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Abstract

In this paper, we investigate the properties of the poly-Cauchy polynomials
with a ¢ parameter which were studied by the third named author, and give vari-
ous identities with Bernoulli polynomials, Korobov polynomials, Stirling numbers,
Frobenius-Euler polynomials, falling and rising factorials by an umbral calculus ap-
proach.
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1 Introduction

Let n, k be integers with n > 0, and let ¢ be a real number with ¢ # 0. The poly-Cauchy
numbers with a q parameter of the first kind cgf()l and of the second kind Egk% are defined
by

1 1
6= [ [ = Aot
0 0
k

vy oz — (n—1)q — z)dxydxy . . dxy

and

1 1
/ .../(—xlxg...xk—l—z)(—xlacQ...xk—q+z)
0 0

—_——
k

S

o

—~
N

~—
Il

coi(mmzy .o — (n—1)q + 2)dzyde, . . dy

respectively ([9]). The generating function of the poly-Cauchy polynomials with a ¢

parameter of the first kind c,(f?](z) and of the second kind églkt)](z) are given by

e In(1 + qt) it tn

n=0
and
_ In(1+ qt) = . "
z/ e S SN E (k) .
(1 + qt) qufk ( q ) - ra Cn,q(z)n! )

respectively ([9, Theorem 6]), where

Zm

Lify(z) := Z% ml(m £ 1)F
is the polylogarithm factorial function (or simply polyfactorial function), which is intro-
duced in [8, 9]. If ¢ = 1, then cff%(z) = cgk)(z) and Efﬂ(z) = ’cﬁk)(z) are the poly-Cauchy
polynomials of the first kind and of the second kind, respectively ([2]). Notice that z is
replaced by —z in [2]. If ¢ = 1 and z = 0, then cilk%(()) = ¥ and Eflk%(()) = ) are
the poly-Cauchy numbers of the first kind and of the second kind, respectively ([8]). If
¢g=k=1and z =0, then 07(11)1(0) = ¢, and /cﬁ)l(O) = ¢, are the classical Cauchy numbers
of the first kind and of the second kind, respectively (see e.g. [1, 15]). The concept about
the poly-Cauchy numbers and polynomials have been introduced, and the characteristic
and combinatorial properties have been investigated ([2, 8, 9, 10, 11, 12, 13]).
The falling factorial is defined by

() =z(x—1)-(z—n+1)=)» s(n)a',
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where s(n,[) is the signed Stirling number of the first kind. The rising factorial is defined
by

(@)™ =z +1)(x+n—1) = (=1)""s(n, D)2’
1=0

Recently, the method of umbral calculus has been introduced to yield various identities
in the study of poly-Cauchy numbers ([6, ?]) as well as that of poly-Bernoulli polynomials
([5]). In this paper, we investigate the properties of the poly-Cauchy polynomials with a
q parameter of the first kind and of the second kind with umbral calculus viewpoint, give
various identities with Bernoulli polynomials, Korobov polynomials, Stirling numbers,
Frobenius-Euler polynomials, falling and rising factorials.

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable t:
ag
F= {f(t) :Zpt’“
k=0

Let P = Clz] and let P* be the vector space of all linear functionals on P. (L|p(z)) is
the action of the linear functional L on the polynomial p(x), and we recall that the vector
space operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), (cL|p(x)) =
c¢(L|p(z)), where ¢ is a complex constant in C. For f(t) € F, let us define the linear
functional on P by setting

ag GC} . (1)

(fB)]z") = an, (n=0). (2)

In particular,

<tk|x”> =nlo,x (n,k>0), (3)
where ¢, is the Kronecker’s symbol.

For fu(t) = Y. 204k we have (f,(£)]2") = (L|e™). That is, L = f;(t). The map
L — fr(t) is a vector space isomorphism from P* onto F. Henceforth, F denotes both
the algebra of formal power series in ¢ and the vector space of all linear functionals on
P, and so an element f(¢) of F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra and the umbral calculus is the study of
umbral algebra. The order O(f(t)) of a power series f(t)(# 0) is the smallest integer k
for which the coefficient of ¢* does not vanish. If O(f(t)) = 1, then f(¢) is called a delta
series; if O(f(t)) = 0, then f(t) is called an invertible series. For f(t),g(t) € F with
O(f(t)) =1 and O(g(t)) = 0, there exists a unique sequence s,(z) (degs,(z) = n) such
that (g(t)f(t)*|s.(x)) = nld, for n,k > 0. Such a sequence s,(z) is called the Sheffer
sequence for (g(t), f(t)) which is denoted by s,(z) ~ (g(t), f(¢)).

For f(t),¢(t) € F and p(z) € P, we have

{(FB)g@®)Ip(x)) = (f®)g(B)p(x)) = (g(O)]f(B)p(z)) (4)
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and
£ =3O 1, pe) =3 (a3 (5)
([16, Theorem 2.2.5]). Thus, by (5), we get
Po(e) = p@) = T and - emp(a) = pia ). ©)

Sheffer sequences are characterized in the generating function ([16, Theorem 2.3.4]).

Lemma 1 The sequence s,(x) is Sheffer for (g(t), f(t)) if and only if

_1 eyf(t) _ = Sk(y) k C

where f(t) is the compositional inverse of f(t).

For s,,(z) ~ (g(t), f(t)), we have the following equations ([16, Theorem 2.3.7, Theorem
2.3.5, Theorem 2.3.9)):

F(t)sale) = nsua(s) (n>0), ©
ae) =3 5 (a(70) Fap i) 2, )
satet0) =3 (1) ss@mnnso) )

where p,(z) = g(t)sn(z).
Assume that p,(z) ~ (1, f(t)) and g,(z) ~ (1,9(t)). Then the transfer formula ([16,
Corollary 3.8.2]) is given by

=T & nafl T n
o) =2 (29) ) (=)

For s,(z) ~ (g(t), f(t)) and r,(z) ~ (h(t),((t)), assume that

Then we have ([16, p.132])

x”> : (10)
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3 Main results

It is immediate to see that cgf()](z) is the Sheffer sequence for the pair

(960 = e 0 = =)

0~ (g =) )

and /cﬂc()](z) is that for the pair

(900 = g F0) =)

or

or

1 edt — 1
AR () 12
50~ (g =) (12)
because f(t) = —In(1 + qt)/q and f(t) = In(1 + qt)/q, respectively in Lemma 1.

When z = 0, ¢if) = c,(fz,(O) (respectively, b = Eﬁbk()l(O)) are called the poly-Cauchy

numbers of the first kind (respectively, the poly-Cauchy numbers of the second kind).

3.1 Explicit expressions

It is known that

So,

yielding that

Similarly, by
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we get

yielding that

a _ 1
*(5),~ (47)
4/ n q

First, we shall show the following results by the different methods derived from the
umbral calculus, which have been already obtained in [9, Theorem 5.

Theorem 1 For integers n and k with n > 0, we have

(k) n—m )j

te) = Ssmm 3 ()

~(k) n—m )j
) = s 3 ()

@)

Proof. Since

we have

I
3

PN

S
2

=)
i

3
|'M3
VR
<. 3
N——
T
S s
+ =<

=
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Since

we have

= s(n,m)g"™™ Z UG (%) "

m=0 i=0 (i + 1)
B n . m ( 1)m—j(7;l) ;
— mzos(n,m)q jz:; CEEEL
S sy ST (™M)
- 2 st ;(J’)(m—jH)’“'

Proof of Theorem 1 (A different version). As the second different proof, we use the
conjugation formula (8).
Since g(t) = 1/Lifx(—t) and f(t) = —In(1 + qt)/q for s, = cF)(x), by (8) we get

-5 (5 (Y

=0
Here,
<Lifk<1n(1q+ qt)) (_m(1q+qt))j x>
A Y

~ Ll (m + 1)Fgmti <(ln(1 )™

")

= Z m!(m(—l)J Z %S(Z +m+3,m —l—j) <(qt)l+m+j|xn>

o +Dkgmts = (I +m+ j)
n—j ; n—m-—j .

