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In this paper, we investigate the properties of the poly-Cauchy polynomials
with a q parameter which were studied by the third named author, and give vari-
ous identities with Bernoulli polynomials, Korobov polynomials, Stirling numbers,
Frobenius-Euler polynomials, falling and rising factorials by an umbral calculus ap-
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1 Introduction

Let n, k be integers with n ≥ 0, and let q be a real number with q 6= 0. The poly-Cauchy
numbers with a q parameter of the first kind c

(k)
n,q and of the second kind ĉ

(k)
n,q are defined

by

c(k)
n,q(z) =

∫ 1

0

. . .

∫ 1

0︸ ︷︷ ︸
k

(x1x2 . . . xk − z)(x1x2 . . . xk − q − z)

. . . (x1x2 . . . xk − (n − 1)q − z)dx1dx2 . . . dxk

and

ĉ(k)
n,q(z) =

∫ 1

0

. . .

∫ 1

0︸ ︷︷ ︸
k

(−x1x2 . . . xk + z)(−x1x2 . . . xk − q + z)

. . . (−x1x2 . . . xk − (n − 1)q + z)dx1dx2 . . . dxk ,

respectively ([9]). The generating function of the poly-Cauchy polynomials with a q

parameter of the first kind c
(k)
n,q(z) and of the second kind ĉ

(k)
n,q(z) are given by

(1 + qt)−z/qLifk

(
ln(1 + qt)

q

)
=

∞∑
n=0

c(k)
n,q(z)

tn

n!
,

and

(1 + qt)z/qLifk

(
− ln(1 + qt)

q

)
=

∞∑
n=0

ĉ(k)
n,q(z)

tn

n!
,

respectively ([9, Theorem 6]), where

Lifk(z) :=
∞∑

m=0

zm

m!(m + 1)k

is the polylogarithm factorial function (or simply polyfactorial function), which is intro-

duced in [8, 9]. If q = 1, then c
(k)
n,1(z) = c

(k)
n (z) and ĉ

(k)
n,1(z) = ĉ

(k)
n (z) are the poly-Cauchy

polynomials of the first kind and of the second kind, respectively ([2]). Notice that z is

replaced by −z in [2]. If q = 1 and z = 0, then c
(k)
n,1(0) = c

(k)
n and ĉ

(k)
n,1(0) = ĉ

(k)
n are

the poly-Cauchy numbers of the first kind and of the second kind, respectively ([8]). If

q = k = 1 and z = 0, then c
(1)
n,1(0) = cn and ĉ

(1)
n,1(0) = ĉn are the classical Cauchy numbers

of the first kind and of the second kind, respectively (see e.g. [1, 15]). The concept about
the poly-Cauchy numbers and polynomials have been introduced, and the characteristic
and combinatorial properties have been investigated ([2, 8, 9, 10, 11, 12, 13]).

The falling factorial is defined by

(x)n = x(x − 1) · · · (x − n + 1) =
n∑

l=0

s(n, l)xl ,
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where s(n, l) is the signed Stirling number of the first kind. The rising factorial is defined
by

(x)(n) = x(x + 1) · · · (x + n − 1) =
n∑

l=0

(−1)n−ls(n, l)xl .

Recently, the method of umbral calculus has been introduced to yield various identities
in the study of poly-Cauchy numbers ([6, ?]) as well as that of poly-Bernoulli polynomials
([5]). In this paper, we investigate the properties of the poly-Cauchy polynomials with a
q parameter of the first kind and of the second kind with umbral calculus viewpoint, give
various identities with Bernoulli polynomials, Korobov polynomials, Stirling numbers,
Frobenius-Euler polynomials, falling and rising factorials.

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the
variable t:

F =

{
f(t) =

∞∑
k=0

ak

k!
tk

∣∣∣∣∣ak ∈ C

}
. (1)

Let P = C[x] and let P∗ be the vector space of all linear functionals on P. 〈L|p(x)〉 is
the action of the linear functional L on the polynomial p(x), and we recall that the vector
space operations on P∗ are defined by 〈L + M |p(x)〉 = 〈L|p(x)〉 + 〈M |p(x)〉, 〈cL|p(x)〉 =
c 〈L|p(x)〉, where c is a complex constant in C. For f(t) ∈ F , let us define the linear
functional on P by setting

〈f(t)|xn〉 = an, (n ≥ 0). (2)

In particular, 〈
tk|xn

〉
= n!δn,k (n, k ≥ 0), (3)

where δn,k is the Kronecker’s symbol.

For fL(t) =
∑∞

k=0

〈L|xk〉
k!

tk, we have 〈fL(t)|xn〉 = 〈L|xn〉. That is, L = fL(t). The map
L 7→ fL(t) is a vector space isomorphism from P∗ onto F . Henceforth, F denotes both
the algebra of formal power series in t and the vector space of all linear functionals on
P, and so an element f(t) of F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra and the umbral calculus is the study of
umbral algebra. The order O

(
f(t)

)
of a power series f(t)(6= 0) is the smallest integer k

for which the coefficient of tk does not vanish. If O
(
f(t)

)
= 1, then f(t) is called a delta

series; if O
(
f(t)

)
= 0, then f(t) is called an invertible series. For f(t), g(t) ∈ F with

O
(
f(t)

)
= 1 and O

(
g(t)

)
= 0, there exists a unique sequence sn(x) (deg sn(x) = n) such

that
〈
g(t)f(t)k|sn(x)

〉
= n!δn,k for n, k ≥ 0. Such a sequence sn(x) is called the Sheffer

sequence for
(
g(t), f(t)

)
which is denoted by sn(x) ∼

(
g(t), f(t)

)
.

For f(t), g(t) ∈ F and p(x) ∈ P, we have

〈f(t)g(t)|p(x)〉 = 〈f(t)|g(t)p(x)〉 = 〈g(t)|f(t)p(x)〉 (4)

3
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and

f(t) =
∞∑

k=0

〈
f(t)|xk

〉 tk

k!
, p(x) =

∞∑
k=0

〈
tk|p(x)

〉 xk

k!
(5)

([16, Theorem 2.2.5]). Thus, by (5), we get

tkp(x) = p(k)(x) =
dkp(x)

dxk
and eytp(x) = p(x + y). (6)

Sheffer sequences are characterized in the generating function ([16, Theorem 2.3.4]).

Lemma 1 The sequence sn(x) is Sheffer for
(
g(t), f(t)

)
if and only if

1

g
(
f̄(t)

)eyf̄(t) =
∞∑

k=0

sk(y)

k!
tk (y ∈ C) ,

where f̄(t) is the compositional inverse of f(t).

For sn(x) ∼
(
g(t), f(t)

)
, we have the following equations ([16, Theorem 2.3.7, Theorem

2.3.5, Theorem 2.3.9]):

f(t)sn(x) = nsn−1(x) (n ≥ 0), (7)

sn(x) =
n∑

j=0

1

j!

〈
g
(
f̄(t)

)−1
f̄(t)j|xn

〉
xj, (8)

sn(x + y) =
n∑

j=0

(
n

j

)
sj(x)pn−j(y) , (9)

where pn(x) = g(t)sn(x).
Assume that pn(x) ∼

(
1, f(t)

)
and qn(x) ∼

(
1, g(t)

)
. Then the transfer formula ([16,

Corollary 3.8.2]) is given by

qn(x) = x

(
f(t)

g(t)

)n

x−1pn(x) (n ≥ 1).

For sn(x) ∼
(
g(t), f(t)

)
and rn(x) ∼

(
h(t), l(t)

)
, assume that

sn(x) =
n∑

m=0

Cn,mrn(x) (n ≥ 0) ,

Then we have ([16, p.132])

Cn,m =
1

m!

〈
h
(
f̄(t)

)
g
(
f̄(t)

) l(f̄(t)
)m∣∣∣∣∣xn

〉
. (10)

4
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3 Main results

It is immediate to see that c
(k)
n,q(z) is the Sheffer sequence for the pair(
g(t) =

1

Lifk(−t)
, f(t) =

e−qt − 1

q

)
or

c(k)
n,q(z) ∼

(
1

Lifk(−t)
,
e−qt − 1

q

)
, (11)

and ĉ
(k)
n,q(z) is that for the pair(

g(t) =
1

Lifk(−t)
, f(t) =

eqt − 1

q

)
,

or

ĉ(k)
n,q(z) ∼

(
1

Lifk(−t)
,
eqt − 1

q

)
(12)

because f̄(t) = − ln(1 + qt)/q and f̄(t) = ln(1 + qt)/q, respectively in Lemma 1.

When x = 0, c
(k)
n,q = c

(k)
n,q(0) (respectively, ĉ

(k)
n,q = ĉ

(k)
n,q(0)) are called the poly-Cauchy

numbers of the first kind (respectively, the poly-Cauchy numbers of the second kind).

3.1 Explicit expressions

It is known that (
x

q

)(n)

=
x

q

(
x

q
+ 1

)
· · ·
(

x

q
+ n − 1

)
∼ (1, 1 − e−qt) .

So,

n!δn,k =

〈
(1 − e−qt)k

∣∣∣∣∣
(

x

q

)(n)
〉

=

〈(
e−qt − 1

q

)k
∣∣∣∣∣(−q)n

(
x

q

)(n)
〉

,

yielding that

(−q)n

(
x

q

)(n)

∼
(

1,
e−qt − 1

q

)
.

Similarly, by (
x

q

)
n

=
x

q

(
x

q
− 1

)
· · ·
(

x

q
− n + 1

)
∼ (1, 1 − e−qt)

5
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we get

n!δn,k =

〈
(eqt − 1)k

∣∣∣∣∣
(

x

q

)
n

〉

=

〈(
eqt − 1

q

)k
∣∣∣∣∣qn

(
x

q

)
n

〉
,

yielding that

qn

(
x

q

)
n

∼
(

1,
eqt − 1

q

)
.

First, we shall show the following results by the different methods derived from the
umbral calculus, which have been already obtained in [9, Theorem 5].

Theorem 1 For integers n and k with n ≥ 0, we have

c(k)
n,q(x) =

n∑
m=0

s(n,m)qn−m

m∑
j=0

(
m

j

)
(−x)j

(m − j + 1)k
,

ĉ(k)
n,q(x) =

n∑
m=0

(−1)ms(n,m)qn−m

m∑
j=0

(
m

j

)
(−x)j

(m − j + 1)k

Proof. Since

1

Lifk(−t)
c(k)
n,q(x) = (−q)n

(
x

q

)(n)

∼
(

1,
e−qt − 1

q

)
,

we have

c(k)
n,q(x) = (−q)nLifk(−t)

(
x

q

)(n)

= (−q)nLifk(−t)
n∑

m=0

(−1)n−ms(n,m)

(
x

q

)m

= qn

n∑
m=0

(−q−1)ms(n,m)Lifk(−t)xm

= qn

n∑
m=0

(−q−1)ms(n,m)
m∑

i=0

(−1)i

i!(i + 1)k
tixm

= qn

n∑
m=0

(−q−1)ms(n,m)
m∑

i=0

(−1)i
(

m
i

)
(i + 1)k

xm−i

= qn

n∑
m=0

m∑
j=0

(−q−1)ms(n,m)
(−1)m−j

(
m
j

)
(m − j + 1)k

xj

=
n∑

m=0

s(n,m)qn−m

m∑
j=0

(
m

j

)
(−x)j

(m − j + 1)k
.

6

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

767 Dae San Kim et al 762-792



Since
1

Lifk(−t)
ĉ(k)
n,q(x) = (−q)n

(
x

q

)
n

∼
(

1,
eqt − 1

q

)
,

we have

ĉ(k)
n,q(x) = qnLifk(−t)

(
x

q

)
n

= qnLifk(−t)
n∑

m=0

s(n,m)

(
x

q

)m

=
n∑

m=0

s(n,m)qn−mLifk(−t)xm

=
n∑

m=0

s(n,m)qn−m

m∑
i=0

(−1)i
(

m
i

)
(i + 1)k

xm−i

=
n∑

m=0

s(n,m)qn−m

m∑
j=0

(−1)m−j
(

m
j

)
(m − j + 1)k

xj

=
n∑

m=0

(−1)ms(n,m)qn−m

m∑
j=0

(
m

j

)
(−x)j

(m − j + 1)k
.

Proof of Theorem 1 (A different version). As the second different proof, we use the
conjugation formula (8).

Since g(t) = 1/Lifk(−t) and f̄(t) = − ln(1 + qt)/q for sn = c
(k)
n,q(x), by (8) we get

c(k)
n,q(x) =

n∑
j=0

1

j!

〈
Lifk

(
ln(1 + qt)

q

)(
− ln(1 + qt)

q

)j
∣∣∣∣∣xn

〉
xj .

Here,〈
Lifk

(
ln(1 + qt)

q

)(
− ln(1 + qt)

q

)j
∣∣∣∣∣xn

〉

=

n−j∑
m=0

(−1)j

m!(m + 1)kqm+j

〈(
ln(1 + qt)

)m+j
∣∣∣xn
〉

=

n−j∑
m=0

(−1)j

m!(m + 1)kqm+j

n−m−j∑
l=0

(m + j)!

(l + m + j)!
s(l + m + j,m + j)

〈
(qt)l+m+j|xn

〉
=

n−j∑
m=0

(−1)j

m!(m + 1)kqm+j

n−m−j∑
l=0

(m + j)!

(l + m + j)!
ql+m+js(l + m + j, m + j)(l + m + j)!δl+m+j,n

=

n−j∑
m=0

(−1)j(m + j)!qn

m!(m + 1)kqm+j
s(n,m + j) .

7
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Therefore,

c(k)
n,q(x) =

n∑
j=0

(
n−j∑
m=0

(−1)j
(

m+j
m

)
qn

(m + 1)kqm+j
s(n,m + j)

)
xj

=
n∑

j=0

(
n∑

m=j

(−1)j
(

m
j

)
qn

(m − j + 1)kqm
s(n,m)

)
xj

=
n∑

m=0

s(n,m)qn−m

m∑
j=0

(
m

j

)
(−x)j

(m − j + 1)k
.

Since g(t) = 1/Lifk(−t) and f̄(t) = ln(1 + qt)/q for sn = ĉ
(k)
n,q(x), by (8) we get

ĉ(k)
n,q(x) =

n∑
j=0

1

j!

〈
Lifk

(
− ln(1 + qt)

q

)(
ln(1 + qt)

q

)j
∣∣∣∣∣xn

〉
xj .

Here,〈
Lifk

(
− ln(1 + qt)

q

)(
ln(1 + qt)

q

)j
∣∣∣∣∣xn

〉

=

n−j∑
m=0

(−1)m

m!(m + 1)kqm+j

〈(
ln(1 + qt)

)m+j
∣∣∣xn
〉

=

n−j∑
m=0

(−1)m

m!(m + 1)kqm+j

n−m−j∑
l=0

(m + j)!

(l + m + j)!
ql+m+js(l + m + j, m + j)(l + m + j)!δl+m+j,n

=

n−j∑
m=0

(−1)m(m + j)!qn

m!(m + 1)kqm+j
s(n,m + j) .

Therefore,

ĉ(k)
n,q(x) =

n∑
j=0

(
n−j∑
m=0

(−1)m
(

m+j
m

)
qn

(m + 1)kqm+j
s(n,m + j)

)
xj

=
n∑

j=0

(
n∑

m=j

(−1)m−j
(

m
j

)
qn

(m − j + 1)kqm
s(n,m)

)
xj

=
n∑

m=0

(−1)ms(n,m)qn−m

m∑
j=0

(
m

j

)
(−x)j

(m − j + 1)k
.

We shall show the formulae for the poly-Cauchy polynomials with a q parameter in
terms of Bernoulli polynomials B

(r)
n (x) of order r, defined by(
t

et − 1

)r

ext =
∞∑

n=0

B
(r)
n (x)

n!
tn (13)

8
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(see e.g. [16, Section 2.2]). Observe that for any formal power series g(t) =
∑∞

m=0 bmtm/m!

p(x) = g(t)xn, g(at)xn = anp
(x

a

)
(n ≥ 0, a 6= 0)

because t as the differential operator,

p(x) =
∞∑

m=0

bm
tm

m!
xn

=
∞∑

m=0

bm

(
n

m

)
xn−m

and

g(at)xn =
∞∑

m=0

bm
(at)m

m!
xn

=
∞∑

m=0

bmam

(
n

m

)
xn−m

= an

∞∑
m=0

bm

(
n

m

)(x

a

)n−m

= anp
(x

a

)
.

Theorem 2 For integers n and k with n ≥ 1, we have

c(k)
n,q(x) =

n∑
j=0

(−1)j

n−j∑
l=0

(
n−1

l

)(
n−l
j

)
(n − l − j + 1)k

qlB
(n)
l xj ,

ĉ(k)
n,q(x) = (−1)n

n∑
j=0

(−1)j

n−j∑
l=0

(−1)l
(

n−1
l

)(
n−l
j

)
(n − l − j + 1)k

qlB
(n)
l xj .

Proof. Since
1

Lifk(−t)
c(k)
n,q(x) ∼

(
1,

e−qt − 1

q

)
and xn ∼ (1, t), for n ≥ 1 we have

1

Lifk(−t)
c(k)
n,q(x) = x

(
t

(e−qt − 1)/q

)n

x−1xn

= (−1)nx

(
−qt

e−qt − 1

)n

xn−1

= (−1)n

n−1∑
l=0

(
n − 1

l

)
B

(n)
l (−q)lxn−l

= (−1)n

n∑
l=0

(
n − 1

l

)
B

(n)
l (−q)lxn−l .

9
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Thus,

c(k)
n,q(x) = (−1)n

n∑
l=0

(
n − 1

l

)
B

(n)
l (−q)lLifk(−t)xn−l

= (−1)n

n∑
l=0

n−l∑
m=0

(−1)m
(

n−1
l

)(
n−l
m

)
(m + 1)k

(−q)lB
(n)
l xn−l−m

= (−1)n

n∑
l=0

n−l∑
j=0

(−1)n−j
(

n−1
l

)(
n−l
j

)
(n − l − j + 1)k

qlB
(n)
l xj

=
n∑

j=0

(−1)j

n−j∑
l=0

(
n−1

l

)(
n−l
j

)
(n − l − j + 1)k

qlB
(n)
l xj .

Since
1

Lifk(−t)
ĉ(k)
n,q(x) ∼

(
1,

eqt − 1

q

)
and xn ∼ (1, t), for n ≥ 1 we have

1

Lifk(−t)
ĉ(k)
n,q(x) = x

(
t

(eqt − 1)/q

)n

x−1xn

= x

(
qt

eqt − 1

)n

xn−1

=
n−1∑
l=0

(
n − 1

l

)
B

(n)
l qlxn−l

=
n∑

l=0

(
n − 1

l

)
B

(n)
l qlxn−l .

Thus,

ĉ(k)
n,q(x) =

n∑
l=0

(
n − 1

l

)
B

(n)
l qlLifk(−t)xn−l

= sumn
l=0

n−l∑
m=0

(−1)m
(

n−1
l

)(
n−l
m

)
(m + 1)k

qlB
(n)
l xn−l−m

= sumn
l=0

n−l∑
j=0

(−1)n−l−j
(

n−1
l

)(
n−l
j

)
(n − l − j + 1)k

qlB
(n)
l xj

= (−1)n

n∑
j=0

(−1)j

n−j∑
l=0

(−1)l
(

n−1
l

)(
n−l
j

)
(n − l − j + 1)k

qlB
(n)
l xj .

10
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3.2 Sheffer identities

Theorem 3

c(k)
n,q(x + y) =

n∑
j=0

(
n

j

)
(−q)n−jc

(k)
j,q (x)

(
y

q

)(n−j)

,

ĉ(k)
n,q(x + y) =

n∑
j=0

(
n

j

)
qn−j ĉ

(k)
j,q (x)

(
y

q

)
n−j

.

Proof. Put sn = c
(k)
n,q with (11) in (9). Since

pn(x) =
1

Lifk(−t)
c(k)
n,q(x)

= (−q)n

(
x

q

)(n)

∼
(
1,

e−qt − 1

q

)
.

Thus,

c(k)
n,q(x + y) =

n∑
j=0

(
n

j

)
c
(k)
j,q (x)(−q)n−j

(
y

q

)(n−j)

.

Put sn = ĉ
(k)
n,q with (12) in (9). Since

pn(x) =
1

Lifk(−t)
ĉ(k)
n,q(x)

= qn

(
x

q

)
n

∼
(
1,

eqt − 1

q

)
.

Thus,

ĉ(k)
n,q(x + y) =

n∑
j=0

(
n

j

)
ĉ
(k)
j,q (x)qn−j

(
y

q

)
n−j

.

3.3 Recurrence relations

Theorem 4 For integers n and k with n ≥ 0, we have

c(k)
n,q(x − q) − c(k)

n,q(x) = nqc
(k)
n−1,q(x) ,

ĉ(k)
n,q(x + q) − ĉ(k)

n,q(x) = nqĉ
(k)
n−1,q(x) .

Proof. Put sn = c
(k)
n,q in (7). Then(

e−qt − 1

q

)
c(k)
n,q(x) = nc

(k)
n−1,q(x) .

11
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So, we get the first relation.
Put sn = ĉ

(k)
n,q in (7). Then (

eqt − 1

q

)
ĉ(k)
n,q(x) = nĉ

(k)
n−1,q(x) .

So, we get the second relation.

3.4 Differentiations

The following results ([9, Proposition 2]) can be also obtained by using the umbral calcu-
lus.

Theorem 5 For integers n and k with n ≥ 0, we have

d

dx
c(k)
n,q(x) = −n!

n−1∑
l=0

(−q)n−l−1

(n − l)l!
c
(k)
l,q (x) ,

d

dx
ĉ(k)
n,q(x) = n!

n−1∑
l=0

(−q)n−l−1

(n − l)l!
ĉ
(k)
l,q (x) .

We use a formula for sn(x) in terms of sl(x).

Lemma 2 For sn(x) ∼
(
g(t), f(t)

)
,

d

dx
sn(x) =

n−1∑
l=0

(
n

l

)〈
f̄(t)|xn−l

〉
sl(x) .

Proof of Theorem 5. Since f̄(t) = − ln(1 + qt)/q for sn = c
(k)
n,q, by Lemma 2

d

dx
c(k)
n,q(x) =

n−1∑
l=0

(
n

l

)〈
− ln(1 + qt)

q

∣∣∣∣∣xn−l

〉
c
(k)
l,q (x)

= −1

q

n−1∑
l=0

(
n

l

)〈 ∞∑
j=1

(−1)j−1qjtj

j

∣∣∣∣∣xn−l

〉
c
(k)
l,q (x)

= −1

q

n−1∑
l=0

(
n

l

)
(−1)n−l−1qn−l

n − l
(n − l)!c

(k)
l,q (x)

= −n!
n−1∑
l=0

(−q)n−l−1

(n − l)l!
c
(k)
l,q (x) .

12
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Since f̄(t) = ln(1 + qt)/q for sn = ĉ
(k)
n,q, by Lemma 2

d

dx
ĉ(k)
n,q(x) =

n−1∑
l=0

(
n

l

)〈
ln(1 + qt)

q

∣∣∣∣∣xn−l

〉
ĉ
(k)
l,q (x)

=
1

q

n−1∑
l=0

(
n

l

)〈 ∞∑
j=1

(−1)j−1qjtj

j

∣∣∣∣∣xn−l

〉
ĉ
(k)
l,q (x)

=
1

q

n−1∑
l=0

(
n

l

)
(−1)n−l−1qn−l

n − l
(n − l)!ĉ

(k)
l,q (x)

= n!
n−1∑
l=0

(−q)n−l−1

(n − l)l!
ĉ
(k)
l,q (x) .

3.5 Recurrence relations including Cauchy numbers

Theorem 6

c(k)
n,q(x) = −xc

(k)
n−1,q(x + q) +

1

n

n−1∑
l=0

(
n

l

)
qlcl

(
c
(k−1)
n−l (x + q) − c

(k)
n−l(x + q)

)
,

ĉ(k)
n,q(x) = xĉ

(k)
n−1,q(x − q) +

1

n

n−1∑
l=0

(
n

l

)
qlcl

(
ĉ
(k−1)
n−l (x − q) − ĉ

(k)
n−l(x − q)

)
.
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Proof. By (2),

c(k)
n,q(y) =

〈
∞∑
l=0

c
(k)
l,q (y)

tl

l!

∣∣∣∣∣xn

〉

=

〈
(1 + qt)−y/qLifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn

〉

=

〈
(1 + qt)−y/qLifk

(
ln(1 + qt)

q

)∣∣∣∣∣x · xn−1

〉

=

〈
∂t

(
(1 + qt)−y/qLifk

(
ln(1 + qt)

q

)) ∣∣∣∣∣xn−1

〉

=

〈(
∂t(1 + qt)−y/q

)
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn−1

〉

+

〈
(1 + qt)−y/q

(
∂tLifk

(
ln(1 + qt)

q

)) ∣∣∣∣∣xn−1

〉

= −y

〈
(1 + qt)−(y+q)/qLifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn−1

〉

+ q

〈
(1 + qt)−(y+q)/q

Lifk−1

( ln(1+qt)
q

)
− Lifk

( ln(1+qt)
q

)
qt

∣∣∣∣∣ qt

ln(1 + qt)
xn−1

〉
.

Since the generating function of the classical Cauchy numbers of the first kind cn is given
by

t

ln(1 + t)
=

∞∑
n=0

cn
tn

n!

14
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(see e.g. [1, 8, 15]), we have

c(k)
n,q(y) = −yc

(k)
n−1,q(y + q)

+ q

〈
(1 + qt)−(y+q)/q

Lifk−1

( ln(1+qt)
q

)
− Lifk

( ln(1+qt)
q

)
qt

∣∣∣∣∣
n−1∑
l=0

(
n − 1

l

)
qlclx

n−l−1

〉

= −yc
(k)
n−1,q(y + q) + q

n−1∑
l=0

(
n − 1

l

)
qlcl

×

〈
(1 + qt)−(y+q)/q

Lifk−1

( ln(1+qt)
q

)
− Lifk

( ln(1+qt)
q

)
qt

∣∣∣∣∣t
(

xn−l

n − l

)〉

= −yc
(k)
n−1,q(y + q) +

n−1∑
l=0

(
n − 1

l

)
1

n − l
qlcl

×

〈
(1 + qt)−(y+q)/q

(
Lifk−1

( ln(1 + qt)

q

)
− Lifk

( ln(1 + qt)

q

)) ∣∣∣∣∣xn−l

〉

= −yc
(k)
n−1,q(y + q) +

1

n

n−1∑
l=0

(
n

l

)
qlcl

(
c
(k−1)
n−l (y + q) − c

(k)
n−l(y + q)

)
.

Thus, we get the first relation.
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Similarly, by (2),

ĉ(k)
n,q(y) =

〈
∞∑
l=0

ĉ
(k)
l,q (y)

tl

l!

∣∣∣∣∣xn

〉

=

〈
(1 + qt)y/qLifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn

〉

=

〈
(1 + qt)y/qLifk

(
− ln(1 + qt)

q

)∣∣∣∣∣x · xn−1

〉

=

〈
∂t

(
(1 + qt)y/qLifk

(
− ln(1 + qt)

q

)) ∣∣∣∣∣xn−1

〉

=

〈(
∂t(1 + qt)y/q

)
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn−1

〉

+

〈
(1 + qt)y/q

(
∂tLifk

(
− ln(1 + qt)

q

)) ∣∣∣∣∣xn−1

〉

= y

〈
(1 + qt)(y−q)/qLifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn−1

〉

+ q

〈
(1 + qt)(y−q)/q

Lifk−1

(− ln(1+qt)
q

)
− Lifk

(− ln(1+qt)
q

)
qt

∣∣∣∣∣ qt

ln(1 + qt)
xn−1

〉
.

Since
qt

ln(1 + qt)
xn−1 =

n−1∑
l=0

(
n − 1

l

)
qlclx

n−l−1 ,

we have

ĉ(k)
n,q(y) = yĉ

(k)
n−1,q(y − q) + q

n−1∑
l=0

(
n − 1

l

)
qlcl

×

〈
(1 + qt)(y−q)/q

Lifk−1

(− ln(1+qt)
q

)
− Lifk

(− ln(1+qt)
q

)
qt

∣∣∣∣∣t
(

xn−l

n − l

)〉

= yĉ
(k)
n−1,q(y − q) +

n−1∑
l=0

(
n − 1

l

)
1

n − l
qlcl

×

〈
(1 + qt)(y−q)/q

(
Lifk−1

(− ln(1 + qt)

q

)
− Lifk

(− ln(1 + qt)

q

)) ∣∣∣∣∣xn−l

〉

= yĉ
(k)
n−1,q(y − q) +

1

n

n−1∑
l=0

(
n

l

)
qlcl

(
ĉ
(k−1)
n−l (y − q) − ĉ

(k)
n−l(y − q)

)
.

Thus, we get the second relation.
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3.6 More recurrence relations

Theorem 7 For integers n and k with n ≥ 1, we have

n∑
m=1

(−q)m−1(m − 1)!

(
n

m

)
c
(k)
n−m,q =

n∑
m=1

(−q)m−1(m − 1)!

(
n − 1

m − 1

)
c
(k−1)
n−m,q ,

n∑
m=1

(−q)m−1(m − 1)!

(
n

m

)
ĉ
(k)
n−m,q =

n∑
m=1

(−q)m−1(m − 1)!

(
n − 1

m − 1

)
ĉ
(k−1)
n−m,q .

Proof. We shall compute 〈
ln(1 + qt)

q
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn

〉

in two different ways. On the one hand,〈
ln(1 + qt)

q
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn

〉

=
1

q

〈
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣ ln(1 + qt)xn

〉

=
1

q

〈
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣
∞∑

m=1

(−1)m−1(qt)m

m
xn

〉

=
1

q

〈
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣
n∑

m=1

(−1)m−1(m − 1)!qm

(
n

m

)
xn−m

〉

=
n∑

m=1

(−1)m−1(m − 1)!qm−1

(
n

m

)〈
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn−m

〉

=
n∑

m=1

(−1)m−1(m − 1)!qm−1

(
n

m

)〈 ∞∑
i=0

c
(k)
i,q

ti

i!

∣∣∣∣∣xn−m

〉

=
n∑

m=1

(−1)m−1(m − 1)!qm−1

(
n

m

)
c
(k)
n−m,q .
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On the other hand, 〈
ln(1 + qt)

q
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn

〉

=

〈∫ t

0

(
ln(1 + qs)

q
Lifk

(
ln(1 + qs)

q

))′

ds

∣∣∣∣∣xn

〉

=

〈∫ t

0

Lifk−1

( ln(1+qs)
q

)
1 + qs

ds

∣∣∣∣∣xn

〉

=

〈∫ t

0

(
∞∑
i=0

(−qs)i

)(
∞∑

j=0

c
(k−1)
j,q

sj

j!

)
ds

∣∣∣∣∣xn

〉

=

〈∫ t

0

(
∞∑

r=0

r∑
j=0

(−q)r−jc
(k−1)
j,q

sr

j!

)
ds

∣∣∣∣∣xn

〉

=

〈
∞∑

r=0

r∑
j=0

(−q)r−jc
(k−1)
j,q

tr+1

j!(r + 1)

∣∣∣∣∣xn

〉

=
n−1∑
j=0

(−q)n−j−1c
(k−1)
j,q

n!

j!n

= (n − 1)!
n−1∑
m=0

(−q)n−m−1

m!
c(k−1)
m,q .

Thus, for n ≥ 1, we obtain

n∑
m=1

(−1)m−1(m − 1)!qm−1

(
n

m

)
c
(k)
n−m,q = (n − 1)!

n∑
m=1

(−q)m−1

(n − m)!
c
(k−1)
n−m,q .

Similarly, we shall compute〈
− ln(1 + qt)

q
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn

〉

18
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in two different ways. On the one hand, it is equal to

− 1

q

〈
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣ ln(1 + qt)xn

〉

=
n∑

m=1

(−1)m(m − 1)!qm−1

(
n

m

)〈
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn−m

〉

=
n∑

m=1

(−1)m(m − 1)!qm−1

(
n

m

)〈 ∞∑
i=0

ĉ
(k)
i,q

ti

i!

∣∣∣∣∣xn−m

〉

=
n∑

m=1

(−1)m(m − 1)!qm−1

(
n

m

)
ĉ
(k)
n−m,q .

On the other hand, it is equal to〈∫ t

0

(
− ln(1 + qs)

q
Lifk

(
− ln(1 + qs)

q

))′

ds

∣∣∣∣∣xn

〉

=

〈∫ t

0

−Lifk−1

(− ln(1+qs)
q

)
1 + qs

ds

∣∣∣∣∣xn

〉

=

〈∫ t

0

(−1)

(
∞∑
i=0

(−qs)i

)(
∞∑

j=0

ĉ
(k−1)
j,q

sj

j!

)
ds

∣∣∣∣∣xn

〉

=

〈
−

∞∑
r=0

r∑
j=0

(−q)r−j ĉ
(k−1)
j,q

tr+1

j!(r + 1)

∣∣∣∣∣xn

〉

= −
n−1∑
j=0

(−q)n−j−1ĉ
(k−1)
j,q

n!

j!n

= −(n − 1)!
n∑

m=1

(−q)m−1

(n − m)!
ĉ
(k−1)
n−m,q .

Thus, for n ≥ 1, we obtain

n∑
m=1

(−1)m−1(m − 1)!qm−1

(
n

m

)
ĉ
(k)
n−m,q = (n − 1)!

n∑
m=1

(−q)m−1

(n − m)!
ĉ
(k−1)
n−m,q .

3.7 Some relations with Korobov polynomials

The Korobov polynomials of the first kind Kn,q(x) (q 6= 0) ([14]) are given by

qt(1 + t)x

(1 + t)q − 1
=

∞∑
j=0

Kj,q(x)
tj

j!
. (14)
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Theorem 8 For integers n and k with n ≥ 0, we have

c(k)
n,q(x)

=
n∑

i=0

n−i∑
l=0

n−i−l∑
m=0

(−1)n−i−l−m

(
n

l

)(
n − l

i

)
qn−l−m (n − i − l)!

m!(n − i − l + 1)
cl,qc

(k−1)
m,q Ki, 1

q

(
−x

q

)
,

ĉ(k)
n,q(x)

=
n∑

i=0

n−i∑
l=0

n−i−l∑
m=0

(−1)n−i−l−m

(
n

l

)(
n − l

i

)
qn−l−m (n − i − l)!

m!(n − i − l + 1)
ĉl,q ĉ

(k−1)
m,q Ki,− 1

q

(
x

q

)
.

Proof. By the definition of c
(k)
n,q(x),

c(k)
n,q(y) =

〈
(1 + qt)−y/qLifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn

〉

=

〈
(1 + qt)−y/q

(1 + qt)1/q − 1

ln(1 + qt)

q
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣q
(
(1 + qt)1/q − 1

)
ln(1 + qt)

xn

〉
.

Since
q
(
(1 + qt)1/q − 1

)
ln(1 + qt)

=
∞∑
l=0

cl,q
tl

l!
,

we get

c(k)
n,q(y) =

〈
(1 + qt)−y/q

(1 + qt)1/q − 1

ln(1 + qt)

q
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣
∞∑
l=0

(
n

l

)
cl,qx

n−l

〉

=
∞∑
l=0

(
n

l

)
cl,q

〈
(1 + qt)−y/q

(1 + qt)1/q − 1

∫ t

0

(
ln(1 + qs)

q
Lifk

(
ln(1 + qs)

q

))′

ds

∣∣∣∣∣xn−l

〉

=
∞∑
l=0

(
n

l

)
cl,q

〈
(1 + qt)−y/q

(1 + qt)1/q − 1

∞∑
r=0

r∑
m=0

(−q)r−mc(k−1)
m,q

tr+1

m!(r + 1)

∣∣∣∣∣xn−l

〉

=
∞∑
l=0

(
n

l

)
cl,q

〈
t(1 + qt)−y/q

(1 + qt)1/q − 1

∣∣∣∣∣
∞∑

r=0

r∑
m=0

(−q)r−mc(k−1)
m,q

tr

m!(r + 1)
xn−l

〉

=
∞∑
l=0

(
n

l

)
cl,q

n−l∑
r=0

r∑
m=0

(−q)r−mc(k−1)
m,q

(
n−l
r

)
r!

m!(r + 1)

〈
t(1 + qt)−y/q

(1 + qt)1/q − 1

∣∣∣∣∣xn−l−r

〉
.

Replacing t by qt, q by 1/q and x by −y/q in (14), we have

t(1 + qt)−y/q

(1 + qt)1/q − 1
=

∞∑
j=0

Kj, 1
q

(
−y

q

)
(qt)j

j!
.
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Hence,

c(k)
n,q(y) =

∞∑
l=0

(
n

l

)
cl,q

n−l∑
r=0

r∑
m=0

(−q)r−mc(k−1)
m,q

(
n−l
r

)
r!

m!(r + 1)

〈
∞∑

j=0

Kj, 1
q

(
−y

q

)
(qt)j

j!

∣∣∣∣∣xn−l−r

〉
.

Since 〈
∞∑

j=0

Kj, 1
q

(
−y

q

)
(qt)j

j!

∣∣∣∣∣xn−l−r

〉
= Kn−l−r, 1

q

(
−y

q

)
qn−l−r ,

we have

c(k)
n,q(y) =

n∑
l=0

n−l∑
r=0

r∑
m=0

(−1)r−m

(
n

l

)(
n − l

r

)
qn−l−m r!

m!(r + 1)
cl,qc

(k−1)
m,q Kn−l−r, 1

q

(
−y

q

)

=
n∑

l=0

n−l∑
m=0

n−l∑
r=m

(−1)r−m

(
n

l

)(
n − l

r

)
qn−l−m r!

m!(r + 1)
cl,qc

(k−1)
m,q Kn−l−r, 1

q

(
−y

q

)

=
n∑

l=0

n−l∑
m=0

n−l−m∑
i=0

(−1)n−l−m−i

(
n

l

)(
n − l

i

)
qn−l−m (n − l − i)!

m!(n − l − i + 1)
cl,qc

(k−1)
m,q Ki, 1

q

(
−y

q

)

=
n∑

i=0

n−i∑
l=0

n−i−l∑
m=0

(−1)n−i−l−m

(
n

l

)(
n − l

i

)
qn−l−m (n − i − l)!

m!(n − i − l + 1)
cl,qc

(k−1)
m,q Ki, 1

q

(
−y

q

)
.

Thus, we obtain the first relation.
Similarly, by the definition of c

(k)
n,q(x),

ĉ(k)
n,q(y) =

〈
(1 + qt)y/qLifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn

〉

=

〈
(1 + qt)y/q

(1 + qt)−1/q − 1

− ln(1 + qt)

q
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣q
(
1 − (1 + qt)−1/q

)
ln(1 + qt)

xn

〉
.

Since
q
(
1 − (1 + qt)−1/q

)
ln(1 + qt)

=
∞∑
l=0

ĉl,q
tl

l!
,
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we get

ĉ(k)
n,q(y) =

∞∑
l=0

(
n

l

)
ĉl,q

〈
(1 + qt)y/q

(1 + qt)−1/q − 1

− ln(1 + qt)

q
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn−l

〉

=
∞∑
l=0

(
n

l

)
ĉl,q

〈
(1 + qt)y/q

(1 + qt)−1/q − 1

∫ t

0

(
− ln(1 + qs)

q
Lifk

(
− ln(1 + qs)

q

))′

ds

∣∣∣∣∣xn−l

〉

=
∞∑
l=0

(
n

l

)
ĉl,q

〈
−t(1 + qt)y/q

(1 + qt)−1/q − 1

∣∣∣∣∣
∞∑

r=0

r∑
m=0

(−q)r−mĉ(k−1)
m,q

tr

m!(r + 1)
xn−l

〉

=
∞∑
l=0

(
n

l

)
ĉl,q

n−l∑
r=0

r∑
m=0

(−q)r−mĉ(k−1)
m,q

(
n−l
r

)
r!

m!(r + 1)

〈
−t(1 + qt)y/q

(1 + qt)−1/q − 1

∣∣∣∣∣xn−l−r

〉
.

Replacing t by qt, q by −1/q and x by y/q in (14), we have

−t(1 + qt)y/q

(1 + qt)−1/q − 1
=

∞∑
j=0

Kj,− 1
q

(
y

q

)
(qt)j

j!
.

Hence,

c(k)
n,q(y) =

∞∑
l=0

(
n

l

)
ĉl,q

n−l∑
r=0

r∑
m=0

(−q)r−mĉ(k−1)
m,q

(
n−l
r

)
r!

m!(r + 1)
Kn−l−r,− 1

q

(
y

q

)
qn−l−r

=
n∑

l=0

n−l∑
r=0

r∑
m=0

(−1)r−m

(
n

l

)(
n − l

r

)
qn−l−m r!

m!(r + 1)
ĉl,q ĉ

(k−1)
m,q Kn−l−r,− 1

q

(
y

q

)

=
n∑

l=0

n−l∑
m=0

n−l∑
r=m

(−1)r−m

(
n

l

)(
n − l

r

)
qn−l−m r!

m!(r + 1)
ĉl,q ĉ

(k−1)
m,q Kn−l−r,− 1

q

(
y

q

)

=
n∑

l=0

n−l∑
m=0

n−l−m∑
i=0

(−1)n−l−m−i

(
n

l

)(
n − l

i

)
qn−l−m (n − l − i)!

m!(n − l − i + 1)
ĉl,q ĉ

(k−1)
m,q Ki,− 1

q

(
y

q

)

=
n∑

i=0

n−i∑
l=0

n−i−l∑
m=0

(−1)n−i−l−m

(
n

l

)(
n − l

i

)
qn−l−m (n − i − l)!

m!(n − i − l + 1)
ĉl,q ĉ

(k−1)
m,q Ki,− 1

q

(
y

q

)
.

Thus, we obtain the second relation.

3.8 Some relations including Stiring numbers of the first kind

Theorem 9 For integers n and k with n ≥ 0, we have

c
(k)
n+1,q(x) = −xc(k)

n,q(x + q) + qn

n∑
j=0

n∑
m=j

(−1)jq−m
(

m
j

)
(m − j + 1)k

s(n,m)(x + q)j ,

ĉ
(k)
n+1,q(x) = xĉ(k)

n,q(x − q) − qn

n∑
j=0

n∑
m=j

(−1)m−jq−m
(

m
j

)
(m − j + 1)k

s(n,m)(x − q)j .
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We use the following recurrence formula for Sheffer sequences ([16, Corollary 3.7.2]).

Lemma 3 If sn(x) ∼
(
g(t), f(t)

)
, then

sn+1 =

(
x − g′(t)

g(t)

)
1

f ′(t)
sn(x) .

Proof of Theorem 9. Consider the Sheffer sequence sn = c
(k)
n,q in Lemma 3. By f(t) =

(e−qt − 1)/q and g(t) = 1/Lifk(−t), we get 1/f ′(t) = −eqt and

g′(t)

g(t)
=

Lif ′k(−t)

Lifk(−t)
.

Thus,

c
(k)
n+1,q(x) = eqt Lif ′k(−t)

Lifk(−t)
c(k)
n,q(x) − xc(k)

n,q(x + q) .

We obtain

Lif ′k(−t)

Lifk(−t)
c(k)
n,q(x) = Lif ′k(−t)(−q)n

(
x

q

)(n)

= (−q)nLif ′k(−t)
n∑

m=0

(−1)n−ms(n,m)

(
x

q

)(n)

= qn

n∑
m=0

(−q−1)ms(n,m)Lif ′k(−t)xm

= qn

n∑
m=0

(−q−1)ms(n,m)
m∑

r=0

(−1)r

r!(r + 1)k
trxm

= qn

n∑
m=0

m∑
r=0

(−1)m+rq−m
(

m
r

)
(r + 1)k

s(n,m)xm−r

= qn

n∑
m=0

m∑
j=0

(−1)jq−m
(

m
j

)
(m − j + 1)k

s(n,m)xj .

Therefore, we have

c
(k)
n+1,q(x) = −xc(k)

n,q(x + q) + qn

n∑
j=0

n∑
m=j

(−1)jq−m
(

m
j

)
(m − j + 1)k

s(n,m)(x + q)j .

Similarly, consider the Sheffer sequence sn = ĉ
(k)
n,q in Lemma 3. By f(t) = (eqt − 1)/q

and g(t) = 1/Lifk(−t), we get

ĉ
(k)
n+1,q(x) = −e−qt Lif ′k(−t)

Lifk(−t)
ĉ(k)
n,q(x) + xĉ(k)

n,q(x − q) .
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We obtain

Lif ′k(−t)

Lifk(−t)
ĉ(k)
n,q(x) = Lif ′k(−t)qn

(
x

q

)
n

= qnLif ′k(−t)
n∑

m=0

s(n,m)

(
x

q

)m

= qn

n∑
m=0

q−ms(n,m)Lif ′k(−t)xm

= qn

n∑
m=0

q−ms(n,m)
m∑

r=0

(−1)r
(

m
r

)
(r + 1)k

xm−r

= qn

n∑
m=0

q−ms(n,m)
m∑

j=0

(−1)m−j
(

m
j

)
(m − j + 1)k

xj

= qn

n∑
m=0

m∑
j=0

(−1)m−jq−m
(

m
j

)
(m − j + 1)k

s(n,m)xj .

Therefore, we have

ĉ
(k)
n+1,q(x) = xĉ(k)

n,q(x − q) − qn

n∑
j=0

n∑
m=j

(−1)m−jq−m
(

m
j

)
(m − j + 1)k

s(n,m)(x − q)j .

3.9 Some relations with Bernoulli polynomials

By applying Lemma 1 about (13), for nonnegative integer r, we have

B(r)
n ∼

((
et − 1

t

)r

, t

)
. (15)

Theorem 10 For integers n and k with n ≥ 0, we have

c(k)
n,q(x) = (−1)m

n∑
m=0

(n−m∑
l=0

n−m−l∑
i=0

(
n

l

)(
n − l

i + m

)
qis(i + m,m)Ĉ(s)

l,q c
(k)
n−m−l−i,q

)
B(s)

m (x) ,

ĉ(k)
n,q(x) =

n∑
m=0

(n−m∑
l=0

n−m−l∑
i=0

(
n

l

)(
n − l

i + m

)
qis(i + m,m)Ĉ(s)

l,q ĉ
(k)
n−m−l−i,q

)
B(s)

m (x) .

Proof. Put c
(k)
n,q(x) =

∑n
m=0 Cn,mB

(s)
m (x) for (11) and (15). Then by (10) we get

Cn,m =
1

m!

〈
Lifk

(
ln(1 + qt)

q

)(
e− ln(1+qt)/q − 1

− ln(1 + qt)/q

)s(
− ln(1 + qt)

q

)m
∣∣∣∣∣xn

〉

=
(−q−1)m

m!

〈
Lifk

(
ln(1 + qt)

q

)(
q
(
1 − (1 + qt)−1/q

)
ln(1 + qt)

)s(
ln(1 + qt)

)m∣∣∣∣∣xn

〉
.
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Define Ĉ(r)
l,q (r > 0) by (

q
(
1 − (1 + qt)−1/q

)
ln(1 + qt)

)r

=
∞∑
l=0

Ĉ(r)
l,q

tl

l!
,

so that Ĉ(1)
l,q = ĉl,q = ĉ

(1)
l,q . Then,

Cn,m =
(−q−1)m

m!

〈
Lifk

(
ln(1 + qt)

q

)(
ln(1 + qt)

)m∣∣∣∣∣
n∑

l=0

Ĉ(s)
l,q

tl

l!
xn

〉

=
(−q−1)m

m!

n∑
l=0

Ĉ(s)
l,q

(
n

l

)〈
Lifk

(
ln(1 + qt)

q

)(
ln(1 + qt)

)m∣∣∣∣∣xn−l

〉

=
(−q−1)m

m!

n−m∑
l=0

Ĉ(s)
l,q

(
n

l

)

×

〈
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣
n−m−l∑

i=0

m!

(i + m)!
s(i + m,m)(qt)i+mxn−l

〉

=
(−q−1)m

m!

n−m∑
l=0

Ĉ(s)
l,q

(
n

l

) n−m−l∑
i=0

m!

(i + m)!
s(i + m,m)qi+m(n − l)i+m

×

〈
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn−m−l−i

〉
.

Since 〈
Lifk

(
ln(1 + qt)

q

)∣∣∣∣∣xn−m−l−i

〉
= c

(k)
n−m−l−i,q ,

we have

Cn,m = (−1)m

n−m∑
l=0

n−m−l∑
i=0

(
n

l

)(
n − l

i + m

)
qis(i + m,m)Ĉ(s)

l,q c
(k)
n−m−l−i,q .

Thus,

c(k)
n,q(x) = (−1)m

n∑
m=0

(n−m∑
l=0

n−m−l∑
i=0

(
n

l

)(
n − l

i + m

)
qis(i + m,m)Ĉ(s)

l,q c
(k)
n−m−l−i,q

)
B(s)

m (x) .

Similarly, put ĉ
(k)
n,q(x) =

∑n
m=0 Cn,mB

(s)
m (x) for (12) and (15). Then by (10) we get

Cn,m =
1

m!

〈
Lifk

(
− ln(1 + qt)

q

)(
eln(1+qt)/q − 1

ln(1 + qt)/q

)s(
ln(1 + qt)

q

)m
∣∣∣∣∣xn

〉

=
1

m!qm

〈
Lifk

(
− ln(1 + qt)

q

)(
q
(
(1 + qt)1/q − 1

)
ln(1 + qt)

)s(
ln(1 + qt)

)m∣∣∣∣∣xn

〉
.
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Define C(r)
l,q (r > 0) by (

q
(
(1 + qt)1/q − 1

)
ln(1 + qt)

)r

=
∞∑
l=0

C(r)
l,q

tl

l!
,

so that C(1)
l,q = cl,q = c

(1)
l,q . Then,

Cn,m =
1

m!qm

〈
Lifk

(
− ln(1 + qt)

q

)(
ln(1 + qt)

)m∣∣∣∣∣
n∑

l=0

C(s)
l,q

tl

l!
xn

〉

=
1

m!qm

n∑
l=0

C(s)
l,q

(
n

l

)〈
Lifk

(
− ln(1 + qt)

q

)(
ln(1 + qt)

)m∣∣∣∣∣xn−l

〉

=
1

m!qm

n−m∑
l=0

C(s)
l,q

(
n

l

)

×

〈
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣
n−m−l∑

i=0

m!

(i + m)!
s(i + m,m)(qt)i+mxn−l

〉

=
1

m!qm

n−m∑
l=0

C(s)
l,q

(
n

l

) n−m−l∑
i=0

m!

(i + m)!
s(i + m, m)qi+m(n − l)i+m

×

〈
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn−m−l−i

〉
.

Since 〈
Lifk

(
− ln(1 + qt)

q

)∣∣∣∣∣xn−m−l−i

〉
= ĉ

(k)
n−m−l−i,q ,

we have

Cn,m =
n−m∑
l=0

n−m−l∑
i=0

(
n

l

)(
n − l

i + m

)
qis(i + m,m)C(s)

l,q ĉ
(k)
n−m−l−i,q .

Thus,

ĉ(k)
n,q(x) =

n∑
m=0

(n−m∑
l=0

n−m−l∑
i=0

(
n

l

)(
n − l

i + m

)
qis(i + m,m)Ĉ(s)

l,q ĉ
(k)
n−m−l−i,q

)
B(s)

m (x) .

3.10 Some relations with Frobenius-Euler polynomials

For λ ∈ C with λ 6= 1, the Frobenius-Euler polynomials of order r, H
(r)
n (x|λ) are defined

by the generating function (
1 − λ

et − λ

)r

ext =
∞∑

n=0

H(r)
n (x|λ)

tn

n!
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(see e.g. [4]). Hence, by Lemma 1 we have

H(r)
n (x|λ) ∼

((
et − λ

1 − λ

)r

, t

)
. (16)

Theorem 11 For integers n and k with n ≥ 0, we have

c(k)
n,q(x) =

(
λ

λ − 1

)r n∑
m=0

(−1)m

×
(n−m∑

l=0

r∑
i=0

ql(−λ−1)i

(
r

i

)(
n

l + m

)
s(l + m,n)c

(k)
n−l−m,q(i)

)
H(r)

m (x|λ) ,

ĉ(k)
n,q(x) =

(
λ

λ − 1

)r n∑
m=0

×
(n−m∑

l=0

r∑
i=0

ql(−λ−1)i

(
r

i

)(
n

l + m

)
s(l + m,n)ĉ

(k)
n−l−m,q(i)

)
H(r)

m (x|λ) .

Proof. Put c
(k)
n,q(x) =

∑n
m=0 Cn,mH

(r)
m (x|λ) for (11) and (16). Then by (10) we get

Cn,m =
1

m!

〈
Lifk

(
ln(1 + qt)

q

)(
e− ln(1+qt)/q − λ

1 − λ

)r(
− ln(1 + qt)

q

)m
∣∣∣∣∣xn

〉

=
(−q−1)m

m!(1 − λ)r

〈
Lifk

(
ln(1 + qt)

q

)(
(1 + qt)−1/q − λ

)r∣∣∣∣∣(ln(1 + qt)
)m

xn

〉
.

Since (
ln(1 + qt)

)m
=

n−m∑
l=0

m!

(l + m)!
s(l + m,m)(qt)l+m , (17)

we have

Cn,m =
(−q−1)m

m!(1 − λ)r

n−m∑
l=0

m!

(l + m)!
s(l + m,m)ql+m(n)l+m

×

〈
Lifk

(
ln(1 + qt)

q

) r∑
i=0

(
r

i

)
(−λ)r−i(1 + qt)−i/q

∣∣∣∣∣xn−l−m

〉

=
(−q−1)m

m!(1 − λ)r

n−m∑
l=0

m!

(l + m)!
s(l + m,m)ql+m(n)l+m

×
r∑

i=0

(
r

i

)
(−λ)r−i

〈
Lifk

(
ln(1 + qt)

q

)
(1 + qt)−i/q

∣∣∣∣∣xn−l−m

〉
.
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Since

Lifk

(
ln(1 + qt)

q

)
(1 + qt)−i/q =

∞∑
j=0

c
(k)
j,q (i)

tj

j!
,

we have

Cn,m =
(−q−1)m

m!(1 − λ)r

n−m∑
l=0

m!

(l + m)!
s(l + m,m)ql+m(n)l+m

r∑
i=0

(
i = 0

r

)(
r

i

)
(−λ)r−ic

(k)
n−l−m,q(i)

= (−1)m+r

(
λ

1 − λ

)r n−m∑
l=0

r∑
i=0

ql(−λ−1)i

(
r

i

)(
n

l + m

)
s(l + m,n)c

(k)
n−l−m,q(i) .

Thus,

c(k)
n,q(x) =

(
λ

λ − 1

)r n∑
m=0

(−1)m

×
(n−m∑

l=0

r∑
i=0

ql(−λ−1)i

(
r

i

)(
n

l + m

)
s(l + m,n)c

(k)
n−l−m,q(i)

)
H(r)

m (x|λ) .

Similarly, put ĉ
(k)
n,q(x) =

∑n
m=0 Cn,mH

(r)
m (x|λ) for (12) and (16). Then by (10) we get

Cn,m =
1

m!

〈
Lifk

(
− ln(1 + qt)

q

)(
eln(1+qt)/q − λ

1 − λ

)r(
ln(1 + qt)

q

)m
∣∣∣∣∣xn

〉

=
q−m

m!(1 − λ)r

〈
Lifk

(
− ln(1 + qt)

q

)(
(1 + qt)1/q − λ

)r∣∣∣∣∣(ln(1 + qt)
)m

xn

〉
.

By (17) we have

Cn,m =
q−m

m!(1 − λ)r

n−m∑
l=0

m!

(l + m)!
s(l + m,m)ql+m(n)l+m

×

〈
Lifk

(
− ln(1 + qt)

q

) r∑
i=0

(
r

i

)
(−λ)r−i(1 + qt)i/q

∣∣∣∣∣xn−l−m

〉

=
q−m

m!(1 − λ)r

n−m∑
l=0

m!

(l + m)!
s(l + m,m)ql+m(n)l+m

×
r∑

i=0

(
r

i

)
(−λ)r−i

〈
Lifk

(
− ln(1 + qt)

q

)
(1 + qt)i/q

∣∣∣∣∣xn−l−m

〉
.

Since

Lifk

(
− ln(1 + qt)

q

)
(1 + qt)i/q =

∞∑
j=0

ĉ
(k)
j,q (i)

tj

j!
,
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we have

Cn,m =

(
λ

λ − 1

)r n−m∑
l=0

r∑
i=0

ql(−λ−1)i

(
r

i

)(
n

l + m

)
s(l + m,n)ĉ

(k)
n−l−m,q(i) .

Thus,

ĉ(k)
n,q(x) =

(
λ

λ − 1

)r n∑
m=0

(−1)m

×
(n−m∑

l=0

r∑
i=0

ql(−λ−1)i

(
r

i

)(
n

l + m

)
s(l + m,n)ĉ

(k)
n−l−m,q(i)

)
H(r)

m (x|λ) .

3.11 Some relations with falling and rising factorials

Theorem 12 For integers n and k with n ≥ 0, we have

c(k)
n,q(x) =

n∑
m=0

1

m!

(
m∑

i=0

(−1)i

(
m

i

)
c
(k)
n,i(−i)

)
x(m) ,

ĉ(k)
n,q(x) =

n∑
m=0

1

m!

(
m∑

i=0

(−1)i

(
m

i

)
ĉ
(k)
n,i(m − i)

)
xm .

Proof. Put c
(k)
n,q(x) =

∑n
m=0 Cn,mx(m) for (11) and x(n) ∼ (1, 1− e−t). Then by (10) we get

Cn,m =
1

m!

〈
Lifk

(
ln(1 + qt)

q

)
(1 − eln(1+qt)/q)m

∣∣∣∣∣xn

〉

=
1

m!

〈
Lifk

(
ln(1 + qt)

q

)(
1 − (1 + qt)1/q

)m∣∣∣∣∣xn

〉

=
1

m!

m∑
i=0

(
m

i

)
(−1)i

〈
Lifk

(
ln(1 + qt)

q

)
(1 + qt)i/q

∣∣∣∣∣xn

〉

=
1

m!

m∑
i=0

(
m

i

)
(−1)ic(k)

n,q(−i) .

Thus,

c(k)
n,q(x) =

n∑
m=0

1

m!

(
m∑

i=0

(−1)i

(
m

i

)
c
(k)
n,i(−i)

)
x(m) .
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Similarly, put ĉ
(k)
n,q(x) =

∑n
m=0 Cn,mxm for (12) and xn ∼ (1, et − 1). Then by (10) we get

Cn,m =
1

m!

〈
Lifk

(
− ln(1 + qt)

q

)
(eln(1+qt)/q − 1)m

∣∣∣∣∣xn

〉

=
1

m!

〈
Lifk

(
− ln(1 + qt)

q

)(
(1 + qt)1/q − 1

)m∣∣∣∣∣xn

〉

=
1

m!

m∑
i=0

(
m

i

)
(−1)m−i

〈
Lifk

(
− ln(1 + qt)

q

)
(1 + qt)i/q

∣∣∣∣∣xn

〉

=
1

m!

m∑
i=0

(
m

i

)
(−1)m−iĉ(k)

n,q(−i)

=
1

m!

m∑
i=0

(
m

i

)
(−1)iĉ(k)

n,q(m − i) .

Thus,

ĉ(k)
n,q(x) =

n∑
m=0

1

m!

(
m∑

i=0

(−1)i

(
m

i

)
ĉ
(k)
n,i(m − i)

)
xm .
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TRIPLED FIXED POINT THEOREMS FOR MIXED MONOTONE

CHATTERJEA TYPE CONTRACTIVE OPERATORS

MARIN BORCUT, MĂDĂLINA PĂCURAR AND VASILE BERINDE

Abstract. Starting from the papers [Berinde, V., Borcut, M., Tripled fixed

point theorems for contractive type mappings in partially ordered metric spaces,
Nonlinear Anal., 74 (2011), 4889-4897], [ Borcut, M., Berinde, V., Tripled co-

incidence theorems for contractive type mappings in partially ordered metric
spaces , Appl. Math. Comput., 218 (10) (2012), 5929-5936] and [Borcut, M.,

Tripled coincidente point theorems for contractive type mappings in partially

ordered metric spaces, Appl. Math. Comput., 218 (2012), 7339-7346.], we
present new results on the existence and uniqueness of tripled fixed points

for nonlinear mappings in partially ordered complete metric spaces satisfying

more general contractive conditions.

1. INTRODUCTION

In some very recent papers, Berinde and Borcut [6], Borcut and Berinde [7],
Borcut [8] have introduced and studied the concept of tripled fixed point, respec-
tively tripled coincidence point for nonlinear contractive mappings F : X3 → X, in
partially ordered complete metric spaces and obtained existence as well as existence
and uniqueness theorems of tripled fixed points, respectively of tripled coincidence
points, for some classes of contractive type mappings.

The presented theorems in [6], [7], [8], extend several existing results in the
literature: [14], [18], [15]. For the sake of completeness, we recall the main concepts
and results from [6] which are needed for the present paper.

Let(X,≤) be a partially ordered set and d be a metric on X such that (X, d) is
a complete metric space. Consider on the product space X3 the following partial
order: for (x, y, z) , (u, v, w) ∈ X3,

(u, v, w) ≤ (x, y, z)⇔ x ≥ u, y ≤ v, z ≥ w.

Definition 1. [6] Let (X,≤) be a partially ordered set and F : X3 → X a mapping.
We say that F has the mixed monotone property if F (x, y, z) is nondecreasing in
x and z, and is nonincreasing in y, that is, for any x, y, z ∈ X,

x1, x2 ∈ X,x1 ≤ x2 ⇒ F (x1, y, z) ≤ F (x2, y, z) ,

y1, y2 ∈ X, y1 ≤ y2 ⇒ F (x, y1, z) ≥ F (x, y2, z) ,

and

z1, z2 ∈ X, z1 ≤ z2 ⇒ F (x, y, z1) ≤ F (x, y, z2) .

Definition 2. [6] An element (x, y, z) ∈ X3 is called a tripled fixed point of F :
X3 → X if

F (x, y, z) = x, F (y, x, y) = y, and F (z, y, x) = z.

1
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Let (X, d) be a metric space. The mapping d : X ×X ×X → X, given by

d [(x, y, z) , (u, v, w)] = d (x, u) + d (y, v) + d (z, w) ,

defines a metric on X ×X ×X, which will be denoted for convenience by d, too.

Definition 3. Let X,Y, Z be nonempty sets and F : X ×X ×X → Y,
G : Y × Y × Y → Z. We define the symmetric composition (or, the s-composition,
for short) of F and G, G ∗ F : X ×X ×X → Z, by

(G ∗ F ) (x, y, z) = G (F (x, y, z) , F (y, x, y) , F (z, y, x)) (x, y, z ∈ X).

For each nonempty set X, denote by Px the projection mapping

PX : X ×X ×X → X,P (x, y, z) = x for x, y, z ∈ X.
The symmetric composition has the following properties:

Proposition 1. (Associativity). If F : X ×X ×X → Y, G : Y × Y × Y → Z and

H : Z × Z × Z →W, then (H ∗G) ∗ F = H ∗ (G ∗ F ).

Proposition 2. (Identity Element). If F : X ×X ×X → Y, then

F ∗ PX = PY ∗ F = F.

Proposition 3. (Mixed Monotonicity). If (X,≤), (Y,≤), (Z,≤) are partially or-
dered sets and the mappings F : X ×X ×X → Y,G : Y × Y × Y → Z are mixed
monotone, then G ∗ F is mixed monotone.

Proposition 4. If (X,≤) is a partially ordered set and F is mixed monotone, then
Fn = F ∗ Fn−1 = Fn−1 ∗ F is mixed monotone, for every n ≥ 1.

The first main result in [6] is given by the following theorem.

Theorem 1. [6] Let (X,≤) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. Let F : X ×X ×X → X be a
continuous mapping having the mixed monotone property on X. Assume that there
exist the constants j, k, l ∈ [0, 1) with j + k + l < 1 for which

(1.1) d (F (x, y, z) , F (u, v, w)) ≤ jd (x, u) + kd (y, v) + ld (z, w) ,

∀x ≥ u, y ≤ v, z ≥ w. If there exist x0, y0, z0 ∈ X such that

x0 ≤ F (x0, y0, z0) , y0 ≥ F (y0, x0, y0) and z0 ≤ F (z0, y0, x0) ,

then there exist x, y, z ∈ X such that

x = F (x, y, z) , y = F (y, x, y) and z = F (z, y, x) .

Remark 1. If we take j = k = l = α
3 in Theorem 1, then the contraction condition

(1.1) can be written in a slightly simplified form

(1.2) d (F (x, y, z) , F (u, v, w)) ≤ α

3
[d (x, u) + d (y, v) + d (z, w)].

Theorem 2. [6] By adding to the hypotheses of Theorem 1 the condition: for
every (x, y, z) , (x1, y1, z1) ∈ X3, there exists a (u, v, w) ∈ X3 that is comparable to
(x, y, z) and (x1, y1, z1), then the tripled fixed point of F is unique.

Theorem 3. [6] In addition to the hypotheses of Theorem 1, suppose that x0, y0, z0 ∈
X are comparable. Then x = y = z.
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2. Main results

Based on the notions and results presented in the first section, we will prove
new existence and uniqueness theorems for operators which verify a Chatterjea
contraction type condition, adapted to the case X3.

Theorem 4. Let (X,≤) be a partially ordered set and suppose there is a metric d
on X such that (X, d) is a complete metric space. Let F : X3 → X be a mapping
having the mixed monotone property on X. Assume that there exists a k ∈ [0, 1)
such that

(2.1) d (F (x, y, z) , F (u, v, w)) ≤ k

8
[d (x, F (u, v, w)) + d (y, F (v, u, v)) +

+d (z, F (w, v, u)) + d (u, F (x, y, z)) + d (v, F (y, x, y)) + d (w,F (z, y, x))].

Also suppose either
(a) F is continuous or
(b) X has the following property:

(i) if a nondecreasing sequence {xn} → x, then xn ≤ x for all n,

(ii) if a nonincreasing sequence {yn} → y, then yn ≥ y for all n.

If there exist x0, y0, z0 ∈ X such that,

(2.2) x0 ≤ F (x0, y0, z0) , y0 ≥ F (y0, x0, y0) and z0 ≤ F (z0, y0, x0) ,

then there exist x, y, z ∈ X such that,

x = F (x, y, z) , y = F (y, x, y) and z = F (z, y, x) .

Proof. Let the sequences {xn} , {yn} , {zn} ⊂ X be defined by

xn+1 = F (xn, yn, zn) = Fn+1(x0, y0, z0), yn+1 = F (yn, xn, yn) = Fn+1(y0, x0, y0),

zn+1 = F (zn, yn, xn) = Fn+1(z0, y0, x0), (n = 0, 1, ...).

Since Fn is mixed monotone for every n (by Proposition 4), it follows by (2.2) that
{xn} and {zn} are nondecreasing and {yn} is nonincreasing. Indeed, due to the
mixed monotone property of F , it is easy to show that

x2 = F (x1, y1, z1) ≥ F (x0, y0, z0) = x1

y2 = F (y1, x1, y1) ≤ F (y0, x0, y0) = y1

z2 = F (z1, y1, x1) ≥ F (z0, y0, x0) = z1

and thus we obtain three sequences satisfying the following conditions

x0 ≤ x1 ≤ ... ≤ xn ≤ ...,

y0 ≥ y1 ≥ ... ≥ yn ≥ ...,
z0 ≤ z1 ≤ ... ≤ zn ≤ ....

Now, for n ∈ N, denote

Dxn+1
= d (xn+1, xn) , Dyn+1

= d (yn+1, yn) , Dzn+1
= d (zn+1, zn)

and

Dn+1 = Dxn+1 +Dyn+1 +Dzn+1 .

Using (2.1), we get

Dxn+1
= d (xn+1, xn) = d(F (xn, yn, zn), F (xn−1, yn−1, zn−1))
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≤ k

8

[
d
(
xn, Fxn−1

)
+ d

(
yn, Fyn−1

)
+ d

(
zn, Fzn−1

)
+d (xn−1, Fxn

) + d (yn−1, Fyn) + d (zn−1, Fzn)]

=
k

8
[d (xn, xn) + d (yn, yn) + d (zn, zn)

+d (xn−1, xn+1) + d (yn−1, yn+1) + d (zn−1, zn+1)]

=
k

8
[d (xn−1, xn+1) + d (yn−1, yn+1) + d (zn−1, zn+1)]

≤ k

8
[d (xn−1, xn) + d (yn−1, yn) + d (zn−1, zn)

+d (xn, xn+1) + d (yn, yn+1) + d (zn, zn+1)]

=
k

8

[
Dxn

+Dyn +Dzn +Dxn+1
+Dyn+1

+Dzn+1

]
,

and therefore

(2.3) Dxn+1 ≤
k

8

[
Dxn +Dyn +Dzn +Dxn+1 +Dyn+1 +Dzn+1

]
.

Similarly, we obtain for the sequences
{
Dyn+1

}
,
{
Dzn+1

}
Dyn+1 = d (yn+1, yn) = d(F (yn, xn, yn), F (yn−1, xn−1, yn−1))

≤ k

8

[
d
(
yn, Fyn−1

)
+ d

(
xn, Fxn−1

)
+ d

(
yn, Fyn−1

)
+d (yn−1, Fyn) + d (xn−1, Fxn) + d (yn−1, Fyn)]

=
k

8
[d (yn, yn) + d (xn, xn) + d (yn, yn)

+d (yn−1, yn+1) + d (xn−1, xn+1) + d (yn−1, yn+1)]

=
k

8
[2d (yn−1, yn+1) + d (xn−1, xn+1)]

≤ k

8
[2d (yn−1, yn) + d (xn−1, xn) + d (xn, xn+1) + 2d (yn, yn+1)]

=
k

8

[
Dxn

+ 2Dyn +Dxn+1
+ 2Dyn+1

]
,

and so

(2.4) Dyn+1 ≤
k

8

[
Dxn + 2Dyn +Dxn+1 + 2Dyn+1

]
and

Dzn+1 = d (zn+1, zn) = d(F (zn, yn, xn), F (zn−1, yn−1, xn−1))

≤ k

8

[
d
(
zn, Fzn−1

)
+ d

(
yn, Fyn−1

)
+ d

(
xn, Fxn−1

)
+d (zn−1, Fzn) + d (yn−1, Fyn) + d (xn−1, Fxn

)]

=
k

8
[d (xn, xn) + d (yn, yn) + d (zn, zn)

+d (xn−1, xn+1) + d (yn−1, yn+1) + d (zn−1, zn+1)]

=
k

8
[d (xn−1, xn+1) + d (yn−1, yn+1) + d (zn−1, zn+1)]

≤ k

8
[d (xn−1, xn) + d (yn−1, yn) + d (zn−1, zn)

+d (xn, xn+1) + d (yn, yn+1) + d (zn, zn+1)]
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=
k

8

[
Dxn

+Dyn +Dzn +Dxn+1
+Dyn+1

+Dzn+1

]
,

and therefore

(2.5) Dzn+1
≤ k

8

[
Dxn

+Dyn +Dzn +Dxn+1
+Dyn+1

+Dzn+1

]
.

By using relations (2.3), (2.4) and (2.5), we get

Dn+1 ≤
k

8

[
3Dxn

+ 4Dyn + 2Dzn + 3Dxn+1
+ 4Dyn+1

+ 2Dzn+1

]
≤ k

8

[
4Dxn

+ 4Dyn + 4Dzn + 4Dxn+1
+ 4Dyn+1

+ 4Dzn+1

]
≤ k

2
[Dn +Dn+1] .

Therefore, for all n ≥ 1, we have

Dn+1 ≤ α ·Dn ≤ ... ≤ αn ·D1, where α =
k

2− k
∈ [0, 1), when k ∈ [0, 1).

Because Dxn+1 ≤ Dn+1, Dyn+1 ≤ Dn+1 and Dzn+1 ≤ Dn+1, then we have

(2.6) Dxn+1
≤ αn ·D1, Dyn+1

≤ αn ·D1 and Dzn+1
≤ αn ·D1

This implies that {xn} , {yn} , {zn} are Cauchy sequences in X. Indeed, let m ≥ n,
then

d (xm, xn) ≤ Dxm
+Dxm−1

+ ...+Dxn+1
≤

≤ [αm−1 + αm−2 + ...+ αn] ·D1 =
αn − αm

1− α
·D1 <

αn

1− α
·D1.

Similarly, we can verify that {yn} and {zn} are also Cauchy sequences. Since X
is a complete metric space, there exist x, y, z ∈ X such that,

lim
x→∞

xn = x, lim
x→∞

yn = y, lim
x→∞

zn = z.

Finally, we claim that

x = F (x, y, z) , y = F (y, x, y) and z = F (z, y, x) .

Assume the first assumption (a) holds. This means F is continuous at (x, y, z) ,
and hence, for a given ε

2 > 0, there exists a δ > 0 such that,

d ((x, y, z), (u, v, w)) = d (x, u) + d (y, v) + d (z, w) < δ

⇒ d (F (x, y, z) , F (u, v, w)) <
ε

2
.

Since
lim
x→∞

xn = x, lim
x→∞

yn = y, lim
x→∞

zn = z,

for η = min
(
ε
2 ,

δ
2

)
, there exist n0,m0, p0 such that, for n ≥ n0,m ≥ m0, p ≥ p0,

d (xn, x) < η, d (yn, y) < η, d (zn, z) < η.

Now, for n ∈ N, n ≥ max {n0,m0, p0} , we have

d (F (x, y, z) , x) ≤ d (F (x, y, z) , xn+1) + d (xn+1, x)

= d (F (x, y, z) , F (xn, yn, zn)) + d (xn+1, x) <
ε

2
+ η ≤ ε,

and this implies that x = F (x, y, z) . Similarly, we can show that

y = F (y, x, y) and z = F (z, y, x) .
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Suppose now that (b) holds. Since {xn} , {zn} are non-decreasing and xn → x,
zn → z, and also {yn} is non-increasing and yn → y, from (b) we have xn ≤ x, yn ≥
y and zn ≤ z, for all n. Then by triangle inequality and (2.1), we get

(2.7) d (x, F (x, y, z)) ≤ d (x, xn+1) + d (xn+1, F (x, y, z))

= d (x, xn+1) + d (F (xn, yn, zn), F (x, y, z))

≤ d (x, xn+1) +
k

8
[d(xn, xn+1) + d(yn, yn+1) + d(zn, zn+1)

+d(x, F (x, y, z)) + d(y, F (y, x, y)) + d(z, F (z, y, x))],

(2.8) d(y, F (y, x, y)) ≤ d (y, yn+1) +
k

8
[d(xn, xn+1) + 2d(yn, yn+1)

+d(x, F (x, y, z)) + 2d(y, F (y, x, y))],

and

(2.9) d(z, F (z, y, x)) ≤ d (z, zn+1) +
k

8
[d(xn, xn+1) + d(yn, yn+1) + d(zn, zn+1)

+d(x, F (x, y, z)) + d(y, F (y, x, y)) + d(z, F (z, y, x))].

By summing (2.7), (2.8), (2.9) we obtain

d(x, F (x, y, z)) + d(y, F (y, x, y)) + d(z, F (z, y, x))

≤ 2

2− k
[d (x, xn+1) + d (y, yn+1) + d (z, zn+1)]

+
k

4(2− k)
[3d(xn, xn+1) + 4d(yn, yn+1) + 2d(zn, zn+1)],

and let n→∞ one obtains

d (x, F (x, y, z)) + d(y, F (y, x, y)) + d(z, F (z, y, x)) ≤ 0,

that is, x = F (x, y, z), y = F (y, x, y), z = F (z, y, x). �

3. Uniqueness of tripled fixed points

In [6], [7] and [8] the authors also considered some additional conditions to ensure
the uniqueness of the tripled fixed point and also appropriate conditions to ensure
that for such a tripled fixed point (x, y, z) we have all components equal: x = y = z.

Similarly, one can prove that the tripled fixed point ensured by Theorem 4 is in
fact unique, provided that the product space X ×X ×X endowed with the partial
order mentioned earlier possesses an additional property.

Theorem 5. If, in addition to the hypotheses of Theorem 4, the condition: for
every (x, y, z) , (x1, y1, z1) ∈ X ×X ×X, there exists a (u, v, w) ∈ X ×X ×X that
is comparable to (x, y, z) and (x1, y1, z1), is satisfied, then the tripled fixed point of
F is unique.

Proof. If (x∗, y∗, z∗) ∈ X×X×X is another tripled fixed point of F, then we show
that

d ((x, y, z) , (x∗, y∗, z∗)) = 0,

where

lim
x→∞

xn = x, lim
x→∞

yn = y, lim
x→∞

zn = z.

We consider two cases.
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Case 1. If (x, y, z) is comparable to (x∗, y∗, z∗) with respect to the ordering in
X ×X ×X then, for every n = 0, 1, 2, . . . , the triple

(Fn (x, y, z) , Fn (y, x, y) , Fn (z, y, x)) = (x, y, z) is comparable to

(Fn (x∗, y∗, z∗) , Fn (y∗, x∗, y∗) , Fn (z∗, y∗, x∗)) = (x∗, y∗, z∗) .

Also, using the process for obtaining (2.6), we get

d ((x, y, z) , (x∗, y∗, z∗)) = d (x, x∗) + d (y, y∗) + d (z, z∗)

= d (Fn (x, y, z) , Fn (x∗, y∗, z∗)) + d (Fn (y, x, y) , Fn (y∗, x∗, y∗))

+d (Fn (z, y, x) , Fn (z∗, y∗, x∗))

≤ αn [d (x, x∗) + d (y, y∗) + d (z, z∗)] = αnd ((x, y, z) , (y∗, x∗, z∗)) , α ∈ [0, 1).

By letting n→∞, this implies that d ((x, y, z) , (y∗, x∗, z∗)) = 0.
Case 2 : If (x, y, z) are not comparable to (x∗, y∗, z∗) , then there exists an upper

bound or a lower bound (u, v, w) ∈ X ×X ×X of (x, y, z) and (x∗, y∗, z∗) . Then,
for all n = 1, 2, ...,

(Fn (u, v, w) , Fn (v, u, v) , Fn (w, v, u)) is comparable to

(Fn (x, y, z) , Fn (y, x, y) , Fn (z, y, x)) = (x, y, z) and to

(Fn (x∗, y∗, z∗) , Fn (y∗, x∗, y∗) , Fn (z∗, y∗, x∗)) = (x∗, y∗, z∗) .

We have,

d

 x
y
z

 ,

 x∗

y∗

z∗

 = d

 Fn (x, y, z)
Fn (y, x, y)
Fn (z, y, x)

 ,

 Fn (x∗, y∗, z∗)
Fn (y∗, x∗, y∗)
Fn (z∗, y∗, x∗)


≤ d

 Fn (x, y, z)
Fn (y, x, y)
Fn (z, y, x)

 ,

 Fn (u, v, w)
Fn (v, u, v)
Fn (w, v, u)


+d

 Fn (u, v, w)
Fn (v, u, v)
Fn (w, v, u)

 ,

 Fn (x∗, y∗, z∗)
Fn (y∗, x∗, y∗)
Fn (z∗, y∗, x∗)


≤ αn {[d (x, u) + d (y, v) + d (z, w)] + [d (u, x∗) + d (v, y∗) + d (w, z∗)]} → 0

as n→∞, and so d

 x
y
z

 ,

 x∗

y∗

z∗

 = 0.

�

Theorem 6. In addition to the hypotheses of Theorem 4, suppose that x0, y0, z0 ∈
X are comparable. Then x = y = z.

Proof. Recall that x0, y0, z0,∈ X are such that

x0 ≤ F (x0, y0, z0), y0 ≥ F (y0, x0, y0), z0 ≤ F (z0, y0, x0).

Now, if x0 ≤ y0, and z0 ≤ y0 we claim that, for all n ∈ N, xn ≤ yn and zn ≤ yn.
Indeed, by the mixed monotone property of F,

x1 = F (x0, y0, z0) ≤ F (y0, x0, y0) = y1

and

z1 = F (z0, y0, x0) ≤ F (y0, x0, y0) = y1.
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Assume that xn ≤ yn and zn ≤ yn for some n. Then

xn+1 = Fn+1(x0, y0, z0) = F (Fn(x0, y0, z0), Fn(y0, x0, y0), Fn(z0, y0, x0))

= F (xn, yn, zn) ≤ F (yn, xn, yn) = yn+1,

and similarly for zn. Now,

d(x, y) ≤ d(x, xn+1) + d(y, xn+1) ≤ d(x, xn+1) + d(xn+1, yn+1) + d(y, yn+1)

= d(x, Fn+1(x0, y0, z0)) + d [F (Fn(x0, y0, z0), Fn(y0, x0, y0), Fn(z0, y0, x0)),

, F (Fn(y0, x0, y0), Fn(x0, y0, x0), Fn(y0, x0, y0))] + d(y, yn+1)→ 0

as n→∞.
This implies that d(x, y) = 0 and hence we have x = y.
Similarly, we obtain that d(x, z) = 0 and d(y, z) = 0. The other cases for x0, y0, z0

are similar. �

4. Example and final remarks

Let X = [0, 1] be endowed with the usual metric d (x, y) = |x − y| and let

F : X3 → X be given by F (x, y, z) =
1

20
, for (x, y, z) ∈

[
0,

4

5

]
× [0, 1]2 and

F (x, y, z) =
11

80
, for (x, y, z) ∈

[
4

5
, 1

]
× [0, 1]2.

Then F satisfies Chatterjea’s contractive condition (2.1) with k =
14

15
< 1 but

does not satisfy the Banach type contractive condition (1.1).
Let us first prove the first part of the assertion above. It suffices to completely

cover the following limit case.

Case 1. x ∈
[

4

5
, 1

]
, and u, y, z, v, w ∈

[
0,

4

5

)
In this case F (x, y, z) =

11

80
, F (u, v, w) =

1

20
and so condition (2.1) reduces to

(4.1)∣∣∣∣11

80
− 1

20

∣∣∣∣ ≤ k

8

[∣∣∣∣x− 1

20

∣∣∣∣+

∣∣∣∣y − 1

20

∣∣∣∣+

∣∣∣∣z − 1

20

∣∣∣∣+

∣∣∣∣u− 11

80

∣∣∣∣+

∣∣∣∣v − 1

20

∣∣∣∣+

∣∣∣∣w − 1

20

∣∣∣∣] .
For x ∈

[
4

5
, 1

]
, we have ∣∣∣∣x− 1

20

∣∣∣∣ ≥ ∣∣∣∣45 − 1

20

∣∣∣∣ =
3

4

and hence the minimum value of the right hand side of (4.1) is greater or equal to
k

8
· 3

4
.

Therefore, in order to have (4.1) satisfied for all x ∈
[

4

5
, 1

]
and u, y, z, v, w ∈[

0,
4

5

)
, with x ≥ u, y ≤ v, z ≥ w, i.e.,∣∣∣∣ 1

20
− 11

80

∣∣∣∣ ≤ k

8
· 3

4
,

it suffices to take k such that
14

15
≤ k < 1.
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Note that for the remaining cases to be discussed, the right hand side of (2.1)
will be greater than the value obtained in Case 1.

For example, in the Case 2. x, v ∈
[

4

5
, 1

]
and u, y, z, w ∈

[
0,

4

5

)
, the minimum

value of the right hand side of (2.1) will be greater or equal to
k

8
· 6

4
.

Note also that in the cases x, u ∈
[

4

5
, 1

]
or x, u ∈

[
0,

4

5

)
, the left hand side of

(2.1) is always zero and so (1.2) is satisfied for all values of y, z, v, w ∈ [0, 1].

This proves that, indeed, F satisfies (2.1) with k =
14

15
< 1.

F is not continuous but X satisfies property (b) in Theorem 4. Moreover, by

taking x0 = 0, y0 =
1

5
and z0 =

1

8
, one can check that (2.2) is fulfilled. Thus,

all assumptions in Theorem 4 are satisfied and hence F does admit tripled fixed
points. By Theorem 5 we actually conclude that F has a unique tripled fixed point,(

1

20
,

1

20
,

1

20

)
.

Now let us show that F does not satisfy (1.1).
Assume the contrary, that is, that F does satisfy (1.1) and take ε > 0 such that

u =
4

5
− ε ∈

[
0,

4

5

)
, x =

4

5
and y = z, v = w ∈ [0, 1] arbitrary in (1.1) to obtain

(4.2)
7

80
≤ i · ε, ε > 0.

Now letting ε → 0 in (4.2) we reach to a contradiction. This proves that, indeed,
F does not satisfy (1.1).
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SOFT BOOLEAN ALGEBRA AND ITS PROPERTIES

RIDVAN ŞAHIN AND AHMET KÜÇÜK

Abstract. Molodtsov [21] introduced the concept of soft theory which can be

used as a generic mathematical tool for dealing with uncertainty. In this paper,
we apply the notion of the soft set theory of Molodtsov to the theory of Boolean

algebras which is a well-known algebraic structure. We introduce the concepts

of soft filter and soft ideal on the soft Boolean algebra as well as notions of a
soft Boolean algebra and soft Boolean homomorphism, and investigate basic

properties as intersection, union and product of the soft Boolean algebras.

Also we give several illustrative examples.

1. Indroduction

In 1999, Molodtsov [21] initiated the theory of soft sets as a new mathematical
tool to deal with uncertainties while modelling the problems in engineering, physics,
computer science, economics, social sciences, and medical science. Maji et al. [18]
showed the applications of soft set theory in decision making problem by defining
several operations on soft set. In theoretical aspects, Maji et al. [19] introduced
several operators for soft set theory such as equality of two soft sets, subset and
superset of a soft set, complement of a soft set, null soft set, and absolute soft set.
Recently, some new operations in soft set theory has been given by Irfan Ali et al.
in [2], also see [23]. Later, the properties and applications of soft set theory have
been studied by many authors (e.g. [3, 5, 14, 15, 17, 20, 22, 25, 26] ).

At present, studies on the soft set theory is progressing rapidly on algebraic
structures. Aktas and Cagman [1] defined a basic version of soft group theory.
Sezgin et al. [24] introduced the concepts of normalistic soft group and normalistic
soft group homomorphism. Feng et al. [4] studied soft semi rings. Jun et al.
[9, 11] applied soft sets in the theories of BCK/BCI-algebras. Kazancı et al. [13]
introduced soft BCH-algebras and studied their basic properties. Several other
studies on soft BCH-algebras have been discussed in [7, 8, 10]. Jun et al. [12]
applied the notion of the soft sets to the theory of Hilbert algebras.

In this paper, we apply the notion of the soft set theory of Molodtsov to the
theory of Boolean algebras. We introduce the concepts of soft filter and soft ideal
on the soft Boolean algebra as well as concept of a soft Boolean algebra. We also
investigate basic properties as intersection, union and product of the soft Boolean
algebras, and define soft Boolean homomorphism and obtain some properties. Also
we give several illustrative examples.

This paper is organized as follows. In the next two sections, we give some
important concepts of Boolean algebra and basic definitions of soft set theory. In

1991 Mathematics Subject Classification. 2010 Primary 06D72; Secondary 54A40.
Key words and phrases. Boolean algebra, soft set, soft Boolean algebra, atomic soft Boolean

algebra, complete soft Boolean algebra, soft Boolean homomorphism.
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Section 4, we present the definition of soft Boolean algebra and some properties of
soft Boolean algebra. Finally, we summary the paper in Section 5.

2. Basic Results on Boolean Algebras

In the middle of the 19th century, George Boole introduced the concept of
Boolean algebras by attempting to formalize propositional logic. Boolean algebra
now plays a central role in mathematical logic, probability theory and computer
design. In this section, we give some basic notions in Boolean algebra. For more
details on Boolean algebras, we refer the reader to [6, 16].

Definition 1. A Boolean algebra is a tuple (K,∧,∨,¬, 0̄, 1̄) (briefly K), where K
is a set with two distinguished elements 0̄, 1̄ ∈ K, ¬ : K → K is a unary operation
and ∧,∨ : K × K → K are binary operations (called meet and join, respectively)
such that

(1) ∧,∨ are associative,
(2) ∧,∨ are commutative,
(3) ∧ and ∨ are distributive, i.e. ∀x, y, z ∈ B : x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ y)

and x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z),
(4) ∀x ∈ K : x ∧ ¬x = 0̄ and x ∨ ¬x = 1̄.

Let K be a Boolean algebra and x, y ∈ K. Then K carries a natural partial
order. In other words, an relation ”≤ ” defined x ≤ y if x = x ∧ y or x ∨ y = y,
is an ordering relation on K, where x ∨ y and x ∧ y are least upper bound and
greatest lower bound of {x, y}, respectively. The element 0̄ in Boolean algebra K
is called to be zero element if x ∨ 0̄ = 0̄ ∨ x = x and x ∧ 0̄ = 0̄ ∧ x = 0̄ for any
x ∈ K. Similarly, the element 1̄ in Boolean algebra K is called to be unit element
if x ∨ 1̄ = 1̄ ∨ x = 1̄ and x ∧ 1̄ = 1̄ ∧ x = x for any x ∈ K.

Remark 1. Let K be a Boolean algebra, X be any set and P (X) its power set.
Then

(1) (P (X),∩,∪,−,∅, X), where ”−” is the complement operation of sets, is a
Boolean algebra of sets.

(2) For x and y in the Boolean algebra K, x � y if x ≤ y does not hold. x < y
(x is strictly smaller than y) if x ≤ y but x 6= y.

Notation 1. Throughout this article, we assume that ”≤” is a natural partial order
defined on natural integer N.

Definition 2. Let K be a Boolean algebra. Then

(1) a ∈ K is an atom of K, if 0̄ < a but there is no x in K satisfying 0̄ < x < a.
K is atomless if it has no atoms and atomic if for each positive element x
(i.e., x 6= 0̄) of K, there is some atom a such that a ≤ x.

(2) For any S ⊆ K with S 6= ∅, K is complete iff both inf(S) and sup(S) exist
for every nonempty subset S of K.

Definition 3. Let K be a Boolean algebra.

(1) A nonempty subset M of K is said to be a subalgebra of K if x, y ∈ M
implies x ∨ y, x ∧ y and ¬x ∈ M . Moreover, note that every Boolean
algebra is itself a subalgebra.
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(2) A filter on K is a subset F of K such that:
(i) 0̄ /∈ F, 1̄ ∈ F ; (ii) if x ∈ F and y ∈ F , then x ∧ y ∈ F ; (iii) if

x, y ∈ K, x ∈ F and x ≤ y, then y ∈ F .
(3) An ideal on K is a subset I of K such that:

(i) 0̄ ∈ I, 1̄ /∈ I; (ii) if x ∈ I and y ∈ I, then x ∨ y ∈ I; (iii) if x, y ∈ K,
x ∈ I and y ≤ x, then y ∈ I.

Definition 4. Let K and L be two Boolean algebras. A mapping φ : K → L is
called a (Boolean) homomorphism if it preserves the operations: φ(a ∧ b) = φ(a) ∧ φ(b)

φ(a ∨ b) = φ(a) ∨ φ(b)
φ(¬a) = ¬φ(a)

for all a, b ∈ K. If φ is bijective, then it is called a (Boolean) isomorphism. If there
is a Boolean isomorphism φ : K → L, then K and L are said to be isomorphic, and
denoted by K ' L.

3. Basic Results on Soft Sets

In this paper, U is an initial universe set, P (U) its power set and E is always
the universe set of parameters with respect to U unless otherwise specified.

Now, we recall some basic notions in soft set theory.

Definition 5. [19, 20]. A pair (F,A) is called a soft set over U if A ⊆ E and
F : A −→ P (U), such that F (x) 6= ∅, if x ∈ A ⊆ E and F (x) = ∅ if x /∈ A.

Definition 6. [3]. Let U be an initial universe set and E be a universe set of
parameters. Let (F,A) and (G,B) be soft sets over a common universe set U and
A,B ⊆ E. Then

(1) (F,A) is a subset of (G,B), denoted by (F,A)⊆̃(G,B), if
(i) A ⊆ B; (ii) F (x) ⊆ G(x) for all x ∈ A,

(2) (F,A) equals (G,B), denoted by (F,A) = (G,B), if (F,A)⊆̃(G,B) and
(G,B)⊆̃(F,A).

Definition 7. [19]. Let (F,A) and (G,B) be two soft sets over a common universe
U. The union of (F,A) and (G,B) is defined to be a soft set (H,C), where C = A∪B
and H is defined as follows:

H(x) =

 F (x)
G(x)
F (x) ∪G(x)

if x ∈ A−B
if x ∈ B −A
if x ∈ A ∩B

We write (H,C) = (F,A)∪̃(G,B).

Definition 8. [19]. Let (F,A) and (G,B) be two soft sets over a common universe
U . The intersection of (F,A) and (G,B) is defined to be a soft set (H,C) satisfying
the following conditions:

(1) C = A ∩B,
(2) H(x) = F (x) or G(x) for each x ∈ C (as both are same set).

We write (H,C) = (F,A)∩̃(G,B).

Definition 9. [19]. Let (F , A) and (G, B) be soft sets over a common universe
set U.
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(1) (F,A)∧̃(G,B) is a soft set defined by (F,A)∧̃(G,B) = (H,A × B), where
H(x, y) = F (x)∩G(y) for any x ∈ A and y ∈ B, where ∩ is the intersection
operation of sets.

(2) (F,A)∨̃(G,B) is a soft set defined by (F,A)∨̃(G,B) = (K,A × B), where
K(x, y) = F (x) ∪ G(y) for any x ∈ A and y ∈ B, where ∪ is the union
operation of sets.

4. Soft Boolean Algebras

Let K be a Boolean algebra and A be a nonempty set. R will refer to an arbitrary
binary relation between an element of A and an element of K; that is, R is a subset
of A ×K unless otherwise specified. A set-valued function F : A → P (K) can be
define as F (x) = {y ∈ K : (x, y) ∈ R} for all x ∈ A. Then the pair (F,A) is a soft
set over K, which is derived from the relation R.

Definition 10. Let (F,A) be a soft set over K. Then (F,A) is called a soft Boolean
algebra over K if F (x) is a subalgebra of K for all x ∈ A.

Example 1. Let K = {1, 2, 3, 6} be set of all divisors of 6. Consider x ∧ y =
mcd(x, y) (2 ∧ 3 = 1, 2 ∧ 6 = 2), x ∨ y = mcm(x, y)(2 ∨ 3 = 6, 2 ∨ 6 = 6) and
¬x = 6

x (¬2 = 3). Then the structure 〈K,∧,∨,¬, 1, 6〉 is a Boolean algebra under
the relation ” � ” which is given by x � y if x = x ∧ y or x ∨ y = y.

Let (F,A) be a soft set over K, where A = K and F : A −→ P (K) is a set-valued
function defined by

F (x) =

{
y ∈ K : xRy ⇐⇒

{
y ∈ {1, 6} if x /∈ {2, 3}
y if x ∈ {2, 3}

}}
Then F (1) = F (6) = {1, 6} , F (2) = F (3) = {1, 2, 3, 6} . Therefore, F (x) is a
subalgebra of K for all x ∈ A. Hence (F,A) is a soft Boolean algebra over K.

Now, let (G,B) be a soft set over K, where B = K and G : B −→ P (K) is a
set-valued function defined by

G (x) = {y ∈ K : xR′y ⇐⇒ mcd(x, y) ≤ mcm(x, y)} .

Then G(1) = G(2) = G(3) = G(6) = {1, 2, 3, 6} = K. Hence G(x) is a subalgebra
of K for all x ∈ B. Then (G,B) is a soft Boolean algebra over K.

Example 2. Let M = {a, b, c} be a set and K = FUN(M, {0, 1}) be the set of all
functions from M and to {0, 1}. Define the Boolean operations on K as follows for
all f, g ∈ K:

(f ∨ g)(x) = max {f(x), g(x)} , (f ∧ g)(x) = min {f(x), g(x)} and ¬f(x) =
{0, 1} − {f(x)} for all x ∈ A. Then K together with these operations is a Boolean
algebra and consists of elements {f1, f2, f3, f4, f5, f6, f7, f8} defined by

f1(a) = 0 f2(a) = 1 f3(a) = 1
f1(b) = 0 f2(b) = 1 f3(b) = 0
f1(c) = 0 f2(c) = 1 f3(c) = 0

f4(a) = 1
f4(b) = 1
f4(c) = 0

f5(a) = 1 f6(a) = 0 f7(a) = 0
f5(b) = 0 f6(b) = 1 f7(b) = 0
f5(c) = 1 f6(c) = 1 f7(c) = 1

f8(a) = 0
f8(b) = 1
f8(c) = 0
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Let (F,A) be a soft set over K, where A = M and F : A −→ P (K) is a set-valued
function defined by

F (x) =

f ∈ K : xRf ⇐⇒

 f(a) = f(c) if x = a
f(b) = f(a) if x = b
f(c) = f(b) if x = c




Then F (a) = {f1, f2, f5, f8} , F (b) = {f1, f2, f4, f7} and F (c) = {f1, f2, f3, f6} .
Therefore, F (x) is a subalgebra of K for all x ∈ A. Hence (F,A) is a soft Boolean
algebra over K.

Example 3. Every Boolean algebra can be considered as a soft Boolean algebra.

Theorem 1. Let (F,A) and (G,B) be two soft Boolean algebras over K. If A∩B 6=
∅, then (F,A)∩̃(G,B) is a soft Boolean algebra over K.

Proof. By Definition 8, we can write (F,A)∩̃(G,B) = (H,C), where C = A ∩ B
and H(x) = F (x) or G(x) for all x ∈ C. For a mapping H : C −→ P (K), (H,C) is
a soft set over K. Since (F,A) and (G,B) are soft Boolean algebras over K, there
exists an equality such that H(x) = F (x) or H(x) = G(x) for all x ∈ C. But in
either case, H(x) is a subalgebra of K for all x ∈ C. Hence (H,C) = (FA)∪̃(G,B)
is a soft Boolean algebra over K. �

Theorem 2. Let (F,A) and (G,B) be two soft Boolean algebras over K. If A and
B are disjoint, then (F,A)∪̃(G,B) is a soft Boolean algebra over K.

Proof. By Definition 7, we can write (F,A)∪̃(G,B) = (H,C), where C = A ∪ B
and for all x ∈ C,

H(x) =

 F (x)
G(x)
F (x) ∪G(x)

if x ∈ A−B
if x ∈ B −A
if x ∈ A ∩B

Since A ∩ B = ∅, either x ∈ A − B or x ∈ B − A. Since (F,A) is a soft Boolean
algebra over K, then H(x) = F (x) is a subalgebra of K for x ∈ A− B. Similarty,
since (G,B) is a soft Boolean algebra over K, then H(x) = G(x) is a subalgebra
of K for x ∈ B − A. Hence (H,C) is a soft Boolean algebra over K and so
(H,C) = (F,A)∪̃(G,B) is a soft Boolean algebra over K. �

Remark 2. Let K be a Boolean algebra and S be a non-empty family of subalgebras
of K. Note that intersection of members of S is again a subalgebra of K. But this
is not correct for union. So Theorem 2 does not hold in general if A ∩B 6= ∅.

Theorem 3. Let (F,A) and (G,B) be two soft Boolean algebras over K, then
(F,A)∧̃(G,B) is a soft Boolean algebra over K.

Proof. By Definition 9, we have

(F,A)∧̃(G,B) = (H,A×B)

where H(x, y) = F (x)∩G(y) for all x ∈ A and y ∈ B. Since (F,A) and (G,B) are
soft Boolean algebras overK, then F (x) andG(y) are subalgebras ofK for all x ∈ A,
y ∈ B and so the intersection F (x)∩G(y) is also a subalgebra of K. Hence H(x, y)
is a subalgebra of K for all x ∈ A and y ∈ B. Then (F,A)∧̃(G,B) = (H,A×B) is
a soft Boolean algebra over K. �
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Theorem 4. Let (F,A) be a soft Boolean algebra over K. If B is a subset of A,
then (F |B , B) is a soft Boolean algebra over K.

Proof. Since (F,A) is a soft Boolean algebra over K, then F (x) is a subalgebra of
K for all x ∈ A. Therefore, F (x) is also a subalgebra of K for all x ∈ B ⊆ A.
Hence (F |B , B) is a soft Boolean algebra over K. �

Proposition 1. Let (G,B) be a soft set over K and (Fα, Aα) be a soft Boolean
algebra over K for α ∈ Λ, where Λ is an index set. Then

〈(G,B)〉 = ∩{(Fα, Aα) : (G,B) ⊆ (Fα, Aα) } ,
where (Fα, Aα) is a soft Boolean algebra over K for α ∈ Λ, is a soft Boolean algebra
over K. We say that 〈(G,B)〉 is a soft Boolean algebra over K, which is generated
by (G,B) .

Definition 11. Let (F,A) and (G,B) be two soft Boolean algebras over K. Then
(G,B) is a soft subalgebra of (F,A), denoted by (G,B)<̃(F,A), if

(1) B ⊆ A,
(2) G(x) is a subalgebra of F (x) for all x ∈ B.

Example 4. Let (F,A) be a soft set over K and A = K, where K is the Boolean
algebra given in Example 1 and F : A→ P (K) is a set-valued function defined by

F (x) = {y ∈ K : xRy ⇔ mcd(x, y) ≤ x}.
Then F (1) = F (2) = F (3) = F (6) = {1, 2, 3, 6} = K for all x ∈ A and hence (F,A)
is a soft Boolean algebra over K.

