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Extensions of Montgomery identity with applications for
o-L-Holder type functions

A. Agli¢ Aljinovi¢ and J. Pecari¢

Department of applied mathematics
Faculty of Electrical Engineering and Computing
Unska 3, 10 000 Zagreb
Croatia
andrea@zpm.fer.hr

Faculty of textile technology
University of Zagreb
Pierottijeva 6, 10000 Zagreb
Croatia
pecaric@hazu.hr

ABSTRACT. Some new extensions of the weighted Montgomery identity are given,
and used to generalize the Ostrowski inequality and the estimates of the difference
between two integral means for a-L-Holder type functions.
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2000 Mathematics Subject Classification. 26D15, 26D20
Key words and phrases. Taylor’s formula, weighted Montgomery identity

1. INTRODUCTION

Let f : [a,b] — R be differentiable on [a,b], and f’ : [a,b] — R integrable on
[a,b]. Then the Montgomery identity holds [7]

b b
@) =5 [ F0ds [ P o

where P (x,t) is the Peano kernel, defined by
tza g <t<u,
P(x,t) = (1.1)
% z<t<h.

Now, let’s suppose w : [a,b] — [0,00) is some probability density function, i.e.
integrable function satisfying fab w(t)dt =1, and W (t) = fat w (z) dz for t € [a,b],
Wi(t) =0for ¢t < aand W(t) =1 for ¢ > b. The following identity, given by
Pecari¢ in [8] ( see also [2]) is the weighted generalization of Montgomery identity

b b
f@= [ wa s+ [ Por o (1:2)

where the weighted Peano kernel is

Py (z,) = - (1.3)
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In the paper [1] G. A. Anastassiou proved the following equality

n g(j) () i 1 y (n) (n) 1
90 =90 - L 5 0o = [ (=" @) -ty ae

(1.4)
where g : I — R is such that ¢(™ exists for all t € [a, b], for some n € Nand I ¢ R
is an open interval, a,b € I, a < b and z,y € [a,b].

In this paper we will use the formula (1.4) to obtain two extensions of weighted
Montgomery identity (Section 2.) and further to obtain some new Ostrowski type
inequalities (Section 3.), as well as some generalizations of the estimations of the
difference of two weighted integral means (Section 4.).

2. TWO EXTENSIONS OF MONTGOMERY IDENTITY

Theorem 1. Let f : I — R be such that {1 is absolutely continuous for some
n > 2, I C R an open interval, a,b € I, a < b and w : [a,b] — [0,00) some
probability density function. Then the following identity hold

b n—1 (G+1) a T .
f(x):/ w(t)f(t)dt+zf+j!()/ W (#) (t - a)’ dt

=0

n—1 f(j+1) (b) b ;
+§]|/ (W (t) — 1) (t — b) dt
1 xT
o,
1 b b n n n—
s | =W o) [/ (1 @) - 1% ) (1= 9 %zs] p
(2.1)

w | (1 6 - 1 @) - 9 5]

Proof. If we apply formula (1.4) with f’ instead of g, and with x = a or = b, then
replace n with n — 1 (thus n > 2), we have

Py / (£ (5) = £ (@) (¢ = )" 2 s,
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By putting these two formulae in the weighted Montgomery identity (1.2) we
obtain (2.1)

f(z)= /ab ) f (&) dt+ f( /W dt+zfj+1) /W (t—a)

b d (J+1) b )
+f’(b)/ (W()—l)dt+zf+j!(b)/ (W ()~ 1) (¢ — b dt

j=1

=) / W (t U f‘”)() f(n)(a))(t—S)nst}dt
+ﬁ [ a-way [ [ (201 w) (t—S)"_2ds] "

O

Theorem 2. Let f : I — R be such that "~V is absolutely continuous for some
n > 2, I C R an open interval, a,b € I, a < b and w : [a,b] — [0,00) some
probability density function. Then the following identity hold

f(J+1)

F) = /ab dt+2

b [ Pen [ (100 -1 @) e

/ P (2,8) (t — 2) dt

(2.2)

Proof. If we apply formula (1.4) with f’ instead of g, then replace n with n — 1
(thus n > 2), we have

nl e(+1) (p )
o =r @y ﬂ( ) =

Jj=1

By putting this formula in the weighted Montgomery identity (1.2) we obtain
(2.2)

b LG () P ,
f(fc)=/ w® SO+ s @ [ P wt)dt+zf+j!“/ P (@.8) (t— 2 di

Jj=1

e / P, (z,t) {/ﬂ: (f(n) (s) — f™ (x)) (t— )2 ds] .

11
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Remark 1. In the special case, if we take w (t) = ;= t € [a,b] the equality (2.1)
reduces to

1 n—1 .
< f 2 = ST () 2
/f dt—i-g —a) —jgzoij!(j_'_m(x—b)

e _1 e { / (f(”) () = /") (@) (¢ = )" dS} at

+ (nig)! /: ::i [/tb (f(n) (s) = f™ (b)) (t—S)nzds] dt

(2.3)
and the equality (2.2) reduces to

[ dt+z G (@@= ey - -2

4 #) / P [ / t (10 () = 5™ (@) (= 9" ds} dt

(n—2)!
(2.4)
where P (x,t) is given by (1.1).
3. THE OSTROWSKI TYPE INEQUALITIES
In this section we generalize the results from [1], [5] and [6]. We denote
n_l (J+1) (J+1) )
ol (z) =) f / W (t dt+z ! / (W (t) = 1) (t — b)’ dt,

7=0

1 b
o (o Z f(J+j1') (2) / Py (2, 0) (t — ) dt.

The Beta and the incomplete Beta function of Euler type are defined by

1 r

B(y) = / FUA -, B, (o) = / FUA -0 d, a0
0 0

and

U, (a:,y):/ L)Y e

0

is a real positive valued integral.

Theorem 3. Suppose that all the assumptions of Theorem 1 hold. Additionally as-
sume that f™ : [a,b] — R is an a-L-Hoélder type function, i.e. |f(”) (z) — f™ (y)| <
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L|x —y|® for every x,y € [a,b], where L > 0 and « € (0,1]. Then we have

b
f(w)—/ w(t) £ () dt — vfo ()

b
S B(O[+1 n — (/ |W _a)(x+n—1 dt+/ |W(t) _ 1| (b_t)(x-‘rn—l dt)

(n —2)!
B(Ol+1,n*1) a+n a+4n
_—(H_Q)!(OZM)L[(bfgg)+ +(xfa)+] (3.1)

Proof. We use the identity (2.1) and apply the properties of modulus to obtain

b
f(w)*/ w(t) £ (t) dt — 012 (2)
[ wa ] (-0 @) el d

/z 1-w o) [ [ (@ - w) e ds] dt }

dt

_|_

s—al®|t—s|"?ds

<
b b

+/ 1—W(t)|‘/ s — b [t — "2 ds dt}.
x t

With (s —a) =u(t — a)

t t
/|sfa|a|(tfs)|"_2ds:/ (s—a)*(t—s)"?ds
=(t—a)*™ "Bla+1,n—-1),

and with (b—s) = u (b —1)

b
/|s—b| s|"_2d5:/ (b= )" (s — )" 2 ds
t
=b—t)""""Bla+1,n—1)

and the first inequality from (3.2) follows. Since 0 < W (t) < 1, ¢t € [a,b] and
0<1-W(t)<1,t¢€]|a,b], so we have

r z _yatn
[wore-atas [Ce-amta= S0
@ a a+n
b b a+n
- _ b—x)
Wit)—1 b—to‘+”1dt</ b—t“*”ldt:(i,
[ wo-ie-omas oy 2"
The second inequality from (3.2) follows. 0

Theorem 4. Suppose that all the assumptions of Theorem 2 hold. Additionally as-
sume that f™ : [a,b] — R is an a-L-Hélder type function, i.e. |f(”) (z) — f™ (y)| <
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L|x —y|® for every x,y € [a,b], where L > 0 and « € (0,1]. Then we have

b
f (@) - / w(t) f (t) dt — 129 (2)

SB(Q(;__l; / ‘P T t)||t |oz+n 1dt
B(a+1,n—1) win i
S T At AR (3:2)

Proof. We use the identity (2.2) and apply the properties of modulus to obtain

b
|f (2) - / w(t) f(£)dt — 1o (x)

- ﬁ / P (.1 [ / t (£ () = £ @) (= 5)" ds} dt
< 1/b IPu (@,1)

ds|dt

t (f<“> ()= 1 @) (1= 9"~

s—a:| —8)|" % ds| dt.

Now, fort>xlet s—x)—u (t—x)

/x5—$|a|(t—3)|nstz/:(s—m)a(t—S)”2ds

=(t—2)""""'Bla+1,n-1),
forx <tlet (x—s)=u(r—1t)

/|s—x\ -l s = [ (e s

=— (-t ' Bla+1,n-1)
so

3—m| — )" Pds| =t — 2| ' B(a+1,n-1) (3.3)

and the first 1nequahty from (3.2) follows. Since 0 < W (t) < 1, t € [a,b] then
|Py (z,t)| <1, t € [a,b], so we have

b b a+n a+n
_ _ b— —
/|Pw(x,t)||t—x|“+" 1dt§/ P WP Gl o i)
a a a+n

The second inequality from (3.2) follows. O
Corollary 1. Suppose that all the assumptions of Theorem 3 hold. Then we have

f(1+1)( ) 2SS fUHD () i

(z) b —a
L(ZL’ 7 a)a+n+1 + (b o x)a+n+l

<B(a+1,n—-1) (a+n+1)(b—a)(n—2)!
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Proof. We apply the first inequality from (3.1) with w (£) = 2, ¢ € [a, ]

‘ b
/ |W(t)|(t—a)°‘+”’1dt+/ W (£) — 1] (b—£)* " Lt

T b
- % (/ It —al (t-a)a+"*1dt+/ |t — b] (b—t)‘””ldt>
—a a T

(IL‘ o a)a+n+1 + (b o x)a+n+1
(b—a)(a+n+1)

and the inequality follows from the Theorem 3. O

Corollary 2. Suppose that all the assumptions of Theorem 4 hold. Then we have

L S (@) 2 j+2
f(x)_b—a/a f(t)dt—jz_:o(b_a)w((a—x)+ —(b—x)+)

B(a+1,n—1)B(2,a+n) atntl atntl
< CEDICESI] L{(a:fa)++ +(bf:1:)++}.

Proof. We apply the first inequality from (3.2) with w (t) = 72—, ¢ € [a, b]

b
/ \P ()|t —2|*T" " dt

1 @ o b a-rn—
_b_a</ (t —a)||t — 2| 1dt+/\(tfb)||tfx|+ 1dt>.

Using substitution ¢t — a = u (x — a) the first integral is equal to
T 1
/ (t _ a) (.Z‘ _ t)a-l—n—l dt = (.13 _ a)a—i-’n—i-l / u (1 _ u)(x—i-n—l du
a 0

= (z—a)*""" B(2,a+n)

and similarly using b — ¢t = u (b — x) the second is

b
/ b= (t—2) "t = (b—2)* ™ B(2a4n).
Finally

b a+n+1 a+n+1
_ — b—
J A e

B(2,a+n).

and the inequality follows from the Theorem 4. O
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5~ we get the generalized mid-
point inequalities

a b a
(450 - [wwroa- (;”)|

. a;»b b
< Ey“?rfjggll)z,<JC |VV(t)(t——a)“+"_1dt+:/;?|LV(t)—-H(b~—t)a+"_1dt>
lﬂa+Ln—DLl@—aVMw

Remark 2. If we apply (3.1) and (8.2) with © = 22

(n—2)!(a+n) 204n—1

and

|f<a;b>—/abw(t)f(t)dt L‘;z](“‘;b)‘

B Ln—1), [° atn—t
e (525

(n—2)!

_Blat+1ln-1) (b—a)*t"
~ (n—=2)(a+n) Qatn—1

dt

If we additionally assume that w (t) is symmetric on [a,b] i.e. w(t) =w (b—a —1)
for every t € [a,b] these inequalities reduce to

|f<a;b>/abw(t)f(t)dt

nol et YLD (1)
B L RR G / W (t) (¢ —a)’ dt
i=0 I

SB(Oz+1n QL/ W —a)* L gy
(n—2)!

<Bm+1nUL[ WM]

~ (n=2)(a+mn) 2a+n—1

and
|_n;1 a+b
b b f%ﬂ> a+b
f(“+ > w () f () dt — Wt ( ) dt
) > tanef
B(a+1,n— a+b atn=t
2 2L/ W ( 5 ) dt

B B(a—i—l,n—l)Ll(b—a)O&"}.

T~ (n—=2)!(a+n) 2a+n—1

For the generalized trapezoid inequality we apply equality (2.1) and (2.2) first with
T = a, then with x = b, then add them up and divide by 2. After applying the
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properties of modulus we obtain

|“@;““<ﬁwufOﬁ—*5”;*W@
a:_lg‘ L (/ W (t “*"1dt+/ab(1 —W@®) (b—t)“*”%t)
< i(a ;)‘1(2;1)) 2L [(b - a)‘”"}
and
|f@);f@)[fwaxﬂwdtﬂ N);tkﬁ()
< Bletlnzl) (O‘(:_l;;, Vg (/b (1= W @)t —a)* " dt + /abW(t) (b t)f”"—ldt)

IN

B(a+1,n-1) atn
=2 (atn) r [(b_“) : ]

If we additionally assume that w (t) is symmetric on [a,b], these inequalities reduce
to

b
‘ﬂ@;ﬂ@_éw@fwﬁ

ol L(G+1) (g _1) Tt G+ b .
v ()+(2(;!)) f (b)/ W (t) (b a) dt
=0

Blatln— 2L</W ‘”"1dt>
n—2

B(a+1,n-1)
(n—=2)!(a+n)

< 2L [(b - a)"‘*”}

and

b
|ﬂ®;ﬂ®_éw®fmﬁ

U ()
2720

a+1n—1 (/W _ a+7z 1dt>

B(a+1,n 1)
(n—=2)!(a+n)

b A ol oe(+1) b ,
/ (W(t)—1)(t—a)ﬂdt—zf;(j,)(b)/ W (t) (t — b)Y dt
a j=0 : a

< 2L [(b - a)"‘ﬂ .
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4. THE ESTIMATES OF THE DIFFERENCE BETWEEN THE TWO WEIGHTED
INTEGRAL MEANS

In this section we generalize the results from [3], [4]. For the two intervals [a, D]
and [c, d] we have four possible cases if [a, b]N[c, d] # 0. The first case is [c, d] C [a, b]
and the second [a, b]N[c, d] = [c,b]. Other two possible cases we simply get by change
ac bed.

Theorem 5. Let f: I — R be such that [a,b]U[c,d] C I, f™ :[a,b]U[c,d] — R
is an a-L-Hélder type function for some n > 2, w : [a,b] — [0,00) and u : [c,d] —
[0, 00) some probability density functions, W (t) = f; w (z) dz fort € [a,b], W (t) =
0 fort<a and W(t)=1 fort>b, U(t) = fctu(x)da: fort € le,d], U(t) =0 for
t<candU((t) =1 fort >d. Then if a,b]N[c,d] # 0 and = € [a,b] N [c,d], we
have

/ Cw) £ (0 di - / Cut) £ @t 1) () 1l @) = / " @
a c min{a,c}
(4.1)
where in case [c,d] C [a, D]
oW O [ () = 10 (@) ¢ )" ds| . telao),
Ko (2,8) = Qg (W (8) = U (0) [ [2 (F® () = /) (@) (¢ = )" P s, t € [ed],
o (W@ = 1) [[L (5 () = £ (@) (¢ = )" s, te(db],

and in case [a,b] N [c,d] = [c, D]

W O [JL (O () = 70 @) (= 9)"ds| . telae),
Ko (@) = 3 o W () = U @) [f3 (5 () = £ (@) (¢ = )" s, tefed],
ok (U ) =D [ (7 (9) — 70 @) (- " ds] v ().

Proof. We subtract identities (2.2) for interval [a,b] and [c,d], to get the formula
(4.1). O

Theorem 6. Suppose that all the assumptions of Theorem &5 hold. Then we have

b d
[w@s@a- [Tu® i@+l @ - @

Bla+1,n—-1 max{b.d} ot
&n_@!)L/,{}|Rﬂﬁﬂﬂﬂﬂmﬂﬂ4_lﬁ
B 1 -1 max{b,d} B

<) min{a,c}
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Proof. Use the identity (4.1) to obtain

b d max{b,d}
/w<>f D= [ @+ @ -k @) < [, @l

min{a,c}
max{b, d} t
< ( / Pa(a,t) = Puw 01| [ 77 (6) = 1) @) e = " ds dt)
min{a,c} T
max{b, d} t
g (/ Py, (z,t) — Py (x,1)] / s — | |t — s|" % ds dt)
min{a,c} T

and like ( in the proof of Theorem 4

/ s — | |t — s|" % ds

which proves the first inequality. The second follows from properties | P, (x,t)] < 1,
|P, (z,t)] <1, |Py (z,t) — P, (z,t)] <1 for all t € [min{a, c},max {b,d}]. O

4.1. Case [c,d] C [a,b]. Here we denote

— ]+1

t[r;z,b] Z G + 2) <(a _ x)j+2 - m>j+2) .

Corollary 3. Suppose that all the assumptions of Theorem 5 hold. Additionally
suppose [¢,d] C [a,b]. For x € [c,d] and so = c_bgfi_‘;‘id, the following inequality
holds

b d
o [ rwa— g [ o @) e @

B(a—|—1,n— 1) a+n+1 (C_a+b_d) at+n—1
L - Bcfa 2 _— —
S e [(x a) m(,a+n)+ A= |z — s,

(B2,a+n)+ P, 2,a+n)+ ¥, (a+n,2)+ (b—2)"T"" Boa (2,0 +n)

b—x

=lt—z/*"" 'Bla+1,n-1)

where for sg < x

So— ¢ d—x
ry = s o = )
T — 8o r — 8o
while for sqg > x
d — sp T —c
r=—, ro = .
So— X So— X

Proof. We put w (t) = 71—, ¢ € [a,b], and u (t) = 72—, t € [c, d] in the first inequality
from the Theorem 6. Thus we have ¢/" () and glet) (x) instead of tEﬁ;ﬁ’J (z) and
Efff] () and

max{b,d}
/ |P,y (z,t) — Py (z, )] |t — 2“1 dt

min{a,c}
cl— 3 d
:/ Ol —g)otn 1dt+/
a b—a c
-1 _
’|x—t|“+" ' dt.
a

[
a |b—

t—a t—c

*foH_n_ldt
b—a d—c|z |

19
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For the first integral let t — a = u (x — a) so

c—a

/ (t—a)(z -t dt = (z — a)**"H! /H w(l—u)*" 1 du
a 0

=(@—a) """ B (2,a+n). (4.3)

For the third integral let b —t = u (b — z) and

b
/ (b—t) (t_x)aJrnfl dt = _(b_m)a+n+1/ u(l _u)a+n71 du
d _

b—ax

= (b - m)a-&-n-&-l B::d (2, o+ ’/l) .

[}

&

c¢—a+b—d > 0 so the second integral is

d
t—a t—c at+n—1
/ b—a_d—c‘x_t‘ dt
— b—d ,
:7(2 at /|50 t o —¢|* T de.
—a

Sinceso—C—%>0andd—s w>0,soe[c,d]. So we have

two possible cases:
1. If sp <z we have

d
/ Iso — t |z — t|*T" i
C

= /SO (30 - t) (93 — t)cH_n_l dt + /x (t — 50) (.13 _ t)a-i-n—l dt

S0
d
+ / (t—s0) (b — )T at.

Now, using the substitution sg —t = u (x — sp) we get

S0 0
/ (so—t)(x— )T Tdt = — (z — s0)* ! / w(l+u)* " du
. so—c

T—sQ

=(z - 50)a+n71 Uagc (2,0 +n),

T
with ¢t — sp = u (z — s0) we get

1

/”’ (t—=s0) (x — )" hdt = (x — 50)* " / w(l—w)*™ " du

S0 0

= (z—50)""" B(2,a+n),

and with ¢t —z = u (x — s¢)

d s,
/ (t—s0) (t— )" dt = (x — s0)*T" ! / Yot (14 u)du
T 0
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2. If x < sg then

d
/ 10 — ] [z — ¢+ it
¢ x So
:/ (50— 1) (;c—t)”"*ldw/ (50— £) (t— &)+ gt
(,d xT
+/ (t = s0) (£ — 2)° "L dt.
S0

Using the substitution © — t = u (sg — =) we get

® 0
/ (SO — t) (ZIJ — t)a+n—1 dt = — (50 — x)a—i-n—l / (1 + u) w1 qu

z—c

sg—z

=(s0—2)" " W (0 +n,2), (4.4)

sg—z

with sg —t = u (sg — =) we get
So 1
/ (so—t) (t— )" dt = (sg —2)*T" " / w(l—uw)* ™ du
T 0
= (so—2)*T" ' B(2,a+n),

and with ¢t — sg = u (sp — )

‘ o
/ (t—s0) (b — ) dt = (s _x)a““l/ a4t
S0 0
— (50— 2)" " Wasy 20t m).
sg—x
Thus the proof is done. O

Remark 3. If we put c = d = x as a limit case, the inequalities from the Corollary
3 reduce to the inequality from the Corollary 2.

4.2. Case [a,b] N ¢, d] = [c,b].

Corollary 4. Suppose that all the assumptions of Theorem 5 hold. Additionally

suppose [a,b] N [c,d] C [¢,b], € [¢,b]. If c—a+b—d=0, then
L L [a.0] fe.d]

— t)dt — —— t)dt + ti» —

= [ rwd- = [ et @) - @)

Bla+1,n—1) |(z—a)*™"
(n—2)! b—a

c—a ((:r —o)*t" (b - x)a+”> N (d — )ttt

Beo (2,a+n)

Ba-s (2
T a+n d—c szt (Zatn)

21
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and ifc—a+b—d#0 and sp = C_Z’Z:_z‘id then

1 b 1 d
_— - [a,b] _ ¢led]
s [ T [ @it @) - @)

B(a+1,n—1) |(z—a)*"
(n—2)! b—a

lc—a+b—d|
(b—a)(d—rc)

a+n—1

Beo (2,a+n) + |z — 5ol

(d _ x)a+n+1

“(Br, (+1n,2)+ ¥, (. +n,2)) + Basy (2,a+n)

d—c
where for sg < b,c i.e. so <
Tr—c b—=x
r, = s o = )
T — 8o r — 8o
while for sg > b,c i.e. s >
b—=x T —c
T = 5 To = .
So— X So— X

Proof. We put w(t) = 71, t € [a,b], and u(t) = 71, t € [c,d] in the first
inequality from the Theorem 6. Thus

max{b,d}
/ |Py (2,t) — Py (z, )] |t —2|*T" ' dt

min{a,c}

)
o,

The first integral we had before (4.3)

t— _
b_‘; |z — ¢ 1dt+/

c

blt—aq t—c

b—a d-c

|z — T dt

d—t _
d’ |1’-t|a+n 1dt
—C

/ (t—a) (@ — ™" dt = (z — )™ Bua (204 1)

For the third integral let d — ¢ = u (d — ) and

d—b
d—x

d 0
/ (d—1t)(t—z)*T" " dt = — (d — z)*" ! / w(l =) dy
b

=(d—2)*""" Buy (2,0 +n).

d—wx

Ifc—a+b—d=0 then

b
t—a t—c atn—1
- —t dt
/c b—a d-c = = 1]
b—a /, b—a a+n
Ifc—a+b—d7é0,wehave50—c:%andso—b:%,sothere

are two possible cases:
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1. If c—a+b—d >0 (which implies so > b, ¢), the second integral is

b
t—a t—c atn—1
- —¢ dt
/c b—a d—c'x |
c—a+b—d [? atn—1
= - - —t| |z =t e
ooy ), e tle=t
and
b T b
/|80—t| \x—t\“+"*1dt:/ (so—t)(x—t)“"’ldw/ (so —t) (t —z)*"" " dt.

The first integral we had before (4.4)

/ (so—t) (x— 1) "t = (s — )" T Wk (a0 +n,2),

sp—a

and with ¢t —x = u (sg — )

b—x

b =
/ (so—t) (t— )" dt = (s — 2)*T" ! / T —w) ety
T 0

=(s0—2)""" "By (a+n,2).

sg—

2. If c—a+b—d <0 (which implies sy < b, ¢) the second integral is

a—c+d—b [° ot
(e DACRULEU

and
b

b T
/ so — t| |z — t|*T" dt = / (t — so) (x — )" dt+/ (t —s0) (t —z)* """ dt.

With & —t = u (x — s¢)
0

/z (£ — s0) (z — )" Lt = — (g — 2) ! / (1 — w)uotn—t

r—c
T —s(

= (z—50)""T"" " Bae (0 +n,2)

T—sQ

and with ¢t —z = u (z — s0)

T —sQ

b
/ (50— ) (t—2)* "t = (@ — 50)™ " Woe (@t n,2).
Thus, the proof is done. ([l

Remark 4. If we put b= c = x as a limit case, the inequalities from the Corollary
4 reduce to

1

r—a

€z d
/af(t)dtfﬁ/z f (@) dt + tlo™ () — = (g)
_Blat+1ln-1)B(2a+n)
- (n—2)!

Remark 5. If we suppose b = d in both cases [c,d] C [a,b] and [a,b] N [c,d] = [c,b]
the analogues results in Corollary 8 and Corollary 4 coincides.

L [(x —a)**"" 4+ (d - x)‘”n} .
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Abstract

The basic fuzzy wavelet type operators Ay, By, Cr, Dy, k € Z were first intro-
duced in [4], where they were studied among others for their pointwise/uniform
convergence with rates to the fuzzy unit operator I. Here we continue this
study by estimating the fuzzy distances between these operators. We give the
pointwise convergence with rates of these distances to zero. The related approx-
imation is of higher order since we involve these higher order fuzzy derivatives of
the engaged fuzzy continuous function f. The derived Jackson type inequalities
involve the fuzzy (first) modulus of continuity. Some comparison inequalities
are also given so we get better upper bounds to the distances we study. The
defining these operators scaling function ¢ is of compact support in [—a,al,
a > 0 and is not assumed to be orthogonal. Initially we estimate similarly the
distances of (Byf)(z), (Cr.f)(x), (Dif)(x) from f(z — 55), € R. The main

results of the paper rely on these initial results.
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0. Introduction

This work is motivated by [4], especially from the following result:

Theorem 1 ([4]). Let f be a function from R into the fuzzy real numbers Ry which is fuzzy
continuous. Let p(x) be a real valued bounded scaling function with supp ¢(z) C [—a,al,

o0
a>0, p(x) >0, such that 3~ (x—j)=1onR. Fork €Z, x €R put

j=—00

(Br.f)(z) := fuzzy sum Z f <2jk> ® p(2Fz — §)

Jj=—00
(® denotes fuzzy multiplication). Clearly By is a fuzzy wavelet type operator.

Then the fuzzy distance

D((Be)(x), () < ) (f, ) ,

any x € R, and k € Z, and
sup DI(Bif) (o). fo) < f” (1,57 ).
TER

Here w%f) stands for the fuzzy (first) modulus of continuity. If f is fuzzy uniformly contin-

uous then klim Bif = f uniformly with rates.
——400

All fuzzy wavelet type operators Ay, By, Ck, Dy, k € Z are reintroduced here and
we find upper bounds to their distances D((Byf)(z), (Crf)(z)), D(Dyf)(z), (Crf)(x)),
D((Byf)(@), (Def)(@)), DAL (@), (Bef)(@)), DI(ARf)(@), (Chf)(x)), and D((Ayf)(x),
(Dgf)(x)). Their proofs rely a lot on the found here upper bounds for D((Byf)(x), f(x —
55)), D((Cef) (), f(z — 55)) and D((Dgf)(x), f(z — 5%)), k € Z, € R. The produced
associated inequalities involve fuzzy (first) moduli of continuity of the engaged function and
its fuzzy derivatives.

For fuzzy uniformly continuous functions f and its likewise derivatives we obtain point-
wise convergence with rates to zero of all the above mentioned distances among the stated

sequences of fuzzy wavelet type operators. For these see Section 2.
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1. Background

We start with

Definition A (see [9]). Let p: R — [0, 1] with the following properties:
(i) is normal, i.e., xg € R; p(zo) = 1.

(i) p(Az+ (1 —N)y) > min{pu(z), u(y)}, Vo,y € R, YA € [0,1] (@ is called a convex fuzzy
subset).

(iii) p is upper semicontinuous on R, i.e., Vxp € R and Ve > 0, 3 neighborhood V' (z):
p(r) < p(ro) + €, Vo € V(xg).

(iv) The set supp(p) is compact in R (where supp(u) := {z € R; u(z) > 0}).
We call i a fuzzy real number. Denote the set of all y with Rg.

E.g., Xz} € Ry, for any xp € R, where Xy, is the characteristic function at zq. For

0<r<1and p€ Ryr define [u]" := {x € R: p(zr) >r} and

1) :={z e R: pu(z) > 0}.

Then it is well known that for each r € [0,1], [1]" is a closed and bounded interval of R.

For u,v € Ry and X\ € R, we define uniquely the sum u @ v and the product A ® u by
wov]” ="+ ], Aou" =AM,  Vrel01],

where [u]” 4 [v]" means the usual addition of two intervals (as subsets of R) and A[u|" means
the usual product between a scalar and a subset of R (see, e.g., [9]). Notice 1 ® v = u and
itholdsu@®v=v@®u, A\Qu=uo X If0<r <ry <1 then [u]?2 C [u]™. Actually
[u]" = [u(_r),ugf)], where u”) < uS:), u™, uS:) €R, Vre[0,1].
Define
D:Rr x Ry — Ry

D(u,v) == sup max{ju? — o7, [ul — (|},
rel0,1]

27
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(r) ,(r)

where [v]" = [v27,v]’]; u,v € Rr. We have that D is a metric on Rr. Then (Rr, D) is a

complete metric space, see [9], with the properties

D(u®w,v®w)=D(u,v), Yu,v,w € Rg,
Dk ®u,k®v)=k|D(u,v), Yu,v€Rg, Vk €R,

Dudv,wde) <D(u,w)+ D(v,e), Yu,v,w,e € Rg.

Let f, g: R — Rz be fuzzy real number valued functions. The distance between f, g is defined
by
D*(f.g) == sup D(f(x), g()).

z€R

We need

Lemma 4.1 ([5]). (i) If we denote 6 := X{oy, then 6 € Ry is the neutral element with
respect to @, i.e., uDOo=0Du = u, Yu € Ry,

(ii) With respect to 6, none of u € Rx, u # 6 has opposite in Rr.

(iii) Let a,b € R:a-b >0, and any u € Rr we have (a+b) Qu=a@udbO v.

For general a,b € R, the above property is false.

(iv) For any A € R and any u,v € Rr, we have \® (udv) =AOQud A O v.

(v) For any \,;n € R and u € Rr, we have A\® (p O u) = (A - pn) © u.

(vi) If we denote ||ul|F := D(u,0), Yu € Rg, then || - ||£ has the properties of a usual

norm on Rg, i.e.,

lull7 =0 iff u=0, [AOullz=I[Al-|ullz

lu @ vz <lullz+lvllF [lulr = lvlr < D(u,v).

Notice that (R, ®,®) is not a linear space over R, and consequently (Rz, || - ||£) is not
a normed space.
Here >_* stands for the fuzzy summation.

We use the following

Definition 1 ([3]). Let f:R — Rz be a fuzzy real number valued function. We define the
(first) fuzzy modulus of continuity of f by
A7 (f,0) = sup D(f(2), f(y)), &>0.

z,yER
lz—y|<8
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Definition 2 ([3]). Let f:R — Rg. If D(f(z),0) < My, Vo € R, My > 0, we call f a

bounded fuzzy real number valued function.

Definition 3 ([3]). Let f:R — Rr. We say that f is fuzzy continuous at a € R if whenever
ZTp — a, then D(f(zy), f(a)) — 0. If f is continuous for every a € R, then we call f a fuzzy

continuous real number valued function. We denote it as f € C(R,Rx).

Definition 4 ([3]). Let f:R — Rz. We call f a fuzzy uniformly continuous real number
valued function, iff for any & > 0 there exists § > 0: whenver |z — y| < §, x,y € R, implies

that D(f(x), f(y)) < e. We denote it as f € CZ(R).
Proposition 1 ([3]). Let f € C¥(R). Then wgf)(f, 0) < 400, any 6 > 0.
Denote f:R — Rz which is bounded and fuzzy continuous, as f € Cp(R,Rx).

Proposition 2 ([3]). It holds

(1) w%f)(f, ) is nonnegative and nondecreasing in § > 0, any f:R — Rg.
(ii) limg 0wl (f,6) = w7 (£,0) = 0, iff f € CY(R).
(iit) w7 (f, 61+ 62) < W (£,61) + W) (£,62), 61,62 > 0, any f:R — Ry
(iv) w7 (f,n8) < nw'P(£,6), 6 >0, n €N, any f:R — Ry
v) W (£,00) < N (£,6) < A+ D (£,6), A >0, 6 > 0, where [] is the ceiling
of the number, any f:R — Ry.
(vi) i (f @ 9,6) <wi”(f,0) + w7 (g,0), 0> 0, any f,9: R — Ry,

(vii) w§f)(f, ) is continuous on Ry, for f € C%(R).

We also use

Definition 5 (see [9]). Let z,y € Rx. If there exists a z € Rx such that z = y @ z,then we

call z the H-difference of x and y. Denoted by z :=z — y.

Definition 3.3 (see [9]). Let T := [zg, 20 + 8] C R, with 8 > 0. A function f:T — Ry is

fuzzy differentiable at x € T if there exists a f'(x) € Rz such that the limits in D-metric

o S f@) @) = S h)
h—0+ h T o+ h

29
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exist and are equal to f'(z). We call f’ the fuzzy derivative of f at x. If f is fuzzy
differentiable at any x € T, we call f fuzzy differentiable and it has fuzzy derivative over T

the function f’.

We need also a particular case of the fuzzy Henstock integral (§(x) = g) introduced in

[9], Definition 2.1. That is,

Definition 13.14 (see [7], p. 644). Let f:[a,b] — Rxr. We say that f is fuzzy-Riemann
integrable to I € Ry if for any € > 0, there exists 6 > 0 such that for any division
P = {[u,v],&} of [a,b] with the norm A(P) < ¢, we have

D (Z*(v —u) o f({),[) <e.

P

We prefer to write
b
I:= (FR) / f(x)de.
We also call an f as above (F'R)-integrable.

Corollary 13.2 ([7], p. 644). If f is fuzzy continuous from [a,b] into Rr then f is (FR)-

integrable on [a,b].

Theorem 3.4 ([8]). If f,g:[c,d] — Rr are (FR)-integrable fuzzy functions, and o, 3 are

real numbers, then
d d
(FR) [ (af(@) ® By()da = a(FR) [ f(@)da
& B(FR) / " ().

We need also

Lemma 1 ([3]). If f,g:[a,b] CR — Rz are fuzzy continuous, then the function F':[a,b] —
Ry defined by F(x) := D(f(x),g(x)) is continuous on [a,b] and

D ((FR) / " ¢ (u)du, (FR) / ’ g(u)du) < / ! P(a)de,

Lemma 3 ([3]). Let f:[a,b] C R — Rz be fuzzy continuous. Then (FR) [ f(t)dt is a

fuzzy continuous function in x € |a,b].
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Lemma 4 ([3]). Let f € C(R,Rx), r € N. Then the following integrals

FR) [ st (PR [ ([ pods, ) dsyoa

ER) ([ ([ s s ) ) dsa

are fuzzy continuous functions in S,_1, Sy—o,...,S, respectively. Here s,_1, Sp—_2,...,8 > a

and all are real numbers.
Here we use a lot the following fuzzy Taylor’s formula.

Theorem 1 ([3]). Let T := [zo,z0 + 8] C R, with 3 > 0. We assume that f:T — Rz
are fuzzy differentiable for alli=0,1,...,n—1, for any x € T (i.e., there exist in Ry the
H-differences f@(z + h) — fO(z), fO(z) = fO(x —h), i =0,1,...,n — 1 for all small

0 < h < 3. Furthermore there exist f01)(x) € Rr such that the limits in D-distance exist

and
, (@) h) — £ @ () — fO(p — h
(1) o S @+ R) = ) L fY(2) - [z —h)
fe) = A, h =, h ’
for alli=0,1,...,n—1). Also we assume that f(i), 1=20,1,...,n are fuzzy continuous

onT. Then for s > a, s,a € T we obtain

(s —a)®
2!

Ru(a,s) = (FR) /a (/al (/anl f(")dsn> dsn_1> ---)dsl.

Here Ry (a,s) is fuzzy continuous over T' as a function of s.

f(s)=fla)@ f(a)®(s—a)@ f'(a) ® @0 f" Vo

where

Note 1. This formula is invalid when s < a, as it is based on Theorem 3.6 of [9].

We denote by CN(R,Rz) the space of N-times continuously differentiable in the fuzzy
sense functions from R into Ry, N € N. We also denote by CgU (R), N € N, the space
of functions f:R — Rz, such that the fuzzy derivatives exist up to order N and all f,
£, fY) are fuzzy uniformly continuous.

Finally we make use of

Lemma 2 ([4]). Let f:R — Rgx be fuzzy continuous and bounded function, i.e. IM; >
0: D(f(z),0) < My, Vx € R. Let also g: from interval J C R — Ry continuous and bounded

function. Then f(x) ® g(x) is a fuzzy continuous function on J.
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2. Results

We present our first main result.

Theorem 2. Let f € CV(R,Rx), N € N and the scaling function o(x) a real valued
o0
bounded function with supp p(z) C [~a,a], 0 < a < 400, ¢(x) > 0, such that > ¢(z —

j=—00
j)=1onR. Fork€Z, x € R put
B = Y 1 (%) o et 1)
j=—o0
which is a fuzzy wavelet type operator. Then it holds
a N—-1 ai ) )
D(Bn@ (v 5)) = X gt (PUO@.0)+ e (10,5 ))
av _ a
+ NGO N (D(f(N)(x),0)+3w§ ) (f‘ ) %))
=: O (;) , foranyx €R, k€ Z. (2)

If f € CRY(R) and as k — +oo we obtain with rates that
. a
kETmD ((ka)(;c),f <x — 216)) = 0.

Corollary 1 (to Theorem 2, for N = 1). It holds

D (ka)@:),f (x - 2‘2)) < 23 (D(f’(x),é) + 3wi”) (f’, 2‘2)) ,

forany x € R, k € Z.

Corollary 2 (to Theorem 2). The following improvement of (2) holds

o (o)) o (7 (1) 1 (3).

for any x € R, k € Z.

Proof. From Theorem 1, inequality (2), of [4] we get

D((Bif) (@), f()) < w (f, 2,€> |
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Then we observe

a

D((Bef)@). s (2~ ) ) < DB @), F@) + D (F(a). f (o

~
F a
§2W§ )<f»2k)~

O

7))

Proof of Theorem 2. Because ¢ is of compact support in [—a, a] we see that

B = X 7 (g) @t

ok
J
2kr—j€l—a,al

That is for specific x € R, k € Z we have the j’s in (3) to fulfill

Using the fuzzy Taylor formula (Theorem 1, [3]) we get

) =2 1 e-g) o= eRwle-go )
where
a j F [
RN( 2.1{}72]9) (FR)/:E_G(/:;_“(
2k 2k
SN —
(/ ) 1f(N)(SN)(iS]\f)dSN_1 --)dsl.
3
Then
N-1 Jjta i
J , e a (L5 — ) ,
f(2)®w(2kx—J)zz_:0f()<x—2,€ ® Qki! ® p(2Fz — j)
a J
and
N-1 j+a i
* J k N * * (i a (L5 — )
Z f(2k>®<p(2x—])_ Z Zof()<x_2k>® 2@'!
J J =
2km—je[—a,a} le‘—je[—a,a]
* J

33



34 ANASTASSIOU

That is we have

N—-1 . # . i
BN@=Y Y 19 (e-2) o T opet
=0 i :
2’“z—j€[—a,a]
o ¥ Ry(o-gpg)oee-d) ()

J
2kz—j€[—a,a

Next we estimate

D ((ka)(x%f <$ - 2(2))

2kr—j€[—a,a
N-1 Jj+a )
* * i a (7 - fE)
-o(X X (e g)e B e s
Qkx—jje[—a,a]
& Z* RN (x % 2‘7k> ® o2k —j),O)
2k:rfj]€[fa,a]
= (m z)' ; a
b kp — ON P
= i=1 zg: il o#e = 0D <f (x 2k> ’ )
2k g —j€[—a,al

i e —j i ) () @
: = zj: MSD@ x—j) (D(f()(:z‘),o)+w (f()72k)>
2kz—j€[—a,a]
k . a j ~
+ Z o(2%z — 5)D <RN (w 2k72k)7 >— (%)
Qkx_jje[—a,a]

Next we work on
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So that

D(R © I 5)<p(R @ T\ ) ay, G -0"
N\T TR gR )0 SDARN T = gpgr ) /2708 ) O T T

At the end we estimate

. i+a N
a j N a (G — )
D(“(“ywzk)’f( )<$_2’f>®2N!>
2% S1 SN—1 (N N a
=D (FR)/ . / . / . f )(SN)dSN dsn_1--- dsl,f( )<:U—2k)
z—op \Vz—55 \Je—3%
2% 51 SN-1
@/ . / L / . ldsy |dsy—1---|ds1
r— 5 \Jr—3% T—o%
(/1 (/ A f(N)(SN)dSN>dSN_1"')dSl,

2k

(FR)/%Q (/;_1 </:_N;1 f(N) (x_ 262) d8N>dsN1-~>d51>

- (/:Val D (f(N)(SN)a A (w - ;)) dSN) dsy—1-- ) dsi
LU

a
2k

SN-1
. (/ 1dsN>dsN1--~>d51

ok

(F-@—5)" o Fa @
N! = oN(k-1) 11 Tok-1 )"

SN + — X d8N> dSN_l'“)dSl

IA
E/\
3
A~
=
2

. i+a N
a 7 N a (]T_x)
D<RN<x_2’f’2k>’f( )<~’“‘zk)®2m>

35



36 ANASTASSIOU

Therefore by (7) and (8) we obtain

D <RN (m - ;ik 27k> ,5) < zN(ka_Nl)M <D(f(N),(x),5) + 3w (f(N),;» . (9)

Using (9) into (x) we get

N-1 4
a (@) F) (i) &
<3 g (PUO@.9) + o (19,5

N

e (o0 (. 5)

Inequality (2) has been established. O

The next related main result is given.

Theorem 3. All assumptions are as in Theorem 2. Define for k € Z, x € R the fuzzy

wavelet type operator

(Dif)(x Z Ok (f o - ), (10)

j=—o00

where . . )
5kj(f)::Z;wF®f<2]l,€+2;1>,nEN, wi >0, Y wi = 1. (11)
Then it holds
D (D)) s (2= 57 ))

S i (DU @).0)+ i (10, 5))

i=1
2a + 1)V ) a .
+ o (DU(N) (2),0) + 3wy (f<N>, 2,6) + ) <f(N), 2,f))
=: Ag (;) , foranyr €R, k€Z. (12)

If f € CRY(R), as k — oo, we obtain with rates that
. a
kEIEOOD ((Dkf)(x), f (x - 2k>) =0.

Corollary 3 (to Theorem 3, for N = 1). It holds

D (D)) (2 52)) < (3 ) (DU @10 + 367 (55 )+ (1) ).

foranyx €R, k € Z.
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Corollary 4 (to Theorem 3). The following improvement of (12) holds

o (0~ ) < (o7 (55 (1)) (3)

foranyx eR, ke Z.

Proof. From Theorem 4, inequality (14) of [4] we obtain

(D)) 1(a)) <7 (1,95 ).

Then we see that

a

D ((Den)@) £ (v 5) ) < DDA @), £ + D (7.5 (2= 5t))

~ o
F a+1 F a
§w§)<f, oF >+w§>(f,2k>. 0
Proof of Theorem 3. Because ¢ is of compact support in [—a, a] we observe that

(DN = 3 (Z* weo f g+ an)> opz—j). (1)
j =0
2kz—j€[—a,al

Again for specific z € R, k € Z we have that the j’s in (12) satisfy

~ N-1 (j+a) 7 i
I PN 0 (o @) Gtk — )
f(2k * 2kn> ZZO f (m 2’«) © il
a j T
@RN<5U—2,€,2,§+2,%>7 (14)
where
a j T
Ry (x Tokigk T zkn>
(L-G- L ) 81 SN-1
- (FR)/ SR (/ </ f(N)(sN)dsN>dsN_1~-->d31. (15)
x—zik a:—zik J:—zik
Then
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2kz—j€[—a,a)

Next we estimate

D((Dun)@)s (o 5))

|G, Y et e (o- )

3 7=0
2kz—j€[—a,a
N-1 n (j+ka) + of
< Z 90(2k$ - ]) Z Wy 2 '2 =
i=1 J 7=0 v

n

Z wiD <T\’,N (:1:

7=0

Next we work on

a j T -
D(RN<$—2]§,2]€+2,€”>,O>

a j T N
< D(RN<$—2,€,2,§+2,%),J€( )<1’—

L (050,04 (10, %
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So that

n
. - (j+a) N
A m<_a)< + 5t — @)
D(RN<x 2k’2k+2kn>’f TR )@ NI
N

Next we observe, as in the proof of Theorem 2, that

. ~ jta N
Ca o TN o (,a) . e o)
D (RN (m ok ok T 2kn> 3 (x 2k> © N
(2a+1)N ( 2a +1
< W(U% ) (f(N)7 oF ) (19)

Hence the previous inequality (19) implies

@ j TN -
D (R (v 5555+ 35) )
2a + 1)V - a 1
= (QkN]\[)l (D(f(N)(w),O)JrBw%f) (f(N),%) +w) (fUV),zk)). (20)

Using the last inequality (20) into (x) we obtain

N-1
2a + ]. I - F i a
; T okijl ( (f()(:z),o)—i—w% )<f()’2k)>
2a + 1 F a F
B (™), o) 4367 (50, 4) +ef? (19, 5)) . )
By (21) the proof of the theorem is now finished. O

We need also the following main result.

Theorem 4. All assumptions are as in Theorem 2. Define for k € Z, x € R the fuzzy
wavelet type operator

o0

(Cpf)(z) == Z* (2’“@(FR) /0 . f<t+ )dt) o2k — j). (22)

j=—oc
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Then

D ((Ckf)(x), f (l‘ - 21))

-1

(2a+ 1) i ~ N a
< 3 2 (b0 + ol (10,51

1=

N (2a+ nHy

allk € Z, x € R.
If f € CRY(R) and as k — +oo we obtain with rates that

Jim D (@) s (2= 5)) =0

Corollary 5 (to Theorem 4, for N = 1). It holds
D((Cun)@)s (2 5)) < (2“ + 1) (DU@).9)

2 (1) 0 ().

Corollary 6 (to Theorem 4). The following improvement of (23) holds

for any x € R, k € Z.

D (s (s g0)) < (o7 (5557) + i (1:30)) 2 ()

for any x e R, k € Z.

Proof. From Theorem 3, inequality (10), of [4] we get

D((CL) (@) 1)) < o7 (1,55 )

Then we observe that
D ((Cuf)(@). 1 (- 2,C)) < D((Cu)(@) S + D (@), f (2= 5 )

() e (v8). s

Proof of Theorem 4. Because ¢ is of compact support in [—a, a] we see that

» = j .
(Crf)(z) = zj: <2k®(FR)/O f(t+2k> dt) ® (2% — 7).
2kz—j€[—a,a]

NN (D(f(N)(x),é) + 30 <f(N)72‘;> ) (f(N)»;k» _ Ak(

(24)
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Hence for specific x € R, k € Z we have the j’s in (24) to satisfy

Using the fuzzy Taylor formula (Theorem 1, [3]) we find

) N—1 (§+a) @ ;
* 0 a (t‘i‘i_x) a
) -E () Y (- pn ) o

=0

where

. ((/iNal f(N)(SN)dSN>dsN_1 "'>d81. (26)

Then by Theorem 3.4, [8] we get

o [ e a0 o 2) o2 [ g )

27k

a J
920 (FR) [ Ry (x—%,t+%> dt. (27)

Thus we have

(Cef)(a §jf (s-5)e % w%x—ﬁ<f[fk0+”ﬁ;”—xfw>

J
2kx—j€[—a,al
k.. ok 2 a J
& z]: e(2%x — j4) <2 © (FR) ; RN(x—Qk,t—i-%)dt). (28)
2k g —j€[—a,al

Next we estimate

D ((ckf)(x%f <fc - 2@)

= p|(@he). X e@a-jof(a-5)

2kz—j€[—a,a
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5w (5[50 ) (0 (- £) o)
28 z—j€[—a,a]

+ ; @(Qkxj)<2kD<(FR) oszN< 2k,t+2]k)dt,~>>
2%x—j€l—a,a]

Next we work on
D(RN< 2k7t+2k> ~>
) i N
a J N a (t+ ok *m)

(j+a) N
N a (t+ 5 —2)"

So that
D(RN< t+j> )
ok’ 2k
. (j+a) N
a ] N a (t+ ok —.1')
D(RN<$—2I€,t+2]€),f( )(x_Qk:)@ NI

N
+%(D<ﬂm<x>,a>+wiﬁ (f““va», forost<2 (29)

9k

Next, we act as in the proof of Theorem 2, we observe that

D (RN( St t 3 ) f(N)( Qk) ® Vi

2a+ DN (& 2a + 1 B
= ng) f(N)77 , for0<t<2 k. (30)
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Therefore we obtain
D(RN (w—;,t—i-;k),é) (31)
< B (D@, a) + 37 (509, &) 40 (79, ).
for 0 < ¢t < 27%. Using the last inequality (31) into (x) we get
=Y U (ny0w),a + o (10, 5))

1
2a + 1)V a F 1
o (PU®@.0)+ 37 (50, )+l (5, 2)). @2
By (32) we have the validity of the theorem. O
The previous results lead to the following important theorems.
Theorem 5. All assumptions are as in Theorem 2. It holds
D((Buf) ), (D)) < B (57) + 2 (57 ) ()

foranyxz € R, k€ Z. If f € CRY(R), as k — 400, we obtain with rates that

lim D((Bxf)(x), (Df)(x)) = 0.

o
Proof. By
D((Buf) ) (DLH)@) < D ((Br)(@). 1 (2= 5 ) ) + D ((Dun ). s (- )
@WI 0y 2y

Theorem 6. All assumptions are as in Theorem 2. It holds

DDA, (CLh)@) < 28 (57 ). (34)

foranyz €R, k€ Z. If f € CXY(R), as k — 400, we get with rates that
Jim D((Dy) (@), (Cif)(2)) = 0.
Proof. By

(by (12) and (23)) ( a )

< Ay
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Theorem 7. All assumptions are as in Theorem 2. It holds

D((Buf)(@), (Cep)@) < o (57 ) + D (55 ). (3)

allr eR, keZ. If f € CgU(R), as k — 400, we find with rates that

lim D((Bgf)(x), (Crf)(x)) = 0.

k—+o00

Proof. By

D((Buf) ), (Cuf)(a)) < D ((Bua). f (- 57 ) ) + D ((Cun)a)f (2 )

(by @) and 23)) <2k> LA (216) O

It follows another family of basic interesting related results.