(_1>] (m+])' l+m+j . . .
n;)m!(mH)’“qmﬂ 2 Time it slamagm )t mej)omms
n—j j .

—1)(m +7)'q" .
-s(n,m+ 7).
= ml(m+ 1)kgmts
7
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Therefore,
=3 (S EP ) o
o ) j
- jgo (m:j Ry 1)kqms(n, m)) T
N\ nem X (MY (=)
_mZOS(n,m)q jZO(J)(m—JH)’“

Since g(t) = 1/Lify(—t) and f(t) = In(1 + qt)/q for s, = /cflkz)l(m), by (8) we get

d
n j
&) () = l L1fk< In(1+ qt)) (111(1 + qt)) AR
’ 77! q q
Here,

<Lifk<_1n(1q+ qt)) (mu: qt))j x>

-— —1)™ m+j
-3 m!(m<+ f)kqmﬂ' ((n(1 +q))

n—j ( n—m—j

")

(Lt Gom o+ )M+ ) i

m—l—]

:T;)m'(m+1 gt z:: (+m+j)

I IR

— ml(m + 1)+¢qmtI

n,m+j).

Therefore,

= (W (_l)m(m"tj)q?s(n,m+j)> ”

(m + 1)kgmti

& (& GO j
= jzo (mj it 1)kqms(n, m)) x

S & ()

|
We shall show the formulae for the poly-Cauchy polynomials with a ¢ parameter in
terms of Bernoulli polynomials Bff)(:r) of order r, defined by

<tyﬁ:iwwm (13)

et —1 n!
n=0

8
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(seee.g. [16, Section 2.2]). Observe that for any formal power series g(t) = >~ byt™/m!

pla) = 90", glatla" =a'p(>) (n=0, a0)

because t as the differential operator,

and

Il Il
=)
= 1M
M &
=l IS
3 3
N N
S 3 33
N—" ~~—
—~ I
S S
~——
3| S
3

n—1\ (n—I
k) () — _1) ! )< J ) 1pn), .j
Cn,q(x) Z( ]') (n—l—j+1)kq l x 9

n I (—1)! n;1 n—l |
a0 =17, “4y§22%2{444;¢3ﬁ%%

Proof. Since
1

= Wy~ 1 E
Lifk(—t)cn’q<x> ( T g )

and z" ~ (1,t), for n > 1 we have

B = ()

e
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Thus,

« =00
(n—I0—j+1)
= OO0

(n—1—7+1) B

¢'B" o

Since

and z" ~ (1,t), for n > 1 we have

1

t n
R~ (1) — —1,.n
Lif, () ™) =7 (( - 1>/q) T
=z qt ' [k
T et — 1
n—1
-1
_ Z (n l )Bl(n)qlxn—l
=0
- -1
_ (n l ) B gl
=0

Thus,

n—l n—1\ (n—I
n <_1)m< l )(m) I pn) _n—l-m
OZ (m+1)k’ qu T

n—lI n—Il—j (n—1\ (n—I
e D I I
_sumlzoz =+ 1) qB, " x

iy EVCDC
= Y Y e B
10
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3.2 Sheffer identities

Theorem 3

=\
@ty = ( .)q 7 () (—)
—\J 7).
Proof. Put s, = ¢\¥) with (11) in (9). Since
p(z) = ——— ) (a)
nl) = T e

Thus,

i n
W (e 4 ) = ( j

Jj=0

Put s, = /cflkt)z with (12) in (9). Since

(@) = o)

Thus,

3.3 Recurrence relations

Theorem 4 For integers n and k with n > 0, we have

Proof. Put s, = cgf()z in (7). Then
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So, we get the first relation.
Put s, = /cflkt)z in (7). Then

So, we get the second relation. 1

3.4 Differentiations

The following results ([9, Proposition 2]) can be also obtained by using the umbral calcu-
lus.

Theorem 5 For integers n and k with n > 0, we have

n—1

d iy (=)™ "'
%Cn,q(l‘) = —n! ; Wcl,q (z),
d — (="
%aﬂ(w) = n! mé,q) (z)

We use a formula for s,(x) in terms of s;(x).

Lemma 2 For s,(z) ~ (9(75)7 f(t>);

Proof of Theorem 5. Since f(t) = —In(1 4+ qt)/q for s, = cgf()], by Lemma 2

(1) (-2 o

[y

Y
&|&
@)
SR
o=
—~
8
N—
Il
3
R

N
Il
=)

n—1 e ; P q
1 n (1| L\ w)
_— LA YT
q = (l) < = j ’
n—1
1 n (_1)n—l—1qn—l
-1y (z)T("_ D1 ()
=0
n—1
(_q)n—l—l &
=0
12
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Since f(t) = In(1 + qt)/q for s, = ¢y, by Lemma 2

d A(k) ’l‘zi (7;) <ln (L+at)| >A§,Z)(x>

() (g
)

-Z(
<n

—_

L

3
,_.o

rQI»—\
LIl

(1nl1nl
l

nll
q

I
3_

( —l)l' Cl,q( )

N
O

3.5 Recurrence relations including Cauchy numbers

Theorem 6

13

774 Dae San Kim et al 762-792



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

(O(1 + qt) /7 Lify, (—ln(t qt))

(1+qt) /o (@Lifk (—ln<1 i qt)))

mn—l
q
In(1
= —y <(1 + qt)_(y+Q)/qLifk (@) xn—1>

Llf B (ln 14qt) ) Llf (ln(1+qt)>
qt

—v/q] 4 M gl
+

+q <(1 + qt)—(y‘HI)/

qt xn—l
In(1+ qt) '

Since the generating function of the classical Cauchy numbers of the first kind ¢, is given
by

e}

t t"
m(l+e) Dy

n=0

14
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(see e.g. [1, 8, 15]), we have

k
P (y) =~y (y+q)

Lifj,—
+q <(1 + qt)—(y+q)/q !

(ln(l(;rqt)) Lf (ln 1+qt)

qt

n—1
k) n—1Y\,
——ycnl,q(y+q)+qlz;( l )qcl

Lifk_l(ln(qurqt)) Li f (ln 1(;th))
qt

n—1
(k) 2: n—1 l
ynlqy+q +l0< ) lCIl

X <(1 + qt)” (y+a)/q (Llfk—1 (ln(l(;— qt)) _ Lifk(ln(l(;_ qt) ))

i n—1
< >qlclxn—l—1>
1=0

> <(1 + qt)—(y+q)/q

()
)

n—

1
k
= —ycl (y+ )+ -

(?)q a( PV y+q) — Py + ) -

=

Thus, we get the first relation.

15
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Similarly, by (2),

CIn(1+ qt))

X )

v/ay; —In(1 + qt) o gl
<(1—|—qt) Lfk(—q > >
+

Oy ((1 + gt)Y/ILif, <M)) xn1>

q
(31&(1 +qt)y/Q)L1f (w) x"1>
if (=

<(1 + qt)v/ (&Lifk (MD

In(1 t
=y <(1 T qt)(yQ)/qLifk< ( + q

lf B ( ln 1+qt

ln(1+qt )

qt n—l
In(1 + qt) '

+q <(1 + qt)(y_Q)/

Since

we have
n—1

n—1
My =ve - +ad ( l )qlq
=0
Lif (F2040) — if (=m0t

qt

()

X <(1 + qt)(y—q)/q

Dm—1\ 1
_ k) . - l
Yen1,(y —q) + 2 ( I )—n —7a

X <(1 + qt)v9/a (Ljfk_l(w) — Lif, (w))

-1
k 1 k
= yi +EZ da@S -9 - -9).

=0

xn—l>

Thus, we get the second relation.

