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Running head: Strong and weak solutions of abstract Cauchy problems

Abstract. Let a be a positive number, C be a bounded linear injection
on a Banach space X, and let A : D(A) C X — X be a closed linear operator
commuting with C. Under suitable conditions on A (such as, C"1AC = A,
p(A) # 0, D(A) = X), we discuss connections among: (i) A being the generator
of an a-times integrated C-semigroup on X; (ii) the existence of unique strong
solution of u/(t) = Au(t) + ja—1(t)Cxz, t > 0; u(0) = 0, for all x € D(A);
(iii) the existence of unique strong solution of v/(t) = Av(t) 4+ jo(t)Cx + jo *
Cyg(t), t > 0; v(0) =0, for all z € X; (iv) the existence of unique weak solution
of the abstract Cauchy problem: w’(t) = Aw(t) + jo—1(t)Cx + jo—1 *Cg(t), t >
0; v(0) = 0, for all z € X. Here j,(t) = t*/T'(a+ 1) and ¢ is any function in

L} .([0,00), X). Applications to concrete examples are also demonstrated.

2000 Mathematics Subject Classification: 47D60, 47D62.
Key words and phrases: a-times integrated C-semigroup, generator, abstract
Cauchy problem, strong solution, weak solution.

1 Introduction

Let X be a Banach space with norm | - ||, and let B(X) be the set of
all bounded linear operators from X into itself. Consider the abstract Cauchy
problem (ACP):

(ACP(£:x)) { u'(t) = Au(t) + f(1), t > 0;

u(0) = z,

'Research supported in part by the National Science Council of Taiwan.
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where A : D(A) C X — X is a closed linear operator and f is an X-valued
function on [0, 00).

Let X; denote the Banach space D(A) equipped with the graph norm
lzllx, = ||=|| + [|[Az|| for z € D(A). A function u is called a strong solution
of ACP(f,x) if u € C*((0,00), X) N C([0,00), X1) and satisfies ACP(f, ). In
the case where A is densely defined, u is called a weak solution of ACP(f,z) if
u is continuous, and for every z* € D(A*) the function (u(-),z*) is absolutely
continuous and satisfies

{ %(u(t),x*) = (u(t), A*z*y + (f(t),z*),a.e.t > 0;
u(0) = x.

The ACP is closely related to the theory of operator semigroups. Arendt
[14, A-II, Theorem 1.1] proved that ACP(0,z) has a unique strong solution for
every x € D(A) if and only if the part A; of A in X; (i.e. the restriction of
A with domain D(A;) := {x € D(A); Az € X1}) generates a Cy-semigroup on
X1. Moreover, these two conditions are also equivalent to that A generates a
Cy-semigroup on X, provided that A has nonempty resolvent set p(A) [14, A-II,
Corollary 1.2]. Ball [2] proved that A has dense domain and ACP(f,z) has a
unique weak solution for every f € L'([0,00), X) and z € X if and only if A
generates a Cy-semigroup on X.

Recently Davies and Pang [3], Miyadera and Tanaka ([16], [17]), deLauben-
fels ([4], [5]) have studied C-semigroups (also called regularized semigroups)
and their connections with the ACP. A result of deLaubenfels [4, Theorem 4.1]
states that if A is the generator of a C-semigroup, then A commutes with C
and ACP(0, z) has a unique strong solution for each initial value z in C(D(A)).
Tanaka and Miyadera [17, Corollary 2.2] then showed that in case p(A4) # 0, the
converse of the last statement is also true.

The aim of this paper is to prove generalizations of the aforementioned
results to a-times (« > 0) integrated C-semigroups. This class is a generalization
of the class of a-times integrated semigroups, which have been studied in [1], [6],
[8], and [15] for a € N, and [7], [12], and [13] for a € R4. This paper serves as a
continuation of [9], in which basic properties of a-times integrated C-semigroups
as well as characterization of their generators have been discussed.

Let C € B(X) be an injective operator and « a positive number. A family
S(-) ={S(t);t > 0} in B(X) is called an «a-times integrated C-semigroup if
(1.1) S()z:[0,00) — X is continuous for each = € X;

(1.2) S(0)=0,S(t)C=CS(t),and forallz € X, ¢t,5s>0

S(t)S(s)x = ﬁ (/OHS /Ot /O) (t+s—7r)*"1S(r)Cadr.

An a-times integrated C-semigroup S(-) is said to be nondegenerate if
(1.3) S(t)z =0 for all ¢ > 0 implies x = 0.
Note that for a nondegenerate a-times integrated C-semigroup, the identity
S(0) = 0 follows automatically from (1.3) and the functional equation in (1.2)
and so it is superfluous in condition (1.2) in the nondegenerate case.
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The generator A of a nondegenerate a-times integrated C-semigroup S(-)
is defined as

{ D(A) := {z € X; there exists a y € X such that (1.4) is satisfied}
Az =y for x € D(A),

where
¢
(1.4) / S(r)ydr = S(t)x — jo(t)Cx for all t > 0,
0

with jo(t) := t*/T'(a+ 1). Notice that the nondegeneracy implies uniqueness
of y in (1.4), so that A is well-defined.

Conditions (1.2) and (1.3) also imply that C is injective. It is known [9]
that the generator A is a closed linear operator and has the properties:

(1.5) C™1AC = A;
(1.6) S(t)A C AS(t) for t >0
and

(1.7) /0 S(s)xds € D(A) and A/O S(s)xds = S(t)x — jo(t)Cx

forallz € X, t>0.

A closed linear operator B is called a subgenerator of S(-) if it commutes
with C' and satisfies (1.6) and (1.7) with A therein replaced by B. We have
B c C7'BC, and it can be shown that C~'BC is also a subgenerator. In fact,
the generator A is equal to C~1BC for any subgenerator B (cf. [10] for the case
a=neNU{0}).

An o-times integrated C-semigroup S(-) is said to be exponentially bounded
if
(1.8) there are M > 0 and w € R such that ||S(t)| < Me™! for all ¢ > 0.

In this case, for all A > w, A — A is injective, R(C) C R(A — A) and

(1.9) A—A)1Cx = )\o‘/ e MS(t)xdt for x € X.
0

Exponentially bounded n-times integrated C-semigroups have been considered
in [10] and [11].

In Section 2 we show that, under the assumption that A commutes with
C, the problem ACP(j,—1Cx,0) has a unique strong solution for every x €
D(A) if and only if Ay, the part of A in X; = D(A) (ie. D(A;) = D(A?)
and Az = Ax for x € D(A;)), is the generator of an a-times integrated C;-
semigroup on X7, where C is the restriction of C' to X; (Theorem 2.1). The
above condition on A is in general only a necessary condition but not sufficient
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condition for A to generate an a-times integrated C-semigroup on X. To seek
for a sufficient condition, one may try to enlarge the domain of solvability.
It is known [9, Theorem 2.4] that if A generates an exponentially bounded
a-times integrated C-semigroup, then for large enough A, A — A is injective,
R(C) € R(A— A), and ACP(jo—12,0) has a unique strong solution for each
z € (A\— A)7!C(X). Thus the latter condition might be a suitable choice
for a sufficient condition. Indeed, this is justified in [9, Theorem 3.2]. An
extension (Corollary 2.5) of that result to the case that A — A is not injective
will be deduced from Theorem 2.2, which states that if ACP(j,Cx,0) has a
unique strong solution for every x € X, then C~'AC generates an a-times
integrated C-semigroup on X. Another consequence of Theorem 2.2 asserts
that A is the generator of an a-times integrated C-semigroup on X if and only
if C7'AC = A and ACP(j,Cx + jo * Cg,0) has a unique strong solution for
every g € L}, .((0,00), X) and x € X (see Theorem 2.3).

In Section 3, we discuss connections between the generator of an a-times
integrated C-semigroup and weak solutions of the associated ACP. Under the
assumption that A has dense domain and C~'AC = A, it is shown that A
generates an a-times integrated C-semigroup on X if and only if ACP(j,_1 *
Cg + ja—1Cx,0) has a unique weak solution for every g € L}, .((0,00), X) and
xz € X, if and only if for every x € D(A) ACP(jo—1Cz,0) has a unique strong
solution which depends continuously on z € D(A) (Theorem 3.1).

Some concrete examples of a-times integrated semigroups have been dis-
cussed in [6], [7], [8], and [12]. Examples of C-semigroups can be found in [5].
In Section 4, we will apply the present abstract results to two of them.

Finally, we remark that similar results as those in Sections 2 and 3 have
been shown ([18] and [19]) to hold for local C-semigroups.

2 Generator and Strong Solutions

This section establishes a precise correspondence between the generator
of an a-times integrated C-semigroup and the existence/uniqueness of strong
solutions of the corresponding ACP.

It is easy to see that if A is the generator of an a-times integrated C-
semigroup, then for every z € D(A) ACP(jo—1Cz,0) has the unique strong
solution u(t) = S(t)z. In general, the converse is not true. However, the follow-
ing theorem shows that the operator Aq, instead of A, is indeed a generator.

Theorem 2.1. Let C be a bounded linear injection on X and A be a closed
linear operator satisfying

(2.1) Cz € D(A) and ACx = CAx for x € D(A).

Then the following statements are equivalent.

(i) ACP(jo-1Cx,0) has a unique strong solution for every x € D(A).

(ii) Ay is the generator of an a-times integrated C1-semigroup on X1, where
C1 is the restriction of C to X;.
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In this case, the solution of ACP(j,—1Cx,0) for x € D(A) is given by
u(+; ja—1Cx,0) = S1(-)x. Moreover, ||S1(t)|| < Me™t for some M, w > 0 and all
t >0 if and only if ||u(t; ja—1Cz,0)|| = O(e*?) (t — <) and ||u'(t; jo—1Cz,0)||=
O(e™") (t — o00) for every z € D(A).

Proof. (ii) = (i). Assume that A; is the generator of an a-times integrated
Cy-semigroup {S1(t);t > 0} on X;. Let « € D(A) and set u(t) = S1(¢t)z. Then
u € C([0,00),X1) so that both u and Au are continuous functions. Since A
is closed we have fo s)ds € D(A) and Afo s)ds = fo Au(s)ds. Moreover,

fo S1(s)zds € D(A;) and
A /O Cu(s)ds = Ay / 8y (8)ds = 1 ()2 — ju(t)Crt = u(t) — ju(£)C.

Consequently, u(t) = jo(t)Cx + fO Au(s)ds. Hence u € C1([0,0), X) and u’(t)
= Au(t) + ja—1(t)Cx. Hence ACP(]a 1C:17,O) has u as a strong solution. In
order to show the uniqueness, assume that u is a solution of ACP(0,0), we
have to show that uw = 0. Let v(t fo ds. Then the closedness of A
implies that v(t) € D(A) and Av(t fo Aufs ds = fo s)ds = u(t) € D(A).
Consequently, v(t) € D(A?) = (A ) for all t > 0. Moreover, V' (t) = u(t) =
Av(t) and Av'(t) = Au(t) = u'(t) are continuous. Thus v € C1([0,00), X1) and
v'(t) = Ayv(t), v(0) = 0. Since A; is assumed to be the generator of an a-times
integrated Cj-semigroup Si(-) on Xy, it follows that v = S1(-)0 = 0 and hence
u = 0.

(i) = (ii). Assume that for every x € D(A) there exists a unique solution
u(+; ja—1Cx,0) € C((0,00), X)NC(]0, 00), X1) of ACP(jo—1Cx,0). Forz € X7,
we define Sy (t)r = u(t; jo—1Cx,0) for t > 0. By the uniqueness of solution and
by (2.1) one can see that Si(t) is a linear operator on X; satisfying S1(0) =0
and S1(-)Cz = CSi(-)x. In particular, this implies that Si(-) commutes with
Ch.

Since Si(-)xr € C((0,00),X) N C([0,0), X1), S1(t)z is continuous from
[O 00) into X;. Now let C([0,00), X1) be the Fréchet space with the quasi-norm

i IJHFT‘Uf”k where ||v]| = m[g)é [lv(t)||x, for k > 1. Consider the linear map

n X1 — C([0,00), X7) given by n(x) = S1(-)x. We will show that 7 is a closed
operator. In fact, let z, — = in X; and n(x,) = S1(-)z, — v in C(]0,00), X1).
Then

S1(s)xy, = ja(s)Cay +/ AS1(r)zpdr = jo(s)Cxy + A/ S1(r)xndr.
0 0
Letting n — oo we obtain from the closedness of A and v € C([0,00), X7) that
v(s) = ja(s)Cx + A/ v(r)dr = jo(s)Cx —|—/ Av(r)dr
0 0

for 0 < s < t. Uniqueness of solutions of ACP(j,—1Cz,0) implies that v(-) =
S1()x = n(z ), which shows that 1 is a closed and hence continuous operator
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from X; to the space C([0,00), X1). This implies in particular that each Sy (¢) is
a bounded operator on X;. Moreover, uniqueness of solutions and the injectivity
of C imply that S;(-) is nondegenerate.

Next, we show that

Sy (t)S1(s (/ / /) (t+s—r)*" 1S (r)Cradr

for x € Xq and t, s > 0. We define

_ ﬁ (/OHS_/;_/OS) (t+ 5 — r)*~18, (1) Cadr

for fixed x € X and s > 0. Then

Avg(t)

= (la (/ / /) (t+s—7)*"LAS,(r)Cxdr
= @ (/0t+6—/0 —/0 ) (t+s—r)t (WSl(r)Cx—jal(r)ng) dr.

For the case o = 1 we have

Au(t (/+ / /) Cx) — C2)dr

—Sl +SCIL’*51 ClL‘*Sl()C

and so
vi(t) = S1(t + 5)Cx — S1(t)Cx = Avg(t) + S1(s)Cux.

If @ > 1, using integration by parts we have

AUS()__]Q 1() SC.’I}—]a 1 )C.’L‘

a—l (/Hé / /) t+s—7r)*"28 (r)Cadr
- (/OHS/O /0)(t+s7")°‘1r°‘102:£dr

and

ve(t) = —Jja- 1(

a_l </t+é / /) (t+s—7)*"28 (r)Cadr.
([ s

Since
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for all ¢, s > 0 and a > 0 (see [9, Lemma 3.1]), it follows that v, (t) = Avs(¢) +
Ja—1(t)S1(s)Cx. Then uniqueness of solutions implies that v, (t) = S1(t)S1(s)x
for all £, s > 0. Hence

%a) (/OHS_[_/OS) (t + 5 — )18, (r) Chadr

= ﬁ (/Ot+3 —/Ot —/:) (t+s—7r)*"1S(r)Cadr
S1(t)S1(s)x

= Us(t) =

forallt, s >0 and x € X;.

Now we turn to the case 0 < a < 1. Hypothesis (i) implies that v, (t) =
fg Sy (r)xzdr is the unique solution of ACP(j,Cx,0) for z € X;. Let Si(-) be
defined by S (t)z := fot Si(r)xzdr for x € X7 and t > 0. The previous argument
shows that Si(-) is a nondegenerate (o + 1)-times integrated C;-semigroup on
X;. In particular, AS;(t)z and S;(t)z are continuous on [0, c0) for all z € X].
Since AS;(t)x is continuous for all x € X, the closedness of A implies that
AS;(t)z = Afot S1(r)zdr = fot ASy(r)zdr € C'([0,00),X). Hence S)(-)z €
C1([0,00), X1). Then differentiation shows that S;(-) is an a-times integrated
C1-semigroup on Xj.

To see that A; is the generator of S;(-), we first show that

(2.2) AS(t)x = Sy (t)Ax for all 2 € D(A?) and t > 0.

In fact, for a given z € D(A?) let w(t) = jo(t)Cx + fg S1(s)Axds. Then by the
closedness of A and the continuity of the function AS(-)Az and (2.1) we have

W' (t) = ja1(t)Cx + S1(t) Az
¢
= Ja-1(t)Cx 4 jo(t)C Az +/ ASy(s)Axds
0
¢
o A(DCT + () ACT + / ASy (s) Axds
0
= Ja-1(t)Cx 4+ Aw(t).

Since w(0) = 0, it follows from uniqueness of solutions that w(:) = S1(+)z.
Hence we have

AS () = Aw(t) = w'(t) — ja—1(t)Cz = S1(t) Az,

which is (2.2). Now we denote by B the generator of {S1(¢);t > 0}. For
x € D(A;) = D(A?%) we have by (2.2)

/t S1(s)Arzds = /t ASi(s)xds = S1(t)x — ja(t)Cx
0 0
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for all £ > 0. This shows that A; C B.
In order to show the converse, let © € D(B). Then

AS)(t)x = 8y (t)z — jo(t)Cx = /0 Si(s)Bxds.

Differentiating this equation we have AS;(t)x = S1(t)Bx € D(A) for all ¢ > 0.
Since AS;(-)Bx € C(]0,00),X) and AS;(t)Bx = %Sl(t)Bx — Ja—1(t)CBx for
t > 0, by the closedness of A we have fot S1(r)Bzdr € D(A) and

t t
A [ $i()Badr = / AS\(r)Badr = S () Bz — ju(t)C Bz € D(A),
0 0

so that j,(t)Ciz = S1(t)x — fg S1(r)Bxzdr € D(A) and

Ja()ACx = jo(t)AC1x = A (Sl(t):c - /o Sl(r)Bmdr)
= S1(t)Bx — [S1(t)Bx — jo(t)CBzx] = jo(t)CBuz.

Since D(B) C X; = D(A), by (2.1) we have CAx = ACx = C Bz, so that Ax =
Bz € X1 = D(A). That means that © € D(A;) and Bx = A;z. Consequently,
B cC A;.

Finally, if [u(t; ju_1C, 0)| = O(e™) and ||t/ (£ a1 C, 0)]| = O(e?) (¢t —
oo) for every x € X1 = D(A), then from the equalities S1(t)x = u(t; jo—1Cx,0)
and

d
@Sl(t)x = AS1(t)x + ja—1(t)Czx and
(2.3) 151(®)]|x, = [[S1(t)]| + [|ASL(E)2],
we see that ||S1(t)z|x, = O(e*?) (t — oo) for all z € X;, so that there are

M, w > 0 such that ||S1(¢t)|] < Me™! for all t > 0, by the uniform boundedness
principle. The converse is also obvious in view of (2.3). The proof is complete.

The next theorem is a version of Theorem 3.1 of [17] for cases a > 0.

Theorem 2.2. Let C' be a bounded linear injection on X and A be a
closed linear operator satisfying (2.1). Among the assertions below the following
implications are valid: (1) < (ii) = (iii).

(i) For every x € X, the problem ACP(j,Cx,0) has a unique strong solution
u(+; joCx,0) € C*([0,0), X).

(ii) The integral equation

(2.4) v(t) = A/o v(s)ds + jo(t)Cx

has a unique solution v € C(]0,00); X) for every x € X.
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(iii) C~TAC is the generator of an a-times integrated C-semigroup S(-) on
X.

Proof. Note that by setting v(t) = u/(¢; joCx,0), one easily sees that (i)
and (ii) are equivalent.

(i) = (iii). Assume that for every z € X there exists a unique strong
solution u(+; joCz,0) of ACP(j,Cz,0). Uniqueness of solutions and (2.1) imply
that u(-; joC%x,0) = Cu(+; joCx,0). For z € X and t,s > 0 we define

St)x = ' (t;joCx,0), S(t)x —/ S(r)xdr = u(t; joCx,0)

vs(t) == 5 —7y a+1 </ / /) t+s—7)S(r)Cxdr.

Clearly both S(-)z : [0,00) — X and S(-)z : [0,00) — X are continuous and
nondegenerate. Moreover, the operators S(t) and S(t) are linear and commute
with C. Using integration by parts we have

Avg(t) = ﬁ </Ot+s - /Ot - /:) (t+s—r)*AS(r)Cxdr
_ P(@% </t+s _/t _/> (t+5— 1) (S(r)Co — ju(r)C2z) dr

]a(t) Cz — ja(s )Cm

el (/“6 [- /) s S
(F(04+1))2</ot+8/o /0)(t+8'r)°‘ra02xdr

VL) = —jals)S(t) C:z:+ (/HS / /> (t+ s — 1) LS(r)Cadr.

Since ( s fo f;) (t+s—r)*r*dr =0 for all t,s > 0 and a > 0 (see [9]),

it follows that v/ (t) = Avs(t) + jg(t)pg(s)x for all ¢ > 0. Then the uniqueness
of solution implies that v, (t) = S(¢)S(s)z for all t,s > 0.

(o)
Now let C(]0,0), X) be the Fréchet space with quasi-norm Y %%7
k=1

and

where ||v]|x = max{||v(t)||x;t € [0,k]} for £ > 1. Consider the linear map
n:X — C([0,00), X) given by n(z) = S(-)z. We will show that 7 is a closed
operator. In fact, let z, — z in X and n(z,) = S(-)z, — v in C([0,00), X).
Then for each k € N, S(t)x,, — v(t) and

AS(t)zn, = S(t)xn — Jo(t)Cay — Av(t)
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uniformly on ¢ € [0, k], so that v(0) = 0 and S(t)x,, — Av(t)+j(t)Cx uniformly
on [0, k]. Hence v is differentiable on [0, k) for each k > 0 and $o(t) = Av(t) +

jo(t)Cz. By uniqueness of solutions, v(-) = S(-)& = n(z). This shows that 7 is

closed and hence is a continuous operator from X to C([0, 00); X). In particular,
both S(t) and S(t) belong to B(X) for each t > 0.

Having shown that S(-) is an (a4 1)-times integrated C-semigroup, we now
prove that S(-) is an a-times integrated C-semigroup. Indeed, differentiation
with respect to s yields

S(05(s)e = 5(0) - 5(s)e = L 5(1)S(s)a

= (1)(/t+5—/t—/s) (t+ s —r)* " L8(r)Cadr — jo(t)S(s)Cx.
a(s)S ()Cx+ a+1 </ / /) (t+s—7)*S(r)Cadr.

Next, we take derivatives with respect to ¢ and get

S(t)S(s) (/HS / /) — ) LS(r)Cadr.

Moreover, S(0)x = AS’(O)x =0 for all z € X. Consequently, S(-) is an a-times
integrated C-semigroup.

Finally, we show that C~1AC is the generator of {S(¢);t > 0}. Let B be
the generator of S(-) and let © € D(B). Then

AS(t)x = S(t)x — jo(t)Cx = /Ot S(r)Bxzdr = S(t)Bzx for t > 0.

By the closedness of A and the fact S(-)Bz € C([0,00), X) N C(]0,00), X1) we
have fo r)Bxzdr € D(A) and

A/Ot S(r)Bxdr = /t AS(r)Bxdr

0
B /ot (ddrs( )Bx — ja(r )C’Bm) ir
= S(t)Bx — ja+1(t)CBu.

Since .
Jor1 ()Cz = — / $(r)Bzdr + $(t)z € D(A),
0

it follows that Cx € D(A) and

¢
Jat+1()ACx = fA/ S(r)Bxdr + AS(t)x
0

= —S(t)Bx + joi1(t)CBx + S(t)Bx = jai1(t)CBuz.
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Consequently, z € D(C~'AC) and C~'ACx = Bu.
Conversely, let z € D(C~'AC) and consider

t
:/ S(s)CTYACTds + jas1(t)Cx.
0

Since

S(s)CTIACT = AS(s)CTYACT 4 jo () C(CTTAC)x
— A (S(s)c—lACx +ja(t)Cx) ,

taking derivatives and integrals yields

w' (t) — jo(t)Cx = S(t)CTACT

=/ A (S’(S)C_lAC'x + ja(s)Cx) ds
= Aw(t).

Uniqueness of solutions shows that w(t) = S(t)x for t € [0,00). Therefore
S(t)x =w'(t) = S(t)CTTACT + ju(t)Cx

/ S(r)CYACxdr + jo(t)Cx

for all ¢ > 0. This means that x € D(B) and Bx = C~'ACz. It follows that
B=C71AC.

Theorem 2.3. Let C' be a bounded linear injection on X and let A be a
closed linear operator. Then the following statements are equivalent.

(i) A is the generator of an a-times integrated C-semigroup S(-) on X.

(ii) C~*AC = A and the problem ACP(j,Cx + jo x Cg,0) has a unique
strong solution u(+; joCx + jo * Cg,0) for every g € L, .([0,00), X) and z € X .

(ii") C~YAC = A, and the integral equation

(2.5) v(t) = A/O v(8)ds + jo(t)Cx + C(jo * g)(t)

has a unique solution v € C(]0,00); X) for every g € L}, .([0,00), X) and z € X .

(iii) C~YAC = A, and the problem ACP(j,Cx,0) has a unique strong so-
lution u(+; joCz,0) € C1([0,00), X) for every z € X.

(i) C~YAC = A, and the integral equation (2.4) has a unique solution
v € C([0,00); X) for every x € X.

The solution u(-; joCx + jo * Cg,0) is given by

u(t; joCx + jo * Cg,0) /S xds+//5’s—r r)drds.
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Moreover, S(-) is exponentially bounded if and only if ||u(t; joCx,0)|| = O(e“")
and || (t; joCx,0)|| = O(e“?) (t — <) for some w >0 and all z € X.

Proof. Note that by setting v(t) = v/ (¢; joCx + jo * Cg,0), one sees that
(ii) and (ii’) are equivalent. ”(ii) =(iii)” is obvious. Thus, in view of Theorem
2.2, it remains to show (1) = () For this, in view of (1.4) and (1.7), we need
only to show that u(t fo IS g(r)drds satisfies ACP(j, % Cg,0). Using
(1.7) and the closedness of A we have

// (s —r)g(r)drds = A // (s —r)g(r)dsdr

/ / - r)dsdr = / (S(t—r)g(r) = ja(t —7)Cg(r))dr
0
"(t) — ja * Cy(t)

Uniqueness of solutions for ACP(j,Cz + j, * Cg,0) follows from the unique
existence of strong solution of ACP(0,0) and hence the proof is complete.

Applying Theorems 2.1 and 2.3 we prove the following result.

Corollary 2.4. Let C be a bounded linear injection on X. The statements
below are related as follows: (i) < (i) = (iii) < (iv).

(i) A is the generator of an a-times integrated C-semigroup S(-) on X.

(i) C"YAC = A and the problem ACP(j,Cx + jo * Cg,0) has a unique
strong solution u(+; joCx + jo * Cg,0) for every g € L, .([0,00), X) and z € X .

(iii) A is a closed linear operator satisfying (2.1), and A; is the generator
of an a-times integrated Cy-semigroup S1(-) on Xj.

(iv) A is a closed linear operator satisfying (2.1), and for every x € D(A)
there exists a unique strong solution u(-; jo—1Cx,0) of ACP(jq-1Cx,0).

In case A has nonempty resolvent set, all the above statements are equiva-
lent. Moreover, S1(-) is the restriction of S(-) to X1, and u(+; jo—1Cx,0) = S(t)x
for x € D(A).

Proof. 7(i) < (ii)” follows from Theorem 2.3, and ”(iii) < (iv)” follows
from Theorem 2.1.

(i) = (iii). Suppose A generates an a-times integrated C-semigroup S(-).
(1.5) implies (2.1). Let S1(t) := S(t)|X; for ¢ > 0. It is easy to see that S;(-) is
an a-times integrated Cj-semigroup on X7, with C7 = C|X;. To show that its
generator B is equal to Ay, first let 2 € D(A;) = D(A?). Then we have

/ S\ (r) Ayzdr — / S(r)Azdr = S() — ju(t)Cx = Sy ()7 — ju(t)Cra,
0 0

which shows that z € D(B) and Bx = A;x. Hence A; C B. Conversely, if
x € D(B), then

S()7 — ja(B)Cx = S ()2 — ju(t)Cr = /0 Sy (r) Badr = /O S(r)Badr,
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so that € D(A) and Az = Bx € X; = D(A). Hence D(B) C D(A?) = D(4;).
Next, we show 7 (iii) = (i)” under the assumption p(A) # 0. Suppose A; is
the generator of an a-times integrated C-semigroup Si(-) on X7. Let A € p(A),
and define S(-) = (A — A)S1(-)(A — A)~L. Since (A — A)~! is an isomorphism
from X onto X;, the strong continuity of S;(-) on [0,00) in X; implies the
strong continuity of S(-) on [0,00) in X. Clearly, S(0) = 0, S(-) commutes with
C:=A—-A)C; (A=A~ and
S(#)S(s)e = (A= A)S1(H(A - A)fl(/\ —A)Si(s)(A = A) e
= (A= A)S1(t)S1(s)(A — A)~*

2L e
[ L)oo s

(A= A)C (A — A)!

= @ (/OHS/O 7/0 > (t+s—r)*"1S(r)Cadr

for all t,s > 0 and = € X. Hence S(-) is an a-times integrated C-semigroup on
X. Let G be its generator. If z € D(A), then (A — A)~1x € D(A?) = D(4,), so
that

’1

,_J

St)x — ja(t)Cz = (A — A) (S1()(A — A) "2 — ja()CL (A — A)"'z)

0= 4) [ S04 0 ) aar
- / (A — A)S1(r) A (A — A) !
0
- /t S(r)(A = A)A(A — A) " adr
0
_ / ' $(r)Audr.

0

which means that © € D(G) and Gz = Axz. Hence A C G. Conversely, if
x € D(G), then

/t Sy (1) (A — A) " Gadr — /t(x — A)LS(r)Gadr

=(A—-A) /0 S(r)Gzdr
— (A= A) (S — ja(t)Ca)
=S ()N = A) "tz — G ()N = A) e
That means (A — A) "'z € D(A;) = D(A?) and A; (A — A)" 1z = (A — A)"'Gx.

Therefore x € D(A) and Gz = (A — A)A; (A — A)~lz = Az for z € D(G), and
we have shown that A is the generator of S(-).
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Remarks. In the case where o = 0 and C = I, this corollary reduces to
Corollary 1.2 of [14, A-II]. That (i) implies (iv) for the case o = 0 was proved
by deLaubenfels [4, Theorem 4.1]. The equivalence of (i) and (iv) (and hence
(iii)) in the case that o = 0 and p(A) # 0 was proved by Tanaka and Miyadera
[17, Corollary 2.2]. It will be seen in Theorem 3.1 that under the condition:
D(A) = X and C~1AC = A, (i) is equivalent to (iv) together with the additional
assumption of continuous dependency of solutions on initial values.

Finally, as an application of Theorem 2.2, we deduce the following corollary
which improves Theorem 3.2 of [9] by removing the injectivity assumption on
A=A

Corollary 2.5. Let A be a closed linear operator satisfying (2.1). Assume
that for some A € C, R(C) C R(A — A), and ACP(jo—12,0) has a unique
strong solution in C1([0,00), X) for each x € D(A) such that (A — A)z € R(C).
Then there exists an a-times integrated C-semigroup S(-) on X with generator

C—1AC.

Proof. Due to Theorem 2.2, we only have to show that for any given x € X
the integral equation

(2.6) v(t) = A/O v(s)ds + jo(t)Cx

has a unique solution v € C([0,00); X). By assumption, there is a y € D(A)
such that (A — A)y = Cz, and ACP(jo—1y,0) has a unique strong solution
u(-;y). Thus u(;y) € C([0,00), [D(A)]) and v'(t;y) = Au(t;y) + ja-1(t)y for
t > 0 and u(0;y) = 0. The closedness of A and the continuity of Au(-;y) imply
that fot u(s;y)ds € D(A) and

A [ utsas = [ Aulssa)ds = utiy) = jul0y € D(A),
so that
(A— AJulty) = (A~ A)A / u(siy)ds + (A — A)jalt)y
_ A/ (A — A)u(s; )ds + ju(t)Ca
0

for all t > 0. That is, v(t) := (A — A)u(t;y) is a solution of (2.6). Uniqueness of
solutions for (2.6) follows from uniqueness of solutions for ACP(0,0).

3 Generator and Weak Solutions
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In this section we assume that A has dense domain and C~'AC = A.
For « > 0 and g € Lj,.([0,00),X) the integral j,_1 * g(t) := ﬁfot(t -
5)*1g(s)ds exists for almost all ¢ > 0 and j,—1 * g € L},.([0,00),X); it
belongs to C([0,00),X) if g does. Moreover, g — 0 in L},.([0,00),X) im-
plies jo—1 % g — 0 in L}, ([0,00), X). A characterization of generators of a-
times integrated C-semigroups in terms of unique existence of weak solutions of
ACP(jo—1#Cg+ jou—1Cx,0) and of strong solutions of ACP(j,—1Cz,0) for all
xz € X, and strong solutions of ACP(j,_1Cz,0) for all x € D(A) are given by
the following theorem. Note that the equivalence of (i) and (ii) for the case that

a =0 and C = I can be found in [2].

Theorem 3.1. Let C' be a bounded linear injection on X, and A be a
densely defined closed linear operator such that C~*AC = A. Then the following
statements are equivalent:

(i) A generates an a-times integrated C-semigroup S(-) on X.

(ii) For every g € L}, .([0,00),X) and x € X there exists a unique weak
solution u of ACP(jo—1 * Cg + ja—1Cx,0), i.c., there exists u € C([0,00), X)
satisfying satisfies
{ 4 (u(t),z*) = (u(t), A*z*) + (C(ja—1 * g + ja—1(t)2), 2*) a.e. t >0,
(3.1)
u(0) =0
for all x* € D(A*).

(iii) For every x € X, ACP(jo-1Cx,0) has a unique weak solution w.

(iv) For every x € D(A) ACP(jo—1Cx,0) has a unique strong solution
u(+; ja—1Cx,0) which depends continuously on x, i.e. if {x,} is a Cauchy se-
quence in D(A), then {u(-; jo—1Cxn,0)} is uniformly Cauchy on compact subsets
of [0, 00).

Moreover, the unique weak solution u of ACP(jo—1%Cg+ jo_1C2,0) forx € X
is given by

u(t) = S(t)z —|—/0 S(t—s)g(s)ds, t > 0.

Proof. (i) = (ii). Let A generate the a-times integrated C-semigroup
{S(t) : t > 0}. By (1.7) we have for all x € X and z* € D(A*)

(S(t+ h)x — S(t)z),z*)

S

(
t+h “ -t
:<% /t S(s)ads, A*z") + (Hh; : r(a1+ 1)

— (St)x, A"2") + (ja—1(t)Cx,2*) as h — 0,

(Cx, ™)

so that 4 (S(t)x, z*) = (S(t)x, A*z*) + (ja—1(t)Cx,2*) for all t > 0, z € X and
x* € D(A*). Suppose that g € C([0,00), X) and = € X, and let

u(t) = S(t)z + /0 St — 5)g(s)ds.
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Then u € C([0,00), X),u(0) =0, and

It follows that

Gu.7) = (S0 A0) + U (Ca) + 5 [ (8( = 9)g(s).7)ds

= (S(t)z, A"x") + (Ja—1(t)Cx, ") +/0 (S(t—s)g(s), Az")ds

+/u%mnﬂwmaﬁm5
0
 (lt), A2 4 (C s * g(t) + jas (D), 2%

for all t > 0. If g € L}, .([0,00),X), we choose g, € C([0,00),X) such that

loc

gm — g in L}, ([0,00), X), and define

loc

um (t) = S(t)x + /0 S(t — 8)gm(s)ds,

and
u(t) = S(t)r + /0 S(t— s)g(s)ds.

Then .,
[[um () — u(®)]] S/ sup [S(0)]] lgm(s) — g(s)| ds

0 o€lo,r]

for all 0 < ¢ < r, so that u,(-) — u(:) uniformly on compact subsets of [0, 00).
For each 2* € D(A*), L(um(t),z*) = (um(t), A*z*) + (Cja_1 * gm(t),z*) +
(Ja-1(t)Cx,x*), so that

t

(um (t), ™) :/0 (um(s),A*x*)ds—i—/O (Cha—1 * gm(s),x*)ds
Jr/o (Ja—1(8)Cx,x*)ds.
Letting m — oo, we have
(u(t),z™) :/0 (u(s),A*x*>ds+/0 (Cha—1 *g(s),x*)ds
Jr/o (Ja-1(8)Cx,x*)ds,

so that g (u(t),2*) = (u(t), A*2") + (Cja—1 * g(t),2*) + (ja—1(t)Ca,a*) for
almost all t > 0 and all 2* € D(A*). Hence u(t) € C([0,00), X) satisfies (3.1).
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To prove the uniqueness 1et u(t ) be another solution of (3.1) and let w(t) =
u(t) —v(t). Then (w(t),x fo s)ds, A*x*) for all * € D(A*),t > 0. This
implies that y(¢ fo ds belongs to D(A) and Ay(t) = w(t) = y'(¢). Since
y(0) =0 we mubt have y = 0 and hence u(-) = v(-).

(iii) = (i). For any z € X let w(+; jo—1Cz,0) be the unique weak solution
of the problem ACP(j,—1Cz,0) (i.e. the unique solution of (3.1) with g = 0)
and define for ¢t > 0 the map S(¢) : X — X by S(t)z = w(t; jo—1Cz,0) (z € X).
Then S(-)z € C(]0,0), X) for all z € X. Also, by the uniqueness of solution one
easily infers that S(t) is linear and nondegenerate, S(0) = 0, and S(-) commutes
with C so that w(t; C?z) = S(t)Cx = CS(t)x = Cw(t; jo_1Cz,0).

In order to show that for each ¢ > 0 the operator S(¢) is bounded, we
consider the linear map 7 : X — C([0,00), X) given by n(z) = S(-)z. Then the
operator 7 is continuous. Indeed, by the closed graph theorem it suffices to show
that n is closed. To this end, let x,, be a sequence such that x,, — = in X and
N(Zm) = S()xm — u(-) in C(]0,00), X) as m — oo. Then, from the equality

/Ot<S(s)xm,A*x*>ds = /Ot §<5(3)$m7x*>d8 _ /0t<ja1(8)cxm71'*>ds

S

= <S(t)-73mvx*> - <ja(t)0xmax*>

it follows that as m — oo
t
(3.2) (wlt). %) = Ga(O)Cora”) + [ fus), A7a)ds
0

for t > 0 and z* € D(A*). That is, u is a weak solution of ACP(j,—1Cxz,0).
Therefore, from uniqueness of weak solutions it follows that u(-) = S(-)z = n(x).
Hence 7 is closed.

To show that the family {S(¢);t > 0} satisfies (1.2), we define for fixed
zeXands>0

_ ﬁ <[+S_[_/OS> (t+ 5 —1)*1S(r) Cadr-

Then
(vs(t), A*a™) = ﬁ (/OH_S - /Ot - /Os) (t+s—7r)"HS(r)Cx, A*z*)dr
F(% < OHS/Ot/OS) (t+s—r)t

( r)C, %) — (ja_l(r)CQx,x*)) dr

= ﬁ (/0 —/O —/OS) (t+s— T)a_l%<S(T)C$,$*>dT
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For a = 1 we have
(vs(t), A"x™) = (S(t + s)Cx — S(t)Cx — S(s)Cx, z*)

and
d *\ *
a(vs(t)w )y =(S(t+s)Cx — S(t)Cx,z").

For v > 1 we have

(vs(1), A"2") = —ja- 1( — Ja1(s)(S(t)C, 27)

s)Cx, x*
t+s 2
Ta=D ( / ) t+s—1)"%(S(r)Cx,z*)dr
and

d

73 (0s(),27) = —ja—1(s){S()Ca, 27)

+ ﬁ (/OHS —/Ot —/OS> (t+s—7)*"2(S(r)Cax,x*)dr

Using the fact that

t+s
(/ / /) t+s—7r) "2 ldr =0 for all £, s > 0 and a > 0,

one obtains

d

2 (0s(t),27) = (vs(1), A"27) + (a1 (t)CS ()2, 27)

for all t > 0 and vs(0) = 0. Then uniqueness of solutions implies that v,(t) =
S(t)S(s)x and hence

ﬁ (/O”s _/Ot _/O> (t 45— 1)2=1S(r)Cadr = v,(t) = S()S(s)a

forall t,s >0 and x € X.

Now we turn to the case 0 < o < 1. Hypothesis (iii) implies that S(t)z =
fot S(r)zdr is the unique weak solution of ACP(j,Cx,0) for z € X and S(-)z €
C1([0,00), X). Then an easy computation shows that S(-) is an a-times inte-
grated C-semigroup.

Consequently, S() is a nondegenerate a-times integrated C-semigroup on
X. Finally we show that A is the generator of S () Let B be the generator of
S(+) and let x € D(B). For any z* € D(A*), we have

48tz 5% — Gor ()Cz, ) = (S(t) Bz, ).

(S(t)x, A"z") = g
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It follows that S(t)x € D(A) and AS(t)x = S(t)Bx. Since

(/OtS(r)Ba:dr,A* . /O < ") B, ) — (ja_l(r)C’Bsc,x*)> dr
— (S(t)Ba, %) — (ju(£)C B, )

for all z* € D(A*), we have fo r)Bxzdr € D(A) and Afo r)Bxdr = S(t) Bz
—Jja(t)C Bz, which implies that —ja( t)Cx = fo r)Bzdr — S(t)x € D(A) and

—Ja(t)ACT = A/Ot S(r)Bzdr — AS(t)x

= S(t)Bx — jo(t)CBx — S(t)Bx
= —Ja(t)CBx

for t > 0. This shows that B C C~1AC = A. To prove the opposite 1nclus1on
let z € D(A) Using B C A we see that for each ¢ > 0, the integrals fo s)xds

and fo s)Azds belong to D(A) and

(3.3) S(t)x = jo(t)Cx + A/O S(s)xds,

(3.4) S(t) Az = ju(t)C Az + A / " (s) Auds.
0

Consider the function

t) = /Ot S(s)Axds — A/ot S(s)xds.

It follows from (3.3) that v(-) € C([0,00), X) and v(0) = 0. Now, using (3.3),
(3.4) and CAz = ACz we see that 4 (v(t),z*) = (v(t), A*z*) for z* € D(A*)
and t > 0. But our assumpmon in (iv) 1mphes that this equation only has the
zero solution. Hence fo s)Ax = Afo s)xds for t > 0. This fact and (3.3)
show that « € D(B) and Bac = Az. Hence A C B.

(i) = (iv)” follows from Corollary 2.4 and the fact that ||u(¢; jo—1Cx,0)| =
[IS@)z]| < ||S(@)]|||z]- Finally, we show ”(iv) = (i)”. In view of Theorem 2.3, we
need only to verify (iii) of Theorem 2.3. For any x € X let {z,,,} be a sequence
in D(A) such that x,, — x. Let u(-; Cmm) be the unique strong solution of the
problem ACP(j,—1C2pm,0), and let v, (¢ fo 8;Cxy,)ds. Then there is a

continuous function u such that wu(t; C’xm) — u(t) and v, (t) — v(t) = fot u(s)ds
uniformly on compact subsets of [0,00). Since A is closed and Au(;Cxyy) =
' (3 CTp) — ja—1(-)Cxp, on (0,00), we have

Avy, (t A/ 8;Cxyp)ds —/ Au(s; Cxp)ds = u(t; Cy) — jo (£) Cy,y
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which converges to u(t) — jo(t)Cxz. It follows that v(t) € D(A) and Av(t) =
u(t) — jo()Cz = v'(t) — jo (t)Cz. Hence v is a strong solution of ACP(j,Cxz, 0).
That this function v is the unique strong solution of ACP(j,Cx, 0) follows from
the unique existence of the strong solution of ACP(0,0). Hence (iii) of Theorem
2.3 is satisfied. The proof is complete.