Theorem 8. Here ¢ is as in Theorem 2 and f € C(R,Rx). Fuzzy wavelet type operators
By, defined by (1), and Cy, defined by (22). Then

D((Buf)(a), (Cuf)(a) < (£.5¢ ) (36)

foranyz €R, k€ Z. If f € CL(R), as k — +o0, we obtain with rates that

lim D((Bgf)(x), (Crf)(x)) = 0.

k——+o0
Proof. We have that
D((Brf)(x), (Crf)(x))

=D (i* f (él) @SO(Q% —1J), ;* <2k ©® (FR) /OQk f <t+ 2‘7k> dt) @@(2’% —j))

Yoo e@w—j)D (f (2‘7k> 2" © (FR) /Oz_k f (t + 2],€> dt)

IN
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Theorem 9. Here ¢ is as in Theorem 2 and f € C(R,Rx). Fuzzy wavelet type operators
Dy, defined by (10) and (11), and Cy, defined by (22). Then

DDA, Cen@) <t (F. 387 ) (37)

foranyxz €R, k€ Z. If f € CL(R), as k — +00, we get with rates that

lim D((Dyf) (), (Crf)(x)) = 0.

k—+o0

Proof. We have that
D((Dxf)(2), (Crf)(z))
- k N 2 J k .
~ D (Z 5 (f) © 92 — 1), S (2 oFR) [ 1t 5) dt) (2 x—j))

j=—o0 j=—o0

< ; o(2e — j)D <5kj<f),2 o (FR) /02 y <t+ ;,i) dt)
2k z—j€[~a,a]

< zj: (p(gkx_j)iwfp (f(zjk+2:TL>,2"‘®(FR)/2_ICf<t+2‘];€)dt>
2kz—j€[—a,a)

2% Y p@w—7)Y wD ((FR) /OTk f (;,C + 2,{3) dt,

i 7=0
2k g —j€[—a,al
k k S 2 (F) r
<2 Z 80(29U—J)Z’wf/ 1 <f>2k—t)dt
3 =0
2kz—j€[—a,al

" K SRV GYME

J =0

Theorem 10. Here ¢ is as in Theorem 2 and f € C(R,Rx). Fuzzy wavelet type operators
By, defined by (1), and Dy, defined by (10) and (11). Then

D((Buf) ) (DLf) @) <l (1,55 ) (39)

45
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foranyz €R, k€ Z. If f € CL(R), as k — +oo, we find with rates that

lim D((Byf)(z), (Dif)(z)) = 0.

k—4o00

Proof. We see that

D((Bif) (@), (Dif)(@))
=D (Z* ! (2@ O ez~ ), 307 0 (f) © (2" —j))

j=—00 j=—00
< X e (1))
kafjje[fa,a]
C oy e Fen (L) (5 )
=2 Z ok )\ ok T 2ky
2kz—j€[—a,a]
N 7 1
j 7=0
ka—jje[—a,a]

Next we present the corresponding comparison results based on the previously given

theorems.

Corollary 7 (to Theorem 5, and Theorem 10). All assumptions here are as in Theorem 2.

It holds

DB @), (e < min (o (1.5 )0 (5) + e (5)) . @9

for any x € R, k € Z.

Corollary 8 (to Theorem 6 and Theorem 9). All assumptions here are as in Theorem 2.

It holds
. (F) 1 a
D((Df) (@), (Cof) ) < min (W (£ 55 ) 28 (55 ) ) (10)
forany x € R, k € Z.
Corollary 9 (to Theorem 7 and Theorem 8). All assumptions here are as in Theorem 2.

It holds

a

D(Bef)(@), (Cup)@) <min (w7 (£.50) 8 (55) + & (5)). (@
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allx e R, k € Z.

Finally we study similarly the Fuzzy wavelet operator Ay.

Theorem 11. Let f € Cy(R,Rx) and the scaling function ¢(x) a real valued function

with supp ¢(x) C [—a,a], 0 < a < 400, ¢ is continuous on [—a,a], p(x) > 0, such that

‘ %O: o(x—1)=1onR (then [* p(x)dx =1). Define

J=—00
orj(t) == 28202k — §),  fork,j€Z, tER,
Jjta
ok
(o) = (FR) [ 10) @ iyt
Qk
and set
(Axf)(@) = 3" (f 0n5) © i), anyz € R.
j=—o00

The fuzzy wavelet type operator (Byf)(x) is defined by (1). Then it holds

D((Auf)(a), (Bef)o) <o (£, 57 ).
foranyxr eR, keZ. If f € C’g(R) and bounded, then

klirf D((Arf)(z), (Bef)(x)) =0 with rates.
Proof. We see easily that

0o
u

h = 3 (m) [ 1 (5) @ etu i) @ ptke - .

j=—o0

Also it holds

So we observe

D((Axf)(x), (Br.f)())
=D (f (Fm) / +f (¢) @ #lu—du)

j=—00

op@s =) Y () @i j))

j=—00

IN

%: @2z — §)D ((FR) /jﬁa f (;) ® p(u — 7)du,
2kz—j€[—a,a]

(42)

(43)

(44)

(45)

47
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) [ 1 (5) @ etudyiu)

(by Lemma 1, [3] . '
and Lemmm 2 1) J%[ y SO@kx_j)/]j: olu—3)D (f <21;> & <2j’€)> au

< % e e el (1) = (1 8) O

j a
2k z—j€[—a,a)

Theorem 12. Let ¢, f, Ar as in Theorem 11. Let fuzzy wavelet type operator Dy as in
(10) and (11). Then

D((Auf) (), (D)) <o (1,55 (48)
foranyx eR, keZ. If f € C’g(R) and bounded then

lim D((Agf)(z),(Dgf)(z)) =0 with rates.

k—+o00

Proof. We notice that

D((Axf)(z), (Def)(z))
(by£46)) D (i’o* ((FR) /j+af (;) o ol —j)du)

j==o0 ja

(e =), Y 0is(f) © pl25 - j))

- Z o2z — §)D <(FR) /jjzaf (;)

2kz—j€[—a,al

, L j 7
© (u—j)du,y wf®f<+ )>
= o2k 2kp

(by (47) . ——
<Y e wn (R [ () ot
2kz—j€[—a,al

(FR) /jjﬂf (j T ) ® p(u —j)du)

- 2k = 2kp
(by Lemma 1, [3] n
< Z p(2"z — j) Z Wy
and Lemma 2, [4]) J 7=0

2kz—j€[—a,a]
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ta a+1
< > T — )Y wi / o(u— jw (f, o7 )d>
j 7=0 Jj—a
2Fr—j€[—a,a]
F a+1

Theorem 13. Let ¢, f, Ag as in Theorem 11. Let fuzzy wavelet type operator Cy as in
(22). Then

D((Auf)(a), (Cuf)(a)) < i (£.%56 ). (49)

for any x €R, k € Z. If f € C%(R) and bounded, then

kgrfoo D((Arf)(2), (Crf)(z)) =0 with rates.

Proof. We observe that

D((AkD)(@), (Cef)()
o (0 e ) ( > () [ (5) @ vtusan) o ol - )

i’j* <2k & (FR) /OM f (t + 2‘7k,> dt) © g2z —j))
- S w@z-j)D ((FR) /]jzaf (;)

2kz—j€[—a,a)

® o(u — j)du,2¥ ® (FR) /ng f (t + 2‘7,€> dt)
0 ( )

k j+a U
= > ¢@-jD (FR)/ f(2k @ p(u — j)du,
j j-a
2%x—j€[—a,a)
j+a 2=k j
) [ty 2o wr) [ f (i 5 ] du
j-a 0
(by Lemma 1, [3]
< > w2 )
and Lemma 2, [4]) J
2k —j€[—a,a]

x </ji;ago(u—j)D (f (;) 72k@(FR)/02kf<t+2‘7;€> dt) du)
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<(FR) /0 7 (;) dt, (FR) /0 7 (t + 2‘716) dt) du>
(by Lemma 1, [3]) j+a

< Yoo e —j) (/] p(u—j)2F

j —a
2kz—j€[—a,a

x (/OTICD(f (;) ,f<t+2jk>)dt> du)
o2z~ j) ( [ otu- e ( [ (s

S @) ( / " ot 2t

j —a
2kz—j€[—a,a

a-+1

IN
(]

IN

Example 1. The following scaling function ¢ fulfills the assumptions of the presented

theorems
z4+1, —1<2<0,
plx)=q1—2, 0<z<l1,
0, elsewhere.

Note 2. Ap, By, Ck, D;, are linear operators over R.

Remark 1. On Theorems 8, 9, 10, 11, 12 and 13. It is enough to comment Theorem 8§,
similar conclusions can be derived from the rest of them. Assume that f € C(R,Ry) fulfills

the following Lipschitz condition
D(f(x), f(y)) < Mlz —y|’, 0<p<1, M>0. (50)

Then clearly it holds

1 M
So that from (36) we obtain
M
D((Bif)(@), (Cef)(@)) < 55 (52)
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and k € Z, x € R. And consequently

for any k € Z.
Finally we get the global error estimate
. M
sup  D*((Bxf), (Ckf)) < >kp (54)
fECR,RE):

£ as in (50)
Ete.

At the end we give two independent but related and useful results.

Proposition 1. Let ¢, f be both even functions as in Theorem 8. Let (Byf) defined by
(1). Then (Byf)(x) is an even function.

Proof. We observe for z € R that

(Brf)(— _Z_Oof<2k>®go( x—j)
- j_zoj;f ( 2k> © 2"z +j) (a finite sum)
B _foo £ (%) oea -5
*:Z_wf <2k> © 2"z — j*) = (Bif)(x). 0

Proposition 2. Let ¢, f be both even functions as in Theorem 11. Let (Axf) defined by
(43) and (44). Then (Apf)(x) is an even function.

Proof. We observe for x € R that

A S (1 [ () o et i) oot )
(a finite sum)
- :f_foo () [77 1 (~5) @ etout i) © ot + )

(linear change of variables is valid in (F'R)-integrals)
= ¥ (FR)/* f(zk)@p( J)dw | © 92 - j7)
jr=—j=co jr-a

(46)

(Arf)(z). O
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Stochastic modeling for the COMET-assay

A.-L. Boulesteix V. Hosel V. Liebschef
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Abstract

We present a stochastic model for single cell gel electrophoresis (COMET-assay)
data. The distribution of length of DNA fragments is calculated according to a 'Ran-
dom Breakage Model’ and the migration of DNA fragments among gel fibers is dis-
cussed. Essential to our approach is the use of point process structures, renewal
theory and reduction to intensity histograms for further data analysis. Parameter es-

timations and simulations illustrate the features of the model.
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Keywords: COMET-assay, renewal process, point process, Poisson process, random

breakage model

1 Introduction

Single cell gel electrophoresis or “COMET-assay” is a very efficient method to examine
DNA damage and repair with many applications, for example in cancer research. A non-
damaged DNA molecule is a long linear chain of desoxyribonucleic acids. When a cell

Is irradiated several strand breaks in the DNA may occur. The aim of the study is to
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detect to which amount a broken DNA molecule can be repaired by the organism. Non
efficient repair may indicate genetically determined malfunctions in the recombination
and replication mechanisms of the DNA. At present, the COMET assay is one of the most
important techniques to monitor DNA damage and repair at the level of single cells.

The standard way to analyze COMET data is to compute characterizing geometric
properties of the comet, e.g. the tail moment [3] or the comet moment [19]. Some of
these parameters show only little variability across experiments [12]. However, all these
parameters are sensible to small changes in the recorded COMET image. The used image
processing method plays a major role and errors in detecting faster fragments may occur.
Such fragments usually appear darker and are thus not well separable from the background
of the image. Further, the images contain much more information than could be coded
in one or a few parameters. A comprehensive model for the whole data and some robust
methods to extract relevant information would allow to make better use of the recorded
images. In the present work, we suggest such a modeling approach.

This work is structured as follows. Section 2 is a short introduction into the COMET-
assay and our modeling approach. Section 3 describes the problem as a marked point
process. In sections 4,5,6, we derive stochastic models for the various aspects of the
experiment such as, e.g., the distribution of fragment masses after radiation or the mass
dependent migration distance of a single DNA fragment. In section 7, we discuss the

combined model by means of simulation and parameter estimation.

2 The COMET-assay and its modeling

A large amount of articles describe the technical details of the COMET-assay, for instance
[3, 6, 19]. An up to date source of information is the web site [17] and an extensive review
of the COMET-assay can be found in [13]. Here, we only present a short overview of
the method with emphasis on a few features which are important for our mathematical
modeling.

In COMET experiments, the cells to analyze are attached to an agarose gel and placed
in an electric field, after suitable treatment and in particular conditions. Since DNA is po-
lar, DNA molecules tend to migrate. Big DNA molecules (i.e. non-damaged or repaired
DNA molecules) show no observable migration, whereas small DNA molecules (i.e. dam-

aged DNA molecules) migrate quickly off the center of the cell. These small fragments
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are responsible for the comet like shape of the electrophoresis image (tail), hence the name
COMET-assay, see Figure 1. It is quite difficult to explain why small molecules migrate
faster than big ones, but one of the main explanations is that big molecules are more sensi-
tive to hurdles (gel fibers) during the migration. Till now there are diverse opinions among
biologists about the underlying mechanisms. Anyway, at the end of the electrophoresis,
it is possible to see whether a cell is 'quite damaged’ or 'quite non-damaged’, by ana-
lyzing the shape of the comet: a damaged cell has a long and/or dense tail, whereas a
non-damaged cell merely looks like a homogeneous disk.

Figure 1: A comet from an irradiated cell

Our aim in the present paper is to establish a reasonable stochastic model describing
the data which can serve as a basis for future statistical inference. This strategy is in con-
trast to the standard approach, which uses only a few geometric features. We emphasize
again that interesting information contained in the image data is not encoded in the single
geometric parameters. We are able to retrieve this information only if we can model the
physical processes of the experiment with sufficient accuracy. The final goal is to estimate
the distribution of lengths of DNA molecules (or equivalently their distribution of mass) in
damaged and repaired cells, in order to get more information on the repair mechanism and
its efficacy. Keeping track of the approximations and assumptions in the modeling process
will help to implement methods which are robust under changes of model parameters and
slight violations of model assumptions.

In terms of the data, the distribution of molecule lengths we want to estimate is best
associated to the distribution of displacements of single DNA molecules. This demands
some further knowledge about the relation between length and speed. In the literature,
biologists propose theoretical models (for instance in [30]) for this relation and give ex-
perimental results (for instance in [23]) obtained in various conditions. These studies are
especially designed for usual gel electrophoresis, where the lengths of the DNA fragments
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Is~ 500 bp. This is much smaller than the fragment lengths considered in COMET exper-
iments. In section 3 we propose a global model to describe the DNA migration and finally
get a formula agreeing with some of the experimental results found in the literature. Our
model takes into account a great part of the physical features cited in the literature and is
quite consistent with the empirical formulas already known.

Our model for the available data is guided by the experiment. First, we describe the
placement of the DNA fragments before radiation and after radiation. To model the effect
of the gel electrophoresis, we then give a mathematical description of the migration of

DNA molecules through an agarose gel.

3 Marked Point Processes as Description

We consider a single cell containify DNA fragments, wherd is a (random) number
depending on the number of DNA breaks. Each ofithiragments is represented by a
tuple (X;,my), i € {1,...,N}, whereX; is a three dimensional vector representing the ini-
tial location of fragment andm is its mass= = {(X;,m) :i € {1,...,N}} corresponds

to the observed fragments, approximating the location of a fragment by a point, but car-
rying its mass into the calculations vilm. Note, that we can not differentiate between
break experiments resulting in fractions of the same size. So, thewbich is a simple

finite markedpoint procesg11] is a natural description of the fragments. IDgtbe the

three dimensional vector of displacement of thk fragment during the experiment and

X{ = X+ Dj, which is thus the three dimensional vector of end location of fragmeht

D andX’ are depicted in figure 2 for one point.

4 The Length Distribution — Poisson Approximation

Our first goal is to determine the distribution of fraction lengths. It remains a very complex

issue because we do not know much about the mechanisms of breakage and repair.
However, with a few simple assumptions, one can regard the distribution of lengths

in a damaged cell as exponential. This model is commonly called 'Random Breakage

Model' (RBM) and described in [21]. Let us briefly discuss its underlying assumptions.

1. Breaks occur completely at random, i.e. the radiation causes only single break
events which do not influence each other (this hypothesis is supported by the low
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Figure 2: Coordinate system. The represented pointXsaitthe beginning, its displace-

ment isD and its end location iX’.

energy ofy-radiation) .

2. Breaks occur homogeneously, i.e. no part of the DNA strand has a higher or lower
risk for break events. This hypothesis is disputable, since the DNA in the cell
nucleus has spatially a very complicated crystalline structure and parts of DNA

deeper inside this structure may be less exposed to radiation.

In our setting it is sensible to make the following additional assumptions.

3. Breaks are rare compared to the number of unbroken sites.

From literature, we know that depending on experimental conditions 1 Gy radiation
intensity causes on average one single strand break (ssb) in several ten thousand
base pairs (bp). For example, [24] gives a value 685 108Gy 'Da 1, corre-
sponding approximately to one ssb for 25000 bp (with 660 Ga as average molecular
weight of a bp). In our case, a 3.5 Gasource has been used leading to a rough

estimate of one ssb for 7000 bp.

Further, the considered mouse chromosomes exceed by far 10 Mbp and thus we state that
4. the total number of breaks occurring in the radiated chromosomes is large.

We are now looking for a stochastic model which suits the above assumptions. The lo-
cations of breaks constitute again a point process, ndw ifhe assumed independence

of breakage events, occurring at indistinguishable sites, yields a geometric distribution of
fragment lengths. Moreover, we get for any (finite) subset of sites a binomially distributed

number of breakages.
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Due to the large numbers of bps involved in the comet experiment the discrete model
is not feasible. Therefore, we want to approximate the discrete situation with some contin-
uous pendant. The following lemma gives a hint how to do so. It states weak convergence

of our discrete distributions after suitable scaling. The proof runs along well known lines.

Proposition 1 Let (gk)ken be a sequence with< g < 1 andlimy_.., —klngx = A.

If (Nk)kerny @re geometrically distributed random variables with survival probabilities

(Ok)ken, then N
L(?k) — EXpy.

If (Z=k)ken are simple point processes dhhaving for each (fixed) subsetSN with
cardinality |§ < o the probability R{ns,...,m} =SNZ=y) = (1— qk)'qLS_I , then

L(=Zk/K) =T,

wherell, is the stationary Poisson process®n with intensityh and=/r = {x/r : x € =}.

Proof. For the first statement observe that the characteristic functidi dfis
1-e Mk
Pi(¥) = 1 Nk’

and converges fok — o pointwise towards the characteristic functid(h —ix) 1 of
an exponentially distributed random variable. The continuity theorem asserts the weak
convergence of the respective probability distributions.

The second statement of the lemma is shown with Laplace functionals. The Laplace
functional of a random measuk& on R, is defined for nonnegative functiorisas
Lm(f) = E(exp(— [, f(X)dM(x))). We consideE/k as point process oR.. equiva-
lently described by the random meas{re=, ;. We evaluate its Laplace functional

for simple functions
N
f(x)=> am-1gm(x),
m=1

whereg; are positive numbers arili) are finite intervals iR ;..
With the independence assumption we get

N =
L(f) = Elexp(— [ 5 am- lgm()d( (X))

Rim=1

N
- ]E(n|;|1exp(— B(m);Ek/kam))
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In the last line we use the expansior &xp(A/k) = A /k+0(1/k) for k — co.
Thus, one has for simple functiorfsthe convergence of the Laplace functional of
=k/k towards the Laplace functional bF:

lim Ly(f |_|el e MABMI — exp( [ (1—e T™)Adx).
k—o0 R+

The convergence of Laplace functionals on intervals extends to all sets of the semiring

generated by intervals. This implies that the finite dimensional distributioBg/&fgiven

by
P,k (ka,....km) =P (ﬁ{%ﬂAl} = kl,...,ﬁ{%ﬂAm} = km)
converge weakly to those of,. ([11], Cor.9.1.VIIl) now finishes the proof.
O

The lemma tells us that for all sufficiently long pieces of DNA the number of breaks
may be be regarded as Poisson distributed with paramglér wherev, is some strictly
positive real constant anjt] is the length of the piece.

Further, the assumed geometric distribution of fragment length may be approximated
with an exponential distribution. Moreover the interval theorem ([20],4.1) states that the
exponential distribution of fragment length has the same paramegtas the poisson
process giving the break sites.

We assume homogeneous distribution of nucleic acids along the DNA. Therefore,
we use a linear correspondence of lengths and masses of fragments. In the following
we exclusively consider mass distributions. Thus, we assume that the mass of a DNA

fragment has a density of the form
fm(m) = v exp(—vum), (m>0).

The formula suggests that we only have to know the constaim order to know the dis-

tribution of mass completely. Viewing the literature, one finds tables giving breakage rates
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of DNA strings for different intensities of irradiation. These numbers could in principle
be used to fix the parameter of the exponential distribution. However, the recorded results
are highly dependent on experimental conditions, which unfortunately do not match our

case. Therefore, we need to determine the paramgtéiom the COMET-assay itself .

Things get more complicated if we consider the repair mechanism which controls the

data for the “repair” group. We assume that:
1. different breaks are repaired independently,

2. the repair mechanism is homogeneous (it does not depend on the site of the chro-

mosome where the break occurred),
3. there is no difference for the cell to repair breaks between short and long fragments.

Thus, breaks are considered to be independently deleted by the repair mechanism. In the
language of point processes, the process of break poititsised

The following lemma is well-known.

Proposition 2 ([11, Example 8.2(a)])If Z is a Poisson process with intensity measure
1 then the thinned configuration,Zwhere each point of Z is deleted with probability

0 < p < 1is Poisson distributed with intensity measure p.

In our application we are interested in the repair efficacwhich could be obtained

from the ratio
rep

VvV
p=M_

involving the parameters of the exponential distributions for the fragment mass in repaired
and irradiated cells respectively. Estimationgoadre highly dependent on the RBM and

the assumptions on the repair mechanism. Hence, one should look for robust substitutes
of p.

5 Migration of a Single Fragment — Renewal Processes

and Approximation

In this part we propose a model for the migration of DNA fragments. The model allows
us to calculate the conditional distribution of displacement given the mass of a fragment.
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In the literature, various migration models have already been proposed. DNA-fragments
are, for instance, regarded as small balls moving in a thin net of points ([4], [9], [31]) or
seen as long 'snakes’ creeping between big obstacles ([1], [23], [30], [31]). In most cases
the models are mainly qualitative and tailored for specific experimental conditions. Our
model is an adaptation of the Ogston theory [9]. We aim to make it simple enough to
allow mathematical treatment, while taking into account important features.

Let us consider each cell separately. Since in our case the agarose gel concentration is
very low, the gel can be assumed to be a net of randomly distributed points. We assume
the DNA fragments to be solid round balls which are not stretched and roll in the gel.
The modeling can easily be generalized to the case where DNA fragments are assumed
to be ellipsoids, as suggested in [4]. We admit that the assumption on the geometry is
quite strong and that the issue of the shape of migrating fragments is still very controver-
sial. This point and other concerns regarding strong assumptions have to be taken into
account in refined models. But, recall that in this paper we aim at a simple model which
is tractable.

Now, we assume the whole cell to be a flat cylinder (see figure 3): each fragment
can move in a three-dimensional space, but in fact we will not care for the displacements
along the vertical axig, because they are negligible in comparison with the displacements
induced by the electric field, which is parallel to tk@xis. For the same reason we also
neglect the displacements of the fragments inytakrection. The displacements in the
y-direction andz-direction are quite complicated to understand and to model. To sum up,
they can be assumed approximately as complex diffusion movements. The displacement
in the x-direction depends on the mass (or length) of the fragment in a way that will be
specified later. In our model we will only consider the displacements in this direction.
This means that we look for the projections on thaxis of the vectorsX, D and X’,
which will be simply denoted aX, D andX'.

Let us consider a fixed fragmentWhen the electric field is applied, fragmeiegins
to migrate freely with constant and mass-independent speed (degpiethex-direction
during a periodr;; until it collides with an hurdle (gel fiber). Mass independent speed is
justified by the fact that the force of the electric field is proportional to the polarity of
the DNA which should be proportional to the mass of the fragment. After the collision
fragmenti needs some timeS(;) to bypass the hurdle, using the shortest path (see figure
4). Then it can migrate freely again durifig until it meets the next hurdle, etc. Thus, the
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P = = " /
1 '_'*3::\._ electric field E
=

Figure 3: A whole cell in the coordinate system

migration consists of a succession of peridgsS1, Ti2, So, . .., Tk, Sk, ... The electric
field is applied at timé = 0 and the timég corresponds to the end of the experiment, i.e.
the time at which we observe the location of the fragment. The pefip@ndSy can be
seen as independent realizations of random varidilaadsS..

As a next step, we model the distribution of {ig)_;, and(S)p_;-

Figure 4. DNA fragments bypassing hurdles using the shorter path. The big gray disks
represent DNA fragments, the small black disks represent hurdles (which are actually

modelled as points). The respective paths of the fragment centers is also indicated.

5.1 The Distribution of Ty

To modelTg, we assume that the distribution of hurdles is a planar Poisson process homo-
geneous along theaxis. In other words, if we follow a DNA fragment along tkaxis,

we make the following assumptions.
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1. We suppose the gel is perfectly homogeneous, so the probability that a fragment
meets a hurdle at location betweprx + Ax] depends only odx but not onx, for
all x> 0 andAx > 0.

2. We also suppose that the probability for a certain fragment to bump into a hurdle is
independent from where and how many times it bumped into a hurdle earlier.

3. Since the gel is very thin, we make the assumption that a fragment can not be in

contact with more than one hurdle at the same time.

Under these assumptions, the number of hurdles a fragment meets on its way along the
x-axis is a Poisson process witlplaying the role ot. Then the distance between two
hurdles is exponentially distributed with a parametekVe callC the number of hurdles
per volume unit. To computg, let us imagine a round ball migrating along thaxis.
The cross section of a ball with radiagqualsta?. Thus, during a short displacemext,
the swept volume isa?Ax and the probability that the ball bumps into a hurdigadCAx,
hence resulting in the simple formula= 1i-C&. Since the masm of the fragment is
roughly proportional to its volumé is approximately proportional ©n?/3.

The assumed constancy and mass-independence of the speed algraxithgives
that theTy are exponentially distributed random variables with the same paramelae
respective means can now be represented in dependencasdf(Ty) = Kt m~2/3 for all

k >> 1, with an universal constaitr.

5.2 The Distribution of S

Under a quite strong assumption, the modeling of§hes easy. Assuming that all frag-
ments bypass the hurdles with the same constant speediiaction, we get after a short
computation that th& are uniformly distributed in the intervéd, Ksm'/3], with Ks being

constant for all fragments.

5.3 Definition oft

We now define for each DNA fragment and titne O the integer valued random variable
T(t):
n—-1

t(t) =max{n: % (Tk+S) <t}. (1)

k=1



BOULESTEIX ET AL

Recall thatt = tp is the time when the experiment is stopped and migration ends. The
random timex(t) — 1 counts for each fragment the number of hurdles completely bypassed
until t. With these settings, the displaceméxit) of a given fragment along theaxis at

timet clearly satisfies

T(t)—-1 1(t)
Vo - Tk < D) < wvo- ) Ty,
2, 2,

wherevg denotes the constant migration speed. We are interested in statements about the

displacement® := D(tp) at the end of the experiment fyrtending to infinity.

5.4 Asymptotic of D

First we observe that, ifapproaches infinity, the number of obstacles hit by a fragment
goes to infinity with probability 1:

Proposition 3 The integer valued random variableg), t > 0 satisfy

P(limt(t) =) =1.

t—o0

Proof. Letty be a monotonically increasing sequence vxith thire: oo,
We get from the definitions
T(th) < T(tm) forn<m.

Markov’s inequality shows for atk > 0 andN € N

=z

P(t(ty) <N)=P(Y (Tk+S) > t) < %ﬁsﬂ.
k=1

Now, we define: An(tk) :={t(tx) <N} and Ay:= ﬂAN(tk).

k
As  An(th) D An(tm) for n<m,  An(tk) tends for growingk monotonically toAy.
Thus, theo-additivity of P and the above inequality give

P(An) = lim P(An(t)) = 0, and further

k—s 00
PIm 1(1) = ) = 1 P(JAw) = 1- 3 P(A) =1
N

O

This result allows us to establish almost sure convergende(tf) /to if the time for

stopping the experiment increases to infinity.
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Proposition 4

. D(t) ETy
P(I = = 2
(i % = gy Esy) @
Proof. From the definitions foD andt we immediately gett(= 1(t))
zlll;:lTk < D(t) < zﬁ;]l.Tk TT ] (3)
Sket(TetSd ~ Vot = S (k+S) Zica(Th+ S0
The strong law of large numbers for i.i.d. variables and Lemma 3 yield

1 T

TIim = z (Tk+) = E(T1+S1) almost surely 4)

and thus, one has the corresponding convergence in (3). To establish the required result,
we observe that

= Y1 (Te+S0)

This is valid according to (4) and the fact tH&{T;) < « is a (necessary and) sufficient

P(IimE:O) =1
T—o0 T

to hold ([28],lemma 7.5.1). O

condition for

The maximal displacemeiii(t) = vo -t happens if a fragment meets no hurdle on its
path until timet. In generalD(t)/t < v holds. Therefore, the theorem on dominated
convergence yields with Lemma 4

im = = wEmy By

These results indicate that firlarge with respect to the order §f + Tx one has the
reasonable approximation fdr= D(tp)

__Eh
ET1+ES

Kt m2/3
Kt m—2/3 + Ksm1/3

D ~ top-vo-

— tO'VO'
1

S 5
Ko T Kom ()

with suitable constant&; andK,. This formula is considered in some references as the
best empirical approximation of the (mean) displacement as function of the mass (or the
length) [33, 30].
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Many other formulas have been proposed in the literature [23, 1, 4]. These formulas
are suited to model specific experimental conditions (strength of the electric field, approx-
imate fragment size, gel properties, etc). However, the forutal/(K; + Kom) and
slight modifications seem to prevail in applications. Observe that no other details about
Ty andS thanES; /ET; ~ m enter the computation dd. If one derives similar depen-
dencies for the movement of DNA with other models this directly leads to corresponding

approximations fobD.

6 Migration of the Fragment Population

To describe the migration of all fragments together we use the above introduced point
process notation. We assume that the electric field generates a stochastic displacement
of the fragments, i.e., each fragment moves independently from the others and from the
interaction of the others with the gel. This implies that the random varidhlese in-
dependent and, conditioned ap = m, identically distributed for everyn > 0. Further,
Di should be independent afj, for j #i. Now we show that these assumptions allow a
simple formulation of the migration problem involving a convolution product.

Our basic assumption for the application of the images is that the intensity in one pixel
Is proportional to the mass of DNA concentrated there. So, we have to consider the mass
distribution for the DNA. In point process language, we consider intensity measures of
the process. The mass intensity meaguréor a random point configuratiof is defined
as

=(A) = E( 5 mia(X))
(X,me=

for each Borel sef C R?.

In our situation there are two intensity measures: the start intepgignd the end
intensity .

The following assumptions now govern our migration model.

1. The DNA-breaking rate and the DNA-repairing rate are spatially homogeneous.

This implies especially tha; andm; are independent.

2. The distribution of the displacemet of fragmenti depends only on its mass
and not onX;. There may be doubts whether this assumption is justified. Indeed,
especially when the DNA-concentration is high, fragments may be broken by other
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fragments during the migration. However, to get a feasible model, we assume that

this effect does not play an important role.

We usefy to denote the density of mass, |j§}“2 fm(m) - dmis the fraction of frag-
ments with mass betweem andmy,. Further,fx denotes the start density, |§‘f fx (X)

dx is the fraction of fragments between= x; andx = X, at the beginning of the elec-
trophoresis, or, to be more precise, the fraction of fragments whose gravity center is be-
tweenx = X; andx = x. Similarly, we define the conditional densiti&s|, and fpm,.

f;{z fx/m(X) - dx is the fraction of fragments betweeh andx; at the end of the elec-
trophoresis given the mass, andfof'l2 fpjm(d) - dd is the fraction of fragments with dis-
placement betweeth, andd, given the mass. Further, letf,, denote the density qix
andf,, , the density ofix:.

Because of assumption Iy = f,,.. Finally, let M¢ denote the total mass of DNA

contained in the considered cellOur model leads us to a convolution problem.

Proposition 5 With the global density of displacement

fold) = 11 / M- i (m) - (fipm) (d) - dm,

we have

f“X/ = fIJX * fo’.

Proof.

The densityf,,, of ux: can be written as

fue () = 57 / M- (M) - fym(X)dm.
From
fom(X /fx  Fom(X — X)dx
we immediately find our assertion:
fu, (X) = Mc/fx /m fm (M) - fpym(X’ — x)dx dm

_ /fx (X —x)dx
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Figure 5: Simulations from the point process model for different parameters

7 Simulation and Comparison to Data

In this section, a simulation is carried out to check qualitatively whether the model for the
DNA mass distribution and the model for the DNA migration lead to comet-like shapes.
Subsequently, we present a simple method which allows a rough estimate of the model
parameters from two specific histograms. These histograms represent, respectively, the
horizontal distribution at the beginning and at the end of the electrophoresis. One of these

parametersyy, determines the (exponential) distribution of fragment masses.

7.1 Simulation of the DNA migration

With the software package AntsinFields [15] we implemented the above model, leaving
aside the problem of calculating suitable variances. The length of the fragments was sam-
pled from an exponential distribution. The number of fragments was fixed beforehand
and assumed to be uniformly distributed over a ball. The distribution of the displacement
D was taken as bivariate normal with expectat(%,O), to take into account ran-
domness oD. The variancesy andoy were fixed independently of the fragment length
mand covariance was assumed to be 0. We stopped the simulations after suitable times to
find comet-like shapes.

As Figure 5 indicates, the model is able to capture at least the comet-like shape of
the real-world data. The program written in Oberon is available on request from the last

author.

7.2 A simple method to estimate the model parameters
The model presented above includes two steps of modeling:

1. the modeling of the distribution of masses as exponential with paramgter

fm (M) = v exp(—vmm),
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2. the modeling of the dependency between the displacehand the mase. The
problem of determination of a correct variance formula is ignored. For simplicity

the displacement given the mass is assumed to equal its mean:

1
Dim = ——.
( ) K1+ Kom

The representation df;(d) according to Lemma 5 yields with settifd, = ﬁ col-

lapsing fp|m(d’) = 8¢p(m and changing of variables ta= g (3 — K1)

- 1 >~ vy 1 _ _V_M i _ ,
fo(d) - MC 0 sz/Z ( d’ Kl) exp( K2 (d/ Kl)) 6d/d dd (6)
2
_ Vw1 _Wm 1o

Although this model involves 3 parametews( K1 andKy), it has only two degrees
of freedom, sinc&, andvy both scalan and therefore appear only in the raé@. Con-
sequently, we can only identify the two parametéysandK = ‘% Note that this poses

no problem to the estimation of the repair efficgrginceK, does only depend on the gel

. . . . rep rep
and field properties and thus cancels in the ratie \% = %
M

We now concentrate on the estimationkof(andKi). Let us consider two images
from the same mouse: an image of a control cell and an image of a degraded cell. Using
a JAVA program, we sum the intensities of all the pixel columns successively, for both
images. Thus we obtain discretized estimated gfand f,,, as depicted in figure 6.
Notice that we have aligned the two images arbitrarily. As will become clear later, this
causes no problem. To estimate the paramederévhose unit ispixel~1) andK, we
proceed as follows. For different valueskf andK, we perform a discrete convolution
of ﬂlx and fg. Our goal is to find the values for which a certain dissimilarity function
between this convolution product and the obserfgds minimal. Since we do not know
the location of the axis origin in the histograﬁa{, this dissimilarity measure has to be
translation invariant. A simple method is to matf}l; x fg with the histogramfuY using
a criterion of minimal quadratic transportation costs which it &nWasserstein metric

([26],1992). Namely let the stochastic matg, j) be the (unique) minimum of

among allg with
> T fo(i)a(i, j) = fu, (J) for allj,
|
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Figure 6: Histograms of a control cell (top) and a damaged cell (bottom) from the same

mouse

as described in [7]. Then we take the variance

V= Zq )(i—i)? Zq )(i—1))

of the resulting histogram as dissimilarity measure. Note, that this measure is translation
invariant and it is higher for ‘very different’ histograms than for 'similar’ histograms.

To minimize this criterion, we employ the programoptim which implements the
optimization method of [8] and allows to give as inputs lower and upper bounds for each
parameter. Here, we set the lower bounds to zero, because the pardtnateiis; have

to be strictly positive. This method yields estimateskoandKj.

7.3 Results of the parameter estimation

For the two histograms depicted in Figure 6, the optimization algorithm yields the follow-
ing parameter estimates:
K1 = 0.0074

K =74
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Figure 7: Histogram of the estimated displacement density (left) and estimated end den-
sity (right, solid) forK; = 0.0074 andK = 74. On the right panel, the observed end
density of the damaged cell is drawn for comparison (dotted).

For these values, the displacement denﬁ}ty's depicted in Figure 7 (left). To evaluate
the quality of the estimation, we superpose the result of the convolution prodﬁg;taf
fy obtained with the estimated parameters and the obséweas depicted in figure 7

(right). The estimate fits the data well, which indicates that our model is quite realistic.

8 Discussion

In this work, we introduce a stochastic model to describe the COMET-assay experiment.
The model comprises two parts. The first part, known in the literature as 'Random Break-
age Model’ deals with the distribution of length of the DNA fragments. The second part
describes the migration of DNA fragments among gel fibers.

The discussed model strongly simplifies the complex mechanisms of DNA damage
and electrophoresis. However, it allows mathematical analysis of the obtained cell im-
ages, a great advantage compared to more complicated (and unfeasible) models. More-
over, simulations show that the model captures phenomenological aspects quite well. A

simple approach to estimate the model parameters is presented in section 7. It is a feature
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of this model that only two parametels andK are identifiable from a COMET-assay
experiment. Therefore, an additional gauge experiment, measuring the mass dependence
of migration under COMET-assay conditions, would be required to get estimates for the
scale parameterg, andKo.

Further, a robust matching method is requested to use our estimation for 30 control
cells and 30 damaged cells which are available for each mouse. Hence, the robustness of
the proposed method has to be improved. Since it is not clear whether all cells of the same
mouse are equally damaged, the study of robustness might be quite difficult. However,
we think that our model is able to extract relevant and easily interpretable information
about damage and repair mechanisms in DNA which are not available from the classical

geometric parameters.
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Abstract

We derived the formulae of central differentiation for the finding of the
first and second derivatives of functions given in discrete points, with the
number of points being arbitrary. The obtained formulae for the deriva-
tive calculation do not require direct construction of the interpolating
polynomial. As an example of the use of the developed method we cal-
culated the first derivative of the function having known analytical value
of the derivative. The result was examined in the limiting case of infinite
number of points. We studied the spectral characteristics of the weight
coefficients sequence of the numerical differentiation formulae. The per-
formed investigation enabled one to analyze the accuracy of the numerical
differentiation carried out with the use of the developed technique.

Mathematics Subject Classification: Primary 65D25; Secondary 65T50

1 Introduction

In solving many mathematical and physical problems by means of numerical
methods one is often challenged to seek derivatives of various functions given in
discrete points. In such cases, when it is difficult or impossible to take derivative
of a function analytically one resorts to numerical differentiation.

It should be noted that there exists a great deal of formulae and techniques
of numerical differentiation (see, for instance, Ref. [1]). As a rule, the function
in question f(x) is replaced with the easy-to-calculate function ¢(z) and then it
is approximately supposed that f/(z) ~ ¢'(x). The derivatives of higher orders
are computed similarly. Therefore, in order to obtain numerical value of the
derivative of the considered function it is necessary to indicate correctly the
interpolating function (x). If the values of the function f(x) are known in s
discrete points, the function p(x) is usually taken as the polynomial of (s —1)th
power.

To find the derivative of functions having the intervals both quick and slow
variation quasi-uniform nets are used (see Ref. [2]). This method has an ad-
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vantage since constant small mesh width is unfavorable in this case, because it
leads to the strong enhancement of the function values table.

The problem of the numerical differentiation accuracy is also of interest. The
numerical differentiations formulae, taking into account the values of the con-
sidered function both at z > z¢ and = < x¢ (z is a point where the derivative
is computed), are called central differentiation formulae. For instance, the for-
mulae based on Stirling interpolating polynomial can be included in this class.
Such formulae are known to have higher accuracy compared to the formulae,
using unilateral values of a function!, i.e., for instance, at = > .

The range of numerical differentiation formulae based on different interpo-
lating polynomials is limited, as a rule, to finite points of interpolation. All
available formulae known at the present moment are obtained for a certain con-
crete limited number of interpolation points (see Refs. [3, 4]). It can be explained
by the fact that the procedure of the finding of the interpolating polynomial co-
efficients in the case of the arbitrary number of interpolation points is quite
awkward and requires formidable calculations.

It is worth mentioning that the procedure of the numerical differentiation
is incorrect. Indeed, in Ref. [2] it was shown that it is possible to select such
decreasing error of the function in question which results in the unlimited growth
of the error in its first derivative.

Some recent publications devoted to the numerical differentiation problem
should be mentioned (see, e.g., Ref. [5]). In this work the finite difference
formulae for real functions on one dimensional grids with arbitrary spacing were
considered.

The formulae of central differentiation for the finding of the first and the
second derivatives of the functions given in (2n + 1) discrete points are derived
in this paper. The number of interpolation points is taken to be arbitrary. The
obtained formulae for the derivatives calculation do not require direct construc-
tion of the interpolating polynomial. As an example of the use of the developed
method we calculate the first derivative of the function y(z) = sinz. The ob-
tained result is studied in the limiting case n — co. We examine the spectral
characteristics of the weight coefficients sequence of the numerical differentiation
formulae for the different number of the interpolation points. The performed
analysis can be applied to the studying of the accuracy of the numerical differ-
entiation technique developed in this work. It is found that the derived formulae
of numerical differentiation have a high accuracy in a very wide range of spatial
frequencies.

IThe formulae using, for example, Newton interpolating polynomial are attributed to this
class of numerical differentiation formulae.
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2 Formulae for approximate values of the first
and the second derivatives

Without the restriction of generality we suppose that the derivative is taken in
the zero point, i.e. g = 0. Let us consider the function f(x) given in equidistant
points x,, = £tmh, where m = 0,...,n and h is the constant value. We can
pass the interpolating polynomial of the 2nth power through these points

2n
Po(z) = epa®, (2.1)
k=0

the values of the function in points of interpolation f,,, = f(x,,) coinciding with
the values of the interpolating polynomial in these points: Pa, () = fm. Let
us define as d,,, the differences of the values of the function f(z) in diametrically
opposite points x,, and r_,,, i.e. dy, = f, — fom- We can present d,, in the

form
n—1

dm =2 coppr BT Im?H L (2.2)
k=0

To find the coefficients cog4+1, £ = 0,...n — 1, we have gotten the system of
inhomogeneous linear equations with the given free terms d,,,. It will be shown
below that this system has the single solution.

We will seek the solution of the system [Eq. (2.2)] in the following way

1 n
C2k+1 = SRR+t Z dma£3k+1)(n)v (2.3)
m=1
where agkﬂ)(n) are the undetermined coeflicients satisfying the condition
n
Z D (M =5, 1Lk=0,...,n—1. (2.4)

m=1

Thus, the system of equations [Eq. (2.2)] is reduced to the equivalent, but more
simple system [Eq. (2.4)], in which for each fixed number k =0,...,n — 1 it is
necessary to find the coefficients a%lﬂ)(n).

Let us resolve the system of equations [Eq. (2.4)] according to the Cramer’s

rule:

A(2l+1)(n)
(21+1) —_=m \"V
Q241 () = 2.5
() Ao(n) 25
where
1 2 n
3 3
Aoy =1 F a0, 20)
.1. . -2'2.7{—.1. .. .. .. . .;1.2.7'1._.1. 1<idj<n

79
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1 2 m—1 0 m+1 n
AGH ) — s .(.T.n.._. '1')'zi+'i e (m .+..1.).2.l.+.1. e
22t (m—1)* 0 (m1)to pd

In Eq. (2.6) we used the formula for the calculation of the Vandermonde de-
terminant. From Eq. (2.6) it follows that the determinant of the system of
equations [Eq. (2.4)] is not equal to zero, i.e. the system of equations [Eq. (2.2)]
has the single solution.

The most simple expression for A%Hl)(n) is obtained in the case of [ = 0
that corresponds to a calculation of the first-order derivative

NG
AR (n) = (=1)"+ (n> II 6. (2.7)
m 1<i<j<n
i,jF£m
From Eq. (2.5) as well as taking into account Egs. (2.6) and (2.7) we get the
expression for the coefficients oy’ (n)

al)(n) = ———, (2.8)
where

T (n) = ﬁ <1—7;f>. (2.9)

It should be noted that one can similarly get the expression for the coefficients
(2n—1)

am . ’(n) which is presented in the following way
-1 n+1
agn—l)(n) — ( ) m )
(n1)27m (n)

Taking into account Egs. (2.1)-(2.3) we finally get the formula for the first
derivative of the function f(z)

F1(0) % P (0) = 52 3 alD0)(fn — fm)- (2.10)

The algorithm for the computation of the coefficients oD (n) is presented in the

appendix A and the results for the certain concrete number of the interpola-
tion points (2n + 1) are given in Tab. 1. Note that the expression for the first
derivative obtained by this method coincides with the value presented in the
Refs. [3, 4] for n = 1,2 that corresponds to three and five points of interpola-
tion. However, technique developed in this article allows one to calculate the

coefficients oy (n), and hence the first derivative, for any value of n.
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[ aP(m) | o) [ (m) [ aP(n) | oV (n) | ofP(n) |

n

1 1 0 0 0 0 0

2 [ 473 ~1/6 0 0 0 0

3 3/2 | —3/10 | 1/30 0 0 0

4 8/5 —2/5 | 8/105 | —1/140 | 0 0

5 5/3 | —10/21 | 5/42 | —5/252 | 1/630 0

6 || 12/7 | —15/28 | 10/63 | —1/28 | 2/385 | —1/2772

Table 1: Values of the coefficients o'y’ (n).

Similar formula can be obtained for the calculation of the second derivative.
We give without proof corresponding expression

1 n
F1(0) = Py (0) = 5 Z:loz( () (fn = 20(0) + f-m), (2.11)
where 1
@A) =
oy (n) = ) (2.12)

and the product m,,(n) is introduced in Eq. (2.9).

As an example of the use of the obtained central differentiation formulae we
will compute the first derivative of the function y(z) = sinz at = 0. Let us
set the value of the mesh width h equal to /2. Notice that, as a rule, the less
the mesh width h the more exact result numerical differentiation gives. We have
chosen rather big value of h. The Eq. (2.10) for this case takes the form

Y (0) =25 (~1)mab) . (n). (2.13)

m=0

In Eq. (2.13) we take that d,, = 0 if m is an even number, and d,, = £2 if m
is an odd number.

Let us study the obtained result in the limiting case n — oo. First, it is
necessary to calculate the value of the product 7, (n) within the limit n — co

Tm = lim wm(n)—hr% ZH( m—l—E ):
n—oo E— 1

m

_1 m—+1 -1 m—+1
D™y Sinme )2 (2.14)

e—0 7€

Here we used the known value of infinite product

ﬁ 1_3ﬁ _sinmc
k2)  wz

k=1
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Using Egs. (2.8) and (2.14), we find that the expression for the coefficients
ol (n) within the limit n — oo is represented in the following way

2
afy = lim_af)(n) = (=1)"*—. (2.15)
Now it is easy to complete the studying of Eq. (2.13). Substituting the result
from Eq. (2.15) to Eq. (2.13) and using the known value of infinite series we get

that -
4 (=)™
/ = — =
o) = > om+ 1

m=0
Thus, it is shown that the method of the derivatives finding, developed in this

paper, gives for the function y(z) = sinz the value of the first derivative which
coincides with the exact analytical one even at rather crude mesh width.

3 Spectral characteristics of weight coefficients
sequences

In the section 2 of the present work we derived the formula for the finding of
the first derivative of the function f(x) at = 0. This result can be easily
generalized for the case of the arbitrary point = kh. If we set that oz(_lgn(n) =
—ag,ll)(n), and moreover supposing that as,ll)(n) =0 for m =0 and m > n (see
Tab. 1), then in the considered case Eq. (2.10) reads as follows

7/ (kh) % Py (k1) = 5057 a2 () f. (3.1)

m

Here the summing is taken over all range of the function involved: f(kh). For
instance, if the values of the function are set on the limited equidistant collection
of elements N, then Eq. (3.1) can be rewritten in the form

N-1
F/(kh) ~ % S al) () fm, N >2n (3.2)
m=0

It is worth noticing that in Eq. (3.2) we used the periodicity condition of the
weight coefficients
1
al) (n) = al, Ly (n).

Fig. 1 presents the example of the weight coefficients of the differentiating se-
quence a%)(l). Thus the first derivative computation of the function f(z) at
the points x = kh, k = 0,1,..., N — 1, is reduced to the procedure of the cal-
culation of the mutual correlation function between the finite sequences a%)(n)
and f,.
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rai’(1)=1
|
|
|
I N -2 N -1
° Py Py Py ?
0 1 2 I
|
|
|
1
ol (1) =-18

Figure 1: The coefficients aﬁ,{)(l).

It is known (see, e.g., Ref. [6]) that if a function satisfies the Dirichlet con-
ditions in the interval (—I,1), then it can be expanded into the Fourier series

@) = f o exp </lez> (3.3)

k=—oc0

where the expansion coefficients are presented in the way

l
o=ci=g [ H©ex (—z‘kfs) de.

If the first derivative f’(x) satisfies the analogous conditions as the function
f(x), then the following expression will be valid

= km mk
fl(z) = k:z_:oo {Zl} Cl €Xp (zlx) ) (3.4)
Therefore, form Eqgs. (3.3) and (3.4) it follows that the differentiation proce-

dure is the linear filter with the frequency characteristic: R (k) = ik(w /1) [7].
Similarly we receive for the second derivative

ro= 3 - (4) faon (:5).

— 00

In this case the the frequency characteristic of the corresponding filter has the
form: Ry(k) = —k?(n/1)%.

According to Wiener-Khinchin theorem (see, e.g., Ref. [7]) the mutual cor-
relation function between the two finite sequences can be calculated with the
help of the inverse Fourier transform of the mutual spectrum of the considered
sequences. Thus, if we define that

N-1 9
Gi(r) = ag) (n) exp (—izz;mr> ,

m=0
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Figure 2: The spectra of various sequences 045,11) (n) at N = 2000.

is the complex spectrum of the differentiating sequence ol )( ), and

N-1
= Z fmexp —i2—7rmr
— m N )

is the spectrum of the function f(x), then it follows from Eq. (3.2) that

i 2
=2 Z ¢ (r) exp (iNkr) , (3.5)
r=0

where 8 (r) is the complex conjugated quantity with respect to 31 (r).

Comparing Egs. (3.4) and (3.5) we obtain that the accuracy of the numerical
differentiation performed with the use of the various types of the sequences
a%) (n) is characterized by the closeness of imaginary parts of their spectra to
the linearly growing sequence y;(r) = 27r/N.

The spectra of the sequences a%)(n) are depicted in Fig. 2 for the various
values of n at N = 2000. It can be seen from this figure that for n = 1, i.e.
for the sequence shown in Fig. 1, the imaginary part of the spectrum is the
branch of the function sin(27r/N). The linearity condition is satisfied only in
the vicinity of zero and N/2. However, at n = 11 the spectrum practically does

not differ from the linear one up to r &~ N/2. The more close to linear one is

the spectrum of the sequence a%)(Zl).

The difference between the imaginary parts of the spectra of the sequences
ol (n) and the linearly growing sequence y; (r) = 271 /N are presented in Fig. 3.
The computations have been performed with the accuracy up to 1072, thus the
reliable results at n = 11 have been obtained for r» 2 150, and at n = 21 for

r 2 300. The presented results demonstrate the high accuracy of the numerical
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10°

0 200 200 600 800 1000
Figure 3: The function 61 (r) = Sm(Bf(r)) — y1(r) versus r for different n.

differentiation carried out with the help of the sequences aﬁi) (n) in the wide
range of the spatial frequencies.

Now let us briefly consider the sequences for the calculation of the second
derivative a2 (n), which are given in Eq. (2.12). Their spectral properties
can be obtained in the similar manner as we have done it for the case of the
sequences aﬁ,{) (n) and therefore we just present the final results. The spectra of
the sequences ag)(n) are shown in Fig. 4. It follows from this figure that the
closeness of the corresponding spectrum to the parabola ys(r) = —(277r/N)? in
the case of n = 1 exists only in the vicinity of zero. The spectra at n = 11
and n = 21 are close to function y2(r) in a wider range of r (r < 750 and
r < 800 respectively). The difference between the real parts of the spectra
of the sequences ag,%)(n) and the parabola y2(r) = —(27r/N)? are depicted in
Fig. 5 in the logarithmic scale. This figure again demonstrates the high accuracy

of the second derivative computation with the use of the sequences a2 (n).

