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ON UNIVALENCE OF A GENERAL INTEGRAL OPERATOR
AISHA AHMED AMER AND MASLINA DARUS

ABSTRACT. Problem statement: We introduce and study a general integral
operator defined on the class of normalized analytic functions in the open
unit disk. This operator is motivated by many researchers. With this operator
univalence conditions for the normalized analytic function in the open unit disk
are obtained. In deed, the preserving properties of this class are studied, when
the integral operator is applied and we present a few conditions of univalency
for our integral operator. The operator is essential to obtain univalence of
a certain general integral operator. Approach: In this paper we discuss
some extensions of univalent conditions for an integral operator defined by
our generalized differential operator. Several other results are also considered.
We will prove in this paper the univalent conditions for this integral operator
on the class of normalized analytic functions when we make some restrictions
about the functions from definitions. Results: Having the integral operator,
some interesting properties of this class of functions will be obtained. Relevant
connections of the results,shall be presented in the paper. In fact, various other
known results are also pointed out. We also find some interesting corollaries on
the class of normalized analytic functions in the open unit disk. Conclusion:
Therefore, many interesting results could be obtained and we also derive some
interesting properties of these classes. We conclude this study with some
suggestions for future research,one direction is to study other classes of analytic
functions involving our integral operator on the class of normalized analytic
functions in the open unit disk.

1. INTRODUCTION

As usual, let U = {z € C : |z| < 1} be the unit disc in the complex plane and let
A be the class of functions which are analytic in the unit disk normalized with
f(0) = f/(0) =1 = 0. Let S the class of the functions f € A which are univalent
in U. In particular,for f € A and (z € U,b#0,—-1,—-2,-3,..),A>0,m € Z,1 > 0,

the authors (cf., [1, 2]) introduced the following linear operator:

Definition 1.1. For f € A the operator D" (a,b) f(2) is defined by D" (a,b) f(z) :

A — A and let
_l—i—l—)\ z A z

o2 =77 [ W N R

and
Dlm,)\(a, b)f(z) = ¢(z) EE (b(z) *ZF(CL, 1; b; Z) * f(Z)7

(m)—times

if (m=0,1,2,...), and

Key words and phrases. Analytic functions; Univalent functions; Derivative operator;
Hadamard product; Unit disk; The complex plane.
2010 AMS Math. Subject Classification. Primary 40A05, 40A25; Secondary 45G05.
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2 A. A. AMER AND M. DARUS

Dlm’)‘(a, b)f(2) = ¢(2) * ... x @(2) %2 F(a, 1; b; 2) * f(2),

(—m)—times

if (m=-1,-2,...), thus we have

DI (a, b)£( Z<1+)\1+—ll)+l> (a)kflakzk7

where f € A and (z € U,b#0,-1,-2,-3,...),A > 0,m € Z,l > 0. Special cases of

this operator includes:

o Dy"(a,0)f(2) = D (a,b)f(2) = L(a,b) f(2), see [11].

e The Ruscheweyh derivative operator [12] in the cases: Dg°(8+1,1)f(2)
DPf(2); 6 = —1.

e The Salagean derivative operator [13]: Di""(1,1)f(=).

e The generalized Salagean derivative operator introduced by Al-Oboudi [14]:
Dy (1, 1) (2).

e The Catas drivative operator [10]: Dlm”\(l, 1) f(2).

2. PRELIMINARY RESULTS

To discuss the univalency of f € A, we have

Definition 2.1.

Theorem 2.2. [5] Assume that f € A satisfies condition
27(2)
f2(2)

(2.1) —1|<1, z€U,

then f is univalent in U.

Theorem 2.3. [6] Let a be a complex number, R > 0 and f(z) = z + ax2? + ...

is a reqular function in U. If

1 [of20 | 2f"(2)
Ra | F(2)

for all z € U, then for any complex number 5, KB > Ra the function

(2.2) <1

— 9

1

(2.3) Fy(z) = [ﬂ/oz uﬂ_lf’(u)du} Tt

is reqular and univalent in U.

Lemma 2.4. (Schwarz Lemma [3]) Let f(z) the function regular in the disk
Ur ={z € C;|z| < R}, with |f(2)| < M, M fized. If f(z) has in z = 0 one zero
with multiply > m, then

24) O < o

the equality (in the inequality (2.4) for z # 0) can hold only if f(z) = ¢ 2L zm
where 0 is constant.

|2|™, z € Ug,

13
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3. MAIN RESULTS

Theorem 3.1. Let g € A,y be a complex number such that Ry > 1, M be a real
number and M > 1. If

(3.1) 12(D}" (a,b)g)'(2)| < M, z € U,
and
3V3
. < —
(3:2) < Sir

then the function

(3.3) T,(2) = [’y/ w ! <eDZn’A(aab)g(U)>vdu} ! ’
0
1s in the class S.

Proof. Let us consider the function

(3.4) () = / (eD?l,A(a)b)g(u)>’7du’
0

which is regular in U. The function

1 21(2)
3.5 h Z) = — s
(3 e

where the constant || satisfies the inequality (3.2), is regular in U. From (3.5) and
(3.4) it follows that

(3.6) h(z) = %z(DMa, b)g) (2).

Using (3.6) and (3.1) we have
(3.7) |h(z)] < M,

for all z € U. From (3.6) we obtain h(0) = 0 and applying Schwarz-Lemma we
obtain

1 |zf"(2)
3.8 — < M|z,
9 ol | 7 | = MH
for all z € U, and hence, we obtain
1

3.9 1— |z 2 < |y|M|z| (1= |2?) .
Let us consider the function @ : [0,1] — R, Q(z) =z (1 — 2?), z = |z]. We have
(3.10) Q) < 2

. <37
for all z € [0,1]. From (3.10), (3.9) and (3.2) we obtain

"

3.11 e 2 MG Py
(311) (-1 || <

for all z € U. From (3.4) we obtain f'(z) = (eDim’A(“*b)g(Z)>7. Then, from (3.11)

and Theorem 2.2 for R = 1 it follows that the function 7, is in the class S. This
is the proof. O

14



4 A. A. AMER AND M. DARUS

Corollary 3.2. In the special case m = 0,a = b =1, Theorem 8.1 yields a result
given earlier by [9].

Theorem 3.3. Let Dlm’)‘(a, b)g € A, satisfy (2.1), v be a complex number with

4
Ry >1, M be a real number, M > 1 and |y — 1| < CIYENEY: 1524]\%+1+36M471. If

‘Dlm’/\(a,b)g(z)‘ <M, zeU,

then the function

1

H,(z) = [7 /Z w272 {eDl"’”*(a,b)g(u))771 du] ’ ,
0

is in the class S.

Proof. We observe that

1
H,(2) = [’Y/ uw ! <ueD;n’A(“’b)9(“))7_1 du] "
0

Let us consider the function

z —
h(z) Z/ (ueDlM)x(a’b)g(“))’y 1du.
0

The function h is regular in U. We obtain

WIE) ) 2 DP @by () + 1
W) — 0D — :
and hence, we have
312 (=B P = b1 ) [0 e ()41,

for all z € U. From (3.12) we get

(D" (a,0)9)2(2)

2|

zh''(z)
e

(D" (a,b)g)'(2)
(D" (a,b)9)%(2)

for all z € U. By the Schwarz Lemma also ‘Dlm’)‘(a7 b)g(z)’ < Mlz|, z€ U and we

(1 12) <y =1 (1= [2?) +1],

obtain

(1=

zh”(z) . . 2 ZZ(Dlmy)\(aab)g)/(z) _

for all z € U. Since Dlm”\(a, b)g satisfies the condition (2.1) then, we have

M?|z| + M?|z| + 1) )

-0

for all z € U. Let us consider the function G : [0,1] — R, G(z) = (1 — 2?) (2M?z +
1), = = |z|. We have

<=1 (1= ) (20122 + 1),

15



ON UNIVALENCE OF A GENERAL INTEGRAL OPERATOR 5

(12M*+1) VI2M*+1+36 M* — 1

<
Glo) < 54 M* ’
. 4
for all z € [0,1]. Since |y — 1| < (12M4+1)\/15241\]>I44+1+36M4_17 we conclude that
zh""(z)
3.13 1—|2]?) |52 < 1
(313) (1= 1P) | T < 1

for all z € U. Note that, by (3.13) and Theorem 3.1 for Ra = 1 imply that the

function H, is in the class S. This is the proof. O

Corollary 3.4. In the special case m = 0,a = b = 1, Theorem 3.3 yields a result
given earlier by [9].
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ON EXACT VALUES OF MONOTONIC RANDOM WALKS
CHARACTERISTICS ON LATTICES

ALEXANDER P. BUSLAEV AND ALEXANDER G. TATASHEV

ABSTRACT. A monotonic random walk of particles on a one-dimensional cir-
cular lattice is considered. Some fixed number of particles moves on a ring,
which contains a fixed number of cells. Each cell cannot contain more than
one particle simultaneously. Jumps of particles can be occurred in discrete
times. This jumps are realized with probability depending on the type of the
particle and coordinate of the cell occupied by the particle, and the particle
comes to the cell adjacent to the particle that is ahead, i.e., the length of the
jump is maximum possible. A Markov chain is considered that describes the
behavior of the model. The flow intensity and the average velocity of particle
have been found.

1. INTRODUCTION

Models that described traffic in terms of cellular automata were introduced by
K. Nagel et al., [8-10]. In these models particles are moving on a one-dimensional
infinite lattice or ring one. The time is discrete. Each cell can be occupied by no
more than one particle. The number of particles on a ring lattice is defined and
remains to be constant. The models were considered in that the particles move one
cell forward, the model in that the particles move immediately to the next particles
going ahead, and also some generalizations of these models. The allowed movements
are realized with given probabilities. The main investigated characteristics are
particles flow intensity and average velocity. Simulation and heuristic approaches
was used for investigation of these models. Some exact results on these themes were
presented in [6]. Namely, an open chain of cells was considered, and the stationary
state of the particles flow was investigated. A particle leaves the system when it
has passed through all the cells. An algorithm has been elaborated for calculations
of the state probabilities and the average particles velocity.

M. Blank articles [1-3] contain exact mathematical results for models of de-
scribed type, where particles move on the infinite one-dimensional lattice. The
possible transitions of particles are realized with probability equal to 1. Random-
ness occurs only in the choice of the initial configuration of particles.

An exact formula for the average particle velocity of random walks on a ring
lattice was obtained in [5], where it was supposed that a particle passes one cell
forward with a fixed probability p, 0 < p < 1, provided the cell ahead of the particle
is empty.

In [4], the limit formula for the average particle velocity is proved for the case
when the number of particles and the number of cells tends to infinity so that
the ratio of particles number to cells number tends to a constant. This formula is
analogous to the formula for the average velocity of particles that was obtained in
[9] by a heuristic method.

17



2 A.P. BUSLAEV AND A.G. TATASHEV

We consider here a monotonic random walk of particles on a one-dimensional
circular lattice. Jumps of particles can be occurred in discrete times and are realized
with probability depending on the type of the particle and coordinate of the cell
occupied by the particle. A moving particle comes to the cell adjacent to the particle
that is ahead (model with mazimum transitions). The flow intensity and average
velocity of particle have been found.

If the number of particles is equal to the number of cells minus one, then con-
sidered model is identical to the model where particles pass only one cell forward.
Then the obtained formulas can be regarded as asymptotic formulas for the average
velocity of particle in the model in that particles pass one cell forward, as the flow
density tends to maximum value, which is equal to 1.

2. NONHOMOGENEOUS CHAINS WITH MAXIMUM JUMPS OF PARTICLES

@ 1st type

FIGURE 1. The model of monotonic random walk

Let us describe a stochastic model of particles movement on a closed sequence of
cells, Fig 1. Let the number of cells be equal to n. The particles move at the discrete
times 1,2,..., in the same direction. The (i + 1)-th cell follows the i-th cell in the
direction of movement, ¢ = 1,...,n — 1. The cell 1 follows the cell of number n.
Each cell is occupied by no more than one particle. There are k types of particles.
The number of particles is equal to m, 1 < m < n. There are mg particles of the

k
type s, s = 1,...,k; > ms = m. The (i + 1)-th particle follows the i-th particle

s=1
in the direction of movement, i = 1,...,m — 1. The particle 1 moves ahead of the

particle m. Suppose the i-th particle is a particle of the s(i)-th type, i = 1,...,m.
If a particle of the s-th type, s = 1,...,k, occupies the i-th cell and there are d
empty cells in front of this particle, then the particle passes the maximum number

18



ON EXACT VALUES OF MONOTONIC RANDOM WALKS 3

of cells with the probability 0 < p;s < 1, i.e., it comes to the cell adjacent to the
particle ahead. Hence the order of the particles can not be changed. Configuration
of the particles at the initial time 0 is fixed.

Assume that the numbers n and m are coprime.

The particles behavior can be represented by a Markov chain with discrete time,
[7]. Each state of chain corresponds to the vector (i1,...,%m), j-th component of
which is equal to the index of the cell occupied by the j-th particle, 7 =1,...,m.
The number of states is equal to mC)", where C]* = Wlm), Suppose the states
of the Markov chain are numerated arbitrary.

A group of particles is called a cluster if there are no free cells between the
particles of this group.

If the chain returns to some state with a probability less than 1, then this state
is called non-recurrent, [7].

Suppose some state j exists such that the chain can come to the state j from the
state ¢ with non-zero probability and cannot return to the state ¢ from the state j.
It is evident that the state ¢ is non-recurrent.

Every chain state with more than one cluster is a non-recurrent state. Really,
the chain can come from such a state to a state with a smaller number of clusters
and cannot come to any state with a greater number of clusters.

Let P;(j) be the probability of that the chain is in the i-th state at the time j,
i=1,....,mC", j=12...

It is known from the theory of Markov chains, [7], that for each non-recurrent
state ¢

lim P,(j) = 0. 1)
Jj—o0

Thus (1) is true for each state with more than one cluster.

pis

FIGURE 2. A state with one cluster

The class of states with one cluster (Fig. 2) contains mn states. The states of
this class are described by the index of particle moving in front of the cluster and
the index of cell that is occupied by this particle. Let the state for that the first
particle of cluster is the j-th particle, occupying the i-th cell, be called the state
Eij,izl,...,n,jzl,...,m.

Suppose that the state E;; is the chain state at the time k. Then at the time
k+1 the chain comes with the probability p;,(;) to the state Fyxj«, where i* = i—1,
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4 A.P. BUSLAEV AND A.G. TATASHEV

ifi=2,...,n,and ¢* =n,ift=1; j7* =5—-1,if j* =2,...,m, and j* = m, if

j = 1. And the state E;; is the chain state at the time & + 1 with the probability

L= pis(y)-

Lemma 1. Suppose E; ;, is some state with one cluster. Let a — 1 be mazximum

possible number of the different states of the chain after passing that the chain can

return to the state E; ;.. The value a does not depend on ig and jo, and equals mn,
e., equals number of states with one cluster.

Proof. The chain, after leaving a state of the class, returns to this state having
been at a — 1 transit states, where a is the least common multiple of the numbers
m and n. Since the numbers n and m are coprime, then a = mn, i.e., a is equal to
number of the states of the class. Thus Lemma 1 is true. O

Let ¢ be the flow intensity, i.e., the average number of particles passing through
a cell per a time unit:

1 n m
i=1 j=1
Denote
r

3)

The value r is the particles flow density. The value r, is the flow component
composed by particles of the s-th type.

The flow intensity, the flow density, and the average velocity v are related by the
formula

I
.
w

Il

I
—
=

q=rv. (4)

Theorem 2. For the flow intensity and average velocity of particles, the following
relations are true

1= (1k_ 2 ’ (5)
22
P 177”)7 (6)

ppy
Ts
— DPis

HM: 5\

Proof. Tt follows from Lemma 1 that the class of the states with one cluster is the
unique class of the communicating states, i.e., it is possible to come from each state
of the class to each other one with a non-zero probability.

This states are non-periodic also, i.e., the greatest common divisor of the values
of possible time of the return to the state is equal to 1. Really, at each time the
chain state can remain the same, and the time of recurrence can be equal to any
number that is not less than mn.

According to a theorem of the Markov chains theory, 7], there exists a non-zero
steady probability for each state that belongs to the unique class of the communi-
cating non-periodic states of the Markov chain with a finite number of states, i.e.,
if 7 is a state of this class, then the limit exists

P, = lim P(j) >0
Jj—o0

20



ON EXACT VALUES OF MONOTONIC RANDOM WALKS 5
Let P;; be the steady probability of the state Fy;, 1 = 1,...,n, j =1,...,m.
Steady states satisfy the system of equations
DPix s(g* )PZ*]*_pzs(j)Plj7 :1a"'an7j:1a"'am7

ZZPMZL

i=1 j=1
where * and j* are defined as above.
The solution of this system of equations is

1/pis(j)

sz: n_m ) 17 7’I’L,j:1, -, (7)
z:: g Prs(l)
Formula (5) follows from (2), (3), and (7).
Denote nr
pr=— (8)
=17
Taking into account (8), we can rewrlt ( ) = (1 —r)p*. Combining (2), (7),
and (8), we get (6) and, therefore,
1 *
v=( -1 9
Thus Theorem 2 has been proved. (Il
Corollary 3. If m =1 and p;s =1, then
1
=--1 10
b= (10)

Proof. Formula (10) follows from (6).
Formula (10) corresponds to a formula that is given in [3] for a similar model of
movement on a one-dimensional lattice. ]

3. REMARKS

Suppose m = n—1. In this case the behavior of the model considered in Section 2,
is identical to the appropriate models where the particles move no more than one
cell forward. Hence relations (5) and (6) can be regarded as asymptotic formulas
for the chain of big density, where particles move no more than one cell forward.

Suppose that the probability of displacement of particles does not depend on the
particle type and the index of cell occupied by the particle

pis=p, i=1,...,n,s=1,...,k. (11)

If n and m tend to infinity so that ratio m/n tends to r, then following relation is
true [4],
1—+/1—dpr(1—r)

v =
2r ’

where v is the average velocity of particles in the model where the particles move
no more than one cell forward.
Combining (6) and (11) we get

’U:’UQ:(;*].)p.
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We have hn% 22 = 1. This confirms adequacy of formulas (5) and (6) as as-
T—

ymptotic for the appropriate models in that particles move no more than one cell
forward, for flow densities near 1.

4. CONCLUSION

Formulas for average intensity and average velocity are obtained for the model of

random walks on a ring lattice. The probability of a particle transition depends on
the particle type and the index of the cell occupied by the particle. The particles
jump forward to the cell adjacent to ahead of particle.

(10]
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EDEGEWORTH BLACK-SCHOLES OPTION PRICING FORMULA

ALI YOUSEF

ABSTRACT. In this paper we consider the Black-Scholes option pricing problem.
We use Edgeworth second order approximation to approximate the underlying asset’s
return distribution. We state and prove Lemma 3.2 which finds a closed form for the
solution of the Black-Scholes partial differential equation under Edgeworth
approximation. The theoretical form of Edgeworth option pricing formula found in
Lemma 3.2 depends mainly on the skewness and kurtois of the asset’s return
distribution which indeed corrects the classical Black-Scholes formula that was
presented by Black and Scholes in 1973. Moreover, we find a simple form of delta
hedging. In the end we find standardized Edgeworth expansions for the following
distributions; lognormal, student t—distribution and chi—squared distributions.

1. INTRODUCTION

The Edgeworth expansion was first introduced by Edgeworth in 1905, see [11],
as an expansion representing one distribution function in terms of another
distribution, in such a way that the cumulants of the other distribution function
should be known. Since its foundation in 1905, it became the center of many
statistical studies and has been applied in many fields like, economics, finance and
also in engineering, see [13]. The asymptotic behaviour were developed by [25], and
its validity region was discuused by [4]. In the following section, we give some
accounts about Edgeworth second order expansion and its validity region.

2. EDGEWORTH SECOND ORDER EXPANSION AND ITS
ASYMPTOTIC PROPERTIES

Let (X,,...,X,) be a sequence of IID random varaibles of size n from a
continuos distribution function F, such that the mean u € R, the variance o° < oo,

the skewness y and the kurtosis 4 are all finite, where, y =o°E(X —u)’ <wand

p=0"E(X-pu) <.
LetX, =n"Y"X,,Z, =n(X, - u)/o and F,(x)=P(Z, <x).
i=1

Then the Central Limit Theorem states that the limiting distribution of Z_, that is,

Key words and phrases. Black—Scholes formula, Chi-Squared, delta hedging, Edgeworth expansion,
Lognormal, Student t—distribution.
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limF, (x)=®(x):= _[(Zzz)’ﬂ2 exp(—tZ/Z)dt, vxeR is a standard normal
cumulative distribution function, regardless the analytic form of the underlying
distribution function F.

If we are interested to find the probability distribution of Z_before reaching the
CLT then this will leads us to Edgeworth series, which can be derived by expanding
the logarithm of the characterstic function of Z using taylor series expansion in

t and collecting terms of the same order in n and then applying the inverse fourier

transform to obtain the Edgeworth expansion, see, [18], chapter 4, page 91. Note, we
need !imsup E(e“xi) <1, to ensure the expansion of the characterstic function of

z

ne

In the following line we state the two term Edgeworth expansion without proof
as stated in [9], Theorem 13.1 page 186.

Theorem 2.1. (Two-Term Edgeworth Expansion) Suppose F satisfies the Cramer’s
condition and E, (X“) <oo. Then,

F, ()= (x) 6 (6) [, (1) + (020 () 4 (1)) |+ O (1),

defined for all values of X and as N —> oo . Note that ¢ = @ is the standard normal
density function,
¢, =y/6,c,=(8-3)/24,c,=y"/72,p,=1-x*, p, =3x—x*and
p, =—15x+10x% - x°.

Note thatC,and C,are called the skewness and kurtosis corrections of the
underlying distribution function. From Theorem 2.1 and by direct substitutions for
C,,C,,C;, P, P, and p,and by taking n =1, we have the heuristic result

(2.1) F(x):d)(x)—?—lzgéx(x“—1Ox2+15)72—%;/¢(x2—1)

—2—14¢x(x2—3)(,8—3)+0(1)

If the distribution function F of an absolutely continuous random variable
admits an Edgeworth expansion, then we can obtain an expansion of the density

function heuristically by differentiating (2.1)with respect to x . Hence the
probability density function of the Edgeworth expansion is
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1+1yx(x2 —3)+i(ﬂ—3)(x4 ~6x" +3)
16 24 +0(1)
- ¥* (X® —15x" +45x* ~15)

Equation (2.2) shows how to represent a continuous probability density function in

terms of the standardized normal probability density function and which is an
approximating standardized density with the desired skewness and kurtosis. The

density function in(2.2) is called a standardized Edgeworth asymptotic expansion;
see [19].

The Edgeworth expansion is more useful in many applications than other
asymptotic series such as the Gauss-Hermite and Gram-Charlier series, see [6]. This
is S0, because, it is directly connected to the moments and cumulants of a probability
density function, a property that is lost in the Gauss-Hermite series. Secondly, it is a
true asymptotic expansion since the error of the approximation is controlled by

estimating the error of the expansion until the orderO(n‘3’2). While, the

disadvantage of the series was shown by [3] that the Edgeworth series can give
negative values for some values of X . They found the region in the plane of values
of skewness and Kkurtosis where the density is positive. This region was further
studied by [10] in detail using numerical methods. They found that the validity
region that ensures the Edgeworth series to represent a positive definite and

unimodal probability density function isR, ={|»|<0.45,3.0<8<535}. If the

parameters lie outside the validity region (as we shall see in the last section), the
results may be misleading. Furthur analytical investigations about the validity region
were undertaken by [1]. References for the main results on Edgeworth expansions
are given in [2,4,15].

In the next section, we consider the Edgeworth Black-Scholes option pricing
problem.

3. EDGEWORTH OPTION PRICING FORMULA

In the early 1970’s Black and Scholes made an important contribution in the
pricing of complex financial instruments by developing what so called the Black-
Scholes model. The model based on a formula that describes the market with two
financial goods: a risky security, such as a stock(risky asset) and a riskless bond. An
option is a contract that gives the investor the right to buy or sell the asset or part of
it without any obligations subject to certain conditions within a specific period of
time. The price that is paid for the asset when the option is exercised is called the
strike price K , while the expiration day is the last day on which the option may be
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exercised. If the option can be dealt only at maturity time t, then we have a
European-style, otherwise, we have an American style.

The most important application of Ito’s lemma in the area of financial
mathematics is option pricing and the most interesting result in option pricing is the
Black-Scholes formula. To simply our discussion assume that the model that can be

used to represent the random price S, of a risky asset follows a geometric Brownian
motion,

(31) dS, =4S, dt+oS, dW,

Where, {St te 9’1’*} is a stochastic processes,  is the average rate of the asset price

growth, xdtis the drift mean, o is the volatility, o dW, is the random change in the
asset price and W is a Wiener process.

Equation (3.1) is called a stochastic differential equation and states that the return of

ds . . .
the asset S—‘ consists mainly of two main components; a constant return g dtand a
t

random return o dW, .

By applying Ito’s Lemma, see [24], Lemma 3.2,page 96 to (3.1) we obtain the
Black-Scholes partial differential equation for a European call option price C, .
oc, 1 o°C,

(32) —t+Zo°S? 2Jrrsﬁct:rct
ot 20 sz as,

Equation (3.2) is called a parabolic partial differential equation, and r is the risk

free rate.

It was shown from [22] that the payoff of the European call option is given by
C, =max{S, —K,0}, where S, is the price of an asset at maturity time tand K is

the strike price.

Now, since S, satisfies, (3.1) then we can use the substitution Y, =log(S,)and

Ito’s Lemma to obtain

t t
S, =S, exp(j(y—az/z) ds +JadWJ which yield the following solution
0 0
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(33) S =Syexp((u—0?/2)t+aW,), Ve R, W, O N(O;)

Note (3.3)is the exact solution of (3.1) and log(S,)C N ((,u—az/Z)t, azt).

Under Q (risk neutral probability measure) , the average price of the asset should
satisfy the following equation

(34) E(S,)=S,exp(rt)

Hence from Q , the value of the call option at time zero is
Cy =exp(—rt)Eo| (8, ~K)" |-

The solution of (3.2) yields the celebrated Black-Scholes formula for the European
call option at time zero with a non-dividend paying stock and with strike

price K and maturity time t
(35) X =5,d(d;)—Kexp(-rt)d(d,),
0 In(S,/K)+(r+o/2)t

1 O'«E

.d, =d, —ovht.

Where S, is the current asset’s price at time zero, o is the volatility of the relative

price change of underlying asset price, r is the short term risk free interest rate, K is
the strike price and tis the maturity time of the option. Note, all the above
parameters can be obtained from the market data except o . For more details see,
[5]. Volatility is a measure of riskiness of an asset, the more volatile it is, the more
risky it is. Technically, it measures the standard deviation of short term returns on
the asset, which can be estimated either from the historical price path of the asset, or
using discrete method. For more details about volatility see, [7].

The disadvantages of(3.5) lies in two main points; first it assumes that the

volatility of an asset remains constant all the period time, irrespective of the
direction of price movements. Second, it assumes that the distributional form of the
asset returns should be normally distributed, which is inconsistent with the observed
data in the market. It was shown by many statisticians and observers that the
distribution of assets return follows a non-normal distribution, presenting heavy tails
and asymmetry. For more details, see [14, 21]. The point lies that the normality
assumption of the Black-Scholes model does not capture extreme movements such
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as stock market crashes. To resolve this problem several series approximation
techniques were used: [8], used Gram-Charlier expansion to approximate the
return’s asset distribution, while [12] used Edgeworth approximation. [17] used the
generalized Edgeworth expansion of the lognormal distribution of asset prices to
obtain a model that adjust the Black-Scholes formula for the higher moments in the
underlying distribution.

In this paper, we will find a closed form for the theoretical European call option
price assuming the return’s asset distribution is an absolutely continuos distribution
function, provided the first six moments exist. Our technique based on using
Edgeworth second order approximation which has a bounded error.

To proceed our solution we need the following Remarks which will enhanced our
main result in Lemma 3.2.

Remark 3.1

Let f (y) be a standardized Edgeworth probability density function defined as in
(2.2)and let gand ®Dbe respectively, the probability density and distribution
function of N (0,1) , then

f(y)dy =®(2)+¢(2)Q(r. .2),

~Ne—338

Q(}/.ﬂ,z):{;—;z(z“ -107? +15)+%(22 ~1)+ (ﬂzf’) 2(2° _3)}

Remark 3.1 follows immediately by expanding the integral over the terms and using
the following identities,

©

#(x)dx = @(2), Tx;zﬁ(x)dx =¢(z),Tx2¢(x)dx =®(2)+124(2), jx3¢(x)dx=¢(z)(zz +2),

z

N C— 8 N ) 8

X‘g(x)dx =30 (z)+ 24 (z)(z* +3) and Tx%(x)dx =15@(z)+2¢(z)(2* +52° +15).

The above integrals can be found easily from integration by part and the properites
of error functions. Note E)(z) =1-®(z).
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Remark 3.2

Under the same condition of Remark 3.1, we have

.[exp(by)f(y)dy:exp(b2/2)<b(—z+b)f(y,ﬂ)+¢(z)exp(bz)g(7,ﬁ,b,z).

where,

f(y /;’):{iyzb6 +—yb3+i(ﬂ—3)b4+1} g :{iTszr— y+i(ﬂ—3)T}
' 72 6 24 ’ 727 67 24 o

Tl:25+bz4+(b2—10)z3+b(b2—6)zz+(b4—3b2+15)z+b(b4—b2+3),

T,=(z" +bz+b*-1) and T, :(23 +bz +(b —3)z+b3—b).

1 1

Remark 3.2 can be verified by using the identitiyj exp(by)g(y) dy = exp(b2/2)®(b -1),

Which can be proved as follows
Texp(by)qﬁ(y) dy = —#Texp(by— y*/2) dy =iTe><p(—i(y2 —2by)j dy
z 27[ z \f27l' 7 2
1 7 1 2 1 c 1 2
=——|exp| -=(y-h)" +b? Z]d =——exp(b?*/2)|ex (—— -b jd.
ﬁ!p(z(y) /yﬁp(/)!pz(y)y

1 < 1
Letu=y-b=du=dy = ——exp(b?/2) | ex (——uzjdu
y V= e p( /)ZL Pl -3

=%exp(bz/2)5(z—b) =%exp(bz/2)<b(b—z)-

and using the following identities;

[ (u+b)g(u)du = p(b—2)+(b/2)(1+20(b—2)),

z-b

I (u+b)? ¢(u)du = (b 2)(2 +b)+ (Y2)(b? +1)(L+ 200 (b~ 2)),

z

S

(u+b)’ g(u)du = ¢(b-2)(2* + zb+b* +2)+(1/2)b(b* +3)(1+ 20 (b - 2)),

b

| &y 8

z
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©

_[ (u+b)* g(u)du=

;Eb— z)(z3 +2°b+2(b* +3)+b? +5b)+(]/2)(b4 +6b” +3)(1+20 (b - 2))

and

T u+b =

~N

b
$(b- z)(z +2%0+2° (b* +5)+2° (9 +b°) + z(b* +12b” +15)+b° +14b° +33b)
+(1/2)(b® +15b* +45b” +15)(1+ 2 (b - 2)).

The risk free rate under the classical Black-Scholes formula (underlying asset’s

return distribution is standard normal) is z =r, wheras under the Edgeworth series
will be derived in the following Lemma 3.1.

Lemma 3.1

Under Q ,the value of the risk free rate that satisfies (3.4) is,

rt=t+Inf(y,B,0,t)where,

(7 8.00) =757 (o) g7 (o) + 35 (8-3)oN) +1}
Proof

E(S)= ZILrijJZw S, exp((y—oz/z)tﬂnﬁy) f(y)dy
=S, exp((u —UZ/Z)t)ZILrpOO.[;c exp(m/t-y) f(y)dy

Recalling Remark 3.2 , we obtain the following

_ s, exp(( - 0/2)t) lim eXp(bz/Z)‘D(—Hb)f(%ﬂ)}
E(S,) =S, exp((u /2)'[))”w{+¢(z)exp(bz)g(y,ﬁ,b,z) ,

=S, exp((,u—az/Z)t)ZILrECexp(bz/Z)Q(—z +b) f (7. 5),
+S, exp((u—az/Z)t)lerlqﬁ(z)exp(bz)g (7,B.0,2),
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E(S,)=S,f exp((y—02/2)t)exp(bz/z)zlirpr(—z +b)
+S, exp((,u—aZ/Z)t)ZILrEcqﬁ(z)exp(bz)g (2),

Since lim CD(—z +b) =1, then

Z—>—0

E(S,)=S,f exp((y—az/z)t)exp(bz/z)
+S, exp((u—az/Z)t)lerEcqﬁ(z)exp(bz)g(z),

Let b= m/t-, then

E(S,)=S,fexp(ut)+S, exp((y—az/z)t)Zlirl¢(z)exp(a\/fz)g (z)
By completing the square we obtain
E(S,)=S,fexp(ut)+S, exp(yt)zlirﬂogb(—z +mﬁ) 9(z)
But, Zlirl1w¢(—z+a\/f)z” =0, forall t>0andnel *
Which implies that E(S,) =S, f exp(xt).

But we need,

E(S,)=S,exp(rt)=S,exp(ut) f (7, 8)=S,exp(rt)
By taking the natural logaritms for both sides we obtain
rt=upt+Inf(y,B).

Proof is completed.

As a result from Lemma 3.1, (3.3) reduced to

(3.6) Sl:%exp((r—az/Z)t+aWt) W, U N(0,t)

Now we are ready to state and prove the main result in Lemma 3.2.
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Lemma 3.2

Let Q be the risk-neutral probability measure, and let S, and C, be respectively the
asset value and a European call option at time zero, with strike price K and maturity

timet, and let r be the risk free rate that satisfies Lemma 3.1, then, for b :a\/t_,
the Edgeworth Black-Scholes option pricing formula formula is

CE = 5,d(d)-Ke "®(d —b)+S, ¢() —Kexp(-rt)¢(d -b)Q(y,,d)

where, d = In(SO/Kf);(HG /Z)t, z=—(d-b)
and
f(;/,ﬂ):{ 127/ b° +27b3+%(ﬂ—3)b +l}

Q(y,4.d) { y'z(z*-102° +15)+6}/(Z —1)+—(ﬂ 3)z(2 —3)}

9(7.f.0)= {712 ST (BT }

While T,,T,and T, are respectively,

lezf’erz“+(b2 -10)7° +b(b )z +(b4—3b2+15)z+b(b4—b2+3).
TZ=(zz+bz+b2—1),T3=(z3+b22+b22—3z+b3—b).

Proof

Under the risk neutral measure, the value of the European call option at time zero is
Cy =exp(—Tt)Eq | (S, ~K)' |:
From (3.6), we have

S, =%exp((r—az/2)t+owt), W, I N(0,t)

Let Y =Wt/\ﬁ, then
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S, =%exp((r—o-2/2)t+oaﬁY),Y IN(02)

The value of the European call option at time zero is max (S, — K,O). Then

C, =exp(—rt)E{max (S, —K,0)}
:exp(—rt)E{max[%exp((r—oz/Z)Ha\/t_Y)—K,O]}
=exp(—rt)'|‘_w max(%exp((r_GZ/z)ter/fY)— K,Oj f(y)dy

Where f(y) givenby (2.2) .

Now, max [% exp((r ~o?/2)t+ a\/t_Y)— K,OJ occurs when

%exp((r—oz/Z)t+a\/t_Y)> KeY>z=(In(K /8))-(r-0?/2)t) /ot
which implies that

G, :exp(—rt)j;(exp((r—o-2/2)t+o-\EY)— K) f(y)dy
:%exp((—az/2)t)'[wexp(a\/t_Y) f(y)dy-K exp(—rt).[:) f(y)dy

By recalling Remark 3.1 and Remark 3.2 and taking b = o/t we have

C,= %exp((—az/z)t).[jexp(m/t_Y) f(y)dy—K exp(—rt)f f(y)dy
= So®(—z+b)+%¢(—z+b)g -K exp(—rt)a(z)— Kexp(-rt)#(z)Q

=S,®(-z+h)-K exp(—rt)5(2)+%¢(—z+b)g —-Kexp(-rt)¢(z)Q

Since ®(z)=1-®(z)=d(~z) , then
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C,=(S,®(~2+b)—K exp(—rt)CD(—z))JrL%qﬁ(—z+b)g K exp(—rt)¢(z)QJ

But,

-Z+0 t:_ln(Kf/SO)a_\g_GZ/Z)t+a\/t-

(/s s{roo2e o K f)+[r+;azjt_d
B G\/t_ - O'\/t_ =

then, —z=d —a«/t_.

Hence,
C=(,(d) K exp(~rt)(d _04{))+[%¢(d)g —Kexp(~rt)(d _aﬁ)QJ

Proof completed.

Lemma 3.2 states that the Edgeworth European call option price is the same as the
classical option price plus a significant term that depends mainly on the standardized
skewness and kurtosis of the underlying asset’s return distribution. This term is

(3.7) SO¢(d)%—Kexp(—rt)¢(d—axﬁ)Q(;f,ﬂ,d)
Clearly, under the normal distribution,
f =1,%=o and Q =0= CE =C.

Thus (3.7) measures the departure amount from normality assumption. Also, note
that, Lemma 3.4 provides a solution of the Black-Scholes equation under the
Edgeworth series. Empirical study could be used to test our formula in Lemma 3.2.
[23] tested the model suggested by [8], to price call options on S&P CNX Nifty.
Their results strongly suggested that including the skewness and kurtosis terms to
the Black-Scholes option pricing formula yield values much closer to market prices.
They confirm by their study that fitting of higher order moments of the distribution
of returns would indeed improve the approximation of the call option, especially for
options away from the money. This suggest that using our formula would indeed be
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more efficient than other formulas. Before, we end up this section, it would be worth
mentioning the delta hedging which controlled the risk occurs in option pricing,

Corollary 3.1

Under the conditions of Lemma 3.2, the delta hedging result from applying
Edgeworth option pricing formula is

A= CD(d)+if¢(d)(g +sa_9_gﬁj_ K exp(—rt)(d -b)(aQ Q(d —b)i],

S b N bS
where,
o9 (1., 1. 1 .
== T STy+—(B-3)T, }.
as {7217+627+24(ﬂ )3}
Q [5 1 1 . 1o,
gz{57/2(24—622+3)+§}/(Z)+§(ﬂ—3)(zz—1)}, Ti :—EEJ:LZ,:‘;.
Proof

From [16], the delta hedging is
A =icoEdge and A® =@(d)
oS

Thus,
A= q>(d)+%{so ¢(d)%— Kexp(-rt)4(d —b)Q}

= @(d)+%%(8 g¢(d))-K exp(—rt)%(ﬂd ~b)Q)

by using the chain rule differentiation technique and using the idenities

o 1_. 1_. 1 .
=\ T (AT,

s |72t 6

Q (5 1 1
g:{iﬁ(z“—&z+3)+§y(z)+§(,8—3)(22—1)},'
where,

T =bsT =123
as

the proof is complete.

Now, to find the estimated values of ms,g and b from the market data we
proceed as follows;
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Let S;,K,S, be the daily closing prices, and let R = In(S,,,)- In(S,) forall
i=12,..,n,then

M= R=n'y R ,$= 2525, where, S, = (n- 1) **
i=1

§= n é’ln i ﬁg and
(n- D)(n- 2) izlg S 5
— .4 2
1 n &R - RQ 3(n-1
= n(n+1) 3 gR' Rg- (- 1) . All the above formulas can
(- D0- D(- 9%k 5. & (- (- 9)

be executed directly from Excell sheet.

Example 3.1

We considered the data sheet found in Hull website that represents the stock prices
for S&P during the period from 18" of July 2005 till 13" of August 2010. The
descriptive statistics for Returns are illustrated below

Mean Std Min Max SK Kurt
Returns | 0.000024 | 0.015531 | -0.09 | 0.1158 | 0.027903 | 9.250233

Table 3.1. Descriptive statistics for S&P Returns

Histogram for Returns
Normal

w

a

o
L

Mean  0.00002401
M StDev 0.01553
N 1278

Frequency
[ - N N w
o (%2 o (%2 o
o o o o o

v
o
!

006 -003 000 003 006 0.09
Returns

, ©
o
=
O

Figure 3.1. Returns for S&P prices from 18/07/2005 till 13/08/2010

36



A. YOUSEF

Probability Plot of Returns
Normal
99.99
° Mean 0.00002401
° StDev 0.01553
P N 1278
99 4 AD 39203
95 4 P-Value <0.005
80
=
c
8 50
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& 20
5 4
1 4
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-0.10 -0.05 0.00 0.05 0.10
Returns

Figure 3.2. Testing normality of return’s underlying distribution using Anderson-
Darling Test.

Figure 3.1 and Figure 3.2 above assert that the underlying asset return’s distribution
do not follow a normal distribution with P-value less than 0.005, using Anderson-
Darling test. To compare our formula with the classical Black-Scholes formula
presented in 1973 and with the modified one that was presented by [8] we consider
the following data:

Data: S, =$1200, K =$1200, r =%5, o =0.24655years, t =5.07 years

Black-Scholes | Gram-Charlier | Edgeworth
Call Option $390.486 $374.255 $350.85
Delta 0.769 0.795866 0.73791

d 0.7342089 0.7342089 0.6881122

Table 3.2. European call option and Delta for each case

Table 3.2 shows that our formula adjusted the European call option price rather than
the previous ones, moreover the value of the delta hedging is less than others. These
results indicate that using Edgeworth option pricing formula would be much better
for detecting the high oscillation of market prices.

In the last section, it would be suitable to find standardized Edgeworth expansions

for some densities that are widely used in finance; these densities are lognormal,
student's t distribution, and chi-squared distributions.
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4. EDGEWORTH APPROXIMATION FOR STATISTICAL
DISTRIBUTIONS

I.  Lognormal distribution

A random variable X has a lognormal distribution with parameters xand o , if
In(X)D N (,u,az). The probability density function of the lognormal distribution

IS

fy (X u,0) =(27ZX202)7V2 exp{—%(ln Xa_ﬂjzjl (x>0),

It is mainly used to describe the distribution of asset prices over a specific period of
time. The skewness and kurtosis of X are respectively

7= (e“2 +2)f\!e"2 —land B=e* +2% +3e* —3.

From (2.2)the Edgeworth asymptotic expansion for the standardized lognormal
distribution is

1+6™ (n+2)Jn’ —1x(x* =3)+ 247 (n* + 27" +37% =6) (x* —6x* +3
f(x)=g(x 1( )2 e —3)v2e( N ) +0(1)
+727 (+2)" (n-1)(x° ~15x"* +45x* ~15)

Clearly, the Edgeworth series depends mainly on the variance of the underlying
distribution.

Table 4.1 below shows that both the values of skewness and kurtosis increases as the
value of standard deviation increases.
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Standard deviation Skewness kurtosis
0.01 0.0300017501 3.00160023
0.05 0.1502190453 3.04014412
0.10 0.3017590981 3.16232386
0.50 1.7501896560 8.89844568
1.00 6.1848771360 113.9363922

Table 4.1. Skewness and kurtosis values associated for every o under the

lognormal distribution

Figure 4.1 below exhibits the behavior of the standardized Edgeworth density as the
values of standard deviation increases.

Figure (a), o =0.01

Figure (b), o =0.1
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Figure (¢c), o0 =0.5

Figure 4.1: The standardized Edgeworth approximation under the lognormal at
different values of o

1. Student’s t distribution

The probability density function of the T 0 t(v) is

f(t)=x" {14_%](2} , te R,
Where, x, =\VB(}/2,v/2). Note B(a,b):%.

From (2.2), the Edgeworth asymptotic expansion for the standardized t (v )is

(=001

(x4—6x2+3)}+0(1),for allv > 4.

1
4(r-4)

The standardized density for T is
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The Edgeworth expansion for t (V )depends onV and clearly,

lim f (x)=¢(x)+0(1).

V—>0

To illustrate further the role of v , consider v =5, 10 and 20.

Figure 4.2 below shows the poor performance of the Edgeworth series for the
standardized density of the t distribution with v =5. Here the kurtosis lies outside

the validity region.

Variable
—e— T(5)
—B— Exac5

densities
o
@

Figure 4.2. The standardizedt (5) density and its Edgeworth approximation
Figure 4.3 below shows the good performance of the Edgeworth approximation for

the standardized density at v =10. Here the skewness and the kurtosis lie inside the
validity region.
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Variable
—e— T(10)
0.44 —m— Exacl0

0.34

densities
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0.14

0.0

&
)
&
o
eo
~
w

Figure 4.3. The standardizedt (10) density and its Edgeworth approximation

Similarly, Figure 4.4 below shows the good performance of the Edgeworth
approximation to the standardized density at v =20. Both the skewness and the
kurtosis lie inside the validity region.

Variable
—e—T(20)

0.4
—m— Exac20

0.3

densities
o
o

0.1+

0.0+

&
)
&
o
eo
~
w

Figure 4.4. The standardizedt (20) density and its Edgeworth approximation

I11. Chi-Squared distribution

The Edgeworth asymptotic expansion for the standardized chi-square distribution
with I degrees of freedom is

f(x)=¢(x){1+%—x(iﬁ_3)—é+x (2x _1;1)( +36)}+o(1).
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The Edgeworth expansion of the chi-square distribution depends on the degrees of
freedom. Note also that lim f (x)=g¢(x)+O(1).

To illustrate the effect of increasing the degrees of freedom r on the accuracy of the
Edgeworth approximation, we take r =2, 5, 10 and 50.

Clearly, atr =2 yields the case of an exponential distribution with mean two, and
the Edgeworth expansion for this case is

f (x):¢(x){%x6 —éx“ +%x3 +x° —x+%}+0(1).

Figure 4.5 below shows poor performance of the standardized Edgeworth density
under the exponential distribution due to the sharp values of both the skewness and
kurtosis, where both the skewness and kurtosis, ¥ =2, 8 =29, are outside the validity

region.

Figure (@), r=2 Figure (b), r=>5

Figure 4.5. The standardized Edgeworth approximation under the chi-squared with
r=2and>.
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At r =5, this case leads to a better performance than r= 2 . Note that y =1.265,
[ =5.4 both of which are outside the validity region. However, the value of the
kurtosis is close to the upper bound specified in the validity region.

Figure 4.6 (a) shows the performance at r =10, where » =0.8943 and £ =4.2.

This is a nice case where the skewness is outside the validity region but the kurtosis
is inside the validity region. Nevertheless the skewness is not large. Figure 4.6 (b)
shows excellent performance, since both the skewness and kurtosis are inside the
validity region.

Figure (), r=10 Figure (b), r =50

Figure 4.6. The standardized Edgeworth approximation with 10 and 50 degrees of
freedom

As a conclusion, the Edgeworth approximations improve as r increases.

CONCLUSIONS

From the results of previous sections, we deduce that Edgeworth
distribution is easily handelled and yields good approximation under its validity
region. We find the Edgeworth option pricing formula which indeed enhances the
theory of black-Scholes model. For further studies, one could test our formula using
empirical data.
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Abstract

Here we obtain a wide range of vectorial integral operator general
inequalitites on time scales using convexity. Our treatment is combined
by using the diamond-alpha integral. When that fails in the fractional
setting we employ the delta and nabla integrals. We give many interesting
applications.
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1 Background

We start with the definition of the Riemann-Liouville fractional integrals, see
[22]. Let [a,b], (—00 < a < b < o) be a finite interval on the real axis R. The
Riemann-Liouville fractional integrals I, f and I;* f of order a > 0 are defined

by .
(12:0) (@) = £5 / FO@-t"d, (2> a), (1)
(I3 f) (z) = 1 /f Yt —2)* N dt, (@ <b), (2)

respectively. Here I' (o) is the Gamma function. These integrals are called the
left-sided and the right-sided fractional integrals. We mention a basic property
of the operators I$, f and Ij* f of order a > 0, see also [26]. The result says
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that the fractional integral operators I$, f and I f are bounded in L, (a,b),
1 <p < oo, that is

\o g <KIfl, o 5 fl, < KIS, (3)
where (b )a
—a
K= Ty @) (4)

Inequality (3), that is the result involving the left-sided fractional integral, was
proved by H. G. Hardy in one of his first papers, see [18]. He did not write down
the constant, but the calculation of the constant was hidden inside his proof.

So we are motivated by (3), and also [5], [7], [8], [21], [2], and we will prove
analogous properties on Time Scales. But first we need some background on
Time Scales, see also [12].

A time scale T is an arbitrary nonempty closed subset of the real numbers.
The time scales calculus was initiated by S. Hilger in his PhD thesis in order
to unify discrete and continuous analysis [19, 20]. Let T be a time scale with
the topology that it inherits from the real numbers. For ¢t € T, we define the
forward jump operator ¢ : T — T by

o(t)=inf{seT: s>t} (5)
and the backward jump operator p: T — T by
p(t) =sup{seT:s <t} (6)

If o (t) > t we say that ¢ is right-scattered, while if p (¢) < ¢t we say that ¢ is left-
scattered. Points that are simultaneously right-scattered and left-scattered are
said to be isolated. If o (t) = t, then ¢ is called right-dense; if p (t) = t, then ¢ is
called left-dense. The mappings u,v : T — [0, +00) defined by u (t) := 0o (t) — t
and v (t) := t—p (¢t) are called, respectively, the forward and backward graininess
function.

Given a time scale T, we introduce the sets T*, T}, and ’]I‘ﬁ as follows. If
T has a left-scattered maximum ¢, then T# = T — {1}, otherwise T* = T. If
T has a right-scattered minimum ¢9, then Ty = T — {¢3}, otherwise T}, = T.
Finally, Tf = T* N Ty.

Let f: T — R be a real valued function on a time scale T. Then, for ¢t € T*,
we define f2 (t) to be the number, if one exists, such that for all € > 0, there is
a neighborhood U of t such that for all s € U,

[f (0 () = f(s) = F2 () (0 () = s)| <elo(t) — s (7)

We say that f is delta differentiable on T* provided f* (t) exists for all t € T*.
Similarly, for ¢ € Ty we define fV () to be the number, if one exists, such that
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for all € > 0, there is a neighborhood V of ¢ such that for all s € V'

[F(p(®) = F(s) = FY () (p(t) = s)| < elp(t) —s|. (8)

We say that f is nabla differentiable on T}, provided that fV (¢) exists for all
t e Tg.

For f: T — R we define the function f : T — R by f? (¢t) = f (o (t)) for
all t € T, that is f¢ = f o 0. Similarly, we define the function f? : T — R by
fP ()= f(p(¢)) for all t € T, that is, f» = fop.

A function f: T — R is called rd-continuous, provided it is continuous at all
right-dense points in T and its left-sided limits finite at all left-dense points in
T. A function f: T — R is called ld-continuous, provided it is continuous at all
left-dense points in T and its right-sided limits finite at all right-dense points in
T.

A function F': T — R is called a delta antiderivative of f : T — R provided
that F2 (t) = f (t) holds for all + € T*. Then the delta integral of f is defined
by

[ rat=Fp)-F@. 9)

A function G : T — R is called a nabla antiderivative of g : T — R, provided
GV (t) = g (t) holds for all ¢ € Ty. Then the nabla integral of g is defined by
ff g (t) Vi = G (b)—G (a). For more details on time scales one can see [1, 12, 13].

Now we describe the diamond-« derivative and integral, referring the reader
to [23, 25, 27, 28, 29, 30] for more on this calculus.

Let T be a time scale and f differentiable on T in the A and V senses. For
t € TF we define the diamond-a dynamic derivative o7 (t) by

W =aff O+ 1-a) (), 0<a<l (10)

Thus, f is diamond-« differentiable if and only if f is A and V differentiable.
The diamond-« derivative reduces to the standard A derivative for o = 1, or
the standard V derivative for o = 0. Also, it gives a ”weighted derivative” for
a € (0,1). Diamond-« derivatives have shown in computational experiments to
provided efficient and balanced approximation formulae, leading to the design
of more reliable numerical methods [27, 28].

Let f,g: T — R be diamond-« differentiable at ¢ € Tf. Then,

(i) f£g:T — R is diamond-« differentiable at ¢t € T§ with

F£9)® =N £ @). (11)

ii) For any constant ¢, ¢f : T — R is diamond-« differentiable at t € T
k
with

a4

) @) =c(H ). (12)
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(iii) fg: T — R is diamond-« differentiable at t € TF with
(F9)*" ()= (N W@ +af” B)g> )+ (A=) () g7 (). (13)

Let a,t € T, and h : T — R. Then, the diamond-« integral from a to t of h
is defined by

/ath(T)OQT:a/ath(T)AT+(1—a)Lth(7)V7, 0<ac<l. (14)

We may notice the absence of an anti-derivative for the <, combined derivative.
For t € ']I",z, in general

(/at h(T) <>a7> . #h(t). (15)

Although the fundamental theorem of calculus does not hold for the .-integral,
other properties hold true. Let a,b,t € T, ¢ € R. Then,

0 [ U@ 0= [ 100t [(o6)0ur (16)
(i) / "o (1) Gar = / F (1) O
(i) /atf(T)%Tz/abf(T)%TJr/btf(T)OaT;

b
(iv) If f(¢t) > 0 for all ¢, then / f(@t)Oat >0;

b b
(v) IEf(t)<g(t) forallt, then / £ () Gat < / 9 (t) Gat;

b
(vi) If f(t) > 0 for all ¢, then f (¢) =0 if and only if / f(t)Cat =0;

(vii) /ab cOat =c(b—a);

b b
(viii) / f(t) Qat| < / 1f ()] Oat-

‘We mention

Theorem 1 (multivariate Jensen inequality, see also [15, p. 76], [24]) Let
f be a convexr function defined on an open and convexr subset C C R™, and
let X = (X1,...,Xn) be a random vector such that Probability (X € C) = 1.
Assume also E (|X]), E(|f(X)]) < oo, E stands for the expectation. Then
EX e, and

f(EX) < Ef (X). (17)
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We would use Jense’s diamond-«a inequality

Theorem 2 ([14], Jensen’s inequality with multiple variables). Tet T a time
scale, S C R™ open and convezx, a,b € T and f S — R a continuous convex
function. Let h,g1,...,gn € C(T,R) such that f |h ()| Cat > 0 and g1 ([a, b]) x

.. X gn ([a,b]) C S. Then

f<f (1) g1 (t) Out mflh ) gn (t ) JPIR @I f (91 (2. 90 (1) Qal
h®at VIR |<>a B J2 1R ()] Qat

(18)

Remark 3 i) By [9] and [17] we conclude that the multivariate Jensen’s in-
equality is valid for the delta-A and nabla-V Lebesgue integrable functions and
measures, respectively.

ii) Let ® : R} — R, we call it increasing per coordinate, iff whenever x; < y;,
i=1,...,n; x5,y € Ry, then ®(x1,....20) < P (Y1,...,Yn) -

In [5], we proved that if ® : R} — R is convex and increasing per coordinate,
then ® s continuous.

We can extend ® to ® : R™ — R and still be convez, by defining

D (x1, .00, Tjy ooy Ty) 1= P (21, ey =T, oo, i) (19)

for any z; <0, j € {1,...,n}, see Lemma 10.
Hence we can apply Jensen’s inequality using ® on R™. It is well known,
that a convex function on an open and convexr subset of R™ is continuous.

We further need

Theorem 4 (Holder’s Inequality, see [16]) For continuous functions f, g : [a,bly —
R, we have:

b b % b %
/ If(t)g(t)|<>at<l/ If(t)lpOat] [/ |g<t>|q<>at] SEY

where p > 1, and q = %1.

‘We obtain

Theorem 5 (Generalization of Hc')'lder’s inequality) Let f; € C ([a,b]y,R), ¢ =
1,..,n, and p; > 1 such that > -, = =1. Then

1

/H|fz <>at<H</ i (¢ |”‘<>a> . (21)
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Proof. Using (20) and induction hypothesis, exactly as in [31]. =

Comment 6 By Tietze’s extension theorem of General Topology we easily de-
rive that a continuous function f of [[;—, ([ai,b;] N'T;) (where T;, i =1,...,n €
N are time scales) is bounded, since its continuous extension F on [[;_; [a;,b;] C
R™ is bounded, n € N.

Comment 7 [t is regarding the univariate functions. Based on [17] we see that
the Cauchy Time scales delta A and nabla V integrals are equal to definite Rie-
mann Time Scales A, V integrals, respectively. Thus, the diamond-a-Cauchy
integral (14) is a diamond a-Riemann integral over continuous functions. Of
course the last integral exists, since continuous functions are Riemann A and
V-integrable, and it is equal to the corresponding a-Lebesgue integral, by [17].

In particular the dominated and bounded convergence theorems hold true with
respect to the Lebesgue-A, V measures.

Comment 8 Let Ty, Ty be time scales and f : [a,b]y X [c,d]y, — R be con-
tinuous. By [9] and [10] we get that f is Riemann A and V-integrable over
[a,b)T, % [c,d)r, and (a,b]r, X (c,d]|1,, respectively. Hence by [9], [10], [ is
Lebesgue A and V-integrable there.

Thus by Fubini’s theorem we get

/ab </cdf(a:,y)Ay> Am/cd (/abf(a:,y)Ax> Ay, (22)
/ab </cdf(z,y) Vy) V;g/cd (/a f(z,y) Vz) Vy. (23)
We define (o € [0,1])
A (/Cdf(x,y)oay) Sut =

a/ab </Cdf(x,y)Ay> Aa:Jr(la)/ab (/jf(x,y)Vy) Vz. (24)

One can generalize (24) for multiple integrals.
So for f continuous we get the {.-Fubini’s theorem main property:

/ab ([‘f(x,y) <>ay> Oal = /Cd (/abf(x’y) <>a3;> Say. (25)

‘We make

and
b
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Remark 9 Let Ty, Ty be time scales and f : [a,bly X [c,d], — R be continu-

ous. Consider p
x):/ f(z,y) Cay

d d
:a/ f(x,y>Ay+<1—a>/ f (@) Ty, (26)

a€[0,1],V z € [a,b],

We prove that g is continuous on [a,b}Tl. Let z,, — x, where {x, nen,
x € [a,bly, then f(xn,y) — f(x,y), asn — oo, ¥V y € [¢,d]y,. Furthermore
there exists M > 0 such that | f (zn,y)|, |f (z,y)| < M,V y € [c,d]y,. Hence by
Lebesgue’s bounded convergence theorem ([9]) we get that

d
lim [ f(2ny Ayf/ £ (@,y) Ay, (27)
and
i [ ey Vy—/ f o)V (28)

Combining (27) and (28) we obtain g(x,) — g(x), as n — oo, proving the
continuity of g.

For completeness we give

Lemma 10 Let @ : R} — R increasing per coordinate and conver. We extend
® on R™ by defining ® (z1,..., x5, ...,2n) = O (T1,..., =2}, ..., Tpn), for any z; <
0, j €{1,...,n}. Then ® is convex on R".

Proof. Let 0 < A <1, (z1,....,@n), (Y1, .-, Yn) € R™. Then we observe that

QA (@1, ey @) + (L= A) (Y15 00sYn)) =
O (Azy + (1= N y1, s Az + (1= N yp) =
O (A1 + (1= N)yals ooy [Azp + (1= A) ]) <
O (Afaa] + (1= A) [yl o Aan + (1 =N [yn]) =
A (1], s [znl) + (L= 2) (s s lyal]) <
AP (1], es [wnl) + (L= X) @ (g -.s lynl) =
AD (21, ey ) + (1= A) @ (Y1, ) »

proving the claim. m
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General Notation 11 Let (21, %1, 1) and (Qa, Xa, uy) be measure spaces with
positive o-finite measures, and let k : 1 X Qs — R be a nonnegative measurable
function, k (x,-) measurable on Qs and

K (2) = / E(e)dus (), =€ (20)

We suppose that K (x) > 0 a.e. on Qq, and by a weight function u (shortly: a
weight), we mean a nonnegative measurable function on the actual set. Let the
measurable functions g; : Q1 — R, ¢ = 1,...,n, with the representation

g (z) = / B (e, y) fi () das () (30)

where f; : Qo — R are measurable functions, i =1, ...,n. _
Denote by @ = x := (21, ...,7,) ER™, g 1= (g1,..,gn) and f := (f1, ..., fn)-

We consider here ® : R} — R a convex function, which is increasing per
coordinate.

