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ORTHOGONAL STABILITY OF AN ADDITIVE-QUADRATIC
FUNCTIONAL EQUATION IN NON-ARCHIMEDEAN SPACES

CHOONKIL PARK, MADJID ESHAGHI GORDJI, HASSAN AZADI KENARY,
AND JUNG RYE LEE*

ABSTRACT. Using the fixed point method, we prove the Hyers-Ulam stability of an or-
thogonally additive-quadratic functional equation in non-Archimedean normed spaces.

1. INTRODUCTION AND PRELIMINARIES

Assume that X is a real inner product space and f : X — R is a solution of the
orthogonally Cauchy functional equation f(x +y) = f(x) + f(y), (xz,y) = 0. By the
Pythagorean theorem f(z) = ||z||* is a solution of the conditional equation. Of course,
this function does not satisfy the additivity equation everywhere. Thus orthogonally
Cauchy equation is not equivalent to the classic Cauchy equation on the whole inner
product space.

G. Pinsker [39] characterized orthogonally additive functionals on an inner product
space when the orthogonality is the ordinary one in such spaces. K. Sundaresan [50]
generalized this result to arbitrary Banach spaces equipped with the Birkhoff-James
orthogonality. The orthogonally Cauchy functional equation

flx+y) = flx)+ fly), =Ly,

in which 1 is an abstract orthogonality relation, was first investigated by S. Gudder and
D. Strawther [18]. They defined L by a system consisting of five axioms and described
the general semi-continuous real-valued solution of conditional Cauchy functional equa-
tion. In 1985, J. Rétz [47] introduced a new definition of orthogonality by using more
restrictive axioms than of S. Gudder and D. Strawther. Moreover, he investigated the
structure of orthogonally additive mappings. J. Rétz and Gy. Szabd [48] investigated
the problem in a rather more general framework.

Let us recall the orthogonality in the sense of J. Rétz; cf. [47].

Suppose X is a real vector space (algebraic module) with dim X > 2 and L is a
binary relation on X with the following properties:
(O) totality of L for zero: z 1 0,0 L z for all z € X;
(O9) independence: if z,y € X — {0}, 2 L y, then z,y are linearly independent;
(O3) homogeneity: if x,y € X,z L y, then ax L By for all o, 5 € R;
(Oy4) the Thalesian property: if P is a 2-dimensional subspace of X,z € P and A € R,

2010 Mathematics Subject Classification. Primary 39B55, 46510, 47H10, 39B52, 47510, 30G06,
46H25, 12J25.

Key words and phrases. Hyers-Ulam stability, fixed point, orthogonally additive-quadratic func-
tional equation, non-Archimedean normed space, orthogonality space.
*Corresponding author.
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which is the set of nonnegative real numbers, then there exists yg € P such that x L yg
and x + yo L Ax — yo.

The pair (X, L) is called an orthogonality space. By an orthogonality normed space
we mean an orthogonality space having a normed structure.

Some interesting examples are
(i) The trivial orthogonality on a vector space X defined by (O;), and for non-zero
elements z,y € X, x L y if and only if x,y are linearly independent.

(ii) The ordinary orthogonality on an inner product space (X, (.,.)) given by x L y if
and only if (z,y) = 0.

(iii) The Birkhoff-James orthogonality on a normed space (X, ||.||) defined by = L y if
and only if ||z + Ay|| > [|z|| for all A € R.

The relation L is called symmetric if z 1 y implies that y L x for all z,y € X.
Clearly examples (i) and (ii) are symmetric but example (iii) is not. It is remarkable to
note, however, that a real normed space of dimension greater than 2 is an inner product
space if and only if the Birkhoff-James orthogonality is symmetric. There are several
orthogonality notions on a real normed space such as Birkhoff-James, Boussouis, Singer,
Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles and Diminnie (see [1]-
(3], [7, 14, 23, 24, 35]).

The stability problem of functional equations originated from the following question
of Ulam [52]: Under what condition does there exist an additive mapping near an ap-
proximately additive mapping? In 1941, Hyers [20] gave a partial affirmative answer
to the question of Ulam in the context of Banach spaces. In 1978, Th.M. Rassias
[41] extended the theorem of Hyers by considering the unbounded Cauchy difference
1f@+y) — F@) — fW)]| < (2l + [y]?), (= > 0,p € [0,1)). The result of Th.M.
Rassias has provided a lot of influence in the development of what we now call gener-
alized Hyers-Ulam stability or Hyers-Ulam stability of functional equations. During the
last decades several stability problems of functional equations have been investigated
in the spirit of Hyers-Ulam-Rassias. The reader is referred to [10, 11, 21, 25, 46] and
references therein for detailed information on stability of functional equations.

R. Ger and J. Sikorska [17] investigated the orthogonal stability of the Cauchy func-
tional equation f(z+vy) = f(x)+ f(y), namely, they showed that if f is a mapping from
an orthogonality space X into a real Banach space Y and ||f(x+y) — f(z) — f(y)|| < e
for all z,y € X with x L y and some € > 0, then there exists exactly one orthogonally
additive mapping g : X — Y such that || f(z) — g(z)|| < Fe for all z € X.

The first author treating the stability of the quadratic equation was F. Skof [49]
by proving that if f is a mapping from a normed space X into a Banach space Y
satisfying || f(z +y) + f(x —y) — 2f(z) — 2f(y)|| < € for some £ > 0, then there is a
unique quadratic mapping g : X — Y such that ||f(z) — g(2)|| < 5. P.W. Cholewa
[8] extended the Skof’s theorem by replacing X by an abelian group G. The Skof’s
result was later generalized by S. Czerwik [9] in the spirit of Hyers-Ulam-Rassias. The
stability problem of functional equations has been extensively investigated by some
mathematicians (see [38], [42]-[45]).

The orthogonally quadratic equation

flx+y) + flo—y) =2f(v) +2f(y), = Ly

12
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was first investigated by F. Vajzovi¢ [53] when X is a Hilbert space, Y is the scalar
field, f is continuous and 1 means the Hilbert space orthogonality. Later, H. Drljevi¢
[15], M. Fochi [16], M.S. Moslehian [31, 32] and Gy. Szabé [51] generalized this result.

In 1897, Hensel [19] introduced a normed space which does not have the Archimedean

property. It turned out that non-Archimedean spaces have many nice applications (see
[12, 27, 28, 34]).

Definition 1.1. By a non-Archimedean field we mean a field K equipped with a func-

tion (valuation) | - | : K — [0,00) such that for all r,s € K, the following conditions
hold:

(1) |r] = 0 if and only if r = 0;

(2) [rs| = [rllsl;

(3) Ir + s| < max{]r|,]s|}.

Definition 1.2. ([33]) Let X be a vector space over a scalar field K with a non-
Archimedean non-trivial valuation |- | . A function ||-|| : X — R is a non-Archimedean
norm (valuation) if it satisfies the following conditions:

(1) ||z|| = 0 if and only if x = 0;

(@) lirzll = rlllz]] (r € K, = € X);

(3) The strong triangle inequality (ultrametric); namely,

|z +yl| < mazxf]z]], [lyll}, w,yeX.

Then (X, ||.]|) is called a non-Archimedean space.

Note that
e — @nll < maz{llazs —ajllim < j<n—1} (0> m).

Definition 1.3. A sequence {z,} is Cauchy if and only if {z,+1 — x,} converges to
zero in a non-Archimedean space. By a complete non-Archimedean space we mean one
in which every Cauchy sequence is convergent.

Let X be a set. A function m : X x X — [0, 00] is called a generalized metric on X
if m satisfies
(1) m(z,y) = 0 if and only if x = y;
(2) m(z,y) = m(y,x) for all z,y € X
(3) m(x, z) <m(x,y) +m(y,z) for all z,y,z € X.
We recall a fundamental result in fixed point theory.

Theorem 1.4. [4, 13] Let (X, m) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with Lipschitz constant o < 1. Then for each
given element x € X, either
m(J"z, J" T r) = oo

for all nonnegative integers n or there exists a positive integer ng such that

(1) m(Jmz, J"x) < oo, Vn > ng;

(2) the sequence {J"x} converges to a fized point y* of J;

(3) y* is the unique fized point of J in the set Y = {y € X | m(J™z,y) < oo};

(4) m( y*) < =m(y, Jy) forally €Y.

13



C. PARK, M. ESHAGHI GORDJI, H.A. KENARY, AND J. LEE

In 1996, G. Isac and Th.M. Rassias [22] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems with
applications. By using fixed point methods, the stability problems of several functional
equations have been extensively investigated by a number of authors (see [5, 6, 26, 30,
36, 37, 40]).

In this paper, we prove the Hyers-Ulam stability of the following orthogonally additive-
quadratic functional equation

:c+y) <a: - y) 3f(x) _ f(=x)  fly)  [f(=v)
2 2 = — 1.1
f( 2 +2f 2 2 2 * 2 + 2 (1.1)
in non-Archimedean normed spaces by using the fixed point method.

Throughout this paper, assume that (X, 1) is an orthogonality space and that
(Y.]|.|ly) is a non-Archimedean Banach space. Assume that |2| # 1.

2. HYERS-ULAM STABILITY OF THE ORTHOGONALLY ADDITIVE-QUADRATIC
FUNCTIONAL EQUATION (1.1)

For a given mapping f : X — Y, we define

Df(xz,y): = 2f<x;y>+2f($;y)_3f2(x)+f(;x)_f(éy)_f(;y)

for all all z,y € X with x L y, where L is the orthogonality in the sense of Rétz.

Let f: X — Y be an even mapping satisfying f(0) = 0 and (1.1). Then f is a
quadratic mapping, i.e., 2f (I—;y> +2f (%) = f(z) + f(y) holds.

Using the fixed point method and applying some ideas from [17, 21], we prove the or-

thogonal Hyers-Ulam stability of the additive-quadratic functional equation D f(z,y) =
0 in non-Archimedean Banach spaces.

Theorem 2.1. Let ¢ : X? — [0,00) be a function such that there exists an o < 1 with

w@xy)élﬂaw(§7g) (2.1)

forall x;y € X with x L y. Let f: X — Y be an even mapping satisfying f(0) = 0
and

|Df(z,y)lly < elx,y) (2.2)

for all x,y € X with x 1 y. Then there exists a unique orthogonally quadratic mapping
Q: X —Y such that

1£@) = Q@)lly < =—(x,0) (2.3)
forallz € X.

Proof. Letting y = 0 in (2.2), we get

() -s,

< ¢(z,0) (2.4)

14
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for all z € X, since x 1 0. Thus

5@ - 17 @) < reee0) < B0 25)

4|

1
=47
for all z € X.
Consider the set
S:={h: X ->Y}

and introduce the generalized metric on S:

m(g,h) = inf{u € By : g(x) - hia)lly < pp(e,0), Va € X},

where, as usual, inf ¢ = 400. It is easy to show that (S, m) is complete (see [29, Lemma
2.1)).
Now we consider the linear mapping J : S — S such that
1
Jo(@) = 19 (20)

for all z € X.
Let g, h € S be given such that m(g, h) = . Then

o) = @l < pl,0)
for all z € X. Hence
I T9(e) = Ty = |79 22 < ap(x,0)
Y

for all x € X. So m(g,h) = ¢ implies that m(Jg, Jh) < as. This means that
m(Jg, Jh) < am(g, h)

_ ih(Qx)

for all g,h € S.
It follows from (2.5) that m(f, Jf) < a.
By Theorem 1.4, there exists a mapping () : X — Y satisfying the following:
(1) Q is a fixed point of J, i.e.,
Q (2z) = 4Q(z) (2.6)
for all x € X. The mapping @) is a unique fixed point of J in the set
M ={geS:m(h,g) <oo}.
This implies that @ is a unique mapping satisfying (2.6) such that there exists a p €
(0, 00) satisfying
If(z) = Q@)lly < pe(x,0)

for all z € X;
(2) m(J"f,Q) — 0 as n — oo. This implies the equality

lim — f (2"2) = Q(x)

n—oo 4n

for all z € X;

15
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(3) m(f,Q) < t=m(f, J f), which implies the inequality

«
This implies that the inequality (2.3) holds.
It follows from (2.1) and (2.2) that
IDQ@)ly = Jim g IDF @22l
Lo o on [4]"a” _
Jim W@(Z z,2"y) < lim i o(r,y) =0

for all x,y € X with z L y. So DQ(z,y) = 0 for all z,y € X with x L y. Hence
@ : X — Y is an orthogonally quadratic mapping, as desired. U

Corollary 2.2. Assume that (X, L) is an orthogonality non-Archimedean normed space.
Let 6 be a positive real number and p a real number with p > 2. Let f : X =Y be an
even mapping satisfying f(0) = 0 and

1D f (@ y)lly < OCll]” + [ly[1”) (2.7)

forall x,y € X with x 1L y. Then there exists a unique orthogonally quadratic mapping
Q: X —Y such that

276

@) = Q@ < 2 lel?
forallx € X.

Proof. Taking p(z,y) = 0(||z||P + ||y||P) for all z,y € X with z L y and choosing
a = |2[P7% in Theorem 2.1, we get the desired result. O

Theorem 2.3. Let ¢ : X? — [0,00) be a function such that there exists an o < 1 with

p(z,y) < 77 (22, 2y)

\4\

forall z,y € X withx L y. Let f: X — Y be an even mapping satisfying f(0) =
and (2.2). Then there exists a unique orthogonally quadratic mapping Q : X — 'Y such
that

1
1f(@) = Q2)[ly < m‘ﬁ(%o)
forallz e X.

Proof. Let (S,m) be the generalized metric space defined in the proof of Theorem 2.1.
Now we consider the linear mapping J : S — S such that

T
Jg(z) =4y (2)
for all z € X.

It follows from (2.4) that m(f, Jf) < 1.
The rest of the proof is similar to the proof of Theorem 2.1. O

16
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Corollary 2.4. Assume that (X, L) is an orthogonality non-Archimedean normed space.
Let 0 be a positive real number and p a real number with 0 < p < 2. Let f: X — Y be
an even mapping satisfying f(0) = 0 and (2.7). Then there exists a unique orthogonally
quadratic mapping QQ : X — 'Y such that

2170
1f(z) = Q)]ly < o — 1 ’|| z|[?
forallz € X.
Proof. Taking p(z,y) = 0(||z||P + ||y||P) for all z,y € X with z L y and choosing
a = |2[*>7? in Theorem 2.3, we get the desired result. O

Let f: X — Y be an odd mapping satisfying (1.1). Then f is an additive mapping,
ie, f(%52) + f (*3Y) = f(x) holds.

Theorem 2.5. Let ¢ : X? — [0,00) be a function such that there exists an o < 1 with
Y
<2
p(z,y) < [2]ap (2 2)

forallz,y € X withx Ly. Let f: X — Y be an odd mapping satisfying (2.2). Then
there exists a unique orthogonally additive mapping A : X — 'Y such that

a
1f(z) = A(z)[ly < mw(% 0)
forallx € X.
Proof. Letting y = 0 in (2.2), we get
147 (3) 2@ <ol (2.8)
for all x € X, since x L 0. Thus
f@) - 37 00)]| < ee0) < Blt0) (2.9
2 417 4]

for all z € X.
Let (S, m) be the generalized metric space defined in the proof of Theorem 2.1.
Now we consider the linear mapping J : S — S such that

To(x) = 59 (21)

for all z € X.
It follows from (2.9) that m(f, Jf) < 5

The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 2.6. Assume that (X, L) is an orthogonality non-Archimedean normed space.
Let 0 be a positive real number and p a real number with p > 1. Let f : X =Y be an
odd mapping satisfying (2.7). Then there exists a unique orthogonally additive mapping
A: X =Y such that

1) = AWy < ot ol

2] = 12])

17
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forallx € X.

Proof. Taking o(x,y) = 6(||z||? + [|y||P) for all z,y € X with © L y and choosing
a = |2[P~! in Theorem 2.5, we get the desired result. U

Theorem 2.7. Let ¢ : X? — [0,00) be a function such that there exists an o < 1 with
a
#(w,y) < ore (20, 29)

forallx,y € X with x Ly. Let f: X —Y be an odd mapping satisfying (2.2). Then
there exists a unique orthogonally additive mapping A : X — 'Y such that

1£(2) — A)]ly < Mw,m

forallx € X.

Proof. Let (S,m) be the generalized metric space defined in the proof of Theorem 2.1.
Now we consider the linear mapping J : S — S such that

Jg(x) == 2g (gj)

2
for all x € X.
It follows from (2.8) that m(f, Jf) < ﬁ
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 2.8. Assume that (X, L) is an orthogonality non-Archimedean normed space.
Let 0 be a positive real number and p a real number with 0 < p < 1. Let f : X — Y
be an odd mapping satisfying (2.7). Then there exists a unique orthogonally additive
mapping A : X — 'Y such that

@) - A@)ly < -2

v P
iz =2 !
forallx € X.

Proof. Taking o(z,y) = 6(||z||? + [|y||P) for all z,y € X with © L y and choosing
a = [2|'77 in Theorem 2.7, we get the desired result. O

Let f: X — Y be a mapping satisfying f(0) = 0 and (1.1). Let f.(x) := w

and f,(xr) = w Then f, is an even mapping satisfying (1.1) and f, is an odd

mapping satisfying (1.1) such that f(z) = f.(z) + f,(x). So we obtain the following.
Theorem 2.9. Assume that (X, L) is an orthogonality non-Archimedean normed space.
Let 0 be a positive real number and p a positive real number with p # 1. Let f : X — Y

be a mapping satisfying f(0) = 0 and (2.7). Then there exist an orthogonally additive
mapping A : X — 'Y and an orthogonally quadratic mapping @ : X — Y such that

o 2p 2P\
1760) = A Qo < (g + g ) O

forallz € X.
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ABSTRACT. In this paper, the authors introduced the Leibniz type additive-
quadratic functional equation of the form

f(x_t)+f(y—t)+f(z—t):3f<x+§+z_t>+f<2x—?;y—z>

+f(—x+32y—z>+f<—x—§/+2z>

and obtained its general solution and generalized Ulam - Hyers stability of Leibniz
AQ - mixed type functional equation in quasi-beta normed space using direct and
fixed point methods.

1. INTRODUCTION

The study of stability problems for functional equations is related to a question
of Ulam [26] concerning the stability of group homomorphisms was affirmatively
answered for Banach spaces by Hyers [9]. It was further generalized via excellent
results obtained by a number of authors [2] 6], 18] 211, 23].

Over the last six or seven decades, the above Ulam problem was tackled by nu-
merous authors who provided solutions in various forms of functional equations like

2010 Mathematics Subject Classification. :39B52, 32B72, 32B82 .

Key words and phrases. : Additive functional equations, quadratic functional equation, Mixed
type AQ functional equation, Ulam - Hyers stability, Leibniz Theorem.
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additive, quadratic, cubic, quartic, mixed type functional equations involving only
these types of functional equations were discussed. We refer the interested readers
for more information on such problems to the monographs [I, [, 8, 10} 13, 15] 17,
19, 20, 22, 24], 25, 27, 28, 29].

In 2006, K.W. Jun and H.M. Kim [II] introduced the following generalized ad-
ditive and quadratic type functional equation

f <Z$z> +(n—2)Zf(fL’i) = Z f (i + ;) (1.1)

in the class of function between real vector spaces. For n = 3, Pl.Kannappan
proved that a function f satisfies the functional equation if and only if there
exists a symmetric bi-additive function A and additive function B such that f(x) =
B(z,z) + A(z) for all z (see [14]). The Hyers-Ulam stability for the equation (L.1)
when n = 3 was proved by S.M. Jung [12]. The Hyers-Ulam-Rassias stability for
the equation (1.1)) when n = 4 was also investigated by 1.S. Chang et al., [4].

Very recently, M. Arunkumar and S. Karthikeyan [3] introduced and established
the general solution and generalized Ulam-Hyers stability of n—dimensional mixed
type additive and quadratic functional equation of the form

_f<x1_2xi>—f<—xl+2xi>:3f(x1)—|—3f <sz) (1.2)

in Banach spaces.

Theorem 1.1. Leibniz quadratic formula in FEuclidean Geometry. Let M
be an arbitrary point lying on the plane of the triangle ABC', and G is the centroid
(= Gravity center) of ABC, then

VA + | MBI + |MCJ? = 3|MGI* + (|GAP + |GB[* +|GCP*) (1.3)
Proof. Let x,y, z,t, g be position vectors of points A, B,C, M,G. Then

GA+GA+GA=1—g+y—g+z—g=a+y+z2—-39=0.  (L4)

Hence
Tt y+=z

Since AG = %m, we have

g—z =
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Thus
— — -2
WG =gt = T AG = g AUT
BO— gy Wt GO — g p e BTy =22
3 3
and
m:x—t,]\/f\B:y—t,]\//l\C’:z—t.
r+ty+z 2 2:5—y—z2
o —tP+ |y —tf+|z—tf=3|—F—Z —t _
3 3
—x+2y—z2 —x—y+222
3 3
which obviously holds, completing the proof of (|1.3]). O

The above inequality is transformed into the following Leibniz type additive -
quadratic functional equation of the form

fla—t)+ fly—t)+ flz— 1) =3f (#‘Q”(%)

ny (%) + f(#) (1.5)

f(z) = ax + ba?. (1.6)

having solutions

In this paper, the authors obtained its general solution and generalized Ulam -
Hyers stability of Leibniz AQ - mixed type functional equation (1.5 in quasi-beta
normed space using direct and fixed point methods.

2. GENERAL SOLUTION

In this section, we give the general solution of the Leibniz functional equation
(1.5). Throughout this section, we consider X and Y be real vector spaces.

Theorem 2.1. If an odd function f : X — 'Y satisfies the functional equation
then f s additive.

Proof. Letting (x,y, z,t) by (0,0,0,0) in (1.5]), we get f(0) = 0. Replacing (z,y, 2, t)
by (2z,x,0,—t) in (1.5]), we obtain

fRx+1t)+ f(t) =2f(x+1t)+ f(z) + f(—=x) (2.1)
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for all z,¢ € X. Using oddness of f in ({2.1)), we have

FQr+t)+ f(t) = 2f(x + 1) (2:2)
for all z,t € X. Interchanging x and ¢ in ([2.2)), we arrive
@t +2) + f(2) = 2f(x + 1) (2.3)
for all z,¢ € X. Replacing ¢ by ¢t — x in (2.2)) and using oddness of f, we get
flo+1) = flz—t) = 2£() (2.4)
for all z,¢t € X. Again replacing = by x — ¢ in (2.3 and using oddness of f, we get
o +0)+ flo—t) = 2f(2) (2.5)
for all z,t € X. Adding (2.4) and ({2.5)), our result is desired. O

Theorem 2.2. If an even function f : X — Y satisfies the functional equation

then f 1s quadratic.

Proof. Letting (x,y, z,t) by (0,0,0,0) in (1.5]), we get f(0) = 0. Replacing (z,y, 2, t)
by (2z,x,0,—t) in (1.5]), we obtain

fRe+t)+ f(t) =2f(z + 1) + f(z) + f(—2) (2.6)

for all z,t € X. Using evenness of f in , we have
fRx+1t)+ f(t) =2f(x+1t)+2f(x) (2.7)
for all z,t € X. Replacing t by t — x in our result is desired. 0

3. DEFINITIONS AND NOTATIONS ON QUASI-BETA NORMED
SPACES

In this section, we present here some basic facts concerning quasi-/3-Normed spaces
and some preliminary results.

We fix a real number g with 0 < 8 < 1 and let K denote either R or C.

Definition 3.1. Let X be a linear space over K . A quasi-f-norm || - || is a real-
valued function on X satisfying the following:
(i) ||z ||[> 0 forall z € X and || z ||= 0 if and only if x = 0.
(i) ||Ax||=|A|?.|| 2] forall A\ € K and all z € X.
(24i) There is a constant K > 1 such that ||z +y IS K (||z |+ ||y ||)
for all z,y € X.

The pair (X, || - ||) is called quasi-S-normed space if || - || is a quasi-S-norm on X.
The smallest possible K is called the modulus of concavity of || - ||.

Definition 3.2. A quasi-$-Banach space is a complete quasi-5-normed space.
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Definition 3.3. A qusi-f-norm || - || is called a (5, p)-norm (0 < p < 1) if
lz+y IP<llz [+ 1yl
for all x,y € X. In this case, a quasi-f#-Banach space is called a (5, p)-Banach space.

For more information one can refer [, 28] for the concept of quasi-normed spaces
and p-Banach space.

4. STABILITY RESULTS: DIRECT METHOD

In this section, we obtain the generalized Ulam-Hyers stability of the Leibniz type
function equation in quasi-Beta normed space.

Throughout this section, let us take X is a linear space over K and Y is a (3, p)
Banach space with p—norm ||. ||y, . Let K be the modulus of concavity of ||. ||,

For notational convenience, we denote for a given mapping f : X — Y and define
the difference operator Df : X — Y by

Df et = flo =0+ fly =0+ fe — 1) =3 (T2 o) - p (22L22)

bt —r+2y—=z by —r—y+2z
3 3
for all x,y,z,t € X .

Theorem 4.1. Let j = +1. Let f,: X — Y be a mapping for which there exists a
function a: X* — [0, 00) with the condition
1 . ) ) .
lim —a(2™x, 2"y, 2" 2,2"t) =0 (4.1)
n—oo 2MJ

such that the functional inequality

1D fo(z,y, 2, 0)]ly < a(z,y,2,t) (4.2)
forall x,y,z,t € X. Then there exists a unique additive mapping A : X — 'Y which
satisfies and the inequality

K= & (28, 262, 0,0)P

Ifole) =A@ < = > = (4.3)
k=0

forallx € X.

Proof. Replacing (z,vy, z,t) by (2z,,0,0) in the functional inequality (4.1]), we get

1/o(22) = 3fo(z) = fo(=2)lly < a(22,2,0,0) (4.4)
for all z € X. Using oddness of f, in (4.4), we obtain
1/o(22) = 2fo(2)lly < a(2z,2,0,0) (4.5)
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for all x € X. Tt follows from (|4.5)) that

(2
‘ fol22) < —a(22,2,0,0) (4.6)
Y

2 - fO( )
for all x € X. Replacing = by 2z and dividing by 2 in (4.6)), we get

’ ff’(;%) - f"gx) < 2;7@(22x,2x,0,0) (4.7)
for all x € X. From and ( . we have
‘ fo(2%z) Ll <k H fo(2z) 1) ' fo(2%2)  fo(22) 1
22 v v 22 2 |y
< 255 [oz(Qx,x,0,0) + O‘(Q%’;x’o’o)] (4.8)

for all x € U. Proceeding further and using induction on a positive integer n , we
get

n—1
fo(2") P grmD) IS (28 e, 26, 0, 0)P
- K= & (28 g, 2k, 0,0)P
-  9opB % ok

for all z € U. In order to prove the convergence of the sequence

{fo(22:$)},

replacing = by 2™z and dividing by 2™ in (4.9)), for any m,n > 0 , we deduce

[ - 88 -5 [EEER - e
n+m 2m v 2m 2n v

< K1t A a(2FFmHly 2ktmy 0, 0)
- 98 9k+m

k=0
< K1 X a(2ktmHly, 2k+my 0, 0)
- 98 9k+m

k=0

—0 as m—

for all z € U. Thus it follows that a sequence
fo(2"x)
2n ’
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is a Cauchy in Y and so it converges. Therefore we see that a mapping A: X — Y
defined by

A(z) = lim fol2"2)

n—o00 on

is well defined for all z € X. In addition it is clear from (4.1)) that the following
inequality

|DA(z,y, 2, )|} = hm 2pn IDf,(2"x, 2™y, 2"z, 2"1) ||,

1
< lim —a(?”a:, 2"y, 2"z, 2" )P

n—oo 2PN

—0asn— o0

holds for all z,y, z,t € X and so the mapping A is additive. Letting n — oo in (4.9)
and using the definition of A(x) we see that holds for all x € U. To prove
uniqueness, we assume now that there is another function A’ : X — Y which satisfies
and the inequality then it follows that A(2x) = 2A(x), A'(2z) = 2A'(x)
for all z € X and all n € N. Thus

1A(z) = A'(@)]ly = 25% 1A2"z) — A'(2"2) |y

KP
= o5 UAQR"2) = fo(2"2) |3 + 1 fo(2"2) — A'(2"2) 5 }

~ 98pn
k(2 KP=1) I o2kl 2Ry 0, 0)P
- 2% B £ op(k+n)

=0

—0asn— o0
for all x € X. Hence A is unique.

For j = —1, we can prove a similar stability result. This completes the proof of
the theorem. O

The following Corollary is an immediate consequence of Theorem concerning
the stability of (|1.5)).

Corollary 4.2. Let f,: X — Y be an odd mapping and there exits real numbers A
and s such that

||Df0(l’,y,2,t)||y
A,
Ml + [yl + =11+ (12
< s<lors>1; (4.10)
AU lFHyIP =P+ {2l + I+ =]+ )
§s<iors>i
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for all x,y,z,t € U, then there exists a unique additive function A : X — Y such
that

(20K DN\?
).
2(2° + DAK™ D |z]|*\"
I£w) = Ay < (2R (a.10)
2(2% + DAK D ||z|[**\"
( 20[2 — 24| ’

forallz € X.

Theorem 4.3. Let j = +£1. Let f. : X — Y be an even mapping for which there
exists a function a : X* — [0,00) with the condition

lim EQ(Q”]:U,Q"JZ/, 2M 2 2Mt) =0 (4.12)

n—o0

such that the functional inequality
IDfe(2,y,2,t)lly < a(z,y,z,1) (4.13)

for all x,y,z,t € X. Then there exists a unique quadratic mapping A : X — Y
which satisfies and the inequality

KP=D) L o2, 28,0, 0)P
Ifol@) = Q@) < =5 > o (4.14)
k=0

forallz € X.

Proof. Replacing (x,y, z,t) by (2x,z,0,0) in the functional inequality (4.12)), we get

[fe(22) = Bfe(x) — fe(—2)lly < a(2,2,0,0) (4.15)
for all x € X. Using evenness of f, in (4.15), we obtain

[ fe(22) = 4fe(@)lly < a(22,2,0,0) (4.16)
for all x € X. It follows from (4.16]) that
fe(22) 1
— < —a(2 4.1
’ 1 fe(z) , S 4604( z,x,0,0) (4.17)

for all z € X. Replacing = by 2z and dividing by 2 in (4.17)), we get

‘ fe(22z)  [fe(22)

2
e 1 a(2°r,22,0,0) (4.18)

y 482
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for all z € X. From (4.17)) and (4.18)), we have

fe(2%z) Je(22) fe(2%z)  fe(27)

2], < 2,122t
< 45& {a(Qz,x,0,0) + a(22x,jx,0,0)} (4.19)

for all x € U. Proceeding further and using induction on a positive integer n , we
get

n—1
f.(2"x) P RPD IS (28 26 0,0)P
— 1, < 4.20
' 4n J (il?) v 4pB e Apk ( )
< KP=D) L (26, 28, 0, 0)P
—  4pB — 4pk

for all z € U. In order to prove the convergence of the sequence

[422)

replacing x by 2™z and dividing by 4™ in (4.20]), for any m,n > 0 , we deduce

‘ fo@ ) fu@na)| L [|S22)
— —_ —_— — 1, T
4(n+m) qm v 4m 4n v
< K1 A a(2kFmtly 2ktmy 0, 0)
— 4B Ak+m
k=0
< K1 &N a(2ktmHly, 2k+my 0, 0)
- 45 4k+m
k=0

—0 as m — o0
for all € U. Thus it follows that a sequence
fe(2™x)
4n ’

is a Cauchy in Y and so it converges. Therefore we see that a mapping () : X — Y
defined by

Q(z) = lim fe(2"2)

n—00 4n

is well defined for all x € X. To show that @ satisfies (1.5 and it is unique the
proof is similar to that of Theorem [4.1]

For j = —1, we can prove a similar stability result. This completes the proof of
the theorem. O
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The following Corollary is an immediate consequence of Theorem concerning

the stability of (1.5]).

Corollary 4.4. Let f.: X — Y be an even mapping and there exits real numbers A
and s such that

||Dfe('r7yazat)||Y
A,
Ml + Iyl + 1[=11° + el
< s<2ors>2; (4.21)
APyl PP + 2]+ 1yl + 2]+ ]
§s<3ors>i;

for all x,y,z,t € U, then there exists a unique additive function A : X — Y such
that

( (ANK(=DNY
346 ’
428 + DAK D[] |\
. p
I£.w) - @l < § (Y (1.22)
4(2% + DAK Y [z ==\ "
\ 15]4 — 25| ’

forallz € X.

Now we are ready to prove our main theorem.

Theorem 4.5. Let j € {—1,1} and o : X* — [0,00) be a function satisfying
and forallx,y,z,t € X. Let f : X =Y be a function satisfying the inequality

I1Df(2,y, 2,0, < o (2,y,2,1) (4.23)

for all x,y,z,t € X. Then there exists a unique additive mapping A : X — Y and
a unique quadratic mapping Q) : X — 'Y such that

If(2) = A(z) = Q)Y
KP | KpnD) & (a(2k+1x, 242,0,0)" | a(=2""z, —2"%,0, 0)p)

< 2_p opB 9ok 9pk

k=0

+

Kp(nfl) & 2k+1 2k 0.0)? _2k+1 _2k 0.0)?
(a( x,2%2,0,0) N af x, z,0,0) ) (4.24)
4pB Apk Apk

k=0

forall z € X.
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Proof. Let f,(z) = fo(z) = fo(—2)
— fa(z) for all x € X. Hence

for all z € z. Then f,(0) = 0 and f,(—z) =

alz,y, z,t) N al—x, -y, —z,—t)

: > (4.25)

HDfa<x7 Y, z, t)”Y S

By Theorem [4.1], we have

1 KP=1) & /(26 g, 262,0,0)7 o =281z, —2kz,0,0)7
[fa(z) — A2)[ly < 9 opB ( opk + opk )

(4.26)

fe<x> + fe(_x> for all z € X. Then fq(()) =0 and

for all x € X. Also, let f (x) = 5

fq(=2) = f,(z) for all x € z. Hence

Oé(ﬂ?, Yy, z, t) + CK(—LU, -Y,—z, t)

. . (4.27)

Hqu(-T,y,Z,t)Hy S

By Theorem [4.3] we have

1 KPS a2 e, 282,0,0)P a(—2F+1e, —2Fx, 0,0)P
||fQ($) - Q(x)||Y < 5 4pB ( Apk + 4pk )

(4.28)
for all x € X. Define

fx) = falz) + fo(2) (4.29)
for all z € x. From , and , we arrive
1f(z) = A(z) — Q2)ll,
|
|

K? [ Kot i (a(zk%, 242,0,0)" | a(=2"z, —2", 0,0)p)

ok 2k
k=0

Jopn—1) a(2k+1x72kx’070)p a(_2k+1x7_2kx70,())p
;; Ak - 4ph

for all x € X. Hence the theorem is proved. 0

Using Corollaries and [£.4] we have the following Corollary concerning the
stability of (1.5]).
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Corollary 4.6. Let A and s be nonnegative real numbers. Let a function f: X —Y
satisfies the inequality

IDf(z,y, 2,8y
A,
Al + Myl + =11+ [l
< s<lors>1; (4.30)

MUyl P11+ {2l =+ 1yl * 4 120 4 (E]*} )
s<iors>i

for all x,y,z,t € X. Then there exists a unique additive function A : X — Y and
a unique quadratic function Q) : X —'Y such that

1f(x) = A(z) = Q(2)II

( INK(=DNP /AN (=DN\P
(*5—) (55 )
s (n—1) s\ P s (n—1) s\ P
2020 + DK DlfalP\" (420 + DAKC Dl 2\ ") (431)
26]2 — 2] 48]4 — 2]
((2(248 - 1)>\K(”1)||:)s||43)p N (4(243 + 1))\K("1)||x||43)p)
\

28]2 — 21| 45]4 — 2%

IN

forallxz € X.

5. STABILITY RESULTS: FIXED METHOD

In this section, the generalized Ulam - Hyers - Rassias stability of the Leibniz
AQ - functional equation ([1.5)) is given by the Fixed point method .

For notational convenience, we denote for a given mapping f : X — Y and define
the difference operator Df : X — Y by

Df(z,y,z,t) = flx —t) + f(y —t) + f(z —t) — 3f (%—t) _ <2x—3y—z)

bt —r+2y—=z ny —xr —y+ 2z
3 3
for all z,y, z,t € X .

Now we will recall the fundamental results in fixed point theory.

Theorem 5.1. (Banach’s contraction principle) Let (X,d) be a complete metric
space and consider a mapping T : X — X which s strictly contractive mapping,
that is

(A1) d(Tx,Ty) < Ld(z,y)

for some (Lipschitz constant) L < 1. Then,

(i) The mapping T has one and only fized point x* = T (x*);
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(i) The fixed point for each given element x* is globally attractive, that is

(A2) limy, oo T = x*,

for any starting point x € X;

(7ii) One has the following estimation inequalities:

(A3) d(Trz,z*) < 27 d(T"z, T"M'z),V n >0,V z € X;

(A4) d(z,2*) < 45 d(z,2*),V z € X.

Theorem 5.2. [16] (The alternative of fized point) Suppose that for a complete gen-
eralized metric space (X,d) and a strictly contractive mapping T : X — X with
Lipschitz constant L. Then, for each given element x € X, either

(B1) d(T"z, T"'z) =00 VYV n>0,

or

(B2) there exists a natural number ng such that:

(i) d(T"z, T 'x) < oo for alln > ny ;

(13) The sequence (T"x) is convergent to a fized point y* of T

(131) y* is the umque fized point of T in the set Y ={y € X : d(T™x,y) < oo};

(iv) ( Y) < 127 d(y, Ty) for ally € Y.

—1L

In this section, let us assume V' be a vector space and B Banach space respectively.

Theorem 5.3. Let f, : V. — B be a mapping for which there exists a function
a: VY —[0,00) with the condition

I oalplx, ply, uiz, pit)
11m

n—00 #?

~0 (5.1)

where j1; = 2 if i = 0 and p; = % if i = 1 such that the functional inequality with

2
IDfo(z,y, 2, t)|ly < alz,y,2,t) (5.2)
for all x,y,z,t € V. If there exists L = L(i) such that the function

r—y(r) =« (m,g,0,0) ,
has the property

Y(z) < L pi vy (uﬁ) (5.3)

for all x € V. Then there exists unique additive function A :'V — B satisfying the
functional equation and

| 60 = A < (127 ) e (54)

holds for all x € V.

Proof. Consider the set 2 = {g/g:V — B, ¢(0) = 0} and introduce the generalized
metric on (2,

d(g,h) = f{M € (0,00) :|| g(x) — h(x) |ly < M (x),2 € V}.
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It is easy to see that (€2, d) is complete. Define T': 2 — Q by
1
Tg(z) = —g(pix), forall x € V.
Hi

Now g, h € Q,
d(g,h) < M = | g(z) — h(z) ly< My(z),z € V.

1
< —M~y(piw),z €V,
y M

< L M~(x),x €V,
Y
= || Tg(x) — Th(x) |y < LM~(y),z €V,

=d(Tg,Th) < LM.

i ‘

1 1
;g(,uix) - fh(ﬂi$)

(2

j ‘

1 1
—g(pir) — —h(px
g(per) = - -hp)

)

This implies d(T'g,Th) < Ld(g,h), for all g,h € Q . i.e., T is a strictly contractive
mapping on €2 with Lipschitz constant L.

It follows form (4.6 that,

‘ @ — fo(x) § < 2%04(2:(],%,0,0) (5.5)

for all y € V. Using (j5.3)) for the case i = 0 it reduces to

fo(22)
Y fo(®)

< Ly(x)

forall z € V.

1
ie, d(f,,Tf,)<L= 5% = d(f,,Tf,) <L=L"< occ.
Again replacing x = 7 in (5.5)), we get
fo@) =26, (3)] < a(2.5.00) (5.6)

2/ 1ly 2

for all z € V. Using (5.3) for the case i = 1 it reduces to

x
| o) =21, (5) |, <@
Y

e, d(f,,Tf,) <1=d(f,,Tf,)<1=L°< oco.

forall X e V.

In both cases, we have
d(fo, Tf,) < L' (5.7)
Therefore (B1 (7)) holds.
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By (B1 (i7)), it follows that there exists a fixed point A of T" in §2 such that

A(z) = lim &ny) VzeV. (5.8)

In order to prove A : V' — Bis Additive. Replacing (z, vy, z,t) by (ulx, uly, uz, pi't)

in (5.2) and dividing by w7, it follows from (5.1)) and (5.8]), A satisfies (1.5)) for all
x,y,z,t €V.

By (B1 (iii)), A is the unique fixed point of T"in the set A = {f, € X : d(f,, A) <
oo}, such that
[fo(x) = Al2)[ly < MB(x)
for all z € V and M > 0. Finally, by (B1 (iV')), we obtain

1
d 07A S —d 07T o
(for A) < 7= d(f0 T
this implies
Ll—z’
1—-L

d(f,, A) <

Hence we conclude that

Hﬁ@wﬁmm@s(”4)3uw

1—L
for all x € V. This completes the proof of the theorem. O

From Theorem we obtain the following corollary concerning the Hyers-Ulam-
Rassias stability for the functional equation ([1.5)).

Corollary 5.4. Let f,: X — V be a mapping and there exits real numbers A\ and s
such that

1D fo(x,y, 2, 1)y

A1+ Myl + =11+ 12l
s<lors>1;
AUIFHyIEN2P N+ {2l + I+ 2]+ 13
s<jors>i

< (5.9)

for all x,y,z,t € U, then there exists a unique additive function A : X — Y such

that
(2t Ay
2812 — 23 ’
1£a@) =A@ <9 D o 2 DA ? (510
26(2 — 24| ’
forallz € X.
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Proof. Setting
Mll” + 1yll* + [12]° + [ 1]},
alx,y,z,t) = s s s s s s s s
(.9, 7.1) { AUl Ty P12l + {2l + Tyl + 12l + )
for all z,y, z,t € X.
Then,for s < 1if 7+ =0 and for s > 1 if i = 1, we get

a(px, pty, piz, pit)
e}

M—{Hulwll eyl + g 21 + [t

— i

A S S S S
o {IIMMH gyl 21 el {2l + gyl ™ + [ 2] +||uzw||4}}

2

_J = 0asn— oo,
] - 0asn— oo.

Thus, (5.1)) is holds.

But we have v(z) = a (z,%,0,0) has the property v(z) < L - p; v () for all
x € X. Hence

1= L a(nEi00) < | 7 (4 G)
? _5<HxH4S+H%H4S).

(A i
1 el 15
Mﬂ(u ) | 25)\“ {(||M||45+||uz ”45)}

(A 1+28 ]
26MM

AL 1+24S .
i (g )l
[ 2%

(A 1+28

Now,

T E2]
- A 1+24S
4s—1 N 4s
g (S )l
{uz (@),
1y ().

Hence the inequality (5.3) holds either, L = 27! for s < 1if i = 0 and L = 5
for s > 1if ¢ =1.
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Now from ([5.4]), we prove the following cases for condition (7).
Case:l L=2"'fors<1ifi=0

(s—1) 1-0 s
1) = Al < S LY e

1—26-D | 25

2 (142 A, .,
< 5—5:) 55 557l
22 | 2 2
(555) Allll?
= 25(2—29)

Case:2 L=z fors > 1ifi=1

@) - AW, < =) {”25} 2]

1— gy | 20 [ 28
2 (142 A, .,
< 5 (5517l
25 -2 | 2 2
(1+27) Afl[]*

= (2 —2)

Again, the inequality holds either, L = 2%~ for s < 2if i = 0 and L = 51+
for s > 2if i = 1.
Now from ([5.4]), we prove the following cases for condition (ii).
Case:1 L=2%1fors<1ifi=0

(4s—1)\1-0 4s
o) — A, < &) {1” } A

1 — 9(4s—1) 94s 2_ﬁ||x|

20 (1428 N
<o T pillel

(1+2%) Al|||*
=252 —2m)

Case:2 L= g fors>1ifi=1

1 1-1 4s
FICTE) 1+2 A s
1) — Al < T LI Ly

4
1—m 248

28 (142, A,

(142%) Affz]|*
= " oA(2s — 2)

Hence the proof is complete 0
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Theorem 5.5. Let f. : V. — B be a mapping for which there exists a function
a: V= 10,00) with the condition

lim a(pie, piy, iz, ppt)

n—00 ,U?

—0 (5.11)

where p; =2 if 1 =0 and p; = % if © = 1 such that the functional inequality with
IDfe(x,y,z,0)|ly < alz,y,z1) (5.12)

for all x,y, z,t € V. If there exists L = L(i) such that the function
r—y(r) =« (m,%,0,0) ,
has the property
’WﬁéLﬁv(f) (5.13)
for allx € V. Then there exists unique quadratic function Q) : V — B satisfying the
functional equation and

WM@—Q@HWS(Lﬂ)v@V (5.14)

1—-L
holds for all x € V.

Proof. Consider the set @ = {g/g:V — B, g(0) = 0} and introduce the generalized
metric on 2,

d(g,h) = inf{M € (0,00) :|| g(x) = h(z) [y < M~(z),z € V'}.
It is easy to see that (€2, d) is complete. Define T': 2 — Q) by

1
Tg(x) = Eg(,uix), forall x € V.

Now g,h € X,
d(g,h) <M = || g(x) — h(z) |y < M~y(x),r € V.

1
S —2M'}/(,UZ.1'),[B € Va
y M

< L M~(x),x €V,
Y
= || Tg(z) = Th(z) [[y< LM~(y),x €V,

=d(Tg,Th) < LM.

This implies d(Tg, Th) < Ld(g,h), for all g,h € Q . i.e., T is a strictly contractive
mapping on {2 with Lipschitz constant L.

é ‘

1 1
Eﬂ(ﬂﬂ) — —h(pw)

)

j ‘

1 1
—9(pax) — —h(px
2 (i) = —-hlpi)

7
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It follows form (4.17)) that,

(2
‘ fe22) _ p —a(2z,7,0,0) (5.15)
4 %
for all y € V. Using ([5.13)) for the case i = 0 it reduces to
(2
FED _pw)| < 2ot
%
for all z € V.
1
e, d(f,Tf)<L= % = d(fe,Tf.) < L=1L"< 0.
Again replacing x = 5 in (5.15)), we get
fe(x) —4f. (E) H <a (x, g,0,0) (5.16)
2/ ly 2
for all z € V. Using (5.13)) for the case i = 1 it reduces to
x
fu@) =4 (3)|, <@
Y
forall X e V.
e, d(fe.Tf)<1=d(f.Tf)<1=L"<occ.
In both cases, we have
d(fe,Tf) < L' (5.17)

Therefore (B1 (7)) holds.
By (B1 (7)), it follows that there exists a fixed point @ of T in Q such that

Q(x) = lim fe(ui'y)

Vel (5.18)

In order to prove @ : V —> B is quadratic. Replacing (x,y, z,t) by (ul'x, uly, pi'z, pi't)

n (5.12) and dividing by u2", it follows from (5.11]) and - Q satisfies (L.5) for

all v, y,z,t € V.

By (B1 (7)), @ is the unique fixed point of T"in the set A = {f. € X : d(f., Q) <
oo}, such that
Ife(z) = Q)] < MB(x)
for all x € V and M > 0. Finally, by (B1 (iV)), we obtain

1
d(fs A) < =7 d(fsT1,)
this implies
Ll—i
A) < )
d(fe’ ) — 1 o L
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Hence we conclude that

I ) - Qo) < () e

for all z € V. This completes the proof of the theorem. 0J

From Theorem we obtain the following corollary concerning the Hyers-Ulam-
Rassias stability for the functional equation (1.5)).

Corollary 5.6. Let f.: X — V be a mapping and there exits real numbers A and s
such that

1D fe(x,y, z, D)l

Ml + yll* + 1= + (1]}
s<2o0rs>2;
AUl FHyIE =P+ el + I+ =]+ )
s<iors>1i

< (5.19)

for all x,y,z,t € U, then there exists a unique quadratic function () : X — Y such
that
(2° + DAJ|=[]*\"

I5.@) = Q@I <8 3o il oy (520)
(oimm )

forallz € X.

Proof. Setting

Mll® + 1yll* + [12]° + [ 1]},
alx,y,z,t) = s s s s s s s s
(:9,71) { APl =P+ el gl A+ ()
for all z,y,z,t € X.
Then,for s < 1if i =0 and for s > 1 if : = 1, we get

o pla, ply, plz, 1't)
("

A n S n S n S n S
W{H/wﬂl\ 1wyl A+ 1 211 + )
=91 A
o {Hu?st eyl 1 21 el {1+ gy 15+ 2]+ gl ™} }

2

_J = 0asn— oo,
] = 0asn— oo

Thus, (5.11)) is holds.
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But we have v(z) = a (z,%,0,0) has the property v(z) < L - p; v () for all
x € X. Hence

2 (el + 11311
1 18 Z 5 ),
’Y(LU):— (X({E,E,O?(]) = Zs\ﬁ 2
o (211 + 1201%)
Now,
( )\ ILLZ
: iy 4 el 15571
E’Y(Mﬂ) = A i i
z Py L sl 1E55E) )
() 1 + 25
ot (e

_< /\ (1+24s>|| ||4S
/,L 5 T .
\ 46:“1 24

([ oA 1+28

WE ||| |*,
- A\ /1 +245
4s5—2 4s
e (S ) el
_ { ui (@),
i 'y(x)

Hence the inequality (5.13) holds either, L =252 for s < 2if i = 0 and L = 5
for s > 2if i = 1.
Now from (5.14), we prove the following cases for condition (¢).
Case:1 L=2"2fors<2ifi=0

2(5=2) 14+25) A
Iula) <nu_ﬂ23m{; b el

2° 1+2° A
< _ S
< 2 {5} il

(1 +2°) Af|z|]®
=44 — 2v)
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Case:2 L=z fors>1ifi=1

1yt 5
I£ita) - Qo) < ) {22 Sl

S
1 - 2(s—2) 2

28 142°) A
< _ S
< g { e ] el

(14 27) Alfz]]*
=482 —4)

Again, the inequality (5.13) holds either, L = 2**%for s < 2 ifi = 0 and L = 51
fors>%ifz':1.
Now from (5.14), we prove the following cases for condition (i7).
Case:1 L=2%"'fors<iifi=0

(2(45—2))1_0 14+ 94s A 4
I£.0) = Q@ < gty { T a | rllel

L SIS Ch N W
<ol plla

(1+2°) A[|=|[*
T 484 —2%)
Case:2 Lzz%%lfors>%ifi:1

_1 =1 4s
I1.0) - @l < T [LEEL e

R S 4s
1 2(45—2) 2

2 (142 A
<o}l

(142°) Af|[|*
= T 4B(28 — 1)

Hence the proof is complete O

Theorem 5.7. Let f, : V. — B be a mapping for which there exist a function
a: VY — [0,00) with the conditions and where p; = 2 if i = 0 and
Wi = % if 1 = 1 such that the functional inequality with

||Df(£L’,y, Zat)HY S Oz(:):,y,z,t) (521)
for all x,y, z,t € V. If there exists L = L(i) such that the function

r — y(x) :a<x,g,0,0),

has the properties and for all x € V. Then there exists unique additive
function A 'V — B and unique quadratic function Q : V. — B satisfying the
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functional equation and

1—2

| f(z) = A(z) = Q(z) [y < K” ( = ) ()" + 7 (=2)"] (5.22)

1-L

holds for all x € V.

Proof. Let f,(z) = fol) —2f0(—m) for all z € x. Then f,(0) = 0 and f,(—z) =

—fa(z) for all x € X. Hence

alz,y, z,t) N al—x,—y,—z,—t)

HDfa<x7yaz>t)”Y S 2 2) (523>

By Theorem [5.3|, we have
[ falz) — A < 5.24
(@) =A@y < 5 (727 ) b@) + () (524)

for all x € X. Also, let f,(x) = fe() +2fe(—w>
fq(—2) = f,(z) for all z € x. Hence

for all x € X. Then f,(0) = 0 and

Oé(ZL', Y, z, t) + Oé(—l’, -Y,—%, t)

1D, 1)l < 2 2 (5.29
By Theorem [£.3], we have
I = QW < 3 (3= ) i) +2(-0) (5.20
for all z € X. Define
F@) = £.@) + fy(x) (527

for all x € z. From ([5.24)),(5.26) and (5.27)), we arrive

1f(z) = Alz) = Q)]
= [lfa(z) + fo(z) = Alx) = Q)]l},
< KP | fa(x) = A@)[y + [ fo(x) — Q)15

< & (£) by +a(-op

for all x € X. Hence the theorem is proved. 0
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Corollary 5.8. Let A and s be nonnegative real numbers. Let a function f: X —Y
satisfies the inequality

||Df(x7yazat)||Y
A,
A1+ Hyll + (=11 + 121
< s<lors>1; (5.28)

Myl 4 {1+ 1yl + 2]+ 2]}
s<iors>i

for all x,y,z,t € X. Then there exists a unique additive function A : X — Y and
a unique quadratic function Q) : X — Y such that

1f(z) = A(z) = Q(z)[ly

1 1 P

2° + 1)PNP ps

(3753 + =) @+ UVl
1 p

(5.29)

243 1p)\p 4ps
25’2_24s|+46|4_245| (2% + 1)PA?||]| 7,

forallz € X.
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Abstract

The main purpose of this paper is to introduced and studied a new class of fuzzy
nonlinear set valued random variational inclusions involving random nonlinear
(A¢,m:)-monotone mapping in Hilbert spaces. Using the random hybrid proximal
point operator associated with random nonlinear (A¢,n:)-monotone mapping and
random relaxed co-coercive mappings, we proved an existence theorem for the
iterative sequences generated by the proposed algorithm.

Keywords: Fuzzy mappings, Hilbert spaces, fuzzy nonlinear set valued random vari-
ational inclusions, random relaxed cocoercive mapping, existence theorem, iterative
sequences, algorithm.

Mathematics Subject Classification: 47H09, , 47J20, 47J25, 49J40.

1 Introduction

The set valued inclusion problem, which was introduced and studied by De Bella [5],
Huang et al. [17] is a useful extension of the mathematical analysis. It provides us
with unified, natural, novel, innovative and general technique to study a wide range of
problem arising in different branches of mathematics, engineering and financial sciences.
Ding and Luo [10], Verma [30], Huang [16] and Lan et al. [21] introduced the concept
of n-subdifferential operators, maximal n-monotone operators, H-monotone operators,
A-monotone operators, (H,n)-monotone operators, (A,n)-accretive mappings, (G,n)-
monotone operators and defined resolvent operators associated with them respectively.
Recently Verma [31] has developed a hybrid version of the Eckstein and Bertsekas [12]
proximal point algorithm based on the (A,n)-maximal monotonicity framework [31] and
studied convergence of the algorithm.

A fuzzy set introduced in the seminal article written by Zadeh [33] is an existence
of a crisp set by enlarging the true valued set {0,1} to the real unit interval [0,1].
Fuzzy set theory is a powerful hand set for modeling, uncertainty and vagueness in
various problems arising in the field of science and engineering. It has also very useful
applications in various field to all aspects of fuzzyness from theoretical to practical in
almost all sciences, technology, networking and industry, in our real world, we mostly
perform fuzzy approximations. In 1989 Chang and Zhu [9] introduced the concepts of
variational inequalities with fuzzy mappings and extended some results of Lassando [20]
in the fuzzy setting. Later, they were developed by Agarwal et al. [1], Ahmad et al. [2],
Ding et al. [11], Lee et al. [23, 24], Huang [15], Lan et al. [21] and Anastassiou et al. [4] etc.
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On the other hand, random variational inequality problems and random quasi variational
inequality problems have been considered by Chang [6, 7], Chang and Huang [8], Husain
et al. [18], Tan [29], Yuan [32], Salahuddin and Ahmad [28], Khan and Salahuddin [19]
and Salahuddin [27] etc.

Inspired and motivated by recent research works [3, 13, 15, 22, 25, 32, 34], in this
paper we proposed a general nonlinear framework for a random hybrid proximal point
algorithm using the notion of (A, n:)-monotonicity in fuzzy environment. The existence
and convergence analysis for the algorithm of solving a fuzzy nonlinear set valued random
variational inclusion problems are explored along with some results on the resolvent oper-
ator corresponding to (A, n;)-monotonicity mappings. The results of random sequences
{zn(t)} generated by the random algorithm converges linearly to a solution of fuzzy non-
linear set valued random variational inclusion problems as the convergence rate 6 is proved.

2 Preliminaries

Let H be a real Hilbert space with || - || and inner product (-, ), respectively. Let F(H)
be a collection of all fuzzy sets over H. A mapping F' from H into F(#) is called a fuzzy
mapping on H. If F' is a fuzzy mapping on H, then F(z) (denote it by Fy, in the sequel) is
a fuzzy set on H and F,(y) is the membership function of y in F,. Let S € F(H),q € [0, 1].
Then the set

(S)y = {u e H s S(u) = )

is called a g-cut set of S.

In this communication, we denote by (£2,3) a measurable space, where (2 is a set and ¥ is
a o-algebra of subsets of Q and by B(H), 2" CB(H) and H(-,-), the class of Borel o-field
in H, the family of all nonempty subset of H, the family of all nonempty closed bounded
subsets of H and the Hausdorff metric on CB(H) respectively. A mapping z : Q — H is
said to be measurable if for any B € B(H),{t € Q: z(t) € B} € %.

A mapping f: Q x H — H is called a random operator if for any = € H, f(t,x) = x(t) is
a measurable. A random operator f is said to be continuous if for any ¢ € €2, the mapping
f(t,-): H— H is continuous. A set valued mapping T : © — 2¥ is said to be measurable
if for any B € B(H), T"'(B) ={t € Q:T{t)NB # 0} € ¥. A mapping u : Q — H is
called a measurable selection of a set valued measurable mapping 7' : Q — 27 if v is a
measurable and for any ¢ € Q,u(t) € T'(t). A mapping T : Q x H — 2 is called a random
set valued mapping if for any « € H,T(-, z) is measurable. A random set valued mapping
T :Qx H — CB(H) is said to be H-continuous if for any ¢ € Q, T'(¢,-) is continuous in
the Hausdorff metric.

Definition 2.1 A fuzzy mapping F : Q — F(H) is called measurable if for any o €
(0,1], (F()a : @ — 2 is a measurable set valued mapping.

Definition 2.2 A fuzzy mapping F : Q x H — F(H) is called a random fuzzy mapping,
if for any x € H,F(-,x) : Q — F(H) is a measurable fuzzy mapping.
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Let T, P,Q : Q x H — F(H) be the three random fuzzy mappings satisfying the following
condition (C) :

(C) : there exist three mappings a,b,c : H — [0,1] such that (T} ,¢))a@e) €
CB(H), (P at))b(a(t)) € CB(H), (Qra(t))c(a(r)y € CB(H), ¥(t,z) € Q x H.

By using the random fuzzy mappings T, P,Q, we can define three random set valued
mappings T,P and Q as follows:

T:QxH— CBH),z— (Tig)aw V(7)€ Qx H,
P:Qx H— CB(H),x = (Pa)y) Y(t, @) € Q x H,
Q:Qx H— CB(H),z— (Qta)e(r) V(t,2) € U x H and Ty, = T(t,2(t)).

In the sequel T, P and Q are called the random set valued mappings induced by random
fuzzy mappings T, P and @, respectively. Let n, N : Q@ x H x H — H be two random
mappings. Let f,g,p : @ x H — H be the three random single valued mappings and
M : Qx Hx H — 2" the random set valued mapping with for each t € Q,u € H, M(t, -, u)
is a maximal np-monotone with Range (g) () DomM (¢, -,u) # (). we consider the following
problem for finding u,z,y,2 : Q@ — H such that for all t € Q,u(t) € H, T} ,)(x(t)) >
a(u()), ooy (5(8)) > b(u(1)), Qe ((1)) > c(u(t)) and g(t, u(t)) () Dom(M(t, - 2(1))) £
() for t € Q, such that

0 € fix(t)) + Ne(pe(u(t), y(t)) + Mi(g:(u(t)), 2(2))- (2.1)

The problem (2.1) is called fuzzy nonlinear set valued random variational inclusions. It is
known that a number of problems involving the nonmonotone, nonconvex and nonsmooth
mapping arising in structural engineering, mechanics, economics and optimization theory
can be reduced to study this type of variational inclusions.

3 Random Iterative Algorithm

The following definitions and results are needed to prove the main results.

Lemma 3.1 [6/ Let T : Qx H — CB(H) be a H-continuous random set valued mapping.
Then for any measurable mapping w : Q — H, the set valued mapping T(-,w(t)) : Q@ —
CB(H) is measurable.

Lemma 3.2 [6] Let P,T : QQ — CB(H) be the two measurable set valued mappings, € > 0
be a constant and v : 2 — H be a measurable selection of P. Then there exists a measurable
selection w : Q@ — H of T such that for all t € Q,

lo(t) = w(®)|| < (1+ H(P(1), T(2)).
Definition 3.3 A random operator A : Q x H — H is said to be

(i) randomly monotone, if

<At(u1(t)) — At(uQ(t)),ul(t) — UQ(t)> > O, Vul(t),uQ(t) S H,t S Q,
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(13) randomly r-strongly monotone, if there exists a measurable mapping v : Q — (0, 00)
such that

(Au(ur(8)) — Au(us(t)), ur(t) = ua()) > rellur () — ua ()|, Vur (6), ua(t) € Ht € O,

(#i7) randomly ry-relazed monotone, if there exists a measurable mapping v : £ — (0, 00)
such that

(Ae(ur(t)) = Ae(ua(t)), ur(t) — ua(t)) = —reflua(t) — ua (1),
Vui(t),ue(t) € H,t € Q,
(iv) randomly &-cocoercive if
(Ap(ur () = Ar(ua(®)), ur () — u2(t)) > &ellua (t) — w2 (1)1,
Vuy(t), us(t) € H,t € Q,

(v) randomly (o, &;)-relazed cocoercive, if there exists measurable mappings o, & : 0 —
(0,00) such that

(Ap(ur ()= A (ua (1)), ua () —ua(t)) = —on || Ap(ur ()= A (ua () *+& ua () —ua(t)|%,
Vul(t),UQ(t) € H te.

Definition 3.4 Let N : Qx H x H — H and p : Q@ x H — H be the two single valued
mappings, and Q : Q@ x H — CB(H) the random mapping, then

(1) Ny is said to be randomly (o, €;)-p-relaxed cocoercive with respect to first variable of Ny
if
(Ne(pe(u(t)), ) =Ne(pe(v(t)), ), ult)=v(t)) = = | Ne(pe(u()), ) =Ne(pe(v(8)), )| *+eelfult)—o(t) ]|
Yu(t),v(t) € H,t € Q.

(7i) Ny is said to be randomly (@, Yy)-Qi-relaxed cocoercive with respect to second variable

Oth lf
(Ne(5y1 (1) = Ne (-, y2(8)), w(t) = 0(8)) = =@ | Ne (-, 91.(8)) = Ne -, ya () 1P + e lut) — o(8)]|?
V1 (t) € Qi(u(t)), ya(t) € Qi(v(t)),u(t),v(t) € H,t € Q.

Definition 3.5 Letn: Q x H x H — H be a single valued mapping. The map n; is called
randomly T,-Lipschitz continuous if there is a measurable mapping 7 : Q@ — (0,00) such
that

76 (u(), ()] < Tel[ult) = v (@], Vu(t), v(t) € H,t € Q.

Definition 3.6 Letn : QxHxH — H be a single valued mapping and let M : Qx H — 2H
be a random set valued mapping. The random map M, is said to be
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(i) randomly (ry,m;)-strongly monotone if
(w (1) — 0" (1), me(ul®), v(0))) = rellu(t) — o()]2,
V(u(t), u* (1)), (u(t),v* (1)) € Graph(M);
(i) randomly n-pseudomonotone if
(0" (£), (), () = 0 = (u (£), me(u(t), v(£))) = 0
V(u(t), u* (1)), (u(t),v* (1)) € Graph(M);

(#i7) randomly (ry,m)-relazed monotone if there exists a measurable mapping v : Q —
(0,00) such that

(u(t) — v (1), me(u(t), v(8)) = —rellu(t) — v(®)]?,
V(u(t), u*(t)), (v(t),v*(t)) € Graph(M).