4 Conclusion

In conclusion we note that the method of central differentiation formulae finding
has been developed in this article. The elaborated technique does not require
direct construction of the interpolating polynomial. We have derived simple and
convenient expressions for the first and the second derivatives [Egs. (2.10) and
(2.11)] of the function given in (2n+1) discrete points. The number n was taken
to be arbitrary. In contrast to the results of the Ref. [5], where the recursion
relations for the calculation of the weight coefficient being used in numerical
differentiation formulae were considered, in the present work the expressions
for the considered weight coefficients have been derived in the explicit form for
the arbitrary number of interpolation points. As an example of the use of the
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-y, (0= - @TiNy?

Re(B,(r))

0 200 400 600 800 1000

Figure 4: The spectra of various sequences 0452) (n) at N = 2000.

0 200 400 600 800 1000

Figure 5: The function d(r) = Re (B3 (r)) — y2(r) versus r for different n.
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developed method we have calculated the first derivative of the function y(z) =
sin z. The obtained result has been studied in the limiting case n — co. We have
examined the spectral characteristics of the weight coefficients sequence of the
numerical differentiation formulae for the different number of the interpolation
points. The performed analysis has allowed one to study the accuracy of the
numerical differentiation carried out with the help of the developed method. It
has been found that the derived formulae of numerical differentiation posses the
high accuracy in a rather wide range of the spatial frequencies. As it has been
shown in this paper, the formulae for the derivatives finding gave correct results
in the case of large number of interpolation points. Thus, the developed method
can be useful in lattice simulation of quantum fields [8]. To get the exact results
at calculations on lattices one has to use nets with the big number of points.
Derivatives which one encounters in theories of quantum fields, as a rule, do not
exceed the second order. Therefore, the formulae obtained in this article could
be of use in carrying out mentioned above research.
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A Algorithm for computation of weight coeffi-
cients oz%)(n)

In this appendix we present the algorithm for the computation of the coefficients
oD (n) on the MATLAB 6.5 programming language.

N = 2000; N is the size of the array
n = 11; n is the order of the differentiating sequence
a = zeros(1,N); « is the array of the weight coefficients
k‘l = 2; kQ == N;
form=1:n
rr=1;
fork=1:n
ifk==m
To = 1;
else
ry =1— (m/k)?%
end
ry =T1 *T9;
end

r1=1/(2 %1 xm);

Oé(l,k‘1) =-—ry; ki =k +1;

Oé(l,kg) =T13 k?g = ]CQ - 1,
end
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Abstract

In this paper we investigate some qualitative behavior of the solutions of
the recursive sequence

ATy

k
/8 + Y Hi:o Tn—i

where the parameters «, 8 and ~ are non-negative real numbers and the initial
values r_g, T_g41,..., o are arbitrary positive numbers.

T+l = s 77,20,1,...

Keywords: difference equations, stability, periodic solutions.
Mathematics Subject Classification: 39A10

1 Introduction

In this paper we deal with some properties of the solutions of the recursive sequence

AT
k )
B+ Hi:O Ln—i

n=0,1,.. (1)

Tpt+1 =
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where the parameters o, 8 and vy are positive real numbers and the initial conditions
Xk, T_g41,..., Tg are arbitrary positive numbers.

Recently there has been a lot of interest in studying the global attractivity, bound-
edness character and the periodic nature of nonlinear difference equations. For some
results in this area, see for example [4-6].

Cinar [1-3] has investigated the solutions of some special cases of Eq.(1) when
k=1.

The study of the nonlinear rational difference equations of a higher order is quite
challenging and rewarding, and the results about these equations offer prototypes
towards the development of the basic theory of the global behavior of nonlinear dif-
ference equations of a big order.

Throughout this work we set A = z_,x_gi1...2_170.

Here, we recall some notations and results which will be useful in our investigation
of Eq.(1).

Let I be some interval of real numbers and let f be a continuous function defined
on I**1. Then, for initial conditions z_, x_j41,..., 7o € I, it is easy to see that the
difference equation

Tp1 = [(Tn, Tp-1y ey Tp_g), n=0,1,..., (2)

has a unique solution {z,}>° ,.
A point T € [ is called an equilibrium point of Eq.(2) if

z=f(z,7,..,T).

That is, z, = T for n > 0, is a solution of Eq.(2), or equivalently, T is a fixed
point of f.

Definition 1 (Stability)

(i) The equilibrium point T of Eq.(2) is locally stable if for every € > 0, there
exists 0 > 0 such that for all z_y,x_p.1,...,2_1, 20 € [ with

|z_p — | + | pp1 — |+ ... + |20 — T| <6,

we have
|z, —T| <e foral n>—k.

(ii) The equilibrium point Z of Eq.(2) is locally asymptotically stable if T is
locally stable solution of Eq.(2) and there exists v > 0, such that for all x_x, x 441, ...,
r_1,x9 € I with

|(L‘,k — f| + |ILL]€+1 — f| + ...+ |.’130 —f‘ <7,

we have
lm =z, =7.

n—oo
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(iii) The equilibrium point 7 of Eq.(2) is global attractor if for all z_, x 411, ...,
r_1,x9 € I, we have

lim =z, =7.
n—oo

(iv) The equilibrium point 7 of Eq.(2) is globally asymptotically stable if T is
locally stable, and 7 is also a global attractor of Eq.(2).

(v) The equilibrium point 7 of Eq.(2) is unstable if 7 is not locally stable.
The linearized equation of Eq.(2) about the equilibrium 7 is the linear difference
equation

oF(z,T,...,T
p = ET T g

Theorem A [6]: Assume that p; € R,i=1,2,... and k€ {0,1,2,...}. Then

k
Z Ipi| <1
=1

is a sufficient condition for the asymptotic stability of the difference equation

Tpik + P1Tntk—1 T o T DT =0, n=0,1,...

2 Local Stability of the Equilibrium Points

In this section we study the local stability character of the solutions of Eq.(1).

The equilibrium points of Eq.(1) are given by the relation
_ ax
T=———7,

6 + ,yfk-‘rl

which gives

1
a—ﬁ]’f_ﬂ
> :

Note that if @ > 3, then Eq.(1) has a positive equilibrium point.
Let f:(0,00)*™ — (0,00) be a function defined by

=0 or f:l

ALp—k
& .
6 + 7 Hi:[) Tp—i

f(xm 7 P xn—k) -
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Theorem 1 The following statements are true
(1) If a« < B, then the equilibrium point T = 0 of Eq.(1) is locally stable.
1

(2) If @ > f3, then the positive equilibrium point T = [Tﬁ] T of Eq.(1) is locally
stable when k # 1.
Proof: (1) If o < 3, then we see from Eq.(3) that

df(0,0,...,0
f( ) Y Y ) — 0’ /[: # k"
81'”,1
0£(0,0,..,0) _ «a
81:71—16 B 6
Then the linearized equation associated with Eq.(1) about 0 is
e
Yn+1 — Eynfk =0 (4)
whose characteristic equation is
A2, 5
3 (5)

It follows by Theorem A that, Eq.(4) is asymptotically stable. Then the equilibrium
point T = 0 of Eq.(1) is locally stable.
(2) If @ > 3, then we see from Eq.(3) that

ofx,z,..,7) = a—f

al’nfi - o y 1 7£ ka
6f(§j, ,f) - é
O p—k a

Then the linearized equation of Eq.(1) about T is

a—0 a—f a—f
yn+1+ yn+ yn—1+-~-+
« « «

Yn—k+1 — éyn—k =0 (6)
«

whose characteristic equation is

)\k+1+a—5/\k+Oé—ﬁAk—l_'_m_’_d)\—é:O. (7)
o a @ a

It follows by Theorem A that, Eq.(6) is asymptotically stable if all roots of Eq.(7) lie
in the open disc |A| < 1 that is if

a—p +'a_ﬁ'+...+‘a_5‘+ Bl
(8] 8} 0 (8}
which is true if
kla_ﬁ}+é<1@ﬁ(l—k)<(l—k)
(8] [0 (0%

which is always satisfied where 8 < a and where k # 1. The proof is complete.
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3 Existence of Period (k+1) Solutions

In this section we study the existence of period (k + 1) solutions of Eq.(1).
Note that if we choose all the initial values {x_x, i1, k12, .., Z_1, T} equal to
zero, then Eq.(1) has only the trivial solution.

Theorem 2 FEq.(1) has positive prime period (k + 1) solutions if and only if
(B+7A—a)=0, (8)
where A = []1_,z_;.

Proof: First suppose that there exists a prime period (k + 1) solution of Eq.(1) of
the form
ey Ty Lt 1y L2y ooy 1, L0y Loy Tt 15 L — gt 25 +ooy L—1, LQy -e- -

That is xy41 = 2n_ for N > 0. We will prove that (8) holds.
From Eq.(1), we see that

- " AT _k " - AL 41 " " AL |42
-k = T1= 5 k41 = T2 = o —k+2 = T3 = 3o
B+~A p+~A B+~A
axr_q o
r—1 = T

:5+7A7 jUolelcﬂ:m-

Since it has to be there is at least one of the initial values {x_x, x_gi1,..., 2o} does
not equal zero, then Condition (8) is satisfied.
Second suppose that (8) is true. We will show that Eq.(1) has a prime period (k+1)
solution.

It follows from Eq.(1) that

AL _ AL _fy1 AL _|42
Ty = =T_, T9 = a =T _k+1, T3 = + = X _k42y ey
B+~A B+~A B+~A
axr_q QX

x =21, Tpt1 = = Ty,
k 314 1 k+1 314 0

The proof is complete.

4 The Solution Form of Eq.(1)

In this section we give a specific form of the solutions of Eq.(1)

Note that the change of variables x,,; = (%) D Yns1 reduces Eq.(1) to

«
where a = —.
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Theorem 3 Let {y,}>2 . be a solution of Eq.(9). Then forn=20,1,...

+1ys—(k+1)H (1 + Egkz 1)1+(3_2)Baj>
1 . (1 I Z(lc+1)z+(s 1)Baj>

Yk+1)n+s =

where B =y _1y_j11.--y_1Yo and 112_, (1 + Egkz 1) l_lBaJ) =1.
Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption

holds for n — 1. That is;

a™y 15 <1+2k: e 1Baj>

Yk+)n—k — 4 )
T (1 + x Baa)

a™y_p 1177, <1 +2 kﬂ)iBaj)
Y(k+n—k+1 = H’i"‘;ol (1 N E(k“)”lB J) )
TR | i <1+2k+1)z+1B ]>
Yk+1)n—k+2 = - 01 (1 N ZUCH)%HB J) S eens
"y I <1 X E(lc:+1)i+kf2Baj>

- 01 <1 i E(k+1)z+lc 15 ])

Y(k+1)n—1

Y

and
ayottiy (1+ S0 B
Bl (1 n E(k;+1)z+kB ]>

Now, it follows from Eq.(9) that

Yk+1)n =

an—f—ly HZL 11 (1+Z(k+1)1 lB ])

n—1 (k+1)i j
AY(k+1)n—k izo (1 + 20 BaJ)
Yk+1)n+1 = =

1+ Hf:o Y(k+1)n—i a(k“)”H?;ll (1 Z k+1 Ji-1p J>
1+ B

) (15 ’”’“BC“)
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- LI 11 (1 +Z§k461 i-1p ]> ( 2(k+1 n— 1Ba7>
] (1 n zj’j)”zBaQ {(1 + y(ktn- 1Baa) + Bale+Dn }
I, (1 + xlknit Baj)

Il (1 + 25.’“;01”3@]') (1 + 2§-’301’"Baj> '

Hence, we have

aHly_ I17 (1+E(k+1)z 15 ])

Y(k+1)n+1 = )
e, (1 + E;:BDZB@J)

Similarly, by some simple computations, we get

a" My, ~k+1)ig (1 + E kﬂ Jit(s=2) Baﬂ>

e, (1 +Z(k+1)z+(s R ])

Yk+1)n+s =
Hence, the proof is completed.

5 Boundedness of Solutions
Here we study the boundedness nature of the solutions of Eq.(1).
Theorem 4 Fuvery solution of FEq.(1) is bounded.

Proof: Let {z,}°° , be a solution of Eq.(1), we consider the following two cases
(1) If a < 3. Tt follows from Eq.(1) that

T o ALp—f ALp—k <z
n+l — A ~ >~ dn—k-
5 + Y Hi:o Tp—i 6

Then the subsequences {Z(k11)n—k }olos {T(kt1)n—k+1}or0s s {T(k+1)n—1 o and
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{@ @410 }o2y are decreasing and so are bounded from above by M = max{z_y,

T j 1y kg2, s To1, To -

(2) If & > f3, For the sake of contradiction, suppose that there exists a subsequence
{@e41)n—k 5o is not bounded from above. Then from Eq.(1) we see for sufficiently
large n that
. . AT (k+1)n—k . «

oo = lim T(py1)p1 = lim - = lim
e = B4+ Lico Ttervn—i "7 p
T(k41)n—k

k—
+ l_L':o1 T (kt1)n—i

o
= lim — (10)
ey Hfzol L (k+1)n—i
It follows by Theorem 4 that the limit of the right hand side of (10) is bounded which
is a contradiction, and so the proof of the theorem is complete.

6 Global Attractor of the Equilibrium Points of
Eq.(1)

In this section we investigate the global attractivity character of solutions of Eq.(1).
We give the following theorem which is a minor modification of Theorem A.0.7 in [8].

Theorem 5 Let [a,b] be an interval of real numbers and assume that
£+ la, 1" = o, b
is a continuous function satisfying the following properties :

(a) f(z1,22,...,7k+1) is non-increasing in the first (k) terms for each zyi; in
[a, b] and non-decreasing in the last term for each x; in [a, b] for all i = 1,2, ..., k;
(b) If (m, M) € [a,b] x [a,b] is a solution of the system

M= f(m,m,...m,M) and m= f(M,M,...,M,m)
implies
m = M.

Then Eq.(2) has a unique equilibrium T € [a, b] and every solution of Eq.(2) converges
to 7.
Proof: Set

mo=a and My=1b

and for eachi = 1,2, ... set

M; = f(mi—1,mi—y1,....mi—1, M;_1)
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and
m;—1 = f(MFb M4, ..., Miflymifl)-

Now observe that for each 7 > 0,

a:m0§m1§Sml<§Ml§§M1§M0:b,

and
m; <z, <M; for p>(k+1)i+ 1
Set
m = limm; and M = lim M,.
Then

M > lim supz; > lim inf z; > m

1—00 1—00

and by the continuity of f,
M= f(m,m,...m,M) and m= f(M,M,...,M,m).
In view of (b),
m=M=T1,

from which the result follows.
Theorem 6 The following statements are true

(1) If a« < 3, then the equilibrium point T = 0 of Eq.(1) is global attractor.
1

(2) If & > 3, then the positive equilibrium point T = [O‘T_B} T of Eq.(1) is global
attractor when k # 1.
Proof: (1) If « < 3, then the proof follows by Theorem 4.

(2) If & > f3, then we can easily see that the function f(z,,z,_1,...,Z,_) defined
by Eq.(3) increasing in x,,_ and decreasing in the rest of arguments.

Suppose that (m, M) is a solution of the system

M= f(m,m,...m,M) and m= f(M,M,...,M,m).
Then from Eq.(3), we see that

aM am

M:5+7Mmk> ¥ BA+yMmt =a, [+yM'm=a
MmF = M*m

Thus
M =m.

It follows by Theorem 6 that T is a global attractor of Eq.(1) and then the proof is
complete.
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7 Applications
_
Hf:o Ln—i

In this section we investigate the solutions of the recursive sequence

7.1 On the Difference Equation z, ., =

1
Tpy1 = —— n=01,.. (11)
[Tico n—i
where the initial conditions x_j, x_ky1, ..., g are arbitrary real numbers.

Remark 1 It s well known that every solution of the equation

1
Tpyl = —, n=01,..
n—r
is periodic with period (2r + 2). The following theorem show that every solution of
Eq.(11) is periodic with period equal to the average of the periods of the equations

Tn41 =

Theorem 7 Let {x,}>2 , be a solution of Eq.(11). Then every solution of Eq.(11)
is periodic with period (k + 2). Moreover {x,}° _, be in the form

1 1
{"'7 A=k Tektls -y =1, T05 gr T—ky L—k+1; -+ T—1, X0, } :
Proof: From Eq.(11), we see that

1 1 1 A T A
xl = _— = — IQ = = = = ‘I—k
k ’ k k k )
Hz’:O T—; A Hi:O T1—4 Hizl LT1—4 Tk Hizl T1—i
1 A 1
T3 = = =X _faly ey Tp] = —————— = T_3
k % 2 % )
Hizo Lo Tk Hizg To2—4 Hizo Th—2—i
1 1 1
Ty = e =T.2, Tpp1= ———— =T1, Tp2 = ———— = T,

[Tico Tr—1-i [Tico i [Tico Tha1-i

Again it is easy to see that

1 1 1
Thts = T —$1—Z, Tpps = ————— = T2 =Tk, ..\,
Hi:o Th+2—i Hi:O Tp+3—i
1
Tok4+4 = —7  — Tg42 = Zo-

[T ‘
i=0 L2k+3—i

Hence, the proof is completed.
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Ln—k
k
—1+allig@n

In this section we study the solutions of the recursive sequence

7.2 On the Difference Equation z, ., =

Tn—k
Tpil = 12
o —1l+a Hfzo Tn—i 12

where the parameter a is real number and the initial conditions z_j, x_x1,..., o are
arbitrary real numbers.

We study the following two cases of Eq.(12)

(I) When k is even. In this case we give the following theorem.

Theorem 8 Let {x,}>° , be a solution of Fq.(12). Assume that Aa # 1. Then
every solution of Eq.(12) is periodic with period (2k + 2). Moreover {x,}>2 . takes
the form

{...,Oéo,Oél, vy Uy T foy Tt 15 ey o1y, L0y Oy ALy oevy Ay Ty k15 -4y T—1, L0, } .

where ap; = =22 =0,1, ...

Aa—1" 5 and Qj+1 = (Aa - 1)7 .7 = 07 17 % -1.

2

Proof: From Eq.(12), we see that

T_L T_p
I‘l g g s
—1 —|—CLH§:0 X (Aa - 1)
T k41 T k1
T2 = = = ZL‘_]H_l(ACL - 1),
—1+4a Hf:o T 1+ (Afgn
T3 = T ki = Tk T T =x_1(Aa —1),

—1+a Hfzo Thp1-i
Zo . i
_1+CLH;€:0I]€—Z' —1+ACL

Similarly to the above it is easy to show that

el A

Tp41 =

T4+2 = T—ky Tk43 = T—k41y o+ry L2k+2 = Thk41,

By some other simple computations, it follows from Eq.(12) once again that

T_p
Tokt3 = Ty = 7(14& — 1y Topra = Tog = (Aa — 1)T_py1, oo, Tapya = Topy2 = To.

Hence, the proof is completed.

Remark 2 If Aa = 2, then every solution of Eq.(12) is periodic with prime period
(k+1) and {z,}5° _, takes the form

{oo ) T fy T i1y ey B0, Ty Ty T foidy veey L1, Ly -ne ) -
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(IT) When k is odd
Now we study Eq.(12) whenever k is an odd integer number.

Theorem 9 Assume that Aa # 1. Then Eq. (12) has unbounded solutions moreover
form=01,..

T_k—1+4s
T Aa)oT s — odd

nts — ,s=1,2,.., k+1).
Yl Dnt {x_k_lJrs(—l-l—Aa)"“, s—even (k+1)

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1. We shall show that the result holds for n. From our assumption for
n — 1, we have

T_} n
T(k+1)yn—k = ma L(k+1)n—k+1 = T g1 (=14 Aa)",

T k42
n— = T 1 A n— = 4- —1 A na"'a
T(k+1)n—k+2 1+ Aa)" T(k+1)n—k+3 = T rt3(—1+ Aa)

Tr—1

(=1 + Aqyn’ “0HDn = zo(—1+ Aa)",

Thtin—2 = T—o(=14+Aa)", Taiip-1 =

it follows from Eq.(12) that

T_k T_k

(=1 + Aa)*(~1+a[[ g winn-s)  (F1+ A

T(k+1)n+1 =

Sisimilarly

T_p

T(k+)n+1 = mu T(k+1)n+2 = T g (=1+ Aa)n+17

T_fy2

T(k+1)n+3 — Wa L(k+1)n+4 = T opy3(—1+ Aa)"“, -

n L1
Tetnth-1) = T—2(—1+ Aa) 1 T(k1)n+k = (C1+ Aa) 1

and

Tk 1)n+(k+1) = To(—1 + Ay,

Hence, the proof is completed.

References

[1] C. Cinar, On the positive solutions of the difference equation z,; =

il sz;:H, Applied Mathematics and Computation, in press.

[2] C. Cinar, On the positive solutions of the difference equation x,; =
—m=1 " Applied Mathematics and Computation, in press.

14+axnTn_1




ON THE DIFFERENCE EQUATION

[3] C. Cinar, On the difference equation z,,,1 =
ematics and Computation, in press.

[4] H. El-Metwally, E. A. Grove, and G. Ladas, A Global Convergence
Result with Applications to Periodic Solutions, J. Math. Anal. Appl.,
245 (2000), 161-170.

[5] H. El-Metwally, E. A. Grove, G. Ladas and H. D. Voulov, On the

Global Attractivity and the Periodic Character of some Difference Equa-
tions, J. Differ. Equations Appl., 7 (2001), 1-14.

[6] V. L. Kocic and G. Ladas, Global Behavior of Nonlinear Difference
Equations of Higher Order with Applications, Kluwer Academic Publish-
ers, Dordrecht, 1993.

[7] M. R. S. Kulenovic and G. Ladas, Dynamics of Second Order Rational
Difference Equations with Open Problems and Conjectures, Chapman &
Hall / CRC Press, 2001.

- Applied Math-

Tn—1
—14xnxn—

113






JOURNAL OF CONCRETE AND APPLICABLE MATHEMATICS,VOL.5,NO.2,115-131,2007,COPYRIGHT 2007 EUDOXUS
PRESS,LLC

A Game Theoretical Coalition Model of
International Fishing with Time Delay

Andrew Engel
SAS Institute Inc.
10188 Telesis Court, Suite 200
San Diego, CA 92121, U. S. A.

andrew.engel@sas.com

Ferenc Szidarovszky
Systems and Industrial Engineering Department,
University of Arizona,
Tucson, Arizona 85721-0020, U. S. A.

szidar@sie.arizona.edu

Carl Chiarella
School of Finance and Economics,
University of Technology Sydney,
P.O. Box 123, Broadway, NSW 2007,
Australia
carl.chiarella@uts.edu.au

Abstract

The oligopoly model of international fishing of Szidarovszky and
Okuguchi [7] where the harvesting countries form a coalition is re-
visited with the additional assumption that there is a time lag in
obtaining and implementing information on the fish stock. The in-
troduction of continuously distributed time lags results in a special
Volterra-type integro-differential equation. Since it is equivalent to a
system of nonlinear ordinary differential equations, linearization and
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standard techniques are used to examine the local asymptotic behav-
ior of the equilibrium. Stability conditions are derived and in the case
of instability special cyclic behavior is analyzed.

1 Introduction

In his earlier paper, Okuguchi [5] has analyzed international fishing of two
countries under imperfect competition. His model and methodology were
extended by Szidarovszky and Okuguchi [6] to the n-country case, where a
general dynamic systems model was developed to describe the trajectory of
the fish stock as a function of time. In addition a complete equilibrium and
stability analysis was performed. This model was further extended by Engel
et al. [3] to include the inevitable time lags in obtaining and implementing
information about the fish stock. Since the time delays are unknown, they
were considered as random variables, and therefore this model was based on
continuously distributed time lags.

The competitive model of Szidarovszky and Okuguchi [6] was modified
by Szidarovszky and Okuguchi [7] to consider the case where at each time
period, the harvesting countries form a grand coalition and their total profit
is maximized. In this paper, this model will be extended to include time lags.

The structure of this paper is as follows: section 2 describes the n-country
fish-harvesting oligopoly when a grand coalition is formed and how informa-
tion lags are modeled. Section 3 examines the local asymptotic properties of
the steady state. Section 4 provides numerical examples of the birth of limit
cycles. Section 5 concludes the paper.

2 The Mathematical Model

2.1 Optimal Harvesting in a Static Setting

Consider a sea region where a single species of fish is harvested by n countries,
and assume that each country sells its harvest in » markets. In our model
we do not assume that r = n. The markets can be the markets of the fishery
countries as well as those of others. As in Szidarovszky and Okuguchi [6],
let xp; denote the amount of fish harvested by country k£ (1 < k < n) and
sold in market ¢ (1 < ¢ <r). The total amount of fish harvested by country
k is given by Xj = >°7_; 3, and the total amount of fish sold in market ¢ is
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Y, = > zki- The price of fish in market 7 is assumed to be linear:

pi = a; — bY;

(1)

with a;, b; > 0. The fishing cost of country k is given by:

X2
Ck :ck+7kyk, (2)
where ¢, v > 0, and X is the total level of fish stock. With the above

function forms we follow the earlier studies mentioned before. With these
price and cost functions, the profit of country k is given by:

T X]?
e = piaw — (e + e~ |-
i=1

{ 3)

We assume now that the fish harvesting countries form a grand coalition.
Therefore the total profit of the coalition is:

T

n:énk:zmi—@mmé(cwa—’f) (4)

which is concave in the variables xp;. Assuming interior optimum, the first
order conditions for the coalition’s profit maximization is given by:

oIl
Oz

i=1 X

X
a; = 2b;Y; = 2y =0

for all 7 and k. Adding these equations over i and simplifying gives

X
A—S—kaykzo,

where S = Y7, Y; is the total fish harvest, A = Y

=1 2“72 and B =377, bi
Therefore the total fish harvest of country k£ is
X
Xy=—>=[A-5]. 5
b= A= (5)

By adding these equations for all values of £ and simplifying gives the total
fish harvest:

ACX
5= CX+B (6)
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with C' = 370, %k Note in the purely competitive case (see [6]), the total
fish harvest, S. is given by

_ 24f(X)
1+ f(X) (7)

with .
Z:: 1+ 23% ' ®)

Proposition 1 The total fish harvest under the purely competitive case is
always greater than in the case of a grand coalition i.e. S. > S for all X > 0.

Proof
Let up = 55—, and note S7_, up = 5=, so equation (8) can be rewritten
k 2B’ k=1 Yk 2B
as
n
=2 - (9)
k=1
Similarly,
X _ 1 _ 1 D DT
CX+2B — 1428 7 1+t - T uptl
CcX S Zk 1%k (10)

Since each term of the right hand side of (9) is larger than the corresponding
term of that of equation (10) we have

CcX

X)> x5

This inequality can be simplified to
2Af(X)(CX + B) > ACX [1 + f(X)]

o 2Af(X)  ACX
1+ f(X) >CX+B’

which proves the assertion. 1
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2.2 Dynamic Harvesting

Now, it is assumed that in the absence of fishing, the fish stock changes
according to the logistic law:

X = (o — 8X) X,

where o, 3 > 0. This law has been known to fit well with experimental
data from many biological populations and is widely used in the fishery
literature, including Clark [2]. Other more complicated reproduction laws
can be also used in our analysis with minor modifications. In the presence of
international commercial fishing under a grand coalition structure, the fish
stock changes according to

. AC

X=X ( _BX — 7> , 11

C- XX B (1)

where we assume that the grand coalition continues to take the optimal
harvest in all time periods t > 0.

Let
AC

- CX+B

then G(X) is strictly decreasing and convex. Therefore the number of pos-
itive equilibria of the dynamic system (11) is 0, 1, or 2, since they are the
intercepts of linear function a — X and the curve of G(X).

As in Engel et al. [3], it is assumed that when each country makes its
decision on the amount of fish to harvest, it has delayed information on the
size of the fish stock. The delay is uncertain, so it may be conveniently
modeled by using continuously distributed time lags similarly to the earlier
studies of Chiarella and Szidarovszky [1] and Engel et al. [3].

Instead of knowing the real value of the fish stock, each country has some
delayed estimate where the delay is random. To model this situation, the
expectation of country k on the fish stock at time period ¢, X*(¢) is formed
according to

G (X)

Xk (1) /Otw (t— 5. Th, my) X () ds. (12)

which is a weighted average of all past values of the fish stocks. Here the
weighting function w is selected as it was in the earlier cited literature:

t

S

e

3

ifm=0 (13)
-2 tm>1

w(t—s,T,m):{

N3 g

)mH (t—s)"e

3
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Here m is an integer and T is a positive parameter. When m = 0, the most
weight is assigned to the most current data, and the weights are exponentially
declining as the data becomes older. When m > 1, zero weight is given to
the most current data, the weight increases to a maximum at ¢ — s = 7" and
the weight declines exponentially for all earlier data. As m increases, the
weighting function becomes more peaked around ¢t — s = T, and if m — oo
or T" — 0, the function tends to the Dirac delta function centered at 7T or
zero, respectively.

When the countries form a grand coalition, each country harvests the
amount of fish according to equation (5), but uses its expectation of the fish
stock, XP* instead of the true value, X. Notice that equations (5) and (6)
imply that

A XEk
’}/k(C XEk + B ) ’

so dynamic system (11) is now modified to

Xk = gk (XEk) =

X (1) = X (t) (o — BX (t) i (XER (). (14)

The dynamic equation (14), with XZ* defined according to equation (12),
is a Volterra-type integro-differential equation, which is equivalent to a sys-
tem of nonlinear ordinary differential equations as it has been shown for
similar models in Chiarella and Szidarovszky [1]. Therefore standard meth-
ods known from the theory of ordinary differential equations can be used to
investigate the asymptotic properties of the solution.

First, we will linearize equation (14) around the equilibrium X, and then
use standard techniques for analyzing the asymptotic properties of the tra-
jectory.

The linearized version of equation (14) can be written as

X5 (t) = (a — 26%) X5 (¢) ng( )/ (t — s, Tp,my) X5 (s)ds, (15)

where Xj is the deviation of X from its equilibrium level. We look for the
solution to this equation in the form X (¢) = e*wv. Substituting this solution
into equation (15) and letting ¢ — oo gives the characteristic equation

(my+1)
- (a—26X)+ng( )<1+£> — 0. (16)

k=1 4k



GAME COALITION MODEL

Notice that this is equivalent to a polynomial equation, so there are finitely
many eigenvalues. The asymptotic properties of the trajectory X (¢) depends
on the locations of the eigenvalues. In the general case it seems impossible to
obtain analytical results, so numerical methods are used to find the solutions
of equation (16). In order to obtain analytical results that may give some
insights into the dynamics of the system, we have to consider special cases.

3 Effect of Time Delay

3.1 The Symmetric Country Case

Assume symmetric countries and markets, where Ty = --- =T, =T, a1 =
e=a,=a,bj=---=b.=band y; =--- =, =~. This implies A = 3,
B=3 C=2and
! AX
X)=————,

9(X) v(CX + B)

where ¢1(X) = -+ = g,(X) = g(X), implying that
AB
'X)=—F5—53>0
g'(X) v(CX + B)?

for all X.
At any equilibrium X, it is clear that a — X = G (Y), so o — 23X =

2G (Y) — « which can be positive, negative, or even zero depending on the
shape of function G' and the location of the equilibrium.
Equation (16) can now be rewritten as polynomial equation

A= (a—206X)] <1 + %)mﬂ +ng (X) =0. (17)

3.2 Eigenvalue Analysis
3.2.1 The Case m =0

In the case of m = 0, equation (17) is the quadratic:

{)\ - (a - 267)} (14 AT) + ng’ (7) =0,
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that is
TN+ X (1-T (a—20X)) + (ng (X) —a+26X) =0.  (18)

We will consider four cases depending on the sign and magnitude of o —
23X and its relationship to ¢’ (7)

Case 1: Assume first that a — 26X < 0.

In this case, all coefficients are positive implying that the real parts of the
roots are negative, and therefore the equilibrium is asymptotically stable.

Case 2: Assume next that o — 263X > ng’ (7)

Then the constant term is negative, showing the existence of two real
roots, one is negative and the other is positive. Thus the equilibrium is
unstable.

Case 3: Assume that a — 28X = ng’ (7)

Now the constant term is zero implying the existence of two real eigen-
values, at least one of them is zero. If ng’ (7) = %, then both roots are

T
cases no conclusion about the stability of the equilibrium can be drawn. If
ng' (Y) > %, then the nonzero eigenvalue is positive implying the instability
of the equilibrium.

Case 4: Assume finally that 0 < a — 26X < ng’ (Y)

Then the constant term is positive. Now we have to consider three further
cases.

(i) If in addition v — 23X < 7, then the coefficients are positive, and the
equilibrium is asymptotically stable.

(ii) If « —28X > %, then the linear coefficient becomes negative implying
the existence of roots with positive value or positive real parts with unstable
equilibrium.

(iii) Finally, consider the borderline case if

1

a-20X = . (19)

zero. If ng QY) < %, then the nonzero eigenvalue is negative. In these

Then there is a pair of pure conjugate complex roots raising the possibility of
the birth of limit cycles. In order to apply the Hopf bifurcation theorem (see
for example Guckenheimer and Holmes [4]) we select 1" as the bifurcation
parameter and show that the real parts of the derivatives of the eigenvalues
with respect to the bifurcation parameter are nonzero at the critical value.
By differentiating equation (18) implicitly we have
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M4 2TA+ A (1= T (a = 26X)) = A (a—26X) =0, (20)
which implies
B A (o —26X) - N2
C9TA+ [1-7(a—25%)|

Notice that at the critical value, T = a_; T SO we have
1—=T*\
o = T (21)
so that )
Re A’T:T* = W 7£ 0

implying the existence of a limit cycle around the equilibrium.
Hence we have the following result.

Proposition 2 Assume that in the symmetric case m = 0. The equilibrium
of system (14) is asymptotically stable if o — 28X <
min{ng (X), £}. The equilibrium is unstable if either o — 23X > ng (X),
ora—26X =ng(X) > %, ork < a—28X < ng(X). In the case of

& N T’ T
a—20X = 7 <ng (X) there is a limit cycle around the equilibrium.

3.2.2 The Case m =1

When m = 1, the characteristic equation (17) becomes
A= (a = 28X)]| (14207 + NT%) +ng (X) =0,
which is a cubic polynomial equation:
NT2 4 X2 (27 = 7% (a - 26X) ) + A (1 - 2T (o - 2/57_) 22)
+ (ng’ (X) —a+28X) = 0.

The Routh-Hurwitz stability criterion implies that all roots have negative
real parts if and only if all coefficients are positive and

(2T — T2 (a - zﬁY)) (1 — 2T (a - 257))
~7? (ng' (X) —a+28X) > 0
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which is equivalent to the quadratic inequality of the form
2(a—26%) 17~ T (ng (X) +4(a—20X)) +2>0.  (23)

At this point, the structures of equations (22) and (23) are very similar
to those studied earlier in Engel et al. [3].

We will consider three cases according to the sign of o — 23X.

Case 1: o — 26X < 0.

In this case, all coefficients of (22) are necessarily positive. We need to

consider three possibilities. If & — 26X = —zng/’ (7), then (23) holds for all

1

T7£_a—2/67’

and the equilibrium is asymptotically stable. If o — 26X < —ing (7),
then the left hand side of (23) has no real root, so (23) holds for all 7" > 0.
Therefore, the equilibrium is asymptotically stable. If a—24X > —ing’ (7),
then the left hand side of (23) has two real roots:

Tp = [1(a—20%)"] g/ (X) +4 (o —20%)

g’ (%) [ng’ (X) + 8 (0 - 26%)] .

Clearly, both roots are positive and if 7' < T7 or T' > Tj, the equilibrium is
asymptotically stable, but if T} < T' < T5, the equilibrium is unstable.
Case 2: o — 23X = 0.
Then all coefficients of (22) are positive, and from the simplified form of

(23) we conclude that the equilibrium is asymptotically stable for 7" < ng’?Y) ,

. 2
and unstable if T' > _ng—, )
Case 3: a—206X > 0.

The coefficients of (22) are positive if and only if
a— 26X < min {L ng' (Y)} : (25)
2T’

The quadratic polynomial (23) has two roots, given by (24), both are
positive. In addition, (24) and (25) imply that 77 < 2((1_7125?) < T5. Therefore

a— 28X < % can not occur as T > Ty, and if T" < T}, then it holds
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necessarily. Therefore in this case the equilibrium is asymptotically stable if
T < Ty, and unstable if either T > T} or a — 28X > ng (X).

Having analyzed the conditions under which the equilibrium may lose
asymptotical stability, we now consider the possibility that the loss of asymp-
totical stability is accompanied by the birth of limit cycle motion in the fish
stock. When X loses asymptotic stability, the real part of an eigenvalue
passes to zero from a negative value. A pure complex number A = ir solves
equation (22) if and only if

—ir*T? = r? (27 = T2 (0 = 26X) ) + ir (1 - 2T (o - 26X))
+ (ng' (Y) —a+ 2/87) = 0.

Equating the real and imaginary parts to zero, we have

7,2

B 127 (a - 26X) B ng' (X) —a+26X
B T 9T T2 (o - 28X)

Since T? > 0, real nonzero r exists only if
1—27 (a —26X) >0
and (23) is satisfied with equality:
2(a—20%) 17~ T (ng (X) +4(a—20%)) +2=0.  (27)

We consider two cases depending on whether o — 23X is zero or not.
Case 1: Assume first that o — 26X = 0.
Then equation (27) is linear implying that

2

is the critical value. Differentiating equation (22) with respect to 7" implicitly

we have ' . '
SAIAT? 42037 + AT +2X2+ )X =0

implying that
) 3 2
[ 2N°T + 2\ (28)
3A2T2 + 4T + 1
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Since A = ir, the real part of this derivative is

: A
R€ )\‘)\:ir = E > 0
with
A = 92 (r2T2 + 1) >0
and )
B = (=3 +1)" + (4T)" > 0.

Therefore a limit cycle is born around the equilibrium.

Case 2: Assume next that o — 26X # 0.

A positive solution for 7' exists only if the discriminant is nonnegative
and the linear coefficient is negative:

a—26X > —%ng' (Y) : (29)

Let T} and Ty (T > T}) denote the roots. If the bifurcation parameter
is again selected as T', then 77 and T5 are the critical values. Differentiate
equation (22) with respect to 7" implicitly to obtain

SAZAT? 4+ N32T + 2A\\ (2T — T2 (a - 257))
+A? (22T (o= 26X)) + A (1 = 27 (o — 26X))
+A(-2(a-26X)) = 0
implying that

21N + N2 (2 = 2T (o = 26X) ) — 2X (o — 26X)

A=— — — . (30
3NT2 42X (21 — T2 (0 — 26X) ) + (1 — 2T (o — 25X)) (30)
At X\ =ir, the real part of this derivative is the following:
. A
Red| = 5 (31)

with
B = [-32T*+1-2T (a—26X)|" + [2r (27 — T* (o — 26X))]’
— {—27'2T2}2 + [BTT + 7“3T3}2 >0
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and similarly
A=r? (—T4T4 + 2r?T? + 3)
where we used relation (26). Notice that A is nonzero if 7?T? # 3. In this

case, there is a limit cycle as a consequence of the Hopf bifurcation theorem.
Notice that (26) implies that 72 = 3 if and only if

T (a - 257) =1,

which is equivalent to equation
1
a - 20X = —2ng (%), (32)

which is (29) with equality. Therefore, if & — 26X > —gng’ (7), then there
is a limit cycle around the critical values, T'= T} and T" = T, otherwise the
existence of a limit cycle is not guaranteed.

Thus we have the following result.

Proposition 3 Assume that in the symmetric case m = 1. The equilibrium
of system (14) is asymptotically stable if either

_ 1 —
a—20X < —g"9 (X),

or
_ 1 — 1
a—20X = —gng (X) # T

or

— 1, —
0>a—2ﬂX>—§ng(X) and T <Ty or T >T;

(where Ty and Ty are given in equation (24)),
or

_ 2
a—20X=0 and T < ——,
ng'(X)

or

0<a—26X <ng(X) and T <T.

The equilibrium is unstable if either

_ 1
O>a—2ﬁX>—§ng(X) and Ty <T < T,
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0.2735

0.273

0.2725

0.272 7273 0.274

Figure 1: Birth of a Limit Cycle for m =0

or

_ 2
a—26X=0 and T > ———,
ng'(X)
or
0<a—26X <ng(X) and T >T,
or

o — 23X > ng (X).
There is limit cycle around the equilibrium if either

2
ng' (X)’

a—268X=0 and T =

or
— 1, —
0>a—2ﬂX>—§ng(X) and T € {1, T},

or
0<a—208X <ng(X) and T =T.

4 Numerical Examples

First, we illustrate the case of m = 0. We choose n = r = 2, a = 1,
b=3,v=1,and a = § = 1. These parameters yield an equilibrium at

X = 0.272727. The critical value of T" is 9.99991. Figure 1 shows the birth
of a limit cycle with this value of T'.



GAME COALITION MODEL 129

X

0.1675 0.1675
0. 16725
0.167

0.167
0. 16675

0. 1665
0. 1665

0. 16625

0. 1665 0.167 0.1675 X 5( X
0. 1(63 \ 0.162 0.164 0.166 0.168 0.17 0.17: 0.1565 157 61575

(a) Birth of a Limit Cy- (b) An Expanding (¢) A Shrinking Limit
cle Limit Cycle Cycle

Figure 2: Limit Cycles for m =1

Next, we illustrate the case of m = 1. Here, we select n =r =2, a = 1,
b=3,v=1,a =094 and # = 1.64. This choice of parameters yields an
equilibrium at X = 0.166667. There are two critical values: T} = 1.21909
and Ty = 5.30202. Figure 2(a) shows the birth of a limit cycle for the critical
value T7. Figure 2(b) shows a expanding limit cycle for 7 = 1.31909 and
figure 2(c) shows a shrinking limit cycle for 7" = 1.11909.

5 Conclusions

In this paper an international fishing model has been analyzed, when the
fishing countries form a grand coalition and therefore at each time period
their total profit is maximized. This situation was modeled by a modified
version of the well known logistic law. We have shown that there are at
most two steady states. Continuously distributed time lag was then assumed
in obtaining and implementing information on the fish stock by the fish-
ing countries. The corresponding dynamics of the fish stock resulted in a
Volterra-type integro-differential equation. The asymptotical properties of
the fish stock trajectory was examined by using linearization. In the case
of symmetric countries and markets, we were able to derive a simple expres-
sion of the characteristic polynomial. A complete stability analysis was given
based on the eigenvalues, and the possibility of the birth of limit cycles was
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explored. Numerical examples illustrated such cases. For the nonsymmetric
case and for larger values of m, numerical simulation is needed. Finally we
mention that the same model and methodology can be used in investigating
the long term effect of fishing in any given region or country, when the fishing
firms play the same role as the countries in our case.
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Abstract

This paper is concerned with finding starting values for the pa-
rameters of von Bertalanffy, Brody, Gompertz and Logistic growth
functions. A method is established by using the Walford plot and it
is illustrated with examples from beef cattle. The method works with
non-equally time-spaced data or non-monotone data, as in the case of
animal growth with dry period.

Keywords: Nonlinear regression, growth function, scientific computation, animal
science.

1 Introduction

The analysis of growth patterns in animals and plants is a standard procedure
in research fields such as animal science, forestry and fishery management,
among others. In many cases, exponential functions are used for modeling
the nonlinear relation between weight (or length) and age, as for instance,
in genetic improvement of dairy and beef cattle (Brown et al [3] and Perotto
et al [13]). In cattle research, four growth functions play an important role,
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namely, von Bertalanffy [1], Brody [2], Gompertz [18] and Logistic [12]. After
re-calibrating the response variables (weights), all the above cited functions
can be written in the form

w = A(l — Be &),

where t denotes animal age, w = w(t) is a suitable re-scaling of the animal
weight at age ¢, and A, B, K are parameters of the model. As a matter of
fact, fitting these curves to experimental data, iterative methods of nonlinear
regression such as Gauss-Newton or Levenberg-Marquardt [10] are used. It
turns out that selecting starting values for the parameters A, B, K is an
important step in this process. Giving bad starting values may slow down
the convergence speed and sometimes may cause the iterative process to fail
or to converge to unwanted results.

There are some works dedicated to the computation of starting values for
parameters of nonlinear curves. Typically there are very technical and often
avoided by non-mathematicians (e.g. Causton [4] or Nelder [12]). Some
other works suggest finding starting values in an empirical way, based on
early knowledge or on similar experiments found in the literature (Santoro
et al [15]).

The goal of this paper is to provide a mathematically consistent method of
finding starting values for the parameters of the above four growth functions.
The method can handle non-equally time-spaced or non-increasing data, and
it is sufficiently simple to be used by a broad class of scientists, specially in
animal science. Examples are provided with data obtained from Brazilian
zebu cattle database.

2 Description of the Method

The method is based on the Walford plot (Walford [17]), widely used in
fishery biology to estimate asymptotic length of several aquatic animals. The
Brody function, also known as von Bertalanffy (1938) in fishery biology, will
be considered first, since the other three functions can be reduced to the
former by re-scaling w; data.

The following conventions will be used throughout this section.
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Table 1: Definition of models and variables

BRD Brody function: w; = A (1 — Be_Kti)

VBF  von Bertalanffy function: w; = A (1 — Be’K“)3
LOG  Logistic function: w; = A (1 + Be*K“)fl

GMP  Gompertz function: w; = Ae=Be "'
t; A serie of ages (days, months or years)
w; Weight at age t; (maybe length)

N Number of data (1 <+i < N)

At Average of At; =t;41 —1;

i

K growth rate or maturity coefficient
A asymptotic weight or length
B integration constant related to wg

The Brody function — From the Brody function
Ww; = A (1 — BeiKti) s

a simple relation between w; and w;,; can be obtained. Indeed, one has

7KAti> + e*KA

Wit1 = A(l — € tiwi.

If ¢; are equally spaced, then At; = At is a constant for every i. Otherwise,
define At as the average of all At;, that is,

=

1 —1
At = —— i1 — ).
t N—1H<t+1 ti)

It follows that the approximation
Wis1 A A(l . efKAt) + efKAtwi7

can be assumed, and therefore the parameters K and A are approximated by
fitting a line y = a + bx to the plot w; versus w;;1. Of course, x represents
w; and y represents w; 1. After obtaining a and b by least squares, one takes
as starting values

Inb a
K:_A_t and A:m
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Since B can be deduced from Brody function as

B = ekt (1—%), i=1,2,---, N,

its value can be approximated as the average of B, for 1 < ¢ < N. A
summary is presented in the Table 2.

The von Bertalanffy and Gompertz functions — These two functions
can be studied as above by a suitable re-scaling of w; data. Indeed, re-scaling
w; to y; = Yw; transforms VBF to

yi = VA (1 - Be %) |

which is a Brody type function with y; in the place of w; and v/A in the place
of A. Then, fitting a line y;11 = a + by; to y; against y; 1 by least squares,
similar results hold:

o b a3 ol i ki (1 af©
= —— = - = — e g — e .
At’ (1 — e~ KAL)3” N — A

Likewise, re-scaling w; to Inw; transforms GMP to

This is also a Brody type function with g; in the place of w;, In A in the place
of A and B/In A in the place of B. Then fitting a line y; = a + by;;1 to the
plot Inw; versus Inw;, similar results also hold:

N

Inb _KAt 1 A

= —— = a/(lie ) = — Kt; —_
K o A=e , B N ;16 In <wz) :

See summary in Table 2.

The Logistic function — The Logistic function can be reduced to Brody
function by transforming w; to y; = 1/w;. This gives

yi=A""(1— (=B)e ™).
Then with a similar argument, the proposed starting values are:

—KAt)

Inb (1—e 1 & (A
K=— A=-————> DB=— Kt —— 1),
At’ a ’ N;(g (wi )
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However, due to numerical instability, this argument will only work for data
with a clear sigmoidal shape. On the other hand, the Logistic function can be
easily linearized when the asymptotic value A is known. Indeed, the logistic
function can be written as

A
— =1+ Be Kt
w;
and therefore p
In (— — 1) =InB — Kt;.
Wi

Then if the parameter A is given, a line y = a + bt can be fitted to ¢; versus
y; = In(A/w; — 1). Usually one takes A as 110% of the maximum value of
w;. Hence parameters A, B and K can be approximated by

A =1.1 x max{w;} B =¢" and K = -b.

This procedure is widely considered in the literature (e.g. Mathews [11]) and
therefore it is recommended in the present paper. A summary is in Table 2.

Table 2: Starting values for the parameters A, B, K of the named functions.
Given data t;, w;, first compute coefficients a, b with linear least square and
then K, A, B.

Model Fit line K A B
Inb a 1 w;
. ‘ _ Kt; (1 _ Wi
BRD Wwi+1 =a+ bw; AL 1= o KAt N ;:16 (1 1 )

VBF Wit = a+ bYw; _nb a73 iieK“ 1 @/l
S ‘ At (1—e KA N £ A

GMP Inw;y1 =a+0blnw; —M e“/(l_eme) i ieiﬁi In é
B ! At N P w;

LOG In ( - 1) =a+bt; —b 1.1 xmax{w;} e
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3 Application to Animal Science

To illustrate the method described in Table 2, data from Brazilian Associa-
tion of Zebu Breeders (ABCZ) are used. They refer to the average weights of
166 female zebu animals from Guzera and Nelore breeds, recorded between
1979 and 1995 in the state of Pernambuco, north-eastern of Brazil. The
records were taken at birth and at, approximately, each 90 days up to two
years.

Table 3: Average age and weight of 166 female zebus from ABCZ database.

Age (days) t; 0 85 174 264 357 448 538 630 723
Weight(kg) w; 30 86 143 190 224 253 284 313 339

For sake of understanding, an outline of the computations used for VBF
function following Table 2 is presented now. First transform w; to y; = Jw;,
that is,

y = [3.1072, 4.4140, 5.2293, 5.7489, 6.0732, 6.3247, 6.5731, 6.7897].
Then fit a line y;411 = a + by; with least square method to get
a=2.2061 and b= 0.6886.

Since the average time-interval is
1
At = §{85+89+90+93+91+90+92+93}:9O’

it follows (using Table 2) that

In 0.6886 (2.2061)?

K = ——ag 0.0041455, A= (1 — ~0-0041455x90)

9
1 Wi

B— - —0.0041455xt; 1— 3 ¢ = 0.56280.
32 {‘3 8 3.5551

1

~ = 3.5551,

The precision of the parameters computed using Table 2 are estimated by
comparing them with the converged values using Levenberg-Marquardt me-
thod. Standard deviation of the residuals

1 <,
SDR = (mzm—r) >

=1
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of fitting starting curves to data are shown in the Table 4. Here, starting
curves mean the growth curve using the corresponding starting parameters.
Compare these values with the converged values in Table 5. Graphics com-
paring starting curves and converged curves are presented in the Figure 1.

Table 4: Starting parameters computed using Table 2 and data from Table
3.

Model A B K SDR

BRD 503.6 0.9402 0.0015 2.963
VBF  355.5 0.5628 0.0041 6.136
GMP 321.0 1.8026 0.0061 9.919
LOG 378.8 6.2002 0.0058 8.816

Table 5: Converged parameters through Levenberg-Marquardt method using
data from Table 3 and starting values given in Table 4.

Model A B K SDR

BRD 471.1 0.9338 0.0016 1.999
VBF  381.0 0.5279 0.0034 3.643
GMP 364.0 2.0975 0.0042 4.764
LOG  339.7 5.1875 0.0066 8.063

4 Conclusions

Analyzing comparatively tables 4 and 5 and figures 1(a) to 1(d), it is clear
that starting values computed using Table 2 are very close to the converged
values when data have the shape of the corresponding curves. Now, limita-
tions do exist in some cases. Methods based on Walford plot rely, in fact,
on uniformly time-spaced data, because the need of At. But since the main
point is computing starting (approximate) values for parameters, an approx-
imate value of At will works properly. However, if At; have a large standard
deviation, the method developed in Table 2 may give bad results. A different
method of fitting curves with non-uniformly spaced data is presented by Gul-
land and Holt [8]. It works well in fishery biology but seems to be unsuitable
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Brody function von Bertalanffy function
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Figure 1: Comparing starting curves with the fitted curves for: (a) Brody,
(b) von Bertalanffy, (¢) Gompertz and (d) Logistic functions.

for analyzing grass-fed cattle data. This happens because the animals may
lose weight during the dry period.