Example 12 (for ®).
1) Given g; is convex and increasing on Ry, then @ (z1, ..., xyn) := Y i i (@)
is conver on RY, and infreasing per coordinate; the same properties hold for:
2) lzll, = iz 2f)" . p =1,

9 llelloe = oo i

4) Y as
6) 211:1 23‘21 ‘T?a
7) I (32 ™),

8) let gj are convex and increasing per coordinate on R’} , then so is ijl 9 (®)

and so is In (27:1 egi(g”)), z € R%.

General Notation 13 From now on we may write

7@ = / k(e 9) T () dus (4) (31)
Q2
which means
(91 () o g (2)) = ( [ K@) B ) iy ) [ (0) ) <y>).
2 2 (32)

Similarly, we may write
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and we would mean
(lgl (.’E)‘ IERL) ‘gn (.%‘)D =

< sz(ac,y) fr() dps (y)] 5 s ‘/ﬂzk(g:,y) Fo (y) iy (y)D e

We also can write that

F@I< [ ke [T 0w, (3)

and we mean the fact that

l9: (2)] < /Q k(2,9) 1f: () dpis (). (36)

for alli=1,....n. Similarly for other properties.

General Notation 14 Nezt let (Q1, 31, 1) and (22, Xa, pt5) be measure spaces
with positive o-finite measures, and let k;j : €1 x €3 — R be a nonnegative
measurable function, k; (x,-) measurable on Qs and

K (z) = /Q by (2,y)dps (), 2 € Q1) =1, (37)

We suppose that K; (z) > 0 a.e. on Q.
Let the measurable functions g;; : {11 — R with the representation

gji (z) = A ki (z,y) fii (y) dps (y) 5 (38)

where fj; : Q12 — R are measurable functions, i =1,....,n and j =1,...,m.

Denote the function vectors g; := (gj1,gj2, - gjn) and E) = (fi1, - fin),
=1 .. m._

We say f; is integrable with respect to measure i, iff all f;; are integrable
with respect to .

We consider here ®; : Rt — Ry, j = 1,...,m, convex functions that are
increasing per coordinate.

Again u is a weight function on Q.

2 Main Results

We present vectorial inequalities on <.~ integral operators.

Theorem 15 Let Ty, Ty be time scales, a,b € Ty; ¢,d € To; k(z,y) is a
kernel function with x € [a,bly , y € [c,d]y,; k is continuous function from
[a,b]p, X [¢,d]y, into Ry. Consider

d
K (2) ::/ B(2y) Qo V2 € [0,bly - (39)
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We assume that K (x) > 0,V z € [a,bly . Consider f; : [c,d]y, — R continuous,
and the o -integral operator function

d
gi (z) == / k(2,9) fi (4) av. (40)

N
Vo € [a7b]’]1‘1 ) 1= 17"3”' Let 7 = (g17"'7gn)7 f = (fla ?fn) .
Consider also the weight function

u:fa, bl — Ry, (41)

which is continuous.
Define further the function

_ [Tul@)k(z,y)
v(y) == /a K @) ot (42)

Vy€ledr, .
Let I denote any of (0,00)" or [0,00)", and ® : I — R be a conver and
increasing per coordinate function. In particular we assume that

fil (fe,dly,) €1, i=1,...,n. (43)

Then

/abu(:r)i) (};(&)) O < /Cdv(y)fﬁ (!@D Oay. (44)

Proof. We see that
b g(—;pj b

/au(m)@(‘K(x)‘><>ax:/au(w)@(KI(x) )Oaa:

(45)

S/abu(x)q) <Ktx)/cdk(x,y)‘JTy))’<>ay> Qo

(by generalized Jensen’s inequality, see Theorem 2 and Comment 7)

</ab e </cdk(x7y)<1>(\@\)<>ay> Oat

o (/qu’(‘m) M) Ous (16)

- /cd </ab W@ (‘ny))D an> Suy

10

d —
/ k(2 9) T (0)0ay

(by (25))
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- [ ([ M) o= [ote (7))

(47)
proving the claim. m
We continue with

Theorem 16 All as in Theorem 15, however now ® is not necessarily increas-
ing per coordinate and only from (0,00)" into R. Additionaly we assume that
each f; is of fixed strict sign, it =1,...,n. Then

/{lbu(z)q) ‘Ii((z))’ Oazﬁ/cdv(y)fb("ﬁy))‘) Oay. (48)
Proof. We notice that

e -

d —
/ k(z,y) f(y)0ay

d
— [ b [f6)] 0w o)
Therefore we have

b m b
/au(z)fl) ‘K(x)‘ Oazz/au(z)CD(I(l(gc) )Oa:/n

- [w@o (gl [ Wllon)oun o

c

d —
/ k(z,y) f(y)0ay

The rest follows as in the proof of Theorem 15.

Corollary 17 (to Theorem 16) It holds

/abu(x)éln ('?ég))') Qa2 /cdv(y) élnﬂfi W) Cay.  (51)

Proof. Apply (48) for ® (z) = — > ", Inz;, which a convex function with
domain (0,00)". =

Corollary 18 (to Theorem 15) It holds

b L PRe d ‘
/ u(m)ZeKm Oamg/ v(y)Zelf’(y”(}ay. (52)

11
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Notation 19 Let Ty, Ty be time scales, a,b € Ty; ¢,d € Ta; kj(x,y) is a
kernel function with x € [a,bly , y € [c,d]p,; kj is continuous function from
[a,blp, X [e,d]y, into Ry for j=1,..,m € N. Consider

d
K5 @)= [y (o) Gae ¥ € by, (53
ij=1..m
We assume that K;(z) > 0,V = € [a,b]y , j = 1,....,m. Consider fj; :
[c,d]y, — R continuous, i = 1,...,n, and j = 1,..,m, and the {q-integral

operator function .
5 @)= [ 5 .9) F5: () G (54)

Vaelaby,i=1.,nj=1,.,m
Denote the function vectors g; = (gj1, ..., gjn) and f; = (fi1, 0 fin), J =
1,...,m.

Consider also the weight function
w:fa,bly, — Ry, (55)

which is continuous.
Define further the function

Pu@) L K (2,y) )
)\m(y).f/a T K @ ot (56)

Yy € e, d]T2

Here @; : R} — Ry, 7 =1,...,m, are convex and increasing per coordinate
functions.

We give

Theorem 20 All as in Notation 19. Let p € {1,...,m} be fized. Then

\ga \

/ u(x) ﬁ Oax < (57)
a j=1

Lo (75 euo | ([ (5) 0020
Jsép

12
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Proof. We demonstrate the proof for m = 3. For general m it follows
the same way. Here we use the multivariate Jensen’s inequality, see Theorem 2
and Comment 7, {,-Fubini’s theorem, see (25), and that ®; are increasing per

coordinate.
We have

)Oawé

<>ay> Qax <

d
( [ k) T wou
b . 4 -
/a u (z) H<I>j (Kj @ /C k; (x,y) ‘fj ()
. (Kjl(x) /Cd ki (o,9) @5 (|5 W) <>ay> Oatt =

/b 3U(a:) (ﬁ dkj(ar,y)@j (’fj—(yj‘)oay) ot =

(calling 6 (z) == =) )

13
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[ (50 (/abe)(a:) ks (2,9) H/dk ()@ (|75 ) oay) oax) Out =

(60)

ko (z,y) @2 (‘f2 y)D <>ay) Oaw} Qay =

[w(@@)[[ ([ emenseon(@w) o
{/cd b () @1 (|1 ] an} <>ay) oax] oy =

(/‘I’ (\m\)%y> [/ (/ij)kz (o) ks ) s ([T )
{['sse s (757 oo} ) 0] -

(/‘I’ (\fs_@\)%ﬁ [/ (/bwm (e ks () s (|7 )
{/cdkl v) @ (| 6] an} )M] - (62)

(/cdcpg(\fs(y Dm) l "o, (|76 </b9 o) e o)
</ b (@) @1 (|72 0)]) 0 y)o ) oay]

([ s zwe) [ [ o (7D [ ([ oo

} 0a

o0 (76 028) e 0] -

(/Cd oy (’f3 (y)’) <>ay> (/ o, (’f2 (y)D Qay> .

3
% e

Jj=1

14
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(/ab (/Cde(x)f[kj (z,y) P4 (‘Jcl—(ZJSD Qay) Oax) = (63)
3 4 .
(‘_ /c ®; (‘fj (y))) an) :

(/Cd (ng(x)f[kj (z,y) Dy (‘m‘) an) an) _
(ﬁ /qu)ﬂ ‘f] Qay) :

(/@1 ’fl )(/9 ﬁ a:yoa)oay):

(H/ (|75 @) Qay) (/cd‘l’l (| @) x (y)<>ay>7 (64)

proving the claim. m

Corollary 21 (to Theorem 20) It holds

/ @ ] (i;y;s:;') Gutt < (65)
a j=1 \i=1

ﬁ/dielfjxy)%y (/ (Z lfpl(y)) )<>ay>
J#p =

Proof. Apply ®; (z) =>"" €%, 2;>0,forall j=1,...,m. m
We continue with

Theorem 22 All as in Theorem 20, but now ®; : (0,00)" - Ry, j=1,..,m
are convex and not necessarily increasing per coordinate. Furthermore all fj;,
i=1,...n,j=1,...,m, are of fized strict sign. Then (57) is valid.

Proof. Similar to Theorem 16, and Theorem 20. =
We give the following application:

15
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Corollary 23 All as in Theorem 22, with ®; () ==Y 1 Inz;, j=1,...,m€

N. It holds
(—1)™ / H (Zl ('gﬂ ‘fc )) Gat < (66)

m d n d n
H / > (15 D) Gt (/ (Zlnﬂfpi(ym) Am<y><>ay>.
J#p = ’ =

Proof. By (57). =
We continue with

Theorem 24 All as in Notation 19. Define

b kj(x
ww = [ u %o (67)
Vyeledy,, j=1,. mEN.
Letp; >1:37", —_ =1. Then
b m m
[ w1l 5 (x)‘ Gz < )
a =1 J

1

{1 ([ e, (767" )

Proof. Notice that ®;, j = 1,...,m, are continuous functions. Here we use
the generalized Holder’s inequality, see Theorem 5. We have

/bu(x)ﬁq) g]—(x)}‘ Wl =
f /buu)@j ‘;:jgj o) <

(notice here that @?j , 7 = 1,...,m, are convex, increasing per coordinate and
continuous, non-negative functions, and by Theorem 15 we get)

1

m d ¥
11 (/ u; (y) @5 (15 ())” <>ay> : (70)

j=1

16
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proving the claim. m
We also give

Theorem 25 All as in Theorem 24, but now ®; : (0,00)" - Ry, j=1,...,m,
are convex and not necessarily increasing per coordinate. Furthermore all fj;,
j=1,...,m,i=1,..,n, are each of fized strict sign. Then (68) is valid.

Proof. Similar to Theorem 24, and by using Theorem 16. m

Corollary 26 (to Theorem 24) It holds

b gy (2)
[ @]l ‘K” (x)’ ot < (71)
a j=1 J »
m d »; 57
I1 ( [ w56 <>ay> .
j=1 \e
Proof. Apply (68) for ®; (z) = ||z|, ,z; >0,i=1,..,n,j=1,...,m. =

Corollary 27 (to Theorem 24) It holds

b mo g
[ w1l (Ze'ﬁ*“) Gut < (72
a j=1 1

1=

m d n Pj p%j
H(/ w; () (Zefﬁwn) <>ay> .

Proof. Apply (68) for ®;(z) = > 1" e, z; > 0,4 = 1,..,nfor all j =
1,....m. m
We need

Definition 28 (/3/) Let T be a time scale. Consider the coordinate wise rd-
continuous functions hy : T x T — R, a > 0, such that ho (t,s) = 1,

B (£, 5) = / he (7,5) AT, (73)

Vs, teT .
When T =R, then o (t) = t, we define

=5 >0 (74)

ha (t,S) = m, =

17
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When T =17, theno (t) =t+1,t € Z, and

(t—s)®)

hip (t,8) = ——

YV ke No =NuU {0}, (75)

YVt s€Z, where t(O =1, tth) = Hi:ol (t — 1) for k € N. Also it holds

b b—1
/f(t)At:Zf(t), a<b; abel. (76)
a t=a

‘We need

Definition 29 (/3/) For o > 1 we define the time scale A-Riemann-Liouville
type fractional integral (a,b € T)

¢
Kef (0= [ hoot (b0 (1)1 (1) A7, ()
(by [11] is an integral on [a,t) NT)
Kgf - f7
where f € Ly ([a,b) N'T) (Lebesgue A-integrable functions on [a,b) N'T, see [17],
(9], [10]), t € [a,b] N'T.

Notice KL f (t) = f(: f(7) AT is absolutely continuous in t € [a,b] N'T, see

[11].

Lemma 30 ([3]) Let o > 1, f € Ly ([a,b) N'T). If additionally ho—1 (s,0 (1))
is Lebesque A-measurable on (Ja,b) N'T)?, then K2feLi([a,b)nT).

‘We need

Definition 31 (/3]) Assume T time scale such that T* = T.

Let p >2:m—-1<p<meN, e m=[u]| (ceiling of the number),
v=m-pu 0<v<1).

Here we take f € C™ ([a,b] N'T). Clearly here ([17]) 2" is a Lebesgue
A-integrable function. Assume hy (s, o (t)) is continuous on ([a,b] N'T)*.

We define the delta fractional derivative on time scale T of order p— 1 as
follows:

M@ = (KIPA7) 0 = [ hoto () £27 () Ar, (1)
VitelabNT.

Notice here that A4 f € C([a,b)N'T) by a simple argument using domi-
nated convergence theorem in Lebesgue A-sense.

18
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If w =m, then v =0 and by (78) we get
AT () = Ko AT (0 = 127 (). (79)

More generally, by [11], given that fAm*1 is everywhere finite and absolutely
continuous on [a,b] N'T, then f2" exists A-a.e. and is Lebesgue A-integrable
on la,t)NT, ¥Vt €la,b NT and one can plug it into (78).

‘We need

Definition 32 ([4]) Consider the coordinate wise ld-continuous functions hq :
TxT—R, a>0, such that hg (t,s) =1,

t
hat1 (t,8) = / he (1,8) VT, (80)

Vs, teT .
~ k
In the case of T = R; then p(t) = t, and hy (t,s) = %, k € Ny, and
define

~ (t—s)”

he (t,8) := a>0. (81)

I'(a+1)’ -

LetT =7, then p(t) = t—1,t € Z. Definet® :=1,tF ==t (¢ +1) ... (t + k — 1),
k € N, and by (80) we have he (t,s) = (tfk!s)?, s,t€7Z, keNy.

Here fti VT = Z:O“’l .

‘We need

Definition 33 (/4]) For a > 1 we define the time scale V-Riemann-Liouville
type fractional integral (a,b € T)

J2£ O = [ Bact (6 (1) £ (1) V7, (52)
(by [11] the last integral is on (a,t]NT)

Jaf (&)= f(t),

where f € L1 ((a,b] NT) (Lebesgue V-integrable functions on (a,b] N'T, see [9],
[10], [17]), t € [a,b] N'T.
Notice J1f (t) = f(: f () VT is absolutely continuous in t € [a,b] N'T, see

[11].

Lemma 34 ([4]) Let o > 1, f € Ly ((a,b] N'T). If additionally he_1 (s, p(t))
is Lebesque V-measurable on ((a,b] N'T)?, then J*f € Ly ((a,b] N'T).

We also need

19
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Definition 35 ([4]) Assume T =T.

Let u > 2 such that m —1 < p < m €N, i.e. m = [ul, vV =m-—p
O<v<1).

Let f € O ([a,b] N'T). Clearly here ([17]) ¥ is a Lebesgue V-integrable
function. Assume hy (s, p(t)) is continuous on ([a,b] N'T)>.

We define the nabla fractional derivative on time scale T of order  — 1 as
follows:

t

Vi 0 = (BT 0 = [l ) T v (53)

Vitéela,bNT.

Notice here that V*,'f € C([a,b]N'T) by a simple argument using domi-
nated convergence theorem in Lebesgue V-sense.

If p =m, then v =0 and by (83) we get

vt ) =Y @) = (). (84)

More generally, by [11], given that fvm_1 18 everywhere finite and absolutely
continuous on [a,b] N'T, then Y™ exists V-a.e. and is Lebesque V-integrable
on (a,t]NT, ¥Vt € [a,b]NT, and one can plug it into (83).

We present

Theorem 36 Let T be a time scale, and a,b € T, a < b, with o (a) = a. Let
a>1, hy asin (73), and K& f; as in (77), where f; € L1 ([a,b)NT),i=1,...,n.
Assume further that he_1 (s, o (t)) is Lebesgue A-measurable on ([a,b) N'T)>.

Let f o= (fiyo fo), KOf i= (KO f1, .. KOF).
Call

b
K () 1=/ X(a,e) () [ha—1 (z, 0 (y))] Ay (85)

— /T |ha—1 (2,0 (y))| Ay,

V @ € ([a,b] N'T), where X(,4) (y) is the characteristic function on [a,x) N'T.
Assume that K* (x) > 0 (delta) Lebesgue measure A-a.e. inx € ([a, b)) NT).
Consider also the weight function

u: ([a,0)NT) — Ry, (86)
which is (delta) Lebesgue A-measurable. Assume that the function

. u ()
K* (x)

z X[a,z) (y) ‘hoé,1 ((L’,U (y))|

is A-integrable on ([a,b) N'T) for each fized y € ([a,b) N'T).
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Define v* on ([a,b) NT) by

b
VW)= [ X 0o o ) Az <. (87)

Let ® : R} — R be a convexr and increasing per coordinate function. Then

[ron (B ars [ oo @) oo

under the further assumptions:
N —

(i) F.o(|7

z € ([a,b)N'T),
72,
(i) v* P (‘ f ’) is A-Lebesque integrable.

) are both X(q ») (Y) |ha—1 (z,0 (y))| Ay-integrable, A-a.e. in

Proof. By [5], ® is continuous on Ry . Here we use the multivariate Jensen’s
inequality, Tonelli’s theorem and Fubini’s theorem, all on Time Scales setting.
Also we use that ® is convex and increasing per coordinate. We extend ® ()
on R", see Lemma 10, so we can apply multivariate Jensen’s inequality.

Next we have

b
K3 fi (w)Z/ Xa,2) (U) ha1(z,0(y)) fi (y) Ay, ¥V x € [a,b]NT,

and
b
K (2)] < / Yoy ) a1 (2.0 @) 1f: )| Ay, i = 1,0,
We see that
/bu(x)‘1> M Az <
a K*(z) B

/ (@) (xl@) / o) ) s (2,0 )17 Ay> Ax <

(by multivariate Jensen’s inequality)

/ b ;;ffi) ( / o) 0 a1 . )] (|7 Ay> Az =

/ab </b Ig*(fi)x[a,w) () lhat (2.0 )@ (| £ W) A;,) Az —
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(by Fubini’s theorem)

/ab ( /: o ) 1o w0 )@ (|7 ) Am) Ay

[ (7O ([ 5 v 0o (i) o~

[ (76 v o,

completing the proof of the theorem. m

The counterpart of last result follows:

Theorem 37 Let T be a time scale, and a,b € T—{minT}, a < b, with p(a) =
a. Let a > 1, ﬁ_% as in (80), andiffi as in (82), where f; € Ly ((a,b)N'T),
i=1,.,n. Let f :=(f1,e, fn), JOF = (S f1, oy IO fn) . Assume further that
ha1 (s,p(t)) is Lebesgue V-measurable on ((a,b] NT)>.

Call

~

ha—1(z,p (y))‘ Vy (89)

b
K. (z) == / Xase) (¥)

— [ [fas oot 9

V€ ([a,b]NT). Assume that K, (x) > 0 (nabla) Lebesgue measure V-a.e. in
z € ([a,0]NT).
Consider also the weight function

w: ((a,b]NT) — Ry, (90)

which is (nabla) Lebesgue V-measurable.
Assume that the function

r— Ilé]f(l;c))X[a,w) (y)

a1 (x,p(y))(

is V-integrable on ((a,b]NT) for each fized y € ((a,b]N'T).
Define v on ((a, 0] N'T) by

o~

ha-t (2,0 ()| Vi < o0. (91)

b w(x
vi (y) = /a K*((QZ)) Xla,z) (y)

Let ® : R} — R be a convex and increasing per coordinate function. Then

/abw(x)q) m Vx</lbv*(m)¢(‘m‘)Vx, (92)
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under the further assumptions:
— — ~
(i) f,® (‘ f D are both X4 ) (Y) |ha—1 (2, p (y))| Vy-integrable, V-a.e. in
€ ((a,0]NT),
-
(ii) v, P (’ f D is V-Lebesqgue integrable.

Proof. Similar to the proof of Theorem 36. m
We continue with

Theorem 38 Let T be a time scale, and a,b € T, a < b, with o (a) = a. Let a >
1, ha asin (78), and K§ fj; asin (77), where fj; € L1 ([a,0)NT),j=1,..,m €

y e y [0 [ (0%
N7 1 = 1 ,n € N. Let f] = (.fjla' 7]]77,)7 Kafj = (Ka fjla"'aKafjn)7
1,...,m. Assume further that he—1 (s,0(t)) is Lebesgue A-measurable on

Jj=
([,b) N'T)?. Call

b
K () 1=/ X(a,e) () [ha—1 (z, 0 (y))] Ay (93)

Vz e ([a,b)NT). Assume that K* (z) > 0, A-a.e. inz € ([a,b]NT).
Here the weight function

u: ([a,0)NT) — Ry,

18 Lebesgque A-measurable. Assume that the function

o= wle)xju ) (P SO

is Lebesque A-integrable on ([a,b) N'T) for each fized y € ([a,b) N'T).
Define v}, on ([a,b) N'T) by

b xr,o m
@)= [ 0@ o) (P ST Ao o)

Let @; : R — Ry, j = 1,...,m, are conver and increasing per coordinate
functions.
Then
o (K @)
Q| ———— | Ax < 95
Lzmmllg ey | A< (95)

11 o (50 o) ([ o (0 5 09),

under the further assumptions:
(i) f;, ; (‘f;‘) are both X(q ) (¥) |ha—1 (z,0 (y))| Ay-integrable, A-a.e. in
€ ([a,b) N T) =1,..,m, and
(i) vk, P4 (‘fl’), <I>2 (‘ED , O3 (‘f;)) sy Do (‘f_)m‘) , are all A-Lebesgue

integrable.
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Proof. As in [5], and Theorem 20 here. m
The counterpart of last result follows

Theorem 39 Let T be a time scale, and a,b € T — {minT}, a < b, with
pla) = a. Let « > 1, he as in (80), and J$ fji as in (82), where f;; €
Li ((a,0]NT), forj =1,..,meN,i=1,..,n € N. Let ?j = (fi1s fin) s
‘?f; = (J&fis s IO fjn), § = 1,...,m. Assume further that ha_1 (s,p (1)) is
Lebesque V-measurable on ((a,b] N'T)%. Call

o~

b
K, () = / Xaw) @) [Far (@0 ()| 7y (96)

Vz € ([a,b) NT). Assume that K, (x) >0, V-a.e. inx € ([a,b]NT).
Here the weight function

w: ((a,b]NT) — Ry,

is Lebesgue V-measurable. Assume that the function

m

ha1 (2, (y))

T — W () X[a,2) (¥) K, (z)

is Lebesgue V-integrable on ((a,b] N'T) for each fized y € ((a,b] N'T).
Define vy, on ((a,b] N'T) by

~ m

b ’ha—l (wap(y))
e )= [ 0@ o ) | e | Va<oe. o7
Let ®; : R? — Ry, j = 1,...,m, are convex and increasing per coordinate
functions.
Then
vom (e )]
A w (I’)jznl ¢J T(:L‘) Vz S (98)

1/ (56 ) ([ o (753 055).

under the further assumptions:
= —
(i) [ ®; (‘f]’) are both X(q . (v)
z € ((a,0]NT), j=1,..,m, and
— — —
(1) Vs P ()fl ), o2 (‘ED , @3 <‘f3‘) e, @y (‘fm‘) , are all V-Lebesgue

integrable.

ha_1 (z,p (y))‘ Vy-integrable, V-a.e. in
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Proof. As in [5], and Theorem 20 here. m
We continue with

Theorem 40 Let T be a time scale, and a,b € T, a < b, witho (a) = a. Leta >
1, ho asin (78), and K¢ fj; as in (77), where f;; € L1 ([a,0) NT), j=1,....,m €

y e « (0% o
N, i=1..n €N Let f; = (fir, fin), Kgfi = (Kgfjr, -, KG fin),
1,...,m. Assume further that he—1 (s,0(t)) is Lebesgue A-measurable on

Jj=
([a,b) N T). Call

K" (@)= [ Xy ) o (2.0 1) Ay (99)

Vz e ([a,b)NT). Assume that K* (z) > 0, A-a.e. inz € ([a,b]NT).
Here the weight function

u: ([a,0)NT) - Ry,

is Lebesgue A-measurable. Assume that the function

2= wl0)xju ) (P TN

is Lebesgue A-integrable on ([a,b) N'T) for each fixzed y € ([a,b) N'T).
Define v* on ([a,b) NT) by

b
u (x)
)= /a mx[a,x) (¥) |ha=1 (z,0 (y))| Az < oo. (100)
Let p; > 1 Zj 1 p = 1. Let the functions ®; : R — Ry, j =1,. be
convex and increasing per coordinate.
Then
—_—
b m o ‘Kg‘fj (%)‘ Ap < o
/a u (l’) jl;[l 7 W z < ( )

I v we (70i)"s)

under the further assumptions:

(i) 7;"1)]‘ (’—?Dpj are both X ) (Y) |ha—1 (z,0 (y))| Ay-integrable, A-a.e.
inx € ([a,b)NT), for all j=1,....m, and

(i1) v*®; (’f] D " is A- Lebesgue integrable, j = 1,...,m

Proof. As in [7], and Theorem 24 here. m
The counterpart of last result follows.
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Theorem 41 Let T be a time scale, and a,b € T — {minT}, a < b, with
p(a) = a. Let « > 1, hy as in (80), and J& fii as in (82), where fj; €
Li((@bNT), i =1,...n €N, j = 1,..m € N. Let f; = (fj1,.r fin)
‘Kfj = (J&fity s I& fin)s § = 1,...,m. Assume further that ha—1 (s,p(t)) is
Lebesgue V-measurable on ((a,b) N'T)?. Call

o~

b
K. (z) = / Ny @) [Fracs (2,0 ()| V. (102)

Vz € ([a,b) NT). Assume that K, (x) >0, V-a.e. inx € ([a,b]NT).
Here the weight function

w: ((a,b]NT) — Ry,
is Lebesgue V-measurable. Assume that the function

’ﬁa_l (2,0 (y))
xr — w (CC> X[a,z) (y> W

is Lebesgue V-integrable on ((a,b] NT) for each fized y € ((a,b]N'T).
Define v, on ((a,b] N'T) by

o~

&y Xime) @) [t o @) Vo <o (103)
Let pj > 1: ZJ 1 p = 1. Let the functions ®; : R} — Ry, j = 1,. , be
convez and increasing per coordinate.
Then
«
(] f;( )]
/ v [ @) Vi < (104)

J=1

[ 0, (E0]) 5]

under the further assumptions:
N — |\ Pi -~
0 7,0, (7)) o 1o 0y 0) e
inz € ((a,bNT), forallj=1,...,m, and
(ii) v P (‘f] ’) " is V- Lebesgue integrable, j =1,....,m

1(z,p (y))‘ Vy-integrable, V-a.e.

Proof. As in [7], and Theorem 24 here. m
We give
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Corollary 42 (to Theorem 38) It holds

b m " IES s
/ u(x) H ( e K@ > Az < (105)
i=1

a j=1

f[z/abiefﬁ(y)lAy (/a (Z Ifu(y)|> )Ay>

under tie assumptions:
() fi i, elfii®l are X(a,e) (V) [ha—1 (z,0 (y))| Ay-integrable, A-a.c. in
€ ([a,b)NT), j=1,...,m, and
(i) v}, (le e‘fli(y)‘), S elliWl 5 =9 . m, are all A-integrable.

7

Corollary 43 (to Theorem /1) It holds

oIS

/ 1;[ (Ze Ko (2) ) Vi < (106)

1

m n Pj Pj

H/U* (Zem(y)) vl
i=1

under the assumptions:
— . ~
(i) T, (50, elf @™ qre both Xja,e) ¥) [ha—
a.e. inx€ ((a,b]NT), forallj=1,..,m, and
(it) vi (y) iy e|f7’(y)‘)pJ is V- Lebesgue integrable, j = 1,.

1(z,p (y))‘ Vy-integrable, V-

We continue with

Theorem 44 Let T be a time scale, and a,b € T, a < b, with o(a) = a.
Let all as in Definition 31 and for f;; € C([a,b]NT), j = 1,....,ms € N,
—

i = 1,.,n € Ny hy as in (73). Let ;2" = (FA", . 1), AL f; =
(A fys s AT fjn ) G = 1, Call

b
Ky (z) = / Xiaur) () 1h5 (2,0 ()] Ay (107)

YV z € ([a,b) N'T). Assume that K (x) > 0, A-a.e. inz € ([a,b]N'T).
Here the weight function

u: ([a,0)NT) - Ry,
1s Lebesque A-measurable. Assume that the function

Tr — u(x) X[a}m) (y> <higl’ (0-33()2/))') *

27

73



ANASTASSIOU: VECTORIAL INTEGRAL OPERATOR INEQUALITIES ON TIME SCALES

is Lebesgue A-integrable on ([a,b) NT) for each fized y € ([a,b) N'T).
Define ¢,, on ([a,b)N'T) by

b Mo m.
o 0= [ 0@ o) (PHET) T ar <o 0y

Here @; : R — Ry, 7 = 1,...,m4, are conver and increasing per coordinate

functions.
Then
-1
v ow (MR
P Tl Azx< 1
Lu<x>g | e A s (109)

ﬁ[lb¢J<JZA—@))’) Ay (/ab‘IH ( MD Prn. (y)Ay>,

under the assumption that ¢, is A-Lebesgue integrable on ([a,b) N'T).

Proof. By Theorem 38. m
We also derive

Theorem 45 Let T be a time scale, and a,b € T—{min T}, a < b, with p(a) =
a. Let all as in Definition 35 and for f;; € Cl ([a,b]NT), j =1,...,m, € N,
i =1,.,n € N; hy as in (80). Let f;¥V" := (ﬁ Jeees jvn ), Vg;lfj =
(VA fits e VI fin), 5 =1, ..ym. Call

o~

b
K () ::/ Xa,2) (Y) |hw (x,p(y))‘Vy, (110)

Vz e ([a,bNT). Assume that K5 (x) > 0, V-a.e. inz € ([a,b] N'T).
Here the weight function

w: ((a,b]NT) — Ry,
1s Lebesgue V-measurable. Assume that the function

I (z, p (y))(
K2 (III)

r—w (LU) X[a,z) (y)
is Lebesgue V-integrable on ((a,b] N'T) for each fized y € ((a,b] N'T).
Define ¥ on ((a,b] N'T) by

~

hs (x,p(y))’Va: < 00. (111)

b
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Letp; >1: %" L — 1. Let the functions @, R} - Ry, j=1,...,m,, be

J=1 p;
convex and increasing per coordinate.
Then
—1
o (fEEE
w (T .| — |V < 112
/ @Il | (112)

1
Pj

f[l/abw(y)@j( )ijy :

under the assumption that ¢ is V-Lebesgue integrable on ((a,b)N'T).

7 )

Proof. By Theorem 41. m
We finish with

Remark 46 (to Theorem 15)
(i) Let Ty =R, T =7Z; 0 < a < 1. Then

/ab Daw = /ab da, (113)

and
d d-1 d
/ ~<>ay:az-+(l—a) Z .. (114)
c y=c y=c+1
Assume k : [a,b] x [c,d], — R4, a continuous function. So here
d—1 d
K@) =a) kxy)+1-a) > kzy) >0, (115)
y=c y=c+1

YV z € [a,b], and
fi+le,d];, — R, with

d—1 d
gi(@) =aY k(zy) fiy)+10—a) Y k(xy) fily),  (116)

y=c y=c+1

Vaé€lab,i=1,..n.
Here u : [a,b] — Ry continuous, and

_ [u@key)
v = [ Mo, (1)

Vye€led,.
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Let @ : R} — R convex and increasing per coordinate function. Then, by
(44), we obtain

b AP
/au(x)@ K@) dzx < (118)
a§v<y>¢()f<y>\)+<1—a> 3 v e (|7 w)])-
y=c y=c+1

(ii) Let Ty = Z, Ty = R. Then

b

b b—1
/ -anzozZ'-F(l—O‘) Z K (119)

r=a+1

/ "oy = / "y, (120)

Assume k : [a,b], x [c,d] — Ry, a continuous function. So here

and

d
K (z)= / k(x,y)dy >0, Vz € la,b],. (121)

Consider f; : [c,d] — R continuous and

d
gi(x) = / k(xz,y) fi (y)dy, Vz€lab],, i=1,..,n. (122)

Let u: [a,b], — Ry. Here it is

b
LOMED) ) 3 HEEED) gy

Vy€led.
Let @ : R} — R convex and increasing per coordinate function. Then, by

(44), we derive

o (@) b fgl
ad u(z)® R0 +(1-a) > u(x)® w0 < (124)

r=a

B
=
S—
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3 Appendix
We give

Proposition 47 Let t,,,t,7 € ([a,b]NT), T is time scale, and t, — t, then
X(a,tn) (T) = X[a,t) (T), delta Lebesgue measure A-a.e. in 7.

Proof. Indeed we have the cases:

A)t, <t

We distinguish the subcases:

Al)a <71 <t,, then X[a,tn) (1) = X[a,) (1) =1,

A2) t <7 <b, then X(q4,) (T) = X[,y (T) =0,

A3) t, <7 <t then [, (7) =0, but x4 4 (7) = 1, and convergence fails.

As n — oo, the delta Lebesgue measure up ([tn,t)) = (¢t —t,) — 0. Thus
X(a,tn) (T) = X[a,t) (T), A-a.e. in 7, when ¢, — t from the left.

B) t < t,.

We distinguish the subcases:

Bl) a <7 <t then X1y ,) (T) = Xja,0) (T) = 1,

B2) t,, <7 <b, then Xla,tn) (1) = X[a,t) (T) =0,

B3)t <7 <tp, then x(, ) (1) = 1, but x(, ) (7) = 0, and convergence fails.

Asn — o0, HA ([tv tn)) = (tn - t) — 0. Thus Xla,tn) (T) — Xla,t) (7)7 A-a.e.
in 7, when t,, — t from the right, proving the claim. =

Proposition 48 Let y,,y,x € ([a,b) N'T), T is time scale, such that y, — y,
asn — 00. Then Xy, v (¥) = Xy (¥), A-a.e. inx € [a,b)NT.

Proof. Indeed we have the cases:

A) Case of y,, <y, we distinguish the subcases:

Al) if a <@ < yp, then x(,, 4 (T) = X(yp) (@) =0,

A2) if y <z <b, then x(y, ») (¥) = X(yp) (¥) =1,

A3) if y, <z <y, then x(, 4 (¥) =1, but x(, ;) () = 0, and convergence
fails.

We observe that (see [17)) 0 < jia ((4,3]) = 0 (3) — 0 (ya) = y — 7 (4) <
Y — yn — 0, proving x(,, » () = X (¥), A-ae. inx € [a,b) NT, when
Yn — ¥y from the left.

B) Case of y < y,,, we distinguish the subcases:

Bl) if a <z <y, then x(,, 5 (T) = X(y) (z) =0,

B2) if y, <@ <b, then x(,, 1) (T) = X(yp) (¥) = 1,

B3) if y <z < yn, then x(y, 4 (z) = 0, but x(, 4 (z) = 1, and convergence
fails. But (by [17]) we have pa (4, yn]) = 0 (yn) —0(y) = o (yn) —y — 0,
since o is rd-continuous and y is a right dense point ([12]). So we proved that
X(yn,b) (T) = X(yp) (2), A-ae. in @ € [a,0) N'T, when y,, — y from the right.
That is proving the claim. m
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DIFFERENCE SCHEME FOR SOLUTION OF THE DIRICHLET’S
PROBLEM

GALINA MEHDIYEVA AND AYDIN ALIYEV

ABSTRACT. In present work for numerical solving Dirichlet’s problem for Lap-
lace’s equations, there is applied difference scheme of higher accuracy order,
allowing getting estimate of the error of order O(h*), only known data take
part in this estimate. And this, in its turn, allows applying computational
techniques to estimating the error and getting concrete error values.

Representation of difference problem (five-point scheme) solution for Lap-
lace’s equation on rectangle with aid of discrete analog of Fourier method,
suggested and grounded in [2], is the main tool for creating its solutions both
on whole net domain [4], [5], and on net segments [6], and what is more, not
only rectangular, but and on multistep domain as well. Besides, error estimates
(of second order regarding net step h), inferred in [2], are effective, i.e. depend
only on known quantities.

In works [4], [5], though representation of nine-point scheme solution is
used, but its convergence to solution of the differential problem is not grounded.

Effective estimates for nine-point scheme, not representing the solution by
Fourier method, are obtained in [7].

1. INTRODUCTION

Let us denote through IT a rectangle with vertices (0, 0), (1,0), (1,b), (0,b), where
b-rational number. Let I'-boundary of this rectangle.

We introduce net square by lines x = z; =ith, y=y; =jh (1=0,1,...,1/h,j
0,1,...,b/h), where 1/h and b/h — integer numbers. Let

I, ={(z,y) ;e =x; =ih,i=0,1,....,1/h,y =y; = jh, 7 =0,1,...,b/h},

and T'p- set of net knots, lying on I'. Let, further Ty, = {(z,y) : ® = ih,i =
1,..,n, y =0}

Consider Dirichlet’s problem

{ Ay =0 on II, (1.1)

u|1" = f7
where f — defined on I' and has fifth derivative on each side of T'.
Through Aju denote Laplace’s nine-point difference operator:

Apu=u(z+h,y+h)+ulz—hy+h)+ulz—hy—h)+ulx+hy—h)+
+4u(z + h,y) + u(z,y + h) + w(z — h,y) + u(z,y — h)] — 20u(z, y).
Through Q(z,y) denote special polynomial of fourth degree.
Q(z,y) = az12’y + azor® + a132y® + agsy® + azx’y+

Key words and phrases. Estimate error, Fourier method, difference scheme.
This research has been supported by the Science Development Foundation of Azerbaijan (EIF-
2011-1(3)).
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+arexy® + a112y + a20z® + agey® + a10z + ao1y + ago,

where

00 = (0,0), aos = £(0,5) = £.4,(0.6) = 24,00 = £(0,0),

1

1 1 1
apg = 5 ;/y(0,0), apg = @ yy(O,b) 6[) yy(O 0)

ato = £(1,0) = £ F2,(1,0) = 5 ££,(0,0) = F(0,0),
b
—ff”(l B) — 5 P (1,B) g F(1,0) + 2 1 (0,0) — o £, 0,5) = & 71, (1,b)+

1 b 1 b 1 1 1

1 1 1 1
a19 = 5 yy(l,O) — 6 yy(0,0),

asgp = 5 ;lz(o’o) az1 = ?b 11(0 b) - 2713 mm(o O) azp = g ;Iz(]'vo) - 6 ;/1(0’0)7
1 1 1
asy = @ glc,:r(lvb) 6b ;cx(l O) + bfglclac(()? ) 6b fl(o b)
2. REsULTS

It is easy to check that Q(z,y) is a harmonic function on the vertices of the
rectangle and the following conditions:

*Qp) _ 9*f(p) Q) _ &*f(p)

Q(p) - f(p)v a$2 - 8332 ’ ayQ - 8y2
If we replace boundary function f with ¢, = f—@Q, then we receive new problem,
for which the estimate error is the same as for our problem. As estimate of the
error can be represented in view of sum of four members, each, of which correspond
to boundary quantities, equal to zero, except for one of four sides of the rectangle.
Through ¢, denote assigned function on I'yp:

f-Q, y=0.
So, the following difference scheme is considered:
Ahuh =0 on Hh,
wy — { ¢ on Ty, (2.1)
0 on T\

It can be easily verified that the solutions of problems (1.1) and (2.1) are defined
accordingly by formulas

0, on vertixes II,
Ph =

u(z,y) = Z eng(y, nm) sinnrx, (2.2)
n=1
1/h
) =Y 7,9y, B,/h) sinnra, (2.3)
n=1
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where

1
Cn = 2/@h(t) sin ntdt,
0

1/h

24
Y = QhZ o, (rh) sinnwrh, (24)
r=1
_ sh(b—y)z
and (,, is defined from
sh% _ sinnhm /2

1- %sin2 nhm/2

The solution of difference scheme (2.1) will be taken as an approximate solution
to (1.1) at the nodal points. To evaluate the accuracy of the method, we first prove
some properties of v,,, C,, and g.

In order to estimate the approximate values of the Fourier coefficients C,,, we
integrate by parts five times in the right member of the formulas for C,, and obtain:

1 ., 1
t t
Co = 2 [ (7= Qsimnmtit =2 | (7 - Q) T 4 [Ty @yay
0
0 0
1 innmt|' 1 [ sinnrt
_ oo b 1oy SIARTE 7/81117171’ " O\t
nm (1 -Q) nwo|, nw nm (F7 =7
L 0
[ ik - t
cosnm cosnm
— ol_Lt(r_o " _ oM\t
mr(f @) nt o |, (n7r)3/ nm (f @)
L 0
[ innt | I [sinnrt
— 9 mo_ gy BT / SIMNTL (V) _ o(IV) gy
(n7r)3(f @) nt |, (nm)t nm (f @)
L 0
| 1 cosnat |! 1 /
— 9 _(mr)5(f(“/) — QU — 0+ ok / FY(t) cos nrtdt
L 0

= (D) = F )] +

(n)? (n

1
2
V)
7r)5/f (t) cos nrtdt.
0

It follows that
Cul < Kn™°, (2.5)

where 5 1
[ PE ]
Further, we note that ([5])
Y =Crn (n=1,2,...,1/n).
Then it is necessary to estimate the difference

lg(y, nm) — g(y, B, /N)|.
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The expression %” = arsh \/1_2;‘3(21};2 :im/g) can be expanded in a Taylor series in
powers of nhw/2, we obtain
5
where
_1 max [[V)(z)|, I(z)= arsh&.
5l o<a2g= 1— %sin2
Hence, given R < 1/30 that, we obtain:
18, — nhal| < (1’;’”;)05 (2.6)
Further
ag(ayz’ ?) = %shinz {(2b — y)shyz — ysh(2b — y)z} .
Given that sht/t is a non-decreasing function of ¢ > 0, we have:
(2b — y)shyz < ysh(2b — y)z.
Therefore,
% = gsh_szsh(Zb —y)z, z20,y=0. (2.7)

For this expression we use the obvious inequality
shkt < exp((k — 1)t)sht for 0 < k<1
and
sht > %(1 —exp(—2t1)) exp(t), t = t1 > 0.
We also need the inequality

%g%gx/ﬁm for 1<n<
The right-hand side of this inequality follows from the expression 3, /h, and the
left part can be proved as follows:

==

1
1< ———— < V3,
1 — Zsin® 2ix
h&:nhﬂ-Sii:ﬂﬂ 1 n;wrg:nh
2 2 nE 1-— %sin2 ”’2” &
and 3 L
nhr w
h=t < V3— < =V3
) 3 "2
Given that shz/z non-decreasing function, we have:
sh% o shlarshZ /3 _ V3 < §
% arshg\/g arshg\/g 2
Hence 3
B—” > fsh@ > —nh
2 2 2
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Taking this into account in (2.7), we obtain:

<o ()

0z )
(o (-2)) vetrn

\fnﬂ- 2%2%7%
1<n<1/h,
0<y<hb

exp(—2bz) exp(—yz)sh2bz <

for

Using (2.6) we obtain:

5
—2
9y, B /h) = g(y,nm)| < (L—exp (=%)) " yexp(—yz)h* 1(6 ;0
-2 n
= (1-exp (_%b)) 480yexp( : 5Y) noht,
Completing the preliminary observations by the inequality
0<g(y,z) <1, 0<y<bd

which is a consequence of the definition g(y, z).
Now we can evaluate |u — up|. We write, using (2.2) and (2.3)

Iu—UhI Ry + Ry,
1
Ry = Z lenl lg(y, nm) — g(y, B, /1),

n=1

Ry= > lealg(y,nm).
n=1+1/h

From (2.5) and (2.9)

In order to assess Rj, observe that by (2.5)
len| < Kn™>.

Using this and (2.8), we obtain

L _5 8b\\ > 7° dny\ 5.4
|Ri] < an::ln (1—exp<—3)> 480yexp< 3>nh
_ 1/h n
8b 2 4 4dny
= (e (-5)) i (o ()
5 8b\\ 4y -t
< K—yh*(1- —— —=]-1) .
o (oo (5)) (e (5) )
After 5
Y
< - for y >0,
(exp (F)—1) 4
we get
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So,

(1]

(8]
[9]

10

[11]

7° 8b\\° 4
— < R — _ .
u—up| <K 0,5+64O <1 exp( 3)) h
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ASYMPTOTIC DISTRIBUTION OF VECTOR VARIANCE
STANDARDIZED VARIABLE WITHOUT DUPLICATION

ERNA T. HERDIANI AND MAMAN A. DJAUHARI

ABSTRACT. Inrecent years, the use of vector variance standardized variables as
a measure of testing equality of correlation matrices has received much atten-
tion in wide range of statistics. This paper deals with a more economic measure
of testing equality of correlation matrices, defined as vector variance standard-
ized variables minus all duplication elements. For high dimensional data, this
will increase the computational efficiency almost fifty percent compared to the
original vector variance standardized variables. Its sampling distribution will
be investigated to make its applications possible.

1. INTRODUCTION

The stability of correlation matrix is one of the most important problems in eco-
nomic development and financial industry. We can see in the literature that, since
the last decade, that problem can be found in a wide spectrum of applications. Its
applications in property, real estate and asset businesses can be seen, for example,
in eichholtz (1995), Lee(1998), Cooka el al. (2002) and Fischer (2007). Other appli-
cations such as in equity market, global market and risk management are presented
by Meric and meric (1997), Tang (1998), Gande and Parsley (2002), Annaert et
al. (2003), Ragea (2003), Da costa et al. (2005) and Goetzmann et al. (2005),
Michelle et al. (2010). We can also find its application in parallel computation of
high dimensional robust correlation matrices in Chilson et al. (2006).

Hypothesis testing about the stability of correlation structure is one of the fun-
damental issues in multivariate analysis. It is usually realized based on likelihood
ratio test (LRT). See, for example, Box (1949), Lawley (1963), Kullback (1967),
Aitkins (1968), and Jennrich (1970). In this research area is to have a better un-
derstanding of the covariance matrix of sample correlation matrix. Several research
have been realized in this area. They were Browne and Shaphiro (1986) have initi-
ated to study the asymtotic behavior of the covariance matrix of sample correlation
coefficient. Its followed by Neudecker and wesselman (1990) and Neudecker (1996)
who have reported the asymtotic behavior of the covariance matrix of sample cor-
relation matrix. Its result used to testing the stability of correlation matrix when
sample correlation matrices are depence, Schott (2001, 2007).

In this paper, we consider the case where sample correlation are independent. In
this case, M statistic of Box (1949) and J-statistic of Jennrich (1970) used statisti-
cal test for testing the stability of correlation matrix. However, their application in
practice is not without limitations. M statistic as computation of matrix determi-
nant and J statistic involves matrix inversion. The former needs the condition that

Key words and phrases. Asymptotic distribution, correlation matrix, likelihood ratio test,
vector variance standardized variables, vector variance.
2010 AMS Math. Subject Classification. Primary 40A05, 40A25; Secondary 45G05.
1
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2 E.T. HERDIANI AND M.A. DJAUHARI

all sample correlation matrices are positive definite which is not always satisfied in
practice. This condition is not apt for high dimension data sets because its com-
putational efficiency becomes low. To handle this obstacles, Djauhari and Herdiani
(2010) proposed a new statistical test based on what we call vector variance of
standardized variables (VVSV).

The proposed test is constucted based on vector variance (VV). The role of
VV could be increasing the computational efficiency of fast minimum covariance
determinant (FMCD) algorithm, Herwindiati et al. (2007). Let P be the correlation
matrix of the population under studi. Vector Variance of Standardized Variable
(VVSV) is the trace of the squared correlation matrix population, i.e. VVSV =
Tr(P?) = |lvec(P)||? . Tt is the sum of square of all elements of P. The fact
that P is symmetric, it is no need to involve all elements of P. The element
of its upper (lower) triangular matrix are sufficient. This is what we want to
discuss in this present paper. The rest of the paper is organized as follows. In
section 2, the problem formulation will be presented. Later on, in section 3, we
discuss the asymptotic distributional properties of vector variance of standardized
variables without duplication or modified vector variance of standardized variables
(MVVSV), i.e. VVSV without all duplicated elements. Our approach will be based
on the notions of vec operator and commutation matrix. Additional remarks in
section 4 will close this paper.

2. PROBLEM FORMULATION

Let X is a random vector p dimension with definite positive covariance matrix X.
By using vec operator, see Muirhead (1982), El Maache and Lepage (1998), Schott
(1997, 2001) and Djauhari (2007), vector variance (V'V) of X is simply [lvec(X)|%. Tt
is a multivariate variability measure like Generalized Variance (GV). See Djauhari
(2007) for an in depth discussion on VV and its asymtotic behavior. In what follows
our attention will be focused on the case where all variables are standardized. Let X
is a random vector p dimension with definite positive covariance matrix . By using
vec operator, see Muirhead (1982), El Maache and Lepage (1998), Schott (1997,
2001) and Djauhari (2007), vector variance (VV) of X is simply |vec(X)||?. It
is a multivariate variability measure like Generalized Variance (GV). See Djauhari
(2007) for an in depth discussion on VV and its asymtotic behavior. In what follows
our attention will be focused on the case where all variables are standardized.

Let Z be the random vector where its k-th component is the standardized version
of the k-th component of X; &k = 1,2,...,p. The covariance matrix P of Z is the
correlation matrix of X. We call the parameter |[vec(P)||? vector variance of the
standardized variables (VVSV). Now, let Z1, Zs, ..., Z,, be a random sample of size
n from Z with covariance matrix P. If R is the sample correlation matrix, then we
call ||[vec(R)||? sample VVSV.

(p—1)p

Let R be a symmetric matrix, there are - elements of R which are dou-
bly counted in ||vec(R)||>. This is the first problem that we want to discuss in
this present paper. More specifically, instead of using the vec operator, we pro-
pose to use further operator which will transform the lower triangular part Rp
of R into the vector v(Ry) of dimension @ by stacking its column one after
another. From now on we call the parameter |[v(Ry||? vector variance standard-
ized variables without duplication or simply modified vector variance Standardized

Variables (MVVSV).
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It is clear that MVVSYV is more economic than VVSV. The second problem is
to investigate the distributional properties of sample MVVSV. This will guide us
to a more economic hypothesis testing about the stability of covariance structure
mentioned in section 1.

The solution for the first problem is given by schott (1997). Let u_u) be a vector
dimension w defined as follows. The {(j —1)p+1i — J(JTH)} — th component is
equal to 1 and 0 otherwise; ¢ = 1,2,...,p and j = 1,2,...,% — 1. Let also Ej;; be a
matrix of size (p X p) its (i,7) — th element is equal to 1 and 0 otherwise. Schott
(1997) gives us the following result.

(2.1) Ll = 3" {vee(Byy) Yl

i>j
and

(2.2) v(Rr) = Lyvec(R).

Example 2.1. We will illustrate how to transform A is a square matriz or a

ail Gl G13 1 a1 as
correlation matriz to v(Ar). Let A= | ag1 a2z a3 | =| aax 1 a3 |,
asy az2  as3 az aszxx 1

if A is a correlation matriz, where A is a symmetric matriz, a;; = a;; for i # j
and a11 = asy = agsz = 1, we will determine of v(AL).

.
L = ) {vec(Eij)}ul;

1>7
¢ - - -
L, = {vec(FEa1)}uy + {vec(E31)uz, + {vec(Es2)uz,
00 0 1\°
L = {vec| 1 0 0 |}| O
00 0 0
000 0\"
+{vec| 0 0 0 |}[ 1
100 0
000 0\°
+{vec| 0 0 O |}| O ,
01 0 1
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4 E.T. HERDIANI AND M.A. DJAUHARI

0 0 O 0 0 O 0 0 O 0 0 O
1 0 0 0 0 O 0 0 O 1 0 0
0 0 O 01 0 0 0 O 01 0
0 0 O 0 0 O 0 0 O 0 0 O
LL = 0 0 O + 0 0 0 + 0 0 O = 0 0 0 ,
0 0 O 0 0 O 0 0 1 0 0 1
0 0 O 0 0 O 0 0 O 0 0 O
0 0 O 0 0 O 0 0 O 0 0 O
0 0 O 0 0 O 0 0 O 0 0 O
01 0 0 0 0 0 0O
L. = 0 01 0 0 0O 0 0 O
P 00 0 0 0 1 0 0O
and
v(AL) = Lyvec(A).
Hence
1
a1
asi
01 0 0 0 0 0 0 O as1 as1
v(ArL) = 001 0 0 O0O0O0O 0 1 = asy
00 0 0 01 00O as2 as2
asi
as32
1

3. DISTRIBUTIONAL PROPERTIES OF SAMPLE VVSV WITHOUT DUPLICATION

Let X1, X5, ..., X,, be a sample random of size n drawn from a p-variate normal
distribution Np(u, ). Then

vn — H{vec(R) — Uec(P)}inz (0,1,
where
a: T = 2M,®M, with M, = 1(I» + K,,),
b: K, is the commutation matrix of size (p® x p?),
c: &={[3— (Ip§ P)Api{P®P}{Ipz (L, QP)A,L
d: Ay =" (eiel @eiel), e is the i —th column vector of identity matrix
I, of size p x p.

From this result, if the transformation is used on R, by using the result in
Muirhead (1982, p. 5) we have:

Proposition 3.1.
V= T{v(Rp) = v(Pp)}* Ny2 (0, A),
where k = P21 and A = 2L,M,®M,L},
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ASYMPTOTIC DISTRIBUTION OF VVSV WITHOUT DUPLICATION 5

Proof. v(Ry) = Lyvec(R). Muirhead (1982) said if C is a real matrix with size px g,
q < p, rank(C) = qand vec(R) ~ Npz(vec(P), -15), then Cvec(R) N,(Cvec(P), C-L5CY).
So, if C' = L, then we can get

r
v(R) = Lyvec(R) ~ Ni(Lyvec(P), L 1L;)
where
E(v(Rr)) =)Lyvec(P) = v(Pr)
and
var(v(R(L))) = war(Lyvec(R))
r
= L,——L!
n -17?
= ——1L, I‘Lt
-1
1
= L,(2M,®M,,)L},
n -1
= 1L M,®M,L},.
Therefore, we can conclude that ’U(RL) be have distribution multivariate normal
with p-variate with mean vector v(Pr) and variance covariance matrix —= L, M,®M, Lt

According to Corollary 3.2 and Proposition 3.3 in Djauhari (2007), if we de-
fine u(v(Ry)) = ||[v(Rr)||?, then we arrive at the following proposition about the
asymptotic distribution of sample VVSV without duplication.

Proposition 3.2.
Vi =1[lu(Rp)|* — o(PL)I* 4N(0,07),

where

1
0% = 4(0(PL)) LD (L) (o(PL)) and T = 20, @M, with My, = 5 (L2 + Kp).

Proof. Based on Proposition 3.1,
A

v(Rr) = Lyvec(R) ~ Ny (v (PL) —

—)
where k = 221 and A = 2L, M, ®M, L. Now,

l(R)I* = (v(Rp))'v(Ry)
u(v(Rr))

because v(Ry) is a vector. O

Theorem 3.3. If sequence {)?n)}ﬂ? , € be a vector constant in RP and {X }—» (T, %)

then random wvariable Y,, = u()?,:)iN(uy,ay), where py % u(T) and o3 &
(2ule)yrndulc))
§Xn §Xn 7
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Proof. Let

Yo = u(®y) = u(e) + (LY (X - 2) + Re.

0X,
— p —

If X,, = ¢ then quadratic form R¢ — 0 faster than linear form (%j))t(Xn -

n

). Yy and V,, = u(¢) + (%)t(z — C') convergence in distribution to same

distribution. Furthermore, )T,: 4 N,(C,¥) then Serfling (1980, p. 24) written V,,
— —

% N(u,,02) with p, = E(V,) = E(u(?) + (%_c,))t()(n — C)) convergence in

probability to E(u(¢)) = u(¢) . This case is caused by )Tn) 2 ¢ which means
— e
B(2L)H(X, - @) £ 0. So:

2
Oy

Il
<
S
3

—
=
N

Let

w((R)) = [lv(Ro)
= (v(Rp))"(v(RL))
= (Lpvec(R))'(Lpvec(R))
and vec(R)Zvec(P), see El Maachee (1997), so that Lyvec(R)% Lyvec(P). In other
words, v(Rp)%v(PL). Therefore,

Y, = u(v(RL))

_ du(v(Pr))

= u(v(Pr)) + (TRLL)

where Re = 1(v(Rr) — v(Pr))" A¢(v(RL) — v(Pr)). So,
Y, = u(v(R))

= Jlv(Rel?

(v(R)"(v(Rz)

(Lyvee(R))! (Lyvec(R))

N(MY? O—%/)v

)'(v(RL) = v(PL)) + Re,

la |

where

1=

w(v(Pr))
= Jo(P)]?

Hy
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and
oy > i((aqg%ff))))%pu;((w)
2 (((PL) LALL((PL), (Re) = o(Pr)
= %(v(PL»tLpAL;(v(PL))
L %(vaec(P))tLpAL;(vaec(P))
& %(L;vaec(P))tA(L;vaec(P))
4

2 E(vec(\P))tA(vec(\If)),Uec(‘l/) = L} Lyvec(P).
So it can be concluded that
[v(RL)|1* = (v(Re))" (v(Re) 4N ([[o(P)lI?, %(WC(‘I’))“\(U%(‘I’))),
where vec(¥) = L} Lyvec(P). O

This proposition is seemingly complicated to be used in application because the
variance of sample VVSV without duplication ||v(RpL)||? is 4(v(Pr)) LI (L,)t. Tt
is involves multiplication of large size matrix I' be (p? x p?) . However, the future
works to helps us; need to simplify the computation of that variance.

4. ADDITIONAL REMARKS

If vector variance vec(P) is of dimension p?, v(Pr) is of dimension k = @.

This gain is too good to be neglected. Furthermore, Propositions 3.1 and 3.2 have
made possible the application of modified vector variance standardized variable.
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Abstract

Here we develop the Nabla Fractional Calculus on Time Scales.
Then we produce related integral inequalities of types: Poincaré, Sobolev,
Opial, Ostrowski and Hilbert-Pachpatte. Finally we give inequalities
applications on the time scales R, Z.
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trowski inequality, Nabla Hilbert-Pachpatte inequality, fractional inequali-

ties.

1 Background and Foundation Results

For the basics on time scales we follow [1], [2], [3], [4], [9], [11], [13], [6], [7],

[10].
By [15], p. 256, for u,v > 0 we have that
T . pn—1 _ v—1 o p+rv—1
/ (x— )" (s—1) s — (x —t) | (1)
o Tw) T I'(p+v)
1
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where I' is the gamma function.

Here we consider time scales 1" such that T}, =T

Consider the coordinatewise ld-continuous functions ﬁa T xT — R,
a > 0, such that ho (t,s) =1,

Bor (£,5) = / B (7, 5) VT, 2)

Vs tel.
Here p is the backward jump operator and v (t) =t — p (t) .
Furthermore for «, 8 > 1 we assume that

¢
/ et lp )R () V7 =Tasa (@), @)
p(u
valid for all u,t € T : u < t. .

In the case of T = R; then p(t) = t, and hy (t,s) = (t_kf) , ke Ny =
N U {0}, and define

> (t—s)"
he (t,s) = , > 0.
(t,5) I'(a+1)
Notice that . "
(r—s)" (t—5)"" <
——dr = =ha1 (¢
/SF(oH—l)T Tlatg —len(ts),

fulfilling (2).

Furthermore we observe that (o, 3 > 1)

¢ R Lt —7)* (=)t
J L e e

by (1) (E—u)*Ph
- = A — hoé — t’ b
F(Oé‘i‘ﬁ) +5 1( U)
fulfilling (3).