Definition 3.7 A random mapping M : Q x H — 2 s said to be random mazimal
(my, m4)-relaxzed monotone if

(i) My is random (My,n)-monotone
(1) for (u(t),u*(t)) € Hx H and
(W' (1) = v (), me(u(t), v(1)) = —meflu(t) —v(t)|*, ¥Y(v(t),v"(t)) € Graph(M)
we have w*(t) € M(u(t)).

Definition 3.8 Let A: Qx H — H andn: Qx Hx H— H be two random single valued
mappings, the random mapping M : Qx H — 2" is said to be randomly (Az, n;)-monotone

if
(1) My is randomly (My,n:)-relaxzed monotone,

(1) R(Ay+ peMy) = H for a measurable mapping p : @ — (0,1).

Note that alternatively, the random mapping M : Qx H — 29 is said to randomly (As, n;)-
monotone if

(i) My is randomly (My,n.)-relaxzed monotone,

(13) Ay + pMy is randomly n.-pseudomonotone for a measurable mapping p : Q@ — (0, 1).

Proposition 3.9 Let a random mapping A : Q x H — H be randomly (ry, n)-strongly
monotone, M : Q x H — 21 be a randomly (As, n;)-monotone mapping, and 1 : Q x H x
H — H be the randomly 1;-Lipschitz continuous, then My is randomly (my,n:)-relazed
monotone and (Ay + peMy)H = H for 0 < p; < 7%
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Proposition 3.10 Let a map A: Q x H — H be the randomly (ry, n)-strongly monotone
and M : Qx H — 28 be a randomly (Ag, nt)-monotone mapping. Letn : Qx HxH — H be
the randomly 1-Lipschitz continuous. Then (Ay+ piMy) is randomly mazimal n.-monotone
Jor 0 < pp < L.

Proof. Given that A; is randomly (ry, 7¢)-strongly monotone and M; is randomly (A, n;)-
maximal monotone, then (A; + pM;) is randomly (r; — mypg, i )-strongly monotone. This
in turn implies that (A; + psM;) is randomly 7,-pseudomonotone and hence (A; + piMy)
is randomly 7;-monotone under given conditions. m

Proposition 3.11 Let A: Qx H — H be a randomly (r¢, nt)-strongly monotone mapping
and M : Q x H — 2 be the randomly (A¢,n;)-monotone mapping. If in addition, n :
QO x H x H— H is randomly 1-Lipschitz continuous, then the operator (A; + ptMt)*l 18
randomly single valued for 0 < p; < %

Lemma 3.12 Let H be a real Hilbert space and n : Q2 x H x H — H be a randomly
1¢-Lipschitz continuous nonlinear mapping. Let A : Q x H — H be a randomly (r¢, pt)-
strongly monotone and M : Q x H x H — 29 be randomly (A¢,n;)-monotone in first
argument in My. Then the generalized resolvent operator associated with M;(-,v(t)) for a
fized v(t) € H and defined by

T (1)) = (A + pei(-, v (1)) M (ult)), Vu(t) € H

Tt
Tt— Pt

is randomly ( )-Lipschitz continuous.

Definition 3.13 A random set valued mapping T : Qx H — CB(H) is said to be random
‘H-Lipschitz continuous if there exists a measurable mapping )‘ﬁT : Q0 — (0,00) such that
t

~

H(Ti(ur(t)), Tr(ua(t)) < A, g, [lua () — uz(B)[], Vur(t), ua(t) € H.

Lemma 3.14 The set of measurable mappings u,z,y,z : Q@ — H is a random solution of
problem (2.1) if and only if for all t € Q,u(t) € H,z(t) € Ty(u(t)),y(t) € Pr(u(t)),2(t) €
Q¢(u(t)) and

gr(u(t)) = TN DA gy (u(t)) — o fel@ (1) + Ne(pe(u(®), y(1))]  (3.1)

where p : Q — (0,00) is a measurable mapping.

Proof. The proof directly follows from the definition of Jgf’xt("z(t)). ]
Based on Lemma 3.14 and Nadler [26], developed a fuzzy random iterative algorithm for
solving the problem (3.1) as follows

Algorithm 3.15 Suppose that T, P,Q : Q x H — F(H) be three fuzzy random mappings
satisfying the condition (C). Let T,P,Q : Q x H — CB(H) be the H-continuous random
set valued mappings induced by T, P,Q, respectively. Let A, f,g,p : @ x H — H be
the single valued random mappings and n,N : Q@ x H x H — H be the two random
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bifunctions. Let M : Q x H x H — 2H be a set valued random mapping such that
for each fived t € Q,M(t,-,-) : Hx H — 2 is randomly A;-monotone mapping with
Im(gt) N domMy(-,-) # (0. For any given measurable mapping ug : @ — H, the set valued
random mappings Ty (uo(t)), Ps(uo(t)), Qe(uo(t)) : @ — CB(H) are measurable by Lemma
3.1. Hence there exists measurable selections zo : Q@ — H of Ty(uo(t)),y0 : Q — H of
Pi(uo(t)), and z : @ — H of Qs(uo(t)). By Himmelberg [14], let

ui(8) = uo()—ge(uo(£))+I 734, (g, (uo(£)))—pe{ fi (20(8)+Ne(pe(uo(t), yo (1))} +eo(t).

where py is same as in Lemma 3.14, 1 > t > 0 is a constant, and eo(t) : @ — H is
a measurable function which is a random error to take into account a possible inexact
computation of random hybrid proximal point. Then, it is easy to know that uq : @ — H
is a measurable. By Lemma 3.1/, there exists a measurable selections r1 : Q@ — H of
Ty(ur(:),y1: Q= H of Py(u1()) and z1 : Q — H of Qi(u1(-)) such that for all t € Q,

lzo(t) — 1 (B)l] < (1 + D)H(Te(uo(t)), Te(ur (1)),
lyo(t) =51 (DIl < (1 + DH(Pi(uo(t)), Pr(ur(t))),

P
120(t) = 21 ()| < (1 + DH(Q:(uo(1)), Qe(ur (¢)))-
Let

ua(t) = ur (8) =i (wr (1) + T4t A (g1 1 (60) = pe (1 (0)+ N (pe (wa (1)) 1 (£) e (1),
The uy(t) is a measurable. Continuing the above process inductively, we can define the

following random iterative sequences for fuzzy mappings {u,(t)}, {zn(t)}, {yn(t)} and
{zn(t)} for solving (2.1) as follows

U1 (8) = un(8) = g1 (un () + T4 D[4 (g1 (0 () = e Foa (8) + Ne (pe(wn (1)), 9o () H e (2)

zn(t) € To(un(t)), yn(t) € Polun(t)), za(t) € Qelun(t)),
lzn(t) = 21 (O < 1+ (1 +0)"HH( T (un (1)), Te(unsa(1))),
lyn(t) = gnea (B < (14 (14 0) "V H(Polun(t)), Pelunsr (1)),
20 (t) = zn1 ()] < (14 (1 + 7)) H(Q(un (1)), Qlunta (1)),

forany 0 <t <1landn=0,1,2,---;e,(t) : @ = H(n > 0) is a random error to take
into account a possible inexact computation of the proximal point.

4 Convergence Results

In this section, we shall give some existence and convergence theorem for fuzzy nonlinear
set valued inclusions.
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Theorem 4.1 Let a random mapping n : Q x H x H — H be randomly (my,n;)-relaxed
monotone and Lipschitz continuous with constant 7. Let M : Q@ x H x H — H be a
random set valued mapping such that for each fired t € Q, M (t,-,-) : Q x H x H — 2 be
the randomly (A¢, n¢)-monotone mapping in the first argument in My and A : Qx H — H
be the randomly (r¢,n:)-strongly monotone and x¢-Lipschitz continuous with constant x;.
Let T,P,Q : Q@ x H — F(H) be the fuzzy random mappings satisfies the condition (C)
and T,P,Q : QO x H — CB(H) be the H-continuous random set valued mappings induced
by T, P,Q, respectively. Suppose that T, P,Q are randomly H-Lipschitz continuous with
random variables v, vy, dy, respectively. Let py, fi : Q@ x H — H be the Lipschitz continuous
random mappings with constants s, wy, respectively. Let N : Qx Hx H — H be the bilinear
random mapping which is Lipschitz continuous with first variable with constant B; and
second variable with ;. Assume that Ny(-,-) is randomly (o, €;)-p-relazed cocoercive with
respect to first argument. A random mapping g : Qx H — H is random strongly monotone
with constant vy and random Lipschitz continuous with constant & and Aog is randomly
(Gt, kt)-relazed cocoercive. Let Ny(-,-) be the randomly (@, 1)-Q¢-relazed cocoercive with
respect to the second arqument. Let M : Q x H x H — 2" be a set valued mapping such
that for each fized t € Q,v(t) € H, My(-,v(t)) : H — 2" be the randomly (A¢, n;)-monotone
random mapping and range (g;) N domMy(-,v(t)) # 0. For any t € Q,u(t),v(t),w(t) € H
there exists a random real valued variable 9y > 0 such that

£, Mt (-,2n £ M (20—
e = D) = T = D) < Sillzn(t) = 2 (8] (4.1)

and

A > VOl
D(t)r? > nG(t) +my(1 — B(t))
7 > (1 — B(t)) — . C(t)
()7 > /7 G(t) + my(1 — B(t))

where

0= EX(t)r — (nG(t) +my(1 — B(t)))?
A = D)1 — (rG(t) + my(1 — B(1)))
0 =17 — (r(1- B(t)) — 7C(t))?
and

Tim Jleq(t)]| =0 Z llen(t) — en1(t)] < o0, ¥t € Q. (4.2)

The random variable iterative sequences {un(t)}, {xn(t)},{yn(t)} and {z,(t)} : @ — H
generated by Algorithm 3.15, converge strongly to random variables u*(t),x*(t),y*(t) and
z2*(t) : Q@ — H respectively and (u*(t), x*(t), y*(t), 2*(t)) is a solution set of problem (2.1).
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Proof. From Algorithm 3.15, for any t € 2, we have

1 (£) = un ()] = [lun(t) = ge(un(t)) + T4 DA (g (wn (1)) = pel fola(t)

+Ne(pe(un (1), yn ()] + en () = tn1(t) + ge(un—1(t)) — T2 O A (g (w1 (1))
— pe{ Fi(wn1(1) + Ne(pe(tn-1(5), g1 (£)}) — en 1 ()]
< futn(t) = n—1(t) = (g2 (un(t)) — ge(un—1 (1))

A D g ()] — TR D o )]+ en(t) — ena(2)]

< un(t) = w1 () = (gelun(t)) — ge(un_1(£)))]
LTI O g, ()] — 1A D g, (1]

A D g, (1] — TP D @]+ llen(®) — ena (0]

< (€)= 1 (8) = (900 (8)) = 1(ma (O] + "o fn8) — (1)
+0tl|2n(t) — 201 ()] + llen(t) — en—1(t)]] (4.3)
where
w(t) = A(ge(un(t))) — pe(fe(zn(t)) + Ne(pe(un(t)), yn(1)))-
Now

[wn(t) = w1 ()| = | At(g: (un(t)) = pr(fe(2n(t)) + Ne(pe(un(t)), yn(t)))

—Ai(9t(un—1())) + pr(fe(2n-1(2)) + Ne(pe(un—-1(t)), yn—1()))
= [[At(g¢(un(t))) = Ar(gs(un-1(1)))
—pe(fe(2n (b)) = fe(@n-1(8)) + Ne(pe(un(t)), yn(t)) — Ne(pe(un-1(t)), yn—1()))l
= [Jun(t) = un—1(t) = (Ae(ge(un(t))) — As(ge(un—1(t))))ll
Fllun(t) = wn1(t) = pe(Ne(pe(un(t)), yn(t)) = Ne(pr(un—1(t)), yn-1(2)))ll

+pill fie(wn(t)) — fe(zna ()]l (4.4)
From (4.3) and (4.4), we obtain

[un41() = un(®)|| < lJun(t) = un-1(t) = (ge(un(t)) = ge(un—1(2)))|

el (6) = w1 (2) = (el (1)) = el (-1 (D))

Fllun(t) = un-1(t) = pe(Ne(pe(un(t)), yn(t)) = Ne(p(un—1(2)), yn-1(1)))ll
+pill fe(@n(t)) = fe(@na O] + 6tllzn(t) = 201 (O] + llen(t) — ena (D). (4.5)

9
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Since Ny, g¢, pt, f+ are random Lipschitz continuous and Tt, pt, Qt are randomly 7:[—Lipschitz
continuous, we have

I91un(®) = g1t O] < &l (1) = w01 (1) (1.6
Ip1(un(®) = P11 ()] < stun(8) = 01 1) (@7

Ii(an(®) = fiana ()] <  willen(t) =z (1)

< BTy (6). T (1 (1))
< L+ —ullun(®) — wna @l (@)
2 (t) =11 ()] < (14— AP an(0): Palia (1)) < (14— ot (6) = 01 2]
900 =31 (] < (1 ) RUQuCua8), Qeltn1 () < (14— (t) — a1 (1)

and

[N (pe(un(t)), yn(t)) — Ne(pe(un—1(t)), yn—1() | < Bellpe(un(t)) — pe(un—1(2))|
+Yellyn(t) — yn—1(D)]|

)i un(®) = -1 (1)

" i D) [un(t) —una (B (4.9)

Since g; is random strongly monotone and random Lipschitz continuous, we have
[tn (8) = tn—1(t) = (ge(un(t)) = ge(un—1(O))I* < lfun(t) — un—1(£)]?
~2(ge(un(t)) = gt (un-1(t)), un(t) = un—1(t)) + llge(un(t)) = ge(un—1(1)?
< lun(t) — un—l(t)HQ — 2uf|un(t) — un—l(t)HQ + f?Hun(t) - un—l(t)H2
< (1= 20 + &) un(t) — up—1(t)|%. (4.10)

Since A; and ¢; are randomly Lipschitz continuous with y; and & respectively, and ran-
domly (g, k¢)- relaxed cocoercive and from Algorithm 3.15, we obtain

[t () = wn—1(t) = (Ae(ge(un (1)) = Ae(ge(un—1 (O < lJun(t) — un—1(t)||?
~2(At(ge(un(t))) = At(ge(un—1(t))), un(t) = wn-1(8)) + [ Ae(ge(un(t))) = Ae(ge(un-1()|”
< JJun(t) = un—1 (O + x7&¢ un(t) — up—1 ()|
+26t[| Ae (g2 (un (1)) — Ar(ge(un—1(ONI? — 26¢|un(t) — wn—1 ()]
< Nun(t) = wn—1 (O + X7& [un(t) — un—1(0)]* + 26x7 €7 [un(t) — un—1 ()]

< Besil|un(t) — un—1 ()| + (1 +

< (Best + (1 +

10
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—2#i¢[un(t) = un—1(8)]°
< (1= 26g) + (26 + 1 €0) lun(t) — un—1 (1) (4.11)

Since N(-,-) is randomly (a, €;)-p-relaxed cocoercive with respect to the first argument

of N;y. Again Ny(-,-) is randomly (¢4, ¥ )-Q-relaxed cocoercive with respect to the second
argument of Ny; IV; and p; are randomly Lipschitz continuous, we have

[t () = tn—1.(6) = e (Ne (P (n (£)), Y (8)) = Ne (P (un—1.(£)), yn—1 (O))I* = It () = un—1 (8)]|?

)
—2pt(Ne(pt(un (1)), yn(t)) — Ne(pe(un—1(t)), yn—1(t)), un(t) — un—1())
0P [ Ne(pe(un (1)), Yn (1)) — Ni(pe(un—1(t)), yn-1(t))|
< un () = un—1(0)1* = 206 (Ne (Pt (un(t)), Yn (1)) — Ne(pe(tn—1(£)), yn(t)), tn(t) — un—1(t))
=2p(Ne(pe(un—1(1)), yn(t)) — Ne(pe(un—1(t)), yn—1(1)), un(t) — up—1(t))
+07 | Nt (pe (un(£)), yn(£)) — Ne(pe(tn—1(t)), yn—1())|I”
< un(t) = un—1(8)1* = 206 (—ael| Ne (0 (un (1)), yn(£)) = Ni(pe (un—1(2)), yau ()|
+ellun(t) = un—1 (1) = 2p0(—@e[|Ne (P (un—1(2)), Yn () = Ne(pe(un—1(£)), yn—1(1)) >
el un(t) = un—1 (D)%) + 07 (Bellpe(un(t)) = pe(un—1 () + Yellyn(t) — yn1(t)])?
< un () = un—1 (01> + 2000038 57 ||t (t) — wn—1 (8[| — 2pr€s || (t) — un—1(2)]|
+2p100%; 1Yn () = Yn—1 (01> = 2000t [un () — un—1 (81> + p7 (Besellun(t) — wn—1(2)]]
+5el[yn () = yn-1(B)1)?
< un () = un—1 (01 + 2000037 57 ||t (t) — wn—1 (8|1 — 2pres||un (t) — un—1(2)]>

2

(
)

)
)Y

1
+2pepei (1 + ?) di|[un(t) — un—l(t)\|2 = 20001 [[un () = wn-1(8)]”

+Pt (Bese + (1 +

i D)) [un(t) = un 1 (8)]

1 1
< [+ 2pi(cufisi — e+ ey (1 + ?) di — i) + pf (Bese + (1 + — 1)dt)2]

ot (8) = wn—1 ()% (4.12)
From (4.5),(4.8), (4.9), (4.10), (4.11) and (4.12), we have

[unt1(t) = un (B < /1= 20 + EJun(t) — un-1(t)]

Tt

— Pty

+ /(= 20) + (2 + DX un (1) — tins (1))

1 1
+\/1 + 2pt(atﬂt23t — € + PtV d2(1 + ?) wt) + Pt (/Btst + 'Ytdt(l + ?))2

[un(t) = un—-1 ()] + pree(1 + 5 i —Juellun(t) = un—1 ()]l

11
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(1 +

JUtlun(t) = un—1 (D) + llen(t) — en—1 ()]l

1
1+n
1 Tt
< W1 =20 4+ 24 6(1 + v+7\/1—25 + (26 + 1)y2¢2
[ t+ & ( n—l—l)t Tt—ptmt[ ( t) + (26 Xt &

1
+\/(1 —2p¢(—auB2s? + € — P d (1 + m)Q + ) + p2(Best + yedi (1 +

1+n))2

1
+pwi(1 4+ 1

< [Bn(t) + m{c(t) + \/1 = 2ptDn(t) + pP EZ(t) + G () pe}]lun(t) — un—1(2)]]

Fllen(t) = en1 ()]l

< O (1) [|un(t) = un—1 ()] + [len(t) — en—1(t)]| (4.13)
where
6,(t) = B(t ﬁ_;;tmt[(](t) /1= 20D0(t) + PFER(1) + Galt)pd]
1
By (t) =1/1—2v; + & +0:(1+ T n)Ut,
O(t) = /(1 — 280) + (2 + D37
1
Dn(t) = —OztﬁfS? + €t — gOt’yEd?(l + m)2 + wt
E,(t) = Best + vede (1 + m)
1
Gn(t) = wtat(l + 11 n)
Letting
011) = BUt) + " [C) + /1 = 2pD(1) + FEX(D) + G(0)p]
and

B(t) = /1 —2v + & + dvr,

() = /(1 = 280) + (26 + )3,
D(t) = —ufBisi + & — ryidy + Y,
E(t) = Bis¢ + yedy,

Gn(t) = Wtlt.

12
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We have that 0,,(t) — 6(t) as n — oco. It follows from condition (4.2) and 0 < 0(t) < 1
hence there exists No > 0 and 6*(¢) € (6(t), 1) such that 6,(t) < 6*(¢) for all n > Np.
Therefore, from (4.13), we have

a1 (8) = wn (O] < 0@ [un() = w1 ()] + len(t) — enar(B)], ¥ < No.
Without loss of generality, we may assume
ettt (8) = (O] < 0% (O)l1wn () = s ()] + len(t) = ens(B)]l, ¥n < 1.

Hence, for any m > n > 0, we have

[um (1) — un(t)|| < Z [Jwit1 (1) — ui(t)||

m—1 1

Z Bl () = wo ()] + Y D055 (0)les(t) = ej—a(@)]]-

=1 j=1

It follows from condition (4.3) that
lum (t) — un ()] = 0 as n — oo

and so {u,(t)} is a Cauchy sequence in H. Let up(t) — u(t) as n — oco. By the random
Lipschitz continuity of T3(-), Pi(-) and Qy(+), we obtain

[n1(t) —2za(t)]| < (1+ 141)7%( t(unt1(2)), Ti(un(t)))

1
< w4 P (t) —un (B,

Jo1(8) = O] < (1 1 Qi (1) (1)
< (14 s (t) = wn ),

e (®) = 20 0)] < (1+ 1jm< P (6), P n (1)
< oLt i () = unl)]

It follows that {un(t)}, {zn(t)}, {yn(t)} and {zn( )} are also Cauchy sequences in H. We can
assume that u,(t) — u*(t),z,(t) — 2*(t),yn(t) — y*(t) and 2,(t) — 2*(t) respectively.
Note that x,(t) € Ti(u,(t)), we have

d(a*(t), Ty(u* (1)) < l* () = 2n ()| + d(@n (1), Ti(u(2)))
< () = ()| + H(To(un(t)), Ty (u" (2)))
< 2" () = @) + wellun(t) —u(t)]| = 0 as n—oco.  (4.14)

13
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SALAHUDDIN: SET VALUED INCLUSIONS

Hence d(z*(t), T,(u*(t))) =0 and therefore 2*(t) € Ty (u*(t)). Similarly we can prove that
y*(t) € Qe(u*(t)), and 2*(t) € P;(u*(t)). By the random Lipschitz continuity of T3(-), Q¢(-)
and P;(-) and Lemma 3.14, condition (4.2) and lim,_ ||en(t)]] = 0, we have

u*(t)

= (8) — g (1)) + TN OV A (go (u(8)) — ped fo@ (£) + Ne(pe(u(£)), 57 (£)}).

By Lemma 3.14 we know that (u*(t),z*(¢), y*(t), 2*(t)) is a solution of problem (2.1). This
completes the proof. m
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Abstract

A sequence of polynomial {a,(x)} is called a function sequence
of order 2 if it satisfies the linear recurrence relation of order
2: ap(z) = p(x)an—1(x) + q(x)an—2(x) with initial conditions
ap(z) and ap(x). In this paper we derive a parametric form of
an () in terms of e with ¢(x) = B constant, inspired by Askey’s
and Ismail’s works shown in [2] [6], and [18], respectively. With
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Key Words and Phrases: sequence of order 2, linear recur-
rence relation, Fibonacci sequence, Chebyshev polynomial, the
generalized Gegenbauer-Humbert polynomial sequence, Lucas
number, Pell number.

1 Introduction

In [2, 6, 18], a type of hyperbolic expressions of Fibonacci polynomials
and Fibonacci numbers are given using parameterization. We shall
extend the idea to polynomial sequences and number sequences defined
by linear recurrence relations of order 2.

Many number and polynomial sequences can be defined, charac-
terized, evaluated, and/or classified by linear recurrence relations with
certain orders. A number sequence {a, } is called a sequence of order 2
if it satisfies the linear recurrence relation of order 2:

p = AGp_1 +bana, 1 >2, (1)

for some non-zero constants p and ¢ and initial conditions ag and a;. In
Mansour [21], the sequence {a,},>o defined by (1) is called Horadam’s
sequence, which was introduced in 1965 by Horadam [14]. [21] also
obtained the generating functions for powers of Horadam’s sequence.
To construct an explicit formula of its general term, one may use a
generating function, characteristic equation, or a matrix method (see
Comtet [8], Hsu [15], Strang [24], Wilf [26], etc.) In [5], Benjamin and
Quinn presented many elegant combinatorial meanings of the sequence
defined by recurrence relation (1). For instance, a,, counts the number
of ways to tile an n-board (i.e., board of length n) with squares (repre-
senting 1s) and dominoes (representing 2s) where each tile, except the
initial one has a color. In addition, there are p colors for squares and
q colors for dominoes. In particular, Aharonov, Beardon, and Driver
(see [1]) have proved that the solution of any sequence of numbers that
satisfies a recurrence relation of order 2 with constant coefficients and
initial conditions ag = 0 and a; = 1, called the primary solution, can be
expressed in terms of Chebyshev polynomial values. For instance, the
authors show F,, = i "U,(i/2) and L, = 2i~"T,(i/2), where F, and
L, respectively are Fibonacci numbers and Lucas numbers, and 7T}, and
U, are Chebyshev polynomials of the first kind and the second kind,
respectively (see also in [2, 3]). Some identities drawn from those rela-
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tions were given by Beardon in [4]. Marr and Vineyard in [22] use the
relationship to establish an explicit expression of five-diagonal Toeplitz
determinants. In [12], the first two authors presented a new method to
construct an explicit formula of {a,} generated by (1). For the sake of
the reader’s convenience, we cite this result as follows.

Proposition 1.1 ([12]) Let {a,} be a sequence of order 2 satisfy-
ing linear recurrence relation (1), and let o and [ be two roots of of
quadratic equation 2* —ax — b= 0. Then

an:{ () o = () 07, if a2 2)

na;a" ' — (n — 1)aga™, if a=p.

If the coefficients of the linear recurrence relation of a function se-
quence {a,(z)} of order 2 are real or complex-value functions of variable
z, i.e.,

an(‘r) = p(x)an—1<x> + Q(I)an—2<x>7 (3)
we obtain a function sequence of order 2 with initial conditions ag(x)
and a;(x). In particular, if all of p(x), q(x), ag(x) and a,(z) are poly-

nomials, then the corresponding sequence {a,(x)} is a polynomial se-
quence of order 2. Denote the solutions of

t* — p()t — q(z) =0
by a(x) and B(z). Then

o(x) = 5 (pla) +v/PP)  39(w), B(x) = 5 (o) — Vi) T 4q()).
(4

Similar to Proposition 1.1, we have
Proposition 1.2 [12] Let {a,} be a sequence of order 2 satisfying the

linear recurrence relation (3). Then

an(r) =

{ (lepplomse)) an(a) — (oo gr(), if a(z) # Ba)

nay(x)a™ 1 (x) — (n — Lag(x)a” (x), if a(z) = B(x),

where a(x) and B(x) are shown in (4).
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In this paper, we shall consider the polynomial sequence defined by (3)
with ¢(x) = B, a constant, to derive a parametric form of function
sequence of order 2 by using the idea shown in [18]. Our construc-
tion will focus on four type Chebyshev polynomials and the follow-
ing Gegenbauer-Humbert polynomial sequences although our method
is limited by those function sequences.

A sequence of the generalized Gegenbauer-Humbert polynomials
{PMC(2)},>0 is defined by the expansion (see, for example, [8], Gould
[10], Lidl, Mullen, and Turnwald[20], the first two of authors with Hsu

[11])

O(t) = (C — 2wt +yt*) ™ =Y Pv(a)tr, (6)
n>0
where A > 0, y and C' # 0 are real numbers. As special cases of (6), we
consider P (z) as follows (see [11])
PYUY(2) = U,(x), Chebyshev polynomial of the second kind,
PY2LY () = 4, (), Legendre polynomial,

n

P (2) = P, (), Pell polynomial,
plia <§> = F,.1(x), Fibonacci polynomial,
pL21 (g) = ®,.1(x), Fermat polynomial of the first kind,

PL22() = D, (z,a), Dickson polynomial of the second
kind, a # 0, (see, for example, [20]),

where a is a real parameter, and F,, = F,,(1) is the Fibonacci number.
In particular, if y = C' = 1, the corresponding polynomials are called
Gegenbauer polynomials (see [8]). More results on the Gegenbauer-
Humbert-type polynomials can be found in [16] by Hsu and in [17] by
the second author and Hsu, etc.

Similarly, for a class of the generalized Gegenbauer-Humbert poly-
nomial sequences defined by

An—1
x—
Cn
for all n > 2 with initial conditions
Py (a) = ®(0) = C 7,
Pf"y’c(x) = d'(0) = 2AxC 1,

2 +n—2

P () =y~

P9 (z) =2 Py%C(x)  (T)
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the following theorem has been obtained in [12]

Theorem 1.3 ([12]) Let x # ++/Cy. The generalized Gegenbauer-
Humbert polynomials { P (x)},>0 defined by expansion (6) can be
expressed as

<m + /2?2 — C’y)n+1 — (:C — 2= Cy)nH

PIvC(r) = 07
2y/x2 = Cy

(8)

We may use recurrence relation (6) to define various polynomials
that were defined using different techniques. Comparing recurrence
relation (6) with the relations of the generalized Fibonacci and Lucas
polynomials shown in Example 4, with the assumption of PO1 v =
and Pll’y’c = 1, we immediately know

PytNa) = 2aP (x) — Pyl (x) = U, (2230, 1)
defines the Chebyshev polynomials of the second kind, and
Pyt (@) = 20,5 (2) + Py (@) = Pa(22;0,-1)

defines the Pell polynomials.

In addition, in [20], Lidl, Mullen, and Turnwald defined the Dickson
polynomials are also the special case of the generalized Gegenbauer-
Humbert polynomials, which can be defined uniformly using recurrence
relation (6), namely

Dn(:E; a)) = JZDn_l(I‘; a) — aDn_Q(x; a) = P7172a’2(:p)

with Dy(z;a) = 2 and Dq(z;a) = x. Thus, the general terms of all of
above polynomials can be expressed using (8).

For A = y = C = 1, using (8) we obtain the expression of the
Chebyshev polynomials of the second kind:

Un(x) = (x +Va? = )" — (z — \/m)nﬂ7

2va? —1
where 2?2 # 1. Thus, Us(z) = 42% — 1.
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For A = C =1 and y = —1, formula (8) gives the expression of a
Pell polynomial of degree n + 1:

(o + VT I™ — (@ = VI

2V +1

Pn—&-l(x) =

Thus, Py(z) = 2z.
Similarly, let A = C' = 1 and y = —1, the Fibonacci polynomials
are
(ZL’ + A /2 + 4)n+1 _ (I’ — /2 + 4)n+1

Foi(z) = I ;

and the Fibonacci numbers are

1 ((1+v5\" [1-v5\
()

which has been presented in Example 1.
Finally, for A = C' =1 and y = 2, we have Fermat polynomials of
the first kind:

(z + Vo2 = 2)" — (2 — /22 = 2)"H!
2/12 — 2 ’

where 22 # 2. From the expressions of Chebyshev polynomials of the
second kind, Pell polynomials, and Fermat polynomials of the first kind,
we may get a class of the generalized Gegenbauer-Humbert polynomials
with respect to y defined by the following which will be parameterized.

Q.11 <x> =

Definition 1.4 The generalized Gegenbauer-Humbert polynomials with
respect to y, denoted by Péy)(:r) are defined by the expansion

(1—2xt+yt*)™' =) PW ()",

n>0

or by
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with P(x) = 1 and PY(z) = 2z, where 3* # y. In particular,
Pf,g_l)(x), Pél)(x) and P (x) are respectively Pell polynomials, Cheby-
shev polynomials of the second kind, and Fermat polynomials of the first
kind.

In the next section, we shall parameterize the function sequences
defined by (3) and number sequences defined by (1) by using the idea
of [18]. The application of the parameterization will be applied to con-
struct the corresponding hyperbolic form of several well-known identi-
ties.

2 Hyperbolic expressions of parametric poly-
nomial sequences

Suppose ¢(x) = b, a constant, and re-write (5) as

an ()
_ (@) —B@a(@) .y al@) —al@)ag(@) b
B a(z) — Bz () alz) — Bz g'(@)
_ao(x)(@" () — B (@) + (ar(@) — ag(x)p(2))(a”(z) — B"(x))
a(z) — B(z) ’

where we assume a(z) # [(z) due to the reason shown below.
Inspired by [18], we now set

(o), Blz)) = { (Vbe?’@, —v/be™*@), for b >0,
) (\/__b69(a:)7 \/__be—é(x))J For b < 0,

for some real or complex value function § = 6(x). Thus one may have
a(x) - B(z) = —b and

(10)

2v/bsinh(A(x)),  for b>0,

a(r) + f(x) = p(x) = { 2v/—bcosh(f(z)), for b <0,

(11)

which implies
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sinh™ <()) for b>10
o) = { cosh™ ( \/i > for b <. 12
0

For b > 0, substituting expressions (10) into the last formula of (9)

yields

8 (a0(@)Vbeosh((n +1)9)
(&) = +(ay(z) — 2a9(x)V/bsinh(6)) sinh(nﬁ)) , for even n,
T e (a(w)VBsinh((n + 1)6)
+(ay(z) — 2a9(x)V/bsinh(6)) cosh(n@)) , for odd n,
(13)
where § = sinh™!(p(z)/(2v/b)). Still in the case of b > 0, substituting

(10) into the formula before the last one shown in (9), we obtain an
equivalent expression:

an(z)

{b&gzm@ﬁMWHH@M@w%mD9,fwwmm

il P (x) coshnf + Vbag(x) sinh(n — 1)8) ,  for oddn,

cosh 6

(14)

where 6 = sinh ™ (p(z)/(2v/D)).

Similarly, for b < 0 we have

(—b)(n=1)/2
sinh(0)

(a1 () — 2a0(2)v/—bcosh(8)) sinh(n@)) . (15)

<a0(:1:)\/—_b sinh((n + 1)0)

an(z)

or equivalently,

B (_b)(n—l)/Z
w0 = e
where § = cosh™'(p(z)/(2v/~D)).

We survey the above results as follows.

(a1(x) sinhnf — ag(x)v/—bsinh(n — 1)8),  (16)
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Theorem 2.1 Let function sequence a,(x) be defined by

an(z) = p(x)an—1(x) + ba,—o(x) (17)

with initials ag(z) and ai(x), and let function 6(z) be defined by (12).
Then the roots of the characteristic function t*> — p(x)t —b can be shown

as (10), and there hold the hyperbolic expressions of functions a,(x)
shown in (13) and (14) for b >0 and (15) and (16) for b < 0.

Let us consider some special cases of Theorem 2.1:

Corollary 2.2 Suppose {a,(x)} is the function sequence defined by
(17) with initials ag(x) = 0 and ay(x), then

_ o en-1)2 sinh(2n)0
a2n(®) = b () coshf '
o cosh(2n + 1)0
a2n+1($) = b al(m)COST (18)
for b >0, where § = sinh™ (p(z)/(2Vb)); and
an(ac) _ (_b)(nfl)/2a1<x> sinh né (19>

sinh 0
for b < 0, where § = cosh™*(p(x)/(2v/—D)).

Example 2.1 Let {F,(kz)} be the sequence of the generalized Fi-
bonacci polynomials defined by

Foio(kx) = kaFy (ko) + F(kx), ke R\{0},
with initials Fy(kz) = 0 and Fj(kxz) = 1. From Corollary 2.2, we have

sinh 2n0
coshf ’

, cosh(2n + 1)0
Fopiq(kz) = Fopyq(2sinh ) = —————
ont1 (k) 2n+1(2sinh 0) cosh 6
when & = 2 which are (6) and (7) shown in [6]. Obviously, from

the above formulas and the identity coshz + coshy = 2cosh((z +
y)/2) cosh((x — y)/2), there holds

Fo(kx) = Fp,(2sinh 0) =
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Foni1(kz) + Fop—1(kz) = 2 cosh(2n6),

which was given in [6] as (8) when k = 2. Identity (9) in [6] is clearly
the recurrence relation of {F),(2z)}. The expressions of Fy, and Fy, 4
can also be found in [13] with a general complex form

1 Sinhnz

Fo.(x)=1

sinh z ’

where x = 2¢ cosh z.

Corollary 2.3 Suppose {a,(x)} is the function sequence defined by
(17), an(z) = p(x)an—1(x) + ban_o(x) (b > 0), with initials ay(z) = c,
a constant, and a,(z) = p(x), then

,cosh(2n —1)6
cosh 6

onsr () = 20" 2 sinh(2n 4+ 1)0 4 (¢ — 2)b™ T/

azn(x) = 20" cosh(2n0) + (¢ — 2)b

,sinh 2nd

2
cosh @ » (20)

where O(x) = sinh™(p(z)/(2vD). If {an(x)} is the function sequence
defined by (17), a,(x) = p(x)an_1(z) + ba,_2(x) (b < 0), with initials
ap(x) = ¢, a constant, and a;(x) = p(z), then

(—b)m=D/2

W(Z cosh @sinhnf — cv/—bsinh(n — 1)0),  (21)
in

an(z) =

where 0(z) = cosh™ (p(z)/(2v/~D)).

Proof. Substituting ag(z) = ¢, ai(z) = p(z) = 2v/bsinh @ into (14)
yields

'

- cosh 6

'

g () [2sinh @ sinh(2nf) + ccosh(2n — 1)6],

agni1(T) [2sinh 6 cosh(2n + 1)0 + csinh(2n6)].

- cosh 6

Then in the above equations using the identities
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cosh 6 cosh(2n#) — sinh @ sinh(2n#) = cosh(2n — 1)6,
cosh f sinh(2n + 1)0 — sinh 6 cosh(2n + 1)# = sinh(2nf),

respectively, we obtain (20). Similarly, using (16) one may obtain (21).

Example 2.2 Since the generalized Lucas polynomials are defined by
L,(kx) = kaxL,_1(kx) + L,_o(kx) with the initials Lo(z) = 2 and
Ly(z) = kz, from Corollary 2.3 we have

Lo (kx) = Loy, (2sinh @) = 2 cosh(2n6),
L2n+1(k5$) = L2n+1(2 sinh 6)) =2 smh(?n + 1)9

[13] also presented a general complex form of L,(x) as

L,(z) = 2i" coshnz,
where x = 2¢ cosh z.

Example 2.3 In 1959, Morgan-Voyce discovered two large families of
polynomials, b, (z) and B,(z), in his study of electrical ladder networks
of resistors [23]. The recurrence relations of the polynomials were pre-
sented in [19] as follows.

Bn(x) = (x 4+ 2)By_1(x) — By_a(x), n>2,
where By(z) =1 and B;(z) = x + 2, while

bo(2) = (x + 2)by_1(x) — by_2(x), n>2,
where by(x) = 1 and b;(z) = = + 1. It can be found that

by(x) = B,(z) — Bn_1(x),
zBp(x) = bypi1(x) — by(x).

Using Corollary 2.3, it is easy to obtain the hyperbolic expressions of
B, (x) and b, (x). From (21) in the corollary and noting By(x) = z+2 =
2 cosh @ and By(x) = 1, we have
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sinh(n 4+ 1)0

sinhg ’
Similarly, substituting by(z) = x + 1 = 2coshf — 1 and by(z) = 1 into
(16) yields

B,(x) = x = 2coshf — 2.

sinh(n 4 1)0 — sinhnf  cosh(2n + 1)6/2
sinh 0 B coshf/2

by(x) = x = 2coshf — 2.

We now consider the generalized Gegenbauer-Humbert polgznonual
sequences defined by (7) with A = C' = 1 and denoted by P,’
P2C(z). Thus

PW(x) = 20 PY, (2) — yPY, (), (22)

n

P¥(x) =1 and P (2) = 2. We use the similar parameterization
shown above to present the hyperbolic expression of those generalized
Gegenbauer-Humbert polynomial sequences.

Corollary 2.4 Let P\ ( ) be defined by (22) with initials P ( ) =1
and Pl(y)( )=2x. Ify <0, then

h(2n+1)0
P () = ()OS
) (1) = (_y)nri/2Sinh2n +2)6

where O(x) = sinh™ ! (p(x)/(2\/—y). If y > 0, then
_nesinh(n 4+ 1)0
B sinh 0
where 0(x) = cosh(_l)(p(x)/@\/@).

Proof. A similar argument in the proof of (20) with b = —y and ¢ = 1
can be used to prove (23):

cosh(2n — 1)0
cosh 0

n . n sinh 2n0
Py () = 2(=y)" "2 sinh(2n + 1)f — (—y)" /A8,

P (x) = 2(—y)" cosh(2nf) — (—y)"
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where 0(z) = sinh ' (p(z)/(2\/—¥), which implies (23) due to the iden-
tities cosh(2n + 1)0 + cosh(2n — 1)8 = 2 cosh(2n#) cosh § and sinh(2n +
2)0 + sinh(2n6f) = 2sinh(2n + 1) cosh §. To prove (24), we substitute
—b =1y, and a,(x) = 2z = 2,/ycosh @, and ay(r) = 1 into (16). Thus

n/2

PT(Ly) () = siynh p (2 cosh @ sinh nf — sinh(n — 1)0)

njoSinh(n +1)0
sinhf '
where 6(z) = cosh™'(z/,/y) and the identity sinh(n + 1)0 + sinh(n —
1) = 2sinh nf cosh @ is applied in the last step.

Example 2.4 Using Corollary 2.4 one may obtain the following hyper-
bolic expressions of Pell polynomials P, (x) = P,Efl)(x) and the Cheby-
shev polynomials of the second kind U, (z) = PV (x):

~ cosh(2n +1)0

Pon(x) = cosh 8
sinh(2n + 2)0
P2n+1($) = wa

where #(z) = sinh™!(x), and

_ sinh(n +1)0
Unlo) = —3img

where 6(z) = cosh™!(x).

Example 2.5 Finally, we consider the Chebyshev class of polynomials
including the polynomials of the first kind, second kind, third kind, and
fourth kind, denoted by T, (x), U,(x), V,(z), and W, (), respectively,
which are defined by

(25)

an(z) = 2201 (x) — ap_o(x), n>2, (26)

with ag(z) = 1 and ay(z) = z, 2x,2x—1, 2z+1 for a,(v) = Th(x), Uy(x),
Vo(x), and W, (z), respectively. Noting among those four polyno-
mial sequences only {U,(x)} is in the generalized Gegenbauer-Humbert
class, which has been presented in Example 2.3. From (16) there holds
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14 T. X. He, P. J.-S. Shiue and T.-W. Weng

1
T.(z) = e(x sinhnf — sinh(n — 1)6),

sinh

where z = cosh 6 due to § = cosh™ z. By using this substitution and
the identity sinh(n — 1) = sinhnf cosh @ — cosh nf sinh § we immedi-
ately obtain

T, (xz) = T, (cosh ) = coshnb.

Similarly,

cosh(n +1/2)0
cosh(9/2) '
sinh(n +1/2)6
sinh(0/2)

Vo(x) = Vy(cosh0) =

W, (z) = W, (cosh0) =

A simple transformation 6 + 46, i = \/—1, leads cos(if)) = cosh 6
and sin(i#) = —sinhd. Thus from the trigonometric expressions of
T.(z), U,(z), Vo(z), and W, (x) shown below, one may also obtain their
corresponding hyperbolic expressions by simply transforming 6 — 6,
respectively.

B _ sin(n +1)0
T, (cosf) = cosnd, Up(cost) = e~
cos(n +1/2)6 sin(n + 1/2)6
0) = ————F—~— 0) = ————
V. (cos0) cos(072) W, (cos ) sin(0)2)

3 Hyperbolic expressions of parametric num-
ber sequences

Suppose {a,} is a number sequence defined by (1), i.e.

(p = AQp_1 + bap_o, N> 2, (27)

with the given initials ap and a;. From [12] (see Proposition 1.1), the
sequence defined by (27) has the expression
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(Io(Oén+1 _ Bn-i—l) + (al _ CL()CL)(Oén _ ﬁn)

a—p
a1 — Pag a; — aayg
= ——a"—————f" > 2 28

where o and 8 are two distinct roots of characteristic polynomial t? —
at — b. Similar to (10) we denote

(\/1_769, —\/l_)e_@) for b >0,
(a(0),B(0)) = (vV/=be?,v/—be™?) forb<0,a>0, (29)
(—V=be’, —/=be™?) for b<0,a<0,

for some real or complex number 6. Thus we have

2v/bsinh(6) for b >0,
al) =a+p=<¢ 2¢/—=bcosh(d)  forb<0,a>0, (30)
—2y/—bcosh(f) for b<0,a<0,

and define a parameter generalization of {a,(0)} as

2v/bsinh(0)an_1(0) + ban_o(0) for b>0,
an(0) = ¢ 2v/—bcosh(f)a,_1(0) + ba,_2(0)  for b<0,a>0,
—2v/—bcosh(0)a,_1(0) + ba,_o(0) for b<0,a<0
(31)
with initials ag(f) = ap and a,(f) = a; when ap = 0 or a;(f) = when
ag # 0. Obviously, if

sinh™! (m) for b >0,

6= cosh! ijb for b<0,a>0, (32)
cosh™! 2\7%) for b<0,a<0,

{a,(8)} is reduced to {a,}.
For b > 0, substituting expressions (29) into the second expression
of a, in (28), we obtain
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a,(0)
_ pnD)2 ai (e — (=1)"e™) + Vbag(e VI 4 (—1)ne(n10)
a e +e?
(33)
b(;;:g/z ay sinh nf + vbag cosh(n —1)8), ifniseven,
| 22 (aicoshnd + Vbagsinh(n — 1)0) , if nis odd,

where 6§ = sinh ™ (a/(2v/D)).
Similarly, for b < 0 we have

G
S (a0 Dsinh((n +1)0)
+(a1 — 2a0v/—bcosh(0)) sinh(nb)) for a >0,
- (—V=b >n ! (35)
— (—apV/—bsinh((n + 1)6)

sinh (6

h(
+(a1 + 2ag\v/—bcosh(6)) sinh(nf)) for a <0,

or equivalently,

b)(n 1)/2a1(e” 0—e~9)—qg/=b(e(P 1 _—(n—1)0) fOT(Z >0,

0 _o 0

(—

{ (_\/__b)nflal(e 9_efne)_,’_a(;\g/jg(z(nf1)0_6*(n71)0) fo’]“a, < 0’
(
(

M(al sinhnf — ag/—bsinh(n — 1)0) fora >0,
- ) (36)
5 (aysinhnf + apv/—bsinh(n — 1)) fora <0,

where 6 = cosh™'(a/(2v/—b)) when a > 0 and cosh™'(—a/(2v/~b))
when a < 0.
If the characteristic polynomial t?> —at — b has the same roots a = §3,

then a = +2v/—b, a = f = £v/—b, and
an = nay (£vV—=0)"" — (n — ag(£V—b)". (37)

We summarize the above results as follows.
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Theorem 3.1 Suppose {a,}n>0 is a number sequence defined by (27)
with characteristic polynomial t> — at — b. If the characteristic poly-
nomial has the same roots, then there holds an expression of a, shown
in (87). If the characteristic polynomial has distinct roots, there hold
hyperbolic extensions (51) or (52) for b > 0 and (36) or (36) for b < 0.

Example 3.1 [18] gave the hyperbolic expression of the generalized
Fibonacci number sequence {F,,(0)} defined by

Fn((‘)) = 2sinh HFn_1<9) + Fn_g(e), n Z 2,

with initials Fy(f) = 0 and Fy(f) = 1. From Theorem 3.1, one may
obtain the same result as that in [18]:

en@ o (_1)ne—n9
el +ef
{ sinhnf = £ 1 is even;

Fa(0) =

CO;

cosi?r?@j : .
o hgs f nisodd,

(38)

Similarly, for the generalized Lucas number sequence {L,(6)} de-
fined by

L,(0) =2sinhOL,_1(0) + L,,—2(0), n>2,
with initials Lo(€) = 2 and L;(0) = 2sinh 6, we have

2cosh(nf), if nis even;

Ln(0) = e + (_1)nein9 - { 2sinh(nf), if nis odd. (39)

Example 3.2 [9] defined the following generalization of Fibonacci num-
bers and Lucas numbers:
A — qn
n=—"—, ly=c"+d" 40
4 c—d o (40)
where ¢ and d are two roots of 2 — st — 1, s € N. Denote A = 52 +4
and o = Inc, where ¢ = (s + /52 +4)/2. Then the above expressions
are equivalent to

1f B 6om _ (_1)n€—an 1€ B eom_|_ (_1)n€—an
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It is obvious that by transferring ¢ — € and d — —e™? that two ex-
pressions in (40) are equivalently (38) and (39), respectively, shown in
Example 3.1, which are obtained using Theorem 3.1 with (a, b, ag, a;) =
(s,1,0,1) and (s,1,2,s) for f, and ¢, respectively. Hence, the corre-
sponding identities regarding f,, and ¢, obtained in [9] can be estab-
lished similarly. However, we may derive more new identities as follows.
For instance, there holds

En + an = 2fn+17 (41)

which can be proved by substituting s = ¢/ — e = 2sinh 6 into the
left-hand side. Indeed, for even n, from Example 3.1

sinhnf _cosh(n +1)0
coshf cosh 6

by + sfn = 2cosh(nf) + 2sinh 6

and similarly, for odd n, £, + sf, = 2sinh(n+1)8/ cosh 6, which brings
(41). When s = 1, (41) reduces to the classical identity L, + F,, =
2Fn+1-

From the above examples, we find many identities relevant to Fi-
bonacci numbers and Lucas numbers can be proved using hyperbolic
identities. Here are more examples.

Example 3.3 In the identity

sinh 2nf = 2 sinh nf cosh nf
substituting (38) and (39), namely, sinh 2nf = cosh 0 F5,(f) and

. _f cosh F,(8), if niseven,
sinhnf = { sL,(0), if nis odd,
2L, (0) if nis even
— 2—n ’ )
coshnf) = { cosh® F,(6), if nis odd,

we immediately obtain

Fy,(0) = F.(0)L,.(0).

Similarly, since sinh(m +n)0 = cosh 0 F,1,(0) when m +n is even,
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: 2cosh® F,(0)L,(0), if m and n are even
_ 2 m n Y Y
sinhmf coshnf = { Lcosh@ F,(0)L,,(0), if m and n are odd,

2

and

: 2cosh® F,(0)L,(0), if m and n are even
_ 2 n m Y Y
coshm®sinhnf = { 1coshd F,(0)L,(0), if m and n are odd,

2

from identity

sinh(m + n)# = sinh m# cosh nf + cosh md sinh né (42)

we have

2F () = Fp(8) L (8) + Fo(8) Lo (0)

for even m + n.

When m + n is odd, sinh(m + n)f = L,,1,(0)/2, from (42),

cosh? 0 F,,(0)F,(0), if m is even and n is odd,

sinh m6 cosh nf = { iLm<9>L”(9>’ if mis odd and n is even,

and

+L,(0)L,(9), if mis even and n is odd,

coshmf sinh nf = { cosh? 6 Fo.(0)F,.(0), if mis odd and n is even,

we obtain

2L n(0) = Frn(0)Fn(0) + Lin (0) L (0).-
More examples can be found in [25].

Our scheme may also extend some well-know identities to their hy-
perbolic setting.

Example 3.4 [7] considers equation t* —at+b = 0 (b # 0) with distinct
roots t; and t, i.e., A% = a? — 4b # 0, and defines a sequence {g, } by
Gn = agn_1 — bgn_o (n > 2) with initials gy and g;. If the initials
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are 0 and 1, the corresponding sequence is denoted by {r,}. Denote
Sp, =17+ 15 and A = a® — 4b. Then [7] gives identities

Tn=—0"r_,, S,=0"s_,, (43)
s2 = Arl +4b", (44)
SnSni1 = ArpTaey + 2ab",, (45)
20"y = 1S, — TpS;, (46)
Tjgn = TnSj +0"1j_p., (47)

(1)

We now show all the above identities can be extended to the hyperbolic
setting. For b > 0, from (36) there holds

né —nb n—1)/2
r, = (b)(n—l)/Qe — € _ (b)( )/

= inh nf 49
el — e sinh 6 ST, (49)

and similarly,

S$n = 20™% cosh nb), (50)

where § = cosh™(a/(2VD)).
For b > 0, substituting expressions (29) into (28), we obtain

an(0)
_ el = (21)"e™) + Vag(e" T 4 (—1)e"7D7)
e +e?
(51)
_ b(;:e/Q ay sinhnf + Vbag cosh(n — 1)0) , if niseven; (52)
b r (a1 coshnd + vbagsinh(n — 1)0) , if nis odd,
where 0 = sinh_l(a/(Z\/l_))).
Similarly, for b < 0 we have
e
an = S (0) (ao —bsinh((n + 1)0)

+(a1 — 2a9V —bcosh(0)) sinh(né’)) , (53)
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or equivalently,

(—b)(”*l)m al(ena — e*”H) — \/—bao(e(nfl)é? _ ef(nfl)())

el — o0

(54)
(_b)(n—l)/2

= W(al sinhnf — apv/ —bsinh(n — 1)0), (55)

where 6 = cosh™'(a/(2v/—D)).
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Abstract

In the paper the qualitative properties solutions of the system non-
linear equations, describing one-way movement of particles chain on a
line with follower velocity defined by some function of distance from the
leader, are researched. In the case when the given function is the velocity
of the first particle (leader) in the chain, the model is called a model of
leader. If the given function is the velocity of the last particle (outsider),
the model is called a model of “shepherd”.

The sufficient conditions for the existence of the chain with the given
constraints on the velocity and acceleration are obtained.

AMS 2000 Mathematics Subject Classification: 34A34, 46E35
Keywords: systems of nonlinear ordinary differential equations; follow-the-
leader model; interpretation for traffic

1 Introduction

One of the basic models of traffic flow is a model of follow the leader [1]-[4].
This model reduce to the next differential equations:

Tpt1 — Tp = f(dn), (1)
where x,,(t) is a vehicle coordinate,

Tp(t) <zpy1(t), n=1,2,.. (2)

*The paper was supported by Grant of RFBR No.11-01-12140-ofi-m
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Flow satisfying (1)-(2) is called totally connected. The function f in (1) is a

parabola with positive coefficients in classic case,[1]-[2],

f(z) = a+ bx + ca?,

where a is static distance, b is driver reaction delay and c is braking distance
coefficient. Function f by condition x > 0 is continuous with several successive

derivatives, positive, monotone and convex. For simplify, we set

£(0)=1.

Let us denote the inverse of this function f by ¢ and obtain a system of differ-

ential equations
T = g(anrl - xn),n =1,...,.N—1.

2 Follow - the - leader problem statement:
the cluster with front wheel drive

We consider a system of ordinary differential equations (ODE)
in=g(Tpi1 —x0),n=1,2,.., N—1,

where
supp(g) = [1, 00),

g9(1) =0,
g has enough smoothness and,
g (x)>0, V z>1,
g’ (x) <0, V z>1.
Let the initial conditions are
21(0) = 21,0, 22(0) = 2,0, ..., znN-1(0) = TNn_1,0

such that
Tp41,0 — Tpo > 1,n=1.,N—1,

and boundary condition is

an(t)=r() V t>0.

(8)

9)

We associate problem (3)-(9) with follow the leader models. For function r(t)

let assume the following.

1. The function 7(t) is absolutely continuous for ¢ > 0;
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2. There is the speed boundaries

0<r(t) <M, V t>0; (10)

3. There is acceleration boundaries
[F()] < M (11)
almost everywhere by V t > 0.
Conditions (10)-(11) define functions of the Sobolev class , [§],
h(t) € Wh(Ry) = {h € Loo(Ry), h € LY (R1)},

where
h(t) =7(t) — My/2.

N—-1

Main purpose is to investigate properties of the functions cluster {z,},_;,

followed the leader x y (t).

2.1 An elementary case N = 2.

We have equation
& =g(r—x). (12)
Lemma 1. If x is solution of (12),(8)-(9), then £ >0 ¥ t > 0.

Proof. If & — 0, then g(r — ) — 0, and it’s equivalent to r — 2z — 1 4 0. If
r(T) —x(T) = 1, it is true at a moment of time T then ¢(T) = 0 and

#(T) =g (1)(HT) — &(T)),

whence #(T) = ¢'(1)7(T) > 0, which contradicts with (7). So, r(t) — x(t) — 1
can’t go to null in a finite time.

Lemma 2. The following inequality is true

|2llore) < max(|[iflo ), #(0)). (13)

Proof. From (12)
i=g x (i — ). (14)

Suppose @ reaches local maximum at some point to. Then Z(ty) = 0, whence
and from (14)

7(to) = @(to). (15)

If # monotonically increases on Ry, then from (12) (r — z)(¢) monotonically
increases too, whence 7(t) — (t) > 0, ie

(1) > E(t) > 0. (16)
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Analogously if # monotonically decreases, then 7 — & < 0, and
0 < i(t) < @(0). (17)
Inequality (13) follows from (15)-(17).
Lemma 3. The following inequality is true
&l orey < maz(|[flcr), 9D lor,

9(1)g(r(0) — z(0))). (18)

Proof. From (14) we have
T =g" x (r—2)*+g¢ x (7 — ). (19)
Because ¢’ > 0 and ¢"” < 0 for admissible values of arguments, then
=0 =i i >0,

from where follow
B(t) < #(t) (20)

at those points ¢, where Z(t) has a local extremum. On the other hand from
(14) it follows that

[E@)] < [9(r(t) — z(@))]]7 — &I,
whence with Lemma 2 and monotonically decreasing ¢, we have
E(t)| < [9(1)|maz([|#][c(r+), 2(0)). (21)
Statement of Lemma 3 follows from (20) and (21) .

Lemma 4. Let suppose

g9(r(0) = z(0)) < [[*llc(r+), (22)
and
maz(§(V)||#|cr+), 9(1)g(r(0) — x(0))) <
< |l#lle(re)- (23)
Then the following inequalities are true

&l rey < IFller, (24)

Ellere) < lFllcrr)- (25)

Proof. It follows from previous lemmas.

Theorem 1. Solution x(t) of problem (3) - (11) with conditions (22)-(23)
and N = 2 exists and belongs to the same set of functions(10)-(11) with the
leader function r(t).
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2.2  Cluster follows the leader length V.
Applying the obvious considerations of induction can be established that
Theorem 2. Solution of problem (3)-(11) with conditions
9(@n11(0) = 2(0)) < [|Zns1llo@r), (26)

max(Tpn1(1)||Zns1llore)s Tnr1(1)g(@n11(0) — 2,(0))) <
< Ens1llere), (27)

n =1,.... N — 1 exists for any natural N. In this case, all links are infinitely
differentiable functions, if functions g and r are those.

2.3  Uniform movement of the leader

Let us consider some of the specific behaviors of the leader. Suppose that
begining from some moment t;, we have

T(t) :T(t0)+M1(t—t0), tzto Z 0. (28)
Then if t > tg is true then we have
in-1(t) = g' x (#(t) —dn-1(t)) = " x (M1 — En-1(F)).

So far as
M, —xn_1 >0,

then Zny_1 > 0, £y—_1 monotonically increases and is limited by the constant
Ml, i.e.
TN_1 — My, xn_1 — Ml(t — to) +C

from the top. Thus the movement of the follower also converges to the uniform
movement. In general case if

r(t) =r(to) + M(t —to), t = to, (29)
where M isn’t necessarily the maximum constant, then
iNfl(t) = (CL—Z'CNfl)g/(Mt-FMQ). (30)

From (30) it follows that if M > 4y_1, then &x_1 is increasing, and if M <
TN_1, then Zn_1 decreases. Moreover it follows from the concavity of g that

0<g(x) <g'(0),

which implies that
|[Zn_1(t) — M| —0

monotonically and from equation (29)

r(t) — xn_1(t) — Const.
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Discoursing by induction, we get

Theorem 3.If in chain (3)-(9),(26)-(27) of N links the leader r(t) converges
in norm C1[tg, o) to uniform traffic, then next links converge to uniform traffics
in this metric too.

2.4  Generalized cluster traffic

In constraints of statements (3)-(11) function g depends on the numbers of

managers, i.e.
Tn = gn(Tps1 —xn),n=1,2,.., N —1, (3)

Lemma 5. Let suppose k=1,2, N — 1

Ik (Tr+1(0) — 2£(0)) < |Zk41llcrr)s (31)

and
maz(gr()[|Tk+1]lcreys k(1) gr(Tr41(0) — 2(0))) <

< |Zkllerp- (32)

Then next relations
l|Zkllore) < Ekt1lloro, (33)
l|Zkllcre) < Ekt1lloro- (34)

are true.

Theoreme 4. Solution of problem (3°)-(11), (31)-(32) exist for any natural
N. In this case, if functions g, 1 < k < N—1 and xx are infinite differentiable,
then all links are infinite differentiable functions too.

2.5  Generalized traffic - cluster with random dynamic
dimensions.

Functions fi, k = 1,.., N are a family of functions depending on a finite number
of random variables such as linear or quadratic. In this case, the chains are
finite random functions. The conditions (29) - (30) are probability and sufficient
conditions of a connected traffic hold with a certain probability, which should
be evaluated.

2.6 Cluster with rear wheel drive

We consider the problem (1)-(11)

T+l — In = f(xn)a (35)

n=1,..., N — 1, where instead (9) we assume
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x1(t)=7r(t) ¥V t>0. 9"

From (35) it follows
Tpga1(t) = @ (t) + Znf (@0 (1)), (36)
Gng1 () = G () + T f (@0 (1) + (@n)2 " (@ (L)) (37)

Let us assume x1(t) = r(t) is admissible operating regime of traffic, which
satisfied (10)-(11). If the traffic is not totally accelerating, i.e. monotonically
increasing acceleration, what can’t be subject to the speed limit, then there will
be time ¢*, when the acceleration (deceleration) has local (global) maximum.
From (37)it follows that since at that moment 7', (¢*) = 0, then

Frat () > G (7). (38)

So, if a moment exists when acceleration x,, peaks, then from (36)it follows that
Tp41 isn’t satisfies admissible conditions.

Theorem 5. For solution of problem (1)-(9°)-(11)

l|Zkllcre) < Ekt1lloro, (39)

k=1,2,...,1is true. It means gap connected traffic in the link of the chain, where
the corresponding rate of acceleration is a mazimum.
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REMOTALITY OF EXPOSED POINTS
R. KHALIL!, S. HAYAJNEH, M. HAYAJNEH AND M. SABABHEH?

ABSTRACT. In this article, we discuss the problem of remotality of exposed
points of bounded sets in certain Banach spaces. Indeed, we present a full
characterization of a class of exposed points that are remotal points.

1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space, and E be a closed bounded convex subset of X. For

r e X, let
D(z,E) =sup ||z — |
eckE

be the maximum distance from = to E. If an e € E exists such that D(x, E) =
|z —e||, then e is said to be a remotal, or farthest, point in F for z, and we define
F(z,E)={e€ E:D(x,E) = |z —e|}. If F(x,FE) # ¢ for all z € X, then E is
said to be a remotal set.

The theory of remotal sets in Banach spaces is not as well as developed as that
of proximinal sets; where the minimum distance is required to be attained.
In 3], the authors proposed and discussed the following problem:
Problem 1: When is a boundary point of £ a remotal point?
This seems to be a tough question and more general than
Problem 2: When is an extreme point of E a remotal point?
Recall that a point e € F is said to be an extreme point of the convex set F, if e
is not the middle point of any two other points of E. A special type of extreme
points are exposed points. A point e € E is said to be an exposed point of F,
if there exists a linear functional f € X*, the dual space of the normed space
X, such that f(y) < f(e) for all y € E\{e}. Recall that, in this case, the set
H:={z e X: f(z) = f(e)} is called a supporting hyperplane of E at e; see [4].