We end this section with the following characterization of a-times integrated
semigroups, which is a specialization of Corollary 2.4 and Theorem 3.1.

Corollary 3.2. Under the assumption that A is a densely defined closed
operator with p(A) # 0, the following statements are equivalent:

(i) A is the generator of an a-times integrated semigroup S(-) on X.

(ii) A; is the generator of an a-times integrated semigroup S1(-) on X;.

(i) ACP(jo—12,0) has a unique strong solution for every x € D(A).

(iv) ACP(jo + jo * g,0) has a unique strong solution in C1([0,00), X) for
every g € L}, ([0,00), X) and z € X .

(v) For every x € D(A) ACP(jo—1%,0) has a unique strong solution which
depends continuously on x.
(vi) ACP(jo—1 * g + ja—17,0) has a unique weak solution for every g €
([0,0),X) and z € X.
(vii) ACP(jo—17,0) has a unique weak solution for every x € X.

Ll

loc

4 Applications to Two Examples

For illustration, we consider two examples.

k .
Example 1. Let A := > a;D? be the maximal differential operator on a
=0
function space which can be any of the spaces

Co(R), Cy(R), UCK,(R), LP(R) for 1 < p < o0,

where ag, a1, ...,a; € Cand (D7 f)(z) = fU)(z),z € R. It is shown in [12] that
k

if the polynomial p(z) := > a;(iz)’ satisfies w := max{0, sup,.gRe(p(z))} <
§=0

00, then, for a € (%, 1], A generates an exponentially bounded, norm continuous

a-times integrated semigroup S(-), which is defined by

(S(1)f)(x) = V%(éa,t « )(@)

with

1 t
Gat(z) = ] / (t —s)* LeP®3ds, t >0,z € R.
0

I(a)

Here ¢, + denotes the inverse Fourier transform of ¢ +.
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An application of Corollary 2.4 shows that for every f in one of the spaces
listed above, say LP(R) for example, and for every function g on [0,00) x R
which satisfies fg(ffooo lg(s,z)|[Pdz)*/Pds < oo for all t € (0,00), the differential
equation:

k . @
sute) = 3 a;(F)ulte) + i /(@)
P=

+I‘(a1+1) fOt (t - S)ag(svx)dsat > 07
u(0,x) =0ae z€R

has a unique solution u, which is given by

t t s
u(t,x) = \/%/0 Ga,s * f(x)ds + \/%/0 /0 Ga,s—r * g(r,x)drds

fort >0, a.e. x € R.

Example 2. Let A := i(A—V) be the Schrédinger operator on LP(R™),1 < p <
00,p # 2, or Cop(R™), or BUC(R™), with potential V' € L>°(R™). It is shown in
[5, p. 77] that there exists w € R such that A generates an (w—A+V)~""-group

{2V (w — A4 V) "}er on LP(R™) (resp. Co(R") or BUC(R™)) for all

r> Qn\% — 3| (resp. r > n).

An application of Corollary 2.4 shows that for every f in one of the spaces
listed above, say LP(R™) (1 < p < oo, p # 2) for example, and for every function

g on [0,00) x R™ which satisfies fot(ffooo lg(s, z)[Pdx) /Pds < oo for all t € (0,00),
the differential equation:

%u(t,x) = i(Au(t,z) — V(z)u(t,z)) + (w— A+ V)" f)(2)

+ i ((w = A+ V)7"g) (s, x)ds, t > 0;
u(0, ) =0ae z€R"

has a unique solution u, which is given by
t .
u(t,z) = / (* AV (w — A+ V)7 F) (w)ds
0
t s )
+ / / (61(57”)(A7V)(w — A+ V) "g(v, )) (z)dvds
0o Jo
fort >0, a.e. x € R™.
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Abstract

In a very recent paper [3], it was proved that any 27-periodic con-
tinuous fuzzy-number-valued function can be uniformly approximated
by sequences of generalized fuzzy trigonometric polynomials, but with-
out to give any estimate for the approximation error. In this paper,
connected to a best approximation problem we obtain Jackson-type
estimate. For the algebraic case we also obtain a Jackson-type esti-
mate, using Szabados-type polynomials. Finally, as an application we
study convergence of fuzzy Lagrange interpolation polynomials.
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1 Introduction

Firstly let us recall some known concepts and results. Let Rz be the space
of fuzzy real numbers (see e.g. [16]). For 0 < r < 1 and u €Rx define
[u]" = {zr € R; u(z) > r} and let [u)® = {x € R; u(z) > 0}. Then it is well-
known that for each r € [0,1], [u]" is a bounded closed interval, denoted by
[u]" = [u”,u"], and for u,v € Rz, A € R, the sum u @ v and the product
A ®u are defined by [u @ v]" = [u]" + [v]", [N ©®u]” = A[u]", ¥r € [0, 1], where
[u]” + [v]” means the usual addition of two intervals (as subsets of R) and
Alu]” means the usual product between a scalar and a subset of R.
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Defining D : Ry x Ry — Ry U {0} by D(u,v) = sup,¢p ) max{|u” —
v |, Jul. — 7|}, are well-known the following properties:

D(u® w,v®w) = D(u,v), Yu,v,w € R,

Dk ®u,k©®v) =|k|D(u,v), Vk € R, u,v € Rg,

Du®v,wde) < D(u,w)+ D(v,e), Yu,v,w,e € Rg

and (Rg, D) is a complete metric space.

A fuzzy-number-valued function f : [a,b] =Ry is called Riemann inte-
grable to I €Rg, if for any € > 0, there exists ¢ > 0 such that for any division
P ={[u,v],&} of [a,b] with the norm A(P) < §, we have

D (Z(v —u) © f(f)J) <e,

&

and we write I = (R) f;f(x)dx, (here Y is addition with respect to @ in
R]:).

A function f : R =Rz will be caled 2r— periodic if f(z + 27) = f(z),
Ve € R.

A generalized fuzzy trigonometric polynomial of degree < n is defined as
a finite sum of the form T'(x) = >} _, tx(z) ® ¢4, where ¢, €Rz and t(z) are
usual trigonometric polynomials of degree < n.

Let us denote C3 (R) = {f : R —»Ry; f is 2r—periodic and continuous
on R}.

In [3], the following Weierstrass-type result is proved.

Theorem 1.1. For any f € CJ (R), there exists a sequence of generalized
fuzzy trigonometric polynomials (T,,(x))nen Such that

lim sup D(T,(x), f(z)) = 0.

Other results concerning approximation and interpolation of fuzzy-number-
valued functions can be found in: [1], [7], [6], [10], [11], [14], [9]. But the
problems of existence of best approximation fuzzy polynomials and of con-
vergence of fuzzy Lagrange polynomials, were not yet considered by the fuzzy
mathematical literature.

In Section 2 we consider some problems of best approximation by gener-
alized fuzzy trigonometric polynomials (of degree < n) and a Jackson-type
estimate is proved.



BEST APPROX.AND JACKSON-TYPE 215
ESTIMATES...

Section 3 contains the case of best approximation by generalized fuzzy
algebraic polynomials.

In Section 4, as an application, we prove the convergence of Lagrange
interpolating polynomials for the class of fuzzy Lipschitz functions of order
> 2.

2 Best approximation, trigonometric case

On Cf (R) let us consider the uniform distance

D*(f,g) = sup{D(f(z), g(x); v € R} =sup{D(f(z), g(x);z € [~7, 7]},

Vf, g€ CL(R).

For an interval I C R and a subset K C Rz, K # (), let us consider

VEL = {T,; Tu(x) = Y h_otr(x) @ ¢, where all ¢, € K and each #;(z)
is an usual trigonometric polynomial of degree < n with all its coefficients
belonging to I}.

For fixed f € CJ (R), K C R and I C R and for each n € N, it is
natural to consider the following problem of best approximation.

EXI(f) = inf{D*(f, T, ); T, € V<11,

In the study of this problem, it is essential the following

Theorem 2.1. If K C Ry, K # (), is a compact and I = [A, B] is compact
subinterval of R, then the set VX! is sequentially compact in the metric space
(CL (R), D*), for allm € N.

Proof. Let us denote by 7,/ = {t;;1, is usual trigonometric polynomial of
degree < n, with all coefficients belonging to I} and define ¢ : K" x
()" — CL.(R), by @(Cos-evs Cny tos oo tn) (1) = D peg th(T) © 4.

Firstly let us prove that ¢ is continuous.

Indeed, let another generalized fuzzy trigonometric polynomial of degree
< n, Y r_gSk(z) ® di. By the properties of D in Introduction and by [3,
Lemma 2.2], we get

(Ztk @ck,ZSk @dk>_

Z|tk )| D(c, d) +Z|tk ) = si(x)| © D(e, 0),

k=0
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where 0 = X{o} € Rz.
Because each t),(z) is of the form ag + °7_(; cos jo + @ sin jz), with
aj, B € I = [A, B], it immediately follows that
[te(7)] < (2n + 1) max{|A|, |B|} = M, for all k =0,n and all z € R.
Also, because ¢, € K— compact, Vk = 0, n, we get that K/ = K U {6} is
compact too (in the metric space Rx), which implies that it is bounded and
therefore there exists a constant M’ > 0 such that D(cy,0) < M, Ve, € K.
As a conclusion, it follows

(Ztk @ck,ZSk @dk>_

MZDck,dk +M’2Htk — si(7)

(here ||-|| denotes the usual uniform norm on the set of real valued, 2mr—
periodic functions, denoted by Cay).

This last inequality immediately shows that ¢ is continuous, if K™™' x
(7)) is endowed with the box metric given by

pl(coy -y Cnytoy s tn), (doy ooy diy S0y ooy Sn)] = ,E%*X{D(Ck’ de), |tk — sk||}-

Now we claim that 7./ is compact in (Cyy, ||-||). Indeed, if we consider

W 12— Oy defined by

(g, ey Oy By ey B) () = 9 + Z[ak cos kx + [ sin kx|,

k=0

then it easily follows that ¢ is continuous and therefore 7./ = ¢ (I1*"*1) is
compact.

As a conclusion, K™ x (7.1)"! is compact which implies that VX! =
O(K™1 x (T.1)"*1) is compact, and therefore as a compact subset of a metric
space, V51 is sequentially compact. O

As an immediate consequence of Theorem 2.1, we get

Corollary 2.2. Let f € CJ (R). If K C Rg, K # 0 is compact and [ =
[A, B] is a compact interval of R, then for eachn € N, there exists T* € VK1
such that EXI(f) = D*(f,T*), i.e. T* is a generalized fuzzy trigonometric
polynomial (of degree < n) of best approximation for f.
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Proof. Since K # (), it follows that V! £ ).

For ¢ = #, there exists T, € VX! such that EXI(f) < D*(f,T,,) <
EEI(f)+ L m =1,2,... Since by Theorem 2.1, V' is sequentially com-
pact, the sequence (7,,,), has a convergent subsequence (75, )« to an element
T* € VI Passing above to limit, we get EXI(f) = D*(f,T*), i.e. T* is of
best approximation, which proves the corollary. O

Remark 2.3. If f € C3 (R), then by f([—m,7n]) = K compact, it follows that
in Corollary 2.2 we can take K = f([—m,7]) (i.e. depending on f).
In what follows we will derive a Jackson-type estimate for EX{(f) with

K= f([_ﬂ-’ﬂ-])'

Theorem 2.4. If f € C4 (R) and [—1,1] C [A, B], then there exists a con-
stant C' > 0 (independent of f and n) and an index ny € N (independent of
f) such that for K = f([—m,n]) we have

B < 0uf (£.) vz ng
n

where wi (f,0) = sup{D(f(x), f(y); z,y € R, |z —y| < d}.

Proof. In [8, p. 646] was introduced the following fuzzy Jackson operator

™ m

In(f)(x) = (R) [ Ku(t)© f(z+)dt = (R) | Ky(u—1x)© f(u)du,

—T —T

where K, (t) = Ly(t), n' = [n/2] + 1,

3 sin(n't/2)1* T
)~ e iy ) L 0

and it was proved [8, p.647, Theor. 13.14] the estimate

D(J,(f)(z), f(z) < Cw (f, %) , VneN, z e R.

On the other hand by taking the Riemann sum of J,,(f)(x) (on an equidis-
tant division of [—m, 7]), we get
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Obviously T, (z) is a generalized fuzzy trigonometric polynomial of degree
< n (since n’ < n) and by [4, Corollary 3], for all x € [—7, 7] and n € N, we
have

DUMﬁ@%T(D<2ma(ﬁ )

]

< 27(2m + 1)wy (f, ) < Am(2m + 1wy (f7 )
[—7,7] [—m,7]

(since n’ = [n/2] +1 > n/2).

But reasoning exactly as in the usual case (see [2, p.75, Lemma 2.2.1], we
have wF (f,0)_, < o (f,6) < 27 (£,6)_,

As a consequence, we obtain the followmg J ackson-type estimate

D(T(z), f(x)) < D(To(x), Ju(f)(2)) + D(Ju(f)(2), f(x)) <
< Cw? (f, %) , foralln e N, z € [—m, 7.

(Note that above w? (f, n) can be replaced by wy (f, ﬁ)[ ] too).

To finish the proof, we have to calculate the bounds for the coefficients
of the usual trigonometric polynomials L, (— 2:,” ) in the expression
of T,,(z).

Firstly, it is well known the identity

s omx \ 2 m—1
SIHT
= 25 —k kx.
(sinz) m + (m — k) cos kx

2 k=1
It follpws .
<S§n€> = (m+2 mel(m — k) coskx) (m +2 ijl(m — k) coskx) =
2

m?+4m 37 m—k) coska+4 3, Z Y(m
= m?4+4m Y (m— k:)cosk:x—l—élz Z
J)+cosz(i—j)|} =
—m2+4mzm71(m—k)cosk:c+22 Z Y(m —i)(m — j) cos z(i +
)+22 L (m = i) (m j)Cosx(i—J)
=m —|—4me (m —Fk)coskr +23 " _ L (m—i)(m—j)cosz(i+j) +

QZzﬁ;m( m —1i)(m — j)COS$(’L—|—j)+22:Z”j :(L —1)(m —j)cosx(i—j) =

m?+ S, + Sy + S5+ Sy.

(m—7) cos(ix) cos(jx) =
—i)(m—j){5lcos 2(i+

—i)
[ (m
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By simple calculation we can write

Sp=>[2 > (m—i)(m — (k- i))]cos(kz),

Si=4P+22+. . +(m-1*+ > 4 — (k +1))]cos(kx).

By the relations

k-1 k-1 k-1
Z m—i) —i)) = Z[ P2 4-ik4+m(m—k)] Z [k*+4m(m—k)]/2 <
1=1 1=1 i=1

(k DIE* +4m(m —k)]/2 < (m — D)[m* +4m(m — 2)]/2,k=2,....,m

—(p+i))(m—(m=i)) = Y [~+im-p)] < Y (m—p)*/2<

=1 =1 =1
(m—pPm—-p—-1/2<(m—-1>*m-2)/2,p=1,...m— 2,

m—1—k

1(
Y m—i)m—i-k)< Y (m—-1)(m-1-k)<

(m_— D(m—1-k)?*<(m-— 1)_(m 2% k=1,...,m—2,
P+224+ .. +(m—1)2%*=m(m—1)(2m —1)/6,

M mx 4
it follows that for k& € {0, ...,2m — 2}, the coefficients of cos kx in <S1‘r.1€>

are all positive and bounded by an algebraic polynomials of degree 3, with
constant coefficients, independent of f, let us denote it by Hs(m) (in S,
obviously all the coefficients of cos(kx) are bounded by 4m(m — 1)).

As a conclusion, it easily follows that in (27 /n/) L, (— 2% — ) (which
contains terms in coskz and sinkz), all the coefficients are bounded, in
absolute value, by F(n') = 3Hs(n')/[(n)*(2(n’)? + 1)], that is an ny € N
(independent of f) can be found (constructively), such that for all n’ > ng
we have F'(n') <1 (since F'(n') converges to 0 when n’ converges to infinity).
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Therefore, for n > 3ny, it follows that T, (z) belongs to yEEL Now,

for [~1,1] C [A, B] it is obvious that Ex1P(f) < EXIPU(f)) which proves
the theorem. O

Remark 2.5. jFrom the proof it is easily seen that an interval [A, B] (inde-
pendent of f and n) can be constructively determined such that the Jackson
kind estimate in Theorem 2.4 holds for all n = 1,2, ....

3 Best approximation, algebraic case

Let Cgla,b] = {f : [a,b] — Rg; f continuous on [a,b]} where [a,b] is a
compact subinterval of R. If we define the concept of generalized fuzzy
algebraic polynomial of degree < n as in [17], i.e. as a finite sum of the
form Y, pr(z) ® ¢k, where ¢ € Rz and pi(z) are algebraic polynomials
of degree < n, we can repeat the reasonings in the above Theorem 2.1 and
Corollary 2.2 simply by replacing [—m, 7] there by [a, b], CJ (R) by Cx|a, b
and the generalized fuzzy trigonometric polynomials by generalized fuzzy
algebraic polynomials. But if we consider probably the simplest generalized
fuzzy algebraic polynomials, given by the fuzzy Bernstein polynomials

Bu(H)(@) =D pun(®) © f(k/n), = € [0,1]

where p,(2) = (})2*(1 — 2)"™*, we easily see that the coefficients of z* in
Pni(x) are in general unbounded, for &k = 1,n — 1, while however [p,, x(x)| <
1,Vz € [0,1], n € N, k = 0,n. Therefore, in algebraic case, would be more
natural to consider the problem of best approximation as follows. For a
constant M > 0 and a subset K C Ry, K # (), let us consider A%M|[q b] =
{P; Pu(x) = > 1_ypr(z) © ¢, where all ¢, € Rz and py(z) are algebraic
polynomials of degree < n, satisfying |py(x)| < M, for all k and all = € [a, b]}.

For fixed f € Cxla,b], K C Rz, K # () and M > 0 and for each n € N,
we can consider the following problem of best approximation

E;M(f) = imf{D*(f, Pu); Py € Ay a, 0]},

where D*(f, g) = sup{D(f(z), g(z); = € [a,b]}, for f,g € Cxla,b].
We have:
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Theorem 3.1. If K C Rz, K # 0 is compact and M > 0, then the set
ABEM[q b] is sequentially compact in the metric space (Cxla,b], D*), for all
n € N.

Proof. Let us denote by PM = {p; p usual algebraic polynomials of degree <
n, satisfying |p(z)] < M, for all z € [a,b]} and define ¢ : K™ x (PM)ntl
C]-'[aa b]a by 90(607 -++y Cn, Po, ,pn)(l') = ZZ:Opk(x> © Ck.

Reasoning exactly as in the proof of Theorem 2.1, we get that ¢ is con-
tinuous and because PM is compact in Cla,b] (endowed with the uniform
norm ||-||), see e.g. [13, p. 16 Lemma 1], we get the desired conclusion. [

Consequently, we obtain the following

Corollary 3.2. Let f € Crla,b]. If K C Rg, K # 0 is compact and M >
0, then for all n € N, there exists T* € AXM[a,b] such that EXM(f) =
D*(f,T%), i.e. T* is a generalized fuzzy algebraic polynomial (of degree < n),
of best approximation for f.

Remark 3.3. By [8, p.642, Theorem 13.13], we immediately abtain

1
NG

In what follows we deduce Jackson-type estimate for EXM(f) by using
some fuzzy analogous of Szabados-type polynomials (see e.g.[15]). For this
aim we need the following lemmas.

EXNf) < Cuf (f, )[ ; vneN, f e Cx0,1], K = f([0,1]).
0,1

Lemma 3.4. Let f : [—i, ﬂ — Rz, be continuous and

with T p(x) = % and x, = £, k = —n,n Then the following
j=—n ;

estimate holds true:

221
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Proof. We follow the proof of Lemma 1 in [15] for 7 = 0 and s = 4. Thus,
for fixed z, let ¢ be an index such that

1
— 2| = min |z — x| < —. 1
v = @il = min o — 2] < o (1)
Then evidently
—k  — k
[ ‘§|x—xk\§‘z |,forz'7ék. (2)
8n n

Denote I = [—1,1] . Since r,4(z) > 0, Vk = =n,nand Y _,__ ruu(z) = 1,

by the properties of D we have:

D(f(x), Rn(f,x)) = D (( >, Tn,k(l")> O f(x), Y raple) © f(l“k))

k=—n k=—n

n

< Y ran(@) ©D(f(@), f(zr)) < Y rasl@)] (f | —zil);

k=—n k=—n

< (:L'—.TZ')4 Z D(f(l'),f(l’k)) < (x _«Tz')4 Z |x—xk\*4wf(f, |$—9€k\)1

(x — zp)?

k=—n k=—n

<ol (filo = ail); + (80)7* 3wl (f, %) (\Z-S_nm)

k=—n

ki

N 1 1
< 1+Z\Z—k| 2 wf(f,ﬁ)ISSwaﬂﬁ)l.

k=—n

ki

O

Remark 3.5. The result in the above Lemma 3.4 can be seen as a Jackson-
type estimate for the error of the approximation by fuzzy generalized rational
functions.

For the next results we need an embedding theorem.
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Theorem 3.6. (see e.g. [16]) Let C[0,1] be the class of all real valued
bounded functions f on [0,1], such that f is left continuous on (0,1] and
f has right limit for x € [0,1), especially f is right continuous at 0. With the
norm || f| = sup,epoq 1 ()], C10,1] is a Banach space. For u € Ry, define
j:Rr — C[0,1], j(u) = (u_,uy), where u_(r) =u" and uy(r) = u’,. Then
§(R£) is a closed convex cone in the Banach space C[0,1] x C[0,1] and:

(i) j(sOudteOv) =s-j(u)+t-j(v), Vu,v € Rr and s,t € Ry (here "+”
and ”-”denote the addition and scalar multiplication in C[0,1] x C[0,1]).

(ii) D(u,v) = ||j(u) — ()|, Yu,v € Rr. i.e. j embeds Rr in C[0,1] x
C10,1] isometrically and isomorphically (||-|| beeing the usual product norm
in C[0,1] x C0,1]).

The following Lemmas give some approximation properties in Banach

spaces.

Lemma 3.7. Let (B, ||-||) be a Banach space and g : [—1,1] — B continuous.

Let Ry(g,x) = > p_ , Tak(2) - g(x)), with v,k as in Lemma 3.4. Then

1
7.l < 9000t (97)

1]
where R! (g, ) is the Fréchet derivative of R,(g,z) in B and w? (g, 9) [11]=
sup {|lg(z) —gW)ll; =,y e [-3.1], |z —y| <6} .

Proof. The proof is the same as that of [15, Lemma 2|, written in the case
of functions with values in a Banach space.

Thus by (1) and (2) we get

PN
N

IR, (g,)|| = ‘_42’“—”929;1(”’”‘;’296)211) )
+4ZZ:,ng(xk)(x — ) (=)
(ZZ:_n(x — %)’4)2

_9 szzw(ﬂf —ap) 30 lg(wk) — gz (2 — @) (x — xj)—5”
) (> he (= k)’4)2

<ol a) Y |x_xkr5.—1 2 (g, ~ i
- 4dn UYAEERY |z — x;[°
474

k=—n

223
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(8n) (g, n)[ ]

»M*—‘

1
1

<

2n
"/ Sn >5 o R 8 2, N~ K
) =i+ ( ) ki |
;(w i 2\ ?; =T
J#i k#i J#i

§32nw]13(,—) Z\j—z|3+2|k—z|3 1+4Z|y—z|3

j=—n k=—n j=-n

J#i k#i J#i

1
< 90071@)]1B (g, —) .
n 11
[~5.4]

.b-\»—l
.b-\»—l

Lemma 3.8. Let (B, ||-||) be a Banach space and f : [—3%, 1] — B continuous.

2
Let P,(x) = ¢, <C0S(Lr§mfz)> where ¢, 18 choosen such that

2
x s 7

f P.(z)dr =1 and let

Ko(f.2) = / 1) — FO)P(E — 2)dt + F(0)

=

be the Bojanic-DeVore operator, where the integral is considered to be the

usual Riemann integral for functions g : [ ;, l] — B. Then

1f = (Pl o((-1.1)8) < Can (f’ %)

2]

Proof. The proof is the same as the proof of [13, p. 275-276, Proposition 3.4]

but for functions with values in a Banach space. Indeed, firstly P, (z)
is an even algebraic polynomial of degree 4n — 4, therefore K, (f,z) is a
generalized (algebraic) polynomial of degree 4n — 4, with coefficients in the
Banach space B. Let us denote [ = [—1,1], I' = [_Z’ 1] and for fixed z € I,

le = [—l—l—x,%—x}. If we denote g(z) = f(x) — f(0) and L,(g9,x) =
[21 g(t)P,(t — x)dt, then by [13, p.276, relation (3.10)], it follows

S

If - Kn(f)”C(I’,]B) =[lg - Kn(g)HC(I’,B) ’ (3)
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where C'(I',B) = {f : I’ — B; f continuous on I'}. Then for fixed z € I, as
in [13, p.276] we get

La(g.7) — g(z) = / 9z + u) — g(2)] Pa(u)du — g(2) / Py (u)du

oy

where Hg(m) Jne Pr du” . < Ca |9l sy - % and

1 1
\ et (o2) (),
c(I',B) njp njp

Since [|gllcr ) = IIF = FOMlor ) < wr (f, i)1/7 by (3) we obtain

1 1 1
If = Kna(H)llerp < Cs {wlﬁ (f, E)p +or (f, 1)1, ~n_2] < Cywy (f7 5)1, ;

/, 9z +u) — g()]Pa(w)du

taking into account that wf (f, 1), <P (f, 1), =? (f,in-1), <
<nwf (f, 1), <n*w? (f 1), . The lemmma is proved. O
Now let us consider A : [—i, ﬂ — B and
1 1 1
Bo(h, ) = izla,g(hf)gc)lfif ffgxfg i
h (i) if }<w <y

For f € Cr [—i :

, } let K, (R.(jo f),z) be the Bojanic-DeVore operator
associated to R,(j o

f), Where J is the embedding in Theorem 3.6, i.e.
KolBolio f)a) = [ [Falio ) = Tl o NIOIP,(E — 2)dt+

Rn(j o [)(0).
Then we have:

Kn(En(jof),x):(jof)(O) [1_/_2

1
2

+(jof) (-i) /_}1 P,(t — x)dt

1
2

P,(t— x)dt]
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It is easy to see that all the terms in z associated to (j o f)(x) are positive
and therefore we obtain the form

n

Kn(ﬁn(] of),x)= Z (j o f)(@r)pnr()

k=—n
with p, () >0 for all z € [—1,1].
With the help of p,x(x) given as above, we define the Szabados-type
fuzzy generalized polynomial associated to f : [—i, ﬂ — Rz, by

The following theorem gives Jackson-type estimate for the error of ap-
proximation by Szabados-type polynomials.

Theorem 3.9. Let [ : [_17 ﬂ — Rz be continuous and

defined as above. Then

D'(J,S) < Cuf (f, 1) )

=
=
—

Proof. Since all p,, ;(z) > 0, we have

Z(jof)(xkpnk <ank @fl'k)>

k=—n k=—n

But j is an isometry, so we have:

k=—n

D(f(x),S(x)) = ( Z Pnk(x) © f xk))
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= ||Go M= _]<ank @fm))”

n

=|[Go @) = > (o) zr)pnr(z)

k=—n

where ||-|| is the norm in B =C|0, 1] x C[0, 1].

We observe that the last sum is K, (R, (j o f),x). Also we have:
10 (@) = Ka(Ra(G o f),2)|| < NG 0 f)(@) = Ralj o f,2)] +

+ HRn(j o f,x) — K,(Ry(jo f)w’ﬂ)H :

Since the coefficients 7, ;(z) of R,, in Lemma 3.4 are all positive, we have

k=—n k=—n

and taking into account that j is an isometry, we obtain for all x € [—i, i]

D(f(x), S(x)) < D(f(x), Ra(f.2)) + || Ru(j 0 f,2) = Kn(Ru(j 0 f),2)|| =
= D(f(2), Ra(f,2)) + |[Ru(j © f,2) = Kn(Ru(j o f), )|

(this last inequality is obvious by the definition of R,,).
By Lemma 3.4 and Lemma 3.8 we obtain:

D), 5(e) < (f ’ %)[ + Cut (ﬁnw o ). %)

[-1.4]
It is easy to see that w? (En(j Of)a%)[,; 3 = WP (Rn(j o f), %)[71 e By
4’4 4°2

Lagrange theorem for functions with values in Banach spaces we obtain:

[Ra(jo fy) = Bu(jo fro)ll < sup R (G o f, )l s - 1y — |

£€lz,y]

PN
fustion

1
-1

with I’ = [—1,1] and for |y — 2| < 1, taking into account Lemma 3.7 we
obtain

— 1 1 1
Wy (Rn(jof)aﬁ) < 900n - w; (JOf, ) = 900wy (jof,ﬁ) :
I g I
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It is easy to check that w? (j of 1)1, =wi (f, %)1, and we finally obtain

D(f(x),S(z)) < 5w (f, %)1/ + Cy - 900w’ (f, %)1/ = Cw’ (f’ %)p

which completes the proof. O

As an immediate consequence we obtain the following Jackson-type esti-
mate for the error in approximation by generalized fuzzy algebraic polyno-
mials.

Corollary 3.10. For the best approximation by algebraic polynomials we

have
1 11 11

BNV < cwF (- o K=f(]-5~]).

n —Cwl (fan) ],VTLEN,][EC}'[ 474:|7 f(|: 474:|>

11
4’4
where C' > 0 is an absolute constant independent of n and f.

Proof. Since the polynomial P,(t —x) > 0, Vt,z € [—1,1] and fil P.(t —
x)dt = 1, we have

pal)l = [

< / Po(t— )t < 1.

N
=

P,(t — x)dt -
RO YN

P,(t — x)dt + /

Ll I

[SIE

and

SIS

NI= o=

IN
—_
|

s
S

o
=
Il
—_
|

— —

NI
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For k ¢ {—n,0,n} we have

1

|Pni()] = /_4 = xkﬁg@_ x)(it_ PR /_4 P,(t—z)dt < 1.

1 _ 1
1 J=-n 1

and the proof is complete. O

Remark 3.11. We can obtain the above results in any interval [a, b] instead
of [—i, ﬂ by mapping this interval in [a, b] through a linear fnction which
maps —i to a and i to b.

4 Application to fuzzy interpolation

In this section we prove the convergence of fuzzy Lagrange polynomials for
some classes of fuzzy functions.
The fuzzy Lagrange plynomial is defined in [14], [9] as follows (see also

8, p.651]) Ly(x) = S0 li(x) © f(x;), where [; (z) = A2=to)oleloztn) g

~ (mi—=z0).../...(zi—Tn)
the usual fundametal Lagrange interpolation polynomials and the sign 7 /”

means that the /% operand is missing.

Theorem 4.1. Let f : [—1,1] — Ry be a Lipschitz mapping of order o > 5 (.
e. there exists L such that D(f(x), f(y)) < L|x —y|* for all x,y € [-1,1].
Let (2ni);_15+ n € N be a normal malriz of nodes and L, (x) the fuzzy
Lagrange polynomial which interpolates f on {xnq,...,xnn}. Then

lim L,(x) = f(x), Vo € [-1,1].

The convergence is uniform in any interval [=1+ h,1 —h], 0 < h < 1.

Proof. By Corollary 3.10 if we take M = max{l, «/%}, Vh > 0, then
EEM(f) < Cwi (f, %)[_1’1} , where K = f([—1, 1]) and also the best approx-
imation polynomial in A% (denoted 7,) exists. By [5, Lemma 8.3.2, p. 351]
for a normal matrix of nodes we have |l;(z)] < Y"1 [li(x)] < (/5 for z €
[—~1+h,1—h] and so L, € ASM Then D*(L,, f) < D*(L,,7,) + D*(mp, f).
By Corollary 3.10 we obtain D*(m,, f) < Cw{ (f, %)[7171] .
Let L,(m,) be the fuzzy Lagrange polynomial associated to m, at

{Zno,.s Tnn}. We prove that L, (m,) = m,. We observe that m,(z, ;) =
Yoo li(x) © 7 (z,,;) since l;(x, ;) = 0; ; (Kronecker symbol 4, ;).
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So Ly (mp)(xn ) = mn(2n;), 7 = 0,n. Since the Lagrange polynomial is
unique (see [8, p.650]), we get L,(m,) = m,. Then using the properties of the
metric D we obtain:

D(Ln(x),wn(x)):D<Zli( ) @ f (Tns) Zz )@ ( xn> <

n

< ZD @ f Ln Z)? Z( ) ONiy (xn,z» S Z ‘lz(x)‘ D(f (xn,z> i (xn,z»

i=0
Using again Corollary 3.10 we obtain

1
D (L, (x <Z|z |C’w1<,g)[ ;
-1,1

By [5, Lemma 8.3.2, p. 351], for a normal matrix of nodes we have

n b_
ZUZ(ZL“)\S ( ha)n,forxe[a+h,b—h].

D*(Ln, f) < Cw? (f _) - <1 + \/7\/_>

Since f is of Lipschitz-type, we ave wi (f, n)[ 1] <LL > =. Then

ne?

Then

1

o—

?

1 2
D*(L,, f) < CL— + CL\/j i
ne hn 2

which competes the proof. O
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1. Introduction

The impulsive differential equations present an adequate mathematical
model of many natural processes and phenomena investigated in science and
engineering. Due to its diverse types of applications, the theory of impulsive
equations has been developed very intensively for the last years[1-3, 12-14]. The
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qualitative theory of functional differential equations is also well developed [8-
11]. The impulsive differential-difference equations are generalization of impul-
sive differential equations (without delay) and of differential difference equations
(without impulses). Their theory is analytically more attractive than the theory
of impulsive ordinary differential equations[1, 4-7, 18|.

In the present paper we study the stability of the solutions of impulsive
systems of differential-difference equations with fixed moments of impulse effect
in terms of two different piecewise continuous measures. The priorities of this
approach are useful and well known in the investigations on the stability of the
solutions of differential equations, as well as in the generalizations obtained by
this method[8, 14, 15].

In order to study the stability of the solutions of impulsive systems under
considerations, we use piecewise continuous auxiliary functions that are analo-
gous to the classical Lyapunov functions. We are also concerned with differential
inequalities on piecewise continuous functions. By means of this technique the in-
vestigation on the stability of solutions of impulsive differential-difference systems
can be replaced by the studying of the stability of solutions of scalar impulsive
differential equations. Our analysis employs some minimal subsets of a suitable
space of piecewise continuous functions. The derivatives of the auxiliary piecewise
continuous functions by the elements of these subsets are then estimated[4-7, 13,
16].

Such systems seem to have application, among other things, in the study
of active suspension height control. In the interest of improving the overall per-
formance of automotive vehicles, in recent years, suspension incorporating active
components have been developed. The designs may cover a spectrum of of per-
formance capabilities|[17], but the active components alter only the vertical force
reactions of the suspensions, not the kinematics. The conventional passive sus-
pensions consist of usual components with spring and damping properties, which
are time-invariant. The interest in active or semi-active suspensions derives from
the potential for improvements to vehicle ride performance with no compromise
or enhancement in handling. The full active suspensions incorporate actuators
to generate the desired forces in the suspension. They actuators are normally
hydraulic cylinders.

2. Preliminary Notes and Definitions

Let Ry = [0,00) and let R™ be the n-dimensional Euclidean space with
norm |.|. Let ¢y € R and r > 0.

Consider the impulsive system of differential-difference equations:
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(t) = f(t,x(t),z(t —r)), t>to, tF# Tk, (1)
Ax () = I(x(m)), T >to, k=1,2,...,

where f : (tp,00) X R" X R — R™ I : R — R", k = 1,2,...; Ax(ry) =
(1t +0) —2(1, — 0); to =70 < Tk < Thy1 < ... and klim T = 00.

Let ¢ € C|[ty — 1, to], R"]. Denote by z(t) = x(t; o, ¢) the solution of the
system (1), that satisfies the initial conditions

z(t, to, ¢) = ¢(t), t € [to — 7, to],

z(to + 0,0, ¢) = B(to).
The solutions z(t) = z(t;tg, ) of systems of the type (1) are piecewise
continuous functions with points of discontinuity of the first kind 7, > to, k =

1,2, ... at which they are continuous from the left, i.e., at the moments of impulse
effect 7, the following relations are valid

l’(Tk — 0) = l’(Tk),

(1 +0) = x(m) + I(x(m)), k=1,2,....

Together with the system (1), we consider the scalar impulsive differential
equation
{ u(t) = g(t,u(t), t#m, k=1,2,.., @)
Au(t,) = Br(u(m)), k=1,2,....,

where ¢ : [tg,00) Xx Ry — Rand By: Ry - R, k=1,2,...

We introduce the following notations

Gr={(t,x) € [tp,00) X R": 7)1 <t < T}, k=1,2,..;

G=J G

k=1

Definition 1. We shall say that the function V : [ty,00) x R* — R,
belongs to the class Vj if:

1. The function V is continuous in G and locally Lipschitz continuous
with respect to its second argument in each of the sets Gy, k =1,2,....

2. For each £k =1,2,... and x € R" there exist the finite limits

V(e — 0,2)=limV (t,x), V(m + 0,2) =limV (¢, z).
t—T t—Tp

t<Tp t>Tp

235
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3. The equality V (7, — 0,2) = V (73, x) is valid.

In the sequel we will use the next classes of functions:
K ={a € C[Ry, Ry]: a(r) is strictly increasing and a(0) =0 };
CK ={a € C[ty,0) x Ry, R.]: a(t,.) € K for any fixed t € [ty,00) };
PCl[ty,0), R"] = {x: [ty,00) — R™: x is piecewise continuous with points of
discontinuity of the first kind 7, £ = 1,2, ... at which it is continuous from the
left };
Co=C|[to —r,to], R"; T ={h € V}: xieann h(t,z) = 0 for each t € [tg,0) };

Lo ={ho € C[[to — 1, t0] x Co, R4]: qslenéo h(t,¢) =0 for each t € [ty — 7, o] };

Qo = {z € PC[[ty,00), R"| : V(s,z(s)) < L(V(t,z(t))), t —r <s <t t>1};
Oy ={x € PC[[ty,00), R"| : V(s,x(s)) <V (t,z(t)), t—r < s <t t>1};
Q4 ={x € PC[ty,0), R"] : A(s)V (s,x(s)) < A[t)V(t,x(t)), t —r < s <t,t >ty }.

In the above notations: A : [ty,00) — (0,00) is a piecewise continuous
function, having points of discontinuity of the first kind 7, A is continuous from
the left at 7, A(7x+0) > 0 and A(t) — oo as t — oo; L(u) is continuous on R,
nondecreasing in u, and L(u) > u for u > 0.

Assume p > 0, h €l and let

S(h,p) ={(t,z,y) € [to,00) x R" x R" : h(t,x) < p, h(t,y) < p};

B(h,p) = {(t,x) € [ty,o0) x R": h(t,z) < p}.

Introduce the folloving conditions :

Al. The function f : S(h,p) — R™ is continuous in S(h, p).
A2. I, e CIR", R"], k=1,2,....

A3. tg=19 <71 <7y <..and lim 7, = oco.

—00

k
A4. g € Cl[ty,0) x Ry, R] and g(t,0) = 0 for t € [ty, 00).
A5. By € C[Ry, R|, Br(0) = 0 and 9x(u) = u + Bg(u) are nondecreasing
with respect to u, k =1,2,....
A6. There exists pg, 0 < pg < p, such that h(rg,z) < po implies
h(ti + 0,2 + I(x)) < p, k=1,2,....h €T.

Definition 2. Let h € T', hy € T'y.

(a) hg is finer than h if there exist a number § > 0 and a function ¢ € K
such that ho(t,¢) < ¢ leads to h(t,x) < p(ho(t, @)).

(b) hg is weakly finer than h if there exist a number § > 0 and a function
¢ € CK such that ho(t,¢) < d leads to h(t,z) < @(t, ho(t, ¢)).
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Let V € Vi, © € PC|[ty,00), R"| and t # 7, k = 1,2,.... Introduce the
function

D_V(t,z(t)) = lim info '[V(t +o,2(t) + o f(t,z(t),z(t — 1)) — V(¢,2(t))].

c—0~

We will use the following definitions of stability of the system (1) in terms
of two different measures, that generalize various classical notions of stability.

Definition 3. For h € I', hy € Ty the system (1) is said to be:
(a) (ho, h) - stable if

(Vto € R)(Ve > 0)(36 = (to,e) > 0)

(Vo € Cp - , max ho(s, ¢(s)) < 9)

—r<s<tg
(Vt >to) . h(t,z(t;to,d) <e.

(b) (ho, h) - uniformly stable if the number § from (a) does not depend on
to.
(¢) (ho, h) - equiattractive if

(Vto c R)(H(S = (5(250) > O)(V€ > 0)(E|T = T(to,é) > O)
(Vo€ Cy:  max  ho(s,¢(s)) <)Vt >tog+T): h(t,x(t;te, 9) < e.

to—r<s<tp

(d) (ho,h) - uniformly attractive if the numbers § and T from (c) are
independent on t.

(e) (ho,h) - equiasymptotically stable if it is (hg, h) - stable and (hg, h) -
equiattractive.

(f) (ho, h) - uniformly asymptotically stable if it is (ho, h) - uniformly sta-
ble and (hg, k) - uniformly attractive.

For a concrete choice of the measures hy and h Definition 3 is reduces to
the following particular cases:
1) Lyapunov’s stability of the zero solution of (1) if ho(t,¢) = ||¢|| =
max ]\¢(t)] and h(t,z) = |z|.

te [to —r,to

2) stability by part of the variables of the zero solution of (1) if
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3) Lyapunov’s stability of the non-null solution xy(t) = xo(t; g, ¢o) of (1)
if ho(t, ¢) = l¢ — ¢oll, h(t, x) =[x —20(t)].
4) stability of the set M C [to — r,00) x R" if
ho(t, ) = t [gna?t ]d(gb(t), My(t)) and h(t,z) = d(x, M(t)), where
Elto—hsto
M@t)={x€ R": (t,x) € M, t> 1y},

My(t) = {z € R": (t,x) € M, t € [to — h, to]}.

5) stability of conditionally invariant set B with respect to the set A,
where A C B C R" if

ho(t,¢) = d(¢, A), h(t,z) = d(z, B).