By Theorem 2.2 of [14], we have for k, m € Ny that
t/\ A~ o~
/ i (£, (7)) o (7 10) V7 = B (£110). (4)
to

2
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Let T = Z, thenp (t) = t—1,t € Z. Definet” := 1, t* 1=t (¢t + 1) ... (t + k — 1),
k € N, and by (2) we have T (t,s) = (t=9)" s,t € Z, k € Ny.

W
¢ ¢
Here [, VT =37, ..
Therefore by (4) we get

t

t—r+ D (r—t)™  (t— o)
Z( )" (T —to)" _ (t—1to)

et k! m! (k+m+1)!"

which results into

i =7+ 1) N —to+ )™ (t—ty+ 1)

k-1  (m-D  (ktm-1I 5)

T=tg

confirming (3).
Next we follow [5].

Let a,a € R, define t* = Fgf(t)a), te R—{..,—2,-1,0}, N, = {a,a%1l,a+

2,...}, notice Ny = Z, 0 =0, =1, and f : N, — R. Here p(s) = s — 1,
o(s)=s+1,v(t)=1. Also define

V0= ), nen

and in general

where v € R — {..., =2, —1,0}.
Here we set

We need

Lemma 1 Let o > —1, x > a+ 1. Then

I () 1 (F(erl) I () )

I'(z—a) (a+1)

F'z—a) Tx—a-1)
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Proposition 2 Let a« > —1. It holds

G N ()
/SF(oz—l—l)VT_F(a—I—Q)’ t2s

That is ﬁa, a >0, on N, confirm (2).

Next for p,v > 1, 7 < t, from the proof of Theorem 2.1 ([5]) we get that

t

t—p()  Ts—pE)t (t—p(r)T
Z( p(s)” (s =p(1)) (t—p(7))

() T () Cu+v)

S=T

where 7 € {q, ..., t}.
So for t,ty € N, with ty < t we obtain
zt: (t—7+1)" N (r—to+ DT (t—to+ 1) T )
o) ) Cutr)

T=tg

that is confirming (3) fractionally on the time scale T' = N,.
Notice also here that

/ Fovi=Y f).

t=a+1

So fractional conditions (2) and (3) are very natural and common on time
scales.

For a@ > 1 we define the time scale V-Riemann-Liouville type fractional
integral (a,b € T)

JES® = [ Bus (tp (7)) ()97, (7
(by [8] the last integral is on (a,t] NT')

Jof (t) = (1),

where f € L; ([a,b] NT) (Lebesgue V-integrable functions on [a,b] N T, see
[6], [7], [10]), ¢ € [a,b] NT.

Notice JLf (t) = fat f (7) V' is absolutely continuous in ¢ € [a,b] NT, see
8-
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Lemma 3 Let « > 1, f € Ly ([a,b]NT). Assume that s (s,p(t)) is
Lebesgue V-measurable on ([a,b) N T)?*; a,b € T. Then J*f € Ly ([a,b] N T).

For u < t; u,t € T, we define

e(t,u) = / a1 (t,p (7)) hg—1 (7, p (u)) V7
p(u)
= v (W) hacr (8,9 () B (u,p (u)), (8)
where o, 5 > 1.
Next we notice for o, 5 > 1;a,b € T, f € L1 ([a,b] N T'), and hy—1 (s, p (1))
is continuous on ([a,b] N T)? for any a > 1, that

JI2E O = [ Facs tp@) V7 [ s (rp (@) £ () Ve

a

Hence
JOTPf( /f e(t,u)Vu=JPf(t), Vte|a,bNT.
So we have the semigroup property
JeIif /f Pt (£ p () B (1 p (w) Vi = JE¥ £ (1)
(9)
Vitela,bNT, witha,beT.
We call the Lebesgue V-integral
D)= [ Fw o (o) R (0 p () V. (10)

t € [a,b]NT; a,b € T, the backward graininess deviation functional of
feLi(abNT).

If T =R, then D (f,a,3,R,t) =0.

Putting things together we have

Theorem 4 LetT, =T, a,be T, f € Ly ([a,b]NT); a, > 1; ho1 (s,p(t))
is continuous on ([a,b) NT)* for any o > 1. Then

JSITF(#) + D (f, 0, 8,T,t) = JoPf (1), (11)
Vtela,bNT
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We make

Remark 5 Let > 2 such that m — 1 < pu <m €N, i.e. m = [p] (ceiling
of the number), v=m—pn (0<v <1).

Let f € CI? ([a,b) NT). Clearly here ([10]) f¥V" is a Lebesgue V -integrable
function.

We define the nabla fractional derivative on time scale T' of order p — 1
as follows:

VECLE (1) = (ST (1) = / ho(tp () f7 () Ve, (12)

VitelabNT.

Notice here that V"' f € C ([a,b] N'T) by a simple argument using dom-
inated convergence theorem in Lebesgue V -sense.

If w=m, thenv =0 and by (12) we get

VI () = L) = (@) (13)

More generally, by [8], given that f¥" " is everywhere finite and ab-
solutely continuous on [a,b] N'T, then fV" exists V-a.e. and is Lebesque
V-integrable on (a,t] T,V t € [a,b] NT, and one can plug it into (12).

We have

Theorem 6 Let p>2, m—1<p<meN,v=m—pu; feCy(abNT),
a,b € T, T, = T. Suppose EM_Q (s,p (1)), i (s,p(t)) to be continuous on
([a,b) N T)%.

Then

/ B (£, (7)) £¥" (7) Vr = (14)

-~

/ P () v () s (2, (w)) (%P(U))V%L/ by (t,p (7)) Vi f (7) VT,
VtelabNT.

We need the nabla time scales Taylor formula
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Theorem 7 ([2]) Let f € CJ3 (T), me N, T, =T; a,b€T. Then

m—1

PO =Y T /7 @+ [ s p ) 50V (9

k=0

Vitela,bNT.
Next we present the fractional time scales nabla Taylor formula

Theorem 8 Let p > 2, m—1<pu<meN, v=m-—u; feC(l),
a,b € T, T, = T. Suppose h,_s(s,p(t)), hu(s,p(t)) to be continuous on
([a, D) N T)?. Then

-1

F@) =3 hy(t,a) f¥ (a)+ (16)

0

[ 17 @ @) 6 ) B p ) Tt [ Ty 10 () V21 (1)

Vtela,bNT.

3

W

Corollary 9 All as in Theorem 8. Additionally suppose ka (a) =0, k =
0,1,....m —1. Then

At)=fO)—-D(fV" " u—17+1,T,1) (17)
- / SV () () B (1, p (1)) B (1, p (1)) Vi

_ / Ta (.9 (7)) VAT £ (7) VT,

a

Vitela,bNT.

Notice here that D (fvm,u - 1L,v+1,T, t) € Ci(la,b]NT). Also the
R.H.S (17) is a continuous function in ¢ € [a,b] N T.
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2 Fractional Nabla Inequalities on Time Scales
We present a Poincaré type related inequality.

Theorem 10 Let > 2, m—1<p<méeN, v=m—pu; f e Cg(T),
a,beT,a<b, T, =T. Suppose h# 2 (s,p (1)), hw (s, p (1)) to be continuous
n ([a,0)NT)?, and ¥ (a) =0, k = 0,1,....,m — 1. Here A(t) = f(t) —

D(fvm,u 1,v+1,T,t), te[a,b]ﬂT;cmdletp,q>1:%—l— =

Then
/ab|A(t)|th§ (/ab (/: Ty (t,p(T))‘p T) Vt) (/ o= \‘Wt).
(18)

Next we give a related Sobolev inequality.

1.

Theorem 11 Here all as in Theorem 10. Let r > 1 and denote

i = (| rf<t>|“w)i | (19)
4], < (/ (/

Next we give an Opial type related inequality.

Then

Fua (0 ()] vf) ; Vt) el @o)

Theorem 12 Here all as in Theorem 10. Additionally assume that
Ve | s increasing on [a,b] N'T. (21)

Then

o ([

b
/ AW [VE ()] Vi <

Prestto o] VT) w) | </b (Vi1 f (1) Vt) |

(22)
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It follows related Ostrowski type inequalities.

Theorem 13 Let p> 2, m—1<p<meN, v=m—pu; f e Cy(T),
a,beT,a<b, T, =T. Suppose hu 2 (s,p (1)), Ty (s,p(t)) to be continuous

n ([a,0) NT)?, and f¥" (a) =0, k = 1,....,m — 1. Denote A(t) = f(t) —
D(fvm,u—l,'ﬁqu,T,t),te[a,b]ﬂT.
Then

b
i [ A0V r@

<

-~

Touea (tp (7))‘ VT) w) IV S - (23)

=10

Theorem 14 All as in Theorem 13. Let p,q > 1: % + % = 1. Then

= <

b_a/abA(t)w—f(a)
A

hu_z<t7p<7>>\pw) )HV Ploogor- @4

We finish general fractional nabla time scales inequalities with a related
Hilbert-Pachpatte type inequality.

Theorem 15 Let ¢ > 0, p > 2, m—1 < pu < m € N, v =m — u;
fi € C’[g( T:), ai,b; € T;, a; < by, Ty, = T; time scale, i = 1,2. Sup-
pose hu 5 (i, p0; (t3)), h(l) (si,p; (t;)) to be continuous on ([a;,b] N'T})?, and
¥ (@) =0,k=0,1,....,m—1;i=1,2. Here A; (t;) = f; (t;)=Di(f¥", p—1,
v+ 1,T,t), t; € lai, b NTi; i =1,2, and p,qg > 1: ——1—%:1.

Call

W, (t, py (1))

)pVTl,

for all t; € [ay,b1], and

G(tg):/t2<

az

-~

W), (ta, py (72))

)qVTg,
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for all ta € [a2,bsy] (where hﬂ 9, p; are the corresponding /ﬂ#_g, p to T;,

i=1,2).
bt |A1 t1)] [ Az (t2
tl) + G(

Then
(b — 1) (b — a3) ( / T (1) th) ( / 1V fy (1)) wz)

(25)

(above double time scales Riemann nabla integration is considered in the nat-

| Vi1Vt <

Q- N\ g

ural interative way).

3 Applications

I) Here T' = R case.

Let p > 2suchthat m—1<pu<meN,v=m-—pu, feC™(a,b]),
a,beR.

The nabla fractional derivative on R of order 1 — 1 is defined as follows:

N S A
| I 2)

Vi () = (E) () = ps

Ve a,bl.
Notice that V*_*f € C ([a,b]), and A (t) = f(t),V t € [a,]].
We give a Poincaré type inequality.

Theorem 16 Let p>2, m—1<pu<meN, feC™(R), a,beR, a<b.
Suppose f*) (a) =0, k=0,1,....,m—1. Let p,q > 1: %+%:1 Then

b h— gD b
/If(t)lthé ; b-a) q_l( \vg;lf(t)\th).
a =) (k-1 q((p=2)p+1) a

Proof. By Theorem 10. m
We give a Sobolev type inequality.

10
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Theorem 17 All as in Theorem 16. Let r > 1. Then
(b— a>u—2+%+%

D(p—=1)((p—2)p+1)

1£1l, < c[VE A, (28)

((u—z)r+g+1)*

=

Proof. By Theorem 11. m
We continue with an Opial type inequality.

Theorem 18 All as in Theorem 16. Assume |V% " f| is increasing on [a, b].
b
[ 1@ vty o] <

(b ) Y
. pLraN de) . (29
FW—DKW—%p+U«u—%p+%V(l( o)’ e

Proof. By Theorem 12. =
Some Ostrowski type inequalities follow.

Theorem 19 Let p>2, m—1<pu<meN, f e C™(R), a,b e R, a <bh.
Suppose f*) (a) =0, k=1,....,m — 1. Then

(b—a)"

S T Ve oy GO

1 b
= | 10— @] < G

Proof. By Theorem 13. m

Theorem 20 Here all as in Theorem 19. Let p,q > 1: 1—1) + % = 1. Then
1 (b—a) st )
m/ f (t) dt — f (a) S 1 1 ||V5* 1f||q,[a,b] .
‘ Cu=1) (n=1) (n=2)p+1)
(31)

Proof. By Theorem 14. m
We finish this subsection with a Hilbert-Pachpatte inequality on R.

11
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Theorem 21 Lete >0, u>2, m—-1<pu<meN,i=12; f; € C™(R),
ai,biE]R, Gigbi, fl(k)<az):(),k:0,1,,m—1, p,q>12 +
Call

1
p

(t1 _ a1>(u—2)p+1

B = P (-2 p 1)
tl < [al,bl], and
B (ty — a2)(u—2)q+1
Cl) = D (= 2)g + 1)
t2 c [az,bg].
Then

/”1 /"2 ARG 0 o

6 + F(tl) + G(t2)>

o) </ Vil i )] dﬁ)é </ Vil f (tg)\”db);

(32)
Proof. By Theorem 15. m
IT) Here T' = Z case.
Let p >2suchthat m—1<pu<méeN,v=m-—upu,ab€Z a<b.

Here f:Z — R, and f¥" (t) = V" f (t) = S, (—1)" (TZ) ft—k).

The nabla fractional derivative on Z of order u — 1 is defined as follows:

t

Vi) = U TN 0= g 2 (- (T (),
T=a+1 (33)
Vtela,00)NZ.
Notice here that v (t) =1,V t € Z, and
A@) = f(t) =D (V" f,u—1,7+1,Z,t)
I SNt s (34)

u=a+1 I(n—1)
Ve [a,o0)NZ.
We give a discrete fractional Poincaré type inequality.

12
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Theorem 22 Let p>2, m—1<pu<meN, abeZ,a<b, f:7Z — R.

Assume VFf (a) =0, k=0,1,....m — 1. Let p,q > 1: %—i—%: 1. Then
b
> IA@ <
t=a+1
1 b ¢ - b
T(u_1)¢ (Z ( > (t—7+1)(“2)p>) <Z \Vg;lf(mq) .
( (’u )) t=a+1 \7=a+1 t=a+1

(35)

Proof. By Theorem 10. m
We continue with a discrete fractional Sobolev type inequality.

Theorem 23 Here all as in Theorem 22. Let r > 1 and denote

1Al = (Z !f(t)lr> :

t=a+1

Then

B3

Ve s, (36)

1 b t )
41, < Fo—p Z(Z@—TH)( >)

t=a+1 \7=a+1

Proof. By Theorem 11. m
Next we give a discrete fractional Opial type inequality.

Theorem 24 Here all as in Theorem 22. Assume that |Vg‘*_ Ly | 1S Increasing
on [a,b]NZ. Then

ST IAWI|VIE @) <

—(b _ a)% b t n—2)p g : 1 2 '
2 (2, (o)) (g ewror)

13
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Proof. By Theorem 12. =
It follows related discrete fractional Ostrowski type inequalities.

Theorem 25 Let p>2, m—1<pu<meN, a,beZ,a<b, f:7Z— R
Assume VEf(a) =0, k=1,...,m— 1.

Then \
1
> A - f ()| <
t=a+1
1 b ¢ o
=T+ )|V f . (38)
e (2 (2 192
Proof. By Theorem 13. m
Theorem 26 All as in Theorem 25. Let p,q > 1: % + % = 1. Then
1 b
S AN - fla)| <
t=a+1
b v
N ol B SRt A R I L= .
(b—a)l(u—1) t=a+1 \r=a+1 i

(39)

Proof. By Theorem 14. m
We finish article with a discrete fractional Hilbert-Pachpatte type inequal-
ity.

Theorem 27 Let e > 0, p > 2, m—1 < pu < m € N; ¢ =1,2; f; :
7 — R, a;,b; € Z, a; < b;. Suppose V*f;(a;) = 0, k = 0,1,...,m — 1.
i m i Ui w2
Here A; (t) = fi(t) = St oy (V7 F () S5 v ;€ [a,00) N Z;
p,q>1:%+%:1.
Call

14
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YVt € la1,00) NZ, and

to (tQ — Ty T 1)(@)‘1

G = 2 Ty

To=as+1

V ty € [CLQ,OO) NZ.

Then b b
i: 22: | Ay (t1)] | Az (t2)]
t1=a1+1 ta=as+1 <€+ % + %> >~
b1 % by .
" wlﬂbr@)( 2, IVids “1)}'1) ( S v, <t2>\p> .
e ta=az+1

(40)

Proof. By Theorem 15. m
We intend to publish the complete article with full proofs elsewhere.
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NUMERICAL SOLUTIONS OF NONLINEAR SECOND-ORDER
TWO-POINT BOUNDARY VALUE PROBLEMS USING
HALF-SWEEP SOR WITH NEWTON METHOD

J. SULAIMAN, M.K. HASAN, M. OTHMAN, AND S.A. ABDUL KARIM

ABSTRACT. In this paper, we examine the performance of Half-Sweep Succes-

sive Over-Relaxation (HSSOR) iterative method together with Newton scheme

namely Newton-HSSOR in solving the nonlinear systems generated from second-
order finite difference discretization of the nonlinear second-order two-point

boundary value problems. As well known that to linearize nonlinear systems,

the Newton scheme has been used to transform the nonlinear system into the

form of linear system. Then the basic formulation and implementation of

Newton-HSSOR  iterative method are also presented. Numerical results for

three test examples have demonstrated the performance of Newton-HSSOR

method compared to other existing SOR methods.

1. INTRODUCTION

Boundary value problems occur in many branches of applied mathematics and
physics such as gas dynamics, quantum mechanics, fluid dynamics, aerodynamics,
chemical reactions, atomic structures, atomic calculations etc. Most phenomena in
these problems, however, have been modeled by nonlinear differential equations. As
a result, they have been studied extensively in recent years in order to find analytic
and/or approximate solutions. For instance, there are many methods available for
these problems such as numerical analytic, finite difference, finite element, finite
volume and boundary element methods. Solving nonlinear boundary value prob-
lems is very difficult in that only few of them can be solved explicitly. Therefore,
in this paper, the finite difference method will be considered to develop a reliable
algorithm in solving nonlinear two-point boundary value problems. By considering
the second-order nonlinear finite difference approximation equations, a nonlinear
system can be generated and needs to be linearized through the Newton method in
order to form the corresponding linear system. Since the characteristics of linear
systems are large and sparse, iterative methods are the natural options for efficient
solutions.

For that reason, various iterative methods also have been studied to yield fast
numerical solution of linear systems (see Young [22, 23, 24]; Hackbusch [4]; Saad
[12]). Apart from those iterative methods, the discovery on the concept of the half-
sweep iterative method has been inspired by Abdullah [1] via Explicit Decoupled
Group (EDG) iterative method in solving two-dimensional Poisson equations. The
main characteristic of this concept is that the half-sweep iterative method includes
the reduction technique in order to reduce the computational complexity of linear

Key words and phrases. Newton Scheme, SOR Iteration, Second-Order Scheme.
2010 AMS Math. Subject Classification. 65F10, 65F50, 65110, 65L12, 65H10.
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systems generated from corresponding approximation equations. Following to this
concept, further investigations have been extensively conducted in [2, 3, 7, 16, 17, 25]
for demonstrating the capability of the half-sweep iteration. Apart from these
one-stage iteration concepts, combinations between half-sweep iteration concept
with two-stage iterative methods namely HSIADE [15], HSAM [9, 18] and HSGM
[8, 10] have also been constructed and implemented for solving linear systems.
They pointed out that their proposed two-stage iterative methods are one of most
efficient iterative methods in solving any system of linear equations. Due to the
low computational complexity, this concept has been also used to derive a family of
multigrid methods [11, 19, 20]. Consequently, Hassan et al. [5, 6] have established a
family of FDTD methods using this concept in solving wave propagation problems.
Meanwhile Saudi and Sulaiman [13, 14] applied to solve the robotic path planning.

In this paper, however, we deal with the application of family of SOR iterative
methods such as Full-Sweep SOR (FSSOR) and Half-Sweep SOR (HSSOR) by
applying Newton scheme in solving nonlinear two-point boundary value problems.
For simplicity, the combination of both proposed iterative methods with Newton
scheme is identified as Newton-FSSOR and Newton-HSSOR methods respectively.
To investigate the capability of Newton-FSSOR and HSSOR-Newton methods, let
us consider a nonlinear second-order two-point boundary value problem defined as

0%U
(1.1) -
ox
subject to the boundary conditions

Ula) = Bo, U(b) =B

where 3y and S; are constants and g(x,U,U’) is a nonlinear continuous function.
For the sake of simplicity, we shall restrict our discussion onto uniform node points
only as shown in Figures 1 and 2. Let assume the solution domain (1) can be

uniformly divided into m = 2P p > 2 subinterval in which its distance, Az is
defined in equation (1.2).

=g(x,U,U), x € a,b]

b—a

(1.2) Az = p-

=h, n=m-1

Based on Figures 1 and 2, both figures show the finite grid networks to facilitate
us for the implementation of proposed computational algorithms. For that reason,
the implementation of the point iterative algorithms will be applied onto the interior
solid node points of type e only until the iterative convergence fixed is achieved.

2. SECOND-ORDER HALF-SWEEP FINITE DIFFERENCE
APPROXIMATION

Using the approach of second-order discretization scheme, the nonlinear finite
difference approximation equation for problem (1.1) can be easily shown as
Uit1 — Ui
2h
for i = 1,2,3,...,n. Equation (2.1) denotes as the full-sweep nonlinear approx-
imation equations. Now using the second-order half-sweep scheme, we get the
half-sweep nonlinear finite difference approximation equations
Uitz — U2
4h

(2.1) Ui—1 —2U; + U1 — hZQ(l‘i, U; ) =0

(2.2) Usi_g — 2U; + Uiy — 4h2g(2;, U; )=0
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FIGURE 1. shows the
distribution of uniform
node points for the full-
sweep cases respectively
atn=7.
—2 9 b a0
0 I 2 3 4 5 6 7

FIGURE 2. shows the
distribution of uniform
node points for the half-
sweep cases respectively
atn=7.

for i =2,4,6,....,n—1. Then let us define the nonlinear function, f in general form

based on equations (2.1) and (2.2) as

Uitz — Ui—2>
4h

for i = 1p,2p,3p, ..., ((n + 1)/p) — 1 , where the value of p in equation (2.3), which

equals to 1 and 2, indicates the full- and half-sweep cases respectively. Now we

consider all interior node points in the solution domain (1.1) to be imposed over

equation (2.3) in order to generate a nonlinear system

(k) rr(k) (k) _
flp(U12 ,UQZ ,...,U((kn+1)/p)_l) =0
flp(Ul(p)aU( ) U( ) ) =0

(2.3) fi(Uip, Usp, ooy Utni1y spy—1) = Ui—o—2U;+ Ui 12— 4R g(;, U;

(2.4) 2p > Y((n+1) /p)—1

' k) 77(k) (k) _
Sy —1Uny s Uzy's oo Uty py—1) = 0

where, Ui(k),i = 1p,2p,3p, ..., ((n + 1)/p) — 1 indicate as the k" estimation for
corresponding exact solutions. To solve the nonlinear system (2.4), the Newton
method was used to linearize and transform the original nonlinear system into a
linear system which can be rewritten in the matrix form as

T AT — (17(k)
(2.5) J(T®) by = —f; (TW)
where,
Of1p Of1p A f1p
9Usp 9Uzp T U /m—1
6f2p 3f2p af2p
7 (ﬁ(k)) _ | 9w Uzp T Uy /p) 1
Of(nt1y/m—1 Of(nt1y/p)—1 Of (nt1)/p)—1
OU1p OUzp Uty /p) -1
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AA/hj = [ Ahyp, Ahgp, Ahgp, ..., Ah(mir)/p)-1 ]T

From equations (2.5), the value of the vector, U® needs to be calculated by

solving the linear system. Then estimate solutions of Ui(k)J = 1p,2p,3p, ..., ((n +
1)/p) — 1 can be determined by using the following expression

(2.6) U =™ 4 Ah, = 1p,2p,3p, .., (n+1)/p) — 1

3. FORMULATION OF FAMILY OF SOR METHODS

As above-mentioned in the second section, the coefficient matrix, A of linear
systems in equations (2.5) is sparse and large. Let the linear system in equations
(2.5) be rewritten as

(3.1) AU = F

Consequently, iterative methods are proposed being as the natural options for ef-
ficient solutions of sparse linear system. To solve linear system (3.1), we propose
and construct FSSOR and HSSOR iterative methods being used as linear solver.

Actually, Young [22, 23, 24] initiated Successive Over-Relaxation (SOR) method,
which is one of the most known and widely used iterative techniques to solve any
linear systems. To derive the formulation for FSSOR and HSSOR iterative methods,
let the coefficient matrix, A in equation (3.1) be decomposed as

(3.2) A=D+L+V

where L, D and V are lower triangular, diagonal and upper triangular matrices
respectively. Now using the decomposition in equations (3.2) and determining
values of matrices D, L and V| therefore, the general scheme for FSSOR and HSSOR,
methods can be stated as [16, 22, 23, 24|

(3.3) Uk = (1 - w)UW® + w(D + L) (—Vﬁ(’“) + 15)

where w and U®) represent as a relaxation factor and an unknown vector at the k"
iteration respectively. The choice of relaxation factor depends upon the properties
of the coefficient matrix, A. In addition, a good choice of parameter can improve
the convergence rate of iteration process. In practice, the optimal value of w in
range 1 < w < 2 will be obtained by implementing several computer programs and
then the best approximate value of w is chosen in which its number of iterations is
the smallest.

Due to the advantage of half-sweep iteration concept applied onto the HSSOR
method for reducing its computational complexity, we examine the efficiency of
FSSOR and HSSOR iterative methods in solving equations (1.1). As taking w =1,
SOR method reduces to Gauss-Seidel (GS) method. Later GS method will be used
as control method. According to equations (3.3), the general algorithm for a family
of SOR iterative methods to solve problem (3.1) would be generally described in
Algorithm 1.

Algorithm 1: FSSOR and HSSOR schemes
i. Initialize

U® 0, e« 1071°
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ii. For i =1p,2p,3p,...,((n+1)/p) — 1, calculate U*+1 from

U+ « (D — wL)™! ((wV — (1 —wL)T® + wﬁ)

iii. Check the convergence test, ‘(7“““‘” — (7(’“)‘ <e. If yes, go to step (iv). Other-

wise go back to step (ii) iv. Display approximate solutions.

4. NUMERICAL EXPERIMENTS

In order to validate the effectiveness of the FSSOR and HSSOR iterative meth-
ods together with Newton approach namely Newton-FSSOR and Newton-HSSOR,
three nonlinear example problems were tested. For the sake of comparison, three
criteria will be considered for family of SOR methods such as number of iterations,
execution time and maximum absolute error. In the implementation of the iterative
methods, the convergence test considered the tolerance error, e = 10719,

Example 1 [21] For comparison purpose, we consider the following nonlinear
two-point boundary value problem
Subject to the boundary conditions

U@)=4, U(1)=1.

Then boundary conditions and the exact solution of the problem (4.1) were defined
by
4

Example 2 [21] Let consider the following problem

2
(4.3) ‘272 =U3-UU', z€ll,2].

with the boundary conditions

Then boundary conditions and the exact solution of the problem (4.3)were defined
by

1
4.4 Ulx)= ———=
(44) @ =11
Example 3 [21] The third nonlinear boundary value problem, we consider as

follows

x €[1,2].

02U 324 2% — UV
ox> 8 ’

Subject to the boundary conditions

(4.5) ze[lL,3].

Ul) =17, U3)= %
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Then boundary conditions and the exact solution of the problem (4.5) were defined
by
(4.6) U(917)=J:2—i-E x €1,3].
({L’) ) )
For all above examples, results of numerical experiments obtained from imple-
mentation of the FSGS, FSSOR and HSSOR iterative methods, have been recorded

in Tables 1, 2, and 3.

TaBLE 1. Comparison of number of iterations, execution time (in
seconds) and maximum errors for the iterative methods with the
optimal value of w for example 1.

Number of iterations

Methods Mesh size
512 1024 2048 4096
Newton-FSGS 817596 2853149 9767783 32773526
Newton-FSSOR 5890 11258 21706 41526
(w=1.98762) (w=1.99363) (w=1.99687) (w=1.99838)
Newton-HSSOR. 2984 5890 11258 21708

(w=1.9757)  (w=1.98761)  (w=1.99363)  (w=1.99687)

Execution time (seconds)

Methods Mesh size

512 1024 2048 4096
Newton-FSGS 10.24 71.25 487.01 3266.51
Newton-FSSOR 0.10 0.33 1.23 4.65
Newton-HSSOR 0.03 0.09 0.33 1.27

Maximum absolute errors

Methods Mesh size

512 1024 2048 4096
Newton-FSGS 3.3005e-6 7.1831e-6 2.7356e-5 1.0899e-4
Newton-FSSOR 1.8275e-6 4.6509¢e-7 1.2609e-7 2.5021e-8
Newton-HSSOR 7.2994¢-6 1.8275e-6 4.6509e-7 1.2600e-7

5. CONCLUSION

In this paper we have examined the performance of FSGS, FSSOR and HSSOR
iterative methods together with Newton scheme for the numerical solution of non-
linear two point boundary value problem using second order finite difference approx-
imation equations. To demonstrate the efficiency of the three proposed methods,
three nonlinear examples are presented. Through the numerical results obtained in
Tables 1, 2, and 3, Newton-HSSOR method is compared with the Newton-FSGS and
Newton-FSSOR methods. As a result, it shows that the Newton-HSSOR method
is superior in terms of the number of iterations and the execution time for different
mesh sizes. This is because of the computational complexity of Newton-HSSOR
method is approximately 50% compared to the full-sweep case. Overall, the ap-
proximate solutions for all three proposed methods are in good agreement. For the
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TABLE 2. Comparison of number of iterations, execution time (in
seconds) and maximum errors for the iterative methods with the
optimal value of w for example 2.

Number of iterations

Methods Mesh size
512 1024 2048 4096
Newton-FSGS 611486 2041033 66755841 21457588
Newton-FSSOR 4184 8109 15464 30298
(w=1.98827) (w=1.99414) (w=1.99694) (w=1.99847)
Newton-HSSOR 2168 4184 8109 15464
(w=1.97554) (w=1.98827) (w=1.99414) (w=1.99694)
Execution time (seconds)
Methods Mesh size
512 1024 2048 4096
Newton-FSGS 7.50 49.70 323.06 2067.58
Newton-FSSOR 0.07 0.24 0.86 3.31
Newton-HSSOR 0.03 0.07 0.24 0.89
Maximum absolute errors
Methods Mesh size
512 1024 2048 4096
Newton-FSGS 2.5066e-6 1.0016e-5 3.9785e-4 1.5742¢e-4
Newton-FSSOR 4.7539e-9 1.1608e-8 2.6041e-8 4.8332e-8
Newton-HSSOR 2.2045e-8 4.7539¢-9 1.1608e-8 2.6041e-8

future works, The method can be extended to solve multi-dimensional nonlinear
problems. Apart from single step iterative methods, two-step iterative methods
(Ruggiero & Galligan [26]; Evans & Sahimi [27]; Sahimi et al. [28]; Sulaiman et al.
[15]) are also interesting to be examined for the solution of nonlinear problems.
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A RELATED FIXED POINT THEOREM IN n INTUITIONISTIC
FUZZY METRIC SPACES

FAYCAL MERGHADI

ABSTRACT. We prove a related fixed point theorem for n mappings in n In-
tuitionistic fuzzy metric spaces using an implicit relation which generalizes
results of Aliouche and Fisher [2], Merghadi and Aliouche [12] and Rao et al.
[15].

1. INTRODUCTION AND PRELIMINARIES

The theory of fuzzy sets was introduced by Zadeh [20] in 1965. Since then, to use
this concept in topology and analysis, many authors have expansively developed
the theory of fuzzy sets and applications. for example, Deng [5], Ereeg [6], George
and Veeramani [7], Kramosil and Michalek [9] have introduced the concept of fuzzy
metric spaces in different ways. One of the most important problems in fuzzy
topology is to obtain an appropriate concept of intuitionistic fuzzy metric space.
This notion has been introduced and studied by Park [13]. Alaca et al. [1] have
redefined the concept of intuitionistic fuzzy metric spaces, according to concept of
fuzzy metric spaces and proved Intuitionistic fuzzy Banach and Intuitionistic fuzzy
Edelstein contraction theorems, with the different definition of Cauchy sequences
and completeness.

Recently, Merghadi and Aliouche [12] Aliouche and Fisher [2], Aliouche et.al
[3] and Rao et.al [15] proved some related fixed point theorems in compact metric
spaces and sequentially compact fuzzy metric spaces. Motivated by a work due to
Popa [14], we have observed that proving fixed point theorems using an implicitly
relation is a good idea since it covers several contractive conditions rather than one
contractive condition.

Definition 1.1. [17]4 binary operation * : [0,1] x [0,1] — [0, 1] is a continuous
t—norm if it satisfies the following conditions:

1. * is associative and commutative,

2. x is continuous,

3. ax1=a forall a €10,1]

4. axb<cx*d whenever a < c¢ and b < d, for each a,b,c,d € [0,1].

Two typical examples of a continuous t—norm are axb = ab and a*xb = min{a, b}.

Definition 1.2. [17]A binary operation ¢ : [0,1] x [0,1] — [0, 1] is a continuous
t—conorm if it satisfies the following conditions:
1. { is associative and commutative,

Key words and phrases. Fuzzy metric space; implicit relation; Intuitionistic fuzzy metric space;

related fixed point.
1
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2. O is continuous,
3. a®0 = a for all a € [0,1],
4. aQb < ¢Od whenever a < ¢ and b < d, for each a,b,c,d € [0,1].

Examples of a continuous t—conorm are a®b = max {a, b} and aQb = min{1,a +
b}.

The concept of intuitionistic fuzzy metric space is defined by Park [13].
Definition 1.3. A 5—tuple (X, M, N, *,0) is called an intuitionistic fuzzy metric
space if X is an arbitrary (non-empty) set, * is a continuous t-norm, ¢ a contin-
uous t-conorm and M,N are fuzzy sets on X? x ]0,+o0|, satisfying the following
conditions for each x,y,z € X and t,s > 0,

1. M (z,y,t) + N (z,y,t) < 1;

2. M (z,y,t) > 0;

3. M (x,y,t) =1 if and only if x = y;

4. M (z,y,t) = M (y,z,1);

5 M (z,y,t)« M (y,z,8) <M(x,z,t+s);
6. M (z,y,-):]0,4+00[ — [0,1] is continuous;
7. N (z,y,t) =0 if and only if z = y;

8 N (z,y,t) =N (2,y,1);

9. N (z,94,t) ON (y,2,t) > N (z,2,t + 8);

10. N (z,y,t) : ]0,4+00[ — [0,1] is continuous.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (z,y,t),
N (z,y,t) denote the degree of nearness and the degree of non-nearness between x
and y with respect to t, respectively.

Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the
form (X, M,1— M, *,0}) such that t-norm * and ¢-conorm ¢ are associated [11],
ie. z0y=1—(1—2)*(1—y)) for any z,y € X.

Lemma 1.4. [13]In intuitionistic fuzzy metric space X, M (x,y, ) is non-decreasing
and N (z,y,-) is non-increasing for all z,y € X.

Example 1.5. Let (X,d) be a metric space. Denote a xb = ab and adb =
min {1,a + b} for all a,b € [0,1] and let My and Ny be fuzzy sets on X2 x |0, +oo|
defined as follows:

ht™ d(z,y)
ht" +md (z,y)’ Na(@,9,t) = ktr +md (x,y)
for all h,k,m,n € RY. Then (X, M,N,*,Q) is an intuitionistic fuzzy metric space.

Md (Z’,y,t) =

Let (X, M, N, x,{) be an intuitionistic fuzzy metric space. For ¢ > 0, the open
ball B(z,r,t) with center x € X and radius 0 < 7 < 1 is defined by

B(z,r,t) ={y € X : M(z,y,t) >1—r,N(z,y,t) <r}

A subset A C X is called open if for each x € A, there exist t >0 and 0 < r < 1
such that B(x,r,t) C A. Let 7(p nr) denote the family of all open subsets of X.
Then 737,z is called the topology on X induced by the intuitionistic fuzzy metric
(M, N). This topology is Hausdorff and first countable.

Definition 1.6. [13]Let (X, M, N, *,0) be a fuzzy metric space.
1) A sequence {x,} in X converges to x if and only if M(x,,x,t) — 1 and
N (zp,z,t) — 0 as n — oo for each t > 0.
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2) A sequence {x,} in X is called a Cauchy sequence if for any 0 < ¢ < 1 and
t > 0, there exists ng € N such that for all n > ng, M(xy,Zm,t) > 1 —€ and
N (Tp, Tm,t) < € for each n,m > ng., M(zp,x,t) — 1 as n — oo for all t > 0.

3) The intuitionistic fuzzy metric space (X, M,N,x,0) is said to be complete if
every Cauchy sequence is convergent.

Definition 1.7. Let (X, M, ,N,*,0) be a fuzzy metric space. M is said to be
continuous on X? x (0,00) if

lim M(xnaynytn) = M(xvyvt)
whenever {(Tn, Yn,tn)} is a sequence in X2 x (0,00) which converges to a point
(z,y,t) € X% x (0,00); i.e.,
lim M(z,,z,t) = lim M(yn,y,t) =1 and lim M(z,y,t,) = M(z,y,t).

n—oo

Theorem 1.8. [13] Let (X, M, , N, x, ) be an intuitionistic fuzzy metric space such
that every Cauchy sequence in X has a convergent subsequence. Then (X, M, , N ,*,0)
is complete.

Proof. [13] O

e Implicit Relation

We denote by @, ¥ respectively, sets of all functions ¢, : [0,1] — [0, 1] such
that

(i) € @, 9 € U and ¢, 1) are upper semi continuous in each coordinate variable,

(ii) ¢, are decreasing in second and third variable,

(iii) if either ¢(u, 1, u,v,v,1) > 0 or ¢(u,1,u,v,1,v) > 0 or ¢(u,u,1,1,v,v) >0
or for all u,v € [0, 1], then u > v. Furthermore, if either

¥(u,0,u,v,v,0) < 0 or ¥(u,0,u,v,0,v) < 0 or ¢(u,u,0,0,v,v) < 0 for all
u,v € [0,1], then u < v.

Example 1.9. Let ¢(t1,1o,ts,ts,t5,t6) = t1 — min{ta, t3, 4, t5,t6}. Then ¢ € P.
Example 1.10. Let ¢(t1,t2,t3,t4,15,t6) = t1 — max{ts, t3,t4,t5,t6}. Then ) € V.
Example 1.11.

6 ({ta t3,ta, ts,t6}) = t1 —n(min{ta, ts, 14, ts5, t6})

¥ ({ta, ts, ta, t5,t6}) = t1 — @ (max {to,ts,ts,t5,t6})

where n, ¢ : [0,1] — [0,1] is a increasing and continuous function respectively, with
n(t) >t and p(t) <t for 0 <t < 1. For example n(t) = V't or n(t) =t for

4
O<h<1and¢>(t):§.

We need the following lemma of [10].

Lemma 1.12. Let {z,} be a sequence in intuitionistic fuzzy metric space (X, M, N, *, {)
with M (z,y,t) — 1 and N (x,y,t) — 0 as t — oo for all z,y € X. If there exists
a number k €]0,1[ such that

M (Zpi1, Tn, kt)
N(xn+17xn7 kt)

Then {z} is a Cauchy sequence in X.

M (xnaxn—lat) 5

>
< N(xnvxnflut) .
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Lemma 1.13. [10]. Let (X, M, ,N,*,0) be an intuitionistic fuzzy metric space. If
there exists k € (0,1) such that M (z,y, kt) > M(x,y,t) and N(z,y; kt) < N(z,y;t)
forxz,y € X, then x = y.

Proof. See [10] O

2. MAIN RESULTS

Theorem 2.1. Let (X;, M;,N;,0;,7;)1<;<n, be n complete intuitionistic fuzzy met-
ric spaces with M;(x, x;,t) — 1 and N; (?c,xi,t) —0ast— oo for all z,z; € X;
and let {Al}i’f be n-mappings such that A; : X; — X;41 foralli=1,...,n—1 and
A, X, — X1, satisfying the inequalities,

2.1nm
( )Ml (AnAn,]_..AQ.’L‘Q, AnAnfl..AgAlfL'l, k,’t) 5 Ml (3?1, Anfln,l..AQ.’I?Q7 t) ,
(;51 M, (3;‘1, AnAn_l..AgAlxl, t) , My (332, A1$1, t) s >0
M2 (.132, AlAnAn_l..AQl‘Q, t) 5 M2 (All‘l, AlAnAn_l..A2x27 t)
(2.1y)
Nl (AnAn_l..AQIL'Q, AnAn_l..AQAll’l, kt) ,Nl (1131, AnAn_l..AQZ'Q, t) y
1/)1 N1 (.’El,AnAnfl..AgAl{El,t)7N2 (iCQ,Al.’Eht), <0

Ny (29, A1 Ay Ay 1. Asxa, t) JNo (A1, A1 ApAp_1.. Asxo, t)

for all z;1 € X1, o € X5 and t > 0, in general, we have
(2.im)
Mi (AiflAi72...AlAnAnfl..Ai+1:L‘i+17 AiflAi72...A1AnAn71..Aixh kt) s
M (w4, Aj 1 Ai 2. At Ay Ay 1. Aj 1T, L),
oy M (i, Ai—1Ai 0. Ay AR Ay 1. Asy, t) , Mgy (i1, Aiis t), >0
Mi+1 (xi—i-h AiAi—l---AlAnAn—l--Ai-i—lei-i-l, t) ,
Mi+1 (AifL'l, AiAifl...AlAnAnfl ..Ai+1$i+1, t)

(2.in)
./\/;' (Ai—lAi—2---A1AnAn—1-~Ai+1mi+1a Ai—lAi—2-~-A1AnAn—1--Aimh k't) 5
Ni(zi, Ai1 A0 A1A Ay 1 Aip1 g, t)
WV, Ni(xi, Aic1Ai—0. A1A AL 1 Az t)  Nig (@iga, Aizi, t), <0
Nig1 (Tiz1, AiAim1. AtAR A1 A mig, 1),
Nig1 (A, AiAi 1 A1 A Ay A mig, t)

forall x; € X;, xix1 € Xiy1, t > 0, where, ¢, € ®, ¢, € ¥, i =2,...,n—1 and
0 < k< 1. Again we have,

Mn (AnflAn,Q...AliEl, AnflAn,Q...AlAnl'n, kt) s
Mn (.’L’n, AnflAn,Q...Al.’L‘l, t) 5
(QHM) ¢n Mn (:Cn, An_lAn_Q...AlAn.’L‘n, t) 5 M1 (.’1317 Aniﬂn, t) 5 >0
M1 (.I‘l, AnAn—lAn—Z---Alxly t) 5
Ml (Anl'na AnAn—lAn—2--~Alxlat)

Nn (An_lAn_g...All‘l, An—lAn—2~-~A1An$n7 k't) 5
Nn (.Tn, An_lAn_g...Alxl, t) ;
(2.11]\[) ’(/)n Nn (mn» Ap 1Ay 9. A1 Apzy, t) aNl (-7317 Apzp, t) ) <0
Nl (xla AnAnflAn72~~~A1$1a t) )
N1 (Anxn, AnAnflAnf2---A1x17 t)
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A RELATED FIXED POINT THEOREM IN n INTUITIONISTIC FUZZY METRIC SPACES 5
for all x1 € X4, z, € X,, and t > 0, where ¢, € ®, ¢, € ¥V and 0 < k < 1.
Further, suppose that {As} is continuous on X; Then,

Ai—lAi—QnAlAnAn—lnAi

has a unique fixed point p; € X; for i = 1,...,n. Further, A;p; = piy1 for i =
1,....,n—1 and A,pn, = p1-

Proof. Let { (1)} , {azg)} sy { (i)} , { (")} be sequences in X7,
reN reN reN reN

Xa, ..., X;,....X,, respectively. Now let z; D be an arbitrary point in X7, we define

the sequences {xp} fori=1,...,n by
reN

D= (ApAp_y..Ay)" 2V,
1’7(}) = AiflAi,Q..Al.’Eg) for i = 2, )

Forn=1,2,...,n we assume that x(rl) #* mgl Applying inequalities (2.1,7) and

(2.1y) for z9 = A1m£ )1 = 1(2)1, 21 =2 we get
1 1 1
) M, (x£)7 7+17kt) (mp’ (+>1t> .
! (A1$r 1,A15€7(~ ) (Alxr 1,A1$(1) t) 1
1/} Nl ( ) r+17 ) N (x’!l)? 52171; ) <0
! N2 (A133r 1,A1$r1) t) ,JV2 (A xrl)l,Alxr ,t) ,0

From the implicit relation we have,

(3.1a1) M, (mS), S}l,kt) > M, ( @ @ t)

(3.1x) Nl( OO ) <N2( @ 2@ t)
Applying inequalities (2.ip7) and (2.ipr) for a;11 = A;. Ay (An...Al)T_1 mgl) =
A AllE 21 and Ty = Ai—1~~A1 (AnAl)T l‘gl) = Ai_l..Almgl), we obtain
Mi (Ai_l..Alms,l), Ai_l..Alfllille, kt) s

1, M; (Aiflqugl),Ai 1. Aﬂgp

it Mgy (Ai Ay, As gD 1) -
M (A Az A Ay At t) 1
’ N(:E, , 7(~J)rl’ ) 0,N; (x, , Til,t) 0
i Nt (xffjll),xgﬂ ) ( Sz+117 rz+1 ),O
From the implicit relation we obtain,
(3.in) M; ( 9, 5-&)-1’]“) 2 Mt (xgﬂ i t)

(3.y) N (20,20 kt) < N (282,200 1)
fori=2,...,n—1andr €N.
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6 F. MERGHADI

Now applying inequalities (2.n)s) and (2.ny) for x,, = 2" and 2, = 3:&)1 we

have
o [ (2, 2 kt) 10 (28,20, .
" >
My (510,280,021 (2, 089,0)
N w’rn)? r 7kt ) JN .,I:’En), '(rn)7t )
" ( i ﬂ) ) (1) )ﬂ) oy
( Z, 17x7" at)7 1( X, 1,.’13r 7t)70
and so by implicit relation we have
(3.1p7) M, (xgn)’ fi)pkt) ( RO t)
(3.ny) N, (a:&", ,_H,kt) <M ( z,” 1,m(1),t)

It now follows From (3.1,/), (3.7ar) and (3,nys) that for large enough n

i (a0, 8 > e (2,.2.0)
) [ t
M,; ( 5”796511’75) > Mi+1( e (H_l)’k)
>
Y O (n) t
= n xr+ifn’xr+i7n+1’kn7i
(1) (1) ¢
> M (wr+i_n_1a$r+i—n7 an)
>
(0 & t
1\ Trgi—2n—1>Tppi— 200 pon—it1
>
(1) (1) t
> M (xr+imn1’xr+imﬂ’ kmnz+1>
>

t n) _(n) _t
min{Ml (x§1)7l‘é ), km”> g ooy My, (mg ) xé ) kmn)}

And it follows From (3.1x), (3.in) and (3,nr) that for large enough n
. t
N (o0, 2000) < Noga (o0 0t050, 1)
e e ¢
N Tryi—2n—10Trii—2ns k2n— z+l>
<N ) !
1 r+z mn—11Lr4i—mn> W

t n) (n) _t
max {J\/l (mll),xé) kmn) yeeey Ny (mg ) e, km”>}

Since 0 < k < 1. It follows from Lemma 1.11 that {:cg)} is a Cauchy sequences in
X; with a limit p; in X; for:=1,2,..,n

IN

IA
IA
/\

IN

IN
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A RELATED FIXED POINT THEOREM IN n INTUITIONISTIC FUZZY METRIC SPACES 7

To prove that p; is a fixed point of A; 1...A1A,...A;p;, we can use proof by
induction. Recently F. Merghadi and A. Aliouche sent an article about the existence
of three fixed point in intuitionistic fuzzy metric spaces, which have been accepted
for publication in the Journal of Mathematical and Computational Science.We have
demonstrated for three spaces that A; ;...A1A4,...A;p; = p; and A;p; = p;41for
1=1,2,3.

By induction, Supposing that A;_1...A1 A,...A;p; = p; and A;p; = p;41 it true for
all A; € X; andi=1,2,...,n—1. Now, we will going proved that A; _1...A1A,...A;p;
=p; forall A; € X; andi=1,2,....,n

Using the inequality (2.i57) and (2.ix7) for z; = p; and z; 41 = 2T = A, A (A A7)~

r—1
we obtain

M; (piy Aim1Ai—g. A1A Ap 1. Aipi t)
¢ M (55@11)7/11'1%%) s M (fcffjll)vﬂ?sfﬂ),t) ; >0
Mi+1 (A'Lplv mgi—i_l)v t)

M, (;;;&”,Ai,l..AlAn...Aipi, kt) M; (pi,x&“ t) ,

N; (xEJ’),Ai_l..AlAn...A,»pi,kt) N (pi,xﬁ),t) ,

N; (pi, A A9 ATAZA, 1 Asp;, t) )
Vi Nz‘+1 (ffiil)vAipi,t) ,Ni+1 (fﬂgijll),xgiﬂ)»t) ) <0
Nit1 (Az’piaxv("i+1)>t>

Letting r — oo we have
Mi (ph AzflAlAnAlpza kt) ) ]-7

o; M; (pi, Aic1Ai—9.. . A1A Ap 1. Aipi, t), >0
M1 (pit1, Aipist) , 1, Mg (Aipi, pigast)

M (pu Ai—lnAlAnAn—l-nAipia kt) )07
), Ni (pi, Aic1Ai—g. A1 AR An 1. Aipit) <0
M+1 (Pi+17 Aipi7 t) 5 07 M+1 (Aipi7 Di+1, t)

It follows from (iii) that

(4.inr) M; (pi, Ai—1.. A1 A Aipi, kt) > M1 (pigr, Aipis t)
(4.in) Ni (piy Ai1.. A1 A Aipi, kt) < N1 (pigr, Aipis t)
for i = 2,...,n — 1. By the same way we put x1 = p1, 2 = 3352—)1 in (2.15) ((2.1n7))
and z, = pn, v1 = $£1_)1 in (2.np7) ((2.npr)) respectively, we get
M (p1, Ap...Aip1,kt) > M (p2, Aipi,t) (4.1a7)
M, (pm Ap_1.. A1 Aupy, kt) > M (ph Anpn, t) (4'nM)
Ni(p1, An...Aip1, kt) < Na(p2, Aipi,t) (4.1n)
Nn (pn» An—lnAlAnpna kt) S Nl (pla Anpna t) (4.HN)

127

(1)
0



8 F. MERGHADI

We can write again from (4.1,7), (4.ipr) and (4.npr),
M (p1, An..Aipr,kt) > M (p2, Aip1,t)
My (p2, A1 Ay Aopa, kt) > Ms (ps3, Aapa,t)
M3 (p3, Az A1 Ay Asps, kt) > My (ps, Asps,t)
My (ps, A3Az A1 Ay Aupa, kt) > Ms (ps, Aapa,t)
M; (pi, Ai—1. A1 An. Aipi k) > Mg (piyr, Aipis t)

M, (pla Anpn, t)

Mn (pna An—l--AlAnpru kt) 2
Thus, by induction and (4.1,/), we have
(51) AA$*ﬁipi = Pi+1 for i = 1727"' , I — 1
(5n) Appn = ApAp_1pn—1 =+ = Ap.. Aops = Ap. . Aip1t = p1

and so, from (4.n,;) we have
A 1. Ay Anpy = D,
Concerning inequalities (4.1x7), (4.ia7) and (4.npr). Similarly, we can prove that
A 1. A AVA, 1. Aip; =p; foralli=1,2,-- ,n.

For proving the uniqueness of the fixed point p; in X; we assume that there exists
z; € X; such that z; #p; and A;_1..A1A, A 1. Ajzi = z; foralli=1,2,--- n.
Firstly, using (2.ip7) for z; = p; and x;41 = A;z; we have,

M, ( Aifl..AlAnAnfl..Ai+1AiZi7 )
g Aifl..AlAnAnfl..Aipi, kt ’
M; (pi, Aim1.. A1 AR Ay 1 A1 Aizi t)
2 M; (pi, Ai—1.. A1 Ag Ap 1 Aipi t) , M1 (Aizi, Aipist)
Mi+1 (AZZ“ Ai“AlAnAn—l--Ai—i-lAizia t) 5
M1 (Aipi, Ai At AR AL 1 Aj 1 Ajzi t)

>0

and so,

é M; (2 ,pi, kt), M; (ps, 2 ,t),1, >0
N\ M (Aizi  Aipiy t) .1, Mg (Aipi, Aizi o t)

which implies that,
M; (pi, zi ,kt) > M1 (Aipi, Aizi ) foralli=1,2,--- |n
From (5.1), (5.n) ,we have:
My (pr1,21 ,kt) > Mz (Aipr, Arz1 ,t) = Ma (p2, 22 1)

M; (ps, zi ,kt) > Mip1 (pig1,2ig1 5t) foralli=2,--- n—1

M, (pnazn 7kt) > M (AnpnaAnZn 7t) = M, (plazl at) .
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A RELATED FIXED POINT THEOREM IN n INTUITIONISTIC FUZZY METRIC SPACES 9

Similarly, we find by (2.ixr) that
N1 (p1,21 ,kt) < Ni(pi,21,t)

Ni (piyzi  kt) < Nig1 (pig1,2i41 ,t) foralli=2,--- n—1

Nn (pruzn 7kt) S Nn (pnwzn 7t)

This proving the uniqueness of p; in X; for ¢ = 1,2,--- ,n. This complete the
proof of the theorem. O

There is an example satisfies all conditions of Theorem 2.1

Example 2.2. Let (X;, M;, Nj,0i,7;)1<;<,,, be n complete intuitionistic fuzzy met-
ric spaces such that
t |zi — il

T TE N Ly 47t =
P a— i (Ti,yi,t)

M; (@i, yi, t) TN
7 7

foralli=1.n and X; =[0,1], X; =i — 1,4 for alli > 2. Define A; : X; — X;11
fori=1.n—1and A, : X,, — X1 by
3

3
1 if T, E]n—l,n—z[

1 ifxne[n—§ n|

Az = {2 if ;1 €10,1] , Ay, =
47

1 3
i+4ifxi€]i—1,i—[

Az, = foralli=2.n—1,
- 1 Faie |i 3 .
1 — U X; T— —,1
2 ¢ 4’
Let ¢y = ¢y = .. = ¢, = ¢ such that ¢ (t1,ta,t3,14,5,t6) = t1—min {ta,t3, 14,15, 16}
and g = 1py = .. =9, = 1 such that ¢ (t1,ta,t3,t4,t5,t6) = t1—max {ta, 13, 4,5, 16}

Note that there exists w; in X; such that (A;—1A4;—2..A1A,...A;))w; = w;, Vi =

1.n. (a) If i =n we get (Ap_1An_2..A1A) w, = w, if w, =n — 3 because

1
(A7L—1An,—2~-A1An) <Tl - 2) = An—lAn—Q--Al (1)

1
e = An—lA7L—2--Ai+1 (Z + 2) =....

) 3 1
= An, An, —_ = = Ani —_ = = JRE—
1 2 <n 2) 1 (n 2) n 5

b) Remark that for alli=1,n—1 and x; € [z — i,z{; Ajx; € [(z +1)— %,i +1 [,
1 1 1
then there exists w; = 1 — 3 such that (A;—1A;—2.. A1 A, A;) i — 5)= 71— 3 for

alli=1,2,...n — 1. Further, (Ai—14;_9..A1A,,...4;) is continuous in X; for all
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10 F. MERGHADI

3
1=2,..,n because if xv; =1 — 1 is the point of discontinuity for A; we have

lim (AiflAi72..A1An..Ai+1Ai) Z;
. 3\~
o (i-3)

1
= Ai_lAi_g..AlA”..Ai+1 <Z + 4)

3
= AiflAi72..A1An..Ai+2 (Z + 4)

lim N (AiflAi72--AlAn--Ai+lAi) ZT;

z— (F%)

= Ai_1A 2. AAL A (z + ;)

= Ai_lAi_Q..AlAn..AiJ’_Q <’L + i)

If we take n = 2 in Theorem 2.1, we obtain a generalisation of Theorem 2.1 of

3].

If we put n = 4 in the Theorem 2.1 we get the following corollary which gener-
alizes the Theorem 2.1 of [15].

Corollary 2.3. Let (X;, M;,Ni,0;,7;)1<;<4, e four complete intuitionistic fuzzy
metric spaces with M;(x,x;,t) — 1 and N (z,x;,t) — 0 as t — oo for all
x,x; € X; and let {Al}ijf be 4-mappings such that A; : X; — X411 foralli=1,2,3
and Ay : X4 — X4, satisfying the inequalities,

Mi (Ai—lAi—2~-A1A4--Ai+1$i+17 Ai_lAi_g..A1A4..Aixi, k’t) 5
M (2, Ai 1 Ai—2. Ay Ay Aj 141, 1),
(6.inr) @5 M; (x5, Ai—1Ai—0. Ay Ay Ay, t) , Mg (i1, Aixg, t), >0
Mit1 (@ig1, AiAio1 At A A ziga, 1),
Mgy (Aiwi, AjAi_1 Ay Ay Aj1mig,t)

M (Ai_lAi_Q..A1A4..AZ‘+1£172'+1, Ai_lAi_Q..A1A4..Ai$Z‘, kt) y
Ni(zi, Aio1 A9 At Ay Aip1iga, t),
(611\/) d)z M (.’L‘i, AiflAifz..AlAzl..Aixi, t) ,M+1 (SL'Z'+1, Aixi, t) y <0
Nigr (Tig1, AiAio1 At Ay A1, t),
Nig1 (A, AjAi 1 At Ay A 1miqa,t)

for all z; € X;, ziy1 € Xiy1, t > 0, where, ¢, € ©, ¢, € ¥, i =1,23,4 and
0 < k < 1. Further, suppose that for all i =1,4. {As} is continuous on X; Then

A A3A5 Ay has a unique fized point py € X3
Ay AgA3 Ay has a unique fixed point ps €  Xo
AgA1 Ay As has a unique fixed point ps € Xj
A3As A1 Ay has a unique fixed point py € Xy.

Further, Aip; = piy1 fori=1,2,3,4.
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A RELATED FIXED POINT THEOREM IN n INTUITIONISTIC FUZZY METRIC SPACES 11

(== ; (1) .
Proof. Let {a:r } be sequences in {X;},,.,,. Now let z;’ be an arbitrary
reN ==

point in X4, we define the sequences {mg)} fori=1,2,3,4 by

reN
aM) = (A4A3Ax4)" x(()n’

2@ = Az

zﬁs) = A2A1!E7(~1) = A2x£2)~

oV = AzApAya() = AzAra® = Azz®).
zgl) = A4$£47)1

Similarly of the proof in the case of three spaces, we can prove that {a:g)} is a

Cauchy sequences in X; for all ¢ = 1,2, 3,4 with a limit

poo= lim ozl

I

= = i A = i Ao

ps = lim w£4) = lim A3A2A1x7(}) = lim A3A2x£2) = lim A3x£3)
T—00 r—00 00 =00

To prove that p; is a fixed point of A; 1..A1Ay4..A;p; for i = 1,2,3,4 suppose that
Ai_y.. A1 Ay. . Aip; # p;. Using the inequality (6.ip7) for z; = p;, 41 = xiljll) =

Aixﬁl = Ai..Alenl_)l and ¢ = 1,2, 3 we obtain

Mi (Ai_l..Al.Z‘gj), Ai—l--A1A4--Aipi7 kt) 5
Mi (pu Ai_l..Al.’Es-i), t) s

& | M (pi, Aicr. A1 Ag Aipiy t) , M (AiuAl-Tiiszipiat) , | >0

Mi+1 (Ai..Alefll, Ai..Ale«i), t) 5

M; 4 (A¢P17A1~-A1$£i),t>

and so,

M; (Igi)7A¢—1-~A1A4~-Aipi7kt) , M; (pi,xf),t) )
- Mz (s, Ai—l--AlA4A3--Aipia t) ) 0
(7iar) 0 M1 (xgljll)aAipzﬁt) s M (xgljll)axyﬂ),t) ; -
My (Aipi,xgﬂ),t)
for all i = 1,2,3 and ¢, € ®.
In the case where i = 4, we pose that x4 = py and z; = xS-l), then we have,
M, (33£4),A3A2A1A4p4, kt) y My (p4,$7(~4)7t) )
(7.4n1) by | My (pa, A3Az Ay Agpy,t) , My (CBS),AMMJ ;1 >0

M, (xv(nl),;vgl,t) , My (A4p4,33521,t)
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12 F. MERGHADI

Letting » — oo in (7.ips) and (7.457) we have,
M; (pi, Aim1. A1 Ag Ay, k) 1,
o, M; (pi, Aim1. A1 AsAs. Aipi, t), >0
M1 (pig1, Aipint) .1, M1 (Aipi, pig1,t)

and
My (pa, AsAs A1 Aups, kt) | 1,

Oy | My (pa, AsAs Ay Aupy,t) , My (p1, Aaps,t), | >0
1, My (A4pa,p1,t)
It follows from (iii) that
(8.in) M; (pi, Ai—1.. A1 Ay Aspi, kt) > Mgy (pig1, Aipis t)
for all ¢ = 1,2, 3,4 which mean again,
M, (p1, AyA3AsAipi, kt) > My (p2, Aipi,t)
My (p2, A1 AyAzAgpa, kt) > M;z (ps, Aapo,t)
M3 (p3, Az A1 AyAsps, kt) > My (ps, Asps,t)
My (ps, A3As Ay Ayps, kt) > My (p1, Aspa,t)
8

Suppose that As is continuous. Then, from (8.257) we get,

Asp2 = p3

A1 AgA3Asps = po

A1 Ay Asps = po
AgA1A4Asps =  Aspz = ps3.