Finally, it is worth noting that the use of empirical arguments for esti-
mating starting values of the parameters A, B, K is still very common in the
literature. Indeed, they have shown that this strategy does work in most
cases. Then the present review offers an alternative mathematical frame-
work for this task, which may be very useful when considering situations
where previous empirical evidences are not known. Serious experimental re-
searches always take advantages of mathematical deductions complemented
with empirical knowledge.
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Abstract

In this paper the author presents a coupled system of two nonlinear, advection-diffusion
equations. Similar systems of equations have been used to describe the dynamics of contaminant
in groundwater as it flows through cracks in a porous rock matrix and gets consequently absorbed
into it. An explicit finite difference scheme is used to numerically approximate the solution of
this mathematical model. Convergence of the numerical approximants, thereby obtained, to a
unique continuous solution is proved and then the order of convergence of this numerical scheme
is illustrated via a computational experiment. Graphical results are displayed to illustrate the
order of convergence and finally, future research work to be done is discussed.

Mathematics Subject Classification Numbers: 35K55, 35K57, 65N06, 656N12, 65Y20

Key Words: advection, coupled, diffusion, finite difference, numerical, order of convergence

1 Introduction

In [3, 6] the authors present a model that describes the dynamics of contaminant present in ground-
water as it flows through a system of parallel cracks and gets consequently absorbed into the sur-
rounding porous rocky medium. The reader may refer to [3, 6] for a further detailed and illustrated
description of this physical phenomenon.

In [3], the authors use the Bromwich Inversion Integral and residue calculus to obtain an exact
solution in the form of a single, infinite integral. This solution is much simpler than the one
obtained in [6], which involves the use of double and triple integrals.

The mathematical model studied in this manuscript is fairly similar to the one described in [3, 6]
but also vastly different since it contains nonlinear advection and diffusion terms.

This model, represented by a nonlinear coupled system of advection-diffusion PDEs, hence presents

itself as follows:
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Ci+[a(C)], =[b(C,C,)], = AC + M, (1,0, 2)

2
(1-2)

M; =[e(M,M,)], — A\M
where C(t, z) represents the contaminant concentration in the liquid flowing through a fracture in
the porous rock matrix, while M (¢, z, z) is the contaminant concentration in the liquid as it diffuses
into the rock matrix while flowing through the fracture. The variable z represents distance along

the fracture, x the perpendicular distance into the rock matrix and ¢ the time. Initial and boundary

conditions for C(t, z) are given by

C(0,2) =a(z)
C(t,0) =~ (t) (3)
C (t, Zmax) = 0,

while initial and boundary conditions for M (¢, x, z) are given by
M (0,2, 2) =1 (z,z)
M (t,0,2z) = p C(t,2) (4)

M (t, Zmax, z) = 0.
Further, the following regularity conditions, necessary for convergence, are also imposed on the

model parameters:

(J1) Nonlinear advection term a in Eq.(1) is uniformly Lipschitz in C.
(J2) Nonlinear diffusion term b in Eq.(1) is uniformly Lipschitz in C' and C,.
(J3) Nonlinear diffusion term e in Eq.(2) is uniformly Lipschitz in M and M.

(J4) Functions «, v and n are bounded and measurable on [0, co).

Although more numerically stable implicit finite difference schemes are used by the authors in [1, 2]
to numerically approximate solutions of the mathematical models therein, the author here uses an
explicit finite difference scheme, similar to the one used in [4], to obtain a numerical solution of
Eqgs.(1-2).

This paper is therefore organized in the following fashion. In the next section, the explicit finite
difference solution approximating scheme is described while convergence of the solution approxi-
mants to a unique solution is analytically proved in section 3. A computational experiment that
illustrates the order of convergence of this numerical method is presented in section 4, while future

research work to be done with this model is finally discussed in section 5.
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2 Finite Difference Solution Approximating Scheme

The following uniform mesh sizes are used for the discretization of the ¢, = and z axes, respectively:

Q Az = meaX and Az = Zr}?x,

which leads to taking the mesh points on the ¢, z and z axes, respectively, as follows:
tr = k At, zj=j Az and z1=1Az,

fork=0,---,Q,j=0,---,Nand [ =0,---, R.

The notation CF and Mykl is used to represent C (ty, z;) and M (tj, x}, z;), respectively, while similar
notation is used to represent the other model functions and parameters. Hence the following explicit
finite difference scheme, Eqs.(5-8) below, is used to numerically approximate the solution of the

coupled system, Eqs.(1-4):

it - of a (Olk+1) —a (Olk)
At Az
b (ck M) _p (ck M)
L7 -1
_ Az Az 5)
Az
ME — ) Ck
—\CF it P el
Cr+p ( . ,
forl=1,---,R — 1 with Eq.(3) giving
C=a, Ch=y" and Ch=0. (6)
Further,
M’“;"1 _ Mjlc] 3,0 Ax =1, Az )
A “aME ()
At Ax Js

forj=1,---,N —land [ =0,--, R with Eq.(4) yielding

Mjﬂ,l = Ny, M(])c’l =p Clk and M]]if,l =0. (8)
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Now, let

_ At d _ At
H1 = N an H2 = Az’

and calculate the numerical solution (Clk, M Jkl) recursively using the known initial and boundary

condition data from Eq.(6) and Eq.(8) and marching forward in time as follows:

CHY = (1-XAHCF + [a (Clk) —a (Clk+1)

ck. . —CF ck—ck
oo (o Y o o, T "

+8 w2 (M{cz —p Clk)

and

k+1 k
My = (1= A A MGy + p A

k k
o M= My
’ .77]’l’ Am :

Thus Eqs.(6,8-10) serve as the finished form of the explicit finite difference scheme which provides

k k
e(m M)

(10)

the numerical solution of this model and thereby concludes this section. In the next section, it will
be shown that these solution approximants (Clk, Mfl) converge to the unique solution (C, M) of
Eqgs.(1-4).

3 Convergence and Uniqueness

This section is begun by stating and proving a theorem.

Theorem 1. Denote the numerical approximation of the solution of Eqgs.(1-4) by (Clk, Mfl) and
the exact solution by (C’f,Mfl) forj=0,---,N,l=0,---,Rand £k =0,---,Q. Then

(Ch. w2 — (€F 15
as At, Az, Az — 0.

Proof. Write Egs.(9-10) in operator form as

Cit = Ay (CF1, CF, Cf ME)) + wn [(A1)” + At (Az + A2)] (11)

and
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ME = Ay (M, Mfy, M) + ws (A1 + Az A, (12)

respectively, since the finite difference scheme Eqgs.(5-8) is O (At, Az, Az) (see [5]). Further,

é'l]H_1 =4 (élkflaélkaélﬁlaMlk,l) (13)
and
Mt = A ME, ME (14)
gl 2 7 1,0 g0 5410 ) -
Now let Uf = CF - Cz and M]l = M’c ]\fol Assuming C and C have identical initial and
boundary conditions, one gets
cl=Cy=0Cl =0, (15)

while using techniques such as those used and described in [4, 5] and properties (J1)-(J4), subtract

Eq.(13) from Eq.(11) and after elementary algebraic manipulations arrive at

‘CH]‘ < wy (‘UL‘ + ‘Uf‘ + ‘Ufﬂ‘ n ‘M'f,‘) + [(At)2 + At (Az + Az)] , (16)

for{=1,---,R—1.

Similarly, the same initial and boundary conditions for M and M lead to

MU,l:pcla MJI*MNJ*O (17)

while subtracting Eq.(14) from Eq.(12) and (J1)-(J4) yield

‘Mlm‘ < wy (‘M] 11‘ + ‘Mﬂ‘ + ‘MJ“’D + wy [(At) + Az At] (18)
foryj=1,---, N—1land!=0,---,R.
Now, define
F% = l:I{)l,?J-)-fR ‘6?‘ and Fkﬁ = _j:0,~~~,I]{fl?Ji(:0,m,R M?,l‘ . (19)
Then from Eqgs.(15-16)
TEF < ws (TE+TE) + w1 [(A)” + At (Az + Az)] (20)

and from Eqs.(17-18)

PEE <wg (TE+TE) + wp [(A1) + Az At (21)
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Thus, Eq.(20) leads to

while Eq.(21) gives

Tk < w (F%Jr Foﬁ) + wio [(At)2 T+ Az At} .

Passing the limit A¢, Az, Az — 0 in Egs.(22-23) one gets

k _pk _
I'5=13;=0

(22)

for £k = 0,---,Q. This leads to Cf — C‘/“ and Mf’l — Mf’l, which concludes the proof of this

theorem. The next theorem proves uniqueness of this numerical solution obtained.

Theorem 2. The numerical solution arrived at in Theorem 1 above is unique.

Proof. Let (C’, M) and (C,M) be two solutions of Eqs.(1-4) with both pairs having identical
initial and boundary conditions. Also, let C=C-Cand M =M — M and straight away get

CY =Gk = Gl =0,

Further, just as in the proof of Theorem 1, Eq.(13) gives

é'l]H_1 = Al (Cylkf]aélka Olk+17Mlk,l) - Al (élkflaélka éﬁ+laM{€,l) ,

which, using (J1)-(J4), leads to

| <o (ot |+ ] et + i)
fori=1,---,R— 1.
Next,

M{’izzpéfa M(')JZMJ@JZO,
and using Eq.(14) one obtains
Tk
ijr] AQ( J- “’M M“’) AQ( - llvM M+1l)

which, upon using (J1)-(J4) once more, yields

A < o (W8] 5]+ (05 )

(24)

(26)
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foryj=1,---, N—1land!=0,---,R.
Now, define

AE = max ‘C’k‘ and AR = max ‘]\;ﬂ“ ‘ 28
C 01 "1R ! M 7:0,,]\7 ; l:[]”R 7al ( )

Then from Egs.(24-25)

MG < g (MG +AY) (29)
and from Eqs.(26-27)
AT <y (AL AR, (30)
which results in
A]é S w15 (A% + A[]]VI) (31)
and
Eqgs.(31-32) easily yield
k k. _
Ag =AY, =0,
for k=0, ---,Q, leading to
Ct =0, (33)

fori=1,---,Rand k=0, ---,Q, as well as

My =0 (34)

for j =0,---,N,1=0,---,Rand k = 0,---,Q. Eqs.(33-34) thus give CF = Clk and M]’fl = M]’fl
which finally results in (C’, M) = (O, M) and concludes proof of uniqueness. Note: wq - wig, used
in the proofs of theorems 1 and 2 of this section are arbitrary positive constants serving as bounds.
In the next section, a numerical example is presented which illustrates order of convergence of this

finite difference scheme and demonstrates accuracy of the analytically proved results of this section.
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4 Numerical Results

For this computational experiment, one uses the following known values for the model parameters:

A=f=p=ZTmax = Zmax = 1
b(CaCz) = C,, G(M,MI) = M,

Toax = Az = Az = 1073,

(35)

In order to study order of convergence for the finite difference scheme Egs.(6,8-10), the following

expressions are used for exact solution (Cey, Mez) of Egs.(1-4):

Cop(t,z) = et (z—1)°

and

Mem(taxaz) =e! [(:E - 1) (Z - 1)]2

which gives the following values for the initial and boundary condition functions:

ofz)=(z -1, A)=e’,  nzz) =z -1 P

Further, this value of (C.,, M;) also leads to the following forcing term for Eq.(1):

et (222 — 2z — 2)

and the following forcing term for Eq.(2):

—2e! (z2 — 2z + 1) .
Next, the following six distinct values for the time step At are chosen:
(1) 8 x 1078
(IT) 107
(IT1) 1.33 x 107
(IV) 2x 1077
(V) 4x10°7

(VI) 1079,

(37)

(38)

(39)



ADVECTION-DIFFUSION EQUATION 151

and for each, the finite difference scheme Eqs.(6,8-10) using parameter values obtained from Eqs.(35-
40), is used to obtain the computed model solution denoted by ((Ccalc)f , (Mcalc)l;l) from ¢t = 0 to
t = Timax- Finally, for each of these values of At, the following quantities are calculated:

ABSERC (At) = max |(Cea)t — (Ceare)

3

and

ABSERM (Af) = max |(Mea)¥) = (Meaio) |

Plotting At against ABSERC (At) and ABSERM (At) gives Figures 1 and 2 below, respec-
tively. Both these figures clearly illustrate linear convergence of the finite difference scheme. It
may be worthwhile to mention that these computations were executed on a UNIX programming
environment, with figures plotted using MATHEMATICA which proved to be an extremely effi-
cient software for this purpose. This brings us to the conclusion of this section. In the next and
final section, which follows after the figures, further research work to be done with this model is

discussed.
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Future Research Work

In the near future an inverse method procedure will be used to numerically estimate infinite-

dimensional parameters in this model. This process will involve the minimization of a least-squares

cost functional. Convergence results for these numerical parameter approximants will be proved

analytically and illustrated graphically. Next, a numerical solution of this model equation will be

obtained via a Galerkin approximation method using linear splines, a.k.a. hat functions. Finally,

parameter estimation on this model will be performed using this Galerkin method and convergence

results for the same will be proved. These results will be submitted for possible publication in

refereed journals.
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Abstract

Airline yield management has been a topic of research since the dereg-
ulation of the airline industry in the 1970’s. The goal of airline yield
management is to optimize seat allocations of a flight among the different
fare products. In this paper, we use econometrics modeling to construct
market demand functions. Then multiple linear regression is applied to
the market demand functions. The use of multiple linear regression allows
for an improved discussion of elasticity, cost degradation, and passenger
diversion. A model is then constructed to optimize revenue for domes-
tic flights. This paper answers the following specific research questions:
How does the use of price elasticities and cross price elasticities improve
previous models? Does the use of income elasticity improve the market
demand functions? Conditions for optimality are then discussed using the
estimated market demand functions.
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1 Introduction

Airline yield management, a hot topic of research since the 1970’s, is used to op-
timize seat allocations of a single flight among the different fare products. Most
models for airline yield management can be grouped into one of the following
two categories: a price discrimination model or a product differentiation model.
Price discrimination models assume that when a consumer chooses to purchase
a lower priced fare product they do so at no additional cost. If the lower priced
fare product requires a purchase of 14 days in advance or any other restrictions
applied to a discount purchase, which would not have been encountered by a
higher priced fare product, the assumption states that there is no cost to the
consumer for accepting more restrictions.

There is an extensive study by Morrison and Winston [6] which estimates
the additional costs for accepting more restrictions. Their study supports the
need to eliminate the assumption imposed by price discrimination models. The
other category, product differentiation models, assumes the demand for fare
product ¢ is independent of the demand for fare product j and independent of
the price of any other fare products. This paper supports the need to eliminate
the assumptions imposed by both the price and product discrimination models.

Botimer and Belobaba [2] introduced a generalized cost model of airline
fare product differentiation. Their model for air travel demand in an origin-
destination market is extended to include degradation costs and passenger diver-
sion. These extensions eliminate the unrealistic assumptions made by previous
price discrimination models and product differentiation models. Degradation
costs are the costs to consumers who wish to downgrade to a lower fare prod-
uct. The lower fare product requires the acceptance of a restriction(s) which
may come as a cost to the consumer. Their initial demand function without
degradation costs is

1—1
Qi = fi(P) =Y _ Q.
j=1

where @; denotes the number of passengers purchasing fare product ¢, f;(-) is
the market demand function for fare product i, P; is the price of fare product i,
and @); is the number of passengers held captive to fare products less restricted
than fare product 3.

Note that fare product ¢ + 1 is defined to impose more restrictions than fare
product i. The model in [2] is designed with the following criteria:
(1) fi+1 < fz < fj fOI‘j < 1.
(2) The market demand function is a positive function determined by customers,
competitors, prices, etc. and exploited by the individual airlines.
(3) The consumers arrive in increasing order of willingness to pay.
(4) Demand for fare product ¢ is derived from unrestricted fare product 1.

To include degradation costs, costs associated with consumers for accepting
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more restrictions, their demand function then becomes

i—1 i—1
Qi1 = fir1 (P +)_¢j) = Y Qj,
j=1

Jj=1

where, ¢; is the cost to each consumer for accepting the imposed restrictions.
Note that ¢y is zero because there are no restrictions for the full fare product,
and thus no cost to consumers. Their model assumes ¢; is a constant cost
functional form for simplicity reasons. The consumers perceived cost of fare
product ¢ is higher than the actual price of fare product . Thus as Botimer and
Belobaba state in [2], “their willingness to purchase fare product ¢ is reduced
by ¢; as compared to fare product ¢ — 1. ”

The model in [2] for air travel demand is extended to include passenger
diversion to eliminate the assumption of previous product differentiation models.
This is designed to include a fixed percentage of the expected demand for any
fare product. Thus the number of passengers actually purchasing fare product
1 is represented by g¢;,

1_ Z dz] QZ+Zd]ZQ]7

Jj=i+1

where, d;; denotes the percentage of passengers diverting from fare product i to
a more restricted fare product j.

Finally, their optimizing revenue function is constructed only for the linear
case of the constant cost model where,

i—1 i—1
P =P _aijle _ijlcj

is strictly nonincreasing. The Lagrange Multiplier Method is used to maximize
the following revenue objective function which includes degradation costs and
passenger diversion:

i

N N
R:Z( Zdzg QZ]PO_G’ZQIC_Z
=1 1=1 k=1

r=1

J
+Z Z d]zQ] O_G’ZQ]C Zcr
=1 j=i+1 k=1 r=1

This model leaves room for improvement as most models do. In [2], the
authors mentioned several areas for further research. Under the topic on pas-
senger diversion, the authors suggested the use of cross price elasticity effects in
a model. Under the topic on degradation costs, the authors suggested that con-
stant cost formulation does not realistically reflect consumer behavior. That is,
“costs incurred may differ by passenger rather than being constant.” So there is
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a need to determine the effects of passenger behavior. In this paper, comparing
to the model in [2] constructed only for the linear case of the constant cost
model, we construct a model of market demand function using econometrics
modeling that could be used for forecasting consumer behavior in the airline
industry. Based on a stratified random sample from the U.S. Department of
Transportation’s Domestic Airline Fares Consumer Report of 1997, we deter-
mine the market demand functions including price and cross price elasticity with
and without income elasticity using multiple linear regression. We further an-
alyze these results and determine a generalized objective function. In the final
section, we apply Lagrange multiplier method to solve the the airline revenue
maximization problems.

2 Market Demand Function

Econometrics modeling of the air travel demand will allow us to observe cost
degradation and passenger diversion in action. Instead of fixing the percentage
of diversions between the fare products and having a constant degradation cost
¢;, we shall model existing behaviors in hopes to be able to better forecast future
consumer behavior. For research of econometric modeling, we refer to the book
[7]: Econometric Models and Econometric Forecasts.

To understand econometrics modeling and how this can work for airtravel
demand, we first recall some basic concepts of elasticity. An elasticity measures
the effect on the dependent variable of a 1 percent change in an independent
variable. Therefore, we can monitor change of the dependent variable @; of a 1
percent change in an independent variable P;, where Q; is demand for a product
and P; is the price for this product. This situation is called price elasticity. We
can also monitor @; of a 1 percent change in another independent variable P;.
This situation is called cross price elasticity. Elasticities are easy to work with
due to the facts that their values are unbounded, values may be positive or
negative, and are unit-free. A market demand function which includes price
elasticity and cross price elasticity may prove to be a more realistic approach
to consumer behavior.

Econometric modeling for demand yields the following equation for fare
product 4

Qi = ﬁlopzﬁln’ﬁéJP]B” eeia
where, ); is a continuous, dependent variable representing quantity demanded
for fare product i, B;¢ is an unbounded and unit-free constant, §; is the price
elasticity which is unbounded and unit-free for fare product 7, 3;; is the un-
bounded and unit-free cross price elasticity for fare product ¢ by change in price
j, P; is an independent variable representing price of fare product i, and ¢; is
the error term which assumes a normal distribution.

An econometric model of airline demand shall yield as many equations as
there are fare products. Thus for simplicity purposes we shall model demand
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aggregating passenger services into three fare products. That is, fare product
1 will have demand function @; representing demand for first class or full fare
products, fare product 2 will have demand function @5 representing demand for
standard economy class or first class with some restrictions, and fare product
3 will have demand function @3 representing the demand for discount fareclass
or standard economy class with many more restrictions. @2 usually requires
advance purchase of 3 days while Q3 usually requires an advance purchase of 14
or more days.

It is clear that we only want to include necessary independent variables. It
is not necessary to include P; in ()1 due to the fact that demand in first class
is not effected by price changes of fares in the discount fareclass. However,
as we will see, we must include P, P, and Ps in Q2 and only P; and P, in
Q@s3. Realistically, demand should be effected by the above fareclass and below
fareclass changes in price. Thus standard economy fareclass, in the three fare
product model, is the only fare product that has two cross price elasticities. In
order to linearize the model, we take the natural log of each @Q; yielding the
following three fare product market demand functions:

In@Q1 = Po+BInP+Bi2ln P+ ey,
InQ2 = Pao+LelnPo+ o1 InP+ Bazln Ps + e,
InQ3z = P30+ B3InPs+ B321n P+ es.

For the multiple linear regression model, we let ¢; = In @Q); and z; = In P;. Thus
we have the following three market demand functions:

@1 = P+ iz + Biaxs + e,
g2 = [oo+ Poxe + Bar171 + Pz + €2,
g3 = [30+ F3x3 + B3a72 + €3.

The assumptions of these multiple linear regressions in [7] are: the relation-
ship between ¢; and z; is linear, the z;’s are non-stochastic variables and in
addition, no exact linear relationship exists between two or more independent
variables, the error term has zero expected value for all observations, the error
term as constant variance for all observations, and the error term is normally
distributed.

With these assumptions, we would like to use the model to analyze con-
sumer behavior through the use of price elasticities and cross price elasticities.
Therefore, we select a sample of approximately 250 flights to monitor consumer
behavior. The data from the 250 flights are the data for ¢;’s and z;’s in the above
model. We use multiple linear regression to search for parameter estimates, 3’s,
that minimize the error sums of squares.

The squared sum of errors is SSE; = Zj(el(]))2 = Ej(qgj) —37)2, where

az(j)

ql(j ) is the observed value for the natural log of demand of the flight j and
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is the predicted value for the natural log of the demand of the flight j. Thus
we will have 250 equations for quantity demanded for each of the g;’s with
the unknown elasticities 3’s. Using multiple linear regression we will have one
predicted demand function for each of the g;’s:

4 = @'0 + Bﬂz‘ + Bi(ifl)xi—l + Bi(z‘+1)$i+17 i=1,2,3.

This model needs more than three observations, that is, three or more flights.
Multiple linear regression is used to solve for ; and §;; for i # j. Then i
can be solved. The parameter estimates are defined as the following for ¢; and
similarly for ¢» and g3:

= (2P NP (@02 = (22 2 ) (0P Vel

h= <z250< D12) (22 (25))2) — (220 o) )2 |
5 0 0P (@52 = (27 V) (22 2Vl
v <225°< D)2)(220 (200)2) — (229 2l )2 ’
and

Bro = q1 — B171 — P12,
where ¢ = ﬁ 21252 qy , and qgi) is the observed value for the natural log of

demand of the flight ¢. Z; and Zy are defined similarly.

3 Main Results and Analysis

To estimate our price and cross price elasticities, a stratified random sample is
chosen from U.S. Department of Transportation’s Domestic Airline Fares Con-
sumer Report of 1997. This report of the 1,000 largest city-pair markets within
the 48 states accounts for approximately 75 percent of all 48-state passengers
flights. The 1,000 flights are divided into groups determined by their nonstop
distance. A separate simple random sample (SRS) is used to select from the
list of flights whose nonstop distance ranges from 100-300 miles, 500700 miles,
900-1100 miles, 1300-1500 miles, and 1900-2100 miles. The combined SRS in
each category yields 250 randomly selected flights; 25 percent of the population
of interest.

The prices used for the three fare class model are current prices given from
various search engines comprised of www.flyaow.com, www.travelocity.com, and
www.bestlodgings.com. These search engines allow us to determine the average
prices for each of the three fare classes. The price for standard economy is de-
termined by requiring an advanced purchase of 3 days and 14 days for discount
fareclass. The model could also include average median incomes of the city of
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departure and the city of arrival. Therefore, in the following, the demand func-
tions will first be solved using price elasticity and cross price elasticity. Then the
demand functions will be solved using price, cross price, and income elasticity.
Finally, we use statistical analysis to determine whether income elasticity is a
useful independent variable for quantity demanded.

Using SAS and applying multiple linear regression to the data for the 250
flights yields the following results:

Market Demand Functions (with price and cross price elasticity)

@i = 9.61 —.253z; — .650x0, 72 = 411,
G = 10.8—.550zy — 22421 — .123x3, 72 = 414,
s = 10.7— .172x5 — .793z9, 72 = 468,

where 72 (adj) is .406, .407, and .464 respectively.
Market Demand Functions (with price and cross price elasticity plus income
elasticity)

@1 = b5.15—.225z; — .669x, + .4231, r* = 415,
G2 = 6.38— 570z — 21621 — 12623 + .4191, 2 = 418,
s = 6.1—.169z3 —.791xs + .4391, r% = 473,

where 72 (adj) is .408, .409 and .467 respectively and I is the average of the
cities (departure and arrival) median family incomes.

Analysis of the model involves several different methods. The methods used
here are described in [4]. First, we must analyze the assumptions of the model.
One is that the random error term assumes a normal distribution. The his-
tograms of the residuals plotted against each of the independent variables: ¢,
q2, and g3 indicate a few outliers which may cause a lower than usual measure
of fit. Overall, the three histograms appear to have a normal distribution. Thus
the analysis of these histograms do not give any indication that the normality
assumption of the model has not been met. The normal probability plots of the
residuals against each ¢1, g2, and g3 also show a few possible outliers. Accord-
ing to [4],“an outlier among residuals is one that is far greater than the rest
in absolute value and perhaps lies three or four standard deviations or further
from the mean of the residuals.” Thus there are some concerns from these plots
that a few of the flights do not have data that are typical to the rest of the
flights. Never the less, the linearity in each of the plots suggests their are no
indications that the normality assumption has not been met. Also, the plots
of the residuals against the fitted values for ¢;, g2, and g3 show a few outliers.
However, if we remove these outliers, our graph shows constant variance. Thus
our assumptions have been met.

Second, we must analyze the cross price elasticity, to verify its importance
in the model. We can analyze the analysis of variance tables (ANOVA) to
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Table 1: Analysis of Variance: ¢; regress on x
Source  DF  Sum Sq.s Mean Sq. F-Value Prob> F

Model 1 52.69197  52.69197  143.321 0.0001
Error 250 91.91282  0.36765
C Total 251 144.60480

Root MSE  0.60634 R-square 0.3644 Adj R-sq .03618

Parameter Estimates

Variable DF (8 Estimate Standard Error
INTERCEP 1 10.006380 0.48941062

X1 1 -0.912193 0.07619605
Variable T:6 =0 Prob > |T|

INTERCEP  20.446 0.0001

X1 -11.972  0.0001

easily verify the importance of cross price elasticity. The Tables 1-3 are the
ANOVA tables for ¢; regressed onto each of the independent variables z1, z2,
and I. Most obvious from the ANOVA tables are the p-values. The p-value for
¢1 = f(x1) is nearly zero (Table 1) and the p-value for ¢; = f(x2) is also nearly
zero (Table 2). The regression of ¢; on both 27 and x5 yields the following sums
of squares and the proportion of variations:

SSR(z1) = 48.6686, SSR(z2|71) = 10.4507, r = .3365, r2 , = .1089.

xg\zl

These are located in Table 4. It is clear that the demand for the full fare product
relies on the price of fare product 2. The data tells us that before x5 is added
to the model, the ¢; with only z; in the model had a proportion of variations
of .3365. And then, once x, is added to the model, the proportion of variations
by z2 after 1 in the model becomes .1089. It suggests that the model includes
cross price elasticity. The necessity for the cross price elasticity can be observed
in the same way for ¢ and gs.

Thus the question still remains, what independent variable is missing from
the model? 72 for all three market demand functions are in the .40 range.
For observational data, there are hopes for 72 to be closer to the .60 range.
Therefore, the research was expanded to check for another possible independent
variable that may explain the proportion of variations in the quantity demanded.
The research expanded to include income elasticity in the model. Since the
consumers are purchasing a product, the income for the consumers is an obvious
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Table 2: Analysis of Variance: g; regress on zs
Source DF Sum Sq.s Mean Sq. F-Value Prob> F
Model 1 58.61769  58.61769  170.426 0.0001

Error 250 85.98710  0.34395
C Total 251 144.60480

Root MSE  0.58647 R-square 0.4054 Adj R-sq  0.4030

Parameter Estimates

Variable DF 0 Estimate Standard Error
INTERCEP 1 9.171135 0.38523367

X2 1 -0.851072 0.06519264
Variable T:6 =0 Prob>|T|

INTERCEP 23.807  0.0001

X2 -13.055  0.0001

independent variable to analyze. The income for the cities included in the

research is the 1999 incomes posted at the website:
verticals.yahoo.com/cities/categories/medfamily.html

which is being used as the best available surrogate.

Using multiple linear regression to include price elasticity, cross price elas-
ticity, and income elasticity we have the three fare product market demand
functions listed above. The 72 and 72 (adj) as compared to our original three
fare product market demand functions did not increase significantly. It is pro-
posed that income elasticity should be dropped from the model and thus not
included in the optimality procedure. We can quickly verify the significance, if
any, that income may have on ¢; by observing the sums of squares of regression
between the three independent variables x1, x2, and 1.

Now, including the income elasticity we have the following results from the
ANOVA tables for ¢;:

SSR(I|xy,x2) = .70009, 72 =.070178

rl|m1,x2

Additionally, we have the following variance inflation for the three indepen-
dent variables and their p-values from the above listed ANOVA tables for ¢;:

71 0 4.4024, x5 : 3.9922, I :1.0172, py, = .0001, p,, = .0001, p; = .0966.

The p-value is the probability for the t-test. The p-value is too high for the
independent variable income. The F-partial test also agrees with these results.
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Table 3: Analysis of Variance: ¢ regress on [
Source DF Sum Sq.s Mean Sq. F-Value Prob> F
Model 1 1.59173 1.59173 2.782 0.0966

Error 250 143.01307 0.57205
C Total 251 144.60480

Root MSE  0.75634 R-square 0.0110 Adj R-sq 0.0071

Parameter Estimates

Variable DF (8 Estimate Standard Error
INTERCEP 1 -2.574539 4.04070019

I 1 .650506 .38997346
Variable T:6 =0 Prob>|T|

INTERCEP -.637 .5246

I 1.668 .0966

Thus income does not make up for the unexplained variation. Observation of
the ANOVA tables for ¢ and g3 can be done in the same way and yields similar
results. Thus income elasticity is not a necessary variable for any of the three
market demand functions and shall be removed from the model.

The fact still remains that the r2 for ¢, g2, and g3 are .411, .411, and .468
respectively for the sample of 250 flights when I is excluded. Questions arise
for the improvement of the model: (1) There might be some terms we should
include in the model that can help explain the proportion of variations. For this
consideration, an immediate improvement on the model would be to include
cross product terms of x; and z; in the model of q. This implies considering
the family of the exponential models for () and a flexible functional form would
be the translog model (see Final Remarks). (2) Do the unusual observations
have such a large effect on the variation? If we exclude a few of the unusual
observations, or place less weight on these observations, the variance is nearly
constant for each of the three fare product demands. Further analysis of the plot
of ¢ versus the predicted value for ¢, if we exclude a few unusual observations
then r? = .5023. Further analysis reveals these unusual observations were data
from flights in the northeastern states whose prices for first class and standard
economy class were extremely high. Several flights had first class prices above
$1200 and standard economy class above $900. So further research is needed
to improve the model. Research that may involve looking for a key indicator,
possibly for the regions of the 48 states since there is some variation in prices



LINEAR REGRESSION MODEL

Table 4: Analysis of Variance: ¢; regress on 1, xa
Source DF Sum Sq.s Mean Sq. F-Value Prob> F

Model 2 59.416 29.708 86.83 0.0001
Error 249 85.189 .342
C Total 251 144.60480

Root MSE  0.5849 R-square 0.4141 Adj R-sq  0.406

Parameter Estimates

Variable DF 0 Estimate Standard Error
INTERCEP 1 9.6117 4804

X1 1 -.2533 .1658

X2 1 -.6503 .1467

Variable T:6 =0 Prob>|T|

INTERCEP 20.01 0.0001

X1 -1.53 0.128

X2 -4.43 0.0001

in the different regions.

From the analysis of the market demand functions we have no reason to
doubt our normality assumptions and no reason to doubt our optimality model
shall exclude income elasticities. These market demand functions reveal con-
sumer behavior within these 250 flights. It is obvious that the changes in price
of standard economy class fare products directly effects demand for first class
and discount fare class. We can observe the effects of consumer behavior; that
is passenger diversion, from these market demand functions. These cross price
elasticities offer a clearer picture of the number of passengers who will divert
to a lower priced fare product given an increase in price. From the multiple
linear regression model, we have observed how consumers react to the degrada-
tion costs and the passenger diversion that occurs once we increase or decrease
a price of other fare products. Forecasting the future behavior of passenger
diversion based on their current behavior is desired.

4 Optimality

The objective now is to maximize revenue, where the decision variables are the
prices of the three fare products. Recall, x; is the natural logarithm of the price
of fare product ¢ and g¢; is the natural logarithm of the quantity demanded for
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fare product ¢. Initially our objective function defined in terms of price and
quantity yields the following problem.

3
maxR = E eviel
i=1

subject to

NE

e? < capacity.
i=1
However, to analyze revenue in terms of price only, we shall rewrite the
objective function to include the values of ¢; in terms of x;. Also the constraint
shall be rewritten in terms of price. For linearity purposes, the model is designed
such that the input for capacity (CAP) will be the logarithm of the capacity of
the aircraft. Therefore we have the following problem.

maxR = 901+ 7470165022 | 108+ 4505 = 2240112325 | 10.7+.82875—.793w2
subject to:
31.11 — 477z — 1.9922 — 0.29523 — CAP < 0.

Therefore, we have a nonlinear optimization problem of the constrained case.

Our objective function is clearly convex. However, the objective function
is bounded by the capacity of the aircraft. The optimal prices for revenue
shall occur when the Eij e? is exactly equal to the capacity of the aircraft.
Therefore, to find the optimal revenue we apply the Lagrange multiplier method
to solve for optimal prices using price elasticity and cross price elasticity as our
independent variables.

Our objective function is

f({El,{EQ, 1'3) _ 69.61+.747m1—.650m2 +610.8+.45m2—.224m1—.12313 +610.7+.8281}3—.7931}2'

The constraint is:
g(x1,29,23) =31.11 — CAP — AT7x; — 1.9929 — .29523 = 0.

From the condition Vf = AVg, We can solve the unknowns 1,2, x3 and A,
and thus, the optimal prices for revenue.

The data used for the econometric modeling was based on the average daily
purchases for the flights. This model is constructed such that an input value for
the daily capacity for the aircraft would yield optimal prices for revenue given
the market demand functions constructed had a larger 2. Since the values of
x; is In P;, there is a large difference between an r; = 6.4 and x; = 6.46, a
difference of 38 dollars. Thus when solving the system of equations, we must be
very careful to watch the precisions of the digits.
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This model appears to be a sound method to use. The model is set up to
maximize daily revenues based on price and cross price elasticities. The steps for
analysis are clear and the structure of the optimality is clear. Further research
into indicator variables for the market demand functions could yield a more
accurate model and then using the optimality equations in the same way should
prove to output more realistic prices for each of the three fareclasses. The study
could be extended to include international and domestic flights. Then the model
would have up to N-fare products. The structure would be the same, the market
demand functions would be as follows:

@i = Bio + Biwi + Bii—1)Ti—1 + Bi(it1)Ti+1-

And we would like to

N
— o+ (1+6i)zi+Bii—1)Ti—1+Bi(i+1)Ti
maxR = E eBiot(148:)Ti4Bi(i—1)Ti—14Bi(i+1) +1

i=1
subject to

N
(Bjo + Bj1x1 + Bjewz + -+ + Bjnan) — CAP = 0.
j=1

5 Final Remarks

1. Despite its simplicity, the linear model is too restrictive and cannot accom-
modate for the variation in the data. Modern studies of demand and production
are usually done in the context of a flexible functional form. Flexible functional
forms are used in econometrics because they allow analysts to model second
order effects. The most popular flexible functional form is the translog model,
which is often interpreted as a second-order approximation to an unknown func-

tional form. Let Iny = f(lnxy,---,lnxg). Then its second-order Taylor series
around (z1,---,zx) = (1,---,1) is in the form
k 1k
Iny =G+ Zﬂk Inz; + 3 Z vijInz;Inz; + €.
i=1 i,j=1

Since the value of 72 in the linear model is at best 0.473, we may consider to
apply the translog model for a better fitting. Recently, translog models were
used in [3] for the study of productivity change model in the airline industry.
2. Principal component analysis (PCA) involves a mathematical procedure
that transforms a number of (possibly) correlated variables into a (smaller) num-
ber of uncorrelated variables called principal components. The first principal
component accounts for as much of the variability in the data as possible, and
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each succeeding component accounts for as much of the remaining variability
as possible. In principal component analysis (PCA), the data are fit to a linear
model by computing the best linear approximation in the sense of the quadratic
error.

Have noted that the r? could be improved to a more satisfactory level, we
may want to include more variables in the linear model. However, to select
as few key independent variables as possible in the model, applying the PCA
technique in the modeling will be a good idea. Recently, PCA was applied
in [1] for the evaluation of deregulated airline networks with an application to
Western Europe.

3. In [5], a new analytical procedure for joint pricing and seat allocation
problem was developed using polyhedral graph theoretical approach consider-
ing demand forecasts, number of fare classes, and aircraft capacities. Three
equivalent models were formulated in the paper: The first model is a 01 inte-
ger programming model. The second model is obtained from the first model
using the notion of constraint aggregation. The third model is derived by ex-
ploiting the special data structure of the first model and utilizing the concepts
of split graphs and cutting planes. A decision-support tool was developed for
price structure designers to be able to consider a wide variety of possibilities
concerning the number of fare classes.
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On the numerical approximation to =

George W. Grossman
Department of Mathematics
Central Michigan University

Mount Pleasant, MI

48859
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Subject class: Primary: 01A99, Secondary 65Q05
Keywords: History of mathematics, Recurrence relations

Abstract. In the present paper we consider recurrence equations that can be used to approxi-
mate 7. Analysis of each approximation shows that overall accuracy can be improved by taking
a linear combination of the results of the two equations, after finitely many steps. Additionally,
one of the recurrence relations is derived using the angle-bisector theorem. The analysis is
based on Taylor series applied to trigonometric functions. There are also several new results
presented relating cubic equations and trigonometric functions of half-angles. We determine a
bound on the ‘closeness’ of trigonometric differences for small angles using a Lipschitz condition
and give examples. We employ MAPLE software in the present work to facilitate computation.

1. INTRODUCTION

The present paper is related to historical developments in mathematics in that it shows the
use of the Taylor series to improve the accuracy of a classical approximation to 7 and also to
analyze area of regular polygons. An application of Taylor polynomials to Newton’s integral [3],

0.25

(1.1) T = —+24 Va —z?dz

can be shown by expanding (1.1) about x = 1/4 so that,

(1.2) ™= 3?4/_ 24 00251f+ f(x——)—%ﬂ(m—i)ZﬁL...dx.

Each successive term in the expansion of & — x? gives a new approximation to 7. The integral
curve

1
:/\/1—a:2dx:§sin1:1:—1—%\/1—:62,

has ordinate Y (1) = n/4. In the late 19th century, an instrument called the integraph [15],
and invented by Abdank-Abakanowicz, could be used to trace such a curve and so construct
approximations to .

The 7 approximation problem was considered by Archimedes’s [10], [14], [18] (c. 250 B.C.)
and still has significance almost two thousand three hundred years later. Archimedes approx-
imated 7 by finding the perimeters of regular polygons circumscribing and inscribing the unit
circle. The polygons in the paper are denoted p,, P,, respectively, each having 2"*! sides.



182 GROSSMAN

Figure 1: P, , regular polygon of 8 sides.

(Fig. 1 shows Py, fig. 6 shows P, and p;.) We observe that P, respectively p, can be subdivided
into 2! congruent, isosceles triangles each having interior angles 7/2" at the vertex (origin)
and the other two equal angles at the circumference are equal to (in radians),

1
(Y P I
(5

It is noted that the interior angle is halved for successive values of n. Accuracy in approximating
7 was limited [5], [18] and Archimedes obtained the following approximation,

310 e 22

— << —.

71 7

Archimedes’s recurrence relation [1] approximates the perimeter of the unit circle, employs the
harmonic-geometric means with initial guess aq, by, and is given by

2a, b
1.3 n = -
(1.3) ) @, + b,
(14) bgn = \/ Q2 bn 5 Qn:2,4,8,... s
such that

lim as, =27, lim by, = 27 .

n— oo n—oo

The advent of electronic calculators and computers allows programming of such approxima-
tion methods, including the Brent-Salamin [6] formulas, to obtain (quadratically convergent)
approximations to m given by,

A[M(1,1/v2)]"
1 - Z;}il 2j+1dj’

A[M(1,1/V2)P?
[— Y 2l
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where formulas for arithmetic-geometric mean, denoted M (ag,by) = lim, .o @, = lim,,_ by,
with initial guess ag, by, are given by

1
Ap+1 = §(an + bn);
bn+1 = Van bn7
such that
1
Cht+1 = §<an - bn)a
d, = a®—"0b>.

We note that M(a,b) = M(b,a) so that

M(1,1/V?2) = LM(L V2)

V2

M(1,v2)™ = %/1 &

1—¢+
Srinivasa Ramanujan [13] employed modular functions [9] to generate approximations to m,
resulting in infinite series,

M(V2,1) =

Sl

and from [19]

4_3 2311-3,43131-3-5-7
2

T2 222 321 2.8
The Bailey-Borwein-Plouffe algorithm (BBP) [7], another highly accurate formula for calcu-
lating 7, and so-called ‘digit extraction method’, is given by

e}

1 { 4 2 1 1 }
"= 3t [t s
c~ 16" [8n+1 8n+4 8n+5 8n+6
Half-angle (fig. 5 illustrates this idea) formulas were also employed by Viete [11] who derived
the following infinite sequence,

2 1 1 1 /1
(L5) = Jim (s - \/;\/2 2\ 2 5\/5 §\f5

such that,

Y - T _ ]t 1
UL =COS 7 =4[g, Un =COS oo = 5( +tnp-1), n> 1

This is a case of a more general formula due to Euler [11],

sin 6 i
= lim (ujugug -« - uy) ,
n—oo
where
0
U, =cos— , n > 1.
2n

We note that (1.5) is obtained by setting 6 = /2 in u,, above.
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Figure 2: |PC|= S,.4,|0Q|= h,,, |OC|=1,PR|= S,

Convexity and symmetry [12] are properties of regular polygons. It is known [17] (sect 3.)
because of convexity the approximation to 7 by area(P,) is more accurate than by area(p,).
An exercise in [17] yields

(1.6) area(p,) < m < area(py41) + 2% :

A similar error bound is also explored in sect. 6.

The paper is organized as follows. in sect. 2 we discuss recurrence equations. In sect. 3 we
analyze the convergence of Archimedes’ recurrence relation. In sect. 4 area formulas related to
triangular subregions of the regular polygons p,,, P, are determined and, several inequalities are
derived. In sect. 5 algebraic relations are derived related to the congruent triangular subregions
of p,, P,. In sect. 6 differences of trigonometric functions for small angles are determined, a
numerical algorithm is given and accuracy is analyzed. Several examples are presented.

2. RECURRENCE EQUATIONS

A recurrence equation [17] is given for the side-length denoted s,, n > 1, s = V2, of a
regular polygon p, inscribing the unit disk,

(2.1) Spi1 = \/2— /4 —s2 .

It can easily be checked that s, = 2sin(m/2"*1) 'n > 1 satisfies the recursion (2.1) which
can be derived from two applications of Pythagorean identities relating the altitude h,, and
side-lengths s,,, s,y1 of the 2”1 (272) congruent isosceles triangles of p,,, (pn11), i-e., (fig. 2)

(2.2) (5p1)% = (1 — h)? + (%")2 h2 + (%”)2 —1.
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Elimination of h,, from (2.2) gives (2.1) using elementary geometry. A natural question arises as
to the form of the recursion for the side-length denoted ¢,, of the circumscribed polygon P, and
this is known also [11] and written in terms of the tangent function ¢, = 2 tan(r/2"™') ;n > 1
such that

(2.3)

tn
toiy = .
VI ()2

t, and s,, respectively, are related to the half-angle formulas,

sin 6 0 1
2.4 tanf/2 = — | sin—- = —v1 — 0
(2.4) anf/ T cosf ’ ™5 \/5\/ cosf
by observing that
in 6 tan 6

(2.5) tan@/2 = 00— o ,

l+cosf 1+ ,/1+ (tanh)?
and

0
(2.6) 23in§:\/§\/1—cos = \/2—\/4—(28in6)2.
The half-length defined as b,, = t,,/2 satisfies
b

P —
A TRy

We note that (2.7) has an interesting derivation that employs a recursive idea and the angle-
bisector theorem, (in sects. 5, 6.) We note that (2.1) can be used to approximate 7, that is,
area(unitdisk) = m ~ 2"s,. In the case of (2.7) we have area(unitdisk) = 7w ~ 2"t,.

(2.7)

3. HARMONIC AND GEOMETRIC MEANS

In this section we derive convergence properties (see [11]) for a different derivation) of
Archimedes’ recurrence relation. It can be shown [1] that s, and ¢, defined in (2.1, 2.3)
(replacing b,, and a,, respectively) satisfy (1.3, 1.4). Employing as, = 03, /b, from (1.4) in (1.3)
yields,

V2bi?

3.1 b n ;
(3:1) 2 o =+ b
202 2
(32) Aon = n = b

By solving for by, /b, in (3.1) and expanding about 1, we obtain

ban, \/§ (bn/Q ) (bn/Q )2
3.3 — = —=1-0.25 —1)+0|—-—-1] .

From (3.3) we obtain,

- (1) (21 =

Y

A~ =
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/
/
/
/
Y4

/
/
/

Figure 3: AOAC, AOPQ, APC, PQC, APQC.

so that,
bay, — by, 1
3.5 —/ _Tix -,
(3:5) b, — b2 4
From (3.5), the convergence of the subsequence by, by, by, ..., bon, ... is linear and also from
(3.2), the sequence ay, as, ay, . .., asm, ... converges linearly. Thus, the sequences {s,} and {¢,}

converge linearly. In sect 6 it is shown that the number of significant digits in the approximation
to m by 2"s, and 2"t,, is proportional to n.
We note that convergence of an infinite sequence {z}} is said to be linear [16] if
A.’L‘k
Azp_y
In the next section we obtain elementary results concerning the areas of various subregions (fig.
3) of the regular polygons p,, P, and make several conclusions.

~const=Cp, 0<Cp <1,Ax, = — Tp_1.

4. AREA FORMULAS

From fig. 1 we see that area(P) = 2*area(ANAOC) and LAOC = 7 /23. Moreover, it follows
that,
7= lim area(P,) = lim 2" area(ANOAQC),

such that ZAOC = 7/2""!. Similar results apply for p, and AOPQ. The following results
refer to fig. 3 and curvilinear (without A notation) or triangular regions within p,, P, so that
in the foregoing it is assumed for convenience that these regions depend implicitly on n and p,
or P,. For n > 1 we have the following two lemmas,
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Lemma 4.1.

(4.1)  area(AOPQ) = sin—

1 us 1
(4.2)  area(AOAC) = étan St = Ztn :

Lsin® (r/27*Y) 1 ., =« T Sp '\ 2

(43) GTGG,(APQC) = §W = §sm ont1 t ot = (Z) tn R
T 1.« T 1

(4.4) area(PQC) = vz~ 75 5 = Gaps T gSn-t

1 ., 7 s T 1 . = 1 s s
(4.5) area(APC) = §sm TES] tan STESE + lemﬁ = §tan il T gz

B 1 T
4" gn2r

Proof. From fig. 3, |OP| = |OC| =1, ZAOC = 7/2"*!  and trigonometric formulas for the
right triangle yields (4.1, 4.2). The difference of (4.1, 4.2) yields (4.3). To obtain (4.4) we can
evaluate

1
/ V1—a%dx , 0= T
cos 0

on+1 '

To obtain (4.5) we can evaluate

1
/ tanf r — V1 —22dx , 0 = n

os 6 2n+1 ‘

It can be shown by Taylor series and (4.4, 4.5) that

(4.6) area(APC) = area(PQC) — (2721)3 + 1—25 <2n711>5 +0 (2:“)7 .
We also have,

Lemma 4.2.
(4.7) area(APC) < area(PQC) ,n>2,

(4.8) 2" area( AOAC) — 1 < 7 —2""area( APQO) ,n > 2 .

Proof. We observe that (4.6) suggests (4.7) for large enough n, but this requires looking at the
Taylor series remainder more closely to find the minimum value of n, however we show that
the areas defined by Ay = area(segment(PC')), Ay = area(AAPR) satisfy Ay > Ay for n > 2
so that (figs. 3, 7)
area(PQC) = Ay +area(APQC) = Ay + area(APCR)
> area(PCR) 4+ Ay = area(PCR) + area( AAPR) = area(APC).
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It follows that for cosf <z <1, § = 7/2""1

sinf > v1—a? > ﬂ(x—l).

cosf —1
These inequalities (with strict inequality in the open interval (cos,1)) give area(APCR) >

area(PCR). Also, the arc of the unit circle over the interval [0, 0] lies above the straight line
segment PC, (fig. 7). We have for n > 2,

1 iné
A = \/1—9(:2—L(:1:—1)d:c

cos 0 cosf —1

1 T T \*
> gtan <2n+1 <2n+1>
1 7T ™ \21 T \*1 2
- gt (2n+1 {<2n+1) 2l (2n+1) 41 +}
1 T U 2
A <2n+1> (1= cos (2n+1)>
1
= —(tan0 —sinf)(1 —cosf) = A, .
2
We rewrite (4.8) as 2" area( AOAC)+area( APQO)| < 27, which follows from 2" [area( APC)+
area(APQO)] < m by(4.7) and 2" [area(PQC) + area(APQO)| = . O

For n = 1, Ay < As. As noted earlier an outer approximation to = by area(P,), is a more
accurate approximation than an inner approximation by area(p,). In the next section we
employ the law of sines that yields several algebraic identities.

5. ALGEBRAIC RELATIONS

Referring to fig. 4 we find that |OC| =1, £LBOC = LAOC ,ZACO = 7/2 ;a+b =
|AC| ,|OA| = ¢ ,|OB| = d. We state a version of the well-known angle-bisector theorem [2]
and give an alternate proof by the law of sines, (fig. 4).

Lemma 5.1. Consider AAOC, ANAOB and ANBOC' such that ZAOC' is bisected into ZAOB
and ZBOC. Denote a = |AB| ,b = |BC|. We have
a
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T
ZAOB =
2n+2

T
£BOC =
2n+2

Figure4: C=[OA|, a=|AB|, b=|BC|, d=|OB|, |OP|=|OC|=1

Proof. From the law of sines we obtain

(5.2) b d 1 1
' sinf/2  sinm/2  sin(mr —6)/2  cosh/2’
c a d d
(5.3) _ = — = — = :
sin(m+6)/2  sinf/2 sin(n/2—-60) cosf
The result (5.1) follows by choosing the ratio of terms involving a, b, ¢, 1 in (5.2-5.3). O

We remark that in [2] the proof of the angle-bisector theorem uses elementary geometry. Fig. 5
shows P; and the manner in which angles (beginning with 90 degrees) are bisected repeatedly
with respect to P;. (Fig. 6 shows Py, p;.)

Employing the Pythagorean identity and (5.1) we obtain

(5.4) =1+ (a+0b)*=(a/b)>
For completeness, we find using (5.1, 5.4), the relations between a, b, ¢, d given in the following.