Definition 4. Let h € I', hg € I'y and V € V4. The function V is said to
be:

(a) h - positively definite if there exist a number 6 > 0 and a function
a € K such that h(t,x) < ¢ implies V (¢, z) > a(h(t, z)).

(b) hg - decrescent if there exist a number 6 > 0 and a function b € K
such that ho(t, ¢) < ¢ implies V(t + 0,x) < b(ho(t, ¢)).

(c)weakly hg - decrescent if there exist a number 6 > 0 and a function
b € CK such that hy(t,¢) < 6 implies V(¢ + 0, x) < b(t, ho(t, ¢)).

3. Basic Comparison Theorems

In the proofs of our main results we need the following comparison theo-
rems.

Theorem 1. [6] Assume the following conditions hold :

1. Assumptions A1 — A5 are valid.

2. The function V€ Vo, V : B(h,p) — Ry is suchthat for t > ty and
z € Q) we have

{ D_V(t,2(t)) < g(t,V(t,x(t))), t # 7%, k=1,2, ...
V(i +0,2(1) + L(w(7)) < eV (7 2(m), k= 1,2,

3. For the solution z(t; ty, ¢) of thesystem (1) we have (t, x(t+0;tg, P)) €
B(h,p) as t € [ty,00) and h € T.
4. The maximal solution r(t;ty, ug), ug > V(te+0, ¢(tg)), of the equation
(2) is defined on the interval [ty, 00).
Then
V(t, z(t; to, @) < r(t;to,up) fort € [tg,o0).
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Corollary 1. Let the following conditions hold :

1. Assumptions A1-A3 are met.

2. The function V € Vo, V : B(h,p) — Ry is suchthat for t >ty and
z € Qy we have

D V(tz(t) <0, t#m, k=1,2,...,
V(7 + 0, 2(75) + Ii(z(m))) < Ve, z(m)), k=1,2,....
3. Condition 3 of Theorem 1 holds.
Then
V(t, 2(tt0, 8)) < V(to + 0, 6(t), € [to, o0).

Theorem 2. Assume the following conditions hold :

1. Assumptions A1 — A5 are valid.

2. The function V€ Vy, V : B(h,p) — R, is such that for t >ty
and x € Q4 we have

A(t)D_V(t,z(t)) + V(t,z(t)) D_A(t)

< gt AV (t,2(1)), ¢ £ 7 k= 1,2, 3)
A, + 0V (7 + 0, 2(7k) + In(2(7r))) < Ur(A(T)V (7h, 2(72))), k= 1,2, (4)
where A : [tg, 00) — (0,00) is a piecewise continuous function, having points of

discontinuity T, k = 1,2, ... of first kind at which it is continuous from the left,
A, +0) >0, k=1,2,... and

D_A(t) = lim info '[A(t + o) — A(t)].

c—0~

3. Condition 3 of Theorem 1 holds.

4. The mazimal solution r(t;to, ug), ug > A(tg + 0)V (to+0, ¢(to)) of the
equation (2) is defined on the interval [ty,00).

Then

AV (t,x(t;to, @) < r(t;to,up) fort € [tg, 00). (5)

Proof. Setting
Wt z(t)) = AV (L, (1))

and let t >ty and © € Q4. For t # 7, k = 1,2, ..., and for sufficiently close to
zero o< 0 we have

W(t+o,z(t)+of(t,z(t),z(t —r))) — W(t,z(t))
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=V(t+o,z(t)+of(t,z(t),x(t —r)[At+0) — At)]
+AQ) [V (t+o,2(t) +of(t,x(t),z(t —7r))) — V(t,x(t))].
It follows from (3) and (4) that

D _W(t,z(t)) < g(t, W(t,z(t))), t # 1, k=1,2, ...,
W(re +0,2(1x) + Ir(x(m%))) < V(W (mk, 2(1%))), k=1,2,....

Now the inequality (5) follows after application of Theorem 1 for the function
Wi(t, x).

4. Main Results

Theorem 3. Assume the following conditions hold :

1. Condition (A) is valid.

2. hel', hg €'y and hg is weakly finer than h.

3. The function V€ Vo, V : B(h,p) — Ry is h — positively de finite on
B(h, p) and it is weakly hg — decrescent.

4. For t >ty and x € §; we have

D_V(t,z(t)) < g(t,V(t,2(t))), t # 7, k=1,2,..
Vi(me +0,2(7x) + Ii(2(7x))) < Vu(V(7h, 2(78))), k=

Then

(a) if the zero solution of the equation (2) is stable then the system (1)
is (hg,h) — stable.

(b)if the zero solution of the equation (2) is equiasymptotically stable
then the system (1) is (ho, h) — equiasymptotically stable.

Proof. (a) Since V is h- positively definite on B(h, p) then there exists a function
a € K such that:

V(t,z) > a(h(t,x)) as (t,x) € B(h,p). (6)

On the other hand V' is weakly ho- decrescent and there exist a number
01 > 0 and a function b € CK such that

V(t+0,2) <b(t,ho(t,0)) as ho(t,d) < 1. (7)

By means of the second condition of Theorem 3 there exist 6, > 0 and
@ € C'K such that

h(t,]}) < 90(72 ho(t, ¢)) as hO(tv ¢) < 62-
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Let 0 < e < pg and ty € R. It follows from the properties of the function
¢ that there exist number 03 = d5(tg,£), 0 < d3 < d5 such that

©(to, d3) < p. (8)

Now, the stability of the zero solution of (2) ensures that there exists
d4 = 04(to, €) such that

r(t;to, uo) < ale) as 0 <wugy < dy, t > to, 9)

where 7(t; g, up) is the maximal solution of (2) satisfying r(to + 0; to, uo) = uo.
We choose now the number 5 = J5(to, €) so that

b(t0,55) < d4. (10)
Setting 6 = min(ds, ds, d5) and let ¢ € Cp,  max  ho(s,¢(s)) < § and

to—r<s<tg

ho(to + 0, ¢(ty)) < d. It follows from (7) and (10) that

V(to+0,¢(to)) < b(to, ho(to, P(to))) < b(to,t max_ ho(s,d(s)))

0—r<s<to
< b(to,é) < b(t0,65> < (54. (11)
Supposing now z(t) = x(t;t, ¢) to be such solution of the system (1) that
max_ ho(s,¢(s)) <.

to—r<s<tg
We will prove now that

h(t,z(t)) <e as t>to.

Supposing the opposite, there exists t* > ¢y such that 7, < t* < 74,1 for
some fixed integer k and

h(t*,z(t*)) > e and h(t,z(t)) <e, to<t <.
Since 0 < € < pg, condition A6 shows that
(i +0,2(1, +0)) = h(7 + 0, 2(7%) + Ix(z(78))) < p-
Therefore there exists t°, 7, < t° < t*, such that
e <h(t’ z(t°) < p and h(t,z(t)) <p, to<t <t (12)

Applying now Theorem 1 for the interval (to,t°] and ug = V (to + 0, ¢(to))
we obtain

V(t, x(t;tg, ) < r(t;to, V(tg +0,0(ty))), to <t <t (13)

241
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So the implications (12), (6), (13), (8) and (9) lead to
a(e) < a(h(t’, 2(t")) < V(" 2(t"))

< r(t%to, V(tg +0,0(ty))) < a(e).

The contradiction we have already obtained shows that h(t,z(t)) < e for
each t > ty. Therefore the system (1) is (hg, h)- stable.

(b) It follows from (a) that the system (1) is (hg, h)- stable. So, for each
to € R there exists a number dy; = do1(to, p) > 0such that if ¢ € Cy, . max ho(s, ¢(s)) <
0

—r<s<to
do1 then h(t,z(t;ty, ¢)) < p ast > ty.
Let 0 < € < pg and ty € R. The equiasymptotical stability of the zero
solution of the equation (2) implies that there exist dg2 = dp2(tp) > 0 and T' =
T(to,e) > 0 such that for 0 < ug < dp2 and t > tg + T the next inequality holds:

(5 to, uo) < a(e). (13)
We denote (503 = (503 (to), 0< 503 < (502 such that
b(t(), 503) < 502. (14)

It follows from (7) and (14) that ift max_ ho(s,P(s)) < dos then

0—r<s<to
V(to+0,9(t0)) < blto, ho(to, #(0))) < b(to,dos) < 2.
In the case, by means of (13) we would have
r(t;to, V(to +0,0(t0))) < ale), t>ty+T. (15)

Assume dy = min(do1, dg2, dp3) and let , max ho(s, ¢(s)) < dp. Theorem
0—Tr>8x1t0

1 shows that if x(t) = z(t; to, ¢) is an arbitrary solution of the system (1) then
V(t,z(t;to, 9)) < r(tito, V(to +0,9(t0))), t>to. (16)
Therefore we obtain from (6), (15) and (16) that the inequalities
a(h(t,x(t))) < V(t,x(t)) < r(t;to, V(to + 0,0(to))) < a(e)

hold for each ¢ > ¢ty + 7T Hence h(t,x(t)) < € as t > t, + 1 which shows that the
system (1) is (ho, h)- equiattractive. This proves Theorem 3.
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Theorem 4. Assume the following conditions hold :

1. Assumption (A) holds.

2. heTl, hg € I'gand hg is finer than h.

3. The function V€ Vo, V : B(h,p) — R, is h — positively de finite on
B(h, p) and hg — decrescent.

4. Condition 4 of Theorem 3 is valid.

Then

(a) if the zero solution of the equation (2) is uniformly stable then
the system (1) is (ho, h) — uniformly stable.

(b )if the zero solution of the equation (2) is uni formly asymptotically
stable then the system (1) is (hg, h) — uniformly asymptotically stable.

The proof of Theorem 4 is analogous to the proof of Theorem 3 and we
omit it. Let us note that in this case the numbers §, dg and T can be chosen
independently of .

Theorem 5. Assume the following conditions hold :
1. Assumptions A1-A3 and A6 are met.

2. Conditions 2 and 3 of Theorem 4 are valid.

3. Foreacht >ty and x € €y we have

D V(tz(t) <0, t#m, k=1,2,..,
V(e +0,2(1k) + Ii(x(m%))) < V(tg,z(1x)), k=1,2,....
Then the system (1) is (hg, h) — uni formly stable.

The proof of Theorem 5 could be done in the same way as in Theorem
3(a), using Corollary 1 now.

Theorem 6. Assume the following conditions hold :
1. Conditions 1-3 of Theorem 3 are valid.
2. Foreach t >ty and x € Q24 we have

A()D_V(t,2()) + V(t, 2(£) D_A(t)
< gt ARV, 2(0), t £ 7 k= 1,2, .,
A +0)V (7 + 0, 2(73) + Ti(2(72))) < Ur(A(7)V (10, 2(70))), kK =1,2, ...,

where A : [ty, 00) — (0,00) is a piecewise continuous function, having points of

discontinuity 7., k = 1,2, ... of first kind at which it is continuous from the left,

A, +0) >0, k=1,2,... and A(t) — o0 as t — 0.

243
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Then, if the zero solution of the equation (2) is stable then the system (1)
is (ho, h) — equiasymptotically stable.

Proof. Let A = %nf )A(t). The properties of A mean that A > 0.
t€(tp,00
Since the function V' is h- positively definite on B(h, p), then there exists
a function a € K such that:
V(t,2) > a(h(t,2)) as (t,x) € Blh, p). (17)

Moreover V' is weakly ho- decrescent and there exist a number §; > 0 and
a function b € C'K such that

V(t+0,2) < b(t, ho(t, 8)) as ho(t,d) < 6. (18)

Let 0 < e < pp and ¢ty € R. We set 1 = Aa(e).

The stability of the zero solution of the equation (2) implies that there
exists 0% = §*(tp, 1) > 0 such that if 0 < ug < 6%, then r(t;tg,ug) < 1, t >t
where 7(t;to, up) is the maximal solution of (2) satisfying r(to + 0;to, ug) = up.
Repeating the proof of Theorem 3(a) and replacing a(e) with &1, V(to + 0, ¢(to))
with A(to+ 0)V (to + 0, ¢(to)) we obtain that the system (1) is (hg, h)- stable.

Therefore there exists 6y = dy(to, p) > 0 such that if , max ho(s, ¢(s)) <
do then h(t, z(t;to, @) < p as t > to.

Let §; = 61(tg,€) > 0 be such that if 0 < wy < 01, then r(¢;tg,up) < €
as t > tg. We can suppose that 4, is continuous and strictly increasing function
with respect to € for a fixed ty.

Now we choose the number ¢ such that

A(to + O)b(to, 50) = 51(t0, 8). (19)

Let z(t) = z(t; to, ) be such solution of the system (1) that . max ho(s, P(s)) <
0—Tx8x00
do. It follows from (18) and (19) that

A(to +0)V (to + 0, 0(to)) < A(to + 0)b(to, ho(to, ¢(to)))
< A(t(] + O)b(to, (50) = (51

whence

T(t7 to, A(to + O)V(to + 0, ¢(t0))) < €. (20)
On the other hand Theorem 2 yields

AV (t, z(t)) < r(t;to, A(to + 0)V (g + 0, ¢(ty))) (21)
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for all ¢ > t,.
Now (17), (20) and (21) imply

A(b)a(h(t, 2(t)) < AWV (L, (1))

< r(t;to, Alto + 0)V(to + 0, 6(t0))) <

Therefore h(t,z(t)) < a='(g/A(t)). Since A(t) — oo as t — oo it follows
that there exists T* = T*(to,£) > 0 such that h(t,z(t)) < e ast > T*.

Setting T' = T'(to,e) = T*(to,€) — to we get
h(t,z(t)) <e as t >ty + T,
that proves the (hg, h)- equiattractivity of the system (1).

5. An Example
Let us consider the linear impulsive differential-difference equation

i(t) = —ax(t) + ba(t —r), t#m,
{ Ax(ry) = —aa(n), k=12, (22)

where a, b, r >0; 0 <y <2, k=1,2,..;0< 7 <7y <..and lim 7, = 0.

k—o0

Let ¢ € C][[-r,0], R]. Denote by z(t) = x(t;to,¢) the solution of the
equation (22), for which

2(,0,6) = O(t), 1 € [~r,0]
Let ho(t,0) = ||o|| = max |¢( )| and h(t,x) = |z|. We consider the
functions A(t) = e, a >0 and V(t x) = 2. The sets ; and 4 are defined by

Q) = {:L‘ € PO[R,R]: 2*(s) <a2*(t), t—r<s< t}

and
Oy = {x € PC[Ry, R : e®2*(s) < e™a?(t), t —r < 5 < t}.

If £t >0 and x € ; we have
D_V(t,x(t)) = —2ax*(t) + 2bx(t)z(t — 1)

<2V(t,x(t)[—a+0b], t#T k=1,2,..
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although ¢t > 0 and = € 24 imply
A()D_V (t,z(t)) + V(t,z(t))D_A(t)
= 2ez(t)[—ax(t) + bx(t — r)] + ez (t)
<[-2a+2b+ale®V(t,z(t), t#m, k=1,2,...
Moreover
V(Tk -+ 0, l‘(Tk) — OékQZ(Tk)) = (1 — Ckk)QV(Tk, Qf(Tk))

< V(Tk,I(Tk)), k= 1,2, .y, T E Ql,

A(Tk + O)V(Tk + O, SL’(Tk) — OékI(Tk)) = (1 — Oék)2A<7'k)V<Tk, SL’(Tk))
< A(Tk)V(Tk,l‘(Tk)), k=1,2,..., x€Qyu.

Assume the inequality a > b holds. Then Theorem 4(a) with g(t,u) =0
and Bg(u) =0, k= 1,2,..., shows that the zero solution of the equation (22) is
uniformly stable in a Lyapunov sense.

Let the inequality b < a — € hold for some positive €. Applying Theorem
4(b), we obtain that the zero solution of (22) is uniformly asymptotically stable.

If b < 2-2 then the conditions of Theorem 6 are fulfilled as g(t,u) = 0
and By(u) =0, k = 1,2, .... It follows that the zero solution of (22) is equiasymp-
totically stable.
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Abstract

In this work we establish an exponential decay result for the solutions of a certain
initial-boundary value problem for a nonlinear hyperbolic system describing heat
propagation by second sound.
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1 Introduction

In the absence of deformation and external sources, heat propagation in one spatial
dimension body is governed by the following equation of balance of energy

et +q. =0, (1.1)

where the internal energy e and the heat flux ¢ are functions of (z, ¢) and a subscript
denotes a partial derivative with respect to the relevant variable. In Fourier’s theory
of heat conduction, the internal energy depends on the absolute temperature only;
ie.

e = é(0) (1.2)

whereas the heat flux is given by the relation

q=—r(0)0,. (1.3)
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As a consequence, the system governing the evolution of the heat flux and the absolute
temperature takes the form

q+r(0)0, =0

4z + é/(e)et =0,

where k and € are strictly positive functions characterizing the material in consider-
ation. In the case when € and k are independent of  we get the familiar linear heat
equation

0; = kO, k=r/é.

This equation provides a useful description of heat conduction under a large range
of conditions and predicts an infinite speed of propagation; that is, any thermal
disturbance at one point has an instantaneous effect elsewhere in the body. This is not
always the case. In fact, experiments showed that heat conduction in some dielectric
crystals at low temperatures is free of this paradox (infinite speed propagation) and
disturbances which are almost entirely thermal may propagate in a finite speed. This
phenomenon in dielectric crystals is called second sound.

These observations go back to 1948, when Cattaneo [1] proposed, instead of
Fourier’s law, a new constitutive relation

T(0)q + q = —£(0)0s, (1.4)

where 7 and & are strictly positive functions depending on the absolute temperature.
Coleman, Fabrizio, and Owen [4] showed in 1982 that, if (1.4) is adopted then com-
patibility with thermodynamics requires that the internal energy given by (1.3) be
modified. To derive the appropriate form of the internal energy we define the free
energy function by

Y =e—0n (1.5)

where 7 is the entropy which satisfies, in the absence of external heat supply, the

growth relation
mz-(4) . (1.6)

We then combine (1.1), (1.5), and (1.6) to produce the Clausius-Duhem inequality

O
Wby + Oy + q? <0. (1.7)

By using a theorem by Coleman and Mizel [2], one can show that a necessary and
sufficient condition for (1.7) to hold is that

v = (0.0 = (6) + SO
n o= n(0,9) = =e(0,9), (1.8)

where
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The sufficiency of (1.8) is clear by virtue of

U + 0oy = b(0)qqs, (1.9)

which, when combined with (1.4), yields

@ _ ¢
0+ —=——< 1.1
Yy +nb; + 7 HG_O (1.10)
and when combined with (1.1) gives
10 = —az — b(0)qgs. (1.11)

It also follows from (1.5) and (1.8) that the internal energy has the form
e=é(0,q) = eo(0) + a(f)q?, (1.12)

where a is a function determined by 7 and &; in particular a(f) > 0.

It is physically reasonable to assume that there exists a temperature § > 0 such
that if ¢ = 0 and # = @ then the specific heat, the termal relaxation time, and the
thermal conductivity are positive; i.e.,

eo(0) > 0, 7(0) > 0, k() > 0. (1.13)

By substituting in (1.1), the expression of e in (1.12), the system governing the
evolution of # and ¢ becomes

G + (ep(0) + a'(0)g*)0; + 2a(0)qq: = 0

(g + q + K(0)0, = 0. (1.14)

So by virtue of (1.13), this system is strictly hyperbolic in a neighborhood V - which
can be taken as small as necessary - of the equilibrium state (g,0) .

Global existence and decay of classical solutions to the Cauchy problem, as well as
to some initial boundary value problems, have been established by Coleman, Hrusa,
and Owen [3]. They also showed that (6, ¢) tends to the equilibrium state, however no
rate of decay has been discussed. Concerning formation of singularities, Messaoudi
[5] studied the following system

7(0)q + g+ x(0)0, =0

and showed, under the same restrictions on 7, ¢, and &, that classical solutions of
the Cauchy problem break down in finite time if the initial data are chosen small in
the L* norm with large enough derivatives. This result has been later generalized
by the author [6] to a system of the form

ole,q)q + ple,q)g = —ex + Ne,q)qgs (1.15)

€ = —(g,
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where o, 1 satisfy

0(6,¢)2a>0, u(E)=p>0, V(E()eR: (1.16)

We should note here that (1.15) is equivalent to (1.14). For more details, we refer
the reader to [6].

In this article we consider system (1.14) together with the initial-boundary con-
ditions

0(z,0) = 6o(z), q(x,0) =qo(z), ze€l=(0,1) (1.17)
000,)— 6 = O(1,)— =0, t>0 (1.18)

and establish an exponential decay result. In proving this result we make a crucial
use of Poincare ’s inequality to establish some estimates. This of course made our
argument unextendable to unbounded intervals.

2 Exponential Decay

In this section we state and prove our main result.
Theorem. Assume that e}y, a,k,7 are C* functions satisfying (1.13). Then there
exists a small positive constant § such that for any initial data 0y— § € H*(I)NH, (1),
qo € H*(I) satisfying

10— 6 115 + llgoll < &%, (2.1)

the solution of (1.14), (1.17), (1.18) decays exponentially as t — +00.

In order to carry out the proof, we consider another problem which agrees with
(1.14), (1.17), (1.18) when (6, q) are close enough to the equilibrium state (g,0). For
this purpose, we introduce the functions A, B, C, D satisfying the following hypothe-
ses

hl) A, B € C3(IR?) and C, D, E € CZ(IR?) such that

_ K(§) _ _ 1
A(g) - 7_( )> B(g) 7_(5)’ C(S,C) 66(5)_'_@,(6)(2
B 2a(&)k(€) B 2a(§)r(§)C
bed = Goreeare POV Gor e

V(£ Q) eV.
h2) A(§) > A>0, B(§)>B>0,C(,n)>C>0.

Here C? denotes the space of continuous and bounded functions, as well as, their
first and second order derivatives. We note that functions with these properties can
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be constructed by virtue of (1.13). Therefore, instead of (1.14), (1.17), (1.18), we
consider the following problem

@ = —A(0)8, — B(0)q (2:2)

0, = —C(0)q. + D(0,9)¢* + E(0,q)0,, €l t>0. (2.3)
0(x,0) = 6o(), q(z,0) =qo(z), w€l (2.4)
0(0,t)—9 = O(1,t)—6=0, t>0 (2.5)

Remark. If (0,¢) is a solution of (2.2) — (2.5), which remains in V then by virtue of
(h2), it is also a solution to (1.14), (1.17), (1.18).

We set
AORE :/ [(0— 0%+ 62 +62+6% + 0%, +6% + ¢ + ¢
_/ V4 02 1 02)(x, t)da 2.7)
+/ N + @ + q;)(x, t)de,
and .
ot) = max (10— 8 | + 0z + 0] + a] + |ge| + |ga])(z, 1)] (2:8)
Proof.

We multiply (2.2) by C(6)q and (2.3) by A(0)(6— 6) integrate over I, use inte-
gration by parts, and add equalities, to get

dat 2/ (60— 6)° + Cq’lde} < - /CBQ +Ta(t)E(t) (2.9)

where I' is a generic positive constant independent of 6, ¢, and t. We then differentiate
(2.2), (2.3) with respect to t ; hence we have

Q@ = —Aby — A0, — Bg — Bug (2.10)
Op = —Cqu —Cigr + th2 +2Dqq; + Ei0, + Ef,;. (2.11)

We multiply (2.10) by C¢ and (2.11) by A6, integrate over I, use integration by
parts, and add equalities, to obtain

i{% /Ol[Aﬁf +Cqflda} < — /01 CBq? +Tla(t) + *(1)E(F).  (2.12)

To establish bounds on terms involving 6;; and ¢, we introduce a difference operator
Ay, as follows : for h > 0, we set

AW (z,t) =W (z, t +h) —W(x,t), ze€l, t>0. (2.13)
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We apply the above operator to equations (2.10), (2.11), multiply the resulting equal-
ities by C(0)Apq; and AA0; respectively, integrate over I, and add the inequalities.
After a number of integrations, using integration by parts, we divide by h? and let h
go to zero. Thus we get

d, 1 ! 2 2 ! 2
il < _
S5 [0+ Cgtlaa} < — [ OB (2.14)
+T[a(t) + () + o (t)]E(t).
Therefore, by combining (2.9), (2.12), and (2.14) we obtain
1
A< -2 /0 OB[¢? + g2 + ¢2ldx + T[a(t) + () + a* (1) E(t). (2.15)

Next we show that, for (6,q) € V, A is equivalent to £. For this purpose we use
equations (2.2), (2.3), (2.10), (2.11), and the hypotheses (h1), (h2) to arrive at

1 1
/0 02+ ¢2 + 0%, + ¢ )dx < 01/0 [*+ @+ ¢ +do+ 607 +02]de  (2.16)
+er[1+ a®(t) + o' (B)]A®R).

We then differentiate (2.2), (2.3) with respect to x and use the resulting equations to
get

1
[ 162, + Jdr < el + a2() + 0 (D]A() (2.17)
0
Therefore, a combination of (2.16) and (2.17) yields
al(t) < E1) < {1l +a®(t) + o' (t)}A(2) (2.18)
where ¢1, ¢o are constants independent of ¢; hence (2.15) takes the form
1
N(t) < —2a /0 (¢* + @7 + i) do + Ta(t){1 + o () }A(2). (2.19)
For further estimate, we multiply (2.3) by #; and integrate over I; so we have
1 1
/ 0de < — / Caqub,dz + Ta(){1 + a7 () A (D)
0 0
1
< / Cqlydz + Ta(){1 + a7 () }A(H) (2.20)
0
1 1
< %/ Cqb.dx —/ Cqbpdr +Ta(t){1+a’(t)}A(t)
0 0
which implies, by virtue of (2.2), that
1 d 1 [e's)
/ 02dz — &/ Cqbda < c/ (¢ + ) de +Ta(){1 +aT(B}A®F).  (2.21)
0 0 —00

A similar treatment to (2.11) leads to

/1 62 dz — 1/1 Cabudr < ¢ [~ (¢ +3) do+ Ta(t){1 +aT(OIA().  (222)
0 tt dt 0 tYxt ~ - t tt . .
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Also, Poincaré ’ s inequality and equation (2.2) give

/ (60— §)2da < c [ (@ +a)da (2.23)

— 00

Thus (2.21), (2.22) and (2.23) yield

[lo-67+62+ 600 - G0y < [

[e.e]

(¢ + 4 + ;) do

+la(t) {1 +a’(t)}A(1), (2.24)
where

1
G(t) = /0 Clabs + 0] dz

We also define F' = A — @, for € so small that, by virtue of the definitions of A, G,
(h1), and (h2), we obtain
es\(t) < F(t) < eqA(2)

where ¢35, ¢4 are constants independent of ¢. Therefore a combination of (2.15) and
(2.24), using (h2) and choosing ¢ as small as necessary, leads to

F'(t) < —bF(t) + Ta(t){1 +a" ()} F(t), (2.25)

for some constant b > 0. We also note that, by the standard Sobolev embedding
inequalities we have a(t) < 1/2E(t). So by choosing § in (2.1) so small that (6y, q9) € V
and I'a(0){1+a"(0)} < b/2, the continuity yields (#,¢) € V and Ta(t){1+a"(t)} <
b/2, ¥t € [0,ty); consequently relation (2.25) yields

FI(t) < —gF(t), Yt € [0, 1) (2.26)

Direct integration of (2.26) over (0,t) then yields

F(t) < F(0)e ™2 Vte0,t); (2.27)
hence F(t) < F(0) and we can extend (2.27) beyond t,. By repeating the same
procedure, taking 0 even smaller if necessary, and using the continuity of F', (2.27) is
established for all ¢ > 0. This completes the proof.
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In matrix theory it is well known that the matrix equation AX — Y B = C'is
solvable for X and Y if and only if

[é g] is equivalent to {61 g}, (1)

or equivalently
A C A 0
rank[o B]—rank{o B]’ (2)
see [14]. This result is often called Roth’s equivalence theorem, and was revisited
by lots of authors, see, e.g., [3, 5, 6, 7, 11, 16]). Roth also showed in [14] that
the Sylvester equation AX — X B = C' is solvable for X if and only if

A C|. . . A 0
{0 B]lssmularto[o B]' (3)

This result is often called Roth’s removal theorem.

Roth’s work was extented to various general settings. For example, it was
shown by Ozgiiler [13] that there exist X and Y such that AXB +CYD = E
if and only if the four independent rank equalities

(A, C, E]=r[A, C], r|D :r[B}, (4)
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4§ g]mm+mpy {g g]mm+rw> (5)

hold, where r(-) denotes the rank of a matrix. This work is extented to the
linear matrix equation A; X1B; + A2 XsBs + A3X3B3 = C by the author [15].
On the other hand, the consistency and solution of the matrix equation

AXB+CXD=E (6)

was also examined through various methods, see, e.g., [1, 2, 4, 8, 10, 12].

A powerful method in solving linear matrix equations is the well-known vec
operation and Kronecker product of matrices. Any linear matrix equation can
be converted through the method to a trivial form Mz = b (see [9]). However,
it is difficult in general to remove the vec operation and Kronecker product
from the consistency condition and solution of Mz = b. Hence it is unknown at
present how to characterize the consistency of the equation (6) using equivalence
and similarity of matrices.

In this note, we show some partial results associated with the consistency of
the equation (6).

Theorem. Let A, C be m X p matrices, B, D be g x n matrices, and E be an
m X n matriz over an arbitrary field F. If there is an matriz X satisfying the
equation (6), then A, B, C, D and E satisfy the following rank equalities

B B
r[A, C, E]=r[A, C, 0], r|D|=r|D]|, (7)
E 0
PR ESIE

, My, By . My, 0 , My, By . My, 0O ()
0 N 0 N’ 0 No 0 Ny’

T{Mgk Ek]r{Mgk 0]’ T[MM Ek]T[MM 0]’ a0)

0 N3y, 0 N3 0 Ny 0 Ny
for k=2, 3, ..., where
E i A C
—F A C
Ei= . ) My = . . )
k+1
(71) + E_ kxk A C kx(k+1)
~ A
D B C A
D B
Ny, = . , My = C ,
. . A
D B- (k—1)xk C

kx(k—1)
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N3 =

T

Ny, =

(k+1)xk

)

Sy

kxk

B D

My,

kxk

Proof. The four rank equalities in (7) and (8) come directly from (4) and (5),
because the consistency of the equation (6) implies the consistency of AXB +
CY D = E. We next show that the rank equalities in (9) and (10) hold for any
k. Suppose the equation (6) has a solution X, that is, AXoB + CXoD = E.
In this case, construct two nonsingular block matrices as follows

I,

Qlk =

L,

0
AX,

~X,B
~X,D

—_AX,

XoD

(—1)FAX,

(-1)*XoD

(2k—1)x (2k—1)

d (2k+1)x (2k+1)

259



260 Y.TIAN

and calculate to yield the equality
My, Eg My 0
P1k|: 0 le:|Q1k_|: 0 le:|7

which is equivalent to the first rank equality in (9). Let

Py
I 0 -
I, AXy
1, —AXy
B I, (-DkFAX, (—1)*CX,
= ]q ,
Iq
Iq
L Iq 42k %2k
(1, ~X,B T
Ip —XoD
Ip XoD
I —1)1XyD 0
Q3k: P I ( ) 0 5
I,
I,
L I"— 2k x 2k

and calculate to yield the equality
Msy,  Ey | M3, O
Psy, [ 0 Ny Qe =| Na |’

which is the first rank equality in (10). The other two rank equalities in (9) and

(10) can be shown by a similar approach. Their proofs are omitted here. O
When k = 2, the four rank equalities in (9) and (10) become
A C 0 E 0] A C 0 0 0
rf0 A C 0 —-E|=r|0 A C 0 0], (11)
0 0 0 D B | 0 0 0 D B
A E 0 ] (A 0 0
cC 0 —-E cC 0 O
r{0 D O =r|{0 D 0|, (12)
0 B D 0O B D
0 0 B | |0 0 B
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(A ¢ E 0] (A C 0 0]
0 A 0 —-E 0 A 0 O
“lo o o B|""lo 0 D B (13)
000 D] |0 0 0 D]
[C A4 E 0 [C A 0 0]
, 0 C 0 —-FE . 0 C 0 0 (14)
0 0 B D 0 0 B D
L0 0 0 B | |0 0 0 B
When k = 3, the four rank equalities in (9) and (10) become
A C 0 0 FE 0 © A C 0 0 0 0 O
0 A C 0 0 —-E 0 0o A C 0 0 0 O
P00 A C o0 0 E|l=rl0 0 AC 0 0 0], (15
0 000D B 0 0 0 0 0D B 0
0O 0 0 0 0 D B 0O 0o 0 0 0 D B
[A 0 E 0 0] A 0 0 0 0]
c A 0 —-FE 0 c A 0 0 O
0o ¢ 0 0 FE 0o C 0 0 O
rf0 0 D 0 O0|=r{0 0 D 0 O], (16)
0 0 B D 0 0 0 B D O
0 0 0 B D 0 0 0 B D
0o 0o 0o 0 B|] |0 o0 0 0 Bj
(A C 0 E 0 0 A C 0 0 0 0
0 A C 0 —E 0 0 A C 0 0 O
, 0 0 A0 0 FE . 0 0 A 0 0 O (17)
0 0 0D B 0 0 0 0D B 0}
0 0 0 0 D B 0 0 0 0 D B
0 000 0 D 00 0 0 0 D
[C A 0 E 0 0 ¢ A 0 0 0 O
0 C A 0 —-E 0 0O C A 0 0 O
.0 0 ¢ 0o 0 FE _,.l0 0 cC 0 0 O (18)
0 0 0 B D 0 0 0 0 B D 0
0 0 0 0 B D 0O 0 0 0 B D
|0 0 0 0 0 B 0O 0 0 0 0 B

Since there are infinitely-many rank equalities in (9) and (10), it is needed
to consider the independence of these rank equalities. It can be seen from the
structure of (7)—(10) that for any given k > 2, the six rank equalities in them are
independent in general, that is to say, any one or some of six rank equalities do
not imply other rank equalities. Moreover, we guess that for all £ < min{p, ¢},
the equivalences in (7)—(10) are all independent. But for k£ > min{p, ¢}, nothing
can be said about the independence of the rank equalities in (9) and (10).
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The discovery of the four types of rank equalities in (9) and (10) is somewhat
of surprise for the equation (6). As a matter of fact, if any one of these equiv-
alences is not satisfied, then (6) is not solvable for X. Thus when examining
the consistency of (6), one should sufficiently consider the rank equalities in (9)
and (10), although they are not sufficient conditions for (6) to be consistent.
Following this remarks, it is worth considering the following two problems:

(I) What conditions together with (7)—(10) are necessary and sufficient for
(6) to be consistent?

(IT) Under what conditions, the rank equalities in (7)—(10) are sufficient for
(6) to be consistent?

For Problem (I), we can say nothing at present. Although it is best known
that the equation (6) is solvable if and only if the conventional system of linear
equations [ (BT ® A) + (DT ® O) })_() = Fis solvable, one can hardly establish
any essential relationship between (7)—(10) and the solvability of the system of
equations. For Problem (II), we have the following conjectures.

Conjecture 1. Under the condition
R(A)NZR(C)={0}, or Z(B")nz(DT)=/{0}, (19)

where Z(-) denotes the range (column space) of a matrix, there is an X such
that AXB + CXD = F if and only if the eight rank equalities in (7), (8),
(11)—(14) hold.

Conjecture 2. Under the condition

r[gl < g]zr[‘g i]w[i g}—r[i], (20)
. § 1% :r{g g}w{lg g}—ﬁa B, (21)

there is an X such that AXB 4+ CXD = FE if and only if the twelve rank
equalities in (7), (8) and (11)—(18) hold.

When both B and C are identity matrices in the equation (6), Conjecture 2
reduces to the following form.

Conjecture 3. Under the condition A2 = 0 or D? = 0, the matrix equation
AX — XD = FE is solvable if and only if

T[A E]:T{A 0] T[A EFZT{A Or T[A EFZT{A or
0 D 0 D|” |0 D 0 D|’ |0 D 0 D|”’

(22)
or equivalently, the two statements in (3) and (22) are equivalent.
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Abstract

In this paper, a model describing phytoplankton population dynamics in an environment is presented.
An implicit finite difference scheme is used to approximate solution of this model. Then an inverse
method procedure, involving the minimization of a least squares cost functional, is used to estimate
certain model parameters using computationally generated data. Further, convergence results for these
parameter estimates are established and finally, numerical examples are presented which confirm the
theoretical results proved.
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1 Introduction

The nonlinear, nonlocal, hyperbolic partial differential equation model (1.1) shown below, describes dynamics

of phytoplankton population with aggregation in an ocean environment.

ur + (9(z, P(t))u), = F(u) —w(z)u (t,z) € (0,T] % (0, Zmax)
(0, P(£))u(0, 1) = /Ommmﬂ(m,P(t))u(t,m)dx t e (0,7 (1.1)
u(0,z) = u%(z) z € [0, Tmax]
where 1 e Tmax
Py =5 [t = yaputtr — pputtndy —utta) [ nte ey

is the nonlinear aggregation term and
Tmax
P(t) :/ u(t, z)dx
0

represents total phytoplankton population at time ¢. w(¢,z) denotes population density of phytoplankton
having size z at time ¢, while parameters g and 8 denote growth and reproduction rates of an individual,
respectively. It may be noted that both g and § are functions of size x and total population P. w(z) is the

sinking/mortality rate of phytoplankton having size z, while n(z,y) is the rate at which an individual of size



2 coalesces with an individual of size y, when they come into contact upon collision. Finally, u° is the initial
population distribution.

It may be worthwhile to mention that the above model contains an all important nonlinear aggrega-
tion/reaction term F'(u) which represents the coalescing of particles upon collision in an ocean. This causes
the parameter estimation problem associated with this model to be different from any of those discussed in
[1,2,6,7,8,14].

This particular model (1.1) was first presented in [4]. In that paper, an implicit finite difference scheme
was used to approximate model solution and convergence of the numerical approximants to a unique, bounded
variation, weak solution was shown.

In (1.1), parameters such as the growth and reproduction functions represent physiologically significant
processes in the life cycle of phytoplankton. Hence, a need arises for one to be able to numerically estimate
parameters such as these.

The procedure employed to identify function parameters involves comparing observed phytoplankton
densities with solution output of the model and minimizing a least-squares cost functional in the process.
A minimizer to this cost functional is computed numerically and its convergence to a minimizer of the
original least-squares cost functional is shown theoretically. This method has been implemented successfully
in several other phytoplankton population models (see [1, 2, 6, 7, 8, 14]).

Hence the following parameter identification problem presents itself:

e Given observations II,., corresponding to total population of phytoplankton in the interval [0, Z;ax] at
time ¢, r =0, -, R, find a parameter ¢ = (g, B, w, n, uo) € () which minimizes the following least
squares cost functional or

R

A
min J (q) = )

r=0

2

/ (u(tmazq)d:v—l'[,, , (1.2)
0

where u(t, z, ¢) represents the parameter dependent solution of model equation (1.1) and ) represents

an infinite dimensional parameter space.

This paper is organized as follows. In section 2, an inverse problem approximation method which numer-
ically estimates parameter g is described, while section 3 deals with proving convergence results of computed
minimizers to a minimizer of the original least squares problem. In section 4, numerical results are presented

and future research issues are addressed in section 5.

2 Approximating Parameters Numerically using Inverse Method

The following regularity conditions are imposed on the infinite dimensional parameter space Q.

(Bg) We define the space

D = C"Y(Q) xC(Q)xCI0,Zmax] X C ([0, Zmax] X [0, Tmax]) X L' (0, Tmax) -

Here Q = [0, Zmax] X [0,00). The admissible parameter space () is thus a compact subset of D which

satisfies the following conditions uniformly in ¢ for all ¢ € Q.

(By) Growth function g(z, P) is twice continuously differentiable with respect to z and continuously
differentiable with respect to P. Also, g > 0 for = € [0, Zimax) and g(Zmax, P) = 0. Finally,
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where A; is a fixed constant.

(Bg) B(x, P) is non-negative and continuously differentiable with respect to 2 and P. Further,

181+ 182] + [Bp] < Aa,

As being a fixed constant.

(By) w(z) is a non-negative continuously differentiable function and |w(z)| < As, where A3 is a fixed

constant.

(B;) n(z,y), the aggregation kernel, is non-negative and continuously differentiable with ||n||,: < A4.

Further,
n(z,y) >0 5 T4y < Tmax

n@,y) =0 5 T+Y> Tmax
(Byo) Tnitial condition u® (z) € BV (0, Zmax) N L™ (0, Zrmax) and u® (z) > 0.
In this paper, techniques similar to those used in [3, 13] will be used to establish convergence of computed
minimizers for the inverse problem (1.2) and (1.1).

We begin by defining a parameter dependent weak solution u(t,z,q) to the partial differential equation

model (1.1) as a bounded measurable function satisfying

/ommaxu(t,x,q)tﬁ(t,m)dm - /Ozmaxuo(mw(oﬂf)dw

t Tmax
= / / u(ds + gor — wo) dxds
JO JO

+./ot¢’(s’°) ([ st Pesaputs i) o 2.1)

t Tmax
[ [ @m0 dnds,
JO JO

for t € [0, 7] and each function ¢ € C* ((0,7) x (0, Zmax))-
The first step taken while solving the least squares problem involves approximating the solution of

equation (1.1) numerically, which is carried out as follows: Let

Tmax T
Ar = and At = —
N C]
represent the space and time mesh sizes, respectively. The mesh points are given as z; = jAz, j =0,---, N

and t; = kAt, k=0,---,0. Also, the finite difference approximations of u(tx, z;, ¢) and P(tx,q) are denoted
by u,;?(q) and P*(q), respectively. Further,

qf =g (Tj/Pk (q)) ) Bf = 6 (T]/Pk (q)) , Wi =w (T]) and Ni,j = 77(77“773)

represent discrete notations for functions g, 8, w and 7 in (1.1), respectively.
The model equation (1.1) is approximated using the implicit finite difference scheme described in [4] and

given below.
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k41 k k, k+1 k41
(u;" (g) —uj(9) L9 (9) — g} 1ui™ (q) ot ()
At Az 7%
k+1 Z"b l'“l Az = h,; (q)
N
gh ugt () = _prult (g) Az
i=1
N
PE (q) = Y ubt (g) Az,
\ j=1

where
1 J
= 5 Z n,ifm7mu_17?7m (2) uﬁz (q) Az,
m=1

with initial condition

= [ )
u; = — uw (x)dxr j=1,---,N.
! Am-(jfl)Am

The ¢, £ and BV norms are defined as

N
o @], = Yl @] Ar, [t @), = max ko)
7=0,-
j=1
and
||uk (q)” BY Z |D ’; ‘ Az, respectively,
where . .
D; (u? (q)) = M 1<j<N.

Az
The following restrictions are also required for convergence of the above finite difference scheme (2.2):

(Bmesh)

BE At At -1 '
A$_5+A—f<1+mgf+l+Ath1> <1 j=0,---,N—1

BN<1 j=N.

