Hyers-Ulam sense, if for every ¢ > 0
there exists 0 > 0 such that for every function f: G — Y fulfilling

p(f(z+y), f(z) + fy) <9, v,y € G
there exists a solution g of satisfying
p(f(x),g(z)) <e, red.

The study of stability problems for functional equations concerning the stability
of group homomorphisms and affirmatively answered for Banach spaces by Hyers
[22]. It was further generalized and excellent results were obtained by number of
authors 2], [17, 33}, 36l [39]. Its solutions via various forms of functional equations like
additive, quadratic, cubic, quartic, mixed type functional equations which involves
only these types of functional equations were discussed. We refer the interested
readers for more information on such problems to the monographs [11, [13] 14} 15}, 16,
23, 26], 27, 37]. The generalized Ulam-Hyers stability of various types of functions
equations in various spaces were discussed in [3| 4 [5 @ [7, &, 9l 10, 1T], 12} 18] 20}
19, 241, 29, 30, BT, 32], B4], B35, [38), 40}, 42], 43, [44].

In this paper, the authors established the general solution and generalized Ulam -
Hyers stability of the simple additive-quadratic and simple cubic-quartic functional
equations

fQ2r) =3f(x) + f(—x), (1.2)
and
9(2x) = 12g(x) + 4g(—x), (1.3)
having solutions
f(z) = az + ba?, (1.4)
and
g(z) = ca® + da, (1.5)
respectively.

In Section 2 the the general solution of (1.2]) and ([1.3) are respectively provided.
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In Section 3 the generalized Ulam - Hyers stability of (1.2]) and (|1.3) are respec-
tively proved via Banach spaces a direct method.

In Section 4 the generalized Ulam - Hyers stability of (1.2]) and (|1.3) are respec-
tively given via Banach spaces with the help of fixed point method.

2. GENERAL SOLUTION OF AND (T.3)

In this section, the general solution of the functional equations ([1.2]) and (|1.3))
are respectively given. For this, let us consider X and ) be real vector spaces.

2.1. GENERAL SOLUTION OF (1.2). Using oddness and evenness of f, the
following lemmas are trivial. Hence, we omit the proofs.

Lemma 2.1. An odd mapping f : X — Y satisfying , then f is additive.
Lemma 2.2. An even mapping f : X — Y satisfying , then f is quadratic.
2.2. GENERAL SOLUTION OF (1.3)). Using oddness and evenness of g, the
following lemmas are trivial. Hence, we omit the proofs.

Lemma 2.3. An odd mapping g : X — Y satisfying , then g s cubic.
Lemma 2.4. An even mapping g : X — Y satisfying , then g 1s quartic.

3. STABILITY RESULTS IN BANACH SPACE: DIRECT METHOD

In this section, the generalized Ulam - Hyers stability of the functional equations
(1.2) and (1.3)) are respectively is provided. Also throughout this section, let us
consider X and ) to be a normed space and a Banach space, respectively.

3.1. STABILITY RESULTS OF (1.2).
Theorem 3.1. Let j € {—1,1} and o : X — [0,00) be a function such that

= a(2Vz)

o (2Mx) , : _
z_; —omj  COMYerges in R and nh_}rgo o7 0 (3.1)
forallxz € X. Let f, : X — Y be an odd function satisfying the inequality
[fa(22) = 3fa(z) = fa(—2)|| < a(x) (3.2)

for all x € X. Then there exists a unique additive mapping A : X — Y which
satisfying such that

Ifule) A < 5

(3.3)
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for all x € X. The mapping A(x) is defined by
A(xz) = lim

forallx € X.

Proof. Assume j = 1. Using oddness of f, in (3.2)), it follows that

fa(22)

fa(2V )

n—o00 an

a(x)

falz) =

2

for all x € X. Now replacing x by 2z and dividing by 2 in (3.9)), we get

2

ful2) a2 _ a(20)
2 22 - 22
for all x € X. From and , we obtain
2
fula) — 2D < gy - 222 ‘ fo(22

2 2

for all z € X. In general for any positive integer n, we get
1 (e}
<3 Z

for all x € X. In order to prove the convergence of the sequence

fulw) - 222 <

2

MH

‘ 1<

[12)

replace x by 2™z and dividing by 2™ in (3.8)), for any m,n > 0 , we deduce
fa(2M-2Mx)

fu2ma)  f(27m)
om 2(n+m)

1

2m

—_

fa(2)

for all x € X. Hence the sequence

<! {oz(x) + a(Z2)

2k

fa(2Mx) —

Oé 2ks+m )

5 Z 9k+m
k=0

complete, there exists a mapping A : X — ) such that

A(z) = lim fa(2"7)

n—00 2 ’

r e X.

—0 as m— ©

(3.5)

(3.6)

is a Cauchy sequence. Since ) is
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Letting n — oo in (3.8)), we see that (3.3) holds for all x € X. To prove that A
satisfies ((1.2)), replacing x by 2"z and dividing by 2" in (3.2)), we obtain

1
o [fo(2" - 20) = 3£a(2"0) = ful=2"0) | < Sra(2"2)

for all z € X. Letting n — oo in the above inequality and using the definition of
A(x) and (3.1]), we see that

A(2x) = 3A(x) + A(—x).

Hence A satisfies ((1.2)) for all x E X. To prove that A is unique, let B(z) be another
additive mapping satlsfylng ) and . then

[A(z) = B(z)ll = o HA(2"1’) — B(2"z)||

< —n {142 ) = fa(2"2)[| + [[fa(2"2) = B(2"2)||}
> (2k+n

Z o) —>0 as n — 0o
k=0

for all z € X. Hence A is unique. Thus the theorem holds for j = 1.
Replacing = by 7 in (3.9)), we arrive

H2fa (%) - s <a(3) (39)

for all x € X. The rest of the proof is similar to that of case j = 1. Thus, for j = —1
also the theorem is true. Hence the proof is complete. 0

The following corollary is an immediate consequence of Theorem concerning
the stability of (1.2).

Corollary 3.2. Let A\ and r be nonnegative real numbers. Let an odd function
fa : X = Y satisfies the inequality

1£2(20) = 380) = 201 = { N o1, (3.10)
for all x € X. Then there exists a unique additive function A : X — Y such that
Al
I fa(z) = A(x)] < ¢ Allll” (3.11)
2 -2

forallz € X.

Now, we will provide an example to illustrate that the functional equation ({1.2))
is not stable for r = 1 in condition (i) of Corollary [3.2]
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Example 3.3. Let a: R — R be a function defined by

| op, if |z <1
o(z) = { 1,  otherwise

where p > 0 is a constant, and define a function f, : R — R by

fulz) = i O‘(EZ‘”), forall z€R.

n=0

Then f, satisfies the functional inequality

[fa(22) = 3fa(x) = fa(=2)] <10 plz] (3.12)

for all x € R. Then there do not exist a additive mapping A : R — R and a constant
x > 0 such that

|fa(x) — A(z)] < K|z, forall zeR. (3.13)
Proof. Now
—la@2)]
<Y MBS ks,
n=0 n=0

Therefore, we see that f, is bounded. We are going to prove that f, satisfies (3.12)).

1
If x = 0 then (3.12) is trivial. If |z| > 3 then the left hand side of (3.12)) is less

1
than 10px. Now suppose that 0 < |z] < 7 Then there exists a positive integer k
such that

o <ol < 5 (3.14)
so that 2F 1z < % and consequently
2k 1 (), 28 (— ), 281 (22) € (—1,1).
Therefore for each n =0,1,...,k — 1, we have
2"(x),2"(—x),2"(2z) € (—1,1)
and

a(2™(2z)) — 3a(2"(x)) — a(2"(—2)) =0
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forn=0,1,...,k — 1. From the definition of f, and (3.14]), we obtain that
=1
fu(22) = 3fa(@) = ful =) < 3 o

n=0

o(2"(20)) - 30(2"(2)) - a(2"(~2))|

8 I

<

o |a2(20)) — 30(2"(2) — a(2"(~2))|

n==k

<Z—5u—5u>< 2

o = =10 plz|.

1
Thus f, satisfies (3.12) for all z € R with 0 < |z| < 5

We claim that the additive functional equation is not stable for r = 1 in
condition (ii) of Corollary [3.2] Suppose on the Contrary that there exist a additive
mapping A : R — R and a constant x > 0 satisfying (3.13)). Since f, is bounded
and continuous for all x € R, A is bounded on any open mterval containing the
origin and continuous at the origin. In view of Theorem [3.1] A must have the form
A(x) = cx for any x in R. Thus, we obtain that

|[fa(@)] < (r + ef) |- (3.15)
But we can choose a positive integer m with mu > x + |c|.

If z € (O, = 1) then 2"z € (0,1) for all n =0,1,...,m — 1 . For this z, we get

= (2" 2"
=3 28D N D e s (s 4ol
=0

which contradicts (3.15)). Therefore the additive functional equation (|1.2)) is not
stable in sense of Ulam, Hyers and Rassias if r = 1, assumed in the inequality
condition (i7) of (3.11]). O

Theorem 3.4. Let j € {—1,1} and a: X — [0,00) be a function such that

o0

2nj 2nj
Z al x) converges in R and lim al x> =0 (3.16)
— 4ny n—00 4nJ

forallz € X. Let f, : X — Y be an even function satisfying the inequality

1fo(22) = 3f¢(x) — fo(=2)|| < o () (3.17)
for all x € X. Then there exists a unique quadratic mapping Q2 : X — Y which
satisfying such that

o) - Qula)) < & 32 2ELD (3.18)
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for all x € X. The mapping Qo(x) is defined by

fo(2"z)
Qa(z) = nh—>r2<> i (3.19)
forallz € X.
Proof. Assume j = 1. Using evenness of f, in (3.17)), it follows that
2
fula) — 220) ‘ < o) (3.20)
4 4
for all # € X. The rest of the proof is similar to that of Theorem [3.1] O

The following corollary is an immediate consequence of Theorem concerning
the stability of (1.2).

Corollary 3.5. Let A\ and r be nonnegative real numbers. Let an even function
fq 1 X = Y satisfies the inequality

I£20) = 35,0 = F-a < { Vg 12 (3.21)
for all x € X. Then there exists a unique quadratic function Qs : X — Y such that
A
El
[fo(z) — Q2(2)|| < ||| (3.22)
4 =27

forallz € X.

Now, we will provide an example to illustrate that the functional equation ({1.2))
is not stable for r = 2 in condition (i) of Corollary [3.5]
Example 3.6. Let a : R — R be a function defined by

2 .
] ope i 2] <1
o(z) = { 1,  otherwise

where p > 0 is a constant, and define a function f, : R — R by

folz) = i a(iZm)j forall = €R.
n=0

Then f, satisfies the functional inequality

|fa(22) = 3f4(x) = fo(=2)| < =~a/” (3.23)

for all x € R. Then there do not exist a quadratic mapping ()2 : R — R and a
constant k > 0 such that

|fo(z) — Qa(x)] < K|z|?, for all x €R. (3.24)
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Proof. Now

a(2')| e A
| fa(@)] SZ“L—TL|Z m o3
n=0 n=0

Therefore, we see that f, is bounded. We are going to prove that f, satisfies (3.23)).

1
If x = 0 then (3.23)) is trivial. If |z|? > v then the left hand side of (3.23) is less

20 1
than 2. Now suppose that 0 < |z]? < 1 Then there exists a positive integer k
such that

1
< |z <

7T < e (3.25)

1
so that 48122 < 1 and consequently

2k (), 281 (=), 2871 (22) € (—1,1).
Therefore for each n =0,1,...,k — 1, we have
2"(z),2"(—x),2"(2z) € (—1,1)
and
a(2"(22)) = 3a(2"(x)) — a(2"(-z)) = 0
forn=20,1,...,k — 1. From the definition of f, and , we obtain that

a(2"(22)) — 30(2"(x)) - a(2"(~)

NE
02| =

£i(22) = 3f,(x) — fy( )| <

n

3
I
o

n

a(2"(22)) = 3a(2"(x)) - a(2"(~)

IA
WE
02| —

3
Il
bl

4 20p
3.2t 3

S =>5pu x |z].

A
NE
S

i
o

1
Thus f, satisfies (3.23)) for all z € R with 0 < |z|? < 1

We claim that the quadratic functional equation (|1.2)) is not stable for » = 2 in
condition (i) of Corollary [3.5] Suppose on the contrary that there exist a quadratic
mapping (J> : R — R and a constant « > 0 satisfying . Since f, is bounded
and continuous for all x € R, ()5 is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem [3.4] ()5 must have the form
Q2(x) = cx? for any z in R. Thus, we obtain that

[fa(@)| < (5 + le]) |2 (3.26)

But we can choose a positive integer m with mu > x + |c|.
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If z € (0, = 1) then 2"z € (0,1) for all n =0,1,...,m — 1 . For this z, we get

= a(2" 2n
= Z a(znx) > M(an> =muzx > (k + |c|) 2°
—0

n=

which contradicts (3.26)). Therefore the quadratic functional equation (1.2)) is not

stable in sense of Ulam, Hyers and Rassias if r = 2, assumed in the inequality

condition (i7) of (3.22)). O
Now, we are ready to prove our main theorem.

Theorem 3.7. Let j € {—1,1} and o : X — [0,00) be a function with conditions
and forallx € X. Let f : X — Y be a function satisfying the inequality

1f(22) = 3f(x) = f(=2)|| < o () (3.27)

for all x € X. Then there exists a unique additive mapping A : X — Y and a unique
quadratic mapping QQ : X — Y which satisfying such that

1
k= 2

A3 () e

k’ ]

for all x € X. The mapping A(x) and Qq(z) are defined in and respec-
tively for all x € X.

Proof. Let f,(x) = fa(z) = fa(—2

—fo(x) for all z € X. Hence

) for all z € X. Then f,(0) = 0 and f,(—x) =

1 fo(22) = 3f,(x) — fo(—2)|| < &(Zx> + O‘(;E) (3.29)
for all # € X. By Theorem 3.1 we have
%) kj okj
1fo(z) — A(z)| < i > (a(gij) o ;j]x)) (3.30)
k=1=7

2

for all z € X. Also, let f.(x) = Jol) +2f (=) for all o € X, Then £.(0) = 0 and

fe(—x) = fe(x) for all z € X. Hence

1fe(22) = 3fe(x) — fe(—2)| < + (3.31)
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for all z € X'. By Theorem [3.4] we have

Ife(z) — @ :i( i:jx a(;zjjx)) (3.32)

OOI'—‘

for all x € X. Define
f(@) = fe(z) + fol@) (3.33)
for all x € X. From , and , we arrive
1f(z) = A(z) = Q2()|| = [[fe(z) + fo(x) — A(z) — Q2(2)]
< I folx) = Al)|| + I fe(x) — Qa()]

11 &K [a2¥z)  a(—2z)
SE 2 Z( 9kj + okj

for all z € X. Hence the theorem is proved. 0

Using Corollaries and we have the following corollary concerning the
stability of (1.2).

Corollary 3.8. Let A\ and r be nonnegative real numbers. Let a function f : X — )
satisfies the inequality

I720) = 36@) = S < { Ny v 1.2, (334

for all x € X. Then there exists a unique additive function A : X — Y and a unique
quadratic function Qs : X — Y such that

1/ () = Az) = Qa(2)[| <

2-2] -2

! , 3.35
2] HMI) (3:35)
forallz € X.

3.2. STABILITY RESULTS OF (1.3).
Theorem 3.9. Let j € {—1,1} and B : X — [0,00) be a function such that

(2m i
Zﬁ 7) converges in R and lim p(2)

8nj n—00 8nj

=0 (3.36)
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forall x € X. Let g.: X — Y be an odd function satisfying the inequality

19¢(22) — 12g.(x) — 4ge(—2)|| < 5 (2) (3.37)
forallx € X. Then there exists a unique cubic mapping C' : X — Y which satisfying

such that

1 <= B(2Mx)
lge(@) = C@Il < g > —g5 (3.38)
—
for all x € X. The mapping C(x) is defined by
T ga(znjx)
C(z) = nh_)rgo e (3.39)
forallz € X.
Proof. Assume j = 1. Using oddness of g, in (3.37)), it follows that
(2
g&w—g(@ Sﬁ@) (3.40)
8 8
for all # € X. The rest of the proof is similar to that of Theorem [3.1] O

The following corollary is an immediate consequence of Theorem concerning

the stability of (1.3)).

Corollary 3.10. Let p and r be nonnegative real numbers. Let an odd function
ge : X — Y satisfies the inequality

_ _ _ K,
loe(20) = 120.0) ~dge(-0l < { L (3.41)
for all x € X. Then there exists a unique cubic function C : X — Y such that
H
7]’
19e(z) = C@) < )zl (3.42)
8 —2r]’

forallz € X.

Now, we will provide an example to illustrate that the functional equation ([1.3))
is not stable for r = 3 in condition (i¢) of Corollary |3.10}
Example 3.11. Let 8 : R — R be a function defined by

Blz) = { prd, if |z <1

14, otherwise

where p > 0 is a constant, and define a function g. : R — R by

ge(x) = Z ﬁ(::x)7 forall z€R.
n=0
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Then g, satisfies the functional inequality
17 x 83
“—| z|?

96(20) = 129.(a) — 49.(—)] <

for all z € R. Then there do not exist a cubic mapping C' : R — R and a constant
k > 0 such that

(3.43)

l9.(z) — C(2)] < K|z|?, forall z€R. (3.44)

Proof. Now

Therefore, we see that g. is bounded. We are going to prove that g. satisfies (3.43)).

1
If x = 0 then (3.43) is trivial. If |z|* > 3 then the left hand side of ([3.43)) is less
8 x 17u

than
k such that

1
. Now suppose that 0 < |z]3 < 3 Then there exists a positive integer

1
so that 8F 1z < 3 and consequently
2k=1(x), 2" (—x), 281 (22) € (=1, 1).
Therefore for each n =0,1,...,k — 1, we have
2"(x),2"(—x),2"(2z) € (—1,1)
and
B(2"(2x)) — 128(2"(x)) — 482" (—x)) =0
forn=0,1,...,k — 1. From the definition of g, and (3.45|), we obtain that
1
(22) — 12g.(2) — 4g(— )<
0:2) = 1200 ~darl =) < 3o

B(2"(22)) — 128(2"(2)) — 4B(2"(~2))|

[e.e]

ZQi] (2"(20)) — 126(2"(x)) — 46(2"(~))|

8 1Tux8
A

< ZS—nl?p: 17 p x
n=~k

1
Thus g, satisfies (3.43)) for all z € R with 0 < |z|* < §

We claim that the cubic functional equation is not stable for r = 3 in
condition (ii) of Corollary |3.10) - Suppose on the contrary that there exist a cubic
mapping C' : R — R and a constant x > 0 satisfying (3.44)). Since g. is bounded
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and continuous for all x € R, C is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem [3.9, C' must have the form
C(x) = ca® for any z in R. Thus, we obtain that

9e ()] < (5 + [el) ] (3.46)
But we can choose a positive integer m with mu > x + |c|.

If x € (0,2,%%1) , then 2"z € (0,1) for all n =0,1,...,m — 1 . For this =, we get

= B(2"r) =R wu(2na?
ga<x> = § : (2n ) 2 Z (2n ) :m:ux3 > (’%"i_ |C’)x3
n=0 n=0

which contradicts (3.46)). Therefore the cubic functional equation ([1.3]) is not stable
in sense of Ulam, Hyers and Rassias if r = 3, assumed in the inequality condition

(i) of (3.42). 0

Theorem 3.12. Let j € {—1,1} and : X — [0,00) be a function such that

— (2" 2nd
Z CACHED converges in R and lim f(2z) =0 (3.47)
n=0

167 n—oo  16™
forallz € X. Let g, : X — Y be an even function satisfying the inequality

194(22) — 129, () — 4gq(—2)[| < S () (3.48)
for all x € X. Then there exists a unique quartic mapping Q4 : X — Y which

satisfying such that

[e) ij
laofa) ~ Qutol < = S0 2D (3.49)
-

for all z € X. The mapping Q4(x) is defined by

Qu(x) = lim P (3.50)
forallz € X.
Proof. Assume j = 1. Using evenness of g, in (3.48)), it follows that
94(2z) || _ B(x)
_ < .01
o) - 222 < 2 (351)
for all x € X. The rest of the proof similar to the Theorem O

The following corollary is an immediate consequence of Theorem [3.12| concerning

the stability of (1.3]).
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Corollary 3.13. Let o and r be nonnegative real numbers. Let an even function
gq 1 X — Y satisfies the inequality

loa20) = 120,2) ~ dao( =0l < { By (3.2
for all x € X. Then there exists a unique quartic function Q4 : X — Y such that
M
15"
lga@) — Q@) < 4 il (3.53)
4 =27’

forallz € X.

Now, we will provide an example to illustrate that the functional equation (1.3)
is not stable for r = 4 in condition (ii) of Corollary |3.13]
Example 3.14. Let 8 : R — R be a function defined by

Blz) = { pzt, if |z <1

14, otherwise

where p > 0 is a constant, and define a function g, : R — R by

B2
E R.
16” , forall x €

Then g, satisfies the functlonal inequality
17 x 16
194(22) = 129, (x) — dgy(=2)] < —— |a[*

for all x € R. Then there do not exist a quartic mapping @), : R — R and a constant
x > 0 such that

(3.54)

194(2) — Qu()| < K|z, for all = eR. (3.55)

Proof. Now

B22)| S~ m 16
9:(@ |—Z B~ ST

Therefore, we see that g, is bounded. We are going to prove that g, satisfies (3.54)).

1
If = 0 then (3.54)) is trivial. If |z|* > 0 then the left hand side of (3.54) is

16 x 17 1
less than 1—5'u Now suppose that 0 < |z]* < 6 Then there exists a positive

integer k£ such that
(3.56)

1o =M< fger
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1
so that 2F 1z < 5 and consequently

2k (z), 28 (— ), 281 (22) € (—1,1).
Therefore for each n =0,1,...,k — 1, we have
2"(x), 2" (—x),2"(2x) € (—1,1)
and
B(2(22)) — 12B(2"(2)) — 4B(2"(~2)) = 0
for n =0,1,...,k — 1. From the definition of g, and , we obtain that

21 (2"(22)) — 128(2"(x)) —46(2”(—@)‘

90(22) = 12g,() — dg,(—2)| <

1 16 17x16p,
— 1T =17 - .
T TS TR TR

2
22—\ B2 (20)) - 1268(2" (@) — 4B(2"(~a))|

Thus g, satisfies (3.54)) for all z € R with 0 < |z|* <

16

We claim that the quartic functional equation is not stable for » = 4 in
condition (i7) of Corollary Suppose on the contrary that there exist a quartic
mapping (0, : R — R and a constant x > 0 satisfying . Since g, is bounded
and continuous for all z € R, @4 is bounded on any open interval containing the
origin and continuous at the origin. In view of Theorem [3.12] ()4 must have the
form Q4(x) = cz* for any z in R. Thus, we obtain that

194(2)| < (5 + le]) |2[" (3.57)
But we can choose a positive integer m with mu > x + |c|.
If x € (O, = 1) then 2"z € (0,1) for all n =0,1,...,m — 1 . For this z, we get
5 <« A(2me) 4 4
= >
Z 2 o mpz” > (k+ |c]) x

which contradicts (3.57). Therefore the quartic functional equation (1.3]) is not
stable in sense of Ulam, Hyers and Rassias if » = 4, assumed in the inequality
condition (i7) of ([3.53]). O

Now we are ready to prove our main theorem.
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Theorem 3.15. Let j € {—1,1} and 5 : X — [0,00) be a function with conditions
and forallx € X. Letg : X — Y be a function satisfying the inequality

lg(2x) —12g(x) — 4g(—2)|| < 5 (x) (3.58)

for all x € X. Then there exists a unique cubic mapping C : X — Y and a unique
quartic mapping Q4 : X — Y which satisfying such that

> Kig _okiy
loto) - Co) - ol < 5 | 3 (H5+ 25

8 £\ 8k gki

T

1 ¢ (B@Y2)  B(=2Yx)

+o Z( TR (3.59)
k=211

2

for all x € X. The mapping C(x) and Q4(x) are defined in and
respectively for all x € X.

Proof. The proof of the Theorem is similar to the Theorem [3.7] O

Using Corollaries [3.10] and [3.13] we have the following corollary concerning the
stability of (1.3]).

Corollary 3.16. Let iu and r be nonnegative real numbers. Let a functiong: X — Y
satisfies the inequality

lo(20) - 120(0) ~ gl < { MLy (3.0

forall xz,y € X. Then there exists a unique cubic function C : X — Y and a unique
quartic function Q4 : X — Y such that

1 1
% _+_)7
lo(@) ~ C@) - Qua)l < § T IO (3.61)
|8—2T|+|16—2rr)’

forallz € X.

4. STABILITY RESULTS OF (T.2) AND (T.3): FIXED POINT
METHOD

In this section, we apply a fixed point method for achieving stability of the func-
tional equations ([1.2)) and ((1.3)) are respectively present.

Now, first we will recall the fundamental results in fixed point theory.
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Theorem 4.1. (Banach’s contraction principle) Let (X,d) be a complete metric
space and consider a mapping T : X — X which s strictly contractive mapping,
that is

(A1) d(Tx,Ty) < Ld(z,y) for some (Lipschitz constant) L < 1. Then,

(i) The mapping T has one and only fixed point x* = T (x*);

(11) The fized point for each given element x* is globally attractive, that is
(A2) lim, o T"x = x*, for any starting point v € X ;

(11i) One has the following estimation inequalities:
(A3) d(Trw,2*) < 27 d(T"2, T"a),¥V n >0,V z € X;

(A4) d(z,2*) < %= d(x,2%),V z € X.

1-L

Theorem 4.2. [28] Suppose that for a complete generalized metric space (2,6) and
a strictly contractive mapping T : Q — Q with Lipschitz constant L. Then, for each
giwen x € §) , either
d(T"z, T"'z) =00 ¥V n >0,

or there exists a natural number ng such that
(FP1) d(T"z, T""'z) < 0o for alln > ng ;
(FP2) The sequence (T"x) is convergent to a fized to a fized point y* of T
(FP3) y* is the unique fixed point of T in the set A ={y € Q:d(T"z,y) < oo};
(FP4) d(y*,y) < =7 d(y, Ty) for ally € A.

Hereafter throughout this section, let us consider £ and F to be a normed space
and a Banach space, respectively.

4.1. FIXED POINT STABILITY RESULTS OF ((1.2).

Theorem 4.3. Let f, : &€ — F be a odd mapping for which there exist a function
¢: &€ —[0,00) with the condition

1
lim —kC(/{fx) =0 (4.1)
k—o0 K;
where
|2 af i=0

such that the functional inequality
1fa(22) = 3fa(2) — fal—2)|| < ((x) (4.3)
for all x € €. If there exists L = L(i) < 1 such that the function

= ()= ¢ (3)

has the property .
Y(x) = ~ V (RiT) . (4.4)

i
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for all x € £. Then there exists a unique additive mapping A : € — F satisfying the
functional equation and

1fule) - Aw)]) < L

() (4.5)
forallx € &.

Proof. Consider the set
I'={p/p:&—F, p(0) =0}
and introduce the generalized metric on I,
d(p,q) = inf{K € (0,00) :|| p(x) — q(2) [[< Kep(z),z € £}.
It is easy to see that (I, d) is complete.
Define T : I — I' by

forall z € £&. Now p,q e T,

d(p,q) < K = [ p(z) = q(z) | < K¢(z),2 € €,

(i) — —qlmie)

) %

< L Ky(ri),z € €,

)

1 1
fp(/fix) - ;Cl(ﬁﬂ)

= || Tp(z) — Tq(2) |< LEKY(x),x € &,

< LEKY(z),x € €,

This implies d(Yp, Tq) < Ld(p,q), for all p,q € T'. ie., T is a strictly contractive
mapping on I' with Lipschitz constant L.

Using oddness of f, in (4.3)), we arrive

[fa(22) = 2f (2)|| < (=) (4.6)
for all x € £. It follows from that
fa(22) (z)
_ < 277 .
for all z € £. Using for the case ¢ = 0 it reduces to
(22
B f)| < 2ot

for all x € &,
fo, d(Tfu fu) L= d(Xfu fu) L =11 < 0. (45)
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Again replacing x = 7 in (4.6[), we get
f@) =26 (3)[ =< (5) (49)
for all z € £. Using for the case ¢ = 1 it reduces to
fol@) =24 (5)| £ v@)

for all x € &,
fe, d(fuTf) < 1= d(fu X f) < 1= 10 < oo (4.10)

From and , we arrive
d(fa, Tfa) < L'
Therefore (FP1) holds.
By (FP2), it follows that there exists a fixed point A of T in I" such that

G
A = i 2

Vzek. (4.11)

To order to prove A : £ — F is additive. Replacing z by ¥z in (4.3)) and dividing
by k¥, it follows from (4.1)) that

k) = 3fa(nke) — ful—to)| < Sclote)

for all x € £. Letting k& — oo in the above inequality and using the definition of
A(z), we see that

1
KF

(2

A(2x) = 3A(x) + A(—x)
i.e., A satisfies the functional equation (|1.2)) for all z € £.
By (FP3), A is the unique fixed point of T in the set
A={AeTl :d(f,,A) < o0},

such that
[fa(@) = Az)|| < Kip(2)
for all z € £ and K > 0. Finally by (FP4), we obtain

1
d(fm A) < ﬁd(faa Tfa)

this implies

Ll—z‘
d(fa:A) < 77
which yields
Ll—i
fale) = A@) < ()

this completes the proof of the theorem. (]
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The following corollary is an immediate consequence of Theorem concerning

the stability of (1.2).

Corollary 4.4. Let f, : € — F be an odd mapping and there exists real numbers p
and r such that

Iha(20) = 380) — -0l < { ) O L A

for all x € £. Then there exists a unique additive function A : € — F such that

(@) nl,
[ fa(z) = A(z)]| < (if) pllz||" (4.13)
2 — 2|’

forallz € €&.

Proof. Setting

for all z € £. Now,

0
=,

k) K ) = 0ask— o0
EC(Hix)— ﬁ ko || _{—>Oask;—>oo?
i I{/?H’file»

K2

Thus, (4.1)) is holds.

L
But we have ¢(z) = ¢ () has the property ¢(z) = — ¢ (k;z) for all z € &.
Ky

Hence
B T\ P
v =C(5) = { 2y

Now,
! z - : (a)
) ) K P, K; ¢ x),
—Y(kix) =< Y =< = { }_ o= { [
W L atr, T Lttt T U ollells TR Aa)
K R

Hence the inequality (4.4) holds either, L = 27 if i = 0 and L = ;& if ¢ = 1.
Now from (4.5)), we prove the following cases for condition (7).
Case:1 L=2"1ifi=0

I fa(x) = Al@)|| € ———~
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Case:2 L= ifi=1

(%1)1—1
Ifa(@) = A@)]| < F=—v(@) = —p.
2—1
Also the inequality (4.4) holds either, L = 2"~ for r < 1if i = 0 and L = 5
for r > 1if i = 1. Now from (4.5]), we prove the following cases for condition (ii).
Case:3 L=2"1forr<1ifi=0

(20-)7" ! pllzl
[ fa(z) — A(2)]| < miﬁ(l’) =5 2TP||90|| =5 o
Case:4 L:T%lforr>11fi:1
(5oto) ! |1
; _A < 27/ _ s_ P )
[ fa(z) — A(z)|| < p—— U(x) o 2PHSCH o —9
Hence the proof is complete. 0]

Theorem 4.5. Let f, : £ = F be a even mapping for which there exist a function
¢ : & —[0,00) with the condition

i 1 k
kh_)rg() e (kiz) =0 (4.14)
where k; is defined in such that the functional inequality
1fq(22) = 3fq(x) — fo(=2)| < ((x) (4.15)

for all x € €. If there exists L = L(i) < 1 such that the function

= v@) = ¢ (3),

has the property
L
V@) = = v (i), (1.16)

for all x € £. Then there exists a unique quadratic mapping Qs : € — F satisfying
the functional equation and

1fa(2) = Qa(x)]] <

¥(z) (4.17)
forall x € &.

Proof. Consider the set

I'={p/p:&— F, p(0) =0}
and introduce the generalized metric on I,

d(p, q) = inf{K € (0,00) :[| p(z) — ¢(z) || < K¢(z),2 € £}
It is easy to see that (I',d) is complete.
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Define T : I" — I' by
1
Tpla) = Hpl)

2

forall z € £ Now p,q e T,
d(p,q) < K = | p(z) — q(z) < Kip(z),2 € E,

1
< ?K@/}(/{ix),m €&,

)

< LKy(z),z €€,

# ‘

1 1
K—?P('fﬂ) - QCI(/‘W)

)

1 1
%—?P(ﬁiflf) - %—?C](/‘vﬂ)

= || Tp(z) — Yq(z) [|< LEY(z),z € €,
=d(p,q) < LK.

=

This implies d(Yp, Tq) < Ld(p,q), for all p,q € T'. ie., T is a strictly contractive
mapping on I' with Lipschitz constant L.

Using evenness of f, in (4.15]), we arrive

1fq(22) — 4f(@)]| < ((2) (4.18)
for all z € €. It follows from (4.18)) that
2z x
R o
for all z € €. Using (4.16|) for the case i = 0 it reduces to
fa(22)

D _ po| < 2ot

for all x € &,
e, d(Tf,f,)<L=d(Yf,f,)<L=L"<oo.
Again replacing z = ¢ in (4.18), we get
x x
| =45, (5)| =< (5) (4.20)
for all x € €. Using (4.16|) for the case i = 1 it reduces to

fl@) =45, (3)] < v@)

for all x € &,
e, d(f,Yf) <1=d(f,Yf)<1=L"<cc.

From the above two cases, we arrive
d(fy Tfy) < L
Therefore (FP1) holds. The rest of the proof is similar to that of Theorem 4.3 O
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The following corollary is an immediate consequence of Theorem concerning

the stability of (1.2).

Corollary 4.6. Let f, : £ — F be an even mapping and there exists real numbers
p and r such that

_ _ o (i) p
I#@0) =3 = Fol < § 0D P s, (421
for all x € £. Then there exists a unique quadratic function Qo : £ — F such that

P
(Z) ’?7

1fo(z) — Q2(z)|| < ol (4.22)
(ZZ) |4 _ 27,,| Y
forallz € &.
Proof. The proof of the corollary is similar lines to the of Corollary [4.4] O

Now, we are ready to prove the main fixed point stability results.

Theorem 4.7. Let f : &€ — F be a mapping for which there exist a function

¢ : FE — [0,00) with the conditions and where k; is defined such
that the functional inequality
1f(2z) = 3f(x) — f(—2)l| < () (4.23)
for all x € €. If there exists L = L(i) < 1 such that the function
x
=) = ¢ (3).
with the properties and forallx € £. Then there exists a unique additive

mapping A : £ — F satisfying the functional equation and a unique quadratic
mapping Q) : &€ — F satisfying the functional equation and

1£() ~ A@) - Q)] < L (wle) + ¥(-a) (424)

forall x € £.

Proof. Tt follows from ([3.29) and Theorem [4.3] we have

1 L
@) ~ A < 52 () + () (4.25)
for all z € £. Also, it follows from and Theorem , we have
1 Llfi
Iele) ~ QI < 52 (9(a) + (2) (4.26)

for all x € £. Define
f(z) = fe(z) + fo(z) (4.27)
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for all x € £. From , and , we arrive
1f(z) — A(z) — Q@)[| = || fe(z) + folz) — A(z) — Q)]
< | folx) = A(@)|| + [ fe(z) — Q)]

1 L
571 (@) + 9 (=2) + (9 (@) + v(=2))]

Ll—i
< 7 (@) + (=)

for all z € X. Hence the theorem is proved. ([l

<

The following corollary is an immediate consequence of Theorem {4.7] using Corol-

laries and concerning the stability of ((1.2)).

Corollary 4.8. Let f : £ — F be a mapping and there exists real numbers p and r
such that

f0 =35 - feol<{ 1) Pp ppra @29

for all x € £. Then there exists a unique additive function A : £ — F and a unique
quadratic function Qs : € — F such that

|| (1 + g),
If@) - A@) @@l <y N (4.29)
Aol (=7 + )

forallz € €&.

4.2. FIXED POINT STABILITY RESULTS OF ({1.3).

Theorem 4.9. Let g. : € — F be a odd mapping for which there exist a function
¢ : &€ —[0,00) with the condition

R
where
(2 if i=0;

such that the functional inequality

19¢(22) — 12g.(2) — 4gc(—2)|| < ((2) (4.32)
for all x € €. If there exists L = L(i) < 1 such that the function
x

2= (@) =¢(3)
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has the property
1
Y(z) = — ¥ (k). (4.33)

for all x € £. Then there exists a unique cubic mapping C : € — F satisfying the
functional equation and

lgela) — C(@)]) < 2

U(z) (4.34)
forallx € €.

Proof. Consider the set
I'={p/p:&— F, p(0) =0}
and introduce the generalized metric on I,
d(p, q) = inf{K € (0,00) :[| p(z) — q(z) | < K¢ (z),z € £}.
It is easy to see that (I",d) is complete.
Define T : I — I' by

forall z € £. Now p,q e T,

d(p,q) < K = || p(z) — q(z) |< Ki(z), 2 € €,

1 1
R—ip(/%fﬁ) - R—?Q(Hﬂ)

1
< EKw(mx),x €é,

]

< LK¢(z),x €€,

j ‘

1 1
R—?p(’fﬂ) - K—?q(mx)

= || Tp(z) — Yq(z) ||< LKY(x),z € &,
=d(p,q) < LK.