From (5.4) we obtain a + b = (a — b)/b* which yields with (5.1) and elementary algebra,

b(1 + b2 1 J(E- D&
(55) a = bA+b) _ Je=1 _ VI bl 1cdcc<va,

1—-12 Ve+1 2 — (2

1+ b2 1
(5.6) c = 1J_rb2:2/d2_1,0<b<1,1<d<\/§,

1
7)) b= e =VR-1,1<d<c<V2,

c+1

2
(58) d = VItR=,/-=

14+c¢’
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Figure 5: ZAOC = 45°, ZBOC = 22.5°, ZDOC = 11.25°, |AC| = by = |OC| = 1

The relation between a and each of b, ¢, d is more complex and requires solving a polynomial of
third degree. Respectively, from (5.5) we obtain,

(5.9) b’ 4+ ab®>+b—a=0,
(5.10) A —c—a’c—a®=0,
(5.11) d® — (a® + 1)d* + 4a’d* — 4a* = 0.

We solve (5.9-5.11) and obtain the following real zeros,

1 1/3 + a? 1
¢ = =(18a% + 1+ 3aV3V1 + 11a2 — o) V/3) ¢ 4=
] ) (1842 + 1+ 3av/3v/1 + 11a% — a®) (/3 3

a’/3 —1 1

1
b = —(18a —a® + 3vV3V1 + 11a? — at) /3 4 .
3( ) (18a — a3 + 3v/3v/1 + 11a® — %) /3 3

1
& = 5(1 +a* + a?(a® — 13)(a® — 3) 4 6aV3V1 + 11a2 — at) 1/

(a®> —5)%/3 -8
(14 a* + a2(a? — 13)(a2? — 3) + 6av/3v/1 + 11a2 — a*) (/3

Lo s
+-(a"+1).
) 3(@ )
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P4

0°

P1

Figure 6: Circumscribed and inscribed squares, P4, p4

To the authors’ knowledge, the above results are new. In terms of trigonometric functions we
have the following identities, (fig. 4),

_ T ™
a = tan (2n+1) — tan <2n+2>

T
b = tan<2n+2>,
B T
c = sec <2n+1>,
T
d = sec(2n+2)

In the next section we derive the recursion (2.7) using geometry. We relate the functional form
of (2.7) to a Lipschitz mapping and show ‘closeness’ of b, to b,_; and s, to s,_;. We also
analyze the convergence of the iterative algorithm in terms of the number of significant digits
and show convergence is linear.

6. NUMERICAL ALGORITHM AND CONVERGENCE PROPERTIES

By inspection of fig. 4, we can derive the recursion (2.7) based on (5.1) and the Pythagorean
formula. Define

(61) bn—l = bn + a, s

(6.2) Cn = %:\/14—6%_1,71:2,3,4,....

Eliminating a,, from (6.1, 6.2) yields
bn—l

b, = .
1+/1+02

Replacing n by n + 1 we obtain (2.7). By definition,

(6.3)

(6.4) bn:tan%,nzl,l....

Employing (6.4) yields
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a) A
mZAOC = 40.0° P
R
Area AAPR = 0,038 in?
Area CP = 0.046 in?
(o]
A
b)
mZAOC = 45.0° P R

Area AAPR = 0.072 in?
~
Area CP = 0.065 in?

c)
m£AOC = 60.0°
Area AAPR = 0.362 in?

~
Area CP = 0.151 in2

~~
Figure 7: Areas AAPR and CP for a) 6 = 40°; b) 6 = 45°; and c) 6 = 60°.

Lemma 6.1.

T T <\/§(\/§—1)

(65) ]bn—bn_1|:]tan2n+1 —tanﬁ\_T ,nZQ
Proof. We see that
x
€Tr) =
/(@) 1++V1+22
is Lipschitz mapping with constant 1/2 since
1 1
f(z) = <-as v —0".

I+ VI+a?)V1+a2~ 2
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Thus,
1 V2(V/2 —1)  2.343146
|bn - bn—l‘ S §|bn—1 - bn—?‘ S cee S 2n72 |bQ - bl’ S 2n72 ~ on .
O
Employing (6.4) yields
Lemma 6.2.
|Sn - 5n—1| . ™ m \/5(\/5 - ]-)
(6.6) — = | sin et S5, o3 > 2
Proof. We have that,
|5n - 5n—1’/2 S ’bn - bn—1| .
since sinx < tanz and cosx < sec’z near x = 0. O

From the Taylor series for tan and sin, cos we obtain, respectively,

_ n+1 ™
(6.7) area(P,) = 2" tan <2n+1>

B 1+<7r>21+<7r>42+<7r>617+

= 7 on+1 3 on+1 15 on+1 315 )
(6.8) area(p,) = 2"+l gin <%> cos (%) = 2" sin (%)

-7 (1-(3) 5+ (3) - (5) ot
-7 on) 6 " \2n) 120 \2¢) Boao ) -

From (6.6-6.7) for sufficiently large ng, Vn > ny,

o () <= < ()

(6.10) (ﬁgnﬂ)? < |area(17?:) — 7| _ (2721)2'

The relative error in approximating 7 by area(P,) is from (6.7) of magnitude K10~0:60206m
where 2" = 100301037 72 /16 < K < 7?/8. The number of significant digits in approximating
7 by area(P,) is O(0.6 - n), similarly for area(p,). The accuracy can be improved to O(1.2-n)
by taking a linear combination of (6.6, 6.7), that is, we have,

area(p,) + 2 - area(P,)
3

~ 1071

— T

(6.11)

We outline the numerical algorithm that approximates  :
.1 choose b; = 1.0, s; = v/2 and a (large enough) positive integer ng .



194 GROSSMAN

.2 iterate
bn—l
b, = =234 ... ng,
! 14+ 1+02_, ’
Sp = \/2—@/4—3721_1,71:2,3,4,...no—l.
.3 compute

gnotl . 9. p, 4 omlg
; .

Example 1. Letting no = 599 and using 600 (MAPLE) significant digits in (6.11) yields,

2600 .9 b599 + 25988598
3

0—720‘

-7 <1

Example 2. Letting n = 1998 with 2000 significant digits in lemmas 6.1, 6.2 obtains,

|D1999 — D1ggs| — [S1990 — S1908] /2 & 0.5736107 1% .

Example 3. Fig. 7 (Geometer’s Sketchpad), with several area calculations, is directly related
to lemma 4.2.
The structure of b,, n =1,2,..,5 is shown in,

Example 4. (b =1, by = 745 = —1+ V2)

1
by = = —1—-V24+V2\2+V2

(14D (1414 i)

by =

A+vD) (1414 7 2) [ 1+ i+ 1
(14+v2)? (14v2)? <1+

2
/ 1
1+(1+\/§)2>
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= —1-V2-V2\/2+V2+V2\/2+V2\2+\/2+ V2,

1
b5 = X
(1+\/§)<1+,/1+;> 1+ |1+ ! ;
(1+v2)2 (1+V§P(1+\/i;%;%%;)
1
1+ |1+ ! 2

(Hﬁ)Q(H m)Q H\j 1+(1+\/§)2(1+ /11+(1+\1/§>2>2
= —1-vV2-v2\/24+V2-V2y/2+V2\/2+/2+ 2
+ ﬂ\/2+\/§\/2+\/2+\/5\/2+\/2+\/2+\/§.

We have shown the practical use of the Taylor series in a classical approximation problem.
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1. INTRODUCTION
Modified Szasz-Mirakyan operators [4] on L]0, 00) are defined as

oo

M, (f;z)=n) pnk (90)/f(1§)pn,;~C (t) dt, 0 <z < oo, (1)
k=0 0

where py, 1,(z) = exp(—na) "2

The rate of convergence for these operators for functions of bounded variation
was studied recently by Gupta and Pant [2], they also improved and corrected the
results of [1] and [5].We now introduce the Bezier variant of these modified Szasz
operators as

Myo(fi) =13 Q) (2) / FOpan (8) dt, 0<a < oo, @)
k=0 5

where QSLQ,Z(JJ) = Jo(@) — Jo i (2) and E;ikpmj(x) = Jok(x) is the Szasz-
Mirakyan basis function. Obviously M, o(f;z) = 1 and particularly when o = 1,
the operators (2) reduce to the operators (1) studied in [1]- [5] etc. For further

properties of Qfﬁ% (x) and J, k(x), we refer the readers to [6].

In the present paper, we obtain the rate of convergence for these generalized
Szasz-Mirakyan-Bezier operators M, (f;x) on functions of bounded variation.
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2. AUXILIARY RESULTS

In this section we give certain results, which are necessary to prove the main
result.

It is well known that the basis function p, ; corresponds with the Poisson dis-
tribution in the probability theory. Using Berry Esseen theorem Gupta and Pant
[2] recently obtained the inequality

< 3222 + 242 + 5
Pk =775 nz

In [4] Gupta et al. improved this estimate and obtained the inequality

V3
Pnk > 2\/@7
(nx)* < 1

k' = V2mna”
Zeng [6,Lemma 3] estimated a more sharp estimate, using his result we have the

following lemma:
Lemma 1. For all z > 0 and n,k € N there holds

Q%) (@) < apus(z) <

,x € (0,00).

z € (0,00).

where limy_, o, exp(—nx)

Q
N

Lemma 2. Let the m-th order moment be defined by

Tom(x) =My ((t—2)", ) = ann,k(x) /OO Pk () (t — x)™dt
k=0 0

then we have T, 0(z) = 1,T,1(z) = L and
Ny my1(z) = .’L‘T,Slgl(l‘) + (m+ 1T, () + 2maTy, pm—1(x),m > 1.
From the above recurrence relation, we have
2 1
Tn,g(x) = — (a: + > .
n n

For n > 2, we have

1+ 2x
Tho(z) = M, 1((t — z)? x) < —-

Next let us assume that K, o(z,t) = n) po, ngf,)c(x)pmk(t), and B o(z,y) =
foy Koz, t)dt. Also it is obviously seen that

ﬁn,a(l‘a OO) = / Kna(m‘, t)dt =1.
0
Lemma 3. Let n > 2, then

a(l+2z) 1
no (z—-y)?

Y
/Kn,oz(xat)dt < , 0L y<x (3)
0
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and
T a(l+22) 1
/Kn,a(x,t)dté ey A r < z<o00. (4)
Proof. Clearly
z—
Kn(x xatdtS/Kna .If,t dtS Mn(x t—.132,$
0/ 0 < [ Kol S M=)

aM,1((t —z)%,2) _ ol +27)
< : 5 < 5
(z—y) n(z —y)
The proof of (4) is similar.

3. MAIN RESULT

In this section we prove the following main theorem:
Theorem 1. Let f be a function of bounded variation on every finite subinterval
of [0,00) and V’(g.) be the total variation of g, on [a,b]. Also let @ > 1 and
f(#) = O0(e™),t — oo for some n > 0 then for every x € (0,00) and n > max{2,4n},
we have

Moalfa) = )+ af )] £ <o) - £

a+1
3a(l+22) 1\ <= ote/VE ae?” [2(1+42x)  ae™(1+ 2x)
+ (nx2 + ) ; Vo or 9e) + — — )

where

Proof. Following [7], we have

M)~ 1) + )

a+1
1 .
< Mg, 2) + M asanlt = 2).2) + S 3| Arot) = o)) ©
First
My, o(sign(t — x),x / Ky oz, t)dt — / Kp oz, t)d

Now using the fact that n [° py (t)dt = Z?:o Pn,j(x) for z € (0,00), we have

M, o(sign(t —x),z) = =1+ 2n Z Q(a) / Do,k (t)dt
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o k
= —1+22Q£‘f‘i(fﬂ)zpn,y’($)
=—1+2an,a Z _—1+2an,j

k=j
Thus we have

. a—1 = o 2 O (ot
My, o(sign(t — x),z) + P ZjZ:%pn,j(x)Jn_j(x) iy Z Q. (z)

Since Z;‘;o Qslofjﬂ)(x) = 1, by mean value theorem, it follows

Q5 V(@) = Tt @) = T @) = (4 Dpn (@i (@),
where J2 . (2) <7y ;(w) < S, (z) . Therefore

P@amet—w >+——f—a§:mﬂ (U (@) =2 (@)

<2 pa (@) (@) = IS (@) <200 Pl (@)
=0 i=0

where we have used the inequality b* — a®, a((b — a),0 < a,b < 1 and « > 1.
Applying Lemma 1, we get

,x € (0,00). (7)

a+1

-1 2
’Mna(SZgn(t - .T),(E) + 2 ‘ < 70‘
™x

Next we estimate M, o(gz, ) as follows:

nagxa / Knaztg:n dt (/ / /) naztgr(t)dt
Il IQ 13

=: F1 + FEs + Ej3, (8)
where I} = [0,z — z/v/n], Is = [z — z/v/n,x + x/\/n] and I3 = [z + x/y/n, 0). We

start with the estimate of Fs. For ¢ € [x — z/y/n, z + x/+/n], we have

[Bol < VI (g) < — S VI (ga). 9)

We now estimate F1, writing y = x—x/4/n and using Lebesgue-Stieltjes integration
by parts, we have

B = [ 0 0ual.0)) = 00+ ne) [ G )uloa(0).

Using Eq. (3) of Lemma 3, we have

a(l+22) o(l+22) (Y 1
Vit | Ve

Integrating by parts the last term, we have after simple computation

< 20220 [5G | [ V)]

x? (x—1t)3

|E| <
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Now replacing the variable y in the last integral by =z — x/\/n, we get E,. For

t €[z —x/\/n,x+x/y/n], we have

2a(1 4+ 27) o~
|E4| < Tzvx—x/ﬂ(%)' (10)
k=1

Finally we estimate F3. Writing z = = + z/+/n, we have
E3 = / Kn,a(xat)gw(t)dt = / gw(t)dt(ﬁn,a(x7t))-
We define Ry, o(z,t) on [0,2z] as

1-— ﬁn,a(myt), 0 <t< 21’;
Ry .o(z,t) =
0, t=2z.

Therefore
2x e}
Es :/ 9z (1)di (R, (2, t))dt — g, (22) / Koz u)dqu/ 9o (1)d(Bn,a(z, 1))

=: E31 + E3p + Es3. (11)

By partial integration we have

2z .
st = go(e—) R 2—) + / 04 (92 (1)) B o (2. 1)

where Rn,a(x,t) is the normalized form of R, o(z,t). Since and R, o(z,2—) =
Ry, o(z,z), we have

B = 00V (00 Pal:2) + [ (V20 R0

Now using Lemma 3 and the fact that R,, (x,t) < R .o(z,t) on [0,2z], we get
a(l+2z) ol +2z)

oo

|E31] < V77 (92)

n(z —x)? n o
2r—
< V(o) S SR [ a5 ) S

Thus, by replacing the variable in the above integral by = + x//n, we have

20(1 + 2%) = ¢t s
(Bl < =202 S VR g,), (12)
k=1
Again using (4) and arguing similarly, we have

a(l42z)  a(l +2z) & eta/VE
< < .
|E32| = gI(ZI) 7’LJJ2 = ’I’LCL‘Q ; V"c (gl) (13)

Finally for n > 4n and proceeding along the lines of [2], we get
ae? (14+2z) a1+ 2x)e™
+ 2
x\f nx

Collecting the estimates of (6) to (14), we get the required result(5).

|E33| <
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This completes the proof of the theorem.

(1
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Abstract

It may sometimes happen that we do not have all the data points
at once, but rather obtain them gradually over a period of time. The
sequential K-means procedure offers us the flexibility of updating the
means as new data points arrive.

The goal of this paper is to construct the algorithm of the sequen-
tial K-means method.
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1 Introduction

Cluster analysis is a process used to solve classification problems. Its object
is to group data points into clusters so that the degree of association is
strong between members of the same cluster and weak between members
of different clusters. Thus each cluster describes the class to which its
members belong.

Our objective is to find such partitions of a set of n samples which
minimize the criterion function (distance, etc.) Due to an overwhelming
number of partitions of n elements into K subsets, we can’t consider all
possibilities.

One approach is iterative optimization described by the basic iterative
minimum-squared-error clustering which could be modified to a sequential
K-means procedure. The idea is to come up with a reasonable initial
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partition and to "move” samples from one group to another if such move
improves the value of the criterion function.

We propose to minimize the sum-of-squared-error criterion J., written
as [1]

K

Je=>_Ji (1)

i=1
where an effective error per cluster is defined to be

Ji= 31X —my? (2)

XEw;

and the mean of each cluster is

mi:%ZX. (3)

v Xew;

2 Sequential K-Means

We suppose that a sample X currently in class w; is moved to w;. Then,
the mean of the class w;, m; changes to

*

Xi+...+ X, +X  mn;+X  mjnj+m;+X —m
m.: p—y =
J n; +1 n; +1 nj+1

)

X — TTLj
mi=mj+—>2
n; +1
and J; increases to

T = X 1 g
Xewj

therefore

X’—mj

* L 2
Ty= 3 X = |
XGUJj

1 % *\ (12
—J (X — " 5
S —m )

We have

. N X —m, X1+ X_-X .
X—m;=X-—mj— my_ nyA +mj—mj:
nj—{—l nj—l—l




PATTERN RECOGNITION 205

LT N L N nj oo My ming —my
’I’Lj—l—l nj—l—l 7 7’Lj-|—1 ’I’Lj—l-l ’
namely
N n.: ~
X —mi=—2—(X—my). 6
my = (X ) (©)

Substituting (6) into (5) we shall obtain
j
n; + 1

Ji=Jj+ |1 X = myl . (7)

Under the assumption that n; # 1, the mean of the class w;, m; changes
to

A~ ~

X1—|—+Xm—f(_mlnl—X_mml—mZ—}—ml—X
TL7;—1 B ni—l a ni—l

* _
m; =

)

X —m
P L 8)

ni—l

and J; decreases to

1

J=J; —
¢ ! ni—l

12X —ml . (9)

The transfer of X from w; to wj is advantageous if the decrease in J; is
greater than the increase in J;. This is the case if

X =2 >

X —myl]? 10

which happens whenever X is closer to m; than m;.
If reassignment is profitable, the greatest decrease in sum of squared
error is obtained by selecting the cluster for which

U2
nj+1

1 — my®

is minimum.

The idea of this method is to come up with a reasonable initial partition
and to "move” samples from one group to another if such move improves
the value of the criterion function.

We shall present the algorithm of sequential K-means.
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Algorithm 1 [I. IATAN]
FUNCTION SequentialKMeans(N,K,d,et,X,Nmax,eps)
n«—detnr(K,N,et)
m«—detmed(N,K,d,X,et,n)
s«—calcje(K,N,d,X,m,et)
it«—1
i—1
WHILE it<Nmax
6.1. WHILE i<N
6.1.1. IF nlet[i]]<>1
THEN
6.1.1.1. ro<calcro(K,N,d,i,X,m,n,et)
6.1.1.2. et[i]«—pozminimum(ro,K)
6.1.1.3. nl«detnr(K,N,et)
6.1.1.4. ml«detmed(N,K,d,X et,nl)
6.1.1.5. sl«calcje(K,N,d,X,m1,et)
6.1.1.6. n<nl
6.1.1.7. m«ml
6.1.2. i—i+1
6.1.3. CONTINUE
6.2. IF abs(s-sl)<=eps
THEN
6.2.1. it«—Nmax
6.3. s<sl
6.4. it—it+1
6.5. i1
6.6. CONTINUE
7. SequentialKMeans«—et
8. RETURN

SOk W= o

Data nput:

e N- the number of samples,
e K- the number of classes,

e d- the space dimensionality,

et- the vector which contains the labels of the samples from the initial
partition,

e X- the matrix having the samples like columns,
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e Nmax- the number of attempts,

e eps- the precision of the method.

Data output: the vector of whose components are the labels of the samples
in the final partition.

The function detnr returns the number of samples from each of the K
classes.

Algorithm 2[1. IATAN]
0. FUNCTION detnr(K,N,et)
1. FOR k=12,... K
1.1. n[k]0
1.2. FOR i=1,2,... N
1.2.1. TF etli]==
THEN
1.2.1.1. n[kln[k]+1
1.2.2. CONTINUE
1.3. CONTINUE
2. detnr<—n

3. RETURN

Data input:
e K- the number of classes,
e N- the number of samples,

e ct- the vector which contains the labels of the samples.

Data output: the number of samples from each of the K classes.

The function detmed calculates the means of the K classes.

Algorithm 3[1. IATAN]
0. FUNCTION detmed(N,K,d,X,et,n)
1. FOR k=12,... K
1.1. FOR j=12,... .d
1.1.1. m[j,k]<0
1.1.2. FOR i=1.2,... N
1.1.2.1. TF etli]==

207
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THEN
1.1.2.1.1. mj,k]«<—m][j,k]+X]j,i]
1.1.2.2. CONTINUE
1.1.3. m[j,k]<mlj,k] /n[k]
1.1.4. CONTINUE
1.2. CONTINUE

2. detmed«<—m
3. RETURN

Data input:

e N- the number of samples,

e K- the number of classes,

e d- the space dimensionality,

e X- the matrix having the samples like columns,

e et- the vector which contains the labels of the samples,

e n- the vector of whose components mean the number of samples from
each of the K classes.

Data output: a matrix having the means of the K classes like columns.

The function calcje calculates the sum-of-squared-error criterion .J, us-
ing (1).

Algorithm 4[1. TATAN]
0. FUNCTION calcje(K,N,d,X,m,et)
1. s<0
2. FOR k=1,2,... K
2.1. nor[k]«0
2.2. FOR i=1,2,... N
9.2.1. FOR j=12,....d
2.2.1.1. IF et[ij==k
THEN
2.2.1.1.1. nor[k]<—nor[k]+(X[j,i]-m[j,k])*(X[j,i]-m[j,k])
2.2.1.2. CONTINUE
2.2.2. CONTINUE
2.3. s<—s+norlk]
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2.4. CONTINUE

3. calcje<s
4. RETURN

Data input:

K- the number of classes,

N- the number of samples,

d- the space dimensionality,

X- the matrix having the samples like columns,

m-~ the matrix having the means of the K classes like columns,

et- the vector which contains the labels of the samples from the re-
spective partition.

Data output: the sum-of-squared-error criterion J. from (1).

The function calcro is used in order to determine:

|| X —m||? if X € class w,

pi = (11)

|| X = m;||? otherwise, fori=1,K.

Algorithm 5[1. IATAN]

0.
1.
2.

FUNCTION calcro(K,N,d,i,X,m,n,et)
nor«0
FOR j=1,2,....d
2.1. nor<nor+(X[j,i]-m[j,et[i])*(X[j,i]-mj,et[i]])
2.2. CONTINUE
ro[et[i]]<—n[et[i]] /(n[et[i]]-1)*nor
FOR h=1,2,... .M
4.1. TF h<>et]]
THEN
4.1.1. nor<0
41.2. FOR j=1.2,... d
4.1.2.1. nor«—nor+(X[j,i]-mlj,h])*(X[j,i]-m[j,h])
4.1.2.2. CONTINUE
4.1.3. ro[h]«—n[h]/(n[h]4+1)*nor
4.2. CONTINUE

209
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5. calcro«ro
6. RETURN
Data input:

e K- the number of classes,

e N- the number of samples,

e d- the space dimensionality,

e i- index of the current vector,

e X- the matrix having the samples like columns,

e m- the matrix having the means of the K classes like columns,

e ct- the vector which contains the labels of the samples from the re-
spective partition.

Data output: the vector of whose components are those from (11).

The function pozminimum returns the position of the minimum com-
ponent from a vector.

Algorithm 6
0. FUNCTION pozminimum(v,d)
1. tv[1]
2. FOR i=1,2,...,d
2.1. IF t>=vli]
THEN
2.1.1. tevli]
2.1.2. jei
2.2. CONTINUE
3. pozminimum«—;j

4. RETURN

Data input:
e - a vector,
e d- the vector dimension.

Data output: the position of the minimum component from a vector.
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Conclusions

The goal of data clustering, or unsupervised learning, is to discover ”natu-
ral” groupings in a set of patterns, points, or objects, without prior knowl-
edge of any class labels.

It may sometimes happen that we do not have all the data points at

once, but rather obtain them gradually over a period of time. The sequen-
tial K-means procedure offers us the flexibility of updating the means as
new data points arrive.

Our aim is to design the algorithm of the sequential K-means method.
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1. Introduction.

We consider the continued fraction

: (L1)

with a,,, b, real sequences and a,, > 0. To the continued fraction (1.1) corresponds
a tridiagonal operator

Te, =aneni1 +an_16n_1+bpe,, n=273, .. (1.2)

T€1 = aijes + b1€1

whose definition domain is the set of finite linear combinations of a fixed orthonor-
mal basis e,, n = 1,2, ... of a separable Hilbert space H [7].

Let Py be the orthogonal projection on the subspace Hy spanned by {eq,...,en}
and T be the truncated tridiagonal operator Ty = PyT Pn. The operator T
has a discrete spectrum with N eigenvectors in Hy. A real point A is called a
limit point of eigenvalues of Ty if there exists a sequence of eigenvalues { Ay} of
T such that Ay — X as N — oo. We denote the set of all such limit points by
A(T) and the spectrum of the operator T' by o(T"). The following theorem holds:

Theorem 1.1 [7] Let T be self-adjoint operator. Then the continued fraction
(1.1) converges to a finite value for every A € C' — A(T), where C is the set of
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complex numbers. The convergence is uniform on compact subsets of C' — A(T)
and the value K (\) to which (1.1) converges is given by K(\) = (A—T) tey, e1).

In section 2, we’ll prove that under certain conditions on 7' the zeros A\ of the
function K(A) — é, a # 0 are the eigenvalues of the operator 1"+ aP where P is
the orthogonal projection on the subspace spanned by the element e; and give an
upper bound of the absolute value of the zeros \; in the case where the operator
T is bounded. In section 3, as an application, we obtain a lower bound for the
absolute value of the complex zeros of the function J,(2) 4+ puJ,4+1(2), p € C. This
inequality restricts the region of the non-existence of the complex zeros of the
above function, if they exist, which has been given in [6] and of the special case
where p1 = £i which has been proved in [9].

2. Zeros of the function K()\) — 1, a # 0.

!
Theorem 2.1 Assume that T has a discrete spectrum with eigenvalues €,, such
that |e,| — 0 and o(T") = A(T'). Then the point A # 0 is a zero of the function

K\ —— 2.1
) -~ (21)
if and only if A is an eigenvalue of the operator 7'+ o P, where P is the orthogonal
projection Px = (x,e1)e;. Moreover if @ = «y + ica, then the zeros Ay of the
function (2.1) satisfy the inequality:

Al? < (1T + laa])? + |azf?. (2.2)
Proof Let A\ be an eigenvalue of T'+ aP, i.e. for x # 0,
(T + aP)x = Az. (2.3)

Then
A=T)x = a(zx,e1)e. (2.4)

Note that the operators 1" and 7'+ aP have no common eigenvalues. In fact if
A is a common eigenvalue with corresponding eigenvectors x and y respectively,
i.e. the equations (2.3) and Ty = Ay hold. Then we easily get a(x,e1)(e1,y) =0,
which is impossible, because if (z,e1) = 0 then from (2.3) since x = >~ 7| (z, e,)e,
we get that (x,es) = 0 and going on it follows that all the coefficients (x,e,) are
equal to zero, that is z = 0. Similarly it follows that if (y,e;) = 0 then y = 0.
Thus A is not an eigenvalue of 7" and since the spectrum of 7" is discrete, A (A # 0)
is a regular point of 7. Thus from equation (2.4) we obtain

r=oalre)AN—T) e
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and
(z,e1) = a(z,er) (A =T) ter, er).

Since (z,e1) # 0, A is a solution of the equation

(A —T)er, ) = é (2.5)

Since o(T) = A(T) we have [7] (A —T) ter,e1) = K()\) and X is a zero of (2.1).
This proves the ”if” part of the theorem. To prove the ”only if” part we work as
follows. Write the equation K(X) = 1 as

(er,e1) =a((A=T)"ter,e1), or (a(A=T) te; —e1,e1) =0.

The last equation means that the elements yy = a(A — T)*lel — e1 and ey are
orthogonal, i.e. (yg,e1) = 0. Thus a(X — T)"1P(e; + 59) = e1 + yo, because
Pyg = 0. Setting x = e;+yo we find x # 0 and (A\-T)z = aPx or (T'+aP)x = Az.

Moreover, since the zeros A\, of the function (2.1) satisfy (2.3), for ||xg|| = 1,
from (2.3) we obtain

AL = ((T + aP)xk, xk)

or

AL = (Txk,:ck) + a(P:z:k,ack). (26)

Since (Pxy,zx) = |(71, e1)|? and setting o = oy + iaa, (2.6) takes the form:
Me = (Tap, zr) + aa|(zk, e1)|* + ico|(xk, e1)|*. (2.7)
From (2.7) we obtain:
Ail? = (Taw, zx) + il (zr, €1)[*)? + (a2)?|(zp, e1)]* (2.8)

and from (2.8) we get the desired inequality (2.2).

Remark 2.1 The operators T" and P are self-adjoint so (T'zy, zx) and (Pxg, k)
are real, and from (2.8) it follows that if & € R then the zeros Ay of (2.1) are real
and if a € C then the zeros Ay of (2.1) are complex.
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3. An application to the zeros of the function J,(2) + uJ,41(z), p € C.
Let T,,, v > —1 be the tridiagonal operator

1
Tl/en == €n+1 +
2/ (n+v)(n+v+1)

en—1, n=12 ..

2y/(n+v)(n+v—1)
(3.1)
This operator has been studied [1, 2, 3, 4] extensively in connection with the zeros
+iuk, k = 1,2,... of the Bessel function J,(z). For v > —1 the operator T, is
self-adjoint and compact [1], so the continued fraction associated with T, is

1 4(u+1)(u+2) 4(1/—1—2)(7/—1—3)
A— A— A— "

(3.2)

and converges to the function K,(\) = (A —T,) tes,e1) [7] for every A € C' —
o(T,), where C is the set of complex numbers and o(7},) is the spectrum of T,
so, o(T,) = {0, +5— 1 -} k=1,2,.

In [5] it has been proved that

Ky = (A=) en,en) = 200 + 1)% (3.3)

1 _
v>—1 andA;é{O,iﬁ}, k=1,2,....

Remark 3.1 (i) From (3.3) it follows that the zeros of the equation K, (\) =
are :I: . k=1,2,... where j, 41 ; are the zeros of Bessel function Jl,+1( ) an
Ju(z

(11)fr0m (3 3) and using also the known [10] recurrence relation J,y2(2) + )

2(”H)J,,_H( ) it follows that the zeros of the equation K,()\) = 1 are +- +12 -

Y

k =1,2,... where j,49 are the zeros of Bessel function J,42(2).

Theorem 3.1 The complex zeros z; of the function
J(2)+ pdyi1(2), v>-1, pecC, (3.4)

if they exist, satisfy the inequality:

2 1 lal o 121§ -1
=2 (G 5y * s ) (3.5)

where j, 1 is the first positive zero of Bessel function J,(2), v > —1 and p; ,ue is
the real and imaginary part of u respectively.
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Proof The equation J,(z) + pJ,4+1(2) = 0 can be written in the form

Jon(x) _ 2v+1)

2(v+1) O (3.6)
Setting z = 1 in (3.6) and using (3.3) we get
Ko\ = (A= T,) ere1) = —@, (3.7)

where T, is self-adjoint and compact operator [1]. Using Theorem 2.1 for o given
by '
1 fi1 i
o= — - — —_

2(wv+1) 2w+1) 2w+1)
it follows that the zeros Ay of equation (3.7) satisfy

M1 2 . M2 2
e = (T, R ol SN , —g—r= , ) 3.8
k= Tk, xr) 2<V+1)|(9Ek e1)] 22(V+1)|(93k e1)| (3.8)
or the inequality
‘)\k’2 < (HTU” + ’,LL1| )2 |M2’2 ) (39)
- 2(v+1) 4(v+1)2
Since ||T, || = j% [3] and the zeros zj of the function (3.4) are the inverse of A,
from (3.9) follows the desired inequality (3.5).
Remark 3.2 Equating the imaginary parts of (3.8) we obtain
Imhg = ——12|(zg, e1)[2 (3.10)
2w +1)" "
Since the zeros zj of (3.4) are A\, = i = |$2, (3.10) becomes
Imzy = — 2 |(zh, e1) 2|22 (3.11)
2(v+1) ’

From (3.11) for v > —1, if o > 0 (2 < 0) then the function (3.4) can not have
complex zeros in the lower (upper) half-plane. This result has been proved with
a different method in [6]. We mention that using Theorem 3.1 we obtain that the
zeros of the function (3.4) if they exist, are located in the upper (lower) half plane
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2
for po > 0 (u2 < 0) and out of the semicircle (0, ((]VL1 + 2(‘53_'1))2 + 4(|5J2r|1)2)_1/2).
This result restricts the region of non-existence of complex zeros of the function
(3.4). Especially if p = +i it follows that the zeros of the function J,(z) £iJ,41(2)
if they exist, are located in the upper and lower half planes respectively and out

of the semicircle (0, (m + j%)_l). This result agrees with the numerical

computation of the zeros of the function J,(z)+iJ,+1(z) for v = 0,1, 2,3,5 which
have been evaluated in [8,9].

Acknowledgement: The author is grateful to prof. E.K.Ifantis for his helpful
suggestions.
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Abstract

In this paper, we propose recurrent neural network for solving a stochastic multi-objective optimiza-
tion problems with nonlinear constraints. The proposed neural network has a simpler structure and a
lower complexity for implementation than the existing neural networks for solving such problems. It is
shown here that the proposed neural network is stable in the sense of Lyapunov and globally convergent
to an optimal solution. Compared with the existing convergence results, the present results do not require
Lipschitz continuity condition on the stochastic multi-objective objective function. Finally, examples are
provided to show the applicability of the proposed neural network.

Keywords: Neural network; Stochastic programming; Multi-objective programming; Nonlinear program-
ming.

1 Introduction

Many engineering problems can be solved by transforming the original problems into nonlinearly constrained
optimization problems. For example, the least square problem with nonlinear equality constraints can be
viewed a basic framework which are widely used for system modeling and design in a variety of applications
such as signal and image processing and pattern recognition [1]. In many applications, real-time solutions
are usually imperative. One example of such applications in image processing is the solution to the image
fusion problem in real-time wireless image transmission [2]. Compared with traditional numerical methods
for constrained optimization, the neural network approach has several advantages in real-time applications.
First, the structure of a neural network can be implemented effectively using VLSI and optical technologies.
Second, neural networks can solve many optimization problems with time-varying parameters. Third, the
numerical ordinary differential equation (ODE) techniques can be applied directly to the continuous-time
neural network for solving constrained optimization problems effectively. Therefore, neural network method
for optimization have been received considerable attention [3]. Many continuous-time neural networks for con-
strained optimization problems have been developed [17],[18]. At present there exist several neural networks
for solving stochastic multi-objective optimization problems with nonlinear constraints [6],[11]. Kennedy
and Chua [3] developed a neural network for solving nonlinear programming problems, which fulfills the
Kuhn-Tucker optimality condition. Because the Kennedy-Chua network contains a finite penalty parameter,
it generates approximate solutions only and has an implementation problem when the penalty parameter is
very large. To avoid using penalty parameters, some significant works have been done in recent years. In ad-
dition, several projection neural networks for constrained optimization and related problems were developed
[11]. In [10], a two-layer neural network for solving nonlinear convex programming problems was studied.
This network is shown to be globally convergent to an exact solution under a Lipschitz continuity condition
of the objective function. Their network is shown to be globally convergent to an exact solution under a
strictly convex condition of the objective function, In this paper, we propose a one-layer neural network
for solving such stochastic multiopjective programming problems. Furthermore, we extend the proposed
neural network for solving a class of monotone variational inequality with linear equality constraints. The
proposed network is shown to be globally convergent to an exact solution within a finite time. Since the low
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complexity of neural networks is greatly significant from the viewpoint of computation and implementation,
the proposed neural network is an attractive alternative of the existing neural network for deterministic
optimization with nonlinear inequality constraints. Finally, simulation results and applied example further
confirm the effectiveness of the proposed neural network. The paper is organized as follows. In Section 2,
Multi-objective Chance constrained programming technique with a joint constraint. In section 3, Neural
networks architectures for nonlinear mixed constraints. In Section 4, A neural network model is proposed
to solve deterministic nonlinear optimization problem with equality and non equality constraints. In section
5, gives the numerical example. In section 6. gives the conclusion of this paper.

2 Multi-objective Chance constrained programming technique with
a joint constraint [14].

A multi-objective chance constrained programming problem with a joint probability constraint can be stated
as

minZ(k)(x) :ch-k)xj, k=1,2,..,K (1)
j=1
n
Subject to: Prob[z ai;x; > bl >1—a,i=1,..,m, (2)
j=1
z; >0, j=1,...,n, ac(0,1). (3)

where b;’s are independent normal random variables with known means and variances. Equation (2) is a
joint probabilistic constraint and 0 < « < 1 is a specified probability. We assume that the decision variables
x;’s are deterministic.

2.1 Deterministic model

Let the mean and standard deviation of the normal independent random variable b; be given by E(b;) and
o(b;) respectively. Equation (2) can be rewritten as

H Prob[z ai;r; >bl>1—a (4)
i=1 j=1
It can be simplified as
m n
bi—Ebi i ai‘l"fEbi
HProb ( )SZJ_I 7 (b) >1—q« (5)
i1 J(bz) O'(bl)

b; — E(b;)

Therefore,

where ] , Vi =1,...,m is a standard normal variate with zero mean and unit variance.

=) >1—« (6)

where ¢(.) represents the cumulative distribution function of the standard normal random variable.

o airy — E(by)
¢ J

Let s B
j=1%ijT5 — £\ )
;= =1,..
ﬁz O_(bl) ) ? ) 7m (7)
and
o(Bi) =yi, i=1,..m (8)
Then,

ﬁyi >2l-a (9)
i=1
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It is well known that

Bi
o(Bi) \/%/ exp(—z“/2)dz

Assuming 22/2 = t, it can be further simplified as

—1 o

— exp
-1 o Bi/2
= — / exp(ft)t“/?*l)dtf/ exp(—t)t(/2= Vgt
0 0

o(Bi) = —t)t/2=D gt

NG
) 1{< A ]
T2 { (% %2) 1}

(a, )
['(a)

1 /I _1)
= — exp(—)t @ Vdt, a>0
M) Jy P

where

pla, )

is an incomplete gamma function [9] which is monotonic and satisfies the following conditions:

P(a,0)=0 and P(a,00)=1

where

a T

(0 =esplr)at 3o O
So, Equation(10) becomes
627"-&-1

exp(—f3; /2) Z

This can be rewritten as
52r+1

;Hn NoTEy \/;(Qyﬁl)exp(ﬁ?/?),

we know that
62r+1

Z Hn _o(2n+1)
is convergent for any value of 3;. The series can be expanded as
G2+
Znn TSt ﬁ2+ 64+ﬁﬁﬁ+%ﬁ8+ .00]

IN

2 4 76 1o

Bill + ﬁ+ 6+1056 toplit- .0
3

where (7 < 3.

Using the above series it can be simplified as

2 \f (29 + 1) exp(52/2)

(10)

(17)

(18)

(19)

(20)



222 WAHED

or,
361 2 i
3272y > T2y + 1 25
s en(-212) 2 [+ ) (25)
Hence the equivalent deterministic model of probabilistic problem (1)-(3) can be presented as
minZ® (@) = Y May k=12, K (26)
j=1
30 ,
subject to 3 562 exp(—32/2) > \/§(2y2 +1), i=1,...,m, (27)
[{vi = 1-0 (28)
i=1
E(bz) = Zaijxj —ﬁio’(bi), 1= 1,...,m, (29)
i=1
O0<yi<1l, i=1,..m, (30)
z; >0, j=1,..,n. (31)

3 Neural networks architectures for nonlinear mixed constraints

Let us consider the following deterministic multi-objective nonlinear programming problem:

min Z®) (z) = chk)xj7 k=12..,K (32)
j=1
subject to  :  hi(z) =0 where i =1,2,...,p (33)
and
gi(x) <0 where i=p+1,p+2,....m (34)

where z € R"*! is the vector of the independent variables,,Z*)(z) : R®*™ — R is the objective function,
and functions h;(z), g;(z) : R™*! — R represent constraints. To simplify the derivations of the algorithms
we will assume that both the objective function and the constraints are smooth differentiable functions of
independent variables.

hz(.lﬁ) :Zaijxj_ﬁia(bi)_E(bi) ZO7 = 1,...,m (35)
j=1

_32
(3 —62)(2yi + 1)/ < 36, exp(—5+)
oy — [t vi<a-1 36
gz(x) 0<y; <1, i=1,...,m ( )
€5 > 0, j: 1,...,77,

Using surplus variables, the inequality constraints can be converted to equality constraints. Similarly, each
of the equality constraints can be converted to a pair of inequality constraints according to

hi(z) =0<= h;(x) <0 and h;(z)>0 (37)

3.1 Neural Networks for Penalty Function for System of Nonlinear Equations

This Method using penalty functions make an attempt to transform the system of nonlinear equations (SNE)
to an equivalent unconstrained optimization problem, or to a sequence of constrained optimization problems.
This transformation is accomplished through modification of the objective function so that it includes terms
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that penalize every violation of the constraints. In general, the modified objective function takes the following
form:

fa@) =3 KO @)+ S KO0 g (x) (38)
i=1 i=p+1

Functions <I>1(-1) and <I>§2) are called penalty functions, and they are designed to increase the value of the
modified objective function f4(x) whenever the vector of independent variables violates a constraint, or in
other words whenever it is outside the feasible region. Penalty functions are commonly selected as at least
one-time differentiable function satisfying the following requirements:

1. For equality constraints

@ [ >0 for hi(x)#0
®; { =0 for hi(x)=0 (39)
2. For equality constraints
@ [ >0 for gi(z)>0
®; { =0 for gi(z)<0 (40)

For example, the typical modified objective function for the case3 problem can written as

14 (1) m
fa@) = 3 B @+ Y K max{o,g, (@)} (41)
- Pl i=pt1
Where p1,p2 > 0. Parameters K i(l), Ki(z) > 0 are commonly referred to as penalty parameters or penalty
multipliers, and in (41) we have assumed that a separate penalty parameter is associated with each of the
penalty functions. In practice this is rarely the case, and commonly there is only one parameter mulitiplying
the entire penalty term, that is,

P

fa(x) = K Z%I’M(I)\”l + Y max{0,gi(2)}"| = kp(x) (42)

i=1 " i=p+1

where p(z) represents the penalty term.

There are two fundamental issues that need to be addressed in the practical application of penalty
functions. First, we need to be aware that (42) represents merely an approximation of the original problem
in (28) through (30). The question is. How close is the approximation? The second issue involves a design of
a computationally efficient neural network algorithm that can successfully solve the unconstrained problem
in a timely manner. From the form of the augmented objective function in (42), it should be obvious that
the solution resides in the region where the value of the penalty function P(x) is small. As a matter of fact,
if K is increased toward infinity, the solution of the unconstrained problem will be forced into the feasible
region of the original NP problem. Remember that if the point is in the feasible region, all the constraints
are satisfied and the penalty function equals zero.

In the limiting case, when k& — oo, the two problems become equivalent. Applying the steepest descent
approach, we can generate the update equations in accordance with

Ofa(x)
ox

x(k+1)=ak)—p (43)
where p > 0 is the learning rate parameter and the gradient term on the right hand side of (43) depends on
the penalty function selection. For example, when the form of the energy function is as given in (42), with
p1 = 2 and py = 1,we have

8fg£x) - K Z a}ga(jx) hi(x) + Z %max{o,gi(x)} (44)

i=1 i=p+1
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After substituting (44) into (43), we have for the learning rule

w(k+1) = (k) — p KZ a}gix) hi(z) + K > a% max{0, g;(z)} (45)

i=p+1

The neural network architecture realization of this process is presented in figure 1 Note that only a portion
of the network for computing a single component of the independent-variable vector is presented. Also note
that the network corresponds to the general case of this problem.

£l0

Figure 1: Discrete-tim network for deterministic nonlinear constraints implementing penalty function
method, implementation of Equation (45).

4  Neural Networks For Nonlinear Continuous Constrained Opti-
mization Problems

The (DNP) problem with mixed constraints has the following general form:
Minimize A (46)

Il
=
~
Il
\:—‘
—
e~
IS
~—

Subject to:&;(z) = Zaijzj — Bio(bi) — E(b;)
j=1

and
CijT; — Ni < Z;
2
(3= B2)(2y; +1)1/3 < 35 exp(—5*)
vi(z) = [Tt yi<a-1 (48)
0<y; <1, i=1,...m
Zj > 0, ] = 1,...,%
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Using surplus variables, the inequality constraints can be converted to equality constraints. Similarly, each
of the equality constraints can be converted to a pair of inequality constraints according to

&(@) = 0 &(2) <0 and &(2) >0 (49)

4.1 Neural Networks for Penalty Function DNP Methods

The modified objective function for this problem can written as

K(l) m
i)l + 37 KP max{0, ¢i(x)} (50)
i=p+1

Ra(z) =2+

In practice this is rarely the case, and commonly there is only one parameter multiplying the entire penalty
term, that is,
p m
1
Ra(z) = A+ K |) ;IEi(w)V“ + ) max{0,v(2)}”* | = A+ kp(x) (51)
1

i=1 i=p+1
where p(z) represents the penalty term.
Applying the steepest descent approach, we can generate the update equations in accordance with

L ORa)

z(k+1) =x(k) — E.

(52)

where p > 0 is the learning rate parameter and the gradient term on the right hand side of (52) depends on
the penalty function selection. For example, when the form of the energy function is as given in (51), with
p1 = 2 and py = 1,we have

8Ré4z($) =\+ K Z a%(xx) &i(x) + Z 3% max{0,¢;(z)} (53)
i=1 i=p+1

After substituting (53) into (52), we have for the learning rule

06 (x)

0
S Si@) K Y0 o max{0, vi()} (54)

p
w(k+1) =a(k) —p | A+ K>
i=1 i=p+1

The neural network architecture realization of this process is presented in figure 2.

5 Numerical example

min : 2x1 + 3xo + 6x3.
min : 1 + 2x9 + 4x3
subject to: Pro[2zy 4+ xo + 223 > by,
x1 + 29 + 4wy > bo] > 8.85,

z1,%2,x3 > 0.
The mean and standard deviation of by, and by are give as
E(bl):6 0(61)22

E(by) =T7. o(by) =4.
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|oequaltty
constratus

#RIx) ]
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|

: dx
L e = = — O RRS — — - - !
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Figure 2: Discrete-tim network for deterministic nonlinear constraints implementing penalty function
method, implementation of Equation (45).
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We obtain the equivalent deterministic programming problem for the above multi-objective stochastic pro-
gramming problem by using Egs. (20)-(25).
min : 2D = 211 + 3x9 + 6x3.
min : 2® = r1 + 229 + 43,
subject to: 2x1 4+ xo + 2x3 — 301 = 6.
r1 4 2w + 43 — 4061 = 17.

A2
1.2533141(1 + 2y1)(3 — 57) < 30 exp( 251 ),
A2
y1y2 > 0.85,
y1,y2 < 1,

T1,22,23,Y1,Y2 Z 07

and (7 and (5 are unrestricted in sign.

The above problem is obviously an NP problem with inequality constraints. The modified penalty function
can be formed as:

Fa(x) = (3214322 +613—301—402—13)+k[0, L2(57 +65) —7.6(y1 +y2) +2.4(y1 7 +125)+3(B1 exp(—57 /2) +
B2 exp(—f3/2) + y1y2 — 8.05)]

By using the steepest descent method, the update equations can be computed as

x1(k+1) = z1(k+1)— pk(d5zy +4xo + 8x3 — 661 — 452 — 19)
xa(k+1) = xo(k+1) — pk(day + Sxg + 1623 — 351 — 862 — 20)
x3(k+1) = a3(k+1)— pk(8z1 + 10z5 + 2023 — 63 — 1635 — 40)
Bik+1) = B — pk(2461(1+2y1) + 3(1 — 55 exp(—57/2))
Bo(k+1) = Bogy — pk(2.482(1+ 2y2) + 3(1 — 55 exp(—/35/2))
nk+1) = yi(k) — pk(=7.6 + 2.467 + y2)

ya(k+1) = ya(k) — pk(=7.6 +2.405 + 1)

The neural network architecture shown in figure 1 was used to determine the solution of the NP problem.
Parameters of the network were chosen as k£ = 1, and g = 0.001, and initial solution was set as x =
2 1 15 1 1 0.5 0.5]. The network converged in approximately 300 iterations, and the optimal solution
given by.

2.770882
e® = 1680341 |, Y= < 12?2?12 ) y = < (1)'2288 >
1.833226 ' '

Substitute by this values , we formulate the following nonlinear programming problem:

max : A

subject to: 2x1 + 3xo + 6x3 + A = 21.582143,
T1 + 229 + 4x3 + A = 13.464468,
2x1 + xo + 2z3 — 301 = 6,
21+ 2x0 +4x3 — 40 =7,
125331411+ 251) (3 — 67) < 3Byeap(—B2/2),
1.2533141(1 + 2y2)(3 — 33) < 3Bzeap(—533/2),
y1y2 > 0.85,
y1,92 < 1,
T1,T2,73,Y1,Y2 = 0,

andfiandfsare unrestricted in sign.
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The penalty function can be formed as:

Ra(x) = X+ (3z1 + 3xo 4 623 — 361 — 402 — 13) + k[0,1.2(37 + 33) — 6(y1 + yo) + 2.4(y1 57 + v283) +
3(B1 exp(—037/2) + P2 exp(—13/2) + y1y2 — 8.05)]

And solving by using the steepest descent method, the update equations can be computed as

etk +1) = at(k) — pk(1021 + 1225 + 2423 — 681 — 405 4+ 3\ — 37.626619)

wik+1) = zi(k+1) — pk(122; + 18z + 4225 — 361 — 802 + 5A — 54.6688)

ik +1) = ai(k+1) — pk(24a, + 3622 + 7223 — 661 — 1608 + 10\ — 109.3377)
MEk+1) = Mk) — pk(3z1 + 5zg + 1073 + 2\ — 16.0444)

Bik+1) = By — pk(248:(1+ 2y1) + 3(1 — fiexp(—57/2))

Bi(k+1) = Byuy — pk(2482(1+ 2y1) + 3(1 — Fiexp(—F3/2))

yilk+1) = yi(k) — pk(=7.6+ 2457 + y2)

ys(k+1) = ys(k) — pk(—7.6 +2.4065 + 1)

To solve this SMONLP problem, the neural network in Figure 2 is simulated. The parameters of the network
were chosen as p = 0.01, and k£ = 1. The network converges in approximately 100 iterations. The optimal
solution to the SMONLP is given as

2.770882
! ’ ’ ) an .
1.834098 1.616117 0.849998

6 Conclusions

We have proposed a recurrent neural network for solving stochastic multi-objective programming problems
with general nonlinear constraints. The proposed neural network has a simpler structure and a lower com-
plexity for implementation than the existing neural networks for solving such problems. It is shown here
that the proposed neural network is stable in the sense of Lyapunov and globally convergent to an optimal
solution. Compared with the existing convergence results, the present results do not require Lipschitz conti-
nuity condition on the stochastic multi-objective objective function. Finally, examples are provided to show
the performance of the proposed neural network.
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1 Introduction

Let (vn) be a sequence of complex numbers and let > a,, be a given infinite series with
partial sums (s, ). We denote by z& and t& the n-th Cesaro means of order «, with a > —1,

of the sequence (s,) and (nay), respectively, i.e.,

« 1 & a—1
28 = A—%EZ:OATHUSU, (1)
TR o 2)
n - A% — n—v V%,
where
AS=0(n%), a>-1, Afj=1 and A%, =0 for n>0. (3)

The series ) a,, is said to be summable ¢ — | C,« |, k > 1 and o > —1, if (see [2])

[e.9]

> lenlzn — 2noy) IF< oo (4)

n=1
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But since t2 = n(z% — z%_;) (see [3]) condition (4) can also be written as

[eS)
S0 |t < oo, (5)
n=1

In the special case when ¢, = nl=% (resp. ¢n = n‘”‘l_%)

¢ — | C,a |, summability is
the same as | C,a |, (resp. | C, ;0 |,) summability. Also if we take a =1, ¢ — | C,a |},
summability reduces to ¢ — | C, 1 |, summability.