Using the inequality (6.75/) for z; = mg) = Ai_l..Alxg) and x; 11 = p;11 we have

M; Ai—1--A1A4--Ai+1pi+1790521, kt) ;

(9im) ¢
M ($£i+1)7Ai~-A1A4-~Ai+1pi+1>t>

M3 (A2A1A4p4a 5’:217 kt) 7M3 (‘T’E‘?))a A2A1A4p4a t) ’
¢3 M ((,U7(~3),£C,E,:i)1, ) 7M4 <p4a x7(“4)7t> 9
Mi (pa, Ag AsArAspa,t) Ma (1, A As As Aspat)

M, (A3A2A1p17xfi)l’ kt)
M, (x£4>, A3A2A1p1,t> M, (x£4),x§‘f21,t) 3
M; (pl,mgzl,t) , My (p1, AgAsAsAipy,t),

M, (mgﬁl, Ay AsAs Avpy, t)
Letting r — oo in (9.i57) we have

M; (Ai—1. A1 Ay A 1pig1, pi, kt),

" M; (piy Ai—1.. A1 Ay Aip1piga,t) 1,1,
¢ M1 (pit1, Ai A1 Ay Aipipiga,t),
M1 (Pig1, Ai A1 Ay Aipapigr,t)

P4

>0
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which it means,

é M, (AgAsAgps,pr,kt), My (p1, AsAsAsps,t), 1,1,
Y\ Ms (p2, A1 Ay A3 Aops, t) , Ms (po, A1 AsA3Aops,t)

p ( M; (A1 A4 Asps, pa, kt) , My (pa, A1 Ay Asps,t), 1,1,
2

V
o

\%
o

M3 (p3, A2 A1 Ay Azps, t) , M3 (ps3, Ao A1 Ay Asps, t)
é M3 (A Ay Agpy, p3, kt) , M3 (p3, Ao Ay Aupy,t) 1,1,
3\ My (pa, AsAs A1 Aapa,t) , My (pa, A3 Ao A1 Aypa,t)

My (AsAsAipr,pa, kt), My (pa, AsAsAipr,t), 1,1,
o M (p1, AsA3 Az Aipy,t),
M (p1,AsA3AsAipr,t)

~— N
\Y
o

It follows from (iii) that:
My (A4 Asps, p1, kt

) P2, A1 AgAsps,t),
My (A1 Ay Azps, p2, kt)

)

)

M ( (

Ms (p3, Ay Ay AgAsps,t), (10.2ps
M3 (A2 A1 Aspa, p3, kt My (ps, A3Ag Ay Aypy,t), (

My (A3AsA1py, pa, kit My (p1, AgAsAsAipy,t). (
Then, from (9.1),(9.2) and (10.1),) we have

AV AVAR VAR V]

(11.1) A4Asps = p1.
From (9.4),(10.257) and (11.1) we get,
(11.2) Aipr = po
From (10.4p),(11.1) and (11.2) we obtain,
Asps = pa (11.3)
AyAsps = Asps=p (11.4)

Now, substitute (11.2) and (11.4) in (7.45;) and (8.45s) respectively, we get
AgAzAsAipr = i
A3AgA1Asps = pa
Concerning inequalities (6.ix7), we can prove by the same manner that
Ai71~-A1A4-~Aipi = Di for all i = 1, 2, 3,4
For proving the uniqueness of the fixed point p; in X; we assume that there exists
z; € X; such that z; # p; and A;_1..A1A3..A;z; = z; for all 4 = 1,2,3,4. Firstly,
using (6.i57) for x; = p; and x;41 = A;z; we have,
Mi (Aifl..A1A4..Ai+1AiZi, Aifl..A1A4..AZ‘pi7 kt) 5
M; (pi, Aim1.. A1 Ag Aj 1 Az t)
& | Mi(pis Aic1. A1 Ag Aipist) , Mgy (Aizi, Aipist), | >0
Mi+1 (AZZZ, Ai..A1A4..Ai+1AiZi7 t) 5
M1 (Aipi, Ai A1 Ay Aj 1 Ajzi t)

and so,

¢ Mz(zzapzakt)sz( iazi,t)vla >0
C\ Mg (Aizi  Aipist) 1, Mg (Aipi, Aizi 1)

which implies that,
Mi (p“ Zi ,kt) Z Mi+1 (Azpz; AlZl 7t) for all i = ]., 2, 3,4
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From (9.1),(11.2),(11.3) and (11.4) we have:

M (p1,21 ,kt) > My (Aip1, Arz1 ,t) = M (p2, 22 , )
M; (p2, 22 ,kt) > M3 (Aapa, Aaza ,t) = M3 (ps, 23 , 1)
M3 (p37 zZ3 kt) Z M4 (A3p37 A323 Jt) = M4 (p47 Z4 7t)
M4 (p4a Z4 ;kt) Z Ml (A4p47A4Z4 ;t) = Ml (p17 21 7t) .
which implies again that,
M (p1,21 ,kt) > My (p1,21 ,t)
M; (p2, 22 ,kt) > My (p2,22 ,t)
Ms (ps, z3 ,kt) > M3 (ps3, 23 ,t)
My (pa, za ,kt) > My (pa, 24 ,t).
Similarly, we find by (6.i) that
M (p1,2z1 ,kt) < Ni(p1,21,t)
Ny (p2, 22 ,kt) < Ny (p2, 22 ,t)
N3 (ps,z3 ,kt) < Ni(ps,z3,t).
Ny (pa,za  kt) < Ni(pa,za,t)

This proving the uniqueness of p; in X; for i = 1,2,3,4. This complete the proof
of the theorem. O

The following example illustrates our Corollary 2.3.

Example 2.4. Let X1 = [0,1], X5 = [1,2[, X5 =|2, 3], X4 =]3,4] and let M; (x;, z;41,t) =
t -

— foralli = 1,3 and M5 (x5,21,t) = —————. Define A; : X

t+|$z+17$z|f ( 1 ) t+‘$5*$1| ﬁ 1 1

XQ, A22X2—>X3, A35X3—>X4 andA4:X4—>X1 by

3
1 ’ifwl S [O,*[ 5
Az = 3 34 ;Azﬂiz{z if zo € [1,2]
5 Zf.’l?]_ (S [171]
13 5 3 7
—_— Zf.’L‘g 6]2,5[ Z Zf$4€ 372|:
Aszs = ‘ 5 » Agzy = 7
§me36[§,3] lifazy € 2,4]

Let ¢1 (tlat23t3at4at5at6) = tl — min {t23t3;t4,t57t6} and ¢1 = ¢2 = ¢3 = ¢4'
Here X1 is compact, but the others spaces are not compact. Further the inequalities
(5.1),(5.2),(5.3),(5.4), (5.5) are satisfied since the left hand side of each inequality

is 1 and A4A3As Ay is continuous in X because if x = 7 the point of discontinuity

134



A RELATED FIXED POINT THEOREM IN n INTUITIONISTIC FUZZY METRIC SPACES 15

for Ay, we get

limi A4A3A2A11’ = A4A3A2 (1) == A4A3 (3) == A4 (;) == A5 (9> =1

and

hn31+ A4A3A2A11‘ = A4A3A2 (3) = A4A3 (3)

7 9
= A4<z)—A5<z)—1

We have
3 3
A4A3A2A1 (1) = 1, A1A4A3A2 5 = 57
5 5 7 7
A2A1A4A3 (2> = 5, A3A2A1A4 <2> = 5
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A MODIFIED PARTIAL QUADRATIC INTERPOLATION
METHOD FOR UNCONSTRAINED OPTIMIZATION

T.M. EL-GINDY, M.S. SALIM, AND ABDEL-RAHMAN IBRAHIM

ABSTRACT. A numerical method for solving unconstrained optimization prob-
lems is presented. It is a modification of the partial quadratic interpolation
method [11] for unconstrained optimization and based upon approximating
the gradient and the Hessian of the objective function. This means that it
requires only the expression of the objective function to converges to a sta-
tionary point of the problem from any initial point, with speed convergence.
The method can solve complex problems in which direct calculations of the
gradient and Hessian matrix are difficult or even impossible to calculate. The
search directions are always descent directions. Results and comparisons are
given at the end of the paper and show that this method is interesting.

1. INTRODUCTION

In this paper, we consider the unconstrained optimization problem
(1.1) min f(z), z€R,

where f : R,, — R is a continuously differentiable function, and its gradient at
a point z", r € N, is denoted by g(z"), or ¢" for simplicity, n is the number of
variables. One of the most effective methods for solving the unconstrained problem
(1.1) is the Newton method. It normally requires the fewest number of function
evaluations, and is very good at handling ill-conditioning. However, its efficiency
largely depends on the possibility of solving efficiently a linear system which arises
when computing the search direction d” at each iteration,

(1.2) H(z")d" = —g(z")

Where H(z") is the matrix of second partial derivatives (Hessian matrix) of f and
d" is a search direction in the current iteration. Moreover, the exact solution of
the linear system (1.2) could be too burdensome, or is not necessary when z” is far
from the solution of f (see [25, 27]).

It is emphasized [3] here that unless [H(z")] is positive definite, the direction
—[H (z")]~'[g(z")] will not be that of descent for the objective function. to see this
we substitute the direction into the descent condition to obtain

(1.3) ~lg(=")"[H (2")] " g(a")] < 0

The foregoing condition will always be satisfied if [H(x")] is positive definite. If
[H (z")] is negative definite or negative semidefinite the condition is always violated.
With [H(2")] as indefinite or positive semidefinite, the condition may or may not

Key words and phrases. Unconstrained optimization, descent direction, partial quadratic in-
terpolation method.
2010 AMS Math. Subject Classification. 65K05, 90C30.
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be satisfied, so we must check for it. If the direction is not descent for the objective
function, we should stop there because a positive step size cannot be determined.

There exist some kinds of effective methods available for solving (1.1), as for
instance, inexact Newton, limited memory quasi-Newton, truncated Newton (TN),
conjugate gradient, spectral gradient, and subspace methods. Inexact Newton
methods (see [10, 25]) represent the basic approach underlying most of the Newton-
type large-scale unconstrained algorithms. At each step, the current estimate of the
solution is updated by approximately solving the linear system (1.2) using an iter-
ative algorithm. The inner iteration is typically “ truncated ” before the solution
of the linear system is obtained.

In Quasi-Newton methods the Hessian matrix of second derivatives of the func-
tion to be minimized does not need to be computed. The Hessian is updated by
analyzing successive gradient vectors instead. Quasi-Newton methods are a gener-
alization of the secant method to find the root of the first derivative for multidimen-
sional problems. In multi-dimensions the secant equation is under-determined, and
quasi-Newton methods differ in how they obtain the solution, typically by adding
a simple low-rank update to the current estimate of the Hessian.

The limited memory BFGS (L-BFGS) method (see [20, 26, 33]) is a member
of the broad family of quasi-Newton optimization methods. It use a low and pre-
dictable amount of storage, and only require the function and gradient values at
each iteration and no other information about the problem. They are suitable for
large scale problems because the amount of storage required by the algorithms (
and thus the cost of the iteration ) can be controlled by the user. Alternatively,
limited memory methods can be viewed as implementations of quasi-Newton meth-
ods, in which storage is restricted. Their simplicity is one of their main appeals:
they do not require knowledge of the sparsity structure of the Hessian, or knowl-
edge of the separability of the objective function, and they can be very simple
to program. Limited memory methods originated with the work of Perry (1977)
and Shanno (1978), and were subsequently developed and analyzed by Buckley
(1978), Nazareth (1979), Nocedal (1980), Gill and Murray (1979) and Buckley and
LeNir (1983). Numerical tests performed on medium size problems have shown
that limited memory methods require substantially fewer function evaluations than
the conjugate gradient method, even when little additional storage is added. The
implementation is almost identical to that of the standard BFGS method, the only
difference is that the inverse Hessian approximation is not formed explicitly, but
defined by a small number of BFGS updates. It often provides a fast rate of linear
convergence, and requires minimal storage.

If only gradients are available and memory is limited, one may use a discrete
truncated Newton method (DTN) such as in [10, 26]. DTN uses gradients to
approximate the product of the Hessian with an arbitrary vector. Several attempts
have been made to create a method which combines the properties of the (discrete)
truncated Newton method and the L-BFGS method.

Conjugate gradient methods have played special roles in solving large scale non-
linear optimization problems. Although conjugate gradient methods are not the
fastest or most robust optimization algorithms for nonlinear problems available to-
day, they remain very popular for engineers and mathematicians with solving large
problems [13, 17, 22, 36, 37]. The convergence properties of conjugate gradient
methods have been studied by many researchers [1, 8, 9, 15, 16, 28, 31]. Good
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reviews of the conjugate gradient methods can be found in [13, 18]. Although all
these methods are equivalent in the linear case, that is, when f is a strictly con-
vex quadratic function and «” is computed by an exact line search, their behavior
for general functions may be quite different. The search direction in all nonlinear
conjugate gradient methods is given by d" = —g" + 87d" ! ,with d* = —¢° and 8"
being a scalar. Most of the recent work on nonlinear conjugate gradient methods
is focused on the design of a new " or a new line search strategy. The large-
scale unconstrained optimization problems have received much attention in recent
decades.We refer to [2, 18] for a good survey.

Spectral gradient methods have proved to be of great value in unconstrained
optimization problems. They were introduced by Barzilai and Borwein [4],and
analyzed by Raydan [29]. They have been applied to find local minimizers of large
scale problems [5, 6, 30], and also to explore faces of large dimensions in box-
constrained optimization see [12]. More recently, spectral gradient methods were
extended to minimize general smooth functions on convex sets See [7]. In this case,
the spectral choice of step length was combined with the projected gradient method
[14, 19, 34] to obtain a robust and effective low cost computational scheme.

Subspace techniques [32, 35] used in constructing of numerical methods for non-
linear optimization. The subspace techniques are getting more and more important
as the optimization problems we have to solve are getting larger and larger in scale.
The applications of subspace techniques have the advantage of reducing both com-
putation cost and memory size. Actually in many standard optimization methods
(such as conjugate gradient method, limited memory quasi- Newton method, pro-
jected gradient method, and null space method) there are ideas or techniques that
can be viewed as subspace techniques. The essential part of a subspace method
is how to choose the subspace in which the trial step or the trust region should

belong.
The iterative formula of these methods is given by
(1.4) o =" 4 a"d"

where o” > 0 is a step length. Generally [3], we can say that d" is a descent
direction of f at z” if

(1.5) g d" <0

The classical Newton’s method is the basis of many numerical methods for un-
constrained optimization problems. If, in the case of minimization, the Hessian
matrix of the function under consideration is positive definite, then a numerically
stable method for forming the descent direction is to factorize the Hessian matrix by
the method of cholesky. In cases where the matrix is singular or, more commonly,
indefinite, Newton’s algorithm is no longer a steepest descent algorithm. In addi-
tion the method of cholesky is no longer numerically stable, even if the factorization
of Hessian exists. there have been several algorithms [23] which replace the Hessian
matrix in Newton’s method by a related positive definite matrix. The disadvan-
tages of such methods is that either they cease to determine the descent direction
in a numerically stable way, and/or the amount of work necessary to evaluate this
direction is considerably greater than that required by cholesky’s method.

The partial quadratic interpolation method [11] or shortly (P.Q.L.) technique
may be considered as a second-order method, the principal idea of this method is
to approximate the objective function f(z) about certain point " by second degree

138



4 T.M. EL-GINDY, M.S. SALIM, AND ABDEL-RAHMAN IBRAHIM

polynomial in the space R,,, from which one may determined approximations to the
gradient and Hessian of this function as [b,(z")] and [A, (")] respectively. One then
extract a positive definite matrix[A,(z")] from the Hessian matrix [A, (z")] in the
subspace R, C R,,, using a particular application of the cholesky technique.

PQI technique.

Step 1. Choose some guessed starting point z” € R,,.
Step 2. Approximate the function f(z) about " in a quadratic form:

F(@) = pla) = a+ bu(@)] "z — 2] + gl — o] [An(e Vi — 2,

the constant a; and the matrices [b,(z")] and [A,,(z")] are computed using certain
interpolation points [11].
Step 3. Use the necessary condition for the minimum of p(x) we have

xr—i—l =z — [An(l'T)]_l[bn(xr)]

or

where
[A] = 2"t — 2"
Step 4. Extract the symmetric positive definite matrix [A,] from the symmet-
ric matrix [A,] using Choleski’s method, where:

[Ap] = [Lp] [LP]T
Step 5. Solve the system of the equations:

AL A =B AeR,
which is equivalent to the solution of the two systems of equations
[Lp][Y] = [by]
(L) [A] = [Y).

Step 6. The new point, or the next guess is then given by:
x;"H =z} + al; for z,€Ry, 0<a<l1
and
it =gl for z; ¢ R,
Step 7. To determine the new point 2"t € R,,, we try o = 1, %, %, ... and
take the first value of o which satisfies f(z"*!) < f(z2"), 2" € R,. If o becomes

sufficiently small without satisfying this condition, we use new interpolation points,
and restart the calculation,

The method has many advantages:

e It avoids direct calculations of the gradient and Hessian matrix, which are
difficult or even impossible to calculate in certain problems.

e It avoids evaluation of the inverse matrix needed at each iteration.

e It ensures convergence to a local minimum, regardless of the choice of initial
value.

139



A MODIFIED PARTIAL QUADRATIC INTERPOLATION METHOD 5

But in some problems it has two disadvantages:

e The fixing of the variables z; € R,,_, may cause the convergence to be
slow.

e The operation of canceling certain rows and columns may at certain point
involves all the rows and columns of the Hessian matrix A,,, and then, the
procedure stop before achieving the solution.

To overcome these disadvantages we suggest a modification to the (P.Q.I.) tech-
nique. The modification is to complete the direction obtained from the (P.Q.IL.)
technique from a certain vector, which is a descent vector, and this produce a
faster descent direction converges to the minimum value of the objective function
f-

This paper is organized as follows. In Section 2, we describe the modified par-
tial quadratic interpolation technique . Numerical results and one conclusion are
presented in Section 3 and in Section 4, respectively. Throughout the paper, || - ||
denotes the Euclidean norm of vectors.

2. Mobiriep P.Q.I. METHOD

In this section, we propose a new algorithm to solve (1.1). This algorithm gen-
erates a sequence of points z" by

et =" 4 andn, r=0,1,2,...

where d” is a descent direction of f at z" , and " is the step length which is
determined by a line search. In the following, we describe the method in details.
Let f(z),z € R, be a continuous function, [g,(z")] is a column matrix repre-
senting the gradient vector of f at 2", and [H,(z")] is the matrix of second partial
derivatives (Hessian matrix) of f evaluated at the point z". Let [H,(z")] is the
positive definite matrix extracted from [H,(z")] and [g,(2")] is the corresponding
gradient vector of f(z) in the sub-space R, C R,,. Define [g,—,(2")] as the gradient
of f(x) with respect to the variables z; ¢ R, or z; € (R,, —R,,), where,
[xp] is the column vector of the components z; € Ry,.
[,—p] is the column vector of the components z; ¢ R, or z; € (R, — R,).
The P.Q.I. method have a search direction in the form —[H,(z")]"![g,(z")], and
we propose the search direction to be,

e [ H ) gy ()]
T=1 egnp (@]

where,

o {1 ifr =0,
— Ulgn @O/ NH @) [gn @)%, (g0 (@) = [ga(2")] = [gn(a™ )] ifr=1,2,...

This mean that in first iteration ¢ = 1 and in the subsequent iterations ¢ =
Ign )2/ IHn (27)][gn (27)]]%,
(@0 (27)] = [gn(2™)] = [gn(z"71)]. We note that d” is a descent direction since, it

satisfies (1.5) i.e.

<0

[[ [9p(2")] ] . [—[Hp(xr)]l[gp(xr)]

gn—p(m )} 7C[gn—p(x7ﬁ)]
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Theorem 2.1. Let f : R, —» R, 2" € R, and x" is not a critical point and, If
the Hessian matriz [Hy(z")] is a positive definite matriz. Then the direction

; —TH (2" (2"
=[P4

where,

B {1 ifr=0,

— Ulgn @I /IH (@ )lan @I, [gn(z7)] = [gn ()] = [gn("" )] ifr=1,2,...
is a descent direction.
Proof. Approximating f(z" + td,(z") by using Taylor’s series expansion about the
point ", we get

f(@" 4 tdn(a")) F(@") + tlga ()] [dn(z")] + O(t%)

= flz")+ {gn p(T]J { [Hy (7)) [gp(z")] L0

T —c[gn—p(z")]

(2.1)

If t > 0 is small, then the error term O(t?) will be neglected.
therefore, eq. (2.1) take the form

(2.2) f(z"+tdn(2")) = f(2") = =t{{gp(")]" [Hp(2")] " [gp(a")]+Clgn—p ()] [gn—p(=")]}
but [H,(«")] is a positive definite matrix, then

~lgp (") [Hp(2")] " [gp(a")] < 0
also ¢[gn—p(x")]T [gn—p(x")], and t are always positive. Then the right-hand side of
equation (2.2) is negative, so that:
f@" 4 tdn (")) < f(27)
Then d,(z") is a descent direction. O

Let [b,(z")] is a column matrix (b;) representing the approximate value of the
gradient [g,(z")], and [A,(2")] is a square matrix (a;;) of order n representing
the approximate value of the Hessian [H,,(z")]. If we use the approximate values
[A,(z7)] and [by,(z")] of the Hessian and gradient, we get the same result.

Using these approximate values,we can write

(2.3) fla" +tdn(z") = f(2") + t[ba(z")]" [dn(x")] + n(t, [4])
where 7)(t, [¢]) is the error term, and [¢] = ({1, s, ..., ¢y).
In the same way equation (2.1), becomes

fa +tda(z")) = f@@") = t{{bp(a")]" [Ap(a")] 7 [bp(2")]

(2.4) + clbu—p (@) bn—p(a")]} + (2, [4])
As before the error term will be neglected when ¢ and [¢] are small, and hence
(2.5) f@" +tdy (27)) < f(2").

Let f(x) be defined over the space Ry, then the approximation [A, (z")] of the
Hessian is not, in general strictly positive definite. Now we extract a positive
definite matrix [A,(z")] from the Hessian matrix [A,(2")], and hence we construct
—[Ap(z")]~ [by(2")]

the vector -
—c[bn—p(a")]

, which is from our previous theorem a descent
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direction. This direction generates a sequence of points x', 22, ..., 2", ... converges
to the optimum solution from any initial point z°.

Now, we state the steps of the modified partial quadratic interpolation (modified
P.Q.1.) algorithm as follows.

Algorithm 2.2.

We assume that f(x) is a given continuous, scalar valued function, where x € R,,
and we seek to determined the point x* such that:

flz*) < f(x) for all z near to z*

Step 1. Choose an initial point 2° € R,,. Select a convergence parameter £ > o
and set r = 0.
Step 2. Approximate the function f(z) about 2" in a quadratic form:
1
f(@) 2 a+ [bu(@")] o — 2]+ Sw = 2"]" [An(@")][z — 27).
Step 3. Calculate the matrices [b,(2")] and [A4,,(z")] by the following relations,

and,

Where,

T (7 T r r T
xp, = (T, s T, 2] H L, T, T
-

T;i_

) i=1,2,.m,
)

r

— T T T T ' .
= (2], 2%, .y @iy, @) — L, Tp g, ty), 1=1,2,..n,

wi; = (2], Ty ey T, Tl Ty e T, Ty wy), i =12, n=1, j =041,
Step 4. If ||[bn(z")]|| < €, then stop as 2* = z" is a minimum point. Otherwise
go to the next step.
Step 5. Extract the symmetric positive definite matrix [A,] from the symmet-

ric matrix [A4,] using Choleski’s method, where:

[Ap] = [Lp} [LP]T
and
[A] = —[A,] " [b]
which is equivalent to:
[Ap][A] = —[bp).
Step 6. Solve the system of the equations:
[Lo)[Lp) Al = [b,), A€R,

142



8 T.M. EL-GINDY, M.S. SALIM, AND ABDEL-RAHMAN IBRAHIM

which is equivalent to the solution of the two systems of equations

Step 7. Determine the search direction at the current point z” by

=]

where,

1 if r =0,
T {Il[bn(wr)}2/|I[An(wr)}[qn(wr)]ll2, [gn(2")] = [bu(z")] = [ )] ifr=1,2,...

Step 8. Find the optimal step length " in the direction d”. A one dimensional
search is used to determined a”.
Step 9. Set 2"t = 2" + a"d". Set r = r + 1 and go to Step 3.

3. NUMERICAL RESULTS

The main aim of this section is to report the performance of Algorithm 2.2 on a
set of test problems. The codes were written in Fortran77 and in double precision
arithmetic. All the tests were performed on a PC by using the exact line search.
Our experiments are performed on a set of 26 unconstrained problems. We test our
method with the result given in [21].

For [21] we give the numerical experiments of MP.Q.I against the original BFGS
formula with Amijo line search and MBFGS proposed by Liying Liu, Zengxin Wei
and Xiaoping Wu. The problems that we tested are from [24]. We will stop the
program if the inequality ||b(z")|| < 10~* is satisfied. The computation results are
given in Table 1.

where the columns have the following meanings:

Problem: the name of the test problem in [24];

Dim: the dimension of the test problem:;

NF: the total number of the function evaluations;

NI: the total number of iterations.

From Table 1, we can see that the modified P.Q.I. method in the paper works
well. On one hand we see that the total number of iterations in MP.Q.I. method
is less than that of both methods for almost all the problems. We emphasis here
that the optimum function values which obtained from our method is a very good
approximation to the exact solution. On the other hand, for all problems MP.Q.I.
reaches the solution point but BFGS fails in four problems and the MBFGS fails in
six problems. Finally for the total number of the function evaluations MP.Q.I. for
a number of problems was less than that of BFGS or MBFGS methods. Therefor
the modified P.Q.I. is superior to BFGS and MBFGS.

In summary, the presented numerical results reveal that Algorithm 2.2, compared
with BFGS, MBFGS methods, has many advantages for these problems.
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TABLE 1. Test results for Algorithm 2.2/MBFGS/BFGS.

Problems Dim MP.Q.I MBFGS BFGS
NI/NF NI/NF  NI/NF
Rosenbrock 2 14/138 1000/1998  33/53
Freudenstein and Roth 2 5/59 11/15 9/21
Brown badly scaled 2 5/108 1000,/2001 Fail
Jenrich and Sampson 2 6/73 Fail 11/23
Helical valley 3 7/80 38/43 26/53
Bard 3 6/56  36/57  30/93
Gaussian 3 1/9 3/5 2/5
Gulf research and development 3 15/167 1/2 1/2
Powell singular 4 8/82 29/34 21/44
Kowalik and Osborne 4  5/53 27/29 27/30
Brown and Dennis 4 8/148 Fail Fail
Biggs EXP6 6 9/94  33/36  1000/3276
Osborne 2 11 12/117 Fail 55/81
Watson 20 22/274  46/52  41/77
Extended Powell singular 4 8/82 29/34 21/44
Penalty 2 2/28  10/12 6/11
Penalty 1I 4 2/31 1000/1999  13/23
50 25/238 Fail 193/913
Variably Dimensioned 2 2/26 9/11 5/13
50 42/393  60/66 31/116
Trigonometric 3 5/60 26/30 13/21
50 16/138  30/31 31/35
100 19/173  87/93  37/40
Discrete boundary value 3 2/22 17/26 6/13
10 2/22  20/29  16/36
Discrete integral equation 3 2/22 7/10 7/10
50  2/22 7/10 8/10
100 2/22  7/10 8/10
200 2/20  8/11 9/11
500 3/32 8/11 9/11
Broyden tridiagonal 3 4/48 46/78 114/29
Broyden banded 50 5/64 Fail Fail
100  4/52 Fail Fail
Linear - full rank 2 1/9 2/4 1/3
50 1/9 2/4 1/3
500 2/30 2/4 1/3
1000 2/29 2/4 1/3
Linear - rank 1 2 1/9 2/4 2/10
10 1/9  2/4999  2/21
Linear - rank 1 with zero columns and rows 4 1/9 2/4 2/11
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4. CONCLUSIONS

In this paper, we give a modified method with the exact line search for uncon-
strained optimization problems. The modified method also works with the inexact
line search. The direction d" is constantly descent direction at any point. The
modified method converges to a stationary point Regardless of the initial point.
The given table shows that the modified method is faster than the others, which
requires less iterations and function evaluations.

Finally, this method is a powerful tool for complex systems or when the objective
function is given in an implicit form, which mean that direct calculations of the
gradient and Hessian matrix are difficult or even impossible to calculate for this
function.

For further research, we should study the numerical experiments for large prac-
tical problems in the future.
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SOME EXTENSIONS OF SUFFICIENT CONDITIONS FOR
UNIVALENCE OF AN INTEGRAL OPERATOR

NAGAT.M.MUSTAFA AND MASLINA DARUS

ABSTRACT. In this paper, we introduce and study a general integral operator
defined on the class of normalized analytic function in unit disc. This operator
is motivated by many researchers. With this operator univalence conditions
for the normalized analytic function are obtained. We also present a few
conditions of univalence for the integral operator.

1. INTRODUCTION
Let A denote the class of functions f in the open unit disc

U={z€C:|z| <1},

given by the normalized power series
(1.1) f(z):z—i—Zakzk (z€U) ,
k=2

where ay is a complex number.
Let S be the subclass of A consisting of univalent functions. For functions f given

by (1.1) and

g(2) :z—I—Zbkzk, (z €U).
k=2

Let (f * g) denote the Hadamard product (convolution) of f and g, defined by:

(fxg)(2)=2z+ Zakbkzk.
k=2

Many authors studied the problem of integral operators, acting on functions in S.
In this sense, the following result due to Ozaki and Nunokawa [11] is useful to study
the univalence of integral operator for certain subclass of S.

Theorem 1.1. Let f € A satisfy the following inequality:

Z;{;S)_l‘ <1, forall (z€U),

then the function f is univalent in U.

Key words and phrases. Analytic functions, Univalent functions, Integral operator,Schwarz
Lemma.
2010 AMS Math. Subject Classification. Primary 40A05, 40A25; Secondary 45GO05.
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2 NAGAT.M.MUSTAFA AND MASLINA DARUS

For some real p with 0 < p < 2, we define a subclass S(p) of A consisting of all
functions f which satisfy

(f(zz))” <p, forall (z €U).

In [15], Singh has shown that if f € S(p), then f satisfies

2 f'(2)
— 1| <plz|, forall (z€U).
e g (=)
o)
For two functions f € A and g(z) = 2z + Y. bgz¥, (2 € U). Let the function
k=2
©(a,¢; z) be given by
._Oo(a)kk+1 1 9
(1.2) ola,c;z) = Z 2T (z€eUe#0,-1,-2,-3,...),
= (O

where () denotes the Pochhammer symbol (or the shifted factorial) defined by:

() = 1 for k=0,
T e@ D@+ 2@+ k-1 for keN={1,2,3---}.

Note that ¢(a,1;z) = z/(1 — 2)® and (2, 1; 2), is the Koebe function.
For a function f € A we introduced the following differential operator .
D'\ a)f(z) = [(2),
DNa)f(z) = (1- o))+ 5o
At At
D*(\a)f(z) = D(D'(\a)f(2)),

2(f(2)),

(1.3) D™\, a) = DD™ Y\ a)f(2)).

If f € A then by using the Hadamard product (or convolution) (1.4) and (1.2) we
have

then

" ZAE=1D +a+ 2\ (a)r1
(1.4) D ()\,a,a,c):z—f—;( Nt )
where a, A > 0, a + A # 0, m € N.

By specializing the parameters m,a, \,a and ¢, one can obtain various opera-
tors, which are special cases of D™ (), a, a, ¢) studied earlier by many authors listed
as follows:

e D°(\,a,a,c) = L(a,c), due to Carlson and Shaffer operator [1].
e D°(\, o, 3+ 1,1)(B > —1) = R™ due to Ruscheweyh derivatives operator [13].
e D™(1,0,0,0) = S™ due to Salagean derivatives operator [6].
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SOME EXTENSIONS OF SUFFICIENT CONDITIONS... 3
e D™(\,1—X,0,0) = Sj due to the generalized Salagean derivative operator in-
troduced by Al-Oboudi [5].

e D™(A\ 1=\, 041,1) = Dy 5 due to the generalized Al-Shagsi and Darus derivative
operator [7].

e D™(1,,0,0) due to the multiplier transformations studied by Flett [12].

e D71(1,0,0,0) due to the integral operator studied by Owa and Srivastava [10].
Here we introduce a new family of integral operator by using generalized differ-
ential operator already defined above.

For f; € A,i=1{1,2,3,--- ,n}, n € NU{0} and v1,72,73, - ,Vn, p € C, we define
a family of integral operator ¥ (\, o, a, ¢c; 2) : A™ — A™ by

1

z n Dm ) % »

(N a,a,c2) = p/ tp_ln( ()\’Oé’a’c)f’(t)>7 dt o,
0 i=1 t

where a, A > 0, a + XA # 0, m € N. and D™(\, o, a,c)f(z) defined by(1.4) which

generalizes certain integral operators as follow:
1)a=c=0,a=-X+1~= a%, p =1, we obtain I(fi,...f,,) Bulut[9].
(2) m=0,a=c=0,7v = =5, p=n(a—1)+1, we obtain F, (z) Breaz [2].
3) m=0,a=c=0,vy = a%, p =1, we obtain F,(z) Breaz and Breaz [3] .

To discuss our problems, we have to recall here the following results.

Lemma 1.2. [16]Let the function f be reqular in the disk
Ur={2€C:|z| <R},

with |f(2)| < M for fived M. If f has one zero with multiplicity order bigger than
m for z =0, then

M
FE) S Zlel™, (= € Un)
The equality can hold only if

where 0 is constant.

Lemma 1.3. [8] Let f € A, and 8 be a complex number with R(B) > 0. If f
satisfies
1—|2z|2R5)

R(B)

then for all z € U the integral operator

Fs(z) = {a/o tﬂ_lf’(t)dt}é :

2f"(2)
f'(2)

<1

)

1s in the class S.
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4 NAGAT.M.MUSTAFA AND MASLINA DARUS

Lemma 1.4. [14] Let f € A and ,¢c € C where R(G) > 0 and (|¢c] <1, ¢# —1).
If

cl 2128 (228 zf"(2)
o+ (= P S| <

for all z € U, then the function

mate) = o [ e rwal

is analytic and univalent in U.

Now, we shall use the same method given by Breaz and Ozlem Giiney (2008) we
prove the following results.

2. MAIN RESULTS

Theorem 2.1. Let M > 1, let a family D™(\, o, a,c)fi(t) € S(p),i = {1,..n},
|ID™(\, a,a,¢) fi(2)] < M such that |Z(,(3?n ;Aaaaac)c))}?()z)) — 1| <plz|, V2 € U. If

"1 M+ 1
i=1 1

I 1
2.1 and || < 1——— —((p+ 1M +1,
21) i ") 2 Tl Y

then the family U™ (a,c, a, A, 743 2) belong to S.

Proof. Since

D™\, a,a,c)f(z) E—1)4+a+ X (@)k—1 g1
. = 1+Z( N+ ) ( apz"" " #0,

=1ifz=0.
Let
Flz) = / (Dm,\aac)fl()) ...(D (A, ata C)f”())2>dt7
= Fl(z) = ( (A @, a C)fl( )) + .“(Dm()\,oz,za,c)fn(z))Tln7
2F"(z) "\ a,a,0)fi(2)
therefore ) Z ( (/\ @ a,0) fi(2) 1) .
(2.2)

From (2.2), we have
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2F"(z) 1 (2(D™(\a,a,0)fi(2))
F(2) 2T < Do a ) fils) 1)
_ Dm()\ «, a, C)fl(z) ! |(Dm()‘>ava" c)fz(z))l
= Z' < (D7 On a0, ) fa(2) )2 2] “)'
(2.3)

From the hypothesis , we have |D™(\, a,a,¢) fi(2)| < M, z € U,i ={1,...,n}, then
by lemma 1.2, we obtain that:
D™ (A, a4, ¢) fiz)| < M]z].

We apply this result in inequality (2.3) then we obtain:

2F"(2) —~ 1 (D™(\, a,a,¢) fi(2))
o | < Xl ([renamgiy |)
"o (D™(X\, o, a,c¢) fi(2))
: Z'( DO s M 1)
_ Z|%\(pM|z|+M+1)
< Z\—\((p+1)M+l).
=1 i
We have
2p 2p 1 ZFH( ) 622p o ZZp i S l Z(Dm(A,Oé,a,C)fi(Z))/
C|Z| JF( | ‘ )§R,0 F’() - ‘ | Jr(l | ‘ )%P;%( Dm()\,oz,a,C)fi(Z)
2(D™(\,a,a,¢) fi(2))
< \Z'Z Do
We obtain

52 4+ (1= ) ((2)_||+IZ| (0 + )M +1).

R(p)

So, from (2.1) we have

2F'(z)
RpF(z)

Hence we complete the proof. ([

|27 + (1 = [*7)

Remark 2.1. If we set a = c=m =0 in Theorem 2.1, then we have result in [4].
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Corollary 2.2. Let M > 1, let a family D™\ a,a,¢)fi(t) €

S(p),i =A{1,...,n},

|D™(\, @, a,c)fi(z)| < M, such that |= -~ (’\O‘ac))fl(z : — 1| <plz], V2 €U. If

(D™ (\,e,a,¢)) fi(2)
n(l—pM+1

R(p) m » 1,y €C,
1 ((p+ )M +1)
and | <1 wm( A )

then the family U™ (a,c, o, A, ;3 2) belong to S.

Proof. In Theorem 2.4, we consider 73 = v3 = ...y, = 7.

Corollary 2.3. Let the family D™ (X, «, a, c) fi(t) € S(p),t = {1, ...

1 such that |5 Z(D7 Qe fi(2) 1| <plz|, V2 € U. If

(D™ (A a,a,¢)) fi(2))?
Zp| T PreC

1
and || < 1——= i +2),
%(P)ghﬁ

then the family O™ (a,c, a, A, 7;; 2) belong to S.

Proof. In Theorem 2.1, we consider M = 1.

O

an}a |Dm(>‘7047a7 C)fZ(Z)

O

Theorem 2.4. Let a family D™ (A, a,a,c)fi(t) € A, |D™(A\, a,a,¢)fi(2)] < M, Vi

such that | 2o et i@ 1) <1 o e U. If

Z(2M +1
R(p) > Z@,le, pi €C,

im1 il

- (2M +1)
(2.4) and |c] < Z |’y+ ,

z=1

then the family %P (m, q, \,vi; z) belong to S.

Proof. We know from the proof of Theorem 2.1 that

2F"(z) Xn: 1 (z(gz()\,a,a,c)f,;(z))’ 3 1>'

FI(Z) im1 Yi ()‘7a7a7c)fi(z)
Because
9 oo 1 "1 2(D™(A\, a,a,0) fi(2))
clz?? + (1 — |2|?) ?pg:'yi ) —

< |C|—|— ﬁ2|7| (| (( ()‘ «,a, c)fl( )) ||<Dm()‘7a7a‘7c)fi(z))| +1)

D™ (A, v, a,¢) fi(2))?

i=1 |2

Where
22(D™(\, o, a,0) fi(2))

D a0 (2)?
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SO

F'(2) 1 &1
2204 (1= 22 N < e+ — OM +1
127 + (1 = |2 )%pF(z)\ || |p|;|z|( ),

using (2.4) we have

2F'(2)
RpF(2)

|20+ (1= [2*)

Applying Lemma 1.4, we obtain the family ¥®%?(m, g, \,v;; 2) belong to S. O

Theorem 2.5. Let M > 1, let a family D™ (N, a,¢)fi(t) € S(p),i = {1,..n},
ID™(\, o, a,¢) fi(2)| < M such that |Z(gi(ﬁa°‘a‘i)§)}fg§))z —1|<plz|, VzeU. If

" (1+p)M+1
> aPa%‘E(Q
; il

then the family O™ (a,c, o, A, v;; 2) belong to S.

Proof. We know from the proof of Theorem 2.1 that

z":i

— Vi

zF” (N a,a,c))

m(\ @, a,c)

-1

So, by the imposed conditions, we find

S e SR (ECACS R (CI Y
R | ) R 2% \| D (na, a0 fi2)
— |z|2R(B) 2(pm ()Y m 4
¢ LEO (12000 O DOl )
éR(6) — Vi (Dm()"a7a’c)fi(z)> z
L— [z ¢~ 1 ( (D™ (N, a,a,0) fi(2)) ’ )
< — N —1|M+M+1
R(B) Z Yi \| (D™(X, @, a,¢) fi(2))?
< r g (1+p)M+1)
< 1.
By applying Lemma 1.3, we prove that W% (m, q, \,v;; 2) € S. O
Corollary 2.6. Let M > 1, let a family D™(\, a,a,c)fi(t) € S(p),i = {1,...,n},
ID™(\, v, a,¢) fi(2)| < M such that |Z(g?n(k*aaa‘z;>}f(;))2 —1| < plz|, Vz € U. If
n(l+p)M+1
R(B) ¢7 p,%i € C,
v
then the family W™ (a,c,a, A, ;35 2) belong to S.
Proof. In Theorem 2.5, we consider 71 = v2 = ...7, = 7. (]
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Corollary 2.7. Let a family D™ (X, o, a,¢) fi(t) € S(p),i = {1,...,n}, |[D™(\, o, a,c) fi(2)|

1 such that ‘z;é%”(l)(\kaaai)c))}@(;)g/ -1 <plz|, Vz e U. If

§R(ﬁ) > Z y PyYi € (Ca
— |l
then the family O™ (a,c, o, A, v;; 2) belong to S.
Proof. In Theorem 2.5, we consider M = 1. (]
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PERFORMANCE EVALUATION OF OBJECT CLUSTERING USING
TRADITIONAL AND FUZZY LOGIC ALGORITHMS

NAZEK AL-ESSA AND MOHAMED NOUR

ABSTRACT. This work analyzes three object clustering algorithms mainly: the k-means, fuzzy c-means
(FCM), and kernel fuzzy c-means (KFCM). The k-means algorithm partitions a dataset into hard clusters.
Both FCM and KFCM are based on fuzzy logic and they return a membership degree of each object to all
clusters. The algorithms are implemented and run on two different datasets. It is shown that the KFCM
algorithm can achieve better results than the other two algorithms. The FCM is slightly better than the k-
means algorithm. Moreover, the clustering time of each algorithm is different from the others. The clustering
time of KFCM was larger than both the k-means and FCM. Clustering using the k-means has the smallest
clustering time. The overall performance is affected by the dimensionality value, fuzziness parameter,
number of objects, iterations, clusters, and the number of updating operations for both cluster centroids and
membership values.

1. INTRODUCTION

Clustering algorithms play an important role in the field of data analysis. Such algorithms partition
an object set into subsets or clusters where the objects in each cluster share some common properties.
i.e. the objects belonging to the same cluster are as similar as possible whereas objects belonging to
different clusters are dissimilar as possible.

There are several approaches for conducting the clustering process. An example of such
approaches is that one based on fuzzy clustering. Fuzzy clustering in contrast to the usual methods
does not provide hard clusters, but return a degree of membership of each object to all clusters. The
interpretation of these degrees is then left to the user that can apply some kind of threshold to generate
hard clusters or use these soft degrees directly [1]. The necessity of fuzzy clustering lies in the reality
that a pattern could be assigned to different classes and/or categories. In fuzzy clustering, a result is
represented by degrees of membership of every pattern to the established classes [2].

There are several types of fuzzy clustering. This includes those methods based on fuzzy relations,

objective functions, adaptive resonance theory, competitive learning, and others. Several research
efforts were done in the area of fuzzy clustering. Examples of such efforts are briefly mentioned as
follows:-
[3] mentioned that document clustering has been widely applied in the field of information retrieval for
improving search and retrieval efficiency. The authors proposed a scalable fuzzy algorithm for
document clustering. The algorithm discovers relationships between information resources based on
their textual contents. The algorithm addresses the problem of defining a suitable number of clusters
for appropriately capturing all the topics of the knowledge domain.

[4] presented a sample weighting clustering algorithm based on K-means and fuzzy C-means
approaches. The algorithm uses academic documents as the clustering objects. Experiments show that
the proposed algorithm is an effective solution to improve the performance of document clustering.

[5] described an algorithm for building fuzzy hierarchies. The author presented an approach that
mainly follows a bottom-up strategy, and described the functions needed to operate with fuzzy
attributes. The author presented an application example for that approach.
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[6] presented a way to use fuzzy clustering for generating fuzzy rule bases in the implementation
of an intelligent agent. That agent interacts with human for diagnosis establishment: the medical
diagnostics system. The results were compared with the results in some subtests of the Aachen Aphasia
Test (AAT).

[7] developed an interactive content-based image retrieval (CBIR) system that allows searching
and retrieving images from databases. Based on the fuzzy-c-means clustering algorithm, the CBIR
system fuses color and texture features image segmentation. A database consisting of skin cancer
imagery is used to demonstrate the applicability of such CBIR system.

[8] introduced a fuzzy-based distributed clustering algorithm to cluster distributed datasets
without necessarily downloading all the data into a single site. The algorithm is compared against two
existing distributed clustering algorithms where all data are merged into a single data source and
clustered. The experiments confirmed good performance of the proposed algorithm.

The organization of this paper will be as follows: Section 2 addresses; in addition to the work
objective; the main difference between crisp and fuzzy clustering. Sections 3, 4, and 5 present the
adopted algorithms respectively. The implementation work is presented in Section 6 while Section 7
discusses the results. Finally, Section 8 concludes the whole work.

2. OBJECT CLUSTERING BASED ON CRISP CLUSTERING AND FUZZY CLUSTERING

Regarding the cluster analysis and/or cluster algorithms, there are two main approaches: crisp
clustering and fuzzy clustering. In many real cases of crisp clustering, the boundaries between clusters
cannot be clearly defined. i.e. some objects may belong to more than one cluster. In such cases, the
fuzzy clustering method provides a better method to cluster such objects. Membership degrees between
zero and one are used in fuzzy clustering instead of crisp assignments of those object clusters.

This work aims at presenting an analysis and investigation of three algorithms for clustering
objects. The performance of such algorithms is also evaluated. The adopted algorithms are: the K-
means algorithm, the fuzzy c-means algorithm, and the kernel fuzzy c-means algorithm. The steps of
such algorithms are briefly mentioned in the following sections.

3. CLUSTERING OF OBJECTS USING THE K-MEANS ALGORITHM

The K-means algorithm provides an easy method for clustering objects or data set. For a given
dataset of n data points (or objects) xi, X», ....X, each is in Ry, the k-means algorithm classifies such
points into k-clusters. Initially, it is easy to define k centroids; one for each cluster. Such centroids are
better to be chosen as much as possible far away from each other. Each point in the dataset is
associated to the nearest centroid. K new centroids are recalculated resulting from the previous step.
After that a new binding has to be done between the same dataset points and the new centroids. The k-
means algorithm iteratively updates these centroids to decrease the objective function shown in
equation (3.1). The algorithm always converges to a local minimum. As a result, the k centroids
change their location step by step until no more changes are done. .i.e. the algorithm updates the
cluster centroids till local minimum is found. Moreover, the objective function J which the algorithm
aims to minimize is a square error function as follows:

@) 1=

0=
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-
&

where ||x;‘ﬁ— V;

i.e the objective function involves the distance of the n data points from their respective cluster centers.

In other words, some researchers use the similarity measure instead of using the distance measure
mentioned in equation (3.1). The similarity measure between any two objects or data elements x;, and
X; (i.e. sim(xi, x;)) is the cos value between such elements. In fact, that measure is preferred. The
generalized pseudo code for the k-means algorithm can be written as shown in Figure 1. The algorithm
was taken from [10, 14].

is a chosen distance measure between a data point xij and the cluster center v;.

Algorithm: The k-means algorithm
Input: 1. A set of objects or data points with d-dimensional each x;, i=1, 2, ...n
2. The number of clusters k
Output: k clusters of data points
Steps:
1. Generate k centroids v, ¥, ...... , P by randomly choosing k data points from X
2. REPEAT UNTIL there is no change in clusters between two consecutive iterations
FOR each data point x;in X
FOR j=1to k
Sim( ¥, x;) = Find cos similarity between x; and 17;
ENDFOR
Assign x; to cluster j which Sim( 775, x;) is maximum
ENDFOR
Update the centroid for each cluster
END LOOP
END K-means Algorithm

Figure 1: The Generalized Pseudo Code for the K-Means Algorithm
4. CLUSTERING OF OBJECTS USING THE FUZZY C-MEANS ALGORITHM

Clustering methods can be considered as either hard (crisp) or fuzzy depending on whether a
pattern data belongs exclusively to a single cluster or to several clusters with different degrees. In hard
clustering, a membership value of zero or one is assigned to each pattern data (feature vector), whereas
in fuzzy clustering a value between zero and one is assigned to each pattern by a membership function.
The fuzzy c-means (FCM) is one of the fuzzy algorithms that can be used in a wide variety of
engineering and scientific disciplines. The FCM is a clustering method that allows one piece of data to
belong to two or more clusters. The FCM aims at minimizing the following objective function:

(41) I = g 2o Hy

where m is any real number greater than one, wj; is the degree of membership of x; in the cluster j, x; is
the i" of d-dimensional measured data, v; is the d-dimensional center of the cluster, n is the number of

2
xi—vﬂ‘,1§m<w ,
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data points, c is the number of clusters, and ||| is any norm expressing the similarity between any
measured data and the center.

The clustering process using the FCM algorithm can take place through an iterative optimization
of the objective function shown in equation (4.1). This is done by updating the membership /;; and

the cluster centers 17; as follows:-

1
(42) poy=—————

bej— 0l 1TM—1
FE_ {l_.l_}
e E |

TR
43 p, = 8 H
w9 W

s [0 - 9} < <

The iteration stops when

where £ is a termination criterion between zero and one. Also K is the iteration steps.

Figure 2 briefly shows the main steps of the fuzzy c-means algorithm (FCM). The algorithm was
taken from [1, 2, 5, 9].
Algorithm: The Fuzzy C-Means Algorithm
Input:

P 1. ndataelements x; =1, 2, ...n ; each is of d-dimensional measured data

2. The number of clusters ¢
Output:

C clusters with data elements; each with memberships values to the clusters
Steps:

1. Initialize U = [ 1¢; ] matrix u(0) U®

2. Atk-step, calculate the center vectors V%) = [1; Jwith Ut

n m
v _Ez’:l.lu'ij X;

7 n m
3. Update U/t p(x+1) R

1
Hij = p

o [llxe— ]
S| — vl

4. If IF ||4'JT':"‘+13'| — U':k}” <. £ then stop; otherwise return to step 2.

/[* £ is a termination criterion between zero and one and K is the iteration step. *//

End of the Fuzzy c-means Algorithm
Figure 2: The Main Steps of the Fuzzy C-Means Algorithm
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5. CLUSTERING OF OBJECTS USING THE KERNEL FUZZY C-MEANS ALGORITHM

The kernel fuzzy c-means approach (KFCM) is mainly based on the fuzzy c-means algorithm.
That approach tries to minimize the following objective function:

(51) fm(UJ V} = EE::LE?{::LH?J{I ”xk - T'gz'”: + E?:j_ai Eﬁ:j_(-l - H‘ik}m

where &; are suitable positive numbers, m is the quantity controlling clustering fuzziness and it is
greater than one as mentioned before. Also, 3.7, u;; = 1, V is the set of cluster centers or prototypes (
v; € RP). The function J,, should be minimized.

The first part in equation (5.1) needs to be as low as possible; whereas the second part forces p;x

o

to be as large as possible. Moreover, @ is better to be chosen as

i wl e wll2

n m
Ih=akiy

(5.2) §; =K

Typically, K is chosen to be 1. The cluster centroids or prototypes can be updated like those used in the
fuzzy c-means, but the memberships of this approach can be updated as follows:

1

T T
[laege— gl
1+( g ,J

(5.3) B =

Figure 3 shows the main steps of KFCM. The algorithm was taken from [11].

Algorithm: The Kernel Fuzzy C-Means Algorithm
Input:

1. ndataelements x;= 1,2, ...n; each is of d-dimensional measured data

2. The number of clusters ¢
Output:

C clusters with data elements; each with membership values to the clusters
Steps:

1. Fixec, tygx , m>1,and & >0

2. Initialize iy,

3. Estimate &; using equation (5.2)

4. FORt=1,2,...... fynez » DO

Update all cluster centers or prototypes 'r:-'z-r with equation (4.3)

Update all memberships ,u.fk with equation (5.3)

Compute Ef=max;; |pf, — pi |, IF E¥ <£STOP; ELSE t=t+1
End of the Steps of the Kernel Fuzzy c-means Algorithm

Figure 3: The Main Steps of the Kernel Fuzzy C-Means Algorithm
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6. IMPLEMENTATION WORK

The algorithms have been implemented and tested with two benchmark numeric datasets. The datasets
are: SPECT-heart and liver-disorder datasets. Such datasets were taken from the UCI machine
learning data repository. The main features and/or characteristics of the chosen datasets are briefly
shown in Table 1 [13].

Table 1: The Chosen Datasets as Test-beds

Dataset Name No. of Attributes No. of Instances Area No. of | Date Donated
Web Hits

SPECT Heart 22 267 Life 51564 2001-10-01

Liver Disorder 7 345 Life 20782 1990-05-15

The experiments were run for partitioning each dataset into a set of clusters mainly: two, four, six, and
eight clusters respectively. The results were reported for such numbers for the k-means algorithm. For
the fuzzy c-means and kernel fuzzy c-means algorithms; the reported results were only for two and
four clusters for the space limitation for writing these pages.

6.1 APPLYING THE K-MEANS ALGORITHM
As mentioned before, the k-means algorithm is based on the idea that a center point can represent a
cluster. Also, the Cos measure is used to compute the similarity between any two data points x; and x;
[12, 14].
(61) Cos (Xi, Xj) = (Xi . Xj) APaAN X [
Where '." indicates the vector dot product and | x | is the length of vector X.
It is assumed that a dataset S of data items and their corresponding vector representation, the centroid
vector v can be defined as:

(6.2) V= (L/8) Tt es X

The similarity between a centroid vector v and any data item x is calculated as in equation (6.3). Also,
the similarity between any two centroid vectors ¥; and ¥; is calculated as in equation (6.4).

(6.3) Cos(x,v)=(x.W/Ixl lvl
(6.4) Cos (vi, vj) = (vi, v)) /T vi I Tyl

Moreover, two measures can be used to evaluate the quality of clusters mainly the intra-cluster
similarity (intra-CS), and the inter-cluster similarity (inter-CS). Such measures are written as follows:-

(6.5) Intra-CS(j) = (1/1S]) Z 1es Cos (X, ;)

The average over all the clusters is
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(6.6) Avglntra-CS = (1 /K) L&, IntraSim(i)

Where K is the number of clusters.

Regarding the inter-CS, the pairwise similarity between each pair of clusters is measured by computing
the similarity between their centroids. Also, the average inter-cluster similarity (Avginter-CS) is
measured by computing an average over all the distinct pairwise similarity between centroids.

(6.7) Avglnter-CS = 2/ K (K -1)) B B4 Sim(v; ,v5)

The obtained results after running the k-means algorithm on the chosen datasets are shown in Figure 4.
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6.2 APPLYING THE FUZZY C-MEANS ALGORITHM

The experiments for this algorithm were run for different values of the fuzziness parameter (m).
The adopted values of that m were: 3, 2.5, 2, and 1.5 respectively. For each value of m; a set of
iterations were run. The number of objects and the centroids of the fuzzy clusters were reported.

Moreover, both the centroids of the fuzzy clusters and the membership values are iteratively

recomputed and updated. The iterations stop after achieving the stopping criterion. Different values of
m were tested; as mentioned above; to see the effectiveness and role of the fuzziness parameter on the
obtained clusters. This is important for evaluating the performance of the algorithm. Figure 5 presents
the cluster centroid values versus the iteration number for the adopted datasets.
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6.3 APPLYING THE KERNEL FUZZY C-MEANS ALGORITHM

The experiments implemented for the fuzzy c-means algorithm are also operated for the kernel
fuzzy c-means algorithm. The centroids of the fuzzy clusters and the membership values are also
iteratively updated. As the centroid and membership values change, the objective function also
changes. For the same experiments, the objective function in this algorithm is different from the
corresponding values in the FCM due to the added part in the objective function. Such part forces the
membership values to be as large as possible. Figure 6 shows the results of applying this algorithm on
the adopted datasets mentioned before.
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7. DISCUSSION OF RESULTS

The adopted algorithms were iteratively run on the two datasets mentioned above. For the K-
means algorithm, the average intra-cluster similarity (Intra-CS) and the inter-cluster similarity (Inter-
CS) change by changing the number of clusters. As the number of clusters increases the intra-cs
increases while the inter-cs decreases. The intra-cs is always greater than the inter-cs for the same
number of clusters. Each iteration the K-means is run, the number of objects in each cluster and their
cluster centroids are different. This is due to the massive movement of objects among clusters in the
initial iterations. That movement has been stopped in the last iterations. This had been occurred for the
two datasets for two, four, six, and eight clusters respectively. Running the algorithm on the two
different datasets for the same number of clusters gives different values of cluster centroids and
number of objects. This means that the size, nature, and characterization of each dataset are significant.
For both the fuzzy c-mean (FCM) and kernel fuzzy c-mean (KFCM) algorithms, the fuzziness
parameter has a significant effect on the fuzzy clustering. The algorithms were iteratively run for four
different values of the fuzziness parameter. The quality of the fuzzy clusters is improved by decreasing
the fuzziness value. i.e. For the higher fuzziness values, the fuzzy cluster centroids became more closer
to each other or sometimes equal. This causes the membership values of an object to all clusters to be
approximately the same. This causes bad clustering quality. The best fuzzy clusters were for the small
values of the fuzziness parameter near to one. This was valid for the two algorithms for the chosen
datasets for two and four clusters. Moreover, the rate of change in cluster centroids was large for the
initial iterations and very small at the last iteration. For the same iteration, the same fuzziness value,
the same dataset, the KFCM algorithm outperforms the FCM algorithm. This is clear in the fuzzy
cluster centroids which show higher differences than those corresponding in the FCM algorithm. As a
result, the membership values were higher for the KFCM which means better quality. The reason for
this refers to that added part in calculating the objective function in the KFCM algorithm. The fuzzy
clustering time in the KFCM algorithm was higher than its corresponding values of the FCM algorithm
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and this is clear from the extra iterations consumed in running the KFCM algorithm. Regarding the
time complexity, the clustering time for the three algorithms was different. The highest clustering time
was for the KFCM algorithm and the smallest one was for the K-means algorithm.

Finally, the size of the chosen dataset is significant. i.e. For each dataset, the number of objects
with the properties of each plays a vital role in the clustering time. Such time is always affected by
several factors mainly: the number of iterations, the number of clusters, the number of objects, the
dimensionality of each object, and the adopted algorithm.