This implies d(Yp, Tq) < Ld(p,q), for all p,q € T'. ie., T is a strictly contractive
mapping on I' with Lipschitz constant L.

Using oddness of g. in (4.32), we arrive

=

l9c(22) = 8f ()] < ¢(x) (4.35)
for all x € €. It follows from (4.35)) that
(2
9:20) _ g (]| < 422 (4:36)
8 8
for all z € €. Using (4.33]) for the case i = 0 it reduces to
g.(2z)

2 o) < Lute)
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for all z € &,
ie., d(Yge,g.) <L=d(Yg.,g.) <L=L"< 0.
Again replacing v = 5 in (4.35)), we get
x x
90(17) - 896 (E) ‘ < § (5) (437>
for all x € €. Using (4.33)) for the case i = 1 it reduces to

9:(2) = 89. (3 )| < vl@)

for all z € &,
ie, d(g.,Yg.) <1=d(g.,Yg.)<1=1L"< oo.

From the above two cases, we arrive
d(ge, Tge) < L'
Therefore (FP1) holds. The rest of the proof is similar to that of Theorem 4.3 O

The following corollary is an immediate consequence of Theorem concerning

the stability of (1.3]).

Corollary 4.10. Let g.: € — F be an odd mapping and there exists real numbers
p and r such that

loo20) = 1200) ~ -l < { ) P Ly @39)

for all x € £. Then there exists a unique cubic function C : & — F such that

P
(Z> |77
lo@-c@i<{ (1.39)
(i) :
|8 —27]
forallz € €&.
Proof. The proof of the corollary is similar lines to the of Corollary [{4.4] O

Theorem 4.11. Let g, : € — F be a even mapping for which there exist a function
¢: &€ —[0,00) with the condition

) 1 K
klgg@ WC(KZJZ') =0 (4.40)
where k; is defined in such that the functional inequality
194(22) — 129, () — 4gq(—2)[| < ((2) (4.41)

for all x € E. If there exists L = L(i) < 1 such that the function

= () =¢ ()
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has the property
L

for all x € £. Then there exists a unique quartic mapping Q4 : € — F satisfying
the functional equation and

194(2) = Qu(z)]| <

() (4.43)
forallx € €.

Proof. Consider the set
I'={p/p:&—F, p(0) =0}
and introduce the generalized metric on I,
d(p, q) = inf{K € (0,00) :f| p(z) — q(z) | < K¢(x),z € £}.
It is easy to see that (I",d) is complete.

Define T : I' — I' by
1
o) = —gplrir),
for all x € £. Now p,q €T,

d(p,q) < K = | p(z) —q(2) [|[< K¢(2),z € €.

1 1
Fp(/@-m) - EQ(KZ@

7 7

1
< EK@/}(I{Z{L'),QS €&,

)

< LKyY(z),z €€,

i ‘

1 1
K—;lp(%ix) - K—?Q(“ﬂ)
= || Tp(x) — Tq(z) [|< LKY(z),z € €,
=d(p,q) < LK.

This implies d(Tp, Yq) < Ld(p,q), for all p,q € I'. ie., T is a strictly contractive
mapping on I' with Lipschitz constant L.

Using evenness of g, in (4.41), we arrive

1g4(27) — 16 f(2)[] < ((x) (4.44)
for all z € €. It follows from that
94(27) _ < @
o) o) < 5 (1.45

for all z € €. Using (4.42)) for the case i = 0 it reduces to

%2“’) —gq(flf)H < Li(x)
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for all z € &,
ie., d(Ygs9,) <L=d(Yg,g,) <L=L"<c0.
Again replacing x = 7 in (4.44)), we get
x x
g.(@) ~ 169, (5)]| <€ () (4.46)
for all x € €. Using (4.42)) for the case i = 1 it reduces to

ga(@) = 169, (5) | = v(@)

for all z € &,
ie., d(gy,Yg,) <1=d(g4Tg,) <1=1L°< 0.

From the above two cases, we arrive
d(g,, Yg,) < L'
Therefore (FP1) holds. The rest of the proof is similar to that of Theorem 4.3 O

The following corollary is an immediate consequence of Theorem [4.11| concerning
the stability of (|1.3)).

Corollary 4.12. Let g, : £ — F be an even mapping and there exists real numbers
p and r such that

(1) p,
lou(20) = 1200) a0 < { () 2Ly @
for all x € £. Then there exists a unique quartic function Qq : € — F such that
P
i) T
19g(2) = Q2(2) <5 plla||” (4.48)
(i) 116 — 27|’
forallz € €&.
Proof. The proof of the corollary is similar lines to the of Corollary [4.4] O

Now, we are ready to prove the main fixed point stability results.

Theorem 4.13. Let g : € — F be a mapping for which there exist a function

¢: &€ — [0,00) with the conditions and where k; is defined such

that the functional inequality

l9(22) — 12g(x) — 4g(—)|| < ¢(z) (4.49)
for all x € €. If there exists L = L(i) < 1 such that the function

= () =¢ ()
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with the properties and for all x € £. Then there exists a unique cubic

mapping C' : € — F satisfying the functional equation and a unique quartic mapping
Q4 : &€ — F satisfying the functional equation and

Ll—i
lg(z) = Clz) = Qd()]| < T—F (¥(x) +¢(~=)) (4.50)
forall x € E.
Proof. The proof of the Theorem is similar to the Theorem [4.7] O

The following Corollary is an immediate consequence of Theorem [.13] using
Corollaries and concerning the stability of (1.3]).

Corollary 4.14. Let g : £ — F be a mapping and there exists real numbers p and
r such that

lo(2e) ~ 12900) ~dg(-all < { () L a0 (@SD

for all x € £. Then there exists a unique cubic function C' : £ — F and a unique
quartic function Q4 : & — F such that

1 1
lg(z) — C(z) — Qu(2)]| < { . (4.52)
Aol (=7 + 531
forallz € €&.
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1 Introduction and Preliminaries

Let T : X — X be a mapping. A point z € X is called a fixed point of
T if x = Tx. Many results appeared in literature related to the fixed point
of mappings which are contractive on the whole domain. It is possible that
T : X — X is not a contraction but 7" : ¥ — X is a contraction, where
Y is a subset of X. One can obtain fixed point results for such mapping by
using suitable conditions. Recently Arshad et al. [7] proved a result concerning
the existence of fixed points of a mapping satisfying a contractive conditions in
closed ball in a complete partial metric space( see also [5, 6, 16, 20, 27, 28, 29]).

Matthews [17] introduced the concept of a partial metric space. In partial
metric spaces, Matthews excluded an additional condition of metric spaces that
is d(z,z) = 0 for all z. As it is better to prove a result with weaker conditions,
so one should prove new results in partial metric spaces. Partial metric spaces
have applications in theoretical computer science (see [15, 17]). Romaguera [23]
intoduced 0-complete partial metric space which is a genralization of complete
partial metric space.

The existence of fixed points of a-admissible mappings in complete metric
spaces has been studied by several researchers (see [4, 14, 15, 25, 26] and ref-
erences therein). In this paper we discuss common fixed point results for a-n
dominated mappings in a closed ball in O-complete partial metric space. The
results given in this paper improve and extend several recent results in [7, 29].
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Consistent with [12, 17, 23], the following definitions and results will be
needed in the sequel.
Definition 1.1. [17] Let X be a nonempty set. If for any ,y, z € X, mapping
p: X x X — R7 satisfies

(P1) p(z,z) = p(y,y) = p(z,y) if and only if z = y,
(P2) p(z,z) < p(z,y),

(P3) p(z,y) = p(y, v),

(Pa) p(z,2) < p(z,y) +p(y, 2) — p(y, )

Then it is said to be a partial metric on X and the pair (X, p) is called a
partial metric space.

Each partial metric p on X induces a Tj topology 7, on X which has as a
base the family of open balls {B,(z,¢) : € X,e > 0}, where By(z,¢c) = {y €
X :p(z,y) < p(z,z) +¢€}. Also By(z,r) ={y € X : p(z,y) < p(z,z) +r}is a
closed ball in (X, p).

It is clear that if p(z,y) = 0, then from Py and Py, z = y. But if z = y,
then p(z,y) may not be 0.

Definition 1.2. [17] Let (X, p) be a partial metric space, then,

(a) A sequence {z,} in (X,p) converges to a point z € X if and only if
limy, o0 p(:E,xn) :p($7x)'

(b) [23] A sequence {z,} in (X, p) is called 0-Cauchy if lim p(z,,zm) = 0.

The space (X,p) is called 0-complete if every 0-Cauchy sequence in X
converges to a point € X such that lim,, ., p(z,z,) = p(z,x) = 0.

(c) [23] If (X, p) is complete, then it is O-complete.

Romaguera [23] has given an example which proves that converse assertion of
(c) does not hold. It is easy to see that every closed subset of a 0-complete
partial metric space is 0-complete.

We require the following lemma for subsequent use:
Lemma 1.3. [12] Let X be a non empty set and f : X — X a function. Then
there exists a subset ¥ C X such that fE = fX and f: F — X is one to one.

2 Common fixed point results

Definition 2.1: Let T : X — X and o, : X x X — [0, +00) two functions. We
say that T is a-n dominated mapping if © € X such that a(x,Tz) > n(x, Tx).
If a(x,y) > n(z,y) and a(y, z) > n(y, z) implies that a(x, z) > n(x, z) then we
say that T is triangle -1 dominated mapping. Also, if we take n(z,y) = 1 then
T is called a-dominated mapping and triangle a-dominated mapping respec-
tively and if we take a(x,y) = 1 then T is called n-subdominated mapping and
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triangle n-subdominated mapping respectively.

In the following we present common fixed point theorems for the pair of
a-n-dominated contractive mappings in a closed ball.

Theorem 2.2. Let (X, p) be a 0-complete partial metric space. Suppose there
exist two functions, «,n : X x X — [0,+00) such that S and T are a-n dom-
inated mapping. Let zg,z,y € X, r > 0. If there exist some k,¢ such that,
k+2t €[0,1) and the following conditions hold:

p(Sz, Ty) < kp(z,y) + tlp(z, Sx) + p(y, Ty)], (2.1)

for all x,y € B(xo,r) such that a(z,y) > n(x,y) or aly,z) > n(y,z) and

p(xo, Szp) < (1 — X)[r + p(xo, zo0)], (2.2)

where A = 1
Then there exists a point z* in By (zo,7) such that p(z*,z*) = 0. Moreover,

if for any sequence {z,} in By(xo,r) such that a(z,,zny1) > n(Tn, Tnt1) for

all n € NU{0} and =, — u € By(zo,r) as n — 400 then a(z,,u) > n(x,, u)

for all n € N U {0}, then z* is a common fixed point of S and T.

Proof. Let z; in X be such that z; = Sxp and 2 = Tz;. Continuing this

process, we construct a sequence x,, of points in X such that,

T2i4+1 = S$2i, and T2i4+2 = T.Z‘QH_l, wherei = O, 1, 2, cean

As S is a-n dominated mapping then a(zg,z1) > n(xo,x1). As T is a-n dom-
inated mapping then a(z1,x2) > n(z1,22). Continuing in this way we obtain
(T, Tnt1) > N(xy, Tpyr) for alln € NU{0}. First, we show that z,, € B,(xo,r)

k4t
for all n € N. Using inequality (2.2) and the fact that A\ = 1—:, we have,

p(xo, Szo) < 1+ p(xo, T0).

It implies that 1 € By(xo,r). Let 9, -+ ,x; € Bp(zo,r) forsome j € N. If j =
2i + 1, then as x1, 22, ...,2; € Byp(xo,7) and a(r2;, T2i41) > 17(T24, T2i41),where
1=0,1,2,... % So using inequality (2.1), we obtain,

p($2i+1, $2i+2) = p(SCCQi,TéUziH) < /fp(xm', $2i+1)
+t[p(w2i, Swoi) + p(T2i41, TT2i11)],

which implies that,

Ap(T2i, T2i41)

P(T2i41, T2ig2) <
< Np(w2i1, m2i) < oo < N p(20, 1), (2.3)
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If j = 2i+2, then as z1, z2, ..., xj € Bp(zo,7) and a(T2i41, T2i+2) > 7(T2i41, T2it2),

where 1 =0,1,2,..., ];2. ‘We obtain,

P(T2i42, Tairs) < A 2p(x, 21). (2.4)

Thus from inequalities (2.3) and (2.4) , we have,

p(xj,zj01) < Mp(xo, 1) for some j € N. (2.5)
Now
p(@o,wj41) < plxo, 1) + oo+ Pl Tj41)
< plxo,z1) + ... + Mp(xo, 1), (by 2.5)
p(zo,zjs1) < plzo, )1+ o+ XN THHN]
1= N

< 7+ p(2o, o),

gives ;41 € By(zo,7). Hence x,, € By(zo,7). Also a(zy, Tnt1) > 7(Tn, Tnt1),
then

P(Tn, Tpy1) < A"p(xg, 1), for all n € N. (2.6)
So we have,
P( @tk Tn) < P( @tk Tngk—1) + oo+ D(Tng1, Tn)
< NP p(zo, ) 4 4 A"p(xo, 1), (by 2.6)
P(@nik,xn) < AN'plao,w)[NTHHNTE 44 1]
1—AF
< /\”p(:co,xl)% — 0 as n — 0.

Notice that the sequence {z,} is a 0-Cauchy sequence in (B,(xo,7),p). As
(Bp(zo,7),p) is complete, therefore by Definition 1.2, there exists a point z* €
By(zo,7) with

lim p(x,,z") =p(z*, ") = 0. (2.7)

n—oo

Now,

p(x™, Sz*) < p(a*, Topt2) + p(Tant2, ST°) — p(T2n 42, Tant2)-

On taking limit as n — oo and using the fact that a(z,,z*) > n(z,,2*) when
a(zn, Tpt1) > N(xn, Tpy1) and z, — x*, we have,

p(z*,Sz*) < nler;o[p(x*,mgn+2) + kp(x2ng1, ")
+t{p(¥2n+1, Tant2) + p(z™, S2")}],
by inequalities (2.6) and (2.7), we obtain,
(1—t)p(a”,527) <0
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and z* = Sx*. Similarly, by using,

p (2", Ta*) < p(z*, xant1) + p(@2nt1,T2") — p(Tont1, Tant1),

we can show that x* = Tz*. Hence S and T have a common fixed point in
Bp (.130, 7") .
]

If we take T' = S for all z, y € X in Theorem 2.2, we obtain following result.
Corollary 2.3. Let (X, p) be a 0-complete partial metric space. Suppose there
exist two functions, a,n : X x X — [0,+00) such that S is a-n dominated
mapping . Let 2o, x,y € X, r > 0. If there exist some k, t such that, k+2¢ € [0,1)
and the following conditions hold:

p(Sz, Sy) < kp(z,y) + tlp(z, Sz) + p(y, Sy)l,

for all z,y € B(xo,r) such that a(z,y) > n(x,y) and

(o, Sxo) < (1 = A)[r + p(zo, o)),

k4t
11—t

If for any sequence {z,} in By(zo,r) such that a(zn, znt1) > 0(Tn, Tni1)
for all n € NU{0} and x,, — u € Bp(zo,7) as n — 400 then a(z,,w) > n(x,, u)
for all n € NU{0}. Then there exists a point «* in By (zo, ) such that «* = Sz*
and p(z*,z*) = 0.

where \ =

If n(z,y) =1 for all x, y € X in Theorem 2.2, we obtain following result.

Corollary 2.4. Let (X, p) be a 0-complete partial metric space. Suppose there
exists, a: X x X — [0, +00) such that S and T are a-dominated mapping. Let
xo,z,y € X, r > 0. If there exist some k,t such that, k + 2t € [0,1) and the
following conditions hold:

p(Sz, Ty) < kp(z,y) + t[p(z, Sz) + p(y, Ty)],

for all x,y € B(zo,r) such that a(z,y) > 1 or a(y,z) > 1 and

p(wo, Sz0) < (1 = N)[r + p(z0, 20)],

k4t
11—t

If for any sequence {z,} in By(zo,r) such that a(z,,z,41) > 1 for all
n € NU{0} and z, — u € By(xo,r) as n — 400 then a(z,,u) > 1 for all
n € NU{0}. Then there exists a point z* in B, (x¢, r) such that «* = Sz* = T'z*
and p(z*,z*) = 0.

where \ =

If a(z,y) =1 for all x, y € X in Theorem 2.2, we obtain following result.
Corollary 2.5. Let (X, p) be a 0-complete partial metric space. Suppose there
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exists, 7 : X x X — [0,+00) such that S and T are n-subdominated mapping.
Let zg,z,y € X, r > 0. If there exist some k, ¢ such that k + 2t € [0,1) and
n(z,y) <1 orn(y,xz) <1 implies that

p(Sz, Ty) < kp(z,y) + t[p(z, Sz) + p(y, Ty)],

for all z,y € B(xg,r) and

(o, Sxo) < (1 = A)[r + p(xo, o)),

k+t
11—t

If for any sequence {z,} in B,(xo,r) such that n(z,,zn,+1) < 1 for all
n € NU{0} and z,, — u € By(zg,7) as n — +oo then n(z,,u) < 1 for all
n € NU{0}. Then there exists a point z* in B, (x¢, r) such that z* = Sz* = T'z*
and p(z*,z*) = 0.

where \ =

Corollary 2.6. Let (X,d) be a complete metric space. Suppose there exists,
a: X x X — [0,400) such that S and T are a-dominated mapping. Let

a(z,y)d(Sz,Ty) < kd(z,y) + t[d(z, Sz) + d(y, Ty)]

holds for all z,y € X and k + 2t € [0,1).

If for any sequence {z,,} in X with a(z,,2,4+1) > 1 for all n € NU {0} and
T, — Z as m — +00, we have a(z,,z) > 1 for all n € NU{0}. Then S and T
have a common fixed point.

Theorem 2.7. Adding the following conditions to the hypotheses of Theorem
2.2.

(i) Let S and T are triangle a-n dominated mapping.

(ii) If for any two points x,y in By,(xo,r) there exists a point zg € By(xo,r)
such that a(z, z0) > n(x, 20), a(y, z0) > 1(y, 20)-

iii) For all z € B,(z¢,r) such that a(z, Szg) > n(z, Sxg) implies
p

p(xo, Szo) + p(z,T2) < p(x0, 2) + p(ST0, T'2).

Then S and T have a unique common fixed point z* and p(z*,z*) = 0.
Proof. Let y be another point in B, (x, ) such that y = Sy = T'y. Now,

p(y,y) = p(Sy,Ty)
< kply,y) +t{ply, Ty) +p(y, Sy)}
(I—k—=2t)p(y,y) < 0.
This implies that,
p(y,y) = 0. (2.9)
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Now if a(x*,y) > n(z*,y), then,

p(.%‘*, y) = p(SQS*, Ty)
kp(z*,y) + t[p(z™, Sz*) + p(y, Ty)]

<
< 0. (by 2.7 and 2.9)

(1 —Fk)p(=",y)

This shows that z* = y. Now if a(z*,y) # n(z*,y), then there exists a point
20 € Bp(zo,r) such that a(z*, z0) > n(z*, 20) and a(y, z0) > 7(y, 20). Choose a
point z; in X such that z; = T2y and zo = Sz;. Continuing this process, we
construct a sequence z, of points in X such that,

22i4+1 = TZQZ', and 22i42 = SZQ¢+1, wherei = 0, 1, 2, ceen

As T is a-n dominated mapping then a(zo,21) > 1(z0,21). As S is a-n dom-
inated mapping then «(z1,22) > 7(z1,22). Continuing in this way we obtain
a(zn, 2n+1) > N(zn, 2n+1) for all m € N U {0}. As S and T are triangle a-
7 dominated mapping , so a(zp,21) > 1(20,21) and a(z1,22) > n(z1, 22) im-
plies that «(zg, 22) > (20, 22). Continuing in this way we obtain «(zq, zn4+1) >
(20, 2nt+1). Now a(z*,z0) > n(x*, 2z9) and «a(zo, 2n+1) = M(20, 2nt+1) implies
that a(z*, zn11) = n(x*, znt1). Also a(z,, *) > n(x,, z*) and a(z*, z,41) >
n(z*, zp+1) implies that a(z,, zp+1) > 7(@n, 2ne1). Now we will show that
zn € Bp(zo,) for all n € N. Now,

p(Szo,Tz0) < kp(xo,20) + t[p(xo, z1) + p(20, T20)]
< kp(o, 20) + t[p(zo, 20) + p(21,T20)], (by (iii))
p(Szo,T2z0) < Ap(xo,20) and (2.10)
p(wo,21) < p(zo,21) + (71, 21) — p(T1,71)
< (1= N[r+p(xo,x0)] + Ap(x0, 20), (by 2.2 and 2.10)
p(zo,z1) < (1= A)[r+p(zo,xo)] + Alr + p(zo, 20)] (as 20 € By(zo,7))

implies that z1 € Bp(xo,7). Let 22,23, ..., 2; € Bp(zo,7) for some j € N. If j is
even, then, we have,

p(z1,Tz;) = kp(xo,2;) + tlp(zo, x1) + (25, Tz))]
< kp(o, ) + tp(wo, 25) + p(z1,Tz;)], (by (iii))
p(x1,Tz;) < Ap(wo,zj) < Alr+ p(xo,xo)].  (as zj € Bp(zo,7)) (2.11)
Now,
p(xo, Tz;) < plxo,x1) + p(a1,Tz;) — p(x1, 1)
< (L= X)[r+p(zo, x0)] + Alr + p(zo, x0)], (by 2.11)
p(®o,2j41) < 7+ p(To, 7o) (2.12)

158



Dominated Mappings and Related Common Fixed Point
Results in Closed Ball
Abdullah Shoaib

Now, if j is odd then, following similar arguments as we have used to prove
inequality (2.5), we have,

p(2j, 2j+1) < Mp(20,21) for some j € N. (2.13)

Now, we have,

p(x2,2zj41) = p(Tx1,5%) < kp(x1, 25) + tp(zr, Tey) + p(z;, Sz;)]
< kp(x1, z;) + tAp(xo, 1) + Ap(2zj-1,Tzj-1)], (by 2.6 and 2.13)

p(x2,2j41) < kp(1,2;) + tA[p(20, 2-1) + (@1, 25)], (by (iii))
p(x2,zj41) < (k+tN)p(z1,Tzj—1) +tA\[r + p(zo, xo)], (as zj—1 € Bp(zo,7))
p(x2, zj41) < [(k+tANX+A|[r + p(xo,20)], (by 2.11, as j — 1 is even)
P2, 2j01) < N[r+ pl(wo, o)) (2.14)
Now,

p(zo,zj41) < p(zo,21) + (1, 22) + P(22, 2j41)

< plzo,z1) + Ap(zo, 1) + AN[r + p(z0, 0)], (by 2.6 and 2.14)
p(xo, zj+1) < 1+ p(T0,0). (2.15)

Therefore, from inequalities (2.12) and (2.15), zj41 € Bp(zo,r) in both cases.
Hence z,, € By(zg,r) for all n € N. Thus, inequality (2.13) becomes

P(2n, Znt1) < A"p(20,21) — 0 as n — oc. (2.16)

As a(y,z20) > 1(y, 20) and (20, znt1) > 1(20, Znt1) implies that a(y, z,41) >
(Y, zn+1). Also a(z*, zp41) > n(z*, z,41). Then, for i € N,

p(Tx*,Sz0-1) < kp(a™, z9i—1) + tlp(z™, Tz") + p(22i—1, S2z2i—1)]
= kp(Sz™,Tzai—2) + tp(22i—1, 22i),
p(x*, Sz0i1) < k*p(x*, z0i_2) + ktp(22i—2, 22i-1) + tp(29i—1, 22i)
< k%p(x*, 20) + kzi*ltp(zo, z1)+ -

+ktp(22i-2, 22i-1) + tp(22i-1, 22:)-
On taking limit as ¢ — oo and by inequality (2.16), we have,
p(m*, SZgi_l) =0. (217)

Similarly,
p(Sz2i—1,y) — 0 as i — oo. (2.18)

Now by using inequality (2.17) and (2.18), we have

p(z*,y) < p(x*,Sz9i—1) + p(Sz2i—1,y) — 0 as i — co.
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So, z* = y. Hence z*is a unique common fixed point of T" and S in B, (zo,7). ®
Example 2.8. Let X = [0,+00)NQ and p: X x X — R’ be the 0-complete
partial metric on X defined by p(z,y) = max{z,y}. Define a(z,y) = 2z — v,

n(z,y) =z —y and

T .
Litre1nQ 5 e e [0,1]NQ
Sx = 61 and Tz = 171
x—gifxe(l,oo)ﬂQ x—?ifxe(l,oo)ﬂQ
. . 1 1 1
Clearly, S and T are a-n dominated mappings. Take, k = R t= 5’ To = 3
1 _— 11 1
r= g then By(zo,7) = [0,1] N Q. We have, p(zo,x¢) = max{§,§} =3
LAY
1—-1¢ 25
(I =XN)[r+plz yc)]—E
P(Zo,Zo)| = 25
and
(20, 520) = Py o) = & < (1= N[ + p(zo, 0)]
p 0 0 _p 2732 - 2 p 0,40)]-
Also if, x =y =2 € (1,00) N Q, then,
1 1 13
S2,T2) = 9_-9_1="°
p(52,72) max{2 — 2,2 - 2} =
1 1 1 1 16
> 5max{2,2} + 6[max{272 — é} + max{2,2 — §}} =1

So the contractive condition does not hold on X.
. —_— z 5
Now if, z,y € Bp(zo,r),then p(Sz,Ty) = max{—, —

1 1
< smax{r,y}+ 2 max{z, 1} + max{y, 22}

= kp(z,y) + tp(z, Sz) + p(y, Ty)]
Also, a(z, Szo) > n(z, Sxo) implies
p(o, Szo) + p(2,T2) < p(zo, 2) + p(Sz0, T2)

for all z € B(xo, 7).
Therefore, all the conditions of Theorem 2.7 are satisfied. Moreover, 0 is the
common fixed point of S and T" and p(0,0) = 0.

In Theorem 2.7, the condition “If for any sequence {z,} in B,(z¢,r) such
that a(zn, Znt1) > N(@n, Tnyr) for all n € N U {0} and z, — u € By(xo,7) as
n — +oo then a(xy,,u) > n(z,,u) for all n € N U{0}”, the condition (i), (ii),
(iii) are imposed to restrict the condition (2.1) only for a-n dominated mapping
and for those z,y in By(zg,r) for which a(z,y) > n(z,y) or a(y,z) > n(y, z).
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However, the following result relax these restrictions but impose the condition
(2.1) for all elements in B,(xo, 7).

Theorem 2.9. Let (X, p) be a 0-complete partial metric space, g € X, r > 0
and S,T : X — X be two mappings. Suppose for k + 2t € [0, 1), the following
conditions hold:

p(Sz, Ty) < kp(z,y) + t[p(z, Sz) + p(y, Ty)],
for all z,y in By(xo,r) and

(o, Sxo) < (1 = A)[r + p(zo, o)),

k4t . . . B
where \ = 1+ Then there exists a unique point z* in B,(x¢,r) such that

x* = Sx* = Tz* and p(z*,2*) = 0. Moreover, S and T have no fixed point
other than x*.
Proof. By following similar arguments of Theorem 2.1, we can obtain a unique

point z* in Bp(xo,r) such that * = Saz* = Tz*. Let y = T'y. Then y is the
fixed point of T and it will not be a fixed point of S. Now,

p(a*,y) = p(Sz*,Ty) < kp(z™,y) + tlp(z™, Sz*) + p(y, Ty)]

. t
p(a"y) < 7—py) <plyy). (by 2.7)

A contradiction, as p(y,y) < p(z*,y). Hence £* = y. Thus T has no fixed point

other than z*. Similarly S has no fixed point other than z*.

[

In Theorem 2.7, the conditions (iii) and (2.2) are imposed to restrict the
condition (2.1) only for z,y in B,(zo,r) and Example 2.8 explains the utility
of these restrictions. However, the following result relax the conditions (iii)
and (2.2) but impose the condition (2.1) for all elements z,y € X such that

a(z,y) > n(z,y) or aly,z) > n(y,z).

Theorem 2.10. Let (X, p) be a 0-complete partial metric space. Suppose there
exist two functions, o, 7 : X x X — [0, +00) such that S and T are triangle a-n
dominated mapping. If there exist some k,t such that, k + 2t € [0,1) and the
following conditions hold:

p(Sz, Ty) < kp(z,y) + tlp(z, Sx) + p(y, Ty)],

for all x,y € X such that a(z,y) > n(x,y) or aly,z) > n(y, ).

If for any sequence {z,} in X such that a(x,,xn11) > N(Tn, Tpe1) for all
n € NU{0} and z,, — v € X as n — +oo then a(r,,u) > n(z,,u) for all
n € N U{0}. Also for any two points x,y in X there exists a point zg € X such
that a(z, z0) > n(x, 20), @y, z0) > N(y,20). Then there exists a point 2* in X
such that o* = Sz* = Ta* and p(a*,z*) = 0.

10
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Now we apply our Theorem 2.7 to obtain unique common fixed point of
three mappings in closed ball in 0-complete partial metric space.

Theorem 2.11. Let (X, p) be a partial metric space, S, T, f : X — X such that
SXUTX C fX.Suppose there exist two functions, a,n : X x X — [0, +00) such
that S T and f are a-n dominated mapping and «(fz, Sz) > n(fz,Sx) and
a(fz,Tx) > n(fx,Tx). Suppose for k+2¢t € [0,1), zp € X, 7> 0, B,(fzo,r) C
fX and for all fz, fy € B(fxo,7), a(fz, fy) > n(fz, fy) implies that

p(Sz,Ty) < kp(fx, fy) + tlp(fz, Sz) + p(fy, Ty)], (2.19)

and
p(fzo,Swo) < (1 = A)[r + p(0, 70)], (2.20)

where \ = T—Jr: and

for all fy € B,(fxo,r) such that a(fy, Sxo) > n(fy, Szo).

If for any sequence {z,} in By,(fxzo,r) such that a(z,, Tpnt1) > 0(Tn, Tnt1)
for all n € N U{0} and =, — u € B,(fzo,r) as n — +oo then a(z,,u) >
n(xn,u) for all n € N U {0} and for any two points =,y in B,(fzo,r) there
exists a point zy € B, (fxo,r) such that a(z, z0) > n(z, 20), a(y, 20) > 1(y, 20)-
If fX is 0-complete subspace of X and (S, f) and (T, f) are weakly compatible,
then S,T and f have a unique common fixed point fz in Bp(fxzo,7). Also
p(f2 f2) = 0.

Proof. By Lemma 1.3, there exists E C X such that fF = fX and f :
EF — X is one-to-one. Now since SX UTX C fX, we define two map-
pings g,h : fE — fE by g(fx) = Sz and h(fz) = Tx respectively. Since
f is one-to-one on FE, then g,h are well-defined. As a(fz,Sz) > n(fz,Sx)
implies that a(fz,g(fz)) > n(fz,9(fz)) and a(fz,Tz) > n(fz,Tz) implies
that a(fz,h(fz)) > n(fx, h(fz)) therefore g and h are dominated maps. Now
fxo € Bp(fro,7) C fX, then fzg € fX. Let yo = fxo, choose a point y; in
fX such that y1 = h(yo). As a(yo, h(yo)) = n(yo, h(yo)) so a(yo,y1) = (Yo, y1)

and let y> = g(y1). Now a(y1,9(y1)) = n(y1,9(y1)) gives ayr,y2) = 1(y1,y2)-
Continuing this process and having chosen y,, in fX such that

Y2i+1 = ]’L(ygl) and Y2i4+2 = g(yQH_l), where 7 = O7 1, 2, ceey

&(Yn, Ynt1) = M(Yn, Yn+1). Following similar arguments of Theorem 2.2, y,, €
B, (fxo,r). Also by inequalities (2.20) and (2.21) we obtain,

p(fzo,9(fx0)) + p(fy, h(fy)) < p(fzo, fy) +p9(fx0), h(fy)),
for all fy € B,(fxo,r) such that a(fy, Sxzo) > n(fy, Szo) and

p(fxo,9(fx0)) < (1= A)[r + p(zo, zo)]-

11
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By using inequality (2.19), for fx, fy € B(fzo,7), a(fz, fy) > n(fz, fy) implies
that

p(9(fx),h(fy)) < kp(fz, fy) +tp(fz, g(fz)) + p(fy, h(fy))]-

As fX is a O-complete space, all conditions of Theorem 2.7 are satisfied, we
deduce that there exists a unique common fixed point fz € B,(fzo,r) of g and
h. Also p(fz, fz)=0. m

The rest of the proof is similar to the proof given in Theorem 4 [7], so we
leave it. Hence we obtain a unique common fixed point of S, T and f.

Unique common fixed point results of three and four mappings in 0-complete
partial metric space in a closed ball are given below which can be proved with
the help of Theorem 2.5, by using the technique given in Theorem 7 [7]

Theorem 2.12. Let (X, p) be a partial metric space, zg € X, r > 0 and S, T
and f are self mappings on X such that SX UTX C fX, B,(fxzo,r) C fX.
Suppose for k + 2t € [0, 1), the following conditions hold:

p(Sz,Ty) < kp(fz, fy) + tlp(fz, Sz) + p(fy, Ty)],

for all fz, fy € Bp(fxzo,r) and

p(fzo,Swo) < (1 = A)[r + p(xo, z0)],

k+t
where A = 1—: If fX is O-complete subspace of X and (S, f) and (T, f) are

weakly compatible, then S, T and f have a unique common fixed point fz in

By(fxo,r). Also p(fz, fz) =0.

Theorem 2.13. Let (X, p) be a partial metric space, zg € X, r > 0and S,T, g
and f be self mappings on X such that SX,TX C fX = ¢gX and B,(fxzo,r) C
fX. Suppose for k + 2t € [0, 1), the following conditions hold:

p(Sz,Ty) < kp(fz, gy) + tlp(fz, Sz) + p(gy, Ty)],

for all fz, fy € By(fzo,r) and

p(fzo, Szo) < (1 = N)[r + p(wo, z0)],

kE+t
where \ = 17: If fX is 0-complete subspace of X and (5, f) and (7, g) are

weakly compatible, then S, T, f and g have a unique common fixed point fz in

By(fxo,7). Also p(fz, fz) =0.
Corollary 2.14. (Theorem 2.9 of [29]) Let (X,p) be a partial metric space

and S, T, g and f be self mappings on X such that SX, TX C fX = gX. Assume
that for » > 0 and zy be an arbitrary point in X, the following conditions hold:

p(Sz, Ty) < kp(fz,gy)

12
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for all elements fz, gy € B(fzg,r) C fX;0<k <1 and

p(fzo, Swo) < (L = k)[r + p(fxo, fr0)].

If fX is O-complete subspace of X then there exists fz € X such that p(fz, fz) =
0. Also if (S, f) and (T, g) are weakly compatible, then S, T, f and g have a
unique common fixed point fz in B(fxzo,r). Further S and T have no fixed
point other than x*.

Corollary 2.15. (Theorem 7 of [7]) Let (X,p) be a partial metric space,
xo,z,y € X,r > 0and 5,7, g and f be self mappings on X such that SX,TX C
fX =¢gX and B(fxzg,r) C fX. Assume that the following condition holds:

p(Sz, Ty) < klp(fz, Sx) + plgy, Ty)]
for all fx, fy € B(fxp,r), where 0 < k < 1/2, and

p(fzo, Szo) < (1= N[+ p(fzo, fzo)]

where A = 2. If fX is complete subspace of X and (S, f) and (T,g) are
weakly compatible, then S, T, f and g have a unique common fixed point fz in

B(fxo,r). Also p(fz, fz) =0.

The study of existence of fixed points in partially ordered sets has been initi-
ated by Ran and Reurings [22] with applications to matrix equations. Agarwal
et al. [2], Ciric et al. [10] and Nashine et al. [18] presented some new results for
nonlinear contractions in partially ordered metric spaces and noted that their
theorems can be used to investigate a large class of problems. [1, 3, 8, 9, 19, 21,
24] gave some fixed point theorems in ordered partial metric spaces.

Recall that if (X, <) is a preordered set and T : X — X is such that for
z € X, with Sz < z, then the mapping T is said to be dominated. Define the
set V by

V=A{(z,y) e X x X :z3yory=<uz}

Let (X, <,p) be a preordered 0-complete partial metric space. From Theo-
rem 2.2 to Theorem 2.7, Theorem 2.10 and Theorem 2.11, we derive following
important results in preordered 0-complete partial metric spaces.

