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Running head: Strong and weak solutions of abstract Cauchy problems

Abstract. Let α be a positive number, C be a bounded linear injection
on a Banach space X, and let A : D(A) ⊂ X → X be a closed linear operator
commuting with C. Under suitable conditions on A (such as, C−1AC = A,
ρ(A) 6= ∅, D(A) = X), we discuss connections among: (i) A being the generator
of an α-times integrated C-semigroup on X; (ii) the existence of unique strong
solution of u′(t) = Au(t) + jα−1(t)Cx, t > 0; u(0) = 0, for all x ∈ D(A);
(iii) the existence of unique strong solution of v′(t) = Av(t) + jα(t)Cx + jα ∗
Cg(t), t > 0; v(0) = 0, for all x ∈ X; (iv) the existence of unique weak solution
of the abstract Cauchy problem: w′(t) = Aw(t)+ jα−1(t)Cx+ jα−1 ∗Cg(t), t >
0; v(0) = 0, for all x ∈ X. Here jα(t) = tα/Γ(α + 1) and g is any function in
L1

loc([0,∞), X). Applications to concrete examples are also demonstrated.

2000 Mathematics Subject Classification: 47D60, 47D62.
Key words and phrases: α-times integrated C-semigroup, generator, abstract
Cauchy problem, strong solution, weak solution.

1 Introduction

Let X be a Banach space with norm ‖ · ‖, and let B(X) be the set of
all bounded linear operators from X into itself. Consider the abstract Cauchy
problem (ACP):

(ACP(f,x))
{

u′(t) = Au(t) + f(t), t > 0;
u(0) = x,

1Research supported in part by the National Science Council of Taiwan.
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where A : D(A) ⊂ X → X is a closed linear operator and f is an X-valued
function on [0,∞).

Let X1 denote the Banach space D(A) equipped with the graph norm
‖x‖X1 = ‖x‖ + ‖Ax‖ for x ∈ D(A). A function u is called a strong solution
of ACP(f, x) if u ∈ C1((0,∞), X) ∩ C([0,∞), X1) and satisfies ACP(f, x). In
the case where A is densely defined, u is called a weak solution of ACP(f, x) if
u is continuous, and for every x∗ ∈ D(A∗) the function 〈u(·), x∗〉 is absolutely
continuous and satisfies{ d

dt 〈u(t), x∗〉 = 〈u(t), A∗x∗〉+ 〈f(t), x∗〉, a.e. t > 0;
u(0) = x.

The ACP is closely related to the theory of operator semigroups. Arendt
[14, A-II, Theorem 1.1] proved that ACP(0, x) has a unique strong solution for
every x ∈ D(A) if and only if the part A1 of A in X1 (i.e. the restriction of
A with domain D(A1) := {x ∈ D(A);Ax ∈ X1}) generates a C0-semigroup on
X1. Moreover, these two conditions are also equivalent to that A generates a
C0-semigroup on X, provided that A has nonempty resolvent set ρ(A) [14, A-II,
Corollary 1.2]. Ball [2] proved that A has dense domain and ACP(f, x) has a
unique weak solution for every f ∈ L1([0,∞), X) and x ∈ X if and only if A
generates a C0-semigroup on X.

Recently Davies and Pang [3], Miyadera and Tanaka ([16], [17]), deLauben-
fels ([4], [5]) have studied C-semigroups (also called regularized semigroups)
and their connections with the ACP. A result of deLaubenfels [4, Theorem 4.1]
states that if A is the generator of a C-semigroup, then A commutes with C
and ACP(0, x) has a unique strong solution for each initial value x in C(D(A)).
Tanaka and Miyadera [17, Corollary 2.2] then showed that in case ρ(A) 6= ∅, the
converse of the last statement is also true.

The aim of this paper is to prove generalizations of the aforementioned
results to α-times (α > 0) integrated C-semigroups. This class is a generalization
of the class of α-times integrated semigroups, which have been studied in [1], [6],
[8], and [15] for α ∈ N, and [7], [12], and [13] for α ∈ R+. This paper serves as a
continuation of [9], in which basic properties of α-times integrated C-semigroups
as well as characterization of their generators have been discussed.

Let C ∈ B(X) be an injective operator and α a positive number. A family
S(·) = {S(t); t ≥ 0} in B(X) is called an α-times integrated C-semigroup if
(1.1) S(·)x : [0,∞) −→ X is continuous for each x ∈ X;
(1.2) S(0) = 0, S(t)C = CS(t), and for all x ∈ X, t, s ≥ 0

S(t)S(s)x =
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S(r)Cxdr.

An α-times integrated C-semigroup S(·) is said to be nondegenerate if
(1.3) S(t)x = 0 for all t > 0 implies x = 0.
Note that for a nondegenerate α-times integrated C-semigroup, the identity
S(0) = 0 follows automatically from (1.3) and the functional equation in (1.2)
and so it is superfluous in condition (1.2) in the nondegenerate case.

C.KUO,S.SHAW192



The generator A of a nondegenerate α-times integrated C-semigroup S(·)
is defined as{

D(A) := {x ∈ X; there exists a y ∈ X such that (1.4) is satisfied}
Ax := y for x ∈ D(A),

where

(1.4)
∫ t

0

S(r)ydr = S(t)x− jα(t)Cx for all t ≥ 0,

with jα(t) := tα/Γ(α + 1). Notice that the nondegeneracy implies uniqueness
of y in (1.4), so that A is well-defined.

Conditions (1.2) and (1.3) also imply that C is injective. It is known [9]
that the generator A is a closed linear operator and has the properties:

(1.5) C−1AC = A;

(1.6) S(t)A ⊂ AS(t) for t ≥ 0

and

(1.7)
∫ t

0

S(s)xds ∈ D(A) and A

∫ t

0

S(s)xds = S(t)x− jα(t)Cx

for all x ∈ X, t ≥ 0.
A closed linear operator B is called a subgenerator of S(·) if it commutes

with C and satisfies (1.6) and (1.7) with A therein replaced by B. We have
B ⊂ C−1BC, and it can be shown that C−1BC is also a subgenerator. In fact,
the generator A is equal to C−1BC for any subgenerator B (cf. [10] for the case
α = n ∈ N ∪ {0}).

An α-times integrated C-semigroup S(·) is said to be exponentially bounded
if
(1.8) there are M ≥ 0 and w ∈ R such that ‖S(t)‖ ≤ Mewt for all t ≥ 0.
In this case, for all λ > w, λ−A is injective, R(C) ⊂ R(λ−A) and

(1.9) (λ−A)−1Cx = λα

∫ ∞

0

e−λtS(t)xdt for x ∈ X.

Exponentially bounded n-times integrated C-semigroups have been considered
in [10] and [11].

In Section 2 we show that, under the assumption that A commutes with
C, the problem ACP(jα−1Cx, 0) has a unique strong solution for every x ∈
D(A) if and only if A1, the part of A in X1 = D(A) (i.e. D(A1) = D(A2)
and A1x = Ax for x ∈ D(A1)), is the generator of an α-times integrated C1-
semigroup on X1, where C1 is the restriction of C to X1 (Theorem 2.1). The
above condition on A is in general only a necessary condition but not sufficient

STRONG AND WEAK SOLUTIONS... 193



condition for A to generate an α-times integrated C-semigroup on X. To seek
for a sufficient condition, one may try to enlarge the domain of solvability.
It is known [9, Theorem 2.4] that if A generates an exponentially bounded
α-times integrated C-semigroup, then for large enough λ, λ − A is injective,
R(C) ⊂ R(λ − A), and ACP(jα−1x, 0) has a unique strong solution for each
x ∈ (λ − A)−1C(X). Thus the latter condition might be a suitable choice
for a sufficient condition. Indeed, this is justified in [9, Theorem 3.2]. An
extension (Corollary 2.5) of that result to the case that λ − A is not injective
will be deduced from Theorem 2.2, which states that if ACP(jαCx, 0) has a
unique strong solution for every x ∈ X, then C−1AC generates an α-times
integrated C-semigroup on X. Another consequence of Theorem 2.2 asserts
that A is the generator of an α-times integrated C-semigroup on X if and only
if C−1AC = A and ACP(jαCx + jα ∗ Cg, 0) has a unique strong solution for
every g ∈ L1

loc((0,∞), X) and x ∈ X (see Theorem 2.3).
In Section 3, we discuss connections between the generator of an α-times

integrated C-semigroup and weak solutions of the associated ACP. Under the
assumption that A has dense domain and C−1AC = A, it is shown that A
generates an α-times integrated C-semigroup on X if and only if ACP(jα−1 ∗
Cg + jα−1Cx, 0) has a unique weak solution for every g ∈ L1

loc((0,∞), X) and
x ∈ X, if and only if for every x ∈ D(A) ACP(jα−1Cx, 0) has a unique strong
solution which depends continuously on x ∈ D(A) (Theorem 3.1).

Some concrete examples of α-times integrated semigroups have been dis-
cussed in [6], [7], [8], and [12]. Examples of C-semigroups can be found in [5].
In Section 4, we will apply the present abstract results to two of them.

Finally, we remark that similar results as those in Sections 2 and 3 have
been shown ([18] and [19]) to hold for local C-semigroups.

2 Generator and Strong Solutions

This section establishes a precise correspondence between the generator
of an α-times integrated C-semigroup and the existence/uniqueness of strong
solutions of the corresponding ACP.

It is easy to see that if A is the generator of an α-times integrated C-
semigroup, then for every x ∈ D(A) ACP(jα−1Cx, 0) has the unique strong
solution u(t) = S(t)x. In general, the converse is not true. However, the follow-
ing theorem shows that the operator A1, instead of A, is indeed a generator.

Theorem 2.1. Let C be a bounded linear injection on X and A be a closed
linear operator satisfying

(2.1) Cx ∈ D(A) and ACx = CAx for x ∈ D(A).

Then the following statements are equivalent.
(i) ACP(jα−1Cx, 0) has a unique strong solution for every x ∈ D(A).
(ii) A1 is the generator of an α-times integrated C1-semigroup on X1, where

C1 is the restriction of C to X1.
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In this case, the solution of ACP(jα−1Cx, 0) for x ∈ D(A) is given by
u(·; jα−1Cx, 0) = S1(·)x. Moreover, ‖S1(t)‖ ≤ Mewt for some M, w > 0 and all
t ≥ 0 if and only if ‖u(t; jα−1Cx, 0)‖ = O(ewt) (t →∞) and ‖u′(t; jα−1Cx, 0)‖=
O(ewt) (t →∞) for every x ∈ D(A).

Proof. (ii) ⇒ (i). Assume that A1 is the generator of an α-times integrated
C1-semigroup {S1(t); t ≥ 0} on X1. Let x ∈ D(A) and set u(t) = S1(t)x. Then
u ∈ C([0,∞), X1) so that both u and Au are continuous functions. Since A

is closed we have
∫ t

0
u(s)ds ∈ D(A) and A

∫ t

0
u(s)ds =

∫ t

0
Au(s)ds. Moreover,∫ t

0
S1(s)xds ∈ D(A1) and

A

∫ t

0

u(s)ds = A1

∫ t

0

S1(s)xds = S1(t)x− jα(t)C1x = u(t)− jα(t)Cx.

Consequently, u(t) = jα(t)Cx +
∫ t

0
Au(s)ds. Hence u ∈ C1([0,∞), X) and u′(t)

= Au(t) + jα−1(t)Cx. Hence ACP(jα−1Cx, 0) has u as a strong solution. In
order to show the uniqueness, assume that u is a solution of ACP(0, 0), we
have to show that u ≡ 0. Let v(t) =

∫ t

0
u(s)ds. Then the closedness of A

implies that v(t) ∈ D(A) and Av(t) =
∫ t

0
Au(s)ds =

∫ t

0
u′(s)ds = u(t) ∈ D(A).

Consequently, v(t) ∈ D(A2) = D(A1) for all t ≥ 0. Moreover, v′(t) = u(t) =
Av(t) and Av′(t) = Au(t) = u′(t) are continuous. Thus v ∈ C1([0,∞), X1) and
v′(t) = A1v(t), v(0) = 0. Since A1 is assumed to be the generator of an α-times
integrated C1-semigroup S1(·) on X1, it follows that v = S1(·)0 ≡ 0 and hence
u ≡ 0.

(i) ⇒ (ii). Assume that for every x ∈ D(A) there exists a unique solution
u(·; jα−1Cx, 0) ∈ C1((0,∞), X)∩C([0,∞), X1) of ACP(jα−1Cx, 0). For x ∈ X1,
we define S1(t)x = u(t; jα−1Cx, 0) for t ≥ 0. By the uniqueness of solution and
by (2.1) one can see that S1(t) is a linear operator on X1 satisfying S1(0) = 0
and S1(·)Cx = CS1(·)x. In particular, this implies that S1(·) commutes with
C1.

Since S1(·)x ∈ C1((0,∞), X) ∩ C([0,∞), X1), S1(t)x is continuous from
[0,∞) into X1. Now let C([0,∞), X1) be the Fréchet space with the quasi-norm
∞∑

k=1

1
2k

‖v‖k

1+‖v‖k
, where ‖v‖k = max

t∈[0,k]
‖v(t)‖X1 for k ≥ 1. Consider the linear map

η : X1 → C([0,∞), X1) given by η(x) = S1(·)x. We will show that η is a closed
operator. In fact, let xn → x in X1 and η(xn) = S1(·)xn → v in C([0,∞), X1).
Then

S1(s)xn = jα(s)Cxn +
∫ s

0

AS1(r)xndr = jα(s)Cxn + A

∫ s

0

S1(r)xndr.

Letting n →∞ we obtain from the closedness of A and v ∈ C([0,∞), X1) that

v(s) = jα(s)Cx + A

∫ s

0

v(r)dr = jα(s)Cx +
∫ s

0

Av(r)dr

for 0 ≤ s ≤ t. Uniqueness of solutions of ACP(jα−1Cx, 0) implies that v(·) =
S1(·)x = η(x), which shows that η is a closed and hence continuous operator
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from X1 to the space C([0,∞), X1). This implies in particular that each S1(t) is
a bounded operator on X1. Moreover, uniqueness of solutions and the injectivity
of C imply that S1(·) is nondegenerate.

Next, we show that

S1(t)S1(s)x =
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S1(r)C1xdr

for x ∈ X1 and t, s ≥ 0. We define

vs(t) =
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S1(r)Cxdr

for fixed x ∈ X and s ≥ 0. Then

Avs(t)

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1AS1(r)Cxdr

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1

(
d

dr
S1(r)Cx− jα−1(r)C2x

)
dr.

For the case α = 1 we have

Avs(t) =
(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(

d

dr
S1(r)Cx)− C2x)dr

= S1(t + s)Cx− S1(t)Cx− S1(s)Cx

and so
v′s(t) = S1(t + s)Cx− S1(t)Cx = Avs(t) + S1(s)Cx.

If α > 1, using integration by parts we have

Avs(t) = −jα−1(t)S1(s)Cx− jα−1(s)S1(t)Cx

+
1

Γ(α− 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−2S1(r)Cxdr

− 1
(Γ(α))2

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1rα−1C2xdr

and

v′s(t) = −jα−1(s)S1(t)Cx

+
1

Γ(α− 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−2S1(r)Cxdr.

Since (∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1rα−1dr = 0

C.KUO,S.SHAW196



for all t, s ≥ 0 and α > 0 (see [9, Lemma 3.1]), it follows that v′s(t) = Avs(t) +
jα−1(t)S1(s)Cx. Then uniqueness of solutions implies that vs(t) = S1(t)S1(s)x
for all t, s ≥ 0. Hence

1
Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S1(r)C1xdr

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S1(r)Cxdr

= vs(t) = S1(t)S1(s)x

for all t, s ≥ 0 and x ∈ X1.
Now we turn to the case 0 < α < 1. Hypothesis (i) implies that vx(t) =∫ t

0
S1(r)xdr is the unique solution of ACP(jαCx, 0) for x ∈ X1. Let S̃1(·) be

defined by S̃1(t)x :=
∫ t

0
S1(r)xdr for x ∈ X1 and t ≥ 0. The previous argument

shows that S̃1(·) is a nondegenerate (α + 1)-times integrated C1-semigroup on
X1. In particular, AS̃1(t)x and S̃1(t)x are continuous on [0,∞) for all x ∈ X1.
Since AS1(t)x is continuous for all x ∈ X1, the closedness of A implies that
AS̃1(t)x = A

∫ t

0
S1(r)xdr =

∫ t

0
AS1(r)xdr ∈ C1([0,∞), X). Hence S̃1(·)x ∈

C1([0,∞), X1). Then differentiation shows that S1(·) is an α-times integrated
C1-semigroup on X1.

To see that A1 is the generator of S1(·), we first show that

(2.2) AS1(t)x = S1(t)Ax for all x ∈ D(A2) and t ≥ 0.

In fact, for a given x ∈ D(A2) let w(t) = jα(t)Cx +
∫ t

0
S1(s)Axds. Then by the

closedness of A and the continuity of the function AS1(·)Ax and (2.1) we have

w′(t) = jα−1(t)Cx + S1(t)Ax

= jα−1(t)Cx + jα(t)CAx +
∫ t

0

AS1(s)Axds

= jα−1(t)Cx + jα(t)ACx +
∫ t

0

AS1(s)Axds

= jα−1(t)Cx + Aw(t).

Since w(0) = 0, it follows from uniqueness of solutions that w(·) ≡ S1(·)x.
Hence we have

AS1(t)x = Aw(t) = w′(t)− jα−1(t)Cx = S1(t)Ax,

which is (2.2). Now we denote by B the generator of {S1(t); t ≥ 0}. For
x ∈ D(A1) = D(A2) we have by (2.2)∫ t

0

S1(s)A1xds =
∫ t

0

AS1(s)xds = S1(t)x− jα(t)Cx
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for all t ≥ 0. This shows that A1 ⊂ B.
In order to show the converse, let x ∈ D(B). Then

AS̃1(t)x = S1(t)x− jα(t)Cx =
∫ t

0

S1(s)Bxds.

Differentiating this equation we have AS1(t)x = S1(t)Bx ∈ D(A) for all t > 0.
Since AS1(·)Bx ∈ C([0,∞), X) and AS1(t)Bx = d

dtS1(t)Bx − jα−1(t)CBx for
t > 0, by the closedness of A we have

∫ t

0
S1(r)Bxdr ∈ D(A) and

A

∫ t

0

S1(r)Bxdr =
∫ t

0

AS1(r)Bxdr = S1(t)Bx− jα(t)CBx ∈ D(A),

so that jα(t)C1x = S1(t)x−
∫ t

0
S1(r)Bxdr ∈ D(A) and

jα(t)ACx = jα(t)AC1x = A

(
S1(t)x−

∫ t

0

S1(r)Bxdr

)
= S1(t)Bx− [S1(t)Bx− jα(t)CBx] = jα(t)CBx.

Since D(B) ⊂ X1 = D(A), by (2.1) we have CAx = ACx = CBx, so that Ax =
Bx ∈ X1 = D(A). That means that x ∈ D(A1) and Bx = A1x. Consequently,
B ⊂ A1.

Finally, if ‖u(t; jα−1Cx, 0)‖ = O(ewt) and ‖u′(t; jα−1Cx, 0)‖ = O(ewt) (t →
∞) for every x ∈ X1 = D(A), then from the equalities S1(t)x = u(t; jα−1Cx, 0)
and

d

dt
S1(t)x = AS1(t)x + jα−1(t)Cx and

‖S1(t)x‖X1 = ‖S1(t)x‖+ ‖AS1(t)x‖,(2.3)

we see that ‖S1(t)x‖X1 = O(ewt) (t → ∞) for all x ∈ X1, so that there are
M, w > 0 such that ‖S1(t)‖ ≤ Mewt for all t ≥ 0, by the uniform boundedness
principle. The converse is also obvious in view of (2.3). The proof is complete.

The next theorem is a version of Theorem 3.1 of [17] for cases α > 0.

Theorem 2.2. Let C be a bounded linear injection on X and A be a
closed linear operator satisfying (2.1). Among the assertions below the following
implications are valid: (i) ⇔ (ii) ⇒ (iii).

(i) For every x ∈ X, the problem ACP(jαCx, 0) has a unique strong solution
u(·; jαCx, 0) ∈ C1([0,∞), X).

(ii) The integral equation

(2.4) v(t) = A

∫ t

0

v(s)ds + jα(t)Cx

has a unique solution v ∈ C([0,∞);X) for every x ∈ X.

C.KUO,S.SHAW198



(iii) C−1AC is the generator of an α-times integrated C-semigroup S(·) on
X.

Proof. Note that by setting v(t) = u′(t; jαCx, 0), one easily sees that (i)
and (ii) are equivalent.

(i) ⇒ (iii). Assume that for every x ∈ X there exists a unique strong
solution u(·; jαCx, 0) of ACP(jαCx, 0). Uniqueness of solutions and (2.1) imply
that u(·; jαC2x, 0) = Cu(·; jαCx, 0). For x ∈ X and t, s ≥ 0 we define

S(t)x := u′(t; jαCx, 0), S̃(t)x :=
∫ t

0

S(r)xdr = u(t; jαCx, 0)

and

vs(t) :=
1

Γ(α + 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)αS̃(r)Cxdr.

Clearly both S̃(·)x : [0,∞) → X and S(·)x : [0,∞) → X are continuous and
nondegenerate. Moreover, the operators S̃(t) and S(t) are linear and commute
with C. Using integration by parts we have

Avs(t) =
1

Γ(α + 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)αAS̃(r)Cxdr

=
1

Γ(α + 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α

(
S(r)Cx− jα(r)C2x

)
dr

= −jα(t)CS̃(r)Cx− jα(s)S̃(t)Cx

+
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S̃(r)Cxdr

− 1
(Γ(α + 1))2

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)αrαC2xdr

and

v′s(t) = −jα(s)S̃(t)Cx +
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S̃(r)Cxdr.

Since
(∫ t+s

0
−

∫ t

0
−

∫ s

0

)
(t + s− r)αrαdr = 0 for all t, s ≥ 0 and α > 0 (see [9]),

it follows that v′s(t) = Avs(t) + jα(t)CS̃(s)x for all t ≥ 0. Then the uniqueness
of solution implies that vs(t) = S̃(t)S̃(s)x for all t, s ≥ 0.

Now let C([0,∞), X) be the Fréchet space with quasi-norm
∞∑

k=1

1
2k

‖v‖k

1+‖v‖k
,

where ‖v‖k = max{‖v(t)‖X ; t ∈ [0, k]} for k ≥ 1. Consider the linear map
η : X → C([0,∞), X) given by η(x) = S̃(·)x. We will show that η is a closed
operator. In fact, let xn → x in X and η(xn) = S̃(·)xn → v in C([0,∞), X).
Then for each k ∈ N, S̃(t)xn → v(t) and

AS̃(t)xn = S(t)xn − jα(t)Cxn → Av(t)
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uniformly on t ∈ [0, k], so that v(0) = 0 and S(t)xn → Av(t)+jα(t)Cx uniformly
on [0, k]. Hence v is differentiable on [0, k) for each k > 0 and d

dtv(t) = Av(t) +
jα(t)Cx. By uniqueness of solutions, v(·) = S̃(·)x = η(x). This shows that η is
closed and hence is a continuous operator from X to C([0,∞);X). In particular,
both S̃(t) and S(t) belong to B(X) for each t ≥ 0.

Having shown that S̃(·) is an (α+1)-times integrated C-semigroup, we now
prove that S(·) is an α-times integrated C-semigroup. Indeed, differentiation
with respect to s yields

S̃(t)S(s)x = S̃(t)
d

ds
S̃(s)x =

d

ds
S̃(t)S̃(s)x

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S̃(r)Cxdr − jα(t)S̃(s)Cx.

= jα(s)S̃(t)Cx +
1

Γ(α + 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)αS(r)Cxdr.

Next, we take derivatives with respect to t and get

S(t)S(s)x =
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S(r)Cxdr.

Moreover, S(0)x = AS̃(0)x = 0 for all x ∈ X. Consequently, S(·) is an α-times
integrated C-semigroup.

Finally, we show that C−1AC is the generator of {S(t); t ≥ 0}. Let B be
the generator of S(·) and let x ∈ D(B). Then

AS̃(t)x = S(t)x− jα(t)Cx =
∫ t

0

S(r)Bxdr = S̃(t)Bx for t ≥ 0.

By the closedness of A and the fact S̃(·)Bx ∈ C1([0,∞), X) ∩C([0,∞), X1) we
have

∫ t

0
S̃(r)Bxdr ∈ D(A) and

A

∫ t

0

S̃(r)Bxdr =
∫ t

0

AS̃(r)Bxdr

=
∫ t

0

(
d

dr
S̃(r)Bx− jα(r)CBx

)
dr

= S̃(t)Bx− jα+1(t)CBx.

Since

jα+1(t)Cx = −
∫ t

0

S̃(r)Bxdr + S̃(t)x ∈ D(A),

it follows that Cx ∈ D(A) and

jα+1(t)ACx = −A

∫ t

0

S̃(r)Bxdr + AS̃(t)x

= −S̃(t)Bx + jα+1(t)CBx + S̃(t)Bx = jα+1(t)CBx.
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Consequently, x ∈ D(C−1AC) and C−1ACx = Bx.
Conversely, let x ∈ D(C−1AC) and consider

w(t) =
∫ t

0

S̃(s)C−1ACxds + jα+1(t)Cx.

Since
S(s)C−1ACx = AS̃(s)C−1ACx + jα(t)C(C−1AC)x

= A
(
S̃(s)C−1ACx + jα(t)Cx

)
,

taking derivatives and integrals yields

w′(t)− jα(t)Cx = S̃(t)C−1ACx

=
∫ t

0

A
(
S̃(s)C−1ACx + jα(s)Cx

)
ds

= Aw(t).

Uniqueness of solutions shows that w(t) = S̃(t)x for t ∈ [0,∞). Therefore

S(t)x = w′(t) = S̃(t)C−1ACx + jα(t)Cx

=
∫ t

0

S(r)C−1ACxdr + jα(t)Cx

for all t ≥ 0. This means that x ∈ D(B) and Bx = C−1ACx. It follows that
B = C−1AC.

Theorem 2.3. Let C be a bounded linear injection on X and let A be a
closed linear operator. Then the following statements are equivalent.

(i) A is the generator of an α-times integrated C-semigroup S(·) on X.
(ii) C−1AC = A and the problem ACP(jαCx + jα ∗ Cg, 0) has a unique

strong solution u(·; jαCx + jα ∗Cg, 0) for every g ∈ L1
loc([0,∞), X) and x ∈ X.

(ii’) C−1AC = A, and the integral equation

(2.5) v(t) = A

∫ t

0

v(s)ds + jα(t)Cx + C(jα ∗ g)(t)

has a unique solution v ∈ C([0,∞);X) for every g ∈ L1
loc([0,∞), X) and x ∈ X.

(iii) C−1AC = A, and the problem ACP(jαCx, 0) has a unique strong so-
lution u(·; jαCx, 0) ∈ C1([0,∞), X) for every x ∈ X.

(iii’) C−1AC = A, and the integral equation (2.4) has a unique solution
v ∈ C([0,∞);X) for every x ∈ X.

The solution u(·; jαCx + jα ∗ Cg, 0) is given by

u(t; jαCx + jα ∗ Cg, 0) =
∫ t

0

S(s)xds +
∫ t

0

∫ s

0

S(s− r)g(r)drds.
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Moreover, S(·) is exponentially bounded if and only if ‖u(t; jαCx, 0)‖ = O(ewt)
and ‖u′(t; jαCx, 0)‖ = O(ewt) (t →∞) for some w > 0 and all x ∈ X.

Proof. Note that by setting v(t) = u′(t; jαCx + jα ∗ Cg, 0), one sees that
(ii) and (ii’) are equivalent. ”(ii) ⇒(iii)” is obvious. Thus, in view of Theorem
2.2, it remains to show ”(i) ⇒ (ii)”. For this, in view of (1.4) and (1.7), we need
only to show that u(t) =

∫ t

0

∫ s

0
S(s−r)g(r)drds satisfies ACP(jα ∗Cg, 0). Using

(1.7) and the closedness of A we have

Au(t) = A

∫ t

0

∫ s

0

S(s− r)g(r)drds = A

∫ t

0

∫ t

r

S(s− r)g(r)dsdr

=
∫ t

0

A

∫ t−r

0

S(s)g(r)dsdr =
∫ t

0

(S(t− r)g(r)− jα(t− r)Cg(r)) dr

= u′(t)− jα ∗ Cg(t)

Uniqueness of solutions for ACP(jαCx + jα ∗ Cg, 0) follows from the unique
existence of strong solution of ACP(0, 0) and hence the proof is complete.

Applying Theorems 2.1 and 2.3 we prove the following result.

Corollary 2.4. Let C be a bounded linear injection on X. The statements
below are related as follows: (i) ⇔ (ii) ⇒ (iii) ⇔ (iv).

(i) A is the generator of an α-times integrated C-semigroup S(·) on X.
(ii) C−1AC = A and the problem ACP(jαCx + jα ∗ Cg, 0) has a unique

strong solution u(·; jαCx + jα ∗Cg, 0) for every g ∈ L1
loc([0,∞), X) and x ∈ X.

(iii) A is a closed linear operator satisfying (2.1), and A1 is the generator
of an α-times integrated C1-semigroup S1(·) on X1.

(iv) A is a closed linear operator satisfying (2.1), and for every x ∈ D(A)
there exists a unique strong solution u(·; jα−1Cx, 0) of ACP(jα−1Cx, 0).

In case A has nonempty resolvent set, all the above statements are equiva-
lent. Moreover, S1(·) is the restriction of S(·) to X1, and u(·; jα−1Cx, 0) = S(t)x
for x ∈ D(A).

Proof. ”(i) ⇔ (ii)” follows from Theorem 2.3, and ”(iii) ⇔ (iv)” follows
from Theorem 2.1.

(i) ⇒ (iii). Suppose A generates an α-times integrated C-semigroup S(·).
(1.5) implies (2.1). Let S1(t) := S(t)|X1 for t ≥ 0. It is easy to see that S1(·) is
an α-times integrated C1-semigroup on X1, with C1 = C|X1. To show that its
generator B is equal to A1, first let x ∈ D(A1) = D(A2). Then we have∫ t

0

S1(r)A1xdr =
∫ t

0

S(r)Axdr = S(t)x− jα(t)Cx = S1(t)x− jα(t)C1x,

which shows that x ∈ D(B) and Bx = A1x. Hence A1 ⊂ B. Conversely, if
x ∈ D(B), then

S(t)x− jα(t)Cx = S1(t)x− jα(t)C1x =
∫ t

0

S1(r)Bxdr =
∫ t

0

S(r)Bxdr,
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so that x ∈ D(A) and Ax = Bx ∈ X1 = D(A). Hence D(B) ⊂ D(A2) = D(A1).
Next, we show ”(iii) ⇒ (i)” under the assumption ρ(A) 6= ∅. Suppose A1 is

the generator of an α-times integrated C1-semigroup S1(·) on X1. Let λ ∈ ρ(A),
and define S(·) = (λ − A)S1(·)(λ − A)−1. Since (λ − A)−1 is an isomorphism
from X onto X1, the strong continuity of S1(·) on [0,∞) in X1 implies the
strong continuity of S(·) on [0,∞) in X. Clearly, S(0) = 0, S(·) commutes with
C := (λ−A)C1(λ−A)−1, and

S(t)S(s)x = (λ−A)S1(t)(λ−A)−1(λ−A)S1(s)(λ−A)−1x

= (λ−A)S1(t)S1(s)(λ−A)−1x

=
1

Γ(α)
(λ−A)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S1(r)C1(λ−A)−1xdr

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1(λ−A)S1(r)(λ−A)−1

(λ−A)C1(λ−A)−1xdr

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S(r)Cxdr

for all t, s ≥ 0 and x ∈ X. Hence S(·) is an α-times integrated C-semigroup on
X. Let G be its generator. If x ∈ D(A), then (λ−A)−1x ∈ D(A2) = D(A1), so
that

S(t)x− jα(t)Cx = (λ−A)
(
S1(t)(λ−A)−1x− jα(t)C1(λ−A)−1x

)
= (λ−A)

∫ t

0

S1(r)A1(λ−A)−1xdr

=
∫ t

0

(λ−A)S1(r)A1(λ−A)−1xdr

=
∫ t

0

S(r)(λ−A)A(λ−A)−1xdr

=
∫ t

0

S(r)Axdr,

which means that x ∈ D(G) and Gx = Ax. Hence A ⊂ G. Conversely, if
x ∈ D(G), then∫ t

0

S1(r)(λ−A)−1Gxdr =
∫ t

0

(λ−A)−1S(r)Gxdr

= (λ−A)−1

∫ t

0

S(r)Gxdr

= (λ−A)−1 (S(t)x− jα(t)Cx)
= S1(t)(λ−A)−1x− jα(t)C1(λ−A)−1x.

That means (λ−A)−1x ∈ D(A1) = D(A2) and A1(λ−A)−1x = (λ−A)−1Gx.
Therefore x ∈ D(A) and Gx = (λ − A)A1(λ − A)−1x = Ax for x ∈ D(G), and
we have shown that A is the generator of S(·).
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Remarks. In the case where α = 0 and C = I, this corollary reduces to
Corollary 1.2 of [14, A-II]. That (i) implies (iv) for the case α = 0 was proved
by deLaubenfels [4, Theorem 4.1]. The equivalence of (i) and (iv) (and hence
(iii)) in the case that α = 0 and ρ(A) 6= ∅ was proved by Tanaka and Miyadera
[17, Corollary 2.2]. It will be seen in Theorem 3.1 that under the condition:
D(A) = X and C−1AC = A, (i) is equivalent to (iv) together with the additional
assumption of continuous dependency of solutions on initial values.

Finally, as an application of Theorem 2.2, we deduce the following corollary
which improves Theorem 3.2 of [9] by removing the injectivity assumption on
λ−A.

Corollary 2.5. Let A be a closed linear operator satisfying (2.1). Assume
that for some λ ∈ C, R(C) ⊂ R(λ − A), and ACP(jα−1x, 0) has a unique
strong solution in C1([0,∞), X) for each x ∈ D(A) such that (λ−A)x ∈ R(C).
Then there exists an α-times integrated C-semigroup S(·) on X with generator
C−1AC.

Proof. Due to Theorem 2.2, we only have to show that for any given x ∈ X
the integral equation

(2.6) v(t) = A

∫ t

0

v(s)ds + jα(t)Cx

has a unique solution v ∈ C([0,∞);X). By assumption, there is a y ∈ D(A)
such that (λ − A)y = Cx, and ACP(jα−1y, 0) has a unique strong solution
u(·; y). Thus u(·; y) ∈ C([0,∞), [D(A)]) and u′(t; y) = Au(t; y) + jα−1(t)y for
t > 0 and u(0; y) = 0. The closedness of A and the continuity of Au(·; y) imply
that

∫ t

0
u(s; y)ds ∈ D(A) and

A

∫ t

0

u(s; y)ds =
∫ t

0

Au(s; y)ds = u(t; y)− jα(t)y ∈ D(A),

so that

(λ−A)u(t; y) = (λ−A)A
∫ t

0

u(s; y)ds + (λ−A)jα(t)y

= A

∫ t

0

(λ−A)u(s; y)ds + jα(t)Cx

for all t ≥ 0. That is, v(t) := (λ−A)u(t; y) is a solution of (2.6). Uniqueness of
solutions for (2.6) follows from uniqueness of solutions for ACP(0, 0).

3 Generator and Weak Solutions
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In this section we assume that A has dense domain and C−1AC = A.
For α > 0 and g ∈ L1

loc([0,∞), X) the integral jα−1 ∗ g(t) := 1
Γ(α)

∫ t

0
(t −

s)α−1g(s)ds exists for almost all t ≥ 0 and jα−1 ∗ g ∈ L1
loc([0,∞), X); it

belongs to C([0,∞), X) if g does. Moreover, g → 0 in L1
loc([0,∞), X) im-

plies jα−1 ∗ g → 0 in L1
loc([0,∞), X). A characterization of generators of α-

times integrated C-semigroups in terms of unique existence of weak solutions of
ACP(jα−1 ∗ Cg + jα−1Cx, 0) and of strong solutions of ACP(jα−1Cx, 0) for all
x ∈ X, and strong solutions of ACP(jα−1Cx, 0) for all x ∈ D(A) are given by
the following theorem. Note that the equivalence of (i) and (ii) for the case that
α = 0 and C = I can be found in [2].

Theorem 3.1. Let C be a bounded linear injection on X, and A be a
densely defined closed linear operator such that C−1AC = A. Then the following
statements are equivalent:

(i) A generates an α-times integrated C-semigroup S(·) on X.
(ii) For every g ∈ L1

loc([0,∞), X) and x ∈ X there exists a unique weak
solution u of ACP(jα−1 ∗ Cg + jα−1Cx, 0), i.e., there exists u ∈ C([0,∞), X)
satisfying satisfies

(3.1)
{ d

dt 〈u(t), x∗〉 = 〈u(t), A∗x∗〉+ 〈C(jα−1 ∗ g + jα−1(t)x), x∗〉 a.e. t ≥ 0,

u(0) = 0

for all x∗ ∈ D(A∗).
(iii) For every x ∈ X, ACP(jα−1Cx, 0) has a unique weak solution w.
(iv) For every x ∈ D(A) ACP(jα−1Cx, 0) has a unique strong solution

u(·; jα−1Cx, 0) which depends continuously on x, i.e. if {xn} is a Cauchy se-
quence in D(A), then {u(·; jα−1Cxn, 0)} is uniformly Cauchy on compact subsets
of [0,∞).
Moreover, the unique weak solution u of ACP(jα−1 ∗Cg + jα−1Cx, 0) for x ∈ X
is given by

u(t) = S(t)x +
∫ t

0

S(t− s)g(s)ds, t ≥ 0.

Proof. (i) ⇒ (ii). Let A generate the α-times integrated C-semigroup
{S(t) : t ≥ 0}. By (1.7) we have for all x ∈ X and x∗ ∈ D(A∗)

〈 1
h

(
S(t + h)x− S(t)x

)
, x∗〉

= 〈 1
h

∫ t+h

t

S(s)xds,A∗x∗〉+
(t + h)α − tα

h

1
Γ(α + 1)

〈Cx, x∗〉

→ 〈S(t)x, A∗x∗〉+ 〈jα−1(t)Cx, x∗〉 as h → 0,

so that d
dt 〈S(t)x, x∗〉 = 〈S(t)x,A∗x∗〉+ 〈jα−1(t)Cx, x∗〉 for all t > 0, x ∈ X and

x∗ ∈ D(A∗). Suppose that g ∈ C([0,∞), X) and x ∈ X, and let

u(t) = S(t)x +
∫ t

0

S(t− s)g(s)ds.
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Then u ∈ C([0,∞), X), u(0) = 0, and

〈u(t), x∗〉 = 〈S(t)x, x∗〉+
∫ t

0

〈S(t− s)g(s), x∗〉ds.

It follows that

d

dt
〈u(t), x∗〉 = 〈S(t)x, A∗x∗〉+ 〈jα−1(t)Cx, x∗〉+

d

dt

∫ t

0

〈S(t− s)g(s), x∗〉ds

= 〈S(t)x, A∗x∗〉+ 〈jα−1(t)Cx, x∗〉+
∫ t

0

〈S(t− s)g(s), A∗x∗〉ds

+
∫ t

0

〈jα−1(t− s)Cg(s), x∗〉ds

= 〈u(t), A∗x∗〉+ 〈C(jα−1 ∗ g(t) + jα−1(t)x), x∗〉

for all t > 0. If g ∈ L1
loc([0,∞), X), we choose gm ∈ C([0,∞), X) such that

gm → g in L1
loc([0,∞), X), and define

um(t) = S(t)x +
∫ t

0

S(t− s)gm(s)ds,

and

u(t) = S(t)x +
∫ t

0

S(t− s)g(s)ds.

Then
‖um(t)− u(t)‖ ≤

∫ r

0

sup
σ∈[0,r]

‖S(σ)‖ ‖gm(s)− g(s)‖ ds

for all 0 ≤ t ≤ r, so that um(·) → u(·) uniformly on compact subsets of [0,∞).
For each x∗ ∈ D(A∗), d

dt 〈um(t), x∗〉 = 〈um(t), A∗x∗〉 + 〈Cjα−1 ∗ gm(t), x∗〉 +
〈jα−1(t)Cx, x∗〉, so that

〈um(t), x∗〉 =
∫ t

0

〈um(s), A∗x∗〉ds +
∫ t

0

〈Cjα−1 ∗ gm(s), x∗〉ds

+
∫ t

0

〈jα−1(s)Cx, x∗〉ds.

Letting m →∞, we have

〈u(t), x∗〉 =
∫ t

0

〈u(s), A∗x∗〉ds +
∫ t

0

〈Cjα−1 ∗ g(s), x∗〉ds

+
∫ t

0

〈jα−1(s)Cx, x∗〉ds,

so that d
dt 〈u(t), x∗〉 = 〈u(t), A∗x∗〉 + 〈Cjα−1 ∗ g(t), x∗〉 + 〈jα−1(t)Cx, x∗〉 for

almost all t ≥ 0 and all x∗ ∈ D(A∗). Hence u(t) ∈ C([0,∞), X) satisfies (3.1).
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To prove the uniqueness, let v(t) be another solution of (3.1) and let w(t) =
u(t)− v(t). Then 〈w(t), x∗〉 = 〈

∫ t

0
w(s)ds, A∗x∗〉 for all x∗ ∈ D(A∗), t ≥ 0. This

implies that y(t) =
∫ t

0
w(s)ds belongs to D(A) and Ay(t) = w(t) = y′(t). Since

y(0) = 0 we must have y ≡ 0 and hence u(·) ≡ v(·).
(iii) ⇒ (i). For any x ∈ X let w(·; jα−1Cx, 0) be the unique weak solution

of the problem ACP(jα−1Cx, 0) (i.e. the unique solution of (3.1) with g ≡ 0)
and define for t ≥ 0 the map S(t) : X → X by S(t)x = w(t; jα−1Cx, 0) (x ∈ X).
Then S(·)x ∈ C([0,∞), X) for all x ∈ X. Also, by the uniqueness of solution one
easily infers that S(t) is linear and nondegenerate, S(0) = 0, and S(·) commutes
with C so that w(t;C2x) = S(t)Cx = CS(t)x = Cw(t; jα−1Cx, 0).

In order to show that for each t ≥ 0 the operator S(t) is bounded, we
consider the linear map η : X → C([0,∞), X) given by η(x) = S(·)x. Then the
operator η is continuous. Indeed, by the closed graph theorem it suffices to show
that η is closed. To this end, let xm be a sequence such that xm → x in X and
η(xm) = S(·)xm → u(·) in C([0,∞), X) as m →∞. Then, from the equality∫ t

0

〈S(s)xm, A∗x∗〉ds =
∫ t

0

d

ds
〈S(s)xm, x∗〉ds−

∫ t

0

〈jα−1(s)Cxm, x∗〉ds

= 〈S(t)xm, x∗〉 − 〈jα(t)Cxm, x∗〉

it follows that as m →∞

(3.2) 〈u(t), x∗〉 = 〈jα(t)Cx, x∗〉+
∫ t

0

〈u(s), A∗x∗〉ds

for t ≥ 0 and x∗ ∈ D(A∗). That is, u is a weak solution of ACP(jα−1Cx, 0).
Therefore, from uniqueness of weak solutions it follows that u(·) = S(·)x = η(x).
Hence η is closed.

To show that the family {S(t); t ≥ 0} satisfies (1.2), we define for fixed
x ∈ X and s ≥ 0

vs(t) =
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S(r)Cxdr.

Then

〈vs(t), A∗x∗〉 =
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1〈S(r)Cx,A∗x∗〉dr

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1(

d

dr
〈S(r)Cx, x∗〉 − 〈jα−1(r)C2x, x∗〉

)
dr

=
1

Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1 d

dr
〈S(r)Cx, x∗〉dr

− 〈 1
Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1jα−1(r)C2xdr, x∗〉.
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For α = 1 we have

〈vs(t), A∗x∗〉 = 〈S(t + s)Cx− S(t)Cx− S(s)Cx, x∗〉

and
d

dt
〈vs(t), x∗〉 = 〈S(t + s)Cx− S(t)Cx, x∗〉.

For α > 1 we have

〈vs(t), A∗x∗〉 = −jα−1(t)〈S(s)Cx, x∗〉 − jα−1(s)〈S(t)Cx, x∗〉

+
1

Γ(α− 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−2〈S(r)Cx, x∗〉dr

− 1
Γ(α)

〈
(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1jα−1(r)C2xdr, x∗〉

and

d

dt
〈vs(t), x∗〉 = −jα−1(s)〈S(t)Cx, x∗〉

+
1

Γ(α− 1)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−2〈S(r)Cx, x∗〉dr.

Using the fact that(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1rα−1dr = 0 for all t, s ≥ 0 and α > 0,

one obtains

d

dt
〈vs(t), x∗〉 = 〈vs(t), A∗x∗〉+ 〈jα−1(t)CS(s)x, x∗〉

for all t ≥ 0 and vs(0) = 0. Then uniqueness of solutions implies that vs(t) =
S(t)S(s)x and hence

1
Γ(α)

(∫ t+s

0

−
∫ t

0

−
∫ s

0

)
(t + s− r)α−1S(r)Cxdr = vs(t) = S(t)S(s)x

for all t, s ≥ 0 and x ∈ X.
Now we turn to the case 0 < α < 1. Hypothesis (iii) implies that S̃(t)x =∫ t

0
S(r)xdr is the unique weak solution of ACP(jαCx, 0) for x ∈ X and S̃(·)x ∈

C1([0,∞), X). Then an easy computation shows that S(·) is an α-times inte-
grated C-semigroup.