16
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3.6 More recurrence relations

Theorem 7 For integers n and k with n > 1, we have

>0 = 1)y = om0 )

m=1 m=1

3 m—1 T\ (k) - m—1 n—1 ~k—1)
3 (- _ 1) -3 (- N .
m:l( q) (m ) (m) fmma m:l( Q) (m ) (m - ]') Cn=ma

Proof. We shall compute

q q

<1n(1 00 (ln(l + qt)) N

in two different ways. On the one hand,

<ln(1;- qt) Lif, (ln(l;— qt)) N

<Lifk <@) In(1+ qt):v”>

<mk<w) 5 M>
q m

<Lifk G PSRRI xm>

LI Q=R

3

(=1)" " m — 1)l

3
I

1

|

(-

=

i

3

=

=

i
/\g\/\

S
_ -

(=1)"m — 1)l

3
I

17
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On the other hand,

—

In(1+ qt) Lif, (ln(l + qt)>

I,TL
q q >
/t <ln(1 + gs) Lif, (ln(l + qs)>)/d8
0 q q
— s|lx
0 1+q5
o J
) <Zc§k 18>dsx >
( (—q)" jcgkq n? >d$ x >
r=0 j=0 J!
:v">

r tr—l—l

2.2 (o, Jr+1)

m=1

Similarly, we shall compute

In(1+qt)_ . In(1+ qt)
(- ()

18
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in two different ways. On the one hand, it is equal to

= mil(—1>m(m = Dlg™ (;) <Lifk <—ln(1; qt)) 1’”_m>
=S () (S m>
= S yrm— v (1)L,

On the other hand, it is equal to

t/—In(1 —1In(1 '
([ (2 )
0 q q
t_Lifk_l(M)
— ds|z"™
</0 14 gs

:

Thus, for n > 1, we obtain

m=1

3.7 Some relations with Korobov polynomials

The Korobov polynomials of the first kind K, ,(x) (¢ # 0) ([14]) are given by

o0

qt(1+t)* tI

N S — K. .

(I+t)e—1 JZ:; J,q(fﬂ)j!
19

- — me1 [ ™\ ~k (=)™ i
S0 om0t (1)l = 0= 0y SO

780 Dae San Kim et al 762-792



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

Theorem 8 For integers n and k with n > 0, we have

I
3
3
L
3
4
|
=
3
4
|
T
3
/_3
N——
VR
3
=
N
3
T
3
3
s
Ll
~ ~
L
iy =
—_
N—
)
Qﬁ
52
2L
|
Q|
VRN
|8
N———

=0 [=

o
3
g

Proof. By the definition of cgfl)z(x),

) (y) = <<1 i, () as>

< (14 qt)~v/a ln(1+qt)Lifk(ln(1+qt))

g((1 4 gt)Va - 1) $n> |

(1+4qt)/a -1 q q In(1 + qt)
Since
g(T4gt)1—1)
= C —
In(1 + qt) il
we get

B () = < (14gt)~¥ In(1 +qt>Lifk(1n(1 +qt)>

(1+qt)e—1 . g (?) cl7q$”_l>
(”) (e | (ln“;q@mfk(@))'ds

| qt)vn & r+1
<Hqt S

r=0 m=0
t(1+ qt)¥/a

t/l"
k 1) n—lI
(1+qt)a— 1 z%mZO g mi(r + 1)

_ AN wn () ) gy |
—z<)cmzz mq>ml<r+1><<1+qt>l/q_m

=0 r=0 m=0

Replacing t by gt, ¢ by 1/q and x by —y/q in (14), we have

t(1+qt)v/ iK (qt)’
(L+g)/i-1 4 w\q) gl

20
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= (B E e (S, ()

Thus, we obtain the first relation.
Similarly, by the definition of cgf()l(x),

azkl);(y) = <(1 + qt)¥/4Lif,, (—MT+W) x">

:< (14 qt)v/a —ln(1+qt)Lifk(—1n(1+qt))

(14qt)~Y1—-1 q q

q(1-(1+ qt)‘l/q)xn> |

In(1 + qt)

Since

21
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= /- —In(1+ qt) —1In(1 + qt)
&)y (14 qt)Y n(l+qt). . qt)
Z(l) < (1+qt)~Y1—1 Ltk
=0
(14 qt)¥/a P /—In(1+gqs), .. [—In( 1—|—qs
Llfk
(1+qt)~Ve—1 q
—t(1+ qt)v/a
(1
n—l
x"__>.

o0

ZZ rmd£q1m1r+1

r=0 m=0

+qt)" V-1

n—l
LLAPN (_q)r m/c\(k 1) ( r )T' _t(l + qt)y/q
— ™ ml(r4+1) \ (14 qt)" Y2 —1

1=0 r=0 m=0
Replacing t by ¢t, ¢ by —1/q and x by y/q in (14), we have
—t(1 + qt)¥/e iK 1 v\ (gt)
(1+qt)yta—1 i\q)
Hence,
SRS ()
c = Nr )t Y
e ! =0 l . r=0 m=0 ! m o m'(r + 1) n—l—r,—% q 1
n n—l r
n\ (n—1 rl y
— —_1)yr—m n—Il—m -~ /\(k:—l)K g

n—Il n—l
n—1 n—Il—m r! ~(k-1) Yy
‘ZZZ ()( e e

q
=0 m=0r=m q

I ny (! (n—1—9)! y
= n l—m—i - nel—mm — 1 =4\ N /\(k_l)K' y
ZZ Z (l)( 1 )q m!(n—l_@'+1>cl’qcm,q i—1 ( )

=0 m=0 =0

n n—in—i—l .
_ _ 1\n—i—l-m n n—I n—Il—m (n —t = l)' ~ ~k-1) g
—ZZX_X Y (z)( i )q i —i—1+1) b Bl '

Thus, we obtain the second relation. |

3.8 Some relations including Stiring numbers of the first kind

Theorem 9 For integers n and k with n > 0, we have

) g(@) = —wc®)(x +q) + ZZ . ]ks(” m) (@ +q),
J+1)
Jj=0 m=j
E(k)1 ($):x5(k (x—q)—q ZZ " Jq_m(nj)s( m)(z — q)
ntlg n parf (m—j+1)k
22
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We use the following recurrence formula for Sheffer sequences ([16, Corollary 3.7.2]).

Lemma 3 If s,(z) ~ (9(t), f(t)), then
=(z— gy _1L Sp(x
= (= 50)) 7

Proof of Theorem 9. Consider the Sheffer sequence s, = c,(f% in Lemma 3. By f(t) =
(e7® —1)/q and g(t) = 1/Lif},(—t), we get 1/f'(t) = —e?* and

g(t) _ Lify(-1)

g(t)  Lifp(=t)

Thus,

We obtain

Lif;f(_ﬁ K e e (n)
L CAdhE = L0 (%)

=q" Y (—¢ ")™s(n,m) Z T'ér_j_)l)ktrmm
A CDM e (7 m_r
=q Z_OZO (T+C‘]1)k( )s(n,m)x
e s (=1 (T) )
o Z—:oz; m g 1

Therefore, we have

®) Sy D)

i1 g(1) = —zcP (@ +q) +q" s(n,m)(z +q)’ .