In [IJ, it is proved that any normed linear space contains a bounded convex set
whose exposed points are not necessarily remotal points. This is why we study
here the problem:
Problem 3: When is an exposed point of E/ a remotal point?
We refer the reader to [3] and [I] for some results on this problem.
The object of this paper is to address problem 3 above, where we give necessary
and sufficient conditions for a class of exposed points to be remotal points in
certain Banach spaces.
In the sequel, X* denotes the dual space of the normed space X, S(m,r) denotes
the sphere centered at m with radius » and B(m,r) denotes the ball centered

2000 Mathematics Subject Classification. 46B20, 41A50, 41A65.

Key words and phrases. Remotal sets, Approximation theory in Banach spaces.
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at m with radius r. If E is a subset of the normed space X, and x € X, then
P(z, E) denotes the set of closest elements of £ from X. For 1 < p < oo, we
define the conjugate exponent of p to be the number ¢ that satisfies 1/p+1/q = 1.
For 1 < p < oo, we define the spaces

P ={(x;) : x; € (C,Z |z;|P < oo}
i=1
and

DPlab] = {f: [a,b] — C: / FOP dt < oo},

For (z;) € ¢? and f € LP[a,b], the following norms are defined

()l = (fj w) " e 1l = ([ wora)

Recall that (¢°)* = (9 and (LP[a,b])* = L%a,b] where p and ¢ are conjugate
exponents.
For p = oo,

1/p

0> = {(z;) : x; € C,sup|z;| < oo}
and
L*™®[a,b] :={f : [a,b] — C:esssupf < oo}.
It is known that (¢1)* = (> and (L'[a,b])* = L*[a, b].
Finally, ¢y is defined to be
{(z;) : ; € C,z; — 0}.

It is known that (co)* = €.
We refer the reader to any standard book in functional analysis as a reminder
of these concepts; see [2].

2. Basic RESULTS

Definition 2.1. A differentiable strictly convex function defined on [0, co) will
be called a nice convex function if it satisfies the following properties:

(1)

@ > 0.
(2)
©(0) =0
(3)
Jim o) = ox
(4)
¢'(0)=0
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It follows that if ¢ is a nice convex function, then ¢ is strictly increasing.
Moreover, since ¢ is strictly convex and increasing, it is unbounded, hence
lim #l) lim ¢'(x) = oo.
r—o0 I T—00
This observation will be used in the sequel.
Observe that for any p > 1, ¢(t) = t? is a nice convex function.
Now let X be a Banach space and let X* be its dual space.

Definition 2.2. The pair (X, X*) is called a strictly convex pair if there exists
a nice convex function ¢ such that for each x € X, there exists f, € X* with the

property
fo(@) = \Ifell lzll = ().

It should be noted that the first equality in the above definition always holds,
for a certain f, according to the Hahn-Banach theorem. So, in fact, our interest
is the second equality.

Example 2.3. The pairs (¢7,(7),1 < p < oo, are strictly convex pairs, with
o(t) = tP. Indeed, for = = (z,,) € (7, define
o) = 3 (feal s 0 ).
n=1

Then, clearly,
foe () NI = ll2lP~" and fo(z) = |zl = | £l [l2]] = @((l])-
Example 2.4. The pairs (¢, /') and (£}, (>) are not strictly convex pairs.

Example 2.5. The pairs (L?[0, 1], L]0, 1]), 1 < p < oo are strictly convex pairs,
but (L0, 1], L*°[0,1]) is not.

Definition 2.6. Let (X, X*) be a strictly convex pair, ¢ be the corresponding
nice convex function, and let H be a subspace of X. We shall say that H is a p—
summand subspace of X if there exists a subspace W such that X = H & W in
such a way that

z=h+w = olz] = ol|h] + ¢lwl.

Example 2.7. If X is a Hilbert space, then (X, X*) is a strictly convex pair.
This can be seen by letting ¢(t) = 2. In this case, f.(y) = < x,y > . Let H be
a nontrivial subspace of X, then H is a p—summand of X, with W = H*.

Example 2.8. If 1 < p < o0, a subspace H of /7 is p—summand if, and only if,
there exists J C N such that H = {(x,) : ,, =0, Vn ¢ J}. By p—summand, we
mean @—summand with ¢(t) = 7.

Similarly, a subspace H of LP[a,b] is p—summand if, and only if, there exists
E C [a,b] such that 0 < u(E) <1 and H = {f € L?[a,b] : f(t) =0, a.e. on E}.

Definition 2.9. Let (X, X*) be a strictly convex pair. An exposed point e €
E C X is called a ¢—exposed point if the kernel of the linear functional that
supports F uniquely at e is a p—summand subspace.
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Example 2.10. Let X be a Hilbert space, E be a closed bounded convex subset
of X. Then every exposed point of E is a 2-exposed point, since every subspace
of a Hilbert space is a 2-summand subspace.

Proposition 2.11. Let 1 < p < oo and let E be a closed bounded convex subset
of IP. Then, an exposed point e of E is a p—exposed point if, and only if, there
exists an index j such that h; =0 for all h € H. Here h = (h;).

3. MAIN RESULTS

Let (X, X*) be a strictly convex pair, and let ¢ be the associated nice convex
function. Let E be a closed bounded convex subset of X, and e be a ¢p—exposed
point of E, and H be the supporting hyperplane of E uniquely at e.

Let x € X\ H, and denote the minimum distance from z to H by d(z, H), then
the ratio H i
ollr—e
R(z,e) = d(x 1)

will be called the remotality ratio of E at e with respect to x.

Lemma 3.1. Let (X, X*) be a strictly convex space, E be a closed bounded convex
subset of E, and e be a o— exposed point of E. If a sphere S(m,r) exists such
that

S(m,r)NE ={e} and E C B(m,r),
and if H is the supporting hyperplane of S(m,r) at e, then

sup R(z,e) < sup R(z,e).

el zeS(m,r)
Proof. Without loss of generality, we may assume ¢ = 0. Let x € E, and 6 be
the closest element in [m]| := {am : « € R} from x. Let 2’ be the intersection
of the array [0, x,—| and S(m,r). Clearly, 6 is the closest element in [m] from z’.
Now, let H be the supporting hyperplane of S(m,r) at e := 0. We assert that
]l < [l"]].
Since [m]| and H are p— summands in X, and ¢ is strictly convex, then both are
proximinal, and if x = y; + 21 then y; € P(z,[m]) and z; € P(z, H). Similarly,
if ¥ = ys + 29, then yo € P(2',[m]) and 2o € P(2/, H). Hence, y; = yo = 6.
Consequently, ||z1|| = ||z — 0|| and ||22]| = ||z’ — 0||. But, by our choice of z', it
can be easily seen that ||z — 0] < ||z’ — 0||, and hence, ||z1]| < ||z2||. This implies
that o||z]| < ¢||2’||. Since ¢ is increasing, we infer that ||z|| < ||2/|.
Moreover, d(x, H) = d(«’, H) follows from the fact that =’ € [0, z, —]. Hence,

ellzll _ elle’ll |
d(z, H) = d(z', H)’

Thus, we have shown that for every x € F, there exists ' € S(m,r) such that
R(z,e) < R(a2',e). This completes the proof of the lemma. O

ol < la']) = z€ B, o € S(m,r).

Lemma 3.2. Let X be a Banach space and S(m,r) a sphere in X containing 0.
If 0 is a p— exposed point of S(m,r) and H is the hyperplane supporting S(m,r)
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uniquely at 0, then
T
ueS(m,r) d(”v H)

Proof. Observe first that if w € S(m,r), then u = x + em where x € H, and
0 < e < 2. Then, glul = glje]| + p(er). Now,

u—m=zx+em—m=zx+ (e —1)m = p|lu—m| = o(r) =¢lz| + (e = 1|r).

Now,
pllull - ellzll + ellem|]
d(u, H) lem|
o(r) —o(le = 1|r) + @(er
O s R

It is clear that the function g(e€) is continuous on (0,2] and that lim. g g(e) =
¢'(r). Consequently, g is a bounded function. This completes the proof. O

For the proof of the main theorem of this paper, we need the following Lemma.
But first, recall from [3] that a nice exposed point of F is an exposed point, where
the functional that determines the hyperplane supporting E at e attains its norm.
It is worth to remark that exposed points of convex sets in any reflexive space
are nice exposed points.

Lemma 3.3. Let e be a nice exposed point of the convex bounded subset E in a
normed space X. If H is the hyperplane that supports E uniquely e, then there
exists a sequence of spheres S(my, ) which lie in the same side of H as E, and
such that H is a supporting hyperplane of S(my,ry) for all k € N.

Proof. Without loss of generality, assume that e = 0, and that f(y) > 0 for all
y € E\{0}. Here f € X* is the functional that determines H, and | f| = 1. If
a € X issuch that f(a) > 0 and f(a) = || f||, where such an a exists since f attains
its norm, then the spheres S(ka, kf(a)) satisfies the required properties. OJ

Now, we prove the main theorem of the paper.

Theorem 3.4. Let e be a p—nice exposed point of the closed bounded convex
subset E of the strictly convex space (X, X*). Then e is a remotal point of E if,
and only if,

sup R(z,e) < oo.

zeE
Proof. Suppose that e is a remotal point. We assert that sup,.p R(z,e) < oc.
Again, assume e = (0. Being a remotal point, there exists a sphere S(m,r) such
that ENS(m,r) = {0} and E C B(m,r). Let H be the supporting hyperplane of
S(m,r) uniquely at 0. By Lemma , it is enough to prove that R (u,0) <

ueS(m,r)
oo. But this follows from lemma |3.2

sup R(u,0) < oo.

ueS(m,r)

Conversely, suppose that the remotality ratio R(x,e) is bounded for x € E.
To show that e is a remotal point. Suppose on the way of contrary that e is not

remotal. Assuming e = 0, there exists a sequence of spheres S(my, k), by virtue of
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Lemma [3.3]such that 0 € S(my, k) and E\B(my, k) # ¢, for each k € N. Observe
that all these spheres are still supported by the same hyperplane supporting F
at 0. Let ux € E\B(my, k), hence ||uy — my|| > k, Yk € N. But then, following
the same ideas in the beginning of the Lemma [3.2] we find that

p(k) — (|1 — exlk) + o(exk)

R 0) > .
(uka ) - Ek]{?

Here we have two cases:
Case 1: If 0 < ¢, < 1, then

p(k) — (|1 — exlk) + p(erk)

R(Uk, 0) >

- Ekk
_ (k) — ok — k) + p(erk)
Ek/{?
, p(exk)
= @ (Cqu) + lejf

where k — ek < ¢, 1 < k, by the mean value theorem.

Case 2: If 1 < ¢, < 2, then
p(k) — o1 — ex[k) + p(erk)

R 0) >
(uk7 ) - Ekk
_ k) — ek — k) + p(erk)
Gkk?
o plak)
- €kk

where the last inequality is a consequence of the fact that ¢ is increasing.
Now, since we have infinitely many values of k, we also have infinitely many
values of €. Consequently, we either have infinitely many values of €, which are
less than or equal to 1, or infinitely many values of ¢, which are greater than 1.
Let us treat these two cases:

Case I: If there are infinitely many values of ¢, which are greater than 1, then
there is a corresponding subsequence of the radii, say (k,), in which &, — oo.
But then, R(uy,,0) is unbounded because €, k — oo and

@(Ekn kﬂ)
Ekn k)n

k 70)>

where we have used the assumption that

lim @*

r—00 I

Case II: If there are infinitely many values of €, which are less than or equal
to 1, then there is a corresponding sequence (k,,) such that k, — oo and

SD(Ekn kn)

> /
Rlur,,0) 2 ¢'(Car, ) + €k Fon

, k, — Eknkn < Cep,, kon < ky,.
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Now two subcases of this case are available:
Case II-i If the sequence (e, k,) is bounded. Then ¢, x, — oo, and hence
R(ug,,0) — oo where we have used the assumption that lim,_.., ¢'(z) = oo.
Case II-ii If the sequence (¢, k) is unbounded, then R(uy,,0) — oo where we
have used the fact that
lim M
T—00 €T
Thus, we have shown that if 0 is not a remotal point of £ then the ration
R(u,0) is unbounded, contradicting our assumption. This shows that 0 is a
remotal point, and completes the proof. O

4. MISCELLANEOUS REMARKS

In this section we a remark and an example in inner product spaces.
Proposition 4.1. Let H be an inner product space, S(m,r) a sphere in H and
e be a p—exposed point of S(m,r). Then the ratio R(u,e) = 2r for uw € S(m,r).
Proof. . Here p(t) = t?. Assuming e = 0, for simplicity and following the compu-
tations above, we see that
p(r) — (e —1]r) + @(er)

er
r?2 — 2 r? 4 2er? —r? 4 €2 r?

eEr

R(u,0) =

= 2r.
O

The following example was shown in [3] for the purpose of giving an example
of an exposed point which is not a remotal point in an inner product space. In
the following example, we show that the remotality ratio R(z,e) is unbounded,
explaining why e is not a remotal point of F.

Example 4.2. Let X = R? endowed with the standard norm, and let

1 1
B (2L 1) ).
n n

Let E be the closed convex hull of Ey, then clearly 0 is a 2-exposed point of E.
It was shown that 0 is not a remotal point of E, [3].
Easy computations show that

1 1 1
R((g>ﬁ)a(070)) = n+$a
and hence -

We conclude our paper with the problem:
Problem Describe exposed points which are necessarily remotal points.

In this paper, we have answered the question for ¢p—nice exposed points in
strictly convex spaces (X, X*).
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two-dimensional Burgers’ equations with inverse
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Abstract

The two-dimensional Burgers’ equation is a mathematical model to describe var-
ious kinds of phenomena such as turbulence and viscous fluid. In this paper, the
dual reciprocity boundary element method (DRBEM) is used for solving this prob-
lem. In DRBEM, the fundamental solution of the Laplace equation is applied for
the integral equation formulation and hence a domain integral arises in the bound-
ary integral equation. Further, the time derivative is approximated by the forward
divided difference of it, and the domain integral also appears from these approxima-
tions. The domain integral is transformed into boundary integral by using the dual
reciprocity method (DRM). This method is applied on some test experiments and
the numerical results have been compared with the exact solutions and the solutions
in [1,25]. Root-mean-square error (RMSE) of the solutions show the efficiency and
the accuracy of the method.

Keywords: Nonlinear two-dimensional Burgers’ equation; Dual reciprocity bound-
ary element method; Radial basis function.

2010 Mathematics Subject Classification: 35K55; 65M99; 33E99.

1 Introduction

The nonlinear coupled Burgers’ equation is a special form of incompressible Navier-
Stokes equation without having pressure term and continuity equation. Burgers’ equation
is a fundamental partial differential equation (PDE) from fluid mechanics. It is used in
various areas of applied mathematics and physics, such as modeling of gas dynamics and
turbulence, heat conduction, and acoustic waves [2,5,15,18].

The exact solution of the Burgers’ equations can be obtained for simple geometry us-
ing the Hopf-Cole transformation [8,11]. Using the Hopf-Cole transformation, the exact
solution of the Burgers’ equations was given by Fletcher [9]. The numerical solutions
were obtained by Jain and Hola [12] using two algorithms based on cubic spline function

* .
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technique, Fletcher [10] who discussed the comparison of a number of different numerical
approaches, Wubs and Goede [23] using an explicit-implicit method, Bahadir [1] using a
fully implicit finite-difference scheme, Zhu et al. [25] using the discrete Adomian decom-
position method and Young et al. [24] using the Eulerian-Lagrangian method.
Boundary element method (BEM) is attractive and important computational tech-
niques for solving problems in applied sciences and engineering. The main idea in this
method is to convert the original PDE to an equivalent boundary integral equation by
using Green’s theorem and a fundamental solution. Consequently the main advantage
in this method over the classical domain methods such as finite element method (FEM)
and finite difference method (FDM), is that only boundary discretization is required due
to dimension reduction [6]. But there are some difficulties in extending the method to
applications such as nonhomogeneous, nonlinear and time dependent problems. The main
drawback in these cases is the need to discretize the domain into a series of internal cells
to deal with the terms taken to the boundary by application of the fundamental solution.
This additional discretization destroys some of the attraction of the method. Several
methods have been suggested for the resolution of these problems that in these methods,
the DRM is the most efficient method. This method was introduced by Brebbia and
Nardini [4] and Partridge and Brebbia [16]. The main idea behind this approach is to
expand the inhomogeneous, nonlinear and time dependent terms in terms of its values at
the nodes which lie in domain and boundary. These terms are approximated by interpo-
lation in terms of some well-known functions ¢(r), called radial basis functions (RBFs),
where r is the distance between a source point and the field point. These functions are a
powerful tool for scattered data interpolation problem [17,22].
By applying the DRM, the problem will be reduced to a boundary only formulation, thus
we do not have any domain integration in the boundary integral equation. The DRBEM is
used by Chino and Tosaka [7] for the one-dimensional time independent Burgers’ equation.
Kakuda and Tosaka [13] adopted the generalized BEM to treat the Burgers’ equations.
The organization of this paper is as follows. In Section 2, we describe the DRBEM
for the nonlinear two-dimensional Burgers’ equations. The results of three numerical
experiments are presented in Section 3 and are compared with the analytical solutions
and the results in [1,25]. Finally, a brief discussion and conclusion is presented in Section
4.

2 The dual reciprocity boundary element method

Consider the coupled two-dimensional Burgers’ equations:

1
Ut + Uy + VUy = E(um + Uyy), )
Vg + UV, + VVy = E('Uxm + Uyy)a

with the initial conditions:
’U/((E,y70):f1($,y), (‘T7y) €Q7

U(I,y,()) = fQ(:va)v (I7y) €,

and the boundary conditions:

U(I’,y,t):gl($,y7f), (l’,y) €F7
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(3)
’U(‘Tvy7t) = QQ(CC,y,t), ('Tvy) er,

where Q = {(z,y)]a < v < b,c <y < d} and T is its boundary. u(x,y,t) and v(z,y,1t)
are the two unknown variables which can be regarded as the velocities in fluid-related
problems. fi(x,y), fa(z,y), g1(z,y,t) and go(x,y,t) are all known functions. R is the
Reynolds number.

In order to implement the dual reciprocity method, we consider the time derivative
and the nonlinear terms in Eqs. (1), with b1 (z,y,t) and ba(z, y, t) in the following forms:

R(Ut + Ul + Uuy) =b (Ia Y, t)a

R(vy + uvg + vvy) = ba(x,y,t).
Thus, Egs. (1) convert to the following system:

v2u - b1($,y,t)7
(4)
V2 = ba(z,y, 1),

where V2 = % + 8%2. Now, we approximate by (z,y,t) and ba(z,y,t) as a linear combi-
nation of interpolation functions for each of them. Therefore, we choose N+ L collocation
points where N is the number of boundary points and L is the number of internal points.
The collocation points are denoted by (x;,y;) for i =1,2,..., N + L.
The approximation of b; and by can be written over domain €2 in the following forms:

N+L

b1 (,T, Y, t) = Z gDi(,T, y)ai(t)a

= (5)

N+L

bg(l’,y,t) = Z Soz(x7y)57,(t)7
=1

where the interpolation function, ; is a radial basis function (RBF). In this work, we
use the inverse multiquadric (IMQ) approximation scheme

ei(z,y) = (r> +°)72,

where 7; = \/(x — x;)% 4+ (y — y;)2 and ¢ is a shape parameter. Toutip [21] used a linear
function ¢;(r) = 1+ r; in the DRBEM.
Now, if the function v; be the particular solution of Laplace’s equation

Vi = @5,
then, Eqgs. (5) convert to the following expressions

N+L

bl(‘rvyat) = Z Vzwl(‘rvy)az(t)v
= ©)
N+L

bQ(Iv Y, t) = Z v21/}i($v y)ﬂl(t)

i=1
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For IMQ-RBF, the function v; is given as follows:

= In(r;).

¢z‘(9€7y) = 2¢2

The above function is a combination of logarithmic RBF and multiquadic (MQ) RBF.
Initially, this combination of RBFs used by Mazarei and Aminataei [14] for the solution
of Possions’ equation.

Substituting Eqgs. (6) into Eqgs. (4), and writing the weight residual formulation of Eq.
(4) with using the second Green’s theorem [19], lead to:

ous, ou ou;, , O
5kUk+A%udF—/uka dl’ = ;[5kwk1+/r%1/)1dr—/ 6 df]al()

N+L
ou} v ou} 0Y;
) k vdl = | ujo—dl = 5 ; —Eydl — / F——dT)B:(t
KUK + /Fukan [0k ki + / - L%, 18i(t),
for k =1,2,...,N + L, where u} = —%ln(rk), O = g—;; 0 is the interior angle at the

point k, and ¥x; = ¥;(xk, yr). The term % is the normal derivative of ¥; and can be
written as

i _ O Oz OYi Oy

%= o0 T ox 3n+ oy on’

At this step, the boundary I' is discretized into N elements, thus we rewrite the above
equations in the following expressions

N+L

N N
Spug + Z Hyiu; — Z Griqi; = Z Skici(t)
i=1 i=1 i=1

N N N+L
Orvk + ZHki'Ui - Z Griqz; = Z SkiBi(t)
=1 =1 =1
for k=1,2,...,N + L, where q1; = $%(2,yi, 1), @2; = 22 (4, i, ),

N N
Ski = Oktri + Y Hyithi — Y Gridi,

i=1 =1

and the definition of the terms of Hy; and Gy; are defined as in [21].
From Egs. (5), we obtain

N+L N+L

) =3 Fibi(zj,y;,t) = Y Fisbi(t)
=1 =1

N+L N+L
)= Fiyba(xj,y;,t) = Y Fiba;(t)
i=1 =
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where F = &~ ®is a (N + L) x (N + L) matrix that ®(k,i) = p;(xk, yr)-
Substituting Eqs. (8) into the right hand side of Egs. (7), lead to

N+L N+L N+L N+L

Z Skiaz Z Skz Z Fl]b].J Z Pk]bIJ
=1

(9)
N+L N+L N+L

N+L
Z Sk'L/B’L Z Skz Z Egb2] Z ijb2]

where

N+L

Pij =Y SkiFy.
i=1

By combining Eqs. (7) and (9), we have

N+L

N N
Sruk(t) + > Hiui(t) = > Griquy(t) = Y Pijbi;(t)
i=1 i=1 j=1

(10)
N N N+L
Srvr(t) + Z Hiyvi(t) — Z Griqe; = Z Pyjby (1)
for k=1,2,...,N 4+ L. we note that
b;(t) = R(ue(zj,y;,t) + u(zj, yj, ua(z), y5, 1) + v(z), y5, uy (), y5, 1))

R(Ut(xjv Ys» t) + u(xjv Ys» t)UI(CCj, Ys» t) + U(xjv Yi» t)vy(xj7 Ys» ))

For the time derivatives, we use forward difference method to approximate the time
derivatives us(z;, y;,t) and v(x;,y;,t). Thus, we obtain

u}ﬂrl _ u? v;lJrl _ v;l
“t(%‘ayjat):Ta Ut(ffjayjaf)ZTa (11)
where u} = u(z;,y;,nAt) and v} = v(zj,y;,nAt). Also, we approximate g, uy, v, and
vy as described in [21]. Therefore, we obtain
N+L N+L
z]vyja Z L z]ayj Us ) uy(‘rjvijt) = Ll(xjvyj)ul(t)v
=1
N+L N+L
'rjvij Z L 'rjvyj (% ) vy(zjvyjat): Ll(zjayj)vl(t)a
1=1
where
N+L N+L
3@ ; Opi
Z Fij——(zy), Li(z,y)= ; sza—yz(%y)
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Substituting the above approximations in Egs. (10), we obtain the following expressions:

N N N+L N+L
5kuz+1 + E Hkiu?‘H — E Gkiql?-’_l = E ij[)\u?"’_l —)\u?—kﬁj E u?‘HLﬁ
1=1 =1 7j=1 =1
N+L
= } : 17
+v; ’U,;l Lji], (12)
=1
N N N+L N+L
1 1 1 1 ~ 17
5191)2-’_ + E Hki’l}?-"_ - E Gkiqg?-’_ = E ij[)\U;H_ —)\U;L-i-u]‘ E U;H_ Lji
=1 =1 Jj=1 =1
N+L
~ E : 17
—|—’Uj ’U? Lji]; (13)
=1

for k = 172, ‘e 7]\[ + L, where A = g, j;ji = Ei(£j;yj) and Lji = f/i(CCj,yj). ’ELJ' and ’LN)j
are given by the known approximations of u;(¢) and v;(t), respectively, as described in
the below. Using the boundary conditions (2), we have

u?zgl(x],yj,nAt), U?ZQQ(xjuyjunAt)a j:1a277N7

in each time step.
At first time step, when n = 0, the initial conditions (2) give u} = fi(x;,y;) and v =
fo(z;,y;). In each time step, at first, we put a,; = uj and v; = v}'. Having these, Egs.

(12) and (13) are solved as a system of linear algebraic equations for unknowns u?“

and U;LH for j=N+1,...,N+ L and ¢;"" and ¢ for j = 1,..., N. Recompute

J J
;= u?"" and 7, = ’U;—H_l, where u}”‘l and ’U;H_l are obtained from solving Eqgs. (12) and

(13). We iterate between calculating @; and 9, and solving the approximation values of
the unknowns, until the solutions of u}‘“ and v}’“ satisfy the condition of the iteration
method in each time step. Here, we use the following criteria for stopping the iterations

in each time step,

1_z+1,l _ ur_z+1,l—1| < <’

max |u
L<G<KN+L 7 J
and
1,1 1,1—1
ma: |v7}+ o ,Uf}Jr , | < Ca
L<G<N+L 'Y J
. 1,0 1,1
where ( is a fixed number. Also, u;-H * and v;-“r * are the values of the u?“ and v;-“rl

at the [ — th iteration. When this condition is satisfied, we put

7_1+1 _ u1_z+1,l Uv_z-i—l — ,Ur_z-i-l,l

u] J ’ J J ’

and go ahead to the next time step. This iteration method is namely called as predictor-
corrector method.
3 The numerical experiments

Three experiments are studied to investigate the robustness and the accuracy of the
proposed method. We compare the numerical results of the two-dimensional Burgers’
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equations by using this scheme with the analytical solutions and solutions in [1]. The
RMSE which is defined by

N
RMSE _ lel(unum(Xz) _uexa(Xi))Q
N )
is used to measure the accuracy of our scheme wherein X; is the collocation points.

We perform the computations associated with our experiments in Maple 16 on a PC
with a CPU of 2.4 GHZ.

Experiment 1. In this experiment, we consider the two-dimensional Burgers’
equations (1) with exact solutions

u(z,y,t) = 3_ :
U T T A+ exp(—dx + 4y — 1)/ (32)] (14)
3 1
v(x,y,t) = -+

4 4[1 +exp(—4z + 4y — t)/(32u)]

Above solutions obtained using a Hopf-Cole transformation in [9]. The initial conditions
are obtained from (14) at ¢ = 0, and the boundary conditions in (3) can be obtained from
the exact solutions. In this experiment, the Reynolds number R = 80, time step size
At = 1074, shape parameter € = 1.5 and ¢ = 107'8 are used. The computational domain
for this problem is © = {(z,9)|0 < z < 1,0 < y < 1}. The numerical computation
were performed using 13 internal points and 12 boundary points. Tables 1 and 2 give the
numerical and exact solutions of v and v at internal points at time levels ¢ = 0.01, 0.1
and t = 0.3.

Table 1
Comparison of numerical solutions with the exact solutions of v at ¢ = 0.01, 0.1 and ¢ = 0.3 with
R = 80 of experiment 1.

Points t=0.01 t=0.1 t=0.3

Numerical Exact Numerical Exact Numerical Exact
(0.1,0.1) 0.62359 0.62344 0.61058 0.60946 0.57821 0.58021
(0.5,0.1) 0.50424 0.50439 0.50252 0.50352 0.50278 0.50214
(0.9,0.1) 0.50055 0.50008 0.50442 0.50006 0.50873 0.50004
(0.3,0.3) 0.62391 0.62344 0.61352 0.60946 0.58623 0.58021
(0.7,0.3) 0.50411 0.50439 0.50183 0.50352 0.50334 0.50214
(0.1,0.5) 0.74527 0.74539 0.74356 0.74426 0.74417 0.74067
(0.5,0.5) 0.62403 0.62344 0.61488 0.60946 0.59220 0.58021
(0.9,0.5) 0.50390 0.50439 0.49917 0.50352 0.49488 0.50214
(0.3,0.7) 0.74518 0.74539 0.74275 0.74426 0.73881 0.74067
(0.7,0.7) 0.62394 0.62344 0.61418 0.60946 0.59092 0.58021
(0.1,0.9) 0.74996 0.74991 0.74975 0.74989 0.74624 0.74982
(0.5,0.9) 0.74511 0.74539 0.74284 0.74426 0.73990 0.74067
(0.9,0.9) 0.62381 0.62344 0.61310 0.60946 0.58856 0.58021

108



The dual reciprocity boundary element method for two-dimensional Burgers’ equations with
inverse multiquadric approximation scheme

Table 2
Comparison of numerical solutions with the exact solutions of v at t = 0.01, 0.1 and ¢ = 0.3 with
R = 80 of experiment 1.

Points t=0.01 t=0.1 t=20.3

Numerical Exact Numerical Exact Numerical Exact
(0.1,0.1) 0.87658 0.87656 0.89148 0.89054 0.92685 0.91979
(0.5,0.1) 0.99572 0.99561 0.99726 0.99648 1.00091 0.99786
(0.9,0.1) 0.99947 0.99992 0.99588 0.99994 0.99318 0.99996
(0.3,0.3) 0.87607 0.87656 0.88668 0.89054 0.91727 0.91979
(0.7,0.3) 0.99589 0.99561 0.99800 0.99648 0.99674 0.99786
(0.1,0.5) 0.75470 0.75461 0.75619 0.75574 0.75505 0.75933
(0.5,0.5) 0.87596 0.87656 0.88480 0.89054 0.90690 0.91979
(0.9,0.5) 0.99614 0.99561 1.00115 0.99648 1.00420 0.99786
(0.3,0.7) 0.75482 0.75461 0.75712 0.75574 0.75977 0.75933
(0.7,0.7) 0.87609 0.87656 0.88633 0.89054 0.90973 0.91979
(0.1,0.9) 0.75001 0.75009 0.75009 0.75011 0.75474 0.75018
(0.5,0.9) 0.75497 0.75461 0.75788 0.75574 0.75917 0.75933
(0.9,0.9) 0.87604 0.87656 0.88580 0.89054 0.90979 0.91979

Table 3

Comparison of absolute errors of u(z,y,t) between the numerical solution using our method and
the solution in [1,25] at ¢ = 0.01 for R = 100 of experiment 1.

Points Proposed method Bahadir [1] Zhu et al. [25] Exact
(0.1,0.1) 1.76859E-4 7.24132E-5 5.91368E-5 0.62305
(0.5,0.1) 6.50996E-5 2.42869E-5 4.84030E-6 0.50162
(0.9,0.1) 5.75592E-4 8.39751E-6 3.41000E-8 0.50001
(0.3,0.3) 7.88296E-4 8.25331E-5 5.91368E-5 0.62305
(0.7,0.3) 3.92464E-4 8.25331E-5 4.84030E-6 0.50162
(0.1,0.5) 2.76094E-4 8.25331E-5 1.64290E-6 0.74827
(0.5,0.5) 9.79140E-4 7.32522E-5 5.91368E-5 0.62305

Table 4

Comparison of absolute errors of v(x,y,t) between the numerical solution using our method and
the solution in [1,25] at ¢ = 0.01 for R = 100 of experiment 1.

Points Proposed method Bahadir [1] Zhu et al. [25] Exact
(0.1,0.1) 8.72333E-6 8.35601E-5 5.91368E-5 0.87695
(0.5,0.1) 2.10136E-5 5.13642E-5 4.84030E-6 0.99838
(0.9,0.1) 5.49827E-4 7.03298E-6 3.41000E-8 0.99999
(0.3,0.3) 8.10210E-4 6.15201E-5 5.91368E-5 0.87695
(0.7,0.3) 3.86695E-4 5.41000E-5 4.84030E-6 0.99838
(0.1,0.5) 2.40453E-4 7.35192E-5 1.64290E-6 0.75173
(0.5,0.5) 9.86737E-4 8.51040E-5 5.91368E-5 0.87695

We compare the absolute error of our scheme with the absolute errors of Bahadir method
[1] and Zhu et al. method [25] in Tables 3 and 4. In [1,25], points are uniformly dis-
tributed and their number is 400 whereas in our scheme, points are scattered and their
number is 25. Tables 5 and 6 show RMSEs of v and v at ¢ = 0.05, 0.1 and ¢ = 0.2 for
different Reynolds numbers, respectively. We also plot the graphs of the numerical and
exact solutions of u and v at internal points at time level ¢ = 0.05 for R = 100 in Fig. 1.
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Computation of numerical and exact solutions of u for R=100 at t=0.05
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Figure 1:

Comparison of numerical and exact solutions of u and v for R = 100 at time level ¢ = 0.05 of

experiment 1.
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Table 5

RMSE of u at different times for different Reynolds numbers of experiment 1.

Reynolds number

t=0.05

t=0.1

t=0.2

50
80
100

6.39710 x 10~4
1.70407 x 1073
2.60059 x 10~3

1.26354 x 103
3.15403 x 1073
4.91042 x 1073

3.29974 x 1073
5.25154 x 1073
8.74585 x 1073

Table 6

RMSE of v at different times for different Reynolds numbers of experiment 1.

Reynolds number

t=0.05

t=0.1

t=0.2

50
80
100

1.35422 x 104
1.76704 x 1073
2.66745 x 1073

1.25054 x 103
3.24367 x 1073
5.02683 x 1073

3.29974 x 1073
5.34885 x 1073
8.98673 x 1073

Table 7

Comparison of numerical solutions with the exact solutions of v at ¢ = 0.01, 0.2 and ¢ = 0.4 of

experiment 2.

Points t=10.01 t=20.2 t=04
Numerical  Exact Numerical  Exact Numerical Exact
(0.125,0.125) 0.24760 0.24755 0.21872 0.21739 0.22270 0.22059
(0.125,0.250) 0.37264 0.37257 0.35425 0.35326 0.39152 0.40441
(0.125,0.375) 0.49758 0.49760 0.48721 0.48913 0.55193 0.58824
(0.250,0.125) 0.37009 0.37007 0.29956 0.29891 0.25950 0.25735
(0.250,0.250) 0.49511 0.49510 0.43510 0.43478 0.43837 0.44118
(0.250,0.375) 0.62003 0.62012 0.56762 0.57065 0.59603 0.62500
(0.375,0.125) 0.49259 0.49260 0.37977 0.38043 0.28571 0.29412
(0.375,0.250) 0.61760 0.61762 0.51538 0.51630 0.47267 0.47794
(0.375,0.375) 0.74257 0.74265 0.64956 0.65217 0.64687 0.66176

Experiment 2. In this experiment, we consider the two-dimensional Burgers’

equations (1) with the initial conditions (2) at ¢ = 0 are given by

hzy) =z+y,  folz,y) =z —v.
The exact solutions are given by [3]

r+y—2xt
1—2t2 7

r—y— 2yt

v(z,y,t) =~ o

u(z,y,t) =

and the boundary functions gi(x,y,t) and ga(z,y,t) can be obtained from the exact
solutions. In this experiment, we consider At = 1074, ¢ = 1.5, ( = 1078 and Q =
{(z,y)]0 < <€ 0.5,0 < y < 0.5}. The numerical computations were performed using
25 points that distributed uniformly. The numerical solutions compared with the exact
solutions at internal points at time levels ¢t = 0.01, 0.2 and ¢ = 0.4 for arbitrary Reynolds

number R are listed in Tables 7 and 8.
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Table 8
Comparison of numerical solutions with the exact solutions of v at t = 0.01, 0.2 and ¢ = 0.4 of
experiment 2.

Points t=10.01 t=20.2 t=04
Numerical Exact Numerical Exact Numerical Exact
(0.125,0.125)  -0.00248  -0.00250 -0.05405  -0.05435 -0.14888  -0.14706
(0.125,0.250)  -0.13000  -0.13003 -0.24421  -0.24457 -0.47729  -0.47794
(0.125,0.375)  -0.25756  -0.25755 -0.43538  -0.43478 -0.80380  -0.80882
(0.250,0.125) 0.12252 0.12252 0.08167 0.08152 0.03891 0.03677
(0.250,0.250)  -0.00500  -0.00500 -0.10862  -0.10870 -0.29433  -0.29412
(0.250,0.375)  -0.13257  -0.13253 -0.30054  -0.29891 -0.63517  -0.62500
(0.375,0.125) 0.24756 0.24755 0.21726 0.21739 0.21796 0.22059
(0.375,0.250) 0.12004 0.12002 0.02716 0.02717 -0.11364  -0.11029
(0.375,0.375)  -0.00752  -0.00750 -0.16435  -0.16304 -0.45597  -0.44118
Table 9

Comparison of numerical solutions with the exact solutions of uw at ¢ = 1, 1.5 and ¢t = 2 with
R = 1000 of experiment 3.

Points t=1 t=1.5 t=2
Numerical Exact Numerical Exact Numerical Exact
(0.25,0.25) 0.00205 0.00000 0.00272 0.00000 0.00322 0.00000
(0.25,0.50) 0.00244 0.00000 0.00320 0.00000 0.00376 0.00000
(0.25,0.75) 0.00366 0.00000 0.00481 0.00000 0.00564 0.00000
(0.50,0.25) 0.00658 0.00637 0.00647 0.00614 0.00637 0.00592
(0.50,0.50) 0.01110 0.01141 0.01060 0.01089 0.01020 0.01040
(0.50,0.75) 0.00961 0.00637 0.01056 0.00614 0.00113 0.00592
(0.75,0.25) 0.00033 0.00000 0.00045 0.00000 0.00055 0.00000
(0.75,0.50) 0.00015 0.00000 0.00023 0.00000 0.00031 0.00000
(0.75,0.75) 0.00274 0.00000 0.00381 0.00000 0.00476 0.00000

Experiment 3. In the following experiment, we consider the two-dimensional
Burgers’ equation with the initial conditions:
—4m cos(2mx) sin(my)
R(2 + sin(27z) + sin(ry)’

u(z,y,0) =

—2msin(27x) cos(my)
R(2 + sin(27z) + sin(my)’

v(z,y,0) =
and the exact solutions are as follows [20]:

2t
—dme R cos(2mz) sin(my)

u($7y7t) = “5n2t )
R(2+e 7 sin(2mz) + sin(7ry)

—572¢
o sin(27x) cos(my)

1)(567 Y, t) = “on2t
R(2+e~r sin(2rz) + sm(7ry)

The boundary conditions are taken from the exact solutions and the computational do-
main is Q@ = {(z,9)|0 < 2 < 1,0 < y < 1}. The numerical computations were performed
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using At = 1073, e = 1.5, ( = 107!¥, R = 1000 and 25 points that distributed uniformly.
Tables 9 and 10 show the numerical solutions and the exact solutions of © and v at time
levelst =1, 1.5 and t = 2.

Table 10

Comparison of numerical solutions with the exact solutions of v at ¢ = 1,1.5 and ¢t = 2 with
R = 1000 of experiment 3.

Points t=1 t=1.5 t=2
Numerical Exact Numerical Exact Numerical Exact
(0.25,0.25)  -0.00208  -0.00211 -0.00202  -0.00206 -0.00197  -0.00201
(0.25,0.50)  -0.00007 0.00000 -0.00114 0.00000 -0.00017 0.00000
(0.25,0.75) 0.00196 0.00000 0.00182 0.00000 0.00167 0.00201
(0.50,0.25)  -0.00008 0.00000 -0.00012 0.00000 -0.00015 0.00000
(0.50,0.50) 0.00001 0.00000 0.00002 0.00000 0.00003 0.00000
(0.50,0.75) 0.00008 0.00000 0.00012 0.00000 0.00015 0.00000
(0.75,0.25) 0.00212 0.00211 0.00207 0.00206 0.00202 0.00201
(0.75,0.50) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.75,0.75)  -0.00214  -0.00211 -0.00211  -0.00206 -0.00208  -0.00201

4 conclusions

In this paper, we apply DRBEM with IMQ-RBF for solving the nonlinear two-dimensional
Burgers’ equations. The numerical results which are given in the previous section show
that the proposed method is a reliable tool for Burgers’ equations. We may improve
the solutions of such problems by linearization and using optimization value of shape
parameter. The results have very close relation to the shape parameter €. The choice
of the shape parameter is still a pendent question. Advantage of the presented scheme
is that we could use the scattered points for interpolation of nonhomogeneous, nonlinear
and time dependent terms in DRM. Therewith, we would like to emphasize that, the
scheme introduced in this paper can be studied for any other nonlinear PDEs.
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ON ASYMPTOTICALLY ALMOST AUTOMORPHIC
C-SEMIGROUPS

G. M. N'GUEREKATA

ABSTRACT. We introduce the concepts of complete trajectory, rest point and
translation invariant set in the context of C-semigroups and prove that the
principal part of an asymptotically almost automorphic C-semigroup is a com-

plete trajectory and describe some of their properties.

1. INTRODUCTION

It is well-known that the concepts of Cp-semigroups and abstract dynamical
systems are equivalent (see for instance [7] Theorem 2.7.2). We studied for the first
time (topological and dynamical) properties of asymptotically almost automorphic
Cy-semigroups in [7] Section 2.7. In this paper, we prove that some of the properties
can be extended to C-semigroups, a generalization of Cy-semigroups introduced by
Da Prato ([2]). C-semigroups have the advantage to be applied to many differential
and integral equations that may be written as abstract Cauchy problems on a
Banach space when Cy-semigroups cannot be used directly. For instance backward
heat equations, Shrédinger equations on LP, with p # 2, the Laplace equation,
etc...See for instance [4, 9] and references therein for recent developments.

In this paper, X will denote a Banach space with norm || - ||. For a given linear
operator A : X — X, D(A), R(A) will represent respectively the domain and the
range of A. Cy(R™, X) will denote the space of all continuous functions f : Rt — X
such that lim;_, || f(t)|| = 0.

2. ASYMPTOTICALLY ALMOST AUTOMORPHIC FUNCTIONS

Definition 2.1. (S. Bochner)

Let f : R — X be a bounded continuous function. We say that f is almost
automorphic if for every sequence of real numbers {s, }5° ;, we can extract a sub-
sequence {7,}°2; such that:

g(t) = lim f(t+7,)

n—oo

1991 Mathematics Subject Classification. 34C27; 34C99.
Key words and phrases. almost automorphic, C-semigroups, complete trajectory, w-limit set.
1
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2 G. M. N'GUEREKATA

is well-defined for each ¢t € R, and
lim g(t —7,) = f(1)

for each ¢t € R. Denote by AA(X) the set of all such functions.

Remark 2.2. Clearly when the convergence above is uniform in ¢ € R, f is almost
periodic. Thus the class of almost automorphic functions is larger than the one of

almost periodic functions.

Remark 2.3. The function g is measurable, but not continuous in general. As
one can see with the example below, almost automorphic functions may not be
uniformly continuous. But if the function g in the above definition is continuous,

then f is uniformly continuous ([8].)

Example The function ¢(t) := sin( is almost automorphic. But

1
2+cost+cosﬂt )
since it is not uniformly continuous, it is not almost periodic.

Denote by AA(X), the set of all almost automorphic functions f : R — X. With

the sup norm sup,cp|| f(t)||, this space turns out to be a Banach space.

Definition 2.4. A bounded continuous function f: RT — X is said to be asymp-
totically almost automorphic, if there exists g € AA(X) and h € Co(R™,X) such
that f(t) = g(t) + h(t) for every ¢t > 0.

Denote by AAA(X) the linear space of all functions f : R* — X which are
asymptotically almost automorphic. Then it turns out to be a Banach space when

equipped with the norm
|f| = sup [lg(t)]| + sup [[R(£)]].
teR t>0
Moreover AAA(X) = AA(X) @ Co(RT;X).

Remark 2.5. Note that AAA(X) can also be equipped with the equivalent norm
| f]| :== supsep+ || f(t)|]; (cf. Lemma 1.8 [3]). Moreover the range of any asymptoti-
cally almost automorphic function is relatively compact (cf. Lemma 1.9 [3]).

Remark 2.6. If f € AAA(X) with f = g+ h then {g(t): t € R} C {f(t) : t € R}
(Lemma 1.7 [3]).

|[f] = sup|lg(t)[| + sup [|A(®)]-
teR >0
Moreover AAA(X) = AA(X) & Cy(RT;X).

Remark 2.7. Note that AAA(X) can also be equipped with the equivalent norm
| f]| := supser+ || f(¢)|]; (cf. Lemma 1.8 [3]). Moreover the range of any asymptoti-
cally almost automorphic function is relatively compact (cf. Lemma 1.9 [3]).
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3. C-SEMIGROUPS

Definition 3.1. Let S be a Banach space and C' be an injective operator in L(X).
A family of bounded linear operators S := (S(t))t>0 is called an exponentially
bounded C-semigroup if the following are satisfied:

(i) $(0) = C,

(ii) S(t+ s)C = S(t)S(s); Vt, s > 0,

(iii) S(-)x : [0,00) — X is continuous for any x € X,

e (iv) There exists M >0 and § € R such that ||S(¢)|| < Me® for t > 0.

Remark 3.2. C =1, then § is a Cy-semigroup.

We define an operator A as follows:

. . St —Cx
D(A) :={z e X/ hli%lJr — 5 € R(C)}
1. St)x—-Cx
Az = 1 _— D(A)}.
0= 071 i, SEE=E, Ve € D(A))

This operator is called the generator of S. It is well-known that A is closed, but
not necessarily densely defined.

Lemma 3.3. Let C be an injective linear operator and S := (S(t))i>0 be a C-
semigroup with generator A. Then the following properties hold:
e (i) S(t)S(s) = S(s)S(t), for allt,s,> 0,
(i) If x € D(A), then S(t)x € D(A), AS(t)x = S(t)Az, and
(iii) [y S(€)AwdE = S(t)x — Cx, ¥t >0,
(i) [y S(€)xde € D(A) and A [ S(€)zde = S(t)x — Cz, Vo € X, and
t>0,
(v) A is closed and satisfies C"1AC = A,

(vi) R(C) C D(D).

3.1. Complete trajectories. In what follows we assume that X = D(C) = R(C).
Let S := (S(t))t>0 be a C-semigroup. Then C and C~! will commute with S(¢) on
X.

Definition 3.4. Let x € X. The set
7 (@) = {St)x/t e RT}
is called the trajectory (or orbit) of S(t)z.

Definition 3.5. A function ¢ : R — X is said to be a complete trajectory of S if
Co(t) = S(t —a)p(a) for all a € R and all t > a.

Theorem 3.6. If S(t)x € AAA(X) for some x € X, then the principal term of
S(t)x is a complete trajectory of S.
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Proof. Let S(t)x = f(t)+h(t), t € RT where f € AA(X) and h € Co(RT,X). Then
there exists (ny) C (n) = N such that

= i
g(t) k_)liglftyf(t"‘nk)

exists for each t € R and
lim g(t —ng) = f(t)

k—o0

for each t € R.

Define Co(t) := S(t)x; then Cp(0) = S(0)x = Cx. Therefore p(0) = x. Let
y = C~'z. Fix a € R and choose k large enough such that a +ng > 0. If s > 0, we
have

Cola+s+ng) =S(a+s+ng)r==Sa+s+n,)Cy=S5(s)S(a+ nk)y
= 9(s5)S(a +np)Cre = S(s)CS(a + ny)x = S(s)p(a + ng).
Therefore for s > 0 and a + ng > 0, we get

fla+s+ng) +h((a+s+ng) =Sa+s+np)x=S(s)p(a+ng).

Since
lim f(a+s+ng)=gla+s)
k— o0
and
lim h(a+s+ng) =0,
k—o0
then

lim p(a+s+ng) = kli_)m C1S(s)p(a+ny) = C g(a+s).

k— o0

It is also clear that

lim ¢(a+ny) = C tg(a).

Therefore in view of the coxf‘c?rlozity of S(s) we obtain
Jim S(s)p(a+ni) = S(s)C ' g(a).
It follows immediately that
S(s)C~tg(a) = g(a+s),Va € R, Vs> 0.

On the other hand, since

lim g(t —nx) = f(1)

k—o0

for each t € R and

gla+s—mng) = S(s)C ' g(a —ny), Va €R, Vs >0,
it follows that

lim g(a+s—mny) = S(s)C ' f(a), Ya € R, ¥s > 0.

k—o0
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Therefore
fla+s)=S(s)C ' f(a), Va € R, Vs > 0.
Finally let’s put s =t — a with ¢t > 0. Then we obtain
Cf(t)=S({t—a)f(a), Va R, Vs >0,

which proves that f is a complete trajectory.

O
3.2. w-limit sets.
Definition 3.7. Given z € X and f the principal term of S(t)z, the set
wh(z):={y € X/30 <t, = oo, lim S(t,)z = Cy}
n—oo
will be called the w-limit set of S(¢)z, and the set
w?(m) ={y e X/30 <t, = oo, lim f(t,) =y}
n—oo
is the w-limit set of f.
We now describe some topological properties of the above w-limit sets.
Theorem 3.8. w*(z) # 0
Proof. Since f € AA(X), there exists (ng) C (n) = N such that
lim f(ng) = g(0).
k—o0
But we have
lim S(ng)x = lim f(ng).
k—o0 k—o0
Therefore
lim S(ng)x = g(0).
k—o0
Now take £ = C71g(0). Then ¢ € w'(z). This completes the proof.
O
Theorem 3.9.
wh(z) = w;{(x)
Proof. This follows immediately from the fact that
tlggo Stz = tlggo F().
O

Let’s now recall this definition

Definition 3.10. A set A C X is said to be invariant under § if S(t)y € C A for
every y € A and t € RT.

We can prove the following
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Theorem 3.11. w™(x) is invariant under S.

Proof. Let y € w¥(x). Then there exists 0 < t,, — oo such that lim, o S(tn)z =
Cy. Fix t € RT and consider s, :=t +t,, n = 1,2,... Obviously lim,,_ss 5, = 00.
Since

S(s,)Cx = S()S(tn)z, n=1,2, ...,

in using continuity of S(t), we get

lim S(s,)Cz = lim S(t)S(tx)x = S(t)Cy = CS(t)y.

n—yoo n—oo
which proves that
S(t)y € Cw™ ().
The proof is complete. O

Theorem 3.12. w™(x) is a closed subset of X.

Proof. 1t suffices to prove that wt(z) C w'(z). Let y € wt(z). Then there exists
a sequence y,, € w'(z) such that lim,, o ym = y. Now for each y,,, there exists
0 < tp,,n — 00 such that

lm S(tmn)z = Cym.
n— o0
Now define recursively a sequence %, p, as follows. Choose
t1,n, > 1 such that [|[Cy; — S(t1 0, )z| < 1,
ton, > max(2,ty,,) such that |Cys — S(tan,)7|| < 5,
thn, > max(k, tg—1,n,_,) such that [|[Cyr — S(tgn, )zl < 5
Let si :=tin,, K =1,2,.... It is clear that s; > 0 and limy_,o s; = 0.
Also we have
1
15(sk)z = Cyll < 1S(sk) = Cyll + 1€y = Cyll < o +1CLxyllye = yll-
Since limg_, 0 Yy = y, then
lim S(sg)z = Cy,
k—o0

which proves that y € w™(z). The proof is complete.

]
Theorem 3.13. If yv*(x) is relatively compact, then wt(z) is compact.
Proof. 1t is clear that
wh(z) = w}'(x) c vt ().
The conclusion follows since w™(z) is closed. O

Theorem 3.14. lim; o inf, e+ () [[S(t)x — Cyl| = 0.

121



ALMOST AUTOMORPHIC FUNCTIONS 7

Proof. Let v(t) := inf .+ (o) [|S(t)z — Cyl|. We need to prove that lim; . v(t) =
0. Suppose that lim;_, o v(t) # 0. Then there exists ¢ > 0 such that for every
n=1,2,..., there exists ¢/, > n such that v(¢/,) > e. In other words

3t >n, |St)r—Cy|l >e Vyewh(z), Vn=1,2,..

Since v¢(x) is relatively compact, there exists a subsequence (¢,,) C (t],) such that
(f(tn))n is convergent, say to 7.

Since t, — 0o as n — 00, we get

lim S(t,)z = lim f(t,)=7

n—oo n—oo

Take ¢ = C~1y. Then ¢ € wt(z), which is a contradiction. The theorem is
proved.
([l

Definition 3.15. A point z € X is called a rest point for S if S(t)z = Cx for
every t > 0.

Theorem 3.16. If x is a rest point of S, then w™ (x) = {x}.

Proof. Since S(t)x = Cz for all ¢ > 0, then for all (¢,) with 0 < ¢, — oo, we get
lim S(t,)z = Cu.
t—o0

Thus z € w™(z).
Conversely let y € w™(x). There exists 0 < ¢, — oo such that
tlgglo S(ty)x = Cy.
But S(t,)x = Cx for every n = 1,2,.... Therefore Cy = Cx, so y = x, which
completes the proof. (I

Remark 3.17. We recover some of the results in [7] Section 2.7 when C = I, that
is in the context of strongly continuous semigroups..
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Abstract

It is well known that a space of polynomials of degree N —1 interpolate
at every N points on the real or complex line. In this article we ask how
many spaces of dimension N are needed so that for every N points on
the plane, at least one of these spaces admits unique interpolation. We
also propose some “ideal” extensions of this problem and present what
meager knowledge we have about possible answers to these questions. At
the very least, we hope that the reader will find the questions interesting,
challenging and contributes to their resolution.

1 Introduction

Throughout this article the letter k will stand for either the field R of real
numbers or the field C of complex numbers. An N-dimensional space F of
functions from a topological space Z containing at least IV elements into k, is
called Haar if any non-zero function f € F has at most (N — 1) zeroes. It is
easily seen from linear algebra that being Haar is equivalent to any one of the
following properties:

(i) For every choice of scalars (aq,...,ay) and any choice of distinct points
Zy :={z1,...,2n} C Z, there exists unique f € F such that

f(Zj):(ll, ]:1,,N

(ii) For every choice of distinct points Zy = {z1,...,2n5} C Z and for every
function g on Z, there exists unique f € F' such that

f(z)=9(2), j=1...,N.

(iii) For every choice of basis (f1,..., fx) for F' and for any choice of distinct
points Zy := {z1,...,2n} C Z, the (Vandermonde) determinant

det (fx (2;)) # 0.
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The property of being Haar is of interest in approximation theory (cf. [12,
13]). The properties (i) and (ii) describe the unique solvability of the interpo-
lation problem from the space F'. Also the property of being Haar is equivalent
to the following best approximation property:

(iv) Let F be a space of continuous functions on Z. Then F is Haar if and only
if for every compact K C Z and and every continuous g € C(K) there
exists unique best approximation f* € F' to Gj; that is for every g € C(K)
there exists unique f* € F such that

lg = oy =inf{llg = fllox) - f € FH

Here is, yet another, description of Haar property:

Definition 1.1. Anideal I in the algebra C(Z) is called a radical ideal if g™ €
for some m € N implies g € I.

Now let Zy :={z1,...,2n} C Z and let
I(2,):={9€C(Z):g(z;)=0forall j=0,...,N}.
Then I(Zy) is a radical ideal in the ring C(Z),
dim (C(2)/1(2y)) = N
and
(v) The Haar property is equivalent to the decomposition
klz] =C(Z)® I (Z2N).
for every set of distinct points Zy = {z1,...,2n} C Z.

In this article we will be interested in Haar spaces and its multidimensional
analogues consisting of polynomials. Thus it pays to introduce symbols k[z],
k[z,y] and k [x1, ..., x4] to denote the algebra of polynomials in one, two and d
variables with coefficients in the field k.

A non-zero polynomial p € k[z] of degree at most (N —1) has at most (N —1)
zeroes. Hence the N-dimensional space Py_1 C k[z] of such polynomials is
Haar. In fact, over the complex field, the space Py_1 is the unique space in
C[x] that has this property (cf. [17]). Furthermore

Theorem 1.2 ([17]). The space Pn_1 is the “universal ideal complement”, that
is Pn_1 complements every ideal I C k[z]:

]k[x] =Pn_16]T (1.1)
such that

dim(k[z]/I) = N (1.2)
and it is a unique space in k[x] that has this property.

In terms of approximation theory this states that P, is the unique “extended
Tchebushev system” (cf. [12]) in k[z], i.e., it is the unique space where every
Hermite interpolation problem is solvable.

So what happens in two or more variables?
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2 Description of the problems

For d, N > 1, every N-dimensional subspace F' C C[z1,...,z4] contains a non-
constant polynomial f € F. The set of zeroes of f is infinite (cf. [6, p. 458,
Proposition 2]); in particular there is a set Zy := {zi,...,zy} C C of N

distinct points such that f vanishes on Z, and F' is not Haar. The analogous
result in the real case relies on an ingenious and extremely cute “Mairhuber
argument (cf. [16])”:

Let F' = span|fi, f2,..., fn] C klz1,...,24]. And let Zy := {21,...,25}
be distinct points in R? with d > 2. Position two points z1, zo on diametrically
opposite ends of the unit circle and points zs, ...,zy outside the circle. If the
space F' is Haar, that implies that the determinant

D (Z2y) = det (fx (z;)) # 0

for any Zx. As we rotate the diameter, the points z; and z, switch positions
and hence D (Zy) changes sign. By the intermediate value theorem, there
exists a pair z1,zy such that D (Zy) = 0; by (iii) F' is not Haar. In particular
for d, N > 1 and for every N-dimensional subspace F' C R[z,y] there exists a
(radical) ideal I with dim(R[z,y]/I) = N such that

INF #{0}.

This phenomenon is known as “the loss of Haar”; which brings us to the main
topic of this article.

Problem 2.1. For a given d, N > 1 what is the least number v,.(k) = 1Y (k%) of

N-dimensional subspaces F1,...,F, «) C k[z1,...,24] such that every radical
ideal I of codimension N, (i.e., dim (k[z1,...,z4] /I) = N) complements one of
the subspaces F1,...,F, )7 And what are those subspaces?

The subscript 7 in v¥(n) is short for radical ideals, since these are the type

of ideals we are attempting to complement. The problem of this type is just as
interesting and as open for other types of ideals:

Problem 2.2. For a given d, N > 1 what is the least number v(k) = vV (k%)
of N-dimensional subspaces F1, ..., F,x) C k[x1,...,24] such that every ideal
I of codimension N complements one of the subspaces F1,. .., Fy,q)? And what
are those subspaces?

Problem 2.3. For a given d, N > 1 what is the least number v, (k) = v}’ (k%) of
N-dimensional subspaces Fi, ..., F), i) C k[z1,...,24] such that every primary
ideal I of codimension N complements one of the subspaces F1, ..., F, 1)? And
what are those subspaces?

(Recall that an ideal I C k[z,y] is primary if pg € I impliesp € T or ¢™ € T
for some integer m).
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In addition to approximation theory (cf. [15]), these problems are closely
related to important problems in combinatorics (Young tableaux (cf. [10]), alge-
braic geometry (subspace arraignments cf. [1, 2]) and topology of configuration
spaces (cf. [3, 5, 11, 18, 19]).

For N > 2 all three of these problems are wide open and, for d > 2, we do
not even know a reasonable conjecture for the numbers v*, ¥ and v/k.

P
As will be explained in the last section, a working conjecture for d = 2 is:
v (k) = N.
The fact that there exist finitely many N-dimensional subspaces Fi, ..., Fy, C
k[z1,...,24) that complement every ideal of codimension N was first proved in

[9]. The introduction of Groebner bases provided a simple proof (cf. [7]).

Definition 2.4. A subspace F' C k[x1,...,24] is called D-invariant if for every
f € F all partial derivatives % ferF.

Theorem 2.5. For every ideal I of codimension N there exists a D-invariant
subspace F C F[x] spanned by monomials, such that

Fol=klz,...,z4).

A moment of reflection on D-invariance and the monomial nature of this
space, leads to the conclusion that every such space consist of polynomials of
degree at most N —1 and, since there are only finitely many monomials of degree
at most N — 1, hence there are only finitely many such spaces.

Corollary 2.6. There exist finitely many N -dimensional subspaces F1, ..., Fp,
of k[x1,...,x4] that complement every ideal of codimension N.

It is convenient to use the Young tableaux to visualize such subspaces. For
instance for d = 2 and N = 4 the five subspaces in question are illustrated by
tables (staircases):

|
| ]

I = 1m =lm B=m m
| (I | EE

Iy = | g s =
E NN EEEER

These five tables represent all possible D-invariant subspaces of dimension
4 spanned by monomials. Thinking of the vertical axes as the number of mono-
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mials in y, we can write all five gammas as

I =Ly y°],
I'y = [l,y,yZ,m] ,
Iy =Ly, yl,
I'y= [1,y,x,x2] ,
I's = [1,1;,352,3:3} .

Now the spaces F}; := spanI'; represent the five subspaces.

Clearly no four of those subspaces can serve the same purpose, for an ideal
generated by, say <m4, y> does not complement the first four subspaces.

Observe that the space F' := span{1} complement every ideal of codimension
1, hence provide a universal ideal complement for all maximal ideals (ideals of
codimension 1).

In the next section we will prove that, for N = 2, v? (k%) = 12 (k%) =
v2 (k%) = d. The main result of this paper is the modest equality for d = 2,
N = 3 presented in Section 4:

v (k) =12 (k%) = 3.

Unfortunately the proof is computational.

3 Interpolation at two points
Theorem 3.1. For all d > 1 we have
V2 (k%) =7 (k%) = v} (k%) = d.
Proof. For i =1,...,d define spaces
F;:=span{l,z;} C klz1,...,z4].

These are all D-invariant two-dimensional spaces spanned by monomials. Hence,
by Theorem 2.5, every ideal of codimension 2 complements one of these spaces.
To prove that v/? ((Cd) > d we start with m < d spaces

Fy = Span{fl,la f1,2} yovs P = span {fm,la fm,2} (3.1)

and show the existence of two distinct points
zZ, = (2171, e ,ZLd) and Zo = (2’2717 ey Zg,d)

in C¢ such that the ideal

I gy ={f €Clz1,...,2zq] : f(z1) = f(22) =0}

has a non-trivial intersection F; N I, ,, # {0} foralli=1,...,m.
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Suppose not. That is suppose that for any z; # z, in C? the intersection
F;N1,, ,, = {0} for some i. This means that m < d polynomials in 2d variables

e R € i s e B

vanish simultaneously if and only if z; = z5. Hence
Z (@15 s 0m)) =W = {(zl’l, s P1,ds P21 -5 22.d) € Cc2d . 2= Zg,i}
forall i=1,...,d. Therefore
W={(211,--,21,ds 1,15 - -+ 21,d) € Cc?e . (21,1,---,21,4) € c?

is a d-dimensional space while the variety Z ((¢1, ..., @m)) is defined as the zero
locus of m < d polynomials in 2d variables, hence (cf. [6, p. 463, Exercise 2])

dim Z ({¢1,. .., Pm)) = 2d —m.

Thus d > 2d — m which contradict the assumption m < d.

As is the case with the Mairhuber argument, in the real case the proof that
v? (Rd) > d is completely different and relies on a topological argument. Once
again, let Fj, j =1,...,m be m < d subspaces of k [x1, ..., z4] with bases as in
(3.1). Since the product

|J R (3.3)
j=1

is a nonzero polynomial, hence there exists a point zg € R? such that fin(zo) #
0 for all j = 1,...,m and thus there exists a neighborhood U C R? of zg
such that the polynomial (3.3) does not vanish in U/. In particular the rational
functions:

¢j::@, ji=1,...,m (3.4)
fin

are continuous on Y. Now we let S9~* C U be a (d — 1)-dimensional sphere
centered at zy. Then the mapping ¥ : S9~1 — R™ defined by

U(z) = (¥1(2), ..., ¥m(2)) (3:5)

is a continuous mapping and since m < d—1, by the Borsuk’s antipodal theorem,
there exist two distinct points z,z2 € S?~! such that ¥ (z;) = ¥ (z3). From
(3.5) and (3.4) it follows that

fiz2 (z1) fia (z2) — fia (z1) fiz2 (z2) = 0.