96

(Bother) 01 and 65 are two constants satisfying

sup (B(z, P) — w(x)} < 6,
(2,P)€[0,Zmax) X [0,00)
and o ,
sup gl +0.P) - gla, )+w(a:) < B,
(2,P)€[0,Zmax) x[0,00) )

for sufficiently small § > 0. Finally, max (6;,62) At < 1.
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The above implicit finite difference scheme was developed in [4, 5], where non-negativity and stability of
this numerical method for suitably small At and Az was proved. Further, the convergence of this scheme
to a unique, bounded variation, weak solution of equation (1.1) was also shown. Hence the following re-

sult, concerning existence-uniqueness of the weak solution defined in equation (2.1) below, is recalled from [4].

Theorem 2.1. For any fixed ¢ € @, equation (1.1) has a unique, bounded variation, weak solution.
Now the difference approximations {u’; (q)} may be extended to a family of functions on [0, 7] X [0, Zmax]

by defining
UAt,Am (taTaq) = U,']; (q)/ (tlr) € [tkflatk) X ['ijlazj)a k= ]-7" '7@ and 7 = ]-7" 'aN'

The second step in solving the least squares minimization problem involves approximating the infinite
dimensional parameter space () by a sequence {QM} of finite dimensional compact subsets of ().
Thus, for computational purposes, one attempts to minimize the following approximate finite dimensional

cost functional Jaz Ax (qM) defined as:

R

Jatae (@) = Z

r=0

2

/ { UAt7Az (tr: T, qM)dw - H’I‘ (23)

over QM where ¢™ € QM.
In the next section, the focus shall be on establishing convergence of minimizers of the approximated

least squares problem (2.3) to a minimizer of the original least squares problem (1.2).

3 Convergence Results for Parameters

Investigation of convergence begins by proving that if there is a sequence of parameters {qM}7 where
¢” € QM, then the limit of the numerical solution of (2.2) corresponding to parameter ¢ is the unique

BV weak solution of (1.1) corresponding to parameter ¢ .

Theorem 3.1. Let Uasaz (t,2,¢") denote solution of finite difference equation (2.2) corresponding to
parameter ¢ and let u(t,z,¢™) be the unique, bounded variation, weak solution of equation (1.1), corre-
M) ™), in L' (0, Tay), uniformly for all ¢ € [0, 7],

sponding to parameter ¢™. Then Uat ax (t, S qg™) = ul(t

when At, Az — 0.

33

Proof: Following [3], define uI;M = u’; (¢™).
[4], it can be seen that quantities ||7/,’“JV"||Oo and ”“‘k’M”Bv are bounded, independent of M, At and Ax.

Further, from [4], the approximants {u?’M

Using assumptions on parameter space () and proofs in

can be shown to satisfy the following Lipschitz condition in ¢:

o, M v,M
Ui - Ui

At A;USA5(Q_’Y)7

Jj=1
where Aj is a fixed constant. Following procedures such as those given in [18], page 276, it can be shown
that the approximants {ufM} which represent the family of functions Ua¢ A, (t, z, qM) on [0,T] x [0, Zmax],
converge to a bounded variation function @ (t,m,qM) (along a subsequence) in L! (0, Z;may), uniformly in

t. Using uniqueness of this bounded variation solution stated in Theorem 2.1., it is only required to be

shown that this solution u (t,x,qM) is a weak solution of equation (1.1) corresponding to parameter ¢,

PARAMETER ESTIMATION... 269



which will establish the result. To achieve this, multiply equation (2.2) corresponding to parameter ¢™
by ng?“AtAa: = ¢ (tgs1,7;) AtAz where ¢ € C' ((0,T) x (0,Zmax)). Sum over indices j = 1,---, N and

k=1,---,p and use elementary algebraic manipulations to obtain the following for each 0 < p < 0.

i ( p+1, M¢p+] —u® qug) Ax — Z¢k+123f’MU§H’MA$At
j=1

=1 k=1

(%

P N ¢k+] _ st ¢k+] _ ¢k+]
72 Z [u_];’M (JTI‘]> +!}_?Lﬂf7tffll’M (%) — 11)_§W1L§+1’M¢§+1] AzAt (3.1)

k=1 j=1
P N N
_ E+1 koM RM A k+1,M M. kM
= E E ?; E n7 N R Az —u; E U AxAt.
k=1 j=1 =1

Using techniques similar to those used in [11, 15, 18], it is seen that equation (3.1) converges to:

[t ) oteyin— [ w00, 0
/s J0

- /0 t /0 " (Be + g — w) duds

# [ o0 ([ 8 P s 0 ) s
+_/0t /OmF (@ (.2, ™)) ¢duwds.

Hence the limit function u (t7az7 qM) is indeed the unique, bounded variation, weak solution of (1.1) corre-
sponding to parameter ¢ . This proves the theorem.

The following result follows from Theorem 3.1.
Corollary 3.2. Jat aq (qM) —.J (qM) when At, Az — 0.

Proof: Follows from Theorem 3.1.
In the next theorem we show continuity of the approximate cost functional J in order to show the exis-

tence of a minimizer for the same.

Theorem 3.3. For fixed values of At and Az, let Uas az(t, 7, ¢) and Uai ax(t,,q) be solutions of the
finite difference equation (2.2) corresponding to parameters ¢™ and g, respectively. Secondly, let u(t,z, ")
and u(t, z, q) be unique, bounded variation, weak solutions of (1.1) corresponding to parameters ¢ and g,

respectively. Finally, let ¢™ — ¢ in @, when M — oc. Then
(a) Uat.ax(t, S qM) — Uat.az(t, 5 q) in L'(0, Zmay), uniformly in ¢ € [0, 7).
(b) u(t,-,q™) —= u(t,-,q) in L' (0, Tmay), uniformly in ¢ € [0, T], when At, Az — 0.

Proof: Let {u?"M} and {115} denote the solutions Uas az(t, 7, ¢™) and Ua ax(t, z, q), respectively, of the

finite difference equation (2.2) corresponding to parameters ¢™ and ¢, respectively. Then, using techniques
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similar to those used in lemma 16.6 of [18] and [4], let 1)?’M = u?’M — u? fork=0,---,0 and j=0,---,N.

The following system of difference equations hence follows:

UIH'I’M — 1)]?’M
L+ Dy (9" @y P = gl POt ) + (w) Y — )
j j N N (3.2)
1
=3 (ZTIJMI s N M Ar — Zmz,m?m{“Am) = MMM A £y T bk A
I=1 I=1 I1=1 1=1
with boundary condition
N
gM(O,Pk’M)u(I;H’M — g(O,P’“)ug+1 = ZBM (m,;,Pk’M) UZI»H'LMA.?:
i=1
(3.3)
N
+Z (BM (x;, PPM) — B(x;, P*)) ut T Az
i=1
M

Multiply equation (3.2) by Az sgn (vf“’M) and sum over indices j = 1,---, N. Further, use notation w;

for w™ (x;), 0}, for n™ (z;,24) and so on to obtain

[Cannael i Pl il -
1Af L < —ZD; (gM (z, PEM) u?H’M — g (z;, P") u?“) Az sgn (v;-HLM)

J=1

N
k41 M k1M k+1,.M
+ g (wJuj w;'u; )Am sgn (vj )

Jj=1
1 N J J
M kM kM k k k+1,M
+§ Z anfhlujfl u Az — an,uujilul Az | Az sgn (vj )
j=1 \i=1 =1

N N N
M k+1,M kM ) k+1 k k+1,M
+§ (E Ul u " Ax + E njauy uwAr | Az sgn (0]
1=1 =1

j=1 =
=I+IT+1IT+1V.

Adding and subtracting terms leads to

N
I= —ZD; (gM (zj, PHM) vf“’M) Az sgn (vf“’M)
i=1
N
+ZD; ([gM (mj, P’“’M) -9 (mj, P’“)] 7/,_1;“) Az sgn (1)_f+1’M)
j=1
=1+ 1.

Definition of D, operator gives

) M M M
i = gM(0,PkM) VEFM on (U{H , ) _9 Z g (z;, PFM) ‘U;H , ‘
j€Jump

gM (0, PR:M) oM gen (,U{H»LM) < ‘gm (0, Pk:M) v(l)wuvr‘

IN
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_ ; Lo kH+1,M | k+1,M
WhereJumpf{ISJSN—l.vj A <0}.

Boundary condition equation (3.3) is used to obtain a bound on the term ‘gM (O, P’“*M) vg“’M‘.

N
M (0=Pk7M) U(IJHLM — (g (ijk) _ gM (07Pk,M)) u18+1 + ZBM (xi7pk,M) ’Uf+]’MA$

i=1

N
+3 0 (BM (s, PRM) — B (27, PF)) bt Aa.
i=1

Hence,
‘gM (0, PEM) 7J§+11M‘ < g (0, PE) — gM (0, PEMY | [[ub+1]|_ + [|BM]| o=,
+[BY (i, PRM) = B (i, PH) |t
< g (0.P%) = g™ (0, PE)| [l + [g™ (0, PF) = g™ (0, PEM) [{luf |

+[BY | 2+ (B i, PRAT) = BY (i, PR)| uf 1

+[8Y (21, P) - 8 (w0, PY)| a1,

Elementary algebra and summation by parts leads to

1w = —ZD g (zj, P*¥) — g™ (z;, PHM)) k+1Am sgn( k+1, M)
N
> "Dy (uf™) (g (w1, P*) — g™ (wj 1, P*M)) Az sgn ( kL M)
j=1
< |Dy (g (w5, PF) = g™ (aj, PEM)) | [lut 41
+ g (251, PF) = gM (w0, PEM)| a1
< D5 oo PY) 0 (o, PR 1]

—+ |D;f (g’V’ (mj7plc) _gM (mﬁpk,M))‘ ||uk+1 ”1
+1g (251, P*) = g (wjor, PE)[ 1]

+ 9" (i1, PP) = g™ (w0, PEM) |l
Adding and subtracting terms gives
N
11 = Z w; — 11) k+]A’I‘ ﬂgn( kt1, M) ij 1)k+] M Az qgn( f“ M)

=1 j=1

IN

g — | [+ ] o™

Changing order of summation leads to

N N
1
IIT = Zuk MZ ]l“z MAzAz sgn( k41, M) §ZU§ZU_;,szAwM sgn (,U;c+l7M) -

j=1 1=1
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Adding and subtracting terms,

1171 = —ka MAa:an,u, Az sgn( k+1, M) Zu’“Aa:Zn,lvl Az sgn( k+1, M)

N
1 kM kt1,M
+§ g u_’;Am E (n% — Uj,l) u," Az sgn (vj+ ’ )

j=1 =1

1
5 (™ o e sl o o e Wt = )

Finally, using same techniques as in I1I, add and subtract terms and so on to get

N N
= Zuf“ MAQJZ”;Z“Z Az sgn( I M) Zuf“AmZn_j,lquw sgn (vf“”)
J=1 =1

=

N N
Z?) +1’MA.TZT) ul MAg qgn( k+1, M) Zu +1ATZ”J”)Z Az qgn( k+1, M)
j=1 =1

j=1 =1
N
+Zu +1A’I‘Z (17], ;. l) u,’ MAg sgn ( k+1, M)
j=1 =

oA P 1 ol o s

Gathering all the bounds above gives

(o N el PR

k+1,M kM
| Ly

— v

At

v

< (lg(0,P%) = g™ (0, PF)[ + |g" (0. P¥) — g™ (0, PEM) ) Jut*]|
[ BY | oA+ [BY i, PRAT) = B (s, PE)[ b1
+ B (i, PE) = B (i, PR)[[uf
+ Dy (9 (w5, P) = g™ (a5, PF)) [ [|lu* ]
+ Dy (9" (w5, PF) = g™ (g, PRA)) [t
+1g (-1, ) = g™ (-0, PO JJu" |
+ 19" (1. PR) = g™ (w0, PR [t 5y,
+ fwj = | Juf ]+ ] ot

il M oM
v 1 u 1 1

1 1
+5 [ + 5 et Il [lv

M V) + g e

7771‘

= o il

Since ¢™ — ¢ in Q when M — oo, it follows that ¢ is bounded. Further, since ||u depends on

s [l

k7M||
1

boundedness of ¢ (see [4]) , is bounded as well. Using this and results stated earlier, it follows
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that as ¢™ — ¢ in @, when M — oo in the above inequality, there exist constants F and G such that
k+1,M|| _ | k,
1

At

||’U |’U

M||1 E+1,M E,M
< B[t + G oM
which gives

1+ GAt\"
o), < (Fogay) 1ol

This results in
||UAt7Az (t7 " qM) - UAt7Az (t= K q)”l -0

uniformly in ¢ € [0,7]. Hence the proof of (a). Further, letting At, Az — 0 and using Theorem 3.1. it can
be seen that
||’LL (t7 Bl qM) —u (t7 Bl q)”l =0

uniformly in ¢ € [0, T]. This proves (b). Hence the proof of the theorem.

The following result follows from Theorem 3.3.
Corollary 3.4. J(¢M) — J(q) as ¢™ — ¢ in Q when M — oc.
Proof: Follows from Theorem 3.3.
Corollary 3.5. Jazaz (V) = J (¢™) — T (¢) when At, Az — 0 and ¢™ — ¢ in Q when M — oo.

Proof: Follows from Corollaries 3.2. and 3.4.

In the next theorem, convergence result for solution of the least squares problem is established.

Theorem 3.6. Let () be an infinite dimensional parameter space and {QM} be a sequence of approxi-
mating finite dimensional compact subsets of ). Further, if for each ¢ € Q there exists ¢ € Q™ such that
¢™ = ¢in Q when M — oo and ¢™ is a minimizer of J over Q™ then from compactness arguments, the

sequence ¢™ has a subsequence ¢™i which converges to a minimizer § of .J over Q.

Proof: Following an abstract least squares theory (see [9], pp. 143-145), proof follows from Corollary
3.5.

Numerical examples proving correctness of the theoretical results established above are presented next.

4 Numerical Examples

In this section, an example similar to that in [10], with final time 7' = 5 and maximum size Tpm.x = 1, is

0 are taken in the

presented. The following known values for parameters g, 5, w, n and initial condition u
computations.

g(x,P) =0.5(1 —z)f(P), B(z,P)=0.5zf(P), w(z)=0.5,

1—(z+y) ; z+y<l1

n(z,y) =
0 ;o r4+y>1
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and
10 ; 0<z2<0.1

u’(z) =
0 ; 0l<z<l.

f(P), the only unknown function among the parameters to be approximated numerically, is taken as
f(P) = exp(—4P)

in the first experiment and
0.9

T+exp[8(P —0.5)]

in the second experiment to computationally generate observed data. Model equation (1.1), for the parameter

f(P)=01+

values given above, is solved numerically using the implicit finite difference scheme explained in [4] with mesh
sizes fixed as At = Ax = 0.01. The observed data II, is then collected as follows:

Tmax 1
HT:/ u(ty, x)dz, tT:gT', r=20,---,25.
0

Thus, for given fixed values of Y and Fy > 0, the parameter set () is chosen as the D-closure of the

following set:

{f€C[0,00) : [f(P) <X, |[f(P1) = f(P)| S Y|P = Pf, VP, P € [0,00)

and f(P) is constant for P > P,,ax, where Py > Prax}-

A straightforward application of Arzela-Ascoli theorem shows () to be a compact subset of D. The infinite
dimensional parameter space () is approximated by the sequence {QM} of finite dimensional compact subsets
of ), where

Q™ = span {40" (P; Pmax), ¥1" (P; Pmax), -+ %21 (P; Prax) }

M is a positive integer and {wJM(P; Pmax)}jio represents linear B-splines defined on the uniform partition

Prax 2Pnax
{07 ) :"':Pmax}

M M

of interval [0, Pyax]. The function f(P) € @ is approximated over QM in the following manner:

M
(M) Py =3 1 (j P;‘;") Y (P; Praas) where P € [0,00)
§=0

The approximation of f on interval [0, Ppax] is then extended to a continuous function on the non-negative
real line via 1/)5” (P; Pmax) = 1/)5” (Pmax; Pmax) for P > Ppax. Use of the Peano Kernel Theorem given in
[17], gives the following result:

lim (IMf) = fin Cy[0,00), uniformly in £, for f € Q.

M-

Thus, if fM € QM is given by
M

Py = ¢MeM (PP

=0

then the parameter estimation problem involves identifying (M + 2) coefficients {CJM}ino and PM_ from a

compact subset of RM*2 in order to minimize the cost functional Jaz,az (¢"). In both experiments M is
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chosen as 10. CJM =05, 7=0,---,M and PM_ = 1 are taken as initial guesses. Also, Py = 2 in both
experiments.

For the least squares cost functional, the following penalized cost functional form is utilized:

25

JA(.f):Z

r=0

1 2 1
[Cuttemats -~ [ 15 )P ar
J0 J0

The compactness of the embedding H! (0,1) < L? (0, 1) enforces the compactness constraints. Properties
of the regularized cost functional and the relationship between J\ and J are discussed in [9, 12, 16]. The
least squares problem is numerically solved using the FORTRAN routine LMDIF1, obtained from NETLIB,
which uses the Levenberg-Marquardt algorithm.

6 are used initially.

In both experiments, data without noise and regularization parameter A\ = 10~
Comparison between exact and estimated function f(P) is given in figures 1 and 2 for experiments 1 and
2, with PM estimated as 0.92 and 0.99, respectively. These figures confirm theoretical results concerning
convergence, proved earlier.

To check against error in measurement, noise with mean (4 = 0) and standard deviation (¢ = 0.03) is
added to the computationally generated data II,.. Exact and estimated functions for both experiments are
shown together in figures 3 and 4, with estimates for PM  being 0.99 and 1.05, respectively. A = 3 x 1074
for noisy data in experiment 1 and A = 8 x 10™* for noisy data in experiment 2 were needed to obtain the
best fit.

The least-squares cost functional values at the end of experiments 1 and 2 for data without noise were of
the order of 10~®, while the same for experiments 1 and 2 for data with noise had order 10~3. Experiments
1 and 2, for data without noise, required between 15-20 hours of computation time on an Ultra Sparc
2000 machine at the Computational Research Laboratory housed in the mathematics department at the
University of Louisiana at Lafayette, Louisiana. Times for experiments 1 and 2, for data with noise, ranged

from between 8 and 10 hours on the same computer system.

Comparison of Exact and Estimated f(P)
1.2 T T T T T

DATA WITHOUT NOISE

=> Exact f(P)

0.8 _ _ _ => Estimated f(P) q

0.4r

0.2

Figure 1: Exact f(P) =e %P
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1.2 T T T T T

0.8

Comparison of Exact and Estimated f(P)

DATA WITHOUT NOISE

=> Exact f(P) q

_ => Estimated f(P)

o6l
0.4
0.2
0 . . . . . . . . .
0] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P
s 8(P—-0.5
Figure 2: Exact f(P)=0.1+0.9/ [1+ ¢ ]
Comparison of Exact and Estimated f(P)
1 T T T T T T T T T
DATA WITH NOISE
0.8F ~ _ B
0.6 => Exact f(P) q
_ _ => Estimated f(P)
& o04f B
02} TS~ a
o ,
/
S = g /
<
~ /
ol S i
0.2 . . . . . . . . .
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P
- —4P
Figure 3: Exact f(P) =e
Comparison of Exact and Estimated f(P)
1 T T T
0.9 . DATA WITH NOISE 1
0.8 T
0.7 T
0.6 => Exact f(P) ,
\
. \
Losr \\ _ => Estimated f(P) B
\
0.4r 1
0.3 T
0.2 1
0.1r ~ - 7
0 . . . . .
0 0.2 0.4 0.6 0.8 1 12
P

Figure 4: Exact f(P) = 0.1+ 0.9/ [1 4"~ %]
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Conclusion

Numerical results in this paper prove the feasibility of a least squares optimization method used to estimate
parameters in a nonlinear, nonlocal, hyperbolic partial differential equation model containing a nonlinear
reaction term. These results appear highly promising. Future efforts will involve parameter identification
using experimentally observed data and a more sophisticated model than the one discussed in this paper.
Estimating parameters in a two-dimensional reaction diffusion equation and in a nonlinear beam equation
are also some other research issues to be possibly pursued by the author in the near future. All these results
propose to appear in forthcoming papers to be submitted for possible publication.
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Abstract

We employ operational and umbral caluculus methods to solve families of
partial differential equations in a unified way. We show that the method can be
extended to different forms of heat and D’Alembert equations providing explicit
solutions hardly achieveble with conventional means.
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1 Introduction

In a previous paper [1] it has been shown that operational methods can be exploited
to solve families of partial differential equations (p.d.e.), using a simple conceptual and
computational effort.

To provide a specific example we will consider the following generalized D’ Alembert

problem

o2
f(2,0) = g(z), (1)

0
o (z,t)]t=0 = v()

(z,t) = Q*f(x, 1)
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where Q isa yet unspecified differential operator.

According to [1] we can solve (1) by treating Q as an ordinary constant and the
initial functions as integration constants, we can therefore write the general solution
of equation (1) as

f(x,t) = cosh(Qt)g(x) + Q" sinh(Qt)y(z) (2)

where Q! denotes the inverse of the operator Q.
In the case of (2 =2 we obtain D’Alembert solution, namely [1], [2]

flet) = Slote+ o)+ gl = 0] + 5 6+ 1) — (e — 1], )

oa) = [ (e

The method of [1] is however general enough to obtain the solution for more general
operators. In the following we will consider two different non trivial realizations of the
operator {2 and use (2) to get explicit solutions.

In the case of ) = xa% we apply equation (2) along with the rules [3]
e’\x%r(:c) = r(etn), (4)
~ +oo o
Q! = / e s
0
thus getting
1 _
fed) = 5 [olet) + gle™a)] + o)

+ ;/OJFOO [v(et_sx) - y(e_t_sx)} ds.

The validity of the solution is limited to the case in which the integral on the r.h.s.
of equation (5) converges.

In the case of Q0 =z — % we can apply the same procedure as before which along
with the Weyl decoupling rule [3]

eg“3 = 62 Ee_ﬁ (6)

e 2
it [4B] = AB-B
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yields

+2

flat) = S [eglo—t) +e gz + ) + (7)

1 oo
+ 5 /0 ¢ 3P se [e(”“”)tfy(x —t4s)—e @ (g4t 4 s)} ds.

The validity of the above solutions has been checked by means of a numerical integration
in several cases.

The preliminary examples we have so far presented, yields an idea of the generality
and usefulness of the method proposed in [1] which will be extended to other families
of p.d.e. including umbral forms.

2 Operational background

To take some confidence, with the operational methods applied to the solutions of
p.d.e. we consider the “heat” type equation

d 81
a f(xat) = lq<$)(%3‘| f(x?t)> (8)

f(x,0) = g(x)
where ¢(z) is a continous function non vanishing in the considered interval. The

solution of (1) can be obtained by exploiting the method of the generalized Gauss
transform [4]. By setting indeed

= ga) )
we can write the formal solution of (7) as
fla.t) = e Tga). (10)
By noting that
et = \/17_? /;OO e~SHH2VIET g (11)

and by recalling that [3]

P [ (1) = J(F '\ + F(1))), (12)

F(z) = /0 T o (13)
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we find

flot) = g [ e g = (14

1 oo
G /_oo e VG (P (26VE + F(w)))dE.
In the case of ¢(z) = x we have F(x) = In(x), so that

fla,t) = ;% /f: e ¢ g(e?V ) de. (15)

This method can be applied to the solution of practical interest as the Black-Scholes
equation often found in economical problems [4] (see Appendix).
Let us now consider the problem (8), with initial conditions

F@ Do = 5(0), )5 7o 1)lmg = r(0) (16

The general solution can be found by exploiting the method outlined in the intro-
ductory section, thus finding

f(x,t) = cosh (F(a:) (;)é) s(t) + D, ? sinh (F(m) <§t>§) r(t). (17)

Where D, ? denotes the inverse of the half fractional derivative operator (0/ 81&)%.
The drawback of the above solution is the apparent necessity of dealing with fractional
differential operators. Even though their use does not imply any particular problem, we
note that they are not explicitly necessary, expanding indeed the hyperbolic functions
in series we are left with the solution

o) =2 () s+ ks rt0]. (13

n=0 2n + ]')

whose evaluation does not require any use of fractional derivatives.

3 On partial differential, difference equations

After the discussion of the previous section, it is quite natural to consider an equation
of the type

o X
& (I>t) = f(e l‘,t) (19)

f(x,0) = g().
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We can easily recognize that the above equation can be solved using the so far
outlined procedures, if we note that its r.h.s. can be cast in the form

F(erz,t) = s f(z, ). (20)

Accordingly we can write the solution of equation (19) as

ft) =" gy =3 o glem). 1)
n=0 """

More in general we can cast the solution of any equation of the type

0 .
o f@ 0 = FET O+ Fa). o)

(22)
(,0) = g()
in the form ) o n
Flant) = "% gla) = 3 3 o(F A+ Fa), (23)

and the validity of the solution is limited to the case in which the sum on the r.h.s. of
equation (23) converges. This point will be more carefully discussed in the concluding
section.

Equations of the above type are essentially partial finite difference equations and
are generalizations of the case (gq(x)=1)

(x,t) = flz+ A1)

ot (24)
f(z,0) = g(z),
whose solution is simply given by
)\% o0 ¢n
fla,t) =™ glz) = 3 — g(nA+ ). (25)
n=0 """

Let us now consider a slightly more general problem, namely

2

5 f(z,t) = f(etz,t)
ot , (26)
f(ZL',O) :g(x)a & (x7t)|t:():'7(x)'

in this case, by applying the same method as before, we find the solution in the form

t
(2n+1)

g(€2n>\l') + 7(6(2n+1))\x) ) (27)
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Which can be easily generalized to the case with ¢(x) # x.

The results of this section show that the method we have developed are flexible
enough to deal with different types of problems with a relatively modest computational
effort.

4 Concluding remarks

The use of the so far developed method can be extended to less conventional forms of
“Partial Differential Equations”. To this aim we remind that in [1] it has been shown
that equations of the type

Do fla ) = gt fat), D=

£0,t) = s(t)

“or ¥ oz (28)

where D, is the Laguerre derivative [1]. Since the function

r

2

Colx) = i:‘a( <:!> (29)

is an eigenfunction of the Laguerre operator, we can write the solution of the problem
(28) as

0
flx,t) =Cy <x5t> s(t). (30)

It is evident that the function (29) plays the same role of the exponential functions
in the case of problems involving ordinary derivatives. More explicit solutions in terms
of integral transform have been discussed in [1] and will not be reconsidered in the
present paper.

Let us now go back to equation (1), written as

T2f(x,t) = Qf(x,t) (31)

where both T' and Q are differential operators whose explicit realization has not
been specified yet. By assuming that [' is a Laguerre derivative, i.e. that

-9 0
=% (32
and that
0) =
f(@,0) = g(x) (33)

Lf (2, 0)li=0 = 7()



OPERATIONAL AND UMBRAL METHODS

we can solve our problem in the form given in equation (2), provided that cosh and
sinh functions be replaced by

cosh(Q) = Ch(Q)

_ _ (34)
sinh(€2) = Sh(2)
where
Ch(a) _ C(](Oé) +2C(](—Oé)’
c c (35)
Sh(a) = o(@) —2 0(_04)’
Which are defined in such a way that
Do Ch(a) = Sh(a)
(36)

Do Sh(a) = Ch(a).

More explicit solutions, obtained by means of the integral Transform method intro-
duced in [1] will be discussed in a forthcoming investigations.

Before closing this paper it is worth commenting on the validity of the solution (23).
To be more clear we consider a specific example, namely ¢(z) = z?, and accordingly
3]

MEf@) = 1 (). (37)

|IAz| < 1.

The sum in equation (23) should be limited to values of n such that |nAz| < 1.
Further details will be discussed in a dedicated monography to these types of prob-
lems.

5 Appendix

In this appendix we discuss the solution of a problem of practical interest. We consider,
indeed, the Black-Scholes equation, often occurring in economical problems, written in
the form [4]

0 0? 0

— A=5_"_A+)\S— A-)\A 38

ol TS (38)

which will be recast in a form more convenient for our purposes

0 o A—1\2 A1)
2 an (s A a () )

287



288 G.DATTOLI ET AL

Using the formalism discussed in this paper we can write the solution of equation
(39) as

a A—1\2 A+1
(Sag+251)2— (242

Aty = ¢l "] as.0) (40)

thus getting according to the opeerational identities presented in the paper, we end up
with

,(&ﬂ)% ~
A(S,t) = e\/‘ / e~EHODEVE 426V ()¢ (41)
™ —00
The method discussed in the paper allows the extension of the solution to equations
f the f
of the form 52 L, 55+A—1 2A At 1 zA "
oz \" oS 2 2

without any significant problem.
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Abstract

This paper presents an application of p-adic metric to image anal-
ysis in spectral domain. The main distinguishing feature of this metric
is its ultrametricity. Clustering algorithm based on ultrametricity is
developed. The algorithm produces partitions of the p-adic metric
space having a very simple geometry: all clusters are represented as
p-adic balls. p-adic clustering is used for segmentation of video and
still images delivered in compressed format, e.g. MPEG1,2 for video
and JPEG for still images. For some classes of images, the p-adic
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clustering provides better visual quality. At the same time the p-adic
algorithm ensures essential increasing of the computational speed.
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1 Introduction

The problem of automatic analysis and interpretation of multimedia data
in the compressed domain has got an importance since last few years. The
reason for this is the increasing amount of multimedia archives and on-line
services when the data such as video and still images are delivered in com-
pressed format, e.g., MPEG1,2 [1] for video and JPEG [2] for still images. In
particular, new user oriented services related to the broadcast, such as an au-
tomatic summarising and indexing of video content, realised on the receiver
end in home multimedia devices have to deal with video data in MPEG?2 [1].

Another application is related to the surveillance video. Here video is
transmitted in compressed form and its analysis, such as object segmentation
and tracking has also to be done in compressed form, see [3]. The problem of
segmenting video or still images in the compressed domain has been already
addressed in literature. In general case, when JPEG and MPEGI,2 still im-
ages are segmented, only the low frequency components the so called "DC
images" of image spectrum are used [3]. New approaches have recently ap-
peared [4] exploiting higher frequency spectral components in order to ensure
a scalability of image (video) analysis algorithms. In this paper, we also pro-
pose to use more than low frequency component in DCT coefficients available
in MPEG2 compressed video stream, thus exploiting textural characteristics
in local areas in video frames. Particularity of our segmentation framework
is the use of p-adic metric in clustering algorithms. The last one, having
lexicographical properties implicitly introduces "an order of importance" of
spectral components from low frequencies to higher. This corresponds to the
well-known property of human visual system, that is its differential sensitivity
to frequencies in image spectrum.

The p-adic metric is a so called ultrametric [5]. Instead of the usual trian-
gle inequality it satisfies the "strong triangle inequality": in each triangle the
third side is less than the maximum of two other sides. Thus the geometry
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of an ultrametric space differs cruicially from the standard Euclidean geom-
etry. One of the important (and rather unusual) features of this geometry
is that if two balls have nonempty intersection, then one of them is a part
of another. In fact, this property gives the possibility to provide clustering
of images into collections of disjoint balls-clusters. The possibility of such a
clustering is also related to the fact that in an ultrametric space so called
chain distance coincides with the original distance. Thus a p-adic clustering
of images has a simple geometry, namely a "ball-geometry".

During the last 10 years p-adic numbers are intensively applied to quan-
tum physics, dynamical systems, spin glasses and cognitive science, see, e.g.,
[6], [7]. Cognitive applications [7] are closely related to our present investi-
gation on image analysis. There are some evidences that cognitive systems
(in particular, human brain) use p-adic (or more general ultrametric) cluster-
ing of information. The paper is organised as follows. Section 2 introduces
fundamental concept of ultrametric spaces. In section 3, the overview of
clustering methods is given and our new method of p-adic chain clustering is
proposed. In Section 4 the method of choice of image vector data in spectral
domain are given. Results and conclusion are presented in Section 5.

2 Ultrametric spaces

Abstract metric spaces are generalisations of the Euclidean space R" = {z =

(ag,...,an_1) @ x; € R} with the standard metric. However, in many ap-
plications (in particular, image analysis) we use spaces X,,,, in which every
point = (ay,...,a,_1) has discrete coordinates o; = 0,...,p — 1, where

p > 1is a natural number («a; give the levels of discretisation of information).
There are various possibilities to introduce a metric p on the space X,,,,. The
standard choice of p is the Euclidean metric or some metric that is equivalent
to the Euclidean one, e.g., Hamming metric.

In this paper we consider a so called p-adic metric, p,, on the space X, .
The main distinguishing feature of this metric is its wltrametricity. This is
an interesting special feature of the metric. Before considering the concrete
p-adic ultrametric, it would be useful to discuss ultrametricity in the general
topological framework. A metric p is said to be an ultrametric |5], if it satisfies
the strong triangle inequality:

p(x,y) <maxp(z,z),p(z,y),1,y,2 € X.
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This inequality can be stated geometrically: Fach side of a triangle is
at most as long as the longest one of the two other sides. Let (X, p) be a
metric space. We set U,(a) = {x € X : p(z,a) <r}and U, (a) ={z € X :
p(x,a) <r},r € Ry,a € X. These are balls of radius r with center a. In the
ultrametric space balls have the following properties [5]:

1. Each ball in X is both open and closed. Each point of a ball may serve
as a centre. A ball may have infinitely many radii;

2. Let U and V be two balls in X. Then there are only two possibilities:

(a) balls are ordered by inclusion (i.e., U C V or V C U);

(b) balls are disjoint.

We now introduce a so called p-adic ultrametric on the space X, ,, of p-
discrete vectors of the length n. Let z = (g, ..., an-1),y = (Bo,- -, Bn_1) €
Xpn We set p(z,y) = 1/p* if a; = 6,7 =0,1,....,k — 1, and oy, # B¢. This
is an ultrametric. Chain clustering algorithm that we address in this paper
(see section 3) is, in fact, based on a so called "chain metric". We discuss
this notion in the general metric framework.

A sequence of points a = xg, z1, ..., Tp_1, T, = b in a metric space (X, p)
is called an e-chain joining a and b if p(zy, T4 1) < € for any k < n.

If there exists an e-chain joining a and b they are said to be e-linkable.
A space (X, p) is Cantor connected if any two points can be joined by an
e-chain for any € > 0. The Euclidean space is Cantor connected. Ultrametric
spaces are characterised by the following result [8]:

Theorem.
A metric space is ultrametric if and only if no two points a # b in it are
e-linkable for any € < p(a,b).

Let (X, p) be an arbitrary metric space. We set A(z,y) = inf{e > 0 :
x and y are elinkable}, x,y € X. This function has all properties of an
ultrametric, except non-degeneration (it can be that A(z,y) = 0 for some z #
y). It is a so called pseudo-ultrametric. It is called the chain distance between
points z and y. We remark that Theorem implies that in an ultrametric
space (X, p) the original metric p coincides with the corresponding chain
distance. This topological fact simplifies clustering algorithms based on the
computation of the chain distance [9] when they are modified for ultrametric
(in particular, p-adic spaces).
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3 Comparative analysis of image-clustering al-
gorithms based on Euclidean and p-adic met-
rics

Cluster analysis (see [10]) is, in fact, a collection of various methods and
algorithms of classification. Numerous attempts to classify methods of clus-
ter analysis demonstrated that there exist hundreds of distinct classes (of
methods). Such a variety is a consequence of a large number of possibilities
to compute distances between various objects as well as distances between
clusters in the process of clustering. We would like to pay attention to the
following two groups of methods of cluster analysis: Agglomerative hierar-
chical algorithms (AH) and iterative clustering methods (IC).

3.1. Agglomerative hierarchical algorithms

The starting point in AH-methods is the consideration of all objects as sep-
arate (independent) clusters containing just a single element. The clustering
procedure is based on (step by step) agglomeration of objects into clusters.
The agglomeration process is based on a kind of a distance, p, between ob-
jects. The typical result of such a clustering is a hierarchical tree. There are
many methods of agglomeration of objects into clusters, such as the method
of the closest neighbour, the method of the maximally separated neighbours,
unweighted pair-group, weighted pair-group method. All these methods are
characterised by the fact that the distance between clusters is computed on
the basis of distances between original objects in the set. We will base our
investigation on the method of "chain clustering" described below.

3.1.1. Algorithm of chain clustering
The algorithm of chain clustering was proposed in [9]. This algorithm belongs
to the group of AH-methods. Any object of the set of objects under the study
can be chosen as the generator of clustering process. This object gets two
labels, n = 1 (its number) and p = 0 (distances). Then we consider all
other objects and take the object such that the distance p’ between this
object and the object with n = 1 is minimal. This new object gets n = 2
and p = p/. Then we consider all other objects and take the object such
that the distance p” between this object and the set of previously chosen
objects is minimal. It is easy to see that thus defined, the distance p is the
chain distance introduced in Section 2. At each step we take the object such
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that the distance between this object and the set of objects that have been
already labelled is minimal. This procedure is repeated until all objects are
labelled. Finally, all objects are ordered (labelled) in a so called "chain" and
each object in it has the label p - the distance to the set of previous objects.
One of the ways to split the chain into clusters is based on the following
procedure. Let ry > 0 be some constant (the parameter of clustering). We
would like to build clusters in such a way that the chain distance between
objects inside one cluster will be p < 7y and at the same time the chain
distance between objects belonging to different clusters will p > ry. To do
this, we consider p-labels of all objects and find objects such that p > 7.
Suppose that there are objects with numbers ny,...,ng. The first cluster
consists of all objects with 1 < n < nq; the second one - n; < n < ny and
so on. By varying the parameter ro different partitions can be constructed.
As we have already mentioned, in an ultrametric space the chain distance
coincides with the original distance. Therefore chain-distance clustering is a
clustering into balls in an ultrametric space. Thus in the ultrametric case
from the beginning we could construct ry-balls partition. The combinatorial
complexity of such a method is O(N?), where N is the cardinal of initial
vector set. It is the same precisely N(N — 1)/2 in the worst and best cases.

3.1.2. Chain clustering with a fixed threshold
After the construction of the chain has been done, its splitting into clusters
can be based on various criteria: fixed number of clusters, their statistical
properties, etc. In the case of splitting of the chain with a fixed distance
threshold, a simplified method for chain construction can be proposed that
needs essentially less time. This method consists in the following.

Let us fix a distance between clusters, 7o > 0. Any object can be taken
as the initial object. It gets the label as belonging to the first cluster. The
first cluster is constructed by grouping all objects such that the distance from
them to the initial object is less than the threshold ry. Then, for each of these
new objects that were taken into the first cluster, the procedure is repeated
(by considering only the objects not already belonging to the cluster). When
there are no more objects left that could be collected into the first cluster,
an object that does not belong to the first cluster is taken as the base of the
second cluster and so on. If we have N objects, then in the worst case we
need N(N — 1)/2 operations of distance computation, but in the best case
only N operations are needed.

In the case of the p-adic metric space, chain clustering with the fixed
threshold works especially successfully. In this case the chain distance co-
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incides with the ordinary (p-adic) metric. Therefore, in order to find the
distance between an element and a cluster, it is sufficient to find the distance
between this element and an arbitrary element of the cluster. So we need
not compute distances to all elements of the cluster, as we have to do in the
general case (and, in particular, the Euclidean case). The p-adic modifica-
tion of the method of chain clustering with the fixed threshold is given by
the following algorithm:

As the starting point we take any object. It gets the label of the first
cluster. Then we take a new object. If the (p-adic) distance between the first
and second objects is less than ry, then the second object also gets the label
of the first cluster; if not, then it gets the label of the second cluster. Then
the whole process is repeated. The number of clusters increases. It is easy
to see that here, for N objects and to obtain K clusters, we need not more
than N % K operations of the computation of distance.

3.2. Iteration methods
One of the most popular iteration methods of clustering is the method of K-
means of MacQueen [11]. This method strongly differs from AH-methods. In
opposite to AH-methods, here the user must fix number of clusters, K from
the beginning. As in AH-methods, here we can choose different metrics as
bases of clustering. Different algorithms of the method of K-means are also
characterised by the way to choose centres of initiated clusters. One of the
possible choices is given by so called Split-LBG process, that is generalized
K-means approach which we implemented in this work. The method starts
with K = 2 and optimises the partition by K-means approach. The way to
add cluster centres proposed in [12, 13] consists in "splitting" of each already
existing cluster centre cy into two new centres ¢, = ¢ +¢, ¢} = ¢ —¢€, where
€ is a random vector of a weak energy . Thus, starting with 2 randomly
chosen centres of clusters, the method allows to construct the partition of
the vector space R" into K = 29clusters by ¢ steps of K-means optimisation.

4 Extraction image vectors from compressed
video streams.

Let us now describe the nature of a vector space we deal with. The goal here
is to perform image segmentation in a compressed domain of video standards
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MPEG 1,2. The architecture of MPEG bit stream comprises three kinds of
frames I, B, P. I-frames are coded entirely by DCT thus reducing spatial
redundancy while P and B frames are motion-compensated. In this paper
we consider the segmentation of I-frames. Here each block of 8x8 pixels in an
image is coded by DCT, as in JPEG standard [2]. Video frames in MPEG2
are supposed to be represented in YUV color system, where Y is a grey-
level (luminance) component and U and V are chrominance components.
All three images Y,U,V are coded independently by JPEG (MPEG I-frame)
coding algorithm. The coding method can be briefly described as follows. In
each 8x8 pixel block, the original signal g(x,y) is centered :

f(z,y) = g(z,y) — g0,

where gy = 128 for 8-bit depth.

Then a two dimensional DCT transform [1] is applied to obtain transform
F(u,v). The DCT coeflicients are organized in blocks of 8x8 elements, where
the coefficient F'(0,0) called a "DC-coefficient" in the standard is 8 times the
mean value of the original signal f(x,y) in the block. Other coefficients,
called "AC-coefficients" on the upper left corner in the block correspond to
low frequencies in DCT spectrum and those in the right lower corner — to
the high frequencies. The coefficients F'(u,v) are then quantized in order to
reduce the information. The quantization in MPEG standards is applied in
such a manner, that the coefficients at high frequencies are quantized more
roughly than those at low frequencies. This is due to the fact that high
frequencies in a signal spectrum correspond to noise and the human visual
system is less sensitive to the loss of high frequencies in the decoded signal
than to the low and medium frequencies.