Let B = {1, 2, 3} and G : B → P (K) be the set-valued function defined by

G(x) = {1} ∪ {y ∈ K : xR′y ⇔ x ≺ y},
where ” ≺ ” is the operation (strictly) defined on K for all x ∈ B. Then G(1) =
{1, 2, 3, 6}, G(2) = G(3) = {1, 6} and hence (G,B) is a soft Boolean algebra over
K. Moreover, since G(x) is a subalgebra of F (x) for all x ∈ B, then (G,B) is a
soft subalgebra of (F,A).

The class of all soft subalgebras of a soft Boolean algebra (F,A) is a complete
lattice under the relation of being a soft subalgebra (<̃).

Theorem 5. Let (F,A) and (G,A) be two soft Boolean algebras over K.

(1) If G(x) ⊆ F (x) for all x ∈ A, then (G,A)<̃(F,A).
(2) If (F,A) is a soft Boolean algebra over K such that F (x) = {0̄, 1̄} for all

x ∈ A, then (F,A)<̃(G,B) where (G,B) is any soft Boolean algebra over
K.

Proof. The proof is clear. �

Theorem 6. (F,A) is a soft Boolean algebra over K and {(Gα, Bα) : α ∈ Λ} is a
nonempty family of soft subalgebras of (F,A), where Λ is an index set. Then

(1) ∩̃α∈Λ (Gα, Bα) is a soft subalgebra of (F,A),
(2) ∧̃α∈Λ (Gα, Bα) is a soft subalgebra of (F,A),
(3) ∨̃α∈Λ (Gα, Bα) is a soft subalgebra of (F,A) if Bα∩Bβ = ∅ for all α, β ∈ Λ.

Proof. The proof is clear. �

Definition 12. Let (F,A) be a soft Boolean algabra over K. Then
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(1) (F,A) is said to be an identity soft Boolean algebra over K if F (x) = {0̄, 1̄}
for all x ∈ A, where 0̄ and 1̄ is two distinguished elements of K.

(2) (F,A) is said to be an absolute soft Boolean algebra over K if F (x) = K
for all x ∈ A.

Example 5. Consider the Boolean algebra K = FUN (M, {0, 1}) which is given
Example 2. Let (F,A) be a soft set over K, A = M and F : A → P (K) be a
set-valued function defined by

F (x) = {f ∈ K : xRf ⇔ f(x) ∈ {0, 1}}

for all x ∈ A. Then F (a) = F (b) = F (c) = K and so (F,A) is an absolute soft
Boolean algebra over K.

Next, let (G,B) be a soft set over K, where B = M and G : B → P (K) is a
set-valued function defined by

G(x) = {f ∈ K : xR′f ⇔ f(x) = f(y) for x 6= y}.

Then G(a) = G(b) = G(c) = {f1, f2} and hence (G,B) is an identity soft Boolean
algebra over K.

Definition 13. Let (F,A) be a soft Boolean algebra over K. A soft set (G,B)
over K is called a soft filter on (F,A), denoted by (G,B)B̃(F,A), if it satisfies the
following conditions:

(1) B ⊆ A,
(2) G(x) is a filter of F (x) for all x ∈ B.

Definition 14. Let (F,A) be a soft Boolean algebra over K. A soft set (G,B)
over K is called a soft ideal on (F,A), denoted by (G,B)C̃(F,A), if it satisfies the
following conditions:

(1) B ⊆ A,
(2) G(x) is an ideal of F (x) for all x ∈ B.

Example 6. Let (F,A) be soft Boolean algebra over K, which is given in Example
5. That is, A = M and F : A→ P (K) is the set-valued function defined by

F (x) = {f ∈ K : xRf ⇔ f(x) ∈ {0, 1}}

such that F (x) = K for all x ∈ A.
Let (G,B) be a soft set over K, B = M and G : B → P (K) be a set-valued

function defined by

G(x) = {f ∈ K : xRf ⇔ f(x) = 1}
for all x ∈ B. Then G(a) = {f2, f3, f4, f5}, G(b) = {f2, f4, f6, f8} and G(c) =
{f2, f5, f6, f7}. So G(x) is a filter of F (x) for all x ∈ B. Hence (G,B) is a soft
filter on (F,A).

Let C = M and H : C → P (K) be the set-valued function defined by

H(x) = {f ∈ K : xRf ⇔ f(x) = 0}

for all x ∈ C. Then H(a) = {f1, f6, f7, f8}, H(b) = {f1, f3, f5, f7} and H(c) =
{f1, f3, f4, f8}. So H(x) is an ideal of F (x) for all x ∈ C. Hence (H,C) is a soft
ideal on (F,A).

Remark 3. (F,A) be a soft Boolean algebra over K.
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(1) If (G,B) is a soft filter on (F,A), then

(H,C) = {F (x)−G(x) : G(x) is a filter of F (x) for all x ∈ B}
is a soft ideal on (F,A).

(2) If (H,C) is a soft ideal on (F,A), then

(G,B) = {F (x)−H(x) : H(x) is an ideal of F (x) for all x ∈ C}
is a soft filter on (F,A). If this is the case we say that (G,B) and (H,C)
are dual to each other.

Definition 15. Let (F,A) be a soft Boolean algebra over K and (G,B) a soft set
over K such that B ⊆ A. Then

(1) (G,B) is said to be identity soft ideal on (F,A) if G(x) = {0̄} for every
x ∈ B,

(2) (G,B) is said to be identity soft filter on (F,A) if G(x) = {1̄} for every
x ∈ B.

Example 7. Let (F,A) be a soft Boolean algebra over K, which is given in Example
2 and (G,B) be a soft set over K. Let B = M and G : B → P (K) be a set-valued
function defined by

G(x) = {f ∈ K : xRf ⇔ f(x) = f(y) = 0 for x 6= y}
for all x ∈ B. Then G(a) = G(b) = G(c) = {f1} and so (G,B) is an identity soft
ideal on (F,A).

Let C = M and H : C → P (K) be the set-valued function defined by

H(x) = {f ∈ K : xRf ⇔ f(x) = f(y) = 1 for x 6= y}
for all x ∈ C. Then H(a) = H(b) = H(c) = {f2} and so (H,C) is an identity soft
filter on (F,A).

Definition 16. Let (F,A) be a soft Boolean algebra over K. Then

(1) (F,A) is called to be an atomic soft Boolean algebra over K, if F (x) is an
atomic subalgebra of K for all x ∈ A,

(2) (F,A) is called to be a complete soft Boolean algebra over K, if F (x) is a
complete subalgebra of K for all x ∈ A.

Theorem 7. Let (F,A) be a soft Boolean algebra over K. If K is a finite Boolean
algebra, then (F,A) is a complete and atomic soft Boolean algebra over K.

Proof. Let (F,A) be a soft Boolean algebra over K. Since K is a finite Boolean
algebra, it is both complete and atomic. Therefore, we have that F (x) is a complete
and atomic subalgebra of K for all x ∈ A. Hence (F,A) is a complete and atomic
soft Boolean algebra over K. �

Definition 17. Let K and L be two Boolean algebras and f : K −→ L be a mapping
of Boolean algebras. If (F,A) and (G,B) are soft sets over K and L, respectively
then

(1) (f(F ), A) is a soft set over L, where f(F ) : A −→ P (L) is defined by
f(F )(x) = f(F (x)) for all x ∈ A,

(2) (f−1(G), B) is a soft set over K, where f−1(G) : B −→ P (K) is defined
by f−1(G)(y) = f−1(G(y)) for all y ∈ B.

Proposition 2. Let f : K −→ L be an onto Boolean homomorphism. Then
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(1) if (F,A) is a soft Boolean algebra over K, then (f(F ), A) is a soft Boolean
algebra over L,

(2) if (G,B) is a soft Boolean algebra over L, then (f−1(G), B) is a soft Boolean
algebra over K if it is non-null.

Proof. Let f : K −→ L be an onto Boolean homomorphism.

(1) Since F (x) is a subalgebra of K and its homomorphic image is a subalgebra
of L for all x ∈ A, it follows that f(F )(x) = f(F (x)) is a subalgebra of L.
Hence (f(F ), A) is a soft Boolean algebra over L.

(2) Because of the fact that (G,B) is a soft Boolean algebra over L, we have
G(y) is a subalgebra of L for all y ∈ B. Since f is a Boolean homomorphism,
its homomophic inverse image f−1(G(y)) is also a subalgebra of K for all
y ∈ B. Then (f−1(G), B) is a soft Boolean algebra over K.

�

Proposition 3. Let (F,A) be a soft Boolean algebra over K and (G,B) be a soft
subalgebra of (F,A). If f is a Boolean homomorphism from K to L, then (f(G), B)
is a soft subalgebra of (f(F ), A).

Proof. If (G,B) is a soft subalgebra of (F,A), then B ⊆ A and G(x) is a subalgebra
of F (x) for all x ∈ B. Since f is a Boolean homomorphism from K to L and
homomorphic image of a subalgebra in K is a subalgebra in L, we have that f(F (x))
and f(G(y)) are subalgebras of L for all x ∈ A and y ∈ B. Also, f(G(y)) is
a subalgebra of f(F (x)) for all y ∈ B. Hence (f(G), B) is a soft subalgebra of
(f(F ), A). �

Proposition 4. Let (F,A) be a soft Boolean algebra over L and (G,B) be a soft sub-
algebra of (F,A). If f is a Boolean homomorphism from K to L, then (f−1(G), B)
is a soft subalgebra of (f−1(F ), A).

Proof. The proof is made similar to Proposition 3. �

Proposition 5. Let (F,A) be a soft Boolean algebra over K and (G,B) be a soft
set over K. Suppose that f is a Boolean homomorphism from K to L. Then

(1) if (G,B) is a soft filter on (F,A) then (f(G), B) is a soft filter on (f(F ), A)
(2) if (G,B) is a soft ideal on (F,A) then (f(G), B) is a soft ideal on (f(F ), A).

Proof. The proof is made similar to Proposition 3. �

Theorem 8. Let f : K −→ L be a Boolean homomorphism. Suppose that (F,A)
and (G,B) are two soft Boolean algebras over K and L, respectively.

(1) If (F,A) is an identity soft Boolean algebra over K, then (f(F ), A) is an
identity soft Boolean algebra over L.

(2) If f is onto and (F,A) is an absolute soft Boolean algebra, then (f(F ), A)
is an absolute soft Boolean algebra over L.

(3) If G(y) = f(K) for all y ∈ B, then (f−1(G), B) is an absolute soft Boolean
algebra over K.

(4) If f is injective and (G,B) is an identity soft Boolean algebra, then (f−1(G), B)
is an identity soft Boolean algebra over K.

Proof. Suppose that f : K −→ L is a Boolean homomorphism.
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(1) Let (F,A) be an identity soft Boolean algebras over K. Then for all x ∈
A, we have F (x) = {0̄K , 1̄K}, where 0̄K and 1̄K are two distinguished
elements of K. Since f is a Boolean homomorphism, f(F )(x) = f(F (x)) =
f ({0̄K , 1̄K}) = {0̄L, 1̄L} for all x ∈ A. Then (f(F ), A) is an identity soft
Boolean algebra over L.

(2) Let f be onto and (F,A) is absolute soft Boolean algebra. Then, F (x) = K
for all x ∈ A, and so f(F )(x) = f(F (x)) = f(K) = L for all x ∈ A. Then
(f(F ), A) is an absolute soft Boolean algebra over L.

(3) LetG(y) = f(K) for all y ∈ B. Then f−1(G)(y) = f−1(G(y)) = f−1(f(K)) =
K for all y ∈ B. Hence (f−1(G), B) is an absolute soft Boolean algebra
over K.

(4) Let f be injective and (G,B) is an identity soft Boolean algebra over L.
Then G(y) = {0̄L, 1̄L} for all y ∈ B and so f−1(G)(y) = f−1(G(y)) =
f−1 ({0̄L, 1̄L}) = {0̄K , 1̄K} . Then (f−1(G), B) is an identity soft Boolean
algebra over K.

�

Definition 18. Let (F,A) and (G,B) be two soft Boolean algebras over K and L
respectively. Let f : K −→ L and g : A −→ B. Then (f, g) is said to be a soft
Boolean homomorphism if

(1) f is a Boolean homomorphism from K onto L,
(2) g is a mapping from A onto B,
(3) f(F (x)) = G(g(x)) for all x ∈ A.

Then (F,A) is said to be soft Boolean homomorphic to (G,B) and it is denoted
by (F,A) ∼ (G,B). If f is a Boolean isomorphism from K onto L and g is a
bijection from A to B, then (f, g) is said to be a soft Boolean isomorphism. If there
exists a such isomorphism, we say that (F,A) is soft Boolean isomorphic to (G,B)
and denote by (F,A) ' (G,B).

Example 8. Let (G,B) be the soft Boolean algebra given in Example 1. For C =
{a, b} , consider a Boolean algebra L consisting of all subsets of C. Define the
set-valued function H by

H(x) = {X ∈ L : xRX ⇔ {x} ∪X ⊆ {a, b}} .
Then H(a) = H(b) = L. Therefore, H(x) is a subalgebra of L for all x ∈ C. Hence
(H,C) is a soft Boolean algebra over L. Now, define f : K −→ L by f (1) = ∅,
f (2) = {a} , f (3) = {b} and f (6) = {a, b}, and g : B −→ C by g (1) = a, g (6) = a,
g (2) = b and g (3) = b. Then f is a Boolean homomorphism from K to L and g is
a mapping from B to C. Moreover, we have f(G(x)) = H(g(x)) for all x ∈ B. So
(G,B) is soft Boolean homomorphic to (H,C).

Theorem 9. Let K and L be Boolean algebras and (F,A), (G,B) soft sets over K
and L, respectively. If (F,A) is a soft Boolean algebra over K and (F,A) ' (G,B),
then (G,B) is a soft Boolean algebra over L.

Proof. The proof is clear. �

Definition 19. Let (F,A) and (G,B) be two soft Boolean algebras over K and L,
respectively. The product of soft Boolean algebras (F,A) and (G,B) is defined as
(F,A)× (G,B) = (H,A×B), where H(x, y) = F (x)×G(y) for all (x, y) ∈ A×B.
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Theorem 10. Let (F,A) and (G,B) be two soft Boolean algebras over K and L,
respectively. If it is non-null, then the product (F,A) × (G,B) is a soft Boolean
algebra over K × L.

Proof. Let (F,A) × (G,B) = (H,A × B), where H(x, y) = F (x) × G(y) for all
(x, y) ∈ A×B. Then by hypothesis, (H,A×B) is a non-null soft set over K × L.
Since F (x) is a subalgebra of K and G(y) is a subalgebra of L, it follows that
H(x, y) is a subalgebra of K × L for all x ∈ A and y ∈ B. Therefore (H,A×B) is
a soft Boolean algebra over K × L. �

5. Conclusion

In this paper, we have introduced the concept of soft Boolean algebra and have
studied some of their algebraic properties. Basic notions such as soft subalgebra,
soft ideal, soft filter and soft Boolean homomorphism were introduced and their
properties have been investigated. Many examples supporting the results obtained
were also given . The aim of this article is to obtain next algebraic structure by
combining the notion of soft set theory with Boolean algebra which is a well known
algebra. We hope that ideas and methods developed in this paper will be a source
of inspiration for further study.
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GENERATING FUNCTIONS FOR THE GENERALIZED
BIVARIATE FIBONACCI AND LUCAS POLYNOMIALS

ESRA ERKUŞ-DUMAN* AND NA·IM TUGLU

Abstract. The main object of this study is to derive various families of mul-
tilinear and multilateral generating functions for the generalized bivariate Fi-
bonacci and Lucas polynomials. Furthermore, we discuss some critical con-
nections between the generalized bivariate Fibonacci, Lucas polynomials and
the well-known polynomials and numbers, such as, bivariate and univariate
Fibonacci and Lucas polynomials, the classical Fibonacci and Lucas numbers,
Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas and also the �rst and second
kind Chebyshev polynomials.

1. Introduction

The bivariate polynomials of Fibonacci and Lucas, denoted respectively by (Un) =
(Un (x; y)) and (Vn) = (Vn (x; y)), are de�ned by

U0 = 0; U1 = 1; Un = xUn�1 + yUn�2; (n � 2)

and

V0 = 2; V1 = x; Vn = xVn�1 + yVn�2; (n � 2) :
It is established, see for example [7, 9], that

(1) Un (x; y) =

[n�12 ]X
k=0

�
n� k � 1

k

�
xn�2k�1yk;

(2) Vn (x; y) =

[n2 ]X
k=0

n

n� k

�
n� k
k

�
xn�2kyk:

In [3], G.P. Djordjevíc considered the partial derivative sequences of the gen-
eralized bivariate Fibonacci polynomials Un;m (x; y) and the generalized bivariate
Lucas polynomials Vn;m (x; y). These polynomials are de�ned by

Un;m = xUn�1;m + yUn�m;m ; n � m;

with U0;m = 0; Un;m = xn�1; n = 1; 2; :::;m� 1 and

Vn;m = xVn�1;m + yVn�m;m ; n � m;

Key words and phrases. Multilinear and multilateral generating functions, generalized bivari-
ate Fibonacci polynomials, generalized bivariate Lucas polynomials.
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2 E. ERKUŞ-DUMAN AND N. TUGLU

with V0;m = 2; Vn;m = xn; n = 1; 2; :::;m� 1 and generated by

(3) t (1� xt� ytm)�1 =
1X
n=0

Un;m (x; y) t
n

and

(4)
�
2� xtm�1

�
(1� xt� ytm)�1 =

1X
n=0

Vn;m (x; y) t
n:

Clearly, (3) and (4) yield the following explicit representations, respectively:

(5) Un;m (x; y) =

[n�1m ]X
k=0

�
n� 1� (m� 1) k

k

�
xn�1�mkyk

and

(6) Vn;m (x; y) =

[ nm ]X
k=0

n� (m� 2) k
n� (m� 1) k

�
n� (m� 1) k

k

�
xn�mkyk:

If m = 2, then polynomials Un;m (x; y) and Vn;m (x; y) would reduce at once to the
polynomials Un (x; y) and Vn (x; y) given by (1) and (2), respectively.
The aim of this paper is to obtain various families of multilateral and multilinear

generating functions for the generalized Fibonacci and Lucas polynomials. We also
give their special cases for these polynomials. For the theory and applications of
the various methods and techniques for deriving generating functions of special
functions and polynomials, we may refer the interested reader to a recent treatise
on the subject of generating functions [1, 2].

2. Bilinear and Bilateral Generating Functions

In this section, �rstly we derive several families of bilinear and bilateral generat-
ing functions for the generalized bivariate Fibonacci Polynomials Un;m (x; y) which
are generated by (3) and given explicitly by (5).
We begin by stating the following theorem.

Theorem 2.1. Corresponding to an identically non-vanishing function 
�(y1; :::; ys )
of s complex variables y1; :::; ys (s 2 N) and of complex order �, let

(7) ��;�(y1; :::; ys; z) :=
1X
k=0

ak
�+�k(y1; :::; ys )z
k

(ak 6= 0 ; �; � 2 C)
and

(8) �n;m;p;�;�(x; y; y1; :::; ys; �) :=

[n=p]X
k=0

akUn�pk;m (x; y) 
�+�k(y1; :::; ys )�
k

n; p 2 N:
Then we have

(9)
1X
n=0

�n;m;p;�;�(x; y; y1; :::; ys;
�

tp
)tn =

t

1� xt� ytm��;�(y1; :::; ys; �)

provided that each member of (9) exists.
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Proof. For convenience, let S denote the �rst member of the assertion (9) of The-
orem 2.1. Then, upon substituting for the polynomials

�n;m;p;�;�(x; y; y1; :::; ys;
�

tp
)

from the de�nition (8) into the left-hand side of (9), we obtain

(10) S =
1X
n=0

[n=p]X
k=0

akUn�pk;m (x; y) 
�+�k(y1; :::; ys )�
ktn�pk :

Upon inverting the order of summation in (10), if we replace n by n + pk; we can
write

S =
1X
n=0

1X
k=0

ak Un;m (x; y) 
�+�k(y1; :::; ys )�
ktn

=
1X
n=0

Un;m (x; y) t
n
1X
k=0

ak
�+�k(y1; :::; ys )�
k

=
t

1� xt� ytm��;�(y1; :::; ys; �);

which completes the proof of Theorem 2.1. �

The partial derivatives of Un;m (x; y) are de�ned by [3]

U (k;j)n;m (x; y) =
@k+j

@xk@yj
Un;m (x; y) ; k � 0; j � 0:

Let k � 0; j � 0; r � 0: Then, the generalized bivariate Fibonacci Polynomials
Un;m (x; y) have the following relation [3]:X

i1+i2+:::+ir=n

U
(k;j)
i1;m

(x; y)U
(k;j)
i2;m

(x; y) :::U
(k;j)
ir;m

(x; y)

=
((k + j)!)

r

(rk + rj + r � 1)!U
(rk+r�1;rj)
n;m (x; y) :(11)

In precisely the same manner as described proof of Theorem 2.1 and using (11),
we can prove the following result, immediately.

Theorem 2.2. For a non-vanishing function 
�(y1; :::; ys ) of complex variables
y1; :::; ys (s 2 N) let

�n;p�;�(x; y; y1; :::; ys; z)

: =

[n=p]X
h=0

ah
((k + j)!)

r

(rk + rj + r � 1)!U
(rk+r�1;rj)
n�rph;m (x; y) 
�+�h(y1; :::; ys )z

h;

(ah 6= 0 ; n; k; j; r 2 N0; N0 = N[f0g) :
Then we have
(12) P
i1+i2+:::+ir=n

[i1+i2+:::+ir=p]P
l=0

al U
(k;j)
i1�pl;m (x; y) :::U

(k;j)
ir�pl;m (x; y) 
�+�l(y1; :::; ys )z

l

= �n;p�;�(x1; :::; xr; y1; :::; ys; z)

provided that each member of (12) exists.
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Now we derive several families of bilinear and bilateral generating functions for
the generalized bivariate Lucas Polynomials Vn;m (x; y) which are generated by (4)
and given explicitly by (6).

Theorem 2.3. Corresponding to an identically non-vanishing function 
�(y1; :::; ys )
of s complex variables y1; :::; ys (s 2 N) and of complex order �, let

��;�(y1; :::; ys; z) :=
1X
k=0

ak
�+�k(y1; :::; ys )z
k

(ak 6= 0 ; �; � 2 C)
and

�n;m;p;�;�(x; y; y1; :::; ys; �) :=

[n=p]X
k=0

akVn�pk;m (x; y) 
�+�k(y1; :::; ys )�
k

n; p 2 N:
Then we have

(13)
1X
n=0

�n;m;p;�;�(x; y; y1; :::; ys;
�

tp
)tn =

2� xtm�1
1� xt� ytm��;�(y1; :::; ys; �)

provided that each member of (13) exists.

Proof. In precisely the same manner as described proof of Theorem 2.1 and using
the generating function (4) we can prove Theorem 2.3. �

By expressing the multivariable function 
�+�k(y1; :::; ys ) (k 2 N0 ; s 2 N) in
terms of simpler function of one and more variables, we can give further applications
of Theorems 2.1, 2.2 and 2.3. For example, if we set

s = r and 
�+�k(y1; :::; yr ) = h
(�1;:::;�r)
�+�k (y1; :::; yr)

in Theorem 2.1, where a multivariable extension of the Lagrange-Hermite polyno-
mials h(�1;:::;�r)n (x1; :::; xr) are de�ned by means of the generating function [1]

(14)
rY
j=1

�
(1� xjtj)��j

	
=

1X
n=0

h(�1;:::;�r)n (x1; :::; xr)t
n;

�
�j 2 C (j = 1; :::; r) ; jtj < min

j2f1;:::;rg

n
jx1j�1=j

o�
;

then we obtain the following result which provides a class of bilateral generating
functions for the multivariable Lagrange-Hermite polynomials and the generalized
bivariate Fibonacci polynomials.

Corollary 2.4. If ��;�(y1; :::; yr; z) :=
1P
k=0

akh
(�1;:::;�r)
�+�k (y1; :::; yr)z

k where (ak 6=

0 ; �; � 2 C); and

�n;m;p;�;�(x; y; y1; :::; yr; �) :=

[n=p]X
k=0

akUn�pk;m (x; y)h
(�1;:::;�r)
�+�k (y1; :::; yr)�

k

n; p 2 N:

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

818 ESRA ERKUS-DUMAN ET AL 815-821



GENERALIZED BIVARIATE FIBONACCI AND LUCAS POLYNOMIALS 5

Then we have

(15)
1X
n=0

�n;m;p;�;�(x; y; y1; :::; ys;
�

tp
)tn =

t

1� xt� ytm��;�(y1; :::; ys; �)

provided that each member of (15) exists.

Remark 2.1. Using the generating relation (14) for the multivariable Lagrange-
Hermite polynomials and taking ak = 1; � = 0; � = 1; we have

1X
n=0

[n=p]X
k=0

Un�pk;m (x; y)h
(�1;:::;�r)
k (y1; :::; yr)�

ktn�pk

=
t

1� xt� ytm
rY
j=1

�
(1� yj�j)��j

	
;

where
j�j < min

n
jy1j�1 ; :::; jyrj�1=r

o
:

Choosing s = 2 and 
�+�k(u1; u2 ) = U
(k;j)
�+�k;m (u1; u2) ; (�; � 2 N0); in Theorem

2.2 we obtain the following class of bilinear generating functions for the partial
derivatives of the generalized bivariate Fibonacci polynomials Un;m (x; y).

Corollary 2.5. If

�n;p�;�(x; y;u1; u2; z)

: =

[n=p]X
h=0

ah
((k + j)!)

r

(rk + rj + r � 1)!U
(rk+r�1;rj)
n�rph;m (x; y)U

(k;j)
�+�k;m (u1; u2) z

h;

where ah 6= 0 ; �; � 2 N0: Then we have
(16) P
i1+i2+:::+ir=n

[i1+i2+:::+ir=p]P
l=0

al U
(k;j)
i1�pl;m

(x; y) :::U
(k;j)
ir�pl;m (x; y)U

(k;j)
�+�l;m (u1; u2) z

l

= �n;p�;�(x; y;u1; u2; z)

provided that each member of (16) exists.

If we set
s = 1 and 
�+�k(u ) = E�+�k(u)

in Theorem 2.3, where the Euler polynomials En (x) is de�ned by means of the
generating function [4]

(17)
2ext

et + 1
=

1X
n=0

En (x)
tn

n!
;

then we obtain the following result which provides a class of bilateral generating
functions for the Euler polynomials and the generalized bivariate Lucas polynomi-
als.

Corollary 2.6. If ��;�(u; z) :=
1P
k=0

akE�+�k(u)z
k where (ak 6= 0 ; �; � 2 C); and

�n;m;p;�;�(x; y;u; �) :=

[n=p]X
k=0

akVn�pk;m (x; y)E�+�k(u)�
k
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n; p 2 N:
Then we have

(18)
1X
n=0

�n;m;p;�;�(x; y;u;
�

tp
)tn =

2� xtm�1
1� xt� ytm��;�(y1; :::; ys; �)

provided that each member of (18) exists.

Remark 2.2. Using the generating relation (17) for the Euler polynomials and

taking ak =
1

k!
; � = 0; � = 1; we have

1X
n=0

[n=p]X
k=0

1

k!
Vn�pk;m (x; y)Ek(u)�

ktn�pk

=
2eu�

�
2� xtm�1

�
(e� + 1) (1� xt� ytm) :

Furthermore, for every suitable choice of the coe¢ cients ak (k 2 N0); if the
multivariable function 
�+�k(y1; :::; ys); (s 2 N); is expressed as an appropriate
product of several simpler functions, the assertions of Theorems 2.1, 2.2 and 2.3
can be applied in order to derive various families of multilinear and multilateral
generating functions for the generalized bivariate Fibonacci and Lucas polynomials.

3. Further Consequences

In this section, we give some special cases of the results obtain in the previous
section. Here, we only discuss some critical connections between the generalized
bivariate Fibonacci, Lucas polynomials and the well-known polynomials and num-
bers, but we avoid their statements and proofs.

(a) In the case of m = 2, our all results contain several families of multilat-
eral and multilinear generating functions of the bivariate polynomials of
Fibonacci and Lucas given in (1) and (2).

(b) If we choosem = 2 and y = 1, then we get miscellaneous results for the fam-
ilies of multilinear and multilateral generating functions of the (univariate)
Fibonacci and Lucas polynomials, respectively, by (see [8]):

fn (x) =

[n�12 ]X
k=0

�
n� 1� k

k

�
xn�1�2k;

ln (x) =

[n2 ]X
k=0

n

n� k

�
n� k
k

�
xn�2k:

(c) If we take m = 2 and x = y = 1, then we now obtain some families of mul-
tilinear and multilateral generating functions for the well-known Fibonacci
and Lucas numbers de�ned by (see, for example, [8])

Fn =

[n�12 ]X
k=0

�
n� 1� k

k

�
;
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Ln =

[n2 ]X
k=0

n

n� k

�
n� k
k

�
:

(d) Of course, replacing x by 2x in (1) and (2) (and resp. replacing y by
2y in (1) and (2)) from (a), we get various families of multilinear and
multilateral generating functions for the Pell and Pell-Lucas polynomials
(and resp. Jacobsthal and Jacobsthal-Lucas polynomials) [5, 6].

(e) By using the following relation (see [8]) between Fibonacci and the �rst
kind Chebyshev polynomials Un (x)

fn (x) = ni
n�1Un�1

�
� ix
2

�
;
�
n � 1 and i =

p
�1
�
;

all results in (b) can be modi�ed according to the polynomials Un (x).

(f) Similarly, with the help of the fact that

ln (x) = 2i
nTn

�
� ix
2

�
; (n � 0) ;

where Tn (x) denotes the second kind Chebyshev polynomials, the results
in (b) are also valid for the polynomials Tn (x). We should recall that the
well-known properties of the �rst and second kind Chebyshev polynomials
may be found in the books [10].
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Abstract
In this paper we characterize QK,ω(p, q; n) spaces of analytic functions on the unit disk in terms of

nondecreasing functions. The relations between integral norms of QK,ω(p, q; n) spaces and the norms
of weighted Bloch spaces Bα

ω are given. Further, we obtain similar criteria for the little weighted
Bloch space of analytic functions.

1 Introduction

Let ∆ = {z : |z| < 1} be the open unit disk in the complex plane C. Recall that the well known Bloch
space (cf. [1, 2, 23, 26, 27, 28]) is defined as follows:

B = {f : f analytic in ∆ and sup
z∈∆

(1− |z|2)|f ′(z)| < ∞}.

Let 0 < q < ∞. The Besov-type spaces

Bq =
{

f : f analytic in ∆ and sup
a∈∆

∫

∆

∣∣f ′(z)
∣∣q(1− |z|2)q−2(1− |ϕa(z)|2)2dσz < ∞

}

are introduced and studied intensively by Stroethoff (cf. [32]), where dσz is the Euclidean area element
dxdy. Here, ϕa(z) stands for the Möbius transformation of ∆ given by ϕa(z) = a−z

1−āz , where a ∈ ∆. In
1994, Aulaskari and Lappan [14] introduced a class of holomorphic functions, the so called Qp-spaces as
follows:

Qp =
{

f : f analytic in ∆ and sup
a∈∆

∫

∆

∣∣f ′(z)
∣∣2gp(z, a)dσz < ∞

}
,

where 0 < p < ∞ and the weight function g(z, a) = log
∣∣∣∣1−āz

a−z

∣∣∣∣ is defined as the composition of the

Möbius transformation ϕa and the fundamental solution of the two-dimensional real Laplacian. The
weight function g(z, a) is actually Green’s function in ∆ with pole at a ∈ ∆.
For 0 < p < ∞, −2 < q < ∞, we say that a function f analytic in ∆ belongs to the space QK(p, q) (cf.
[9, 11, 33]), if

‖f‖K,p,q = sup
a∈∆

∫

∆

∣∣f ′(z)
∣∣p(1− |z|2)q

K(g(z, a))dσz < ∞.

AMS: 32A18, 46E15
Key words and phrases : weighted Bloch spaces, QK,ω(p, q; n) spaces
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Recall that the analytic function

f(z) =
∞∑

k

akznk (with nk ∈ N ; for all k ∈ N = {1, 2, 3, . . .})

is said to belong to the Hadamard gap class (also known as lacunary series) if there exists a constant
c > 1 such that nk+1

nk
≥ c for all k ∈ N (see e.g. [4, 5, 22, 24]).

Now, given a reasonable function ω : (0, 1] → [0,∞), the weighted Bloch space Bω (see [16]) is defined as
the set of all analytic functions f on ∆ satisfying

(1− |z|)|f ′(z)| ≤ Cω(1− |z|), z ∈ ∆,

for some fixed C = Cf > 0. In the special case where ω ≡ 1,Bω reduces to the classical Bloch space B.
Here, the word “reasonable” is a non-mathematical term; it was just intended to mean that the “not too
bad” and the function satisfy some natural conditions.
Now, we introduce the following definitions:

Definition 1.1 For a given reasonable function ω : (0, 1] → [0,∞) and for 0 < α < ∞. An analytic
function f on ∆ is said to belong to the α−weighted Bloch space Bα

ω;n if

‖f‖Bα
ω;n

= sup
z∈∆

(1− |z|)nα

ω(1− |z|) |f
(n)(z)| < ∞; n ∈ N.

Definition 1.2 For a given reasonable function ω : (0, 1] → [0,∞) and for 0 < α < ∞. An analytic
function f on ∆ is said to belong to the little weighted Bloch space Bα

ω,n;0 if

‖f‖Bα
ω;n,0

= lim
|z|→1−

(1− |z|)nα

ω(1− |z|) |f
(n)(z)| = 0; n ∈ N.

One should note that this class is different from the weighted Bloch space which studied in [36].
Throughout this paper and for some techniques we consider the case of ω 6≡ 0. Now, we introduce the
following definition:

Definition 1.3 For a nondecreasing function K : [0,∞) → [0,∞), 0 < p < ∞, −2 < q < ∞ and for a
given reasonable function ω : (0, 1] → (0,∞), an analytic function f in ∆ is said to belong to the space
QK,ω(p, q; n) if

‖f‖p
K,ω,p,q;n = sup

a∈∆

∫

∆

∣∣f (n)(z)
∣∣p(1− |z|)np−p+q K(g(z, a))

ωp(1− |z|) dσz < ∞; n ∈ N.

Remark 1.1 It should be remarked that QK,ω(p, q; n) classes are more general than many classes of
analytic functions. If n = 1, we obtain the class QK,ω(p, q) as studied in [10, 29, 30]. If n = 1, and
ω ≡ 1, we obtain QK(p, q) type spaces (cf. [9, 11, 33]). If If n = 1, q = p = 2, and ω(t) = t, we
obtain QK spaces as studied recently in [17, 18, 34] and others. If If n = 1, q = p = 2, ω(t) = t and
K(t) = tp, we obtain Qp spaces as studied in [14, 15] and others. If If n = 1, ω ≡ 1 and K(t) = ts, then
QK,ω = F (p, q, s) classes (cf. [8, 37, 38]).

In this paper, we characterize the weighted Bloch space Bα
ω;n by QK,ω(p, q; n) spaces. One of the main

results is a general Besov-type characterization for Bα
ω;n functions that extends and generalizes the

Stroethoff’s theorem [32]. Also, we extend and improve some results due to Essén et. al [18] using
our new definitions.

2 Analytic QK,ω(p, q; n) classes

In this paper we show some relations betwen QK,ω(p, q;n) norms and Bα
ω;n norms for a nondecreasing

function K, also we give a general way to construct different spaces QK,ω1(p, q; n) and QK2,ω(p, q;n) by
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using some functions K1 and K2.
Before proving theorems we recall some few facts about the Möbius function ϕa. First, the function ϕa

is easily seen as:
(ϕa ◦ ϕa)(z) = z for all z ∈ ∆

The following identity can be obtained by straight forward computation:

1− |ϕa(z)|2 =
(1− |a|2)(1− |z|2)

|1− az|2 , a, z ∈ ∆.

A slightly different form in which we will apply the above identity is:

1− |ϕa(z)|2
1− |z|2 = |ϕ′a(z)| , a, z ∈ ∆. (1)

For a point a ∈ ∆ and 0 < r < 1, the pseudo-hyperbolic disc ∆(a, r) with pseudo-hyperbolic center a
and pseudo-hyperbolic radius r is defined by ∆(a, r) = ϕa(r∆).
For a ∈ ∆, the substitution z = ϕa(w) results in the Jacobian change in measure given by the equality
dσw = |ϕ′a(z)|2dσz. For a Lebesgue integrable or a non-negative Lebesgue measurable function h on ∆
we thus have the following change-of-variable formula:

∫

∆(0,r)

h(ϕa(w))dσw =
∫

∆(a,r)

h(z)
(

1− |ϕa(z)|2
1− |z|2

)2

dσz . (2)

We assume throughout this paper that
∫ 1

0

K

(
log

1
r

)
r

(1− r)2
dr < ∞ . (3)

We need the following lemmas in the sequel.

Lemma 2.1 Let α ∈ (0,∞) and suppose that f(z) =
∞∑

j=1

ajz
nj belongs to Hadamard gap class. Then

f ∈ Bα
ω;n if and only if

sup
j∈N

|aj |n1−α
j < ∞ , where N = {1, 2, 3, . . .} .

Proof: The proof is very similar to the overspending result in [35] with simple modifications, so it will
be omitted.

Lemma 2.2 For a given reasonable function ω : (0, 1] → [0,∞). Let f1(z), f2(z) be analytic functions on
∆. Then,

|f (n)
1 (z)|+ |f (n)

2 (z)| ≈ ω(1− |z|)
(1− |z|) , z ∈ ∆. (4)

Proof: If n = 1, the proof is known from [29]. Now, we consider the case 1 < n < ∞. For a large number
q ∈ N, choose a gap series:

f
(n−1)
1 (z) =

∞∑

j=0

zqj

, z ∈ ∆.

Then, apply lemma 2.1 to infer that (1−|z|)|f(n)
1 (z)|

ω((1−|z|)) ≤ λ holds for all z ∈ ∆, where λ is a constant.
Furthermore, let us verify

(1− |z|)|f (n)
1 (z)|

ω((1− |z|)) ≥ λ , 1− q−k ≤ |z| ≤ 1− q−(k+ 1
2 ) , k ∈ N. (5)

And
q−(k+ 1

2 ) ≤ 1− |z| ≤ q−k ⇒ ω(q−(k+ 1
2 )) ≤ ω(1− |z|) ≤ ω(q−k).
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Observe that for any z ∈ ∆,

|f (n)
1 (z)| ≥ qk|z|qk −

k−1∑

j=0

qj |z|qj −
∞∑

k+1

qj |z|qj

= T1 − T2 − T3.

Then, fix a z with |z| ∈ [1− q−k, 1− q−(k+ 1
2 )], k ∈ N, and put x = |z|qk

. Thus

(1− q−k)qk ≤ x ≤ [(1− q−(k+ 1
2 ))qk+ 1

2 ]q
−1
2 .

If q is large enough, then for k ≥ 1 one has

1
3
≤ x ≤ (

1
2
)q
−1
2 , (6)

and hence T1 ≥ qk

3 . Since it is easy to establish T2 ≤ 1
n−1

∑k−1
j=0 qj ≤ qk

q−1 , it remains to deal with the

third term T3. Noting that |z|qn(q−1) ≤ |z|qk+1(q−1), n ≥ k + 1, namely, in T3 the quotient of two
successive terms is not greater than the ratio of the first two terms, one finds that the series of T3 is
controlled by the geometric series having the same first two terms. Accordingly (6) is applied to produce

T3 ≤ qk+1|z|qk+1
∞∑

j=0

(
q|z|qk+2−qk+1

)j

=
qk+1|z|qk+1

1− q|z|(qk+2−qk+1)
= qk qxq

1− qxq2−q
≤ qk q( 1

2 )q
1
2

1− q( 1
2 )q

3
2 − q

1
2

.

The preceding estimates for T1, T2 and T3 imply

|f (n)
1 (z)| ≥ qk

4
ω(1− |z|)
ω(1− |z|) =

qk+ 1
2

4q
1
2

ω(1− |z|)
ω(1− |z|)

≥ ω(1− |z|)
4q

1
2 (1− |z|)× ω(1− |z|) ≥

ω(1− |z|)
4q

1
2 ω(q−k)× (1− |z|) ; ω(q−k) 6→ ∞.

Reaching (5). In a completely similar manner one can prove that if q is a large natural number, for example

q = m2 where m is a large natural number, and if f
(n−1)
2 (z) =

∞∑
j=0

zqj

, z ∈ ∆, then (1−|z|2)|fn
2 (z)| ≤ λ

for all z ∈ ∆ (owing to Lemma 2.1) and

(1− |z|)|f (n)
1 (z)|

ω((1− |z|)) ≤ λ, 1− q−(k+ 1
2 ) ≤ |z| ≤ 1− q−(k+1), k ∈ N. (7)

Of course, (5) and (7) yield (4) unless it occurs that f
(n)
1 (z) and f

(n)
2 (z) have common zero in {z ∈ ∆ :

|z| < 1− q−1} in which case one can replace f2(z) with f2(ζz) for appropriate ζ ∈ ∂∆, where ∂∆ is the
boundary of the unit disk (note that f (n)(0) = 1). Our lemma is therefore proved .

Using the same steps of Lemma 2.2, it is not hard to prove the following lemma.

Lemma 2.3 Let ω : (0, 1] → (0,∞) and let 1 ≤ α < ∞. Then there are two functions f1 , f2 ∈ Bα
ω;n

such that

|f (n)
1 (z)|+ |f (n)

2 (z)| ≈ ω(1− |z|)
(1− |z|)α

, z ∈ ∆. (8)

Proof: The proof is very similar to the proof of Lemma 2.2 and lemma 3.1 in [19], so it will be omitted.

Theorem 2.1 Let 0 < p < ∞, −2 < q < ∞. Then, for each non-decreasing function K : [0,∞) → [0,∞)
and for a given reasonable non-decreasing function ω : (0, 1] → (0,∞) with ω(k t) ≈ ω(t), k > 0, we
have that
(i) QK,ω(p, q; n) ⊂ B

np−p+q+2
p

ω;n and

(ii) QK,ω(p, q; n) = B
np−p+q+2

p
ω;n if and only if (3) holds.
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Proof: For a fixed r ∈ (0, 1) and a ∈ ∆, let

E(a, r) =
{

z ∈ ∆ , |z − a| < r(1− |a|)
}

.

We know that E(a, r) ⊂ ∆(a, r) and for any z ∈ E(a, r), we have

(1− r)(1− |a|) ≤ 1− |z| ≤ (1 + r)(1− |a|),
which means that 1− |z| ' 1− |a| for any z ∈ E(a, r). Denote

Fω,p,q;n(f)(z) =
∣∣f (n)(z)

∣∣p (1− |z|)np−p+q

ωp(1− |z|)
Then, we obtain

∫

∆

Fω,p,q;n(f)(z)K
(
g(z, a)

)
dσz ≥

∫

∆(a,r)

Fω,p,q;n(f)(z)K
(
g(z, a)

)
dσz

≥ K

(
log

1
r

) ∫

∆(a,r)

Fω,p,q;n(f)(z) d σz

≥ K

(
log

1
r

) ∫

E(a,r)

Fω,p,q;n(f)(z) dσz.

For every z ∈ E(a, r), we have that

(1− r)(1− |a|) ≤ 1− |z| ≤ (1 + r)(1− |a|).
Now, since we assume that ω is non-decreasing, then we obtain that

∫

E(a,r)

Fω,p,q;n(f)(z) dσz ≥ (1− r)np−p+q(1− |a|)np−p+q

ωp((1− r)(1− |a|))
∫

E(a,r)

∣∣f (n)(z)
∣∣p dσz.

Since |f (n)(z)|p is a subharmonic function, then
∫

E(a,r)

∣∣f (n)(z)
∣∣p dσz ≥ |E(a, r)| × |f (n)(a)

∣∣p = r2(1− |a|)2|f (n)(a)
∣∣p.

Then we obtain
∫

∆

Fω,p,q;n(f)(z)K
(
g(z, a)

)
dσz ≥ K

(
log

1
r

)
(1− r)p(1− |a|)q+2

ωp((1− r)(1− |a|)) |f
(n)(a)

∣∣p

≥ πr2K

(
log

1
r

)
(1− r)np−p+q(1− |a|)np−p+q+2

ωp(1− |a|) |f (n)(a)
∣∣p

If f ∈ QK,ω(p, q; n), then by the above estimate we have that

sup
a∈∆

(1− |a|)np−p+q+2|f (n)(z)|p
ωp(1− |a|) < ∞.

The proof of (i) is therefore completed.

Now, we show that B
np−p+q+2

p
ω;n ⊂ QK,ω(p, q;n) provided that K satisfies condition (3). For f ∈ B

np−p+q+2
p

ω;n ,
we have that,

∫

∆

Fω,p,q;n(f)(z)K
(
g(z, a)

)
dσz ≤

∥∥f
∥∥p

B
np−p+q+2

p
ω;n

∫

∆

(1− |z|2)−2K
(
g(z, a)

)
d σz

= 2π
∥∥f

∥∥p

B
np−p+q+2

p
ω;n

∫ 1

0

K

(
log

1
r

)
r

(1− r2)2
dr < ∞,
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which shows that
B

np−p+q+2
p

ω;n ⊂ QK,ω(p, q;n).

Now we assume that B
np−p+q+2

p
ω;n = QK,ω(p, q;n) and we verify that (3) holds. From Lemma 2.3, for f1

and f2 in B
np−p+q+2

p
ω;n , we have that

|f (n)
1 (z)|+ |f (n)

2 (z)| ≥ ω(1− |z|)
(1− |z|)np−p+q+2

p

. (9)

Then f1, f2 ∈ QK,ω(p, q;n) and

∞ > sup
a∈∆

∫

∆

(∣∣f (n)
1 (z)

∣∣p +
∣∣f (n)

2 (z)
∣∣p

)
(1− |z|)np−p+q+2 K

(
g(z, a)

)

ωp(1− |z|) dσz

≥
∫

∆

(∣∣f (n)
1 (z)

∣∣ +
∣∣f (n)

2 (z)
∣∣
)p

(1− |z|)np−p+q+2 K
(
g(z, 0)

)

ωp(1− |z|) dσz (10)

From (9) and (10), we obtain

∫

∆

(∣∣f (n)
1 (z)

∣∣p +
∣∣f (n)

2 (z)
∣∣p) (1− |z|)np−p+q+2 K

(
g(z, 0)

)

ωp(1− |z|) dσz ≈ 2π

∫ 1

0

K

(
log

1
r

)
r

(1− r)2
dr.

Thus (3) holds, and this completes the proof.

We say that f ∈ QK,ω,0(p, q; n) if

lim
|a|→1−

∫

∆

∣∣f (n)(z)
∣∣p (1− |z|)np−p+q+2 K(g(z, a))

ωp(1− |z|) dσz = 0. (11)

Now, we give the following result for QK,ω,0(p, q;n) and Bα
ω,n;0 classes.

Theorem 2.2 Let 0 < p < ∞, −2 < q < ∞. Then, for each non-decreasing function K : [0,∞) → [0,∞)
and for a given reasonable non-decreasing function ω : (0, 1] → (0,∞) with ω(k t) ≈ ω(t), k > 0, we
have that
(i) QK,ω,0(p, q;n) ⊂ B

np−p+q+2
p

ω,n;0 and

(ii) QK,ω,0(p, q;n) = B
np−p+q+2

p

ω,n;0 , if and only if (3) holds.

Proof: Without loss of generality, we assume that K(1) > 0. From the proof of Theorem 2.1, we have
that

π( 1
e )2 K(1) (1−|a|)np−p+q+2

ωp(1−|a|) |f (n)(a)|p ≤ K(1)
∫

E(a)

Fω,p,q;n(f)(z) dσz

≤ K(1)
∫

∆(a, 1
e )

Fω,p,q;n(f)(z) dσz

≤
∫

∆

Fω,p,q;n(f)(z)K
(
g(z, a)

)
dσz ,

where

E(a) =
{

z ∈ ∆ , |z − a| < 1
e
(1− |a|)

}
.

If f ∈ QK,ω,0(p, q;n), we obtain that

lim
|a|→1−

(1− |a|)np−p+q+2|f (n)(a)|p
ωp(1− |a|) = 0.
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(ii) We only need to prove that B
np−p+q+2

p

ω,n;0 ⊂ QK,w,0(p, q; n). Assume that

A =
∫ 1

0

K

(
log

1
r

)
r

(1− r)2
dr < ∞.

For a given ε > 0 there exists an r1, 0 < r1 < 1, such that
∫ 1

r1

K

(
log

1
r

)
r

(1− r)2
dr < ε. (12)

Then we have that,
∫

∆\∆(a,r1)

∣∣f (n)(z)
∣∣p (1− |z|)np−p+q K(g(z, a))

ωp(1− |z|) dσz

≤ ∥∥f
∥∥p

B
np−p+q+2

p
ω,n;0

∫

∆\∆(a,r1)

K(g(z, a))
(1− |z|)2 dσz

=
∥∥f

∥∥p

B
np−p+q+2

p
ω,n;0

∫

r1<|w|<1

K

(
log

1
|w|

)
1

(1− |w|)2 dσw

=
∥∥f

∥∥p

B
np−p+q+2

p
ω,n;0

∫ 1

r1

K

(
log

1
r

)
r

(1− r)2
dr ≤ 2π ε

∥∥f
∥∥p

B
np−p+q+2

p
ω,n;0

. (13)

Similarly, if f ∈ B
np−p+q+2

p

ω,n;0 , we obtain that

|f (n)(ϕa(w))|p (1− |ϕa(w)|2)np−p+q+2
p

ωp(1− |ϕa(w)|) −→ 0

converges uniformly for |w| ≤ r if |a| → 1−, where r is fixed and 0 < r < 1. Then, we obtain that

lim
|a|→1−

∫

∆

∣∣f (n)(z)
∣∣p (1− |z|)np−p+q K

(
g(z, a)

)

ωp(1− |z|) dσz

= lim
|a|→1−

∫

|w|<r

∣∣f (n)(ϕa(w))
∣∣p (1− |ϕa(w)|)np−p+q K

(
log 1

|w|
)

ωp(1− |ϕa(w)|)(1− |w|)2 dσw

≤ A lim
|a|→1−

sup
|w|≤r1

∣∣f (n)(ϕa(w))
∣∣p (1− |ϕa(w)|)np−p+q+2

ωp(1− |ϕa(w)|) = 0. (14)

By (13) and (14) it is easy to obtain that

lim
|a|→1−

∫

∆

∣∣f (n)(z)
∣∣p (1− |z|)np−p+q K

(
g(z, a)

)

ωp(1− |z|) dσz = 0. (15)

Conversely, suppose that (3) does not hold; that is
∫ 1

0

K

(
log

1
r

)
r

(1− r)2
dr = ∞.

Thus we find a continuous strictly decreasing function g : [0, 1) −→ [0,∞) tending to zero at 1 such that
∫ 1

0

K

(
log

1
r

)
g(r)

(1− r)2ωp(1− r)
r dr = ∞. (16)

It is easy to see that

r2k+1−2 ≥ exp{−2k+2(1 + r)}, r ∈ [0.5, 1). (17)
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We know that for β > 0 that, t2β exp{−4t}t= β
2

=
(

β
2

)2β exp{−2β}. Then, there exists an integer k for
3
4 ≤ r < 1 such that β

2 ≤ 2k(1− r) < β+1
2 and

2βk exp{−2k+2(1− r)} = (1− r)−2β

(
2k(1− r)

)2β

exp{−2k+2(1− r)}

>

(
1 + β

2

)2β

(1− r)−2β exp{−2(β + 1)}. (18)

For 3
4 ≤ r < 1 we define

f0(z) =
∞∑

k=0

ak 2
2k
p z2k

,

where ak = g
(
1− (p+1)

p 2k
)
, k = 0, 1, 2, . . . . By (17) and (18), we deduce that

M2
2 (r, f (n)

0 ) =
∫ 2π

0

|f (n)
0 (r eiθ)|2 dθ = 2π

∞∑

k=0

a2
k (2k − 1)! 2

2k(p+2)
p z2k−2

≥ 2π
(
g(r)

) 2
p (2k − 1)! 2

2k(q+2)
p exp{−2k+2(1− r)} ≥ λ

(
g(r)

) 2
p (1− r)

−2(q+2)
p , (19)

where λ is a constant. Since f0 is defined by a gap series with Hadamard condition, we have

M2(r, f
(n)
0 ;ω) ≈ Mp(r, f

(n)
0 ; ω), where Mp(r, f

(n)
0 ; ω) =

(∫ 2π

0

|f (n)
0 (r eiθ)|p
ωp(1− r)

dθ

) 1
p

.

Therefore,

sup
a∈∆

∫

∆

∣∣f (n)
0 (z)

∣∣p(1− |z|)np−p+q K(g(z, a))
ωp(1− |z|) dσz

≥
∫ 1

0

Mp
p (r, f (n)

0 )(1− r)np−p+qK

(
log

1
r

)
r dr

≈
∫ 1

0

Mp
2 (r, f (n)

0 )(1− r)np−p+qK

(
log

1
r

)
r dr

≥
∫ 1

3
4

K

(
log

1
r

)
g(r)

(1− r)2ωp(1− r)
r dr = ∞.

This means that f0 ∈ B
q+2

p

ω,,;0 \QK,w,0(p, q; n), which is a contraction. Hence (3) holds. This completes the
proof of our theorem.

3 Weights on QK,ω(p, q; n)-spaces

The following result means that the kernel function K can be chosen as bounded.

Theorem 3.1 Assume that K(1) > 0 and K1(r) = inf{K(r), K(1)}, then for 0 < p < ∞, −2 < q < ∞,
we have that

QK,w(p, q; n) = QK1,w(p, q; n).

Proof: Since K1 ≤ K and K1 is nondecreasing, it is clear that QK,ω(p, q; n) ⊂ QK1,w(p, q; n). It remains
to prove that

QK1,ω(p, q; n) ⊂ QK,ω(p, q; n).

We note that
g(z, a) > 1, z ∈ ∆(a,

1
e
) and
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g(z, a) ≤ 1, z ∈ ∆ \∆(a,
1
e
).

Thus K(g(z, a)) = K1(g(z, a)) in ∆\∆(a, 1
e ). It suffices to deal with integrals over ∆(a, 1

e ).
If f ∈ QK1,ω(p, q; n) and f is a weighted Bloch function i.e, f ∈ Bω;n, then by Theorem 2.1, it follows
that

∫

∆(a, 1
e )

|f (n)(z)|p (1− |z|)np−p+q K
(
g(z, a)

)

ωp(1− |z|) dσz

≤
∥∥f

∥∥p

B
np−p+q+2

p
ω;n

∫

∆(a, 1
e )

K
(
g(z, a)

) 1
(1− |z|)2 dσz

=
∥∥f

∥∥p

B
np−p+q+2

p
ω;n

∫

∆(0, 1
e )

K

(
log

1
|w|

)
1

(1− |z|)2 dσw ≤ C
∥∥f

∥∥p

B
np−p+q+2

p
ω;n

Thus, f ∈ QK,ω(p, q; n) and Theorem 4.1 is proved.

Corollary 3.1 Suppose that 0 < p < ∞, −2 < q < ∞ and ω : (0, 1] → (0,∞). Then f ∈ QK,w(p, q; n) if
and only if

sup
a∈∆

∫

∆

|f (n)(z)|p (1− |z|)q K(1− |ϕa(z)|2)
ωp(1− |z|) dσz < ∞.

For the application of the above results, we state the following lemma which is needed later.

Lemma 3.1 Suppose that K : [0,∞) → [0,∞), 0 < p < ∞, −2 < q < ∞ and ω : (0, 1] → (0,∞). Then

(i) f ∈ B
np−p+q+2

p
ω;n if and only if there exists R ∈ (0, 1) such that

sup
a∈∆

∫

∆(a,R)

|f (n)(z)|p (1− |z|)np−p+q K(g(z, a))
ωp(1− |z|) dσz < ∞, (20)

(ii) f ∈ B
np−p+q+2

p

ω,n;0 if and only if there exists R ∈ (0, 1) such that

lim
|a|→1−

∫

∆(a,R)

|f (n)(z)|p (1− |z|)np−p+q K(g(z, a))
ωp(1− |z|) dσz = 0. (21)

Proof: (i) Assume f ∈ B
np−p+q+2

p
ω;n . For any R ∈ (0, 1) and a ∈ ∆, we have

∫

∆(a,R)

|f (n)(z)|p (1− |z|)np−p+q K(g(z, a))
ωp(1− |z|) dσz

=
∫

∆(0,R)

|f (n)(ϕa(z))|p (1− |ϕa(z)|2)np−p+q+2

(1 + |ϕa(z)|)np−p+q+2

K
(

1
|z|

)

(1− |z|2)2ωp(1− |z|) dσz

≤ ‖f‖p

B
np−p+q+2

p
ω;n

∫

∆(0,R)

K

(
log

1
|z|

)
1

(1− |z|2)2 dσz

≤ λ1‖f‖p

B
np−p+q+2

p
ω;n

,

where 1 < (1 + |ϕa(z)|)np−p+q+2 < 2np−p+q+2 and λ1 is a constant. Conversely, suppose that (20) holds
for some R, 0 < R < 1, by the proof of Theorem 2.1 (i) with 1 − |a| ≈ 1 − |z| on E(a,R) ; a, z ∈ ∆, we
obtain ∫

∆(a,R)

|f (n)(z)|p (1− |z|)np−p+q K(g(z, a))
ωp(1− |z|) dσz

≥ K(log
1
R

)
∫

∆(a,R)

|f (n)(z)|p (1− |z|)np−p+q

ωp(1− |z|) dσz

≥ λ2 K

(
log

1
R

)
ω−p(1− |a|)

∫

E(a,R)

|f (n)(z)|p (1− |z|)np−p+qdσz

≥ πλ2R
2K

(
log

1
R

)
(1− |a|)np−p+q

ωp(1− |a|) |f (n)(a)|p , (22)
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where λ2 is a constant. The last inequality shows that f ∈ B
np−p+q+2

p
ω;n The proof of (ii) is similar to proof

(i) by taking the limit when |a| −→ 1− in (i), hence it can be omitted.

Theorem 3.2 Let 0 < p < ∞, −2 < q < ∞ and ω : (0, 1] → (0,∞). Assume K1(r) ≤ K2(r) for
r ∈ (0, 1) and K1(r)

K2(r)
→ 0 as r → 0. If the integral in (3) is divergent for K2, then

QK2,ω(p, q; n) $ QK1,ω(p, q;n).

Proof: It is clear that QK2,ω(p, q;n) ⊂ QK1,ω(p, q; n). Suppose that

QK2,ω(p, q;n) = QK1,ω(p, q; n).

By the open mapping theorem (see [25]), we know that the identity map from one of these spaces into
the other one is continuous. Thus there exists a constant C such that

‖f‖K2,ω(p,q;n) ≤ C‖f‖K1,ω(p,q;n) .

Since K1(r)
K2(r)

→ 0 as r → 0, then there exists r0 ∈ (0, 1) such that

K1(r) ≤ (2C)−1K2(r) for 0 < r ≤ r0.

Choose t0 = e−r0 and we deduce that if f ∈ QK2,ω(p, q;n), then

sup
a∈∆

∫

∆

|f (n)(z)|p (1− |z|)np−p+q K2

(
g(z, a)

)

ωp(1− |z|) dσz

≤ C sup
a∈∆

∫

∆(a,t0)

|f (n)(z)|p (1− |z|)q K1

(
g(z, a)

)

ωp(1− |z|) dσz

+
1
2

sup
a∈∆

∫

∆

|f (n)(z)|p (1− |z|)np−p+q K2

(
g(z, a)

)

ωp(1− |z|) dσz .

Therefore,

sup
a∈∆

∫

∆

|f (n)(z)|p (1− |z|)np−p+q K2

(
g(z, a)

)

ωp(1− |z|) dσz

≤ 2C sup
a∈∆

∫

∆(a,t0)

|f (n)(z)|p (1− |z|)np−p+q K1

(
g(z, a)

)

ωp(1− |z|) dσz.

By Lemma 4.1 and for f ∈ QK2,ω(p, q; n), there exists a constant C1 such that

sup
a∈∆

∫

∆

|f (n)(z)|p (1− |z|)np−p+q+2 K2

(
g(z, a)

)

ωp(1− |z|) dσz ≤ C1‖f‖p

B
np−p+q+2

p
ω;n

. (23)

If g ∈ B
np−p+q+2

p
ω;n and gr(z) = g(rz) , 0 < r < 1, then

∥∥gr

∥∥
B

np−p+q+2
p

ω;n

≤ ∥∥g
∥∥
B

np−p+q+2
p

ω;n

.

Since gr ∈ QK2,ω(p, q; n) , 0 < r < 1, we can choose f = gr in the inequality (23). Using Fatou’s lemma
(see [31]), we deduce that

sup
a∈∆

∫

∆

|g(n)(z)|p(1− |z|)np−p+q K2(g(z, a))
ωp(1− |z|) dσz < C1

∥∥g
∥∥p

B
np−p+q+2

p
ω;n

.

We have proved that g ∈ QK2,ω(p, q;n). It means that QK2,ω(p, q; n) = B
np−p+q+2

p
ω;n . It follows from

Theorem 2.1 that the integral in (3) with K = K2 must be convergent, a contradiction. We obtain that

QK2,ω(p, q; n) $ QK1,ω(p, q;n).

Now, the proof of Theorem 4.2 is completed.

Remark 3.1 It is still an open problem to extend the results of this paper in Clifford analysis. For more
details on some classes of quaternion function spaces, we refer to ([3, 4, 5, 6, 7, 12, 13, 20, 21, 22]) and
others.
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Abstract

The main purpose of this paper is to investigate two dimensional generalized Genocchi polynomials
based on the q-integers. The q-analogues of well-known formulas are derived. The q-analogue of the
Srivastava–Pintér addition theorem is obtained. Furthermore we explore the shapes of the q-Genocchi
numbers and the q-Genocchi polynomials. We describe the structure of the roots of the q-Genocchi
polynomials for values of the index n using a computer.

1 Introduction

Throughout this paper, we always make use of the following notation: N denotes the set of natural numbers,
N0 denotes the set of nonnegative integers, R denotes the set of real numbers, C denotes the set of complex
numbers.

The q-shifted factorial is defined by

(a; q)0 = 1, (a; q)n =
n−1∏
j=0

(
1− qja

)
, n ∈ N, (a; q)∞ =

∞∏
j=0

(
1− qja

)
, |q| < 1, a ∈ C.

The q-numbers and q-numbers factorial is defined by

[a]q =
1− qa

1− q
(q ̸= 1) ; [0]q! = 1; [n]q! = [1]q [2]q ... [n]q n ∈ N, a ∈ C

respectively. The q-polynomail coefficient is defined by[
n
k

]
q

=
(q; q)n

(q; q)n−k (q; q)k
.

The q-analogue of the function (x⊕ y)
n
is defined by

(x⊕ y)
n
q :=

n∑
k=0

[
n
k

]
q

xkyn−k, n ∈ N0.

In the standard approach to the q-calculus two exponential function are used:

eq (z) =

∞∑
n=0

zn

[n]q!
=

∞∏
k=0

1

(1− (1− q) qkz)
, 0 < |q| < 1, |z| < 1

|1− q|
,

Eq (z) =
∞∑

n=0

q
1
2n(n−1)zn

[n]q!
=

∞∏
k=0

(
1 + (1− q) qkz

)
, 0 < |q| < 1, z ∈ C.

1
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From this form we easily see that eq (z)Eq (−z) = 1. Moreover,

Dqeq (z) = eq (z) , DqEq (z) = Eq (qz) ,

The above q-standard notation can be found in [1].
Carlitz has introduced the q-Bernoulli numbers and polynomials in [2]. Srivastava and Pintér proved

some relations and theorems between the Bernoulli polynomials and Euler polynomials in [20]. They also
gave some generalizations of these polynomials. In [10]-[22], Kim et al. investigated some properties of the
q-Euler polynomials and Genocchi polynomials. They gave some recurrence relations. In [4], Cenkci et al.
gave the q-extension of Genocchi numbers in a different manner. In [23], Kim gave a new concept for the
q-Genocchi numbers and polynomials. In [25], Simsek et al. investigated the q-Genocchi zeta function and
l-function by using generating functions and Mellin transformation. There are numerous recent studies on
this subject by among many other authors: Cenkci et al. [4], [5], Choi et al [7], Cheon [6], Luo and Srivastava
[13], [14], [15], Srivastava et al.[20], [26], Gabouary and Kurt B., [8], Kim et al. [24].

We propose the following definitions. We define the q-Bernoulli and the q-Genocchi polynomials of higher
order in two variables x and y, using two q-exponential functions, which helps us easily prove some properties
of these polynomials and q-analogue of the Srivastava and Pintér addition theorem.

Definition 1 The q-Bernoulli numbers Bn,q and polynomials Bn,q (x, y) in x, y are defined by means of the
generating functions:

t

eq (t)− 1
=

∞∑
n=0

Bn,q
tn

[n]q!
, |t| < 2π,

t

eq (t)− 1
eq (tx) eq (ty) =

∞∑
n=0

Bn,q (x, y)
tn

[n]q!
, |t| < 2π.

Definition 2 The q-Genocchi numbers Gn,q and polynomials Gn,q (x, y) in x, y are defined by means of the
generating functions:

2t

eq (t) + 1
=

∞∑
n=0

Gn,q
tn

[n]q!
, |t| < π,

2t

eq (t) + 1
eq (tx) eq (ty) =

∞∑
n=0

Gn,q (x, y)
tn

[n]q!
, |t| < π.

It is obvious that

Bn,q = Bn,q (0, 0) , lim
q→1−

Bn,q (x, y) = Bn (x+ y) , lim
q→1−

Bn,q = Bn,

Gn,q = Gn,q (0, 0) , lim
q→1−

Gn,q (x, y) = Gn (x+ y) , lim
q→1−

Gn,q = Gn.

Here Bn (x) and Gn (x) denote the classical Bernoulli and Genocchi polynomials are defined by

t

et − 1
etx =

∞∑
n=0

Bn (x)
tn

n!
and

2t

et + 1
etx =

∞∑
n=0

Gn (x)
tn

n!
.

The aim of the present paper is to obtain some results for the q-Genocchi polynomials (Properties
of the q-Bernoulli polynomials is studied in [19]). The q-analogues of well-known results, for example,
Srivastava and Pintér [20], can be derived from these q-identities. It should be mentioned that probabilistic
proof the Srivastava-Pintér addition theorems were given recently in [26]. The formulas involving the q-
Stirling numbers of the second kind, q-Bernoulli polynomials and q-Bernstein polynomials are also given.
Furthermore some special cases are also considered.
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2 Properties

In this section we shall provide some basic formulas for the q-Genocchi polynomials Gn,q (x, y) in order to
obtain the main results of this paper in the next section.

The following elementary properties of the q-Genocchi polynomials Gn,q (x, y) are readily derived from
Definition 2.

Property 1. Summation formulas for the q-Genocchi polynomials:

Lemma 3 For all x, y ∈ C we have

Gn,q (x, y) =
n∑

k=0

[
n
k

]
q

Gk,q (x⊕ y)
n−k
q .

Proof. The proof is based on the following identity

(
2t

eq (t) + 1

)
eq (tx) eq (ty) =

∞∑
k=0

Gk,q
tk

[k]q!

∞∑
n=0

tnxn

[n]q!

∞∑
n=0

tnyn

[n]q!

=
∞∑
k=0

Gk,q
tk

[k]q!

∞∑
n=0

(
n∑

k=0

tkxk

[k]q!
.
tn−kyn−k

[n− k]q!

)

=
∞∑
k=0

Gk,q
tk

[k]q!

∞∑
n=0

(
n∑

k=0

[
n
k

]
q

xkyn−k

)
tn

[n]q!

=

∞∑
k=0

Gk,q
tk

[k]q!

∞∑
n=0

(x⊕ y)
n−k
q

tn

[n]q!

=
∞∑

n=0

n∑
k=0

[
n
k

]
q

Ek,q (x⊕ y)
n−k
q

tn

[n]q!
.

Lemma 4 For all x, y ∈ C we have

Gn,q (x, y) =
n∑

k=0

[
n
k

]
q

Gk,q (x) y
n−k.

Proof. The proof is based on the following identity(
2t

eq (t) + 1

)
eq (tx) eq (ty) =

∞∑
n=0

Gn,q(x)
tn

[n]q!

∞∑
n=0

tnyn

[n]q!

=

∞∑
n=0

∞∑
k=0

Gk,q(x)
tk

[k]q!

tn−kyn−k

[n− k]q!

=
∞∑

n=0

n∑
k=0

[
n
k

]
q

Gk,q(x)y
n−k tn

[n]q!
.

Lemma 5 For all x, y ∈ C we have

Gn,q (x) =
n∑

k=0

[
n
k

]
q

Gk,qx
n−k.
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Proof. The proof is readily derived from Definition 2.
Property 2. Difference equation:

Lemma 6 For all x, y ∈ C we have

Gn,q (x, 1) +Gn,q (x, 0) = 2 [n]q x
n−1.

Proof.

Gn,q (x, 1) +Gn,q (x, 0) =
2t

eq (t) + 1
eq (tx) eq (t) +

2t

eq (t) + 1
eq (tx)

=
2t

eq (t) + 1
eq (tx) (eq (t) + 1)

= 2teq(tx) = 2t
∞∑

n=0

tnxn

[n]q!
= 2

∞∑
n=1

tnxn−1

[n− 1]q!

= 2
∞∑

n=1

tnxn−1

[n]q!
[n]q =

∞∑
n=1

2xn−1 [n]q
tn

[n]q!
.

Property 3. Differential relation:

Lemma 7 For all x, y ∈ C we have

Dq,xGn,q (x) = [n]q Gn−1,q (x) .

Proof. It follows from the following relation

Dq,x

(
2t

eq (t) + 1

)
eq (tx) =

(
2t

eq (t) + 1

)
teq (tx)

= t
∞∑

n=0

Gn,q (x)
tn

[n]q!

=
∞∑

n=0

[n]q Gn−1,q (x)
tn

[n]q!
.

3 Explicit relationship between the q-Genocchi and the q-Bernoulli
polynomials

In this section we prove an interesting relationship between the q-Genocchi polynomials Gn,q (x, y) and the
q-Bernoulli polynomials. Here some q-analogues of known results will be given. We also obtain new formulas
and their some special cases below.

Theorem 8 For n ∈ N0, the following relationship

Gn,q (x, y) =

n∑
k=0

[
n
k

]
q

1

[k + 1]q
mk−n+1

(
Gk+1,q

(
x,

1

m

)
−Gk+1,q (x)

)
Bn=k,q (my) .

holds true between the q-Genocchi and the q-Bernoulli polynomials..
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Proof. Using the following identity

2t

eq (t) + 1
eq (tx) eq (ty) =

2t

eq (t) + 1
eq (tx) ·

eq
(

t
m

)
− 1

t
· t

eq
(

t
m

)
− 1

· eq
(

t

m
my

)
we have

∞∑
n=0

Gn,q (x, y)
tn

[n]q!
=

m

t

∞∑
n=0

Gn,q (x)
tn

[n]q!

( ∞∑
n=0

tn

mn [n]q!
− 1

) ∞∑
n=0

Bn,q (my)
tn

mn [n]q!

= m
∞∑

n=1

(
n∑

k=0

[
n
k

]
q

mk−nGk,q (x)−Gn,q (x)

)
tn−1

[n]q!

∞∑
n=0

Bn,q (my)
tn

mn [n]q!

= m
∞∑

n=0

(
n∑

k=0

[
n+ 1
k

]
q

mk−n−1Gk,q (x)−Gn+1,q (x)

)
tn

[n+ 1]q!

∞∑
n=0

Bn,q (my)
tn

mn [n]q!

= m

∞∑
n=0

(
Gn+1,q

(
x,

1

m

)
−Gn+1,q (x)

)
tn

[n+ 1]q!

∞∑
n=0

Bn,q (my)
tn

mn [n]q!

=
∞∑

n=0

n∑
k=0

[
n
k

]
q

1

[k + 1]q
mk−n+1

(
Gk+1,q

(
x,

1

m

)
−Gk+1,q (x)

)
Bn=k,q (my)

tn

[n]q!
.

Corollary 9 For n ∈ N0, m ∈ N the following relationship holds true.

Gn (x+ y) =
n∑

k=0

(
n
k

)
2

k + 1

(
(k + 1) yk −Gk+1,q (y)

)
Bn−k (x) , (1)

Gn (x+ y) =

n∑
k=0

(
n
k

)
1

mn−k−1 (k + 1)

[
2 (k + 1)Gk

(
y +

1

m
− 1

)
−Gk+1

(
y +

1

m
− 1

)
−Gk+1 (y)

]
(2)

×Bn−k,q (mx)

between the classical Genocchi polynomials and the classical Bernoulli polynomials.

Note that the formula (2) is new for the classical polynomials.
In terms of the q-Genocchi numbers Gk,q, by setting y = 0 in Theorem 8, we obtain the following explicit

relationship between the q-Genocchi polynomials Gk,q of order α and the q-Bernoulli polynomials.

Corollary 10 For n ∈ N0 the following relationship holds true.

Gn,q (x, y) =
n∑

k=0

[
n
k

]
q

2

[k + 1]q

[
[k + 1]q q

1
2k(k−1)yk −Gk+1,q (y)

]
Bn−k,q (x) .

Corollary 11 For n ∈ N0 the following relationship holds true.

Gn,q (x) = −
n∑

k=0

[
n
k

]
q

2

[k + 1]q
Gk+1,qBn−k,q (x) ,

Gn,q = −
n∑

k=0

[
n
k

]
q

2

[k + 1]q
Gk+1,qBn−k,q.

5
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Theorem 12 For n ∈ N0, the following relationship

Bn,q (x, y) =
1

2

n∑
k=0

[
n
k

]
q

mk−n

 1

[k + 1]q
Bk+1,q(x) +m−k

k∑
j=0

[
k
j

]
q

1

[j + 1]q
mjBj+1,q(x)

Gn−k,q (my) .

holds true between the q-Bernoulli and the q-Genocchi polynomials.

Proof. Using the following identity

t

eq (t)− 1
eq (tx) eq (ty) =

t

eq (t)− 1
eq (tx) ·

2t

eq
(

t
m

)
+ 1

· eq
(

t

m
my

)
eq
(

t
m

)
+ 1

2t

we have

∞∑
n=0

Bn,q (x, y)
tn

[n]q!
=

1

2t

∞∑
n=0

Bn,q (x)
tn

[n]q!

∞∑
n=0

Gn,q (my)
tn

mn [n]q!

∞∑
n=0

tn

mn [n]q!

+
1

2t

∞∑
n=0

Bn,q (x)
tn

[n]q!

∞∑
n=0

Gn,q (my)
tn

mn [n]q!

= I1 + I2.

It is clear that

I2 =
1

2t

∞∑
n=0

Bn,q (x)
tn

[n]q!

∞∑
n=0

Gn,q (my)
tn

mn [n]q!

=
1

2

∞∑
n=0

Bn+1,q (x)
tn

[n+ 1]q!

∞∑
n=0

Gn,q (my)
tn

mn [n]q!

=
1

2

∞∑
n=0

n∑
k=0

[
n
k

]
q

1

[k + 1]q
Bk+1,q (x)Gn−k,q (my)

tn

[n]q!
.

On the other hand

I1 =
1

2t

∞∑
n=0

Bn,q (x)
tn

[n]q!

∞∑
n=0

Gn,q (my)
tn

mn [n]q!

∞∑
n=0

tn

mn [n]q!

=
1

2

∞∑
n=0

Bn+1,q (x)
tn

[n+ 1]q!

∞∑
n=0

n∑
j=0

[
n
j

]
q

m−nGj,q (my)
tn

[n]q!

=
1

2

∞∑
n=0

n∑
k=0

[
n
k

]
q

1

[k + 1]q
mk−nBk+1,q (x)

n−k∑
j=0

[
n− k
j

]
q

Gj,q (my)
tn

[n]q!

Therefore

∞∑
n=0

Bn,q (x, y)
tn

[n]q!
= I1 + I2

=
1

2

∞∑
n=0

n∑
k=0

[
n
k

]
q

mk−n

 1

[k + 1]q
Bk+1,q (x) +m−k

k∑
j=0

[
k
j

]
q

1

[j + 1]q
mjBj+1,q (x)


×Gn−k,q (my)

tn

[n]q!
.
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Theorem 13 The polynomials Bn,q (x, y) and Gn,q (x, y) satisfy the following relationship:

Bn,q (x, y) =

n+1∑
k=1
k ̸=n

[
n+ 1
k

]
q

1

[n+ 1]q
Gk,q (x, y)Bn+1−k,q (x, y) .

Proof. Comparing coefficients of tn

[n]q !
we get the desired identity:

∞∑
n=0

Bn,q (x, y)
tn

[n]q!
=

t

eq (t)− 1
eq (tx) eq (ty)

=
1

2

2t

eq (t) + 1
eq (tx) eq (ty) +

1

t

t

eq (t)− 1

2t

eq (t) + 1
eq (tx) eq (ty)

=
1

2

∞∑
n=0

Gn,q (x, y)
tn

[n]q!
+

1

t

∞∑
n=0

Bn,q (x, y)
tn

[n]q!

∞∑
n=0

Gn,q (x, y)
tn

[n]q!

=
1

2

∞∑
n=0

Gn,q (x, y)
tn

[n]q!
+

∞∑
n=0

n∑
k=0

[
n
k

]
q

Gk,q (x, y)Bn−k,q (x, y)
tn−1

[n]q!

=
1

2

∞∑
n=0

Gn,q (x, y)
tn

[n]q!
+

∞∑
n=0

n+1∑
k=1

[
n+ 1
k

]
q

1

[n+ 1]q
Gk,q (x, y)Bn+1−k,q (x, y)

tn

[n]q!
.

Theorem 14 The polynomials Bn,q (x, y) and Gn,q (x, y) satisfy the following relationship:

Gn,q (x, y) = −2

(
n∑

k=1

[
n
k

]
q

1

[k + 1]q
Gk+1,qBn−k,q (x, y) +

1

[n+ 1]q
Gn+1,q

)
Proof.

∞∑
n=0

Gn,q (x, y)
tn

[n]q!
=

1

t

2t

eq (t) + 1
(eq (t)− 1)

t

eq (t)− 1
eq (tx) eq (ty)

=
1

t

(
2t− 2

2t

eq (t) + 1

)
t

eq (t)− 1
eq (tx) eq (ty)

=
1

t

(
2t− 0− 2t− 2

∞∑
n=2

Gn,q
tn

[n]q!

) ∞∑
n=0

Bn,q (x, y)
tn

[n]q!

= −2
∞∑

n=1

Gn+1,q
tn

[n+ 1]q!

(
1 +

∞∑
n=1

Bn,q (x, y)
tn

[n]q!

)

= −2
∞∑

n=1

(
n∑

k=1

[
n
k

]
q

1

[k + 1]q
Gk+1,qBn−k,q (x, y) +

1

[n+ 1]q
Gn+1,q

)
tn

[n]q!

4 Location of zeros of the q-Genocchi polynomials

In this section, we display the shapes of the q-Genocchi numbers and polynomials. Next, we investigate the
zeros of the q-Genocchi polynomials using a computer.

Our numerical results for the approximate solutions of the real zeros of Gn,q (x),q = 0.9, are shown in
tables 1. The results were obtained using the Mathematica R⃝software.

The shapes of the q-Genocchi numbers Gn,q for n = 1, ..., 20. q = 1
2 , 0.9, 0.9999 are shown in figure 1,

figure 2 and and figure 3.
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Table 1: Approximate solutions of Gn,q(x) = 0

n q # of Real Roots # of Complex Roots
0.5 3 17
0.6 3 17
0.7 3 17

20 0.8 3 17
0.9 3 17

0.9999 7 13
9
10 3 17
1 7 13
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Figure 1: Shape of Gn,0.5(x) within x = [−1, 1]
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Figure 2: Shape of Gn,0.9(x) within x = [−1, 1]
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Figure 3: Shape of Gn,0.9999 within x = [−3, 3]
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Figure 4: Zeros of G20,0.5(x)
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Figure 5: Zeros of G20,0.9(x)
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Figure 6: Zeros of G20,0.9999(x)
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Abstract

In this paper, we study a new class of three-point boundary value problems

of Sequential Derivatives of nonlinear q-difference equations. Our problems

contain different numbers of q in derivatives and integrals. By using a variety of

fixed point theorems (such as Banach’s contraction principle and Krasnoselskii’s

fixed point theorem, some new existence and uniqueness results are obtained.

Illustrative example is also presented.

Keywords: existence; q-derivative; q-integral; q-difference equation

(2010) Mathematics Subject Classifications: 34B10; 39A13.

1 Introduction

In 20th century, the intensive works on q-difference equations by Jackson [1], Carmichael

[2], Mason [3] and Adams [4] became more interesting in many areas of mathematics

and applications, e.g. the applications to orthogonal polynomials and mathemat-

ical control theories, since years eighties. Although many researches related with

q-calculus are raised (see [5]-[14],[16]-[28]),there are lack of works of studying of

boundary value problem of q-difference equations. Recently, there are few researches

concerning with the boundary value problem of nonlinear q-difference equations as

follows.

In 2012, Ahmad et al. [24] proposed the boundary value problem of nonlinear

second order q-difference equations with nonlocal boundary conditions given by

D2
qx(t) = f(t, x(t)), t ∈ [0, T ], (1.1)

1Corresponding author
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{
α1x(0)− β1Dqx(0) = γ1x(η1),

α2x(1) + β2Dqx(1) = γ2x(η2),
(1.2)

where f ∈ C([0, T ] × R,R), and q is a constant that q ∈ (0, 1). By employing Ba-

nach’s contraction principle, Krasnoselskii’s fixed point theorem and Leray-Schauder

nonlinear alternative, Ahmad et al derived the existence of solutions of the above

problem.

Later, Yu andWang [28] proposed the boundary value problem of nonlinear second

order q-difference equation given by{
D2

qu(t) + f(t, u(t), Dqu(t)) = 0, t ∈ [0, T ],

Dqu(0) = 0, Dqu(1) = αu(1),
(1.3)

where f ∈ C([0, T ] × R,R), and α ̸= 0 is a fixed constant. They discussed the

existence and uniqueness of solution of this problem by using Banach’s contraction

principle, the Leray-Schauder nonlinear alternative and Leray-Schauder continuation

theorem.

Lately, Pongarm et al. [29] studied the sequential derivative of nonlinear q-

difference equation with three-point boundary conditions. The problem is in the

form Dq (Dp + λ)u(t) = f(t, u(t)), t ∈ [0, T ],

u(0) = 0, u(T ) = α

∫ η

0

u(s)drs,
(1.4)

where 0 < p, q, r < 1, f ∈ C([0, T ]×R,R), 0 < η < T and λ, β are given constants. For

this problem, the existence solution is discussed by employing Banach’s contraction

mapping principle, Krasnoselskii’s fixed point theorem and Leray-Schauder degree

theory. Since the number of papers about the problems with different values of the

q-numbers is sparse, there is a need for further study.

In this article, we consider the following nonlinear q-difference equation with three-

point integral boundary condition given by
Dq(Dp + λ)x(t) = f(t, x(t)), t ∈ [0, T ],

x(η) = 0,

∫ T

0

x(s)drs = 0, 0 < η < T,

(1.5)

where 0 < p, q, r < 1, f ∈ C([0, T ]× R,R), and ηT (1 + r) ̸= T 2.

The given problem consists of three different values of the q numbers, in q-

derivatives and the q-integral. In addition, the value of function in an intermediate

point is used. Our overall goal is to prove an existence and uniqueness of solu-

tions of the problem (1.5) by employing Banach’s contraction mapping principle and

Krasnoselskii’s fixed point theorem. In Section 2, we briefly discuss about the basic
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definitions, some properties of q-difference and present a lemma that will be used

throughout the paper. In Sections 3 and 4, we give the main results and example,

respectively.

2 Preliminaries

The basic definitions and some properties of q-calculus [15, 18] are as follows.

Definition 2.1. For 0 < q < 1, we define the q-derivative of a real valued function f

as

Dqf(t) =
f(t)− f(qt)

(1− q)t
, Dqf(0) = lim

t→0
Dqf(t).

The higher order q-derivatives are given by

Dn
q f(t) = DqD

n−1
q f(t), n ∈ N.

where D0
qf(t) = f(t)

The definite q-integral of a function f defined on the interval [0, T ] is given by

Iqf (t) =

∫ t

0

f (s) dqs =
∞∑
n=0

t(1− q)qnf (tqn)

where last term is convergent series.

If a ∈ [0, T ], then∫ b

a

f(s)dqs = Iqf(b)− Iqf(a) = (1− q)
∞∑
n=0

qn [bf (bqn)− af (aqn)] .

We note that

DqIqf(x) = f(x),

while if f is continuous at x = 0, then

IqDqf(x) = f(x)− f(0).

The property of product rule and integration by parts formula are

Dq(gh)(t) = (Dqg(t))h(t) + g(qt)Dqh(t),

∫ x

0

f(t)Dqg(t)dqt =
[
f(t)g(t)

]x
0
−
∫ x

0

Dqf(t)g(qt)dqt.

For reversing the order of integration is given by∫ t

0

∫ s

0

f(r)dqrdqs =

∫ t

0

∫ t

qr

f(r)dqsdqr.

In the limit q → 1 the above results correspond to their counterparts in standard

calculus.
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Lemma 2.1. Let ηT (1 + r) ̸= T 2, 0 < p, q r < 1 and λ be a constant. Then for any

h ∈ C[0, T ], the boundary value problem

Dq(Dp + λ)x(t) = f(t, x(t)), t ∈ [0, T ], (2.1)

x(η) = 0,

∫ T

0

x(s)drs = 0, 0 < η < T, (2.2)

is equivalent to the integral equation

x(t) =

∫ t

0

∫ s

0

h(u)dqudps− λ

∫ t

0

x(s)dps

+
1

ηT (1 + r)− T 2

(
λT (t+ rt− T )

∫ η

0

x(s)dps− T (t+ rt− T )

∫ η

0

∫ s

0

h(u)dqudps

− (1 + r)λ(t− η)

∫ T

0

∫ v

0

x(s)dpsdrv + (1 + r)(t− η)

∫ T

0

∫ v

0

∫ s

0

h(u)dqudpsdrv

)
(2.3)

Proof. For t ∈ [0, T ], q-integrating (2.1) from 0 to t, we obtain

(Dp + λ)x(t) =

∫ t

0

h(s)dqs+ c1. (2.4)

Equation (2.4)) can be written as

Dpx(t) =

∫ t

0

h(s)dqs− λx(t) + c1. (2.5)

For t ∈ [0, T ], q-integrating (2.5) from 0 to t, we obtain

x(t) =

∫ t

0

∫ s

0

h(u)dqudps− λ

∫ t

0

x(s)dps+ c1t+ c2. (2.6)

In particular, for t = η, we get

x(η) =

∫ η

0

∫ s

0

h(u)dqudps− λ

∫ η

0

x(s)dps+ c1η + c2. (2.7)

Using the first condition of (2.2) with (2.7), we obtain

ηc1 + c2 = λ

∫ η

0

x(s)dps−
∫ η

0

∫ s

0

h(u)dqudps. (2.8)

Form (2.6), we take the r-integral of x(t) from 0 to t, we obtain∫ t

0

x(s)drs =

∫ t

0

∫ v

0

∫ s

0

h(u)dqudpsdrv − λ

∫ t

0

∫ v

0

x(s)dpsdrv + c1
t2

1 + r
+ c2t. (2.9)
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By substituting t = T in (2.9) and employing the second condition of (2.2), we

find that

T 2

1 + r
c1 + Tc2 = λ

∫ T

0

∫ v

0

x(s)dpsdrv −
∫ T

0

∫ v

0

∫ s

0

h(u)dqudpsdrv. (2.10)

From (2.9) and (2.10), we obtain the system of linear equations. Solving this

system, we get

c1 =
(1 + r)t

ηT (1 + r)− T 2

(
λT

∫ η

0

x(s)dps− T

∫ η

0

∫ s

0

h(u)dqudps

− λ

∫ T

0

∫ v

0

x(s)dpsdrv +

∫ T

0

∫ v

0

∫ s

0

h(u)dqudpsdrv

)

and

c2 = − 1 + r

ηT (1 + r)− T 2

(
λT 2

1 + r

∫ η

0

x(s)dps−
T 2

1 + r

∫ η

0

∫ s

0

h(u)dqudps

− ηλ

∫ T

0

∫ v

0

x(s)dpsdrv +

∫ T

0

∫ v

0

∫ s

0

h(u)dqudpsdrv

)
After substituting c1 and c2 in (2.6), we get (2.3) as desired. Therefore the proof is

completes. �

3 Main results

To accomplish the main results, We transform the boundary value problem (1.5)

into a fixed point problem. From Lemma (2.1), We let C = C([0, T ],R) denote the

Banach space of all functions x. The norm id defined by ∥x∥ = sup{|x(t)|, t ∈ [0, T ]}.
The operator F : C → C is define by

(Fx)(t) =

∫ t

0

∫ s

0

f(u, x(u))dqudps− λ

∫ t

0

x(s)dps

+
1

ηT (1 + r)− T 2

(
λT (t+ rt− T )

∫ η

0

x(s)dps− T (t+ rt− T )×∫ η

0

∫ s

0

f(u, x(u))dqudps− (1 + r)λ(t− η)

∫ T

0

∫ v

0

x(s)dpsdrv

+(1 + r)(t− η)

∫ T

0

∫ v

0

∫ s

0

f(u, x(u))dqudpsdrv

)
(3.1)

Based on Banach’s fixed point theorem, we find that the problem (1.5) has solu-

tions if and only if the operator F has fixed points.
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Theorem 3.1. Assume that f : [0, T ] × R → R is a jointly continuous function

satisfying the conditions

(H1) |f(t, x)− f(t, y)| ≤ L|x− y|, for all t ∈ [0, T ] and x, y ∈ R,

(H2) Φ + LΩ < 1,

where L is a Lipschitz constant, and

Φ = |λ|T +
|λ|T (ηr + T − η)

|η(1 + r)− T |

Ω =
T 2

1 + p
+

η2rT

|η(1 + r)− T |(1 + p)
+

(1 + r)(T − η)T 2

|η(1 + r)− T |(1 + q)(1 + r + r2)

(3.2)

Then the boundary value problem (1.5) has a unique solution.

Proof. We transform the boundary value problem (1.5) into a fixed point problem

x = Fx, where F : C → C is defined by (3.1). Assume that sup
t∈[0,T ]

|f(t, 0)| = M , and

choose a constant R satisfied

R ≥ MΛ

1− (Φ + LΩ)
.

Our goal is to show that FBR ⊂ BR, where BR = {x ∈ C : ∥x∥ ≤ R}. For any

x ∈ BR, we have

∥Fx∥

= sup
t∈[0,T ]

∣∣∣∣∣
∫ t

0

∫ s

0

f(u, x(u))dqudps− λ

∫ t

0

x(s)dps

+
1

ηT (1 + r)− T 2

(
λT (t+ rt− T )

∫ η

0

x(s)dps− T (t+ rt− T )×∫ η

0

∫ s

0

f(u, x(u))dqudps− (1 + r)λ(t− η)

∫ T

0

∫ v

0

x(s)dpsdrv

+(1 + r)(t− η)

∫ T

0

∫ v

0

∫ s

0

f(u, x(u))dqudpsdrv

)∣∣∣∣∣
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≤ sup
t∈[0,T ]

{∫ t

0

∫ s

0

(|f(u, x(u)) + f(u, 0)|+ |f(u, 0)|)dqudps− |λ|
∫ t

0

|x(s)|dps

+
1

|ηT (1 + r)− T 2|

(
|λT (t+ rt− T )|

∫ η

0

|x(s)|dps+ |T (t+ rt− T )|×∫ η

0

∫ s

0

(|f(u, x(u))− f(u, 0)|+ |f(u, 0)|)dqudps+ |(1 + r)λ(t− η)|
∫ T

0

∫ v

0

|x(s)|dpsdrv

+|(1 + r)(t− η)|
∫ T

0

∫ v

0

∫ s

0

(|f(u, x(u))− f(u, 0)|+ |f(u, 0)|)dqudpsdrv
)}

≤ sup
t∈[0,T ]

{
(L∥x∥+M)

∫ t

0

∫ s

0

dqudps+ |λ|∥x(s)∥
∫ t

0

dps

+
1

|ηT (1 + r)− T 2|

(
∥x(s)∥|λT (t+ rt− T )|

∫ η

0

dps+ (L∥x∥+M)|T (t+ rt− T )|×∫ η

0

∫ s

0

dqudps+ ∥x(s)∥|(1 + r)λ(t− η)|
∫ T

0

∫ v

0

dpsdrv

+(L∥x∥+M)|(1 + r)(t− η)|
∫ T

0

∫ v

0

∫ s

0

dqudpsdrv

)}

= sup
t∈[0,T ]

{
(L∥x∥+M)

t2

1 + p
+ |λ|∥x(s)∥t+ 1

|ηT (1 + r)− T 2|

(
∥x(s)∥|λT (t+ rt− T )|η

+(L∥x∥+M)|T (t+ rt− T )| η2

1 + p
+ ∥x(s)∥|(1 + r)λ(t− η)| T 2

1 + r

+(L∥x∥+M)|(1 + r)(t− η)| T 3

(1 + q)(1 + r + r2)

)}

= sup
t∈[0,T ]

{
∥x∥
(
|λ|t+ η|λT (t+ rt− T )|+ T (t− η)

|η(1 + r)− T |

)
+(L∥x∥+M)

(
t2

1 + p
+

η2|t+ rt− T |
|η(1 + r)− T |(1 + p)

+
|(1 + r)(t− η)|T 2

|η(1 + r)− T |(1 + q)(1 + r + r2)

)}
≤ R

(
|λ|T +

|λ|(ηr + T − η)

|η(1 + r)− T |

)
+(LR|+M)

(
T 2

1 + p
+

η2rT

|η(1 + r)− T |(1 + p)
+

|(1 + r)(T − η)|T 2

|η(1 + r)− T |(1 + q)(1 + r + r2)

)
= RΦ + (LR +M)Ω
≤ R

Therefore, ABR ⊂ BR.

We next show that F is a contraction. For any x, y ∈ C and for each t ∈ [0, T ],
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we have

∥(Fx)(t)− (Fy)(t)∥

= sup
t∈[0,T ]

∣∣∣∣∣(Fx)(t)− (Fy)(t)

∣∣∣∣∣
= sup

t∈[0,T ]

∣∣∣∣∣
∫ t

0

∫ s

0

(f(u, x(u))− f(u, y(u)))dqudps− λ

∫ t

0

(x(s)− y(s))dps

+
1

ηT (1 + r)− T 2

(
λT (t+ rt− T )

∫ η

0

(x(s)− y(s))dps− T (t+ rt− T )×∫ η

0

∫ s

0

(f(u, x(u))− f(u, y(u)))dqudps− (1 + r)λ(t− η)

∫ T

0

∫ v

0

(x(s)− y(s))dpsdrv

+(1 + r)(t− η)

∫ T

0

∫ v

0

∫ s

0

(f(u, x(u))− f(u, y(u)))dqudpsdrv

)∣∣∣∣∣
≤ sup

t∈[0,T ]

{
L∥x− y∥

∫ t

0

∫ s

0

dqudps+ |λ|∥x− y∥
∫ t

0

dps

+
1

|ηT (1 + r)− T 2|

(
∥x− y∥|λT (t+ rt− T )|

∫ η

0

dps+ L∥x− y∥|T (t+ rt− T )|×∫ η

0

∫ s

0

dqudps+ ∥x− y∥|(1 + r)λ(t− η)|
∫ T

0

∫ v

0

dpsdrv

+L∥x− y∥|(1 + r)(t− η)|
∫ T

0

∫ v

0

∫ s

0

dqudpsdrv

)}
≤ ∥x− y∥

(
|λ|T +

|λ|(ηr + T − η)

|η(1 + r)− T |

)
+L∥x− y∥

(
T 2

1 + p
+

η2rT

|η(1 + r)− T |(1 + p)
+

|(1 + r)(T − η)|T 2

|η(1 + r)− T |(1 + q)(1 + r + r2)

)
= (Φ + LΩ)∥x− y∥.

Since Φ + LΩ < 1, A is a contraction. Note that we complete this proof by using

Banach’s contraction mapping principle. �

Further, we consider the existence and uniqueness of a solution to the boundary

value problem (1.5). We shall use the Krasnoselskii’s fixed point theorem [31].

Theorem 3.2. Let K be a bounded closed convex and nonempty subset of a Banach

space X. Let A,B be operators such that:

(i) Ax+By ∈ K whenever x, y ∈ K,

(ii) A is compact and continuous,

(iii) B is a contraction mapping.

Then there exists z ∈ K such that z = Az +Bz.
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Theorem 3.3. Assume that (H1) and (H2) hold. In addition we suppose that:

(H3) |f(t, x)| ≤ µ(t), for all (t, x) ∈ [0, T ]× R, with µ ∈ L1([0, T ],R+).

If

Φ + LΩ < 1, (3.3)

where Φ and Ω is given by (3.2), then the boundary value problem (1.5) has at least

one solution on [0, T ].

Proof. Setting maxt∈[0,T ] |µ(t)| = ∥µ∥ and choosing a constant

R ≥ ∥µ∥Ω
1− Φ

, (3.4)

we consider BR = {x ∈ C : ∥x∥ ≤ R}.
In view of Lemma 2.1, we define the operators F1 and F2 on the ball BR as

(F1x)(t) =

∫ t

0

∫ s

0

f(u, x(u))dqudps− λ

∫ t

0

x(s)dps,

(F2x)(t) =
1

ηT (1 + r)− T 2

(
λT (t+ rt− T )

∫ η

0

x(s)dps− T (t+ rt− T )×∫ η

0

∫ s

0

f(u, x(u))dqudps− (1 + r)λ(t− η)

∫ T

0

∫ v

0

x(s)dpsdrv

+(1 + r)(t− η)

∫ T

0

∫ v

0

∫ s

0

f(u, x(u))dqudpsdrv

)
For x, y ∈ BR, by computing directly, we have

∥F1x+ F2y∥

≤ ∥µ∥
∫ t

0

∫ s

0

dqudps+ |λ|∥x∥
∫ t

0

dps

+
1

|ηT (1 + r)− T 2|

(
∥y∥|λT (t+ rt− T )|

∫ η

0

dps+ ∥µ∥|T (t+ rt− T )| ×∫ η

0

∫ s

0

dqudps+ ∥y∥|(1 + r)λ(t− η)|
∫ T

0

∫ v

0

dpsdrv

+∥µ∥|(1 + r)(t− η)|
∫ T

0

∫ v

0

∫ s

0

dqudpsdrv

)
≤ RΦ + ∥µ∥Ω
≤ R.

Therefore F1x + F2y ∈ BR. The condition (3.3) implies that F2 is a contraction

mapping. Next, we will show that F1 is compact and continuous. Continuity of f

coupled with the assumption (H3) implies that the operator F1 is continuous and
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uniformly bounded on BR. We define sup(t,x)∈[0,T ]×BR
|f(t, x)| = fmax < ∞. For

t1, t2 ∈ [0, T ] with t1 ≤ t2 and x ∈ BR, we have that

∥F1x(t2)−F1x(t1)∥ = sup
(t,x)∈[0,T ]×BR

∣∣∣∣∣
∫ t1

0

∫ s

0

f(u, x(u))dqudps− λ

∫ t1

0

x(s)dps

−
∫ t2

0

∫ s

0

f(u, x(u))dqudps+ λ

∫ t2

0

x(s)dps

∣∣∣∣∣
= sup

(t,x)∈[0,T ]×BR

∣∣∣∣∣
∫ t1

t2

∫ s

0

f(u, x(u))dqudps− λ

∫ t1

t2

x(s)dps

∣∣∣∣∣
≤ fmax

|t21 − t22|
1 + p

+ |λ|(t1 − t2)R.

In particular, if t1 − t2 → 0 the right-hand side of the above inequality tends to

zero. Thus, F1 is relatively compact on BR. Hence, we can conclude by the Arzelá-

Ascoli Theorem that F1 is compact on BR. Therefore, all the assumptions of Theorem

3.3 are satisfied and the conclusion of Theorem 3.3 implies that the boundary value

problem (1.5) has at least one solution on [0, T ]. This completes the proof. �

4 Examples

In this section, we give some examples to illustrate our main results with . Con-

sider the following boundary value problem of nonlinear second-order q-difference

equations with three-point boundary conditions
D 1

2
(D 1

3
+

1

100
)x(t) =

e− sin2 t

100 + ecos2 t
· |x(t)|
1 + |x(t)|

, t ∈ [0, 3],

x (2) = 0,

∫ 3

0

x(s)d 3
4
s = 0.

(4.1)

For this example, we have q = 1/2, p = 1/3, r = 3/4, λ = 10, T = 3, and η = 2.