Theorem 2.16. Let (X, <X, p) be a preordered 0-complete partial metric space,
zg,x,y € X, r>0and S,T : X — X be two dominated mappings. Suppose
for k + 2t € [0,1), the following conditions hold:

p(Sz,Ty) < kp(z,y) + t[p(z, Sz) + p(y, Ty)],

for all (z,y) in (Bp(zo,7) X Bp(zo,7)) NV and

p(xo, Sxo) < (1 — N)[r + p(o, z0)],

13
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kE+t _—
where A = 17+t If, for a nonincreasing sequence {z,} in By(zo,r), {zn} — u

implies that w < z,,, then there exists a point z* in B,(x¢,r) such that z* =
Sz* = Tz* and p(x*, 2*) = 0. Also, z* is unique, if for any two points z,y in
By (z9,7) there exists a point zy € By(xo,r) such that zp < = and zy < y and
for all z € B, (x0, r) such that z < Szg, we have

p(z0, Sxo) + p(2,T2) < p(x0, 2) + p(Sx0, T2)

Corollary 2.17. Let (X, <, p) be a preordered 0-complete partial metric space,
29 € X and 5,7 : X — X be two dominated mappings. Suppose for k + 2t €
[0,1), the following conditions hold:

p(Sz,Ty) < kp(z,y) + t[p(z, Sz) + p(y, Ty)],

for all (z,y) in V. If, for a nonincreasing sequence {x,} — wu implies that
u =X x,, then there exists a point «* in X such that z* = Sz* = Tz* and
p(z*,z*) = 0. Also, z* is unique, if for any two points z,y in X there exists a
point zg € X such that zp < x and z9 < y.

In Theorem 2.13, the condition “for all z € By,(x¢, r) such that z < Sz, we
have
p(zo, Sxo) + p(2,T2) < p(x0, 2) + p(Sx0,T2)"

is imposed to obtain unique fixed point of a contractive mapping satisfying con-
ditions (2.1). However, the following result relax this restriction but impose the
conditions (2.1) and (2.2) for ¢ = 0.

Corollary 2.18. (Theorem 2.2 of [29]) Let (X, <, p) be an ordered 0-complete
partial metric space, S, T : X — X be dominated maps and zg be an arbitrary
point in X. Suppose there exists k € [0,1) with

p(Sz, Ty) < kp(z,y) for all comparable elements z,y in By(zo,r)

and p(zo, Sxo) < (1 = k)[r + p(zo, o).

If for a non-increasing sequence {z,} in B,(zo,r), {z,} — wu implies that
u = . Then there exists z* € Bj(zo,r) such that p(z*,z*) = 0 and z* =
Sz* = Tz*. Also if, for any two points z,y in By(zo,7) there exists a point
z € Bp(zg,r) such that z < = and z < y, then z* is a unique common fixed
point in W.

Corollary 2.19. (Theorem 1 of [7]) Let (X, <, p) be an ordered complete partial
metric space, zg,x,y € X,r > 0and S,T : X — X be two dominated mappings.

14

165



Dominated Mappings and Related Common Fixed Point
Results in Closed Ball
Abdullah Shoaib

1
Suppose for ¢ € [0, 5), the following conditions hold:

p(Sz, Ty) < t[p(x, Sx) + p(y, Ty)],

for all (z,y) in (By(zo,7) X Byp(zo,7)) NV and

(o, Sxo) < (1 = A)[r + p(zo, o)),

t -
where A = =3 If, for a nonincreasing sequence {z,} in B,(xo,7), {zn} — u
implies that uw < z,, then there exists a point z* in Bj(x¢,r) such that z* =
Sz* = Ta* and p(z*,2*) = 0. Also, «* is unique, if for any two points z,y in

By (z0,7) there exists a point zy € By(zo,r) such that zp = z and zp < y and

p(z0, Sxo) + p(2,T2) < p(x0, 2) + p(ST0, T2)

for all z € By (xo,r) such that z < Sxzo.

Theorem 2.20. Let (X, =<,p) be a preordered partial metric space, zo € X,
r > 0 and S,T be self mapping and f be a dominated mapping on X such
that SXUTX C fX, Tx < fz, Sz < fa and By(fzo,7) C fX. Suppose for
k+ 2t € [0,1), the following conditions hold:

p(Sz, Ty) < kp(fz, fy) + tlp(fz, Sz) + p(fy, Ty)],

for all (fz, fy) € (Bp(fxo,7) x Bp(fzo,7)) NV and

p(f.’L‘Q, SJIQ) < (1 — /\)['I“ +p($0,l‘0)],

where \ = % and

p(fxo, Swo) +p(fy, Ty) < p(fro, fy) + p(Sx0, TY),

for all fy € By(fzo,7) such that fy < Sxzg. If, for a nonincreasing sequence
{zn} in By(fzo,r), {2} — v implies that u < x,, and for any two points z and
z in B,(fxo,r) there exists a point y € B,(fxzo,r) such that y < z and y < =.
If fX is O-complete subspace of X and (S, f) and (T, f) are weakly compati-
ble, then S,T and f have a unique common fixed point fz in B,(fzo,r). Also

p(fz, fz) =0.

Corollary 2.21. (Theorem 2.8 of [29]) Let (X, =<,p) be an ordered partial
metric space and S, T self mapping and f be a domonited mapping on X such
that SX UTX C fX and Tz, Sz < fx. Assume that for r > 0 and xg be an
arbitrary point in X, the following conditions hold:

p(Sz,Ty) < kp(fz, fy)

15
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for all comparable elements fx, fy € B(fxo,7) C fX;0<k <1 and
p(fro, Txo) < (1= k)[r + p(fzo, fzo)]-

If for a non-increasing sequence {x,} — wu implies that v < z,, also for any
two points z and z in B(fzg,r) there exists a point y € B(fzo,r) such that
y = z and y = x that is every pair of elements in B(fzo,r) has a lower bound in

B(fxg,r). If fX is O-complete subspace of X and (S, f) and (T, f) are weakly
compatible, then S, T and f have a unique common fixed point fz in B(fzo,r).
Also p(fz, fz) =0.

Corollary 2.22. (Theorem 4 of [7]) Let (X, <,p) be a ordered partial metric
space, g, x,y € X, > 0and S, T self mapping and f be a dominated mapping
on X such that SX UTX C fX, B(fxo,r) C fX and (Tz, fz), (Sz, fz) € V.
Assume that the following conditions hold:

p(Sz,Ty) < klp(fz, Sz) + p(fy,Ty)]
for all (fz, fy) € (B(fzo,r) x B(fzo,7)) NV; where 0 < k < 1/2,
p(fxo, Sw0) + p(fy, Ty) < p(fx0, fy) + p(Sz0, TY)
for all fy € B(fxq,r) such that fy < Sz,
p(fzo,Tzo) < (1= A)[r+p(fzo, fzo)]

If, for a nonincreasing sequence {z,} in B(fxo,7), {z,} — u

_k_
I-k

implies that v < z,, and for any two points z and z in B(fxo,r) there exists a
point y € B(fxzo,r) such that y < z and y < z. If fX is complete subspace of
X and (5, f) and (T, f) are weakly compatible, then S, T and f have a unique
common fixed point fz in B(fxzg,r). Also p(fz, fz) =0.

where A =

Theorem 2.23. Let (X, <,p) be a preordered partial metric space, xo € X,
r > 0 and S,T be self mapping and f be a dominated mapping on X such
that SX UTX C fX and Tz < fz, Sz < fx. Suppose for k + 2t € [0,1), the
following conditions hold:

p(Sz,Ty) < kp(fz, fy) + tlp(fz, Sz) + p(fy, Ty)],

for all (fz, fy) € V. If, for a nonincreasing sequence {z,} in X, {z,} — u
implies that u < z,, and for any two points z and x in X there exists a point
y € X such that y < z and y < «. If fX is O-complete subspace of X and (S5, f)
and (T, f) are weakly compatible, then S, T and f have a unique common fixed
point fz in B,(fxzo,r). Also p(fz, fz) = 0.

Remark 2.24. We can obtain the preordered complete metric version of all
theorems, which are still not present in the literature.
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QUALITATIVE ANALYSIS OF A
SOLOW MODEL ON TIME SCALES

MARTIN BOHNER, JULIUS HEIM AND AILIAN LIU

ABSTRACT. In this paper, we further analyze the Solow model on
time scales. This model was recently introduced by the authors
and it combines the continuous and discrete Solow models and ex-
tends them to different time scales. Assuming constant labor force
growth in the Solow model, we establish a comparison theorem.
Then, under the more realistic assumption that the labor force
growth rate is a monotonically decreasing function, we discuss the
comparison theorem as well as stability and monotonicity of the
solutions of the Solow model. The economic meanings are also
indicated in some remarks.

1. INTRODUCTION

The neoclassical growth model, developed by Solow [17] and Swan
[18], had a great impact on how the economists think about economic
growth. Since then, it has stimulated an enormous amount of work
[2,12,20]. Since differential equation systems are usually more easily
handled than difference systems from the analytical point of view, some
of the economic models have used continuous timing [1,9,13-15] while
others are given in difference models because some people think eco-
nomic data are collected at discrete intervals and transformation of cap-
ital into investments depends on the length of time lag, etc. [8,10,21].

Hence, in economic modeling, either continuous timing or discrete
timing is present, and there is not a common view among economists
on which representation of time is better for economic models [14].
Meanwhile, many results concerning differential equations may carry
over quite easily to corresponding results for difference equations, while
other results seems to be completely different in nature from their con-
tinuous counterparts [6].

2000 Mathematics Subject Classification. 91B62, 34C10, 39A10, 39A11, 39A12,
39A13.
Key words and phrases. Solow model, time scales, labor growth rate, comparison
of solutions, stability.
1
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The blanket assumption that economic processes are either solely
continuous or solely discrete, while convenient for traditional mathe-
matical approaches, may sometimes be inappropriate, because in real-
ity many economic phenomena do feature both continuous and discrete
elements. In biology, a familiar example is a “seasonal breeding pop-
ulation in which generations do not overlap” [6,19]. A similar typical
example in economics is the “seasonally changing investment and rev-
enue in which seasons play an important effect on this kind of economic
activity”. In addition, option pricing and stock dynamics in finance [11]
and the frequency and duration of market trading in economics [19] also
contain this hybrid continuous-discrete processes.

Therefore, there is a great need to find a more flexible mathematical
framework to accurately model the dynamical blend of such systems, so
that they are precisely described and better understood. To meet this
requirement, an emerging, progressive and modern area of mathemat-
ics, known as “dynamic equations on time scales”, has been introduced.
This calculus has the capacity to act as the framework to effectively
describe the above phenomena and to make advances in their associate
fields, see e.g., [3-5,19].

This theory was introduced by Stefan Hilger in 1988 in his Ph.D.
thesis [16] in order to unify continuous and discrete analysis, and has
been developed by many mathematicians. A time scale T is defined as
any nonempty closed subset of R. In the time scales setting, once a
result is established, special cases include the result for the differential
equation when the time scale is the set of all real numbers R and the
result for the difference equation when the time scale is the set of all
integers Z. The induction principle plays an important role in the
proofs of some of our results, so we give it here.

Theorem 1.1 (See [6, Theorem 1.7]). Let to € T and assume that
{S(t): t € to,00)}

1s a family of statements satisfying:

A. The statement S(to) is true.

B. If t € [ty,00) is right-scattered and S(t) is true, then S(o(t)) is
also true.

C. If t € [ty,00) is right-dense and S(t) is true, then there is a neigh-
borhood U of t such that S(r) is true for all r € U N (t,00).

D. Ift € [tg,00) is left-dense and S(r) is true for all v € [ty,t), then

S(o(t)) is true.

Then S(t) is true for all t € [ty, 00).

184
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For other notations and a systematic introduction to time scales
theory, we refer the reader to [6,7].

2. THE SoLOW MODEL ON TIME SCALES

In this section, we will first recall some elements of the Solow model
on general time scales as introduced by the authors in [5]. In the orig-
inal Solow model [1,17], the key elements are the production function,
i.e., how the inputs of capital K and labor L are transformed into out-
puts, and how capital and labor force change over time. Here we still
assume the following:

1. The production function F' satisfies:
(a) F(AK,\L) = AF (K, L) for any \, K, L € R (constant return
to scales);
(b) F(K,0)=F(0,L) =0 for any K,L € R";
oF or 0’F 0?F
“ oK >(9(; oL ] 0’88}%(2 - oL gfg, oF
(@) Jim 5% = gp = o i g = fim 57 = 0 (Inada
conditions).
2. The capital stock changes are equal to the gross investment I =
sF(K, L) minus the capital depreciation 0 K, where s and ¢ are the
savings rate and the depreciation factor of goods, respectively.

3. The labor force L changes at a constant rate n.

The three assumptions give, for any t € T

Y(t) = F(K({), L),

K2(t) =1(t)—6K(t),
(2.1) I(t) =sY(t),

LA(t)  =nL(t).

From (2.1), we obtain
(2.2) KA&(t) = sY (t) — 0K (t) = sF(K(t), L(t)) — 6K (t).

Define
Y ()
t) = ——= t) = —=~
0= md v =
which are regarded as the capital stock per worker and the production
per worker, respectively. Let

f(k) = F (% 1) = F(k,1)
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be the production function in intensive form. Then condition 1 changes
to

f(0) =0;
(2.3) f'(k)>0 and f"(k)<0 forall keR"
klir& f'(k) =00 and klgn f'(k)=0.

Applying the time scales quotient rule [6, Theorem 1.20], we use (2.2)
to find

L
_ K2(t)  K(t)LA(t)

Lo(t)  L(t)Lo(1)

A K\ | KA()L(t) — K(t)LA(t)
’ (”‘( ) () 010

_ KA2(t) B K(t)n
LW+ @) O+ a0
CSF(K(@), L) —0K(t)  K(t)n
T LU O B+ a0
s d+n
@) KA = T k) — ),

which describes the Solow model on time scales. When T = R, equa-
tion (2.4) is the continuous Solow model in [1], whereas when T = Z,
equation (2.4) is the discrete Solow model discussed in [10]

Equation (2.4) has a nontrivial equilibrium, denoted by k,,, which is
the unique positive solution of the equation

sf(k) = (6 + n)k.

~

For n = 0, we denote by ko the nontrivial steady state of equation
(2.4). Obviously, we have

lim ]%n = IAC(),
n—0t
and k, increases to ko as n decreases to zero.

Next we will discuss some sufficient conditions for the existence and
uniqueness of solutions of initial value problems for equation (2.4).
Some comparison theorems between two solutions with different initial
conditions will be given.
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Theorem 2.1. Assume (2.3). For ty € T and kg € RT, the initial
value problem

d+n
KAL) = —— f(k(t — —F——k(2),
(2.5) ®) 1—1—,u(t)nf( ®)) 14 u(t)n ®)
k(to) = ko,
has a unique solution on Tf ={t € T :t > to}.
Proof. Let
s d+n
t,k) = ———f(k) — ———k.
ult, k) 1+ ,u(t)nf( ) 1+ pu(t)n
Then u(-, k) is rd-continuous and regressive on T, and
ou
u(t, k) —ult ko)l = | o2 (86| [k — ko
ok
s , d+n
= |— —— ||k —k

S (Sf/(to) + 0 + n)|k;1 - /{32|,

where £ € (k1, k). With the theorem of global existence and unique-
ness in [6, Theorem 8.20], we can deduce that the solution of the prob-
lem (2.5) exists uniquely. O

Hence in the following, with condition (2.3), we always have the
existence and uniqueness of solutions for initial value problems (2.5).

Theorem 2.2. Assume (2.3) and let § > 0 be such that —5 € RT. Let
ki and ky be solutions of equation (2.4) on T} with initial conditions
k1(to) = ko1 and ko(to) = ko, respectively. If 0 < ko < kog, then

ki <ky on T;;

Proof. We use the induction principle Theorem 1.1.

A. If t = ty, then the result is obvious from the hypothesis.
B. If t € T} is right-scattered and ki (t) < ka(t), then

k(o) — ka( (1)) = kat) — kalt) + u()(RE(0) — R2(0)
= k) — ka0 + D (1) — 6+ (1)

L+ p(t)n
p1(t)
T o [s.f (Ka(t)) — (6 + n)ka(t)]
spu(t)

() — ) + ki (8)) — £ (ha(1))]

1+ p(t)n
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(0 +n)u(t)
O [ () = Fa(t)]
1 — p(t)d pu(t)s
o [k (t) — k(1)) + T+ an [F(k1(t)) — fka(2))]
< 0,

ki(o(t)) < ka(o(t)).

C. If t is right-dense and k() < k2(t), then there exists a right neigh-
borhood U+ (£)NT of ¢ such that ki () < ko(r) for any r € U™ (¢)NT.
For if such a neighborhood does not exist, then there must exist a
decreasing series {t,} ¢ U*(t)N'T and nlg& t, = t, such that

kl (tn> > k2 (tn)

and taking limit on both sides, we obtain ki(t) > ko(t), a contra-
diction.

D. If t is left-dense and ki(r) < ko(r) for any r € [to,t) N'T, then
from the continuity of the solutions, ki(t) < ko(t). Uniqueness of
solutions of initial value problems yields k;(t) < ko(t).

Now an application of Theorem 1.1 concludes the proof. O

Note that Theorem 2.2 implies that the solution for the initial value
problem (2.5) is always positive provided k(tq) > 0.

Corollary 2.3. Assume (2.3) and let § > 0 be such that —6 € R™.
Then all solutions of equation (2.4) converge to the nontrivial steady

state ky, monotonically, and the equilibrium point ky is asymptotically
stable and hence is a global attractor.

Proof. If k(ty) < ky, then Theorem 2.2 implies that
k(t) < k, forany te TS .

s o0+n
T 1+ u(t)nf(k(t)) L+ p(t)n

This means that k is increasing to the equilibrium point. Similar argu-
ments apply to the case with k(tg) > k,, which concludes the proof. [

k(t)>0 forany teT,.

Remark 2.4. Corollary 2.3 means that for two countries or districts with
constant population growth rates, the one with the smaller population
growth rate has a bigger capital per worker in the long run.

188



QUALITATIVE ANALYSIS OF A SOLOW MODEL ON TIME SCALES 7

3. IMPROVED SOLOW MODEL ON TIME SCALES

In Section 2, we assumed that the labor force L grows at a constant
rate n on the time scale, i.e.,

(3.1) LA(t) = nL(t),
which implies that the labor force grows exponentially, that is,
L(t) = Loen(t, to),
where L is the initial labor level at ty € T. With the properties of the
exponential function on time scales and the fact that n > 0, we have
lim L(t) = oo.

t—o00

This means the labor force approaches infinity when t goes to infinity,
which is unrealistic, because in reality the environment has a carrying
capacity. So the simple growth model of labor in equation (3.1) can
provide an adequate approximation to such growth only for an initial
period, but does not accommodate growth reductions due to competi-
tion for environmental resources such as food, habitat and the policy
factor etc. [1].

Since the 1950s, developing countries have recognized that the high
population growth rate has seriously hampered the economic growth
and adopted the population control policy. As a result, the population
growth rates of many countries decreased fast in the last 40 years, such
as in China. Also due to the aging of the population and, consequently,
a dramatic increase in the number of deaths, the population growth rate
decreased below zero in some developed countries, and is projected to
decrease to zero during the next few decades in the developing countries
[1].

So to incorporate the numerical upper bound on the growth size, on
the reference of [10], we revise Condition 3 from Section 2 as follows.

3." The labor force L satisfies the following properties:
(a) The population is strictly increasing and bounded, i.e.,

L>0,L%>0 on T, and lim L(t) = Loc < 0.
—00

(b) The population growth rate is decreasing to 0, i.e.,

A

L . A
If n=— then tliglon(t):O and n~ <0 on Tg.

Hence equation (2.4) takes the form
s d +n(t)

a5 __o+nld)
(3.2) ko) = 1 +M(t>n(t)f(k(t)) 1+ p(t)n(t)

k(t).
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Note that this is a nonautonomous dynamic equation on a time scale.
Next we give the theorem of existence and uniqueness for solutions of
initial value problems for (3.2).

Theorem 3.1. Assume (2.3). For ty € T and kg € R", the initial
value problem
s d+n(t)

KA (1) :T:;azaf%@)_T:mﬂaﬂ
k(to) = k07

k(t
(3.3) ®)
has a unique solution on ']I‘:g.

Proof. Following the same way as in the proof of Theorem 2.1, we let
s d +n(t)
t,k) = ———f(k) — —————=k.
Wtk = T onm’ ) T T e

So u(-, k) is rd-continuous and regressive, and

ou
%(ta 5)

< sf'(ko) + 0 + n(to).

From the theorem of global existence and uniqueness in [6], the solution
of the problem (3.3) exists uniquely. O

Theorem 3.2. Assume (2.3) and let § > 0 be such that —5 € R™. Let
k1 and ko be solutions of equation (3.2) with initial conditions ky(to) =
ko1 and ko(to) = koo, respectively. If 0 < ko1 < ko2, then

ki <ky on T;;
Proof. The proof is similar to the proof of Theorem 2.2. 0

Remark 3.3. Theorem 3.2 means that if two economies have the same
fundamentals, then the one with the bigger initial capital per worker
will always have the bigger capital per worker for ever on any time
scale. The result in Theorem 3.2 includes the results in [1] and [10] as
special cases.

Theorem 3.4. Assume (2.3) and let § > 0 be such that —5 € R*. Let
k1 and ko be solutions of the dynamic equations on the same time scale

B4) K = 1 () — () = ulk().)
and
35) K0) = T (1) — o A1) = k(1) 1),

T T+ alma() T T s (t)
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respectively, with the same initial condition ki(ty) = ka(to). If ny < ng

on Ty, then

kfl Z k?g on T;’(—)

Proof. From ny(t) < na(t), we have u(k(t),t) > v(k(t),t) for all t € T .
Let z := ky — kq. Obviously, we have z(to) = ki(to) — ka(to) = 0 and

ZA(t()) = k’lA(to) — k?(to) = U(l-ﬁ(to), to) - U(kg(to)ﬂfo) > 0.

So z is right-increasing at tg, i.e., if ¢y is right-scattered, then we have
z(o(tg)) > z(to) = 0; if ty is right-dense, then there exists a nonempty
neighborhood U (t,) N'T of to such that z(t) > 0 for any ¢ € U™ (¢,)NT.
We now show that z > 0 holds on ']T;g. If this is not the case, then
there must be a point t; > ¢y, t; € T such that z(¢;) < 0 and z(t) > 0
when ¢ € (to,t1) N'T. If ¢; is left-dense, then continuity of z gives that
z(t1) > 0, which contradicts the assumption. Hence t; is left-scattered.
Let p(t1) = ta. Then z(t2) > 0, i.e., ki(ta) > ko(tz). Let ki be the
solution of equation (3.5) satisfying the initial condition k5 (t2) = ki (t2).
From the discussion in the beginning of this proof, we obtain that k; —k,
is also right-increasing at i,, i.e.,

(3.6) ky(t) > Ky(t) for teU*(t,)NT,

where U*(t;) N'T is a nonempty right neighborhood of ¢, (at least
including t1). Taking into account that ko(te) < k5(t2), Theorem 3.2
gives

(3.7) ko(t) < By(t) forall ¢eT..
From (3.6) and (3.7), we have
ky(t) > ky(t) for te Ut (t,)NT,

and thus kq(t1) > ko(t1), which contradicts the fact z(¢;) < 0. This
concludes the proof. O

Remark 3.5. Theorem 3.4 implies that, on any economic domain, for
two economies with the same initial capital per worker, the economy
with the smaller population growth rate will always have the bigger
capital per worker on any time scale. The result here also includes the
results in [1,13] and [10] as special cases.

Theorem 3.6. Assume (2.3) and let § > 0 be such that —§ € R*. If
k solves (3.2), then tlim k(t) = k.
—00
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Proof. We want to prove that for any € > 0, there exists 7" > 0, such
that if t > T, t € T, we have |k(t) — ko| < . Now let € > 0. Since

lim kn = k‘o,
n—0t

we know that there exists m > 0 such that

|i%n—l%0|<§ for all 7 € (0,7).

Let t; € T;g such that ny,, = n(t;) <7, i and let kn, and ko be the

solutions of

S 0+ ny

KA = —>  f(k(t)) — ——
O = 5 om, O T,

and
K3 (t) = sf(k(t) — Ok(t),

respectively, with the initial conditions

n,, (t1) = ko(t1) = k(t1).
Then Theorem 3.4 implies that
K, (t) < k(t) < ko(t) forall teT/.

Since tlim ko(t) = ko, there exists Ty > 0 such that
— 00

lko(t) — kol < = forall ¢>T;.

Wl M

Moreover, since 1tlim Fn, (1) = ]%ntl, there exists T» > 0 such that
—00

g, (£) = Fong, | < g for all ¢ > Tb.
Hence for ¢t > T := max{Ty, T, 11}, we have

~ 2 ~ € ~ £
ko — §€ < k‘ml — g < k‘ml (t) < k(t) < ko(t) < k() + g,

which implies that |k(t) — ko| < ¢ for any ¢ € T+. O

Remark 3.7. Theorem 3.6 says that for any economic domain T, the
population growth rate n(t) has no influence on the level of per worker
output in the long run. That is, provided that the economy possesses
a population growth rate strictly decreasing to zero, the capital per
worker always converges to the positive steady state of the Solow model
on a time scale with a population growth rate of zero.

Theorem 3.8. Assume (2.3) and let 6 > 0 be such that —§ € R*.
Then the solution k of (3.2) with k(to) = ko is asymptotically stable.
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Proof. To prove the Lyapunov stability of k£ in equation (3.2) with
initial condition k(ty) = ko, we have to show that for any € > 0, there
exists 7 > 0 such that for any solution ¢ of equation (3.2) with initial
condition ¢(ty) = qo and such that |k(tg) — q(to)| < 1, we have

|k(t) —q(t)] <e forany teT;.
Let ¢1 and ¢y be the solutions of equation (3.2) with initial conditions
3 1
1(to) = §k(to) and @o(tg) = §k(t0)’ respectively. From Theorem 3.6,
we have
lim ¢4 (t) = lim po(t) = ko = lim k(t).
t—o0 t—o00 t—00
Thus, for any € > 0, there exists t; > tg, t1 € ’]T;g, such that
o1 (1) — k(1)) < g and  [po(t) — k(t)] < g forall teT; .
. N o 1 3
Let ¢ solve (3.2) with the initial condition ¢q € (ﬁk(to), §k(t0)) . From
Theorem 3.2, we have
@1(t) < q(t) < o(t) forany teT/.
Thus
lq(t) — k(t)] <e forany teT;.

Next we choose n such that for any solution ¢ with initial value qo,
lgo — ko| < m implies |k — ¢q| < € on [ty,t1] N T. Following the proof
of the theorem of continuous dependence on initial conditions, making
use of the finite covering theorem, we can obtain that for any ¢ > 0,
there exists n < ko/2 such that |go — ko| < 7 implies |k(t) — q(t)| < e
for all ¢ € [tg,t;] N'T. From Theorem 3.6, for any solutions k& and ¢ of
equation (3.2), we have that

~

lim k(t) = lim q(t) = ko,

t—o0 t—o0
and then
Jim (1)~ k(0] = 0.
So the solution of equation (3.2) is asymptotically stable. O

Remark 3.9. Theorem 3.8 says that under the same fundamentals, if
two economies operating on the same time domain have nearly the
same initial capital per worker, the following capitals per worker will
take on similar behavior.

Next we will present the monotonicity of the solutions of (3.2).
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Theorem 3.10. Assume (2.3) and let § > 0 be such that —6 € R™.
Let to € T and k, ky,,, ko be solutions of the dynamic equation (3.2),

S ) —+ N,
(3.8) kA (t) = Wf k(t)) — W’C(t%
and
(3.9) k2 () = sf(k(t) — 0k(t),

respectively, with the initial values

k’(t()) — knto (t()) — k’o(to)
Then
1. knto <k <kyon ng;

2. If k(to) < ky,, then k is strictly increasing on T} ;

to?
3. If ky, < k(to) < ko, then there existst € T such that k is decreasing
on [to,tN] N'T and is increasing on T;;
4. If ko < k(to), then k is increasing on ng, or there exists t € T
such that k is decreasing on [to,t] N'T and is increasing on ’]I‘;f.

Here ky, and ko are the equilibria of (3.8) and (3.9), respectively.

Proof. 1. For t > ty, t € T, we have n(ty) > n(t) > 0. So from
Theorem 3.4, we obtain the result easily.
2. We want to prove the statement S(t) given by k2(t) > 0 is true
for any t € ']I‘:g. To do this, we use Theorem 1.1.
A. Since k(ty) < l%no, we have k2 (ty) > 0. So S(t) holds at t = t,.
B. If ¢ is right-scattered and &2 (t) > 0, then

k(o (1)) = k(t) + u(t)k2 (1)
_ sf (D) = (6 + n(H)k(1)
= k(t) 4 u(t) 1+ p(t)n(t)

(1= pl)0)K(E) + sp(t)f (R (1)
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so k2 (a(t)) > 0.

C. If ¢ is right-dense and k> (t) > 0, then there exists a neighbor-
hood U*(t) N'T such that k(1) > 0 for any r € U*(¢) N'T.
To prove this, we assume that there does not exist such a
neighborhood. Then there must exist a decreasing sequence

{t,} c U*(t) N'T such that lim #, = t and k3(t,) < 0.
From the properties of f, takmg hmlt on both sides, we obtain
k2 (t) < 0, which is a contradiction.

D. Assume that ¢ is left-dense and k> (r) > 0 for any r € [to, t)NT.
From continuity, we can get k% (t) > 0. If k*(t) = 0, then for
any 1 € [to,t) N'T, from the chain rule in [6], we have

(1 +p)k)2 () = [s(fok) — (6 +n)k]>(r)
= sf'(k(r)k>(r) —n®(r)k(r)
(5T (r)EA(r).
Taking limit on both sides when r — t~, we obtain
[(1+ pn)k )2 (1) = —n®()k(t) > 0.
So since t is left-dense and from the continuity, we have
(L +p(On()k () > (L+ plr)n(r)k(r) > 0
for all € U~ (t) N'T. Hence k*(t) > 0.
3. If kpy < k(to) < ko, then

- _ _Onlt)
6 = 1+/~L(t0)”(to)f<k<t0)) 1+M(to)n(to)k(t0)
. S— __ 04 nlte)
- 1+M(t0)n(to)f<km°(t0)) 1+,u(t0)n(t0)k”t0(t0)

= kﬁto (tg) < 0.

Hence k is right-decreasing at tg, i.e., if ¢y is right-scattered, then
k(o(ty)) < k(to); if to is right-dense, then there exists a nonempty
neighborhood U+ (ty) N'T of t, such that k(t) < k(ty) for any ¢ €
Ut(to) N'T. If k* < 0 is true on T;, then k is decreasing on Ty .
Considering tlggo k(t) = ko in Theorem 3.6, we have

ko < k(t) < k(to) < ko for teTy,
which is a contradiction. So there must exist ¢ € ’]I‘jo such that
kA(%v) > 0, and for simplicity we assume ¢ is the first point that
verifies the inequality. So it must be proved that k% (t) > 0 for all
te Tzf , which is similar to the proof of Statement 2.
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4. Following the same proof as in Statement 3, we can obtain the
monotonicity.
This completes the proof. 0
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ABSTRACT. The continuous wavelet transform for functions f in LP(R™) where
1 < p < oo is defined with respect to a radially symmetric admissible function
so that the singularities of f are the singularities of the continuous wavelet

transform.

Key words and phrases: The space LP(R™), the continuous wavelet transform,

inversion formula, admissibility condition.

2010 AMS classification: 42A38, 44A05, 46F10

1. INTRODUCTION

The local regularity of functions f in the Hilbert space L*(R") by means of
the continuous wavelet transform has been studied in [3], where the main point
of this result is the use of the inversion formula given for functions in L*(R"),
and where the continuous wavelet transform is defined with respect to a radially

symmetric admissible function h in C§°(R").
1



2 JAIME NAVARRO AND SALVADOR ARELLANO-BALDERAS

In this paper we extend this local property for functions f in the space LP(R")
with 1 < p < co. In this case we will use the inversion formula for the continuous
wavelet transform for functions in LP(R™) given in [5]. For this purpose, we
will consider two symmetric functions h; and hs instead of one h, one for the
decomposition and the other one for the inversion formula, in such a way that
the admissibility condition will depend of hy and hs.

2. NOTATIONS AND DEFINITIONS

In this section we will give the definition of and admissible function in order
to define the continuous wavelet transform for a function in the space LP(R™).

Definition 1. For h in L*(R"), the dilation operator J, : L*(R") — L*(R"™) and
the translation operator T, : L*(R™) — L*(R") are defined respectively as:
1) (J,h)(x) = a~2h(a"'2), where a > 0 and x € R™.

2) (Tyh)(x) = h(z —b), where x,b € R™.
Now, the admissibility condition is given.

Definition 2. A radially symmetric function h in L*(R") is admissible if

1 ~
Gy = / ()Pl < oo, where Tiy) = n(ly)
R+

In this case, h is the Fourier transform of h.

Thus, the continuous wavelet transform with respect to an admissible function

now is given.

Definition 3. Let f be in LP(R™) with 1 < p < oo, and let h be a radially
symmetric admissible function in LY (R™)NL?(R™). The continuous wavelet trans-
form of f with respect to h is defined as

(Lnf)(a,b) = [(Jah)™ * f] (b), (1)

where x means convolution and h™(x) = h(—x).
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SINGULARITIES OF THE CONTINUOUS WAVELET TRANSFORM IN LP(R"™) 3
Remark 1. According to Definition 3, and since J,h € LY(R"™) and f € LP(R"),
it follows from Young’s Inequality that (Lyf)(a,b) € LP(R™) and

|(Lnf)(a,b)], < [[fllp [[Jahllx

Remark 2. The inversion formula of the continuous wavelet transform for f in
LP(R™) with 1 < p < oo can be obtained from Theorem 1 given by Weisz in [5].

In this case,

1
f=lim

S—0,U—o00 Ch am

T
/ / (L, 1)@, b)TiJuhs—— da. db, ()
S n

1,h2

where the convergence is in the L,(R™) norm, and where hy and hy are radially

symmetric admissible functions in L'(R™) N L*(R"), and where

0< Ch1,h2 = /
R+

In this case, ?Ll(y) =m(y|;) and /ﬁg(y) =n2(|y|;), where j =1 or j = co.

()| ik < oc. ®)

We should remark also that for the special case p = 2, the inversion formula
(2) and the condition (3) are given in [1]. Also, for the case that f € LP(R) the

inversion formula for the continuous wavelet transform is given in [4].

Lemma 1. If f € LP(R") with 1 < p < oo and h € C(R"™) is a radially

symmetric admissible function, then for a >0, (L, f)(a,b) is of class C*, and

D gy (5’3 - b)da:. (@)

alel a

)
ol F

Oy (Lnf)(a,b) = [ f(x)

Rn
for any multi-index o € R™.
Proof. Since J,h € C§°(R"), it follows that (J,h)™ * f € C* and
O [(Jah)™ % f] (D) = [0 (Joh)™ % f] (b) for any multi-index o € R".  (5)

Then from (1), (Lyf)(a,b) is of class C*°, and

(L) = o< 10 = [ o | (U0 | e

_ / (‘aB"a'ai%ha (I - b) F(a)da.
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4 JAIME NAVARRO AND SALVADOR ARELLANO-BALDERAS
This proves Lemma 1. U

Note that from (4) and (1),

—1)le
()0 b) = T Lo ) ©)

3. PARTIAL RESULT

In this section we will prove first that if f in LP(R™) is of class C™ in a
neighborhood of by, then we have the existence of the limit of
11 .
~—=0; (Lnf)(a,b)
aa?
as (a,b) — (0,by) for any b; in a neighborhood of by. That is, we have the

following result.

Theorem 1. Suppose that h € C§°(R) is a non-zero radially symmetric admis-
sible function where /H(O) = 0. If f in LP(R™) is of class C* in a neighborhood
of v = by in R™ where 1 < p < 0o, then for each multi-index o € R™,
11
lim ——0(Lnf)(a,b
e b (Lnf)(a,b)

exists for each by in a neighborhood of by € R™.

Proof. First, note that from Lemma 1 the function W' f is continuous at any
(a1,b1) € RT x R™ for any multi-index o € R™.

Suppose now that f in LP(R™) is of class C*° in a neighborhood of x = by, € R™
containing the closed ball Ba(bg), where A > 0. Take by in the open ball Ba (bo),
and choose b € B%(bo).

Now, since f € LP(R") and h € C§°(R), it follows from (4) that

(—1)llge {h (I - b)} dz.

Moreover, since h € C§°(R™), there exists L > 0 such that supph C Br(0).

Then supp h® C B(0) also.
Then

=

I3

a

% (Lif)ab) = [ f()
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D = [ ) g1l () e

Now consider a such that a € (0,2). Then for b € Bal(b)
we have B,(b) C Ba(b).

2
Then by hypothesis f is of class C on B, (b)
Therefore we may integrate by parts to obtain

o (Laat) = [ s h (I‘b)da:.

az a
Hence, for x = b + ay,

)
ol F

08 (Lnf) (a,b) = / PO )hiy) dy.

Since f is C'* at the points in the region of integration, for y € B (0) we have
from Taylor’s formula with integral remainder given by

O f(b+ ay) = / Zﬁ‘aﬁm (b + tay) ay®dt,
0

|B]=1
that

Lo (L f)ah) =

a2y f(b+ ay)h(y)dy

aa Br(0)
1/ / Zaﬁm f(b+tay)ay®dt| h(y) dy
@0 0 5=

1
= —8af(b)/ y)dy —I—/ / 85+a (b + tay) y® h(y) dt dy.
a B (0) B.(0) Jo

181=1
Since /H(O) = 0, then / h(y)dy = 0, and since f is of class C'™ in a neigh-
Br(0)

borhood of & = by, and since 9°+f is continuous near by, it follows that for b
and by in B%(bo),
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lim ——8 (Lnf)(a,b) = / / 85+a b1)y° h(y) dt dy
(a,b)—(0,b1) @ a2 BL(0) Jo
|81=1
=2 {85*%0 / v hly) dy} .
11=1 B0

Note that since h € C§°(R"), we have

/ yﬁﬁ(y) dy < oo.
Br(0)

1 1
Thus, lim — 0, (Lnf)(a,b) exists for each multi-index o € R™. O
(a,b)—(0,b1) @ a2

Now, let us prove the converse of Theorem 1, which is our main result.