Consequently, S()̇ is a nondegenerate α-times integrated C-semigroup on
X. Finally we show that A is the generator of S()̇. Let B be the generator of
S(·) and let x ∈ D(B). For any x∗ ∈ D(A∗), we have

〈S(t)x,A∗x∗〉 =
d

dt
〈S(t)x, x∗〉 − 〈jα−1(t)Cx, x∗〉 = 〈S(t)Bx, x∗〉.
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It follows that S(t)x ∈ D(A) and AS(t)x = S(t)Bx. Since

〈
∫ t

0

S(r)Bxdr,A∗x∗〉 =
∫ t

0

(
d

dr
〈S(r)Bx, x∗〉 − 〈jα−1(r)CBx, x∗〉

)
dr

= 〈S(t)Bx, x∗〉 − 〈jα(t)CBx, x∗〉

for all x∗ ∈ D(A∗), we have
∫ t

0
S(r)Bxdr ∈ D(A) and A

∫ t

0
S(r)Bxdr = S(t)Bx

−jα(t)CBx, which implies that −jα(t)Cx =
∫ t

0
S(r)Bxdr − S(t)x ∈ D(A) and

−jα(t)ACx = A

∫ t

0

S(r)Bxdr −AS(t)x

= S(t)Bx− jα(t)CBx− S(t)Bx

= −jα(t)CBx

for t > 0. This shows that B ⊂ C−1AC = A. To prove the opposite inclusion,
let x ∈ D(A). Using B ⊂ A we see that for each t ≥ 0, the integrals

∫ t

0
S(s)xds

and
∫ t

0
S(s)Axds belong to D(A) and

(3.3) S(t)x = jα(t)Cx + A

∫ t

0

S(s)xds,

(3.4) S(t)Ax = jα(t)CAx + A

∫ t

0

S(s)Axds.

Consider the function

v(t) =
∫ t

0

S(s)Axds−A

∫ t

0

S(s)xds.

It follows from (3.3) that v(·) ∈ C([0,∞), X) and v(0) = 0. Now, using (3.3),
(3.4) and CAx = ACx we see that d

dt 〈v(t), x∗〉 = 〈v(t), A∗x∗〉 for x∗ ∈ D(A∗)
and t ≥ 0. But our assumption in (iv) implies that this equation only has the
zero solution. Hence

∫ t

0
S(s)Ax = A

∫ t

0
S(s)xds for t ≥ 0. This fact and (3.3)

show that x ∈ D(B) and Bx = Ax. Hence A ⊂ B.
”(i)⇒ (iv)” follows from Corollary 2.4 and the fact that ‖u(t; jα−1Cx, 0)‖ =

‖S(t)x‖ ≤ ‖S(t)‖‖x‖. Finally, we show ”(iv) ⇒ (i)”. In view of Theorem 2.3, we
need only to verify (iii) of Theorem 2.3. For any x ∈ X let {xm} be a sequence
in D(A) such that xm → x. Let u(·;Cxm) be the unique strong solution of the
problem ACP(jα−1Cxm, 0), and let vm(t) =

∫ t

0
u(s;Cxm)ds. Then there is a

continuous function u such that u(t;Cxm) → u(t) and vm(t) → v(t) =
∫ t

0
u(s)ds

uniformly on compact subsets of [0,∞). Since A is closed and Au(·;Cxm) =
u′(·;Cxm)− jα−1(·)Cxm on (0,∞), we have

Avm(t) = A

∫ t

0

u(s;Cxm)ds =
∫ t

0

Au(s;Cxm)ds = u(t;Cxm)− jα(t)Cxm,
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which converges to u(t) − jα(t)Cx. It follows that v(t) ∈ D(A) and Av(t) =
u(t)− jα(t)Cx = v′(t)− jα(t)Cx. Hence v is a strong solution of ACP(jαCx, 0).
That this function v is the unique strong solution of ACP(jαCx, 0) follows from
the unique existence of the strong solution of ACP(0, 0). Hence (iii) of Theorem
2.3 is satisfied. The proof is complete.

We end this section with the following characterization of α-times integrated
semigroups, which is a specialization of Corollary 2.4 and Theorem 3.1.

Corollary 3.2. Under the assumption that A is a densely defined closed
operator with ρ(A) 6= ∅, the following statements are equivalent:

(i) A is the generator of an α-times integrated semigroup S(·) on X.
(ii) A1 is the generator of an α-times integrated semigroup S1(·) on X1.
(iii) ACP(jα−1x, 0) has a unique strong solution for every x ∈ D(A).
(iv) ACP(jαx + jα ∗ g, 0) has a unique strong solution in C1([0,∞), X) for

every g ∈ L1
loc([0,∞), X) and x ∈ X.

(v) For every x ∈ D(A) ACP(jα−1x, 0) has a unique strong solution which
depends continuously on x.

(vi) ACP(jα−1 ∗ g + jα−1x, 0) has a unique weak solution for every g ∈
L1

loc([0,∞), X) and x ∈ X.
(vii) ACP(jα−1x, 0) has a unique weak solution for every x ∈ X.

4 Applications to Two Examples

For illustration, we consider two examples.

Example 1. Let A :=
k∑

j=0

ajD
j be the maximal differential operator on a

function space which can be any of the spaces

C0(R), Cb(R), UCb(R), Lp(R) for 1 ≤ p ≤ ∞,

where a0, a1, . . . , ak ∈ C and (Djf)(x) = f (j)(x), x ∈ R. It is shown in [12] that

if the polynomial p(x) :=
k∑

j=0

aj(ix)j satisfies w := max{0, supx∈RRe(p(x))} <

∞, then, for α ∈ ( 1
2 , 1], A generates an exponentially bounded, norm continuous

α-times integrated semigroup S(·), which is defined by

(S(t)f)(x) :=
1√
2π

(φ̃α,t ∗ f)(x)

with

φα,t(x) :=
1

Γ(α)

∫ t

0

(t− s)α−1ep(x)sds, t ≥ 0, x ∈ R.

Here φ̃α,t denotes the inverse Fourier transform of φα,t.
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An application of Corollary 2.4 shows that for every f in one of the spaces
listed above, say Lp(R) for example, and for every function g on [0,∞) × R
which satisfies

∫ t

0
(
∫∞
−∞ |g(s, x)|pdx)1/pds < ∞ for all t ∈ (0,∞), the differential

equation: 
∂
∂tu(t, x) =

k∑
j=0

aj( ∂
∂x )ju(t, x) + tα

Γ(α+1)f(x)

+ 1
Γ(α+1)

∫ t

0
(t− s)αg(s, x)ds, t > 0;

u(0, x) = 0 a.e. x ∈ R

has a unique solution u, which is given by

u(t, x) =
1√
2π

∫ t

0

φ̃α,s ∗ f(x)ds +
1√
2π

∫ t

0

∫ s

0

φ̃α,s−r ∗ g(r, x)drds

for t ≥ 0, a.e. x ∈ R.

Example 2. Let A := i(∆−V ) be the Schrödinger operator on Lp(Rn), 1 ≤ p <
∞, p 6= 2, or C0(Rn), or BUC(Rn), with potential V ∈ L∞(Rn). It is shown in
[5, p. 77] that there exists w ∈ R such that A generates an (w−∆+V )−r-group
{eit(∆−V )(w − ∆ + V )−r}t∈R on Lp(Rn) (resp. C0(Rn) or BUC(Rn)) for all
r > 2n| 1p −

1
2 | (resp. r > n).

An application of Corollary 2.4 shows that for every f in one of the spaces
listed above, say Lp(Rn) (1 ≤ p < ∞, p 6= 2) for example, and for every function
g on [0,∞)×Rn which satisfies

∫ t

0
(
∫∞
−∞ |g(s, x)|pdx)1/pds < ∞ for all t ∈ (0,∞),

the differential equation:
∂
∂tu(t, x) = i(∆u(t, x)− V (x)u(t, x)) + ((w −∆ + V )−rf)(x)

+
∫ t

0
((w −∆ + V )−rg)(s, x)ds, t > 0;

u(0, x) = 0 a.e. x ∈ Rn

has a unique solution u, which is given by

u(t, x) =
∫ t

0

(
eis(∆−V )(w −∆ + V )−rf

)
(x)ds

+
∫ t

0

∫ s

0

(
ei(s−ν)(∆−V )(w −∆ + V )−rg(ν, ·)

)
(x)dνds

for t ≥ 0, a.e. x ∈ Rn.
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Abstract

In a very recent paper [3], it was proved that any 2π-periodic con-
tinuous fuzzy-number-valued function can be uniformly approximated
by sequences of generalized fuzzy trigonometric polynomials, but with-
out to give any estimate for the approximation error. In this paper,
connected to a best approximation problem we obtain Jackson-type
estimate. For the algebraic case we also obtain a Jackson-type esti-
mate, using Szabados-type polynomials. Finally, as an application we
study convergence of fuzzy Lagrange interpolation polynomials.

2000 AMS Subject Classification:26E50, 41A50, 41A05
Keywords and phrases: Fuzzy number, generalized fuzzy trigono-

metric polynomial, best apprximation, Jackson-type estimate, gener-
alized fuzzy algebraic polynomial, fuzzy interpolation

1 Introduction

Firstly let us recall some known concepts and results. Let RF be the space
of fuzzy real numbers (see e.g. [16]). For 0 < r ≤ 1 and u ∈RF define
[u]r = {x ∈ R; u(x) ≥ r} and let [u]0 = {x ∈ R; u(x) > 0}. Then it is well-
known that for each r ∈ [0, 1], [u]r is a bounded closed interval, denoted by
[u]r = [ur

−, u
r
+], and for u, v ∈ RF , λ ∈ R, the sum u ⊕ v and the product

λ⊙ u are defined by [u⊕ v]r = [u]r + [v]r, [λ⊙ u]r = λ[u]r, ∀r ∈ [0, 1], where
[u]r + [v]r means the usual addition of two intervals (as subsets of R) and
λ[u]r means the usual product between a scalar and a subset of R.
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Defining D : RF × RF → R+ ∪ {0} by D(u, v) = supr∈[0,1] max{|ur
− −

vr
−|, |ur

+ − vr
+|}, are well-known the following properties:

D(u⊕ w, v ⊕ w) = D(u, v), ∀u, v, w ∈ RF ,
D(k ⊙ u, k ⊙ v) = |k|D(u, v), ∀k ∈ R, u, v ∈ RF ,
D(u⊕ v, w ⊕ e) ≤ D(u, w) +D(v, e), ∀u, v, w, e ∈ RF

and (RF , D) is a complete metric space.
A fuzzy-number-valued function f : [a, b] →RF is called Riemann inte-

grable to I ∈RF , if for any ε > 0, there exists δ > 0 such that for any division
P = {[u, v], ξ} of [a, b] with the norm ∆(P ) < δ, we have

D

(
∑

℘

(v − u) ⊙ f(ξ), I

)
< ε,

and we write I = (R)
∫ b

a
f(x)dx, (here

∑
is addition with respect to ⊕ in

RF).
A function f : R →RF will be caled 2π− periodic if f(x + 2π) = f(x),

∀x ∈ R.
A generalized fuzzy trigonometric polynomial of degree ≤ n is defined as

a finite sum of the form T (x) =
∑n

k=0 tk(x)⊙ ck, where ck ∈RF and tk(x) are
usual trigonometric polynomials of degree ≤ n.

Let us denote CF
2π(R) = {f : R →RF ; f is 2π−periodic and continuous

on R}.
In [3], the following Weierstrass-type result is proved.

Theorem 1.1. For any f ∈ CF
2π(R), there exists a sequence of generalized

fuzzy trigonometric polynomials (Tn(x))n∈N such that

lim
n→∞

sup
x∈R

D(Tn(x), f(x)) = 0.

Other results concerning approximation and interpolation of fuzzy-number-
valued functions can be found in: [1], [7], [6], [10], [11], [14], [9]. But the
problems of existence of best approximation fuzzy polynomials and of con-
vergence of fuzzy Lagrange polynomials, were not yet considered by the fuzzy
mathematical literature.

In Section 2 we consider some problems of best approximation by gener-
alized fuzzy trigonometric polynomials (of degree ≤ n) and a Jackson-type
estimate is proved.
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Section 3 contains the case of best approximation by generalized fuzzy
algebraic polynomials.

In Section 4, as an application, we prove the convergence of Lagrange
interpolating polynomials for the class of fuzzy Lipschitz functions of order
> 1

2
.

2 Best approximation, trigonometric case

On CF
2π(R) let us consider the uniform distance

D∗(f, g) = sup{D(f(x), g(x); x ∈ R} =sup{D(f(x), g(x); x ∈ [−π, π]},

∀f, g ∈ CF
2π(R).

For an interval I ⊂ R and a subset K ⊂ RF , K 6= ∅, let us consider
V K,I

n = {Tn;Tn(x) =
∑n

k=0 tk(x) ⊙ ck, where all ck ∈ K and each tk(x)
is an usual trigonometric polynomial of degree ≤ n with all its coefficients
belonging to I}.

For fixed f ∈ CF
2π(R), K ⊂ RF and I ⊂ R and for each n ∈ N, it is

natural to consider the following problem of best approximation.
EK,I

n (f) = inf{D∗(f, Tn);Tn ∈ V K,I
n }.

In the study of this problem, it is essential the following

Theorem 2.1. If K ⊂ RF , K 6= ∅, is a compact and I = [A,B] is compact
subinterval of R, then the set V K,I

n is sequentially compact in the metric space
(CF

2π(R), D∗), for all n ∈ N.

Proof. Let us denote by T I
n = {tk; tk is usual trigonometric polynomial of

degree ≤ n, with all coefficients belonging to I} and define ϕ : Kn+1 ×
(T I

n )n+1 → CF
2π(R), by ϕ(c0, ..., cn, t0, ..., tn)(x) =

∑n
k=0 tk(x) ⊙ ck.

Firstly let us prove that ϕ is continuous.
Indeed, let another generalized fuzzy trigonometric polynomial of degree

≤ n,
∑n

k=0 sk(x) ⊙ dk. By the properties of D in Introduction and by [3,
Lemma 2.2], we get

D

(
n∑

k=0

tk(x) ⊙ ck,

n∑

k=0

sk(x) ⊙ dk

)
≤

n∑

k=0

|tk(x)|D(ck, dk) +
n∑

k=0

|tk(x) − sk(x)| ⊙D(ck, 0̃),
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where 0̃ = χ{0} ∈ RF .
Because each tk(x) is of the form α0 +

∑n
j=0(αj cos jx + βj sin jx), with

αj, βj ∈ I = [A,B], it immediately follows that
|tk(x)| ≤ (2n + 1) max{|A|, |B|} = M, for all k = 0, n and all x ∈ R.
Also, because ck ∈ K− compact, ∀k = 0, n, we get that K ′ = K ∪ {0̃} is

compact too (in the metric space RF), which implies that it is bounded and
therefore there exists a constant M ′ > 0 such that D(ck, 0̃) ≤M, ∀ck ∈ K.

As a conclusion, it follows

D

(
n∑

k=0

tk(x) ⊙ ck,
n∑

k=0

sk(x) ⊙ dk

)
≤

M

n∑

k=0

D(ck, dk) +M ′
n∑

k=0

‖tk(x) − sk(x)‖

(here ‖·‖ denotes the usual uniform norm on the set of real valued, 2π−
periodic functions, denoted by C2π).

This last inequality immediately shows that ϕ is continuous, if Kn+1 ×
(T I

n )n+1 is endowed with the box metric given by

ρ[(c0, ..., cn, t0, ..., tn), (d0, ..., dn, s0, ..., sn)] = max
k=0,n

{D(ck, dk), ‖tk − sk‖}.

Now we claim that T I
n is compact in (C2π, ‖·‖). Indeed, if we consider

ψ : I2n+1 → C2π defined by

ψ(α0, ..., αn, β1, ..., βn)(x) = α0 +

n∑

k=0

[αk cos kx+ βk sin kx],

then it easily follows that ψ is continuous and therefore T I
n = ψ(I2n+1) is

compact.
As a conclusion, Kn+1 × (T I

n )n+1 is compact which implies that V K,I
n =

ϕ(Kn+1×(T I
n )n+1) is compact, and therefore as a compact subset of a metric

space, V K,I
n is sequentially compact.

As an immediate consequence of Theorem 2.1, we get

Corollary 2.2. Let f ∈ CF
2π(R). If K ⊂ RF , K 6= ∅ is compact and I =

[A,B] is a compact interval of R, then for each n ∈ N, there exists T ∗ ∈ V K,I
n

such that EK,I
n (f) = D∗(f, T ∗), i.e. T ∗ is a generalized fuzzy trigonometric

polynomial (of degree ≤ n) of best approximation for f.
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Proof. Since K 6= ∅, it follows that V K,I
n 6= ∅.

For ε = 1
m
, there exists Tm ∈ V K,I

n such that EK,I
n (f) ≤ D∗(f, Tm) ≤

EK,I
n (f) + 1

m
, m = 1, 2, .... Since by Theorem 2.1, V K,I

n is sequentially com-
pact, the sequence (Tm)m has a convergent subsequence (Tmk

)k to an element
T ∗ ∈ V K,I

n . Passing above to limit, we get EK,I
n (f) = D∗(f, T ∗), i.e. T ∗ is of

best approximation, which proves the corollary.

Remark 2.3. If f ∈ CF
2π(R), then by f([−π, π]) = K compact, it follows that

in Corollary 2.2 we can take K = f([−π, π]) (i.e. depending on f).

In what follows we will derive a Jackson-type estimate for EK,I
n (f) with

K = f([−π, π]).

Theorem 2.4. If f ∈ CF
2π(R) and [−1, 1] ⊂ [A,B], then there exists a con-

stant C > 0 (independent of f and n) and an index n0 ∈ N (independent of
f) such that for K = f([−π, π]) we have

EK,[A,B]
n (f) ≤ CωF

1

(
f,

1

n

)
, ∀n ≥ n0

where ωF
1 (f, δ) = sup{D(f(x), f(y); x, y ∈ R, |x− y| ≤ δ}.

Proof. In [8, p. 646] was introduced the following fuzzy Jackson operator

Jn(f)(x) = (R)

∫ π

−π

Kn(t) ⊙ f(x+ t)dt = (R)

∫ π

−π

Kn(u− x) ⊙ f(u)du,

where Kn(t) = Ln′(t), n′ = [n/2] + 1,

Ln′(t) =
3

2πn′[2(n′)2 + 1]

[
sin(n′t/2)

sin(t/2)

]4

,

∫ π

−π

Ln′(t)dt = 1,

and it was proved [8, p.647, Theor. 13.14] the estimate

D(Jn(f)(x), f(x) ≤ CωF
1

(
f,

1

n

)
, ∀n ∈ N, x ∈ R.

On the other hand by taking the Riemann sum of Jn(f)(x) (on an equidis-
tant division of [−π, π]), we get

Tn(x) =
2π

n′

n′∑

k=0

Ln′

(
−π +

2kπ

n′
− x

)
⊙ f

(
−π +

2kπ

n′

)
.
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Obviously Tn(x) is a generalized fuzzy trigonometric polynomial of degree
≤ n (since n′ ≤ n) and by [4, Corollary 3], for all x ∈ [−π, π] and n ∈ N, we
have

D(Jn(f)(x), Tn(x)) ≤ 2πωF
1

(
f,

2π

n′

)

[−π,π]

≤ 2π(2π + 1)ωF
1

(
f,

1

n′

)

[−π,π]

≤ 4π(2π + 1)ωF
1

(
f,

1

n

)

[−π,π]

(since n′ = [n/2] + 1 > n/2).
But reasoning exactly as in the usual case (see [2, p.75, Lemma 2.2.1], we

have ωF
1 (f, δ)[−π,π] ≤ ωF

1 (f, δ) ≤ 2ωF
1 (f, δ)[−π,π] .

As a consequence, we obtain the following Jackson-type estimate

D(Tn(x), f(x)) ≤ D(Tn(x), Jn(f)(x)) +D(Jn(f)(x), f(x)) ≤

≤ CωF
1

(
f,

1

n

)
, for all n ∈ N, x ∈ [−π, π].

(Note that above ωF
1

(
f, 1

n

)
can be replaced by ωF

1

(
f, 1

n

)
[−π,π]

too).

To finish the proof, we have to calculate the bounds for the coefficients
of the usual trigonometric polynomials Ln′

(
−π + 2kπ

n′
− x
)

in the expression
of Tn(x).

Firstly, it is well known the identity

(
sin mx

2

sin x
2

)2

= m+ 2

m−1∑

k=1

(m− k) cos kx.

It follows(
sin mx

2

sin x
2

)4

=
(
m+ 2

∑m−1
k=1 (m− k) cos kx

) (
m+ 2

∑m−1
k=1 (m− k) cos kx

)
=

m2+4m
∑m−1

k=1 (m−k) cos kx+4
∑m−1

i=1

∑m−1
j=1 (m−i)(m−j) cos(ix) cos(jx) =

= m2+4m
∑m−1

k=1 (m−k) cos kx+4
∑m−1

i=1

∑m−1
j=1 (m−i)(m−j){1

2
[cosx(i+

j) + cosx(i− j)]} =
= m2 + 4m

∑m−1
k=1 (m− k) cos kx+ 2

∑m−1
i=1

∑m−1
j=1 (m− i)(m− j) cosx(i+

j) + 2
∑m−1

i=1

∑m−1
j=1 (m− i)(m− j) cosx(i− j) =

= m2 + 4m
∑m−1

k=1 (m− k) cos kx+ 2
∑m−1

i,j=1

i+j≤m
(m− i)(m− j) cosx(i+ j) +

2
∑m−1

i,j=1

i+j>m
(m− i)(m− j) cosx(i+ j) + 2

∑m−1
i,j=1(m− i)(m− j) cosx(i− j) :=

m2 + S1 + S2 + S3 + S4.
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By simple calculation we can write

S2 =

m∑

k=2

[2

k−1∑

i=1

(m− i)(m− (k − i))]cos(kx),

S3 =

m−2∑

p=1

[2

m−p−1∑

i=1

(m− (p+ i))(m− (m− i))]cos((m+ p)x),

S4 = 4(12 + 22 + ... + (m− 1)2) +

m−2∑

k=1

[4

m−1−k∑

i=1

(m− i)(m− (k + i))]cos(kx).

By the relations

k−1∑

i=1

(m−i)(m−(k−i)) =

k−1∑

i=1

[−i2+ik+m(m−k)] ≤
k−1∑

i=1

[k2+4m(m−k)]/2 ≤

(k − 1)[k2 + 4m(m− k)]/2 ≤ (m− 1)[m2 + 4m(m− 2)]/2, k = 2, ..., m,

m−p−1∑

i=1

(m−(p+i))(m−(m−i)) =

m−p−1∑

i=1

[−i2 +i(m−p)] ≤
m−p−1∑

i=1

(m−p)2/2 ≤

(m− p)2(m− p− 1)/2 ≤ (m− 1)2(m− 2)/2, p = 1, ..., m− 2,

m−1−k∑

i=1

(m− i)(m− i− k) ≤
m−1−k∑

i=1

(m− 1)(m− 1 − k) ≤

(m− 1)(m− 1 − k)2 ≤ (m− 1)(m− 2)2, k = 1, ..., m− 2,

12 + 22 + ...+ (m− 1)2 = m(m− 1)(2m− 1)/6,

it follows that for k ∈ {0, ..., 2m− 2}, the coefficients of cos kx in
(

sin mx
2

sin x
2

)4

are all positive and bounded by an algebraic polynomials of degree 3, with
constant coefficients, independent of f , let us denote it by H3(m) (in S1,
obviously all the coefficients of cos(kx) are bounded by 4m(m− 1)).

As a conclusion, it easily follows that in (2π/n′)Ln′

(
−π + 2kπ

n′
− x
)

(which
contains terms in cos kx and sin kx), all the coefficients are bounded, in
absolute value, by F (n′) = 3H3(n

′)/[(n′)2(2(n′)2 + 1)], that is an n0 ∈ N

(independent of f) can be found (constructively), such that for all n′ ≥ n0

we have F (n′) ≤ 1 (since F (n′) converges to 0 when n′ converges to infinity).
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Therefore, for n ≥ 3n0, it follows that Tn(x) belongs to V
K,[−1,1]
n . Now,

for [−1, 1] ⊂ [A,B] it is obvious that E
K,[A,B]
n (f) ≤ E

K,[−1,1]
n (f), which proves

the theorem.

Remark 2.5. ¿From the proof it is easily seen that an interval [A,B] (inde-
pendent of f and n) can be constructively determined such that the Jackson
kind estimate in Theorem 2.4 holds for all n = 1, 2, ....

3 Best approximation, algebraic case

Let CF [a, b] = {f : [a, b] → RF ; f continuous on [a, b]} where [a, b] is a
compact subinterval of R. If we define the concept of generalized fuzzy
algebraic polynomial of degree ≤ n as in [17], i.e. as a finite sum of the
form

∑n
k=0 pk(x) ⊙ ck, where ck ∈ RF and pk(x) are algebraic polynomials

of degree ≤ n, we can repeat the reasonings in the above Theorem 2.1 and
Corollary 2.2 simply by replacing [−π, π] there by [a, b], CF

2π(R) by CF [a, b]
and the generalized fuzzy trigonometric polynomials by generalized fuzzy
algebraic polynomials. But if we consider probably the simplest generalized
fuzzy algebraic polynomials, given by the fuzzy Bernstein polynomials

Bn(f)(x) =

n∑

k=0

pn,k(x) ⊙ f(k/n), x ∈ [0, 1]

where pn,k(x) =
(

n
k

)
xk(1 − x)n−k, we easily see that the coefficients of xs in

pn,k(x) are in general unbounded, for k = 1, n− 1 , while however |pn,k(x)| ≤
1, ∀x ∈ [0, 1], n ∈ N, k = 0, n. Therefore, in algebraic case, would be more
natural to consider the problem of best approximation as follows. For a
constant M > 0 and a subset K ⊂ RF , K 6= ∅, let us consider AK,M

n [a, b] =
{Pn; Pn(x) =

∑n
k=0 pk(x) ⊙ ck, where all ck ∈ RF and pk(x) are algebraic

polynomials of degree ≤ n, satisfying |pk(x)| ≤ M, for all k and all x ∈ [a, b]}.
For fixed f ∈ CF [a, b], K ⊂ RF , K 6= ∅ and M > 0 and for each n ∈ N,

we can consider the following problem of best approximation

EK,M
n (f) = inf{D∗(f, Pn);Pn ∈ AK,M

n [a, b]},

where D∗(f, g) = sup{D(f(x), g(x); x ∈ [a, b]}, for f, g ∈ CF [a, b].
We have:
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Theorem 3.1. If K ⊂ RF , K 6= ∅ is compact and M > 0, then the set
AK,M

n [a, b] is sequentially compact in the metric space (CF [a, b], D∗), for all
n ∈ N.

Proof. Let us denote by PM
n = {p; p usual algebraic polynomials of degree ≤

n, satisfying |p(x)| ≤M, for all x ∈ [a, b]} and define ϕ : Kn+1 × (PM
n )n+1 →

CF [a, b], by ϕ(c0, ..., cn, p0, ..., pn)(x) =
∑n

k=0 pk(x) ⊙ ck.
Reasoning exactly as in the proof of Theorem 2.1, we get that ϕ is con-

tinuous and because PM
n is compact in C[a, b] (endowed with the uniform

norm ‖·‖), see e.g. [13, p. 16 Lemma 1], we get the desired conclusion.

Consequently, we obtain the following

Corollary 3.2. Let f ∈ CF [a, b]. If K ⊂ RF , K 6= ∅ is compact and M >
0, then for all n ∈ N, there exists T ∗ ∈ AK,M

n [a, b] such that EK,M
n (f) =

D∗(f, T ∗), i.e. T ∗ is a generalized fuzzy algebraic polynomial (of degree ≤ n),
of best approximation for f.

Remark 3.3. By [8, p.642, Theorem 13.13], we immediately abtain

EK,1
n (f) ≤ CωF

1

(
f,

1√
n

)

[0,1]

, ∀n ∈ N, f ∈ CF [0, 1], K = f([0, 1]).

In what follows we deduce Jackson-type estimate for EK,M
n (f) by using

some fuzzy analogous of Szabados-type polynomials (see e.g.[15]). For this
aim we need the following lemmas.

Lemma 3.4. Let f :
[
−1

4
, 1

4

]
→ RF , be continuous and

Rn(f, x) =
n∑

k=−n

rn,k(x) ⊙ f(xk),

with rn,k(x) = (x−xk)−4Pn
j=−n(x−xj)−4 and xk = k

4n
, k = −n, n Then the following

estimate holds true:

D∗(f, Rn) ≤ 5ωF
1

(
f,

1

n

)

[− 1

4
, 1
4
]
.
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Proof. We follow the proof of Lemma 1 in [15] for r = 0 and s = 4. Thus,
for fixed x, let i be an index such that

|x− xi| = min
|k|≤n

|x− xk| ≤
1

8n
. (1)

Then evidently

|i− k|
8n

≤ |x− xk| ≤
|i− k|

2n
, for i 6= k. (2)

Denote I =
[
−1

4
, 1

4

]
. Since rn,k(x) ≥ 0, ∀k = −n, n and

∑n
k=−n rn,k(x) = 1,

by the properties of D we have:

D(f(x), Rn(f, x)) = D

((
n∑

k=−n

rn,k(x)

)
⊙ f(x),

n∑

k=−n

rn,k(x) ⊙ f(xk)

)

≤
n∑

k=−n

rn,k(x) ⊙D(f(x), f(xk)) ≤
n∑

k=−n

rn,k(x)ω
F
1 (f, |x− xk|)I

≤ (x− xi)
4

n∑

k=−n

D(f(x), f(xk))

(x− xk)4
≤ (x− xi)

4

n∑

k=−n

|x− xk|−4ωF
1 (f, |x− xk|)I

≤ ωF
1 (f, |x− xi|)I + (8n)−4

n∑

k=−n

k 6=i

ωF
1

(
f,

|i− k|
2n

)

I

(
8n

|i− k|

)4

≤


1 +

n∑

k=−n

k 6=i

|i− k|−2


ωF

1

(
f,

1

n

)

I

≤ 5ωF
1

(
f,

1

n

)

I

.

Remark 3.5. The result in the above Lemma 3.4 can be seen as a Jackson-
type estimate for the error of the approximation by fuzzy generalized rational
functions.

For the next results we need an embedding theorem.
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Theorem 3.6. (see e.g. [16]) Let C[0, 1] be the class of all real valued
bounded functions f on [0, 1], such that f is left continuous on (0, 1] and
f has right limit for x ∈ [0, 1), especially f is right continuous at 0. With the
norm ‖f‖ = supx∈[0,1] |f(x)| , C[0, 1] is a Banach space. For u ∈ RF , define

j : RF → C[0, 1], j(u) = (u−, u+), where u−(r) = ur
− and u+(r) = ur

+. Then
j(RF) is a closed convex cone in the Banach space C[0, 1] × C[0, 1] and:

(i) j(s⊙u⊕ t⊙v) = s · j(u)+ t · j(v), ∀u, v ∈ RF and s, t ∈ R+ (here ”+”
and ”·”denote the addition and scalar multiplication in C[0, 1] × C[0, 1]).

(ii) D(u, v) = ‖j(u) − j(v)‖ , ∀u, v ∈ RF . i.e. j embeds RF in C[0, 1] ×
C[0, 1] isometrically and isomorphically (‖·‖ beeing the usual product norm
in C[0, 1] × C[0, 1]).

The following Lemmas give some approximation properties in Banach
spaces.

Lemma 3.7. Let (B, ‖·‖) be a Banach space and g :
[
−1

4
, 1

4

]
→ B continuous.

Let Rn(g, x) =
∑n

k=−n rn,k(x) · g(xk), with rn,k as in Lemma 3.4. Then

‖R′
n(g, x)‖ ≤ 900nωB

1

(
g,

1

n

)

[− 1

4
, 1
4
]
,

where R′
n(g, x) is the Fréchet derivative of Rn(g, x) in B and ωB

1 (g, δ)[− 1

4
, 1
4
] =

sup
{
‖g(x) − g(y)‖ ; x, y ∈

[
−1

4
, 1

4

]
, |x− y| ≤ δ

}
.

Proof. The proof is the same as that of [15, Lemma 2], written in the case
of functions with values in a Banach space.

Thus by (1) and (2) we get

‖R′
n(g, x)‖ =

∥∥∥∥∥
−4
∑n

k=−n g(xk)(x− xk)
−5
∑n

k=−n(x− xk)
−4

(∑n
k=−n(x− xk)−4

)2 +

+
4
∑n

k=−n g(xk)(x− xk)
−4
∑n

k=−n(x− xk)
−5

(∑n
k=−n(x− xk)−4

)2

∥∥∥∥∥

= 2

∥∥∥
∑n

k=−n(x− xk)
−5
∑n

j=−n[g(xk) − g(xj)](xk − xj)(x− xj)
−5
∥∥∥

(∑n
k=−n(x− xk)−4

)2

≤ 2(x− xi)
8

n∑

k=−n

|x− xk|−5 · 1

4n
ωB

1

(
g,

1

n

)

[− 1

4
, 1
4
]

n∑

j=−n

j 6=k

|j − k|2
|x− xj |5
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≤
(8n)−3ωB

1

(
g, 1

n

)
[− 1

4
, 1
4
]

2n
·

·





n∑

j=−n

j 6=i

(
8n

|j − i|

)5

|j − i|2 +
n∑

k=−n

k 6=i

(
8n

|k − i|

)5


|k − i|2 +

n∑

j=−n

j 6=i

|j − k|2
|j − i|5








≤ 32nωB

1

(
g,

1

n

)

[− 1

4
, 1
4
]






n∑

j=−n

j 6=i

|j − i|−3 +

n∑

k=−n

k 6=i

|k − i|−3


1 + 4

n∑

j=−n

j 6=i

|j − i|−3









≤ 900nωB

1

(
g,

1

n

)

[− 1

4
, 1
4
]
.

Lemma 3.8. Let (B, ‖·‖) be a Banach space and f :
[
−1

2
, 1

2

]
→ B continuous.

Let Pn(x) = cn

(
cos(2n arccos x)

x2−sin2 π
4n

)2

where cn is choosen such that
∫ 1

−1
Pn(x)dx = 1 and let

Kn(f, x) =

∫ 1

2

− 1

2

[f(t) − f(0)]Pn(t− x)dt+ f(0)

be the Bojanic-DeVore operator, where the integral is considered to be the
usual Riemann integral for functions g :

[
−1

2
, 1

2

]
→ B. Then

‖f −Kn(f)‖C([− 1

4
, 1
4
],B) ≤ C4ω

B

1

(
f,

1

n

)

[− 1

4
, 1
4
]
.

Proof. The proof is the same as the proof of [13, p. 275-276, Proposition 3.4]
but for functions with values in a Banach space. Indeed, firstly Pn(x)

is an even algebraic polynomial of degree 4n − 4, therefore Kn(f, x) is a
generalized (algebraic) polynomial of degree 4n − 4, with coefficients in the
Banach space B. Let us denote I = [−1, 1], I ′ =

[
−1

4
, 1

4

]
and for fixed x ∈ I ′,

Ix =
[
−1

2
+ x, 1

2
− x
]
. If we denote g(x) = f(x) − f(0) and Ln(g, x) =

∫ 1

2

− 1

2

g(t)Pn(t− x)dt, then by [13, p.276, relation (3.10)], it follows

‖f −Kn(f)‖C(I′,B) = ‖g −Kn(g)‖C(I′,B) , (3)
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where C(I ′,B) = {f : I ′ → B; f continuous on I ′}. Then for fixed x ∈ I ′, as
in [13, p.276] we get

Ln(g, x) − g(x) =

∫

Ix

[g(x+ u) − g(x)]Pn(u)du− g(x)

∫

I\Ix

Pn(u)du

where
∥∥∥g(x)

∫
I\Ix

Pn(u)du
∥∥∥

C(I′,B)
≤ C2 ‖g‖C(I′,B) · n−2 and

∥∥∥∥
∫

Ix

[g(x+ u) − g(x)]Pn(u)du

∥∥∥∥
C(I′,B)

≤ C1ω
B

1

(
g,

1

n

)

I′
= C1ω

B

1

(
f,

1

n

)

I′
.

Since ‖g‖C(I′,B) = ‖f − f(0)‖C(I′,B) ≤ ωB

1

(
f, 1

4

)
I′
, by (3) we obtain

‖f −Kn(f)‖C(I′,B) ≤ C3

[
ωB

1

(
f,

1

n

)

I′
+ ωB

1

(
f,

1

4

)

I′
· n−2

]
≤ C4ω

B

1

(
f,

1

n

)

I′
,

taking into account that ωB

1

(
f, 1

4

)
I′
≤ ωB

1 (f, 1)I′ = ωB

1

(
f, n · 1

n

)
I′
≤

≤ nωB

1

(
f, 1

n

)
I′
≤ n2ωB

1

(
f, 1

n

)
I′
. The lemmma is proved.

Now let us consider h :
[
−1

4
, 1

4

]
→ B and

Rn(h, x) =





h
(
−1

4

)
if − 1

2
≤ x ≤ −1

4

Rn(h, x) if − 1
4
≤ x ≤ 1

4

h
(

1
4

)
if 1

4
≤ x ≤ 1

2

.

For f ∈ CF

[
−1

4
, 1

4

]
, let Kn(Rn(j ◦ f), x) be the Bojanic-DeVore operator

associated to Rn(j ◦ f), where j is the embedding in Theorem 3.6, i.e.

Kn(Rn(j ◦ f), x) =

∫ 1

2

− 1

2

[Rn(j ◦ f)(t) − Rn(j ◦ f)(0)]Pn(t− x)dt+

Rn(j ◦ f)(0).

Then we have:

Kn(Rn(j ◦ f), x) = (j ◦ f) (0)

[
1 −

∫ 1

2

− 1

2

Pn(t− x)dt

]

+ (j ◦ f)

(
−1

4

)∫ − 1

4

− 1

2

Pn(t− x)dt
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+

n∑

k=−n

(j ◦ f)(xk)

∫ 1

4

− 1

4

Pn(t− x)dt

(t− xk)4
∑n

j=−n(t− xj)−4

+(j ◦ f)

(
1

4

)∫ 1

2

1

4

Pn(t− x)dt.

It is easy to see that all the terms in x associated to (j ◦ f)(xk) are positive
and therefore we obtain the form

Kn(Rn(j ◦ f), x) =
n∑

k=−n

(j ◦ f)(xk)pn,k(x)

with pn.k(x) ≥ 0 for all x ∈
[
−1

4
, 1

4

]
.

With the help of pn.k(x) given as above, we define the Szabados-type
fuzzy generalized polynomial associated to f :

[
−1

4
, 1

4

]
→ RF , by

S(x) =
n∑

k=−n

pn,k(x) ⊙ f (xk) .

The following theorem gives Jackson-type estimate for the error of ap-
proximation by Szabados-type polynomials.

Theorem 3.9. Let f :
[
−1

4
, 1

4

]
→ RF be continuous and

S(x) =
n∑

k=−n

pn,k(x) ⊙ f (xk)

defined as above. Then

D∗(f, S) ≤ CωF
1

(
f,

1

n

)

[− 1

4
, 1
4
]
.

Proof. Since all pn,k(x) ≥ 0, we have

n∑

k=−n

(j ◦ f)(xk)pn,k(x) = j

(
n∑

k=−n

pn,k(x) ⊙ f(xk)

)
.

But j is an isometry, so we have:

D(f(x), S(x)) = D

(
f(x),

n∑

k=−n

pn,k(x) ⊙ f(xk)

)
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=

∥∥∥∥∥(j ◦ f)(x) − j

(
n∑

k=−n

pn,k(x) ⊙ f(xk)

)∥∥∥∥∥

=

∥∥∥∥∥(j ◦ f)(x) −
n∑

k=−n

(j ◦ f)(xk)pn,k(x)

∥∥∥∥∥ ,

where ‖·‖ is the norm in B =C[0, 1] × C[0, 1].
We observe that the last sum is Kn(Rn(j ◦ f), x). Also we have:

∥∥(j ◦ f)(x) −Kn(Rn(j ◦ f), x)
∥∥ ≤ ‖(j ◦ f)(x) − Rn(j ◦ f, x)‖+

+
∥∥Rn(j ◦ f, x) −Kn(Rn(j ◦ f), x)

∥∥ .
Since the coefficients rn,k(x) of Rn in Lemma 3.4 are all positive, we have

Rn(j ◦ f, x) =

n∑

k=−n

rn,k(x)(j ◦ f)(xk) = j

(
n∑

k=−n

pn,k(x) ⊙ f(xk)

)

and taking into account that j is an isometry, we obtain for all x ∈
[
−1

4
, 1

4

]

D(f(x), S(x)) ≤ D(f(x), Rn(f, x)) +
∥∥Rn(j ◦ f, x) −Kn(Rn(j ◦ f), x)

∥∥ =

= D(f(x), Rn(f, x)) +
∥∥Rn(j ◦ f, x) −Kn(Rn(j ◦ f), x)

∥∥ .

(this last inequality is obvious by the definition of Rn).
By Lemma 3.4 and Lemma 3.8 we obtain:

D(f(x), S(x)) ≤ 5ωF
1

(
f,

1

n

)

[− 1

4
, 1
4
]
+ C4ω

B

1

(
Rn(j ◦ f),

1

n

)

[− 1

4
, 1
4
]
.

It is easy to see that ωB

1

(
Rn(j ◦ f), 1

n

)
[− 1

4
, 1
4
] = ωB

1

(
Rn(j ◦ f), 1

n

)
[− 1

4
, 1
4
] . By

Lagrange theorem for functions with values in Banach spaces we obtain:

‖Rn(j ◦ f, y) − Rn(j ◦ f, x)‖ ≤ sup
ξ∈[x,y]

‖R′
n(j ◦ f, ξ)‖C(I′,B) · |y − x|

with I ′ =
[
−1

4
, 1

4

]
and for |y − x| ≤ 1

n
, taking into account Lemma 3.7 we

obtain

ωB

1

(
Rn(j ◦ f),

1

n

)

I′
≤ 900n · ωB

1

(
j ◦ f, 1

n

)

I′
· 1

n
= 900ωB

1

(
j ◦ f, 1

n

)

I′
.
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It is easy to check that ωB

1

(
j ◦ f, 1

n

)
I′

= ωF
1

(
f, 1

n

)
I′

and we finally obtain

D(f(x), S(x)) ≤ 5ωF
1

(
f,

1

n

)

I′
+ C4 · 900ωF

1

(
f,

1

n

)

I′
= CωF

1

(
f,

1

n

)

I′

which completes the proof.

As an immediate consequence we obtain the following Jackson-type esti-
mate for the error in approximation by generalized fuzzy algebraic polyno-
mials.

Corollary 3.10. For the best approximation by algebraic polynomials we
have

EK,1
n ≤ CωF

1

(
f,

1

n

)

[− 1

4
, 1
4
]
, ∀n ∈ N, f ∈ CF

[
−1

4
,
1

4

]
, K = f

([
−1

4
,
1

4

])
.

where C > 0 is an absolute constant independent of n and f.

Proof. Since the polynomial Pn(t − x) ≥ 0, ∀t, x ∈ [−1, 1] and
∫ 1

−1
Pn(t −

x)dt = 1, we have

|pn,−n(x)| =

∫ − 1

4

− 1

2

Pn(t− x)dt+

∫ 1

4

− 1

4

Pn(t− x)dt

(t− x−n)4
∑n

j=−n(t− xj)−4
≤

≤
∫ 1

4

− 1

2

Pn(t− x)dt ≤ 1.

Also

|pn,n(x)| =

∫ 1

2

1

4

Pn(t− x)dt+

∫ 1

4

− 1

4

Pn(t− x)dt

(t− xn)4
∑n

j=−n(t− xj)−4
≤ 1.

and

|pn,0(x)| = 1 −
∫ 1

2

− 1

2

Pn(t− x)dt+

∫ 1

4

− 1

4

Pn(t− x)dt

(t− x0)4
∑n

j=−n(t− xj)−4
≤

≤ 1 −
∫ 1

2

− 1

2

Pn(t− x)dt+

∫ 1

4

− 1

4

Pn(t− x)dt ≤ 1.
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For k /∈ {−n, 0, n} we have

|pn,k(x)| =

∫ 1

4

− 1

4

Pn(t− x)dt

(t− xk)4
∑n

j=−n(t− xj)−4
≤
∫ 1

4

− 1

4

Pn(t− x)dt ≤ 1.

and the proof is complete.

Remark 3.11. We can obtain the above results in any interval [a, b] instead
of
[
−1

4
, 1

4

]
by mapping this interval in [a, b] through a linear fnction which

maps −1
4

to a and 1
4

to b.

4 Application to fuzzy interpolation

In this section we prove the convergence of fuzzy Lagrange polynomials for
some classes of fuzzy functions.

The fuzzy Lagrange plynomial is defined in [14], [9] as follows (see also

[8, p.651]) Ln(x) =
∑n

i=0 li(x) ⊙ f(xi), where li (x) = (x−x0).../...(x−xn)
(xi−x0).../...(xi−xn)

are

the usual fundametal Lagrange interpolation polynomials and the sign ”/”
means that the ith operand is missing.

Theorem 4.1. Let f : [−1, 1] → RF be a Lipschitz mapping of order α > 1
2
(i.

e. there exists L such that D(f(x), f(y)) ≤ L |x− y|α for all x, y ∈ [−1, 1].
Let (xn,i)i=1,n , n ∈ N be a normal matrix of nodes and Ln(x) the fuzzy
Lagrange polynomial which interpolates f on {xn,0, ..., xn,n}. Then

lim
n→∞

Ln(x) = f(x), ∀x ∈ [−1, 1].

The convergence is uniform in any interval [−1 + h, 1 − h] , 0 < h < 1.