Therefore all m determinants (3.2) vanish and none of the spaces Fj, j =
1,...,m complement the radical ideal

I gy ={f €R[z1,...,24] : f(21) = [ (22) =0}
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of codimension 2.
It remains to prove that 1/5 (kd) >d. To thisend, foreveryi=1,...,m <d
choose f; € F; such f;(0) = 0 and consider a system of linear equations

4 B
> ak (Mfi(o)) =0, i=1,...,m.

k=1

Since m < d this system has a non-trivial solution (aj,...,a}). Now consider
the ideal

d
I:= {fek[xl,...,xd];f(o)o,za;;aikf(o)o}.

k=1

This is a primary ideal (cf. [8]) and from our choice of aj, it follows that F; NI #
{0} for alli=1,...,m. O

4 Main result

Theorem 4.1. For d = 2, we have V3 (]kg) = 3(]]&2) = 3, i.e., for any two
three-dimensional F,G C klx,y] spaces there exists a primary ideal I C Kk[x,y]
of codimension three such that

INF #{0} and ING # {0}. (4.1)

Proof. Tt follows from Theorem 2.5 that one of the three three-dimensional
spaces:

span{l,x,xQ}, span{l,y,yQ}, span{l, z,y}

complement every ideal of codimension 3. Hence %2(3) < 3 and, in particular,
v5?(3) < 3. Next we will show that no two subspaces will do. Let X := az + by
and Y = cx + dy be two non-zero directions in k? and let Dy and Dy denote
the partial derivatives in the directions X and Y respectively. It is not hard to
see (cf. [8]) that the set of polynomials p € k[x,y] that are annihilated by the
following three functionals

Xo(f) = f(0), Ai(p) = (Dxp)(0), Aa(p) = (rDxp+ Dyp) (0)

that depend on parameters (a,b,c,d,r) € k® is an ideal of codimension three
and, in fact a primary ideal

I=1I(a,be,d,r):={f €klz,y]: o(f) =X (f) = Xa(f) =0} (4.2)

with the associated zero-locus Z(I) = {0}. To prove the theorem we need to
prove that for any two three-dimensional F, G C k[z, y] there exist (a, b, c,d,r) €
k5 and non-trivial polynomials f € F and g € G such that \;(f) = X\i(g) =0
for all ¢ = 0,1,2. Since A;(h) = 0 for all monomials of degree greater than
2 we can assume without loss of generality, that the spaces F' and G consist
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of polynomials of degree at most 2. (It is this assumption that will allow us
to reduce the prove to a manageable computation). To further simplify the
computations, we assume without loss of generality that

F =span{fo, f1, fo} and G = {g0, 91,92}

with f5(0) = ¢x(0) = 0 for ¢ = 1,2. To prove (4.1) we have to guarantee the
existence of non-trivial solutions to the linear equation

Mo (A1 fr + Aiafo) =0, Mg (Aaign + Aoege) =0, i=1,2

or, what amounts to the same thing, we need to prove the existence of non-trivial
(a,b,c,d,r) such that

det (Ak (fm)) =det Ak (gm)) =0, m,k=1,2. (4.3)
To this end let

2 2

[ = up 1T + up 2y + Uk 32 + Up g, TY + UL 5Y°,
2 2

gk = V1T + Vg 2y + Vg, 327 + Uk 4, TY + Vg 59" -

An easy computation shows that

()\4 (f )) _ auy 1+ bul,z r (a2u173 —+ 20bu1,4 + b2u175) +ocupg + du172
o aug +buga 7 (aPugs + 2abuga + b2ugs) + cuzy + dug o

and

' [ avig+bvio 1 (a
(Xi (gn)) = ( avey +bvgo T (a

NN

V1,3 + 2&1)?]1’4 + b2’l)1)5 +cvi1 + dULQ
V2.3 + 2017'0274 + b21)215 + CU21 + d1)272 ’

Case 1. Set r = 0. Then the two determinants are

Uuy,1 U211
U2,1  U2,2

V1,1 V21
V2,1 V22

c d e d

ab‘

ab‘

If the two determinants depending on the linear terms of f; and g; are both zero
then we set (a,b,c,d) = (1,0,0, 1) that solves the equations (4.3).

Case 2. Suppose that the linear terms in f; and f; are linearly independent.
Then, after an easy algebraic manipulation, we can set

Uy,1 U211 . 1 0
ugn w22 / \ 0 1
and letting r = 1 the first determinant becomes

u273a3 + (2’[1,274 — u173) CLzb + (UQ,5 — 2’[1,174) ab2 + ad + (7’[1,175) b3 — be.

Now two minor computational miracles occur.
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The first is choosing b = 1, and
_ 2 2 3
Cc=auss — 20U 4 — a"U1,3 + 20 Uz 4 + aU2 3 +ad — Ui 5

not only verifies the first of the equations (3.3) but also changes the second
equation into an equation of the form

aa® + Ba® +ya+86=0 (4.4)

where the coefficients depend on uy ,,, and vy, but not d.
Choosing a = 1 and

d= bu1,3 - 2bUQ’4 + 2b2u1,4 — b2U2’5 + b3u175 + be — U2,3
to verify the first equation, the second equation becomes
603 +b? + b+ a =0

with the same coeflicients as (4.4) written in the reverse order. And this is the
second miracle.

Subcase 1: « # 0, § # 0. Then the cubic equation always has a non-zero
solution in k.

Subcase 2: § = 0, then the first equation is satisfied witha =0,b=1,¢c =1,
d=1.

Subcase 3: a = 0, then the second equation is satisfied with a = 1, b = 0,
c=1,d=1.

O

For the record:

a = (01,11)2,3 — V2,1V1,3 — V1,1U2,3V22 + U2,3111,202,1)
8= 2111,11)2,4 + V12023 — 2112,1?11,4 — U1,302,2
+ U1,3V1,10V2,2 — U1,3V1,2V2,1 — 2VU1,1U2,4V2,2 + 2V1 2V2 1U2 4
v = v1,1V2,5 + 2V1,2U24 — U2,1V1,5 — 2V2 201 4
+ 201,1U1,4V2,2 — 2U1 4V1,2V2,1 — V1,1V2,2U2,5 + V1 2U2,1U2 5
0= (111,2112,5 — V2,2V1,5 + V1,1U1,5V2,2 — 01,202,1U1,5)
As a corollary, we obtain the following.

Corollary 4.2. For all N > 3 the numbers N (]k2) > 3.

Proof. Let Fy and F; be two N-dimensional subspaces of k[z, y] and let N > 3.
Let z1,...,2ny_3 € k? be distinct points different from 0. For i = 1,2 let

F:={feF:f(z5)=0, j=1,...,N—-3}.

Then F| and F3 are two subspaces of dimension > 3 and by the previous theorem
there exists an ideal I(a, b, ¢, d, ) defined by functionals (3.1) such that such that

F/nI(a,b,c,d,r)# {0} (4.5)
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The ideal
J:=1(a,b,c,d,r)N{f eklz,y]: f(z;)=0, j=1,...,N—3}

is an ideal of codimension N and from (4.5) we conclude that J N F; # {0} for
i=1,92. O

5 Additional remarks

As we mentioned in Section 2, Problems 2.1, 2.2 and 2.3 are closely related
to some interesting questions in algebraic geometry and combinatorics. In this
section we will outline this relationship assuming that a reader has but a brief
exposure to the subject. Let k[x] = k[z1,...,24] stands for polynomials in d
variables with coefficients in k. With every ideal J C k [z1,...,z4] we associate
an affine variety

Z(J)={z=(21,22,...,2a) ck?: f(z) =0 for all feJ}.

A set W C k9 is an affine variety if there exists an ideal J C k [z, ..., z4] such
that
W= Z(J).

An important characteristic of an affine variety W is an “arithmetic rank of WW”
defined to be a minimal number of polynomials that generate an ideal J with
W = Z(J). Likewise an arithmetic rank of an ideal K C k|[zy,...,xq4] is the
minimal number of polynomials that generate an ideal J with

Z(K) = 2(J).

There is a relationship between our interpolation problem and arithmetic
rank. Consider a subset & C k¥ consisting of distinct N-tuple of points in k.
We claim that the complement to this set W := U€ is an affine algebraic set in
k¥, i.e., a zero-locus of some polynomials. Indeed let

Wi = {(z07...,zn) ek .z :zj},

Then W; ; is just a linear subspace of kN and W = Ui<jWi,; is a union of
affine varieties hence itself an affine variety (cf. [6], p.). The space Py_1 C k|x]
having a Haar propetry means that, for every sequence of distinct points Zy :=
{z1,...,2n} Ck, the Vandermonde determinant

h(zo,...,2n) := det (zf)

is equal to zero if and only if z; = z; for some i # j. Observe that V is a
polynomial in N variables and the zero set (affine variety) of this polynomial:

Z(h) = {(z1,....2n) €KY 1 h(z1,...,2n) =0} = W.

Hence the arithmetic rank of W is 1.

10
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The two variables analogue lead to consider the set U of distinct points

N
(z1,22,...,2Zpn) € (k2) .
Letting z; := (21, 22,) we see that the complement W of U in k?V is again
an affine variety W = U;;W; ; where W), ; are codimension 2 subspaces of k"
defined by linear equations z; = z;, i.e.,

Wi ={((z1,1,221) 5 - (31,n, 22:n)) €KV 1215 — 21 = 29, — 22,5 = 0}.

The variety W is an important variety called subspace arrangement and is
an object of intense study in algebraic geometry and combinatorics ([10, 1, 2]).

What is an arithmetic rank of W? Let, as in Problem 2.1, d = 2 and
vN ((Cz) be the minimal number of N-dimensional subspaces such that every
radical ideal I of codimension N complements one of these subspaces and let
Fi,....F,n2) be just such subspaces. Let (fikys---s [nk) be a basis in Fj.
Then the determinants

hi (1,22, ... ,2,) = det ((fj,k (zm));mﬂ) , k=1,...,i (5.1)

form a set of v¥ ((CQ) polynomials in 2n variables that do not simultaneously
vanish on U, hence vanish simultaneously if (and only if) (z1,22,...,2,) € W.
In other words the polynomials {hi,k =k =1,...,v) (C?)} generate an ideal
with the variety W and hence the arithmetic rank of W is < v (C?).

Without going into further details of commutative algebra (it will take us
too far off the track of this article) let us just mention that it follows from the
work of Burch [4] and Haiman [10] that the arithmetic rank of W in C?V is < N
and that the IV generators of an ideal with the variety WV are indeed alternating
polynomials in zi,2s,..., 2z, just like our determinants (5.1). Therefore it is
reasonable to conjecture (as was done by Kyungyong Lee [14]) that v} (C?) =
N. All that is needed is to prove that the following conjecture holds:

Conjecture 5.1. v (C?) < N+ (C?).

Embarrassingly, we do not have a proof for it even for N = 2. There is a
number of partial results suggesting that, for d = 2, v (le) = 3 yet the proof
thus far has been escaping us. To add insult to injury, we can not even prove
that ¥ (C?) < N+ (C?).
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Abstract

In a series of papers C. Mauduit and A. Sarkozy introduced and studied the measures
of finite sequences of k£ symbols. In this paper we construct a new family of pseudorandom
sequences of k symbols by using multiplicative character, and study the properties of these
sequences.
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§1. Introduction
In 2002 C. Mauduit and A. Sérkozy [5] initiated to study plentiful finite sequences of k
symbols

EN:(€1,€2,"' 7eN)EAN7

where A = {a1,a2, - ,ai} (k € N,k > 2) is a finite set of k symbols. Write
z(En,a, M,u,v) =|{j:0<j<M—1,e44j» =a}|,
and for w = (a;,, - ,a;) € A, D = (dy,--- ,d;) with non-negative integers d; < --- < d,
g(En,w,M,D)=[{n:1<n <M, (entdy, " »€ntd) = W} .

Then we get the following definition of pseudorandom measures.

Definition 1.1. The f-well-distribution measure of Ey is defined as
M
d(En) = max |z(En,a, M,u,v)— —|,

a,M,u,v k

where the maximum is taken over all @ € A and u,v, M with 1 <wu <u+ (M —1)v < N.
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Definition 1.2. The f-correlation measure of order [ of Fy is defined as

M
En) = E M,D) - —
f}/l( N) wr,n]\?,XD g( N, W, ’ ) kl )
where the maximum is taken over all w € A!, and D = (di,--- ,d;) and M such that 0 < dj <

< d<N—-M.

We hope that both §(FEy) and v (Ey) (at least for small /) are “small” in terms of N (in
particular, both are o(N) as N — oo, and ideally it is N'/2%¢). If both §(Ey) and v (Ey) are
“small”, we say that FEy is a “good” pseudorandom sequence. Many pseudorandom sequences
of k symbols have been studied (see [1], [2], [5], [6]). For example, in [1] and [2] R. Ahlswede,
C. Mauduit and A. Sarkozy proved the following:

Proposition 1.1. Assume that kK € N, k > 2, p is a prime number, x is a character
modulo p of order k, f(z) € Fplx] has degree h(> 0), f(z) has no multiple zero in F,. Define
the sequence E, = (e1,--- ,ep) on the k letter alphabets of the k-th roots of unity by

= { YO, or
" +1, for p| f(n).

Then

(i) we have §(E,) < 11hp'/?logp.

(ii) if | € N is such that the triple (r,t,p) is k-admissible for all1 <r <h, 1 <t <Il(k-1),
then v (Ep) < 10lhkp'/? log p.

Proposition 1.2.

(i) If k,r,t e NJ1 <t <k, pisaprime and r < p, then the triple (r,t,p) is k-admissible.

(ii) If k,r,t € N, p is a prime and

(4t)" <p,

then (r,t,p) is k-admissible.

(iii) If k € N,k > 2, the prime factorization of k is k = ¢ -+-q%* (where q1,...,qs are
distinct primes and o, ..., a5 € N), and p is a prime such that each of q1,...,qs is a primitive
root modulo p, then for every pair r,t € N with r,t < p, the triple (r,t,p) is k-admissible.

In this paper we further give large family of pseudorandom sequences of k symbols, and
study the pseudorandom properties by using the estimate for character sums and the methods
in [3]. The main results are the following:

Theorem 1.1. Assume that k € N, k > 2, p is a prime number, x is a character modulo
p of order k, f(z) € Fy[x] has degree h(> 0). Define the sequence E,_1 = (e1,--- ,ep—1) on the
k letter alphabets of the k-th roots of unity by

. :{ x(f(n)+m), for (f(n)+m,p)=1,
" +1, for p| f(n) +m,
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where T is the inverse of n modulo p such that n = 1(mod p) and 1 <1 <p—1. Then
(i) 6(Ep—1) < 9(h + k)p'/?logp + h.
(i) If f(z) + f(—z) = 0(mod p) has no solutions, then

Yo(Ep_1) < 18k(h + k)p*/*log p + 2h.
(i1i) On the other hand, if xf(x) + 1 = 0(mod p) has no solutions, then

Y(Ep_1) < k(k + h)p'/*logp + Ih.

From Theorem 1.1 we can get the following corollaries.
Corollary 1.1. Let p > 2 be a prime with p = +£3(mod 8), and fi(z) = h(x)? —2 € Fpla],
where h(z) = ag + a2x? + agx* + - - € Fp[x]. Define E}/,_ =(€),..., 6;3—1) by
. { x(fi(n) +n), for (fi(n)+m,p) =1,
n +1, for p| fi(n) +n.
Then

8(E,_y) < 9(deg(f1) + k)p"/*log p + deg(f1),

¥2(E, 1) < 18k(deg(f1) + k)p'/* log p + 2 deg(f1).

Corollary 1.2. Let p > 2 be a prime with p = £5(mod 12), and fo(x) = xh(z)? + 4h(x),

1"

where h(x) € Fpz] is any polynomial. Define EI/,Ll =(ey,..., 6;71) by

K :{ X(f2(n) +7), for (fa(n)+m,p) =1,
+1, for p| fa(n) +n.

n

Then

1

8(E, 1) < 9(deg(f2) + k)p'/? logp + deg(f2),

17

W(E, 1) < 9lk(deg(f2) + k)p'/*log p +  deg(f2).

82. Some lemmas

Lemma 2.1. Suppose that p is a prime number, x is a non-principal character modulo p
of order k, f(x) € Fy[z] has a factorization f(x) = b(x —21)M -+ (x — 25)% (where x; # x; for
i #j) inF, with (k,dy,--- ,ds) =1. Let X,Y be real numbers with 0 <Y < p. Then we have

X (f(n))| < 9deg(f)p"/*logp.
>

X<n<X+Y
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Proof. This is Theorem 2 of [4]. O

Lemma 2.2. The assertion of Lemma 2.1 also holds if assumption (k,dy,--- ,ds) = 1 is
replaced by
(k,dy, - ,ds) < k

Proof. This is Lemma 2 of Theorem 2 in [1]. O

83. The proof of the theorem
(i) Let a be a k-th root of unity, u,v, M € N and

I1<u<u+(M-1lv<p-1

Now using the notation we have

z(Ep—1,a,M,u,v) = |{j:0<j<M—-1,ey4ip =a}|= Z 1
0<j<M-1
Cutjv=0a
< > 1+ deg(f)-
0<j<M-1

x(f (utjv)+utjv)=a

Define

then

And hence we derive

M-1
z (Ep-1,a,M,u,v) < Z S(a, f(u+ i) + u+iv)| + deg(f)

j=0
M-l & .
= %Z(ax(f(u—i-iv)#—u—i-iv)) + deg(f)
7=0 t=1
Mo |k M
S?Jr z a X' (f(u+1iv) +u+iv)| + deg(f).
t=1  j=0

Noting that x is k-th non-principal character. Then

X (flu+iv) +u+iv) = x (u+ jv)F)xt (f(u+iv) +u+iv)

= (ko) o+ o)+ (o))
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And we define
F(j) = (u+ jo)* f(u+ jv) + (u+ jo)* L.

It is easy to show that j = —uv is (k — 1)-th root of F'(j). By Lemma 2.1 we have

M-1
Z X (flu+iv) +u+w)| <9(k+ deg(f))p'/? log p.
=0

Hence
Pl Mol
z a X (flu+iv) +u+iv)| < 9(k + deg(f))p'/? log p. (3.1)
t=1  j=0
Therefore
M
o (Byer Mo, 0) = 5| < 00+ deg(1)? o+ o).
Then

d(Ep—1) = max

a,M,u,v

k

M
z(Ep—1,a,M,u,v) — ’ < 9(k + h)p'?logp + h.

(ii) Next we consider the correlation measure of E,_; under the condition of I = 2. First we
suppose that the congruence f (z) + f(—z) = 0(mod p) has no solution. For 0 < d; < dy <
p—1— M,we can get

g (Ep—1,w, M, D) =[{n:1<n <M, (entdy,entdy) = (b1,02)}.
Here we have
entd, =X (f(n+d) +n+dy), entds =X (f(n+d2) +n+ds),
except for the values of n such that
f(n+d;)+n+d; =0(mod p), 1<¢<2.

For fixed 4, this congruence may have at most deg (f) solutions and we know that there must be
at most 2 values about 7. Thus the total number of solutions of the above-mentioned formula is
< 2deg (f). For all n, we have

2

i ; n+d)= L, if eptdy = b1,enta, = b2,
'1:[1 Stbi, fln+ di) 4 dy) = { 0, otherwise.

So that we can get

2
9(Bp1,w,M,D) < | Y ]S f(n+di) +n+dy)| +2deg(f),

1<n<M i=1
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and

M 2 k
S HSbl,fner )+ 1t dp) ZH(;Z(Inx(f(n+di)+n+di))ti>

1<n<M =1 n=11i=1 ti=1
k—1 k—1 - o o,
kQZZbll QZ ((f(n+d1)+n+d1)1(f(n+d2)+n+d2) )
t1=01t2=0 n=1
kQZ 22)(( f(n+d2) +n+d2) )
t2 1 n=1
t1 M
k2zb1 Zx( fntd)+n+di) )
t1=1 n=1
1 oty —\t —t
+ﬁ Z Z by 1b222X<(f(n+d1)+n+d1)1(f(n+d2)+n+d2) 2).
1<t1<k—11<ty<k—1 n=1
It follows from (3.1) that
1 kflit M 1
]{;2t21bﬂ;x((f(n+d)+n+d) ) <E9(k+h)p1/2logp.
Therefore
M
‘Q(prw?MaD)_kQ
kQZbthZx( f(n+do) +n+dy)' )
to=1 n=1

kQZbltlzX< f(n+dr) —i—n—i—dl) )‘

t1=1

1
T >, 2
1<t1<k—11<to<k—1

+2deg(f).

ZX fn+dy) +n+d)"(f(n+d2) +n+ do)'2)

n=1

Noting that x is k-th non-principal character. Then

X (fn+d) + ot dr) =x (n+d)*fn+da) + (n+ i),

X (f(n+ o)+ da) = x (n+da)f(n+ da) + (n + o))
Let
Gln) = [0+ ) fn )+ (k-] [k o) f o+ o) + (0 )]

It is obvious that —d;, —dy are the zeros of G(n). If the multiplicities of —d; and —dz can both
be divided by k, then we get

(d2 —d1) f(d2 — d1) + 1 = 0(mod p), (di — d2) f(d1 — d2) +1 = 0(mod p).
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And we will obtain
f(d2 —d1) + f(d1 — d2) = 0(mod p),

which is impossible. Then we can see that n = —d; is (k — 1)t1-th root of G(n), or n = —ds is
(k — 1)ta-th root of G(n). That is to say, G(n) has at least one zero whose multiplicity is not

divisible by k. Then from Lemma 2.1 and Lemma 2.2 we have

)| < 9(2h + 2k)(k — 1)p*/? log p.

Hence

M
Y2 (Ep—l) = max ?

E,_ M,D) —
a,Muv .1‘( p—1, W, ) )

2
< 18(h+k)(k—1)p"?logp + E9(l<: + h)p*?logp + 2h
< 18k(h + k))p*/*logp + 2h.
(iii) The final step is to estimate v;(Ep—1). We suppose that the congruence zf(z) + 1 =

0(mod p) has no solution. Since we will get the result after following a similar method of the

proof of (ii), we know that

! S 1, if e b e b
| | . . ) — ) n+di — V1, €n4dp = O,
1 S(bi, f(ntdi) +n+di) = { 0, otherwise.

So we obtain

l M k
g:IIame+dn+n+m%=Z]I(;Zj@xﬁmﬁda+n+%Wj

1<n<M i=1 n=1i=1 ti=1
k—1 M . .
— > Zbl B Y ((Fntd) ) (fdy) 4 d)")
t1=0 t;= n=1

Let us split this sum in two parts: ), denotes the contribution of the terms with t; = --- =
t1=0,eg, >, = %; and ) , is the contribution of the terms with (¢1,---,%) # (0,---,0).

Then we have

M
Zzzl Etl...ﬁltl % (f(n+d1)+n+d1)t1...(f(n+dl)+n+dl)tl )
L
1<t<k—1 1<t <k—1 n=1

(tlv"‘ 1tl)7£(01"' 10)

On account of
X (Fn+di) + 0 di) = x ((n+ d)* fln+ di) + (n 4+ di) ) |
we can define

PW&=Rn+@ﬁﬂn+m%un+mﬁ4r3”Un+mﬁﬂn+mywn+mﬁ4r
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Since (t1,---,t) # (0,---,0), we know that there is at least one t; # 0. Noting that

zf(z)+1 = 0(mod p) has no solution, then F(n) has one zero —d; whose multiplicity is (k—1)t;,
where 1 <t; < k — 1. Applying Lemma 2.2 we get

M
Y X(F(n))| < 9deg(F)p"/*logp.
n=1

Then

l
9(Ep-1,w, M, D) < | Y [ S0 f(n+di) +n+di)| + L deg(f)

1<n<M i=1
1 M
<l X X B Yo x ((Ftd) )" (f )+ 0t d)")
1<t1<k—1  1<t;<k—1 n=1
(tly‘“:tl)#(ov“'vo)
M
+ﬁ+ldeg(f)
1 M —\ 11 —\ 1
<> > X (et d) e d) e (F )+ )
1<t1<k—1 1<t;<k—1 In=1
(t1,-+ 1) #(0,-+-,0)
M
+ﬁ+lh.
Now we can obtain
M
‘g(Ep—lvwaMaD)_kl
1 M —\ 11 —\ U
S Z Z ZX((f(n+d1)+n+d1) o (fn+d) +n+d)) ) +1h
0<t;<k—1  0<t;<k—1|n=1

(tlv"'ztl)7é(07"'70)
< 9Kl(k + h)p'/?log p + lh.

Therefore

Y(Ep_1) < 9k(k + h)p'/*logp + Ih.

84. The proof of the corollaries
Proof of corollary 1.1. Noting that

fi(x) = (ap + aga® + agx® +---)2 -2,

we have

fl(x) + fl(—x) = 2(&0 —|—a2x2 —I—a4x4 + ... )2 — 4.
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Since 2 is a quadratic nonresidue modulo p for p = £3( mod 8), the congruence fi(z)+ fi(—z) =

0(mod p) has no solution. Then from Theorem 1.1 we get

!

8(E,_y) < 9(deg(f1) + k)p'/* logp + deg(f1),

v2(E, 1) < 18k(deg(f1) + k)p"/? log p + 2 deg(f1).
This proves Corollary 1.1.
Proof of corollary 1.2. We have

zfo(z) +1 = 22h(z)? + 4zh(z) + 1 = (zh(x) + 2)? — 3,

Since 3 is a quadratic nonresidue modulo p for p = £5(mod 12), we know that the congruence

zfa(x) +1 = 0(mod p) has no solution. So from Theorem 1.1 we have

S(E,_y) < 9(deg(f2) + k)p'/? logp + deg(f2),

n(E,_y) < 9lk(deg(f2) + k)p'/*log p + I deg(f2).

This completes the proof of Corollary 1.2.
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DIFFERENCE SEQUENCE SPACES OF FUZZY REAL NUMBERS

KULDIP RAJ, SURUCHI PANDOH AND SEEMA JAMWAL

ABSTRACT. In this paper, we introduce a difference sequence space of fuzzy real num-
bers defined by a sequence of modulus functions. Also we study some topological
properties and inclusion relations in this space.

1. INTRODUCTION

Fuzzy set theory, compared to other mathematical theories, is perhaps the most easily
adaptable theory to practice. The main reason is that a fuzzy set has the property of
relativity, variability and inexactness in the definition of its elements. Instead of defining
an entity in calculus by assuming that its role is exactly known, we can use fuzzy sets to
define the same entity by allowing possible deviations and inexactness in its role. This
representation suits well the uncertainties encountered in practical life, which make fuzzy
sets a valuable mathematical tool. The concepts of fuzzy sets and fuzzy set operations
were first introduced by Zadeh [31] and subsequently several authors have discussed vari-
ous aspects of the theory and applications of fuzzy sets such as fuzzy topological spaces,
similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathemat-
ical programming. Matloka [17] introduced bounded and convergent sequences of fuzzy
numbers and studied some of their properties. For more details about sequence spaces and
sequence spaces of fuzzy numbers see ([1], [8], [18], [19], [20], [23], [24], [28]) and references
therein.

The concept of statistical convergence was introduced by Fast [13] and also independently
by Buck [4] and Schoenberg [26] for real and complex sequences. Further this concept
was studied by Fridy [12], Connor [6] and many others. In recent years, generalizations of
statistical convergence have appeared in the study of strong integral summability and the
structure of ideals of bounded continuous functions on locally compact spaces. Statistical
convergence is closely related to the concept convergence appears to have been restricted
to real or complex sequences, but in Nanda [22], Savag [25], Basarir et al. [2], Tripathy et
al. [27], Kumar et al. [14] extended the idea to apply to sequences of Fuzzy numbers.
The concept of statistical pre-Cauchy sequence was given by Connor et al. [7] for scalar
sequences. It is shown that statistically convergent sequences are statistically pre-cauchy
sequence any bounded statistically pre-Cauchy sequence with a nowhere dense set of limit
points is statistically convergent.

The notion of difference sequence spaces was introduced by Kizmaz [15], who studied the
difference sequence spaces I (A), ¢(A) and ¢o(A). The notion was further generalized
by Et and Colak [10] by introducing the spaces I, (A™), ¢(A™) and c¢g(A™). Later the
concept have been studied by Bektag et al. [5] and Et et al. [11]. Another type of gener-
alization of the difference sequence spaces is due to Tripathy and Esi [30] who studied the
spaces loo(Ay), ¢(A,) and ¢o(A,). Recently, Esi et al. [9] and Tripathy et al. [29] have

2000 Mathematics Subject Classification. 40A05, 40D25.
Key words and phrases. fuzzy real number, modulus function, A}~ statistical convergence, A}'- sta-
tistical pre-Cauchy sequence.
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introduced a new type of generalized difference operators and unified those as follows.
Let v, m be non-negative integers, then for Z a given sequence space, we have

Z(A) ={x = (zg) e w: (Azy) € Z}

for Z = ¢, co and lo, where ATz = (A7) = (A" Lz — A" 1z, ,) and Az = 2y, for
all k£ € N, which is equivalent to the following binomial representation

m o G 1)\t m .
Az/ Tl —ZO( ].) < i >1'k'+1/1'
Taking v = 1, we get the spaces lo(A™), ¢(A™) and co(A™) studied by Et and Colak
[10]. Taking m = v = 1, we get the spaces loo(A), ¢(A) and ¢o(A) introduced and studied
by Kizmaz [15].

2. DEFINITIONS AND PRELIMINARIES

Definition 2.1. An Orlicz function M : [0,00) — [0,00) is a continuous, non-decreasing
and convex function such that M(0) = 0, M(x) > 0 for z > 0 and M(z) — oo as
T — 0.

Lindenstrauss and Tzafriri [16] used the idea of Orlicz function to define the following

sequence space,
= ||

KM:{wa:ZM<—k) <oo}
k=1 P

which is called as an Orlicz sequence space. Also £j; is a Banach space with the norm

I|z]| = inf{p >0: ;M(mp’“') < 1}.

Also, it was shown in [16] that every Orlicz sequence space £, contains a subspace iso-
morphic to £,(p > 1). The As- condition is equivalent to M (Lx) < LM (z), for all L with
0 < L < 1. An Orlicz function M can always be represented in the following integral form

M(z) = /O ")t

where 7 is known as the kernel of M, is right differentiable for ¢ > 0,7(0) = 0,7n(t) > 0,
is non-decreasing and n(t) — oo as t — co.

Definition 2.2. A fuzzy number is a fuzzy set on the real axis, i.e., a mapping X : R™ —
[0, 1] which satisfies the following four conditions:
(1) X is normal, i.e., there exist an g € R™ such that X (x¢) = 1;
(2) X is fuzzy convex, ie., for z,y € R and 0 < A < 1, XAz + (1 — N)y) >
min[X (z), X (y)]:
(3) X is upper semi-continuous; i.e., if for each € > 0, X ([0, a + ¢)) for all a € [0, 1]
is open in the usual topology of R";
(4) The closure of {x € R™ : X(x) > 0}, denoted by [X]°, is compact.

Let C(R™) = {A Cc R" : A is compact and convex }. The spaces C'(R™) has a linear
structure induced by the operations

A+B={a+bac Abe B}

and
M ={Xa:a € A}
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for A, B € C(R™) and A € R. The Hausdorff distance between A and B of C(R™) is defined
as

S00(A, B) = inf |ja — b, inf ||a — b
(A,B) max{itelgblgBlla | ggg;gAlla I}

where |.|| denotes the usual Euclidean norm in R™. It is well known that (C(R"™), ) is a
complete (non separable) metric space.
For 0 < a < 1, the a-level set, X* = {& € R" : X(z) > «a} is a nonempty compact convex,
subset of R™, as is the support X°. Let L(R™) denote the set of all fuzzy numbers. The
linear structure of L(R™) induces addition X 4+ Y and scalar multiplication AX, A € R, in
terms of a-level sets, by
(X +Y]* = [X]*+[Y]*
and
[AX]" = A[X]*
for each 0 < o < 1. Define for each 1 < g < c©
1
dy(X,Y) = { / 500(Xa,ya)qcza}
0
and deo(X,Y) = sup 6oo(X, YY), Clearly doo(X,Y) = lim dy(X,Y) with dy < d, if

0<a<l1 q—ro0
q < r. Moreover (L(R™),ds) is a complete, separable and locally compact metric space.

1/q

Definition 2.3. A metric d on L(R™) is said to be translation invariant if d(X + Z, Y +
Z) = d(X,Y) for all X,Y, Z € L(R").

Definition 2.4. A sequence X = (Xj) of fuzzy real numbers is said to be A-bounded if
the set {AX} : k € N} of fuzzy real numbers is bounded.

Definition 2.5. A sequence X = (Xj) of fuzzy real numbers is said to be A-convergent
to a fuzzy real number X, written as klim AXy, = X, if for every € > 0 there exists a
— 00

positive integer ko such that d(AXy, Xo) < € for all k > k.

Definition 2.6. A sequence X = (X},) of fuzzy real numbers is said to be A”"-convergent
to a fuzzy real number Xy, written as lim A]'X, = X, if for every € > 0 there exists a
— 00

positive integer ko such that d(A™ Xy, Xo) < € for all k > k.

We need following lemmas in the present paper:
Lemma 2.1. (Basarir and Mursaleen [3]) If d is a translation invariant metric. Then
(i) d(X +Y,0) < d(X,0) +d(Y,0)
(i1) d(AX,0) < |A\|d(X,0), [\ > 1.
Lemma 2.2. (Maddox [21]) Let a, by for all k& be sequences of complex numbers and
(p) be a bounded sequence of positive real numbers, then

|ak + bk|pk < C'(|(l]€|p’c + |bk|pk)
and
AP < max(1, [A]7)

where C' = max(1,27~1), H = sup p;, and ) is any complex number.
Lemma 2.3. (Maddox [21]) Let ax > 0,b;, > 0 for all k& be sequences of complex numbers
and 1 < pr < sup pg < oo, then

1

(Tl + )™ < (Slant) ™ + (S oul) ™

k k k
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where M = max(1, H), H = sup px.
Let (E,dx) be a sequence of fuzzy linear metric spaces under the translation invariant
— o0
metrices dk/s such that Fxi1 C Ej for each k € N where X}, = ((Xm) ) € FEy, for
s=1

each k € N. We define W(E) = {X = (Xx) : Xi € Ej, for each k € N}. Tt is easy to
verify that the space W(E) is a linear space of fuzzy real numbers under coordinatewise
addition and scalar multiplication. For X = (X)) € W(E) and A = (\x) be a sequence of
real numbers, we define AX = (A Xx).

Let F' = (fx) be a sequence of modulus functions, p = (px) is a bounded sequence of
positive real numbers and u = (uy) be a sequence of strictly positive real numbers. In the
present paper we define the following sequence space:

W’ (A™, Fyu,p) = {X = (X)) € W(E) : %zn: [fk(sipﬁ(ukATXk,s,Lk))rk 0 asn — oo}

where
m

AJ Xk, s = Z(—1)1< T )Xk+ui,s-
i=0
The main purpose of this paper is to study difference sequence spaces of fuzzy real num-
bers in more general settings defined by a sequence of modulus functions and a multiplier
sequence u = (u). We also make an effort to study some topological properties and
interesting inclusion relations in the third section of this paper. In the section fourth of
this paper we have studied statistical convergence and some of their properties.

3. MAIN RESULTS

Theorem 3.1. Let p = (pi) be a bounded sequence of positive real numbers and u = (uy)
be a sequence of strictly positive real numbers. Then W7 (A™ F,u,p) is a linear space
over the field R of real numbers.

Proof. Let X = (X)) and Y = (Y)) € W(E) and «, 5 € R. Then it is easy to prove
1 — — p
: Z {fk(supdk (ukAL”(an,S + BY;{’S),L;@))} "0 asn— 00,
n s=1 k

by using lemma (2.1) (2.2) (2.3), the subadditivity property of modulus functions and the
result f(Az) < (1+][|\|])f(z). Therefore a X +8Y € W7 (A™, F,u, p). Hence W7 (AT, F, u, p)
is a linear space. g

Theorem 3.2. Let (Ey,dy) be a sequence of complete metric spaces and (py,) be a bounded
sequence of positive real numbers such that inf p,, > 0. Then the sequence space W+ (A™, F, u, p)
is a complete metric space with respect to the metric

)= 5 (55 o 55 sz e

L
M

Proof. Let (X(9)) be a cauchy sequence in W7 (A7, F, u, p) where X (9 = ((X(?S)):O_I):l €
WZ(A™, F,u,p) for each ¢ € N. Then

g(X @ XMy 50 asq,r — 0.
This means

S (3 5)) o[£35 (e xitmar )

n s=1
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— 0 asq,r — o0,
which implies that

(3.1) ka(supdk( ,”),X(T)))—>0 as ¢, — 0o
and . )
(3.2)  sup, H ; (fk(sgp?k(ukATXé?z, ukATXéfz)))pk} M50 as q,r — 0.

Now from equation (3.1), we have

52

fk(supﬁ(X,iq),Xlgri))> — 0 asq,r = oo foreachi=1,2,....... m.
. ,
But (f%) is a sequence of modulus functions, so we have

sup?k(Xéqg,XéTg) — 0 asq,r — oo foreachi=1,2,....... m.
) . ,

Therefore {X ngi) } is a cauchy sequence in Ej, for each i = 1,2,......m and for all k.
Again from equation (3.2), since (fx) is a sequence of modulus functions, we have

sup@(ukAL”Xéq;u AmX(T)) — 0 asq,r — oo for each s =1,2,....... n.
k

Thus (ug A’”X(q)) is a cauchy sequence in Ek for each s =1,2,......n and for each k € N.

)

But given that each Fj is complete. So let X — Xpiasq—ooforeachi=1,2,... m

and for all £ and ukATX(Q) — up A Xy s as ¢ — oo for each s=1,2,....... n and for all k.
Therefore by using equations (3.1) and (3.2), we get

ka(supdk(X,(cquk,i)) —0 asq = o0

and
-(3 3) sup, [% Sz: (fk(s%pjk<ukATX£qs7u AmX(r)))> ] s — 0 asq — oo.
ie.

g(X@ X)) 50 as q — .
NOVV we shall show that X € W7 (A™, F,u, p). From equation (3.3), we have
i Z <fk(supdk(ukAmX,(€q2,u AmX(r)))) * — 0 as ¢ — oo for all n € N.

s=1

ie. nglven € > 0, there exists go € N such that

%Z (fk(sip?k(ukATXé?z,ukATXkys>))pk < % for all ¢ > qo and for all n € N.
SiIslzelz X(@ ¢ WP (A", F,u,p), we can find L(? such that

%i (fk(sip£<ukATXlg?s),L§f))))pk < % for all n > ng where Liq) € FE.
Siinziiarly, for X(") € WF (A", F,u, p), we can find L(") such that

%Z (fk(s%pdik<ukAmX,(fs, L(T)>))pk < % for all n > n; where L,(:) € Fy.

n
s=1
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Consider ny = max(qo, ng,n1). Then

(34)  fr (sgpfk(LEf), 1)) =

M:

1
n

(e (w132, 227)))

(fk ( S%p%(ukA;”X’g‘Q’ L]iq))))pk

1

w
Il

IA
Q
| =
NE

1

+ C

S~ 3
M- i

(7 (sup e (st Xi20 wey X(2) ) )

s=1

e 003 (i (mapxi 1))

< ¢, forall g,r > no.

Choose € = f(e1), €1 > 0 and using the fact that sequence of modulus function is monotone,
we get

dik(Ll(cq), Ll(:)) < ¢ for all ¢,7 > ns.
ie. L,(Cq) is a cauchy sequence in Ej. But given that E} is complete. So Lfcq)
q — oo. From equation (3.4) we get

L3 (s (e ))) < vz
s=1

— Ly, as

Hence we have

22 (o (narsn 1)) = Cr 3 (A (nar 2 may x.,))) "
© LS (i (a2 o))

- L3 (s )"

IA

which implies that X € W7 (A™, F,u, p) and hence W* (A™, F,u,p) is a complete metric
space. Il

Theorem 3.3. Let (pr) and (tx) be two sequences of positive real numbers such that
0 < pr <ty for all k € N and the sequence (t—k) be bounded. Then W7 (A™, F,u,t) C

Pk
WP (AL Fou,p).
Proof. Let X € W7 (A™, F,u,t) which implies

1 — — t
I Z (fk(suPdk- (uk-ATXk-,s, Lk))) " L 0asn — oo
s=1 k

_ tr
Consider u = (fk(supk dy, (ukA,’;“X;w,Lk))) and A\, = (’t’—:) be such that 0 < A <
A < 1.
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Define
— Mk if Kk > 1
k=10, ifu<l
and
b Mk if B < 1
Then we have pg = ¢ + dj, and ,uzk = cg"' + d2k~ Thus it follows that cg’“ < ¢ < pg and
Ayt < dp.
Therefore
1 " = m Pk 1 g a3 m b 1 " A
*Z(fk(supdk(ukAV Xk,S7Lk))) < *Z(fk(supdk(ukﬁy Xk,saLk))) +=> dy
n s=1 k n s=1 k n s=1
— 0 asn— o0
which implies that X € W7 (A™, F,u,p). O

Theorem 3.4. Let F = (f;) and G = (gx) be two sequence of modulus functions. Then
we have
(i) W (A7, Fou,p) N W (AL, Gyu,p) C WH(ADLF + G u,p)

(i1) WH(AR, Fyu,p) = W7 (AR, G, u,p) if 0 < inf 52 < sup £ < oo.

Proof. The proof is easy so we omit it. O

4. A7~ STATISTICAL CONVERGENCE

The idea of statistical convergence depends on the density of subsets of the set N of
1

natural numbers. The natural density of a subset K of N is defined by 6(k) = lim —|{k <
n—oo N

n:k € K}|, where [{k <n:k e K}| denotes the number of elements of K not exceeding
n. We shall be concerned with the integer sets having density zero.

If X = (Xj) is a sequence that satisfies a property P for all k except a set of natural
density zero, then we say that (X}) satisfies P for almost all k& and we write it by a.a.k.

Definition 4.1. The sequence X = (((st) )k) of fuzzy real numbers is said to be
s=1

AT'-statistically convergent to a fuzzy real number L = (Lq, Lo, L3, ....) where Ly € Ey, if
for every € > 0,

1 .
lim — {s < n:supdi(upAy' X s, Lg) > e} =0.
k

n—o0o MN

Let S7 (A, u) denotes the set of all A™-statistically convergent sequences of real numbers.

(oo}
Definition 4.2. The sequence X = (((Xkﬁ)

s=1

be Al'-statistically Cauchy sequence, if for every € > 0, there exists positive integer s,
(depends upon € only) such that

) ) of fuzzy real numbers is said to

lim — {s < n:supdi(up AT X o, up AT X s,) > GH =0.
k

Definition 4.3. The sequence X = (((Xk,s)il>k) of fuzzy real numbers is said to be
AT'-statistically pre-Cauchy sequence, if for all € > 0,

1 _
lim —H(z,j) 20,J < nysup di (up AL X i, up A Xy ) > e} =0.
k

n—oo n2
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Remark 4.1. If a sequence is Aj’-convergent, then it is AJ'-statistical convergent.
But the converse may not be true. This is clear from the following example.

Example 4.1. Let Ey = L(R),ur = 1 for each ¥ € N;m = v = 1. Consider the
sequence X, when k = 10"
et+2-4), iflZE<t<-1
Xi(t) =< 253 -1), if —1<t<i
0, otherwise
and when k # 10"
t—5 if5<t<6

Xp(t) =4 7—t, i6<t<7
0, otherwise.
Then
X" = { [1=tithoze 1okaza ) when k = 107
54 a,7—al, otherwise

ie.

1=9k+2ka—a 1=2ko—5k=0]  when k = 10"

[AXR]* = ¢ [PhfZhatdida Sh-Zradloa]  when k41 = 10"
[-2+2a, 2 —2q], otherwise.

Clearly AX), — L statistically, where L = [-2 + 2a, 2 — 2a] but (AX}) is not a conver-
gent sequence.

Theorem 4.1. Let F = (fi) be a sequence of modulus functions and 0 < h = inf py, <
pr <suppy = H. Then WP (A7}, Fu,p) @ ST (A, u).

Proof. Let X € W7 (A™, F,u,p) and € > 0 be given. Then

1 Z (e (sup e (e X 1)) )

:% > (fk(sgpa(ukA;nkaLk)))pk

_ s=1
sup dy, (ur AL X 5y L) 2e
k

1 > (e (50w (e Xe ) )

sup dy (up A" Xy, 5, L) < €
k

n

> % Z (fk(S%p?k(ukATXk,vak)))pk

s=1

sup di, (ur A X, 5, L) > €
k

> min(f(e)", f(e)") %Hs < s (AT X, L) > o}

which implies that X is A]'-statistical convergent.

Remark 4.2. The inclusion is strict. Clear from the following example.
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DIFFERENCE SEQUENCE SPACES 9

Example 4.2. Let F(z) = fi(z) =x,pp =L, up =1 for all k, m =v =1, E, = L(R)
for each k € N. Consider the sequence (X}), when k = 57
k(t+ 1), ifZ2<t<0
Xp(t)=1q k(3 —1t), if0<t<q
0, otherwise
and when k # 5"
t—5 if5<t<6
Xpt) =4 7—t, if6<t<7
0, otherwise.
Then .
a_ ) %% %2 when k = 5"
Xl = { [5+a,7—a], otherwise
ie.
ocflf'lijrak:’ 175’6;0&]@7()&]7 when k = 57
[AXk}oc — [ka+2d+5k+4 7k—ka+8—2a], when k+1 = 5"

=S Ft1
[-2+2a, 2 —2a], otherwise.

Then AXy — L statistically, where L = [-2+2a, 2—2a] but (AX}) ¢ WP (A™, F,u, p)

Theorem 4.2. If F = (f}) is a sequence of bounded modulus functions, then S (A™ u) C
W7 (A, Fu, p).

Proof. Let € > 0 be given and (fx) be a sequence of bounded modulus functions,there
exists an integer K such that fi(z) < K for all x > 0 and for all k € N. Let X = (X}) is
AT'-statistically convergent sequence. Consider

5 (e )
R (a(ep(erne)”

+ % Z (flc(Sgpdik(ukATXk,saLk)))pk

s=1

sup?k(ukATXk7s, Li) <ce
k

< max(k", k") %Hs < n:sup di (gAY X s, L) > 6}‘ +max(f(e)", f(e)")
k

— 0 asn — oo.
Therefore X € W7 (A™, F,u,p) which implies that S7(A™ u) C W (A™, F,u,p).

Theorem 4.3. If the sequence X = (X}) is Al'-statistically convergent, then X is
Al'-statistically Cauchy .

Proof. Let X is A]'-statistically convergent sequence and let € > 0 be given. Then we
have,

1 _
lim — {s <n:supdi(urA)' X s, L) > 6}
k

n—oo n

:()7
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i.e.

sup@(ukA:,"X;m,Lk) <€, a.a.s.
k
In particular choose s; € N such that sup dy (ug Al Xy s, L) < €. Thus
k

Sup?k(ukATXk,sv ukAZLXk7SI) < Sup?k(ukATXk,sv Lk)
Kk Kk
+  supdy(upAl' X s, L)
k
< €e+e=2¢€ a.a.s.

which implies that X is a A]'-statistically Cauchy sequence.

(oo}

Theorem 4.4. If X = (((Xk,s> ) ) is a sequence for which there is a A]'-

s=1
statistically convergent sequence Y = ( Yi s ) ) such that upkA)' Xy s = ur A Yy s
s=1/k

a.a.s. Then the sequence X is also A]'-statistically convergent sequence.

Proof. Let uyA' Xy o = upA'Yy s a.a.s. and Y is A]'-statistically convergent se-
quence. Let € > 0 be given. Then for each n € N, we have

{s < n:supdg(ugAT Xy o, L) > e} C {s < n:supdg(ug ATy s, Ly) > e}
k k
U {s <ncupAY Xy s ukATYhs}.

Since Y is A'-statistically convergent sequence, which implies the set {s < n : sup,, dik(ukATYk,s, Ly) >
€} contains a fixed number of elements say sg = s¢(€), then

1 _ , 1
f‘{sgn:supdk(ukAlT,“Xk7s,Lk) 26}‘ < S——i—f‘{sgn:ukAL”Xk)s ooukAL”Yk75H
n & n o n

—  0asn— oo (because upAY Xy s = upA) Y ),

which implies that X is a A}'-statistically convergent sequence.

Theorem 4.5. If X is a sequence of fuzzy real numbers such that X is Al}-statistically
convergent sequence. Then X is AT'-statistically bounded sequence.

Proof. Suppose X is A]'-statistically convergent sequence. Then given ¢ > 0, we have
1 _
lim — {s <n:supdi(upAy' Xy,s, L) > e}‘ =0
n—oo N k
Since L is a fuzzy number, so we have sup di(Ly,0) < T (say). Then we have
E
sup di (ug A} Xp6,0) < supdp(ugA)' X s, Li) + sup di.(Ly, 0)
E E k

< €+T aak.,

which implies that X is a A)'-statistically bounded sequence.

Remark 4.3. In general the converse is not true. This we shall prove in the following
example.

155



DIFFERENCE SEQUENCE SPACES 11
Example 4.3. Let F = fi(z) = 2,pr = l,upy =1 foreach k e Ny m=v =1, E; =
L(R) for each k € N. Consider the sequence (Xj) as, when k = 10"

(kt+1), if 2 <t<0
Xi(t) =< (1—kt), ﬁogtS;
0, otherwise

and when k # 10" and k is odd

t+17, if —7<t<-6
Xp(t)=< —t—5, if —6<t<-5
0, otherwise

t—5, if5<t<6

Xpt) =4 7-t, if6<t<7
0, otherwise.
Then
(21, 122, when k = 10"
[Xk]* =< [-7+a,—5—a], when k # 10" and % is odd
b+ a,7—a], when k # 10™ and k is even
a— 1+ozk+ 5k 147k—a— ak] when k = 10"

) ket 1
14 —|— 2a —10 — 2q], when k # 10™ and k is odd

[10 + 2a 14 — 2a], when k # 10" and k is even,
which implies that X is a A}’-statistically bounded sequence, but not A}*-statistically con-
vergent, sequence.

[ ;
7k+20¢+ka 8 —5k—ka—4—2a _ n
fe. [up AT Xi]o=[AX] { ], whenk+1=10

Remark 4.4. A sequence X is a A]'-statistically pre-Cauchy sequence, but not AJ'-
statistically convergent sequence.

Example 4.4. Let F = fi(z) = x,pr, = l,up, = 1 foreach k e Nym =v =1,E;, =
L(R) for each k € N. Consider the sequence (X}) as, when k is odd

t+7, if —7<t< -6
Xp(t)={ —t—5, if —6<t<-5
0, otherwise

and when k is even
t—5, if5<t<6

Xpt) =4 7T—t, f6<t<7
0, otherwise.
Then
(X, = { [-7+a,—a—5], when k is odd
KT B4 a, -, when k is even
ie.

2(-7+a), 2(—a—5)], when k is odd

[Uk A7 Xk} = { [2 (5+a), 27— Q)L when k is even,

which implies that the sequence X is a AJ'-statistically pre-Cauchy sequence, but not
AT'-statistically convergent sequence.
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Theorem 4.6. Let X be a sequence of fuzzy real numbers such that (upAl} Xy s) is
bounded. Then X is a A'-statistically pre-cauchy sequence if and only if
1 _
—3 Z fk(Sllipdk (ukALnXk,i,UkAL"Xk,j>> =0

Lj<n

lim
n—oo N

for bounded sequence (f) of modulus functions.

1 _
Proof. Suppose lim — Z fk(supcl;C (ukATXM,ukAL”XkJ)) = 0. Given € > 0,
noeen ,j<n k
and for any n € N, we have
2 > ij<n fk(SUPk Ik(ukATXk,i7 u AJ' Xlw’))

1 _
= — g frel supdi | ueAY X s, un A} X 5
n2 k
1,j<n
supy, E(ukAL"XkYi,ukAf/”Xk,j)<e

1 _
+ = Z fk(Sl;pdk (ukAf,nXk,i,ukALnXk,j))
1,j<n

supy, ﬁ(ukA;'LXk,i,ukAgtxk,j) >e

> > i (sup i (i A X ] X))
ij<n

supy Tk(ukAZLXk,i7ukAZLXk,j) >e

1 _
> f(e) ﬁ‘{(iaj) 11, < n,Sl;p dy, (UkATXk,i,ukATXk,j> > 6}‘

and thus X is a A]-statistically pre-Cauchy sequence.

Conversly, Let X is a A]'-statistically pre-Cauchy sequence and € > 0 be given. Choose
d > 0 such that f(§) < §. Since fi is a sequence of bounded modulus functions so there
exists an integer D such that

i (sup i (e A X uk A X ) ) < D

Now for each n € N, consider
Az Y j<n Tk ( supy, Ik(ukATXk,i7 UkAZ"Xk,j»

1 —
= ﬁ Z fk(SI;pdk (ukALnXk7i,ukALnXk7j))
L,j<n ’

supy, dik(ukAL”Xk,i,ukAL”Xk,j) <6

1 _
Tz Z fk(Slipdk (UkATXk,mukATXk,j))
,7<n

supka(ukAL”Xkyi,ukALnXk,j)25
1 .
< f(6) + Dj‘{(m) 4,5 < n,supd (ukAg%Xk,i,ukA;nXk,j) > 5}'
n k
<

1 _
E +Df‘{(l7j) : i7j S n,supdk (ukAZ‘Xk i,ukA:,"ij) Z (5}’
2 TL2 L 3 )
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Since X is a A]'-statistically pre-Cauchy sequence, so that

1 _
3 {(i,j) 11,5 <mn, Sl/ipdk (ukATXk)i,ukAf,"Xk,j) > 5}’ —0asn — oo.

Thus there exists ng € N such that

1 _
—H(z,]) 24,5 < m, supdy (ukA:,"Xk i ug Deltay X, j) > 5}‘ < £ for all n > ny.
n? k ’ ’ 2D

i.e.
1 _
ﬁ Z fk<81]1p dk (ukATXM,ukA’VnXk’j)) S €, N Z no.

ij<n
Hence, we have

1,j<n

1 —
lim - E g](']f(Sllpd},C (ukALnXk7i,ukALnXk7j)) = 0.
k
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Existence of periodic solutions for a class of

nonlinear discrete systems®

Wen-Hai Pan, Wei Long!
College of Mathematics and Information Science, Jiangxi Normal University

Nanchang, Jiangzi 330022, People’s Republic of China

Abstract

This paper is concerned with the existence of positive periodic solutions to nonlin-

ear discrete systems of the type

xi(n) = Z filk,x1(k), z2(k), ..., xm(k)), i=1,2,...,m,

k=n—7;
which arises in some epidemic model. Our main results are proved by using the method
of sub-super solutions and Schauder’s fixed point theorem.
Keywords: periodic solutions, nonlinear discrete systems, sub-super solutions,
Schauder’s fixed point.
2000 Mathematics Subject Classification: 39A23, 34C25.

1 Introduction

Since the work of Cooke and Kaplan [7], there has been of great interest for many authors

to study the the following delay integral equation.
t
st)= [ f(s,2(5))ds, (1.1)
t—1
which is a kind of model for the spread of some infectious disease. Especially, the existence
of bounded solutions for equation (1.1) and its variants has been extensively studied.
There is a large literature on this topic. For example, we refer the reader to [1-4} 8-16]

and references therein for some recent developments.
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Department (GJJ12205), and the Research Project of Jiangxi Normal University (2012-114).
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In [5, 6], the authors investigated the following integral system:
¢ t
o) = [ fsalo)ulsDds vy = [ gls.als)us)ds. (12)
t—71 t—1o

Stimulated by [5, 6], in this paper, we will study the following discrete systems

zin)= Y filk,z1(k),22(k), ..., am(k), i=12,...,m, (1.3)

k=n—r;
where n belongs to the set of integers, and m, 7; are fixed positive integers. More specifi-

cally, we aim to extend the main result in [5] to discrete case with m variables.

2 Main results

Throughout the rest of this paper, we denote
N"={n,n+1,....,n+m—1},

where n, m are positive integers. Moreover, we denote

[[E=EixEx--xEpn, [[Ej=FEixEyx--xEi1xEj1x-xEp
i j#i
where E; (1,7 =1,2,...,m) are some sets.
Next, we will study the existence of solutions for the system (1.3). Throughout the
rest of this paper, we assume the following two conditions hold:

(H1) fi : Z x[]I; — R(i = 1,2,...,m) are continuous nonnegative functions with
J

respect to the last m variables, where I; (j = 1,2,...,m) are subintervals of [0,400).
Moreover, f; (i =1,2,...,m) are T-periodic (T is a fixed positive integer) with respect to
the first variable.
(H2) For all i € {1,2,...,m} and (k,x1,...,2m) € Z x [ I}, there holds
J

filkyze, .. 2i-1,0, 2541, ...,2m) = 0.
It follows from (H2) that (0,...,0) is a trivial solution of the system (1.3). In this
— 7
following, we will study the existen?e of nontrivial T-periodic solution for the system (1.3).
Let E be the real Banach space of all T-periodic functions x : Z — R with the norm
|z|| = ﬁg}};\x(k)\ If z,y € E, with z(k) < y(k), Yk € Z, we denote [z,y]r be the
1

following set

[z,ylp ={z € E : z(k) < z(k) <y(k),Vk € Z}.
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Next, by using the method of sub-super solutions and Schauder’s fixed point theorem,

we establish a theorem on nontrivial solutions to the system (1.3).

Theorem 2.1. Assume that the following assumptions hold:

(i) there exists a pair (xi(o))—(xi(o)) of sub-super solutions of (1.3)), i.e., xi(o),xi(o) :
Z — 1I; (i = 1,2,...,m) are T-periodic functions such that x;i)(k) < xi(o)(kz) for all
keZ(i=1,2,...,m), and

zioy(n) < > filkoza(k),. . wi)(K), . T (k)

k=n—r;
< Y filkaa(k), .z Ok), (k) < 20 (n),
k=n—T;
foralln € Z and (X1, .., Ti—1,Tit1y---,Tm) € H[xj(o),wj(o)]E, 1=1,2,...,m;

J#i
1) fi 1s nondecreasing with respect to x; € |min x; g (k), max xi(o) k or every fixed
kez O keZ
€ €
k,x1,...,Ti-1,Ti11,...,Tm) € Z X L, 1=1,2,...,m. Then the system (1.3) has at
+ J
J#i
least one solution (z;) € H[xj(0)7mj(0)]E'
J

Proof. We define a subset B of the Banach space E x --- x E by
(S —

m

B={(z;)) €EEx - x E: (k) < zi(k) < 2, (k),Vk € Z}.

m
It is easy to see that B is convex, closed and bounded. In addition, we define a mapping

F:B—FEx---xEby
(S —

m

F(zy,...,am)n) = (Y Alkzik),..,zmk),.... > fulkzi(k), ... z;m(k)))
k=n—71 k=n—7m

= (Fi(z1,...,xm)(n),..., Fp(z1,...,2m)(n)), n€Z.

For every i € {1,2,...,m}, n € Z and (z;) € B, by (i) and (ii), we have

Fi(zy,...oam)(n) = Y filk,zi(k), ... 2i(k), ..., zm(k))

k:TL—Ti

< Y filkzi(k), 2 Ok), . (k)
k=n—r;

< ).

Similarly, we can get
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for every i € {1,2,...,m}, n € Z and (x;) € B. Thus, we conclude that F(B) C B.
By a direct calculation and the continuity of f;, we can show that every F; is continuous.

Thus, F' is a continuous mapping. By the above proof, we have
0 <|Fi(@,- o am)(m)] < il

for alli € {1,2,...,m}, n € Z and {x;} € B, which yields that every F;(B) is precompact

in E. Then, we conclude that
F(B) = Fi(B) x -+ F,(B)

is also precompact. Then, by Schauder’s fixed point theorem, there exists a fixed point of

F in B, which is just a solution of the system (1.3)). O

Theorem 2.2. Suppose that
(i) Forie {1,2,...,m}, I; =[0,M;], (M; is positive constants)
M;

filky v,y am) < 5 (k01,22 0m) € Z % [Ti0. 3],
! j
(ii) Forie {1,2,...,m},
. . fi(kuxlv"'vxm) _
li?llorif - =a;(k,T1,. .., i1, Tit1, .., Tm)
uniformly for (k,x1,...,%i—1,%iy1,...,%m) € Z x [][0, M;], where a; is a continuous
J#
function satisfying
n
min ai(k‘, I‘l(k/‘), e ,1‘2;1(]{7), IL‘iJrl(]{), ce ,:L‘m(k‘)) >m; > 1
neNT b ]
=n—1;
for all (x1,...,2i-1,%ix1,-.-,Zm) € [[[0,M;]E, and m; is a constant independent of
J#i
T1yee o3 Tim1, Titly ooy T

(111) Fori € {1,2,...,m}, fi is nondecreasing with respect to z; € [0, M;] for any fized
(k,.%’l, B N ) YT (PP Qj‘m) € Z x 1;[[0, M]]
JF
Then the system (1.3) has at least one T-periodic solution with positive infinimum.

Proof. Tt suffices to construct sub-super solutions for the system (1.3). Let € € (0,1)
satisfying

m; —er; > 1, 1=1,2,...,m.

Then, by (ii), for every i € {1,2,...,m}, there exists d; € (0, M;) such that

filk, o1, @) 2> (ai(k 21, T 1, i, -, ) — €)1,
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for all z; € [0751'] and (k,.%'l,.. . ,xi_l,xi+1,...,xm) €7 x H[O,Mj] .
J#

Let z; (o) = 05, 2;0) = M; for every i € {1,2,...,m}. Then, for all z; € [6;, M;] (j # i)

and n € Z, we have

IN

(m; — ) Ti0)(n)

Z (ai(k,z1(k), .. zim1(k), mit1(k), .- s zm(k)) — €)xi(0)(n)

k=n—r;

Z fi(k7x1<k)7 cee axi—l(k)7xi(0)(k)a wi—i—l(k)v cee :xm<k))

k:nfn

S filkoai(k), . i (), 2O k), i (k). z(K))

k=n—r;

IN

IN

IN

n

IA
N
S

This completes the proof.

O

In the above two theorems, we only discuss the existence of T-periodic solutions for

the system (1.3). Next, we present an uniqueness theorem.

Theorem 2.3. For everyi € {1,2,...,m}, suppose that I; = [0, +00), f; is nondecreasing

with respect to every xj in I; (j=1,...,m), and

filk,axy, ... axy) > afi(k,x1,. .., Tm),

for all « € (0,1), k € Z and z; € (0,+00), i = 1,...,m. Then the system (1.3) has at

most one T-periodic solution (x;) satisfying x;(k) > 0, Vk € Z.
Proof. Let (z}) and (27) be two distinct T-periodic solution of (1.3) with
z}(k) >0, 22(k) >0, Vk€Z, i=1,2,...,m.

Without loss for generality, we can assume that there exists k; € Z such that x1 (k1)

22 (k). Letting ,

“(k
u:min{zégk;,keZ,i:1,2,...,m},

we have 0 < ¢ < 1 and

23 (k) > pxi(k), k€Z,i=1,2,...,m.

(2
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Moreover, there exist kg € Z and jo € {1,2,...,m} such that
x?o (k[)) = /‘Lx;o (ko)

On the other hand, for all n € Z, we have

ah(n) = Y Filkag (k). )

k:TL—TjO

Z fjo(kﬂ"' 7:““7:]1'0(k)7”')

k:TL—TjO

> Z fjo(kﬂ”'7mjl'o(k)7"')

k:TL—TjO

= j,(n),

\Y)

which is a contradiction. This completes the proof. ]

Next, we give two examples, which do not aim at generality but illustrate how our

theorems can be used.
Example 2.4. For every i € {1,2,...,m}, let p; be a positive constant, I; = [0, QLpi]’ and
filk,xy, oo iy ooy @) = bi(k) sin(piz;)ci (X1, - ooy Tim1, Tig 1y -+ Tim),

where b; : Z — (0,+00) is a T-periodic function, and ¢; : [][0,55] — (0,400) is a

1L 2p;
J#i
continuous function satisfying
1 T
<bi(k)ci(xla"'7'ri—17$i+17"‘7xm) < )
DiTi 2piT;

for all (k,z1,...,%i—1,Tit1,---,@m) € Z x [0, ﬁ] It is easy to verify that (H1) and
J#i
(H2) hold. In addition, by a direct calculations, one can show that (i)-(iii) of Theorem 2.2

hold with M; = 2Lpi’ and

ai(k:,xl, ey Li—1, Lj41y - - - ,$m) = pibi(k)ci(l’l, ey Li—1,Tj41y - - - ,xm).
Thus, the system (1.3) has at least one T-periodic solution with positive infinimum.
Example 2.5. For every i € {1,2,... ,m}(m > 2), let I; = [0, +00), and

v
lj—l—a:j

]
3

I

s
=
3

fl(k‘, Tlye--
j=1
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where b; : Z — (0,+00) is a T-periodic function, and l; (j = 1,2,...,m) are positive

constants. Moreover, suppose that there exists a constant a > 0 such that

[I0+0) < 3w < [T 1+ =oitlmtel),
J=1 k=n—r; j=1

forallneZ andi=1,2,...,m
It is easy to see that (H1) and (H2) hold. Let

in{ly,la,...,1
Ti) = a, mi(o)zmm{lr’nz_’l ’m}, 1=1,2,...,m.