A very important step in MPEG2 intra-frame encoding is the so called
zig-zag scan. Here the spectral coefficients F'(u,v) for a block are registered
in one-dimensional vector QFS(n) with n = 0,1,..., N x N — 1 according
to the zig-zag order according to growing frequency. The data we use for
segmentation are the de-quantized zig-zag ordered DCT coefficients of three
components Y, U,V :

a= (y07 Up, Voy -+ -y YNzN—-1, UNzN -1, ’U%le)'
They can be truncated to L — th co-ordinate, that is

a=(ag,...,ar)", with L =nc*3—1, (1)
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where nc is the number of spectral coefficients retained. Thus the first three
co-ordinates (I = 0,1,2) of vectors a; characterise a "colour" in a block,
as they represent the mean values of luminance and chrominance in the
blocks, and further co-ordinates characterise the "texture" or "contours"
inside blocks, as they correspond to signal variations inside a block. On the
contrary to work [3] we use not only the low frequency component but also
higher frequency coefficients characterising texture. In order to compute
the p-adic distance and without being sensitive to insignificant variations,
all vector coordinates were uniformly re-quantised. When clustering such
vector spaces with fixed number of clusters, the question arises about the
choice of this number. In literature good results are reported for natural
images with methods similar to K-means (e.g. ISODATA) with the maximal
number of clusters of 8. Nevertheless, if the problem is not only to segment
image in principal regions but also to be able to reconstruct images based
on cluster centres, then a larger number of clusters can be chosen based on
visual satisfaction assessment.

Another important question is the choice of number of spectral DCT
coefficients (that is the dimension of vectors (1)). We propose the following
scheme of choice. According to the method to form the vectors (1) by zig-zag
scanning of spectral coefficients in components Y,U,V the choice of nc = 1
coefficients in each component will supply a vector of mean values YUV (DC
coefficients) in a block of 8x8 pixels in images. Incrementing the number
of coefficients as nc = 1,3,6,10... according to "slices" of zig-zag scan, the
bands of high frequencies will be added to the vectors. As the original DCT
coefficients have already undergone quantising and inverse quantising, the
higher frequency coefficients equal to zero in a majority of cases. Therefore,
the highest number of coefficients used in this work was nc = 10.

5 Results and discussion.

In order to prove the interest of the use of DCT coefficients for image seg-
mentation, the discriminative power and efficiency of the p-adic metrics in
clustering algorithms, the experiments were conducted on a large set of DCT-
compressed images. Namely 250 I-frames of MPEG2 compressed movies
"The time of lagoons", "A man from Tautavel", "Dulcimer Player", "Aqua-
culture in Mediterrannean Sea" SFRS®) were processed. The goal of the
first series of experiments performed was to show that for the same number

297



298

KHRENNIKOV ET AL

of clusters, the use of supplementary (AC) spectral coefficients better ensures
the separation of clusters in natural images. Some results of segmentation by
Split-LBG clustering with 8 clusters are given in Figure 1. The first column
represents the DC images, obtained by replacing a block of 8x8 colour pixels
in the original video frame by only one colour pixel representing the mean
YUV vector of the block. The resolution of this images is therefore 90x72 pix-
els (based on CCIR601 initial resolution of frames). Then from left to right,
the results of segmentation with progressively increasing number of spectral
coefficients are shown. Images in columns 2-5 represent segmentation maps
where the same colour corresponds to the same cluster in the vector space.
These results observed on a whole data set show that using of AC spectral
coefficients and not only DC, i.e., F(0,0) allows for better homogeneity of
clusters and also for better separation of them. A typical example of such a
better separation are the clusters corresponding to man’s face and the back-
ground in images in the first range (see Figure 1.f, here the original zoomed
DC image and segmentation maps with nc = 1 and nc = 6 respectively are
shown from left to right). If we suppose that the same clustering method
on colour images has to be performed in the original space and not in DCT
domain, then for an image block of 8x8 pixels, the number of coefficients
is 3x64=128. Thus the use of spectral coefficients also allows for a strong
reduction of dimensionality of the vector space.

In the next series of experiments we compared an agglomerative hierar-
chical method (chain clustering) in the case of the Euclidean and the p-adic
metrics. The results of this comparison are depicted in Figure 2. In Figure
2.a), odd rows starting from the first correspond to segmentation maps and
the even rows represent the images reconstructed with DC coefficients. The
odd columns correspond to the results for chain clustering with the Euclidean
metric and the even rows depict results obtained for the p-adic metric. The
comparative number of clusters is given in Figure 2.b) Analysing these re-
sults it can be stated that in order to produce segmentation of a good quality
in the p-adic case we need less number of clusters than with the Euclidean
metric. This is quite natural, because the first DCT coefficients play more
important role in image formation than coefficients of higher orders. The
computational time is also significantly lower for the p-adic case, as the com-
putation of the p-adic distance is faster compared to the Euclidean distance
(see Figure 2.c)).

Figure 3 depicts what we call the p-adic reconstruction of DC images.
Here the DC images of "Dulciner Player" sequence are shown. They were
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reconstructed after the p-adic chain clustering taking an arbitrary vector in
each cluster as a centre of the cluster according to properties of an ultra-
metric. They have quite a natural aspect for relatively (compared to the
Euclidean case) limited number of clusters.

Thus in this paper we proposed to use the p-adic metric for image segmen-
tation in the spectral DCT domain and developed an adequate fast clustering
method based on ultrametricity of the p-adic space. The results obtained on
a large data set of natural images demonstrate the efficiency of this approach
and its interest for segmentation of compressed (MPEG, JPEG) video and
images with only a partial decompression of a bit-stream.
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Figure 1: Figure 1. Results of clustering with Split-LBG method and Eu-
clidean distance. From left to right : a) Original DC decoded image; b)
Result of segmentation with nc = 1; ¢) nc=3; d) nc=6; e) nc=10; f) zoomed
images a), b) and d).
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nbo=234 hbe=20

Figure 2: Figure 2 . Comparison of number of clusters for the same visual
quality of reconstruction, NbrCoeff=>5.Sequences "Aquaculture in Mediter-
rannean Sea", " The time of lagoons"," A man from Tautavel", SFRS ®).
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Figure 3: Figure 3. Computation parameters for data given at Figure 2: a)
number of clusters, b) time of computation
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Figure 4: Figure 4. p-adic reconstruction of DC images. Sequence "Dulcimer
Player", SFRS ®)
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Abstract

In this paper we introduce a ”generalized” McShane integration
for Banach-valued multifunctions with weakly compact and con-
vex values and we give also a comparison between this integration

and the Aumann integration.
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1. Introduction

The notion of integral of a multivalued function is very useful in many
branches of mathematics like mathematical economics, control theory,

differential inclusions, convex analysis, etc. It has been introduced by
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many authors and in different ways. The first was Aumann in 1965, in
order to apply it to general equilibria in economics. This integral was
built using selections, but some properties were missing, so Debreu intro-
duced the multivalued Bochner integral. In both cases the definition of
measurable multifunction is crucial since it is necessary to ensure that at
least a selection exists. Many authors worked on the problem of measura-
bility of multifunctions; we quote here for example [4, 13, 11, 9, 10, 2] for
the countably additive case and [20] for a review in the finitely additive
case.

Here we introduce a new kind of multivalued integral which does not
need a priori the notion of measurability; this fact looks interesting for
example in differential inclusions. The idea comes out from a discussion
with Prof. Jan Andres during a congress in 2000 and was presented in
2003 at the XVII Congress of U.M.I..

Our starting point is a paper by Jarnik and Kurzweil [14] in which
the authors proposed a new definition based on Kurzweil-Henstock ”se-
lections” for R"-valued multifunctions, defined in a bounded interval of
R. Jarnik and Kurzweil applied it to differential inclusions and showed
that under suitable conditions (namely compactness of values) this inte-
gral coincides with the Aumann’s one.

Here we extend these results in two directions: we consider in fact
multifunctions defined in the whole real line and moreover taking values
in a Banach space not necessarily separable. In particular in section 3
we introduce the (x)-integral by using McShane integrable single valued
functions and then we compare it with the Aumann integral. Finally, in
section 4, making use of the Radstrom embedding theorem, the McShane
multivalued integral is introduced and compared with the (x) and Au-
mann integrals. When the McShane multivalued integral exists, then the

(%)-integral exists too and it coincides with it, and so all the properties
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of the single valued McShane integral are inherited by the multivalued

one.

2. Preliminaries and known results on the

generalized McShane integral.

The generalized McShane integral (McShane integral briefly), as a limit
of suitable Riemann sums, was developed in the vector valued case by
Fremlin in [7]. In this section, we assume that S is a space and 7
a topology on S making (S,7,%, 1) a non-empty o-finite quasi-Radon

measure space which is outer reqular, namely such that
u(B) =inf{u(G): BCGeT} VBeX.

A generalized McShane partition P of S ([7, Definitions 1A]) is a disjoint
sequence (F;,t;), 1y of measurable sets of finite measure, with ¢; € S for
every ¢ € N and pu(S\ |, E;) = 0.

A gauge on S is a function A : S — 7T such that s € A(s) for every
s € S. A generalized McShane partition (F;,t;); is subordinate to A if
E; C A(t;) for every i € N.

From now on with the symbol P we denote the class of all generalized
McShane partitions of [a,b], and with Pa those elements from P that
are subordinate to A.

Let X be a Banach space. We say that:

Definition 1 [7, Definitions 1A] A function f : S — X is McShane in-
tegrable, with integral w, if for every € > 0 there exists a gauge A : S — 7T
such that

n

w=> u(E)f(t)

=1

lim sup <e

n—-+4oo

for every generalized Pn McShane partition (E;,¢;);. In this case, we

write fs f=w.

309
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For the properties of the McShane generalized integral we suggest the
quoted article [7] by Fremlin. Here we recall only this result which will

be used later:

[7, Lemma 1J] Let f : S — X be a function. Then, for every ¢ > 0,
there exists a gauge A : S — 7 such that

> uE I < [ 1@ uta) +2

whenever (E;,t;); is a generalized Pa McShane partition of S and

f S Hf H 7 dt) denotes outer integration, namely
[ 1@ utae) = { [ sttntan.g e @150 < g(t)} .
S S

Fremlin in [7] studied also the relationship among this integral and the
usual "strong” and ”weak” integrals in Banach spaces. In particular this
new integral, which coincides with the classical one in R, is weaker than
the Bochner and stronger than the Pettis one. In fact Bochner inte-
grability implies McShane integrability and the two integrals agree ([7,
Theorem 1K]), while McShane integrability implies Pettis integrability
and the two integrals agree (|7, Theorem 1Q)]). Moreover, if the Banach
space X is separable, then McShane and Pettis integrability coincide ([7,
Corollary 4C]).

3. Applications to multivalued integration

Here we introduce a new kind of multivalued integral. There are in the
literature several papers on Aumann integration and other multivalued
integrations; see for example [1], [20] and their bibliography. Note that,
in all existing multivalued integration theories, in order to define the

multivalued integrals, a notion of measurability or ”total measurability”
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is required. For the kind of integrability that we will introduce, no mea-
surability is required a priori and so we can define a multivalued integral
also in non separable Banach spaces.

Throughout this section, let S = [a, b], where a,b € [—00, +00], a < b.
Moreover, assume that 7', > and p are respectively the families of all open
subsets of [a, b], the o-algebra of all Lebesgue measurable subsets of [a, 0]
and the Lebesgue measure on [a, b] respectively.

Let cwk(X) [ck(X)] denote the family of all convex and weakly
compact [respectively convex and compact] subsets of a Banach space X.
We denote with the symbol d(z,C') the usual distance between a point
and a nonempty set C' C X, namely d(x,C) = inf{||lz —y|| : y € C}, and
by U(C,€) the e-neighborhood of the set C, i.e.

UC,e)={z€ E:Jz e C with [z —z| <e}.

Observe that, if C' is convex, then U(C, e) = co(U(C,¢)).

If ', D are two nonempty subsets of X, we denote with the symbol
e(C, D) the excess of C' with respect to D, namely e(C, D) = sup{d(z, D) :
xz € C}, while the Hausdorff distance between C' and D is h(C, D) =
max{e(C, D),e(D,C)}. We remember that h(C, D) = 0 if and only if
cl{C} = cl{D}, where the symbol ¢l{-} denotes the closure of the con-
sidered set with respect to the norm topology.

Like in [14] we define a multivalued integral in the following way:

Definition 2 Let F : [a,b] — 2% \ 0 be a multifunction. We call
(x)-integral of F over [a,b] the set ®(F [a,b]) given by:

O(F,[a,b])) = {re€X:Ve>0,3agauge A: for every generalized
Pa McShane partition(E;, ¢;), . there holds

hmsup d(x ZF ) < e},

where, as usual, Y | F(t;)u(E;) == {>_ 1, zip(E;) © x; € F(t;)}.
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Observe that, if F' is single-valued, then ®(F,[a,b]) coincides with the

McShane integral, if it exists. We now show that:

Proposition 1 If F' is bounded valued, then

= ﬂ U m U ﬂ U(Z F(t)p(E;),€). (1)

e>0 A (E;t;)i€Pa m=1n=m i=1

Proof. Let z € ®(F| [a,b]); for every £ > 0, there exists a gauge A(e/2)
such that for every generalized Pa McShane partition (FEj, t;);

lim sup d(z,ZF(ti)u(Ei)) = inf sup d(z ZF ) <e/2.
n —

m>1 n>m

From this it follows that there exists m € N such that

d(z, Z F(t)u(E;)) <e for every n > m,

and thus

zGUﬂUZ E;),¢).

m=1n=m =

Hence, zeﬂU ﬂ UmZ/{ZF

e>0 A (E;t;);€Pa m=1n=m =1

Conversely, let z € ﬂ U ﬂ U ﬂ U( Z F(t ). Then,

6>0A(Et)e7DAm 1n=m i=1
for every ¢ > 0, there exists a gauge A such that, for every generalized

Pa McShane partition (E;, t;);,

zelJ NuUQ_ FtyuE

m=1n=m =1
which means that for every € > 0, there exists a gauge A such that, for

every generalized Pa McShane partition (E;, t;);,

hmsupd ZF w(E;)) <e,

=1

namely z € ®(F), [a,b]). O
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Remark 1 (a) Observe that, by definition, the set ®(F’ [a, b]) is closed;
in fact if (z,), is a sequence in ®(F), [a, b]) which converges to z € X
then, for every € > 0 there exist an integer k and a gauge Ay such
that for every generalized Pa, McShane partition (E;,t;);

Iz — zll < /2, limsupd(z, » | F(t)u(E;) < /2;

n—00 -
=1

then

n

lim sup d(z, Z F(t)p(E;)) <

n—00 -
=1

< limsup <||Z — 2|l + d(zx, Z F(tz)M(Ez))> <e

oo i=1
and therefore, by definition, z € ®(F, [a, b]).

(b) Moreover, if F'is closed and convex valued, ®(F, [a, b]) is convex too.
In fact, since

(e ol o]

oFat)=NU N (YUQ_ FEn(E).e).  (2)

e>0 (Eiti)i€Pa m=1n=m

if z,y € ®(F,[a,b]) then for every ¢ > 0 there exist A,, A, such
that

S ﬂ UHUZF

(Eits) GPAzm 1n=m i=1

ve N U NUE Fen(E

(Ei,ti)zEPAy m=1n=m i=1

Let A = A, NA,. Then, for every generalized Po McShane parti-

tion (E;,t;);, we have:

x,y € ﬂ Uﬂuz w(E;),€)

(Eiyti)i€PA m= 1 n=m i=1
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and so there are two integers my, my such that
z e ﬂL{ZF E),e), ye€ ﬂuZF £).
If we take Trlz = max{mq, my} then 2
T,y € ﬁ L[(i F(t)p(E
n=m  i=1
and so, since this last set is convex, for every a € [0, 1],

ax+ (1 —a)y € ﬂ UﬂZ/{ZF

(Eit;);€PA m=1n=m =1

Then the convexity of ®(F, [a,b]) follows.

(c) If F is integrably bounded, namely there exists g € L'([a,b]) such
that h(F(t),{0}) < g(t) a.e. , then ®(F,[a,b]) is bounded. Indeed
for every z € ®(F,[a,b]) and for every € > 0 there are a gauge A
and a point = € Y » | F(t;)u(E;) (where (E;,t;); is a generalized
Pa McShane partition) such that ||z — x| < &, and hence

121 <z =2l + el < e + gl
By the arbitrariness of z, it follows that ®(F’ [a,b]) is bounded.

Observe also that in the definition no separability of X, X’ is required.
Consider now the classical integral given in the theory of multivalued

integration, namely the Aumann integral [1], which is defined by:

(A)—/adetZ{(B)—/abfdt; fGS}U},

where S} is the set of all Bochner integrable selections of F.

We recall also that a multifunction F' is measurable if
F~(C)=A{te€lab]: F(t)nC # 0}

is a Borel set for every closed set C' C X.

We want to compare now the (x)- and the (A)-integrals.
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Proposition 2 Let F : [a,b] — 2%\ 0 be a multifunction. Then

(A) — /b Fdt ¢ ®(F, [a,b]).

Proof: Since the proof is easy, we give it only for the sake of simplicity.
The inclusion is obvious if the Aumann integral is empty. If it is not,
let z € (A) f; F(t)dt, then there exists a function f € SL such that
f(t) € F(t) for every t € [a,b] and 2z = fab fdu. Since f is Bochner
integrable it is also McShane integrable and so, for every € > 0, there
exists a gauge A such that, for every Pa generalized McShane partition

(E;, t;);, we have

limsupd(z, Y F(t;)u(E:)) <limsup |2 =Y f(t)u(E)| < e
n i=1 " i=1

and thus it follows that z € ®(F, [a, b]). O.

In order to prove the opposite inclusion we suppose that the multi-
function F is also cwk(X)-valued, measurable and integrably bounded
and that the space X is separable. In this case, we will show that the
(A)-integral is non empty. In order to prove this, we recall the following

useful results:

Proposition 3 [12, Proposition 11.5.20] Let X be a separable Banach
space. If F': [a,b] — cwk(X) is graph measurable and integrably bounded,
then

(A) — /b F(t)dt € cwk(X).

Proposition 4 [12, Proposition 11.5.2] Let X be a separable Banach
space. If F : [a,b] — cwk(X) is graph measurable and Sk # 0, then for

every x' € X' we have:

s(2', (A) —/ F(t)dt) = / s(x', F(t))dt

where s(x’,-) is the support function defined for any nonempty set C C X
by s(a',C) =sup{< a’,z >:x € C}.
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Lemma 1 [4, Lemma II1.14] Let P = (z},), be a dense sequence in
X' for the topology (X', X), and K be a closed, convez, weakly locally
compact subset of X which contains no line. Then

K=nJ{zeX: <a,z> < s(z,K)}.
Moreover

Proposition 5 Let X be a Banach space and F' : [a,b] — cwk(X) be

a measurable and integrably bounded multifunction. Then, if we set

b
L— / s(@', F(t))dt
for every ' € X' we have
O(F,[a,b]) c{zeX: <a’',z> < L}. (3)
Proof: Let z € ®(F,[a,b]) and suppose that (3) is not true. Then
<a',z>-L=a>0.
By definition of (¥)-integral, there exists a gauge A, such that, for every
generalized McShane partition (E;, ¢;); subordinate to A, (a/6), we have:

lim sup d (z, Z F(ti),u(ti)> =1 < a/6. (4)

n
Let now ¢ > 0 satisfy r + ¢ < a/3. Then, in correspondence to ¢, there

exists an integer m such that, for every n > n,

d <z, ZF(tJu(Eﬁ) < /3.
i=1
Since F' has weakly compact values, then, for every n > 7, there exists
z, € > F(t;)u(E;) such that ||z — x| = d(z, Y 1, F(t;)u(E;)) and

hence
<zz> < | <z, > |+ | <2 z—x,>]|< (5)
< (@) F(t)u(E)) + a3 <
i1

n

> s, Ft)u(E)) + af3.

=1

IA
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Moreover we know that s(z’, F') is Lebesgue integrable, since it is mea-
surable and dominated by h(F(t),{0}) and so, by [7, Lemma 1J] already
quoted, there exists a gauge Ay such that for every generalized Pa, Mc-
Shane partition II' = (£, t});,

n

Z s(z’, F(t)u(E;)) < L+ a/3. (6)

i=1
Therefore, if we consider A = A, N Ay and we take any generalized
Pa McShane partition, inequalities (4), (5) and (6) give us the following
contradiction: < 2/, 2z >< L+2a/3 =< 2’, 2 > —a/3. Hence (3) holds.O

Now we are in position to state our comparison result.

Theorem 1 Suppose that X is a separable Banach space and that there

exists a countable family (x)), in X' which separates points of X. Then

(4) / F(t)dt = O(F, [a, }])

317

holds, for any measurable and integrably bounded multifunction F : [a,b] — cwk(X).

Remark 2 Observe that this theorem extends [14, Theorem 3] in sev-
eral directions: first of all, we obtain an analogous result in infinite di-
mensional spaces, rather then a Euclidean space. Moreover here multi-
functions with unbounded domains are allowed, and their values are only
requested to be convex and weakly-compact. The hypothesis of convex-
ity of the values could not be dropped in our case; indeed in the infinite

dimensional case there are examples of non convex Aumann integrals.
Proof of Theorem 1: The inclusion
b
(4) — / Fdt ¢ ®(F, [a, b))

is contained in Proposition 2 which holds without any assumption on

F and X. The other inclusion is proved similarly as in [14, Theorem
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3]. Observe that from [4, Lemma III.32] it is possible to construct a
countable family P which is dense in E’ for 7(E’, E). So, let P = ().
By [4, Lemma II1.14] quoted above, we know that, for every t € [a, b],

Fity=({zeX: <a,z> < s, F(t)}.

b
Set L, = / s(a!,, F(t))dt. Applying Proposition 5 we have that
O(F, [a,b]) C ﬂ{z eX: <ua,z> < L,}.

Observe also that, since F is cwk(X)-valued, then its (A)-integral belongs
to the same hyperspace by Proposition 3 ([12, Proposition 5.20]) and

then, using again [4, Lemma II1.14], we have

(4) - /abF(t)dt -N {x € X i<alz>< s(a, (A) - /abF(t)dt)} |

n

Thus we have proved that

B(F, [a,b]) C (A) / Pyt

and this concludes the proof of the theorem. O

Theorem 1 can be applied in the comparison of Aumann integral and
other known integrals; for the relationship with the Debreu integral see
for example [3, 19, 15, 16, 20]. For weakly compact valued multifunctions
the result was obtained for totally measurable multifunctions. In general,
measurable multifunctions are not totally measurable. Here we give an
example of a measurable multifunction not totally measurable for which

the Aumann and the (%)-integrals coincide.

Example 1 Let X = [?(N*); for every A C N* we consider

Us={zxeX:|z||<1, and 2, =0if n¢g A} = {12 ||z| < 1},
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where (142), = 1a(n)z,. If A # B then h(Us,Up) > 1 and so the set
{Ua, A C N*} is not separable.

Let © = [0,1] and for every w € Q let O,w;---wy--- be its dyadic
representation, namely w; = 1 iff w € [1/2,1], wy = 1 iff w €
[1/4,1/2[U[3/4,1], etc. We set By = [1/2,1[, By = [1/4,1/2[ U [3/4,1],
ete.

Let F(w) = Ua() where A(w) = {n € N* : w, = 1}. F is integrably
bounded, takes weakly compact and convex values and its support func-

tion s(y, F'(w)) is measurable since it is the limit of simple functions;

indeed:
) =A{ Z yab'? = 1im Z s(y, F'(w))1B,w)
neA(w) p<n

and

ZS(?/,F( B, () _{Zyp wp = 1312,

p<n p<n
From [12, Proposition 11.2.39] F' is measurable, but for every p-null set
N, the set 2\ N is not countable and so F(2\ N) is not separable in
the h-metric topology. Then immediately it follows that F' cannot be
a member of the closure of simple multifunctions with weakly compact
and convex values in the L!'-metric associated with h and so F is not a

Bochner integrable multifunction. Moreover, by Theorem 1,

B(F,[0,1]) = (4) / F(w)dp(w).

4. The McShane multivalued integral

If we consider directly the hyperspace (cwk(X),h) we can define the

McShane multivalued integral in the following way:

Definition 3 We say that I : [a,b] — cwk(X) is McShane integrable
if there exists J € cwk(X) such that for every ¢ > 0 there exists a gauge
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A such that .
limsup h(J, Y F(t)u(E;)) < e
n i=1

for every generalized Px McShane partition II = (E;, t;);. In this case,

we set ,
= / F(t)dt.

Thanks to the Radstrom embedding theorem [18], this definition is well-

posed, and we will show the following:

Theorem 2 If F' : [a,b] — cwk(X) is McShane integrable, then the
(x)-integral and the McShane integral coincide, namely J = ®(F, [a,b]).

Proof: The inclusion J C ®(F, [a,b]) is obvious; indeed if z € J, then
for every € > 0 there exists a gauge A such that for each generalized
Pa McShane partition (Ej,t;), . we get:

n

limsup d(z, Y F(t:)u(E;)) < limsup h(J, Y F(t)u(E;)) <.
" i=1 " i=1
Conversely, let now z € ®(F,[a,b]). Then, for every ¢ > 0, there ex-
ists a gauge A such that, for every generalized Pn McShane partition
(Ei,ti);cN> we have

n

limsup d(z, Z F(t)u(E;)) <e/2.

" i=1
On the other hand, by the definition of the McShane integral, there
exists a gauge A; such that for every generalized Pa, McShane partition

(B!, t));, we get

17 71

n

limsup h(J, Y " F(t))u(E])) < /2.

n i=1
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So, if we take A=AnN Ay, then, for every generalized Pz McShane
partition IT = (E;, t;); and for every z € > | F'(t;)u(E;) we have

d(=.J) = itz =yl < it (|2 = al + |l — yl)

= |z =zl +d@,J) < |lz =z + h(Y_ Ftu(E), J).

i=1

So we have

n

d(z,J) < limsup (d(z, Z F(t)p(E;)) + h(z F(ti)u(E;), J)) <e

for every generalized Pz McShane partition (E;,t;);. Since € is arbitrary

and ®(F,[a,b]) is closed, the last inclusion follows. O

Observe that if X is separable and F' : Q — ck(X) is a measurable
multifunction with unbounded range, then Debreu integrability implies
McShane’s one. In this case we can embed (ck(X),h) in a suitable sep-
arable Banach space Y and, if we consider F' as a Y-valued measurable
function, McShane integrability coincides with the Pettis’ one. If the
range of F' is bounded and u(2) < oo, the two concept of integral coin-
cide; see for example [6, Section 2K].

If we consider a multifunction with weakly compact and convex values
we need total measurability of F' since (cwk(X),h) is not separable in

general. In this case we have:

Corollary 1 If u is finite, X is a separable Banach space and F :
Q — cwk(X) is a Debreu integrable multifunction, then F is McShane

integrable and its integral coincides with the Aumann integral of F.

Proof: Thanks to the result of Byrne [3] the Debreu integral and the
Aumann integral coincide; thank to [7, Theorem 1K] the Debreu and the

McShane integrals coincide too. O
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An example of an integrably bounded and McShane integrable mul-
tifunction which is not Debreu integrable can be obtained using [6, Ex-
ample 3F] and taking F(t) = {f(t)}, where f takes values in the non
separable Banach space L>(]0, 1]).

Theorem 2 implies that, when F' is cwk(X)-valued and McShane in-
tegrable, ®(F),[a,b]) is convex and weakly compact and so in this case
we obtain [14, Proposition 1] as a corollary of Theorem 2.

Theorem 2 is also important from another point of view: indeed, thanks
to the Radstrom embedding theorem, all the fundamental results con-
cerning the McShane integral, which are given in [7], are still valid for
cwk(X)-valued multifunctions. So it is enough to consider the space
cwk(X) as a Banach space, which plays the role of the Banach space
X in the previous section. So ®(F, [a,b]) satisfies the main fundamen-
tal properties of the functionals defined by means of integrals, like for

example additivity and absolute continuity.

Remark 3 Though in this paper €2 is always assumed to be an interval
in the real line (possibly unbounded), we observe that all the results here
obtained hold as well whenever (2 is any non empty o-finite quasi Radon

outer regular measure space.
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Abstract

We describe a framework in which to generalize the Heath, Jarrow
and Morton model for the term structure of interest rates. We represent
the model in terms of the triplet of characteristics of the underlying semi-
martingales. We state and prove the necessary and sufficient conditions
for absence of arbitrage in terms of the characteristics of the price process.
The methodology is then extended to find sufficient conditions for absence
of arbitrage in the defaultable case.

Keywords semimartingales, finance, term structure of interest rates

2000 AMS Subject Classification 60G51, 91B28, 91B70

1 Introduction

Our goal is to present a general framework in which to construct bond market
models. We introduce the class of semimartingales and a stochastic calculus as-
sociated with it. We borrow this material from Shiryaev and Jacod [11] and we
adopt their notation. We outline the bond market setting presented in Bjork,
Kabanov and Runggaldier [2] and give an alternative proof of the main result
regarding the absence of arbitrage, which extends to the case where the Levy
measure of the driving process is infinite.

Shirakawa [10] introduced an extension of the HJM approach for term structure
models that allows for jumps in the forward rate dynamics. The model is driven
by a Poisson process with constant intensities, in addition to a standard Brown-
ian Motion. Jarrow, Madan [6] define a multivariate point process in terms of a
sequence of stopping times at which jumps take place. The associated counting
process is used as one of the driving terms. Bjork, et al. [2] extend the HIM
model to infinite jump space by introducing a random measure with finite com-
pensator.
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Babbs and Webber [1] and El-Jahel, Lindberg and Perraudin [3] use an alter-
native approach that takes into account monetary policy. The short rate is
assumed to be established periodically by the authorities and hence is modelled
by a pure jump process. In the latter, the intensities follow a squared Ornstein-
Uhlenbeck process. In Babbs and Webber [1] the intensities depend on the short
rate itself and in a Markov process which represents the state of the economy.

The class of semimartingales is particularly useful for our purpose since it in-
cludes a large variety of processes. In connection with the model in Bjork, et
al. [2] we will work with a special case, namely diffusion processes. Further, the
class of semimartingales is invariant with respect many transformations. Ito’s
formula, for example, implies invariance with respect to composition with C?
functions. The results involving arbitrage depend heavily on invariance after an
absolutely continuous change of measure.

We begin the exposition by introducing some definitions and the notation that
will be used throughout.

A stochastic basis is a probability space (2, #,F, P) equipped with a filtration
F= (%})ier,; here filtration means an increasing and right-continuous family
of sub-o-fields of .%. By convention, we set %, = % and F_ = \/SE]R+ Fs.

The stochastic basis (2, %, F, P) is called complete, or equivalently is said to
satisfy the usual conditions if the o-field % is P-complete and if every %
contains all the P-null sets of .%.

A random set is a subset of {2 x Ry.

A process(or, an E-valued process is a family X = (Xy)icr, of mappings from
Q into some set E. Unless otherwise stated, E will be R? for some d € N*.

A process X is called cad (resp.cdag, resp.cadlag) if all its paths are right-
continuous (resp. are left- continuous, resp. are right-continuous and admit left-
hand limits). When X is cadlag we define two other processes X_ = (X;_)ier,
and AX = (AX;)ier, by

Xoo =X, Xio = litm<tXS fort >0
AX, = X — X,

If X is a process and if T is a mapping: Q — R, we define the process stopped
at time T, denoted by X7, by X' = Xz
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A random set A is called evanescent if the the set {w : 3t € R} with (w,t) € A}
is P-null. Two processes X and Y are called indistinguishable if the random set
{X£Y} ={(w,t): X¢(w) # Yi(w)} is evanescent.

In what follows, let (Q, #,F, P) be a stochastic basis.

1.1 o-Fields, Random Times
A process X is adapted to the filtration F if X; is .%;-measurable for every
teR,.

A stopping time is a mapping T : Q — R, such that {T < t} € % for all
teR,.

If T is a stopping time, we denote by %7 the collection of all sets A € .% such
that AN{T <t} e % forallt € R;.

If T is a stopping time, we denote by .#r_ the o-field generated by %y and all
the sets of the form AN {t < T}, where t € R} and A € ..

The optional o-field is the o-field & on Q2 x R, that is generated by all cadlag
adapted processes (considered as mappings on §2 X R} ). A process or random
set that is &-measurable is called optional.

Proposition 1.1 Let X be an optional process. When considered as a mapping
on Q xRy, it is F Q #Z,- measurable. Moreover, if T is a stopping time, then

a) Xrlir<oc) is Fr-adapted (hence, X is adapted).

b) the stopped process XT is also optional.

Let S, T be two stopping times. We define the stochastic intervals to be the
following random sets:

[S,T] = {(w,t): t e Ry, S(w) <t <T(w)}
[S, T = {(w,t): t e R, S(w) <t < T(w)}
15, 7] = {(w,t): t e R, S(w) <t < T(w)}
19, T = {(w,t): t e R, S(w) <t < T(w)}

We will denote the stochastic interval [T, T] by [T] and will call it the graph of
the stopping time T.

329
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Proposition 1.2 If S, T are two stopping times and if Y is an Fs-measurable
random variable, the processes Y1s ry, Y1gs 7, Y1ys,rp and Y1jg 1 are op-
tional.

Let X be an adapted process. For each n € N* define a new process X™ by

X=X g2 (k) 20
keN

Note that if X is cag then the sequence (X™) converges pointwise to X. Hence
Proposition 1.2 yields the following result:

Proposition 1.3 Every process X that is cag and adapted is optional.

Corollary 1.1 If X is a cadlag adapted process, the processes X_ and AX are
optional.

A random set A is called thin if it is of the form A =, [T,], where (T},) is a se-
quence of stopping times. If moreover the sequence (T},) satisfies [T, ]N[T:.] = 0
for all n # m, it is called an exhausting sequence for A.

Lemma 1.1 Any thin random set admits an exhausting sequence of stopping
times.

Proposition 1.4 If X is a cadlag adapted process, the random set {AX # 0}
is thin. An exhausting sequence for this set is called a sequence that exhausts
the jumps of X.

Observe that if X is cadlag then for each w € Q the set {t € Ry : AX;(w) # 0} is
countable. Proposition 1.4 and Lemma 1.1 will be applied as follows: Suppose
(Ty)n is a sequence of stopping times that exhausts the thin set {AX # 0}.
Then if (w,t) € {AX # 0} there is a unique n such that T),(w) = ¢. This will
be useful in analyzing the “jumps” of a process describing the behavior of asset
prices.

The predictable o-field is the o-field &2 on Q x R that is generated by all cag
adapted processes (considered as mappings on §2 X R} ). A process or random
set that is &2- measurable is called predictable. Note that Proposition 1.3 im-
plies that & C 0.

Theorem 1.1 The predictable o-field is also generated by any one of the fol-
lowing collections of sets:
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(i) A x {0} where A € Fy, and [0,T] where T is any stopping time;
(i) A x {0} where A € Fy, and A x (s,t] where s <t, A € Fs.

Proposition 1.5 If X is a predictable process and if T is a stopping time,
a) Xrlircse) 18 Fr_-measurable,

b) the stopped process X T is also predictable.

Proposition 1.6 If S,T are two stopping times and if Y is an Fg-measurable
random variable, then the process Y 1)s 1) is predictable.
process is adapted and cag)

Proposition 1.7 If X is a cadlag adapted process, then X_ is a predictable
process. If moreover X is predictable, then AX is predictable.
immediate from the definition, since X_is adapted and cag)

A predictable time is a mapping T:  — R, such that the stochastic interval
[0,T[ is predictable.

Theorem 1.2  a) Let X be an R-valued and .F & % -measurable process.
There exists a (—oo, 0o]-valued process, called the predictable projection
of X and denoted by P X, that is determined uniquely up to an evanescent
set by the following two conditions:

(i) it is predictable,
(1)) PX)r = E(X7|Fr-) on {T < oo} for all predictable times T.

b) Moreover, if T is any stopping time, then

PXT) = ("X )1jo,r) + Xrlp7,c0f-

¢) Moreover, if PX is finite-valued and if X' is a (—o0, 00]- valued predictable
process, then P( X X') = X'P(X).

Note that if M is a local martingale then M = M_ and P(AM) = 0. Further,
if X = Xg+ M + A is a special semimartingale so that A is predictable, then
PX — X_= AA. In particular, PX = X_if and only if AA = 0.

If ¥ is a class of processes, we denote by %loc its localized class, defined as such:
a process X belongs to %loc if and only if there exists an increasing sequence
(T},) of stopping times (depending on X) such that lim, T}, = co a.s. and that
each stopped process X 7» belongs to ¢. The sequence (T},) is called a localizing
sequence for X (relative to €).
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1.2 Martingales

In this subsection we state some standard results concerning martingales.

A martingale(resp. submartingale; resp. supermartingale) is an adapted process
X on the basis (2, #,F, P), whose P-almost all paths are cadlag, such that
every X; is integrable, and that for s < ¢:

Xs = E(X¢|.%s) (resp. Xs < E(X¢|.%5); resp. X5 > E(X¢|%s)).

We say that a process X admits a terminal variable X if X; converges a.s. to
a limit X, as t ] oo; in which case the variable X7 is (a.s.) well defined for
any stopping time T', with X7 = X, on {T < oc}.

Theorem 1.3 Let X be a supermartingale such that there exists an integrable
random variable Y with Xy = E(Y|%#) for allt € Ry. Then

a) (Doob’s limit Theorem) X; converges a.s. to a finite limit X .

b) (Doob’s stopping Theorem) If S, T are stopping times, the random vari-
ables Xs and Xt are integrable, and Xg > E(Xr|Fs) on the set {S < T'}.
In particular, X7 is again a supermartingale.

We denote by .# the class of all uniformly integrable martingales; and denote
by 2 the class of all square-integrable martingales, that is, of all martingales
X such that sup,cp, E(X?) < oo.

Theorem 1.4 ) If X is a uniformly integrable martingale, then X; con-
verges a.s. and in L' to a terminal variable X, and Xt = E(X| 1)
for all stopping times T'. Moreover, X is square-integrable if and only if
Xoo 15 square-integrable, in which case the convergence X; — Xoo also
takes place in L?.

b) If Y is an integrable random variable, there exists a uniformly integrable

martingale X, and only one up to an evanescent set, such that
Xt = E(Y|%) for all t € Ry; moreover, Xoo = E(Y|F o).

Theorem 1.5 (Doob’s inequality) If X is a square-integrable martingale,
E ( sup X,?) <4 sup E(X?) =4E(X2).
teR, teRy

The following result gives a useful characterization of uniformly integrable mar-
tingales.
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Lemma 1.2 Let X be an adapted cadlag process, with a terminal random vari-
able Xoy. Then X is a uniformly integrable martingale if and only if for each
stopping time T, the variable X is integrable and satisfies E(X1) = E(Xy).

A local martingale(resp. a locally square-integrable martingale) is a process that
belongs to the localized class Ao (resp. %2 ).

ocC

1.3 Increasing Processes, Decomposition of Local
Martingales

We now present some further concepts that will be needed in order to introduce
the class of semimartingales. First, the definition of the integral of an optional
process with respect to an adapted process of finite variation is presented. The
following subsection will describe the construction of a more general “stochastic
integral” with respect to a semimartingale. Then we state some important
results concerning the decomposition of a local martingale. Subsequent sections
will state results which characterize the structure of the individual components.

We denote by ¥t (resp.?) the set of all real-valued processes A that are cadlag,
adapted, Ag = 0, and whose paths are non-decreasing (resp. have finite variation
over each finite interval [0,¢]).

Let A € ¥. We denote by Var(A) the variation process of A, defined by

Var(A)i(w) =lim Y [Ausn(@) = Ag-1y/a )],

1<k<n

Suppose A € ¥. For each w € Q, the path ¢t — A;(w) is the distribution function
of a signed measure on Rt (denoted dA;(w)) that is finite on each finite interval
[0,1], and is finite on R if and only if Var(A)(w) < co.

If A€ ¥ and H is an optional process, we can define the integral process H - A
by

H-Ay(w) = /O Hy(w)d Ay (w) (1)

if [ |Hy(w)|d[Var(A)]s(w) < oco.

We denote by & the set of all A € ¥t that are integrable: E(As) < oo; and
denote by o the set of all A € ¥ that have integrable variation: E(Var(A)s) <
00.
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Theorem 1.6 Let A € o7),.. There exists a process, called the compensator of
A and denoted by AP, which is unique up to an evanescent set, and which is
characterized by being a predictable process of j,c such that A — AP is a local
martingale. Moreover, for each predictable process H such that H - A € o,
then H - AP € . and H - AP = (H - A)P. In particular, H-A— H - AP is a
local martingale.

The following are some easy properties of the compensator.
1. If A € oA, is predictable, then AP = A.
2. If A € Ay, then P(AA) = A(AP).

3. If A € Ay, then A is a local martingale if and only if A = 0.

Theorem 1.7 To each pair (M, N) of locally square-integrable martingales one
associates a predictable process (M, N) € ¥, unique up to an evanescent set,
such that MN — (M, N) is a local martingale. Moreover,

1

(M,N) =7 ((M+N,M+N)~(M~N.M-N)),

and if M, N € #? then (M,N) € o/ and MN — (M, N) € .#. Furthermore,
(M, M) is nondecreasing.
only if M is quasi-left-continuous.

The process (M, N) is called the predictable quadratic covariation (also the angle
bracket) of the pair (M, N). Note that (M, N) = (M — My, N — Np).

There is a bijective correspondence between the elements M of .7#2 and their
terminal variables M. If we define the inner product and the norm on .5#2 by

(M,N)gz = E = (MyNso), || M| g2 = ||Mool|r> where M, N € 72,

then 72 is a Hilbert space. To see this, let (M™) be a Cauchy sequence for
| - [[zr2. Then the sequence (M2) is Cauchy in L*(Q, Zuoo—, P); let My, be its
L? limit. If M is the (unique) martingale with terminal variable M, then it
belongs to 72 and ||M"™ — M| gz — 0.

Note that the previous theorem implies (M, N)g2 = E((M, N)s) + E(MoNo).

Corollary 1.2 The set of all continuous elements of 7?2 is a closed subspace
of the Hilbert space F2.

EXAMPLE (The Wiener process).
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a) A Wiener process on (Q,.%#,F,P) (or, relative to F) is a continuous
adapted process W such that Wy = 0 and
(i) E(W?) < o for each t € Ry, and E(W,;) = 0 for each t € Ry;
(il) W — Wy is independent of the o-field %, for all 0 < s < ¢.

b) The function o2(t) = E(W2) is called the variance function of W. If
o%(t) = t, we say that W is a standard Wiener process.

Proposition 1.8 A Wiener process W is a continuous martingale, and its an-
gle bracket (W, W) is (W, W);(w) = o2(t).

We now turn to decompositions of a local martingale.

Two local martingales M and N are called orthogonal if their product M N is
a local martingale. A local martingale X is called a purely discontinuous local
martingale if Xy = 0 and if it is orthogonal to all continuous local martingales.

Lemma 1.3 A local martingale that belongs to ¥ is purely discontinuous.

Proposition 1.9 Let M, N € s¢2. The following are equivalent:
a) M and N are orthogonal.
b) (M,N)=0.

c¢) For all stopping times T, MT and N — Ny are orthogonal in the Hilbert
space 2.