Proof. By Corollary 3.10 if we take M = max
{
1,
√

n
2h

}
, ∀h > 0, then

EK,M
n (f) ≤ CωF

1

(
f, 1

n

)
[−1,1]

, where K = f([−1, 1]) and also the best approx-

imation polynomial in AK,M
n (denoted πn) exists. By [5, Lemma 8.3.2, p. 351]

for a normal matrix of nodes we have |li(x)| ≤
∑n

i=0 |li(x)| ≤
√

n
2h

for x ∈
[−1+h, 1−h] and so Ln ∈ AK,M

n . Then D∗(Ln, f) ≤ D∗(Ln, πn)+D∗(πn, f).
By Corollary 3.10 we obtain D∗(πn, f) ≤ CωF

1

(
f, 1

n

)
[−1,1]

.

Let Ln(πn) be the fuzzy Lagrange polynomial associated to πn at
{xn.0, ..., xn,n}. We prove that Ln(πn) = πn. We observe that πn(xn,j) =∑n

i=0 li(x) ⊙ π (xn,i) since li(xn,j) = δi,j (Kronecker symbol δi,j).
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So Ln(πn)(xn,j) = πn(xn,j), j = 0, n. Since the Lagrange polynomial is
unique (see [8, p.650]), we get Ln(πn) = πn. Then using the properties of the
metric D we obtain:

D (Ln(x), πn(x)) = D

(
n∑

i=0

li(x) ⊙ f (xn,i) ,

n∑

i=0

li(x) ⊙ π (xn,i)

)
≤

≤
n∑

i=0

D(li(x) ⊙ f (xn,i) , li(x) ⊙ π (xn,i)) ≤
n∑

i=0

|li(x)|D(f (xn,i) , π (xn,i)).

Using again Corollary 3.10 we obtain

D (Ln(x), πn(x)) ≤
n∑

i=0

|li(x)|CωF
1

(
f,

1

n

)

[−1,1]

.

By [5, Lemma 8.3.2, p. 351], for a normal matrix of nodes we have

n∑

i=0

|li(x)| ≤
√

(b− a)n

h
, for x ∈ [a+ h, b− h].

Then

D∗(Ln, f) ≤ CωF
1

(
f,

1

n

)

[−1,1]

(
1 +

√
2

h

√
n

)
.

Since f is of Lipschitz-type, we ave ωF
1

(
f, 1

n

)
[−1,1]

≤ L 1
nα , α >

1
2
. Then

D∗ (Ln, f) ≤ CL
1

nα
+ CL

√
2

h

1

nα− 1

2

,

which competes the proof.
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1. Introduction
The impulsive differential equations present an adequate mathematical

model of many natural processes and phenomena investigated in science and
engineering. Due to its diverse types of applications, the theory of impulsive
equations has been developed very intensively for the last years[1-3, 12-14]. The
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qualitative theory of functional differential equations is also well developed [8-
11]. The impulsive differential-difference equations are generalization of impul-
sive differential equations (without delay) and of differential difference equations
(without impulses). Their theory is analytically more attractive than the theory
of impulsive ordinary differential equations[1, 4-7, 18].

In the present paper we study the stability of the solutions of impulsive
systems of differential-difference equations with fixed moments of impulse effect
in terms of two different piecewise continuous measures. The priorities of this
approach are useful and well known in the investigations on the stability of the
solutions of differential equations, as well as in the generalizations obtained by
this method[8, 14, 15].

In order to study the stability of the solutions of impulsive systems under
considerations, we use piecewise continuous auxiliary functions that are analo-
gous to the classical Lyapunov functions. We are also concerned with differential
inequalities on piecewise continuous functions. By means of this technique the in-
vestigation on the stability of solutions of impulsive differential-difference systems
can be replaced by the studying of the stability of solutions of scalar impulsive
differential equations. Our analysis employs some minimal subsets of a suitable
space of piecewise continuous functions. The derivatives of the auxiliary piecewise
continuous functions by the elements of these subsets are then estimated[4-7, 13,
16].

Such systems seem to have application, among other things, in the study
of active suspension height control. In the interest of improving the overall per-
formance of automotive vehicles, in recent years, suspension incorporating active
components have been developed. The designs may cover a spectrum of of per-
formance capabilities[17], but the active components alter only the vertical force
reactions of the suspensions, not the kinematics. The conventional passive sus-
pensions consist of usual components with spring and damping properties, which
are time-invariant. The interest in active or semi-active suspensions derives from
the potential for improvements to vehicle ride performance with no compromise
or enhancement in handling. The full active suspensions incorporate actuators
to generate the desired forces in the suspension. They actuators are normally
hydraulic cylinders.

2. Preliminary Notes and Definitions
Let R+ = [0,∞) and let Rn be the n-dimensional Euclidean space with

norm |.|. Let t0 ∈ R and r > 0.
Consider the impulsive system of differential-difference equations:
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{
ẋ(t) = f(t, x(t), x(t− r)), t > t0, t 6= τk,
∆x(τk) = Ik(x(τk)), τk > t0, k = 1, 2, ...,

(1)

where f : (t0,∞) × Rn × Rn → Rn; Ik : Rn → Rn, k = 1, 2, ...; ∆x(τk) =
x(τk + 0)− x(τk − 0); t0 ≡ τ0 < τk < τk+1 < ... and lim

k→∞
τk = ∞.

Let φ ∈ C[[t0 − r, t0], R
n]. Denote by x(t) = x(t; t0, φ) the solution of the

system (1), that satisfies the initial conditions

x(t, t0, φ) = φ(t), t ∈ [t0 − r, t0],

x(t0 + 0, t0, φ) = φ(t0).

The solutions x(t) = x(t; t0, φ) of systems of the type (1) are piecewise
continuous functions with points of discontinuity of the first kind τk > t0, k =
1, 2, ... at which they are continuous from the left, i.e., at the moments of impulse
effect τk the following relations are valid

x(τk − 0) = x(τk),

x(τk + 0) = x(τk) + Ik(x(τk)), k = 1, 2, ....

Together with the system (1), we consider the scalar impulsive differential
equation {

u̇(t) = g(t, u(t)), t 6= τk, k = 1, 2, ...,
∆u(τk) = Bk(u(τk)), k = 1, 2, ....,

(2)

where g : [t0,∞)×R+ → R and Bk : R+ → R, k = 1, 2, ...

We introduce the following notations

Gk = {(t, x) ∈ [t0,∞)×Rn : τk−1 < t < τk} , k = 1, 2, ...;

G =
∞⋃

k=1

Gk.

Definition 1. We shall say that the function V : [t0,∞) × Rn → R+

belongs to the class V0 if:
1. The function V is continuous in G and locally Lipschitz continuous

with respect to its second argument in each of the sets Gk, k = 1, 2, ....
2. For each k = 1, 2, ... and x ∈ Rn there exist the finite limits

V (τk − 0, x)=lim
t→τk
t<τk

V (t, x), V (τk + 0, x)=lim
t→τk
t>τk

V (t, x).
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3. The equality V (τk − 0, x) = V (τk, x) is valid.

In the sequel we will use the next classes of functions:
K = {a ∈ C[R+, R+] : a(r) is strictly increasing and a(0) = 0 };
CK = {a ∈ C[[t0,∞)×R+, R+] : a(t, .) ∈ K for any fixed t ∈ [t0,∞) };
PC[[t0,∞), Rn] = {x : [t0,∞) → Rn : x is piecewise continuous with points of
discontinuity of the first kind τk, k = 1, 2, ... at which it is continuous from the
left };
C0 = C[[t0 − r, t0], R

n]; Γ = {h ∈ V0 : inf
x∈Rn

h(t, x) = 0 for each t ∈ [t0,∞) };
Γ0 = {h0 ∈ C[[t0 − r, t0]× C0, R+] : inf

φ∈C0

h(t, φ) = 0 for each t ∈ [t0 − r, t0] };
Ω0 = {x ∈ PC[[t0,∞), Rn] : V (s, x(s)) ≤ L(V (t, x(t))), t− r < s ≤ t, t ≥ t0};
Ω1 = {x ∈ PC[[t0,∞), Rn] : V (s, x(s)) ≤ V (t, x(t)), t− r < s ≤ t, t ≥ t0};
ΩA = {x ∈ PC[[t0,∞), Rn] : A(s)V (s, x(s)) ≤ A(t)V (t, x(t)), t− r < s ≤ t, t ≥ t0, } .

In the above notations: A : [t0,∞) → (0,∞) is a piecewise continuous
function, having points of discontinuity of the first kind τk, A is continuous from
the left at τk, A(τk + 0) > 0 and A(t) →∞ as t →∞; L(u) is continuous on R+,
nondecreasing in u, and L(u) > u for u > 0.

Assume ρ > 0, h ∈ Γ and let

S(h, ρ) = {(t, x, y) ∈ [t0,∞)×Rn ×Rn : h(t, x) < ρ, h(t, y) < ρ};

B(h, ρ) = {(t, x) ∈ [t0,∞)×Rn : h(t, x) < ρ}.
Introduce the folloving conditions :
A1. The function f : S(h, ρ) → Rn is continuous in S(h, ρ).
A2. Ik ∈ C[Rn, Rn], k = 1, 2, ....
A3. t0 = τ0 < τ1 < τ2 < ... and lim

k→∞
τk = ∞.

A4. g ∈ C[[t0,∞)×R+, R] and g(t, 0) = 0 for t ∈ [t0,∞).
A5. Bk ∈ C[R+, R], Bk(0) = 0 and ψk(u) = u + Bk(u) are nondecreasing

with respect to u, k = 1, 2, ....
A6. There exists ρ0, 0 < ρ0 < ρ, such that h(τk, x) < ρ0 implies

h(τk + 0, x + Ik(x)) < ρ, k = 1, 2, ..., h ∈ Γ.

Definition 2. Let h ∈ Γ, h0 ∈ Γ0.
(a) h0 is finer than h if there exist a number δ > 0 and a function ϕ ∈ K

such that h0(t, φ) < δ leads to h(t, x) ≤ ϕ(h0(t, φ)).
(b) h0 is weakly finer than h if there exist a number δ > 0 and a function

ϕ ∈ CK such that h0(t, φ) < δ leads to h(t, x) ≤ ϕ(t, h0(t, φ)).
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Let V ∈ V0, x ∈ PC[[t0,∞), Rn] and t 6= τk, k = 1, 2, .... Introduce the
function

D−V (t, x(t)) = lim
σ→0−

infσ−1[V (t + σ, x(t) + σf(t, x(t), x(t− r)))− V (t, x(t))].

We will use the following definitions of stability of the system (1) in terms
of two different measures, that generalize various classical notions of stability.

Definition 3. For h ∈ Γ, h0 ∈ Γ0 the system (1) is said to be:
(a) (h0, h) - stable if

(∀t0 ∈ R)(∀ε > 0)(∃δ = δ(t0, ε) > 0)

(∀φ ∈ C0 : max
t0−r≤s≤t0

h0(s, φ(s)) < δ)

(∀t ≥ t0) : h(t, x(t; t0, φ) < ε.

(b) (h0, h) - uniformly stable if the number δ from (a) does not depend on
t0.

(c) (h0, h) - equiattractive if

(∀t0 ∈ R)(∃δ = δ(t0) > 0)(∀ε > 0)(∃T = T (t0, ε) > 0)

(∀φ ∈ C0 : max
t0−r≤s≤t0

h0(s, φ(s)) < δ)(∀t > t0 + T ) : h(t, x(t; t0, φ) < ε.

(d) (h0, h) - uniformly attractive if the numbers δ and T from (c) are
independent on t0.

(e) (h0, h) - equiasymptotically stable if it is (h0, h) - stable and (h0, h) -
equiattractive.

(f) (h0, h) - uniformly asymptotically stable if it is (h0, h) - uniformly sta-
ble and (h0, h) - uniformly attractive.

For a concrete choice of the measures h0 and h Definition 3 is reduces to
the following particular cases:

1) Lyapunov’s stability of the zero solution of (1) if h0(t, φ) = ||φ|| =
max

t∈[t0−r,t0]
|φ(t)| and h(t, x) = |x|.

2) stability by part of the variables of the zero solution of (1) if

h0(t, φ) = ||φ||, h(t, x) = |x|k =
√

x2
1 + ... + x2

k,

x = (x1, ..., xn), 1 ≤ k ≤ n.
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3) Lyapunov’s stability of the non-null solution x0(t) = x0(t; t0, φ0) of (1)
if h0(t, φ) = ||φ− φ0||, h(t, x) = |x− x0(t)|.

4) stability of the set M ⊂ [t0 − r,∞)×Rn if
h0(t, φ) = max

t∈[t0−h,t0]
d(φ(t),M0(t)) and h(t, x) = d(x,M(t)), where

M(t) = {x ∈ Rn : (t, x) ∈ M, t > t0},

M0(t) = {x ∈ Rn : (t, x) ∈ M, t ∈ [t0 − h, t0]} .

5) stability of conditionally invariant set B with respect to the set A,
where A ⊂ B ⊂ Rn if

h0(t, φ) = d(φ,A), h(t, x) = d(x,B).

Definition 4. Let h ∈ Γ, h0 ∈ Γ0 and V ∈ V0. The function V is said to
be:

(a) h - positively definite if there exist a number δ > 0 and a function
a ∈ K such that h(t, x) < δ implies V (t, x) ≥ a(h(t, x)).

(b) h0 - decrescent if there exist a number δ > 0 and a function b ∈ K
such that h0(t, φ) < δ implies V (t + 0, x) ≤ b(h0(t, φ)).

(c)weakly h0 - decrescent if there exist a number δ > 0 and a function
b ∈ CK such that h0(t, φ) < δ implies V (t + 0, x) ≤ b(t, h0(t, φ)).

3. Basic Comparison Theorems
In the proofs of our main results we need the following comparison theo-

rems.
Theorem 1. [6] Assume the following conditions hold :
1. Assumptions A1− A5 are valid.
2. The function V ∈ V0, V : B(h, ρ) → R+ is such that for t ≥ t0 and

x ∈ Ω1 we have
{

D−V (t, x(t)) ≤ g(t, V (t, x(t))), t 6= τk, k = 1, 2, ...,
V (τk + 0, x(τk) + Ik(x(τk))) ≤ ψk(V (τk, x(τk))), k = 1, 2, ....

3. For the solution x(t; t0, φ) of thesystem (1) we have (t, x(t+0; t0, φ)) ∈
B(h, ρ) as t ∈ [t0,∞) and h ∈ Γ.

4. The maximal solution r(t; t0, u0), u0 ≥ V (t0+0, φ(t0)), of the equation
(2) is defined on the interval [t0,∞).

Then
V (t, x(t; t0, φ)) ≤ r(t; t0, u0) for t ∈ [t0,∞).
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Corollary 1. Let the following conditions hold :
1. Assumptions A1-A3 are met.
2. The function V ∈ V0, V : B(h, ρ) → R+ is such that for t ≥ t0 and

x ∈ Ω0 we have
D−V (t, x(t)) ≤ 0, t 6= τk, k = 1, 2, ...,

V (τk + 0, x(τk) + Ik(x(τk))) ≤ V (τk, x(τk)), k = 1, 2, ....

3. Condition 3 of Theorem 1 holds.
Then

V (t, x(t; t0, φ)) ≤ V (t0 + 0, φ(t0)), t ∈ [t0,∞).

Theorem 2. Assume the following conditions hold :
1. Assumptions A1− A5 are valid.
2. The function V ∈ V0, V : B(h, ρ) → R+ is such that for t ≥ t0

and x ∈ ΩA we have

A(t)D−V (t, x(t)) + V (t, x(t))D−A(t)

≤ g(t, A(t)V (t, x(t))), t 6= τk, k = 1, 2, ..., (3)

A(τk + 0)V (τk + 0, x(τk) + Ik(x(τk))) ≤ ψk(A(τk)V (τk, x(τk))), k = 1, 2, ..., (4)

where A : [t0,∞) → (0,∞) is a piecewise continuous function, having points of
discontinuity τk, k = 1, 2, ... of first kind at which it is continuous from the left,
A(τk + 0) > 0, k = 1, 2, ... and

D−A(t) = lim
σ→0−

infσ−1[A(t + σ)− A(t)].

3. Condition 3 of Theorem 1 holds.
4. The maximal solution r(t; t0, u0), u0 ≥ A(t0 + 0)V (t0 +0, φ(t0)) of the

equation (2) is defined on the interval [t0,∞).
Then

A(t)V (t, x(t; t0, φ)) ≤ r(t; t0, u0) for t ∈ [t0,∞). (5)

Proof . Setting
W (t, x(t)) = A(t)V (t, x(t))

and let t ≥ t0 and x ∈ ΩA. For t 6= τk, k = 1, 2, ..., and for sufficiently close to
zero σ< 0 we have

W (t + σ, x(t) + σf(t, x(t), x(t− r)))−W (t, x(t))
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= V (t + σ, x(t) + σf(t, x(t), x(t− r)))[A(t + σ)− A(t)]

+A(t)[V (t + σ, x(t) + σf(t, x(t), x(t− r)))− V (t, x(t))].

It follows from (3) and (4) that

D−W (t, x(t)) ≤ g(t,W (t, x(t))), t 6= τk, k = 1, 2, ...,
W (τk + 0, x(τk) + Ik(x(τk))) ≤ ψk(W (τk, x(τk))), k = 1, 2, ....

Now the inequality (5) follows after application of Theorem 1 for the function
W (t, x).

4. Main Results
Theorem 3. Assume the following conditions hold :
1. Condition (A) is valid.
2. h ∈ Γ, h0 ∈ Γ0 and h0 is weakly finer than h.
3. The function V ∈ V0, V : B(h, ρ) → R+ is h− positively definite on

B(h, ρ) and it is weakly h0 − decrescent.
4. For t ≥ t0 and x ∈ Ω1 we have

D−V (t, x(t)) ≤ g(t, V (t, x(t))), t 6= τk, k = 1, 2, ...,
V (τk + 0, x(τk) + Ik(x(τk))) ≤ ψk(V (τk, x(τk))), k = 1, 2, ....

Then
(a) if the zero solution of the equation (2) is stable then the system (1)

is (h0, h)− stable.
(b )if the zero solution of the equation (2) is equiasymptotically stable

then the system (1) is (h0, h)− equiasymptotically stable.

Proof . (a) Since V is h- positively definite on B(h, ρ) then there exists a function
a ∈ K such that:

V (t, x) ≥ a(h(t, x)) as (t, x) ∈ B(h, ρ). (6)

On the other hand V is weakly h0- decrescent and there exist a number
δ1 > 0 and a function b ∈ CK such that

V (t + 0, x) ≤ b(t, h0(t, φ)) as h0(t, φ) < δ1. (7)

By means of the second condition of Theorem 3 there exist δ2 > 0 and
ϕ ∈ CK such that

h(t, x) ≤ ϕ(t, h0(t, φ)) as h0(t, φ) < δ2.
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Let 0 < ε < ρ0 and t0 ∈ R. It follows from the properties of the function
ϕ that there exist number δ3 = δ3(t0, ε), 0 < δ3 < δ2 such that

ϕ(t0, δ3) < ρ. (8)

Now, the stability of the zero solution of (2) ensures that there exists
δ4 = δ4(t0, ε) such that

r(t; t0, u0) < a(ε) as 0 ≤ u0 < δ4, t ≥ t0, (9)

where r(t; t0, u0) is the maximal solution of (2) satisfying r(t0 + 0; t0, u0) = u0.
We choose now the number δ5 = δ5(t0, ε) so that

b(t0, δ5) < δ4. (10)

Setting δ = min(δ3, δ4, δ5) and let φ ∈ C0, max
t0−r≤s≤t0

h0(s, φ(s)) < δ and

h0(t0 + 0, φ(t0)) < δ. It follows from (7) and (10) that

V (t0 + 0, φ(t0)) ≤ b(t0, h0(t0, φ(t0))) ≤ b(t0, max
t0−r≤s≤t0

h0(s, φ(s)))

≤ b(t0, δ) ≤ b(t0, δ5) < δ4. (11)

Supposing now x(t) = x(t; t0, φ) to be such solution of the system (1) that
max

t0−r≤s≤t0
h0(s, φ(s)) < δ.

We will prove now that

h(t, x(t)) < ε as t ≥ t0.

Supposing the opposite, there exists t∗ > t0 such that τk < t∗ ≤ τk+1 for
some fixed integer k and

h(t∗, x(t∗)) ≥ ε and h(t, x(t)) < ε, t0 < t ≤ τk.

Since 0 < ε < ρ0, condition A6 shows that

h(τk + 0, x(τk + 0)) = h(τk + 0, x(τk) + Ik(x(τk))) < ρ.

Therefore there exists t0, τk < t0 ≤ t∗, such that

ε ≤ h(t0, x(t0)) < ρ and h(t, x(t)) < ρ, t0 < t ≤ t0. (12)

Applying now Theorem 1 for the interval (t0, t
0] and u0 = V (t0 + 0, φ(t0))

we obtain

V (t, x(t; t0, φ)) ≤ r(t; t0, V (t0 + 0, φ(t0))), t0 < t ≤ t0. (13)
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So the implications (12), (6), (13), (8) and (9) lead to

a(ε) ≤ a(h(t0, x(t0))) ≤ V (t0, x(t0))

≤ r(t0; t0, V (t0 + 0, φ(t0))) < a(ε).

The contradiction we have already obtained shows that h(t, x(t)) < ε for
each t ≥ t0. Therefore the system (1) is (h0, h)- stable.

(b) It follows from (a) that the system (1) is (h0, h)- stable. So, for each
t0 ∈ R there exists a number δ01 = δ01(t0, ρ) > 0 such that if φ ∈ C0, max

t0−r≤s≤t0
h0(s, φ(s)) <

δ01 then h(t, x(t; t0, φ)) < ρ as t ≥ t0.
Let 0 < ε < ρ0 and t0 ∈ R. The equiasymptotical stability of the zero

solution of the equation (2) implies that there exist δ02 = δ02(t0) > 0 and T =
T (t0, ε) > 0 such that for 0 < u0 < δ02 and t > t0 + T the next inequality holds:

r(t; t0, u0) < a(ε). (13)

We denote δ03 = δ03(t0), 0 < δ03 < δ02 such that

b(t0, δ03) < δ02. (14)

It follows from (7) and (14) that if max
t0−r≤s≤t0

h0(s, φ(s)) < δ03 then

V (t0 + 0, φ(t0)) < b(t0, h0(t0, φ(0))) ≤ b(t0, δ03) < δ02.

In the case, by means of (13) we would have

r(t; t0, V (t0 + 0, φ(t0))) < a(ε), t > t0 + T. (15)

Assume δ0 = min(δ01, δ02, δ03) and let max
t0−r≤s≤t0

h0(s, φ(s)) < δ0. Theorem

1 shows that if x(t) = x(t; t0, φ) is an arbitrary solution of the system (1) then

V (t, x(t; t0, φ)) ≤ r(t; t0, V (t0 + 0, φ(t0))), t > t0. (16)

Therefore we obtain from (6), (15) and (16) that the inequalities

a(h(t, x(t))) ≤ V (t, x(t)) ≤ r(t; t0, V (t0 + 0, φ(t0))) < a(ε)

hold for each t > t0 + T. Hence h(t, x(t)) < ε as t > t0 + T which shows that the
system (1) is (h0, h)- equiattractive. This proves Theorem 3.
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Theorem 4. Assume the following conditions hold :
1. Assumption (A) holds.
2. h ∈ Γ, h0 ∈ Γ0 and h0 is finer than h.
3. The function V ∈ V0, V : B(h, ρ) → R+ is h− positively definite on

B(h, ρ) and h0 − decrescent.
4. Condition 4 of Theorem 3 is valid.
Then
(a) if the zero solution of the equation (2) is uniformly stable then

the system (1) is (h0, h)− uniformly stable.
(b )if the zero solution of the equation (2) is uniformly asymptotically

stable then the system (1) is (h0, h)− uniformly asymptotically stable.

The proof of Theorem 4 is analogous to the proof of Theorem 3 and we
omit it. Let us note that in this case the numbers δ, δ0 and T can be chosen
independently of t0.

Theorem 5. Assume the following conditions hold :
1. Assumptions A1-A3 and A6 are met.
2. Conditions 2 and 3 of Theorem 4 are valid.
3. For each t ≥ t0 and x ∈ Ω0 we have

D−V (t, x(t)) ≤ 0, t 6= τk, k = 1, 2, ...,

V (τk + 0, x(τk) + Ik(x(τk))) ≤ V (τk, x(τk)), k = 1, 2, ....

Then the system (1) is (h0, h)− uniformly stable.

The proof of Theorem 5 could be done in the same way as in Theorem
3(a), using Corollary 1 now.

Theorem 6. Assume the following conditions hold :
1. Conditions 1-3 of Theorem 3 are valid.
2. For each t ≥ t0 and x ∈ ΩA we have

A(t)D−V (t, x(t)) + V (t, x(t))D−A(t)

≤ g(t, A(t)V (t, x(t))), t 6= τk, k = 1, 2, ...,

A(τk + 0)V (τk + 0, x(τk) + Ik(x(τk))) ≤ ψk(A(τk)V (τk, x(τk))), k = 1, 2, ...,

where A : [t0,∞) → (0,∞) is a piecewise continuous function, having points of
discontinuity τk, k = 1, 2, ... of first kind at which it is continuous from the left,
A(τk + 0) > 0, k = 1, 2, ... and A(t) →∞ as t →∞.
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Then, if the zero solution of the equation (2) is stable then the system (1)
is (h0, h)− equiasymptotically stable.

Proof . Let λ = inf
t∈[t0,∞)

A(t). The properties of A mean that λ > 0.

Since the function V is h- positively definite on B(h, ρ), then there exists
a function a ∈ K such that:

V (t, x) ≥ a(h(t, x)) as (t, x) ∈ B(h, ρ). (17)

Moreover V is weakly h0- decrescent and there exist a number δ1 > 0 and
a function b ∈ CK such that

V (t + 0, x) ≤ b(t, h0(t, φ)) as h0(t, φ) < δ1. (18)

Let 0 < ε < ρ0 and t0 ∈ R. We set ε1 = λa(ε).
The stability of the zero solution of the equation (2) implies that there

exists δ∗ = δ∗(t0, ε1) > 0 such that if 0 < u0 < δ∗, then r(t; t0, u0) < ε1, t > t0
where r(t; t0, u0) is the maximal solution of (2) satisfying r(t0 + 0; t0, u0) = u0.
Repeating the proof of Theorem 3(a) and replacing a(ε) with ε1, V (t0 + 0, φ(t0))
with A(t0 + 0)V (t0 + 0, φ(t0)) we obtain that the system (1) is (h0, h)- stable.

Therefore there exists δ0 = δ0(t0, ρ) > 0 such that if max
t0−r≤s≤t0

h0(s, φ(s)) <

δ0 then h(t, x(t; t0, φ)) < ρ as t > t0.
Let δ1 = δ1(t0, ε) > 0 be such that if 0 < u0 < δ1, then r(t; t0, u0) < ε

as t > t0. We can suppose that δ1 is continuous and strictly increasing function
with respect to ε for a fixed t0.

Now we choose the number ε such that

A(t0 + 0)b(t0, δ0) = δ1(t0, ε). (19)

Let x(t) = x(t; t0, φ) be such solution of the system (1) that max
t0−r≤s≤t0

h0(s, φ(s)) <

δ0. It follows from (18) and (19) that

A(t0 + 0)V (t0 + 0, φ(t0)) ≤ A(t0 + 0)b(t0, h0(t0, φ(t0)))

< A(t0 + 0)b(t0, δ0) = δ1

whence
r(t; t0, A(t0 + 0)V (t0 + 0, φ(t0))) < ε. (20)

On the other hand Theorem 2 yields

A(t)V (t, x(t)) ≤ r(t; t0, A(t0 + 0)V (t0 + 0, φ(t0))) (21)
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for all t > t0.
Now (17), (20) and (21) imply

A(t)a(h(t, x(t))) ≤ A(t)V (t, x(t))

≤ r(t; t0, A(t0 + 0)V (t0 + 0, φ(t0))) < ε.

Therefore h(t, x(t)) < a−1(ε/A(t)). Since A(t) → ∞ as t → ∞ it follows
that there exists T ∗ = T ∗(t0, ε) > 0 such that h(t, x(t)) < ε as t > T ∗.

Setting T = T (t0, ε) = T ∗(t0, ε)− t0 we get

h(t, x(t)) < ε as t ≥ t0 + T ,

that proves the (h0, h)- equiattractivity of the system (1).

5. An Example
Let us consider the linear impulsive differential-difference equation

{
ẋ(t) = −ax(t) + bx(t− r), t 6= τk,
∆x(τk) = −αkx(τk), k = 1, 2, ...,

(22)

where a, b, r > 0; 0 ≤ αk ≤ 2, k = 1, 2, ...; 0 < τ1 < τ2 < ... and lim
k→∞

τk = ∞.

Let φ ∈ C[[−r, 0], R]. Denote by x(t) = x(t; t0, φ) the solution of the
equation (22), for which

x(t, 0, φ) = φ(t), t ∈ [−r, 0].

Let h0(t, φ) = ||φ|| = max
t∈[−r,0]

|φ(t)| and h(t, x) = |x|. We consider the

functions A(t) = eαt, α > 0 and V (t, x) = x2. The sets Ω1 and ΩA are defined by

Ω1 =
{
x ∈ PC[R+, R] : x2(s) ≤ x2(t), t− r < s ≤ t

}

and
ΩA =

{
x ∈ PC[R+, R] : eαsx2(s) ≤ eαtx2(t), t− r < s ≤ t

}
.

If t ≥ 0 and x ∈ Ω1 we have

D−V (t, x(t)) = −2ax2(t) + 2bx(t)x(t− r)

≤ 2V (t, x(t))[−a + b], t 6= τk, k = 1, 2, ...
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although t ≥ 0 and x ∈ ΩA imply

A(t)D−V (t, x(t)) + V (t, x(t))D−A(t)

= 2eαtx(t)[−ax(t) + bx(t− r)] + αeαtx2(t)

≤ [−2a + 2b + α]eαtV (t, x(t)), t 6= τk, k = 1, 2, ....

Moreover

V (τk + 0, x(τk)− αkx(τk)) = (1− αk)
2V (τk, x(τk))

≤ V (τk, x(τk)), k = 1, 2, ..., x ∈ Ω1,

A(τk + 0)V (τk + 0, x(τk)− αkx(τk)) = (1− αk)
2A(τk)V (τk, x(τk))

≤ A(τk)V (τk, x(τk)), k = 1, 2, ..., x ∈ ΩA.

Assume the inequality a ≥ b holds. Then Theorem 4(a) with g(t, u) = 0
and Bk(u) = 0, k = 1, 2, ..., shows that the zero solution of the equation (22) is
uniformly stable in a Lyapunov sense.

Let the inequality b ≤ a− ε hold for some positive ε. Applying Theorem
4(b), we obtain that the zero solution of (22) is uniformly asymptotically stable.

If b < 2a−α
2

then the conditions of Theorem 6 are fulfilled as g(t, u) = 0
and Bk(u) = 0, k = 1, 2, .... It follows that the zero solution of (22) is equiasymp-
totically stable.
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1 Introduction

In the absence of deformation and external sources, heat propagation in one spatial
dimension body is governed by the following equation of balance of energy

et + qx = 0, (1.1)

where the internal energy e and the heat flux q are functions of (x, t) and a subscript
denotes a partial derivative with respect to the relevant variable. In Fourier’s theory
of heat conduction, the internal energy depends on the absolute temperature only;
i.e.

e = ê(θ) (1.2)

whereas the heat flux is given by the relation

q = −κ(θ)θx. (1.3)

1
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As a consequence, the system governing the evolution of the heat flux and the absolute
temperature takes the form

q + κ(θ)θx = 0
qx + ê′(θ)θt = 0,

where κ and ê′ are strictly positive functions characterizing the material in consider-
ation. In the case when ê′ and κ are independent of θ we get the familiar linear heat
equation

θt = kθxx, k = κ/ê′.

This equation provides a useful description of heat conduction under a large range
of conditions and predicts an infinite speed of propagation; that is, any thermal
disturbance at one point has an instantaneous effect elsewhere in the body. This is not
always the case. In fact, experiments showed that heat conduction in some dielectric
crystals at low temperatures is free of this paradox (infinite speed propagation) and
disturbances which are almost entirely thermal may propagate in a finite speed. This
phenomenon in dielectric crystals is called second sound.

These observations go back to 1948, when Cattaneo [1] proposed, instead of
Fourier’s law, a new constitutive relation

τ(θ)qt + q = −κ(θ)θx, (1.4)

where τ and κ are strictly positive functions depending on the absolute temperature.
Coleman, Fabrizio, and Owen [4] showed in 1982 that, if (1.4) is adopted then com-
patibility with thermodynamics requires that the internal energy given by (1.3) be
modified. To derive the appropriate form of the internal energy we define the free
energy function by

ψ = e− θη (1.5)

where η is the entropy which satisfies, in the absence of external heat supply, the
growth relation

ηt ≥ −
(
q

θ

)

x
. (1.6)

We then combine (1.1), (1.5), and (1.6) to produce the Clausius-Duhem inequality

ψt + θηt +
qθx

θ
≤ 0. (1.7)

By using a theorem by Coleman and Mizel [2], one can show that a necessary and
sufficient condition for (1.7) to hold is that

ψ = ψ(θ, q) = ψ0(θ) +
1

2
b(θ)q2

η = η(θ, q) = −ψθ(θ, q), (1.8)

where

b(θ) =
τ(θ)

θκ(θ)
.
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The sufficiency of (1.8) is clear by virtue of

ψt + ηθt = b(θ)qqt, (1.9)

which, when combined with (1.4), yields

ψt + ηθt +
qθx

θ
= − q2

κθ
≤ 0 (1.10)

and when combined with (1.1) gives

ηθt = −qx − b(θ)qqt. (1.11)

It also follows from (1.5) and (1.8) that the internal energy has the form

e = ẽ(θ, q) = e0(θ) + a(θ)q2, (1.12)

where a is a function determined by τ and κ; in particular a(θ) > 0.
It is physically reasonable to assume that there exists a temperature θ > 0 such

that if q = 0 and θ = θ then the specific heat, the termal relaxation time, and the
thermal conductivity are positive; i.e.,

e′0(θ) > 0, τ(θ) > 0, κ(θ) > 0. (1.13)

By substituting in (1.1), the expression of e in (1.12), the system governing the
evolution of θ and q becomes

qx + (e′0(θ) + a′(θ)q2)θt + 2a(θ)qqt = 0
τ(θ)qt + q + κ(θ)θx = 0.

(1.14)

So by virtue of (1.13), this system is strictly hyperbolic in a neighborhood V - which
can be taken as small as necessary - of the equilibrium state (θ, 0) .

Global existence and decay of classical solutions to the Cauchy problem, as well as
to some initial boundary value problems, have been established by Coleman, Hrusa,
and Owen [3]. They also showed that (θ, q) tends to the equilibrium state, however no
rate of decay has been discussed. Concerning formation of singularities, Messaoudi
[5] studied the following system

τ(θ)qt + q + κ(θ)θx = 0
e′0(θ)θt + qx = 0

and showed, under the same restrictions on τ , e′0, and κ, that classical solutions of
the Cauchy problem break down in finite time if the initial data are chosen small in
the L∞ norm with large enough derivatives. This result has been later generalized
by the author [6] to a system of the form

σ(e, q)qt + µ(e, q)q = −ex + λ(e, q)qqx (1.15)

et = −qx,
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where σ, µ satisfy

σ(ξ, ζ) ≥ σ > 0, µ(ξ, ζ) ≥ µ > 0, ∀(ξ, ζ) ∈ IR2. (1.16)

We should note here that (1.15) is equivalent to (1.14). For more details, we refer
the reader to [6].

In this article we consider system (1.14) together with the initial-boundary con-
ditions

θ(x, 0) = θ0(x), q(x, 0) = q0(x), x ∈ I = (0, 1) (1.17)

θ(0, t)− θ = θ(1, t)− θ= 0, t ≥ 0 (1.18)

and establish an exponential decay result. In proving this result we make a crucial
use of Poincare ’s inequality to establish some estimates. This of course made our
argument unextendable to unbounded intervals.

2 Exponential Decay

In this section we state and prove our main result.
Theorem. Assume that e′0, a, κ, τ are C2 functions satisfying (1.13). Then there
exists a small positive constant δ such that for any initial data θ0− θ ∈ H2(I)∩H1

0 (I),
q0 ∈ H2(I) satisfying

‖θ0− θ ‖2
2 + ‖q0‖2

2 < δ2, (2.1)

the solution of (1.14), (1.17), (1.18) decays exponentially as t→ +∞.

In order to carry out the proof, we consider another problem which agrees with
(1.14), (1.17), (1.18) when (θ, q) are close enough to the equilibrium state (θ, 0). For
this purpose, we introduce the functions A,B,C,D satisfying the following hypothe-
ses

h1) A,B ∈ C2
b (IR

2) and C,D,E ∈ C2
b (IR2) such that

A(ξ) =
κ(ξ)

τ(ξ)
, B(ξ) =

1

τ(ξ)
, C(ξ, ζ) =

1

e′0(ξ) + a′(ξ)ζ2

D(ξ, ζ) =
2a(ξ)κ(ξ)

(e′0(ξ) + a′(ξ)ζ2)τ(ξ)
, E(ξ, ζ) =

2a(ξ)κ(ξ)ζ

(e′0(ξ) + a′(ξ)ζ2)τ(ξ)

∀(ξ, ζ) ∈ V.

h2) A(ξ) ≥ A > 0, B(ξ) ≥ B > 0, C(ξ, η) ≥ C > 0..

Here C2
b denotes the space of continuous and bounded functions, as well as, their

first and second order derivatives. We note that functions with these properties can
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be constructed by virtue of (1.13). Therefore, instead of (1.14), (1.17), (1.18), we
consider the following problem

qt = −A(θ)θx − B(θ)q (2.2)

θt = −C(θ)qx +D(θ, q)q2 + E(θ, q)θx, x ∈ I t > 0. (2.3)

θ(x, 0) = θ0(x), q(x, 0) = q0(x), x ∈ I (2.4)

θ(0, t)− θ = θ(1, t)− θ= 0, t ≥ 0 (2.5)

Remark. If (θ, q) is a solution of (2.2) – (2.5), which remains in V then by virtue of
(h2), it is also a solution to (1.14), (1.17), (1.18).

We set

E(t) : =
∫ ∞

−∞
[(θ− θ)

2 + θ2
t + θ2

x + θ2
xt + θ2

xx + θ2
tt + q2 + q2

t

+ q2
x + q2

xt + q2
xx + q2

tt](x, t)dx, (2.6)

Λ(t) : =
∫ ∞

−∞
A(θ)[(θ− θ)

2 + θ2
t + θ2

tt](x, t)dx (2.7)

+
∫ ∞

−∞
C(θ)[q2 + q2

t + q2
tt)(x, t)dx,

and
α(t) := max

x

[
(|θ− θ | + |θx| + |θt| + |q| + |qt| + |qx|)(x, t)

]
(2.8)

Proof.
We multiply (2.2) by C(θ)q and (2.3) by A(θ)(θ− θ) integrate over I, use inte-

gration by parts, and add equalities, to get

d

dt
{1

2

∫ 1

0
[A(θ− θ)

2 + Cq2]dx} ≤ −
∫ 1

0
CBq2 + Γα(t)E(t) (2.9)

where Γ is a generic positive constant independent of θ, q, and t. We then differentiate
(2.2), (2.3) with respect to t ; hence we have

qtt = −Aθxt − Atθx −Bqt −Btq (2.10)

θtt = −Cqxt − Ctqx +Dtq
2 + 2Dqqt + Etθx + Eθxt. (2.11)

We multiply (2.10) by Cqt and (2.11) by Aθt integrate over I, use integration by
parts, and add equalities, to obtain

d

dt
{1

2

∫ 1

0
[Aθ2

t + Cq2
t ]dx} ≤ −

∫ 1

0
CBq2

t + Γ[α(t) + α2(t)]E(t). (2.12)

To establish bounds on terms involving θtt and qtt, we introduce a difference operator
∆h as follows : for h > 0, we set

∆hW (x, t) = W (x, t+ h) −W (x, t), x ∈ I, t ≥ 0. (2.13)
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We apply the above operator to equations (2.10), (2.11), multiply the resulting equal-
ities by C(θ)∆hqt and A∆hθt respectively, integrate over I, and add the inequalities.
After a number of integrations, using integration by parts, we divide by h2 and let h
go to zero. Thus we get

d

dt
{1

2

∫ 1

0
[Aθ2

tt + Cq2
tt]dx} ≤ −

∫ 1

0
CBq2

tt (2.14)

+Γ[α(t) + α2(t) + α3(t)]E(t).

Therefore, by combining (2.9), (2.12), and (2.14) we obtain

Λ′ ≤ −2
∫ 1

0
CB[q2 + q2

t + q2
tt]dx + Γ[α(t) + α2(t) + α4(t)]E(t). (2.15)

Next we show that, for (θ, q) ∈ V, Λ is equivalent to E . For this purpose we use
equations (2.2), (2.3), (2.10), (2.11), and the hypotheses (h1), (h2) to arrive at

∫ 1

0
[θ2

x + q2
x + θ2

xt + q2
xt]dx ≤ c1

∫ 1

0
[q2 + q2

t + q2
tt + dx+ θ2

t + θ2
tt]dx (2.16)

+c1[1 + α2(t) + α4(t)]Λ(t).

We then differentiate (2.2), (2.3) with respect to x and use the resulting equations to
get ∫ 1

0
[θ2

xx + q2
xx]dx ≤ c1[1 + α2(t) + α4(t)]Λ(t) (2.17)

Therefore, a combination of (2.16) and (2.17) yields

c1Λ(t) ≤ E(t) ≤ c2{1 + α2(t) + α4(t)}Λ(t) (2.18)

where c1, c2 are constants independent of t; hence (2.15) takes the form

Λ′(t) ≤ −2a
∫ 1

0

(
q2 + q2

t + q2
tt

)
dx + Γα(t){1 + α7(t)}Λ(t). (2.19)

For further estimate, we multiply (2.3) by θt and integrate over I; so we have

∫ 1

0
θ2

t dx ≤ −
∫ 1

0
Cqxθtdx+ Γα(t){1 + α7(t)}Λ(t)

≤
∫ 1

0
Cqθxtdx+ Γα(t){1 + α7(t)}Λ(t) (2.20)

≤ d

dt

∫ 1

0
Cqθxdx−

∫ 1

0
Cqtθxdx+ Γα(t){1 + α7(t)}Λ(t)

which implies, by virtue of (2.2), that

∫ 1

0
θ2

t dx−
d

dt

∫ 1

0
Cqθxdx ≤ c

∫ ∞

−∞

(
q2 + q2

t

)
dx+ Γα(t){1 + α7(t)}Λ(t). (2.21)

A similar treatment to (2.11) leads to

∫ 1

0
θ2

ttdx−
d

dt

∫ 1

0
Cqtθxtdx ≤ c

∫ ∞

−∞

(
q2
t + q2

tt

)
dx + Γα(t){1 + α7(t)}Λ(t). (2.22)
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Also, Poincaré ’ s inequality and equation (2.2) give

∫ 1

0
(θ− θ)

2dx ≤ c
∫ ∞

−∞

(
q2 + q2

t

)
dx (2.23)

Thus (2.21), (2.22) and (2.23) yield

∫ 1

0
[(θ− θ)

2 + θ2
t + θ2

tt]dx−G
′
(t) ≤ c

∫ ∞

−∞

(
q2 + q2

t + q2
tt

)
dx

+Γα(t){1 + α7(t)}Λ(t), (2.24)

where

G(t) =
∫ 1

0
C[qθx + qtθxt]dx

We also define F = Λ − εG, for ε so small that, by virtue of the definitions of Λ, G,
(h1), and (h2), we obtain

c3Λ(t) ≤ F (t) ≤ c4Λ(t)

where c3, c4 are constants independent of t. Therefore a combination of (2.15) and
(2.24), using (h2) and choosing ε as small as necessary, leads to

F
′
(t) ≤ −bF (t) + Γα(t){1 + α7(t)}F (t), (2.25)

for some constant b > 0. We also note that, by the standard Sobolev embedding

inequalities we have α(t) ≤
√

2E(t). So by choosing δ in (2.1) so small that (θ0, q0) ∈ V
and Γα(0){1+α7(0)} < b/2, the continuity yields (θ, q) ∈ V and Γα(t){1+α7(t)} <
b/2, ∀t ∈ [0, t0); consequently relation (2.25) yields

F ′(t) < − b
2
F (t), ∀t ∈ [0, t0) (2.26)

Direct integration of (2.26) over (0, t) then yields

F (t) ≤ F (0)e−bt/2, ∀t ∈ [0, t0); (2.27)

hence F (t) ≤ F (0) and we can extend (2.27) beyond t0. By repeating the same
procedure, taking δ even smaller if necessary, and using the continuity of F , (2.27) is
established for all t ≥ 0. This completes the proof.
Acknowledgment This work has been funded by King Fahd University of Petroleum
& Minerals under Project # MS/SOUND/238.
References

1. C. Cattaneo, Sulla conduzione del calore, Atti Sem. Math. Fis Univ. Modena
3, 83-101 (1948).

2. B. D. Coleman and V. Mizel, Thermodynamic and departure from Fourier’s
law of heat conduction, Arch. Rational Mech. Anal. 13, 245 - 261 (1963).

ASYMPTOTIC STABILITY OF SOLUTIONS OF A SYSTEM... 255



3. B. D. Coleman, W. J. Hrusa, and D. R. Owen, Stability of equilibrium for a
nonlinear hyperbolic system describing heat propagation by second sound in
solids, Arch. Rational Mech. Anal. 94, 267–289 (1986).