Noting

o _, Wl Y YEl (—m)
-

ox; + z; max;(l; + x;)?

We conclude that every fi is nondecreasing with respect to x; € [wi(o),xi(o)] for every
fixed (k, TlyeveyLi—1,Liqly--- ,.%'m) c7Z x H [mz(o),xz(o)] .
J#i
Moreover, for all z; € [xj(o),a:j(o)} (j #14) and n € Z, we have

Ti)(n) = xi(o)
§( H
= li+a
j=1 l +.’1§'J(0
m /X
< Z by ( @
k=n—r; l +$J(0)
< > b H
k=n—, Lj +93J l +xz(
n R/z;(k) \/xi(o)(k:)
- k%;rb Hl + z;(k) l; + 2,0 (k)
= Z bi(k)Hl + (0
k=n—m; J=1 J
- ﬁ l.+min{l1,l2,...,lm}>ﬁ 1z, ©
- Jj=1 ! m—1 jzllj—Fl‘j(O)

= 7,0 =z,0(n),

which means that (z;)), (2;(0) is a pair of the sub-super solutions for the system (1.3).

In addition, for all & € (0,1), k € Z and z; € (0,+0) (i =1,...,m), there holds

filk,axq, ..., 0xy) = bi(k H VL > ab;( H —afi(k,xl,...,a:m).
J=

l; + azx; l; +x]
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Then, combining Theorem 2.1/ and Theorem 2.3, we know that the system (1.3) has a

unique solution (x;) such that x;(k) >0, k€ Z, i =1,2,...,m.
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MECHANICAL MODELS WITH INTERNAL BODY FORCES

IGOR NEYGEBAUER

ABSTRACT. The method of additional conditions or MAC allows to create
new mathematical models in mechanics and physics. This method was used
to put some additional terms into the classical statements of the problems
using the test problem. The only requirement was to include the solution of
the test problem into new equations. This approach seems to be too formal.
Therefore this paper suggests a mechanical method to put additional terms
into the traditionally accepted theories. The additional terms in the equations
of motion in continuum mechanics appear as a result of the application of
the constitutive laws for the body forces and body moments. The theories of
the string, beam, membrane, plate and elasticity are described in the paper
including the internal body forces. The displacements potentials in elasticity
with internal body forces are introduced similar to the Galerkin potential.

1. INTRODUCTION

The statement of the problems in the modern continuum mechanics includes
the constitutive law for stresses and does not consider the constitutive law for the
internal body forces and body moments. An elastic or fluid body with the given
displacement of its one point create the infinite stresses acting near that point in
the body [3], [4], [7], [8],[9], [10], [11], [21], [22]. The body forces are considered as
the external forces like gravitational, electromagnetic forces [5]. Then the linearized
theories must accept the solutions with nonphysical singularities in displacements
and temperature. The introduction of the internal body forces allows to improve
the solutions of the problems at least in the sense of excluding the nonphysical
singularities.

2. INTERNAL BODY FORCES AND MOMENTS

Consider a real solid and let us take some control volume, which includes a fixed
number of particles. The control volume is surrounded by a control surface. The
particles which are inside the control surface are internal particles and they belong
to the control volume. The particles which are outside the control surface are the
external particles and they do not belong to control volume. All other particles
belong to the boundary particles of the control volume.

There are interactions between particles. The resultant of the forces applied
to all internal particles of the control volume from the external particles is the
internal body force. The principle moment of the forces and moments applied to
all internal forces from the external particles is the internal body moment. The

Key words and phrases. Mechanical models, elasticity, internal body forces.
2010 AMS Math. Subject Classification. Primary 74A99, 76A99, 78A99; Secondary 80A99,
81P99.
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2 I. NEYGEBAUER

forces and moments applied to the boundary particles of the control volume from
the external particles are the surface forces and moments.

Continuum mechanics considers the limit as the control volume tends to zero.
Then there are two real possibilities. The first one is when the limit of the control
volume will come to a point in an empty space. Then there are no body forces and
moments for a small enough volume. The second case is when the limiting point
belongs to some particle and the control volume finally consists of one particle inside
a control surface and there are no any particles belonging to the control surface.
Then there are the body force and body moment and there are no surface forces
and moments. It means that the continuum mechanics gives just a mathematical
model to the real solid, but it is not unique model.

Continuum mechanics accepts stresses and the constitutive law for stresses. But
the constitutive laws for the internal body forces and moments are ignored. There
are two other possibilities. The first one is to ignore the stresses and to consider
just the internal body forces and moments and the constitutive laws for them. The
second possibility is to accept the constitutive law for stresses together with the
constitutive laws for the internal body forces and moments.

This paper will use the following constitutive law for the internal body forces in
elastic solid, which does not move as a rigid body:

(2.1) f = —aju— @ Viu — a3Viy,

where u is the displacement vector, a1, as, ag are the material constants, which we
suppose to be nonnegative, V is the gradient.

The constitutive law for the body moment is used in the beam and plate theories
in this paper.

The equation (2.1) will change in general the values and the number of speeds of
harmonic waves in continuum medium. But the dynamical problems in solids will
not be considered in this paper.

The constitutive law for the internal body forces in fluid mechanics can be taken
in the similar form

(22) f= —ﬂ1V - BQVQV - 53V4V,

where v is the velocity vector, (1, 2,33 are the material constants, which are
supposed to be nonnegative, V is the gradient.

3. STRING WITH INTERNAL BODY FORCES

3.1. Statement of the problem. Many books and papers consider the statement
of the string problem, for example [3], [12], [19], [23], [28]. The equation of one-
dimensional motion of the string is taken in the form

0%u 0%u o*u  *u

a7 T ey — sy = P —dl
where Tj is the tension applied to the string, z— is a Cartesian coordinate of a
cross-section, 0 < x < L, L— is the length of the string, p— is the density of mass
per unit length, u— is the transversal displacement of a cross-section, t— is time,
q(x,t)— is the density of the transversal external body forces per unit length. The
density of the transversal internal body forces per unit length is taken in the form
of Eq. (2.1).

(3.1) T x,t),
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I. NEYGEBAUER 3

3.2. Example of string without internal body forces. Consider a simple par-
ticular example to show that the theory of the string with internal body forces has
solution, where the classical problem does not have any one.
Let us take the steady state problem without any given distributed external
forces and the length of the string is infinite. Then the classical equation is
d*u

(3.2) =

If the boundary conditions are
(3.3) u(0) = ug # 0,u(c0) =0,

then it is easy to see, that the solution of the stated problem Egs. (3.2), (3.3) does
not exist.

3.3. Example 1 of string with internal body forces. Consider now the same
steady state problem for the string with the internal body forces. The differential
equation of the problem at ag = 0 is

d*u d*u
0@ —a1u — Qg d2
The boundary conditions are the Eq. (3.3). The solution of the problem (3.3), (3.4)
with internal body force exists and equals

(3.4) =0.

(3.5) u = ug exp(Az),
where
a1
3.6 A=— .
(3.6) To oy

The above solution Eq. (3.5) exists if
(37) Ty > as.
3.4. Example 2 of string with internal body forces. If we consider more

general problem with internal body force and a3 # 0, then the differential equation
of the problem will take the form

d*u d*u d*u
(38) o@—alu—agw—o&%:ﬂ.
The boundary conditions are taken the Egs. (3.2), (3.3):
(3.9) u(0) = up # 0,u(c0) =0,
d*u d*u
1 Uy =0 % s0) = 0.
(3.10) Tl (0)=0, T4 (o0) = 0

The boundary conditions Eqs. (3.10) are obtained as follows - we require that the
equation Eq. (3.2) without body forces should be satisfied at the boundary.

The solution of the problem with internal body forces Egs. (3.8), (3.9), (3.10)
exists and equals

(3.11) u= %(,\3 exp Mz — A2 exp Aoz),
2 T AL
where
TO — Q9 + \/(T() — 0[2)2 — 4&10&3
3.12 Ao =—
( ) 1,2 \/ 20[3 )

183



4 I. NEYGEBAUER

where two inequalities should be fulfilled. The first inequality is the Eq. (3.7) and
the second one is

(3.13) (To — a)? — 4aiasz > 0.

If the left hand-side of the Eq. (3.13) equals to zero, then the solution will take the
form

pY
(3.14) u = o (1 + ;) exp(—Az),
where
2041
3.15 A= .
( ) TO — Qo

The considered example of the string problem shows that the introduced internal
body forces allow to obtain solutions in the cases, where the classical problem does
not have any solution.

4. BEAM WITH INTERNAL BODY FORCES

4.1. Statement of the problem. Consider an elastic beam [12]. The equation of
motion of the beam with internal body forces and body moments could be written
in the form

4 2, 2

0*u 0°u
(4.1) (EI—i—ag)@—(T—l—cu—ag)——i—ozlu—q(x,t)—i—pw =0,

Ox?

where ET is the bending stiffness of the beam, z— is the Cartesian coordinate of a
cross-section, 0 < & < L, L— is the length of the beam, p— is the density of mass
per unit length, u— is the transversal displacement of a cross-section, t— is time,
q(x,t)— is the density of the transversal external body forces per unit length, T'—
is the tension. The internal transversal body forces are taken in the following form

0%u 0*u
022 Mgt

The internal body moments could be taken in the following form

(42) f = —Q1U — Q9

(4.3) m = —aub — a5 V20 — ag V40,
where
ou
4.4 0=—
(4.4) o

and it is included into the angular momentum equation for an infinitesimal cross-
sectional element of the beam

oM
4.5 N=—-m
( ) 6$ Y
where M — is the bending moment, N— is the transversal shear force, ay, ag, az—
are materials constants.
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I. NEYGEBAUER 5

4.2. Example of beam without internal body forces and moments. Con-
sider a simple particular example to show that the theory of the beam with internal
body forces has solution, where the classical problem does not have any one.

Let us take the steady state problem without any given distributed external
forces and without the tension 7', the length of the beam is infinite. Then the
classical equation is

d*u
4.6 — =0
(4.6) dz?
If the boundary conditions are
(4.7 u(0) = ug # 0,u(c0) =0,
d*u d*u
4. —(0) =0, — =0.
(18) T (0) =0, T4 (o) = 0

Then it is easy to see, that the solution of the stated problem Eqs. (4.6), (4.7),
(4.8) does not exist.

4.3. Example of beam with internal body forces and moments. If we con-
sider the beam problem with internal body forces, where a5 = 0, a6 = 0 then the
differential equation of the problem will take the form

4 2

d*u d“u
(4.9) (ET+ Oég)@ + (ag — 044)@ +oju=0.

The boundary conditions are taken the Eqs. (4.7), (4.8).

The solution of the problem with internal body forces Eqgs. (4.7), (4.8), (4.9)
exists and equals

(4.10) u= %(}\% exp A1« — A2 exp Ao),
A3 — A1
where
— gt —an)? —4 3+ FEI
(4.11) My = )24 02E V(0a —a2)? —doy(as + ET)
’ Z(EI + Ot3)
where the following two inequalities should be fulfilled
(4.12) oy > g,
(4.13) (g — az)? — 4oy (ET + az) > 0.

If the left-hand side of the Eq. (4.13) equals to zero, then the solution will take the
form

A
(4.14) u = ug (1 + 230) exp(—Az),
where
2
(4.15) A= a
Qy — Q2

The considered example of the beam problem shows that the introduced internal
body forces and the internal body moments allow to obtain solutions in the cases,
where the classical problem does not have any solution.
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6 I. NEYGEBAUER

5. MEMBRANE WITH INTERNAL BODY FORCES

5.1. Statement of the problem. Let us consider an elastic membrane. The
equation of motion of the membrane is described in [2], [16], [19], [23], [25], [27]
and [28]. This membrane equation with internal body forces is

0%u

(5.1) ToVu — aju — o V3u — asViu + q(x,y,t) = pﬁ,

where the membrane lies in the plane (z,y) in its natural state, Ty is its tension per
a unit of length, u(z,y,t) is the transversal displacement of the point (z,y) of the
initially plane membrane, p is the density of mass per unit area, ¢ is time, ¢(z, y, t)
is the density of the transversal external body forces per unit area. The tension Ty
is constant in this statement of the problem. The internal transversal body forces
are taken in the following form

(5.2) f=—a1u—ayVu — azViu.

5.2. Example of membrane without body forces. Consider a simple partic-
ular example to show that the theory of the membrane with internal body forces
has solution, where the classical problem does not have any one.

Let us take the steady state problem without any given distributed external
forces and the external boundary of the membrane lies at infinity. It means that
for any external boundary point is required /22 + y2 — co. Then the classical
equation is

(5.3) V2u = 0.
If the boundary conditions are
(5.4) u(0) = ug # 0,u(c0) =0,

then it is easy to see, that the solution of the stated problem Egs. (5.3), (5.4) does
not exist. The given problem is symmetric in this case and solution should depend
on r only. The polar coordinates are taken with the origin at a given point. Then
the equation Eq. (5.3) will take the form
0?u  10u

5.5 — +-—=0.

(5:5) or? * r or
The general solution of the Eq. (5.5) is

(5.6) u=A+ Blnr,

where A, B are arbitrary constants. These constants cannot be found using both
boundary conditions (5.4). Then the required solution does not exist.

If we accept the singularity at the origin then the solution, which satisfies the
condition at infinity, is

(5.7) u=0.

This solution does not satisfy the real situation with membranes [18]), but it satisfies
the condition at infinity.

The nonlinear membrane equation was considered in [29], [30]. Unfortunately
the experimental solutions are not the solutions of the Zhilin’s membrane equation.
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I. NEYGEBAUER 7

5.3. Example 1 of membrane with internal body forces. Consider now the
same steady state problem for the membrane with the internal body forces. The
differential equation of the problem at ag = 0 is

(5.8) ToViu — aqu — asV2u = 0.
The solution of the equation Eq. (5.8) is considered in the form
(5.9) u=u(r).

The boundary conditions are the Eq. (5.4).
Then the Eq. (5.8) will take the form

v 1du

(5.10) Ta g T8 u=0,
where
a
(5.11) s=17 _1a2,
and it is required that
(5.12) Ty — ag > 0.
The general solution of the Eq. (5.10) is
(5.13) u(r) = Cilo(sr) + CaKo(sr),

where Iy, Ky are the Macdonald functions, C7,Cy are arbitrary constants. The
functions Iy, Ky have the following limit values:

(514) Io(O) = 1, I()(OO) = 0Q, Ko(O) = OO,KQ(OO) =0.

It means that the general solution (5.13) cannot satisfy the boundary conditions
(5.4) and the solution of the stated problem (5.10), (5.4) does not exists.

The singularity at the origin under the applied force is often accepted in the
classical theories. If we do it then the function Iy will be excluded and the solution
of the problem will take the form

(5.15) u(r) = CoKo(sr),

where the constant Cs should be obtained from balance of forces applied to the
membrane.

We see in this particular problem that the internal body forces introduced into
the classical problem exclude the singularity at infinite but the singularity at the
origin remains.

This model of membrane uses the Bessel equation. Another model was developed
in [17] where the Airy equation [26] was a tool to describe the membrane behavior.

5.4. Example 2 of membrane with internal body forces. If we consider the
more general steady state membrane problem with the internal body forces and
asz # 0, then the differential equation of the problem will take the form

(5.16) ToV2u — aqu — asV2u — asViu = 0.

We are looking for a solution of the Eq. (5.16) v = wu(r), which satisfies the
boundary conditions Eq. (5.4). We will see that these boundary conditions Eq.
(5.4) are sufficient to obtain the solution of the given problem. The Eq. (5.16)
could be written in the following form

(5.17) (V2 = s3)(V? — s2)u =0,
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where
(518) 51 = |)\1|,52 = |A2|,
and A1, A2 are given according to the Eq. (3.12). It is supposed that the inequalities

(3.7), (3.13) are fulfilled also.
The general solution of the Eq. (5.17) is the sum of two functions:

(5.19) u = uj + us,

where u1,us are the general solutions of the equations
(5.20) V2u; — siu; =0,
(5.21) V2uy — s2ug = 0.

The Egs. (5.20), (5.21) are the same equations as the Eq. (5.10). Then the general
solution of the Eq. (5.17) will be
(5.22) U = 01[0(817“) + CQKo(SlT') + 0310(827“) + C4K0(827“),

where Iy, Ky are the Macdonald functions and C1, Cy, C5, Cy are the arbitrary con-
stants.
If r — oo then

o2 o = 2285 [y o (1))
and
(5.24) To(sar) = engr\/%’;) {1 +0 (S;ﬂ .

The behavior of these functions Egs. (5.23), (5.24) shows that the condition at
infinity Eq. (5.4) will be satisfied only in the case

(5.25) C1=0,C3=0.
The function K has the property
(5.26) Tlggo Ko(s1r) = Tlggo Ko(s2r) = 0.

Consider now the functions Ko(s17), Ko(s2r) near the origin. We have

(G21)  Kolsir) = ~Jo(sir) [ (27) 4 0] + 5= 20 (2my*,
k=0

(kD2 \ 2
where
i
(5.28) (k)= = 2(0) =0,
s=1
(529) nen) =Y o ()

the Euler constant is
(5.30) C=0.5772....
If r is small then the function Eq. (5.27) will be

(5.31) Ko(sir) = —1In % +O(r?Inr).
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It could be obtained similarly that
5.32 Ko(sar :—ln%—l—O r2lnr).
2

Using the Egs. (5.25), (5.31), (5.32) the general solution Eq. (5.22) will take the
form

(5.33) u(r) = —CsIn % —COyln % +O0(r21nr)
or
(5.34) u(r) = —=(Cs5+Cy)Inr — Csln %1 —Cyln 3?2 +O(r?Inr).

The logarithmic singularity in Eq. (5.34) will be excluded if we take
(5.35) Cy = —Cs.
Then the Eq. (5.33) will be transformed to the form

(5.36) u(r) = C31n Zﬁ +0(r?Inr).
1

The constant C5 could be obtained if we satisfy the first boundary condition in the
Eq. (5.4) and we find

(5.37) u(r) = h?—; [Ko(s17m) — Ko(s2r)] -

51
This example shows that the solution does not have a singularity at the origin and
at the infinity and that corresponds to the real situation with real membrane. As
we have seen this is impossible in the classical theory.

6. PLATE WITH INTERNAL BODY FORCES

6.1. Statement of the problem. There are many books, where the different
plates problems are taken into consideration, for example [6], [14], [15], [23], [25],
[27], [28] and many other papers and manuscripts. Let us consider an elastic plate
with constant flexural rigidity and with internal body forces and the internal body
moments. The governing equations in cartesian coordinates are

(6.1) aéQxx-l-aény'i-qﬁ-f:pha;;U’
(6.2) Q. — 8(;\1;5 aaL;.y I
(6.3) Q, = 8é\§y N % o,
(6.4) M, =-D (gjﬂf + VZZ;’) ,
(6.6) My = D(1y)§;§’y,
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where t is time variable, x,y, z are Cartesian coordinates, x,y in plane, p is the
density, h is the plate thickness, E, G are Young modulus and shear modulus, v is
the Poisson ratio, u, v, w are the displacements in x, y, z directions, M, My, M, are
the bending and twisting moments per unit length, @, ), are the transverse shear
forces per unit length, ¢ is the transverse loading per unit area, f is the transverse
internal body force per unit area, m,, m, are the internal body moments per unit
area.
The flexural rigidity is

Eh3
. D=——.
(6.7) 12(1 — 12)
The internal body force f is taken in the form
(6.8) f=—-oqw— asViw — asViw,

where o, as, ag are the material constants.
The internal body moments m, m, are taken in the form

(6.9) My = —aby — a5 V20, — ag V0,
(6.10) My = —a4by — a5V29y — a6V49y,
where ay, a5, ag are the material constants and

ow ow
6.11 Op = —,0, = —.
(6.11) ox’ Y Oy

If we substitute the Egs. (6.2), (6.3), (6.4), (6.5) and (6.6) into the Eq. (6.1) then
we get

6.12 DV*w —
( ) YT o oy
If the Eqgs. (6.8), (6.9), (6.10), (6.11) are used for the expressions of the internal
body forces and body moments then the equation governing the transverse motion
of the plate will take the form

2

(6.13) asVow + (a5 — az — D)V*w + (ay — a9)Vw — aqw + q = phw.

6.2. Example of plate without internal body forces. Consider a simple par-
ticular example to show that the theory of the plate with internal body forces has
solution, where the classical problem does not have any one.

Let us take the steady state plate problem without any given distributed external
forces and the external boundary of the plate lies at infinity. It means that for any
external boundary point is required y/x? + y2 — oco. Then the classical equation is

(6.14) Viw = 0.

Consider symmetric problem, where the solution w is a function on r only, where
r is the distance of a given point to the origin.
If the boundary conditions are

(6.15) w(0) = wg # 0,w(c0) =0
and
(6.16) W 0)=0, % (00) =0,
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then it is easy to see, that the solution of the stated problem Egs. (6.14), (6.15),
(6.16) does not exist. To show that consider the equation Eq. (6.14). It will take
the form

d? 1d d>w  1dw
1 Bl Y (it Wit R o)
(6.17) (dr2+rdr><dr2 +rdr> 0
The general solution of the Eq. (6.17) is
(6.18) w=A;+ AsIlnr + Asr? + Ay Inr,

where Aq, Ao, A3, A4 are arbitrary constants. These constants cannot be found
using both boundary conditions Eqgs. (6.15) and (6.16). Then the required solution
does not exist.

If we accept the singularity at the origin then the solution, which satisfies the
conditions at infinity, is

(6.19) w=0.

This solution does not satisfy the real situation with plates, but it satisfies the
conditions at infinity.

6.3. Example of plate with internal body forces. Consider now the same
steady state problem for the plate with the internal body forces and without the
internal body moments. The differential equation of the problem at s = 0,3 =0
is

(6.20) DV*w + ajw = 0.

The solution of the equation Eq. (6.20) with the boundary conditions (6.15), (6.16)
is considered in [25] as a H. Herz problem for an infinite plate on elastic support
under a transversal force applied to one point of a plate. The coefficient «; in H.
Herz problem belongs to the external to the plate elastic support. We consider the
plate without any external elastic support but with the internal body forces. The
solution of the H. Herz problem is as follows.

The displacements are

P2
(6.21) w = fQWDkel(x),
where

D r
6.22 B== ==
(6.22) T

and kei(x) is the Kelvin function. P is the applied external force.
If x is small then

2 2
(6.23) kei(x)z—(‘z> lnx—£+(l+ln2—0)%+...,

where C' = 0.5772... is the Euler constant.
If x is large then

2

(6.24) kei(z) ~ eXp<2f) sin (\% + g) .

™
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The solution (6.21) could be accepted because it gives the finite displacement under
the applied force. But the form of the solution at large x (6.24) is not applicable
in case of the plate without an elastic support.

The solution (6.21) creates also the infinite bending stresses under the applied
force because the bending moments for small r are

Pl+v), 21

6.25 M, ~——In—
( ) 4 r’
(6.26) M, ~ P+v) 2t
4 r

6.4. Example 1 of plate with internal body forces and moments. Consider
now the same steady state plate problem but the internal body moments are also
included. the differential equation of the problem at

(627) Qg = 0,0&3 = 0, Qs = 0, Qg = 0
is
(6.28) DV*w — ay, V2w + ajw = 0.

The Eq. (6.28) will be the same Eq. (5.16) if we replace the parameters D,y
through the parameters ag, Ty — ag respectively. Then we take the solution (5.37),
where

’ o 2D ’

(6.30) 52\/a4—\/ai—4a1D
) W) )

The solution now could be written in the form
w
(6.31) w= m% [Ko(s17) — Ko(sor)] .

s1
The solution Eq. (6.31) satisfies the boundary conditions Eqgs. (6.15) as was stated

above. To satisfy the boundary conditions Eqs. (6.16) we have to consider the
derivative of the function w Eq. (6.31).

dw wo [dKo(sir)  dKo(sar) wo
32) —= - = K —s1K
632 % In 2 [ dr dr In s 521 (s2m) = 51 K (1)}
or
dw wo
(6.33) = = @ {—81]1(817“) [111( 5 ) + C} + solq(s2r) [ln( 5 ) +C}}
(6.34)
wo 1 e sy 2k—1 o7\ 2k—1
Tz {‘r ofear) = Tolsar)l + 3 5 () ()
where
dlo(z) _ dKo(x) _
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The Eq. (6.32) shows that
(6.36) lim —— =0

and the second condition of the Eqs. (6.16) is satisfied. The Egs. (6.33), (6.34)
show that

(6.37) lim — =0

and the first condition of the Egs. (6.16) is fulfilled.

The logarithmic singularity in bending moments at » = 0 remains in the case
of the solution Eq. (6.31). We can show that if the moments per unit length are
considered.

d*w  vdw
6.38 M,=-D|—+-"—]),
(6.8) (dr2 + T dr)

1 dw d*w
(639) M9 = _D (’r‘d’f’ + Vdr2> 5
(6.40) M,.9 = 0.
Consider now the expressions %”Ull—’: and ‘5715 at small r. We will get

1dw
6.41 -— ~0(1
(6.41) ~S o)
and
d2

(6.42) v “o (53 —s2)Inr

dr2 " In%=
s1

Then the moments Eqgs. (6.38), (6.39) are

(6.43) M, ~ Dhll"; (s2 — s2)Inr,
51

and

(6.44) My ~ VD%(S% — s Inr

s1
at small . The singularity in bending stresses near the applied force could be
excluded using the more general constitutive law for the internal body moments.
It will be shown in the next example.

6.5. Example 2 of plate with internal body forces and moments. Let us
take the following equation Eq. (6.13) without any external pressure ¢ and inertial
term also.

(6.45) asVow + (a5 — az — D)Viw + (ag — ) V2w — aqw = 0.

The boundary conditions are Eqgs. (6.15), (6.16).
The characteristic algebraic equation corresponding to the Eq. (6.45) is

(6.46) N4 rAZ 4 A+t =0,

where

(6.47) r:af’_ai”_D,s:O“l_a?’t:_%.
Qg Qg (&73]
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Let the parameters in Eq. (6.47) satisfy the inequalities
(6.48) r<0,s>0,t<0.

We suppose that the Eq. (6.46) has three real roots. This will be the case if the
discriminant of the Eq. (6.46) is negative:

P\3 9\
o0 () - () <o
where
3s —r?
6.50 =
(6.50) p 3
2r3 s
5l == -+t
(6.51) (=5~ 7+

It follows from the Routh-Hurwitz theorem that all three roots of the Eq. (6.46)
will be positive if the additional inequality is true

(6.52) t—sr>0.

If the Eq. (6.46) has three positive roots Ay > 0, A2 > 0, A3 > 0 then the Eq. (6.45)
could be written in the form

(6.53) (V2 = X)(VZ = 22)(V2 = \3)w = 0.
The general solution of the Eq. (6.53) is the sum of three functions:

(6.54) w = w1 + w2 + ws,
where w1, ws, w3 are the general solutions of the equations
(6.55) Viw; — Mw; =0,
(6.56) V2wy — Aawy = 0,
(657) V2w3 - )\311)3 =0.

The Egs. (6.55), (6.56), (6.57) are the same equations as the Eq. (5.10). Then
the general solution of the Eq. (6.53) will be
(6.58)

w = leo(\/ >\1T)+CQK0(\/ )\17“)+03[0(\/ )\27“)+C4K0(\/ )\27‘)-1—05[0(\/ )\37‘)+CGK0(\/ )\37‘),
where I, Ky are the Macdonald functions and C7,Cy, Cs, Cy, C5, Cg are the arbi-

trary constants.
If r — oo then

(6.59) Io(v/Mir) = m {1 +0 <\/)1\717’>} :
(6.60) To(v/dar) = % {1 +0 <\/%T)]
and

(6.61) Io(\/Asr) = % {1 +0 (\/%rﬂ .
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The behavior of these functions Egs. (6.59), (6.60), (6.61) shows that the con-
dition at infinity Eq. (6.15) will be satisfied only in the case

(6.62) C1=0,C5=0,C5 = 0.

The functions Ky tend to infinity as r tends to infinity. I we substitute the Eq.
(6.62) into the Eq. (6.58) then it will be

(6.63) w = CoKo(v/Mir) + CaKo(v/Aar) + CsKo(v/ Asr).

The function Eq. (6.63) allows to find all constants Cs, Cy4, Cs satisfying the
boundary conditions at » = 0 and excluding the singularity of the bending moments
M,., My. We obtain the following system of linear algebraic equations

(6.64) Cr+Cy+Cs =0,

A A A
(665) In gCQ + In %CZL —+ In gCG = —wo,
(666) AMCy + MCy 4+ A3Cs = 0.

The solution of the system of Egs. (6.64), (6.65), (6.66) is
Azln Y22 — Ny In Ya

A IngE + Aalny /4 4+ Azlny /52
An 22— \gn Yo

A IngE + Aplny /4 4+ Azlny /52

(667) 02 = Wy

(668) 04 = Wo

AoIn Y21 ) In Y2

Allnifz’—f—)\ghl %—i—)\gh’l’/%

The solution of the stated problem is given in the Eq. (6.63), where the constants
C5, Cy, Cg are presented in the Eqgs. (6.67), (6.68), (6.69).

This example shows that the solution does not have a singularity at the origin
and at infinity for the bending stresses and displacements and that corresponds to
the real situation with real plate. As we have seen this is impossible in the classical
theory.

(669) CG = Wy

7. ELASTICITY WITH INTERNAL BODY FORCES

7.1. Statement of the problem. There are many books, where the different
elasticity problems are taken into consideration, for example [1], [3], [4], [5], [7],
[12], [17], [24] and many other papers and manuscripts.The differential equations of
the stated problem are the equations of the linear isotropic elasticity in 3D domain
[13]. We have

2

u
(7.1) 005z = 0B+ (A +p)Ve+uViu,

where dilatation e equals

(7.2) e =divu
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and u is the displacement vector, g is the density, goB the external body force per
unit volume, X\ and p are Lame’s coefficients or Lame’s constants, V is the gradient,
V2 is the Laplacian.

Let us consider a linear isotropic elastic body with internal body forces. The
governing equations are taken in case of the steady state problem without external
forces

(7.3) Vdivu + (1 — 20)V?u — aju — a3, V?u — a3V*ia = 0,

where v is the Poisson ratio and the internal body force is taken in the form of the
Eq. (2.1).

The system of differential Eqs. (7.3) has the fourth order therefore the second
boundary condition should be given at the boundary surface with respect to the
classical case. It seems to be possible to apply the following boundary conditions
at the boundary surface: given

displacements and Eq. (7.3) without internal body forces

stresses and Eq. (7.3) without internal body forces

displacements and stresses

displacements and stresses as a function of displacements

stresses and displacements as a function of stresses

stresses as a function of displacements and Eq. (7.3) without internal body
forces

conditions obtained in the variational formulation of the problem

e other possible conditions.

We will not consider here the question of applicable boundary conditions in details.

7.2. Example of elasticity without internal body forces. Let us take an
example of classical linear isotropic elastic problem considered in more details in
[18]. An elastic body occupies the unbounded cylinder 0 < r < R, where R is the
finite radius of the cylinder. Let the displacement field of the body is in cylindrical
coordinates 7, @, z:

(7'4) Uy = ur(r, 90), Uy = u@(r, ‘P)v Uy = UZ(T)'
Then the component u, satisfies the equation

Pu, 1ldu,
(7.5) az T 0

it could be considered separately from the components u,,u, if the boundary con-
ditions allow that. We can suppose for simplicity that u, = 0,u, = 0. Let us apply
the boundary conditions for wu,

(7.6) uz(0) = ug # 0, u,(R) = 0.

The problem Eqs. (7.4), (7.5) coincides with the classical membrane problem Egs.
(5.3), (5.4) and the conclusions obtained in membrane problem should be repeated
here: a continuous solution of the stated problem does not exist for any finite or
infinite radius of the cylinder.
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7.3. Example 1 of elasticity with internal body forces. Consider the problem
for an elastic cylinder presented in the previous section but the internal body forces
are included with as = 0, a5 = 0. The equations of motion Eq. (7.3) in cylindrical
coordinates will take the form

(7.7)
()\+ )%_’_ a2ur+i62ur a2u’”+1%_3%_& — a1 0
For TH\ a2 732 dp?2 022 r dr 1?2 0p 12 v
(7.8)
(A +p) Oe Pu, 1 Puy,  Pu,  10u, 2 up g B
r Oy T Or2 + r2 Qp? 022 r Or  r?2dp 12 arty =0,
Oe 0%u, 1 0%u, 0%*u, 10u,
(79) ()\ + N)& + 12 ( o2 + 7‘7 8@2 + 022 + 7‘87’) — U, = 0,

where 7, ¢, z are cylindrical coordinates, A, u are the Lame parameters, u,, te, U,
are components of the displacement vector in cylindrical coordinates,

ou U 10u ou
7.10 =——" 4+ L4+ -=° =,
( ) € or r + r Oy 0z
Consider the following displacement field of the body in cylindrical coordinates
Ty, 2
(7.11) ur =0, up = 0,u, = u(r).

Then the component u, satisfies the equation

Pu, ldu, o
- — —u, =0.
dr?  r dr “
The boundary conditions for u, are the Egs. (7.6).
The problem Eqs. (7.12), (7.6) coincides with the problem in Example 1 of
membrane with internal body forces Egs. (5.4), (5.8) and we can write the solution
of stated problem in case of infinite radius R in the form of Eq. (5.15)

(7.12)

(713) Uy = CQKQ(ST),
where
g
7.14 s=4/—
(7.14) .
and the constant C could be obtained using the balance of forces applied to the
cylinder.

The solution (7.13) does not satisfy the first boundary condition in Eq. (7.6)
and it has singularity at the origin. We can obtain the continuous solution of the
stated cylinder problem and this solution will satisfy both boundary conditions Eq.
(7.6). We use in this case the more general internal body force and describe that
solution in the next section.

7.4. Example 2 of elasticity with internal body forces. Consider now the
same problem as in the previous example 1 but the internal body force has all three
nonzero coefficients. The Eq. (7.3) is taken into consideration. The infinite cylinder
of radius R is considered. The radius R = oo for simplicity. The distribution of
displacements is given

(7.15) up =0,u, = 0,u, = u,(r).
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Then the differential equation for u, will take the form
(7.16) asViu, + (g — WV%u, + aqu, =0,

where operator V has the following expression

1d d

If we suppose that as — p < 0 then the Eq. (7.16) coincides with the Eq. (6.28).
Using the boundary conditions Eq. (7.6) which coincide with the Eqgs. (5.4) used
above to obtain the solution Eq. (6.31). This solution will be in the considered
case

u
(7.18) us(r) = 57 [Ko(s17) = Ko(ser)],
s1
where
_ _ 2 4
(7.19) 5] = \/“ az ++/(p — az) uas
20&3
_ _ — 2_4
(720) S = \/'u @2 \/(M 042) 041043'
20(3
The solution Eq. (7.18) satisfies also the conditions
duz duz .
(721) "2 (0) = 0, 72 (o) = 0.

7.5. Galerkin type of displacement potential. The solution of the Eq. (7.3)
can be obtained using similar methods as in the classical theory without internal
body forces. Consider for example the displacement potentials method following
[5].

7.6. Example 1 of Galerkin potential. Consider the equation (7.3), where as =
0, a3 = 0

(7.22) Vdivu + (1 — 2v)V*u — aju = 0.
Thew vector displacement potential F is introduced in the form
(7.23) 2pu = [2(1 —v)V? — Vdiv — a4] F.

If the expression for u in Eq. (7.23) is substituted into the Eq. (7.22) then the
following differential equation with respect to the potential F will be obtained

(7.24) [2(1 =2v)(1 = v)V* — (3 — 4v)V? + o] F = 0.
The Eq. (7.24) can be written in the form
Qa1 Qa1

2 2 I _— _|F=0.
(7.25) [V 1—21/] [V 2(1—1/)} 0
Then F could be presented as the sum of two functions
(7.26) F=F; +Fy,
where the functions Fq, Fy satisfy the equations

(€3]

2 2 F, =

(7.27) v R
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(€51

(7.28) {vz T

P20,

7.7. Example 2 of Galerkin type potential. Consider the equation (7.3), where
Qg = 0

(7.29) Vdivu + (1 — 2v)V*u — aqu — a3V*u = 0.
Thew vector displacement potential F is introduced in the form
(7.30) 2pu = [2(1 —v)V? — Vdiv — a3 — a3 V*] F.

If the expression for u in Eq. (7.30) is substituted into the Eq. (7.29) then the
following differential equation with respect to the potential F will be obtained
(7.31)

{a3V® — (3 = 4v)a3V° + 23 (1 — 2v)(1 — )]V = (3 — 4v)ay V> + o } F = 0.

The Eq. (7.31) can be written in the form
(7.32)  [(asV*+a1)? — (3 — ) (azV* + )V +2(1 - 2v)(1 — )V F =0
The Eq. (7.31) can be transformed to the equation

(7.33) [asV* —2(1 =)V + a1 [as V! = (1 = 20)V? + ;| F = 0.
The Eq. (7.33) can be written also in this form

(7.34) (V2 — 51)(V? — 59)(V? — 53)(V? — 54)F = 0,

where

1—2v++/(1-2v)2 —4dajas 1—2v—+/(1-2v)2 —dajas
= 34: .

)

(736) S3

20[3 20(3

Then F could be presented as the sum of four functions

(7.37) F=F; +F2+F3+Fy,
where the functions Fq, Fq, F3, F4 satisfy the equations
(7.38) (V?—s1)F1 =0,
(7.39) (V2 —53)F2=0

(7.40) (V> —s3)F3=0,
(7.41) (V> —54)Fg=0

8. CONCLUSION

An introduction into the continuum theory with internal body forces and mo-
ments is given. The models of string, beam, membrane, plate, linear isotropic
elasticity are considered with the internal body forces. The examples show that
the singularities which are usual one in classical continuum theory could be easily
eliminated in the presented theory.
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Abstract
Let A (p,n) denote the class of normalized analytic functions f(z) in the open unit disc f(z) = 2P +

S arz®, p,n € N:={1,2,3,...}. We consider in this paper the operator

k=p+n

Rjg(ma )‘7 l)_f(Z) = (1 - ’Y) Dmf (Z) + rYIp(mv )‘: l)f(Z) where

L(m, D) f(2) =22+ 3207 [M:_‘_;IPM] axz® and

(m+ 1)D™f(2) = 2(D™f(2)) + mD™f(z), m € No, No = NU{0},\ € R, A > 0,1 > 0 is
the Ruscheweyh operator. By making use of the above mentioned differential operator, a new subclass of
p—valent functions in the open unit disc is introduced. The new subclass is denoted by ALY (m,n, i, o, A, 1).
Parallel results, for some related classes including the class of starlike and convex functions respectively, are
also obtained.

Keywords: Analytic function, p—valent starlike function, p—valent convex function, multiplier transfor-
mations, Ruscheweyh derivative.
2000 Mathematical Subject Classification: 30C45

1 Introduction and definitions

Let A (p,n) denote the class of functions of the form

(1.1) fR) =2+ Y a2,  pneN:i={1,23,..}
k=p+n
which are analytic in the open unit disc U = {2z : |2| < 1}. In particular we set A(p,1) := A, and A(1,1) :=
A= A;. Let H(U) the space of holomorphic functions in U, n € N.
Let S denote the subclass of functions that are univalent in U. By S (p, «) we denote a subclass of A (p, n)

consisting of p—valently starlike univalent functions of order « in U, 0 < a < p which satisfies Re (:{Ei‘?) >

«, z € U. Further, a function f belonging to S is said to be p—valently convex of order « in U, if and only if
Re (Z;:;ij) + 1) > a, z € U, for some «, (0 < a < p). We denote by IC,,(p, @) the class of functions in & which
are p—valently convex of order v in U and denote by R(p, @) the class of functions in A (p,n) which satisfy
Ref'(z) >, z€U.

It is well known that IC,,(p, ) C SF (p, ) C S.

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g, if there is a function
w analytic in U, with w(0) = 0, |w(z)|] < 1, for all z € U such that f(z) = g(w(z)) for all z € U. If g is
univalent, then f < g if and only if f(0) = g(0) and f(U) C g(U).
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Definition 1.1 [4] Let f € A(p,n). For A € R, A > 0, Il > 0, we define the multiplier transformations
I,(m, A\ 1) on A(p,n) by the following infinite series

(1.2) Iy(m, N\ 1) f(z) := 2P + Z

[p—i—)\(k—p)—i—lm A
k=p+n

erl apz .

It follows from (1.2) that
(p+DIL2, N0 f(2) = [p(1 = N) + L1, N 1) f(2) + Az(I,(1, N\, 1) f(2))
Ip(mlv )‘a l)(Ip(mQa )‘7 l)f(Z)) = Ip(mQa )\a l)(Ip(mla )‘7 l)f(Z))

For p=1,1=0, A > 0, the operator DY* := I1(m, A, 0) was introduced and studied by Al-Oboudi [3] which
reduces to the Sil#gean differential operator [11] for A = 1. The operator I}” := I1(m, 1,1) was studied recently
by Cho and Srivastava [6] and Cho and Kim [7]. The operator I,,, := I;(m, 1,1) was studied by Uralegaddi and
Somanatha [13], the operator D3 := I1(6,,0), § > 0 was introduced by Acu and Owa [1] and the operator
I,(m,l) :== I,(m,1,1) was investigated recently by Kumar, Taneja and Ravichandran [12].

If f is given by (1.1) then we have I,,(m, A\, 1) f(2) = (f*@y'y )(2), where o'y ((2) = 2P+ 702 1, [%} 2.

Definition 1.2 [10] Ruscheweyh has defined the operator D™ : A(p,n) — A(p,n),
Df(z) = f(2)
D'f(z) = zf'(2),...,
(m+1)D" " f(z) = z[D"f(2)] +mD™f(2), =z€U.
To prove our main theorem we shall need the following lemma.

Lemma 1.3 [9] Let u be analytic in U with uw(0) = 1 and suppose that

) 12t

(1.3) Re <1 + zeU.

Then Reu(z) > o for z€ U and 1/2 < a < 1.

2 Main results

Definition 2.1 For a function f € A(p,n) we define the differential operator

(2.1) RIY (m, A1) f(2) 1= (1= 7) D™ (2) + 7L, (m, A, D) £(2)
where m € No, Ng=NU{0}, N\ e R, A >0,7v>0,1>0.

Remark 2.2 Forp=1,1=0, A =1 the above defined operator was introduced in [2).

Definition 2.3 We say that a function f € A(p,n) is in the class AL)(m,n, p,a, A1), n,m €N, p >0, a €
[0,p), v >0 if

I

ng(m—l—l,/\,l)f(z)( 2P > .
o R (m A D1 ()

Remark 2.4 The family AL)(m,n,p, a, A1) is a new comprehensive class of analytic functions which in-

(2.2) <p-—a, zeU.

cludes various new subclasses of analytic univalent functions as well as some very well-known ones. For ex-
ample, Aﬁé(m,n,u, a, A\, 1) was studied in [5] AL1(0,1,1,a,1,0)=S; (1,a), AL1(1,1,1,,1,0)=K; (1,0) and
AL1(0,1,0,0,1,0)=R (1,0). Another interesting subclass is the special case AL1(0,1,2,,1,1)=B (a) which
has been introduced by Frasin and Darus [1] and also the class AL1(0,1, u, o, 1,0) = B(u, o) which has been
introduced by Frasin and Jahangiri [3].
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In this note we provide a sufficient condition for functions to be in the class .AC;(m, n, p, o, A\, l). Conse-
quently, as a special case, we show that convex functions of order 1/2 are also members of the above defined
family.

Theorem 2.5 For the function f € A(p,n), nmeN, u>0, 1/2<a <1 if
(mEDRRE 2N R LA | (prl N Dn 200/ ()
REm+1A0fG) T REm D) A R (m+ LD (2)

p+1 I,(m+1,\10)f(2) p(1—=X)+1 L(m+1,\1)f(2)
+W(T_m_1> RO (mNDf(2) [ By _m_l] RO(m+ LADS(2)

(2.3)

p(1—A)+l_m] Ip(m, A1) f(2) +(m+p)(p—1)<1+p2 z€U,

e { X RIJ (o 3 D (2)
where 3 = 2a L then f € ALY (myn, g, o, A 1).
Proof. If we consider

"

RIY(m + 1, A1) f(2) ( 2P )
2P RIJ(m,\ 1) f(2)

then wu(z) is analytic in U with «(0) = 1. Taking into account the relation

P+ DL (m+ 1,0 f(2) = [p(1 = A) + 1 L,(m, A1) f(2) + Az (I,(m, A, 1) f(2))]
a simple differentiation yields
wl(z) (MR m+2,A\0f(2) : H)RI;(mH,A,Z)f(z)
w(z) | RO (m+LNDf(2) adh R (m, A\ D) f(2)
p+1 L(m+2,\0)f(2) p+1 L(m+1,\0)f(2)
( m_2> RIJ(m+ 1\ 0 f(2) “(T_m_1> RI}(m, \ D) f(2)

p(1—\) +1 L(m+1,\Df(2) p(1 =\ +1 L(m, A D f(2)
- { o 1} R (m+ LA Of(z) [ X m] RI (m, M D) f(2)

u(z) =

+(m+p)(p—1)—1.

Using (2.3) we get

Re (1 + ZZL‘ES)) > 30‘2; L

Thus, from Lemma 1.3 we deduce that

RIJ(m+1,)\1)f(2) 2P
Re{ o (ng(m,A,Z)f(z)> } -

Therefore, f € AL)(m,n,u,a, A1), by Definition 2.3. m
As a consequence of the above theorem we have the following interesting corollaries.

Corollary 2.6 If f € A(1,1) and Re{%;i/((:)):;;,’f(/;/)(z) - Z;,/ES)} > -1, z€U, then f € AL(1,1,1, 1.1,0)

or Re {1 + Z;,/ES)} > —, z € U. That is, f is convex of order %

Corollary 2.7 If f € A(1,1) and R%W} > —3, 2 €U, then f € AL}(1,1,0,4,1,0), that is
Re{f'(z) + zf"(2)} > &, z€ U.

Corollary 2.8 If f € A(1,1) and Re{l + Zf (Z } 2, z €U, then Re f'(z) > 3, z € U. In another words, if
1(
zf

27
0,1,0,3,1,0) =R (1, 3).

the function f is convex of order L 5 then f € AE 35 L,

Corollary 2.9 If f € A(1,1) and Re{z]{,,gg) f(())} >—3 z€U, then f € AL1(0,1,1, 3,1,0). In another

words [ is starlike of order %
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THE NUMERICAL SOLUTION OF NON-LINEAR NON-LOCAL
PROBLEMS FOR ELLIPTIC EQUATIONS

AYDIN Y. ALIYEV

ABSTRACT. A non-local problem for an elliptic equation in a rectangular do-
main was investigated. A rectangular grid for the corresponding difference
problem was constructed and the error of the approximate solutions of non-
local problems was estimated.

Various application problems (heat conductivity [1], [2], [3], fluid mechanics
[4], the theory of elasticity and shells [5], etc.) are reduced to non-local bound-
ary value problems. Non-local boundary conditions are especially difficult for
justification of classical finite difference schemes due to the complexity of the
structure of the matrices obtained from systems of equations. This difficulty
manifests itself especially in the justification of numerical methods in the case
of non-linear equations. In this paper we consider the non-local boundary
value problem for a quasi-linear equation. We found the numerical solutions
of stated problem using the finite difference method, and estimated the error
of the approximate solutions of non-local problems.

1. INTRODUCTION

Let Q = {0 <2 <a, 0 <y < b} Denote by I'' = {0 <z <a, y=0>b}
M={z=0,0<y<bd}, P={0<z<a y=0,T*={z=qa, 0<y<b}

4 _
M={z=10,0<y<b 0<i<b}, =TI, o=T U3 Q=QUT.
=1

Suppose that f(z,y,2z,p,q) is a given continuous function determined
V(z,y) € Q and for all z,p,q. We'll assume that the partial derivatives of f/, s o
exists and satisfies

f. =0, (1)
[fpls [fql <M < oo (2)

Let L{u] = Au — f(z,y,u, uy, uy). Assume that ¢, ¢ are the given continuous
functions of their domain definitions.

We need to find a function u(z,y) continuous in € jtwice continuously differen-
tiable in €2, satisfying the equation

Liu] =0 (3)
and the boundary conditions

ul, = o, (4)

Hul = u(l,y) — a(y)ula,y) = P(y), 0<y<b, ()

aly) >1, 0<y<b, (6)

Key words and phrases. Non-local, estimated error, difference problem, difference operator,
non-linear.

This research has been supported by the Science Development Foundation of Azerbaijan (EIF-
2011-1(3)).
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ou ou
Wiy = (= — 46 = o(y) <0. 7
[l = { 5, +5®) oy " (W)u . ), d(y) < (7)
Let hy = a/Ny, ho = b/N,. We construct a grid area with lines z = x;, y = y;,
1=0,1,..., N1, 7=0,1,..., Ny and let zj, <l < xp41.

‘We introduce the denotation

Qh = {(ZL'“yJ) 1= 1,2, ...,Nl — 1, j = 1,2, ...,NQ — ].},
I} ={(2;,b): i=1,2,..,N}, T7 ={(0,y;): 5 =1,2,..., No — 1},
I3 ={(2,0): i=1,2,... N1}, T'p = {(a,y;) : j=1,2,..., No — 1},
4 .
O'h:F}LUF?l, Iy, = UF%, Qh:QhUFh.
=1

We approximate the operators L and [ difference operators Ly, [, defined as
follows:

Li[uij] = Apluij] — f(@i, Y5, wijs Dhywo [Wij], Dhoyo [tis]), (8)
l—x T —1
Inlun, ;] = Pugsy + S — ajun, 9)
hi hy

where

Uip1j — 255 + Ui—1;
Ah[uij] = Ugzy + Ugy, Uzz = )

h2
2u; +u ! U U
Ujj41 — U5 ij—1 U1 — Ui—14
Ugy = h2 ’ Dhli[uij} o 2hy ’ (10)
Uij+1 Uz]—l
D o[uij] =
hay 2ho

We formulate a difference problem corresponding to the stated problem to find
a function U that is defined in €}, such that

Lh[Uij] =0 in Qh, (11)
Unyj] = 45 in T, (12)
Uij = @ij In op, (13)
Urj — Uy, Uoj+1 — Uo;
1Dy = 2 j + 05 j
h [ OJ} hl + ﬂ] h2 +
Uoj — Upj— .
+ﬁ;% + (5on]‘ =7; In 1—\}217 (14)
where
+_ B + 16l - _ B =18l
B; —TZO, B; —TSQ
We'll assume that the domain €2, is connected and the satisfies inequality
Mh < 20, (15)

where h = max{hy,h2}, 0<6 <1 - asome fixed number.
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2. RESULTS
Consider the linear difference operator
AL U] in Qp,
ApUij) = { W[Un, ] in T%,
lél)[Uoj] in F%ﬂ
where
ALlUis] = AnlUis) + &5 D, (Uil + i D, o[Us] = i Ui,
€515 [mi] < M,
pij 2 0.

Due to the standard scheme the following lemma is proved.

(16)

Lemma 1. Let V # const be a function defined in U, and satisfying Ap[V] > 0
(An[V] <0). Then V it may take the greatest positive (least negative) value only

at the nodal points of the oy,.
Let U be an approximate solution of the problem (11)-(14).

Theorem 1. Let the current solution u of (3)-(7) has limited third derivatives in

Q and second derivatives are continuous in Q). Then the error ;5 = u;;
the approximate solution satisfies the equation

Eij = O(h)
Proof. On the basis of Taylor’s formula, we have
A;L[&ﬂ = O(h) in Qh,
lh[f‘?Nlj] = O(hQ) in F%,
Eij = 0, in Oh,
1!V (eo;] = O(h) in T2.
We represent the solution of (19) as

2

_ .1
€ij = €55 T Eijs

where

Ayle;] = 0O(n) in Q,

el,; =0 in T,

Ellj = O7 in Oh,

i .

lg )[séj] = O(h) in T3.
Ajlez]l =0 in Qp,
lh[é:%\flj] = _lh[gjlvlj] + O(hg) in F;Lu
EZZj = O7 in Oh,
1\V[2,] =0 in T3,

First, we estimate the system (21). Consider the function
1
9(z,y) = (" — %),

where

M 6 — 62 M
l/oearcth<3 5 >, k = povo, uomin{l,z(IG)}.
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It is easy to verify, that

Algis] < -1 in Qp,
l;l)[goj] < -1 in I'Z.

(23)

On the basis of (21), (23) and Lemma 1 we get that the function

G$:c~h~giji5%j

is positive on €2, (for the selected finite constant C').
From this inequality it follows that

max |E}j| < Cih, Ci = const> 0.

h

Denote by w = max |3 ;| and let the @;; — be the solution of
F;Ll 1]

A;L[a)ij] =0 in Qp,
WN,j = w in F%,
wij = 0 in op,

l;ll)[a)oj] =0 in F}QL
Lemma 1 implies that -
|522j| < (Dij in Qh,
Wij <rmw, 0<T7;<1in Q.
On the other hand
Inlen, ;] = —lnlen, ;] + O(h®) in T3,
Hence, respectively to (25), (26) we have

slehog) < bRl + T 4 S e 4 B
or
ajw < 1w+ Crh + Ch,
where

7 = max{Tg41, Tk }-
Hence we have

where

Then from (25)-(27) we have
ngzax|5fj\ < Csh, Cs=maxT,Cy.
h t
Based on (20), (24) and (28) we have
max |g;;| < Cgh,
Qp

where Cg = C1 + Cs.
Theorem 1 is proved.

Below we show that by imposing additional conditions on the function 5(y), d(y)

the order of accuracy with in k2 can be improved.
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As can be seen from the above, it is sufficient to increase the order of approxi-

mation of the operator lg).
Assume, that hy = wh? (0 <w < 1) and B(y), §(y) satisfy one of the following
conditions

1B < w, (30)
1B(y)| = w, §'(y) <0, (31)
1B(y)| < —w, §'(y) > 0. (32)

Consider the operators

Urj — Uy; Uoj+1Uo;—
153 Ung] = == 4 = 46U (33)
1 2
U Ui Uoj+1U
153, [Uos) = ljhl =+ OJZ 2+ 0;Uo, (34)
U Uo; Uo; — Ugj—
I [Uog] = =1 =2 + ;=220 + 6,0 (35)
Let
P P
Puog | Pv) <, (=)
9 Jog) 1 0" liog)

Taking into account (3), (7), (33) and applying the Taylor formula is easy to see
that

\@wammww%; (36)
where L )
(1) 1 Uoj+1 — 2Uo5 + Upj—1
1 uoj _l ug; + 5 J h%j -1 _
hy
_7f {0,y;5,w0j: Dhyxluog], Dhoyluogl}
Ujt15—u; Uij+1 i
Dhyoluis] = % Diyyluis] = %
1 2
2 2
CY = max 2w’ +wtf)+ thM(S) + v MM(Q) .
j 12 J 4 J
Indeed, from (33) we have:
1 h1 0%u 1
i 0; = (M) o) + 20|, + R,
0,j
h2 o3 o3 03
- I TR
6 x| j 0 L™y 0% l(0.0)

From (3) we have:

*u Upj41 — 2Ug; + Ugj—1
@ = - h2j ! + f (07yjaquth1x[qu]7Dh2§[qu]) -
(0,9) 2
he | O3u A3u , 0%u h1
— | — - -+ O7 i D qi) —
0 [ayg 00 O loa®) 0 0) 5 (e2.5) 2
A3u A3u h3
+ /07 j 5 RE RN a 3 + = 72
fq( Vi i Pi q]) oy3 (0,77]('3)) Oy’ (0,771(-4)) 12
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Taking into account this l&)uij, we get:

0y = (1) g, 5) — A M2 tosnt

1 1
+%fwame%Awﬁmewn+¢%

where
R I R )
J 6 Oz | 5 12 3 (001") oy? (00?)
hihy | B3u u h? 0%u
- ) ~ 3 3 +7f (O»ZJHUOAPHQ‘)i +
12 | 0y3 (0.2) y3 (00" 4 IpRT IR TR 2 (<)
h1h2 A3u Bu
f 0 »Yj, U0j,P5,4 a9 3 + 5=
( 35 W05, Fj J) 8y3 (0,77§3)) 8y3 (0,77;'4)>
Hence we find that
1 ~(1
[ uo; = (M) 5 + R,
consequently,
-1 -
‘lgh)uw - (1(1)“)(04')‘ < ‘R§'1)‘-
And this implies (36).
Now we prove that
305 = ((Vu)o )| < @3, (37)
where
1 1 5'h2 —h d;
Iy oy = Uy, JQTDhlhzxy[UOJ]Jrﬂ%(ﬂjhz—hl)thy[UOJH
j j
5' %3 hi
26] 5~ (Biha — ha)uo; — Tﬂj(ﬁjhz = h1) = - £(0,4j, woj, Dhywftioj], Dhayuos)),
2
(2) _ Bj —+ w (B] — ’lU)(]. — U)) th M(3)
C mjax{{ 5 + 13, + B i+
19, + 8| (B; — w) LM o)
48 |7

Dh,haay[uo;] = Dnya { Dhoyluo;]} -
Suppose that 5(y) # 0. Then from (7) we have:

2 1 2 / o(y) + B /
PuOu) 1 a0y S, S0+ H o0 W) g
dy Bly) Oxd0y  B(y) B(y) dy Bly)
Obviously
hi 9%u
15 uoj = (Isw)0.) + = 5 S Bins + R,
2n, U0y (0,5) 2 92 0.) 2 7 9y2 ©.4) J
where
g2 _ M &u 3 OPu _
I U R IOREE
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From (3) we get:

0%u 0%u bt (0 ou ou )
a9 = T3 9 yYj, W05, 7 s o .
0x? |(g ) 9y | 0,5) 9705 9l
Then o2
(1) _ 1 u
l2h Ugj = (l(l)u)(OJ‘) + i(ﬁjhz — hl) ain o +
h 0 1o}
+?1f <O7yjau0ja aiu 5 aiu > +R§2)
Tl 9Y10.4)

Taking into account (38)

1
léh)uoj = (l(l)u)(o,j) + 5(5]‘712 — hy)x

Bj 8$8y (0,5) J Bj 8y (0,4) ﬁj
h ou ou
(o 220 Yo
Tl0.5) Y0,
1 0%u
= (M) — =—(Bjhg — h1) =———
e 2/59‘( ha =) 920y | 0.5
5+ B, du ; v;
- hy —h) =—| = =2 (Biha — hi)uo; + =2 (B;ha — hy)+
2ﬂj (/Bj 2 1) ay (O)j) 263‘ (ﬂ] 2 1) 07 25]( 5142 1)
h1 ou ou (2) 1
+—=f10,y5,u05, =— y o + R = (1Wu) g4y —
2f< P a 05 9 (04)) ’ e
_Biha —h 5+ 8

27 ~ Dy hay[uos] — (Bjha = h1) Dpyy[uos]—
J

Bi
J j
—Tﬂ_(ﬁjfm — h1)ug; + Tﬁ-(ﬂth — hy)+
Jj J
h -
+?1f (07 Yj,Uoj, Dh1$[u0j]7 thy[UOjD + R§‘2)7
where 5 5
R(Q):R(Q)fﬂjh27hl 8& L — 8uh2 .
J 7 45; 0x20y Oxdy?
0; + ,6; 0%y h% 0%u
6h hi)he +7fl Ovy'au i»Pi 45) 75 +
4ﬂj ( g1v2 1) 2 8y2 (0777;2)) 4 p( 75 Y05y Pj ]) o2 (5&2)71')
hlhg / 831& 5‘3u
+ o fq(oay]auﬂjvpjﬂ(b) e (0,n§2)> + 0 (07n§3))
Then
~(1 ~(2
‘lgh)u()j — (ZSU)(OJ)‘ < ‘ 5 )‘.
This implies (37).
Finally, we prove that
‘@)UOJ‘ - US“XOJ)‘ < @3, (39)
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where

2
@ _ (128 wtBl(wtl) mMY
C < G + 218 + 2 3+
lw+ B0+ 5] | w'M
+( 113 + 1 Mo,
Biha — h

64
25; * Dhy haagliog] — é(ﬁjhz + h1) Dhygluos]—
! !/

0% V; h
— 2 (Bjha + hi)uoj + 52 (Bjha — hy) + = £(0,7, 105, D, [tio;], Dhoy [to)),
28, 28, 2

Dhyhowyltios] = Dhya { Dnoyluog]} -

Iy woj = Uy uo; -

Indeed,
hi + hof3; 0%u
l:(ﬁz)%j = (W) - ——— 73 -
2 ey
h 0 0
7?1.]0 <O7yjau0ja 8711‘ ) 87“ > +R§3)7
Tlo,5) Y 10.9)
o _ 1% O 13 0
SRR U IR (Ce

Taking into account (38)

hi+ haB; 0%u
lélh)qu = (D)) + p ey 9%

28;  0x0y
+h1+h2/6j573‘u04+h1+h26j6j+ﬂ§' Ju B
]
2 Bj 2 ﬁj dy (0,5)
hi+hof; 7 Ou Ou ®3)
_77_7.}(. Ovy'au()'vi o +R; )
2 B 2 U 0wl ) 0y l0) ’
hi + haf3; (h1 + haB;)(6; + B)
lz(a}z)uoy' = (l(l)u)(og) + %Dhlhzxy[uoj] + 22,' . D, g[uo;]+
j j
(h1 + haf3;)d" (hi + h2fB)Y;  h N
+T““0j - TJJ - ?lf (0,5, w055 Dhyx[tos], Dhygluos]) + R§-3)7
j j
where X -
~(3) o (3) h1 + hgﬂj 8 u h u h
Ry =R+ 25, 0x2dy + dxdy? ° +
(h1 + h2f;)(0; + B;) , 9*u h? 0%u
4]5_ LI p? 2 - Zlf;(O,yj,Uijpjﬂj) 902 -
j Y (O,n_ﬁ»”) (582)’1’)

Bu

hl h% 83’&
N @wq+@ﬁ
M

!
o1 1200, y5, 05,5, G5) o

(0n")

Consequently,
(1 5(3
‘li(’)h)uoj - (l(l)u)(o,j)‘ < ‘Rg :

which was required to prove.
We now state the difference problem corresponding to the problem (3)-(7).

)
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THE NUMERICAL SOLUTION OF NON-LINEAR NON-LOCAL PROBLEMS 9

It is required to find a discrete function Ui(f) (k = 1,2,3) determined in Qj
satisfying the properties (11) - (13), and one of the following conditions

DUy =v (G=T,Na—1, k=1,2,3) (40)

respectively, when one of the conditions (30), (31) and (32) is satisfied. The solution
of the difference scheme (11) - (13), with one of the conditions (40) will be taken
as an approximate solution of the problem (3) - (7) at the points Q.