8. CONCLUSION

This work presents an investigation of three clustering algorithms. As the number of clusters
increases in the K-means algorithm, the intra-cluster similarity increases while the inter-cluster
similarity decreases. The intra-cluster similarity is always greater than the inter-cluster similarity. Each
time the algorithm is run, the objects in clusters were different in several iterations till the movement of
objects among clusters has been stopped.

For both the fuzzy c-means and kernel fuzzy c-means, the fuzziness parameter has a significant
effect on the clustering process. The best clusters occurred for small values of the fuzziness parameter
near to one. This is due to the different centroid values of fuzzy clusters. Moreover, the differences
among cluster centroids in the kernel fuzzy c-means were greater than their corresponding values in
the fuzzy c-means. This had led to better quality clustering for the kernel fuzzy c-means. The kernel
fuzzy c-means algorithm outperforms the other two algorithms. This is due to the added part in the
objective function which forces the membership values to be as large as possible. Moreover, the
clustering time was highest for that algorithm and lowest for the k-means algorithm. Finally, the
clustering time increases in all algorithms by increasing the number of clusters.
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NINE POINT MULTISTEP METHODS FOR LINEAR
TRANSPORT EQUATION.

PARIA SATTARI SHAJARI AND KARIM IVAZ

ABSTRACT. In this paper we construct a family of multistep methods for the
linear advection equation, based on nine points of a rectangle form grid. Square
polynomials are used for this purpose. Numerical examples show the perfor-
mance of the different methods according to the choice of the parameters.

1. INTRODUCTION

In this paper we generalize one step methods introduced in [1] for the linear
hyperbolic scalar equation:

(1.1) L(u) =us +cu, =0

where c is a positive constant. Also we consider linear advection-diffusion equation
of the form:

(1.2) E(u) = U + CUy — VUgy =0

where v > 0 is the diffusion coefficient. Initial conditions and inflow boundary
conditions are provided in the usual way, so that the solution of (1.1) turns out to
be a traveling wave preserving its shape. However, the numerical method we are
going to present here for the simple linear case will be significant enough to enable
many interesting conclusions to be drawn.

The general theory on hyperbolic equations and conservation laws has already
generated an enormous amount of literature (see for instance [2], [7]). The relevance
of advection-dominated problems is also testified to by a number of recent papers
dealing with a variety of approximating methods and numerical schemes [6]-[10].

We use nine points of a rectangle form grid with square polynomials to construct
multistep methods for solving Eq. (1.1).

2. NINE POINT MULTISTEP METHODS

Throughout this paper we only consider finite-difference methods for solving
equations (1.1) and (1.2) on ¢t € [0,7] and = € [0, L], based on nine points of a
rectangle form grid (see figure 2).

Thus, in the (z,t) plane we take a uniform grid of width h = Az = L/M
and a constant time-step At = T'/N. We use the nine point (x;_1,tx—1), (z;,x),
oo(@j41,tp41) for constructing an interpolation of approximate solution. Hence,
we introduce following Lagrange basis for any fixed j and &

V ={li(x)Gn(t) e p®? :i=0,1,2, m=0,1,2}
Key words and phrases. Linear transport equation, Finite difference methods, Multistep meth-

ods, Advection-diffusion equation.
2010 AMS Math. Subject Classification. 65N06.
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ZTj—1, k41 Zj, tht1 (7541, thr1)

[ ) [ ] [ )
(Tj-1,tK) (x5, tr) (Tj41,th)

O collocation point (&, 7)

[ ) [ ] [ )
(@j—1,th—1) (), tp—1) (@j41,te—1)

FI1GURE 1. Nine points of a rectangle form grid

where )
Lo(2) = 573 (2 — 25) (@ = zj11),
Ly(z) = %21(90 —zj1) (T = Tj41),
La(e) = 5 (& — 231 (z — ),
Golt) = 573t~ 12)(t ~ ty42),
Gi(6) = (b =t 1)(t — 1331)
and

Galt) = 5yt~ t5)(t 1)

Therefore, for any p € P(>?) we have

ZZ P Li(@)Gn (1)

=0 m=0

where, to simplify the notation, we set p;? = p(z;,t,). For approximating solution
of equation (1.2) in the space V, we substitute

Z Z P L) Gon (1),

i=0 m=0
2 2
pac:c z, t :Zzpfilmlll/l )Gm(t)
i=0 m=0
and
2 2
= > A LG, ().
i=0 m=0
in (1.2) and we obtain
(2.1)
R0 = E0) = 37 3 255 (L) Gl (1) + eLi(@) (1) — v L (@) (2).

=0 m=0

The residual term R should be zero in a same sense. Let (£,7) be a point in the
rectangle of vertices (xj_1,tx—1), (@j+1,th-1), (Tj41,tet1) and (zj_1,tkq1) (see
figure 2). Then, the numerical scheme will be obtained by requiring the residual R
to vanish at (£, 7). Hence, we have

(2.2) R(£,7) =0.
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For simplifying the notations, we let
s=&—mwj_1
and
r=7—1r_1.
Now we change coordinate by translating x;_; and ¢;_; to the origin of coordinate.

To do this we use
1 1

Lo(§) =555 (6 = 25)(€ = wj41) = 55 (—h +5)(=2h + ),
L(6) =3 (€~ 5) + (€~ 7341)) = g3 (~3h + 25)
L4(6) =o.
L(€) =3 (5 — 2h),
L =~ 22
Li(€) =72
L) =22,
L© =2,
46) =5
Golr) —T= A;)A(;— 241)
ayr) =E 330,
Gulr) =280,
() =280,
Ga(r) =" 29,
ayr) =220

and introduce
Qim = Li(€)G,(7) 4 cLi(§)Gm (1) — VL] (§) G (7)

to obtain
0402p§f11+0412p§+1 + 012217;?111
(2.3) =- 040117?_1 - Oéupf - a21p§+1
- 0400]9?:11 - 041027?_1 - 042017?;11

for k =1,..., N—1. The system (2.3) shows a two steps method and can be solved if
the initial steps were given.The initial steps can be found using boundary conditions
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and a one step method. In this paper, we use a six-point stencil method introduced
in [3].The collocation parameters s and v for the introduced nine-point method are
exactly the same parameters s and v used in the six-point stencil method. Now,
suppose following initial conditions was given

(2.4) u(z,0) = f(x)
(2.5) u(0,t) = g(t)
and the Neumann condition
ou
2.6 oL =0.
(20) AT
This condition implies that
(2.7) p(; = f(z;), for j=0,..M
(2.8) pg =g(ty), for k=0,..,N
and the Neumann type constraint
(2.9) 1= Dh-
Equations (2.3)-(2.9) can be written in the matrix form
(2.10) HPM! = D*
where
a1z a0 0 0 0 0
ap2 a2 a0 0 0 0
0 ap2 a2 ax 0 0 0
(2.11) H= : : ; :
0 0 0 0 a2 192 29
0 0 0 0 0o -1 1
(2.12)
—ao1pf — a11pf — a21pf — agopg ' — anopt Tt — azoph Tt — ao2g(ti)
Dk —
—a01p§4,2 - allp’fw71 - azlp]fu - 040010?\[,12 - a10p§4111 - azoplf\fl
0
and PFtl = [p’f“, . ,pﬁ'l}T. To obtain the initial steps pjl- we solve following

equations (see [3] Eq. (3.6))
P} + A(P;-H - 217]1‘ +p;_1) + B(p}-u *pgl‘—l) =

(219) Py + Cp) 1 — 20541 +9)_1) + D1 —15_1)
with
A252—2r(cs—|—u)’ B:_S+CT,
(2.14) 2 2h? 2h
oS +2(At —r)(ecs+v) D:—S—C(At—r)
2h? ’ 2h '

Now the approximate solution can be obtained by solving (2.10) for k =1,..., N.
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At=0.01,h=0.1 At=0.001,h=0.1
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— exact solution — exact solution
18r approximate solution 18r approximate solution
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FIGURE 2. Numerical solution of equation (1.1) with v = 0, and
s=h,r=h/c

\
\
\
\
02

FIGURE 3. Numerical solution of equation (1.1) with » = 0, and
s=h/2,r=h.
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3. NUMERICAL EXAMPLES

In this section we discuss a series of numerical examples according to different
choices of the collocation points. We deal with equation (1.1) for z > 0 and ¢ > 0,
where the following discontinuous initial datum is considered:

- e =) = { & Jor 2=t
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At=0.01,h=0.1 At=0.001,h=0.1
2r 2r
— exact solution — exact solution
18r approximate solution 18r approximate solution
161 167
\
14 ¥
0 . . . . )

FIGURE 4. Numerical solution of equation (1.1) with v = 0, and
s=h/2, r=3At/2.

At=0.01,h=0.1 At=0.001,h=0.1

exact solution exact solution
18r approximate solution 18r approximate solution

FIGURE 5. Numerical solution of equation (1.1) with v = 0, and
s =3h/4, r =5At/3.

The boundary condition w(0,¢) = 1,¢ > 0, is imposed at the inflow boundary, so
that the exact solution is:

1, forz <ct,
(32) u(z,t) = { 0, for x> ct.
The discontinuity of the solution provides a challenging test for comparing the
performances of different schemes. We fix the parameters in the following way:
c=1, and h = Az = 0.01, while various regimes have been chosen for At, In figure
(2)-(5) we present the main results of our experiments for two different choices of
At. ie.: At = h = 0.01 and At = 0.001, respectively. The dashed lines show the
evolution of the exact solution at times ¢, = k/5, with k = 1,...,5. The plots are
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slightly shifted upwards in order better to display the graphs. The solid lines show
the corresponding approximations.
We use the following methods

Method 1: v =0, and s = h, r = h/c.
Method 2: v =0, and s = h/2, r = h.
Method 3: v =0, and s = h/2, r = 3At/2.
Method 4: v =0, and s = 3h/4, r = 5At/3.

to obtain some numerical experiments. The numerical results which are illus-
trated in figures (2)-(5) show the efficiency of our methods. Figure (3) shows that
the method 2 is not convergence when h = At = 0.01. But for smaller At (i.e.

At

=.001) it will be convergence. In comparison with [3], we see that those meth-

ods have the same properties reported in [3]. Now the important question is how
should we choose s and 7 such that the introduced method be convergence? An-
other question is what is the best choice? We try to answer this questions in our
next works.

[1]
2]
3]
[4]

[5]

6

[7]

[8]

(10]
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COMPARING THE BOX-JENKINS MODELS BEFORE
AND AFTER THE WAVELET FILTERING IN TERMS
OF REDUCING THE ORDERS WITH APPLICATION

QAIS MUSTAFA AND TAHA H.A.ALZUBAYDI

ABSTRACT. In this paper , the estimated linear models of Box-Jenkins has
been compared from time series observations , before and after wavelet shrink-
age filtering and then reducing the order of the estimated model from filtered
observations (with preserving the accuracy and suitability of the estimated
models) and re-compared with the estimated linear model of original obser-
vations , depending on some statistical criteria through taking a practical
application of time series and using statistical programs such as Statgraphics
, NCSS and MATLAB.

The results of the paper showed the efficiency of wavelet shrinkage filters
in solving the noise problem and obtaining the efficient estimated models ,
and specifically the wavelet shrinkage filter (dmey) with Soft threshold which
estimated it‘s level using the Fixed Form method of filtered observations , and
the possibility of obtaining linear models of the filterd observations with lower
orders and higher efficiency compared with the corresponding estimated model
of original observations

1. INTRODUCTION

Time series analysis has big importance in studying the behavior of different
phenomena and it represents an important base for many fields like forecasting ,
therefore we see its applications had expanded for many fields ,for example applied
researches , engineering sciences , medicine , physics , soil science , finance and
economic...etc. And because the observations of time series are be affected by
many unknown natural factors , therefore these observations contains ratio of noise
which is defined as unwanted data and usually has small value and high frequencies
and as a result for this it contaminates the real observations and cause difficulty
in the process of analyzing the time series observations like diagnostic , estimation
and forecasting.

The process of reducing the noise or removed before analysis the time series is
very important in order to obtain more accurate and reliable results when building
models .The wavelet shrinkage technique consists of wavelets with threshold is a
strong mathematical approach to remove most of the noise while retaining the
maximum amount of energy data that represents the real observation.

Wavelet transform have been used in many fields.It has been observed that
the accuracy of the forecasting can be improved through using wavelet trans-
forms.Rumaih M.and Mohammad A.,in 2002[1]used Saudi stock index to show that
wavelet transform is better than the other forecasting technique in predicting the
de-noising of the financial time series , and this is done after making a comparison

Key words and phrases. Box-Jenkins, time series, wavelet shrinkage, filters, Fixed Form.
1
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with several forecasting models.Alwadi S. ,Mohd Tahir Ismail, Alkhahazaleh and
Samsul Ariffin Addul Karim,in 2011[2] used the wavelet transform to decompose
the return Amman stock market in to a set of better behaved series data and ex-
plained that after making a comparison framework, the wavelet ARIM A model is
better than the ARIM A model of the original data and gives more accurate results
and also gives data with more stable in variance , mean and no outliers.

The basic idea of this paper is to see the method of the wavelet transforms in
general and wavelet shrinkage in time series analysis in particular . Moreover ,the
study try to show the advantages in modeling and forecasting through de-noising
the series using wavelet shrinkage and try to get the ability of lowering the order
of the estimated model using wavelet shrinkage. Batch of chemical process data[3]
was used for analysis.

Two different methods were considered here,as showed in Figurel.In the first
method,the batch of chemical process data is modeled using Box - Jenkins method.
Then some forecasting criteria were computed.In second method the technique of
wavelet shrinkage was used through filtering the time series data using a set of
wavelet filters. The de-noised series are modeled ,as in the first method ,then the
forecasting criteria were computed again.The forecasting criteria were evaluated
and compared to those of the first method.

Model E ¢
Data } orecas
Using Box-Jenkins
(a) Firstmethod
De-noise Model
Data | __,| —» _ Forecast
Using wavelet shrinkage Using Box-Jenkins

(b) Second method

Figure 1. Modeling Methods

The remainder of this paper is structured as follows.In section 2 we review the
simple brief introduction to wavelet transform.Section 3 gives time series de-noising
using wavelet shrinkage .Section 4 deals with main results before and after reducing
the order of the model using wavelet shrinkage and gives discussion.And finally in
section 5 conclusions are presented.

2. THE WAVELET TRANSFORM

The mathematical transformations are applied to a signal to get additional in-
formation that is not found in the time domain representation of that signal. First
we consider the Fourier transform ,which decomposes signals in to sum of peri-
odic bases of finite length and can transform the signal from time domain to the
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frequency domain and vice versa. It is defined mathematically as follows:

o
(1) X (f) = / x (t).eIvdt
—00
Where X (f) is the Fourier transform of the signal x(¢) .The problem here is that
the Fourier transform becomes non active for signal changing over time , because
it provides for us the information of frequency content. In other words the z(f) Is

not a function of time .For this reason the Fourier Transform extended to so called
Short-Time Fourier transform(STFT).It is defined as:

(2) STFTE (¢, f) = /Oo[:c(t).w*(t — ).t

Where ¢ is the shift factor , w(t) is the window function , and * is the complex
conjugate. The STFT gives us a compromise of sorts between time and frequency
information .The accuracy is limited by the size and shape of the window. For
example ,using many time intervals would give good time resolution but the very
short time of each window would not give us good frequency resolution, specially for
lower frequency signals [7].The frequency component of a signal at a particular time
instant cannot exactly be determined. This comes directly from the Heisenberg's
uncertainty principle , which states that the momentum and position of moving
particle cannot exactly be determined.

This shortcoming was overcome by the development of the wavelet transforma-
tion. Wavelet transforms allow us variable-size windows. We can use long time
intervals for more precise low frequency information and shorter intervals (giving
us more precise time information)for the higher frequencies. Figure 2 shows the
partitioning of the time-frequency plane by different techniques|8].

Fourier Transform (a) Time Domain (b)
. -
: S T ' .
f ] | |
g | = : I
g | ] E 1
Z i = | {
£ — ] & - |
— | , I :
t IHENEEEEES -
Time Time
Short-Time FT (¢) Wavelet Transform (d)
t %
| —_— T
T I
\ | . RERRER
+ I | ] I
g . g ] :
=2 — — = Loy | - — 3 1 314
z | z |
= | i

Time Time

Figure 2. The partitioning of the time — frequency plane by different technigues
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The wavelet transform is defined as follows:

3) Vi) = [t (0

() v = =0 (57)

Where s is the scale variable and 7 is the translation variable. When substituting
this description in (2.3) gives the definition of the continuous wavelet transform
CWT:

(5) CWTY (7, ) = % /x(t).z/J (t - T) dt

As seen in the above equation ,the transformed signal is a function of two variables
, 7 and s, the translation and scale parameters respectively. The translation 7 is
proportional to time information and the scale s, is proportional to the inverse of the
frequency information.To find the constituent wavelets of the signal , the coefficients
should be multiplied by the relevant version of the mother wavelet 1[10].

Discrete wavelet transform DWT analyzes the signal at different frequency bands
with different resolutions by decomposing the signal into a coarse approximation
and detail information. DWT employs two sets of functions , called scaling func-
tions and wavelet functions , which are associated with low pass h[n] and high pass
g[n] filters . The original signal is passed through the both half band filters. After
filtering half of the sample can be eliminated according to the Nyquist‘s rule (i.e.;
half of the samples are redundant). The signal can therefore be sub-sampled by 2
,simply by discarding every other sample. This process can be repeated for further
decomposition [11].

Figure 3 represents the wavelet decomposition tree of DWT coefficients for three
levels decomposition , where s is the original sequence , cA and cD are approxima-
tion and details(i.e.; low pass and high pass analysis filters)[10].

=

cD 4

CA =

Figure 3. Wavelet decomposition tree of the DT coefficients for three levels

Note that the original signal can be synthesized by the low and high frequencies
sequences by assembly sequence for each assembly parts resulting from the previous
parts (approximation parts and detailed) started from the last stage of analysis.
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3. TIME SERIES ANALYSIS USING WAVELET SHRINKAGE

Statistical wavelet methods provide a powerful tool to recover the original signal
from noisy observations under general assumptions , we refer the reader to [5]
for more details. The generic methodology is called wavelet shrinkage or wavelet
thresholding. The underlying model for the noisy series can be expressed as follows:

(6) X(t) = s(t) +n(t)

Where n(t) represents the independent and identically distributed random vari-
ables with zero mean and finite variance. The objective is to suppress the noise part
of the series z(t) and recover the clean part s(¢) .The procedure can be summarized
as three main steps[5,12] :

1-The discrete wavelet transform DWT is computed from the data.

2-Significantly large coefficients in the DWT are kept ,others are shrinked.

3-The inverse DWT is applied to the shrunken set of coefficients.

The three steps above can be summarize in figure 4:

Shrinkage Inverse Wavelet

DWT estimate

Data DWT

Using threshold

Figure 4. Wavelet shrinkage chart

For each level , we will have a threshold . The Fixed Form threshold (i.e.; Universal
threshold) technique is considered and is given by the following formula:

(7) §FT) = 5(MAD)+/2log(N)

Where (N) is the number of wavelet coefficients in specified level , (M AD) is the
estimate of the noise standard deviation and can be obtained by applying a median

N
absolute deviation (M AD) estimator to the 5 wavelet coefficients at the first

level of decomposition , incorporating a scale factor equal to (0.6745) [6]. After
estimating the threshold of a specified level ,wavelet coefficient of that level are
either hard or soft threshold. Hard thresholding represents the keep or kill (i.e.;
wavelet coefficient is less than the threshold it would be put to zero otherwise it stays
without change) . The soft thresolding shrinks all non zero coefficients towards zero
, which gives a smooth de-noising .The soft threshold de-noising function formula
can expressed as follows :

_ dJ,kv ‘d.],k| > 57
(8) dJ,k = { O, ‘dJ,k| <0

Where djj denotes the coefficient of transformation and ¢ is the threshold.It
was shown in [4] that soft thresholding has smaller variance than hard thresholding
, therefore here we only consider soft thresholding for modeling and forecasting the
yields data of batch chemical in this paper.

4. MAIN RESULTS AND DISCUSSION

In this section , an application was considered so as to show first the ability of
wavelet shrinkage to reduce the noise from original data , and second to get a model
with a lower order and higher efficiency compared with the original. Figure 5 shows
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five levels multiresolution wavelet analysis using Haar wavelet for the yields from
a batch chemical process for 65 consecutive observations , where s is the signal and
it is the sum of its approximation and of its fine details , a5 is approximation at
level 5 and ds, d4, d3, ds, d; are the details at level 5,4,3,2 and 1.

“H
E‘i.e‘i-au$§3 S!i!

, o
18 ‘. . ; T
l:l2 of-
48 ! : ! :
dl ° WW\A’\N‘\NWWWM

10 20 20 40 50 &0

Figure 5. Five multiresolution wavelet analysis using Haar wavelet for the yields from

a batch chemical process

Now , we will use the two different methods mentioned in the introduction as follows:
Method (1): The yields of batch chemical process was modeled as ARMA(2,0) ,
the parameters (p = 2,q = 0) were selected after careful modeling and fitting
(Statgraphics software was used for modeling). The performance measures (i.e.;
the forecasting criteria) used in the analysis are Root Mean Square Error (RMSE)
, Mean Absolute Error (M AFE) and Akaike‘s Information Criterion(AIC) are com-
puted as the following [9,13,14]:

Z?:la%
Eif - 5
(9) RMSE = 4| —

(10) pap = 2=l
n

2
(11) AIC = Ino? + ;k

Where a; represents the difference between actual and forecasted value , (k) is
the number of estimated parameters of the model and (n) is the sample size.
Method(2):The yields from a batch chemical process noise model was considered.
The data was de-noised using wavelet shrinkage technique mentioned in section (3)
(using M ATLAB software , version 2008) with four different wavelet families . It
is important here to say that after many experimental trials with many wavelets
families , it was found that these wavelets better than others in terms of de-noising
the batch data, and they are [7]:
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1- Haar wavelet with five multiresolution levels.

2- Daubechies wavelet of order (5) and five multiresolution levels.

3- Coiflets wavelet of order (3) and five multiresolution levels.

4- DiscreteMeyer (dmey) wavelet with five multiresolution levels.

For each selected wavelet, the batch data was first analyzed for five multireso-
lution levels and de-noised using the Fixed Form threshold . After de-noising, the
series were modeled using Box-Jenkins method and forecasting criteria were com-
puted and compared with those in the first method mentioned before. Table (1)
shows the performance measures (i.e.; forecasting criteria) for ARM A(2,0) model
of the original and de-noised data using the Fixed Form thresholding. It is clear
from the table that when the ARM A model was used , wavelet de-noising reduces
forecasting errors depending on forecasting criteria. The reduction is in highest level
when the batch data was Fixed Form thresholded using Discrete Meyer Wavelet
(note from the table 1, the best reduction comparing with all other forecasting
criteria used here).

Filtered observations using wavelet shrinkage filters were modeled once again
for each wavelet filter, but this time as ARM A(1,0) when rebuilding the model
instead of ARM A(2,0) after careful modeling and without effect on the suitable
and accuracy of the model , then compared with the original model ARM A(2,0).
Table (2) shows the performance measures for ARM A(2,0) model of the origi-
nal and de-noised data when rebuilding ARM A(1,0) model ,then using the Fixed
Form thresholding. It is clear from the table that when the ARM A model was
used , wavelet de-noising reduces forecasting errors depending on forecasting crite-
ria. Once again the reduction is in highest level when the batch data was Fixed
Form thresholded using Discrete Meyer Wavelet (note from the table 2, the best
reduction comparing with all other forecasting criteria used here).

Table 1: RMSE , MAE and AIC for forecasting model of the batch data
comparing with the de-noised data using Fixed Form thresholding.

Method Kind RMSE MAE AIC
First method (Box-Jenkins)

ARMA2,0) 10.5984 7.7854 4.8137

Original data
Haar 8.7989 6.3515 4.4415
Second method (Fixed Form) Daubechies (5) 82375 6.0619 43097
De-noised data Coiflet (3) 8.2192 6.0618 4.3053
Discrete Meyer(dmey) 7.9810 5.9255 4.2464

Table 2: RMSE , MAE and AIC for forecasting model ARM A(2,0) of the batch
data comparing with the de-noised data as ARM A(1,0) using Fixed Form thresh-
olding.
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Method Kind EMSE MAE AIC
First method (Box-Jenkins)

ARMA,G) 10.5984 7.7854 48137

Original data
Haar 8.8602 6.5585 44246

Second method (Fixed Form)

Daubechies (5) 3.3269 6.3383 4.3000

De-noised data
Coiflet (3) 5.2022 6.1242 42703

as ARMA(,0)
Discrete Meyer(dmey) 7.9555 5.9805 4.2092

5. CONCLUSIONS

1- More information could be obtained from a series When using Wavelet Shrink-
age technique , specially the wavelet filter Discrete Meyer , forecasting errors can
be reduced depending on some performance measures .

2- The ability of lowering the order of the estimated model of batch data for
filtered observations using Wavelet Shrinkage as a result of reducing the noise with
keeping the efficiency and suitability of that model.
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REDUCED BIAS OF THE MEAN FOR A HEAVY
TAILED DISTRIBUTION

RASSOUL ABDELAZIZ

ABSTRACT. For the estimation of the mean for a heavy tailed dis-
tribution with index 1/2 < 7 < 1, The semi-parametric estimation
of mean depends not only on the estimation of the tail index or
extreme value index v, the primary parameter of extreme events,
but also on the adequate estimation of a scale first order parame-
ter. Recently, apart from new classes of reduced-bias estimators
for v > 0, new classes of the scale first order parameter have been
introduced in the literature. Their use in mean estimation en-
ables us to introduce new classes of asymptotically unbiased mean
estimators. The asymptotic distributional behavior of the pro-
posed estimators of y is derived, under a second-order framework,
and their finite sample properties are also obtained through Monte
Carlo simulation techniques.

1. INTRODUCTION AND PRELIMINARIES

A model F is heavy-tailed whenever, the tail function F =1 — F is
regularly varying functions with a negative index of regular variation
equal to —1/v (v > 0) (¥ € RV_y,,), or whenever the quantile function

U(t) = F~(1—1/t) = inf{z : F(z) > 1 — 1/t},

where F'~ represented the inverse generalized of the df F| is of regular
varying with an index v (U € RV,), i.e., for every = > 0

. 1=F(z) ), . Uftr)
(1.1) tlggo 1-F(t) v < tlg& u(t) o
(see, e.g., de Haan and Ferreira, 2006, page 19).

Such cdf’s constitute a major subclass of the family of heavy-tailed
distributions. Heavy tailed distributions have been applied in many
different areas such as population size (Zipf (1949)), random graph
(Reittu and Norros (2004)), internet traffic (Resnick (1997a)), hydrol-
ogy (Katz et al. (2002)), finance (Danielsson and de Vries (1997)).

Suppose that X, ..., X,, are i.i.d. random variables with cdf F’ which
has regularly varying tails with index v € (1/2,1), then (1.1) is equiv-
alent to the statement that F' has infinite second moment.

Key words and phrases. Heavy tails, index, high quantiles, mean, trimmed mean,
reduced bias.
2010 AMS Math. Subject Classification. Primary 40A05, 40A25; Secondary
45G05.
1
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2 A. RASSOUL

In this paper we interested by estimate of the mean for a heavy tailed
distribution, that is

=EX) = [ wir@),

this may be rewrite in term of the quantile, as follow

/Ql—s

where Q(s) := inf{z : F(z) > s}; 0 < s < 1, denotes the quantile
function of the df F. In this case, to obtain a consistent estimator of
the mean for any v € (1/2,1), Peng (2001) partitioned the mean pu
into
k/n 1
po= Q(1 — s)ds + Q(1 —s)ds
0 k/n
= ) +ud,

where k = k(n) is an intermediate integer sequence satisfying the con-
dition
(1.2) k — oo and k/n — 0 as n — oc.

Then u%l) and ,uff) are estimated separately. One obvious estimator for

,u%l) is the trimmed mean

(1.3) ) = ZXW,

which has been studied extensively (see Csorgo et al., 1986a,b, Grikn
and Pruitt,1989).

The Extreme Value Theory is used to estimate ug), the mean for the
right tail as follows: For a small value of p, we want to estimate the
quantil x;_,, such that F' (Xl—p) = 1 — p. More specifically, we want to
estimate

(1.4) X1, =U(1/p), p=pn—0, np, — K €[0,1],

and we shall assume to be working in Hall’s class of models (Hall 1982;
Hall and Welsh, 1985), where there exist v > 0, p < 0,C > 0 and
B # 0 such that

(1.5) U(t) =Ct"(1+ A(t)/p+ o(t?)), as t — oo.
Since, from (1.4) and (1.5), we have
X1—, = U(1l/p) ~Cp 7" asp — 0.

—p

An obvious estimator of x; ,, is 6p’a, with C' and ~ any consistent
estimators of C' and ~, respectively.

Let X, ..., X, n.denote the order statistics of Xi, ..., X,,. Denoting Y
a standard Pareto model, i.e., a model such that Fy(y) = 1 — 1/y,
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MEAN ESTIMATION 3

y > 1, the use of the universal uniform transformation enables us to
write X,k n 4 U(Y,—kn). Next, since Y, ,, R (n/k) for intermediate
k satisfiying (1.2), we get

Xopm X Y . X C(n/k), as n — co.

Consequently, an obvious estimator of C, proposed by Hall and Welsh
(1985), is

(1.6) Cs (k) = Xpopon (/)7
then
(1.7) Q%p) (k) = Xn—kn (k/np)f/-

is the obvious quantile-estimator at the level p (Weissman, 1978).

Peng (2001) using this estimator for estimate 12 as follows

k 1
1.8 e = T An—kng =< >
(1.8) o = Kook T2
where 7, is Hill estimator of v, defind as follows
1k
(19) ’/y\n = E Z log(Xn,n—i-i-l) - 1Og(Xn,n—k+1)'
i=1
Finally, the result of Peng is as follows
n—k
1 k 1
1.10 i, = — Xin+—Xppn—"0.
( ) Hn n; ’+n k’l—yn

The details on asymptotic distributions for the estimators p can be
found in Peng (2001). The Hill estimator of the index plays a central
role in modelling the tail distribution.

The consistency property of the Hill’s estimator is given in Mason
[1982]. The asymptotic normality of the Hill’s estimator has been
demonstrated by many authors, see for example, de Haan and Resnick
[1980], Csorgd and Mason [1985], Hiusler and Teugels [1985], and
Beirlant and Teugels [1987]. The detailed explanation of mathemat-
ical properties of the Hill’s estimator can be found in Beirlant et al.
[2004]. To be able to conduct reliable inference about tail properties
of the heavy tailed distribution it is important to determine the op-
timal threshold k. A number of methods for estimation of optimal k
were proposed in the literature (Dekkers and de Haan [1993], Hall and
Welsh [1985], Beirlant et al. [1996a], Beirlant et al. [1996b], Draisma
et al. [1999]). Most of the proposed methods are based on minimising
the asymptotic mean squared error (AMSE) of the tail index estimate
for a given sample size and corresponding fraction of extreme value
statistics.

As Peng’s estimator i, is based on Weissman’s estimator Q%p ) (k),
so known to be largely biased.
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Our main aim in these paper is essentially to present a new reduced
bias estimators for the mean p, valid in a wide sub-class of Hall’s class of
models (Hall, 1982), and in the lines of both Matthys et al. (2004) and
Gomes and Figueiredo (2006), i.e., based on a direct accommodation
of the bias for high quantiles and an adequate reduced-bias estimation
of the tail index , respectively. The key feature of these new estimators
exists in the fact that the estimation of the second-order parameters
in the respective bias-terms, described in Section 2 of this paper, is
performed at a level k; of a larger order than the level k£ at which
the parameters v and X, are classically estimated. Doing this, we are
able to guarantee a mean squared error smaller than of the classical
estimators for all levels &k and for mean estimation. In addition, the
asymptotic behavior of the new estimator of the mean will be derived
under appropriate higher order conditions, in Sections 3 and 4, respec-
tively. The simulation study in Section 5 will enable us to obtain some
of the features of these new estimators for finite samples, the proof of
the main result are postponed to section 6.

2. SECOND ORDER CONDITIONS

In order to derive the asymptotic non-degenerate behaviour of semi-
parametric estimators of extreme events parameters, we need more
than the first order condition in (1.3), a second order condition on F'
(see de Haan and Stadtmiiller, 1996), assuming that there is a function
A with constant sign near infinity, such that

. U(tr)/U(t) — 27 xvx” -1
@D lm e

, for any x > 0,

where p < 0 is the shape second order parameter. If p = 0, interpret

mp;;;l as log x. Or equivalently,

1 —1 — vl r—1
(2.2) lim nU(sz) —InU(s) —vyInx oz

Lim A(s) , for any = > 0.

A typical condition for heavy-tailed models, which holds for the models
in (1.5), with

(2.3) A(t) = y6t? with v > 0,p < 0 and 5 # 0.

Under the second order framework in (2.1) or in (2.2), and for interme-
diate k, i.e., whenever (1.2) holds, we may guarantee the asymptotic
normality of the Hill estimator 7,,, for an adequate k. Indeed, we may
write (de Haan and Peng, 1998),

A(n/k)
(1-p)

(2.4) T L v+ =2+

Vk

(1 + OP(1)>7
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with Z = V& (X4, Bi/k — 1), and {E;} i.id. standard exponential
r.v.’s.

Consequently, if we choose k such that vAA(n/k) — X # 0, finite,
as n — oo, then vk (3, — ) is asymptotically normal, with variance
equal to v? and a non-null bias given by A/ (1 — p). Most of the times,
this type of estimates exhibits a strong bias for moderate k and sample
paths with very short stability regions around the target value. This
has recently led researchers to consider the possibility of dealing with
the bias term in an appropriate way, building new estimators, 7 (k)
say, the so-called second order reduced-bias estimators discussed by
Peng (1998), Beirlant et al. (1999), Feuerverger and Hall (1999), Gomes
et al. (2000), among others. Then, for k intermediate, satisfying (1.2),
such that (2.1) holds, and under the second order framework in (1.10),
we may write, with Z}! an asymptotically standard normal r.v.,

(2.5) Talk) L7+ 228 + o (Aln/)).
VEk

where o > 0 and A is again the function in (1.10). Consequently, the
sequence of 1.v.’s, Vk (Fz(k) — ) is asymptotically normal with vari-
ance equal to (yog)? and a null mean value even when vVEA (n/k) —
A # 0, finite, as n — oo, possibly at the expense of an asymptotic
variance (yog)® > 42 Gomes and Figueiredo (2006) suggest the use,
in (2.1), of reduced-bias tail index estimators, like the ones in Gomes
and Martins (2001, 2002) and Gomes et al. (2004), all with og > 1 in
(2.5), being then able to reduce also the dominant component of the
classical quantile estimator’s asymptotic bias.

More recently, Caeiro et al. (2005), Gomes et al. (2007a, 2007b)
consider new classes of tail index estimators, for which (2.5) holds with

or = 1 at least for values k such that vEA (n/k) — X, finite. These
classes are dependent on (B,ﬁ), an adequate consistent estimator of

the vector of second order parameters (/3, p) in (2.3). The influence of
these tail index estimators in quantile estimation has been studied by
Gomes and Pestana (2007) and Beirlant et al. (2006).

3. REDUCED BIAS OF INDEX AND EXTREME QUANTILE

The second order reduced-bias extreme value index estimator intro-
duced in Caeiro et al. (2005), is given by

B A =Trep () =7, (1 2 (%)ﬁ> ,

1—p

for adequate consistent estimators p and /B of the second order para-
meters p and [ respectively.
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Also recently, new estimators of C' have been proposed (Caeiro,
2006), where, instead of X,_j, alone, a spacing X, _jgkjn — Xn—kmn,

0 < 6 < 1, is considered. More specifically, we may replace C in (1.6)
by

~ . Xn—[k@}:n — Xpkn (K Tr
(3.2) G (1 0) = == = )

where 0 < # < 1.is a tuning parameter and 7, = 75 (k) is a second
order reduced-bias extreme value index estimator. Similarly to the
way developed by Caeiro et al. (2005) for the extreme value index
estimation, Caeiro (2006) has worked out the main dominant compo-
nent of the asymptotic bias of 6% (k,0). With the parametrization
A(t) = ~ptr, already given in (2.3), such a component is given by
¢ x (1 - 89 (%07 B))a where

B g~ _ 1 oG (n/kz)p
(33) 89 (77)076) - 07 1 X P :

It is thus sensible to consider the semi-parametric C'—estimator,
al . Xn—[kG]:n — Xo ke (K Tr ~ ~5
(34) CWR (kae) - HQR 1 E X (1 - 89 (7R7p7 6)) :
We shall here consider, for § = 1/2, the associated quantile estimator
2. (k) =Q 5 (k) with
(3.5)

_ X, ot — X o [k \ R ~
P R _ An—[k/2]:n n—k:mn o . ~ o~
Q58 (F) = Pr—1 (np) 8 (1 Busz (VR’p’ 6)) ‘

3.1. Estimators of the shape second order parameter p. We
shall consider here particular members of the class of estimators of the
second order parameter proposed by Fraga Alves et al. (2003). Such
a class of estimators may be parameterized by a tuning real parameter
7 € R (Caeiro and Gomes, 2004). These -estimators depend on the
statistics

) ()

(M k)/2>7 — (9 /5 )7/37 if 7#0
n(MO®) - in(MPme) ’
1 (<2> ) 21( @) ) s, 7 =0
21n<Mn (k)/2> 3ln<Mn (k)/ﬁ)

(3.6)  T(k)=

n

converge towards 3(1 — p)/(3 — p), independently of the tuning para-
meter, whenever the second order condition (10) holds and & is such

that (1.2) holds and vk A(n/k) — oo, as n — oo, where

k
(37) M’I’(Lr)( Z 10g n,n— z+1) log(Xnn k+1)) .

?vlr—
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The p-estimators considered have the functional expression,

S8 — — min [0, 3T (K) — 1
(3.8) (k) (0, 0 3 ) .

Remark 3.1. The theoretical and simulated results in Fraga Alves
et al. (2003), together with the use of these estimators in different
reduced-bias statistics, has led us to advise in practice the estimation
of p through the estimator in (3.8), computed at any value

(3.9) k1= [n'"F],e > 0.

The value ky in (3.9) is not necessarily optimal but, for a large class of
heavy-tailed models, it enables us to guarantee that, with p = ﬁg)(kz), n—
p=o0,(1/Inn), as n — oco. The choice of the tuning parameter T = 0
for the region p € [—1,0) and 7 = 1 for the region p € (—o0,—1) is a
sensible one.

3.2. Estimators of the scale second order parameter 5. For the
estimation of 5 we shall here consider the estimator developed in Gomes
and Martins (2002), with the functional expression,

EY () PNk - NP ()
E 0 ()7 NP ) = N ()

i) Bw - (L)

n

where

1 k i a—1
=3 () v
with 7 = 2" (k) and
Ui =i(log Xp—iv1n —log Xpkn),

4. REDUCED BIAS OF THE MEAN AND THE MAIN RESULT

Substituting @gR 53 (k) for @ in expression of ,ug), and after integra-
tion, we obtain

Xocpiopn = Xoten (@)% < (1= 8 (30.7.7))

9r — 1 n
k (an mo n— :n) ~ ~ B
@ _ (K [%/2] k B
(4.1) @wr = (n) @113, X (1 By /o (737,0: 5)) :

Finally, our estimate of the mean is defined as follows
(4.2)
n—k

— 1 k an[lc/Z]:n - Xn—k:n ~ ~ D
“n X/Ln n ¥ 5 (1 B B ( T >> .
w2 () G x (1B G

i=1
Our main result in the following theorem.
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Theorem 4.1. Under the second order framework in (1.10) with A(t) =
yBtP, for an intermediate k, i.e., k such that (1.2) holds, whenever
In(np)/Vk — 0, and VEA(n/k) — X\, asn — oo, for p and [ defined
by (3.8), (3.10), such that p — p = op(1/1Inn). Then

VE

(M_n_u)i)N (0762)7 asn — oo,

(k/n)Xn—k:n
where
. 2y ) I 27 1n 2 2
. A [(1—7)2 (1—7)(2”—1)}
Loy [ 1 B 271n 2 ]
1-7)? (1-mE-1)]

5. SIMULATION STUDY

We use the R statistical software (Ihaka and Gentleman, 1996) to
apply the above result to the most usual distribution of Hall class,
namely, the Fréchet model: F'(z) = exp (—:Bfl/ 'Y) for z > 0, (for which
% <y<1,C=1,p=—1and g =1/2). We simulate 1000 random
samples of size n, where n =500; 1000 and 2000. We assume that the
second order parameters p and 3 are unknown and they are estimated
through (3.8) and (3.10), respectively, both computed at the level k; =
[n%99] "i.e., we have chosen ¢ = 0.005 in (3.9).

In the first part, and by using the results of theorem (4.1), we fix
¢ €10,1[ and g¢/» is the (1 — §)—quantile of the standard normal
distribution N (0, 1). The bounds of confidences of the mean are given
by
- (n/k)_
P= T £ qc/2 N

Now, we compare our estimator of the mean with the estimator of Peng
(2001), in terms of bias and rmse,

6. PROOFS
Let us consider that
Ty — b =Ap1+ Apa,
where
12 !
Apy == ;Xn “ Q (1 — s)ds,

and
k/n

o k an[k/Z}:n - ank:n ~ o~ D
Apo = (n> @r—1)(1=75,) X (1 Bi)s (7R7p, 6)) i Q(1—s)ds.
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MEAN ESTIMATION

TABLE 1. Analog between the new estimator of the mean

and the estimator of Peng (2001) for two tail index.

v ] 2/3 | 3/4 |

n_ | 500 | 1000 | 2000 | 500 | 1000 | 2000 |

0 2.87635 | 3.6380 |
i, | 29807 | 2.9441 | 2.8783 | 3.7638 | 3.6423 | 3.6241
bias | 0.1043 | 0.0677 | 0.0020 | 0.1258 | 0.0429 | -0.0139
RMSE | 0.0350 | 0.00784 | 0.0055 | 0.5068 | 0.3459 | 0.0262
i, | 3.2888 | 2.6797 | 2.6911 | 3.9629 | 4.02021 | 3.3675
bias | 0.4125 | -0.2551 | -0.1966 | 0.3248 | 0.3821 | -0.2704
RMSE | 0.1762 | 0.0795 | 0.0652 | 0.7612 | 0.6635 | 0.1301

A, 2 may be rewriten as follow:

k an mo Xn— n
As — (_) /20im — Xk
n (1 =75

X (1 — B2 (737@ B)) {(2%1_ 0~ (271_ 0

k k;/2] Xn—k:n
i (n) 2~ 1)

><<1

()
n 27 — 1 (1 -)
X (Bl/ (VR»P» ) Bisa (7, p, 5))

(2)

x (1= Bij (v,p,8)) —

—[k/2]:n n—k:n
& -7

_l_

k/n

Q(1—s)ds

0

Now, with the use of the delta method enables us to write

1 1 p 22 _
2 —1) (2-1)  (2m—_1)
1 1Lop 1
1=9r) (1—=9)
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10 A. RASSOUL

and

L ) 22 -1 \(@a—1)
Bi(1.9.0) :1+<LYW1D@”h40/777
(3-5)

B

As: Fp—v=0,(1), P—p)In(n/k) = 0,(1) and B — 8 = 0, (1), we
have

- - (p—p)In(n/k).

B2 <:}/\R7I/57 B) = B2 (v,p,8) (1 + 0, (1))
Either, with Q(1 — s) = C's™?, then

- _ R N k/n
i Q(1—s)ds 01—7[5 ]0
— 1 1=y
= O (k/n)
Xn—[k/Q]:n — Xo—km 1
where
. Xn—[k/Q}:n — Xk ~
€ = Sl
Then,
k Xn—[k/Q]:n — Xn_kin k/n .
() Tl B (1 Bt - [ QU= 9ds =001

as n — o0o. We obtain that

vk AL { 1 2n2
With the result of Gomes et al. (2007), we have

VE@r=7) SN (0,77), asn — oc.

Let us now consider the asymptotic distribution of A,, ;. It is shown in
Csorgod and Mason (1985) that, there exists a sequence of independent
Brownian bridges {B,(s);0 < s < 1}, ., such that, for all large n

VE AL fk/n (1-15)dQ(1—2s)
(k/m) X pen (k/n)Q (1 —k/n)
Finally:

}¢E@R—vyw%u»

+0p (1).

vE
(k/n)ankn (,un - :U’) = An (77 p) )
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MEAN ESTIMATION 11

where

1 271n2 ~
Ap(y) @ = 7 -9 -1 Vr—7)
i Ba(1=5)dQ (1~ )

(k/n)Q (1 —k/n)
= Wi+ W,

It is clear that A, () is a Gaussian random variable with mean zero
and variance

E (A, (7)) = EW)* + E(W)* + 2E (W)

An elementary calculation gives, as n — oo

+0,(1).

2 L[ 1 2n2 L,
2 2y o
1 27In 2
2B M) =21 |~ | + o)

Summing up the right-hand sides of the above three limits, we obtain
o2, whose expression in terms of the parameter is given in Theorem

(4.1).
This completes the proof of Theorem (4.1).
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ON THE HYERS-ULAM STABILITY OF NON-CONSTANT
VALUED LINEAR DIFFERENTIAL EQUATION zxy' = —\y

HAMID VAEZI AND HABIB SHAKOORY

ABSTRACT. We consider a differentiable map y from an open interval to a real
Banach space of all bounded continuous real-valued functions on a topological
space. We will investigate the Hyers-Ulam stability of the following linear
differential equations of first order with non-constant values:

zy = —Xy,
where A is a positive real number and

y € C(I)=C(a,b), —oo<a<b<4oo, x € (0,00).

1. INTRODUCTION

C. Alsina and R. Ger [1] remarked that the differential equation y’ = y has the
Hyers-Ulam stability. More explicitly, they proved that if a differentiable function
y: I — R satisfies |y/'(t) — y(¢)] < e for all ¢ € I, Then there exists a differentiable
function ¢ : I — R satisfying ¢'(¢t) = g(t) for any ¢ € I such that |y(t)—g(t)| < 3¢ for
every t € I. T. Miura , S.-E. Takahashi and H. Choda, [3] consider a differentiable
map y from an open interval to a real Banach space of all bounded continuous real-
valued functions on a topological space. They show that y can be approximated by
the solution to the differential equation z’(t) = Az (¢) if ||y'(t) — Ay(¢)|lco < € holds.
In [4], this result was generalized to the case of the complex Banach space valued
differential equation y' = Ay. Y. Li [2] prove stability in the sense of Hyers-Ulam of
differential equation of second order v/ = A%y. In this article, we say that equation
zy’ = — Ay has the Hyers-Ulam stability if there exists a constant K > 0 with the
following property: for every z,e > 0, y € C(I) if

lzy’ — (=My)| <e,
then there exists some z € C(I) satisfying
z2' + Xz =0

such that
ly(z) — z(2)] < ke.

We call such k as Hyers-Ulam stability constant for equation

xy = —)y.

Key words and phrases. Hyers-Ulam Stability, differential equation, approximation.
2010 AMS Math. Subject Classification. 34K20; 26D10.
1

211



2 H. VAEZI AND H. SHAKOORY

2. DEFINITIONS

Definition 2.1. Let B be a Banach space, y a map from I (denotes an open interval
of the real number field R) into B. We say that y is differentiable, if for everyt € I
there exists an y' € B so that:

lim [[(y(t + ) — y(1))/(s) = ¥'()]| B = O,

where ||.||p denotes the norm on B. Lety be a differentiable function on I in to
R. Alsina and Ger [1] gave all the solutions to the inequality |y'(t) — y(t)] < e
for every t € I. Then they showed that each solution to the inequality above was
approximated by a solution to the differential equation 2'(t) = z(t).

In accordance with [1], we define the Hyers-Ulam stability of Banach space valued
differentiable map.

Definition 2.2. Let B be a Banach space, y a differentiable map on I (denotes an
open interval of the real number field R) into B so that for each t € I :

ly'(t) = Xyt < e

We say that Hyers-Ulam stability holds for y if there exist a k > 0 and a differen-
tiable map z on I into B such that:

2'(t) = Az(t) =0

and

lly(t) —2(t)||p < ke
hold for every t € I.

3. MAIN RESULTS
Now, the main result of this work is given in the following theorem.

Theorem 3.1. If a continuously differentiable function y : I — R satisfies the
differential inequality

lzy’ + \y| < e
for all t € I and for some € > 0, then there exists a solution v : I — R of the
equation:

'+ =0
such that

ly(z) —v(z)] < ke,

where k > 0 is a constant.
Proof. Let € >0 and y : I — R be a continuously differentiable function such that
lzy’ + Ay| < e.
We will show that there exists a constant k£ independent of ¢ and v such that
ly — v| < ke for some v € C(I) satisfying :
v’ + Av = 0.
If we set
z=e", z € (0,00),
ry = x.dy/dr = x.dy/du.du/dx = v.1/2x.dy/du = dy/du = Dy
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HYERS-ULAM STABILITY OF zy’ = —\y 3

according the above:

wy' = dy/du =y,
then

Y/ (w) + Ay(u)| <&,
equivalently, y satisfies

—e < y'(u) + My(u) <e.
Multiplying the formula by the function e**, we obtain
—ee™ <yl (u)eM + Ay(u)e < eet

For the case 0 < A < 1, there exists M > 0 such that M\ > 1, so without loss of
generality, we may assume that A > 1, thus

(3.1) —deeM <y (u)er + Ay(u)er < heet.

For some fixed ¢ € (a,b) with y(c¢) < co and any u € (¢, b), integrating (3.1) from ¢
to u, we get

u u u u
—)\e/ e < / Yy (u)er + )\/ y(u)eM < )\5/ e,
c c & (&

756)\(1;70) < y(u)ez\u o y(c)e)\c < +z,_:e)\(ufc).

Summing parts of equation with +ee’° :

and so

—ee?® < y(u)eM — y(c)e + e < e

Multiplying the formula by the function e=*

—e <y(u) — (y(c) —e)ee ™ <¢,

“ we get

SO
— < y(u) — (y(c) —eg)ee ™ <e.
Then,
—e < y(u) - (y(e) — ) <e.
Let z(u) = (y(c) —€)eMe™™. Then z(u) satisfies
2 (u) + Az(u) =0
and
ly(u) —z(u)[ < e
For any a € (u,c), the proof is very similar to the above, so we omit it. We have
—e <y(u) — z(u) <e.

where k = 1 if we change z = eV and z € (c,b). By an argument similar to the
above for some fixed ¢ € (a,b), we can show that there exists

(@) = (y(c) —e)err ™) — A=) /Z(S)e*A(S*a)ds

such that
ly(z) —v(z)[ <,
which completes the proof. O

213



4 H. VAEZI AND H. SHAKOORY

REFERENCES

[1] C. Alsina and R. Ger, On some inequalities and stability results related to the exponential
function, J. Inequal. Appl. 2 (1998) 373-380.

[2] Y. Li, Hyers-Ulam Stability of Linear differential equations y”/ = A?y, J. Thai.8 (2010) 215-219.

[3] T. Miura, S.-E. Takahasi and H. Choda, On the Hyers-Ulam stability of real continuous func-
tion valued differentiable map, J. Tokyo Math. 24 (2001) 467-476.

[4] S.-E. Takahasi, T. Miura and S. Miyajima, On The Hyers-Ulam stability of the Banach
space-valued differential equation y’ = \y; to appear in Bull. Korean Math. Soc.

(H.Vaezi) UNIVERSITY OF TABRIZ, TABRIZ, IRAN
E-mail address: hvaezi@tabrizu.ac.ir

(H. Shakoory) TAAVON UNIVERSITY OF APPLIED SCIENCE, TABRIZ, IRAN
E-mail address: habibSakoory@yahoo.com

214



J. CONCRETE AND APPLICABLE MATHEMATICS, VOL. 11, NO. 2, 215-229, 2013, COPYRIGHT 2013 EUDOXUS PRESS LLC

THE APPROXIMATE SOLUTION OF MULTI-HIGHER ORDER

LINEAR VOLTERRA INTEGRO-FRACTIONAL DIFFERENTIAL

EQUATIONS WITH VARIABLE COEFFICIENTS IN TERMS OF
ORTHOGONAL POLYNOMIALS

SHAZAD SHAWKI AHMED AND SHOKHAN AHMED HAMA SALIH

ABSTRACT. The main purpose of this paper is to present an approximation
method for multi-higher order of linear Volterra Integro-Fractional Differential
Equations (m-h LVIFDEs) with variable coefficients in the most general form
under the conditions. The method is based on the orthogonal polynomials
(Chebyshev and Legendre) via least square technique. This method trans-
forms the fractional equation and the given conditions into matrix equations,
which correspond to a system of linear algebraic equations with unknown coef-
ficients and apply Gaussian elimination method to determine the approximate
orthogonal coefficients. The proposed method including two new algorithms
for solving our problem, for each algorithm, a computer program was written.
Finally, numerical examples are presented to illustrate the effectiveness and
accuracy of the method and the results are discussed.

1. INTRODUCTION

In this work, we will consider the multi-higher order of linear Volterra Integro-
Fractional Differential Equations (m-h LVIFDEs) with variable coefficients in the

form:
n—1
- CDEy(@) + X P()EDE y(@) + Pale)y(a)
1.1 = m =
= f(@)+ XA [ Ke(a, ) O D) y(t)dt, « € [a,b] =1
=0 a

with the initial conditions:

(1.2) [y (@)@ = a) = yi;
k=0,1,...,p0—1;u=max{m;,m; forall i and £},

where y(z) is the unknown function, which is the solution of equation (1.1). The

functions Ky : S xR — R, (with S = {(z,t) :a <t <2 <b});£=0,1,2,...,m and

f,P; : I = R are all continuous functions .Where «;,3; € RY,m; — 1 < a; < m;

and m; —1 < By <mj,m; = [a;] and mj = [f¢] forall i = (1:n) and £ = (1:m)

with property that:a,, > ap—1 > ... > a1 > a9 =0and B, > Bp-1>...> 1 >

Bo =0, and A is a scalar parameter.

Actually most linear Volterra integro-fractional differential equations of multi-
higher order with variable coefficients do not have exact analytic solutions, therefore

Key words and phrases. Integro-Fractional Differential Equations, Caputo Fractional Deriva-
tive, least-square technique, Orthogonal (Chebyshev, Legendre) polynomial.
2010 AMS Math. Subject Classification. 26A33, 05E35.
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2 S.S. AHMED AND S.A. HAMA SALIH

approximation and numerical techniques must be used. The area of orthogonal
polynomials is a very active research area in mathematics as well as in applications
in mathematical physics, engineering, computer science and others (7, 8.

AL-Rawi [3] and Qassim [14] used Laguerre polynomial to approximate the so-
lution of the first kind integral equations depending on the principle of the least-
squares data fitting. On the other hand Ameen [14] and Al-Ani [1], Kalwi [2] applied
this techniques to treat numerically FIE’s of second kind using Laguerre, Hermit
and Legendre and Chebyshev polynomials, respectively. In this paper, we extend
this method to further deal with our consider problem (1.1) with initial conditions
(1.2).

2. PRELIMINARIES AND NOTATIONS

2.1. Basic Definitions.

Definition 2.1. [16], A real valued function y defined on [a,b] be in the space
C,la,bl,y € R, if there exists a real number p > v, such that y(z) = (v — a)Py.(x),
where y. € Cla,b], and it is said to be in the space C7}[a, b] iffy™ € C,[a,b],n € No.

Definition 2.2. [4, 5], Let y € Cy[a,b],y > —1 and o € RT. Then the Riemann-
Liouville fractional integral operator ,JS of order o of a function y, is defined as:

x

WJoy() = ﬁ /(x — e ly()dt, @ > 0

a

al2y(x) = Iy(z) = y(x), a =0

Definition 2.3. [4, 5], Let a > 0 and m = [«].The Riemann-Liouville fractional
derivative operator BDS | of order o and y € C™[a,b], is defined as:

a T
aDYy(x) = D, I~ y(x)
If a =m,m € Ny, and y € C™[a,b] we have
2D%y(x) = y(z),  EDFy(x) =y (x)

Definition 2.4. [6, 10], The Caputo fractional derivative operator $ DS of order
a € RY of a function y € C™[a,b] and m —1 < o <m, m € N is defined as:

S DYy(x) =q J T Dy(x)
Thus for o« = m, m € Ny, and y € C™[a,b], we have for alla <z <b
e Doy(w) = y(x), ¢ Dy(x) = Dyy()
Note That:[4, 5, 6, 10]

it For a > 0 and B > 0,then ,J%(z —a)?~! = F(Fﬁ(f)a) (v — a)fte—l,

ii: Fora >0, > 0 and y(z) € C,a,b], v > —1, then :
o5 adPy(@) = ofadgy(x) =0 I3 Py(2)

iii: 2D2A = A(lgfati);; and D¥A = 0; A is any constant ; (o > 0, ¢ N).
iv: $D2y(x) = Do J7~y(@) # o I3 " Dy(x) = FDgy(x) ; m = [a]
v: Assume y € C™[a,b;a > 0,a ¢ N and m = [a] Then §D%y(x) is

continuous on [a,b], and [{Doy(z)] =0.

T=a
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vi: Let a > 0,m = [a| and y € C™]a,b],then, the relation between the
Caputo derivative and the R-L integral are formed:

,_.

nz (k)
Ope,Jy(x) =y(x) a<ax<b;,JoCDYy(x) = y (x —a)*
k=0
vii: ¥ Doy(x) = ED2 [y(x) — Trn_1 [y;a]];(m — 1 < o < m) and Ty, 1 [y; a] de-
notes the Taylor polynomial of degree m — 1 for the function y , centered

at a.
viii: Let o > 0; m = [a]and for y(z) = (z — a)? for some 3 > 0.Then:
0 if 8€{0,1,2,...,m—1}
CDYy(w) =4 palis(z—a)P~e if BeNandB>m

or B¢Nandf >m—1

2.2. Orthogonal Polynomials. Orthogonal polynomials are classes of polynomi-
als ¢;;:=0,1,2,... defined over a range [a, b] that obey an orthogonality relation
f:w(x)cpi(x)goj(x)dx = 0;;C;, where w(z) is a weighting function and J;; is the
kronecker delta (equal to 1 if ¢ = j and to 0 otherwise). If C; = 1 then the polyno-
mials are not only orthogonal, but orthonormal. Two of the most common set of
orthogonal polynomials are Chebyshev polynomials Ty (z) and Legendre polynomi-
als Py(z),[11, 12, 14].

2.2.1. Chebyshev Polynomials. The Chebyshev polynomials are orthogonal over
[—1,1] with respect to the weight function w(x) = 1/4/1 — 22. The Chebyshev
polynomials of orderk > 0, Ty (z), for —1 < z < 1, given by the simple calculation
forms:

,_
[SES

]

(1)  Ti() = §

(-1 (k —T) (20)F2", Ty(w) =1, k> 1

k—r r

IIM

where | ] is the floor function and T} () has k— distinct in [—1, 1], the roots {z; }_,
have the expression:

4+ 1/2
(2.2) xi:cos(wx i=0,1,2,... k-1
Also, the n—derivative of Chebyshev polynomials T (x) is formulated as:
b -1)" (k—r—1)! —or— .
et | S S e ip ks
den 2k =1L if k=n
0 if k<n

2.2.2. Legendre Polynomials. An important another set of the polynomial approx-
imation over [—1,1] is Legendre polynomials, a simple calculation formula for it of
higher order k£ > 0, is defined in terms of the sums:

03 _ ik Z::j <k> <2k;2r>mk2r
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Also, the n—derivative of Legendre polynomials Py (x) is formulated as:

k

(1) 2k—20)  k—op_m
d" Py (x) %ZJ&S J r!((k:—)r)! (zi—zr—gl)!xk g if k>n
e ) (2k)1/2Rk! if k=n

0 if k<n

Remark 2.1. [12], Sometime it is necessary to take a problem stated on an interval
[a,b] and reformulates the problem on the interval [—1,1] where the solution is
known. If the approzimation fn(x) to f(x) is to be obtained on the interval [a,b],
then we change the variable so that the problem is reformulated on [—1,1] Thus

xz(l’fT")t—F(b%‘), t=2(7=2)—1 where a<x<b-1<t<1.