4. B. D. Coleman, M. Fabrizio, and D. R. Owen, On the thermodynamics of second
sound in dielectric crystals, Arch. Rational Mech. Analysis 80, 135–158 (1982).

5. S. A. Messaoudi, Formation of singularities in heat propagation guided by sec-
ond sound, J. Diff. Eqns. 130, 92–99 (1996).

6. S. A. Messaoudi, On the existence and nonexistence of solutions of a nonlin-
ear hyperbolic system describing heat propagation by second sound, Applicable
Analysis 73, 485-496 (1999).

S.MESSAOUDI256



Necessary conditions for the matrix equation

AXB + CXD = E to be consistent

Yongge Tian
Department of Mathematics and Statistics, Queen’s University

Kingston, Ontario, Canada K7L 3N6 E-mail: ytian@mast.queensu.ca

Abstract. Matrix equivalence can be used to characterize consistency of
linear matrix equations. The well-known Roth’s equivalence theorem states
that the matrix equation AX + Y B = C is solvable for X and Y if and only if[

A C
0 B

]
and

[
A 0
0 B

]
are equivalent, i.e., rank

[
A C
0 B

]
= rank

[
A 0
0 B

]
. In

this note, we partially extend the work to the matrix equation AXB+CXD = E
and show a group of rank equalities which are necessary for AXB + CXD = E
to be consistent.

AMS subject classifications: 15A24.
Key words: matrix equivalence, rank equality, matrix equation, consistency.
In matrix theory it is well known that the matrix equation AX − Y B = C is
solvable for X and Y if and only if[

A C
0 B

]
is equivalent to

[
A 0
0 B

]
, (1)

or equivalently

rank
[

A C
0 B

]
= rank

[
A 0
0 B

]
, (2)

see [14]. This result is often called Roth’s equivalence theorem, and was revisited
by lots of authors, see, e.g., [3, 5, 6, 7, 11, 16]). Roth also showed in [14] that
the Sylvester equation AX −XB = C is solvable for X if and only if[

A C
0 B

]
is similar to

[
A 0
0 B

]
. (3)

This result is often called Roth’s removal theorem.
Roth’s work was extented to various general settings. For example, it was

shown by Özgüler [13] that there exist X and Y such that AXB + CY D = E
if and only if the four independent rank equalities

r[A, C, E ] = r[A, C], r

 B
D
E

 = r

[
B
D

]
, (4)

1
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r

[
A E
0 D

]
= r(A) + r(D), r

[
C E
0 B

]
= r(C) + r(B) (5)

hold, where r(·) denotes the rank of a matrix. This work is extented to the
linear matrix equation A1X1B1 + A2X2B2 + A3X3B3 = C by the author [15].
On the other hand, the consistency and solution of the matrix equation

AXB + CXD = E (6)

was also examined through various methods, see, e.g., [1, 2, 4, 8, 10, 12].
A powerful method in solving linear matrix equations is the well-known vec

operation and Kronecker product of matrices. Any linear matrix equation can
be converted through the method to a trivial form Mx = b (see [9]). However,
it is difficult in general to remove the vec operation and Kronecker product
from the consistency condition and solution of Mx = b. Hence it is unknown at
present how to characterize the consistency of the equation (6) using equivalence
and similarity of matrices.

In this note, we show some partial results associated with the consistency of
the equation (6).

Theorem. Let A, C be m× p matrices, B, D be q×n matrices, and E be an
m × n matrix over an arbitrary field F. If there is an matrix X satisfying the
equation (6), then A, B, C, D and E satisfy the following rank equalities

r[A, C, E ] = r[A, C, 0 ], r

 B
D
E

 = r

 B
D
0

, (7)

r

[
A E
0 D

]
= r

[
A 0
0 D

]
, r

[
C E
0 B

]
= r

[
C 0
0 B

]
, (8)

r

[
M1k Ek

0 N1k

]
= r

[
M1k 0

0 N1k

]
, r

[
M2k Ek

0 N2k

]
= r

[
M2k 0

0 N2k

]
, (9)

r

[
M3k Ek

0 N3k

]
= r

[
M3k 0

0 N3k

]
, r

[
M4k Ek

0 N4k

]
= r

[
M4k 0

0 N4k

]
, (10)

for k = 2, 3, ..., where

Ek =


E

−E
. . .

(−1)k+1E


k×k

, M1k =


A C

A C
. . . . . .

A C


k×(k+1)

,

N2k =


D B

D B
. . . . . .

D B


(k−1)×k

, M2k =



A
C A

C
. . .
. . . A

C


k×(k−1)

,

2
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N2k =



D
B D

B
. . .
. . . D

B


(k+1)×k

, M3k =


A C

A
. . .
. . . C

A


k×k

,

N3k =


D B

D
. . .
. . . B

D


k×k

, M4k =


C A

C
. . .
. . . A

C


k×k

,

N4k =


B D

B
. . .
. . . D

B


k×k

.

Proof. The four rank equalities in (7) and (8) come directly from (4) and (5),
because the consistency of the equation (6) implies the consistency of AXB +
CY D = E. We next show that the rank equalities in (9) and (10) hold for any
k. Suppose the equation (6) has a solution X0, that is, AX0B + CX0D = E.
In this case, construct two nonsingular block matrices as follows

P1k =



Im 0
Im AX0

Im −AX0

. . . . . .
Im (−1)kAX0

Iq

Iq

. . .
Iq


(2k−1)×(2k−1)

,

Q1k =



Ip −X0B
Ip −X0D

Ip X0D
. . . . . .

Ip (−1)kX0D
In

In

. . .
In


(2k+1)×(2k+1)

,

3
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and calculate to yield the equality

P1k

[
M1k Ek

0 N1k

]
Q1k =

[
M1k 0

0 N1k

]
,

which is equivalent to the first rank equality in (9). Let

P3k

=



Im 0
Im AX0

Im −AX0

. . . . . .
Im (−1)kAX0 (−1)kCX0

Iq

Iq

. . .
Iq

Iq


2k×2k

,

Q3k =



Ip −X0B
Ip −X0D

Ip X0D
. . . . . .

Ip (−1)k−1X0D 0
In

In

. . .
In

In


2k×2k

,

and calculate to yield the equality

P3k

[
M3k Ek

0 N3k

]
Q3k =

[
M3k 0

0 N3k

]
,

which is the first rank equality in (10). The other two rank equalities in (9) and
(10) can be shown by a similar approach. Their proofs are omitted here. 2

When k = 2, the four rank equalities in (9) and (10) become

r

A C 0 E 0
0 A C 0 −E
0 0 0 D B

 = r

A C 0 0 0
0 A C 0 0
0 0 0 D B

, (11)

r


A E 0
C 0 −E
0 D 0
0 B D
0 0 B

 = r


A 0 0
C 0 0
0 D 0
0 B D
0 0 B

, (12)

4
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r


A C E 0
0 A 0 −E
0 0 D B
0 0 0 D

 = r


A C 0 0
0 A 0 0
0 0 D B
0 0 0 D

, (13)

r


C A E 0
0 C 0 −E
0 0 B D
0 0 0 B

 = r


C A 0 0
0 C 0 0
0 0 B D
0 0 0 B

. (14)

When k = 3, the four rank equalities in (9) and (10) become

r


A C 0 0 E 0 0
0 A C 0 0 −E 0
0 0 A C 0 0 E
0 0 0 0 D B 0
0 0 0 0 0 D B

 = r


A C 0 0 0 0 0
0 A C 0 0 0 0
0 0 A C 0 0 0
0 0 0 0 D B 0
0 0 0 0 0 D B

, (15)

r



A 0 E 0 0
C A 0 −E 0
0 C 0 0 E
0 0 D 0 0
0 0 B D 0
0 0 0 B D
0 0 0 0 B


= r



A 0 0 0 0
C A 0 0 0
0 C 0 0 0
0 0 D 0 0
0 0 B D 0
0 0 0 B D
0 0 0 0 B


, (16)

r


A C 0 E 0 0
0 A C 0 −E 0
0 0 A 0 0 E
0 0 0 D B 0
0 0 0 0 D B
0 0 0 0 0 D

 = r


A C 0 0 0 0
0 A C 0 0 0
0 0 A 0 0 0
0 0 0 D B 0
0 0 0 0 D B
0 0 0 0 0 D

, (17)

r


C A 0 E 0 0
0 C A 0 −E 0
0 0 C 0 0 E
0 0 0 B D 0
0 0 0 0 B D
0 0 0 0 0 B

 = r


C A 0 0 0 0
0 C A 0 0 0
0 0 C 0 0 0
0 0 0 B D 0
0 0 0 0 B D
0 0 0 0 0 B

 . (18)

Since there are infinitely-many rank equalities in (9) and (10), it is needed
to consider the independence of these rank equalities. It can be seen from the
structure of (7)–(10) that for any given k ≥ 2, the six rank equalities in them are
independent in general, that is to say, any one or some of six rank equalities do
not imply other rank equalities. Moreover, we guess that for all k ≤ min{p, q},
the equivalences in (7)–(10) are all independent. But for k > min{p, q}, nothing
can be said about the independence of the rank equalities in (9) and (10).
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The discovery of the four types of rank equalities in (9) and (10) is somewhat
of surprise for the equation (6). As a matter of fact, if any one of these equiv-
alences is not satisfied, then (6) is not solvable for X. Thus when examining
the consistency of (6), one should sufficiently consider the rank equalities in (9)
and (10), although they are not sufficient conditions for (6) to be consistent.
Following this remarks, it is worth considering the following two problems:

(I) What conditions together with (7)–(10) are necessary and sufficient for
(6) to be consistent?

(II) Under what conditions, the rank equalities in (7)–(10) are sufficient for
(6) to be consistent?

For Problem (I), we can say nothing at present. Although it is best known
that the equation (6) is solvable if and only if the conventional system of linear
equations [ (BT ⊗ A) + (DT ⊗ C) ]

−→
X =

−→
E is solvable, one can hardly establish

any essential relationship between (7)–(10) and the solvability of the system of
equations. For Problem (II), we have the following conjectures.

Conjecture 1. Under the condition

R(A) ∩R(C) = {0}, or R(BT ) ∩R(DT ) = {0}, (19)

where R(·) denotes the range (column space) of a matrix, there is an X such
that AXB + CXD = E if and only if the eight rank equalities in (7), (8),
(11)–(14) hold.

Conjecture 2. Under the condition

r

[
A C 0
0 A C

]
= r

[
A C
0 A

]
+ r

[
C 0
A C

]
− r

[
C
A

]
, (20)

or

r

 B 0
D B
0 D

 = r

[
B 0
D B

]
+ r

[
D B
0 D

]
− r[D, B ], (21)

there is an X such that AXB + CXD = E if and only if the twelve rank
equalities in (7), (8) and (11)–(18) hold.

When both B and C are identity matrices in the equation (6), Conjecture 2
reduces to the following form.

Conjecture 3. Under the condition A2 = 0 or D2 = 0, the matrix equation
AX −XD = E is solvable if and only if

r

[
A E
0 D

]
= r

[
A 0
0 D

]
, r

[
A E
0 D

]2

= r

[
A 0
0 D

]2

, r

[
A E
0 D

]3

= r

[
A 0
0 D

]3

,

(22)
or equivalently, the two statements in (3) and (22) are equivalent.

6
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Parameter Estimationin aNonlinear Phytoplankton Aggregation ModelRobert R. FerdinandDepartment of MathematicsEast Central UniversityAda, OK 74820-6899February 14, 2006AbstractIn this paper, a model describing phytoplankton population dynamics in an environment is presented.An implicit �nite di�erence scheme is used to approximate solution of this model. Then an inversemethod procedure, involving the minimization of a least squares cost functional, is used to estimatecertain model parameters using computationally generated data. Further, convergence results for theseparameter estimates are established and �nally, numerical examples are presented which con�rm thetheoretical results proved.Mathematics Subject Classi�cation Numbers: 35L60, 35L65, 65K10, 65N06, 65N12, 65N21Key Words: Finite Di�erence, Hyperbolic PDE, Inverse Problem, Parameter Estimation1 IntroductionThe nonlinear, nonlocal, hyperbolic partial di�erential equation model (1.1) shown below, describes dynamicsof phytoplankton population with aggregation in an ocean environment.8>>>>>><>>>>>>: ut + (g(x; P (t))u)x = F (u)� w(x)u (t; x) 2 (0; T ]� (0; xmax]g(0; P (t))u(0; t) = Z xmax0 �(x; P (t))u(t; x)dx t 2 (0; T ]u(0; x) = u0(x) x 2 [0; xmax] (1:1)where F (u) = 12 Z x0 �(x� y; y)u(t; x� y)u(t; y)dy � u(t; x) Z xmax0 �(x; y)u(t; y)dyis the nonlinear aggregation term and P (t) = Z xmax0 u(t; x)dxrepresents total phytoplankton population at time t. u(t; x) denotes population density of phytoplanktonhaving size x at time t, while parameters g and � denote growth and reproduction rates of an individual,respectively. It may be noted that both g and � are functions of size x and total population P . w(x) is thesinking/mortality rate of phytoplankton having size x, while �(x; y) is the rate at which an individual of size1
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x coalesces with an individual of size y, when they come into contact upon collision. Finally, u0 is the initialpopulation distribution.It may be worthwhile to mention that the above model contains an all important nonlinear aggrega-tion/reaction term F (u) which represents the coalescing of particles upon collision in an ocean. This causesthe parameter estimation problem associated with this model to be di�erent from any of those discussed in[1, 2, 6, 7, 8, 14].This particular model (1.1) was �rst presented in [4]. In that paper, an implicit �nite di�erence schemewas used to approximate model solution and convergence of the numerical approximants to a unique, boundedvariation, weak solution was shown.In (1.1), parameters such as the growth and reproduction functions represent physiologically signi�cantprocesses in the life cycle of phytoplankton. Hence, a need arises for one to be able to numerically estimateparameters such as these.The procedure employed to identify function parameters involves comparing observed phytoplanktondensities with solution output of the model and minimizing a least-squares cost functional in the process.A minimizer to this cost functional is computed numerically and its convergence to a minimizer of theoriginal least-squares cost functional is shown theoretically. This method has been implemented successfullyin several other phytoplankton population models (see [1, 2, 6, 7, 8, 14]).Hence the following parameter identi�cation problem presents itself:� Given observations �r, corresponding to total population of phytoplankton in the interval [0; xmax] attime tr; r = 0; � � � ; R, �nd a parameter q = �g; �; w; �; u0� 2 Q which minimizes the following leastsquares cost functional or minq2Q J (q) = RXr=0 ����Z xmax0 u(tr; x; q)dx ��r����2 ; (1:2)where u(t; x; q) represents the parameter dependent solution of model equation (1.1) and Q representsan in�nite dimensional parameter space.This paper is organized as follows. In section 2, an inverse problem approximation method which numer-ically estimates parameter q is described, while section 3 deals with proving convergence results of computedminimizers to a minimizer of the original least squares problem. In section 4, numerical results are presentedand future research issues are addressed in section 5.2 Approximating Parameters Numerically using Inverse MethodThe following regularity conditions are imposed on the in�nite dimensional parameter space Q.(BQ) We de�ne the spaceD = C1;0 (
)� C (
)� C [0; xmax]� C ([0; xmax]� [0; xmax])� L1 (0; xmax) :Here 
 = [0; xmax]� [0;1). The admissible parameter space Q is thus a compact subset of D whichsatis�es the following conditions uniformly in q for all q 2 Q.(Bg) Growth function g(x; P ) is twice continuously di�erentiable with respect to x and continuouslydi�erentiable with respect to P . Also, g > 0 for x 2 [0; xmax) and g(xmax; P ) = 0. Finally,jgj+ jgxj+ jgP j+ jgxxj+ jgxP j � A1;
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where A1 is a �xed constant.(B�) �(x; P ) is non-negative and continuously di�erentiable with respect to x and P . Further,j�j+ j�xj+ j�P j � A2;A2 being a �xed constant.(Bw) w(x) is a non-negative continuously di�erentiable function and jw(x)j � A3, where A3 is a �xedconstant.(B�) �(x; y), the aggregation kernel, is non-negative and continuously di�erentiable with k�kC1 � A4.Further, 8<: �(x; y) � 0 ; x+ y � xmax�(x; y) = 0 ; x+ y > xmax:(Bu0) Initial condition u0 (x) 2 BV (0; xmax) \ L1 (0; xmax) and u0 (x) � 0.In this paper, techniques similar to those used in [3, 13] will be used to establish convergence of computedminimizers for the inverse problem (1.2) and (1.1).We begin by de�ning a parameter dependent weak solution u(t; x; q) to the partial di�erential equationmodel (1.1) as a bounded measurable function satisfyingZ xmax0 u(t; x; q)�(t; x)dx � Z xmax0 u0(x)�(0; x)dx= Z t0 Z xmax0 u (�s + g�x � w�) dxds+Z t0 �(s; 0)�Z xmax0 �(x; P (s; q))u(s; x; q)dx� ds+Z t0 Z xmax0 F (u (s; x; q))�dxds; (2:1)
for t 2 [0; T ] and each function � 2 C1 ((0; T )� (0; xmax)).The �rst step taken while solving the least squares problem involves approximating the solution ofequation (1.1) numerically, which is carried out as follows: Let�x = xmaxN and �t = T�represent the space and time mesh sizes, respectively. The mesh points are given as xj = j�x, j = 0; � � � ; Nand tk = k�t, k = 0; � � � ;�. Also, the �nite di�erence approximations of u(tk; xj ; q) and P (tk; q) are denotedby ukj (q) and P k(q), respectively. Further,gkj = g �xj ; P k (q)� ; �kj = � �xj ; P k (q)� ; wj = w (xj) and �i;j = � (xi; xj)represent discrete notations for functions g, �, w and � in (1.1), respectively.The model equation (1.1) is approximated using the implicit �nite di�erence scheme described in [4] andgiven below.
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8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:
uk+1j (q)� ukj (q)�t + gkj uk+1j (q)� gkj�1uk+1j�1 (q)�x + wjuk+1j (q)+uk+1j (q) NXl=1�j;lukl (q) �x = hkj (q)gk0 uk+10 (q) = NXi=1�ki uk+1i (q) �xP k+1 (q) = NXj=1uk+1j (q)�x;

(2:2)
where hkj (q) = 12 jXm=1 �j�m;mukj�m (q)ukm (q)�x;with initial condition u0j = 1�x Z j�x(j�1)�x u0(x)dx j = 1; � � � ; N:The `1, `1 and BV norms are de�ned as

uk (q)

1 = NXj=1 ��ukj (q)���x; 

uk (q)

1 = maxj=0;���;N ��ukj (q)��and 

uk (q)

BV = NXj=1 ��D�h �ukj (q)����x; respectively;where D�h �ukj (q)� = ukj (q)� ukj�1 (q)�x ; 1 � j � N:The following restrictions are also required for convergence of the above �nite di�erence scheme (2.2):(Bmesh) 8>>>><>>>>: �x�kjgk0 + �t�xgkj �1 + �t�xgkj+1 +�twj+1��1 < 1 j = 0; � � � ; N � 1�x�kNgk0 < 1 j = N:(Bother) �1 and �2 are two constants satisfyingsup(x;P )2[0;xmax)�[0;1) f�(x; P )� w(x)g � �1and sup(x;P )2[0;xmax)�[0;1) ����g(x+ Æ; P )� g(x; P )Æ + w(x)���� � �2;for suÆciently small Æ > 0. Finally, max (�1; �2)�t < 1.
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The above implicit �nite di�erence scheme was developed in [4, 5], where non-negativity and stability ofthis numerical method for suitably small �t and �x was proved. Further, the convergence of this schemeto a unique, bounded variation, weak solution of equation (1.1) was also shown. Hence the following re-sult, concerning existence-uniqueness of the weak solution de�ned in equation (2.1) below, is recalled from [4].Theorem 2.1. For any �xed q 2 Q, equation (1.1) has a unique, bounded variation, weak solution.Now the di�erence approximations �ukj (q)	 may be extended to a family of functions on [0; T ]� [0; xmax]by de�ningU�t;�x (t; x; q) = ukj (q) ; (t; x) 2 [tk�1; tk)� [xj�1; xj) ; k = 1; � � � ;� and j = 1; � � � ; N:The second step in solving the least squares minimization problem involves approximating the in�nitedimensional parameter space Q by a sequence �QM	 of �nite dimensional compact subsets of Q.Thus, for computational purposes, one attempts to minimize the following approximate �nite dimensionalcost functional J�t;�x �qM� de�ned as:J�t;�x �qM� = RXr=0 ����Z xmax0 U�t;�x(tr; x; qM )dx��r����2 (2:3)over QM , where qM 2 QM .In the next section, the focus shall be on establishing convergence of minimizers of the approximatedleast squares problem (2.3) to a minimizer of the original least squares problem (1.2).3 Convergence Results for ParametersInvestigation of convergence begins by proving that if there is a sequence of parameters �qM	, whereqM 2 QM , then the limit of the numerical solution of (2.2) corresponding to parameter qM is the uniqueBV weak solution of (1.1) corresponding to parameter qM .Theorem 3.1. Let U�t;�x �t; x; qM� denote solution of �nite di�erence equation (2.2) corresponding toparameter qM and let u(t; x; qM ) be the unique, bounded variation, weak solution of equation (1.1), corre-sponding to parameter qM . Then U�t;�x �t; �; qM�! u(t; �; qM ), in L1 (0; xmax), uniformly for all t 2 [0; T ],when �t; �x! 0.Proof: Following [3], de�ne uk;Mj = ukj �qM�. Using assumptions on parameter space Q and proofs in[4], it can be seen that quantities 

uk;M

1 and 

uk;M

BV are bounded, independent of M , �t and �x.Further, from [4], the approximants nuk;Mj o can be shown to satisfy the following Lipschitz condition in t:NXj=1 �����u�;Mj � u
;Mj�t ������x � A5 (�� 
) ;where A5 is a �xed constant. Following procedures such as those given in [18], page 276, it can be shownthat the approximants nuk;Mj o which represent the family of functions U�t;�x �t; x; qM� on [0; T ]� [0; xmax],converge to a bounded variation function eu �t; x; qM� (along a subsequence) in L1 (0; xmax), uniformly int. Using uniqueness of this bounded variation solution stated in Theorem 2.1., it is only required to beshown that this solution eu �t; x; qM� is a weak solution of equation (1.1) corresponding to parameter qM ,
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which will establish the result. To achieve this, multiply equation (2.2) corresponding to parameter qMby �k+1j �t�x = � (tk+1; xj)�t�x where � 2 C1 ((0; T )� (0; xmax)). Sum over indices j = 1; � � � ; N andk = 1; � � � ; � and use elementary algebraic manipulations to obtain the following for each 0 � � � �.NXj=1 �u�+1;Mj ��+1j � u0;Mj �0j��x� �Xk=1�k+10 NXj=1�k;Mj uk+1;Mj �x�t� �Xk=1 NXj=1 "uk;Mj  �k+1j � �kj�t !+ gk;Mj�1 uk+1;Mj�1  �k+1j � �k+1j�1�x !� wMj uk+1;Mj �k+1j #�x�t= �Xk=1 NXj=1�k+1j "12 jXl=1�Mj�l;luk;Mj�l uk;Ml �x� uk+1;Mj NXl=1�Mj;luk;Ml �x#�x�t: (3:1)
Using techniques similar to those used in [11, 15, 18], it is seen that equation (3.1) converges to:Z xmax0 eu �t; x; qM��(t; x)dx � Z xmax0 u0(x)�(0; x)dx= Z t0 Z xmax0 eu (�s + g�x � w�) dxds+Z t0 �(s; 0)�Z xmax0 � �x; P �s; qM�� eu �s; x; qM� dx� ds+Z t0 Z xmax0 F �eu �s; x; qM���dxds:Hence the limit function eu �t; x; qM� is indeed the unique, bounded variation, weak solution of (1.1) corre-sponding to parameter qM . This proves the theorem.The following result follows from Theorem 3.1.Corollary 3.2. J�t;�x �qM�! J �qM� when �t;�x! 0.Proof: Follows from Theorem 3.1.In the next theorem we show continuity of the approximate cost functional J in order to show the exis-tence of a minimizer for the same.Theorem 3.3. For �xed values of �t and �x, let U�t;�x(t; x; qM ) and U�t;�x(t; x; q) be solutions of the�nite di�erence equation (2.2) corresponding to parameters qM and q, respectively. Secondly, let u(t; x; qM )and u(t; x; q) be unique, bounded variation, weak solutions of (1.1) corresponding to parameters qM and q,respectively. Finally, let qM ! q in Q, when M !1. Then(a) U�t;�x(t; �; qM )! U�t;�x(t; �; q) in L1(0; xmax), uniformly in t 2 [0; T ].(b) u(t; �; qM )! u(t; �; q) in L1 (0; xmax), uniformly in t 2 [0; T ], when �t;�x! 0.Proof: Let nuk;Mj o and �ukj	 denote the solutions U�t;�x(t; x; qM ) and U�t;�x(t; x; q), respectively, of the�nite di�erence equation (2.2) corresponding to parameters qM and q, respectively. Then, using techniques
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similar to those used in lemma 16.6 of [18] and [4], let vk;Mj = uk;Mj � ukj for k = 0; � � � ;� and j = 0; � � � ; N .The following system of di�erence equations hence follows:vk+1;Mj � vk;Mj�t +D�h �gM (xj ; P k;M )uk+1;Mj � g(xj ; P k)uk+1j �+ �wMj uk+1;Mj � wjuk+1j �= 12  jXl=1�Mj�l;luk;Mj�l uk;Ml �x � jXl=1�j�l;lukj�lukl�x!� NXl=1�Mj;luk+1;Mj uk;Ml �x+ NXl=1�j;luk+1j ukl�x (3:2)with boundary conditiongM (0; P k;M )uk+1;M0 � g(0; P k)uk+10 = NXi=1�M �xi; P k;M� vk+1;Mi �x+ NXi=1 ��M (xi; P k;M )� �(xi; P k)�uk+1i �x: (3:3)Multiply equation (3.2) by �x sgn �vk+1;Mj � and sum over indices j = 1; � � � ; N . Further, use notation wMjfor wM (xj), �Mj;k for �M (xj ; xk) and so on to obtain

vk+1;M

1 � 

vk;M

1�t � � NXj=1D�h �gM �xj ; P k;M�uk+1;Mj � g �xj ; P k�uk+1j ��x sgn �vk+1;Mj �+ NXj=1 �wjuk+1j � wMj uk+1;Mj ��x sgn �vk+1;Mj �+12 NXj=1 jXl=1�Mj�l;luk;Mj�l uk;Ml �x� jXl=1�j�l;lukj�lukl�x!�x sgn �vk+1;Mj �+ NXj=1 � NXl=1�Mj;luk+1;Mj uk;Ml �x+ NXl=1�j;luk+1j ukl�x!�x sgn �vk+1;Mj �= I + II + III + IV:Adding and subtracting terms leads toI = � NXj=1D�h �gM �xj ; P k;M� vk+1;Mj ��x sgn�vk+1;Mj �+ NXj=1D�h ��gM �xj ; P k;M�� g �xj ; P k��uk+1j ��x sgn�vk+1;Mj �= i+ ii:De�nition of D�h operator givesi = gM �0; P k;M� vk+1;M0 sgn�vk+1;M1 �� 2 Xj2JumpgM �xj ; P k;M� ���vk+1;Mj ���� gM �0; P k;M� vk+1;M0 sgn�vk+1;M1 � � ���gM �0; P k;M� vk+1;M0 ���
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where Jump = n1 � j � N � 1 : vk+1;Mj � vk+1;Mj+1 < 0o.Boundary condition equation (3.3) is used to obtain a bound on the term ���gM �0; P k;M� vk+1;M0 ���.gM �0; P k;M� vk+1;M0 = �g �0; P k�� gM �0; P k;M��uk+10 + NXi=1�M �xi; P k;M� vk+1;Mi �x+ NXi=1 ��M �xi; P k;M�� � �xi; P k��uk+1i �x:Hence,���gM �0; P k;M� vk+1;M0 ��� � ��g �0; P k�� gM �0; P k;M��� 

uk+1

1 + 

�M

1 

vk+1;M

1+ ���M �xi; P k;M�� � �xi; P k��� 

uk+1

1� ��g �0; P k�� gM �0; P k��� 

uk+1

1 + ��gM �0; P k�� gM �0; P k;M��� 

uk+1

1+ 

�M

1 

vk+1;M

1 + ���M �xi; P k;M�� �M �xi; P k��� 

uk+1

1+ ���M �xi; P k�� � �xi; P k��� 

uk+1

1 :Elementary algebra and summation by parts leads toii = � NXj=1D�h �g �xj ; P k�� gM �xj ; P k;M��uk+1j �x sgn�vk+1;Mj �� NXj=1D�h �uk+1j � �g �xj�1; P k�� gM �xj�1; P k;M���x sgn�vk+1;Mj �� ��D�h �g �xj ; P k�� gM �xj ; P k;M���� 

uk+1

1+ ��g �xj�1; P k�� gM �xj�1; P k;M��� 

uk+1

BV� ��D�h �g �xj ; P k�� gM �xj ; P k���� 

uk+1

1+ ��D�h �gM �xj ; P k�� gM �xj ; P k;M���� 

uk+1

1+ ��g �xj�1; P k�� gM �xj�1; P k��� 

uk+1

BV+ ��gM �xj�1; P k�� gM �xj�1; P k;M��� 

uk+1

BV :Adding and subtracting terms givesII = NXj=1 �wj � wMj �uk+1j �x sgn�vk+1;Mj �� NXj=1wMj vk+1;Mj �x sgn�vk+1;Mj �� ��wj � wMj �� 

uk+1

1 + 

wM

1 

vk+1;M

1 :Changing order of summation leads toIII = 12 NXj=1uk;Mj NXl=1�Mj;luk;Ml �x�x sgn�vk+1;Mj �� 12 NXj=1ukj NXl=1�j;lukl�x�x sgn�vk+1;Mj � :
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Adding and subtracting terms,III = 12 NXj=1vk;Mj �x NXl=1�Mj;luk;Ml �x sgn�vk+1;Mj �+ 12 NXj=1ukj�x NXl=1�j;lvk;Ml �x sgn�vk+1;Mj �+12 NXj=1ukj�x NXl=1 ��Mj;l � �j;l�uk;Ml �x sgn�vk+1;Mj �� 12 �

�M

1 

vk;M

1 

uk;M

1 + 

uk

1 k�k1 

vk;M

1 + 

uk

1 

uk;M

1 ����Mj;l � �j;l���� :Finally, using same techniques as in III , add and subtract terms and so on to getIV = � NXj=1uk+1;Mj �x NXl=1�Mj;luk;Ml �x sgn�vk+1;Mj �+ NXj=1uk+1j �x NXl=1�j;lukl�x sgn�vk+1;Mj �= � NXj=1vk+1;Mj �x NXl=1�Mj;luk;Ml �x sgn�vk+1;Mj �� NXj=1uk+1j �x NXl=1�j;lvk;Ml �x sgn�vk+1;Mj �+ NXj=1uk+1j �x NXl=1 ��j;l � �Mj;l�uk;Ml �x sgn�vk+1;Mj �� 

vk+1;M

1 

�M

1 

uk;M

1 + 

uk+1

1 k�k1 

vk;M

1 + ����Mj;l � �j;l��� 

uk+1

1 

uk;M

1 :Gathering all the bounds above gives

vk+1;M

1 � 

vk;M

1�t � ���g �0; P k�� gM �0; P k���+ ��gM �0; P k�� gM �0; P k;M���� 

uk+1

1+ 

�M

1 

vk+1;M

1 + ���M �xi; P k;M�� �M �xi; P k��� 

uk+1

1+ ���M �xi; P k�� � �xi; P k��� 

uk+1

1+ ��D�h �g �xj ; P k�� gM �xj ; P k���� 

uk+1

1+ ��D�h �gM �xj ; P k�� gM �xj ; P k;M���� 

uk+1

1+ ��g �xj�1; P k�� gM �xj�1; P k��� 

uk+1

BV+ ��gM �xj�1; P k�� gM �xj�1; P k;M��� 

uk+1

BV+ ��wj � wMj �� 

uk+1

1 + 

wM

1 

vk+1;M

1+12 

�M

1 

vk;M

1 

uk;M

1 + 12 

uk

1 k�k1 

vk;M

1+ 

vk+1;M

1 

�M

1 

uk;M

1 + 12 

uk

1 

uk;M

1 ����Mj;l � �j;l���+ ����Mj;l � �j;l��� 

uk+1

1 

uk;M

1 + 

uk+1

1 k�k1 

vk;M

1 :Since qM ! q in Q when M ! 1, it follows that qM is bounded. Further, since 

uk;M

1 depends onboundedness of qM (see [4]), 

uk;M

1 is bounded as well. Using this and results stated earlier, it follows
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that as qM ! q in Q, when M !1 in the above inequality, there exist constants E and G such that

vk+1;M

1 � 

vk;M

1�t � E 

vk+1;M

1 +G 

vk;M

1 ;which gives 

vk;M

1 � �1 +G�t1�E�t�k 

v0;M

1 :This results in 

U�t;�x �t; �; qM�� U�t;�x (t; �; q)

1 ! 0uniformly in t 2 [0; T ]. Hence the proof of (a). Further, letting �t;�x ! 0 and using Theorem 3.1. it canbe seen that 

u �t; �; qM�� u (t; �; q)

1 ! 0uniformly in t 2 [0; T ]. This proves (b). Hence the proof of the theorem.The following result follows from Theorem 3.3.Corollary 3.4. J(qM )! J(q) as qM ! q in Q when M !1.Proof: Follows from Theorem 3.3.Corollary 3.5. J�t;�x �qM�! J �qM�! J (q) when �t;�x! 0 and qM ! q in Q when M !1.Proof: Follows from Corollaries 3.2. and 3.4.In the next theorem, convergence result for solution of the least squares problem is established.Theorem 3.6. Let Q be an in�nite dimensional parameter space and �QM	 be a sequence of approxi-mating �nite dimensional compact subsets of Q. Further, if for each q 2 Q there exists qM 2 QM such thatqM ! q in Q when M ! 1 and qM is a minimizer of J over QM , then from compactness arguments, thesequence qM has a subsequence qMj which converges to a minimizer q of J over Q.Proof: Following an abstract least squares theory (see [9], pp. 143-145), proof follows from Corollary3.5.Numerical examples proving correctness of the theoretical results established above are presented next.4 Numerical ExamplesIn this section, an example similar to that in [10], with �nal time T = 5 and maximum size xmax = 1, ispresented. The following known values for parameters g; �; w; � and initial condition u0 are taken in thecomputations. g(x; P ) = 0:5(1� x)f(P ); �(x; P ) = 0:5xf(P ); w(x) = 0:5;�(x; y) =8<: 1� (x+ y) ; x+ y � 10 ; x+ y > 1
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and u0(x) = 8<: 10 ; 0 � x � 0:10 ; 0:1 < x � 1:f(P ), the only unknown function among the parameters to be approximated numerically, is taken asf(P ) = exp(�4P )in the �rst experiment and f(P ) = 0:1 + 0:91 + exp [8 (P � 0:5)]in the second experiment to computationally generate observed data. Model equation (1.1), for the parametervalues given above, is solved numerically using the implicit �nite di�erence scheme explained in [4] with meshsizes �xed as �t = �x = 0:01. The observed data �r is then collected as follows:�r = Z xmax0 u(tr; x)dx; tr = 15r; r = 0; � � � ; 25:Thus, for given �xed values of � and P0 > 0, the parameter set Q is chosen as the D-closure of thefollowing set: ff 2 Cb [0;1) : jf(P )j � �; jf(P1)� f(P2)j � � jP1 � P2j ; 8P1; P2 2 [0;1)and f(P ) is constant for P � Pmax; where P0 � Pmaxg :A straightforward application of Arzel�a-Ascoli theorem shows Q to be a compact subset of D. The in�nitedimensional parameter spaceQ is approximated by the sequence �QM	 of �nite dimensional compact subsetsof Q, where QM = span� M0 (P ;Pmax);  M1 (P ;Pmax); � � � ;  MM (P ;Pmax)	 ;M is a positive integer and � Mj (P ;Pmax)	Mj=0 represents linear B-splines de�ned on the uniform partition�0; PmaxM ; 2PmaxM ; � � � ; Pmax�of interval [0; Pmax]. The function f(P ) 2 Q is approximated over QM in the following manner:�IMf� (P ) = MXj=0 f �j PmaxM � Mj (P ;Pmax) where P 2 [0;1) :The approximation of f on interval [0; Pmax] is then extended to a continuous function on the non-negativereal line via  Mj (P ;Pmax) =  Mj (Pmax;Pmax) for P � Pmax. Use of the Peano Kernel Theorem given in[17], gives the following result:limM!1 �IMf� = f in Cb [0;1) ; uniformly in f; for f 2 Q:Thus, if fM 2 QM is given by fM (P ) = MXj=0 �Mj  Mj �P ;PMmax� ;then the parameter estimation problem involves identifying (M + 2) coeÆcients ��Mj 	Mj=0 and PMmax from acompact subset of RM+2, in order to minimize the cost functional J�t;�x �qM�. In both experiments M is
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chosen as 10. �Mj = 0:5; j = 0; � � � ;M and PMmax = 1 are taken as initial guesses. Also, P0 = 2 in bothexperiments.For the least squares cost functional, the following penalized cost functional form is utilized:J� (f) = 25Xr=0 ����Z 10 u(tr; x; q)dx ��r����2 + � Z 10 jf 0 (P )j2 dP:The compactness of the embedding H1 (0; 1) ,! L2 (0; 1) enforces the compactness constraints. Propertiesof the regularized cost functional and the relationship between J� and J are discussed in [9, 12, 16]. Theleast squares problem is numerically solved using the FORTRAN routine LMDIF1, obtained from NETLIB,which uses the Levenberg-Marquardt algorithm.In both experiments, data without noise and regularization parameter � = 10�6 are used initially.Comparison between exact and estimated function f(P ) is given in �gures 1 and 2 for experiments 1 and2, with PMmax estimated as 0.92 and 0.99, respectively. These �gures con�rm theoretical results concerningconvergence, proved earlier.To check against error in measurement, noise with mean (� = 0) and standard deviation (� = 0:03) isadded to the computationally generated data �r. Exact and estimated functions for both experiments areshown together in �gures 3 and 4, with estimates for PMmax being 0.99 and 1.05, respectively. � = 3� 10�4for noisy data in experiment 1 and � = 8� 10�4 for noisy data in experiment 2 were needed to obtain thebest �t.The least-squares cost functional values at the end of experiments 1 and 2 for data without noise were ofthe order of 10�8, while the same for experiments 1 and 2 for data with noise had order 10�3. Experiments1 and 2, for data without noise, required between 15-20 hours of computation time on an Ultra Sparc2000 machine at the Computational Research Laboratory housed in the mathematics department at theUniversity of Louisiana at Lafayette, Louisiana. Times for experiments 1 and 2, for data with noise, rangedfrom between 8 and 10 hours on the same computer system.
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ENEA – Unità di Fisica Teorica, Centro Ricerche Frascati, Via E. Fermi, 45 - 00044 -
Frascati (RM), Italia & Ulm University, Department of Mathematics - Ulm, Germany -

e-mail: cesarano@frascati.enea.it

Abstract

We employ operational and umbral caluculus methods to solve families of
partial differential equations in a unified way. We show that the method can be
extended to different forms of heat and D’Alembert equations providing explicit
solutions hardly achieveble with conventional means.
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1 Introduction

In a previous paper [1] it has been shown that operational methods can be exploited
to solve families of partial differential equations (p.d.e.), using a simple conceptual and
computational effort.

To provide a specific example we will consider the following generalized D’Alembert
problem





∂2

∂t2
f(x, t) = Ω̂2f(x, t)

f(x, 0) = g(x),

∂

∂t
f(x, t)|t=0 = γ(x)

(1)
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where Ω̂ is a yet unspecified differential operator.
According to [1] we can solve (1) by treating Ω̂ as an ordinary constant and the

initial functions as integration constants, we can therefore write the general solution
of equation (1) as

f(x, t) = cosh(Ω̂t)g(x) + Ω̂−1 sinh(Ω̂t)γ(x) (2)

where Ω̂−1 denotes the inverse of the operator Ω̂.
In the case of Ω̂ = ∂

∂x
we obtain D’Alembert solution, namely [1], [2]

f(x, t) =
1

2
[g(x + t) + g(x− t)] +

1

2
[φ(x + t)− φ(x− t)] , (3)

φ(x) =
∫ x

0
γ(ξ)dξ.

The method of [1] is however general enough to obtain the solution for more general
operators. In the following we will consider two different non trivial realizations of the
operator Ω̂ and use (2) to get explicit solutions.

In the case of Ω̂ = x ∂
∂x

we apply equation (2) along with the rules [3]

eλx ∂
∂x r(x) = r(eλx), (4)

Ω̂−1 =
∫ +∞

0
e−sΩ̂ds

thus getting

f(x, t) =
1

2

[
g(etx) + g(e−tx)

]
+ (5)

+
1

2

∫ +∞

0

[
γ(et−sx)− γ(e−t−sx)

]
ds.

The validity of the solution is limited to the case in which the integral on the r.h.s.
of equation (5) converges.

In the case of Ω̂ = x− ∂
∂x

we can apply the same procedure as before which along
with the Weyl decoupling rule [3]

eÂ+B̂ = eÂeB̂e−
k
2 (6)

if
[
Â, B̂

]
= ÂB̂ − B̂Â = k,

and
[
k, Â

]
=

[
k, B̂

]
= 0,
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yields

f(x, t) =
e−

t2

2

2

[
extg(x− t) + e−xtg(x + t)

]
+ (7)

+
1

2

∫ +∞

0
e−

1
2
(s2+t2)−sx

[
e(x+s)tγ(x− t + s)− e−(x+s)tγ(x + t + s)

]
ds.

The validity of the above solutions has been checked by means of a numerical integration
in several cases.

The preliminary examples we have so far presented, yields an idea of the generality
and usefulness of the method proposed in [1] which will be extended to other families
of p.d.e. including umbral forms.

2 Operational background

To take some confidence, with the operational methods applied to the solutions of
p.d.e. we consider the “heat” type equation





∂

∂t
f(x, t) =

[
q(x)

∂

∂x

]2

f(x, t),

f(x, 0) = g(x)

(8)

where q(x) is a continous function non vanishing in the considered interval. The
solution of (1) can be obtained by exploiting the method of the generalized Gauss
transform [4]. By setting indeed

Γ̂ = q(x)
∂

∂x
(9)

we can write the formal solution of (7) as

f(x, t) = et Γ̂2

g(x). (10)

By noting that

et Γ̂2

=
1√
π

∫ +∞

−∞
e−ξ2+2

√
t ξ Γ̂dξ (11)

and by recalling that [3]

eλq(x) ∂
∂x f(x) = f(F−1(λ + F (x))), (12)

where F (x) is defined by

F (x) =
∫ x

0

dξ

q(ξ)
, (13)
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we find

f(x, t) =
1√
π

∫ +∞

−∞
e−ξ2+2

√
tξq(x) ∂

∂x g(x)dξ = (14)

=
1√
π

∫ +∞

−∞
e−ξ2+2

√
tξg(F−1(2ξ

√
t + F (x)))dξ.

In the case of q(x) = x we have F (x) = ln(x), so that

f(x, t) =
1√
π

∫ +∞

−∞
e−ξ2

g(e2
√

tξx)dξ. (15)

This method can be applied to the solution of practical interest as the Black-Scholes
equation often found in economical problems [4] (see Appendix).

Let us now consider the problem (8), with initial conditions

f(x, t)|x=0 = s(t), q(x)
∂

∂x
f(x, t)|x=0 = r(t). (16)

The general solution can be found by exploiting the method outlined in the intro-
ductory section, thus finding

f(x, t) = cosh


F (x)

(
∂

∂t

) 1
2


 s(t) + D̂− 1

2
t sinh


F (x)

(
∂

∂t

) 1
2


 r(t). (17)

Where D̂− 1
2

t denotes the inverse of the half fractional derivative operator (∂/∂t)
1
2 .

The drawback of the above solution is the apparent necessity of dealing with fractional
differential operators. Even though their use does not imply any particular problem, we
note that they are not explicitly necessary, expanding indeed the hyperbolic functions
in series we are left with the solution

f(x, t) =
∞∑

n=0

F (x)2n

(2n)!

(
∂

∂t

)n [
s(t) +

F (x)

(2n + 1)
r(t)

]
, (18)

whose evaluation does not require any use of fractional derivatives.

3 On partial differential, difference equations

After the discussion of the previous section, it is quite natural to consider an equation
of the type





∂

∂t
f(x, t) = f(eλx, t)

f(x, 0) = g(x).

(19)
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We can easily recognize that the above equation can be solved using the so far
outlined procedures, if we note that its r.h.s. can be cast in the form

f(eλx, t) = eλx ∂
∂x f(x, t). (20)

Accordingly we can write the solution of equation (19) as

f(x, t) = ete
λx ∂

∂x g(x) =
∞∑

n=0

tn

n!
g(enλx). (21)

More in general we can cast the solution of any equation of the type




∂

∂t
f(x, t) = f(F−1(λ + F (x)), t),

f(x, 0) = g(x)

(22)

in the form

f(x, t) = ete
λq(x) ∂

∂x g(x) =
∞∑

n=0

tn

n!
g(F−1(nλ + F (x))), (23)

and the validity of the solution is limited to the case in which the sum on the r.h.s. of
equation (23) converges. This point will be more carefully discussed in the concluding
section.

Equations of the above type are essentially partial finite difference equations and
are generalizations of the case (q(x) = 1)





∂

∂t
f(x, t) = f(x + λ, t)

f(x, 0) = g(x),

(24)

whose solution is simply given by

f(x, t) = ete
λ ∂

∂x g(x) =
∞∑

n=0

tn

n!
g(nλ + x). (25)

Let us now consider a slightly more general problem, namely




∂2

∂t2
f(x, t) = f(eλx, t)

f(x, 0) = g(x),
∂

∂t
f(x, t)|t=0 = γ(x).