The series Y a,, is said to be bounded [R, logn, 1], k > 1, if (see [6])

. | sy |k
Z O(logn) as n — oo. (6)

A sequence (),) is said to be convex if A%\, >0, for n = 1,2,... where A\, = Ay — Apy1.
Mishra [6] (see also Mazhar [4]) proved the following theorem.

Theorem A. Let (\,) be a convex sequence such that ’\7" is convergent. If > a, is
bounded [R,logn, 1], then - a, A, is summable | C,1 |, k > 1.

Mishra and Srivastava [7] have proved Theorem A under very general and weaker condi-
tions in the following form.

Theorem B. Let (X,,) be a positive non-decreasing sequence and there be sequences (3,,)

and (\,) such that

| AXn [< Br, (7)
Bn—0 as n— oo, (8)
S | ABy | X < o0, (9)
n=1
| An | Xn=0(1) as n — oc. (10)
If
= | 50 |k
Z (Xn) as n— oo, (11)

then the series > apA, is summable | C,1 |, k > 1.
2. The main result. The aim of this paper is to generalize Theorem B under weaker

conditions for ¢— | C,1 |, summability. For this we need the concept of almost increasing
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sequence. A positive sequence (by,) is said to be almost increasing if there exists a positive
increasing sequence (c¢,) and two positive constants A and B such that Ac, < b, < Be,
(see [1]). Obviously every increasing sequence is an almost increasing sequence, but the
converse need not be true, as can be seen from the example b, = ne(=V". So we are
weakening the hypotheses of the theorem in replacing the increasing sequence by an almost
increasing sequence.

Now, we shall prove the following theorem:

Theorem. Let (X,,) be an almost increasing sequence and the sequences (3,) and ()
such that conditions (7)-(10) of Theorem B are satisfied. If there exists an € > 0 such that

the sequence (n“~* | ¢, |¥) is non-increasing and
n
Zv_k | o5y |F=O0(X,) as n— oo, (12)
v=1

then the series > anA, is summable p— | C,1 |, k > 1.
We need the following lemma for the proof of our theorem.
Lemma 1 ([5]). Under the conditions on (X,), (3,) and (\,) as taken in the statement

of the theorem, the following conditions hold, when (9) is satisfied:

i On Xy < 00 (13)
n=1
and
nBnXn =0(1) as n — oc. (14)

3. Proof of the Theorem. Let (uy) and (7,,) be the n-th (C,1) means of the series

>~ a, and the sequence (nay,), respectively. Now,we will show that

> 1
Z K ’ QpnTn |k< o0, (15)
n
n=1
where
Ly
T, = Vy Ay (16)
n+1 =

Now, applying Abel’s transformation to the sum, we get

T 1 "il AN 1 "ilA +nsn)\n a1
= ’U S —_—— S J—
" n+1y:1 v n+1v:1 vtloy n—+1 n+1

= Tn,l + Tn,2 + Tn,3 + Tn,4v say.
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| Top + To2 + Tog + Toa [F< 45 T [F + | Tz I+ | T ¥ + [ Tt 17),

to complete the proof of the theorem, it is sufficient to show that

oo

1
> 5 lenTns [F< 00 for r=1,2,3,4, (17)
n=1

Now, when k > 1, applying Holder’s inequality with indices k£ and k’, where % + % =1

and later using Abel’s transformation, we get

m+1 1

Z m ‘ @nTn,l |k

n=2

<

m+1 k n—1
| ¢
S o {Z \AAvHva}X{ ZU\A/\ i
n=2
m X m+1 ’SOn ’k
OM) Y vl A [Is0|* Y g
v=1 n=v+1 n
m m+1 1
OM) Y vl A [0 |* |y Fo™ Y —
v=1 n= v—i—ln
“ r [ dz
O3 vl |eusy o [ 2
0(1) Zv | AN, | v_k| PoSv ‘k
v=1

( )Zvﬁv k| PoSv |'I€

=1

3

A (vBy) Zr_k‘ PrSr ‘k +O(1)mpB, Z U_k’ PoSv ’k

v=1 r=1 v=1
m—1
0(1) p_ [A(vBy) | Xo +OM)mfByXm
v=1
m—1
0(1) | (v+ 1D)ABy — By | Xo + O(1)mBy X,
v=1
m—1 m—
0(1) Y. v|AB, | X, +00 Z | 8o | X, +O(1)mB, X
v=1 v=1

O(1) as m — oo,
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by virtue of the hypotheses of the Theorem and Lemma.

Again, since (\y,) is bounded, as in T}, 1, we have that

m+1 1 N m+1 | ©n |k n—1 N . 1 n—1 1
Yo lenTia < S EEY D [Pl P x {0 Y 11
n=2 n=2 v=1 v=1
m ) X m+1 ‘ ©n ’k
SRZC) SIPFENL P i
v=1 n=v+1

m
= O(l) Z ‘ Av+1 ‘k v F | PvSv |k
v=1
m
= OM) Y [ Avrr P Aura [v7F [ usy |F
v=1

= O(l) Z ‘ Av ‘ vk ’ PovSv ‘k

v=1
m—1 v m
= O(l) Z A ’ Av ’ Zr7k| PrSr |k +O(1) | Am ’ Zvik‘ PvSv ‘k
v=1 r=1 v=1
m—1
= 0(Q) ) [AN[Xo+0(1) [ Ap | Xim
v=1
m—1
= 01) Y BuXo+0) | Am | Xom
v=1

= O(1) as m — oo,

by virtue of the hypotheses of the Theorem and Lemma.

Also, as in T}, 2, we have

m 1 m
Yo lenTuat = O | A [ 07" s [*
n=1 n n=1

= 0(1) as m— oo.

Finally, since (n°7% | ¢, |F) is non-increasing, by hypothesis, we have
m 1 m

k
ko | on |
S lenmual = oy
m

n=1

— o(l)zw

k
n=1 net
LCA |
= 0(1)2 netk
n=1

= O() as m—o0,(e>0,k>1).
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Therefore, we get
m
Zn_k | onThr ]k: O(1) as m—oo, for r=1,2734.
n=1

This completes the proof of the Theorem.
4. Special cases:
1. If we take ()\,) as a convex sequence such that S n~!)\, is convergent, X,, = logn,e = 1

1
nt k

and @, = in our theorem, then we get Theorem A.

1—k~1

2. If we take (X,,) as a positive non-decreasing sequence, ¢ = 1 and ¢, = n in our

theorem, then we get Theorem B.
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1 INTRODUCTION AND MAIN RESULTS

We shall give simple approximate solutions for the inhomogeous heat equa-
tion, for any Ls(R") function ¢
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Hu(z,t) = Ou(x,t) — Ayu(z,t) =g on R" (1.1)

in the class of the functions of the s order Sobolev Hilbert space H* on the
whole real space R™(n > 2,5 > 2,5 > n/2). In this paper, we shall use the
notation

¥ = (21,22, Ty 1), T, =t

and similarly
p=(p,p.) ER".

This equation is, of course, very fundamental and has many applications to
mathematical sciences.

Recently, in those papers [1,5,6], we were able to obtain very and surpris-
ingly simple and practical approximate real inversion formulas for the very
difficult Gaussian convolution equation by using the theory of reproducing
kernels from the ideas of best approximations and generalized inverses. Fur-
thermore, we illustrated their numerical experiments by using computers and
we can realize that we were able to obtain practical real inversion formulas in
[1]. Incidentally, their ideas were naturally combined with the idea and the
method of the Tikhonov regularization by using the theory of reproducing
kernels.

In this paper, we shall examine the corresponding problems for the heat
equation on multidimensional spaces. We can obtain similar formulas and
so, we are, in particular, interested in their numerical experiments by using
computers. Furthermore, we shall establish error estimates for our solutions,
because practical data contain errors and noises.

We shal recall the m order Sobolev Hilbert space H™ comprising functions
F on R"™ with the norm

|F )
v

= V! 0" F(x) 2
- . (.2
> nCo 3, gl - 1) /R (ax?ax;---ax;n> dz. (12)

v=0 1,725, >0

Here, of course,
T1+T2+"'+7"n:l/.

This Hilbert space admits the reproducing kernel

_ 1! 1 i(s—y)€
Ko = e, e ()
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as we see easily by using Fourier’s transform (cf. [3], page 58). Note that
the Sobolev Hilbert space H® admitting the reproducing kernel (1.3) for
m = s can be defined for any positive number s(s > n/2) in terms of Fourier

integrals Fof F
- 1

F(¢) = o /n e T (x)dx
as follows:
| F]

o= [ IPOPO+ e
Our formulations and results are stated as follows:

THEOREM 1 Letn > 2,5 > 2 and s > n/2. For any function g €
Ly(R™) and for any A > 0, the best approzimate function FY 5 in the sense

. 2 _ 2
Fléllg {MFF + g HF“LQ(RH)}

= )\“F;,s,g“%-ls + ||g - HFA*,S,QH%Q(R"’) (14)

exists uniquely and FY . is represented by

Fing@) = [ 9(0)Qua(€ ~ 2 (1)

Q/\,s(g_x): n/ ( 2 |s|) 2 114\
2m)" Jre Allpl? +1)° + (o7, + ')
If, for F € H® we consider the function (HF)(x) and we take it as g,
then we have the (favourable) result: as A — 0

F;‘,s,g — F, (1.6)
uniformly.

When the practical data g contain errors or noises, we need error esti-
mates for the approximate solution (1.5). Following the idea of weighted
convolution inequalities in [4], we obtain
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THEOREM 2 In the representation of the approzimate solution (1.5), we
obtain the estimate

| 1P @) e < Fé_iﬁ(/f)% [ Ja@petae. )

The estimate (1.7) implies that for g; containing errors and noises,

['(s—n/2)1 2
[ B = i Pde < S5 gte) - gntee e

Meanwhile, in Theorem 1 we wish to take a small A in order to obtain a true
solution F'. Therefore, for

| 166 - sslo)Pekag < 5,

we wish to take § and )\ as follows:
0—0

and

X—>0.

The integral weight el will be acceptable, because the functions g and g5
decay exponentially or we can assume that they have compact supports.
In terms of the Sobolev norm, we obtain

THEOREM 3 Let § > 0 and let g, g5 satisfy

19 — 95llL.mmy < 6.

Then, we have

4]
- F’;,s,gHHS < —.

F*
|| A, 2\/}

5,98
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2 BACKGROUND THEOREMS

We shall use the following two general theorems.

THEOREM 4 ([5,2]) Let Hi be a Hilbert space admitting the reproducing
kernel K(p,q) on a set E. Let L : Hx — H be a bounded linear operator on
Hy into H. For A > 0 introduce the inner product in Hi and call it Hg, as

(1 fo) iy, = Mbrs F2) gy + (L Lfa)y, (2.8)

then Hy, is the Hilbert space with the reproducing kernel Ky(p,q) on E and
satisfying the equation

where L* 1s the adjoint of L : Hx — H.

THEOREM 5 ([5,2]) Let Hk, L, H, E and Ky be as in Theorem J. Then,
for any A > 0 and for any g € H, the extremal function in

(M +11LS = glI3) (2.10)

inf
feHk

exists uniquely and the extremal function is represented by
f;:,g(p) = <gaLK/\(7p)>H (211)

which is the member of Hg attaining the infimum in (2.10).

3 PROOF OF THEOREM 1

First, of course, we have the inequality

IHF|L, @) < 1F N (3.12)

that is, the operator H is a bounded linear operator from H*® into Ls(R").
Then we can see directly that

Kx(z,y; H)

1 et (@—y)
- n/ 2 s 2 /4 dp
2m)™ Jre Alp* +1)% + (P2 + [P'[*)

(3.13)

241
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satisfies the functional equation (2.9) in our situation; that is, it is the re-
producing kernel for the Hilbert space with the norm square

MG + [[HE |7, gen)-

In particular, we thus obtain (1.5) from Theorem 5.
In order to prove the result (1.6), as we see from (1.3) note that any
member F' € H? is represented uniquely by a function F in the form

= (271r)” /R (1 fTZP)sF(WW (3.14)
satisfying 1 1
(2m)" /Rn (1+ |n?)° |F(77)|2d77 < 00
and
I = (271r)" / (1 +1|n|2)s|F(77)|2d77- (3.15)

Then, we insert this F'in (1.1) and we have (HF)(z). Then, we take it as
g(€) in (1.5) and we obtain, directly

FY ()

1 / (1 + |’ [*) e’

z F(n)dn. 3.16
) Joe AT TP) + O+ W+ e 0 (310
From (3.14) and (3.16) we thus obtain the desired result (1.6).

4 PROOF OF THEOREM 2

As in the proof of the weighted convolution inequalities in [4], we obtain
directly, for p =2 and p, =1

/ ()P
.
< [ e [ @RI - o

:/ e 1Pde [ 1g()Pe T ds | 1Qna(O)dE
R" R" R”
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/ i 2
<ot [ loeretie po |
_T—n/2)1 e
= Tonrel(s) )\/n|g(§)|2€§ ds.

5 PROOF OF THEOREM 3

We first have
- . (—ipn + [P'?)
FY, () = agsp ,
KoasP) = 980 S R
(—ipn + D)
Ip|2+1)* + (p2 + [P'|%)

F,,p) = 4(p) N

It follows that

(g5(p) — 9(p))(—ipn + P'[?)
A(Ipl2+1)° + (P2 + p'[*)

F)ts,g(; (p) - F;:,s,g(p) =

Hence, we obtain
195(p) — g(p)[*(1 + [p*)°
AN(Ip[* +1)°
195(p) — g(p)|*
4\ '

(L4 [pP)°(FR o5 () = Fx g ()P <

Integrating the latter inequality over R"™ we obtain the desired result.

6 LIMITING PROPERTIES

Our solution (1.5) will give a practical formula for the inhomogeneous heat
equation. We will show experimental results by using computers. There, we
will see that in order to overcome the difficulty in the equation, we must
work hardly; that is, we must take a very small A and we must calculate the
integral (1.5) hardly in the sense of numerical. Computers help us this hard
work to calculate the integral for a very small \.

Meanwhile, for any A > 0, we shall define a linear mapping

My, : Ly(R") — H*

243
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by M, s(g9) = F/{‘sg Now, we consider the composite operators H M, ; and

M, sH. Using Fourier’s integrals it can be shown that for F' € H*,

o0 F)@) = o [ {Fe

Py + Ipl )dp
d 6.17
/Rmmz (pn+|p|>}5 (6.17)

and for g € Ly(R"™),

HM9)e) = o [ a6

2 114\, —ip-(6—
.+ [p'[)e= P E"dp
/ A( P'") i (018)
R )

(Ipl? + 1) + (p2 + |p']

Setting

1 (py + p'[)e~ P&
A —_ —
)\,s(x 6) (27()” /R” )\(|p|2 =+ 1) + (pn + |p,| )dp

n (6.17) and (6.18), we have

OHP)) = [ FOAw(e-Ode (Fer)  (619)

and
)00 = [ 9@l -0t (e LR, (©620)
Then we obtain that
lim Ay (x — &) = (z — ), (6:21)
lim My H =1 (6.22)

and
lim HM,, = 1I. (6.23)
A—0
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The precise mean of (6.19) and (6.22) is given as follows: For any F' € H*®

lim (M, HF)(z) = F(a) (6.24)

A—=0
uniformly on R™(cf. [7], Section 3). The precise mean of (6.20) and (6.23) is
given as follows: For any g € R(H) + R(H)*
}\ILI(I) HM,s9 =g

in Ly(R")(cE. [7)).

7 NUMERICAL EXPERIMENTS WITH FIG-
URES

Now we give experimental results to see the behaviour of

lim H M, ,

A—0

on Ly(R?) \ R(O.). Here, we consider g(z) = xj—1,11(z1) X x(—1,17(x2) then
g € Ly(R?) \ R(O,). See Figures 1 - 4.

Similarly, we consider the function ¢(z) = e 1*(n = 2) then g € H*. We
see from Figures 5 - 8 that

li (H My 19) (¢) = ().

In all the cases, we assume that
n=2 (r=_(r1,29) = (,t)).

Further, space x; = x is the right hand side direction and time xy =t is
the deep direction.
The above Figures are

FY o (21, 72)

and the below Figures are

HF;’279(1'1, IL'Q).
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Figure 1: For g(x1,22) = x[—1,11(1) X Xx[=1,1](%2) on R?, the figures of
Fy o (w1, 22) and HFY, (w1, 22) for A = 10°,
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Figure 2: For g(z,,5) = X[—1,1}(I1) X X[—1,1]($2) on R2?, the figures of
Fy o (w1, 79) and HEY, (1, 29) for A =102
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Figure 3: For g(x1,22) = x[—1,1)(1) X Xx[=1,1](%2) on R?, the figures of

FY,  (71,29) and HEFY, (w1, 79) for A = 1074,
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Figure 4: For g(z,,5) = X[—1,1}(I1) X X[—1,1]($2) on R2?, the figures of
Ff,z,g(%,%) and HF;“’Q,g(xl,xz) for A =109,
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Figure 5: For g(z1,2,) = e~ @17 on R2, the figures of FY, (71, 72) and

HEY , (w1, 1) for A = 10°.
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Figure 6: For g(z1,2,) = e~ @173 on R2, the figures of FY, (71, 72) and
HF5, (71, 72) for A =1072.
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Uy, W
\@%/

Figure 7: For g(z1,2,) = e~ @17 on R2, the figures of FY, (71, 72) and
HFy, (21, 22) for A =107"
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Figure 8: For g(z1,2,) = e @173 on R2, the figures of FY, (71, 72) and
HF5, (71, 72) for A =107°.
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On the Periods of Some Transformation Used in Digital
Image Scrambling and the Calculation Method to These
Reverse Transformation
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Abstract It is known that image compression is very active research
field. Aronad Transform, Permutation Transform and Fibonacci Trans-
formation are common methods to be used in the image compression.
But the computations of periods of these transforms are very complicated
and inverse transforms of the original images are difficult to compute. In
this paper, we analyzed several transformations used in digital image
scrambling and obtained some results on the periods of these transfor-
mations to make the computing complexity lower than the other when
the scrambling image deciphered. The fast calculation of the reverse
transformations is also given in the paper.

Keywords linear transformation; affine transformation; integral residue
rings, period; digital image scrambling

1. Introduction

With the rapid development of multimedia technology, more and more digital
images are transferred on the network. Because this image information possibly
involves with national security or company benefits, its value becomes more and
more important for the researchers. So it is extremely important for the security
of image transmission on the network and image encryption. During the process of
digital image scrambling, generally the original image is pretreated is the first step
, and the common method for pretreatment is to make proper transformation of
original image. There are many methods for image transformation, such as Aronld
transformation [1], Permutation transformation [2], Fibonacci transformation [3] and
affine transformation [4]. The calculations of periods of the above transforms are
very complicated. So far the computations of all periods of these transforms have
not been solved completely. In this paper, we give the computational methods to
calculate the periods of these transforms and solve the problems proposed in [4] to
estimate the calculation of periods for different size images by using affine transform.
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Because inverse transformation of every transform is not easy o calculate, the fast
calculation of the inverse transform is given in this paper. The period of Aronld
transform is 192, lots of unnecessary computation is added during decryption process
of Aronld transform. So we need to find the method to calculate the periods of these
transforms to lower the computational complexity. In this paper, we give a method
that can complete the above transforms in one step. Therefore, these four transforms
are very useful in the image compression. We assume that N = 2¢.

2. Polynomial and its property on the ring

First let’s take a look at polynomial [5] on the ring of Z/2¢.
n—1 )
fla)=a"+ 3 e, (1)
=0

e—1 .
Where ¢; = Y C;;2", f(x) also has binary dissociation:
i=0
e—1 )
fl@)=>_ fil2)2', (2)
i=0

Here f; = i ¢ji(@)a’,
=0

From [5], the maximum period of f(z) is 27 (2" — 1).
f(z) has 2¢71(2"—1) as its period if and only if (1) fo(z) if F5’s prime polynomial,
(2)Af # 0(modfy(z),2), here

| hy(x) (modfy(x),2), e=2,
A= { he(x) (hy(z) + 1), (modfo(x),2), >3 (3)

and r(x), q(x) satisfy

2" = fo(z)g(z) + 2r(x)mod2°. (5)

3. Determination of periods

(1) Aronld Transform

(;l/?:):(} ;)<z>modN, x,ye{0,1,2,.... N — 1} (6)
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Here,N is the pixel number of image’s height and width.

11
Let T:(l 2),

Then we have

1l—=x 1

‘T—]m’: 1 2—=x

‘:xz—?)x—i-l

Therefore
‘ T—1Ix ’mod2:x2+x+1,
From

B—1=@-1)@*+z+1)
Then q(x)=x-1,r(x)=0 Againin x*+z+1,f; =0,

so hyz) = 0, namely, Ay =0,

Therefore,the maximum period of 22 — 3z + 1 is 2° x 3 = 192. T’s change tendency
is as following:

T T2 T4 T64 T128 T192 T384

11 2 3 13 21 29 197 226 59 10 10
1 2 3 5 21 34 197 226 29 29 0 1 01

(2)Permutation transformation

<z:>=<z Z><§>mod1\7, x,ye{0,1,2,...,. N — 1} (7)

Where, (ad — bc =1, a,b,c,deZ). When a=b=c=1,d=2, Permutation
transformation is Aronld transformation. When a=b=c=1,d=0, Permutation
transformation is Fibonacci transformation.

Let
a b
Tl_(C d)’
Then
‘T—Im‘: a;x dfx =2 —(a+d)z+ (ad—bc) =2* — (a+d)x + 1 (8)

So, when a+d is an odd number, the maximum period of T} on the ring F¥ is 384.
When a+d is an even number, [T} — Iz|mod2 = z* + 1 then the period of T} on the
ring F5 is the multiplier of 256.

Example 1. In Permutation Transformation, when assumes
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We have

10
256 _ —
o= (3] )=

Degradation is occurred for T’s period.
When assumes

1 0
= (5 1)
then 7128 = [

When assumes

(1)

then 764 = J...;
Assumes

1 0
T= < 128 0 )
then T2 = [

So all Ts in the above examples satisfy with conditions ad-bc=1.(0, 0)is their
common stationary point.

Example 1 illustrates that, in the permutation transformation, the choices of a, b,
¢, d are related each other. So we suggest that when a, d is selected, it should be
satisfied with a+d=1mod2

(3) Fibonacci transformation

In Fibonacci transformationtransformation matrix is:

1 1
(1)
then

l1—z 1

2
1 o =z z+1

‘T—M’:‘

so |T — Iz|lmod2=x* + = + 1, while A; = 0, so, the period(when N = 2¢) of
Fibonacci transformation is the multiplier of 3 x 2¢72 when e=8, its period is
smaller than 192.

(4) Affine transformation
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The general form of affine transformation is:

()= () () () ©

The affine transformation is used in text [4] is:

<Z>:<N1_1 Mot ) (Z)-i-( ' >modN, 2,ye{0,1,2,.., N =1} (10)

This affine transformation is combined by two parts, they are marked as T(1),
T(2) respectively,
namely:

<zj>:T(l)<z>+T(2)’H6m T(1>:<N1_1 N()_1>’T(l):<

Within F5 | the period of T(2) is 256, while

1—ax N-1

‘T(l)_”‘:|N—1 -

‘:x2—x—(N—1)2:x2—x—2552
Thus
‘T(l)—laz ’m0d2=x2+x+1

Since Ay # 0, the period of T™ is ( withinF3 )384. From the following conclusion,
for the affine transformation given by formulation (10), its period is 384, thus the
problem of the period of affine transformation is smaller than the period of Aronld
transformation doesn’t exist. Of course, we also solve the period estimation
problem of affine transformation to all kinds of image size that proposed by [4].

In affine transformation

x x’ a b x e
()= =0 n) () (5 oo
assumes that the period of A = ( ch Z ) is Ny, B=ANo=tp ANo=24 L A4]

then
AB= AN ANl 4 L A2 A=T 4 AN AN L L A2 A=DB (12)

() =ala(y) (7))o (r) =25 )5 )+(7) 09
e )= () e (5 e ) (5 )+ (5)

:AT<§>+[AT1+AT2+...+A+I]<;) (14)

259
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() oa(2)en(2)o ()
wor)s)-)

()= () e (5) (5 )= (0) v (1)
:<§>+23<;> (18)

in a similar way,for V keZ, there is

()= () o7 ) 0o
(5;> () &

hen when k° = N/k/,

let

Keeps min{gcd(e’, N), ged(f', N)}

kOB<;>:<:O?>m0dN:O,
0

Thus Nykg is one of the P’s periods.
Let’s prove Nykq is P’s minimum period.
Assumes the minimum period of P is T" = N; K7, then

Ty gt () = AT [P ) AT AT 2 LA+ A+ D) ) Ve y €
<y> p<y> <y> ( ) g |V
1,2/A, N}

Since x, y are random numbers, it should be
AT =T mod N, moreover

(AT—1+AT—2+A+A+I)< )zOmodN (21)

e

f

Keeps T'= NyK, and then there is

(AT + AT2 L A+ A+ 1) ( ; ) =y (AN L A+ A4 T) ( y ) =k ( 7 ) —0
1

s0,k1 > kg,hence T'> NyK,. Namely NyKj is P’s minimum period. Especially if
there is inverse for A-I, B=0modN, now,P’s period equals to A’s period. When A
-I is inverse,B=0modN,

From
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(AT 4 AT 24 A+ A4 T)(A—T) = (T+AT T A+ A2+ A) — (AT 4 AT 24 A+ A+ =
0

we have,when(A-I)mod N is reversible, there must be
T-1

S A =0

i=0

In this case, P’s period is A’s period.
If (A-T) is not reversible, then, for

2 (5 )=(7)

e’, " must be even numbers.

P’ period is the multiplier of 3 x 2272, When e=8, P’s period is the multiplier of
3 x 21, for the affine transformation given by formulation (10), when N = 28,
since Ny = 384, T) — T is reversible, hence the period of T defined by formulation
(10) is 384.

4.Rapid calculation method of transformation

For affine transformation (11) , there is following relational expression

() (3) o (7))

of which,

(7)) (%)
f2) 7 \Uh
satisfies

() (e () ) ) () e
1 2

Aronld transformation, arrangement transformation and Fibonacci transformation,
when one of the A’s periods is known, reverse calculation of A can be done within
one step. Assumes that one of the transformation periods is Ny, A-1 can be obtained
by pre-calculating AN°~! . For the calculation of AN°~! the method is as follows:

t
Assumes No—1= > 2%a;,a; =0,1
1=0

Let
Ty = A7A7T’i = T?-laAaE = 7_;52_1
Then
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ANo=l — 1T T; For instance: during image treatment, when the pixel number
irai=1

of the image height and width is 256, t < 7. So the calculation of AN~ is fairly

easy. During decryption, AN%~! is directly employed in cryptograph image, it is not

necessary to continuously function Ny — 1 times by using A. in a similar way, when

affine transformation (11) is used, PY°~! can be pre-calculated, at this time Nj is

P’s period.

5.Conclusion

In this paper, we studied the period problem of Aronld transformation, Permu-
tation transformation, Fibonacci transformation and affine transformation as well
the fast calculation method of transformation, especially the reverse calculation for
various transformations can be completed by only one step, these results not only
has the practical usage in the image restore, but also effectively reduces the compu-
tational complexity during image restore.
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Abstract

In this article we define the Ito-Levy processes, which are combina-
tions of the Ito and Levy processes. The main idea is to consider the
initial condition in a stochastic differential equation as a Levy process.
Note the difference between the subordination and the Ito-Levy processes.
While the substitution in the subordination is in the time variable, the
substitution in the Ito-Levy processes is in the initial condition of the Ito
process.

After that we shall examine the so defined processes and prove the
formulas for the expectation, conditional expectation and the infinitesimal
generator.

We shall also compare the propositions for the martingality when the
process is of the Ito or of the Levy type and we shall show where the
difference is when the process is of the Ito-Levy type.

In the next article we shall study the problem of changing the prob-
ability measure and construct an algorithm for constructing martingale
measures.

Keywords: Ito-Levy process, expectations, infinitesimal generator, mar-
kov property, martingality.

1 Definition

Let X7 be an Ito process, which is a solution of the stochastic differential equa-
tion:

dX? = p(XF)dt+ o (X7)dB
Xy =z,z R,

(1)

where By is a standard Brownian motion. The following theorem gives us suffi-
cient conditions for the existence and uniqueness of the solution. (for proof see
[6, theorem 5.2.1.])
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Theorem 1.1. Let T > 0, p and o be functions, which satisfy

ln (@) +1o ()] <C(1+]z]), Ve eR
(@) —p )l +lo(@) oy <Dlr—yl, Yo,y € R

for suitable constants C' and D. Then the stochastic differential equation (1)
has a unique solution.

Also let Y; be a Levi process, independent of X;, with a generating triple
(b,0,I). We denote the probability spaces of the processes X; and Y; by
(QX,]—"X, PX) and (QY,}"Y, PY) and the corresponding expectations by EX
and EY. Since the Levy processes are heavy tail processes, then when we ex-
amine the expectation E (g (Y:)) we assume that g (-) is a suitable function.

We define

PX (X[ € By, X[? € By, ..., X" € By)]

N Ve —_ V= N Ve
’.'1/'1 - 1/;5173;2 - }/;527"'3377’7, _Kn

Fito, ot (B17B2a"~a Bn) =EY
(2)

for arbitrary Borel sets By, B,,..., B, We shall use the following Kolmogorov’s
theorem to prove that there exists a process Z7 with finite-dimensional distri-
butions (2). (see [4])

Theorem 1.2 (Kolmogorov’s extension theorem). For all ty,...,t,€ T, n € N
let vy, t,,...t, be a probability measures on R™ s.t.
Vto iy tagayretaim (B1 X oo X Bn) = Vi, 1yt (Ba-1(1) X oo X Ba-1(n))  (3)
for all permutations o on {1,2,...,n} and
Uty tgyeestn (B1 X oo XBn) = Vit ot tnsseostngm (B1 X X Bp X RX .. X R) (4)

for all m € N, where (of course) the set on the right hand side has a total of
n + m factors. Then there exists a probability space (2, F, P) and a stochastic
process {Z;} on Q, Z;: Q — R, s. L

Viy to,..\tn (Bl X ... X Bn) = P(Zt1 S Bl, ceny Ztn (S Bn)
for allty,....t, € T,n € Nand all Borel sets B;.
1. Verification of the agreement condition (3)
Fta(l) B toz(2)7 ceny ta(n) (Bl, B2,..., Bn) =

[ PX(XQJI c Bl,Xth S BQ, ...,Xti"(n) S Bn)

ta(n)

pX Xfll S Bofl(l),XtI; S BQ—I(Q), .
Xl;" S Bofl(n)

Ty = nia-rQ = nza vy Iy = i/ti

ta(1) )
J— z z —
T = Yta(l),scg = Yta(z),...,a?n =

—EY

= Fiy it tn (Ba-1(1)s Ba=1(2) 5+ Ba-1(n))-
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2. Verification of the completeness condition (4)

Fiitysoostny ooy tnam (B1, Bgyeory By, Ry R) =

r x x x
pX Xyt € By, Xi? € Ba, ..., X;" € By,
Tnt1 Tntm
o X{ e R, X[ ER B
Ty = )/;iuxQ = Y;zu vy Iy = Y;i>
Tn+l = Y;fwrl’ o Tmtn = }/tiwrn
r X x x Tn
_gY|[ P (X[ € By, X{* € By, .., X" € By)| _
L ’.%'1:}/1&?7-%2:227"'7‘%‘71:1/1:1
= Fi ta,.,t,(B1, By, By)

for an arbitrary m.

Using this theorem we can give the next definition:

Definition 1.1. We call an Ito-Levi process the stochastic process Z; with finite-
dimensional distributions (2). We denote its probability space by (QZ, FZ, PZ).

Analogously we can define a multidimensional Ito-Levy process, but for clear-
ness we shall study only the one-dimensional case.

2 Construction

At this point we shall construct the Ito-Levy process and its probability space.
We shall show that the Ito and the Levy processes are particular cases of Ito-
Levy processes. Let © = QX x QY. For all Borel B, define

AP = zgR{(wX,wY) Y7 (wY) =z, X[ (w") € B}

For arbitrary moments t1, t, ..., t, and Borel sets By, Bo, ..., By, let us define
AP as the section of the corresponding Afi“z, i = 1,...,n. All choices of n,
ti,ta,...,tn, < t and By, Bs,..., By, define the o-algebra F7, generated by Z7.
Analogously me can define o-algebra F;, generated by Z7 for all z. We can
define the probability measure with the finite-dimensional distribution examined
in the previous section:

P(Z; €B1,Z{, € By,...,.Z{ €By,) =

PX(X[! € By, X[? € By, ..., X{" € By)|

=E"
— z J— z — z
|m1 =YZ,x2=Y:, . o, =Y

In this way we have defined the probability space of the process Z. Now we
shall construct the process. Let us have a look at the process

Si(w) = S (W™, w") = X{(w¥)|z = Y7 (")

277
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We shall show that this process has the same distribution as Z7. From the
independence of X; and Y; we obtain:

PX(S; € B1,Sf, € Bo, ..., S, € B,) =

_ PX(XZ;I S Bl,Xf; S BQ, ,XtIn" S Bn)
) dPY(YE <21,V <@g, YE <)

RTL
_ Y [ PX(X[ € B;,X{? € By, ..., X{" € By)|

— z — z — z
|x1 - Yth,Z‘Q — }/t27"'7$7l - }/t"

which is exactly the distribution of Z7.

Proposition 2.1. The Levy processes are a particular case of the Ito-Levy
processes.

Proof. Let Z be a Levy process with generating triple (v, A,II(dz)). Using
the Levy-Ito decomposition theorem (See [9, theorem 19.2.]) we can deduce that
there exist two independent processes Z! and Z? with corresponding generating
triples (v, A, 0) and (0, 0,11 (dx)), which satisfy Z = Z! + Z2. Therefore

P(Z,, € B1,Z,, € By, ....Z;, € B,) =
=P(Z}, +Z} € B),Z}, + Z} € Bs,....Z} +Z} €B,) =
:/ P(Ztllﬂ-ylEBthlz-i-yQGBQ,...,Ztln—f—ynEBn)

dP(Zt21 <Y1, Zt22 < Y2500y Ztgn < yn)
RTI,

_ gz { P(Z} +y1 € B1, Z}, 4+ y2 € Ba, ... Z. +yn € By))|
|y1 = Zt217y2 = 215227 o Yn = Zt%,)

The process Z' is Gaussian, i.e. a particular case of the Ito processes (the initial
condition appears as the sum) and Z? is purely non-Gaussian. This shows that
Z is a particular case of the Ito-Levy processes. O

3 Expectation

Now we shall deduce the formula for the expectation of a function of Ito-Levi
processes.

Proposition 3.1. E (h(Z7)) = EY [EX (h(X}))|z = Y{].

Proof.

+o0o
E(WZ7)) = / W(y)dP(Z; < y) =

— 00

+oo
- / h(y)d%EY [PX(X7 < y)|z = Y] =

—00
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- / h@% / PX(XF < y)dPY (Y7 < x)dy =

+oo +oo

- / hy) / EPX(XT < g)dPY (V7 < a)dy =

+oo +o0o
/ / PX X7 < y)dydPY (Y7 <) =

— 00 —O0

/ EX [W(X7)|dPY (Y7 < x) =

= EY [EX [W(X])]|z = Y7].

4 Conditional Expectation
In this section we shall deduce the formula for the conditional expectation of
functions of Ito-Levi processes.
Proposition 4.1.
Elg(Z)/F] (@™, w) =

= E" [EX l9 (X))o = XZ(w¥)|x = Yﬁs} B=Y7 (")
Proof. Let B € F, and put
BX (x )— (X2)"(Z2(B)),
BY {wy Yi = x}
We denote that B (z) € FX and BY (z) € FY. Thus
/ 9(Z; (@) Pldw) =
wEB
+o00
- / / / g (X7 (@) |7 = Y@ )PX (dw¥) | PY (d")do =
—00 wY eBY (z) |wXeBX(z)
+o00
-/ ] [ o (@) P || 3 = V)P o

—0owYeBY (z) |wXeBX(z)

(5)
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Using the Markov property of X

EX (9(X]))/FY) = BX (9(X{)| e = X7,

and therefore

9 (X7 (™)) PX(dw™) =

wXeBX (z)
= / EX [g (X)) a = X2 (™) PX (dw™).
wXeBX (z)

After replacing (6) in (5) we obtain:

/ 0 (Z; () Pldw) =

weB

= 70 / / 9 (X7 (%)) PX(dw™) | |y = Y (0¥ )PY (dw )dz =

—0wYeBY (z) |wXeBX(x)

oo EX [g (X7
+ / [g( t S)” PX(de) v v
= / / oo = X7 (w¥) P (dw” )dx.
wX €BX (z)
—o0 wY eBY (x) »
|y = Y7 (")
(7)
Using the Markov property of Y
EY (MY?)/F)) = EY (h(Y,2)))|a=Y7
for
h(v) = B [g (X7,)]| @ = X7 () P (dw™),
wXeBX(x)
and therefore
B (Y (@Y)) PY(dw) =
wY eBY (z)
(8)
_ / EY [h(Y2)]|a = Y (@Y )PY (du”).
wY €BY (z)

After replacing (8) in (7) we obtain:
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/ 0(Z; () Pdw) =
wEB

+oo EX [g (Xtafs)] |> pX x
dw

—oowY eBY (x)

X
/ / wX€BX () PY (dwY)dz.

—00 WY €BY (z "Y:Yfis

We change the places of the expectation and the integration in

B[ B ()] a = XIPY @)y =17,
wXeBX (x)

to obtain

/ 9 (2 (w)) P(dw) =

weEB
/ EX [g (Xt(is)] | PX (de>
e EY la = X7 (")
_ / wX€BX (x) PY (dw” )dz =
—00 wY €BY () ‘v =Y/,
LB =Y (") |
[ [ EX [g (X7 S)H
“+o0o
BY | |la=X(w PX(dwX
= | s Y (d) PY (dw¥)dz =
wXeBX(x) "y = this
—o0 wY €BY (x) - -
LB =Y (")
[ B g (X7 S)H
+oo EY |CM — X’Y | . .
:/ / / oy PX(dw™)PY (do" )z =

—0 wYeBY (z) wXeBX (x)

|6=Yw")
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EY g (X{ S)H
- / EY [la=X0)| || 8= vzw) | P(dw).
web (7 =Y~,

We must show only that

BY | BY [g(X7)] o= X1 (@)] o = ¥, ] |8 = V7Y
is Fs-adapted. We have
BY [ BX [g(X0.)] ] o = X2( |x—st]6 Yi(W) =
=BV [ B [g(XP)][a = X (D)o =Y, + Y (w")] =
=BV [ B [g(X{L)]a = X3 (@) =YW B =Y, =
=BV [BY [g(X2,)][a =20 ()| =Y,].
We see from here that
BY | EX [g (xp,)] o= X2@¥)| e = Y2, || B= Y7 ()

is a consequence of Z? for all 3. Therefore it is adapted to the o-algebra F,
generated by Z? for all 3. So

B=Y: (")

O

Blg(Z))/F) = B | BY [g (X¢,)]|a = X1 (¥) [« =¥/ ]

Let F7? be the o-algebra generated by the process Z7 for a particular z and
‘H be the o-algebra generated by the processes X} for all z, and Y.

Analogously we can show that the conditional expectation w.r.t. the o-
algebra H is again

Blo(Z) /M) = BY | B¥ [g (Xi,)]|a = X2 (@) = V2, ]| B = YY),

But for the conditional expectation w.r.t. the o-algebra F* we can only say
that

/ E [9(Z7)] P (dw) =

weB

= [ B [E¥ g (xe ))la = Xz@N)|a =Y ]

weB

S(W)P (dw)
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because EY [EX 9 (X )]]a=X2(w¥)|z= Yﬁs} B =YZ(wY) is not mea-
surable w.r.t. the o-algebra F~.
In the same way we can prove the analogous proposition for the conditional

expectation of the “discounting” process.

Proposition 4.2.

E 9(Zf) F. (wX wY) =

oo (J(Z2) )

S

t—s

= —
exp ( fs a (YZ)‘& =X, (wX)’ x —YZdu>
0

wX)|z:Yy

S

=77 (@)=Y ().

5 Markov Property

We can see from the form of the conditional expectation that the Ito-Levi
processes are not markovian at all. The reason for this is that the defin-
ing of the markovian semi group for the Ito and the Levi processes is done
in a different way. While for the Ito processes the markovian semi group is
Pg (z) = E'[g (X})], where the variable x is the initial condition for the stochas-
tic differential equation (1), for the Levy processes we have for the markovian
semi group

Pg(y) =FEg (YY) = Elg(Y: +y)l,

i.e. the variable y is added to the process Y. This difference shows why we can
not exchange the places of X and Y in X? (wX)‘ T = Ytﬂ,S So we can say that
if the form of X}’ permits us to change the places of X and Y, then the process
Z,; is markovian.

Ezample 5.1. Let
dX{ = pdt + odBy
X§==z, z€R"
i.e. X7 is the ordinary Gaussian process x + ut + 0 B;. Then
X (wN)|e =Y, =

=xz+ut+oBle=Y_ s+ [ =
=Y s+tale=p0+put+oB;

283
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and therefore we have for the conditional expectation

Elg(Z)/Fs] =

= BV [EX [g(X7 )] e =Y o =X 8=V (") =

S

which shows the Markov property in this example.

On the other hand if we generalize the idea of the Markov property, we can
give some more precise results. The Markov property is closely related to the
history of the process. In this situation if we consider the process from the
point of view of the history of a more general class of processes, then the Ito-
Levy processes turn out markovian. Mathematically these arguments look in
the following way:

Let again F? be the o-algebra generated by the process ZF for a particular
z; F be the o-algebra generated by the processes Z7 for all z; and at the end,
‘H be the o-algebra generated by the processes X7 for all x, and Y. Note that
F?# C F C 'H. Under these circumstance the Ito-Levi process Z7 is markovian
w.r.t. the o-algebras F and H, but not w.r.t. its own o-algebra F=.

6 Infinitesimal Generator

In this section we shall find the infinitesimal generator of an Ito-Levy process.
At the beginning let us observe the case when t=0.

Proposition 6.1. The infinitesimal generator of an Ito-Levy process for t=0
18:

Aa(2) = (1) 320(2) + 55 00) ) +

2
+o00
+ [ 9l 4+9) ~ 902) ~ Do)y g M) + 059 (2

for every bounded and continuous function g.

Proof.
EY [EX [9(X])]|x =Y7] - g(2)
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= L1+ Lo.

We shall study separately the two limits L; and Lo:

b — 1 B (B LX)l = Y] — BY [g(47)] _
t—0 p
EY [EX [g(XP)])|x = Y7 — g(Yfﬂ

= lim =

t—0 t

iy B LEY l9(XE) — g@)]|w = V7] _
t—0 t

oy BB l9(XT) — g(@)]|z = Y7 £ EX [g(X7) —g(2)] _
t—0 t

i EULEY l9(XT) - g(@)]|z =Y7] — EX [g(X7?) — g(2)] N
t—0 t

+li E190XE) —9(2)]
t—0 t
AYEX [g(X5) — g(2)] + A¥g (2) =

= 1(2) Sg(2) + 507 (2) ogal2)

and
7 B )
Ly, = / g(z+y) —g(z) - ID(y)yag(Z)H(dy) +bo—g (2)

and therefore we get for the infinitesimal generator (9):

Ag(z) = L1 + L2 =

2
= (W) gral) + 30%) o)) +

+oo
+ [ 96 +) = 92) ~ In(0)ygng(I () + 029 (2).

— 00
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Note that this infinitesimal generator is the sum of the infinitesimal genera-
tors of X; and Y%, i.e.

Ag(2) = A%g(2) + AV g ().
Now we shall study the case when s > 0.

Proposition 6.2. The infinitesimal generator of an Ito-Levy process for an
arbitrary moment s 1is:

Asg(2) = EY [EX{A%g(a)|a =X} a=Y]]+
B {AY X [g(X)]|a= Y7},

Proof. We shall only sketch out the proof, because it is closely related to the
proof of the previous proposition.

E [Q(Zsz+t)] — Elg9(Z7)]

Asg(z) = lim ; =

i BB X5, 0| Vi) — B [BY (X)) = 7] _
t—0 t

— oy 2B 0 (Xl = Vo] — BV [EX pKENIr = 2],

- 1y EY [BX [g(XE)H T=YZ] _

i BY [BX [g(XEp)]| = = Y;H}t— EY [BX [g(X2))le = YE] |

Y X T vz Y X T N Ve

i 2B X)) 2 = Vi) — B [BY [o(X0)) 2 = ¥E]
t—0 t

= L1+ Lo.

We shall study again separately the two limits L, and Lo:

EY [EX [g(X2,)]| = YZ,] — BY [BX [o(X2)]|x = Y2,]

_ PH}) EY [EX [!]( ert) ;g(Xj)] ‘ T = Ysz+t] _
o BB {EY [gX7) gl = Xe Yo = Vi)
t—0 t

= EY [EX {A¥g(a)|a = XT}|z = Y7

and
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EY [BX [g(X))|x =Yz, - BY [BX [g(X7)]|2 = Y{]

L2 = hm —
t—0 t
i BV BN (X))l = Vi - BY [p(X9))|x = ¥7] _
t—0 t
L EY{EY [BX [g(X2)]|2 = Y - BX [g(X2)]] | o = Y7}
= 1m —
t—0 t

= BV {AVEX [g(X)]la =Y}

or finaly

Asg(z) = EY [EX {AYg(a)|a =X}z =Y7]+
+ BV {AYEY [g(X3))]a = Y7}

7 Uniqueness of the presentation

To guarantee the uniqueness of the presentation of an Ito-Levy process we shall
require the next condition:

Condition 7.1. If the functions u and o, which are the characteristics of the
Ito process, are constants (i.e. an ordinary Gaussian process), then b = 0.

We shall show that under this condition, the presentation of an Ito-Levy
process is unique.

Proposition 7.1. Suppose that X¥|z = Y7 = X, |z = Y7 and the previous

condition is satisfied. Then

=1l

Proof. Let us look at the infinitesimal generators:

2
a9(2) = (u) 20 + 30°) gl ) +
+oo
+ b%g(z) + / 9(z+y) —g(z) — ID(y)y%g(z)H(dy) _

— 00
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. 2
= (1) +5) () + 57°(2) o)t

+oo
+ / 9(z+y) —9(z) - ID(y)y%Q(Z)ﬁ(dy)-

Since the infinitesimal generators are equal, then II = II (from the pseudo-
differential part). Also if Y; = bt + U; and Y, = bt + U, is the Ito-Levy
decomposition, then U; = U,.

Suppose that b = b. Then we see that u (z) = i (z) and o () = 7 (z) and
therefore the proposition is proved.

Let b # b. From the coincidence of the two infinitesimal generators we have:

p(x) = () +b-b=0

o(x)=7(x).

On the other hand if we use the Ito-Levy decomposition theorem we obtain:

Yf mz?fEXﬂx:Yf:
= X/|e=0+Uf =
=X/|lz=(b=b)t+bt+U; =
= X'|lza=(0b-b)t+yly=0bt+T,

and therefore if ¢ = b — b, then X, = X¥|a = ct +y. If we look at the Ito
process X[ as a function X (t,x, A), where A is a multidimensional Ito process

with characteristics & and (3, then we have from the Ito formula (see [6, theorem
4.2.1]

1
dX (t,z,A) = | X; (t,x, A) + aX (t,x,A)+§tr (BB Xaa (t,x, A))| dt+

+ BXA (ta ‘TaA) dBt7



ITO-LEVY PROCESSES 289

SO

p(X (82, A)) = Xo (1w, A) + aXa (82, A) + %tr (88" Xaa (t,2,4))
o (X (t,z,A) =BXa(t,x,A).

On the other hand X| = X (t,y + ct,A) and therefore, using again the Ito
formula, we have

B X:(ty+ct,A)+cX, (ty+ct,A) +aXy (t,y+ct,A)+
Xt = 1 T dt+
ot (B6" Xaa(t,y +ct, A))

+6Xa(t,y+ct,A)dB;, =
= [CXgc (t,y+ct,A)+p (Yt)] dt+o (Yt) dB; =
= [CXI (tyy+ct,A)—c+a (Yt)] dt + o (Yt) dB;.

Therefore X, =1 = XF =z + X? and

t t
Xf:X?+x:x+/u(X2)ds+/a(Xg)st.

On the other hand

t t

Xf’:x—&-/u(Xf)ds—i-/a(Xg’)dBS:
t t

:x+/u(xg+x)ds+/a(X§+x)st.
o o
Since this is true for every arbitrary moment ¢, then p and o are constants.

From the condition, which we imposed at the beginning of the section, we have
that b and b are equal to zero. O

8 Martingality

In this section we shall study the relationship between the martingality and the
infinitesimal generator. We shall consider separately the cases when the process
is an Ito process, a Levy process or an Ito-Levy process.
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8.1 Martingality and the Ito processes
Let X7 be the Ito process (1). Then the next proposition is true:

Proposition 8.1. The following statements are equivalent:
1. The process g (X}) is a martingale.
2. The process g (X¥) has a constant expectation, i.e. E[g(X}F)] =g (z).
3. Ag(z)=0

Proof. Since g (X}) is a martingale, then

Elg(X{)] = E[g(X()] =g (z)
and therefore
Elg(X{)] —g(z)
t

We must show only that point 1 follows from point 3. We shall use the Ito
formula

=0.

Ag (z) = lim

t
Ag (@)]a=Xzds+ [ 0 (X2) g, (X7) dB. =
0

0 (X7) gz (X5)dBs.

Since the drift is zero, then g (X7) is a martingale.
O

We shall prove the analogous proposition if g () is a function of the time
and the process X.

Proposition 8.2. The following statements are equivalent:
1. The process g (t, X}) is a martingale.

2. The process g (t,X}) has a constant expectation, i.e. F|g(t,X7)] =
g(0,2).
3. g (t, )+ Ag (t,x) = 0, where Ag (t, ) = p(x) g (t, %) + 50° (%) gua (¢, ).
Proof. We shall proof that point 3 follows from point 1, point 2 follows from
point 3 and point 1 follows from point 2.

Let g (t,XF) be a martingale. Then the drift is zero, and using the Ito
formula we state that
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gt(taXt"L)"‘N(Xt)gm (t,Xt)+§02 (Xt)gm(t,Xt)ZO

and therefore

gt (t,z) + Ag (t,2) = 0.

Since the expectation of the stochastic integral is zero, then if g; (¢t,z) +
Ag (t,z) =0, then

Elg(t, X7)] =g(0,2)+
+E / g1 (5, X2) + 11 (X7) go (5, XT) +

0
t

w: / o (X?)gs (5, X2)dB, | =
0
=g(0,z).

We must show only that if E[g (¢, X7)] = ¢(0,2), then g (¢, X¥) is a mar-
tingale. We have

2 Xz
(o (2 S)gm(S,Xf)dS +

Elg(t+sX{,)|F] = Blg(t+sX)]la=X].
Take the g (t + s, X§*) in the Taylor’s series

+oo

s" (n o
> o (6.X; >] =

n=0

5" ()
-> 2k [gt" (t,Xg)} .
n=0

Elgit+s,XM)]=F

So we must consider the expectations of the derivatives of g. Let

u(t,x) = Elg(t, X[)].
Since FE [g (t, X7)] = g (0, ), then u; (t,2) = 0 and therefore

0= (t,x) =
o Ela( e XED)) - Bl 0.X7)]
e—0 9
i Bl e X)) Bl X P[0 (0,X2)]

e—0 £
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K [g (t+€7th+s)] —E[ (t Xtm-i-s” +

= lim
e—0 3
e— 9

= Ege (t, X7)) + lim E[E[g(t.X¢) /F]] — Elg (t, X7)] _

S
= Eg: (£, X7)] + lim E[E[g(t, X))o j X2~ Blg(t. X)) _
= Elg: (t,X7)] + lim Elu (t,Xi)] —utw) _

= Elg, (. X])] + Au (t,2).