Form Theorem 3.3, we find that

Φ =
3

100
+

3
100

(9/4 + 1)

|3(7/4)− 3|
≈ 0.06

Ω =
9

4/3
+

9

|3(7/4)− 3|(4/3)
+

(7/4)9

|3(7/4)− 3|(3/2)(37/16)
≈ 11.77

Since, |f(t, x)− f(t, y)| ≤ 1
101

|x− y|, then (H1) is satisfied with L = 1
101

. We can

find that

Φ + LΩ ≈ 0.177 < 1.

Hence, by Theorem 3.1, problem (4.1) with f(t, x) has a unique solution on [0, 3].
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Abstract

In this paper, reproducing kernel Hilbert space method is introduced as an e�cient solver for fourth-order bound-

ary value problems of mixed type integro-di�erential equations where two reproducing kernel functions are used

throughout the evolution of the algorithm to obtain the required nodal values of the unknown variable. The solution

methodology is based on generating the orthogonal basis from the obtained kernel function in the space W 5
2 [0; 1].

After that, the orthonormal basis is constructing in order to formulate and utilize the solution in the same space. In

addition to that, an error estimation and bound based on the use of reproducing kernel theory has been carried out.

Four numerical test problems including linear and nonlinear equations were analyzed to illustrate the procedure

and con�rm the performance of the proposed method. The numerical results show that the proposed algorithm is a

robust and accurate procedure for solving fourth-order boundary value problems of mixed type integro-di�erential

equations.

Keywords: Integro-di�erential equation; Reproducing kernel function; Iterative method

AMS Subject Classi�cation: 34K28; 45J05; 47B32

||||||||||||||||||||||||||||||||||||||||||||||||{

1 Introduction

Most engineering and physical problems are governed by functional equations, for example, ordinary di�erential

equations, integral equations, integro-di�erential equations (IDEs), and stochastic di�erential equations. Many

mathematical formulation of physical phenomena contain IDEs with proper boundary conditions, these equations

arises in 
uid dynamics, biological models, and chemical kinetics, etc. [1{7]. In most cases, the equation is too

complex to allow one to �nd an exact solution, where solution of such equations is always demand due to practical

interests. Therefore, an e�cient, reliable computer stimulation is required; it is little wonder that with the develop-

ment of fast, e�cient digital computers, the role of numerical methods in mathematical, physical, and engineering

problems solving has increased dramatically in recent years.

Today, computers and numerical methods provide an alternative for complicated calculations. Using computer

power to obtain solutions directly, we can approach these calculations without recourse to simplifying assumptions

or time-intensive techniques. Although analytical solutions are still extremely valuable both for problem solving

and for providing insight, numerical methods represent alternatives that greatly enlarge our capabilities to confront

and solve problems. As a result, more time is available for the use of creative skills. Thus, more emphasis can be

placed on problem formulation and solution interpretation and the incorporation of total system.

Investigation about solvability of fourth-order boundary value problems (BVPs) of mixed type IDEs is scarce.

Recently, many authors have discussed the numerical solvability for Volterra type by using some of the well-known

methods. It is to be noted that the Volterra type is just a special case of the problem that we propose in this paper.

However, the reader is asked to refer to [8{12] in order to know more details about these methods, including their

kinds and history, their modi�cation for use, their applications on the other problems, and their characteristics.

In this paper, we introduce a novel method based on the use of reproducing kernel Hilbert space (RKHS) method

for numerically approximating a solution of fourth-order BVPs of mixed type IDEs in which the given boundary

conditions can be involved. The present method has the following characteristics:
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1. The method is of global nature in terms of the solution obtained as well as its ability to solve other mathe-

matical, physical, and engineering problems.

2. The present method is accurate, need less e�ort to achieve the results, and is developed especially for nonlinear

case. However, if the problem comes nonlinear, then the RKHS method does not require discretization or

perturbation and it does not make closure approximation.

3. In the proposed method, it is possible to pick any point in the interval of integration and as well the approx-

imate solution and all its derivatives up to order four will be applicable.

4. The RKHS method does not require discretization of the variables, that is, time and space; it is not e�ected

by computation round o� errors and one is not faced with necessity of large computer memory and time.

In the strict sense of the word, before applying a numerical method to the solution of IDEs, we must be certain

that a solution exists. We are also interested in whether the solution is unique. It is worth stating that in many

cases, since IDEs are often derived from problems in physical world, existence and uniqueness are often obvious for

physical reasons. Notwithstanding this, a mathematical statement about existence and uniqueness is worthwhile.

On the other hand, uniqueness would be of importance if, for instance, we wished to approximate the solution.

If two solution passed through a point, then approximations could very well jump from one solution to the other

with misleading consequences. Therefore, we assume that the fourth-order BVPs of mixed type IDEs to be solved

numerically using RKHS method have unique solution on the given interval.

This paper is arranged in the following form: in the next section, a short introduction to reproducing kernel

theory is presented. In Section 3, we state the problem and an algorithm solver is introduced. In Section 4, several

reproducing kernel functions are constructed in order to apply the RKHS method. In Section 5, we formulate

the problem and a theoretic basis of the method is introduced in the space W 5
2 [0; 1]. In Section 6, we will give

the representation of exact and approximate solutions, also, an iterative method for solving the present problem

numerically using RKHS method is described. In Section 7, we derive an error bound for the present method in

order to capture the behavior of solution. Software libraries and numerical results are given in Section 8 in order to

verify the mathematical simulation of the proposed algorithm. Finally, concluding remarks are presented in Section

9.

2 Preface to reproducing kernel theory

After a brief introduction to reproducing kernel theory, we view the elements of RKHS and discuss its properties,

its applications, and its advantages. In particular, we focus on the spaces W 5
2 [0; 1] and W 1

2 [0; 1] among other

reproducing kernel, because of their use in this paper, especially in constructing the needed reproducing kernel

functions.

In functional analysis, a RKHS is a Hilbert space of functions in which pointwise evaluation is a continuous

linear functional. Equivalently, they are spaces that can be de�ned by reproducing kernels. An abstract set is

supposed to have elements, each of which has no structure, and is itself supposed to have no internal structure,

except that the elements can be distinguished as equal or unequal, and to have no external structure except for the

number of elements.

De�nition .1 [13] Let E be a nonempty abstract set. A function K : E � E ! C is a reproducing kernel of the
Hilbert space H if

1. For each x 2 E, K (�; x) 2 H.

2. For each x 2 E and ' 2 H, h' (�) ;K (�; x)i = ' (x).

Remark .1 The condition (2) in De�nition .1 is called "the reproducing property" which means that the value

of the function ' at the point x is reproducing by the inner product of ' (�) with K (�; x). A Hilbert space which
possesses a reproducing kernel is called a RKHS [13].
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As a special case, the spaces W 5
2 [0; 1] and W

1
2 [0; 1] are complete Hilbert with some special properties. So, all

the properties of the Hilbert space will be hold. Further, theses spaces possesses some special and better properties

which could make some problems be solved easier. For instance, many problems studied in L2[0; 1] space, which

is a complete Hilbert space, requires large amount of integral computations, and such computations may be very

di�cult in some cases. Thus, the numerical integrals have to be calculated in the cost of losing some accuracy.

However, the properties of W 5
2 [0; 1] and W

1
2 [0; 1] require no more integral computation for some functions, instead

of computing some values of a function at some nodes. In fact, this simpli�cation of integral computation not only

improves the computational speed, but also improves the computational accuracy.

Reproducing kernel theory has important application in numerical analysis, di�erential equations, integral

equations, probability and statistics, and so fourth [14{16]. Recently, a lot of research work has been devoted to the

applications of RKHS method to a wide class of stochastic and deterministic problems involving operator equations,

di�erential equations, and integral equations. The RKHS method was used by many authors to investigate several

scienti�c applications side by side with their theory. The reader is kindly requested to go through [12{31] in order

to know more details about RKHS method, including its history, its modi�cation for use, its applications on the

other problems, and its characteristics. On the other hand, the numerical solvability of other version of di�erential

problems can be found in [32{35] and references therein.

3 Problem statement and numerical algorithm

Numerical methods tend to emphasize the implementation of algorithms. The aim of numerical methods is therefore

to provide systematic methods for solving problems in a numerical form. The process of solving problems generally

involves starting from an initial data, using high precision digital computers, following the steps in the algorithms,

and �nally obtaining the results. Often the numerical data and the methods used are approximate ones.

Let us consider the following fourth-order BVPs of mixed type IDEs described the ordinary functional equation:

u(4) (x) = F (x; u000 (x) ; u00 (x) ; u0 (x) ; u (x)) + [Tu] (x) ; (1)

in which the mixed Fredholm-Volterra operator, [Tu], is given as

[Tu] (x) =
1R
0

k1(x; t)G1(u
000 (t) ; u00 (t) ; u0 (t) ; u (t))dt+

xR
0

k2(x; t)G2(u
000 (t) ; u00 (t) ; u0 (t) ; u (t))dt;

subject to the boundary conditions

u (0) = �0, u (1) = �0;

u00 (0) = �1, u
00 (1) = �1;

(2)

where 0 � t < x � 1, �i, �i, i = 0; 1 are real �nite constants, u 2W 5
2 [0; 1] is an unknown function to be determined,

k1 (x; t) ; k2 (x; t) are continuous functions on [0; 1]
2
, F (x;w1; w2; w3; w4) ; G1 (w1; w2; w3; w4) ; G2 (w1; w2; w3; w4)

are continuous terms in W 1
2 [0; 1] as wi = wi (x) 2 W 5

2 [0; 1], 0 � x � 1, �1 < wi < 1, i = 1; 2; 3; 4 and are

depending on the problem discussed, and W 1
2 [0; 1] ;W

5
2 [0; 1] are two reproducing kernel spaces.

The following is the main steps for formulating Eqs. (1) and (2) in order to apply the RKHS method. The

steps in the algorithm are explained in more detail in the next sections.

Algorithm 1 To �nd a series representation of analytic and approximate solutions of Eqs. (1) and (2) using RKHS

method, we do the following steps:

Step 1: Introduce new unknown function v (x) as

v (x) = u (x)� � (x) ;

where � (x) satis�es the requirements � (0) = �0 and �1 (1) = �0. Similarly, �
00 (x) satis�es the requirements

�00 (0) = �1 and �
00 (1) = �1. Hence, one can obtain

� (x) = 1
6 (�1 � �1)x

3 + 1
2�1x

2 +
�
�0 � �0 � 1

6�1 �
1
3�1

�
x+ �0:
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Step 2: The form of Eq. (1) with nonhomogeneous boundary conditions (2) can be equivalently reduced to the

problem of �nding a function v (x) that satisfying the following equation:

v(4) (x) = F
�
x; (v + �)

000
(x) ; (v + �)

00
(x) ; (v + �)

0
(x) ; (v + �) (x)

�
+ [T (v + �)] (x) ; (3)

subject to the homogeneous boundary conditions

v (0) = 0, v (1) = 0;

v00 (0) = 0, v00 (1) = 0:
(4)

Step 3: Find the representation form of the two kernel functions Kx (y) and Rx (y) of the spaces W
5
2 [0; 1] and

W 1
2 [0; 1], respectively.

Step 4: Construct the orthogonal function system  i(x) of the space W
5
2 [0; 1] as  i(x) = Ly [Kx (y)]y=xi .

Step 5: Construct the orthonormal function system
�
 i (x)

	1
i=1

of the space W 5
2 [0; 1] as

� i (x) =
iP

k=1

�ik k (x).

Step 6: The analytic solution v (x) and the approximate solution vn (x) of Eqs. (3) and (4) are obtained, respec-

tively, as

v (x) =
1P
i=1

iP
k=1

�ik ��
F
�
xk; (v + �)

000
(xk) ; (v + �)

00
(xk) ; (v + �)

0
(xk) ; (v + �) (xk)

�
+ [T (v + �)] (xk)

	
� i (x) ;

vn (x) =
nP
i=1

iP
k=1

�ik ��
F
�
xk; (v + �)

000
(xk) ; (v + �)

00
(xk) ; (v + �)

0
(xk) ; (v + �) (xk)

�
+ [T (v + �)] (xk)

	
� i (x) ;

where �ik; xk;
� i (x) are all given in the process of formulation.

Step 7: The analytic solution u (x) and the approximate solution un (x) of Eqs. (1) and (2) are obtained, respec-

tively, as

u (x) = � (xk) +
1P
i=1

iP
k=1

�ik fF (xk; u000 (xk) ; u00 (xk) ; u0 (xk) ; u (xk)) + [Tu] (xk)g � i (x) ;

un (x) = � (xk) +
nP
i=1

iP
k=1

�ik fF (xk; u000 (xk) ; u00 (xk) ; u0 (xk) ; u (xk)) + [Tu] (xk)g � i (x) :

4 Several reproducing kernel functions

In this section, we formulate two reproducing kernels in order to generating the orthogonal basis in the space

W 5
2 [0; 1]. After that, an orthonormal basis is constructing in order to formulate and utilize the solution of Eqs. (3)

and (4) using RKHS method in the same space.

To apply the RKHS method, we �rst de�ne and construct a reproducing kernel space W 5
2 [0; 1] in which every

function satis�es the boundary conditions z (0) = z00 (0) = z (1) = z00 (1) = 0.

De�nition .2 The inner product space W 5
2 [0; 1] is de�ned as W

5
2 [0; 1] = fz (x) : z(i); i = 0; 1; 2; 3; 4 are absolutely

continuous real-valued functions on [0; 1], z(5) 2 L2 [0; 1], and z (0) = z00 (0) = z (1) = z00 (1) = 0g. The inner
product and the norm in W 5

2 [0; 1] are given by

hz1 (x) ; z2 (x)iW 5
2
=

2P
i=0

z
(i)
1 (0) z

(i)
2 (0) +

1P
i=0

z
(i)
1 (1) z

(i)
2 (1) +

1R
0

z
(5)
1 (x)z

(5)
2 (x)dx; (5)
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and jjzjjW 5
2
=
q
hz (x) ; z (x)iW 5

2
, respectively, where z1; z2 2W 5

2 [0; 1] and L
2 [0; 1] =

n
z :
R 1
0
z2 (x) dx <1

o
.

It is easy to see that hz1 (x) ; z2 (x)iW 5
2
satis�es all the requirements of the inner product. First, hz1 (x) ; z1 (x)iW 5

2

� 0. Second, hz1 (x) ; z2 (x)iW 5
2
= hz2 (x) ; z1 (x)iW 5

2
. Third, h
z1 (x) ; z2 (x)iW 5

2
= 
 hz1 (x) ; z2 (x)iW 5

2
. Fourth,

hz1 (x) + z2 (x) ; z3 (x)iW 5
2
= hz1 (x) ; z3 (x)iW 5

2
+hz2 (x) ; z3 (x)iW 5

2
. It remains only to prove that hz1 (x) ; z1 (x)iW 5

2
=

0 if and only if z1 (x) = 0. In fact, it is obvious that when z1 (x) = 0, then hz1 (x) ; z1 (x)iW 5
2
= 0. On the other

hand, if hz1 (x) ; z1 (x)iW 2
2
= 0, then by Eq. (5), we have hz1 (x) ; z1 (x)iW 2

2
=

2P
i=0

�
z
(i)
1 (0)

�2
+

1P
i=0

�
z
(i)
1 (1)

�2
+R 1

0

�
z
(5)
1 (x)

�2
dx = 0. Therefore, z1 (0) = z01 (0) = z001 (0) = 0, z1 (1) = z01 (1) = 0, and z

(5)
1 (x) = 0. Then, we can

obtain z1 (x) = 0.

De�nition .3 [13] The Hilbert space W 5
2 [0; 1] is called a reproducing kernel if for each �xed x 2 [0; 1] and any

z (y) 2W 5
2 [0; 1], there exist K (x; y) 2W 5

2 [0; 1] (simply Kx (y)) and y 2 [0; 1] such that hz (y) ;Kx (y)iW 5
2
= z (x).

It is very important to obtain the representation form of the reproducing kernel function Kx (y), because it

is the basis of our algorithm. In the following theorem, we will give the method for obtaining the reproducing

kernel function Kx (y) in the space W
5
2 [0; 1]. After that, we construct the space W

1
2 [0; 1] in order to de�ne a linear

bounded operator L as shown later in the next section.

Theorem .1 The Hilbert spaceW 5
2 [0; 1] is a reproducing kernel and its reproducing kernel function Kx (y) is given

by

Kx (y) =

8>><>>:
9P
i=0

pi(x)y
i; y � x;

9P
i=0

qi(x)y
i; y > x:

(6)

where pi(x) and qi(x), i = 0; 2; :::; 9 are unknown coe�cients of Kx (y) and are given as

p0 (x) = 0, p1 (x) =
1

725764

�
362884x� 725782x3 + 362903x4 � 12x7 + 9x8 � 2x9

�
, p2 (x) = 0;

p3 (x) =
1

43894206720
(�43895295360x

+87800025610x3 � 43910173465x4 + 10160696x5 � 5806148x7 + 1088673x8 � 6x9);

p4 (x) =
1

87788413440
x(43896746880

�87820346930x2 + 43950816165x3 � 30482088x4 + 4354668x6 � 1088709x7 + 14x8);
p5 (x) = p6 (x) = 0;

p7 (x) = � 1

21947103360
x
�
362880� 2177292x+ 2903074x2 � 1088667x3 + 12x6 � 9x7 + 2x8

�
;

p8 (x) =
1

29262804480
x
�
�362884 + 725782x2 � 362903x3 + 12x6 � 9x7 + 2x8

�
;

p9 (x) =
1

131682620160

�
362882� 362880x� 18x3 + 21x4 � 12x7 + 9x8 � 2x9

�
;

q0 (x) =
1

362880
x9;

q1 (x) = � 1

7315701120
�

x
�
�3657870720 + 7315882560x2 � 3658062240x3 + 120960x6 + 90721x7 + 20160x8

�
;

q2 (x) =
1

10080
x7;
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q3 (x) = � 1

43894206720
�

x
�
43895295360� 87800025610x2 + 43910173465x3 + 5806148x6 � 1088673x7 + 6x8

�
;

q4 (x) =
1

87788413440
�

x
�
43896746880� 87820346930x2 + 43950816165x3 + 4354668x6 � 1088709x7 + 14x8

�
;

q5 (x) = � 1

2880
x4, q6 (x) =

1

4320
x3;

q7 (x) = � 1

21947103360
x
�
362880 + 2903074x2 � 1088667x3 + 12x6 � 9x7 + 2x8

�
;

q8 (x) =
1

29262804480
x
�
362880 + 725782x2 � 362903x3 + 12x6 � 9x7 + 2x8

�
;

q9 (x) = � 1

131682620160
x
�
362880 + 18x2 � 21x3 + 12x6 � 9x7 + 2x8

�
:

Proof. The proof of the completeness and reproducing property of W 5
2 [0; 1] is similar to the proof in [17]. Let

us now �nd out the expression form of the reproducing kernel function Kx (y) in the space W
5
2 [0; 1]. Clearly,R 1

0
z(5) (y)K

(5)
x (y) dy =

4P
i=0

(�1)4�i z(i) (y)K(9�i)
x (y) jy=1y=0 +(�1)

3 R 1
0
z (y)K

(10)
x (y) dy. Hence, hz (y) ;Kx (y)iW 5

2
=

2P
i=0

z(i) (0)K
(i)
x (0) +

1P
i=0

z(i) (1)K
(i)
x (1) +

4P
i=0

(�1)4�i z(i) (y)K(9�i)
x (y) jy=1y=0 �

R 1
0
z (y)K

(10)
x (y) dy. Since Kx (y) 2

W 5
2 [0; 1], it follows that Kx (0) = K 00

x (0) = Kx (1) = K 00
x (1) = 0. Further, since z (x) 2 W 5

2 [0; 1], one obtains

z (0) = z00 (0) = z (1) = z00 (1) = 0. Thus, if K
(i)
x (0) = K

(i)
x (1) = 0, i = 5; 6, K 0

x (0) + K
(8)
x (0) = 0, and

K 0
x (1) � K

(8)
x (1) = 0, then hz (y) ;Kx (y)iW 5

2
=
R 1
0
z (y)

�
�K(10)

x (y)
�
dy. Now, for each x 2 [0; 1], if Kx (y) also

satis�es �K(10)
x (y) = � (x� y), where � is the dirac-delta function, then hz (y) ;Kx (y)iW 5

2
= z (x). Obviously,

Kx (y) is the reproducing kernel function of W
5
2 [0; 1]. Let us now utilizing the expression form of the reproducing

kernel function Kx (y). The characteristic equation of �K(10)
x (y) = � (y � x) is �10 = 0, and their characteristic

values are � = 0 with 10 multiple roots. So, let the expression form of the reproducing kernel function Kx (y) be

as de�ned in Eq. (6). On the other aspect as well, let Kx (y) satis�es K
(m)
x (x+ 0) = K

(m)
x (x� 0), m = 0; 1; :::; 8.

Integrating �K(10)
x (y) = � (x� y) from x � " to x + " with respect to y and let " ! 0, we have the jump

degree of K
(9)
x (y) at y = x given by K

(9)
x (x� 0) �K

(9)
x (x+ 0) = 1. Through the last descriptions and by using

MATHEMATICA 7:0 software package, the unknown coe�cients pi(x) and qi(x), i = 0; 2; :::; 9 of Eq. (6) can be

obtained as given in the theorem. This completes the proof.

De�nition .4 [18] The inner product space W 1
2 [0; 1] is de�ned as W

1
2 [0; 1] = fz (x) : z is absolutely continuous

real-valued function on [0; 1] and z0 2 L2 [0; 1]g. The inner product and the norm in W 1
2 [0; 1] are de�ned as

hz1 (x) ; z2 (x)iW 1
2
=
R 1
0
(z01 (x) z

0
2 (x) + z1 (x) z2 (x)) dx and jjzjjW 1

2
=
q
hz (x) ; z (x)iW 1

2
respectively, where z1; z2 2

W 1
2 [0; 1] and L

2 [0; 1] =
n
z :
R 1
0
z2 (x) dx <1

o
.

Theorem .2 [18] The Hilbert space W 1
2 [0; 1] is a complete reproducing kernel and its reproducing kernel function

Rx (y) can be written as

Rx (y) =

(
p0(x)e

y + p1(x)e
�y; y � x;

q0(x)e
y + q1(x)e

�y; y > x:

where pi(x) and qi(x), i = 0; 1 are unknown coe�cients of Rx (y) and are given as

p0 (x) =
1

2 sinh (1)
cosh (x� 1) ;

p1 (x) =
1

2 sinh (1)
cosh (x� 1) ;
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q0 (x) =
1

4 sinh (1)

�
ex�1 + e�1�x

�
;

q1 (x) =
1

4 sinh (1)

�
e1�x + e1+x

�
:

In fact, it easy to see that q0(x)e
y + q1(x)e

�y = p0 (y) e
x + p1 (y) e

�x. As a result, the reproducing kernel

function posses some important properties such as: it is symmetric, unique, and nonnegative. The reader is asked

to refer to [12{31] in order to know more details about reproducing kernel function including its mathematical

properties, types and kinds, applications, method of calculations, and others.

5 Problem formulation in the space W5
2 [0; 1]

Problem formulation is normally the most important part of the process. It is the selection of linear operator,

orthogonal basis, and orthonormal basis. In this section, Eqs. (3) and (4) are �rst formulated as a di�erential linear

operator based on the spaces W 5
2 [0; 1] and W

1
2 [0; 1]. After that, the Gram-Schmidt orthogonalization process of

f i (x)g
1
i=1 is presented.

In order to apply the RKHS method, as in [12, 13, 17{31], we �rs de�ne a di�erential linear operator L as

L :W 5
2 [0; 1]!W 1

2 [0; 1] such that Lv (x) = v(4) (x). Thus, discretized form of Eqs. (3) and (4) can be obtained as

follows:

Lv (x) = F
�
x; (v + �)

000
(x) ; (v + �)

00
(x) ; (v + �)

0
(x) ; (v + �) (x)

�
+ [T (v + �)] (x) ; (7)

subject to the two-point boundary conditions

v (0) = 0, v (1) = 0;

v00 (0) = 0, v00 (1) = 0;
(8)

where v and � are as given in Algorithm 1.

Theorem .3 The operator L :W 5
2 [0; 1]!W 1

2 [0; 1] is bounded and linear.

Proof. For boundedness, we need to prove kLv(x)k2W 1
2
� M kLv(x)k2W 5

2
; where M is a positive constant. From

the de�nition of the inner product and the norm of W 1
2 [0; 1], we have k(Lv) (x)k

2
W 1

2
= h(Lv) (x) ; (Lv) (x)iW 1

2
=

1R
0

n�
(Lv)

0
(x)
�2
+ [(Lv) (x)]

2
o
dx: By reproducing property of Kx(y), we have v(x) = hv (y) ;Kx (y)iW 5

2
, (Lv) (x) =

hv (y) ; (LKx) (y)iW 5
2
, and (Lv)0(x) = hv (y) ; (LKx)

0 (y)iW 5
2
. Again, by Schwarz inequality, we get

j(Lv)(x)j =
���hv (x) ; (LKx) (x)iW 5

2

��� � kLKx (x)kW 5
2
kv (x)kW 5

2
=M1 kv (x)kW 5

2
; M1 > 0;

j(Lv)0(x)j =
���hv (x) ; (LKx)

0 (x)iW 5
2

��� � k(LKx)
0 (x)kW 5

2
kv (x)kW 5

2
=M2 kv (x)kW 5

2
; M2 > 0:

Thus, k(Lv)(x)k2W 1
2
=

1R
0

n�
(Lv)

0
(x)
�2
+ [(Lv) (x)]

2
o
dx � (M2

1 +M2
2 ) kv (x)k

2
W 5

2
or k(Lv)(x)kW 1

2
� M kv (x)kW 5

2
;

where M =
p
M2
1 +M

2
2 . The linearity part is obvious. This complete the proof.

After that, we construct an orthogonal function system of W 5
2 [0; 1] as follows: put 'i (x) = Rxi (x) and

 i (x) = L�i' (x), where fxig
1
i=1 is dense on [0; 1] and L

� is the adjoint operator of L. In terms of the properties of

reproducing kernel function Kx (y), one can obtains hv (x) ;  i (x)iW 5
2
= hv (x) ; L�'i (x)iW 5

2
= hLv (x) ; 'i (x)iW 1

2
=

Lv(xi), i = 1; 2; :::. In fact, the orthonormal function system
�
 i (x)

	1
i=1

of the space W 5
2 [0; 1] can be derived from

the Gram-Schmidt orthogonalization process of f i (x)g
1
i=1 as

� i (x) =
iP

k=1

�ik k (x) ; (9)

where �ik are orthogonalization coe�cients and are given as follows: �ij =
1

k 1k
for i = j = 1, �ij =

1
di
for
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i = j 6= 1, and �ij = � 1
di

i�1P
k=j

cik�kj for i > j such that di =

s
k ik

2 �
i�1P
k=1

c2ik, cik =


 i;  k

�
W 5

2
, and f i (x)g

1
i=1

is the orthonormal system in the space W 5
2 [0; 1].

Through the next theorem the subscript y by the operator L (Ly) indicates that the operator L applies to the

function of y.

Theorem .4 If fxig1i=1 is dense on [0; 1], then f i (x)g
1
i=1 is a complete function system of W 5

2 [0; 1] and  i (x) =

LyKx (y)jy=xi .

Proof. Clearly,  i (x) = L�i' (x) = hL�i' (y) ;Kx (y)iW 5
2
= h'i (y) ; LyKx (y)iW 1

2
= LyKx (y)jy=xi 2 W 5

2 [0; 1].

Now, for each �xed v (x) 2 W 5
2 [0; 1], let hv (x) ;  i (x)iW 5

2
= 0, i = 1; 2; :::. In other word, hv (x) ;  i (x)iW 5

2
=

hv (x) ; L�'i (x)iW 5
2
= hLv (x) ; 'i (x)iW 1

2
= Lv (xi) = 0. Note that fxig1i=1 is dense on [0; 1], therefore Lv (x) = 0.

It follows that v (x) = 0 from the existence of L�1. So, the proof of the theorem is complete.

Lemma .1 If v (x) 2 W 5
2 [0; 1], then there exists M > 0 such that

����v(i) (x)����
C
� M jjv(x)jjW 5

2
, i = 0; 1; 2; 3; 4,

where jjv (x)jjC = max
a�x�b

jv(x)j.

Proof. For any x; y 2 [0; 1], we have v(i)(x) =
D
v(y);K

(i)
x (y)

E
W 5

2

, i = 0; 1; 2; 3; 4: By the expression of Kx(y), it

follows that



K(i)

x (y)




W 5

2

�Mi, i = 0; 1; 2; 3; 4. Thus,
��v(i)(x)�� = ����Dv (x) ;K(i)

x (x)
E
W 5

2

���� � 


K(i)
x (x)





W 5

2

kv(x)kW 5
2
�

Mi kv(x)kW 5
2
, i = 0; 1; 2; 3; 4. Hence,

����v(i) (x)����
C
�M jjv(x)jjW 5

2
, i = 0; 1; 2; 3; 4, where M = max

i=0;1;2;3;4
fMig.

6 Representation of exact and approximate solutions

In this section, we will give the representation form of exact and approximate solutions of Eqs. (3) and (4) in the

space W 5
2 [0; 1]. After that, an iterative formulas of obtaining approximate solution is represented for both linear

and nonlinear case.

Theorem .5 For each v (x) 2 W 5
2 [0; 1], the series

1P
i=1



v (x) ; � i (x)

�
� i (x) is convergent in the sense of the norm

of W 5
2 [0; 1]. On the other hand, if fxig

1
i=1 is dense on [0; 1], then the following are hold:

(i) The exact solution of Eqs. (7) and (8) could be represented by

v (x) =
1P
i=1

iP
k=1

�ik��
F
�
xk; (v + �)

000
(xk) ; (v + �)

00
(xk) ; (v + �)

0
(xk) ; (v + �) (xk)

�
+ [T (v + �)] (xk)

	
� i (x) :

(10)

(ii) The approximate solution of Eqs. (7) and (8)

vn (x) =
nP
i=1

iP
k=1

�ik��
F
�
xk; (v + �)

000
(xk) ; (v + �)

00
(xk) ; (v + �)

0
(xk) ; (v + �) (xk)

�
+ [T (v + �)] (xk)

	
� i (x) ;

(11)

and its derivative up to order four are converging uniformly to the exact solution v (x) and all its derivative

as n!1, respectively.

Proof. For the �rst part, let v (x) be solution of Eqs. (7) and (8) in the space W 5
2 [0; 1]. Since v (x) 2 W 5

2 [0; 1],
1P
i=1



v (x) ; � i (x)

�
� i (x) is the Fourier series about normal orthogonal system

�
� i (x)

	1
i=1
, and W 5

2 [0; 1] is the

Hilbert space, then the series
1P
i=1



v (x) ; � i (x)

�
� i (x) is convergent in the sense of k�kW 5

2
. On the other aspect as
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well, using Eq. (9), we have

v (x) =
1P
i=1



v (x) ; � i (x)

�
W 5

2

� i (x)

=
1P
i=1

iP
k=1

�ik hv (x) ;  k (x)iW 5
2

� i (x)

=
1P
i=1

iP
k=1

�ik hv (x) ; L�'k (x)iW 5
2

� i (x)

=
1P
i=1

iP
k=1

�ik hLv (x) ; 'k (x)iW 1
2

� i (x)

=
1P
i=1

iP
k=1

�ik �

F
�
x; (v + �)

000
(x) ; (v + �)

00
(x) ; (v + �)

0
(x) ; (v + �) (x)

�
+ [T (v + �)] (x) ; 'k (x)

�
W 1

2

� i (x)

=
1P
i=1

iP
k=1

�ik ��
F
�
xk; (v + �)

000
(xk) ; (v + �)

00
(xk) ; (v + �)

0
(xk) ; (v + �) (xk)

�
+ [T (v + �)] (xk)

	
� i (x) :

Therefore, the form of Eq. (10) is the exact solution of Eqs. (7) and (8).

For the second part, it easy to see that by Lemma .1, for any x 2 [0; 1]���v(i)n (x)� v(i) (x)
��� =

����Dvn (x)� v (x) ;K(i)
x (x)

E
W 5

2

����
�




K(i)
x (x)





W 5

2

kvn (x)� v (x)kW 5
2

� Mi kvn (x)� v (x)kW 5
2
, i = 0; 1; 2; 3; 4;

where Mi, i = 0; 1; 2; 3; 4 are positive constants. Hence, if kvn (x)� v (x)kW 5
2
! 0 as n ! 1, the approximate

solution vn (x) and v
(i)
n (x), i = 0; 1; 2; 3; 4 are converge uniformly to the exact solution v (x) and all its derivative,

respectively. So, the proof of the theorem is complete.

Next, we will mention the following remark about the exact and approximate solutions of Eqs. (3) and (4).

Remark .2 [12, 13, 17{31] In order to apply the RKHS technique for solve Eqs. (3) and (4), we de�ne an initial

guess approximation function as v0 (x1) = v (x1) = 0. On the other hand, we have the following two cases based on

the form of Eq. (11) and the structure of the functions F , G1, and G2 in Eq. (3).

Case 1: If Eq. (3) is linear, then the approximate solution can be obtained directly as follows:

vn (x) =
nP
i=1

iP
k=1

�ikfF
�
xk; (vk�1 + �)

000
(xk) ; (vk�1 + �)

00
(xk) ; (vk�1 + �)

0
(xk) ; (vk�1 + �) (xk)

�
+ [T (vk�1 + �)] (xk)g� i (x) :

Case 2: If Eq. (3) is nonlinear, then the approximate solution can be obtained immediately as follows:

vNn (x) =
NP
i=1

iP
k=1

�ikfF
�
xk; (vn�1 + �)

000
(xk) ; (vn�1 + �)

00
(xk) ; (vn�1 + �)

0
(xk) ; (vn�1 + �) (xk)

�
+ [T (vn�1 + �)] (xk)g� i (x) :

The reader is asked to refer to [12,13,17{31] in order to know more details about these two case, including their

derivation, their importance, and their relationship to the exact solution.
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7 Error estimation and error bound

When solving practical problems, it is necessary to take into account all the errors of the measurements. Moreover,

in accordance with the technical progress and the degree of complexity of the problem, it becomes necessary to

improve the technique of measurement of quantities. Considerable errors of measurement become inadmissible in

solving complicated mathematical, physical, and engineering problems. The reliability of the numerical result will

depend on an error estimate or bound, therefore the analysis of error and the sources of error in numerical methods

is also a critically important part of the study of numerical technique. In this section, we derive an error bounds

for the present method and problem in order to capture behavior of the solution.

In the next theorem, we show that the error of approximate solution is monotone decreasing, while the next

lemma is presented in order to prove the recent theorem.

Theorem .6 Let "2s;n = jjv (x)� vn (x)jj
2
W 3

2
, where v (x) and vn (x) are given by Eq. (10) and Eq. (11), respectively.

Then, the sequence of numbers f"ng are monotone decreasing in the sense of the norm of W 5
2 [0; 1] and "n ! 0 as

n!1.
Proof. Since, v (x) =

1P
i=1



v (x) ; � i (x)

�
W 5

2

� i (x) it obvious that

"2n = jjv (x)� vn (x)jj
2
W 5

2
=





 1P
i=n+1



v (x) ; � i (x)

�
W 5

2

� i (x)





2
W 5

2

=
1P

i=n+1

�

v (x) ; � i (x)

�
W 5

2

�2
;

"2n�1 = jjv (x)� vn�1 (x)jj
2
W 5

2
=





 1P
i=n



v (x) ; � i (x)

�
W 5

2

� i (x)





2
W 5

2

=
1P
i=n

�

v (x) ; � i (x)

�
W 5

2

�2
:

Clearly, "n�1 � "n, and consequently f"ng is monotone decreasing in the sense of k�kW 5
2
. On the other aspect as

well, by Theorem .5, we know that
1P
i=1



v (x) ; � i (x)

�
W 5

2

� i (x) is convergent in the sense of k�kW 5
2
. Thus, we have

"2n =
1P

i=n+1

�

v (x) ; � i (x)

�
W 5

2

�2
! 0 or "n ! 0. This complete the proof.

Lemma .2 Let v (x) is the exact solution of Eqs. (7) and (8), vn (x) is the approximate solution of v (x), and

T =
�
xk+1 =

k
2i : k = 0; 1; :::; 2

i
	
. Then, Lv (xk) = Lvn (xk), for n = 2

i + 1 and xk 2 T .

Proof. Set the projective operator Pn : W 5
2 [0; 1] ! f

Pn
m=1 cm m (x) ; cm 2 Rg, Then, we have Lvn (xk) =

hvn (�) ; LxkFxk (�)iW 5
2
= hvn (�) ;  k (�)iW 5

2
= hPnv (�) ;  k (�)iW 5

2
= hv (�) ; Pn k (�)iW 5

2
= hv (�) ;  k (�)iW 5

2
=

hv (�) ; LxkFxk (�)iW 5
2
= Lxk hv (�) ; Fxk (�)iW 5

2
= Lxkv (xk) = Lv (xk).

Theorem .7 Let v (x) is the exact solution of Eqs. (7) and (8), vn (x) is the approximate solution of v (x), and

T =
�
xk+1 =

k
2i : k = 0; 1; :::; 2

i
	
. Then, jv (x)� vn (x)j < M

n , whereM is the product of the sup of convergent basis



 1P
i=n+1

iP
k=1

�ikfF
�
xk; (v + �)

000
(�k) ; (v + �)

00
(�k) ; (v + �)

0
(�k) ; (v + �) (�k)

�
+ [T (v + �)] (�k)g� i (�)






W 5

2

and the

maximum of determinate function
������ @@�K� (�)

������
W 5

2

about the variable in [0; 1].

Proof. Since jv (x)� vn (x)j =
��L�1 (Lv (x)� Lvn (x))�� and for every given x 2 [0; 1], there is always x0 2 T

satisfying x0 < x and x�x0 = 1
n . On the other hand, Lemma .2 and x0 2 T implying that Lv (x0) = Lvn (x0). So,

we obtain

jLv (x)� Lvn (x)j = j(Lv (x)� Lv (x0))� (Lvn (x)� Lvn (x0))j : (12)

By applying the reproducing kernel properties v (x) = hv (�) ; Rx (�)iW 5
2
and Lv (x) = hv (�) ; LKx (�)iW 5

2
to Eq.
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(12), we conclude

Lv (x)� Lvn (x) = (Lv (x)� Lv (x0))� (Lvn (x)� Lvn (x0))
= hv (�) ; LKx (�)� LKx0 (�)iW 5

2
� hvn (�) ; LKx (�)� LRx0 (�)iW 5

2

= hv (�)� vn (�) ; LKx (�)� LKx0 (�)iW 5
2
:

But on the other aspect as well, we have

jv (x)� vn (x)j =
��L�1 (Lv (x)� Lvn (x))��

�
���
v (�)� vn (�) ; L�1LKx (�)� L�1LKx0 (�)

�
W 5

2

���
=

���hv (�)� vn (�) ;Kx (�)�Kx0 (�)iW 5
2

���
� jjv (�)� vn (�)jjW 5

2
jjKx (�)�Kx0 (�)jjW 5

2
:

Here, we take the norm of jjKx (�)�Kx0 (�)jjW 5
2
for the variable � and the function Kx (�) is derived on x in [0; 1].

So, we have Kx (�)�Kx0 (�) =
@
@�K� (�) (x� x0). Hence, we can write

jv (x)� vn (x)j � jjv (�)� vn (�)jjW 5
2

������ @@�K� (�) (x� x0)
������
W 5

2

= k
1P

i=n+1

iP
k=1

�ikfF
�
xk; (v + �)

000
(�k) ; (v + �)

00
(�k) ; (v + �)

0
(�k) ; (v + �) (�k)

�
+ [T (v + �)] (�k)g� i (�) kW 5

2
k @
@�K� (�) kW 5

2
(x� x0)

= M
n :

So, the proof of the theorem is complete.

8 Software libraries and numerical outcomes

Software packages have great capabilities for solving mathematical, physical, and engineering problems. Sometimes,

it is very di�cult to solve these problems analytically, so it is required to obtain an e�cient approximate solution.

Thus, some software mathematical packages such as MATHEMATICA or MAPLE can be helpful in visualizing

the behavior of the solutions of such problems. Indeed, throughout the whole paper we used MATHEMATICA 7:0

software package for numerical experiment.

The object of the next algorithm is to implement a procedure to solve Eqs. (1) and (2) in numeric form in

terms of their grid nodes based on the use of RKHS method.

Algorithm 2 To approximate the solution of Eqs. (1) and (2), we do the following steps:

Input: The endpoints of [0; 1]; the integers n and N ; the kernel functions Kx (y) and Rx (y); the di�erential

operator L; the function F ; the operator [Tu].

Output: Approximate solution un(x) or u
N
n (x) of Eqs. (1) and (2).

Step 1: Fixed x in [0; 1] and set y 2 [0; 1];

If y � x then set Kx (y) =
9P
i=0

pi(x)y
i;

else set Kx (y) =
9P
i=0

qi(x)y
i;

For i = 1; 2; :::; n do the following:

Set xi =
i�1
n�1 ;
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Set  i(x) = Ly [Kx (y)]y=xi ;

Output: the orthogonal function system  i(x).

Step 2: For i = 2; 3:::; n and j = 1; 2:::; i do the following:

Set di =

s
k ik

2 �
i�1P
k=1

c2ik;

If j 6= i then set �ij = � 1
di

i�1P
k=j

cik�kj ;

else set �ij =
1
di
;

else set �11 =
1

k 1k
;

Output: the orthogonalization coe�cients �ij .

Step 3: For i = 2; 3:::; n and k = 1; 2:::; i� 1 do the following:

Set � i (x) =
iP

k=1

�ik k (x);

Set cik =


 i;  k

�
W 5

2
;

Output: the orthonormal function system � i (x).

Step 4: Set v0 (x1) = v (x1) = 0;

For i = 1; 2; :::n do the following:

If F and [Tu] are linear then set Bi =
iP

k=1

�ikfF (xk; (vk�1 + �)
000
(xk) ; (vk�1 + �)

00
(xk) ;

(vk�1 + �)
0
(xk) ; (vk�1 + �) (xk)) + [T (vk�1 + �)] (xk)g;

set vi (x) =
iP
i=1

Bi� i (x);

else for i = 1; 2; :::N do the following:

set xi =
i�1
N�1 ;

set Bi =
iP

k=1

�ikf(Fxk; (vn�1 + �)
000
(xk) ; (vn�1 + �)

00
(xk) ;

(vn�1 + �)
0
(xk) ; (vn�1 + �) (xk))

+ [T (vn�1 + �)] (xk)g� i (x);

set vin (x) =
iP
i=1

Bi� i (x);

Output: the approximate solution vn(x) or v
N
n (x) of Eqs. (3) and (4).

Step 5: Use the transformation un (x) = vn(x) + � (x) or u
N
n (x) = vNn (x) + � (x);

Output: the approximate solution un(x) or u
N
n (x) of Eqs. (1) and (2).

Step 6: Stop.
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Next, we propose few numerical simulations for solving some speci�c examples of Eqs. (1) and (2). However,

we apply the techniques described in the previous sections to some linear and nonlinear test examples in order to

demonstrate the e�ciency, accuracy, and applicability of the proposed method. Results obtained by the method are

compared with the analytical solution of each example by computing the exact and relative errors and are found

to be in good agreement with each other.

Problem .1 Consider the following linear equation:

u(4)(x) = �u00(x) + �4u(x) + f (x) + [Tu] (x) ;

in which the mixed operator is given as

[Tu] (x) = �
1R
0

x2tu0(t)dt+
xR
0

(x+ 1)tu(t)dt;

and subject to the boundary conditions

u (0) = 0; u (1) = 0;

u00(0) = 0; u00(1) = 0;

where 0 � t < x � 1 and f (x) is chosen such that the exact solution is u (x) = sin(�x).

Using Algorithms 1 and 2, taking xi =
i�1
n�1 , i = 1; 2; :::; n. The numerical results of approximate solution un (x)

of u (x) are calculated at some selected grid points for n = 36 and are tabulated in Table 1.

Table 1. Numerical results for Problem 1: solutions and corresponding errors.

x Exact solution Approximate solution Absolute error Relative error

0:16 0:4817536741017153 0:4817521115692216 1:56253� 10�6 3:24343� 10�6
0:32 0:8443279255020151 0:8443251824015761 2:74310� 10�6 3:24886� 10�6
0:48 0:9980267284282716 0:9980234824190575 3:24601� 10�6 3:25243� 10�6
0:64 0:9048270524660195 0:9048241075118995 2:94495� 10�6 3:25471� 10�6
0:80 0:5877852522924732 0:5877833384377027 1:91385� 10�6 3:25604� 10�6
0:96 0:1253332335643045 0:1253328254068720 4:08157� 10�7 3:25658� 10�6

Problem .2 Consider the following nonlinear equation:

u(4)(x) = �x(u00(x))2 � cos(x)u0(x)� u(x) + 2 ln((u(x))3) + f (x) + [Tu] (x) ;

in which the mixed operator is given as

[Tu] (x) =
1R
0

xtu(x)u0(t) ln(u(t))dt� 9
xR
0

(x� t)u00(t)(u(t))3dt;

and subject to the boundary conditions

u (0) = 1; u (1) = e;

u00(0) = 1; u00(1) = e;

where 0 � t < x � 1 and f (x) is chosen such that the exact solution is u (x) = ex.

Using Algorithms 1 and 2, taking xi =
i�1
N�1 , i = 1; 2; :::; N . The numerical results of approximate solution

uNn (x) of u (x) are calculated at some selected grid points for N = 36, n = 2 and are tabulated in Table 2.
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Table 2. Numerical results for Problem 2: solutions and corresponding errors.

x Exact solution Approximate solution Absolute error Relative error

0:16 1:1735108709918103 1:1735115633003046 6:92308� 10�7 5:89946� 10�7
0:32 1:3771277643359572 1:3771289810084700 1:21667� 10�6 8:83486� 10�7
0:48 1:6160744021928934 1:6160758551178427 1:45292� 10�6 8:99046� 10�7
0:64 1:8964808793049515 1:8964822199979947 1:34069� 10�6 7:06937� 10�7
0:80 2:2255409284924680 2:2255418182404440 8:89748� 10�7 3:99790� 10�7
0:96 2:6116964734231180 2:6116966661583056 1:92735� 10�7 7:37969� 10�8

Problem .3 Consider the following nonlinear equation:

u(4)(x) = �xu000(x)� u0(x)eu(x) � (u(x))2 + f (x) + [Tu] (x) ;

in which the mixed operator is given as

[Tu] (x) =
1R
0

ex(t� 1) sinh(u(x))dt+
xR
0

cosh(x)t3eu(t)dt;

and subject to the boundary conditions

u (0) = 0; u (1) = ln(2);

u00(0) = 1; u00(1) = � 1
4 ;

where 0 � t < x � 1 and f (x) is chosen such that the exact solution is u (x) = ln(x+ 1).

Using Algorithms 1 and 2, taking xi =
i�1
N�1 , i = 1; 2; :::; N . The numerical results of approximate solution

uNn (x) of u (x) are calculated at some selected grid points for N = 36, n = 2 and are tabulated in Table 3.

Table 3. Numerical results for Problem 3: solutions and corresponding errors.

x Exact solution Approximate solution Absolute error Relative error

0:16 0:1484200051182732 0:1484150657910304 4:93933� 10�6 3:32794� 10�5
0:32 0:2776317365982796 0:2776238623910086 7:87421� 10�6 2:83621� 10�5
0:48 0:3920420877760237 0:3920336245177083 8:46326� 10�6 2:15876� 10�5
0:64 0:4946962418361071 0:4946891488543930 7:09298� 10�6 1:43381� 10�5
0:80 0:5877866649021191 0:5877822986892660 4:36621� 10�6 7:42823� 10�6
0:96 0:6729444732424258 0:6729435645496804 9:08693� 10�7 1:35032� 10�6

Problem .4 Consider the following nonlinear equation:

u(4)(x) = �u000(x) + 3u00(x)� sin(u0(x))� 1
3
(u(x))3 + f (x) + [Tu] (x) ;

in which the mixed operator is given as

[Tu] (x) = �1
4

1R
0

ln(u(t))u0(t)dt+
1

2

xR
0

ln(x)u00(t)(u(t))2dt;

and subject to the boundary conditions

u (0) = 1; u (1) = cosh(1);

u00(0) = 1; u00(1) = cosh(1);

where 0 � t < x � 1 and f (x) is chosen such that the exact solution is u (x) = cosh(x).

Using Algorithms 1 and 2, taking xi =
i�1
N�1 , i = 1; 2; :::; N . The numerical results of approximate solution

uNn (x) of u (x) are calculated at some selected grid points for N = 36, n = 2 and are tabulated in Table 4.
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Table 4. Numerical results for Problem 4: solutions and corresponding errors.

x Exact solution Approximate solution Absolute error Relative error

0:16 1:0128273299790107 1:0128278915466450 5:61568� 10�7 5:54455� 10�7
0:32 1:0516384007048240 1:0516393762289420 9:75524� 10�7 9:27623� 10�7
0:48 1:1174288969995172 1:1174300474164940 1:15042� 10�6 1:02952� 10�6
0:64 1:2118866516740000 1:2118877015831520 1:04991� 10�6 8:66343� 10�7
0:80 1:3374349463048447 1:3374356375116260 6:91207� 10�7 5:16815� 10�7
0:96 1:4972946796991150 1:4972948288491459 1:49150� 10�7 9:96130� 10�8

The in
uence of the number of nodes, N , on the absolute error function
��u (x)� uNn (x)�� of RKHS method is

explored next. Figure 1 gives the relevant data for Problem 2, where the number of nodes covers the range from 9

to 72 in multiple of 2 in which n = 2. It is observed that the increase in the number of node results in a reduction

in the absolute error and correspondingly an improvement in the accuracy of the obtained solution. This goes in

agreement with the known fact, the error is monotone decreasing, where more accurate solutions are achieved using

an increase in the number of nodes. On the other hand, the cost to be paid while going in this direction is the rapid

increase in the number of iterations required for convergence. For instance, while increasing the number of nodes

from 9 to 18 to 36 to 72, the maximum absolute error jumps from almost 2:5� 10�5 to 6� 10�6 to 1:4� 10�6 to
3:5� 10�7, i.e. 0:24 to 0:233 to 0:25 multiplication factor.

Figure 1: The in
uence of the number of nodes on the absolute error function of Problem 2 for: (a)
��u (x)� u92 (x)��;

(b)
��u (x)� u182 (x)��; (c) ��u (x)� u362 (x)��; (d) ��u (x)� u722 (x)��.
It is to be noted that the accuracy of certain node is inversely proportional to its distance (number of nodes)

from the boundaries. From the last mentioned sub �gures, we see that we can achieve a very good approximation

with the exact solution in uniform multiplication factors.

Next, according to fact that it is possible to pick any point in [0; 1] and as well the approximate solutions and

all their derivatives up to order four will be applicable; some numerical values of u(m) (x), m = 0; 1; 2; 3; 4, where

xi =
i�1
N�1 , i = 1; 2; :::; N in which N = 36, n = 2 at some selected grid nodes in [0; 1] for Problem 4 are tabulated

in Table 5.
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Table 5. Approximate numerical values of u(m) (x), m = 0; 1; 2; 3; 4 for Problem 4: selected nodes in [0; 1].

m x = 0:16 x = 0:48 x = 0:64 x = 0:96

0 1:0128273299790107 1:1174288969995172 1:2118866516740000 1:4972946796991150

1 0:1606834378652106 0:4986425689588153 0:6845916538580700 1:1144011777719312

2 1:0128256744654371 1:1174207910724487 1:2118775439320457 1:4972933355230342

3 0:1606750325962580 0:4985853351414680 0:6845395334998298 1:1143922879515298

4 1:0127516387810787 1:1171994146708600 1:2115152792084836 1:4972589410677763

9 Concluding remarks

In this paper, we introduce an algorithm for solving fourth-order BVPs of mixed type IDEs by using RKHS

method. The approximate solution obtained by the present method is uniformly convergent while the series solution

methodology can be applied to much more complicated nonlinear problems. In the proposed algorithm, the solution

u (x) and the approximate solution un (x) are represented in the form of rabidly convergent series in the space

W 5
2 [0; 1]. Moreover, the approximate solution and all its derivatives up to order four converge uniformly to the

exact solution and all its derivatives, respectively. Additionally, we note that not only a computational method is

presented but also we proved that the error of the approximate solution is monotone decreasing in the sense of the

norm of W 5
2 [0; 1]. The method is shown to be of good convergence, simple in principle, and easy to program.
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AN AQCQ-FUNCTIONAL EQUATION IN NORMED 2-BANACH
SPACES

CHOONKIL PARK, SUN YOUNG JANG, REZA SAADATI, AND DONG YUN SHIN∗

Abstract. In this paper, we prove the Hyers-Ulam stability of an additive-quadratic-
cubic-quartic functional equation in normed 2-Banach spaces.

1. Introduction and preliminaries

In the 1960’s, Gähler [18, 19] introduced the concept of linear 2-normed spaces.

Definition 1.1. Let X be a real linear space with dimX > 1 and let ‖·, ·‖ : X ×X →
R≥0 be a function satisfying the following properties:
(a) ‖x, y‖ = 0 if and only if x and y are linearly dependent,
(b) ‖x, y‖ = ‖y, x‖,
(c) ‖αx, y‖ = |α| ‖x, y‖,
(d) ‖x, y + z‖ ≤ ‖x, y‖+ ‖x, z‖
for all x, y, z ∈ X and α ∈ R. Then the function ‖·, ·‖ is called a 2-norm on X and the
pair (X, ‖·, ·‖) is called a linear 2-normed space. Sometimes the condition (d) called the
triangle inequality.

We introduce a basic property of linear 2-normed spaces.

Lemma 1.2. ([35]) Let (X, ‖·, ·‖) be a linear 2-normed space. If x ∈ X and ‖x, y‖ = 0
for all y ∈ X, then x = 0.

In the 1960’s, Gähler and White [20, 47, 48] introduced the concept of 2-Banach spaces.
In order to define completeness, the concepts of Cauchy sequences and convergence are
required.

Definition 1.3. A sequence {xn} in a linear 2-normed spaceX is called a Cauchy sequence
if

lim
m,n→∞

‖xn − xm, y‖ = 0

for all y ∈ X.

Definition 1.4. A sequence {xn} in a linear 2-normed space X is called a convergent
sequence if there is an x ∈ X such that

lim
n→∞

‖xn − x, y‖ = 0

for all y ∈ X. If {xn} converges to x, write xn → x as n → ∞ and call x the limit of
{xn}. In this case, we also write limn→∞ xn = x.

Triangle inequality implies the following lemma.

2010 Mathematics Subject Classification. Primary 39B82, 39B52, 46B99.
Key words and phrases. Hyers-Ulam stability; normed 2-Banach space; additive-quadratic-cubic-
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Lemma 1.5. ([35]) For a convergent sequence {xn} in a linear 2-normed space X,

lim
n→∞

‖xn, y‖ =
∥∥∥∥ lim
n→∞

xn, y

∥∥∥∥
for all y ∈ X.

Definition 1.6. A linear 2-normed space in which every Cauchy sequence is a convergent
sequence is called a 2-Banach space.

Definition 1.7. A 2-Banach space X is called a normed 2-Banach space if X is a normed
space with norm ‖ · ‖.

The stability problem of functional equations originated from a question of Ulam [46]
concerning the stability of group homomorphisms.

The functional equation
f(x+ y) = f(x) + f(y)

is called the Cauchy additive functional equation. In particular, every solution of the
Cauchy additive functional equation is said to be an additive mapping. Hyers [21] gave
a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [4] for additive mappings and by Th.M. Rassias [37]
for linear mappings by considering an unbounded Cauchy difference. A generalization of
the Th.M. Rassias theorem was obtained by Găvruta [17] by replacing the unbounded
Cauchy difference by a general control function in the spirit of Th.M. Rassias’ approach.

In 1990, Th.M. Rassias [38] during the 27th International Symposium on Functional
Equations asked the question whether such a theorem can also be proved for p ≥ 1. In
1991, Gajda [16] following the same approach as in Th.M. Rassias [37], gave an affirmative
solution to this question for p > 1. It was shown by Gajda [16], as well as by Th.M. Rassias
and Šemrl [39] that one cannot prove a Th.M. Rassias’ type theorem when p = 1 (cf. the
books of Czerwik [8], and Hyers, Isac and Th.M. Rassias [22]).

In 1982, J.M. Rassias [36] followed the innovative approach of the Th.M. Rassias’
theorem [37] in which he replaced the factor ‖x‖p + ‖y‖p by ‖x‖p · ‖y‖q for p, q ∈ R with
p+ q 6= 1.

The functional equation

f(x+ y) + f(x− y) = 2f(x) + 2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [45] for mappings f : X → Y , where
X is a normed space and Y is a Banach space. Cholewa [6] noticed that the theorem of
Skof is still true if the relevant domain X is replaced by an Abelian group. Czerwik [7]
proved the Hyers-Ulam stability of the quadratic functional equation.

In [24], Jun and Kim considered the following cubic functional equation

f(2x+ y) + f(2x− y) = 2f(x+ y) + 2f(x− y) + 12f(x). (1.1)

It is easy to show that the function f(x) = x3 satisfies the functional equation (1.1), which
is called a cubic functional equation and every solution of the cubic functional equation
is said to be a cubic mapping.

In [27], Lee et al. considered the following quartic functional equation

f(2x+ y) + f(2x− y) = 4f(x+ y) + 4f(x− y) + 24f(x)− 6f(y). (1.2)

It is easy to show that the function f(x) = x4 satisfies the functional equation (1.2),
which is called a quartic functional equation and every solution of the quartic functional
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equation is said to be a quartic mapping. The stability problems of several functional
equations have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [1, 2, 3, 5, 9, 11, 12, 14, 15, 23, 25, 26, 28,
29, 30, 31, 32, 33, 34, 40, 41, 42, 43, 44]).

In this paper, we prove the Hyers-Ulam stability of the following additive-quadratic-
cubic-quartic functional equation

f(x+ 2y) + f(x− 2y) = 4f(x+ y) + 4f(x− y) (1.3)

− 6f(x) + f(2y) + f(−2y)− 4f(y)− 4f(−y)

in 2-normed spaces.
One can easily show that an odd mapping f : X → Y satisfies (1.3) if and only if the

odd mapping f : X → Y is an additive-cubic mapping, i.e.,

f(x+ 2y) + f(x− 2y) = 4f(x+ y) + 4f(x− y)− 6f(x).

It was shown in [13, Lemma 2.2] that g(x) := f(2x) − 2f(x) and h(x) := f(2x) − 8f(x)
are cubic and additive, respectively, and that f(x) = 1

6
g(x)− 1

6
h(x).

One can easily show that an even mapping f : X → Y satisfies (1.3) if and only if the
even mapping f : X → Y is a quadratic-quartic mapping, i.e.,

f(x+ 2y) + f(x− 2y) = 4f(x+ y) + 4f(x− y)− 6f(x) + 2f(2y)− 8f(y).

It was shown in [10, Lemma 2.1] that g(x) := f(2x)− 4f(x) and h(x) := f(2x)− 16f(x)
are quartic and quadratic, respectively, and that f(x) = 1

12
g(x)− 1

12
h(x).

Throughout this paper, let X be a normed space and Y a normed 2-Banach space.

2. Hyers-Ulam stability of the AQCQ-functional equation (1.3) in
normed 2-Banach spaces: odd mapping case

In this section, we prove the Hyers-Ulam stability of the AQCQ-functional equation
(1.3) in normed 2-Banach spaces for an odd mapping case.

For a mapping f : X → Y , define Df : X2 → Y by

Df(x, y) := f(x+ 2y) + f(x− 2y)− 4f(x+ y)− 4f(x− y) + 6f(x)

−f(2y)− f(−2y) + 4f(y) + 4f(−y)

for all x, y ∈ X.

Theorem 2.1. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p+ q > 1 and let f : X → Y be an odd
mapping satisfying

‖Df(x, y), w‖ ≤ θ‖x‖p‖y‖q‖w‖ (2.1)

for all x, y ∈ X and all w ∈ Y . Then there is a unique additive mapping A : X → Y such
that

‖f(2x)− 8f(x)− A(x), w‖ ≤ 4 + 2p

2p+q − 2
θ‖x‖p+q‖w‖ (2.2)

for all x ∈ X and all w ∈ Y .

Proof. Letting x = y in (2.1), we get

‖f(3y)− 4f(2y) + 5f(y), w‖ ≤ θ‖y‖p+q‖w‖ (2.3)

for all y ∈ X and all w ∈ Y .
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Replacing x by 2y in (2.1), we get

‖f(4y)− 4f(3y) + 6f(2y)− 4f(y), w‖ ≤ 2pθ‖y‖p+q‖w‖ (2.4)

for all y ∈ X and all w ∈ Y .
By (2.3) and (2.4),

‖f(4y)− 10f(2y) + 16f(y), w‖ (2.5)

≤ ‖4(f(3y)− 4f(2y) + 5f(y)), w‖+ ‖f(4y)− 4f(3y) + 6f(2y)− 4f(y), w‖
= 4‖f(3y)− 4f(2y) + 5f(y), w‖+ ‖f(4y)− 4f(3y) + 6f(2y)− 4f(y), w‖
≤ (4 + 2p)θ‖y‖p+q‖w‖

for all y ∈ X and all w ∈ Y . Replacing y by x
2

and letting g(x) := f(2x)− 8f(x) in (2.5),
we get ∥∥∥∥g(x)− 2g

(
x

2

)
, w

∥∥∥∥ ≤ 4 + 2p

2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y . Hence∥∥∥∥2lg
(
x

2l

)
− 2mg

(
x

2m

)
, w
∥∥∥∥ ≤ 2

m−1∑
j=l

4 + 2p

2p+q

2j

2(p+q)j
θ‖x‖p+q‖w‖ (2.6)

for all nonnegative integers m and l with m > l, all x ∈ X and all w ∈ Y . It follows from
(2.6) that the sequence {2kg( a

2k
)} is Cauchy for each x ∈ X. Since Y is 2-Banach space,

the sequence {2kg( a
2k

)} converges. So one can define the mapping A : X → Y by

A(x) := lim
j→∞

2jg
(
x

2j

)
for all x ∈ X. That is,

lim
j→∞

∥∥∥∥∥2jg
(
x

2j

)
− A(x), w

∥∥∥∥∥ = 0

for all x ∈ X and all w ∈ Y .
Moreover, letting 0 = 0 and passing the limit m→∞ in (2.6), we get (2.2).
By (2.1),

‖DA(x, y), w‖ = lim
k→∞

∥∥∥∥2kDg
(
x

2k
,
y

2k

)
, w
∥∥∥∥ ≤ lim

k→∞

(2p + 8)2k

2(p+q)k
θ‖x‖p‖y‖q‖w‖ = 0

and so ‖DA(x, y), w‖ = 0 for all x, y ∈ X and all w ∈ Y . Hence DA(x, y) = 0 for all
x, y ∈ X. Since g : X → Y is odd, A : X → Y is odd. So the mapping A : X → Y is
additive.

Now, let T : X → Y be another additive mapping satisfying (2.2). Then we have

‖A(x)− T (x), w‖ =
∥∥∥∥2lA

(
x

2l

)
− 2lT

(
x

2l

)
, w

∥∥∥∥
≤

∥∥∥∥2l
(
A
(
x

2l

)
− g

(
x

2l

))
, w

∥∥∥∥+
∥∥∥∥2l

(
T
(
x

2l

)
− g

(
x

2l

))
, w

∥∥∥∥
≤ 2

4 + 2p

2p+q − 2

2l

2(p+q)l
θ‖x‖p+q‖w‖,

which tends to zero as l → ∞ for all x ∈ X and all w ∈ Y . So we can conclude that
A(a) = T (a) for all a ∈ X. This proves the uniqueness of A.
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Therefore, A : X → Y is a unique additive mapping satisfying (2.2), as desired. �

Theorem 2.2. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p+ q < 1 and let f : X → Y be an odd
mapping satisfying (2.1). Then there is a unique additive mapping A : X → Y such that

‖f(2x)− 8f(x)− A(x), w‖ ≤ 4 + 2p

2− 2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Proof. Replacing y by x and letting g(x) := f(2x)− 8f(x) in (2.5), we get∥∥∥∥g(x)− 1

2
g (2x) , w

∥∥∥∥ ≤ 4 + 2p

2
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .
The rest of the proof is similar to the proof of Theorem 2.1. �

Theorem 2.3. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p+ q > 3 and let f : X → Y be an odd
mapping satisfying (2.1). Then there is a unique cubic mapping C : X → Y such that

‖f(2x)− 2f(x)− C(x), w‖ ≤ 4 + 2p

2p+q − 8
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Proof. Replacing y by x
2

and letting g(x) := f(2x)− 2f(x) in (2.5), we get∥∥∥∥g(x)− 8g
(
x

2

)
, w
∥∥∥∥ ≤ 4 + 2p

2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .
The rest of the proof is similar to the proof of Theorem 2.1. �

Theorem 2.4. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p+ q < 3 and let f : X → Y be an odd
mapping satisfying (2.1). Then there is a unique cubic mapping C : X → Y such that

‖f(2x)− 2f(x)− C(x), w‖ ≤ 4 + 2p

8− 2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Proof. Replacing y by x and letting g(x) := f(2x)− 2f(x) in (2.5), we get∥∥∥∥g(x)− 1

8
g (2x) , w

∥∥∥∥ ≤ 4 + 2p

8
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .
The rest of the proof is similar to the proof of Theorem 2.1. �

Now we prove the superstability of the AQCQ-functional equation (1.3) in normed
2-Banach spaces for an odd mapping case.

Theorem 2.5. Let θ ∈ [0,∞), p, q, r ∈ (0,∞) with r 6= 1 and let f : X → Y be an odd
mapping such that

‖Df(x, y), w‖ ≤ θ‖x‖p‖y‖q‖w‖r (2.7)

for all x, y ∈ X and all w ∈ Y . Then f : X → Y is realized as the sum of an additive
mapping and a cubic mapping.
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Proof. Replacing w by sw in (2.7) for s ∈ R\ {0}, we get

‖Df(x, y), sw‖ ≤ θ‖x‖p‖y‖q‖sw‖r

and so

‖Df(x, y), w‖ ≤ θ‖x‖p‖y‖q‖w‖r |s|
r

|s|
(2.8)

for all x, y ∈ X, all w ∈ Y and all s ∈ R\ {0}.
If r > 1, then the right side of (2.8) tends to ‖f(x+ y + z), w‖ as s→ 0.
If r < 1, then the right side of (2.8) tends to ‖f(x+ y + z), w‖ as s→ +∞.
Thus

‖Df(x, y), w‖ = 0

for all x, y ∈ X and all w ∈ Y . By [13, Lemma 2.2], f : X → Y is realized as the sum of
an additive mapping and a cubic mapping. �

3. Hyers-Ulam stability of the AQCQ-functional equation (1.3) in
normed 2-Banach spaces: even mapping case

In this section, we prove the Hyers-Ulam stability of the AQCQ-functional equation
(1.3) in normed 2-Banach spaces for an even mapping case.

Theorem 3.1. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q > 2 and let f : X → Y be an
even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quadratic mapping
Q : X → Y such that

‖f(2x)− 16f(x)−Q(x), w‖ ≤ 4 + 2p

2p+q − 4
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Proof. Letting x = y in (2.1), we get

‖f(3y)− 6f(2y) + 15f(y), w‖ ≤ θ‖y‖p+q‖w‖ (3.1)

for all y ∈ X and all w ∈ Y .
Replacing x by 2y in (2.1), we get

‖f(4y)− 4f(3y) + 4f(2y) + 4f(y), w‖ ≤ 2pθ‖y‖p+q‖w‖ (3.2)

for all y ∈ X and all w ∈ Y .
By (3.1) and (3.2),

‖f(4y)− 20f(2y) + 64f(y), w‖ (3.3)

≤ ‖4(f(3y)− 6f(2y) + 15f(y)), w‖+ ‖f(4y)− 4f(3y) + 4f(2y) + 4f(y), w‖
= 4‖f(3y)− 6f(2y) + 15f(y), w‖+ ‖f(4y)− 4f(3y) + 4f(2y) + 4f(y), w‖
≤ (4 + 2p)θ‖y‖p+q‖w‖

for all y ∈ X and all w ∈ Y . Replacing y by x
2

and letting g(x) := f(2x) − 16f(x) in
(3.3), we get ∥∥∥∥g(x)− 4g

(
x

2

)
, w
∥∥∥∥ ≤ 4 + 2p

2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .
The rest of the proof is similar to the proof of Theorem 2.1. �
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Theorem 3.2. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q < 2 and let f : X → Y be an
even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quadratic mapping
Q : X → Y such that

‖f(2x)− 16f(x)−Q(x), w‖ ≤ 4 + 2p

4− 2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Proof. Replacing y by x and letting g(x) := f(2x)− 16f(x) in (3.3), we get∥∥∥∥g(x)− 1

4
g (2x) , w

∥∥∥∥ ≤ 4 + 2p

4
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .
The rest of the proof is similar to the proof of Theorem 2.1. �

Theorem 3.3. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q > 4 and let f : X → Y be an
even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quartic mapping
R : X → Y such that

‖f(2x)− 4f(x)−R(x), w‖ ≤ 4 + 2p

2p+q − 16
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Proof. Replacing y by x
2

and letting g(x) := f(2x)− 4f(x) in (3.3), we get∥∥∥∥g(x)− 16g
(
x

2

)
, w
∥∥∥∥ ≤ 4 + 2p

2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .
The rest of the proof is similar to the proof of Theorem 2.1. �

Theorem 3.4. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q < 4 and let f : X → Y be an
even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quartic mapping
R : X → Y such that

‖f(2x)− 4f(x)−R(x), w‖ ≤ 4 + 2p

16− 2p+q
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Proof. Replacing y by x and letting g(x) := f(2x)− 16f(x) in (3.3), we get∥∥∥∥g(x)− 1

16
g (2x) , w

∥∥∥∥ ≤ 4 + 2p

16
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .
The rest of the proof is similar to the proof of Theorem 2.1. �

Now we prove the superstability of the AQCQ-functional equation (1.3) in normed
2-Banach spaces for an even mapping case.

Theorem 3.5. Let θ ∈ [0,∞), p, q, r ∈ (0,∞) with r 6= 1 and let f : X → Y be an
even mapping satisfying f(0) = 0 and (2.7). Then f : X → Y is realized as the sum of a
quadratic mapping and a quartic mapping.

Proof. By the same reasoning as in the proof of Theorem 2.5, one can obtain

‖Df(x, y), w‖ = 0

for all x, y ∈ X and all w ∈ Y . By [10, Lemma 2.1], f : X → Y is realized as the sum of
a quadratic mapping and a quartic mapping. �

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

881 CHOONKIL PARK ET AL 875-884



C. PARK, S.Y. JANG, R. SAADATI, AND D.Y. SHIN

Let fo(x) := f(x)−f(−x)
2

and fe(x) := f(x)+f(−x)
2

. Then fo is odd and fe is even. fo, fe
satisfy the functional equation (1.3). Let go(x) := fo(2x)− 2fo(x) and ho(x) := fo(2x)−
8fo(x). Then fo(x) = 1

6
go(x) − 1

6
ho(x). Let ge(x) := fe(2x) − 4fe(x) and he(x) :=

fe(2x)− 16fe(x). Then fe(x) = 1
12
ge(x)− 1

12
he(x). Thus

f(x) =
1

6
go(x)− 1

6
ho(x) +

1

12
ge(x)− 1

12
he(x).

We summarize the above results as follows.

Theorem 3.6. Let θ ∈ [0,∞) and p, q ∈ (0,∞) with p + q > 4. Let f : X → Y be a
mapping satisfying f(0) = 0 and (2.1). Then there exist an additive mapping A : X → Y ,
a quadratic mapping Q : X → Y , a cubic mapping C : X → Y and a quartic mapping
R : X → Y such that∥∥∥∥f(x)− 1

6
A(x)− 1

12
Q(x)− 1

6
C(x)− 1

12
R(x), w

∥∥∥∥
≤
(

4 + 2p

6(2p+q − 2)
+

4 + 2p

12(2p+q − 4)
+

4 + 2p

6(2p+q − 8)
+

4 + 2p

12(2p+q − 16)

)
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Theorem 3.7. Let θ ∈ [0,∞) and p, q ∈ (0,∞) with p + q < 1. Let f : X → Y be a
mapping satisfying f(0) = 0 and (2.1). Then there exist an additive mapping A : X → Y ,
a quadratic mapping Q : X → Y , a cubic mapping C : X → Y and a quartic mapping
R : X → Y such that∥∥∥∥f(x)− 1

6
A(x)− 1

12
Q(x)− 1

6
C(x)− 1

12
R(x), w

∥∥∥∥
≤
(

4 + 2p

6(2− 2p+q)
+

4 + 2p

12(4− 2p+q)
+

4 + 2p

6(8− 2p+q)
+

4 + 2p

12(16− 2p+q)

)
θ‖x‖p+q‖w‖

for all x ∈ X and all w ∈ Y .

Theorem 3.8. Let θ ∈ [0,∞), p, q, r ∈ (0,∞) with r 6= 1 and let f : X → Y be a
mapping satisfying f(0) = 0 and (2.7). Then f : X → Y is realized as the sum of an
additive mapping, a quadratic mapping, a cubic mapping and a quartic mapping.
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REFINED GENERAL QUADRATIC EQUATION WITH FOUR
VARIABLES AND ITS STABILITY RESULTS

HARK-MAHN KIM AND SOON LEE

Abstract. In this article, we establish the general solution of a functional equation

rf(
−x + y + z + w

s
) + rf(

x− y + z + w

s
) + rf(

x + y − z + w

s
) + rf(

x + y + z − w

s
)

= tf(x) + tf(y) + tf(z) + tf(w)

and present the generalized Hyers–Ulam stability of the equation.

1. Introduction

In 1940, S.M. Ulam [13] gave a wide ranging talk before the Mathematics Club of the

University of Wisconsin in which he discussed a number of unsolved problems. Among

these was the following question concerning the stability of homomorphisms: Let G1 be

a group and G2 a metric group with metric ϕ(·, ·). Given ε > 0, does there exist a

δ > 0 such that if f : G1 → G2 satisfies ϕ(f(xy), f(x)f(y)) < δ for all x, y ∈ G1, then a

homomorphism h : G1 → G2 exists with ϕ(f(x), h(x)) < ε for all x ∈ G1?

Let X and Y be Banach spaces with norms ‖ · ‖ and ‖ · ‖, respectively. D.H. Hyers [6]

showed that if ε > 0 and f : X → Y such that

‖f(x + y)− f(x)− f(y)‖ ≤ ε

for all x, y ∈ X, then there exists a unique additive mapping T : X → Y such that

‖f(x)− T (x)‖ ≤ ε

for all x ∈ X.

In 1950 T. Aoki [1] and in 1951 D.G. Bourgin [2] provided a generalized the Hyers the-

orem for additive mapping and in 1978 Th.M. Rassias [11] generalized the Hyers theorem

for liner mapping by allowing the Cauchy difference to be unbounded. Let f : X → Y

be a mapping such that f(tx) is continuous in t ∈ R for each fixed x ∈ X. Assume that

there exist constants ε ≥ 0 and p ∈ [0, 1) such that

‖f(x + y)− f(x)− f(y)‖ ≤ ε(‖x‖p + ‖y‖p)

2000 Mathematics Subject Classification: 39B82. 39B72
Key words and phrases: Drygas functional equation, general quadratic equation, generalized Hyers–Ulam
stability.
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2 H. KIM AND S. LEE

for all x, y ∈ X. Then Th.M. Rassias proved that there exists a unique R-linear mapping

T : X → Y such that

‖f(x)− T (x)‖ ≤ 2ε

2− 2p
‖x‖p

for all x ∈ X. And then, the result of Th.M. Rassias theorem has been generalized by P.

Gǎvruta [5] by allowing the Cauchy difference to be a generalized control function.

A square norm on an inner product space satisfies the important parallelogram equality

‖x + y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

The functional equation

f(x + y) + f(x− y) = 2f(x) + 2f(y),

which may be originated from this parallelogram equality, is called a quadratic functional

equation. In particular, every solution of the quadratic functional equation is said to

be a quadratic function. A Hyers–Ulam stability problem for the quadratic functional

equation was proved by F. Skof [12] for mappings f : X → Y , where X is a normed space

and Y is a Banach space. P.W. Cholewa [3] noticed that the theorem of Skof is still true

if the relevant domain X is replaced by an Abelian group. In S. Czerwik [4] proved the

Hyers–Ulam stability of the quadratic functional equation. In the last decade, S. Lee and

K. Jun [8] and S. Lee and C. Park [9] have proved the Hyers–Ulam stability of quadratic

type functional equation with three variables.

C. Park [10] has investigated the Hyers–Ulam stability of the following functional equa-

tion, which has exactly quadratic mappings as solutions up to f(0),

rf(
x + y + z + w

s
) + rf(

x + y − z − w

s
) + rf(

x− y + z − w

s
)

+rf(
x− y − z + w

s
) = tf(x) + tf(y) + tf(z) + tf(w)

for all x, y, z, w ∈ X under the assumption of an even mapping f : X → Y with f(0) = 0.

Recently, the authors [7] have established the general solution of the above functional

equation and then improved the Hyers–Ulam stability of the equation without the even

condition and f(0) = 0. In this paper, we are going to establish the general solution

of the following modified functional equation, which has exactly quadratic and additive

mappings as solutions up to f(0),

rf(
−x + y + z + w

s
) + rf(

x− y + z + w

s
) + rf(

x + y − z + w

s
) (1.1)

+rf(
x + y + z − w

s
) = tf(x) + tf(y) + tf(z) + tf(w)

for fixed nonzero real numbers r, s, t, and then investigate the Hyers–Ulam stability of the

functional equation for mappings f : X → Y between normed spaces.
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REFINED GENERAL QUADRATIC EQUATION 3

2. General solution of the functional equation.

First of all, we solve the general solution of the equation (1.1) in the class of mappings

between linear spaces.

Lemma 2.1. If a mapping f : X → Y satisfies the equation

rf(
−x + y + z + w

s
) + rf(

x− y + z + w

s
) + rf(

x + y − z + w

s
)

+rf(
x + y + z − w

s
) = tf(x) + tf(y) + tf(z) + tf(w)

for all x, y, z, w ∈ X, then f(x) = Q(x) + A(x) + f(0), where Q is quadratic and A is

additive, and f(0) = 0 if r 6= t.

Proof. Let f be a solution of the equation (1.1). Now, letting x = y = z = w := 0 in

(1.1), one has f(0) = 0 if r 6= t. First, we prove the case r 6= t. Let fe(x) :=
f(x) + f(−x)

2

be an even part of f and fo(x) :=
f(x)− f(−x)

2
be an odd part of f . Then, we see that

fe, fo are also solutions of the equation (1.1). Putting y = z = w := 0 in (1.1) for the

even mapping fe, we have

4rfe(
x

s
) = tfe(x) (2.1)

for all x ∈ X, which yields

fe(−x + y + z + w) + fe(x− y + z + w) + fe(x + y − z + w) (2.2)

+fe(x + y + z − w) = 4fe(x) + 4fe(y) + 4fe(z) + 4fe(w)

for all x, y, z, w ∈ X. Putting z = w := 0 in (2.2), we deduce

fe(x + y) + fe(x− y) = 2fe(x) + 2fe(y)

for all x, y ∈ X. So fe := Q is quadratic.

Putting y = z = w := 0 in (1.1) for the odd mapping fo, we have the relation 2rfo(
x

s
) =

tfo(x) for all x ∈ X. Thus, it follows that

fo(−x + y + z + w) + fo(x− y + z + w) + fo(x + y − z + w) (2.3)

+fo(x + y + z − w) = 2fo(x) + 2fo(y) + 2fo(z) + 2fo(w)

for all x, y, z, w ∈ X. Putting z = w := 0 in (2.3), one conclude

fo(x + y) = fo(x) + fo(y),

and so, fo := A is additive. Therefore, f(x) = fe(x) + fo(x) = Q(x) + A(x), where Q is

quadratic and A is additive.
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4 H. KIM AND S. LEE

Next, we prove the case r = t. Let f(x)− f(0) = f̃(x), x ∈ X. In this case, f̃(0) = 0,

and we see the functional equation

f̃(
−x + y + z + w

s
) + f̃(

x− y + z + w

s
) + f̃(

x + y − z + w

s
) (2.4)

+f̃(
x + y + z − w

s
) = f̃(x) + f̃(y) + f̃(z) + f̃(w)

for all x, y, z, w ∈ X. It follows that f̃e(x) :=
f̃(x) + f̃(−x)

2
and f̃o(x) =

f̃(x)− f̃(−x)

2
also satisfy the equation (2.4). Putting y = z = w := 0 in (2.4) for the even mapping f̃e,

we have 4f̃e(
x

s
) = f̃e(x), and so,

f̃e(−x + y + z + w) + f̃e(x− y + z + w) + f̃e(x + y − z + w) (2.5)

+f̃e(x + y + z − w) = 4[f̃e(x) + f̃e(y) + f̃e(z) + f̃e(w)]

for all x, y, z, w ∈ X. Thus, f̃e := Q is quadratic. Similarly, putting y = z = w := 0 in

(2.4) for the odd mapping f̃o, we have 2f̃o(
x

s
) = f̃o(x), and so, we get

f̃o(−x + y + z + w) + f̃o(x− y + z + w) + f̃o(x + y − z + w) (2.6)

+f̃o(x + y + z − w) = 2[f̃o(x) + f̃o(y) + f̃o(z) + f̃o(w)]

for all x, y, z, w ∈ X. Thus, we conclude that f̃o(x+y) = f̃o(x)+ f̃o(y), and hence, f̃o = A

is additive. Therefore, f(x) − f(0) = f̃(x) = f̃e(x) + f̃o(x) = Q(x) + A(x), where Q is

quadratic and A is additive. 2

Remark 2.2. If r = t and s 6= 2 is a rational number, and if f is a solution of the

equation (1.1), then we note that f̃o(x) := A(x) ≡ 0 identically, and f̃e(x) := Q(x) ≡ 0

identically. Hence, f(x) = f(0) must be a constant solution.

If r = t and s = 2, and if f is a solution of the equation (1.1) with f(0) = 0, then the

equation

f(
−x + y + z + w

2
) + f(

x− y + z + w

2
) + f(

x + y − z + w

2
)

+f(
x + y + z − w

2
) = f(x) + f(y) + f(z) + f(w), x, y, z, w ∈ X

yields

2f(
x + y

2
) + f(

x− y

2
) + f(

−x + y

2
) = f(x) + f(y),

⇔ 2f(u) + f(v) + f(−v) = f(u + v) + f(u− v),

which is well-known Drygas functional equation with general solution f(x) = Q(x) +

A(x), x ∈ X. Therefore, if r = t and s = 2, and if f is a solution of the equation (1.1),

then f(x) = Q(x) + A(x) + f(0) is a general solution of the equation.
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REFINED GENERAL QUADRATIC EQUATION 5

If r 6= t and s = 2, and if f is a solution of the equation (1.1), then we see that

fe(x) = 0, x ∈ X identically and fo(x) = 0, x ∈ X identically. Thus, f(x) = f(0) = 0

must be a constant solution.

We remark that if a mapping f : X → Y satisfies the equation

f(−x + y + z + w) + f(x− y + z + w) + f(x + y − z + w)

+f(x + y + z − w) = 4[f(x) + f(y) + f(z) + f(w)]

for all x, y, z, w ∈ X, then (i) f(0) = 0; (ii) f(−x) = f(x); (iii) f(x + y) + f(x − y) =

2[f(x) + f(y)] for all x, y ∈ X, and thus, f is quadratic.

3. Stability of the functional equation for even mappings.

We now prove the Hyers–Ulam stability of the functional equation for even mappings

f : X → Y with some regularity conditions. Given a mapping f : X → Y and a function

ϕ : X4 → R+ := [0,∞), we set for notational convenience

‖Df(x, y, z, w)‖ ≤ ϕ(x, y, z, w), (3.1)

Df(x, y, z, w) := rf(
−x + y + z + w

s
) + rf(

x− y + z + w

s
) + rf(

x + y − z + w

s
)

+rf(
x + y + z − w

s
)− [tf(x) + tf(y) + tf(z) + tf(w)]

for all x, y, z, w ∈ X. From now on, we assume that that X and Y are a normed linear

space with norm ‖ · ‖ and a Banach space with norm ‖ · ‖, respectively.

Theorem 3.1. Assume that an even mapping f : X → Y satisfies the functional inequal-

ity (3.1) and

Φ1(x, y, z, w) :=
∞∑

i=0

ϕ(2ix, 2iy, 2iz, 2iw)

4i
< ∞, (3.2)

(
Φ2(x, y, z, w) :=

∞∑

i=1

4iϕ(
x

2i
,

y

2i
,

z

2i
,
w

2i
) < ∞, resp.

)

for all x, y, z, w ∈ X. Then, there exists a unique quadratic mapping Q1 : X → Y,

(Q2 : X → Y, resp.) , defined as Q1(x) = limn→∞
f(2nx)

4n
, x ∈ X,

(
Q2(x) = lim

n→∞ 4n[f(
x

2n
)− f(0)], x ∈ X, resp.

)

such that

‖f(x)− f(0)−Q1(x)‖ ≤ 1

4|t| [Φ1(x, x, x, x) + Φ1(2x, 0, 0, 0)], (3.3)

(
‖f(x)− f(0)−Q2(x)‖ ≤ 1

4|t| [Φ2(x, x, x, x) + Φ2(2x, 0, 0, 0)], resp.

)

for all x ∈ X.
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6 H. KIM AND S. LEE

Proof. First, we observe that

4 | r − t | ‖f(0)‖ ≤ ϕ(0, 0, 0, 0), (3.4)

‖4rf(
2x

s
)− 4tf(x)‖ ≤ ϕ(x, x, x, x), (3.5)

‖2rf(
2x

s
)− 2tf(x) + 2(r − t)f(0)‖ ≤ ϕ(x, x, 0, 0), (3.6)

‖4rf(
x

s
)− tf(x)− 3tf(0)‖ ≤ ϕ(x, 0, 0, 0) (3.7)

for all x ∈ X. By using (3.5) and (3.6), we have

‖4(r − t)f(0)‖ ≤ ϕ(x, x, x, x) + 2ϕ(x, x, 0, 0) (3.8)

for all x ∈ X. By using (3.5) and (3.7), one has

‖f(2x)− 4f(x) + 3f(0)‖ ≤ 1

|t| [ϕ(x, x, x, x) + ϕ(2x, 0, 0, 0)] (3.9)

for all x ∈ X. Let f(x)− f(0) := f̃(x), x ∈ X. Then one obtains from (3.9)

‖f̃(2x)− 4f̃(x)‖ ≤ 1

|t| [ϕ(x, x, x, x) + ϕ(2x, 0, 0, 0)] (3.10)

for all x ∈ X. Thus, we can prove by triangle inequality

‖ f̃(2nx)

4n
− f̃(x)‖ ≤ 1

4|t|
n−1∑

i=0

1

4i
[ϕ(2ix, 2ix, 2ix, 2ix) + ϕ(2i+1x, 0, 0, 0)] (3.11)

for all x ∈ X. Now, it follows from the last inequality that for all nonnegative integers

n,m with n > m ≥ 0

‖ f̃(2nx)

4n
− f̃(2mx)

4m
‖ (3.12)

≤
n−1∑

i=m

‖ f̃(2i+1x)

4i+1
− f̃(2ix)

4i
‖

≤ 1

4|t|
n−1∑

i=m

1

4i
[ϕ(2ix, 2ix, 2ix, 2ix) + ϕ(2i+1x, 0, 0, 0)]

for all x ∈ X, of which the right-hand side approaches 0 as m tends to infinity. This shows

that the sequence { f̃(2nx)

4n
} is a Cauchy sequence for all x ∈ X. Since Y is complete, the

sequence { f̃(2nx)

4n
} converges in Y for all x ∈ X, and so one can define a mapping

Q1 : X → Y by

Q1(x) = lim
n→∞

f̃(2nx)

4n
= lim

n→∞
f(2nx)

4n

for all x ∈ X.
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Now, it follows from (3.1) and the definition of Q1 that

‖DQ1(x, y, z, w)‖ = lim
n→∞

‖Df(2nx, 2ny, 2nz, 2nw)‖
4n

≤ lim
n→∞

ϕ(2nx, 2ny, 2nz, 2nw)

4n
= 0

for all x, y, z, w ∈ X. Thus, the mapping Q1 is quadratic by Lemma 2.1. Moreover, if we

let n →∞ in (3.11), we get the desired approximation (3.3).

To prove the uniqueness, let Q
′

: X → Y be another quadratic mapping satisfying

(3.3). Then, we have

‖ Q1(x)−Q
′
(x) ‖ =

1

4n
‖Q1(2

nx)−Q
′
(2nx)‖

≤ 1

4n

(
‖Q1(2

nx)− f(2nx) + f(0)‖+ ‖f(2nx)− f(0)−Q
′
(2nx)‖

)

≤ 1

4n · 2|t|
(
Φ1(2

nx, 2nx, 2nx, 2nx) + Φ1(2
n+1x, 0, 0, 0)

)
,

which tends to zero as n →∞ for all x ∈ X. So one can conclude that Q1(x) = Q
′
(x) for

all x ∈ X. This proves the uniqueness. 2

In the following, we consider another stability results of the functional equation (1.1)

by using the similar manner to the reference [7].

Theorem 3.2. Assume that an even mapping f : X → Y satisfies the functional in-

equality (3.1) and the condition (3.2). Then, there exists a unique quadratic mapping

Q1 : X → Y, (Q2 : X → Y, resp.) , defined as Q1(x) = limn→∞
f(2nx)

4n
, x ∈ X

(
Q2(x) = lim

n→∞ 4n[f(
x

2n
)− (4r − t)

3t
f(0)], x ∈ X, resp.)

)

such that

‖f(x)− (4r − t)

3t
f(0)−Q1(x)‖ ≤ 1

4|t| [2Φ1(x, x, 0, 0) + Φ1(2x, 0, 0, 0)], (3.13)

(
‖f(x)− (4r − t)

3t
f(0)−Q2(x)‖ ≤ 1

4|t| [2Φ2(x, x, 0, 0) + Φ2(2x, 0, 0, 0)], resp.)

)

for all x ∈ X, where f(0) = 0 if r 6= t.

Proof. Associating (3.6) with (3.7), one has

‖f(2x)− 4f(x) +
(4r − t)

t
f(0)‖ ≤ 1

|t| [2ϕ(x, x, 0, 0) + ϕ(2x, 0, 0, 0)],

which yields

‖
˜f(2x)

4
− f̃(x)‖ ≤ 1

4|t| [2ϕ(x, x, 0, 0) + ϕ(2x, 0, 0, 0)], (3.14)
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where f̃(x) := f(x)− (4r − t)

3t
f(0), x ∈ X. It follows from (3.14) that

‖f̃(x)− f̃(2nx)

4n
‖ ≤ 1

4|t|
n−1∑

i=0

[
2ϕ(2ix, 2ix, 0, 0) + ϕ(2i+1x, 0, 0, 0)

4i
]

for all x ∈ X.

The rest of proof is similarly verified by the same argument as that of Theorem 3.1. 2

In Theorem 3.2, we remark that Q2(0) = 0 by definition if r = t, and also, Q2(0) = 0

if r 6= t because f(0) = 0 = ϕ(0, 0, 0, 0) by the convergence of Φ2(0, 0, 0, 0).

Corollary 3.3. Let δ, θ be nonnegative real numbers and p 6= 2 be a positive real number.

Assume that an even mapping f : X → Y satisfies the functional inequality

‖Df(x, y, z, w)‖ ≤ δ + θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p)

for all x, y, z, w ∈ X, where δ = 0 when p > 2. Then, there exists a unique quadratic

mapping Q : X → Y such that

‖f(x)− f(0)−Q(x)‖ ≤ 1

|t|
[
2δ

3
+

4θ‖x‖p

|4− 2p| +
2pθ‖x‖p

|4− 2p|
]

for all x ∈ X, where f(0) = 0 if r 6= t and p > 2.

4. Stability of the functional equation for odd mappings.

We now prove the Hyers–Ulam stability of the functional equation for odd mappings

f : X → Y with some regularity conditions.

Theorem 4.1. Assume that an odd mapping f : X → Y satisfies the functional inequality

(3.1) and

Φ3(x, y, z, w) =
∞∑

i=0

ϕ(2ix, 2iy, 2iz, 2iw)

2i
< ∞ (4.1)

(
Φ4(x, y, z, w) =

∞∑

i=1

2iϕ(
x

2i
,

y

2i
,

z

2i
,
w

2i
) < ∞, resp.

)

for all x, y, z, w ∈ X. Then, there exists a unique additive mapping A3 : X → Y,

(A4 : X → Y, resp.) , defined as A3(x) = limn→∞
f(2nx)

2n
, x ∈ X,

(
A4(x) = lim

n→∞ 2nf(
x

2n
), x ∈ X, resp.

)

such that

‖f(x)− A3(x)‖ ≤ 1

4|t| [Φ3(x, x, x, x) + 2Φ3(2x, 0, 0, 0)], (4.2)

(
‖f(x)− A4(x)‖ ≤ 1

4|t| [Φ4(x, x, x, x) + 2Φ4(2x, 0, 0, 0)], resp.

)

for all x ∈ X.
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Proof. First, we note that

‖4rf(
2x

s
)− 4tf(x)‖ ≤ ϕ(x, x, x, x), (4.3)

‖2rf(
2x

s
)− 2tf(x)‖ ≤ ϕ(x, x, 0, 0), (4.4)

‖2rf(
2x

s
)− tf(2x)‖ ≤ ϕ(2x, 0, 0, 0) (4.5)

for all x ∈ X. By using (4.3) and (4.5), one has

‖f(2x)− 2f(x)‖ ≤ 1

2|t| [ϕ(x, x, x, x) + 2ϕ(2x, 0, 0, 0)] (4.6)

for all x ∈ X. Thus, by using triangle inequality and (4.6), one can prove the useful

inequality

‖f(2nx)

2n
− f(x)‖ ≤ 1

4|t|
n−1∑

i=0

1

2i
[ϕ(2ix, 2ix, 2ix, 2ix) + 2ϕ(2i+1x, 0, 0, 0)] (4.7)

for all x ∈ X.

Applying the same argument as in Theorem 3.1, one can obtain the desired results. 2

In the following, we consider another stability results of the functional equation (1.1)

by using the similar way to the reference [7].

Theorem 4.2. Assume that an odd mapping f : X → Y satisfies the functional inequality

(3.1) and the condition (4.1). Then, there exists a unique additive mapping A3 : X → Y,

(A4 : X → Y, resp.) , defined as A3(x) = limn→∞
1

2n
f(2nx), x ∈ X,

(
A4(x) = lim

n→∞ 2nf(
x

2n
), x ∈ X, resp.

)

such that

‖f(x)− A3(x)‖ ≤ 1

2|t| [Φ3(x, x, 0, 0) + Φ3(2x, 0, 0, 0)], (4.8)

(
‖f(x)− A4(x)‖ ≤ 1

2|t| [Φ4(x, x, 0, 0) + Φ4(2x, 0, 0, 0)], resp.

)

for all x ∈ X.

Proof. Associating (4.4) with (4.5), one has

‖f(2x)− 2f(x)‖ ≤ 1

|t| [ϕ(x, x, 0, 0) + ϕ(2x, 0, 0, 0)], (4.9)

which yields

‖f(x)− f(2nx)

2n
‖ ≤ 1

2|t|
n−1∑

i=0

[
ϕ(2ix, 2ix, 0, 0) + ϕ(2i+1x, 0, 0, 0)

2i
]

for all x ∈ X.

The rest of proof is similarly verified by the same argument as that of Theorem 4.1. 2
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Corollary 4.3. Let δ, θ be nonnegative real numbers and p 6= 1 be a positive real number.

Assume that an odd mapping f : X → Y satisfies the functional inequality

‖Df(x, y, z, w)‖ ≤ δ + θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p)

for all x, y, z, w ∈ X, where δ = 0 when p > 1. Then, there exists a unique additive

mapping A : X → Y such that

‖f(x)− A(x)‖ ≤ 1

|t|
[
3δ

2
+

2θ‖x‖p

|2− 2p| +
2pθ‖x‖p

|2− 2p|
]

for all x ∈ X.

5. Stability of the functional equation for general mappings.

Finally, we now prove the Hyers–Ulam stability of the functional equation (1.1) for

general mappings f : X → Y with some regularity conditions.

Theorem 5.1. Assume that a mapping f : X → Y satisfies the functional inequality

(3.1) and

Φ3(x, y, z, w) :=
∞∑

i=0

ϕ(2ix, 2iy, 2iz, 2iw)

2i
< ∞ (5.1)

for all x, y, z, w ∈ X. Then, there exist a unique quadratic mapping Q1 : X → Y and a

unique additive mapping A3 : X → Y such that

‖f(x) + f(−x)

2
− f(0)−Q1(x)‖

≤ 1

8|t| [Φ1(x, x, x, x) + Φ1(−x,−x,−x,−x) + Φ1(2x, 0, 0, 0) + Φ1(−2x, 0, 0, 0)],

‖f(x)− f(−x)

2
− A3(x)‖

≤ 1

8|t| [Φ3(x, x, x, x) + Φ3(−x,−x,−x,−x) + 2Φ3(2x, 0, 0, 0) + 2Φ3(−2x, 0, 0, 0)],

‖f(x)− f(0)− A3(x)−Q1(x)‖ (5.2)

≤ 1

8|t| [Φ1(x, x, x, x) + Φ1(−x,−x,−x,−x) + Φ1(2x, 0, 0, 0) + Φ1(−2x, 0, 0, 0)

+Φ3(x, x, x, x) + Φ3(−x,−x,−x,−x) + 2Φ3(2x, 0, 0, 0) + 2Φ3(−2x, 0, 0, 0)]

for all x ∈ X.

Proof. Let fe(x) := f(x)+f(−x)
2

, x ∈ X, be the even part of f and fo(x) := f(x)−f(−x)
2

, x ∈
X, the odd part of f . Then, it is easy to see that

‖Dfe(x, y, z, w)‖ ≤ 1

2
[ϕ(x, y, z, w) + ϕ(−x,−y,−z,−w)], (5.3)

‖Dfo(x, y, z, w)‖ ≤ 1

2
[ϕ(x, y, z, w) + ϕ(−x,−y,−z,−w)] (5.4)
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for all x, y, z, w ∈ X. Now, applying Theorem 3.1 to the functional inequality (5.3), we

see that there exists a unique quadratic mapping Q1 : X → Y, defined by Q1(x) =

limn→∞
f(2nx) + f(−2nx)

4n · 2 , x ∈ X, such that

‖fe(x)− fe(0)−Q1(x)‖ (5.5)

≤ 1

8|t| [Φ1(x, x, x, x) + Φ1(−x,−x,−x,−x) + Φ1(2x, 0, 0, 0) + Φ1(−2x, 0, 0, 0)]

for all x ∈ X.

On the other hand, applying Theorem 3.1 to the functional inequality (5.4), one ob-

tains that there exists a unique additive mapping A3 : X → Y, defined by A3(x) =

limn→∞
f(2nx)− f(−2nx)

2n+1
, x ∈ X, such that

‖fo(x)− A3(x)‖ (5.6)

≤ 1

8|t| [Φ3(x, x, x, x) + Φ3(−x,−x,−x,−x) + 2Φ3(2x, 0, 0, 0) + 2Φ3(−2x, 0, 0, 0)]

for all x ∈ X. Hence, we lead to the desired approximation (5.2). 2

Theorem 5.2. Assume that a mapping f : X → Y satisfies the functional inequality

(3.1) and

Φ4(x, y, z, w) :=
∞∑

i=1

2iϕ(
x

2i
,

y

2i
,

z

2i
,
w

2i
) < ∞, (5.7)

Φ1(x, y, z, w) :=
∞∑

i=0

ϕ(2ix, 2iy, 2iz, 2iw)

4i
< ∞

for all x, y, z, w ∈ X. Then, there exist a unique quadratic mapping Q1 : X → Y and a

unique additive mapping A4 : X → Y such that

‖f(x) + f(−x)

2
− f(0)−Q1(x)‖

≤ 1

8|t| [Φ1(x, x, x, x) + Φ1(−x,−x,−x,−x) + Φ1(2x, 0, 0, 0) + Φ1(−2x, 0, 0, 0)],

‖f(x)− f(−x)

2
− A4(x)‖

≤ 1

8|t| [Φ4(x, x, x, x) + Φ4(−x,−x,−x,−x) + 2Φ4(2x, 0, 0, 0) + 2Φ4(−2x, 0, 0, 0)],

‖f(x)− f(0)− A4(x)−Q1(x)‖ (5.8)

≤ 1

8|t| [Φ1(x, x, x, x) + Φ1(−x,−x,−x,−x) + Φ1(2x, 0, 0, 0) + Φ1(−2x, 0, 0, 0)

+Φ4(x, x, x, x) + Φ4(−x,−x,−x,−x) + 2Φ4(2x, 0, 0, 0) + 2Φ4(−2x, 0, 0, 0)]

for all x ∈ X, where f(0) = 0 if r 6= t.
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Proof. Applying Theorem 3.1 to the functional inequality (5.3), we see that there exists

a unique quadratic mapping Q1 : X → Y, defined by Q1(x) = limn→∞
f(2nx) + f(−2nx)

4n · 2 ,

x ∈ X, such that

‖fe(x)− fe(0)−Q1(x)‖ (5.9)

≤ 1

8|t| [Φ1(x, x, x, x) + Φ1(−x,−x,−x,−x) + Φ1(2x, 0, 0, 0) + Φ1(−2x, 0, 0, 0)]

for all x ∈ X. In particular, it follows from the convergence of the series Φ4(0, 0, 0, 0) that

0 = ϕ(0, 0, 0, 0), and so f(0) = fe(0) = 0 if r 6= t.