(26)

in this case, by applying the same method as before, we find the solution in the form

f(x, t) =
∞∑

n=0

t2n

(2n)!

[
g(e2nλx) +

t

(2n + 1)
γ(e(2n+1)λx)

]
. (27)
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Which can be easily generalized to the case with q(x) 6= x.
The results of this section show that the method we have developed are flexible

enough to deal with different types of problems with a relatively modest computational
effort.

4 Concluding remarks

The use of the so far developed method can be extended to less conventional forms of
“Partial Differential Equations”. To this aim we remind that in [1] it has been shown
that equations of the type





lD̂xf(x, t) =
∂

∂t
f(x, t), lD̂x := − ∂

∂x
x

∂

∂x

f(0, t) = s(t)

(28)

where lD̂x is the Laguerre derivative [1]. Since the function

C0(x) =
∞∑

r=0

(−1)rxr

(r!)2 (29)

is an eigenfunction of the Laguerre operator, we can write the solution of the problem
(28) as

f(x, t) = C0

(
x

∂

∂t

)
s(t). (30)

It is evident that the function (29) plays the same role of the exponential functions
in the case of problems involving ordinary derivatives. More explicit solutions in terms
of integral transform have been discussed in [1] and will not be reconsidered in the
present paper.

Let us now go back to equation (1), written as

Γ̂2f(x, t) = Ω̂2f(x, t) (31)

where both Γ̂ and Ω̂ are differential operators whose explicit realization has not
been specified yet. By assuming that Γ̂ is a Laguerre derivative, i.e. that

Γ̂ = − ∂

∂t
t

∂

∂t
(32)

and that

f(x, 0) = g(x)

Γ̂f(x, t)|t=0 = γ(x)
(33)
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we can solve our problem in the form given in equation (2), provided that cosh and
sinh functions be replaced by

cosh(Ω̂) = Ch(Ω̂)

sinh(Ω̂) = Sh(Ω̂)
(34)

where

Ch(α) :=
C0(α) + C0(−α)

2
,

Sh(α) :=
C0(α)− C0(−α)

2
,

(35)

Which are defined in such a way that

lDαCh(α) = Sh(α)

lDαSh(α) = Ch(α).
(36)

More explicit solutions, obtained by means of the integral Transform method intro-
duced in [1] will be discussed in a forthcoming investigations.

Before closing this paper it is worth commenting on the validity of the solution (23).
To be more clear we consider a specific example, namely q(x) = x2, and accordingly
[3]

eλx2 ∂
∂x f(x) = f

(
x

1− λx

)
, (37)

|λx| < 1.

The sum in equation (23) should be limited to values of n such that |nλx| < 1.
Further details will be discussed in a dedicated monography to these types of prob-

lems.

5 Appendix

In this appendix we discuss the solution of a problem of practical interest. We consider,
indeed, the Black-Scholes equation, often occurring in economical problems, written in
the form [4]

∂

∂t
A = S2 ∂2

∂S2
A + λS

∂

∂S
A− λA (38)

which will be recast in a form more convenient for our purposes

∂

∂t
A =

(
S

∂

∂S
+

λ− 1

2

)2

A−
(

λ + 1

2

)2

A. (39)
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Using the formalism discussed in this paper we can write the solution of equation
(39) as

A(S, t) = e
t

[
(S ∂

∂S
+λ−1

2
)2−(λ+1

2 )
2
]
A(S, 0) (40)

thus getting according to the opeerational identities presented in the paper, we end up
with

A(S, t) =
e−(λ+1

2 )
2
t

√
π

∫ ∞

−∞
e−ξ2+(λ−1)ξ

√
tA(e2ξ

√
tS, 0)dξ. (41)

The method discussed in the paper allows the extension of the solution to equations
of the form

∂2

∂t2
A =

(
S

∂

∂S
+

λ− 1

2

)2

A−
(

λ + 1

2

)2

A (42)

without any significant problem.
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Abstract

This paper presents an application of p-adic metric to image anal-
ysis in spectral domain. The main distinguishing feature of this metric
is its ultrametricity. Clustering algorithm based on ultrametricity is
developed. The algorithm produces partitions of the p-adic metric
space having a very simple geometry: all clusters are represented as
p-adic balls. p-adic clustering is used for segmentation of video and
still images delivered in compressed format, e.g. MPEG1,2 for video
and JPEG for still images. For some classes of images, the p-adic
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clustering provides better visual quality. At the same time the p-adic
algorithm ensures essential increasing of the computational speed.

AMS Subject Classification: 68T10, 68T30, 68W05, 11S99
Key words: ultrametric, clustering, DCT, MPEG – compressed.

1 Introduction
The problem of automatic analysis and interpretation of multimedia data
in the compressed domain has got an importance since last few years. The
reason for this is the increasing amount of multimedia archives and on-line
services when the data such as video and still images are delivered in com-
pressed format, e.g., MPEG1,2 [1] for video and JPEG [2] for still images. In
particular, new user oriented services related to the broadcast, such as an au-
tomatic summarising and indexing of video content, realised on the receiver
end in home multimedia devices have to deal with video data in MPEG2 [1].

Another application is related to the surveillance video. Here video is
transmitted in compressed form and its analysis, such as object segmentation
and tracking has also to be done in compressed form, see [3]. The problem of
segmenting video or still images in the compressed domain has been already
addressed in literature. In general case, when JPEG and MPEG1,2 still im-
ages are segmented, only the low frequency components the so called "DC
images" of image spectrum are used [3]. New approaches have recently ap-
peared [4] exploiting higher frequency spectral components in order to ensure
a scalability of image (video) analysis algorithms. In this paper, we also pro-
pose to use more than low frequency component in DCT coefficients available
in MPEG2 compressed video stream, thus exploiting textural characteristics
in local areas in video frames. Particularity of our segmentation framework
is the use of p-adic metric in clustering algorithms. The last one, having
lexicographical properties implicitly introduces "an order of importance" of
spectral components from low frequencies to higher. This corresponds to the
well-known property of human visual system, that is its differential sensitivity
to frequencies in image spectrum.

The p-adic metric is a so called ultrametric [5]. Instead of the usual trian-
gle inequality it satisfies the "strong triangle inequality": in each triangle the
third side is less than the maximum of two other sides. Thus the geometry
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of an ultrametric space differs cruicially from the standard Euclidean geom-
etry. One of the important (and rather unusual) features of this geometry
is that if two balls have nonempty intersection, then one of them is a part
of another. In fact, this property gives the possibility to provide clustering
of images into collections of disjoint balls-clusters. The possibility of such a
clustering is also related to the fact that in an ultrametric space so called
chain distance coincides with the original distance. Thus a p-adic clustering
of images has a simple geometry, namely a "ball-geometry".

During the last 10 years p-adic numbers are intensively applied to quan-
tum physics, dynamical systems, spin glasses and cognitive science, see, e.g.,
[6], [7]. Cognitive applications [7] are closely related to our present investi-
gation on image analysis. There are some evidences that cognitive systems
(in particular, human brain) use p-adic (or more general ultrametric) cluster-
ing of information. The paper is organised as follows. Section 2 introduces
fundamental concept of ultrametric spaces. In section 3, the overview of
clustering methods is given and our new method of p-adic chain clustering is
proposed. In Section 4 the method of choice of image vector data in spectral
domain are given. Results and conclusion are presented in Section 5.

2 Ultrametric spaces
Abstract metric spaces are generalisations of the Euclidean space Rn = {x =
(α0, . . . , αn−1) : xj ∈ R} with the standard metric. However, in many ap-
plications (in particular, image analysis) we use spaces Xp,n in which every
point x = (α0, . . . , αn−1) has discrete coordinates αj = 0, . . . , p − 1, where
p > 1 is a natural number (αj give the levels of discretisation of information).
There are various possibilities to introduce a metric ρ on the space Xp,n. The
standard choice of ρ is the Euclidean metric or some metric that is equivalent
to the Euclidean one, e.g., Hamming metric.

In this paper we consider a so called p-adic metric, ρp, on the space Xp,n.
The main distinguishing feature of this metric is its ultrametricity. This is
an interesting special feature of the metric. Before considering the concrete
p-adic ultrametric, it would be useful to discuss ultrametricity in the general
topological framework. A metric ρ is said to be an ultrametric [5], if it satisfies
the strong triangle inequality:

ρ(x, y) ≤ max ρ(x, z), ρ(z, y), x, y, z,∈ X.
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This inequality can be stated geometrically: Each side of a triangle is
at most as long as the longest one of the two other sides. Let (X, ρ) be a
metric space. We set Ur(a) = {x ∈ X : ρ(x, a) ≤ r} and U−

r (a) = {x ∈ X :
ρ(x, a) < r}, r ∈ R+, a ∈ X. These are balls of radius r with center a. In the
ultrametric space balls have the following properties [5]:

1. Each ball in X is both open and closed. Each point of a ball may serve
as a centre. A ball may have infinitely many radii;

2. Let U and V be two balls in X. Then there are only two possibilities:
(a) balls are ordered by inclusion (i.e., U ⊂ V or V ⊂ U);
(b) balls are disjoint.
We now introduce a so called p-adic ultrametric on the space Xp,n of p-

discrete vectors of the length n. Let x = (α0, . . . , αn−1), y = (β0, . . . , βn−1) ∈
Xp,n. We set ρ(x, y) = 1/pk if αj = βj, j = 0, 1, ..., k − 1, and αk 6= βk. This
is an ultrametric. Chain clustering algorithm that we address in this paper
(see section 3) is, in fact, based on a so called "chain metric". We discuss
this notion in the general metric framework.

A sequence of points a = x0, x1, ..., xn−1, xn = b in a metric space (X, ρ)
is called an ε-chain joining a and b if ρ(xk, xk+1) ≤ ε for any k ≤ n.

If there exists an ε-chain joining a and b they are said to be ε-linkable.
A space (X, ρ) is Cantor connected if any two points can be joined by an
ε-chain for any ε > 0. The Euclidean space is Cantor connected. Ultrametric
spaces are characterised by the following result [8]:

Theorem.
A metric space is ultrametric if and only if no two points a 6= b in it are
ε-linkable for any ε < ρ(a, b).

Let (X, ρ) be an arbitrary metric space. We set ∆(x, y) = inf{ε > 0 :
x and y are ε-linkable}, x, y ∈ X. This function has all properties of an
ultrametric, except non-degeneration (it can be that ∆(x, y) = 0 for some x 6=
y). It is a so called pseudo-ultrametric. It is called the chain distance between
points x and y. We remark that Theorem implies that in an ultrametric
space (X, ρ) the original metric ρ coincides with the corresponding chain
distance. This topological fact simplifies clustering algorithms based on the
computation of the chain distance [9] when they are modified for ultrametric
(in particular, p-adic spaces).
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3 Comparative analysis of image-clustering al-
gorithms based on Euclidean and p-adic met-
rics

Cluster analysis (see [10]) is, in fact, a collection of various methods and
algorithms of classification. Numerous attempts to classify methods of clus-
ter analysis demonstrated that there exist hundreds of distinct classes (of
methods). Such a variety is a consequence of a large number of possibilities
to compute distances between various objects as well as distances between
clusters in the process of clustering. We would like to pay attention to the
following two groups of methods of cluster analysis: Agglomerative hierar-
chical algorithms (AH) and iterative clustering methods (IC).

3.1. Agglomerative hierarchical algorithms
The starting point in AH-methods is the consideration of all objects as sep-
arate (independent) clusters containing just a single element. The clustering
procedure is based on (step by step) agglomeration of objects into clusters.
The agglomeration process is based on a kind of a distance, ρ, between ob-
jects. The typical result of such a clustering is a hierarchical tree. There are
many methods of agglomeration of objects into clusters, such as the method
of the closest neighbour, the method of the maximally separated neighbours,
unweighted pair-group, weighted pair-group method. All these methods are
characterised by the fact that the distance between clusters is computed on
the basis of distances between original objects in the set. We will base our
investigation on the method of "chain clustering" described below.

3.1.1. Algorithm of chain clustering
The algorithm of chain clustering was proposed in [9]. This algorithm belongs
to the group of AH-methods. Any object of the set of objects under the study
can be chosen as the generator of clustering process. This object gets two
labels, n = 1 (its number) and ρ = 0 (distances). Then we consider all
other objects and take the object such that the distance ρ′ between this
object and the object with n = 1 is minimal. This new object gets n = 2
and ρ = ρ′. Then we consider all other objects and take the object such
that the distance ρ′′ between this object and the set of previously chosen
objects is minimal. It is easy to see that thus defined, the distance ρ is the
chain distance introduced in Section 2. At each step we take the object such
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that the distance between this object and the set of objects that have been
already labelled is minimal. This procedure is repeated until all objects are
labelled. Finally, all objects are ordered (labelled) in a so called "chain" and
each object in it has the label ρ - the distance to the set of previous objects.
One of the ways to split the chain into clusters is based on the following
procedure. Let r0 > 0 be some constant (the parameter of clustering). We
would like to build clusters in such a way that the chain distance between
objects inside one cluster will be ρ ≤ r0 and at the same time the chain
distance between objects belonging to different clusters will ρ > r0. To do
this, we consider ρ-labels of all objects and find objects such that ρ > r0.
Suppose that there are objects with numbers n1, . . . , nK . The first cluster
consists of all objects with 1 ≤ n < n1; the second one - n1 ≤ n < n2 and
so on. By varying the parameter r0 different partitions can be constructed.
As we have already mentioned, in an ultrametric space the chain distance
coincides with the original distance. Therefore chain-distance clustering is a
clustering into balls in an ultrametric space. Thus in the ultrametric case
from the beginning we could construct r0-balls partition. The combinatorial
complexity of such a method is O(N2), where N is the cardinal of initial
vector set. It is the same precisely N(N − 1)/2 in the worst and best cases.

3.1.2. Chain clustering with a fixed threshold
After the construction of the chain has been done, its splitting into clusters
can be based on various criteria: fixed number of clusters, their statistical
properties, etc. In the case of splitting of the chain with a fixed distance
threshold, a simplified method for chain construction can be proposed that
needs essentially less time. This method consists in the following.

Let us fix a distance between clusters, r0 > 0. Any object can be taken
as the initial object. It gets the label as belonging to the first cluster. The
first cluster is constructed by grouping all objects such that the distance from
them to the initial object is less than the threshold r0. Then, for each of these
new objects that were taken into the first cluster, the procedure is repeated
(by considering only the objects not already belonging to the cluster). When
there are no more objects left that could be collected into the first cluster,
an object that does not belong to the first cluster is taken as the base of the
second cluster and so on. If we have N objects, then in the worst case we
need N(N − 1)/2 operations of distance computation, but in the best case
only N operations are needed.

In the case of the p-adic metric space, chain clustering with the fixed
threshold works especially successfully. In this case the chain distance co-
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incides with the ordinary (p-adic) metric. Therefore, in order to find the
distance between an element and a cluster, it is sufficient to find the distance
between this element and an arbitrary element of the cluster. So we need
not compute distances to all elements of the cluster, as we have to do in the
general case (and, in particular, the Euclidean case). The p-adic modifica-
tion of the method of chain clustering with the fixed threshold is given by
the following algorithm:

As the starting point we take any object. It gets the label of the first
cluster. Then we take a new object. If the (p-adic) distance between the first
and second objects is less than r0, then the second object also gets the label
of the first cluster; if not, then it gets the label of the second cluster. Then
the whole process is repeated. The number of clusters increases. It is easy
to see that here, for N objects and to obtain K clusters, we need not more
than N ∗K operations of the computation of distance.

3.2. Iteration methods
One of the most popular iteration methods of clustering is the method of K-
means of MacQueen [11]. This method strongly differs from AH-methods. In
opposite to AH-methods, here the user must fix number of clusters, K from
the beginning. As in AH-methods, here we can choose different metrics as
bases of clustering. Different algorithms of the method of K-means are also
characterised by the way to choose centres of initiated clusters. One of the
possible choices is given by so called Split-LBG process, that is generalized
K-means approach which we implemented in this work. The method starts
with K = 2 and optimises the partition by K-means approach. The way to
add cluster centres proposed in [12, 13] consists in "splitting" of each already
existing cluster centre ck into two new centres c′k = ck + ε, c′′k = ck− ε, where
ε is a random vector of a weak energy . Thus, starting with 2 randomly
chosen centres of clusters, the method allows to construct the partition of
the vector space Rn into K = 2qclusters by q steps of K-means optimisation.

4 Extraction image vectors from compressed
video streams.

Let us now describe the nature of a vector space we deal with. The goal here
is to perform image segmentation in a compressed domain of video standards
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MPEG 1,2. The architecture of MPEG bit stream comprises three kinds of
frames I, B, P. I-frames are coded entirely by DCT thus reducing spatial
redundancy while P and B frames are motion-compensated. In this paper
we consider the segmentation of I-frames. Here each block of 8x8 pixels in an
image is coded by DCT, as in JPEG standard [2]. Video frames in MPEG2
are supposed to be represented in YUV color system, where Y is a grey-
level (luminance) component and U and V are chrominance components.
All three images Y,U,V are coded independently by JPEG (MPEG I-frame)
coding algorithm. The coding method can be briefly described as follows. In
each 8x8 pixel block, the original signal g(x,y) is centered :

f(x, y) = g(x, y)− g0,

where g0 = 128 for 8-bit depth.
Then a two dimensional DCT transform [1] is applied to obtain transform

F (u, v). The DCT coefficients are organized in blocks of 8x8 elements, where
the coefficient F (0, 0) called a "DC-coefficient" in the standard is 8 times the
mean value of the original signal f(x, y) in the block. Other coefficients,
called "AC-coefficients" on the upper left corner in the block correspond to
low frequencies in DCT spectrum and those in the right lower corner — to
the high frequencies. The coefficients F (u, v) are then quantized in order to
reduce the information. The quantization in MPEG standards is applied in
such a manner, that the coefficients at high frequencies are quantized more
roughly than those at low frequencies. This is due to the fact that high
frequencies in a signal spectrum correspond to noise and the human visual
system is less sensitive to the loss of high frequencies in the decoded signal
than to the low and medium frequencies.

A very important step in MPEG2 intra-frame encoding is the so called
zig-zag scan. Here the spectral coefficients F (u, v) for a block are registered
in one-dimensional vector QFS(n) with n = 0, 1, . . . , N × N − 1 according
to the zig-zag order according to growing frequency. The data we use for
segmentation are the de-quantized zig-zag ordered DCT coefficients of three
components Y, U, V :

a = (y0, u0, v0, . . . , yNxN−1, uNxN−1, v
T
NxN1

).

They can be truncated to L− th co-ordinate, that is

a = (a0, . . . , aL)T , with L = nc ∗ 3− 1, (1)
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where nc is the number of spectral coefficients retained. Thus the first three
co-ordinates (l = 0, 1, 2) of vectors ai characterise a "colour" in a block,
as they represent the mean values of luminance and chrominance in the
blocks, and further co-ordinates characterise the "texture" or "contours"
inside blocks, as they correspond to signal variations inside a block. On the
contrary to work [3] we use not only the low frequency component but also
higher frequency coefficients characterising texture. In order to compute
the p-adic distance and without being sensitive to insignificant variations,
all vector coordinates were uniformly re-quantised. When clustering such
vector spaces with fixed number of clusters, the question arises about the
choice of this number. In literature good results are reported for natural
images with methods similar to K-means (e.g. ISODATA) with the maximal
number of clusters of 8. Nevertheless, if the problem is not only to segment
image in principal regions but also to be able to reconstruct images based
on cluster centres, then a larger number of clusters can be chosen based on
visual satisfaction assessment.

Another important question is the choice of number of spectral DCT
coefficients (that is the dimension of vectors (1)). We propose the following
scheme of choice. According to the method to form the vectors (1) by zig-zag
scanning of spectral coefficients in components Y,U,V the choice of nc = 1
coefficients in each component will supply a vector of mean values YUV (DC
coefficients) in a block of 8x8 pixels in images. Incrementing the number
of coefficients as nc = 1, 3, 6, 10 . . . according to "slices" of zig-zag scan, the
bands of high frequencies will be added to the vectors. As the original DCT
coefficients have already undergone quantising and inverse quantising, the
higher frequency coefficients equal to zero in a majority of cases. Therefore,
the highest number of coefficients used in this work was nc = 10.

5 Results and discussion.
In order to prove the interest of the use of DCT coefficients for image seg-
mentation, the discriminative power and efficiency of the p-adic metrics in
clustering algorithms, the experiments were conducted on a large set of DCT-
compressed images. Namely 250 I-frames of MPEG2 compressed movies
"The time of lagoons", "A man from Tautavel", "Dulcimer Player", "Aqua-
culture in Mediterrannean Sea" SFRS R© were processed. The goal of the
first series of experiments performed was to show that for the same number
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of clusters, the use of supplementary (AC) spectral coefficients better ensures
the separation of clusters in natural images. Some results of segmentation by
Split-LBG clustering with 8 clusters are given in Figure 1. The first column
represents the DC images, obtained by replacing a block of 8x8 colour pixels
in the original video frame by only one colour pixel representing the mean
YUV vector of the block. The resolution of this images is therefore 90x72 pix-
els (based on CCIR601 initial resolution of frames). Then from left to right,
the results of segmentation with progressively increasing number of spectral
coefficients are shown. Images in columns 2-5 represent segmentation maps
where the same colour corresponds to the same cluster in the vector space.
These results observed on a whole data set show that using of AC spectral
coefficients and not only DC, i.e., F(0,0) allows for better homogeneity of
clusters and also for better separation of them. A typical example of such a
better separation are the clusters corresponding to man’s face and the back-
ground in images in the first range (see Figure 1.f, here the original zoomed
DC image and segmentation maps with nc = 1 and nc = 6 respectively are
shown from left to right). If we suppose that the same clustering method
on colour images has to be performed in the original space and not in DCT
domain, then for an image block of 8x8 pixels, the number of coefficients
is 3x64=128. Thus the use of spectral coefficients also allows for a strong
reduction of dimensionality of the vector space.

In the next series of experiments we compared an agglomerative hierar-
chical method (chain clustering) in the case of the Euclidean and the p-adic
metrics. The results of this comparison are depicted in Figure 2. In Figure
2.a), odd rows starting from the first correspond to segmentation maps and
the even rows represent the images reconstructed with DC coefficients. The
odd columns correspond to the results for chain clustering with the Euclidean
metric and the even rows depict results obtained for the p-adic metric. The
comparative number of clusters is given in Figure 2.b) Analysing these re-
sults it can be stated that in order to produce segmentation of a good quality
in the p-adic case we need less number of clusters than with the Euclidean
metric. This is quite natural, because the first DCT coefficients play more
important role in image formation than coefficients of higher orders. The
computational time is also significantly lower for the p-adic case, as the com-
putation of the p-adic distance is faster compared to the Euclidean distance
(see Figure 2.c)).

Figure 3 depicts what we call the p-adic reconstruction of DC images.
Here the DC images of "Dulciner Player" sequence are shown. They were
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reconstructed after the p-adic chain clustering taking an arbitrary vector in
each cluster as a centre of the cluster according to properties of an ultra-
metric. They have quite a natural aspect for relatively (compared to the
Euclidean case) limited number of clusters.

Thus in this paper we proposed to use the p-adic metric for image segmen-
tation in the spectral DCT domain and developed an adequate fast clustering
method based on ultrametricity of the p-adic space. The results obtained on
a large data set of natural images demonstrate the efficiency of this approach
and its interest for segmentation of compressed (MPEG, JPEG) video and
images with only a partial decompression of a bit-stream.
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Figure 1: Figure 1. Results of clustering with Split-LBG method and Eu-
clidean distance. From left to right : a) Original DC decoded image; b)
Result of segmentation with nc = 1; c) nc=3; d) nc=6; e) nc=10; f) zoomed
images a), b) and d).
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Figure 2: Figure 2 . Comparison of number of clusters for the same visual
quality of reconstruction, NbrCoeff=5.Sequences "Aquaculture in Mediter-
rannean Sea", " The time of lagoons","A man from Tautavel", SFRS R©.
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Figure 3: Figure 3. Computation parameters for data given at Figure 2: a)
number of clusters, b) time of computation
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Figure 4: Figure 4. p-adic reconstruction of DC images. Sequence "Dulcimer
Player", SFRS R©
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Abstract

In this paper we introduce a ”generalized” McShane integration

for Banach-valued multifunctions with weakly compact and con-

vex values and we give also a comparison between this integration

and the Aumann integration.

1991 AMS Mathematics Subject Classification: 28B05, 28B20, 26E25,

46B20, 54C60

Key words: Aumann integral, McShane integral, multifunctions, Banach

spaces, R̊adstrom embedding theorem.

1. Introduction

The notion of integral of a multivalued function is very useful in many

branches of mathematics like mathematical economics, control theory,

differential inclusions, convex analysis, etc. It has been introduced by
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many authors and in different ways. The first was Aumann in 1965, in

order to apply it to general equilibria in economics. This integral was

built using selections, but some properties were missing, so Debreu intro-

duced the multivalued Bochner integral. In both cases the definition of

measurable multifunction is crucial since it is necessary to ensure that at

least a selection exists. Many authors worked on the problem of measura-

bility of multifunctions; we quote here for example [4, 13, 11, 9, 10, 2] for

the countably additive case and [20] for a review in the finitely additive

case.

Here we introduce a new kind of multivalued integral which does not

need a priori the notion of measurability; this fact looks interesting for

example in differential inclusions. The idea comes out from a discussion

with Prof. Jan Andres during a congress in 2000 and was presented in

2003 at the XVII Congress of U.M.I..

Our starting point is a paper by Jarńık and Kurzweil [14] in which

the authors proposed a new definition based on Kurzweil-Henstock ”se-

lections” for Rn-valued multifunctions, defined in a bounded interval of

R. Jarńık and Kurzweil applied it to differential inclusions and showed

that under suitable conditions (namely compactness of values) this inte-

gral coincides with the Aumann’s one.

Here we extend these results in two directions: we consider in fact

multifunctions defined in the whole real line and moreover taking values

in a Banach space not necessarily separable. In particular in section 3

we introduce the (?)-integral by using McShane integrable single valued

functions and then we compare it with the Aumann integral. Finally, in

section 4, making use of the R̊adstrom embedding theorem, the McShane

multivalued integral is introduced and compared with the (?) and Au-

mann integrals. When the McShane multivalued integral exists, then the

(?)-integral exists too and it coincides with it, and so all the properties
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of the single valued McShane integral are inherited by the multivalued

one.

2. Preliminaries and known results on the

generalized McShane integral.

The generalized McShane integral (McShane integral briefly), as a limit

of suitable Riemann sums, was developed in the vector valued case by

Fremlin in [7]. In this section, we assume that S is a space and T
a topology on S making (S, T , Σ, µ) a non-empty σ-finite quasi-Radon

measure space which is outer regular, namely such that

µ(B) = inf{µ(G) : B ⊆ G ∈ T } ∀B ∈ Σ.

A generalized McShane partition P of S ([7, Definitions 1A]) is a disjoint

sequence (Ei, ti)i∈N of measurable sets of finite measure, with ti ∈ S for

every i ∈ N and µ(S \
⋃

i Ei) = 0.

A gauge on S is a function ∆ : S → T such that s ∈ ∆(s) for every

s ∈ S. A generalized McShane partition (Ei, ti)i is subordinate to ∆ if

Ei ⊂ ∆(ti) for every i ∈ N.

From now on with the symbol P we denote the class of all generalized

McShane partitions of [a, b], and with P∆ those elements from P that

are subordinate to ∆.

Let X be a Banach space. We say that:

Definition 1 [7, Definitions 1A] A function f : S → X is McShane in-

tegrable, with integral w, if for every ε > 0 there exists a gauge ∆ : S → T
such that

lim sup
n→+∞

∥∥∥∥∥w −
n∑

i=1

µ(Ei)f(ti)

∥∥∥∥∥ ≤ ε

for every generalized P∆ McShane partition (Ei, ti)i. In this case, we

write
∫

S
f = w.
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For the properties of the McShane generalized integral we suggest the

quoted article [7] by Fremlin. Here we recall only this result which will

be used later:

[7, Lemma 1J] Let f : S → X be a function. Then, for every ε > 0,

there exists a gauge ∆ : S → T such that

∞∑
i=1

µ(Ei) ‖f(ti)‖ ≤
∫

S

‖f(t)‖µ(dt) + ε,

whenever (Ei, ti)i is a generalized P∆ McShane partition of S and∫
S
‖f(t)‖µ(dt) denotes outer integration, namely∫
S

‖f(t)‖µ(dt) := inf

{∫
S

g(t)µ(dt), g ∈ L1(R), ‖f(t)‖ ≤ g(t)

}
.

Fremlin in [7] studied also the relationship among this integral and the

usual ”strong” and ”weak” integrals in Banach spaces. In particular this

new integral, which coincides with the classical one in R, is weaker than

the Bochner and stronger than the Pettis one. In fact Bochner inte-

grability implies McShane integrability and the two integrals agree ([7,

Theorem 1K]), while McShane integrability implies Pettis integrability

and the two integrals agree ([7, Theorem 1Q]). Moreover, if the Banach

space X is separable, then McShane and Pettis integrability coincide ([7,

Corollary 4C]).

3. Applications to multivalued integration

Here we introduce a new kind of multivalued integral. There are in the

literature several papers on Aumann integration and other multivalued

integrations; see for example [1], [20] and their bibliography. Note that,

in all existing multivalued integration theories, in order to define the

multivalued integrals, a notion of measurability or ”total measurability”
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is required. For the kind of integrability that we will introduce, no mea-

surability is required a priori and so we can define a multivalued integral

also in non separable Banach spaces.

Throughout this section, let S = [a, b], where a, b ∈ [−∞, +∞], a < b.

Moreover, assume that T , Σ and µ are respectively the families of all open

subsets of [a, b], the σ-algebra of all Lebesgue measurable subsets of [a, b]

and the Lebesgue measure on [a, b] respectively.

Let cwk(X) [ck(X)] denote the family of all convex and weakly

compact [respectively convex and compact] subsets of a Banach space X.

We denote with the symbol d(x, C) the usual distance between a point

and a nonempty set C ⊂ X, namely d(x, C) = inf{‖x− y‖ : y ∈ C}, and

by U(C, ε) the ε-neighborhood of the set C, i.e.

U(C, ε) = {z ∈ E : ∃x ∈ C with ‖x− z‖ ≤ ε}.

Observe that, if C is convex, then U(C, ε) = co(U(C, ε)).

If C, D are two nonempty subsets of X, we denote with the symbol

e(C, D) the excess of C with respect to D, namely e(C, D) = sup{d(x, D) :

x ∈ C}, while the Hausdorff distance between C and D is h(C, D) =

max{e(C, D), e(D, C)}. We remember that h(C, D) = 0 if and only if

cl{C} = cl{D}, where the symbol cl{·} denotes the closure of the con-

sidered set with respect to the norm topology.

Like in [14] we define a multivalued integral in the following way:

Definition 2 Let F : [a, b] → 2X \ ∅ be a multifunction. We call

(∗)-integral of F over [a, b] the set Φ(F, [a, b]) given by:

Φ(F, [a, b]) = {x ∈ X : ∀ ε > 0,∃ a gauge ∆ : for every generalized

P∆ McShane partition(Ei, ti)i∈N there holds

lim sup
n

d(x,

n∑
i=1

F (ti)µ(Ei)) ≤ ε},

where, as usual,
∑n

i=1 F (ti)µ(Ei) := {
∑n

i=1 xiµ(Ei) : xi ∈ F (ti)}.
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Observe that, if F is single-valued, then Φ(F, [a, b]) coincides with the

McShane integral, if it exists. We now show that:

Proposition 1 If F is bounded valued, then

Φ(F, [a, b]) =
⋂
ε>0

⋃
∆

⋂
(Ei,ti)i∈P∆

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε). (1)

Proof. Let z ∈ Φ(F, [a, b]); for every ε > 0, there exists a gauge ∆(ε/2)

such that for every generalized P∆ McShane partition (Ei, ti)i

lim sup
n

d(z,
n∑

i=1

F (ti)µ(Ei)) = inf
m≥1

sup
n≥m

d(z,
n∑

i=1

F (ti)µ(Ei)) ≤ ε/2.

From this it follows that there exists m ∈ N such that

d(z,
n∑

i=1

F (ti)µ(Ei)) ≤ ε for every n ≥ m,

and thus

z ∈
∞⋃

m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε).

Hence, z ∈
⋂
ε>0

⋃
∆

⋂
(Ei,ti)i∈P∆

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε).

Conversely, let z ∈
⋂
ε>0

⋃
∆

⋂
(Ei,ti)i∈P∆

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε). Then,

for every ε > 0, there exists a gauge ∆ such that, for every generalized

P∆ McShane partition (Ei, ti)i,

z ∈
∞⋃

m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε),

which means that for every ε > 0, there exists a gauge ∆ such that, for

every generalized P∆ McShane partition (Ei, ti)i,

lim sup
n

d(z,
n∑

i=1

F (ti)µ(Ei)) ≤ ε,

namely z ∈ Φ(F, [a, b]). 2
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Remark 1 (a) Observe that, by definition, the set Φ(F, [a, b]) is closed;

in fact if (zn)n is a sequence in Φ(F, [a, b]) which converges to z ∈ X

then, for every ε > 0 there exist an integer k and a gauge ∆k such

that for every generalized P∆k
McShane partition (Ei, ti)i

‖z − zk‖ ≤ ε/2, lim sup
n→∞

d(zk,

n∑
i=1

F (ti)µ(Ei)) ≤ ε/2;

then

lim sup
n→∞

d(z,
n∑

i=1

F (ti)µ(Ei)) ≤

≤ lim sup
n→∞

(
‖z − zk‖+ d(zk,

n∑
i=1

F (ti)µ(Ei))

)
≤ ε.

and therefore, by definition, z ∈ Φ(F, [a, b]).

(b) Moreover, if F is closed and convex valued, Φ(F, [a, b]) is convex too.

In fact, since

Φ(F, [a, b]) =
⋂
ε>0

⋃
∆

⋂
(Ei,ti)i∈P∆

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε), (2)

if x, y ∈ Φ(F, [a, b]) then for every ε > 0 there exist ∆x, ∆y such

that

x ∈
⋂

(Ei,ti)i∈P∆x

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε)

y ∈
⋂

(Ei,ti)i∈P∆y

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε).

Let ∆ = ∆x ∩∆y. Then, for every generalized P∆ McShane parti-

tion (Ei, ti)i, we have:

x, y ∈
⋂

(Ei,ti)i∈P∆

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε)
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and so there are two integers m1, m2 such that

x ∈
∞⋂

n=m1

U(
n∑

i=1

F (ti)µ(Ei), ε), y ∈
∞⋂

n=m2

U(
n∑

i=1

F (ti)µ(Ei), ε).

If we take m = max{m1, m2} then

x, y ∈
∞⋂

n=m

U(
n∑

i=1

F (ti)µ(Ei), ε)

and so, since this last set is convex, for every a ∈ [0, 1],

ax + (1− a)y ∈
⋂

(Ei,ti)i∈P∆

∞⋃
m=1

∞⋂
n=m

U(
n∑

i=1

F (ti)µ(Ei), ε).

Then the convexity of Φ(F, [a, b]) follows.

(c) If F is integrably bounded, namely there exists g ∈ L1([a, b]) such

that h(F (t), {0}) ≤ g(t) a.e. , then Φ(F, [a, b]) is bounded. Indeed

for every z ∈ Φ(F, [a, b]) and for every ε > 0 there are a gauge ∆

and a point x ∈
∑n

i=1 F (ti)µ(Ei) (where (Ei, ti)i is a generalized

P∆ McShane partition) such that ‖z − x‖ ≤ ε, and hence

‖z‖ ≤ ‖z − x‖+ ‖x‖ ≤ ε + ‖g‖1.

By the arbitrariness of z, it follows that Φ(F, [a, b]) is bounded.

Observe also that in the definition no separability of X, X ′ is required.

Consider now the classical integral given in the theory of multivalued

integration, namely the Aumann integral [1], which is defined by:

(A)−
∫ b

a

Fdt =

{
(B)−

∫ b

a

fdt; f ∈ S1
F

}
,

where S1
F is the set of all Bochner integrable selections of F .

We recall also that a multifunction F is measurable if

F−(C) = {t ∈ [a, b] : F (t) ∩ C 6= ∅}

is a Borel set for every closed set C ⊂ X.

We want to compare now the (∗)- and the (A)-integrals.
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Proposition 2 Let F : [a, b] → 2X \ ∅ be a multifunction. Then

(A)−
∫ b

a

Fdt ⊂ Φ(F, [a, b]).

Proof: Since the proof is easy, we give it only for the sake of simplicity.

The inclusion is obvious if the Aumann integral is empty. If it is not,

let z ∈ (A)
∫ b

a
F (t)dt, then there exists a function f ∈ S1

F such that

f(t) ∈ F (t) for every t ∈ [a, b] and z =
∫ b

a
fdµ. Since f is Bochner

integrable it is also McShane integrable and so, for every ε > 0, there

exists a gauge ∆ such that, for every P∆ generalized McShane partition

(Ei, ti)i, we have

lim sup
n

d(z,
n∑

i=1

F (ti)µ(Ei)) ≤ lim sup
n

‖z −
n∑

i=1

f(ti)µ(Ei)‖ ≤ ε

and thus it follows that z ∈ Φ(F, [a, b]). 2.

In order to prove the opposite inclusion we suppose that the multi-

function F is also cwk(X)-valued, measurable and integrably bounded

and that the space X is separable. In this case, we will show that the

(A)-integral is non empty. In order to prove this, we recall the following

useful results:

Proposition 3 [12, Proposition II.5.20] Let X be a separable Banach

space. If F : [a, b] → cwk(X) is graph measurable and integrably bounded,

then

(A)−
∫ b

a

F (t)dt ∈ cwk(X).

Proposition 4 [12, Proposition II.5.2] Let X be a separable Banach

space. If F : [a, b] → cwk(X) is graph measurable and S1
F 6= ∅, then for

every x′ ∈ X ′ we have:

s(x′, (A)−
∫ b

a

F (t)dt) =

∫ b

a

s(x′, F (t)) dt

where s(x′, ·) is the support function defined for any nonempty set C ⊂ X

by s(x′, C) = sup{< x′, x >: x ∈ C}.
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Lemma 1 [4, Lemma III.14] Let P = (x′n)n be a dense sequence in

X ′ for the topology τ(X ′, X), and K be a closed, convex, weakly locally

compact subset of X which contains no line. Then

K = ∩n{x ∈ X : < x′n, x > ≤ s(x′n, K)}.

Moreover

Proposition 5 Let X be a Banach space and F : [a, b] → cwk(X) be

a measurable and integrably bounded multifunction. Then, if we set

L =

∫ b

a

s(x′, F (t))dt

for every x′ ∈ X ′ we have

Φ(F, [a, b]) ⊂ {z ∈ X : < x′, z > ≤ L} . (3)

Proof: Let z ∈ Φ(F, [a, b]) and suppose that (3) is not true. Then

< x′, z > −L = α > 0.

By definition of (∗)-integral, there exists a gauge ∆∗ such that, for every

generalized McShane partition (Ei, ti)i subordinate to ∆∗(α/6), we have:

lim sup
n

d

(
z,

n∑
i=1

F (ti)µ(ti)

)
:= r ≤ α/6. (4)

Let now ε > 0 satisfy r + ε < α/3. Then, in correspondence to ε, there

exists an integer n such that, for every n ≥ n,

d

(
z,

n∑
i=1

F (ti)µ(Ei)

)
< α/3.

Since F has weakly compact values, then, for every n ≥ n, there exists

xn ∈
∑n

i=1 F (ti)µ(Ei) such that ‖z − xn‖ = d(z,
∑n

i=1 F (ti)µ(Ei)) and

hence

< x′, z > ≤ | < x′, xn > |+ | < x′, z − xn > | ≤ (5)

≤ s(x′,
n∑

i=1

F (ti)µ(Ei)) + α/3 ≤

≤
n∑

i=1

s(x′, F (ti)µ(Ei)) + α/3.

A.BOCCUTO,A.SAMBUCINI316



Moreover we know that s(x′, F ) is Lebesgue integrable, since it is mea-

surable and dominated by h(F (t), {0}) and so, by [7, Lemma 1J] already

quoted, there exists a gauge ∆0 such that for every generalized P∆0 Mc-

Shane partition Π′ = (E ′
i, t

′
i)i,

n∑
i=1

s(x′, F (ti)µ(Ei)) ≤ L + α/3. (6)

Therefore, if we consider ∆ = ∆∗ ∩ ∆0 and we take any generalized

P∆ McShane partition, inequalities (4), (5) and (6) give us the following

contradiction: < x′, z >≤ L+2α/3 =< x′, z > −α/3. Hence (3) holds.2

Now we are in position to state our comparison result.

Theorem 1 Suppose that X is a separable Banach space and that there

exists a countable family (x′n)n in X ′ which separates points of X. Then

(A)

∫ b

a

F (t)dt = Φ(F, [a, b])

holds, for any measurable and integrably bounded multifunction F : [a, b] → cwk(X).

Remark 2 Observe that this theorem extends [14, Theorem 3] in sev-

eral directions: first of all, we obtain an analogous result in infinite di-

mensional spaces, rather then a Euclidean space. Moreover here multi-

functions with unbounded domains are allowed, and their values are only

requested to be convex and weakly-compact. The hypothesis of convex-

ity of the values could not be dropped in our case; indeed in the infinite

dimensional case there are examples of non convex Aumann integrals.

Proof of Theorem 1: The inclusion

(A)−
∫ b

a

Fdt ⊂ Φ(F, [a, b])

is contained in Proposition 2 which holds without any assumption on

F and X. The other inclusion is proved similarly as in [14, Theorem
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3]. Observe that from [4, Lemma III.32] it is possible to construct a

countable family P which is dense in E ′ for τ(E ′, E). So, let P = (x′n)n.

By [4, Lemma III.14] quoted above, we know that, for every t ∈ [a, b],

F (t) =
⋂
n

{z ∈ X : < x′n, z > ≤ s(x′n, F (t))} .

Set Ln =

∫ b

a

s(x′n, F (t))dt. Applying Proposition 5 we have that

Φ(F, [a, b]) ⊂
⋂
n

{z ∈ X : < x′n, z > ≤ Ln} .

Observe also that, since F is cwk(X)-valued, then its (A)-integral belongs

to the same hyperspace by Proposition 3 ([12, Proposition 5.20]) and

then, using again [4, Lemma III.14], we have

(A)−
∫ b

a

F (t)dt =
⋂
n

{
x ∈ X :< x′n, x >≤ s(x′n, (A)−

∫ b

a

F (t)dt)

}
.

Thus we have proved that

Φ(F, [a, b]) ⊂ (A)

∫ b

a

F (t)dt

and this concludes the proof of the theorem. 2

Theorem 1 can be applied in the comparison of Aumann integral and

other known integrals; for the relationship with the Debreu integral see

for example [3, 19, 15, 16, 20]. For weakly compact valued multifunctions

the result was obtained for totally measurable multifunctions. In general,

measurable multifunctions are not totally measurable. Here we give an

example of a measurable multifunction not totally measurable for which

the Aumann and the (?)-integrals coincide.

Example 1 Let X = l2(N∗); for every A ⊂ N∗ we consider

UA = {x ∈ X : ‖x‖ ≤ 1, and xn = 0 if n 6∈ A} = {1Ax : ‖x‖ ≤ 1},
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where (1Ax)n = 1A(n)xn. If A 6= B then h(UA, UB) ≥ 1 and so the set

{UA, A ⊂ N∗} is not separable.

Let Ω = [0, 1[ and for every ω ∈ Ω let 0, ω1 · · ·ωn · · · be its dyadic

representation, namely ω1 = 1 iff ω ∈ [1/2, 1[, ω2 = 1 iff ω ∈
[1/4, 1/2[∪[3/4, 1[, etc. We set B1 = [1/2, 1[, B2 = [1/4, 1/2[ ∪ [3/4, 1[,

etc.

Let F (ω) = UA(ω) where A(ω) = {n ∈ N∗ : ωn = 1}. F is integrably

bounded, takes weakly compact and convex values and its support func-

tion s(y, F (ω)) is measurable since it is the limit of simple functions;

indeed:

s(y, F (ω)) = {
∑

n∈A(ω)

y2
n}1/2 = lim

n→∞

∑
p≤n

s(y, F (ω))1Bp(ω)

and ∑
p≤n

s(y, F (ω))1Bp(ω) = {
∑
p≤n

y2
p : ωp = 1}1/2.

From [12, Proposition II.2.39] F is measurable, but for every µ-null set

N , the set Ω \ N is not countable and so F (Ω \ N) is not separable in

the h-metric topology. Then immediately it follows that F cannot be

a member of the closure of simple multifunctions with weakly compact

and convex values in the L1-metric associated with h and so F is not a

Bochner integrable multifunction. Moreover, by Theorem 1,

Φ(F, [0, 1[) = (A)−
∫ 1

0

F (ω)dµ(ω).

4. The McShane multivalued integral

If we consider directly the hyperspace (cwk(X), h) we can define the

McShane multivalued integral in the following way:

Definition 3 We say that F : [a, b] → cwk(X) is McShane integrable

if there exists J ∈ cwk(X) such that for every ε > 0 there exists a gauge
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∆ such that

lim sup
n

h(J,

n∑
i=1

F (ti)µ(Ei)) ≤ ε

for every generalized P∆ McShane partition Π = (Ei, ti)i. In this case,

we set

J :=

∫ b

a

F (t)dt.

Thanks to the R̊adstrom embedding theorem [18], this definition is well-

posed, and we will show the following:

Theorem 2 If F : [a, b] → cwk(X) is McShane integrable, then the

(?)-integral and the McShane integral coincide, namely J = Φ(F, [a, b]).