Since u (t, z) is independent of ¢ variable, then Au (¢, z) is also independent of ¢.
Therefore E [g; (t, X7)] is independent of ¢ as well. So F [g; (¢, XF)] = ¢ (0, ).
In fact we proved that if EY [g (t, X{)] is independent from ¢, then EY [g; (¢, X[¥)]

is also independent of ¢t. Analogously we can prove that EY {gE") (t, X;;L’)} is
independent of ¢ and therefore EY {gt(n) (t, Xf)} = gt(") (0,z). Since
o on
Mg+ X0 =3 BV [ (6, x7)]
then

o0

EY[gt+s, X =3

n=0

—Z g(" 0, @)

:g(s7a),

S [ (X7 =

from where we derive for the conditional expectation

EY [g(t+s, X5 )| F ] = EV [gt+ s, X0)]| o= X7
=g(s,a)|a= X7
=g(s,X7).

8.2 Martingality and the Levy processes

We shall prove, that the analogous proposition is true if the process is of the
Levy type. Let YY be a Levy process with the generating triple (b, o, II).
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Proposition 8.3. The following statements are equivalent:

1. The process g (t,Y}Y) is a martingale.
2. The process g (t, YY) has a constant expectation,i.e. E [g(t,Y)] = g(0,y).

3. gt (t,y) + Ag (t,y) =0, where

1
Ag (t,y) = bgy (t,y) + *UQny (t,y)+

+oo ?
+ / o(y +a) - g(u) — In(a)agy(t, y)TI(da).

Proof. We shall proof that point 3 follows from point 1, point 2 follows from
point 3 and point 1 follows from point 2.
Let point 1 be true. Since g (¢,Y;”) is a martingale, then

g(t.Y)=E[g(t+eY )| F] =
=Elg(t+eY)]a=Y/

Therefore g (t,a) = E'[g (t + ¢,Y?)]. From here we obtain that

E[g (t+5’}/aa)] _g(tvo‘)

0= lim =
e—0 €
o Bl Y] — g (ha) £ Blg (1Y)
e—0 IS
i Bl e Y - Bl Y] Elgt Y —g(ta)
e—0 g e—0 g

=g (t,a)+ Ag(t,a).

So we have that point 3 follows from point 1.
Let point 3 be true and u (t,y) = E[g(¢,Y,Y)]. We shall find the derivative
w.r.t. ¢.

Elg(t+eY,,)] - ElgtYY)

Ut (ta y) - 5;11—1% e =
o Bl e )] = Blo (Y0 = By (1))
e—0 9
o Elo e Y] - Blg (1Y)
e—0 9
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= Blg (t,Y)) + lim E[E[g(t,Y.) /ft]] ~Elg(tY")] _

= Elg: (t,Y}")] + lim E[E[g (Y] =€ Y- Elg(tY")] _

Elgt,Y)]—g(to)
g

— Elg (t,0) + Ag (t,0)| a = Y] = 0.

= g, (1,Y/)] + E | lim
£—

Since the derivative of w (¢,y) is zero, then u (¢, y) is independent of ¢ and there-
fore uw (¢,y) = u (0,y). So

Elg(t,Y")] =g(0,y).
We must show only, that point 1 follows from point 2. We have

BV [g (t 45,V | 7] = B [g(t+ Y]] = V7.
Take the EY [g (t + 5,Y,®)] in the Taylor’s series

So we must consider the expectations of the derivatives of g. We have

Elg: (t, YY) =F [il—{% g(t,Yy) —g(t - 5,}/;3’)}

Elg(t,Y)] - Elg(t—eY/)]

= lim . =
e—0 3
i PloGY - E[Elg (- Y]/ Fe] _
e—0 £
i Bl Y - E[E[g(t -2V )]|a=Y2] _
= lim - -
— =YY
:111%9(0,@/) Elg(0,a)[a =YY
E— &

ie. EY [g; (t,Y)] is independent of ¢, and therefore EY [g; (t,YY)] = g
In fact we proved that if EY [g (¢,Y}”)] is independent from ¢, then EY (

(9
is also independent of ¢. Analogously we can prove that EY { (t,Y”)

independent of ¢ and therefore EY {gt(") (t, Yty)] = gt(") (0,y). Since
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then

B g (45, Y] = 3 2B [0 (6,7 =
n=0

o0 sn N
= Z Hg( )(070‘) =
n=0

= g(s,a)

from where we derive for the conditional expectation

EY [g(t+s, Y5 )| Fs]=E  [gt+s,Y")|a=Y) =
=g(s,a)la=Y}!=

O
Note that the proofs of the propositions 8.2 and 8.3 are closely related be-
cause of the Markov property of the two types of processes.
8.3 Martingality and the Ito-Levy processes

Since the Ito-Levy processes are not markovian, the analogous proposition is
not true. Let Zf = X7F|ax = Y#. Now we can see easily that if g (Z7) is a
martingale, then

Elg(Z}) =E[g(27)|FE] =
=g(z).

Therefore

too (o) — i El0(Z222)] = Elo (27)

=0.

So we see that if g (Z7) is a martingale, then the expectation is independent of
the time and the infinitesimal generator of g is zero. With the next example
we shall show, that it is possible for the infinitesimal generator to be zero, but
g (Z7) is not a martingale.

295
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Example 8.1. Let X be the solution of the stochastic differential equation
dXy{ = —bdt + 0 X;dB,
Xy ==

We can verify that

¢
1 1
Xfexp(UBtQJzt) xb/exp( B, s =50 s)ds
0

Since the expectation of the stochastic integral is zero, then EX} = x — bt.

Let Y be a Levy-process with the generating triple (u,0,1I) and we want
the measure I (+) to be such that E (Y) < oco. We shall set more conditions for
w later. We have for the infinitesimal generator of the function g (z) = z

+oo

A9 =g () + [ 9l )~ 9(2) ~ Inly)gg(:)1(dy) =
+o0 -
=u+/y—lp(y)yﬂ(dy)-

+oo
We want p to be such that b= p+ [y — Ip(y)yIl(dy). We see that Agg (2) =
0. We have also B

Asg(z):EY [EX{AXg(a)|a:X;”}|m:YSZ]+
+EV{AYEY [g(X)))|a=Y]} =
=EY [EX¥ {-bla=X}z=Y]+E" {A (a—bs)|a=Y]} =
+oo
=—b+E u+/y—ID(y)yH(dy) a=Y7, =

— 0o

=0.

We shall show that the process Z7 = X7|x = Y is not a martingale. We have
for the conditional expectation

E (2 /F] (@, 07) =

, W
B [ B¥ [Xf]|a = X2 (@) o = Y| 8 = V() =
B=YiwY)=

— B [x7(wY) fbt}x:YtﬁHB:Yf(wY).

B | B
[a—bt|a—X””( )’x:Y;B]
|
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Suppose that Z is a martingale. Then
EY [Xg(wx) — btz = Y,ﬂ = X% (w¥)
for arbitrary s,t and wX. So we see that for arbitrary s and w*
EY {X;C(WX) —bt|z = Yf]
is independent of t. Using proposition 8.3 we conclude that X (w™) — bt| x=Y,

is a Y-martingale for arbitrary s and w®. We have from the form of X%(w¥)
that

1 r 1
— bexp (UBS — 2025) /exp (aBu — 202u> du — bt
0

is a Y-martingale for arbitrary s and w*X . Since

1
exp <O’BS — 2025>
L, L,
bexp | oBs — 57 S exp | 0By — 5 u | du
0

may have arbitrary nonnegative values, then oY, — 8 — bt is a martingale for
arbitrary nonnegative o and @ . Using proposition 8.3(points 1 and 3) we
conclude that

and

o0
0=a u+/y—ID(y)yH(dy) —b=b(a—1)

— 00

which is not true. This proves that Z is not a martingale.
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Abstract

In this article we study the problem of changing the probability mea-
sure when the processes are of the Ito-Levy type (defined in [10]).In view
of the nature of these processes we must generalize the concept of equiva-
lent measures. We shall get the results for the expectation, the conditional
expectation and for the infinitisimal genrator w.r.t. the new measure.

As a corollary of the received method for changing the measures, we
build an algorithm for constructing equivalent martingale measures and
show that it is the unique one of this type.

In next papers we apply these processes to financial modeling, so the
question of changing the probability measure is basic for the results proved
there.

Keywords: Ito-Levy process, probability measure, Radon-Nikodim deriva-
tive, agreement condition, martingality.

1 Equivalent Probability Measure. Generaliza-
tion.

Let X7 be an Ito process, which is a solution of the stochastic differential equa-
tion:

dX? = p(XF)dt 4 o (XF) dB,

o 1)
o=z, €R,

where B; is a standard Brownian motion. We have from [6, theorem 5.2.1.]
sufficient conditions for the existence and uniqueness of the solution.

Also let Y; be a Levi process, independent of X;, with a generating triple
(b,0,II). We denote the probability spaces of the processes X; and Y; by



300

ZAEVSKI

(QX,]-"X, PX) and (QYJ-'Y, PY) and the corresponding expectations by EX

and EY. Since the Levy processes are heavy tail processes, then when we ex-

amine the expectation F (g (Y;)) we assume that g (-) is a suitable function.
Let Z be the Ito-Levy process

Zi(w) = Zi (™ ,w") = X{(w¥)|z = Y7 (W),

defined in [10]. We denote its probability space by (QZ, F%, P%).

We shall study the question of changing the probability measures. We shall
generalize the concept of equivalent measures and show how change the expec-
tations and the infinitesimal generator under the new measure.

Let us transform the expectation (see [10, definition 1.1] for P (Z7 < b)) :

E(h(Z7)) = / h(B)AP (Z7 < b) =

—+o00

- / h(b)dEY [P (X} <b)|lz=Y/] =
7?00 +oo
:/ /PX (XF < b)dPY (Y7 <) =

— 00

fua [ [ e or -

—00 WX X" (u}X

“+o0 “+oo
= / h(b) / / PY (Y7 = z) PX (dw™)dadb.  (2)
—o0 —00 WX X (wX)=b

Let us notice that we use

(0) PX (dw™)

instead of

= / (o) PX (dw™).
wX: XT(wX)<b
and PY (Y = z) for the density of the process Y.

If we change the measures PX with QX and PY with QY in the formula
(2), then there will be no principle change. Let us discuss the change of PX

with QX and a set of equivalent to PY measures, w’ QY . If for identical w.r.t.
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the o-algebra F7X states wX, the measures w QY coincide, then we shall say
that «~ QY is F{X- measurable. In other words “wFQY s FiX- measurable if
£ (wX) = gy [n] is F7<- measurable for every FY -measurable 7. Let w QY
be F;*-measurable.

Using wX — “’XQY we shall define the new measure @, based on Q¥ and
‘”XQY. Thus the expectation will be

E (h(Z7)) = / / / QY (Y7 = 1) QF (dw™) dwdb.

—00 wX: X ¥ (wX)=b

In view of the previous notation this is

EW(Z7)) = / / % / QY (Y7 = 1) QF (dw) dwdb.
—0o0 wX: XZ(wX)<b
We see that if the set of measures ‘*’XQY is fixed, then there is no change in the
form of the expectation.

For arbitrary s; < sy < ... < s; and Borel sets By, Bs, ..., B; we define the
probability measure

Q(Z;, €B1,Z;, € By,...., 2% € B) =

}/Szl =T,
Y = o,
= / / “rQY 21 QX (dw™)day...dxy.
ref X3 (w¥) € By, Y = )

X7 (wX) € By,

wX:
X (wX) € By
We shall prove that @ really defines a probability measure:
1. Q(Z2 € By,Z2, € By, ..., Z% € B;) > 0 by definition (3).
2. To verify that Q (Q) =1 it is sufficient to show that Q (ZZ € R) = 1:

Q(ZEGR)=/ / QY (Y = 1) QX (dw™) da =

|
—
—
3
>
O
>~<
o
|
=
O
>
0
&
e
L
S
|

301



302

ZAEVSKI

+oo
= /EX {“’XQY (Y7 =2)| dx =
Zoo N
— EX / wXQY (Yf _ :ZJ) de | =
=EX[1]=1

3. Let us consider two disjoint sets of the o-algebra F, i.e. the correspond-
ing Borel sets are disjoint for some moment from si, ss, ..., s;. Also the
coresponding «’s is identical for the two sets. Without any restriction we
may think that this is s;. So the two elements will be of the type

{281 € By, 282 € By, .., Z% € By},
{Z3r € B1,Z32 € By, ..., Z3' € B} .

We can easily verify that

Q (22, € B1, 7%, € By, ..., 7%, € B)) +
+Q(Z:, € B1,Z%, € By, ... Z: € B)) =

}/;zl =T,
= / / Q[T T QX (o -
zeR! X;£11 ((UX) € B UE; ’Y—z7: P

wX. X§22 (WX) € By U By,

X;Tll (wX) € BUB;
=Q(Z; € B1UBy, Z;, € ByUB,,....Z;, € BUB).

4. The continuity of the probability measure comes from the possibility to
interchange the sign of limit and @ in lim @ (4;) (4; are inner sets of the
1— 00

o- algebra F, going to the empty set).

Proposition 1.1. The measure Q, defined above, is equivalent to the natural
measure P.

Proof. Let for some A from the o-algebra F we have that P (A) = 0. Since P is

equivalent to “’XQ for every w¥, then “’XQ (A) = 0. Let B be the corresponding
Borel set for ZZ. Therefore
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0=2"Q (22 € B\, 7z € Ba,.., 7% € B)) =
QF (X € B1, X2 € By, ..., X" € B))|

|JL‘1 =Y, va=Y,, ., =Y

S17? EDR

:wXEY

(4)

We shall examine two cases: when the process Y has a discrete distribution
or when it has a continuous distribution.

We shall say that a point x € R is a mass point if the process Y (s is the
set of moments s, $2, ...,5;) has a mass in it. Since the measures w’ QY are
equivalent to PY, then if one point is a mass point w.r.t. the measure PY, then
it is a mass point w.r.t all measures “~ QY. From (4) we have that if x is a mass
point, then

Q~ (X2 € B1, X € By, ..., X" € B;) = 0.

Let us look at the formula (3) for the measure ). We shall show that in this
case the inner integral

/ QU =Y =, Y = ) QF ()
X" (w¥) € By,
wX: X‘f; (UJX) € 327

Xo (w¥) € B
is equal to zero. If x is not a mass point, then

QY (YE =1, Y = way Y = 1)) =0

S1

for all wX. On the other hand if z is a mass point, then

QY (WX : X2 (w¥) € By, X2 (wX) € By, ..., X2 (w¥) € B)) = 0.

Therefore the integral is zero. So @ (ZSZ1 € B1,Z;, € By, ..., Z; € Bl) =0.
If the process Y has a continuous distribution, then we have from (4) that
for every wX

Q* (X' € B;, X2 € By, ..., X € B))|

_ vz _ vz _ vz
|5L'1 - }/;171'2 - }/;27 ey TP = Ysl

X¥ e By, Y? =aq,
B /QX Xilz ' T MXQY Sz1 _ ' z __ dx.
59 6327“'7Xs, € B Y;z =29,....Y. =

s lg

0="EY
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Since Y has a continuous distribution, then

Q¥ (XI' € By, X € By, ..., X' € B)) = 0.

almost everywhere. In the same way as above we have that

Q(2:, € B\, Z%, € By, ... Z% € B)) = 0.

Reverse: let for some element A from the o-algebra F we have @ (4) = 0. We
shall use the definition of the measure @ -(3). We shall study again separately
the two cases for the distribution of the process Y. Suppose that Y has a discrete
distribution. Since the probability (3) is equal to zero, then for all mass points
x we have

QY (w* : X7 (w¥) € By, X22 (wX) € By, .., X% (w¥) € B;) = 0.
So for an arbitrary w* we have

X gy QX (X! € B, X2 € By,.., X € BI)|| 0
- K

|I1 = Ygzla‘rQ = }/327 cees L = Yqzl
ie. “’XQ (ZSZ1 € B1,7Z;, € Bs, ..., Z], € Bl) = 0. Since the measures “’XQ and
P are equivalent, then we have that P (A4) = 0.

We must only examine the case when the process Y has a continuous distri-
bution. Then for all measures " QY we have

X
RV (Y =21, Y =a0,.., Y] =1;) > 0.

-7

Yszl =,
wX AY aY;Zg = T2, X X
= Q Q (dw )dxl...dxl =0,
el X3 (w¥) € By, Y=z

sy Lg = &
wX:
then

Q¥ (w* : X (w¥) € By, X2 (wX) € By, .., X2 (w¥) € B)) =0

almost everywhere and therefore
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Q* (X' € B;, X2 € By, ..., X € B))|

_ vz _ vz _ vz
|1'1 - }/;171'2 - Y;27 e TP = Ysl

Q) = EY

X3! € By, Vi =,
X
:/QX X2 eB,;, | QV|Yi=m, |dz=0.
Ry s X320 € By o YE =

We see that again P (A) = 0.
We can conclude now that P and @) are equivalent measures.
O

Analogously we can define the probability measure for the o-algebra gener-
ated from several different Ito-Levy processes.
Let examine the next example.

Ezample 1.1.

QX7 eAY,eB)=Q(X | z1=2€ A, x3|ze=Y; € B) =

_ wX Ay [ FT T X X _
_/ Q (n:m)Q (dw¥)dz =
IGRQwIE{i(;felgA,}

- / QY (v; € B)QX (dw¥)
wre{XFeA}

Using this example we can define the probability measure for the o-algebra
'H, generated from the processes X[ for all z and Y;. Also we conclude that

dQ (w) = d*" Q¥ (w¥) dQ (W)
Now we shall study the question of the expectation, the conditional expec-
tation and the infinitesimal generator w.r.t. the measure, so defined.
1.1 Expectation

Proposition 1.2.

400 400
Bz = [re [ [ Q0 =0 @ (@) e
—0o0 —00 wX: X (wX)=b

Proof.

—+o0

E((Z2)) = / h(b)dQ (27 < b) =

—00
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+00 +o0
= / h(b)d/ / QY =) Q¥ (dw¥)dr =

—00 wX: X7 (wX)<b

+/Ooh(b) 70(;91) / QY (VE =) QF (dw)dadb =

oo WX XF (0X)<b
+oo +oo

= / h(b) / / QY (Y7 = 2) QF (dw™)dadb
“oo oo wX:iXz(wX)=b

as we expected from the beginning.

Proposition 1.3.

E(h(Z5) = BX [" BY [M(X5)|2 = ¥7]].

Proof.
+0o0 +oo
By = [ho) [ [ Q=0 () deas =
—0o0 —00 WX : X (wX)=b

- 70 70 / h(b)*" QY (Y7 = 2) @ (dw™)dbda =

—00 —00 wX: XZ(wX)=b

+oo
= [ [ e 07 =0 Q¥ (@¥)a =
—00 wXeQX

+oo
= [ B [ (v = )] do =

+o0
- [/ B(X2)* QY (V7 = a) da:] -

= BX [N BY (x5 @ = V7]

1.2 Conditional Expectation
Proposition 1.4. Let t<s<T. Then
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/ 0(Z3) Q (dw) =

weB

_ / SB[ B [g(X8_,)]|a = X2 (@) o = Y]]
wEeB

B =Y (w")Q (dw)

for every set B € Fj.
Proof. Let B € F;,. Define

BX (2) = (X2)™} (2(B))

We note that BX (z) € FX and BY (z) € FY. Let us consider:

S

/ 9 (Z5(w)) Q(dw) =

weB

+oo
- / / / g (X2@)| 7 = V(") Q¥ ()| QX (dw™)d.

—oowXeBX(z) |wYeBY(z)

Let us choose @Y, one of the measures “’XQY, for index and then the corre-
d" QY (dw)
dQ" (dwY)
£ (wX ) is dependent on wY, but this dependence is not essential for the proof.

So

sponding Radon-Nikodim derivatives are & (wX ) = . Denote that

[ 9(z3() Quaw) -

weB

+o0
- / / / g (X2 |7 = YEW")E (0¥) @7 (dw”)Q (dw™)da.

—o0 wXeBX (z) wY€BY (z)

Changing the order of integration, using the Markov property of X and the fact
X

that @~ QY is 7;*-measurable measure and therefore £ (w™) is F;¥-measurable,

we obtain:

/ 0 (Z3(w)) Q(dw) =

weB
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+oo / g(wx)' ) X7 X
Q7 (dw™)| | ~v
:/ / (e ( (X7 (w™)) (dw¥)dz =
—o0wYeBY (x)
|’Y YT )
7 < [ (x5 )’ Q¥ (@™)|| Ly
:/ / XEBX o X2 o) Q" (dw")dx
—o0wYeBY (x) S s
_"Y YT( )
Changing the order of integration again, we set:
[ 9(zi@) Q) - 5)

weB

11 L [l

-0 wXeBX(z) |wYeEBY (x)

"Y YT

+oo [ XT s
:/ / / <|a—X7 )‘ <7 QY (dw")

—00wXeBX(z) |wY€EBY(2) h Y (w

Using the Markov property of Y
EY (WYF)/F)) = EY (h(Yf_,))|a=Y]
for

h(z) =B [g(X7_,)]| 0= XTI (™)

we obtain

B =Y W) QY (dw").

_ / wXEY

(7)
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Replacing (7) in (6) we obtain

/ 0(73) Q (dw) =
+oo i ( EX [g(X5_,)] |>
o = X7(¥)

—0wXeBX(z) |wYeEBY (x) "Y = le(wy)

[ (EX l9 (X%s)]\>‘
“IEY |\ o= X7 (@)

+oo
= X(dwXdr =
R iy P
—0owXeBX(z) |wY€EBY (z)
i 8= Y7 (w") " Q¥ (dw")
= / SB[ B (g (X5)] o = X2 @)y = Y{L,] | 8= V@)@ (dw).
weB
Corollary 1.1. Lett <s<T. If
SB[ B (x5, = X2 @) e = V{8 = V(")
is Fs -measurable, then
B[ (23)| 7 =" B | BX [ (X5_)]|a = X1 (w¥) |z =¥} ]| 8= Vi ("

Corollary 1.2. If the measures w QY are such that for an arbitrary s

B [g(X7_,)]| 0= X{(@P)]z =Y (")
are martingales w.r.t. them, then
B9 [g(27)| F) =" BY [ EX [(X7,)][a = X ()|e = YF
Proof. Since
EX g (X§_ (0™ )]|a—X3C |$—Yﬂ(

is a martingale, then

[ g(X3_,) |a—X’” |x— ﬂ}
:EX[< e =Xr@)e = viw)

B — Y;(wy

) =

Sw”

<7 QY (dw) | Q¥ (dw™)da =

).

).
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and therefore is Fs-measurable. Now we can use corollary 1.1.
O

Analogously we can show that we have for the conditional expectation w.r.t.
the o-algebra H,

[ sziQas -

weB

= [ (B g () e = Xe @) o= VL]
weB

=Y (")Q (dw)

for every set B € H;.
Since the set of measures “~ QY is Fi¥-measurable and t < s, then the
following is true.

Proposition 1.5. Lett < s <T. Then

Elg (Z3) [H,]

= B [BY [ (x5.,)]|a = X@¥)| 2 = V2] |5 = VW),

In the same way we can prove the analogous proposition for the conditional
expectation of the “discounting” process.

Proposition 1.6.
Gin

T,
wEB exp (fa (Zi) ds

S

) Q (dw) =
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1.3 Infinitesimal Generator

Now we shall find the infinitesimal generator w.r.t. the measure ) for moments
s, t<s<T.

Proposition 1.7.

X

Ah(z) = BX [BY [ A% {h(@)} o = X2 |2 = ¥7]] +
+ EX [X”EY [X‘”Ayh (x%)| & = Y” .
Proof.
A?h(z) — gh_r% ? [h (Z§+s)]5 B¢ [h(Z7)] _

Ol B[R [h(XD)|e = YZ]

= lim }5
]

= lim
e—0 g

. s [ B (X0 2= V2| - BX [ B [h(x0) 2 = Y7

e—0 3

= L1+ Lo.

We shall study separately the two parts again. Let us fix one of the measures
X
“" @Y as index and let all other measures have Radon-Nikodim derivatives

13 (wX,wY) w.r.t. it. Then

311
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(EX R [ (xE)|e =L -]
P R e =vad] |
e—0 e
(EX B [¢ (%) h (X2 |2 = YE.]] -]
BN [E [N ) h(x)| e = Y2
= lig E -
C[EX[ET [ @) (h(XE) - h (X))o = Y]]
= lig E -
o[BI [e (@ wY) (h(X5) — h(XD)] |2 = Y2 )
e—0 g

We have that for a fixed w¥, ¢ (w¥,w”) is F{*-measurable and h (XZ_.) —
h(X?) is independent of F¥ and therefore h (X2, ) —h (X7) is independent of
¢ (w™,wY) (Note that s > ¢). Thus

X [(h (X2,.) ~ h(X2)) € (¥ ")) =
= BY [ (X7,.) b (X)) B [€ (%.0)]

S

Replacing in (8) :

L, = lim _EY [EX [6 (jowY) (h (X§+€) —h (X;”))] | L= Ysz+e]
e—0 €
— lim 2 [EX [(h(X5.) = h (X)) BX [€ (X, 0Y)]|2 =Y ] _
e—0 c

—E [}EX [AXh (a)]a = X2] BX [¢ (0¥, 0¥)] |2 = V7] =

=k / ¢ (w¥,0) XQ (dw®)EX [AXh(a)|a = X?)|z=YZ| =

o X €QX

=F / ¢ (w¥,w¥) EX [AXh(a)|a:X§]|x:YSZXQ(de) =

lwX eQX
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- / B [¢ (05,0") BX [A%h(a)]a = X7]| 2 = Y7]Q (du’) =
wXeNX

= / “’XEY[EX [AXh(a)’a:Xf”m:YSZ]Q(de):
wXeNX

= BX [V EY [BX [A%h(a)|a = X!] |2 = ¥7]].
We have for Lo

TEY [h(X2)|e = V7|

EX [ B [h(X0)|w = Yi.]| - EX [

LQZIIHI =
e—0 S
ro.x X
iy | RO = Ve ] B X = Y]
£— e

WXEY [h(X2)| 2 = YZ] — <" EY [h(X7)]
g

r=Y7

S

= lim EX |“" EY

e—0

= BX [ B [ AT (XD} e = V¢
or finally
Ash(z) = L1 + L2 =
= X ["BY [ A¥ {n(@)}|a = X¢|a = V]| +

+EBX [X“’EY [X“’Ayh (xX%)| & = Y” .

1.4 Radon-Nikodim derivative

Now we shall find the Radon-Nikodim derivative between two measures, which

are constructed in the above way.
Let the measures be @) and @ and the corresponding Radon-Nikodim deriva-

tives of the measures QX and “’XQY w.r.t. QX and ‘“X@Y be £X (wX) and
‘*’Xfy (wY). Let ¢ (wX , wy) be the Radon-Nikodim derivative of the measure @)

w.rt. Q.

Proposition 1.8. The relation between the Radon-Nikodim derivatives is

€ (WS, w) =€ (w¥) e ().
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Proof. Let us examine the form of the expectation in the proposition 1.3

Since

B9 (h(27)) = BOX 7 B9V [n(XP)|2 = 7] =

= BN [¢ (0¥) " BV [n(x2)|e = V7] =
— pRX _g(

= B9X[E9Y [£(w) "¢ (&%) h(xX?)

W) BV [<FeY (W) h(X?)
)

E [5 (wX) wxgy (UJY)} _ gX [EY [5 (wX) wX€Y (wy)” _

then we see that

2 Pseudomartingale measure. Construction

Definition 2.1. We call a pseudomartingale measure for the process Zy a class
of measures @, equivalent to the natural measure P, for which the condition

EQ [ Zp|F) =2, W<T

1$ satisfied.

As we can see from the definition, we do not consider a constant measure,
but different measures for every moment. In this section we shall give a method
to construct these measures.

1.

2.

Let Q¥ be any equivalent measure for the process X7.

Let h (¢, z) be a function h (t,z) = EQ" [¢(X®)]|a = X7 (w®) for a fixed

moment s and a state wX. Let also “" QY be an equivalent measure for
the process Y, for which h(t,Y/?) is a martingale. Note that W’ QY is
FX-measurable. Denote that Q¥ may be dependent on s without any
restrictions.

Using the reasons in section 1 we define measures @), equivalent to the
natural measure P.
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We shall show that this class of measures is a pseudomartingale measure.

Proposition 2.1. The class of measures Qs is a pseudomartingale measure for
the process g(Z).

Proof. Using the propositions for the conditional expectation (proposition 1.4 ,
corollaries 1.1 and 1.2) we have for arbitrary an A € F;

/E o7 0) 7] (@)@ ) =

= [ £ [ 59 g (xea = xp @) 0 =37 | 5 = Vi),

A

We use the definition of Y ie. it is a martingale measure for the process
h(t,Y7), where h(t,z) = EQ" [g(X)]|a = X (w?®), and therefore

g (XP (") =h(0,8) =

b))

=g [ ‘a_X”(’”)\m:Yf.

Thus
WXQY QX o
B9 [ B9 g (X7)

=g (X (Y))|8=Y7W")

is Fs-measurable and from the corollary 1.1 we get

0= X5(N)|a =] B = v20h) -

E@ [ ( t+s)/f]( X WY)
= 57 [ 59 g (xp) [ —X;C(wX)]w—YfHﬁ— Vi) =
= g (X2 2 = VWY,

which shows that @, is a pseudomartingale measure for the process Z.

3 Agreement condition. Martingale measure

Now we shall discuss a naturally appearing agreement condition between the
measures of class Qs and we shall give an example for constructing a class of
measures, which satisfy this condition.

315
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Condition 3.1 (Agreement condition). Let s <t and s.£ be a Radon-Nikodim
derivative between the measures Qs and Qi. We shall say that the agreement
condition is satisfied if ;£ is Fy-measurable.

Let also ;& = E [5+&/F1)-
For three moments s < t < T we have (following from the pseudomartingal-
ity):

EC (Zr|Fy) = Zy (9)
EQS (ZT/}-S) = Zs (10)
EQs (Z,)F,) = Zs. (11)

Therefore:

B9 (Zy/F.) = B% 2,/ F,] =
= B [B% (Zr/F) |7 =
_ o [BY (atZ0/F)
e { 5. (/7). }

If the agreement condition is satisfied, i.e. ,.£ is Fi-measurable, then:

B9 (54627 | F) ] ( BV (Zr/|F) )
E@ > Fo| = B9 (= Fs
EQS (s,tg/]:t) / s,tf /
= E% (Zr/Fs).
So the agreement condition guarantees that there is no contradiction between

(9), (10) and (11).

Proposition 3.1. If the agreement condition is satisfied, then

EQS [EQt (77/-7:1‘) /fs] = EQS (77/]:9)
for an arbitrary Fr -measurable 7.

Proof. Using the fact that ;& is Fi;-measurable (i.e. the agreement condition
is satisfied) we have

Earneh
{EQS (77)]'}) s,t€

- /J-‘s} _
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Proposition 3.2. If for three arbitrary moments | < s < t, ;:& is Fi-measur-
able and | ;& is Fs-measurable, then ;& is Fi-measurable. (14, s.§ and | & are
the corresponding Radon-Nikodim derivatives)

Proof. Let 1 be an arbitrary F-measurable random variable. From the fact that
1,s€ is Fs-measurable we have that

EQz /]:l — E@ [EQ! 77/]: /fl} _

[ -

Qi m’fﬁ/f _
- 5o [BSLtR) 5]

= B9 [EQ (n/F,) | F] . (12)

On the other hand from the fact that ;£ is F;-measurable, we have

E9 [/ F,) = E9 [E? (n/F) |F] =
_pa. [EY0/F) i€ 2]
N E |: stf / 6:| B

EQ- (s,66m/F1)
E®s (s,tf/}—t)

= E9 [E% (n/F) /TS| . (13)

/%) -

Replacing (13) in (12) we reach

B [n/F) = B9 [EY [EY (n/F) [F] 7]
Using that B! [/ F] = E9 [E9: (u/F,) |/ F] for p= E9 (n/F,) we reach

B9 (B9 (n/F) | F] /7] =
B [u/F) | F] =

= B9 [EC (n/F) /7] =

o [E9 (1.46n/F)
EQu 146/ F) /7

Since this is true for an arbitrary F-measurable 7, then ;£ is F;-measurable,
which we wanted to show.

=F

O

Now we shall show in several steps that, with some modifications, the pseu-
domartingale measure, defined in the previous section, satisfies the agreement
condition.
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. Construct a measure Q;, _,, such that @1 (Zr|F

. Construct a measure ), ,, such that E@tn—2 (Ztn_l/]'—tn_g) =17

ZAEVSKI

. Separate the time interval [0, 7] into n intervals 0 =t < ty < ... < tp_1 <

ty=T.
)=2

n—1 n—1°

and

n—2

EQtn_2 (ZT/ftnfz) ="Zi, .-

X b'e .
. Let in_l, w Q%;_l, in_Q and ¢ an_,z be the corresponding measures

with the help of which the measures Q;, , and @, _, are constructed. Let

7)1(—2,n—1 (WX)

W éﬁz,nq (WY)

be the corresponding Radon-Nikodim derivatives of the measures ind

and @~ Q}Z_Z w.r.t. in_l and © an_l. Note that for every fixed wY
“’Xfy (wY) is }'fi_l—measurabla because “’XQ};_Q is Ffi_Q—measurable
and ¢~ Q};fl is Ft)jfl—measurable. Let £n—2,n—1 (wX,wY) be the Radon-
Nikodim derivative between the measures @, , and Q:, ,. We know
from the proposition 1.8 that

§n—2,n-1 (wx’wy> = 5572,77,71 (WX) wxfriiz,nq (WY) .

. —X =Y .
Let us examine the measures @, , and w* @, _, for which the Radon-

2

Nikodim derivatives w.r.t. the measures in _, and ”XQZ%l are respec-
tively
zX X o X X X
Erom (%) = B9 [,y (%) /7]
XZY Y “rQr Xy vy| v
¢ §n72,n71 (w ) =FE fn—1 |:w £n72,n71 (w )‘ftn,1:| .

—Y —
Note that the set “~ Qy, _, is also ]—'ff;measurable. Let @, _, be the
measure constructed by the method in the section 1. We have for the
Radon-Nikodim derivative between the measures (), _, and Q, _,

— =X =Y
gn—Q,n—l (anwY) = 5n—2,n—1 (WX) wxgn—Q,n—l (wY) =

= PO 6y ()R] BT o [ )] AL

n—1 n—1

=Y .
We use that the set “’XQtW2 is ft)iiz—measurable and “’X@}l/_zn_l (wY) is

ffi_l—measurable for every fixed wY, to obtain
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gn—2,n 1 (wX wy) =
X

wX Y X |
= EQt"*1 | 7)572,7171 (UJX) /}-t),f—l} E G [w 31:2,7171 (WY) /‘FtYn—l_ =

b'e [ WX

Y |
B 6 ) B [ ()22 -

QX [ er x -
= B0 B O [ () s (V) JFLL] 1| =

= Bt [ () g (V) /] =
:EQt"71 gn 2,n— l(w w )/f :|

Note that En_Q,n_l (w*,wY) is F,_,-adapted. Now we can show that

Eat’""" (Ztnfl/ftnfi’) = Ztn*Q
EQtn,Q (ZT/ftn_z) = Ztn_2

We have

E’Qt"*1 (En72,n71Ztn*1/ft"’2) =
T P 3

Bs (B 60 g (%) 5] Do)
E9tn— (EQ*"—l [§n—2,n—1 (WX, W) /]:tn—l} /]:t“”) i
B (B9 [erams (071 2 [, ] i)
T o T T T
BV (Geant (WX W0Y) Ze, P ,)

B9t (bngn (WX, wY) [ F, )
EQtn72 (Ztnfl/ftn*Z) = Zt"7

JoR (Ztnos/Frns) =

and

B (Zr)Fo,) = BV (B (21l £, ) ) =

_ EQt-1 (€ Z
— P2 ) ' (fn, 2n1 T‘}-tn 1 [Ft, 5| =
B9 (€ g Frusy)
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_ ra EQtn,1 VA
_ EQ%72 (gn—Z,n—l " ( T|‘7:tn1)/]_-tn2> _

fn—Q,n—l

= E% (Zoy [ Fors) = Zb, s

In this way we modify the measure Q;,_, to @, ..

5. Analogously we continue back in the time, i.e. in each step we construct a
measure ()¢, for which we want ER4 (th /.7-}@.) = Z;, for i < j. We con-
—X =Y . o o
struct the measures @, and W Q;, with the Radon-Nikodim derivatives
w.r.t. foﬂ and “’XQZH respectively

Ein (%) = E%n [ () /7]

i+1

_ wX Y
“’Xﬁfm (W) =B “un {wxfz}jiﬂ (WY)‘}?/ ] :

i+1

We modify the measure @y, into @tw which is constructed by the measures

—X =Y . . .
Q;, and w’ Q;,- We can prove in the same way that the Radon-Nikodim

derivative between the measures @, and Qy, ., is

gi,i+1 (WXawY) = EQ““ [&,Hl (wx»wy) /fti+l:| )

ie. it is Ji,,,-adapted. We can use the proposition 3.2 to see that
&;; (W, wY) (the Radon-Nikodim derivative between the measures Q,,
and Q) is F;-adapted. Analogously we prove that

E® (2, F) = Zu,Vj > i.
So we see that the modified measure @, satisfies the wanted conditions.

6. We must leave the length of the time intervals to goes to zero to finish the
construction of the wanted measure.

We must note that the so constructed set of measures @, satisfies the agree-
ment condition and something more — it is constructed by the method in the
section 1 and the corresponding set w QY is FX-measurable.

Now we shall give an important result, which is the existence of a martingale
measure and a method to construct it.

Proposition 3.3. If Q, is a pseudomartingale measure and the agreement con-
dition is satisfied, then for every | < s <t we have E? [Z;)F,] = Z.
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Proof. Since the agreement condition is satisfied and therefore ; ;¢ is F,-mea-
surable, then

EQS [l,ngt/]:s]

EQ (7, )F,) = =20t m el
Al =T
_ l,ngQS [Zt/}—s] _
l,sg
= EQS (Zt/]'-é) =
= 7.
O
Corollary 3.1. Qg is a martingale measure for the process Z.
Proof. Let s < t. Then E%0 [Z:)Fs] = EQ- [Z:) Fs| = Zs.
O

4 Martingale measure

We shall show in this section when a measure is a martingale measure. As we
showed in the previous section, the corollary 3.1 is true. In this way we construct
a martingale measure for the Ito-Levi processes by using the pseudomartingale
measure ;. From now on we shall study only measures, which are constructed
with the help of the generalized probability measures in the section 1.

Suppose now that the measure @ is a martingale for the process g(Z7). Let
the corresponding measures be Qf and w QY. Since we shall work only with
these measures, we shall drop the special symbols in the expectation. Let us
suppose that

X
B [BX g (XP)]la = X@)|e = V]| 8= Vi)
is Fs-measurable (or let us examine the conditional expectation w.r.t. the o-

algebra H, generated from X7 for all z, and Y;) and therefore

9(Z7) = g(XH)|z =Y} =
= E* [9(Z}, )/ Fs] (0¥, 0Y) =
=< B [BX [g(xP)]la = X2@)|e =] | 8= Vi),
Thus
g(XZ) =“"EY[EX [¢(X)]]a = XZ(w¥)|z = Y7].

Let us fix wX and a moment s and examine h (¢, ) = E~ [g (X{)]| o = X7 (w ™).
We see that " EY [h (t,Y7)] = g (XZ), ie. " EY [h(t,Y{)] is constant for an
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arbitrary t. We can use [10, proposition 8.3 points 2 and 3] to see that h (¢, Y;?)
is a martingale. So

ht,Y7) = B [g(XP)])]a = XI(w¥)|e =Y

is a martingale w.r.t. the measure w QY. So we see that if the measure is a
martingale and is derived by a generalized measure (section 1), then we must
follow the procedure in section 2. This proves the fact that this procedure is
the unique one for constructing of martingale measures of this type.
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1 Introduction

Recently, S. Olek and J. T. Edwards, et. al. used the Adomian Decompo-
sition Method (ADM) for solving the Predator-Prey Model and comparing
it with numerical RK 4th-order Method (See [7] & [4]). Here we choose the
coupled first order Predator-Prey Model which was used by J. T. Edwards,
et. al. (’99) [4] and show the improvement of the result of ADM by con-
trolling the computational method for nonlinear part of the Predator-Prey
Model.

2 Preliminaries

In this section we will give a brief description of the ADM. For a detailed
study, we refer the reader to [1]. The method has been applied to solve
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many nonlinear equations and is usually characterized by its higher degree
of accuracy using only few terms locally.
Consider the following type of nonlinear equation

L(u) = R(u) + N(u), (2.1)

where L(u), R(u) are linear operators and N(u) is a nonlinear operator.
Define L='f = [ f(7)dr as the corresponding linear integrating operator of
L.

The decomposition technique consists of representing the solution as an
infinite series, namely,

o0 o0
U= Uy, Uz = Y Uz, (2.2)
n=0 m=0

under the assumption of the convergence of solutions. Also the nonlinear
operator N is decomposed as follows:

N) =3 Aw  Nlw)= 3 B, (23)

where A, = A,(ui0,ui1y .oy Uin), By = Bp(ugo, 21, ..., ugy,) are the so-
called Adomian polynomials. The convergence of ADM has been considered
by Répaci and Cherruault locally (see [8] & [2]). We know that the uq,s
Or Uom,S can be obtained in a recursive manner. Adomian polynomials are
obtained by reordering and rearranging of the terms of the given equations
according to the order which actually depends on both the subscripts and
the powers of the uy,s or ugy,s. In computing A,s and B,,s, we note that
a computer algebra system, Maple, comes in handy. It is the case in many
nonlinear problems that one needs to compute few of these polynomials to
obtain good approximate solutions locally.

3 Adapting The Adomian Decomposition Method
(ADM) To Predator-Prey Model

Consider the coupled first order nonlinear differential equations (see [5] &

[6]):

_ Q). kP()
= —am{ra-<2- Q(t)+D},
) hP(t)

PO~ {3(1 - W)} , (3.1)
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where r, K, k, D, s, h are positive constants subject to the initial conditions

Q(to) = Qo, P(to) = I, (3.2)

where Q(t) and P(t) are prey and predator populations at time t. Equa-
tions (3.1) can be rewritten in the non-dimensional form

10) -y )
dus(t) B us(T)
e bus(1)(1 () ), (3.3)
with initial conditions
u1(10) = ¢ >0, u2(10) = ko > 0, (3.4)

when we nondimensionalize variables as (See [6] & [4]):

t hP(t
()= = 2P0,
k s D
T =rt, a—ﬁ, b—;, d_f’ T0 = Tip. (3.5)

The existence and uniqueness of solutions of Equations (3.3) have been
proved in [9]. Let

duy
B = | i,
dr 7/,
2 auiu
—u? —
- Ul - uy +d
R(u)_<bu2)’ N(u) = _u_%
U
(3.6)
Integrating Equations (3.3) using L™}, we get
T 7 up(v)us (v) T
u7’—u0=—/u2vdv—a —dv+/uvdv,
1(7) = n(0) = = [Tu(e)do —a [T g [0

us(v)
1

U () — us(0) = —b/OT ot

dv +b /0 " us(v)dv. (3.7)
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From Equation (3.3), if we apply the ADM we discussed in Sec 2 into Equa-
tions (3.7), then we get

ui(1) = u1(0) — /OT u}(v)dv — a/OT ZA,-dv + /OT uy(v)dv,
i=0
ug(1) = uz(0) — b ’ i Bidv+b ’ uz(v)dv, (3.8)
0 0

where

Yoo Ai = (u20 + u21 + uz2 + ...) (w10 + w1 + w12 + ... )(po + p1 + P2+ ...),
S0 Bi = (u20 + ua1 +uge + ...)%(qo + q1 + g2 + ...,

(3.9)
with uq; and ug; (i = 0,1,2,...) defined in (2.2) and
pz;pz_Lm:_ U1 " ui
O dtup (d +u10)?’ (d+ui0)?*  (d+u)®
L B Quiuy ud
(d+wui0)?  (d+uw0)® (d+u)*’ "
1 U1l up | uf
Goo=— 1 =——5,2=—— + %,
u10 Uig Uip  Uig
iy 2uipuly U
g3 = —— + 2 (3.10)
U%o Ui)’o “ilo’
Now

Ag = u10u20p0,

A1 = uzou1op1 + u20u11P0 + U21U10PO,

Ag = ug2u1opo + U21U11P0 + U21UIP1 + U20UL0P2 + U20U12P0 + U20U11 P15
A3 = ug3u10po + ug2u11P0 + U22U10P1 + U21UI2PO + U21UTIP]

+u21U10P2 + U20U13P0 + U20U12P1 + U20U11P2 + U20U10D3,

By = QOU%():

By = 2usous1qo + u3pqi,

By = 3190 + 2ug0u22qo + 2u21tz0q1 + u3nge,

Bs = u3yq3 + 2u20u21q2 + 2usousaqi + 2us0u2sqo + 2usiusago + u3 g1,

(3.11)
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Note that we compute the nonlinear term, N(u), differently with [4] to
improve the accuracy of computation. Let’s choose the parameters of Equa-
tion (3.7) as a = 1,0 =0.5,d = 0.01, ¢o = 0.6, kg = 0.2 for a unique solution
exhibiting limit cycle behavior (See [6]). Table 1 shows the comparison be-
tween the local approximate solutions obtained by the RK 4th-order method
and the ADM with the initial 4 iterates.

7 | w(RK4) | u(ADM) u3(RK4) | ug(ADM)
0.1 || 6039553530 | 6039553561 || .2067331288 | .2067331295
0.2 || 6071656778 | 6071657530 || .2135943686 | .2421461036
0.3 || 6096326986 | 6096332597 || .2205756771 | .2205758055
0.4 || 6113602191 | 6113625707 || .2276678658 | .2276684048
0.5 || 6123538607 | 6123610059 || .2348605398 | .2348621791

Table 1. Comparison between RK 4th-order Method and ADM when
a=1,b=0.5,d =0.01,c0 = 0.6, ko = 0.2 (a limit cycle behavior).

We can see the absolute error is less than 107 for 7 € [0,0.5] in both u;
and ug. To compare the accuracy of the ADM to the RK 4th-order method
in an extended interval between 0 < 7 < 60, we use a concatenation of the
low-order ADM series solutions over a fixed subinterval with the length 0.5.
To compute the approximate solutions of the model using both methods in
the interval, we take totally 600 steps for both methods (see Table 2 for
the comparison numerically). The graphic results of the ADM and the RK
4th-order method of u; and uo are in Figure 1.

Figure 1. Comparison of the ADM solution and the RK 4th-order solution for
an extended interval, 0 < 7 < 60; (Solid line: solution of RK 4th-order Method;
Dotted line: solution of ADM).
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T ul (RK4) Ul (ADM) (%) (RK4) UQ(ADM)
10.0 || .0185373 | .0185369 .03 .0129918
20.0 || .566519 .566516 3683670 | .368368
30.0 || .0700825 | .0700817 | .0227728 | .0227728
40.0 || .228379 .228362 .356866 .356858
50.0 || .278973 27898 .0528530 | .0528541
60.0 || .0113245 .0106 .0438526 .0444

Table 2. Comparison of the RK 4th-order Method and ADM for an extended
interval, 0 <7 < 60 when a = 1,b = 0.5,d = 0.01,¢9 = 0.6, ko = 0.2 (a limit cycle
behavior).

Similarly, if we choose the parameters of Equation (3.7) as a = 1,b =
5,d =0.2,¢9 = 0.36, kg = 0.36, the solution exhibits a stationary behavior
(See [6]). Again, Table 3 shows the comparison between the local approx-
imate solutions obtained by the RK 4th-order method and the ADM with
the initial 4 iterates.

7 | w(RK4) | u;(ADM) u3(RK4) | ug(ADM)
0.1 || 3598973665 | 3598973665 || .3599780636 | .3599780642
0.2 || 3597967283 | 3597965724 || .3599247372 | .3599236983
0.3 || 3596996508 | 3596984918 || .3598535146 | .3598458009
0.4 || 3596070021 | .3596023794 || .3597730419 | .3597422521
0.5 || 3595192089 | 3595058717 || .3596888052 | .3595999147

Table 3. Comparison between the RK 4th-order Method and ADM when
a=1,b=5,d=0.2,¢9 = 0.36, ko = 0.36 (a stationary behavior).

We can see the absolute error is less than 10~ for 7 € [0,0.5] in both u; and
ug. In both cases, we compare the differences between the ADM solutions
and the RK 4th-order solutions like Edwards et. al. (’99) and show much
improved results for the ADM (See Table 4 & 5).

Therefore, ADM is still an effective method to provide reasonable approx-
imate analytic solutions locally for the Predator-Prey Model depending on
different computational methods for the nonlinear parts of the model equa-
tions.

[; norm ls norm lso nOTM
uy || .009768493260 | .001418880385 | .00072451578
ug || 01399205607 1182892883 | .00121071872

Table 4. Comparison of difference between the RK 4th-order Method and ADM
in a limit cycle behavior.
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l; norm ls norm lso nOrm
uy || -0000083066 | .000004801938 | .0000046227
ug || 0000503330 | .007094575393 | .0000307898

Table 5. Comparison of difference between RK 4th-order Method and ADM in a
stationary behavior.
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A FIXED POINT THEOREM FOR MULTIVALUED MAPPINS IN
UNIFORM SPACE

D. TURKOGLU, H. ASLAN, AND S. N. MISHRA

ABSTRACT. In this paper we prove a new fixed point theorem for multi-valued
mappings with an implicit relation on an orbitally complete uniform space.

1. INTRODUCTION

Uniform spaces form a natural extension of metric spaces. An exact analogue
of the well-known Banach contraction principle in uniform spaces was obtained
independently by Acharya [1] and Tarafdar [20]. Since then a number of fixed point
theorems for single-valued and multi-valued mappings using various contractive
conditions in this setting have been obtained ([2],[6], [9-12], [14-15], [17], [20-21],
[23-24]). In this paper we first prove a fixed point theorem for a multi-valued
mapping from an orbitally complete uniform space to its hyperspace. Subsequently,
an application to locally convex spaces is also presented.

Let (X, u)be a uniform space. A family P = {d; : ¢ € I } of pseudometrics on
X with indexing set I, is called an associated family for the uniformity u if the
family

B={V(ir):iel,r>0}

where

V(i,r) ={(z,y) rx,y € X, di(z,y) <r},
is a subbase for the uniformity u. We may assume [ itself to be base by adjoin-
ing finite intersections of members of 3, if necessary. The corresponding family
of pseudometrics is called an augmented associated family for u. An augmented
associated family for u will be denoted by P*. For details the reader is referred to
Tarafdar [20 | and Thron [22]. Now onward, unless otherwise stated, X. will denote
a uniform space (X, u) defined by P*.

Let A be a nonempty subset of a uniform space X. Define

A*(A) = sup{d;(z,y) : x,y € A,i € T},
where {d;(z,y) : ¢ € I} = P*. Then A*(A) is called an augmented diameter of A.
Further, A is said to be P*-bounded if A*(A) < oo (see [9]). Let

2% = {A: A is a nonempty P* — bounded subset of X}.

2000 Mathematics Subject Classification. Primary 54H25; Secondary 47H10.
Key words and phrases. Fixed point, multi-valued mapping, implicit relation, uniform space,
locally convex spaces.
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For any nonempty subsets A and B of X, define
di(z,A) = inf {d;(z,a) :a € A,i € I}

9;(A,B) =sup{di(a,b):a € A,be B,ieI}.
Let (X,u) be a uniform space and let U € u be an arbitrary entourage. Then
the uniformity 2% on 2% is defined by the base

P ={U:U eu}

where

U={(A,B)e2X¥ x2X:AxBCU}UA
( Here A denotes the diagonal of X x X).

The augmented associated family P* also induces a uniformity «* on 2% defined
by the base

B ={V*@,r):iel,r >0},

where

V*(i,r) = {(A4,B) € 2% x 2% : §,(4,B) < e} UA.

The uniformities 2* and u*on 2% are uniformly isomorphic. The space (2%, u*)
is thus a uniform space called the hyperspace of (X,u). There exist other bases
which could be used to generate uniformities on X as well as on 2% (see, for details
3], [14], [15]).