4. MAIN RESULT

Theorem 2. Suppose hy € C§°(R") and hy € Co(R™) are non-zero radially
symmetric admissible functions and satisfy condition (3). Consider f in LP(R™)
with 1 < p < oo. If for each multi-index o« € R™ we have the existence of the
limit of Wi f)(a,b) = %ai%af(th)(a,b) as (a,b) — (0,by) for each by in an
open neighborhood of v = by € R™, then f is of class C* in an open neighborhood
of bg € R™ for any multi-index o € R™.

Proof. Suppose then that for any multi-index o € R”

i) = Jim O, (e.b)

exists for each b; in an open neighborhood containing the closed ball
B,.(bo), where r > 0.

Now, for fixed z in B,(bo), let

ho(—y) Wi f)(a,z +ay) if a>0

Ay U Y) =
R P T

Then we have the following notes.
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Note 1. For z in B,(bo), the function Iy , f is well-defined for all a > 0 and
all y in R™.

Note 2. For a > 0, the function Iy , f is given by

—1)lel
(Iﬁ1,hzf)(a>$>y):h2(—y)l 1 &

a~/am a|a|

[(Jah1)™ * fl(x + ay), (7)

and since hy € C§°, it comes from the definition of (Wy f)(a,b) and from (6),
that for fized y € R™ and a > 0, the function I}' . f is infinitely differentiable in

the variable x.

Then we have the following three results, where the proofs are given in the

Appendix.

Lemma 2. The function Iy , f is continuous on [0,00) X B,(by) x R™.
Lemma 3. For fired x in B,(bo), the function Ij} , f is in L'([0,00) x R™).

Lemma 4. For x in the open ball B,(by), let

/ / Ih1 hz a T y)dyda
If?l hg / / h1 h2 (a,z,y)dyda.

0%w(x) = (I, p,f)(x)  for each multi-inder o € R". (8)

and let

Then

Back to the proof of Theorem 2, note that from Lemma 4, the function w is of
class C™ on B, (by). Thus if we define

/ / ha(— (thf)(a,a: + ay)dyda

for any x in R™ and ¢ > 0, we have from Lemma 4 that for x € B,.(by),

CETOO ue(x) = w(x).

That is, u. — w pointwise on B, (by) as ¢ — 400.
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On the other hand, by (2), we have u, — Cp, s, f in the LP(R™) norm. Then
f = (Chy py) " tw almost everywhere on B,.(by).

Finally, since from (8) the function w is C* on B, (by), it follows that f is of
class C* on B, (by).

This completes the proof of Theorem 2. 0J

5. APPENDIX

Proof of Lemma 2. Let (a1, z1,y1) be any point in [0,00) x B, (by) x R™.
Note that if a; > 0, then from (7), the function Zj , f is continuous at

(ab x1, yl)-

Now, if a; = 0, then by hypothesis of Theorem 2,

im (g, Dezy)= lm [ha(—y)OWVe f)(a, 2+ ay)]

(a7m7y)_>(07m17y1) (a7m7y)_>(07m17y1)

=ha(=y)  dim  OVF f)(a, 2+ ay) = ho(—y1)  lim (W f)(a,b)

(avmvy)_)(ovmlvyl) (a,b)—>(0,m1)

— ha(—y) Ff: (21) = (T 1 1) (0,21, 31).

This completes the proof of Lemma 2. 0J

Proof of Lemma 3. Note that for a > 0, and from the definition of (W f)(a, b)
and then from (6) that

(Zny no ) a2, y) = ha(=y)OVE, (@, © + ay)

= o) 0% (Ln, (e, + ay) (9)

1 (=1l
az al

= ha(—y)

(Lh?f) (a,r + ay).
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Now, since f € LP(R") and h; € C§°(R™), we can choose 1 < ¢ < oo so that
% + % = 1 and hence, h € L?(R"). Thus, from Hoélder’s inequality,

(T8 ) a2, 9)| < Tha(—y)[ a5 £ (1, (10)
Now, let

‘(Iﬁ1,h2f)(a>$>y)‘ if 0§a§1

(G ) (0,) = “oul
ha(=9)| @™ HE £ gl i a1

Then
(T8, py )@ z,9)| < (GRn, F)(a,y) (11)

for all (a,z,y) € [0,00) x B,(by) x R™

Hence,

/ / |(GR )@, y)| dyda
0 Rn
1 [e.e]
= [ [ @ ntamldda+ [ [ 165,000 dya
1 [e.e]
:/0 /Rn ‘(Iﬁl,hzf)(aw,y)\dydaJr/l Rn|h2(—y)|a‘"‘1‘|a|+; £l 1521, dyda.

Suppose now that supp he C B4(0) for some d > 0. Then

/ / ‘ (ngL[LhQ -f) (a> y) ‘ dyda
0 R"
1
- / / ‘(Iﬁ1,h2f)(aaz>y)‘ dyda (12)
0 JB4(0)

R ( /_|h2<—y>|dy) ( / a—n—l—laH%dQ) |
B4(0) 1
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Since from Lemma 2 the function Zy! , f is continuous on [0, 00) x By(0), and

/ a " de < o for any multi-index @ € R", where %—I— % = 1 with
1
1 < g < o0, it follows that
G o f € L1([0,00) x R™). (13)
Hence7 (Iﬁl,hzf)(.7$7 ) € Ll([0> OO) X Rn)
This completes the proof of Lemma 3. 0J
Proof of Lemma 4. First note that from (9),
8§(Ih1,h2f)(a>z>y) = (Iﬁl,hgf)(a>zay) (14)
for any multi-index o € R™.
Now note that since from Note 1 for ¢ = 0 the function I, s, f is

well-defined on [0, 00) x B,(by) x R", from Lemma 3 the function (Zp,, p, f) (-, x, ) is
integrable for each =z € B.(by), from Note 2 we have that 0,(Zn, n,f)
exists, and since from (11) and (13) there is Gp, n,f € L'([0,00) x R™) such

that |03 (Zny ny f)(a, 2, y)| < (Ghyny f)(a,y) for all [0,00) x B,(by) x R™, it follows
from (Theorem 2.27, [2]) that

we) = [ [ @rfaa)dyda

is differentiable and

ou@) = [ [ 0Busf)(aa )y

Hence, for any multi-index oo € R™ and from (14)
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9w (z) = / [ 0@, )y = / / (T2 f) (a2, y)dyda

= (I, n ) ()

This completes the proof of Lemma 4. 0J
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Abstract
In this paper, we investigate the Struve transformation on certain space of
Boehmians. The transform under consideration is defined and some of its prop-
erties are also illustrated .

Keywords: Struve transform; Modified Struve, Generalized function; Boehmian.

1 Introduction

In some physical situations, differential equations are sometimes governed by bound-
ary conditions that are not enough smooth but are generalized functions. It is of
importance to extend the classical integral transforms to generalized functions espe-
cially that possess a convolution property of Fourier convolution type. As a youngest
space of generalized functions, and more particularly of distributions, the space of
Boehmians was initiated by the concept of regular operators [6]. Regular operators
form a subalgebra of the field of Mikusinski operators and include only such func-
tions whose support is bounded from the left. The space of Boehmians was initiated
to contain all regular operators, all distributions and some objects which are neither
operators nor distributions.

In literature, several integral transforms have been extended to various soaces
of Boehmians by many authors. We reacall, Roopkumar in [19, 20] ; Karunakaran
and Vembu in [18] ; Karunakaran and Roopkumar in [17] ; Mikusinski and Zayed
n [16]; Al-Omari in [6]; Al-Omari and Kilicman in [5,9,15]; Al-Omari et. al. in
[11]; Loonker et. al. in [25,26] and many others.

The Struve H, - transform as an example of a symmetric Watson transform is
defined by [1, 2]

(s79) @) = [ :o VETH, (2y) ¢ (v) dy, z € B, (1)

where H, denotes the Struve function of order v with a power series form

: (2)

B 00 (_1)m E 2m—+a+1
Hv<$)—§(}:r(m+g)r(m+d+§) (2)
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I is the gamma function.
When Rev > %, the Struve function can be written in an integral representation;

giving
T\ v
2(3)
Hy () =

v (@) VvVl (v+v+3)
Struve functions have many applications in physics and applied mathematics. In
optics, they occur as the normalized line spread function and, in fluid dynamics
they occur as acoustics for impedance calculations [3].

The Struve transform have been investigated on the space 1, ,(Ry) of those
measurable functions defined on R such that [1]

|umg=</juw@m“f>;<m. (@)

In the strip, —2 < Rev < 0, v = %,q = 2; we have l1 , = o (R}). Hence, the
27
Struve transform is bounded on I (Ry) and for Rev # —1, we have [1, p.p.209]

/:0 sin (x cost) sin® (t) dt. (3)

”Snglz(RJr) < Clgliyr,) - (5)

The Bessel-Struve transform was defined in [24] and the modified Struve trans-
form was defined in [4].

2 Definitions and Notations

The construction of Boehmians is similar to the construction of the field of quotients
and in some cases, it just gives the field of quotients. On the other hand, the
construction is possible where there are zero divisors, such as space C (the space of
continous functions) with the operations of pointwise additions and convolution.

Let G be a linear space and S be a subspace of G. We assume to each pair of
elements f € G and w € S, is assigned the product f = g such that the following
conditions are satisfied :

(1) If w,p € S, then w1 €S and w* Y =P *xw.

(2) If f€G and w,y €8, then (fxw)*x1 = f* (wx1).

(3) If f,geG,weS and X\ €R, then

(f+g)*w=frw+g+rwand A(f *w) = (Af) *w.

Let A be a family of sequences from S, such that :

Ay If f,g€ G, {0n} €A and fx06, = g*dy, then f=g,Yn € N.

Ay If {wn},{0n} € A, then {wy,*v,} € A.

Elements of A will be called delta sequences. Consider the class A of pair of
sequences defined by

A= ({fa} Awn}) : {fn} S G {wn} € A,
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for each n € N.
An element ({fn},{wn}) € A is called a quotient of sequences, denoted by,

b

Two quotients of sequences

{gn}
{vhn}

The relation ~ is an equivalent relation on A and hence, splits A into equiva-

if foxwm = fm *wn,Vn,m € N.

{n} o Agn}
{wn} {¥n}

s Af fnx U, = gm *xwp,Vn,m € N.

U
{wn}

are said to be equivalent,

lence classes. The equivalence class containing ;L{fn}} is denoted by [:[{fn]}i] . These
Wn Wn,

equivalence classes are called Boehmians; or usual Boehmians; and the space of
all Boehmians is denoted by B.
The sum of two Boehmians and multiplication by a scalar can be defined in a nat-

] - [Py e (] - [0 -

,a € C, space of complex numbers.

ural way : [

{afn}
| {wn}

The operation * and the differentiation are defined by : [

({n2nd] e [ ] _[250)]

| {wn * 1, } {wn} B {wn}

any a time, G is equipped with a motion of convergence. The relationship
between the notion of convergence and * are given by:
(4) If fn— fasn—o0in G and, w € S is any fixed element, then

el [

fnxw— fxwin G asn— oo.
5)If fn— fasn—o00in G and {w,} € A, then

fonxwn — fin G as n — oo.

The operation * can be extended to B x S by : If [{{Q{RH eBand we S, then
{Wn} {wn}
In B, two types of convergence, § - convergence and A - convergence, are defined
as follows:

0 - convergence: A sequence of Boehmians {3, } in B is said to be § convergent

to a Boehmian B in B, denoted by 3, LA B, if there exists a delta sequence
{wn} such that
(/Bn *Wk) ) (B *wk) € Q,Vk:,n €N,

and
(B,, *wk) — (B*wk) asn — oo,in G, for every k € N.

The following is equivalent for the statement of § - convergence :
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B LA f as n — oo in B if and only if there is {fn 1}, {fx} € G and {wy} € A

such that B, = [{{{Z:}}} , 0= Hf;ﬂ and for each k € N, f,, 1, — fr as n — oo in

A - convergence: A sequence of Boehmians {f3,,} in B is said to be A - convergent

to a Boehmian B in B, denoted by 3, A B, if there exists a {wn} € A such
that (8,, — B) *wp € G,¥n € N, and (B,, — B) *wp, — 0 as n — oo in G.

See; [5][9],[11],[13],[27],[28],[29] for further investigation of the abstract
construction of Boehmians.

3 Basic Theorem and Notations

Let & (R4 ) denote the space of test functions of compact support defined on Ry [14,10] .

Then, the following definitions are needful tour next investigations.

Definition 1 Let ¢ € Iy (Ry),p € K(Ry); then denote by e the Mellin - type
convolution product of first kind given by [14,12]

(pop)(y) = /:O n o (yn~") ¢ (n) dn. (6)

Properties of @ may be introduced as :

(i) (po) (t) = (Vo) (t);

(@) (o +v)op) (1) = (o) (t)+ (Yeyp)(l);

(7i1) (ap @ ) (t) = a (¢ @ @) (t) , @ is complex number ;
(vi) (po)) o) (1) = (o (Vo)) (t).

Definition 2 Let ¢ € Iy (R4) and ¢ € k (R4); then we define a product x, between
¢ and ¢, by
(¢ x ) / ¢ (xn) ¢ (7)
Theorem 3 Let —2 < Rev < 0 and ¢ € K (Ry); then SI" (pep) = S x ¢, for
every ¢ € Iy (Ry).

Proof Under the Hypothesis of the theorem we by Definition 1.2. and (1) write

S (Ge ) (@) = /:Oww) (v) VETHs (ay) dy
= /Oo (/:o n e (ynt) ¢ (n) dn) VIZYH, (zy) dy

0

= / h n e (n) / h ¢ (yn~ ') VayH, (zy) dydn (8)

0 0
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! = ¢ and Fubini’s theorem, (8) then gives

By change of variables yn~
st o)) = [ ([ o) Vv womas) o ) dy

= / :O (S79) (zn) ¢ (n) dn
= (SV¢x9)(2).

This completes the proof of the theorem.

4 Space of Boehmians

Let us now construct spaces of Boehmians where our Struve transform is defined.
Let A be the set of delta sequences (approximating identities) satisfying the
following properties :

(1): 10,) € Ry

(2):/ Op (x)de =1,n€N;
0

(3):/ |05 ()] dz < co,n € N;

0
(4) : supp oy, (z) C [a,by],0 < apn, < by, and ay, b, — 0 as n — oo, where

supp op, () = {x € R4 : 0, (z) # 0,Vn € N}.
We first consider the space B (la, (k,®), x) for our construction.

Theorem 4 Let ¢, ¢y € l2(Ry), 91,09 € K (Ry); then we have the following iden-
tities

(1) (91 + &) X 1 = &1 X o1 + &y X 1.

(1) p1 @ P2 = pp @y in K (Ry).

(tit) Let ¢, — ¢ in la(Ry); then for every ¢ € K(R4), ¢, X ¢ — ¢ X ¢ as
n — oo.

Proof of part (i) and (7i7) follows from simple integration.

Part (i7) follows from the properties of @ enumerated in [14].

Theorem 5 Let ¢ € la(Ry) and ¢1,95 € K(R4); then ¢ X (91 0py) = ¢ X
(¢ X 1) X po.

Proof Under the hypothesis of the theorem and Fubini’s theorem we write

@x (eroe) @) = [ olam(oreen) )y
B /oo¢($77) /00 y o1 (ny™") w2 (y) dydn
0 0
= / soz(y)yl/ ¢ (@n) ¢y (ny™") dydn.  (9)
0

0
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Change of variables on (9) implies

Oxlee)@ = [ [ oo e @i wa
= [ exe)@e i
= (¢ xp1) X pg) ().
This completes the proof of the theorem.
As final in this construction of B (lz, (k,e), x), we prove the following theorem.

Theorem 6 Let ¢ € Iy (Ry) and {0,} be a delta sequence; then ¢ x 6, — ¢ as
n — o00.

Proof By properties delta sequences we have

6% 60— Ity = [ 16x8) @)~ 6 (@) da

e
-/,
< [ b [ 166 = 6 @) 5, () e

(By Jensen’s inequality)

- M(bn—an>/:°|¢<xn>—¢<m>|2d:ce0asnaoo,

2
dx

/Ooczs(m)csn(n)—/°O¢<x>5n<n>dn
0 0

where K,, = [an,by], is a compact set containing the support of d,,Vn € N.
But

0<[[¢ X Onllm,y = 19l,®y) < ¢ X 00 = Bll,@,) — 0asn — oo.
Hence, we have obtained

16X dnllyy e,y = 19Nl m, ) — 0 as 7 — oo

This completes the proof of the theorem.
This our space is constructed and regarded as a space of Boehmians.
The sum of two Boehmians and multiplication by a scalar can be defined in a

natural way :
el -Pesy] w

ol =l = ey )

a € C, the space of complex numbers.

and
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The operation x and the differentiation are defined by :

o] < L] = L] e (] = 125w

Similarly, the space B (lz, (k, ), ®) can be established.
Sum and multiplication by a scalar in B (I2, (k,e),e) can be defined as :

)l

and

o [ L] [o 0] [t
{wn} L {wn} {wn} |
a € C, the space of complex numbers.
The product e and the differentiation in B (I2, (k, ), ®) are defined as :

[l [l = e mom [E) - IEF] o

Definition 7 Let [{¢”}] € B(lg, (K,e),e); then, in view of Theorem 3, for —2 <

{0n}
Rev < 0, we define the Struve transform of Hfﬁ] as
ol e

which belongs to the space B (la, (Kk,®), X).

Definition (7) is well - defined by Theorem 3. For more details, let [

o) =

HEZH € B(lz, (k,e),¢); then

Uy, @ €m =&y @ Ly, (15)

Applying Definition 7 and Theorem 3, Equation 15 then gives

Sffwn X €m = Sfjrgm X - (16)
tr tr
Hence, from (16), we see that {ilff} ~ {S{éf}n} in B (ly, (k,e), x). Therefore
(sved]  [{sre

This completes the proof of the theorem.
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Conflict of Interests :

{4}
{1}

then

| € Btan,0) o) ana 5, - |
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{€nt
{en}

| € Bt ts0).9);

Sf;r (Bre82) = Sqt;rﬁ1 X By.

Proof Assume the requirements of the theorem are satisfied for some §; and 5 €

B (lz, (k,e),e); then

Sf;r (5 i 52)

Therefore, we have obtained

([

Sy ({n) @ {ﬁn})]
{1} @ {en}

(By Equation 13)

(By Equation 14)

{8, Y x {€,}
{ttn} o {en}

(By Theorem 3)

{iiwf}] % [EEZ}};] . (By Equation 11)

Sy (B1#B2) = S, (B) x Ba.
This completes the proof of the theorem.

The author declare that there is no conflict of interests

regarding the publication of this paper.
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ON THE EXTENDED FOURIER TRANSFORM
OF GENERALIZED FUNCTIONS
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Department of Applied Sciences, Faculty of Engineering Technology
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Abstract

Integral transforms of strong Boehmians have not yet been reported in the liter-
ature. Perhaps, because the strong Boehm ian space is not widely known nor used
[10]. In this article, we derive certain space of Boehmians (the space of stronge
Boehmians) which handle the Fourier transform with a different performance. The
Fourier transform of a strong Boehmian has been established as a one-to-one map-
ping which is continuous with respect to d and A convergence. The inverse Fourier
transform is also defined and some of its properties are obtained. Related theorems
are discussed in some detail.

Keywords: Fourier Transform; Distribution space; Boehmian space.

1 Introduction.

The Fourier transform of a function f € £ (R) of one variable is defined by
F@) =716 = [ oo, (1)

If, in addition, f € £} (R), then it is possible to recover the function f by means of
the inversion formula

Fo)=F (F) (0) = 5 [ Floea, 2)
almost everywhere.

Following, are elementary properties of the Fourier transform on £! (R) :
(i) If f € L (R) then its Fourier transform exists, continuous, and

HOIEH 3)

(ii) If f € L' (R) and g € L' (R) then the Parseval formula can be read as

/ f(0)5 () do = / F (<) g (<) ds. (4)
R R
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(iii) If f € LY (R) and g € L' (R) and e is the usual convolution product then
f @ g exists for almost all ¢ € R and is a member of £! (R); moreover,

(feg)™ =fgand (fg9)~ = (2m)"' feg. (5)

The space S (R), of smooth functions of rapid descent, is defined as the space
of complex valued C'°°—functions on R such that for every choice of non-negative
integers m, n,

Y () 1= 5D [ " DF (0)| < 0. (6)
cER

A sequence (1,,) is said to converge to zero in S (R) if vy, ,, (¢¥,,) — 0 as n — o0
for all m,n e N, (N ={1,2,3,...}).

Theorem 1.1. The Fourier transform and its inverse are continuous isomorphisms

from S (R) into S (R). ( see [17, p.185]).

Aided by above theorem, the distributional Fourier transform F on S', the dual
of § of tempered distributions, is discribed to be the adjoint mapping of F such that

(Ff0) = (F.F0), (7)

for every ¥ € S.

For convenience, notations Ff and f are used interchangeably in this note. In
[11], Mikusinski discusses some basic properties of the space of integrable Boehmians
and further shows that the Fourier transform of an integrable Boehmian is always a
continuous function and has all basic properties of the Fourier transform in the space
of Lebesgue integrable functions. On the other hand, the author in [13], establishes
that the Fourier transform of a tempered Boehmian is a distribution.

In an earlier paper [2], we have extended the Fourier transform to certain space
of ultradifferentiable Boehmians. In the present paper we discuss certain class of
Boehmians for the Fourier transform with careful attention. An avenue towards this
end is to discuss the space of Boehmians and derive its properties, while the Fourier
transform of Boehmians may be considered satisfactory and well recognized. The
inverse Fourier transform is established. Further work on this theory is obtained.

This paper is organized as follows: The Fourier transform is reviewed in Sec-
tion 1. Section 2 presents a general construction of strong Boehmian space. The
construction of general Boehmian spaces is presented in Section 3. The convolution
theorem and the space B of Boehmians are given in Section 4. The extended Fourier
transform and its properties are established in Section 5.

2 The Space S; (S,G, A, o) of Strong Boehmians of Rapid
Descent.

Many authors have extended several integral transforms to Boehmian spaces but
none to the space of strong Boehmians. Perhaps, because the space of strong
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Boehmians is not widely known nor used. General construction of strong Boehmians
was briefly presented in [10]. The space of strong Boehmians is identified with a
subspace of the space of general Boehmians. Denote by R the field of real numbers
then D (R) will denote the Schwartz space of test functions of compact support over
R. By S (H) we denote the space of rapidly decreasing functions (the space of rapid
descent) on H, H = Ri1 X R,Ri1 = [1,00). The dual space of S(H), S’ (H),
consists of tempered distributions( distributions of slow growth); see, for example,
[8,14,17].

The usual convolution product e between two functions, ¥ € S(H) and € €
D(R), is defined by

(Wee)(s) =/w<a,o>e<<—a>do. (8)

R

where o € R41.

Let G (R) be the subset of D (R) of test functions where / €(o)do = 1.
R

Let v € S(H) and € € G(R), then the pair of functions (1, €), or %, is said to
be a quotient of functions if and only if

¥ (a,0) e dge (o) =9 (8,0) @ dac (o), (9)

o, € Ry, and
dre (o) =re(ro). (10)

and 7 are said to be equivalent, % ~ 2, if and only if

¥

€

Y (a,0) e dsT (0) = K (B, 0) @ dae (), (11)

Two quotients of functions

a, B € Rii.
Denote by A = {% VpeS(H),e€ G (R)} then the equivalence class contain-

ing % is said to be a strong Boehmian. The space of all such Boehmians is denoted

by & (S,G,e). A typical element in S;(S,G,e) is denoted by[%}. Following, are
auxilliary results which are useful in the sequel [10, p.p.886].

(r1) Ife,7€ G(R) thenee7 € G(R).

(re) Ifp €e S(H) and e € G(R) then e € S(H).

(rg) If % € Aand 7 € G(R) then f:: € A and % ~ f::

(rg) If e € G(R) then dye € G(R),r > 1,d, has the usual meaning in Equ.(10).
Addition and scalar multiplications of strong Boehmians are respectively defined

5]+ 5] - [s5] w1 - 2]

T

by usual way

Differentiation in &; (S, G, e) and the operation e are respectively defined by

o4[2] - 3] [ 1]+ 5]

€
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4 S.K.Q. Al-Omari

In §;(S,G,e), convergence is defined as follows: A sequence (B,,) of strong
Boehmians is said to be G convergent to a Boehmian [ in S;(S,G,e) if for some
U, € S(H) and € € G(R) such that 3, = [%} T = [%] , we have ¥, — 1 as
n— oo in 8 (S,G,e).

Denote by A = {(e,,) € G : suppe, — 0 as n — oo} then A is a family of delta
sequences on R which correspond to the Dirac delta distribution. Since the strong
Boehmian space can be identified with a subspace of general Boehmians, it seems
more convenient to consider the Boehmian subspace S; (S,G,A,e) of §;(S,G,e),
in short Sy, rather than S; (S, G, e) where the former is obtained through injecting
S:(S,G,e) with the set A of delta sequences. Concept of quotients, Equ.(9), and
equivalence classes, Equ.(11), are retained as in S;. That is, f—: is quotient in Sy if

@Z)n (a7 G) i dﬁem (U) = wm (Ba U) o d.ep, (U) >
and f—: ~ o if
P, (0, 0) 0dgTy, (0) = K (B,0) @ da€n (o), 0, f € Ry.

The sum of two Boehmians and multiplication by a scalar in S; are defined by

[wi} n [@} _ [M] and a [%} - [%n] ,a € C,

€n Tn €En®Tn n

where C denotes the field of complex numbers.
The operation e and the differentiation are respectively defined by

B[] = [l mape 2] <[22
Definition 2.1. If V—n} €S, and ¢ € S then [%] o= [M} .

In &, two types of convergence, § convergence and A convergence, are defined
as follows:

Definition 2.2. A sequence of Boehmians (3,) in S is said to be 6 convergent

to a Boehmian B in S, denoted by 3, LN B, if there exists a delta sequence
(€n) such that (8, e€,),(Be€,) €S,Vk,n € N,and

(B,e€cx) — (Beex) asn— oo,in S, for every k € N.

The following lemma is equivalent to the statement of § convergence

Lemma 2.3. S, LN B (n— oco) in S if and only if there is 1, v € S and
(ex) € A such that 3, = V”k} B = {ﬂ] and for each k € N,

€k €k

Ypk — Ypasn —ooin S,

Definition 2.4. A sequence of Boehmians (f3,)) in St is said to be A convergent

to a Boehmian (B in S, denoted by f3,, A4 B, if there exists a (€,) € A such
that (B,, — ) e e, € S,Yn e N, and (B, —B) e e, — 0 as n — oo in S.
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3 Boehmian Spaces, their General Construction.

The idea of construction of Boehmians was initiated by the concept of regular oper-
ators introduced by Boehme [9]. Regular operators form a subalgebra of the field of
Mikusinski operators and they include only such functions whose support is bounded
from the left. In a concrete case, the space of Boehmians contains all regular opera-
tors, all distributions and some objects which are neither operators nor distributions
[4]. The minimal structure necessary for the construction of Boehmians consists of
the following elements:

(i) A nonempty set L;

(ii) A commutative semigroup (M, %) ;

(iii) An operation x : £ x M — L such that:

1 * (€1 x €2) = (Y x €1) * €3 for each ¥ € L and €71, €2, € M;

(vi) A collection A ¢ M such that:

(a) It 1,k € L, (€,) € Ay1h %€, = KK €, for all n, then 1) = k;

(b) If (&), (Tn) € A, then (e, * 7) € A. A is the set of all delta sequences.

Let A= {(¢,,€n) : ¥, € L, (€r) € AJah, *x € =, * €, myn € NI (2, €,)
(Kn,Tn) € A, 0, * Ty = K % €, Ym,n € N, then we say (1,,,€,) ~ (kp,Tn). The
relation ~ is an equivalence relation in A. The space of equivalence classes in A is
denoted by B. Elements of B are general Boehmians.

Between £ and B there is a canonical embedding expressed as ¢ — w:% .

The operation * can be extended to B x £ — B by [f—:] *h = [M] .

€n

(i) A sequence (5,) in B is said to be 6 convergent to (3 in B, denoted by
B, LA B, if there exists a delta sequence (e,) such that (B, x€,), (Bxe€,) € L,
Vk,n e N, and (B, *ex) — (Bxe€x) as n — oo, in L, for every k € N.

(ii)A sequence (5,) in B is said to be A convergent to [ in B, denoted by
B, 4 B, if there exists a (en) € A such that (B, — ) x €, € L,Yn € N, and
(B, —PB) *€n — 0 as n— oo in L.

The following is equivalent for the statement of 6 convergence: (3, LN B (n — o0)
in B if and only if there is 1, ., € L and () € A such that B, = [w"’k} ,

€k

B = {ﬁ} and for each k € N9, — ¢y as n — oo in L. For further discussion;

€k

see, for example, [1 —7,9,11 — 13,15 — 16].

4 The Space B (S N A,*) of General Boehmians.

In the present section, we establish necessary and sufficient results required for

construting the desired space B (S .G, A,*) of general Boehmians.

Theorem 4.1. (The Convolution Theorem) Let ¢ € S (H) and ¢ € D(R) then

F (¢ (a,0) e dsp (o)) (¢) = Fip (a, ) F (dge) (<) (12)
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where H = R41 X R.

Proof For every v € S(H) and ¢ € D(R), Equ.(8) implies that

F (@ (o,0) @dgyp(0))(s) = /Rdggo (0) /R?/) (o, 0 — t) e dtdo.

The substitution ¢ = t + y completes the proof of the theorem. Since delta
sequences (approximate identities) correspond to the dirac delta distribution
it can be easily established that :

Lemma 4.2. (i) Fe,(s) = 1 as n — o0, V(e,) € A.

(ii) F (dgen) (s) — 1 as n — 00,V € R1, (€n) € A.
(iii) supp (€, ® 7,) C supp €, + supp 7, Vn € N.

Let A={(&,): (e,) € A} and G = {Fp: p € G}.
We define an operation * by

Y (e, 6)*x Fo(s) = (a,¢) F(dsyp) (), (13)

for every ¢ € S (H) and Fy € G. )
In particular, if ¥ € S (R) and Fy € G, then * can be interpreted to mean

V() *Fo(s) =1 (<) Fe (<) (14)
Lemma 4.3 . Let ¢ € S(H) and Fo € G then 9 (o, ) x Fo (s) € S(H).

Proof Since dgp € G, by (r4), it follows F (dgp) € G. But the fact G € D(R) C
S(R) and F maps S (R) into S (R), by Theorem 1.1, implies

U (a,¢) x Fo(c) € S(H).

This completes the proof of the lemma.

Lemma 4.4. Let (7,),(én) € A then (Tpx&,) € A and Tp % &m = ém * Tn, for
every m,m € N.

Proof Let (7,),(¢é,) € A then, using Equ. (16) and Equ.(5) we get 7, (¢)x€n (¢) =
F(tnee€,). But 7, ¢, € A. Hence 7, x €, € A.

Next, in A we have 7, ® €, = €;,, ® T,. Applying the Fourier transform on both
sides and using Equ.(5) yields

T () €m (§) = €m (5) Tn (<) - (15)

From Equ.(14) , Equ.(15) yields 7y, (¢)*€m, () = €émn (¢)*Tx (s) . The proof is therefore
completed.

Lemma 4.5. Let 9 (a,<),k(8,¢) € S(H) and (¢,) € A be such that v (o, <) %
€n (¢) = K (B,¢) *x €, () then ¥ = Kk for every ¢ € R,a, 3 € Ry1.
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Proof From the hypothesis of the lemma and Equ.(13) we write

(¥ (a,6) — Kk (B,6)) %€, (s) =0

for all n € A. Upon allowing n — oo and using Part (i) of Lemma 4.2., we get
Y (a,¢) =k (B,¢) for all a, 8 € R41 and ¢ € R.

This completes the proof of the Lemma.
Lemma 4.6. Let ¢,k € S(H) and (&,) € A then the following holds

(1) (¥ (a, ) + £ (B,5)) * &n = ¥ (a, §) % &n + K (B,S) % &n, for all n € N.
(2) k (a,6) * €n = ¢ (a0, ) *x kép, = k (¢ (a,6) % &,), for all n € N,k € R.

Proof is straightforward consequence from definitions.
Lemma 4.7. Let (é,),(7n) € A and ¢ (a,5) € S (H) then we have
(¥ (@, 6) % én () % T (¢) = P (@, 6) * (€n (6)) * (T (<)) -
Proof of this lemma can easily be established from Equ.(13) and Equ.(14).
Lemma 4.8. Let ¢, — 1) € S(H) as n — oo and Fp € G then

Yy, (0, 6) % Fo (6) — ¢ (o, 6) x Fo (s)

Proof Let 1, — ¢ in S (H) and Fy € G then, from Equ.(6) and Equ.(13),

DY (i Fo—wx Fo)| = [DE (0, — )« Fy)|
= DL (=) () F (d39) (4))
< M[DE (b (06) = ¥ (@.9))]
— Oasn—oo0, 0<MEeTR. (16)

Hence, from Equ.(16), we get v,, . ((¢, — ) * Fp) — 0 as n — oo for every
m, k € N. The proof is, thus, completed.

Lemma 4.9. Let ¢,, — ¢ in S(H) as n — oo then ¢, (a,s) x &, (s) — 1 (a,<) as
n — oo for every (€,) € A,a € Ry;.

Proof of this Lemma is an obvious consequence from Lemma 4.2. The desired
Boehmian space B (S, g, A,*) is therefore described and, in short, denoted by B.

We define addition and scalar multiplication in B <S .G, A,*) by

L—
mx‘@
Sk

|

_l’_

L —|
ﬂX‘B
3B

—_

Il

En*Tn
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and

€n

The operation * and differentiation of Boehmians in B are defined by
dk W
wn n — wn*”” dk wn — ﬂ n
3] 1] = ) o £ 3] = |55

Theorem 4.9. The mapping S — B (S,Q,A,*) defined by i (vY) = [m] s a

€n
continuous imbedding mapping.

Proof Let i(v) = i(k) then [wg*—f"} = [@] . Using the concept of equivalence

Tn

(k
S,G, A, x) we get ()% én) *x Ty = (K * ) * & and, in particu-

/N

classes in B
lar, (¢ % &,) * Ty, = (K * Tp) * €,. Considering the limit as n — oo and using
Lemma 4.2 we establish that ¢ = k. To derive continuity of the mapping 7, let
¥ (a,5) — 0 as n — oo then 1 (e, ¢) %€, (¢) — 0 as n — oco. Hence [wg—f"} —0
as n — 0o. This completes the proof of the theorem.

5 The Extended Fourier Transform for Boehmians.

Let 8 € S; be such that § = [%?] then we define its extended Fourier transform by

B:=FpB:= [};ﬁ"} . (17)
in B.
Theorem 5.1. F5: S — B is a well-defined mapping.

Proof Let 8, = 35 € S be such that 3; = [%} and 3y = {ﬁ—ﬂ then v, (a,0) @
daTm (0) = km (B,0) @dyey, (0) . Applying the Fourier transform on both sides

and employing Theorem 4.1 yield
Fipn (a,6) F (dgTm) (¢) = Frim (B,6) F (daen) (<) - (18)

Hence, from Equ.(13), Equ.(18) becomes F1),, (a,¢) * T (s) = Fkm (B,5) x
€n (¢) . This implies

Fipy(o)  Frn(Bi)
gn(C) Tn (g) :

Therefore, [ffp”} = [%] . The proof is completed.

€n Tn

Theorem 5.2. The mapping F3 : Sy — B is one-one.
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n

Proof Let Ff, = Ff,, in B, where F; = [fgﬁn} and FB, = [f;n} . Then
Fihp (a0, ) x Tin () = Frim (B,) * € (<) -
Upon employing Equ.(13) we get
Fipp (a,¢) F(dgTm) () = Frim (8,6) F (daen) (<) -
By Theorem 4.1,
F (¢ (@,0) 0 dg7im (0)) (S) = F (#im (B, 0) @ datn (0)) (<) -
Since Fis one-one mapping, we get
by, (0, 7) @ dgTom (0) = iy (B, 0) ® daen (7).

Hence
1/1n(0670) ~ Iin(ﬁ,ﬂ')

en(0) Tn(0)

That is, 5, = B9. Hence, the theorem is proved.

With this analysis, the inverse Fourier transform F~13 can be recovered from

BeB by
FIB = L] (19)

in S, where 3 = [%] .
Theorem 5.3. The mapping Fl3:B— S8 is well-defined.

Proof is analogous to that of Theorem 5.1.

Theorem 5.4. The mapping F '3 : B — S; is one-one.

Proof Let ,5’1 = 52 € B such that Bl = [};ﬁ"} and ,5’2 = [}:L} then

n
Tn

Fiby (,6) % T (§) = Fhim (0,6) % &, (<) .
By aid of Equ.(13), we have
Fibn (a,6) F (dgTm) (6) = Frim (B,6) F (daen) (<) -
Now, Theorem 4.1 implies

F (b, (@, 0) @ dgTn (0)) (S) = F (kim (B, 0) @ daTn (0)) (<) -

Therefore,
Y, (ov,0) 8 dgTy, (0) = K (B,0) @ doey, (0) .