Similarly, consider the Sheffer sequence s, = ¢} in Lemma 3. By f (t) = (e —1)/q

and g(t) = 1/Lifg(—t), we get

o () = _e,thif;(—t)/C{k) () + 26® (z — ¢)
ntla Lify(—t) ™7 i '

23
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We obtain

Lifj (=1 e
M) =i (£)

-

=q" g "s(n,m) 4 :Ej
mzzo (m—j+1)
m ]q—m(])
=q" s(n,m)a’
Therefore, we have
10 = -0 - 33 T e gy
gy (m—j+ 1)k

3.9 Some relations with Bernoulli polynomials

By applying Lemma 1 about (13), for nonnegative integer r, we have

B ~ ((ett_l)r,t) . (15)

Theorem 10 For integers n and k with n > 0, we have
n n—m n—m-—I
m n\/n-=10\, . ~(s) (k 5

cglk()](x) =(-1) Z <Z Z (l) <z N m>q s(i +m, m)(Cl(,q)cfl_)m_l_W) BY¥(z),

=0 Ni=0 =0

n n—m —1
=3
1=0

n—m
m=0 =

< n n—1 i /- s s
S () (') asti+mmBEEY, ) B,

1=0

Proof. Put c%kg(x) =3 0 C’n,mBﬁf) (x) for (11) and (15). Then by (10) we get

—In(1+qt)/q _ s m
co 1 Lifk<ln(1+qt))(e 1) (_ln(l—i—qt)) o
’ m! q —In(1+qt)/q q

_ ) <Lifk<1n<1q+ qt)) (q(l it qt)l/q))s(ln(l +qt)" |

m! In(1+ qt)

24
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Define @Z(Z) (r > 0) by

o= (_(;’n!l)m <Lifk<1n(1; qt)) (In(1 +qt))" @z(?%x">
=0
- e () (un (252 )

Since
In(1 t -
<Lifk< a1+ )) :c"m”> - cflk_)m_l_iq,
q b

we have

n—m n—m-—I

n\/n—10\ . . ~(s) (k)
Cpm = (—1)™ Z ( > ( )qzs(z + m,m)Cl(q)cEL_m_l_zq

— = [ 1+ m

Thus,
n n—m n—m-—I
m n\[n—1 (s s
o =S () (st mmEel, ) B
m=0 \ [=0 =0

e (@) =" ComBY(2) for (12) and (15). Then by (10) we get

In(14+qt)/q _ s m
Onmzi Lifk(_ln(1+qt))(e 1) <1n(1+qt)> o
’ m! q In(1+qt)/q q

Similarly, put

_ L <Lifk<_ln<1; ) (0D 1

mlgm In(1 + qt)

25
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Define Cl(:l) (r > 0) by

q((L+qt)"1—1) i
In(1 + gt)
=0
so that (Cl(}q) =C 4= cl(}q). Then,

o= e (1 (P g

mlgm q

n l
)t
=0

- m%m zn: C) (7;) <Lifk (—@) (In(1+ qt))" x"_l>

n—m n—m-—I
|
= — C(s) " m v _l +m
In(1 t -
% Llfk (_ Il( +q ) mn—m—l—z .
q
Since
In(1 t -
<Lifk (_ n( +q )> xn_m_l_l> - Aa(f)m l—i,q
q
we have z
n—mmn—m-— n n—1 . (k)
e EE (Yo mm
=0 =0
Thus,

3.10 Some relations with Frobenius-Euler polynomials

For A € C with A # 1, the Frobenius-Euler polynomials of order r, HY (:17|)\) are defined
by the generating functlon

(61_ ) ZH"Q:M—T;

26

787 Dae San Kim et al 762-792



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

(see e.g. [4]). Hence, by Lemma 1 we have

HO (2]A) ~ ((elt:Dt) . (16)

Theorem 11 For integers n and k with n > 0, we have

= (52) e
(Dt on () (1 )t e ) 2.

i) \l+m

A
(S () (1)t mnd o)) B,

> o CrmHS (x|A) for (11) and (16). Then by (10) we get

:

Proof. Put ¥ (x)

—In(l+qt)/q _ \\" m
co— 1 Lif, In(1+gqt)\ (e A ~In(1+q1)
’ m! q 1—-A q

= % <Lifk (@) ((1+gt)™1 = X)"| (In(1 + qt))mx"> .
Since
—  m!
(In(1 +qt))" = T s(l 4+ m,m)(qt)™, (17)
we have
()" ' m Lo
Crm ml(1 =\ &= (1 +m)15(l +m,m)g " (0)igm
X <Llfk(ln 1;_ qt) zr: (:)( )\)r—z(l + qt)—i/q $’fl—l—m>
(¢ )"~ m! Lo
i Ay 2 @y e
x Z :) (=A™ <Lifk(ln(1 - qt)) (1+qt)"9 a:"—l—m> .
27
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Since
In(1 + qt) B o0 "
YT
7=0
we have
)" 5 _m! I+ [(i=0\/r i (k) )
P 7 s — l , m - ' _A i )
C R m'(l—)\)T‘ £ (l+m>'5< +m m)q (n)l+ ; . Z ( ) ™, m7q(2)
)\ rn—m T . n
— 1 m+r [ 7 I y—1vi ®
(1) 1_A) (- )<i>(l+m s mn)d®, ()
I=0 =0
Thus,
)\ T n
k m
) = (m) (1)
m=0
(=AY g " ) (k) N HO (210
8 (lZO i—0 Q( ) Z l+m S( +man)cn7lfm7q(z) m (ZE| )

Similarly, put E,(lk()](x) =>"_,C mH,(;)(x])\) for (12) and (16). Then by (10) we get

e ;“ﬂ( Ll
(In(1 —|—qt))mx"> :

;Q
3
Il
3|~
—

>/

(I +m)!

Since
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we have

_ Lrnimr I -1y T n ~(k) .
Cnm = ()\—1) > 7 (=2 )<z'> (l+m)s(l+m’n>c”lm’q(z)'

=0 =0
Thus,
)\ T n
k) (o [ Cm
Sy ~1yi (" n k r
: (lzo = 7(=37) (z) <z+m>s(l+m’">éll_m,q(z>) H (2]\)

3.11 Some relations with falling and rising factorials

Theorem 12 For integers n and k with n > 0, we have

m=0 =0
n 1 m (m . .
=35 8 (S (im0 o
m=0 =0

Proof. Put ¢if)(z) = S o Cumat™ for (11) and 2™ ~ (1,1 —e~*). Then by (10) we get

Thus,

29
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Similarly, put

e (x) = o o Cum®y, for (12) and z,, ~ (1,e" —1). Then by (10) we get

On,m = i <Llfk’ <_M) (eln(1+qt)/q _ 1)m ,Z'n>

q
:B”>

:

Thus,
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TRIPLED FIXED POINT THEOREMS FOR MIXED MONOTONE
CHATTERJEA TYPE CONTRACTIVE OPERATORS

MARIN BORCUT, MADALINA PACURAR AND VASILE BERINDE

ABSTRACT. Starting from the papers [Berinde, V., Borcut, M., Tripled fized
point theorems for contractive type mappings in partially ordered metric spaces,
Nonlinear Anal., 74 (2011), 4889-4897], [ Borcut, M., Berinde, V., Tripled co-
incidence theorems for contractive type mappings in partially ordered metric
spaces , Appl. Math. Comput., 218 (10) (2012), 5929-5936] and [Borcut, M.,
Tripled coincidente point theorems for contractive type mappings in partially
ordered metric spaces, Appl. Math. Comput., 218 (2012), 7339-7346.], we
present new results on the existence and uniqueness of tripled fixed points
for nonlinear mappings in partially ordered complete metric spaces satisfying
more general contractive conditions.

1. INTRODUCTION

In some very recent papers, Berinde and Borcut [6], Borcut and Berinde [7],
Borcut [8] have introduced and studied the concept of tripled fized point, respec-
tively tripled coincidence point for nonlinear contractive mappings F : X3 — X, in
partially ordered complete metric spaces and obtained existence as well as existence
and uniqueness theorems of tripled fixed points, respectively of tripled coincidence
points, for some classes of contractive type mappings.

The presented theorems in [6], [7], [8], extend several existing results in the
literature: [14], [18], [15]. For the sake of completeness, we recall the main concepts
and results from [6] which are needed for the present paper.

Let(X, <) be a partially ordered set and d be a metric on X such that (X,d) is
a complete metric space. Consider on the product space X2 the following partial
order: for (x,v,2), (u,v,w) € X3,

(u,v,w) < (2,9,2) & x> u,y < v,z > w.
Definition 1. [6] Let (X, <) be a partially ordered set and F : X — X a mapping.

We say that F has the mized monotone property if F (x,y,z) is nondecreasing in
x and z, and is nonincreasing in y, that is, for any x,y,z € X,

1717332€X7331§372:>F(3317ya2)§F($27?}72)7
ylvaEXayl §y2:>F(9U7y1,Z) ZF(xay27Z)7

and
21,22 € X, 21 <20 = F(x,y,21) < F(2,y, 22).