Proof: The inclusion J ⊂ Φ(F, [a, b]) is obvious; indeed if z ∈ J , then

for every ε > 0 there exists a gauge ∆ such that for each generalized

P∆ McShane partition (Ei, ti)i∈N we get:

lim sup
n

d(z,
n∑

i=1

F (ti)µ(Ei)) ≤ lim sup
n

h(J,
n∑

i=1

F (ti)µ(Ei)) ≤ ε.

Conversely, let now z ∈ Φ(F, [a, b]). Then, for every ε > 0, there ex-

ists a gauge ∆ such that, for every generalized P∆ McShane partition

(Ei, ti)i∈N, we have

lim sup
n

d(z,
n∑

i=1

F (ti)µ(Ei)) ≤ ε/2.

On the other hand, by the definition of the McShane integral, there

exists a gauge ∆1 such that for every generalized P∆1 McShane partition

(E ′
i, t

′
i)i, we get

lim sup
n

h(J,
n∑

i=1

F (t′i)µ(E ′
i)) ≤ ε/2.
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So, if we take ∆̃ = ∆ ∩ ∆1, then, for every generalized P∆̃ McShane

partition Π = (Ei, ti)i and for every x ∈
∑n

i=1 F (ti)µ(Ei) we have

d(z, J) = inf
y∈J

‖z − y‖ ≤ inf
y∈J

(‖z − x‖+ ‖x− y‖) =

= ‖z − x‖+ d(x, J) ≤ ‖z − x‖+ h(
n∑

i=1

F (ti)µ(Ei), J).

So we have

d(z, J) ≤ lim sup
n

(
d(z,

n∑
i=1

F (ti)µ(Ei)) + h(
n∑

i=1

F (ti)µ(Ei), J)

)
≤ ε

for every generalized P∆̃ McShane partition (Ei, ti)i. Since ε is arbitrary

and Φ(F, [a, b]) is closed, the last inclusion follows. 2

Observe that if X is separable and F : Ω → ck(X) is a measurable

multifunction with unbounded range, then Debreu integrability implies

McShane’s one. In this case we can embed (ck(X), h) in a suitable sep-

arable Banach space Y and, if we consider F as a Y -valued measurable

function, McShane integrability coincides with the Pettis’ one. If the

range of F is bounded and µ(Ω) < ∞, the two concept of integral coin-

cide; see for example [6, Section 2K].

If we consider a multifunction with weakly compact and convex values

we need total measurability of F since (cwk(X), h) is not separable in

general. In this case we have:

Corollary 1 If µ is finite, X is a separable Banach space and F :

Ω → cwk(X) is a Debreu integrable multifunction, then F is McShane

integrable and its integral coincides with the Aumann integral of F .

Proof: Thanks to the result of Byrne [3] the Debreu integral and the

Aumann integral coincide; thank to [7, Theorem 1K] the Debreu and the

McShane integrals coincide too. 2
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An example of an integrably bounded and McShane integrable mul-

tifunction which is not Debreu integrable can be obtained using [6, Ex-

ample 3F] and taking F (t) = {f(t)}, where f takes values in the non

separable Banach space L∞([0, 1]).

Theorem 2 implies that, when F is cwk(X)-valued and McShane in-

tegrable, Φ(F, [a, b]) is convex and weakly compact and so in this case

we obtain [14, Proposition 1] as a corollary of Theorem 2.

Theorem 2 is also important from another point of view: indeed, thanks

to the R̊adstrom embedding theorem, all the fundamental results con-

cerning the McShane integral, which are given in [7], are still valid for

cwk(X)-valued multifunctions. So it is enough to consider the space

cwk(X) as a Banach space, which plays the role of the Banach space

X in the previous section. So Φ(F, [a, b]) satisfies the main fundamen-

tal properties of the functionals defined by means of integrals, like for

example additivity and absolute continuity.

Remark 3 Though in this paper Ω is always assumed to be an interval

in the real line (possibly unbounded), we observe that all the results here

obtained hold as well whenever Ω is any non empty σ-finite quasi Radon

outer regular measure space.
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[18] H. RÅDSTROM, An Embedding Theorem for Spaces of Convex

Sets, Proc. Amer. Math. Soc. 3 (1952), 165-169.

[19] A. R. SAMBUCINI, Remarks on set valued integrals of multifunc-

tions with non empty, bounded, closed and convex values, Commen-

tationes Math. 39, (1999), 153-165.

A.BOCCUTO,A.SAMBUCINI324



[20] A. R. SAMBUCINI, A survey on multivalued integration, Atti Mat.

Fis. Univ. Modena, 50 (2002), 53-63.

[21] M. TALAGRAND, Pettis integral and measure theory, Mem. Amer.

Math. Soc., 307, (1984).

A MCSHANE INTEGRAL... 325



 

326



A General Framework for Term Structure Models
Driven by Lévy Processes
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Abstract

We describe a framework in which to generalize the Heath, Jarrow

and Morton model for the term structure of interest rates. We represent

the model in terms of the triplet of characteristics of the underlying semi-

martingales. We state and prove the necessary and sufficient conditions

for absence of arbitrage in terms of the characteristics of the price process.

The methodology is then extended to find sufficient conditions for absence

of arbitrage in the defaultable case.
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1 Introduction

Our goal is to present a general framework in which to construct bond market
models. We introduce the class of semimartingales and a stochastic calculus as-
sociated with it. We borrow this material from Shiryaev and Jacod [11] and we
adopt their notation. We outline the bond market setting presented in Björk,
Kabanov and Runggaldier [2] and give an alternative proof of the main result
regarding the absence of arbitrage, which extends to the case where the Levy
measure of the driving process is infinite.

Shirakawa [10] introduced an extension of the HJM approach for term structure
models that allows for jumps in the forward rate dynamics. The model is driven
by a Poisson process with constant intensities, in addition to a standard Brown-
ian Motion. Jarrow, Madan [6] define a multivariate point process in terms of a
sequence of stopping times at which jumps take place. The associated counting
process is used as one of the driving terms. Björk, et al. [2] extend the HJM
model to infinite jump space by introducing a random measure with finite com-
pensator.
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Babbs and Webber [1] and El-Jahel, Lindberg and Perraudin [3] use an alter-
native approach that takes into account monetary policy. The short rate is
assumed to be established periodically by the authorities and hence is modelled
by a pure jump process. In the latter, the intensities follow a squared Ornstein-
Uhlenbeck process. In Babbs and Webber [1] the intensities depend on the short
rate itself and in a Markov process which represents the state of the economy.

The class of semimartingales is particularly useful for our purpose since it in-
cludes a large variety of processes. In connection with the model in Björk, et
al. [2] we will work with a special case, namely diffusion processes. Further, the
class of semimartingales is invariant with respect many transformations. Ito’s
formula, for example, implies invariance with respect to composition with C

2

functions. The results involving arbitrage depend heavily on invariance after an
absolutely continuous change of measure.

We begin the exposition by introducing some definitions and the notation that
will be used throughout.

A stochastic basis is a probability space (Ω, F ,F, P ) equipped with a filtration
F= (Ft)t∈R+

; here filtration means an increasing and right-continuous family
of sub-σ-fields of F . By convention, we set F∞ = F and F∞− =

∨
s∈R+

Fs.

The stochastic basis (Ω, F ,F, P ) is called complete, or equivalently is said to
satisfy the usual conditions if the σ-field F is P -complete and if every Ft

contains all the P -null sets of F .

A random set is a subset of Ω × R+.

A process(or, an E-valued process is a family X = (Xt)t∈R+
of mappings from

Ω into some set E. Unless otherwise stated, E will be R
d for some d ∈ N

∗.

A process X is called càd (resp.càg, resp.càdlàg) if all its paths are right-
continuous (resp. are left- continuous, resp. are right-continuous and admit left-
hand limits). When X is càdlàg we define two other processes X = (Xt−)t∈R+

and ∆X = (∆Xt)t∈R+
by

X0− = X0, Xt− = lim
s→t,s<t

Xs for t > 0

∆Xt = Xt − Xt−.

If X is a process and if T is a mapping: Ω → R+, we define the process stopped
at time T , denoted by X

T , by X
T
t = XT∧t.
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A random set A is called evanescent if the the set {ω : ∃t ∈ R+ with (ω, t) ∈ A}
is P -null. Two processes X and Y are called indistinguishable if the random set
{X 6= Y } = {(ω, t) : Xt(ω) 6= Yt(ω)} is evanescent.

In what follows, let (Ω, F ,F, P ) be a stochastic basis.

1.1 σ-Fields, Random Times

A process X is adapted to the filtration F if Xt is Ft-measurable for every
t ∈ R+.

A stopping time is a mapping T : Ω → R+ such that {T ≤ t} ∈ Ft for all
t ∈ R+.

If T is a stopping time, we denote by FT the collection of all sets A ∈ F such
that A ∩ {T ≤ t} ∈ Ft for all t ∈ R+.

If T is a stopping time, we denote by FT− the σ-field generated by F0 and all
the sets of the form A ∩ {t < T }, where t ∈ R+ and A ∈ Ft.

The optional σ-field is the σ-field O on Ω × R+ that is generated by all càdlàg
adapted processes (considered as mappings on Ω × R+). A process or random
set that is O-measurable is called optional .

Proposition 1.1 Let X be an optional process. When considered as a mapping
on Ω × R+, it is F ⊗ R+- measurable. Moreover, if T is a stopping time, then

a) XT 1{T<∞} is FT -adapted (hence, X is adapted).

b) the stopped process X
T is also optional.

Let S, T be two stopping times. We define the stochastic intervals to be the
following random sets:

JS, T K = {(ω, t) : t ∈ R+, S(ω) ≤ t ≤ T (ω)}
JS, T J = {(ω, t) : t ∈ R+, S(ω) ≤ t < T (ω)}
KS, T K = {(ω, t) : t ∈ R+, S(ω) < t ≤ T (ω)}
KS, T J = {(ω, t) : t ∈ R+, S(ω) < t < T (ω)}

We will denote the stochastic interval JT, T K by JT K and will call it the graph of
the stopping time T .
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Proposition 1.2 If S, T are two stopping times and if Y is an FS-measurable
random variable, the processes Y 1JS,T K, Y 1JS,T J, Y 1KS,T K and Y 1KS,T J are op-
tional.

Let X be an adapted process. For each n ∈ N
∗ define a new process X

n by

X
n =

∑

k∈N

Xk/2n1Jk/2n,(k+1)/2nJ.

Note that if X is càg then the sequence (Xn) converges pointwise to X . Hence
Proposition 1.2 yields the following result:

Proposition 1.3 Every process X that is càg and adapted is optional.

Corollary 1.1 If X is a càdlàg adapted process, the processes X and ∆X are
optional.

A random set A is called thin if it is of the form A =
⋃

nJTnK, where (Tn) is a se-
quence of stopping times. If moreover the sequence (Tn) satisfies JTnK∩JTmK = ∅
for all n 6= m, it is called an exhausting sequence for A.

Lemma 1.1 Any thin random set admits an exhausting sequence of stopping
times.

Proposition 1.4 If X is a càdlàg adapted process, the random set {∆X 6= 0}
is thin. An exhausting sequence for this set is called a sequence that exhausts
the jumps of X.

Observe that if X is càdlàg then for each ω ∈ Ω the set {t ∈ R+ : ∆Xt(ω) 6= 0} is
countable. Proposition 1.4 and Lemma 1.1 will be applied as follows: Suppose
(Tn)n is a sequence of stopping times that exhausts the thin set {∆X 6= 0}.
Then if (ω, t) ∈ {∆X 6= 0} there is a unique n such that Tn(ω) = t. This will
be useful in analyzing the “jumps” of a process describing the behavior of asset
prices.

The predictable σ-field is the σ-field P on Ω × R+ that is generated by all càg
adapted processes (considered as mappings on Ω × R+). A process or random
set that is P- measurable is called predictable. Note that Proposition 1.3 im-
plies that P ⊂ O.

Theorem 1.1 The predictable σ-field is also generated by any one of the fol-
lowing collections of sets:
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(i) A × {0} where A ∈ F0, and J0, T K where T is any stopping time;

(ii) A × {0} where A ∈ F0, and A × (s, t] where s < t, A ∈ Fs.

Proposition 1.5 If X is a predictable process and if T is a stopping time,

a) XT 1{T<∞} is FT−-measurable,

b) the stopped process X
T is also predictable.

Proposition 1.6 If S, T are two stopping times and if Y is an FS-measurable
random variable, then the process Y 1KS,T K is predictable.
process is adapted and càg)

Proposition 1.7 If X is a càdlàg adapted process, then X is a predictable
process. If moreover X is predictable, then ∆X is predictable.
immediate from the definition, since X is adapted and càg)

A predictable time is a mapping T : Ω → R+ such that the stochastic interval
J0, T J is predictable.

Theorem 1.2 a) Let X be an R-valued and F ⊗ R+-measurable process.
There exists a (−∞,∞]-valued process, called the predictable projection
of X and denoted by p

X, that is determined uniquely up to an evanescent
set by the following two conditions:

(i) it is predictable,

(ii) (p
X)T = E(XT |FT−) on {T < ∞} for all predictable times T .

b) Moreover, if T is any stopping time, then

p(XT ) = (p
X)1J0,T K + XT 1KT,∞J.

c) Moreover, if p
X is finite-valued and if X

′ is a (−∞,∞]- valued predictable
process, then p(XX

′) = X
′p(X).

Note that if M is a local martingale then p
M = M and p(∆M) = 0. Further,

if X = X0 + M + A is a special semimartingale so that A is predictable, then
p
X − X = ∆A. In particular, p

X = X if and only if ∆A = 0.

If C is a class of processes, we denote by Cloc its localized class, defined as such:
a process X belongs to Cloc if and only if there exists an increasing sequence
(Tn) of stopping times (depending on X) such that limn Tn = ∞ a.s. and that
each stopped process X

Tn belongs to C . The sequence (Tn) is called a localizing
sequence for X (relative to C ).
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1.2 Martingales

In this subsection we state some standard results concerning martingales.

A martingale(resp. submartingale; resp. supermartingale) is an adapted process
X on the basis (Ω, F ,F, P ), whose P -almost all paths are càdlàg, such that
every Xt is integrable, and that for s ≤ t:

Xs = E(Xt|Fs) (resp. Xs ≤ E(Xt|Fs); resp. Xs ≥ E(Xt|Fs)).

We say that a process X admits a terminal variable X∞ if Xt converges a.s. to
a limit X∞ as t ↑ ∞; in which case the variable XT is (a.s.) well defined for
any stopping time T , with XT = X∞ on {T < ∞}.

Theorem 1.3 Let X be a supermartingale such that there exists an integrable
random variable Y with Xt = E(Y |Ft) for all t ∈ R+. Then

a) (Doob’s limit Theorem) Xt converges a.s. to a finite limit X∞.

b) (Doob’s stopping Theorem) If S, T are stopping times, the random vari-
ables XS and XT are integrable, and XS ≥ E(XT |FS) on the set {S ≤ T }.
In particular, X

T is again a supermartingale.

We denote by M the class of all uniformly integrable martingales; and denote
by H 2 the class of all square-integrable martingales, that is, of all martingales
X such that supt∈R+

E(X2
t ) < ∞.

Theorem 1.4 a) If X is a uniformly integrable martingale, then Xt con-
verges a.s. and in L

1 to a terminal variable X∞, and XT = E(X∞|FT )
for all stopping times T . Moreover, X is square-integrable if and only if
X∞ is square-integrable, in which case the convergence Xt → X∞ also
takes place in L

2.

b) If Y is an integrable random variable, there exists a uniformly integrable
martingale X, and only one up to an evanescent set, such that
Xt = E(Y |Ft) for all t ∈ R+; moreover, X∞ = E(Y |F∞−).

Theorem 1.5 (Doob’s inequality) If X is a square-integrable martingale,

E

(
sup
t∈R+

X
2
t

)
≤ 4 sup

t∈R+

E(X2
t ) = 4E(X2

∞).

The following result gives a useful characterization of uniformly integrable mar-
tingales.

J.HERNANDEZ332



Lemma 1.2 Let X be an adapted càdlàg process, with a terminal random vari-
able X∞. Then X is a uniformly integrable martingale if and only if for each
stopping time T , the variable XT is integrable and satisfies E(XT ) = E(X0).

A local martingale(resp. a locally square-integrable martingale) is a process that
belongs to the localized class Mloc (resp. H 2

loc).

1.3 Increasing Processes, Decomposition of Local

Martingales

We now present some further concepts that will be needed in order to introduce
the class of semimartingales. First, the definition of the integral of an optional
process with respect to an adapted process of finite variation is presented. The
following subsection will describe the construction of a more general “stochastic
integral” with respect to a semimartingale. Then we state some important
results concerning the decomposition of a local martingale. Subsequent sections
will state results which characterize the structure of the individual components.

We denote by V + (resp.V ) the set of all real-valued processes A that are càdlàg,
adapted, A0 = 0, and whose paths are non-decreasing (resp. have finite variation
over each finite interval [0, t]).

Let A ∈ V . We denote by Var(A) the variation process of A, defined by

Var(A)t(ω) = lim
n

∑

1≤k≤n

|Atk/n(ω) − At(k−1)/n(ω)|.

Suppose A ∈ V . For each ω ∈ Ω, the path t → At(ω) is the distribution function
of a signed measure on R

+ (denoted dAt(ω)) that is finite on each finite interval
[0, t], and is finite on R

+ if and only if Var(A)∞(ω) < ∞.

If A ∈ V and H is an optional process, we can define the integral process H ·A
by

H · At(ω) =

∫ t

0

Hs(ω)dAs(ω) (1)

if
∫ t

0 |Hs(ω)| d[Var(A)]s(ω) < ∞.

We denote by A + the set of all A ∈ V + that are integrable: E(A∞) < ∞; and
denote by A the set of all A ∈ V that have integrable variation: E(Var(A)∞) <

∞.
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Theorem 1.6 Let A ∈ Aloc. There exists a process, called the compensator of
A and denoted by A

p, which is unique up to an evanescent set, and which is
characterized by being a predictable process of Aloc such that A − A

p is a local
martingale. Moreover, for each predictable process H such that H · A ∈ Aloc

then H · Ap ∈ Aloc and H · Ap = (H · A)p. In particular, H · A − H · Ap is a
local martingale.

The following are some easy properties of the compensator.

1. If A ∈ Aloc is predictable, then A
p = A.

2. If A ∈ Aloc, then p(∆A) = ∆(Ap).

3. If A ∈ Aloc, then A is a local martingale if and only if A = 0.

Theorem 1.7 To each pair (M, N) of locally square-integrable martingales one
associates a predictable process 〈M, N〉 ∈ V , unique up to an evanescent set,
such that MN − 〈M, N〉 is a local martingale. Moreover,

〈M, N〉 =
1

4
(〈M + N, M + N〉 − 〈M − N, M − N〉) ,

and if M, N ∈ H 2 then 〈M, N〉 ∈ A and MN − 〈M, N〉 ∈ M . Furthermore,
〈M, M〉 is nondecreasing.
only if M is quasi-left-continuous.

The process 〈M, N〉 is called the predictable quadratic covariation (also the angle
bracket) of the pair (M, N). Note that 〈M, N〉 = 〈M − M0, N − N0〉.

There is a bijective correspondence between the elements M of H 2 and their
terminal variables M∞. If we define the inner product and the norm on H 2 by

(M, N)H2 = E = (M∞N∞), ‖M‖H2 = ‖M∞‖L2 where M, N ∈ H
2
,

then H 2 is a Hilbert space. To see this, let (Mn) be a Cauchy sequence for
‖ · ‖H2 . Then the sequence (Mn

∞) is Cauchy in L
2(Ω, F∞−, P ); let M∞ be its

L
2 limit. If M is the (unique) martingale with terminal variable M∞, then it

belongs to H 2 and ‖Mn − M‖H2 → 0.

Note that the previous theorem implies (M, N)H2 = E(〈M, N〉∞) + E(M0N0).

Corollary 1.2 The set of all continuous elements of H 2 is a closed subspace
of the Hilbert space H 2.

Example (The Wiener process).
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a) A Wiener process on (Ω, F ,F, P ) (or, relative to F) is a continuous
adapted process W such that W0 = 0 and

(i) E(W 2
t ) < ∞ for each t ∈ R+, and E(Wt) = 0 for each t ∈ R+;

(ii) Wt − Ws is independent of the σ-field Fs for all 0 ≤ s ≤ t.

b) The function σ
2(t) = E(W 2

t ) is called the variance function of W . If
σ

2(t) = t, we say that W is a standard Wiener process.

Proposition 1.8 A Wiener process W is a continuous martingale, and its an-
gle bracket 〈W, W 〉 is 〈W, W 〉t(ω) = σ

2(t).

We now turn to decompositions of a local martingale.

Two local martingales M and N are called orthogonal if their product MN is
a local martingale. A local martingale X is called a purely discontinuous local
martingale if X0 = 0 and if it is orthogonal to all continuous local martingales.

Lemma 1.3 A local martingale that belongs to V is purely discontinuous.

Proposition 1.9 Let M, N ∈ H 2. The following are equivalent:

a) M and N are orthogonal.

b) 〈M, N〉 = 0.

c) For all stopping times T , M
T and N − N0 are orthogonal in the Hilbert

space H 2.

Corollary 1.3 The set H 2,d of all purely discontinuous martingales in H 2 is
the orthogonal subspace, in the Hilbert space H 2, of the set H 2,c of all contin-
uous elements of H 2.

Proposition 1.10 Let a > 0. Any local martingale M admits a (non-unique)
decomposition M = M0+M

′+M
′′, where M

′ and M
′′ are local martingales with

M
′
0 = M

′′
0 = 0, M

′ has finite variation, and |∆M
′′| ≤ a (hence M

′′ ∈ H 2
loc

).

Since the local martinagale M
′ in Proposition 1.10 is of finite variation then it is

purely discontinuous by Lemma 1.3. Note also that by Corollary 1.3 M
′′ ∈ Hloc

is the sum of purely discontinuous and continuous components. We thus obtain
the following decomposition:
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Theorem 1.8 Any local martingale M admits a unique (up to indistinguisha-
bility) decomposition

M = M0 + M
c + M

d
,

where M
c = 0, M

d = 0, M
c is a continuous local martingale, and M

d is a
purely discontinuous local martingale.

M
c is called the continuous part of M , and M

d its purely discontinuous part .
We denote by L the set of all local martingales M such that M0 = 0.

1.4 Semimartingales, Stochastic Integrals

Here we introduce the class of semimartingales, which is our basic modeling tool.
Hence we are interested in developing a calculus with respect to semimartingales.
In this section we give meaning to the notion of a stochastic integral and state
some of its properties.

A semimartingale is a process X of the form

X = X0 + M + A, M ∈ L , A ∈ V , (2)

where X0 is finite-valued and F0-measurable. We denote by S the space of
all semimartingales. A special semimartingale is a semimartingale X which
admits a decomposition (2) where the process A is predictable. In this case,
A is unique (up to an evanescent set). We denote by Sp the set of all special
semimartingales.

If X ∈ Sp, the unique decomposition X = X0 + M + A such that M ∈ L and
that A is a predictable element of V is called the canonical decomposition of X .

Proposition 1.11 Let X be a semimartingale. The following are equivalent:

(i) X is a special semimartingale;

(ii) there exists a decomposition X = X0 + M + A where A ∈ Aloc;

(iii) all decompositions X = X0 + M + A satisfy A ∈ Aloc;

(iv) the process Yt = sups≤t |Xs − X0| belongs to A
+
loc

.

Lemma 1.4 If a semimartingale X satisfies |∆X | ≤ a, then it is special and
its canonical decomposition X = X0+M +A satisfies |∆A| ≤ a and |∆M | ≤ 2a.
In particular, if X is continuous then M and A are continuous.
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Proposition 1.12 Let X be a semimartingale. There is a unique (up to in-
distinguishability) continuous local martingale X

c with X
c
0 = 0, such that any

decomposition of type (2) meets M
c = X

c (up to indistinguishability). X
c is

called the continuous martingale part of X.

We will now construct the integral process H ·X where H is a locally bounded
predictable process and X is a semimartingale. Denote by E the set of all
processes of the following forms:

H = Y 1J0K, Y is bounded F0-measurable, and

H = Y 1Kr,sK, r < s, Y is bounded Fr-measurable.

For H ∈ E and X a semimartingale, the integral process H · Xt is defined by

H · Xt =

{
0 if H = Y 1J0K,

Y (Xs∧t − Xr∧t) if H = Y 1Kr,sK.
(3)

Theorem 1.9 Let X be a semimartingale. The map H → H · X defined on E

by (3) has an extension, still denoted by H → H · X to the space of all locally
bounded predictable processes H, with the following properties:

i) H · X is a càdlàg adapted process;

ii) H → H ·X is linear, up to evanescence (i.e. (aH+K)·X and aH ·X+K ·X
are indistinguishable);

iii) if a sequence (Hn) of predictable processes converges pointwise to a limit
H, and if |Hn| ≤ K where K is a locally bounded predictable process, then
H

n · Xt → H · Xt in measure for all t ∈ R+.

Moreover, this extension is unique, up to evanescence (i.e. if H → α(H) is
another extension with the same properties, then α(H) and H · X are indistin-
guishable), and in iii) above H

n · X converges to H · X in measure, uniformly

on finite intervals: sups≤t|Hn · Xs − H · Xs| P→ 0.

We now state some elementary properties of stochastic integrals. Here X is a
semimartingale, and H, K are locally bounded predictable process. All state-
ments are up to evanescence.

(P1) X → H · X is linear.

(P2) (a) H · X is a semimartingale;

(b) if X is a local martingale then so is H · X ;

(c) if X ∈ V then H · X ∈ V and H · X coincides with the process
defined in (1) (Stieltjes integral process).
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(P3) (H · X)0 = 0 and H · X = H · (X − X0).

(P4) ∆(H · X) = H∆X .

(P5) X
T = X0 + 1J0,T K ·X and (H ·X)T = (H1J0,T K) ·X for all stopping times

T ; more generally, K · (H · X) = (HK) · X .

For H 2
loc, we denote by L

2(X) (resp. L
2
loc(X)) the set of all predictable processes

H such that the process H
2 ·〈X, X〉 is integrable (resp. locally integrable). Since

〈X, X〉 ∈ A
+
loc, all locally bounded predictable processes belong to L

2
loc(X).

Theorem 1.10 Let X ∈ H 2
loc

. The map H → H ·X (defined either on E by (3)
or for all locally bounded predictable H by Theorem 1.9 has a further extension to
the set L

2
loc

(X), still denoted by H → H ·X, which meets i), ii) in Theorem 1.9,
and if a sequence (Hn) of predictable processes converges pointwise to a limit

H, and |Hn| ≤ K for some K ∈ L
2
loc

(X), then sups≤t|Hn · Xs − H · Xs| P→ 0
for all t ∈ R+. Moreover this extension is unique (up to evanescence), and we
have:

1. H · X ∈ H 2
loc

.

2. H · X ∈ H 2 if and only if H ∈ L
2(X).

3. Properties (P1), (P3), (P4), (P5) ( for H ∈ L
2
loc

(X) and K ∈ L
2
loc

(H ·X))
hold.

4. If X, Y ∈ H 2
loc

and H ∈ L
2
loc

(X) and K ∈ L
2
loc

(Y ), then

〈H · X, K · Y 〉 = (HK) · 〈X, Y 〉.

We will now show that the stochastic integral of a predictable process that is
càg may be approximated by Riemann sums. We call an adapted subdivision
any sequence τ = (Tn)n∈N of stopping times with T0 = 0, supn Tn < ∞, and
Tn < Tn+1 on {T < ∞} (a deterministic subdivision if all the Tn’s are constant).
The τ -Riemann approximant of H · X is the process τ(H · X) defined by

τ(H · X)t =
∑

n∈N

HTn
(XTn+1∧t − XTn∧t).

A sequence (τn = (T (n, m))m∈N)n∈N of adapted subdivisions is called a Rie-
mann sequence if supm∈N

[T (n, m+1)∧ t−T (n, m)∧ t] → 0 for all t ∈ R+ (that
is, if the mesh of the restriction of the subdivisions τn to each interval [0, t] tends
to 0).

Proposition 1.13 Let X be a semimartingale, H be a càg adapted process,
and (τn) a Riemann sequence of adapted subdivisions. Then the τn-Riemann
approximants τn(H ·X) converge to H ·X in measure, uniformly on each com-
pact interval.
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1.5 Quadratic Variation, Ito’s Formula

In this section we state Ito’s formula for semimartingales. The following result
gives an explicit solution to a “stochastic differential equation” and describes
some of its properties.

Let X and Y be two semimartingales. The quadratic co- variation of X and Y ,
denoted by [X, Y ] (the quadratic variation of X , when Y = X) is the process
defined by:

[X, Y ] = XY − X0Y0 − X− · Y − Y− · X
(it is defined uniquely, up to an evanescent set). Note that the following prop-
erties hold:

[X, Y ]0 = 0, [X, Y ] = [X − X0, Y − Y0],

[X, Y ] =
1

4
([X + Y, X + Y ] − [X − Y, X − Y ]). (4)

Theorem 1.11 Let X and Y be two semimartingales.

a) For any Riemann sequence {τn = (T (n, m))m∈N}n∈N of adapted subdivi-
sions, the processes Sτn

(X, Y ) defined by

Sτn
(X, Y )t =

∑

m≥1

(XT (n,m+1)∧t − XT (n,m)∧t)(YT (n,m+1)∧t − YT (n,m)∧t)

converge to the process [X, Y ] in measure, uniformly on every compact
interval.

b) [X, Y ] ∈ V and [X, X ] ∈ V +.

c) ∆[X, Y ] = ∆X∆Y .

Let X ∈ H 2. It follows from the definition of [X, Y ] that X
2−X

2
0−[X, X ] ∈ L .

By Theorem 1.7, we have that X
2 − X

2
0 − 〈X, X〉 ∈ L . It follows that

[X, X ] − 〈X, X〉 ∈ L ∩ V so that [X, X ] ∈ Aloc and 〈X, X〉 is the compen-
sator of [X, X ]. The argument extends to [X, Y ] with Y 6= X by (4). We
formalize this result as follows:

Proposition 1.14 Let X and Y be two local martingales.

a) XY − X0Y0 − [X, Y ] is a local martingale.

b) If X, Y ∈ H 2
loc

then [X, Y ] ∈ Aloc and its compensator is 〈X, Y 〉; if more-
over X, Y ∈ H 2, then XY − [X, Y ] ∈ M .

c) X belongs to H 2 (resp. H 2
loc

) if and only if [X, X ] belongs to A (resp.
Aloc) and X0 is square-integrable.
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d) X = X0 a.s. if and only if [X, X ] = 0.

Theorem 1.12 Let X and Y be two semimartingales and denote by X
c
, Y

c

their continuous martingale parts. Then

[X, Y ]t = 〈Xc
, Y

c〉t +
∑

s≤t

∆Xs∆Ys. (5)

Theorem 1.13 (Ito’s formula) Let X = (X1
, . . . , X

d) be a d-dimensional
semimartingale, and let f be a class C

2 function on R
d. Then f(X) is a semi-

martingale and we have:

f(Xt) = f(X0)+
∑

i≤d

Dif(X−) · X i +
1

2

∑

i,j≤d

Dijf(X−) · 〈X i,c
, X

j,c〉

+
∑

s≤t



f(Xs) − f(Xs−) −
∑

i≤d

Dif(Xs−)∆X
i
s



 ,

(6)

where Dif and Dijf denote the partial derivatives ∂f/∂x
i and ∂

2
f/∂x

i
∂x

j.

As an application of Ito’s formula, we will study the equation

Y = 1 + Y− · X (or:dY = Y−dX and Y0 = 1)

where X is a given semimartingale and Y is an unknown càdlàg adapted process.
We will consider X to be a complex-valued semimartingale, that is, X = X

′ +
iX

′′ with X
′ and X

′′ two real-valued semimartingales. Then (6) is read as a
system of equations with real-valued terms as follows:

Y
′ = 1 + Y

′
− · X ′ − Y

′′
− · X ′′

Y
′′ = Y

′′
− · X ′ − Y

′
− · X ′′

and Y = Y
′ + iY

′′.

Theorem 1.14 Let X = X
′ + iX

′′ be a complex-valued semimartingale. Then
equation (6) has one and only one (up to indistinguishability) càdlàg adapted
solution. This solution is a semimartingale, is denoted by E (X), and is given
by

E (X)t = {exp(Xt − X0 −
1

2
〈X ′c

, X
′c〉t +

1

2
〈X ′′c

, X
′′c〉t − i〈X ′c

, X
′′c〉t)}

×
∏

s≤t

[(1 + ∆Xs)e
−∆Xs ]

where the (possibly infinite) product is absolutely convergent. Furthermore,
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a) If X has finite variation, then so has E (X).

b) If X is a local martingale, then so is E (X).

c) Let T = inf(t : ∆Xt = −1). Then E (X) 6= 0 on the interval J0, T J, and
E (X)− 6= 0 on the interval J0, T K, and E (X) = 0 on the interval JT,∞J.

In particular, (5) implies that when X has finite variation, then

E (X)t = e
Xt−X0

∏

s≤t

(1 + ∆Xs)e
−∆Xs

.

When X is a real-valued semimartingale, then

E (X)t = e
Xt−X0−

1
2
〈Xc,Xc〉t

∏

s≤t

(1 + ∆Xs)e
−∆Xs

.

2 Characteristics of Semimartingales

Our goal in this section is to describe a convenient way of representing semi-
martingales. To this end, we define a set of “characteristics” associated with
a semimartingale X . We then define a “canonical representation”, which ex-
presses X in terms of its characteristics. Section 2.1 is an outline of the results
concerning random measures that will be needed.

Let B = (Ω, F ,F = (Ft)t≥0, P ) be a stochastic basis. In addition, let (E, E )
be an auxiliary measurable space which we stipulate to be a Blackwell space.
In this paper, however, we will assume the special case E = R

d with its Borel
σ-field.

2.1 Random Measures

In order to characterize the behavior of the jumps of the processes of interest,
we introduce the concept of an integer-valued random measure and its compen-
sator. We also define an integral with respect to these. Then, after introducing
some necessary notation, we define an integral with respect to the “compen-
sated” random measure. This important result is closely related to the purely
discontinuous part of a local martingale which was introduced in the previous
section.

A random measure on R+ ×E is a family µ = {µ(ω; dt, dx) : ω ∈ Ω} of nonneg-
ative measures on (R+ × E, R+ ⊗ E ) such that µ(ω; {0} × E) = 0 identically.

We will be using the following notation:
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Ω̃ = Ω × R+ × E, with σ-fields Õ = O ⊗ E and P̃ = P ⊗ E . Here O and P

are the optional and predictable σ-fields on (Ω × R+), respectively.

A function W on Ω̃ that is Õ- measurable(resp. P̃-measurable) is called an
optional(resp. a predictable) function.

Let µ be a random measure and W an optional function on Ω̃. Define the
integral process W ∗ µ by

W ∗ µ(ω) =

∫

[0,t]×E

W (ω, s, x)µ(ω; ds, dx)

if
∫
[0,t]×E

|W (ω, s, x)|µ(ω; ds, dx) < ∞.

A random measure µ is called optional(resp. predictable) if the process W ∗ µ

is optional(resp. predictable) for every optional(resp. predictable) function W .

An optional measure µ is called integrable if the random variable
1 ∗ µ∞ = µ(·, R+ × E) is integrable (or equivalently, if 1 ∗ µ ∈ A +).

An optional random measure µ is called P̃-σ- finite if there exists a strictly
positive predictable function V on Ω̃ such that the random variable V ∗ µ∞ is
integrable(or equivalently, if V ∗ µ ∈ A +). This property is equivalent to the
existence of a P̃-measurable partition (An) of Ω̃ such that each (1An

∗ µ)∞ is
integrable.

Theorem 2.1 Let µ be an optional P̃-σ-finite random measure. There exists
a random measure, called the compensator of µ and denoted by µ

p, which is
unique up to a P -null set, and which is characterized as being a predictable
random measure satisfying either one of the two following equivalent properties:

1. E(W ∗ µ
p
∞) = E(W ∗ µ∞) for every nonnegative P̃-measurable function

W on Ω̃.

2. For every P̃-measurable function W on Ω̃ such that |W | ∗ µ ∈ A
+
loc

,
|W | ∗ µ

p ∈ A
+
loc

, and W ∗ µ − W ∗ µ
p is a local martingale.

An integer-valued random measure is a random measure that satisfies:

1. µ(ω; {t} × E) ≤ 1 identically,

2. for each A ∈ R+ ⊗ E , µ(·, A) takes its values in N;

3. µ is optional and P̃-σ-finite.
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Proposition 2.1 If µ is an integer-valued random measure, there exists a thin
random set D and an E-valued optional process β such that

µ(ω; dt, dx) =
∑

s≥0

1D(ω, s)ε(s,βs(ω))(dt, dx), (7)

where εa denotes the Dirac measure at the point a.

Note that if (Tn) is a sequence of stopping times that exhausts the thin set D,
then

W ∗ µt =
∑

n

W (Tn, βTn
)1{Tn≤t}

=
∑

0<s≤t

W (s, βs)1D(s).

where W is any nonnegative optional function.

Proposition 2.2 Let X be an adapted càdlàg R
d-valued process. Then

µ
X(ω; dt, dx) =

∑

s

1{∆Xs(ω) 6=0}ε(s,∆Xs(ω))(dt, dx) (8)

defines an integer-valued random measure on R+ × R
d. (In the representation

(7) we have D = {∆X 6= 0} and β = ∆X). We call µ
X the random measure

associated with the jumps of X.

Proposition 2.3 Let µ be an integer-valued random measure, ν = µ
p its com-

pensator, and J = {(ω, t) : ν(ω; {t} × E) > 0}.
i) J is the predictable support {p(1D)} of the set D in (7), and for all

predictable times T and nonnegative predictable W :
∫

E

W (T, x)ν({T } × dx) = E[W (T, βT )1D(T )|FT−] on {T < ∞}.

ii) There is a version of ν such that ν(ω; {t} × E) ≤ 1 identically and that
the thin set J is exhausted by a sequence of predictable times.

Example (Poisson Measures). An extended Poisson measure on R+×E, relative
to the filtration F, is an integer-valued random measure µ such that

(i) the positive measure m on R+ ×E defined by m(A) = E[µ(A)] is σ-finite;

(ii) for every s ∈ R+ and every A ∈ R+ ⊗ E such that A ⊂ (s,∞) × E and
that m(A) < ∞, the variable µ(·, A) is independent of the σ-field Fs.
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The measure m is called the intensity measure of µ. If m satisfies m({t}×E) = 0
for each t ∈ R+, then µ is called a Poisson measure; if m has the form
m(dt, dx) = dt × F (dx), where F is a positive σ-finite measure on (E, E ), then
µ is called a homogeneous Poisson measure.

Proposition 2.4 Let µ be an extended Poisson measure on R+×E, relative to
the filtration F, with intensity measure m. Then its compensator is
µ

p(ω; ·) = m(·).

Let µ be an integer-valued random measure on R+ × E. Let ν be a version
of the dual predictable projection given in Proposition 2.3. We will now define
stochastic integrals with respect to the “compensated” integer-valued random
measure (µ − ν). We will use the following notation:

at(ω) = ν(ω; {t} × E),

J = {a > 0}, exhausted by the sequence (Tn)

of predictable times,

ν
c(ω; dt, dx) = 1Jc(ω, t).

For any measurable function W on Ω̃ we define the process Ŵ by

Ŵt(ω) =

∫

E

W (ω, t, x)ν(ω; {t} × dx)

if
∫

E |W (ω, t, x)|ν(ω; {t} × dx) < ∞.

Lemma 2.1 If W is P̃-measurable, then Ŵ is predictable and it is a version
of the predictable projection of the process (ω, t) → W (ω, t, βt(ω))1D(ω, t). In
particular, for all predictable times T ,

Ŵt = E[W (T, βT )1D(T )|FT−] on {T < ∞}.

We denote by Gloc(µ) the set of all P̃-measurable real-valued functions W on
Ω̃ such that the process W̃ defined by

W̃t(ω) = W (ω, t, βt(ω))1D(ω, t) − Ŵt(ω)

satisfies
[∑

s≤·(W̃s)
2
]1/2

∈ A
+
loc.

If W ∈ Gloc(µ) we call stochastic integral of W with respect to µ − ν, denoted
by W ∗ (µ− ν), any purely discontinuous local martingale X such that ∆X and
W̃ are indistinguishable.
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Proposition 2.5 Let W be a predictable function on Ω̃ such that |W |∗µ ∈ A
+
loc

(or equivalently, |W | ∗ ν ∈ A
+
loc

). Then W ∈ Gloc(µ) and

W ∗ (µ − ν) = W ∗ µ − W ∗ ν.

We now characterize the property W ∈ Gloc(µ) by the integrability of a suit-
able increasing predictable process. To this end, we associate to any predictable
function W on Ω̃ two increasing (possibly infinite) predictable processes as fol-
lows:

C(W )t = (W − Ŵ )2 ∗ νt +
∑

s≤t

(1 − as)(Ŵs)
2
,

C(W )t = |W − Ŵ | ∗ νt +
∑

s≤t

(1 − as)|Ŵs|.

Theorem 2.2 Let W be a predictable function on Ω̃.

a) W belongs to Gloc(µ) and W ∗ (µ − ν) belongs to H 2 (resp. H 2
loc

) if and
only if C(W ) belongs to A + (resp. A

+
loc

), in which case

〈W ∗ (µ − ν), W ∗ (µ − ν)〉 = C(W ).

b) W belongs to Gloc(µ) and W ∗ (µ − ν) belongs to A (resp. Aloc) if and
only if C(W ) belongs to A + (resp. A

+
loc

).

c) W belongs to Gloc(µ) if and only if C(W ′)+C(W ′′) belongs to Aloc, where

W
′ = (W − Ŵ )1{|W−Ŵ |≤1} + Ŵ1{|Ŵ |≤1},

W
′′ = (W − Ŵ )1{|W−Ŵ |>1} + Ŵ1{|Ŵ |>1}.

d) Assume in addition that W̃ ≥ −1 identically. Then Ŵ ≤ 1 on {a < 1} up
to an evanescent set, and W belongs to Gloc(µ) if and only if the increasing
predictable process C

′(W ) defined by

C
′(W ) =

(
1 −

√
1 + W − Ŵ

)2

∗ νt +
∑

s≤t

(1 − as)

(
1 −

√
1 − Ŵ

)2

belongs to A
+
loc

.

2.2 Definition of the Characteristics, Canonical

Representation

The characteristics of a semimartingale which we present in this section can
be interpreted as an extension of the terms that characterize the distribution
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of a process with independent increments. Frequently, statements about semi-
martingales will be stated in terms of their characteristics.

Consider a d-dimensional semimartingale X = (X1
, . . . , X

d) defined on the
stochastic basis (Ω, F ,F, P ). Denote by C d

t the class of functions h : R
d → R

d

which are bounded, have compact support, and satisfy h(x) = x in a neighbor-
hood of 0. In everything that follows, it may be assumed that h(x) = x1{|x|≤1}.

Fix a truncation function h ∈ C d
t . The process X(h) defined by

X(h) = X −
∑

s≤t

[∆Xs − h(∆Xs)]

is a special semimartingale, and we consider its canonical decomposition

X(h) = X0 + M(h) + B(h), M(h) ∈ L
d
, B(h) ∈ V

d predictable. (9)

The characteristics of X associated with h is the triplet (B, C, ν) consisting in:

1. B = (Bi)i≤d is the predictable process B = B(h) ∈ V d appearing in (9)
above.

2. C = (Cij)i,j≤d is the continuous process C
ij = 〈X i,c

, X
j,c〉 ∈ V d×d.

3. ν is the compensator of the random measure µ
X associated with the jumps

of X .

Proposition 2.6 One can find a version of the characteristics (B, C, ν) of X

which is of the form:

B
i = b

i · A
C

ij = c
ij · A

ν(ω; dt, dx) = dAt(ω)Kω,t(dx)

where:

1. A is a predictable process in A
+
loc

;

2. b = (bi)i≤d is a d-dimensional predictable process;

3. c = (cij)i,j≤d is a predictable process with values in the set of all symmetric
nonegative d × d matrices;

4. Kω,t(dx) is a transition kernel from (Ω × R+, P) into (Rd
, Rd) which

satisfies:

Kω,t({0}) = 0,

∫
Kω,t(dx)(|x|2 ∧ 1) ≤ 1,
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∆At(ω) > 0 =⇒ bt(ω) =

∫
Kω,t(dx)h(x),

and ∆At(ω)Kω,t(R
d) ≤ 1.

The following result characterizes semimartingales with independent increments
in terms of the characteristics.

Theorem 2.3 Let X be a d-dimensional semimartingale with X0 = 0. Then
it is a process with independent increments if and only if there is a version
(B, C, ν) of its characteristics that is deterministic.

Proposition 2.7 Let X be a semimartingale with characteristics (B(h), C, ν)
relative to a truncation function h. X is a special semimartingale if and only if
(|x|2∧|x|)∗ν ∈ Aloc. In this case, the canonical decomposition X = X0 +N +A

satisfies A = B(h) + (x − h(x)) ∗ ν.

Theorem 2.4 Let X be a d-dimensional semimartingale, with characteristics
(B, C, ν) relative to a truncation function h ∈ C d

t , and with the measure µ
X

associated to its jumps by (8). Then W
i(ω, t, x) = h

i(x) belongs to Gloc(µ
X)

for all i ≤ d, and the following canonical representation of X holds:

X = X0 + X
c + h ∗ (µX − ν) + (x − h(x)) ∗ µ

X + B.

The following corollary follows from the last two results and Proposition 2.5. It
implies that in the case of a special semimartingale we can take h(x) = x.