3]- (2]

Hence, .7:_131 = ]:_132. This completes the Proof of the theorem.

That is

227



10 S.K.Q. Al-Omari

Theorem 5.5. F3:8; — B and F~13: B — S; are linear.

Proof Let 31,05 € S and k € R be such that g, = [f—;] , B9 = {'j—:} . Addition of

Boehmians implies

€En®Tn

B+ = [farz st )

Employing Equ.(17) on Equ.(20), we get

F(,0dgTn+rnedaen
f(ﬁl +/B2) = |: ( ;(ﬁn.Tn) )]

Thus, by Theorem 4.1 and linearity of the Fourier transform we get

Fip,(a,8)F(dpTn +Fkn(8,5)F(daen
45 - i )

Equ.(13) implies

F(B+By) = [fwn(a,c)*ﬂéii);ﬂ;nw,c)*en(q)}

- [l

Further, if £ € R then

R(FB) =k [Fe] = [252a].

€n

Hence, Ff3 : S¢ — B is linear. Proof of linearity of =13 : B — S, is analogous.
This completes the proof of the theorem.

Theorem 5.6. F(3:S; — B is continuous with respect to § convergence.

Proof Let 3, LA B in Sy as n — oo then, there are 1, ;, and 1, in S (H) such that

o] o 2]

€k

where v, — ¢ as n — oo for every k € N. The continuity condition of
the Fourier transform implies F1, , — Ft, as n — oo, in S(H). Thus,
€n

€k

} as n — 0o. Hence the theorem.
Theorem 5.7. F[:S; — B is continuous with respect to A convergence.

Proof Let 3, 2 Bin S as n — oo. Then, we find Y, € S(H) and (e,) € A

such that (8, — ) e €, = [111727;%} and 1, — 0 as n — oco. Hence, we have

F((By,—B)een) = [%}:%)} = F1, — 0asn — oo in S (H). Therefore

F((Br—B)een) = (FBy — FB) %€ — 0 as n — cc.

Hence, Ff3,, A FpB asn — oo.
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Comparative Study: By observing the structure of the Boehmian spaces S; (S, G, o)

and &, it worths noting that, those spaces can be satisfactory interchanged
in the preceding analysis. In this case, the extended Fourier transform of a
Boehmian in S; (S, G, e) is a well defined mapping satisfying its desired prop-
erties:

Definition 5.8. Let V(Z")] € S;(S,G, o) then its Fourier transform F is defined
by

[ [ e

where wy, () =1 (n,.) and €, () = dpe(.).

From the context, the righthand side of Equ.(21) is meaningful in the sense of
general Boehmians.

Theorem 5.9. F : S, (S,G,0) — B(S,D, A, x) is well-defined.

Proof Let [M] = [M} then ¢ (n,.) e dpo () = ¢ (m,.)  dye(.). Employ-

ing the Fourier transform and Theorem 4.1. we get F¢ (n,.) F (dno(.)) =
Fo(m,.)F(dpe(.)).

Hence,

where wy, () = ¥ (n,.),dno () = on(.) € Ayep () = dpe(.) € A and ¢ (m,.) =
©m (). Equ.(15) implies Fwy, (.) * 6 = Fp,, () * Ep. Therefore

][]

€ o

The theorem is thus completed.

Theorem 5.10. F: S, (S,G,0) — B(S,D, A, %) is one-one mapping.
See Theorem 5.2. for similar proof.

Theorem 5.11. The mapping F : S; (S,G,0) — B(S,D,A, %) is linear.
Proof is straightforward consequence from definitions.

Theorem 5.12. The mapping F: S8 (8,G,0) — B(S,D,A,x) is continuous with
respect to G convergence.

Proof Assume for each 5 € §;(S,G,e) and ¢, € S(H),e € G(R) such that
B, = VT"} B = {ﬂ , ¥, — ¥ as n — oo. Then, continuity of the Fourier

€

transform yields Fi,, — Fv. Hence, [}-?"} — {]:E ] as n — o0o. This com-

pletes the proof of the theorem. Rest of results can be treated accordingly.
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Intrinsic Supermoothness

Boris Shekhtman*
Tatyana Sorokinal

Abstract

The phenomenon, known as“supersmoothness” was first observed
for bivariate splines and attributed to the polynomial nature of splines.
We generalize this phenomenon to smooth functions and higher order
derivatives. Moreover, we show that locally supersmoothness charac-
terizes non-smooth curves.

AMS classification: Primary 26B05, Secondary 26B35

Key words and phrases: supersmoothness, piecewise bivariate function, poly-
nomial splines, smooth curve

1 Introduction

In this short article we address supersmoothness: a phenomenon where un-
der certain circumstances continuity of a function of two variables implies
its differentiability at a point or, consequently, differentiability of a bivariate
function implies its higher order differentiability at a point. Supersmooth-
ness was first observed for bivariate splines by Farin in [2]. He considered
a triangle A partitioned into three subtriangles Aj, Ay and Ag as shown in
Figure 1. A spline F' on this triangulation of A is a function of two variables
such that for each i = 1,2, 3, the restriction F' |o,= f; a polynomial. Farin
proved that if the spline F' is differentiable of order n, then it has all (n+1)st
order partial derivatives at the origin 0 := (0,0). That is for all n > 1:

(1) FcC™(A) = F e C™0).

Supersmoothness of splines was observed for trivariate splines in [1], and
studied in general in [4] and in [5]. This phenomenon has been attributed
to the polynomial nature of splines.

*University of South Florida, 4202 East Fowler Ave, CMC342, Tampa, FL 33620,
shekhtma@usf.edu
TTowson University, 7800 York Road, Towson, MD 21252, tsorokina@towson.edu
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Figure 1: First example Figure 2: Collinearity matters

In the next section we will demonstrate that basic supersmoothness is a
rather general property of non-smooth curves, not just polynomials. Loosely
speaking: if we want to continuously glue two smooth bivariate functions
along a curve with a “corner” at a point P, the resulting continuous function
must be differentiable at P, as if to compensate for the singularity of the
curve. Moreover, locally, supersmoothness characterizes non-smooth curves.

In Section 3 we address another peculiarity of supersmoothness. We first
show that property (1) holds for all smooth functions defined over a partition
of R? by n + 2 non-collinear rays emanating from the origin, n > 0. The
assumption that the rays are not collinear is significant. If just two of the
rays are parallel the phenomenon of automatic supersmoothness disappears
alltogether. This can be seen on the following simple example. Consider the
partition of R? by the z-axis. For any n > 0, let f(z,y) be equal to y"!
on the upper half plane and zero on the lower one. We now can add any n
rays emanating from the origin but not along the z-axis. This will form a
partition of R? by n 4 2 rays as in Figure 2. Then f has all derivatives of
order n, yet f ¢ C"t1(0).

2 Gluing functions along a curve

In this section we will show that a version of supersmoothness occurs when
we glue two differentiable functions along a curve with sharp corners as
in Figure 3. Namely, we will show that the resulting piecewise function
is differentiable at every sharp corner of the curve. To some extent this
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property of supersmoothness characterizes curves with sharp corners.

Figure 4: Supersmoothness of
Figure 3: Curves for gluing higher derivatives

In contrast with most of the research on curves in both analysis and dif-
ferential geometry, we are interested in non-smooth curves. While regularity
of a curve is defined globally, non-smoothness has to be localized to a point
P = (20,Y0).

We limit our considerations to non-self-intersecting curves and adopt the
following, intuitively clear version of “local smoothness”. Let « be the trace
of a continuous non-self-intersecting curve v(t) : [a,b] — R2, also known
as a Jordan arc. Without loss of generality assume that v(0) = P and
a<0<b.

We shall say that ~ is smooth at P if v can be represented as a graph
of a continuously differentiable function in some neighborhood of P. More
precisely,

Definition 1 The trace of a Jordan arc v is smooth at a point P if there
exist open intervals I, J and a function f € C1(I) such that

P = (xo, f(zg)) € I x J, and vN (I xJ)={(z, f(z)), xe€l}.

Different (weaker) versions of the following result can be found in many
textbooks. We provide the proof for completeness.

Theorem 2 The trace of a Jordan arc «y is smooth at P if and only if there
exists a neighborhood U of P and a function h continuously differentiable
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on U such that

(2) hz,y) =0 if (x,y) e yNU, and Vh(P)#O0.
Proof. If v is smooth at P we use the neighborhood I x J and the C'-
continuous function f from Definition 1 to construct h(z,y) = y — f(z).

Clearly, h satisfies all the desirable properties. Conversely, without loss of
generality, assume P = (0,0) and let k be a C'-continuous function on some
neighborhood U of P, such that h vanishes on v, and hy(P) # 0. Then by
the Implicit Function Theorem, there exist open intervals I; and J; and a
C'-continuous function f such that

hz,y) =0, (z,y)e L xJ; iff y=f(zx), z€l, yeJ.
We can assume that I; x J; C U, which implies that
YO (I x Ji) € {(=, f(x)), =€}

We now need to show that there exist perhaps other intervals I C I and
J C Jj such that v coincides with the graph of f in I x J. To this end,
we consider the inverse image v~ 1(I; x Ji), which is an open set in [a, ]
containing zero. Thus, there exists ¢ > 0 such that v(¢) := (u(t),v(t)) maps
(—c¢,c) into v N (I; x Ji). We observe that if u(c/2) = 0, then v(c/2) also
vanishes since f is a function passing through (0,0). Then we have v(¢/2) =
~(0) which contradicts the assumption that  has no self-intersections. Thus,
neither u(c/2) nor u(—c/2) vanish. Without loss of generality we can assume
u(c/2) > 0. Then u(—c/2) must be negative. Otherwise either v has a self-
intersection or f is not a function. Since 7(¢) is continuous, its trace from
t = —c/2 to t = ¢/2 must coincide with the graph of f from u(—c¢/2) < 0 to
u(c/2) > 0. Thus, for I := (u(—c/2),u(c/2)), and J := J, the function f
satisfies Definition 1. m
As a corollary we obtain the promised result on supersmoothness:

Theorem 3 Let v C R? be the trace of a Jordan arc that divides the open
disk Q) into two subsets 1 and Qo as in Figure 3. Further assume that
is not smooth at P € 7. Let fi, fa be C! functions on Q0 continuously glued
along vy, that is, let

I f1($7y) Zf (.I,y)EQl
¥ Hey) "{ faley) if (2,y) €

be a continuous function on . Then the piecewise function F is differen-
tiable at P, that is,

(4) Vi(P) =V fa(P).
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Proof. Consider a C! function h = f; — fo. The fact that f; and f, are
continuously glued along v means that h(y) = 0 and by Theorem 2

0=Vh(P)=Vfi(P)—VfaP).

Thus, V fi(P) = V fa(P), and the proof is complete. ®
A partial converse of Theorem 3 holds true in the following sense:

Theorem 4 Let v C R? be the trace of a Jordan arc that divides the open
disk € into two subsets )y and Qo. Assume that v is smooth at a point
P € ~. Then there exists a neighborhood U of P and and two differentiable
functions fi, fo € CY(U) such that the function

] hlzyy) if (zy) e nU
® Flo) = { ) 0 ey

is not differentiable at P.

Proof. Let U and h be chosen as in Theorem 2, i.e., satisfying conditions (2).
Let fi(xz,y) := h(xz,y) and fo(x,y) = 0. Then, since h(y N U) = 0, the
function F' defined by (5) is continuous and not differentiable at P because
Vo(P)=0#Vfi(P). =

Theorem 4 provides only a partial converse of Theorem 3 because the
function F is defined locally, in a neighborhood U of P, and not on all of €.
We believe that the global version of this theorem also holds and end this
section with a conjecture.

Conjecture 5 Lety C R? be a continuous curve that divides an open disk
centered at P into two subsets 1 and 9. Then v is smooth at P if and
only if we can glue two continuously differentiable functions along the curve
as in (5) so that the resulting piecewise function F is not differentiable at P.

3 Supersmoothness of higher derivatives.

Consider two non-collinear rays v; and vo emanating from the origin in R2.
The curve formed by these two rays is not smooth and partitions the open
unit disk Q into two sectors A; and As. It follows from the results of
the previous section that two differentiable functions f; and fo continuously
glued along the boundary of the sectors as in (5) produce a piecewise function
Fy differentiable at the origin:

(6) F,ceC(Q) = F,eCYlo).
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Farin’s observation (1) shows that for three pairwise non-collinear rays em-
anating from the origin and a piecewise function Fj3 consisting of three dif-
ferentiable pieces as in Figure 1 the following holds:

F e CY(Q) = F3e€C%0).

However, as it was pointed out in the introduction, for three non-collinear
rays amplification (6) may not hold, that is, in general

FyeC(Q) # F3eCH0).

In this section we extend this pattern. For a fixed n > 0, we partition the
open disk €2 into n+2 sectors Ay, ..., Ayt9, by pairwise non-collinear vectors
(rays) vi,...,Un42, positioned clockwise as in Figure 4. Then we create a
piecewise function F, 19 by gluing n+2 functions fi, ..., fr12 € C™(Q) along
the rays. Thus for 1 < j < n 4 1, the sector A; is formed by v; and v;41,
and the sector A,,19 is formed by v,+2 and v;. We will show that similarly
to (1) the following holds:

(7) Fui2 €C™MQ) = Fup € C"H(0);

yet the weaker assumption F, o € C"~!(Q) may not imply the associated
conclusion that F,,1 o € C"(0).

We start with a simple lemma that shows that two differentiable func-
tions continuously glued along a ray v must be differentiable in the direction
of v. We use D, to denote the directional derivative in the direction of v.

Lemma 6 Let v = (a,b) be a unit vector in R2. Let f and g be continuously
differentiable functions in an e-neighborhood of the origin in R? such that

(8) f(ta,tb) = g(ta,tb), for all t € [0,¢).

Then
D, f(ta,tb) = Dy,g(ta,tb), for all t € [0,¢).

Proof. It suffices to prove the result for t = 0. We obtain
ta,tb) — f(0 ta,tb) — f(0
DLf(0) -t L0010 = F©) _ - F(ta.th) — £

= lim
t—0 t t—0+ t
by (8 . 9(ta,th) —g(0) _ . g(ta,tb) —g(0) _ Dyg(0),
t—0+ t t—0 t

where the second and the fourth equalities follow from the continuity of D, f
and D,g, respectively. m
We are now ready to prove statement (7). For brevity, we use F' := Fj, ;2.
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Theorem 7 Let functions fi,..., fot2, be n times continuously differen-
tiable on Q and let F' be defined piecewise on each sector Aj by F' |a;:= fj,
j=1,...,n+2. If F € C™(Q) then F has all derivatives of order n + 1 at
the origin; that is, F € C"*1(0), n > 0.

Proof. If n =0, the proof is given in Theorem 3. Let n > 1. We will show
that for two neighboring functions, say f; and fj41, all partial derivatives
of order n + 1 coincide at the origin. Then for every £ =0,...,n,

DED} R £1(0) = DEDY " £2(0) = ... = DED} " f,.5(0),

which would prove the theorem. Without loss of generality we consider the
neighboring functions f; and fo. It is clearly enough to prove that

(9) DE D2=F £1(0) = DE D)7 £5(0), for every k=0,...,n.

Observe that for k£ > 1, the assumption F' € C™(§2) implies that the func-

tions DY 1Dk f; and DF -1 D7F f; are continuously glued along the ray vs.

Hence, by Lemma 6 we obtain

Do, (D D57 11)(0) = Doy (D D37 £2) (0)
which implies (9) for £ > 1. Hence it remains to prove that
(10) Dy, /1(0) = Dy, f2(0).

Since all the vectors v; are pairwise non-collinear we can find constants o;
and ; such that vy = ajve + Sjvj for all j =3,...,n+ 2. Then

(11) DI =(a3Dy, + B3Dy,) .. (2D, + Bot2Do, )
n+2
- D”2p(DU2""7DUn+2) +7 H va
j=3

for some constant v and some homogeneous polynomial p of order n — 1.
Since, by the assumption, p(Dy,, ..., Dy, ) f1 and p(Dy,, ..., Dy, .,)f2 co-
incide along the ray vq, by Lemma 6

(12) Dy,p(Days -, Dy, ) f1(0) = Dyyp(Day s ..., Dy, 1) f2(0).

Similarly, for every k = 3,...,n + 2, the functions

n+2 n+2
II Dufecr and [ Dufi
j=3,j#k j=3,j#k

238



Intrinsic Supersmoothness
Boris Shekhtman,
Tatyana Sorokina
239

coincide along the ray vg. Hence, by Lemma 6, for every k =3,...,n+ 2,
n+2 n+2 n+2 n+2
HDv]fk 1 kaHvafk 1 kaHDv]fk HDv]fk

Jj=3 Jj=3
J#k J#k
Thus, we obtain the following chain of equalities
n+2 n+2 n+2 n+2
(13) 1] Do, fa(0 H Dy, f3(0 =[] D, fas2(0 H Dy, f1(0
Jj=3 7=3

The last equality follows from Lemma 6 since f; and f,, 2 share a common
edge v;. Thus

n+2
by (1)

Dgle(O) Y Dyyp(Dyys - -+ s Dvn+2)f2 +7HDv]f2
7=3

by (12,13) niz 1)

Y )

= Dvgp(Dvga'“ Dvn+2)f1 +7HDUJf1 : D31f1(0)-
7j=3

which completes the proof of (9), and consequently proves the theorem. m
The next result is a direct consequence of applying Theorem 7 to the
derivatives of the piecewise function.

Corollary 8 Let functions fi,..., fny2, be m times continuously differen-
tiable on Q, with m > n, and let F,12 be defined piecewise on each sector
Aj by Foyo |lay=fj, 5 =1,...,n+2. If Fy12 € C"™(Q) then Fy 12 has all
derivatives of order m+1 at the origin, that is, Fy, 1o € C™TY(0), m > n > 0.

We finish this section and this article by constructing polynomials (hence
smooth functions) fi,..., fnt+2, » > 1, such that the spline F), ;o defined by
Frio |a;= fjis in C"H(Q) yet Fnyo & C™(0). We note that if n = 0, it is
immediately obvious that f; =0 and fo = 1 do not join continuously at the
origin. The following observation is the key to the construction:

Lemma 9 Given n > 1, consider the polynomial

n+1
glz,y) = cily + a;z)".
i=1
Then the system of equations with the unknowns (c1,...,Cpy1):
ak
WQ(JJ,O):O, fOTG”OS]SkSn—l,

has a non-trivial solution.



Intrinsic Supersmoothness
Boris Shekhtman,
Tatyana Sorokina

Proof. Indeed for 0 < k<n—1and 0 < j <k we have

n+1 8k n+1
C——— a;x)" c;a a;x)"” k‘
; Ol Oyk—i v+ ai) y=0 Z ’ y * y=0
n+1

n!
BT AP DL

With s :=n — k + j, the system of n equations with n + 1 unknowns

n+1
E ca; =0, s=0,...,n—1,

i=1

has a non-trivial solution. m

Now we can proceed with our construction. As in Figure 4, choose n + 2
consecutive positioned clockwise rays v; emanating from the origin whose
equations are given by the following lines I;

lh:y=0, la: y+ax=0, ... , lpro 1y+apox=0.

Note that without loss of generality we assume that v; goes along the positive
direction of the z-axis. Define f; := 0 to be the function between v1 and vs.
Let the function between vi, and viy; be defined as follows:

k
fe:=)Y _clf, foreach 2<k<n+2,
1=2

with the convention v,43 := v1. We next define:

gk(z,y) = frr(2,y) — fru(z,y) = cep1(y + appax)”, forall 2<k <n+1.

All partial derivatives of g of order n — 1 or less vanish for y = —ag417,
that is, at the line l;41. It remains to choose the coefficients ca, ..., ¢yt in
such a way that f, 2 is glued smoothly to f; = 0 at [;, that is, so that all
derivatives of order n — 1 or less of the polynomial

n+2

frr2 =l
i=2

vanish at y = 0. By Lemma 9 this leads to a system of n equations with
n + 1 unknowns (cg, ..., ¢, t2) that has a nontrivial solution.
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Hence there exists a non-zero homogeneous polynomial f,+2 of order
n between l,492 and [; which is C™ -smoothly glued to fnt1 across ly41
and C™ l-smoothly glued to f; = 0 across [;. Finally f,,o is a nonzero
homogeneous polynomial of order n. Thus there exists a partial derivative
of fny2 of order n which is a non-zero constant. In particular, its value at
the origin is not zero, yet the same derivative of f; = 0 is zero. The resulting
piecewise function Fj, o does not have a derivative of order n at the origin.

Remark 10 The existence of the spline F, 1o implicitly constructed above
also follows from Theorem 9.3 in [3]. Indeed this theorem shows that the
dimension of polynomial splines of degree n and smoothness n — 1 defined
over the union of n + 2 sectors is strictly greater than (”;2) The latter
1s the dimension of bivariate polynomials. Thus, there exists a spline that
does not have a derivative of order n at the origin. We decided to provide a
development here that would be accessible to an audience not familiar with
spline theory.
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Abstract
Here we present multivariate basic approximation by Kantorovich and
Quadrature type quasi-interpolation neural network operators with re-
spect to supremum norm. This is done with rates using the first multi-
variate modulus of continuity. We approximate continuous and bounded
functions on RY. When they are also uniformly continuous we have point-

wise and uniform convergences.

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30,
41A36.

Keywords and Phrases: sigmoidal and hyperbolic tangent activation
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1 Background

We consider here the sigmoidal function of logarithmic type

1

m, $16R,Z:1,,N, €T = (.Il,...,.ﬁN)ERN,

si(w;) =

each has the properties 1113_1 si(z;)=1land lim s;(z;)=0,i=1,....N.
T;—+00 T;——00
These functions play the role of activation functions in the hidden layer of
neural networks, also have applications in biology, demography, etc.

As in [7], we consider

1
D, (z;) := B (si(zi+1)—si(x; — 1)), z;€Ri=1..N.
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We notice the following properties:

1 CI)i(:ci)>0, VI’¢ER,

i) Yoo ®ilmi—ki) =1, Va; €R,

i) Yo ®i(nwi — k) =1, Va; € RyneN,

v) ®; is a density function,

)
)
)
iv) ffooc O, (z;)dr; =1,
)
vi) @, is even: ®; (—x;) = D, (x;), x; >0, fori=1,...,N.

We see that ([5])

e?—1 1
3, (1;) = Ci=1,..N.
(x ) ( 262 ) (1 + 611*1) (1 + efmifl) t

vii) @, is decreasing on R, and increasing on R_, ¢ =1,..., N.
Let 0 < 8 < 1, n € N. Then as in [5] we get
viii)

oo oo

Z (I>i (nmi — k‘l) = Z (bi (|mcl — ki1|)
k’i = —0 k’z = —00
Cnay — k| > nth s nay — k| > ntP

<3.1992e """ i=1,.,N.

We use here the complete multivariate activation function ([4])
N
O (21, ay) =@ (2) = [[ ®i(2:), zeR". (1)
i=1

It has the properties ([4]):

(i) ®(z) >0, VzeRY,

We see that
Z Z Z (I)(Sclfkl,ngkg,...,l‘]\ffk]v):
ki=—00 ko=—0c0 kny=—00
e 00 0 N N oo
ki=—oc0 kea=—0c0 kny=—00i=1 i=1 \k;=—o0
That is
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(i)’

Yo @@—k)= > > . > (i —ky oy —ky) =1,
k=—oc0 k1=—00 ka=—00 kn=—o00

k.= (k‘l, ...,k‘n), Ve RN,
(iii)’

i ® (nx — k) :=
k=—o00
Z Z Z ® (nxy — k1, ...,neny — ky) =1, (4)
k1=—0c0 ko=—0c0 kn=—oc0

VzeRY;neN.
(iv)’
/ B () de = 1, (5)
RN
that is ® is a multivariate density function.

Here ||z, = max{|z1|,...,|zn|}, 2 € RV, also set oo := (o0,...,0),
—00 := (—00, ..., —00) upon the multivariate context.
For 0 < 8 < 1and n €N, fixed x € RY, we have proved ([4])

(v)’
[nb] o
> ® (nx — k) < 3.1992¢™"
{ k = [na
I

>

B)

Let f € Cp (]RN) (bounded and continuous functions on RY, N € N). We
define the multivariate Kantorovich type neural network operators (n € N, V
z € RY)

n

Ko (f,2) =Ky (f,21,0028) = ) <nN/ f(t)dt)@(nxk) = (7)

k

k=—o0 n
0o 0o k1 kN 41
Z Z (nN/ ' / ' f(t17~.~7tN)dt1...dtN> (H@z (nmq;—ki)>.
ky kn
klzfoo szfoo n n =1
We observe that
k41 ki+1 kN+1
f(t)dtz/ / Fltrs o ty) dbrondiy =
k LY En
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1

/ / <t1+ tNJrk)dtl dtN—/Onf<t+:>dt. (®)

Thus it holds
o) N % k
K, (f,x)= Z (n / f(t+)dt><1>(nx—k). ©)
k=—o00 0 n

Again for f € Cp (RN ), N € N, we define the multivariate neural network
operators of quadrature type @, (f,x), n € N, as follows. Let 8 = (61, ...,0n) €
NN, r= (7’1, ...,TN) € Zf, Wy = Wy, N > 07 such that

6 01 On
— =1 k ZN
w, = Wry ey = 1 €
r=0 r1=0 rn=0

and

0
Ok (f) = Onerkn (f) = Zwrf (: + 7:0) (10)

=0

01
Z Z kl 1 En N
- T 77"'7 - b 11
w 1. 77"Nf< ’I’L91 n + n9N> ( )

r1=0 ry=0

QTL (faz) = QTL (f,xla"'azN) = Z 571/6 (f)(I)(n‘r - k) (12)

k=—o00

0 oo N
Z Z 5n,k1,...,k‘N (f) (H P, (nw, — kL)> y Ve RN.
=1

ki=—00 kn=—0c0
We consider also here the hyperbolic tangent function tanhz, © € R (see
also [2])

tanh x := Le_,m, (13)
et +e "
It has the properties tanh0 = 0, —1 < tanhz < 1, V 2 € R, and tanh (—z) =
—tanh x. Furthermore tanhx — 1 as * — oo, and tanhz — —1, as * — —o0,
and it is strictly increasing on R.
This function plays the role of an activation function in the hidden layer of
neural networks.

We further consider ([2])
i (tanh (z + 1) — tanh (x — 1)) >0, VzeR. (14)

We easily see that U (—z) = ¥ (x), that is ¥ is even on R. Obviously ¥ is
differentiable, thus continuous.

U (z) :=
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Proposition 1 ([2]) U (z) for x > 0 is strictly decreasing.

Obviously W () is strictly increasing for z < 0. Also it holds lim W (z) =
0= lim ¥ ().

Tr— 00

Infact U has the bell shape with horizontal asymptote the z-axis. So the
maximum of ¥ is zero, ¥ (0) = 0.3809297.

Theorem 2 (/2]) We have that >.;° VU (z—i)=1, Yz ecR.

Thus

> U(nz—i)=1, VneN, VzeR

i=—00

Also it holds

Z\I/(eri):l, Vz e R.

Theorem 3 ([2]) It holds [, W (z)dx = 1.
So ¥ (z) is a density function on R.

Theorem 4 ([2]) Let 0 < o < 1 and n € N. It holds

oo

Z U(nx—k)<et-e

k=—o0
s nx — k| > ntme

In this article we also use the complete multivariate activation function

(1-a)

N
O (z1,...an) =0 (z) = [[¥(x;), 2= (21,...2n) ERY, NeN. (15)
i=1

It has the properties (see [3])
(i) ©(z) >0, VzeRY,
(i)

o0

i @(.’L‘—k):z i i Z @(:Cl—k'l,...,.’l,'N—kN):l,

k=—oc0 ki=—00 kg=—00 kn=—00
(16)

where k := (k1,....,kx), V 2 € RV,
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(iii) N
> Oz —k):=
k=—o00

Z Z Z @(nwl—kl,...,an—kN)zl,

ki=—o00 kg=—00 kn=—00

VzeRY, neN.

(iv)
O (x)dx =1,

RN
that is © is a multivariate density function.

By [3] we get
(v)

on(1=8)

i O(nx—k)<el- e ,
k=—00
{H vl >

0<B<1l,neN, zecRV,

We also define the following Kantorovich type neural network operators,

feCs(RY), NeN,neN,VazeRY, similarly to (7):

Lo (f,2) = Lo (fy @1, cnon) i= S <nN/”f(t)dt>@(nzk);

Z Z < /k”l .“/]:ff(tl, N)dt.. dtN> <H\I/ na; — k; )

ki=—00 kn=—c0

Similarly to (9) it holds

Lo (f,2) = _f: <nN/O}1f<t+z>dt>@(nxk).

(20)

(21)

Finally we define, similarly to (12), (for any € R") the following quadrature

type neural network operators

oo

T, (f,2) =To (f, 21, an) = Y Onk (f) O (na — k)

k=—o00

oo oo N
Z Z 5n,k1,m,kN (H\I/ nxz - z ) )
i=1

ki=—oc0 kn=—o0

(22)
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where 0,1 (f) is as in (10), (11).
For f € Cp (RN ) we define the first multivariate modulus of continuity

wi (f,h) = sup If () = f(y)l, h>0. (23)
z,y € RV
[z =yl <h

Given that f € Cy (RY) (uniformly continuous functions on RY) we get that
%,E%wl (f,h) =0, the same definition for wy.

In this article we study the pointwise and uniform convergence of operators
K,, Qn, L, and T, to the unit operator I with rates. We are inspired by [1],
(2], [3], [4], 5], [6], [7].

2 Main Results

We present

Theorem 5 Let f € Cp (RN),O<5<1,Q:ERN, n,N € N. Then
1)

_p(1=8)

Ko (f2) = f @] o (£ + 5 ) + 63080 [floe™ ™ =y (20)

2)
1K () = flloo < p1- (25)

Proof. We have that
K, (fz) = f(z)=

i (nNA'}Lf<t+z>dt><b(nx—k)—f(x) i O (ne — k) =

k=—o0 s
k;’l Kmv/oi f (t + :) dt) - f(x)] & (nx — k) = (26)
kioo [RN/O}L (f (t+z> —f@:)) dt| ® (nz — k).
Hence
(Ko (fr) = f ()] < kijw lnN/oi' f (t+1]z) — f(2)|dt| ®(na—k) (27)
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> )

(
affgtm)e2lile X eme-nT @

{ k= —o0
12 =2l > 75

_p(1-8)

1 1
or (£, 25) + 03989 1] e,

proving the claim. m
We continue with

Theorem 6 Let f € Cp (RN), 0<B<1,zeRN, n,NeN. Then
1)

8)

@0 - S @ <o (£2 4 ) + 6380 e =i, @9

2)
1Qn (f) = fllo < p1- (30)
Proof. We notice that
Qn(fix)=f@) = > b (@ (nx—k)—f(x) > ®(nz—k)
k=—o00 k=—o0
= Y ()= (@) ®(na— k)
k=—oc0
> o k r >
= we | fl=F+—=|—f(z))|P(nz—k). (31)

Hence it holds

00 0
|Qn (f,z) — f(z)] < Z (wa

k=—oco0 \r=0

5+ 5)-r@

)fb(n:c—k:)
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) ®(nz—k)+  (32)

> (6)
o (frdg) 2 X eme-nT @)
k= —0o
{|| w7l > 5

1 —n(1=8)
or (£ 25) + 03980 1l e,

proving the claim. m
We further state

Theorem 7 Same assumptions as in Theorem 5. Then

1)

L) = Pl Swr (£n 4 o) + Il 2ete™ ™ =y, (30

and
2)
Ly (f) = flloo < P2 (35)

Proof. As in Theorem 5, using (19). m

Theorem 8 Same assumptions as in Theorem 5. Then
1)
Ty (f,2) = f (@) < po (36)
and
2)
170 (f) = flloo < po- (37)

Proof. As in Theorem 6, using (19) =

(
Conclusion 9 When f € (C’B (]RN) N Cy ( )) then K, (f,xz) — f(x),
Qn (f7 1') - f(l'), Ln (fv ) (CL’) n( ) ( ) pOZTLt'lU’iS@ as n — 09,
[

and K, (f) = f, Qu(f) = f, L, (f) = f, Tn. (f) — f, uniformly, as n — oo,
all at the speed of n%, 0<p<l.
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Abstract

We characterize limits for Szeg6 polynomials of fixed degree k£ with respect
to measures formed by convolving m < k point masses with convex combi-
nations of Fejér kernels. The polynomial limit as is shown to be the same for
all kernels in this class, which includes the Poisson and Fejér kernels. The
moments of such kernels are convex functions for positive values of the index.
Our result generalizes recently-proposed methods for frequency estimation.
Keywords: Szego polynomial, orthogonal polynomial, frequency

estimation, Poisson kernel, Fejér kernel.

1. Introduction

Szegd polynomials are a class of monic, orthogonal polynomials with re-
spect to measures on the unit circle, and have been studied extensively. See
[5, 9, 12, 13] for background. In frequency analysis, the measures are often
estimates of the spectral measure of a random process such as sinusoids in
noise. In [1, 2] measures are formed by convolving the Poisson and Fejér
kernels, respectively, with the sum of point masses Z;’;l «;j0p;, Where dy, is
the point mass measure at 6;, the a; are positive, the 6; are distinct. (We

identify the unit circle with the interval [—m, 7).) Both are examples of ap-
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Table 1: Poisson and Fejér kernels

kernel density moments ), @) | h
1 — 2
Poisson: Yp(0) = ﬁ rle 1—r

M

n

1 {sin(n@/?)} 2

C
sin(60/2) ) n

Fejér: U (0) = (
proximate identities 1, with h — 0 as either r — 1 or n — oo, respectively,
as indicated in Table 1, where ™ = max{x,0}. In [1] it is shown that the
case where 1, is the Poisson kernel arises as the spectral estimate in the
“R-process” technique of frequency estimation proposed in [8], where, in an
effort to deal with the non-uniqueness of polynomial limits, the moments of
the periodogram are multiplied by those of the Poisson kernel. In the “V-
process” proposed in [11], the moments of the periodogram were multiplied
by those of the wrapped Gaussian, resulting in a different polynomial limit.
Our results here and the remarks in the introductions of [1, 2] will give the
limit polynomial when the moments of the periodogram are multiplied by
those of any one of a class of kernels.

We denote by Py(z, pt) the the Szegd polynomial of degree k with respect

to the measure p. For any kernel ¢y, we have the weak-star limit

}llli% wh * z; Oéj(sgj = z; Ozj(;gj (1)
J= J=

(See, e.g., [7] for discussion of properties of kernels, or approzimate identities.)

However, for m < k Py(z, Z;n:l ;jd,) is not uniquely defined; furthermore,

2
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the associated Szego polynomials of fixed degree & do not necessarily con-
verge. That is, pup — Z;n:l a;0p; does not guarantee existence of the limit
limy, 0 Px(z, pun) even if py, converges strongly. (See [1] for an example.) On
the other hand, any limit polynomial will have m zeros at the “signal” lo-
cations 6; (the terminology owing to the fact that Z;nzl «;0p; is the spectral
measure of a purely sinusoidal process). The limit behavior of the remaining
k —m “extraneous” zeros and the problem of distinguishing them from the
signal zeroes have been subjects of study in the literature.

In [1, 2] it is shown that Py(z,1n * D07, a;dp;) do converge; in fact to
the same limit. In each case, the extraneous factor is the Szegé polynomial
of degree k — m with respect to a related measure.

In the present paper we prove a conjecture of the authors in [3] and
characterize the limit polynomial for a class of kernels which includes the
Poisson and Fejer, and whose moments @h(ﬁ) are convex functions of ¢ for

¢ > 0.

2. Background

Given a measure, g, on the unit circle, the k** Szegé polynomial Py(z, ),
with respect p, is the polynomial in the complex variable z which attains the
minimum

wia | " Ip(E)[? du(6) = / 1P 1) dua(6), 2)

pEAL J_ o

where Ay is the set of monic polynomials of degree k.

The prediction error power, which we denote py(u) is a multiple of the
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minimum attained in (2):

1

e G 3)

The Py(z, 1) are also characterized by the orthogonality property
| e pe) duto) = 0 (@
for any any polynomial p of degree less than k.

The reflection coefficients of the Py(z, 1) are the constant terms

Ry() := Pr(0, ). (5)

We denote by P} (z, i) the reverse polynomial: Py(z, 1) = 2*P,(1/z, 1u). The
zeros of P* are obtained from those of P by reflection in the unit circle.
Equivalently, the coefficients are reversed and conjugated. Note that we

have | P} (e?, u)| = |Pe(e?, u)|, and that P (0, u) = 1.

3. Kernels of Polya type

A positive function f satisfies the Polya criterion if it is non-increasing,
even, and if f(z) is convex for z > 0. Such functions are the characteristic
functions of positive measures. (See, e.g., [4], p482.)