Consider the following linear difference operators:

Lu[Us),
Aﬁf) [Usj] = lh[UNu],
lkh [UOJ]’ (k=1,2,3),
where
LalUsj] = AnlU) + €D, 5lUs) +mi; D, [Uss) = piUss,
ﬁ Uoj+1 — 2Uo; + Upj—1

+(1)
i, [Uos) = 1) [U;] +

2 72

hy
Y {SOthlx[UoJ‘] 00,0, oUo) ~ MOJUOj:| ;

+(1) _ Biha — h1
oy, [Uoj] = 15} [Uoj] + TDhlhzxy[UOjH
J
5 '
+=5(Bjha — h1) Dhyy[Uoj] + 52 (Biha — hi)Uoj—
Bj 23;
hl
0 Dny[Uoj] + WOJDth[UOJ} MOjUOj] ;
ﬁth

ZBh [UOJ] = 1)) [Uo;] — Dhlhzzy[UOj]—

205
—%(ﬁjhz +11) Dy [Uos] +

/.

%(@'hz + h1)Uoj+

71 €0j Dnyx[Uoj] + 14y, Dy, 5 00,1 — MOjUOj] .
We assume that if (30) is satisfied, then
Mhy < 2(1 —sup|B(z)|), (41)
and if the (31), (32) are satisfied, then
Mhsy < 1, (42)
where
M = max M M+SUP(|[9|‘TT1|H+6|)

L+ (sup|B))=*"  inf|B|+ (sup|B])~*

Lemma 2. Let V # const be a function defined in Qy,, that satisfies the inequality
Aglk) Vi;] >0 (A;Lk) [Vij] <0) k =1,2,3. Then V may take the greatest positive
(least negative) value only at the points oy,.

Proof. It’s obvious that

1
I U] = AU, + AUy 1 + AUy 41 — AUy,
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10 A.Y.ALIYEV

7(1)

2 2 2 2
lon [Uij] = Agj)Ulj + Aéj)Ulj-‘rl + A:(gj)UOjH - A(()j)Uop
1
li(%h)[ Uil = Ag")Ulj + A;?;') Uoj—1 + Ag()j')UO_j—l - A(()?)Uop

where " ) ‘. . )
v_h L J n _ _ e
AOj_h2+h 5+2+2u A h1<1 2@),

m_ 1 _ w_ L (b s
AQJ 2h2< ﬁj )7 ABj_2h2 <h2+ﬁj+277j ’

1 Bjha — hq
A(z): N T N Y
J 5]<h1 +h2> % 9B,y *hﬁj(ﬁm )=
&5 & hi
__J (. _ > L
26] (ﬂ]hZ hl) 9 thnﬂ 9 ,LL],

A — Bj _ Biha — hy _ & 42 Bjha
U " hy o 2Bjhohy 27 TH T 285hohy
A = B B S Bt — ) = it
Ay = hil - % —0 - szgjhlhz * §j(5jﬁ}fﬁj ul
+2[§(ﬁjh2 + h1) + % - 2%77;' + %uy

A(3) 1 Bjha—h1 &

By 2Bjhihy 27

. Biha — 5 h
A® _ _Bi Biha—h L
T he 25jh1h2 T @ Vilta 1) = g, 1
h
4@ _ Bihe —h1
37 2,8jh1h2

All these coefficients are positive and satisfy the following conditions:
hy
A —AD — A A = 6, + 7% >0,

2 2 2 2 hy )
Aéj) - A(lj) - Agj) - Aéj) =0 — 5y — 28

2 (thQ - ) 2 07
h
2 (Bjha + h1) + 21 ;> 0.

6/
3 3 3 3
A — A — A — A = 5, + 3,

Taking into account these properties of the coefficients, applying Lemma 1 we

obtain Lemma 2.

Corollary. Lemma 2 implies that the solution of (11)-(13) (40) is unique.

Theorem 2. Let u the exact solution of the problem (3)-(7) limited the fourth

derivatives and continued in the third derivative Q0. Then the error €;; = u;;

*Uij;

where Uy ;- the approzimate solution of (11)-(13), (40), the estimate € = O(h?).
Proof. With the help of Taylor’s formula for the error €;; = u;; — U;; we have:

Eh[Eij] = O(h2) in Qh,
lh[ENlj] = O(hZ) in F;t,
Eij = 0 in Oh,

1 leos] = O(h2), k=1,2,3 in T2.
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THE NUMERICAL SOLUTION OF NON-LINEAR NON-LOCAL PROBLEMS 11

As in the proof of Theorem 1, we represent the solution of the system (43) of
the form

Eij —8 +£”,
where

Lylel;] = O(h?) in @,
6N1]:0 in F%,
51 =0 in Oh, (44)
D~ o), k=123 12,
Lh[fij]zo in Qp,
In[e®Nijl = = lnley, ;] + O(h?) in T},
2 =0 in Op, (45)

lfj,f[soj] =0, k=1,2,3 in I%.

An estimate of max |£h‘ < c¢7h? for the solutions system of (44) is obtained on the
Qh
basis of Lemma 2, due to scheme of proof of Theorem 1 by the majorant function

gla,) = (e = 7).
and the parameters k and vy are selected as follows:
k = povo, po = min{a’, M°},
o { swlfl it |8l <1,

¢ it |8l >1,
70 = sup | 3] it [p] <1,
M 2% -5
= — T —_—
Vg 3 arc ) ,
5= L—sup|B| if [B] <1,
0 if B> 1.

An estimate of max ‘5%‘ < cgh? for the solutions of the system (45) is obtained
Qp

by the same way as the estimate of the solution of system (22) in the proof of
Theorem 1.

Theorem 2 is proved.
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SOME GENERATING RELATIONS FOR GENERALIZED
EXTENDED HYPERGEOMETRIC FUNCTIONS INVOLVING
GENERALIZED FRACTIONAL DERIVATIVE OPERATOR

RAKESH K.PARMAR

ABSTRACT. Very recently, Lee et al.[I0] have established generalization of the
extended beta function, hypergeometric function and confluent hypergeomet-
ric function introduced by earlier researchers in this area. The aim of this
research paper is to obtain some linear and bilinear generating relations for
generalized extended Gauss, Appell and Lauricella hypergeometric functions
in one, two and three variables by defining the further generalization of the
extended fractional derivative operator. Some properties and Mellin transform
of the generalized extended fractional derivative operator are also obtained.

1. INTRODUCTION

Several extensions of well known special functions have been obtained recently
by several authors (see, for example [II, [2, [, [ 5] ). Especially, Chaudhry et al.[4]
introduced the following extension of classical Beta function :

By(z,y) = B(z,y;p) = jtml(l — 1)V texp {_t(lpit)] dt
0

(R(p) > 0, R(z) > 0,R(y) > 0) (1)

and proved that this extension has connection with Macdonald, error and Whit-
taker’s functions.

It is obvious, that By(x,y) = B(z,y;0) = B(z,y)

More recently, Chaudhry et al.[6] considered the extension of Gauss hypergeo-
metric functions as follows:

oo

B(b+mn,c—b; z"
Flabas) =3 POt il @,
(p>0,] z|<1,R(c)>R(b) > 0) (2)

and (a)g, denotes Pochhammer’s symbol or ascending factorial,defined by
(Oé)k _ Llathk) _ { a(a + 1)...(0& + k — 1) JkE>1

@ ~— 1 k=0,a#0

2010 Mathematics Subject Classification. Primary 26A33, 33C05; Secondary 33C20.

Key words and phrases. Gamma and Beta functions; Eulerian integrals;Gauss’s hypergeomet-
ric function, generating functions,Appell-Lauricella hypergeometric function, fractional derivative
operator, Mellin transform.
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They obtained the corresponding Euler type integral representation :

1

Fy(a,b;c; z) = b P /tb Y1 — )27 1(1 — 2t) " %exp [_t(lp— t)} dt
0
(p>0and |arg(l—z)|<mR(c)>R(D)>0) (3)

Clearly, Fo(a,b;c;2) = oF1(a,b;c; 2).
Very recently, Lee et al.[I0] introduced further generalization of extended Beta
function and extended Gauss’s hypergeometric function as:

1
_ A e -1 I
B:D;k(xay) = B(z,y;p; k) = /t (1—t) “exp {tk(l _ t)k] dt

(R(p) > 0,R(k) > 0,RN(z) > 0,R(y) > 0) (4)

> Byi(b+mn,c—b) 2"

Fy(a,b;c; 2z k) = Fpp(a,b;c; 2) = nZ:O ’;3<(b, = (a)nH
(p>0,R(k) > 0;] z |< 1;R(c) > R(b) > 0) (5)

They called these functions as generalized extended beta function (GEBF) and
generalized extended hypergeometric functions (GEGHF) and obtained the Euler
type integral representation :

1
. b— 1 o c b—1 o —a o p
Fpi(a,byc;z) = b p— /t (1 —2t) %exp { wI—0F t)k] dt
0
(p>0,p=0,R(k) > 0and | arg(1 — 2) |< 7, R(c) > R(b) > 0) (6)

Clearly, it is seen that for k = 1, it gives the Chaudhry et al.[6] results and for
p =0, it reduces to original functions.

They also obtained the various integral representations, some properties, dif-
ferentiation formulas,transformations formulas, recurrence relations , summation
formulas,Beta distribution and Mellin transforms of these functions.

Very recently, using the well-known Riemann-Liouville integral representation
for fractional derivative

<D5JKZ)F(iM)j/f(0(ZU“1dt (7)
0

which is valid for Re(u) < 0, where the integration path is a line from 0 to z in
the complex t— plane and where the case m—1 < Re(p) < m(m = 1,2,3,...) yields

™m dm

DES) = D) = o\ T | OG-0
0

dm
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SOME GENERATING RELATIONS FOR GENERALIZED EXTENDED HYPERGEOMETRIC FUNCTIONS3

Ozarslan and Ozergin [9] defined the following extended Riemann-Liouville frac-
tional derivative by adding a new parameter. Explicitly, they considered

DT f(z) = ﬁ [ =t Lém t)] “ ?
0

with ®(p) < 0,R(p) > 0and for m —1 < R(p) <m(m=1,2,3,...)

1P _dm 1 r —ptm— —pz"
DI f(2) = —— F(—u—l—m)/f(t)(zt) tm—lopp [t(z_t)} dt
0

The path of integration is a line from 0 to z in the complex t— plane. It is easy
to see that the case p = 0 gives the classical Riemann-Liouville fractional derivative
operator. Using this definition, they calculated the extended fractional derivatives
for some elementary functions.

Furthermore, they also defined the extended Appell’s hypergeometric functions
of two variables Fy(a,b,c;d;xz,y;p) and Fs(a,b,c;d, e; x,y;p), and Lauricella’s hy-
pergeometric function of three variables as :

oo

Bla+m+n,d— a;p) " y™
Fi(a,b,c;d; ip) = B (€) gy — Z—
1(0’3 y G5 7xayap) n;:() B(a,d—a) ( ) (C) n! m!
(maz{[ = |,y [} <1;R(p) 2 0) (9)
Fy(a.b.cd. 2.y p) = i (@)m+nB(b+n,d—b;p)B(c+m,e—cp)a” y™
ABKHGH LGP 7nm:0 B(b,d —b)B(c,e —¢) n! m!
(lz [+ ]y |<1;R(p) 2 0) (10)
and
= Byla+m+nt+re—a)b)m(c)(d),z™y" 2"
3 o _ P ’ LIz
Fpylab.e dieia,y, 2) = m;:() B(a,e —a) m! n! r!

WVlzl+VIyl+ vz <1;R(p) 20) (11)

Here again, the case p =0 gives the familiar functions.

They also obtained their integral representation and showed the connection be-
tween these functions and the extended Riemann-Liouville fractional derivative
operator.

The aim of this paper is to present further generalization of extended fractional
derivative operator to obtain some linear and bilinear generating relations for hyper-
geometric functions and some properties and Mellin transform are also determined
for this operator.The plan of this paper is as follow:

Firstly, in section 2, further generalization of the extended Appell’s hypergeomet-
ric functions of two variables Fi(a,b,c;d;x,y;p; k)andFy(a,b, ¢;d, e;x, y; p; k) and
extended Lauricella’s hypergeometric function of three variables F,%’p; pla,be,dse;z,y, 2)
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are defined and integral representations of generalized extended Appell’s hypergeo-
metric functions are obtained.In section 3, further generalization of extended frac-
tional derivative operator is defined to obtain the generalized extended fractional
derivative for some elementary functions and generating relations are calculated in
terms of generalized extended Appell’s hypergeometric functions and Lauricella’s
hypergeometric function. In section 4, some results related to Mellin transforms
and extended fractional derivative operator are given. Finally, in section 4, some
generating relations for generalized extended hypergeometric function are obtained
via further generalized fractional derivative operator as explained in [7].

2. THE GENERALIZED EXTENDED APPELL’S FUNCTIONS AND LAURICELLA’S
HYPERGEOMETRIC FUNCTION

In this section, generalization of the extended Appell’s hypergeometric functions
of two variables, Fi(a,b,c;d;x,y;p;k) and Fy(a,b,c;d, e;x,y;p; k), and extended
Lauricella’s hypergeometric function of three variables F%’p;k (a,b,c,d;e;x,y, z) are
considered as:

. Byrla+m+n,d—a) ™ y™
F. b.c:d: k) = b3 ) b)p(C)y — Z—
1(0‘7 , G a3, Y5 P; ) n;:() B(a,d—a) ( ) (C) n! m!
(mazf{| = ||y [} <1L;R(p) 2 0) (12)
)
(a)m—i-an'k(b +n,d— b)Bp'k'(C +m,e— C) "y
F . . Cme _ ; i g
2(a7ba & d7€7$7y7p7 k) n%;O B(b,d— b)B(C,e _ C) n! m!
(lz[+]y|<1;R(p) 2 0) (13)
and
)
Bypla+m+n+re—a)(b)m(c)n(d), 2™ y™ 2"
F3 ) e — b3 ) - g
D,p,k(a7ba c7d7eax7y7z) mnz;:o B(CL@-(L) m! n! r!
WVlz[+VIyl+VIzl<LR@p) 20) (14)
respectively.

It is easily seen that the case k =0 gives the Ozarslan and Ozergin [9] results
and p=0 gives the original functions.

2.1. Integral Representation of Generalized Extended Appell’s functions.
In this section integral representation of generalized extended Appell’s functions of
two variables is presented:

Theorem 2.1. For the generalized extended Appell’s functions Fy(a, b, ¢; d; z,y; p; k),
following integral representation holds true:

1
Fia,b,ds 2,y ps ) = i | 407 (1= (1—at) 2 (1=yt) ~Ceap |~ pye | dt
0

(p>0,R(k) >0 and |arg(l—z) |< 7| arg(l—y) |< m, R(d) > R(a) > 0, R(b) > 0,R(c) > 0)
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Proof. Let |z |<1,|y|< 1,R(b) >0 and R(c) > 0. Expressing (1—xt)~% and (1—
yt)~¢ as Binomial series, and considering that the series involved are uniformly
convergent and the integral involved is absolutely convergent , so we have to right

to interchange the order of summation and integration to obtain:
1

(011 — £)d=a=1(1 — 2) =0 (1 — yt)~Cexp [ 17”} dt
0

1 m
= [ (1= ) e |~ | X (05 2 (O Gt
0 th(1—t) =0 n! m!

m=0

PP MONGIE S ft‘”m*” 11— ) eap | ey |

n=0m=0

Finally by (4) and ( ., we get

a— 1 d a—1 —b _ —c _ p
t (1 —at)™"(1 — yt) exp{ tk(l—t)k]dt

O\H

L(a)I'(d —a)
A a2y b, ¢; d; k
rg by pi
Here the demonstration of the integral representation is completed by applying
the principle of analytic continuation. Since the integral on the right hand side is
analytic in the cut planes | arg(1l — z) |[< 7, | arg(1 —y) |< 7.
O

Theorem 2.2. For the function Fy(a,b,c;d,e;x,y : p;k), the following integral
representation holds true:

11
tb 1 d b—1 §¢— 1(1_8)6—6—1
FQ(avbvc;dae;xay:p;k)_ (bd b €—C // 1—xt—y$)“
0 0
p p
ean |- - dtd
”p{ (-t sk(l—s)k} ’

(p>0p=0,R(k) >0 and |z |+ |y|< LR@E) >R(D) > 0,R(e) > R(c) > 0, R(a) > 0)

Proof. Suppose | z | + |y |< 1;R(a) > 0. Using binomial series of (1 — at — ys)~*
and the summation formula

Z f(N )M— Z Z f(m—l—TL)%% , we have

N=0 n=0m=0
11, d—b—1 _c—1 e—e—1
e ) s 1(1—s)
Jof (I—zt—ys)® erp {_ tk(lp_t)k - sk(lp_s)k:| dtds

11 oS} N
= fftbil(l_t)dibilexp |:_tk(1p_t)k:| 5071(1_3)6707165510 [_ Sk(lp_s)k:| NZO(G)N(HT\%S) dtds
00 =

Wi
TL oy, d—b—1g4c—1(1_ge—c—1
Ofof =a t)(lfmtfys)(al ) erp [_t’“(lp—t)’“ - s’“(lp—s)’“} dtds

= Bl.d- b)B(ce 3 fftb M=) teap {*tk(fit)k] s H(1=s)* " eap {*sk(ﬁs)k]
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55 (@ E W g

n=0m=0
Since the series involved are uniformly convergent and the integral involved is

absolutely convergent , so we have a right to interchange the order of summation
and integration to obtain

11
tbll_tdblcll e—c—1
// ( ) exp | — P — P dtds
(1 —at —ys)® th(1—¢t)F skl —s)k
00

oo oo Jj y 1 p
— b+n— 1 d b—1
=5 > @neny oy / ! erp [_tk(l—t)’“} a
0

n=0m=0

c+m—1 1 _ e—c—1 _ 14
/3 (1—13s) exp[ sk(l—s)k} ds
0

Finally by and , we get

11
7fbl dbl('ll e—c—1
// ( ) exp | — P — P dtds
(1—at—ys)® th(1—t)F  sk(1—s)k
0 0

= B(b,d —b)B(c;e — ¢)Fs(a,b, ¢;d, e; x,y; p; k)

O

3. GENERALIZED EXTENDED RIEMANN-LIOUVILLE FRACTIONAL DERIVATIVE
OPERATOR

The investigations of various authors in the field of fractional calculus and its
applications in different areas of science and engineering is well presented in [g].
The use of fractional derivative in the generating function theory is explained by
Srivastava and Manocha [7]. In this section, following generalization of the extended
Riemann-Liouville fractional derivative is considered :

.2k
D“’p’k{f( /f “lerp (tk(zpit)k> dt

R(p) < 0,R(p) > 0,R(k) > 0) (15)
and for m — 1 < Re(p) <m(m=1,2,3,...)

DEPR(f(2)} = 4D 7))

z
— i { rre [ £ = 0 ()
where the path of integration is a line from 0 to z in the complex t-plane.

For the case k = 1, we obtain Ozarslan et al.[9] result and for p = 0 we obtain
the classical Riemann-Liouville fractional derivative operator.
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1. Generalized Extended Fractional Derivative of Some Elementary
function. In this section, fractional derivatives of some elementary functions are
calculated and also determines the extended fractional integral of an analytic func-

tion.
Theorem 3.1. Let ®(A) > —1,R(u) < 0,R(p) > 0 and R(k) > 0. Then
Bp(A+ 1, —p) A—p
—_ "z
I(—p)

Proof. With the help of the representation for the generalized extended frac-
tional derivative and generalized beta function (4] , we get

DR} =

DBPELAY = (z—t)"* texp (tk( t)k) dt
— 1 A 1 22k
= If(—u) Jur(1 —w)  teap (71“%,%2 uz)k) du

0
AP 1
- FZ(—#) bru (1 —u)™" Teap (uk(l u)k ) du
— Bp:k()\+17_:“') Z}\—u

I'(—p)
O

Theorem 3.2. Let R(A) > 0, R(a) > 0, R(p) < 0,R(p) > 0,R(k) >0 and | z|< 1.
Then

DAmpk AL )y = Eu; 2 By (0, A g5 2)

Proof. By making use of for the generalized extended fractional derivative,we
have by direct calculation

D)=HPR AL (] = )=o) = F(# » ft)‘ Y1 —t)"%exp (ﬂ%) (z — )P Lat

a1 Z e —a p—A—1 2k
= Oft 1—t)=@ (1-1) exp (W) dt

p—A—1_X 1 _
= S Ofu)‘*l(17uz)’a(17u)“’)‘*16xp (W) du.

Using definition @ , we get
. p—1
DY1PR AL = 2)70) = B = A) (0, A g1 2)
= %z”_le;k(a,)\;u;z).

Theorem 3.3. Let R(p) > R(A) > 0,R(a) > 0,R(B) > 0,R(p) > 0,R(k) >0
az |<1 and | bz|< 1. Then

Proof. Using the definition and Theorem (2.1), we get
D;‘f“’p'k{zkfl(l — az)’ (1 —bz)"P}
2k

F(M by ft)\ 1 at)*a(l — bt)*ﬁe:cp (%) (Z ,t)uf)\fldt
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ZHmA 1 F A—1 —a -8 t\u—A-1

—A—1_X 1 _
= 72;(M_/\Z OfuA_l(1—auz)_"‘(1—buz)_5(1—u)“_)‘_1exp (W) du
—F

(A, B; 1 az, bz; p; k)

Theorem 3.4. More generally, letting R(p) > R(A) > 0,R(a) > 0,R(B) >
0,R(y) > 0,R(p) > 0,R(k) >0,] az |< 1,| bz |< land | cz |< 1, we have

. (A
DA (1ma2) (1-09) 2 (1-2) ) = [T i )

Proof. Using Theorem 3.1 and definition , we obtain
DX=PR LA — a2)~%(1 — bz) A (1 — c2) 77}

— zh 1! Z (O‘)m(ﬁ)n(’}’)rambncT p;k()\ +m+n+ T — A)Zm"rn"rT

T(pn—X) =0 mlinlr!
B\, pu—X = By (A+m+4n4r,u—A m (B)n () r
— 415(; )\)) p—1 i nz;:o pik ( R b=2A) (@) m(!/i)!r!('v) (az)™ (b2)"(cz)"
A
= FEH% ne 1F13)pk(/\,a,ﬁ,v;u;az,bz,cz).

Theorem 3.5. For R(u) > R(A) > 0,R(a) > 0,R(B) > 0,R(y) > 0,R(p) >
0, R(k) > 0; |< 1, we have

1
Dyrrk {ZA” 1—2)""Fp (a,ﬂ;v; - )} = R (o, BNy, i, 2 pik
st 1—2) | T BB B—n :
Proof. Using Theorem 3.1 and (13]), we get
DYrwk LA = 2) = By (@, 837 725 ) |
— DA =ik J A1) _ a1 ()nB (,6’+ B) "
_Dz wp {Z 1(1 Z) B(ﬁ,’y ﬁ Z = = o (1xz) }

n=0
:mD?“’“’“{Z“EO( JnBp(B+1n,7 — B) % (1 - 2)~ ‘*”}
= m ;_OBp;k(ﬁ—kn,'y — ﬂ)%%[);\—u,p;k {zk—l—&-m}

(oo}

m,

) +m A )\ m—
:B(ﬁ,}yfﬁ) Z Bpk:(ﬂ"‘n’y ﬂ)x (@) + pkl(“(:m)\l; ) nm—1

:W Fy(a, B, 7’77,“»5572,10,/4) 5

Theorem 3.6. Let f (z) be an analytic function in the disc | z |< p and has the

power series expansion f (z) = > anz™. Then
n=0

Dé’up;k{z)\*lf(z)} — ZO aan’p;k[Z)‘+n71]

SA—n—1

= Ty Ean Byip(A 4+ n, —p)2"
provided that R(A) > 0, R(p )<0 R(p) > 0,R(k) > 0and | z |< p.
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Proof. By making use of for the generalized extended fractional derivative,we
have

DEE{A1f(2)) = D { oy

(z —t)* Llexp (W) dt

n

0 n=0
1 s}
= )g‘ef P17 erp () X an(26)" e

o]

el : >\ 1 —pu—1 —p n
of (1- ) ™ exp (W) Zoan(zf) dg

Since the series Z anz"E" is uniformly convergent in the disc | z |< p for 0 <

& <1 and the mtegral involved is convergent for the given constraints. So we have

a right to change the order of integration and summation to obtain
1

DErR{ATIf(2)} = 2y i an (&) (€971 = e (e ) de

SAFn—1—p

:Zan F(

=0

Bp;k(>\ + n, _/1’)

)\;Ll

= Z— Z anBp(A+n, —p)2"

4. MELLIN TRANSFORMS OF THE GENERALIZED EXTENDED
RIEMANN-LIOUVILLE FRACTIONAL DERIVATIVE OPERATOR

In this section,Mellin transforms of the generalized extended fractional deriva-
tives is obtained and an application is also presented.

Theorem 4.1. Let the generalized extended Riemann-Liouville fractional derivative
be defined by (15). Then we have for R(A) > —1,R(n) < 0,R(s) > 0,R(p) >
0,R(k) >0

M{Drk(zA) s} = T Si)B A+ ks+1,ks— p)zr+

Proof. Making use the definition of the Mellin transform, we have

M {D‘;’P?k(z’\) : s} = [ p*~IDEPF (M) dp
0

o Z a2k
= F% [~ [tMz —t) "+ teap (tkfﬁ) dtdp
(—n) 0 i (z—1)

— i [ [P (0= 7 e (i) dedp

Pl

=50 fps lfu/\z)\ 1 7u) B 1exp (ﬁ) zdudp.

Since, uniform convergence of the inegral guarantees that the order of the inte-
grals can be changed.We, therefore, have

. A— 1 o0 —
M {Dé"p’k(z)‘) : 5} = FZ(_:) Oqu(l — ) Hl Ofpsflexp (W) dpdu
Making the substitution ¢t =

ﬁ7 we get

M {Dg’p;k(z)\) : 5} r( “) fu (1 —u)~#t [ k(1 *U)kSF(S)] du
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1
S) fu)\—i-ks(l _ u)ks—,u—ldu
0
= %F(S)B(A—&—ks—l— 1,ks — ) _

Theorem 4.2. Let the generalized extended Riemann-Liouville fractional deriva-
tive is defined by (15). Then we have for R(p) < 0,R(s) > 0,R(a) > 0,R(p) >
0,R(k) >0 and | = |< 1,
M {DrPik((1 — )is)= L(s)z ?(Sljj)rl Sho1) P, ks + 15 2ks — o+ 15 2)
Proof. Letting R(u) < 0,%(s) > 0,R(a) > 0,R(p) > 0,RN(k) >0 and |z |< 1 and
[ee]

(O‘)n
n!

e}

then using Theorem 4.1 with A = n and writing (1 —2)"* = }_
n=0

M{DEPR((1— 2)=®) : s} = i (@ A {Drrk (20 : 5}

2™, we have

= 5 2 S Blnt kst Lks - )2

n

Fsz‘ OO A)nz
= Nz 3 Blnt s+ 1ks - ) 2l

= FIS?)Z )“B(ks +1,sk—p) Floyks+1;2ks —pu+1;2)
(]

5. GENERATING FUNCTIONS

In this section, linear and bilinear generating relations for the generalized ex-
tended hypergeometric functions are obtained by the methods described in H. M.
Srivastava, H. L. Manocha [7].The main results are as follow:

Theorem 5.1. For the generalized extended hypergeometric functions we have

e A . _ €
3 (n)| Fypp(A+n, 05 i a)t™ = (1 — 1) Fyy, <’\’O‘;ﬂ; 1—t>
n=0 ’

(| z |< min(1,]| 1 —¢ |)and R(N\) > 0, R(B) > R(«) > 0,R(p) > 0,R(k) > 0)
Proof. Writing the elementary identity

-2

[(1=a) =7 = (=7 [1 - 5]
in the following form, we have
00 n —A
S G0 (i) =00 1o gm] T tl<i-a)
e

Multiplying both sides of the above equality by ! and applying the definition
of generalized extended fractional derivative operator D2~#P¥ on both sides, we
can write

Da-Bwik { > Cr-2) () xa—l} = (1—t)~ADa-Bwk {xa—l (1-

n=0
Interchanging the order, we get

)}

()\ n a—B,p;k a—1 _ —A—n n _ —Ana—B,p;k a—1 _ oz -
Z Do {29711 — 2)" A"} 7 = (1—)~ Do x (1 H)

Applymg Theorem 3.2, we get the desired result.
O
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Theorem 5.2. For the generalized extended hypergeometric functions, we have

= (M —at
Z(TB' Fp;k(p—n,a;ﬁ;m)t (1_t) AFl <a p7)‘ 67 z, t’p7k>

n=0

(R(B) > R(a) > 0,R(p) > 0,R(A) > 0,R(p) > 0, R(k) > 05| ¢ [< 15757)
Proof. Considering the identity,

= (=2 = (=0 [1+ 2]

and writing in the form, we have, for | ¢t |<| 1 — z | that
00 —A
S S —ay =07 1 - 5]
n=0

Multiplying both sides of the above equality by 2%~ !(1 —z)~” and applying the
generalized extended fractional derivative operator DA on both sides, we get

00 -
DyPwk { > Gpati- x)f’*"t"} = (1-t)*Dg=Fwh {xM(l —a)e (1- 52) }

Interchanging the order, which is valid for Re(a) > 0 and | 2t |<| 1 —1¢ |, we get
—A
Z ()\ Da ﬁpk{xa 1 —r —p+n}tn:(1 t)—)\Doz—ﬁp'k a—l(l_l,)—p (1_%) }

Applymg Theorem 3.2 and Theorem 3.3, we get the desired result.
O

Theorem 5.3. For the generalized extended hypergeometric functions we have

—yt
—-n; 6 y) Pk()‘+n avﬂa ) (1_t)_>\F2 <>‘va77;ﬁ75;1x_tvliyt;p; k)

(R(6) > R() > 0, R(a), R(N), R(B), R(p), R(k) > 0;| t |< 1= 1+‘ L and |z |< 1)

Proof. Replacing t — (1 — y)t in (5.1), multiplying the resulting equality by 7!
and then applying the generalized extended fractional derivative operator D} —opik
we get

Dy {Z D - 1Fp;k<x+n,a;ﬁ;x><1—y)”t"}

= Dy 0 {1 = (L= 9)t) 7 Fe (A0 B =i ) |
Interchanging the order, which is valid for | z |< 1, | 1=%¢ |[< 1 and | 1&; | + |
L |< 1, we can write that

Z( = DY=0Pk L= (1 — )} P (A + n, o B )"

-
_ (1 _ t)—)\D;—é,p;k {y"/—l (1 _ %ﬁ) F ()\ a; f3; _ ,yt )}
Using Theorem 3.2 and Theorem 3.5, we get the result.

6. CONCLUDING REMARKS AND OBSERVATIONS

In this present investigation, generalization of the extended fractional derivative
operator related to a generalized extended Beta function, which was used in or-
der to obtain some linear and bilinear generating relations involving the extended
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hypergeometric functions [9] have introduced and studied . Also the generalized
extended fractional derivative operator is applied to derive generating relations for
the generalized extended Gauss, Appell and Lauricella hypergeometric functions in
one, two and three variables. Many other properties and relationships involving
(for example) Mellin transforms and the generalized extended fractional derivative
operator are also given.

(1
2]
(3]
[4]
(5]
(6]
(7
(8]
(9

(10]
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AN EQUIVALENT REFORMULATION OF ABSOLUTE
WEIGHTED MEAN METHODS

MEHMET ALI SARIGOL

ABSTRACT. We proved an equivalent definition of absolute summability of a
numerical series by a weighted mean method in terms of ordinary convergence
of another series as in results of Hardy [2] and Moricz and Rhoades [4].

1. Introdution.

S a, 1)
v=0

of complex numbers, with partial sums s,, and, let (p,) be a sequence of positive
numbers with P, = py + p1 + ... + p, — o0 as n— oo. The sequence-to-sequence
transformation

Consider a series

1 n
T, = E;pvsv, n=20,1,.. (2)
defines the sequence of the weighted means of the sequence (s,,), generated by the
sequence of coefficients (p,). The series (1) is said to be summable (N, p,) to L

and absolute summable [N, p,,| if (see [1] )

(oo}
T, —s as n— oo and Z|ZTH|<OO, (3)
v=0
where AT, =T, —T),_1, respectively. Also, we recall a weighted mean matrix N is
an infinite lower magix with entiies Ay = Du/ Pr, and zero otherwise. For p,, = 1,
the summabilities (N,pn) and |N,pnf are reduced to (C,1) and |C, 1].
In [2] Hardy introduced a new sequence defined by

fe’e] o,
anzgvﬂ,n:m,... (4)

and proved that an equivalent definition of summability (C,1) of a numerical series
in terms of ordinary convergence of another series in (4) as follows.
Theorem 1.1. The series (1) is summable (C, 1) to a finte number L if and

only if the series
(oo}
D o
n=0

converges to the same limit L.

2000 Mathematics Subject Classification. 26D15, 40C05, 46A045 .
Key words and phrases. weighted mean, matrix transformation, absolute summability.
This paper was prepared while the author was visiting to North Carolina State University.
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Establishing the following theorem, Moricz and Rhoades [4] (see, also, [5]) stud-
ied the same problem for the summability (N, pn) method, which also includes
result of Hardy.

Theorem 1.2. Let (p,,) be positive numbers such that the following conditions
are satisfied:

pn
P, —»o00and — — 0 as n — oo,
n

Pn— 1pn+1 Pov pv—HPU
+P — =0(1
" Z P Pot1 Pot2Puio S
and
Pn Pv+1 pu 1Pu 1
P —o(),
anrl Z v Py pvpv+1 ( )

and with the agreement that p—1 = P_; = 0. Then, the series (1) is summable
(N, pn) to a finite number L if and only if

o0

D> bn

n=0
converges to the limit L, where

o Dn
b, = ZEQU, n=0,1,.... (5)

2. Main Resuls
Note that |N,p,| implies (N,p,) but not conversely, and these methods are
different. So it is natural to ask for the equivalent reformulation of ’W, pn‘. In this
paper we give an affirmative answer establishing the following theorem.

Theorem 2.1. Let (p,,) be a sequence of positive numbers such that the follow-
ing conditions are satisfied:

i-) P, — oo, i) L~ o), (6)
Pn+1
1 . Pnpn+1
iii—) — = 0(1), v— =0(1). 7
) o (1) ) onPoi (1) (7)

Then, the series (1) is summable |N, pn| if and only if the series > b, is absolutely
convergent, in this case,

limT,, = > b (8)
n=0
It turns out from the proof of theorem 2.1 that the necessity part is valid under
conditions (7i4i) and (7iv), while the sufficient part is valid under the conditions
(67) and (6i1).
Let us consider a few special cases.

Corollary 2.2. The series (1) is summable |C, 1| if and only if 3 o, is absolutely
convergent , and in this case,

oo
= E Onp.
n=0

where is defined by (4).
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If N = H, the harmonic summability, determined by p,, = 1/(n+1), n =0,1,...,
then P, ~ log(n + 1).The conditions (6i), (6ii) and (7iv) are satisfied but (7iii). So
Theorem 2.1 implies the following.

Corollary 2.3. If

s a
Z(nﬂ)Pv =0

v=n

>

n=0

then

oo
n=1

- v 10y
g 1)log(n + 1) log(n + 2)

and
n

lzmnP Zv—i—l ;z:: n+1

Finally, if p, =n+ 1,n =0,1,..., then P, = (n + 1)(n + 2)/2 and one observes
that the conditions of Theorem 2.1 are satisfied. Hence, by (5) and (8), we have
the following.

Corollary 2.4.

g (v+ 1) (v+2)a, e o e (4 1)a,
< oo iff ——| < 00,
2L G nmron | < 4L oD
in this case,
1 n
limy —————— 1)s
m (n+1)(n+2)v§:”+ ZOZ U+1 v—|—2)

Proof Theorem 2.1. Before the proof, we recall that an infinite matrix A =
(any) is absolutely regular if given any absolutely convergent series of complex
numbers with sum L, the series

0o
CL) = § UnyQy; n:()ala'"
v=0

all converget and if the series > A, (a) is absolutely convergent with sum L. As is
well known (see, [3], p.189), a matrix A is absolutely regular if and only if

oo oo
—) sup Z lan,| < o0, ii—) Z any =1 (v=0,1,...) (9)
Y n=0 n=0
We now turn to the proof of the theorem.

Sufficiency. Suppose that the series > > b, is absolutely convergent and con-
verges to a finite number L. Then, it follows from (5) that, for

b b
a, = P, (n _ nH) ,
Pn pn+1

ap = ATy = bOa

and so

ag :ZTO = bo, ZTn = v—10Qy, -1 = ) (10)
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P ZP" P, (_b”‘*‘l>

DPov Pov+1

Pv—1 bn+1
by — P,_1P,
Pnpn 1 { Du ) ! Pn+1

Hence we can write

AT, =Y anwby, n=0,1,...,
v=0
where
a00:1 an0:07n21
%(1—1—“ 1), 1<v<n

_ Pn+1 —
P v=n+1,

0, v > n.

Apy =

Therefore the series (1) is summable\ﬁ, pn| and lim, T,, = L if and only if A is
absolutely regular. On the other hand, it is easily seen that, for v =1,2,... |

. p p — P
D laml = =+ P (H H)prn
n=1 Do DPov ——— n—1
2
— 1+ Pv—1
DPov

which is bounded by (6). Also, (9ii) is satisfied. Hence A is absolutely regular,
whence result.

Necessity. Assume that the series (1) is summable‘ﬁ, pn’ and lim,, T,, = L. By
inversion of (10), we get, for n > 1,

— P,— P, o—
ag = ATO = T(); Ay = 7ATn — 2ATn,1
DPn Pn—1
which gives us
b, = 3 —a =p hmz < AT—PD 2AT, 1>
n ot ’U v n pv 1 v—
AT,, ~~(1 P\« P
= li — — — AT, AT,
pnlﬁin{ Pm +U2_;1(Pv pvPv+1> U+pn IP " 1}

On the other hand, by (7iii), we have ApT’” — 0 as m — oo, and so

e 1 Pz)—l A Pn—2 -
b, = — — AT, AT, _
" P {;z (Pv pvPerl) U+pn71Pn " 1}
= anvZTv
v=0
where
0, v<n—1
nPn—Q J—
bpy = gn—lpn’ v=n-—1

1 Py_1
Pn (Piv_p'upui»l)’ vzn
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Therefore the series > b, is absolutely convergent and converges to a fiite number
L if and only if B absolutely regular. But, it easily is seen from the definition of
matrix B that

v

= o pervafl ]- Pvfl
Sl = By |2 R
ne0 Do Pyt P, Do Pouy1

Pn
n=0
2Pyput1 2puta
Py 1po Py
which is bounded by (7iv). Also (9i3) holds. Hence the matrix B is absolutely
regular which completes the proof.

1+
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Abstract

In the present paper, the convergence properties of exponential Ruscheweyh
differential operator product set of polynomials of several complex variables in
hyperelliptical regions are studied. These new results extend and improve a lot of
known works from the one complex variable case to the case of several complex
variables in hyperelliptical regions.

Mathematics Subject Classification(2000): 32A05, 32A15, 32A99.
Keywords: Ruscheweyh differential operator, Basic sets of polynomials, Hyperel-
liptical regions

1 Introduction

The problem of the derived sets of any finite order for a given basic set of polynomi-
als in one complex variable has been studied by many authors we may mention, for
instance, Mikhail [1], Makar [2] and Newns [3]. For the two complex variables case,
we mention Kumuyi et al [4] and Abul-Ez et al [5]. In all the above studies, only
simple basic sets are considered. Recently, in [6] the author studied this problem in a
new region which is called hyperelliptical regions. Also, more recently in [7, 8] the
authors studied this problem in Clifford setting. The purpose of this paper is to prove,
under some conditions, that the set of exponential Ruscheweyh differential operator
product of polynomials of several complex variables is a basic set. Then, acting by
the exponential Ruscheweyh differential operator product on basic sets in hyperellip-
tical regions we establish that the effectiveness property is preserved. Notice that the
Ruscheweyh differential operator has been used in [9]. The rest of this paper is orga-
nized as follows: In Section 2, we recall some definitions and notations of holomorphic
functions of several complex variables in hyperelliptical regions and basic series of ba-
sic sets of polynomials of several complex variables in hyperelliptical regions ([6, 10]).
In Section 3, we present basic properties of the exponential Ruscheweyh differential

*
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operator product set. Section 4 is given to establish the effectiveness of the expo-
nential Ruscheweyh differential operator product set of basic set of polynomials of
several complex variables in an closed hyperellipse. The effectiveness of the exponen-
tial Ruscheweyh differential operator product set of basic set of polynomials of several
complex variables in an open hyperellipse and in the regions D(E[r]), which means
unspecified domain containing the closed hyperellipse E[r], are obtained in Section 5.

2 Notation and preliminaries

To avoid lengthy scripts, the following notations are adopted throughout this work (see
[6, 10, 11]).

m= (my,mag,...,Mmy); <M >=mq+mg~+ ..+ my;
h = (hl,hg,...,hn); <h>=hy+ho+...4+ hy;

2= (21,22, ., 2n); 20 =225z 0=(0,0,...,0);

|<z> 2=z 4 |2 4+ . |z ™=t
r=(ry,re,..1rm); [X]=[lifrs=rV sel; I={1,2,3,..,n}

a([t], [R]) = max {7 Ty Rysry Ty Ry T0, Ry TS Ry s
where R = (Ry, Ra,....,R,), v=1{2,3,4,..n—1}, sel.

In these notations, my,ms, ..., my and hq, ha, ..., hy, are non-negative integers while

t1,1a, ..., t, are non-negative numbers, 0 < t, < 1, |t} = (3, ti)(%) = 1. Also,

square brackets are used here in functional notation to express the fact that the function

is either a function of several complex variables or one related to such function. !n the
25|

space of several complex variables C™; an open hyperelliptical region 221:1 <1

2 J—
is here denoted by Ejy) and its closure S, % < 1 by E}y, where rg; s € I,
are positive numbers. In terms of the introduced notations, these regions satisfy the
following inequalities:

By ={w:|w| <1},

_ 2.1
E[r] = {W: |W| S 1}7
where w = (wy, wa, ..., Wk ), Ws = %’ sel.
Suppose now that the function f(z), given by
f@)=Y" amz™ 2.2)
m=0

is regular in E[r] and
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From (2.1), we easily see that {|z;| < 74 ts : |t| = 1} C E}, where t is the vector
(t1,t2, ..., t, ). Hence it follows that

M(f;[pl]
lam| < o , 2.3)
" " H?:l(pS)mé
forall 0 < ps < rs; s € I, where
1 < > <m>
%znﬁﬁziﬂL%; (see[10)), (2.4)
[t|=1 ¢ 7, my?
and 1 < oy < (3/1n)<™> on the assumption that m:TS =1, whenever m, = 0; s € I.
Thus, it follows that
> 1
limsup{ - [t }< < = 0. 2.5)
<m>—00 L Om Hs:l (ps)<m>—ms Hs:l Ds
Since p; can be chosen arbitrary near to r5; s € I, we conclude that
. |G| s 1
lims { } < . 2.6
Er A e N E T S e 20

Then, it can be easily proved that the function f(z) is regular in the open hyperelliptical
Ejy). The numbers 7, given in (2.6), is thus conveniently called the radii of regularity
of the function f(z).

Definition 2.1. [6, 10, 11] A set of polynomials
{Pm[Z]} = {PO[Z]7 Pl[Z],Pg[Z]7 ceey Pn[Z], }7

is said to be basic when every polynomial in the complex variables z5, s € I, can be
uniquely expressed as a finite linear combination of the elements of the set { Py |[z]}.

Thus according to [11], the set { Py[2]} will be basic if and and only if there exists
a unique row-finite matrix P such that

PP=PP=1, 2.7)

where P = [Pyy) is the matrix of coefficients, P is the matrix of operators of the set
{Pn(z]} and I is the unit matrix.

For the basic set { Py[2]} and its inverse { Ppy[z]}, we have

Pulz] = ) Pun 2", (2.8)
h
Pulz] = Zﬁm?h ", (2.9)
h
3
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™ = me;h By [Z] = Z Pm;h Ph [Z] (2.10)
h h

Hence, for the function f(z) given in (2.2) we get
fz) =" Ty Pulz, 2.11)
m

where

Ow= Y Pauman= Y _ P ") (2.12)
m — h;m ¢h — h;m h! ) .
h h

and h! = h(h — 1)(h — 2)...3.2.1. The series Y Il Pm[z] is the associated basic
series of f(z).

Definition 2.2. [6, 10, 11]. The associated basic series >~ I P[2] is said to repre-
sent f(z) in

(i) Ey when it converges uniformly to f(z) in Ey,
(ii) Ejpy when it converges uniformly to f(z) in Efy,
(ii1) D(E[r]) when it converges uniformly to f(z) in some hyperelliptical surrounding
the hyperelliptical E[r] , not necessarily the former hyperelliptical.

Definition 2.3. [6, 10, 11] The set { Py[2]} is said to be simple set, when the polyno-
mial Pp[z] is of degree < m >, that is to say

(m)
Pulz] = > Pun 2" (2.13)
(h) =0

If the coefficient Py m Of 27" 25"2...20" in (2.13) is unity, then the simple set { Py (2]}
is said to be absolutely monic.

cients P p in the representation (2.9). A basic set satisfying the condition

lim {Np}== =1, (2.14)

<m>

is called a Cannon set and if

. J
llmni {Nm}<m> =a>1,

then the set is called a general basic set.

Now, let Dy = Dy, ms,...,m,, be the degree of the polynomial of the highest degree
in the representation (2.9), that is to say, if Dy = Dp, p,,....n, is the degree of the

polynomial Py, then Dy, < Dy, V hs < mg. Since the elements of the basic set are
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linearly independent, then Ny, < 14+24+3+ ...+ (D +1) < Ny Dfn, where \q is
a constant. Therefore, the conditions (2.14) for a basic set to be a Cannon set implies
the following condition (see [6, 10]):
lim {Dpl== =1. (2.15)

<m>—o0
For any function f(z) of several complex variables, there is formally an associated
basic series Y - o IIn Ph[z]. When this associated series converges uniformity to f(z)
in some domain it is said to represent f(z) in that domain. In other words, as in the
classical terminology of Whittaker (see [12]), the basic set { Pn[z]} will be effective
in that domain. The convergence properties of basic sets of polynomials are classified
according to the classes of functions represented by their associated basic series and
also according to the domain in which they are represented.
To study the convergence properties of such basic sets of polynomials in hyperelliptical
regions (c.f.[6, 10]), we consider the following notations for Cannon sums:

P, B = om Ty {rs} =™ 77 Y " [Prn| M(Par, Epy). (2.16)
h

Also, the Cannon function for the basic sets of polynomials in hyperelliptical re-
gions was defined as follows:
Q[P, Epy] = limsup {Q[Pa, Ep]} == (2.17)

<m>—o0
Concerning the effectiveness of the basic set of polynomials of several complex vari-
ables in hyperelliptical regions, we have from [10], the following results.

Theorem 2.1. The necessary and sufficient condition for the Cannon basic set { Py [z] }
of polynomials of several complex variables to be effective in the closed hyperellipse
Ey is that

Q[P, E[,]] = H Ts.
s=1

Theorem 2.2. The necessary and sufficient condition for the Cannon basic set { Py |z] }
of polynomials of several complex variables to be effective in the open hyperellipse Ey
is that

Q[P, Eg] < a([r], [R]).

Theorem 2.3. The Cannon basic set { Py[z]} of polynomials of several complex vari-

ables will be effective in D(E,), if and only if

Q[P,D(Ey)] = [

Consider the Ruschewey differential operator product D™ acting on the monomials
z™, such that

DZs1z™, m#0
D gm { [S:Hl 2] # (2.18)
1, m = 0,
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where - (ne)
— N
Ds ZTYLS — S' (ZnS-HnS 1)

zs ©s s )

s!
the derivatives are repeated ns_times, s € I. Special cases of this operator D™ was
introduced in [9].

3 Basic properly of exponential Ruscheweyh differen-
tial operator product set

Now, we define the exponential Ruscheweyh differential operator product E™ = exp(D™)
acting on the monomials z™ as

Definition 3.1. Let E™ act on z™ as follows

. (Mms)ng m

exXp HT"E' Z, m # 0

Ergm — { <s_1 ) (3.1
e, m = 0.

Inserting the operator E™ in (2.10), we obtain the following relation

{ exp ( (mn),> ™ = ZFm,hP; (z), m#0

s=1 (32)
e = ZF()J,PI:‘ (Z), m — 0,
where (m), = m(m + 1)...(m + n — 1) is the Pochhammer symbol and
Py (z) = E" P (z) = Pon (2) + Y Punexp (D")2"
33
_ Z%,..Pm,hlh (3.3)
h

and

n
exp <H“¢;er> . h#0
’Yn,h = { s=1

e h=0.

7

The set {P. (z)} is called the exponential Ruscheweyh differential operator product
set of several complex variables.
Now, it is natural to ask the question: if the parent set {Py, (z)} is basic would

(P (z)} be also basic?
The answer this question is affirmative as follows

P (2) = E"Pu(2) = Y 700 Pant = > Pipz.
h h
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The matrix of coefficients P(*) of this set P(*) = Vonm b

Also, the matrix of operators ﬁ(*) follows from the representation

Z Puali (@) =3P Pralh (2
that is to say

(s 1\ —
P = <> P (3.4)
Therefore
¥) %) *) (%)
p® P :<ZPI£11)1 h,k)

1 - (3.5)
= < E ’Y,.,hPm,hPh,k> = PP = I.
Ya.n

Similarly, we find that,

P(*)P* _ ('Yn,k 5121) —1,
Yn,m
where & is the Kronneker symbol. Thus the basic property of the exponential Ruscheweyh
differential operator product set {P,gl*) (z)} is well defined from the parent set. Hence
a representation of the monomial z™ by the set {P,E,*) (z)} of polynomials is possible.

4 Effectiveness of exponential Ruscheweyh differential
operator product set of polynomials in closed hyper-
ellipse

In this section, we give the answer of the following question: Let the set { P (z)} be
effective in closed hyperellipse E;). Does the set {P,E,*) (z)} still effective in the same
region?

Let { Py (z)} be a basic set of polynomials of several complex variables and { ry (z)}
be exponential Ruscheweyh differential operator product set associated to { P (2)}.
Let [P,;*),E[r]} be the Cannon sum of the set {P,Sl*) (z)} for the hyperellipse Ely,
then

K
Q {Prg.*),E[r]] = Om H{Ts}<m>_ms Z ’F.(:)h‘ M (B, Epy)
4.0

_ Om H{Ts}<m> msZ|th|M Ph7 r])

'Ynms 1
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where

M (R, By) = I%?T‘Pﬁ*) (@)

Now, we let, Dy, be the degree of the polynomial of the highest in the representation
(2.10). Hence by Cauchy’s inequality, we see that

H:;L:l {ro}he

Oh

M (P[S]*)yﬁ[r]) = r%?]x ‘Plf*) (z)’ < Z ’Plf]*l)l
" b

n hs o
= Z’Yn,h Pm,h| % <M (vaE[r]) Z’Ymh
h h
=M (PmaE[r]) 1+ Z’Vn,h “4.2)
i h>1
' o (b
=M (Pm,E[r]) 1+ Zexp <H 7; 'ns>
h>1 s=1 s*

S KNm D;]‘IM (-}Dm,E[r]) § K1D;LI+2M (Pm,E[r])a

where K is a constant and the power n here because we differentiated n,_times. then

the relation between the Cannon sums of the two sets { P, (z)} and {P,Sl*) (z)} can be
obtained from the relations (4.1) and (4.2) as follows

o) — K an+2 o o
Q[Plgl )7E[r]:| <—Tm 0 (Pm,Ep) = K2Q{PmaE[r]}
“Tn,m
K,D"t2 . ..
where Ky = % Consider condition (2.15), we find that
_ . ) = 1 =
Q{P(*),E[r]} < limsup {Q[P,S, ),E[r]]}<m> < Hrs,
< m>—00 s—1
but .
Q{P(*),Em} > Ts
s=1
Then,

Q {P(*),E[r]} = ﬁ Ts,
s=1

Therefore, according to (2.15) and uiing Theorem 2.1, we deduce that the effec-
tiveness of the original set { Py(z)} in Ej implies the effectiveness of exponential

Ruscheweyh differential operator product set {P,g,*) (z)} in E[r]. Hence, we obtain the
following theorem:

241



ABUL-DAHAB ET AL: EXPONENTIAL DIFFERENTIAL OPERATOR

Theorem 4.1. If the Cannon basic set { B,(z)} of polynomials in the several complex
variables zs, s € I, for which the condition (2.15) is satisfied, is effective in the closed
hyperellipse E,, then the exponential Ruscheweyh differential operator product set

{P,S,*) (z)} of polynomials associated with the set { Py (z)} will be effective in Ejy.

_If the condition (2.15) is not satisfied, then the set {P,g,*) (z)} can not be effective
in Ey. To ensure that, we give the following example:

Example 4.1. Consider the set {P,, (z)} of polynomials of several complex variable
zs, 8 € 1, is given by

{

where a = b(<">) b > 1, then

Py (z) = UmHz;’“ + JamHzfj’”S,m #0,
s=1

s=1

n
P, (z) = amHzgns , otherwise,
s=1

and the Cannon sum §) [P,,(,*) , E[r]} will given by

Q[P,S,*),E[,]} = ﬁ {rgm) + 2r§m>+(a—1)ms} '

s=1
It turns out that
Q [P(*),Em} < lim Sup{Q |:Pm7 E[l]:| }<Tl> =1.
(m)— o0
That is mean that the set { Py (z)} is effective in Eyy) forrs =1, s € 1.

Now, construct exponential Ruscheweyh differential operator product set {P,f,*) (z)}
as follows

k
P& (2) = 0mYam™ + Gamnam | [ 227, m # 0,

s=1

{P,S,*) (z) = OmYn,mZ™, otherwise.

Hence, it follows that
= [P (2) - P @)
OmYn,m

9
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and the Cannon sum Q[Py,, E|yj] will given by

n
Enl —Mms (%)
QP By = om [ [{rs}™ "3 ’th
s=1 h

1 n n B

'Yn,m s=1 s=1

= mam ] [+ o+ (a) [ it
s=1 s=1

M (R, By

where ¢ (a) > 1 is a constant depending only on a and

Q[RE[U] = limsup {1 +C(a)}$ > 1.

<m>—00

That is to say that the exponential Ruscheweyh differential operator product set {P,Sl*) (z)}
is not effective in Ey) for 7y = 1, s € I, although the original set { Py, (2)} is effective
in E[l]. The reason for this, obviously, that the condition (2.15) is not satisfied by the
set as { Py, (z)} required.

S Effectiveness of exponential Ruscheweyh differential
operator product set of polynomials in open hyperel-

lipse and the region D(L).

In this section, we establish the effectiveness property for the exponential Ruscheweyh

differential operator product set {P,Sl*) (z)} in open Hyperllipse and the Region D (E[r]) .
Suppose that the Cannon sum { Py, (z)} is effective in Ejg). Then from the proper-
ties of Cannon functions, it follows from Theorem 1.1 in [10], that

Q[P, E[R]} < o([r],[R)), forall 0 < Ry <y, € I. (5.1)

Constructing the sets of numbers {rgs), s € I}, (cf. [10]) in such a way that 0 <
r{) <r,, s€TIand

Tés) Ts

—=—j,s€l, (5.2)
réj) Ty
() _ 1 () .
7“1;+1=§(7“s+n );861;220. (5.3)
It follows, easily, from (5.2) and (5.3) that

r&
5= 5s€i =0 (5.4)

r,’ Tj

10
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Therefore it follows that
Ry <1 <ryseli>0. (5.5)

Now, since the set { Py (z)} accord to (5.1), in view of (2.10) and (2.13), then

corresponding to the numbers 7’1(8); s € I, there exists a constant K > 1 such that

m)
Om H{ s)}<m> me G(Pm,E[r] <K{’l" HT(S } 7
form which we get, in view of (5.4) , the following inequality

O

K (m) k m
G (P, B) < — { " } I1{}
m T,

s=1

Now, for the numbers R, r,,s € I, we have at least one of the following cases:

1. §1§:—17selor
2. %S%;sé[,sz or3or...orn—1or
3. %S’;—’:;SEI.

Suppose now, that the relation 1 is satisfied, then from the construction of the sets
{7’(5); s € I}, we see that

K3

1
Ry _r 7"1(+)1
R, — rs ( 5) ’

H—l

sel. (5.6)

Thus in view of (5.5) and (5.6) the Cannon sum of the set {P,E,*) (z)} for the
hyperellipse Eg), leads to

11
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ofr ]~ P (A )
, h
CTmH{RS}<m>7mS B
<L—2=t — Eh: | Pumn| M (Po, Ey)

n
Om H {Rs } (m)—m

= [—3=1 S G (Pum, Ejp)
n,m
KL y—ms s) | ™ms
'Vnmsl_[l{R } { z+1}
R L
- ST SOERE A (AL
nm__4 S s=2
_ KL R
< ST R AL
nm. 4 T's s5=2
KL m 2(+)1 (m)
= — H{rz-s-l} ° RON H{Rs}
2+1 s=2

(m)
KL | 1), 1
= ~ {{7‘1-+1}HR3} ]
n,m s=2
which implies that

Q|P, Byw] = lim sup{ Q[ P, Fyw]} ™

(m )—><>o

<r) HR < 7'1HR$,

(5.7

n n s) Y Ps
L=1+ ) ex H(hs)”s II i VO < Ry <rg;s €l
p ns! T(S) s s .
Also, if the relation 2 is satisfied for v = 2 or 3 or ....or n — 1, then we have

)
Tit1 (5.8)

v
r MO
s z+1

12
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Thus (5.5) and (5.8) leads to

R )

n,m
=1

IN
=
~

I:P
—~—
s
—— =
T3 J&
N
|
—=

—~—

=

w

=

2

s=1,s#v
Therefore,
Q[P< ) ER]} <rlv H R, <1, H R., (5.9)
s=1,s#v s=1,s#v

where v = 2 or 3 or ....or n — 1. Similarly if the relation 3 is satisfied, we proceed
as above to show

n—1

Q[P<*>,E[R]] < rvS:Hle. (5.10)

Thus, it follows in view of (5.7), (5.9) and (5.10) that
Q[P By < a(ir], [R). (5.11)

Therefore, according to (5.11) and using Theorem 2.2, the exponential Ruscheweyh

differential operator product set {P,E,*) (z)} is effective in the open hyperellipse Efy
when the original set { P ( z)} is effective in Ey.
Hence, we obtain the following theorem:

Theorem 5.1. If the Cannon basic set { B, ( z)} of polynomials in the several complex
variables zs s € I, is effective in the open hyperellipse Ey,, then the exponential

Ruscheweyh differential operator product set {P,g,*) (z)} of polynomials associated with
the set { P, (z)} will be effective in Ej.

Now, using a similar proof as done to Theorem 5.1, the following relation follows
Q[P(*),D(E[r ] 1_[7"é when Q[P, D(E 1_[7“é
Therefore, by using Theorem 2.3, we obtain the following theorem:

13
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Theorem 5.2. If the Cannon basic set { P, ()} of polynomials in the several complex

variables zs, s € 1, is effective in the region D(I},), then the exponential Ruscheweyh

differential operator product set {P,,(,*) (z)} of polynomials associated with the set
{Pn (z)} will be effective in D(E};)).

To get the results concerning the effectiveness in the hyperspherical regions S,. (cf.
[6, 11]) as special cases from the results concerning the effectiveness in the hyperellip-
tical regions E[r], putr = rg; s € I, in Theorem 4.1, Theorem 5.1 and Theorem 5.2
we can arrive to the following result

Corollary 5.1. The effectiveness of the sets { Py(z)}; s € I in the equiellipse
i E[,*] vyields the effectiveness of the set {P,S,*) (z)} in the hyperspherical S..

ii Ej. yields the effectiveness of the set {P,S,*) (z)} in the hyperspherical S,..
iii D(E}) yields the effectiveness of the set (P (2)} in the region D(S,,).

Remark 5.1. Tt is worthy ensure that all results obtained in this work are also true for

the exponential Ruscheweyh differential operator sum set {P,E,%) (z)} of polynomials
of several complex variables in hyperelliptical regions and hyperspherical when the
Ruschewey differential operator sum D™ acting on the monomials z™, in the form

) Dre]z™ m#0
D" 7™ = { s=1
1

m =0,

)

Remark 5.2. Similar results for the sets {P,ﬁi’ (z)} and {P,E;B) (z)} in hyperelliptical
regions can be obtained when the original set { P, (z)} is general basic set.
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Abstract: In this paper, we introduce and study the concept of nor-
mality, Regularity and compactness of sb* - closed set in topological
spaces and some of the properties are discuseed.
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1. Introduction

Levine[9] introduced the concept of g- closed sets and studied their prop-
erties. Regular open sets and strongly regular open sets have been intro-
duced and investigated by stone and Tang[17] respectively. Brouwer|[2]
introduced the dimension theory in a topological spaces. This dimension
function coincides with small inductive dimension. The development
of the theory of covering dimension for normal spaces is due to Alek-
sandrov|[1], Dowker[3,4,6], Hemmingsen[8] and Morita[10,11,12]. They
obtained the important characterization of dimensions interms of exten-
sion of mapping. Ostrand[13] has shown that covering dimension can
be based on locally finite open coverings for all topological spaces and
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obtained other interesting results for the covering dimension of general
spaces. Dowker[5] introduced the class of totally normal spaces.The
authors[14,15,16] introduced and studied the properties of sb* - closed
sets, sb* - continuity, sb* irresolute maps and homeomorphisms in topo-
logical spaces.

In this paper, we introduce and study the concept of normality, regu-
larity and compactness of sb* - closed sets in topological spaces.

2. Preliminaries

In this section, we begin by recalling some basic definitions.

Let (X, 7) be a topological space and A be a subset of X. The clo-
sure of A and interior of A are denoted by cl(A) and int(A) respectively.

Definition 2.1[9]:A subset A of a topological space (X, 7 ) is called a
g- closed set if cl(A) C U whenever A C U and U is open in X.

Definition 2.2[14]: A subset A of a topological space (X,7) is
called a strongly b*- closed set (briefly sb*- closed) if cl(int(A)) C U
whenever A C U and U is b open in X.

Definition 2.3[15]: Let X and Y be topological spaces. A map f:
X — Y is called strongly b* - continuous (sb*- continuous) if the in-
verse image of every open set in Y is sb* - open in X.

Definition 2.4[16]:Let X and Y be topological spaces. A map f:
(X,7) = (Y,0) is said to be sb* - Irresolute if the inverse image of
every sb* - closed set in Y is sb* - closed set in X.

Definition 2.5[12]: The covering dimension of a topological space
is defined in terms of the order of open refinements of finite open cov-
erings of the space. The order of a family {A4;}icn of subsets, not all
empty, of some set is largest integer n for which there exists a subset of
M of A with n+1 elements such that N;cprA; is non - empty, or is co
if there is no such largest integer. A family of empty subsets has order -1.

Definition 2.6[4]:The small inductive dimension of a space X, ind X
is defined inductively as follows. A space X satisfies ind X = -1 if and
only if X is empty. If n is a non - negative integer, then indX< n means
that for each point x € X and each open set G such that x € G there
exists an open set U such that x¢ U C G and indbd(U) < n-1. If ind
X =n, it is true that ind X < n, but it is not true that ind X < n-1. If
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there exists no integer n for which indX < n then indX = oco.

Definition 2.7[7]: If X =¢, then Dind X = -1. Assuming that
the inequality Dind X <n-1 is defined, it is said that Dind X < n if
for any finite open covering u = {Uy, Uy, ...., Ui} there is a family v =
{V1, Vs, ...., Vi }of disjoint open sets such that v refines u and Dind(X -
umr,vi) <n-l.

3. Properties of sb* - closed maps
In this section, we study some properties of sb* - closed maps.

Theorem 3.1: If f: X — Y is continuous and sb* - closed and A is
a sb* -closed set of X then f(A) is sb* - closed.
Proof : Let f(A) C O, where O is an open set of Y. Since f is continu-
ous, f~1(0O) is an open set containing A. Hence cl(int(A)) C f~(O) as
A is sb* - closed set. Since f is sb* - closed, f(cl(int(A))) is sb* - closed
set contained in an open set O, which implies that cl(int(f(cl(A))))C O
and hence cl(int(f(A))) € O. So f(A) is sb*-closed in Y.