In turn, applying Theorem 4.1 to the inequality (5.4), one obtains that there exists a

unique additive mapping A4 : X → Y, defined by A4(x) = limn→∞ 2n

2
[f(

x

2n
) − f(

−x

2n
)],

x ∈ X, such that

‖fo(x)− A4(x)‖ (5.10)

≤ 1

8|t| [Φ4(x, x, x, x) + Φ4(−x,−x,−x,−x) + 2Φ4(2x, 0, 0, 0) + 2Φ4(−2x, 0, 0, 0)]

for all x ∈ X. Hence, we lead to the desired approximation (5.8). 2

Theorem 5.3. Assume that a mapping f : X → Y satisfies the functional inequality

(3.1) and

Φ2(x, y, z, w) :=
∞∑

i=1

4iϕ(
x

2i
,

y

2i
,

z

2i
,
w

2i
) < ∞ (5.11)

for all x, y, z, w ∈ X. Then, there exist a unique quadratic mapping Q2 : X → Y and a

unique additive mapping A4 : X → Y such that

‖f(x) + f(−x)

2
− f(0)−Q2(x)‖

≤ 1

8|t| [Φ2(x, x, x, x) + Φ2(−x,−x,−x,−x) + Φ2(2x, 0, 0, 0) + Φ2(−2x, 0, 0, 0)],

‖f(x)− f(−x)

2
− A4(x)‖

≤ 1

8|t| [Φ4(x, x, x, x) + Φ4(−x,−x,−x,−x) + 2Φ4(2x, 0, 0, 0) + 2Φ4(−2x, 0, 0, 0)],

‖f(x)− f(0)− A4(x)−Q2(x)‖ (5.12)

≤ 1

8|t| [Φ2(x, x, x, x) + Φ2(−x,−x,−x,−x) + Φ2(2x, 0, 0, 0) + Φ2(−2x, 0, 0, 0)

+Φ4(x, x, x, x) + Φ4(−x,−x,−x,−x) + 2Φ4(2x, 0, 0, 0) + 2Φ4(−2x, 0, 0, 0)]

for all x ∈ X, where f(0) = 0 if r 6= t.

Proof. Applying Theorem 3.1 to the functional inequality (5.3), we see that there exists

a unique quadratic mapping Q2 : X → Y, defined by Q2(x) = limn→∞ 4n

2
[f(

x

2n
)+f(

−x

2n
)],
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x ∈ X, such that

‖fe(x)− fe(0)−Q2(x)‖ (5.13)

≤ 1

8|t| [Φ2(x, x, x, x) + Φ2(−x,−x,−x,−x) + Φ2(2x, 0, 0, 0) + Φ2(−2x, 0, 0, 0)]

for all x ∈ X.

On the other hand, applying Theorem 4.1 to the functional inequality (5.4), one ob-

tains that there exists a unique additive mapping A4 : X → Y, defined by A4(x) =

limn→∞ 2n−1[f(
x

2n
)− f(

−x

2n
)], x ∈ X, such that

‖fo(x)− A4(x)‖ (5.14)

≤ 1

8|t| [Φ4(x, x, x, x) + Φ4(−x,−x,−x,−x) + 2Φ4(2x, 0, 0, 0) + 2Φ4(−2x, 0, 0, 0)]

for all x ∈ X. Hence, we lead to the desired approximation (5.12). 2

Now, applying main Theorems 5.1, 5.2 and 5.3, we obtain the following corollary for

each three cases 0 < p < 1, 1 < p < 2 and p > 2 concerning the stability of equation (1.1).

Corollary 5.4. Let δ, θ be nonnegative real numbers and p 6= 1, 2 be a positive real number.

Assume that a mapping f : X → Y satisfies the functional inequality

‖Df(x, y, z, w)‖ ≤ δ + θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p)

for all x, y, z, w ∈ X, where δ = 0 when p > 1. Then, there exist a unique quadratic

mapping Q : X → Y and a unique additive mapping A : X → Y such that

‖f(x) + f(−x)

2
− f(0)−Q(x)‖ ≤ 1

|t|
[
2δ

3
+

4θ‖x‖p

|4− 2p| +
2pθ‖x‖p

|4− 2p|
]
,

‖f(x)− f(−x)

2
− A(x)‖ ≤ 1

|t|
[
3δ

2
+

2θ‖x‖p

|2− 2p| +
2pθ‖x‖p

|2− 2p|
]
,

‖f(x)− f(0)− A(x)−Q(x)‖ ≤ 1

|t|
[
13δ

6
+

4θ‖x‖p

|4− 2p| +
2pθ‖x‖p

|4− 2p| +
2θ‖x‖p

|2− 2p| +
2pθ‖x‖p

|2− 2p|
]

for all x ∈ X, where f(0) = 0 if r 6= t and p > 2.
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HYERS-ULAM STABILITY OF A CLASS OF DIFFERENTIAL

EQUATIONS OF SECOND ORDER

MOHAMMAD REZA ABDOLLAHPOUR AND CHOONKIL PARK∗

Abstract. In this paper we prove the Hyers-Ulam stability of a class of differ-
ential equations of second order which includes Euler differential equation and
second order linear differential equations with constant coefficients.

1. Introduction

In 1940, Ulam [20] discussed the question concerning the stability of homomor-
phisms as follows: let G1 be a group and G2 be a metric group with a metric d(·, ·).
For a given ε > 0, is there a δ > 0 such that if a function h : G1 → G2 satisfies the
inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G1, then there exists a homomor-
phism H : G1 → G2 with d(h(x), H(x)) < δ for all x ∈ G1? The question of Ulam
was answered by Hyers in [7] for the case both G1 and G2 are Banach spaces. See
[3, 5, 6, 17, 18, 19] for the stability problems of functional equations.

Definition 1.1. Let I ⊂ R be an open interval. We say that the differential equation

an(t)y(n)(t) + an−1(t)y(n−1)(t) + · · ·+ a1(t)y′(t) + a0y(t) + h(t) = 0 (1.1)

has the Hyers-Ulam stability, if for any function f : I → R satisfying the differential
inequality

|an(t)y(n)(t) + an−1(t)y(n−1)(t) + · · ·+ a1(t)y′(t) + a0y(t) + h(t)| ≤ ε
for all t ∈ I and for some ε > 0, there exists a solution g : I → R of (1.1) such that
|f(t)− g(t)| ≤ K(ε) for any t ∈ I, where K(ε) is a constant depending only on ε.

The first result concerning the Hyers-Ulam stability of ordinary differential equa-
tions was due to Alsina and Ger, see [2] (see also [15, 16]). In fact, their result
dealt with the Hyers-Ulam stability of linear differential equations of first order.
The result of Alsina and Ger has been generalized by many mathematicians (Ref.
[8, 9, 10, 12, 13]).

The Hyers-Ulam stability of second order linear differential equations has been
investigated in [4] and [14]. Furthermore, Abdollahpour and Najati [1] proved the

Hyers-Ulam stability of the third order differential equation y(3)(t)+αy′′(t)+βy′(t)+
γy(t) = f(t).

The aim of this paper is to investigate the Hyers-Ulam stability of the differential
equation (

1

h′(x)

)2

y′′(x) +

(
α

h′(x)
− h′′(x)

(h′(x))3

)
y′(x) + βy(x) = f(x). (1.2)
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More precisely, the problem, we will deal with the following. Let ε > 0 be fixed and
[a, b] ⊂ R. h ∈ C2[a, b] be a function for which either h′(x) > 0 or h′(x) < 0 holds for
all x ∈ [a, b] and let f ∈ C[a, b]. Assume that for the unknown function y ∈ C2[a, b]∣∣∣∣∣

(
1

h′(x)

)2

y′′(x) +

(
α

h′(x)
− h′′(x)

(h′(x))3

)
y′(x) + βy(x)− f(x)

∣∣∣∣∣ < ε

holds for all x ∈ [a, b]. Is it true there exist a constant K(ε) depending only on ε
and a solution g ∈ C2[a, b] of equation (1.2) such that for any x ∈ [a, b]

|y(x)− g(x)| ≤ ε

is satisfied?
In the subsequent section we will answer affirmatively this problem.

2. Hyers-Ulam stability of the differential equation

( 1
h′(x))2y′′(x) + ( α

h′(x) −
h′′(x)

(h′(x))3
)y′(x) + βy(x) = f(x)

Throughout this section, a and b are real numbers with −∞ < a < b < +∞.

Theorem 2.1. The differential equation(
1

h′(x)

)2

y′′(x) +

(
α

h′(x)
− h′′(x)

(h′(x))3

)
y′(x) + βy(x) = f(x)

has the Hyers-Ulam stability, where y, h ∈ C2[a, b], f ∈ C[a, b] and h′(x) > 0 (or
h′(x) < 0) for all x ∈ [a, b].

Proof. Suppose that λ, µ are the (real or complex) roots of m2 + αm + β = 0 with
p = <µ and q = <λ. Here < denotes the real part. Let ε > 0 and y, h ∈ C2[a, b]
with ∣∣∣∣∣

(
1

h′(x)

)2

y′′(x) +

(
α

h′(x)
− h′′(x)

(h′(x))3

)
y′(x) + βy(x)− f(x)

∣∣∣∣∣ ≤ ε.
Let g(x) = 1

h′(x)y
′(x)− λy(x) for all x ∈ [a, b]. It is clear that∣∣∣∣ 1

h′(x)
g′(x)− µg(x)− f(x)

∣∣∣∣
=

∣∣∣∣∣
(

1

h′(x)

)2

y′′(x) +

(
α

h′(x)
− h′′(x)

(h′(x))3

)
y′(x) + βy(x)− f(x)

∣∣∣∣∣ ≤ ε.
We define the function z : [a, b]→ R by

z(x) = eµ[h(x)−h(b)]g(b)− eµh(x)

∫ b

x
h′(t)f(t)e−µh(t) dt, x ∈ [a, b].

Then

z′(x) = µh′(x)z(x) + f(x)h′(x), x ∈ [a, b]. (2.1)
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Also we have

|z(x)− g(x)| =
∣∣∣eµ[h(x)−h(b)]g(b)− g(x)− eµh(x)

∫ b

x
h′(t)f(t)e−µh(t) dt

∣∣∣
=|eµh(x)|

∣∣∣e−µh(b)g(b)− e−µh(x)g(x)−
∫ b

x
h′(t)f(t)e−µh(t) dt

∣∣∣
=eph(x)

∣∣∣∣∫ b

x
[e−µh(t)g(t)]′ dt−

∫ b

x
h′(t)f(t)e−µh(t) dt

∣∣∣∣
=eph(x)

∣∣∣∣∫ b

x
e−µh(t)[g′(t)− µh′(t)g(t)− h′(t)f(t)] dt

∣∣∣∣
≤eph(x)

∫ b

x
|h′(t)e−µh(t)|| 1

h′(t)
g′(t)− µg(t)− f(t)| dt

≤εeph(x)

∫ b

x
|h′(t)|e−ph(t) dt

for all x ∈ [a, b]. Therefore if h′(x) > 0 then

|z(x)− g(x)| ≤


1− e−p[h(b)−h(a)]

p
ε if p 6= 0;

(h(b)− h(a))ε if p = 0

(2.2)

for all x ∈ [a, b] and if h′(x) < 0 then

|z(x)− g(x)| ≤


e−p[h(b)−h(a)] − 1

p
ε if p 6= 0;

(h(a)− h(b))ε if p = 0

(2.3)

for all x ∈ [a, b].
Now, we define

u(x) = y(b)eλ[h(x)−h(b)] − eλh(x)

∫ b

x
h′(t)z(t)e−λh(t) dt, x ∈ [a, b].

Due to the definition of function u, we immediately obtain that u ∈ C2[a, b] and

u′(x) = λh′(x)u(x) + z(x)h′(x). (2.4)

Then

u′′(x)h′(x)− h′′(x)u′(x)

[h′(x)]2
= λu′(x) + z′(x).

It follows from (2.1) and (2.4) that(
1

h′(x)

)2

u′′(x) +

(
α

h′(x)
− h′′(x)

(h′(x))3

)
u′(x) + βu(x) = f(x), x ∈ [a, b].
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Furthermore, for the function u, the inequality

|y(x)− u(x)| =
∣∣∣∣y(x)− y(b)eλ[h(x)−h(b)] + eλh(x)

∫ b

x
h′(t)z(t)e−λh(t) dt

∣∣∣∣
=|eλh(x)|

∣∣∣∣y(x)e−λh(x) − y(b)e−λh(b) +

∫ b

x
h′(t)z(t)e−λh(t) dt

∣∣∣∣
=eqh(x)

∣∣∣∣∫ b

x
h′(t)z(t)e−λh(t) dt−

∫ b

x
[e−λh(t)y(t)]′ dt

∣∣∣∣
=eqh(x)

∣∣∣∣∫ b

x
h′(t)e−λh(t)[z(t)− 1

h′(t)
y′(t) + λy(t)] dt

∣∣∣∣
≤eqh(x)

∫ b

x
|h′(t)e−λh(t)||z(t)− g(t)| dt

=eqh(x)

∫ b

x
e−qh(t)|h′(t)||z(t)− g(t)| dt

is also valid for all x ∈ [a, b]. It follows from (2.2) that

|y(x)− u(x)| ≤



[1− e−p[h(b)−h(a)]][1− e−q[h(b)−h(a)]]

pq
ε if p, q 6= 0;

[1− e−p[h(b)−h(a)]](h(b)− h(a))

p
ε if p 6= 0, q = 0;

[1− e−q[h(b)−h(a)]](h(b)− h(a))

q
ε if p = 0, q 6= 0;

(h(b)− h(a))2ε if p, q = 0

and (2.3) implies that

|y(x)− u(x)| ≤



[e−p[h(b)−h(a)] − 1][e−q[h(b)−h(a)] − 1]

pq
ε if p, q 6= 0;

[e−p[h(b)−h(a)] − 1](h(a)− h(b))

p
ε if p 6= 0, q = 0;

[e−q[h(b)−h(a)] − 1](h(a)− h(b))

q
ε if p = 0, q 6= 0;

(h(a)− h(b))2ε if p, q = 0

for all x ∈ [a, b]. This completes the proof. �

In [11], Li and Shen proved that a second order differential equation with con-
stant coefficients has the Hyers-Ulam stability, if its characteristic equation has two
positive roots. It is necessary to mention that our next result is more general than
their result, because in our result, there is no restriction on roots of characteristic
equation.

Corollary 2.2. The second order differential equation with constant coefficients
y′′(x) + αy′(x) + βy(x) = f(x) has the Hyers-Ulam stability.
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Proof. It is enough to take h(x) = x and replace α by α+ 1 in Theorem 2.1. �

Corollary 2.3. If 0 < a < b or a < b < 0 then the second order Euler differential
equation x2y′′(x) + αxy′(x) + βy(x) = f(x) has the Hyers-Ulam stability.

Proof. It is enough to take h(x) = Ln(|x|) and replace α by α + 1 in Theorem
2.1. �

References

[1] M. R. Abdollahpour and A. Najati, Stability of linear differential equations of third order,
Appl. Math. Lett. 24 (2011), 1827–1830.

[2] C. Alsina and R. Ger, On some inequalities and stability results related to the exponential
function, J. Inequal. Appl. 2 (1998), 373–380.

[3] M. Eshaghi Gordji and A. Bodaghi, On the stability of quadratic double centralizers on Banach
algebras, J. Comput. Anal. Appl. 13 (2011), 724–729.

[4] M. Eshaghi Gordji, Y. Cho, M. B. Ghaemi and B. Alizadeh, Stability of the exact second order
partial differential equations, J. Inequal. Appl. 2011,Article ID 306275 (2011).

[5] M. Eshaghi Gordji, R. Farokhzad Rostami and S.A.R. Hosseinioun, Nearly higher derivations
in unital C∗-algebras, J. Comput. Anal. Appl. 13 (2011), 734–742.

[6] M. Eshaghi Gordji, G. Kim, J. Lee and C. Park, Generalized ternary bi-derivations on ternary
Banach algebras: a fixed point approach, J. Comput. Anal. Appl. 15 (2013), 45–54.

[7] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27
(1941), 222–224.

[8] S. Jung, Hyers-Ulam stability of linear differential equations of first order, Appl. Math. Lett.
17 (2004), 1135–1140.

[9] S. Jung, Hyers-Ulam stability of linear differential equations of first order, III, J. Math. Anal.
Appl. 311 (2005), 139–146.

[10] S. Jung, Hyers-Ulam stability of linear differential equations of first order, II, Appl. Math.
Lett. 19 (2006), 854–858.

[11] Y. Li and Y. Shen, Hyers-Ulam stability of linear differential equations of second order, Appl.
Math. Lett. 23 (2010), 306–309.

[12] T. Miura, On the Hyers-Ulam stability of a differentiable map, Sci. Math. Japon. 55 (2002),
17–24.

[13] T. Miura, S. Jung and S.-E. Takahasi, Hyers-Ulam-Rassias stability of the Banach space valued
differential equations y′ = λy, J. Korean Math. Soc. 41 (2004), 995–1005.

[14] A. Najati, M. R. Abdollahpour and Y. Cho, Superstability of linear differential equations of
second order, preprint.

[15] M. Ob loza, Hyers stability of the linear differential equation, Rocznik Nauk.-Dydakt. Prace
Mat. 13 (1993), 259–270.

[16] M. Ob loza, Connections between Hyers and Lyapunov stability of the ordinary differential equa-
tions, Rocznik Nauk.-Dydakt. Prace Mat. 14 (1997), 141–146.

[17] S. Shagholi, M. Eshaghi Gordji and M. Bavand Savadkouhi, Stability of ternary quadratic
derivations on ternary Banach algebras, J. Comput. Anal. Appl. 13 (2011), 1097–1105.

[18] S. Shagholi, M. Eshaghi Gordji and M. Bavand Savadkouhi, Nearly ternary cubic homomor-
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An iterative algorithm based on the hybrid

steepest descent method for strictly

pseudocontractive mappings
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Abstract

In this paper, we consider a general iterative method based on the hybrid steepest descent method for finding
fixed points of a strictly pseudocontractive mapping in a Hilbert space. Utilizing weaker control conditions
than previous ones, we establish the strong convergence of the sequence generated by the proposed iterative
method to a fixed point of the mapping, which is the unique solution of a certain variational inequality.

MSC: 47H09, 47H05, 47H10, 47J25, 49M05, 47J05..

Key words: Iterative algorithm; Strictly pseudocontractive mapping; Fixed points; Weakly

asymptotically regular; ρ-Lipschitzian and η-strongly monotone operator; Variational inequality

1 Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and induced norm ‖ · ‖. Let C be a
nonempty closed convex subset of H and S : C → C be a self-mapping on C. We denote
by F (S) the set of fixed points of S.

The class of pseudocontractive mappings is one of the most important classes of mappings
among nonlinear mappings. We recall that a mapping T : C → H is said to be k-strictly
pseudocontractive if there exists a constant k ∈ [0, 1)such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, ∀x, y ∈ C.

Note that the class of k-strictly pseudocontractive mappings includes the class of nonex-
pansive mappings as a subclass. That is, T is nonexpansive (i.e., ‖Tx − Ty‖ ≤ ‖x − y‖,
∀x, y ∈ C) if and only if T is 0-strictly pseudocontractive. The mapping T is also said to
be pseudocontractive if k = 1 and T is said to be strongly pseudocontractive if there exists
a constant ν ∈ (0, 1) such that T − νI is pseudocontractive. Clearly, the class of k-strictly

Email address: jungjs@dau.ac.kr, jungjs@mail.donga.ac.kr (Jong Soo Jung).
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pseudocontractive mappings falls into the one between classes of nonexpansive mappings
and pseudocontractive mappings. Also we remark that the class of strongly pseudocon-
tractive mappings is independent of the class of k-strictly pseudocontractive mappings (see
[1]). Recently, many authors have been devoting the studies on the problems of finding
fixed points for pseudocontractive mappings, see, for example, [2–7] and the references
therein.

In 2010, by combining Yamada’s method [8] and Marino and Xu’s method [9], Tian [10]
considered the following explicit iterative scheme for the nonexpansive mapping S:

xn+1 = αnγV xn + (I − αnµF )Sxn, ∀n ≥ 0, (1.1)

where F : H → H is a ρ-Lipschitzian and η-strongly monotone operator with constants
ρ > 0 and η > 0 (i.e., ‖Fx−Fy‖ ≤ ρ‖x−y‖ and 〈Fx−Fy, x−y〉 ≥ η‖x−y‖2, x, y ∈ H,
respectively), V : H → H is an l-Lipschitzian mapping with a constant l ≥ 0, 0 < µ < 2η

ρ2

and 0 ≤ γl < τ = µ(η − µρ2

2 ). In particular, by using control conditions (i) {αn} ⊂ (0, 1),
limn→∞ αn = 0, (ii)

∑∞
n=0 αn = ∞, (iii) either

∑∞
n=0 |αn+1−αn| < ∞ or limn→∞

αn+1

αn
= 1

on {αn}, he proved that the sequence {xn} generated by (1.1) converges strongly to a fixed
point x̃ of S, which is the unique solution of the following variational inequality related to
the operator F :

〈µF x̃− γV x̃, x̃− p〉 ≤ 0, ∀p ∈ F (S). (1.2)

His results improved the results of Tian [11] from the case of the contractive mapping f a
constant α ∈ (0, 1) to the case of a Lipschitzian mapping V with a constant l ≥ 0.

In 2011, Ceng et al. [12] also considered the following explicit iterative schemes for the
nonexpansive mapping S:

xn+1 = PC [αnγV xn + (I − αnµF )Sxn], ∀n ≥ 0, (1.3)

where PC is the metric projection of H ont C; F : C → H is a ρ-Lipschitzian and η-strongly
monotone operator with constants ρ > 0 and η > 0; V : C → H is an l-Lipschitzian
mapping with a constant l ≥ 0; 0 < µ < 2η

ρ2 and 0 ≤ γl < τ = 1 −
√

1− µ(2η − µρ2). In
particular, by using the same control conditions on {αn} as in Tian [11,10], they proved
that the sequence {xn} generated by (1.3) converges strongly to a fixed point x̃ of S, which
is the unique solution of the variational inequality (1.2). Their results also improved the
results of Tian [11] from the case of the contractive mapping f with a constant α ∈ (0, 1)
to the case of a Lipschitzian mapping V with a constant l ≥ 0, and extended the range
0 < γα < τ = µ(η − µρ2

2 ) in [10, Theorem 3.1 and Theorem 3.2] to the case of range
0 < γl < τ = 1−

√
1− µ(2η − µρ2).

In this paper, motivated by the above-mentioned results, we consider the following explicit
iterative scheme for a k-strictly pseudocontractive mapping T for some 0 ≤ k < 1:

xn+1 = αnγV xn + (I − αnµF )Tnxn, ∀n ≥ 0, (1.4)

where Tn : H → H is a mapping defined by Tnx = λnx + (1 − λn)Tx, ∀x ∈ H, with
0 ≤ k ≤ λn ≤ λ < 1 and limn→∞ λn = λ. By using weaker control conditions than previous
ones, we establish the strong convergence of the sequence generated by the proposed
scheme (1.4) to a fixed point of T , which is a solution of the variational inequality (1.2),
where the constraint set is F (T ). The results in this paper improve and develop the
corresponding results given in [3,4,6,9–14] and references therein.
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2 Preliminaries and Lemmas

Throughout this paper, when {xn} is a sequence in E, xn → x (resp., xn ⇀ x) will denote
strong (resp., weak) convergence of the sequence {xn} to x.

For every point x ∈ H, there exists a unique nearest point in C, denoted by PC(x), such
that

‖x− PC(x)‖ ≤ ‖x− y‖, ∀y ∈ C.

PC is called the metric projection of H onto C. It is well known that PC is nonexpansive
and that for x ∈ H,

z = PCx ⇐⇒ 〈x− z, y − z〉 ≤ 0, ∀y ∈ C. (2.1)

It is also well known that H satisfies the Opial condition, that is, for any sequence {xn}
with xn ⇀ x, the inequality

lim inf
n→∞ ‖xn − x‖ < lim inf

n→∞ ‖xn − y‖

holds for every y ∈ H with y 6= x.

Lemma 2.1. In a real Hilbert space H, the following inequality holds:

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉, ∀x, y ∈ H.

Let LIM be a Banach limit. According to time and circumstances, we use LIMn(an)
instead of LIM(a) for every a = {an} ∈ `∞. The following properties are well-known:

(i) for all n ≥ 1, an ≤ cn implies LIMn(an) ≤ LIMn(cn),

(ii) LIMn(an+N ) = LIMn(an) for any fixed positive integer N ,

(iii) lim infn→∞ an ≤ LIMn(an) ≤ lim supn→∞ an for all {an} ∈ l∞.

The following lemma was given in [15].

Lemma 2.2. Let a ∈ R be a real number and a sequence {an} ∈ l∞ satisfy the con-
dition LIMn(an) ≤ a for all Banach limit LIM . If lim supn→∞(an+1 − an) ≤ 0, then
lim supn→∞ an ≤ a.

We also need the following lemmas for the proof of our main results.

Lemma 2.3 ([16]). Let {sn} be a sequence of non-negative real numbers satisfying

sn+1 ≤ (1− βn)sn + βnδn + rn, ∀n ≥ 0,

where {βn}, {δn} and {rn} satisfy the following conditions:

3
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(i) {βn} ⊂ [0, 1] and
∑∞

n=0 βn = ∞,

(ii) lim supn→∞ δn ≤ 0 or
∑∞

n=0 βn|δn| < ∞,

(iii) rn ≥ 0 (n ≥ 0),
∑∞

n=0 rn < ∞.

Then limn→∞ sn = 0.

Lemma 2.4 ([17]). Let H be a Hilbert space and let C be a closed convex subset of H.
Let T : C → H be a k-strictly pseudocontractive mapping on C. Then the following hold:

(i) The fixed point set F (T ) is closed convex, so that the projection PF (T ) is well defined.

(ii) F (PCT ) = F (T ).

(iii) If we define a mapping S : C → H by Sx = λx + (1 − λ)Tx for all x ∈ C. then, as
λ ∈ [k, 1), S is a nonexpansive mapping such that F (T ) = F (S).

The following lemmas can be easily proven, and therefore, we omit the proofs (see [5,8]).

Lemma 2.5. Let H be a real Hilbert space. Let V : H → H be an l-Lipschitzian mapping
with a constant l ≥ 0, and F : H → H be a ρ-Lipschitzian and η-strongly monotone
operator with constants ρ > 0 and η > 0. Then for 0 ≤ γl < µη,

〈(µF − γV )x− (µF − γV )y, x− y〉 ≥ (µη − γl)‖x− y‖2, ∀x, y ∈ C.

That is, µF − γV is strongly monotone with a constant µη − γl.

Lemma 2.6. Let H be a real Hilbert space H. Let F : H → H be a ρ-Lipschitzian and
η-strongly monotone operator with constants ρ > 0 and η > 0. Let 0 < µ < 2η

ρ2 and
0 < t < ς ≤ 1. Then S := ςI − tµF : H → H is a contractive mapping with a constant
ς − tτ , where τ = 1−

√
1− µ(2η − µρ2).

Finally, we recall that the sequence {xn} in H is said to be weakly asymptotically regular
if

w − lim
n→∞(xn+1 − xn) = 0, that is, xn+1 − xn ⇀ 0

and asymptotically regular if
lim

n→∞ ‖xn+1 − xn‖ = 0,

respectively.

3 Main results

Throughout the rest of this paper, we always assume as follows: Let H be a real Hilbert
space. Let T : H → H be a k-strictly pseudocontractive mapping with F (T ) 6= ∅ for
some 0 ≤ k < 1, let F : H → H be a ρ-Lipschitzain and η-strongly monotone operator
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with constants ρ > 0 and η > 0, and let V : H → H be an l-Lipschitzian mapping with
a constant l ≥ 0. Let 0 < µ < 2η

ρ2 and 0 < γl < τ , where τ = 1 −
√

1− µ(2η − µρ2).
Let Tn : H → H be a mapping defined by Tnx = λnx + (1 − λn)Tx, ∀x ∈ H, where
0 ≤ k ≤ λn ≤ λ < 1 and limn→∞ λn = λ. By Lemma 2.4, Tn is nonexpansive.

In this section, we consider the following explicit scheme which generates a sequence in an
explicit way:

xn+1 = αnγV xn + (I − αnµF )Tnxn, ∀n ≥ 0, (3.1)

where {αn} ⊂ (0, 1) and x0 ∈ H is an arbitrary initial guess, and establish strong con-
vergence of this sequence to a fixed point x̃ of T , which is the unique solution of the
variational inequality:

〈(µF − γV )x̃, x̃− p〉 ≤ 0, ∀p ∈ F (T ). (3.2)

First, we consider the following scheme that generates a net {xt}t∈(0,1) in an implicit way:

xt = tγV xt + (I − tµF )Ttxt, (3.3)

where Ttx = λtx + (1− λt)Tx, ∀x ∈ H, with 0 ≤ k ≤ λt ≤ λ < 1 and limt→0 λt = λ.

Indeed, for t ∈ (0, 1), consider a mapping Qt : H → H defined by

Qtx = tγV x + (I − tµF )Ttx, ∀x ∈ H.

It is easy to see that Qt is a contractive mapping with constant 1− t(τ − γl). Indeed, by
Lemma 2.6, we have

‖Qtx−Qty‖ ≤ tγ‖V x− V y‖+ ‖(I − tµF )Ttx− (I − tµF )Tty‖
≤ tγl‖x− y‖+ (1− tτ)‖x− y‖
= (1− t(τ − γl))‖x− y‖.

Hence Qt has a unique fixed point, denoted xt, which uniquely solves the fixed point
equation (3.3).

By utilizing the same method as in [10,12], we obtain the following theorem for strong
convergence of the net {xt} as t → 0, which guarantees the existence of solutions of the
variational inequality (3.2).

Theorem 3.1. The net {xt} defined via (3.3) converges strongly to a fixed point x̃ of T as
t → 0, which solves the variational inequality (3.2), equivalently, we have PF (T )(I − µF +
γV )x̃) = x̃.

Proof. We first show the uniqueness of a solution of the variational inequality (3.2),
which is indeed a consequence of the strong monotonicity of µF −γV . In fact, noting that
0 ≤ γl < τ and µη ≥ τ ⇐⇒ ρ ≥ η, it follows from Lemma 2.5 that

〈(µF − γV )x− (µF − γV )y, x− y〉 ≥ (µη − γl)‖x− y‖2.

5
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That is, µF − γV is strongly monotone for 0 ≤ γl < τ ≤ µη. Suppose that x̃ ∈ F (T ) and
x̂ ∈ F (T ) both are solutions to (3.2). Then we have

〈(µF − γV )x̃, x̃− x̂〉 ≤ 0 (3.4)

and
〈(µF − γV )x̂, x̂− x̃〉 ≤ 0. (3.5)

Adding up (3.4) and (3.5) yields

〈(µF − γV )x̃− (µF − γV )x̂, x̃− x̂〉 ≤ 0.

The strong monotonicity of µF − γV implies that x̃ = x̂ and the uniqueness is proved.

Next, we prove that xt → x̃ as t → 0. Observing F (T ) = F (Tt) by Lemma 2.4, from (3.3),
we write, for given p ∈ F (T ),

xt − p = t(γV xt − µFp) + (I − tµF )Ttxt − (I − tµF )p

to derive that

‖xt − p‖2 = t〈γV xt − µFp, xt − p〉+ 〈(I − tµF )Ttxt − (I − tµF )Ttp, xt − p〉
≤ (1− tτ)‖xt − p‖2 + t〈γV xt − µFp, xt − p〉.

It follows that
‖xt − p‖2 ≤ 1

τ
〈γV xt − µFp, xt − p〉

≤ 1
τ
[γl‖xt − p‖2 + 〈γV p− µFp, xt − p〉].

Therefore
‖xt − p‖2 ≤ 1

τ − γl
〈γV p− µFp, xt − p〉. (3.6)

From (3.6), it follows that

‖xt − p‖ ≤ 1
τ − γl

‖γV p− µFp‖,

and so {xt}, {V xt}, {Txt}, {Ttxt}, {Fxt} and {FTtxt} are bounded. As a consequence,
it follows that

lim
t→0

‖(I − Tt)xt‖ = lim
t→0

t‖γV xt − µFTtxt‖ = 0. (3.7)

Since {xt} is bounded as t → 0, we show that if {tn} is a subsequence in (0,1) such
that tn → 0 and xtn ⇀ x∗, then x∗ ∈ F (T ). To this end, define S : H → H by Sx =
λx + (1− λ)Tx, ∀x ∈ H. Then S is nonexpansive with F (S) = F (T ) by Lema 2.4. Notice
that

‖Sxtn − xtn‖ ≤ ‖Sxtn − Ttnxtn‖+ ‖Ttnxtn − xtn‖
≤ |λ− λtn |‖xtn − Txtn‖+ ‖xtn − Ttnxtn‖.

By (3.7) and λtn → λ, we have

lim
n→∞ ‖Sxtn − xtn‖ = 0.

6
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Hence, if x∗ 6= Sx∗, then, by Opial condition, we have

lim inf
n→∞ ‖xtn − x∗‖ < lim inf

n→∞ ‖xtn − Sx∗‖
≤ lim inf

n→∞ (‖xtn − Sxtn‖+ ‖Sxtn − Sx∗‖)
≤ lim inf

n→∞ ‖xtn − x∗‖,

which is a contradiction. So x∗ ∈ F (S) = F (T ). Thus, by replacing p with x∗ in (3.6), we
get xtn → x∗.

Finally, we prove that x∗ is a solution of the variational inequality (3.2). Since

xt = tγV xt + (I − tµF )Ttxt,

we have
(µF − γV )xt = −1

t
(I − Tt)xt + µ(Fxt − FTtxt).

From Ttp = p for p ∈ F (T ), it follows that

〈(µF − γV )xt, xt − p〉 = − 1
t
〈(I − Tt)xt − (I − Tt)p, xt − p〉

+ µ〈Fxt − FTtxt, xt − p〉
≤ µ〈Fxt − FTtxt, xt − p〉

(3.8)

since I − Tt is monotone (i.e., 〈x − y, (I − Tt)x − (I − Tt)y〉 ≥ 0, x, y ∈ H, which is
due to the nonexpansivity of Tt). Now replacing t in (3.8) with tn and noticing that
Fxtn − FTtnxtn → Fx∗ − Fx∗ = 0 as n →∞ for x∗ ∈ F (T ), we obtain

〈(µF − γV )x∗, x∗ − p〉 ≤ 0.

That is, x∗ ∈ F (T ) is a solution of the variational inequality (3.2); hence x∗ = x̃ by
uniqueness. In a summary, we have shown that each cluster point of {xt} (at t → 0)
equals x̃. Therefore, xt → x̃ as t → 0.

The variational inequality (3.2) can be rewritten as

〈(I − µF + γV )x̃− x̃, x̃− p〉 ≥ 0, ∀p ∈ F (T ).

By reminding Lemma 2.4 and (2.1), this is equivalent to the fixed point equation

PF (T )(I − µF + γV )x̃) = x̃. ¤

Remark 3.1. 1) Theorem 3.1 improves the case of the nonexpansive mapping S in The-
orem 3.1 of Tian [10] (and Ceng et al. [12]) to the case of the k-strictly pseudocontractive
mapping T .

2) Theorem 3.1 includes the corresponding results of Tian [11], Marino and Xu [9], Moudafi
[13] and Xu [14] as some special cases.

First of all, we give the following result in order to establish strong convergence of the
sequence generated by the explicit scheme (3.1).

Theorem 3.2. Let {xn} be the sequence generated iteratively by the scheme (3.1) and let
LIM be a Banach limit. If {αn} satisfies the following condition:

7
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(C1) {αn} ⊂ (0, 1) and limn→∞ αn = 0,

then
LIMn(〈µF x̃− γV x̃, x̃− xn〉) ≤ 0,

where x̃ = limt→0+ xt with xt being defined by

xt = tγV xt + (I − tµF )Sxt, (3.9)

and Sx = λx + (1− λ)Tx, ∀x ∈ H, with 0 ≤ k ≤ λ < 1.

Proof. First, note that from the condition (C1), without loss of generality, we assume
that αnτ < 1 for all n ≥ 0.

Let {xt} be the net generated by (3.9). By Theorem 3.1 with λt = λ for t ∈ (0, 1) and
Lemma 2.4, there exists limt→0 xt ∈ F (T ). Denote it by x̃. Moreover x̃ is the unique
solution of the variational inequality (3.2). By (3.9), we have

‖xt − xn+1‖ = ‖tγV xt + (I − tµF )Sxt − xn+1‖
= ‖(I − tµF )Sxt − (I − tµF )xn+1 + t(γV xt − µFxn+1)‖.

Applying Lemma 2.1 and Lemma 2.6, we have

‖xt − xn+1‖2 ≤ (1− tτ)2‖Sxt − xn+1‖2 + 2t〈γV xt − µFxn+1, xt − xn+1〉. (3.10)

From the proof of Theorem 3.1, we know that {xt}, {V xt}, {Txt}, {Sxt}, {FSxt} and
{Fxt} are bounded.

Now we show that ‖xn − p‖ ≤ max{‖x0 − p‖, ‖µFp−γV p‖
τ−γl } for all n ≥ 0 and all p ∈ F (T ).

Indeed, let p ∈ F (T ). Noticing p = Tnp, we have

‖xn+1 − p‖ = ‖αn(γV xn − µFp) + (I − αnµF )Tnxn − (I − αnµF )Tnp‖
≤ (1− αnτ)‖xn − p‖+ αn‖γV xn − µFp‖
≤ (1− αnτ)‖xn − p‖+ αn(‖γV xn − γV p‖+ ‖γV p− µFp‖)
≤ [1− (τ − γl)αn]‖xn − p‖+ (τ − γl)αn

‖γV p− µFp‖
τ − γl

≤ max
{
‖xn − p‖, ‖γV p− µFp‖

τ − γl

}
.

Using an induction, we have ‖xn−p‖ ≤ max{‖x0−p‖, ‖γV p−µFp‖
τ−γl }. Hence {xn} is bounded,

and so are {V xn}, {Txn} {Tnxn}, {FTnxn}, and {Fxn}. As a consequence of condition
(C1), we get

‖xn+1 − Tnxn‖ = αn‖γV xn − µFTnxn‖ → 0 (n →∞).

From definitions of S and Tn with limn→∞ λn = λ, we deduce

‖Sxt − xn+1‖ ≤ ‖Sxt − Sxn‖+ ‖Sxn − Tnxn‖+ ‖Tnxn − xn+1‖
≤ ‖xt − xn‖+ |λ− λn|‖xn − Txn‖+ ‖Tnxn − xn+1‖
≤ ‖xt − xn‖+ |λ− λn|K1 + ‖Tnxn − xn+1‖
= ‖xt − xn‖+ en,

,

8
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where K1 = sup{‖xn − Txn‖ : n ≥ 0} and en = |λ − λn|K1 + ‖xn+1 − Tnxn‖ → 0 as
n →∞. Also observing that F is η-strongly monotone, we have

〈µFxt − µFxn, xt − xn〉 ≥ µη‖xt − xn‖2 ≥ τ‖xt − xn‖2. (3.11)

So, by combining (3.10) and (3.11), we obtain

‖xt − xn+1‖2 ≤ (1− tτ)2(‖xt − xn‖+ en)2

+ 2t〈γV xt − µFxt, xt − xn+1〉+ 2t〈µFxt − µFxn+1, xt − xn+1〉
≤ (t2τ − 2t)τ‖xt − xn‖2 + ‖xt − xn‖2

+ (1− tτ)2en(2‖xt − xn‖+ en)
+ 2t〈γV xt − µFxt, xt − xn+1〉+ 2t〈µFxt − µFxn+1, xt − xn+1〉

≤ (t2τ − 2t)〈µFxt − µFxn, xt − xn〉+ ‖xt − xn‖2

+ en(K2 + en) + 2t〈γV xt − µFxt, xt − xn+1〉
+ 2t〈µFxt − µFxn+1, xt − xn+1〉

= t2τ〈µFxt − µFxn, xt − xn〉+ ‖xt − xn‖2

+ en(K2 + en) + 2t〈γV xt − µFxt, xt − xn+1〉
+ 2t(〈µFxt − µFxn+1, xt − xn+1〉 − 〈µFxt − µFxn, xt − xn〉),

(3.12)

where K2 = sup{2‖xt−xn‖ : t, n ≥ 0}. Applying the Banach limit LIM to (3.12) together
with limn→∞ en = 0, we have

LIMn(‖xt − xn+1‖2) ≤ t2τLIMn(〈µFxt − µFxn, xt − xn〉) + LIMn(‖xt − xn‖2)
+ 2tLIMn(〈γV xt − µFxt, xt − xn+1〉)
+ 2t[LIMn(〈µFxt − µFxn+1, xt − xn+1〉)

− LIMn(〈µFxt − µFxn, xt − xn〉)].

(3.13)

Using the property LIMn(an) = LIMn(an+1) of Banach limit in (3.12), we obtain

LIMn(〈µFxt − γV xt, xt − xn〉) = LIMn(〈µFxt − γV xt, xt − xn+1〉)
≤ tτ

2
LIMn(〈µFxt − µFxn, xt − xn〉)

+
1
2t

[LIMn(‖xt − xn‖2)− LIMn(‖xt − xn‖2)]

+ [LIMn(〈µFxt − µFxn, xt − xn〉)− LIMn(〈µFxt − µFxn, xt − xn〉)]
=

tτ

2
LIMn(〈µFxt − µFxn, xt − xn〉).

(3.14)

Since

t〈µFxt − µFxn, xt − xn〉 ≤ tµρ‖xt − xn‖2

≤ tµρ(‖xt − p‖+ ‖p− xn‖)2

≤ tµρ

(‖γV p− µFp‖
τ − γl

+ ‖x0 − p‖
)2

→ 0 (as t → 0),

(3.15)

we conclude from (3.14) and (3.15) that

LIMn(〈µF x̃− γV x̃, x̃− xn)〉) ≤ lim sup
t→0

LIMn(〈µFxt − γV xt, xt − xn〉)

≤ lim sup
t→0

tτ

2
LIMn(〈µFxt − µFxn, xt − xn〉) ≤ 0.
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This completes the proof. ¤

Now, using Theorem 3.2, we establish strong convergence of the sequence generated by the
explicit scheme (3.1) to a fixed point x̃ of T , which is the unique solution of the variational
inequality (3.2).

Theorem 3.3. Let {xn} be the sequence generated iteratively by the scheme (3.1), where
{αn} satisfies the following conditions:

(C1) {αn} ⊂ (0, 1) and limn→∞ αn = 0.

(C2)
∑∞

n=0 αn = ∞.

If {xn} is weakly asymptotically regular, then {xn} converges strongly to x̃ ∈ F (T ), where
is the unique solution of the variational inequality (3.2).

Proof. First, note that from the condition (C1), without loss of generality, we assume
that αnτ < 1 and 2αn(τ−γl)

1−αnγl < 1 for all n ≥ 0.

Let xt be defined by (3.9), that is, xt = tγV xt + (I − tµF )Sxt for 0 < t < 1, where
Sx = λx+(1−λ)Tx, ∀x ∈ H, with 0 ≤ k ≤ λ < 1, and let limt→0 xt := x̃ ∈ F (S) = F (T )
(by using Theorem 3.1 and Lemma 2.4). Then x̃ is the unique solution of the variational
inequality (3.2).

We divides the proof several steps:

Step 1. We see that ‖xn−p‖ ≤ max
{
‖x0−p‖, ‖γV p−µFp‖

τ−γl

}
for all n ≥ 0 and all p ∈ F (T )

as in the proof of Theorem 3.2. Hence {xn} is bounded and so are {Tnxn}, {FTnxn} and
{V xn}.

Step 2. We show that lim supn→∞〈µF x̃− γV x̃, x̃− xn〉 ≤ 0. To this end, put

an := 〈µF x̃− γV x̃, x̃− xn)〉, ∀n ≥ 0.

Then Theorem 3.2 implies that LIMn(an) ≤ 0 for any Banach limit LIM . Since {xn} is
bounded, there exists a subsequence {xnj} of {xn} such that

lim sup
n→∞

(an+1 − an) = lim
j→∞

(anj+1 − anj )

and xnj ⇀ v ∈ H. This implies that xnj+1 ⇀ v since {xn} is weakly asymptotically
regular. Therefore, we have

w − lim
j→∞

(x̃− xnj+1) = w − lim
j→∞

(x̃− xnj ) = (x̃− v),

and so

lim sup
n→∞

(an+1 − an) = lim
j→∞

〈µF x̃− γV x̃, (x̃− xnj+1)− (x̃− xnj )〉 = 0.
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Then Lemma 2.2 implies that lim supn→∞ an ≤ 0, that is,

lim sup
n→∞

〈µF x̃− γV x̃, x̃− xn)〉 ≤ 0.

Step 3. We show that limn→∞ ‖xn − x̃‖ = 0. By using (3.1), we have

xn+1 − x̃ = αn(γV xn − µF x̃) + (I − αnµF )Tnxn − (I − αnµF )x̃.

Applying Lemma 2.1 and Lemma 2.6, we obtain

‖xn+1 − x̃‖2 = ‖(I − αnµF )Tnxn − (I − αnµF )x̃ + αn(γV xn − µF x̃)‖2

≤ ‖(I − αnµF )Tnxn − (I − αnµF )Tnx̃‖2

+ 2αn〈γV xn − µF x̃, xn+1 − x̃〉
≤ (1− αnτ)2‖xn − x̃‖2 + 2αn〈γV xn − γV x̃, xn+1 − x̃〉

+ 2αn〈γV x̃− µF x̃, xn+1 − x̃〉
≤ (1− αnτ)2‖xn − x̃‖2 + αnγl(‖xn − x̃‖2 + ‖xn+1 − x̃‖2)

+ 2αn〈γV x̃− µF x̃, xn+1 − x̃〉.

(3.15)

It then follows from (3.15) that

‖xn+1 − x̃‖2 ≤ (1− αnτ)2 + αnγl

1− αnγl
‖xn − x̃‖2 +

2αn

1− αnγl
〈γV x̃− µF x̃, xn+1 − x̃〉

≤
(

1− 2αn(τ − γl)
1− αnγl

)
‖xn − x̃‖2

+
2αn(τ − γl)
1− αnγl

(
1

τ − γl
〈γV x̃− µF x̃, xn+1 − x̃〉+

αnτ2

2(τ − γl)
K3

)
,

(3.16)

where K3 = sup{‖xn − x̃‖2 : n ≥ 0}. Put

βn =
2αn(τ − γl)
1− αnγl

and δn =
1

τ − γl
〈µF x̃− γV x̃, x̃− xn+1〉+

αnτ2

2(τ − γl)
K3.

From (C1), (C2) and Step 2, it follows that βn → 0,
∑∞

n=0 βn = ∞ and lim supn→∞ δn ≤ 0.
Since (3.16) reduces to

‖xn+1 − x̃‖2 ≤ (1− βn)‖xn − x̃‖2 + βnδn,

from Lemma 2.3 with rn = 0, we conclude that limn→∞ ‖xn − x̃‖ = 0. This completes the
proof. ¤

Corollary 3.1. Let {xn} be the sequence generated iteratively by the scheme (3.1), where
{αn} satisfies the following conditions:

(C1) {αn} ⊂ (0, 1) and limn→∞ αn = 0.

(C2)
∑∞

n=0 αn = ∞.
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If {xn} is asymptotically regular, then {xn} converges strongly to x̃ ∈ F (T ), where is the
unique solution of the variational inequality (3.2).

Remark 3.2. If {αn} and {λn} in Corollary 3.1 satisfy conditions (C1), (C2),

(C3)
∑∞

n=0 |αn+1 − αn| < ∞; or

(C4) limn→∞ αn
αn+1

= 1 or, equivalently, limn→∞
αn−αn+1

αn+1
= 0; or,

(C5) |αn+1 − αn| ≤ o(αn+1) + σn,
∑∞

n=0 σn < ∞ (the perturbed control condition); and

(C6)
∑∞

n=0 |λn+1 − λn| < ∞,

then the sequence {xn} generated by (3.1) is asymptotically regular. Now we give only the
proof in case when {αn} satisfies the conditions (C1), (C2), (C5) and (C6). By Step 1 in
the proof of Theorem 3.3, there exists a constant K4 > 0 such that for all n ≥ 0,

µ‖FTnxn‖+ γ‖V xn‖ ≤ K4.

Next, we notice that

‖Tnxn − Tn−1xn−1‖ ≤ ‖Tnxn − Tnxn−1‖+ ‖Tnxn−1 − Tn−1xn−1‖
≤ ‖xn − xn−1‖+ |λn − λn−1|‖xn−1 − Txn−1‖
≤ ‖xn − xn−1‖+ |λn − λn−1|K5,

where K5 = sup{‖xn − Txn‖ : n ≥ 0}. So, we obtain, for all n ≥ 0,

‖xn+1 − xn‖
= ‖(I − αnµF )Tnxn − (I − αnµF )Tn−1xn−1 + µ(αn − αn−1)FTn−1xn−1

+ γ[αn(V xn − V xn−1) + V xn−1(αn − αn−1)]‖
≤ (1− αnτ)‖Tnxn − Tn−1xn−1‖+ µ|αn − αn−1|‖FTn−1xn−1‖

+ γ[αn[l‖xn − xn−1‖+ ‖V xn−1‖|αn − αn−1]
≤ (1− αn(τ − γl))‖xn − xn−1‖+ |λn − λn−1|K5 + |αn − αn−1|K4

≤ (1− αn(τ − γl))‖xn − xn−1‖+ |λn − λn−1|K5 + (o(αn) + σn−1)K4.

(3.17)

By taking sn+1 = ‖xn+1 − xn‖, βn = αn(τ − γl), βnδn = o(αn)K4 and rn = σn−1K4 +
|λn − λn−1|K5, from (3.17) we have

sn+1 ≤ (1− βn)sn + βnδn + rn.

Hence, by (C1), (C2), (C5), (C6) and Lemma 2.3, we obtain

lim
n→∞ ‖xn+1 − xn‖ = 0.

In view of this observation, we have the following:

Corollary 3.2. Let {xn} be the sequence generated iteratively by the scheme (3.1), where
{αn} and {λn} satisfy the conditions (C1), (C2), (C5) and (C6) (or the conditions (C1),
(C2), (C3) and (C6), or the conditions (C1), (C2), (C4) and (C6)). Then {xn} converges
strongly to x̃ ∈ F (T ), where is the unique solution of the variational inequality (3.2).

Remark 3.3. 1) Theorem 3.3 extends Theorem 3.2 of Tian [10] and Ceng et al. [12] in
the following ways:
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(a) The nonexpansive mapping S in [10, 12, Theorem 3.2] is extended to the case of a
k-strictly pseudocontractive mapping T .

(b) The condition
∑∞

n=0 |αn+1−αn| < ∞ in [10, 12, Theorem 3.2] is relaxed to the weak
asymptotic regularity on {xn}.

2) Theorem 3.3 also generalizes the corresponding results of Cho et al. [3], Jung [6] and
Marino and Xu [9] in following aspects:

(a) A strongly positive bounded linear operator A in [3,6,9] is extended to the case of
a ρ-Lipschitzian and η-strongly monotone operator F . (In fact, from the definitions,
it follows that a strongly positive bounded linear operator A (i.e., there exists a
constant γ > 0 with the property: 〈Ax, x〉 ≥ γ‖x‖2, x ∈ H) is a ‖A‖-Lipschitzian
and γ-strongly monotone operator).

(b) The contractive mapping f with a constant α ∈ (0, 1) in [3,6,9] is extended to the
case of a Lipschizian mapping V with a constant l ≥ 0.

(c) The nonexpansive mapping S in [3,9] is extended to the case of a k-strictly pseudo-
contractive mapping T .

(d) The condition
∑∞

n=0 |αn+1 − αn| < ∞ in [3,9] is weakened to the weak asymptotic
regularity on {xn}.
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BE-ALGEBRAS WITH ORDER REVERSING INVOLUTION

SUN SHIN AHN AND YOUNG HEE KIM∗ AND JUNG HEE PARK

Abstract. The notions of a filter’s radical and extended filter are introduced in BE-algebras.

Then some properties of filter’s radical and extended filter are obtained. Using a special set

x−1 ∗ F , we give an equivalent condition for a filter to be prime.

1. Introduction

In [6], H. S. Kim and Y. H. Kim introduced the notion of a BE-algebra. S. S. Ahn and K. S.

So [4, 5] introduced the notion of ideals in BE-algebras. S. S. Ahn et al. [2] fuzzified the concept

of BE-algebras and investigated some of their properties. Y. B. Jun and S. S. Ahn ([7]) provided

several degrees in defining a fuzzy filter and a fuzzy implicative filter. It was a generalization of

a fuzzy filter.

In this paper, we introduce the notions of a filter’s radical and an extended filter in BE-

algebras. Some properties of a filter’s radical and an extended filter are obtained. Using a special

set x−1 ∗ F , we obtain an equivalent condition for a filter to be a prime filter.

2. Preliminaries

An algebra (X; ∗, 1) of type (2, 0) is called a BE-algebra ([6]) if

(BE1) x ∗ x = 1 for all x ∈ X;

(BE2) x ∗ 1 = 1 for all x ∈ X;

(BE3) 1 ∗ x = x for all x ∈ X;

(BE4) x ∗ (y ∗ z) = y ∗ (x ∗ z) for all x, y, z ∈ X (exchange).

We introduce a relation “≤” on a BE-algebra X by x ≤ y if and only if x ∗ y = 1. A non-empty

subset S of a BE-algebra X is said to be a subalgebra of X if it is closed under the operation

“ ∗ ”. Note that x ∗ x = 1 for all x ∈ X. It is clear that 1 ∈ S. A BE-algebra (X; ∗, 1) is said to

be self distributive if x∗ (y ∗z) = (x∗y)∗ (x∗z) for all x, y, z ∈ X. A mapping f : X → Y of BE-

algebras is called a homomorphism if f(x ∗ y) = f(x) ∗ f(y) for any x, y ∈ X. A homomorphism

f of BE-algebras is called an epimorphism if f is onto. Note that if f is a homomorphism of

BE-algebras, then f(1) = 1.
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2 SUN SHIN AHN AND YOUNG HEE KIM∗ AND JUNG HEE PARK

Proposition 2.1([6]). Let (X; ∗, 1) be a self distributive BE-algebra. Then the following

hold: for any x, y, z ∈ X,

(i) if x ≤ y, then z ∗ x ≤ z ∗ y and y ∗ z ≤ x ∗ z,
(ii) y ∗ z ≤ (z ∗ x) ∗ (y ∗ z),
(iii) y ∗ z ≤ (x ∗ y) ∗ (x ∗ z).

A BE-algebra (X; ∗, 1) is said to be transitive if it satisfies Proposition 2.1(iii). If a BE-algebra

X is transitive, then Proposition 2.1(i) holds ([7]).

Definition 2.2. Let X be a BE-algebra and let ∅ ̸= F ⊆ X of a BE-algebra X. F is called

a filter ([6]) of X if

(F1) 1 ∈ F ;

(F2) if x ∗ y, x ∈ F , then y ∈ F .

F is an implicative filter ([7]) of X if (F1) and

(F3) if x ∗ (y ∗ z) ∈ F and x ∗ y ∈ F , then x ∗ z ∈ F .

Note that every implicative filter is a filter in a BE-algebra.

Proposition 2.3. Let X be a BE-algebra and let F be a filter of X. If x ≤ y and x ∈ F for

any y ∈ F , then y ∈ F .

Definition 2.4. Let X be a BE-algebra X and ∅ ̸= A ⊆ X. If B is the least filter containing

A in X, then B is called the filter generated by A and denoted by (A].

It is trivial to verify that

(A] = ∩{B|A ⊆ B ⊆ X,B is a filter}.

In what follows, ({a}] is denoted by (a] and [a1, a2, · · · , an, x] := a1 ∗ (a2 ∗ (· · · (an ∗ x) · · · )).
Specially, [a, x]0 := x, [a, x]1 := a ∗ x, and [a, x]n := a ∗ (a ∗ (· · · ∗ (a︸ ︷︷ ︸

n

∗x) · · · )) (n ≥ 2).

Proposition 2.5([8]). Let X be a transitive BE-algebra and ∅ ̸= A ⊆ X. Then

(A] = {x ∈ X|∃a1, · · · an ∈ A, n ∈ N such that [a1, a2, · · · , an, x] = 1}.

Definition 2.6([1]). Let X be a BE-algebra. X is said to be commutative if the following

identity holds

(C) (x ∗ y) ∗ y = (y ∗ x) ∗ x, i.e., x ∨ y = y ∨ x where x ∨ y = (y ∗ x) ∗ x,
for all x, y ∈ X.

Theorem 2.7([1]). If (X; ∗, 1) is a commutative BE-algebra X, then it is a semilattice with

respect to ∨.

3. BE-algebra with order reversing involution

Definition 3.1. A BE-algebra (X; ∗, 1) is said to have an order reversing involution “ ′ ” if
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BE-ALGEBRAS WITH ORDER REVERSING INVOLUTION 3

(i) if x ≤ y, then y′ ≤ x′ and (x′)′ = x;

(ii) 0 is the smallest element of X;

(iii) x ∗ y = y′ ∗ x′

for all x, y ∈ X, where 0′ := 1.

In what follows, let X denote a BE-algebra with order reversing involution ′ unless otherwise

specified.

Proposition 3.2. Suppose that X is a transitive BE-algebra with order reversing involution
′. Then the following hold:

(i) x ∗ 0 = x′;

(ii) 0 ∗ x = 1;

(iii) x ≤ y ⇔ y ∗ z ≤ x ∗ z.
for any x, y, z ∈ X.

Proof. (i) By Definition 3.1(iii), we have x ∗ 0 = 0′ ∗ x′ = 1 ∗ x′ = x′.

(ii) Let x ∈ X. Using Definition 3.1(iii) and (BE2), we get 0 ∗ x = x′ ∗ 0′ = x′ ∗ 1 = 1.

(iii) By Proposition 2.1(i), x ≤ y imply y ∗ z ≤ x ∗ z. Conversely, suppose that y ∗ z ≤ x ∗ z for

all x, y, z ∈ X. By Definition 3.1(i), we have x ∗ y = y′ ∗ x′ = (y ∗ 0) ∗ (x ∗ 0) = 1, proving that

x ≤ y. �
Theorem 3.3. Let X be a transitive BE-algebra and let a, b, x ∈ X.

(i) If a ≥ b, then [a, x]n ≤ [b, x]n for any n ∈ N;

(ii) If n,m ∈ N with n ≥ m, then [a, x]n ≥ [a, x]m;

(iii) [a, x]n ≥ x for any n ∈ N.

Proof. These conditions are trivial when n = 0 or m = 0.

(i) We use induction on n to show [a, x]n ≤ [b, x]n. If n = 1, then a ≥ b imply [a, x]1 = a ∗ x ≤
[b, x]1 = b ∗ x. For n > 1, assume that [a, x]m ≤ [b, x]m for any m < n. Then

[a, x]n = a ∗ [a, x]n−1 ≤ a ∗ [b, x]n−1 ≤ b ∗ [b, x]n−1 = [b, x]n.

(ii) Suppose that n = m+ p. Then p ≥ 0. We use induction on p to show [a, x]m+p ≥ [a, x]m. If

p = 0, then [a, x]m+p ≥ [a, x]m holds. For p > 1, assume that [a, x]m+q ≥ [a, x]m for any q < p. It

follows that

[a, x]m+p = a ∗ [a, x]m+(p−1) ≥ a ∗ [a, x]m ≥ [a, x]m.

(iii) The proof is similar to (i). �
Theorem 3.4. Let X be a transitive BE-algebra and let a, b ∈ X. Then

(i) (a ∨ b] ⊆ (a] ∪ (b];

(ii) if a ≤ b, then (b] ⊆ (a].

Proof. (i) For any x ∈ (a ∨ b], there exists n ∈ N+ such that [a ∨ b, x]n = 1. Since a ≤ a ∨ b

and b ≤ a ∨ b, by Theorem 3.3(i), [a ∨ b, x]n ≤ [a, x]n and [a ∨ b, x]n ≤ [b, x]n. Hence [a, x]n = 1

and [b, x]n = 1, i.e., x ∈ (a] ∩ (b]. Therefore x ∈ (a] ∩ (b]. Thus (a ∨ b] ⊆ (a] ∩ (b].
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4 SUN SHIN AHN AND YOUNG HEE KIM∗ AND JUNG HEE PARK

(ii) If x ∈ (b], then there exists n ∈ N+ such that [b, x]n = 1. Since a ≤ b imply [b, x]n ≤ [a, x]n,

we have [a, x]n = 1. Hence x ∈ (a]. �

Proposition 3.5. Let X1, X2 be BE-algebras with order reversing involution ′ and f : X1 →
X2 be a homomorphism of BE-algebras. If f(0) = 0, then f(x′) = (f(x))′ for any x ∈ X.

Proof. For any x ∈ X1, we have f(x′) = f(x ∗ 0) = f(x) ∗ f(0) = f(x) ∗ 0 = (f(x))′. �

Let X be a BE-algebra with an order reversing involution ′. For any x, y ∈ X, we define a

binary operation “⊕ ” as follows:

x⊕ y := x′ ∗ y.

For any a ∈ X and n ∈ N, we denote

(n+ 1)a := a⊕ (na).

Proposition 3.6. Let X be a BE-algebra with order reserving ′. Then for any a, b ∈ X and

m,n ∈ N+, we have

(i) a, b ≤ a⊕ b;

(ii) if m ≤ n, then ma ≤ na.

Proof. (i) By (BE4) and (BE2), we have b ∗ (a⊕ b) = b ∗ (a′ ∗ b) = a′ ∗ (b ∗ b) = a′ ∗ 1 = 1 and

so b ≤ a⊕ b. Since a ∗ (a⊕ b) = a ∗ (a′ ∗ b) = a ∗ (b′ ∗ (a′)′) = a ∗ (b′ ∗ a) = b′ ∗ (a ∗ a) = b′ ∗ 1 = 1,

we obtain a ≤ a⊕ b.

(ii) Using (i), we obtain na = ma⊕ (n−m)a ≥ ma. This completes the proof. �

Proposition 3.7. Let X be a transitive BE-algebra with order reserving involution ′. Then,

for any a, b, c ∈ X, a ≤ b implies a⊕ c ≤ b⊕ c.

Proof. Let a ≤ b for any a, b ∈ X. By Definition 3.1(iii), we have b′ ≤ a′. Since X is transitive,

we obtain a′ ∗ c ≤ b′ ∗ c for any c ∈ X, proving that a⊕ c ≤ b⊕ c. �

Let f : X1 → X2 be a homomorphism of BE-algebras with order reserving involution ′. We

define the dual kernel of f denoted by DKer f , as follows:

DKer f := {x ∈ X1|f(x) = 12}.

4. The filter’s radical in BE-algebras

Definition 4.1. Let J be a filter of X. A subset A := {x ∈ X|∃n ∈ N such that nx ∈ J} is

called a filter’s radical of J and we denote it by
√
J .
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BE-ALGEBRAS WITH ORDER REVERSING INVOLUTION 5

Example 4.2. LetX := {0, a, b, c, d, 1} be a set with 0′ = 1, a′ = c, b′ = d, c′ = a, d′ = b, 1′ = 0.

Define a binary operation ∗ as follows:

∗ 0 a b c d 1

0 1 1 1 1 1 1

a c 1 b c b 1

b d a 1 b a 1

c a a 1 1 a 1

d b 1 1 b 1 1

1 0 a b c d 1

Then (X; ∗,′ , 1, 0) is a BE-algebra with order reversing involution ′. Since {1} is a filter of X

and 2b = 1, na = a, nc = c, nd = a for all n ∈ N, we obtain
√

{1} = {b, 1}.

Theorem 4.3. Let J be a filter of a BE-algebra X. Then J ⊆
√
J .

Proof. Let x ∈ J . Then 1x = x ∈ J , i.e., ∃1 ∈ N such that 1x ∈ J . Hence x ∈
√
J . Thus

J ⊆
√
J . �

Note that 1 ∈
√
J whenever J is a filter of a BE-algebra X.

Theorem 4.4. Let J1 and J2 be filters of a BE-algebra X with an order reversing involution
′. Then the following hold:

(i) if J1 ⊆ J2, then
√
J1 ⊆

√
J2;

(ii)
√
J1 ∩

√
J2 =

√
J1 ∩ J2;

(iii)
√
J1 ∪

√
J2 ⊆

√
(J1 ∪ J2];

(iv)
√
J1 ⊆

√
(
√
J1].

Proof. (i) Let x ∈
√
J1. Then there exists n ∈ N such that nx ∈ J1 ⊆ J2. Hence x ∈

√
J2.

Therefore
√
J1 ⊆

√
J2.

(ii) Let x ∈
√
J1 ∩

√
J2. Then there exist m,n ∈ N such that mx ∈ J1 and nx ∈ J2 and so

m,n ≤ m+n. By Proposition 3.6(ii), we have mx ≤ (m+n)x and n ≤ (m+n)x. Since mx ∈ J1
and J1 is a filter of X, we get (m + n)x ∈ J1. Since nx ∈ J2 and J2 is a filter of X, we obtain

(m+ n)x ∈ J2. Hence x ∈
√
J1 ∩ J2. Therefore

√
J1 ∩

√
J2 ⊆

√
J1 ∩ J2.

Since J1, J2 are filters of X, J1 ∩ J2 is a filter of X. Since J1 ∩ J2 ⊆ J1 and J1 ∩ J2 ⊆ J2, by

(i) we get
√
J1 ∩ J2 ⊆

√
J1 and

√
J1 ∩ J2 ⊆

√
J2. Hence

√
J1 ∩ J2 ⊆

√
J1 ∩

√
J2. Thus we have√

J1 ∩
√
J2 =

√
J1 ∩ J2.

(iii) Let x ∈
√
J1 ∪

√
J2. Then x ∈

√
J1 or x ∈

√
J2. Hence there exists n ∈ N such that

nx ∈ J1 or there exists m ∈ N such that mx ∈ J2. In any case, we have n ∈ N such that

nx ∈ J1 ∪ J2 ⊆ (J1 ∪ J2]. Thus x ∈
√
(J1 ∪ J2], i.e.,

√
J1 ∪

√
J2 ⊆

√
(J1 ∪ J2].

(iv) It follows immediately from Theorem 4.3 and Theorem 4.4(i). �

Corollary 4.5. Let J1, J2, · · · , Jn be an implicative filter of a BE-algebra X. If
√
J1 =

√
J2 =

· · · =
√
Jn, then

√
J1 =

√
J1 ∩ · · · Jn.

Proof. Using Theorem 4.4(ii), we have
√
J1 =

√
J1 ∩ · · · ∩

√
Jn =

√
J1 ∩ · · · ∩ Jn. �
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6 SUN SHIN AHN AND YOUNG HEE KIM∗ AND JUNG HEE PARK

The relations between the generated filters and their radicals are discussed as follows.

Proposition 4.6. Let X be a transitive BE-algebra and let a, b ∈ X. Then the following

hold:

(i) if a ≤ b, then
√
(b] ⊆

√
(a];

(ii)
√
(a ∨ b] ⊆

√
(a] ∩ (b].

Proof. (i) If a ≤ b, then using Theorem 3.4(ii) we have (b] ⊆ (a]. By Theorem 4.4(i), we have√
(b] ⊆

√
(a].

(ii) Since (a ∨ b] ⊆ (a] ∩ (b], by Theorem 4.4(i), we obtain
√
(a ∨ b] ⊆

√
(a] ∩ (b]. �

Theorem 4.7. Let J be an implicative filter of a transitive BE-algebra X with order reversing

involution ′. Then, for any n ∈ N and for any a ∈ X, na ∈ J implies a ∈ J .

Proof. Use an induction on n. If n = 1, then it is trivial. Suppose the conclusion holds for

p < n+1 and (n+1)a ∈ J . Then a′ ∗ (a′ ∗ (n−1)a) = a′ ∗na = (n+1)a ∈ J . Since a′ ∗a′ = 1 ∈ J

and J is an implicative filter of X, we have na = a′ ∗ (n− 1)a ∈ J . By assumption, a ∈ J . �
Theorem 4.8. Let J be an implicative filter of a transitive BE-algebra X with order reversing

involution ′. Then J =
√
J .

Proof. By Theorem 4.3, J ⊆
√
J . Let x ∈

√
J . Then there exists n ∈ N such that nx ∈ J .

Using Theorem 4.7, we have x ∈ J . Hence
√
J ⊆ J . Thus J =

√
J . �

Theorem 4.9. Let X1, X2 be BE-algebras with order reversing involution ′. Let f : X1 → X2

be a homomorphism of BE-algebras. If f(0) = 0, then for any n ∈ N, f(nx) = nf(x) for any

x ∈ X1.

Proof. We use the induction on n to prove the conclusion. If n = 1, the conclusion is trivial.

Now suppose that n > 1 and the conclusion holds for n. Then, by Proposition 3.5, we obtain

f((n+ 1)x) =f(x⊕ nx) = f(x′ ∗ nx)
=f(x′) ∗ f(nx) = (f(x))′ ∗ nf(x)
=f(x)⊕ nf(x) = (n+ 1)f(x),

i.e., the conclusion holds for n+ 1. �
Theorem 4.10. Let (X1, ∗1, ′

1, 01, 11) and (X2, ∗2, ′
2, 02, 12) be BE-algebras with order revers-

ing involutions ′
i. Let f : X1 → X2 be an epimorphism of BE-algebras. If J is a filter of X1 such

that DKer f ⊆ J , then f(J) is a filter of X2.

Proof. Suppose that J is a filter of X1 such that DKer f ⊆ J . Then 11 ∈ J and so 12 =

f(x) ∗2 f(x) = f(x ∗1 x) = f(11) ∈ f(J).

Assume that y∗2z ∈ f(J) and y ∈ f(J) for any y, z ∈ X2. Then there exist x,w ∈ J and v ∈ X1

such that f(x) = y ∗2 z, f(w) = y and f(v) = z. Hence f(x ∗1 (w ∗1 v)) = f(x) ∗2 (f(w ∗1 v)) =
(y ∗2 z) ∗2 (f(w) ∗2 f(v)) = (y ∗2 z) ∗2 (y ∗2 z) = 12 and so x ∗1 (w ∗1 v) ∈ DKer f . Using

DKer f ⊆ J , we have x ∗1 (w ∗1 v) ∈ J . Since x ∈ J and J is a filter of X, we get w ∗1 v ∈ J .

Using w ∈ J , we obtain v ∈ J . Therefore z = f(v) ∈ f(J). Thus f(J) is a filter of X2. �
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Proposition 4.11. Let (X1, ∗1, ′
1, 01, 11) and (X2, ∗2, ′

2, 02, 12) be BE-algebras with order

reversing involutions ′
i. Let f : X1 → X2 be an epimorphism of BE-algebras with f(0) = 0. If J

is a filter of X1 such that DKer f ⊆ J , then f(
√
J) =

√
f(J).

Proof. Let J be a filter of X1 such that DKer f ⊆ J . By Theorem 4.10, f(J) is a filter of X2.

If y ∈ f(
√
J), then there exists x ∈

√
J such that f(x) = y. Since x ∈

√
J , there exists n ∈ N

such that nx ∈ J . Using Theorem 4.9, we have f(nx) = nf(x) = ny ∈ f(J). Hence y ∈
√
f(J).

Therefore f(
√
J) ⊆

√
f(J).

Conversely, let y ∈
√
f(J). Then there exists n ∈ N such that ny ∈ f(J). Since f is an

epimorphism, there exists x ∈ X1 such that f(x) = y. Hence f(nx) = nf(x) = ny ∈ f(J) and so

there exists z ∈ J such that f(z) = f(nx). Therefore f(z∗1nx) = f(z)∗2f(nx) = f(z)∗2f(z) = 12
and so z ∗ nx ∈ DKer f ⊆ J . Since z ∈ J and J is a filter of X1, we obtain nx ∈ J . Hence

x ∈
√
J and so y = f(x) ∈ f(

√
J). Therefore

√
f(J) ⊆ f(

√
J). This completes the proof. �

Theorem 4.12. Let (X1, ∗1, ′
1, 01, 11) and (X2, ∗2, ′

2, 02, 12) be BE-algebras with order revers-

ing involutions ′
i. Let f : X1 → X2 be a homomorphism of BE-algebras. If J is a filter of X2,

then f−1(J) is a filter of X1. Furthermore, if f(01) = 02, then f−1(
√
J) =

√
f−1(J).

Proof. Let J be a filter of X2. Let x ∗1 y, x ∈ f−1(J). Then f(x ∗1 y) = f(x) ∗2 f(y) ∈ J and

f(x) ∈ J . Since J is a filter of X2, we have f(y) ∈ J and so y ∈ f−1(J). Since f(11) = 12 ∈ J ,

we obtain 11 ∈ f−1(J). Therefore f−1(J) is a filter of X1.

We assume that f(01) = 02. Let x ∈ f−1(
√
J). Then f(x) ∈

√
J and so there exists n ∈ N

such that nf(x) = f(nx) ∈ J . Hence nx ∈ f−1(J). Therefore x ∈
√

f−1(J). Thus f−1(
√
J) ⊆√

f−1(J).

Conversely, let x ∈
√
f−1(J). Then there exists n ∈ N such that nx ∈ f−1(J). Hence f(nx) =

nf(x) ∈ J and so f(x) ∈
√
J . Therefore x ∈ f−1(

√
J). Thus

√
f−1(

√
J) ⊆ f−1(

√
J). �

5. The extended filter in BE-algebras

For any non-empty subset F of X and x ∈ X, we define

x−1 ∗ F := {y ∈ X|x ∨ y ∈ F}.

Note that if F is a filter of X, then 1 ∈ x−1 ∗ F .

Proposition 5.1. Let X be a transitive commutative BE-algebra. If F is a filter of X, then

x−1 ∗ F is a filter of X containing F .

Proof. Let y ∈ x−1 ∗ F and y ∗ z ∈ x−1 ∗ F . Then x ∨ y ∈ F and x ∨ (y ∗ z) ∈ F . Now

(x∨y)∗(x∨z) = ((y∗x)∗x))∗((z∗x)∗x) ≥ (z∗x)∗(y∗x) ≥ y∗z and (x∨y)∗(x∨z) ≥ x∨z ≥ x.

It follows form Theorem 2.6 that x∨ (y ∗ z) ≤ (x∨ y) ∗ (x∨ z) so that (x∨ y) ∗ (x∨ z) ∈ F . Using

the fact F is a filter of X and x ∨ y ∈ F , we get x ∨ z ∈ F , i.e., z ∈ x−1 ∗ F . Thus x−1 ∗ F is a

filter of X.

Let y ∈ F . Since y ≤ x ∨ y, it follows that x ∨ y ∈ F , i.e., y ∈ x−1 ∗ F . Hence F ⊆ x−1 ∗ F .

This completes the proof. �

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

924 SUN SHIN AHN ET AL 918-926



8 SUN SHIN AHN AND YOUNG HEE KIM∗ AND JUNG HEE PARK

Proposition 5.2. Let F and G be filters of a BE-algebra X. Then the following hold: for

any x, y ∈ X,

(i) x−1 ∗ F = X if and only if x ∈ F ;

(ii) F ⊆ G imply x−1 ∗ F ⊆ y−1 ∗ F ;

(iii) x−1 ∗ (F ∩G) = (x−1 ∗ F ) ∩ (x−1 ∗G) and x−1 ∗ (F ∪G) = (x−1 ∗ F ) ∪ (x−1 ∗G).

Proof. (i) Let x ∈ F . Since x ≤ (y ∗ x) ∗ x = x ∨ y, we have x ∨ y ∈ F for all y ∈ X, i.e.,

y ∈ x−1 ∗ F . Thus x−1 ∗ F = X. Conversely, assume that x−1 ∗ F = X. Then x ∨ y ∈ F for all

y ∈ X. In particular x = x ∨ x ∈ F .

(ii) Assume that F ⊆ G. If z ∈ x−1 ∗ F , then x ∨ z ∈ F ⊆ G, i.e., x ∨ z ∈ G. Hence z ∈ x−1 ∗G.

Thus x−1 ∗ F ⊆ x−1 ∗G.

(iii) For any x, z ∈ X we have

z ∈ x−1 ∗ (F ∩G) ⇔ x ∨ z ∈ F ∩G

⇔ x ∨ z ∈ F and x ∨ z ∈ G

⇔ z ∈ x−1 ∗ F and z ∈ x−1 ∗G
⇔ z ∈ (x−1 ∗ F ) ∩ (x−1 ∗G)

and

z ∈ x−1 ∗ (F ∪G) ⇔ x ∨ z ∈ F ∪G

⇔ x ∨ z ∈ F or x ∨ z ∈ G

⇔ z ∈ x−1 ∗ F or z ∈ x−1 ∗G
⇔ z ∈ (x−1 ∗ F ) ∪ (x−1 ∗G).

This completes the proof. �
Definition 5.3. A proper filter of a BE-algebra X is said to be prime if for any x, y ∈ X,

x ∨ y ∈ P implies x ∈ P or y ∈ P .

Proposition 5.4. Let P and F be filters ofX such that F ⊆ P . If P is prime, then x−1∗F ⊆ P

for all x ∈ X \ P .

Proof. Let z ∈ x−1 ∗ F for all x ∈ X \ P . Then x ∨ z ∈ F ⊆ P . Since P is prime and x /∈ P ,

we have z ∈ P , i.e., x−1 ∗ F ⊆ P . �
Proposition 5.5. If P is a prime filter of X, then X \ P is ∨-closed, i.e., x ∨ y ∈ X \ P

whenever x ∈ X \ P and y ∈ X \ P .

Proof. Straightforward. �
Theorem 5.6. Let X be a transitive commutative BE-algebra. A filter P of X is prime if

and only if x−1 ∗ P = P for all X \ P .

Proof. Suppose that P is a prime filter of X. Let x ∈ X \ P . The conclusion P ⊆ x−1 ∗ P

follows from Proposition 5.1. If y ∈ x−1 ∗ P , then x ∨ y ∈ P . Since P is a prime filter of X, we

have y ∈ P . Hence x−1 ∗ P ⊆ P . Thus x−1 ∗ P = P .
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Conversely, assume that x−1 ∗ P = P for all x ∈ X \ P . Let y ∨ z ∈ P and z /∈ P . By the

hypothesis, z−1 ∗ P = P . Hence y ∈ z−1 ∗ P = P . Thus P is prime. �
Definition 5.7. Let P be a filter of a BE-algebra X. P is called a primary filter of X if

x ∨ y ∈ P and x /∈ P ⇒ ∃n ∈ N such that ny ∈ P, for any x, y ∈ X.

Theorem 5.8. Let X be a transitive commutative BE-algebra and let J be a filter of X. If

x−1 ∗ J = J, ∀x /∈ J , then J is a primary filter of X.

Proof. By Definition 5.7, a prime filter is a primary filter. Suppose that x−1 ∗ J = J , ∀x /∈ J .

Using Theorem 5.6, J is a prime filter of X. Hence J is a primary filter of X. �
Theorem 5.9. Let X be a transitive commutative BE-algebra. If J is a filter of X, then

J = ∩x∈Xx
−1 ∗ J.

Proof. By Proposition 5.1, J ⊆ x−1 ∗ J for all x ∈ X. Hence J ⊆ ∩x∈Xx
−1 ∗ J.

Assume that y ∈ ∩x∈Xx
−1 ∗ J . Then y ∈ y−1 ∗ J and so y ∈ J . Hence ∩x∈Xx

−1 ∗ J ⊆ J . This

completes the proof. �
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SYMMETRY p-ADIC INVARIANT INTEGRAL ON Zp FOR

q-EULER POLYNOMIALS

DAE SAN KIM, TAEKYUN KIM, SANG-HUN LEE AND JONG-JIN SEO

Abstract. In this paper, we investigate several further interesting properties
of symmetry for the p-adic fermionic integral on Zp. By using this symmetry

of fermionic p-adic integral on Zp, we give some relations of symmetry between
the power sum q-polynomials and q-Euler polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Zp, Qp and Cp will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completion of algebraic closure of Qp.

Let vp be the normalized exponential valuation of Cp with |p|p = p−vp(p) = 1
p .

When one talks of q-extension, q is variously considered as an indeterminate, a
complex number q ∈ C or p-adic number q ∈ Cp. If q ∈ C, one normally assumes
|q| < 1; if q ∈ Cp, one normally assumes |1− q|p < 1. We use the notation for

q-number as [x]q = 1−qx

1−q . Note that lim
q→1

[x]q = x. As is well known, the Euler

polynomials are defined by the generating function to be

(1)
2

et + 1
ext = eE(x)t =

∞∑
n=0

En (x)
tn

n!
,

with the usual convention about replacing En (x) by En (x) (see [1-13]).
When x = 0, En = En (0) are called the Euler numbers.
From (1), we note that

(E + 1)
n
+ En = 2δ0,n, (n ≥ 0) ,

and

En (x) =
n∑

l=0

(
n

l

)
xn−lEl,

(see [1, 4, 7, 9]).
Recently, Kim considered a q-extension of Euler polynomials (called q-Euler

polynomials) as follows :

(2) 2
∞∑

m=0

(−1)
m
e[m+x]qt =

∞∑
n=0

En,q (x)
tn

n!
,

(see [6]).
1
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From (2), we can derive

En,q (x) =
2

(1− q)
n

n∑
l=0

(
n

l

)
(−1)

l

1 + ql
qlx(3)

= 2
∞∑

m=0

(−1)
m
[m+ x]

n
q .

When x = 0, En,q = En,q (0) are called q-Euler numbers.
By (2), we easily get

(qEq + 1)
n
+ En,q = 2δn,0,

with the usual convention about replacing En
q by En,q.

Let C (Zp) be the space of continuous functions on Zp.
For f ∈ C (Zp), the fermionic p-adic integral on Zp is defined by Kim as follows

:

(4) I−1 (f) =

ˆ
Zp

f (x) dµ−1 (x) = lim
N→∞

pN−1∑
x=0

f (x) (−1)
x
,

(see [4, 5]).
From (4), we note that

(5)

ˆ
Zp

f (x+ n) dµ−1 (x) + (−1)
n−1
ˆ
Zp

f (x) dµ−1 (x) = 2

n−1∑
l=0

(−1)
n−1−l

f (l) ,

whre n ∈ N (see [1, 3, 4, 5]).
By (5), we get

(6)

ˆ
Zp

e(x+y)tdµ−1 (y) =
2

et + 1
ext =

∞∑
n=0

En (x)
tn

n!
.

From (6), we have

(7)

ˆ
Zp

(x+ y)
n
dµ−1 (y) = En (x) , (n ≥ 0) .

In [4], some relations of symmetry between the power sum polynomials and
Euler polynomials were given by (7) and finding a q-extension of symmetry p-adic
invariant integral on Zp for q-Euler polynomials was remained as an open question.

In this paper, we investigate several further interesting properties of symmetry
for the p-adic fermionic p-adic integral on Zp, and give some relations of symmetry
between the power sum q-polynomials and q-Euler polynomials.

Recently, several authors have studied the identities of symmetry and q-extensions
of Euler polynomials (see [1-13]).

2. Identities of symmetry of the q-Euler polynomials

From (4) and (5), we can derive the following equation :

(8)

ˆ
Zp

e[x+y]qtdµ−1 (y) = 2
∞∑

m=0

(−1)
m
e[m+x]qt.
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By (2) and (8), we get

(9)
∞∑

n=0

ˆ
Zp

[x+ y]
n
q dµ−1 (y)

tn

n!
=

∞∑
n=0

En,q (x)
tn

n!
.

By comparing coefficients on the both sides of (9), we get

ˆ
Zp

[x+ y]
n
q dµ−1 (y) = En,q (x)(10)

= 2
∞∑

m=0

(−1)
m
[m+ x]

n
q

=
2

(1− q)
n

n∑
l=0

(
n

l

)
(−1)

l
qlx

1

1 + ql
.

Let w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2).
Then we observe that

ˆ
Zp

e
[w1]q

[
w2x+

w2
w1

j+y
]
qw1

t
dµ−1 (y)(11)

=

ˆ
Zp

e[w1w2x+w2j+w1y]qtdµ−1 (y)

= lim
N→∞

pN−1∑
y=0

e[w1w2x+w2j+w1y]qt (−1)
y

= lim
N→∞

w2−1∑
i=0

pN−1∑
y=0

e[w1w2x+w2j+w1(i+w2y)]qt (−1)
i+w2y .

From (11), we note that

w1−1∑
j=0

(−1)
j
ˆ
Zp

e
[w1]q

[
w2x+

w2
w1

j+y
]
qw1

t
dµ−1 (y)(12)

= lim
N→∞

w1−1∑
j=0

w2−1∑
i=0

pN−1∑
y=0

(−1)
i+j+y

e[w1w2(x+y)+w2j+w1i]qt.

By the same method as (12), we get

w2−1∑
j=0

(−1)
j
ˆ
Zp

e
[w2]q

[
w1x+

w1
w2

j+y
]
qw2

t
dµ−1 (y)(13)

= lim
N→∞

w2−1∑
j=0

w1−1∑
i=0

pN−1∑
y=0

(−1)
i+j+y

e[w1w2(x+y)+w1j+w2i]qt.

Therefore, by (12) and (13), we obtain the following theorem.
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Theorem 1. For w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2), we have

w1−1∑
j=0

(−1)
j
ˆ
Zp

e
[w1]q

[
w2x+

w2
w1

j+y
]
qw1

t
dµ−1 (y)

=

w2−1∑
j=0

(−1)
j
ˆ
Zp

e
[w2]q

[
w1x+

w1
w2

j+y
]
qw2

t
dµ−1 (y) .

Corollary 2. For n ≥ 0, we have

[w1]
n
q

w1−1∑
j=0

(−1)
j
ˆ
Zp

[
w2x+

w2

w1
j + y

]n
qw1

dµ−1 (y)

= [w2]
n
q

w2−1∑
j=0

(−1)
j
ˆ
Zp

[
w1x+

w1

w2
j + y

]n
qw2

dµ−1 (y) .

By (9) and Corollary 2, we obtain the following theorem.

Theorem 3. For n ≥ 0 and w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2),
we have

[w1]
n
q

w1−1∑
j=0

(−1)
j
En,qw1

(
w2x+

w2

w1
j

)

= [w2]
n
q

w2−1∑
j=0

(−1)
j
En,qw2

(
w1x+

w1

w2
j

)
.

From (10), we note thatˆ
Zp

[
w2x+

w2

w1
j + y

]n
qw1

dµ−1 (y)(14)

=

n∑
i=0

(
n

i

)(
[w2]q
[w1]q

)i

[j]
i
qw2 q

w2(n−i)j

ˆ
Zp

[w2x+ y]
n−i
qw1 dµ−1 (y)

=
n∑

i=0

(
n

i

)(
[w2]q
[w1]q

)i

[j]
i
qw2 q

w2(n−i)jEn−i,qw1 (w2x) .

Thus, by (14), we get

[w1]
n
q

w1−1∑
j=0

(−1)
j
ˆ
Zp

[
w2x+

w2

w1
j + y

]n
qw1

dµ−1 (y)(15)

=

n∑
i=0

(
n

i

)
[w1]

n−i
q [w2]

i
q

w1−1∑
j=0

(−1)
j
[j]

i
qw2 q

w2(n−i)jEn−i,qw1 (w2x)

=
n∑

i=0

(
n

i

)
[w1]

n−i
q [w2]

i
q Sn,i,qw2 (w1)En−i,qw1 (w2x) ,

where Sn,i,q (w1) =

w1−1∑
j=0

(−1)
j
q(n−i)j [j]

i
q .
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By the same method as (15), we get

[w2]
n
q

w2−1∑
j=0

(−1)
j
ˆ
Zp

[
w1x+

w1

w2
j + y

]n
qw2

dµ−1 (y)(16)

=
n∑

i=0

(
n

i

)
[w1]

i
q [w2]

n−i
q Sn,i,qw1 (w2)En−i,qw2 (w1x) .

Therefore, by Corollary 2, (15) and (16), we obtain the following theorem.

Theorem 4. For n ≥ 0 and w1, w2 ∈ N with w1 ≡ 1 (mod 2) and w2 ≡ 1 (mod 2),
we have

n∑
i=0

(
n

i

)
[w1]

n−i
q [w2]

i
q En−i,qw1 (w2x)Sn,i,qw2 (w1)

=
n∑

i=0

(
n

i

)
[w1]

i
q [w2]

n−i
q En−i,qw2 (w1x)Sn,i,qw1 (w2) ,

where Sn,i,q (w) =
w−1∑
j=0

(−1)
j
q(n−i)j [j]

i
q.
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In this paper, we consider Barnes’ multiple Bernoulli and poly-Bernoulli mixed-
type polynomials. From the properties of Sheffer sequences of these polynomials
arising from umbral calculus, we derive new and interesting identities.

1 Introduction

In this paper, we consider the polynomials S
(r,k)
n (x|a1, . . . , ar) whose generating function

is given by

tr∏r
j=1(e

ajt − 1)

Lik(1− e−t)

1− e−t
ext =

∞∑
n=0

S(r,k)
n (x|a1, . . . , ar)

tn

n!
, (1)

where r ∈ Z>0, k ∈ Z, a1, . . . , ar ̸= 0, and

Lik(x) =
∞∑

m=1

xm

mk

is the kth polylogarithm function. S
(r,k)
n (x|a1, . . . , ar) will be called Barnes’ multiple

Bernoulli and poly-Bernoulli mixed-type polynomials. When S
(r,k)
n (a1, . . . , ar)

= S
(r,k)
n (0|a1, . . . , ar) will be called Barnes’ multiple Bernoulli and poly-Bernoulli mixed-

type numbers.
Recall that, for every integer k, the poly-Bernoulli polynomials B

(k)
n (x) are defined by

the generating function as

Lik(1− e−t)

1− e−t
ext =

∞∑
n=0

B(k)
n (x)

tn

n!
(2)

([14], Cf.[4]). Also, recall that the Barnes’ multiple Bernoulli polynomials Bn(x|a1, . . . , ar)
are defined by the generating function as

tr∏r
j=1(e

ajt − 1)
ext =

∞∑
n=0

Bn(x|a1, . . . , ar)
tn

n!
, (3)

where a1, . . . , ar ̸= 0 ( see [1-14])).
In this paper, we consider Barnes’ multiple Bernoulli and poly-Bernoulli mixed-type

polynomials. From the properties of Sheffer sequences of these polynomials arising from
umbral calculus, we derive new and interesting identities.

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the
variable t:

F =

{
f(t) =

∞∑
k=0

ak
k!
tk

∣∣∣∣∣ak ∈ C

}
. (4)

2
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Let P = C[x] and let P∗ be the vector space of all linear functionals on P. ⟨L|p(x)⟩ is
the action of the linear functional L on the polynomial p(x), and we recall that the vector
space operations on P∗ are defined by ⟨L+M |p(x)⟩ = ⟨L|p(x)⟩ + ⟨M |p(x)⟩, ⟨cL|p(x)⟩ =
c ⟨L|p(x)⟩, where c is a complex constant in C. For f(t) ∈ F , let us define the linear
functional on P by setting

⟨f(t)|xn⟩ = an, (n ≥ 0). (5)

In particular, ⟨
tk|xn

⟩
= n!δn,k (n, k ≥ 0), (6)

where δn,k is the Kronecker’s symbol.

For fL(t) =
∑∞

k=0

⟨L|xk⟩
k!

tk, we have ⟨fL(t)|xn⟩ = ⟨L|xn⟩. That is, L = fL(t). The map
L 7→ fL(t) is a vector space isomorphism from P∗ onto F . Henceforth, F denotes both
the algebra of formal power series in t and the vector space of all linear functionals on
P, and so an element f(t) of F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra and the umbral calculus is the study of
umbral algebra. The order O

(
f(t)

)
of a power series f(t)(̸= 0) is the smallest integer k

for which the coefficient of tk does not vanish. If O
(
f(t)

)
= 1, then f(t) is called a delta

series; if O
(
f(t)

)
= 0, then f(t) is called an invertible series. For f(t), g(t) ∈ F with

O
(
f(t)

)
= 1 and O

(
g(t)

)
= 0, there exists a unique sequence sn(x) (deg sn(x) = n) such

that
⟨
g(t)f(t)k|sn(x)

⟩
= n!δn,k, for n, k ≥ 0. Such a sequence sn(x) is called the Sheffer

sequence for
(
g(t), f(t)

)
which is denoted by sn(x) ∼

(
g(t), f(t)

)
.

For f(t), g(t) ∈ F and p(x) ∈ P, we have

⟨f(t)g(t)|p(x)⟩ = ⟨f(t)|g(t)p(x)⟩ = ⟨g(t)|f(t)p(x)⟩ (7)

and

f(t) =
∞∑
k=0

⟨
f(t)|xk

⟩ tk
k!
, p(x) =

∞∑
k=0

⟨
tk|p(x)

⟩ xk

k!
(8)

([12, Theorem 2.2.5]). Thus, by (8), we get

tkp(x) = p(k)(x) =
dkp(x)

dxk
and eytp(x) = p(x+ y). (9)

Sheffer sequences are characterized in the generating function ([12, Theorem 2.3.4]).

Lemma 1 The sequence sn(x) is Sheffer for
(
g(t), f(t)

)
if and only if

1

g
(
f̄(t)

)eyf̄(t) = ∞∑
k=0

sk(y)

k!
tk (y ∈ C) ,

where f̄(t) is the compositional inverse of f(t).

3
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For sn(x) ∼
(
g(t), f(t)

)
, we have the following equations ([12, Theorem 2.3.7, Theorem

2.3.5, Theorem 2.3.9]):

f(t)sn(x) = nsn−1(x) (n ≥ 0), (10)

sn(x) =
n∑

j=0

1

j!

⟨
g
(
f̄(t)

)−1
f̄(t)j|xn

⟩
xj, (11)

sn(x+ y) =
n∑

j=0

(
n

j

)
sj(x)pn−j(y) , (12)

where pn(x) = g(t)sn(x).
Assume that pn(x) ∼

(
1, f(t)

)
and qn(x) ∼

(
1, g(t)

)
. Then the transfer formula ([12,

Corollary 3.8.2]) is given by

qn(x) = x

(
f(t)

g(t)

)n

x−1pn(x) (n ≥ 1).

For sn(x) ∼
(
g(t), f(t)

)
and rn(x) ∼

(
h(t), l(t)

)
, assume that

sn(x) =
n∑

m=0

Cn,mrm(x) (n ≥ 0) .

Then we have ([12, p.132])

Cn,m =
1

m!

⟨
h
(
f̄(t)

)
g
(
f̄(t)

) l(f̄(t))m∣∣∣∣∣xn

⟩
. (13)

3 Main results

We now note that B
(k)
n (x), Bn(x|a1, . . . , ar) and S

(r,k)
n (x|a1, . . . , ar) are the Appell se-

quences for

gk(t) =
1− e−t

Lik(1− e−t)
, gr(t) =

∏r
j=1(e

ajt − 1)

tr
, gr,k(t) =

∏r
j=1(e

ajt − 1)

tr
1− e−t

Lik(1− e−t)
.

So,

B(k)
n (x) ∼

(
1− e−t

Lik(1− e−t)
, t

)
, (14)

Bn(x|a1, . . . , ar) ∼

(∏r
j=1(e

ajt − 1)

tr
, t

)
, (15)

S(r,k)
n (x|a1, . . . , ar) ∼

(∏r
j=1(e

ajt − 1)

tr
1− e−t

Lik(1− e−t)
, t

)
. (16)

4
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In particular, we have

tB(k)
n (x) =

d

dx
B(k)

n (x) = nB
(k)
n−1(x) , (17)

tBn(x|a1, . . . , ar) =
d

dx
Bn(x|a1, . . . , ar)

= nBn−1(x|a1, . . . , ar) , (18)

tS(r,k)
n (x|a1, . . . , ar) =

d

dx
S(r,k)
n (x|a1, . . . , ar)

= nS
(r,k)
n−1 (x|a1, . . . , ar) . (19)

Notice that
d

dx
Lik(x) =

1

x
Lik−1(x) .

3.1 Explicit expressions

Write Bn(a1, . . . , ar) := Bn(0|a1, . . . , ar) and S
(r,k)
n (a1, . . . , ar) := S

(r,k)
n (0|a1, . . . , ar). Let

(n)j = n(n− 1) · · · (n− j + 1) (j ≥ 1) with (n)0 = 1.

Theorem 1

S(r,k)
n (x|a1, . . . , ar) =

n∑
l=0

(
n

l

)
Bn−l(a1, . . . , ar)B

(k)
l (x) , (20)

=
n∑

l=0

(
n

l

)
B

(k)
n−lBl(x|a1, . . . , ar) , (21)

=
n∑

l=0

n∑
m=l

m∑
j=0

(−1)j
(
m

j

)(
n

l

)
1

(m+ 1)k
Bn−l(a1, . . . , ar)(x− j)l , (22)

=
n∑

l=0

(
n∑
j=l

n−j∑
m=0

(−1)n−m−j

(
n

j

)(
j

l

)
× m!

(m+ 1)k
S2(n− j,m)Bj−l(a1, . . . , ar)

)
xl , (23)

=
n∑

j=0

(
n

j

)
S
(r,k)
n−j (a1, . . . , ar)x

j . (24)

5
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Proof. By (1), (2) and (3), we have

S(r,k)
n (y|a1, . . . , ar) =

⟨
∞∑
i=0

S
(r,k)
i (y|a1, . . . , ar)

ti

i!

∣∣∣xn

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
eyt
∣∣∣xn

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

∣∣∣Lik(1− e−t)

1− e−t
eytxn

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

∣∣∣ ∞∑
l=0

B
(k)
l (y)

tl

l!
xn

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

∣∣∣ n∑
l=0

(
n

l

)
B

(k)
l (y)xn−l

⟩

=
n∑

l=0

(
n

l

)
B

(k)
l (y)

⟨
tr∏r

j=1(e
ajt − 1)

∣∣∣xn−l

⟩

=
n∑

l=0

(
n

l

)
B

(k)
l (y)

⟨
∞∑
i=0

Bi(a1, . . . , ar)
ti

i!

∣∣∣xn−l

⟩

=
n∑

l=0

(
n

l

)
B

(k)
l (y)Bn−l(a1, . . . , ar) .

So, we get (20).

6
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We also have

S(r,k)
n (y|a1, . . . , ar) =

⟨
∞∑
i=0

S
(r,k)
i (y|a1, . . . , ar)

ti

i!

∣∣∣xn

⟩

=

⟨
Lik(1− e−t)

1− e−t

∣∣∣ tr∏r
j=1(e

ajt − 1)
eytxn

⟩

=

⟨
Lik(1− e−t)

1− e−t

∣∣∣ ∞∑
l=0

Bl(y|a1, . . . , ar)
tl

l!
xn

⟩

=

⟨
Lik(1− e−t)

1− e−t

∣∣∣ n∑
l=0

Bl(y|a1, . . . , ar)
(
n

l

)
xn−l

⟩

=
n∑

l=0

(
n

l

)
Bl(y|a1, . . . , ar)

⟨
Lik(1− e−t)

1− e−t

∣∣∣xn−l

⟩

=
n∑

l=0

(
n

l

)
Bl(y|a1, . . . , ar)

⟨
∞∑
i=0

B
(k)
i

ti

i!

∣∣∣xn−l

⟩

=
n∑

l=0

(
n

l

)
Bl(y|a1, . . . , ar)B(k)

n−l .

Thus, we get (21).
In [7] we obtained that

Lik(1− e−t)

1− e−t
xn =

n∑
m=0

1

(m+ 1)k

m∑
j=0

(−1)j
(
m

j

)
(x− j)n .

So,

S(r,k)
n (x|a1, . . . , ar) =

tr∏r
j=1(e

ajt − 1)

Lik(1− e−t)

1− e−t
xn

=
n∑

m=0

1

(m+ 1)k

m∑
j=0

(−1)j
(
m

j

)
tr∏r

j=1(e
ajt − 1)

(x− j)n

=
n∑

m=0

1

(m+ 1)k

m∑
j=0

(−1)j
(
m

j

) n∑
l=0

(
n

l

)
Bn−l(a1, . . . , ar)(x− j)l

=
n∑

l=0

n∑
m=l

m∑
j=0

(−1)j
(
m

j

)(
n

l

)
1

(m+ 1)k
Bn−l(a1, . . . , ar)(x− j)l ,

which is the identity (22).
In [7] we obtained that

Lik(1− e−t)

1− e−t
xn =

n∑
j=0

(
n−j∑
m=0

(−1)n−m−j

(m+ 1)k

(
n

j

)
m!S2(n− j,m)

)
xj ,

7
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where S2(l,m) are the Stirling numbers of the second kind, defined by

(et − 1)m = m!
∞∑

l=m

S2(l,m)
tl

l!
.