2.3. Gaussian Quadrature Formulas. Gaussian quadrature formula can be de-
veloped based upon the orthogonality property. All Gaussian quadrature share

the following formula: f: w(x) f(z)dr = ZkN:o Ae.f(x1) where xy,k = (0: N) are
called nodes which jhere,associated with zeros of orthogonal polynomials are the
integration points and A\, , K = (0: N) are called weights of the quadrature for-
mula related to the orthogonal polynomials, [9, 12]. If the weights function is

w(z) =1/+/(x — a)(b— x) on interval [a,b]. Then, the Open Gauss-Chebyshev

quadrature rule has the form:

b 1 o Nl
2.4 . — ey o
24 /a (x—a)(b—x)f( ) N’;Jf( k)
where 2 = (25%) 2 + (£2) and 2, = cos(25HLT)

and the Closed Gauss-Chebyshev quadrature rule has the form:

(2.5)

b 1 . N
— f(2)dx = — "
/ P e

where 2 = (5%)z, + (£2) and 2, = cos(&F)

where the double prime (") on the summation sign implies that the first and end
terms are halved. If the weight function is w(x) = 1 on the interval [a, b].Then, the
general Gauss-Legender quadrature rule has the form:

b —aN71
(2.6) [ e =220 S Ap )
a k=0

where  z = (25%) 2+ (252) and 2, are the k— th zeros of Py (z). The coefficients
Ar’s can be calculated using the following formula :

2
(1= 22)(Py (21))?

(2.7) Ak =

2.4. Lemmas. Before starting the solution of general form of m-h LVIFDEs by
least-square orthogonal method, the following two basic lemmas are needed:

Lemma 2.5. [13], The Caputo fractional derivative for orderm —1 < o < m,m =
[a], of shifed Chebyshev polynomial of degree k > 1, Tj(x) = Ty[2(5=2) — 1] on
interval [a,b] can be formulated:
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¢ DIT (2) = e
(2.8) m m—ao k/2 T T T
§(5%) - X 1 HE 2 MGk m)
where M (xz;k,r,m)
0 m >k —2r
B 7F(m—loz+1) m=Fk—2r
- k—2r—m (71)Z+k—2r77n T—a 14
ZZ:O F(l+m—a+1)I'(k—2r—m—~{+1) |:2 (b—a):| m<k—2r

Lemma 2.6. [15], The Caputo fractional derivative for order m—1 < a < m,m =

[a], of shifed Chebyshev polynomial of degree k > 1, P (x) = Pp[2(3=2) — 1], on
interval [a,b] can be formulated:
o D3Py (x) = el
(29) k/2 r_  T'(2k—2r
3 (%) (=0 L (1) gy M (s k. m)
where M (z; k,r,m)
0 m>k—2r
_ F(nL—l(x-‘rl) m=k—2r
= k—2r—m (_1)e+k,2,,.,m T £
zgo T(trm—oat DI (k—2r—m—0+1) {2 (bfa)} m <k-—2r

3. SOLUTION TECHNIQUE

In this section, a new technique for solving multi-higher linear VIFDEs with vari-
able coefficients applying least-square data fitting with use orthogonal (Chebyshev
and Legendre) polynomials has been presented. The method is to approximate the
solution y(z) of equation (1.1) by yn(z):

N
(3.1) y(@) = yn(@) =Y Crion(a)
r=0

The coordinate functions ,.(x) are usually chosen as orthogonal polynomials and
C,’s are undetermined constant coefficients for all » = 0,1,2,..., N. Substituting
yn(z)in equation (1.1) , we obtain :

N n—1 '
za{m%<@ zawﬂﬁmww+&www}=
(32) .
f<+Azafzm )9 D)™ o, (t)dt + Ry (x;C)

r=0 a =0

Define: iy (x) =C D2, (2) + 5 P(2)C DS o () + Pa()p(x)
=1

x
m

—)\/ZKg(x,t)achm’“gar(t)dt

pa—
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Now, the equation (3.2) can be written as:

N
(3.3) Ry(2;0) = 3. Crtho (@) — f(x)
r=0

where Ry (x; C) is the error function which is also depending on x and the constant
coefficients C,{= (Cy,C1,...,Cn)}. The main points here, is how to find the
coefficients Cy;r = 0,1,2,..., N of yn(z) in equation (3.1) such that Ry (z;C) is
minimized. The general least squares techniques insist on minimizing the norm of
the error functions by introducing a weight function w(z) on interval [a, b], we now
wish to minimize I(C):

b

IKS:/w@H&ﬂa@fm
The necessary condition for I(C') to be minimum, are
b

5‘;(068‘) = Q/w(x)RN(:c;C)

a

3RN(1'; C)

(3.4) o

de=0, s=0,1,...,N

Putting equation(3.2) in to equation (3.4), we obtain:

x

N
[ v [Z Ot () f(x)] dr =0
a r=0

After some simple manipulation, the following linear system is included:

N
(3.5) > Crars=bs, 5=0,1,2,...,N
r=0
where
b
Qrs = fw(fc)ws(f)%(x)dl"
(3.6) 4
bs = [ w(z)ys(x)f(zx)de
1

3

and  ¥p(z) =¢ DI or(x) + 30 Pi(2)d D" or(x) + Po(@)r(2)
i=1

8

—A/ Ko(z, ) DI, (t)dt
Y 4=0

Rewrite equation (3.5) in matrix form as:

(3.7) AC =B
where
agp Aol -+ QoN Co bo
aio a1 - 1N Ch b1
A= C = B =
ano ani -+ AGNN Cn bn
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In this technique the initial conditions of equation (1.1) are added as new rows in
the system (3.7), these rows can be formed as:

N
> G [pP@)]
r=0

In matrix form, this gives:

= Yk, kzov]-v?p‘_]-

(3.8) dC =Y
where
909(60 80}(@) e @{V(a) Co Yo
pola) p1(a) - ppla) (o] Y1
e = : : . : O = V=
e M) V@ o W) Cy Yu-1

Obtaining a new matrix by adding (3.8) to (3.7), yields
(3.9) DC=EFE

A B
where D = and FE =
liiJ Y
(N+p+1)x(N+1) (N+p+1)x(1)
To determine the constant coefficients C,’s in equation (3.9),store the matrix D
and compute DT D and DTE then use any numerical evaluation procedure to solve:
[DTD]C = [DT E]. Then substitute the values C,’s in equation (3.1) ,the approxi-
mate solution is obtained for multi-higher linear VIFDEs (1.1).

3.1. Using Chebyshev Polynomials. In this part, we can take instead of trial
function ¢, (x) the shifted Chrbyshev polynomial, T)*(z) = T, [2 (’g:g) - 1] , to ap-
proximate the solution y(z) of multi-higher order linear VIFDE (1.1-1.2) by formed:

N
yN(x):ZCrTT {2(;;:;?)—1}; a<xz<b
r=0

Substituting yx(z) in to equation (1.1), and applying the same steps described in
(2.3), we conclude the system in (3.9), with:

I: using Open Gauss Chebyshev formula (2.4) ,we have:

(3.10) =0
by = 7% Z:O Vs (w;) f ()

where M is the number of Chebyshev zeros we can take it and

B L= (505 () 5 5= cos (29)
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II: using Closed Gauss Chebyshev formula (2.5) ;we have:

M
Qrs = ﬁ Z qu?"(xj)’l/)s(xj)
(3.12) =0
bs = 57 > " (x) f(25)

§=0
where M is the number of Chebyshev extrema zeros we can take it and
(3.13) {2j=(5% 2%+ 2z =cos(§)

To evaluate ¢,.(z) at x = x; for all r and j , for open and closed Gauss-Chebyshev
formulas, that is:

31 4)[¢T($>]z=zj = {aCD‘;“ + n;l Pi(x)S D" + Pn(x)} 7 [2(s2) 1]

T m

N[ Koz, )S DI, [2 (g:—g) - 1} dt
a ¢=0
We apply the following stages to evaluate the equation (3.14): First, using lemma
(2.5) to evaluate the fractional differentiation of shifted Chebyshev polynomials at
all z = z; and all different » > 1. second, the integral part of equation (3.14) can
be extended in to two integral terms I; and I as:

fr S Kiw, ()¢ DI, [2 (f;—‘;) - 1] dt =

=0
S C ,6771,—2 t_a’ t_a
g T | — m\Ls r -1
Ko(x,t); Dy T, [2 <b a) 1} dt—!—/K (z,t)1 {2 (b a) }dt

] 3
a
Il 12

For I;: Apply lemma (2.5) for integrand fractional differentiation shifted Cheby-
shev polynomials for different k£ > 1 , we obtain:

£=0

_ T 2 me /2] pF(T*P) 2r—2p
=3 (m) 2 ()P 2
(3.15) p=0

« [ Ky(x,t)(t — a)an_ﬁm—eM(t; v, p,m)dt

a

where  M(t;r,p,m})

0 my; >1r—2p
1 *
F(mz_ﬁWL—l“Fl) m‘e =r 2p
r—2p—mj P q
(-prr—zemm t—a * _
q;o T(gFm; —Bm_ o+ DT (r—2p—mi —q+1) 2(4=a my <1 —2p

For I: Using the following transform to interchange the bounded points of integral:

t—a b—a b+a
— —1: t =
e=2(5=0) - e

222



THE APPROXIMATE SOLUTION OF M-H ORDER LVIFDE ... 9

Thus

L = [ Kn(z,0)T, [2 (;:—g) _ 1} dt
(3.16) 2(522)-1
i Kot ) TO)de

Finally, apply Romberg integrations rule to evaluate all integrals in equations (3.15)
and (3.16) at each points x = x; for all j.
The Algorithm [ACP]: The approximate solution of multi-higher order linear
VIFDEs with variable coefficients (1.1) with the use of Chebyshev polynomials in
least-square orthogonal method can be summarized by the following stages:
Step 1: Evaluate v, (x;), using equation (3.14) for all » =0,1,2,..., N and
x;’s are defined by equations: (3.11) for open formed and (3.13) for closed
formed.
Step 2: From equations (3.10) and (3.12), compute a,s and bs for all r,s =
0,1,2,..., N for open and closed Gauss-Chebyshev formula.
Step 3: Construct the matrices D and E which represented in system (3.9).
Step 4: For constant coefficients C.(r = (0 : N)) apply any numerical meth-
ods for system which obtained in step 3 after multiply both sides by D7
Step 5: To obtain approximate solution yy(x) of y(x), substituting C,’s in
equation (3.1) where ¢, = T}.

3.2. Using Legendre Polynomials. In this part, we can take instead of trial
function v, (z) the shifted Legendre polynomial, P} (z) = P, [2 (gb“:s) - 1} ,to ap-

proximate the solution y(z) of equation (1.1) by formed :

N
yn(z) =Y C.P, [2 (”g:;‘) —1] . a<z<bh
r=0

By applying the same stages as in Chebyshev polynomials technique and using
Gauss-Legendre formula (2.6), we get:

M—-1
aps = 254 ZO Ajor ()5 (25)
iz

(3.17) M1
by = b5 ZO Ajs () f(25)
=

where, M is the number of Legendre zeros we can take it and

(3.18) x; = (b—2a> zj + (b—|—2a>

Here z; are the M-th zeros of Pys(x) and \; are defined as in equation (2.7), that

1S: 9
A = j=0,1,2,....M —1

J / 2
(1= 23) [Py (%)]
To evaluate 9, (x) at © = z; for all r and j , from Gauss-Legendre formula:

[ (@), = {ngn + "2;;11 Py()§ DS + Pn(x)} P |2(52) -]

(3.19) . o N
M L K, ) DI, [2 (bf) - 1} dt
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Apply same stage as to solve equation (3.14) with using lemma (2.6) we can obtain
the values of equation (3.19).
The Algorithm [ALP]: The approximate solution of multi-higher order linear
VIFDEs with variable coefficients (1.1) with the use of Legendre polynomials in
least-square orthogonal method can be summarized by the following stages:
Step 1: Evaluate v, (z;), using equation (3.19) for all » =0,1,2,..., N and
x;’s are defined by equations: (3.18).
Step 2: From equations (3.17) compute a,s and bs for all ;s =0,1,2,..., N
for Gauss-Legendre formula.
Step 3: Construct the matrices D and E which represented in system (3.9).
Step 4: For constant coefficients C,.(r = (0 : N)) apply any numerical meth-
ods for system which obtained in step 3 after multiply both sides by DT
Step 5: To obtain approximate solution yy(x) of y(x), substituting C,’s in
equation (3.1) where @, = PF.

T
4. NUMERICAL EXAMPLES

Here, three numerical results are presented for multi-higher linear VIFDEs with
variable coefficients. Their results are obtained by applying the algorithms (ACP
and ALP), respectively.

Example 4.1. Consider a linear VIFDE for fractional order lies in (0,1) on closed
interval [0,1] :
“DyOy(x) + (z — 1)y(z) = f(x)

+/ [(332 + ) DO Ty(t) + (1 — xt)° DYy (t) — sin(x — t)y(t)] dt

where 5 .
—_9 3_9 14 _ 931433
f(x) =2cosz +x + F<2.4)x 5T(4.3) [33x + 23]z
2
_ 18 — 13221226
F(4.6)[ 8 — 1327z

together with the initial condition : y(0) = 0; while the ezact solution is y(x) = x°.

Take N = 2,M = 5 and IN = 7 (number of approximate parts for integrals
using Romberg rule). Assume the approximate solution in the form:

2 2
yg(l') = ZC’I‘TT(Q:'I; - 1) and y2($) = Z C’I‘P’I‘(Qx - 1)
r=0 r=0

Apply algorithms ACP and ALP to find the approximate solution of above prob-
lem by running the programs which written for this purpose in MatLab, table (1)
present the values of C,.’s, respectively.

Thus, we get the following approximate formulas:

yIP" () = —0.102e 5z + 1.000001842
ySlosed(z) = —0.1¢77 — 0.106¢ 5z + 1.000001762:>
yre9(z) = —0.84e 5z 4 1.0000014z>

Table (2) show the comparison between the exact solution y(x) and approximate
solution yo(x) for all open ,closed Chebyshev and Legendre respectively depending
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TABLE 1

LSOR Cy’s
Method CO ‘ Cl ‘ CQ
OHR 0.37500018 | 0.50000041 | 0.12500023
CHR 0.37500012 | 0.50000035 | 0.12500022
LER 0.33333338 | 0.50000028 | 0.16666690

TABLE 2
b'¢ Exact Least-Square Orthogonal Method
-Points || Solution OHR \ CHR \ LER
0 0.00 0.0 -9.99999 e-009 0.0
0.1 0.01 0.0099999164 0.0099999016 0.00999993
0.2 0.04 0.0399998696 0.0399998484 0.039999888
0.3 0.09 0.0899998596 0.0899998304 0.089999874
0.4 0.16 0.1599998864 | 0.1599998476 0.159999888
0.5 0.25 0.24999995 0.2499999 0.24999993
0.6 0.36 0.3600000504 | 0.3599999876 0.36
0.7 0.49 0.4900001876 0.4900001104 0.490000098
0.8 0.64 0.6400003616 0.6400002684 0.640000224
0.9 0.81 0.8100005724 0.8100004616 0.810000378
1.0 1.00 1.00000082 1.00000069 1.00000056
L.S.E 0.122764 e-011 | 0 .868310 e-012 | 0 .567028 e-012
Ry =L.S.E, 0.231718 e-011 | 0 .245802 e-011 | 0 .449124 e-011
R.Time/Sec 2.601344 2.766926 2.655042

on the least square error and running time. The values residual equations Ry (z; C)
are also included by applying the formula (3.3).

Note that, here if we take IN = 10 we obtain the exact solution yo(z) only for
open and closed Chebyshev, which 22 but not in Legendre used.

Example 4.2. Consider the linear VIFDE on 0 <z <1:

1
“DFy(x) = 5ODYy(x) + (1+ 2%)y(w) = f(x)
+ / (2t Dy (t) + (2 — )9 Diy(t) + ey (t)] dt
0
where
flx)=a% 423 —2% -1 —7e” — * (2> — 32% + 62— 7)
6 1 3 2 6
1— 3 /372a 2 1 3—a__ 6—a
+I‘(4—2a)< 5—20/3)”" Ta—a) (5—a$ S VY
with the initial conditions: if 0 < a < 0.5; y(0) = -1 0.5 <a <1;y(0)=-1
and y (0) = 0. The exact solution of this problem is known y(z) = a® — 1.

we take two different values of fractional order «:
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TABLE 3
X Exact Least-Square Orthogonal Method
-Points || Solution OHR \ CHR \ LER
0 -1 -1.000000059 -1.00000005 -0.999999996
0.1 -0.999 -0.999000050192 | -0.99900003984 | -0.99899999368
0.2 -0.992 | -0.992000034856 | -0.99200002392 | -0.99199998704
0.3 -0.973 -0.973000017024 | -0.97300000608 | -0.97299997896
0.4 -0.936 | -0.936000000728 | -0.93599999016 | -0.93599997232
0.5 -0.875 -0.87499999 -0.87499998 -0.87499997
0.6 -0.784 | -0.783999988872 | -0.78399997944 | -0.78399997488
0.7 -0.657 -0.657000001376 | -0.65699999232 | -0.65699998984
0.8 -0.488 | -0.488000031544 | -0.48800002248 | -0.48800001776
0.9 -0.271 -0.271000083408 | -0.27100007376 | -0.27100006152
1.0 0 -1.60999 e-007 | -1.499999 e-007 | -1.24000 e-007
L.S.E 0.416042 e-013 | 0 .341208 e-013 | 0 .225431 e-013

R3 =L.S.E, 0.308311 e-012 | 0 .270284 e-012 | 0 .163582 e-011
R.Time/Sec 1.829995 1.871905 1.864961

e Fora=0.6,take N =3, M =4 ,and IN = 5. So apply algorithms ACP and
ALP to find the approximate solution and we obtain the following approximate
formulas:

y<Pem () = —1.000000059 + 0.42¢~ 7z + 0.528¢ 522 + 0.9999993282°
y§losed () = —1.00000005 + 0.6e "z + 0.48¢ 622 + 0.999999362°
Y2 (x) = —0.999999996 — 0.8¢ 3z + 0.36¢ %22 + 0.999999524:>

Table (3) list the results obtained by running the programs for comparison the
approximate solutions of the above problem .Included are the least square error
and running time with the values of residual R3(x;C) for comparison.

e For o = 04, take N = 3, M = 4,and IN = 5.Assume the approximation
solution same as before, by running programs the result of least square orthogonal
methods are obtained as follows:Thus, we get the following approximate formulas:

y9Pe (1) = —1.0 — 0.8¢~ Tz 4 0.32¢ %22 + 0.999999682°
y$1osed (1) = —0.999999998 — 0.116e %z + 0.416e %2 + 0.9999996162>

Y59 (z) = —1.0000000055 — 0.4e~ "z + 0.27e %22 4 0.99999972°

Table (4) shows a comparison between the exact solution y(x) and approximate so-
lutions y3(z) for all open, closed Chebyshev and Legendre polynomials respectively.

Note that for a = 0.6 and « = 0.4, if we take M = 5 and IN = 10 we obtain
the exact solution for all types.

Example 4.3. Consider a higher-order linear VIFDE’s on bounded interval [0, 1]:

_Lepizy ) 1 2CD0%y(x) + cosry(e) = f(a)

Cnl.6
D

+ [ [BatDER o) + (0 + D0 - e ty(e)] di
0
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TABLE 4
X Exact Least-Square Orthogonal Method
-Points || Solution OHR \ CHR LER

0 -1 -1 -0.999999998 -1.000000005
0.1 -0.999 -0.99900000512 | -0.999000005824 | -0.9990000066
0.2 -0.992 | -0.99200000576 | -0.992000007632 | -0.9920000046
0.3 -0.973 -0.97300000384 | -0.973000005728 | -0.9730000008
0.4 -0.936 | -0.93600000128 | -0.936000002416 | -0.935999997
0.5 -0.875 -0.875 -0.875 -0.874999995
0.6 -0.784 | -0.78400000192 | -0.784000000784 | -0.7839999966
0.7 -0.657 -0.65700000896 | -0.657000007072 | -0.6570000036
0.8 -0.488 | -0.48800002304 | -0.488000021168 | -0.4880000178
0.9 -0.271 -0.27100004608 | -0.271000045376 | -0.271000041
1.0 0 -7.999999 e-008 | -8.2000 e-008 | -7.50000 e-008

L.S.E 0.921395 e-014 | 0.941651 e-014 | 0.77717 e-014
Rs =L.S.E, 0.730238 e-013 | 0.402558 e-013 | 0.44232 e-013
R.Time/Sec 1.868506 1.885245 1.892130

TABLE 5
LSOR C,’s
Method C() ‘ Cl ‘ Cg ‘ Cg

OHR || 1.6874989 | 0.53125069 | -0.18750006 | -0.3125 e-1

CHR 1.6874990 | 0.53125055 | -0.18750009 | -0.3125 e-1

LER 1.7499998 | 0.54999976 | -0.25000045 | -0.5000 e-1

where ) 6 5 6
1.8 1.4 1.5 3.5
1@ =69 “tesn® Ttan® TeH°

1 8 . .
DY 2\ .32 _ 2\ 3.7
(F(3.2) r(5.2)" > S <F(4.7) ren” )”
+ (3 + 4 + 322 + x‘}) e — 32" 4 (1 + 2 — xB) CcOST
y(0) = 1, 4 (0) = 2.

with the initial conditions : while the exact solution is

y(z) =1+ 22 — 3.

Which is multi-higher order linear VIFDESs with variable coefficients. Take N =
3, M =5 ,and IN = 8, Assume the approximate solution in the forms:
e For Chebyshev polynomial  y3(x) = Zf:o C/T.(2¢ —1)
e For Legender polynomial y3(z) = Ei:o C.P.(2x — 1)
Run programs to find the approximate solution of the above problem, table(5)
present the values C,’s , respectively .

Thus, we get the following approximate formulas:

ySPe™ () = 0.999998235 + 2.00000033x + 0.36e 2 — 1.000002722°

y§'o5e () = 0.999998448 + 2.000000236z + 0.3504e >z? — 1.0000028162°
y5 () = 0.999999772 + 2.000000036z + 0.276e°z? — 1.000003642>
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TABLE 6
X Exact Least-Square Orthogonal Method
-Points || Solution OHR \ CHR \ LER
0 1 0.999998235 0.999998448 0.999999772
0.1 1.199 1.19899830128 | 1.19899850382 | 1.19899979956
0.2 1.392 1.39199842324 | 1.39199861283 | 1.39199986048
0.3 1.573 1.57299858456 | 1.57299875813 | 1.57299993292
0.4 1.736 1.73599876892 | 1.73599892282 | 1.73599999504
0.5 1.875 1.87499896 1.87499909 1.875000025
0.6 1.984 1.98399914148 | 1.98399924278 | 1.98400000096
0.7 2.057 2.05699929704 | 2.05699936427 | 2.05699990108
0.8 2.088 2.08799941036 | 2.08799943757 | 2.08799970352
0.9 2.071 2.07099946512 | 2.07099944578 | 2.07099938644
1 2 1.999999445 1.999999372 1.999998928
L.S.E 0.152607 e-010 | 0.120976 e-010 | 0.174010 e-011
Rs =L.S.E, 0.140318 €-010 | 0.319769 e-010 | 0.199853 e-009
R.Time/Sec 5.774807 5.944966 5.891868

Table (6) present a comparison between the exact solution y(x) and numerical
solution ys(x) for all open ,closed Chebyshev and Legendre respectively depending
on the least square error and running time. Furthermore, it included the values of
residual equations R3(z;C) by applying formula (3.3).

Note that for IN = 15 we can get the exact solution for all types.

5. DISCUSSION

In this chapter, three numerical algorithms have been applied to solve the multi-
higher order of linear VIFDEs with variable coeflicients. For each algorithm, a
computer program was written and several examples are included for illustration
and good results are achieved. The least square error, least square error function
(y) and running time are all also given in tabular forms. The following points have
been identified.

1: This method can be used even where there is no information about the
exact solution (from the error function Ry (z;C) in equation (3.3)).

2: The good results depend on: number of approximate parts of integral I N
(if we take IN a large number we obtain the exact solution of yy(z))
and the number of the orthogonal polynomials N ,with suitable number of
polynomial zeros M .

3: By running the programs of ACR and ALR the least square error function
in Chebychev polynomials gives more accurate solutions than Legendre
polynomial method, see tables (2), (3), (4) and (6), so it is better.

4: In general, the solution by Chebyshev polynomials is easier and faster than
of Legendre polynomials.
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COMPARING SOME ROBUST METHODS WITH OLS METHOD
IN MULTIPLE REGRESSION WITH APPLICATION

SIZAR ABED MOHAMMED

ABSTRACT. The classical method, Ordinary Least Squares (OLS) is used to
estimate the parameters of the linear regression, when assumptions are avail-
able, and its estimators have good properties, like unbiasedness, minimum
variance, consistency, and so on. The alternative statistical techniques have
been developed to estimate the parameters, when the data is contaminated
with outliers. These are the robust (or resistant) methods. In this paper, three
of robust methods are studied, which are: Maximum likelihood type estimate
M-estimator, Modified Maximum likelihood type estimate MM-estimator and
Least Trimmed Squares LTS-estimator, and their results are compared with
OLS method. These methods applied to real data taken from the Charstin
company for manufacturing furniture and wooden doors, the obtained results
compared by using the criteria: Mean Squared Error (MSE), Mean Absolute
Percentage Error (MAPE) and Mean Sum of Absolute Error (MSAE). The
important conclusions that this study came up with are: the number of outlier
values detected by using the four methods in the data for furniture’s line are
very close. This refers to the fact that the distribution of standard errors is
close to the normal, but the outlier values found in the data for doors line, by
using OLS are less than which detected by robust methods. This means that
the distribution of standard errors is departure distant from the normal. The
other important conclusion is that estimated values of parameters by using
OLS are very far from its estimated values by using the robust methods with
respect to doors line, the LTS-estimator gave better results by using MSE cri-
terion, and M-estimator gave better results by using MAPE criterion. Further
more, it has noticed that by using the criterion MSAE, the MM-estimator is
better. The programs S-plus (version 8.0, professional 2007), Minitab (version
13.2) and SPSS (version 17) are used to analyze the data.

1. INTRODUCTION

Regression is one of the most commonly used statistical techniques. Out of many
possible regression techniques, the Ordinary Least Squares OLS method has been
generally adopted because of tradition and ease of computation. However, OLS
estimation of regression weights in the multiple regression are affected by the oc-
currence of outliers, non-normality, multicollinearity and missing data. Outliers
are observations that appear inconsistent with the rest of the data. The influential
points remain hidden to the user, because they do not always show up in the usual
least square residual plots. To remedy this problem new statistical techniques have
been developed that are not easily affected by outliers. There are many robust
methods such as: Least Median Squares estimates LMS, Least Trimmed Squares
estimates LTS, Least Winsor Squares estimates LWS, Rank statistics estimates

Key words and phrases. Robust Regression, M-estimate, MM-estimate, LTS-estimate.
1
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2 SIZAR ABED MOHAMMED

R-estimate, Maximum likelihood type estimate M-estimate, Laplace statistics esti-
mates L-estimate, an adaptive maximum likelihood type estimates, Scale statistics
estimates S- estimate, Modified Maximum likelihood type estimate MM- estimates
and Generalized Maximum likelihood estimate GM- estimates. Through the im-
portant observations of robustness, the indicated deletion seen in outlier in the
data is not a solution and it became a topic of the past that can not be adopted.
The main purpose of robust regression is to provide resistant parameters in the
presence of outliers. In order to achieve this stability, robust regression limits the
influence of outliers. In this paper three of robust methods are studied, M-estimate,
MDMe-estimate and LTS-estimate, and their results are compared with OLS method.
These methods are applied to the real data taken from the Charstin Company for
the manufacture of furniture and wooden doors located in the city of Duhok. The
aim of this paper is studying some robust methods of parameters estimation of
linear regression in the presence of outliers in data, and comparing the results with
OLS estimators

2. THE BAsic CONCEPTS

2.1. Outliers. [4, 7, 21]. Any statistician, when analyzing a set of real data may
encounter outlier values called observations that deviate significantly from any other
observations, which are not consistent with other observations. Those values may
be large or small and may result from an error in recording data or the preview
or the appearance caused by other natural causes. There is no agreement on a
specific definition for outlier value. However it is called contaminated, conflicting
observation, discordant observation or irregular values. This concept has many
definition. For example, it was defined by Grubbs, 1969 as the value that looks
significantly deviant ( Deviate Markedly ) from the other simple observations, it
arises from heavy-tailed distributions or mixed distributions. The presence of out-
liers in a sample of several variables is more complex than a single variable case.
The presence of outliers in the data leads to great confusion in the analysis of the
data in the case of using traditional methods in the estimation. One of these meth-
ods is the least square method. Huber P.J., 1973 showed the effect of outlier values
in the estimation of least squares through his famous saying "the existence of an
outlier value damages the good characteristics of the estimation of least squares it
also leads to achieving success for LS method".

2.2. Regression outliers. [1, 21, 23]. Regression outliers are those observations
that do not trace the model and the outlier value results from Yi unusual or Xi
unusual or both as: Rousseeuw (1987) made it obvious by examples of the impact
of outlier in the estimation of the least squares and expounded how one observa-
tion changes from the direction of the line of least squares. Chatterjee and Hadi,
(1988) knew that the outliers of regression those observations that have a great
standardized residual compared to the rest of the other observations. (Draper and
Smith) knew that an outlier observation in linear regression is that observation in
which the absolute value of residuals is much larger than the rest of the absolute
values of the rest of the other observations and perhaps it may become away from
the average value of those residuals 30 by 40 or more.

2.3. Leverage points. [21]. They are those points which are located away from
most of values in the matrix X in the form Y = X + e which include one or more
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COMPARING SOME ROBUST METHODS WITH OLS METHOD 3

of the explanatory variables in regression analysis and have a strong influence on
the estimation of ordinary least squares. When observation X; is an outlier point,
we call an observation (X,Y} ) a leverage point whenever Xy, lies far away from the
bulk of the observation X; in the sample, note that this does take Yk into account,
so the point (Xg,Y) ) does not necessarily to be a regression outlier, when (Xy,Y% )
lies close to the regression line determined by the majority of the data, then it can
be considered a good leverage point. Therefore, to say that (Xg,Yy ) is a leverage
point refers only to its potential for strongly affecting the regression coefficients ,
but it does not necessarily mean that (Xj,Y; ) will actually have a large influence
on , because it may be perfectly on line with the trend set by the other data. In
multiple regression, the (X;1,8€|,X;,) lie in a space with p dimension, a leverage
point is then still defined as a point (Xx1,8€[,Xkp,Ys ) for which (Xp1,4€],Xkp) is
outlying with respect to the (X;1,4€[,X,;) in the data set. As before, such leverage
points have a potentially large influence on the LS regression coefficients, depending
on the actual value of Y.

2.4. Breakdown points. [21]. A useful measure of robustness is the breakdown
value, its oldest definition Hodges (1967) was restricted to one dimensional estima-
tion of location, where as Hampel (1971) gave a much more general formulation.
Unfortunately, the latter definition was asymptotic and rather mathematical in
nature, which may have restricted its dissemination. This study used the simple
finite-sample version of the breakdown point, introduced by Donoho and Huber
(1983) Z = {(X117 Xlg, ceey le, Yl) g ooy (an, Xng, ceey an, Y;l)} and we want to
estimate its for this purpose, we apply a Take any sample of n points in p dimen-
sion: translation equivariant . This means that applying T to such a sample Z

yields a vector (30, Bl, ey Bp) of regression coefficientsT (Z) = B , now we consider
all corrupted samples Z' obtained by replacing any m of the original data points
by arbitrary values, and we define the maximal bias by max bias (m;T,Z) =
Sup  ||T(Z)) =T (Z)|| , if bias (m; T, Z) is infinite, this means that m outliers can
have an arbitrarily large effect on T, it follows that maxbias(m;T, Z) = oo, hence

T (Z /) becomes useless. Therefore, the finite sample breakdown point of the esti-
mator 7' at the sample Z is defined as: (), (T, Z) = min {ﬂ; bias(m; T, Z) = oo} .
n

Is again the smallest fraction of contamination that can cause T' to take on values
arbitrarily far away from T (Z). obviously, the multivariate arithmetic mean pos-
sesses a breakdown point of — . We often consider the limiting breakdown point

for n — oo by ¢* (T) , so wensay that themultivariate mean has 0 breakdown. It
is clear that no translation equivariant?’ can have a breakdown point large than
0.50. In order to be able to estimate the original parameters 3y, ..., 3, we need that
¢ < ¢*(T) . For this reason ¢* (T) is some times called the breakdown bound of
T. For least squares, we have seen that one outlier is sufficient to carry T over

1
all bounds. Therefore, its breakdown point equals ¢}, = = which tends to zero for

increasing sample size n, so it can be said that LS has breakdown point of 0. This
again reflects the extreme sensitivity of the LS method to outliers.

2.5. Criteria for judging accuracy of estimation method. [10, 19]. In cases
of appreciation of applied precision treated as a criterion to test the method of

232



4 SIZAR ABED MOHAMMED

estimation, there are several reasons that lead to inaccuracies example of this data
or the use of non-sufficient procedure does not match the data type. Accuracy is the
most widely used criterion to evaluate the achievement of the estimation methods
which reflect the health of predictable, but the difficulties attached to standard of
accuracy in the estimate is the absence of a single measurement, acceptable, and the
accuracy of the complex at the some time. There is a number of criteria commonly
used by statisticians, including;:

2.5.1. Mean Squared Error (MSE). : The mean squared error is a measure of ac-
curacy computed by squaring the individual error for each item in a data set and
then finding the average or mean value of the sum of those squares. The mean
squared error gives greater weight to large errors than to small errors because the
errors are squared before being summed. It takes, the following formula:
n A\ 2 n

>(Yi-v) L)
MSE — i=1 _ =l

n—p—1 n—p—1

2.5.2. Mean Absolute Percentage Error (MAPE). : The mean absolute percentage
error is the mean or average of the sum of all of the percentage errors for a given
data set taken without regard to sign, i.e.,(their absolute value is summed and the
average computed). It takes the following formula:

n

>, |PE]

MAPE ==X %100
n

where PFE; = (YZ;ZY;)

2.5.3. Mean Sum of Absolute Error (MSAE). : It is a common standard to differ-
entiate between the method of least squares and the method of absolute error and
it takes the following formula:

MSAE = = = =
n

It should be mentioned that minimizing the average absolute errors as to minimize
the total absolute errors and this is sometimes called the Least Absolute Value

(LAV).

2.5.4. The Ordinary Least Squares method (OLS). :[14, 23]. The basic idea of the
ordinary least squares method is to make the sum of squares of errors (SSe) as small
as possible:

n
miny e;i=1,2,3,...n
i=1
Therefore Gauss preferred it to other methods, because of easy estimation of pa-
rameters from data. He also assumed that e; as a variable follows the normal
distribution, so the method of OLS is practical idea, if all the assumptions related
to it are achieved. If one or more of these assumptions are not achieved, this will
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lead to getting inaccurate estimation of parameters 3 of the model and can not be
adopted:

e=Y-Xf—e=Y-Y

The estimation of the parameters 8 that make SSe minimum as possible is called
the least squares normal estimation 5, g which produces a (p) solution of simul-
taneous equations can be given as:

~ ’ -1 ’
Bops = (X X) X'V, then the form ¥; = 8y + 8, Xi1 + By Xia + ...+ 8, Xop + €, is
called linear model of full rank regression models. The specific determinate second

0? (ee’)

partial derivative of the vector 3¢ will always be greater than zero |TBQ| >0

2.5.5. Assumptions of least squares method. :[15, 17, 22, 23]. There are a number
of assumptions based on the study usual method of OLS in linear regression model:
A-Assumptions about the error:

1- Mathematical expectation of the random error is equal to zero F (e;) = 0,7 =
1,2,...,n A R A R

It follows that: E(Y;) = E(By+ 01 X: +ei) = By + 51X + E (e;) = By + 5, X

2— Contrast the values of a random variable to be constant in each period of time
Var(e;) = E(e?) = 0% = 1,2,ae|,n . This is called homoscedasticity of er-
ror variation. It therefore follows that the variance of the response variable Y; is:
o2 (Y;) = 0% since 02 (By + 51X, + ;) = 02 (e;) = o>

3-A random variable ei distributed as normal distribution with mean zero and vari-
ance 02 , ¢; ~ N (0,02) ,i=1,2,ael,n

4-If for any ¢ # j , e;, ¢; are independent, then there is no autocorrelation between
e; and e; , hence the outcome in any one trial has no effect on the error term for any
other trial as to whether it is positive or negative or small or large since the error
terms e; and e; are uncorrelated, this means that the covariance between them is
equal to zero Cov (e;,e;) =0, # j=1,2,...,n,

5-Independence between the explanatory variables and random variables, E (e;, X;;)
0 ,that is to say e; independent of X;; for all different values of i, this means there
is no problem of multicollinearity.

B- Assumptions on the distribution of the response variable Y':

1-Average Y; is a function of straight line Y = E (V;) = 8,405, X1 +32X2+...+BPXP
, 1 =1,2,....,n. where Bo,beial,...,befap are estimates of regression parameters,
since the regression function relates the means of the probability distribution ofY
for any given X to the level of X.

2-Variance of Y; ,Var (Y;) has one value for any value of i Var (V;) = o2, i =
1,2,...,n.

3-Response variable Y; distributed as normal distribution with mean p and variance
02 je,Yi~N (u,az).

4- Any two observations Y; and Y; are uncorrelated, this implies that, Cov (V;,Y}) =
Oforalli#j=1,2,...,n

5- The relationship between X;’s and Y be a linear relationship is the equation of
straight line Y = E(Y;) = By + 51 X1 + By Xz + . + 6,X, , i =1,2,..,n .
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2.5.6. Properties of ordinary least squares method. :[1, 2, 16, 23].
1-That B unbiased estimate of the parameter 8, F (B) =4.

2-Estimators have the least variation among all linear unbiased estimators com-
pared variations of unbiased linear estimators that belong to any other ways,
i.e., the best linear unbiased estimates. 3-The consistent destinies mean that
thepr[&”,BOLS — pa”,< ¢] =1 when n — oo for each ¢ > 0 or when BOLS = B.
4-Sufficient destinies mean that the estimate 3 called the estimate enough for j if
all information about the parameter of the community 3 is included in the sample
data.

. . , N—1
5-Matrix of variance- covariance of the estimator § is: Var (ﬁ) = (X X ) o2.

3. SOME ROBUST REGRESSION METHODS

3.1. Outliers detection. : There are many methods to detect the outliers in the
data, which are the classic and robust methods; in this paper the robust methods
are used. A-Rousseeuw and Van Zomeren [8, 9, 21]. proposed using robust methods
to detect the outlier of linear regression as follows:
1- Fit the regression model , then use the LM S estimation method for the detection
of the outlier, then the residuals which are calculated for standard least median of
squares estimates according to the following;:

SR; = %,i =1,2,...,nwhered = Ky/mede?,
where K is arbitrary positive constant.
2- Estimation method uses Minimum Volume Ellipsoid (MV E) estimator to find
the lowest volume of the ellipsoid on the matrix regression such as Z if that X' =
(1 : Z'> .MV E estimator looking for smaller pieces containing half of the data
which are usually calculated averages and covariance of the points inside the ellipse
and then re-measure these estimates so that the estimated average community
variability and the fact that when the joint sampling distribution of multivariate
normal.
3- Calculate the robust distance of all views as follows:

RD(X;) = \/ x-ra) (¢(X)) -,

where T (X;): estimate MV E vector of multivariate location parameters. C'(>") :
P X P asquare matrix represents the estimate MV E of the matrix variance-covariance
of the multivariate.

4- Use the graph to discover outliers and leverage points, as the following:

Graph 3.1: The rule that could be adopted in the diagnosis process.
2.5 | (A) Regression outlier | (B) Bad leverage point
0 (C) Good leverage point | (D) Good leverage point
-2.5| (E) Regression outlier (F) Bad leverage point

Graph 3.1. The rule that could be adopted in the diagnosis process. Graph 3.1.
shows that the cut point for standardized LM S residuals is (A+2.5), the cut point

of the robust distance RD (X;) is \/X{, oy if BD (Xi) > {/X{1 4y, then X is
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COMPARING SOME ROBUST METHODS WITH OLS METHOD 7
outlier values.

The graph 4.1. divided into six regions and views are classified as follows: a€¢
Observation 7 is good leverage point if it takes place in C. &€¢ Observation i is good
leverage point if it takes place in D. &€¢ Observation ¢ is regression outliers if it
takes place in A or E. 4€¢ Observation i is bad leverage point if it takes place in B
or F. B- Rousseeuw and Leroy,1987 [21] used a method to detect outliers in multiple
linear regression method as follows: 1-Apply one of robust methods. 2-Find the
estimated values for the response variable.

Y = BAO —|— BlXil + 52Xi2 + + BAPXZ‘;D,’L' = 1, 2, ey

3- Residuals which are calculated for standard LM S according to the following:
SR, =< ,i=1,2,...,n where 6 = K+/mede?

G
Graph 3.1. shows that the cut point for standardized LM.S residuals is the
(A+2.5), therefore the observation which lie outside this region is outlier.

3.2. Robust estimation methods. [3, 5, 8, 11, 12, 13, 15, 18, 20, 21, 23]. One of
the main concerns of knowledge of statistics is that analyzing data for the study or
scientific research and interpretation of results get to interpret the data based on
rules and modalities and in some cases the researcher faces a problem in data such
as departure sample data distribution is assumed because of the outlier values or
distribution community under study is supposed to distribution. This is because
the deviations from the assumptions will come and put the traditional methods for
estimating the parameters of the model. The researchers found that these methods
are not efficient in the case of failure to achieve one of the assumptions or conditions
upon which these methods work, so the researchers had to find more efficient meth-
ods and not affected much deviations from specific assumptions. These methods
are called robust methods. Although there are different ways of robust regression,
but most of them share two basic points, one of them gives less weight to the view
that the outlier found and the other is to use an iterative method.

3.2.1. Maximum likelihood estimator (M-estimator): M-estimators are based on
the idea of replacing the squared residuals e? used in least squared LS estimation,

which minimizey i, e? by another function of residuals.

That minimize, >, p(e;) where p is a symmetric function, i.e., p(—t) = p(¢) for
all ¢ , with a unique minimum at zero. Differentiating this expression with respect
to the regression coefficients 3 ; yields, 77, 9 (e;) X = 0, where ¢ is the derivative
of p,ie Y (X,8) = W
of the i-th observation X; = (X;1, X2, ael, X;p), therefore Y o ¢ (e;) X; = 0is
really a system of p-equations, the M-estimate is obtained by solving the system of
p-equations, the solution of which is not always easy to find. In practice, Newton-
Raphson and iteratively reweighted least squares are the two methods to solve
the M-estimated nonlinear normal equations. Iteratively reweighted least squares
express the normal equations as: X ‘WX [3 = X'WY where W is an nzn diagonal

, and X; is the row vector of explanatory variables
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" (K_X;g0>
s
W=/

i Y; *X;BO
s

The initial vector of parameter estimates, 30 are typically obtained from OLS.
Iteratively reweighted least squares updates these parameter estimates with § =

’ -1 ’
(X WX) X WY . However the solution of >, ¢ (e;) X; = 0 is not equivalent

with respect to a magnification of the Y-axis. Therefore, one has to standardize

matrix of weights:

the residuals by means of some estimate of o , yielding minimize) . | p (3)
Where ¢ must be estimated simultaneously motivated one possibility is to use the
Median Absolute Deviation (M AD) scale estimator: & = cmed (le; — medr;|) ,
where ¢ = 1.4826 if Gaussian noise is assumed, or & = 2.1med|e;| or 6 = 1.5med|e;|
Huber proposed to use the function 1 (t) = min (¢, max (t, —c)) where c¢ is some
constant, usually around 1.5, as a consequence. However, the breakdown point of

M-estimator is equal to zero.

3.2.2. Modified Mazimum likelihood type estimate (MM-estimator): It is a class of
robust estimators for the linear model, M M-estimation is a special type of M-
estimation developed by Yohai V.J. (1987). MM-estimation is a combination of
high breakdown value estimation and efficient estimation Yohai’s M M-estimators
have three stage procedures.

1- The first stage is calculating an S-estimate with influence function.

x

{ 2 e G R GO

o

p(z) =
1 otherwise.

The value of tuning constant c, is selected as 1.548 Where S-estimate is a high
breakdown value of robust regression methods introduced by Rousseeuw and Yohai
(1984) that minimizes the dispersion of the residuals. The objective function is min
s(er (B),e2(B8),...,en (B)) where e; (8) ,is the i-th residuals for candidate 8. This

! Z?_1X<

Y; - Y;
S

objective function is given by the solution,

) = k where k
n—p

is a constant.
2- The second stage calculates the MM parameters that provide the minimum

Vi — XiBarur
do

value of Y 1" | p where k is the influence function used in the first

stage with tuning constant 4.687 and oy is the estimate of scale from the first step
(standard deviation of the residuals). 3- The final step compute the M M-estimate

1 Y - X.B
. — " | =05
pzz_lp( - )

3.2.3. Least Trimmed Square Estimator (LTS-estimator): Least trimmed square es-
timation LTS is statistical technique for estimation of the unknown parameters of a
linear regression model and provides a robust alternative to the classical regression
methods based on minimizing the sum of squared residuals. The least trimmed

of scale as a solution to
n
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. p . b . h . .
squares estimator Sppg is defined as: Sppg = ming i €7, the trimming con-

n
stant h has to satisfy 3 < h <n. Where e < e3 < ... < e2 represents the i-th

L N2
order statistics of square residuals e? = (Y; — Xiﬂ) ,i=1,2,3,...,n , the break-

for theLT'S estimator. To find the estimator BLTS it be
n

taken into consideration n — h + 1 from the following subsample

{X1, X9, ..., X}

{X9, X3, ..., Xp + 1}

{XSa X47 ceey Xh + 2}

. .. n
down point value is

{Xn7h+17 Xn7h+27 ceey Xn}

All sub sample comprises on h elements, it called the Contagious Half. Then, it
computes the means for all subsample as following:

1 k
X, = EZXi
=1
1k+1
X, = EZXi
=2
B 1 n
Xn—k+1 = 7 Z X;.
i=n—k+1

And computing the sum of squares for all subsample
h
SQ1 = Y (Xi— x)*
i=1
h41 .,
SQ; = Y (Xi—X)
i=2
- ) 2
SQn—h+1 = Z (Xz - Xn—h—i—l) .

i=n—h-+1

Then the least trimmed squares estimator /3 s Will be equal to the mean which
corresponds the smallest sum square to equation.

4. THE APPLICATION PART

4.1. Data collection: Data was taken from Charstin Company for manufacturing
furniture and wooden doors which located in the city of Duhok. It was established
in 2004, where the variables included for each line according to months of the years
for the period 2004 To 2010, as follows:

1-Values of the monthly production as the dependent variable (V).

2-Costs of electricity and water, as a first explanatory variable(X7).

3-Cars expenses and maintenance of machinery as a second explanatory variable
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(X2).
4-Communication expenses as a third explanatory variable (X3).
The unit of measurement of all the variables above is the U.S. dollar.

4.2. Multiple linear regression model: The following equation represents the
regression model for each production line in the company:

(4.1) Y = By + B1Xi1 + B Xio + 83Xz + ¢

Where: Y;: The value of i-th observation of the response variable (production).
X;1: The value of i-th observation of the first explanatory variable (costs of elec-
tricity and water). Xj;s: The value of i-th observation of the second explanatory
variable (cars maintenance and machines expenses). X;3: The value of i-th obser-
vation of the third explanatory variable (communication expenses). By using OLS
method with software Minitab version (13.2), the linear regression model fitted for
each production line, as the following:

Furniture’s line model:

(4.2) Y; = —7283 4 36.3X;1 + 16.372X,5 4 17.532X 3

Door’s line model:

(4.3) Y, = —191597 + 1034.9X;, — 1178.6 X5 + 679.5X 3

The results of the regression analysis represented in the tables 4.1,4.2,4.3 and
4.4 as follows:

Table 4.1: The regression coefficients for furniture’s line by using OLS.

predictor | coefficients | Standard error of coefficients | t.value
Constant | -7283.000 1490.000 -4.888
X, 36.300 5.468 6.639
Xs 16.372 5.176 3.163
X3 17.532 2.587 6.777

S=5722, R-square=88.4
Table 4.2: Analysis of variance (ANOVA) table for furniture’s line by using OLS.
source DF SS MS F
Regression | 3 | 19882293231 | 6627431077.000 | 202.390
Residuals | 80 | 2619662871 | 32745785.890
Total 83 | 22501956102
Table 4.3: The regression coefficients for door’s line by using OLS.

predictor | coefficients | Standard error of coefficients | t.value
Constant | -191597.000 63870.000 -3.014
X3 1034.900 204.000 5.073
X5 -1178.600 269.300 -4.377
X3 679.500 238.900 2.844

S5=196086 R-square=69.8
Table 4.4: Analysis of variance (ANOVA) table for door’s line by using OLS.
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source DF SS MS F
Regression | 3 | 7.125224E+12 | 2.37508E+12 | 61.770
Residuals | 80 | 3.07599E+12 | 3.84499E+10

Total 83 | 1.02012E+13

From tables 4.1 and 4.3, It can be concluded that all parameters of the model
for both lines are significant, through out noticing the absolute t-values > 2 or the
p-values < 0.05. And from ANOVA tables 4.2 and 4.4, It is noticed that F-value is
significant for both lines, since the value of calculated F' greater than the tabulated
value under significant level & = 0.05 and degrees of freedoms df;=3, df>=80, which
is £(0.05,3,80)= 2.72 , or the p-value is < 0.05. Thus the fitted models 4.2 and 4.3
are appropriate for the data of each line.

4.3. Detection of outlier values: Outlier values can be detected in the data by
drawing the graphs of standardized residuals, resulting from using each method of
estimation OLS, M, M M, LTS mentioned above. The graphs performed by repre-
senting the estimated values of the response variables (fitted values) on the hori-
zontal axis (X-axis), and the values of standardized residuals on the vertical axis
(Y-axis), the values that fall outside the cut-off points (A+2.5) considered as out-
liers.

4.3.1. Ordinary Least Squares OLS method:

Table 4.5: Outlier values and its estimated values with standardized residual
values for furniture’s line by using OLS.
No. | Year | Month | Observed value Y | Estimated valueYpor s

14 | 2005 2 14231 28828.7
19 | 2005 7 10048 25421.7
67 | 2009 7 89282 73837.2
79 | 2010 7 51310 30385.5

Table 4.6: Outlier values and its estimated values with standardized residual
values for door’s line by using OLS.
No. | Year | Month | Observed value Y | Estimated valueYors

46 | 2007 10 741930 231489
47 | 2007 11 1110620 602866
53 | 2008 5) 12633 573055

4.3.2. M-estimation: By applying the M-estimator robust method, by using SPSS
(version 17) , S-plus (version 8.0, 2007 professional), and Minitab (version 13.2),
the fitted linear model for each production line, is as the following:

Furniture’s line model:

(4.4) Y; = —6031.1450 + 34.8230X; + 11.8254X5 + 18.3600X;3

Door’s line model:

(4.5) Y; = 2887.2143 + 16.9561.X; + 3.8971 X2 + 1.0568 X3
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The fitted models in 4.4 and 4.5, used to generate the residuals by M-estimator

SIZAR ABED MOHAMMED

method, then the standardized residuals compute.

Table 4.7: Outlier values and its estimated values with standardized residual

values for furniture’s line by using M-estimator.

No. | Year | Month | Observed value Y | Estimated valueYy,
19 | 2005 7 10048 23015.6
54 | 2008 6 36715 20547.9
67 | 2009 7 89282 68579.5
79 | 2010 7 51310 27804.3

Table 4.8: values and its estimated values with standardized residual values for

door’s line by using M-estimator.
No. | Year | Month | Observed value Y | Estimated valueYj,
40 | 2007 4 1352330 23119.4
41 | 2007 5 1040410 19278.6
42 | 2007 6 1160110 20921.5
43 | 2007 7 1475250 26699.3
44 | 2007 8 1129590 20899.2
45 | 2007 9 1229060 21663.0
47 | 2007 11 1110620 18385.2

4.3.3. MM-estimation: By applying the M M-estimator robust method, by using
SPSS (version 17) ,S-plus (version 8.0, 2007 professional), and Minitab (version
13.2), the fitted linear model for each production line is as the following:

Furniture’s line model:

(4.6) Y; = —6312.1664 + 36.7890X + 12.0964 X, + 19.4700X 3

Door’s line model:

(4.7) Y; = 2894.1356 + 17.4564X; + 4.0552X5 + 1.1582X5

The fitted models in 4.6 and 4.7, used to generate the residuals by M M-estimator
method, then the standardized residuals computed.

Table 4.9: Outlier values and its estimated values with standardized residual
values for furniture’s line by using M M-estimator.

No. | Year | Month | Observed value Y | Estimated ValueYM M
19 | 2005 7 10048 24114.33
67 | 2009 7 89282 72091.02
79 | 2010 7 51310 29173.59

Table 4.10: Outlier values and its estimated values with standardized residual
values for door’s line by using M M-estimator.
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No. | Year | Month | Observed value Y | Estimated valueYj s
40 | 2007 4 1352330 23950.94
41 | 2007 5 1040410 19351.98
42 | 2007 6 1160110 21197.29
43 | 2007 7 1475250 27606.55
44 | 2007 8 1129590 23018.05
45 | 2007 9 1229060 23058.02
47 | 2007 11 1110620 19815.32

4.3.4. LTS estimation: By applying the LT S-estimator robust method, by using
SPSS (version 17), S-plus (version 8.0, 2007 professional), and Minitab (version
13.2), the fitted linear model for each production line is as the following:

Furniture’s line model:

(4.8) Y; = —6809.2556 + 36.9543X, + 12.4873X, + 19.4401 X

Door’s line model:

(4.9) Y; = 1883.232 4 18.580X; + 12.362X, — 2.230X3

The fitted models in 4.8 and 4.9, used to generate the residuals by LT S-estimator
method, then the standardized residuals computed.
Table 4.11: Outlier values and its estimated values with standardized residual
values for furniture’s line by using LT S-estimator.
No. | Year | Month | Observed value Y | Estimated valueYrg

19 | 2005 7 10048 23960.17
54 | 2008 6 36715 21341.25
67 | 2009 7 89282 72242.47
79 | 2010 7 51310 29040.33

Table 4.12: Outlier values and its estimated values with standardized residual
values for door’s line by using LT S-estimator.
No. | Year | Month | Observed value Y | Estimated valueY;rg

40 | 2007 4 1352330 23950.8
41 | 2007 5 1040410 19351.8
42 | 2007 6 1160110 21197.1
43 | 2007 7 1475250 27606.3
44 | 2007 8 1129590 23017.9
45 | 2007 9 1229060 23057.8
47 | 2007 11 1110620 19815.2

The number of detected outliers by using four methods for both production lines
can be summarized in the following table:

Table 4.13: Detection of outliers by different methods for both production lines
Production line method | OLS | M | MM | LTS
Furniture 4 4 3 4
Doors 3 7 7 7
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4.4. Comparison of the results of OLS method and robust methods M-
estimator, M M-estimator and LTS-estimator: After estimation the coeffi-
cients of multiple linear equation with four methods, the results can be compared
by using the criteria mentioned in (chapter two) of theoretical part of the paper,
in order to judge the estimators, the following tables show the estimated values
of coefficients by using these methods, and values of comparative criteria for each
production line.

Table 4.14: The estimated values of coefficients by using four methods for
furniture’s line

Variables | Coefficients OLS M MM LTS
Constant Bo -7283.000 | -6031.145 | -6312.166 | -6809.257
X3 51 36.300 34.823 36.789 36.954
X5 B 16.372 11.825 12.096 12.487
X3 Bs 17.532 18.360 19.470 19.440
MSE 33160290 | 37280005 | 34141334 | 34260526
MAPE 1.0495 0.9826 1.0312 1.0034
MSAFE 3961.3100 | 3975.4900 | 3896.2500 | 3894.5200
Table 4.15: The estimated values of coefficients by using four methods for door’s
line.
Variables | Coefficients OLS M MM LTS
Constant Bo -191597.000 2887.214 2894.136 1883.232
X3 B4 1034.900 16.956 17.546 18.580
X5 B -1178.600 3.897 4.055 12.362
X3 B 679.500 1.057 1.158 -2.230
MSE 1.4210E+11 | 1.41584E+11 | 1.41420E+11 | 1.41389E+11
MAPE 23.3736 0.2127 0.2134 1.1806
MSAE 284510 118247 118150 120928

5. CONCLUSIONS AND RECOMMENDATIONS

5.1. Conclusions: According to the results of the practical application of the
study the following conclusions are yielded:

1- The number of outlier values detected by using the four methods in the data
for furniture’s line is very close, by observing table 4.13, and the proportion of
outlier values is 4.77. This refers to the fact that the distribution of standard errors
is close to the normal distribution as shown in graph 4.1.

2- From the table 4.13, it is noticed that the number of outlier values found in
the data for door’s line, by using OLS is 3 values, and the number of outlier values
detected using the robust methods equals to 7 values and its proportion is 8.33,
this means that the distribution of standard errors is somewhat distant from the
normal distribution as shown in graph 4.3.

3- The appearance of the negative sign for Bo in the table 4.14 is logical, this

means that the absence of the explanatory variables (stopping production) for fur-
niture’s line. This mean there would be a loss.
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4- Tt is noticed from table 4.14, that the estimated values for each parameter
using the four methods are very close, and the reason is that the number of outlier
values in the data is a few, as noted in the first conclusion above.

5- The appearance of the positive sign for Bo in the table 4.15, by using the
robust methods is illogical, the researcher believes that the reason is due to the fact
that the data for doors line are inaccurate values.

6- It is noticed from the table 4.15, that the estimated values using OLS are very
far from its estimated values by using the robust methods, and that is a logical thing,
because of the large number of outlier values discovered in the data for door’s line,
and it is also noticed that theLT'S method gave better results by using the crite-
rion MSFE, and theM method gave better results by using the criterion M APE,
the criterion value is very close to its value by using M M method, it is also noticed
that by using the criterion M SAFE, the M M method is better.

5.2. Recommendations: According to the results obtained in the practical part,
the researcher recommends are as follow:

1- Studying all robust methods commonly used, and applying them to a large
number of data, in order to clarify the efficiency of each method.

2- Using simulation procedure to generate data, and then contaminating them
with the outlier values, at different percentage, and applying robust methods com-
monly used to them, and then comparing the results of these methods.
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HYBRID METHODS FOR SOLVING VOLTERRA INTEGRAL
EQUATIONS

GALINA MEHDIYEVA, MEHRIBAN IMANOVA, AND VAGIF IBRAHIMOV

ABSTRACT. It is known that there exists a class of methods for solving integral
equations with variable boundary. One of them is the most popular methods
of quadratures. This method is clarified and modified by many scientists.

Here, to numerically solving Volterra integral equations the hybrid method
is applied and constructed a concrete method with the degree p = 6 and p = 8,
by using information about the solution of integral equations only one previous
point.

1. INTRODUCTION

Consider the numerical solution of the following nonlinear Volterra integral equa-
tion:

y(2)= () + / K (z.5,y(s))ds, o€ [0, X]. (1)

Assume that the problem (1) has a unique continuous solution y(x) determined
on the interval [z, X]. By means of a constant step 0 < h the interval [z, X| divide
into N equal parts with the mesh points x; = zg + i¢h (¢ = 0,1,...,N). Denote
by y; the approximate and by y(x;) exact value of the solution of problem (1) at
the points z; (i =0,1,2,..., N). There are many papers dedicated to investigation
numerical methods for solving integral equations (1) (see f.e. [1]-[6]).