Corollary 1.3 The set % of all purely discontinuous martingales in 2 is
the orthogonal subspace, in the Hilbert space 2, of the set %€ of all contin-
uous elements of J2.

Proposition 1.10 Let a > 0. Any local martingale M admits a (non-unique)
decomposition M = Mo+M'+M", where M’ and M" are local martingales with
M =M} =0, M has finite variation, and |AM"| < a (hence M" € H#?2.).

Since the local martinagale M’ in Proposition 1.10 is of finite variation then it is
purely discontinuous by Lemma 1.3. Note also that by Corollary 1.3 M" € 5,
is the sum of purely discontinuous and continuous components. We thus obtain
the following decomposition:
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Theorem 1.8 Any local martingale M admits a unique (up to indistinguisha-
bility) decomposition
M = My + M°®+ M?,

where M€ = 0, M% = 0, M¢ is a continuous local martingale, and M? is a
purely discontinuous local martingale.

M¢ is called the continuous part of M, and M? its purely discontinuous part.
We denote by .Z the set of all local martingales M such that My = 0.

1.4 Semimartingales, Stochastic Integrals

Here we introduce the class of semimartingales, which is our basic modeling tool.
Hence we are interested in developing a calculus with respect to semimartingales.
In this section we give meaning to the notion of a stochastic integral and state
some of its properties.

A semimartingale is a process X of the form
X=Xog+M+A Mec¥, AcV, (2)

where X is finite-valued and .%p-measurable. We denote by .# the space of
all semimartingales. A special semimartingale is a semimartingale X which
admits a decomposition (2) where the process A is predictable. In this case,
A is unique (up to an evanescent set). We denote by ., the set of all special
semimartingales.

If X € .%,, the unique decomposition X = Xo + M + A such that M € £ and
that A is a predictable element of ¥ is called the canonical decomposition of X.

Proposition 1.11 Let X be a semimartingale. The following are equivalent:
(i) X is a special semimartingale;
(i) there exists a decomposition X = Xo + M + A where A € y;

(iii) all decompositions X = Xo+ M + A satisfy A € joc;

(iv) the process Yy = sup,<; | Xs — Xo| belongs to ).

Lemma 1.4 If a semimartingale X satisfies |AX| < a, then it is special and
its canonical decomposition X = Xo+ M + A satisfies |AA| < a and |AM| < 2a.
In particular, if X is continuous then M and A are continuous.
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Proposition 1.12 Let X be a semimartingale. There is a unique (up to in-
distinguishability) continuous local martingale X¢ with X§ = 0, such that any
decomposition of type (2) meets M¢ = X°¢ (up to indistinguishability). X°¢ is
called the continuous martingale part of X.

We will now construct the integral process H - X where H is a locally bounded
predictable process and X is a semimartingale. Denote by & the set of all
processes of the following forms:

H = Yljq, Y is bounded #p-measurable, and
H = Y1y, q,r <s,Y is bounded .%,-measurable.

For H € & and X a semimartingale, the integral process H - X; is defined by

o= { Y (Xsnt — Xpnt) if H =Yy, g @)

Theorem 1.9 Let X be a semimartingale. The map H — H - X defined on &
by (8) has an extension, still denoted by H — H - X to the space of all locally
bounded predictable processes H, with the following properties:

i) H-X is a cadlag adapted process;

1) H— H-X is linear, up to evanescence (i.e. (¢H+K)-X andaH -X+K-X
are indistinguishable);

1) if a sequence (H™) of predictable processes converges pointwise to a limit
H, and if |[H"| < K where K is a locally bounded predictable process, then
H" - Xy — H - X, in measure for all t € Ry.

Moreover, this extension is unique, up to evanescence (i.e. if H — «(H) is
another extension with the same properties, then a(H) and H - X are indistin-
guishable), and in iii) above H™ - X converges to H - X in measure, uniformly

on finite intervals: sups<,H"™ - Xs — H - X, £o.

We now state some elementary properties of stochastic integrals. Here X is a
semimartingale, and H, K are locally bounded predictable process. All state-
ments are up to evanescence.

(P1) X — H - X is linear.
(P2) (a) H-X is a semimartingale;
(b) if X is a local martingale then so is H - X;

(¢c) if X € ¥ then H-X € ¥ and H - X coincides with the process
defined in (1) (Stieltjes integral process).
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(P3) (H-X)o=0and H-X = H - (X — Xp).
(P4) A(H - X) = HAX.

(P5) XT = Xo+1jo,r7- X and (H - X)" = (H1jo7}) - X for all stopping times
T'; more generally, K - (H - X) = (HK) - X.

For J#72., we denote by L?(X) (resp. L} (X)) the set of all predictable processes

H such that the process H2-(X, X) is integrable (resp. locally integrable). Since
(X, X) € o, all locally bounded predictable processes belong to L2 .(X).

loc? loc

Theorem 1.10 Let X € 2. The map H — H-X (defined either on & by (3)
or for all locally bounded predictable H by Theorem 1.9 has a further extension to
the set L? (X), still denoted by H — H - X, which meets i), i) in Theorem 1.9,
and if a sequence (H™) of predictable processes converges pointwise to a limit

H, and |H"| < K for some K € L} (X), then sups<;|H™ - X5 — H - X,| Lo
for all t € Ry. Moreover this extension is unique (up to evanescence), and we

have:
1. H-X € 72,
2. H-X €3 if and only if H € L*(X).

3. Properties (P1), (P3), (P4), (P5) (for H € L? (X) and K € L} (H-X))
hold.

4. If X, Y € #2 and H € L? (X) and K € L? (Y), then

loc loc

(H-X,K-Y)=(HK)(X,Y).

We will now show that the stochastic integral of a predictable process that is
cag may be approximated by Riemann sums. We call an adapted subdivision
any sequence 7 = (T}, )nen of stopping times with Ty = 0, sup,, T, < oo, and
Ty < Th+1on {T < oo} (a deterministic subdivision if all the T;,’s are constant).
The 7-Riemann approxzimant of H - X is the process 7(H - X) defined by

T(H-X)y =Y Hr, (X1, nt — X1 00)-
neN

A sequence (1, = (T'(n,m))men)nen of adapted subdivisions is called a Rie-
mann sequence if sup,,cn[T(n,m+1) At —T(n,m)At] — 0 for all t € Ry (that
is, if the mesh of the restriction of the subdivisions 7, to each interval [0, ¢] tends
to 0).

Proposition 1.13 Let X be a semimartingale, H be a cag adapted process,
and (1,) a Riemann sequence of adapted subdivisions. Then the T,-Riemann
approzimants 7, (H - X) converge to H - X in measure, uniformly on each com-
pact interval.
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1.5 Quadratic Variation, Ito’s Formula

In this section we state Ito’s formula for semimartingales. The following result
gives an explicit solution to a “stochastic differential equation” and describes
some of its properties.

Let X and Y be two semimartingales. The quadratic co- variation of X and Y,
denoted by [X,Y] (the quadratic variation of X, when Y = X) is the process
defined by:

(X, Y]=XY -XoYo—-X_-Y-Y_-X

(it is defined uniquely, up to an evanescent set). Note that the following prop-
erties hold:
[X,Y]o=0, [X,Y]=[X-X0Y Y,

[X,V]= (X +Y, X +Y] - [X -V, X - Y)). (4)

W~ =

Theorem 1.11 Let X and Y be two semimartingales.

a) For any Riemann sequence {7, = (T(n,m))men fnen of adapted subdivi-
sions, the processes S, (X,Y) defined by

ST»,,, (X7 Y)f = Z (XT(n,erl)/\t - XT(n,m)/\t)(YT(n,erl)/\t - YT(n,m)/\t)
m>1

converge to the process [X,Y] in measure, uniformly on every compact
interval.

b) [X,Y] €V and [X,X] € ¥+,
¢) AIX,Y] = AXAY.

Let X € 2. 1t follows from the definition of [X, Y] that X?— X2 —[X, X] € Z.
By Theorem 1.7, we have that X? — X2 — (X, X) € . It follows that
(X, X] - (X,X) € ZNY so that [X,X] € HAye and (X, X) is the compen-
sator of [X, X]. The argument extends to [X,Y] with ¥ # X by (4). We
formalize this result as follows:

Proposition 1.14 Let X and Y be two local martingales.
a) XY — XoYy — [X,Y] is a local martingale.

b) If X,Y € 772, then [X,Y] € Ay and its compensator is (X,Y); if more-
over X,Y € 2, then XY — [X,Y] € 4.

¢) X belongs to % (resp. #72.) if and only if [X, X] belongs to </ (resp.
Hoe) and Xo is square-integrable.
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d) X = Xy a.s. if and only if [X, X] = 0.

Theorem 1.12 Let X and Y be two semimartingales and denote by X€ Y°
their continuous martingale parts. Then

(X, Y] = (X V%) + Y  AX,AY.. (5)

s<t

Theorem 1.13 (Ito’s formula) Let X = (X!,... , X%) be a d-dimensional
semimartingale, and let f be a class C? function on RY. Then f(X) is a semi-
martingale and we have:

F(X) = f(Xo)+ ) _Dif(X_)- X'+ % D Dy f(Xo) - (X, X7
i<d i,j<d
(6)
O F(X) = f(Xeo) = D Dif (X )AXL |,

s<t i<d

where D; f and D;; f denote the partial derivatives 0f/0z' and 9% f [0z 0z .

As an application of Ito’s formula, we will study the equation
Y=14Y_-X (or:idY =Y_dX and Yy =1)

where X is a given semimartingale and Y is an unknown cadlag adapted process.
We will consider X to be a complex-valued semimartingale, that is, X = X' +
iX" with X’ and X" two real-valued semimartingales. Then (6) is read as a
system of equations with real-valued terms as follows:

Y/:1+YI'XI_YI/'X/I
YI/: YI/'XI—Y/ 'X/I

andY =Y’ +Y".

Theorem 1.14 Let X = X' 4+ iX" be a complez-valued semimartingale. Then
equation (6) has one and only one (up to indistinguishability) cadlag adapted
solution. This solution is a semimartingale, is denoted by &(X), and is given
by

1 1
éo(X)f — {eXp(Xt _ XO _ §<XIC,X/C>t + 5<x/IC7X//C>t _ i<X’C,XI/C>t)}

< JTI + AX e 2%]

s<t

where the (possibly infinite) product is absolutely convergent. Furthermore,
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a) If X has finite variation, then so has &(X).
b) If X is a local martingale, then so is &(X).

¢) Let T = inf(t: AXy = —1). Then &(X) # 0 on the interval [0,T[, and
E(X)- #0 on the interval [0,T], and &(X) =0 on the interval [T, oof.

In particular, (5) implies that when X has finite variation, then

E(X)p =X J(1+ AX,)e 2%,

s<t

When X is a real-valued semimartingale, then

@@(X)t — 6Xt*X07%<XC’XC>t H(l + AXS)eiAX*",

s<t

2 Characteristics of Semimartingales

Our goal in this section is to describe a convenient way of representing semi-
martingales. To this end, we define a set of “characteristics” associated with
a semimartingale X. We then define a “canonical representation”, which ex-
presses X in terms of its characteristics. Section 2.1 is an outline of the results
concerning random measures that will be needed.

Let Z = (Q,.7,F = (%#)i>0, P) be a stochastic basis. In addition, let (E, &)
be an auxiliary measurable space which we stipulate to be a Blackwell space.
In this paper, however, we will assume the special case E = R¢ with its Borel
o-field.

2.1 Random Measures

In order to characterize the behavior of the jumps of the processes of interest,
we introduce the concept of an integer-valued random measure and its compen-
sator. We also define an integral with respect to these. Then, after introducing
some necessary notation, we define an integral with respect to the “compen-
sated” random measure. This important result is closely related to the purely
discontinuous part of a local martingale which was introduced in the previous
section.

A random measure on Ry x E is a family p = {u(w;dt, dz) : w € Q} of nonneg-
ative measures on (R4 x E, %4 ® &) such that u(w; {0} x E) = 0 identically.

We will be using the following notation:
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Q=QxR, x E, with o-fields ¢ = 6 ® & and ¥ = 2 @ &. Here € and P
are the optional and predictable o-fields on (€2 x Ry ), respectively.

A function W on Q that is O- measurable(resp. gi'—measurable) is called an
optional(resp. a predictable) function.

Let u be a random measure and W an optional function on Q. Define the
integral process W x p by

W p(w) = / W(w, s, z)u(w; ds, dx)
[0,t]xE
if f[oﬁtle [W(w, s, z)|u(w; ds, dz) < oco.

A random measure p is called optional(resp. predictable) if the process W x u
is optional(resp. predictable) for every optional(resp. predictable) function W.

An optional measure p is called integrable if the random variable
1% pioo = p(+, R4 X E) is integrable (or equivalently, if 1% pu € /).

An optional random measure p is called P-o- finite if there exists a strictly
positive predictable function V on Q such that the random variable V % Loo 18
integrable(or equivalently, if V * p € &/ *). This property is equivalent to the
existence of a Z-measurable partition (A,) of Q such that each (14, * jt)oo iS
integrable.

Theorem 2.1 Let p be an optional gé—a—ﬁmte random measure. There exists
a random measure, called the compensator of p and denoted by uP, which is
unique up to a P-null set, and which is characterized as being a predictable
random measure satisfying either one of the two following equivalent properties:

1. E(W * pB) = BE(W * po) for every nonnegative P -measurable function
W on €.

2. For every P-measurable function W on Q such that [W|+*pe .Qfljc,
\W|*uP et and W pu—W * uP is a local martingale.

oc’?

An integer-valued random measure is a random measure that satisfies:
1. p(w; {t} x E) <1 identically,
2. for each A € Z, ® &, u(-, A) takes its values in N;

3. u is optional and P-o-finite.
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Proposition 2.1 If u is an integer-valued random measure, there exists a thin
random set D and an E-valued optional process B such that

p(w;dt,dz) = Z I1p(w, 5)e(s,, (w)) (dt, dx), (7)
s>0

where €, denotes the Dirac measure at the point a.

Note that if (T},) is a sequence of stopping times that exhausts the thin set D,
then

W =Y W(Tn, Br,) i1, <)

Z W(Sv ﬂs)lD(S)

0<s<t

where W is any nonnegative optional function.

Proposition 2.2 Let X be an adapted cadlag R%-valued process. Then

P (widt, dr) = 1{Ax. (@) £0}E(s.AX. (w)) (dE, d) (8)
S

defines an integer-valued random measure on Ry x R, (In the representation
(7) we have D = {AX # 0} and 3 = AX ). We call X the random measure
associated with the jumps of X.

Proposition 2.3 Let p be an integer-valued random measure, v = p? its com-
pensator, and J = {(w,t) : v(w;{t} x E) > 0}.
i) J is the predictable support {P(1p)} of the set D in (7), and for all

predictable times T and nonnegative predictable W :

/E W(T,z)v({T} x dz) = E[W (T, Br)1p(T)|Fr-] on {T < oo}.

ii) There is a version of v such that v(w;{t} x E) < 1 identically and that
the thin set J is ezhausted by a sequence of predictable times.

ExAMPLE (Poisson Measures). An extended Poisson measure on Ry X E, relative
to the filtration F, is an integer-valued random measure p such that

(i) the positive measure m on Ry x E defined by m(A) = E[u(A4)] is o-finite;

(ii) for every s € Ry and every A € Z+ ® & such that A C (s,00) x & and
that m(A) < oo, the variable u(-, A) is independent of the o-field .%;.
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The measure m is called the intensity measure of . If m satisfies m({t} x E) = 0
for each t € Ry, then p is called a Poisson measure; if m has the form
m(dt,dz) = dt x F(dz), where F is a positive o-finite measure on (E, &), then
w is called a homogeneous Poisson measure.

Proposition 2.4 Let p be an extended Poisson measure on Ry X E, relative to
the filtration F, with intensity measure m. Then its compensator is

pP(ws ) =m(-).

Let o be an integer-valued random measure on Ry x E. Let v be a version
of the dual predictable projection given in Proposition 2.3. We will now define
stochastic integrals with respect to the “compensated” integer-valued random
measure (u — v). We will use the following notation:
ar(w) = v(w;{t} x E),
J = {a > 0}, exhausted by the sequence (7},)
of predictable times,
v (w;dt,dz) = 1 c(w,t).

For any measurable function W on Q we define the process 1474 by
Wi(w) = / W(w, t, 2)(w: {1} % dz)
E

if [ |W(w,t,z)|v(w;{t} x dr) < co.

Lemma 2.1 If W is ﬁ—measumble, then W is predictable and it is a version
of the predictable projection of the process (w,t) — W{(w,t, Be(w))lp(w,t). In
particular, for all predictable times T,

Wy = E[W(T, B7)1p(T)|Zr_] on {T < cc}.

We denote by Goc(pt) the set of all P-measurable real-valued functions W on
Q) such that the process W defined by

Wt(w) =W(w,t,Be(w)1p(w,t) — Wt(w)
satisfies {ng.(Ws)z] i € .

If W € Gioc(p) we call stochastic integral of W with respect to p — v, denoted
by W (u—v), any purely discontinuous local martingale X such that AX and
W are indistinguishable.
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Proposition 2.5 Let W be a predictable function on Q0 such that |[Wxu € &/ljc
(or equivalently, |W|* v € o/," ). Then W € Gioe(p) and

Wx(p—v)=Wxu—Wxw.

We now characterize the property W € Gioc(1) by the integrability of a suit-
able increasing predictable process. To this end, we associate to any predictable
function W on Q) two increasing (possibly infinite) predictable processes as fol-
lows:

CW)e =W =W)?xu + > (1-a,)(W,)?,

s<t
CW)e =W =W+ (1—a,)|[W.l.
s<t
Theorem 2.2 Let W be a predictable function on Q.

a) W belongs to Gioc(p) and W x (u — v) belongs to 772 (resp. #:72.) if and
only if C(W) belongs to o/t (resp. .Qfljc), in which case

(W (p—v), W (u—v)) = C(W).
b) W belongs to Gioc(p) and W (u — v) belongs to </ (resp. o) if and
only if C(W) belongs to o/* (resp. <} ).
c) W belongs to Gioe(p) if and only if C(W')4+C(W") belongs to e, where
W= W =Wl i<y + W<y
W= W =W)lyw >0y + Wiy
d) Assume in addition that W > —1 identically. Then W <1 on {a < 1} up

to an evanescent set, and W belongs to Gioc(1t) if and only if the increasing
predictable process C' (W) defined by

belongs to Qfljc

2.2 Definition of the Characteristics, Canonical
Representation

The characteristics of a semimartingale which we present in this section can
be interpreted as an extension of the terms that characterize the distribution
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of a process with independent increments. Frequently, statements about semi-
martingales will be stated in terms of their characteristics.

Consider a d-dimensional semimartingale X = (X' ..., X?) defined on the
stochastic basis (,.%,F, P). Denote by €¢ the class of functions h : R? — R?
which are bounded, have compact support, and satisfy h(x) = = in a neighbor-
hood of 0. In everything that follows, it may be assumed that h(z) = z1fj5/<1}-

Fix a truncation function h € €. The process X (h) defined by

X(h) =X =) [AX, - h(AX,)]

s<t
is a special semimartingale, and we consider its canonical decomposition

X (h) = Xo+ M(h)+B(h), M(h)ec.2? B(h) < ¥?predictable.  (9)

The characteristics of X associated with h is the triplet (B, C,v) consisting in:

1. B = (B%);<q is the predictable process B = B(h) € ¥¢ appearing in (9)
above.

2. C = (CY); j<q is the continuous process C¥ = (X XJc) g ydxd,

3. vis the compensator of the random measure x4 associated with the jumps
of X.

Proposition 2.6 One can find a version of the characteristics (B,C,v) of X
which is of the form:

O — i A
v(wsdt,dr) = dAi(w) Ky, ¢(dr)

where:

+ .

1. A is a predictable process in ] ;
2. b= (b")i<q is a d-dimensional predictable process;

3. ¢ = (c"); j<q is a predictable process with values in the set of all symmetric
nonegative d X d matrices;

4. Ko i(dz) is a transition kernel from (Q x Ry, 2) into (RY, %) which
satisfies:

Ko4({0}) =0, / Koa(da)(|22 A1) < 1,
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AAt(w) >0 —= bt(UJ) :/Ku,t(dx)h(x)v
and AA(w)K, (R?) < 1.

The following result characterizes semimartingales with independent increments
in terms of the characteristics.

Theorem 2.3 Let X be a d-dimensional semimartingale with Xg = 0. Then
it is a process with independent increments if and only if there is a version
(B,C,v) of its characteristics that is deterministic.

Proposition 2.7 Let X be a semimartingale with characteristics (B(h),C,v)
relative to a truncation function h. X is a special semimartingale if and only if
(|z]2Alx|)*v € Ape. In this case, the canonical decomposition X = Xo+ N+ A
satisfies A = B(h) 4+ (x — h(x)) * v.

Theorem 2.4 Let X be a d-dimensional semimartingale, with characteristics
(B, C,v) relative to a truncation function h € €¢, and with the measure p~
associated to its jumps by (8). Then Wi(w,t,x) = hi(x) belongs to Gioe(u™)
for all i < d, and the following canonical representation of X holds:

X=Xo+X+hx(uS —v)+(x—h(x)*p~ +B.

The following corollary follows from the last two results and Proposition 2.5. It
implies that in the case of a special semimartingale we can take h(z) = x.

Corollary 2.1 Let X be a d-dimensional special semimartingale with charac-
teristics (B,C,v) and u™ the measure associated to its jumps. Then
Wi(w,t,x) = x° belongs to Gioe(u™), and if X = Xo + N + A is its canonical
decomposition, then

X=X+ X +a*(ps—v)+A

3 Martingale Problems, Diffusion Processes

In this section we present diffusion processes, which will be used to construct a
term structure model in Section 6. First we introduce the notion of a martingale
problem, which describes a useful framework in which to characterize the set of
probability measures under which a suitable process is a semimartingale. The
connection between the two concepts is established in Theorem 3.2.

We will be working in the following setting. Let (2, .Z#,F = (%#)i>0) be a fil-
tered space, and let 2 be a sub-o-field of %y, called the initial o-field. Let Py
be an initial condition, that is, a probability measure on (Q, 7).
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3.1 Martingale Problems

Let X = (X%);<4 be a d-dimensional cadlag adapted process on (2, #,F). X
will be a candidate for a semimartingale, so we introduce the following in relation
to X.

i) h € €2, a truncation function;
ii) A triplet (B, C,v) such that

(a) B = (B");<q4 is F-predictable, with finite variation over finite inter-
vals, and By = 0;

(b) C = (Cij)i,jgd is F-predictable, continuous, Cyp = 0, and C; — Cy is
a non-negative symmetric d X d matrix for s < ¢;

(¢) v is an F-predictable random measure on R, x R? which charges
neither R, x {0} nor {0} x R, and such that

(Jz* A 1) * (W) < oo, /V(w; {t} x dz)h(z) = AB(w),

and v(w; {t} x R?) < 1 identically.

A solution to the martingale problem associated with (¢, X) and (Pg; B, C,v)
is a probability measure P on (2, .%#) such that:

1. the restriction P, of P to J equals Ppy;

2. X is a semimartingale on the basis (Q2,.%,F, P), with characteristics
(B, C,v) relative to the truncation function h.

The set of all solutions P will be denoted by (57, X |Pg; B, C,v).

Sometimes we will impose additional structure on (2, .#,F) as follows:
1. F is generated by X and ¢, by which we mean:
(a) Fr =Nyoy Z2 and F) = AV o (X, : 7 < s) (Le. F is the smallest
filtration such that X is adapted and 2 C %p);
(b) F = Foo_ (= ViFp).
2. (The canonical setting) €1 is the canonical space of cadlag functions w: Ry —

R?; X is the canonical process defined by X;(w) = w(t); # = o(Xy); F
is generated by X and % in the sense of 1. above.



A GENERAL FRAMEWORK...LEVY PROCESSES 349

When 57 = o(Xj), we can identify the initial measure Py with the distribution
of Xy as follows: If 1) is a probability measure on R?, we also denote by 7 the
measure on (Q,.7) defined by n(Xo € A) = n(A).

The next result partly justifies the restrictions introduced above.

Theorem 3.1 Let (B,C,v) meet i) above and be deterministic.

a) If F is generated by X and € then (€, X |Py; B,C,v) contains at most
one element P.

b) Under the canonical setting, for any probability measure n on R?,
(2, X|n; B,C,v) contains one and only one solution.

3.2 Diffusion Processes

We now assume the canonical setting defined above. Let P be a probability
measure on (2, #). X is called a diffusion process with jumpson (Q, %, F, P) if
it is a semimartingale with the following characteristics (the truncation function
h is fixed):

t
Bi(w) = /0 b'(s, Xs(w))ds (= 400 if integral diverges)

CH(w) = /t c(s,Xs(w))ds (= 4oo if integral diverges)  (10)
v(w;dt x dz) = dg x Ki(Xi(w), dz),
where
b:Ry x R? — R? is Borel
c:Ry x RY - R? @ R? is Borel, ¢(s, z) is symmetric nonnegative
K(x,dy) is a Borel transition kernel from Ry x R? into R?,

with K;(z,{0}) = 0.

Moreover,

a) if v =0, X is called a diffusion (it is then a.s. continuous);

b) if b(s, x), c(s,z), Ks(x,dy) do not depend upon s, X is called a homogeneous
diffusion (with jumps).

We now introduce some notation in order to define a stochastic differential
equation related to a diffusion. Let ' = (', #',F’, P’) be another stochastic
basis endowed with the following driving terms:

1. W = (W%),<pm, an m-dimensional standard Wiener process
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2. p, a Poisson random measure on R x E with intensity measure
q(dt,dz) = dt ® F(dz). Here (E, &) is a measurable space as in Section 2
(recall that we assume E = RY), and F is a positive o-finite measure on
(E,&).

We assume that the following coefficients are given:

= (ﬁi)igd, a Borel function: R X R? — R4

7Y, <d.i<m, a Borel function: R, x R? — RY @ R™ 11
VT )igd, < +
= (5i)¢§d, a Borel function: Ry x R x E — R,

g
gl
0

We also let ¢ be a given .%}-measurable R%- valued random variable which we
call the initial variable.

Define a stochastic differential equation as follows:

dY, =8(t,Y;)dt + v(t,Y)dWy + h o §(t, Yy, 2)(p(dt,dz) — q(dt, dz))

12
+h o d(t, Y, 2)p(dt,dz) (12)

with Yo = €. Here h is a truncaton function and h/(x) = x — h(x).

A solution-process(strong solution) to (12), on the basis &’ and relative to the
driving terms (W, p), is a cadlag adapted process Y such that for each i < d,

YI= (V) -t ) AT(Yo) W ke d(Yo) x (p—q)
j<m

+hT o 5(Y_) *p. (13)

A solution-measure (or weak solution) to (12) with initial condition 1 (a prob-
ability measure on R?) is a probability measure P on (Q,.%)(the canonical
space) with the following property: there exists a stochastic basis %’ with driv-
ing terms (W, p) and with a .#/-measurable variable £ meeting £(£) =, and a
solution-process Y on %', such that P be the law of Y.

Note that if Y is a solution-process then the above expression gives the canonical
representation of Y:

Yo=¢ Y= AW, bk (=) =hod(Y_)x(p—q)

j<m

(x — h(z)) xp¥ =h os(Y_)*p, B=p(Y)-t.
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Theorem 3.2 Let 1) be an initial condition (a probability on R?), and 3, v, &
be coefficients as in (11). The set of all solution-measures to (12) with initial
condition 1 is the set s(€, X |n; B, C,v) of all solutions to a martingale problem
on the canonical space, where (B,C,v) are given by (10) with

b=, c=~yyT ie. ¢V = Z R~k
1<k<m

Ki(y, A) = / Lavgoy (8t 3, 2)) F(dz).

Theorem 3.3 Assume the following two conditions:

1. Local Lipshitz coefficients. For each n € N* there is a constant 0,, and a
function pn: E — Ry with [ pp(2)*F(dz) < oo, such that for t <n,
lyl <n, [y'| <n:
1B(s,y) = B(s,y)| < Only —y'l, 17(5.9) —v(5,9)| < Only — ¥/,
o d(s,y,2) = hod(s,y, 2)| < pn(2)ly — ¥/,
1" 08(s,y,2) = h' 0 8(s,y",2)] < pu(2)’ly —¥/|.

2. Linear growth. For each n € N* there are 6,, and p,, as above, such that
for allt <n and all y € R%:

1B(s, )] < On(1+1yl), (s, 9)] < On(1+y)),
[hod(s,y,2)] < pu(2)ly — ¥/,
|10 68(s,y, 2)| < [pn(2)* A pu(2)'](1 + ly]).

Then (12) has a solution-process Y, and only one (up to indistinguishability)
on any stochastic basis B’ supporting driving terms (W, p).

Theorem 3.4 Suppose that on any stochastic basis B' supporting driving terms
(W, p), there is at most one solution-process (up to indistinguishability). Then,
if there is a solution-measure, with a given initial condition, this solution- mea-
sure is unique.

4 Changes of Measures

Our goal in this section is to characterize the behavior of a semimartingale after
a change of probability measure. In particular, assume X is a P-semimartingale

1
and P’ is another probability measure such that P’ & P. Then Girsanov’s the-
orem states that X is also a P’-semimartingale and gives its P’-characteristics
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in terms of its P-characteristics. These results have important applications in
finance as will be seen in Section 6.

The setting is the same as in Section 2. measurable space (E,&). To every
random measure p on Ry X E defined on the stochastic basis (2, #,F, P) we
associate the following:

M is the positive measure on (Q,.F 0% 9&) defined by ME(W) = BE(W o)
for all measurable nonnegative functions W.

Assume that p is P-o-finite on (Q,.Z,F, P). For every nonnegative measurable
function W we call the conditional expectation relative to M f with respect to

P the MJ’- a.e unique P-measurable function W’ = M;D(WL@) such that
P P
M, (WU) =M, (W'U)

for all nonnegative P-measurable U.

Theorem 4.1 (Girsanov’s Theorem for Random Measures) Assume that

l
P' & P and let Z be the density process. Let u be an integer-valued random mea-
sure on Ry x E defined on the stochastic basis (2, 7, F, P) (this implies in par-
ticular that it is &- o-finite relative to P), and denote by v its P-compensator.

a) pis also P-o-finite relative to P'.

b) LetY be a P -measurable nonnegative function on Q. Let v be a version
of the P’-compensator of . There is equivalence between:

i) V=Y v P'-a.s. (whereY -v(w;dt,dx) = v(w;dt,dx)Y (w;dt,dx));
Z’L) 1{Zo>0} V= Yl{Z0>O} -V P—a,s.;
i11) Y Z_is a version of the conditional expectation MIF(ZL@).
Moreover, any nonnegative version Y Ofo (% 1{z,>0} L@) has the above
properties.

c¢) There is a version of v’ that meets identically v' =Y - v for some
P -measurable nonnegative function Y .

Theorem 4.2 (Girsanov’s Theorem for Semimartingales) Assume that

l -
P' & P. There exist a P-measurable nonnegative function Y and a predictable
process 3 = (0")i<a satisfying

|h(z)(Y —1)| %1y < oo P'-a.s. forte Ry,
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Zcijﬁj - A < oo, and Z Gk pE | Ay <00 Pl-as. fort e Ry,
j<d J,k<d

and such that a version of the characteristics of X relative to P’ are

> B At h(z)(Y —1) =

j<d
c'=cC
V=Y v

Moreover, Y and 3 meet all of the above conditions, if and only if

YZ_=M!(2|2) (14)
(Z°, X2 = > cipiz_ |- A (15)
j<d

up to a P-null set, where Z is the density process, Z¢ is its continuous martin-
gale part relative to P, and (Z¢, X*¢) is the bracket relative to P.

5 The Representation Property, Fundamental
Representation Theorem

Let (2, #,F, P) be a stochastic basis supporting a semimartingale X = (X%);<4
with characteristics (B, C, v) relative to a truncation function h. X¢ denotes the
continuous martingale part of X, and p = p is the random measure associated
with the jumps of X.

We have seen that any local martingale can be decomposed in terms of a con-
tinuous part and a purely discontinuous part. In this section we look at the
structure of the decomposition of a local martingale in terms of the given semi-
martingale X. We first state two related results for future reference.

Proposition 5.1 Let M = X€ and Z be an arbitrary local martingale.

a) There is a predictable process H = (H");<4 such that

(2, M| =(Z°,M") = | Y _TH | - A (16)
Jj<d
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b) Any predictable process meeting (16) belongs to L?. (M), and the stochas-

loc
tic integral H - M does not depend upon the chosen wversion of H, and

Y =27 —H-M is orthogonal to all components of M and
[Y,M"] = (Y¢, M") = 0. (17)
Proposition 5.2 Let N be a local martingale, and U = M} (AN | P) (here,
AN is considered as defined on Q by AN (w,t,z) = ANy(w)).
a) There is a version of U such that {a =1} c {U = 0}.

b) Let W =U + fﬁal{ad}. Then W € Gioc(p), and if Y = W x (p—v) and
Z =N —Y, then we have M (AZ | 2)=0.

Mf(AZ | 9’7) = 0 may be interpreted as Z being “orthogonal” to u, so Y is a
sort of projection of N on p (or, rather, on the space of all integrals of the form

Vs (- ).

We say that a local martingale M has the representation property relative to X
if it has the form
M=My+H - X°+Wsx(u—v),

where H = (H");<4 belongs to L, (X¢) and W € Gioc ().

loc

Lemma 5.1 FEwvery local martingale M has a decomposition
M=H X°+Wsx(u—v)+N, (18)

where H € L? (X€), W € Gioc(p), and

loc
(N, (X)) =0 Vi<d,  MFP(AN|2)=0. (19)

Moreover, this decomposition is unique, up to indistinguishability.

Corollary 5.1 The following statements are equivalent:
i) All local martingales have the representation property.

i) All local martingales satisfying (19) are trivial (a local martingale N is
called trivial if Ny = Ng a.s. for all t € Ry ).

111) All bounded martingales satisfying (19) are trivial.
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We now relate the representation property with the martingale problem. To this
end, we introduce an initial condition: J#” is a sub o-field of %y, and Py = P
is the restriction of P to .. Note that P € s(.%, X|Pg; B, C,v). The following
result implies that if all local martingales have the representation property then
we can say something about the uniqueness of P.

Theorem 5.1 (Fundamental Representation Theorem) In addition to the
above, assume that F = Fo_. Then the following are equivalent:

(i) All local martingales have the representation property relative to X ; more-
over Fq is contained in the o-field generated by J€ and the P-null sets of
Z.

loc
(i) If P' € s(, X|Py; B,C,v) and P < P, then P’ = P.

(i1i) If P' € s(3#, X|Py; B,C,v) and P' < P, then P' = P.

Note that if 7 = %, then the second condition in (i) is met and we have the
following:

Corollary 5.2 Denote by Py the restriction of P to %#y. If F = Foo— then
the following are equivalent:

(i) All local martingales have the representation property relative to X .
lo
(i) If P’ < P and P} = Py and X admits (B,C,v) for P’-characteristics,
then P' = P.

(iii) If P' < P and Py = Py and X admits (B,C,v) for P'- characteristics,
then P’ = P.

6 Term Structure Models

Following Bjork, Kabanov and Runggaldier [2] we will outline a model for the
bond price dynamics in the context of a diffusion with jumps described above.

6.1 Introduction

We assume the canonical setting. Let P(¢,T) be the price at time ¢ of a bond
which matures at time 7'. It is assumed that for each T' > 0, (P(¢,T))g<;<r is
an optional, (%#;)-adapted process, and for each ¢, P(¢,T') is P-a.s. continuously
differentiable in the T variable. Let f(¢,T) denote the T-forward rate at time
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t, defined by f(¢,T) = —%P(t,T). The short rate r is defined by r = f(¢, 1),
and the money account process B is defined by

t
B; = exp (/ ’I“Sd8> .
0

In order to model the bond price dynamics we could start with a description of
the forward rate or short rate dynamics. Alternatively, we could follow a direct
approach, obtaining P(t,T") as the solution of a stochastic differential equation.
Therefore, we are interested in studying dynamics of the following forms:

dry = apdt + bydWy + / q(t, z)pu(dt, dx) (20)
E

dP(t,T) =P(t—,T) {m(t,T)dt +o(t, T)dW, +/ n(t,z, T)p(dt, d;v)} (21)
B
dft,T) = a(t,T)dt + o(t, T)dW; + / o(t,x, T)p(dt, dx). (22)
E

The coefficients b(t,T), v(t,T), and o(t,T) are assumed to be m- dimensional
row vector processes. The following technical assumptions will be needed:

ASSUMPTION

1. For any fixed T' > 0, n(t,z,T) and 6(¢, z,T') are uniformly bounded. Fur-
thermore, for each ¢,

/Ot /E W (n(s,x,T))F(dz)ds < oo,

where h/(2) = |z|> A |z| for 2 € R.

2. For each fixed w, t, and (in appropriate cases) z, all the objects m(¢,T),
v(t, T), n(t,z,T), a(t,T), o(t,T) and §(t,z,T) are assumed to be continu-
ously differentiable in the T-variable. This partial T-derivative is denoted
mr(t,T), ete.

3. All processes are assumed to be regular enough to allow us to differentiate
under the integral sign as well as to interchange the order of integration.

4. For any t the price curves P(w,t,T) are bounded functions for almost ev-
ery w.

Proposition 6.1 If f(t,T) satisfies (22), then P(t,T) satisfies

dP(t,T) = P(t—,T) [(n +A(T) + %HS(t, T)||2> dt + S(t,T)dW,

+/ (eD(t,m7T>_1) u(dt,dw)},
E
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where
A, T) = — /T a(t, s)ds
S(T) = — / " ot s)ds (23)

T
D(t,z,T) = —/ o(t,x, s)ds.
t

We could also introduce the models above by specifying the characteristics as
in Section 3. By way of example, let F' be a Lévy measure on F and define the
set of characteristics (B, C,v) by

B :/OtP(s,T) (m(s,T)+/En(s,x,T)F(dx)) ds

C; = /t P(s,T)%v(s, T)v(s, T) ds
0
v(dt,dx) = P(t, T)n(t,x, T)F(dx)dt.

In order to express the corresponding stochastic differential equation, let J(dt, dx)
be the integer valued random measure constructed as in Section 2.1. We then
have

dP(¢,T)

Pl—.T) m(t, T)dt + v(t, T)dW; +/ n(t,z, T)J(dt,dz).

E

6.2 Example: Stable Driving Process

Let X be a Lévy process on R with characteristics (tb, tc, tv), where b € R, ¢ > 0
and [ (1A |z]?)v(dz) < co.

Let T be an increasing Lévy process on R with characteristics (¢3,0,tp). Here
B >0 and f(o Oo)(l A &)p(d€) < oo. We call the process T a subordinator.

We now introduce the process Y;(w) = X, () (w), t > 0, obtained by the subor-
dination of X by the subordinator T'. A process identical in law to Y is said to
be a subordinate of X. It is a Lévy process, (see Sato [8]) with characteristics
(tb',tc', tv') where

Y = gb d Px.(d
B + /(Om) p(ds) /|| . (dz)
d = e (24)

V' (dz) = Bv(dx) —|—/ Px_(dz)p(ds).

(0,00)
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In financial applications the subordinator T can be interpreted as the market
operational time. For example, it can be used to model the arrival of news
which would imply changes in market activity.

Following Hurst, Platen and Rachev(1999) we present an example of this ap-
proach using a stable subordinator. Let W be a Wiener process and let T" be
an «/2-stable Lévy process such that

Tt+s —Tt NSQ/Q(CSOZ/Q,l,O), S,tz 0.

The parameter /2 denotes the index of stability. The other three parameters
represent scale, skewness and location, respectively. (See Samorodnitsky and
Taqqu [7]) In terms of our notation this means that the set of characteristics of
T is (0,0,tp) where

dg

p(d€) = Ca/21(07w>(5)51+—a/2~

It follows from (24) that the set of characteristics of the subordinated process
Wr is (0,0, tv') where

, (2002 (a+1 dx
V(dx) = e r 5 P

6.3 Bond Markets, Arbitrage

We now present the framework (Bjork, Kabanov and Runggaldier [2]) in which
we will state results concerning the absence of arbitrage in a model of bond
prices. It will be assumed throughout that the filtration F is the natural filtra-
tion generated by W and pu.

A portfolio in the bond market is a pair (g, h), where
1. g is a predictable process.

2. For each w, t, ht(w, ) is a signed finite Borel measure on [t, 00).

3. For each Borel set A the process hi(A) is predictable.

The discounted bond prices P(t,T) are defined by

B(t,T) = P(g D).

A portfolio (g, h) is said to be feasible if the following conditions hold for every

t:
t t [e%e)
/|gs|ds7 // |m (s, T)||hs(dT)|ds < o0,
0 0 s
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/Ot /OO/E In(s, 2, T)||hs(dT')|v(ds, dz) < oo,

and /Ot {/oo |v(s,T)||hS(dT)|}2ds < .

The value process corresponding to a feasible portfolio m = (g, h) is defined by
‘/;57‘- = gtBt +/ P(t,T)ht(dT)
t
The discounted value process is
VI =BV

A feasible portfolio is said to be admissible if there is a number a > 0 such that
V7 > —a P-a.s. for all t.

A feasible portfolio is said to be self-financing if the corresponding value process
satisfies

v :\/()”—f—/otgsst—i—/Ot /:Q m(s, )P (s, t)hs(dT)ds
wf t | s 0P @y,
+/0t /:O/En(s,x,T)P(s—,t)hs(dT)u(ds,dm).

The preceding relation can be interpreted formally as follows:

AV = gudB, + / he(dT)dP(t,T).

A contingent T-claim is a random variable X € L9 (%7, P). An arbitrage
portfolio is an admissible self-financing portfolio m = (g, h) such that the corre-
sponding value process satisfies

1L VZF=0
2. Vi € LY(Fr, P) with P(VE > 0) > 0.

If no arbitrage portfolios exist for any 7" > 0 we say that the model is arbitrage-
free.
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Take the measure P as given. We say that a positive martingale M = (My)i>0
with EP[M;] = 1 is a martingale density if for every T > 0 the process

(P(t,T)M¢)o<t<r ia a P- local martingale. If, moreover, M; > 0 for all t > 0
we say that M is a strict martingale density.

We say that that a probability measure @ on (Q, F) is a martingale measure if

Q¢ ~ P, and the process (P(¢,T))o<t<7 is a Q-local martingale for every T' > 0.
Here Q¢, P are the restrictions Q| #, and P #,, respectively.

Proposition 6.2 Suppose that there exists a strict martingale density. Then
the bond market model is arbitrage-free.

We will make the following simplifying assumption:

AssumPTION For any positive martingale N = (N); with EF(N;) = 1 there
exists a probability measure ) on UtZO Z; such that Ny = dQ;/dP;.

The following results relate the coefficients in (21) and (22) with a model free
of arbitrage.