Corollary 2.1 Let X be a d-dimensional special semimartingale with charac-
teristics (B, C, ν) and µ

X the measure associated to its jumps. Then
W

i(ω, t, x) = x
i belongs to Gloc(µ

X), and if X = X0 + N + A is its canonical
decomposition, then

X = X0 + X
c + x ∗ (µX − ν) + A.

3 Martingale Problems, Diffusion Processes

In this section we present diffusion processes, which will be used to construct a
term structure model in Section 6. First we introduce the notion of a martingale
problem, which describes a useful framework in which to characterize the set of
probability measures under which a suitable process is a semimartingale. The
connection between the two concepts is established in Theorem 3.2.

We will be working in the following setting. Let (Ω, F ,F = (Ft)t≥0) be a fil-
tered space, and let H be a sub-σ-field of F0, called the initial σ-field . Let PH

be an initial condition, that is, a probability measure on (Ω, H ).
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3.1 Martingale Problems

Let X = (X i)i≤d be a d-dimensional càdlàg adapted process on (Ω, F ,F). X

will be a candidate for a semimartingale, so we introduce the following in relation
to X .

i) h ∈ C d
t , a truncation function;

ii) A triplet (B, C, ν) such that

(a) B = (Bi)i≤d is F-predictable, with finite variation over finite inter-
vals, and B0 = 0;

(b) C = (Cij)i,j≤d is F-predictable, continuous, C0 = 0, and Ct − Cs is
a non-negative symmetric d × d matrix for s ≤ t;

(c) ν is an F-predictable random measure on R+ × R
d, which charges

neither R+ × {0} nor {0} × R
d, and such that

(|x|2 ∧ 1) ∗ νt(ω) < ∞,

∫
ν(ω; {t} × dx)h(x) = ∆Bt(ω),

and ν(ω; {t} × R
d) ≤ 1 identically.

A solution to the martingale problem associated with (H , X) and (PH ; B, C, ν)
is a probability measure P on (Ω, F ) such that:

1. the restriction P|H of P to H equals PH ;

2. X is a semimartingale on the basis (Ω, F ,F, P ), with characteristics
(B, C, ν) relative to the truncation function h.

The set of all solutions P will be denoted by s(H , X |PH ; B, C, ν).

Sometimes we will impose additional structure on (Ω, F ,F) as follows:

1. F is generated by X and H , by which we mean:

(a) Ft =
⋂

s>t F 0
s and F 0

s = H ∨ σ(Xr : r ≤ s) (i.e. F is the smallest
filtration such that X is adapted and H ⊂ F0);

(b) F = F∞− (= ∨tF0).

2. (The canonical setting) Ω is the canonical space of càdlàg functions ω : R+ →
R

d; X is the canonical process defined by Xt(ω) = ω(t); H = σ(X0); F

is generated by X and H in the sense of 1. above.

J.HERNANDEZ348



When H = σ(X0), we can identify the initial measure PH with the distribution
of X0 as follows: If η is a probability measure on R

d, we also denote by η the
measure on (Ω, H ) defined by η(X0 ∈ A) = η(A).

The next result partly justifies the restrictions introduced above.

Theorem 3.1 Let (B, C, ν) meet ii) above and be deterministic.

a) If F is generated by X and H then s(H , X |PH ; B, C, ν) contains at most
one element P .

b) Under the canonical setting, for any probability measure η on R
d,

s(H , X |η; B, C, ν) contains one and only one solution.

3.2 Diffusion Processes

We now assume the canonical setting defined above. Let P be a probability
measure on (Ω, F ). X is called a diffusion process with jumps on (Ω, F ,F, P ) if
it is a semimartingale with the following characteristics (the truncation function
h is fixed):

B
i
t(ω) =

∫ t

0

b
i(s, Xs(ω))ds (= +∞ if integral diverges)

C
ij
t (ω) =

∫ t

0

c
ij(s, Xs(ω))ds (= +∞ if integral diverges) (10)

ν(ω; dt × dx) = dt × Kt(Xt(ω), dx),

where

b : R+ × R
d → R

d is Borel

c : R+ × R
d → R

d ⊗ R
d is Borel, c(s, x) is symmetric nonnegative

Kt(x, dy) is a Borel transition kernel from R+ × R
d into R

d
,

with Kt(x, {0}) = 0.

Moreover,
a) if ν = 0, X is called a diffusion (it is then a.s. continuous);
b) if b(s, x), c(s, x), Ks(x, dy) do not depend upon s, X is called a homogeneous
diffusion (with jumps).

We now introduce some notation in order to define a stochastic differential
equation related to a diffusion. Let B′ = (Ω′

, F ′
,F

′
, P

′) be another stochastic
basis endowed with the following driving terms :

1. W = (W i)i≤m, an m-dimensional standard Wiener process
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2. p, a Poisson random measure on R+ × E with intensity measure
q(dt, dx) = dt ⊗ F (dx). Here (E, E ) is a measurable space as in Section 2
(recall that we assume E = R

d), and F is a positive σ-finite measure on
(E, E ).

We assume that the following coefficients are given:

β = (βi)i≤d, a Borel function: R+ × R
d → R

d

γ = (γij)i≤d,j≤m, a Borel function: R+ × R
d → R

d ⊗ R
m (11)

δ = (δi)i≤d, a Borel function: R+ × R
d × E → R

d
.

We also let ξ be a given F ′
0-measurable R

d- valued random variable which we
call the initial variable.

Define a stochastic differential equation as follows:

dYt =β(t, Yt)dt + γ(t, Yt)dWt + h ◦ δ(t, Yt−, z)(p(dt, dz) − q(dt, dz))

+ h
′ ◦ δ(t, Yt−, z)p(dt, dz)

(12)

with Y0 = ξ. Here h is a truncaton function and h
′(x) = x − h(x).

A solution-process(strong solution) to (12), on the basis B′ and relative to the
driving terms (W, p), is a càdlàg adapted process Y such that for each i ≤ d,

Y
i = ξ

i+β
i(Y ) · t +

∑

j≤m

γ
ij(Y−) · W j + h

i ◦ δ(Y−) ∗ (p − q)

+h
′i ◦ δ(Y−) ∗ p.

(13)

A solution-measure (or weak solution) to (12) with initial condition η (a prob-
ability measure on R

d) is a probability measure P on (Ω, F )(the canonical
space) with the following property: there exists a stochastic basis B′ with driv-
ing terms (W, p) and with a F ′

0-measurable variable ξ meeting L(ξ) = η, and a
solution-process Y on B′, such that P be the law of Y .

Note that if Y is a solution-process then the above expression gives the canonical
representation of Y :

Y0 = ξ, Y
i,c =

∑

j≤m

γ
ij(Y−) · W j

, h ∗ (µY − ν) = h ◦ δ(Y−) ∗ (p − q)

(x − h(x)) ∗ µ
Y = h

′ ◦ δ(Y−) ∗ p, B = β(Y ) · t.
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Theorem 3.2 Let η be an initial condition (a probability on R
d), and β, γ, δ

be coefficients as in (11). The set of all solution-measures to (12) with initial
condition η is the set s(H , X |η; B, C, ν) of all solutions to a martingale problem
on the canonical space, where (B, C, ν) are given by (10) with

b = β, c = γγ
T



i.e. c
ij =

∑

1≤k≤m

γ
ik

γ
jk





Kt(y, A) =

∫
1A\{0} (δ(t, y, z))F (dz).

Theorem 3.3 Assume the following two conditions:

1. Local Lipshitz coefficients. For each n ∈ N
∗ there is a constant θn and a

function ρn : E → R+ with
∫

ρn(z)2F (dz) < ∞, such that for t ≤ n,

|y| ≤ n, |y′| ≤ n:

|β(s, y) − β(s, y′)| ≤ θn|y − y
′|, |γ(s, y) − γ(s, y′)| ≤ θn|y − y

′|,

|h ◦ δ(s, y, z)− h ◦ δ(s, y′
, z)| ≤ ρn(z)|y − y

′|,
|h′ ◦ δ(s, y, z) − h

′ ◦ δ(s, y′
, z)| ≤ ρn(z)2|y − y

′|.

2. Linear growth. For each n ∈ N
∗ there are θn and ρn as above, such that

for all t ≤ n and all y ∈ R
d:

|β(s, y)| ≤ θn(1 + |y|), |γ(s, y)| ≤ θn(1 + |y|),

|h ◦ δ(s, y, z)| ≤ ρn(z)|y − y
′|,

|h′ ◦ δ(s, y, z)| ≤ [ρn(z)2 ∧ ρn(z)4](1 + |y|).

Then (12) has a solution-process Y , and only one (up to indistinguishability)
on any stochastic basis B′ supporting driving terms (W, p).

Theorem 3.4 Suppose that on any stochastic basis B′ supporting driving terms
(W, p), there is at most one solution-process (up to indistinguishability). Then,
if there is a solution-measure, with a given initial condition, this solution- mea-
sure is unique.

4 Changes of Measures

Our goal in this section is to characterize the behavior of a semimartingale after
a change of probability measure. In particular, assume X is a P -semimartingale

and P
′ is another probability measure such that P

′
loc≪ P . Then Girsanov’s the-

orem states that X is also a P
′-semimartingale and gives its P

′-characteristics
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in terms of its P -characteristics. These results have important applications in
finance as will be seen in Section 6.

The setting is the same as in Section 2. measurable space (E, E ). To every
random measure µ on R+ × E defined on the stochastic basis (Ω, F ,F, P ) we
associate the following:

M
P
µ is the positive measure on (Ω̃, F⊗R+⊗E ) defined by M

P
µ (W ) = E(W ∗µ∞)

for all measurable nonnegative functions W .

Assume that µ is P̃-σ-finite on (Ω, F ,F, P ). For every nonnegative measurable
function W we call the conditional expectation relative to M

P
µ with respect to

P̃ the M
P
µ - a.e unique P̃-measurable function W

′ = M
P
µ (W |P̃) such that

M
P
µ (WU) = M

P
µ (W ′

U)

for all nonnegative P̃-measurable U .

Theorem 4.1 (Girsanov’s Theorem for Random Measures) Assume that

P
′
loc≪ P and let Z be the density process. Let µ be an integer-valued random mea-

sure on R+×E defined on the stochastic basis (Ω, F ,F, P ) (this implies in par-
ticular that it is P̃- σ-finite relative to P ), and denote by ν its P -compensator.

a) µ is also P̃-σ-finite relative to P
′.

b) Let Y be a P̃-measurable nonnegative function on Ω̃. Let ν
′ be a version

of the P
′-compensator of µ. There is equivalence between:

i) ν
′ = Y · ν P

′-a.s. (where Y · ν(ω; dt, dx) = ν(ω; dt, dx)Y (ω; dt, dx));

ii) 1{Z0>0} · ν′ = Y 1{Z0>0} · ν P -a.s.;

iii) Y Z is a version of the conditional expectation M
P
µ (Z|P̃).

Moreover, any nonnegative version Y of M
P
µ

(
Z
Z 1{Z0>0}|P̃

)
has the above

properties.

c) There is a version of ν
′ that meets identically ν

′ = Y · ν for some
P̃-measurable nonnegative function Y .

Theorem 4.2 (Girsanov’s Theorem for Semimartingales) Assume that

P
′
loc≪ P . There exist a P̃-measurable nonnegative function Y and a predictable

process β = (βi)i≤d satisfying

|h(x)(Y − 1)| ∗ νt < ∞ P
′-a.s. for t ∈ R+,
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∣∣∣∣∣∣

∑

j≤d

c
ij

β
j

∣∣∣∣∣∣
· A < ∞, and




∑

j,k≤d

β
j
c
jk

β
k



 · At < ∞ P
′-a.s. for t ∈ R+,

and such that a version of the characteristics of X relative to P
′ are

B
′i = B

i +




∑

j≤d

c
ij

β
j



 · A + h(x)(Y − 1) ∗ ν

C
′ = C

ν
′ = Y · ν

Moreover, Y and β meet all of the above conditions, if and only if

Y Z− = M
P
µX (Z|P̃) (14)

〈Zc
, X

i,c〉 =




∑

j≤d

c
ij

β
j
Z−



 · A (15)

up to a P -null set, where Z is the density process, Z
c is its continuous martin-

gale part relative to P , and 〈Zc
, X

i,c〉 is the bracket relative to P .

5 The Representation Property, Fundamental

Representation Theorem

Let (Ω, F ,F, P ) be a stochastic basis supporting a semimartingale X = (X i)i≤d

with characteristics (B, C, ν) relative to a truncation function h. X
c denotes the

continuous martingale part of X , and µ = µ
X is the random measure associated

with the jumps of X .

We have seen that any local martingale can be decomposed in terms of a con-
tinuous part and a purely discontinuous part. In this section we look at the
structure of the decomposition of a local martingale in terms of the given semi-
martingale X . We first state two related results for future reference.

Proposition 5.1 Let M = X
c and Z be an arbitrary local martingale.

a) There is a predictable process H = (Hi)i≤d such that

[Z, M
i] = 〈Zc

, M
i〉 =



∑

j≤d

c
ij

H
j


 · A. (16)
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b) Any predictable process meeting (16) belongs to L
2
loc

(M), and the stochas-
tic integral H · M does not depend upon the chosen version of H, and
Y = Z − H · M is orthogonal to all components of M and

[Y, M
i] = 〈Y c

, M
i〉 = 0. (17)

Proposition 5.2 Let N be a local martingale, and U = M
P
µ (∆N | P̃) (here,

∆N is considered as defined on Ω̃ by ∆N(ω, t, x) = ∆Nt(ω)).

a) There is a version of U such that {a = 1} ⊂ {Û = 0}.

b) Let W = U + Û
1−a1{a<1}. Then W ∈ Gloc(µ), and if Y = W ∗ (µ− ν) and

Z = N − Y , then we have M
P
µ (∆Z | P̃) = 0.

M
P
µ (∆Z | P̃) = 0 may be interpreted as Z being “orthogonal” to µ, so Y is a

sort of projection of N on µ (or, rather, on the space of all integrals of the form
V ∗ (µ − ν)).

We say that a local martingale M has the representation property relative to X

if it has the form
M = M0 + H · Xc + W ∗ (µ − ν),

where H = (Hi)i≤d belongs to L
2
loc(X

c) and W ∈ Gloc(µ).

Lemma 5.1 Every local martingale M has a decomposition

M = H · Xc + W ∗ (µ − ν) + N, (18)

where H ∈ L
2
loc

(Xc), W ∈ Gloc(µ), and

〈N c
, (Xc)i〉 = 0 ∀i ≤ d, M

P
µ (∆N |P̃) = 0. (19)

Moreover, this decomposition is unique, up to indistinguishability.

Corollary 5.1 The following statements are equivalent:

i) All local martingales have the representation property.

i) All local martingales satisfying (19) are trivial (a local martingale N is
called trivial if Nt = N0 a.s. for all t ∈ R+).

iii) All bounded martingales satisfying (19) are trivial.
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We now relate the representation property with the martingale problem. To this
end, we introduce an initial condition: H is a sub σ-field of F0, and PH = P|H

is the restriction of P to H . Note that P ∈ s(H , X |PH ; B, C, ν). The following
result implies that if all local martingales have the representation property then
we can say something about the uniqueness of P .

Theorem 5.1 (Fundamental Representation Theorem) In addition to the
above, assume that F = F∞−. Then the following are equivalent:

(i) All local martingales have the representation property relative to X; more-
over F0 is contained in the σ-field generated by H and the P -null sets of
F .

(ii) If P
′ ∈ s(H , X |PH ; B, C, ν) and P

′
loc≪ P , then P

′ = P .

(iii) If P
′ ∈ s(H , X |PH ; B, C, ν) and P

′ ≪ P , then P
′ = P .

Note that if H = F0 then the second condition in (i) is met and we have the
following:

Corollary 5.2 Denote by P0 the restriction of P to F0. If F = F∞− then
the following are equivalent:

(i) All local martingales have the representation property relative to X.

(ii) If P
′

loc≪ P and P
′
0 = P0 and X admits (B, C, ν) for P

′-characteristics,
then P

′ = P .

(iii) If P
′ ≪ P and P

′
0 = P0 and X admits (B, C, ν) for P

′- characteristics,
then P

′ = P .

6 Term Structure Models

Following Björk, Kabanov and Runggaldier [2] we will outline a model for the
bond price dynamics in the context of a diffusion with jumps described above.

6.1 Introduction

We assume the canonical setting. Let P(t, T ) be the price at time t of a bond
which matures at time T . It is assumed that for each T > 0, (P(t, T ))0≤t≤T is
an optional, (Ft)-adapted process, and for each t, P(t, T ) is P -a.s. continuously
differentiable in the T variable. Let f(t, T ) denote the T -forward rate at time
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t, defined by f(t, T ) = − ∂
∂T P(t, T ). The short rate r is defined by rt = f(t, t),

and the money account process B is defined by

Bt = exp

(∫ t

0

rsds

)
.

In order to model the bond price dynamics we could start with a description of
the forward rate or short rate dynamics. Alternatively, we could follow a direct
approach, obtaining P(t, T ) as the solution of a stochastic differential equation.
Therefore, we are interested in studying dynamics of the following forms:

drt = atdt + btdWt +

∫

E

q(t, x)µ(dt, dx) (20)

dP(t, T ) = P(t−, T )

{
m(t, T )dt + v(t, T )dWt +

∫

E

n(t, x, T )µ(dt, dx)

}
(21)

df(t, T ) = α(t, T )dt + σ(t, T )dWt +

∫

E

δ(t, x, T )µ(dt, dx). (22)

The coefficients b(t, T ), v(t, T ), and σ(t, T ) are assumed to be m- dimensional
row vector processes. The following technical assumptions will be needed:

Assumption

1. For any fixed T > 0, n(t, x, T ) and δ(t, x, T ) are uniformly bounded. Fur-
thermore, for each t,

∫ t

0

∫

E

h
′(n(s, x, T ))F (dx)ds < ∞,

where h
′(z) = |z|2 ∧ |z| for z ∈ R.

2. For each fixed ω, t, and (in appropriate cases) x, all the objects m(t, T ),
v(t, T ), n(t, x, T ), α(t, T ), σ(t, T ) and δ(t, x, T ) are assumed to be continu-
ously differentiable in the T -variable. This partial T -derivative is denoted
mT (t, T ), etc.

3. All processes are assumed to be regular enough to allow us to differentiate
under the integral sign as well as to interchange the order of integration.

4. For any t the price curves P(ω, t, T ) are bounded functions for almost ev-
ery ω.

Proposition 6.1 If f(t, T ) satisfies (22), then P(t, T ) satisfies

dP(t, T ) = P(t−, T )

[(
rt + A(t, T ) +

1

2
‖S(t, T )‖2

)
dt + S(t, T )dWt

+

∫

E

(
e

D(t,x,T ) − 1
)

µ(dt, dx)

]
,
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where

A(t, T ) = −
∫ T

t

α(t, s)ds

S(t, T ) = −
∫ T

t

σ(t, s)ds (23)

D(t, x, T ) = −
∫ T

t

δ(t, x, s)ds.

We could also introduce the models above by specifying the characteristics as
in Section 3. By way of example, let F be a Lévy measure on E and define the
set of characteristics (B, C, ν) by

Bt =

∫ t

0

P(s, T )

(
m(s, T ) +

∫

E

n(s, x, T )F (dx)

)
ds

Ct =

∫ t

0

P(s, T )2v(s, T )v(s, T )Tds

ν(dt, dx) = P(t, T )n(t, x, T )F (dx)dt.

In order to express the corresponding stochastic differential equation, let J(dt, dx)
be the integer valued random measure constructed as in Section 2.1. We then
have

dP(t, T )

P(t−, T )
= m(t, T )dt + v(t, T )dWt +

∫

E

n(t, x, T )J(dt, dx).

6.2 Example: Stable Driving Process

Let X be a Lévy process on R with characteristics (tb, tc, tν), where b ∈ R, c ≥ 0
and

∫
R
(1 ∧ |x|2)ν(dx) < ∞.

Let T be an increasing Lévy process on R with characteristics (tβ, 0, tρ). Here
β ≥ 0 and

∫
(0,∞)(1 ∧ ξ)ρ(dξ) < ∞. We call the process T a subordinator.

We now introduce the process Yt(ω) = XTt(ω)(ω), t > 0, obtained by the subor-
dination of X by the subordinator T . A process identical in law to Y is said to
be a subordinate of X . It is a Lévy process, (see Sato [8]) with characteristics
(tb′, tc′, tν′) where

b
′ = βb +

∫

(0,∞)

ρ(ds)

∫

|x|≤1

xPXs
(dx)

c
′ = βc (24)

ν
′(dx) = βν(dx) +

∫

(0,∞)

PXs
(dx)ρ(ds).
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In financial applications the subordinator T can be interpreted as the market
operational time. For example, it can be used to model the arrival of news
which would imply changes in market activity.

Following Hurst, Platen and Rachev(1999) we present an example of this ap-
proach using a stable subordinator. Let W be a Wiener process and let T be
an α/2-stable Lévy process such that

Tt+s − Tt ∼ Sα/2(cs
α/2

, 1, 0), s, t ≥ 0.

The parameter α/2 denotes the index of stability. The other three parameters
represent scale, skewness and location, respectively. (See Samorodnitsky and
Taqqu [7]) In terms of our notation this means that the set of characteristics of
T is (0, 0, tρ) where

ρ(dξ) = c
α/21(0,∞)(ξ)

dξ

ξ
1+α/2

.

It follows from (24) that the set of characteristics of the subordinated process
WT is (0, 0, tν

′) where

ν
′(dx) =

(2c)α/2

√
π

Γ

(
α + 1

2

)
dx

|x|α+1
.

6.3 Bond Markets, Arbitrage

We now present the framework (Björk, Kabanov and Runggaldier [2]) in which
we will state results concerning the absence of arbitrage in a model of bond
prices. It will be assumed throughout that the filtration F is the natural filtra-
tion generated by W and µ.

A portfolio in the bond market is a pair (g, h), where

1. g is a predictable process.

2. For each ω, t, ht(ω, ·) is a signed finite Borel measure on [t,∞).

3. For each Borel set A the process ht(A) is predictable.

The discounted bond prices P(t, T ) are defined by

P(t, T ) =
P(t, T )

Bt
.

A portfolio (g, h) is said to be feasible if the following conditions hold for every
t: ∫ t

0

|gs|ds,

∫ t

0

∫ ∞

s

|m(s, T )||hs(dT )|ds < ∞,
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∫ t

0

∫ ∞

s

∫

E

|n(s, x, T )||hs(dT )|ν(ds, dx) < ∞,

and

∫ t

0

{∫ ∞

s

|v(s, T )||hs(dT )|
}2

ds < ∞.

The value process corresponding to a feasible portfolio π = (g, h) is defined by

V
π
t = gtBt +

∫ ∞

t

P(t, T )ht(dT ).

The discounted value process is

V
π
t = B

−1
t V

π
t .

A feasible portfolio is said to be admissible if there is a number a ≥ 0 such that
V

π
t ≥ −a P -a.s. for all t.

A feasible portfolio is said to be self-financing if the corresponding value process
satisfies

V
π
t = V

π
0 +

∫ t

0

gsdBs +

∫ t

0

∫ ∞

s

m(s, t)P(s, t)hs(dT )ds

+

∫ t

0

∫ ∞

s

v(s, t)P(s, t)hs(dT )dWs

+

∫ t

0

∫ ∞

s

∫

E

n(s, x, T )P(s−, t)hs(dT )µ(ds, dx).

The preceding relation can be interpreted formally as follows:

dV
π

t = gtdBt +

∫ ∞

s

ht(dT )dP(t, T ).

A contingent T-claim is a random variable X ∈ L
0
+(FT , P ). An arbitrage

portfolio is an admissible self-financing portfolio π = (g, h) such that the corre-
sponding value process satisfies

1. V
π
0 = 0

2. V
π
T ∈ L

0
+(FT , P ) with P (V π

T > 0) > 0.

If no arbitrage portfolios exist for any T > 0 we say that the model is arbitrage-
free.
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Take the measure P as given. We say that a positive martingale M = (Mt)t≥0

with EP [Mt] = 1 is a martingale density if for every T > 0 the process
(P(t, T )Mt)0≤t≤T ia a P - local martingale. If, moreover, Mt > 0 for all t > 0
we say that M is a strict martingale density.

We say that that a probability measure Q on (Ω, F ) is a martingale measure if
Qt ∼ Pt and the process (P(t, T ))0≤t≤T is a Q-local martingale for every T > 0.
Here Qt, Pt are the restrictions Q|Ft

and P|Ft
, respectively.

Proposition 6.2 Suppose that there exists a strict martingale density. Then
the bond market model is arbitrage-free.

We will make the following simplifying assumption:

Assumption For any positive martingale N = (N)t with EP (Nt) = 1 there
exists a probability measure Q on

⋃
t≥0 Ft such that Nt = dQt/dPt.

The following results relate the coefficients in (21) and (22) with a model free
of arbitrage.

Theorem 6.1 Let the bond price dynamics be given by (21). There exists a
martingale measure if and only if the following conditions hold:

(i) There exists a predictable process φ and a P̃-measurable function Y (ω, t, x)
with Y > 0 satisfying

∫ t

0

‖φs‖2
ds < ∞,

∫ t

0

∫

E

|Y (s, x) − 1|F (dx)ds < ∞.

and such that EP (E (L)t) = 1 for all finite t, where the process L is defined
by

L = φ · W + (Y − 1) ∗ (µ − ν).

(ii) For all T > 0, and t ∈ [0, T ] we have

m(t, T ) + φtv(t, T )T +

∫

E

Y (t, x)n(t, x, T )F (dx) = rt. (25)

The following theorem gives a similar result when we consider the forward rate
dynamics.

Theorem 6.2 Let the forward rate dynamics be given by (22). There exists a
martingale measure if and only if the following conditions hold:
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(i) There exists a predictable process φ and a P̃-measurable function Y (ω, t, x)
with Y > 0 satisfying

∫ t

0

‖φs‖2
ds < ∞,

∫ t

0

∫

E

|Y (s, x) − 1|F (dx)ds < ∞.

and such that EP (E (L)t) = 1 for all finite t, where the process L is defined
by

L = φ · W + (Y − 1) ∗ (µ − ν).

(ii) For all T > 0, and t ∈ [0, T ] we have

A(t, T )+
1

2
‖S(t, T )‖2 +φtS(t, T )T +

∫

E

Y (t, x)
(
e

D(t,x,T ) − 1
)

F (dx) = 0,

where A, S and D are defined in (23).

Since n(·, ·, T ) in (21) is uniformly bounded, we can assume h(x) = x in (13) to
obtain the canonical representation

dP(t, T )

P(t−, T )
=

(
m(t, T ) +

∫

E

n(t, x, T )F (dx)

)
dt + v(t, T )dWt

+

∫

E

n(t, x, T )(µ(dt, dx) − ν(dt, dx)).

By Theorem 3.2 the P characteristics of P(·, T ) are

Bt =

∫ t

0

P(s, T )

(
m(s, T ) +

∫

E

n(s, x, T )F (dx)

)
ds

Ct =

∫ t

0

P(s, T )2v(s, T )v(s, T )Tds

w(dt, dx) = P(t, T )n(t, x, T )F (dx)dt.

Lemma 6.1 Let P
′ be a probability measure such that P

′
loc≪ P .

a) P(·, T ) is a P
′ local martingale if and only if

m(t, T ) + P(t, T )v(t, T )v(t, T )Tβt +

∫

E

Y (ω, t, x)n(t, x, T )F (dx) = rt

where β, Y are given by Theorem 4.2.

b) Let Z be the density process. Then if φ is a predictable process such that
Z

c = E (
∫ ·

0 φsdWs) then the condition in a) is equivalent to

m(t, T ) + φtv(t, T )T +

∫

E

Y (ω, t, x)n(t, x, T )F (dx) = rt.
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Proof of Lemma. Since P
′

loc≪ P then P is a P
′ semimartingale with charac-

teristics (B′
, C

′
, w

′), where

B
′ =

∫ ·

0

P(t, T )

[
m(t, T ) +

∫

E

n(t, x, T )F (dx) + P(t, T )v(t, T )v(t, T )Tβt

+

∫

E

(Y (ω, t, x) − 1)n(t, x, T )F (dx)

]
dt.

(26)

The expression in brackets reduces to

m(t, T ) + P(t, T )v(t, T )v(t, T )Tβt +

∫

E

Y (ω, t, x)n(t, x, T )F (dx).

Therefore, P(·, T ) is a P
′ local martingale if the last expression is (a.s.) equal

to rt.

Since dZ
c = Z φ · W and dP

c = P v · W then by the definition of β,

β =
d〈Zc

, P
c〉

d〈Pc
, Pc〉

1

Z

=
φv

T

P vv
T

.

The condition in b) now follows from a).

Proof of Theorem 6.1. (Necessity) Since P
′

loc≪ P , there is a predictable
process φ and a non-negative P̃-measurable function Y such that

〈Zc
, W 〉 = (φZ ) · A, and Y Z = M

P
µ (Z|P̃) P - a.s.

Then φZ ∈ L
2
loc(W ) by Proposition 5.1. Let ξ = Z − (φZ ) · W . It follows

that Z = ξ + (φZ ) · W and 〈ξc
, W 〉 = 0. We also have that M

P
µ (∆Z|P̃) =

Y Z − Z = Z (Y − 1). Since (φZ ) · W is continuous,

∆ξ = (Z − (φZ ) · W ) − (Z − (φZ ) · W ) = Z − Z = ∆Z

so that M
P
µ (∆ξ|P̃) = M

P
µ (∆Z|P̃) = Z (Y − 1). By Proposition 5.2,

Z (Y −1) ∈ Gloc(µ), and if we let η = ξ−Z (Y −1)∗(µ−ν) then M
P
µ (∆η|P̃) = 0.

In summary, we have
Z = ξ + (φZ ) · W

and
ξ = η + Z (Y − 1) ∗ (µ − ν),

so that
Z = (φZ ) · W + Z (Y − 1) ∗ (µ − ν) + η (27)
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where η is a local martingale such that M
P
µ (∆η|P̃) = 0, and 〈ηc

, W 〉 =
〈ξc

, W 〉 = 0.

Let Rn = inf
(
t : Z <

1
n

)
and define a process H by

Ht = |φ|2 · At + (1 −
√

Y )2 ∗ νt.

Since 1
Z 1J0,RnK ≤ n by definition of Rn we have that

φZ ∈ L
2
loc(W ) ⇒ φ1J0,RnK ∈ L

2
loc(W )

and
Z (Y − 1) ∈ Gloc(µ) ⇒ (Y − 1)1J0,RnK ∈ Gloc(µ).

Using Theorem 2.2 (note C
′(Y −1) = (1−

√
Y )2 ∗ν), conclude that HRn∧t < ∞

P -a.s. for all t. Since P
′, P are locally equivalent by hypothesis, Z > 0 P -a.s.

This implies that Rn → ∞ a.s. as n → ∞, hence H < ∞ a.s.

It follows from the definition of the driving terms (W, µ) and Theorem 2.3 that
the characteristics are deterministic. We can then apply Theorem 3.1 and Corol-
lary 5.2 to conclude that all local martingales have the representation property
relative to (W, µ). Since the decomposition (27) was constructed so that (19) is
satisfied then Corollary 5.1 implies that ηt = Z0(= 1) a.s. for all t. It follows
that EP (E (L)) = 1. Since P is a P

′-local martingale by hypothesis, then the
Lemma implies (25).

(Sufficiency) By hypothesis, we can define a probability measure P
′
t = ZtPt for

each t, where Pt = P|Ft
and Z = E (L). The process Z satisfies

Z = 1 + (Z φ) · W + Z (Y − 1) ∗ (µ − ν),

∆Z = Z (Y − 1) M
P
µ -a.s.

Since the right hand side of the last expression is P̃-measurable, then
M

P
µ (∆Z|P̃) = Z (Y − 1) and hence (14) is satisfied. Denoting the P

′- com-
pensator of µ by ν

′ = ν
′(dt, dx), Theorem 4.1 implies that

ν
′ = Y ν P

′-a.s.

Multiplying both sides by P(·, T )n(·, ·, T ) gives w
′ = Y w, where w

′ = w
′(dt, dx)

is the P
′-compensator of w(dt, dx) = P(t−, T )n(t, x, T )µ(dt, dx). Since P(·, T )n(·, ·, T )

is uniformly bounded by hypothesis, we can apply Theorem 4.1 again to con-
clude that

Y Z = M
P
w (Z|P̃) a.s.

We observe that (15) is satisfied, so P(·, T ) is a P
′-semimartingale and its first

P
′-characteristic B

′ is given by (26). The result then follows from the Lemma
above.
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6.4 Application: Defaultable Bonds

In this subsection we apply our results to derive sufficient conditions for absence
of arbitrage in a market for a zero coupon bond subject to default risk. We follow
Schönbucher [9]. In order to model the default times and their associated loss
quotas, we introduce a random measure µd, independent of µ, with compensator
νd defined by

νd(dt, dq) = qλtK(dq)dt,

where the intensity λt is continuous and finite for each t, and K(·) is a finite
measure on Ed = [0, 1].

Under the canonical setting, let the filtration F be generated by (W, µ, µd). We
begin with the dynamics of the defaultable forward rates f(t, T ), with coefficients
α, σ, δ defined as in the default-free case:

df(t, T ) = α(t, T )dt + σ(t, T )dWt +

∫

E

δ(t, x, T )µ(dt, dx). (28)

We also define the defaultable short rate by rt = f(t, t). The defaultable zero
coupon bond is defined as follows:

R(t, T ) =

(
1 −

∫ 1

0

qµd(dt, dq)

)
exp

(
−
∫ T

t

f(t, s)ds

)
.

As in the risk-free case, we obtain the defaultable bond dynamics

dR(t, T ) = R(t−, T )

[(
rt + A(t, T ) +

1

2
‖S(t, T )‖2

)
dt + S(t, T )dWt

+

∫

E

(
e

D(t,x,T ) − 1
)

µ(dt, dx) −
∫

[0,1]

qµd(dt, dq)

]
,

where

A(t, T ) = −
∫ T

t

α(t, s)ds

S(t, T ) = −
∫ T

t

σ(t, s)ds (29)

D(t, x, T ) = −
∫ T

t

δ(t, x, s)ds.

Since we assume the absence of arbitrage in the risk-free case, we obtain from

the theorem the probability P
′ under which P(·,T )

B
is a local martingale. The
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set of P
′-characteristics of R(·, T ) is

dBt = R(t, T )

(
m(t, T ) +

∫

E

Y (t, x)n(t, x, T )F (dx) −
∫

[0,1]

qλtK(dq)

)
dt

dCt = R(t, T )2‖S(t, T )‖2
dt

w(dt, dx, dq) = R(t, T )

(
Y (t, x)n(t, x, T )F (dx) − qλtK(dq)

)
dt,

where

m(t, T ) = rt + A(t, T ) +
1

2
‖S(t, T )‖2 + φtS(t, T )T

,

and
n(t, x, T ) =

(
e

D(t,x,T ) − 1
)

.

It follows from the proof of the theorem that for absence of arbitrage in this
case we require the existence of an appropriate random variable Yd from which
we can construct an equivalent martingale measure P

′′ using E (Ld) where

Ld = (Yd − 1) ∗ (µd − νd). (30)

We now seek conditions on the first P
′′-characteristic B

′′ of R so that R(·,T )
B

is
a local martingale. We have that

dB
′′
t = R(t−, T )

[
rt + A(t, T ) +

1

2
‖S(t, T )‖2 + φtS(t, T )T

+

∫

E

Y (t, x)
(
e

D(t,x,T ) − 1
)

F (dx) −
∫

[0,1]

Yd(t, q)qλtK(dq)

]
dt.

Hence we require the following conditions:

A(t, T ) + ‖S(t, T )‖2 + φtS(t, T )T

+

∫

E

Y (t, x)
(
e

D(t,x,T ) − 1
)

F (dx) = 0
(31)

and

0 < rt − rt =

∫

[0,1]

Yd(t, q)qλtK(dq). (32)

The last inequality is a formal relationship between between the default-free
and defaultable models necessary for absence of arbitrage. The following result
summarizes the above discussion.

Theorem 6.3 Let the defaultable forward rate dynamics be given by (28). There
exists a martingale measure if the following conditions hold:

(i) The conditions in Theorem 6.2 hold for the default-free forward rates.
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(ii) There exists a predictable function Yd(t, q) with Yd > 0 satisfying

∫ t

0

∫

[0,1]

|Y (s, q)|K(dq)ds < ∞, and EP ′

(E (Ld)t) = 1

for all finite t. Here Ld is given by (30).

(iii) The coefficients A(t, T ), S(t, T ) and D(t, x, T ) satisfy (31) and (32).

7 Concluding Remarks

We have described a mathematical framework in which to study term structure
models. All processes considered are semimartingales, and we represent them in
terms of their set of characteristics. In particular, the necessary and sufficient
conditions for absence of arbitrage in a bond market are presented in terms of
the characteristics of the price process. As an example, we presented a stable
process as the underlying source of randomness in terms of its characteristics.
We also illustrate how the general methodology can be extended to defaultable
bonds. In future work we will seek the development of estimation and numerical
procedures following this approach.
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AN ANALOGUE OF HARDY’S THEOREM AND
ITS Lp VERSION FOR THE DUNKL BESSEL

TRANSFORM
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ABSTRACT
In this paper we study an analogue of Hardy’s theorem and its Lp version for the Dunkl-Bessel

transform on IRd+1
+ . More precisely for all a > 0, b > 0 and p, q ∈ [1,+∞], we determine the mea-

surable functions f on IRd+1
+ such that ea||x||2f ∈ Lp

k,β(IRd+1
+ ) and eb||y||2FD,B(f) ∈ Lp

k,β(IRd+1
+ ),

where Lp
k,β(IRd+1

+ ) designates the weighted Lebesgue space associated for the Dunkl-Bessel trans-
form FD,B.

Key word; Dunkl-Bessel-transform; Lp version of Hardy’s theorem
AMS subject classification: Primary 35R10; Secondary 44A15

1.INTRODUCTION
Hardy’s theorem for the usual Fourier transform on IR [8] asserts that f and its Fourier

f̂ cannot both be very small. More precisely, let a and b be positive constants and assume
that f is a measurable function on IR such that |f(x)| ≤ Ce−ax2

a.e and for all y ∈ IR,
|f̂(y)| ≤ C e−by2

for some positive constant C. Then f = 0 a.e, if ab > 1
4
, f = const e−ax2

if ab = 1
4
, and there are infinitely many nonzero f if ab < 1

4
.

Considerable attention has been devoted recently to discovering generalizations to
new contexts for Hardy’s theorem. In particular this result have been obtained in [15]
[6] for semisimple Lie groups and for the motion group. On the other hand M.G.Cowling
and J.F.Price have studied in [1] an Lp version of Hardy’s theorem which states that for
p, q ∈ [1,+∞], at least one of them is finite, if ||eax2

f ||p < +∞ and ||eby2
f̂ ||q < +∞ then

f = 0 a.e, if ab ≥ 1
4
. A generalization of this result to the Dunkl transform have been

proved in [7].

In this paper we study an analogue of Hardy’s and its Lp version for the Dunkl-
Bessel transform FD,B on IRd+1

+ .

1
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The contents of the paper is as follows:

In the first section we recall the main results about the Dunkl operators, the Dunkl
intertwining operator and its dual and the Dunkl transform.

We study in the second section the harmonic analysis associated to the Dunkl-
Bessel operator. In particular we introduce and we study the Dunkl-Bessel intertwining
operator Rk,β and we give properties of its dual tRk,β which plays an important role in
the proofs of the main results of the paper.

The third section is devoted to Hardy’s theorem and its Lp version. More precisely,
we show that for all p, q ∈ [1,+∞], at least one of them is finite, if f is a measurable
function on IRd+1

+ such that ea||x||2f ∈ Lp
k,β(IRd+1

+ ) and eb||y||2FD,Bf ∈ Lq
k,β(IRd+1

+ ) for some

a > 0 and b > 0, then f = 0 a.e, if ab ≥ 1
4
. For p = q = +∞ we have f = const e−a||x||2 if

ab = 1
4
, and for all p, q there are infinitely many nonzero f if ab < 1

4
.

2.HARMONIC ANALYSIS ASSOCIATED WITH THE DUNKL OPERA-
TOR

In this section we collect some notations and results on Dunkl operators, the Dunkl
intertwining operator and its dual and the Dunkl transform (see [3], [4], [5]).
2.1. Reflection groups, root system and multiplicity functions

We consider IRd with the euclidean scalar product 〈, 〉 and ||x|| =
√
〈x, x〉. On ICd, ||.||

denotes also the standard Hermitian norm, while 〈z, w〉 =
d∑

j=1

zjwj.

For α ∈ IRd\{0}, let σα be the reflection in the hyperplan Hα ⊂ IRd orthogonal to α,
i.e.

σα(x) = x− 2
〈α, x〉
||α||2

α. (1)

A finite set R ⊂ IRd\{0} is called a root system if R ∩ IRd.α = {α,−α} and σαR = R
for all α ∈ R. For a given root system R the reflection σα, α ∈ R, generate a finite group
W ⊂ O(d), called the reflection group associated with R . All reflections in W correspond
to suitable pairs of roots. For a given β ∈ IRd\ ∪α∈R Hα, we fix the positive subsystem
R+ = {α ∈ R /〈α, β〉 > 0}, then for each α ∈ R either α ∈ R+ or −α ∈ R+.

A function k : R −→ IC on a root system R is called a multiplicity function if it is
invariant under the action of the associated reflection group W . If one regards k as a
function on the corresponding reflections, this means that k is constant on the conjugacy
classes of reflections in W .

For abbreviation, we introduce the index

γ = γ(k) =
∑

α∈R+

k(α). (2)

2
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Moreover, let ωk denotes the weight function

ωk(x) =
∏

α∈R+

|〈α, x〉|2k(α), (3)

which is invariant and homogeneous of degree 2γ.
For d = 1 and W = Z2, the multiplicity function k is a single parameter denoted

γ > 0, and
∀x ∈ IR, ωk(x) = |x|2γ. (4)

We introduce the Mehta-type constant

ck = (
∫

IRd
exp(−||x||2)ωk(x) dx)

−1. (5)

2.2.Dunkl operators and Dunkl intertwining operator and its dual

Notations. We denote by
- C(IRd)(resp Cc(IR

d)) the space of continuous functions on IRd (resp. with compact
support).
- E(IRd) the space of C∞-functions on IRd.
- S(IRd) the space of C∞-functions on IRd which are rapidly decreasing as their deriva-
tives.
- D(IRd) the space of C∞-functions on IRd which are of compact support.

We provide these spaces with the classical topology .

The Dunkl operators Tj, j = 1 , ..., d, on IRd associated with the finite reflection
group W and multiplicity function k are given by

Tjf(x) =
∂

∂xj

f(x) +
∑

α∈R+

k(α)αj
f(x)− f(σα(x))

〈α, x〉
, f ∈ C1(IRd). (6)

For all f , g in E(IRd) with g is W -invariant, we have the product rule

Tj(fg) = (Tjf)g + f(Tjg), j = 1, ..., d. (7)

In the case k = 0, the Tj, j = 1, ..., d, reduce to the corresponding partial derivatives.
In this paper, we will assume throughout that k ≥ 0 and γ > 0.

We define the Dunkl-Laplace operator on IRd by

4kf(x) =
d∑

j=1

T 2
j f(x) = 4df(x) + 2

∑
α∈R+

k(α)[
〈∇f(x), α〉
〈α, x〉

− f(x)− f(σα(x))

〈α, x〉2
], (8)

where 4d =
d∑

j=1

∂2
j and ∇ are respectively the Laplacian and the gradient on IRd.

3
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For y ∈ IRd, the system
Tju(x, y) = yju(x, y), j = 1, ..., d,

u(0, y) = 1, for all y ∈ IRd.

admits a unique analytic solution on IRd, which will be denoted by K(x, y) and called
Dunkl kernel. This kernel has a unique holomorphic extension to ICd × ICd.

Examples.
1) If d = 1 and W = Z2, the Dunkl kernel is given by

K(z, t) = jγ− 1
2
(izt) +

zt

2γ + 1
jγ+ 1

2
(izt), z, t ∈ IC, (9)

where for α ≥ −1
2

, jα is the normalized Bessel function defined by

jα(z) = 2αΓ(α+ 1)
Jα(z)

zα
= Γ(α+ 1)

∞∑
n=0

(−1)n( z
2
)2n

n!Γ(α+ n+ 1)
, (10)

with Jα is the Bessel function of first kind and index α.

2) The Dunkl kernel of index γ =
d∑

l=1

αl, αl > 0, associated with the reflection group

Z2 × ...× Z2 on IRd is given for all x, y ∈ IRd by

K(x, y) =
d∏

l=1

K(xl, yl), (11)

where K(xl, yl) is the function defined by Eq.(9).

The Dunkl kernel possesses the following properties:
i) For every z, t ∈ ICd, we have

K(z, t) = K(t, z) ;K(z, 0) = 1 and K(λz, t) = K(z, λt), for all λ ∈ IC. (12)

ii) For all ν ∈ INd, x ∈ IRd and z ∈ ICd, we have

|Dν
zK(x, z)| ≤ ||x|||ν| exp(||x||||Rez||), (13)

and for all x, y ∈ IRd :
|K(ix, y)| ≤ 1, (14)

with Dν
z = ∂ν

∂z
ν1
1 ...∂z

νd
d

and |ν| = ν1 + ...+ νd.

iii) For all x, y ∈ IRd and w ∈ W we have

K(−ix, y) = K(ix, y), and K(wx,wy) = K(x, y). (15)

4
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iν) The function K(x, z) admits for all x ∈ IRd and z ∈ ICd the following Laplace type
integral representation

K(x, z) =
∫

IRd
e<y,z>dµx(y), (16)

where dµx is a probability measure on IRd, with support in the closed ball B(o, ||x||) of
center o and radius ||x||.