Thus,

S(r,k)
n (x|a1, . . . , ar) =

n∑
j=0

(
n−j∑
m=0

(−1)n−m−j

(m+ 1)k

(
n

j

)
m!S2(n− j,m)

)
tr∏r

i=1(e
ait − 1)

xj

=
n∑

j=0

(
n−j∑
m=0

(−1)n−m−j

(m+ 1)k

(
n

j

)
m!S2(n− j,m)

)
Bj(x|a1, . . . , ar)

=
n∑

j=0

(
n−j∑
m=0

(−1)n−m−j

(m+ 1)k

(
n

j

)
m!S2(n− j,m)

)
j∑

l=0

(
j

l

)
Bj−l(a1, . . . , ar)x

l

=
n∑

l=0

(
n∑
j=l

n−j∑
m=0

(−1)n−m−j

(
n

j

)(
j

l

)
m!

(m+ 1)k
S2(n− j,m)Bj−l(a1, . . . , ar)

)
xl ,

which is the identity (23).
By (11) with (16), we have

⟨
g
(
f̄(t)

)−1
f̄(t)j|xn

⟩
=

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
tj
∣∣∣xn

⟩

= (n)j

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣xn−j

⟩

= (n)j

⟨
∞∑
i=0

S
(r,k)
i (a1, . . . , ar)

ti

i!

∣∣∣xn−j

⟩
= (n)jS

(r,k)
n−j (a1, . . . , ar) .

Thus, we get (24).

3.2 Sheffer identity

Theorem 2

S(r,k)
n (x+ y|a1, . . . , ar) =

n∑
j=0

(
n

j

)
S
(r,k)
j (x|a1, . . . , ar)yn−j . (25)

8
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Proof. By (16) with

pn(x) =

∏r
j=1(e

ajt − 1)

tr
1− e−t

Lik(1− e−t)
S(r,k)
n (x|a1, . . . , ar)

= xn ∼ (1, t) ,

using (12), we have (25).

3.3 Recurrence

Theorem 3

S
(r,k)
n+1 (x|a1, . . . , ar) = xS(r,k)

n (x|a1, . . . , ar)

− 1

n+ 1

r∑
j=1

n∑
l=0

(
n+ 1

l

)
(−aj)

n+1−lBn+1−lS
(r,k)
l (x|a1, . . . , ar)

− 1

n+ 1

(
S
(r+1,k)
n+1 (x|a1, . . . , ar, 1)− S

(r+1,k−1)
n+1 (x|a1, . . . , ar, 1)

)
, (26)

where Bn is the nth ordinary Bernoulli number.

Proof. By applying

sn+1(x) =

(
x− g′(t)

g(t)

)
1

f ′(t)
sn(x)

([12, Corollary 3.7.2]) with (16), we get

S
(r,k)
n+1 (x|a1, . . . , ar) =

(
x−

g′r,k(t)

gr,k(t)

)
S(r,k)
n (x|a1, . . . , ar) .

Now,

g′r,k(t)

gr,k(t)
= (ln gr,k(t))

′

=

(
r∑

j=1

ln(eajt − 1)− r ln t+ ln(1− e−t)− ln Lik(1− e−t)

)′

=
r∑

j=1

aje
ajt

eajt − 1
− r

t
+

e−t

1− e−t

(
1− Lik−1(1− e−t)

Lik(1− e−t)

)

=

∑r
j=1

∏
i̸=j(e

ait − 1)(ajte
ajt − eajt + 1)

t
∏r

j=1(e
ajt − 1)

+
t

et − 1

Lik(1− e−t)− Lik−1(1− e−t)

tLik(1− e−t)
.

Since∑r
j=1

∏
i̸=j(e

ait − 1)(ajte
ajt − eajt + 1)∏r

j=1(e
ajt − 1)

=
1
2

(∑r
j=1 a1 · · · aj−1a

2
jaj+1 · · · ar

)
tr+1 + · · ·

(a1 · · · ar)tr + · · ·

=
1

2

(
r∑

j=1

aj

)
t+ · · ·

9
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is a series with order≥ 1 and

Lik(1− e−t)− Lik−1(1− e−t)

1− e−t
=

(
1

2k
− 1

2k−1

)
t+ · · ·

is a delta series, we have

S
(r,k)
n+1 (x|a1, . . . , ar) = xS(r,k)

n (x|a1, . . . , ar)−
g′r,k(t)

gr,k(t)
S(r,k)
n (x|a1, . . . , ar)

= xS(r,k)
n (x|a1, . . . , ar)−

g′r,k(t)

gr,k(t)

tr∏r
j=1(e

ajt − 1)

Lik(1− e−t)

1− e−t
xn

= xS(r,k)
n (x|a1, . . . , ar)

− tr∏r
j=1(e

ajt − 1)

Lik(1− e−t)

1− e−t

∑r
j=1

∏
i̸=j(e

ait − 1)(ajte
ajt − eajt + 1)

t
∏r

j=1(e
ajt − 1)

xn

− tr∏r
j=1(e

ajt − 1)

t

et − 1

Lik(1− e−t)− Lik−1(1− e−t)

t(1− e−t)
xn .

Now, ∑r
j=1

∏
i̸=j(e

ait − 1)(ajte
ajt − eajt + 1)

t
∏r

j=1(e
ajt − 1)

xn

=

∑r
j=1

∏
i̸=j(e

ait − 1)(ajte
ajt − eajt + 1)∏r

j=1(e
ajt − 1)

xn+1

n+ 1

=
1

n+ 1

r∑
j=1

ajte
ajt − eajt + 1

eajt − 1
xn+1

=
1

n+ 1

r∑
j=1

(
ajte

ajt

eajt − 1
− 1

)
xn+1

=
1

n+ 1

r∑
j=1

(
∞∑
l=0

(−1)lBla
l
j

l!
tl − 1

)
xn+1

=
1

n+ 1

r∑
j=1

(
n+1∑
l=0

(
n+ 1

l

)
(−aj)

lBlx
n+1−l − xn+1

)

=
1

n+ 1

r∑
j=1

n+1∑
l=1

(
n+ 1

l

)
(−aj)

lBlx
n+1−l

=
1

n+ 1

r∑
j=1

n∑
l=0

(
n+ 1

l

)
(−aj)

n+1−lBn+1−lx
l .

Also,

Lik(1− e−t)− Lik−1(1− e−t)

t(1− e−t)
xn =

1

n+ 1

Lik(1− e−t)− Lik−1(1− e−t)

1− e−t
xn+1 .

10
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Thus, we get the identity (26).

3.4 One more relation

Theorem 4

S(r,k)
n (x|a1, . . . , ar) = xS

(r,k)
n−1 (x|a1, . . . , ar)

+
n∑

m=1

(−1)m−1
(
n−1
m−1

)
Bm

m

r∑
j=1

amj S
(r,k)
n−m(x|a1, . . . , ar)

+
1

n
S(r+1,k−1)
n (x|a1, . . . , ar, 1)−

1

n
S(r+1,k)
n (x|a1, . . . , ar, 1) . (27)

Proof. For n ≥ 1 we have

S(r,k)
n (y|a1, . . . , ar) =

⟨
∞∑
l=0

S
(r,k)
l (y|a1, . . . , ar)

tl

l!

∣∣∣xn

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
eyt
∣∣∣xn

⟩

=

⟨
∂t

(
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
eyt

)∣∣∣xn−1

⟩

=

⟨(
∂t

tr∏r
j=1(e

ajt − 1)

)
Lik(1− e−t)

1− e−t
eyt
∣∣∣xn−1

⟩

+

⟨
tr∏r

j=1(e
ajt − 1)

(
∂t
Lik(1− e−t)

1− e−t

)
eyt
∣∣∣xn−1

⟩

+

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
(∂te

yt)
∣∣∣xn−1

⟩
= yS

(r,k)
n−1 (y|a1, . . . , ar)

+

⟨(
∂t

tr∏r
j=1(e

ajt − 1)

)
Lik(1− e−t)

1− e−t
eyt
∣∣∣xn−1

⟩

+

⟨
tr∏r

j=1(e
ajt − 1)

(
∂t
Lik(1− e−t)

1− e−t

)
eyt
∣∣∣xn−1

⟩
.
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Observe that

∂t

(
tr∏r

j=1(e
ajt − 1)

)
=

rtr−1 − tr
∑r

j=1
aje

ajt

eajt−1∏r
j=1(e

ajt − 1)

=
tr−1∏r

j=1(e
ajt − 1)

(
r −

r∑
j=1

ajte
ajt

eajt − 1

)

=
tr−1∏r

j=1(e
ajt − 1)

(
r −

r∑
j=1

−ajt

e−ajt − 1

)

=
tr−1∏r

j=1(e
ajt − 1)

(
r −

r∑
j=1

∞∑
m=0

(−aj)
mBmt

m

m!

)

=
tr−1∏r

j=1(e
ajt − 1)

(
r −

∞∑
m=0

(
r∑

j=1

(−aj)
m

)
Bmt

m

m!

)

=
tr∏r

j=1(e
ajt − 1)

∞∑
m=1

(
r∑

j=1

amj

)
(−1)m−1Bm

m!
tm−1 .

Thus, ⟨(
∂t

tr∏r
j=1(e

ajt − 1)

)
Lik(1− e−t)

1− e−t
eyt
∣∣∣xn−1

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
eyt
∣∣∣ n∑
m=1

(
r∑

j=1

amj

)
(−1)m−1Bm

m!
tm−1xn−1

⟩

=
n∑

m=1

(−1)m−1
(
n−1
m−1

)
Bm

m

r∑
j=1

amj

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
eyt
∣∣∣xn−m

⟩

=
n∑

m=1

(−1)m−1
(
n−1
m−1

)
Bm

m
S
(r,k)
n−m(y|a1, . . . , ar)

r∑
j=1

amj .

Since
Lik−1(1− e−t)− Lik(1− e−t)

1− e−t
=

(
1

2k−1
− 1

2k

)
t+ · · ·

12
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is a delta series, we have⟨
tr∏r

j=1(e
ajt − 1)

(
∂t
Lik(1− e−t)

1− e−t

)
eyt
∣∣∣xn−1

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

e−t
(
Lik−1(1− e−t)− Lik(1− e−t)

)
(1− e−t)2

eyt
∣∣∣xn−1

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

t

et − 1

Lik−1(1− e−t)− Lik(1− e−t)

t(1− e−t)
eyt
∣∣∣xn−1

⟩

=

⟨
tr+1∏r

j=1(e
ajt − 1)(et − 1)

Lik−1(1− e−t)− Lik(1− e−t)

1− e−t
eyt
∣∣∣xn

n

⟩

=
1

n

⟨
tr+1∏r

j=1(e
ajt − 1)(et − 1)

Lik−1(1− e−t)

1− e−t
eyt
∣∣∣xn

⟩

− 1

n

⟨
tr+1∏r

j=1(e
ajt − 1)(et − 1)

Lik(1− e−t)

1− e−t
eyt
∣∣∣xn

⟩
=

1

n
S(r+1,k−1)
n (y|a1, . . . , ar, 1)−

1

n
S(r+1,k)
n (y|a1, . . . , ar, 1) .

Therefore, we obtain the desired result.

Remark. After simple modification, Theorem 4 becomes

S
(r,k)
n+1 (x|a1, . . . , ar) = xS(r,k)

n (x|a1, . . . , ar)

+
n+1∑
l=1

(−1)l−1
(

n
l−1

)
Bl

l

r∑
j=1

aljS
(r,k)
n+1−l(x|a1, . . . , ar)

+
1

n+ 1
S
(r+1,k−1)
n+1 (x|a1, . . . , ar, 1)−

1

n+ 1
S
(r+1,k)
n+1 (x|a1, . . . , ar, 1) .

which is the same as the above recurrence formula (26) upon replacing n by n− 1.

3.5 Relations with poly-Bernoulli numbers and Barnes’ multiple
Bernoulli numbers

Theorem 5

n∑
m=0

(
n+ 1

m

)
(−1)n−mS(r,k)

m (a1, . . . , ar)

=
n∑

l=0

l∑
m=0

(−1)l−m

(
l

m

)(
n+ 1

l + 1

)
B(k−1)

m Bn−l(a1, . . . , ar) . (28)
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Proof. We shall compute ⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)
∣∣∣xn+1

⟩
in two different ways. On the one hand,⟨

tr∏r
j=1(e

ajt − 1)
Lik(1− e−t)

∣∣∣xn+1

⟩
=

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣(1− e−t)xn+1

⟩

=

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣xn+1 − (x− 1)n+1

⟩

=
n∑

m=0

(
n+ 1

m

)
(−1)n−m

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣xm

⟩

=
n∑

m=0

(
n+ 1

m

)
(−1)n−mS(r,k)

m (a1, . . . , ar) .

On the other hand,⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)
∣∣∣xn+1

⟩
=

⟨
Lik(1− e−t)

∣∣∣ tr∏r
j=1(e

ajt − 1)
xn+1

⟩
=
⟨
Lik(1− e−t)

∣∣∣Bn+1(x|a1, . . . , ar)
⟩

=

⟨∫ t

0

(
Lik(1− e−s)

)′
ds
∣∣∣Bn+1(x|a1, . . . , ar)

⟩
=

⟨∫ t

0

e−sLik−1(1− e−s)

1− e−s
ds
∣∣∣Bn+1(x|a1, . . . , ar)

⟩
=

⟨∫ t

0

(
∞∑
j=0

(−s)j

j!

)(
∞∑

m=0

B
(k−1)
m

m!
sm

)
ds
∣∣∣Bn+1(x|a1, . . . , ar)

⟩

=

⟨
∞∑
l=0

(
l∑

m=0

(−1)l−m

(
l

m

)
B(k−1)

m

)
1

l!

∫ t

0

slds
∣∣∣Bn+1(x|a1, . . . , ar)

⟩

=
n∑

l=0

l∑
m=0

(−1)l−m

(
l

m

)
B

(k−1)
m

(l + 1)!

⟨
tl+1
∣∣∣Bn+1(x|a1, . . . , ar)

⟩
=

n∑
l=0

l∑
m=0

(−1)l−m

(
l

m

)
B

(k−1)
m

(l + 1)!
(n+ 1)l+1Bn−l(a1, . . . , ar)

=
n∑

l=0

l∑
m=0

(−1)l−m

(
l

m

)(
n+ 1

l + 1

)
B(k−1)

m Bn−l(a1, . . . , ar) .

Here, Bn−l(a1, . . . , ar) = Bn−l(0|a1, . . . , ar). Thus, we get (28).
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3.6 Relations with the Stirling numbers of the second kind and
the falling factorials

Theorem 6

S(r,k)
n (x|a1, . . . , ar) =

n∑
m=0

(
n∑

l=m

S2(l,m)

(
n

l

)
S
(r,k)
n−l (a1, . . . , ar)

)
(x)m . (29)

Proof. For (16) and (x)n ∼ (1, et− 1), assume that S
(r,k)
n (x|a1, . . . , ar) =

∑n
m=0Cn,m(x)m.

By (13), we have

Cn,m =
1

m!

⟨
1∏r

j=1(e
ajt−1)

tr
1−e−t

Lik(1−e−t)

(et − 1)m
∣∣∣xn

⟩

=
1

m!

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣(et − 1)mxn

⟩

=
1

m!

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣m!
n∑

l=m

S2(l,m)
tl

l!
xn

⟩

=
n∑

l=m

S2(l,m)

(
n

l

)⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣xn−l

⟩

=
n∑

l=m

S2(l,m)

(
n

l

)
S
(r,k)
n−l (a1, . . . , ar) .

Thus, we get the identity (29).

3.7 Relations with the Stirling numbers of the second kind and
the rising factorials

Theorem 7

S(r,k)
n (x|a1, . . . , ar) =

n∑
m=0

(
n∑

l=m

S2(l,m)

(
n

l

)
S
(r,k)
n−l (−m|a1, . . . , ar)

)
(x)(m) . (30)

Proof. For (16) and (x)(n) = x(x+1) · · · (x+n−1) ∼ (1, 1−e−t), assume that S
(r,k)
n (x|a1, . . . , ar) =

15
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∑n
m=0Cn,m(x)

(m). By (13), we have

Cn,m =
1

m!

⟨
1∏r

j=1(e
ajt−1)

tr
1−e−t

Lik(1−e−t)

(1− e−t)m
∣∣∣xn)

⟩

=
1

m!

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
e−mt

∣∣∣(et − 1)mxn)

⟩

=
n∑

l=m

S2(l,m)

(
n

l

)⟨
e−mt

∣∣∣ tr∏r
j=1(e

ajt − 1)

Lik(1− e−t)

1− e−t
xn−l

⟩

=
n∑

l=m

S2(l,m)

(
n

l

)⟨
e−mt

∣∣∣S(r,k)
n−l (x|a1, . . . , ar)

⟩
=

n∑
l=m

S2(l,m)

(
n

l

)
S
(r,k)
n−l (−m|a1, . . . , ar) .

Thus, we get the identity (30).

3.8 Relations with higher-order Frobenius-Euler polynomials

For λ ∈ C with λ ̸= 1, the Frobenius-Euler polynomials of order r, H
(r)
n (x|λ) are defined

by the generating function (
1− λ

et − λ

)r

ext =
∞∑
n=0

H(r)
n (x|λ) t

n

n!

(see e.g. [6]).

Theorem 8

S(r,k)
n (x|a1, . . . , ar) =

n∑
m=0

( (
n
m

)
(1− λ)s

s∑
j=0

(
s

j

)
(−λ)s−jS

(r,k)
n−m(j|a1, . . . , ar)

)
H(s)

m (x|λ) .

(31)

Proof. For (16) and

H(s)
n (x|λ) ∼

((
et − λ

1− λ

)s

, t

)
,

16
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assume that S
(r,k)
n (x|a1, . . . , ar) =

∑n
m=0Cn,mH

(s)
m (x|λ). By (13), we have

Cn,m =
1

m!

⟨(
et − λ

1− λ

)s
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
tm
∣∣∣xn

⟩

=
1

m!(1− λ)s

⟨
(et − λ)s

tr∏r
j=1(e

ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣tmxn

⟩

=

(
n
m

)
(1− λ)s

s∑
j=0

(
s

j

)
(−λ)s−j

⟨
ejt
∣∣∣ tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
xn−m

⟩

=

(
n
m

)
(1− λ)s

s∑
j=0

(
s

j

)
(−λ)s−jS

(r,k)
n−m(j|a1, . . . , ar) .

Thus, we get the identity (31).

3.9 Relations with higher-order Bernoulli polynomials

Bernoulli polynomials B
(r)
n (x) of order r are defined by(

t

et − 1

)r

ext =
∞∑
n=0

B
(r)
n (x)

n!
tn

(see e.g. [12, Section 2.2]).

Theorem 9

S(r,k)
n (x|a1, . . . , ar) =

n∑
m=0

((
n

m

) n−m∑
l=0

(
n−m

l

)(
l+s
l

) S2(l + s, s)S
(r,k)
n−m−l(a1, . . . , ar)

)
B(s)

m (x) .

(32)

Proof. For (16) and

B(s)
n (x) ∼

((
et − 1

t

)s

, t

)
,
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assume that S
(r,k)
n (x|a1, . . . , ar) =

∑n
m=0Cn,mB

(s)
m (x). By (13), we have

Cn,m =
1

m!

⟨(
et − 1

t

)s
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t
tm
∣∣∣xn

⟩

=

(
n

m

)⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣ (et − 1

t

)s

xn−m

⟩

=

(
n

m

)⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣ n−m∑
l=0

s!

(l + s)!
S2(l + s, s)tlxn−m

⟩

=

(
n

m

) n−m∑
l=0

s!

(l + s)!
S2(l + s, s)(n−m)l

⟨
tr∏r

j=1(e
ajt − 1)

Lik(1− e−t)

1− e−t

∣∣∣xn−m−l

⟩

=

(
n

m

) n−m∑
l=0

s!

(l + s)!
S2(l + s, s)(n−m)lS

(r,k)
n−m−l(a1, . . . , ar)

=

(
n

m

) n−m∑
l=0

(
n−m

l

)(
l+s
l

) S2(l + s, s)S
(r,k)
n−m−l(a1, . . . , ar) .

Thus, we get the identity (32).
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FUNCTIONAL INEQUALITIES ASSOCIATED WITH INNER
PRODUCT PRESERVING MAPPINGS

GANG LU, GEORGE A. ANASTASSIOU, CHOONKIL PARK∗, AND YUANFENG JIN

Abstract. In this paper, we prove the Hyers-Ulam stability of inner product preserving
mappings in Hilbert spaces for the following additive functional equation

f(ax + by) = af(x) + bf(y).

1. Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam [28]
concerning the stability of group homomorphisms: Let (G1, ∗) be a group and let (G2, �, d)
be a metric group with the metric d(·, ·). Given ε > 0, does there exist a δ(ε) > 0 such
that if a mapping h : G1 → G2 satisfies the inequality

d(h(x ∗ y), h(x) � h(y)) < δ

for all x, y ∈ G1, then there is a homomorphism H : G1 → G2 with

d(h(x), H(x)) < ε

for all x ∈ G1? If the answer is affirmative, we would say that the question of homo-
morphism H(x ∗ y) = H(x) � H(y) is stable. The concept of stability for a functional
equation arises when we replace the functional equation by an inequality which acts as a
perturbation of the equation. Thus the stability question of functional equation is that
how do the solutions of the inequality differ from those of the given functional equation?

Hyers [12] gave a first affirmative answer to the question of Ulam for Banach spaces.
Let X and Y be Banach spaces. Assume that f : X → Y satisfies

‖f(x+ y)− f(x)− f(y)‖ ≤ ε

for all x, y ∈ X and some ε ≥ 0. Then there exists a unique additive mapping T : X → Y
such that

‖f(x)− T (x)‖ ≤ ε

for all x ∈ X.
Let X and Y be Banach spaces with norms ‖ · ‖ and ‖ · ‖, respectively. Consider

f : X → Y to be a mapping such that f(tx) is continuous in t ∈ R for each fixed x ∈ X.

2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25.
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Rassias [22] introduced the following inequality: Assume that there exist constants λ ≥ 0
and p ∈ [0, 1) such that

‖f(x+ y)− f(x)− f(y)‖ ≤ λ(‖x‖p + ‖y‖p)

for all x, y ∈ X. Rassias [22] showed that there exists a unique R-linear mapping T :
X → Y such that

‖f(x)− T (x)‖ ≤ 2λ

2− 2p
‖x‖p

for all x ∈ X. Beginning around the year 1980 the topic of approximate homomor-
phisms, or the stability of the equation of homomorphism, was studied by a number of
mathematicians. Gǎvruta [11] generalized the Rassias’ result.

A square norm on an inner product space satisfies the important parallelogram equality

‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2

The functional equation

f(x+ y) + f(x− y) = 2f(x) + 2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [27] for mappings f : X → Y , where
X is a normed space and Y is a Banach space. Cholewa [4] noticed that the theorem of
Skof is still true if the relevant domain X is replace by an Abelian group. In [5], Czerwik
proved the Hyers-Ulam stability of the quadratic functional equation. Borelli and Forti
[10] generalized the stability result as follows: Let G be an abelian group, E a Banach
space. Assume that a mapping f : G→ E satisfies the functional inequality

‖f(x+ y) + f(x− y)− 2f(x)− 2f(y)‖ ≤ ϕ(x, y)

for all x, y ∈ G, where ϕ : G×G→ [0,∞) is a function such that

Φ(x, y) :=
∞∑
i=0

1

4i+1
ϕ(2ix, 2iy) <∞

for all x ∈ G. The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results concerning
this problem. A large list of references can be found in ([6, 7, 8, 9, 13, 14, 15, 16, 17, 18,
19, 20, 21, 23, 24, 25, 26]).

Let X and Y be complex Hilbert spaces. An additive mapping f : X → Y is called an
inner product preserving mapping if f satisfies the orthogonality equation

〈f(x), f(y)〉 = 〈x, y〉

for all x, y ∈ X. The inner product preserving mapping problem has been investigated in
several papers (see [1, 2, 3]).
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In this paper, we prove the Hyers-Ulam stability of inner product preserving mappings
in Hilbert spaces for the following additive function equation.

f(ax+ by) = af(x) + bf(y), a, b ∈ R \ {0}. (1)

Throughout this paper, assume that X and Y are complex Hilbert spaces, and that
a, b ∈ R \ {0} with |a| < 1 or |b| > 1 or a = b = 1.

2. Hyers-Ulam stability of (1) in Hilbert spaces

We prove the Hyers-Ulam stability of inner product preserving mappings in Hilbert
spaces for the additive function equation (1) when |a| < 1 or |b| > 1.

Theorem 2.1. Let |a| < 1 and let f : X → Y be a mapping with f(0) = 0 for which
there exists a function φ : X ×X → [0,∞) such that

φ̃(x, y) :=
∞∑
j=0

|aj|φ
( x
aj
,
y

aj

)
<∞, (2.1)

‖f(ax+ by)− af(x)− bf(y)‖ ≤ φ(x, y), (2.2)

|〈f(x), f(y)〉 − 〈x, y〉| ≤ φ(x, y) (2.3)

for all x, y ∈ X. Then there exists a unique inner product preserving mapping I : X → Y
such that

‖f(x)− I(x)‖ ≤ φ̃
(x
a
, 0
)

(2.4)

for all x ∈ X.

Proof. Letting y = 0 in (2.2), we obtain

‖f(ax)− af(x)‖ ≤ φ(x, 0).

Then ∥∥∥f(x)− af
(x
a

)∥∥∥ ≤ φ
(x
a
, 0
)
. (2.5)

It follows from (2.5) that∥∥∥alf ( x
al

)
− amf

( x

am

)∥∥∥ ≤ m−1∑
j=l

∥∥∥ajf ( x
aj

)
− aj+1f

( x

aj+1

)∥∥∥
≤

m−1∑
j=l

|aj|φ
( x

aj+1
, 0
)

for all nonnegative integers m and l with m > l and all x ∈ X. It means that the
sequence {anf

(
x
an

)
} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence

{anf( x
an

)} converges. We define the mapping I : X → Y by I(x) = limn→∞{anf( x
an

)} for
all x ∈ X. Moreover, letting l = 0 and passing the limit m→∞, we get (2.4).
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We show that I(x) is an additive mapping.

‖I(x+ y)− I(x)− I(y)‖ = lim
n→∞

|an|
∥∥∥∥f (x+ y

an

)
− f

( x
an

)
− f

( y
an

)∥∥∥∥
≤ lim

n→∞
|an|

{∥∥∥∥f (x+ y

an

)
− af

( x

aan

)
− bf

( y

ban

)∥∥∥∥
+
∥∥∥af ( x

ana

)
− f

( x
an

)∥∥∥+
∥∥∥bf ( y

ban

)
− f

( y
an

)∥∥∥}
≤ lim

n→∞
|an|

{
φ
( x

aan
,
y

ban

)
+ φ

( x
an
, 0
)

+ φ
(

0,
y

an

)}
= 0.

It follows from (2.1) and (2.3) that∣∣∣〈anf ( x
an

)
, anf

( y
an

)〉
− 〈x, y〉

∣∣∣ =
∣∣a2n∣∣ · ∣∣∣〈f ( x

an

)
, f
( y
an

)〉
−
〈 x
an
,
y

an

〉∣∣∣
≤ |a2n|φ

( x
an
,
y

an

)
≤ |an|φ

( x
an
,
y

an

)
,

which tends to zero as n→∞ for all x, y ∈ X.

〈I(x), I(y)〉 = lim
n→∞

〈
anf

( x
an

)
, anf

( y
an

)〉
= 〈x, y〉

for all x, y ∈ X.
It only remains to show that the mapping I : X → Y is unique. Let g be another

additive mapping satisfying (2.4). Then

‖g(x)− I(x)‖ = |an|
∥∥∥g ( x

an

)
− I

( y
an

)∥∥∥
≤ |an|

(∥∥∥g ( x
an

)
− f

( x
an

)∥∥∥+
∥∥∥f ( x

an

)
− I

( y
an

)∥∥∥)
≤ 2

∞∑
i=1

|ai+n|φ̃
( x

ai+n
, 0
)

for all x ∈ X and n ∈ N. Thus from n→∞, one establishes

g(x)− I(x) = 0

for all x ∈ X. This completes the proof of uniqueness. �

Corollary 2.2. Let |a| < 1 and let f : X → Y be a mapping for which there exist
constants θ ≥ 0 and r ∈ [0, 1) such that

‖f(ax+ by)− af(x)− bf(y)‖ ≤ θ(‖x‖r + ‖y‖r), (2.6)

|〈f(x), f(y)〉 − 〈x, y〉| ≤ θ(‖x‖r + ‖y‖r) (2.7)

for all x, y ∈ X. Then there exists a unique inner product preserving mapping I : X → Y

such that

‖f(x)− I(x)‖ ≤ θ

|a|r − |a|
‖x‖r
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for all x ∈ X.

Proof. Defining φ(x, y) = θ(‖x‖ + ‖y‖) and applying Theorem 2.1, we get the desired
result. �

Theorem 2.3. Let |b| > 1 and let f : X → Y be a mapping with f(0) = 0, (2.2) and
(2.3) for which there exists a function φ : X ×X → [0,∞) such that

∞∑
j=0

|b2j|φ
( x
bj
,
y

bj

)
<∞ (2.8)

for all x, y ∈ X. Then there exists a unique inner product preserving mapping I : X → Y

such that

‖f(x)− I(x)‖ ≤ φ̃
(

0,
x

b

)
(2.9)

for all x ∈ X, where

φ̃(x, y) :=
∞∑
j=0

|bj|φ
( x
bj
,
y

bj

)
for all x, y ∈ X.

Proof. Letting x = 0 and replacing y by x in (2.2), we obtain

‖f(bx)− bf(x)‖ ≤ φ(0, x),

an so ∥∥∥blf (x
bl

)
− bmf

( x
bm

)∥∥∥ ≤ m−1∑
j=l

∥∥∥bjf ( x
bj

)
− bj+1f

( x

bj+1

)∥∥∥
≤

m−1∑
j=l

|bj|φ
(

0,
x

bj+1

)
for all nonnegative integers m and l with m > l and all x ∈ X. It means that the
sequence {bnf

(
x
bn

)
} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence

{bnf( x
bn

)} converges. We define the mapping I : X → Y by I(x) = limn→∞{bnf( x
bn

)} for
all x ∈ X. Moreover, letting l = 0 and passing the limit m→∞, we get (2.9).

It follows from (2.3) and (2.8) that∣∣∣〈bnf ( x
bn

)
, bnf

( y
bn

)〉
− 〈x, y〉

∣∣∣ = |b2n| ·
∣∣∣〈f ( x

bn

)
, f
( y
bn

)〉
−
〈 x
bn
,
y

bn

〉∣∣∣
≤ |b2n|φ

( x
bn
,
y

bn

)
,

which tends to zero as n→∞ for all x, y ∈ X.

〈I(x), I(y)〉 = lim
n→∞

〈
bnf

( x
bn

)
, bnf

( y
bn

)〉
= 〈x, y〉

for all x, y ∈ X.
The rest of the proof is similar to the proof of Theorem 2.1. �
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Corollary 2.4. Let |b| > 1 and let f : X → Y be a mapping for which there exist
constants θ ≥ 0 and r > 2 satisfying (2.6) and (2.7). Then there exists a unique inner
product preserving mapping I : X → Y such that

‖f(x)− I(x)‖ ≤ θ

|b|r − |b|
‖x‖r

for any x ∈ X.

Proof. Defining φ(x, y) = θ(‖x‖ + ‖y‖) and applying Theorem 2.3, we get the desired
result. �

Now we prove the Hyers-Ulam stability of inner product preserving mappings in Hilbert
spaces for the additive function equation (1) when a = b = 1.

Theorem 2.5. Let f : X → Y be a mapping for which there exists a function φ : X×X →
[0,∞) satisfying (2.3) and

φ̃(x, y) :=
∞∑
j=1

4jφ
( x

2j
,
y

2j

)
<∞, (2.10)

‖f(x+ y)− f(x)− f(y)‖ ≤ φ(x, y) (2.11)

for all x, y ∈ X. Then there exists a unique inner product preserving mapping I : X → Y
such that

‖f(x)− I(x)‖ ≤ 1

2
φ̃ (x, x) (2.12)

for all x ∈ X, where

φ̃(x, y) :=
∞∑
j=1

2jφ
( x

2j
,
y

2j

)
for all x, y ∈ X.

Proof. Letting y = x in (2.11), we obtain

‖f(2x)− 2f(x)‖ ≤ φ(x, x).

Then ∥∥∥f(x)− 2f
(x

2

)∥∥∥ ≤ φ
(x

2
,
x

2

)
. (2.13)

It follows from (2.13) that∥∥∥2lf
( x

2l

)
− 2mf

( x

2m

)∥∥∥ ≤ m−1∑
j=l

∥∥∥2jf
( x

2j

)
− 2j+1f

( x

2j+1

)∥∥∥
≤

m−1∑
j=l

2jφ
( x

2j+1
,
x

2j+1

)
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for all nonnegative integers m and l with m > l and all x ∈ X. It means that the
sequence {2nf

(
x
2n

)
} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence

{2nf( x
2n

)} converges. We define the mapping I : X → Y by I(x) = limn→∞{2nf( x
2n

)} for
all x ∈ X. Moreover, letting l = 0 and passing the limit m→∞, we get (2.12).

It follows from (2.3) and (2.10) that∣∣∣〈2nf
( x

2n

)
, 2nf

( y
2n

)〉
− 〈x, y〉

∣∣∣ = |22n| ·
∣∣∣〈f ( x

2n

)
, f
( y

2n

)〉
−
〈 x

2n
,
y

2n

〉∣∣∣
≤ |22n|φ

( x
2n
,
y

2n

)
,

which tends to zero as n→∞ for all x, y ∈ X.

〈I(x), I(y)〉 = lim
n→∞

〈
2nf

( x
2n

)
, 2nf

( y
2n

)〉
= 〈x, y〉

for all x, y ∈ X.
The rest of the proof is similar to the proof of Theorem 2.1. �

Corollary 2.6. Let f : X → Y be a mapping for which there exist constants θ ≥ 0 and
r > 2 satisfying (2.7) and

‖f(x+ y)− f(x)− f(y)‖ ≤ θ(‖x‖r + ‖y‖r) (2.14)

for all x, y ∈ X. Then there exists a unique inner product preserving mapping I : X → Y
such that

‖f(x)− I(x)‖ ≤ 2θ

2r − 2
‖x‖r

for all x ∈ X.

Proof. Defining φ(x, y) = θ(‖x‖ + ‖y‖) and applying Theorem 2.5, we get the desired
result. �

Theorem 2.7. Let f : X → Y be a mapping for which there exists a function φ : X×X →
[0,∞) satisfying (2.3), (2.11) and

φ̃(x, y) :=
∞∑
j=0

1

2j
φ
(
2jx, 2jy

)
for all x, y ∈ X. Then there exists a unique inner product preserving mapping I : X → Y
such that

‖f(x)− I(x)‖ ≤ 1

2
φ̃ (x, x)

for all x ∈ X.

Proof. It follows from (2.13) that∥∥∥∥f(x)− 1

2
f (2x)

∥∥∥∥ ≤ 1

2
φ (x, x) .

The rest of the proof is similar to the proofs of Theorems 2.1 and 2.5. �
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Corollary 2.8. Let f : X → Y be a mapping for which there exist constants θ ≥ 0 and
r ∈ (0, 1) satisfying (2.7) and (2.14). Then there exists a unique inner product preserving
mapping I : X → Y such that

‖f(x)− I(x)‖ ≤ 2θ

2− 2r
‖x‖r

for all x ∈ X.

Proof. Defining φ(x, y) = θ(‖x‖ + ‖y‖) and applying Theorem 2.7, we get the desired
result. �
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STABILITY AND SUPERSTABILITY OF (fr, fs)-DOUBLE
DERIVATIONS IN QUASI-BANACH ALGEBRAS

SUN YOUNG JANG, CHOONKIL PARK, PEGAH EFTEGHAR,

AND SHAHROKH FARHADABADI∗

Abstract. In this paper, the following functional equation

n∑
k=2

[ k∑
i1=2

k+1∑
i2=i1+1

· · ·
n∑

in−k+1=in−k+1

f
( n∑

i=1,
i6=i1,··· ,in−k+1

aixi −
n−k+1∑
r=1

airxir

)]

+f
( n∑

i=1

aixi

)
= a1 · 2n−1f(x1) (0.1)

is considered (n ≥ 2), and the Hyers-Ulam stability and superstability of (fr, fs)-double

derivations on quasi-Banach algebras associated with the functional equation (0.1) are

proved.

1. Introduction and preliminaries

The stability of functional equations theory discusses and studies about solutions of
functional equations and analyzes the relationships between approximate and exact so-
lutions of the functional equations. Actually, we say a functional equation is stable, if
one can find an exact solution for any approximate solution of the functional equation.
Subsequently, the concept of superstability has a near nature to the stability sense. In
other words, it happens when any approximate solution is also an exact solution that in
such situation the functional equation is called superstable.

In 1940, the most preliminary kind of stability problems was proposed by Ulam [37].
He gave a talk and asked the following: “when and under what conditions does an exact
solution of a functional equation near an approximately solution of that exist?”

In 1941, Hyers [14] formulated and proved the Ulam’s problem for the Cauchy’s func-
tional equation on Banach spaces. The result of Hyers was generalized by Aoki [3] for
additive mappings and by Rassias [32] for linear mappings by considering an unbounded
Cauchy difference. In 1994, Găvruţa [13] provided a further generalization of Rassias’ the-
orem in which he replaced the unbounded Cauchy difference by a general control function
for the existence of a unique linear mapping.

It seems that considering stability problems concerning derivations returns to 1994
by S̆emrl [34] who had worked on derivations between operator algebras and afterwards
Jun and Park [16]. They had investigated approximate derivations on Banach algebras

02010 Mathematics Subject Classification: 47B48, 47B47, 39B52, 39B82, 32A65, 17A36, 46Hxx.

Key words and phrases. Functional equation; Hyers-Ulam stability; (fr, fs)-double derivation; Super-

stability; Quasi-Banach algebra.
∗Corresponding author: Email address: shahrokh math@yahoo.com (Sh. Farhadabadi).
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Cn[0, 1]. More stability results in many kind of derivations can be found in (cf. [2, 4, 7,
8, 10, 24, 25, 26, 28, 36]).

At present, the theory of stability is quickly being deployed by numerous mathemati-
cians. They pose and investigate various stability problems including different functional
equations, derivations and homomorphisms in various spaces and structures. For more
epochal information and various aspects about the stability theory, the readers can refer
to monographs (cf. [5, 6, 9, 11, 12, 15, 18, 19, 20, 21, 22, 23, 27, 29, 30, 31, 33, 35, 38]).

Now we give briefly some useful definitions, preliminary and fundamental results of
quasi-Banach spaces.

Definition 1.1. ([17]) Let X be a real linear space. A function ‖ · ‖ : X → R is a
quasi-norm (valuation) if it satisfies the following conditions:

(N1) ‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 if only if x = 0;
(N2) ‖λ · x‖ = |λ| · ‖x‖ for all λ ∈ R and all x ∈ X ;
(N3) There is a constant K ≥ 1 such that ‖x+ y‖ ≤ K(‖x‖+ ‖y‖) for all x, y ∈ X .

In this case, the pair (X , ‖ · ‖) is called a quasi-normed space and the smallest possible K
is called the modulus of concavity of ‖ · ‖.

A complete quasi-normed space is a quasi-Banach space.

Definition 1.2. ([17]) Let 0 < p ≤ 1 be a real number. A quasi-normed space (X , ‖ · ‖)
is called a p-normed space if

‖x+ y‖p ≤ ‖x‖p + ‖y‖p

for all x, y ∈ X .

Definition 1.3. ([1]) Let X be an algebra and (X , ‖ · ‖) be a quasi-normed space. The
quasi-normed space (X , ‖ · ‖) is called a quasi-normed algebra if there exist a constant
C > 0 such that

‖xy‖ ≤ C‖x‖‖y‖
for all x, y ∈ X . In addition, if the quasi-norm ‖ · ‖ is a p-norm, then the quasi-normed
algebra (X , ‖ · ‖) is called a p-normed algebra.

Definition 1.4. ([24]) Let X be an algebra and f2, f3 : X → X be linear mappings. A
linear mapping f1 : X → X is called an (f2, f3)-double derivation if

f1(xy) = f1(x)y + xf1(y) + f2(x)f3(y) + f3(x)f2(y)

for all x, y ∈ X . By an f2-double derivation we mean an (f2, f2)-double derivation. It is
clear that f1 is an (f2, f3)-double derivation if and only if f1 is an (f3, f2)-double derivation.

Now, consider the functional equation (0.1). This equation which is called the general
n-dimensional additive functional equation, was introduced by Khodaei and Rassias [17].
In order to investigate (0.1), throughout this paper a1, · · · , an (with n ≥ 2, a1 > 1), are
fixed positive integers and X will be also a p-Banach algebra with p-norm ‖ · ‖, as well as
the integers 1 ≤ j, r, s ≤ 3 are assumed with j 6= r 6= s.

2. Hyers-Ulam stability of (fr, fs)-double derivations on quasi-Banach
algebras

In this section, we prove the Hyers-Ulam stability of (fr, fs)-double derivations on
quasi-Banach algebras associated with the functional equation (0.1).
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First of all, for convenience, for given mappings fj : X → X , we define the difference
operators:

Dλfj
(
x1, · · · , xn

)
:=

n∑
k=2

[ k∑
i1=2

k+1∑
i2=i1+1

· · ·
n∑

in−k+1=in−k+1

fj

( n∑
i=1,

i6=i1,··· ,in−k+1

aiλxi −
n−k+1∑
r=1

airλxir

)]
+ fj

( n∑
i=1

aiλxi

)
− a1 · 2n−1λfj(x1),

Dfj, fr, fs(x, y) := fj(xy)− fj(x)y − xfj(y)− fr(x)fs(y)− fs(x)fr(y)

for all x, y, x1, · · · , xn ∈ X and all λ ∈ R.

Lemma 2.1. ([17]) Let X and Y be real vector spaces. A mapping f : X → Y satisfies
the functional equation (0.1) if and only if f : X → Y is additive.

From now on, 0 < p ≤ 1 is a real number.

Theorem 2.2. Let φ : X n → [0,∞) be a function such that

φ̃
(
x1, · · · , xn

)
:=

∞∑
i=0

[
1

a1i
φ
(
ai1x1, · · · , ai1xn

)]p
< +∞ (2.1)

for all x1, · · · , xn ∈ X . Suppose that fj : X → X , j = 1, 2, 3, are mappings satisfying the
inequalities

max
j

{∥∥Dλfj
(
x1, x2, · · · , xn

)∥∥} ≤ φ
(
x1, x2, · · · , xn

)
, (2.2)

max
j,r,s

{∥∥Dfj ,fr,fs(x, y)
∥∥} ≤ φ

(
x+ y, · · · , x+ y

)
(2.3)

for all x, y, x1, · · · , xn ∈ X and all λ ∈ R. Then unique (Fr,Fs)-double derivations
Fj : X → X defined by the limits

Fj(x) = lim
m→∞

1

am1
fj(a

m
1 x)

exist and satisfy the inequalities∥∥∥Fj(x)− fj(x)
∥∥∥ ≤ 1

a1 · 2n−1
[
φ̃
(
x, 0, · · · , 0

)] 1
p

(2.4)

for all x ∈ X .

Proof. Letting x1 = x, x2 = · · · = xn = 0 and λ = 1 in (2.2), we get∥∥D1f1
(
x, 0, · · · , 0

)∥∥ ≤ φ
(
x, 0, · · · , 0

)
for all x ∈ X . From this inequality and the fact that

2n−1 =
n−1∑
i=0

(
n− 1

i

)
= 1 +

n−1∑
i=1

(
n− 1

i

)
,
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we have ∥∥∥∥f1(x)− 1

a1
f1(a1x)

∥∥∥∥ ≤ 1

a1 · 2n−1
φ
(
x, 0, · · · , 0

)
for all x ∈ X . Replacing x by ai1x and then dividing both sides by ai1, we get∥∥∥∥ 1

ai1
f1(a

i
1x)− 1

ai+1
1

f1(a
i+1
1 x)

∥∥∥∥ ≤ 1

a1i+1 · 2n−1
φ
(
ai1x, 0, · · · , 0

)
(2.5)

for all x ∈ X and all nonnegative integers i. Assume that m, t are positive integers with
m > t. Since X is a p-Banach space, it follows from (2.5) that∥∥∥∥ 1

am1
f1(a

m
1 x)− 1

at1
f1(a

t
1x)

∥∥∥∥p ≤ m−1∑
i=t

∥∥∥∥ 1

ai+1
1

f1(a
i+1
1 x)− 1

ai1
f1(a

i
1x)

∥∥∥∥p

≤ 1

(a1 · 2n−1)p
m−1∑
i=t

[
1

a1i
φ
(
ai1x, 0, · · · , 0

)]p
(2.6)

for all x ∈ X . Now by the condition (2.1), we deduce that the right-hand side tends to

zero as t,m → ∞, and this implies that the sequence
{

1
am1
f1(a

m
1 x)

}
is Cauchy. Since X

is complete, the sequence
{

1
am1
f1(a

m
1 x)

}
converges in X , and therefore we can define for

all x ∈ X the mapping F1 : X → X by

F1(x) = lim
m→∞

1

am1
f1(a

m
1 x).

Now we claim that F1 : X → X is R-linear. In order to verify that, we first show that F1

is additive. It follows from (2.2) and (2.1) that∥∥∥D1F1

(
x1, x2, · · · , xn

)∥∥∥p =

∥∥∥∥ lim
m→∞

1

am1
D1f1

(
am1 x1, a

m
1 x2, · · · , am1 xn

)∥∥∥∥p
≤ lim

m→∞

[
1

am1
φ
(
am1 x1, a

m
1 x2, · · · , am1 xn

)]p
= 0

for all x1, · · · , xn ∈ X . So D1F1(x1, x2, · · · , xn) = 0 for all x1, x2, · · · , xn ∈ X , which
means F1 : X → X satisfies the functional equation (0.1). Therefore, Lemma 2.1 clarifies
that the mapping F1 is additive. So

a1F1(x) = F1(a1x) = lim
m→∞

1

am1
f1(a

m+1
1 x),

F1(x) = lim
m→∞

1

am+1
1

f1(a
m+1
1 x)

for all x ∈ X . For x1 = am1 x and x2 = · · · = xn = 0, it follows from (2.2) that∥∥∥a−(m+1)
1 f1(a

m+1
1 λx)− a−m1 λf1(a

m
1 x)

∥∥∥p ≤ 1

ap1 · 2(n−1)p

[
1

am1
φ
(
am1 x, 0, · · · , 0

)]p
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for all x ∈ X and all λ ∈ R. By (2.1), the right-hand side tends to zero as m→∞. Hence∥∥∥F1(λx)− λF1(x)
∥∥∥p = 0

for all x ∈ X and all λ ∈ R. So F1(λx) = λF1(x) for all x ∈ X and all λ ∈ R, and thus
F1 is R-linear.

Putting t = 0 and passing the limit m→∞ in (2.6), we get the inequality (2.4) for
j = 1.

Let F ′1 : X → X be another R-linear mapping satisfying (2.4). Then we have∥∥∥F1(x)−F ′1(x)
∥∥∥p ≤ 1

amp1

(∥∥F1(a
m
1 x)− f1(am1 x)

∥∥p +
∥∥F ′1(am1 x)− f1(am1 x)

∥∥p)
≤ 2

amp1

· 1

(a1.2n−1)p
φ̃
(
am1 x, 0, · · · , 0

)
=

2

(a1.2n−1)p
·
∞∑
i=m

[
1

ai1
φ
(
ai1x, 0, · · · , 0

)]p
for all x ∈ X . By (2.1), the right-hand side tends to zero as m→∞, which signifies the
uniqueness of F1.

By a similar method, one can easily show that the unique and R-linear mappings
F2 : X → X and F3 : X → X defined by

F2(x) = lim
m→∞

1

am1
f2(a

m
1 x), F3(x) = lim

m→∞

1

am1
f3(a

m
1 x)

exist and satisfy (2.4) for all x ∈ X .
To end the proof, it is just necessary to show that F1 is an (F2,F3)-double derivation.

It follows from (2.3) that∥∥∥Df1,f2,f3(x, y)
∥∥∥ =

∥∥∥Df1,f3,f2(x, y)
∥∥∥ ≤ φ

(
x+ y, · · · , x+ y

)
for all x, y ∈ X . We know a1 > 1, so a1

mp > 1 and
(
a1
mp
)2
> a1

mp. Therefore, the last
inequality and the condition (2.1) imply that∥∥∥F1(xy)−F1(x)y − xF1(y)−F2(x)F3(y)−F3(x)F2(y)

∥∥∥p
= lim

m→∞

1

a12mp

∥∥∥f1 (a2m1 xy
)
− f1 (am1 x) am1 y − am1 xf1 (am1 y)

−f2 (am1 x) f3 (am1 y)− f3 (am1 x) f2 (am1 y)
∥∥∥p

= lim
m→∞

1

a12mp

∥∥∥Df1,f3,f2 (am1 x, a
m
1 y)

∥∥∥p
< lim

m→∞

[
1

a1m
φ
(
am1 (x+ y), · · · , am1 (x+ y)

)]p
= 0

for all x, y ∈ X . Hence

F1(xy) = F1(x)y + xF1(y) + F2(x)F3(y) + F3(x)F2(y)
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for all x, y ∈ X .
Similarly we can show that F2 and F3 are respectively (F1,F3)-double derivation and

(F1,F2)-double derivation and so the proof is complete. �

Theorem 2.3. Let φ : X n → [0,∞) be a function such that

φ̃
(
x1, · · · , xn) :=

∞∑
i=0

[
ai1φ
(x1
ai1
, · · · , xn

ai1

)]p
< +∞,

lim
m→∞

[
a1

2mφ
( x

am1
, · · · , x

am1

)]p
= 0 (2.7)

for all x, x1, · · · , xn ∈ X . Suppose that fj : X → X , j = 1, 2, 3, are mappings satisfying
(2.2) and (2.3). Then unique (Fr,Fs)-double derivations Fj : X → X defined by the limits

Fj(x) = lim
m→∞

am1 fj

( x

am1

)
exist and satisfy the inequalities∥∥∥Fj(x)− fj(x)

∥∥∥ ≤ 1

2n−1

[
φ̃
( x
a1
, 0, · · · , 0

)]1/p
(2.8)

for all x ∈ X .

Proof. Replacing x by x

a2i+1
1

in (2.5) and then multiplying by a2i+1
1 , we obtain∥∥∥∥ai+1

1 f1

( x

ai+1
1

)
− ai1f1

( x
ai1

)∥∥∥∥ ≤ ai1
2n−1

φ
( x

ai+1
1

, 0, · · · , 0
)

for all x ∈ X . Now by the same method which was done in the proof of Theorem 2.2, we

can assert that the sequence
{
am1 f1

(
x
am1

)}
is Cauchy and convergent in X and the unique

and R-linear mappings Fj(x) = limm→∞ a
m
1 fj
(
x
am1

)
exist and satisfy (2.8).

The inequality (2.3) and the condition (2.7) imply that∥∥∥DF1,F3,F2(x, y)
∥∥∥p = lim

m→∞
a1

2mp

∥∥∥∥Df1,f3,f2

( x

am1
,
y

am1

)∥∥∥∥p
≤ lim

m→∞

[
a1

2mφ
(x+ y

am1
, · · · , x+ y

am1

)]p
= 0

for all x, y ∈ X . This shows that F1 is an (F2,F3)-double derivation.
The arguments for j = 2, 3 are also the same as for j = 1 and so we will omit them. �

Corollary 2.4. Let δ be a nonnegative real number and q be a positive real number such
that q < 1 or q > 2. Suppose that fj : X → X , j = 1, 2, 3, are mappings satisfying the
inequalities

max
j

{∥∥Dλfj
(
x1, x2, · · · , xn

)∥∥} ≤ δ (‖x1‖q + · · ·+ ‖xn‖q) ,

max
j,r,s

{∥∥Dfj ,fr,fs(x, y)
∥∥} ≤ nδ‖x+ y‖q
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for all x, y, x1, · · · , xn ∈ X , and all λ ∈ R. Then unique (Fr,Fs)-double derivations
Fj : X → X exist and satisfy the inequalities∥∥∥Fj(x)− fj(x)

∥∥∥ ≤ δ‖x‖q

2n−1 ·
∣∣ap1 − apq1 ∣∣ 1p

for all x ∈ X .

Proof. Defining φ(x1, · · · , xn) := δ (‖x1‖q + · · ·+ ‖xn‖q) and applying Theorem 2.2 for
the case q < 1, and Theorem 2.3 for the case q > 2, we get the result. �

3. Superstability of (fr, fs)-double derivations on quasi-Banach algebras

In this section, we prove the superstability of (fr, fs)-double derivations associated with
the functional equation (0.1).

Initially, we improve Lemma 2.1 to a stronger statement and afterwards we use it for
the proof of superstability theorem of this section.

Lemma 3.1. Let n ≥ 3 be a fixed integer and f : X → X be a mapping such that∥∥∥2n−1a1λf(x1)−
n∑
k=2

[ k∑
i1=2

k+1∑
i2=i1+1

· · ·
n∑

in−k+1=in−k+1

f
( n∑

i=1,
i6=i1,··· ,in−k+1

aiλxi −
n−k+1∑
r=1

airλxir

)]∥∥∥ ≤ ∥∥∥f( n∑
i=1

aiλxi

)∥∥∥ (3.1)

for all x1, · · · , xn ∈ X and all λ ∈ R. Then f is R-linear.

Proof. First, assume that n ≥ 4.
Putting x4 = · · · = xn = 0 in (3.1), we get∥∥∥2n−1λa1f(x1)−

(
2n−3 − 1

)
f
(
λ[a1x1 + a2x2 + a3x3]

)
− 2n−3

f
(
λ[a1x1 − a2x2 + a3x3

]
)− 2n−3f

(
λ[a1x1 + a2x2 − a3x3]

)
−2n−3f

(
λ[a1x1 − a2x2 − a3x3]

)∥∥∥
≤
∥∥∥f(λ[a1x1 + a2x2 + a3x3]

)∥∥∥ (3.2)

for all x1, x2, x3 ∈ X and all λ ∈ R. Letting x1 = x2 = x3 = 0 and λ = 1 in (3.2), we
obtain ∥∥∥((a1 − 1)2n−1 + 1

)
f(0)

∥∥∥ ≤ ∥∥∥f(0)
∥∥∥.

So f(0) = 0, (since (a1 − 1)2n−1 > 0). Putting λ = 1 and substituting x1, x2, x3 by
x/a1,−x/a2, 0 and then by x/a1,−x/2a2,−x/2a3 in (3.2), respectively, we get

a1 · 2n−1f
( x
a1

)
= 2n−2f(2x),

a1 · 2n−1f
( x
a1

)
= 2n−2f(x) + 2n−3f(2x)
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for all x ∈ X . Thus f(2x) = 2f(x) and f(x) = a1f
(
x
a1

)
for all x ∈ X . Letting λ = 1,

x1 = x+ y/a1, x2 = −x/a2 and x3 = −y/a3 in (3.2), we have

a1 · 2n−1f
(x+ y

a1

)
− 2n−3f(2x)− 2n−3f(2y)− 2n−3f(2x+ 2y) = 0

for all x, y ∈ X , which implies that f(x+ y) = f(x) + f(y) for all x, y ∈ X .
Finally, letting x1 = x/a1, x2 = −x/a2 and x3 = 0 in (3.2), we obtain

a1λ · 2n−1f
( x
a1

)
− 2n−2f(2λx) = 0

for all x ∈ X and all λ ∈ R. So f(λx) = λf(x) for all x ∈ X and all λ ∈ R, and therefore
f is R-linear.

Now assume that n = 3 in (3.1). Then∥∥∥4a1λf(x1)− f
(
λ[a1x1 − a2x2 − a3x3]

)
−f
(
λ[a1x1 + a2x2 − a3x3]

)
− f

(
λ[a1x1 − a2x2 + a3x3]

)∥∥∥
≤
∥∥∥f(λ[a1x1 + a2x2 + a3x3]

)∥∥∥
for all x1, x2, x3 ∈ X and all λ ∈ R. As it is obvious that we can get an inequality similar
to the normed inequality (3.2) for the case n ≥ 4, one can easily get the desired result. �

Theorem 3.2. Let φ : X n → [0,∞), n ≥ 3, be a function such that

lim
l→∞

t−2lφ(tlx, · · · , tlx) = 0

for all x ∈ X , where t 6= 1 is a real number. Suppose that fj : X → X , j = 1, 2, 3, are
mappings satisfying (3.1) and (2.3). Then the mappings fj : X → X are (fr, fs)-double
derivations.

Proof. Since (3.1) holds for the mappings fj : X → X , Lemma 3.1 asserts that the
mappings fj are R-linear. So it follows from (2.3) and the assumption on φ that∥∥∥fj(xy)− fj(x)y − xfj(y)− fr(x)fs(y)− fs(x)fr(y)

∥∥∥p
= lim

l→∞

1

t2lp

∥∥∥fj (t2lxy)− fj (tlx) tly − tlxfj (tly)
−fr

(
tlx
)
fs
(
tly
)
− fs

(
tlx
)
fr
(
tly
) ∥∥∥p

= lim
l→∞

1

t2lp

∥∥∥Dfj ,fk,fi

(
tlx, tly

) ∥∥∥p
≤
[

lim
l→∞

1

t2l
φ
(
tl(x+ y), · · · , tl(x+ y)

)]p
= 0p

for all x, y ∈ X , which implies that the mappings fj : X → X are (fr, fs)-double deriva-
tions, as desired. �
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Corollary 3.3. Let δ be a nonnegative real number and q1, · · · , qn be positive real numbers
such that q1, · · · , qn > 2 or q1, · · · , qn < 2. Suppose that fj : X → X , j = 1, 2, 3, are
mappings satisfying (3.1) and the inequalities

max
j,r,s

{∥∥Dfj ,fr,fs(x, y)
∥∥} ≤ δ

(
‖x+ y‖q1 + · · ·+ ‖x+ y‖qn

)
for all x, y ∈ X . Then the mappings fj : X → X are (fr, fs)-double derivations.

Proof. The proof follows from Theorem 3.2 by taking φ(x1, · · · , xn) := δ (‖x1‖q1 + · · ·+ ‖xn‖qn)
with t > 1 for the case q1, · · · , qn < 2 and with t < 1 for the case q1, · · · , qn > 2. �

Corollary 3.4. Let δ be a nonnegative real number and q1, · · · , qn be positive real numbers
such that q1 + · · ·+ qn 6= 2. Suppose that fj : X → X , j = 1, 2, 3, are mappings satisfying
(3.1) and the inequality

max
j,r,s

{∥∥Dfj ,fr,fs(x, y)
∥∥} ≤ δ‖x+ y‖q1+···+qn

for all x, y ∈ X . Then the mappings fj : X → X are (fr, fs)-double derivations.

Proof. The proof follows from Theorem 3.2 by taking φ(x1, · · · , xn) := δ (‖x1‖q1 · · · ‖xp‖qn)
with t > 1 for the case q1 + · · ·+ qn < 2 and with t < 1 for the case q1 + · · ·+ qn > 2. �

The obtained results in this section can be simpler. Indeed, one can set q1 = · · · = qn =
q in two last corollaries and get the better statements.
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[13] P. Ğavruţa, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings,

J. Math. Anal. Appl. 184 (1994), 431–436.

[14] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl Acad. Sci. U.S.A. 27

(1941), 222–224.

[15] D. H. Hyers, G. Isac and Th. M. Rassias, Stability of Functional Equations in Several Variables,
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THE FIXED POINT METHOD FOR PERTURBATION OF
BIHOMOMORPHISMS AND BIDERIVATIONS IN NORMED 3-LIE

SYSTEMS: REVISITED

CHOONKIL PARK, JUNG RYE LEE, EON WHA SHIM, AND DONG YUN SHIN∗

Abstract. Shokri et al. [11] proved the Hyers-Ulam stability of bihomomorphisms
and biderivations on normed 3-Lie systems by using the fixed point method.

Under the conditions in the main theorems of [11, Section 2], we can show that the
related mappings must be zero.

In this paper, we correct the statements of the results in [11, Section 2], and prove
the corrected theorems.

1. Introduction and preliminaries

The stability problems of functional equations and inequalities has been studied in
many mathmaticians (see [3, 4, 5, 6, 7, 9, 10, 12, 13, 14, 15]).

Shokri et al. [11] defined bihomomorphisms and biderivations.

Definition 1.1. ([11]) Let A and B be normed Lie triple systems. A C-bilinear mapping
H : A× A→ B is called a bihomomorphism if it satisfies

H([x, y, z], w) = [H(x,w), H(y, w), H(z, w)],

H(x, [y, z, w]) = [H(x, y), H(x, z), H(x,w)]

for all x, y, z, w ∈ A.

Note that if we replace w by 2w in the first equality of the definition of bihomomor-
phism then 2H([x, y, z], w) = 8[H(x,w), H(y, w), H(z, w)] and so H([x, y, z], w) = 0 for
all x, y, z, w ∈ A. Similarly, one can show that H(x, [y, z, w]) = 0 for all x, y, z, w ∈ A.
Thus we correct the definition of bihomomorphism as follows.

Definition 1.2. Let A and B be normed Lie triple systems. A C-bilinear mapping
H : A× A→ B is called a bihomomorphism if it satisfies

H([x, y, z], w3) = [H(x,w), H(y, w∗), H(z, w)],

H(x3, [y, z, w]) = [H(x, y), H(x∗, z), H(x,w)]

for all x, y, z, w ∈ A.

Definition 1.3. ([11]) Let A and B be normed Lie triple systems. A C-bilinear mapping
δ : A× A→ A is called a biderivation if it satisfies

δ([x, y, z], w) = [δ(x,w), y, z] + [x, δ(y, w), z] + [x, y, δ(z, w)],

δ(x, [y, z, w], w) = [δ(x, y), z, w] + [y, δ(x, z), w] + [y, z, δ(x,w)]

2010 Mathematics Subject Classification. Primary 17A40, 39B52, 47H10, 39B82, 16W25.
Key words and phrases. Hyers-Ulam stability; bi-additive mapping; fixed point; Lie triple system;

bihomomorphism; biderivation.
∗Corresponding author.
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for all x, y, z, w ∈ A.

The w-variable of the left side in the first equality is C-linear and the x-variable of
the left side in the second equality is C-linear. But the w-variable of the right side
in the first equality is not C-linear and the x-variable of the right side in the second
equality is not C-linear. Thus we correct the definition of biderivation as follows.

Definition 1.4. Let A and B be normed Lie triple systems. A C-bilinear mapping
δ : A× A→ A is called a biderivation if it satisfies

δ([x, y, z], w) = [δ(x,w), y, z] + [x, δ(y, w∗), z] + [x, y, δ(z, w)],

δ(x, [y, z, w], w) = [δ(x, y), z, w] + [y, δ(x∗, z), w] + [y, z, δ(x,w)]

for all x, y, z, w ∈ A.

All the mappings T and δ, given in [11, Section 2], satisfy the bi-additive functional
equation (1.1) in [11]. Letting x = z = 0 in (1.1), we get f(y,−w) = f(y, w) for all
y, w. Thus f is not bi-additive. So the results of [11, Section 2] are meaningless.

In this paper, we will replace the equation (1.1), given in [11], by

f(x+ y, z + w) + f(x+ y, z − w) = 2f(x, z) + 2f(y, z). (1)

Moreover, we correct the statements of the results in [11, Section 2], and prove the
corrected theorems.

Let X be a set. A function d : X ×X → [0,∞] is called a generalized metric on X
if d satisfies

(1) d(x, y) = 0 if and only if x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X;
(3) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.
We recall a fundamental result in fixed point theory.

Theorem 1.5. [2] Let (X, d) be a complete generalized metric space and let J : X → X
be a strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for each given
element x ∈ X, either

d(Jnx, Jn+1x) =∞
for all nonnegative integers n or there exists a positive integer n0 such that

(1) d(Jnx, Jn+1x) <∞, ∀n ≥ n0;
(2) the sequence {Jnx} converges to a fixed point y∗ of J ;
(3) y∗ is the unique fixed point of J in the set Y = {y ∈ X | d(Jn0x, y) <∞};
(4) d(y, y∗) ≤ 1

1−Ld(y, Jy) for all y ∈ Y .

Throughout this paper, assume that A is a normed Lie triple system and B is a
Banach Lie triple system.

2. Hyers-Ulam stability of bihomomorphisms in Banach Lie triple systems

For a given mapping f : A× A→ B, we define

Dλ,µf(x, y, z, w) = f(λx+ λy, µz + µw) + f(λx+ λy, µz − µw)

− 2λµf(x, z)− 2λµf(y, z)

for all x, y, z, w ∈ A and all λ, µ ∈ T1 := {ν ∈ C : |ν| = 1}.
From now on, assume that f(0, z) = f(x, 0) = 0 for all x, z ∈ A.
We need the following lemmas to obtain the main results.
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Lemma 2.1. ([1]) Let f : A× A→ B be a bi-additive mapping such that f(λx, µy) =
λµf(x, y) for all x, y ∈ A and all λ, µ ∈T1. Then the mapping f : A × A → B is
C-bilinear.

Lemma 2.2. Let f : A × A → B be a mapping satisfying Dλ,µf(x, y, z, w) = 0 for all
x, y, z, w ∈ A and all λ, µ ∈T1. Then the mapping f : A× A→ B is C-bilinear.

Proof. Letting λ = µ = 1 in Dλ,µf(x, y, z, w) = 0, we get (1). Letting y = 0 in (1), we
get f(x, z + w) + f(x, z − w) = 2f(x, z) for all x, z, w ∈ A. Letting w = 0 in (1), we
get 2f(x+ y, z) = 2f(x, z) + 2f(y, z) for all x, y, z ∈ A. So f is bi-additive.

Letting y = w = 0 in Dλ,µf(x, y, z, w) = 0, we get 2f(λx, µz) = 2λµf(x, z) for all
x, z ∈ A and all λ, µ ∈ T1. By Lemma 2.1, the mapping f : A×A→ B is C-bilinear. �

Theorem 2.3. Let f : A × A → B be a mapping for which there exists a function
ϕ : A4 → [0,∞) such that

‖Dλ,µf(x, y, z, w)‖ ≤ ϕ(x, y, z, w), (2)

‖f([x, y, z], w3)− [f(x,w), f(y, w∗), f(z, w)]‖ (3)

+‖f(x3, [y, z, w])− [f(x, y), f(x∗, z), f(x,w)]‖ ≤ ϕ(x, y, z, w)

for all λ, µ ∈ T1 and all x, y, z, w ∈ A. If there exists an L < 1 such that ϕ(x, y, z, w) ≤
4Lϕ

(
x
2
, y
2
, z
2
, w
2

)
for all x, y, z, w ∈ A, then there exists a unique bihomomorphism H :

A× A→ B such that

‖f(x, z)−H(x, z)‖ ≤ 1

4− 4L
ϕ(x, x, z, z) (4)

for all x, z ∈ A.
Proof. Letting λ = µ = 1, y = x and w = z in (2), we get

‖f(2x, 2z)− 4f(x, z)‖ ≤ ϕ(x, x, z, z) (5)

and so ∥∥∥∥f(x, z)− 1

4
f(2x, 2z)

∥∥∥∥ ≤ 1

4
ϕ(x, x, z, z) (6)

for all x, z ∈ A.
Consider the set

S := {h : A× A→ B}
and introduce the generalized metric on S:

d(g, h) = inf {µ ∈ R+ : ‖g(x, z)− h(x, z)‖ ≤ µϕ (x, x, z, z) , ∀x, z ∈ A} ,
where, as usual, inf φ = +∞. It is easy to show that (S, d) is complete (see [8]).

Now we consider the linear mapping J : S → S such that

Jg(x, z) :=
1

4
g (2x, 2z)

for all x, z ∈ A.
Let g, h ∈ S be given such that d(g, h) = ε. Then

‖g(x, z)− h(x, z)‖ ≤ εϕ (x, x, z, z)
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for all x ∈ A. Hence

‖Jg(x, z)− Jh(x, z)‖ =

∥∥∥∥1

4
g (2x, 2z)− 1

4
h (2x, 2z)

∥∥∥∥ ≤ εLϕ (x, x, z, z)

for all x, z ∈ A. So d(g, h) = ε implies that d(Jg, Jh) ≤ εL. This means that

d(Jg, Jh) ≤ Ld(g, h)

for all g, h ∈ S.
It follows from (6) that d(f, Jf) ≤ 1

4
.

By Theorem 1.5, there exists a mapping H : A→ B satisfying the following:
(1) H is a fixed point of J , i.e.,

H (2x, 2z) = 4H(x, z) (7)

for all x, z ∈ A. The mapping H is a unique fixed point of J in the set

M = {g ∈ S : d(h, g) <∞}.
This implies that H is a unique mapping satisfying (7) such that there exists a µ ∈
(0,∞) satisfying

‖f(x, z)−H(x, z)‖ ≤ µϕ (x, x, z, z)

for all x, z ∈ A;
(2) d(Jnf,H)→ 0 as n→∞. This implies the equality

lim
n→∞

1

4n
f (2nx, 2nz) = H(x, z) (8)

for all x, z ∈ A;
(3) d(f,H) ≤ 1

1−αd(f, Jf), which implies the inequality

d(f,H) ≤ 1

4− 4L
.

This implies that the inequality (4) holds true.
It follows from (2) and (8) that

‖Dλ,µH(x, y, z, w)‖ =

∥∥∥∥ 1

4n
Dλ,µf(2nx, 2ny, 2nz, 2nw)

∥∥∥∥
≤ 1

4n
ϕ(2nx, 2ny, 2nz, 2nw),

which tends to zero as n → ∞ for all λ, µ ∈ T1 and all x, y, z, w ∈ A. By Lemma 2.2,
the mapping H : A× A→ B is C-bilinear.

Now let T : A× A→ B be another bi-additive mapping satisfying (4). Then

‖H(x, z)− T (x, z)‖ =
1

4n
‖H(2nx, 2nz)− T (2n, 2nz)‖

≤ 1

4n
(‖H(2nx, 2nz)− f(2n, 2nz)‖+ ‖f(2nx, 2nz)− T (2n, 2nz)‖)

≤ 2

4n
ϕ(2nx, 2nx, 2nz, 2nz),

which tends to zero as n→∞. This proves the uniqueness of H.
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It follows from (3) that

‖H([x, y, z], w3)− [H(x,w), H(y, w∗), H(z, w)]‖
+ ‖H(x3, [y, z, w])− [H(x, y), H(x∗, z), H(x,w)]‖

= lim
n→∞

1

64n
(
‖f([2nx, 2ny, 2nz], 8nw3)

− [f(2nx, 2nw), f(2ny, 2nw∗), f(2nz, 2nw)]‖
+ ‖f(8nx3, [2ny, 2nz, 2nw])

− [f(2nx, 2ny), f(2nx∗, 2nz), f(2nx, 2nw)]‖
)

≤ lim
n→∞

1

64n
ϕ(2n, 2ny, 2nz, 2nw) ≤ lim

n→∞

1

4n
ϕ(2n, 2ny, 2nz, 2nw) = 0

for all x, y, z, w ∈ A. So

H([x, y, z], w3) = [H(x,w), H(y, w∗), H(z, w)]

and
H(x3, [y, z, w]) = [H(x, y), H(x∗, z), H(x,w)]

for all x, y, z, w ∈ A.
Therefore, the mapping H is a unique bi-homomorphism satisfying (4). �

Corollary 2.4. Let p and θ be positive real numbers with p < 2, and let f : A×A→ B
be a mapping such that

‖Dλ,µf(x, y, z, w)‖ ≤ θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p), (9)

‖f([x, y, z], w3)− [f(x,w), f(y, w∗), f(z, w)]‖
+‖f(x3, [y, z, w])− [f(x, y), f(x∗, z), f(x,w)]‖

≤ θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) (10)

for all λ, µ ∈ T1 and all x, y, z, w ∈ A. Then there exists a unique bihomomorphism
H : A× A→ B such that

‖f(x, y)−H(x, y)‖ ≤ 2θ

4− 2p
(‖x‖p + ‖y‖p)

for all x, y ∈ A.

Proof. Defining ϕ(x, y, z, w) := θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) and letting L = 2p−2 in
Theorem 2.3, we obtain the desired result. �

Similarly, one can obtain the following.

Theorem 2.5. Let f : A × A → B be a mapping for which there exists a function
ϕ : A4 → [0,∞) satisfying (2) and (3). If there exists an L < 1 such that ϕ(x, y, z, w) ≤
L
64
ϕ(2x, 2y, 2z, 2w) for all x, y, z, w ∈ A, then there exists a unique bihomomorphism

H : A× A→ B such that

‖f(x, z)−H(x, z)‖ ≤ L

64− 64L
ϕ(x, x, z, z) (11)

for all x, z ∈ A.
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Note that L
64
ϕ(2x, 2y, 2z, 2w) ≤ L

4
ϕ(2x, 2y, 2z, 2w) for all x, y, zw ∈ A.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.3.
Now we consider the linear mapping J : S → S such that

Jg(x, z) := 4g
(x

2
,
z

2

)
for all x, z ∈ A.

It follows from (5) that∥∥∥f(x, z)− 4f
(x

2
,
z

2

)∥∥∥ ≤ ϕ
(x

2
,
x

2
,
z

2
,
z

2

)
≤ L

64
ϕ (x, x, z, z) ≤ L

4
ϕ (x, x, z, z)

for all x, z ∈ A. Thus d(f, Jf) ≤ L
4
. So

d(f,H) ≤ L

4− 4L
.

The rest of the proof is similar to the proof of Theorem 2.3. �

Corollary 2.6. Let p and θ be positive real numbers with p > 6, and let f : A×A→ B
be a mapping satisfying (9) and (10). Then there exists a unique bihomomorphism
H : A× A→ B such that

‖f(x, y)−H(x, y)‖ ≤ 2θ

2p − 4
(‖x‖p + ‖y‖p)

for all x, y ∈ A.

Proof. Defining ϕ(x, y, z, w) := θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) and letting L = 22−p in
Theorem 2.5, we obtain the desired result. �

3. Hyers-Ulam stability of biderivations on Banach Lie triple systems

In this section, we prove the Hyers-Ulam stability of biderivations on Banach Lie
triple systems.

Theorem 3.1. Let f : A× A→ A be a mapping such that

‖Dλ,µf(x, y, z, w)‖ ≤ ϕ(x, y, z, w), (12)

‖f([x, y, z], w)− [f(x,w), y, z]− [x, f(y, w∗), z]− [x, y, f(z, w)]‖ (13)

+‖f(x, [y, z, w])− [f(x, y), z, w]− [y, f(x∗, z), w]− [y, z, f(x,w)]‖
≤ ϕ(x, y, z, w)

for all λ, µ ∈ T1 and all x, y, z, w ∈ A. Assume that there exists an L < 1 such that
ϕ(x, y, z, w) ≤ 4Lϕ

(
x
2
, y
2
, z
2
, w
2

)
for all x, y, z, w ∈ A. If the mapping f : A × A → A

satisfies

lim
n→∞

1

4n
f(2nx, 2nz) = lim

n→∞

1

16n
f(8nx, 2nz) = lim

n→∞

1

16n
f(2nx, 8nz) (14)

for all x, z ∈ A, then there exists a unique biderivation δ : A× A→ A such that

‖f(x, z)− δ(x, z)‖ ≤ 1

4− 4L
ϕ(x, x, z, z) (15)

for all x, z ∈ A.
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Proof. By the same reasoning as in the proof of Theorem 2.3, we get a unique C-bilinear
mapping δ : A× A→ A given by δ(x, z) := limn→∞

1
4n
f(2nx, 2nz) satisfying (15).

It follows from (13) and (14) that

‖δ([x, y, z], w)− [δ(x,w), y, z]− [x, δ(y, w∗), z]− [x, y, δ(z, w)]‖
+ ‖δ(x, [y, z, w])− [δ(x, y), z, w]− [y, δ(x∗, z), w]− [y, z, δ(x,w)]‖

= lim
n→∞

1

16n
(‖f(8n[x, y, z], 2nw)− [f(2nx, 2nw), 2ny, 2nz]

− [2nx, f(2ny, 2nw∗), 2nz]− [2nx, 2ny, f(2nz, 2nw)]‖
+ ‖f(2nx, 8n[y, z, w])− [f(2nx, 2ny), 2nz, 2nw]

− [2ny, f(2nx∗, 2nz), 2nw]− [2ny, 2nz, f(2nx, 2nw)]‖)

≤ lim
n→∞

1

16n
ϕ(2nx, 2ny, 2nz, 2nw) ≤ lim

n→∞

1

4n
ϕ(2nx, 2ny, 2nz, 2nw) = 0

for all x, y, z, w ∈ A. So

δ([x, y, z], w) = [δ(x,w), y, z] + [x, δ(y, w∗), z] + [x, y, δ(z, w)]

and

δ(x, [y, z, w]) = [δ(x, y), z, w] + [y, δ(x∗, z), w] + [y, z, δ(x,w)]

for all x, y, z, w ∈ A.
Therefore, the mapping δ : A×A→ A is a biderivation satisfying (15), as desired. �

Corollary 3.2. Let p and θ be positive real numbers with p < 2, and let f : A×A→ A
be a mapping satisfying (14) and

‖Dλ,µf(x, y, z, w)‖ ≤ θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p), (16)

‖f([x, y, z], w)− [f(x,w), y, z]− [x, f(y, w∗), z]− [x, y, f(z, w)]‖ (17)

+‖f(x, [y, z, w])− [f(x, y), z, w]− [y, f(x∗, z), w]− [y, z, f(x,w)]‖
≤ θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p)

for all λ, µ ∈ T1 and all x, y, z, w ∈ A. Then there exists a unique biderivation δ :
A× A→ A such that

‖f(x, y)− δ(x, y)‖ ≤ 2θ

4− 2p
(‖x‖p + ‖y‖p)

for all x, y ∈ A.

Proof. Defining ϕ(x, y, z, w) := θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) and letting L = 2p−2 in
Theorem 3.1, we obtain the desired result. �

Theorem 3.3. Let f : A×A→ A be a mapping satisfying (12) and (13). Assume that
there exists an L < 1 such that ϕ(x, y, z, w) ≤ L

16
ϕ(2x, 2y, 2z, 2w) for all x, y, z, w ∈ A.

If the mapping f : A× A→ A satisfies

lim
n→∞

4nf
( x

2n
,
z

2n

)
= lim

n→∞
16nf

( x
8n
,
z

2n

)
= lim

n→∞
16nf

( x
2n
,
z

8n

)
(18)

for all x, z ∈ A, then there exists a unique biderivation δ : A× A→ A such that

‖f(x, z)− δ(x, z)‖ ≤ L

4− 4L
ϕ(x, x, z, z) (19)

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

990 CHOONKIL PARK ET AL 984-992



C. PARK, J. LEE, E.W. SHIM, AND D. SHIN

for all x, z ∈ A.
Proof. By the same reasoning as in the proof of Theorem 2.3, we get a unique C-bilinear
mapping δ : A× A→ A given by δ(x, z) := limn→∞ 4nf

(
x
2n
, z
2n

)
satisfying (19).

It follows from (13) and (18) that

‖δ([x, y, z], w)− [δ(x,w), y, z]− [x, δ(y, w∗), z]− [x, y, δ(z, w)]‖
+ ‖δ(x, [y, z, w])− [δ(x, y), z, w]− [y, δ(x∗, z), w]− [y, z, δ(x,w)]‖

= lim
n→∞

16n
(∥∥∥∥f ( [x, y, z]

8n
,
w

2n

)
−
[
f
( x

2n
,
w

2n

)
,
y

2n
,
z

2n

]
−
[
x

2n
, f

(
y

2n
,
w∗

2n

)
,
z

2n

]
−
[ x

2n
,
y

2n
, f
( z

2n
,
w

2n

)]∥∥∥∥
+

∥∥∥∥f ( x

2n
,
[y, z, w]

8n

)
−
[
f
( x

2n
,
y

2n

)
,
z

2n
,
w

2n

]
−[

y

2n
, f

(
x∗

2n
,
z

2n

)
,
w

2n

]
−
[ y

2n
,
z

2n
, f
( x

2n
,
w

2n

)]∥∥∥∥)
≤ lim

n→∞
16nϕ

( x
2n
,
y

2n
,
z

2n
,
w

2n

)
= 0

for all x, y, z, w ∈ A. So

δ([x, y, z], w) = [δ(x,w), y, z] + [x, δ(y, w∗), z] + [x, y, δ(z, w)]

and

δ(x, [y, z, w]) = [δ(x, y), z, w] + [y, δ(x∗, z), w] + [y, z, δ(x,w)]

for all x, y, z, w ∈ A.
Therefore, the mapping δ : A×A→ A is a biderivation satisfying (19), as desired. �

Corollary 3.4. Let θ and p be positive real numbers with p > 4 and let f : A×A→ A
be a mapping satisfying (16), (17) and (18). Then there exists a unique biderivation
δ : A× A→ A such that

‖f(x, z)− δ(x, z)‖ ≤ 2θ

2p − 4
(‖x‖p + ‖z‖p) (20)

for all x, z ∈ A.

Proof. Defining ϕ(x, y, z, w) := θ(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) and letting L = 22−p in
Theorem 3.3, we obtain the desired result. �
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in ternary Fréchet algebras, J. Comput. Anal. Appl. 13 (2011), 1106–1114.

[14] D. Shin, C. Park and Sh. Farhadabadi, On the superstability of ternary Jordan C∗-
homomorphisms, J. Comput. Anal. Appl. 16 (2014), 964–973.

[15] D. Shin, C. Park and Sh. Farhadabadi, Stability and superstability of J∗-homomorphisms and
J∗-derivations for a generalized Cauchy-Jensen equation, J. Comput. Anal. Appl. 17 (2014), 125–
134.

Choonkil Park
Department of Mathematics, Research Institute for Natural Sciences, Hanyang Uni-
versity, Seoul 133-791, Korea

E-mail address: baak@hanyang.ac.kr

Jung Rye Lee
Department of Mathematics, Daejin University, Kyeonggi 487-711, Korea

E-mail address: jrlee@daejin.ac.kr

Eon Wha Shim
Department of Mathematics, Hanyang University, Seoul 133-791, Korea

E-mail address: stardal@daum.net

Dong Yun Shin
Department of Mathematics, University of Seoul, Seoul 130-743, Korea

E-mail address: dyshin@uos.ac.kr

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

992 CHOONKIL PARK ET AL 984-992



Dynamics of some Rational Difference Equations

H. El-Metwally1,3, E.M. Elsayed2,3 and H. El-Morshedy4
1Department of Mathematics, Rabigh College of Science
and Art, King Abdulaziz University, P.O. Box 344,

Rabigh 21911, Saudi Arabia.
2King Abdulaziz University, Faculty of Science,
Mathematics Department, P. O. Box 80203,

Jeddah 21589, Saudi Arabia.
3Department of Mathematics, Faculty of Science,
Mansoura University, Mansoura 35516, Egypt.

4Department of Mathematics, Damietta Faculty of Science,
Mansoura University, New damietta 34517, Egypt.

1E-mail: helmetwally@mans.edu.eg & eaash69@yahoo.com,
emmelsayed@yahoo.com.

Abstract
The main goal of this paper is to investigate the qualitative behavior of
the solutions for the following rational difference equation:

xn+1 =

α+
k

i=0

a2ixn−2i

β +
k

i=0

b2i+1xn−2i−1

, n = 0, 1, 2, ...

where α, β, ai, bi ∈ (0,∞), i = 0, 1, ..., k; with the initial conditions
x0, x−1, ..., x−2k, x−2k−1 ∈ (0,∞). We determine the equilibrium points
of the considered equation and then study their local stability. Also we
study the boundedness and the permanence of the solutions. Finally we
investigate the global asymptotically stable of the equilibrium points.

Keywords: permanence, global stability, difference equations.
Mathematics Subject Classification: 39A10
––––––––––––––––––––––

1 Introduction
Rational difference equations is an important class of difference equations where
they have many applications, for example, the difference equation

xn+1 =
a+bxn
c+xn

, n ≥ 0,

1
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has applications in Optics and Mathematical Biology and is known in the liter-
ature as the Riccati difference equation. The equation

xn+1 =
1+xn
xn−1

, n ≥ 0,

was discovered by Lyness [12] while he was working on a problem in Number
Theory. Also this equation has many applications in geometry (see Leech [10])
and in frieze patterns (see Conway and Coxeter [4]). Also, we believe that
the results about rational difference equations are of paramount importance in
their on right and offer prototypes towards the development of the basic theory
of the global behavior of solutions of nonlinear difference equations of order
greater than one, so, there has been a great interest in studying the qualitative
properties of rational difference equations by several authors such as Kulenovic
and Ladas [9] presented some known results and derived several new ones on the
boundedness, the global stability, and the periodicity of solutions of all rational
difference equations of the form

xn+1 =
α+βxn+γxn−1
A+Bxn+Cxn−1

.

Also, Camouzis and Ladas [2] presented the global character of solutions of
the third-order rational difference equation. They presented a summary of the
recent work and a large number of open problems and conjectures on the third
order rational recursive sequence of the form

xn+1 =
α+βxn+γxn−1+δxn−2
A+Bxn+Cxn−1+Dxn−2

.

Li and Sun [11] investigated the periodic character, invariant intervals and global
stability of all positive solutions of the recursive sequence

xn+1 =
pxn+xn−k
q+xn−k

.

Kocic et al. [8] examined the periodicity and oscillating properties of the positive
solutions as well as the global attractivity of the nonnegative equilibrium of the
difference equation

xn+1 =
a+bxn
d+xn−k

.

In [6], the author studied the boundedness, the existence of prime period to
solutions and the global attracitvity of solutions of the following recursive se-
quences

xn+1 =
ax

l0
n−k0

x
l1
n−k1

...x
li
n−ki

+bx
s0
n−r0

x
s1
n−r1

...x
sj
n−rj

cx
l0
n−k0

x
l1
n−k1

...x
li
n−ki

+dx
s0
n−r0

x
s1
n−r1

...x
sj
n−rj

, n ≥ 0, (1)

yn+1 = α0yn+α1yn−1+...+αtyn−t
β0yn+β1yn−1+...+βtyn−t

, n ≥ 0. (2)

Some related results to rational difference equations can be found in [1,3,5,13]
and the references therein.

2
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Let I be an interval of real numbers and let F : Ik+1 → I be a continuously
differentiable function. Consider the difference equation

yn+1 = F (yn, yn−1, ..., yn−k) , n = 0, 1, ..., (3)

with y−k, ..., y0 ∈ I.
Recall that the point y ∈ I is called an equilibrium point of Eq.(3) if

F (y, y, ..., y) = y.

That is, yn = y for n ≥ 0, is a solution of Eq.(3), or equivalently, y is a fixed
point of F .
Let y be an equilibrium point of Eq.(3). Then the linearized equation of Eq.(3)
about y is given by

wn+1 =
kP
i=0

piwn−i, n = 0, 1, ..., (4)

where pi =
∂f

∂yn−i
(y, ..., y), i = 0, 1, 2..., k and the characteristic equation of

Eq.(4) is
λ(k+1) − p1λ

k − p2λ
(k−1) − ...− pkλ− p(k+1) = 0.

Theorem A [8]: Assume that p, q ∈ R and k ∈ {0, 1, 2, ...}. Then |p|+ |q| < 1
is a sufficient condition for the asymptotic stability of the difference equation

un+1 + pun + qun−k = 0, n = 0, 1, ... .

Remark: Theorem A can be easily extended to a general linear equations of
the form

un+k + p1un+k−1 + ...+ pkun = 0, n = 0, 1, ... (5)

where p1, p2, ..., pk and k ∈ {1, 2, ...}. Then Eq.(5) is asymptotically stable pro-
vided that

Pk
i=1 |pi| < 1.

Theorem B [7]: Let {yn}∞n=−k be a solution of Eq.(3), and suppose that there
exist constants A ∈ I and B ∈ I such that A ≤ yn ≤ B for all n ≥ −k. Let
c0 be a limit point of the sequence {yn}∞n=−k. Then the following statements are
true:
(i) There exists a solution {Ln}∞n=−∞ of Eq.(3), called a full limiting sequence
of {yn}∞n=−k, such that L0 = c0, and such that for every N ∈ {...,−1,0,1,...} LN
is a limit point of {yn}∞n=−k.
(ii) For every i0 ≤ −k, there exists a subsequence {yri}∞i=0 of {yn}∞n=−k such
that LN = lim

i→∞
yri+N for every N ≥ i0.

Theorem C [9]: Let [p, q] be an interval of real numbers and assume that

g : [p, q]3 → [p, q],

3
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is a continuous function satisfying the following properties :
(a) g(x, y, z) is non-decreasing in y and z in [p, q] for each x ∈ [p, q], and is
non-increasing in x ∈ [p, q] for each y and z in [p, q];
(b) If (m,M) ∈ [p, q]× [p, q] is a solution of the system

M = g(m,M,M) and m = g(M,m,m),

then m =M. Then Eq.(5) has a unique equilibrium x ∈ [p, q] and every solution
of Eq.(5) converges to x.
In this paper we study the boundedness character and investigate the global
stability for the solutions of the following difference equation:

xn+1 =

α+
[ k+12 ]P
i=0

a2ixn−2i

β +
[ k+12 ]P
i=0

b2i+1xn−2i−1

, n = 0, 1, 2, .., (6)

where α, β ∈ [0,∞), ai, bi ∈ (0,∞) for i = 0, 1, ..., k; and k ∈ {10, 1, 2, ...} with
the initial conditions x0, x−1, ..., x−2k, x−2k−1 ∈ (0,∞).

2 Local Stability of Eq.(6)
In this section we discuss the local stability of the equilibrium points of Eq.(6).

Let A =
[ k+12 ]P
i=0

a2i and B =
[ k+12 ]P
i=0

b2i+1, then the following statements are true:

(i) At α = 0 and β = 0, Eq.(6) has the equilibrium point x = 0 and the unique
positive equilibrium point x = A

B .
(ii) At α = 0 and β < A, Eq.(6) has the equilibrium point x = 0 and the positive
equilibrium point x = A−β

B .
(iii) At α = 0 and β ≥ A, Eq.(6) has the unique equilibrium point x = 0.
(iv) At α 6= 0 and β = 0, Eq.(6) has the unique positive equilibrium point
x = A+

√
A2+4αB
2B .

(v) At α 6= 0 and β 6= 0, Eq.(6) has the unique positive equilibrium point

x =
A−B+

√
(A−B)2+4αB
2B .

The following theorem deals with the local stability of the positive equilibrium
point of Eq.(6).

Theorem 1 The equilibrium point x =
A−B+

√
(A−B)2+4αB
2B of Eq.(6) is locally

stable if A < β.

Proof. The linearized equation of Eq.(6) about the equilibrium point x =
A−B+

√
(A−B)2+4αB
2B is given by

zn+1 =
kP
i=0

∂f(x,x,...,x)
∂xn−i

zn−i =
kP
i=0

a2i
β+Bxzn−2i −

kP
i=0

b2i+1(α+Ax)
(β+Bx)2 zn−2i−1

4
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for n = 0, 1, ... and the associated characteristic equation about x is

F (λ) = λ2k+2 −
kP
i=0

a2i
β+Bxλ

2(k−i)+1 +
kP
i=0

b2i+1(α+Ax)
(β+Bx)2 λ2(k−i) = 0.

Then it follows by Theorem A that x is locally stable if

A
β+Bx +

B(α+Ax)
(β+Bx)2 < 1⇐⇒ A

β+Bx +
Bx

β+Bx < 1⇐⇒ A < β.

This ends the proof of the theorem.

3 Boundedness of Solutions
Here we study the permanence of Eq.(6).

Theorem 2 Assume that A < β. Then every solution of Eq.(6) is bounded and
persists.

Proof. Let {xn}∞n=−2k−1 be a solution of Eq.(6). Then

xn+1 =

α+
[ k+12 ]P
i=0

a2ixn−2i

β +
[ k+12 ]P
i=0

b2i+1xn−2i−1

≤ α
β +

1
β

[ k+12 ]P
i=0

a2ixn−2i.

Then lim supxn
n−→∞

≤ α
β−A

def
= M. Thus xn ≤M for all n ≥ 1.

Now we wish to find a constant m > 0 such that xn ≥ m for all n ≥ 1. The
change of variables xn = 1

yn
, gives Eq.(6) in the form

1

yn+1
=

α+ a0
yn
+ a2

yn−2
+ ...+ a2k

yn−2k

β + b1
yn−1

+ b3
yn−3

+ ...+ b2k+1
yn−2k−1

,

or in the equivalent form

yn+1 =
β + b1

yn−1
+ b3

yn−3
+ ...+ b2k+1

yn−2k−1

α+ a0
yn
+ a2

yn−2
+ ...+ a2k

yn−2k

≤
β + b1

yn−1
+ b3

yn−3
+ ...+ b2k+1

yn−2k−1

α

≤
β +M

kP
i=0

b2i+1

α
≤ β +MB

α
for all n ≥ 1.

Thus we obtain

xn =
1

yn
≥ α

β +BM

def
= m for all n ≥ 1.

Therefor we see that

m ≤ xn ≤M for all n ≥ 1.
Then the proof is so complete.

5

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

997 H. El-Metwally et al 993-1003



Theorem 3 Assume that A < β. Then every solution of Eq.(6) is bounded and
persists.

Proof. Let {xn}∞n=−2k−1 be a solution of Eq.(6).
Set H = max{x−2k−1, x−2k, ..., x0, α

β−A}, then it follows from (6) that

x1 =

α+
[ k+12 ]P
i=0

a2ix−2i

β +
[ k+12 ]P
i=0

b2i+1x−2i−1

≤
α+H

[ k+12 ]P
i=0

a2i

β
≤ α+AH

β
≤ H.

It follows by induction that xn ≤ H for all n ≥ 0. Now we wish to find a
constant h > 0 such that xn ≥ h for all n ≥ 1.
Again it follows from Eq.(7) that

x1 =
α+

[ k+1
2

]P
i=0

a2ix−2i

β+

[ k+1
2

]P
i=0

b2i+1x−2i−1

≥ α

β+H

[ k+1
2

]P
i=0

b2i+1

≥ α
β+BH

def
= h.

Then it follows by induction that xn ≥ h for all n ≥ 1.

4 Global Stability of the Equilibrium Points
Theorem 4 Let α = 0 and assume that A < β. Then every nonnegative solu-
tion of Eq.(6) converges to the unique equilibrium point of Eq.(6) x = 0.

Proof. It follows by Theorem B that there exist solutions {In}∞n=−∞ and
{Sn}∞n=−∞ of Eq.(6) with

I = I0 = lim
n→∞

inf xn ≤ lim
n→∞

sup xn = S0 = S,

where
In, Sn ∈ [I,S] , n = 0,− 1,... .

Since x = 0 is the unique nonnegative equilibrium point of Eq.(6), then it suffices
to show that S = 0. Suppose for the sake of contradiction that S > 0.Then it
follows from Eq.(6) that

S =
a0S−1 + a2S−3 + ...+ a2kS−2k−1

β + b1S−2 + b3S−4 + ...+ b2k+1S−2k−1
≤ AS

β +BI
,

and so
0 ≤ BSI ≤ (A− β)S < 0,

which is a contradiction. Hence

lim
n→∞

xn = x = 0.

which is true by the hypothesis of the theorem and this completes the proof.

6
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Theorem 5 Assume that A < β, then the equilibrium point

x =
A−B +

p
(A−B)2 + 4αB

2B

of Eq.(6) is global attractor of the solutions of Eq.(6).

Proof. It was shown in Theorem 2 that m ≤ xn ≤ M for all n ≥ 1.Then it
follows again by Theorem B that there exist solutions {In}∞n=−∞ and {Sn}∞n=−∞
of Eq.(6) with

I = I0 = lim
n→∞

inf xn ≤ lim
n→∞

sup xn = S0 = S,

where
In, Sn ∈ [I,S] , n = 0,− 1,... .

It suffices to show that I ≥ S.
Now it follows from Eq.(6) that

I =
α+ a0I−1 + a2I−3 + ...+ a2kI−2k−1

β + b1I−2 + b1I−2a2I−3 + ...+ a2kI−2k−1
≥ α+AI

β +BS

and so
(β −A)I +BSI ≥ α. (7)

Similarly, we see from Eq.(6) that

S = α+a0S−1+a2S−3+...+a2kS−2k−1
β+b1S−2+b3S−4+...+b2k+1S−2k−1

≤ α+AS
β+BI ,

and so
(β −A)S +BSI ≤ α. (8)

Then we obtain from relations (7) and (8) that

(β −A)S +BSI ≤ α ≤ (β −A)I +BSI,

thus
(β −A)(I − S) ≥ 0

and since (β −A) > 0, then we should have I ≥ S.This completes the proof.
We give the following two theorems which is a minor modification of Theorem
A.0.2 in [9].

Theorem 6 Let [a, b] be an interval of real numbers and assume that f : [a, b]k+1 →
[a, b], is a continuous function satisfying the following properties:

(i) f(x0, x1, ..., xk) is non-decreasing in its arguments x2t with t ∈
©
0, 1, 2, ..., [k+12 ]

ª
for each xr (r 6= 2t) in [a, b] and non-increasing in its arguments x2r+1 with
r ∈

©
0, 1, 2, ..., [k+12 ]

ª
for all xt (t 6= r) in [a, b].

7
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(ii) If (M,m) ∈ [a, b]× [a, b] is a solution of the system

M = f(M,m,M,m, ...,M,m, ...,M,m), m = f(m,M,m,M, ...,m,M...,m,M ),

implies m =M. Then the difference equation xn+1 = f(xn, xn−1, ..., xn−k) has
a unique equilibrium x ∈ [a, b] and every solution of the equation converges to
x.

Proof. Set
m0 = a and M0 = b,

and for each i = 1, 2, ... set

mi = f(mi−1,Mi−1,mi−1,Mi−1, ...,mi−1,Mi−1,mi−1, ...,mi−1,Mi−1),

and

Mi = f(Mi−1,mi,Mi−1,mi, ...,Mi−1,mi−1,Mi−1, ...,Mi−1,mi−1).

Now observe that for each i ≥ 0,

a = m0 ≤ m1 ≤ ... ≤ mi ≤ ... ≤Mi ≤ ... ≤M1 ≤M0 = b,

and
mi ≤ xp ≤Mi for p ≥ (k + 1)i+ 1.

Set
m = lim

i→∞
mi and M = lim

i→∞
Mi.

Then
M ≥ lim

i→∞
supxi ≥ lim inf

i→∞
xi ≥ m

and by the continuity of f ,

M = f(M,m,M,m, ...,M,m, ..,M,m) and m = f(m,M,m,M, ...,m,M, ...,m,M ).

In view of (ii),
m =M = x,

from which the result follows.

Theorem 7 Let [a, b] be an interval of real numbers and assume that f : [a, b]k+1 →
[a, b], is a continuous function satisfying the following properties:

(i) f(x0, x1, ..., xk) is non-increasing in its arguments x2t with t ∈
©
0, 1, 2, ..., [k+12 ]

ª
for each xr (r 6= 2t) in [a, b] and non-decreasing in its arguments x2r+1 with
r ∈

©
0, 1, 2, ..., [k+12 ]

ª
for all xt (t 6= r) in [a, b].

(ii) If (M,m) ∈ [a, b]× [a, b] is a solution of the system

M = f(m,M,m,M, ...,m,M, ...,m,M ), m = f(M,m,M,m, ...,M,m...,M,m),

8

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

1000 H. El-Metwally et al 993-1003



implies
m =M.

Then the difference equation xn+1 = f(xn, xn−1, ..., xn−k) has a unique equilib-
rium x ∈ [a, b] and every solution of the equation converges to x.

Proof. As the proof of Theorem 6 and will be omitted.

Theorem 8 Assume that A 6= β. Then every nonnegative solution of Eq.(6)

converges to the unique equilibrium point of Eq.(6) x =
A−B+

√
(A−B)2+4αB
2B .

Proof. Rewrite Eq. (6) in the following form

xn+1 = f(xn, xn−1, ..., xn−k) =

α+
[ k+12 ]P
i=0

a2ixn−2i

β +
[ k+12 ]P
i=0

b2i+1xn−2i−1

, n = 0, 1, 2, ... .

Then the function f satisfies the hypotheses (i) of Theorem 6. Now consider
the system

M = f(M,m,M,m, ...,M,m) = α+AM
β+Bm , m = f(m,M,m,M, ...,m,M ) = α+Am

β+BM .

Thus it is easy to see thatm =M. Therefore the function f satisfies the hypothe-
ses (ii) of Theorem 6 too. Then it follows by Theorem 6 that the equilibrium

point x =
A−B+

√
(A−B)2+4αB
2B of Eq.(6) is a global attractor of the solutions of

Eq.(6).

Theorem 9 Let α = 0 and A < β. Then every nonnegative solution of Eq.(6)
converges to the unique equilibrium point of Eq.(6) x = 0.

Proof. The proof is similar to the proof of Theorem 8 and will be omitted.