Definition 2. [6] An element (x,y,2) € X3 is called a tripled fived point of F :
X3 = X if
F(x,y,2) =2 F (y,z,y) =y, and F (z,y,2) = 2.
1
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Let (X, d) be a metric space. The mapping d: X x X x X — X, given by
d|(2,y,2), (u,0,w)] = d(z,u) +d(y,v) + d(z,w),
defines a metric on X x X x X, which will be denoted for convenience by d, too.

Definition 3. Let X,Y,Z be nonempty sets and F : X x X x X =Y
G:Y xY xY — Z. We define the symmetric composition (or, the s-composition,
for short) of F and G, Gx F: X x X x X = Z, by

(G F)(2,y,2) = G(F(2,y,2), F (y,2,9) , F (2,9,2)) (x, 9,2 € X).
For each nonempty set X, denote by P, the projection mapping
Px : XXX xX = X,P(z,y,2z) =z for x,y,z € X.
The symmetric composition has the following properties:
Proposition 1. (Associativity). If F: X x X XX =2Y, G: Y xY xY — Z and
H:ZxZxZ—W, then(H+«xG)xF=Hx(GxF).
Proposition 2. (Identity Element). If F: X x X x X =Y, then
FxPx =Py *xF=F.

Proposition 3. (Mized Monotonicity). If (X, <), (Y,
dered sets and the mappings F : X x X x X = Y,G :
monotone, then G * F is mized monotone.

<), (Z,<) are partially or-
Y xY xY — Z are mized

Proposition 4. If (X, <) is a partially ordered set and F' is mized monotone, then
F" =F x« Fn=! = F*=1 4« F 4s mized monotone, for every n > 1.

The first main result in [6] is given by the following theorem.

Theorem 1. [6] Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Let F: X X X x X — X be a
continuous mapping having the mixed monotone property on X. Assume that there
exist the constants j,k,l € [0,1) with j +k+1 < 1 for which

(1.1) d(F(z,y,2),F (u,v,w)) < jd(z,u)+ kd (y,v) +1ld(z,w),
Ve > u,y <wv,z>w. If there exist xg,yg, 20 € X such that
zo < F (20,Y0,20) Y0 > F (Y0, Zo,yo) and 20 < F (20, Yo, o) »
then there exist x,y,z € X such that
x=F(x,y,2),y=F(y,x,y) and z = F (z,y,x).

Remark 1. If we take j =k =1 = 5 in Theorem 1, then the contraction condition

(1.1) can be written in a slightly simplified form
(1.2) d(F (z,y,2), F (u,0,w)) < %[d (z,0) + d (y,v) + d (2, w)].

Theorem 2. [6] By adding to the hypotheses of Theorem 1 the condition: for
every (z,y, 2), (x1,y1,21) € X3, there exists a (u,v,w) € X> that is comparable to
(z,y,2) and (1,11, 21), then the tripled fixed point of F is unique.

Theorem 3. [6] In addition to the hypotheses of Theorem 1, suppose that xo, yo, 2o €
X are comparable. Then x =y = z.
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2. MAIN RESULTS

Based on the notions and results presented in the first section, we will prove
new existence and uniqueness theorems for operators which verify a Chatterjea
contraction type condition, adapted to the case X?3.

Theorem 4. Let (X, <) be a partially ordered set and suppose there is a metric d
on X such that (X,d) is a complete metric space. Let F: X3 — X be a mapping
having the mized monotone property on X. Assume that there exists a k € [0,1)
such that

(2.1) d(F(x,y,2),F (u,v,w)) < =[d(z, F(u,v,w)) + d(y, F(v,u,v)) +

|

+d (2, F(w,v,u)) + d (u, F(z,y, 2)
Also suppose either

(a) F is continuous or
(b) X has the following property:

~—

+d (v, F(y,z,y)) + d(w, F(z,y,x))].

(1) if a nondecreasing sequence {x,} — x, then x, < x for all n,

(i1) if a nonincreasing sequence {y,} — y, then y, >y for all n.
If there exist xq, Yo, 20 € X such that,
(2.2) zo < F (20,%0,20) %0 > F (yo,z0,%0) and zo < F (20, Y0, o),
then there exist x,y,z € X such that,

x=F(x,y,2),y=F(y,z,y) and z=F (z,y,2).

Proof. Let the sequences {x,},{yn},{#n} C X be defined by
Tnt1 = F(Tn, Yn, 2n) = Fn“(l‘o,yo, 20)s Yn+1 = F(Yn, Tn, Yn) = F"H(ym 0, Y0)s

Zng1 = F(zn, Yn, @) = F" (20,50, 20), (n = 0,1,...).
Since F™ is mixed monotone for every n (by Proposition 4), it follows by (2.2) that
{z,} and {z,} are nondecreasing and {y,} is nonincreasing. Indeed, due to the
mixed monotone property of F, it is easy to show that

xo = F (21,y1,21) > F (20,%0,20) = 21
Y2 = F(ylaxlayl) S F(y07x05y0) =
22 = F (21,91,71) > F (20, Y0, T0) = 21
and thus we obtain three sequences satisfying the following conditions

b
2 Yn Z sy

Yo = 1 >
<z, <

>
20 <z <
Now, for n € N, denote

D$n+1 =d (xn-‘rl’ mn) ) Dyn+1 =d (yn-i-la yn) ) D2n+1 =d (Z'fb-i-l’ Zn)

and

Dn+1 = Dxnﬂ + Dyn+1 + Dzn+1'
Using (2.1), we get

Dazn_H = d(xn—&-la xn) = d(F(xnayn, Zn)a F($n—17yn—17 Zn—l))
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< § [d (@0, Fr ) +d (yn, Fy,_,) +d (20, F:, )
+d (zn—1,Fy,) +d(yn-1,Fy,) + d(2n-1, F%,)]
= £ (0, n) + (ynsn) + 2, 20)
+d (Tn-1,Zn+1) + d(Yn-1,Yn+1) + d (2n-1, 2n+1)]

k
= g [d (xn—la xn-l-l) +d (yn—h yvz+1) +d (Zn—la Zn+1)]

k
< g [d (xnfh In) +d (ynfh yn) +d (anla Zn)
+d (xm xn—&-l) +d (yna yn+1) +d (Zn, Zn+1)}

k
= g [Dfn +Dyn +D2n +1)-”va,+1 +Dyn+1 +Dzn+1} )

and therefore

k
(2.3) Dy, < 3 Dy, + Dy, + D, 4+ Dy, .. + Dy, ., +D.,..].

Similarly, we obtain for the sequences {Du +1} , {Dzn +1}

Dyn+1 = d(y7z+1a yn) = d(F(yn; Tn, yn)7F(yn—1axn—1>yn—1))

< E g By )+ (B ) (i By )
+d (Yn—1,Fy,) + d(@n—1, F,n) + d(yn-1, Fy, )]

= g [d (Y yn) + d (@0, T0) + d (Yns Yn)

+d (Yn-1,Yn+1) + d(Tn-1,Tn11) + d (Yn-1,Ynt1)]

k
-9 [2d (Z/n—l, Z/n+1) +d (Jﬁn—1,$n+1)]

8
k
S g [Qd (yn—h yn) + d (xn—la xn) + d (l’n, xn-i—l) + 2d (yna yn-i-l)]
k
=3 Dy, + 2Dy, + Dy, +2D,, ],
and so
k
(2'4) Dyn+1 S g [Dxn + 2Dyn + D$n+1 + 2Dyn+1]
and
D2n+1 =d (zn-i-lv Zn) = d(F(Zna Yns xn)a F(Zn—h Yn—1, xn—l))

<M aGn ) 1 d e B ) +d (@0 F )
+d (zn-1, F2,) +d(Yn-1,Fy,) +d(xn_1, Fr,)]
= £ 1w, 0) + (s + 2, 2n)
+d (@n-1,Znt1) + d(Yn-1,Ynt1) + d (21, 2n41)]
= S @1 71) + 1Y) + (oo 20s)]
< Sl a1, 2) + At 90) +d G, 20)
+d (2, Tpi1) + d (Yn, Yng1) + d (2n, 2ng1)]

796 MARIN BORCUT ET AL 793-802



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

Tripled fixed points 5
k
= § [Dm" + Dyn + DZn + Dﬂin+1 + Dyn+1 + DZ7L+1} )
and therefore
k
(2'5) Dzn+1 S g [Dln + Dyn + Dzn + DI71+1 + Dyn+1 + Dznﬁ»l} *

By using relations (2.3), (2.4) and (2.5), we get

k
D’I’L-‘rl S g [3Dzn + 4Dyn + 2Dzn + 3D$n+1 + 4Dyn+1 + 2D2n+1]

S g [4D$n + 4Dyn + 4Dzn + 4D
k

+4D +4D

Tn+1 Yn+1 zn+1]
Therefore, for all n > 1, we have

k
Dpi1 <a-D,<...<a" D, where a = —— €[0,1), when k € [0,1).