The Dunkl intertwining operator Vk is defined on C(IRd) by

∀x ∈ IRd, Vkf(x) =
∫

IRd
f(y)dµx(y), (17)

where dµx is the measure given by the relation (16).
We have

∀x ∈ IRd, ∀z ∈ ICd, K(x, z) = Vk(e
〈.,z〉)(x).

The operator tVk satisfying for f in D(IRd) and g in C(IRd) the relation∫
IRd

tVk(f)(y)g(y)dy =
∫

IRd
Vk(f)(x)g(x)ωk(x)dx, (18)

is given by
tVk(f)(y) =

∫
IRd
f(x)dνy(x), (19)

where νy is a positive measure on IRd with support in the set {x ∈ IRd, ||x|| ≥ ||y||}. This
operator is called the dual Dunkl intertwining operator.

The operators Vk and tVk satisfy the following properties:

i)The operator Vk is a topological isomorphism from E(IRd) onto itself satisfying
the transmutation relation

∀x ∈ IRd, TjVk(f)(x) = Vk(
∂

∂yj

f)(x), j = 1, ..., d, f ∈ E(IRd). (20)

ii) The operator tVk is a topological isomorphism from D(IRd)(resp. S(IRd)) onto itself,
satisfying the transmutation relations

∀y ∈ IRd, tVk(Tjf)(y) =
∂

∂yj

tVk(f)(y), j = 1, ..., d, f ∈ D(IRd). (21)

We denote by Lp
k(IR

d) the space of measurable functions on IRd such that

||f ||k,p = (
∫

IRd
|f(x)|pωk(x) dx)

1
p < +∞, if 1 ≤ p < +∞.

Theorem 2.2.1. Let (νy)y∈IRd be the family of measures defined by Eq.(19) and let
f ∈ L1

k(IR
d). Then for almost all y (with respect to Lebesgue measure on IRd), f is

νy-integrable, the function

y 7→
∫

IRd
f(x)dνy(x),

5
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which will also be denoted by tVk(f), is defined almost everywhere on IRd and is Lebesgue
integrable. Moreover for all bounded continuous function g on IRd, we have the formula∫

IRd

tVk(f)(y)g(y)dy =
∫

IRd
Vk(f)(x)g(x)ωk(x)dx. (22)

Examples:
1) When d = 1 and W = Z2, for all x ∈ IR\{0} the measure µx of the Dunkl inter-

twining operator Vk defined by Eq.(17) is given by dµx(y) = K(x, y)dy, with

K(x, y) =
Γ(γ + 1

2
)√

πΓ(γ)
|x|−2γ(|x| − y)γ−1(|x|+ y)γ1]−|x|,|x|[(y), (23)

where 1]−|x|,|x|[ is the characteristic function of the interval ]− |x|, |x|[.

The dual Dunkl intertwining operator tVk is defined by Eq.(18) with for all y ∈ IR
we have dνy(x) = K(x, y)ωk(x)dx, where K is given by Eq.(23).

2) The Dunkl intertwining operator Vk of index γ =
d∑

l=1

αl, αl > 0, associated with the

reflection group Z2 × ...×Z2 on IRd, is given for all f in E(IRd) and x ∈ IRd\
d⋃

l=1

Hl, with

Hl = {x ∈ IRd/xl = 0} by

Vk(f)(x) =
∫

IRd
K(x, y)f(y)dy,

where

K(x, y) =
d∏

l=1

K(xl, yl),

with K(xl, yl) is given by the relation (23). By change of variables we obtain

∀ x ∈ IRd, Vk(f)(x) = [
d∏

l=1

Γ(αl + 1
2
)√

πΓ(αl)
]
∫
[−1,1]d

f(t1x1, t2x2, ..., tdxd)

×
[

d∏
l=1

(1− tl)
αl−1(1 + tl)

αl

]
dt1...dtd.

(24)

It can also be written in the form

∀ x ∈ IRd, Vkf(x) = (Vk)
1 × ...× (Vk)

d(f)(x), (25)

where for all g in E(IR) we have

∀ x ∈ IRd, (Vk)
lg(x) =

2Γ(αl + 1
2
)√

πΓ(αl)

∫ 1

−1
g(tlxl)(1− tl)

αl−1(1 + tl)
αldtl.
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(See [17]).
2.3. The Dunkl transform

The Dunkl transform of a function f in D(IRd) is given by

∀y ∈ IRd, FD(f)(y) =
∫

IRd
f(x)K(−iy, x)ωk(x)dx. (26)

It satisfies the following properties:

i) For f in L1
k(IR

d) we have

||FD(f)||k,∞ ≤ ||f ||k,1. (27)

ii) For all f in S(IRd) we have

FD(f) = F ◦ tVk(f), (28)

where F is the classical Fourier transform on IRd.
iii) For f in S(IRd) we have

∀y ∈ IRd, FD(Tjf)(y) = iyjFD(f)y), j = 1, ..., d. (29)

iν) For all f in L1
k(IR

d) such that FD(f) is in L1
k(IR

d), we have the inversion formula

f(y) =
c2k

4γ+ d
2

∫
IRd
FD(f)(x)K(ix, y)ωk(x) dx, a.e. (30)

Theorem 2.3.1. The Dunkl transform FD is a topological isomorphism:
i) From S(IRd) onto itself.
ii) From D(IRd) onto H(ICd) (the space of entire functions on ICd, rapidly decreasing

of exponential type.)
The inverse transform F−1

D is given by

∀y ∈ IRd, F−1
D (f)(y) =

c2k

4γ+ d
2

FD(f)(−y), f ∈ S(IRd). (31)

Theorem 2.3.2.i)(Plancherel formula for FD) For all f in S(IRd) we have

∫
IRd
|f(x)|2ωk(x) dx =

c2k

4γ+ d
2

∫
IRd
|FD(f)(ξ)|2ωk(ξ) dξ. (32)

ii) (Plancherel theorem for FD) The renormalized Dunkl transform f → 2−(γ+ d
2
)ckFD(f)

can be uniquely extended to an isometric isomorphism on L2
k(IR

d).
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3. HARMONIC ANALYSIS ASSOCIATED WITH THE DUNKL-BESSEL-
LAPLACE OPERATOR

Notations. We denote by
-IRd+1

+ = IRd × [0,+∞[.
- x = (x1, ..., xd, xd+1) = (x′, xd+1) ∈ IRd+1

+ .
- C∗(IR

d+1)(resp. C∗,c(IR
d+1)) the space of continuous functions on IRd+1 (resp. with

compact support), even with respect to the last variable.
- Cp

∗ (IR
d+1)(resp. Cp

∗,c(IR
d+1)) the space of functions of class Cp on IRd+1, even with

respect to the last variable .
-E∗(IRd+1) (resp. D∗(IR

d+1)) the space of C∞-functions on IRd+1 (resp. with compact
support ), even with respect to the last variable.
- S∗(IRd+1) the Schwartz space consisting of functions on IRd+1 which are even with respect
to the last variable.

We provide these spaces with the classical topology.

3.1. The Dunkl-Bessel-Laplace operator and the Dunkl-Bessel intertwining
operator

We consider the Dunkl-Bessel-Laplace operator 4k,β defined by ∀x = (x′, xd+1) ∈
IRd×]0,+∞[,

4k,βf(x) = 4k,x′f(x′, xd+1) + Lβ,xd+1
f(x′, xd+1), f ∈ C2

∗(IR
d+1), (33)

where 4k is the Dunkl-Laplace operator on IRd, and Lβ the Bessel operator on ]0,+∞[
given by

Lβ =
d2

dx2
d+1

+
2β + 1

xd+1

d

dxd+1

, β > −1

2
.

The function Λ given by

Λ(x, z) = K(−ix′, z′)jβ(xd+1zd+1), (x, z) ∈ IRd+1
+ × ICd+1, (34)

satisfies the following properties:
i) For every z, t ∈ ICd+1, we have

Λ(z, t) = Λ(t, z) ; Λ(z, 0) = 1 and Λ(λz, t) = Λ(z, λt), for all λ ∈ IC. (35)

ii) For all ν ∈ INd, x ∈ IRd+1
+ and z ∈ ICd+1, we have

|Dν
zΛ(x, z)| ≤ ||x|||ν| exp(||x||||Imz||), (36)

and for all x, y ∈ IRd+1
+ :

|Λ(x, y)| ≤ 1, (37)
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with Dν
z = ∂ν

∂z
ν1
1 ...∂z

νd+1
d+1

and |ν| = ν1 + ...+ νd+1.

On the other hand the function Λ is a solution of the system
(4k,β)xu(x, z) = −||z||2u(x, z), (x, z) ∈ IRd+1

+ × ICd+1

u(0, z) = 1;
∂

∂xd+1

u((x′, 0), z) = 0, for all z ∈ ICd+1.
(38)

The Dunkl-Bessel intertwining operator is the operator defined on C∗(IR
d+1) by

Rk,βf(x′, xd+1) =


2Γ(β + 1)√
πΓ(β + 1

2
)
x−2β

d+1

∫ xd+1

0
(x2

d+1 − t2)β− 1
2Vkf(x′, t)dt, xd+1 > 0,

Vkf(x′, 0), xd+1 = 0,

(39)

where Vk is the Dunkl intertwining operator given by Eq.(17).

The operator Rk,β can also be write in the form

Rk,β = Vk ⊗Rβ, (40)

where Rβ is the Riemann-Liouville integral operator given for all even continuous func-
tions g on IR by

∀t > 0, Rβ(g)(t) =
2Γ(β + 1)√
πΓ(β + 1

2
)
t−2β

∫ t

0
(t2 − y2)β− 1

2 g(y)dy.

It satisfies the transmutation relation

Rβ ◦
d2

dy2
= Lβ ◦ Rβ. (41)

(See [16]).

We remark that

∀ (x, z) ∈ IRd+1
+ × ICd+1, Λ(x, z) = Rk,β(e−i〈.,z′〉 cos(zd+1.))(x). (42)

We define for all x ∈ IRd+1
+ the measure ζk,β

x by

dζk,β
x (y) =

2Γ(β + 1)√
πΓ(β + 1

2
)
x−2β

d+1(x
2
d+1 − y2

d+1)
β− 1

2 1]0,xd+1[(yd+1)dµx′(y
′)dyd+1, (43)

where dµx′ is the measure given by Eq.(17) and 1]0,xd+1[ is the characteristic function of
the interval ]0, xd+1[.
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Hence from Eq.(39) the operator Rk,β can also be written in the form

Rk,βf(x) =
∫

IRd+1
+

f(y)dζk,β
x (y). (44)

It is a topological isomorphism from E∗(IRd+1) onto itself satisfying

∀ f ∈ E∗(IRd+1), 4k,βRk,βf = Rk,β4d+1f, (45)

where 4d+1 =
d+1∑
j=1

∂2
j .

Example:
We consider the reflection group Z2× ...×Z2. The Dunkl-Bessel intertwining operator

Rk,β on IRd+1
+ , is given for all f in E(IRd+1

∗ ) and x ∈ IRd+1
+ by

Rk,β(f)(x) = [
d∏

l=1

Γ(αl + 1
2
)

π
d+1
2 Γ(αl)

Γ(β + 1)

Γ(β + 1
2
)
]
∫
[−1,1]d

∫ 1

0
f(t1x1, t2x2, ..., tdxd, td+1xd+1)

×[
d∏

l=1

(1− tl)
αl−1(1 + tl)

αl ](1− t2d+1)
β− 1

2dt1...dtddtd+1.

3.2. The dual of the Dunkl-Bessel intertwining operator
The dual of the Dunkl-Bessel intertwining operator Rk,β is the operator tRk,β defined

on D∗(IR
d+1) by : ∀y = (y′, yd+1) ∈ IRd × [0,∞[,

tRk,β(f)(y′, yd+1) =
2Γ(β + 1)√
πΓ(β + 1

2
)

∫ ∞

yd+1

(s2 − y2
d+1)

β− 1
2

tVkf(y′, s)sds, (46)

where tVk is the dual Dunkl intertwining operator given by Eq.(18).
We can write tRk,β in the form

tRk,β = tVk ⊗ tRβ, (47)

where tRβ is the Weyl integral operator defined for all even continuous function g on IR
with compact support, by

∀ y ≥ 0, tRβ(f)(y) =
2Γ(β + 1)√
πΓ(β + 1

2
)

∫ ∞

y
(s2 − y2)β− 1

2f(s)sds.

(See [16]).

We define for all y ∈ IRd+1
+ the measure %k,β

y by

d%k,β
y (x) =

2Γ(β + 1)√
πΓ(β + 1

2
)
(x2

d+1 − y2
d+1)

β− 1
2xd+11]yd+1,+∞[(xd+1)dνy′(x

′)dxd+1, (48)
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where dνy′ is the measure given by Eq.(19) and 1]yd+1,+∞[ is the characteristic function of
the interval ]yd+1,+∞[.

Hence from Eq.(46) the operator tRk,β can also be written in the form

tRk,β(f)(y) =
∫

IRd+1
+

f(x)d%k,β
y (x). (49)

It satisfies for f in D∗(IR
d+1) and g in E∗(IRd+1) the following relation∫

IRd+1
+

tRk,β(f)(y)g(y)dµk,β(y) =
∫

IRd+1
+

f(y)Rk,β(g)(y)dy. (50)

Moreover it is a topological isomorphism from D∗(IR
d+1) (resp. S∗(IRd+1)) onto itself.

Theorem 3.2.1. Let (%k,β
y )y∈IRd+1

+
be the family of measures defined by Eq.(49) and let

f ∈ L1
k,β(IRd+1

+ ). Then for almost all y (with respect to the Lebesgue measure on IRd+1
+ ),

f is %k,β
y -integrable, the function

y 7→
∫

IRd+1
+

f(x)d%k,β
y (x),

which will also be denoted by tRk,β(f), is defined almost everywhere on IRd+1
+ , and is

Lebesgue integrable. Moreover for all bounded continuous function g on IRd+1, we have
the formula ∫

IRd+1
+

tRk,β(f)(y)g(y)dy =
∫

IRd+1
+

f(x)Rk,βg(x)dµk,β(x). (51)

Proof
We deduce the result by using the relations (47), (48) and Theorem 2.2.1.

3.3. The Dunkl-Bessel transform

Notations. We denote by Lp
k,β(IRd+1

+ ) the space of measurable functions on IRd+1
+ such

that

||f ||k,β,p = (
∫

IRd+1
+

|f(x)|pdµk,β(x) dx)
1
p < +∞, if 1 ≤ p < +∞,

||f ||k,β,∞ = ess supx∈IRd+1
+
|f(x)| < +∞,

where dµk,β is the measure given by

dµk,β(x′, xd+1) = ωk(x
′)x2β+1

d+1 dx
′dxd+1.

Definition 3.3.1. The Dunkl-Bessel transform is given for f inD∗(IR
d+1) by

∀ y = (y′, yd+1) ∈ IRd+1
+ ,

FD,B(f)(y′, yd+1) =
∫

IRd+1
+

f(x′, xd+1)Λ(x, y)dµk,β(x). (52)
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Remark 3.3.1. The transform FD,B can also be written in the form

FD,B = FD ◦ Fβ
B,

where FD is the Dunkl transform given by Eq.(26) and Fβ
B the Fourier-Bessel transform

defined by

∀λ ∈ IR, FB(g)(λ) =
∫ +∞

0
g(t)jβ(λt)t2β+1dt, g ∈ C∗,c(IR).

(See [16]).

The transform FD,B satisfies the following properties:

Proposition 3.3.1.i) For f in L1
k,β(IRd+1

+ ) we have

||FD,B(f)||k,β,∞ ≤ ||f ||k,β,1. (53)

ii) For f in S∗(IRd+1) we have

FD,B(f) = Fo ◦ tRk,β(f), (54)

where Fo is the transform defined by : ∀ y = (y′, yd+1) ∈ IRd × [0,+∞[,

Fo(f)(y′, yd+1) =
∫

IRd+1
+

f(x′, xd+1)e
−i<y′,x′> cos(xd+1yd+1)dx

′dxd+1, f ∈ C∗,c(IR
d+1). (55)

iii) For f in S∗(IRd+1) we have

∀y ∈ IRd+1
+ , FD,B(4k,βf)(y) = −||y||2FD,B(f)(y). (56)

From the previous properties of the Dunkl transform FD and those of the Fourier-
Bessel transform Fβ

B(f) given in [16], we deduce the following theorems.

Theorem 3.3.1. i) The Dunkl-Bessel transform FD,B is a topological isomorphism, from
S∗(IRd+1) onto itself.

ii) The inverse transform F−1
D,B is given by

∀ y ∈ IRd+1
+ , F−1

D,B(f)(y) = mk,βFD,B(f)(−y), f ∈ S∗(IRd+1),

where

mk,β =
c2k

4γ+β+ d
2 (Γ(β + 1))2

. (57)

Theorem 3.3.2. For all f in L1
k,β(IRd+1

+ ) such that FD,B(f) is in L1
k,β(IRd+1

+ ), we have
the inversion formula

f(y) = mk,β

∫
IRd+1

+

FD,B(f)(x)Λ(x,−y)dµk,β(x), a.e. (58)
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Theorem 3.3.3. i) (Plancherel formula for FD,B) For all f in S∗(IRd+1) we have∫
IRd+1

+

|f(x)|2dµk,β(x) = mk,β

∫
IRd+1

+

|FD,B(f)(y)|2dµk,β(y). (59)

ii) (Plancherel theorem for FD,B) The renormalized Dunkl-Bessel transform f →
m

1
2
k,βFD,B(f) can be uniquely extended to an isometric isomorphism on L2

k,β(IRd+1
+ ).

Proposition 3.3.2. For all f ∈ L1
k,β(IRd+1

+ ), we have

FD,B(f)(y) = Fo ◦ tRk,β(f)(y), y ∈ IRd+1
+ , (60)

where Fo is the transform given by Eq.(55).

Proof
We obtain the result by applying Eq.(51) to the function g(x) = e−i〈x′,y′〉 cos(xd+1yd+1)

and by using the relation (42).

3.4. The Dunkl-Bessel harmonic polynomials.

We denote by P d+1
m the set of homogeneous polynomials on IRd+1 of degree m.

We say that a polynomial p in P d+1
m is Dunkl-Bessel harmonic (D-B harmonic), if it

satisfies 4k,βp = 0.
We denote by HD,B

m the set of polynomials in P d+1
m which are D-B harmonic.

Theorem 3.4.1.Each polynomial ψ ∈ P d+1
m has the unique representation

ψ(x) =

[m
2

]∑
s=0

(
||x||
2

)2sZ̃m−2s,k,β(x), (61)

where Z̃m−2s,k,β is a polynomial in HD,B
m−2s given by

Z̃m−2s,k,β(x) =

[m
2

]−s∑
j=0

ak,β
j,m,s(

||x||
2

)2j4s+j
k,β ψ(x),

where

ak,β
j,m,s = (−1)j (m− 2s+ γ + β + d

2
)Γ(m− 2s− j + γ + β + d

2
)

s!j!Γ(m− s+ γ + β + 1 + d
2
)

(62)

(See [14].)
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Theorem 3.4.2. Let H be in HD,B
m . We have

FD,B(e
−
||x||2

2 H)(y) =
im2γ+β+ d

2 Γ(β + 1)

ck
e−

||y||2
2 H(y). (63)

(See [13].)

Corollary 3.4.1. Let ψ ∈ P d+1
m , for all δ > 0, there exists a polynomial Q on IRd+1 such

that
FD,B(ψ e−δ||x||2)(y) = Q(y)e−

1
4δ
||y||2 .

Proof
From Theorem 3.4.1 and the relation (56) we have

∀ y ∈ IRd+1
+ , FD,B(ψ e−δ||x||2)(y) = FD,B(

[m
2

]∑
s=0

(
||x||
2

)2sZ̃m−2s,k,β(x)e−δ||x||2)(y),

=

[m
2

]∑
s=0

2−2sFD,B(||x||2sZ̃m−2s,k,β(x)e−δ||x||2)(y),

=

[m
2

]∑
s=0

2−2s4s
k,β(FD,B(Z̃m−2s,k,β(x)e−δ||x||2))(y).

On the other hand by applying Theorem 3.4.2 we obtain

∀ y ∈ IRd+1
+ , FD,B(Z̃m−2s,k,β(x)e−δ||x||2)(y) =

im−2s22s−m−1Γ(β + 1)

ckδ
γ+β+ d

2
+m+1−2s

Z̃m−2s,k,β(y)e−
||y||2

4δ .

By using the product rule (7), we deduce then there exists a polynomial Q on IRd+1
+ such

that
FD,B(ψ e−δ||x||2)(y) = Q(y)e−

1
4δ
||y||2 .

4. AN Lp VERSION OF HARDY’S THEOREM ASSOCIATED WITH THE
DUNKL-BESSEL TRANSFORM

To prove the main result of this section we need the following lemmas of complex
variables. The two first can be proved as in [7] and the third as Lemma 2.1 of [15] .

Lemma 4.1.Let h be an entire function on ICd+1 even with respect to the last variable
such that

∀z ∈ ICd+1, |h(z)| ≤ C
d+1∏
j=1

ea(Rezj)
2

,

and
∀x ∈ IRd+1

+ , |h(x)| ≤ C,
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for some a > 0 and C > 0. Then h is constant on ICd+1.

Lemma 4.2. Let p ∈ [1,+∞[ and h an entire function on ICd+1 even with respect to the
last variable. We assume that:

i) There exists j ∈ {1, ..., d+ 1} such that

∀z ∈ ICd+1, |h(z)| ≤M(z1, ..., zj−1, zj+1, ..., zd+1)e
a(Rezj)

2

, (64)

for some a > 0 and M a positive function on ICd+1.
ii) ||h/IRd+1

+
||k,β,q < +∞.

Then h ≡ 0.

Lemma 4.3. Let h be an entire function on ICd+1 even with respect to the last variable
such that

∀z ∈ ICd+1, |h(z)| ≤ Cea||z||2 , (65)

and
∀x ∈ IRd+1, |h(x)| ≤ Ce−a||x||2 , (66)

for some positive constants a and C. Then

h(z) = Const.e−a(z2
1+...+z2

d+1), z = (z1, ..., zd+1) ∈ Cd+1.

The following propositions are also necessary to obtain the result of this section.

Proposition 4.1. Let a > 0. For all y ∈ IRd+1
+ , we have

tRk,β(e−a||x||2)(y) = C(a)e−a||y||2 , (67)

where

C(a) =
Γ(β + 1)

cka
γ+β+ 1

2π
d+1
2

,

with ck the constant given by Eq.(5).

Proof
As the function e−a||x||2 is in S∗(IRd+1

+ ), then from the relation (54) we show that

tRk,β(e−a||x||2)(y) = F−1
o ◦ FD,B(e−a||x||2)(y). (68)

But from [13], p.460, we have

FD,B(e−a||x||2)(y) =
Γ(β + 1)

2cka
γ+β+ d

2
+1
e
−||y||2

4a . (69)

15
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On the other hand since as for a regular function f on IRd+1
+ we have

F−1
o (f)(y) =

22

(2π)d+1
Fo(f)(−y),

then we obtain Eq.(67) by applying to the relation (69) the inverse of the transform Fo.

Proposition 4.2. Let p ∈ [1,+∞] and f a measurable function on IRd+1
+ such that

||ea||x||2f ||k,β,p < +∞ for some a > 0. Then

||ea||x||2 tRk,β(f)||p < +∞,

where ||.||p is the norm of the usual Lebesgue space Lp(IRd+1
+ ).

Proof
From the hypothesis it follows that f ∈ L1

k,β(IRd+1
+ ). Then by Theorem 3.2.1, the

function tRk,β(f) is defined almost everywhere on IRd+1
+ . Now we distinguish two cases:

i) If p ∈ [1,+∞[, we have

||ea||x||2 tRk,β(f)||pp ≤
∫

IRd+1
+

eap||x||2(
∫

IRd+1
+

f(y)d%k,β
x (y))pdx.

On the other hand by using the Hölder’s inequality we have

|
∫

IRd+1
+

f(y)d%k,β
x (y)|p ≤ (

∫
IRd+1

+

eap||y||2|f(y)|pd%k,β
x (y))(

∫
IRd+1

+

e−ap′||y||2d%k,β
x (y))

p
p′

≤ (tRk,β(eap||y||2|f |p)(x))( tRk,β(e−ap′||y||2)(x))
p
p′ ,

where p′ is the conjugate exponent of p.

Thus from Proposition 4.1 and the relation (67) we obtain

||ea||x||2 tRk,β(f)||pp ≤ (C(ap′))
p
p′

∫
IRd+1

+

tRk,β(eap||y||2|f |p)(x)dx.

But from Eq.(51) we have∫
IRd+1

+

tRk,β(eap||y||2|f |p)(x)dx =
∫

IRd+1
+

eap||y||2|f |p(y)dµk,β(y), (70)

then
||ea||x||2 tRk,β(f)||p ≤ (C(ap′))

1
p′ ||ea||y||2f ||k,β,p < +∞.

ii) If p = +∞, for almost all x ∈ IRd+1
+ we have

|tRk,β(f)(x)| ≤ (
∫

IRd+1
+

ea||y||2|f(y)|e−a||y||2d%k,β
x (y))

≤ tRk,β(e−a||y||2)(x)||ea||y||2f ||k,β,∞,
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thus from Proposition 4.1, we obtain

ea||x||2|tRk,β(f)(x)| ≤ C(a)||ea||y||2f ||k,β,∞ < +∞,

where C(a) is the constant of Eq.(67). This completes the proof.

Proposition 4.3. Let p ∈ [1,+∞] and f a measurable function on IRd+1
+ such that

||ea||x||2f ||k,β,p < +∞ for some a > 0. Then the function defined on ICd+1 by

FD,B(f)(z) =
∫

IRd+1
+

f(x)Λ(x, z)dµk,β(x) (71)

is entire on ICd+1 and even with respect to the last variable. Moreover there exists a positive
constant C such that for all ξ, η ∈ IRd+1

+ , we have

|FD,B(ξ + iη)| ≤ Ce
||η||2
4a . (72)

Proof
From the derivation theorem under the integral sign and Hölder’s inequality we deduce

that the function defined on ICd+1 by Eq.(71) is entire on ICd+1 and even with respect to
the last variable.

On the other hand, since f ∈ L1
k,β(IRd+1

+ ), then from Eq.(60) we deduce that for all
ξ, η ∈ IRd+1

+ , we have

FD,B(ξ + iη) = Fo ◦ tRk,β(f)(ξ + iη),

=
∫

IRd+1
+

tRk,β(f)(x)e−i〈x′,ξ′+iη′〉 cos(xd+1(ξd+1 + iηd+1))dx
′dxd+1.

=
1

2

∫
IRd+1

+

tRk,β(f)(x)(e−i〈x,ξ〉e〈x,η〉 + e−i〈x,ξ̃〉e〈x,η̃〉)dx′dxd+1,

where η̃ = (η′,−ηd+1) and ξ̃ = (ξ′,−ξd+1).
Thus

|FD,B(ξ + iη)| ≤ 1

2
e
||η||2
4a

∫
IRd+1

+

ea||x||2 |tRk,β(f)(x)|(e−a||x− η
2a
||2 + e−a||x− η̃

2a
||2)dx.

Using Hölder’s inequality and Proposition 4.2, we obtain

|FD,B(ξ + iη)| ≤ 1

2
e
||η||2
4a ||ea||x||2 tRk,β(f)||p(

∫
IRd+1

+

(e−ap′||x− η
2a
||2 + e−ap′||x− η̃

2a
||2dx)

1
p′ ,

where p′ is the conjugate exponent of p. We deduce the result from this inequality.

Theorem 4.1. Let f be a measurable function on IRd+1
+ such that

||ea||x||2f ||k,β,p < +∞ and ||eb||y||2FD,B(f)||k,β,p < +∞, (73)
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for some constants a > 0, b > 0, and 1 ≤ p, q ≤ +∞ at least one of them is finite.

Then
i) If ab ≥ 1

4
, we have f = 0 a.e.

ii) If ab < 1
4
, for all δ ∈]a, 1

4b
[, the functions f(x) = P (x)e−δ||x||2, where P is an arbi-

trary polynomial on IRd+1
+ , satisfy Eq.(73).

Proof
We shall divide the proof in several steps.

1) First step: ab > 1
4

Consider the function h defined on ICd+1 by

h(z) =
d+1∏
j=1

e
z2
j

4aFD,B(f)(z). (74)

This function is entire on ICd+1 even with respect to the last variable and using Eq.(72)
we obtain

∀ ξ, η ∈ IRd+1
+ , |h(ξ + iη)| ≤ Ce

||ξ||2
4a . (75)

In the following we consider two cases:
i) If q < +∞, we have

||h/IRd+1
+
||qk,β,q =

∫
IRd+1

+

|e
||y||2
4a FD,B(f)(y)|qdµk,β(y)

=
∫

IRd+1
+

|eb||y||2FD,B(f)(y)|qeq( 1
4a
−b)||y||2dµk,β(y).

Using the fact that ab > 1
4

and the hypothesis (73), we obtain

||h/IRd+1
+
||k,β,q ≤ ||eb||y||2FD,B(f)(y)||k,β,q < +∞. (76)

From the relations (75) and (76), and Lemma 4.2 it follows that h(z) = 0 for all z ∈ ICd+1.
Thus FD,B(f)(y) = 0 for all y ∈ IRd+1

+ . The injectivity of FD,B implies the result of the
theorem in this case.

ii) If q = +∞, we have

||h/IRd+1
+
||k,β,∞ = ess supy∈IRd+1

+
|e

||y||2
4a FD,B(f)(y)|

= ess supy∈IRd+1
+
{|eb||y||2FD,B(f)(y)|e( 1

4a
−b)||y||2}.

Since ab > 1
4
, then from Eq.(73):

||h/IRd+1
+
||k,β,∞ ≤ ||eb||y||2FD,B(f)(y)||k,β,∞ < +∞. (77)
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From Eqs.(75), (77) and Lemma 4.1, there exists a positive constant C such that for all
y ∈ IRd+1

+ , h(y) = C. On the other hand, from Eq.(74) we have

∀y ∈ IRd+1
+ , FD,B(f)(y) = Ce

−||y||2
4a . (78)

But the assumption on FD,B(f) is expressed as

|FD,B(f)(y)| ≤Me−b||y||2 a.e, (79)

for some constant M > 0. The continuity of FD,B(f) on IRd+1
+ shows that the inequality

(79) holds every where. By Eqs.(78) and (79) this is impossible since ab > 1
4
, unless if

C = 0. Thus FD,B(f)(y) = 0 everywhere and then f = 0 a.e. on IRd+1
+ .

2) Second step ab = 1
4
.

i) If 1 ≤ p ≤ +∞ and 1 ≤ q < +∞, the same proof as for the point i) of the first step
implies that f = 0 a.e on IRd+1

+ .
ii) If 1 ≤ p < +∞ and q = +∞, from Proposition 4.2, Proposition 3.3.2 and Eq.(73)

we deduce that the function tRk,β verifies

||ea||x||2 tRk,β(f)||p < +∞ and ||eb||y||2 Fo(
tRk,β(f))||∞ < +∞,

where Fo is the Fourier transform given by Eq.(55).

We remark that by using the same proof as in [6] we can prove Hardy’s theorem for
the transform Fo. Using this result, we deduce that tRk,β(f)(x) = 0 a.e, on IRd+1

+ . Thus
FD,B(f)(y) = 0 for all y ∈ IRd+1

+ , which implies that f = 0 a.e. on IRd+1
+ .

3)Third step: ab < 1
4

Let P be a polynomial on IRd+1 and δ ∈]a, 1
4b

[. From Corollary 3.4.1 we deduce that

there exists a polynomial Q̃ on IRd+1 such that

∀ y ∈ IRd+1
+ , FD,B(Pe−δ||x||2)(y) = Q̃(y)e−

1
4δ
||y||2 .

It is clear that the function f(x) = P(x)e−δ||x||2 satisfies the conditions (73). This com-
pletes the proof of Theorem 4.1.

We determine now the functions f satisfying Eq.(73) in the special case p = q =
+∞.
Theorem 4.2. Let f be a measurable function on IRd+1

+ such that

|f(x)| ≤Me−a||x||2a.e and ∀y ∈ IRd+1
+ , |FD,B(f)(y)| ≤Me−b||y||2 , (80)

for some constants a > 0, b > 0 and M > 0. Then
i) If ab > 1

4
, we have f = 0 a.e.
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ii) If ab = 1
4
, the function f is of the form f(x) = C0e

−a||x||2, for some real constant
C0.

iii) If ab < 1
4
, there are infinity many nonzero functions f satisfying the conditions

(80).

Proof
i) If ab > 1

4
, the point ii) of the first step of the proof of Theorem 4.1 gives the result.

ii) From Eq.(80), Proposition 4.1 and Proposition 3.3.2 , the function tRk,β(f) satisfies

|tRk,β(f)(x)| ≤ C(a)Me−a||x||2a.e and ∀ y ∈ IRd+1
+ , |Fo(

tRk,β(f))(y)| ≤Me−b||y||2 ,

where C(a) is the constant in the formula (67). Using Hardy’s theorem for the transform
Fo which can be deduced from Lemma 4.3. Then

tRk,β(f)(x) = C1e
−a||x||2 ,

where C1 is a real constant. We deduce from (60) that there exists C2 ∈ IR such that

FD,B(f)(y) = C2e
− 1

4a
||y||2 .

Thus by using formula (69) we have f(x) = C0e
−a||x||2 , with C0 is a real constant. The

result of the point ii) is proved.
iii) If ab < 1

4
, the functions defined in the third step of the proof of Theorem 4.1 clearly

satisfies also the conditions (80). This completes the proof of Theorem 4.2.
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     We consider the fractional differential equation, that is obtained from the nth order 

ordinary differential equation with constant coefficients by replacing the ordinary 

derivative  by the fractional derivative ,  D αD 10 <<α  (in the Riemman-Liouville 

sense). We give the relationship between the fractional Green’s function for the 
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1. Introduction 
 

     The Green’s function  related to the ordinary differential equation with 

constant coefficient  

)(tG

                               [ ] )()(01
1 tftDaDaD n

nn =Φ+++ − L ,                                     (1) 

where ’s are arbitrary constants, with the initial conditions ia

                              ,                                     (2) 0)0()0()0( 1 =Φ==Φ=Φ −nDD L

is found by the inverse Laplace transform of the following expression 

                                                  
)(

1)(~
pQ

pG = ,                                                           (3) 

where 

                                       .                                             (4) 0
1

1)( axaxxQ nn +++= − L

     Miller and Ross [9] have proved that the fractional Green’s function  related 

to the fractional differential equation  

)(tGα

                     [ ] )()(0)1(
1 tftDaDaD n

nn =Φ+++ − Lαα  ,                                (5) 0>t

where  is the Riemman-Liouville fractional derivative of order αD 10 <<α , with the 

initial conditions 

                            ,                                      (6) 0)0()0()0( 1 =Φ==Φ=Φ −NDD L

where  is the smallest positive integer greater or equal N αn , is found by the inverse 

Laplace transform of the following expression 

                                                  
)(

1)(~
αα pQ

pG = .                                                       (7) 

Also, Miller and Ross have proved that 

                                                                                        (8) τττα dftGt
t

)()()(
0

−=Φ ∫

is the unique solution for equation (5). 

     Relations (3) and (7), shows that Laplace transform )(~ pGα of the Green’s function 

for the fractional differential equation (5) and Laplace transform )(tGα )(~ pG of the 
Green’s function for the ordinary differential equation (1) are related by )(tG

                                                )(~)(~ α
α pGpG = .                                                          (9) 
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     The Laplace and Mellin transforms of a function Φ  on R  are defined by  +

                           =Φ )(~ p ∫
∞

− Φ
0

)( dtte tp ,                                      (10) 0)Re( >p

and 

                                  ,                                        (11) =Φ )(ˆ s ∫
∞

− Φ
0

1 )( dttt s 0)Re( >s

and they are related by 

                                   =Φ )(ˆ s ∫
∞

− Φ
−Γ 0

)(
)1(

1 dppp
s

s .                                        (12) 

     Our aim here is to obtain the relationship between the fractional Green’s function  

related to the fractional differential equation (5) and the Green’s function related to 

the ordinary differential equation (1), then to use this relationship to find the fractional 

Green’s function for some fractional differential equations. 

 

2. Fractional Green’s function 

 

Theorem 1. The Mellin transforms  of  the Green’s function and  

of the Green’s function   are related by 

)(ˆ sGα )(tGα )(ˆ sG

)(tG

                     )1/1/(ˆ
)1(

))1/1/(1(1)(ˆ +−
−Γ

+−−Γ
= αααα
αα sG

s
ssG .                         (13) 

Proof: From (9) and (12), we get 

                                    dppGp
s

sG s )(~
)1(

1)(ˆ
0

α
α

−
∞

∫−Γ
= .                                       (14) 

The change of variables 

                                                                                                                    (15)                               αpq =

leads to 

                               dqqGq
s

sG
s

)(~
)1(

11)(ˆ 11

0

−+
−∞

∫−Γ
= αα

α α
.                                (16)              

using (12), we have  
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            ( ) )1/1/(ˆ)1/1/(1)(~11

0

+−+−−Γ=
−+

−∞

∫ αααααα sGsdqqGq
s

.              (17) 

Substitute (17) into (16), we obtain (13). 

 

Theorem 2. The Green’s functions  and  are related by )(tGα )(tG

                                    ,                                          (18)                           dzztgzGttG )()()(
0

1 α
αα

−
∞

− ∫=

where 

                                      =)(zgα
10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
)1,0(
),0( α

z ,                                              

(19) 
10
11H is the H-function (see Appendix A). For  10 <<α ,  is an entire function 

and it has the power series representation  

)(tgα

                                         
!)(

)1()(
0 kk

ttg
kk

k αα −Γ
−

= ∑
∞

=

.                                             (20)                               

Proof: From the definition of the H-function, the Mellin transform of (19) is given by  

                                                
)(

)()(ˆ
s

ssg
αα Γ
Γ

= .                                                      (21)   

Then, using (21), (13) can be written as  

                   ( ) )1/1/,(ˆ)1/1/(1ˆ1)(ˆ +−+−−= αααα
α αα sxGsgsG .                     (22)    

Next, using the following properties of the Mellin transform 

                                       М ( ) ,                                                (23)                               )(ˆ)( asftft a −=−

                                         М ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

γγ
γ sftf ˆ1)( ,                                                  (24)                

and 

                            М .                                      (25)          )1(ˆ)(ˆ)()(
0

sgsfdyygytf −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∫
∞

The inverse Mellin transform for (22) gives 
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                                .                                           (26)                           dyygytGttG )()()(
0

1
α

αα
α ∫

∞
−=

The change of variables 

                                                                                                                   (27) ytz α=

leads to (18). 

 

3. Applications 

 

1. Consider the second order ordinary differential equation 

               ,                           (28) )()()()()(2 tftabtDbatD =Φ⋅+Φ⋅++Φ )0,( >ba

and the initial conditions 

                                               0)0()0( =Φ=Φ D .                                                    (29) 

The Greens function for this problem is 

                         
[ ]

⎪⎩

⎪
⎨
⎧

=

≠−
−=
−

−−

baifet

baifee
abtG
ta

tbta1
)( .                                   (30) 

According to theorem 2 the fractional Green’s function  for the fractional 

differential equation  

)(tGα

               ,                            (31) )()()()()(2 tftabtDbatD =Φ⋅+Φ⋅++Φ αα )0( >t

with the initial conditions (29), where   and  0, >ba 10 <<α , is given by 

                            )()(
0

1 zGttG ∫
∞

−=α
10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

)1,0(
),0( αα zt dz ,                              (32)                               

From the property (60), we have 

     zpe−
∞

∫
0

10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
)1,0(
),0( α

z
p

dz 1
=

10
12H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
),1()1,1(

)1,1(
α

p ,              (33)                       0)(Re >p

and 

zpep −
∞

∫
0

10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
)1,0(
),0( α

z =dz
dp
d

p
1

⎢
⎣

⎡ 10
12H ⎥

⎦

⎤
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
),1()1,1(

)1,1(
α

p ,    

(34)                       

0)(Re >p

Now, using the series representation of H-function, (33) and (34) can be written as 
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            zpe−
∞

∫
0

10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
)1,0(
),0( α

z  )(, pEdz −= αα ,                                 (35) 0)(Re >p

and 

         zpep −
∞

∫
0

10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
)1,0(
),0( α

z )(, pE
dp
ddz −= αα ,                            (36) 0)(Re >p

where  is the Mittag-Leffler function in the two parameters [6], [10]. )(, zE βα

It follows from (35), (36) and the properties of Laplace transform that the final 

expression for the fractional Green’s function (32) can be written as 

             
[ ]

⎪
⎪
⎩

⎪⎪
⎨

⎧

=−

≠−−−
−=

=

−

−

baiftxE
dx
dt

baiftbEtaE
ab

t

tG

ax
)(

)()(
)(

,
1

,,

1

α
αα

α

α
αα

α
αα

α

α  .                   (37) 

 

2. Consider the second order ordinary differential equation 

           ,    )()()()(2)( 222 tfttDtD =Φ⋅++Φ⋅+Φ μλλ )0,0( ≠> μλ                (38) 

and the initial conditions 

                                             0)0()0( =Φ=Φ D .                                                      (39) 

The Greens function for this problem is 

                                          )sin(1)( tetG t μ
μ

λ−= .                                                    (40) 

According to theorem 2 the fractional Green’s function  for the fractional 

differential equation  

)(tGα

             ,                        (41) )()()()(2)( 222 tfttDtD =Φ⋅++Φ⋅+Φ μλλ αα )0( >t

with the initial conditions (39), where   0>λ  ,  0≠μ   and  10 <<α , is given by 

             )()(
0

1 zGttG ∫
∞

−=α
10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

)1,0(
),0( αα zt dz ,                                             (42)                              

                       )sin(
0

1

zet z μ
μ

λ−
∞−

∫=
10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

)1,0(
),0( αα zt dz ,                              (43) 

                       [ ]zizi ee
i

t )()(

0

1

2
μλμλ

μ
+−+−

∞−

−= ∫  10
11H ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

)1,0(
),0( αα zt dz .                (44)                

From (35) and the properties of Laplace transform, the fractional Green’s function 

 for the fractional differential equation (41) can be written as )(tGα
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                 ( ) ([ ]α
αα

α
αα

α

α μλμλ
μ

tiEtiE
i

ttG )()(
2

)( ,,

1

+−−+−=
−

) .                          (45) 

4. Appendix A 

Fox’s H-function 

                        nm
qpH =)(z nm

qpH ⎟⎟
⎠

⎞

=

=
⎜⎜
⎝

⎛

qib

pja
z

ii

jj

,,1),(

,,1),(

L

L

β

α
,                                (46) 

with 

pn ≤≤0 , qm ≤≤1 ,  arbitrary complex numbers, ja jα  positive numbers, is 

characterized by its Mellin transform 

                                            nm
qpĤ

)()(
)()()(

sDsC
sBsAs = ,                                                  (47) 

where 

                                         ,                                                   (48) )()(
1

sbsA jj

m

j

β+Γ=∏
=

                                        ,                                                (49) )1()(
1

sasB jj

n

j

α−−Γ=∏
=

                                        ,                                               (50) )1()(
1

sbsC jj

q

mj

β−−Γ= ∏
+=

and 

                                           ,                                                 (51) )()(
1

sasD jj

p

nj

α+Γ= ∏
+=

with empty products set equal to unity. 

     The set of the poles of   and , that are )(sA )(sB

               { }LL ,1,0;,,1,/)()( ==+−== kmjkbsAP jj β ,                     (52) 

               { }LL ,1,0;,,1,/)1()( ==−+== knjaksBP jj α ,                   (53) 

respectively, are supposed to be disjoint. 

If the poles of   and are simple and if: )(sA )(sB

                                              ,                                             (54) 0
11

>−= ∑∑
==

j

n

j
j

q

j

αβμ

then    is an analytic function for nm
qpH )(z 0≠z  and has the series representation 
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 nm
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01
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⋅
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+=+=

≠= =
∞

==

,     (55)  

where 

                                                     
k

h
hk

kb
s

β
+

= .                                                         (56)   

The following identities for the H-function are well-known:                                             

                      nm
qpH =⎟⎟

⎠

⎞
⎜⎜
⎝
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),(

ii

jj

b

a
z

β

α mn
pqH ⎟⎟

⎠

⎞
−
−

⎜⎜
⎝

⎛
),1(

),1(1
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a
b
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,                                (57)                               

                     nm
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⎠

⎞
⎜⎜
⎝

⎛

),(

),(
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jj

b
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z
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α
k nm

qpH ⎟⎟
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⎞
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⎝

⎛
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β
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,                              (58)                               

                 δz nm
qpH =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

),(

),(

ii

jj

b

a
z

β

α nm
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⎠

⎞

+

+
⎜⎜
⎝

⎛

),(

),(
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b

a
z

ββδ
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.                         (59)  

The Laplace transform of the H-function is given by 

 L nm
qpH ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
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),(
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β
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   L nm
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⎠

⎞
⎜⎜
⎝

⎛

),(

),(

ii

jj

b
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z

β
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p
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⎛
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In particular, we mention 

                                 =)(, zE βα
11
12H ⎟⎟

⎠

⎞
−⎜⎜

⎝

⎛
),1()1,0(

)1,0(
αβ

z ,                                      (62)                               

with   ,   0≥z 10 ≤<α  ,   αβ > . 

Using the series representation (55), we obtain 

                                        
)(

)1()(
0

, βαβα +Γ
−= ∑

∞

= z
zzE

k
k

k

,                                       (63) 

which is the generalized Mittage-Leffler function. 
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