In [3] the authors define sequences, densities, and kernels of Polya type:
If g(n) = a, = f(n) for some function f satisfying the Polya criterion, then
{a,} and ¢ is a sequence and density, respectively, of Polya type; {1} is a
kernel of Polya type if ¢, is a density of Polya type for each value of h. We

see that the Poisson and Fejér kernels are kernels of Polya type.
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Let ¢, denote the Fejér kernel as in Table 1. Then ¢(0) = > "7 | a,¢,(0)
is a density of Polya type if a, > 0 and > >~ a, = 1. Now suppose that

Ay = {an,} is a sequence of sequences with

Zan" =1 for all N=1,2,3,... (6)
n=1

lim ay, =0 for all n=1,23,... (7)
N—oo

It is easy to see that
wAN Z an n¢n (8>

satisfies the properties of an approxnnate identity with N — oo. Thus

a,(0) is a kernel of Polya type, and we have the weak-star limit

* Z Oéj59j — Z ijéej- (9)
j=1 j=1

We define kernels 14, for continuous parameter 2 — 0 similarly. For exam-

ple, it is not too hard to show (see [3]) that the Poisson kernel is given by

= (1—7r)?nr"~1, while the Fejér kernel corresponds to Ay = {0,0,0, ..., 1,0,0, ...

with 1 in the N-th position.
The following was conjectured in [3]. We will assume that Ay is indexed

with discrete parameter N — oo. The continuous case h — 0 is similar.

Theorem 3.1. Suppose Ay — 0 and let 14, be as defined in (8), where
®n(0) is the Fejér kernel and the 0; are distinct in (1). Then for each k > m

]\}iinwpk(z,¢AN * Z;ajégj = Py_m(z,v l—Il z — et (10)
= =

where

d m m )
DI | [Sals (11)

j=1  p#j
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Remarks: Thus the extraneous limit factor is the degree k — m Szego
polynomial with respect to the measure v, and the limit is the same as in
the case of the Fejér and Poisson kernels, which are special cases. It is also
follows that when the moments of the periodogram (or any spectral estimate
which converges weak-star to point masses as in (1) are multiplied by those
of a kernel of the form 20, where Ay is any sequence satisfying 6 and 7, and
limits are taken first with the periodogram index approaching infinity, the
limit of the Szeg6 polynomials is given by 10 and 11. The justification for
this is given in the introduction of [1].

The proof of Theorem 3.1, is an extension of Theorem 2.1 of [2]. We first

extend supporting results of [2]. We will use the notations

BN = 7\/JAN * Zaj50j7 (12>
j=1
and
¢ = et

where the latter represents an arbitrary point on the unit circle.

Lemma 3.1. Under the hypotheses of Theorem 3.1, the following hold.

i The sequence {Py(z,un)} as N — oo has a limit point, and all limit
points are of the form Q(z) H;nzl(z — €% where Q is a monic polyno-
mial of degree k — m.

ii The reflection coefficients Ry(uy) are bounded away from the unit circle
uniformly in N.

ili Py(z, pn) and the m zeroes which approach the 0; do so at the rate

O(1/N).
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Proof: To establish i note that the Py(z, uy) are monic polynomials with
zeros contained in the unit circle, so {Px(z, un)} has limit points, and by
Proposition 2.1 of [1], all of these are of the above form.

We establish i using the arguments of Corollary 2.1 of [2]. For each n, we
have the following representations of ¢, (0) * 37", a;dp; ([2], (12) and (16)).

(¢n*§ 05]69]')/ =
i=1
1 & 4 .
2 — = | r(n—1) i0; ~(n—2) i(n—1)0; 2 13
O = DSl G O (13

(14)

237, oy (1~ cosn(8 — 6,)) [T ¢ —
n [~ e

(¢n * Z aj59j>/
j=1

where ¢ is a polynomial of degree n—1 with all zeros outside the circle. Using

(13) we can express the convolution (12) as

py(0) = (ZCLN,ann(@)) *ZO‘J‘(SO;-

— Z ann (gbn(e) * Z aj59j>
n=1 j=1

= Y avalga(OF (15)

The sum in (15), regarded as a function of the complex variable z on the
plane, is a convex combination of subharmonic functions, so it is subhar-

monic. Using (15) with (3), we then write
1 2
peln) = o [ PG )" dun

[, -
= o [ PGP Y avalan(OF .
-m n=1

7

258



Asymptotics for Szego polynomials of Polya type,
Michael Arciero, Lewis Pakula

> PE0, 1)) annlga(0)

n=1
m o0
= D)

j=1  n=1

S

aNm s (16)

On the other hand, using (14) we can express (12) as

i6p| 2

6) — 2 Z laN,n Zj:l a;(1 — cosn(f —0;)) Hp;éj ¢ —e

: 17
HT:1|C_€Z9j|2 a7)

Now using (3) with (17), we replace P, with II"-, (¢ — €’) in (2) to obtain

L™ 012
< = i
pr(pn) < W/_le;[l\g e |
0 la Z;-nzlozj(l—cosn(&—ej))npm#j|C_€z'0p|2
E —WNn

X A do
—1 I, |¢ — et ]2
m 00 1
S 4mZOZjZECLN’n (18>
J=1 n=1

The estimates (16) and (18), and the relation ([6]) |Rpq1(un)*> = 1 —

pe(1n)/ prsa (), now give |Ry,| < y/1 — 1% to establish .

To establish i, we use (8) and an(e) from Table PFtablel to write
QZAN(E) = Zaqugn( )

n=1
- (

= > ' Ly+ (19)
N 00

_ W 141\ +

= Z Z aN,n( n ) .

n=N+1
We see from the form of 20 that 1//1\ Ay () can be expressed as a power series

in 1/N, so 4 follows from [1], Corollaries 2.1 and 2.2.

8
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Without loss of generality we will write

P(z, i) = Qu () (2 — wi™) (20)

where Q) — @ and w ) 5 ¢ifi for j=1,2,3,...,m, and

(N)

. L.
;™ — ™| < Nj (21)

for some constants, L;, as in (24), [2].

Proof of Theorem 3.1: The argument is an extension of Theorem 2.1,
[2]. We show that the limit factor ¢ in Lemma 3.1 has the orthogonality
property which characterizes Py_,,(z,v).

We can use this orthogonality property with (17) and (20) to write

- > ai(l—cosn(0—0;)) 10 IC e“)PP

a J=1" p£j
X n Nﬂl ( H]m_1|C 19]|2 (19 = “
n

for any polynomial T'(z) of degree kK — 1 or less. In particular, if T'(z) =
t) [ (2 — ¢ %) with t(z) an arbitrary polynomial of degree k —m — 1 or
less we have

moe V)
/ Qn() Q) HH’:fffC_eiej))

X Z—a]\;n (Zaj (1 —cosn(d —0;) H\C io”\2>
p#J
X df=0. (22)

Re-arranging factors in (22) gives

m

/ Qx(©) 7 I wf

Jj=1
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- 1—cosn«9 0;
X Z —AaN,n (Z Oéj 620 ))>

X df=0. (23)

Let N be large enough so that the intervals (6, — %, 6 + %) are disjoint,
and consider the integral of the integrand in (22) separately over the union
of these intervals and its complement. Let I;(N) = (6; — ~,6; + +) and let
Xy be the indicator function for the set [—m, m)\ U7, I;(N). Then (22) gives

[rwoxs@ass [ o —o (21)
um L I(N)
Where v(N, 0) is the integrand in (22). We show that both integrals in (24)

converge to zero.

Claim: For each j,

E aN.n

n

(¢ —uwi™) < M; (25)

for constants M;.
Proof of Claim: Without loss of generality, assume that 6, = 0. In the

present context, (29) of [2] becomes
M| < ming2, 6] + 2 26
€~ ™) < minf2,]6] + 52}, (26)

Now from (21), (26) and the bound
| =1 > |0|/2 for 0] <= (27)

it follows that

E AN n

n

cosnb

<QZaNn |9|+ )‘T

1 — cos n9

= (28)

(€= w7

10
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First consider 0 < |0 < +. Since 1‘@““9 <1, % < n, so considering the

partial sum on the right-hand side of (28) we have

cosn9

1
< Zam (L+Li)(5)n
n=1

N

< (14L)D aya (29)

n=1

n=1

Letting N — oo we see that the left-hand-side of (25) is less than 2(1 + L;),
establishing the claim for 0 < |#| < 1/N.
For [#| > 1/N, (21) and (27) give

N N
C—w](.)<1+\w](~)—1| _ 2L,
(-1 |7 ¢ =1 N1|
< 1+42I;

Thus the left-hand-side of (25) is less than ) an,,(1+2L;)(2) = 2(1+2L;).
This establishes the claim.

Using (25) we see that the integrand in (23) is bounded uniformly in IV,
so that the second integral in (24) converges to zero as N — oo. It follows

that the first integral in (24) also converges to zero. That is,

lim | y(N, )Xy df =0 (30)

N—oo

By expanding the terms in the factor (1 — cosnf), and keeping in mind

that > aN = 1, we can express 7(N, () as

m (¢ — ™M)y 2 i ,
YN,0) = @N«WHMZ%HM%ZW
j=1 =1 p#j
m w(N)
- QN(C)@H <(<< . 63197))

262



Asymptotics for Szego polynomials of Polya type,
Michael Arciero, Lewis Pakula

X Z—aNnZa]cosné’ 0, H|g eilr |2, (31)

DFJ

The first term on the right remains unchanged from the situation in [2], and
m (G w““)
=1 (e

Lemma 2.3 of [2], as N — oo its integral on [—7, )\ UJZ, j(N) converges to

/_ﬂQ Zm:ajﬁ|C—ewP|2d9 . (32)

Jj=1  p#j

thus, by L4 convergence to unity of the factor [] XN, given in

The theorem can then be established by showing that this integral is zero;
indeed, in that case from the fact that t is arbitrary and the orthogonality
condition (4) it would follow that ) is the desired Szegd polynomial. To
show that (refforthchar) is zero, in light of (30), it suffices to show that the
integral of the second term in (31) on [—m, 7) \ UTL, I;(N) converges to zero.

Using (25) and Lemma 2.3, [2], we see that the second term is a product
of a bounded factor and a factor which converges to 1 in £;. Thus, by Lemma

2.4, [2], the limit of its integral can be expressed.

hm /Q ZaNnZajcosnG g, H|C |2 dp . (33)

P#J
Exchanging summation and integration gives
]\;EHOOZ(INR/Q Zaj cosn(f — 6;) H|g %2 dg . (34)
P#J
The integral in 34 appears in [2], Equation (41); we see that the integral
is a constant times the real part of the n!® Fourier coefficient of a continuous

function. Thus, the sum in (34) is a convex sum of the real parts of these

coefficients, which approach zero as n — oo by Riemann-Lebesgue. on the

12
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other hand, by (7), we can make the partial sum for n < N as small as we
wish by choosing N large enough. Thus we can conclude that the limit (34)

is zero to finish the proof.
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In this work we study the problem with the nonlocal integral condition of
the first type for the multidimensional heat equation. Applying the connection
between nonlocal and inverse problems we investigate the associated inverse
problem. The existence and uniqueness of the generalized solution are shown
using Galerkin method.
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1 Introduction

Mathematical modeling of some physical processes leads to the problems with
nonlocal conditions for partial differential equations. These are conditions con-
necting either values of unknown solution and its derivatives on boundary of
the process or values of unknown solution within the region of the process.

A special class of nonlocal problems includes integral conditions. Integral con-
ditions are naturally generalization of discrete conditions. These conditions
commonly arise in situations where the boundary of the process is inaccessi-
ble (heat conduction, processes in liquid plasma, dynamics of ground waters,
thermo-elasticity and some technological process).

Problems with nonlocal conditions for parabolic and hyperbolic equations
have been intensively studied in the previous years. The first papers devoted to
second-order partial differential equations with nonlocal integral conditions go
back to Cannon [1] and Kamynin [2]. Later their results were extended [3], [4],
[5], [6].

In this paper we consider a problem with the nonlocal condition in the form
of the first order integral operator. The existence of the solution is proved for a
special case.
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2 Preliminary notes
Consider the equation
u — Au+ c(z)u = f(x,1) (1)

in the cylinder Qr = {(z,t) : x € Q,t € (0,T)}, where € R" is a bounded
domain with a smooth boundary 99, Sy = {(z,t) : ¢ € 9Q,t € (0,T)} is a
lateral surface of QQ7, with the initial condition

u(z,0) = p(z), z€Q, (2)

and the nonlocal condition

K(z, tyu(z,t) de = E(t), t€(0,7), (3)
Q
where functions ¢(z), K(x,t), E(t) are known.
Let the term f(z,t) of the equation (1) can be represented as a product
of functions fi(x) - fa(t). As the equation (1) is linear, f(z,t) is a product of
functions of different variables, the coefficient ¢(z) depends on a single variable,

0
so the trace of the derivative a—u on the lateral surface of the cylinder Q1 also

n
can be represented as a product of functions

Ou

— = ). 4

| = aote) (@)
Let ¢ (z) = 8u(89;, 0) 5 r(t) = ;Z(((t))) Then the condition (4) becomes

ou

—_— =r xT). 5

|, =@ )

We shall consider the problem (1)—(3), (5). Since the function 7(¢) is un-
known, this problem can be represented as the inverse problem with respect to
the pair of functions (u,r). The condition (3) plays role of a condition of an
integral overdetermination [7], [8].

Assume that

K(z,t) € CHQ x [0,T]), E(t) € W, (0,T), p(x) € CH(Q); (6)

f(z,t) € La(Qr), c(x) € C(Q). (7)

Let a pair (u,r) be a solution of the problem (1)- (3), (5). Multiply the
equation (1) by the function K(x,t) and integrate it over Q. It follows from
integration by parts that

Et—|—/ﬂ(—Kt+cK)udx—|—/QKmuxd:c—/Qdex:r(t) BQKw(m)ds.
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Hence )
r(t)[Et+/Kud:c+/Kmumda:/dex], (8)
h(t) Q Q Q
where h(t) = K(x,t)Y(x)ds, K= —K;+cK.

[219]

Lemma 2.1 Let the conditions (6), (7) hold and

E(0) = /Q K(x,0)0(x) dz. ()

Then problem (1)-(3), (5) is equivalent to the problem (1), (2), (5), (8).

Proof. As we have shown a solution of the problem (1)—(3), (5) ia also a solution
of (1), (2), (5), (8). It remains to prove the converse.

Assume that the pair (u,r) ia a solution of (1), (2), (5), (8). From the
condition (8) it follows that

r(t) K(x,t))(r)ds = EtJr/

(fKtJrcK)uder/Kzurdxf/de:c.
o0 Q Q Q

Using the condition (5) we obtain

Et:/Kwdx—k/KAudx—/Kcudz—&—/dex. (10)
Q Q Q Q

On the other hand, the equation (1) implies the equality

Kupdr = | KAudx + dex—/cKuda:. (11)
Q Q Q Q
Comparing (11) and (10) we see that E; = | Kyudx + | Kudx. Therefore
Q Q
we have the following Cauchy problem for | Kudz:
Q
d
/ K(x,0)u(z,0)dz = E(0), (13)
Q

where the condition (13) follows from the compatibility condition (9).

We note that the Cauchy problem (12)—(13) has the unique solution / Kudx =

Q
E(t) [9]. Lemma is proved.
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Definition 2.2 Following é]O . we define as Vo(Qr) a Hilbert space which con-
(

sists of all elements of W, (Qr) with the norm:

lu|?> = ess sup /UQdCE—‘r/ u? da dt.
0<t<T Jo Qr

We define W(Qr) = {u(z,t) € Wi(Qr), u(xz, T) = 0}.
We shall inroduce a generalized solution of the problem (1), (2), (5), (8)
using the standard method [10]. To this end we assume that (u,r) is a solution

of (1), (2), (5), (8), multiply (1) by n(z,t) € Wi (Qr) and integrate the obtained
identity over Q7. It follows from (2), (5) and integration by parts that

/ (—uns + ugny + cun) dx dt = / rn ds dit+

T St

+ fndxdt+/ en(x,0)d. (14)
Qr Q

Definition 2.3 A pair of functions (u,r) is said to be a solution of the prob-

lem (1), (2), (5), (8), if u € Va(Qr), r(t) € Ly(0,T) and Vn(z,t) € Wi(Qr)
functions u(z,t),r(t) satisfy the integral identity (14), equality (8) and r(0) = 1.

3 Main result

Theorem 3.1 Let the conditions of Lemma 2.1 hold, and

0<c¢o < e(x)] < e, K(z,t)Y(x)ds > hy > 0, (15)
o0

/de.xSKo, /K§d$§K1,0<t<T, Koy, K1 > 0; (16)
Q Q
Et(O)—i—/F(x,O)go(:r)dac—l—/ K, (z,0)p,(x) de—
Q Q

—/QK(J:,O)f(z,O) dz = K(x,0)¢(x)ds. (17)

[219)
Then there exists a unique solution of the problem (1), (2), (5), (8).

The proof of the theorem 3.1 is organized as follows. First we prove that a solu-
tion of the problem satisfies an integral identity, obtain a number of inequalities
and apply Grownwall’s lemma to get an energy estimate. To prove existence we
construct approximations of the generalized solution by Faedo-Galerkin method.
Then we obtain a priori estimates to guarantee convergence of approximations.
Finally, we show that the limit of approximations is the required solution.
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Lemma 3.2 Let the function u(x,t) € Vo(Qr) be a solution of the problem (1),
(2), (5) with given function r(t) € L2(0,T). Then

1 1
,/Ude+/ uida:dt:f/gonxf/ cu? dx dt+
2 Ja 2 Ja

T T

—|—/ ur(t)y(z) dsdt + fudxdt for T€]0,T). (18)
Sz Q-

Proof. Let function r(t) € Ly(0,T). Assume that function u € W3 (Qr) is a
solution of (1), (2), (5) and hence, u(z,t) satisfies the integral identity (14) for
all n(z,t) € WHQr), n(x,T) = 0. We take n(x,t) as

 u(z,t) 0<t<r,
n(;v,t)—{ 0 F<t<T 0<r<T.

From integration by parts in (14) it follows that u(z,t) € Wi (Qr) satisfies
the integral identity (18). We shall prove that a function u(z,t) € Vo(Qr) also
satisfies this identity. Consider a sequence of the functions u™ € W3 (Qr) which
satisfies (14) and hence, (18):

%/(um)2(x,7')dx+/ (uZl)Qda:dt—i—/ c(u™)? dx dt = %/ ©* dr+
Q

- - Q

+ / rypu™ ds dt + fu™ dx dt. (19)

Sr Q-
Functions of W3 (Qr) form a dense set in V,"*(Qr) [10] and hence, in Va(Qr).
Therefore, there exists a function u* € Vo(Qr) such that |u™ — u*|g, — 0 as
m — oo, that is ess sup /(um —u*)?dr —l—/ (u™ — uk)? dx dt — 0

0<t<T Jo -

So, the functional sequences {u™}, {u} converge strongly to the u*, u} in
Lo(Q) and Lo (Qr) respectively.

The next step is to prove that the sequence u™ converges strongly to the u*
in Ly(Qr). To this end consider functions ¢k (x), k = 1, 2, ... which form an
orthogonal basis in Ly (€2). Then for an arbitrary € > 0 we can find such number
N, that every function u(z) € W4(Q) satisfies inequality ([10], p. 529):

Ne
hul ey < 23, 00)? + 22 uld g - (20)
k=1

where N, does not depend on u. Functions u™ — u* belong to Wi (£2) for every
t€1[0,T], m =1, 2, ...and therefore, (20) with an appropriate choice of € gives
Ne

1/2
us |ju™ — U*H%z(ﬂ) <2 (Z(um - u*’wk)2> + JJum™ — U;H2L2(Q)' Hence,
k=1

T NE
lu™ — (|7, g < 2/0 Yot =t o) d+ =il (21)
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Passing to the limit in (21) as m — oo and using strong convergence u™ (x, t)
in Ly(2) and u in Ly(Qr) we obtain that the sequence u™ also converges
strongly to u* in L2 (Qr).

Once again consider the equality (19) for functions u™(x,t) and prove that

lim r()Y(x)u™ dsdt = / r(t)Y(x)u* dsdt. (22)

m—0o0 Jo S,

Note, that a function u € W4 (), where domain € has a smooth boundary,
satisfies the inequality ([11], p. 77):

/8 i< /Q (12 + a(e)u?) dx, (23)

where € > 0 is an arbitrary, value of a(e) is defined by .

/ ryu™ dsdt — / riyu* dsdt
S, s,

Estimate

(23):
J.
< </ST7°21/}2dsdt) (/Sf(um—u*)stdt) < (/OTTth> (/mw?ds) X

X (6/ (u — uk)? dxdt—l—a(s)/ (u™ — u*)? d:rdt)

T T

, using the Cauchy inequality and

2 2

<

rypu™ ds dt — / ripu* ds dt
s,

/ r(u™ —u*)dsdt
s,

Then, using strong convergence v to u* in WQ’O(QT), we see that

/ rq/}umdsdt—/ rwu*dsdt‘ —0 as m — oo.
s, s,

Note, that
‘/ c(:v)(um)2 dz dt' < cl||um||%2(QT)7 (24)

] [ ot dt] < 1@ om 1™ om - (25)

It follows from (22), (24), (25) and strong convergence of u™(x,t) to u*(x, t)
that we can pass to the limit as m — oo in (19). As the result, we obtain (18)
for the function u € Va(Qr).

Lemma 3.3 Let the function u(x,t) be a solution of the problem (1), (2), (5)
with a given function r(t) € Ly(0,T). Then

lulgr < Const. (26)
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Proof. By Lemma 3.2 the solution u(z,t) of the problem (1), (2), (5) satisfies
the integral identity

1 1
7/ u2daz—|—/ uidwdt = 7/ > dx—/ cu2dxdt+/ ury dsdt+ fudxdt.
2 Jo . 2 Ja s Q-

T T

Using the e-inequality for the surface integral, the elementary inequality for the
last term and (15), we obtain

1 1 1
f/uzdfz:+/ uzdxdtgf/chdercl/ wdrdt + = f2dxdt+
2 Ja . 2 Ja . 2 Jq.

1
+— u2dsdt+g/

1
2,2 2
dsdt + = dz dt. 27
2 Js ST’I"’(/J s +2/u T (27)

-

Using inequality (23) for the 4th term of (27) we get

1 1 1 1
f/u2dx—|—f/ uidxdtgf/gogd:c—f—f f2dxdt—|—
2 Jq 2 2 Jo 2

. Q-
1 -1 my2 Ge [T my2 2
+= (2c1 +1+a(e)e™) (z™)*dxdt + — [ (p™)*dt, where G = Y*ds.
2 Q- 2 Jo a0
Denote F(1) = / ©* dr+ frdx dt+G5/ (p™)? dt, M = 2¢; +1+a(e)e 1.
Q Q- 0
Then
/u2d:c+/ u?drdt < M u? dx dt + F(1). (28)
Q - Q-
Hence, / u?(z,7)de < M u? dx dt + F(7). Applying Gronwall’s inequality
0 Q-
: : ! 2 F(1)  mr
to the last expression, we obtain u’ dr dt < 7 (e - 1) . Then from
0 Jo
the (28) it follows that / u? dx + / u?drdt < F(t)eM™. As 7 € [0,T], then
0 Q-

|ulv,(qr) < Const. Lemma 3.3 is proved.

4 Proof of the Theorem 3.1

Existence. Let the solution of the problem (1), (2), (5), (8) be the sequence
{(w™,r™)}, m=1,2,.... defined as

P (t) = % {Et +/Q?um—1dx+/QKwu;“‘1dx —/QKf dw} ) (29)

/ (—u™n + ultng + cu™n) de dt = / ™ ()Y (x)nds dt+
Qr St
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+ fndzdt + / en(z,0) dz, (30)
Qr Q
vn(z,t) € WHQr), n(x,T) =0, Vm=1,2,..., and u® = 0.

First, we prove that the pair (u™,7™) is well-defined, that is, for every func-
tion 7™ (t), defined by (29), there exists a solution u™(z,t) of the problem (1),
(2), (5) which satisfies (30). We shall use Galerkin method. Let us temporarily
omit the superscript of the functions u™(z,t) and 7™ (t).

Let ¢ (z) be a basis in W3 (2), and (¢, ¢1) = 6. We define approximations

N

u = cr (t)pr(z), where the functions cf (t) are defined by
k=1
d
GO 00 + 0 o)+ @) = (Lo + [ rv@ends, 61

The equalities (31) form the system of N ordinary differential equations:
d N N

with bounded coefficients and summable on [0, T free terms of the equation as
follows from the conditions (6), (7). Therefore, (33) with (32) define values of
e (¢) (19, p.27).

We multiply each equation of (31) by its own C;ICV , sum obtained equalities
from k =1 to k = N, integrate with respect to ¢ from 0 to ¢1, ¢t; < T and obtain

%/Q(UN)de-‘r/ (uiV)dedt:;/QgOQ(m)dx—/Q c(u™)? dx dit+

Qty

t1

+/ uNr(t)y(x) ds dt + fulN dzdt.
Si, Qs

Then by Lemma 2.1 we have the estimation (26) for the function u
’uN’QT < Const. (34)

We shall prove that the sequence {u’¥} has a subsequence in L(Q2) which
converges uniformly with respect to ¢ on [0,7] . Thereby, we shall show that
Ing(t) = (uN(z,t), or(z)) converge uniformly on [0, 7.

From (34) it follows that the functions Iy ;(f) are uniformly bounded. Let
us show that they are equicontinuous on [0,7] for a fixed k and an arbitrary
N >k, that is Iy, (t + At) — Iy k(t)] = 0 when At — 0.

From (31) it follows that

t+At t+At t+At
/ %lN,k(t) dt-i-/ (ui\i7 gokmj)dt-i-/ (cuN7 (Pk) dt =
t t t
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t+At t+ At
= /t (f pr)dt +/t /89 r(t)Y(x)pr ds dt.

Therefore,

t+At
vt + A8) = v (D) S/t (| ra)| + |(cu™, r)| +1(f on)| +

+ ) dt.

/ r(B)b(@)px ds
o0

Applying the Cauchy inequality, (6), (7), (34) we obtain

tEAL
/ / \uﬁgpkxj | dx dt < AtConst ||<ka||L2(Q) ,
t Q

t+At
/ / |cuN oy | dx dt < AtConst kel
t Q

/ T ) \ [ v

t+At
/ / Forl dwdt < A flgu . n, I8l Lo -
t

Therefore |In(t + At) — In i (t)| < e(At) ||80kHW21(Q)7 where (At) — 0 as
At — 0 and g(At) does not depend on N. It means that iy, N =k, k+1, ...,
are uniformly continuous with respect to ¢.

Then we choose a subsequence Ny, for which the functions Iy, »(t) converge
uniformly on [0, 7] to some continuous function I (t) for every k = 1,2, ....

dt -0 as At—0;

Define the function u = Z 11 (t)or (). Let us show that the sequence u’¥™
k=1
weakly converges to u(z,t) in Lo(£2) uniformly with respect to ¢t € [0,7]. To
this end we consider an arbitrary function ¢(x) € Ly(€2). We shall show that
(uNm —u,p) — 0 as N,, — oo. We have

3

(U’Nm - U, 90) = (uNm - u, Z(Q@ @k)@k) = Z(@) ‘Pk)(uNm —u, @k)+

k=1 k=1

+ (uNm —u, (%M)@k) : (35)

k=s+1
Estimate the second term on the right-hand side part of(35):

2 2

oo o0
‘(UN"” — U Z (‘Pa@k)‘ﬁk) < flum —u? Z (o, n)pr| =
k=s+1 k=s+1
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= ”uNm - u||2 ( Z (@7@k)2> < MlR(s)a

k=s+1

where R(s) is the remainder of the convergent Fourier series, M; does not depend
on N,,. We choose such s that My R(s) is less than €1 > 0.
Consider the first term on the right-hand side part of (35):

S S

> (o) @ = 08) = > (0, 08) (v i — Ui

k=1 k=1
From the uniform convergence of I, x to I in [0,T] it follows that for fixed

s the sum Z(gp, k) (IN,, & —1k) can be made less than an abitrary small number
k=1

uniformly for every t € [0, T]. Therefore, |(u"™™ —u, )| < &1 for every t € [0, T].

It means that the sequence {u™} weakly converges u(x,t) in Ly(£2) uniformly

for ¢ in [0, T7.

Therefore, the sequence {u’"} has a subsequence which weakly converges to
the function u in Lo(Q7) with u)™. Applying the property of weak convergence
for the limit function also we have that |u|g, < Const. Hence, u € Vo(Qr).

We need only to show that this limit function is a required generalized solu-
tion. To show that (14) is valid we multiply (31) by dy(t) € C*[0,T], dp(T) = 0,
take the sum with respect to k from 1 to N’ < N and integrate the result with
respect to ¢ from 0 to T'. We have

N,

/T<—<uN,<I>iV’>+ (g @) + (eu™, @) dt = /T<f, oY) dt+
0 0
T
(), @V (2,0)) + / /8 r(v @ dsat, (36)

N/
where &V (x,t) = Z di(t)pr ().
k=1

Since the functions ®V', &N’ @i\[i/ € L2(Q7) and subsequence u™™ weakly
converges in Lo (Qr), so it is possible to pass to the limit in (36) for the chosen
subsequence N, with a fixed N’ . This gives us (36) for u(z,t) € Va(Qr):

T ! ! / T !
/ (=, ) + (1t O + (cu, @Y ))dtz/ (f. 8N ) dt+
0 0

T
X N’ xT T X N’ S
(@), B (2,0) + / /m (O (@) B ds dt, (37)

As the set & = U &N is dense in WQ(QT) [12], it follows that the limit
N'=1
relation is fulfillednfor every function ®(z,t) € WQ(QT) and hence, u is the

10
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solution of the problem (1), (2), (5). Thus, the pair (u™, ™) is defined correctly.
We shall prove that the sequence {(u™,r™)} is fundamental. Assume that

ZM =Mt —ym pm =™t ™ Then from (29), (30) we obtain
p™(t) = 1 {/ Kz""'dx —|—/ Kyzm! dx} (38)
h(t) LJa @ "
and (=2"ne + 2"y + c2™'n) de dt = / p™ ()Y (z)ndsdt, (39)
Qr St

Vi(z,t) € Wy (Qr), n(z, T) =0, Ym=1,2,....
Consider ||pm||2L2(O7T). From (38) it follows that

T T 2
/ (p™)? dt:/ % (/ Kzm ! d:er/ Kzm ! dm) dt.
0 o h*(t) \Ja Q

Using the Cauchy inequality we obtain

oo [ { ()R ) (ferae)
+ (/Q Kﬁdx> (/Q(z;"_l)zdwﬂ dt < M?|2" Y ) (40)

where positive constant M depends on K, h, T. From (39) and lemma 3.2 the
following equality is valid

%/Q(zm)zdz+/ (2m)? dxdt:f/ c(z™)? dzdtJr/ 2Mp™pdsdt. (41)

. . S.

From (41) and arguments of the proof of lemma 3.3 we obtain that

2™ va@n) < VeGexp [(er +a(e)(2e) )] [P [l La0.0)- (42)

Therefore, from (40), (42) it follows that
12" (0. < VEVGM exp [(e1 + a()(2e) ) 7] 12" Hvao. )
167|207y < VEVGM exp [(c1 + a()(26) 7] 1™ a0,
Choose g5 > 0 and 0 < o < 1 such that 0 < \/?0\/51\4 < % and

_ 3 m 3 e
exp [(e1 + a(e0)(2¢0) o] < 5+ Then |2"[y,(q,) = 712 e (@a):
m 3 m—1
2™ £20,0) < < lP HL2(O,U), Ym=1,2,..., where Q,=Qx(0,0].

Hence, the sequence {(u™,r™)} is fundamental in V5(Q,) x L2(0,0). Tt
means that there exists the unique pair of functions (u,r) € V5(Qs) X L2(0,0)

11
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such that ™ — u in V2(Q,) and r™ — 7 in L2(0,0).

Letting m — oo in (29), (30), we obtain that the pair (u, ) is a local solution
of the problem (1), (2), (5), (8) in the cylinder @Q,. Taking into account the
compatibility condition (17) we can see that r(0) = 1.

Uniqueness. Suppose there exist two different pairs of solution (u1,r1), (u1,71) €
V2(Qs) x L2(0,0). From the section 2 it follows that

3 3
[ur — ualvy(q,) < Zlul —u2lvy (o) T = 72llLy0,0) < ZHTI — 72|l 2,(0,0)-

Hence, u; = ug in Vo(Qy) and r1 = r2 in Lo(0,0) and the solution of the
problem (1), (2), (5), (8) is unique in the cylinder Q,.

Now we are to prove the existence and uniqueness of the solution in the
whole cylinder Q7. Let t > o u(x,0) = p(x,0), where ¢(x,0) be a value of the
local solution u(x,t) when t = o.

Repeating described calculations for ¢ <t < 20 we obtain

3 _
|Zm|V2(Qg,2g) < Z'Zm 1|V2(Qg,2g)7

3 _
”pm”Lg(U,ZU) < 7Hpm 1||L2(U,20)7 Vm=1,2,....

From these inequalities and sections 1,2 it follows that there exist the unique
solution of the problem (1), (2),(5), (8) as 0 <t < 20.

Repeating these arguments, for a finite number of steps we conclude that
there exists the unique solution (u,r) of the problem (1), (2), (5), (8) in the
whole cylinder Q.

This ends the proof.

5 Conclusion

In this research we consider the problem for the multidimensional parabolic
equation with the first order nonlocal integral condition which cannot be reduce
to the second order nonlocal condition as it can be done in one-dimensional
case. We establish the connection between nonlocal and inverse problems and
applying this useful result to prove existence and uniqueness of the solution of
the nonlocal problem.

Acknowledgements

The author would like to acknowledge Ludmila S. Pulkina for her consistent
assistance and support and Fabio A. C. C. Chalub for his useful comments.

12



On one nonclassical problem for a
multidimensional parabolic equation
Olga Danilkina

References

[1] Cannon J.R., The Solution of the Heat Equation Subject to the Specification of
Energy, Quart. Appl. Math., 21, 155-160 (1963).

[2] Kamynin L.I., On a boundary value problem in the theory of heat conduction
with nonclassical boundary conditions, Comp. Mathem. and Math. Phys., 4(6),
1006-1024 (1964).

[3] Samarsky A.A., On some problems of the theory of differential equations, Dif-
feren. uravn., 16(11), 1925-1935 (1980).

[4] Ionkin N.I., The solution of one boundary value problem of the theory of heat
equation with non-classical bundary condition, Differen. uravn., 13(2) 294-304
(1977).

[5] Pul’kina L.S., Non-classical equations of mathematical physics, Publishing House
of the Institute of Mathematics , 231-239 (2005).

[6] Kozhanov A.L, On one non-local boundary problem with variable coefficients for
heat equation and Aller’s equation, Differen.uravn., 6, 763774 ( 2004).

[7] Kostin A.B, Prilepko A.I., On some problems of boundary condition reconstruc-
tion for a parabolic equation. I, Differen. uravn., 1, 107-116 (1996).

[8] Kostin A.B, Prilepko A.L., On some problems of boundary condition reconstruc-
tion for a parabolic equation. II, Differen. uravn., 11, 1519-1528 (1996).

[9] Pontryagin L.S.Ordinary differential equations. 4th edition,Scince, Moscow, 1974.

[10] Ladyzhenskaya O.A. ;Solonnikov V.A., Ural’ceva N.N. Linear and quasi-linear
parabolic eqations, Scince, Moscow, 1967.

[11] Ladyzhenskaya O.A, Boundary value problems of mathematical physics, Scince,
Moscow, 1973.

[12] Mikhaylov V.P., Partial differential equations, Scince, Moscow, 1976.

13

278



J. CONCRETE AND APPLICABLE MATHEMATICS, VOL. 13, NO.'S 3-4,279-300 ,2015, COPYRIGHT 2015 EUDOXUS PRESS LLC
279

Multivariate Fuzzy-Random Perturbed Neural
Network Approximation

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

In this paper we study the rate of multivariate pointwise and uni-
form convergences in the g-mean to the Fuzzy-Random unit operator of
perturbed multivariate normalized Fuzzy-Random neural network oper-
ators of Stancu, Kantorovich and Quadrature types. These multivari-
ate Fuzzy-Ranfom operators arise in a natural way among multivari-
ate Fuzzy-Random neural networks. The rates are given via multivari-
ate Probabilistic-Jackson type inequalities using the multivariate Fuzzy-
Random modulus of continuity of the involved multivariate Fuzzy-Random
function. Also some interesting results in multivariate Fuzzy-Random
Analysis are given of independent merit.
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41A25, 41A99, 47540.

Key words and phrases: Fuzzy-Random analysis, Fuzzy-Random neural
networks and perturbed operators, Fuzzy-Random modulus of continuity, Fuzzy-
Random functions, Jackson type probabilistic inequalities.

1 Fuzzy Random Analysis Basics
We begin with

Definition 1 (see [16]) Let pi: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xog € R: p(xg) = 1.

(ii) p O + (1= N)y) = min{p(2), 1 (@)}, ¥ 2,y € R,V A € [0,1] (u is
called a convex fuzzy subset).

(1i) p is upper semicontinuous on R, i.e., V g € R and V € > 0, 3 neigh-
borhood V (x0) : pu(x) < p(xo) +e, VeV ().
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(iv) the set supp (p) is compact in R (where supp(p) := {z € R; pu(x) > 0} ).

We call i a fuzzy real number. Denote the set of all p with Rx.

E.g.. X{2oy € Rz, for any zo € R, where x(,y is the characteristic function
at xg.