Theorem 6.1 Let the bond price dynamics be given by (21). There exists a
martingale measure if and only if the following conditions hold:

(i) There exists a predictable process ¢ and a P-measurable function Y(w,t, )
with Y > 0 satisfying

t t
/ 64 |2ds < oo, / / 1Y (5, 2) — 1|F(dz)ds < oo,
0 0 E

and such that E¥ (&(L);) = 1 for all finite t, where the process L is defined
by
L=¢- W+ (Y —-1)%(u—v).

(it) For oll T >0, and t € [0,T] we have

m(t,T) + duo(t, )T + / Yt o)n(t, o, T)F(dz) = . (25)
E

The following theorem gives a similar result when we consider the forward rate
dynamics.

Theorem 6.2 Let the forward rate dynamics be given by (22). There exists a
martingale measure if and only if the following conditions hold:
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(i) There exists a predictable process ¢ and a P -measurable functionY (w, t, x)
with Y > 0 satisfying

t t
/ [|ps||2ds < oo, / / Y (s,2) — 1| F(dx)ds < oo.
0 0o JE
and such that E¥(&(L);) = 1 for all finite t, where the process L is defined
by
L=¢- W+ (Y —-1)%(u—v).
(i1) For all T >0, and t € [0,T] we have
1
A(t,T)+§||S(t,T)||2+¢tS(t,T)T+/ Y(t, ) (eD<tvmvT> - 1) F(dz) =0,
E

where A, S and D are defined in (23).

Since n(-,-,T) in (21) is uniformly bounded, we can assume h(z) = z in (13) to
obtain the canonical representation

% - (m(t’T) +/E”(tv$vT)F(dx)> dt + v(t, T)dW,

—|—/ n(t,z, T)(u(dt,dz) — v(dt,dx)).
E

By Theorem 3.2 the P characteristics of P(-,T") are
¢
B; = / P(s,T) (m(s,T) —|—/ n(s,x,T)F(dx)) ds
0 E

Cy = /t P(s,T)%v(s, T)v(s, T) ds
0
w(dt,dz) = P(t, T)n(t,z, T)F(dx)dt.

loc
Lemma 6.1 Let P’ be a probability measure such that P' < P.

a) P(-,T) is a P’ local martingale if and only if
mlt,T)+ P D)o(t, D)ol T) 5 + [ Yot o, T)F(do) = v
E

where B, Y are given by Theorem 4.2.

b) Let Z be the density process. Then if ¢ is a predictable process such that
Z¢ = E( [, ¢sdWs) then the condition in a) is equivalent to

m(t, T) +¢tv(t,T)T+/ Y (w, b, 2)n(t, @, TYF (dz) = rr.
E
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loc
PROOF OF LEMMA. Since P’ < P then P is a P’ semimartingale with charac-
teristics (B’,C’,w’), where
B’ :/ P(t,T) {m(t,T) —|—/ n(t,z, T)F(dx) + P(t, T)v(t, T)v(t, T)T B,
0 E

+[E(Y(w,t,a:) Vn(t,z, T)F(d )}dt.

The expression in brackets reduces to

m(t,T) + P(t, T)v(t, T)v(t, T)T B, + / Y(w,t,z)n(t,z, T)F(dx).
E

Therefore, P(-,T) is a P’ local martingale if the last expression is (a.s.) equal
to 7¢.

Since dZ¢ = Z_¢ - W and dP¢ = P_v - W then by the definition of 3,

d(Z¢,P¢) 1 pvT

= d(Pe,P%) Z_ ~ P_uoT’

The condition in b) now follows from a).

1
PrOOF OF THEOREM 6.1. (Necessity) Since P’ 3 P, there is a predictable
process ¢ and a non-negative &-measurable function Y such that

(Z°W) = (¢Z.)- A, and YZ_= M} (Z|P) P-as.

Then ¢Z_ € L (W) by Proposition 5.1. Let £ = Z — (¢Z_) - W. It follows

that Z = £+ (¢Z-) - W and (£°,W) = 0. We also have that MIF(AZL@) =
YZ —Z_=Z(Y —1). Since (¢Z_) - W is continuous,

A& =(Z—(¢22) - W)= (2.~ (62.)- W)= Z — Z_= AZ

so that MP (A P) = MP(AZ|P) = Z(Y — 1). By Proposition 5.2,
Z(Y -1) € Gioc(p), and if welet ) = €~ Z_(Y —1)x(pu—v) then M} (An|2) = 0.
In summary, we have
Z=E¢4(9Z2)- W
and
E=n+Z(Y = 1) (u—v),

so that
Z=(pZ) W+Z (Y -1)x(up—v)+n (27)
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where 7 is a local martingale such that Mi(AnL@) = 0, and (n°, W) =
(g, W) =0.

Let R,, = inf (t 17 < %) and define a process H by
Hy =>4+ (1 —VY)? 51,
Since %1[0’ Ra S by definition of R,, we have that

¢Z_€ L} (W) = ¢l g, € LE(W)

and
ZAY 1) € Guacl) = (Y ~ Dljo.r,] € Cuoclp).

Using Theorem 2.2 (note C’'(Y —1) = (1—v/Y)?*v), conclude that Hr A < 00
P-a.s. for all t. Since P/, P are locally equivalent by hypothesis, Z > 0 P-a.s.
This implies that R,, — oo a.s. as n — oo, hence H < oo a.s.

It follows from the definition of the driving terms (W, i) and Theorem 2.3 that
the characteristics are deterministic. We can then apply Theorem 3.1 and Corol-
lary 5.2 to conclude that all local martingales have the representation property
relative to (W, u). Since the decomposition (27) was constructed so that (19) is
satisfied then Corollary 5.1 implies that 7 = Zo(= 1) a.s. for all ¢. It follows
that EF(£(L)) = 1. Since P is a P’-local martingale by hypothesis, then the
Lemma implies (25).

(Sufficiency) By hypothesis, we can define a probability measure P, = Z; P; for
each t, where P; = P|z, and Z = &(L). The process Z satisfies

Z=1+(Z¢) W+Z(Y —1)x(u—v),
AZ =Z(Y 1) M} -as.

Since the right hand side of the last expression is ﬁ—measurable, then
MP(AZ|2) = Z(Y — 1) and hence (14) is satisfied. Denoting the P’- com-
pensator of u by v/ = v/(dt,dz), Theorem 4.1 implies that

vV =Yv P-as.

Multiplying both sides by P(-, T)n(-,-,T) gives w’ = Yw, where w’ = w’(dt, dx)
is the P’-compensator of w(dt, dx) = P(t—, T)n(t, z, T)u(dt, dx). Since P(-, T)n(-,-,T)
is uniformly bounded by hypothesis, we can apply Theorem 4.1 again to con-
clude that ~

YZ_=ME(Z|2) as.

We observe that (15) is satisfied, so P(-,T) is a P’-semimartingale and its first
P’-characteristic B’ is given by (26). The result then follows from the Lemma
above.
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6.4 Application: Defaultable Bonds

In this subsection we apply our results to derive sufficient conditions for absence
of arbitrage in a market for a zero coupon bond subject to default risk. We follow
Schénbucher [9]. In order to model the default times and their associated loss
quotas, we introduce a random measure ji4, independent of 1, with compensator
vy defined by

vq(dt,dq) = g\ K(dq)dt,

where the intensity A; is continuous and finite for each ¢, and K(-) is a finite
measure on Eq = [0,1].

Under the canonical setting, let the filtration F be generated by (W, w, pa). We
begin with the dynamics of the defaultable forward rates f(t,T'), with coefficients
@, 7, 6 defined as in the default-free case:

AT (4, T) = Tt T)dt + 5t T)dW, + / S(t, e, Thu(dt,dz).  (28)
E

We also define the defaultable short rate by 7y = f(t,t). The defaultable zero
coupon bond is defined as follows:

R(t,T) = (1 - /01 qud(dt,dQ)> exp <— /tTf(t,S)d8> :

As in the risk-free case, we obtain the defaultable bond dynamics

dR(t,T) =R(t—,T) [ (Ft + A(t,T) + %H?(t, T)|2> dt + S(t, T)dW;

# (P ) i) - [t
E [0,1]

where
At,T) = — /T a(t,s)ds
SLT) = — / "t s)ds (29)

T
D(t,z,T) = —/ o(t, z, s)ds.
¢

Since we assume the absence of arbitrage in the risk-free case, we obtain from
the theorem the probability P’ under which @ is a local martingale. The
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set of P’-characteristics of R(-,T) is

B, = R(1,T) (m(t,T) + / Y (t, 2)n(t, . T)F(dz) — / thK(dq)> dt
E [0,1]
dCy = R(t, T)?||S(t, T)||*dt
w(dt,dx,dq) = R(t,T) (Y(t, z)n(t,xz, T)F(dx) — q)\tK(dq)) dt,
where 1
m(t,T) =T+ At T) + 5[t DI + 65, T)T,
and

n(t,z,T) = (eﬁ(t"”’T) - 1) )

It follows from the proof of the theorem that for absence of arbitrage in this
case we require the existence of an appropriate random variable Yy from which
we can construct an equivalent martingale measure P using &(L4) where

Ld = (Yd — 1) * (/.Ld — l/d). (30)

We now seek conditions on the first P”-characteristic B” of R so that @ is
a local martingale. We have that

_ 1= <
dB} =R(t—,T) {Ft +A(T) + SlISE DI + ¢S 1)

+/Ey(t7x) (eﬁ(t,m,T) _ 1) F(dz) — Yd(t,q)q)\tK(dq):| dt.

[0,1]

Hence we require the following conditions:
A(t,T) + IS T + ¢St T)"

+ /EY(t,x) (@5(1‘/7177“) _ 1) F(dz) =0 (31)

and
0<Tp—r = Ya(t, q)g\ K (dg). (32)
[0,1]

The last inequality is a formal relationship between between the default-free
and defaultable models necessary for absence of arbitrage. The following result
summarizes the above discussion.

Theorem 6.3 Let the defaultable forward rate dynamics be given by (28). There
exists a martingale measure if the following conditions hold:

(i) The conditions in Theorem 6.2 hold for the default-free forward rates.
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(i) There exists a predictable function Yy(t,q) with Yy > 0 satisfying

t
/ / Y (s,q)|K(dg)ds < o0, and Epl(é"(Ld)t) =1
o Jo,1

for all finite t. Here Ly is given by (30).
(iii) The coefficients A(t,T), S(t,T) and D(t,z,T) satisfy (31) and (32).

7 Concluding Remarks

We have described a mathematical framework in which to study term structure
models. All processes considered are semimartingales, and we represent them in
terms of their set of characteristics. In particular, the necessary and sufficient
conditions for absence of arbitrage in a bond market are presented in terms of
the characteristics of the price process. As an example, we presented a stable
process as the underlying source of randomness in terms of its characteristics.
We also illustrate how the general methodology can be extended to defaultable
bonds. In future work we will seek the development of estimation and numerical
procedures following this approach.
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Abstract

The seminal work of Mandelbrot and Fama, carried out in the six-
ties, suggested the class of a-stable laws as a probabilistic model of
financial assets returns. Stable distributions possess several properties
which make plausible their application in the field of finance — heavy
tails, excess kurtosis, domains of attraction. The problem of parame-
ter estimation arises naturally and was first tackled by Mandelbrot and
Fama. In this paper we summarize some of the basic approaches and
provide comparison between the estimators using bootstrap in empir-
ical examples.

Keywords stable distributions, finance, asset returns, parameter estima-
tion
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1 Introduction

Stable laws are a family of distributions which arises from generalizations
of the central limit theorem. Stable non-Gaussian distributions possess sev-
eral properties that make them attractive in the applications, namely heavy
tails, excess kurtosis and domains of attraction. Particularly in the field of fi-
nance, the class of stable laws is attractive because it is empirically observed
that assets returns are heavy-tailed and leptokurtic. The stable Paretian
hypothesis, namely the conjecture that financial assets returns have stable
non-Gaussian distributions, was first suggested by Mandelbrot and Fama
in the 60’s. Subsequent studies confirmed the results of the initial research
which supported the stable Paretian hypothesis.
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A well-known property of stable non-Gaussian distributions is that they
do not possess a finite second moment. Certainly the application of infinite-
variance distributions as theoretical models of bounded variables such as
financial assets returns seems inappropriate. Moreover any empirical dis-
tribution has a finite variance, hence it may seem that infinite variance
distributions are inapplicable in any context. Nevertheless there is ample
empirical evidence that the probability of large deviations of the changes in
stock market prices is so great that any statistical theory based on finite
variance distributions is impossible to predict accurately. As it is remarked
in [9] and [4], the sum of a large number of these variables is often dominated
by one of the summands which is a theoretical property of infinite variance
distributions. Hence an infinite variance distribution may be an appropriate
probabilistic model of such variables.

A random variable X is said to have stable distribution if for any n > 2,
there is a positive number C,, and a real number D,, such that the sum of
n independent copies of X, X; + X9 + ... + X,,, has the same distribution
as Cp, X + D,,. Equivalently, a random variable X is said to have stable dis-
tribution, which is denoted by X ~ S, (0o, 8, 1), if its characteristic function
(ch.f.) admits the representation Py:

exp{—o®|f|*(1 — if L tan(®)) + iut), a#1

expl{—olt(L+iB2 L In(e)) +int), a=1 I

(,D(t) :EeitX — {
where 0 < a < 2 is the index of stability, —1 < 8 < 1 is the skewness pa-
rameter, o > 0 is a scale parameter and p € R is a location parameter. For
a discussion of the properties of the parameters of stable laws and the prop-
erties of the class of a-stable distributions in financial context, the reader is
referred to [14]. An excellent reference of the properties of univariate and
multivariate stable laws is [13].

Using the properties of stable laws, it is straightforward to establish the
following useful expressions:

f(x;aaﬁ) :f(_x;a,_ﬂ)a F(JZ;OA,IB) :1—F(—J);Oé, _ﬁ) (2)

and

@) =7 (*ta6), Fay=F("0.p) Q

o
where f(z;a, ) and F(z;«,3) are the probability density function (p.d.f.)
and the cumulative distribution function (c.d.f.) of X ~ S, (o, 8, 1) respec-
tively. For more details the reader is referred to [14].
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Among the class of infinite-variance distributions, stable non-Gaussian
laws are very attractive because they have domains of attraction, i.e. sums
of properly normalized independent identically distributed random variables
converge in distribution to a stable law. This fact has important implications
in financial modeling, for a discussion see [12] and [14].

The problem of parameter estimation of stable distributions was first
tackled by Mandelbrot then by Fama and Roll, [5] and [6]. This is a non-
trivial task because, with a few exceptions, there are no closed-form expres-
sions for the density and distribution functions. For example the classical
maximum likelihood method in this case depends on numerical approxima-
tions of the density and could be extremely time-consuming, for a discussion
see [14]. Moreover standard estimation techniques based on asymptotic re-
sults which rely on a finite second moment are irrelevant. In this paper we
consider some approaches to the estimation of stable parameters, namely
quantile methods, ch.f. based methods and maximum likelihood. Then we
use empirical data to compare the performance of the estimators in terms
of standard deviation of the estimates and box-whiskers diagrams. This is
achieved by means of resampling taking advantage of the non-parametric
bootstrap method.

The parametrization is an important issue as the classical representation
of the ch.f. in equation (1) is not continuous in the parameter space. In
numerical and statistical work, it is recommended to work with a continuous
parametrization, for this reason, whenever appropriate, we shall use the
following representation P; of the ch.f.

(1) = exp{—|ct|* +ictB(|ot|*"! — 1) tan(Z2) + ipst}, a#1 (@)
~ | exp{—|ot| + ioctBZIn|ot| + iuit}, a=1

The parameters in equation (1) and (4) are related by

= p+Botan T, a#1
e a=1

The relationships between these and other parametrizations are discussed
in [14] and [15].
2 Parameter estimation

Generally speaking, parameter estimation techniques for the class of stable
laws come into three categories — quantile methods, characteristic function

371
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based methods and maximum likelihood. The approaches from the first
type use predetermined empirical quantiles to estimate stable parameters.
For example the method of Fama and Roll [5], [6] for symmetric a-stable
distributions and its modified version of McCulloch [10] for the skewed case
belong to this group.

Ch.f. based methods include the method of moments approach suggested
by Press [11] and regression-type procedures proposed by Koutrouvelis [8]
and Kogon and Williams [1]. Simulation studies available in the literature
([1], [2]), show the superiority of the regression-type estimation over the
quantile methods.

The validity of maximum likelihood estimation (MLE) theory was demon-
strated by DuMouchel [3]. The comparison studies between MLE and the
quantile method of McCulloch in [12] recommend the maximum likelihood
estimator.

In this paper we shall review and compare McCulloch’s quantile method,
the method of moments, the regression-type estimator of Kogon and Williams
and MLE.

2.1 Quantile method of McCulloch

The estimation procedure proposed by McCulloch in [10] is a generalization
of the quantile method of Fama and Roll in [5], [6] for the symmetric case.
The estimates of stable parameters in parametrization Py are consistent and
asymptotically normal if 0.6 < a < 2. We shall adopt the standard notation
for theoretical and empirical quantiles, namely z, is the p-th quantile if
F(zp,) = p, where F'(z) is the c.d.f. of a random variable and given a sample
of observations z1, 2, ..., z,, then Z, is the sample quantile if F,(z,) = p,
where F,,(z) is the sample c.d.f..
According to [10], let us define two functions of theoretical quantiles :

_ Z0.95 — £0.05

o =
Z0.75 — 20.25

_ Z0.95 + %0.05 — 2%0.50
T0.95 — T0.05

The functions v, and vg have this special form because by expression (3) it
appears that they do not depend on the scale and the location parameter,
i. e.

Vo = ¢1 (aa :8)
vs = dolc, ) (5)
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Vs
0 0.1 0.2 0.3 0.5 0.7 1
2.439 2 2 2 2 2 2 2

2.5 1.916 | 1.924 | 1.924 | 1.924 | 1.924 | 1.924 | 1.924
2.6 1.808 | 1.813 | 1.829 | 1.829 | 1.829 | 1.829 | 1.829
2.7 1.729 | 1.73 | 1.737 | 1.745 | 1.745 | 1.745 | 1.745
2.8 1.664 | 1.663 | 1.663 | 1.668 | 1.676 | 1.676 | 1.676
3 1.563 | 1.56 | 1.553 | 1.548 | 1.547 | 1.547 | 1.547
3.2 1.484 | 148 | 1.471 | 1.46 | 1.448 | 1.438 | 1.438
Va 3.5 1.391 | 1.386 | 1.378 | 1.364 | 1.337 | 1.318 | 1.318
4 1.279 | 1.273 | 1.266 | 1.25 1.21 | 1.184 | 1.15
5 1.128 | 1.121 | 1.114 | 1.101 | 1.067 | 1.027 | 0.973
6 1.029 | 1.021 | 1.014 | 1.004 | 0.974 | 0.935 | 0.874
8 0.896 | 0.892 | 0.887 | 0.883 | 0.855 | 0.823 | 0.769
10 0.818 | 0.812 | 0.806 | 0.801 | 0.78 | 0.756 | 0.691
15 0.698 | 0.695 | 0.692 | 0.689 | 0.676 | 0.656 | 0.595
25 0.593 | 0.59 | 0.588 | 0.586 | 0.579 | 0.563 | 0.513

Table I: o = 1P1(’Ua,’U,B) = 11 (Va, —Uﬁ)

Employing equation (2), we have that F(—zp;a,—f) = F(z1—p;c, ) and
therefore we have the relations:

¢1(Ot,ﬁ) = (,251(04, _IB)
¢2(C¥,ﬂ) = _¢2(a7 _:6)

The system of equations (5) can be inverted and the parameters o and
can be expressed as functions of the quantities v, and vg:

(6)

o = ¢1(UOHU,3)
B = 1/)2(Uaa'uﬁ) (7)

Replacing v, and vg in equations (7) with their sample counterparts 9, and
Dg:
_ 2095 — £0.05
7 Zors — Zoas

_ Z0.95 + Z0.05 — 2%0.50

Z0.95 — Z0.05

yields estimators & and ﬁ:
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g
0] 0.1 02 [ 03 [ 05 | 07 1
2.439 | 0 | 2.16 1 1 1 1 1
25 [ 0] 1.592 | 3.39 1 1 1 1
26 [0]0759 | 18 1 1 1 1
2.7 [ 0]0482 | 1.048 | 1.694 | 1 1 1
28 (0] 036 | 076 | 1.232 | 2.229 | 1 1
3 | 002530518 | 0823|1575 | 1 1
32 [0]0.203 | 041 | 0.632 | 1.244 | 1.906 | 1
Vo 3.5 0| 0.165 | 0.332 | 0.499 | 0.943 | 1.56 1
4 | 010136 | 0.271 | 0.404 | 0.689 | 1.23 | 2.195
5 | 00109 | 0.216 | 0.323 | 0.539 | 0.827 | 1.917
6 | 00096 | 019 | 0.284 | 0.472 | 0.693 | 1.759
8 | 00082 0.163 | 0.243 | 0.412 | 0.601 | 1.596
10 | 00074 | 0174 | 0.22 | 0.377 | 0.546 | 1.482
15 | 00064 | 0.128 | 0.191 | 0.33 | 0.478 | 1.362
25 | 0| 0.056 | 0.112 | 0.167 | 0.285 | 0.428 | 1.274

Table TT: = 13(va, v5) = —th2(va, —vp)

(% = "pl(@a,lﬁﬁ) (8)
B = 1h2(ta,0p)
The functions ;(.) and 2(.) are tabulated in Tables I and II. It should be
noted that because of property (6), we have that:

Y1(vVa, vg) = P1(va, —vp)
V2(Va, vg) = —42(va, —vp)

In other words, the sign of 95 determines the sign of £3.

Since there are no closed-form expressions for the functions v(.) and
(), we compute estimates of o and 3 from the statistics 9, and g using
the values in Tables I and II and linear interpolation for intermediate values.
If it happens that 9, is below 2.439, & should be set equal to 2 and B equal
to zero. Table I contains values larger than 1 for more precise interpolation.
If 3 > 1, it should be reduced to 1.

McCulloch provides estimator for the scale parameter o which is very
similar to the estimator given by Fama and Roll. Let us first define v, as:

Lo.75 — £0.25
vy = BT — gy(a, )
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B

0 0.25 0.5 0.75 1
0.5 | 2.588 | 3.073 | 4.534 | 6.636 | 9.144
0.6 | 2.337 | 2.635 | 3.542 | 4.808 | 6.247
0.7 | 2.189 | 2.392 | 3.004 | 3.844 | 4.775
0.8 | 2.098 | 2.244 | 2.676 | 3.265 | 3.912
0.9 | 2.04 | 2.149 | 2.461 | 2.886 | 3.356
1 2 2.085 | 2.311 | 2.624 | 2.973
1.1 | 1.98 2.04 | 2.205 | 2.435 | 2.696
1.2 | 1.965 | 2.007 | 2.125 | 2.294 | 2.491
a | 1.3 | 1.955 | 1.984 | 2.067 | 2.188 | 2.333
1.4 | 1.946 | 1.967 | 2.022 | 2.106 | 2.211
1.5 | 1.939 | 1.952 | 1.988 | 2.045 | 2.116
1.6 | 1.933 | 1.94 | 1.962 | 1.997 | 2.043
1.7 1 1.927 | 1.93 | 1.943 | 1.961 | 1.987
1.8 | 1.921 | 1.922 | 1.927 | 1.936 | 1.947
1.9 | 1.914 | 1.915 | 1.916 | 1.918 | 1.921
2 1.908 | 1.908 | 1.908 | 1.908 | 1.908

Table III: v, = ¢3(c, B) = ¢3(ax, — )

The function 93(, ) is given in Table III. Employing the same arguments
that led us to equations (6) yields the relation ¢3(a, ) = ¢3(a, —3). The
estimator & is received after replacing a and 8 with the estimates found
according to equations (8):

Z0.75 — $0.25
¢3(@, B)
Estimation of the location parameter y is a more involved affair because
of the discontinuity of the parametric representation of the ch.f. Py when

a — 1 and 8 # 0. First we estimate the shifted location parameter ¢ defined
by:

o=

¢ = zo.50 + osign(B)dala, B) 9)

where ¢4(a, ) is tabulated in Table IV and has the property ¢4(a,5) =
¢4(a, —p). The location parameter p is related to ¢ according to:
H:{ (—PBotan’F, a#1l

¢, a=1 (10

Replacing the parameters in equations (9) and (10) with their sample coun-
terparts yields the estimator j:
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B

0] 0.25 0.5 0.75 1
0.5 |0 |-0.061 | -0.279 | -0.659 | -1.198
0.6 | 0| -0.078 | -0.272 | -0.581 | -0.997
0.7 0| -0.08 | -0.262 | -0.52 | -0.853
0.8 |0 -0.096 | -0.25 | -0.469 | -0.742
09| 0| -0.099 | -0.237 | -0.424 | -0.652
1 | 0] -0.098 | -0.223 | -0.383 | -0.576
1.1 |0 | -0.095 | -0.208 | -0.346 | -0.508
1.2 10| -0.09 | -0.192 | -0.31 | -0.447
a |13 |0 -0.084 | -0.173 | -0.276 | -0.39
14 | 0 | -0.075 | -0.154 | -0.241 | -0.335
1.5 | 0 | -0.066 | -0.134 | -0.206 | -0.283
1.6 | 0 | -0.056 | -0.111 | -0.17 | -0.232
1.7 1 0| -0.043 | -0.088 | -0.132 | -0.179
1.8 10| -0.03 | -0.061 | -0.092 | -0.123
19| 0 | -0.017 | -0.032 | -0.049 | -0.064

2 |0 0 0 0 0

Table IV: ¢4(a, B) = ¢pa(a, —p)

~

¢ = 2o.50 + 6sign(B)da(&, B)
and

~ Py

/12{ C—B&tan“zo‘, a#1

~

Ca a=1

It should be observed that a significant advantage of the method con-
sidered is the lack of heavy computations. On the personal homepage of
McCulloch (http://www.econ.ohio-state.edu/jhm/jhm.html) a FORTRAN
implementation of the algorithm is publicly available.

2.2 Ch.f. based methods

The characteristic function based methods rely on the sample ch.f. for pa-
rameter estimation. The sample ch.f. is defined as:

1~
Gty == €', teR (11)
n “
7j=1
where z1, 9, ..., 2, is a sample of independent, identically distributed (iid)

observations on a random variable X. Since |¢(¢)| < 1, all moments of the
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random variable ¢(¢) are finite and, according to equation (11), for any ¢
it is the sample mean of the iid random variables e®*%i. As a consequence,
from the law of large numbers, it can be inferred that the sample ch.f. is a
consistent estimator of the ch.f. px(t) = Ee®X, ¢t € R of a random variable
X.

2.2.1 The method of moments

Press [11] suggested a simple and straightforward approach to estimation
of parameters of stable laws which was called the method of moments. His
approach is based on certain transformations of the ch.f. in parametrization
Py. From the parametric representation (1) it follows that

lp(t)] = exp(=o®[t[*), teR (12)
and therefore — In|p(t)| = o®|t|* for any real ¢.

Case a # 1. If we choose t; and t9 such that t; # t2 # 0, we have the
following system of two equations:

—Infp(t1)| = o%[t:]”
—Info(tz)] = o®[t2|*

which can be solved for « and . Replacing the ch.f. for its sample equivalent
&(t) yields the estimators & and 6:

In|g(t1)]
" i [p(0) (13)

and

Ing — Mt In(=1In[p(t2)]) —In [ta| In(—In[p(t1)])

&(t1)
B(t2)
Estimation of the skewness and the location parameter requires more efforts.
Let us first denote the imaginary part of the logarithm of the ch.f. in Py as

u(t):

(14)

In

u(t) = S(Inp(t)) = pt + o®|t|*Bsign(t) tan %

Then if we choose two non-zero values t3 and #4 such that t3 # t4 we can
write a system of two equations:
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u(tz;) = p+ o®ts|* B tan T2
M) = i+ 0®ta|* ftan 22

It is possible to solve the system for § and p and again replacing «, o and
u(t) with their sample counterparts yields the required estimators. Since

. 1 & (1.
Pe(t) = (ﬁ Z Cos twj> +1i (ﬁ Z smtwj>
7j=1 7j=1
and taking advantage of the properties of complex numbers we achieve the

estimator 4(t):

n .
> i1 sintz;

tani(t) = =5———
an i(t) > j—1 costr;

Finally for B and j we have:

b= S ; (15)

[|t4|d_1 — |t3‘6‘_1]5'6‘ tan 7r2a

and

‘t4|‘3‘*1 a(ts) |t3|é‘*1 U(ta)

t3 t4
- - 16
I e (16)

i =

Case a = 1. If a =1, equation (12) allows us to construct the estimator
& directly:

_Infp(t)]
ty

where t; # 0. Similar arguments as in the case a # 1 lead us to:

o=

a(ts) _ a(ta)

B= tsA_ ta
%oln|%|
In [t 2020 — 1n |¢5] 2e)
In|ts] — In |t5]

b=

where t3 # t4 and both are non-zero.
The estimators of stable parameters are consistent since they are based
on ¢(t), RH(t) and Ip(t) which are consistent estimators of ¢(t), Rp(t) and
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Sp(t) by the law of large numbers. The question which still remains is the
best way to choose %1, ...,1%4, since obviously the derived estimators are not
invariant of their choice. Koutrouvelis in his simulation studies in [7] uses
the values t; = 0.2, to = 0.8, t3 = 0.1 and ¢4 = 0.4, which are selected for
the normalized case (¢ = 1,y = 0). Because of the following property of the
ch.f. of an arbitrary random variable X:

Pox+u(t) = eHox(at)

it is clear that for different ¢ and u we shall have to choose different values
for ¢1,...,t4 to achieve equal performance, i.e. the values determined for
the normalized case will not be equally ”good” for a non-normalized case.
For this reason, if we aim at estimation of stable parameters by the method
of moments, we need first to find initial estimates of the scale and the loca-
tion parameter and to normalize the sample. Without incurring significant
additional computational burden, initial estimates could be computed with
the help of a quantile method. For such purposes Koutrouvelis [7] uses the
method of Fama and Roll [5], [6] despite the bias in the estimate of o even
in the symmetric case. We shall adopt his approach in our computations.

To summarize, the algorithm for estimating stable parameters by the
method of moments, given a sample of iid observations z1, x2, ..., Zy, is as
follows:

1. Compute initial estimates &y and fig of o and y respectively, according

to:

5o — Zo.72 — Zo.28
) = 272 ~0.28
1.654

and fip equals the 50% truncated sample average - the mean of the
middle 50% of the ordered observations.

2. Normalize the sample with the initial estimates:

), = (zx — flo)/60, k=1,2,...n

3. Using the normalized sample =, b, ...,z calculate &, 3, &1 and fi;
according to equations (13), (15), (14) and (16) respectively.

4. Compute the final estimates & and f:

~

G = 6901, fo = Gofi1 + flo
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2.2.2 The regression-type estimator of Kogon-Williams

Regression-type estimators are also based on the sample ch.f.. It is possible
to derive simple expressions, linear with respect to stable parameters, and
construct estimators using the least squares technique. Kogon and Williams
suggest such a procedure in [1] with the ch.f. being parametrized accord-
ing to the continuous parametrization P; defined in equation (4). Their
approach is similar to the that of Koutrouvelis in [7] and [8].

The linear equations follow directly from the convenient form of the
logarithm of the ch.f.:

In[—R(Inp(t))] = alno + aln|t (17)

S(Inp(t)) = pt + Bot(|ot|* ! — 1) tan ? (18)

Estimators of the stable parameters can be constructed using the method
of least squares after replacing the ch.f. for the sample ch.f.. Certainly here
we face the same problem as in the method of moments - the sample ch.f.
should be evaluated for certain values of the argument. Koutrouvelis gives
tables in [7] and [8] which relate the values of the sample ch.f. argument
to the value of the index of stability a and the sample size. The major
advantage of the procedure in [1] is that the provided values of the sample
ch.f. argument are invariant of any other parameters. Having conducted
numerous experiments, Kogon and Williams report in [1] that the most
suitable choice is ¢y = {0.1 + 0.1k, k = 0,1,...,9} - 10 equally spaced
points in the interval [0.1,1]. Undoubtedly the sample should be normalized
before applying the method of least squares, otherwise the optimal selection
of the sample ch.f. arguments would depend on the scale and the modified
location parameter. For preliminary estimation of o and u, it is suggested
to use the quantile method of McCulloch.
The algorithm is as follows:

1. Given a sample of iid observations x1, 2, ..., Z, first we find prelimi-
nary estimates o¢ and pg; utilizing the quantile method of McCulloch
and we normalize the observations:

x'—ﬂm .

! J _

RS - , j=12...n
ago

2. Next we consider the regression equation constructed from equation
(17):
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Yy =b+awr +¢, k=0,1,...9

where yr = In[-R(In@(tx))], wx = In|tg|, tx = {0.1 + 0.1k, k =
0,1,...,9} and € denotes the error term. We find & and b according to
the method of least squares using the normalized sample z/, 2}, ..., z/,.
The estimator 1 of the scale parameter of the normalized sample is:

= (7)
01 = €Xp\| <
a

3. Estimators $ and 111 of the skewness parameter and the modified
location parameter respectively are derived from the second regression
equation based on (18):

2k = pity +Pog +me, k=0,1,...9

where z, = S(In@(tx)), vp = 6’1tk(|51tk|d71 — 1) tan %, tp = {0.1 +
0.1k, k=0,1,...,9} and 7 is the error term.

4. The final estimators & and ji; proceed from:

0 = 06001, fl1 = flo1 + Gofi11

If we aim at estimating the location parameter y, we need to take advantage
of the connection between the two parametric forms Py and P;:

. A &
u=u1—ﬂ0tan7

In [1] there is a huge Monte Carlo study in which the method of Kogon-
Williams is compared to the approach of Koutrouvelis [7], [8]. The result
is that from computational viewpoint the former is more efficient. It is
definitely superior to the latter when « is close to zero and 8 # 0. The
approach of Koutrouvelis outperforms that of Kogon-Williams only in the
estimation of S.
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2.3 Maximum likelihood

The method of maximum likelihood is very attractive because of the good
asymptotic properties of the estimates, provided that the likelihood function
obeys certain general conditions. The likelihood function is defined as:

L(w1, D3, ... 7a]0) = [ [ £(2xl0)
k=1

where z1,x9,...x, is a sample of iid observations of a random variable X,
f(z]0) is the p.d.f. of X, and 6 is a vector of parameters. In the case of stable
distributions, 8 = (o, 8,0, ). Maximum likelihood estimates are found by
searching for that parameter values which maximize the likelihood function,
or equivalently, the log-likelihood function:

én = argmgxlog(L(-Tl,eTQa---$n|9)) (19)

DuMouchel studied the applicability of maximum likelihood theory in
the case of a-stable distributions in [3] by verifying whether the likelihood
function complies with a set of conditions that guarantee the validity of the
theory. The theorem proved in the paper and adapted to parametrization
Py is the following

Theorem 1. When sampling from a stable distribution, én, the mazi-
mum likelihood estimate for 6 = (a, 8,0, 1) based on the first n observations,
restricted so that Gy, the estimate of a, satisfies G, > €, € arbitrarily small
and positive, is consistent and asymptotically normal as long as 6y, the true
value of 0 is in the interior of the parameter space (that is the cases oy < e,
ag =2 and |B| =1 are ezxcluded) and the additional case (ag = 1,5y # 0) is
ezxcluded.

Clearly if we intend to derive expressions for MLE analytically, we need
to have closed-form expressions for the p.d.f.s of stable laws. Such expres-
sions are not known to exist in the general case and the problem of MLE
of stable parameters should be attacked numerically, i.e. we have to nu-
merically search for the solution of problem (19) in which the p.d.f. is
approximated. Approaches to numerical approximation of the p.d.f.s and
the c.d.f.s of stable laws are considered in [14]. In the empirical part of this
paper, we use the FFT-method combined with a Bergstrom series expansion
for tail approximation.
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3 Performance comparison

The performance of the estimators discussed in the previous section is in-
vestigated in an empirical study. We have selected two equities - Microsoft
and DVI Inc., one index - Dow Jones Industrial Average and the JPY/USD
exchange rate. The selection criteria was to have certain diversity in the
parameter space.

The estimators are compared in terms of boxplot diagrams computed via,
bootstrap through non-parametric resampling. In addition to the boxplot
diagrams, we provide the mean and the standard deviation of the estimators.

As a goodness of fit measure, we compute the Kolmogorov distance defined
by:

KD = sup |F(z) — Fo(z)] (20)

where F),(z) is the sample c.d.f. and F(z) is the c.d.f. of the fitted distri-
bution. Since we are dealing with heavy-tailed distributions, we also report
the Anderson-Darling statistics which puts more weight on the tails of the
distribution:

ADS — sup F(@) = Fao)
v /F(z)(1 - F(z))
Finally, in order to verify the superiority of stable modeling, we compare
the goodness of fit when the fitted distribution is Gaussian or a-stable.

In the four empirical examples, the samples include the daily log-returns
from 01.01.1999 to 31.12.2002 totaling 1042 observations. All boxplot dia-
grams are based on 500 resampled estimates of stable parameters.

(21)
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Figure 2: Boxplot diagrams of B, Microsoft
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MC MM KW MLE
mean of & 1.6458375 1.8295936 1.8491988 1.7967399
std of & 0.075413711 | 0.047666695 | 0.035276529 | 0.041418925
mean of 8 | 0.067143916 -1 0.47047319 0.12362177
std of 3 0.16323863 0 0.31157097 0.19035751
mean of & | 0.016147967 | 0.013192684 | 0.017292292 | 0.01712232
std of & 0.000640467 | 0.002338541 0.00052722 | 0.000467339
mean of i | 0.000459517 | -0.000357547 | 0.000709773 | 4.97935E-05
std of i 0.00130509 0.00074554 0.001105434 | 0.000899346

Table V: Mean and standard deviation of estimated parameters according
to the four methods, Microsoft

MC MM KW MLE | Normal Fit
KD | 0.0466 | 0.1004 | 0.0588 | 0.0395 0.0509
ADS | 0.0932 | 2.6111 | 0.1277 | 0.0791 27.7643

Table VI: Comparison in terms of goodness of fit measures defined in equa-
tions (20) and (21), Microsoft
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Figure 8: Boxplot diagrams of j, DJIA

MC MM KwW MLE
mean of & 1.7494998 1.8715545 1.8920675 1.847152
std of & 0.087647067 | 0.043739489 | 0.029119335 | 0.039937867
mean of 8 | -0.034586045 1 0.15564377 0.11142357
std of 0.25759868 0 0.40483999 0.22890394
mean of & | 0.008104254 | 0.006977522 | 0.008517372 | 0.008472094
std of & 0.000306711 0.00122087 0.000247869 0.00022901
mean of i | -0.000382239 | -9.37333E-05 | -0.000104916 | -9.09987E-05
std of i 0.000546696 | 0.000352698 | 0.000484893 | 0.000439463

Table VII: Mean and standard deviation of estimated parameters according
to the four methods, DJIA

MC MM KW MLE | Normal Fit
KD | 0.0204 | 0.0790 | 0.0197 | 0.0180 0.0351
ADS | 0.0612 | 2.0846 | 0.0563 | 0.0475 7.6447

Table VIII: Comparison in terms of goodness of fit measures defined in
equations (20) and (21), DJIA
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MC MM KW MLE
mean of & 1.3283444 1.470059 1.5082385 1.355411
std of & 0.051544305 | 0.061008346 | 0.051359061 | 0.050175264
mean of 8 | 0.075472747 1 -0.008827654 | 0.048149033
std of 8 0.094929913 0 0.13790927 0.072749662
mean of & | 0.011766864 | 0.009852498 | 0.012940463 | 0.012030631
std of & 0.000507936 | 0.001184099 0.00054783 0.000454509
mean of 4 | 0.001324993 | 0.001313229 | -0.001833386 | -0.000591671
std of i 0.001972464 | 0.001859812 | 0.001567345 | 0.001289649

Table IX: Mean and standard deviation of estimated parameters according
to the four methods, DVI Inc.

MC MM KW MLE Normal Fit
KD | 0.1177 | 0.1816 | 0.0670 | 0.0618 0.1261
ADS | 0.2361 | 5.1388 | 0.1345 | 0.1238 | 6.2443e+008

JPY, 0

Table X: Comparison in terms of goodness of fit measures defined in equa-
tions (20) and (21), DVI Inc.

Values

Methods

Figure 13: Boxplot diagrams of &, JPY/USD
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x10™

JPY,u

Values

++

=L
)

Methods

Figure 16: Boxplot diagrams of ji, JPY/USD

MC MM KW MLE
mean of & 1.7462556 1.8003459 1.8281921 1.7424175
std of & 0.086453937 | 0.050270346 | 0.032651054 | 0.044317015
mean of 8 | -0.16562357 -1 -0.10156005 | -0.15745804
std of 3 0.23872484 0 0.26965235 0.14908237
mean of & | 0.003791973 | 0.003305307 | 0.004017066 | 0.00394396
std of & 0.000149153 | 0.000545953 | 0.000128849 | 0.000119034
mean of 4 | -0.000146222 | -1.72358E-06 | 0.00016135 | 1.61556E-05
std of i 0.000239272 | 0.000206585 | 0.000256759 | 0.000248633

Table XI: Mean and standard deviation of estimated parameters according
to the four methods, JPY/USD

MC MM Kw MLE | Normal Fit
KD | 0.1199 | 2.5404 | 0.1015 | 0.0831 0.0587
ADS | 0.0461 | 0.1018 | 0.0302 | 0.0406 0.5171

Table XII: Comparison in terms of goodness of fit measures defined in equa-
tions (20) and (21), JPY/USD
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4 Conclusion

On the basis of the empirical study, we can make the following observa-
tions regarding the estimators discussed. As far as the index of stability is
concerned, the estimator of McCulloch (MC) has the worst performance in
terms of the standard deviation of the bootstrapped estimates. For lower a,
it produces better estimates for «, again, in terms of the standard deviation
(see Figure 9). The last observation is in line with the Monte Carlo stud-
ies in [12]. The regression-type method of Kogon-Williams (KW) produces
slightly less dispersed estimates of the index of stability than MLE in some
cases, for instance Figures 1, 5 and 13. The latter outperforms all methods,
and KW distinctly, in the estimation of 8. All approaches, with the excep-
tion of the method of moments (MM), behave equally well in the estimation
of the scale parameter. In contrast to its computational simplicity, MM has
the worst overall performance in all cases (see Tables VI, VIII, X and XII)
both in terms of the Kolmogorov distance and Anderson-Darling statistics.
On the ground of the same criteria, MLE appears to be the most superior
approach and the estimator of KW dominates that of MC in three cases (see
Tables VIII, X and XII).