The first hybrid method for solving integral equation (1) constructed Makroglou
[7], but that in [8] is generalized in the following form:

k k k j—v;
Zaiyn-l-i = Z aifn-i—i + hz Z 5EJ)K($n+47’mn+li,yn+li)
=0 =0 J7=0 =0
(li=i+wvi, |vi <1). (2)

Method suggested here has the following form:

k k E g )
Z QiYn+i = Z aif7z+i + h Z Z ﬁl(‘J)K(xn-i-ja x7z+i,y7z+i)+
=0 =0

j=0i=0
k j—vi
+h Y S A K @y s Y- 3)
j=0 i=0

Key words and phrases. Volterra integral equations, hybrid methods, degree of hybrid methods.
This research has been supported by the Science Development Foundation of Azerbaijan (EIF-
2011-1(3)-82/27/1).
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2. CONSTRUCTING A HYBRID METHOD OF THE TYPE (3)

It is known, that hybrid methods such as (3) can be constructed by different
ways. Here the calculation of the next function

() = / K(x,5,y(s))ds

on the interval [z, X] by the some structures are reduced to the computation of
functionsy(x) on the interval [z — kh, z] (here k — limited quantity). To this end,
consider the following difference:

Ty

y(anrl) - y(xn) = g(xn+1) - g(xn) + / (K(xﬂJrlv S, y(S)) - K(xnv S, y(s)))d8+
b [ K s p(s)as. (4)

By the application of Lagrange’s theorem we can write:

K(:En-‘v-la S, y(S)) - K(‘TTH S, y(s)) = h'K;/K(E? S, y(S)) (:Bn < gn <zp+ h)
Then, by using the received equality in (4) we have:

Tn
Y(@nt1) — Y(Tn) = 9(Tnt1) — g(zn) + h/K:/r(é-n? s, y(s))ds+
Zo
Tn41
[ K ylo)is (5)
We assume that by any method we have found the solution of equation (1).
Then, taking into account its in (1) we can write the following:

V(@) =g'(@)+ Koy, y(@) + [ Kila, s, y(s)ds.
o
It is easy to show that

h / K2 (6 5, y(8))ds = h(y' (€) — 0/ (60) — K(Ens 0, 0(E))—

En
—h / KL (6, s y(s))ds. (6)

Ly

To take into account the relation (6) and the following

thlc(é.n’ 5, y(S)) = K(‘T"-‘rl’ 5, y(S)) - K(xn7 5, y(s))

in equation (1), we have:

Y(@ni1) = y(xn) + g(@ni1) — g(zn) + h(Y'(€,) — ' (€,)) — hEK(E,,, &y y(E))+
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‘En ZTn+0
b [ K soy@Dds [ Koo, s, o)is. (7)

Thus, determined the solution of equation (1) on the segment|zg, x,41] to reduce
it’s determined on the segment [z, 2, + h]. Using one of the known formulas for
calculating integrals involved in equation (7) and using the following equality (see
fe. [9, p.325]):

k
2(Tng1) — 2(wn) — hz/(fn) = Zaiszrl
=0

in equality (7) we have:

k
D Yt = Y Qignti — WK Tyt Tngt, Yn)+
= i=0
k
+hy BEJ)K (Tntis Tnis Ynti)- (8)
j=0 3=0
Here «;, ,Bz(j) (4,4 =0, 1, 2,..., k) are some real numbers, the parameter [ satisfies

the condition 0 < < 1, and

gm = 9(zm) (Mm=0,1,2, ..).
However, by the help of next relation (see. [9, p. 375])
k

K($n+l7 Tn+l, yn+l) = ZﬁiK(anm Ty, yn+i)a
i=0

method (8) can be written in the form:

Z QYn+i = Z QiGnti + h Z Z ﬂ(])K $n+ja Tn+i, Z/n+z) (9)

7=0 =0

To calculating the integrals involved in (7), we can apply different formulas. If
applied to the calculation of integrals the quadrature methods with the fractional
steps, then the formula (9) can be rewritten as:

k k k k
Z AiYn4i = Z Q5 Gn4i +h Z Z ﬂgj)K(anrjv Tntitv;r Yntitv; )7 (10)

=0 =0 7=01i=0

here the coefficients «;, BEJ) (t,7 = 0,1,2,..., k) — are some real numbers, and
lvil <1 (i=0,1,..k).

Note that in (8) is involved as a member K (Zn+i1, 2n+i, Ynt1) ([{| < 1), which
is different from the terms of the sum in (10), in that here in the first argument
used by the so-called fractional step. However, using the Lagrange interpolation
formula can get rid of fractional steps. But if we to take into account the specified
property of one term of the method (8) and generalize it, then the method (10) can
be rewritten as:

Z QYn+i = Z QiGn+i + h Z Z ﬁ(J mn+j+lj y Tnditv;s Yntitv,; )7 (11)

7j=0 =0
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where |1;| <1(j=0,1, ..., k). Ifset |; =0 (5 =0, 1, ..., k), then from the relation
(11) be it follows the method (10). It is easy to determine if generalize the methods
(10) and (11), in one embodiment receive the following method:

k k ko k
> Qiynyi =Y ignri+hy Y B K (B0, Tnsis Ynii)+
i=0 i=0 j=0i=0
ko ko
+h Z Z 71(])K($7L+j+lja Tntitv;, yn+i+l/i) . (12)
j=0i=0

The coefficients of these methods determined by the same scheme for [; = v;
(j =0,1, .., k). Before we propose a method for determining the coefficients
a;, ﬂl(j), 'ygj) (i, 7=0,1, 2,..., k), we consider some bounded on the coefficients of

the method (12) and set I; = v; (i = 0, 1, ..., k). This is connected to the fact
that, the method for determining the coefficients (11), we use some facts from the
theory of difference equations and apply the following finite-difference method with
constant coefficients to the solving of equation (1):

k k k
=0 =0 =0

We show that after applying the method (13) to the solving equation (1) we
receive be the method of the type (12) and in this case between the coefficients of
the methods (12) and (13) will be the next relations:

k

k
Bi=3 895 4 =37 (i=0,1,2,...k). (14)

=0 =0

Now, suppose that the method (13) is converges. Then its coefficients satisfy the
following conditions:

A: The values of the quantities «;, 5;7;(1 = 0,1,2,..., k) are real numbers, more-
over, a # 0 .

B: Characteristic polynomials

p(\) = Z:oz,-)\i7 o) = Z/Bi)\i’ A(\) = Z%’)‘Hli;
=0 =0 =0

have no common multipliers different from the constant.

C: o(1) + (1) # 0 andp > 1 are holds.

To determine the values of the coefficients «;, 5;, v, (i = 0,1,...,k) using the
method of undetermined coefficients, and to this end, consider the following Taylor
expansion of functions:

y(z +ih) = y(x) + ihy'(z) + %y"(m) + .t (i)h!)py(p) (z) + O(RPT),  (15)
/ / 1" Lih 2 " lih Pt 2 D
y'(x+L;h) =y (x) + Lhy" (z) + ( 2!) y'(x) + ...+ ((p)l)!y( )(x) +O(hP), (16)

where = zo + nh — is fixed point, but I; =i +v; (i =0,1,2,..., k).
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For determining the values of the parameters «;, 8;, I; (i = 0,1,2,..,k, |; =

i+ v;), take into account equalities (15) and (16) in the next asymptotic equality
k
(cwy(x +1ih) = By (x +ih) — by (z + L;h) = O(RPT), h — 0,
i=0

here © = z¢ + nh the fixed point and p is the degree of the method (13).

Then have:

ko, k

k 1 k 1

i=0 i=0 i=0
(17)
Thus, for determining the values of the «;, 5;, I; (i = 0,1,2,...,k) we get a
homogeneous system of nonlinear algebraic equation where the amount of unknowns
equals 3k + 3, but the amount of equationp + 1. Obviously system (17) always has
a trivial solution. However the trivial solution of system (17) is not of interest.
Therefore we consider the case when system (17) to have a non-zero solution. It is
known, that the system (17) has the non zero solution if the condition

p <4k +3 (18)

is holds. Hence it follows that ppax = 4k + 2, but for 8, = 0(: = 0,1, ..., k) is holds,
that pmax = 3k + 1.

Now to consider construct a concrete method for k = 2 for 8, =0 (i = 0,1, 2).
Then from system (17) we have:

Yo + 71+ 70 = 202 + a,

1 2
VaYe + V171 + VoYe = 5(2 as + 1),

1
V3vs + Vi1 + Ve = 5(23@2 + aq),

1
V3vs + Vv, + v = 1(24042 +ay), (19)

1
vas + VI V%0 = £ (200 + aa),

1
Ve + V371 + vive = = (2%a0 + o).

6
Selecting as, a; and o we can construct different methods with the degree p = 6.
For as = 1, a1 = ag = —1/2 solving system (19) we get a complex solution, but
for g =1, @y = —1 and ag = 0 the solution of system (19) has the following form:

By =5/18, B, =8/18, B, =5/18,
lo =3/2+V15/10, 1, =3/2, ly=3/2—/15/10.

Taking into account these values in formula (13) we get the following method:

Ynt2 = Ynt1 + h(5y;+3/2+\/ﬁ/10 + 8Yn a0+ 5y;+3/2_\/ﬁ/10)/18. (20)

Remark, that these method can be rewrite as one step method in the next form:

/ / /
Yn+1 = Yn + h(5yn+1/2+\/ﬁ/10 + 8yn+1/2 + 5yn+1/27\/ﬁ/10)/18.
This method is stable and has the degree p = 6.
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3. ALGORITHM FOR USING HYBRID METHODS

Construct an algorithm for using method (20). Assume that y; is known, and
consider the calculation of y,42 (n = 0,1,2,...). For applying method (20) the
values of the quantities y,+, should be known and they are determined by means
of the following formula:

Ynta = Un + 2hy;, + *h((B* — 120+ 6)y), , 55 — (3a® — 48+ 27)y), 1+

+(3a% — 600 + 54)y,, 1 5 — (@ — 24 + 33)y;,) /18, (21)

where oo = 3/2 £ v/15/10.

Thus, we see that for using method (21), we must construct formulae for calcu-
lating the values of Ynt by Un+1, Yny s with accuracy O(h%). If yiare know, then
for n > 1 it is enough to calculate the values of y,4+1 and y, R Therefore, at first
consider the definition of the value of the quantity y,,1 and to this end we use the
following sequential formulae:

L. Yn1 = yn + by,
gn—i-l = Yn + h(y;L + g;ﬁ-l)/z’

Un+1 = yn + h(y, + 4y;+% + g;’L-‘rl)/G’

Ynt+1 = Yn + h(y;, + 4y;+% + Gns1)/6;

gn—i—% = yn—i—% + h(7y;L+1 - 2y:1+% + y;L)/67

Yntg = Yn+1 +h(9F), 5 + 190011 — 5y, 1 +un)/48.

A

Conclusion 1. Given that stable hybrid methods are more accurate and have ad-
vanced the stability region, here for numerical solution of equation (1) suggested
a method that makes use of hybrid methods. Note that the methods of type (12)
belong to the class of methods of type (13). To constructed type methods of type
(12) we must to solve system (14), whose solution is not unique. However, the
solution of (17) may be unique. This means that when the method of type (13) is
unique corresponding method of type (12) is not unique. Therefore, both theoreti-
cal and practical interest is the finding maximum value of degree of stable method
of type (12). Also of interest to determine the stability region of method (12).
Consequently, the investigation of method (12) is a priority in the theory of numer-
ical methods. Remark, that the method (20) has the new characteristic. The first
of them including in used method (20) as one step method, but in these case for
the determine quantities Yn41/24V15/10 by the method (21) the values of quantities
Yn+3/2; Ynt1 must be known. Because here suggested the method as the (20), but
the next characteristic of the method (20) including in definition the method (20)
as the explicit, but the method (21) for any values of parameter a and the method
applying for finding yn11 and y, 43,2 are implicit. Consequently algorithm for using
method (20) is implicit.
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ON THE NUMBER OF REPRESENTATIONS OF AN INTEGER
OF THE FORM 2? + dy*> IN A NUMBER FIELD

SARAT SINLAPAVONGSA AND AJCHARA HARNCHOOWONG

ABSTRACT. This paper tells us about the number of representations of an
algebraic integer of the form z2 + dy? in a number field where d is a positive
rational integer.

1. INTRODUCTION

There are many papers which give the criteria to determined whether an alge-
braic integer can be represented in the form 22 +dy? such as [1], [2], [3], [4]. Another
interesting problem about integers of the form 2% 4 dy? is to study the number of
these representations. T. Nagell [5] study the problem of the number of represen-
tations of an integer which can be represented as the sums of two squares. For this
paper we generalize the result of T. Nagell to the representations of an algebraic
integer in a number field of the form z2 4 dy? where d is a positive rational integer.

2. PRELIMINARIES

Let w be an integer in a number field K and d a positive rational integer. We
say that w has a representation of the form x* 4 dy? if there are integers o and /3 in
K such that w = o® + dB%. The representations w = 22 + y? with ¢ = +a,y = £8
and z = £,y = +a and the representations w = z? + dy? for d > 1 with z = +a
and y = £/3 are considered to be one and the same. The relation 1 = 12 4+ d - 02 is
called the trivial representation of the number 1.

3. MAIN RESULTS
These are the main results of the paper.

Theorem 3.1. If 1 has more representations of the form 2 + dy? than the trivial
representation, then 1 has infinitely many representations.

Proof. Assume that

1=7%+dé*
where v and ¢ are integers in K such that v # 1 and ¢ # 0.
For a positive integer n, we define

Y+ 0V —d = (y+dV-d)",

where
(3.1) Yo =" — ( g ) A"25%d + < Z ) AT — 4

Key words and phrases. algebraic integer, totally real, number field.
2010 AMS Math. Subject Classification. Primary 11R33, 11R80; Secondary 11R27.
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2 S. SINLAPAVONGSA AND A. HARNCHOOWONG

and
(3.2) Sp = ( 711 >7”15— ( g >7”353d+—...
Then
Tn — OpV—d= (7_5V_d)n
and

(Y + 82V =d) (40 — 00V =d) = (v + 6V=d)" (v = 6V=d)" = (v* + do*)".

Therefore

V2 4 dé2 = 1.
Thus the Diophantine equation
(3.3) 2 +dy? =1
has the integral solutions

T ="n,Y = 671
Next, we will prove that these solutions are all different.
Suppose for a contradiction that there are m,n € N such that m # n and
Then

(v -+ 8V=D" = (+ V=),

and so v + dv/—d is a root of unity. Suppose that

Y+ovV—d=¢
is a primitive Nth root of unity. Since
Y ] Vv —d= 4717
we get
= = = (¢
773 R W '
Thus

S 1) = v=de

is an algebraic integer.
If N is a power of 2 and N > 8, then the number

1 v 1, .
- —1)=—(xi—1
SV 1) = S(xi - 1)
must also be an algebraic integer. This is a contradiction.
If N is divisible by the odd prime p, then the number

1

S =1)

must also be an algebraic integer but %(CQN /P — 1) is the root of the irreducible
polynomial

1

7;5[(2;3 +1)P =1 =221 p(p—Da+p
which has integral coefficients. This is a contradiction.
Finally, if N = 1,2,4, then v = 0 or § is not an algebraic integer. This is a
contradiction. (]
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Theorem 3.2. Let K be a number field.

(i) Let w be a prime in K such that m has the representation of the form
2?2 +dy?. If 1 has only trivial representation, then m has exactly one repre-
sentation. Otherwise w has infinitely many representations.

(ii) Let w be an integer in K such that w has the representation of the form
22+ dy?. If 1 has only trivial representation, then w has a finite number of
the representations. Otherwise w has infinitely many representations.

Proof. (i) Assume that 1 has only trivial representation Let m be a prime in K such
that 7 has two representations of the form z? + dy?,

™= af +df
and
™= aj +dB;
where a1, a9, 81, B2 are integers in K. Then
2 2 2 52 2 2
m(B3 — BY) = aiB; — a3 fy.
Since 7 is a prime, either of the a1 82 — o871 and a1 B2 + o1 must be divisible by
w. Without loss of generality, we may assume that

a1 = ag 81 mod .

Multiplying together the two representations of 7, we get

m = (a1az + dp152)* + d(e1 2 — aafr)?.
Since ay 8y — a4y is divisible by 7, so is the number ajas + dB152. We put

araz +dp1 P = my and a; B2 — azf = w0,
where y, d are integers in K, we get

1 =72+ dé?

Since 1 has only trivial representation, v = +1 and é = 0. Therefore

arao + dpfo = £ and O[lﬁg — Ozgﬁl =0.

Then
= @al and @a% + dp By = £,
b1 B1
and so 8 3 5
2= —2(04% +dp}) = ia% +dB1 B = L.
B1 B1 b1

Hence 82 = £ and as = +a; and so 7 has exactly one representation.
Suppose next that the equation (3.3) has an infinitely of solutions x = v,y = J,
given by (3.1) and (3.2). Let 7 be a prime in K such that

7 =a’ +dp?
where a and ( are integers in K. For a positive integer n, we define
an+6n\/ —d= (’Yn_‘_(sn\/ —d)(O{—‘rﬁv _d)

where
an = ay, — dp6, and B, = ad, + Byn.

Qp — 6n\/jd - (Vn - 5n\/jd)(a - ﬂ\/jd)

Thus
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and
(o + Bn\/jd)(an - Bn\/jd) = ('72 + d52)(a2 + dﬂ2) =m.
Hence
T =a? +dB>.
We will show that these are all different representations of .
Suppose for a contradiction that there are m,n € N such that m # n and
Qo = Qi B = P
Then we get
Y = Vns Om = Op.
But in the proof of Theorem 1, 7,, = Vn,0m = J,. where m # n leads to a
contradiction. Therefore 7 has infinitely many representations.

(ii) Assume that 1 has only trivial representation. Let w be an integer in K.
Suppose for a contradiction that w has infinitely many representations, i.e.,

w=a2+dp2neN

where o, and 3, are integers in K and for m # n, a,, # ta,, and B, # 6.
Since Ok /wO is finite, there are m,n € N such that m # n and

(3.4) Qm = @, mod w and B, = 3, mod w.
Multiplying the two represeentations
w=a? +dB? and w = o2 +dp?,
we get
w? = (aman + dBmBn)? + d(QmBn — anfBm)?.
It follows from (3.4) that the two numbers
Oy + AP Pr and oy Bry — B
are divisible by w. Hence we may put
U Oy + dBm B = wy and o By — o B = wé
where v and § are integers in K. Then
1=7%+dé>
Since 1 has only trivial representation, v = +1 and § = 0. It follows that
Ay + dBp By = Tw and oy By — apBm = 0.

Then
Qp = Bn a,y, and &afn + dBp Bn = tw,
Bm Bm
and so 5 8 8
n n 2 2 n 2

—w=—/(a,,+db,,) = >—a;, +dB.Bm = tw.

B = B )= B
Hence 8, = +4,, and a,, = *a,,. This is a contradiction and so the number of
representations must be finite. (Il

Theorem 3.3. Let K be a number field and d a positive rational integer. The
following statements are equivalent.

(i) K =Q(v—d) or K is totally real.
(ii) 1 has only trivial representation in K.
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Proof. Let K be a number field of degree n. Assume that K = Q(v/—d) or K is
totally real.
Case 1: K = Q(v/—d). Suppose that

a2 +dp? =1
where a and 3 are integers in K. Then

(a+ BV —=d)(a — pV—d) =1.
Thus a+ v/ —d and a — 54/ —d are units in K. For d # 1,3, the units in K are +1
so we have the following system
a+pvV—-d=1land a—pv—-d=1
or
a+pfvV—-d=—-1and a — fvV—-d=—-1.

For d = 1, 3, we have more cases to figure out. Nevertheless, in either cases we have
a = =+1 and f = 0. Hence 1 has only trivial representation.
Case 2: K is totally real. Suppose that

a?+dp? =1
where « and [ are integers in K. Then the conjugate equations

1= (a(k))2 + d(,B(k))Z

also hold. Since the conjugates are all real, for d > 1 we get
1
<k>\ <-<1
B E

for every value of k. Thus 8 =0 and a = £1. Hence 1 has only trivial representa-
tion.

For the converse, assume that K # Q(v/—d) and K is not totally real. We will
prove that 1 has a nontrivial representation.

Case 1: v/—d € K. Since K # Q(v/—d),n > 4 and so t > 1 where ¢ is the rank of
the unit group of K. Thus there is a unit € in K such that € is not a root of unity.
Then the equation

1=a?+dp?
is satisfied by the following numbers:
1
o= 5(6’” +e ™)
and
1 m —m
6 = (6 — € )7

2v/—d
where m is the order of the group (O /2v/—dOx)*. Note that 3 is an integer in
K because
€™ =1 mod 2v/—d and €™ =1 mod 2v/—d

and « is an integer in K because o = v/—df + ¢~™. Since € is not a root of unity,
B # 0. Hence 1 has a nontrivial representation.

Case 2: v/—d ¢ K. Let r be the number of real embeddings of K, s the number of
nonconjugate complex embeddings of K and ¢t = r+s— 1 the rank of the unit group
of K. Let L = K(v/—d). Then the field L has degree 2n. Let R be the number
of real embeddings of L, S the number of nonconjugate complex embeddings of L
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and T = R+ S — 1 the rank of the unit group of L. Since vV—d ¢ R, R = 0 and
S =r+ 2s and so

T=R+S—-1=r+4+2s—1=t+s.
Since K is not totally real, s > 1 and thus
T > t.

Let us consider the ring consisting of the numbers in L of the form \ + pv/—d,
where A and p are integers in K. The unit group G of this ring has the rank 7'
The subgroup G consisting of the squares of the units in G clearly has the same
rank 7. The units in Gy cannot all be equal to the product of a unit in K and a
root of unity since ¢t < 7. Hence we conclude that there exists a unit £ = a+by/—d
in the ring, @ and b integers in K such that @ # 1 and b # 0, and such that E?
is not equal to the product of a unit in K and a root of unity. Then the number
E, = a—by/—d is also a unit in L. Hence a2 + db? is a unit in XK. Then the number

1=a?+dp?
is satisfied by the following numbers:
~ 2(a? 4 db2)m
and
7 E2m _ E12m
- 2y/—d(a2 + db2)m
where m € N. Since a? + db® is a unit in K, o and 3 are integers in K. If 3 = 0,
then E?" = E?™. Hence EE; " must be a root of unity and

B

E? = (a* + db*)(EE;Y)

is a product of units and a root of unity. This is a contradiction. Thus S # 0 and
so 1 has a nontrivial representation. ([l
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ON THE MINIMUM RANK AMONG POSITIVE SEMIDEFINITE
MATRICES AND TREE SIZE OF A GIVEN GRAPH OF AT MOST
SEVEN VERTICES

XINYUN ZHU

ABSTRACT. In this paper, we study the minimum rank among positive semidefinite
matrices with a given graph of at most seven vertices (msr) and we list msr for all simple
graphs with at most seven vertices which were listed in [1]. For a simple connected
graph with no pendent vertices, we study how large maxgeg, (msr(G) — ts(G) + 1)
would be, where ts(G) (see Definition 1.1) denote the tree size of a graph G.

Key words. rank, positive semidefinite, graph of a matrix

AMS subject classfication: 15A18,15A57,05C50

1. INTRODUCTION

Given a connected graph G with n vertices, we associate to G a set H(G) of Hermitian
n X n matrices by the following way,

H(G) ={A|A=A%a;; #0 for i#j ifandonlyif (i,j) isanedgeof G}

where A* is the complex conjugate of A and a;; is the ij-entry of A. We define P(G)
be the subset of H(G) whose members are positive semidefinite matrices. For a given
graph G, P(G) is non-empty because laplacian matrix L(G) € P(G). Define

msr(G) = AE%?G) rank(A)

There are two main results of this paper which were given in Section 3 and Section 4
separately.

A complete list for msr(G) for all the simple graphs with less than seven vertices
which were listed in [1] has been given [2]. In this paper, we calculate msr(G) for all the
simple graphs with at most seven vertices which were listed in [1], see Section 3. This is
one main result of this paper.

To introduce anther main result of this paper, we need the following preparation.

Definition 1.1. An induced subgraph H of a graph G is obtained by deleting all vertices
except for the vertices in a subset S. For a graph G, we consider its tree size, denoted
ts(G), which is the number of vertices in a maximum induced tree.

Lemma 1.1. [2, Lemma 2.1] If H is an induced subgraph of a connected graph G, then
msr(H) < msr(G).

Given a simple connected graph G, we can define the tree size ts(G) of G. It is known
that for a tree T', msr(T") = ts(T') — 1. Hence by Lemma 1.1,we get ts(G) —1 < msr(G).

Date: September 20, 2012.
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Lemma 1.2. [2, Corollary 3.5] If a simple connected graph G has a pendant vertex v,
which is simply vertex of degree 1, then msr(G) = msr(G — v) + 1.

Let G,, denote the set of all the simple connected graphs with n vertices and with no
pendent vertices. We will study maxgeg, (msr(G) —ts(G) +1). We answer this question
for all the members in G,, with n < 7 in Theorem 4.1. By giving a counter-example in
Section 5, we show that Theorem 4.1 is not true if the vertices number is bigger than 7.
For a simple connected graph with no pendent vertices, we ask under what conditions,
Theorem 4.1 is still true in Section 5.

2. FINDING MSR BY GIVING VECTOR REPRESENTATIONS

Suppose G is a connected graph with vertex set V(G) = {v1,va, -+ ,v,}. We call a set
of vectors V' = {v1,- -+ ,v,} in C,, a vector representation (or orthogonal representation)
of G if for i # j € V(G), (v;,v;) # 0 whenever ¢ and j are adjacent in G' and (v;, v;) =0
whenever 7 and j are not adjacent in G. For any matrix B, A = B*B is a semi-definite
positive matrix and rank(A) = rank(B), where B* denotes the conjugate transpose of
B. For any semi-definite positive matrix A, there exists a matrix B such that A = B*B
and rank(A) = rank(B).

For a large family of graphs, [2] has given a good way to get msr. But [2] did not solve
the msr problem completely. In this section we solve the msr for graphs with at most
seven vertices but does not satisfies the conditions of graphs in [2]. We refer the reader
to [1] to check the graphs. For the readers convenience, we list all these graphs here:
G706, G710, G817, G836, G864, G867, G870, G872, G876, G877, G946, G954, G955,
G979, G982, (G992, G997 — G1000, G1003 — G1007, G1053, G1056, G1060, G'1065,
G1069, G1084, G1089 — G1097, G1100, G1101, 1104, G1105, G1123, G1125, G1135,
G1145, G1146, G1148, G1149, G1152 — G1157, G1159, G1160, G1165, G1167, G1168,
G1170, G1176, G1179, G1189, G1191, G1194 — G1197 G1199, G1200, G1202, G1205,
G1207 — G1212, G1222, G1224, G1228, G1230, G1231, 1233, G1241, G1242, G1248,
(G1250. We have given the msr of all those graphs by finding the vector representations
in [3]. To illustrate how this works, we calculate msr(G946) and msr(G1104) here. We
refer the reader to [3] to get the msr of other graphs mentioned above.

In the following examples, for vectors v; and v;, by abusing notations, we write
(vi,v;) = v; - v;. If v; - v; = 0, then we write v; L v;. Let G be a graph. Let V(G)
be the vertices set of G and E(G) the edges set of G. Define

N(a) = {blb € V(G),b# a,ab € E(G)}.

Example 2.1. Let V(G946) = {1,2,3,4,5,6,7} and let F(G946) be defined by N(1) =
{2,6}, N(2) ={1,3,6,7}, N(3) ={2,4,5,7}, N(4) = {3,5}, N(5) = {3,4,6,7}, N(6) =
{1,2,5,7}, N(7) ={2,3,5,6}. We claim

msr(G946) = 4.

The tree size of G946 is 3. First let’s show that msr(G946) > 3.

Let {v1, va, v3, v4, Vs, Ug, V7 } be a vector representation of G946. We have vy L {vs, vy, v5, v7},
ve L {vg,v5}, v3 L {vs}, va L {ve,v7}. If msr(G946) = 3, then vy = avy + bvy for some
nonzero a and b. Hence 0 = avy - vg + bvy - vg = bvy - vg. This is a contradiction.
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On the other hand, let

1 1 00 0 —1 0
1 2 100 -2 1
0 1 312 0 3
A=10 0 111 0 0
0 0 212 1 2
1 -2 001 3 1
0 1 302 1 5]
Let
11000 —1 0
00111 0 0
B=1g1 100 -1 1
00101 1 2

Then BB = A, A € P(G946) and rank(B) = 4.
Example 2.2. Let V(G1004) = {1,2,3,4,5,6,7} and let F(G1004) be defined by
N(1)=4{2,6,7}, N(2) = {1,3,6,7}, N(3) = {2,4,5}, N(4) = {3,6,7}, N(5) = {3,6, 7},
N(6) ={1,2,4,5}, N(7) ={1,2,4,5}. We claim

msr(G1004) = 4

The tree size of G1004 is 5.

Let
11000 1 3
B_ 00110 1 -1
{00201 -1 1
01100 1 -1
Let
A=B"B
Then A € P(G1004) and rank(A) = 4.
3. LIST

In this section, we list the msr for all the simple connected graphs with seven vertices.
To get such a list, we use some results from [2],for example, [2, Proposition 2.2], (2,
Theorem 2.9], [2, Theorem 3.6, and the vector representation method in Section 2 and
[3]. We would like to remind the readers that a complete list of msr of simple connected
graphs with less than seven vertices has been given in [2].
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msr(G)

G270-G274, G276,G278-G280,G284, G286

|
oo

msr(G)

G314-G322,G324-G329, G331-G334, G336-G344,
G348-G351, G353,G379-G386, G390-G394,G396, G398-G403,
G405-G406, G408, G410-G416, G421-G423, G427-G428,
G431-G435, G437-G442, G445-G446, G448-G449, GAT6-G484,
G488-G489, G494, G497, G504, G506-G509, G512-G513,
G515-G520, G522-G530, G532-G533, G540-Gh41, G548,
G555-G556, G558-G561, G563-G566, G571, G574-G575,
G579,G612-G618, G621-G623, G627-G628, G632, G638,
G640, G646, G651, G669-G670, G673-G674, G676-G680,
G682-G685, G690, G694, G698, GT02,GT06, G710,G790-G792,
G794-G795, G797, G804, G806, G813, G840, G897

msr(G)=4

G388-G389, G395, G404, G409, G419-G420, G424-G426,
G429-G430, G436, G443-G444, G447,G450,GAT73-GAT5,G485-G487,
G490-G493, G495, G498-G501,G503, G505, G510-G511, G514,
G521, G531, G534-G539,G542-G547, G549-G550, G552-G554,
G562, G567-G570,G572-G573, G576-G578, G580-G581,G598-G610,
G620,G624-G626, G629, G631, G633-G637, G639,G641-G643,
G645, G647-G649, G652-G668, G671-G672, G675, G631,G68S,
G691-G693, G695-G697, G699-G701, GT03-G705,G707-GT709,
GT711-G724, GT27-G730, G740-G744, G746-G747,G748-G780,
G782-G786, G788-G789, G793, GT98-G803, G805,G807-GS08,
G810-G812, G816-G828, G830-G839,G841-G850, G852-G855,
G857-G862, G864-G8T72,G874,G876-GR77, G886-G892,G898-GIND,
G902-G905,G907-GI10, G913-G924, G926-G944,G946, GI48,
G950-G952,G954-GI55, G957,G959-G969, GI71-GIS2, GI85-GIRT,
(:989,G992-G994,G997-G999,G1003-G1004,G1006-G1008,G1014-G1017,
G1021,G1025-G1031, G1033-G1034, G1037, G1039, G1041-G1055,
G1057-G1061, G1065, G1069,G1078-G1080, G1082-G1085, G1088-G1089,
G1091-G1093, G1097,G1101,G1116-G1121,G1127-G1128, G1139-G1143,
G1145,G1148,G1150,G1154,G1184-G1185, G1187, G1190.

msr(G)=3

G551, G557, G619, G630, G644, G650, G636-G637,G689
G725-G726, G781, G787, G796, G809, G814-G815,G829,G851,G856
G863, G873, G875,G878,G885, G893-G896,G901,G906,G911-GI12,
G925, G945, G947,G949, G953, GI56,G958, GIT0, GI83-GI84,GISS,

G990-G991, G995-G996,G1000-G1002, G1005,G1012-G1013,G1018-G1020,
G1022-G1024,G1035-G1036, G1038, G1040,G1056,G1060,G1062-G1064,
G1066-G1068, G1070-G1077, G1081,G1086-G1087,G1090, G1094-G1096,
G1098-G1100,G1102-G1106, G1108-G1115,G1122-G1126,G1129-G1138,
G1144,G1146-G1147,G1149, G1151-G1153,G1155-G1159,G1161-G1163,
G1165-G1171,G1173-G1183,G1186,G1189, G1191-G1210,G1212,G1214,

G1215, G1217-G1225,G1227-G1229, G1231-G1233,G1235-G1236,
G1239-G1241,G1245-G1246.

msr(G)=2

G1009, G1032,G1164, G1188,G1211, G1213, G1216, G1226,G1230,
G1234,G1237-G1238, G1242-G1244, G1247-G1251.

msr(G)=1

G1252
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4. THEOREM
By observing the results in Section 3, we get the following theorem.

Theorem 4.1. Let G be a simple connected graph without pendant vertices. If |V (G)| <
7 and the tree size of G is k, then msr(G) is either k or k — 1.

Proof. Define
type = (ts,msr)
We have the following,

type = (6,5)
G446, G448— G449, G555— G556, G558— G559, G669— G670, G6T3—G6T4, G6T6—G6TS,
G682 — G685, G790, G792, G794 — G795, G813,

type = (5,5)

G445, G571, G574 — G575, G579, G679 — G680, G690, G694, G698, G702, G706, G710,
G791, G797, G804, G806, G840,

type = (5,4)
G105, G127— (G129, G145— (G146, G148, G161 — G162, G164, G443 — (G444, G447, G450,
G553 — GH54, 70, G572, G576 — G578, G580 — (G581, G668, G672, G675, G681, G688,
G691 — G693, G695 — G697, G699 — G701, G703, G705, G707 — G709, G711 — G724,
GT27—G730, G793, G798 — (G801, GRO3, G805, GROT7T— (G808, G810— (G812, G816 — (G828,
G830 — (G839, (G841 — (G850, (G852 — (G855, G8HT — (G862, G864 — (G870, G872, (G874,
G876, G913 — G914, G918 — (G924, (G926 — (G930, G932 — (G934, G936, G941 — (G944,
G950 — G952, G957, G959 — G963, G965 — G966, G969, GIT3 — GIT5, GITT — G982,
G985, G987, G989, G992 — G994, G997, G999 G1007 — G1008, G1025— G'1026, G1030 —
G1031, G1042 — G1045, G1047 — G1048, G1050 — G1055, G1057, G1061, G1080, G1085,
G'1088 — G1089, (G1093, G1116, G1118, G1121, G1139 — (G1140, G1142, G1148, G1160,
G'1184 — (G1185, G1187,

type = (4, 4)
G147, G149, G152, G167, G552, G573, G6TL, G704, G802, GSTL, G877, G915 — GI17,
G931, G935, G937 — G940, G946, G948, G954 — G955, G964, GIGT — GIES, GIT1 —GIT2,
G976, G986, (998, (1003 — G1004, G006, G1027 — G1029, (1033 — G1034, (1037,
G1039, G1041, G1046, G1049, G1058 — 1059, G1065, G1069, G1078 — G1079, G1082 —
G1084, G1091 — G1092, G1097, G1101, G1117, G1119 — G120, G1127 — G1128, G1141,
G1143, G1145, G1150, G1154, G1190,

type = (4, 3)
G138, G43—G44, G46—G47, G126, G130, G144, G150— G151, G153—(G154, G163, G166,
G168 — G175, G179 — (G189, (G192 — (G193, G196 — G198, G201 — (G202, G551, G557,
G686 — G687, G689, G725 — (G726, G809, G814 — (G815, (G829, G851, (G856, G863, G873,
G875, G8TS, G925, G945, GIAT, G949, G953, G956, GIBS, GIT0, G983 — G984, GISS,
G990 — G991, G995 — G996, G1000 — G1001, G1005, G1035 — G1036, G1038, G1040,
G1056, G1060, G1062— G1064, G1066— G1068, G1070— G1077, G1081, G1036— G'1087,
G'1090, G1094—(G1096, G1098 —(G1100, G1102—G1106, G1113—G1115, G1122—(G1126,
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G1129—-G1138, G1146—G1147, G1149, G1151—-G1153, G1155—G1159, G1161—-G1163,
G1165—-G1171, G1175—G1183, G1186, G1189, G1191 —(G1210, G1212, G1214 — (G1215,
G1217 — G1221, G1227 — G1229, G1232 — (G1233, G1240 — G1241, G1245,

type = (3,3)
G796, G1144, G1222, G1224 — G1225, G1231, G1235 — G1236, G1239, G'1246,
type = (3,2)

G16 — G17, G42, G48 — Gb1, G165, G190, G194 — G195, G199 — G200, G203 — G207,
G'1009, G1032, G1164, G1188, G1211, G1216, G1226, G1230, G1234, G1237 — (G1238,
G1242 — G1244, G1247 — G1251,

type = (2,1)
G7, G18, G52, G208, G1252, O

5. QUESTION

Example 5.1. Let G be a simple connected graph with 12 vertices V(G) = {1,2,--- ,12}
and the edge set is defined by N(1) = {2,3}, N(2) = {1,3,4}, N(3 = {1,2,4,7},
N(4) = {2,3,5,7,8}, N(5) = {4,6,8,9}, N(6) = {5,9}, N(7) = {3,4,8,10, 11},
N(8) = {4,5,7,9,10}, N(9) = {5,6,8}, N(10) = {7,8,11,12}, N(11) = {7,10,12},
N(12) = {10,11}. Then G is a chord graph. Then the tree size of G is 8 and msr(G) = 9.
Hence Theorem 4.1 is false in this case.

Question 5.1. Let G, denote the set of all the simple connected graphs with n vertices
and with no pendent vertices. Suppose n > 7. Under what conditions is the Theorem 4.1
true?

Example 5.2. Let K,,, be the complete bipartite graph on m and n vertices. The
tree size of K,,, is max{m,n}. It has been proved that msr(K,,,) = maz{m,n}.
Theorem 4.1 is true in this case.

Example 5.3. Let C be a circle with n vertices. The the tree size of C' is n — 1 and
msr(C) =n — 2. Theorem 4.1 is true in this case.

Remark 5.1. 2, Theorem 2.9] gives a sufficient condition for a connected graph G such
that msr(G) = ts(G) — 1. However not all of members in G; satisfy the conditions in [2,
Theorem 2.9].
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ON THE CONSTRUCTION OF NUMBER SEQUENCE IDENTITIES

WUN-SENG CHOU AND TIAN-XITAO HE

ABSTRACT. to construct a class of identities for number sequences generated by linear recur-
rence relations. An alternative method based on the generating functions of the sequences is
given. The equivalence between two methods for linear recurring sequences are also shown.
However, the second method is not limited to the linear recurring sequences, which can be
used for a wide class of sequences possessing rational generating functions. As examples,
Many new and known identities of Stirling numbers of the second kind, Pell numbers, Jacob-
sthal numbers, etc., are constructed by using our approach. Finally, we discuss the hyperbolic
expression of the identities of linear recurring sequences.

1. INTRODUCTION

Many number and polynomial sequences can be defined, characterized, evaluated, and clas-
sified by linear recurrence relations with certain orders. A number sequence {ay, },>0 is called
sequence of order r if it satisfies a linear recurrence relation of order r

T
ap = ijan_j, n>r, (1.1)
j=1
for some constants p; (j = 1,2,...,7), p, # 0, and initial conditions a; (j = 0,1,...,r —

1). Linear recurrence relations with constant coefficients are important in subjects including
pseudo-random number generation, circuit design, and cryptography, and they have been
studied extensively. To construct an explicit formula of the general term of a number sequence
of order r, one may use generating function, characteristic equation, or a matrix method (See
Comtet [6], Hsu [12], Strang [16], Wilf [17], etc.). In [10], He and Shiue presented a method
for the sequences of order 2 using the reduction of order, which can be considered as a class of
how to make difficult an easy thing. In next section, the method shown in [10] will be modified
to give a unified approach to construct a class of identities of linear recurring sequences with
any orders. An alternative method will be given in Section 3 by using the generating functions
of the recursive sequences discussed in Section 2. The equivalence between these two methods
for linear recurring sequences will be shown. However, the second method can be applied for
all the sequences with rational generating functions. Inspired by Askey’s and Ismail’s works
shown in [1], [4], and [13], respectively, we discuss the hyperbolic expression of the identities
constructed by using our approach, which and another extension will be presented in Section
4.

This work is partially supported by the National Science Council in Taiwan under the grant number 100-
2115-M-001-013. The author Wun-Seng Chou would like to thank the Department of Mathematics, Illinois
Wesleyan University, for its hospitality.
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2. IDENTITIES OF LINEAR RECURRING SEQUENCES

We now modify the method applied in [10] and extend it to the higher order setting. More
precisely, we will give a unify approach to derive identities of linear recurring sequences of
arbitrary order r. The key idea can be described in the following theorem.

Theorem 2.1. Let sequence {an}n>0 be defined by the linear recurrence relation (1.1) of
order v, and let its characteristic polynomial P.(t) = t" — Y%, pjt"™? hcwe r mots a; (=

1,2,...,7), where the root set may be multiset. Denote a(]) : T(ijfl) aj_la (2 <j<r)
and a( ). = a,. Then
al) = a1 (2.1)
where
alr) —

r—1
n an — Qp—1 E Qi + an—2 E Qi
i=1

1<i<j<r—1

—Qp—3 Z oo + -+ (—1)T’1an_r+1ﬂg:_11ai (22)
1<i<j<k<r—1

forn>r—1.

Remark 2.1 ! shown in (2.2) can be written as

r—1
al” = Z(—l)"an_i Z Qfy -+ O, -
i=0 1<ky <--<k;<r—1
Proof. Denote ag) := ap — @1a,—1. Then the recurrence relation (1.1) can be reduced to
2
2§z<]§r 2<i<j<k<r
2
+( )7" 7(1)r+1HZ:2akv (23)

a linear recurrence relation of order r — 1 for sequence {aff)}nzo. Similarly, we denote (1513) =

o2 @)

— asay, . Hence, from (2.3), we obtain

3
E ak.—a g aza]—&-an 3 g Qa0 — -

3§z<]§r 3<i<yj<k<r

+<—1>T*1a£32r+znz:3ak.

L . . 3
The above expression is a linear recurrence relation of order r — 2 for sequence {a; )}nZO-

Repeating this process and denoting ag) = agfl) — ar_laffjll), we finally obtain

a” = a,a'” (2.4)

n n—1°
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which implies (2.1). In (2.1), for n > r — 1,

ag) = aglril) — O[r,«_la,E:__ll)
_ 2 -2
= agf 2 - (r—1 + 047”—2)%(:—1) + ar—lar—?ag—2)
r—1
_ -3 -3 -3
= al Y- a7(1r—1) Z o + ag_Q) Z iy — a;r—s)ar—fio‘r—?aT—l’
i=r—3 r—3<i<j<r—1
which yields (2.2) by using mathematical induction. O

As an example, for r = 2, if the characteristic polynomial P (t) = 2 — pit — py of (1.1) has

2 .
roots a1 and ao, then we denote a,(@) = a, — a1a,—1 and obtain

2) . (2) n—1_(n)
a,(l) = Gp — Qp—1 = @2(Ap_1 — Q1Gp_2) = Q2a, | =05 ay .

Similarly, for r = 3, we denote the roots of the characteristic polynomial P3(t) = t3 — pit? —
pat — p3 of (1.1) by o (j =1,2,3). Then,

a?) = a, — ara,_1 = (ag + az)an_1 — ar(ag + az)an_2 — azaz(an_o — a1a,_3)
2 2
= (a2+ ag)afl_)l — agaga;_)z,

which implies

(2)

af?) = al? — azay?

(2) (2 ) 3) n—2_(3)
9 .

1 = as(a, ") — aaa, ) = aza,”) = oz ag
Remark 2.2 If o, = 1, then (2.1) becomes

where ag) is shown in (2.2). In particular, for » = 2, we have

o2 = o,
or equivalently,

ap = Q1Qp—1 + a1 — Q100.

Thus, we have shown that the last non-homogenous recurrence relation of order 1 is equivalent
to the homogeneous recurrence relation of order 2, a,, = (a1 + 1)a,—1 — @ja,—2, for the same
sequence {ay }n>0. Similarly, we have the equivalence of the homogenous recurrence relation of
order 3, ap, = (p+ 1)an—1 — (p — qQ)an—2 + qa,—3, and the non-homogenous recurrence relation
of order 2, a,, = pa,_1 + qan_o + d for uniquely determined constant d = as — pa; — qayp.

We now consider three special cases r = 2, 3, and 4 for some particular cases of Theorem
2.1.

Corollary 2.2. Let {a,}n>0 be a sequence satisfying the linear recurrence relation of order 2:
ap = P1ap—1 + P2an—2, N =2,

with initial conditions ag and ay, and let the characteristic polynomial Py(t) = t* — pit — po
have roots a and B. Then the sequence {ay}n>0 satisfies the identity

agz) _ anla?)’
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(2)

where ayn,’ = apn — aap_1 forn >1

As an example, we consider Pell number sequence {P,},>0 generated by the recurrence
relation
P,=2P, 1+ Py 2
with initial conditions Py = 0 and P; = 1. The roots of the characteristic polynomial #> — 2t —1
are « = 1 ++/2 and § = 1 — /2. Hence, Corollary 2.2 gives identity for n > 1:
Pn - (1 + \/i)Pnfl = (1 - \/ﬁ)n_lv
or equivalently,
(1—=V2)P,+ Po_1=(1-V2)"
Similarly, we have
(1+V2)Py + Ppoy = (1 +V2)"
for n > 1.
Jacobsthal number sequence {.J,, },>0 is generated by
Jn = JIn—1+2Jp—2
with initial conditions Jy = 0 and J; = 1. The characteristic polynomial t* — ¢ — 2 has two
roots a = 2 and 8 = —1. Hence, from Corollary 2.2, we obtain
Jp—2Jp 1 = (1"t
and
T+ Jpog =271
For Fibonacci number sequence {F;, },,>0 and Lucas number sequence {L;, },>0, we may use

the same argument shown above to construct the well-known identities as follows (see also [14]
and [10]) .

1-5 1-v5\"
Fo+Fyq= )
5 + 1 ( 5 )
H\/anJan_l: 1+5 |
2 9
1 1— "
\/giLn_Ln—lz\/g \/5 )
2 2
1 1 "
_\/52+ Ln_Ln_1:_¢5< +2\/5> |

Corollary 2.3. Let {an}n>0 be a sequence satisfying the linear recurrence relation of order 3:
ap = P1an—1 + P2an—2 + p3an-3, n >3,

with initial conditions ag a1, and az, and let the characteristic polynomial Py(t) = t3 — pit? —
pat — p3 have roots o, B, and . Then the sequence {an}n>0 satisfies the identity

a® = 7n—2a53)7

where ag’) =a, — (a+ B)an—1 + afay—o forn > 2.

280



ON THE CONSTRUCTION OF NUMBER SEQUENCE IDENTITIES 5

Corollary 2.4. Let {a,}n>0 be a sequence satisfying the linear recurrence relation of order 4:
An = P1an—1 + P2an—2 + P3an—3 + Padn-4, n >4,

with initial conditions ag a1, az, and a3, and let the characteristic polynomial Py(t) = tt —
p1t® —pat? —pst —pa have roots a, B3, v, and §. Then the sequence {a,}n>0 satisfies the identity

aﬁf") _ 5n—3a§4)’

where a7(14) =a, — (a+B+7v)an—1+ (af + ay + By)an—2 + afyan—3 for n > 3.

Examples related to some famous linear recurring sequences in combinatorics are presented
below for the applications of Corollaries 2.2, 2.3, and 2.4.

Example 1. We now construct identities for sequences shown in Table 6 of [9] (see also

in http://www.research.att.com/ njas/sequences/). Sequence A001047, a, = 3" — 2" =
n+1 n+1

Vs ST e

satisfies recurrence relation a, = 5a,_1 — 6a,_2, where { Z }
denote Stirling numbers of the second kind. Thus, from Corollary 2.2, we have

an = 2an_1+3"Y, and a, =3a,_1+2"1,

which implies the following identities of Stirling numbers of the second kind:

() g
L ofs )

The above identities imply 2 { " ;— 1 } + { " ;_ 1 } = 3" — 2", but the converse implication

is not obvious.
Similarly, for Sequence A003462, a,, = (3" —1)/2 satisfying a,, = 4a,,—1 — 3a,—2, there hold

) {5
8]t o{2)

Mersenne number sequence a,, = 2" — 1 (A000225) satisfying a,, = 3a,—1 — 2a,—2 generates

an = an1+2""Y, and a, =2an_1+1,

()3}
SOSHE

or equivalently,

duetoan:{ n—2|—1 }
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We now consider examples of sequences of order 3. If the sequence {ay, }n>0 satisfies a linear
recurrence relation of order 3:

an = 3kan_1 — (3k* — Van_o + k(k* — Da,_3

for some positive integer k, then solutions of the equation 3 —3kt? + (3k? — 1)t —k(k>—1) =0
are k =1 and k. Thus, Corollary 2.3 shows that the sequence satisfies identities

an — 2kan_1 + (K* = Dan,_o = k" *(ay — 2kay + (k* — 1)ag), (k> 0),

(2.6)
= (2k 4+ Dan—1 + k(k + 1)ay 2
= (k—1)""2(ag — (2k + Vay + k(k + 1ag), (k> 1), (2.7)
— 2k — Dap—1 + k(k — 1)ap—o
= (k+ 1" %(az — (2k — 1)ay + k(k — Dag), (k> 1). (2.8)
In particular, if ag = a; = 1 and as = 2, then (2.6)-(2.8) can be written as
an — 2kan_1 + (k* = Dap—y = (k — 1)%" 2, (k> 0), (2.9)
— 2k 4+ Dan_1 +k(k+Dapo = K> —k+1)(k—1)""2, (k> 1),
(2.10)
—(2k —Dap_1 +k(k —Dapo= (K =3k +3)(k+1)"2, (k>1),
(2.11)

respectively.

Example 2. Sequence A129652, {an}n>0 = {1,1,2,7,26,91,...}, is defined by the linear
recurrence relation of order 3:

an, = 6a,_1 — 1la,—2 + 6a,_3

with initial conditions agp = a1 = 1 and ay = 2. It is easy to see the three roots of the
characteristic polynomial equation t3 — 6t2 + 11t — 6 = 0 are 1, 2, and 3. Thus, using (2.9)-
(2.11) for k = 2, we obtain identities

ap —4ay—1 + 3ap_2 = 2n72’
ap — dap—1 + 6ap_2 = 3,

an — 3an_1 + 2ay_o = 3"72,

respectively. Let P(A) be the power set of an n-element set A. Then a,_; is the number of
pairs of elements x,y of P(A) for which either (1) x and y are disjoint and for which x is not
a subset of y and y is not a subset of x, or (2) x and y are intersecting and for which either
x is a proper subset of y or y is a proper subset of x, or (3) x = y. Hence, the general term

of {an}n>0 = {1,1,2,7,26,91,...} is a, = { n;—l } + 1 (See Haye [9]). From the above
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identities, we obtain identities of Stirling numbers of the second kind as follows:
n+1 n n—11 .-
Uit s e
n+1 n n—11] _
() {5}l 5 )
n+1l | n n—11 .2
Uit ela et
Sequence A162723, {an}n>0 = {1,1,2,16,116, 676, ...} is defined by a,, = 9a,—1 —26a,—2+
24ay,—3 with initial conditions ag = a3 = 1 and ay = 2. Its characteristic polynomial p(t) =

t3 +9t2 — 26t + 24 has roots 2, 3, and 4. Thus, we apply (2.9)-(2.11) for k = 3 to the sequence
and obtain

anp —6ap_1 +8an_o=4- 3n—27
an — Tap—1+12a,,_0 =17 2”_2,

an — Ban_1 + 6ay_o = 3 - 4772,

respectively.

If a sequence {ay }n>0 satisfies the linear recurrence relation of order 3:
an = 2(k + Van_1 — (k* + 3k + Dap_2 + k(k + an_3

for some positive integer k > 1, then roots of the characteristic polynomial P3(t) =t — 2(k +
D2+ (k?+3k+1)t—k(k+1) are 1, k and k+ 1. Thus, Corollary 2.3 shows that the sequence
satisfies identities

an — 2k + Dap—1 + k(k + 1ap—2 = az — (2k + 1)aq + k(k + 1)ao, (2.12)
an — (k+2)an_1+ (k+ Dan_o = k" (az — (k+2)a; + (k4 1)ag), (2.13)
an — (k+Dan_1 4+ kan_o = (k+1)"%(ay — (k + 1)a; + kag). (2.14)
In particular, if ag = a; = 1 and ag = 2, then (2.12)-(2.14) can be written as
an — 2k + Dan_1 + k(k + Dap_o = k* =k + 1, (2.15)
an — (k+2)an_1 + (k+ 1)an_o = k"2, (2.16)
an — (k+ ap_1 + kan_o = (k+1)"72, (2.17)

respectively.

Example 3. Consider Sequence A000325, {an}n>0 = {1,1,2,5,12,27,58,...}, which is de-
fined by a, = 2" — n and satisfies the recurrence relation

ap = 4ap—1 — dap—2 +2ap_3, n >3,

with initial conditions agp = a; = 1 and ay = 2. DeSario and Wenstrom [8] have shown that
an is the number of different permutations of a deck of n cards that can be produced by a
single shuffle. From Lascoux and Schutzenberger [15], one may see that a,, is also the number
of permutations of degree n with at most one fall, called Grassmannian permutations. Since
the corresponding characteristic polynomial equation t3 — 4¢3 + 5¢t> — 2 = 0 has solutions 1,
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1, and 2, we may use (2.16)-(2.17) (Note (2.15) and (2.16) are identical for £ = 1) and obtain
identities

ap — 3an-1+2ap,-2 =1,

ap — 201+ ap_2 = 2n72’

respectively.

For k = 2, we obtain Sequence A129652, {a,}n>0 = {1,1,2,7,26,91,...} from (2.15)-(2.17).
This sequence and its three identities have been presented in Example 2. Similarly, if £ = 3,
we get Sequence A162725, {an}tn>0 = {1,1,2,9,46,221,...}, which is defined by

an = 8an_1 — 19a,_o2 + 12a,,_o.
Hence, there hold

Ap — Tap_1+ 120,20 =7,
ap — Sap—1 +4a,_2 = 371—27
an — 4ap—1 + 3ap_o = 4772,
3. AN ALTERNATIVE METHOD USING THE GENERATING FUNCTIONS

Let {an }n>0 be the linear recurring sequence defined by (1.1). Then its generating function
P(t) can be written as

r—1 n I
Pt)={ao+ Y |an—Y _ pjan—j | "}/ {1 =D pit'}. (3.1)
n=1 j=1 j=1
Hence, we have the following result.

Proposition 3.1. Let the characteristic polynomial of the linear recurring sequence {an}n>0
defined by (1.1) be p(t) =1II_,(t — «;). Then the denominator of the generating function P(t)
of {an}n>0 equals II7_, (1 — ayt).

The proof is straightforward and omitted. Based on this fact, we may give the following
method, which is an alternative method of that presented in Section 2. The equivalence of
two methods will be shown later.

Proposition 3.2. Let {a,}n>0 be a sequence with the generating function P(t) = A(t)/B(t),
in which A(t) can be expressed as a formal power series and B(t) is a non-null polynomial.
Suppose that B(t) can be factored as B(t) = qi1(t)qa(t) with

a(t) =go+ gt +got> + -+ gt",
then

implies

or equivalently,
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A(t)
a2 (t)

Observe that no formal proof is necessary, since everything depends on the “rules of the
generating function” and the “coefficient of operators”, which are immediate. If we are able
to extract the coefficient of ¢" from A(t)/g2(t) then we have obtained a (non homogeneous)
recurrence relation of order r by using Proposition 3.2.

First, let {a,}n>0 be the linear recurring sequence defined by (1.1) and let P(t) be the
generating function. From equation (3.1) and Proposition 3.1, we have

ao+ i) (ai - 2221 pﬂi—]’) t!
H;Zl(l - Oéit) ’

Jgoln + g10n—1 + -+ + grQp—p = [tn] (3'2)

P(t) =

and so

ao+ S0} <ai - Zé:l pjai—j) t!
POIGZH(1 — agt) = — : (3:3)

Multiplying out the left hand side of (3.3), we have

r—1
PO (1 — o) = an — an—1 Z it (=) ey ey = alr) (3.4)
i1

for all n > r — 1. Multiplying out the right hand side of (3.3), we have
r—1 % '
apa, + Z a; — ijai_j a; "
i=1 j=1

r—1 r—1 14
n—i n—i
= E aio,. — — E :E :pjai—jar
=0 =1 j=1

r—1 r—1 r—1—
n—1i n—i—j
= g a;o —g a; g pjo, Y
1=0 i=0 =1

r—1—1

r—1
_ n—r+1 r—1—1 1 r—1—i—j
= E a; | Gy + E (—1) § : Oy =7~ Qg | Oy !
=0 j

7j=1 1<k < <k;<r

r—1

_ n—r—+1 . r—1—1

= E a; | (-1) g Qfy * " Oy
=0

1<k 1< <kp_1—;<r—1
_ on—rdl (1)
= a] a,’q (3.5)

with the convention that (—1)" !~ Zl<k1<-~~<kr_1_i<r Qg -+ O, =1fori=7r—1. From

r—1—i
(3.3), (3.4) and (?7), we have all) = a:}_rﬂawl for all n > r, which is the same as the result
in Theorem 2.1. So, the method in Proposition 3.2 is indeed an alternative method of that
presented in Section 2 for linear recurring sequences.

Let P(t) = A(t)/B(t) be the generating function of sequence {an}n>0, in which B(t) is
a non-null polynomial of degree r. Then, B(t) can be factoring into a product of r linear
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10 WUN-SENG CHOU AND TIAN-XIAO HE

factors defined in C, which implies that 2" identities can be constructed by using the method
shown in Proposition 3.2. In other words, there are 2" identities in C can be found from the
linear recurring sequences defined by the homogeneous recurrence relation (1.1) of order r,
because the generating function of {a }n>o is A(t)/B(t) with B(t) =1->"_, pjt’. The more
important is that this method can be applied to any sequence possessing a rational generating
function, or even the numerator is a formal power series. The latest case is the most interesting
case in this section. We demonstrate it with some examples as follows.

Example 4. For each nonnegative integer n, the Fine number f, is considered to be the
number of rooted trees of order n with root of even degree. In [7], the generating function of
Fine number sequence { fy, }»>0 is presented as

14214t

Ft) = 3.6
®) 2(t + 2) (36)
Using Faa di Bruno’s formula, Chou, Hsu and Shiue [5] give the expressions
4t + 22 + 2 (An—1))4n
_ Zn23 n( n—1 ) (37)

2t(t + 2)

and

I~ (—)"F 2k
n =35 71 1\on—Fk Y Z 27
f Qg(kJrl)Q”—k(k) "
with fo = 1 and f; = 0. Using Preposition 3.2 and equations (3.6) and (3.7), we may obtain
an identity of Fine number f,, for n > 1 as follows

o1+ 2fn = n-lu <2:> = Cy, (3.8)

where C), is the nth Catalan number.

For any non-negative integer n, the Riordan number r, can be viewed as the number of tall
bushes with n 4 1 edges (see Bernhart [3]). Let R(t) =Y 2 rnt™ be the generating function
of Riordan numbers. As shown in [5],

14t — 120 32

R(t) 21+ 1)

(3.9)
with

[

NIE

] (2n — 2k — 2)!3%

(n—k—1)(n—2k)\k!"

(3.10)

o0 tn
2 —
VI-2t-32=1-3%

n=1 k=0

[3] also gives that

- nil Z“:(_l)m( n+n}b )( 2nn—_2z )
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Using Preposition 3.2 and equations (3.9) and (3.10), we obtain an identity of Riordan number
ry for n > 1 as follows

[241]
1 (2n — 2k)!13%
n n_l = — . 3.11
Tn T 2";:0 (n— k)l(n — 2k + 1)I&! (3:11)

For any non-negatitive integer n, the central Delannoy number d,, is defined by the number
of lattice paths on the plane from (0,0) to (n,n) with steps (1,0), (0,1), and (1,1). Let
D(t) = ;7 dnt"™ be the generating function of central Delannoy numbers. Then we have
(see Banderier and Schwer [2])

1 V1—6t+t2

o= - 3.12
W VI—6t+12  1—06t+1 (3.12)
and
i=0
Using the same method in [5], we have
= 3”15” [%] (_1)1

1—6t+t2=1 4 . 3.13
V16t +t2 + nzl on—1 v 3%(n —i — 1)/(n — 20)li (3.13)

From Preposition 3.2 and equations (3.12) and (3.13), we obtain an identity of the central
Delannoy number d,, for n > 2 as

n 12 i
5 (=1 (3.14)

271 £ 3%i(n — i — 1)!(n — 20)lil’

dp, —6dy—1 +dp—2 =

Note that the roots of 1 — 6t + t2 are 3 + /2. So, one can obtain other two identities for the
central Delannoy numbers using Preposition 3.2 and equations (3.12) and (3.13) similarly.
4. EXTENSIONS

In the last section, we will apply the following two techniques to derive more identities or
to give hyperbolic expressions of identities from the results obtained in Sections 2 and 3.