For 0 < r <1 and p € Ry define [p]" = {z € R : p(x) > r} and
1% :={z eR: pu(z) > 0}

Then it is well known that for each r € [0,1], [u]" is a closed and bounded

interval of R. For u,v € Rx and A € R, we define uniquely the sum u @ v and
the product A ® u by

woo] =W+ ", Pou =Au", Vrelo1],

where [u]” + [v]" means the usual addition of two intervals (as subsets of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.,
[16]). Notice 1®u = w and it holds u®v = vOu, A\ou = uOA. If0 <rp <rp <1
then [u]™ C [u]"". Actually [u]" = [u(r),u(l)}, where (" < u(f), u(f),u(f) €R,
Vrelo,1].

Define

DIR]:XR]:%R_Q_U{O}

by

(r)

Do) = sup max{[ul? — o] ) — o

relo0,1]

L

where [v]" = [v(_"'),vg_r)} ; u,v € Ry, We have that D is a metric on Rr. Then

(Rz, D) is a complete metric space, see [16], with the properties
Duewvew)=D(wu,v), Yuv,weRg, (1)
D(kou,kov)=Ik|D(u,v), YuveRsVYEkEeR,
D(udv,wde) <D (u,w)+ D(ve), Yuv,wecRg.

Let f,g: R — R be fuzzy real number valued functions. The distance between

f, g is defined by

D*(f,g9) = ?EIED (f(z),g(z)).

On Rz we define a partial order by "<": u,v € Rz, u < v iff u(f) < U(j) and
UE:) < v_(:), Vrelo,1].
We need

Lemma 2 ([5]) For any a,b€R:a-b> 0 and any u € Ry we have
D(a®u,b®u) <la—"bl-D(u,o0), (2)

where 0 € Ry is defined by 0 := X{qy-

280
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Lemma 3 (/5])

(i) If we denote 0 := x{oy, then 0 € R is the neutral element with respect
to®, ie, udbo=0Pu=mu,VuecRg.

(ii) With respect to 0, none of u € Rr, u # 0 has opposite in Rx.

(iii) Let a,b € R : a-b > 0, and any u € Rz, we have (a + b)Ou = a@udbOu.
For general a,b € R, the above property is false.

(iv) For any A\ € R and any u,v € Rz, we have A\® (u B v) = AQudAO 0.

(v) For any A\, u € R and u € Rg, we have A\® (p @ u) = (A - p) © u.

(vi) If we denote ||ul| z := D (u,0), V u € R, then ||-|| z has the properties
of a usual norm on Rz, i.e.,

[ullz =0 iff u=0, [XOullz=I[A"[lulg,
lu® vl z < flullz+lvllz,  lullz=lvllz < D(u,0). (3)

Notice that (R, ®, ®) is not a linear space over R; and consequently (R, ||-|| =)
is not a normed space.
As in Remark 4.4 ([5]) one can show easily that a sequence of operators of

the form
n*

Lo (f)(2) =) f(2k,) @ wap (z), neN, (4)
k=0

(Z denotes the fuzzy summation) where f : R? — Rz, z, € RY d € N,

Wy i () real valued weights, are linear over R?, ie.,

LaAofopog) () =20 L, (f) () ®po Ly (9) (2), (5)

VA, €R, any z € RY; f,g: RY — Rx. (Proof based on Lemma 3 (iv).)
We further need

Definition 4 (see also [14], Definition 15.16, p. 654) Let (X, B, P) be a prob-
ability space. A fuzzy-random variable is a B-measurable mapping g : X — Rx
(i.e., for any open set U C Rz, in the topology of Rx generated by the metric

D, we have

g (U)={s € X;g(s) €U} € B). (6)
The set of all fuzzy-random variables is denoted by Lr (X, B, P). Let gn,g €
Lr(X,B,P),neNand0<q<+oo. We say g, (s) "a-mean” g(s)if

n—-+o00

Jdim [ D(g,(5).9(s)" P (ds) = 0. (7)
X

Remark 5 (see [14], p. 654) If f,g € Lz (X,B,P), let us denote F : X —
R,y U{0} by F(s)=D(f(s),g9(s)), s€ X. Here, F is B-measurable, because
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F =Go H, where G (u,v) = D (u,v) is continuous on Rr x Rr, and H : X —
Rr xRx, H(s) = (f(s),9(s)), s € X, is B-measurable. This shows that the
above convergence in q-mean makes sense.

Definition 6 (see [14], p. 654, Definition 13.17) Let (T, T) be a topological
space. A mapping f : T — Lz (X,B,P) will be called fuzzy-random function
(or fuzzy-stochastic process) on T. We denote f(t)(s) = f (t,s), t €T, se€ X.

Remark 7 (see [14], p. 655) Any usual fuzzy real function f : T — Rz can
be identified with the degenerate fuzzy-random function f (t,s) = f(t),Vt e T,
se X.

Remark 8 (see [14], p. 655) Fuzzy-random functions that coincide with prob-
ability one for each t € T will be consider equivalent.

Remark 9 (see [14], p. 655) Let f,g : T — Lx(X,B,P). Then f ® g and
k® f are defined pointwise, i.e.,

(f@g)(tvs):f(t7s)@g(t’s),
(ko f)t,s)=ko f(t,s), teT,se X

Definition 10 (see also Definition 13.18, pp. 655-656, [14]) For a fuzzy-
random function f : R — Lz (X,B,P), d € N, we define the (first) fuzzy-
random modulus of continuity

ng) (fv 6)[,(1 =

p{( Dt @) £y i)

0<4,1<qg< .

tz,y € RY, x—yzlﬁ5}7 (®)

Definition 11 (/9]) Here 1 < q < 4+o00. Let f : R — Lz (X,B,P), d € N,
be a fuzzy random function. We call f a (qg-mean) uniformly continuous fuzzy
random function over R, iff Ve > 03§ > 0 :whenever ||z — yll,, <0, z,y€ R?,
implies that

[ D @5) o f 5)) P ) < ©)
p's

We denote it as f € C’qu (Rd) .

Proposition 12 (/9]) Let f € ng% (RY). Then Q(lf) (f,0)pq < o0, any 6 > 0.

Proposition 13 (/9]) Let f,g : R® — Lz (X,B,P), d € N, be fuzzy random
functions. It holds
(i) ng) (f,0)q is nonnegative and nondecreasing in 6 > 0.
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(i6) @™ (£.8) 1, = Q) (£,0)p, = 0, iff f € OFp (7).

(iii) Q7 (f,61 +82) 0 < O (£,61) 0 + QT (£,02) 0. 61,02 > 0.

(iv) Q) (f,16),, < Q") (f,6),., 6 >0, neN.

(0) Q7 (£,00) 0 < N (£,0) 0 < A+ DO (£,6) 10, A > 0,5 >0,
where [-] is the ceilling of the number.

(i) 8 (F @ 9,8) . <O (£,6) 0+ 9 (9,6) 0, 6 > 0. Here f@® g isa
fuzzy random function.

(vii) Q(lf) (f,-)pa is continuous on Ry, for f € ng% (Rd) .

We give

Definition 14 ([7]) Let f (t,s) be a stochastic process from R x (X, B, P) into
R, d € N, where (X, B, P) is a probability space. We define the q-mean multi-
variate first moduli of continuity of f by

M (f7 5)Lq =

SUP{</X|f(I,5)f(yys)qu(dS))qim,yGRd7 ||$y||11§5}, (10)
0>0,1<g< 0.

For more see [7].
‘We mention

Proposition 15 (/9]) Assume that QY_) (f,0)pq is finite, 6 > 0, 1 < g < oo.
Then

O (£,6),, > sup maX{Ql (f@,é)Lq,Ql (f@,(s)m}. (11)

rel0,1]

The reverse direction "<" "is not possible.

Remark 16 (/9]) For each s € X we define the usual first modulus of continuity

of f(-,s) by
A7 (1 (19),0) = swp  D(f(2,8).f(w9), 6>0.  (12)
ey, <5
Therefore .
DU(f (2,5), £ (55)) < (w87 (£ (5).0)) (13)

VseX andz,y e R: [lz —yl, <6,6>0.
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Hence it holds

1

DI (f (2,5),f (r5) P(ds) ) < ([ (w77 C9),0) Pas))
U, )= )

Va:,yERd:Hx—szl <.
We have that

47 (£,6) < ( /X (w7 (£ s)ﬁ))qP(ds))é : (15)

under the assumption that the right hand side of (15) is finite.
The reverse ">" of the last (15) is not true.

Also we have

Proposition 17 (/6]) (i) Let Y (t,w) be a real valued stochastic process such
that Y is continuous in t € [a,b]. Then'Y is jointly measurable in (t,w).

(11) Further assume that the expectation (E|Y|)(t) € C(|a,b]), or more
generally f; (E|Y)) (t) dt makes sense and is finite. Then

E ( / bY(t,w)dt) - / " v (1) d. (16)

According to [13], p. 94 we have the following

Definition 18 Let (Y,T) be a topological space, with its o-algebra of Borel
sets B := B(Y,T) generated by T. If (X,S) is a measurable space, a function
f: X — Y is called measurable iff f~' (B) € S for all B € B.

By Theorem 4.1.6 of [13], p. 89 f as above is measurable iff
ffC)eSforallCeT.
We would need

Theorem 19 (see [153], p. 95) Let (X,S) be a measurable space and (Y,d) be
a metric space. Let f, be measurable functions from X into Y such that for
alx € X, fo(x) = f(x) inY. Then f is measurable. Le., lim f, = f is

n—oo

measurable.
We need also

Proposition 20 Let f,g be fuzzy random variables from S into Rg. Then
(i) Let c € R, then ¢ ® f is a fuzzy random variable.
(ii) f ® g is a fuzzy random variable.
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For the definition of general fuzzy integral we follow [15] next.

Definition 21 Let (2,3, i) be a complete o-finite measure space. We call F :
Q — Ry measurable iff V closed B C R the function F~1 (B) : Q — [0, 1] defined
by

F~Y(B) (w) := 21612F (w) (x), allw € (17)

is measurable, see [15].

Theorem 22 ([15]) For F : Q) — Ry,

F(w) = {(Fﬁ” (w), F") (w)) 0<r< 1} : (18)

the following are equivalent
(1) F is measurable,
(2)V relo,1], F, Ff) are measurable.

Following [15], given that for each r € [0,1], F", Ff) are integrable we

have that the parametrized representation

{(/A Fﬁr)du,/AFf)du) 0<r< 1} (19)

is a fuzzy real number for each A € X.
The last fact leads to

Definition 23 (/15]) A measurable function F : Q — Ry,
F(w) = {(FY (), F{ ) o <7 <1}

is called integrable if for each r € [0,1], Fj(;) are integrable, or equivalently, if
FJ(EO) are integrable.

In this case, the fuzzy integral of F' over A € X is defined by

/ Fdy = {(/ F@du,/ Fj’“)du> 0<r< 1}.
A A A

By [15], F is integrable iff w — ||F' (w)|| £ is real-valued integrable.
Here denote
lull =D (u 0) , VueRg.

We need also
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Theorem 24 ([15]) Let F,G : Q — Rg be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF+bG)du:a/ Fd,u+b/ Gdy; (20)
A A A

(2) D (F,G) is a real- valued integrable function and for each A € X,

D(Ade,AGdu) §AD(F,G)du. (21)

|[Fasl < [ 1ian (22
A F A

Above p could be the Lebesgue measure, in this article the multivariate
Lebesgue measure, with all the basic properties valid here too.
Basically here we have

[ /A quy: [ /A FMay, /A Ff)du}, (23)

(r)
( / qu> - / Fdu, vrelo1]. (24)
A + A

Next we state Fubini’s theorem for fuzzy number-valued functions and fuzzy
number-valued integrals, see [15].

In particular,

i.e.

Theorem 25 Let (Q1,31, 1) and (Qa, Yo, o) be two complete o-finite measure
spaces, and let (1 x Qa,31 X Xa, iy X py) be their product measure space. If a
fuzzy number-valued function F: Q1 x Qo — Ry is py X py-integrable, then

(1) the fuzzy-number-valued function F (- ,ws) : w1 — F(wi,ws) 8 py-
integrable for we € Qa, py-a.e.,

(2) the fuzzy-number-valued function we — [o F(w1,wa)dpy (w1) is po-
integrable,

and

(3)
/Ql X B x i) = /92 ( o F(wi,wa) dpny (w1)> dpy (w2) = (25)

/szl </Q F(wiw2) dpry (w2)> dpsy (w1) -

We further mention
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N
Theorem 26 Let f : [] [ai,b;] — Lr (X,B,P), be a fuzzy-random function.
i=1

We assume that f ( ,s) is fuzzy continuous in T e I [ai, bi], for any s € X.
i=1

Then [ f (?,3) At exists in Rz and it is a fuzzy-random variable in
[1 [ai,bi]

N N
t

i=1

se X.

Proof. By definition of fuzzy integral we notice here that

/ﬁl[ai,bi] f (?’ S) dt =

/N A (?,s) d?,/N £ (?s> dt |jo<r<1%, (26)
il;ll[ai’bi] I1 [ai,b:]

N
where d ¢ is the multivariate Lebesgue measure on I [a:, b;]. Because f (?, S)
i=1

is fuzzy continuous in ?, we get that fj(:) (?, s), 0 <r <1, are real valued con-
tinuous in ?, for each s € X. Hence the real integrals [y fg) (?, s) at
[T [ai,bi]
=1
are multivariate Riemann integrals that exist, for each s € X.
Thus [ f (?,s) dt € Ry, ie. it exists.
[ai,bs]

By Theorem 19 and the definition of multivariate Riemann integral we get

that [ A (?, s) dt are P-measurable functions in s € X.
IT [ai;bs]

i=1

Taking into account (24) and Theorem 22 we derive that [ v ] f (?7 s) dt
ai,b'

=1
is a fuzzy-random variable in s € X. m

2 Main Results

We are morivated by [9], [11], [12].

Here the activation function b : R? — R, d € N, is of compact support
d

B := [[[-T1;,7;], T; > 0, j = 1,...,d. That is b(z) > 0 for any « € B, and
et

clearl}j b may have jump discontinuities. Also the shape of the graph of b is

immaterial.

Typically in neural networks approximation we take b to be a d-dimensional
bell-shaped function (i.e. per coordinate is a centered bell-shaped function), or
a product of univariate centered bell-shaped functions, or a product of sigmoid
functions, in our case all them of compact support B.
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Example 27 Takeb(z) = B (1) B (z2) ...0 (x4), where § is any of the following
functions, i =1,...,d :

(i) B (x;) is the characteristic function on [—1,1],

(1) B (z;) is the hat function over [—1,1], that is,

1+$j, 71§$j§0,
Bxj)=4q1—z;, 0<z; <1, (27)
0, elsewhere,

(7i1) the truncated sigmoids

J

B(z)) o L or tanhz; or erf (z;), forx; € [~1},Tj], with large T; > 0,
) = e
D70y e R LTy

(i) the truncated Gompertz function

B(z;) = e_"‘efmj, zj € [-1;,T5]; a,B > 0; large T; > 0,
! 0, z; ER—[-T},T}],

The Gompertz functions are also sigmoid functions, with wide applications
to many applied fields, e.g. demography and tumor growth modeling, etc.

Thus the general activation function b we will be using here includes all kinds
of activation functions in neural network approximations.

Here we consider functions f € C’g‘}g (RY).

Let here the parameters: 0 < o < 1, z = (21,...,29) € RY, n € N; 7 =
(11, .osra) € N4 i = (iy,...,iq) € N4 with 4; = 1,2,...,7;, j = 1,...,d; also let

iq = 1, in brief written as

..........

i1=1lio=1 ig=1
-
> w; = 1. We further consider the parameters k = (ky,...,kq) € Z%; p; =
=1
(,uil,...,'uid) ERY, vy = Vi, viy) €RE and Ni = Niy L igs 05 = Piy.iy > 0
Call ™™ = min{v;,,...,vi, }.
In this article we study in g-mean (1 < ¢ < o0) the pointwise and uniform
convergences with rates over R, to the fuzzy-random unit operator, of the fol-
lowing fuzzy-random normalized one hidden layer multivariate perturbed neural

<.

network operators, where s € X, (X, B, P) a probability space, n € N,
(i) the Stancu type

(HER (f)) (J,‘,S) = (HER (f)) (mla ""xdvs) = (28)

Ce (Ewer (b)) or (o £)

i b (i (a = 1))

10
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.....

1% % N ka1
Zkl_—nQ' de —n? <Z Z Wiy 1d®f( . H.l . 2 #.dvs)>®

Zklz—nz . de —n2 b (nlia (1’1 -k

b (nla <:c1 - kl) L o,ntTe (xd — kd)) ,
n n

(ii) the Kantorovich type
(K () (z,5) =

e (Bt 575 2. 0) o
ZﬁwM@PNW%D -

k1=—n? kg=—n2 \i1=1 ig=1

EEar— kit ka+Xiy,.. i
ffO e ff (tl 17 td + W,S) dtldtd) ®

..... iq

kl _n2 - ZnQ_ nQb(nl a(.’I}l kl),...,

b (nlo‘ (xl — kl) ,...,nlio{ (a:d — kd)) R
n n

(iii) the quadrature type

and

e T (Buworteng)erwre-8)
(M (1)) (,8) = e (D) -

(31)
T1% Td* & . k
S e [ X e X Wi O F (B4 B B i s) | @

nr
11 1 7d 1 d
>

=—n2" de —n? b (nlia (5[,'1 - %1) 7""n1 “ ( kd))

Xqg — —-

b (nla <:c1 — kl) s e,ntTe (md — kd)) .
n

n

Similar operators defined for d-dimensional bell-shaped activation functions and
sample coefficients f (%) =f (%, ces ’j—j) were studied initially in [9].
In this article we assume that

1
> ma {T-+ 4,T75}, 32
nz max 7 |5, T; (32)

11
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see also [3], p. 91.
So, by (32) we can rewrite the operators as follows ([-] is the integral part

and [-] the ceiling of a number).

(Th, ..., Tq), [nx + Tn®] = ([nx1 + Tin%], ..., [nxg + Tyn®]),

We denote by T' =
[nx — Tn®| = ([nxy — TAn®], ..., [nxq — Tgn®]). It holds
(i)
(Hy () (2,8) = (Hy " () (@1, 0y 0, 8) = (33)
nx+Tn]x k —a
S (e s (H22.5) ) ob e (o~ 4))
[nz+Tno] —a k -
Zk:fnaszn“] b (nl (x - E))
[nzq+Tyn®]x [nzg+Tgn™]= [y A ) k1+hg katmg s
Zh:l(mll_nnm de:d(mi Tyne] ( 121 ---ir]Z::l“’n‘---am@f( 'n+V,L~11 e n+uidd7 >>®
[rea+Tan] (nl—"(x1—%1),...,n1—“(wd—%))

[nzq+T1n®]
Zkl [nz)—T1n™] " Z

b (nla <a:1 — kl) ,,ntTe (zd — kd)) ,
n n

kg=[nzg—Tgn]

(i)
(Kx () (2,5) =
ZLM[J;?LTW} (g i(n+p)"© foﬁ (t + Zj—? ; 3) dt) Ob(n' = (z - 1))
Z/gnm;;ﬁn‘;na_‘ b (nl—a (.’L‘ —_ %)) -
(34)

[neg+Tagn™]* g%

[nz1+Tin]* ¥ d
Z Z (Z Z Wiy, .. ig (” + pil,...,id) ©

ki=[nz;—Tin*] ka=[nxq—Tgn>| \i1=1 1g=1

nTPy kit i G eyt
[, L ff( lwi,...,td+’“;++:1’jd,s> dtl...dtd)Q
Pir, g i1,
nz1+Tin] [nzag+Tyn>) _ k — k
Z i, Tin®] " de d|'nxi —Tan] b (nl “ (331 - ?1) ""’nl ¢ (de - #))
(35)

=[nz1—
k k
b (nl_o‘ (ml — 1) et (xd — d)) ,
n n

and
(iii)
S (Ewo s+ 59) orm - 4)

IR z,8) =
(Mn (f)) ( ) ) Z[nm+Tn“] b (nlfa (.’E _ E))

k=[nz—Tn>]

12
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[ne+T1n]x [rza+Tan®]= AN k i kg | id
Zklzrmcl—Tlna] ”.Z’“d:("md—Td"a] 20 20 Wi, idef(TLl+7L11~1""’T+m~d’s) ©

(noy+T o] [neqg+Tgn®] - k1 nl- kg
Zk1:(nm17T1n"‘1 ”'Zk‘d=[”1'd*Td"°q b(n a(xl— - ),...,n a(xd— r ))

b (nla <:c1 — kl) L e,ntTe (xd — kd)) .
n n

So if ‘nl’o‘ (xj — %)’ <Tj,all j=1,..,d, we get that

i1=1  ig=1

Izl

Haz — % . o (37)
For convinience we call
[nz+Tn®] o .
r= 3 oo (o-£)) -
[nz1+T1n"] [nxg+Tyn®]

) S e O I L ) B

klzfnzllen“‘\ kd:[nmdden"‘-\

(38)
We make
Remark 28 Here always k is as in
—n?< nx; —Tin% <k; <nz;+Tn* < n?, (39)
I) We observe that
n—+v; llf n—+v; I n—+v; I
k .
< + M (40)
n+v; n nt v
Next see that
k k k k kv; T
< B O L 7 P 4 TR
n+v; I n+vi |, n , — n(n4vmin) o opl-e
I, Ivill,, 1T,
< 2 2 | Lo—: (x). 42
~ n(n+ypin) o ploe () (42)

We notice for j =1,...,d we get

ksl < nlzi| + Tin®.

13
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Hence
1Ell, < lIn el +Tn®[l, <nllzl, + 1T, n%,
where |x| = (|x1], ..., |z4]) -
Thus
oy < (Pl + 1T, ) i, 1T
— n (’ﬂ + I/?lin) nl—a :
So we get
koo (2 ll2llyy + 1My, w*) Ivillyy 1Ty _
n+uv; L n (n + vmin) nl-o
il l2l, Y i, 1T I,
n -+ V;nln 77/170‘ (n + V;nin) nl—a
Hence it holds
k‘"‘/.ll - <
n—+v; I -
[illy, 2y, + [l 1 il 1Tl
min + l—« HTHll + min
n+v; n (n—l—yi )
II) We also have for
1 )
Ogtjé ’ ]:17"'7d7
n+ p;
that L L
+ A; + A;
Ht+ —z| <t + H —z|| <
n+p; I n+p; L
d k+ X\
—z| <
n+p; n+p; Iy
d i B
n+p; n+ il n+ p; L
d dX;
+ —_— =
ntp, ntp; o |[ntp; I
d(14+X;) n ko <
n+p; n+p; I
d(l1+ X\ k k k
(1+2) + - = ——x|| <
n—+p; n+p; N, n I
d(14+XN) P 7],
+ Il + o <

n+p;

n(n+p;)

14

) |

(49)

(50)
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i T . .
n+pl +n(n—-pl) (on“ll+” ||l1n )+ nl_a
it A i 17 i 1T T
(2, plleh el 7l _ "
R S B e R I
illzll,, +d (A +1 T .
(el SO0 W (o), ”
e ne n+p;
We have found that
H k+ N
PO |
n+ p; I
szl +d+1 T |
(elel A0 DY VTN (o), "
IIT) We observe that
k i s . )
f+i,—x SH—x —&——é §”1¢+—. (54)
n o nr lL n Lo Fl, T e T

Convergence results follow.
Theorem 29 Let f € ng% (R?), 1 < g < 400, z € R? and n € N such that
1
n > max (T7 + |24, T} “), 0<a<1,T;>0. Then

je{l,....d}

1
q

(/X D ((HI™(f)) (z,9) . f (x,5)) P (d8)> <

T V; x|, 4 || 1 v; T
S w® (1, (ll I, | ||12mmllu |l1) Y [vill,, Hmh|l|z2 _
n+ vl n (n+vrm) ) ),

- (55)

T1 Td
E E wil,wid-

ii=1 ig=1

V; X + i 1 V; T
o (4 [villy, I ||z2min||/i 1, (i, + lvill, Hmir|1‘lz (56)
ntv; n (n+vi) ) ),

where © = (i1, ...,94) .
As n — oo, we get that

(HIR (1)) (z,5) T F (2, 9)

with rates at the speed n%a

15
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Proof. We may write

[nz4+Tn>]* Tk _ K
FR r.8) = o k+ p; . b(n'= (z— £))
(H7R (1) (x, )—k_rn;TW (Zl Z@f<n+yi, )) R

‘We observe that

N b V) b0 (e b)
7 (k—fnazz:Tna] <sz®f< +l/l )) © V(:L') 7f($,8)@1 =

=[nz—Tn>] \i=1

[nz+Tn%]= T —a ok
D( 3 (Zwi@f(fliﬁé,s)>@b(” in> i)
k %
V

[nz+Tn"]* T L . b(ni—o(x—k
(% (z<))

k=[nz—Tn"
[ne+Tn>]* T nlfa T — k 1
> (zwz-@fwa@) S
k=[nz—Tn>] \i=
[nz+Tn]
b(n'~ (z— w.D k+ 5 -
k= !—nzZTn'\ (x (Z ' ( (n+1/7 )hf( 7 )>> (60)

Thus it holds so far that

[nz+Tn®%] b (nl—oc (.’L‘ _ %)) 7 - "
k—(nzz:Tnoq V(x) (; wil) (f (W’S> J(%S))) . (61)
Hence

(/XD‘]((H,TR(f)) (x,s),f(x75))p(ds)> -

[mciﬂa] b (nl—a (m _ E)) '

k=[nz—Tn>]

(S (e () son)ran))

16
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[nz+Tn] 1—a _k 4
Z b(n (w n)) (Z wng}') <f, k+p; o ) ) (4§6) (63)
k=[nz—Tn>] 4 (I) =1 nA v L La

T v; x|, + || 1 V; T
3 w0l f,<| I, | ||l2mm|| ||11>_|_ L (i, + lvill, ||mh\l\zz ’
i=1 n+ v ne (n+vn) La

proving the claim. m

d
Corollary 30 (to Theorem 29) Let x € H [—'yj,’yj] c R4, v, >0, v =

(Y15 --s7q) and n € N such that n >]e?llax {Tj +;,T; } Then

1
q
<

[*Vj%'}

(e e

oo,

i

J

T Vi + || 1 V; T
S ol (i (Il t iy L (Db 00
Pt n+yrn1n nl—a 1 (n_|_l/§mn) L.

(64)

We continue with

Theorem 31 All assumptions as in Theorem 29. Additionally assume that
f (t,8) is fuzzy continuous in t € R, for each s € X. Then

1
a

(/X D! (KR (f)) (2.9), f (x,5)) P (ds)> <

u el Fd(u+1 T .
S w0 (ﬂ (p ]l +d( )) N ] le (1+ Pi )) — (65)
n+p; ni=a n+p;) ) L

=1

pillell, +d+DY T,

71 Td (F) i p;
5 o 50w 7 (£ (A - T (14 520))

=1 dg=1
Asn — oo, we get

(KZE(f)) (2s) 5" f (2,9)

with rates at the speed nl%a

Proof. By Remark 5 the function F (¢, s) := D (f (t + ﬁii‘j ) s) f(z, s)) is

B-measurable over X with respect to s. Also F' is continuous in ¢ € R%, similar
reasoning as in explanation of Remark 5, for each s € X.

17
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Thus for F (t,s), by joint measurability theorem of Caratheodory, see [1],
p. 156, we get that F (t,s) is jointly measurable over R? x X. Hence in what
follow we can apply Fubini;s theorem.

We may rewrite

[ne+Tn™]x Tk %pl 4
(KTR () (@s) = Y (Zwmm)d@ / f<t+jf;2:,s)dt>

k=[nz—Tn>] \i=1 0

We observe that
D ((KZR(f)) (z,9), f (x,5)) =

[nz+Tn]= ﬁpi k N \
D ) (sz‘(nmi)d@/ f<t+n+p’,s)dt>

k=[nz—Tn>| \i=1 0

1=

[nz+Tn%]* T ﬁ - . N
> ( w; (”+Pi)d®/ " fa,s) dt) ® b(n' ™" (z—3)) <
1 0

k=[nz—Tn>]

[nz+Tn*] b (nlfa (;13 B E))

2.

k=[nz—Tn>]

T 1 1

o k+ i (21)
Zwi(n+pi)dD / v f(tJr T ,s)dt,/ ’ f(z,s)dt <
i=1 0 n+p7, 0

S G ()

2.

k=[nz—Tn>]

(gwa (n+p;)* /0"*1" D (f <t+ m,s> ,f(x,s)> dt) ) (69)

That is it holds

[nz+Tn*] b (nl_a (x B E))

D (K7 (D) (w.5) f(z.5) < Y

k=[nz—Tn>]
(gwi(n'f‘pi)d/owD<f<t+ij;2j7s>,f(x,s))dt>, (70)

18
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Hence (let p,g > 1 :%—l—%: 1)
3} [nz+Tn] b (nlf‘)‘ (l‘ B &))
q FR n .
([ otz ) o) s o) Paas)) < X TG
T 1 q 0
;wi (n+p,)* (/}"{ </0"+m' D (f (t+ m,s) ,f(x,s)) dt> P(ds))
(71)
(by Holder’s inequality)
[nz+Tn) —a T
< Z b (nl (LL' ) (Z w; (n + P,’)d
k=[nz—Tn>] i=1

</X <"+1f’) </0 pr(1(eeiins) s dt) P(ds>>;

(by Fubini"_s theorem) [nmfno‘] b (nl’a (LE — %)) ( T w: (n + p@)d
V() i=1 z (n+p;)

Tl

k=[nz—Tn>]

</on+lm(/XDq<f< s ),f(x,s))P(ds))dty b

[ne +Tn"] b(n'~(z—E& T n

IS8

V(z)

Sl

k=[nz—Tn>]

(n+ p,
_&
n+p;
( [ e (f,
0

)
nr T 1-a

Z V(i)_ﬁ)) (sz ”+P

k=[nz—Tn>] i=1 (’I’L + pz)

1 el +d(N +1 T .
7‘195]—‘) <f, <pL || ||l1 ( )) + || 1H2 (1 + pz )> —
(n+p;)® A " nEAiS b

T

szQ(l}—) f, p. || ||l1 ( ) + || 1ﬂll 1+ pz , (74)
n -+ pi nte La

Pl n+p;

k+M
n+p;

t+

‘d\ﬁ.

proving the claim. m
The case of ¢ = 1 goes through in a similar and simpler way.

19
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Corollary 32 (to Theorem 31) Let x € ][] [f'yj,'yj] C R4, v >0,y =
j=1

_1
(V15 -,7q) and n € N such that n > maxd}{Tj +7,,T; * }. Then

je{1,...,
H( DT 1) 9.5 (029) Pl < )
X d
007]1;[1[*%'%]
o) pi I, +d<Ai+1>> ITl,, < 0i >>
;wle (f7< n+tp; e 1+n+pi L
‘We finish with
Theorem 33 All as in Theorem 29. Then
([ 27 (7" (0) 9.5 (o) Pa) <
# (T, | d
Q1 <f7 nlfa + n Lo . (76)

As n — oo, we get that
(MR (D) (.5) 5" f (5)
with rates at the speed nl%”‘
Proof. We may rewrite

[nz+Tn%]* T k i b(nl—oé (III _ E))
FR r.8) = w; - —, S s
CAOICOEIDY (Z o (3t ))@ V@)

k=[nz—Tn>] \i=1
(77)

We observe that

D((MIR(f)) (,9), f (2.5))

[nz+Tn"]* T k i b(ni—o(px—k
D( Z <Zwi®f<n+w,s)>® ( ng) ”))7

k=[nz—Tn~] \i=1
[nz+Tn%]x* T w .
b= (z—3)) | ©

k—[n:rZTna‘\ (Z; e f(x78)) © V(z) =

[nz+Tn®] —a & = ‘
b o 3
> e (et (lem (r(5+ ) ,f@,s))> )
k=[nzx—Tn> =

20
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Hence it holds

Q=

(/X D (MR () (x,5), f (x,5)) P (d8)> <

T )

>

k=[nz—Tn>]

(Em (Lo (o) se)ran)) s
[m:wnaf b(n'= (

_k T k
Z V(i) =) (Zwi9§f) (f, -
k=[nz—Tn>] =1
),

(f, Ty

nla

Q

)
q

proving the claim. m

Corollary 34 (to Theorem 33) Here all as in Corollary 30. Then

Q=

<

H (/X D ((MFR () (x,5), f (,5)) P(ds)>

d
oo, [T [=7;75]
j=1

o (2l 4) -
T pl-o n Lq.

Comment 35 All the convergence fuzzy random results of this article can have
real analogous results for real valued random functions (stochastic processes)
using Q1 (f,0) 4, see (10).
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NOTES ON THE GENERALIZED HANKEL INTEGRAL TRANSFORM
AND ITS EXTENSION TO A CLASS OF BOEHMIANS
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Abstract

In this paper we establish certain spaces of Boehmians for the generalized Hankel
integral transform 1.5 ... We estimate the generalization lg;eg,w; kA of 1.5 w:k, )\ and
explore some of its properties. Continuity of lg?

ow:kx With respect to 6 and A -
convergence is also discussed in some detail.

Keywords: l,.; ..k Transform; lg,ea wi Transform; Generalized Function; Boehmian
Space.

1 INTRODUCTION

Classical integral transforms have found their application in various areas of math-
ematics, mathematical physics, engineering and some other differential equations
that arise in certain physical problems. As some physical situations are governed
by differential equations whose boundary conditions are not enough smooth but are
generalized functions; it was of great importance to extend some classical integral
transforms to generalized functions. Among those integral transforms that have ap-
plications in the space of Boehmians we recall, but are not limited, some such as :
Fourier transform [17]; Radon transform [16, 19]; Stieltjes tranform [20] ; Hartley -
Hilbert and Fourier - Hilbert transforms [15]; Hartley transform [6, 13]; diffraction
Fresnel transform [5] ; Fresnel wavelet transform [9] ; Hilbert transform [18] ; Fourier
sine (cosine) transform [11]; Ridgelet transform [1]; Hankel [24]; Wavelet [25], and
many others to mention but a few.

In addition to this sequence of integrals, this paper investigates the integral
transform [2]

o0

(o) (2) =2 | Ca(Mab) s a0, 1)

with n € C(Re(n) > —1),0 € C,w € C,k > 0 and A > 0,7, is the Bessel function
of the first kind of order u, f € Cy is a continuous function of compact support on
(0, 00) for the range of parameters that indicated.



2 S.K.Q. Al-Omari

The substitution ¢ = w = 3, A\ = k = 1 gives the classical Hankel integral [10]

o 1
W@ = [ @000t @)
o 1 1., .
n € C,Re(n) > —1;x > 0, whereas, the substitution A = k,0 = w = z 5 isin fact
a modified Hankel transform
o 1_1 1
(@)= [ @t b, (kat) @ 3

neC,Re(n)>—-1;k>0;2>0.

Let f be a complex-valued function defined on (0,00). Then, the generalized
Hankel transform (1) has thoroughly been investigated on the space I, , of those
complex-valued Lebesgue measurable functions defined on (0, c0) such that

= ([ er@r )

where 1 <r < oo and || f||, ., = esssupz?’ |f (z)|,v € (—00,00).
' >0

By v (1) we denote the maximum value function given by [1, (16)]
11
- i 4
v =max (1., (@

1 1
where — 4+ — =1 and 1 < oo.
roor
By Y we denote the Mellin - type convolution product of first kind [10,12]

(tram- [ :Oy—lf(ty—l)g@)dy, (5)

and, by D we denote the Schwartz’ space of test functions of compact support defined
on (0,00).

Properties of the product Y are enumerated as [3, 4]

(@) (fYg) )= (g [)();

(i4) ((f +9) Y ) (6) = (F Y B) (8) + (9 ¥ B) (0);

(7i1) (af Y g) (t) = a(g Y f)(t),a is complex number ;

(vi) (f Y g) Y h) (t) = (f Y (g Y h)) ().

For a complete investigation, we recall the following theorem [2, Theorem 4 (9)]

Theorem 1 Let 1 < r < oo and v (7) be given as in (4). If 1 < r < oo and
v(r) < k(v—Re(w) — 1)+ 2 <Re(n) + 2; then for all s > r such that

s > (k(v—Re(w)—1)+;)>_1

1

and — + — =1, the operator I, :x,» belongs to (lv,r: Lo Re(w—0) 8) and is
s s ’

further a one-to-one mapping from 1, onto I, Re(w—0),s -
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2 NECESSARY THEOREMS

Theorem 2 Let f, g be l; functions defined on (0, 00) and « > 0. Let x denote the
product defined by the integral equation

() e) = [ Ty () g ) e (©
Then, we have
(o (F Y 9)) (2) = (o ik nf X 9) (%),
whenever the integrals exist.

Proof Let f,g € l;. Then, the Fubini’s theorem gives
g > 1 w
(rair (P70 @) = o [ (M) e (7 v g) (0
: o > LN w > -1 -1
ie =z /0 Ju ()\(:ct)k>t /0 f(ty™) g (y)y 'dyat.

Hence, change of variables yields

i FY )@ = [ @ [ "5, (M 2)t) 2 f ey g () ay

0

ie = / ) Y (Lo wienf) (y) g (y) dy.

Hence, the theorem is completely proved.