From computational viewpoint, the most complicated approach is MLE
in which the speed of calculation strongly depends on the density approxima-
tion method. By far less computational burden is entailed by the estimator
of Kogon-Williams followed by the quantile approach of McCulloch and the
method of moments.

The goodness of fit measures imply that a-stable modeling prevails over
the Gaussian modeling which is an expected result. The superiority of
the former becomes particularly obvious when we compare the Anderson-
Darling statistics, hence it follows that non-Gaussian a-stable laws signifi-
cantly outperform the Gaussian distribution in forecasting extreme events,
i.e. extreme losses or profits in financial context.
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ABSTRACT

In this paper we study an analogue of Hardy’s theorem and its L? version for the Dunkl-Bessel
transform on JRiH. More precisely for alla > 0, b > 0 and p, ¢ € [1, +0o0], we determine the mea-
surable functions f on IR such that edllell® £ ¢ Lzﬁ(lRfﬁl) and ebHyHQ}'D,B(f) € Lﬁﬂ(lR‘fl),
where Lg B(JRiH) designates the weighted Lebesgue space associated for the Dunkl-Bessel trans-
form Fp g.

Key word; Dunkl-Bessel-transform; LP version of Hardy’s theorem
AMS subject classification: Primary 35R10; Secondary 44A15

1.INTRODUCTION

Hardy’s theorem for the usual Fourier transform on IR [8] asserts that f and its Fourier
f cannot both be very small. More precisely, let a and b be positive constants and assume
that f is a measurable function on IR such that |f(z)] < Ce *” a.e and for all y € IR,
|f(y)| < C'e” for some positive constant C. Then f = 0 a.e, if ab > i, f = const e~
if ab = i, and there are infinitely many nonzero f if ab < i.

Considerable attention has been devoted recently to discovering generalizations to
new contexts for Hardy’s theorem. In particular this result have been obtained in [15]
[6] for semisimple Lie groups and for the motion group. On the other hand M.G.Cowling
and J.F.Price have studied in [1] an LP version of Hardy’s theorem which states that for
p,q € [1,+00], at least one of them is finite, if ||e* f||, < +oco and ||e®’ f||, < +oo then
f =0 ae, if ab > i. A generalization of this result to the Dunkl transform have been
proved in [7].

In this paper we study an analogue of Hardy’s and its L? version for the Dunkl-
Bessel transform Fp p on R4,
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The contents of the paper is as follows:

In the first section we recall the main results about the Dunkl operators, the Dunkl
intertwining operator and its dual and the Dunkl transform.

We study in the second section the harmonic analysis associated to the Dunkl-
Bessel operator. In particular we introduce and we study the Dunkl-Bessel intertwining
operator Ry 5 and we give properties of its dual *Ry 5 which plays an important role in
the proofs of the main results of the paper.

The third section is devoted to Hardy’s theorem and its LP version. More precisely,
we show that for all p,q € [1,400], at least one of them is finite, if f is a measurable
function on R4 such that eollel f e LY 5(IRT™) and WP Fp pf € L 5(IRT™) for some
a>0and b >0, then f =0 a.e, if ab > i. For p = ¢ = +00 we have f = const e~allell® if
ab = %, and for all p, g there are infinitely many nonzero f if ab < i.

2.HARMONIC ANALYSIS ASSOCIATED WITH THE DUNKL OPERA-
TOR

In this section we collect some notations and results on Dunkl operators, the Dunkl
intertwining operator and its dual and the Dunkl transform (see [3], [4], [5]).
2.1. Reflection groups, root system and multiplicity functions

We consider IR? with the euclidean scalar product (,) and ||z|| = \/(z,z). On@?, ||.||
d
denotes also the standard Hermitian norm, while (z,w) =Y z;w;.
=1

For a € IR\ {0}, let o, be the reflection in the hyperplan H, C IR? orthogonal to «,
ie.
(a, )
(1)

-5 .
[l ?

A finite set R C IR?\{0} is called a root system if RN R%.a = {a, —a} and 0,R = R
for all & € R. For a given root system R the reflection o,,a € R, generate a finite group
W C O(d), called the reflection group associated with R . All reflections in W correspond
to suitable pairs of roots. For a given 3 € IR?\ Uner Hq, we fix the positive subsystem
R, ={a € R /{a,3) > 0}, then for each a € R either « € Ry or —a € R,.

A function k : R — @ on a root system R is called a multiplicity function if it is
invariant under the action of the associated reflection group W. If one regards k as a
function on the corresponding reflections, this means that k is constant on the conjugacy
classes of reflections in W.

For abbreviation, we introduce the index

y=9k) = > kla). (2)

aER4

o) =2 —2
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Moreover, let wy denotes the weight function

wee) = T K z) M, (3)
aER
which is invariant and homogeneous of degree 2.
For d = 1 and W = Z,, the multiplicity function k is a single parameter denoted
v > 0, and

Vo € R, wy(r) = |z|*. (4)
We introduce the Mehta-type constant
a = (] exp(=llz|wn(z) dz) ™ (5)

2.2.Dunkl operators and Dunkl intertwining operator and its dual

Notations. We denote by

- C(IR%)(resp C.(IR?)) the space of continuous functions on IR? (resp. with compact
support).

- E(IRY) the space of C*-functions on IR%,

- S(IR?Y) the space of C*-functions on IR? which are rapidly decreasing as their deriva-
tives.

- D(IR?) the space of C*™-functions on IR¢ which are of compact support.

We provide these spaces with the classical topology .

The Dunkl operators Tj, j =1,..., d, on IR? associated with the finite reflection
group W and multiplicity function k are given by

a (JJ)—i— Z k(a)ajf(x)_f(aa($)), f c Cl(Rd> (6)

Oz e (o, x)

T;f(x)

For all f, g in £(IR?) with g is W-invariant, we have the product rule

Ti(fg9) = (Tif)g+ f(T39), j=1,...d. (7)
In the case k = 0, the T}, j = 1,...,d, reduce to the corresponding partial derivatives.

In this paper, we will assume throughout that £ > 0 and ~ > 0.

We define the Dunkl-Laplace operator on IR¢ by

Auf(a) = T2 (w) = Baf) +2 T Mo Dbl SOl g

a€ERT <O'/’ l’)

d
where Ay = Z 6; and V are respectively the Laplacian and the gradient on IR%.
j=1
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For y € IR?, the system
T']u(xay) = yj’LL(I',y), .7 = 17 "'7d7
u(0,y) = 1, for all y € IRY.

admits a unique analytic solution on IR¢, which will be denoted by K(z,y) and called
Dunkl kernel. This kernel has a unique holomorphic extension to @¢ x @°.

Examples.
1) Ifd=1and W = Z,, the Dunkl kernel is given by

2t

K(z,t) = j,_1(izt) + m]ﬂ%(mt)a z, ted, (9)

where for o > ’71, Jo is the normalized Bessel function defined by

Jol2) = 2T+ 1) JC;(QZ) ety i) m(r?;)fi):n’ 1

with .J, is the Bessel function of first kind and index a.
d

2) The Dunkl kernel of index v = Zal, a; > 0, associated with the reflection group
=1
Zo X ... X Zy on IR? is given for all z,y € IR? by

K(zy) =[] Kz, m), (11)

=1

where K (z;,y;) is the function defined by Eq.(9).

The Dunkl kernel possesses the following properties:
i) For every z,t € @?, we have

K(z,t)=K(t,z) ;K(2,0)=1 and K(\z,t)=K(z,At), forall A €. (12)
ii) For all v € IN%, z € IR? and 2z € @', we have
[DYK (2, 2)] < [l exp(||]||| Re2]), (13)

and for all z,y € IR? :
| K (iz,y)| < 1, (14)

; vo__ ov —
with DY = 5T B and |v| =1 + ... + 4.

iii) For all z,y € IR and w € W we have

K(—iz,y) = K(iz,y), and K(wz,wy)= K(z,y). (15)
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iv) The function K (z,z) admits for all x € IR? and z € @ the following Laplace type
integral representation

K(w,2)= [ e du(y) (16)

where dpu, is a probability measure on IR?, with support in the closed ball B(o,||z||) of
center o and radius ||z||.

The Dunkl intertwining operator V; is defined on C'(IR?) by

Voe R Vif(x /f Vg (y (17)

where dp, is the measure given by the relation (16).
We have
Ve e R, Vze@?, K(z,z)=Vi(e"?)(x).

The operator 'V; satisfying for f in D(IR?) and g in C(IR?) the relation

| MWy = [ ViH@)g@)n(z)da. (18)
is given by
Vi) ) = [ @) (@), (19)
where v, is a positive measure on IR? with support in the set {z € R, ||z|| > ||y||}. This
operator is called the dual Dunkl intertwining operator.

The operators Vj, and *V}, satisfy the following properties:

i)The operator V; is a topological isomorphism from &(IR?) onto itself satisfying
the transmutation relation

Voe R TVi(f)(x) = vk(;y V@), =1,..d feERY. (20)

ii) The operator 'V} is a topological isomorphism from D(IR?)(resp. S(IR?)) onto itself,
satisfying the transmutation relations

9
Iy,
We denote by L (IR?) the space of measurable functions on IR? such that

Yy € R, Vi(T; /)(y) = = "Vi(F)(y), i = 1,....d, f € D(R"). (21)

fllew = ([, 1f@)Pen(e) do)? < +oo, if1<p < +oc.

Theorem 2.2.1. Let (vy),cpre be the family of measures defined by Eq.(19) and let
f € LLH(IRY). Then for almost all y (with respect to Lebesgue measure on IRY), f is
vy-integrable, the function

Y / x)dv,(z
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which will also be denoted by 'Vy(f), is defined almost everywhere on IR? and is Lebesgue
integrable. Moreover for all bounded continuous function g on IR, we have the formula

L Vi OWewdy = [ Vi) @)g()wn(x)da. (22)

Examples:
1) When d = 1 and W = Z, for all z € IR\{0} the measure p, of the Dunkl inter-
twining operator Vj, defined by Eq.(17) is given by du.(y) = K(z, y)dy, with

T(y+3)
K(z,y) = ——=2 12| (|| — )" (2] + )" 1) o] 2/ (V) 23
(529 =~ i3 ol Gl = ] )11 ) (23)
where 1)_ ;| z[ is the characteristic function of the interval | — |z], |z|[.

The dual Dunkl intertwining operator *V} is defined by Eq.(18) with for all y € IR
we have dv,(z) = K(z,y)wy(z)dz, where K is given by Eq.(23).
d

2) The Dunkl intertwining operator Vj, of index v = Z ay, oy > 0, associated with the
=1

d
reflection group Zs X ... X Zy on IR?, is given for all f in £(R?) and z € R*\ | J H;, with
=1

H; = {x € R%/z; = 0} by

V(f)(@) = [ Ke9) f)dy.

where .
’C(I‘, y) = H ’C(.CE[, yl)7
=1

with K(x;,y;) is given by the relation (23). By change of variables we obtain

d Oél + / "
Ve R Vi(f H L Oéz g ftizy, toxs, ... taxy)
(24)
[H (1 —t,)™~ 1 (1 ~|—tl)°‘l] dty...dtg.
It can also be written in the form
Vae R, Vif(x)= (Vi)' x ... x (Vi) (f)(2), (25)

where for all g in £(IR) we have

ZF(OQ + %)

Vol (Vi)'glo) =~

1
/lg(tl:ﬂl)(l 1)L 4 )0,
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(See [17]).
2.3. The Dunkl transform

The Dunkl transform of a function f in D(IR?) is given by

vy e R, Fp(f)(y) = /]Rd f(2)K(—iy, z)wy(z)dx. (26)

It satisfies the following properties:
i) For f in L}(IR?) we have
FD (koo < 11 ],1- (27)
ii) For all f in S(IR?) we have
Fo(f) =F o "Vilf), (28)

where F is the classical Fourier transform on IR<.

iii) For f in S(IRY) we have
vy e R, Fp(Tif)(y) =iy Fo(fly), j=1,...d (29)

iv) For all f in L}(IR?) such that Fp(f) is in Li(IR?), we have the inversion formula

f) = b [ Fo(P)a)K(ir, phonte) do, ac 30

= 4’Y+g

Theorem 2.3.1. The Dunkl transform Fp is a topological isomorphism:
i) From S(IR?) onto itself.
i) From D(IRY) onto H(@?) (the space of entire functions on @?, rapidly decreasing
of exponential type.)
The inverse transform Fp,' is given by
Ch

vye R, Fp'(f)ly) = 4%%?[)(]‘“)(—?;), f € S(m?). (31)

Theorem 2.3.2.i) (Plancherel formula for Fp) For all f in S(IR?) we have

i

@) () de = [ 1Fp(f)(©)wr(€) de. (32)

45

ii) (Plancherel theorem for Fp) The renormalized Dunkl transform, f — 2-0F8) ¢, Fp(f)
can be uniquely extended to an isometric isomorphism on L(IR?).
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3. HARMONIC ANALYSIS ASSOCIATED WITH THE DUNKL-BESSEL-
LAPLACE OPERATOR

Notations. We denote by
-R4 = IR x [0, +00].
-z = (21, 0y Tay Tar) = (¥, 2441) € RE.
- C.(R™ ) (resp. C,.(IR¥*1)) the space of continuous functions on R (resp. with
compact support), even with respect to the last variable.
- CP(R™ 1Y) (resp. CP (IR™1)) the space of functions of class C? on R, even with
respect to the last variable .
(R (resp. DL (IR1Y)) the space of C°°-functions on R4 (resp. with compact
support ), even with respect to the last variable.
- S.(IR%1) the Schwartz space consisting of functions on IR?*! which are even with respect
to the last variable.

We provide these spaces with the classical topology.

3.1. The Dunkl-Bessel-Laplace operator and the Dunkl-Bessel intertwining
operator

We consider the Dunkl-Bessel-Laplace operator Ay s defined by Vo = (2/,2441) €
IR4x]0, +o0,

Nppf() = Dy f(@,2a01) + Lo gy, f(2, 2a), f € C2RM™), (33)

where Ay, is the Dunkl-Laplace operator on IR?, and Lg the Bessel operator on ]0, 4+o0|
given by

d? 2 1 d 1
Lﬁ = 5 6 i , B > ——.
dxi, Tap1 draq 2
The function A given by
A(.CE, Z) = K(-iﬂ?/, Z,)jﬁ($d+lzd+l)a (Z’, Z) € Bi—H X @d+17 (34)

satisfies the following properties:
i) For every z,t € @+, we have

Az, t) = A(t,z) ;A(2,0)=1 and A(Az,t) = A(z,\t), forall A\ ed. (35)
ii) For all v € N,z € RY™ and z € @™, we have
[DIA(z, 2)] < ||| exp(l]z]|][Imz]l), (36)

and for all z,y € R :
Az, y)] <1, (37)
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with DZ = ﬁ and |V‘ =v;+ ..+ Vqga1-
021702,

On the other hand the function A is a solution of the system
(Drp)eu(z,z) = —|l2|Pu(z,2), (z,2) € R{F <@
) (39)

0T 441

u(0, 2) = 1; u((2',0), 2) = 0, for all z € @4+,

The Dunkl-Bessel intertwining operator is the operator defined on C,(IR*™) by

1
G — )7V (2l t)dt, wa >0,

21—‘(5 + 1) —og [T+l o
—=r g 0 Ldr (z
Ripf(d' xay1) = V(B + %) i /0 (39)

V;gf(l’/, O)) Tgr1 = 07

where V} is the Dunkl intertwining operator given by Eq.(17).

The operator Ry s can also be write in the form
Rkﬂ =Vi® Rg, (40)

where R is the Riemann-Liouville integral operator given for all even continuous func-
tions g on IR by

Vi >0, Ra(g)(t) = j%t—” /0 t(tQ — A7 2 g(y)dy.

It satisfies the transmutation relation

2

B

= LgoRs. (41)
(See [16]).
We remark that
V(r,2) € R x @, Az, 2) = Riple™) cos(zar1.)) (2). (42)
We define for all z € RT™ the measure (¥ by

20(B+1) _ 1

k, _ 23

¢y (y) = LB+ Iy (€21 = i) 2 Vowu s ((Yar ) dpar (v )dyass, — (43)
where dp, is the measure given by Eq.(17) and 1jo,,,,[ is the characteristic function of
the interval |0, z441].
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Hence from Eq.(39) the operator Ry, s can also be written in the form
Risf @) = [ ., Fw)dcs (). (44)
+

It is a topological isomorphism from &,(IR%*!) onto itself satisfying

Vf e E(R™), NsRipf = Ripslaif, (45)

d+1
where Ay, = Z 8?.
Jj=1

Example:
We consider the reflection group Zs X ... X Zy. The Dunkl-Bessel intertwining operator
Ry on IR is given for all f in E(RIT!) and z € R by

d a 1
Rute) = ([
=17 2 y (0% 2

) [TT( = )@~ (1 + )] (1 = £2,)° 2 dty .. dtgdit gy
=1

1
;]/[_1 l]d/() f<t1x17t2‘r27"'7tdxd,td+1xd+1)

3.2. The dual of the Dunkl-Bessel intertwining operator
The dual of the Dunkl-Bessel intertwining operator Ry s is the operator "Ry 5 defined
on D,(IR¥™1) by : Yy = (i, yas1) € IR? x [0, o0,

Rua ass) = ooty [ 6 = sl s, )
2 Yd+1

where 'V}, is the dual Dunkl intertwining operator given by Eq.(18).
We can write "Ry g in the form

"Ris= "Vi® "Rg, (47)

where ‘R is the Weyl integral operator defined for all even continuous function g on IR
with compact support, by

Y2 0 R0 = g [T - (s

(See [16]).
We define for all y € ]R‘_’fr1 the measure Q’;’ﬁ by

(B +1) 1
dQl;’ﬂ(I) = m(ﬁm - y§+1)’6 2$d+11]yd+1,+oo[($d+1)d’/y’(xl)d$d+1> (48)
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where dv, is the measure given by Eq.(19) and 1j,,,, 4o is the characteristic function of
the interval Jyg,1, +00].

Hence from Eq.(46) the operator "Ry g can also be written in the form

Ris (W) = [ ., F@)des" (@), (49)

R
It satisfies for f in D,(IR41) and g in &,(IR%™!) the following relation

s ReslNWewdnsty) = [ . F0)Rusl9)(w)dy. (50)

Moreover it is a topological isomorphism from D,(IR%*!) (resp. S.(IR%*!)) onto itself.

Theorem 3.2.1. Let (g’;’ﬁ)yeﬂiﬂ be the family of measures defined by Eq.(49) and let

[ € Ly s(IRIY). Then for almost all y (with respect to the Lebesque measure on IRT™),
is 0P -integrable, the function
Yy g

I fy fx)dol’ (x),

which will also be denoted by "Ry 5(f), is defined almost everywhere on ]R‘fl, and is
Lebesque integrable. Moreover for all bounded continuous function g on IR, we have
the formula

o Real D@y = [ . @) Repg(@)dues(a) (51)

Proof
We deduce the result by using the relations (47), (48) and Theorem 2.2.1.

3.3. The Dunkl-Bessel transform

Notations. We denote by L} 5(IR4™") the space of measurable functions on R{*! such
that

Wllse = ([ 15 Pdiesfa) di)t < o0, i€1<p < +ox,
+

1fllkpoe = €55 sup,cpont|F(2)] < +o0,
where dpy, 5 is the measure given by

dpp (', T411) = Wk(xl)ariﬁldx’dxdﬂ.

Definition 3.3.1. The Dunkl-Bessel transform is given for fin D,(IR¢™!) by
Vy= (Y Yas1) € Bfl?

Fou) van) = [ F6@ e A, y)dp o). (52)

+
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Remark 3.3.1. The transform Fp p can also be written in the form
Fpp=FpolF ga

where Fp is the Dunkl transform given by Eq.(26) and F jg the Fourier-Bessel transform
defined by

YA€ R, Fs()) = [ T (DML, g € Co(IR).
(See [16]).

The transform Fp p satisfies the following properties:

Proposition 3.3.1.7) For fin Lj s(IRT) we have

Fp,5(N)kgoc < |[f1]k8,1- (53)
i) For f in S.(IR™) we have
Fpa(f) = Foo "Rip(f), (54)

where F, is the transform defined by : Vy = (v, ya41) € IR x [0, +00],

Fol W o) = [, £ wa)e™ " cos(ayan)da'deass, f € Co(R™). (55)

+

iii) For f in S,(IR¥1) we have

vy € R Fop(Drsf)y) = —lylPFo.s(f)(y). (56)

From the previous properties of the Dunkl transform Fp and those of the Fourier-
Bessel transform Fp(f) given in [16], we deduce the following theorems.

Theorem 3.3.1. i) The Dunkl-Bessel transform Fp g is a topological isomorphism, from
S.(IR*1Y) onto itself.

ii) The inverse transform Fp'y is given by

Vye R, Fpp(Hy) =misFos(f)(=y), [ € S.(R™),

where

Ci

- 4’Y+ﬂ+%(1“(ﬂ+ 1))2'

Mg (57)

Theorem 3.3.2. For all f in Ly z(IRT™) such that Fpp(f) is in Lj, g(IRT), we have
the inversion formula

) =mus [, Fo(D@AG, —y)duslc),  ae (58)

+
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Theorem 3.3.3. i) (Plancherel formula for Fp g) For all f in S,(IR¥) we have
S L@ P = mis [ 1P (D) s (w). (59)
+ +

ii) (Plancherel theorem for Fp ) The renormalized Dunkl-Bessel transform f —

m%ﬂfDVB(f) can be uniquely extended to an isometric isomorphism on L 5(IRE).
Proposition 3.3.2. For all f € L; 3(IR{), we have

Fop(N)y) =Foo Ris(Fy), ye R, (60)
where F, is the transform given by Eq.(55).

Proof
We obtain the result by applying Eq.(51) to the function g(z) = e~*@¥) cos(2qs1Yar1)
and by using the relation (42).

3.4. The Dunkl-Bessel harmonic polynomials.

We denote by P2+t the set of homogeneous polynomials on IR*! of degree m.

We say that a polynomial p in P21 is Dunkl-Bessel harmonic (D-B harmonic), if it
satisfies Ay gp = 0.

We denote by HE2-® the set of polynomials in P4t which are D-B harmonic.

Theorem 3.4.1.Fach polynomial 1 € P! has the unique representation

[Z]-s
j— Z’|| i A St
Zucoss) = S ai (i),
j=0
where
(m—2s+y+B+HY0(m—2s—j+y+ 0+ ¢
a‘l;}’;iys: (_1)] (m S 'Y /6 2) (m S .7 7 ﬂ 2) (62)

siT(m—s+y+8+1+9)

(See [14].)
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Theorem 3.4.2. Let H be in HPP. We have

el _— 2
Fosle 2 H)(y) = 2O g (63)

(See [13].)

Corollary 3.4.1. Let ¢ € P& for all § > 0, there exists a polynomial Q on IR such
that

Fopwe M) () = Qe sl

Proof
From Theorem 3.4.1 and the relation (56) we have

5]
[|]]

Yy € B, Foae ) y) = Fpo(3 ()2 Z, s p(@)e 1)),

s=0 2
(%] ~ 9
= S 2% Fp p(||2][* Zinas g p(@)e M) (y),
s=0
7] _ 2
= Z2‘2SAZﬁ(}"D,B(Zm—2s,k,5($)€_5”x” ) ().
s=0

On the other hand by applying Theorem 3.4.2 we obtain

im—25225—m—11“<5_}_ 1) " i
61O+ FmE1=2s Zm-2shpy)e” 1.

VyeRY,  Fpp(Zmssrs(@)e ) (y) =

By using the product rule (7), we deduce then there exists a polynomial @ on R4 such
that

Fope 1)(y) = Qy)e v,

4. AN L? VERSION OF HARDY’S THEOREM ASSOCIATED WITH THE
DUNKL-BESSEL TRANSFORM

To prove the main result of this section we need the following lemmas of complex
variables. The two first can be proved as in [7] and the third as Lemma 2.1 of [15] .

Lemma 4.1.Let h be an entire function on @4 even with respect to the last variable

such that
d+1

Ve €@, |h(z)| < C [ e*Res)”,

i=1
and

Vo € R, hx)] < C.
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for some a > 0 and C > 0. Then h is constant on @91,

Lemma 4.2. Let p € [1,+o00[ and h an entire function on @' even with respect to the
last variable. We assume that:
i) There exists j € {1,...,d+ 1} such that

V2 €@ |W(2)| < M(21, .0y 251, Zj41, oy 2g e H) (64)

for some a > 0 and M a positive function on @4+,
ii) Hh/ﬂ%‘fjlukﬁ,Q < +00.
Then h = 0.

Lemma 4.3. Let h be an entire function on @%T' even with respect to the last variable
such that
2
Vze@tt,  |n(z)| < CelFl, (65)

and

Vo e R, |h(z)] < Cell#lP, (66)

for some positive constants a and C. Then

h(z) = Const.efa(zf+"'+zg+l)7 z = (Zl, ey Zd+1) € Cd+1.

The following propositions are also necessary to obtain the result of this section.

Proposition 4.1. Let a > 0. For all y € R4, we have

"Risle™) (y) = Cla)eMF, (67)
where NG+ )
+
Cla) = cra’ Bt

with ¢y the constant given by Eq.(5).

Proof
As the function e=l¥I” is in S, (IRT1), then from the relation (54) we show that

Risle™ ) (y) = F ' o Fpp(e ) (y). (68)
But from [13], p.460, we have

Fg+1) i

—al|z[|? — )
fD,B(e )(y) 26k6ﬂ+ﬁ+%+1

(69)
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On the other hand since as for a regular function f on R%™ we have

F ) (y) = @j;ﬂfow-y),

then we obtain Eq.(67) by applying to the relation (69) the inverse of the transform F,.

Proposition 4.2. Let p € [1,400] and f a measurable function on R such that
eI £||1. 5. < +00 for some a > 0. Then

allxr 2
e Ry, 5(f)]], < +oo,

where ||.||, is the norm of the usual Lebesque space LP(IR%TY).

Proof
From the hypothesis it follows that f € Lj 4(/R4'). Then by Theorem 3.2.1, the
function “Ry, 5(f) is defined almost everywhere on ]Ri“. Now we distinguish two cases:

i) If p € [1, +00[, we have

allz||? ¢ apl|=||? k.3
el 1Ry 5P < /Rd;l” (] o F)des" ()

+

On the other hand by using the Holder’s inequality we have

et I < ([ eI Pad W) ([ e gk ()
< (RualeP £17) (@) ("Rl 1017 (2)) 7

where p’ is the conjugate exponent of p.

Thus from Proposition 4.1 and the relation (67) we obtain

eellel® tR, s(F)2 < (C(ap’))ﬁ/mm "R (e[ £P) () da.

+

But from Eq.(51) we have

o Rusle P gy @) = [ e £ () ). (70)

+ +

then ) 1 2
e R Pllp < (a7 e s < +o0.

i) If p = +o0, for almost all = € RY™ we have

IA

Ris(N@ < ([, M5l dgt (y)

+
< Ry sle” ) (@) | £l 5,00,



AN ANALOGUE OF HARDY'S THEOREM... 413

thus from Proposition 4.1, we obtain

eI Ry 5 (1) ()] < CL@) €M fll1 o < +o00,

where C'(a) is the constant of Eq.(67). This completes the proof.

Proposition 4.3. Let p € [1,+00] and f a measurable function on RT™ such that
||e“||“7“2f|]kﬁ7p < 400 for some a > 0. Then the function defined on @' by

FoulF)E) = [, F@)A@, 2)dus(a) (71)

is entire on @' and even with respect to the last variable. Moreover there exists a positive
constant C' such that for all £,n € R, we have

2
[l

|Fpp(§+in)| < Ce 1.

(72)

Proof

From the derivation theorem under the integral sign and Holder’s inequality we deduce
that the function defined on @¢*! by Eq.(71) is entire on @4 and even with respect to
the last variable.

On the other hand, since f € Lj z(IRT™), then from Eq.(60) we deduce that for all
&,n € R, we have

Fpp+in) = Foo "Rys(f)(&+in),

B /Rd+1 tRkﬂ(f)(x)e_i<x/’£,+m/> co8(ar1(8a1 + 1Mat1))d'dr gy
+
1 (o

= 5 [ Rus(D@)(e 00 e DM dal dy .
IR+

where 77 = (1, —1q4+1) and gz (&, —&i11).
Thus

1 i allzl|2 —allz—1112 —allz—L1|2
st [ e Ry () @) - el o,
+

|Fp.s(€+in)| <

Using Holder’s inequality and Proposition 4.2, we obtain

H"IH2 aIIIHQt —ap’\|:c—i\|2 _aplllx_£||2 L]
1 le Ries (DMl .. (e 2l e 2l )7,

+

, 1
Fos(€ +in) < Se
where p’ is the conjugate exponent of p. We deduce the result from this inequality.

Theorem 4.1. Let f be a measurable function on ]Rflﬁl such that

el fl[1 5 < +00 and ||V Fp (f)]lkgp < +o0, (73)
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for some constants a > 0,0 >0, and 1 < p,q < 400 at least one of them is finite.

Then
i) If ab > %, we have f =0 a.ec.
i) If ab < %, for all § €]a, 55|, the functions f(x) = P(z)eI” where P is an arbi-

trary polynomial on IRT™, satisfy Eq.(73).

Proof
We shall divide the proof in several steps.
1) First step: ab> ;

Consider the function h defined on @4*! by

d+1 ;2

h(z) =[] % Fpp(f)(2). (74)

Jj=1

This function is entire on @41 even with respect to the last variable and using Eq.(72)

we obtain
11€]12

Ve me REY, |h(E+in)| < Ce e (75)
In the following we consider two cases:
i) If ¢ < 400, we have
lwl?
Ihyresillieg = /Rdﬂ 7% Fps(f) ()| dpes(y)
+
a1
= I E (1) ) e g ),
+
Using the fact that ab > % and the hypothesis (73), we obtain
17 gl kga < 1™ Fp s (£) )l lkpq < +o0. (76)

From the relations (75) and (76), and Lemma 4.2 it follows that h(z) = 0 for all z € @4+,
Thus Fp 5(f)(y) = 0 for all y € R4, The injectivity of Fp p implies the result of the
theorem in this case.

ii) If ¢ = +00, we have

lyll?
1h gasillepoe = ess sup egaile s Fps(f)(y)]

1 J—
= ess sup g {|eM° T o () ()] IRY,

Since ab > 1, then from Eq.(73):

1) e [kp.00 < 1M F 5 (£) ()] [k,5.00 < +o00. (77)



AN ANALOGUE OF HARDY'S THEOREM... 415

From Eqgs.(75), (77) and Lemma 4.1, there exists a positive constant C' such that for all
y € R, h(y) = C. On the other hand, from Eq.(74) we have

—[lyl|?

vy € R, Fpp(f)(y) = Ce i (78)
But the assumption on Fp g(f) is expressed as
Fos(Hw) < MeM ae, (79)

for some constant M > 0. The continuity of Fp g(f) on IR shows that the inequality
(79) holds every where. By Eqs.(78) and (79) this is impossible since ab > 1, unless if

4
C = 0. Thus Fp 5(f)(y) = 0 everywhere and then f =0 a.e. on R%.

2) Second step ab = 1.
) If1<p<+4ooand 1< g < +o0o, the same proof as for the point i) of the first step
implies that f =0 a.e on RE™.
i) If 1 <p < 400 and ¢ = +0o0, from Proposition 4.2, Proposition 3.3.2 and Eq.(73)

we deduce that the function *Ry, 5 verifies

le@=I* Ry 5(f)]]p, < +oo  and || F,(*Ry. 5(f))] |0 < oo,

where F, is the Fourier transform given by Eq.(55).

We remark that by using the same proof as in [6] we can prove Hardy’s theorem for
the transform F,. Using this result, we deduce that "Ry 5(f)(z) = 0 a.e, on R%™. Thus
Fpp(f)(y) =0 for all y € RT™, which implies that f =0 a.e. on R,

3)Third step: ab < ;
Let P be a polynomial on R and ¢ €]a, ﬁ[ From Corollary 3.4.1 we deduce that
there exists a polynomial Q on IR* such that

Vye R, fD,B(Pe*‘sH”””Z)(y) — Q(y)efi\ly\\z.

It is clear that the function f(z) = P(xz)e I satisfies the conditions (73). This com-
pletes the proof of Theorem 4.1.

We determine now the functions f satisfying Eq.(73) in the special case p = ¢ =
+00.
Theorem 4.2. Let f be a measurable function on IR such that

f(2)] < MW" a.c and Wy € R, | Fpp(f)(y)l < Me "M, (80)

for some constants a > 0, b > 0 and M > 0. Then
i) If ab > %, we have f =0 a.e.

4
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ii) If ab = i, the function f is of the form f(x) = Coe=ll=*  for some real constant
Co.
i) If ab < L, there are infinity many nonzero functions f satisfying the conditions

(80). v

Proof
i) If ab > i, the point ii) of the first step of the proof of Theorem 4.1 gives the result.
ii) From Eq.(80), Proposition 4.1 and Proposition 3.3.2 , the function "Ry, 5(f) satisfies

"Ris(f) (@) < Cla)Me I Faeand Vy € RE, |F,("Rip(f)(y)] < Me M7,

where C'(a) is the constant in the formula (67). Using Hardy’s theorem for the transform
F, which can be deduced from Lemma 4.3. Then

"Rip(f)(x) = Cre~lllF,

where (] is a real constant. We deduce from (60) that there exists Cy € IR such that

Fo.p(f)(y) = Coe 1,

Thus by using formula (69) we have f(z) = Coe~?ll#I”  with Cy is a real constant. The
result of the point i7) is proved.

iii) If ab < i, the functions defined in the third step of the proof of Theorem 4.1 clearly
satisfies also the conditions (80). This completes the proof of Theorem 4.2.
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Abstract

We consider the fractional differential equation, that is obtained from the nth order
ordinary differential equation with constant coefficients by replacing the ordinary
derivative D by the fractional derivative D“, 0<a <1 (in the Riemman-Liouville
sense). We give the relationship between the fractional Green’s function for the
fractional differential equation and the Green’s function for the ordinary differential

equation. Some applications are also presented.
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1. Introduction

The Green’s function G(t) related to the ordinary differential equation with
constant coefficient
|D"+a,D" +--+a,D° |Ot) = f(t), (1)

where @,’s are arbitrary constants, with the initial conditions

®(0)=D®(0)=---=D"D(0)=0, (2)
is found by the inverse Laplace transform of the following expression
~ 1
G(p)=——, 3)
Q(p)
where
QX)=x"+a,x""+ -+ +a,. 4)

Miller and Ross [9] have proved that the fractional Green’s function G, (t) related
to the fractional differential equation
[D™+a, D™ +...4a D’ |dM)=f(t), t>0 (5)
where D is the Riemman-Liouville fractional derivative of order 0 < & <1, with the
initial conditions
®(0)=DP(0)=--- =D P(0)=0, (6)
where N is the smallest positive integer greater or equal N« , is found by the inverse

Laplace transform of the following expression

1

G ()=~ ()
Q(p*)
Also, Miller and Ross have proved that
t
cD(t):j G,(t-7) f(r)dr (8)
0

is the unique solution for equation (5).

Relations (3) and (7), shows that Laplace transform Ga (p) of the Green’s function

G, (t) for the fractional differential equation (5) and Laplace transform G (p) of the
Green’s function G(t) for the ordinary differential equation (1) are related by

G,(p)=G(p“). (9)
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The Laplace and Mellin transforms of a function ® on R™ are defined by

cT>(p)=je-pt d(t)dt, Re(p)>0 (10)
0
and
d(s) = [t @) dt, Re(s)>0 (11)
0
and they are related by
dp . 12
m 5 j ®(p) dp (12)

Our aim here is to obtain the relationship between the fractional Green’s function
related to the fractional differential equation (5) and the Green’s function related to
the ordinary differential equation (1), then to use this relationship to find the fractional

Green’s function for some fractional differential equations.

2. Fractional Green’s function

Theorem 1. The Mellin transforms éa (s) of the Green’s function G, (t)and é(s)

of the Green’s function G(t) are related by

G, (s)=1 LU=Glazliar D) a0 11041y, (13)
a I'a-s)
Proof: From (9) and (12), we get
G(p“)dp. 14
o ra—)!p G(p“) dp (14)
The change of variables
q=p° (15)
leads to
. 1 1 LU
G, (s)=— @ @ G(g)dg. 16
®= Ty ! q (a) dg (16)

using (12), we have

421
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© -S 1

[ae = G@dg=T(1-(s/a~1/a+1)) 6(s/a~1/a+1). 17)
0
Substitute (17) into (16), we obtain (13).

Theorem 2. The Green’s functions G, (t) and G(t) are related by

G,(t)=t" _T G(z)g,(t™*z)dz, (18)

0,0)
9.(2) = ( ©.1) j

H llf is the H-function (see Appendix A). For 0 <a <1, g, (t) is an entire function

where

(19)

and it has the power series representation

e
9.0=2 F Lok (20)

Proof: From the definition of the H-function, the Mellin transform of (19) is given by

')
= 21
g,(s)= Fas)’ 21
Then, using (21), (13) can be written as
G, (s) 1 4, (1-(s/la—-1/a+1)) G(x,s/la—-1/a+1). (22)
a
Next, using the following properties of the Mellin transform
M (t2 f(t))=f(s-a), (23)
M(f(ty))zlf( ] (24)
4 4
and
M(j f(ty)g(y)dyjzf(sm(l—s). (25)
0

The inverse Mellin transform for (22) gives
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o0

G, (M =t"[ Gt y)g,(y)dy. (26)

0

The change of variables

z=t"y (27)
leads to (18).

3. Applications

1. Consider the second order ordinary differential equation
D2 d(t) + (a+b)-D d(t)+ab-d(t) = (1), (a,b>0) (28)
and the initial conditions
®(0)=Dd(0)=0. (29)

The Greens function for this problem is

;[e‘a‘ —e™ ] if a=zb
G(t)={ b-a .

te ™ if a=b

(30)

According to theorem 2 the fractional Green’s function G, (t) for the fractional
differential equation
D** d(t)+(a+b)-D* d(t)+ab-d(t) = f (1), (t>0) (€2))

with the initial conditions (29), where a,b > 0 and 0<ea <1, is given by

0,2)
oD J dz, (32)

G,(t)=t" T G(z) H,! ( tz

0

From the property (60), we have

w —zHlO 0,2) =lH10 (1,1
!ep “[Z 0.0 dz 5 iz D L | Re(p)>0 (33)

and

o oz Hlo 0,a) :i l H10 (1,1
_[pe 11(Z 0.1) dz | pon p e | | Re (p)>0

(34)

Now, using the series representation of H-function, (33) and (34) can be written as
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T g0 0,a)
_! e’ H11 [Z (0’1)j dz=E,, (-p), Re(p)>0 (35)
and
[ ne-re H !0 (0.2) _4d -
2[ pe 1 [Z 0.1) dz dp E,.(=P), Re(p)>0 (36)

where E, ;(2) is the Mittag-Leffler function in the two parameters [6], [10].

It follows from (35), (36) and the properties of Laplace transform that the final

expression for the fractional Green’s function (32) can be written as

tO{—l

[E,.(-at")—E, (-bt*)] if a=b
G, (=] P~ ad . 37)
t' —E,_  (—xt) if a=b
dx ©

X=a

2. Consider the second order ordinary differential equation
D?> ®(t)+24-D D(t)+ (1 + ) Pt)=f(t), (A>0,u#0) (38)

and the initial conditions
®0)=DD(0)=0. (39)

The Greens function for this problem is

G(t)= e sin(ut). (40)
Y7,

According to theorem 2 the fractional Green’s function G, (t) for the fractional
differential equation
D** ®(t)+24-D* d(t)+(A* + p*)-d(t) = f(t), (t>0) 41)

with the initial conditions (39), where A >0, px#0 and O<a<l,is given by

Ga(t):tlT G(z) H,} [ tz ((%’OSJ dz, (42)
t T, . (.- 0,a)
- Az H a
! e " sin(uz) Ay, (t z (O,l)jdz’ (43)
_ t 7 (—A+im)z a2 H10 —a 0,2)
=3 ! [e e | HY [t 2 oo dz. (44)

From (35) and the properties of Laplace transform, the fractional Green’s function

G, (t) for the fractional differential equation (41) can be written as
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ta—l
2iu

G, (1) =—— [E,.((~2+imt*)-E, (- A +imt?)]. (45)

4. Appendix A

Fox’s H-function

Hpmqn (2)= Hg]qn(z (46)

(aj:aj) jzlo"'a pj
(biaﬂi) izla'”aq ’
with

0<n<p, 1<m<q, a; arbitrary complex numbers, «; positive numbers, is

j

characterized by its Mellin transform

Hie (5) = 2 2E). (47)
C(s) D(s)
where
AGS)=]] T(b; + 5,9, (48)
j=1
B(s)=]] F1-a;-«;s), (49)
j=1
q
C(s)=[] Ta-b;-5;s), (50)
j=m+1
and
p
D(s)=[] I'(a; +a;s), (51)
j=n+1
with empty products set equal to unity.
The set of the poles of A(S) and B(S), that are
P(A)=1{s=—(b, +k)/B,, j=1,--m; k=01, |, (52)
P(B)=1{s=(+k-a,)/a;, j=1,-,n; k=01, |, (53)
respectively, are supposed to be disjoint.
If the poles of A(S) and B(s)are simple and if:
q n
ﬂ:Z ﬂj_z a; >0, (54)

j=1 j=1

then H g] qn (z) is an analytic function for z # 0 and has the series representation

425



426 Z.ODIBAT, A ALAWNEH

[T, T = Asw) T, T-a;+a;sy) (=" z*

Hmn (2) = i Z’O:
Pq
h=l k=0 H?:mﬂ F(l—bj +ﬂjshk) H:_):M F(aj —&;Sy) k! B,
where
b, +k
Sk = .
B
The following identities for the H-function are well-known:
H™ |, (aj:aj) _H™ l (I-b;,8)
"7 0, 8) Pz (-a,a))
Hm™ (ajaaj) _k H™ | (ajakaj)
U 0L8) S Teiks) )

2 H™| (ajaaj) _H™| , (aj+5aj7aj)
U 6B G RCERY VAN

The Laplace transform of the H-function is given by

mn (ajaaj) L ynam (1-b;, )

H o (Z (.. ) j(p)—g Hypa Lp‘ (1,1)(1—aj,aj)]’for O<pu<l
mn (a-,a.) 1 m n+l 1 (0,1)(8.-,0!-)

H i’ _'H s i
Pq (Z (.. ) J(p) 0 p+lq ( 0 (b, 3) ], for u>1.

In particular, we mention
11 (09 1)
E,;(2)= H,, ( z

(Ovl) (1 _ﬁaa)]’
with z>0, O<a<l, f>«.

Using the series representation (55), we obtain

0 7 k

E.; (D)= kZ:(; (=D F(aZ—Jr,B)’

which is the generalized Mittage-Leftler function.
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