2—k
Because Dy, , < Dypy1,Dy,,, < Dypy1and D, < D, y1, then we have
(2.6) Dy, ., <a"-Dy,Dy, ., <a"-Dyand D, ., <a" D
This implies that {x,},{yn},{2zn} are Cauchy sequences in X. Indeed, let m > n,
then
d(m,2n) < Dg,, + Dy + .o + Dy, <
S[Oém_1+()ém_2—|—...+an]~D1ZQ'Dl< - Dq.
l-«a l1-«o

Similarly, we can verify that {y,} and {z,} are also Cauchy sequences. Since X
is a complete metric space, there exist x,y, z € X such that,
lim z, =z, lim y, =y, lim z, = z.
Finally, we claim that
v=F(z,y,2),y=F(y,x,y)and z = F (z,y,2).

Assume the first assumption (a) holds. This means F' is continuous at (z,y, z),
and hence, for a given § > 0, there exists a § > 0 such that,

d((z,y,2), (u,v,w)) =d(z,u) +d(y,v) +d(z,w) <9

= d(F(z,y,2),F (u,v,w)) < 5

Since
lim z, =z, lim y, =y, lim 2z, = 2,
T—r00 T—>00 T—00
for 7 = min (%, %) , there exist ng, mg, pg such that, for n > ng,m > mg,p > po,
d(zn,2) <nyd (Yn,y) < n,d(2n,2) <.
Now, for n € N,n > max {ng, mo,po}, we have
d(F (x,y,z) ,J?) S d(F (Z‘,y,Z) 7x7L+1) + d($n+1,$)
€
= d(F (x,y,z) vF (ﬂfmymzn)) + d($n+1,$) < 5 + n < €,
and this implies that = F (z,y, z) . Similarly, we can show that

y=F(y,z,y) and z = F (2,y,7).
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Suppose now that (b) holds. Since {x,},{z,} are non-decreasing and xz,, — =z,
zn — 2z, and also {y,} is non-increasing and y,, — y, from (b) we have z,, < z,y, >
y and z, < z, for all n. Then by triangle inequality and (2.1), we get

(27) A, F(,9,2)) < d (@ 2nsr) + d (s, F, 5, 7))
=d(2,2n41) + d(F(@n, Yn, 2n), F(2, Y, 2))
<d(z,Tp41) + g[d(a:n, Trt1) + d(Yns Ynt1) + d(zn, 2n41)
+d(z, F(z,y,2)) + d(y, F(y, z,y)) + d(z, F(2,y, )],

k
(28) d(y7 F(y7 xz, y)) < d (ya yn—i—l) + g[d(xn, xn—i—l) =+ 2d(yna yn—i—l)

+d(z, F(z,y,2)) + 2d(y, F(y, 2, y))],
and

k
(29) d(z7 F(Za Y, x)) S d (Za ZnJrl) + g[d($n7 anrl) + d(yna yn+1) + d('zna ZnJrl)

+d(x, F(z,y,2)) + d(y, Fy, ,9)) + d(z, F(z,y, 2))].
By summing (2.7), (2.8), (2.9) we obtain

d(x, F(x,y,2)) + d(y, F(y, 2,9)) + d(z, F(z,y,2))
2
< ﬂ [d (.CE, $n+1) +d (yv yn+1) +d (Z7 ZTL+1)}
k
+m[3d($m Tnt1) + 4d(Yn, Ynt1) + 2d(20, 2n11)],

and let n — oo one obtains
d(z,F(z,y,2)) +d(y, F(y,z,y)) + d(z, F(z,y,2)) <0,
that is,x:F(x,y,z),y:F(y,x,y),z:F(z,y,:E). U

3. UNIQUENESS OF TRIPLED FIXED POINTS

In [6], [7] and [8] the authors also considered some additional conditions to ensure
the uniqueness of the tripled fixed point and also appropriate conditions to ensure
that for such a tripled fixed point (z, y, z) we have all components equal: z =y = z.

Similarly, one can prove that the tripled fixed point ensured by Theorem 4 is in
fact unique, provided that the product space X x X x X endowed with the partial
order mentioned earlier possesses an additional property.

Theorem 5. If, in addition to the hypotheses of Theorem 4, the condition: for
every (x,y, z), (r1,y1,21) € X x X x X, there exists a (u,v,w) € X x X x X that
is comparable to (x,y,z) and (x1,y1,21), is salisfied, then the tripled fized point of
F' is unique.

Proof. If (x*,y*,2*) € X x X x X is another tripled fixed point of F, then we show
that

d ((‘T, Y, Z) ’ (x*v y*v Z*)) =0,
where

lim z, =z, lim y, =y, lim z, = 2.
Tr—r00 T—00 T—00

We consider two cases.
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Case 1. If (z,y, z) is comparable to (x*,y*, 2*) with respect to the ordering in
X x X x X then, for every n =0,1,2,..., the triple

(F" (z,y,2), F" (y,x,y) , F" (2,y,z)) = (z,y,2) is comparable to
(F" (@, y",2") , F" (v, 2", y") , F" (2%, y",27)) = (2", ", 27) .
Also, using the process for obtaining (2.6), we get
d((z,y,2),(x",y",2%)) =d(z,2") + d(y,y") + d(z,2")
=d(F" (z,y,2), F" (2",y",2")) + d (F" (y, z,y) , F" (y", 2", y"))
+d (F" (z,y,2) , F" (2", y", 27))
<a"[d(z,2%) +d(y,y") +d(z,27)] =a"d((z,y,2), (y", 2", 27)) ,a € [0,1).
By letting n — oo, this implies that d ((z,y, 2), (y*,z*,2*)) = 0.
Case 2 : If (x,y, z) are not comparable to (z*,y*, 2*), then there exists an upper

bound or a lower bound (u,v,w) € X x X x X of (x,y,2) and (z*,y*, z*) . Then,
forallm=1,2,...,

(F"™ (u,v,w), F" (v,u,v), F" (w,v,u)) is comparable to
(F" (z,y,2),F" (y,z,y), F" (2,y,2)) = (z,y,2) and to
(Fn (x*7y*7 Z*) 7Fn (y*7x*7 y*) 7Fn (Z*7y*7x*)) = (x*7y*7 Z*) M

We have,
T z* F"(x,y,z) F™ (x*,y*, 2%)
d y |, v = F(y,zy) |, | F" (Y5 2" y7)
z z* F"(z,y,x) Fm(z*,y*, x%)
F" (2,9, 2) F™ (u,v,w)
<d " (y,z,y) |, F™ (v, u,v)
F"(z,y,x) F™ (w,v,u)
F™ (u,v,w) F™(x*,y*, 2*)
+d Fn (’U, u’ U) , Fn (y*, 33*7 y*)
F" (w,v,u) F" (z*,y*, x*)
< a™{ld(z,u) +d(y,v) + d(z,w)] + [d(u,z*) + d (v,y*) + d (w,2*)]} = 0
x z*
as n — oo, and so d y |, v* =0.
z z*

Theorem 6. In addition to the hypotheses of Theorem 4, suppose that xg,yo, zo €
X are comparable. Then =y = z.