We recall the following definitions and notations from [4], [5] and [19].

A sequence{A,} of sets in 2% is said to converge to the subset A of X if the
following two conditions are satisfied:

(i) For each point in a in A, there is a sequence {a,} C 4, for all n and a,, — a.

(ii) For every € > 0, there is an integer N such that A4,,C A, for n > N, where

A = gAU(l’) ={y € X :d;(z,y) < ¢ for some x in A, i€ I}.

In such a case, A is said to be limit of the sequence {A,,} and we write lim A, = A

n—oo

or A, — Aas n — oo.

(iii) A multi-valued mapping F : X — 2% is said to be continuous at z¢ € X if
whenever {z,} is a sequence of points in X converging to x, the sequence {Fz,,}
in 2% converges to Fz in 2%. We say that F is a continuous mapping of X into
2X if F is continuous at each point z in X.

(iv) An orbit of a multi-valued mapping F :X — 2% at a point z9 € X is a
sequence {z,} given by

O(F,x9) ={xn : 2p € Frp_1,n=1,2,3,...}.

A uniform space X is said to be F—orbitally complete if every Cauchy sequence
which is a subsequence of an orbit of F' at each x € X converges to a point of X.
The above notions of an orbit and orbital completeness were introduced first by
Smithson [19] and Ciric [4] respectively in the context of a metric space. There
exist orbitally complete spaces which are not complete (see [4]).
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(v) F:X — 2% is called point closed if Fx is a closed subset of X for each
reX.

For fixed point theory of multi-valued mappings, we refer to Hicks [7] and
Rhoades [8] and references thereof (also, see [13], [16] for some related results)

Theorem 1. [13] Let F be a continuous mapping of an F—orbitally complete
metric space (X, d) into 2% satisfying
min{6(Fz, Fy)",0(x, F2)d(y, Fy)"*,6(y, Fy)"} + amin{d(x, Fy),d(y, Fx)}
< (pd(z, Fa) + qd(z,y))d(y, Fy)""
for all x,y in X, where r > 1 is an integer, a,p,q are real numbers such that

0 <p+q< 1. Then there exists v € X such that v € Fz (the closure of Fx). If F
s a point closed mapping, then x € Fx, that is, x is a fized point of F.

2. IMPLICIT RELATIONS
Let &g be the set of all functions @ : (0700)8 — R satisfying the following
conditions:

1°. ® is nondecreasing in variables 1, t3,t4 and decreasing in variables ts, tg, t7;
20, There exists h € [0, 1) such that ®(u,v,v,u, v, u,u+v,0) < 0 implies u < hv.

Example 1. Let
(ty,..tg) = min{t], tsty 1t} — amin{ts, ts} — (pts + qt2)ty ',

where r € N*(the non-negative integers), a > 0,0 <p+q < 1. Then

1°. Obviously.

L. ®(u,v,v,u,v,u,u +v,0) <0 implies min{u”,u" v} — (p+ q)u""tv < 0.
If u > v then u"~ v(1 — p — q) < 0 which implies p+ q > 1 a contradiction. Thus
u < v and then u” — (p+ q) u"~tv < 0 which implies u < hv, where h = (p+q) €
(0,1).

3. MAIN RESULTS
Theorem 2. Let F be a continuous mapping of an F'—orbitally complete Hausdorff
uniform space (X, u) into 2% satisfying
(I>(51(F$7Fy)v dt(l‘r y)v 51'(56,F_$), 5i(ya Fy)a d1($7fz)7

for all z,y € X,i € I where ® € Sy then there exists x € X such that x € Fx. If F
is a point closed mapping, then x € Fx that is, x is a fized point of F.

Proof. Let xg be an arbitrary point in X and consider the sequence {z,} defined
by . . .

x1 € Fag,29 € Foy,...;xy € Fxp_y,n=12, ...

Let us suppose that @(xmfxn) > 0 for each n = 0,1,2,... (otherwise for some
positive integer, x,, € Fx,, as desired) such that d;(z,,zp+1) > 0,n=0,1,2,.... For
x = x,—1 and y = x,, by condition (3.1) we have

(I)(éi(ﬁxnflaﬁwn); di(xnfla {L'n), 5i($n71;F$n71); 6z(mnaF$n)a

di(xnfl,ﬁxnfl), di(xnvﬁmn); di(xnflaﬁxn); di(iEmFJUnq)) <0.

333



334

TURKOGLU

D. TURKOGLU, H. ASLAN, AND S. N. MISHRA

Hence from the definition of §; and property 1°
q)(di(xna mn+1)7 di(xnflv xn)u di(xnflu :En)v dz(-rnv $n+1)7
di(xn—la zn)a di($na :Z"n-‘rl); di(xn—la mn—&-l)a O) <0,
(I)(dl(xny $n+1)7 di(l‘nfly l'n); di(xnfla mn)a dz($n7 xn+1);
di($n71, .’En>, dz(xn; xn+1); di($n71, xn) + d’L(m’n, anrl)a 0) S 0
which implies by 2° that

di(xn;xn+1) § hdi(xnflaxn%n = 132) see e

Now it can be easily verified that {x,} is a Cauchy sequence. Since (X, u) is
F—orbitally complete, there exists a point x € X such that x, — z. By the
continuity of F, the sequences {Fz,} in 2% converge to Fz in 2X.

Next we shall prove that x € Fa. Let W € u be arbitrary and let V(j,t) € S,
j € Iandt >0 besuch that V(j,¢t) C W. For a given € > 0, there exists a positive
integer N; such that

€

(3.2) dj(zn,z) < 3
for all n > Ni. On the other hand, since F is continuous, for the same ¢, we can
find an Ny such that

Fx, QA% = U U(a)
acFx

for all n > N. Further, since x,,+1 € Fz,,, then there exists a y € Fx,, such that
d](xfwy) < %a and

Fz, C
y € Fa, C ag%U(a)

implies that there exists an a € Fa such that d;(a,y) < 5. Thus

€ € 2
for all n > Nj. Now let N = max{N, Na}, from (3.2) and (3.3), we have
2
dj(man) < dj(m,fnﬂ) +dj($n+1,F£E) < % + § =€

for all n > N. Since ¢ > 0 is arbitrary, we have d;(z,Fz) = 0 < t. Hence

(x,Fz) € V(j,t) C W. It follows that * € Fx = Fuz, since Fx is closed for each
x € X. Hence z is a fixed point of F. This completes the proof of the theorem. [

Corollary 1. Let F be a continuous mapping of an F-orbitally complete Hausdorff
uniform space (X, u) into 2% satisfying
mln{(sl (Fx7 Fy)r’ 5l ('Ta Fx)(sl (y7 Fy)r717 61 (y7 Fy)'r‘} +a mln{dl (x7 Fy)v dl (y7 F.’E)}
< (pdi(z, Fx) 4 qds(x,y))di(y, Fy) "
for all x,y in X,i € I where r > 1 is an integer, a,p,q are real numbers such that

a>0and0 < p+q<1, then there exists x € X such that x € Fx. If F is a point
closed mapping, then F has fixed point.

Proof. 1t follows from Theorem 2 and Example 1. O
Corollary 2. Theorem 1 for a > 0.

Proof. Tt follows as a special of Corollary 1 by replacing the uniform space (X, u)
by a metric space (X, d). O



FIXED POINT THEOREM

A FIXED POINT THEOREM FOR MULTIVALUED MAPPINS IN UNIFORM SPACE

4. APPLICATION TO LOCALLY CONVEX SPACES

Let (X, 7) be a locally convex linear topological space whose topology is T gen-
erated by a family of seminorms {p; : i € I} so that the collection

{V(@i,r): i €I, r >0},

where V (i,7) = {x € X : p;(z) < r} is a neighborhood base for 7. Then the family
P*={p;:1€1}is called an augmented associated family for 7.

Now, for each i € I, the function d; : X x X — R defined by d;(z,y) = p;(z —y)
for all z,y € X is a pseudometric on X. Thus the family P* = {p; : i € I}
determines a unique uniformity u on X and the uniform topology of X coincides
with the locally convex topology 7 of the space (see Shaefer [18]).

For any nonempty subsets A and B of X, we have

di(z, A) = inf{p;(x —a):a € A,i € I},

(4.1) 0;(A,B) =sup{p;(a —b):a € A,be B,i €I}

Then using an idea of Tarafdar [21] we have the following result as an application
of Theorem 2.

Theorem 3. Let F' be a point closed continuous mapping of an F-orbitally com-
plete Hausdorff locally convex linear topological space (X, T) into 2% satisfying the
conditions of Theorem 2 with d; and ¢; as indicated above (4.1). Then F has a
fized point in X.

Remark 1. Analogues of Corollaries 1 and 2 can also be formulated easily.
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SOME RESULTS ON STABILITY FOR PERTURBED LINEAR
DYNAMIC SYSTEMS ON TIME SCALES.

[.B.YASAR, A.TUNA AND M.T. DASTJERDI

ABSTRACT. we study some results on stability for perturbed linear systems by
using Unified Gronwall’s inequality on time scales.

1. INTRODUCTION

The theory of dynamic equations on time scales (aka measure chains) was intro-
duced by Hilger [6] with the motivation of providing a unified approach to contin-
uous and discrete analysis. The generalized derivative or Hilger derivative f©(t) of
a function f: T — R, where T is a so-called "time scale" (an arbitrary closed non-
empty subset of R) becomes the usual derivative when T = R, that is f&(¢) = f'(t).
On the other hand, if T = Z, then f*(t) reduces to the usual forward difference,
that is f~(t) = Af(t). This theory not only brought equations leading to new
applications. Also, this theory allows one to get some insight into and better un-
derstanding of the subtle differences between discrete and continuous systems [1, 3].

Dacunha [4] have introduced stability for time varying linear dynamic systems
on time scales. He introduced the unified theorems of uniform stability and uniform
exponential stability of linear systems on time scales, as well as illustrations of these
theorems in examples, and demonstrated how the quadratic Lyapunov function
developed, it can also be used to determine instability of a system.

In this paper, we study some results on stability for perturbed linear dynamic
systems by using Unified Gronwall’s inequality on time scales.

Now, first we mention without proof several foundational definitions and result
from the calculus on time scales in an excellent introductory text by Bohner and
Peterson [3].

2. GENERAL DEFINITIONS

A time scale T is any nonempty closed subset of the real numbers R. Thus time
scales can be any of the usual integer subsets (e.g. Z or N), the entire real line R, or
any combination of discrete points unioned with continuous intervals. The majority
of research on time scales so far has focused on expanding and generalizing the vast
suite of tools available to the differential and difference equation theorist. We now
briefly outline the portions of the time scales theory that are needed for this paper
to be as self-contained as is practically possible.

2000 Mathematics Subject Classification. Primary 05C38, 15A15; Secondary 05A15, 15A18.
Key words and phrases. Stability; Time scale; Perturbed Linear system; Unified Gronwall’s
inequality.
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The forward jump operator of T, o(t) : T — T, is given by o(¢) = infser {s > t}.
The backward jump operator of T, p(t) : T — T, is given by p(t) = infser {s < t}.
The graininess function p(t) : T — [0,00) is given by u(t) = o(t) —¢. Here we adopt
the conventions inf @ = supT (i.e. o(t) =t if T has a maximum element t), and
sup@ = inf T (i.e. p(¢t) = ¢ if T has a minimum element ¢). For notational purposes,
the intersection of a real interval [a, b] with a time scale T is denoted by [a,b] N T:
[CL, b]'[[‘

A point t € T is right-scattered if o(t) > t and right dense if o(t) = ¢. A point
t € T is left-scattered if p(t) < t and left dense if p(t) =t If ¢ is both left-scattered
and right-scattered, we say t is isolated. If t is both left-dense and right-dense, we
say t is dense. The set TX is defined as follows: If T has a left-scattered maximum
m, then TX = T -{m}; otherwise, T = T. If f : T —R is a function, then the
composition f(o(t)) is often denoted by f7(t).

For f: T —R and t € TX, define f©(t) as the number (when it exists), with
the property that, for any € > 0, there exists a neighborhood U of f such that

[F (o) = fF(s))] = F2@) [o(t) = s]| <elo(t) —s|, VseU.
The f& : TK — R is called the delta derivative or the Hilger derivative of f on
TX. We say f is delta differentiable on T provided f#(t) exists for all t € TX.

The following theorem establishes several important observations regarding delta
derivatives.

Theorem 1. Suppose f: T —R and t € TK.
(i) If f is differentiable at t, then f is continuous at t.
(i) If f is continuous at t and t is right-scattered, then f is delta differentiable

at t and f5(t) = %

(#3) If t is right-dense, then f is delta differentiable att if and only if lim;_, w

exists. In this case, f*(t) = limy_ w

(iv) If f is delta differentiable at t, then f(o(t) = f(t) + u(t)f2(t).

Note that f2 is precisely f’ from the usual calculus when T =R. On the other
hand, f& = Af = f(t +1) — f(t) (i.e. the forward difference operator) on the
time scale T = Z. These are but two very special (and rather simple) examples of
time scales. Moreover, the realms of differential equations and difference equations
can now be viewed as but special, cases of more general dynamic equations on time
scales, i.e. equations involving the delta derivative(s) of some unknown function.

A function f : T —R is rd-continuous if f is continuous at every right dense
point ¢ € T, and its left hand limit exists at each left dense point t € T. The set of
rd-continuous functions f : T —R will be denoted by Cy.q = C,q(T) = C,q(T,R). A
function F : T —R is called a (delta) antiderivative of f : T —R provided F2(t) =
f(t) holds for all t € TX. The cauchy integral or definite integral is given by

b

/f(t) At =F(b)—F(a), for all a,b € T, where F is any (delta) antiderivative of

f- Suppose that sup T = oo. Then the improper integral is defined to by / f@) At =

limy .o F(t) |2 for all a € T. We remark that the integral is defined in terms of a
Lebesgue type integral [2] or a Riemann integral [3].



339

SOME RESULTS ON STABILITY FOR PERTURBED LINEAR DYNAMIC SYSTEMS ON TIME SCALES3

Theorem 2. (Ezxistence of antiderivatives).
(i) Every rd-continuous function has an antiderivative. If to € T, then F(t) =

/f(T) AT1,teT, is an antiderivate of f.

a(t)

(i3) If f € Crq and t € TE, /f’T YA T = f(r)p(r).
(111) Suppose a,b € T and f 6 Crd
(a) If T =R, then /f At = /f t)dt (the usual Riemann integral).

(b) If [a, bl conszsts of only zsolated points, then

Y fOu).  a<b,

b tefa,b)y

/f(t)At: 0, a=2>,

a - > fult)  a>b
t€la,b)y

The last result above reveals that in the continuous case, T = R, definite inte-
grals are usual Riemann integrals from calculus. When T = Z, definite integrals
correspond to definite sums from the difference calculus ; see [9].

Theorem 3. Let f : R — R be continuously differentiable and suppose that g :
T — R s delta differentiable. Then fog : T — R is delta differentiable and the
formula

1
(fog)® F(g(t) + dp(t)g™ (t))ds
0 [ £

holds.

2.1. The Hilger complex plane. For h > 0, define the Hilger complex numbers,
the Hilger real axis, the Hilger alternating azis, and the Hilger imaginary circle by
(Ch:{zEC:z#—%},Rh:{zeR:z>——

Ah:{zGR:z<—%}, ]Ih:{ze(C:|z+%|:%}
respectively. For h =0, let Cyp := C, Ry :=R, Ay :=0, and [, :=iR.
Let h > 0 and z € Cy,. The Hilger real part of z is defined by Rep(z) := ‘Zhﬂ"

and the Hilger imaginary part of z is defined by Imy,(z) := %

denotes the principle argument of z (i.e.,—7 < Argz < 7).
For h > 0, define the strip Zj, := {z €C: 58 <Argz < %}, and for h = 0, set
Zgo := C. Then we can define the cylinder transformation &, = Cp, — Zp, by

, where Arg(z)

1
&n(z) = ELog(l +2zh), h>0

where Log is the principle logarithm function. When h = 0, we define £,(2) = z,
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for all z € C. It then follows that the inverse cylinder transformation f;l 2 Zyp — Cp,
is given by
e —1
6.1 (2) = —

Since the graininess may not be constant for a given time scale, we will inter-
changeably subscript various quantities (such as £ and 5_1) with g = p(t) instead
of h to reflect this.

2.2. Generalized exponential Functions. The function p : T —R is regressive
if 1+ u(t)p(t) # 0 for all t € TE, and this concept motivates the definition of the
following sets:

R={p:T—-R:peCra(T) and 1+ u(t)p(t) #0 vVt € TX},

Rt ={peR:1+pu(t)p(t) >0foralteTK}.

The function p : T —R is uniformly regressive on T there exists a positive con-
stant ¢ such that 0 < 671 < |14 u(t)p(t)|, t € TX. A matrix is regressive if and
only if all of its eigenvalues are in . Equivalently, the matrix A(t) is regressive if
and only if I + p(t)A(t) is invertible for all ¢ € TX.

If p € R, then we define the generalized time scale exponential function by

t
ep(t,s) =exp /fu(ﬂ (p(T)) AT for all s,t € T

The following theorem is a compilation of properties of e,(t,s) (some of which
are counterintuitive) that we need in the main body of the paper.

Theorem 4. The function ey(t,s) has the following properties:
(1) If p € R, then ey(t,r)ey(r,s) = ey(t,s) for allr,s,t eT.
(ii) ep(a(t),s) = (1 + p(t)p(t))ep(t, s).
(iii) If p € R, then e,(t, to) > 0 for all t € T.
(iv) If 1+ u(t)p(t) < 0 for some t € TE, then e,(t,to)e,(o(t), to) < 0.

p(T)dr
(v) If T =R, then ey(t,s) =e" . Morever, If p is constant, then e,(t,s) =
eP(t—s)
(vi) If T =Z, then ey(t,s) = HZL(1 + p(7)). Morever, If T =hZ, with h > 0

and p is constant, then ey(t,s) = (1 + hp)ﬁthsl.

If pe R and f: T —R is rd-continuous, then the dynamic equation
(2.1) y> (1) = p(t)y(t) + f(t)

18 called regressive.

Theorem 5. (Variation of constants). Let to € T and y(to) = yo € R.Then the
regressive IVP (2.1) has a unique solution y : T —R"™ given by
¢
y(t) = yoep(t, to) + /ep(t, o(T))f(r) AT

to
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We say the n x 1-vector-valued system

(2.2) Yy (8) = p(t)y(t) + f(t)

is regressive provided A € R and f : T —R" is rd-continuous vector-valued
function.

Let tg € T and assume that A € R is an n X n-matrix-valued function. The
unique matrix-valued solution to the IVP

(2.3) YA =p)Y (1), Y(to) =1L

where I, is the n X n-identitiy matrix, is called the transition matriz and it is
denoted by P 4(¢, o).

In this paper, we denote the solution to (2.3) as ® (¢, tg) when A(t) is time
varying and denote the solution as e4(t,tg) = ®a(t,to) (the matriz exponential, as
in [3] ) only when A(t) = A is a constant matrix. Also, if A(¢) is a function on T
and the time scale matrix exponential function is a function on some other time
scale S, then A(t) is constant with respect to esq)(7,s), for all 7,5 € Sand t € T.
The following lemma lists some properties of the transition matrix.

Theorem 6. Suppose A, B € R are matriz-valued functions on T.

(i) Then the semigroup property ®A(t,r)Pa(r,s) = Pa(t,s) is satisfies for all
r,s,t € T.

(1) ©a(o(t),s) = (14 pu(t)p(t)) Pa(t, s).

(i4) If T =R and A is constant, then ®4(t,s) = ea(t,s) = eA1=9),

() If T =hZ, with h > 0 and A is constant, then ®4(t,s) = ea(t,s) = (1 +

hp) 72

We now present a theorem that guarantees a unique solution to the regressive
n x l-vector-valued dynamic IVP (2.2) .

Theorem 7. (Variation of constants). Let tg € T and y(ty) = yo € R™. Then the
regressive IVP (2.2) has a unique solution y : T —R"™ given by

t
(24) o) =unalt.to) + [ Baltiolr) () O

to

Beside the calculus on the time scales, we talk about several foundational defini-
tions and result from the stability for time varying linear dynamic systems on time
scales in an excellent introductory text by DaCunha [4].

3. STABILITY

We start introducing definitions and notation that will be employed in the sequel.
The Euclidean norm of an n x 1 vector x(t) is defined to be a real-valued function

of t and is denoted by
()] = /=T () (t).

The induced norm of an m X n matrix A is defined to be
[A®] = max Q)

|z
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The norm of A induced by the Euclidean norm above is equal to the nonnegative
square root of the absolute value of the largest eigenvalue of the symmetric matrix
AT A. Thus, we define this norm next. The spectral norm of an m x n matrix A is
defined to be

2
|A] = [max xTATAx}
llzll=1

This will be the matrix norm that is used in the sequel and will be denoted by
I

We now define the concepts of uniform stability and uniform exponential stabil-
ity. These two concepts involve the boundedness of the solutions of the regressive
time varying linear dynamic equation

(3.1) 2 (t) = AW)z(t),  x(ty) =z0, to€T.

Definition 1. The time varying linear dynamic equation (3.1) is uniformly stable if
there exists a finite constant v > 0 such that for any to and x(to), the corresponding
solution satisfies

(3.2) @) < v llz(to)ll, &= to.

For the next definition, we define a stability property that not only concerns the
boundedness of a solution to (3.1), but also the asymptotic characteristics of the
solutions as well. If the solution to (3.1) posses the following stability property,
then the solution approach zero exponentially as ¢ — oo (i.e. the norms of the
solutions are bounded above by a decaying exponential function).

Definition 2. The time varying linear dynamic equation (3.1) is called uniformly
exponentially stable if there exists constans v, A\ > 0 with —\ € R such that for
any to and x(to), the corresponding solution satisfies

(3.3) @I < llz(to)l ve-r(t,t0), ¢ > to.

It is obvious by inspection of the previous definitions that we must have v > 1.
By using the word uniform, it is implied that the choice of v does not depend on
the initial time .

The last stability definition given uses a uniformity condition to conclude expo-
nential stability.

Definition 3. The linear state equation (3.1) is defined to be uniformly asymptot-
ically stable if it is uniformly stable and given any § > 0, there exists a T > 0 so
that for any to and x(ty), the corresponding solution xz(t) satisfies

(3.4) @ <6z, ¢=to+T.

It is noted that the time T that must pass before the norm of the solution satisfies
(3.4) and the constant § > 0 is independent of the initial time .

We now state and prove four theorems, the first three of which characterize
uniform stability and uniform exponentially stability in terms of transition matrix
for system (3.1). The fourth theorem illustrates the relationship between uniform
asymptotic stability and uniform exponential stability.

Theorem 8. The time varying linear dynamic equation (3.1) is uniformly stable
if and only if there exists a v > 0 such that

[@a(t to)ll <

for all t > ty, with t,tg € T.
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Theorem 9. The time varying linear dynamic equation (3.1) is uniformly expo-
nentially stable if and only if there exists v, A > 0 with —\ € R" such that

”(I)A(tv tO)” < ’767)\(157 tU)

for all t > tg, with t,tg € T.

Theorem 10. Suppose there exists a constant o such that for allt € T, ||A(?)| < a.
Then the linear state equation (8.1) is called uniformly
exponentially stable if and only if there exists a constant B such that

/|\<I>A<t,a<s>>|| As<B

for all t > to, with t > o(7).

Theorem 11. The linear state equation (3.1) is uniformly exponentially stable if
and only if it is uniformly asymptotically stable.

3.1. Perturbation results. It is also useful to consider state equations that are
"close" to another linear state equation that is uniformly stable. In [7, 8], as well as
[10], if the stability of system (3.1) has been determined by an appropriate Lyapunov
function, then certain conditions on the peturbation matrix F'(t) guarantee stability
of the perturbed linear system

(3.5) 22 () = [A(t) + F(b)] 2(t).

DaCunha [4, Theorem 5.1] obtained result about the uniform stability for the
perturbed system (3.5) under the condition

/ IF(s) As < B

for some § > 0 in the following theorem.

Theorem 12. Suppose the linear state equations (3.1) is uniformly stable. Then

the perturbed linear dynamic equation (3.5) is uniformly stable if there exists some
B > 0 such that for all T

(3:6) JIrel2s <.

Proof. For any ty and z(tg) = 2o , by theorem 2.5 the solution of (3.5) satisfies
t

(3.7 z(t) = Pa(t,to)zo + /@A(t, o(8))F(s)Z(s) A s,
to

where ® 4 (¢, to) is the transition matrix for system (3.1). By the uniform stability
of (3.1), there exists a constant v > 0 such that ||®4(¢,7)|| < 7, for all t,7 € T with
t > 7. By taking the norms of both sides of (3.7), we have
t

[z <[zl + /7 IE)HZ(s)]| A s, t>to.
to
By Gronwall’s Inequality in [3] , a result in [5], and the inequality (3.6), we
obtain
2@ < vzl €45y (£ o)
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Log(i+u(s)vIF()) A 4
w(s)

<7zl exp

— g — g T —

<y llzollexp | [ Leazalreb A
<7llzollexp | [ yIF(s)) A s
to
<vlzlle”,  t>t.
Since 7 can be used for any to and z(tp), the state equation (3.5) is uniformly
stable. 0

4. MAIN RESULTS

Theorem 13. Suppose the linear state equations (3.1) is uniformly exponentially
stable. Then the perturbed linear dynamic equation (3.5) is uniformly exponentially
stable if there exists some 3 >0 and X\ > 0 with —\ € R such that for all T € T

m [ Az

e-x(o(s),s)

Proof. For any to and z(tg) = zo , by theorem 5 the solution of (3.5) satisfies

A s <p.

(4.2) 2(t) = Dalt,to)z0 + / Balt, o(s))F(s)Z(s) D s,

where ®4(¢,%0) is the transition matrix for system (3.1). By the uniform expo-
nentially stability of (3.1), there exists constants v, A > 0 with —\ € R such that
|1Pa(t, 7)|| < ye_x(t,7), for all t,7 € T with ¢ > 7. By taking the norms of both

sides of (4.2), we have
¢

1zl S'y\|zo|\e_,\(t,to)+/’ye_,\(t,a(s)) IEIZ ()] A s, t>to.

to
Dividing by e_x(t,to) on both sides, we have
¢

z e_x(t,o(s Z (s
O <+ | 52420 YO e )8
to
t

:7Hz0||+7/6_nF<s>u OIS

A(0(8),8) e—x(s,to

to
Letting u(t) = %, we have
t

Ol < vzl +7 | A o) &
to
By Gronwall’s Inequality in [3] , a result in [5], and the inequality (4.1), we
obtain
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<7llzlle, wrei (¢ t0)
Y )
t

Log(1+u(s)y )
<vlalexp | [ = can g
to
o0
Log(1+pu(s)y L)
S v ||Z0|| €Xp / M(S)ik( ):2) A S
to
oo
F
<llallexp | 7 [ A & s
to
< 7llzoll e, t>to.
Thus
2O <71 llzolle-a(tto) = to.
where 7; = ve?5. Hence the state equation (3.5) is uniformly exponentially
stable O

Theorem 14. Suppose the linear state equations (3.5) is uniformly exponentially
stable. Then the perturbed linear dynamic equation (3.5) is uniformly asymptotically
stable.

Proof. By the uniform exponentially stability of (3.5), there exists constants v, A >
0 with =X € R such that [|z()]] < |20l e_x(¢ to), for all t,tg € T with ¢ > t.
Clearly, this implies uniform stability. Hence, (3.5) is uniformly stable. Now, given
a 0 > 0, we choose a sufficiently large positive constant 7' € T so that tg +7 € T
and e_x(to + T, tp) <.

12O <7 llz0ll e-x(E, t0), t>to.

Then for any tg and 2o, and t >ty + T with t € T,

< ve_x(to + T to) ||zoll

<dllzoll, t>to+T.
Thus, (3.5) is uniformly asymptotically stable. O
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Abstract

In this paper we prove a common fixed point theorem for compatible maps of type
() on fuzzy metric spaces.

Keywords: Fuzzy metric spaces, common fixed point, compatible maps of type («).

AMS Subject Classifications: 47TH10, 54H25

1 Introduction

The notion of fuzzy sets was introduced by Zadeh [30]. Deng [4], Erceg [6], Kaleva and
Seikkala [16] and Kramosil and Michalek [19] have introduced the concepts of fuzzy metric
spaces in different ways. George and Veeramani [8] modified the concept of fuzzy metric
spaces introduced by Kramosil and Michalek [19] in order to get the Hausdorff topology.

Grebiec [9] extended the fixed point theorems of Banach [1] and Edelstein [5] to fuzzy
metric spaces in the sense of Kramosil and Michalek [19] whose study is useful in the field
of fixed point theorems of contractive type maps. Since then Fang [7] proved some fixed
point theorems in fuzzy metric spaces, which improve, generalize and extend some main
results of [1,5,10-12,24].

Sessa [25] defined a generalization of commutativity, which called weak commutativity.
Further Jungck [14] introduced more generalized commutativity, so called compatibility.
Following Grabiec [9], Kramosil and Michalek [19] and Mishra et al. [20] obtained
common fixed point theorems for compatible maps and asymptotically commuting maps
on fuzzy metric spaces which generalize, extend and fuzzify several fixed point theorems
for contractive-type maps on metric spaces and other spaces.

Jungck et al. [15] introduced the concept of compatible maps of type (A) in metric
spaces, which is equivalent to the concept of compatible maps under some conditions and
proved common fixed point theorems in metric spaces. Cho [2] introduced the notion of
compatible maps of type («) in fuzzy metric spaces.

Many authors have studied the fixed point theory in fuzzy metric spaces. The most
interesting references are [7,9,10,11,20,22,26,29].

Recently, Sharma [26] proved a common fixed point theorem for six maps under the
condition of compatible maps of type («) on fuzzy metric spaces.

In this paper, we prove common fixed point theorems for six maps using some conditions
in fuzzy metric spaces in the sense of George and Veeramani [8], which turns out to be a
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material generalization of the results of Turkoglu et al.[29]. We also give an example to
illustrate our main theorem.

2 Preliminaries

Now, we give some definitions.

DEFINITION 2.1. (Schweizer and Sklar [23]). A binary operation * : [0,1]x [0, 1] — [0, 1]
is called a continuous t-norm if ([0,1], %) is an Abelian topological monoid with the unit 1
such that a x b < ¢ * d whenever a < ¢ and b < d for all a,b,c,d € [0, 1].

Examples of t-norms are a * b = ab and a * b = min {a, b}.

DEFINITION 2.2. (George and Veeramani [8]). The 3-tuble (X, M, x) is called a fuzzy
metric space (shortly FM-space) if X is an arbitrary set, = is a continuous t-norm and M
is a fuzzy set in X2 x [0,00) satisfying the following conditions: for all x,y,z € X and
t,s >0,

(fm-1) M(x,y,t)

V

0,

(fm-2) M(z,y,t)=1forallt > 0iff z =y,

M(yaxat)7
(fm-4) M(z,y,t)

*

(

(
(fm-3) M(z,y,1)

( M(y,z,8) < M(z,2,t +5),

(

(fm-5) M(zx,y,.):[0,00) — [0, 1] is continuous.

Note that M(z,y,t) can be thought of as the degree of nearness between x and y with
the respect to t. We identify x = y with M (z,y,t) =1 for all ¢ > 0 and M(x,y,t) = 0 with
oo and we can find some topological properties and examples of fuzzy metric spaces in [8].

LEMMA 2.1. (Grabiec [9]). For all z,y € X, M(x,y,.) is nondecreasing.

DEFINITION 2.3. (Grabiec [9]). Let (X, M, %) be an FM-space:

(1) A sequence {z,} in X is said to be convergent to a point z in X (denoted by
limp— ooy = x) if limy 0o M (zp, x,t) =1 for all t > 0.

(2) A sequence {z,} in X is called a Cauchy sequence if limy, oo M (2p4p, Tn,t) = 1 for
allt > 0 and p > 0.

(3) A FM-space in which every Cauchy sequence is convergent is said to be complete.

REMARK 2.1. Since * is continuous, it follows from (fm-4) that the limit of sequence
m FM-space is uniquely determined.

Throughout this paper (X, M, *) will denote the fuzzy metric space with the following
condition:

(fm-6) limyooM (z,y,t) =1 for all z,y € X and ¢ > 0.

LEMMA 2.1. (Cho [2] and Mishra et al. [20]). Let {y,} be a sequence in an FM-space
(X, M, *) with the condition (fm-6). If there is a number k € (0,1) such that

M(yn+27 yn—i—l» kt) 2 M(yn+17 Yn, t)

forallt >0 and n =1,2..., then {y,} is a Cauchy sequence in X.
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3 Compatible Maps of Type (a)

In this section, we give the concept of compatible maps of type («) in FM- spaces and some
properties of these maps.

DEFINITION 3.1. (Mishra et al. [20]). Let A and B be maps from an FM-space (X, M, x)
into itself. The maps A and B are said to be compatible if

lim M(ABx,, BAx,,t) =1

n—oo

for all t > 0 whenever {x,} is a sequence in X such that

lim Axz,, = lim Bz, = z
for some z € X.
DEFINITION 3.2. (Cho [2]). Let A and B be maps from an FM-space (X, M, %) into
itself. The maps A and B are said to be compatible of type (o) if

lim M(ABz,, BBx,,t) =1

n—oo

and
lim M(BAx,, AAz,,t) =1

n—oo

for all t > 0 whenever {xy} is a sequence in X such that

lim Az, = lim Bz, = z
n—oo n—oo
for some z € X.

REMARK 3.1. In [14,15], we can find the equivalent formulations of Definition 4 and 5
and their examples in metric spaces. Such maps are independent of each other and more
general than commuting and weakly commuting maps [13,25].

PROPOSITION 3.1. (Cho [2]). Let (X, M, x) be an FM-space with txt >t for allt € [0,1]
and A, B be continuous maps from X into itself. Then A and B are compatible if and only
if they are compatible of type ().

PROPOSITION 3.2. (Cho [2]). Let (X, M, *) be an FM-space with txt >t for allt € [0,1]
and A, B be maps from X into itself. If A and B are compatible of type (o) and Az = Bz
for some z € X, then ABz = BBz = BAz = AAz.

PROPOSITION 3.3. (Cho [2]). Let (X, M, *) be an FM-space with txt >t for allt € [0,1]
and A, B be compatible maps of type (o) from X into itself. Let {x,} be a sequence in X
such that

lim Az, = lim Bz, = z
n—oo n—oo

for some z € X. Then we have the following:

(i) limp—ooBAx, = Az if A is continuous at z,

(i) ABz = BAz and Az = Bz if A and B are continuous at z.

Ezxample. Let the set X = [0, 00) with the metric d defined by d(x,y) = |z — y| and for
each t > 0 define M(z,y,t) = m for all z,y € X. Clearly (X, M, %) is a fuzzy
metric space where * is defined by a x b = ab. Define A,B : X — X by Ax = x

for x € [0,2), Az = 4 for z € [2,00), and Bz = 4 — z for x € [0,2), Bz = 4 for
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x € [2,00). Then A and B are discontinuous at x = 2. Consider the sequence {z,}
in X such that lim, Az, = lim, Bx,, = z € X. By definition of A and B, z € [2,00).
Since A and B agree on [2,00), we need only consider z = 2. Suppose that z, — 2
and z, < 2 for all n. Then Az, = z,, — 2 from the left and Bz, = 4 — z,, — 2 from
the right. Then, since 4 — z, > 2 for all n, ABx, = 4 and since z, < 2 for all n,
BAz, =4 — z, — 2. Thus lim,, M(ABz,, BAz,,t) # 1 but lim, M(ABx,, BBx,,t) =1
and lim,, M (BAx,, AAx,,t) =1 as x,, — 2. Therefore A and B are compatible of type («)
but they are not compatible.

Ezample. Let the set X = R With the metric d defined by d(z,y) = |z —y| and for
each ¢ > 0 define M(z,y,t) = t+d(x oy forall z,y € X. Clearly (X, M, %) is a fuzzy

metric space where * is defined by a * b = ab. Define A,B : X — X by Az = 1/23
for x # 0, Az = 1 for x = 0, and Bx = 1/2% for x # 0, Bx = 2 for x = 0. Then A
and B are discontinuous at x = 0. Consider the sequence {z,} in X defined by z,, = n,
n = 1,2,...Then we have lim,, Az,, = lim,, Bz, = 0. Further, lim,, M (ABz,, BAx,,t) =1
and lim,, M (ABx,, BBz,,t) = 0 and lim,, M (BAz,,, AAz,,t) = 0. Therefore A and B are
compatible but they are not compatible of type («).

4 Main Results

THEOREM 4.1. Let (X, M, *) be a complete FM-space with t«xt >t for allt € [0,1] and let
A, B, P, S, T and Q be maps from X into itself such that

1) P(X)C AB(X),Q(X) C ST(X),

2) AB = BA,ST =TS, PB = BP,QS = SQ,QT = TQ,

(1)

(2)

(3) A,B,S and T are continuous,

(4) the pairs (P, AB) and (Q, ST) are compatible of type (),
()

5) there exists a constant k € (0, 1) such that

M?(Pz,Qy, kt)  [M(ABa, Pz, kt)M (STy, Qy, kt)]
+aM (STy, Qy, kt)M (ABx, Qy, 2kt)
> [pM(ABz, Px,t) + ¢qM(ABzx,STy,t)] M(ABz, Qy, 2kt)

for all ,y in X and ¢ > 0 where 0 < p,¢ < 1,0<a < 1suchthat p+qg—a=1,

Then A, B, P, S, T and ) have a unique common fixed point in X.
Proof. Let xy be an arbitrary point of X. By (1), we can construct a sequence {z,} in
X as follows:
Pl‘gn = AB:E2n+1, Qx2n+1 = ST$2n+2, n = 0, 1, 2,

Indeed, such a sequence was first introduced in [27,28].
Now, let z, = STx,. Then, by (2), we have

M?*(Pxani1, Qo 2, kt)

*[M(ABJZQn_H, Px2n+1, kt)M(STJIQ,H_Q, Qx2n+2, kt)]
+aM (ST x2p+12, Qon+2, kt) M (ABwoni1, Qan+2, 2kt)
[pM(AB.’L'Qn+1, Pxopi1, t) + qM(ABxgn_H, STCL'Qn+2, t)]
M(ABwani1, Qana, 2kt)

Vv
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and

M?(yan+1, Y2nt2, kt) * [M (Y2, Y2ni1, k)M (Y2n+1, Y2nt2, kt)]
+aM (Yant1, Yan+2, kt) M (yon, Y2n2, 2kt)
[DM (Y2n, Yon+1,t) + aM (Yon, Y2n+1,t)] M (yon, Yan+2, 2kt)

v

SO

M (yan+1, Yan+2, kt) [M (Yan, Y2n+1, kt) * M (Yan+1, Y2n+2, kt)]
+aM (Yon+1, Yant2, k) M (Yon, Yon+2, 2kt)
(P + @) M (y2n, Y2an+1,t) M (Y2n, Yon+2, 2kt)

v

hence

M (Y2nt1, Yant2, kt) M (yon, yont2, 2kt)
+aM (Yon+1, Yan+2, k)M (Y2n, Y22, 2kt)
> (p+q) M(y2n, y2n+1,t) M (y2n, Yant2, 2kt)
and
M (y2nt1, Yont2, kt) + aM (Y2n+1, Yont2, kt) > (0 + @) M (y2n, yont1,t)
Thus, it follows that
M (Y2n+1, Yon+2, kt) > M (yon, Y2n+1,1)

0 < k<1 and for all £ > 0.
Similarly, we also have

M (y2n+2, Yon+3, kt) > M (y2nt1, Yont2,t)
0< k<1and for all t > 0.
In general, for m = 1,2, ..., we have
M(ym-i-lv Ym+2, kt) > M(wa Ym+1, t)

0 < k < 1 and for all ¢ > 0. Hence, by Lemma 2.1, {y,} is a Cauchy sequence in X. Since
(X, M, *) is complete, it converges to a point z in X. Since {Pz2,}, {Qzan+1}, {ABx2n+1}
and {ST'zo,4+2} are subsequences of {y,}, they also converge to the point z. Since A and
B are continuous and the pair (P, AB) is compatible mappings of type («), by Proposition
3.3, we have as n — oo

P(AB)z9,41 — ABz and (AB)?z9,,1 — ABz.

Similarly, since S and T are continuous and the pair (@, ST) is compatible mappings of
type («), by Proposition 3.3, we also have as n — oo

Q(ST)xop4+2 — STz and (ST)2x2n+2 — STz.
Now putting x = (AB)za2p+1 and y = xap42 in (5), we have
M?(P(AB)zon 11, Quoni2, kt)
*[M(AB(AB)xony1, P(AB)xony 1, kt) M (STx2n 2, QT2n 12, kt)]
+CLM(STIL’27H_2, Q(EQ,H_Q, kt)M(AB(AB)x2n+1, Q$2n+2, th)

[pM(AB(AB).’I,'Qn+1, P(AB).’L‘Qn+1, t) + qM(AB(AB)anH, ST$2n+2, t)]
M(AB(AB)$2n+1, Q.’Egn+2, th)

Vv
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M?(ABz, z,kt) «x [M(ABz, ABz, kt)M (2, z, kt)]
+aM(z,z,kt)M (ABz, z, 2kt)
> [pM(ABz,ABz,t) + ¢M(ABz, z,t)] M(ABz, z, 2kt)
then

M?(ABz, z,kt) + aM(ABz, z,2kt) > [p+ ¢M(ABz, z,t)] M(ABz, z, 2kt)
and since M(x,y,.) is non-decreasing for all z,y in X, we have

M(ABz,z,t)M(ABz, z,2kt) + aM (ABz, z, 2kt)
> [p+qM(ABz,z,t)| M(ABz, z, 2kt)

hence
M(ABz,z,t) > 1

for all t > 0 so z = ABz.
Now, we show that z = Pz. By putting x = Pza, and y = 2,41 in (5), we have

M?(PPxon, Qronyi1, kt)

(M (AB(Pxay,), PPxon, kt)M (ST xon4+1, Qont1, kt)]
+aM (STxop+1, Qronti, kt)M(AB(Pxay), Qraont1, 2kt)
[pM (AB(Pxay,), PPxop,t) + qM(AB(Pxay,), STxay+1,1)]
M(AB(Pxay), Qront1, 2kt)

Vv

and

M?(Pz,z, kt) * [M(z, Pz, kt)M(z, z, kt)] + aM(z, z, kt)M (2, z, 2kt)
> [pM(z, Pa,t) + gM (2, 2,8)] M(z, 2 2ht)
then
M?(Pz,z,kt) +a > pM(z, Pz,t) + q.
Since M (x,y,.) is non-decreasing and M (z,vy,.) > M?(z,y,.) for all z,y in X, we have

M(Pz,z,t) +a > pM(z,Pz,t)+q

hence
M(Pz,z,t) > 1

for all t > 0so z = Pz.
By putting # = Bz and y = x2,+1 in (5) and using (2), we have

M?(P(Bz), Qzaony1, kt)

«[M(AB(Bz),(PBz), kt)M(STxan+1, QTont1, kt)]
+aM (ST xop41, Qxont1, kt)M(AB(Bz), Qraont1, 2kt)
[pM(AB(Bz),P(Bz),t) + ¢M(AB(Bz), STx25+1,1)]
M(AB(B2), Qzani1, 2kt)

\Y
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and

M?(Bz, z, kt) * [M(Bz, Bz, kt)M (2, z, kt)] + aM (2, z, kt)M (Bz, z, 2kt)
> [pM(Bz,Bz,t) + qM(Bz,z,t)] M(Bz, z, 2kt)
then
M?*(Bz, z,kt) + aM(Bz, z,2kt) > [p + ¢M(Bz, z,t)] M(Bz, z, 2kt)

and since M(x,y,.) is non-decreasing for all z,y in X, we have
M(Bz,z,t)M(Bz, z,2kt) + aM (Bz, z,2kt) > [p + gM (Bz, z,t)] M(Bz, z, 2kt)

and
M(Bz,z,t)+a>p+qM(Bz,z,1)
hence

M(Bz,z,t) > 1

for all t > 0 so z = Bz. Since ABz = z and Bz = z, we have also Az = z.
By putting z = z and y = STz2,42 in (5), we have

MQ(PZ, Q(ST)xon42, kt)

(M (ABz, Pz, kt)M (ST (ST)xon+2, Q(ST)xon+2, kt)]
+CLM(ST(ST)I2TL+2, Q(ST)$2n+2, kt)M(ABZ, Q(ST)ZCQnJrQ, 2]€t)
[pM(ABz, Pz,t) + M (ABz, ST(ST)x2n+2,t)]

M(ABZ, Q(ST):EQ,H_g, th)

\Y]

and

M?(z, 8Tz, kt) x [M(z, 2, kt)M(STz, STz, kt))

+aM(STz, STz, kt)M(z, STz, 2kt)

> [pM(z,z,t) + qM(z,STz,t)] M(z, STz, 2kt)
then
M?(z, STz, kt) + aM (z, STz, 2kt) > [p + qM (2, STz, t)] M(z, STz, 2kt)
SO
M(z,8Tz,t)+a>p+qM(z,STzt)

hence

M(z,8Tz,t) > 1

for all t > 0 so z = STx.
To show that Qz = z, we take x = z and y = Q2,41 in (5) and using (2), we have

M?(Pz,QQzap41, kt)

#[M(ABz, Pz, kt) M (ST (Qz2n+1), QQT2n+1, kt)]

+aM (ST(Qr2nt1), QQT2n4 1, kt)M(ABz, QQx2n 41, 2kt)
[pM(ABz, Pz, t) + ¢M(ABz, ST (Qz2p+1),1)]

M(ABZ, QQJIQn_H, th)

v
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and
M?(z,Qz, kt) % [M(z, z, kt)M (2, Qz, kt)] + aM (2, Qz, kt) M (z, Qz, 2kt)
then
M?(z,Qz, kt) * M(z,Qz, kt) + aM (2, Qz, kt) M (z, Qz, 2kt)
> (p+q) M(z,Qz,2kt)
and

M(z,Qz, kt) [M(z,Qz, kt) x 1] + aM (2, Qz, kt) M (z, Qz, 2kt)
> (p+4q) M(z,Qz,2kt)
SO
M?(z,Qz, kt) + aM(z, Qz, kt)M(z,Qz, 2kt) > (p + q) M(z, Qz, 2kt)
and since M(x,y,.) is non-decreasing for all z,y in X, we have
M(z,Qz,t) +aM(z,Qz,t) > p+q
hence
M(z,Qz,t) > 1

forall t > 0 so z = Qz.
Finally, we show that Tz = z. By taking x = z and y = Tz in (5) and using (2), we
have

M?(Pz,QTz, kt) x [M(ABz, Pz, kt)M (ST (T%), QT z, kt)]
+aM (ST(Tz), QT z, kt)M(ABz, QT z, 2kt)

> [pM(ABz, Pz,t) + qM(ABz,ST(Tz),t)]
M(ABz,QTz, 2kt)

and

M?(2, Tz, kt) % [M (2, 2, kt)M (T2, Tz, kt)] + aM(Tz, Tz, kt)M (z, Tz, 2kt)
> [pM(z,z,t) + qM (2, Tz,t)] M(z,Tz,2kt)

then
M?(z, Tz kt) + aM (2, Tz 2kt) > [p + qM (2, Tz,t)] M(z, Tz, 2kt)

and since M(x,y,.) is non-decreasing for all z,y in X, we have
M(z, Tz, t)M(z,Tz,2kt) +aM (z,Tz,2kt) > [p+ qM(z,Tz,t)]| M(z, Tz, 2kt)

S0
M(z,Tz,t)+a>p+qM(z,Tz,t)

hence
M(z,Tz,t) > 1

for all t > 0 so z =T'z. Since STz = z and z = Tz, we have also z = Sz.
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By combining the above results, we have
z2=Az=Bz=Pz=5z2=Tz=Qxz,

that is, z is a common fixed point of A, B, P, S, T and Q.
Let v (v # z) be another common fixed point of A, B, P, S, T and Q. Then on using

inequality (5) we have

M?(Pz, Qu, kt) * [M(ABz, Pz, kt)M(STv, Qu, kt)]

+aM (STv, Qu, kt)M (ABz, Qu, 2kt)

> [pM(ABz, Pz,t) + qM(ABz,STv,t)] M(ABz, Qu, 2kt)
SO
M?(z,v,kt) + aM(z,v,2kt) > [p+ q¢M (2, v,t)] M (2, v, 2kt)

and since M(x,y,.) is non-decreasing for all z,y in X, we have

M(z,v,t)M(z,v,2kt) + aM (z,v,2kt) > [p+ q¢M(z,v,t)] M (z, v, 2kt)

M(z,v,t) > (%) =1

for all t > 0 so z =wv. Hence A, B, P, S, T and () have unique common fixed point.

If we put a = 0 and B =T = Ix (the identity map on X) in Theorem 4.1, we have the
following result in Turkoglu et al. [29];

COROLLARY 4.1. Let (X, M, x*) be a complete FM-space with t xt >t for all t € [0, 1]
and let A, P, S and QQ be maps from X into itself such that

P(X) C S(X),Q(X) c S(X),
A, S are continuous and AS = SA,

thus, it follows that

(1)
(2)
(3) the pairs (P, A) and (Q, S) are compatible of type («),
(4) there exists a constant k£ € (0,1) such that
M?(Pz,Qy, kt) = [M(Az, Pz, kt)M (Sy, Qy, kt)]
> [pM(Az, Pz,t) + qM (Ax, Sy, t)] M(Az, Qy, 2kt)
for all z,y in X and ¢ > 0 where 0 < p,q < 1 such that p+¢q =1,

Then A, P, S and Q have a unique common fixed point in X.

If we put P=@Q, A= S and B =T = Ix (the identity map on X) in Theorem 4.1, we
have the following result:

COROLLARY 4.2. Let (X, M, x*) be a complete FM-space with t «t >t for all t € [0, 1]
and let P and S be compatible maps of type (o) on X such that P(X) C S(X). If S is
continuous and there exists a constant k € (0,1) such that

M?(Px, Py, kt) x [M(Sx, Pz, kt) M (Sy, Py, kt)]
+aM(Sy, Py, kt)M(Sz, Py, 2kt)
> [pM(Sw, Pz,t) + qM(Sx, Sy,t)] M (Sz, Py, 2kt)

forallxz,y in X andt >0 where 0 <p,q<1,0<a<1 such thatp+q—a=1.
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Then P and S have a unique common fixed point in X.

If we put A= B =5 =T = Ix in Theorem 4.1, we have the following result:

COROLLARY 4.3. Let (X, M,x*) be a complete FM-space with t «t >t for all t € [0, 1]
and let P and Q be maps from X into itself. If there exists a constant k € (0,1) such that

M?(Px,Qy, kt) * [M(z, Pz, kt) M (y, Qy, kt)] + aM (y, Qy, kt)M (x, Qy, 2kt)
> [pM(z, Pz,t) + qM(z,y,t)] M(z, Qy, 2kt)

forallxz,y in X andt >0 where 0 <p,q<1,0<a<1 such thatp+q—a=1.

Then P and ) have unique common fixed point in X.

Ezample. Let X = [0,1] with the metric d defined by d(z,y) = |z — y| and for each
t > 0 define M(z,y,t) = m for all z,y € X. Clearly (X, M, x) is a complete fuzzy
metric space where * is defined by axb = ab. Let A, B, P, S,T and () be maps from X into
itself defined as

x T x x
r=uz,Bx 57 T G,Sac 3 T 3,Q:p 0
for all x € X. Then
1 1 1
P(X) = [O, 6] C [0, 5} = AB(X) and Q(X) = {0} C [0, 1_5] = ST(X).

Clearly AB = BA,ST = TS,PB = BP,QS = SQ,QT = TQ and A,B,S,T are
continuous. If we take k = 3 and t = 1, we see that the condition (5) of the main
Theorem is also satisfied. Moreover, the maps P and AB are compatible of type («) if
lim,, 00 n, = 0, where {z,} is a sequence in X such that lim,,_,. Pz, = lim,_00 Szp =0
for 0 € X. Similarly, the maps @ and ST are also compatible of type («). Thus, all

the conditions of main Theorem are satisfied and 0 is the unique common fixed point of
A, B,P S, T and Q.
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