Theorem 10 Let α = 0 and β = 0. Then every positive solution of Eq.(6)
converges to the unique positive equilibrium point of Eq.(6) x = A

B .

Proof. The proof is similar to the proofs of Theorem 5 and Theorem 8 and
will be omitted.

Theorem 11 Let α = 0 and β < A. Then every nonnegative solution of Eq.(6)

converges to the unique positive equilibrium point of Eq.(6) x =
A− β

B
.

Proof. The proof is similar to the proofs of Theorem 5 and Theorem 8 and
will be omitted.

Theorem 12 Let α 6= 0 and β = 0. Then every positive solution of Eq.(6) con-

verges to the unique positive equilibrium point of Eq.(6) x =
A+
√
A2 + 4αB

2B
.

9
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Proof. The proof is similar to the proofs of Theorem 5 and Theorem 8 and
will be omitted.
Remark: It is easy to obtain -by using Theorem B and Theorem 7- similar
results for the following difference equation

yn+1 =

δ +
[ k+12 ]P
i=0

p2i+1yn−2i−1

γ +
[ k+12 ]P
i=0

q2iyn−2i

.
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Generalized integration operators from Hardy spaces to

Zygmund-type spaces ∗†

Huiying Qu, Yongmin Liu ‡ and Shulei Cheng
School of Mathematics and Statistics

Jiangsu Normal University
Xuzhou 221116, P.R. China

Abstract Let H(D) denote the space of all holomorphic functions on the unit disk D of
C. Let ϕ be a holomorphic self-map of D, n be a positive integer and g ∈ H(D). In this
paper, we investigate the boundedness and compactness of a generalized integration operator

I(n)
g,ϕ =

∫ z

0
f (n)(ϕ(ζ))g(ζ)d(ζ)

from Hardy spaces to the Zygmund-type spaces Zµ.

1 Introduction

Let D denote the open unit disk of the complex plane C and H(D) the space of all analytic
functions in D.

For 0 < r < 1, f ∈ H(D), we set

Mp(r, f) =

(

1

2π

∫ 2π

0

∣

∣

∣f(reiθ)
∣

∣

∣

p
dθ

)1/p

, 0 < p < ∞,

M∞(r, f) = max
0≤θ≤2π

∣

∣

∣f(reiθ)
∣

∣

∣ .

For 0 < p ≤ ∞, the Hardy space Hp consists of those functions f ∈ H(D), for which

‖f‖p = sup
0≤r<1

Mp(r, f) < ∞.

It is well known that with norm ‖f‖p the Hp space is a Banach space if 1 ≤ p ≤ ∞, for
0 < p < 1, Hp space is a nonlocally convex topological vector space, and d(f, g) = ‖f − g‖p

p

is a complete metric for it. For more information about the Hp space, one may see these
books, for example, [4, 5].

Let µ be a weight, that is, µ is a positive continuous function on D. The Zygmund-type
Zµ consists of all f ∈ H(D) such that

sup
z∈D

µ(z)|f ′′(z)| < ∞.

∗2010 Mathematics Subject Classification: Primary 47B38; Secondary 47G10,47B33,30H10.
†Key words and phrases: Hardy space, Zygmund-type space, generalized integration operator.
‡Corresponding author. Email: minliu@jsnu.edu.cn
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Products of generalized integration operators 2

With the norm ‖f‖Zµ = |f(0)| + |f ′(0)| + sup
z∈D

µ(z)|f ′′(z)|, it becomes a Banach space. The

little Zygmund-type space Zµ,0 is a subspace of Zµ consisting of those f ∈ Zµ such that

lim
|z|→1

µ(z)|f ′′(z)| = 0.

When µ(z) = (1− |z|2), the Zygmund-type space becomes the Zygmund space Z ([7]), while
the little Zygmund-type space Zµ,0 becomes the little Zygmund space Z0.

Let ϕ be an analytic self-map of D, then the composition operator on H(D) is given by

Cϕf = f ◦ ϕ.

Composition operators acting on various spaces of analytic functions have been the object
for recent years, especially the problems of relating operator-theoretic properties of Cϕ to
function the theoretic properties of ϕ. See the book of Cowen and MacCluer ([3]) and Shapiro
([12]) for discussions of composition operators on classical spaces of analytic functions.

Assume that g : D → C is a holomorphic map of the unit disk D, for f ∈ H(D), define

Igf(z) =

∫ z

0
f(ζ)g′(ζ)dζ, z ∈ D.

This operator is called Riemann-Stieltjes operator (or Extended-Cesàro operator). Ch. Pom-
merenke ([11]) initiated the study of Riemann-Stieltjes operator Ig on H2 , where he showed
that Ig is bounded on H2 if and only if g is in BMOA. This was extended to other Hardy
spaces Hp (1 ≤ p < ∞) in [1] and [2] where compactness of Ig on Hp and Schatten class
membership of Ig on H2 was also completely characterized in terms of the symbol g.

In this paper, we consider an integration operator I
(n)
g,ϕ which is defined as

I(n)
g,ϕf(z) =

∫ z

0
f (n)(ϕ(ζ))g(ζ)dζ, z ∈ D.

This operator is called the generalized integration operator, which was introduced in [13] and

studied in [6, 13, 14, 20]. Also, the operator I
(n)
g,ϕ is a generalization of the Riemann- Stieltjes

operator Ig induced by g. In fact, the operator I
(n)
g,ϕ can induce many known operators.

For example, when n = 1, I
(n)
g,ϕ reduces to an integration operator recently studied by S.

Stević, S. Li, X. Zhu and W. Yang in [8, 15, 19]. When n = 1 and g(z) = ϕ′(z), we
obtain the composition operator Cϕ defined as Cϕf = f ◦ ϕ + f(ϕ(0)), f ∈ H(D). Let
D be the differentiation operator, n = m + 1 and g(z) = ϕ′(z), then we get the operator
CϕD

mf(z) = f (m)(ϕ(z)) − f (m)(ϕ(0)) which was studied in [10, 18].
In [13], S. D. Sharma and A. Sharmat have characterized the boundedness and compact-

ness of generalized integration operators I
(n)
g,ϕ from Bloch type spaces to weighted BMOA

spaces by using logarithmic Carleson measure characterization of the weighted BMOA spaces.
In [20], X. Zhu characterized the boundedness and compactness of generalized integration op-
erators from H∞ to Zygmund-type spaces. In [6], Z. He and G. Cao have characterized the
boundedness and compactness of generalized integration operators between Bloch-type spaces
and F (p, q, s) spaces. Motivated by the results [6, 13, 14, 20], this paper is devoted to inves-
tigating the boundedness and compactness of generalized integration operators from Hardy
spaces Hp (0 < p < ∞) to Zygmund-type spaces.

Through out this paper, we will use the letter C to denote a generic positive constant
that can change its value at each occurrence.
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2 Auxiliary results

Here we quote some auxiliary results which will be used in the proofs of the main results in
this paper.

Lemma 2.1 ([4]) For p > 1, there exists a constant C(p) such that

∫ 2π

0

dθ

|1 − z|p
≤

C(p)

(1 − |z|2)p−1 , for every z ∈ D.

Lemma 2.2 ([4, 5, 16]) Suppose that 0 < p < ∞, f ∈ Hp, then

∣

∣

∣
f (n)(z)

∣

∣

∣
≤ C

‖ f ‖p

(1 − |z|2)1/p+n
,

for every z ∈ D and all nonnegative n = 0, 1, 2, · · · .

The following criterion for the compactness is a useful tool and it follows from standard
arguments, for example, [3, Proposition 3.11].

Lemma 2.3 Assume that n be a nonnegative integer and ϕ be a holomorphic self-map of

D, 0 < p < ∞, µ be a weight. Then I
(n)
g,ϕ : Hp → Zµ is compact if and only if I

(n)
g,ϕ : Hp → Zµ

is bounded and for any bounded sequence {fk} in Hp which converges to zero uniformly on

compact subsets of D as k → ∞, we have ‖I
(n)
g,ϕfk‖Zµ → 0 as k → ∞.

The following lemma was proved in [7] similar to the corresponding lemma in [9].

Lemma 2.4 A closed set K in Zµ,0 is compact if and only if K is bounded and satisfies

lim
|z|→1

lim
f∈K

µ(z)|f ′′(z)| = 0.

Lemma 2.5 Assume that 0 < p < ∞, then for a, b > 0

(a + b)p ≤ C (ap + bp) .

3 Boundedness and compactness of I
(n)
g,ϕ from Hp (0 < p < ∞)

spaces to Zygmund-type spaces

In this section, we study the boundedness and compactness of I
(n)
g,ϕ : Hp → Zµ.

Theorem 3.1. Let g ∈ H(D), n be a nonnegative integer and ϕ be a holomorphic self-map

of D, 0 < p < ∞, µ be a weight. Then I
(n)
g,ϕ : Hp → Zµ is bounded if and only if the following

conditions are satisfied

sup
z∈D

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

< ∞, (3.1)
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sup
z∈D

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

< ∞. (3.2)

Proof. Assume that (3.1) and (3.2) hold. Then for every z ∈ D and f ∈ Hp, by Lemma
2.2 we have

µ(z)
∣

∣

∣
(I(n)

g,ϕf)′′(z)
∣

∣

∣

= µ(z)
∣

∣

∣
f (n+1)(ϕ(z))ϕ′(z)g(z) + f (n)(ϕ(z))g′(z)

∣

∣

∣

≤ µ(z)|g(z)ϕ′(z)||f (n+1)(ϕ(z))| + µ(z)|g′(z)||f (n)(ϕ(z))|

≤ C‖f‖p
µ(z)|g(z)ϕ′(z)|

(1 − |ϕ(z)|2)1/p+n+1
+ C‖f‖p

µ(z)|g′(z)|

(1 − |ϕ(z)|2)1/p+n
< ∞, (3.3)

On the other hand , we have
|(I(n)

g,ϕf)(0)| = 0 (3.4)

and

|(I(n)
g,ϕf)′(0)| = |f (n)(ϕ(0))g(0)| ≤ C

|g(0)|

(1 − |ϕ(0)|2)1/p+n
‖f‖p. (3.5)

Applying conditions (3.3), (3.4) and (3.5), we deduce that the operator I
(n)
g,ϕ : Hp → Zµ is

bounded.
Conversely we suppose that I

(n)
g,ϕ : Hp → Zµ is bounded, that is there exists a constant C

such that
‖I(n)

g,ϕf‖Zµ ≤ C‖f‖p

for all f ∈ Hp. For f(z) = zn

n! ∈ Hp, we have that

sup
z∈D

µ(z)|g′(z)| < ∞. (3.6)

Let f(z) = zn+1

(n+1)! ∈ Hp, we have that

sup
z∈D

µ(z)|ϕ′(z)g(z) + ϕ(z)g′(z)| < ∞. (3.7)

By (3.6), (3.7) and the boundedness of the function ϕ(z), we get

sup
z∈D

µ(z)|g(z)ϕ′(z)| < ∞. (3.8)

For a fixed ω ∈ D, set

fω(z) = (1/p + n + 2)
1 − |ϕ(ω)|2

(1 − zϕ(ω))1/p+1
− (1/p + 1)

(1 − |ϕ(ω)|2)2

(1 − zϕ(ω))1/p+2
. (3.9)
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From Lemma 2.1 and Lemma 2.5 we have

‖fω‖p = sup
0≤r<1

(

1

2π

∫ 2π

0
|fω(reiθ)|p

)1/p

≤ C sup
0≤r<1

(

1

2π

∫ 2π

0

∣

∣

∣

∣

∣

(1/p + n + 2)
1 − |ϕ(ω)|2

(1 − ϕ(ω)reiθ)1/p+1

∣

∣

∣

∣

∣

p)1/p

+C sup
0≤r<1

(

1

2π

∫ 2π

0

∣

∣

∣

∣

∣

(1/p + 1)
(1 − |ϕ(ω)|2)2

(1 − ϕ(ω)reiθ)1/p+2

∣

∣

∣

∣

∣

p)1/p

≤ C sup
0≤r<1

(

(1 − |ϕ(ω)|2)p
1

2π

∫ 2π

0

1

|1 − ϕ(ω)reiθ|p+1

)1/p

+C sup
0≤r<1

(

(1 − |ϕ(ω)|2)2p 1

2π

∫ 2π

0

1

|1 − ϕ(ω)reiθ|2p+1

)1/p

≤ C

(

(1 − |ϕ(ω)|2)p
C(p)

(1 − |ϕ(ω)|2)p

)1/p

+ C

(

(1 − |ϕ(ω)|2)2p C(p)

(1 − |ϕ(ω)|2)2p

)1/p

≤ C,

hence fω ∈ Hp and sup
ω∈D

‖fω‖p ≤ C < ∞.

On the other hand we get that

f
(n)
ω (z) =



(1/p + n + 2)

n
∏

j=1

(1/p + j)





(1 − |ϕ(ω)|2)ϕ(ω)
n

(1 − zϕ(ω))1/p+n+1

−



(1/p + 1)
n+1
∏

j=2

(1/p + j)





(1 − |ϕ(ω)|2)2ϕ(ω)
n

(1 − zϕ(ω))1/p+n+2
, (3.10)

f
(n+1)
ω (z) =



(1/p + n + 2)
n+1
∏

j=1

(1/p + j)





(1 − |ϕ(ω)|2)ϕ(ω)
n+1

(1 − zϕ(ω))1/p+n+2

−



(1/p + 1)

n+2
∏

j=2

(1/p + j)





(1 − |ϕ(ω)|2)2ϕ(ω)
n+1

(1 − zϕ(ω))1/p+n+3
. (3.11)

From (3.10) and (3.11), we have f
(n+1)
ω (ϕ(ω)) = 0 and

f (n)
ω (ϕ(ω)) =





n
∏

j=1

(1/p + j)





ϕ(ω)
n

(1 − |ϕ(ω)|2)1/p+n
.
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Hence

C ≥ ‖I(n)
g,ϕfω‖Zµ

≥ sup
z∈D

µ(z)
∣

∣

∣(I(n)
g,ϕfω)′′(z)

∣

∣

∣

≥ sup
z∈D

µ(z)
∣

∣

∣
f (n+1)

ω (ϕ(z))ϕ′(z)g(z) + f (n)
ω (ϕ(z))g′(z)

∣

∣

∣

≥ µ(|ω|)
∣

∣

∣
f (n+1)

ω (ϕ(ω))ϕ′(ω)g(ω) + f (n)
ω (ϕ(ω))g′(ω)

∣

∣

∣

=





n
∏

j=1

(1/p + j)





µ(|ω|)|g′(ω)||ϕ(ω)|n
(

1 − |ϕ(ω)|2
)1/p+n

. (3.12)

By (3.12), we have

sup
1

2
<|ϕ(ω)|<1

µ(|ω|)|g′(ω)|

(1−|ϕ(ω)|2)
1/p+n ≤ 2n sup

1

2
<|ϕ(ω)|<1





n
∏

j=1

(1/p + j)





µ(|ω|)|g′(ω)||ϕ(ω)|n
(

1 − |ϕ(ω)|2
)1/p+n

≤ 2n sup
ω∈D





n
∏

j=1

(1/p + j)





µ(|ω|)|g′(ω)||ϕ(ω)|n
(

1 − |ϕ(ω)|2
)1/p+n

≤ C < ∞. (3.13)

And from (3.6), we obtain that

sup
|ϕ(ω)|≤ 1

2

µ(|ω|)|g′(ω)|

(1−|ϕ(ω)|2)
1/p+n ≤ (

4

3
)1/p+n sup

|ϕ(ω)|≤ 1

2

µ(|ω|)|g′(ω)

≤ (
4

3
)1/p+n sup

ω∈D

µ(|ω|)|g′(ω)| ≤ C < ∞. (3.14)

Thus combing (3.13) with (3.14) we get the condition (3.1).
For a fixed ω ∈ D, set

hω(z) = (1/p + n + 1)
1 − |ϕ(ω)|2

(1 − zϕ(ω))1/p+1
− (1/p + 1)

(1 − |ϕ(ω)|2)2

(1 − zϕ(ω))1/p+2
, (3.15)

we get that

h
(n)
ω (z) =



(1/p + n + 1)

n
∏

j=1

(1/p + j)





(1 − |ϕ(ω)|2)ϕ(ω)
n

(1 − zϕ(ω))1/p+n+1

−



(1/p + 1)

n+1
∏

j=2

(1/p + j)





(1 − |ϕ(ω)|2)2ϕ(ω)
n

(1 − zϕ(ω))1/p+n+2
, (3.16)

h
(n+1)
ω (z) =



(1/p + n + 1)

n+1
∏

j=1

(1/p + j)





(1 − |ϕ(ω)|2)ϕ(ω)
n+1

(1 − zϕ(ω))1/p+n+2

−



(1/p + 1)
n+2
∏

j=2

(1/p + j)





(1 − |ϕ(ω)|2)2ϕ(ω)
n+1

(1 − zϕ(ω))1/p+n+3
. (3.17)
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From Lemma 2.1 and Lemma 2.5 we obtain that hω ∈ Hp and sup
ω∈D

‖hω‖p ≤ C < ∞ with a

direct calculation. From (3.16) and (3.17), we have h
(n)
ω (ϕ(ω)) = 0 and

h(n+1)
ω (ϕ(ω)) = −





n+1
∏

j=1

(1/p + j)





ϕ(ω)
n+1

(1 − |ϕ(ω)|2)1/p+n+1
.

Hence

C ≥ ‖I(n)
g,ϕhω‖Zµ

≥ sup
z∈D

µ(z)
∣

∣

∣(I(n)
g,ϕhω)′′(z)

∣

∣

∣

≥ sup
z∈D

µ(z)
∣

∣

∣
h(n+1)

ω (ϕ(z))ϕ′(z)g(z) + h(n)
ω (ϕ(z))g′(z)

∣

∣

∣

≥ µ(|ω|)
∣

∣

∣h(n+1)
ω (ϕ(ω))ϕ′(ω)g(ω) + h(n)

ω (ϕ(ω))g′(ω)
∣

∣

∣

=





n+1
∏

j=1

(1/p + j)





µ(|ω|)|g(ω)ϕ′(ω)||ϕ(ω)|n+1

(

1 − |ϕ(ω)|2
)1/p+n+1

. (3.18)

By (3.18), we have

sup
1

2
<|ϕ(ω)|<1

µ(|ω|)|g(ω)ϕ′(ω)|
(

1 − |ϕ(ω)|2
)1/p+n+1

≤ 2n+1 sup
1

2
<|ϕ(ω)|<1





n+1
∏

j=1

(1/p + j)





µ(|ω|)|g(ω)ϕ′(ω)||ϕ(ω)|n+1

(

1 − |ϕ(ω)|2
)1/p+n+1

≤ 2n+1 sup
ω∈D





n+1
∏

j=1

(1/p + j)





µ(|ω|)|g(ω)ϕ′(ω)||ϕ(ω)|n+1

(

1 − |ϕ(ω)|2
)1/p+n+1

≤ C < ∞. (3.19)

And from (3.8), we obtain that

sup
|ϕ(ω)|≤ 1

2

µ(|ω|)|g(ω)ϕ′(ω)|
(

1 − |ϕ(ω)|2
)1/p+n+1

≤ (
4

3
)1/p+n+1 sup

|ϕ(ω)|≤ 1

2

µ(|ω|)|g(ω)ϕ′(ω)|

≤ (
4

3
)1/p+n+1 sup

ω∈D

µ(|ω|)|g(ω)ϕ′(ω)|

≤ C < ∞. (3.20)

Thus combing (3.19) with (3.20) we get the condition (3.2).

Theorem 3.2. Let g ∈ H(D), n be a nonnegative integer and ϕ be a holomorphic self-map

of D, 0 < p < ∞, µ be a weight. Then I
(n)
g,ϕ : Hp → Zµ is compact if and only if the following

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

1010 Huiying Qu et al 1004-1016



Yo
ng
mi
n 
Li
u

Products of generalized integration operators 8

conditions are satisfied,

M1 := sup
z∈D

µ(z)|g′(z)| < ∞, (3.21)

M2 := sup
z∈D

µ(z)|g(z)ϕ′(z)| < ∞, (3.22)

lim
|ϕ(z)|→1

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

= 0 (3.23)

and

lim
|ϕ(z)|→1

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

= 0. (3.24)

Proof. Assume that (3.21), (3.22), (3.23), and (3.24) hold. From (3.21) and (3.23) it is

easy to see that (3.1) hold and from (3.22), (3.24) we get (3.2) hold. Hence I
(n)
g,ϕ : Hp → Zµ is

bounded, by Theorem 3.1. For any bounded sequence {fk} in Hp with fk → 0 uniformly on
compact subsets of D. To establish the assertion, it suffices, in view of Lemma 2.3, to show
that

‖I(n)
g,ϕfk‖Zµ → 0, as k → ∞.

We assume that ‖fk‖p ≤ 1. From (3.23) and (3.24) we have for any ε > 0, there exists
ρ ∈ (0, 1), when ρ < |ϕ(z)| < 1, such that

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

< ε, (3.25)

and
µ(z)|g(z)ϕ′(z)|

(

1 − |ϕ(z)|2
)1/p+n+1

< ε. (3.26)

Since fk → 0 uniformly on compact subsets of D, Cauchy,s estimate gives that f
(n)
k , f

(n+1)
k

converges to 0 uniformly on compact subsets of D. There exists a K0 ∈ N such that when
k > K0, from (3.21), (3.22) and Lemma 2.2, we have

|(I(n)
g,ϕfk)(0)| + |(I(n)

g,ϕfk)
′(0)| + sup

|ϕ(z)|≤ρ
µ(z)|(I(n)

g,ϕfk)
′′(z)|

≤ |f
(n)
k (ϕ(0))||g(0)| + sup

|ϕ(z)|≤ρ
µ(z)|g(z)ϕ′(z)||f

(n+1)
k (ϕ(z))|

+ sup
|ϕ(z)|≤ρ

µ(z)|g′(z)||f
(n)
k (ϕ(z))|

≤ |f
(n)
k (ϕ(0))||g(0)| + M2 sup

|ϕ(z)|≤ρ
|f

(n+1)
k (ϕ(z))| + M1 sup

|ϕ(z)|≤ρ
|f

(n)
k (ϕ(z))|

< Cε. (3.27)
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From (3.25), (3.26), (3.27) and Lemma 2.2 we have

‖I
(n)
g,ϕfk‖Zµ =

∣

∣

∣
(I(n)

g,ϕfk)(0)
∣

∣

∣
+
∣

∣

∣
(I(n)

g,ϕfk)
′(0)
∣

∣

∣
+ sup

z∈D

µ(z)
∣

∣

∣
(I(n)

g,ϕfk)
′′

(z)
∣

∣

∣

≤

(

∣

∣

∣I(n)
g,ϕfk)(0)

∣

∣

∣ +
∣

∣

∣(I(n)
g,ϕfk)

′(0)
∣

∣

∣ + sup
{z∈D: |ϕ(z)|≤ρ}

µ(z)
∣

∣

∣(I(n)
g,ϕfk)

′′

(z)
∣

∣

∣

)

+ sup
{z∈D: ρ<|ϕ(z)|<1}

µ(z)
∣

∣

∣
(I(n)

g,ϕfk)
′′

(z)
∣

∣

∣

< Cε + sup
{z∈D: ρ<|ϕ(z)|<1}

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

C‖f‖p

+ sup
{z∈D: ρ<|ϕ(z)|<1}

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

C‖f‖p

< Cε + Cε + Cε

= 3Cε, (3.28)

when K > K0. It follows that the operator I
(n)
g,ϕ : Hp → Zµ is compact.

Conversely. Assume that I
(n)
g,ϕ : Hp → Zµ is compact. Then it is clear that I

(n)
g,ϕ : Hp → Zµ

is bounded, and hence (3.21) and (3.22) hold from the proof of Theorem 3.1. Let {zk} be a
sequence in D such that |ϕ(zk)| → 1 as k → ∞.

We can use the test functions

fk(z) = fzk
(z) = (1/p + n + 2)

1 − |ϕ(zk)|2

(1 − zϕ(zk))1/p+1
− (1/p + 1)

(1 − |ϕ(zk)|2)2

(1 − zϕ(zk))1/p+2
.

By a direct calculation, we may easily prove that fk converges to 0 uniformly on compact
subsets of D and sup

k∈N

‖fk‖p ≤ C < ∞. Then fk is a bounded sequence in Hp which converges

to 0 uniformly on compact subsets of D. By Lemma 2.3, we have

lim
k→∞

‖I(n)
g,ϕfk‖Zµ = 0. (3.29)

Note that f
(n+1)
k (ϕ(zk)) = 0,

f
(n)
k (ϕ(zk)) =





n
∏

j=1

(1/p + j)





ϕ(zk)
n

(1 − |ϕ(zk)|2)1/p+n
.

From (3.12) and using the compactness of I
(n)
g,ϕ : Hp → Zµ we obtain





n
∏

j=1

(1/p + j)





µ(|zk|)|g
′(zk)||ϕ(zk)|n

(

1 − |ϕ(zk)|
2
)1/p+n

≤ ‖I(n)
g,ϕfk‖Zµ → 0 , as k → ∞. (3.30)

From (3.30) and |ϕ(zk)| → 1, it follows that

lim
k→∞

µ(|zk|)|g
′(zk)|

(

1 − |ϕ(zk)|2
)1/p+n

= 0,
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and consequently (3.23) holds.
Next, let

hk(z) = hzk
(z) = (1/p + n + 1)

1 − |ϕ(zk)|2

(1 − zϕ(zk))1/p+1
− (1/p + 1)

(1 − |ϕ(zk)|2)2

(1 − zϕ(zk))1/p+2
.

By a direct calculation, we obtain that hk ⇉ 0 on compact subsets of D and sup
k∈N

‖hk‖p ≤

C < ∞. Then hk is a bounded sequence in Hp which converges to 0 uniformly on compact
subsets of D. By Lemma 2.3, we have

lim
k→∞

‖I(n)
g,ϕhk‖Zµ = 0. (3.31)

Note that

h
(n+1)
k (ϕ(zk)) = −





n+1
∏

j=1

(1/p + j)





ϕ(zk)
n+1

(1 − |ϕ(zk)|2)1/p+n+1
, h

(n)
k (ϕ(zk)) = 0.

From (3.18) and using the compactness of I
(n)
g,ϕ : Hp → Zµ we obtain





n+1
∏

j=1

(1/p + j)





µ(|zk|) |g(zk)ϕ′(zk)| |ϕ(zk)|n+1

(

1 − |ϕ(zk)|2
)1/p+n+1

≤ ‖I(n)
g,ϕhk‖Zµ → 0 , as k → ∞. (3.32)

|ϕ(zk)| → 1 implies that

lim
k→∞

µ(|zk|) |g(zk)ϕ′(zk)|
(

1 − |ϕ(zk)|2
)1/p+n+1

= 0,

(3.24) holds.

Theorem 3.3. Let g ∈ H(D), n be a nonnegative integer and ϕ be a holomorphic self-

map of D, 0 < p < ∞, µ be a weight. Then I
(n)
g,ϕ : Hp → Zµ,0 is compact if and only if the

following conditions are satisfied,

lim
|z|→1

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

= 0 (3.33)

and

lim
|z|→1

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

= 0. (3.34)

Proof. Suppose that (3.33) and (3.34) hold. It is clear that (3.1)and (3.2) hold. by

Theorem 3.1 we have I
(n)
g,ϕ : Hp → Zµ is bounded. On the other hand for any f ∈ Hp we have

µ(z)
∣

∣

∣(I(n)
g,ϕf)′′(z)

∣

∣

∣

= µ(z)
∣

∣

∣
f (n+1)(ϕ(z))ϕ′(z)g(z) + f (n)(ϕ(z))g′(z)

∣

∣

∣

≤ µ(z)|g(z)ϕ′(z)||f (n+1)(ϕ(z))| + µ(z)|g′(z)||f (n)(ϕ(z))|

≤ C‖f‖p
µ(z)|g(z)ϕ′(z)|

(1 − |ϕ(z)|2)1/p+n+1
+ C‖f‖p

µ(z)|g′(z)|

(1 − |ϕ(z)|2)1/p+n
→ 0 , as |z| → 1. (3.35)
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it follows that I
(n)
g,ϕf ∈ Zµ,0. Hence I

(n)
g,ϕ : Hp → Zµ,0 is bounded. Taking the supremum in

inequality (3.35) over all f ∈ Hp such that ‖f‖p ≤ 1 and letting |z| → 1, yields

lim
|z|→1

sup
‖f‖p≤1

µ(z)
∣

∣

∣(I(n)
g,ϕf)′′(z)

∣

∣

∣ = 0.

Hence, by Lemma 2.4 we see that the operator I
(n)
g,ϕ : Hp → Zµ,0 is compact.

Now Assume that I
(n)
g,ϕ : Hp → Zµ,0 is compact. Firstly, it is obvious I

(n)
g,ϕ : Hp → Zµ,0 is

bounded. By Theorem 3.1 taking function f(z) = zn

n! ∈ Hp, we have that

lim
|z|→1

µ(z)|g′(z)| = 0. (3.36)

Let f(z) = zn+1

(n+1)! ∈ Hp, we have that

lim
|z|→1

µ(z)|ϕ′(z)g(z) + ϕ(z)g′(z)| = 0. (3.37)

By (3.36), (3.37) and the boundedness of the function ϕ(z), we get

lim
|z|→1

µ(z)|g(z)ϕ′(z)| = 0. (3.38)

Since I
(n)
g,ϕ : Hp → Zµ is compact, by Theorem 3.2 we have (3.23) and (3.24) hold.

It from (3.23) follows that for every ε > 0, there exists δ ∈ (0, 1) such that

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

< ε, (3.39)

when δ < |ϕ(z)| < 1. Using (3.26) we see that there exists τ ∈ (0, 1) such that

µ(z)|g′(z)| ≤ ε inf
t∈[0,δ]

(1 − t2)1/p+n, (3.40)

when τ < |z| < 1. Therefore when τ < |z| < 1 and δ < |ϕ(z)| < 1, by (3.39), we have

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

< ε. (3.41)

On the other hand, when τ < |z| < 1 and |ϕ(z)| ≤ δ, by (3.40), we obtain

µ(z)|g′(z)|
(

1 − |ϕ(z)|2
)1/p+n

≤
µ(z)|g′(z)|

inf
t∈[0,δ]

(1 − t)1/p+n
< ε. (3.42)

From (3.41) and (3.42) we have

lim
|z|→1

µ(z)|g(z)|
(

1 − |ϕ(z)|2
)1/p+n

= 0,

thus (3.33) holds.
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From (3.24), it follows that for every ε > 0, there exists γ ∈ (0, 1) such that

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

< ε, (3.43)

when γ < |ϕ(z)| < 1. Using (3.38) we see that there exists η ∈ (0, 1) such that

µ(z)|g(z)ϕ′(z)| ≤ ε inf
t∈[0,γ]

(1 − t2)1/p+n+1, (3.44)

when η < |z| < 1. Therefore when η < |z| < 1 and γ < |ϕ(z)| < 1, by (3.43), we have

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

< ε. (3.45)

On the other hand, when η < |z| < 1 and |ϕ(z)| ≤ γ, by (3.44), we obtain

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

≤
µ(z)|g(z)ϕ′(z)|

inf
t∈[0,γ]

(1 − t)1/p+n+1
< ε. (3.46)

From (3.45), (3.46) we have

lim
|z|→1

µ(z)|g(z)ϕ′(z)|
(

1 − |ϕ(z)|2
)1/p+n+1

= 0,

we obtain (3.34) holds, the proof is completed.
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Abstract. In this paper, we introduce a new kind of modification of Durrmeyer
type q-Baskakov operators which preserve x2 based on the concept of q-integer. We
investigate the moments and central moments of the operators by computation, obtain
a local approximation theorem and also get the pointwise convergence rate theorem and
a weighted approximation theorem.
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1 Introduction

In recent years, the applications of q-integers in the approximation theory is one of
the main area of research. After q-Bernstein polynomials were introduced by Phillips [12]
in 1997, many researchers have studied in this field, we mention some of them as [2]-[4],
[11]-[16].

In 2010, Aral and Gupta [2] introduced the Durrmeyer type q-Baskakov operators as

D∗
n,q(f ;x) = [n− 1]q

∞∑

k=0

p∗n,k(q;x)
∫ ∞/A

0
p∗n,k(q; t)f(t)dqt, (1)

where, p∗n,k(q;x) =

[
n + k − 1

k

]

q

q
k2

2
xk

(1+x)n+k
q

for every n ∈ N, q ∈ (0, 1), x ∈ [0,∞)

and for every real valued continuous and bounded function f on [0,∞). Apparently, these
operators reproduce only constant functions. In 2012, Cai and Zeng [3] introduced a new

∗Corresponding author.
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modification of Durrmeyer type q-Baskakov operators D̃n,q as follows:

D̃n,q(f ;x) = [n− 1]q
∞∑

k=1

p̃n,k(q; t)f(t)dqt +
[n]q + (1 + x)n

q − 1
[n]q(1 + x)n

q

f(0), (2)

where, p̃n,k(q;x) =

[
n + k − 1

k

]

q

q
2k2+1

4
xk

(1+x)n+k
q

, which reproduce not only constant

functions but also linear functions. They establish direct and local approximation the-
orems of operators D̃n,q and obtain the estimates on the rate of convergence and weighted
approximation properties.

Since the types of operators which preserve linear functions and preserve x2 are impor-
tant in approximation theory, in the present paper, we will introduce a new modification
of Durrmeyer type q-Baskakov operators which will be defined by equality (6). The ad-
vantage of these new operators is that they reproduce not only constant functions but also
x2.

Firstly, we recall some concepts of q-calculus. All of the results can be found in [8, 10].
For any fixed real number 0 < q ≤ 1 and each nonnegative integer k, we denote q-integers
by [k]q, where

[k]q =

{
1−qk

1−q , q 6= 1;
k, q = 1.

Also q-factorial and q-binomial coefficients are defined as follows:

[k]q! =

{
[k]q[k − 1]q...[1]q, k = 1, 2, ...;

1, k = 0,

and [
n

k

]

q

=
[n]q!

[k]q![n− k]q!
, (n ≥ k ≥ 0).

The q-Jackson integrals and the q-improper integrals are defined as (see [9, 11])

∫ a

0
f(x)dqx = (1− q)a

∞∑

n=0

f(aqn)qn, a > 0,

and ∫ ∞/A

0
f(x)dqx = (1− q)

∞∑
−∞

f

(
qn

A

)
qn

A
, A > 0, (3)

provided the sums converge absolutely.
The q-analog Eq(x) of the exponential function is given as

Eq(x) =
∞∑

k=0

qk(k−1)/2 xk

[k]q!
= (1 + (1− q)x)∞q , |q| < 1,
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where

(1 + x)∞q =
∞∏

j=0

(1 + qjx).

The q-Gamma integral is defined as (see [11])

Γq(t) =
∫ 1

1−q

0
xt−1Eq(−qx)dqx, t > 0,

which satisfies the following functional equations:

Γq(t + 1) = [t]qΓq(t), Γq(1) = 1.

The q-Beta integral is defined as

Bq(t; s) = K(A; t)
∫ ∞/A

0

xt−1

(1 + x)t+s
q

dqx, (4)

where K(x; t)= 1
x+1xt

(
1 + 1

x

)t

q
(1 + x)1−t

q and (1 + x)τ
q = (1 + x)(1 + qx)...(1 + qτ−1x), τ >

0 (τ = t + s).
In particular for any positive integer n

K(x;n) = q
n(n−1)

2 , K(x; 0) = 1 and Bq(t; s) =
Γq(t)Γq(s)
Γq(t + s)

, (5)

(see [4]).
For f ∈ C[0,∞), q ∈ (0, 1) and n ∈ N, we introduce the new modification of the Durrmeyer
type q-Baskakov operators Dn,q(f, x) as

Dn,q(f ;x) = [n− 1]q
∞∑

k=2

pn,k(q;x)
∫ ∞/A

0
pn+2,k−2(q; t)f(t)dqt

+
q2[n− 1]q (1 + [n + 1]qx) + [2]q(1 + x)n+1

q

[n + 1]qq(1 + x)n+1
q

f(0), (6)

where

pn,k(q;x) =

[
n + k − 1

k

]

q

q
k2+1

2
xk

(1 + x)n+k
q

. (7)

2 Some Preliminary Results

In this section we give the following lemmas, which are need to prove our theorems:

Lemma 2.1. The following equalities hold:

Dn,q(1;x) = 1, (8)

Dn,q(t;x) = x−
[
q2[n− 1]q + [2]q(1 + x)n+1

q

]
x

[n + 1]q(1 + x)n+1
q

− q2[n− 1]q
[n + 1]q[n]q

[
1− 1 + [n + 1]qx

(1 + x)n+1
q

]
(9)

.= x−An,q(x)−Bn,q(x), (10)

Dn,q(t2;x) = x2. (11)
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Proof. Since

[n− 1]q
∞∑

k=2

pn,k(q;x)
∫ ∞/A

0
pn+2,k−2(q; t)dqt

= [n− 1]q
∞∑

k=2

pn,k(q;x)

[
n + k − 1

k − 2

]

q

q
(k−2)2+1

2

∫ ∞/A

0

tk−2

(1 + t)n+k
q

dqt

= [n− 1]q
∞∑

k=2

pn,k(q;x)

[
n + k − 1

k − 2

]

q

q
k2−4k+5

2
Bq(k − 1;n + 1)

K(A; k − 1)

= [n− 1]q
∞∑

k=2

pn,k(q;x)
[n + k − 1]q!

[k − 2]q![n + 1]q!
q

k2−4k+5
2

[k − 2]q![n]q!

[n + k − 1]q!q
(k−1)(k−2)

2

=
q2[n− 1]q
[n + 1]q

∞∑

k=2

[
n + k − 1

k

]

q

q
k(k−1)

2
xk

(1 + x)n+k
q

.

by Euler’s identity (see [1], Chap. 10, Coroll. 10.2.2), it is clear that

∞∑

k=0

[
n + k − 1

k

]

q

q
k(k−1)

2
xk

(1 + x)n+k
q

= 1,

and using q2[n−1]q
[n+1]q

= 1− [2]q
[n+1]q

, we obtain

Dn,q(1;x)

=
(

1− [2]q
[n + 1]q

)(
1− 1

(1 + x)n
q

− [n]qx
(1 + x)n+1

q

)
+

q2[n− 1]q (1 + [n + 1]qx) [2]q(1 + x)n+1
q

[n + 1]q(1 + x)n+1
q

= 1.

Similarly, we have

Dn,q(t;x) = [n− 1]q
∞∑

k=2

pn,k(q, x)
∫ ∞/A

0
pn+2,k−2(q, t)tdqt

= [n− 1]q
∞∑

k=2

pn,k(q, x)

[
n + k − 1

k − 2

]

q

q
k2−4k+5

2

∫ ∞/A

0

tk−1

(1 + t)n+k
q

dqt

= [n− 1]q
∞∑

k=2

pn,k(q, x)

[
n + k − 1

k − 2

]

q

q
k2−4k+5

2
Bq(k, n)
K(A, k)

= [n− 1]q
∞∑

k=2

pn,k(q, x)
[n + k − 1]q!

[k − 2]q![n + 1]q!
q

k2−4k+5
2

[k − 1]q![n− 1]q!

[n + k − 1]q!q
k(k−1)

2

=
∞∑

k=2

[n + k − 1]q!
[k]q![n− 1]q!

q
k2−3k+6

2
[k − 1]q[n− 1]q

[n + 1]q[n]q
xk

(1 + x)n+k
q

,
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since [k − 1]q = [k]q − qk−1, we get

Dn,q(t; x) =
∞∑

k=2

[n + k − 1]q!
[k]q![n− 1]q!

q
k2−3k+6

2
[k]q[n− 1]q
[n + 1]q[n]q

xk

(1 + x)n+k
q

−
∞∑

k=2

[n + k − 1]q!
[k]q![n− 1]q!

q
k2−3k+6

2
qk−1[n− 1]q
[n + 1]q[n]q

xk

(1 + x)n+k
q

=
q2[n− 1]qx

[n + 1]q

∞∑

k=2

[
n + k

k

]

q

q
k(k−1)

2
xk

(1 + x)n+k+1
q

− q2[n− 1]q
[n + 1]q[n]q

∞∑

k=2

[
n + k − 1

k

]

q

q
k(k−1)

2
xk

(1 + x)n+k
q

=
q2[n− 1]qx

[n + 1]q

[
1− 1

(1 + x)n+1
q

]
− q2[n− 1]q

[n + 1]q[n]q

[
1− 1 + [n + 1]qx

(1 + x)n+1
q

]

= x−
[
q2[n− 1]q + [2]q(1 + x)n+1

q

]
x

[n + 1]q(1 + x)n+1
q

− q2[n− 1]q
[n + 1]q[n]q

[
1− 1 + [n + 1]qx

(1 + x)n+1
q

]
.

Finally,

Dn,q(t2;x) = [n− 1]q
∞∑

k=2

pn,k(q, x)
∫ ∞/A

0
pn+2,k−2(q, t)t2dqt

= [n− 1]q
∞∑

k=2

pn,k(q, x)

[
n + k − 1

k − 2

]

q

q
k2−4k+5

2

∫ ∞/A

0

tk

(1 + t)n+k
q

dqt

= [n− 1]q
∞∑

k=2

pn,k(q, x)

[
n + k − 1

k − 2

]

q

q
k2−4k+5

2
Bq(k + 1, n− 1)

K(A, k + 1)

= [n− 1]q
∞∑

k=2

pn,k(q, x)
[n + k − 1]q!

[k − 2]q![n + 1]q!
q

k2−4k+5
2

[k]q![n− 2]q!

[n + k − 1]q!q
k(k+1)

2

=
∞∑

k=2

pn,k(q;x)q
5−5k

2
[k]q[k − 1]q
[n]q[n + 1]q

=
∞∑

k=2

[n + k − 1]q!
[k − 2]q![n + 1]q!

q
(k−2)(k−3)

2
xk

(1 + x)n+k
q

=
∞∑

k=2

[
n + k − 1

k

]

q

q
k(k−1)

2
xk+2

(1 + x)n+k+2
q

= x2,

We obtain the desired result.

Remark 2.2. Let n ∈ N and x ∈ [0,∞), then for every q ∈ (0, 1), by Lemma 2.1, we have

Dn,q(1 + t2;x) = 1 + x2. (12)
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Lemma 2.3. For every q ∈ (0, 1) and x ∈ [0,∞), we have

Dn,q

(
(t− x)2;x

) ≤ 2x2

[
[2]q

[n + 1]q
+

q2[n− 1]q
[n + 1]q(1 + x)n+1

q

]
+

2q2[n− 1]qx
[n + 1]q[n]q

.= βn,q(x). (13)

Proof. Since Dn,q

(
(t− x)2;x

)
= Dn,q

(
t2;x

)− 2xDn,q(t;x) + x2 and Lemma 2.1, We have

Dn,q

(
(t− x)2;x

)

= 2x2 − 2x

{
x−

[
q2[n− 1]q + [2]q(1 + x)n+1

q

]
x

[n + 1]q(1 + x)n+1
q

− q2[n− 1]q
[n + 1]q[n]q

[
1− 1 + [n + 1]qx

(1 + x)n+1
q

]}

= 2x2

[
[2]q

[n + 1]q
+

q2[n− 1]q
[n + 1]q(1 + x)n+1

q

]
+

2q2[n− 1]qx
[n + 1]q[n]q

[
1− 1 + [n + 1]qx

(1 + x)n+1
q

]

≤ 2x2

[
[2]q

[n + 1]q
+

q2[n− 1]q
[n + 1]q(1 + x)n+1

q

]
+

2q2[n− 1]qx
[n + 1]q[n]q

.

Thus the result holds.

Remark 2.4. Let sequence q = {qn} satisfies qn ∈ (0, 1) and qn → 1 as n →∞, then for
any fixed x ∈ [0,∞), by Lemma 2.3, we have

lim
n→∞Dn,qn

(
(t− x)2;x

)
= 0. (14)

3 Local approximation

In this section we establish direct and local approximation theorems in connection with
the operators Dn,q(f ;x).
We denote the space of all real valued continuous bounded functions f defined on the
interval [0,∞) by CB[0,∞). The norm || · || on the space CB[0,∞) is given by ||f || =
sup {|f(x)| : x ∈ [0,∞)}.
Further let us consider Peetre’s K−functional:

K2(f ; δ) = inf
g∈W 2

{||f − g||+ δ||g′′||} ,

where δ > 0 and W 2 = {g ∈ CB[0,∞) : g′, g′′ ∈ CB[0,∞)}.
For f ∈ CB[0,∞), the modulus of continuity of second order is defined by

ω2 (f ; δ) = sup
0<h≤δ

sup
x∈[0,∞)

|f(x + 2h)− 2f(x + h) + f(x)|,

by [5, p.177] there exists an absolute constant C > 0 such that

K2(f ; δ) ≤ Cω2

(
f ;
√

δ
)

, δ > 0. (15)

For f ∈ CB[0,∞), the modulus of continuity is defined by

ω(f ; δ) = sup
0<h≤δ

sup
x∈[0,∞)

|f(x + h)− f(x)|.

Our first result is a direct local approximation theorem for the operators Dn,q(f ;x).
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Theorem 3.1. For q ∈ (0, 1), x ∈ [0,∞), n ∈ N and f ∈ CB[0,∞), we have

|Dn,q(f, x)−f(x)| ≤ Cω2

(
f ;

√
βn,q(x) + (An,q(x) + Bn,q(x))2

)
+ω (f ;An,q(x) + Bn,q(x)) ,

(16)
where C is a positive constant, βn,q(x), An,q(x) and Bn,q(x) are defined in (13), (9) and
(10).

Proof. For x ∈ (0,∞], we define the auxiliary operators Dn,q(f ;x)

Dn,q(f ;x) = Dn,q(f ;x)− f (x−An,q(x)−Bn,q(x)) + f(x), (17)

where, An,q(x) and Bn,q(x) are defined in (9) and (10). Obviously, we have

Dn,q(t− x;x) = 0. (18)

Let g ∈ W 2, by Taylor’s expansion, we have

g(t) = g(x) + g′(x)(t− x) +
∫ t

x
(t− u)g′′(u)du, x, t ∈ [0,∞).

Using (18), we get

Dn,q(g;x) = g(x) + Dn,q

(∫ t

x
(t− u)g′′(u)du;x

)
,

hence, we have

∣∣Dn,q(g;x)− g(x)
∣∣

=
∣∣∣∣Dn,q

(∫ t

x
(t− u)g′′(u)du;x

)∣∣∣∣ +

∣∣∣∣∣
∫ x

x−An,q(x)−Bn,q(x)
{u− [x−An,q(x)−Bn,q(x)]} g′′(u)du

∣∣∣∣∣

≤ Dn,q

(∣∣∣∣
∫ t

x
(t− u)|g′′(u)|du

∣∣∣∣ ;x
)

+
∫ x

x−An,q(x)−Bn,q(x)
|u− [x−An,q(x)−Bn,q(x)]| g′′(u)|du

≤
[
βn,q(x) + (An,q(x) + Bn,q(x))2

]
||g′′||,

where, βn,q(x), An,q(x) and Bn,q(x) are defined in (13), (9) and (10).
On the other hand, using (17), (15) and Lemma 2.1, we have

∣∣∣Dn,q(f ;x)
∣∣∣ ≤ |Dn,q(f ;x)|+ 2||f || ≤ ||f ||Dn,q(1;x) + 2||f || ≤ 3||f ||. (19)

Thus,

|Dn,q(f ;x)− f(x)|
≤ |Dn,q(f − g;x)− (f − g)(x)|+ |Dn,q(g;x)− g(x)|+ |f (x−An,q(x)−Bn,q(x))− f(x)|
≤ 4||f − g||+

{
βn,q(x) + [An,q(x) + Bn,q(x)]2

}
||g′′||+ |f (x−An,q(x)−Bn,q(x))− f(x)| .
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Hence taking infimum on the right hand side over all g ∈ W 2, we get

|Dn,q(f ;x)− f(x)| ≤ 4K2

(
f ;βn,q(x) + [An,q(x) + Bn,q(x)]2

)
+ ω (f ;An,q(x) + Bn,q(x)) .

By (15), for every q ∈ (0, 1), we have

|Dn,q(f, x)−f(x)| ≤ Cω2

(
f ;

√
βn,q(x) + [An,q(x) + Bn,q(x)]2

)
+ω (f ;An,q(x) + Bn,q(x)) ,

where, βn,q(x), An,q(x) and Bn,q(x) are defined in (13), (9) and (10). This completes the
proof of Theorem 3.1.

4 Rate of convergence

Let Bx2 [0,∞) be the set of all functions f defined on [0,∞) satisfying the condition
|f(x)| ≤ Mf (1+x2), where Mf is a constant depending only on f . We denote the subspace
of all continuous functions belonging to Bx2 [0,∞) by Cx2 [0,∞). Also, let C∗

x2 [0,∞) be
the subspace of all functions f ∈ Cx2 [0,∞), for which limx→∞

f(x)
1+x2 is finite. The norm on

C∗
x2 [0,∞) is ||f ||x2 = supx∈[0,∞)

|f(x)|
1+x2 . We denote the usual modulus of continuity of f on

the closed interval [0, a], (a > 0) by

ωa(f, δ) = sup
|t−x|≤δ

sup
x,t∈[0,a]

|f(t)− f(x)|.

Obviously, for function f ∈ Cx2 [0,∞), the modulus of continuity ωa(f, δ) tends to zero.

Theorem 4.1. Let f ∈ Cx2 [0,∞), q ∈ (0, 1) and ωa+1(f, δ) be the modulus of continuity
on the finite interval [0, a + 1] ⊂ [0,∞), where a > 0. Then we have

||Dn,q(f)− f ||C[0,a] ≤ 6Mf (1 + a2)βn,q(a) + 2ωa+1

(
f ;

√
βn,q(a)

)
, (20)

where, βn,q(a) is defined in (13).

Proof. For x ∈ [0, a] and t > a + 1, we have

|f(t)− f(x)| ≤ Mf (2 + x2 + t2) ≤ Mf [2 + 3x2 + 2(t− x)2],

hence, we obtain
|f(t)− f(x)| ≤ 6Mf (1 + a2)(t− x)2. (21)

For x ∈ [0, a] and t ≤ a + 1, we have

|f(t)− f(x)| ≤ ωa+1(f ; |t− x|) ≤
(

1 +
|t− x|

δ

)
ωa+1(f ; δ), δ > 0. (22)

From (21) and (22), we get

|f(t)− f(x)| ≤ 6Mf (1 + a2)(t− x)2 +
(

1 +
|t− x|

δ

)
ωa+1(f ; δ). (23)

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

1024 Qing-Bo Cai  1017-1026



DURRMEYER TYPE q-BASKAKOV OPERATORS WHICH PRESERVE x2

For x ∈ [0, a] and t ≥ 0, by Schwarz’s inequality and Lemma 2.3, we have

|Dn,q(f ;x)− f(x)|
≤ Dn,q(|f(t)− f(x)|;x)

≤ 6Mf (1 + a2)Dn,q((t− x)2;x) + ωa+1(f ; δ)
(

1 +
1
δ

√
Dn,q((t− x)2;x)

)

≤ 6Mf

(
1 + a2

)
βn,q(a) + ωa+1(f, δ)

(
1 +

1
δ

√
βn,q(a)

)
,

where, βn,q(a) is defined in (13). By taking δ =
√

βn,q(a), we get the assertion of Theorem
4.1.

5 Weighted approximation

Now we will discuss the weighted approximation theorems.

Theorem 5.1. Let the sequence q = {qn} satisfies 0 < qn < 1 and qn → 1 as n →∞, for
f ∈ C∗

x2 [0,∞), we have
lim

n→∞ ||Dn,qn(f)− f ||x2 = 0. (24)

Proof. By using the Korovkin theorem in [7], we see that it is sufficient to verify the
following three conditions

lim
n→∞ ||Dn,qn(tv;x)− xv||x2 , v = 0, 1, 2. (25)

Since Dn,qn(1;x) = 1 and Dn,qn(t2;x) = x2, (24) holds true for v = 0 and v = 2.
Finally, for v = 1, we have

||Dn,qn(t;x)− x||x2

= sup
x∈[0,∞)

|Dn,qn(t;x)− x|
1 + x2

=
{

1− q2[n− 1]q
[n + 1]q

[
1− 1

(1 + x)n+1
q

]}
sup

x∈[0,∞)

x

1 + x2

+
q2[n− 1]q
[n + 1]q[n]q

[
1− 1 + [n + 1]qx

(1 + x)n+1
q

]
sup

x∈[0,∞)

x

1 + x2

≤ 1− q2[n− 1]q
[n + 1]q

[
1− 1

(1 + x)n+1
q

]
+

q2[n− 1]q
[n + 1]q[n]q

,

since lim
n→∞ qn = 1, we get lim

n→∞
qn

2[n− 1]qn

[n + 1]qn

= 1, lim
n→∞

1
(1 + x)n+1

q
= 0 and lim

n→∞
q2
n[n− 1]qn

[n + 1]qn [n]qn

= 0,

so the second condition of (25) holds for v = 1 as n →∞, then the proof of Theorem 5.1
is completed.
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Qualitative behavior of two systems of second-order rational

difference equations ∗

A. Q. Khan† M. N. Qureshi‡ Q. Din§

Abstract

In this paper, we study the qualitative behavior of two systems of second-order rational difference
equations. More precisely, we study the local asymptotic stability and instability of equilibrium
points, global character of equilibrium points and rate of convergence of these systems. Some
numerical examples are given to verify our theoretical results.

Keywords and phrases: Rational difference equations, stability, global character, rate of conver-
gence.

2010 AMS Mathematics subject classifications: 39A10, 40A05.

1 Introduction

Difference equations appear as natural descriptions of observed evolution phenomena because most
measurements of time evolving variables are discrete and as such these equations are in their own right
important mathematical models. More importantly, difference equations also appear in the study of
discretization methods for differential equations. Several results in the theory of difference equations
have been obtained as more or less natural discrete analogues of corresponding results of differential
equations. For basic theory and applications of difference equations, we refer interested readers to
[1, 2, 3, 4, 5]. Moreover, in [9, 7, 8, 10, 11, 12], dynamics of some difference equations is given. In
Refs. [16, 17, 18, 19, 20], qualitative behavior of some biological models is discussed. Recently there
has been a lot of interest in studying the global attractivity, boundedness character, periodicity and
the solution form of nonlinear difference equations. For some results in this area, for example:

Gibbons et al. [10] investigated the global asymptotic stability of the difference equation:

xn+1 =
α+ βxn−1

γ + xn
,

where β > 0 and α, γ ≥ 0.
Bajo and Liz [11] investigated the global behavior of difference equation:

xn+1 =
xn−1

a+ bxn−1xn
,

for all values of real parameters a, b.
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To be motivated by the above studies, our aim in this paper is to investigate the qualitative
behavior of following two systems of second-order rational difference equations

xn+1 =
αxn−1

β + γynyn−1
, yn+1 =

α1yn−1

β1 + γ1xnxn−1
, n = 0, 1, · · · , (1)

where the parameters α, β, γ, α1, β1, γ1 and initial conditions x0, x−1, y0, y−1 are positive real
numbers, and

xn+1 =
ayn−1

b+ cxnxn−1
, yn+1 =

a1xn−1

b1 + c1ynyn−1
, n = 0, 1, · · · , (2)

where the parameters a, b, c, a1, b1, c1 and initial conditions x0, x−1, y0, y−1, are positive real
numbers.

Let us consider four-dimensional discrete dynamical system of the form

xn+1 = f(xn, xn−1, yn, yn−1), (3)

yn+1 = g(xn, xn−1, yn, yn−1), n = 0, 1, · · · ,

where f : I2 × J2 → I and g : I2 × J2 → J are continuously differentiable functions and I, J are
some intervals of real numbers. Furthermore, a solution {(xn, yn)}∞n=−1 of system (3) is uniquely
determined by initial conditions (xi, yi) ∈ I × J for i ∈ {−1, 0}. Along with system (3) we consider
the corresponding vector map F = (f, xn, xn−1, g, yn, yn−1). An equilibrium point of (3) is a point
(x̄, ȳ) that satisfies

x̄ = f(x̄, x̄, ȳ, ȳ, )

ȳ = g(x̄, x̄, ȳ, ȳ)

The point (x̄, ȳ) is also called a fixed point of the vector map F .

Definition 1. Let (x̄, ȳ) be an equilibrium point of the system (3).
(i) An equilibrium point (x̄, ȳ) is said to be stable if for every ε > 0 there exists δ > 0 such that for

every initial condition (xi, yi), i ∈ {−1, 0} ‖
0∑

i=−1

(xi, yi) − (x̄, ȳ)‖ < δ implies ‖(xn, yn) − (x̄, ȳ)‖ < ε

for all n > 0, where ‖.‖ is the usual Euclidian norm in R2.
(ii) An equilibrium point (x̄, ȳ) is said to be unstable if it is not stable.
(iii) An equilibrium point (x̄, ȳ) is said to be asymptotically stable if there exists η > 0 such that

‖
0∑

i=−1

(xi, yi)− (x̄, ȳ)‖ < η and (xn, yn)→ (x̄, ȳ) as n→∞.

(iv) An equilibrium point (x̄, ȳ) is called global attractor if (xn, yn)→ (x̄, ȳ) as n→∞.
(v) An equilibrium point (x̄, ȳ) is called asymptotic global attractor if it is a global attractor and

stable.

Definition 2. Let (x̄, ȳ) be an equilibrium point of the map

F = (f, xn, xn−1, g, yn, yn−1) ,

where f and g are continuously differentiable functions at (x̄, ȳ). The linearized system of (3) about
the equilibrium point (x̄, ȳ) is

Xn+1 = F (Xn) = FJXn,

where Xn =


xn
xn−1

yn
yn−1

 and FJ is the Jacobian matrix of the system (3) about the equilibrium point

(x̄, ȳ).
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Lemma 1. [3] For the system Xn+1 = F (Xn), n = 0, 1, · · · of difference equations such let X̄ be a
fixed point of F . If all eigenvalues of the Jacobian matrix JF about X̄ lie inside an open unit disk
|λ| < 1, then X̄ is locally asymptotically stable. If one of them has norm greater than one, then X̄ is
unstable.

Lemma 2. [4] Assume that Xn+1 = F (Xn), n = 0, 1, · · · is a system of difference equations and X̄ is
the equilibrium point of this system. The characteristic polynomial of this system about the equilibrium
point X̄ is P (λ) = a0λ

n + a1λ
n−1 + · · ·+ an−1λ+ an = 0, with real coefficients and a0 > 0. Then all

roots of the polynomial P (λ) lies inside the open unit disk |λ| if and only if ∆k > 0 for k = 0, 1, · · · ,
where ∆k is the principal minor of order k of the n× n matrix

∆n =


a1 a3 a5 . . . 0
a0 a2 a4 . . . 0
0 a1 a3 . . . 0
...

...
. . .

...
0 0 0 . . . an

 . (4)

The following result gives the rate of convergence of solution of a system of difference equations

Xn+1 = (A+B(n))Xn, (5)

where Xn is an m-dimensional vector, A ∈ Cm×m is a constant matrix, and B : Z+ → Cm×m is a
matrix function satisfying

‖B(n)‖ → 0 (6)

as n→∞ ,where ‖ · ‖ denotes any matrix norm which is associated with the vector norm

‖(x, y)‖ =
√
x2 + y2

Proposition 1. (Perron’s Theorem)[13] Suppose that condition (6) holds. If Xn is a solution of (5)
, then either Xn = 0 for all large n or

ρ = lim
n→∞

(‖Xn‖)1/n (7)

exists and is equal to the modulus of one the eigenvalues of matrix A.

Proposition 2. [13] Suppose that condition (6) holds . If Xn is a solution of (5) , then either Xn = 0
for all large n or

ρ = lim
n→∞

‖Xn+1‖
‖Xn‖

(8)

exists and is equal to the modulus of one of the eigenvalues of matrix A.

2 On the system xn+1 =
αxn−1

β+γynyn−1
, yn+1 =

α1yn−1

β1+γ1xnxn−1

In this section, we shall investigate the qualitative behavior of the system (1). Let (x̄, ȳ) be an
equilibrium point of system (1), then for α > β and α1 > β1 system (1) has following two equilibrium

points P0 = (0, 0), P1 =
(√

α1−β1
γ1

,
√

α−β
γ

)
.

To construct corresponding linearized form of the system (1) we consider the following transfor-
mation:

(xn, xn−1, yn, yn−1) 7→ (f, f1, g, g1), (9)
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where f = αxn−1

β+γynyn−1
, f1 = xn, g = α1yn−1

β1+γ1xnxn−1
, g1 = yn. The Jacobian matrix about the fixed point

(x̄, ȳ) under the transformation (12) is given by

FJ(x̄, ȳ) =

 0 α
β+γȳ2 − αγx̄ȳ(

β+γȳ2
)2 − αγx̄ȳ(

β+γȳ2
)2

1 0 0 0

− α1γ1x̄ȳ(
β1+γ1x̄

2
)2 − α1γ1x̄ȳ(

β1+γ1x̄
2
)2 0

α1
β1+γ1x̄

2

0 0 1 0


Theorem 1. Let α < β and α1 < β1, then every solution (xn, yn) of the system (1) is bounded.

Proof. It is easy to verify that

0 ≤ xn ≤
(
α

β

)m+1

x−1, if n = 2m+ 1,

0 ≤ xn ≤
(
α

β

)m+1

x0, if n = 2m+ 2,

0 ≤ yn ≤
(
α1

β1

)m+1

y−1, if n = 2m+ 1,

0 ≤ yn ≤
(
α1

β1

)m+1

y0, if n = 2m+ 2,

Taking δ1 = max{x−1, x0} and δ2 = max{y−1, y0}. Then, 0 ≤ xn < δ1 and 0 ≤ yn < δ2 for all
n = 0, 1, 2, · · · .

Theorem 2. For the equilibrium point P0 of the system (1) following results hold
(i) If α < β and α1 < β1, then equilibrium point P0 is locally asymptotically stable.
(ii) If α > β or α1 > β1, then equilibrium point P0 is unstable.

Proof. (i) The linearized system of (1) about the equilibrium point (0, 0) is given by

Xn+1 = FJ(0, 0)Xn,

where Xn =


xn
xn−1

yn
yn−1

, and FJ(0, 0) =


0 α

β 0 0

1 0 0 0
0 0 0 α1

β1
0 0 1 0

.

The characteristic polynomial of FJ(0, 0) is given by

P (λ) = λ4 − (
α

β
+
α1

β1
)λ2 +

αα1

ββ1
. (10)

The roots of P (λ) are λ = ±
√

α
β , λ = ±

√
α1
β1

. Since all eigenvalues of Jacobian matrix FJ(0, 0) about

(0, 0) lie in open unit dick |λ| < 1. Hence, the equilibrium point (0, 0) is locally asymptotically stable.
(ii) It is easy to see that if α > β or α1 > β1, then there exists at least one root λ of Equation

(??) such that |λ| > 1. Hence, by Lemma 1 if α > β or α1 > β1, then (0, 0) is unstable.

Theorem 3. If α > β and α1 > β1, then positive equilibrium point

(x̄, ȳ) =

(√
α1 − β1

γ1
,

√
α− β
γ

)

of the system (1) is unstable.
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Proof. The linearized system of (1) about the equilibrium point P1 is given by

Xn+1 = FJ(P1)Xn,

where Xn =


xn
xn−1

yn
yn−1

 and FJ(P1) =


0 1 A A
1 0 0 0
B B 0 1
0 0 1 0

.

The characteristic polynomial of FJ(P1) is given by

P (λ) = λ4 − (2 +AB)λ2 − 2ABλ+ 1−AB, (11)

where A = − 1
α

√
γ(α−β)(α1−β1)

γ1
and B = − 1

α1

√
γ1(α−β)(α1−β1)

γ . It is clear that not all of ∆k > 0 for

k = 1, 2, 3, 4. Hence by Lemma 2, the positive equilibrium point

(x̄, ȳ) =

(√
α1 − β1

γ1
,

√
α− β
γ

)

is locally unstable.

Theorem 4. Let α < β and α1 < β1, then the equilibrium point P0 = (0, 0) of Equation (1) is globally
asymptotically stable.

Proof. For α < β and α1 < β1, from Theorem 2 (0, 0) is locally asymptotically stable. From Theorem
1, every positive solution (xn, yn) of the system (1) is bounded. Now, it is sufficient to prove that
(xn, yn) is decreasing. From system (1) one has

xn+1 =
αxn−1

β + γynyn−1

≤ αxn−1

β
< xn−1.

This implies that x2n+1 < x2n−1 and x2n+3 < x2n+1. Hence, the subsequences {x2n+1}, {x2n+2} are
decreasing, i.e., the sequence {xn} is decreasing. Similarly, one has

yn+1 =
α1yn−1

β1 + γ1xnxn−1

≤ α1yn−1

β1
< yn−1.

This implies that y2n+1 < y2n−1 and y2n+3 < y2n+1. Hence, the subsequences {y2n+1}, {y2n+2} are
decreasing, i.e., the sequence {yn} is decreasing. Hence, lim

n→∞
xn = lim

n→∞
yn = 0.

2.1 Rate of Convergence

We investigate the rate of convergence of a solution that converges to the equilibrium point P0 of the
system (1).

Let {(xn, yn)} be any solution of the system (1) such that lim
n→∞

xn = x̄, and lim
n→∞

yn = ȳ. To find

the error terms, one has from the system (1)

xn+1 − x̄ =
1∑
i=0

Ai (xn−i − x̄) +
1∑
i=0

Bi (yn−i − ȳ) ,
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yn+1 − ȳ =
1∑
i=0

Ci (xn−i − x̄) +
1∑
i=0

Di (yn−i − ȳ) .

Set e1
n = xn − x̄ and e2

n = yn − ȳ, one has

e1
n+1 =

1∑
i=0

Aie
1
n−i +

1∑
i=0

Bie
2
n−i,

e2
n+1 =

1∑
i=0

Cie
1
n−i +

1∑
i=0

Die
2
n−i.

where A0 = 0, A1 = α
β+γynyn−1

, B0 = − αγx̄yn−1

(β+γynyn−1)(β+γȳ2)
, B1 = − αγx̄ȳ

(β+γynyn−1)(β+γȳ2)
,

C0 = − α1γ1ȳxn−1

(β1+γ1xnxn−1)(β1+γ1x̄2)
, C1 = − α1γ1x̄ȳ

(β1+γ1xnxn−1)(β1+γ1x̄2)
, D0 = 0, D1 = α1

β1+γ1xnxn−1
.

Taking the limits, we obtain lim
n→∞

A0 = 0, lim
n→∞

A1 =
α

β + γȳ2
, lim
n→∞

B0 = lim
n→∞

B1 = − αγx̄ȳ

(β + γȳ2)2 ,

lim
n→∞

C0 = lim
n→∞

C1 = − α1γ1x̄ȳ

(β1 + γ1x̄2)2 , lim
n→∞

D0 = 0, lim
n→∞

D1 =
α1

β1 + γ1x̄2
. So, the limiting system of

error terms can be written as
En+1 = KEn,

where En =


e1
n

e1
n−1

e2
n

e2
n−1

 and

K =


0 α

β+γȳ2
− αγx̄ȳ

(β+γȳ2)2
− αγx̄ȳ

(β+γȳ2)2

1 0 0 0
− α1γ1x̄ȳ

(β1+γ1x̄2)2
− α1γ1x̄ȳ

(β1+γ1x̄2)2
0 α1

β1+γ1x̄2

0 0 1 0

 ,

which is similar to linearized system of (2) about the equilibrium point (x̄, ȳ).
Using proposition (1), one has following result.

Theorem 5. Assume that {(xn, yn)} be a positive solution of the system (1) such that lim
n→∞

xn = x̄,

and lim
n→∞

yn = ȳ, where (x̄, ȳ) = (0, 0). Then, the error vector En of every solution of (1) satisfies

both of the following asymptotic relations

lim
n→∞

(‖En‖)
1
n = |λFJ(x̄, ȳ)|, lim

n→∞

‖En+1‖
‖En‖

= |λFJ(x̄, ȳ)|,

where λFJ(x̄, ȳ) are the characteristic roots of the Jacobian matrix FJ(x̄, ȳ) about (0, 0).

3 On the system xn+1 =
ayn−1

b+cxnxn−1
, yn+1 =

a1xn−1

b1+c1ynyn−1

In this section, we shall investigate the qualitative behavior of the system (2). Let (x̄, ȳ) be an
equilibrium point of the system (2), then system (2) has a unique equilibrium point (0, 0). To construct
corresponding linearized form of the system (2) we consider the following transformation:

(xn, xn−1, yn, yn−1) 7→ (f, f1, g, g1), (12)
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where f = ayn−1

b+cxnxn−1
, f1 = xn, g = a1xn−1

b1+ c1ynyn−1
, g1 = yn. The Jacobian matrix about the fixed point

(x̄, ȳ) under the transformation (12) is given by

FJ(x̄, ȳ) =

( − acx̄ȳ

(b+cx̄2)2
− acx̄ȳ

(b+cx̄2)2
0 a

b+cx̄2

1 0 0 0

0
a1

b1+ c1ȳ
2 − a1 c1x̄ȳ

( b1+ c1ȳ
2)2

− a1 c1x̄ȳ

( b1+ c1ȳ
2)2

0 0 1 0

)

Theorem 6. Let {(xn, yn)} be positive solution of system (2), then for every m ≥ 1 the following
results hold.

(i) 0 ≤ xn ≤



(
a
b

)m+1
(

a1
b1

)m
y−1, if n = 4m+ 1,

(
a
b

)m+1
(

a1
b1

)m
y0, if n = 4m+ 2,(

a
b

)m+1
(

a1
b1

)m
x−1, if n = 4m+ 3,(

a
b

)m+1
(

a1
b1

)m
y0, if n = 4m+ 4.

(ii) 0 ≤ yn ≤



(
a
b

)m ( a1
b1

)m+1
x−1, if n = 4m+ 1,

(
a
b

)m ( a1
b1

)m+1
x0, if n = 4m+ 2,(

a
b

)m ( a1
b1

)m+1
y−1, if n = 4m+ 3,(

a
b

)m ( a1
b1

)m+1
y0, if n = 4m+ 4.

Theorem 7. For the equilibrium point P0 of the system (2) following results hold
(i) If a < b and a1 < b1, then equilibrium point P0 is locally asymptotically stable.
(ii) If a > b or a1 > b1, then equilibrium point P0 is unstable.

Proof. (i) The linearized system of (2) about the equilibrium point (0, 0) is given by

Xn+1 = FJ(0, 0)Xn,

where Xn =


xn
xn−1

yn
yn−1

, and FJ(0, 0) =


0 0 0 a

b
1 0 0 0
0 a1

b1
0 0

0 0 1 0

.

The characteristic polynomial of FJ(0, 0) is given by

P (λ) = λ4 − aa1

bb1
. (13)

The roots of P (λ) are λ = ±(aa1bb1
)
1
4 , λ = ±ι(aa1bb1

)
1
4 . Since all eigenvalues of Jacobian matrix FJ(0, 0)

about (0, 0) lie in open unit dick |λ| < 1. Hence, the equilibrium point (0, 0) is locally asymptotically
stable.

(ii) It is easy to see that if a > b or a1 > b1, then there exists at least one root λ of Equation
(??) such that |λ| > 1. Hence, by Lemma 1 if a > b or a1 > b1, then (0, 0) is unstable.

Theorem 8. Let a < b and a1 < b1, then the equilibrium point P0 = (0, 0) of Equation (2) is
globally asymptotically stable.

Proof. For a < b and a1 < b1, from Theorem 7 (0, 0) is locally asymptotically stable. From Theorem
6, it is easy to show that every positive solution (xn, yn) of the system (2) is bounded. Now, it is
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sufficient to prove that (xn, yn) is decreasing. From system (2) one has

xn+1 =
ayn−1

b+ cxnxn−1
,

≤ ayn−1

b
< yn−1.

This implies that x4n+1 < y4n−1 and x4n+5 < y4n+3. Also

yn+1 =
a1xn−1

b1 + c1ynyn−1
,

≤ axn−1

b
< xn−1.

This implies that y4n+1 < x4n−1 and y4n+5 < x4n+3. so x4n+5 < y4n+3 < x4n+1 and y4n+5 < x4n+3 <
y4n+1. Hence, the subsequences

{x4n+1}, {x4n+2}, {x4n+3}, {x4n+4}

and
{y4n+1}, {y4n+2}, {y4n+3}, {y4n+4}

are decreasing. Therefore the sequences {xn} and {yn} are decreasing. Hence, lim
n→∞

xn = lim
n→∞

yn =

0.

3.1 Rate of Convergence

We investigate the rate of convergence of a solution that converges to the equilibrium point P0 of the
system (2).

Let {(xn, yn)} be any solution of the system (2) such that lim
n→∞

xn = x̄, and lim
n→∞

yn = ȳ. To find

the error terms, one has from the system (2)

xn+1 − x̄ =

1∑
i=0

Ai (xn−i − x̄) +

1∑
i=0

Bi (yn−i − ȳ) ,

yn+1 − ȳ =

1∑
i=0

Ci (xn−i − x̄) +

1∑
i=0

Di (yn−i − ȳ) .

Set e1
n = xn − x̄ and e2

n = yn − ȳ, one has

e1
n+1 =

1∑
i=0

Aie
1
n−i +

1∑
i=0

Bie
2
n−i,

e2
n+1 =

1∑
i=0

Cie
1
n−i +

1∑
i=0

Die
2
n−i.

where A0 = − acxn−1ȳ
(b+cxnxn−1)(b+cx̄2)

, A1 = − acx̄ȳ
(b+cxnxn−1)(b+cx̄2)

, B0 = 0, B1 = a
b+cxnxn−1

, C0 = 0, C1 =
a1

b1+ c1ynyn−1
, D0 = − a1 c1x̄yn−1

( b1+ c1ynyn−1)( b1+ c1ȳ2)
, D1 = − a1 c1x̄ȳ

( b1+ c1ynyn−1)( b1+ c1ȳ2)
.

Taking the limits, we obtain lim
n→∞

A0 = lim
n→∞

A1 = − acx̄ȳ

(b+ cx̄2)2
, lim
n→∞

B0 = 0, lim
n→∞

B1 =
a

b+ cx̄2
,

lim
n→∞

C0 = 0, lim
n→∞

C1 =
a1

b1 + c1ȳ2
, lim
n→∞

D0 = lim
n→∞

D1 = − a1 c1x̄ȳ

( b1 + c1ȳ2)2
. So, the limiting system of

error terms can be written as
Gn+1 = MGn,
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where Gn =


e1
n

e1
n−1

e2
n

e2
n−1

 and

M =


− acx̄ȳ

(b+cx̄2)2
− acx̄ȳ

(b+cx̄2)2
0 a

b+cx̄2

1 0 0 0
0 a1

b1+ c1ȳ2
− a1 c1x̄ȳ

( b1+ c1ȳ2)2
− a1 c1x̄ȳ

( b1+ c1ȳ2)2

0 0 1 0

 ,

which is similar to linearized system of (2) about the equilibrium point (x̄, ȳ).
Using proposition (1), one has following result.

Theorem 9. Assume that {(xn, yn)} be a positive solution of the system (1) such that lim
n→∞

xn = x̄,

and lim
n→∞

yn = ȳ, where (x̄, ȳ) = (0, 0). Then, the error vector En of every solution of (1) satisfies

both of the following asymptotic relations

lim
n→∞

(‖En‖)
1
n = |λFJ(x̄, ȳ)|, lim

n→∞

‖En+1‖
‖En‖

= |λFJ(x̄, ȳ)|,

where λFJ(x̄, ȳ) are the characteristic roots of the Jacobian matrix FJ(x̄, ȳ) about (0, 0).

4 Examples

In order to verify our theoretical results and to support our theoretical discussions, we consider several
interesting numerical examples in this section. These examples represent different types of qualitative
behavior of solutions to the systems of nonlinear difference equations (1) and (2). All plots in this
section are drawn with mathematica.

Example 1. Consider the system (1) with initial conditions x−1 = 1.2, x0 = 2.9, y−1 = 1.7, y0 = 1.8.
Moreover, choosing the parameters α = 15.5, β = 16, γ = 0.008, α1 = 18, β1 = 19, γ1 = 0.002.
Then, the system (1) can be written as:

xn+1 =
15.5xn−1

16 + 0.008ynyn−1
, yn+1 =

18yn−1

19 + 0.002xnxn−1
, n = 0, 1, · · · , (14)

and with initial conditions x−1 = 1.2, x0 = 2.9, y−1 = 1.7, y0 = 1.8.
Moreover, in Fig. 1 the plot of xn is shown in Fig. 1a, the plot of yn is shown in Fig. 1b and an

attractor of the system (14) is shown in Fig. 1c.

Example 2. Consider the system (1) with initial conditions x−1 = 1.2, x0 = 3.2, y−1 = 1.7, y0 = 0.8.
Moreover, choosing the parameters α = 55, β = 60, γ = 1.4, α1 = 17, β1 = 19, γ1 = 0.3. Then, the
system (1) can be written as:

xn+1 =
55xn−1

60 + 1.4ynyn−1
, yn+1 =

17yn−1

19 + 0.3xnxn−1
, n = 0, 1, · · · , (15)

and with initial conditions x−1 = 1.2, x0 = 3.2, y−1 = 1.7, y0 = 0.8.
Moreover, in Fig. 2 the plot of xn is shown in Fig. 2a, the plot of yn is shown in Fig. 2b and an

attractor of the system (15) is shown in Fig. 2c.
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(a) Plot of xn for the system (14) (b) Plot of yn for the system (14)

(c) An attractor of the system (14)

Figure 1: Plots for the system (14)
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(a) Plot of xn for the system (15) (b) Plot of yn for the system (15)

(c) An attractor of the system (15)

Figure 2: Plots for the system (15)
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Example 3. Consider the system (2) with initial conditions x−1 = 1.1, x0 = 1.2, y−1 = 2.7, y0 = 1.8.
Moreover, choosing the parameters a = 128, b = 129, c = 3, a1 = 115, b1 = 119, c1 = 2. Then,
the system (2) can be written as:

xn+1 =
128yn−1

129 + 3xnxn−1
, yn+1 =

115xn−1

119 + 2ynyn−1
, n = 0, 1, · · · , (16)

and with initial conditions x−1 = 1.1, x0 = 1.2, y−1 = 2.7, y0 = 1.8.
Moreover, in Fig. 3 the plot of xn is shown in Fig. 3a, the plot of yn is shown in Fig. 3b and an

attractor of the system (16) is shown in Fig. 3c.
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(a) Plot of xn for the system (16) (b) Plot of yn for the system (16)

(c) An attractor of the system (16)

Figure 3: Plots for the system (16)
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Conclusion
In the paper, we have investigated the qualitative behavior of two four-dimensional discrete dy-

namical systems. Each system has only one equilibrium point which is stable under some restriction
to parameters. The most important finding here is that the unique equilibrium point (0, 0) can be
a global asymptotic attractor for the systems (1) and (2). Moreover, we have determined the rate
of convergence of a solution that converges to the equilibrium point (0, 0) of the systems (1) and
(2). Some numerical examples are provided to support our theoretical results. These examples are
experimental verifications of theoretical discussions.
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Abstract

In the present paper we study the operator using the extended generalized Sălăgean operator and ex-
tended Ruscheweyh operator, denote by DRmλ f(z, ζ), the Hadamard product of the extended generalized
Sălăgean operator Dm

λ f(z, ζ) and extended Ruscheweyh operator R
mf(z, ζ), given by DRmλ f(z, ζ) : A∗ζ → A∗ζ ,

DRmλ f(z, ζ) = (D
m
λ ∗Rm) f(z, ζ) and A∗nζ = {f ∈ H(U×U) : f(z, ζ) = z+an+1(ζ)zn+1+ . . . , z ∈ U, ζ ∈ U} is

the class of normalized analytic functions with A∗1ζ = A∗ζ . We obtain several strong differential subordinations
regarding the operator DRmλ f(z, ζ).

Keywords: strong differential subordination, univalent function, convex function, differential operator, best
dominant, extended generalized Sălăgean operator, extended Ruscheweyh operator, convolution product
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction
Denote by U the unit disc of the complex plane U = {z ∈ C : |z| < 1}, U = {z ∈ C : |z| ≤ 1} the closed unit

disc of the complex plane and H(U × U) the class of analytic functions in U × U .
Let A∗nζ = {f ∈ H(U ×U), f(z, ζ) = z + an+1 (ζ) zn+1 + . . . , z ∈ U, ζ ∈ U}, with A∗1ζ = A∗ζ , where ak (ζ) are

holomorphic functions in U for k ≥ 2, and H∗[a, n, ζ] = {f ∈ H(U ×U), f(z, ζ) = a+ an (ζ) zn + an+1 (ζ) zn+1 +
. . . , z ∈ U, ζ ∈ U}, for a ∈ C and n ∈ N, ak (ζ) are holomorphic functions in U for k ≥ n.

Definition 1.1 ([2]) For f ∈ A∗ζ, λ ≥ 0 and m ∈ N, the extended generalized Sălăgean operator Dm
λ is defined by

Dm
λ : A∗ζ → A∗ζ,

D0
λf (z, ζ) = f (z, ζ)

D1
λf (z, ζ) = (1− λ) f (z, ζ) + λzf 0z(z, ζ) = Dλf (z, ζ) , ...

Dm+1
λ f(z, ζ) = (1− λ)Dm

λ f (z, ζ) + λz (Dm
λ f (z, ζ))

0
z = Dλ (D

m
λ f (z, ζ)) , z ∈ U, ζ ∈ U.

Remark 1.1 ([2]) If f ∈ A∗ζ and f(z, ζ) = z+
P∞

j=2 aj (ζ) z
j, then Dm

λ f (z, ζ) = z+
P∞

j=2 [1 + (j − 1)λ]
m
aj (ζ) z

j,
for z ∈ U, ζ ∈ U .

Definition 1.2 ([1]) For f ∈ A∗ζ, m ∈ N, the extended Ruscheweyh derivative Rm is defined by Rm : A∗ζ → A∗ζ,

R0f (z, ζ) = f (z, ζ)

R1f (z, ζ) = zf 0z (z, ζ) , ...

(m+ 1)Rm+1f (z, ζ) = z (Rmf (z, ζ))
0
z +mR

mf (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.2 ([1]) If f ∈ A∗ζ , f(z, ζ) = z +
P∞
j=2 aj (ζ) z

j, then Rmf (z, ζ) = z +
P∞
j=2

(m+j−1)!
m!(j−1)! aj (ζ) z

j, z ∈ U,
ζ ∈ U.

Definition 1.3 ([3]) Let λ ≥ 0, m ∈ N. Denote by DRmλ the extended operator given by DRmλ : A∗ζ → A∗ζ ,
DRmλ f(z, ζ) = (D

m
λ ∗Rm) f(z, ζ), z ∈ U, ζ ∈ U.
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Remark 1.3 ([3]) If f ∈ A∗ζ , f(z, ζ) = z +
P∞

j=2 a
2
j (ζ) z

j, then

DRmλ f(z, ζ) = z+
P∞
j=2

n
[1 + (j − 1)λ]m (m+j−1)!

m!(j−1)!

o
a2j (ζ) z

j , z ∈ U, ζ ∈ U.
This operator was studied also in [4] and [9].

Remark 1.4 For λ = 1 we obtain the Hadamard product of the Sălăgean operator and Ruscheweyh operator,
which was studied in [5], [6], [7], [8].

Generalizing the notion of differential subordinations, J.A. Antonino and S. Romaguera have introduced in [12]
the notion of strong differential subordinations, which was developed by G.I. Oros and Gh. Oros in [13].

Definition 1.4 ([13]) Let f (z, ζ), H (z, ζ) analytic in U×U. The function f (z, ζ) is said to be strongly subordinate
to H (z, ζ) if there exists a function w analytic in U , with w (0) = 0 and |w (z)| < 1 such that f (z, ζ) = H (w (z) , ζ)
for all ζ ∈ U . In such a case we write f (z, ζ) ≺≺ H (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.5 ([13]) (i) Since f (z, ζ) is analytic in U × U , for all ζ ∈ U, and univalent in U, for all ζ ∈ U ,
Definition 1.4 is equivalent to f (0, ζ) = H (0, ζ) , for all ζ ∈ U, and f

¡
U × U

¢
⊂ H

¡
U × U

¢
.

(ii) If H (z, ζ) ≡ H (z) and f (z, ζ) ≡ f (z) , the strong subordination becomes the usual notion of subordination.

We have need the following lemmas to study the strong differential subordinations.

Lemma 1.1 ([1]) Let g (z, ζ) be a convex function in U ×U , for all ζ ∈ U, and let h(z, ζ) = g(z, ζ)+nαzg0z(z, ζ),
z ∈ U, ζ ∈ U, where α > 0 and n is a positive integer. If p(z, ζ) = g(0, ζ) + pn (ζ) zn + pn+1 (ζ) zn+1 + . . . , z ∈ U,
ζ ∈ U, is holomorphic in U × U and p(z, ζ) + αzp0z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, then p(z, ζ) ≺≺ g(z, ζ), z ∈ U,
ζ ∈ U, and this result is sharp.

Lemma 1.2 ([1]) Let h (z, ζ) be a convex function with h (0, ζ) = a for every ζ ∈ U and let γ ∈ C∗ be a
complex number with Reγ ≥ 0. If p ∈ H∗[a, n, ζ] and p (z, ζ) + 1

γ zp
0
z (z, ζ) ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U, then

p (z, ζ) ≺≺ g (z, ζ) ≺≺ h (z, ζ) , z ∈ U, ζ ∈ U, where g (z, ζ) = γ

nz
γ
n

R z
0
h (t, ζ) t

γ
n−1dt is convex and it is the best

dominant.

2 Main results
Extending the results obtained in [10] and [11] to the class A∗ζ , we obtain the following theorems:

Theorem 2.1 Let g (z, ζ) be a convex function, g(0, ζ) = 1 and let h be the function h(z, ζ) = g(z, ζ) + z
δ g
0
z(z, ζ),

for z ∈ U, ζ ∈ U. If λ, δ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordinationµ
DRmλ f(z, ζ)

z

¶δ−1
(DRmλ f(z, ζ))

0
z ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, (2.1)

then
³
DRm

λ f(z,ζ)
z

´δ
≺≺ g(z, ζ), z ∈ U, ζ ∈ U, and this result is sharp.

Proof. Consider p(z, ζ) =
³
DRmλ f(z,ζ)

z

´δ
=

µ
z+
P∞

j=2{[1+(j−1)λ]m (m+j−1)!
m!(j−1)! }a2j(ζ)zj

z

¶δ
= 1+pδ (ζ) z

δ+pδ+1 (ζ) z
δ+1

+..., z ∈ U, ζ ∈ U. We deduce that p ∈ H∗[1, δ, ζ].
Differentiating with respect to z we obtain

³
DRm

λ f(z,ζ)
z

´δ−1
(DRmλ f(z, ζ))

0
z = p(z, ζ)+

1
δ zp

0
z(z, ζ), z ∈ U, ζ ∈ U.

Then (2.1) becomes p(z, ζ) + 1
δ zp

0
z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) + z

δ g
0
z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.1, we have p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U, i.e.
³
DRmλ f(z,ζ)

z

´δ
≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

Theorem 2.2 Let h be a holomorphic function which satisfies the inequality Re
³
1 +

zh00
z2
(z,ζ)

h0z(z,ζ)

´
> − 12 , z ∈ U,

ζ ∈ U, and h(0, ζ) = 1, ζ ∈ U. If λ, δ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordinationµ
DRmλ f(z, ζ)

z

¶δ−1
(DRmλ f(z, ζ))

0
z ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, (2.2)

then
³
DRm

λ f(z,ζ)
z

´δ
≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q(z, ζ) = δ

zδ

R z
0
h(t, ζ)tδ−1dt is convex and it is the best

dominant.
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Proof. Let p(z, ζ) =
³
DRmλ f(z,ζ)

z

´δ
=

µ
z+
P∞

j=2{[1+(j−1)λ]m (m+j−1)!
m!(j−1)! }a2j(ζ)zj

z

¶δ
=³

1 +
P∞

j=2

n
[1 + (j − 1)λ]m (m+j−1)!

m!(j−1)!

o
a2j (ζ)z

j−1
´δ
= 1 +

P∞
j=δ+1 pj(ζ)z

j−1, for z ∈ U, ζ ∈ U, p ∈ H∗[1, δ, ζ].

Differentiating with respect to z, we obtain
³
DRm

λ f(z,ζ)
z

´δ−1
(DRmλ f(z, ζ))

0
z = p(z, ζ)+

1
δ zp

0
z(z, ζ), z ∈ U, ζ ∈ U

and (2.2) becomes p(z, ζ) + 1
δ zp

0
z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Using Lemma 1.2, we have p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U i.e.
³
DRmλ f(z,ζ)

z

´δ
≺≺ q(z, ζ) = δ

zδ

R z
0
h(t, ζ)tδ−1dt,

z ∈ U, ζ ∈ U and q is the best dominant.

Corollary 2.3 Let h(z, ζ) = ζ+(2β−ζ)z
1+z be a convex function in U×U , where 0 ≤ β < 1, z ∈ U , ζ ∈ U . If δ,λ ≥ 0,

m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordinationµ
DRmλ f(z, ζ)

z

¶δ−1
(DRmλ f(z, ζ))

0
z ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, (2.3)

then
³
DRm

λ f(z,ζ)
z

´δ
≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q is given by q(z, ζ) = (2β − ζ) + 2(ζ−β)δ

zδ

R z
0
tδ−1

1+t dt, z ∈ U ,
ζ ∈ U. The function q is convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 2.2 and considering p(z, ζ) =
³
DRm

λ f(z,ζ)
z

´δ
.the

strong differential subordination (2.3) becomes p(z, ζ) + z
δ p
0
z(z, ζ) ≺≺ h(z, ζ) =

ζ+(2β−ζ)z
1+z , z ∈ U, ζ ∈ U.

By using Lemma 1.2 for γ = δ, we have p(z, ζ) ≺≺ q(z, ζ), i.e.
³
DRm

λ f(z,ζ)
z

´δ
≺≺ q(z, ζ) = δ

zδ

R z
0
h(t, ζ)tδ−1dt =

δ
zδ

R z
0
tδ−1 ζ+(2β−ζ)t1+t dt = δ

zδ

R z
0

h
(2β − ζ) tδ−1 + 2 (ζ − β) t

δ−1

1+t

i
dt = (2β − ζ) + 2(ζ−β)δ

zδ

R z
0
tδ−1

1+t dt, z ∈ U, ζ ∈ U.

Theorem 2.4 Let g be a convex function such that g (0, ζ) = 1 and let h be the function h (z, ζ) = g (z, ζ) +
z
δ g
0
z (z, ζ), z ∈ U, ζ ∈ U . If λ, δ ≥ 0, m ∈ N, z ∈ U, ζ ∈ U, f ∈ A∗ζ and the strong differential subordination

z
δ + 1

δ

DRmλ f (z, ζ)¡
DRm+1λ f (z, ζ)

¢2 + z2δ DRmλ f(z, ζ)¡
DRm+1λ f(z, ζ)

¢2
"
(DRmλ f(z, ζ))

0
z

DRmλ f(z, ζ)
− 2

¡
DRm+1λ f(z, ζ)

¢0
z

DRm+1λ f(z, ζ)

#
≺≺ h (z, ζ) (2.4)

holds, where z ∈ U, ζ ∈ U, then z DRm
λ f(z,ζ)

(DRm+1
λ f(z,ζ))2

≺≺ g (z, ζ), z ∈ U, ζ ∈ U, and this result is sharp.

Proof. Consider p(z, ζ) = z DRmλ f(z,ζ)

(DRm+1
λ f(z,ζ))

2 and we obtain p (z, ζ) + z
δ p
0
z (z, ζ) = z

δ+1
δ

DRmλ f(z,ζ)

(DRm+1
λ f(z,ζ))

2+

z2

δ
DRm

λ f(z,ζ)

(DRm+1
λ f(z,ζ))2

∙
(DRm

λ f(z,ζ))
0
z

DRm
λ f(z,ζ)

− 2(DR
m+1
λ f(z,ζ))0

z

DRm+1
λ f(z,ζ)

¸
.

Relation (2.4) becomes p(z, ζ) + z
δ p
0
z(z, ζ) ≺≺ h(z, ζ) = g(z, ζ) + z

δ g
0
z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.1, we have p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U i.e. z DRm
λ f(z,ζ)

(DRm+1
λ f(z,ζ))

2 ≺≺ g(z, ζ), z ∈ U, ζ ∈ U.

Theorem 2.5 Let h be a holomorphic function which satisfies the inequality Re
³
1 +

zh00
z2
(z,ζ)

h0z(z,ζ)

´
> − 12 , z ∈ U,

ζ ∈ U, and h(0, ζ) = 1. If λ, δ ≥ 0, m ∈ N, z ∈ U, ζ ∈ U, f ∈ A∗ζ and satisfies the strong differential subordination

z
δ + 1

δ

DRmλ f (z, ζ)¡
DRm+1λ f (z, ζ)

¢2 + z2δ DRmλ f(z, ζ)¡
DRm+1λ f(z, ζ)

¢2
"
(DRmλ f(z, ζ))

0
z

DRmλ f(z, ζ)
− 2

¡
DRm+1λ f(z, ζ)

¢0
z

DRm+1λ f(z, ζ)

#
≺≺ h(z, ζ), (2.5)

z ∈ U, ζ ∈ U, then z DRm
λ f(z,ζ)

(DRm+1
λ f(z,ζ))2

≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q(z, ζ) = δ
zδ

R z
0
h(t, ζ)tδ−1dt is convex and it

is the best dominant.

Proof. Let p(z, ζ) = z DRm
λ f(z,ζ)

(DRm+1
λ f(z,ζ))

2 , z ∈ U, ζ ∈ U, p ∈ H∗[1, 1, ζ]. Differentiating with respect to z, we obtain

p (z, ζ)+ z
δ p
0
z (z, ζ) = z

δ+1
δ

DRm
λ f(z,ζ)

(DRm+1
λ f(z,ζ))

2+
z2

δ
DRmλ f(z,ζ)

(DRm+1
λ f(z,ζ))

2

∙
(DRmλ f(z,ζ))

0
z

DRm
λ f(z,ζ)

− 2(DR
m+1
λ f(z,ζ))0

z

DRm+1
λ f(z,ζ)

¸
, z ∈ U, ζ ∈ U, and

(2.5) becomes p(z, ζ) + z
δ p
0
z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.
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Using Lemma 1.2, we have p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e. z DRmλ f(z,ζ)

(DRm+1
λ f(z,ζ))2

≺≺ q(z, ζ) = δ
zδ

R z
0
h(t, ζ)tδ−1dt,

z ∈ U, ζ ∈ U, and q is the best dominant.

Theorem 2.6 Let g be a convex function such that g(0, ζ) = 1 and let h be the function h(z, ζ) = g(z, ζ)+ z
δ g
0
z(z, ζ),

z ∈ U, ζ ∈ U. If λ, δ ≥ 0, m ∈ N, f ∈ A∗ζ and the strong differential subordination

z2
δ + 2

δ

(DRmλ f (z, ζ))
0
z

DRmλ f (z, ζ)
+
z3

δ

⎡⎣(DRmλ f (z, ζ))00z2
DRmλ f (z, ζ)

−
Ã
(DRmλ f (z, ζ))

0
z

DRmλ f (z, ζ)

!2⎤⎦ ≺≺ h(z, ζ), (2.6)

z ∈ U, ζ ∈ U, holds, then z2 (DR
m
λ f(z,ζ))

0
z

DRm
λ f(z,ζ)

≺≺ g(z, ζ), z ∈ U, ζ ∈ U. This result is sharp.

Proof. Let p(z, ζ) = z2
(DRm

λ f(z,ζ))
0
z

DRm
λ f(z,ζ)

. We deduce that p ∈ H∗[0, 1, ζ]. Differentiating with respect to z, we

obtain p (z, ζ) + z
δ p
0
z (z, ζ) = z

2 δ+2
δ

(DRm
λ f(z,ζ))

0
z

DRmλ f(z,ζ)
+z3

δ

∙
(DRm

λ f(z,ζ))
00
z2

DRm
λ f(z,ζ)

−
³
(DRmλ f(z,ζ))

0
z

DRm
λ f(z,ζ)

´2¸
, z ∈ U, ζ ∈ U.

Using the notation in (2.6), the strong differential subordination becomes p(z, ζ) + 1
δ zp

0
z(z, ζ) ≺≺ h(z, ζ) =

g(z, ζ) + z
δ g
0
z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.1, we have p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U, i.e. z2 (DR
m
λ f(z,ζ))

0
z

DRm
λ f(z,ζ)

≺≺ g(z, ζ), z ∈ U, ζ ∈ U,
and this result is sharp.

Theorem 2.7 Let h be a holomorphic function which satisfies the inequality Re
³
1 +

zh00
z2
(z,ζ)

h0z(z,ζ)

´
> − 12 , z ∈ U,

ζ ∈ U and h(0, ζ) = 1. If λ, δ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

z2
δ + 2

δ

(DRmλ f (z, ζ))
0
z

DRmλ f (z, ζ)
+
z3

δ

⎡⎣(DRmλ f (z, ζ))00z2
DRmλ f (z, ζ)

−
Ã
(DRmλ f (z, ζ))

0
z

DRmλ f (z, ζ)

!2⎤⎦ ≺≺ h(z, ζ), (2.7)

z ∈ U, ζ ∈ U, then z2 (DR
m
λ f(z,ζ))

0
z

DRm
λ f(z,ζ)

≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q(z, ζ) = δ
zδ

R z
0
h(t, ζ)tδ−1dt is convex and it is

the best dominant.

Proof. Let p(z, ζ) = z2 (DR
m
λ f(z,ζ))

0
z

DRm
λ f(z,ζ)

, z ∈ U, ζ ∈ U, p ∈ H∗[0, 1, ζ]. Differentiating with respect to z, we obtain

p (z, ζ)+ z
δ p
0
z (z, ζ) = z

2 δ+2
δ

(DRm
λ f(z,ζ))

0
z

DRm
λ f(z,ζ)

+ z3

δ

∙
(DRm

λ f(z,ζ))
00
z2

DRm
λ f(z,ζ)

−
³
(DRmλ f(z,ζ))

0
z

DRm
λ f(z,ζ)

´2¸
, z ∈ U, ζ ∈ U, and (2.7) becomes

p(z) + 1
δ zp

0
z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Using Lemma 1.2, we have p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e. z2 (DR
m
λ f(z,ζ))

0
z

DRm
λ f(z,ζ)

≺≺ q(z, ζ) = δ
zδ

R z
0
h(t, ζ)tδ−1dt,

z ∈ U, ζ ∈ U, and q is the best dominant.

Theorem 2.8 Let g be a convex function such that g(0, ζ) = 1 and let h be the function h(z, ζ) = g(z, ζ)+zg0z(z, ζ),
z ∈ U, ζ ∈ U. If λ ≥ 0, m ∈ N, f ∈ A∗ζ and the strong differential subordination

1−
DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2£

(DRmλ f (z, ζ))
0
z

¤2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U (2.8)

holds, then DRm
λ f(z,ζ)

z(DRm
λ f(z,ζ))

0
z

≺≺ g(z, ζ), z ∈ U, ζ ∈ U. This result is sharp.

Proof. Let p(z, ζ) = DRm
λ f(z,ζ)

z(DRm
λ f(z,ζ))

0
z

. We deduce that p ∈ H∗[1, 1, ζ]. Differentiating with respect to z, we

obtain 1− DRmλ f(z,ζ)·(DRm
λ f(z,ζ))

00
z2

[(DRm
λ f(z,ζ))

0
z
]
2 = p (z, ζ) + zp0z (z, ζ) , z ∈ U, ζ ∈ U.

Using the notation in (2.8), the strong differential subordination becomes p(z, ζ) + zp0z(z, ζ) ≺≺ h(z, ζ) =
g(z, ζ) + zg0z(z, ζ), z ∈ U , ζ ∈ U.
By using Lemma 1.1, we have p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U i.e. DRm

λ f(z,ζ)

z(DRm
λ f(z,ζ))

0
z

≺≺ g(z, ζ), z ∈ U, ζ ∈ U,
and this result is sharp.
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Theorem 2.9 Let h be a holomorphic function which satisfies the inequality Re
³
1 +

zh00
z2
(z,ζ)

h0z(z,ζ)

´
> − 12 , z ∈ U,

ζ ∈ U, and h(0, ζ) = 1. If λ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination

1−
DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2£

(DRmλ f (z, ζ))
0
z

¤2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, (2.9)

then DRm
λ f(z,ζ)

z(DRm
λ f(z,ζ))

0
z

≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q(z, ζ) = 1
z

R z
0
h(t, ζ)dt is convex and it is the best dominant.