Theorem 3.2: If a map f: X — Y is sb* - closed and continuous
and A is sb* - closed set of X, then f4 : A — Y is continuous and sb*
-closed.

Proof: Let F be a closed set of A. Then F is sb* - closed set of X. From
theorem 3.1, it follows that fa(F) = f(F) is sb*-closed set of Y. Hence
fa is sb* - closed and continuous.

Theorem 3.3: If f: X — Y is sb* -closed and A = f~1(B) for some
closed set B of Y then f4: A — Y is sb* - closed.
Proof: Let F be a closed set in A. Then there is a closed set H in X
such that F = A N H. Then f4(F) = f(AnH) = f(H) N {(B). Since f is
sb* - closed , f(H) is sb* - closed in Y. So f(H) N B is sb* -closed in Y.
Since the intersection of a closed and sb* - closed set is sb* - closed, f4
is sb* - closed.

Theorem 3.4: If a map f: (X, 7) — (Y,0 ) is sb* - closed and A
is closed set of X, then fa: (A, 74) — (Y, 0) is sb* - closed.

Proof: Let F be a closed set of A. Then F = A N E for some closed set
E of X and so F is closed set of (X, 7). Since f is sb* - closed, {(F) is
sb* - closed set in (Y, o). But f(F) = f4(F) and therefore fa :(A, 74)
— (Y, o) is sb* - closed.
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Theorem 3.5: For any bijection map f: (X, 7) — (Y, o), the fol-
lowing statments are equivalent.
() f71: (Y, 0) = (X, 7) is sb* - continuous.
(ii) f is sb* - open map.
(iii) f is sb* - closed map.
Proof: (i) = (ii) : Let U be an open set of (X, 7). By assumption,
(f~H71(U) = f(U) is sb* - open in (Y, o) and so f is sb* - open.
(ii) = (iii) : Let F be a closed set of (X, 7). Then F° is an open set
of (X, 7). By assumption, f(F°) is sb* open in (Y, ¢).That is f(F¢)=
(f(F))¢ is sb* open in (Y, o) and therefore f(F) is sb* - closed in (Y,
o). Hence f is sb* - closed.
(iii) = (i) : Let F be a closed set of (X, 7). By assumption, f(F) is sb*
- closed in (Y, o). But f(F) = (f~!)"!(F) and therefore f~! is sb* -
continuous.

4.Normality,Regularity and compactness of sb*
- closed set

In this section, we study Normality,Regularity and compactness of sb*
- closed sets and also we discuss their properties.

Theorem 4.1: If a map f: X — Y is continuous, sb* - closed from
a normal space X onto a space Y, then Y is normal.

Proof: Let A and B be disjoint closed sets of Y. Then f~1(A4), f~1(B)
are disjoint closed sets of X. Since X is normal, there are disjoint open
sets U, V in X such that f~!(A)C U and f~}(B)C V. Since f is sb*
- closed, there are open sets G, H in Y such that A € G, B C H and
F~YG)C U and f~Y(H)C V. Since U, V are disjoint, int (G), int (H)
are disjoint open sets. Since G is sb* - open, A is closed and A C G, A
C cl(int(G)). Similarly B C cl(int(H)). Hence Y is normal.

Theorem 4.2: If f: (X, 7) — (Y, o) is an open, continuous, sb* -
closed surjection, where X is regular then Y is regular.
Proof: Let U be an open set in Y and p € U. Since f is surjection
there exists a point x € X such that f(x) = p. Since X is regular and
f is continuous, there is an open set V in X such that x € V Ccl(V) C
f7HU). Here p € (V) C f(cl(V)) C U. Since f is sb* - closed, f(cl(V)) is
sb* - closed set contained in the open set U. By hypothesis, cl(f(cl(V)))
= f(cl(V)) and cl(f(V)) = cl(f(cl(V))). Therefore p € {(V) C cl(f(V)) C
U and {(V) is open, since f is open. Hence Y is regular.

Theorem 4.3: If A is sb* - closed set of a space X, then ind A <
ind X.
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Proof: Let A is sb* -closed set of X, then indA < n. By the induction
proof, the result holds trivially if n = -1. By assumption that for every
sb* - closed set A of X, ind X <n-1. = ind A<n-1.

Let X be a space with ind X < n. Let A be a sb* - closed set of X. Let
E be a closed set of A and G be an open set of A such that E C G.
Then there exists a closed set F of X and an open set H of X such that
E=ANFand G= A NH. Since E is closed in A and A is sb* - closed
set in X, E is sb* -closed in X. Since E C H and H is open , cl(E) C
H. Since indX < n, there exists an open set V of X such that cl(E) C
V C H and indbd(V) < n-1. Let U =V N A is an open set of A such
that E C VN A C G and bda(V N A) C bd(V) N A is sb* - closed set
of bd(V). By the induction hypothesis inbd4(V) < n-1. Hence ind A <
n. Therefore indA <ind X.

Theorem 4.4: If A is a sb* - closed set of a space X then dim A <
dim X.
Proof: Let A is a sb* - closed set of X. If dim X = 0 then dim A < 0.
Hence dim A < dim X.
Suppose that dim X = n , where n is the largest integer greater than or
equal to -1. ie., dim X < 0. If n = -1, dim X = -1 which implies that X
= ¢ and hence a sb* - closed set A = ¢. Therefore dim A also equal to
-1 and thus dim A < dim X.

Next suppose that dim X = n, where n >-1. Let A be a sb* -
closed set of X. Let {Uy,Us, Us, ...... Ui} be a finite open covering of A.
Then for i = 1,2,3,.....k, there exists open sets V; of X such that U; =
A NV;. Since A is sb* - closed and UF | V; is an open set containing
A. cl(int (A)) € UE,V;. Since cl(int(A)) is a closed set,dimcl(int(A))
< n. So the open cover {cl(int(A)) NV;,i = 1,2,3,.....,k}, cl(int(A))
has a refinement cl(int(A))N W;, i = 1,2,3,.....k of order atmost n+1,
where each W; is open in X and cl(int(A)) N W; C cl(int(A)) N'V; for
each i. Then {ANW,;,i=1,2,3,.....k} is an open cover of A refining
{U;,i =1,2,3,....,k} and of order not exceeding n+1. Hence dim A <
n which implies that dim A < dimX.

Theorem 4.5: If A is a sb* - closed set of a space X then Dind A
< DindX.

Proof: Let X be a topological space such that Dind X = n and A
is a sb* - closed set of X. We know that cl(int(A))C UL, V; and DindA
< n.similarly cl(int(A)) is a closed set , Dind cl(int(A)) < n. Hence for
every open cover cl(int(A))NV; , 1 = 1,2,3,...k there is a disjoint family
W; ,j = 123,..k of open sets cl(int(A)) refining cl(int(A))NV;,i =
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1,2,3,...., k such that Dind(cl(int(A))—UleWj <n-1. But A- UfZIWj C
clint((A)) — Ujkzle and A- Uj’»“:1Wj = AN (cl(int(A) — UleWj)) is a
sb* - closed set as the intersection of sb* - closed set and a closed set
is sb* - closed set. By induction hypothesis, Dind(A-U j’-“ZIWj) <n-—1.
Also W;NA, j = 1,2,3,..... .k is a disjoint family of open sets of A refining
{U1,U,Us, ...... Ui} . Thus Dind A < n and hence DindA <Dind X.

Defintion 4.6: Let (X, 7) be a topological space and Let B be a
subset of X. A collection {4; : i € A}of sb* - open sets of X is called a
sb* - open cover of B if BC U{A; : i € A}.

Definition 4.7 : A topological space (X, 7) is sb* compact, if ev-
ery sb* - open cover of X has a finite subcover.

Definition 4.8: A subset A of a topological space X is said to be
sb* compact relative to X if, for every collection {4; : i € A} of sb*
- open subsets of X such that BC N{A; : i € A} there exists a finite
subset Ao of A such that B C U{A4; :i € Ap}.

Defintion 4.9 : A subset B of a topologicalo space X is said to be
sb* compact space if B is sb* compact as a subspace of X.

Theorem 4.10: Every sb* - closed subset of a sb* compact space
is sb* compact relative to X.
Proof: Let A be a sb* - closed subset of sb* compact space X. Then
{X — A{ is sb* - open in X. Let S be a cover of A. Then S U{X — A}
is a sb* - open cover of X. Since X is sb* - compact space, it contains
a finite subcover of X, (4;,, Ai,,....A4; } U{X — A}, A;, € S. Then
(Ai; UA;, U....UA; } is a finite subcollection of S that covers A. This
proves that A is sb* compact relative to X.

Theorem 4.11: A sb* - continuous image of a sb* compact space
is compact.
Proof: Let f: X — Y be a sb* continuous map from a sb* compact
space X onto a topological space Y. Let {A; : i € A} be an open
cover of Y. Then {f~1(4;) : i € A} is a sb* - open cover of X. Since
X is sb* compact, {f1(A;) : i € A} has a finite subcover, namely
{f_l(Ail), f_l(AiQ), ...... , f_l(Afm)}. Then {A’i17Ai27 Azk} is a cover
of Y. Thus Y is compact.

Theorem 4.12: A space X is sb* compact if and only if every family
of sb* - closed set in X with empty intersection has a finite sub family
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with empty intersection.

Proof: Suppose X is compact and {A4; : i € A} is a family of sb* -

closed sets in X such that N{4; : i € A} = ¢. Then U{X — A; :i € A} is
a sb* - open cover of X. Since X is sb* compact, this cover has a finite
sub cover for X. This implies that N}_; A;r = ¢.
Conversely, suppose that every family of sb* - closed sets in X which
has empty intersection has a finite sub family with empty intersection.
Let {U; : i € A} be a sb* -open cover of X. Then U{U; : i € A} =
X. This implies that N{X — U; : i € A} = ¢. Since X -U; is sb*
- closed for each ¢ € A. By assumption, there is a finite sub fam-
ily, (X — A;,, X — Ajy, ... X — A;, } with empty intersection. Therefore
Ui, U;, = X. Hence X is sb* - compact.

Theorem 4.13: Let f: X — Y be a sb* -irresolute surjection and
X be a sb* compact. Then Y is compact.
Proof: Let f: X — Y be a sb* irresolute surjection and X be a sb*
compact space X onto a topological space Y. Let {A; : i € A} be a sb*
-open cover of Y. Then {f~!(A; : i inA} is a sb* - open cover of X.
Since X is sb* compact, {f~1(4; : i € A} has a finite subcover, namely
{f_l(Ail), f_l(AiQ), ...... , f_l(Afm)}. Then {Ai17Ai27 Azk} is a finite

subcover of Y. Thus Y is sb* compact.
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Abstract

In this paper, I present some new classes of harmonious
graphs and I have given partial answers to some of the open
problems listed in [7].
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1.Introduction

All graphs in this paper are finite, simple and undirected. We
follow the basic notation and terminologies of graph theory as in
[3]. Most graph labeling methods trace their origin to one
introduced by Rosa[19] in 1967, or one given by Graham and
Sloane[11] in 1980. Harmonious graphs naturally arose in the study
by Graham and Sloane [11] of modular versions of additive bases
problems stemming from error-correcting codes. They defined a
graph G of order pand size ¢ to be harmonious if there is an

injective function, called a harmonious labeling,

fV(G)—>Z,,
where Zq is the group of integers modulo ¢, such that the induced

function

:E(G) > Z

q

defined by
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f(zy) = f(x)+ f(y), for all edge zy € F(G)

is bijection. The image of f(=Im(f)) is called the corresponding
set of vertex labels. This definition extends to the case when G is a
tree or in general for a graph G with p = ¢ +1 by allowing exactly
two vertices to have the same label. Graham and Sloane [11] proved
that if a harmonious graph has an even number of edges ¢ and the
degree of every vertex is divisible by 2" then q is divisible by M,
This necessary condition called the harmonious parity condition.
There are few general results on graph labelings. Indeed, the papers
focus on particular classes of graphs and methods, and feature ad
hoc arguments. Youssef [24] has shown that if G is harmonious
then nG and G, the graph consisting of n copies of G with one
vertex in common, are harmonious for all odd n.

Chang, Hsu, and Rogers [2] and Grace [10] have investigated
subclasses of harmonious graphs. Chang et al. define an injective
labeling f of a graph G with ¢ vertices to be strongly

c-harmonious if the vertex labels are from {O, L--,qg— 1} and the

edge labels induced by f(z)+ f(y) for each edge zy are c,c+ 1,
---,c+q—1. Grace called such a labeling sequential. In case of a
tree, Grace allows the vertex labels to range from 0 to ¢ with.
Strongly 1-harmonious is called strongly harmonious. By taking the
edge labels of sequentially labeled graph with ¢ edges modulo ¢,
we obviously obtain a harmoniously labeled graph.

Acharya and Hegde [1] call a graph G with p vertices and ¢
edges (k,d)-indexable if there is an injective function from V(G) to
{0,1, 2, — 1} such that the set of edge labels induced by adding

the vertex labels is a subset of {k, k+dk+2d,....k+(q— 1)d}.
When the set of edges is {k,k +d,k+2d,....k+(q— 1)d} , the graph
is said to be strongly (k, d)-indexable. A (k,1)-indexable is more
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simply called k-indexable and strongly 1-indexable graphs are
simply called strongly indexable. Hegde and Shetty [12] also proved
that if G is strongly k-indexable Eulerian graph with ¢ edges
then, one has ¢ = 0,3 (mod4) if k is even, and ¢ = 0,1 (mod 4)if
k is odd. They further showed how strongly k-indexable graphs
can be used to construct polygons of equal internal angles with
sides of different lengths.

Germina [9] has proved the following: fans P + K| are
strongly indexable if and only if 1 <n <6; P + K, is strongly
indexable if and only if n = 1,2; the only strongly indexable
complete m-partite graphs are K| and K . Also, K XP isa
strongly indexable if and only if n =3 and m > 1.

In 1970 Kotzig and Rosa [15] defined an edge-magic total
labeling of a graph G as a bijection f from V(G)uU E(G) to
{1, 2, V(G)‘ + ‘E(G)‘} such that for all edges zy, f(z)+ f(y)+

f(zy) is constant. Enomoto, Llado, Nakamigawa, and Ringel [4]

call an edge-magic total labeling super edge-magic if the set of

V(G)\} .

The reference [7] surveys the current state of knowledge for

vertex labels is {1,2,---,

all variations of graph labelings appearing in this paper. We present
some new classes of harmonious graphs and we present partial

answers to some of the open problems listed in [7].

2. Main results

Grace[10] showed that an odd cycle with one or more pendant
edges at each vertex is harmonious and conjectured that an even

cycle with one pendant edge attached at each vertex, is
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harmonious. This conjecture has been proved by Liu and Zhang
[16]. In their 1980 paper Graham and Sloane [11] proved that

Cn x P is harmonious when n is odd and they used a computer
software to show 04 x P, the cube, is not harmonious. In 1992

Gallian, Prout, and Winters [8] proved that C x P, is harmonious

when n # 4. In 1992, Jungreis and Reid [14] showed that C, x P
is harmonious when m > 3. However we generalize the above

results for odd cycles.

Theorem 1. The graph G obtained from C x P by adding p
pendant edges to every vertex of the outer cycle is harmonious for

alm>3,m=>1and p=>0.

Proof. Let V(C )= {u,u,,...,u } and V(P )={v,v,,...,v }and
let the pendant vertices at each vertex of the outer cycle be

Iwi

1
W, W,,.

1?

..,w;, 1<i<n.Put ¢= ‘E(G)‘ =(2m + p—1)n, and for
abbreviation, we write (4, j) instead of (u,,v,).
Define a labeling function,

V(@) > Z

q

as follows
For 1<j3<m

(j—Dn+i—j(modn), j(modn)<i<n
nj +1— j(modn), 1 <4< j(modn)—1

For 1<k < p,
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(m+k-1n+i—(m+1)(modn), (m+1)(modn)<i<n
f(w;) =

(m+kn+i—(m+1)(modn), 1 <4< m(modn)

It is not difficult to verify that f is a harmonious labeling. O

Figure 1 shows the harmonious labeling of the graph 07 x P,

with 3pendant edges at each vertex of the outer cycle.

33 26 19
20 13
32
27 12 25
34 7 18
1 6
31
14 11
5 24
21 3 2
17
28 3 1
9 10
15 30
29 29 16 23
Figure 1

The following two results concern the harmoniousness of the

disjoint union a complete graph and a star.
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Theorem 2. K , Y Sn is harmonious for all n > 1.

Proof. A harmonious labeling of the graph is described as in Figure

2.
| 0

VAN

n+2 0 2 3 4 o on+1

Figure 2 O
Theorem 3. K, U S is harmonious if and only if n = 0(mod6)

Proof. Let ¢ =|F(K, US )|=n+6. Suppose that the graph has a
4 n

harmonious labeling f where the label assigned to each vertex as

indicated in Figure 3

0
IEl IE4
:EQE T, m
Y Yy o Y,

Figure 3

Let t € Z such that ¢ ¢ Im(f). Then K, must give the remaining
six edge labels , which are : 0, T,%,,%,,2,,t. Adding the edge labels

on K , we get
4
22 z, =t(modgq) ---(1)

1=1

If the edge labels Oand ¢ are produced by two independent edges,
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we get t = 0(mod ¢q) which is absurd. Then we may assume that

z, +z, =t(modgq) and z, + 7, = 0(modq), and
z,+z, =r,(modq) --(2)

(since otherwise #, = x,(mod ¢) which is absurd). Then we have

also,

r, + 2z, =x,(modq) ---(3)
T, +x, =z (modq) ---(4)

r,(modq) ---(5)

332 +1133

Therefore, we have 2z, = 0(mod ¢) (by adding equations (2) and
(5) ) and substituting fromz, + z, = t(mod ¢) and equation (4) into
equation (1), we get ¢+ 2x, = 0(mod q), also we have

z, =t+,(modq) or 2z, = 2t(mod g), that is 3t = 0(mod ¢). Also
equation (3) gives ¢ +z, = 0(mod ¢) and adding equations (2) and
(4) we get z, + 2z, = ,(mod q) or 2z, = t(mod q) or

3z, = 0(mod q). That is we have

2z, = 0(mod q)
3t = 0(mod q)
3z, = 0(mod ¢q)

If ¢ is odd, we get x, = 0(mod ¢) which is absurd. If ¢ is even and

is not divisible by 3, we get x, =t = 0(mod ¢) which is absurd too.

Conversely, Let n = 0(mod 6). Define a bijection

fVE,US) >, —{t}
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q q
z)=2= (or=
fe) =21 (ordy
and t =L (or 2%) It is easy to verify that f is a harmonious

labeling of K, US .0

Graham and Sloane [11] showed that all paths P, n >2 are
harmonious and Grace [10] showed that Pf, n > 3 is harmonious
while Seoud, Abdel Magsoud and Sheehan [21] showed that
Pn?’, n > 4 is harmonious and conjectured that Pnk is not harmonious

if k>4 and n >k +1. The same conjecture was made by Fu and

Wu [6]. However, the following example disprove such a conjecture.

4 . .
Example 1 P, is harmonious

Let q = |B(P))

= 22 and the vertices of P be v,,v,,...,v,

such that for 1< i< j <8 v, € E(P,) if and only if |i - j| < 4.
Define a labeling function

f:V(P84)—)Z

22

As follows
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= {1,6,15,9,14,12,17} U {5,11,4,3,18,13} U
{10,22,20,7,19} U {21,16,2,8}.

So, f is a harmonious labeling of P;.

Remark The number 8 in the previous example is the least number

. 4 . . . 4 .
n for which P" is harmonious, where n > 5. Since P, = K_ is not

harmonious [11] and the graphs P64 and P74 are not harmonious as

the maximum number of edges in harmonious graphs of order 6

and 7 are 13 and 17 respectively [11].

We mention that the harmoniousness of the square of cycles
is still an open problem. Let n > 4, from the harmonious parity
condition, if C’j is harmonious, then n = 0(mod4). We conjecture
that this necessary condition is also sufficient in this case. We have
C'j = K, is harmonious by [11] and Figure 4 below gives a
harmonious labeling of 082. But we could not go any further at this

moment.
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0 11

Figure 4

Conjecture 1. C” is harmonious if and only if n = 0(mod4), where
nz4.

Liu and Zhang [17] have shown that mK is not harmonious
for n odd and m =2(mod4), and is harmonious for n = 3 and m
odd. They conjecture that mK3 is not harmonious when
m = 0(mod4). We point out this conjecture was settled by Seoud,
Abdel Magsoud and Sheehan [21] who proved that mC is not

harmonious if m or n is even and by noticing that K, = C,

Theorem 4. Let 1" be a tree of order n. If T+ K| is strongly
indexable, then T'+ S  is harmonious for all m > 1.

Proof. Let V(K ) = {?}O}, V(S )= {%7”17”27"'7%} where ) is
the center vertex of S and ¢ = ‘E(T + Sm)‘ =(m+2n+m-—1.
Suppose ¢ is a strongly indexable labeling of 7"+ K| . Define a
labeling function

fV(@+8,)—{01-q-1}

as follows
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f‘vm ~ g‘vm
f(v,) = g(v,)
fw)=m+1)i+n—-1, 1<i<m

Since,

FET+S,)) = {1220 -1} U{2n,2n + 1, 3n;
3n+1,3n+2,--dn+1;---;(m+ n+m —1,
(m+1Dn —l—m,---,(m—|—2)n—|—m—1}.

Then f is a strongly harmonious labeling of T+ S and hence the

graph is harmonious. O

Selvaraju and Sethuraman [20] and [22] have shown that

P + P, is harmonious and they ask whether P + P or P + 5
is harmonious. Lu [18] showed that P, +5 is harmonious. As,
P + K| is strongly indexable if and only if 1 <n <6, by

Germina [9]. The following result gives a partial answer to the

question of Selvaraju and Sethuraman.
Corollary 5. P +.5 is harmonious for all 1 <n <6 and m >1.

Alsoas S + K = K | is strongly indexable [9] , then we

have the following

Corollary 6. S +.5 is harmonious for all m,n > 1.
Sparklers Sp  is the graph obtained by joining an end
vertex of a path P to the center of a star S [7]. The following is

another corollary on the above theorem.
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Corollary 7. As Spm + K| is strongly indexable as indicated in

Figure 5, then Sp, + S  is harmonious.

n+ 2

n+1 n+3 n+d n+4

Figure 5

Yang, Lu, and Zeng [23] showed that all graphs of the form
C,, v C,,, are harmonious except for (n, j) = (2,1). Figueroa-
Centeno, Ichishima, Muntaner-Batle, and Oshima [5] proved that
C, U is super edge-magic if and only n >6 and n is even ;
C, W C  is super edge-magic if and only if n > 5 and n is odd
and C, U C' is super edge-magic if and only if n >4 and n is
even is harmonious if and only if. Figueroa-Centeno et al. [5]
conjectured that C U C is super edge-magic if and only if
m+n>9 and m + n is odd. In 2002 Hegde and Shetty [13]
showed that a graph has a strongly k-indexable labeling if and
only if it has a super edge-magic labeling. For a (p,q) graph with
p=¢q+1 or p=gq, the notions of sequential labelings and strongly
k-indexable labelings coincide. It is not known if there is a graph

that can be harmoniously labeled but not sequentially labeled [7].

Comment From the above statements either the Conjecture of

Figueroa-Centeno et al. [5] is true or otherwise we obtain a graph
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which is harmonious but not sequentially labeled which represents

an achievement.
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MAPPING PROPERTIES OF MIXED
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INTEGRO-DIFFERENTIATION IN HOLDER
SPACES

Mamatov Tulkin
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Abstract

We study mixed Riemann-Liouville fractional integrals and mixed fractional
derivative in Marchaud form of function of two variables in Holder spaces of dif-
ferent orders in each variables. We consider Holder spaces defined both by first
order differences in each variable and also by the mixed second order difference,
the main interest being in the evaluation of the latter for the mixed fractional
integral in both the cases where the density of the integral belongs to the Holder
class defined by usual or mixed differences. The obtained results extend the well
known theorem of Hardy-Littlewood for one-dimensuianl fractional integrals to
the case of mixed Holderness.

1. Introduction

The mapping properties of the one-dimensional fractional Riemann-Liouville
operator

(I%,¢) (z) = e / (;O_(tg)(?_a’ > a, (1.1)

are well studied both in weighted Holder spaces or in generalized Holder spaces.
A non-weighted statement on action of the fractional integral operator from
Hp into H}™ is due to Hardy and Littlewood ([1], see [11], Theorems 3.1 and
3.2), and it is known that the operator I, with 0 < a < 1 establishes an
isomorphism between the Holder spaces Hy ([a,b]) and H)™*([a,b]) of function
vanishing at the point x = a, if A + @ < 1. The weighted results with power
weights were obtained in [9], [10](see their presentation in [11], Theorems 3.3,
3.4 and 13.13). For weighted generalized Holder spaces H{ (p) of function ¢
with a given dominant of continuity modulus of py, mapping properties in the
case of power weight were studied in [7], [8], [12] (see also their presentation in
[11], Section 13.6). Different proofs were suggested in [3], [4], where the case of
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complex fractional orders was also considered, the shortest proof being given in
[3].

The case of weights more general than power ones, including in particular
power-logarithmic type weights, in the spaces H'(p) was considered in [13],
where operators more general than just fractional integrals were treated. We
refer also to paper [2] where the mapping properties of fractional integration
operators were reconsidered in terms of the Matuszewska-Orlich indices of the
characteristic w defining the generalized Holder space H“. Finally, we mention
also the papers [5], [6], where fractional integrals were studied in spaces of
Nikolsky type.

In the multidimensional case, statements on mapping properties in general-
ized Holder spaces are known [14] for the Riesz fractional integrals (see also this
presentation in [11], Theorem 25.5).

Mixed Riemann-Liouville fractional integrals of order («, 3):

T Yy

o B 1 o(t,7)
(o) 9 = Fiircs / [ Gt 02

0

and mixed fractional differentiation operators in the form Marchaud of order

(@, B):

Yy
op = 1 ﬁ (x,7)
(Da+,c+ ) (z,y) = I'(1-a)l(1-7) :Cayﬁ s / ) 1+ﬁ —— AT+
0
z Y (A’I; tay— .,-f)( )
«
73/ :Z?—t 1+a dt—i—aﬂ// z—t)ta(y 7.)1+ﬂdtd7 ) (1.3)
0 0

where > 0, y > 0,were not studied either in the usual Holder spaces, or in the
Holder spaces defined by mixed differences. Meanwhile, there arise ”points of
interest” related to the investigation of the above mixed differences of fractional
integrals (1.2) and differentials (1.3). For operators (1.2) and (1.3) in Holder
spaces of mixed order there arise some questions to be answered in relation to
the usage of these or Those differences in the definition of Holder spaces. Such
mapping properties in Holder spaces of mixed order were not studied. This
paper is aimed to fill in this gap. We deal with non-weighted spaces.
We consider the operators (1.2) and (1.3) in the rectangle

Q={(z,y): 0<z<a, O0<y<d}.
2. Preliminaries

2.1. Notation and some properties of Holder spaces
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For a continuous function ¢(x,y) on R? we introduce the notation

1,0 0,1
(Ah w) (z,y) = o(x+h,y) —p(z,y), (An %0) (z,y) = o(x,y+n) —o(z,y),
(Xh,n w) (2,9) = (@ + by + 1) — o+ hy) — ooy + 1) + 9(2.9),

so that
1,1 1,0
ox+hy+n = (Ah,n s0> (z,y) + (Ah so) (z,y)+

+ <0Aln so) (x,y) + (2, 9). (2.1)

everywhere in the sequel by C7, Cy, Cs, C etc we denote positive constants which
may different values in different occurrences, and even in the same line.
We introduce two types of Holder spaces by the following definitions.
Definition 2.1. I. Let A,y € (0,1]. We say that ¢ € H(Q), if

lo(z1,y1) — (22, y2)| < Cilzr — 22 + |1 — y2|” (2.2)

for all (z1,v1), (x2,y2) € Q. Condition (2.2) is equivalent to the couple of the
separate conditions

1,0 N 0,1
An g | (z,y)| < Ci|n|7, Ayl (z,y)] <Conl”

uniform with respect to another variable. By HS‘ (Q) we define a subspace of
functions f € HM(Q), vanishing at the boundaries = 0 and y = 0 of Q.
II. Let A =0 and/or v = 0. We put H%%(Q) = L>(Q) and

1,0
9@ = (¢ e 1@ |(Rne) @] <Py A1
#9@ = {pe 1@ |(Kne)@n| <y, veo
Definition 2.2. We say that p(z,y) € ﬁ’\”Y(Q), where A,y € (0,1], if

1,1
o HM(Q) and ‘(Aw) (x,y)‘SCshlAlnl”~ (2.3)

we say that ¢(z,y) € HS"V(Q), if p(z,y) € I;V‘W(Q) and ¢(z,y) =0.

z=0,y=0
These spaces become Banach spaces under the standard deﬁnitgi/on of the
norms:
1,0 0,1
e[
H(pH = ng + sup sup ——— 53—+ sup sup B SVE—
HAy C(Q) = a+he[0,b] ye[0,d] |h| 2€[0,5] y,y+n€l0,d] |7
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1,1
(Ah,n @) (z,9)
+ sup sup .

A=
H H> v H*~  z,x+hel0,b] y,y+nel0,d] |h|)\‘77|’Y

note that
1,1
o HM = \(AM 90) (a:,w\ < Cplh| ] = (2.4)

for any 6 € [0, 1], where Cy = 2C¢C3~, so that

HM(Q) — HM(Q)— [ H™U-91(Q), (2.5)

0<6<1

where — stands for the continuous embedding, and the norm for [ HON=0)y Q)
0<6<1

is introduced as the maximum in 6 of norms for H**(1=97(Q). Since 6 € [0, 1]
is arbitrary, it isn’t hard to see that the inequality in (2.4) is equivalent (up to
the constant factor C') to

1,1 )
(8 0) (| < Comf . (26)
2.2. A one-dimensional statements

The following statements are known, being fist proved in [1], see also the
presentations of these proofs in [11], p.57 and 190. We use the schemes of the
proofs to make the presentation easier for the two-dimensional case.

Theorem 2.3. Let p(z) € HM([0,b]), 0<A<1,0<a<land A+a<1.
Then for the fractional operator (I, f)(z) representation

(I8 9) (2) = F(f(f:)a)x”‘ + 1p(z), (2.7)
holds, where (x) € H**t* and
[yp(x)] < Catte. (2.8)

The proof of the theorem is the same as in [11], pp. 54-55.
Lemma 2.4. If f(x) € H*([0,b]) and 0 < A, 0 < a + A < 1, then

z(z) = W € H*([0, b]), and

z

el
H)\ H%+a
where C' doesn’t depend from f(z).

Proof. Let h > 0; x,  + h € [0,b]. We consider the difference

(x 4+ h)* —z®
- (x + h)~ '

x(x + h)e

+1f(z) = f(0)]
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Since f € HM*, we have
[f(z+h) = f()] < O, [ f(z) = F(0)] < Caa™te. (2.9)
Using these inequalities we obtain

At a _ o
|z(x 4+ h) — z(z)] < Clhi + Cga:)‘m

=71+ Zs.
(z + h)™ (z +h)® Lo

For Z;, we have
h «
7, = —— ) <ot
1=04 (z+h) <

Let’s estimate Z5, here we shall consider two cases: < h and x > h. In the
first case, we use inequality |0} — o§| < |01 — 02|#, (01 # 02) and obtain

hOé
Zy < ad——— < Ch.
(z + h)e
In second case, using (1 +t)* —1 < at, t > 0 we have

A

i
2= Oy

(1 + h) — 1’ < Chz*' < Ch?,
T

which completes the proof.
The Marchaud fractional differentiation operator has a form:

(Dg, f) (x) = xarf((ﬂ R r(1a— 5 / {;xzz)lff? dt, (2.10)
0

where 0 < o < 1.
Theorem 2.5. If f(z) € H*([a,b]), 0 < a + X < 1, that

(DG f) (x) = xaI‘Jz(l())—a) +x(x), (2.11)
where y(z) € HM(0, b)) and x(0) = 0, thus XHH < chHHM.

Proof. We present (D§, f) (z) as

. 0 f@=f0) o [ f@) =)
(D5S) ) = o= o) T T —a)ae T T —a) / (w —pyrra 9
0

receive equality (2.11), where

(2) - 1),

x —t)lte b

x(@) = xa (&) + x2(z) = L

8
N—
|
~
—
=
Q
S — .
—=
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Here x1(z) € H*([0, b]) by Lemma 2.4. It is enough to show x2(z) €

HX([0, b))
Let h >0, x, x+ h €[0,b]. Let’s consider the difference
f(x+h)— / flx+h)— f(t)
xa(@+h) = / x+h—t1+0‘ e+ +h7t)1+adt+

x

+ 1@ = 101 @+ h -0 — @ =) ) dt =B+ B+ 1o

0
Since f € H*([0,b]), then we have for I

x

|I| < ChM /(t +h)~tTedt < C1h.
0

Let’s estimate I,. We have

z+h
L] <C / (2 +h — 0 1dt = Col.

For I3, we have

x

|I3] < C’/(x—t)/\Jra (@+h—t)"" = (x—t)"' 7] dt =
0

£
=Con /ﬂ [(L4+8) 1 =12 dt < C3h?,
0

where

Cs = C/t’\ (L4 8)7' 7 — ¢t dt < oo.

Finally, it remains to note that x2(0) = 0, since

Ix2(z)| < C/tkfldt.
0

3. Mapping properties of the mixed fractional integration
operator in the Holder spaces
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Lemma 3.1. Let ¢(z,y) € H*(Q), 0 < A,y <1, 0<a, f<1. Then
for the mixed fractional integral operator (1.2) the representation

o ~o(0,0)zy” Y1 (x)y? | aiha(y)
(Iof‘)”) @Y = Fivara+p T Ta+H TQ+a)

holds, where

T e e

+¢(z,y) (3.1)

and
[1(z)] < Cra ™, [a(y)| < Coy? P, (3.2)
(e, y)| < C min w07 — Catyf min{at y7}. (3.3)

Proof. Representation (3.1) itself is easily obtained by means of (2.1). Since
© € H*7(Q), inequalities (3.2) are obvious. Estimate (3.3) is obtained by means
of (2.4) and (2.6).

Theorem 3.2. Let 0 < A,y < 1. The operator I&’r’iH is bounded from
H)™(Q) to HS‘JFQ’Wﬁ(Q), ifAt+a<landy+p5<1.

Proof. Sice o(z,y) € Hy"(Q), by (3.1) we have

(@fow) (z,y) = (z,y).
We denote

glt,7) = (le s@) (0,0) (3.4)

for brevity. Note that

(XQT@)<QO>=w@no

for ¢ € Hg""’, but we prefer to keep the notation for ¢(¢,7) via the mixed
difference as in (3.4). By (2.4) we have

lg(t, )| < CtP27 =97 < C'min{t*, 77}, (3.5)

For h > 0, x,2 + h € Q1 = [0, b], we consider the difference

@+hV—w079@w—T)

1/)(37 + h7y) - ¢($7y) = F(l + OZ)F(ﬂ) F1-8
0

+
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Yy

h
1 gm+ty—) g(x,y —7)
I‘ﬂ)// _tlalﬁ dtdT+
0

=l

=
O\a
<)

/ lg(z —t,y—7) — g(z,y — T)][(t+ h)* ' —t* 7P Ndtdr =
=A; 4+ As + Ag. (36)

We make use of (3.5) with § = 1 and obtain

A1 < Cl(x+ h)* — xo‘|z)‘ < Chot,

For A, in view of (2.4), we have

1,1
9@~ t,y — ) — g,y — 7)) = \(A w) <x7o>\ <olp, @7
and then
Ay < CRMT,
For As by (3.7) and (2.4) we have

Az < C/tk\t“—l—(t+h)“—1|dt < Coh*e, G = /t’\|t“_1—(t+1)“_1|dt < .
0

Gathering the estates for A1, As, A3 we obtain
[W(x + h,y) — d(a,y)| < ChATE.
Rearranging symmetrically representation (3.6), we can similarly obtain that

[W(z,y+n) — ¥, y)| <O TP,

which proves the theorem.

Theorem 3.3. The mixed fractional integral operator Igf o4 is bounded
from the space Hy?(Q), 0 < A,y < 1 into the space fIé‘+a’7+ﬁ(Q), ifA+a<1
and v+ 8 < 1. }

Proof. Let ¢ € HS”Y(Q). By Theorem 3.2 and embedding (2.5), for

1,1
f(z,y) = (Igf’oﬁp) (z,y) it satisfies to estimate the difference (Ahm f> (z,y).

Since ¢(z,y) = 0, according to (3.1) we have f(x,y) = ¥(z,y), where

z=0,y=0
¥(z,y) is the function from (3.1). The main moment in the estimations is to
find the corresponding splitting which allows to derive the best information in
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each variable not losing the corresponding information in another variable. The
suggested splitting runs as follows

9

<1A1h’" f) (@y) = (Zlhm U’) (x,y) =Y Tj =

k=1

_ 9(z,y) a_ o

dt+

0
(y+n)° —y° [ glx—ty) —g(zy)
Tra +ﬂ)_{ D

T+

0
(x+n)* —x* [ g(z,y—71)—g(z,Yy)
Sl e S S

-n

(y—i_n)ﬁ_yﬁ z a—1 a—1
+F(oz)(1+ﬁ)0/[g($_t’y>—9(x )] [+ R — 7] di+
(x +h)* —z* ’ »
+F(1+aﬂ)0/ g,y —7) = glz,y)) [(r+ 7)1 =7 ] drt

1 a77+7)1

lr 5)/:/: (A - g> (x,y) dsirs

h+t)l-«

+1W/07<A tTg) v [(r+n)~t =707 dtdr+
Zh 0

x

+f(cv)lr‘w)/ / (A g> " [(t+ Rt =227 dtdr+

(n+7)t
z y

e | () e -
0

where h >0, n > 0; x, +h € Q1; y,y +n € Q2 and g(z,y) is the function
from (3.4). The validity of this representation may be checked directly.

- 1,1
Since ¢ € H»7, we have |g(x,y)| = | <A1,y <p> (0,0)| < Cz*y” and then

Ty| < Cay? [(z+ h)* — 2| [(y +n)° —y°

)
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0
¢
T2 < Oy [(y +n)° —yﬁ|/ [t

Lt
(t+ h)lL
0 Y
T3] < C2 |(z + h)® xa\/ 7] -
T+77
Ty < Cy" [(y+n)? "I/ItIAI (t+h)*t =7 dt,

131 < Ol +-1)° =) [ 7P|+ =

For Tg — Ty we similarly, make use of

1,1 1,1 N
At rg)@yl=|l At 7o) (x,y)| <t 0.

0
|76 SC/
“n

0 y
t Y
|T|<C// i |(n+ )P~ = 7P~ dtdr,

h+t)l-«
—h O

z 0
t
\T|<// il |T‘ (h+ 1)t =127 dtdr,
0

and obtain
[t]* ]
(h+t)1=e(n +7)1-

dth,

3\0

T Y
|To| < //|t\’\|7'|7 [(h+t)* =t |(np+ 7)1 — 7771 dtdr,
0 0

after which every term is estimated in the standard way, and we get

1,1
‘ (Ah,n f) (xay)‘ < CghMreg o,

This completes the proof.

4. Mapping properties of the mixed fractional
differentiation operator in the Holder spaces

10
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Lemma 4.1. Let f(z,y) € H}M*8(Q), 0 <a+A<1, 0<8+7<1.
Then for the mixed fractional differential operator (1.3) the representation

+x(@y)|, (41)

a, r~1(1—a)| (0,0 )
(D8E01S) e =11 5))[xayﬁ)+’<;(ﬁ + 220

holds, where

xi(z) = f@.0) - £0.0) 0) /f (.0 1+a )d

X2(y) = f(oy) 00+ﬁ/f _Tw )dT,

(AM f) 00, (Ai_t,y f) o

zy Ty J (z —t)tte

X(xvy) - +

/<Ax,y Tf) dT—i—aﬁ// (Az ty— Tf>( )dth

— )48 t)i+a(y — r)1+8
0 0
and
x1(z)| < Cizt, Ixa(y)| < Cay?, (4.2)
Ix(z,y)| < Cszty". (4.3)

Proof. Representation (4.1) itself is easily obtained by means of (2.1). Since
f € HMo78(Q), inequalities (4.2) are obvious. Estimate (4.3) is obtained by
means of (2.4), i.e.

x Yy

x(z,y) = C {ﬁy” +ay’ /(az -ttt + pa /(y — ) ldr

0 0

+af j /y(:c — )y - T)”ldth} .
0 0

It is easy to receive
1 1 11
x(z,y) < Cxty? {1+/8’\_1ds+/§7_1d§+//s)‘_lffy_ldsdf} < Cyay7.
0 0 00

Theorem 4.2. Let f(z) € H)™™(Q), 0 < A+a <1, 0<~y+4<1.
Then the operator Dgf,o-s— continuously maps H) " ™?(Q) into H)"(Q).

11
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Proof. Since f(z,y) € Hy™7#(Q), by (4.1) we have

e(@.9) = (D500 ) (@.9) = x(@.y).

Let h > 0; x,x+ h € [0, b]. We consider the difference

Z@ 1<Xh,yf)<o,0)
Lo\

x(@+hy) - @rhe
1 (11 w (Ah ! f) X
+B<Ax,yf>(070)[(m+h) - ;iﬁ/ 1’—|—h—t1+a dt+
0

a z+h <1Alx+h—t,y f) (ty ) Y <Ahy T f> ( )
+y73/ (x+h—t)lte $—|—h / y—7)H8 d
T 0

%/ (Az ty f) t0)[(z+h—t)"""%—(z—t)" "] dt+
0

+8 (= + /y <Axy_77fl>+ﬂ )d7'+
0

1,1
(Ah7 y—T f> (I’,T)

Y
+aﬁ//(x+h7t)1+a(y*7')1+ﬁdtd7+
0 0

1,1
wt+h Y <Agg+h—t7 yr f) (t,7)
($+h—t>1+a(y_7)l+6

dtdr+

+a60/0/ (y —7)+P [(@+h—t)717% = (z — )" 7] dtdr.

Since f € Hy ™7 we have

A h/\+a

<C ,
(x+h)ye = Nz +h)e
A

|®1] < Cy?

< Oy

= Q2 e [(z +h)* —z]

|Dy] < CyYarte |(x +h)"¢— x7a|

12
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D4 < YpAfa [ A AJm/—
|®3| < Cay'h /(z+h—t)1+a_03h R
0 0

zth z+h
|®4| < Cay? /(m-ﬁ-h—t)A_ldthél /($+h—t)’\_1dt,
h)\'mﬁ Y 1 A
5| <C—-— [(y—7)"dr < Cs—m
| 5‘_C($+h)a =) dT_CS(a?Jrh)ou

0

|Ps] < Ca y? /(:B — )Mo (@+h—t)* = (x—t)"" 7] dt <

0

<Co [t b=t = (@),

0

|<I) | < Cﬁxk-i-a |($ + h)—a . w_a‘j dr <C z* [(m + h)a _ xoc}
= -7 = @+ h)e ’
0
i dt / f dt
Pe| < Ao [ A\l < AJra/—
0 0 0
z+h y z+h

|Pg| < Cap /(a:+h—t)*1dt/(y—r)7*1dr < Cy /(x%—h—t)A’ldt
x 0

x

r Yy
[®10] < Caﬁ/(x—t)Ha (@+h—1)"""% = (a —t)*1*°‘|dt/(y ) H+Bar <
0 0

< Cho /(a: M@+ h =) = (m =) dt,
0

where
y

/(y — 7)) ldr < .
0

Using estimations Z1, Zs of the proof of Lemma 2.4 and estimations I;, i =
1,2, 3 of the proof of the Theorem 2.5, it is easily possible to receive an estima-
tion

IX(z + h,y) — x(2,y)| < Ch*.

Rearranging symmetrically representation (4.4), we can similarly obtain that

Ix(z,y +h) — x(z,y)| < ChY.

13
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The main moment in the estimations is to find the corresponding splitting
which allows to derive the best information in each variable not losing the cor-
responding information in another variable.

Let h, n > 0; z,x+h €0,b], y,y+n €[0,d. We consider the difference

<1Alh, " x) (€,y) =Y Pii=

(B )@ (Busr) @0 s

T @t h)(y+1n)? " (x+h)* (y +n)°yP
(y +n)° (z + )z

[(z+h)> — 2] [(y +n)? — 7]
(z + h)rx (y +n)PyP

1,1
+ (Az,y f) (z,9)

1,1 1,1
y+n<Ah_’ et f) (z,7) Y (Ah f) (z,y)
s / o dr + b / ’
(x + h)e (y+n—71)1+58 (cHh)“O (y+n—7)1+08
y

dr+

1,1
Aa:, y+n—r1 f) (O> T)

wn-no

1B — (z + k)] /M(

Y

+ﬁ)a/y (Zlh, yor f) (@,7) [(y=—7) " = (y+n—7)"""ldr+

(x+h
0
y <1A’1x,n f) 0,9)
+8[z7* = (x 4+ h)™%] / (y -7 — )48
0

dr+

82 = (x4 h) ] / (le, yor f) O,7) [(y =) = (y+n—7)""dr+
0

o z+h (1A1:v+ht7 n f) (t, y) «a Z <Ah» n f) (.’E, y)
n / d / dt
(y+77)’6 (x+h_t)1+a (y+n)f8 ) (x+h—t)1+oz
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« 1,1 e . ia
+(y+n)ﬁ/(Amt,nf> (t,0) [(= —1) (@ +h—1t)" 7] di+

(8 7) @0
+a [y_ﬁ - (y + 77)_/6] / (.’IJ + h — t)1+oc dt+
0

taly P = (y+n)7 / (IA’lmt, ” f) t0)[(z—t)"""* = (@+h—t)" "] dt+
0

+//y (Ah n f) (z,y)dtdr +/w 7" <1A1h y+n—7 f) (z,7)dtdr

(@t h= O (y+n -7 (o h— O oy +n— )
0 vy

fiTa (y—7)""P = (y+n—7)"F] dtdr+

/“/y <Ah,y Tf)( 7)
+

1
z+h y <Az+h tn f> (t,y)dtdr x*’“ﬁ"(Am—h t, y+n—r f) (t,7)dtdr
)] </

(o h =Dy = 1) (o h= Dy g — )7
x z Yy
1,1
ath Yy (Am+ht, y—T f> (t,T)
-7 A - —7)1P] dtd
+ CEYEDES [(y—7) (y +n—7)""7"] dtdr+
0

x

+]/y <A"‘t’ " f) v [(z— 1)1 — (2 + h— )~ dtdr+
0 0

(y+n—71)*0

(y+n—7)+8 (@ =677 = (@ +h =) 7"] dtdr+

N G IS
0 0

x [(y—7)""P = (y+n—71)" ] dtdr.

The validity of this representation may be checked directly.
Since f(z,y) € H) ™7 ?(Q), we have

+0/3” 7” (th yn—r f) (t,7)
y

pA e y+s

Pl<C ,
A1l < (x+h)(y+n)P

15
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P < C Prey |+’ — P
T (z+h)e (y+n)P
2 P (x4 b)Y — 29|
(y+n)Pf (z+h)e 7
(@ +h) =22 |(y +1)” =y

3

|Ps) < C

Py < CzMyY ,
1Pl @i )’
y+n
|Ps| < C /(@Hn—”ldT

Y

Yy
h/\+a v+3
Rl < e [

0

y+n—T Lo
y+n
|P7| §C$>‘+a|w_a—(x+h)_a‘ ‘/<y_|_77_7_)'y—1d7_7

Y
l

Rl <ot (= =0 =) ar
0

Y
dr
Py| < a8 570 — (24 h)~O /—
|Po| < 7 ( +h)~"| (y +1—r)i+B

y—7)7 1 6_(y_|_77_7- —1- 6’

|P10|§C$A+a|$7a $+h a|/‘ ) o) dTa
Y+B8 ahh
n A—1
P, SCi/ x+h—t dt,
Aoy +8 . dt
| =
(y+mn) (x+h—t)tte

x+h
|Prs| <y P y™P — (y+ )" /(:c+h—t)*‘1dt,

|Pry| < 0(2777),@ /(il?—t)Ma’(x—t)*lfa_(x+h—t)*1*a}dt’
0

x

dt
Pl < Oy 1B =B -5 /—dt
|P1s| < Y ‘?/ (y+mn) ‘ (z+h—t)ita”
0

16
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)" +h—t
[Pl <y |y™F — (y+n) B\/’:E (w )~ ‘dt,
(x—t)=*
rr dtd
Pra| < CRMFog s / / T :
| 17| = J I+h*t 1+a(y+n77-)1+,3
T 7y-ldtd
+n— tdr
P <Oh“°‘// Y
| 18‘_ +h—t1+a )
0 vy

v+,3
|P19|<ch““// e R B P

x+h Yy

+ h — A Ldtdr
Pyl < C v+ﬂ// o
| Paol n y+n_71+ﬁ

z+h y+n
Pal<C [ [ a0ty e
x Y

z+h Yy ’Y+[3
|P22|<C// y_71) = — |y = 7) ' = (y+n— 1) dtdr,

_ N\ ta
| Pog| < Crﬂ“’// (z-1) |(@ =)' — (x+h—t)" 7| dtdr,

y_|_77_,7— 1+5
T y+n
|Poy| < C/ / M (y 4+ — 1)t |(z — ™ —(x+h— t)_l_o‘| dtdr,
Ty
|P25‘ <C// /\-‘rOé T)V-‘rﬁ‘(x_t)—l—a_(x_i_h_t)—l—a‘X

0
X ‘(y — T)_l_ﬁ —(y+n-— 7_)—1—/3’ dtdr,

after which every term is estimated in the standard way, and we get

1,1 \
(Ah,n <P> (x,y)| < Csh ™y

This completes the proof.
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Some fixed point theorems of set-valued

increasing operators*

Jin-Ming Wang, Xiong-Jun Zheng, Hui-Sheng Ding'
College of Mathematics and Information Science, Jiangxi Normal University

Nanchang, Jiangzi 330022, People’s Republic of China

Abstract

In this paper, we study two kinds of set-valued increasing operators in partially or-
dered Banach spaces and partially ordered topological spaces respectively. We obtain
three fixed point theorems, which generalize and improve some earlier results.

Keywords: set-valued, increasing operator, partially ordered, fixed point, weakly

compact set.

1 Introduction

The fixed point theory for various set-valued operators has been of great interest for
many authors. Recently, there is a larger literature on fixed point theory of set-valued
operators. We refer the reader to [1-8, [10-13] and references therein for some contributions
on this topic. Especially, several authors have studied the fixed point theory for set-valued
increasing operators in partially ordered spaces (see, e.g., [2} 5,6, 8, 10-12] and references
therein).

In this paper, we will make further study on the fixed point theory of set-valued
increasing operators in partially ordered spaces. More specifically, we will consider two
kinds of set-valued increasing operators A = CB and A = i C;B;, where C', C; are single-

i=1
valued increasing operators and B, B; are set-valued increasing operators. For some earlier

*The work was supported by the Natural Science Foundation of Jiangxi Province (No.
20122BAB201008) and Science and Technology Plan of Education Department of Jiangxi Province (No.

GJJ08169).
"E-mail addresses: math_wang 2013@163.com (J. Wang), xjzh1985@126.com (X. Zheng),

dinghs@mail.ustc.edu.cn (H. Ding).
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works on these operators, we refer the reader to [L0-12]. As one will see, our main results
are generalizations and improvements of [11], 12].

Let E be a real Banach space and P be a cone in £ which defines a partial ordering
in Fbyz <yiff y—x € P. For D C E, the weak closure of D is denoted by D" and
the complement set of D is denoted by CD. ¢o(D) denotes the closed convex hull of D. If

{zn} C D converges weakly to x € E then we write x,, W, 2.

Definition 1.1. [10] Let X, Y be partially ordered sets, M be a subset of X and A : M —
2Y be a set-valued operator. The operator A is called a set-valued increasing operator if

foranyx e M,ye M, x <y and any u € Ax, then there exists v € Ay such that u < v.

Definition 1.2. [11] Let X be an additive group with an ordering structure. X is called
an ordered additive group if x, y, z, w € X andz <y, z < w imply x + z < y + w.

Remark 1.3. Let 57, Sy are two nonempty sets in X. We define S; + So as follows:
S=5+5 = {331 +x0 € X|JC1 € S1,z9 € 52}.
Since X is an ordered additive group, we have S C X.

Definition 1.4. [10] Let X be a Hausdorff topological space with a partially ordered
structure. X is said to be a partially topological space if for any two directed sequences
{z-|7 €T} and{y T €T} in X, x; <y,(Vr €T), {z:} is a net converging to T, {y,} is

a net converging to § imply T < 7.

Lemma 1.5. [6] Let (E, P) be a partially ordered Banach space, W be a nonempty subset
of Eandy € E. If z <y (ory < z) for all z € W, then for all z € co(W), z <y (or
y<z).

Lemma 1.6. [9] Let X be a Banach space. Suppose that M C X is closed and convez. If

{z,} is a sequence in M with x, W, 2, thenz € M.

Lemma 1.7. [12] If X is a partially ordered topological space, then for any a € X,
{y € X|y > a} is a closed set in X.
2 Main results

Theorem 2.1. Let X be a partially ordered set, D be a nonempty subset of X and (Y, P)
be a partially ordered Banach space. U is a convexr closed set in Y. If the operator

A : D — 2% satisfies the following conditions
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(i) There exists a set-valued increasing operator B : D — 2Y with B(D) = |J Bx C U
€D
and an increasing operator C' : U — D such that A = CB.

(ii) There exists xo € D and u € Axgy such that xg < u.
(1ii) Any totally ordered subset of B(D) is a relatively weakly compact subset in'Y .
(iv) For any x € D, Bx is a weakly compact set in'Y .

Then A has a fized point in D, i.e. there exists x* € D such that x* € Ax*.

Proof. Set G = {x € D] there exists u € Ax, such that x < u}. From condition (ii) we
have g € G , so G is nonempty. Suppose that N is any totally ordered set of G. In
what follows, we now show that IN has an upper bound in G. Since B is a set-valued
increasing operator, for any x € N, y € N, x < y and any u € Bz, there exists v € By
such that u < v, so there exists a totally ordered set Dy C B(N) in Y and for any
x € N, Di(\Bx # . By the hypothesis (iii), we get ﬁ‘fv is a weakly compact set.
Then, it follows from the Krein-Smulian theorem that @(b?{v) is also weakly compact. So
co(D;) C @(E‘fv) implies ¢o(D;) is a weakly compact set.

For any y € Dy, set T(y) = {z € Y|z > y}. Since P is a convex closed set, T'(y) is
also a convex closed set. Let J(y) = {z € co(D1)|z > y} = ¢o(D1) (T (y), then J(y) is
a convex closed set, thus J(y) is a weakly closed set. Obviously, J(y) # O for y € J(y).
For y1, y2, -+ ,yn € D1, we assume y* = max{y;|i = 1,2,'-;L,n} . Since D1 is a totally

ordered set, y* makes sense and y; < y* which implies y* € () J(y;), then we get
=1

1=

n

N # 0. (2.1)

i=1

Now we claim [\ J(y) # O. If we assume otherwise, then we get co(D1) C |J CJ(y).
yeD, yeDq
Evidently, {CJ(y)|y € D1} is an open cover of ¢o(D;) in weak topology. As ¢o(D;) is a

weakly compact set, ¢o(D;) has a finite subcover, that is, there exists yll, y/2, e ,y,/n e Dy

m
such that @o(D;) € |J CJ(y;). Note that J(y;) C @o(D;), we have
=1

1=

() J(w:) cea(Dy) c | JCT(y).
i=1 i=1

m m m
Then () J(y;) € U CJ(y;) implies () J(y;) = @ contradicting (2.1). Hence, our claim
i=1 i= i=1
holds, i.e. there exists y € () J(y). This means that for any y € D
yeD1

y<ye [ Jy) Ce(D). (2.2)
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By B(D) C U and the fact that U is a convex closed subset of Y, we have
y € co(Dy) Cco(B(N)) C eo(B(D)) Ceo(U)="U.

Then T = Cy € D is well defined. In order to show that Z is an upper bound of N in G,
we will divide it into two steps.

Step 1. T is an upper bound of N.

In fact, for any x; € N there exists x3 € N such that z; < xo. Since B is a set-value
increasing operator, for any y € Bz, there exists y/ € Bxa () D; such that y < y/ <7

Moreover, from monotonicity of C, we know
Cy<Cy=t. (2.3)

As a result of 1 € G, there exists ug € Axq such that x1 < wg. Since ug € Axq, there

exists yo € Bxj such that ug = Cyp, then by (2.3) we have
up = Cyp < Cy =T7.

Therefore, we get 1 < T , i.e. T is an upper bound of N.

Step 2. T € G.

As B is a set-valued increasing operator, for any x € N, < T, and any y € D; () Bz,
there exists v, € BT such that y < v,. From the hypothesis (iv), we know BT is a weakly

compact set which implies that there exists a subset {v,, } of the following set
{vyly < wvy,v, € BT,y € Dy ﬂBiL’}

such that {v,, } converges weakly to some v € BZ. Since y < vy, i.e. v, —y € P, we have
vy, —y € P. By Lemma 1.6/ with v,, —y LA y, we can get v —y € P. Thus for all
y € D1, y <v. By Lemma 1.5 with 5 € ¢o(D;), we have § < v. Furthermore, as C' is an
increasing operator, we can obtain T = Cy < Cv = v, where v € CBT = Az. We have
proved that for T € D, there exists v’ € AT such that T <¢’. Thus, T € G.

The two steps show that any totally ordered subset of G has an upper bound in G. It
follows from Zorn’s lemma that G has a maximal element denoted by z*. Since z* € G,
there exists u* € Ax™ such that z* < w*. As C is an increasing operator and B is a
set-value increasing operator, we know A is also a set-value increasing operator. So there
exists v* € Au* such that v* < v* which implies u* € G. Since x* is a maximal element,

we get o = u* € Az™, that is, 2™ is a fixed point of A in D. O
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Remark 2.2. In the case of B being a single-valued operator, the condition (iv) is ob-
viously true. Thus, Theorem 2.1 generalizes [6, Theorem 1]. But, here we use a different

approach.

Theorem 2.3. Let X be an ordered additive group, D be a nonempty subset in X, (Y;, P;)
(i = 1,2) be partially ordered Banach spaces, Uy and Us be convex closed subsets of Y1
and Yy respectively. If the operator A : D — 2% satisfies the following conditions
(I) There exists set-valued increasing operators B; : D — 2Yi with B;(D) = |J Bz C
Ui (i=1,2) and increasing operators C; : Uy — D (i = 1,2) such that A = Clle—T-DCQBQ.
(II) There exists xo € D and u € Axg such that zo < u.
(II1) Any totally ordered subset of B;(D) is a relatively weakly compact subset in Y.
(IV) For any x € D, Bz are weakly compact sets in'Y; .

Then A has a fized point in D, that is, there exists x* € D such that x* € Azx*.

Proof. Set K = {zx € D| there exists u € Az such that x < u}. By the condition (II),
we know zg € K, so K is nonempty. Suppose that N is any totally ordered set of K.
We want to show that N has an upper bound in K. Since Bj is a set-value increasing
operator, for any x € N, y € N, x <y and any u; € Byx, there exists v; € Byy such that
u1 < vy. Thus there exists a totally ordered set S; C Bi(N) in Y7 and for any = € N,
S1 (N Biz # . Similarly, there exists a totally ordered set Sy C By(N) in Y and for
any x € N, So()Bax # . From the condition (IIT), we know ?‘14/ and ?ZV are weakly
compact sets. Then, it follows from the Krein-Smulian Theorem that E(?I{V) and @(?ZV)
are also weakly compact. Moreover, éo(S1) C @(?‘fv) and ¢o(S2) C @(?‘2” ) imply that
co(S1) and ¢€o(S2) are weakly compact sets.

For any p € Sy and q € S, set T1(p) = {y1 € Y1|y1 > p} and Ta(q) = {y2 € Ya|y2 > ¢}
respectively. Since P;, P, are convex closed sets, T7(p), T2(q) are also convex closed sets.
Let Ji(p) = @o(S1) N T1(p), J2(q) = co(S2) (N T2(q), then Ji(p), J2(q) are convex closed
sets. So Ji(p), J2(q) are weakly closed sets. Obviously, Ji(p) # @ and Ja(q) # O for
p € Ji(p) and q € Ja(q). For pi,pa, -+ ,pp € S1, we set p* = max{p;|i = 1,2,--- ,n}.
Since S is a totally ordered set, p* makes sense and p; < p*, which implies p* € 'fn]l J1(pi),

1=
then we get

n

() J1(p) # ©. (2.4)

i=1

Now we claim that () Ji(p) # O. If we assume otherwise, then we get ¢o(S;) C
peESL
U CJi(p), this means that {CJ1(p)|p € S1} is an open cover of ¢o(S7) in weak topology.
peESL
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As ©o(S7) is a weakly compact set, ¢o(S1) has a finite subcover, i.e. there exists pll, p/2,...,
m

P € S1 such that @(S;) € | CJi(p;). Note that Ji(p;) C (S), we obtain
i=1

m

(]J(pZ C co(51) C UCJ1 Di)-
i=1
Hence () Ji(p;) = @ which contradicts the previous result (2.4). This means our claim
i=1
holds, so there exists p € () Ji(p). Again for every p € S1, p<p€ [\ Ji(p) C co(S1).

pESL PEST
Using the same method we can prove that there exists g € () Ja(g) and for every ¢ € So,

qES2
¢<ge 1 Ja(g) Cco(S2).
qeS2
By the fact that U; and Us are convex closed sets in Y7 and Y> respectively, we get

p € co(S1) C co(B1(N)) C co(B1(D)) C co(Ur) = Un,

q € ©o(S2) C co(B2(N)) C ¢o(Ba(D)) C co(Usz) = Us.

Then C1p, Cyq are well defined. Setting T = C1p + Cyq, we have T € D. In order to show
that T is an upper bound of N in K, we will divide it into two steps.

Step 1. ¥ is an upper bound of N.

Indeed, for any 1 € N there exists x9 € N such that z; < xo. Since Bj is a set-value
increasing operator , for any z; € Bz there exists zo € Bixa[)S1 such that z; < z9 <p.

Besides, by monotonicity of C, we have
Ciz1 < Cip. (2.5)

As By is a set-valued increasing operator, for any w; € Box; there exists wy € Baxa () S2

such that wi; < wy <7, then
Cowy < Cag. (2.6)
Since X is an ordered additive group, by (2.5) and (2.6), we get
Cirz1 + Cowy < C1p+ O = 7. (2.7)

As result of 21 € K, there exists ug € Ax; = C1Bi1x1 + CoBsoxq such that 1 < ug, where

ug = C120 + Cowg for some zp € Byz1 and wy € Bexy. By (2.7), then we obtain
1Su ST

i.e. T is an upper bound of N.
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Step 2. T € K.
Since Bj is a set-valued increasing operator, for any x € N, x < 7, and any y €
S1() Biz, there exists u, € BT such that y < u,. From the condition (IV), we know BT

is a weakly compact set which implies that there exists a subset {u,, } of the following set
{uyly < uy,uy € B1Z,y € S1 ) Buz}

such that {u,, } converges weakly to some u € B1Z. So we have Uy, —y € P and

Uy, — Y W — y. By Lemma 1.6, we can get u — y € P;. Thus
Vye S,y <u. (2.8)

In a similar way, we can obtain that for any z € Sy () Bax, there exists v, € BsT such that
z <wv,. Then ByT is a weakly compact set implies that there exists a subset {v,} of the
following set

{vs]z < v,,v, € BoTyz € Sy ﬂBgl‘}

such that {v,,} converges weakly to some v" € ByZ. By Lemma [1.6/ we have
Vze So,z<v. (2.9)

By (2.8)), (2.9), Lemma 1.5/ with p € ©0(S1) and § € ©6(S2), we get

p<u,g<v
Since C7, Cy are increasing operators, C1p < Ciu/, Coq < Cov'. From the hypothesis (I),

since X is an ordered additive group,
T=Cip+Cyqg < Ch + CQ'U/ € C1B17 + CyByxT = A7,

Consequently, T € K.