Proof. Recall that xg,yo, z9, € X are such that

xo < F(20,%0,20), %0 > F(y0,Z0,%0), 20 < F(20, Yo, To)-

Now, if zg < yg, and zg < yo we claim that, for alln € N, z,, < y,, and z, < y,.
Indeed, by the mixed monotone property of F,

x1 = F(20,%0,20) < F (Y0, %0,%0) = W1
and
21 = F (20,90, %0) < F(yo,%0,%0) = y1.-
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Assume that z,, <y, and z, <y, for some n. Then
Tn41 = Fn+1(x07y0320) = F(Fn(l'o,yo,zo),Fn(yo,l’o,yg),Fn(Zo,yo,xo))
= F(xnaynvzn) < F(ynaxrmyn) = Yn+1,

and similarly for z,,. Now,

d(x, y) < d(:z:, 1‘n+1) + d(y, xn+1) < d(:z:, 1'n+1) + d(xn+1a yn+1) =+ d(y, yn+1)

= d(xa Fn+1(x07 Yo, ZO)) + d [F(Fn(ﬂfo, Yo, 20)7 Fn(y()v Zo, yO)a Fn(z()v Yo, 'IO))a

7F(Fn(yOax07y0)7Fn(m07y07x0)7Fn(y07$07y0))} + d(yayn+1) —0

as n — oo.

This implies that d(x,y) = 0 and hence we have x = y.

Similarly, we obtain that d(z, z) = 0 and d(y, z) = 0. The other cases for xq, yo, 20
are similar. 0

4. EXAMPLE AND FINAL REMARKS
Let X = [0,1] be endowed with the usual metric d(z,y) = |r — y| and let
1 4
F : X3 — X be given by F(x,y,2) = 20 for (z,y,2) € [07 5} x [0,1]? and
11 4
F(xay7z) = %a for (xayaz) € |:571:| X [07 1]2
14

Then F satisfies Chatterjea’s contractive condition (2.1) with k& = ' < 1 but

does not satisfy the Banach type contractive condition (1.1).
Let us first prove the first part of the assertion above. It suffices to completely
cover the following limit case.

4 4
Case 1. z € 5 1}, and u,y, z,v,w € [0, 5)
- 11
In this case F (z,y,2) = 30’ F (u,v,w) = %0 and so condition (2.1) reduces to
1 k 1 " 1 n 1 n 11 n 1 n 1
Sl | )l ) Bl ) e i1 Bl s Bl T |
4
For z € [5, 1}, we have
1 4 1| 3
T——| 2|z — == -
20 520 4
and hence the minimum value of the right hand side of (4.1) is greater or equal to
k3
8 4

4
Therefore, in order to have (4.1) satisfied for all z € {5, 1] and u,y,z,v,w €

4
[0,5), with x > u, y <v, 2z > w, ie.,

1 11 k
— < Z
20 80|~ 8

3
4

)

14
it suffices to take k such that 5 <k<l.
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Note that for the remaining cases to be discussed, the right hand side of (2.1)
will be greater than the value obtained in Case 1.

4 4
For example, in the Case 2. z,v € [5, 1} and u,y, z,w € {0, 5), the minimum
value of the right hand side of (2.1) will be greater or equal to — - —.

Note also that in the cases x,u € %, 1| or z,u € [0, é), the left hand side of

(2.1) is always zero and so (1.2) is satisfied for all values of y, z,v,w € [0, 1].
14
This proves that, indeed, F' satisfies (2.1) with k = 5 <1
F is not continuous but X satisfies property (b) in Theorem 4. Moreover, by

1
taking xg = 0, yg = £ and zg = g’ one can check that (2.2) is fulfilled. Thus,

all assumptions in Theorem 4 are satisfied and hence F' does admit tripled fixed
points. By Theorem 5 we actually conclude that F' has a unique tripled fixed point,

1 1 1
20720720 )

Now let us show that F' does not satisfy (1.1).
Assume the contrary, that is, that F' does satisfy (1.1) and take € > 0 such that

4 4 4
u=pg ¢ € [O, 5)7 T=g and y = z, v =w € [0,1] arbitrary in (1.1) to obtain

7
(4.2) %Si-e,e>0.
Now letting € — 0 in (4.2) we reach to a contradiction. This proves that, indeed,
F does not satisfy (1.1).
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SOFT BOOLEAN ALGEBRA AND ITS PROPERTIES

RIDVAN SAHIN AND AHMET KUCUK

ABSTRACT. Molodtsov [21] introduced the concept of soft theory which can be
used as a generic mathematical tool for dealing with uncertainty. In this paper,
we apply the notion of the soft set theory of Molodtsov to the theory of Boolean
algebras which is a well-known algebraic structure. We introduce the concepts
of soft filter and soft ideal on the soft Boolean algebra as well as notions of a
soft Boolean algebra and soft Boolean homomorphism, and investigate basic
properties as intersection, union and product of the soft Boolean algebras.
Also we give several illustrative examples.

1. INDRODUCTION

In 1999, Molodtsov [21] initiated the theory of soft sets as a new mathematical
tool to deal with uncertainties while modelling the problems in engineering, physics,
computer science, economics, social sciences, and medical science. Maji et al. [18]
showed the applications of soft set theory in decision making problem by defining
several operations on soft set. In theoretical aspects, Maji et al. [19] introduced
several operators for soft set theory such as equality of two soft sets, subset and
superset of a soft set, complement of a soft set, null soft set, and absolute soft set.
Recently, some new operations in soft set theory has been given by Irfan Ali et al.
in [2], also see [23]. Later, the properties and applications of soft set theory have
been studied by many authors (e.g. [3, 5, 14, 15, 17, 20, 22, 25, 26] ).

At present, studies on the soft set theory is progressing rapidly on algebraic
structures. Aktas and Cagman [1] defined a basic version of soft group theory.
Sezgin et al. [24] introduced the concepts of normalistic soft group and normalistic
soft group homomorphism. Feng et al. [4] studied soft semi rings. Jun et al.
[9, 11] applied soft sets in the theories of BCK/BCl-algebras. Kazanci et al. [13]
introduced soft BCH-algebras and studied their basic properties. Several other
studies on soft BCH-algebras have been discussed in [7, 8, 10]. Jun et al. [12]
applied the notion of the soft sets to the theory of Hilbert algebras.

In this paper, we apply the notion of the soft set theory of Molodtsov to the
theory of Boolean algebras. We introduce the concepts of soft filter and soft ideal
on the soft Boolean algebra as well as concept of a soft Boolean algebra. We also
investigate basic properties as intersection, union and product of the soft Boolean
algebras, and define soft Boolean homomorphism and obtain some properties. Also
we give several illustrative examples.

This paper is organized as follows. In the next two sections, we give some
important concepts of Boolean algebra and basic definitions of soft set theory. In

1991 Mathematics Subject Classification. 2010 Primary 06D72; Secondary 54A40.
Key words and phrases. Boolean algebra, soft set, soft Boolean algebra, atomic soft Boolean
algebra, complete soft Boolean algebra, soft Boolean homomorphism.
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Section 4, we present the definition of soft Boolean algebra and some properties of
soft Boolean algebra. Finally, we summary the paper in Section 5.

2. BAsic RESULTS ON BOOLEAN ALGEBRAS

In the middle of the 19th century, George Boole introduced the concept of
Boolean algebras by attempting to formalize propositional logic. Boolean algebra
now plays a central role in mathematical logic, probability theory and computer
design. In this section, we give some basic notions in Boolean algebra. For more
details on Boolean algebras, we refer the reader to [6, 16].