Proof. Let p(z) = DRmλ f(z,ζ)

z(DRm
λ f(z,ζ))

0
z

, z ∈ U, ζ ∈ U, p ∈ H∗[0, 1, ζ]. Differentiating with respect to z, we obtain

1− DRmλ f(z,ζ)·(DRm
λ f(z,ζ))

00
z2

[(DRm
λ f(z,ζ))

0
z
]
2 = p (z, ζ) + zp0z (z, ζ) , z ∈ U, ζ ∈ U, and (2.9) becomes p(z, ζ) + zp0z(z, ζ) ≺≺ h(z, ζ),

z ∈ U, ζ ∈ U.
Using Lemma 1.2, we have p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U i.e. DRmλ f(z,ζ)

z(DRmλ f(z,ζ))
0
z

≺≺ q(z, ζ) = 1
z

R z
0
h(t, ζ)dt,

z ∈ U, ζ ∈ U, and q is the best dominant.

Corollary 2.10 Let h(z, ζ) = ζ+(2β−ζ)z
1+z be a convex function in U × U , where 0 ≤ β < 1. If λ ≥ 0, m ∈ N,

f ∈ A∗ζ and satisfies the strong differential subordination

1−
DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2£

(DRmλ f (z, ζ))
0
z

¤2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, (2.10)

then DRmλ f(z,ζ)

z(DRmλ f(z,ζ))
0
z

≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q is given by q(z, ζ) = (2β − ζ) + 2 (ζ − β) ln(1+z)z , z ∈ U,

ζ ∈ U. The function q is convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z, ζ) = DRm
λ f(z,ζ)

z(DRm
λ f(z,ζ))

0
z

, the

strong differential subordination (2.10) becomes p(z, ζ) + zp0z(z, ζ) ≺≺ h(z, ζ) =
ζ+(2β−ζ)z

1+z , z ∈ U, ζ ∈ U.
By using Lemma 1.2 for γ = 1, we have p(z, ζ) ≺≺ q(z, ζ), i.e. DRm

λ f(z,ζ)

z(DRm
λ f(z,ζ))

0
z

≺≺ q(z, ζ) = 1
z

R z
0
h(t, ζ)dt =

1
z

R z
0

ζ+(2β−ζ)t
1+t dt = 1

z

R z
0

h
(2β − ζ) + 2(ζ−β)

1+t

i
dt = (2β − ζ) + 2 (ζ − β) ln(1+z)z , z ∈ U, ζ ∈ U.

Theorem 2.11 Let g be a convex function such that g(0, ζ) = 0 and let h be the function h(z, ζ) = g(z, ζ) +
zg0z(z, ζ), z ∈ U, ζ ∈ U. If λ ≥ 0, m ∈ N, f ∈ A∗ζ and the strong differential subordination£

(DRmλ f (z, ζ))
0
z

¤2
+DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U (2.11)

holds, then DRm
λ f(z,ζ)·(DRm

λ f(z,ζ))
0
z

z ≺≺ g(z, ζ), z ∈ U, ζ ∈ U. This result is sharp.

Proof. Let p(z, ζ) = DRmλ f(z,ζ)·(DRm
λ f(z,ζ))

0
z

z . We deduce that p ∈ H∗[0, 1, ζ]. Differentiating with respect to z,
we obtain

£
(DRmλ f (z, ζ))

0
z

¤2
+ DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2 = p (z, ζ) + zp

0
z (z, ζ) , z ∈ U, ζ ∈ U.

Using the notation in (2.11), the strong differential subordination becomes p(z, ζ) + zp0z(z, ζ) ≺≺ h(z, ζ) =
g(z, ζ) + zg0z(z, ζ), z ∈ U, ζ ∈ U.
By using Lemma 1.1, we have p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U i.e. DRmλ f(z,ζ)·(DRm

λ f(z,ζ))
0
z

z ≺≺ g(z, ζ), z ∈ U,
ζ ∈ U, and this result is sharp.

Theorem 2.12 Let h be a holomorphic function which satisfies the inequality Re
³
1 +

zh00
z2
(z,ζ)

h0z(z,ζ)

´
> −12 , z ∈ U,

ζ ∈ U and h(0, ζ) = 0. If λ ≥ 0, m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordination£
(DRmλ f (z, ζ))

0
z

¤2
+DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, (2.12)

then DRm
λ f(z,ζ)·(DRmλ f(z,ζ))0z

z ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q(z, ζ) = 1
z

R z
0
h(t, ζ)dt is convex and it is the best

dominant.
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Proof. Let p(z, ζ) = DRmλ f(z,ζ)·(DRm
λ f(z,ζ))

0
z

z , z ∈ U, ζ ∈ U, p ∈ H∗[0, 1, ζ]. Differentiating with respect to
z, we obtain

£
(DRmλ f (z, ζ))

0
z

¤2
+ DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2 = p (z, ζ) + zp

0
z (z, ζ) , z ∈ U, ζ ∈ U, and (2.12)

becomes p(z, ζ) + zp0z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.
Using Lemma 1.2, we have p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e. DRm

λ f(z,ζ)·(DRmλ f(z,ζ))0z
z ≺≺ q(z, ζ) =

1
z

R z
0
h(t, ζ)dt, z ∈ U, ζ ∈ U, and q is the best dominant.

Corollary 2.13 Let h(z) = ζ+(2β−ζ)z
1+z be a convex function in U ×U , where 0 ≤ β < 1. If λ ≥ 0, m ∈ N, f ∈ A∗ζ

and satisfies the strong differential subordination£
(DRmλ f (z, ζ))

0
z

¤2
+DRmλ f (z, ζ) · (DRmλ f (z, ζ))

00
z2 ≺≺ h(z, ζ), z ∈ U, ζ ∈ U, (2.13)

then DRm
λ f(z,ζ)·(DRm

λ f(z,ζ))
0
z

z ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q is given by q(z, ζ) = (2β − ζ) + 2 (ζ − β) ln(1+z)z ,

z ∈ U, ζ ∈ U. The function q is convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 2.12 and considering p(z, ζ) = DRmλ f(z,ζ)·(DRm
λ f(z,ζ))

0
z

z ,

the strong differential subordination (2.13) becomes p(z, ζ) + zp0z(z, ζ) ≺≺ h(z, ζ) =
ζ+(2β−ζ)z

1+z , z ∈ U, ζ ∈ U.
By using Lemma 1.2 for γ = 1, we have p(z, ζ) ≺≺ q(z, ζ), i.e. DRmλ f(z,ζ)·(DRm

λ f(z,ζ))
0
z

z ≺≺ q(z, ζ) =
1
z

R z
0
h(t, ζ)dt = 1

z

R z
0

ζ+(2β−ζ)t
1+t dt = 1

z

R z
0

h
(2β − ζ) + 2(ζ−β)

1+t

i
dt = (2β − ζ) + 2 (ζ − β) ln(1+z)z , z ∈ U, ζ ∈ U.

Theorem 2.14 Let g be a convex function such that g(0, ζ) = 0 and let h be the function h(z, ζ) = g(z, ζ) +
z
1−δ g

0
z(z, ζ), z ∈ U, ζ ∈ U. If λ ≥ 0, δ ∈ (0, 1), m ∈ N, f ∈ A∗ζ and the strong differential subordinationµ

z

DRmλ f (z, ζ)

¶δ
DRm+1λ f (z, ζ)

1− δ

Ã¡
DRm+1λ f (z, ζ)

¢0
z

DRm+1λ f (z, ζ)
− δ

(DRmλ f (z, ζ))
0
z

DRmλ f (z, ζ)

!
≺≺ h(z, ζ), (2.14)

z ∈ U, ζ ∈ U, holds, then DRm+1
λ f(z,ζ)

z ·
³

z
DRm

λ f(z,ζ)

´δ
≺≺ g(z, ζ), z ∈ U, ζ ∈ U. This result is sharp.

Proof. Let p(z, ζ) = DRm+1
λ f(z,ζ)

z ·
³

z
DRmλ f(z,ζ)

´δ
. We deduce that p ∈ H∗[1, 1, ζ]. Differentiating with respect

to z, we obtain
³

z
DRm

λ f(z,ζ)

´δ DRm+1
λ f(z,ζ)

1−δ

µ
(DRm+1

λ f(z,ζ))0
z

DRm+1
λ f(z,ζ)

− δ
(DRm

λ f(z,ζ))
0
z

DRm
λ f(z,ζ)

¶
= p (z, ζ)+ 1

1−δ zp
0
z (z, ζ) , z ∈ U,

ζ ∈ U.
Using the notation in (2.14), the strong differential subordination becomes p(z, ζ)+ 1

1−δ zp
0
z(z, ζ) ≺≺ h(z, ζ) =

g(z, ζ) + z
1−δ g

0
z(z, ζ), z ∈ U , ζ ∈ U.

By using Lemma 1.1, we have p(z, ζ) ≺≺ g(z, ζ), z ∈ U, ζ ∈ U, i.e. DRm+1
λ f(z,ζ)

z ·
³

z
DRm

λ f(z,ζ)

´δ
≺≺ g(z, ζ),

z ∈ U, ζ ∈ U,and this result is sharp.

Theorem 2.15 Let h be a holomorphic function which satisfies the inequality Re
³
1 +

zh00
z2
(z,ζ)

h0z(z,ζ)

´
> −12 , z ∈ U,

ζ ∈ U and h(0, ζ) = 1. If λ ≥ 0, δ ∈ (0, 1) , m ∈ N, f ∈ A∗ζ and satisfies the strong differential subordinationµ
z

DRmλ f (z, ζ)

¶δ
DRm+1λ f (z, ζ)

1− δ

Ã¡
DRm+1λ f (z, ζ)

¢0
z

DRm+1λ f (z, ζ)
− δ

(DRmλ f (z, ζ))
0
z

DRmλ f (z, ζ)

!
≺≺ h(z, ζ), (2.15)

z ∈ U, ζ ∈ U, then DRm+1
λ f(z,ζ)

z ·
³

z
DRmλ f(z,ζ)

´δ
≺≺ q(z, ζ), z ∈ U, ζ ∈ U, where q(z, ζ) = 1−δ

z1−δ

R z
0
h(t, ζ)t−δdt is

convex and it is the best dominant.

Proof. Let p(z, ζ) = DRm+1
λ f(z,ζ)

z ·
³

z
DRm

λ f(z,ζ)

´δ
, z ∈ U, ζ ∈ U, p ∈ H∗[0, 1, ζ]. Differentiating with respect to

z, we obtain
³

z
DRm

λ f(z,ζ)

´δ DRm+1
λ f(z,ζ)

1−δ

µ
(DRm+1

λ f(z,ζ))
0
z

DRm+1
λ f(z,ζ)

− δ
(DRm

λ f(z,ζ))
0
z

DRm
λ f(z,ζ)

¶
= p (z, ζ)+ 1

1−δ zp
0
z (z, ζ) , z ∈ U, ζ ∈ U,

and (2.15) becomes p(z, ζ) + 1
1−δzp

0
z(z, ζ) ≺≺ h(z, ζ), z ∈ U, ζ ∈ U.

Using Lemma 1.2, we have p(z, ζ) ≺≺ q(z, ζ), z ∈ U, ζ ∈ U, i.e. DRm+1
λ f(z,ζ)

z ·
³

z
DRm

λ f(z,ζ)

´δ
≺≺ q(z, ζ) =

1−δ
z1−δ

R z
0
h(t, ζ)t−δdt, z ∈ U, ζ ∈ U, and q is the best dominant.
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Ruscheweyh operator, Journal of Applied Functional Analysis, Vol. 7, No.’s 1-2, 2012, 62-68.
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Abstract

In this work we define a new operator using the generalized Sălăgean operator and Ruscheweyh operator.
Denote by DRm,nλ the Hadamard product of the generalized Sălăgean operator Dm

λ and Ruscheweyh operator
Rn, given by DRm,nλ : A→ A, DRm,nλ f (z) = (Dm

λ ∗Rn) f (z) and An = {f ∈ H (U) : f (z) = z+an+1zn+1+...,
z ∈ U} is the class of normalized analytic functions with A1 = A. The purpose of this paper is to introduce
sufficient conditions for subordination and superordination involving the operator DRm,nλ and also to obtain
sandwich-type results.

Keywords: analytic functions, differential operator, differential subordination, differential superordination.
2010 Mathematical Subject Classification: 30C45.

1 Introduction
Let H (U) be the class of analytic function in the open unit disc of the complex plane U = {z ∈ C : |z| < 1}. Let

H (a, n) be the subclass of H (U) consisting of functions of the form f(z) = a+ anz
n + an+1z

n+1 + . . . . Let An =
{f ∈ H(U) : f(z) = z+an+1zn+1+. . . , z ∈ U} andA = A1. Denote byK =

n
f ∈ A : Re zf 00(z)

f 0(z) + 1 > 0, z ∈ U
o
,

the class of normalized convex functions in U .
Let the functions f and g be analytic in U . We say that the function f is subordinate to g, written f ≺ g,

if there exists a Schwarz function w, analytic in U , with w(0) = 0 and |w(z)| < 1, for all z ∈ U, such that
f(z) = g(w(z)), for all z ∈ U . In particular, if the function g is univalent in U , the above subordination is
equivalent to f(0) = g(0) and f(U) ⊂ g(U).
Let ψ : C3 × U → C and h be an univalent function in U . If p is analytic in U and satisfies the second order

differential subordination
ψ(p(z), zp0(z), z2p00(z); z) ≺ h(z), for z ∈ U, (1.1)

then p is called a solution of the differential subordination. The univalent function q is called a dominant of
the solutions of the differential subordination, or more simply a dominant, if p ≺ q for all p satisfying (1.1). A
dominant eq that satisfies eq ≺ q for all dominants q of (1.1) is said to be the best dominant of (1.1). The best
dominant is unique up to a rotation of U .
Let ψ : C2 × U → C and h analytic in U . If p and ψ

¡
p (z) , zp0 (z) , z2p00 (z) ; z

¢
are univalent and if p satisfies

the second order differential superordination

h(z) ≺ ψ(p(z), zp0(z), z2p00 (z) ; z), z ∈ U, (1.2)

then p is a solution of the differential superordination (1.2) (if f is subordinate to F , then F is called to be
superordinate to f). An analytic function q is called a subordinant if q ≺ p for all p satisfying (1.2). An univalent
subordinant eq that satisfies q ≺ eq for all subordinants q of (1.2) is said to be the best subordinant.
Miller and Mocanu [15] obtained conditions h, q and ψ for which the following implication holds h(z) ≺

ψ(p(z), zp0(z), z2p00 (z) ; z)⇒ q (z) ≺ p (z) .
For two functions f(z) = z +

P∞
j=2 ajz

j and g(z) = z +
P∞

j=2 bjz
j analytic in the open unit disc U , the

Hadamard product (or convolution product) of f (z) and g (z), written as (f ∗ g) (z), is defined by f (z) ∗ g (z) =
(f ∗ g) (z) = z +

P∞
j=2 ajbjz

j .
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Definition 1.1 (Al Oboudi [7]) For f ∈ A, λ ≥ 0 and n ∈ N, the operator Dm
λ is defined by Dm

λ : A→ A,

D0
λf (z) = f (z)

D1
λf (z) = (1− λ) f (z) + λzf 0(z) = Dλf (z) , ...

Dm
λ f(z) = (1− λ)Dm−1

λ f (z) + λz (Dm
λ f (z))

0 = Dλ

¡
Dm−1
λ f (z)

¢
, z ∈ U.

Remark 1.1 If f ∈ A and f(z) = z +
P∞
j=2 ajz

j, then Dm
λ f (z) = z +

P∞
j=2 [1 + (j − 1)λ]

m
ajz

j, for z ∈ U .

Remark 1.2 For λ = 1 in the above definition we obtain the Sălăgean differential operator [18].

Definition 1.2 (Ruscheweyh [17]) For f ∈ A and n ∈ N, the operator Rn is defined by Rn : A→ A,

R0f (z) = f (z)

R1f (z) = zf 0 (z) , ...

(n+ 1)Rn+1f (z) = z (Rnf (z))0 + nRnf (z) , z ∈ U.

Remark 1.3 If f ∈ A, f(z) = z +
P∞
j=2 ajz

j, then Rnf (z) = z +
P∞

j=2
(n+j−1)!
n!(j−1)! ajz

j for z ∈ U .

The purpose of this paper is to derive the several subordination and superordination results involving a differ-
ential operator. Furthermore, we studied the results of M. Darus, K. Al-Shaqs [14], Shanmugam, Ramachandran,
Darus and Sivasubramanian [19].
In order to prove our subordination and superordination results, we make use of the following known results.

Definition 1.3 [16] Denote by Q the set of all functions f that are analytic and injective on U\E (f), where
E (f) = {ζ ∈ ∂U : lim

z→ζ
f (z) =∞}, and are such that f 0 (ζ) 6= 0 for ζ ∈ ∂U\E (f).

Lemma 1.1 [16] Let the function q be univalent in the unit disc U and θ and φ be analytic in a domain D
containing q (U) with φ (w) 6= 0 when w ∈ q (U). Set Q (z) = zq0 (z)φ (q (z)) and h (z) = θ (q (z))+Q (z). Suppose

that Q is starlike univalent in U and Re
³
zh0(z)
Q(z)

´
> 0 for z ∈ U . If p is analytic with p (0) = q (0), p (U) ⊆ D and

θ (p (z)) + zp0 (z)φ (p (z)) ≺ θ (q (z)) + zq0 (z)φ (q (z)) , then p (z) ≺ q (z) and q is the best dominant.

Lemma 1.2 [13] Let the function q be convex univalent in the open unit disc U and ν and φ be analytic in a

domain D containing q (U). Suppose that Re
³
ν0(q(z))
φ(q(z))

´
> 0 for z ∈ U and ψ (z) = zq0 (z)φ (q (z)) is starlike

univalent in U . If p (z) ∈ H [q (0) , 1] ∩ Q, with p (U) ⊆ D and ν (p (z)) + zp0 (z)φ (p (z)) is univalent in U and
ν (q (z)) + zq0 (z)φ (q (z)) ≺ ν (p (z)) + zp0 (z)φ (p (z)) , then q (z) ≺ p (z) and q is the best subordinant.

2 Main results
Definition 2.1 Let λ ≥ 0 and n,m ∈ N. Denote by DRm,nλ : A→ A the operator given by the Hadamard product
of the generalized Sălăgean operator Dm

λ and the Ruscheweyh operator Rn, DRm,nλ f (z) = (Dm
λ ∗Rn) f (z) , for

any z ∈ U and each nonnegative integers m,n.

Remark 2.1 If f ∈ A and f(z) = z+
P∞

j=2 ajz
j, then DRm,nλ f (z) = z+

P∞
j=2 [1 + (j − 1)λ]

m (n+j−1)!
n!(j−1)! a

2
jz
j, for

z ∈ U .
This operator was studied in [12].

Remark 2.2 For λ = 1, m = n, we obtain the Hadamard product SRn [1] of the Sălăgean operator Sn and
Ruscheweyh derivative Rn, which was studied in [2], [3].

Remark 2.3 For m = n we obtain the Hadamard product DRnλ [4] of the generalized Sălăgean operator D
n
λ and

Ruscheweyh derivative Rn, which was studied in [5], [6], [8], [9], [10], [11].

Using simple computation one obtains the next result.

Proposition 2.1 For m,n ∈ N and λ ≥ 0 we have

DRm+1,nλ f (z) = (1− λ)DRm,nλ f (z) + λz (DRm,nλ f (z))
0 (2.1)

and
z (DRm,nλ f (z))

0
= (n+ 1)DRm,n+1λ f (z)− nDRm,nλ f (z) . (2.2)
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Proof. We have DRm+1,nλ f (z) = z +
P∞
j=2 [1 + (j − 1)λ]

m+1 (n+j−1)!
n!(j−1)! a

2
jz
j =

z +
P∞
j=2 [(1− λ) + λj] [1 + (j − 1)λ]m (n+j−1)!

n!(j−1)! a
2
jz
j =

z + (1− λ)
P∞

j=2 [1 + (j − 1)λ]
m (n+j−1)!

n!(j−1)! a
2
jz
j+ λ

P∞
j=2 [1 + (j − 1)λ]

m (n+j−1)!
n!(j−1)! ja

2
jz
j =

(1− λ)DRm,nλ f (z) + λz (DRm,nλ f (z))
0
, and

(n+ 1)DRm,n+1λ f (z)− nDRm,nλ f (z) =

(n+ 1) z + (n+ 1)
P∞
j=2 [1 + (j − 1)λ]

m (n+j)!
(n+1)!(j−1)!a

2
jz
j− nz − n

P∞
j=2 [1 + (j − 1)λ]

m (n+j−1)!
n!(j−1)! a

2
jz
j =

z + (n+ 1)
P∞
j=2 [1 + (j − 1)λ]

m n+j
n+1

(n+j−1)!
n!(j−1)! a

2
jz
j− n

P∞
j=2 [1 + (j − 1)λ]

m (n+j−1)!
n!(j−1)! a

2
jz
j =

z +
P∞
j=2 [1 + (j − 1)λ]

m (n+j−1)!
n!(j−1)! ja

2
jz
j = z (DRm,nλ f (z))

0
.

We begin with the following

Theorem 2.2 Let DR
m+1,n
λ f(z)

DRm,n
λ f(z)

∈ H (U) , z ∈ U , f ∈ A, m,n ∈ N, λ ≥ 0 and let the function q (z) be convex and
univalent in U such that q (0) = 1. Assume that

Re

µ
1 +

α

µ
+
2β

µ
q (z) +

zq00 (z)

q0 (z)

¶
> 0, z ∈ U, (2.3)

for α,β, µ,∈ C,µ 6= 0, z ∈ U, and

ψm,nλ (α,β, µ; z) :=

µ
1− λ(n+ 1)

λ
µ+ α

¶
DRm+1,nλ f (z)

DRm,nλ f (z)
+ (2.4)

+µ(n+ 1) [1− λ(n+ 2)]
DRm,n+1λ f (z)

DRm,nλ f (z)
+ λµ(n+ 1)(n+ 2)

DRm,n+2λ f (z)

DRm,nλ f (z)
+ (β − µ

λ
)

Ã
DRm+1,nλ f (z)

DRm,nλ f (z)

!2
.

If q satisfies the following subordination

ψm,nλ (α,β, µ; z) ≺ αq (z) + β (q (z))2 + µzq0 (z) , (2.5)

for,α,β, µ ∈ C, µ 6= 0 then
DRm+1,nλ f (z)

DRm,nλ f (z)
≺ q (z) , z ∈ U, (2.6)

and q is the best dominant.

Proof. Let the function p be defined by p (z) := DRm+1,n
λ f(z)

DRm,n
λ f(z)

, z ∈ U , z 6= 0, f ∈ A. The function p is

analytic in U and p (0) = 1. Differentiating this function, with respect to z,we get zp0 (z) =
z(DRm+1,n

λ f(z))0

DRm,n
λ f(z)

−
DRm+1,n

λ f(z)

DRm,n
λ f(z)

z(DRm,n
λ f(z))0

DRm,n
λ f(z)

. By using the identity (2.1) and (2.2), we obtain

zp0 (z) =
1− λ(n+ 1)

λ

DRm+1,nλ f (z)

DRm,nλ f (z)
+ (n+ 1) [1− λ(n+ 2)]

DRm,n+1λ f (z)

DRm,nλ f (z)
+

λ(n+1)(n+2)
DRm,n+2λ f (z)

DRm,nλ f (z)
− 1
λ

Ã
DRm+1,nλ f (z)

DRm,nλ f (z)

!2
+λ(n+1)(n+2)

DRm,n+2λ f (z)

DRm,nλ f (z)
− 1
λ

Ã
DRm+1,nλ f (z)

DRm,nλ f (z)

!2
(2.7)

By setting θ (w) := αw+βw2 and φ (w) := µ, α,β, µ ∈ C, µ 6= 0 it can be easily verified that θ is analytic in C,
φ is analytic in C\{0} and that φ (w) 6= 0, w ∈ C\{0}. Also, by letting Q (z) = zq0 (z)φ (q (z)) = µzq0 (z) ,we find
that Q (z) is starlike univalent in U. Let h (z) = θ (q (z))+Q (z) = αq (z)+β (q (z))2+µzq0 (z), z ∈ U. If we derive
the function Q, with respect to z, perform calculations, we have Re

³
zh0(z)
Q(z)

´
= Re

³
1 + α

µ +
2β
µ q (z) +

zq00(z)
q0(z)

´
> 0.

By using (2.7), we obtain αp (z)+β (p (z))2+µzp0 (z) =
³
1−λ(n+1)

λ µ+ α
´
DRm+1,n

λ f(z)

DRm,n
λ f(z)

+ µ(n+1) [1− λ(n+ 2)] ·
DRm,n+1

λ f(z)

DRm,n
λ f(z)

+ λµ(n+1)(n+2)
DRm,n+2

λ f(z)

DRm,n
λ f(z)

+ (β− µ
λ )
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´2
. By using (2.5), we have αp (z)+β (p (z))

2
+

µzp0 (z) ≺ αq (z) + β (q (z))
2
+µzq0 (z) . Therefore, the conditions of Lemma 1.1 are met, so we have p (z) ≺ q (z),

z ∈ U, i.e. DR
m+1,n
λ f(z)

DRm,n
λ f(z)

≺ q (z), z ∈ U, and q is the best dominant.
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Corollary 2.3 Let q (z) = 1+Az
1+Bz , −1 ≤ B < A ≤ 1, m, n ∈ N, λ ≥ 0, z ∈ U. Assume that (2.3) holds. If f ∈ A

and ψm,nλ (α,β, µ; z) ≺ α 1+Az1+Bz + β
³
1+Az
1+Bz

´2
+ µ (A−B)z

(1+Bz)2
, for α,β, µ ∈ C, µ 6= 0, −1 ≤ B < A ≤ 1, where ψm,nλ is

defined in (2.4), then DRm+1,n
λ f(z)

DRm,n
λ f(z)

≺ 1+Az
1+Bz and

1+Az
1+Bz is the best dominant.

Proof. For q (z) = 1+Az
1+Bz , −1 ≤ B < A ≤ 1, in Theorem 2.2 we get the corollary.

Corollary 2.4 Let q (z) =
³
1+z
1−z

´γ
,m, n ∈ N, λ ≥ 0, z ∈ U. Assume that (2.3) holds. If f ∈ A and ψm,nλ (α,β, µ; z)

≺ α
³
1+z
1−z

´γ
+ β

³
1+z
1−z

´2γ
+ µ 2γz

1−z2
³
1+z
1−z

´γ−1
, for α, µ,β ∈ C, 0 < γ ≤ 1, µ 6= 0, where ψm,nλ is defined in (2.4),

then DRm+1,n
λ f(z)

DRm,n
λ f(z)

≺
³
1+z
1−z

´γ
, and

³
1+z
1−z

´γ
is the best dominant.

Proof. Corollary follows by using Theorem 2.2 for q (z) =
³
1+z
1−z

´γ
, 0 < γ ≤ 1.

Theorem 2.5 Let q be convex and univalent in U, such that q (0) = 1, m, n ∈ N, λ ≥ 0. Assume that

Re

µ
q0 (z)

µ
(α+ 2βq (z))

¶
> 0, for α, µ,β ∈ C, µ 6= 0, z ∈ U. (2.8)

If f ∈ A, DR
m+1,n
λ f(z)

DRm,n
λ f(z)

∈ H [q (0) , 1]∩Q and ψm,nλ (α,β, µ; z) is univalent in U , where ψm,nλ (α,β, µ; z) is as defined

in (2.4), then
αq (z) + β (q (z))2 + µzq0 (z) ≺ ψm,nλ (α,β, µ; z) , z ∈ U, (2.9)

implies

q (z) ≺ DR
m+1,n
λ f (z)

DRm,nλ f (z)
, z ∈ U, (2.10)

and q is the best subordinant.

Proof. Let the function p be defined by p (z) := DRm+1,n
λ f(z)

DRm,n
λ f(z)

, z ∈ U , z 6= 0, f ∈ A. By setting ν (w) :=

αw+βw2 and φ (w) := µ it can be easily verified that ν is analytic in C, φ is analytic in C\{0} and that φ (w) 6= 0,
w ∈ C\{0}. Since ν0(q(z))

φ(q(z)) =
q0(z)
µ (α+ 2βq (z)), it follows that Re

³
ν0(q(z))
φ(q(z))

´
= Re

³
q0(z)
µ (α+ 2βq (z))

´
> 0, for

µ, ξ,β ∈ C, µ 6= 0.
By using (2.9) we obtain αq (z) + β (q (z))

2
+ µzq0 (z) ≺ αq (z) + β (q (z))

2
+ µzq0 (z) . Using Lemma 1.2, we

have q (z) ≺ p (z) = DRm+1,n
λ f(z)

DRm,n
λ f(z)

, z ∈ U, and q is the best subordinant.

Corollary 2.6 Let q (z) = 1+Az
1+Bz , −1 ≤ B < A ≤ 1, m, n ∈ N, λ ≥ 0. Assume that (2.8) holds. If f ∈

A,DR
m+1,n
λ f(z)

DRm,n
λ f(z)

∈ H [q (0) , 1] ∩Q and α 1+Az1+Bz + β
³
1+Az
1+Bz

´2
+ µ (A−B)z

(1+Bz)2
≺ ψm,nλ (α,β, µ; z) , for α, µ,β ∈ C, µ 6= 0,

−1 ≤ B < A ≤ 1, where ψm,nλ is defined in (2.4), then 1+Az
1+Bz ≺

DRm+1,n
λ f(z)

DRm,n
λ f(z)

and 1+Az
1+Bz is the best subordinant.

Proof. For q (z) = 1+Az
1+Bz , −1 ≤ B < A ≤ 1 in Theorem 2.5 we get the corollary.

Corollary 2.7 Let q (z) =
³
1+z
1−z

´γ
,m, n ∈ N, λ ≥ 0. Assume that (2.8) holds. If f ∈ A,DR

m+1,n
λ f(z)

DRm,n
λ f(z)

∈

H [q (0) , 1] ∩ Q and α
³
1+z
1−z

´γ
+ β

³
1+z
1−z

´2γ
+ µ 2γz

1−z2
³
1+z
1−z

´γ−1
≺ ψm,nλ (α,β, µ; z) , for α, µ,β ∈ C, 0 < γ ≤ 1, µ

6= 0, where ψm,nλ is defined in (2.4), then
³
1+z
1−z

´γ
≺ DRm+1,n

λ f(z)

DRm,n
λ f(z)

and
³
1+z
1−z

´γ
is the best subordinant.

Proof. Corollary follows by using Theorem 2.5 for q (z) =
³
1+z
1−z

´γ
, 0 < γ ≤ 1.

Combining Theorem 2.2 and Theorem 2.5, we state the following sandwich theorem.
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Theorem 2.8 Let q1 and q2 be analytic and univalent in U such that q1 (z) 6= 0 and q2 (z) 6= 0, for all z ∈
U , with zq01 (z) and zq

0
2 (z) being starlike univalent. Suppose that q1 satisfies (2.3) and q2 satisfies (2.8). If

f ∈ A, DRm+1,n
λ f(z)

DRm,n
λ f(z)

∈ H [q (0) , 1] ∩ Q and ψm,nλ (α,β, µ; z) is as defined in (2.4) univalent in U , then αq1 (z)+

β (q1 (z))
2+ µzq01 (z) ≺ ψm,nλ (α,β, µ; z) ≺ αq2 (z)+ β (q2 (z))

2+ µzq02 (z) , for α, µ,β ∈ C, µ 6= 0, implies q1 (z) ≺
DRm+1,n

λ f(z)

DRm,n
λ f(z)

≺ q2 (z), δ ∈ C, δ 6= 0, and q1 and q2 are respectively the best subordinant and the best dominant.

For q1 (z) = 1+A1z
1+B1z

, q2 (z) = 1+A2z
1+B2z

, where −1 ≤ B2 < B1 < A1 < A2 ≤ 1, we have the following corollary.

Corollary 2.9 Let m,n ∈ N, λ ≥ 0. Assume that (2.3) and (2.8) hold for q1 (z) = 1+A1z
1+B1z

and q2 (z) = 1+A2z
1+B2z

,

respectively. If f ∈ A, DR
m+1,n
λ f(z)

DRm,n
λ f(z)

∈ H [q (0) , 1] ∩ Q and α 1+A1z1+B1z
+ β

³
1+A1z
1+B1z

´2
+ µ (A1−B1)z

(1+B1z)
2 ≺ ψm,nλ (α,β, µ; z)

≺ α 1+A2z1+B2z
+ β

³
1+A2z
1+B2z

´2
+ µ (A2−B2)z

(1+B2z)
2 , for α, µ,β ∈ C, µ 6= 0, −1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1, where ψm,nλ is

defined in (2.4), then 1+A1z
1+B1z

≺ DRm+1,n
λ f(z)

DRm,n
λ f(z)

≺ 1+A2z
1+B2z

, hence 1+A1z
1+B1z

and 1+A2z
1+B2z

are the best subordinant and the best
dominant, respectively.

Theorem 2.10 Let
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
∈ H (U) , f ∈ A, z ∈ U , δ ∈ C, δ 6= 0, m, n ∈ N, λ ≥ 0 and let the function

q (z) be convex and univalent in U such that q (0) = 1, z ∈ U . Assume that

Re

µ
α+ β

β
+
zq00 (z)

q0 (z)

¶
> 0, (2.11)

for α,β ∈ C, β 6= 0, z ∈ U, and

ψm,nλ (α,β; z) :=

Ã
DRm+1,nλ f (z)

DRm,nλ f (z)

!δ ∙
α+ δβ

1− λ(n+ 1)

λ
+

δβ(n+ 1) [1− λ(n+ 2)]
DRm,n+1λ f (z)

DRm+1,nλ f (z)
+ δβλ(n+ 1)(n+ 2)

DRm,n+2λ f (z)

DRm+1,nλ f (z)
− δβ

λ

DRm+1,nλ f (z)

DRm,nλ f (z)

#
(2.12)

If q satisfies the following subordination

ψm,nλ (α,β; z) ≺ αq (z) + βzq0 (z) , (2.13)

for α,β ∈ C, β 6= 0, z ∈ U, thenÃ
DRm+1,nλ f (z)

DRm,nλ f (z)

!δ

≺ q (z) , z ∈ U, δ ∈ C, δ 6= 0, (2.14)

and q is the best dominant.

Proof. Let the function p be defined by p (z) :=
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
, z ∈ U , z 6= 0, f ∈ A. The func-

tion p is analytic in U and p (0) = 1. We have zp0 (z) = δz
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
DRm,n

λ f(z)

DRm+1,n
λ f(z)

³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´0
=

δ
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
DRm,n

λ f(z)

DRm+1,n
λ f(z)

µ
z(DRm+1,n

λ f(z))0

DRm,n
λ f(z)

− DRm+1,n
λ f(z)

DRm,n
λ f(z)

z(DRm,n
λ f(z))0

DRm,n
λ f(z)

¶
.

By using the identity (2.1) and (2.2), we obtain zp0 (z) = δ
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
DRm,n

λ f(z)

DRm+1,n
λ f(z)

h³
1−λ(n+1)

λ

´
DRm+1,n

λ f(z)

DRm,n
λ f(z)

+(n+ 1) [1− λ(n+ 2)]
DRm,n+1

λ f(z)

DRm,n
λ f(z)

+ λ(n+ 1)(n+ 2)
DRm,n+2

λ f(z)

DRm,n
λ f(z)

− 1
λ

³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´2¸
so, we obtain

zp0 (z) = δ

Ã
DRm+1,nλ f (z)

DRm,nλ f (z)

!δ ∙
1− λ(n+ 1)

λ
+
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(n+ 1) [1− λ(n+ 2)]
DRm,n+1λ f (z)

DRm+1,nλ f (z)
+ λ(n+ 1)(n+ 2)

DRm,n+2λ f (z)

DRm+1,nλ f (z)
− 1

λ

DRm+1,nλ f (z)

DRm,nλ f (z)

#
(2.15)

By setting θ (w) := αw and φ (w) := β, it can be easily verified that θ is analytic in C, φ is analytic in C\{0}
and that φ (w) 6= 0, w ∈ C\{0}. Also, by letting Q (z) = zq0 (z)φ (q (z)) = βzq0 (z) , we find that Q (z) is starlike

univalent in U. Let h (z) = θ (q (z)) +Q (z) = αq (z) + βzq0 (z).We have Re
³
zh0(z)
Q(z)

´
= Re

³
α+β
β + zq00(z)

q0(z)

´
> 0.

By using (2.15), we obtain αp (z) + βzp0 (z) =
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ h
α+ δβ 1−λ(n+1)λ + δβ(n+ 1) [1− λ(n+ 2)] ·

DRm,n+1
λ f(z)

DRm+1,n
λ f(z)

+ δβλ(n+ 1)(n+ 2)
DRm,n+2

λ f(z)

DRm+1,n
λ f(z)

− δβ
λ

DRm+1,n
λ f(z)

DRm,n
λ f(z)

i
.

By using (2.13), we have αp (z) + βzp0 (z) ≺ αq (z) + βzq0 (z) . From Lemma 1.1, we have p (z) ≺ q (z), z ∈ U,

i.e.
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
≺ q (z), z ∈ U, δ ∈ C, δ 6= 0 and q is the best dominant.

Corollary 2.11 Let q (z) = 1+Az
1+Bz , z ∈ U, −1 ≤ B < A ≤ 1, m, n ∈ N, λ ≥ 0. Assume that (2.11) holds. If f ∈ A

and ψm,nλ (α,β; z) ≺ α 1+Az1+Bz + β (A−B)z
(1+Bz)2

, for α,β ∈ C, β 6= 0, −1 ≤ B < A ≤ 1, where ψm,nλ is defined in (2.12),

then
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
≺ 1+Az

1+Bz , δ ∈ C, δ 6= 0, and
1+Az
1+Bz is the best dominant.

Proof. For q (z) = 1+Az
1+Bz , −1 ≤ B < A ≤ 1, in Theorem 2.10 we get the corollary.

Corollary 2.12 Let q (z) =
³
1+z
1−z

´γ
,m, n ∈ N, λ ≥ 0. Assume that (2.11) holds. If f ∈ A and ψm,nλ (α,β, µ; z) ≺

α
³
1+z
1−z

´γ
+ β 2γz

1−z2
³
1+z
1−z

´γ−1
, for α,β ∈ C, 0 < γ ≤ 1, β 6= 0, where ψm,nλ is defined in (2.12), then

³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
≺
³
1+z
1−z

´γ
, δ ∈ C, δ 6= 0, and

³
1+z
1−z

´γ
is the best dominant.

Proof. Corollary follows by using Theorem 2.10 for q (z) =
³
1+z
1−z

´γ
, 0 < γ ≤ 1.

Theorem 2.13 Let q be convex and univalent in U such that q (0) = 1. Assume that

Re

µ
α

β
q0 (z)

¶
> 0, for α,β ∈ C, β 6= 0. (2.16)

If f ∈ A,
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
∈ H [q (0) , 1] ∩Q and ψm,nλ (α,β; z) is univalent in U , where ψm,nλ (α,β; z) is as defined

in (2.12), then
αq (z) + βzq0 (z) ≺ ψm,nλ (α,β; z) (2.17)

implies

q (z) ≺
Ã
DRm+1,nλ f (z)

DRm,nλ f (z)

!δ

, δ ∈ C, δ 6= 0, z ∈ U, (2.18)

and q is the best subordinant.

Proof. Let the function p be defined by p (z) :=
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
, z ∈ U , z 6= 0, δ ∈ C, δ 6= 0, f ∈ A. The

function p is analytic in U and p (0) = 1. By setting ν (w) := αw and φ (w) := β it can be easily verified that ν
is analytic in C, φ is analytic in C\{0} and that φ (w) 6= 0, w ∈ C\{0}. Since ν0(q(z))

φ(q(z)) =
α
β q

0 (z), it follows that

Re
³
ν0(q(z))
φ(q(z))

´
= Re

³
α
β q

0 (z)
´
> 0, for α,β ∈ C, β 6= 0.

Now, by using (2.17) we obtain αq (z) + βzq0 (z) ≺ αq (z) + βzq0 (z) , z ∈ U. From Lemma 1.2, we have

q (z) ≺ p (z) =
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
, z ∈ U, δ ∈ C, δ 6= 0, and q is the best subordinant.

Corollary 2.14 Let q (z) = 1+Az
1+Bz , −1 ≤ B < A ≤ 1, z ∈ U, m, n ∈ N, λ ≥ 0. Assume that (2.16) holds. If f ∈ A,³

DRm+1,n
λ f(z)

DRm,n
λ f(z)

´δ
∈ H [q (0) , 1] ∩ Q, δ ∈ C, δ 6= 0 and α 1+Az1+Bz + β (A−B)z

(1+Bz)2
≺ ψm,nλ (α,β; z) , for α,β ∈ C, β 6= 0,

−1 ≤ B < A ≤ 1, where ψm,nλ is defined in (2.12), then 1+Az
1+Bz ≺

³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
, δ ∈ C, δ 6= 0, and 1+Az

1+Bz is the
best subordinant.
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Proof. For q (z) = 1+Az
1+Bz , −1 ≤ B < A ≤ 1, in Theorem 2.13 we get the corollary.

Corollary 2.15 Let q (z) =
³
1+z
1−z

´γ
,m, n ∈ N, λ ≥ 0. Assume that (2.16) holds. If f ∈ A,

³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
∈ H [q (0) , 1] ∩ Q and α

³
1+z
1−z

´γ
+ β 2γz

1−z2
³
1+z
1−z

´γ−1
≺ ψm,nλ (α,β, µ; z) , for α,β ∈ C, 0 < γ ≤ 1, β 6= 0, where

ψm,nλ is defined in (2.12), then
³
1+z
1−z

´γ
≺
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
, δ ∈ C, δ 6= 0, and

³
1+z
1−z

´γ
is the best subordinant.

Proof. Corollary follows by using Theorem 2.13 for q (z) =
³
1+z
1−z

´γ
, 0 < γ ≤ 1.

Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich theorem.

Theorem 2.16 Let q1 and q2 be convex and univalent in U such that q1 (z) 6= 0 and q2 (z) 6= 0, for all z ∈ U .

Suppose that q1 satisfies (2.11) and q2 satisfies (2.16). If f ∈ A,
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
∈ H [q (0) , 1] ∩ Q , δ ∈

C, δ 6= 0 and ψm,nλ (α,β; z) is as defined in (2.12) univalent in U , then αq1 (z) + βzq01 (z) ≺ ψm,nλ (α,β; z) ≺

αq2 (z) + βzq02 (z) , for α,β ∈ C, β 6= 0, implies q1 (z) ≺
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
≺ q2 (z), z ∈ U, δ ∈ C, δ 6= 0, and q1 and

q2 are respectively the best subordinant and the best dominant.

For q1 (z) = 1+A1z
1+B1z

, q2 (z) = 1+A2z
1+B2z

, where −1 ≤ B2 < B1 < A1 < A2 ≤ 1, we have the following corollary.

Corollary 2.17 Let m,n ∈ N, λ ≥ 0. Assume that (2.11) and (2.16) hold for q1 (z) = 1+A1z
1+B1z

and q2 (z) =

1+A2z
1+B2z

, respectively. If f ∈ A,
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
∈ H [q (0) , 1] ∩ Q and α 1+A1z1+B1z

+ β (A1−B1)z
(1+B1z)

2 ≺ ψm,nλ (α,β, µ; z)

≺ α 1+A2z1+B2z
+β (A2−B2)z

(1+B2z)
2 , z ∈ U, for α,β ∈ C, β 6= 0, −1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1, where ψm,nλ is defined in (2.4),

then 1+A1z
1+B1z

≺
³
DRm+1,n

λ f(z)

DRm,n
λ f(z)

´δ
≺ 1+A2z

1+B2z
, z ∈ U, δ ∈ C, δ 6= 0, hence 1+A1z

1+B1z
and 1+A2z

1+B2z
are the best subordinant and

the best dominant, respectively.
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[18] G. St. Sălăgean, Subclasses of univalent functions, Lecture Notes in Math., Springer Verlag, Berlin, 1013(1983),
362-372.

[19] T.N. Shanmugan, C. Ramachandran, M. Darus, S. Sivasubramanian, Differential sandwich theorems for some
subclasses of analytic functions involving a linear operator, Acta Math. Univ. Comenianae, 16 (2007), no. 2,
287-294.

8

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

1056 Andrei Loriana 1049-1056



Journal of Computational Analysis and Applications 00(0000), 000-000

http://JoCAAA/91-2015-Muhiuddin-Alroqi-JoCAAA-6-02-2014

Subalgebras of BCK/BCI-algebras based on
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Abstract. The notion of (ε, δ)-characteristic fuzzy sets is introduced. Given a subalgebra F of a

BCK/BCI-algebra X, conditions for the (ε, δ)-characteristic fuzzy set in X to be an (∈,∈ ∨ q)-fuzzy

subalgebra, an (∈, q)-fuzzy subalgebra, an (∈,∈∧ q)-fuzzy subalgebra, a (q, q)-fuzzy subalgebra, a (q,∈)-

fuzzy subalgebra, a (q,∈∨ q)-fuzzy subalgebra and a (q,∈∧ q)-fuzzy subalgebra are provided. Using the

notions of (α, β)-fuzzy subalgebra µ
(ε,δ)
F , conditions for the F to be a subalgebra of X are investigated

where (α, β) is one of (∈,∈∨ q), (∈,∈∧ q), (∈, q), (q,∈∨ q), (q,∈∧ q), (q,∈) and (q, q).

1. Introduction

The idea of quasi-coincidence of a fuzzy point with a fuzzy set is given in [7] which played a vital

role to generate some different types of fuzzy subgroups, called (α, β)-fuzzy subgroups, introduced by

Bhakat and Das [1]. In particular, (∈,∈∨ q )-fuzzy subgroup is an important and useful generalization

of Rosenfeld’s fuzzy subgroup. Several authors [3, 4, 5, 8] have studied the concept of (α, β)-fuzzy

subalgebras in BCK/BCI-algebras, which is an important and useful generalization of the well-known

concepts, called fuzzy subalgebras.

In this paper, we introduce the notion of (ε, δ)-characteristic fuzzy sets in BCK/BCI-algebras. Given

a subalgebra F of a BCK/BCI-algebra X, we provide conditions for the (ε, δ)-characteristic fuzzy set

in X to be an (∈,∈ ∨ q)-fuzzy subalgebra, an (∈, q)-fuzzy subalgebra, an (∈,∈ ∧ q)-fuzzy subalgebra,

a (q, q)-fuzzy subalgebra, a (q,∈)-fuzzy subalgebra, a (q,∈ ∨ q)-fuzzy subalgebra and a (q,∈ ∧ q)-fuzzy

subalgebra. Using the notions of (α, β)-fuzzy subalgebra µ
(ε,δ)
F , we investigate conditions for the F to be

a subalgebra of X where (α, β) is one of (∈,∈∨ q), (∈,∈∧ q), (∈, q), (q,∈∨ q), (q,∈∧ q), (q,∈) and (q, q).
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2 G. Muhiuddin and Abdullah M. Al-roqi

2. Preliminaries

By a BCI-algebra we mean an algebra (X, ∗, 0) of type (2, 0) satisfying the axioms:

(a1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,

(a2) (x ∗ (x ∗ y)) ∗ y = 0,

(a3) x ∗ x = 0,

(a4) x ∗ y = y ∗ x = 0 ⇒ x = y,

for all x, y, z ∈ X. We can define a partial ordering ≤ by x ≤ y if and only if x ∗ y = 0. If a BCI-algebra

X satisfies the axiom

(a5) 0 ∗ x = 0 for all x ∈ X,

then we say that X is a BCK-algebra. A nonempty subset S of a BCK/BCI-algebra X is called a

subalgebra of X if x ∗ y ∈ S for all x, y ∈ S. We refer the reader to the books [2] and [6] for further

information regarding BCK/BCI-algebras.

A fuzzy set µ in a set X of the form

µ(y) :=

{
t ∈ (0, 1] if y = x,

0 if y 6= x,

is said to be a fuzzy point with support x and value t and is denoted by xt.

For a fuzzy point xt and a fuzzy set µ in a set X, Pu and Liu [7] introduced the symbol xtαµ, where

α ∈ {∈, q ,∈∨ q ,∈∧ q }. To say that xt ∈ µ (resp. xt q µ), we mean µ(x) ≥ t (resp. µ(x) + t > 1), and

in this case, xt is said to belong to (resp. be quasi-coincident with) a fuzzy set µ. To say that xt ∈∨ q µ
(resp. xt ∈∧ q µ), we mean xt ∈ µ or xt q µ (resp. xt ∈ µ and xt q µ). To say that xt αµ, we mean xtαµ

does not hold, where α ∈ {∈, q,∈∨ q ,∈∧ q }.
A fuzzy set µ in a BCK/BCI-algebra X is called a fuzzy subalgebra of X if it satisfies:

(2.1) µ(x ∗ y) ≥ min{µ(x), µ(y)}

for all x, y ∈ X.

Proposition 2.1 ([4]). Let X be a BCK/BCI-algebra. A fuzzy set µ in X is a fuzzy subalgebra of X if

and only if the following assertion is valid.

(2.2) xt ∈ µ, ys ∈ µ =⇒ (x ∗ y)min{t,s} ∈ µ

for all x, y ∈ X and t, s ∈ (0, 1].

3. Subalgebras of BCK/BCI-algebras based on (α, β)-type fuzzy sets

In what follows, let X denote a BCK/BCI-algebra unless otherwise specified.

Let F be a non-empty subset of X and ε, δ ∈ [0, 1] such that ε > δ. Define a fuzzy set µ
(ε,δ)
F in X as

follows:

µ
(ε,δ)
F (x) :=

{
ε if x ∈ F,
δ otherwise.
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Subalgebras of BCK/BCI-algebras based on (α, β)-type fuzzy sets 3

We say that µ
(ε,δ)
F is an (ε, δ)-characteristic fuzzy set in X over F. In particular, the (1, 0)-characteristic

fuzzy set µ
(1,0)
F in X over F is the characteristic function χF of F.

Theorem 3.1. For any non-empty subset F of X, the following are equivalent:

(1) F is a subalgebra of X.

(2) The fuzzy set µ
(ε,δ)
F is a fuzzy subalgebra of X for all ε, δ ∈ [0, 1] with ε > δ.

Proof. Assume that F is a subalgebra of X and let ε, δ ∈ [0, 1] be such that ε > δ. Let x, y ∈ X. If

x, y ∈ F , then x ∗ y ∈ F and so

µ
(ε,δ)
F (x ∗ y) = ε = min

{
µ
(ε,δ)
F (x), µ

(ε,δ)
F (y)

}
.

If x /∈ F or y /∈ F, then µ
(ε,δ)
F (x) = δ or µ

(ε,δ)
F (y) = δ. Hence

µ
(ε,δ)
F (x ∗ y) ≥ δ = min

{
µ
(ε,δ)
F (x), µ

(ε,δ)
F (y)

}
.

Therefore µ
(ε,δ)
F is a fuzzy subalgebra of X for all ε, δ ∈ [0, 1] with ε > δ.

Conversely, suppose that (2) is valid. Let x, y ∈ F. Then µ
(ε,δ)
F (x) = ε and µ

(ε,δ)
F (y) = ε. It follows that

µ
(ε,δ)
F (x ∗ y) ≥ min

{
µ
(ε,δ)
F (x), µ

(ε,δ)
F (y)

}
= ε. Thus x ∗ y ∈ F, and therefore F is a subalgebra of X. �

Definition 3.2 ([4]). A fuzzy set µ in X is said to be an (α, β)-fuzzy subalgebra of X, where α, β ∈ {∈
, q ,∈∨ q ,∈∧ q } and α 6= ∈∧ q , if it satisfies the following condition:

(3.1) xt1αµ, yt2αµ ⇒ (x ∗ y)min{t1,t2} β µ.

for all x, y ∈ X and t1, t2 ∈ (0, 1].

Lemma 3.3 ([4]). A fuzzy set µ in X is an (∈,∈∨ q )-fuzzy subalgebra of X if and only if it satisfies:

(3.2) (∀x, y ∈ X) (µ(x ∗ y) ≥ min{µ(x), µ(y), 0.5}) .

Theorem 3.4. If F is a subalgebra of X, then the fuzzy set µ
(ε,δ)
F is an (∈,∈∨ q )-fuzzy subalgebra of X

for all ε, δ ∈ [0, 1] with ε > δ.

Proof. Assume that F is a subalgebra of X and let ε, δ ∈ [0, 1] such that ε > δ. For any x, y ∈ X, if

x, y ∈ F , then x ∗ y ∈ F and so

µ
(ε,δ)
F (x ∗ y) = ε ≥ min

{
µ
(ε,δ)
F (x), µ

(ε,δ)
F (y), 0.5

}
.

If x /∈ F or y /∈ F, then µ
(ε,δ)
F (x) = δ or µ

(ε,δ)
F (y) = δ. Hence

µ
(ε,δ)
F (x ∗ y) ≥ δ ≥ min

{
µ
(ε,δ)
F (x), µ

(ε,δ)
F (y), 0.5

}
.

It follows from Lemma 3.3 that µ
(ε,δ)
F is an (∈,∈ ∨ q )-fuzzy subalgebra of X for all ε, δ ∈ [0, 1] with

ε > δ. �

Corollary 3.5. A non-empty subset F of X is a subalgebra of X if and only if the characteristic function

χF of F is an (∈,∈∨ q )-fuzzy subalgebra of X.
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4 G. Muhiuddin and Abdullah M. Al-roqi

Proof. The necessity is by taking ε = 1 and δ = 0 in Theorem 3.4.

Conversely, suppose that the characteristic function χF of F is an (∈,∈∨ q )-fuzzy subalgebra of X.

Let x, y ∈ F. Then χF (x) = 1 = χF (y), which implies from (3.2) that

χF (x ∗ y) ≥ min{χF (x), χF (y), 0.5} = min{1, 0.5} = 0.5.

Hence x ∗ y ∈ F , and therefore F is a subalgebra of X. �

We consider the converse of Theorem 3.4.

Theorem 3.6. For any ε, δ ∈ [0, 1] such that δ < ε ≤ 0.5, if the fuzzy set µ
(ε,δ)
F is an (∈,∈∨ q )-fuzzy

subalgebra of X then F is a subalgebra of X.

Proof. Let x, y ∈ F. Then µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y). Using Lemma 3.3, we have

µ
(ε,δ)
F (x ∗ y) ≥ min

{
µ
(ε,δ)
F (x), µ

(ε,δ)
F (y), 0.5

}
= min{ε, 0.5} = ε,

and so x ∗ y ∈ F. Therefore F is a subalgebra of X. �

Theorem 3.7. Let ε, δ ∈ [0, 1] such that ε > δ. If F is a subalgebra of X, then the fuzzy set µ
(ε,δ)
F is an

(∈, q )-fuzzy subalgebra of X whenever if any element t in (0, 1] satisfies xt ∈ µ(ε,δ)
F for x ∈ X then δ < t

and 1− t < ε.

Proof. Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 ∈ µ
(ε,δ)
F and yt2 ∈ µ

(ε,δ)
F . Then µ

(ε,δ)
F (x) ≥ t1 > δ

and µ
(ε,δ)
F (y) ≥ t2 > δ. It follows that µ

(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), and so x, y ∈ F. Since F is a subalgebra

of X, we have x ∗ y ∈ F. Hence µ
(ε,δ)
F (x ∗ y) = ε, and thus µ

(ε,δ)
F (x ∗ y) + min{t1, t2} = ε+ min{t1, t2} > 1

which shows that (x ∗ y)min{t1,t2} q µ
(ε,δ)
F . Therefore µ

(ε,δ)
F is an (∈, q )-fuzzy subalgebra of X. �

Theorem 3.8. Let ε, δ ∈ [0, 1] such that ε > δ. If ε + δ ≤ 1 and the fuzzy set µ
(ε,δ)
F is an (∈, q)-fuzzy

subalgebra of X, then F is a subalgebra of X.

Proof. Assume that ε + δ ≤ 1 and the fuzzy set µ
(ε,δ)
F is an (∈, q)-fuzzy subalgebra of X. Let x, y ∈ F.

Then µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), and so xε ∈ µ(ε,δ)

F and yε ∈ µ(ε,δ)
F . Hence (x ∗ y)ε = (x ∗ y)min{ε,ε} q µ

(ε,δ)
F ,

which implies that µ
(ε,δ)
F (x ∗ y) + ε > 1. Therefore µ

(ε,δ)
F (x ∗ y) > 1 − ε ≥ δ, and thus µ

(ε,δ)
F (x ∗ y) = ε,

that is, x ∗ y ∈ F. Consequently, F is a subalgebra of X. �

If we take ε = 1 and δ = 0 in Theorems 3.7 and 3.8, then we have the following corollary.

Corollary 3.9. A non-empty subset F of X is a subalgebra of X if and only if the characteristic function

χF of F is an (∈, q)-fuzzy subalgebra of X.

Theorem 3.10. Let ε, δ ∈ [0, 1] such that ε > δ. If F is a subalgebra of X, then the fuzzy set µ
(ε,δ)
F

is a (q, q)-fuzzy subalgebra of X whenever if any element t in (0, 1] satisfies xt ∈ µ(ε,δ)
F for x ∈ X then

δ ≤ 1− t < ε.
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Subalgebras of BCK/BCI-algebras based on (α, β)-type fuzzy sets 5

Proof. Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
F and yt2 q µ

(ε,δ)
F . Then µ

(ε,δ)
F (x) + t1 > 1

and µ
(ε,δ)
F (y) + t2 > 1, which imply that µ

(ε,δ)
F (x) > 1− t1 ≥ δ and µ

(ε,δ)
F (y) > 1− t2 ≥ δ. It follows that

µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y) and so that x, y ∈ F. Since F is a subalgebra of X, we have x ∗ y ∈ F and so

µ
(ε,δ)
F (x ∗ y) = ε. Thus

µ
(ε,δ)
F (x ∗ y) + min{t1, t2} = ε+ min{t1, t2} > 1,

that is, (x ∗ y)min{t1,t2} q µ
(ε,δ)
F . This shows that µ

(ε,δ)
F is a (q, q)-fuzzy subalgebra of X. �

Theorem 3.11. Let ε, δ ∈ [0, 1] such that ε > max{δ, 0.5} and ε + δ ≤ 1. If the fuzzy set µ
(ε,δ)
F is a

(q, q)-fuzzy subalgebra of X, then F is a subalgebra of X.

Proof. Let x, y ∈ F. Then µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), which implies that

µ
(ε,δ)
F (x) + ε = ε+ ε > 1 and µ

(ε,δ)
F (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
F and yε q µ

(ε,δ)
F . Since µ

(ε,δ)
F is a (q, q)-fuzzy subalgebra of X, it follows that (x ∗ y)ε =

(x ∗ y)min{ε,ε} q µ
(ε,δ)
F . Hence µ

(ε,δ)
F (x ∗ y) > 1 − ε ≥ δ, and therefore µ

(ε,δ)
F (x ∗ y) = ε. This proves that

x ∗ y ∈ F , and F is a subalgebra of X. �

If we take ε = 1 and δ = 0 in Theorems 3.10 and 3.11, then we have the following corollary.

Corollary 3.12. A non-empty subset F of X is a subalgebra of X if and only if the characteristic

function χF of F is a (q, q)-fuzzy subalgebra of X.

Theorem 3.13. Let ε, δ ∈ [0, 1] such that ε > δ. If F is a subalgebra of X, then the fuzzy set µ
(ε,δ)
F is

a (q,∈)-fuzzy subalgebra of X whenever if any element t in (0, 1] satisfies xt ∈ µ
(ε,δ)
F for x ∈ X then

δ ≤ 1− t and t < ε.

Proof. Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
F and yt2 q µ

(ε,δ)
F . Then µ

(ε,δ)
F (x) + t1 > 1

and µ
(ε,δ)
F (y) + t2 > 1, which imply that µ

(ε,δ)
F (x) > 1 − t1 ≥ δ and µ

(ε,δ)
F (y) > 1 − t2 ≥ δ. Hence

µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), and so x, y ∈ F. Since F is a subalgebra of X, we have x ∗ y ∈ F and thus

µ
(ε,δ)
F (x ∗ y) = ε ≥ min{t1, t2},

that is, (x ∗ y)min{t1,t2} ∈ µ
(ε,δ)
F . This shows that µ

(ε,δ)
F is a (q,∈)-fuzzy subalgebra of X. �

Theorem 3.14. Let ε, δ ∈ [0, 1] such that ε > max{δ, 0.5}. If the fuzzy set µ
(ε,δ)
F is a (q,∈)-fuzzy

subalgebra of X, then F is a subalgebra of X.

Proof. Let x, y ∈ F. Then µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), which implies that

µ
(ε,δ)
F (x) + ε = ε+ ε > 1 and µ

(ε,δ)
F (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
F and yε q µ

(ε,δ)
F . Since µ

(ε,δ)
F is a (q,∈)-fuzzy subalgebra of X, it follows that (x ∗ y)ε =

(x ∗ y)min{ε,ε} ∈ µ
(ε,δ)
F and so that µ

(ε,δ)
F (x ∗ y) = ε, that is, x ∗ y ∈ F. Therefore F is a subalgebra of

X. �

If we take ε = 1 and δ = 0 in Theorems 3.13 and 3.14, then we have the following corollary.
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Corollary 3.15. A non-empty subset F of X is a subalgebra of X if and only if the characteristic

function χF of F is a (q,∈)-fuzzy subalgebra of X.

Theorem 3.16. Let ε, δ ∈ [0, 1] such that ε > δ. If F is a subalgebra of X, then the fuzzy set µ
(ε,δ)
F is an

(∈,∈∧ q )-fuzzy subalgebra of X whenever if any element t in (0, 1] satisfies xt ∈ µ(ε,δ)
F for x ∈ X then

δ < t and 1− t < ε.

Proof. Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 ∈ µ
(ε,δ)
F and yt2 ∈ µ

(ε,δ)
F . Then µ

(ε,δ)
F (x) ≥ t1 > δ

and µ
(ε,δ)
F (y) ≥ t2 > δ, which imply that x, y ∈ F and ε ≥ min{t1, t2}. Since F is a subalgebra of X, we

have x ∗ y ∈ F. Hence µ
(ε,δ)
F (x ∗ y) = ε ≥ min{t1, t2}, i.e., (x ∗ y)min{t1,t2} ∈ µ

(ε,δ)
F . Now, µ

(ε,δ)
F (x ∗ y) +

min{t1, t2} = ε + min{t1, t2} > 1 and so (x ∗ y)min{t1,t2} q µ
(ε,δ)
F . Therefore (x ∗ y)min{t1,t2} ∈ ∧ q µ

(ε,δ)
F ,

and consequently µ
(ε,δ)
F is an (∈,∈∧ q )-fuzzy subalgebra of X. �

Theorem 3.17. Let ε, δ ∈ [0, 1] such that ε > δ. If ε+δ ≤ 1 and the fuzzy set µ
(ε,δ)
F is an (∈,∈∧ q )-fuzzy

subalgebra of X, then F is a subalgebra of X.

Proof. Assume that ε+δ ≤ 1 and the fuzzy set µ
(ε,δ)
F is an (∈,∈∧ q )-fuzzy subalgebra of X. Let x, y ∈ F.

Then µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), and so xε ∈ µ(ε,δ)

F and yε ∈ µ(ε,δ)
F . Hence (x∗y)ε = (x∗y)min{ε,ε} ∈∧ q µ

(ε,δ)
F ,

that is, (x ∗ y)ε = (x ∗ y)min{ε,ε} ∈ µ
(ε,δ)
F and (x ∗ y)ε = (x ∗ y)min{ε,ε} q µ

(ε,δ)
F . Hence µ

(ε,δ)
F (x ∗ y) ≥ ε and

µ
(ε,δ)
F (x ∗ y) + ε > 1. If µ

(ε,δ)
F (x ∗ y) ≥ ε, then µ

(ε,δ)
F (x ∗ y) = ε and thus x ∗ y ∈ F. If µ

(ε,δ)
F (x ∗ y) + ε > 1,

then µ
(ε,δ)
F (x ∗ y) > 1 − ε ≥ δ and so µ

(ε,δ)
F (x ∗ y) = ε, which shows that x ∗ y ∈ F. Therefore F is a

subalgebra of X. �

If we take ε = 1 and δ = 0 in Theorems 3.16 and 3.17, then we have the following corollary.

Corollary 3.18. A non-empty subset F of X is a subalgebra of X if and only if the characteristic

function χF of F is an (∈,∈∧ q )-fuzzy subalgebra of X.

Theorem 3.19. Let ε, δ ∈ [0, 1] such that ε > δ. If F is a subalgebra of X, then the fuzzy set µ
(ε,δ)
F is a

(q,∈∧ q )-fuzzy subalgebra of X under the condition that if any element t in (0, 1] satisfies xt ∈ µ(ε,δ)
F for

x ∈ X then δ ≤ 1− t and t < ε.

Proof. Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
F and yt2 q µ

(ε,δ)
F . Then µ

(ε,δ)
F (x) + t1 > 1

and µ
(ε,δ)
F (y) + t2 > 1, which imply that µ

(ε,δ)
F (x) > 1 − t1 ≥ δ and µ

(ε,δ)
F (y) > 1 − t2 ≥ δ. Hence

µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y) and ε > max{1 − t1, 1 − t2}, and so x, y ∈ F. Since F is a subalgebra of X, we

have x ∗ y ∈ F and thus

µ
(ε,δ)
F (x ∗ y) = ε ≥ min{t1, t2},

that is, (x ∗ y)min{t1,t2} ∈ µ
(ε,δ)
F . Now, µ

(ε,δ)
F (x ∗ y) + min{t1, t2} = ε + min{t1, t2} > 1, and so (x ∗

y)min{t1,t2} q µ
(ε,δ)
F . Hence (x ∗ y)min{t1,t2} ∈∧ q µ

(ε,δ)
F , and µ

(ε,δ)
F is a (q,∈∧ q )-fuzzy subalgebra of X. �

Theorem 3.20. Let ε, δ ∈ [0, 1] such that ε > max{δ, 0.5}. If the fuzzy set µ
(ε,δ)
F is a (q,∈ ∧ q )-fuzzy

subalgebra of X, then F is a subalgebra of X.

Proof. Let x, y ∈ F. Then µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), which implies that
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µ
(ε,δ)
F (x) + ε = ε+ ε > 1 and µ

(ε,δ)
F (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
F and yε q µ

(ε,δ)
F . Since µ

(ε,δ)
F is a (q,∈∧ q )-fuzzy subalgebra of X, it follows that (x∗y)ε =

(x ∗ y)min{ε,ε} ∈∧ q µ
(ε,δ)
F and so that µ

(ε,δ)
F (x ∗ y) ≥ ε. Hence x ∗ y ∈ F and F is a subalgebra of X. �

If we take ε = 1 and δ = 0 in Theorems 3.19 and 3.20, then we have the following corollary.

Corollary 3.21. A non-empty subset F of X is a subalgebra of X if and only if the characteristic

function χF of F is a (q,∈∧ q )-fuzzy subalgebra of X.

Theorem 3.22. Let ε, δ ∈ [0, 1] such that ε > δ. Assume that if any element t in (0, 1] satisfies xt ∈ µ(ε,δ)
F

for x ∈ X then δ ≤ 1−t. If F is a subalgebra of X, then the fuzzy set µ
(ε,δ)
F is a (q,∈∨ q )-fuzzy subalgebra

of X.

Proof. Let x, y ∈ X and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
F and yt2 q µ

(ε,δ)
F . Then µ

(ε,δ)
F (x) + t1 > 1

and µ
(ε,δ)
F (y) + t2 > 1, which imply that µ

(ε,δ)
F (x) > 1 − t1 ≥ δ and µ

(ε,δ)
F (y) > 1 − t2 ≥ δ. Hence

µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), and so ε > max{1 − t1, 1 − t2} and x, y ∈ F. Since F is a subalgebra of X, we

have x∗y ∈ F and thus µ
(ε,δ)
F (x∗y) = ε which implies that µ

(ε,δ)
F (x∗y)+min{t1, t2} = ε+min{t1, t2} > 1,

i.e., (x∗y)min{t1,t2} q µ
(ε,δ)
F . It follows that (x∗y)min{t1,t2} ∈∨ q µ

(ε,δ)
F . Therefore µ

(ε,δ)
F is a (q,∈∨ q )-fuzzy

subalgebra of X. �

Theorem 3.23. Let ε, δ ∈ [0, 1] such that ε > max{δ, 0.5} and ε + δ ≤ 1. If the fuzzy set µ
(ε,δ)
F is a

(q,∈∨ q )-fuzzy subalgebra of X, then F is a subalgebra of X.

Proof. Let x, y ∈ F. Then µ
(ε,δ)
F (x) = ε = µ

(ε,δ)
F (y), which implies that

µ
(ε,δ)
F (x) + ε = ε+ ε > 1 and µ

(ε,δ)
F (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
F and yε q µ

(ε,δ)
F . Since µ

(ε,δ)
F is a (q,∈∨ q )-fuzzy subalgebra of X, it follows that (x∗y)ε =

(x∗y)min{ε,ε} ∈∨ q µ
(ε,δ)
F , that is, µ

(ε,δ)
F (x∗y) ≥ ε or µ

(ε,δ)
F (x∗y)+ε > 1. If µ

(ε,δ)
F (x∗y) ≥ ε, then x∗y ∈ F.

If µ
(ε,δ)
F (x∗y) + ε > 1, then µ

(ε,δ)
F (x∗y) > 1− ε ≥ δ and so µ

(ε,δ)
F (x∗y) = ε. Thus x∗y ∈ F, and therefore

F is a subalgebra of X. �

If we take ε = 1 and δ = 0 in Theorems 3.22 and 3.23, then we have the following corollary.

Corollary 3.24. A non-empty subset F of X is a subalgebra of X if and only if the characteristic

function χF of F is a (q,∈∨ q )-fuzzy subalgebra of X.

Conclusions

We have introduced the notion of (ε, δ)-characteristic fuzzy sets in BCK/BCI-algebras. Given a

subalgebra F of a BCK/BCI-algebra X, we have provided conditions for the (ε, δ)-characteristic fuzzy

set in X to be an (∈,∈∨ q)-fuzzy subalgebra, an (∈, q)-fuzzy subalgebra, an (∈,∈∧ q)-fuzzy subalgebra,

a (q, q)-fuzzy subalgebra, a (q,∈)-fuzzy subalgebra, a (q,∈ ∨ q)-fuzzy subalgebra and a (q,∈ ∧ q)-fuzzy

subalgebra. Using the notions of (α, β)-fuzzy subalgebra µ
(ε,δ)
F , we have investigated conditions for the
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F to be a subalgebra of X where (α, β) is one of (∈,∈∨ q), (∈,∈∧ q), (∈, q), (q,∈∨ q), (q,∈∧ q), (q,∈)

and (q, q).

In the consecutive research, we will discuss the following items:

(1) Given a subalgebra F of a BCK/BCI-algebra X, we will provide conditions for the (ε, δ)-

characteristic fuzzy set in X to be an (∈∨ q,∈∨ q)-fuzzy subalgebra, an (∈∨ q,∈)-fuzzy subal-

gebra, an (∈∨ q,∈∧ q)-fuzzy subalgebra, and an (∈∨ q, q)-fuzzy subalgebra.

(2) Using the notions of (α, β)-fuzzy subalgebra µ
(ε,δ)
F where (α, β) is one of (∈∨ q,∈∨ q), (∈∨ q,∈),

(∈∨ q,∈∧ q) and (∈∨ q, q), we investigate conditions for the F to be a subalgebra of X.
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involving fractional integrodifferential equations of fractional order α ∈ (2, 3] with antiperiodic type integral
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1 Introduction

In the last few decades, the topic of fractional differential equations has gained a considerable attention

and it has emerged as a popular field of research due to its extensive development and applications in

several disciplines such as physics, mechanics, chemistry, engineering, etc. Therefore, there have been many

papers and books dealing with the theoretical development of fractional calculus and the solutions or positive

solutions of boundary value problems for nonlinear fractional differential equations; for examples and details,

one can see [1, 2, 3, 4, 5, 6, 7] and references along these lines. For instance, Ahmad and Sivasundaram

[8] proved the existence and uniqueness of solutions for a four-point nonlocal boundary value problem of

nonlinear integro-differential equations of fractional order q ∈ (1, 2] by applying some standard fixed point

theorems. Ahmad and Ntouyas [9, 10] studied the existence and uniqueness results for a class of nonlocal

boundary value problems of nonlinear differential equations and inclusions of fractional order with strip

conditions by using a variety of fixed point theorems.

Recently, antiperiodic and/or integral boundary value problems of fractional differential equations occur

in the mathematic modeling of a variety of physical processes and have been studied by a number of authors.

For examples and details of antiperiodic and/or integral fractional boundary conditions, see [11, 12, 13,

14, 15, 16] and the references therein. For example, Ahmad and Nieto [17] obtained the existence and

uniqueness results for antiperiodic boundary value problem for nonlinear fractional differential equation of

order q ∈ (1, 2] by applying some standard fixed point principles. By using Schauder’s fixed point theorem

and the contraction mapping principle, Wang and Liu [18] considered the existence and uniqueness results for

antiperiodic fractional boundary value problem with fractional derivative. In [19], the authors investigated

the following boundary value problem for a nonlinear fractional integrodifferential equation with integral

boundary conditions

cDqx(t) = f(t, x(t), (χx)(t)), t ∈ [0, 1], q ∈ (1, 2],

αx(0) + β′(0) =

∫ 1

0

q1(x(s))ds, αx(1) + βx′(1) =

∫ 1

0

q2(x(s))ds,

where f : [0, 1] × X × X → X, (χx)(t) =
∫ t

0
γ(t, s)x(s)ds for γ : [0, T ] × [0, T ] → [0,+∞), q1, q2 : X → X

∗Corresponding author.
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and α > 0 and β ≥ 0 are real numbers. The authors established sufficient conditions for the existence of

solutions for the above boundary value problems.

In [20], Wang et al. studied the following fractional boundary value problem with antiperiodic boundary

conditions

cDαx(t) = f(t, x(t)), t ∈ [0, T ], α ∈ (2, 3],

x(0) = −x(T ), cDpx(0) = −cDpx(T ), cDqx(0) = −cDqx(T ),

where 0 < p < 1 < q < 2, and f : [0, T ] × R → R is a given continuous function. Some existence and

uniqueness results are obtained contraction mapping principle and Leray-Schauder’s fixed point theorem.

In [21], Chai concerned with the following antiperiodic boundary value problems of fractional differential

equations

cDαx(t) = f(t, x(t),cDα1(t),cDα2(t)), t ∈ (0, 1), α ∈ (2, 3],

x(0) = −x(T ), tβ1−1cDβ1x(t)|t→0 = −tβ1−1cDβ1x(t)|t=1, tβ2−1cDβ2x(t)|t→0 = −tβ2−1cDβ2x(t)|t=1,

where 2 < α ≤ 3, 0 < α1 ≤ 1 < α2 ≤ 2, 0 < β1 < 1 < β2 < 2, and f is a given continuous function.

The author obtained some existence results by applying the Banach contraction mapping principle and the

Leray-Schauder degree theory.

In [22], Alsaedi discussed existence of solutions for the following integrodifferential equations of fractional

order with antiperiodic boundary conditions

cDqx(t) = f(t, x(t), (χx)(t)), t ∈ [0, T ], q ∈ (1, 2],

x(0) = −x(T ), x′(0) = −x′(T ),

where f : [0, 1]×X ×X → X, (χx)(t) =
∫ t

0
γ(t, s)x(s)ds for γ : [0, 1]× [0, 1]→ [0,+∞).

In [23], Ahmad et al. considered the existence and uniqueness of the solutions for a new class of bound-

ary value problems of nonlinear fractional differential equations with non-separated type integral boundary

conditions

cDqx(t) = f(t, x(t)), t ∈ [0, T ], q ∈ (1, 2],

x(0)− λ1x(T ) = µ1

∫ T

0

g(s, x(s))ds, x′(0)− λ2x
′(T ) = µ2

∫ T

0

h(s, x(s))ds,

where f, g, g : [0, T ]× R→ R are given continuous functions and λj , µj ∈ R (λj 6= 0), j = 1, 2.

Ahmad and Ntouyas [24] and Ahmad et al. [25] study a boundary value problem of fractional differential

eqations and inclusions with anti-periodic type integral boundary conditions given by

cDαx(t) = f(t, x(t)) (∈ F (t, x(t))), t ∈ [0, T ], α ∈ (2, 3],

x(j)(0)− λjx(j)(T ) = µj

∫ T

0

gj(s, x(s))ds, j = 0, 1, 2,

where x(j)(·) denotes jth derivative of x(·) with x(0) = x(·), gj : [0, T ]×R→ R are given continuous functions

and λj , µj ∈ R (λj 6= 0), respectively.

In this paper, motivated greatly by the above mentioned works, we consider the following boundary value

problem for a nonlinear fractional integrodifferential equation of fractional order α ∈ (2, 3] with antiperiodic

type integral boundrary conditions

cDαu(t) = f(t, u(t), (φu)(t), (ψu)(t)), t ∈J = [0, T ] (T > 0),

u(0) = µ0u(T ) + ν0

∫ T

0

g0(s, u(s))ds, wi(0) = µiwi(T ) + νi

∫ T

0

gi(s, u(s))ds, i = 1, 2,
(1.1)

where cDα is the standard Caputo fractional derivative of fractional order α, 0 < α1 < 1 < α2 < 2,

wi(t) = tαi−icDαiu(t), wi(0) = limt→0+ wi(t), wi(T ) = [wi(t)]t=T , µ0, ν0, µi, νi ∈ R (µ0, µi 6= 1), i = 1, 2, the

2
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nonlinear function f : J × R × R × R → R is continuous, gi : J × R → R are given continuous functions

for i = 0, 1, 2, and for γ, δ : [0, T ]× [0, T ]→ [0,∞),

(φu)(t) =

∫ t

0

γ(t, s, u(s))ds, (ψu)(t) =

∫ T

0

δ(t, s, u(s))ds.

Let C = C(J ,R) be Banach space of all continuous functions from J → R endowed with a topology of

uniform convergence with the norm denoted by ‖ϕ‖ = sup{|ϕ(t)| : s ∈J }.

2 Preliminaries

For the convenience of the reader, we give some background materials from fractional calculus theory to

facilitate analysis of the problem (1.1). These materials can be found in the recent literature, see [27, 29, 30].

Definition 2.1. For at least n-times continuously differentiable function f : [0,∞)→ R, the Caputo deriva-

tive of fractional order α is defined as

cDαf(t) =
1

Γ(n− α)

∫ t

0

(t− s)n−α−1f (n)(s)ds, n = [α] + 1,

where [α] denotes the integer part of the real number α.

Definition 2.2. The Riemann-Liouville fractional integral of order α for a function f is defined as

Iαf(t) =
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds, α > 0,

provided that such integral exists.

Definition 2.3. The Riemann-Liouville fractional derivative of order α for a function f is defined by

Dαf(t) =
1

Γ(n− α)

(
d

dt

)n ∫ t

0

(t− s)n−α−1f(s)ds, n = [α] + 1,

provided that the right-hand side of the previous equation is pointwise defined on (0,∞).

Lemma 2.4 ([26, 28]). Let α > 0, then the fractional differential equation

cDαu(t) = 0

has a unique solution given by the expression

u(t) =

[α]∑
j=0

u(j)(0)

j!
tj .

Lemma 2.5 ([26, 29]). Let α > 0, then

IαcDαu(t) = u(t)−
[α]∑
j=0

u(j)(0)

j!
tj .

In view of Lemma 2.5, it follows that

IαcDαu(t) = u(t) + c0 + c1t+ c2t
2 + · · ·+ cn−1t

n−1, (2.1)

for some ci ∈ R, i = 0, 1, 2, . . . , n− 1 (n = [α] + 1).

3
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Lemma 2.6. For any y ∈ C[0, T ], the unique solution of the linear fractional boundary value problem

cDαu(t) = y(t), t ∈ [0, T ], α ∈ (2, 3],

u(0) = µ0u(T ) + ν0

∫ T

0

g0(s, u(s))ds, wi(0) = µiwi(T ) + νi

∫ T

0

gi(s, u(s))ds,
(2.2)

is given by

u(t) =

∫ T

0

G(t, s)y(s)ds+ ν0ξ0

∫ T

0

g0(s, u(s))ds+ ν1η1(t)

∫ T

0

g1(s, u(s))ds+ ν2η2(t)

∫ T

0

g2(s, u(s))ds,

where G(t, s) is Green’s function given by

G(t, s) =



(t− s)α−1 + µ0ξ0(T − s)α−1

Γ(α)

+
µ1η1(t)Tα1−1(T − s)α−α1−1

Γ(α− α1)
+
µ2η2(t)Tα2−2(T − s)α−α2−1

Γ(α− α2)
, s ≤ t,

µ0ξ0(T − s)α−1

Γ(α)
+
µ1η1(t)Tα1−1(T − s)α−α1−1

Γ(α− α1)
+
µ2η2(t)Tα2−2(T − s)α−α2−1

Γ(α− α2)
, t ≤ s,

(2.3)

η1(t) = ξ1[µ0T + (1− µ0)t],

η2(t) = ξ2[µ0[2µ1 + (1− µ1)(2− α1)]T 2 + 2µ1T (1− µ0)t+ (1− µ0)(1− µ1)(2− α1)t2],

ξ0 =
1

1− µ0
, ξ1 =

Γ(2− α1)

(1− µ0)(1− µ1)
, ξ2 =

Γ(3− α2)

2(1− µ0)(1− µ1)(1− µ2)(2− α1)
.

Proof. Using (2.1), for some constants b0, b1, b2 ∈ R, we have

u(t) = Iαy(t) + b0 + b1t+ b2t
2. (2.4)

Using the facts that cDα1b = 0 (b is constant and 0 < α1 < 1), cDα1t = t1−α1

Γ(2−α1) , cDα1t2 = 2t2−α1

Γ(3−α1) , and
cDα1Iαy(t) = Iα−α1y(t), we obtain

cDα1u(t) = Iα−α1y(t) +
b1

Γ(2− α1)
t1−α1 +

2b2
Γ(3− α1)

t2−α1 . (2.5)

In view of cDα2t = 0 (1 < α2 < 2), cDα2t2 = 2t2−α2

Γ(3−α2) , and cDα2Iαy(t) = Iα−α2y(t), we get

cDα2u(t) = Iα−α2y(t) +
2b2

Γ(3− α2)
t2−α2 . (2.6)

From (2.5) and (2.6), we have

tα1−1cDα1u(t) = tα1−1Iα−α1y(t) +
b1

Γ(2− α1)
+

2b2
Γ(3− α1)

t, (2.7)

tα2−2cDα2u(t) = tα2−2Iα−α2y(t) +
2b2

Γ(3− α2)
. (2.8)

From [?], we can know that

lim
t→0+

tα1−1Iα−α1y(t) = 0, lim
t→0+

tα2−2Iα−α2y(t) = 0. (2.9)

4
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Applying the boundary conditions for problem (2.2) and (2.9) in (2.4), (2.7) and (2.8), we find that

b0 =
µ0

1− µ0
Iαy(T ) +

µ0µ1Γ(2− α1)Tα1

(1− µ0)(1− µ1)
Iα−α1y(T )

+
µ0µ2Γ(3− α2)[2µ1 + (1− µ1)(2− α1)]Tα2

2(1− µ0)(1− µ1)(1− µ2)(2− α1)
Iα−α2y(T ) +

ν0

1− µ0

∫ T

0

g0(s, u(s))ds

+
µ0ν1Γ(2− α1)T

(1− µ0)(1− µ1)

∫ T

0

g1(s, u(s))ds+
µ0ν2Γ(3− α2)[2µ1 + (1− µ1)(2− α1)]T 2

2(1− µ0)(1− µ1)(1− µ2)(2− α1)

∫ T

0

g2(s, u(s))ds,

b1 =
µ1Γ(2− α1)Tα1−1

1− µ1
Iα−α1y(T ) +

µ1µ2Γ(3− α2)Tα2−1

(1− µ1)(1− µ2)(2− α1)
Iα−α2y(T )

+
ν1Γ(2− α1)

1− µ1

∫ T

0

g1(s, u(s))ds+
µ1ν2Γ(3− α2)T

(1− µ1)(1− µ2)(2− α1)

∫ T

0

g2(s, u(s))ds,

b2 =
µ2Γ(3− α2)Tα2−2

2(1− µ2)
Iα−α2y(T ) +

ν2Γ(3− α2)

2(1− µ2)

∫ T

0

g2(s, u(s))ds.

Thus, the unique solution of (2.2) is

u(t) = Iαy(t) + µ0ξ0I
αy(T ) + µ1η1(t)Tα1−1Iα−α1y(T ) + µ2η2(t)Tα2−2Iα−α2y(T )

+ν0ξ0

∫ T

0

g0(s, u(s))ds+ ν1η1(t)

∫ T

0

g1(s, u(s))ds+ ν2η2(t)

∫ T

0

g2(s, u(s))ds

=

∫ T

0

G(t, s)y(s)ds+ ν0ξ0

∫ T

0

g0(s, u(s))ds+ ν1η1(t)

∫ T

0

g1(s, u(s))ds+ ν2η2(t)

∫ T

0

g2(s, u(s))ds,

where G(t, s) is given by (2.3). The proof is completed.

3 Main results

For the sake of simplicity, we always consider the boundary value problem (1.1) together with the following

assumptions.

(H1) There exist positive constants Li and Mi (i = 0, 1, 2) such that

‖gi(t, u)− gi(t, v)‖ ≤ Li‖x− y‖, ‖gi(t, u)‖ ≤Mi, ∀t ∈J , u, v ∈ R.

(H2) There exist continuous function Li : [0, T ]→ R+ = [0,∞) (i = 1, 2, 3) such that

‖f(t, u, φu, ψu)−f(t, v, φv, ψv)‖ ≤ L1(t)‖u−v‖+L2(t)‖φu−φv‖+L3(t)‖ψu−ψv‖, ∀t ∈J , u, v ∈ R.

(H3) There exist continuous functions p, q : [0, T ]→ R+ such that∥∥∥∥∫ t

0

(γ(t, s, u(s))− γ(t, s, v(s)))ds

∥∥∥∥ ≤ p(t)‖u− v‖, ∀t ∈J , u, v ∈ R,∥∥∥∥∥
∫ T

0

(δ(t, s, u(s))− δ(t, s, v(s)))ds

∥∥∥∥∥ ≤ q(t)‖u− v‖, ∀t ∈J , u, v ∈ R.

(H4) ρ = (L0|ν0ξ0|+ L1λ1|ν1|+ L2λ2|ν2|)T + L3λ3 < 1, where

λ1 = sup{|η1(t)| : t ∈J }, λ2 = sup{|η2(t)| : t ∈J },

L3 = sup{M(t) = L1(t) + L2(t)p(t) + L3(t)q(t) : t ∈J }.

λ3 =
(1 + |µ0ξ0|)Tα

Γ(α+ 1)
+

λ1|µ1|Tα−1

Γ(α− α1 + 1)
+

λ2|µ2|Tα−2

Γ(α− α2 + 1)
,
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(H5) ‖f(t, u(t), (φu)(t), (ψu)(t))‖ ≤ ω(t), for all (t, u, φu, ψu) ∈ [0, T ]× R× R× R, where ω ∈ L1([, T ],R+).

Theorem 3.1. Assume that (H1)-(H4) hold. Then the boundary value problem (1.1) has a unique solution

on J .

Proof. Define F : C → C by

(Fu)(t) =

∫ t

0

(t− s)α−1

Γ(α)
f(s, u(s), (φu)(s), (ψu)(s))ds

+µ0ξ0

∫ T

0

(T − s)α−1

Γ(α)
f(s, u(s), (φu)(s), (ψu)(s))ds

+µ1η1(t)Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
f(s, u(s), (φu)(s), (ψu)(s))ds

+µ2η2(t)Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
f(s, u(s), (φu)(s), (ψu)(s))ds

+ν0ξ0

∫ T

0

g0(s, u(s))ds+ ν1η1(t)

∫ T

0

g1(s, u(s))ds+ ν2η2(t)

∫ T

0

g2(s, u(s))ds, t ∈J .

Let us set

sup{L2(t) : t ∈J } = L̄2, sup{L3(t) : t ∈J } = L̄3, sup

{∥∥∥∥∫ t

0

γ(t, τ, 0)dτ

∥∥∥∥ : t ∈J

}
= M3,

sup

{∥∥∥∥∫ t

0

δ(t, τ, 0)dτ

∥∥∥∥ : t ∈J

}
= M4, sup{‖f(t, 0, 0, 0)‖ : t ∈J } = M5.

According to the assumptions (H2) and (H3), we have

‖(φu)(s)‖ ≤
∥∥∥∥∫ s

0

(γ(s, τ, u(τ))− γ(s, τ, 0))dτ

∥∥∥∥+

∥∥∥∥∫ s

0

γ(s, τ, 0)dτ

∥∥∥∥
≤ p(s)‖u‖+

∥∥∥∥∫ s

0

γ(s, τ, 0)dτ

∥∥∥∥ ≤ p(s)‖u‖+M3,

‖(ψu)(s)‖ ≤

∥∥∥∥∥
∫ T

0

(δ(s, τ, u(τ))− δ(s, τ, 0))dτ

∥∥∥∥∥+

∥∥∥∥∥
∫ T

0

δ(s, τ, 0)dτ

∥∥∥∥∥
≤ q(s)‖u‖+

∥∥∥∥∥
∫ T

0

δ(s, τ, 0)dτ

∥∥∥∥∥ ≤ q(s)‖u‖+M4.

From the two above inequalities, we get

‖f(s, u(s), (φu)(s), (ψu)(s))‖ ≤ ‖f(s, u(s), (φu)(s), (ψu)(s))− f(s, 0, 0, 0)‖+ ‖f(s, 0, 0, 0)‖
≤ L1(s)‖u(s)‖+ L2(s)‖(φu)(s)‖+ L3(s)‖(ψu)(s))‖+ ‖f(s, 0, 0, 0)‖
≤ (L1(s) + L2(s)p(s) + L3(s)q(s))‖u‖+ (L2(s)M3 + L3(s)M4) +M5

≤ M(s)‖u‖+ (L̄2M3 + L̄3M4) +M5 = M(s)‖u‖+M∗,

where M∗ = (L̄2M3 + L̄3M4) +M5. And consider Br = {u ∈ C : ‖u‖ ≤ r}, where r ≥ ρ1/(1− ρ), with

ρ1 = (M0|ν0ξ0|+M1λ1|ν1|+M2λ2|ν2|)T + λ3M
∗,

6
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and ρ is given by the assumption (H4). Now we show that FBr ⊂ Br. For u ∈ Br, we have

‖(Fu)(t)‖ ≤
∫ t

0

(t− s)α−1

Γ(α)
‖f(s, u(s), (φu)(s), (ψu)(s))‖ds

+|µ0ξ0|
∫ T

0

(T − s)α−1

Γ(α)
‖f(s, u(s), (φu)(s), (ψu)(s))‖ds

+|µ1η1(t)|Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
‖f(s, u(s), (φu)(s), (ψu)(s))‖ds

+|µ2η2(t)|Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
‖f(s, u(s), (φu)(s), (ψu)(s))‖ds

+|ν0ξ0|
∫ T

0

‖g0(s, u(s))‖ds+ |ν1η1(t)|
∫ T

0

‖g1(s, u(s))‖ds+ |ν2η2(t)|
∫ T

0

‖g2(s, u(s))‖ds

≤
∫ t

0

(t− s)α−1

Γ(α)
(M(s)‖u‖+M∗)ds+ |µ0ξ0|

∫ T

0

(T − s)α−1

Γ(α)
(M(s)‖u‖+M∗)ds

+|µ1η1(t)|Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
(M(s)‖u‖+M∗)ds

+|µ2η2(t)|Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
(M(s)‖u‖+M∗)ds

+|ν0ξ0|
∫ T

0

[‖g0(s, u(s))− g0(s, 0)‖+ ‖g0(s, 0)‖]ds

+|ν1η1(t)|
∫ T

0

[‖g1(s, u(s))− g1(s, 0)‖+ ‖g1(s, 0)‖]ds

+|ν2η2(t)|
∫ T

0

[‖g2(s, u(s))− g2(s, 0)‖+ ‖g2(s, 0)‖]ds

≤ (L3r +M∗)

(∫ t

0

(t− s)α−1

Γ(α)
ds+ |µ0ξ0|

∫ T

0

(T − s)α−1

Γ(α)
ds

+|µ1η1(t)|Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
ds+ |µ2η2(t)|Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
ds

)
+|ν0ξ0|(L0r +M0)T + |ν1η1(t)|(L1r +M1)T + |ν2η2(t)|(L2r +M2)T

≤ (L3r +M∗)

(
(1 + |µ0ξ0|)Tα

Γ(α+ 1)
+

λ1|µ1|Tα−1

Γ(α− α1 + 1)
+

λ2|µ2|Tα−2

Γ(α− α2 + 1)

)
+|ν0ξ0|(L0r +M0)T + λ1|ν1|(L1r +M1)T + λ2|ν2|(L2r +M2)T

= [(L0|ν0ξ0|+ L1λ1|ν1|+ L2λ2|ν2|)T + L3λ3]r

+(M0|ν0ξ0|+M1λ1|ν1|+M2λ2|ν2|)T + λ3M
∗ ≤ ρr + ρ1 ≤ r.

7
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Now, for u, v and for each t ∈ [0, T ], we obtain

‖(Fu)(t)− (Fv)(t)‖

≤
∫ t

0

(t− s)α−1

Γ(α)
‖f(s, u(s), (φu)(s), (ψu)(s))− f(s, v(s), (φv)(s), (ψv)(s))‖ds

+|µ0ξ0|
∫ T

0

(T − s)α−1

Γ(α)
‖f(s, u(s), (φu)(s), (ψu)(s))− f(s, v(s), (φv)(s), (ψv)(s))‖ds

+|µ1η1(t)|Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
‖f(s, u(s), (φu)(s), (ψu)(s))− f(s, v(s), (φv)(s), (ψv)(s))‖ds

+|µ2η2(t)|Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
‖f(s, u(s), (φu)(s), (ψu)(s))− f(s, v(s), (φv)(s), (ψv)(s))‖ds

+|ν0ξ0|
∫ T

0

‖g0(s, u(s))− g0(s, v(s))‖ds+ |ν1η1(t)|
∫ T

0

‖g1(s, u(s))− g1(s, v(s))‖ds

+|ν2η2(t)|
∫ T

0

‖g2(s, u(s))− g2(s, v(s))‖ds

≤
∫ t

0

(t− s)α−1

Γ(α)
M(s)‖u− v‖ds+ |µ0ξ0|

∫ T

0

(T − s)α−1

Γ(α)
M(s)‖u− v‖ds

+|µ1η1(t)|Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
M(s)‖u− v‖ds

+|µ2η2(t)|Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
M(s)‖u− v‖ds

+|ν0ξ0|
∫ T

0

L0‖u− v‖ds+ |ν1η1(t)|
∫ T

0

L1‖u− v‖ds+ |ν2η2(t)

∫ T

0

L2|‖u− v‖ds

≤ L3

(
(1 + |µ0ξ0|)Tα

Γ(α+ 1)
+

λ1|µ1|Tα−1

Γ(α− α1 + 1)
+

λ2|µ2|Tα−2

Γ(α− α2 + 1)

)
‖u− v‖

+(M0|ν0ξ0|+M1λ1|ν1|+M2λ2|ν2|)T‖u− v‖
= [(M0|ν0ξ0|+M1λ1|ν1|+M2λ2|ν2|)T + L3λ3]‖u− v‖ = ρ‖u− v‖.

Observe that ρ depends only on the parameters involved in the problem. As ρ < 1 (H4), therefore F is

a contraction. Thus, by the contraction mapping principle (Banach fixed point theorem), it follows that

problem (1.1) has a unique solution on [0, T ].

Our next existence results is based on Krasnoselskii fixed point theorem [31].

Theorem 3.2. (Krasnoselskii). Let M be a closed, bounded, convex, and nonempty subset of a Banach

space X. Let A, B be two operators such that (i) Ax + By ∈ M whenever x, y ∈ M ; (ii) A is compact and

continuous; (iii) B is a contraction mapping. Then there exisz ∈M such that z = Az +Bz.

Theorem 3.3. Assume that (H1)-(H3) and (H5) hold. Then the boundary value problem (1.1) has at least

one solution on J provided

L3

(
|µ0ξ0|Tα

Γ(α+ 1)
+

λ1|µ1|Tα−1

Γ(α− α1 + 1)
+

λ2|µ2|Tα−2

Γ(α− α2 + 1)

)
+ (L0|ν0ξ0|+ L1λ1|ν1|+ L2λ2|ν2|)T < 1.

Proof. Let us fix

r ≥ (M0|ν0ξ0|+M1λ1|ν1|+M2λ2|ν2|)T + λ3‖ω‖L1 .

8
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and consider Br = {u ∈ S : ‖u‖ ≤ r}. We define the operators Φ and Ψ on Br as

(Φu)(t) =

∫ t

0

(t− s)α−1

Γ(α)
f(s, u(s), (φu)(s), (ψu)(s))ds,

(Ψu)(t) = µ0ξ0

∫ T

0

(T − s)α−1

Γ(α)
f(s, u(s), (φu)(s), (ψu)(s))ds

+µ1η1(t)Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
f(s, u(s), (φu)(s), (ψu)(s))ds

+µ2η2(t)Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
f(s, u(s), (φu)(s), (ψu)(s))ds

+ν0ξ0

∫ T

0

g0(s, u(s))ds+ ν1η1(t)

∫ T

0

g1(s, u(s))ds+ ν2η2(t)

∫ T

0

g2(s, u(s))ds.

Let us observe that if u, v ∈ Br, we find that

‖(Φu)(t) + (Ψv)(t)‖ =

∥∥∥∥∫ t

0

(t− s)α−1

Γ(α)
f(s, u(s), (φu)(s), (ψu)(s))ds

+µ0ξ0

∫ T

0

(T − s)α−1

Γ(α)
f(s, v(s), (φv)(s), (ψv)(s))ds

+µ1η1(t)Tα1−1

∫ T

0

(T − s)α−α1−1

Γ(α− α1)
f(s, v(s), (φv)(s), (ψv)(s))ds

+µ2η2(t)Tα2−2

∫ T

0

(T − s)α−α2−1

Γ(α− α2)
f(s, v(s), (φv)(s), (ψv)(s))ds

+ν0ξ0

∫ T

0

g0(s, v(s))ds+ ν1η1(t)

∫ T

0

g1(s, v(s))ds+ ν2η2(t)

∫ T

0

g2(s, v(s))ds

∥∥∥∥∥
≤ ‖ω‖L1

(
(1 + |µ0ξ0|)Tα

Γ(α+ 1)
+

λ1|µ1|Tα−1

Γ(α− α1 + 1)
+

λ2|µ2|Tα−2

Γ(α− α2 + 1)

)
+(M0|ν0ξ0|+M1λ1|ν1|+M2λ2|ν2|)T

= (M0|ν0ξ0|+M1λ1|ν1|+M2λ2|ν2|)T + λ3‖ω‖L1 ≤ r.

Thus, Φu+ Ψv ∈ Br. It follows from the assumption (H1)-(H3) that Ψ is a contraction mapping for

L3

(
|µ0ξ0|Tα

Γ(α+ 1)
+

λ1|µ1|Tα−1

Γ(α− α1 + 1)
+

λ2|µ2|Tα−2

Γ(α− α2 + 1)

)
+ (L0|ν0ξ0|+ L1λ1|ν1|+ L2λ2|ν2|)T < 1.

Continuity of f implies that the operator Φ is continuous. Also, Φ is uniformly bounded on Br as ‖Φu‖ ≤
‖ω‖L1/Γ(α+ 1). Now we prove the compactness of the operator Φ. In view of (H2), we define

sup
(t,u,φu,ψu)∈Ω

‖f(t, u, φu, ψu)‖ = fmax, Ω = J ×Br ×Br ×Br,

and consequently, for t1, t2 ∈J with t1 < t2, we have

‖(Φu)(t2)− (Φu)(t1)‖ ≤
∥∥∥∥∫ t1

0

(t2 − s)α−1 − (t1 − s)α−1

Γ(α)
f(s, u(s), (φu)(s), (ψu)(s))ds

∥∥∥∥
+

∥∥∥∥∫ t2

t1

(t2 − s)α−1

Γ(α)
f(s, u(s), (φu)(s), (ψu)(s))ds

∥∥∥∥
≤ fmax

Γ(α+ 1)
|2(t2 − t1)α + tα1 − tα2 |,

which is independent of x. So Φ is relatively compact on Br. Hence, By Arzela Ascoli Theorem, Φ is compact

on Br. Thus all the assumptions of Theorem 3.2 are satisfied and the conclusion of Theorem 3.2 implies that

the boundary value problem (1.1) has at least one solution on J .

9
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4 An example

Consider the following nonlinear fractional integrodifferential equations boundary value problem

cD5/2u(t) =
1

10
+

1

(5 + t)2

|u(t)|
1 + |u(t)|

+

∫ t

0

|u(s)|
25et + s

ds+

∫ 1

0

|u(s)|e−t

25 + |u(s)|2 + s
ds, t ∈J = [0, 1],

u(0) =
1

2
u(1) +

∫ 1

0

|u(s)|
10 + |u(s)|+ s

ds, lim
t→0+

[t−1/2cD1/2u(t)] =
1

3
D1/2u(1) +

∫ 1

0

1

4 + |u(s)|+ s
ds,

lim
t→0+

[t−1/2cD3/2u(t)] =
1

4
D3/2u(1) +

∫ 1

0

|u(s)|
17 + |u(s)|+ s

ds.