From the two steps, we have showed that any totally ordered subset of K has an upper
bound in K. It follows from Zorn’s lemma that K has a maximal element denoted by
x*. Since z* € K, there exists u* € Ax* such that * < u*. Again as A is a set-value
increasing operator, there exists v* € Au* such that u* < v*. By the definition of K,

u* € K. But z* is a maximal element which implies 2* = u* € Ax*, i.e. x* is a fixed point

of Ain D. O

From Theorem 2.3, we can obtain the following corollary:
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Corollary 2.4. If in Theorem|2.3 we substitute the operator A = C1B1+ CsBs by the set-
m
valued increasing operator A = > C;B;, we can also obtain a fized point for the operator

i=1
A.

Theorem 2.5. Let X be an ordered additive group, D be a nonempty subset in X, and
Y;(i = 1,2,---,m) be partially ordered topological spaces. If the operator A : D — 2%
satisfies the following conditions

(a) There ezists xy € D and u € Azgy such that xo < u.

(b) There exists set-valued increasing operators B; : D — 2Yi and increasing operators

- m
C;:Bi(D) — X(i=1,2,---,n) such that A= > C;B;.
i=1
(c) Any totally ordered subset of B;(D) is a relatively compact set.
(d)For any x € D, Bz are compact sets in Y;.

Then A has a fized point x* in D, i.e. x* € Ax*.

Proof. Set R = {x € D] there exists u € Az such that x < u}. By the condition (a), we
have xg € R, so R # (). Let N be any totally ordered subset of R. We want to show that
N has an upper bound in R.

Let i(1 < i < m) be fixed. Since B; : D — 2Yi is a set-value increasing operator, for
any € N,y € N, x < y and any u; € B;x, there exists v; € B;y such that u; < v;.
Thus there exists S; C B;(N) where S; is a totally ordered set in Y; and for any x € N,
S; N Biz # @. From the hypothesis (c), S; is a compact set in Y;. For any p; € S;, set

Up:) = {2 € Silz > pi} = Fz‘ﬂ{z €Yilz > pi}.

Since Y; is a partially ordered topological space, by Lemma [1.7, we know U(p;) is a
closed set in Y;. Now we consider the closed subset family {U(p;)|p; € S;} of S; where
{U(pij)lpij € Siyj=1,2,--- ,n} are finite members given arbitrarily. Set

p; = max{p;;|lj =1,2,--- ,n}.

Since S; is a totally ordered set, p; makes sense and p; ; < p;,j = 1,2,--- ,n which implies

n n —
p; € () U(pij), so () U(pij) is nonempty. Note that S; is a compact set, by virtue of

j=1 J=1
finite intersection property of compact sets, we have

M Ulpi) # 0.
Pi€ES;

Let p; € () U(p;). Then for any p; € S;, p; < p; € () U(pi) C S;, thus there

Pi€S; Pi€S;
exists {pia|a € A} C S; such that {p;n|a € A} is a net converging to p, € S;. Since
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p; € S; C Bi(N) C By(D), C;p, is well defined. Set T = i C;p;. In what follows, we want
to show that T is an upper bound of N in R. =

First, for any =; € N, there exists x9 € N such that z; < zo. Since B; is a set-
value increasing operator, for any y;1 € Bz there exists y;2 € Bjza()S; such that

Yi1 < ¥i2 < P;. Again by monotonicity of C;, we get
Ciyin < Cip;. (2.10)
As x1 € R, there exists some ug € Axq such that
1 < ug.

m m

Since ug € Ax; = ) C;Bjz, there exists d; € B;z such that ug = > C;d;. By (2.10),
i=1 =1

for X is an ordered additive group, we have

m m
1 <ug = Zcidi < ZCJ% =7
i—1 i—1

Therefore, T is an upper bound of N.

Second, for any x € N, x <7 and any y € S;() B;z, there exists u, € B;T such that
y < u,. By the condition (d), we know B;T is a compact set, so there exists a subset {u,, }
of the following set

{uyly < uy,uy € BT,y € S; | Bix}

such that {u,, } is a net converging to some w; € B;T. As Y; are partially ordered topo-
logical spaces, by Definition 1.4, we get y < u;. At this time, we have p; 3 < u; where
{pip} is a subsequence of {p;q|a € A} C S;. Since S; is a compact set and {p; o € A}
is a net converging to p;, then the subsequence {p; g} is also a net converging to p;. Since
Y; are partially ordered topological spaces with p; 3 < wu;, we know p; < u;. Again by
monotonicity of C;, we get C;p; < Ciu;. Set u = % Ciu;. The fact X is ordered additive

=1
group implies

m m
T = ZC@ < ZCluZ =7
=1 =1

and

with u; € B;x C Y; and Cyu; € C;B;x C X. Consequently, T € R.
This shows that T is an upper bound of N in R. It follows from Zorn’s lemma that

R has a maximal element denoted by x*. Since x € R, there exists u* € Ax* such
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that z* < u*. Again by the fact that A is a set-valued increasing operator, there exists

y* € Au* such that u* < y*, which means u* € R. Since z* is a maximal element of R,

¥ =u* € Azr*, ie. x* is a fixed point of A. d
References
[1] A. Amini-Harandi, Fixed and coupled fixed points of a new type set-valued contractive

[10]

[11]

mappings in complete metric spaces, Fized Point Theory Appl. 2012, 2012:215.

I. Beg, A. R. Butt, Fixed point for set-valued mappings satisfying an implicit relation
in partially ordered metric spaces, Nonlinear Anal. 71 (2009), 3699-3704.

I. Beg, A. R. Butt, Fixed point of set-valued graph contractive mappings, J. Inequal.
Appl. 2013, 2013:252.

L. Khan, M. Imdad, Meir and Keeler type fixed point theorem for set-valued gener-
alized contractions in metrically convex spaces, Thai J. Math. 10 (2012), 473-480.

B.Y. Li, S. S. Chang, Y. J. Cho, Fixed points for set-valued increasing operators and
applications, J. Korean Math. Soc. 31 (1994), 325-331.

X. Liu, C. Wu, Fixed point of discontinuous weakly compact increasing operators and
its application to initial value problem in Banach spaces (in Chinese), J. Systems Sci.

Math. Sci., 20, (2000), 175-180.

B. D. Pant, B. Samet, S. Chauhan, Coincidence and common fixed point theorems
for single-valued and set-valued mappings, Commun. Korean Math. Soc. 27 (2012),
733-743.

N. Petrot, J. Balooee, Fixed point theorems for set-valued contractions in ordered

cone metric spaces, J. Comput. Anal. Appl. 15 (2013), 99-110.

B. P. Rynne, M. A. Youngson, Linear Functional Analysis, Springer Undergraduate
Mathematics Series, London, 2008.

J. Sun, Fixed point and generalized fixed point of the increasing operator, Acta Math.

Sinica, 32, (1989), 457-463.

J. Sun, Z. Zhao, Fixed point theorems of increasing operators and applications to
nonlinear integro-differential equatios with discontinous terms, J. Math. Anal. Appl.,

175, (1993), 33-45.

300



WANG ET AL: FIXED POINT THEOREMS

[12] X. Zheng, J. Sun, Fixed point theorems of discontinuous increasing operators in
partly ordered space (in Chinese), J. Jiangxi Norm. Univ. Nat. Sci. Ed., 32, (2008),
597-600.

[13] X. Zhu, J. Xiao, Minimum selections and fixed points of set-valued operators in
Banach spaces with some uniform convexity, Appl. Math. Comput., 217 (2011), 6004—
6010.

301



J. CONCRETE AND APPLICABLE MATHEMATICS, VOL. 12, NO.'S 3-4, 302-320, 2014, COPYRIGHT 2014 EUDOXUS PRESS LLC

DYNAMICS AND APPROXIMATIONS FOR 2D GENERALIZED
NAVIER-STOKES EQUATION WITH PIECEWISE DISTRIBUTED
CONTROLS

DE G. AKMEL AND L. C. BAHI

ABSTRACT. We study the dynamics of a piecewise (in time) distributed opti-
mal control problem for Generalized Navier-Stokes equation. The long-time
behavior of solutions for an optimal distributed control problem associated
with the tracking of the velocity of the Generalized Navier Stockes equations
is studied. The existence of a solution of optimal control problem is proved
also optimality system is derived. The long-time decay properties for the op-
timal solutions is established. We also study the dynamics of semidiscrete and
fully discrete approximations of this problem. Some computational results are

presented, which reinforces the theoretical results derived.

1. INTRODUCTION

The control of viscous flows is very crucial to many technological and scientific
applications. We are motivated to study the asymptotic behaviors and dynamics
of solutions for the controlled Generalized Navier-Stokes equation.

Several treatments of similar optimal control problems can be found in literature.
Indeed, the optimal control with the systems governed by Navier-Stokes, Boussinesq
and MHD equations was studying by L. Hou and Y. Yan [8], by H. Chun Lee and
B. Chun Shin [4] and in [9], respectively. The existence of solutions of Generalized
Navier-Stokes equation in Besov spaces was studied by Wu [11] and by Cheskidev
and Dai [3].

We formulate here a controllability problem for the Generalized Navier-Stokes

equation: find a (u, f) such that the functional

—+oo +oo
(1.1) J(O;m)(u,f)zﬁ/ /|u 7U|2dxdt+é/ /|ffF\2dzdt
2. Jo Q 2 Jo Q

is minimized subject to the 2-D Generalized Navier-Stokes equation:

(1.2) % +v(=A)'u+ (u.V)u+Vp=f in Q x (0,00)

1991 Mathematics Subject Classification. 52B10, 65D18, 68U05, 68U07.

Key words and phrases. Optimal control, Generalized Navier-Stokes equation, Long-time

behavior.
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(1.3) Vau=0 inQ x (0,00)

(1.4) u=0, Au=0,..,A""fu=0o0n 99 x (0,00)
and

(1.5) u(. ,0)=up inQ

where 7 > 1 is an integer and n is an outward normal vector of 2, also v > 0
is the kinematic viscosity. Here «, 8 > 0 are given constants, (2 is a bounded,
sufficiently smooth domain in R? with 9 denoting its boundary; U and F are a
given desired velocity field, a given desired body force, respectively. Also, f is a
distributed control (body force), u and p denote the velocity field and the pressure
field, respectively.

We choose the fixed body force F as

(1.6) F:=0,U+v(-A)U+(UV)U+VP
We make the following regularity assumptions on the prescribed data U and F :
UecL®(0,00; HX(Q)NVT"
" (0,00 H(2) V)
FelL*® (O,oo;LQ(Q)) .
Thus one application of the optimal control problem is to match a steady state
flows field through the control of external forces. Observe that U is not an optimal

solution because U in general does not satisfy the initial conditions. For technical

reasons, we will need the following assumption
2 V2 r—
(A2) VU] > g+ (1 - 4X7777)

Our plan of the paper is as follows: Section 2 is devoted to preliminary material.
In Section 3 we construct a quasi-optimal control solution and some preliminary
estimates for all solutions of the Generalized Navier-Stokes equation. In Section 4
we prove the existence of an optimal solution on the finite time interval. In Section
5 and Section 6 we will analyze semidiscrete and fully discrete approximations,
respectively. Finally, in Section 7 the results of some computational experiments

are presented.

2. Notation and formulation of the optimal control problem

Throughout this work, C' denotes a generic constant depending only on the
physical domain 2, the viscosity constant v. We will use the standard notations
for the function spaces LP((2) with the norm denoted by ||.|| 1, and the Sobolev
spaces H™(§2) with the norm denoted by |||, . We simply denote by ||.|| the norm
of L?(Q)). The space H{*(Q) is consisting of functions in H™(Q) which vanish
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on boundary 9. The vector valued counterparts of these spaces are denoted by
LP(Q), H™(Q) and H{(Q).
We now introduce the solenoidal spaces
W' ={uecH(Q), Vu=0 and un|y, =0}
Vi={ueHj), Vu=0 and Au=..=A""tu=0 on 00N}

We identify the dual space of W” with W itself under the L?(2) inner product
and the dual space of V" is denoted by (V")*. We have

V’r‘ C (VT)*’

where the injections are continuous and each space is dense in the following one.
Next, we introduce the temporal-spatial function spaces L™ (0, T; H™(2)) defined
on Qr = Q x (0,T) equipped with the norm

1/p

T
[ull 2o (o, 750m) = (/O w7, df) , where p € [, 00).

We simply denote Qo by @. The solenoidal temporal-spatial function space
H (Qr) = {ueL?(0,T;V"); dwue L*(0,T;(V")")}
that associated norm is given by

2 2 2
HU”HT = ||UHL2(0,T;VT) + HathL2(O,T;(V’“)*) :

We denote by ||[.[| the simplified norm notations of ||.[[ ;. r,r2(q)) - This norm
will be applied solely to U, VU and AU.

For a function u in a temporal-spatial space, we often use the notation u(t) := u(., t)
to stand for the restriction of w at time ¢ as a function defined over the spatial
domain 2.

We introduce some standard continuous linear, bilinear and trilinear forms:

k(u,p) = —/QpV.Lpdx Yo € H(Q) Vp e LE(Q)
ask(u,0) = V/Q((—A)ku).((fﬂ)kgo)dx, ke N*, Yu,p € H*(Q),
aerin (U, @) = V/QV((—A)%) V(=L rp)dz,  keN, Yu,p € H*1(Q),
c(u,v,w) = /Q (WY vwde Y, v, w € H'(Q)

where the colon notation : denotes the inner product on R2%2. Also, we denote by

(.,.) the duality pairing between a Banach space and its dual. Note that for all
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u, v, w € HY(), ¢ have the following continuity properties (see [10])

21 fe(u,v,w)] < 2V uf V2Vl V)] ]2 Vw2

Also the trilinear form ¢ have followings properties

(2.2) c(u,v,w) = —c(u,w,v) and c(u,v,v) =0 for all u, v, w € H'(Q).

Let A1 > 0 be the greatest real number satisfying the Poincaré inequality, Yo €
H"(Q)

(2:3) Aol < IVl

Let 1T : L%(2) — W be the Leray operator (i.e., the orthogonal projection
with respect to the L2(£2)—norm), it is well known (see [5] and [6]) that there are
constants 1 > 0 and 75 > 0 depending only on €2 such that

n TA|| < [|Ap] < 72 [TAg], Ve € H(Q) N H(9).
So that ||IIA.|| is equivalent to the H?(Q)-norm on H?(Q) N H" ()

Definition 2.1. Given T € (0,00), up € W7 and f € L? (O,T; LQ(Q)), u is said
to be a solution of the Generalized Navier-Stokes equation on (0,T") if and only if
u € H" (Qr) and u satisfies

(Ou(t), @) + ar (u(t), ) + € (u(t), u(t), ¢)

(2.4)
+k(p,p(t)) = (f(1),p) Ve € V" ae. te(0,00),
(2.5) k(u(t),r) =0 Vre L3(Q)
and
(2.6) lim u(t) =up in W',

t—0+

We point out that u € H" (Qr) implies u € C ([0, T]; W"). Hence, (2.6) makes
sense.

Now for T' = oo, we define a solution for the Generalized Navier-Stokes equation
as follows.
Definition 2.2. Given uy € W7 and f € L} (O,T; LQ(Q)), u is said to be a
solution of the Generalized Navier-Stokes equation on (0,00) if and only if u €
L? (0,00; V™) N L>®(0,00; W"), dyu € L? (0,00;(V")*) and u satisfies (2.4) —
(2.6)with T = oo.
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We define the admissible elements as follows with X7 and Y7 denoting respec-

tively the functional spaces as follows:

Xr = H (Qr) for T € (0,00)

Xoo = {u€Li.(0,00;V")NL>®(0,00;W");0u € L, (0,00;(V")*)}
Yr = L*(0,T;(V")*) for T € (0,00),
YOO = L1200 (O’ OO; (VT)*) .

Definition 2.3. For a given T € (0,0], a pair (u, f) € Xp x Yr is called an
admissible element if Jp (u, f) < oo and (u, f) satisfies (2.4) — (2.6) . The set of all

admissible elements are denoted by U,q(T).

Now for each T' € (0,00], we state the optimal control problem on (0,T) as

follows:
(2.7) find a (u,f) € Uga(T) such that
Jr(u, f) < Jr(w,h) V(w,h) € Uua(T).

We point out that in general, the initial state ug is at a certain distance away
from the desired flow, or ug # U(t) for all ¢, the cost functional generally has a

positive minimum. We give following Lemma which we are proved in [2].

Lemma 2.4. For allu € V", we have
(2.8) I "ullze = A7Vl |2
where A1 is a constant that appears in the Poincarré inequality and \ = (—=A).

The use of the Lemma 2.4, the Schwarz inequality and r integrations by parts
give Vu € V",
(2.9) ay(u,u) = v | V%
Also
I

ayy, (v(t), ~IAv(t)) = (v(—A)**v(t), ~ITAv(t)) = v HHV(—A)kv(t)

and

al(’QkH) (v(t), —ITAv(t)) = <—1/A(—A)2kv(t), —HAv(t)) =v ||H(—A)k+1v(t)||2 .

Throughout this paper we denote by
v=u—Uandg=f—-F

unless we specify them. Then (2.4) — (2.6) are equivalent to
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ve XrNL?(0,00;VF), ge€YrnL?(0,T;L*(Q))
(2.10)

+c(v(t),U®),p)+ c(Ut),v(t),p) =(g9(t),¢), YoV ae. te(0,00)
and

(2.11) lim v(t) = ug — Uy in W"

t—0+

3. PRELIMINARY ESTIMATES FOR THE DYNAMICS

3.1. A quasi optimizer. To estimate the dynamics of the optimal control solu-
tion, we need to find a sharp bound for the value of inf, r)cys, () Jr(u, f). It is
important that this bound is uniform in 7. We now construct a quasi-optimizer

(W, f) € Ugq(0) for J (.,.). We can in turn derive some preliminary estimates for
the optimal solutions. By a quasi-optimizer we mean an element (4, f) € Uyq(00)
satisfying ||u(t) — U(¢)|| — 0 as t — oo. The following Theorem asserts the exis-

tence of such an element.

Theorem 3.1. Assume that the assumptions (Al) and (A2) hold. Then there
exists a pair (ﬂ, ﬂ € Una(00) satisfying ¥t > 0

(3.1) [i(t) = U@ < luo — Up|® e
and VT € (0, o0

(3.2) Jr(a, f) < W (1—e7)
with

(3.3) er=2wA? - — L ||V

Remark 3.2. Tt follows from Theorem 3.1 that lim  min  Jr(«@, f) = 0. We see
_ T=00(@, f)eUaa(T)

that a quasi optimizer (u, f) has been created in the sense that ||u(¢t) — U(¢)|| — 0
as t — oo and Juo (@, f) is bounded. In fact, ||a(t) — U(t)|| — 0 exponentially as
t — oo. The true optimizer is expected to have the property ||u(t) — U(¢t)|| — 0 as
t — oo and at the same time, minimize the work involved to realize and maintain

the optimizer flow.

3.2. Estimate for the dynamics of admissible elements. In this section, we
will derive some estimates for the dynamics of all solutions of (1.2) — (1.4). These
estimates in turn will allow us to derive preliminary estimates for the dynamics of
the optimal solutions. First we consider the L> (0, T;L?(€)) estimates in terms of

the initial data and the functional values.
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Theorem 3.3. Let T € (0,00]. Assume that the assumptions (A1) and (A2) hold.
If (u, f) € Upa(T), then ¥Vt € [0,T],
2
(3.4) lu(t) = U@)* < [luo — To|l* + ﬁJT(u,f)-
If in addition,

Jr(u, f) < Jr(@, f)
then

(3.5) lu(t) —U®))* < Kolluo — Uo]*
where € and (4, f) are defined in Theorem 3.1 and Ko = (1 + i\/%) .

Proof. Setting ¢ = v in (2.10) and applying the Schwarz and the Young inequalities
we find

(3.6) O + elv@®I? < F(al@ O + Bllg@®)]1?)

Multiplying both sides of this inequality by e and then integrating in ¢ over (0, t),

lead us to
@I < [lwO)® e + F/ allv(s)|* + Bllg(s )II) (=04
< ||v(0)||26_“+mJT(u7f)o

This yields the inequality (3.4). Moreover combining the condition Jr(u, f) <
Jr (@, f) with the inequality (3.4) and the Theorem 3.1 we find the inequality (3.5) .
g

Now, using the uniform Gronwall’s inequality we derive L (0,7; H") estimates.

Theorem 3.4. Let T € (0,00] and (u, f) € Uga(T). Assume that the assumptions
(A1) and (A2) hold and assume further that Jp(u, f) < Jr(i, f). Then for each

€ > 0, we have

w—U e L0, T;H(Q) N L= (e, T; H'(Q) N C ([, T) ; H'(Q))

with
r 2 2
(3.7) / [Vu(s) = VU(s)||"ds < K1 [luo — Uo|
0
and
(3-8) IVu(t) — VU )|]* < Kz [lug — U||* ¥t > &,
where
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and
1

v3

2
K = 20K, < + 9) o — Toll
1%

and

K3 =2(Cs + Cg).

The following preliminary estimates for the optimal solutions is an immediate

consequence of Theorems 3.3 and 3.4

Theorem 3.5. Assume that the assumptions (Al) and (A2) hold. Let T € (0, o0]

and (U, f) € Uga(T) be an optimal solution for (2.7). Then

(3.9) [ (t) = U®)II* < Kolluo — Us|?

(3.10) / |Vai(s) — VU(s)||* ds < Ky |Jug — Uy
0

and

(3.11) IVa(t) = VU (0] < Ka(e) luo — Uo|?

YVt > e, where all constants are as defined in Theorem 3.3 and Theorem 3.J.

3.3. Existence of solution and dynamics of optimal controls. The existence
results are similar to the results from Generalized MHD equations [2], in both case,
finite time interval and infinite time interval. The following Theorem gives the

results.

Theorem 3.6. o Let T € (0,00). Then there exists an optimal solution
(@, f) € Uaq(T) for the problem (2.7), i.e. there exists at least an element
fer? (0,T;L2(Q)) and u € C([0,T); W) N L (0,T; V") such that the
functional Jr(u, f) attains its minimum at (4, f) and U satisfies (2.4)—(2.6)
with f: f

e There exists an optimal solution (U, f) € Upa(T) for (2.7) with T = oo.

For many feedback control models, the controlled flow exponentially decays to
the desired flow. For our optimal control system, Theorem 3.4 and Theorem 3.5

gave some preliminary results as ||u (t) — U(t)|| stays bounded.

Lemma 3.7. Let T € (0,00). Assume that (u, f) € Upa(T) and Ay > 1. If
|(u,b) (£) = U @) > 0 for allt € (t1,t2) C [0,T], then

lu(t2) = Ut2)]| < lu(t1) = U] + Kav/Ez =t (Jr(u, )1
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9 1/2
with Ky = (; (2)? (|||VU|H2> + ;) :
If in addition, the assumptions (A1) and (A2) hold and Jp(u, f) < Jp (1, f),

where (u, f) is defined in Theorem 3.1, then

a
lu(t2) = Ut2)ll < flu(t) = Ut + Kavtz = tifluo = Uolly/ 5 -
Proof. By setting ¢ = v(t) in (2.10) we obtain

@)1l & llo@)]l +ex [o®)]* < Co- o + lg@)Il- (D)

where
Y (Af”’“—” - 1) and Cy = 1 |[VU]|?.
If |[o(®)|| > 0 for all t € (t1,t2), then we may divide this inequality by ||v(?)]l,

multiplying by e“'* and then integrating over (t1,t3), we are led to

1/2 [tz 1/2
o)l e < oten)lent + (2634 3) [ (alol +lo®)?) e tar

ty

we have

[v(t2)]l < llv(t1)]] e—€1(t2—t1)
2 " 1/2 t2 1/2
w(ace+3)" ([ @i+ saeria) - ([Cereea)
t1 "

with e—€1(tz2—t1) 1

1 5,1 1/2 1/2 t2 —2¢; (ta—t) 2
ot + (G +5) ([ e it
ty

1
lo(t)]] + vtz —t1 (acg +

[o(t2)

IN

1/2
;) (e, )2

IN

where we have used the fact that 1 —e™¥ < y for y > 0. Hence, we have shown
(3.12) and (3.12) simply follows from the bound (3.2) so that applying the mean

value theorem to the last factor we have the result. O

We give the asymptotic decay property of ||u(t) —U(¢)|| as t — oo for any
(u, f) € Uga(00).

Theorem 3.8. Assume that (u, f) € Uya(T). Then

(3.12) lim ||u(t) — U(t)]| = 0.

t—o0
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4. Semidiscrete approximations of the piecewise optimal control

problem

We semidiscretize the functional Jy ;. .)(u, f) by the right-endpoint rectangle

rule

tnt1
/ et)dt ~ (tpt1 — tn) @(tnt1) = 0p(tns1) so that the semidiscretized func-
tn

tional becomes
I (u, f) = 7|| _ym Py 28 ||f Frit®) Yue VIVf e L2 (Q),

where U™ = U™ (2) =U (z,tp41) and F™M = Fntl(2) = F (2,tp11) with

t, =0n forn=20,1,2, ... For convenience, we define

£n+1(u7f) _ 2‘ H Un+1|| 4+ =2 Hf

so that the minimization of the functional J"*!(u, f) is equivalent to the minimiza-

tion of the functional L£"*(u, f) . Using the techniques of [7] concerning optimal

control problems for the steady-state Navier-Stokes equations, we can show the

existence of a solution (u, D, f)"“ for the (n+ 1)th optimal control problem. The

remainder of this Section will be devoted to the study of u™ as n — co. We now
on

study the behavior of the semidiscrete solutions u™ as n — oo. By finite difference

approximation formula
1
U (x,t) = AL (U(z,t + At) — U(x,t)) — 0uU(z,t + aAt).At,

where a © a(z,t) with || < 1, we have that

(4.1) ﬁ (U™ 0) +ap (UM 0) + e (UL UM ) = é (U™, )
(") = (T e), Ve e VT

and

(4.2) k(U™ r)=0, VreL(Q)

where

(4.3) 7" = AL.OuU (2, tn + (T, tn) AL)AL).

Lemma 4.1. Assume that hypotheses (A1)-(A2) and

U € C ([0,00); HY)

(A4) AU € L™ (0,00; L2 (2)) N C ([0,00) ; L2 (2))
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o n+1
hold. Assume further that (@ D, f) is a solution of the (n + 1)th semidiscrete

optimal control problem forn=1,2,.... Then

o - U"|* G (AY)?
4.4 n+1 n+1 < g ||U
(4.9) L <(“’f) >_2<1+C5At I A

where

. ef 2 2
(4.5) Cs = Cs(r,0) & % and Cg = Cs(v,Q,U) ¥ M.
€A

Proof. Let (ﬂ,fﬂ"“ be a solution of the equations

i<ﬂn+1a §0> + ay (anJrl, SD) +c (ﬂn+1, ﬂnJrla 90)

(4.6) At 1
+k (p,p"th) = T+ (Pl e), Yoe V"

(4.7) k(uttr) =0, VrelL§(Q)

(The existence of such a (ﬁ,@"“ can be proved by using the techniques for
proving the existence of a solution for the steady-state Navier-Stokes equations).
Set fntl = Fntl: then we see that (17, f.p ! satisfies the semidiscrete Navier-
Stokes equations (4.6) — (4.7). Let v"*l = gntl — yntl gn = 4" — U™ and
g" ! = p"*1 | Then by subtracting (4.1) — (4.2) from (4.6) — (4.7), we obtain
(4.8)

! (0", 0) 4 ap (0T ) + € (T o @) + € (U T o)

At
FEHLUTL ) k() = g (79— (7 g) e € H(0)

and
(4.9) k(" r) =0, Vr € L3 (Q).
Setting ¢ = v in (4.8), we have by Young's inequality

1 ~ R
(4.10) 2At (vat”z ||§n||2 + ’E\nﬂ — v"||2) ,
. 7V~+12 EAL 2, L 2
2 H " H S 4 an H + 6)\1 HTn H :
Dropping the term ||77n+1 - 5n| |2, applying Poincaré inequality and rearranging,
we have
1

2At

so that using the estimates

ot 112 n EAL |12 1 )
(4.11) (17 = 12m1®) + <5 7 < = 1)1,

6)\1
|7 < At ouUl| - and 10U | = 0aU_

we are led to
(1+ CsA8) [ 1))* < 571> + Cs (A1)®,
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where C5 and Cg are defined by (4.5). Hence, we arrive at

n+1 ~ \n+1 7a~n12 « ||ﬁn||2 C6 3
e (@ ) = 5 o §2<(1+05At)+<1+05At)(At)>,

(u,p, f)"‘H being a solution for the (n + 1)th optimal control problem, the desired

estimate follows trivially from this last inequality. O

Theorem 4.2. Assume that the hypotheses (A1)-(A2) and (A4) hold and 0 < At <

1. Then there are positive constants & and p1 such that

[an ! — U < (1 - & A [@ - UM|)* + Cs (At)°
with 1 — & At >0 and
(4.12) [ = U™ < flup — Uol> e~ + py (A1)

where

= 7C5 —va/b and = %

(1+ C5At)>? Ty

In the semidiscretization of the Navier-Stokes equations we used the first-order

(4.13) &1

backward Euler scheme. Therefore, the appearance of the term O(At) in the last
estimate is expected. If we use higher-order approximation scheme, we expect to
obtain improved estimates. However, the analysis in the context of semidiscrete
piecewise optimal control with more sophisticated schemes becomes complicated.

The proof of Theorem 4.2 gives a rough estimate of
V™ —vu"|| = [[vu"|.
Proposition 4.3. Assume that the conditions of Theorem 4.2 hold. Then
~n a2 o« 2 S ) 2 et
At||Va" — VU™|* < c 1+ 3 e~ 810 |jug — Up||* e~E1tn

+§ <1 + \/g) (p1 + Co) (A)°.

We now derive an improved bound for the eventual error in Hg,, norm. We first

(4.14)

observe the following direct consequence of (4.14).

Lemma 4.4. Assume that the conditions of Theorem 4.2 hold. Then for any con-
stant o > 0, there exist constants eg = € (Q,v;0) >0 and t= f(Q, v,ug,Up;0) >
0 such that

(4.15) At|Vo"|]? <o, Vi, >t VAL € (0,€).

We also need a stronger version of Proposition 4.3.
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Proposition 4.5. Assume that the conditions of Theorem 4.2 hold. then for each
n>1,

A ug — Up||” e=€1t + py (At)® + Cs (At)?
@i o (@) < 2(”0 ol 1+CP51A(t) 5 (A0

Moreover, for all ng > ny > 1,

(4.17)

At 1z
S 3 VP S TP+ Cr (b — ta,) (o = ol 610+ (A1)°)

n=ni+1
C’? = C7(UQ l/)—_\/7<1+p1+06\/>>
PR ﬂ .

Proof. Combining (4.4) and (4.12) yields (4.16). By using (4.16)together with
(4.12), we obtain that

At
HULHH I[om|? +6 Vo "+1H \/7||uo—U0|| e~Stn At + (At)? \/;<p1+06\/ﬁ>-

Summing up n over n; < n < ng — 1, we have (4.17). O

where

Theorem 4.6. Assume that the hypotheses (A1)-(A4) hold. Then there exist con-
stants e = €0 (Q,v;0) >0 and t =1t (Q,v,up;0) > 0 such that
IV - FUn|? < Gy (2 +147) Juo — Up|l* e 4+ (At)”

(4.18)
exp {Co (147) (Jluo — Vol e=2610+=7 4 (an)") },

VY At € (0,e0) and Y t, > t, where & is as in Theorem 4.2 and Cs, Co are
constants depending only on ), v, U and B.

5. Fully discrete approximations of the piecewise optimal control

problem

Let X;, C H{(Q) and S, C L2 (Q) be two families of the finite-dimensional
subspaces. First, we have the approximation properties: there exist an integer

k > 1 and a constant C’ > 0, independent of h, v and p such that for 1<m <k
inf [Ju—upli < B |ullmsr Vu € H™(Q) N H(Q),
up€Xp
inf |lp — prllo < C'R™||p|Im Vp € H™(Q) N L3(Q).
PhESH

Next, we assume the inf-sup condition, or Ladyzhenskaya-Babuska-Brezzi condition

there exists a constant C”, independent of h, such that

k (un,
(5.1) inf sup K (un,pn) >,
0#Pn ESRLO£UL EV R or HuhH1 ||ph||0
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This condition assures the stability of finite-element discretizations of the Navier
Stokes equations. For each n > 0, we define the affine space Y;"™! def {fn =
yn + F ;L“Ll : yp € Xy}, for the approximate distributed controls, where F[LLH is the
L? projection of F™"™! onto X;,. In order to preserve the antisymmetric property

of the trilinear form c(., .,.), we introduce the form
(5.2) T (u,v,w) = %{c (u,v,w) — ¢ (u,w,v)}
It can be easily verified that
T (u,v,w) = ¢ (u,v,w), C(u,v,w) = —¢(u,w,v) and ¢(u,v,v)=0

on all H{(Q) x HY(Q) x Hy(Q). We also have

(5:3) € (u,v,w) | < Col[Vull. 0]l g - V],
(5:4) € (u,v,w) | < Cy[|Vull - [[Vo]] - [ V]|
(5:5) € (u,v,w) | < Callully - o]l [ V]|

for all u € H*(Q) N H}(Q) and v, w € Hy(Q), where Cg, C; and Cy are positive
reals. We define the fully discrete approximations of the piecewise optimal control

problem.
e Set At =4.
e Define @) = g, where ug, is the LQ(Q)—projection (or interpolation) of
ug onto Xy,.
e The (n+1)th fully discrete optimal control problem:

n+1
for n = 0,1,2,..., find (E,ﬁ, f) € Xy x S x Z;L”r1 such that the

functional

SRR ) - U D P gt e X, it € 2

is minimized subject to the fully discrete Generalized Navier Stokes equa-

tions

1
(5.6) At (uptt ) + ap (uptt o) +€ (up o on)
. e
o ((p}hp:frl) B 7<u2?gph> + <f}?+1790h>7 V@h S Xh

and

(5.7) k (uﬁ“,rh) =0, Vry € Sp.
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Using the techniques of [7] concerning finite element approximations of optimal
control problems for the steady-state Navier-Stokes equations, we can show the
existence of a solution a) ™, pit!, A,?H for the (n + 1)th fully discrete optimal
control problem. We now study the behavior of the fully discrete solutions u}
as m — oo. For every t, we introduce an auxiliary element Up(t), Pr(t) € Xj X

Sy, determined by

(5.8) ar (Un(t), on) + &k (n, Pu(t)) = ar (U(t), 1) Yon € Xp
and
(5.9) k (Uh(t),’l“h) =0 Vr, €S,

The existence of such a (Up(t), Py (t)) follows from the well-known results for the
finite element approximations of the steady-state Navier-Stokes equations. Further-
more, under the assumption that there is a k£ > 1 such that
(A6) Uec ([0, o0); HF T (Q)) M L (0, 00; HE1 () .
The following error estimates hold:
(5.10)

1) =Ty + 1P < Csh* U0 lgg1 < C3h* 1T oo 0,00531441 (02))

and
(511)  [Uu(0) — U] < Tl U1 < Cah U e o et s o)

where C3 and Cy are constant depending on € only; see, e.g. [8], By differentiat-
ing (5.8), (5.9) with respect t, we see that (0U(t),0;Py(t)) satisfies a system of

equations similar to (5.8), (5.9) so that under the assumption
(A7) U eC ([o, o0); HFH (Q)) N L (0, 00 HF ()

we have the error estimates
(5.12)
10:Un () = 0. U @)l + 10:Pu(t)]| < C3h® |8:U (1)l 11 < C3h™ 100U poe (.m0 k41 (02))
and
(5.13)
10:Un(t) = 0:U @) < Cab* T U ()41 < Cab™ 00U e (0 soiparsr ey 75 € 10,2].

By differentiating (5.8), (5.9) twice with respect ¢, we see that (9¢Up(t), O Pr(t))
also satisfies a system of equations similar to (5.8), (5.9) so that under the assump-

tion

(A8) ouU el ([0, 00); HM! (Q)) N L>® (07 oo; HEH1 (Q))
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we have the error estimates
(5.14)
106U (t) = 0 U t)|ly + 00 Pu(®)[| < C3h* (106U )]y < Csh* 06U || poo (0, 00511 (2))

and
(5.15)
106U (t) = 0uU(t)|| < Cah® 100U (1)l ; < Cab® 106U | oo (0 00imas )y V5 € [0,1]

in particular,
(5.16) 106U (t) = 0 U ()| < Call0U@)|l5 < Ca 06U oo (0,001 (02)) -

Note that the regularity assumption (A8) for 9;U is weaker than the assumption
(A6) for U or (A7) for 9,U. The proof of the following Lemma is same as [8].

Lemma 5.1. Assume that hypotheses (A1), (A2), (A4), (A6), (A7) and (A8) hold.
Assume that further

(A9) 1z 0,00 02)) < 2

For each integer n > 0, let (uptt, pptt, /ZH'I) be a solution the (n + 1)th fully
discrete optimal control problem. Then there exists an ho > 0 and constants K1,
Ko and K5 such that for all h < hg and all n,
(5.17)
e fpr <o (U Rt | R )
1+ MK At 14+ MK1At 14+ MK At
+ aCh2+2||U)|

2
Le°(0,00;HF1(0))
where

o 1/k
e e CollUllp ;
(5.18) ho & i { [ MV 0ocmian )
C1C3 HUHLOO(O,OO;H"“(Q))

- def _ - -
(5.19) K, = (6 — C1C305 U || oo (0, o0smar+1(2)) — Clo HU||L<><>(0,O<>;L4(Q)))

[N

(5.20)
— def 4 —2—2 2
K, Y % (40204h2k+2 [U™+1; ||UHi°°(0,oo;Hk+1(Q))
—2
—2_4 C h?F
+ C’1C3h4k HU”i‘X’(O,oo;H’“‘*'l(Q)) + z;\1||atU|2°°(O,oo;Hk+1(Q))>

- def

2 —2
(5.21) K3 = /\*(C4 +1) HattUHioo(O,oo;HkH(Q))
1

with the constants Cy,C1,Co,C3 and Cy defined by (5.3), (5.4), (5.5), (5.10) and
(5.11), respectively .
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Theorem 5.2. Assume that the hypotheses of Lemma 5.1 hold. Assume further
that ug € H*™1(Q) and

a  (MKp)?
A10 - < —

(A10) S <

where K1 is defined by (5.7). Let hy be defined by (5.18). Then there are positive

constants 6y, K4, K5, K¢ and & such that for all h < hy and all At < §g,

(5.22)  |Japtt —UPT? < (1 - KaA)|up — UR|PKs(At)? + Keh?*+2(At)
and
(5.23) |[ar — UP||2 < 3e=Katn |Gy — U°||2 + R[(AL)2 + h2+2).

As a consequence of Theorem 5.2 and the triangle inequality
la(ts) — apl® < 2 a(ta) — UM +2|lU™ — ap))®

we obtain an estimate for the difference between the continuous and fully discrete

solutions of the piecewise optimal control problem.

Remark 5.3. In order to solve the (n + 1)th fully discrete optimal control problem
for each n, we need to introduce a Lagrange multiplier ( ,?H 72 t1) to convert the
(n + 1)th fully discrete optimal control problem into a discrete optimality system

of equations (similar to the semi discrete case).

6. Computational example

Thanks to GNU licence, we have implemented the following algorithm.
(a) initialization:
e Chose a (sufficiently small) 6 > 0 and set At = §. Choose h (sufficiently
small).
e Define u) = Up where U} is the L?(Q) projection of U° on to Xp,.

(b) solving the (n + 1)th fully discrete optimal control problem:
For n =0,1,2,..., find a (up ™!, ppt &t 2ty € Xy, x Sp, x Xj, x Sy, such that

1 < n+17¢h>+&r (Un+1,<,0h)+6(uz+1 n+1,<ﬂh)+k(s0h7 n+1)

6.1) At
= <Fl'7tl+1 - B §n+17 L10h> At <Uh790h> V‘Ph € Xh7

(6.2) k(upt,qn) =0, Van € S,

1
(6.3) At < n+17S0h> + a, ( n+1’<ph) +k (w“ﬂzﬂ) ie (@h,UZ—H, Zﬂ)
+é( 7l+1’<p 5 ) :Oé<u2’+17Un+17<ph>’ V(,Oh GXh,
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(6.4) k ( Z-H, Th) = 0, Vrh S Sh,

(c) Set

n+1l _ rpn+1 —1¢n+1
h - Fh - fB gh

We use a gradient method to implement this algorithm. The finite elements are
chosen to be the Taylor-Hood elements; i.e., the finite element space Vy, is chosen to
be piecewise biquadratic elements (for uj and &) and Sy, is chosen to be piecewise
linear elements (for p, and 7). Newton s method is used to solve the finite-
dimensional nonlinear system of equations. We choose the domain Q = (0,1) x
(0,1). The desired velocity is given by Ul(z,t) = (Ui(z,y), Ua(z,y)) where

Uy = dLL (t7$)¢(t7y) Uy = _i (t7$)¢(t7y)
with
B(t,z) = (1 — 2)*(1 — cos(2kmzt)), z € [0,1].

The integer parameter k involved in U adjusts the number of eddies of circulation
presented in the desired flow, thus determines the complexity of the desired flow.
We choose the kinematic viscosity v = 1/Re = 0.01, the time step At = 0.1,
h=1/16, « =10 and 8 =0.1

For the initial velocity we choose

UY = (cos(2mx) — 1) sin(2my) and U = sin(27z)(1 — cos(2my))

Fig. 1: Controlled (first row) and target (second row) att = 0.0, t =0.15, t = 0.5
andt = 1.

In our numerical computations, we observed that the graphics for the decreasing of
the error ||u — UJ| does’nt change enough when we pass from the case r = 1 to the

case r = 2.
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08 08

0.6 4 06

Brror
=
=

error
[=}
s

[1} 0z 04 06 k) 1 1} 02 04 06 08 1
time time

Fig. 2: The error graphics for f = 0.1 and B = 0.001, respectively.

More over the quickness of the decreasing of the error ||u—U|| between the controlled
flow u and the target flow U depends on . Indeed the more 8 becomes small, more

the decreasing is rapid.
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In this paper, we calculate the generating functions by using the concepts
of symmetric functions. Although the methods cited in previous works are in
principle constructive, we are concerned here only with the question of manip-
ulating combinatorial objects, known as symmetric operators. The proposed
generalized symmetric functions can be used to find explicit formulas of the Fi-
bonacci numbers, and of the Tchebychev polynomials of first and second kinds.
Moreover, we give new results for the product of Hadamard.

1 Introduction

By studying the Fibonacci sequence (F,, 12 = F,, +1 + F,, with Fy = F} = 1),
we note its close connection with the equation 2? = x + 1, whose roots are
the golden numbers ®; and Po. It is also noticed that the eigenvalues of the

symmetric matrix
11
M= (1 0) W

represent the two golden numbers ®; and ®5 of Fibonacci sequence [3]. Conse-
quently, we obtain the following Vieta’s formulas

o1 =M+t =1land gy = Ay =—1 (2)

where 01,09 are called elementary symmetric functions of real roots Aj, Ao,
respectively. So, the eigenvectors of matrix M are multiples of

17{:</\11>andv_2>=</\12> (3)

If we assume that |[A1| > |Az|, then for any positive integer n, we have [3]

M= Sn (A1 +X2)  01Sn—1 (A1 + A2) (4)
Sn—1 (M +A2) 028, 2 (M1 + A2)
n+l_yn+l
where S, (A1 + Ag) = %
In this paper, we are interested in the use of symmetric functions to generate
the well-knwon Fibonacci numbers and Tchebychev polynomiales of first and
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second kinds. In this framework, some necessary preliminaries and definitions
are given in Section 2. In Section 3, we propose a new theorem which allows
the determination of the generating functions. The proposed theorem is based
on symmetric functions and a new proposition on the symmetric operators. In
Section 4, some applications are given for the generating functions of Fibonacci
numbers and Tchebychev polynomials. The products of Hadamard are given in
Section 5.

2 Preliminaries

2.1 Definition of symmetric functions in several variables

Consider an equation of degree n of the form
(z=A)(x—=Xg)--(x—A,) =0 (5)

with A1, Ag, ..., A, being real roots. If we expand the left hand side, we obtain

" — O_lxn—l + 0_2xn—2 _ O_an—?) L (—1)"Un =0 (6)
where 01,09,...,0, are homogeneous and symmetrical polynomials in A1, Ao,
..y An. To be more accurate, these polynomials can be denoted as o; (A1, Agy ..., Ap)
with ¢ = 1,2,...,n, or simply as Jgn).

(n)

The general formula of the polynomials o’ are given by [9]

o™ = 3 ATATE AT (7)

1
mi+ma+-t+mp=i

with mq,ms,...,m, =0 or 1.
(n)

The polynomials o; ’ can be considered as the sum of all distinct products

that can be formed by monomial polynomials C?. It is noticed that JZ(-") =0 for
1> M.
2.2 Symmetric functions

Let A and B be two alphabets, we denote by S,,(A — B) the coefficients of the
rational sequence of poles A and zeros B as follows [2]

1T (1—52)

nZOSn(A - B)" = % (8)
- ac€A

Equation (8) can be rewritten in the following form

> Su(A-B)z" = (Z S"(A)z”> X (Z Sn(B)z”> (9)
n=0 n=0 n=0
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with
Sn(A=B) =) Snj(=B)S;(A) (10)

The polynomial whose roots are B is written as
n
Sp(z — B) = Z Sp—j(—=B)z", with card(B) =n (11)
j=0

On the other hand, if A has cardinality equal to 1, i.e., A = {z}, then equality
(8) can be rewritten as follows [1]

IT (1—202)
_ beB

ZSn(:v—B)Z”— —_ :1+~~-+Sn,1(x_3)znfl+w
n=0

(1—-xz2) :
(12)

n

(1—z2)

where S, (z — B) = 2*S,,(x — B) for all k > 0.
The summation is actually limited to a finite number of terms since S_(-) =
0 for all £ > 0. In particular, we have

H (x —b) = S, (x—B) = So(=B)x" +S51(=B)z" ~'4+Sy(=B)a™ ~2+4--- (13)
beB

where Si(—B) are the coefficients of the polynomials S, (x — B) for 0 < k < n.
This coefficients are zero for k > n.
For example, if all b € B are equal, i.e., B = nb, then we have

Sp(x —nb) = (x — b)" (14)

By choosing b =1, i.e., B= (¢ 1,1,...1 » , we obtain
——
k-1
Sp(—n) = (—1)* (Z) and Si(n) = (n +k: )

By combining (10) and (15), we obtain the following expression

Sn(A — nz) = Sn(A) — <T) Sp_1(A)z + (”> Spo(A)z? — - 4 (—1)" (”) "

For any pair (z,y) we can associate the divided difference 9, defined by [8]

day(f) = L@Y 2 ) = f@e2. )

p— (17)
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3 The major formulas

In this section, we provide some definitions and a new propostion which will be
useful for the next theorem.

Definition 1 The inverse of the sequence Y ", Sn(A)z" is the sequence Y~ Sp(—A)z",
that s

DT A R — a8)
n=0 Z Sn(—A)z"
n=0

Definition 2 The symmetric operator 7, is defined by [7]

z—y

Ty ()

Proposition 1 Given an alphabet Eo = {e1,ea}, then for any positive integer

k, the operator F’;IEZ satisfied the following formula

T8 e fler) = fle1)Sk—1(e1 + €2) + €50c, e, (f) (20)

Proof. From (19) we have

e’ff(ﬁ) - e’gf(eg)

ﬂ-lglegf(el) =
€1 — €2
_eifler) —esflen) +e5f(er) —e5f(ea)
B €1 — ey
~ fle) [elf - 615] +e5 [f (er) — fle2)]
B €1 — €2

Using the formulas (4) and (17) we obtain

Terenf(€1) = fler)Skoi(er + e2) + €50e,e, (f)
This completes the proof of proposition 1. H

Theorem 2 Given two alphabets E5 = {e1,ea} and A = {ay,as,...}, then

D Sn(A)Sksn-1(e1 + e2)2"
n=0

k—1 o)
Z Sn(—A)erel Sp_n_1(e1 + eg)z™ — efekk+1 Z Sntk+1(—A)Sp(e1 + e)2"
n=0

n=0

(nio Sn(A>e?z”> (nio Sn(A)e?zn)
1)
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Proof. Let f(e1) =Y .7 ,€lSn(A)z", then the left hand side of formula (21)
can be written as

7T@1@2f(61) = Tejes (Z S,AA)G?Z”)
n =0
ek 20 Sp(A)erzm — ek 375, (Ag)elz

n=0
€1 — €2

n+k: enJrk
_ § S 2 P
€1 — €2

= Z Sn(A)Sptr—1(e1 +e2)2"
n=0

and the right hand side of this formula can be written as

Sk—l(el + 62)f (61) + elzcaelezf (61)

= Sk 1(61 * 62) 6566162 %)
Z Sp(—A)efzn > Sp(—A)efzn
n=0

Z Sn(*A)Sn_l(el + 62)Zn
n=0

Sg-1(e1+e2)
goSn(fA)e?z" <7§OS,L(A)6 z”) <z Sp(— )egzn)

Y. Su(=A) [ezsk 1(er +e2) —ebS,_1(ep + 62)] 2"

- (nisn e z"> (2 S (—A)es z”>

Z [62 Sk— 1(61 + 62) — 6§Sn 1(61 + 62)]

(ni_'fo sn(—A)e;LG> (z S~ )e”z")

o0

> Su(—A) [ehSk-1(e1 + e2) — €55, _1(e1 +e2)] 2
J=k+1

(niosn(— Jen z”) (z S (—A)en z”)
k—1

3 Su(—A)elen S, _n_1(e1 + ex)z™ — efekzFtl Z Snakr1(—A)S,(e1 + ex)z™

n=0 n=0

(nijjosn(— Jen z") (z S (—A)en z")

This completes the proof.of Theorem 2. W
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4 Applications to the generating functions

In this section, we attempt to give results for some well-known generating func-

tions. In fact, we will use Theorem 2 to derive Fibonacci numbers and Tcheby-

chev polynomials of second kind. Moreover, the generating functions for some

special cases of Fibonacci numbers and Tchebychev polynomials are given.
Then Theorem 2 can be written

Corollary 3 If Ay = {ai,as} and k =1 then

1— 2
Z Sn(A2)Sn(er + €2)2" = —— e1eza1i2z (22)
(£ 50t ( £ su(-aa)egn)
n=0 n=0
Case 1: For a; =1 and as = 0, one can apply Corollary 3 to arrive at [3]

oo N 1
z; wlert [ea)" = G (23)

In (23) replace eq by (—es2), and choose e1, e such that: e;—ey =1, e1eq = 1 to
obtain

oo

. 1 .
Z wlert [—ea))2" = s————, with Fyy = Sp(er + [~e2])  (24)

where F,, are Fibonacci numbers.

Also, if we replace e; by (2e1), ea by (—2es) with the condition 4ejes = —1,
then there follows that

1
1 —2(e; —eg)z + 22’

i Sp(2e14[—2e3]) 2" with U, (e1—e2) = Sy, (2e1+[—2e2])

n=0
where U, are the Tchebychev polynomials of second kind.

By using the previous formula (25), we can deduce that

> 1—(e1 —e2)z

S, (2 —2¢5]) — (€1 — €2)S,_1(2 —2 n—

nz:%[ (2e1 + [~2e2]) — (€1 — €2)Sn_1(2e1 + [~2¢2])] 2 e )
(26)

Then the Tchebychev polynomials of first kind can be derived directly as

follows [3]

Tn(er — e2) = [Sn(2e1 + [-2e2]) — (€1 — €2)Sh—1(2e1 + [-2e2])]  (27)
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Case 2: Fora; =1, as =z, and e; = 1, e5 =y, in an application of Corollary
3 yields the following result [6]

2wtk a Uy 4y = A

(28)
Case 3: By replacing e by (—e2) and as by (—as), we obtain

> 1 — ejeqaqa92?
Sn(a1+]—as])Sp(e1+[—es])2™ =
nz::O (a1+[=az))Sn(e1+{=eal) (1 —are12) (1 + aze1z) (1 + arezz) (1 — azeqz)
(29)
This case consists of three related parts.
Firstly, by making the following restrictions: a; — ay = 1, a1as = 1, and
e1 —es =1, e1ea =1 in (29) we gives
5™ S+ l)Sufer + )" = T =3
— At e 2 71—z—422—z3+z4in:0 "
(30)
This corresponds to the square of Fibonacci numbers [5] given by
F? = S, (a; + [~a2])Sn(e1 + [—ea)) (31)
Secondly, by making the following restrictionsie; — es = 1, ejes = 1,

ayas = —1, and by replacing (a1 — a2) by 2(a; — a2) in (29), we get the
identity of Foata [5], involving the product of Fibonacci numbers with
Tchebychev polynomial of second kind as follows

1+22 = "
2 = ZFnUn(alfaa)Z
1-2(a1 —a2)z+ (3 —4(ar —az)")z2 +2(a1 —a2) 22+ 2 =
(32)
In the last case, choose a; and e; such that e;jes = —1, a1a2 = —1, and by

replace (a1 —ag) by 2(a; —as), and (e1 —ez) by 2(e; —e2) in (29), to obtain
the identity of Foata [5], involving the square of Tchebychev polynomials
of second kind given by

Z Un(el — 62)Un(a1 — CLQ)Zn
n=0
1— 22
1—4(e1 —e2)(a1 —a2)z + (4(a1 —a2)? +4(e1 — e2)? — 2)22 — 4(e; — e2)(a1 — az)z3 + 24
(33)

Notice that, under the same restrictions and by using (25) and (27), and
the fact that
(20,1)” — (—2&2)n

Sn—1(2a1 + [—2az]) = a1 T 20

(34)

327



BOUSSAYOUD ET AL: GENERATING FUNCTIONS

we obtain the identity of Foata [4], involving the product of Tchebychev
polynomials of second kind with Tchebychev polynomials of first kind:

o0
Z Un(er —e2)Ty (a1 — ag)z"
n=0

1—2(e; —ea)(a; —az)z + (2(a; — ag)? — 1)22

1—4(e; —ea)(a1 —a2)Z + (4(a1 — a2)? + 4(e1 — e2)? — 2)22 — 4(e1 — e2)(ay — ag)z® + 24

and also the identity of Foata [5], involving the square of Tchebychev
polynomials of first kind:

Z T.(ex — ea)Tn(ar — az)z"
n=0

(35)

1—3(e1 —ea)(ar —az)z + (2(a1 — a2)? + 2(e1 — e2)? — 1)2%2 — (e1 — e2)(a1 — ag)2>

1—4(e; —e2)(ay —a2)Z + (4(a1 — az)? +4(e1 — e2)? — 2)2%2 — 4(e1 — ea)(a1 — ag)23 + 24

5 The product of Hadamard

In this section, we show the efficiency of the proposed method by determining
the product of Hadamard. In fact, by taking A = & in (8), we obtain

oo

> Su(=B)2" = [[(1—b2) (37)

n=0 beB

For the special case where a; = as = 1 in (37), we have

> (n+1)2" = a _1z)2 (38)

n=0

By replacing z by e;z in (38), we get

g(n +1)ef2" = m (39)

Use Corollary 3 with the action of the operator 7., ., on both sides of the identity
(39) to obtain

e 2

1—e1e9z
1)S, "= 40
nzz:o(n + ) (61 + 62)2 (1 — 612)2(1 — 6225)2 ( )
By taking e; = 1 and ey = 1, we have
o0
n 142
D+ 1" = (41)
n=0
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On the other hand, using formula (22) with the action of the operator 7., ., on
both sides of (41), and by replacing z by e;z leads to

> 1 e
2 n o __ 1
,;)(n +1)"Sn(e1 +€2)2" = meye, (1—e12) T 2Tere, (1—e12)3 (42)
Using formulas (15), (19) and (21),it follows that
1 ol 3
1—ere2? Y (—1)" Sn(er + e2)z™
T 1 = n=0 nt 2 (43)
U1 —e2)3 (I —e12)3(1 — e92)3
1 n 3 n,n n 2,23 1 n+3 3 n
] o - ngzjo (-1 L )eies S1_n(E2)2™ —ejesz ngo (-1 nt3 Sp(E2)z
(1 —e2)3 (1 —e€12)3(1 — ez2)3
(44)

Notice that, for e; = 1 and e5 = 1, we have

e LA DD L))

0
= (1—2)8
(45)
which gives after simplification
(oo}
n  l+dz+42°
Y (n+ 1)’ = T (46)
n=0

Using the same procedure, we deduce, for instance, the following identities

= o L1z 41122428
Z(n +1)%" = = 2)p (47)
n=0
> 5 n 14262+ 6622 +2623 + 2*
Z(n + 1) = (1 — 2)6 (48)
n=0
(o]
1+ 572z + 30222 + 30223 + 572* + 2°
Z(n+1)62"= + 97z + z° + 27+ 972"+ z (49)
— (1-2)7
> 141202 + 119122 + 241623 + 11912 4 12025726
Sont1)en = T (50)
n=0
§ (n+1)%27 = 1+ 247z + 429322 + 1561923 4 1561924 + 429325 + 24725 + 27
7=0 a (1—2)°

(51)
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_ 1+502z + 1460822 + 8823423 + 1561902% + 8823425 + 146082% + 50227 + 28

(53)

o
HZZ:O(TH‘U 2 (1—2)10
(52)
S 10 = 1+ 1013z + 478402 + 4551922° + 13103542* + 13103542° + 4551922° N
=) (1-2)1
4784027 + 101328 + 2°
(1—2)11

6 Conclusion

In this paper, a new theorem has been proposed in order to determine the gen-
erating functions. The proposed theorem is based on the symmetric fonctions.
The obtained results agree with the results obtained in some previous works.
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Abstract

We introduce a new type expansions for the functions sin (7z) and
cot (mz), 0 < & < 1. In particular, the sin (7x) is expressed as an infi-
nite product (different from the Euler’s product for the sine function),
while the cot (7z) is expressed as an infinite series of terms involving
the logarithmic function. The resulting formulas lead to some product
expansions for €7, ¢ (the golden ratio), as well as e*™, where \ takes
some specific real, algebraic values.
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1 Introduction

In a recent paper [4] a product type expansion for the Gamma function I'(z)
was obtained:

1

00 k | R
I'(z) = V2ere™ H (x +7) ‘rﬂ ()7 , x> 0. (1.1)
In the same paper [4] it was shown that the Psi (or Digamma) function,
d I (z)
v — InT 1.2
(@) = 4o IT(w) = (12)

admits the following representation

g: zk: < )mmﬂ) z > 0. (1.3)

FO
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The expression (1.3) has been also derived by J. Guillera and J. Sondow (see
[3]), with the help of the so-called Lerch transcendent. In [4], expressions
(1.1) and (1.3) are derived by a fundamentally different approach, that is
they result as a solution of an appropriate difference equation. Expression
(1.1) for the I'(z), x > 0, is obtained as a solution of the difference equation

InT'(z+1)—Inl'(z) =Inz, x>0, (1.4)

while expression (1.3) for the ¥(z), z > 0, is obtained as a solution of the
difference equation

U(r+1)—¥(z) = %, x>0 (1.5)
2 An expansion for the function sin(7z), 0 <z < 1

Making use of the well known reflection formula for the Gamma function
(see [1], Th. 2.12)

™

Mz)I'(1—2)= 0<x<l, (2.1)

sin(mz)’

and taking into consideration (1.1), the following product type expansion
for sin(7x) is obtained

1

g L : ()i [
sin(mz) = % H | {(gj +)Et (1 — +j)(1—x+])}(J)( ) ’
k=0 | j=0
(2.2)

ie.
sin(rz) =
1 1 (@+ 1)+ 2 —2)2212 [ (4 1)2e+D(2 — g)22-0)
2 27(1 —x)l-= [ r%(1 — )= } ) 2®(z 4 2)72(1 — z)1-2(3 — )32

(z + 136D (o 4+ 3)7+3(2 — 2)32=2) (4 — 90)4_36] : (2.3)

xx(x + 2)3(:0—}—2)(1 _ x)l—z(?’ _ x)3(3—w)

This product formula for sin(nz), 0 < z < 1, which expresses sin(7z) in
terms of = alone, is very different from the well known Euler’s product
expansion of the sine function and, as far we know, is new.
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3 An expansion for the function cot(rz), 0 < x < 1
With the aid of the reflection formula for the Psi function (see [2]) we have
U(l—2z)—¥Y(z)=7cot(mx) (3.1)
and using (3.1), the following expression for the cot(mx) is obtained:
oo kY (=1)7
1 l—2z—y ()=
— 1 3.2
cot(mx) 772 DH{ T+ } ) (3:2)

i.e.

renten) (127 ) L (L2 E0) 1y ()0

x (2— )z 3 (2—2)2x(2+2)
1 ((1-2)3-2)°(1+2)’@3+2)
4m( B A 2e0 T 2] >+ (3.3)

In the next paragraph we show some rather interesting applications of the
expansions, just derived.

4 Applications

1. Setting z =1 in (1.3) and recalling that ¥(1) = —v (see [2]), where 7 is
the Euler’s constant, an expression for e is obtained, i.e.

1/2 2 \ 1/3 3. 1/4 4 44 \1/5
o= (2 2 274 24N @y
1 1-3 1-33 1-36.5
This expression was first derived by J. Ser [5] and subsequently rederived

by J. Sondow.

2. Let ¢ be the golden ratio, namely ¢ =
(2.2)-(2.3) at z =

1+\[ = 2csc(10) Applying

10, the following product for e“” is obtained:

1/10 11 . 99 1/20 11 . 99 . 2121 . 2929 1/30
(1111 . 1919) ( 1122 . 1938 ) '

19.99 . 9163 . 9987 1/40
< 9 9 ) (4.2)

1133 .1957.3131. 3939

Knowing that ¢ can also be expressed as ¢ = 2sin (30), another product

expression can be obtained if we set = = 130 in (2.2)—(2.3):
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1 1/10 1313 . 1717 1/20 1326 . 1734 1/30
Y= 33. 77 33. 77 33.77.9323 . 9727 ’
1339 . 1751 . 3333 . 3737 1/40
< 33 .77.9369 . 9781 >

(4.3)

3. It may be of interest to notice that (3.2) can be used to find fancy product
expansions of numbers of the form e, where \ is a real algebraic number
of a certain kind. We present some examples.

(i) By setting « = 1 in (3.2)-(3.3) and recalling that cot(F) = 1, one easily
obtains an expression for e”:

3\ 3.5\ Y2 /352 11\ /® /358 113 13\ /*
e == — - e (44)
1 1-7 1-72.9 1-73-93.15
This product expansion for e™ has also been derived by J. Guillera and J.

Sondow in [3].
(ii) By setting z = % in (3.2)(3.3) one obtains

N NV /9. 4\V/2 /9. 42.3 1/3 2.43.83.10 1/4
evs = — — 5 3 3 ) (45)

while for z = % we obtain

i (D) (B T\ (B NV 57 ar 19 \ U
- \1 1-11 1-112-13 1-113-133-22
(4.6)

(iii) The formula ¢ = %csc (7%) also implies cot (75) = y/4¢? — 1= /Ip + 3
(since ¢? = ¢ + 1). Making use of (3.2)~(3.3), at # = {;, we obtain the fol-
lowing expression, which involves e, 7w, and ¢:

1 1-19 1-192.21 1.193.213.39 :
(4.7)
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