Proposition 4.1. Let sequence {an}n>0 be defined by the linear recurrence relation (1.1)
of order v and let the characteristic polynomial P(t) = " — 37" p;jt"™ have r roots a;
(j =1,2,...,7r), where the root set may be multiset. Denote

a) = af ™V —a;_1af™V (2<j<r)

and ag) := a,,. Then there hold identities

,
ag) | anyr — ijan-l-k:—j = O‘?iﬂrlav@l (4.1)
j=1

for any integer k satisfying n + k > r, where
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12 WUN-SENG CHOU AND TIAN-XIAO HE

r—1
ag) = ay — Op_1 E o; + ap—o g Q0 — Ap—3 g ooy
i=1 1<i<j<r—1 1<i<j<k<r—1
-1 -1
+eet (_1)7" an—r—l—le:l (67} (4.2)

forn>r—1.

Example 5. In Section 2 (see the paragraphs after Corollary 2.2), we obtain two identities
for Pell number sequence {P,},>0, which has the characteristic polynomial ¢* — 2¢ — 1. From
Proposition 4.1, for kK = 1, we immediately have identities:

Pup1 = Py = (24 V2)Por = (1= vV2)" 1,
Po1— Py —(2—V2)Pyy = (1+V2)" L.

Similarly, for Jacobsthal number sequence {.J,, },>0 and Fibonacci number sequence {F}, },>0,
there hold identities:

Jng1 — Adpg = (=171,
Jn—i—l —Jp1 = 2n717

n—1
3+5 1-+5
Fn — Fn—: )
R ST ( : )
n—1
3-V5 1+v5
Fn+1_ 9 Fn—1:< 9 ) .

From [10], let a {ay}n>0 be linear recurring sequence of order 2 satisfying the linear recur-
rence relation,

(p = Pap_1 + qap_9. (4.3)

and denote by a and 3 the two roots of the characteristic polynomial p(t) = t> — pt — ¢, then
a1—pBao n _ [ a1—aag n ; .

an = (aﬂ)o‘ (“e) 57 if a5 (4.4)
naia™ "t — (n — 1)apa™, if a=p.

Inspired by [1, 4, 11, 13], denote

a0) = vae', BO) = -z’ (4.5)

for some real or complex number 6, where ¢ > 0. For the case of ¢ < 0, we denote

—bel \/—pbe? or
(a(0),8(0)) = { E\_/;b_*béﬂ _I\)/fb)e_e) ;O’r‘ ]IZ i 8:

for some real or complex number 6, and the remaining process is similar, which we leave for
the interested readers. From (4.5) we may have

p(0) = 24/qsinh() (4.6)

and define a parametric expression of {a,}n>0 as

288



ON THE CONSTRUCTION OF NUMBER SEQUENCE IDENTITIES 13

a4 (0) = 2,/Gsinh(0)an_1(0) + qan—2(0), ao(0) = ag, ay(0) = 2”;\@ sinh 6. (4.7)

Obviously, if

I | p
f = sinh (2\/§> ; (4.8)
{an(8)}n>0 is reduced to {ay, }n>0-

Substituting expressions (4.5) into (4.4), we obtain

an(6)
=0/ ar(e" — (=1)"e ™) + \/gag(e" M + (=1)me” (" 1P)
e +ef
{ 40 o (ar sinhnf + \/gag cosh(n — 1)), if nis cven;
T;: (al coshnf + ,/qag sinh(n — 1)9) , ifnisodd.

(4.9)

Some properties and extensions of {a,(#)},>0 can be derived from (4.9). For instance, from
the first equation of (4.9) and using r = —e~2?, we have

n—1
an(0) = ¢D/? <ale(n pel—1" = +\[a0€n 2)91 1j7a > ’

which enables us to extend the definition of an(Q) to nonpositive values of n.

Since «(f) and (€) shown in (4.5) are two roots of the characteristic polynomial equation
22 — p(0)r — ¢ = 0, we may write (4.3) as

an(0) = ((0) + B(0))an—1(0) — a(8)5(0)an—2(8), (4.10)
wheﬁ"e a(f) and B(0) satisfy «(0) + 5(0) = p(#) and «(0)5(0) = —q. Therefore, from (4.10),

an(6) = a(0)an_1(8) = B(O)(an1(0) — a(B)a 2(6), (4.11)
which implies
Proposition 4.2. A sequence {a,(0)}n>0 of order 2 satisfies the linear recurrence relation

(4.3) if and only if it satisfies the non-homogeneous linear recurrence relation of order 1 with
the form

an(0) = a(0)an_1(0) + d(0) 8" (6), (4.12)

where d(0) is uniquely determined.

Proof. The necessity is clearly from (4.11). We now prove sufficiency. If the sequence {a,(0)}n>0
satisfies the non-homogeneous recurrence relation of order 1 shown in (4.12), then by substi-
tuting n = 1 into the above equation we obtain d(8) = a1(0) — a(f)ag. Thus, (4.12) can be
written as

an(6) = a(B)an—1(6) = (a1(0) — aB)ao(6))5"(6), (4.13)
which yields
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14 WUN-SENG CHOU AND TIAN-XIAO HE

a—1(0) — a(B)an—2(0) = (a1(8) — (B)ao(6))8"*(0). (4.14)

Multiplying the both sides of (4.14) by £(f) and evaluating the difference of the resulting
equation and (4.13), one immediately knows that {a,(6)},>0 satisfies the linear recurrence
relation of order 2: ay, () = p(0)an—1(0)+qan—2(0) with p(0) = a(0)+£(0) and ¢ = —«a(0)5(0).
U

Example 6. As an example, we may consider the parametric Fibonacci numbers defined by

Fn(g) = 2smh(9)Fn,1(9) + Fn,Q(Q), Fy=0F = 251nh(9)
Here o) = ¢’ and B(A) = —e=?. From (4.12) there holds an identity for the parametric
Fibonacci numbers

Fo(0) = " Fym1(0) + 2(—1)" ' sinh(f)e~ ("D,
or equivalently,

—e 9F,(0) + F,_1(0) = 2(—1)"e " sinh(h).
Similarly, we have

e’ F,(0) + F_1(0) = 2¢™ sinh(9).
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Abstract
Sensitivity analysis for generalized setvalued variational inclusions based
on (A,n) resolvent operator technique is investigated. The obtained re-
sults encompass a broad range of results.

Keywords: Sensitivity analysis, generalized setvalued variational inclu-
sions, maximal relaxed monotone mapping, (A, n)-monotone mapping,
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1 Introduction

There exists a vast literature on the approximation solvability of nonlinear vari-
ational inequalities as well as nonlinear variational inclusions using projection
type methods, resolvent operator type methods or averaging techniques. In
most of the resolvent operator method, the maximal monotonicity has played
a key role, more recently the notions of A-monotonicity and H-monotonicity
have not only generalized the maximal monotonicity, but gave a new edge to
resolvent operator methods. In [12] the author generalized the recent notion of
A-monotonicity to the case of (A,n)-monotonicity while examining the sensi-
tivity analysis for a class of non-linear variational inclusion problems based on
the generalized resolvent technique. Resolvent operator techniques have been
in use for a while in literature, especially with the general framework involving
set valued maximal monotone mapping, but it got a new empowerment by the
recent development of A-monotonicity and H-monotonicity, see [2, 3, 4, 8, 17].
Dafermos [1] studied the sensitivity property of solution of a particular kinds
of variational inequality on a parameter which takes values on an open subset
of Euclidean space R¥. Tobin [14], Verma [15, 20], Salahuddin [11], Salahud-
din and Khan [7], Kyparisis [7], Robinson [10], Moudafi [9], Kimura and Yao
[5, 6] and Yen and Lee [23] studied the sensitivity analysis of various type of
variational inequalities. In this paper, we present the sensitivity analysis for
(A, n)-monotone variational inclusion based on the generalized (A, n)-resolvent
operator technique. The notion of (A, n)-monotone mappings upgrades the no-
tion of A-monotonicity [16, 18], which generalized the well-known class of max-
imal monotone mappings to maximal relaxed monotone mappings [12]. The
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obtained results generalize a wide range of results on the sensitivity analysis for
setvalued variational inclusion.

2 (A, n)-Monotonicity

We intend in this section, to explore some basic properties derived from the
notion of (4, n)-monotonicity. Let X denote a real Hilbert space with the norm
Il - || and inner product (-,-). Let n: X x X — X be a single-valued mapping.
The map 7 is called 7-Lipschitz continuous if there exists a constant 7 > 0 such
that

[n(u,0)| < 7llu—vf,  YVuvelX

Definition 2.1 [21] Let n: X x X — X be a single-valued mapping and M :
X — 2% be a multivalued mapping on X. The map M is said to be

(1) (r,n)-strongly monotone if

(w* —v*, n(u,v)) > rllu—o|? V(u,u"), (v,v*) € Graph(M);

(i) n-pseudomonotone if
(v, n(u,v)) = 0,

implies
(us n(u,v)) =0, VY(u,u®),(v,v") € Graph(M);

(iii) (m,n)-relaxed monotone if there exists a positive constant m such that
(u* —v*, n(u,v)) > (—m)|lu—vl|? Y(u,u*), (v,v*) € Graph(M).
(iv) n-firmly nonexpansive if
lu—v|? < (u* —v*, n(u,v)) Y(u,u*), (v,0*) € Graph(M).

Definition 2.2 A mapping M : X — 2% is said to be mazimal (m,n)-relazed
monotone if

(i) M is (M,n) monotone;
(i) for (u,u*) € X x X and
(w =" n(u,v)) = (=m)u—vl?  V(v,0) € Graph(M);
we have u* € M(u).

Definition 2.3 Let A : X = X andn : X x X — X be two single-valued
mappings, the map M : X — 2% is said to be (A, n)-monotone if

(i) M is (M,n) relaxed monotone;
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(i) R(A+ pM) =X for p>0.

Note that alternatively, the map M : X — 2% is said to be (A, n)-monotone if
(i) M is (M,n)-relaxed monotone;
(i) A+ pM is n-pseudomonotone for p > 0.

Proposition 2.4 [22] Let A : X — X be an (r,n)-strongly monotone single-
valued mapping and M : X — 2% be an (A,n)-monotone mapping. Let 1 :
X x X — X be 1-Lipschitz continuous single-valued mapping. Then M is
mazximal (m,n)-relazed monotone and (A+ pM)X = X for 0 < p < L.

Proposition 2.5 [22] Let A : X — X be an (r,n)-strongly monotone single-
valued mapping and M : X — 2% be an (A, n)-monotone mapping. In addition,
let n : X x X = X be 7-Lipschitz continuous. Then (A + pM) is mazimal
n-monotone for 0 < p < .

Proposition 2.6 [22] Let A: X — X be an (r,n)-strongly monotone mapping
and M : X — 2% be an (A,n)-monotone mapping. If in addition, n: X x X —
X is T-Lipschitz continuous, then the operator (A + pM)~1 is single-valued for
0<p< .

Definition 2.7 Let A : X — X be an (r,n)-strongly monotone mapping and
M : X — 2% be an (A, n)-monotone mapping. Then the generalized resolvent
operator ng’ﬁ/[ : X = X is defined by

TP () = (A + pM) ™ (u).

Definition 2.8 The map T : X x X x L — X is said to be r-strongly monotone
with respect to A in the first argument if there exists a positive constant r such
that

(T(e,u, N =Ty, w, ), Al@)=AW)) = rle—yl? ¥ (@,9,u,)) € XxXxXxL.

Proposition 2.9 [22] Let n: X x X — X be a 7-Lipschitz continuous map-
ping, A : X — X be an (r,n)-strongly monotone mapping, and M : X — 2%
be an (A, n)-monotone mapping. Then the resolvent operator RZ:% X > X s

(=—==)-Lipschitz continuous that is
r—pm

T

17574 (w) = TR ()] <

lu—2|, forall u,ve X.
r—pm

Definition 2.10 The map f : X x L — X is said to be (p, q)-relaxed cocoercive
if there exist constants p and q such that

(Flu, ) = f(v,A),u = v) = =pll f(w,X) = f(o, )] + gllu — o],
for all (u,v,A\) € X x X x L.
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3 Sensitivity Analysis

Let T,V,Q : X x L — 2% be three setvalued mappings, N : X x X x L — X
a nonlinear mapping and M : X x X x L — 2% be an A-monotone mapping
with respect to first mapping 7', where L is a nonempty open subset of X.
Furthermore let  : X x X — X be a nonlinear mapping and f: X x L — X
be a map then the problem of finding an element v € X, z € T(u,\), y €
V(u,A\),w € Q(u, A) such that

f(u,A) € N(z,y,\) + M (u,w, \) (3.1)

where A € L is the setvalued parameter is called a generalized setvalued varia-
tional inclusions.

The solvability of problem (3.1) depends on the equivalence between (3.1)
and the problem of finding the fixed point of the associated generalized resolvent
operator.

Note that if M is (A,n)-monotone, then the corresponding generalized
resolvent operator Jgﬁ’j\f in the first argument is defined by
TN () = (A+ pM(w) " (u),  YueX, (3.2)
where p > 0 and A is an (r,n)-strongly monotone mapping.

Lemma 3.1 [22] Let X be a real Hilbert space and n : X x X — X be a
T-Lipschitz continuous nonlinear mapping. Let A : X — X be (r,n)-strongly
monotone and M : X x X x L — 2% be (A,n)-monotone in the first variable

with m. Then the generalized resolvent operator associated with M(.,v,\) for a
fixred y € X and defined by

TN () = (A4 pM (50, ) M), Vue X,

is (Tf;m ,n)-firmly nonexpansive.

Lemma 3.2 Let X be a real Hilbert space, T,V,Q : X — 2% be the set valued
mappings, let A: X — X be (r,n)-strongly monotone and M : X x X x [, — 2%
be (A, n)-monotone in the first variable. Let f : X x L — X be a single valued
mapping. Let n: X x X — X be a T7-Lipschitz continuous nonlinear mapping
then the following statements are mutually equivalent:

(i) An element uw € X,z € T(u,A), y € V(u,\),w e Q(u,\)
is a solution to (3.1),

(i) the map G : X x L — X defined by
Glu, N) = T3 Y (Aw) = pN (2,9, 0) + pf (u, V)

has a fized point.
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Proof. Let u € X,z € T(u,\),y € V(u,A),w € Q(u, \) be a solution of (3.1).

(3.1) < f(u,\) € N(z,y,\) + M(u,w, \)
0€ N(z,y,\) — fu, ) + M(u,w, \)
0 € pN(z,y,\) — pf(u, A) + pM (u,w, \)
0€ —A(u) + pN(z,y,\) — pf(u, \) + A(u) + pM (u, w, \)
0€ —(A(u) = pN(z,y, ) + pf (u, A)) + (A + pM (-, w, A)(u)
u= (A+pM(,w,N) 7 (Au) = pN(2,y,A) + pf(u, V)
w= Ty (AG) = pN @,y ) + pf (u, 1)

From the Lemma 3.2, we see that (3.1) is equivalent to the fixed point problem

of type
u € G(u, ).

Therefore
W’M("w)‘)
G(u,\) =J, 'y (A(u) = pN (2,9, \) + pf(u, \))
[}

Theorem 3.3 Let X be a real Hilbert space andn : X x X — X be a 7-Lipschitz
continuous nonlinear mapping. Let A : X — X be (r,n)-strongly monotone and
s-Lipschitz continuous and M : X x X x L — 2% be (A, n)-monotone in the
first variable with m. Let T,V,Q : X x L — 2% be the setvalued mappings and
H-Lipschitz continuous with v,0,& constants respectively. Let f : X x L —- X
be the (p,q)-relaxed cocoercive and Lipschitz continuous with constant (. Let
N : X x X x L — X be a-strongly monotone with respect to A and T and
B-Lipschitz continuous in the first variable and let N be p-Lipschitz continuous
in the second variables, and k-relaxed monotone with respect to V. If in addition

72 () = TN @) < llwr — |
YV (u,v,A) € X X X x Lywy € Qu, \),wa € Q(v, A). (3.3)
Then
IG(u, ) — G(v, V]| < Ollu—v|, V (u,v,\) € X xX XL, (3.4)

where

T

9:

T_pm[\/SQ—2pa+p2ﬂ272+p(2]+t<1,Q:B+D,t:5§

B =+/(1-2q)+(2(1+2p)

D =+/1+ 2k + p?02?,
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‘ 7a72 —r(l—=t)(m(l —t) +Qr) ‘
T (1 — 1) + Q)
Vet —r(1—t)(m(1 —t) + Q7))2 — (7252 — r2(1 — t)2)(B29272 — (m(1 — t) + Q7)2)
22— ({1 = 1) + Or)?
ar? > r(1=t)(m(1—t)+Q7)++/ (7252 — r2(1 — 1)2)(62+272 — (m(1 — t) + Q7)2)
ar? > r(1—t)(m(l —t) 4+ Qr)

Ts > r(l —1t)
Byt >m(l —t)+ Qr
t<l1.

Consequently for each A € L, the mapping G(u, A) in the light (3.4) has a
unique fized point z(\). Hence in light of Lemma 3.2, z(\) is a unique solution
to (8.1). Thus we have

G(z(N\),\) = z(N).

Proof. For any elements (u,v,\) € X X X x L and z1 € T'(u, \), 2 € T'(v, \),
Y1 € V(U,)\), Y2 € V(Uv)\)7w1 € Q(U,)\)Jﬂg € Q(’L)v)\)v we have

1G (u, N =G(w, M| = 774 N (A(u)=pN (@1, 51, A +pf (u, V)

— TR N (A@) — pN (2,2, X) + pf (0, M)
< TP A ) = pN (1,91, 0) + pf (u, N)] = ST [Aw)
— pN(z2,y2,A) + pf (v, V]|l
HIZA I [AW) = pN (2,92, A) + pf (0, V)] =TTV [A ()
— pN(x2,92,A) + pf (v, N]||
1A (w) = A(w) ~p(N (21, y1, )= N (22, y2, A)+p(f (u, )= F (0, X)) | +8] w1 —ws|

T

IN

T —pm
r

< [I|A(uw) = A(v) — p(N(21,y1,A) — N(z2,91, )|l

r—pm
+oll = N2, y1,A) + N(@2,y2,A) + f(u, A) = f(0, Ml + dflwr — wa|
: HIA(U)_A(’U>_p(N(x1ayla )\)_N(xmy17)‘))H"’PH“_U_(N(x%yla)‘)

IN

r—pm
=N (w2, y2, \))|| + pllu = v = (f (u, A) = f(v, )] + 6llwr —waf[. — (3.5)
Since T, V, Q) are H-Lipschitz continuous and N is Lipschitz continuous with
respect to first and second argument, f is Lipschitz continuous, we have
[N (w1,y1,A) = N(22, y1, M| < Bllz1 — 22|
< BH(T(u, A), T(v, A))
< Byllu =, (3.6)
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||N(x27y13 )‘) - N(x23y2> >\)H < /’LHyl - y2||
< pHV (u,A), V (v, )

< pollu —of, (3.7)
I[f(; A) = f (0, )| < Cllu— o, (3.8)
[wy = wall <H(Q(u, A), Q(v,A)) < &lju— . (3.9)

The a-strong monotonicity of N with respect to A,T and (3.6), we have

[A(u) = A(v) = p(N (21,91, A) = N(22,y1, )|I> = [[A(w) — A(0)[[* = 2p(N (1,91, A)
— N(22,y1,A), A(u) — A(v))
+ PN (21,91, A) = N(z2,y1, A

< (s = 2pa+ p* 879 u — |,
(3.10)

By k-relaxed monotonicity of N with respect to V', and (3.7), we have
||’U,*’U*(N($27y1, A)iN(x%yQa A))”2 - ||U7U||272<N('T2) Y1, A)fN(‘T%yQ’ )\),U*’U)
+||N(x2ayla )‘) - N(an Y2, )‘)HZ
< flu—ol® + 2kllu — o|* + p*0®|lu — vf|?
< (14 2k + p20?)|lu — ). (3.11)
Again by (p,q)-relaxed cocoercivity of f, and (3.8), we have
lu—v=(f (u, N = f (0, P = Jlu=v?=2{f (u, \) = £ (0, A), u=v) -+ f (u, \) = f (0, ) ||
< = o+ 201 () = (o, NI = 2lla — vl]2 + £, A) — Fw, 22
< (1= 2g)lu—l* + 2p¢*|Ju — o[> + ¢*[|lu — v|®
< ((1=29) + (1 + 2p)lu = v||*, (3.12)
From (3.5), (3.9),(3.10),(3,11) and (3.12), we obtain
1G(u, A) — G, N < Bl — o]

where

-
0= ——[\V/s2 — 2pa+ p2B292 + pQ + t < 1, (3.13)
= pm)! |
where
D = /1+ 2k + p202
B =+/(1—-2¢) + 2(1+2p)
and

Q=B+ D,t =5t

Since 6 < 1, it concludes the proof. m
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Theorem 3.4 Let X be a real Hilbert space, A : X — X be (r,n)-strongly
monotone and s-Lipschitz continuous and M : X x X x L — 2% be (A,n)-
monotone in the first variable with m. Let T,V,Q : X x L — 2% be the H Lips-
chitz continuous with respect to v,0,€. Let f: X x L — X be the (p, q)-relaxed
cocoercive and Lipschitz continuous with constant (. Let N : X x X x L — X be
a-strongly monotone with respect to T and A and [-Lipschitz in the first vari-
able and let N be p-Lipschitz continuous in the second vartables, and k-relaxed
monotone with respect to V. Furthermore let n: X x X — X be a 7-Lipschitz
continuous. In addition if

M(. w1, SM (L wa A
LI () = TR )] < Gy — s

YV (u,v,A) € X x X x Lyw; € Qu, \),ws € Q(v, N).
Then

IG(u, ) — G(v, ]| < Ollu—n|, V (u,v,\) € X xX XL, (3.14)

where

0:

[Vs2 —2pa+ p2B242 + pQ +t < 1,Q = B+ D,t = 6¢
r—pm

B=+/(1-2q)+*(1+2p)

D = /1+ 2k + 202
‘ _on'2 —r(1=t)(m(l —t) +Qr) )
B27272 — (m(1 —t) + Qr)?

Viar2 —r(1—t)(m(l —t) + Q7))2 — (1252 — r2(1 — )2)(B29272 — (m(1 — t) + Q7)2)

824272 — (m(1 —t) + Qr)?
ar? > r(1—t)(m(1—t)+Q7)++/ (7252 — r2(1 — 1)2)(829272 — (m(1 — t) + Q7)2?)
at? > r(1—t)(m(1l —t) 4+ Qr)

T8 >r(l —1t)
Byt > m(l —t)+ Qr
t<1.

If the mapping A — N(xz,y,\) and A — JZM( RO N T(u,\), A —

V(u, Ay, A = flu, A), A = Q(u, \) are continuous (or szschztz continuous) from
L to X, then the solution z(\) of (3.1) is continuous (or Lipschitz continuous)
from L to X.

299



ANASTASSIOU ET AL: SET VALUED VARIATIONAL INCLUSIONS

Proof. From the hypothesis of theorem, for any A, A* € L, we have

12(A) = 29I = [G(2(A), A) = G(2(A7), A7)
= [1G(z(A); A) = GEAT), M+ 1G(2(A7), A) = G(z(A7), AT
= 0llz(A) — 2(A )II+HG( (A, A) = G(z(A"), AT

It follows that
IG(z(A%), A) = G(2(A*), A%)]| =
TR G EODID (AN pN (@(2(X%), A), y(2(A%), X), N)+pf (2(A%), A)

— R EODADAD (A (A) = pN (w(2(A), A7), y(2(0), A7), A)+p f(2(A), A) |
< IR EADINN (A (A) = pN (@(2(A), A), 5(2(X), A), A) +pf(2(X), M)

= JIA DN (A (X)) = pN ((2(N), M), 5(2(N), A), ) +pf (2(A7), X))
A EAD DN A () = pN (@ (2(A7), A7), y(2(A), A), X)+p f (2(X%), A1)
— I ORI A () = pN (2 (2(X7), A7), 52 (A7), A7), X )+ f (A7), A)]|

< NGO, X, y(00), 0,2 = Nz, A7), 9((0), 47, 3|
1), 0) = ), X))
H TP EADIND L)) = pN ((2(N), A), y(2(A), A7), X)+pf (2(A"), A")]

— AR CEODADAD A () —pN (@(2(N), A), y(2(N), A, )4 f (2(AF), A)] -

Hence, we have

® pT * *
[2(A)=2(A)| < W[”N(@"(z@ ), A), y(2(A7), A), A)
N (2(2(A), A7),y (2N, X))+ £ (2N, 0) = F(2(A), A9)]]
+—||J" ATCEOD AN A ()= pN (@ (2(AF), M), (2 (XF), NN ) +pf (2(A%), A)]

— PO EODATAI A (X)) = pN (2(2(A7), A7), y(2(A7), A7), A ) o (2(A%), A .
This completes the proof. m
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Abstract

We evaluate explicity certain quantities regarding the Brownian mo-
tion process on the n-dimensional sphere of radius a. First we review the
transition densities of the process. Then we calculate some probabilistic
quantities (e.g. moments) of the exit times of specific domains.

Key word and phrases: n-dimensional sphere, stereographic projection
coordinates, Brownian motion, exit times, transition densities, reflection
principle

1 Introduction

1.1 The n-Sphere
Let n € N={1,2,3,...}. The n-dimensional sphere S™ with center (cy, ..., ¢pt1)
and radius a > 0 is the set of all points 2 € R"*! satisfying

(1 —c1)® 4+ + (Tny1 — Cny1)® = a”.

The most interesting case in applications is, of course, the case n = 2. For the
sake of comparison we will also discuss the cases n = 1 (i.e. the circle) and
n = 3. In some cases we will even consider the case of general n.

1.2 Stereographic Projection Coordinates
Consider the n-sphere, n > 2,

2 2 2 2
$1+'”+xn+(x”+1_a) =a.

To each point (1, ..., Zn, Tp+1) of this sphere, other than its “north pole” N =
(0,...,0,2a) we associate the coordinates

2ax 2axy,
51 PR 7§n =

20— Tpyy 2a — Tpa1
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Given the coordinates (&1, ...,&,) of a point on the sphere with Cartesian coor-
dinates (21, ..., Zp, Zn11), We have

4a2¢; 4a2¢, 20 (4 +E2)

T = s e Xy = , X = .
g+ 844 T+ 84 T T G+ 844

1.3 Spherical Coordinates
The points of the n-sphere
T an Ay, =a?
may also be described in spherical coordinates (61, ..., 0,—1, ¢) as follows:
e Forn=1, 1 =acosy, x3=asiny, where 0<p < 27.

e In general for n > 2
1 =acosb [[[_,sinb;, zo=al[_,sinb;, z=acosby_1[]_, sinb,,
for k=3,4,...,n
and x,41 =acosf,, where 0<6; <2m, 0<6; <m,
for i=2,3,...,n,

1.4 The Laplace-Beltrami Operator

In spherical coordinates: The Laplace-Beltrami operator of a smooth function
fon St is

1 0%f

The Laplace-Beltrami operator of a smooth function f on S? is

Aof = L ( Joo + focosp+ foo singo) . (1.2)

a?sinp \ sinp
The Laplace-Beltrami operator of a smooth function f on S is
1 1 0*f 1 o (of 0 (0f . 4
Asf = —5 4+ —— — | == sind — | ==si
af a2 sin? Lin2 0, 003 + sinfy 00, (5‘92 S 2) + Op <6<p S
(1.3)

In stereographic projection coordinates: The Laplace-Beltrami operator of a
smooth function f on S™, n > 2is

(@G ) [0 2n-2)  ~, Of
Anf = 16a* izlfg_ (§%+~~-+£ﬁ+4a2);§la&- '
(1.4)
In particular, for n = 2 we get
(@G raa?) (27 0%
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1.5 Brownian Motion on S™

The Brownian motion on S™ , starting from x € S™, is a diffusion (Markov)
process Xy, t > 0, on S™ whose transition density is a function P(¢,z,y) on
(0,00) x S™ x S™ satistying

orP 1

— =-A,P 1.

5 = 3 (1.6)
P(t,r,y) — 6.(y) as t— 0T, (1.7)

where A, is the Laplace-Beltrami operator of S™ acting on the z-variables and
0z (y) is the delta mass at z, i.e. P(t,z,y) is the heat kernel of S™. The heat
kernel exists, it is unique, positive, and smooth in (¢,z,y) [2].
1.5.1 Further Properties of the Heat Kernel P(¢,z,y)
It is well known that P(¢,xz,y) satisfies the following properties [2]

1. Symmetry: P(t,z,y) = P(t,y,x).

2. The semigroup identity: For any s € (0,t),

Pltoy) = [ Ploa2)Plt = s.2,)du(2)

where dy is the n-th dimensional surface area.

3. For all ¢t >0 and z € S™

[ Plsint) =1
4. Ast — oo, P(t,z,y) approaches the uniform density on S, i.e.
tlig.lo P(ta ‘Tay) = Inv

where A,, is nth dimensional surface area of S™ with radius a. It is well
known that [3]

27rk+1a2k+1 22k(k _ 1)!7.rk:a2k

A2k+1 = T, and A2k = (Qk — 1)' 7k eN

Finally, the symmetry of S™ implies that P(t, z, y) depends only on ¢t and d(z, y),
the distance between x and y. Thus in spherical coordinates it depends on ¢
and the angle ¢ between = and y. Hence

P(t,l‘,y) = p(t7 90)5

where p(t, ) satisfies

op 1 op  9*p
DL CAgp=—|(n—1 R A 1.
ot~ 200 T 942 (n=1)cotey Op + Op? (18)
and
lim aA, _1p(t, ) -sin™ ! o = §(p). (1.9)
t—0+

Here §(-) is the standard Dirac delta function on R.
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2 Explicit Form of the Heat Kernel

Reminder (Poisson Summation Formula). Let f(z) be a function in the
Schwartz space S(R), where S(R) consists of the set of all infinitely differentiable
functions f on R so that f and all its derivatives f() are rapidly decreasing, in
the sense that

sup |z|* ’f(l)(x)‘ < oo forevery k,1>0.
z€R

Then 1
Z f(x+2mn) = by Z F(n)exp(inz),

nez nez

where F'(£) is the Fourier transform of f(z), i.e.

+oo
FQ = [ f@exp(-igads, ¢k

— 00

2.1 The Case of S!

Proposition 2.1 The transition density function of the Brownian motion Xz, t >
0 on S with radius a is the function

1 n2t 1 n2t 1
t = — - ) e - R
plt,9) = 5 nezexp( o mcp) — ZN [exp ( M) cos(nm} —,

equivalently

p(t, ) = 1 g exp ——a2 (o — 27m)2 . (2.2)
V2t 2t
nez

For the proof see [5].

2.2 The Case of 5?2

We remind the reader of Legendre Polynomials P,(x), m =0,1,2,... since
we are going to use them later in the paper

P = gy [0~ 1))

Proposition 2.2 The transition density function of the Brownian motion X,
t >0 on S? with radius a is given by the function

471'10,2 2(271 =+ 1) exp <W) Pn(COS (p) (23)

a
neN

p(tp) =

For the proof see [1] or [5].

306



BROWNIAN MOTION ON THE SPHERE

D. Kouloumpou and V.G. Papanicolaou

2.3 The Case of S°

Proposition 2.3 Let X;, t > 0 be the Brownian motion on a 3-dimensional
sphere S3 of radius a. The transition density function p(t,p) of X; is given by

exp (5Lz) (p + 2nm)2%a?
) = ——=4— 2 —_—— 2.4
p( ) 410) (27Tt)3/2 sin © 7%(@ + nﬂ') €eXp 2% ) ( )
where 7 is the set of all integers. Equivalently,
i t(n? —1)
tp)=——FF" ——— 41 , 2.5
Pt %) = ~Torizig 21O (- + i) (25)
1 ) t(n? —1)
p(t,p) = i, 7%}nsm(ngp) exp (—2a2 . (2.6)

The function p(t,p) is analytic at ¢ = 0 and ¢ = 7. In fact

) 1 9 t(n? —1)
p(.0) = lim pltg) = gz > n?exp (—M

—0t
@ neN

and

. 1 9 n t(n? —1)
plt) = lim pl) = g S (1) e (—M .

For the proof see [5].

Reminder. The 3 function of Jacobi is
oo
I3(z,7) =142 Z exp (imrn?) cos(2nz),
n=0

where r € C, with Im {r} > 0. It follows that
1 t 0 p ti
o) = ————exp [ —= | Ly (£, 2 ).
p(t:¢) 472a3 sin P <2a2) dp ° (2’ 2a27r>

3 Expectations of Exit Times

Let X; be the Brownian motion in S™ and D a Borel subset of S™. The random

variable
T=inf{t>0| X; ¢ D}

is called the (first) exit time of D.
Reminder. If w(z) = E*[T], then u(z) satisfies

1
iA"u =-1, ulyp=0 (3.1)

(see, e.g., [8])
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Proposition 3.1 We consider the 2-dimensional sphere S? of radius a. Let
two circles pass through the North pole, such that in stereographic coordinates
are represented by the parallel lines & = b and & = ¢, where b,c € R, say
b < c. We consider the set D in S%, whose stereographic projection is

D={(,&) & ER and &e(bo)}.
Of course
8D:{(§1,§2)|§1 cR and §2=b or §2:C}.

If X, is the Brownian motion on S? of radius a starting at the point A, where
the stereogrpaphic projection coordinates of A are (£1,&2) € D and

T=inf{t>0|X,eD},

then

EAT] = f(&1,6) — 20 In (& + &5 + 4d%) (3:2)
where

1 [ g9(n, ¢) exp Zﬁ,) sin ”(fi‘b))
f(&1,&2) = ;/ ; ; 3
0 exp (chbl) sin? (”(52 7 )) + (exp (;’ft) cos (”(ﬁi; )) + 77)
1 [ 9(n,b) exp Zf},) sin ”(Ei_b))
i > 2 (m(€a—b) (€2-) 7| M
0 eXp(C_gbl)bln ("cz_b + (exp(ff}j)cos ("02_ ) —77)
(3.3)
and b o
—b)°1

g(£,1) = 24° In [(C ) — &l ey 4a2} (3.4)

Proof

The function
EA[T] = U(£17£2)

satisfies the differential equation

1
—AU =-1
2 2

with boundary conditions
U(fl,b) = U(§1,C) =0.

Here A, is the Laplace-Beltrami operator on S? expressed in the stereo-
graphic projection coordinates (see (1.5)). Hence the differential equation takes
the form

0’U  0°U 32a*

TET (&2 + 8 +4a2)? (3:5)
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However the function

Ui(&1,&) = —2a° In(&F + &5 + 4a®)

satisfies the differential equation (3.5). Thus

U(Sl? 62) = _2a2 ln(ff + 55 + 4022) + f(élu 52)7 (36)

where f(&1,&2) satisfies
o%f  0°f
+ 5 =0,
¢ " 08
with boundary conditions
f(€1,0) = 2% In(€2 + 0% +4a®) and  f(&1,¢) = 2 In(€2 4 % + 4a?). (3.7)

If we make the change of variables = =& and y = & — b and set the
function ¢(x,y) = f(&1,&2), then ¢(z,y) satisfies

%¢ 0%
922 o2 Oy? =0,

with boundary conditions
#(z,0) = 2a® In(x?® +b* +4a®) and é(z,B) = 2a® In(x? + ¢ + 4a?),

where (=c—0b.
Now let z = z+4yi and w = exp (%) Jle z= w Thus, if w = u+wvi, u,v €
R then

U = exp (?) oS (7;5/) and v =exp (?) sin (?) . (3.8)

Introducing the function ¥ (u,v) = ¢(z,y), it follows that 1 (u,v) satisfies

v | P
ou? 02

:O7

with boundary conditions

21
1/1(u,0):2a21n<5 nu+b2+4a> for u >0,
2

and
5212| \
2

w(u,0)2a21n< +c +4a), for u <O.

This is the standard Dirichlet boundary value problem for the half plane and it
is well known [6] that its solution is given by the Poisson integral formula for

the half-plane:
1 /°° )
o BT

10 gt L ugleb)
s =1 [ Tt [ aag

P(u,v) = dg,

or
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where

21 2
g(&,t) = 2a%In (ﬁr12|§| 4t —|—4a2) .
7r

Notice that g(—¢&,t) = g(&,t). Hence

Y(u,v) = 17r/0Oo ( 9(8. ) + g(f,b)g)2> dé,

v V24 (u+£)? v+ (u

where u, v are given in (3.8). Therefore

— L (T2 i (T2 [ (n,¢)
S p(ﬂ) (By)/o exp(zgw)smz(ﬂy)fgexp(m)cos(ﬂy>+n)z

e (ﬂ;) o (?) /ooo oxp (255 s (22) f(gej; (5 ) cos () ) -

B 5 =
ie.
ree =2 [ 0.0 esp (25 sn (5% d
1,82 ™ Jo 2méy 2 ((m(§2—b) &L (€2—b) 5 n
€Xp | tp ) S c—b + (exp | =3 ) cos L2 +n

s [ g(0.8) exp (255 s (25) .
s exp (27r£1) sin? (W(gz b)) T (exp (:S})) coS (”(Sz b)) 77)2
Therefore EA[T] e 6) 242 In (5% + 55 + 4a2) .
|

4 Hitting Probabilities

Let X; be the Brownian motion in S™, D C S", and T its exit time.
Reminder. If I' C 9D and wu(x) = P*{Xp € I'} then [4] u(z) satisfies

Apu=0, ulp=1, ulgppr=0.

Proposition 4.1 We consider the 2-dimensional sphere S? of radius a. Let two
circles passing through the North Pole, such that in stereographic coordinates are
represented by the parallel lines &5 = b and & = ¢, where b,c € R, with b < c.
We consider the sets D1, Dy in S?, whose stereographic projection are

Dy ={(&1,&) | & €R,E € (b,+00)}  and Do ={(&1,82) | & € R, & € (—o0,0)}.

Of course,

0Dy ={(1,62) | &1 €R, & =b} and 0Dy = {(&1,&2) | &1 € R, & =c}.
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Let X; is the Brownian motion on S? of radius a starting at the point
A, where the stereographic projection coordinate of A are

(&1,€2) € D1 N Ds.

If
T1 :1nf{t Z 0| Xt ¢D1}7T2 :1nf{t2 0| Xt ¢ D2}
and
T=inf{t>0| X, ¢ DiNDy},
then €y b
PAT =Ty} = S22 PAT =Ty =27 41
{ 1} =——, and { 2= (4.1)
Proof
The function
u(ér, &) = PAT =T}
is the unique solution of the differential equation
1
§A2U = O7
or (see (1.5))
?u  0%u
— + == =0 4.2
o "o~ 2
with boundary conditions
u(é1,0) =1 and wu(&,c)=0. (4.3)
Since (4.2)-(4.3) has a unique solution, (4.1) follows immediately. |

Remark 4.1 In stereographic coordinates a function is harmonic with respect
to Ao, (the Laplace-Beltrami operator of S?), if and only if it is harmonic
with respect to the standard Euclidean Laplacian. This fact is not true for
S",n > 3.

5 Reflection Principle on S" and Applications

The following notation will be used in Theorem 5.1.

Definition 5.1 For every A = (x1,%2,...,%ne1) € S™ we denote by A the
point  (x1,%a,...,—Tnt1) € S™, namely the symmetric of A with respect
to the (x1,xa,...,x,)-hyperplane.

Theorem 5.1 Let Xy, t > 0 be the Brownian motion on a n-dimensional
sphere (n>2), S™ ofradius a starting at the point

A:(Gl,...ﬁn,go) eD,
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where

D={(b1,...,0n_1,9) € S| 61 €[0,27),0, € [0,7] for i=2,...,n—1 and (,06(

If
T =inf{t >0 X; ¢ D},
then
PAT <t} =2P* {X; ¢ D}. (5.1)
Proof.
PAMT <t} =PA{T <t,X; ¢ D} + PA{T < t,X; € D}. (5.2)

However, if X; ¢ D then of course T < t. Thus,
PAT <t,X; ¢ D} = PA{X, ¢ D}. (5.3)
On the other hand, if we set

i X, if t<T;
Xt{Xt, it t>T,

where X; is given by Definition 5.1, then by the strong Markov property of
X;, Xy and X; have the same law. Hence,

PA{T<t,XtED}:PA{T<t,Xt€D},
but if X; € D then X: ¢ D. Hence,

PA{T<t,XtED}:PA{T<t,Xt¢D},

or

PA{T <t,% € D} = PA{X, ¢ D}. (5.4)
Therefore from (5.2), (5.3) and (5.4) we obtain that
PAT <t} =2P*{X, ¢ D}.

|
W Vi X i imi .
In the case of S! we can prove the next result in a similar manner

Theorem 5.2 Let Xy, t > 0 be the Brownian motion on a 1-dimensional
sphere S of radius a starting at the point o € D, where

D = (m,2m).
If
T=inf{t >0 X; ¢ D},
then
PY{T <t} =2P¥{X; ¢ D}. (5.5)
10
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5.0.1 Applications of the Reflection Principle

The reflection principle can help to calculate the distribution functions of cer-
tain exit times.

The case of S!
Let X; be the Brownian motion on a 1-dimensional sphere S' of radius
a starting at the point . If D = (w,27), then

™ T—@
P D)= [ aptto—pdo= [ a ity
0

—p

where p(t,) is the transition density function of the Brownian motion on S*
of radius a. Hence, form (2.1)

P{X,¢ D} = /lw a Lrla ZI:\I (exp (—Zjﬁ) cos(ny)> — 2;] dy,

P{X; ¢ D} = —% + i% {exp (—Zjﬁ) /7;@ cos(ny)dy] .

Therefore,

P{X ¢ D}=5+_ 3 {exp (Jit) sin(n — ng) + sin(nso)} |

or

2
nEN* 2 n
24\ sin(ng) (1= (<1)")
1 1 n“t\ sin(ny) (1 — (=1)"
nGN*
Thus

exp ( g—z) sin(ny)

n

1 2
P{X; ¢ D} = 5T Z
n odd
It follows (by using Theorem 5.2) that, if 7 = inf{t > 0| X; ¢ D}, then

PAT <t} =1+ 2 3 Lo n't sin(ng) (5.6)
= — —exp | —== . .
T n P 2a2 ¢

n odd
for every ¢ € (m,2m).
The case of S?

Let X; be the Brownian motion on a 2-dimensional sphere S? of radius
a starting at the point N(0,0) in spherical coordinates. If

D= {(9,@) € §? ’ 6 €0,2m),p € (gﬂr]}

then

N = T a? sin
PN(X, ¢ D} = / / p(t, )a? sin(p)dbdp,

11
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i.e.
PN{X, ¢ D} = 2ra® / " p(t, ) sin(p)dep,
0

where p(t,¢) 1is the transition density function of the Brownian motion on
S?  of radius a. Hence from (2.3)

T 1 IBIVA;
PN{X, ¢ D} = 271'(12/02 yw— Sin(ﬂ%(QTH*l) exp <W> P, (cos ¢)dep,
or
11 DVE [2
PV{X, ¢ D} = -+5 > (2n+1)exp e+ 1)V / * Py (cos o) sin()de.
2 2 e a 0
(5.7)
However for every n € N*
z 1
I:/ P, (cos ) sin(@)dap:/ P, (z)dz.
0 0
It is known that (see [7])
1
Py (z) = m+1 [Prti(z) — Pa—a(2)]
Thus .
= T—Fl ( n+1(1) - Pnfl(l) - Pn+1(0) + Pnfl(o)) )
or )
I= o (Paci(0) = Pasa (0))
It is also known that for every n € N*
n (2n)!
Pgn(o) = (—1) W and P2n+1(0) =0.
Thus, if n is even then I =0.
If n isodd,ie. n=2k+1, then
1
I= i3 (P21 (0) = Pa11)(0))
Lo 1)™(2k)!(2k + 3
)Rk +3) 655

(4k + 3)22k+1k)
From (5.7) and (5.8) we obtain that

(2n +1)(2n + 1)\/%> (2n)!(2n +3)
22n+1p1 :

PN D) = gy 1) e

neN

a

(5.9)
Furthermore, if S(0,7) namely the south pole of S2, then

P3{X, ¢ D} = PV{X, ¢ D} = PN{X, e D} =1 - PN{X, ¢ D}.

12
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Therefore,

PS{X, ¢ D} = % _ % ZN(_l)neXp (_ (2n+1)(2n + l)ﬁ) _ (2n)!(2n + 3)

a 22n+1p)
(5.10)
Theorem 5.1 implies that, if T =inf{t >0]| X; ¢ D}, then
. (2n +1)(2n + D)VE\ (2n)!(2n + 3)
PYT <t} =1-) (~1)"exp ( - gy (3:11)

neN

The case of S3
Let X; be the Brownian motion on a 3-dimensional sphere S% of radius
a starting at the point N(0,0,0) in spherical coordinates. If

D= {(017027¢) € SB ’ 91 € [07271—)792 € [07”T}>§0 € (gﬂr]}
then

z T 27
PN{X,¢ D} = / / / p(t, ©)a® sin B sin? (@) db dhadep,
o Jo Jo

i.e.
x

PN{X, ¢ D} = 4nd® / " plt, ) sin? (),
0

where p(t,¢) is the transition density function of the Brownian motion on
S$3  of radius a. Hence from (2.6)

N s [T 1 . t(n? —1)
PY{X; ¢ D} =4ra /0 sin (@)m %nsm(mp) exp (—%‘2 dyp,

or

w1\ [F
PN{X,¢ D} = % Z nexp <t(1)) /0 sin(ep) sin(nep)dep. (5.12)

2a2
neN

Let us call

™

1= /5 sin(¢) sin(np)dep.

0

If n=1, then I'=7%. If n>1,then

I 7,COS (%)
N n2—1
Thus from (5.12),
2

PN{X, ¢ D} = % - ianexp (t(n—l)) cos (%T) .

2a2

However, cos (%) =0 for every mn odd, hence

PYExE D) =2 5 e (<0 o (),

n even

13

315



BROWNIAN MOTION ON THE SPHERE

D. Kouloumpou and V.G. Papanicolaou

P¥{X, ¢ D} =

[N

iy e ((1 ) ey

2
neN* 2a
Furthermore, if S = (0,0,7) then,
P3{X, ¢ D} = PV{X, ¢ D} = PN{X, e D} =1- PN{X, ¢ D}.
Therefore,

P3{X, ¢ D} = % + 8 Z (=1)"n? exp (—75(4712_1)) . (5.14)

s 2a?
neN*

Theorem 5.1 implies that, if T =inf{¢t>0| X; ¢ D}, then

P {T <t} =1+ 1776 n%;*(_l)w exp <—t(47;2az_1)> . (5.15)
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Let us consider a uniaxial stressed state, then the dependence between
stress and deformation is written in the form (see [1])

(1+ Sy an Do) (1 + 320 beDY)o(t) =
= [(1+ X2, 0k Dg) (Mo + 307, A DY]e(t)+ (1)

+2[(1+ gy kD) (o + 01y D) (t).

Here D® denotes a fractional derivative in the Riemann-Liouville sense.
We remind that a fractional integral in the Riemann-Liouville sense is
defined by the formula

1

1o f(t) = m/0 (x— 1) f()drt > 0,0 € RY,

and a fractional derivative by the formula

Do f(t) dm{ L )/Ot<tf<7)d7 ],m—1<a<m,

~dtm I'(m—« — 7—)°‘+1_m
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dm
Daf<t) = dt—m, a ="m.
Let at the initial moment of time
£(0) = o(0) = 0. (2)

Also assume that the indexes of fractional derivatives satisfy the relations

Br > Br-1> 01 >=0,

@P >AﬁP—1 > 'A"ﬁl >=0, (3)
)\J>/\J_1"')\1>0,

o > o1 > e > 0.

Let the following inequalities be fulfilled

Note that condition (4) is fulfilled in all practical cases.

The following Theorem is valid:

Theorem: Let in the case of uniazial stress, constitutive relationships
for uniform isotropic materials be written in form (1). If conditions (3) and
(4) are fulfilled, then relation (1) is equivalent to the relation

ezﬁ*da, (5)

where the function I1 is expressed as a series of Mittag-Leffler type functions.

Proof: As is known ([1]), all By, j\j,al and 3, < 1, therefore, as shown
n [2], for the fractional derivatives in the left- and right-hand part of (1) we
can apply the composition rule, i.e. it can be assumed that the following
equalities hold:

DBkDﬁp — D/ék""ﬁp Ek=1K;p
DﬁpD)‘J = Dﬁp+>‘1 ,p = _P
DﬁkDaz — Dﬁk+az k=1,K;

)—l

1P
]I_J
=1L

From (2) and (3) it follows that for the Laplace transform of fractional
derivatives the following formula is valid

LD} =L} - 3 DV n-l<q<n ()
k=o
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In [3] it is shown that the following two conditions are equivalent:
DPif(a)=0, j=1,2,---m; m—-1<p<m (7)

fi(a)=0, j=0,1,2,---,m— 1. (8)
Taking into account conditions (2) and (4) and the equivalence of condi-
tions (7) and (8), after the Laplace transform of (1) we obtain

(14 8 ™) (1 2 bys™ ) 7 =
— P 8 J LY = (9)
= 1+ Zp:l bpS p )\0 + Zj:l )\jS J e+
+2 [(1 +30, ak53k> <H0 +30, msal)] g,
where @ and g is the Laplace transform of stress and deformation, respec-

tively.
After multiplying and combining the identical terms, we can rewrite (9)

in the form
M N
Z ST = Z d,s""z, (10)
m=0 n=0

where
Y™ > YmM—1 > > 7> Y = 0;
I/N>VN,1>"'>I/1>V0:O; (11>
Y = B + Bp, vn =max{Bp + A\, Bk +ar};
f}/OIV()IO‘ Czl' dO:)\0+2NO~

Cm,m = 1, M are explicitly expressed through ay, k = 0, K and by, p = 0,P

and d,,n = 1, N are explicitly expressed through ax, k = 0, K by, p =
0,PN\j=07J m, [=0L

As shown in [4], for relation (1) to have a physical meaning, it is necessary
that the following inequality be fulfilled:

From (9) we obtain

(13)
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Since the inverse Laplace transform is linear, to obtain the interdepen-
dence of o(t) and £(t) , it suffices to consider one summand in the right-hand
part of (13). The reasoning for other summands will be analogous. Let this
summand have the form

s

& g, (14)

> dystn
n=0

where 0 <r < M, ris fixed.
Denote by ¢, the deformation defined by (14). It is obvious that ¢ can
be represented as a sum of summands
s

> dy st
n=0

The validity of the following formula is proved in [3]

1 _
ansPn+an_157n—1++a15°1+ags0

LS -y > (s ey i -, bon2) X

m=0 ko+Fki+-+kpo=m
kO 207"'akn—2 >0
np2
i “Pn—1t  (Bi—Bn_1)k;

n—2 k; 0
H a; S 1=
=0

m—+1
(Sﬁi_ﬁnfl +an;1>
an

By the latter formula we obtain

S|
I

- sr
Sy = Crins'Ntdy 15N -1t Fd1s" 1 tdosvo

5_;\, Z (_1)771 Z (m7 kmkl? T '7kN72) X
m=0 ko+ki+- - +kno=m (16)

We remind that the Mittag-Leftler function is the function
00 k
z
Ea = -7 7 1\
(2) kzzo T(ak + 1)

4
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where I'(z) is Euler’s function. The Mittag-Leffler function is an entire func-
tion of order p = é and type 1. If « is a complex number, then the order
is p = z—.The generalization of this function is the two-parameter Mittag-

Lefller function

o0 k
z
Enp5(z) = — a,3>0.
g ;0 I'(ak + )
The following formula is valid (see [3])
£ {150 (ta)} = ST e g 17
a,ﬁ( a ) == W, es > |a . ( )

With (17) taken into account, from (16) we obtain
6’77‘ = H'Yr * 0, (18>
where * is the convolution symbol and

H’Yr = ;_;, Zf)j:()(_l)m Z (my koa k17 Y kN*Q)X
ko+ki+---+Eknvo=m
ko =0, - kn220

( Jron— )
m(vN—VN_1)+VN— vj—vN_1)kj—1—"r
X HN_2 i )¢ =0’ ’ X

i=1 \dy

dn_ _

x B N2 (—%t’”" VN71>'

VUN—VN-—-1,VN— (vj—vN-1)kj—r

j=0

(19)
It is not difficult to verify that the primitive function

N2

" m(vn—vN_1)+tvN—  (Vj—vN_1)kj—1—7r
EN(t) =t i X
dn_ _
< E - (—%t’w VN—l)
VUN—VN-1,VN— (Vj_VN—l)kj_’Yr
=0
is the function
NP2
. mN—vN_1)+VN— (vj—vN—1)kj—7r
EN(t) =t j X
dy_ _
XK N2 <——gN1tVN VN_l),
UN—UN-1,UN—  (Vj—vN-1)kj—yr+1
7=0
5
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which satisfies the condition

Indeed, using the formula

c {/Otf(ﬂdt} = éﬁ{f(t)},

we obtain
NP2
; Yr—vN-1+  (Vj—vN-_2)k;j—1
m 1 m S =0
L {/ E%(T)dT} =-L {E%(T)} = —
SO )
N

Hence, applying (17), we obtain

N2
Yr—vN_1+ (ujfz/N_l)kjfl
j=0

r- t -1 Jj=

m - m —_ S .
E(t) = fo ER(r)dr =L T =

dn
N2
m(vN—VN_1)+VN— (vi—vN_1)kj—r
=1 3= X
P - (o)
N
UN—VN_1,VUN— (vj—vN—1)kj—vr+1
§=0

To prove that 3
ET(0) =0,

we use the limit theorem of the Laplace transform
lir% f(t) = lim sC{f(t)}.

Thus we obtain

NP2
Yr—VUN-1+ (vj—vNn-1)k;—1
lim £7(t) = lim > -
m t) = lim .
t—0 PYT() S—00 dn_1 m+1
SYN—VN-1 _|_ ZN=2
dn

From (11) and (12) the validity of the following inequalities follows
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and
UN —UN—1 2 VYr — UN—1-

These inequalities imply that
lim E™(t) = 0.

t—0 T

By virtue of the above-said and the condition ¢(0) = 0, after performing
the operation of integration by parts we can write (18) in the form

e, =11, *do, (20)

where f[% is different from II, because in the sum the functions E7'(t) are
replaced by the functions E7'(t).
Summing (20) over r = 1M | we ascertain that our theorem is true.
Corollary: If conditions (3) and (4) are fulfilled, then relation (1) can
be written in the form

o = R xde, (21)

where the function R is expressed as a series of Mittag-Leffler type functions.
Proof:Indeed, as is known from [4] and [5], the following equality is
fulfilled

L 1
L{R}L{IT} = = (22)
On the other hand,
~ L
L{IT} = 5
Hence N
1 2, dns™
L{R} = = =0 . (23)
SE{H} % Cms’Ym—i-l
m=0

But, as is known from [4], vas+1 > vy. Now to prove the validity of (21),
it suffices to apply the same reasoning as that we have used for the function
I1.

323



SURGULATZE: VISCOELASTICITY WITH FRACTIONAL DERIVATIVES

References

1]

R.L. Bagley. Applications of generalized derivatives to viscoelasticity.
Air Force Materials Laboratory, Technical Report , AFML- TR-79-
4103, 1979.

K.B. Oldham, J. Spanier. The fractional calculus, N.Y.; London: Acad.
Press. 1974.

[.Podlubny. Fractional differential equations. (An Introduction to Frac-
tional Derivatives, Fractional Differential Equations, to Methods of
Their Solutions and Some of Their Applications). Academic Press. San
Diego - Boston - New York - London - Sydney - Tokyo - Toronto, 1999.

A.A. Ilyushin, B. E. Pobedrya. Foundations of the mathematical theory
of thermoviscoelasticity. (Russian) Nauka, Moscow, 1970.

M.A. Koltunov. Creepage and relaxation. (Russian) Moscow Phys.-
Techn. Inst. Press, Moscow, 1996.

George A. Anastassiou. Fractional differentiation Inequalities. Springer
Dordrecht - Heidelberg - London - New York, 20009.

Author’s address:

A. Tsereteli State University
Tamar Mepe St. 59, Kutaisi 4600
Georgia

E-mail: temsurg@yahoo.com

324



325



TABLE OF CONTENTS, JOURNAL OF CONCRETE AND
APPLICABLE MATHEMATICS, VOL. 11, NO.’S 3-4, 2013

On the Minimum Rank Among Positive Semidefinite Matrices and Tree Size of a Given Graph
of at Most Seven Vertices, XiNYUn ZNU, ... e e e 271

On the Construction of Number Sequence Identities, Wun-Seng Chou and Tian-Xiao He,277

Sensitivity Analysis for Generalized Setvalued Variational Inclusions, George A. Anastassiou,
Salahuddin and M.K. ARMAd, ..o e 292

Certain Calculation Regarding the Brownian Motion on the Sphere, Dimitra Kouloumpou and
Vassilis G. PapaniCOlaoU, .........oiiiiiie it e e e e e e e e e e 303

General Constitutive Relationships of Viscoelasticity Containing Fractional Derivatives,
TEIMUIAZ SUMQUIAAZE, ... ..t et e e ettt e e aeeteeseeseabeesbensnenennnes 317



	Binder-1--JCAAM-2013
	FACE-I--JCAAM-2013
	front-JCAAM-v-11-I-13
	INFORMATION--JCAAM--2013
	EB--JCAAM--2013
	Instructions--JCAAM--2013

	preface-JAFA-JCAAM--AMAT12
	1-Aisha-Ahmed-Amer-JCAAM--2013
	2-Alexander-Buslaev-JCAAM--2013
	3-Ali-Yousef-JCAAM--2013
	4-ANASTASSIOU-JCAAM--2013
	5-Aydin-Aliyev-JCAAM--2013
	6-Erna-Tri-Herdiani-JCAAM--2013
	7-ANASTASSIOU-JCAAM--2013
	8-Jumat-Sulaiman-JCAAM--2013
	9-Merghadi-Faycel-JCAAM--2013
	10-Mohamed-Said-Salim-JCAAM--2013
	BLANK-JCAAM-2013
	TOC-JCAAM-13-I

	Binder-2--JCAAM-2013
	FACE-II--JCAAM-2013
	front-JCAAM-v-11-II-13
	INFORMATION--JCAAM--2013
	EB--JCAAM--2013
	Instructions--JCAAM--2013

	preface-JAFA-JCAAM--AMAT12
	11-Nagat-M.-Mustafa-JCAAM--2013
	12-Nazek-Alessa-JCAAM--2013
	13-Paria-Sattari-Shajari-JCAAM--2013
	14-Qais-Mustafa-JCAAM--2013
	15-Rassoul-Abdelaziz-JCAAM--2013
	16-Seyed-Habib-Shakoory-Bilankohi-JCAAM--2013
	17-Shazad-Sh-Ahmed-JCAAM--2013
	18-Sizar-Abed-Mohammed-JCAAM--2013
	19-Vaqif-Ibrahimov-JCAAM--2013
	20--Sarat-Sinlapavongsa--JCAAM--2013
	TOC-JCAAM-13-II

	Binder-3--JCAAM-2013
	FACE-III--JCAAM-2013
	front-JCAAM-v-11-3-4-2013
	INFORMATION--JCAAM--2013
	EB--JCAAM--2013
	Instructions--JCAAM--2013

	21--ZHU-jcaam--2013
	22--Tian-Xiao He--jcaam--2013
	23--ANASTASSIOU--SALAHUDDIN--AHMAD--JCAAM--2013
	24--Kouloumpou - Papanicolaou--JCAAM--2013
	25--Surguladze-JCAAM--2013
	BLANK-JCAAM-2013
	TOC-JCAAM-13-III