(4.1)

Here T = 1, α = 5/2, α1 = 1/2, α2 = 3/2, µ0 = 1/2, µ1 = 1/3, µ2 = 1/4, ν0 = ν1 = ν2 = 1, and

f(t, x, y, z) =
1

10
+

1

(5 + t)2

x

10 + x
+ y + z, γ(t, s, u) =

|u|
25et + s

, δ(t, s, u) =
|u|e−t

25 + |u|2 + s
,

g0(s, u) =
|u|

10 + |u|+ s
, g1(s, u) =

1

4 + |u|+ s
, g2(s, u) =

|u|
17 + |u|+ s

.

As

‖f(t, x1, y1, z1)− f(t, x2, y2, z2)‖ ≤ 1

(5 + t)2
‖x1 − x2‖+ ‖y1 − y2‖+ ‖z1 − z2‖,

‖g0(s, u)− g0(s, v)‖ ≤ 1

10
‖u− v‖, ‖g0(s, u)‖ ≤ 1, ‖g1(s, u)− g1(s, v)‖ ≤ 1

16
‖u− v‖, ‖g0(s, u)‖ ≤ 1

4
,

‖g2(s, u)− g2(s, v)‖ ≤ 1

17
‖u− v‖, ‖g0(s, u)‖ ≤ 1,

∥∥∥∥∫ t

0

(
|u(s)|

25et + s
− |v(s)|

25et + s

)
ds

∥∥∥∥ ≤ 1

25et
‖u− v‖,∥∥∥∥∫ 1

0

(
|u(s)|e−t

25 + |u(s)|2 + s
− |v(s)|e−t

25 + |v(s)|2 + s

)
ds

∥∥∥∥ ≤ 1

25et
‖u− v‖,

therefore, (H1)-(H3) are satisfied with L0 = 1/10, L1 = 1/16, L2 = 1/17, L1(t) = 1/(5+t)2, L2(t) = L3(t) =

1, p(t) = q(t) = 1/(25et). Further, ξ0 = 2, ξ1 = 3
√
π/2, ξ2 = 4

√
π/3, λ1 = sup{|η1(t)| = (3

√
π/4)|1 + t| : t ∈

J } = 3
√
π/2, λ2 = sup{|η2(t)| = (2

√
π/9)|3t2 + 2t + 5| : t ∈ J } = 20

√
π/9, λ3 = 16/(15

√
π) + 29

√
π/36,

L3 = sup{M(t) = L1(t) + L2(t)p(t) + L3(t)q(t) = 1/(5 + t)2 + 2/(25et) : t ∈J } = 3/25, and

ρ = (L0|ν0ξ0|+ L1λ1|ν1|+ L2λ2|ν2|)T + L3λ3 =
1

5
+

16

125
√
π

+
39307

√
π

122400
≈ 0.841414 < 1.

Thus, by Theorem 3.1, the boundary value problem (4.1) has a unique solution on [0, 1].
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IDENTITIES OF SYMMETRY FOR HIGHER-ORDER

q-BERNOULLI POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

Abstract. Recently, the higher-order Carlitz’s q-Bernoulli polynomials are

represented as q-Volkenborn integral on Zp by Kim. A question was asked in

[13] as to finding the extended formulae of symmetries for Bernoulli polyno-
mials which are related to Carlitz q-Bernoulli polynomials. In this paper, we

give some new identities of symmetry for the higher-order Carlitz’s q-Bernoulli

polynomials which are derived from multivariate q-Volkenborn integrals on Zp.
We note that they are a partial answer to that question.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Zp, Qp and Cp will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completion of algebraic closure of Qp. The p-adic absolute value
in Cp is normalized so that |p|p = p−1. Let q be an indeterminate in Cp with

|1− q|p < p−
1

p−1 . We say that f is uniformly differentiable function at a point
a ∈ Zp, if the difference quotient,

Ff : Zp × Zp → Zp by Ff (x, y) =
f (x)− f (y)

x− y
,

have a limit l = f ′ (a) as (x, y)→ (a, a). If f is uniformly differentiable on Zp, we
denote this property by f ∈ UD (Zp).

For f ∈ UD (Zp) , the q-Volkenborn integral is defined by Kim to be

(1) Iq (f) =

∫
Zp

f (x) dµq (x) = lim
N→∞

1

[pN ]q

pN−1∑
x=0

f (x) qx,

where [x]q = 1−qx
1−q , (see [12, 13, 14]).

From (1), we note that

(2) qIq (f1) = Iq (f) + (q − 1) f (0) +
q − 1

log q
f ′ (0)

where f1 (x) = f (x+ 1).
As is well known, the Bernoulli polynomials are defined by the generating func-

tion to be

(3)
t

et − 1
ext = eB(x)t =

∞∑
n=0

Bn (x)
tn

n!
.

2000 Mathematics Subject Classification. 11B68; 11S80.
Key words and phrases. Identities of symmetry; Higher-order Carlitz’s q-Bernoulli polynomial;

Multivariate q-Volkenborn integral.
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2 DAE SAN KIM AND TAEKYUN KIM

When x = 0, Bn = Bn (0) are called the Bernoulli numbers.
By (3), we get

(4) (B + 1)
n −Bn =

{
1 if n = 1

0 if n > 1,
and B0 = 1.

In [3], Carlitz defined q-Bernoulli numbers as follows :

(5) β0,q = 1, q (qβq + 1)
n − βn,q =

{
1, if n = 1

0, if n > 1,

with the usual convention about replacing βi
q by βi,q.

From (4) and (5), we note that lim
q→1

βn,q = Bn.

The q-Bernoulli polynomials are given by

βn,q (x) =
n∑

l=0

(
n

l

)
qlxβl,q [x]

n−l
q(6)

=
(
qxβq + [x]q

)n
, (n ≥ 0) , (see [2, 3, 4, 14]).

In [12], Kim proved that Carlitz q-Bernoulli polynomials can be written by q-
Volkenborn integral on Zp as follows :

βn,q (x) =

∫
Zp

[x+ y]
n
q dµq (y)(7)

=

n∑
l=0

(
n

l

)
[x]

n−l
q qlx

∫
Zp

[y]
l
q dµq (x) .

Thus, by (7), we get

(8) βn,q =

∫
Zp

[x]
n
q dµq (x) , (n ≥ 0) .

From (2), we note that

(9) q

∫
Zp

[x+ 1]
n
q dµq (x)−

∫
Zp

[x]
n
q dµq (x) =


q − 1 if n = 0

1 if n = 1

0 if n > 1.

By (7), (8) and (9), we see that

(10) β0,q = 1, q (qβq + 1)
n − βn,q =

{
1 if n = 1

0 if n > 1.

Let

I1 (f) = lim
q→1

Iq (f) =

∫
Zp

f (x) dµ1 (x)(11)

= lim
N→∞

1

pN

pN−1∑
x=0

f (x) , (see [12, 23, 24]) .

Then, by (2), we get

(12) I1 (f1)− I1 (f) = f ′ (0) .
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IDENTITIES OF SYMMETRY FOR HIGHER-ORDER q-BERNOULLI POLYNOMIALS 3

Let us take f (x) = etx. Then we have

(13)

∫
Zp

extdµ1 (x) =
t

et − 1
=
∞∑

n=0

Bn
tn

n!
,

and

(14)

∫
Zp

e(x+y)tdµ1 (y) =

(
t

et − 1

)
ext =

∞∑
n=0

Bn (x)
tn

n!
.

For r ∈ N, the higher-order Bernoulli polynomials are defined by the generating
function to be

(15)

(
t

et − 1

)r

ext =

(
t

et − 1

)
× · · · ×

(
t

et − 1

)
︸ ︷︷ ︸

r−times

ext =
∞∑

n=0

B(r)
n (x)

tn

n!
.

By (14), we get∫
Zp

· · ·
∫
Zp

e(x+y1+···+yr)dµ1 (y1) · · · dµ1 (yr) =

(
t

et − 1

)r

ext(16)

=
∞∑

n=0

B(r)
n (x)

tn

n!
.

In [3, 4], Carlitz introduced the q-extension of higher-order Bernoulli polynomials
as follows :

(17) β(r)
n,q (x) =

1

(1− q)n
n∑

l=0

(
n

l

)
(−1)

l
qlx

(
l + 1

[l + 1]q

)r

,

where n ≥ 0 and r ∈ N.

Note that lim
q→1

β
(r)
n,q (x) = B

(r)
n (x).

From (16), we note that

(18)

∫
Zp

· · ·
∫
Zp

(x+ y1 + · · ·+ yr)
n
dµ1 (y1) · · · dµ1 (yr) = B(r)

n (x) ,

where n ≥ 0 and r ∈ N.
In this paper, we consider q-extensions of (17) which are related to higher-order

Carlitz’s q-Bernoulli polynomials. The purpose of this paper is to give some new
and interesting identities of symmetry for the higher-order Carlitz’s q-Bernoulli
polynomials which are derived from multivariate q-Volkenborn integral on Zp.

2. Identities of symmetry for higher-order q-Bernoulli polynomials

In the sense of q-extension of (18), we observe the following equation (19)∫
Zp

· · ·
∫
Zp

[x+ y1 + · · ·+ yr]
n
q dµq (y1) · · · dµq (yn)(19)

=
1

(1− q)n
n∑

l=0

(
n

l

)
(−1)

l
qlx

(
l + 1

[l + 1]q

)r

.
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Thus, by (17) and (19), we get

(20) β(r)
n,q (x) =

∫
Zp

· · ·
∫
Zp

[x+ y1 + · · ·+ yr]
n
q dµq (y1) · · · dµq (yr) ,

where n ≥ 0 and r ∈ N.

Let us consider the generating function of β
(r)
n,q (x) as follows :

(21)
∞∑

n=0

β(r)
n,q (x)

tn

n!
=

∫
Zp

· · ·
∫
Zp

e[x+y1+···+yr]qtdµq (y1) · · · dµq (yr) .

For w1, w2 ∈ N, we have

1

[w1]
r
q

∫
Zp

· · ·
∫
Zp

e
[w1w2x+w2

∑r
l=1 jl+w1

∑r
l=1 yl]

q
t
dµqw1 (y1) · · · dµqw1 (yr)

(22)

= lim
N→∞

(
1

[w1]q [pN ]qw1

)r pN−1∑
y1,··· , yr=0

e
[w1w2x+w2

∑r
l=1 jl+w1

∑r
l=1 yl]

q
t
qw1(y1+···+yr)

= lim
N→∞

(
1

[w1]q [w2pN ]qw1

)r

×
w2p

N−1∑
y1,··· ,yr=0

e
[w1w2x+w2

∑r
l=1 jl+w1

∑r
l=1 yl]

q
t
qw1(y1+···+yr)

= lim
N→∞

(
1

[w1w2pN ]q

)r

×
w2−1∑

i1,··· , ir=0

pN−1∑
y1,··· ,yr=0

e
[w1w2x+

∑r
l=1(w2jl+w1il+w1w2yl)]

q
t
qw1

∑r
l=1(il+w2yl).

Thus, by (22), we get

1

[w1]
r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1 jl(23)

×
∫
Zp

· · ·
∫
Zp

e
[w1w2x+

∑r
l=1(w2jl+w1yl)]

q
t
dµqw1 (y1) · · · dµqw1 (yr)

= lim
N→∞

(
1

[w1w2pN ]q

)r w1−1∑
j1,··· , jr=0

w2−1∑
i1,··· , ir=0

×
pN−1∑

y1,··· , yr=0

e
[w1w2x+

∑r
l=1(w2jl+w1il+w1w2yl)]

q
t
q
∑r

l=1(w1il+w2jl+w1w2yl).
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By the same method as (23), we get

1

[w2]
r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1 jl(24)

×
∫
Zp

· · ·
∫
Zp

e
[w1w2x+

∑r
l=1(w1jl+w2yl)]

q
t
dµqw2 (y1) · · · dµqw2 (yl)

= lim
N→∞

(
1

[w1w2pN ]q

)r w2−1∑
j1,··· ,jr=0

w1−1∑
i1,··· ,ir=0

×
pN−1∑

y1,··· ,yr=0

e
[w1w2x+

∑r
l=1(w1jl+w2il+w1w2yl)]

q
t
q
∑r

l=1(w2il+w1jl+w1w2yl).

Therefore, by (23), we obtain the following theorem.

Theorem 1. For w1, w2 ∈ N, we have

1

[w1]
r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1 jl

×
∫
Zp

· · ·
∫
Zp

e
[w1w2x+

∑r
l=1(w2jl+w1yl)]

q
t
dµqw1 (y1) · · · dµqw1 (yr)

=
1

[w2]
r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1 jl

×
∫
Zp

· · ·
∫
Zp

e
[w1w2x+

∑r
l=1(w1jl+w2yl)]

q
t
dµqw2 (y1) · · · dµqw2 (yr) .

It is easy to show that

[w1w2x+ w2 (j1 + · · ·+ jr) + w1 (y1 + · · ·+ yr)]q(25)

= [w1]q

[
w2x+

w2

w1
(j1 + · · ·+ jr) + (y1 + · · ·+ yr)

]
qw1

.

Therefore, by (20), Theorem 1 and (25), we obtain the following corollary, and
theorem.

Corollary 2. For n ≥ 0 and w1, w2 ∈ N, we have

[w1]
n−r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1 jl

×
∫
Zp

· · ·
∫
Zp

[
w2x+

w2

w1
(j1 + · · ·+ jr) + y1 + · · ·+ yr

]n
qw1

dµqw1 (y1) · · · dµqw1 (yr)

= [w2]
n−r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1 jl

×
∫
Zp

· · ·
∫
Zp

[
w1x+

w1

w2
(j1 + · · ·+ jr) + y1 + · · ·+ yr

]n
qw2

dµqw2 (y1) · · · dµqw2 (yr) .
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Theorem 3. For n ≥ 0 and w1, w2 ∈ N, we have

[w1]
n−r
q

w1−1∑
j1,··· ,jr=0

qw2(j1+···+jr)β
(r)
n,qw1

(
w2x+

w2

w1
(j1 + · · ·+ jr)

)

= [w2]
n−r
q

w2−1∑
j1,··· ,jr=0

qw1(j1+···+jr)β
(r)
n,qw2

(
w1x+

w1

w2
(j1 + · · ·+ jr)

)
.

Remark. Let w2 = 1. Then we have

β(r)
n,q (w1x) = [w1]

n−r
q

w1−1∑
j1,··· ,jr=0

qj1+···+jrβ
(r)
n,qw1

(
x+

j1 + · · ·+ jr
w1

)
.

By (20), we see that

∫
Zp

· · ·
∫
Zp

[
w2x+

w2

w1
(j1 + · · ·+ jr) + y1 + · · ·+ yr

]n
qw1

dµqw1 (y1) · · · dµqw1 (yr)

(26)

=
n∑

i=0

(
n

i

)(
[w2]q
[w1]q

)i

[j1 + · · ·+ jr]
i
qw2 q

w2(n−i)
∑r

l=1 jl

×
∫
Zp

· · ·
∫
Zp

[
w2x+

r∑
l=1

yl

]n−i
qw1

dµqw1 (y1) · · · dµqw1 (yr)

=
n∑

i=0

(
n

i

)(
[w2]q
[w1]q

)i

[j1 + · · ·+ jr]
i
qw2 q

w2(n−i)
∑r

l=1 jlβ
(r)
n−i,qw1 (w2x) .
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From Corollary 2 and (26), we have

[w1]
n−r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1 jl(27)

×
∫
Zp

· · ·
∫
Zp

[
w2x+

w2

w1

r∑
l=1

jl +
r∑

l=1

yl

]n
qw1

dµqw1 (y1) · · · dµqw1 (yr)

=

w1−1∑
j1,··· , jr=0

qw2

∑r
l=1 jl

n∑
i=0

(
n

i

)
[w2]

i
q [w1]

n−i−r
q

× [j1 + · · ·+ jr]
i
qw2 q

w2(n−i)
∑r

l=1 jlβ
(r)
n−i,qw1 (w2x)

=
n∑

i=0

(
n

i

)
[w2]

i
q [w1]

n−i−r
q β

(r)
n−i,qw1 (w2x)

×
w1−1∑

j1,··· ,jr=0

[j1 + · · ·+ jr]
i
qw2 q

w2(n−i+1)
∑r

l=1 jl

=
n∑

i=0

(
n

i

)
[w2]

n−i
q [w1]

i−r
q β

(r)
i,qw1 (w2x)

×
w1−1∑

j1,··· , jr=0

[j1 + · · ·+ jr]
n−i
qw2 q

w2(i+1)
∑r

l=1 jl

=

n∑
i=0

(
n

i

)
[w2]

n−i
q [w1]

i−r
q β

(r)
i,qw1 (w2x)T

(r)
n,i (w1|qw2) ,

where

(28) T
(r)
n,i (w|q) =

w−1∑
j1,··· ,jr=0

[j1 + · · ·+ jr]
n−i
q q(i+1)

∑r
l=1 jl .

By the same method as (28), we get

[w2]
n−r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1 jl(29)

×
∫
Zp

· · ·
∫
Zp

[
w1x+

w1

w2

r∑
l=1

jl +
r∑

l=1

yl

]n
qw2

dµqw2 (y1) · · · dµqw2 (yl)

=

n∑
i=0

(
n

i

)
[w1]

n−i
q [w2]

i−r
q β

(r)
i,qw2 (w1x)T

(r)
n,i (w2|qw1) .

Therefore, by Corollary 2, (27) and (29), we obtain the following theorem.
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Theorem 4. For n ≥ 0 and r, w1, w2 ∈ N, we have

n∑
i=0

(
n

i

)
[w1]

n−i
q [w2]

i−r
q β

(r)
i,qw2 (w1x)T

(r)
n,i (w2|qw1)

=
n∑

i=0

(
n

i

)
[w2]

n−i
q [w1]

i−r
q β

(r)
i,qw1 (w2x)T

(r)
n,i (w1|qw2) ,

where

T
(r)
n,i (w|q) =

w−1∑
j1,··· ,jr=0

[j1 + · · ·+ jr]
n−i
q q(i+1)

∑r
l=1 jl .

For h ∈ Z and r ∈ N, we have∫
Zp

· · ·
∫
Zp

[x+ y1 + · · ·+ yr]
n
q q

∑r
l=1(h−l)yldµq (y1) · · · dµq (yr)

=

n∑
j=0

(
n

j

)
(−1)

j qxj

(1− q)n
lim

N→∞

1

[pN ]
r
q

pN−1∑
y1,··· ,yr=0

qj
∑r

l=1 ylq
∑r

l=1(h−l+1)yl

=
n∑

j=0

(
n

j

)
(−1)

j qxj

(1− q)n
(j + h) (j + h− 1) · · · (j + h− r + 1)

[j + h]q [j + h− 1]q · · · [j + h− r + 1]q

=
1

(1− q)n
n∑

j=0

(
n

j

)
(−1)

j
qxj

(
j+h
r

)(
j+h
r

)
q

r!

[r]q!
,

where

(
x

r

)
q

=
[x]q [x−1]q···[x−r+1]q

[r]q !
=

[x]q [x−1]q···[x−r+1]q
[r]q [r−1]q···[2]q [1]q

.

From (18), we can also define q-extensions of higher-order Bernoulli polynomials
as follows :

(30) β(h,r)
n,q (x) =

∫
Zp

· · ·
∫
Zp

[x+ y1 + · · ·+ yr]
n
q q

∑r
l=1(h−l)yldµq (y1) · · · dµq (yr) ,

where n ≥ 0 and h ∈ Z, r ∈ N.
Let w1, w2 ∈ N. Then we see that

1

[w1]
r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1(h−l+1)jl

(31)

×
∫
Zp

· · ·
∫
Zp

qw1

∑r
l=1(h−l)yle

[w1w2x+
∑r

l=1(w2jl+w1yl)]
q
t
dµqw1 (y1) · · · dµqw1 (yr)

=
1

[w2]
r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1(h−l+1)jl

×
∫
Zp

· · ·
∫
Zp

qw2

∑r
l=1(h−l)yle

[w1w2x+
∑r

l=1(w1jl+w2yl)]
q
t
dµqw2 (y1) · · · dµqw2 (yr) .
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From (31), we have

[w1]
n−r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1(h−l+1)jl

(32)

×
∫
Zp

· · ·
∫
Zp

qw1

∑r
l=1(h−l)yl

[
w2x+

w2

w1

r∑
l=1

jl +
r∑

l=1

yl

]n
qw1

dµqw1 (y1) · · · dµqw1 (yr)

= [w2]
n−r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1(h−l+1)jl

×
∫
Zp

· · ·
∫
Zp

qw2

∑r
l=1(h−l)yl

[
w1x+

w1

w2

r∑
l=1

jl +
r∑

l=1

yl

]n
qw2

dµqw2 (y1) · · · dµqw2 (yr) ,

where n ≥ 0 and r ∈ N, h ∈ Z.
Therefore, by (30) and (32), we obtain the following theorem.

Theorem 5. For n ≥ 0, h ∈ Z and w1, w2 ∈ N, we have

[w1]
n−r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1(h−l+1)jlβ

(h,r)
n,qw1

(
w2x+

w2

w1
(j1 + · · ·+ jr)

)

= [w2]
n−r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1(h−l+1)jlβ

(h,r)
n,qw2

(
w1x+

w1

w2
(j1 + · · ·+ jr)

)
.

From (30), we can derive the following equation :

∫
Zp

· · ·
∫
Zp

qw1

∑r
l=1(h−l)yl

[
w2x+

w2

w1

r∑
l=1

jl +
r∑

l=1

yl

]n
qw1

dµqw1 (y1) · · · dµqw1 (yr)

(33)

=
n∑

i=0

(
n

i

)(
[w2]q
[w1]q

)i

[j1 + · · ·+ jr]
i
qw2 q

w2(n−i)
∑r

l=1 jl

×
∫
Zp

· · ·
∫
Zp

qw1

∑r
l=1(h−r)yl

[
w2x+

r∑
l=1

yl

]n−i
qw1

dµqw1 (y1) · · · dµqw1 (yr)

=
n∑

i=0

(
n

i

)(
[w2]q
[w1]q

)i

[j1 + · · ·+ jr]
i
qw2 q

w2(n−i)
∑r

l=1 jlβ
(h,r)
n−i,qw1 (w2x) .
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By (33), we get

[w1]
n−r
q

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1(h−l+1)jl

(34)

×
∫
Zp

· · ·
∫
Zp

qw1

∑r
l=1(h−l)yl

[
w2x+

w2

w1

r∑
l=1

jl +
r∑

l=1

yl

]n
qw1

dµqw1 (y1) · · · dµqw1 (yr)

=

w1−1∑
j1,··· ,jr=0

qw2

∑r
l=1(h−l+1)jl

n∑
i=0

(
n

i

)
[w2]

i
q [w1]

n−i−r
q [j1 + · · ·+ jr]

i
qw2

× qw2(n−i)
∑r

l=1 jlβ
(h,r)
n−i,qw1 (w2x)

=
n∑

i=0

(
n

i

)
[w2]

i
q [w1]

n−i−r
q β

(h,r)
n−i,qw1 (w2x)

w1−1∑
j1,··· ,jr=0

[j1 + · · ·+ jr]
i
qw2

× qw2

∑r
l=1(n+h−l−i+1)jl

=

n∑
i=0

(
n

i

)
[w2]

n−i
q [w1]

i−r
q β

(h,r)
i,qw1 (w2x)T

(h,r)
n,i (w1|qw2) ,

where

(35) T
(h,r)
n,i (w|q) =

w−1∑
j1,··· ,jr=0

[j1 + · · ·+ jr]
n−i
q q

∑r
l=1(i+h−l+1)jl .

By the same method as (34), we see that

[w2]
n−r
q

w2−1∑
j1,··· ,jr=0

qw1

∑r
l=1(h−l+1)jl

(36)

×
∫
Zp

· · ·
∫
Zp

qw2

∑r
l=1(h−l)yl

[
w1x+

w1

w2

r∑
l=1

jl +
r∑

l=1

yl

]n
qw1

dµqw2 (y1) · · · dµqw2 (yr)

=
n∑

i=0

(
n

i

)
[w1]

n−i
q [w2]

i−r
q β

(h,r)
i,qw2 (w1x)T

(h,r)
n,i (w2|qw1) .

Therefore, by (34) and (36), we obtain the following theorem.

Theorem 6. For n ≥ 0, h ∈ Z and r, w1, w2 ∈ N, we have
n∑

i=0

(
n

i

)
[w2]

n−i
q [w1]

i−r
q β

(h,r)
i,qw1 (w2x)T

(h,r)
n,i (w1|qw2)

=
n∑

i=0

(
n

i

)
[w1]

n−i
q [w2]

i−r
q β

(h,r)
i,qw2 (w1x)T

(h,r)
n,i (w2|qw1) ,

where

T
(h,r)
n,i (w|q) =

w−1∑
j1,··· ,jr=0

[j1 + · · ·+ jr]
n−i
q q

∑r
l=1(h+i−l+1)jl .
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Remark. A p-adic approach to identities of symmetry for Carlitz’s q-Bernoulli poly-
nomials has been studied in [10].
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FUZZY STABILITY OF FUNCTIONAL EQUATIONS IN MATRIX
FUZZY NORMED SPACES

CHOONKIL PARK, DONG YUN SHIN∗, AND JUNG RYE LEE

Abstract. Using the fixed point method, we prove the Hyers-Ulam stability of the
Cauchy additive functional equation and the quadratic functional equation in matrix
fuzzy normed spaces.

1. Introduction and preliminaries

The abstract characterization given for linear spaces of bounded Hilbert space operators
in terms of matricially normed spaces [65] implies that quotients, mapping spaces and
various tensor products of operator spaces may again be regarded as operator spaces.
Owing in part to this result, the theory of operator spaces is having an increasingly
significant effect on operator algebra theory (see [19]).

The proof given in [65] appealed to the theory of ordered operator spaces [12]. Effros
and Ruan [20] showed that one can give a purely metric proof of this important theorem
by using a technique of Pisier [55] and Haagerup [27] (as modified in [18]).

The stability problem of functional equations originated from a question of Ulam [71]
concerning the stability of group homomorphisms.

The functional equation
f(x+ y) = f(x) + f(y)

is called the Cauchy additive functional equation. In particular, every solution of the
Cauchy additive functional equation is said to be an additive mapping. Hyers [28] gave
a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [2] for additive mappings and by Th.M. Rassias [59]
for linear mappings by considering an unbounded Cauchy difference. A generalization of
the Th.M. Rassias theorem was obtained by Găvruta [26] by replacing the unbounded
Cauchy difference by a general control function in the spirit of Th.M. Rassias’ approach.

In 1990, Th.M. Rassias [60] during the 27th International Symposium on Functional
Equations asked the question whether such a theorem can also be proved for p ≥ 1. In
1991, Gajda [25] following the same approach as in Th.M. Rassias [59], gave an affirmative
solution to this question for p > 1. It was shown by Gajda [25], as well as by Th.M. Rassias
and Šemrl [64] that one cannot prove a Th.M. Rassias’ type theorem when p = 1 (cf. the
books of Czerwik [16], Hyers, Isac and Th.M. Rassias [29]).

The functional equation

f(x+ y) + f(x− y) = 2f(x) + 2f(y)

2010 Mathematics Subject Classification. Primary 47L25, 47H10, 46S40, 39B82, 46L07, 39B52, 26E50.
Key words and phrases. operator space; fixed point; Hyers-Ulam stability; matrix fuzzy normed space;

Cauchy additive functional equation; quadratic functional equation.
∗Corresponding author.
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is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem
for the quadratic functional equation was proved by Skof [70] for mappings f : X → Y ,
where X is a normed space and Y is a Banach space. Cholewa [13] noticed that the
theorem of Skof is still true if the relevant domain X is replaced by an Abelian group.
Czerwik [14] proved the Hyers-Ulam stability of the quadratic functional equation. The
stability problems of several functional equations have been extensively investigated by
a number of authors and there are many interesting results concerning this problem (see
[1, 21, 30, 32, 33, 38, 39, 40, 41, 42, 43, 49, 53, 58, 61, 62, 63, 68, 69]).

The theory of fuzzy space has much progressed as developing the theory of randomness.
Some mathematicians have defined fuzzy norms on a vector space from various points of
view [3, 24, 35, 37, 46, 72]. Following Cheng and Mordeson [8], Bag and Samanta [3] gave
an idea of fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil
and Michalek type [36] and investigated some properties of fuzzy normed spaces [4].

We use the definition of fuzzy normed spaces given in [3, 46, 47] to investigate a fuzzy
version of the Hyers-Ulam stability for the Cauchy-Jensen functional equation in the fuzzy
normed algebra setting.

Definition 1.1. [3, 46, 47, 48] Let X be a real vector space. A function N : X × R →
[0, 1] is called a fuzzy norm on X if for all x, y ∈ X and all s, t ∈ R,

(N1) N(x, t) = 0 for t ≤ 0;
(N2) x = 0 if and only if N(x, t) = 1 for all t > 0;
(N3) N(cx, t) = N(x, t

|c|) if c 6= 0;

(N4) N(x+ y, s+ t) ≥ min{N(x, s), N(y, t)};
(N5) N(x, ·) is a non-decreasing function of R and limt→∞N(x, t) = 1;
(N6) for x 6= 0, N(x, ·) is continuous on R.

The pair (X,N) is called a fuzzy normed space.

Definition 1.2. [3, 46, 47, 48] (1) Let (X,N) be a fuzzy normed space. A sequence {xn}
in X is said to be convergent or converge if there exists an x ∈ X such that limn→∞N(xn−
x, t) = 1 for all t > 0. In this case, x is called the limit of the sequence {xn} and we
denote it by N -limn→∞ xn = x.

(2) Let (X,N) be a fuzzy normed space. A sequence {xn} in X is called Cauchy if for
each ε > 0 and each t > 0 there exists an n0 ∈ N such that for all n ≥ n0 and all p > 0,
we have N(xn+p − xn, t) > 1− ε.

It is well-known that every convergent sequence in a fuzzy normed space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the
fuzzy normed space is called a fuzzy Banach space.

We say that a mapping f : X → Y between fuzzy normed spaces X and Y is continuous
at a point x0 ∈ X if for each sequence {xn} converging to x0 in X, then the sequence
{f(xn)} converges to f(x0). If f : X → Y is continuous at each x ∈ X, then f : X → Y
is said to be continuous on X (see [4]).

We introduce the concept of matrix fuzzy normed space.

Definition 1.3. Let (X,N) be a fuzzy normed space. (1) (X, {Nn}) is called a matrix
fuzzy normed space if for each positive integer n, (Mn(X), Nn) is a fuzzy normed space

and Nk(AxB, t) ≥ Nn

(
x, t
‖A‖·‖B‖

)
for all t > 0, A ∈ Mk,n(R), x = [xij] ∈ Mn(X) and

B ∈Mn,k(R) with ‖A‖ · ‖B‖ 6= 0.
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(2) (X, {Nn}) is called a matrix fuzzy Banach space if (X,N) is a fuzzy Banach space
and (X, {Nn}) is a matrix fuzzy normed space.

Example 1.4. Let (X, {‖ · ‖n}) be a matrix normed space. Let Nn(x, t) := t
t+‖x‖n for all

t > 0 and x = [xij] ∈Mn(X). Then

Nk(AxB, t) =
t

t+ ‖AxB‖k
≥ t

t+ ‖A‖ · ‖x‖n · ‖B‖
=

t
‖A‖·‖B‖
t

‖A‖·‖B‖ + ‖x‖n
for all t > 0, A ∈Mk,n(R), x = [xij] ∈Mn(X) and B ∈Mn,k(R) with ‖A‖ · ‖B‖ 6= 0. So
(X, {Nn}) is a matrix fuzzy normed space.

Let E,F be vector spaces. For a given mapping h : E → F and a given positive integer
n, define hn : Mn(E)→Mn(F ) by

hn([xij]) = [h(xij)]

for all [xij] ∈Mn(E).
Let X be a set. A function d : X ×X → [0,∞] is called a generalized metric on X if

d satisfies
(1) d(x, y) = 0 if and only if x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X;
(3) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.
We recall a fundamental result in fixed point theory.

Theorem 1.5. [5, 17] Let (X, d) be a complete generalized metric space and let J : X → X
be a strictly contractive mapping with Lipschitz constant α < 1. Then for each given
element x ∈ X, either

d(Jnx, Jn+1x) =∞
for all nonnegative integers n or there exists a positive integer n0 such that

(1) d(Jnx, Jn+1x) <∞, ∀n ≥ n0;
(2) the sequence {Jnx} converges to a fixed point y∗ of J ;
(3) y∗ is the unique fixed point of J in the set Y = {y ∈ X | d(Jn0x, y) <∞};
(4) d(y, y∗) ≤ 1

1−αd(y, Jy) for all y ∈ Y .

In 1996, G. Isac and Th.M. Rassias [31] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications.
By using fixed point methods, the stability problems of several functional equations have
been extensively investigated by a number of authors (see [6, 7, 22, 23, 34, 45, 50, 51, 54,
56]).

Throughout this paper, let (X, {Nn}) be a matrix fuzzy normed space and (Y, {Nn}) a
matrix fuzzy Banach space.

In Section 2, we prove the Hyers-Ulam stability of the Cauchy additive functional
equation in matrix fuzzy normed spaces by using fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the quadratic functional equation in
matrix fuzzy normed spaces by using fixed point method.

2. Hyers-Ulam stability of the Cauchy additive functional equation in
matrix fuzzy normed spaces

Using the fixed point method, we prove the Hyers-Ulam stability of the Cauchy additive
functional equation in matrix fuzzy normed spaces.
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We will use the following notations:
Mn(X) is the set of all n× n-matrices in X;
ej ∈M1,n(R) is that j-th component is 1 and the other components are zero;
Eij ∈Mn(R) is that (i, j)-component is 1 and the other components are zero;
Eij ⊗ x ∈Mn(X) is that (i, j)-component is x and the other components are zero.

Lemma 2.1. Let (X, {Nn}) be a matrix fuzzy normed space.
(1) Nn(Ekl ⊗ x, t) = N(x, t) for all t > 0 and x ∈ X.
(2) For all [xij] ∈Mn(X) and t =

∑n
i,j=1 tij,

N(xkl, t) ≥ Nn([xij], t) ≥ min{N(xij, tij) : i, j = 1, 2, · · · , n},

N(xkl, t) ≥ Nn([xij], t) ≥ min
{
N
(
xij,

t

n2

)
: i, j = 1, 2, · · · , n

}
.

(3) limn→∞ xn = x if and only if limn→∞ xijn = xij for xn = [xijn], x = [xij] ∈Mk(X).

Proof. (1) Since Ekl ⊗ x = e∗kxel and ‖e∗k‖ = ‖el‖ = 1, Nn(Ekl ⊗ x, t) ≥ N(x, t). Since
ek(Ekl ⊗ x)e∗l = x, Nn(Ekl ⊗ x, t) ≤ N(x, t). So N(Ekl ⊗ x, t) = N(x, t).

(2) N(xkl, t) = N(ek[xij]e
∗
l , t) ≥ Nn

(
[xij],

t
‖ek‖·‖el‖

)
= Nn([xij], t).

Nn([xij], t) = Nn

 n∑
i,j=1

Eij ⊗ xij, t

 ≥ min{Nn(Eij ⊗ xij, tij) : i, j = 1, 2, · · · , n}

= min{N(xij, tij) : i, j = 1, 2, · · · , n},

where t =
∑n
i,j=1 tij. So Nn([xij], t) ≥ min

{
N
(
xij,

t
n2

)
: i, j = 1, 2, · · · , n

}
.

(3) By N(xkl, t) ≥ Nn([xij], t) ≥ min
{
N
(
xij,

t
n2

)
: i, j = 1, 2, · · · , n

}
, we obtain the

result. �

For a mapping f : X → Y , define Df : X2 → Y and Dfn : Mn(X2)→Mn(Y ) by

Df(a, b) = f(a+ b)− f(a)− f(b),

Dfn([xij], [yij]) := fn([xij + yij])− fn([xij])− fn([yij])

for all a, b ∈ X and all x = [xij], y = [yij] ∈Mn(X).

Theorem 2.2. Let ϕ : X2 → [0,∞) be a function such that there exists an α < 1 with

ϕ(a, b) ≤ α

2
ϕ (2a, 2b) (2.1)

for all a, b ∈ X. Let f : X → Y be a mapping satisfying

Nn(Dfn([xij], [yij]), t) ≥
t

t+
∑n
i,j=1 ϕ (xij, yij)

(2.2)

for all t > 0 and x = [xij], y = [yij] ∈Mn(X). Then A(a) := N-liml→∞ 2lf
(
a
2l

)
exists for

each a ∈ X and defines an additive mapping A : X → Y such that

N (fn([xij])− An([xij]), t) ≥
2(1− α)t

2(1− α)t+ n2α
∑n
i,j=1 ϕ(xij, xij)

(2.3)

for all t > 0 and x = [xij] ∈Mn(X).
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Proof. Let n = 1. Then (2.2) is equivalent to

N(f(a+ b)− f(a)− f(b), t) ≥ t

t+ ϕ (a, b)
(2.4)

for all t > 0 and a, b ∈ X.
Letting b = a in (2.4), we get

N (f (2a)− 2f(a), t) ≥ t

t+ ϕ (a, a)
(2.5)

and so

N
(
f (a)− 2f

(
a

2

)
, t
)
≥ t

t+ ϕ
(
a
2
, a
2

) ≥ t

t+ α
2
ϕ (a, a)

(2.6)

for all t > 0 and a ∈ X.
Consider the set

S := {g : X → Y }
and introduce the generalized metric on S:

d(g, h) = inf{µ ∈ R+ : N(g(a)− h(a), µt) ≥ t

t+ ϕ (a, a)
, ∀a ∈ X, ∀t > 0},

where, as usual, inf φ = +∞. It is easy to show that (S, d) is complete (see the proof of
[44, Lemma 2.1]).

Now we consider the linear mapping J : S → S such that

Jg(a) := 2g
(
a

2

)
for all a ∈ X.

Let g, h ∈ S be given such that d(g, h) = ε. Then

N (g(a)− h(a), εt) ≥ t

t+ ϕ (a, a)

for all a ∈ X and t > 0. Hence

N (Jg(a)− Jh(a), αεt) = N
(

2g
(
a

2

)
− 2h

(
a

2

)
, αεt

)
= N

(
g
(
a

2

)
− h

(
a

2

)
,
α

2
εt
)

≥
αt
2

αt
2

+ ϕ
(
a
2
, a
2

) ≥ αt
2

αt
2

+ α
2
ϕ (a, a)

=
t

t+ ϕ (a, a)

for all a ∈ X and t > 0. So d(g, h) = ε implies that d(Jg, Jh) ≤ αε. This means that

d(Jg, Jh) ≤ αd(g, h)

for all g, h ∈ S.
It follows from (2.4) that d(f, Jf) ≤ α

2
.

By Theorem 1.5, there exists a mapping A : X → Y satisfying the following:
(1) A is a fixed point of J , i.e.,

A
(
a

2

)
=

1

2
A(a)
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for all a ∈ X. The mapping A is a unique fixed point of J in the set

M = {g ∈ S : d(f, g) <∞}.
(2) d(J lf, A)→ 0 as l→∞. This implies the equality

N - lim
l→∞

2lf
(
a

2l

)
= A(a)

for all a ∈ X.
(3) d(f, A) ≤ 1

1−αd(f, Jf), which implies the inequality

d(f, A) ≤ α

2− 2α
. (2.7)

By (2.2),

N

(
2lf

(
a+ b

2l

)
− 2lf

(
a

2l

)
− 2lf

(
b

2l

)
, 2lt

)
≥ t

t+ ϕ
(
a
2l
, b
2l

)
for all a, b ∈ X and t > 0. So

N

(
2lf

(
a+ b

2l

)
− 2lf

(
a

2l

)
− 2lf

(
b

2l

)
, t

)
≥

t
2l

t
2l

+ αl

2l
ϕ (a, b)

for all a, b ∈ X and t > 0. Since liml→∞
t

2l

t

2l
+αl

2l
ϕ(a,b)

= 1 for all a, b ∈ X and t > 0,

N (A (a+ b)− A(a)− A(b), t) = 1

for all a, b ∈ X and t > 0. Thus A (a+ b)−A(a)−A(b) = 0. So the mapping A : X → Y
is additive.

By Lemma 2.1 and (2.7),

Nn(fn([xij])− An([xij]), t) ≥ min
{
N
(
f(xij)− A(xij),

t

n2

)
: i, j = 1, 2, · · · , n

}
≥ min

{
2(1− α)t

2(1− α)t+ n2αϕ(xij, xij)
: i, j = 1, 2, · · · , n

}

≥ 2(1− α)t

2(1− α)t+ n2α
∑n
i,j=1 ϕ(xij, xij)

for all x = [xij] ∈Mn(X). Thus A : X → Y is a unique additive mapping satisfying (2.3),
as desired. �

Corollary 2.3. Let r, θ be positive real numbers with r < 1. Let f : X → Y be a mapping
satisfying

Nn(Dfn([xij], [yij]), t) ≥
t

t+
∑n
i,j=1 θ(‖xij‖r + ‖yij‖r)

(2.8)

for all t > 0 and x = [xij], y = [yij] ∈Mn(X). Then A(a) := N-liml→∞ 2lf
(
a
2l

)
exists for

each a ∈ X and defines an additive mapping A : X → Y such that

N (fn([xij])− An([xij]), t) ≥
(2− 2r)t

(2− 2r)t+ n2 · 2r∑n
i,j=1 θ‖xij‖r
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for all t > 0 and x = [xij] ∈Mn(X).

Proof. The proof follows from Theorem 2.2 by taking ϕ(a, b) = θ(‖a‖r + ‖b‖r) for all
a, b ∈ X. Then we can choose α = 2r−1 and we get the desired result. �

Theorem 2.4. Let f : X → Y be a mapping satisfying (2.2) for which there exists a
function ϕ : X2 → [0,∞) such that there exists an α < 1 with

ϕ(a, b) ≤ 2αϕ

(
a

2
,
b

2

)

for all a, b ∈ X. Then A(a) := N-liml→∞
1
2l
f
(
2la
)

exists for each a ∈ X and defines an

additive mapping A : X → Y such that

N (fn([xij])− An([xij]), t) ≥
2(1− α)t

2(1− α)t+ n2
∑n
i,j=1 ϕ(xij, xij)

for all t > 0 and x = [xij] ∈Mn(X).

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S → S such that

Jg(a) := 2g
(
a

2

)
for all a ∈ X.

It follows from (2.5) that d(f, Jf) ≤ 1
2
. So

d(f, A) ≤ 1

2− 2α
.

The rest of the proof is similar to the proof of Theorem 2.2. �

Corollary 2.5. Let r, θ be positive real numbers with r > 1. Let f : X → Y be a mapping

satisfying (2.8). Then A(a) := N-liml→∞
1
2l
f
(
2la
)

exists for each a ∈ X and defines an

additive mapping A : X → Y such that

N (fn([xij])− An([xij]), t) ≥
(2r − 2)t

(2r − 2)t+ n2 · 2r∑n
i,j=1 θ‖xij‖r

for all t > 0 and x = [xij] ∈Mn(X).

Proof. The proof follows from Theorem 2.4 by taking ϕ(a, b) = θ(‖a‖r + ‖b‖r) for all
a, b ∈ X. Then we can choose α = 21−r and we get the desired result. �

3. Hyers-Ulam stability of the quadratic functional equation in matrix
fuzzy normed spaces

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic
functional equation in matrix fuzzy normed spaces.

For a mapping f : X → Y , define Df : X2 → Y and Dfn : Mn(X2)→Mn(Y ) by

Df(a, b) = f(a+ b) + f(a− b)− 2f(a)− 2f(b),

Dfn([xij], [yij]) := fn([xij + yij]) + fn([xij − yij])− 2fn([xij])− 2fn([yij])

for all a, b ∈ X and all x = [xij], y = [yij] ∈Mn(X).
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Theorem 3.1. Let ϕ : X2 → [0,∞) be a function such that there exists an α < 1 with

ϕ(a, b) ≤ α

4
ϕ (2a, 2b) (3.1)

for all a, b ∈ X. Let f : X → Y be a mapping satisfying f(0) = 0 and

Nn(Dfn([xij], [yij]), t) ≥
t

t+
∑n
i,j=1 ϕ (xij, yij)

(3.2)

for all t > 0 and x = [xij], y = [yij] ∈Mn(X). Then A(a) := N-liml→∞ 4lf
(
a
2l

)
exists for

each a ∈ X and defines a quadratic mapping Q : X → Y such that

N (fn([xij])−Qn([xij]), t) ≥
4(1− α)t

4(1− α)t+ n2α
∑n
i,j=1 ϕ(xij, xij)

(3.3)

for all t > 0 and x = [xij] ∈Mn(X).

Proof. Let n = 1. Then (3.2) is equivalent to

N(f(a+ b) + f(a− b)− 2f(a)− 2f(b), t) ≥ t

t+ ϕ (a, b)
(3.4)

for all t > 0 and a, b ∈ X.
Letting b = a in (3.4), we get

N (f (2a)− 4f(a), t) ≥ t

t+ ϕ (a, a)
(3.5)

and so

N
(
f (a)− 4f

(
a

2

)
, t
)
≥ t

t+ ϕ
(
a
2
, a
2

) ≥ t

t+ α
4
ϕ (a, a)

(3.6)

for all t > 0 and a ∈ X.
Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S → S such that

Jg(a) := 4g
(
a

2

)
for all a ∈ X.

Let g, h ∈ S be given such that d(g, h) = ε. Then

N (g(a)− h(a), εt) ≥ t

t+ ϕ (a, a)

for all a ∈ X and t > 0. Hence

N (Jg(a)− Jh(a), αεt) = N
(

4g
(
a

2

)
− 4h

(
a

2

)
, αεt

)
= N

(
g
(
a

4

)
− h

(
a

4

)
,
α

4
εt
)

≥
αt
4

αt
4

+ ϕ
(
a
2
, a
2

) ≥ αt
4

αt
4

+ α
4
ϕ (a, a)

=
t

t+ ϕ (a, a)

for all a ∈ X and t > 0. So d(g, h) = ε implies that d(Jg, Jh) ≤ αε. This means that

d(Jg, Jh) ≤ αd(g, h)

for all g, h ∈ S.
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It follows from (3.4) that d(f, Jf) ≤ α
4
.

By Theorem 1.5, there exists a mapping Q : X → Y satisfying the following:
(1) Q is a fixed point of J , i.e.,

Q
(
a

2

)
=

1

4
Q(a)

for all a ∈ X. The mapping Q is a unique fixed point of J in the set

M = {g ∈ S : d(f, g) <∞}.
(2) d(J lf,Q)→ 0 as l→∞. This implies the equality

N - lim
l→∞

4lf
(
a

2l

)
= Q(a)

for all a ∈ X.
(3) d(f,Q) ≤ 1

1−αd(f, Jf), which implies the inequality

d(f, A) ≤ α

4− 4α
. (3.7)

By (3.2),

N

(
4lf

(
a+ b

2l

)
+ 4lf

(
a− b

2l

)
− 2 · 4lf

(
a

2l

)
− 2 · 4lf

(
b

2l

)
, 4lt

)
≥ t

t+ ϕ
(
a
2l
, b
2l

)
for all a, b ∈ X and t > 0. So

N

(
4lf

(
a+ b

2l

)
+ 4lf

(
a− b

2l

)
− 2 · 4lf

(
a

2l

)
− 2 · 4lf

(
b

2l

)
, t

)
≥

t
4l

t
4l

+ αl

4l
ϕ (a, b)

for all a, b ∈ X and t > 0. Since liml→∞
t

4l

t

4l
+αl

4l
ϕ(a,b)

= 1 for all a, b ∈ X and t > 0,

N (Q (a+ b) +Q(a− b)− 2Q(a)− 2Q(b), t) = 1

for all a, b ∈ X and t > 0. Thus Q (a+ b)+Q(a−b)−2Q(a)−2Q(b) = 0. So the mapping
Q : X → Y is quadratic.

By Lemma 2.1 and (3.7),

Nn(fn([xij])−Qn([xij]), t) ≥ min
{
N
(
f(xij)−Q(xij),

t

n2

)
: i, j = 1, 2, · · · , n

}
≥ min

{
4(1− α)t

4(1− α)t+ n2αϕ(xij, xij)
: i, j = 1, 2, · · · , n

}

≥ 4(1− α)t

4(1− α)t+ n2α
∑n
i,j=1 ϕ(xij, xij)

for all x = [xij] ∈ Mn(X). Thus Q : X → Y is a unique quadratic mapping satisfying
(3.3), as desired. �

Corollary 3.2. Let r, θ be positive real numbers with r < 2. Let f : X → Y be a mapping
satisfying

Nn(Dfn([xij], [yij]), t) ≥
t

t+
∑n
i,j=1 θ(‖xij‖r + ‖yij‖r)

(3.8)
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for all t > 0 and x = [xij], y = [yij] ∈Mn(X). Then A(a) := N-liml→∞ 4lf
(
a
2l

)
exists for

each a ∈ X and defines a quadratic mapping Q : X → Y such that

N (fn([xij])−Qn([xij]), t) ≥
2(4− 2r)t

2(4− 2r)t+ n2 · 2r∑n
i,j=1 θ‖xij‖r

for all t > 0 and x = [xij] ∈Mn(X).

Proof. The proof follows from Theorem 3.1 by taking ϕ(a, b) = θ(‖a‖r + ‖b‖r) for all
a, b ∈ X. Then we can choose α = 2r−2 and we get the desired result. �

Theorem 3.3. Let f : X → Y be a mapping satisfying f(0) = 0 and (3.2) for which
there exists a function ϕ : X2 → [0,∞) such that there exists an α < 1 with

ϕ(a, b) ≤ 4αϕ

(
a

2
,
b

2

)

for all a, b ∈ X. Then Q(a) := N-liml→∞
1
4l
f
(
2la
)

exists for each a ∈ X and defines a

quadratic mapping Q : X → Y such that

N (fn([xij])−Qn([xij]), t) ≥
4(1− α)t

4(1− α)t+ n2
∑n
i,j=1 ϕ(xij, xij)

for all t > 0 and x = [xij] ∈Mn(X).

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S → S such that

Jg(a) := 4g
(
a

2

)
for all a ∈ X.

It follows from (3.5) that d(f, Jf) ≤ 1
4
. So

d(f,Q) ≤ 1

4− 4α
.

The rest of the proof is similar to the proof of Theorem 3.1. �

Corollary 3.4. Let r, θ be positive real numbers with r > 2. Let f : X → Y be a mapping

satisfying (3.8). Then Q(a) := N-liml→∞
1
4l
f
(
2la
)

exists for each a ∈ X and defines a

quadratic mapping Q : X → Y such that

N (fn([xij])−Qn([xij]), t) ≥
2(2r − 4)t

2(2r − 4)t+ n2 · 2r∑n
i,j=1 θ‖xij‖r

for all t > 0 and x = [xij] ∈Mn(X).

Proof. The proof follows from Theorem 3.3 by taking ϕ(a, b) = θ(‖a‖r + ‖b‖r) for all
a, b ∈ X. Then we can choose α = 22−r and we get the desired result. �
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Abstract. We establish some new stability results concerning multi-additive functional equation in non-Archimedean

normed spaces. The results improve some recent results. Some applications of our result will be illustrated. In particular,

we will see that some results about stability of multi-additive mappings in real normed spaces are not valid in non-

Archimedean normed spaces.
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1. Introduction

In 1897, Hensel discovered the p-adic numbers as a number theoretical analogue of power series in complex

analysis. The most important examples of non-Archimedean spaces are p-adic numbers. During the last three

decades, the theory of non-Archimedean spaces has gained the interest of physicists for their research, in particu-

lar, in problems deriving from quantum physics, p-adic strings and superstrings [10, 18]. Although many results

in the classical normed space theory have a non-Archimedean counterpart, their proofs are essentially different

and require an entirely new kind of approach. One may note that |n| ≤ 1 in each valuation field, every triangle

is isosceles and there may be a no unit vector in a non-Archimedean normed space [10]. These facts show that

the non-Archimedean framework is of special interest.

A basic question in the theory of functional equations is the following: when is it true that a function, which

approximately satisfies a functional equation must be close to an exact solution of the equation?

If the problem accepts a unique solution, we say the equation is stable (see [12]). The first stability problem

concerning group homomorphisms was raised by Ulam [17] in 1940 and affirmatively solved by Hyers [7]. The

result of Hyers was generalized by Th.M. Rassias [14] for approximate linear mappings by allowing the Cauchy

difference operator CDf(x, y) = f(x+y)−[f(x)+f(y)] to be controlled by ϵ(∥x∥p+∥y∥p). In 1994, a generalization

of Rassias’ theorem was obtained by Găvruţa [6], who replaced ϵ(∥x∥p+∥y∥p) by a general control function φ(x, y)

by following Th.M. Rassias’ approach. Furthermore for an extensive account of methods and results concerning

Hyers-Ulam stability of additive, multi-additive, multi-Jensen mappings and functional equations in a single

variable as well as in several variables we refer the reader to ([1–4, 8, 9, 11, 15, 16, 19–24]) and references therein.

In this paper, we determine some results concerning the stability of the multi-additive mappings in the non-

Archimedean normed spaces. The presented results correspond to some outcomes from [1] and sometimes are

their slight generalizations.

2. Preliminaries

We recall some basic facts concerning non-Archimedean space and some basic results.

A valuation is a function |·| from a field K into [0,∞) such that 0 is the unique element having the 0 valuation,

|rs| = |r| · |s| and the triangle inequality holds, i.e.,

|r + s| ≤ |r|+ |s|, ∀r, s ∈ K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and C are examples of

valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality.

*Corresponding author.
The first author was supported by the National Natural Science Foundation of China(Grant No. 11171022)
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Definition 2.1. Let K be a field. A non-Archimedean absolute value on K is a function | · | : K → R such that

for any r, s ∈ K we have

(i) |r| ≥ 0 and equality holds if and only if r = 0;

(ii) |rs| = |r||s|;
(iii) |r + s| ≤ max{|r|, |s|}.

The condition (iii) is called the strong triangle inequality. Clearly, |1| = | − 1| = 1 and |n| ≤ 1 for all n ∈ N. We

always assume in addition that | · | is non trivial, i.e., that

(iv) there is an r0 ∈ K such that |r0| ̸= 0, 1.

The most important examples of non-Archimedean spaces are p-adic numbers.

Example 2.2. Let p be a prime number. For any nonzero rational number x, there exists a unique integer nx

such that x = a
b p

nx , where a and b are integers not divisible by p. Then |x|p := p−nx defines a non-Archimedean

norm on Q. The completion of Q with respect to the metric d(x, y) = |x− y|p is denoted by Qp which is called

the p-adic number field. In fact, Qp is the set of all formal series x =
∑∞

k≥nx
akp

k, where |ak| ≤ p − 1 are

integers. The addition and multiplication between any two elements of Qp are defined naturally. The norm

|
∑∞

k≥nx
akp

k|p = p−nx is a non-Archimedean norm on Qp and it makes Qp a locally compact field (see [18]).

Note that if p > 2, then |2n|p = 1 for each integer n but |2|2 < 1.

Throughout this paper, we assume that the base field is a non-Archimedean field and hence we can call it

simply a field. Moreover, N stands for the set of all positive integers.

Definition 2.3. Let X be a linear space over a field K with a non-Archimedean valuation | · |. A function

∥ · ∥ : X → [0,∞) is a non-Archimedean norm if it satisfies the following conditions:

(i) ∥x∥ = 0 if and only if x = 0;

(ii) ∥rx∥ = |r|∥x∥ for all r ∈ K and x ∈ X ;

(iii) the strong triangle inequality

∥x+ y∥ ≤ max{∥x∥, ∥y∥}, ∀x, y ∈ X .

Then (X , ∥ · ∥) is called a non-Archimedean normed space.

Definition 2.4. Let X be a non-Archimedean normed space. Let {xn} be a sequence in X . Then {xn} is

said to be convergent if there exists x ∈ X such that lim
n→∞

∥xn − x∥ = 0. In that case, x is called the limit of

the sequence {xn} and we denote it by lim
n→∞

xn = x. A sequence {xn} in X is said to be a Cauchy sequence if

lim
n→∞

∥xn+p − xn∥ = 0 for all p = 1, 2, . . .. Due to the fact that

∥xn − xm∥ ≤ max{∥xj+1 − xj∥ : m ≤ j ≤ n− 1} (n > m)

a sequence {xn} is Cauchy if and only if {xn+1 − xn} converges to zero in a non-Archimedean normed space.

It is known that every convergent sequence in a non-Archimedean normed space is a Cauchy sequence. If

every Cauchy sequence in X converges, then the non-Archimedean normed space X is called a non-Archimedean

Banach space.

Definition 2.5. Let X denotes a linear space and Y represents a complete non-Archimedean normed space

and n ≥ 1 is an integer. A function f : X n → Y is called a multi-additive mapping, if f is additive in each

variable:

f(x1, . . . , xi−1, xi + x′
i, xi+1, . . . , xn) = f(x1, . . . , xi−1, xi, xi+1, . . . , xn) + f(x1, . . . , xi−1, x

′
i, xi+1, . . . , xn)

for all i = 1, 2, . . . , n and all x1, . . . , xi−1, xi, x
′
i, xi+1, . . . , xn ∈ X . Some basic facts on such mappings can be

found for instance in [1, 2, 13], where their application to the representation of polynomial functions is also

presented.

Let Ω be a set. A function d : Ω × Ω → [0,∞] is called a generalized metric on Ω if d satisfies the following

conditions:

(a) d(x, y) = 0 if and only if x = y;

(b) d(x, y) = d(y, x) for all x, y ∈ Ω;

(c) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ Ω.

It will later on the following fixed point alternative theorem (cf. [5]) will be useful.
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Theorem 2.6. Let (Ω, d) be a complete generalized metric space and J : Ω → Ω be a strictly contractive mapping

with Lipschitz constant 0 < L < 1, that is

d(Jx, Jy) ≤ Ld(x, y) ∀x, y ∈ Ω.

Then, for each given x ∈ Ω, either

d(Jnx, Jn+1x) = ∞ ∀n ≥ 0,

or

d(Jnx, Jn+1x) < ∞, ∀n ≥ n0,

for some natural number n0. Actually if the second alternative holds, then the sequence {Jnx} is convergent to

a fixed point x∗ of J and

(1) x∗ is the unique fixed point of J in the set Ω∗ = {y ∈ Ω : d(Jn0x, y) < ∞};
(2) d(y, x∗) ≤ 1

1−Ld(y, Jy) for all y ∈ Ω∗.

3. Non-Archimedean stability of the multi-additive mapping: a direct method

Let X be a linear space over a non-Archimedean field K with a valuation | · | and Y be a complete non-

Archimedean normed space over K. For the given mapping f : X n → Y and every i ∈ {1, 2, . . . , n}, we define

the difference operator

Dif(x1, . . . , xi, x
′
i, xi+1, . . . , xn)

:= f(x1, . . . , xi−1, xi + x′
i, xi+1, . . . , xn)− f(x1, . . . , xn)− f(x1, . . . , xi−1, x

′
i, xi+1, . . . , xn)

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X .

Theorem 3.1. Let X be a linear space over a non-Archimedean field K with a valuation | · | and Y be a complete

non-Archimedean normed space over K. Let n ∈ N and for every i ∈ {1, 2, . . . , n}, φi : X n+1 → [0,∞) be a

function. Let for some natural number k ∈ K,


































































lim
m→∞

|k|mφi(x1/k
m, . . . , xi, x

′
i, xi+1, . . . , xn) = 0,

...

lim
m→∞

|k|mφi(x1, . . . , xi−2, xi−1/k
m, xi, x

′
i, xi+1, . . . , xn) = 0,

lim
m→∞

|k|mφi(x1, . . . , xi−1, xi/k
m, x′

i/k
m, xi+1, . . . , xn) = 0,

lim
m→∞

|k|mφi(x1, . . . , xi, x
′
i, xi+1/k

m, xi+2, . . . , xn) = 0,

...

lim
m→∞

|k|mφi(x1, . . . , xi, x
′
i, xi+1, . . . , xn−1, xn/k

m) = 0

(3.1)

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X and let for each (x1, . . . , xn) ∈ X n the limit

lim
m→∞

max{|k|s+1 max{φi(x1, . . . , xi−1, xi/k
s+1, jxi/k

s+1, xi+1, . . . , xn) : 1 ≤ j ≤ k − 1} : 0 ≤ s < m},

denoted by φ̃i(x1, . . . , xn), exists. Suppose that f : X n → Y be a mapping satisfying

∥Dif(x1, . . . , xi, x
′
i, xi+1, . . . , xn)∥ ≤ φi(x1, . . . , xi, x

′
i, xi+1, . . . , xn) (3.2)

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X and i ∈ {1, . . . , n}. Then for every i ∈ {1, . . . , n} there exists a multi-

additive mapping Fi : X n → Y such that

∥f(x1, . . . , xn)− Fi(x1, . . . , xn)∥ ≤ 1

|k|
φ̃i(x1, . . . , xn) (3.3)

for all x1, . . . , xn ∈ X . For every i ∈ {1, . . . , n} the function Fi is given by

Fi(x1, . . . , xn) := lim
j→∞

kjf(x1, . . . , xi−1, xi/k
j , xi+1, . . . , xn) (3.4)

for all x1, . . . , xn ∈ X , and if, in addition,

lim
p→∞

|k|pφ̃i(x1, . . . , xi−1, xi/k
p, xi+1, . . . , xn) = 0,
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then Fi is the unique multi-additive mapping satisfying (3.3).

Proof. Fix j ∈ N and i ∈ {1, . . . , n}. Letting x′
i = xi in (3.2), we get

∥f(x1, . . . , xi−1, 2xi, xi+1, . . . , xn)− 2f(x1, . . . , xn)∥ ≤ φi(x1, . . . , xi, xi, xi+1, . . . , xn) (3.5)

for all x1, . . . , xn ∈ X . Letting x′
i = 2xi in (3.2), we get

∥f(x1, . . . , xi−1, 3xi, xi+1, . . . , xn)− f(x1, . . . , xn)− f(x1, . . . , xi−1, 2xi, xi+1, . . . , xn)∥
≤ φi(x1, . . . , xi, 2xi, xi+1, . . . , xn)

(3.6)

for all x1, . . . , xn ∈ X . Similarly, putting x′
i = jxi ( 3 ≤ j ≤ k − 1) in (3.2), we get

∥f(x1, . . . , xi−1, (j + 1)xi, xi+1, . . . , xn)− f(x1, . . . , xn)− f(x1, . . . , xi−1, jxi, xi+1, . . . , xn)∥
≤ φi(x1, . . . , xi, jxi, xi+1, . . . , xn)

(3.7)

for all x1, . . . , xn ∈ X . By (3.5)–(3.7), we see that

∥f(x1, . . . , xi−1, kxi, xi+1, . . . , xn)− kf(x1, . . . , xn)∥
≤ max{φi(x1, . . . , xi, jxi, xi+1, . . . , xn) : 1 ≤ j ≤ k − 1}

(3.8)

for all x1, . . . , xn ∈ X , and so

∥km−1f(x1, . . . , xi−1, xi/k
m−1, xi+1, . . . , xn)− kmf(x1, . . . , xi−1, xi/k

m, xi+1, . . . , xn)∥
≤ |k|m−1 max{φi(x1, . . . , xi−1, xi/k

m, jxi/k
m, xi+1, . . . , xn) : 1 ≤ j ≤ k − 1}.

(3.9)

for all x1, . . . , xn ∈ X and m = 0, 1, . . .. By (3.1), it follows that {kmf(x1, . . . , xi−1, xi/k
m, xi+1, . . . , xn)}

is a Cauchy sequence in the complete non-Archimedean space Y . This sequence is convergent and we define

Fi : X n → Y by

Fi(x1, . . . , xn) := lim
m→∞

kmf(x1, . . . , xi−1, xi/k
m, xi+1, . . . , xn) (3.10)

for all x1, . . . , xn ∈ X . Using (3.9), one can show that

∥f(x1, . . . , xn)− kmf(x1, . . . , xi−1, xi/k
m, xi+1, . . . , xn)∥

=

∥

∥

∥

∥

m
∑

s=1
[ks−1f(x1, . . . , xi−1, xi/k

s−1, xi+1, . . . , xn)− ksf(x1, . . . , xi−1, xi/k
s, xi+1, . . . , xn)]

∥

∥

∥

∥

≤ 1
|k| max{|k|s+1 max{φi(x1, . . . , xi−1, xi/k

s+1, jxi/k
s+1, xi+1, . . . , xn) : 1 ≤ j ≤ k − 1} : 0 ≤ s < m},

(3.11)

by taking limit as m → ∞ of both sides of (3.11), one can obtain the inequality (3.3).

Now, we will show that for every i ∈ {1, . . . , n} the mapping Fi is multi-additive. By (3.2), we have










































∥kjDsf(x1, . . . , xs−1, xs, x
′
s, xs+1, . . . , xi−1, xi/k

j , xi+1, . . . , xn)∥
≤ |k|jφs(x1, . . . , xs−1, xs, x

′
s, xs+1, . . . , xi−1, xi/k

j , xi+1, . . . , xn), for s < i,

∥kjDif(x1, . . . , xi−1, xi/k
j , x′

i/k
j , xi+1, . . . , xn)∥

≤ |k|jφi(x1, . . . , xi−1, xi/k
j , x′

i/k
j , xi+1, . . . , xn), for s = i,

∥kjDsf(x1, . . . , xi−1, xi/k
j , xi+1, . . . , xs−1, xs, x

′
s, xs+1, . . . , xn)∥

≤ |k|jφs(x1, . . . , xi−1, xi/k
j , xi+1, . . . , xs−1, xs, x

′
s, xs+1, . . . , xn), for s > i

(3.12)

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X , x′

s ∈ X (s ∈ {1, 2, . . . , n}\{i}) and all j ∈ N. Letting j → ∞ in the

above inequalities and using (3.1), we see that the mapping Fi is multi-additive. To prove the uniqueness of the

mapping Fi, assume that F ′
i : X n → Y is another multi-additive mapping satisfying (3.3). Then we have

∥Fi(x1, . . . , xn)− F ′
i (x1, . . . , xn)∥

= |k|p∥Fi(x1, . . . , xi−1, xi/k
p, xi+1, . . . , xn)− F ′

i (x1, . . . , xi−1, xi/k
p, xi+1, . . . , xn)∥

≤ max{|k|p∥f(x1, . . . , xi−1, xi/k
p, xi+1, . . . , xn)− Fi(x1, . . . , xi−1, xi/k

p, xi+1, . . . , xn)∥,
|k|p∥f(x1, . . . , xi−1, xi/k

p, xi+1, . . . , xn)− F ′
i (x1, . . . , xi−1, xi/k

p, xi+1, . . . , xn)∥}
≤ 2|k|p−1φ̃i(x1, . . . , xi−1, xi/k

p, xi+1, . . . , xn)
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for all p ∈ N and x1, . . . , xn ∈ X . If

lim
p→∞

|k|pφ̃i(x1, . . . , xi−1, xi/k
p, xi+1, . . . , xn) = 0,

we may conclude that Fi(x1, . . . , xn) = F ′
i (x1, . . . , xn) for all x1, . . . , xn ∈ X , and the proof is complete. �

The proof of the following result is similar to that in Theorem 3.1, hence it is omitted.

Theorem 3.2. Let X be a linear space over a non-Archimedean field K with a valuation | · | and Y be a complete

non-Archimedean normed space over K. Let n ∈ N and for every i ∈ {1, 2, . . . , n}, φi : X n+1 → [0,∞) be a

function. Assume for some natural number k ∈ K,


































































lim
m→∞

1
|k|mφi(k

mx1, . . . , xi, x
′
i, xi+1, . . . , xn) = 0,

...

lim
m→∞

1
|k|mφi(x1, . . . , xi−2, k

mxi−1, xi, x
′
i, xi+1, . . . , xn) = 0,

lim
m→∞

1
|k|mφi(x1, . . . , xi−1, k

mxi, k
mx′

i, xi+1, . . . , xn) = 0,

lim
m→∞

1
|k|mφi(x1, . . . , xi, x

′
i, k

mxi+1, xi+2, . . . , xn) = 0,

...

lim
m→∞

1
|k|mφi(x1, . . . , xi, x

′
i, xi+1, . . . , xn−1, k

mxn) = 0

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X and let for each (x1, . . . , xn) ∈ X n the limit

lim
m→∞

max

{

1

|k|s
max{φi(x1, . . . , xi−1, k

sxi, jk
sxi, xi+1, . . . , xn) : 1 ≤ j ≤ k − 1} : 0 ≤ s < m

}

,

denoted by φ̃i(x1, . . . , xn), exists. Suppose that f : X n → Y is a mapping satisfying

∥Dif(x1, . . . , xi, x
′
i, xi+1, . . . , xn)∥ ≤ φi(x1, . . . , xi, x

′
i, xi+1, . . . , xn)

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X and i ∈ {1, . . . , n}. Then for every i ∈ {1, . . . , n} there exists a multi-

additive mapping Fi : X n → Y such that

∥f(x1, . . . , xn)− Fi(x1, . . . , xn)∥ ≤ 1

|k|
φ̃i(x1, . . . , xn)

for all x1, . . . , xn ∈ X . For every i ∈ {1, . . . , n} the function Fi is given by

Fi(x1, . . . , xn) := lim
j→∞

1

kj
f(x1, . . . , xi−1, k

jxi, xi+1, . . . , xn)

for all x1, . . . , xn ∈ X , and if, in addition,

lim
p→∞

1

|k|p
φ̃i(x1, . . . , xi−1, k

pxi, xi+1, . . . , xn) = 0,

then Fi is the unique multi-additive mapping satisfying (3.3).

Corollary 3.3. Let K be a non-Archimedean field, (X , ∥ · ∥X ) be a non-Archimedean normed space over K,

(Y , ∥ · ∥Y ) be a complete non-Archimedean normed space over K. Let k ∈ N with |k| < 1, ε, δ ≥ 0, 0 < ri <

1(1 ≤ i ≤ n), and f : X n → Y be a mapping such that

∥Dif(x1, . . . , xi, x
′
i, xi+1, . . . , xn)∥Y ≤ ε+ δ[∥x1∥r1X · · · ∥xi−1∥ri−1

X (∥xi∥riX + ∥x′
i∥

ri
X )∥xi+1∥ri+1

X · · · · ∥xn∥rnX ]

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X and every i ∈ {1, 2, . . . , n}. Then there exists a unique multi-additive

mapping Fi : X n → Y such that

∥f(x1, x2, . . . , xn)− Fi(x1, x2, . . . , xn)∥Y ≤ ε+
2δ

|k|ri
(∥x1∥r1X · ∥x2∥r2X · · · · · ∥xn∥rnX )

for all x1, x2, . . . , xn ∈ X .

Corollary 3.4. Let K be a non-Archimedean field, (X , ∥ · ∥X ) be a non-Archimedean normed space over K,

(Y , ∥ · ∥Y ) be a complete non-Archimedean normed space over K. Let k ∈ N with |k| < 1, ε, δ ≥ 0, ri, si > 0(1 ≤
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i ≤ n) with λi := ri + si < 1, and f : X n → Y be a mapping such that

∥Dif(x1, . . . , xi, x
′
i, xi+1, . . . , xn)∥Y

≤ ε+ δ{∥x1∥λ1

X · · · ∥xi−1∥λi−1

X [∥xi∥riX ∥x′
i∥

si
X + (∥xi∥ri+si

X + ∥x′
i∥

ri+si
X )]∥xi+1∥λi+1

X · · · · ∥xn∥λn

X }

for all x1, . . . , xi, x
′
i, xi+1, . . . , xn ∈ X and every i ∈ {1, 2, . . . , n}. Then there exists a unique multi-additive

mapping Fi : X n → Y such that

∥f(x1, x2, . . . , xn)− Fi(x1, x2, . . . , xn)∥Y ≤ ε+
3δ

|k|λi
(∥x1∥λ1

X · ∥x2∥λ2

X · · · · · ∥xn∥λn

X )

for all x1, x2, . . . , xn ∈ X .

Remark. Theorems 3.1 and 3.2 are generalized versions of Theorem 2.1 in [11].

In [2], Ciepliński proved the following:

Theorem 3.5. Let X be a commutative semigroup and Y be a Banach space. Assume also that n ∈ N and for

every i ∈ {1, 2, . . . , n}, φi : X n+1 → [0,∞) is a mapping such that for any (x1, x2, . . . , xn) ∈ X n+1 we have

φ̃i(x1, . . . , xn+1) :=
∞
∑

j=0

1
2j [φi(2

jx1, x2, . . . , xn+1) + · · ·+ φi(x1, . . . , xi−2, 2
jxi−1, xi, . . . , xn+1)

+1
2φi(x1, . . . , xi−1, 2

jxi, 2
jxi+1, xi+2, . . . , xn+1) + φi(x1, . . . , xi+1, 2

jxi+2, xi+3, . . . , xn+1)

+ · · ·+ φi(x1, . . . , xn, 2
jxn+1) < ∞.

If f : X n → Y is a function satisfying

∥f(x1, . . . , xi−1, xi + x′
i, xi+1, . . . , xn)− f(x1, . . . , xn)− f(x1, . . . , xi−1, x

′
i, xi+1, . . . , xn)∥

≤ φi(x1, . . . , xi, x
′
i, xi+1, . . . , xn), (x1, . . . , xi, x

′
i, xi+1, . . . , xn) ∈ X n+1, i ∈ {1, . . . , n},

then for every i ∈ {1, . . . , n} there exists a multi-additive mapping Fi : X n → Y such that for any (x1, . . . , xn) ∈
X n we have

∥f(x1, . . . , xn)− Fi(x1, . . . , xn)∥ ≤ φ̃i(x1, . . . , xi, xi, xi+1, . . . , xn).

For every i ∈ {1, . . . , n} the function Fi is given by

Fi(x1, . . . , xn) := lim
j→∞

1

2j
f(x1, . . . , xi−1, 2

jxi, xi+1, . . . , xn), (x1, . . . , xn) ∈ X n.

The following example shows that the same result of Theorem 3.5 is not true in non-Archimedean normed

spaces and the assumption |k| < 1 cannot be omitted in Corollaries 3.3 and 3.4. This example is a modification

of the example of [22].

Example 3.6. Let p > 2 be a prime number and f : Q2
p → Qp be defined by f(x1, x2) = 2. Since, |2j |p = 1 for

all j ∈ Z, then for φ1(x1, x2, x3) = φ2(x1, x2, x3) = 1 (the case when k = 2, ε = 1 and δ = 0 is considered),

|D1f(x1, x
′
1, x2)|p = |D2f(x1, x2, x

′
2)|p = |2|p = 1 ≤ φ1(x1, x2, x3) = φ2(x1, x2, x3), x1, x

′
1, x2, x

′
2 ∈ Qp.

However

|2jf(x1/2
j , x2)− 2j+1f(x1/2

j+1, x2)|p = |2j+1|p = 1

and

|2jf(x1, x2/2
j)− 2j+1f(x1, x2/2

j+1)|p = |2j+1|p = 1

for all x1, x2 ∈ Qp and j ∈ N. Hence neither {2jf(x1/2
j , x2)} nor {2jf(x1, x2/2

j)} is a Cauchy sequence. Hence

these sequences are not convergent in Qp.

4. A fixed point approach to the stability

In [2], Ciepliński reduce the system of n Cauchy equations to a single functional equation (see [2, Theorem

2]).
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Theorem 4.1. Assume that n ∈ N and let X be a commutative semigroup with the identity element 0 and Y

be a linear space. A mapping f : X n → Y is multi-additive if and only if

f(x11 + x12, . . . , xn1 + xn2) =
∑

i1,...,in∈{1,2}

f(x1i1 , . . . , xnin) (4.1)

for all x11, x12, . . . , xn1, xn2 ∈ X .

Next, we will show the Hyers-Ulam stability of Eq.(4.1) by using the fixed point method. For the given

mapping f : X n → Y , we define the difference operator

Df(x11, x12, . . . , xn1, xn2) := f(x11 + x12, . . . , xn1 + xn2)−
∑

i1,...,in∈{1,2}

f(x1i1 , . . . , xnin)

for all x11, x12, . . . , xn1, xn2 ∈ X .

Theorem 4.2. Let X be a linear space over a non-Archimedean field K with a valuation | · | and Y be a complete

non-Archimedean normed space over K. Let 0 ≤ L < 1 and φ : X 2n → [0,∞) be a mapping such that

φ(x11, x12, . . . , xn1, xn2) ≤
L

|2|n
φ(2x11, 2x12, . . . , 2xn1, 2xn2) (4.2)

for all x11, x12, . . . , xn1, xn2 ∈ X . If f : X n → Y is a function satisfying

∥Df(x11, x12, . . . , xn1, xn2)∥ ≤ φ(x11, x12, . . . , xn1, xn2) (4.3)

for all x11, x12, . . . , xn1, xn2 ∈ X , then there exists a unique multi-additive mapping F : X n → Y such that

∥f(x11, x21, . . . , xn1)− F (x11, x21, . . . , xn1∥ ≤ L

|2|n(1− L)
φ(x11, x11, . . . , xn1, xn1) (4.4)

for all x11, x21, . . . , xn1 ∈ X . The function F is given by

F (x11, x21, . . . , xn1) := lim
m→∞

2mnf(x11/2
m, x21/2

m, . . . , xn1/2
m) (4.5)

for all x11, x21, . . . , xn1 ∈ X .

Proof. It follows from (4.2) that

lim
j→∞

|2|njφ(x11/2
j , x12/2

j , . . . , xn1/2
j , xn2/2

j) = 0 (4.6)

for all x11, x12, . . . , xn1, xn2 ∈ X .

Consider the set

Ω := {g | g : X n → Y }

and introduce the generalized metric on Ω defined by

d(g, h) := inf{c > 0| ∥g(x11, x21, . . . , xn1)− h(x11, x21, . . . , xn1)∥
≤ cφ(x11, x11, . . . , xn1, xn1), ∀x11, x21, . . . , xn1 ∈ X }.

It is easy to show that (Ω, d) is a complete generalized metric space. Now we consider the mapping J : Ω → Ω

such that

Jg(x11, x21, . . . , xn1) = 2ng(x11/2, x21/2, . . . , xn1/2)

for all x11, x21, . . . , xn1 ∈ X n. Let g, h ∈ Ω be given such that d(g, h) < β, by the definition,

∥g(x11, x21, . . . , xn1)− h(x11, x21, . . . , xn1)∥ ≤ βφ(x11, x11, . . . , xn1, xn1)

for all x11, x21, . . . , xn1 ∈ X . Hence

∥Jg(x11, x21, . . . , xn1)− Jh(x11, x21, . . . , xn1)∥
= ∥2ng(x11/2, x21/2, . . . , xn1/2)− 2nh(x11/2, x21/2, . . . , xn1/2)∥
= |2|n∥g(x11/2, x21/2, . . . , xn1/2)− h(x11/2, x21/2, . . . , xn1/2)∥
≤ |2|nβφ((x11/2, x11/2, . . . , xn1/2, xn1/2)

≤ βLφ(x11, x11, . . . , xn1, xn1)
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for all x11, x21, . . . , xn1 ∈ X . By the definition it follows that d(Jg, Jh) ≤ βL. Therefore,

d(Jg, Jh) ≤ Ld(g, h), for all g, h ∈ Ω.

This means that J is a strictly contractive self-mapping of Ω with Lipschitz constant L.

Putting xi2 = xi1 for i ∈ {1, 2, . . . , n} in (4.3), we get

∥f(2x11, 2x21, . . . , 2xn1)− 2nf(x11, x21, . . . , xn1)∥ ≤ φ(x11, x11, . . . , xn1, xn1)

for all x11, x21, . . . , xn1 ∈ X . Hence

∥2nf(x11/2, x21/2, . . . , xn1/2)− f(x11, x21, . . . , xn1)∥ ≤ φ(x11/2, x11/2, . . . , xn1/2, xn1/2)

≤ L
|2|nφ(x11, x12, . . . , xn1, xn2)

for all x11, x21, . . . , xn1 ∈ X . Therefore d(Jf, f) ≤ L/|2|n.
By Theorem 2.6, there exists a mapping F : X n → Y such that

(1) F is a fixed point of J , that is,

F (2x11, 2x21, . . . , 2xn1) = 2nF (x11, x21, . . . , xn1) (4.7)

for all x11, x21, . . . , xn1 ∈ X . The mapping F is a unique fixed point of J in the set ∆ = {g ∈ Ω| d(f, g) < ∞}.
This implies that F is a unique mapping satisfying (4.7) such that there exists c ∈ (0,∞) satisfying

∥F (x11, x21, . . . , xn1)− f(x11, x21, . . . , xn1)∥ ≤ c · φ(x11, x11, . . . , xn1, xn1)

for all x11, x21, . . . , xn1 ∈ X .

(2) d(Jmf, F ) → 0 as m → ∞. This implies the equality

F (x11, x21, . . . , xn1) := lim
m→∞

2mnf(x11/2
m, x21/2

m, . . . , xn1/2
m) (4.8)

for all x11, x21, . . . , xn1 ∈ X .

(3) d(f, F ) ≤ d(f, Jf)/(1− L), which implies the inequality

d(f, F ) ≤ L/[|2|n(1− L)].

Thus inequality (4.4) holds.

It follows from (4.3), (4.6), and (4.8) that

∥F (x11 + x12, . . . , xn1 + xn2)−
∑

i1,...,in∈{1,2}
F (x1i1 , . . . , xnin)∥

= lim
j→∞

|2|nj∥f((x11 + x12)/2
j , . . . , (xn1 + xn2)/2

j)−
∑

i1,...,in∈{1,2}
f(x1i1/2

j , . . . , xnin/2
j)∥

≤ lim
j→∞

|2|njφ(x11/2
j , x12/2

j , . . . , xn1/2
j , xn2/2

j) = 0

for all x11, x12, . . . , xn1, xn2 ∈ X . Therefore Theorem 4.1 now shows that F is multi-additive. This completes

the proof. �

Corollary 4.3. Let K be a non-Archimedean field, (X , ∥ · ∥X ) be a non-Archimedean normed space over

K, (Y , ∥ · ∥Y ) be a complete non-Archimedean normed space over K. Let ε, δ ≥ 0, 0 < r < 1, |2| < 1, and

f : X n → Y be a mapping such that

∥Df(x11, x12, . . . , xn1, xn2)∥Y ≤ ε+ δ(∥x11∥nrX + ∥x12∥nrX + · · ·+ ∥xn1∥nrX + ∥xn2∥nrX )

for all x11, x12, . . . , xn1, xn2 ∈ X . Then there exists a unique multi-additive mapping F : X n → Y such that

∥f(x11, x21, . . . , xn1)− F (x11, x21, . . . , xn1)∥Y ≤ 1

|2|nr − |2|n
[ε+ 2δ(∥x11∥nrX + ∥x21∥nrX + · · ·+ ∥xn1∥nrX )]

for all x11, x21, . . . , xn1 ∈ X . The function F is given by

F (x11, x12, . . . , xn1) := lim
m→∞

2mnf(x11/2
m, . . . , xn1/2

m)

for all x11, x21, . . . , xn1 ∈ X .

Corollary 4.4. Let K be a non-Archimedean field, (X , ∥ · ∥X ) be a non-Archimedean normed space over K,

(Y , ∥ · ∥Y ) be a complete non-Archimedean normed space over K, ε, δ ≥ 0 and r, s > 0 with λ := r + s < 1.

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

1109 Tian Zhou Xu et al 1102-1110



On the stability of multi-additive mappings in non-Archimedean normed spaces

Assume also that f : X n → Y be a mapping satisfying

∥Df(x11, x12, . . . , xn1, xn2)∥Y ≤ ε+ δ

n
∑

k=1

[∥xk1∥nrX · ∥xk2∥nsX + (∥xk1∥nλX + ∥xk2∥nλX )]

for all x11, x12, . . . , xn1, xn2 ∈ X . Then there exists a unique multi-additive mapping F : X n → Y such that

∥f(x11, x21, . . . , xn1)− F (x11, x21, . . . , xn1)∥ ≤ 1

|2|nλ − |2|n
[ε+ 3δ(∥x11∥nλX + ∥x21∥nλX + · · ·+ ∥xn1∥nλX )]

for all x11, x21, . . . , xn1 ∈ X n. The function F is given by

F (x11, x12, . . . , xn1) := lim
m→∞

2mnf(x11/2
m, . . . , xn1/2

m)

for all x11, x21, . . . , xn1 ∈ X n.

The following example shows that the assumption |2| < 1 cannot be omitted in Corollaries 4.3 and 4.4.

Example 4.5. Let p > 2 be a prime number and f : Q2
p → Qp be defined by f(x1, x2) = 2. Since, |2j |p = 1 for

all j ∈ Z, then for ε = 1 and δ = 0,

|Df(x11, x12, x21, x22)|p = |6|p = |3|p ≤ 1 = ε, x11, x12, x21, x22 ∈ Qp.

However,

|4jf(x1/2
j , x2/2

j)− 4j+1f(x1/2
j+1, x2)/2

j+1|p = |7 · 22j |p = |7|p

for all x1, x2 ∈ Qp and j ∈ N. Hence {4jf(x1/2
j , x2/2

j)} is not convergent in Qp.
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Notes on Harmonic Functions for which the
second Dilatation is α - spiral

Melike Aydog̃an

2014

Abstract

In this study, we consider, f = h + g harmonic functions in the
unit disc D. By applying S. S. Miller and P. M. Mocanu result, we
obtain a new subclass of harmonic functions , such as S∗HPST (α, β)
We introduce this new class as defined in the following form,

S∗HPST (α, β) =
{
f = h(z) + g(z)|f ∈ SH , h(z) ∈ S∗,

Re

(
eiα

g′(z)

h′(z)

)
> β, |α| < π

2
, 0 ≤ β < Re(beiα)

}
(0.1)

We also use subordination principle , study on distortion theorems,
some numerical examples and coefficient inequalities of this class.

1 Introduction

A planar harmonic mapping in the unit disc D = {z ∈ C||z| < 1} is a complex-
valued harmonic function f which maps D onto some planar domain f(D).
Since D is simply connected, the mapping f has a canonical decomposition
f = h + g, where h and g are analytic in D, as usual, we call h the analytic
part of f and g the co-analytic part of f . An elegant and complete account
of the theory of planar harmonic mapping is given in Duren’s monograph [3].

2000 Mathematics Subject Classification: 30C45, 30C55
Key words and phrases: Harmonic functions, growth theorem, distortion theorem, coeffi-
cient inequality
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Lewy [5] proved in 1936 that the harmonic function f is locally univalent in
a simply connected domain D1 if and only if its Jacobien

Jf (z) = |h′(z)|2 − |g′(z)|2 > 0

is different from zero in D1. In view of this result, locally univalent harmonic
mappings in the unit disc are either sense-reversing if

|g′(z)| > |h′(z)|

in D1 or sense-preserving if

|g′(z)| < |h′(z)|

in D1. Throughout this paper we will restrict ourselves to the study of sense-
preserving harmonic mappings. However, since f is sense-preserving if and
only if f is sense-reserving, all the results obtained in this article regarding
sense-preserving harmonic mappings can be adapted to sense-reversing ones.
Note that f = h + g is sense-preserving in D if and only if h′(z) does not

vanish in the unit disc and the second-complex dilatation w(z) = g′(z)
h′(z)

has

the property |w(z)| < 1 in D, therefore we can take h(z) = z + a2z
2 + · · · ,

g(z) = b1z + b2z
2 + · · · . Thus the class of all harmonic mappings being

sense-preserving in the unit disc can be defined by

SH =
{
f = h(z) + g(z) |h(z) = z + a2z

2 + · · · , g(z) = b1z + b2z
2 + · · · ,

f sense-preserving
}

Let Ω be the family of functions φ(z) which are regular in D and satisfying
the conditions φ(0) = 0, |φ(z)| < 1 for all z ∈ D. Denote by P , the family of
functions p(z) = 1 + p1z + p2z

2 + · · · which are regular in D such that

p(z) =
1 + φ(z)

1− φ(z)
(1.1)

for some function φ(z) ∈ Ω for all z ∈ D.
Next, let S∗ denote the family of functions s(z) = z+ c2z

2 + c3z
3 + · · · which

are regular in D such that

z
s′(z)

s(z)
= p(z) (1.2)

2
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for some p(z) ∈ P for all z ∈ D.
Let s1(z) = z + α2z

2 + α3z3 + · · · and s2(z) = z + β2z
2 + β3z

3 + · · · be
analytic functions in D. If there exists φ(z) ∈ Ω such that s1(z) = s2(φ(z))
for all z ∈ D. Then we say that s1(z) is subordinate to s2(z) and we write
s1(z) ≺ s2(z), then s1(D) ⊂ s2(D).
Now, we consider the following class of harmonic mappings in the plane

S∗HPST (α, β) =
{
f = h(z) + g(z)|f ∈ SH , h(z) ∈ S∗,

Re

(
eiα

g′(z)

h′(z)

)
> β, |α| < π

2
, 0 ≤ β < Re(beiα)

}
(1.3)

In the present paper we will investigate the class S∗HPST (α, β).
We will need the following lemma and theorem in the sequel:

Theorem 1.1. ([4]) Let h(z) be an element of S∗, then

r

(1 + r)2
≤ |h(z)| ≤ r

(1− r)2
,

for all |z| = r < 1.

1− r
(1 + r)3

≤ |h′(z)| ≤ 1 + r

(1− r)3
These inequalities are sharp because the extremal function is

h(z) = z
(1−z)2 .

Lemma 1.2. ([6]) Let M(z) and N(z) be regular in D with M(0) = N(0) =
0, and let γ be real. If N(z) maps D onto a (possibly many-sheeted) domain
which is starlike with respect to the origin, then

Re(
M ′(z)

N ′(z)
) > γ ⇒ Re(

M(z)

N(z)
) > γ

2 Main Results

Theorem 2.1. Let g(z) and h(z) be analytic in D with g(0) = h(0) = 0, and
let 0 ≤ β < Re(eiαb1) and |α| < π

2
. If h(z) maps D onto a (possibly many

sheeted) domain which is starlike with respect to the origin, then

Re(eiα
g′(z)

h′(z)
) > β(z ∈ D)⇒ Re(eiα

g(z)

h(z)
) > β(z ∈ D)

3
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Proof. If we take M(z) = g(z) and N(z) = e−iαh(z), then M(z) and N(z)
are analytic in D and M(0) = N(0) = 0.
Also,

Re(
zN ′(z)

N(Z)
) = Re(

zh′(z)

h(z)
) > 0, (z ∈ D)

Thus, appliying Lemma 1.2, we prove the theorem.

Example 2.2. Let us consider the function g(z) such that eiαb1 > 0, β = 0
and h(z) = z

(1−z)2 .
Now , we consider

eiα
g′(z)

h′(z)
= eiαb1

1 + z

1− z
Then, we easily see that,

Re(eiα
g′(z)

h′(z)
) > 0, (z ∈ D).

For such g(z), we have that

g′(z) =
b1(1 + z)2

(1− z)4
.

Thus, we obtain that

g(z) = b1

∫ z

0

(1 + t)2

(1− t)4
dt =

b1z(3 + z2)

3(1− z)3

Using the above g(z) and h(z) = z
(1−z)2 , we see that

Re(eiα
g(z)

h(z)
) = Re(

eiαb1(3 + z2)

3(1− z)
) > 0, (z ∈ D)

Theorem 2.3. If f(z) = h(z) + g(z) is in the class S∗HPST (α, β), then∣∣∣∣g(z)

h(z)
− |b1| e

i(φ−α)(1 + r2e−i2φ)− 2r2β.eiα

1− r2

∣∣∣∣ ≤ 2r(|b1| cosφ− β)

1− r2

for |z| = r < 1, where φ = α + arg(b1).

4
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Proof. For f(z) ∈ S∗HPST (α, β), Theorem 1 gives us that

Re(eiα
g(z)

h(z)
) > β(z ∈ D)

Let us define

p(z) = eiα
g(z)

h(z)

and

φ(z) =
p(z)− β − Imp(0)

Rep(0)− β
Then, we see that

p(0) = b1e
iα = |b1| eiα(φ = α + arg(b1))

and that φ(z) is analytic inD, φ(0) = 1, and Reφ(z) > 0, (z ∈ D). Therefore,
φ(z) is Caratheodory function. It follows from the above that,

φ(z) ≺ 1 + z

1− z
,

that is,

φ(z) =
1 + w(z)

1− w(z)

where w(z) is analytic in D, w(0) = 0 and |w(z)| < 1, (z ∈ D). Therefore,
using Schwarz lemma, we have that

|w(z)| =
∣∣∣∣φ(z)− 1

φ(z) + 1

∣∣∣∣ ≤ r(|z| = r < 1)

Note that ∣∣∣∣φ(z)− 1 + r2

1− r2

∣∣∣∣ ≤ 2r

1− r2

and

φ(z) =
eiα g(z)

h(z)
− β − i |b1|φ

|b1| cosφ− β
Therefore, we have that∣∣∣∣eiα g(z)

h(z)
− |b1| e

iφ(1 + r2e−i2φ)− 2r2β

1− r2

∣∣∣∣ ≤ 2r(|b1| cosφ− β)

1− r2

5
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Since φ = α + arg(b1), we obtain that∣∣∣∣g(z)

h(z)
− |b1| e

i(φ−α)(1 + r2e−i2φ)− 2r2β.e−iα

1− r2

∣∣∣∣ ≤ 2r(|b1| cosφ− β)

1− r2
.

Corollary 2.4. Let f(z) = h(z) + g(z) is in the class S∗HPST (α, β); if
arg(b1) = −α, then φ = 0. Therefore, we have that∣∣∣∣b1(1− r)− 2rβ

1 + r

∣∣∣∣ ≤ ∣∣∣∣g(z)

h(z)

∣∣∣∣ ≤ ∣∣∣∣b1(1 + r)− 2rβ

1− r

∣∣∣∣ (2.1)

Proof. This is a simple consequence of Theorem 2.3.

Corollary 2.5. Let f(z) = h(z) + g(z) is in the class S∗HPST (α, β); if β = 0,
then we have

|b1| (1− r)
1 + r

≤
∣∣∣∣g(z)

h(z)

∣∣∣∣ ≤ |b1| (1 + r)

1− r
(2.2)

Proof. This is a simple consequence of Theorem 2.3.

Corollary 2.6. Let f(z) = h(z) + g(z) is in the class S∗HPST (α, β), then

r[|b1| (1− r)− 2rβ]

(1 + r3)
≤ |g(z)| ≤ r[|b1| (1 + r)− 2rβ]

(1− r3)
(2.3)

(1− r)[|b1| (1− r)− 2rβ]

(1 + r)4
≤ |g′(z)| ≤ (1 + r)[|b1| (1 + r)− 2rβ]

(1− r)4
(2.4)

for all |z| = r < 1.

Proof. Let f(z) = h(z) + g(z) is in the class S∗HPST (α, β), then by using
Theorem 1.1, we can write

|h(z)| |b1| (1− r)2rβ
(1 + r)

≤ |g(z)| ≤ |h(z)| |b1| (1 + r)2rβ

(1− r)

|h′(z)| |b1| (1− r)2rβ
(1 + r)

≤ |g′(z)| ≤ |h′(z)| |b1| (1 + r)2rβ

(1− r)
Therefore we can take the result easliy.

6
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Corollary 2.7. Let f(z) = h(z) + g(z) is in the class S∗HPST (α, β), if β = 0,
then we have

r |b1| (1− r)
(1 + r)3

≤ |g(z)| ≤ r |b1| (1 + r)

(1− r)3

|b1| (1− r)2

(1 + r)4
≤ |g′(z)| ≤ |b1| (1 + r)2

(1− r)4

Proof. This is a simple consequence of Corollary 2.6.

Corollary 2.8. Let f(z) = h(z) + g(z) is in the class S∗HPST (α, β), then

F (|b1| ,−r, β) ≤ Jf(z) ≤ F (|b1| , r, β)

where

F (|b1| , r, β) =
[1− |b1| − r(1 + |b1|+ 2β)][1 + |b1|+ r(−1− |b1|+ 2β)]

(1 + r)6

Proof. Since

Jf(z) = |h′(z)|2 − |g′(z)|2 = |h′(z)|2 (1− |w(z)|2)

Using Corollary 2.6 and Theorem 2.3 we get the result easily.

Theorem 2.9. If f(z) = h(z) + g(z) is in the class S∗HPST (α, β), then

|bn − b1an| ≤
(n− 1)(2n− 1)

3
(|b1| cos(α + arg(b1))− β) (2.5)

(n = 2, 3, 4, ...)

Proof. Since

Re(eiα
g′(z)

h′(z)
) > β, (z ∈ D)

for f(z) ∈ S∗HPST (α, β), we see that

φ(z) =
p(z)− β − iImp(0)

Rep(0)− β

is the Caratheodory function, where

p(z) = eiα
g′(z)

h′(z)
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and p(0) = b1e
iα = |b1| ei(α+arg(b1)) If we write

φ(z) = 1 + c1z + c2z
2 + ...,

we have that |cn|}leq2, (1, 2, 3, ...). Note that

p(z) = (Rep(0)− β)φ(z) + β + iImp(0),

that is, that

eiαg′(z) = h′(z)[(Rep(0)− β)φ(z) + β + iImp(0)]

It follows that

eiαb1 +
∞∑
n=2

nbnz
n−1

= (1 +
∞∑
n=2

nanz
n−1)[(Rep(0)− β)(1 +

∞∑
n=1

cnz
n) + β + iImp(0)]

Considering the coefficient for zn−1, we have that

meiαbm = (Rep(b1e
iα)−β)(cn−1+2a2cn−2+3a3cn−3+...+(n−1)an−1c1)+b1e

iαnan

This shows us that,

(bn−b1an)eiα =
1

n
(Rep(b1e

iα)−β)(cn−1+2a2cn−2+3a3cn−3+...+(n−1)an−1c1).

(2.6)
Since |an| ≤ n, (n = 2, 3, 4, ...) for h(z) ∈ S∗ and |cn| ≤ 2, (n = 1, 2, 3, ...),
we obtain that

|bn − b1an| ≤
2

n
(|b1| cos(α+arg(b1))−β)(1+2 |a2|+3 |a3|+ ...+(n−1) |an−1|)

≤ 2

n
(|b1| cos(α + arg(b1))− β)(12 + 22 + 32 + ...+ (n− 1)2)

=
(n− 1)(2n− 1)

3
(|b1| cos(α + arg(b1))− β)

This completes the proof of the theorem.

Corollary 2.10. If f(z) = h(z) + g(z) is in the class S∗HPST (α, β) with
h(z) ∈ K, then

|bn − b1an| ≤ (n− 1)(|b1| cos(α + arg(b1))− β), (n = 2, 3, 4, ...)

Proof. This is a simple consequence of Theorem 2.9.
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Theorem 2.11. Let h(z) = z +
∑∞

n=2 anz
n and g(z) = b1z +

∑∞
n=2 bnz

n be
analytic in D. Also, let h(z) is starlike with respect to the origin in D, and

f(z) = h(z) + g(z).

If h(z) and g(z) satisfy,

∞∑
n=2

n[
∣∣(1− β)an + eiαbn

∣∣+
∣∣(1 + β)an − eiαbn

∣∣]
≤
∣∣1− β + eiαb1

∣∣− ∣∣1 + β − eiαb1
∣∣

for some real α (|α| < π
2
) and for some real β, (0 ≤ β ≤ Re(b1e

iα), then
f(z) ∈ S∗HPST (α, β).

Proof. Let p(z) = eiα g
′(z)
h′(z)

Then, if p(z) satisfies,∣∣∣∣1− (p(z)− β)

1 + (p(z)− β)

∣∣∣∣ < 1

then Rep(z) > β, so that, f(z) ∈ S∗HPST (α, β). It follows that

|1 + (p(z)− β)| − |1− (p(z)− β)|

=
1

|h′(z)|
[
∣∣(1− β)h′(z) + eiαg′(z)

∣∣− ∣∣(1 + β)h′(z)− eiαg′(z)
∣∣]

=
1

|h′(z)|
[

∣∣∣∣∣(1− β + eiαb1) +
∞∑
n=2

n((1− β)an + eiαbn)zn−1

∣∣∣∣∣− ∣∣(1 + β − eiαb1)

+
∞∑
n=2

n((1 + β)an − eiαbn)zn−1]

≥ 1

|h′(z)|
[
∣∣1− β + eiαb1

∣∣− ∞∑
n=2

n
∣∣(1− β)an + eiαbn |z|n−1

−
∣∣1 + β − eiαb1

∣∣− ∞∑
n=2

∣∣(1 + β)an − eiαbn |z|n−1
∣∣]

>
1

|h′(z)|
[
∣∣1− β + eiαb1

∣∣− ∣∣1 + β − eiαb1
∣∣]
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−
∞∑
n=2

n[
∣∣(1− β)an + eiαbn

∣∣+
∣∣(1 + β)an − eiαbn

∣∣]
for z ∈ D. Therefore, if f(z) satisfies,

∞∑
n=2

n[
∣∣(1− β)an + eiαbn

∣∣+
∣∣(1 + β)an − eiαbn

∣∣]
≤
∣∣1− β + eiαb1

∣∣− ∣∣1 + β − eiαb1
∣∣ ,

then f(z) ∈ S∗HPST (α, β).
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