Theorem 3 Let f,g and h be l; functions defined on (0,00); then we have f x
(g Y h)=(fxg)xh

Proof By using definitions (5) and (6), we obtain

(Fxgrme = | :O YR £ () (g Y 1) () dy

ie = /0 yRe(w=0o) </0 t1g (ytil) h(t) dt) dy
ie = / t71h(t) / yReW=o) £ (z4) g (yt_l) dydt.
0 0

As earlier, change of variables and Fubini’s theorem yield

oo

(f x (g7 ) () = /0 0 / ?(m)Re(w”>f(x<tz>>g<z>dzdt
ie = / ootw’”h(t) / oozRe(w*Cf)f((xt)z)g(z)dzdt

0 0

i.e = / :O £ (F % g) (wt) B (£) dt.
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(f x (g Y h)(x) = ((f xg)xh) ().

This completes the proof of the theorem.

For more convenience, let us consider the case where r = sand v =

z

Therefore, we state and prove the requirements of construction.

Theorem 4 Let f €l,, and g € D. Then, f x g € [, ,.

Proof Let f € 1, and g € D be given; then we have

[ xg@re- [

r

v [ Re(w—o)
T /0 Y f(zy) g (y)dy

By Jensen’s inequality, we get

=
x

[ xa@
0

1.e
1.e

[ uxgers <

0

IN

where

<

<

IN

Re(w—o) r

/:O/ZO 25" £ (2y) g (9)
L

(since — is a measure on
x

dz
dy—
x

Re(w—o)

f (wy)‘r lg (y)] dyd?x

x%y

(0,00) we can apply Jensen’s inequality)

Re (w — o)

+1

[l (e seor ) @

Applying change of variables for (7) and using the fact that f € [, , imply

o elw—o)—v)r o v /l"dz
/ (y(R( ) )“g(y)‘dy/ 12°f (2)]" =
0 0 z
e »dz
M [ Crer s
0 yA

M = / ‘y(Re(w“’)‘”)”lg(y)(dy.
K

Therefore,

||f X g”yﬂ’ < M ||f||'u7r °

The proof of the theorem is therefore completed.

2.1 CONSTRUCTED SPACES OF BOEHMIANS

Let us denote by A the set of all sequences (d,,) € D such that

/ Op (x)dz =1,
0
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oo

/ |0, (z)|dx < A,A € R, A >0, (10)
0

supp 0, (z) — 0 as n — oo, (11)

then every sequence (d,,) satisfying the equations (9)—(11) is called a delta sequence.
Y

;. of Boehmians.

Following theorems are needful for establishing the space K:Z’TA
Theorem 5 Let f € l,, and ¢,1 € D; then f x (¢ Y ¢) = (f X ¢) X 1.

Similar proof is already given to Theorem 3. Hence, we prefer we omit the
details.

Theorem 6 Let fi, fo € l,, and ¢, ¢35 € D; then we have

(@) (fi+ f2) x o1 = fr X 1+ f2 X ¢y,

(ti)Let f, — f as n — oo; then for every ¢ € D we have f, X ¢ — f X ¢ as
n— oo .

Proof of this theorem is straightforward. It follows from simple integration.

Theorem 7 Let f € l,, and (6,) € A; then f x 6, — f asn — oo in L.

Proof Let f € l,, and (0,) € A. Since the space D is dense in I, , we can easily
choose o € D such that

If —all <e (12)
e > 0.
By using (8) and (12) we get that
I(f = a) X onll < M||f —af < Me. (13)

Now, for each fixed z and y € (0,00), we define a function g such that

Re(w—o) _
g9 =y ' o (zy).

Therefore, g(y) € D and g(1) = 2" 'a(x). Hence, it is uniformly continuous
on (0,00). Thus, for every choice of 0 < ¢, there can be found § > 0 such that
lg (y) — g (x)| < € whenever |y — x| <.

Since suppd,, — 0 as n — oo there is an integer n; € N such that

supp o, C [-9,0],Vn > ny.

In addition, let [a,b] be a bounded set such that supp a C [a,b]. Hence, o (z) =
0,%z ¢ [a—8,b+d].
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Moreover, the fact that (g (y) — ¢ (1))| < € and Jensen’s inequality imply

r

dx

lx s~ @I, < [ o] (yRe“”‘“) (29) b0 () dy — () 3, (1) ay

pe < / / ()I" 80 ()] dydz
o < /b” </ 5 )

e < €(b—a+2)N (14)

N = / y)|dy.

Hence, by using (12),(13) and (14), we, for large values of n, write

where

1f %0 = fllyy < N =) X bnlly, + Nl x 6 = ally, + o= fII,.,
< Me+e (b—a+20)N+e
(M+e ' (b—a+20)N+1)e

Hence, f x §, — f as n — oc.

The Boehmian space nﬁ’fg is therefore well defined.

A typical element in Hﬁ’ff is denoted by the equivalence class of quotients as

&

where {f,} € I, and {wy,} € A.

Definition 8 (7)The sum of two Boehmians {fn} , {gn ) € k22 is defined
{wnd] " H{¥n} FoirsX
by

eat] L) =[Pt

(71) The multiplication of a Boehmian by a scalar in RID A s defined by

L] = ) = e )

a € C, the space of complex numbers.
(747) The operation x and the differentiation in H,lD A are defined by

(L] [lood] _ [Ufoxand] o [Un)) (%51,

{wn} {vn} {wn Y, } {wn} {wn}
Similarly, the reader can establish the space ”Zﬁg .

Definitions for nZ’TA;Y can be stated as follows.
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DAY

Definition 9 (i) The sum and scalar multiplication in Ky, are defined as

e L) - [ty “”}]

and

o] = ey ] - B

(71)The operation Y and the differentiation in KZ’TA’YY are also given as

o ¥ [ = o) e [ ) - 1)

{/fn}
{wn}

generalized Hankel transform l17 o wikA of [

Definition 10 Let [ ] € HD A, Y ; then, by vertue of Theorem 2, we define the

] =

el o

which belongs to the space HlD ALY

Theorem 11 The mapping in (15) is well - defined.

Let Hﬁﬂ = H‘ZZH € k5 then we have

fnYem:ngWn- (16)

Employing the mapping (15) and Theorem 2 imply that

o wik A In X €m = byg ik Agm X W (17)
{ln;a,w;k,)\fn} {ln;a,w;k,)\gn} . D,AY
Hence, (ont ~ Ten} n k"0
Therefore,

o] [y

This completes the proof of the theorem.

DAY

Lemma 12 /¢ ) is an isomorphism from n?’A’ into Ky,

n;o,w;k,

Proof Let us first establish that 19¢

0wk \ 1S one-to-one.
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Given lgfo wik A <H£:H > - lf:(mﬂ;k’A <H‘Z:H> . Then, it follows that L., w;k xfn X
€m = byowik \gm X wy. Therefore, Theorem 2 implies
ln;a,w;k,)\ (fn Y Em) = ln;a,w;k,/\ (gm Y Wn) .

Employing the transform I,.; ..% x implies f,, Y €, = gm Y wy,. That is,

i) = e

Now we establish that 9¢ 150wk A is onto.

Let [W] € nﬁ’f’; be arbitrary; then 1o .k ) fr Xwm = lyo w2 fm X
n LA

wy for every choice of m,n € N. Hence, b5 wikr (fn Y wm) = bpowkr (fim Y wn).

That is, . {31 [{poaskntn}
by ik n ([{wn}]) a { {wn} ] '

This complete the proof of the lemma.
The product Y can also be extended to nlD A Y

in the sense that

s (E3]14) - o (22
o _ [k (Fn Y ¢)]

{wn}

((By Equation 15))

e _ -{ln;a,w;k,)\fn X ¢}:|
. {wn}

((By Theorem 2))
e _ _{ln;a{vz;:,}/\fn}] X &

Hence, by Equation 15, we obtain

i ([125] v 0) = i ({gg]) <6

D,A D, A . .
Theorem 13 The mapping l77 owk B ;Y — Ky is continuous with respect
to  and A - convergence.
D,A D,A, . .
Proof We show first that lzgw kAR ’YY — Ky Y is continuous with respect

to d - convergence.

Let 6, LN 0 in nlD AYY as n — o0o. Then, there are f, ; and f; in I, , such that

b= ] = [ 2]
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and fpr — fr as n — oo for every k € N. Therefore .5 .k 2 frnk — lpowikfr as
n — oo in 1, . Therefore,

[{ln;a,aklﬁfn,k}] _ [{ln;a{,z;:ffk}}

DAY
asn—>o<>1nl<,l

That is

s ([5]) s (] et

\ With respect to A - convergence.

Let {8,},08 € Ky AY be given such that 3, A 8 in nlDAY

’U’?

Now, we establish the continuity of l77 0wk,

as n — oo. Then,

{fwk}] ~ /. and

we find {f,} € I, and {wn} € A such that (5,, — ) Y wy, = [
’ {wr}

fn — 0 as n — oo. Therefore

¥ o w; n Y
lf];U,w;k,)\ ((/Bn — B) Y wn) — |: 10, ,k,/\w(],j wk)] .

Hence, we have

{ln;o,w;k,/\fn X wk}
Wi

lgfﬁ,w;k,)\ ((ﬁn - /6) Y wn) = |: :| = ln;UﬂU;kw\le —0

as n — oo in I, . Therefore

lg;ea,w;k,A(('Bn_ﬁ)Yw”): (lz,eawkz\ﬁn_ n,ka/\ﬁ> X wp — 0 as n — oo.

ge A e
Hence, ln;07w;k7)\5n = lm07w;k7/\ﬁ as n — oo.

The proof of this theorem is completed.

Conflict of Interests The author declares that there is no conflict of interests
regarding the publication of this paper.
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ELASTIC STRING WITH INTERNAL BODY FORCES

IGOR NEYGEBAUER

ABSTRACT. The internal body forces are included into the model of an elastic
string. That allows to consider the steady state problems for infinite string.
The body forces are considered as nonlocal forces. Variational formulation of
the string problem is given using the principle of virtual work. Some analytical
solutions of the stated boundary value problems are presented.

1. INTRODUCTION

The models of an elastic string are considered in many papers and books [1],
[2], [3].[4], [5], [6], [7], [8], [9], [14], [16]. These models do not use any constitutive
law for the internal body forces and they cannot give a solution of the steady state
problem for the infinite string. There are exist MAC models in mechanics [10], [11],
[12]. The MAC model for an elastic string is given in [13], where an additional
term in form of a local internal body force was added to the string equation. That
string model can consider infinite strings with zero displacements at infinity. This
paper consider the nonlocal internal body forces and that allows to use arbitrary
boundary conditions at infinity.

2. INTERNAL BODY FORCES

The internal body forces could be considered from two points of view. The first
one is that these forces are physical forces with their specific law. The second one
is that the additional body forces are some corrections to the stated physical model
to include the specific solutions into the MAC model. We will not go into detailed
physical considerations of the deformations of a string like [13]. The constitutive
law for the internal body forces of a string is taken in the following form:

(2.1) f=h+f,

where 0 < x < L, L is the finite length of the string, L < oo, the first force f; is the
resultant force of interactions between a given internal point of a string and other
internal points.

29) fi= % /0 ' {a1 () — u(a’)] + as [g;‘(x) _ g:;j(x')] } do'+

(23) =y ’ Lo |20 - 20 e =

Key words and phrases. Mechanical models, elastic string, internal body forces.
2010 AMS Math. Subject Classification. Primary 74A99, 76A99, 78A99; Secondary 80A99,
81P99.
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0? o
(2.4) = aqu(r) + aga—;;(x) + aga—;:(x) - Cy,
where aq, as, ag are the material constants and the constant C' equals
1 L 2 4
(2.5) C, = Z/o [alu(ac’) + az%(x') + Qg%(l‘/) dx’.
The local internal body force f; was considered in [13] in the form
2 4
(2.6) f1=oqu(z) + az%(x) + Ozs%(w)-

The second force f, is the resultant force of interactions between a given internal
point of a string and the boundary points.

1) o= Balute) —u0) + 60 | S50 - 200+
28) #60 [0 = S50)] + 61 ute) — )] +
(29) +a [ - S+ [T - T w) -
(2.10) — 2Bu(x) + 252%@) 4 253%@) _ 0,

where 1, B2, 83 are the material constants and the constant Cs equals
9%u 0%u 0*u 0*u
211) Ca= 51 [ul0) +u(D)] + o | 50) + SHD)| + 5 | G50+ E )]

The force fo was taken as fo = 0 in [13]. Then the equation 2.1 will take the form

0%u 0*u
(2.12) [ =mu(x) + ’72@(1') + ’73@(1’) -C,
where C = C7 + Cs and
(213) ’}/1:Oé1+261,")/2:a2+2ﬂ2,’yg:a3+2ﬂ3.

If the length of the string is infinite then u(oco) in the equation (2.11) will be replaced
by the parameter p which could obtained satisfying the boundary condition.

3. STATEMENT OF THE PROBLEM

Many books and papers consider the statement of the string problem, for example
[3], [14], [15], [17]. The equation of one-dimensional motion of the string is taken
in the form

2u 2u

(3.1) To% -f= paa? —q(, ),

where Ty is the constant tension applied to the string, z— is a Cartesian coordinate
of a cross-section, 0 < x < L, L— is the length of the string, p— is the density of
mass per unit length, u— is the transversal displacement of a cross-section, t— is
time, q(x,t)— is the density of the transversal external body forces per unit length.
The density of the transversal internal body forces per unit length is taken in the
form of Eq. (2.12).
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The following boundary conditions could be taken into consideration:

(3.2) u(0) = ug, u(L) = ur,
0%u 0%u
. —(0)=0,—(L)=0.
(33) C0)=0,25(1) =0
The transversal forces at the ends of the string is given by
(3.4) P(0) = =Tyu/(0), P(L) = Tou'(L).

4. PRINCIPLE OF VIRTUAL WORK AND BOUNDARY CONDITIONS

Consider a string with f3 = 0. That means that the non-local internal body
forces are included into the string equation.

4.1. Case az = 0. Consider the steady state problem given by the eq. (3.1) at
a3 = 0

0%u 0%u
0@ —a1u — Qg @
Let du(x) is a virtual displacement of the string and P(0), P(L) are the transversal
forces acting at the end points of the string. Then multiplying the Eq. (4.1) by du
and integrating the result from 0 to L we will get

(4.1) +C+q=0.

L 2 2

) 9

(4.2) / <T08;; —au— aza—;; +CO+ q) Su(z)dz = 0,
0

We can use the integration by parts and transform the integral

L L
(4.3) / (To — )" Sudx = (Ty — a)u/Sull — / (To — ag)u/du' du.
0 0
If we substitute the eq. (4.3) into the eq. (4.2) then we obtain

L
(4.4) / (T — az)u'du’ + ayudu — Céu — qou) dx — (Ty — az )/ Sul§
0
or
Ly L
(4.5) / 55 [(To — ao)u”® + ayu’] da = / (C + q)dudx + (T — )/ Sulf.
0 0

The last term in the eq. (4.5) equals zero according to the prescribed boundary
conditions eq. (3.2). Then the following variational problem is obtained:

L L
(4.6) 6/ % [(Th — a2)u” + aqu® — 2qu] do — 2/ Céudz = 0.
0 0

The external transversal forces at the ends of a string should be calculated as
(4.7) P(L) = Tyu (L), P(0) = —Tou'(0).

If we accept the existence of the potential energy and the potential energy of a
string is introduced in the form

L
(4.8) = %/ [(To —a)u? + a1u2] dx
0

then the principle of virtual work could be applied:
(4.9) Ol = §'W,
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where the variation of the potential energy is

(4.10) oIl = ;5/; [aqu® + (T — az)u’] da.

The virtual work of the external forces ¢, P and of a part of internal forces is
(4.11) SW = /OL(C + q)dudzx + Pdulf,

where P is the transversal force applied at the ends of the string. If we substitute
the egs. (4.10), (4.11) into the eq. (4.9) then the following equation will be available

1 L
(412) 5/ 5 [a1u2 —+ (TO — OéQ)U/Q} dr = / (C + q)(;udx + P5u|é
0
Subtracting eq. (4.12) from the eq. (4.5) we will get

(4.13) [(Ty — az)u’ — P]éull = 0.

The eq. (4.13) shows that the following boundary conditions at the ends of the
string could be applied:

(414) P(L) = (TO - OéQ)’U,/|L, P(O) = *(TO - OQ)UI|O
(4.15) "

is prescribed.

4.2. Case a3 # 0. Consider the steady state problem given by the eq. (3.1)

AR i S i
092 ! ? 9 % ot
Let du(x) is a virtual displacement of the string and P(0), P(L) are the transversal

forces acting at the end points of the string. Then multiplying the Eq. (4.16) by
du and integrating the result from 0 to L we will get

L 2 2 4
(4.17) / (Tauozlu O _ a“+c+q> Su(z)dz = 0.
0

07 5 Qo — Q35—
0x2 Ox? ozt

We can use the integration by parts and transform the integrals

(4.16) +C+q=0.

L L
(4.18) / azu" Sudx = [agu’"éu}OL — / azu” ou'de =
0 0
L
(4.19) = azu" ouly — azu”su' |} +/ azu’ du’ dw,
0
L L
(4.20) / (To — co)u"Sudx = (Ty — a )/ Sull — / (To — ag)u/du/ du.
0 0

If we substitute the egs. (4.18), (4.19), (4.20) into the eq. (4.17) then we obtain

L
(4.21) / [(Ty — ag) v'ou’ + ayudu + azu”ou” — (C + q)du] do—
0

(4.22) —(To — o)t/ Sull + asu”"Suly — azu”ou'|§ =0
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or
b
(423) / 5(5 [(To — a2)u’2 + a1u2 —+ Oégu’/Q] dr =
0
L
(4.24) = / (C + q)dudz + [(To — az)u’ — azu] dulf + azu”su'|§.
0

The last two terms of the eq. (4.24) equal zero because of the boundary conditions
egs. (3.2) and (3.3). Then the following variational problem is obtained:

L L
1
(4.25) 6/ 3 (T — az)u” + aqu® + azu’™ — 2qu] dw — 2/ Coudz = 0.
0 0

The external transversal forces at the ends of a string should be calculated according
to the egs. (4.7).

If we accept the existence of the potential energy and the potential energy of a
string is introduced in the form

L
(4.26) I=3 / (T — a2)u” + oqu® + azu] dz
0

then the principle of virtual work could be applied:
(4.27) O = §'W,

where the variation of the potential energy is
1 L
(4.28) OIl = 55/ [a1u2 + (To — az)u® + OégUN2] dz.
0
The virtual work of the external forces ¢, P and of the part of the internal forces is
L
(4.29) SW = / (C + q)dudx + Péulk,
0

where P is the transversal force applied at the ends of the string. If we substitute
the egs. (4.28), (4.29) into the eq. (4.27) then the following equation will be
available

L

1
(4.30) 5/ ) [aqu® 4+ (Ty — az)u + azu] dz = / (C + q)dudz + Pdulf.
0

Subtracting eq. (4.30) from the eq. (4.23), (4.24) we will get

(4.31) [(Ty — ax)u’ — aszu’” — P]Sull + azu”du/|k = 0.

The eq. (4.31) shows that the following boundary conditions at the ends of the
string could be applied

e cither " = 0 or v’ is prescribed,

e either P = —agu’”’ + (Ty — az)u’ or w is prescribed.
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5. EXAMPLES OF STRING WITH LOCAL INTERNAL BODY FORCES

5.1. Example of string without internal body forces. Consider a simple par-
ticular example to show that the theory of the string with internal body forces has
solution, where the classical problem does not have any one.
Let us take the steady state problem without any given distributed external
forces and the length of the string is infinite. Then the classical equation is
d*u
(5‘1) dx2 0

If the boundary conditions are
(5.2) u(0) = ug # 0,u(c0) =0,

then it is easy to see, that the solution of the stated problem Egs. (5.1), (5.2) does
not exist,.

5.2. Example 1 of string with internal body forces. Consider now the same
steady state problem for the string with the internal body forces. The differential
equation of the problem at ag3 = 0 is

d?u d?u
0@ —ou— QQ@
The boundary conditions are the Eq. (5.2). The solution of the problem (5.2), (5.3)
with internal body force exists and equals

(5.3) =0.

(5.4) u = ug exp(A\zx),
where

— a1
(5.5) A=t

The above solution Eq. (5.4) exists if
(56) To > as.

The first of the egs. (3.4) gives the following value of the transversal force applied
at the origin

ToU;O\/Oél
5.7 P(0) = —Tpu'(0) = —Tpugh = ———.
(5.7) (0) ou'(0) DltoA = e

The second of the egs. (4.14) gives the external transversal force applied at the
origin

(58) P = —(T() — Oég)u/(O) = Ug\/ Oél(To — Oég).

5.3. Example 2 of string with internal body forces. If we consider more
general problem with internal body force and ag # 0, then the differential equation
of the problem will take the form

du d*u d*u

(59) o@—alu—agw—og%:().
The boundary conditions are taken the Egs. (5.1), (5.2):
(5.10) u(0) = ugp # 0,u(c0) =0,
d?u d*u
11 — =0,— =0.
(5.11) Tl (0)= 0,9 4 (o) = 0
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The boundary conditions Egs. (5.11) are obtained as follows - we require that the
equation Eq. (5.1) without body forces should be satisfied at the boundary or we
can use the variational conditions.

The solution of the problem with internal body forces Eqgs. (5.9), (5.10), (5.11)
exists and equals

(5.12) u= %(A% exp Mz — A2 exp Aoz),
2~ A1
where
T() — Q9 + \/(TO — 042)2 — 4041053
5.13 Ao =—
( ) 1,2 \/ 2043 9

where two inequalities should be fulfilled. The first inequality is the Eq. (5.6) and
the second one is

(5.14) (To — az)? — daraz > 0.

The external transversal force applied at the origin according to the variational
approach is

upy/oq (varas + Ty — az)

(5.15) P(0) = —(Tp — a2)u’(0) + azu” (0) = N TN

The eq. (3.4) gives another expression of P:

(5.16) PO) = =To'(0) = — fﬁfﬁ

If the left hand-side of the Eq. (5.14) equals to zero, then the solution will take
the form

A
(5.17) U = U (1 + ;) exp(—Az),
where
2051
1 = .
(5.18) A To— o

Then the transversal end forces are

(519) P(0) = ~(Ty — 2} (0) + au”(0) = gy LT [1 +1 = }

2 TO — 0[2)2
and
Touo,/oq
5.20 P(0) = —Tou'(0) = ———
correspondingly.

The considered example of the string problem shows that the introduced internal
body forces allow to obtain solutions in the cases, where the classical problem does
not have any solution.
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6. EXAMPLES OF THE STRING WITH NONLOCAL INTERNAL BODY FORCES

6.1. Example 1 of string with finite length. Consider the problem

1t
(6.1) Tou" — (o1 + 261 )u + I / arudz + B1(uo +ur) =0,
0
(6.2) u(0) = ug, u(L) = ur.
Let
(6.3) T =01+ 26,
and the constant is
1 L
(6.4) C= I / ayudx + By (up + ur).
0
Then the equation(6.1) will take the form
(6.5) Tou” — yiu+ C = 0.
The general solution of the equation (6.5) is
C
(6.6) wm ik g e C,
1

where A, Ay are arbitrary constants and
N
6.7 k=,/—.
(6.7) T

If the equation (6.6) is substituted into the equations (6.2) and (6.4) then the
following system of the three linear algebraic equations with respect to C, Ay, Ay
will be obtained.

(68) Oél(ekL — 1)141 — Oél(e_kL — 1)142 —261kLC = _61kL(UQ + uL),
1
(6.9) Ay + As + —C = uy,
!
1
(6.10) LA +e Rl Ay + 7—0 =ur,.
1

This system of equations could be easily solved and the solution of the problem will
be the equation (6.6).

6.2. Example 2 of the string with infinite length. Consider the problem given
in example 1. Let L — 0. It is supposed that the solution should be bounded. Then
the equation (6.6) shows that

(6.11) A, =0.
Then the equations (6.8), (6.9), (6.10) will take the form
(6.12) C= %(quruoo),
(6.13) ug = Ag + 27

ga!
(6.14) o = &
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Substituting the equation (6.12) into the equation (6.14) and simplifying the result
the following consequence follows

(6.15) Uy = Uoo-

The equation (6.15) the contradicts to the real situation when we can apply the
boundary conditions independent on both ends of a string. Therefore the statement
of the problem should be improved. Let

(6.16) Tou” — yiu+C =0,
(6.17) u(0) = ug, u(00) = U,
where
1 L
(6.18) C= Z/ aqudz + B (ug + p), L — oc.
0

p is a parameter which will be defined later. Following the solution of the examples
1 and 2 the equations (6.12), (6.13), (6.14) will take the form

(6.19) C= %(uo +p),
C
(6.20) ug = A + —,
24!
C
6.21 Uy = —.
( ) Y1
The equations (6.19), (6.20), (6.21) give
(622) A2 = Uy — Uoo,
(6.23) P = 2Us — Up.
Then the solution of the given problem is
(6.24) U= (U — Uoo )€ % + tUpe.
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Abstract

In the first part we present a new characterization of finite dimensional
Hilbert spaces in terms of minimal projections. If a finite dimensional
Banach space X = (R", || - ||) has the property that for every subspace V'
in X, the orthogonal projection from X onto V has the minimal norm,
then the space X has to be isometric to the Hilbert space.

In the second part we estimate the norms of minimal projections onto
subspaces of X as operators from [ to I3. In the case of hyperplanes the
obtained bound is proved to be optimal.

1 Introduction

In this paper we will consider a finite dimensional Banach spaces X =
(R™,]|-]])- The symbols S(X) and B(X) will, respectively, denote the unit
sphere and the unit ball of X. We will use (-,-) to denote the standard
inner product on R” and identify the dual space X* with (R",||-||«) where

2]l := sup{(z,y) : y € S(X)}. (1)

If V is a linear subspace of X then the set of all projections from X onto
V is denoted by P(X, V). A projection @ from X onto V is called minimal
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QI = AV, X) = inf{|[P|| : P € P(X,V)}. )

If X is a Hilbert space (i.e., ||z|| = ||z||, := v/{(x,x)) then, for any
subspace V of X, the orthogonal projection Py onto V is the unique
projection of norm one. In particular, the projection Py is minimal, i.e.,
it has the least norm among all projections onto V. The main result of
section 1 is the reverse statement:

Theorem 1. If for every subspace V.C X = (R",|| - ||) the orthogonal
projection is minimal then Y is isometric to a Hilbert space.

Since the minimal projection onto every one-dimensional subspace of
any Banach space has norm 1, the theorem will directly follow from the
following statement:

Theorem 2. If for every one-dimensional subspace V.C X = (R™,||-||)
the orthogonal projection onto Y has norm 1 then X is isometric to a
Hilbert space.

Is is worth mentioning that there are many other characterizations
of Hilbert spaces through projections (see a survey paper [7] for detailed
information) and the relation between minimal projections and other class
of projections (orthogonal or radial) is also being investigated (see [2], [6]
and [10]). The results of Section 1 can be viewed in terms of characterizing
minimal projections in the original norm || - || through minimality in £5
norm. This leads to section 2 where we investigate the minimal projections
equipped with p — 2 norm (that is we will consider the projections as
operators from I to [3.). We can define a p — 2 norm of a linear operator
L:R"” — R" as follows

[|L||lp—2 = sup |[|Lx||2. (3)

[lzllp=1

We obtain the theorem (see Theorem 11 and Theorem 12):

Theorem 3. Forp > 2, the norms of all minimal projections as operators
1

from Iy to 13 are bounded by ni s, Additionally, for the class of minimal
projections onto hyperplanes, this estimate is optimal (when n is even) and
the bound is attained for the hyperplane T := kerl = {x : > 1 | x; = 0}.

It is interesting to note that obtaining the sharp estimate for the norms
of minimal projections onto hyperplanes in £} is an open problem (except
for the cases p = 1,2,00, see [10]) although it is conjectured that the
hyperplane T' := kerl = {z : > ", ®; = 0} is the worst possible case

([11)).

2 Characterization of Hilbert Spaces.

The purpose of this section is to establish a characterization of finite
dimensional Hilbert spaces in terms of minimal projections.

Before we prove the Theorem 2 we will need to define a few preliminar-
ies (see Chapter 2 in [1]). By Hahn-Banach theorem, for every z € S(X)
there exists a functional f € S(X™) such that f(z) = 1. A point z € S(X)
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is called smooth if such functional is unique. The space X is called smooth
if every point in S(X) is smooth. A well-known characterization of smooth
points is the following

Theorem 4. A point x € S(X) is smooth if and only if the norm || - ||

is Gateauz differentiable at x, i.e., for every y € S(z) the following limit

ermsts -+ Mgl — ]

. T+ — ||z

im 12 = el iy ()
A point z € S(X) is called an exposed point if there exists a functional

f € S(X™) such that f(z) =1 and for every y € S(X), y # z, f(y) < 1.
Finally, the space X is called strictly convex if, for any z,y € S(X),

z #y and all ¢ € (0,1) we have

;—m A

ltz + (1 = t)y]l < L. (5)

In a strictly convex space every point x € S(z) is an exposed point (see
remark after Theorem 1, Chapter 2 in [1]).

We are now ready to address the proof of Theorem 2. We will start
with the following

Lemma 5. If X = (R",|| - ||) the orthogonal projection onto every one-

dimensional subspace of X is minimal then X is strictly conver and smooth.

Proof. If every orthogonal projection is minimal then, in particular, every
orthogonal projection onto a one-dimensional subspace is minimal hence is
of norm one. Now, assume that X is not strictly convex. Then there exists
two distinct vectors u,v € S(X) such that w(t) = tu + (1 — ¢)v € S(X)
for all t € [0,1]. Since

(w(t), u—v) = t]lu—vll3 + ((u,v) = [v]3), (6)

we can choose ¢ € (0,1) such that

<w(t)7 U — U) 7& 0. (7)
Since
w(s) =su+ (1 —s)v=w(t)+ (s —t)(u—v) € S(X), (8)
we obtain
w(t) + a(u —v) € S(X) 9)
for all & in some interval (—¢,¢).
We have
Puco(w(t) + a(u — v)) = < ”;”(%)”2 Jw(t) + alu— v)> % (10)
_ @ +atwu=y )

w3

and since w(t), w(t) +a(u—wv) € S(X) we conclude that for all & € (—¢,€)

)l + e (w(t),u—v)
llw(®)l3

1Puce ]l = 1| Puce (w(®) + au — )] = 1 (12)
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By (7) we can choose a € (—¢,¢€) such that a(w(t),u —v) > 0, hence
| Pw)|| > 1 contradicting the assumptions of the lemma.

To prove that X is uniformly smooth, we observe that for every or-
thogonal projection P on X, the adjoint P* is an orthogonal projection
on X* = (R",||-||«) and ||P|| = ||P*||. Thus, in particular, the orthogonal
projection onto every one-dimensional space in X* has norm 1 and X~ is
strictly convex. This implies that X is smooth (see Theorem 2, Chapter
2 in [1]). O

Theorem 6. Let X = (R",||-||) be a normed space. The following are
equivalent:

(i) X is a Hilbert space, i.e., ||-|| = |||,

(i) For every subspace V. C X, the orthogonal projection onto V is
minimal.

(i4i) For every one-dimensional subspace V. C X, the orthogonal pro-
jection onto V' is minimal, i.e., has norm one.

Proof. The implications (i) = (i) = (4i4) are obvious. We will prove that
(#47) implies (7). Observe that if V' is a one-dimensional subspace of X
spanned by a vector u € S(z) then every projection @ onto V has the form
Qz = f(z)u for some f € X* with f(u) = 1. Additionally [|Q] = | f]|-
If @Q has norm one then f € S(X™). Since, by the previous lemma, every
point u € S(X) is smooth there exists the unique functional f, € S(X™)
such that f,(u) = 1 and thus there exists the unique projection onto V' of
norm one: Qz = fu(z)u. By the previous lemma, u is an exposed point:

(u+ ker fu) NS(X) = {u}, (13)

i.e., u + ker f, is the unique hyperplane tangent to the sphere S(X).
Finally, since @ is the orthogonal projection, we have

fu(@)u = <”u”2,x> Tl = <|u”;,x> u (14)

o=

l[ullz

The above arguments means that ker f, = u* := {z € X : (u,z) = 0}
and hence at every point u on the sphere S(X) the (unique) tangent
hyperplane at this point is perpendicular to the vector u. This, combined
with the smoothness of S(X), gives a convincing geometric argument that
S(X) must be the Euclidean sphere. In a sequel we present a formal
proof of this. Since the norm || - || : R®™ — R is smooth, it is Gateaux
differentiable at every x # 0 and for every u € S(X)

and
(15)

o 2l = izl _ _ eyl
fim B = s ) = SR (16)

Since the norm is a Gateaux differentiable Lipschitz function on a finite-
dimensional space, it is Frechet differentiable away from zero (see [5])
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and its Gateuax derivative in the directions of unit basis vectors give the
gradient of || - |, i.e.,

(Y
Vel = ({51 ) = a7)
On the other hand
el _ lizlla - V) ~ il - ¥ (el
v <| ) (18)

EE LI
llalla V) ~ lell - )
Tl
I - V(ll])  [[z]|- =
= . 2
e (20)

As a result, using (17) we obtain

v (i) =© @D

2] = Cllz]l, (22)

which is what we set out to prove. O

Hence

Remark 7. It is interesting to note that the part (iii) in the statement
of the theorem 6 cannot be replaced by

(iii’) For every two-dimensional subspace U C X the orthogonal pro-
jection onto U is minimal;

or by

(iii”) For every subspace of U C X of codimension 1, the orthogonal
projection onto U is minimal.

Indeed, A. Komisarski [4], constructed an ezample of a three dimen-
stonal Banach space X, not isometric to a Hilbert space, such that all
minimal projections onto every two-dimensional supspaces are unique, or-
thogonal and have the same norm A\ > 1.

3 Minimizing the norms of projections as
operators from [; to 5.

In this section we will investigate the projections as operators from [,
to 5. For a fixed subspace V, we will minimize the norm of all such
projections onto V. The goal will be to find the maximal norms of all
minimal projections.

Definition 8. For any linear subspace V of R"™ we define
Ap—2(V,R") = inf{[|P[[p—2 : P € P(R",V)}, (23)

and
Ay = sup{Ap—2(V,R™) : dimV = N}. (24)



Minimality of Orthogonal Projections and
Related Topics,
Boris Shekhtman, L. Skrzypek

Observe that

Remark 9. Geometrically speaking, the norm of a projection

P (R (- 11) = (V1] ]2) (25)
is the smallest constant C such that

P(By;,) € C- (B, N V). (26)

As a result,

Remark 10. Fiz p < 2. For any linear subspace V. # 0 of R", the

orthogonal projection Py : £y — (V,|| - ||2) has norm one. Hence
Mpoa(V,RY) = 1 (27)
and
)\;\Lﬂ =1 (28)

The main result of this section is the following theorem

Theorem 11. Fiz p > 2 and consider R". For N > 1 we have
Ao <n?7 (29)

Proof. Take ¢ such that % + % = 1. Considering the dual projections we
can see that
Ap—2(V,R") = inf{||P||p~2 : P € P(R",V)} (30)
= || P [lasg : P* € P(R™,V)} = dasrg(V,R).  (31)
Hence
Ap2(V,R") < [|Pv]l2q, (32)
where Py is the orthogonal projection onto V. Noting that Py (B(¢y)) =
B(¢;) NV and using Remark 9 we can observe that
1Pvll2—q = [Hd/v][2-q (33)
and
Ap—2(V,R™) < [|Id/v (|2 (34)
For a fixed N, the union of all subspaces of dimension N gives the whole

space R™. As a result

Moo= s Apo(VR) S sup [11/v]lasg = d]asg. (35)

Once can easily compute the last quantity using the classical inequality
between power means (see [3]). For ¢ < 2 we have

(Z_wl>” < (M>/ (36)

n - n
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with =" if and only if |z;| = ¢, for all 7. Using the above inequality we
get

n 1/q
[[1d(x)|lq = ||z]lq = (Z |wi|q> (37)
=1
n 1/2
< nl/1712 (Z W) —niTE ol (39)
=1

O

We will show now that the estimate in the above theorem is essentially
the optimal.

Theorem 12. Fiz p > 2 and consider R™, where n is an even integer.
Then .
Ay =n2"r. (39)

Proof. Consider the hyperplane T := {z : }_"" | ; = 0}. Any projection
onto T is given by

Pax=zx— (sz) - Z, (40)

for some z such that Z;;l zi = 1. Let

Qv = — %(in)-u,...,n. (41)

Using standard averaging argument (see [9] and [12]) we will show that,
for any z, we have ||Q||p—»2 < ||P:||p—2. Fix any permutation o € Sy,
we will denote 25 = (25(1); ---s Zo(n))- One can easily see that ||P.||p—2 =
1Py 1y and
1
Q=— > P (42)
c€Sn

Hence ||Q||p—2 < ||P:|lp—2 and Ap—2o (T, R™) = ||Q]|p—2. Assume n = 2k,
take z € S(¢p) such that z; = _ﬁ and 2,1 = ﬁ’ fori=1,.. k.

Then ||Q(z)||2 = n? 5. As a result

1_1 _
n2" 7 = ||Ql|p—2 = Ap—2(T, Rn) < )‘g—>12 <n ) (43)

=
=

which completes the proof. O

Essentially the above theorem shows that T := kerl = {z : > x; =
0} is the maximal hyperplane for minimal projections considered as a
operators between £; and {3 spaces.
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