Definition 1. A Boolean algebra is a tuple (K,A,V,—,0,1) (briefly K ), where K
is a set with two distinguished elements 0,1 € K, —=: K — K is a unary operation
and A,V : K x K — K are binary operations (called meet and join, respectively)
such that

(1) A,V are associative,

(2) A,V are commutative,

(3) A and V are distributive, i.e. Yx,y,z € B:x A(yVz)=(xAy)V(zAy)
andzV (yAz)=(xVy AzVz),

4 VeeK:xA-z=0andzV -z =1.

Let K be a Boolean algebra and z,y € K. Then K carries a natural partial
order. In other words, an relation "< ” defined x < yifz =xAyorzVy=uy,
is an ordering relation on K, where x V y and x A y are least upper bound and
greatest lower bound of {z,y}, respectively. The element 0 in Boolean algebra K
is called to be zero element if zV0 =0V2z =2 and 2 A0 = 0 Az = 0 for any
x € K. Similarly, the element 1 in Boolean algebra K is called to be unit element
ifrvi=1vVz=landzAl=1Axz =z forany z € K.

Remark 1. Let K be a Boolean algebra, X be any set and P(X) its power set.
Then
(1) (P(X),N,U,—,@,X), where "—"” is the complement operation of sets, is a
Boolean algebra of sets.
(2) For z and y in the Boolean algebra K, x £ y if x <y does not hold. x <y
(x is strictly smaller than y) if x <y but © # y.

Notation 1. Throughout this article, we assume that ”<” is a natural partial order
defined on natural integer N.

Definition 2. Let K be a Boolean algebra. Then

(1) a € K is an atom of K, if 0 < a but there is no z in K satisfying 0 < x < a.
K is atomless if it has no atoms and atomic if for each positive element x
(i.e.,  #0) of K, there is some atom a such that a < x.

(2) Forany S C K with S # @, K is complete iff both inf(S) and sup(S) exist
for every nonempty subset S of K.

Definition 3. Let K be a Boolean algebra.

(1) A nonempty subset M of K is said to be a subalgebra of K if x,y € M
implies x Vy, © ANy and ~x € M. DMoreover, note that every Boolean
algebra is itself a subalgebra.
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(2) A filter on K is a subset F' of K such that:
(i)0 ¢ F,1 € F; (ii) ifx € F andy € F, then x Ny € F; (iii) if
z,ye K,z e Fandx <y, theny € F.
(3) An ideal on K is a subset I of K such that:
(i)0el,1¢1I;(ii)ifvel andy €I, thenxVy € I; (iti) ifz,y € K,
zel andy <z, theny € I.

Definition 4. Let K and L be two Boolean algebras. A mapping ¢ : K — L is
called a (Boolean) homomorphism if it preserves the operations:

planb) = d(a) A o(b)
plaVb) =d(a) Vv o(b)
¢(—a) = ~¢(a)
for all a,b € K. If ¢ is bijective, then it is called a (Boolean) isomorphism. If there

is a Boolean isomorphism ¢ : K — L, then K and L are said to be isomorphic, and
denoted by K ~ L.

3. BASIC RESULTS ON SOFT SETS

In this paper, U is an initial universe set, P(U) its power set and E is always
the universe set of parameters with respect to U unless otherwise specified.
Now, we recall some basic notions in soft set theory.

Definition 5. [19, 20]. A pair (F,A) is called a soft set over U if A C E and
F:A— PU), such that F(z) # &, ift € ACE and F(z) =& if x ¢ A.

Definition 6. [3]. Let U be an initial universe set and E be a universe set of
parameters. Let (F, A) and (G, B) be soft sets over a common universe set U and
A, BCE. Then

(1) (F,A) is a subset of (G, B), denoted by (F, A)C(G, B), if

(1) AC B; (i) F(x) C G(zx) for allx € A, )
(2) (F,A) equals (G,B), denoted by (F,A) = (G,B), if (F,A)C(G,B) and
(G,B)C(F,A).

Definition 7. [19]. Let (F, A) and (G, B) be two soft sets over a common universe

U. The union of (F, A) and (G, B) is defined to be a soft set (H,C'), where C = AUB
and H is defined as follows:

F(x) if t€e A-B
H(z)=4¢ G(z) if te B—A
F(z)UG(z) if € ANB

We write (H,C) = (F, A)U(G, B).

Definition 8. [19]. Let (F, A) and (G, B) be two soft sets over a common universe
U. The intersection of (F, A) and (G, B) is defined to be a soft set (H,C) satisfying
the following conditions:
(1) C=AnB,
(2) H(z) = F(x) or G(z) for each x € C (as both are same set).
We write (H,C) = (F, A)N(G, B).

Definition 9. [19]. Let (F, A) and (G, B) be soft sets over a common universe
set U.
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(1) (F, A)A(G, B) is a soft set defined by (F, A)A(G, B) = (H, A x B), where
H(z,y) = F(x)NG(y) for any x € A andy € B, where N is the intersection
operation of sets.

(2) (F,A)V(G,B) is a soft set defined by (F,A)V(G,B) = (K, A X B), where
K(z,y) = F(z) UG(y) for any x € A and y € B, where U is the union
operation of sets.

4. SOFT BOOLEAN ALGEBRAS

Let K be a Boolean algebra and A be a nonempty set. R will refer to an arbitrary
binary relation between an element of A and an element of K; that is, R is a subset
of A x K unless otherwise specified. A set-valued function F': A — P(K) can be
define as F(z) = {y € K : (x,y) € R} for all z € A. Then the pair (F, A) is a soft
set over K, which is derived from the relation R.

Definition 10. Let (F, A) be a soft set over K. Then (F, A) is called a soft Boolean
algebra over K if F(x) is a subalgebra of K for all x € A.

Example 1. Let K = {1,2,3,6} be set of all divisors of 6. Consider x ANy =
med(z,y) 2A3 =1,2A6 =2), 2Vy = mem(z,y)(2V3 =6,2V6 =6) and
—x = g(—'Q = 3). Then the structure (K,A\,V,—,1,6) is a Boolean algebra under
the relation ” <7 which is given by x [y ifc=x Ay orxVy=y.

Let (F, A) be a soft set over K, where A=K and F : A — P(K) is a set-valued
function defined by

o= foesccomes {00 GEERS D)

Then F(1) = F(6) = {1,6}, F(2) = F(3) = {1,2,3,6}. Therefore, F(x) is a
subalgebra of K for all x € A. Hence (F,A) is a soft Boolean algebra over K.

Now, let (G, B) be a soft set over K, where B =K and G: B — P(K) is a
set-valued function defined by

G(z)={ye K : 2Ry < mcd(z,y) < mem(z,y)}.

Then G(1) = G(2) = G(3) = G(6) = {1,2,3,6} = K. Hence G(z) is a subalgebra
of K for all x € B. Then (G, B) is a soft Boolean algebra over K.

Example 2. Let M = {a,b,c} be a set and K = FUN(M,{0,1}) be the set of all
functions from M and to {0,1}. Define the Boolean operations on K as follows for
all f,ge K:

(f V 9)(@) = max{f(z),9()}, (f A g)(&) = min{f(z),9(x)} and ~f(z) =
{0,1} = {f(x)} for all x € A. Then K together with these operations is a Boolean
algebra and consists of elements {f1, f2, fs, f4, [5, fo, f7, fs} defined by

fl(a) =0 fQ(Q) =1 fg(a) =1 f4(a) =1
fi0) =0 fo(b) =1  f5(b) =0  fu(b) =1
fl (C) =0 fg(C) =1 fg(C) =0 f4(C> =0
fsla)=1 " fela)=0  fr(a)=0  fs(a) =0
fs(0) =0 fe(b)=1  fz(b)=0  fs(b) =1
f5(c) =1 fG(C) =1 f7(0) =1 fg(c) =0
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Let (F, A) be a soft set over K, where A= M and F : A — P(K) is a set-valued
function defined by

f@ =1 ifz=a
F(z)=<X feK:azRf < ¢ f(b) = f(a) ifx="
fl)=10®)  Hfr=c

Then F(CL) = {f17f23f57f8}7 F(b) = {flaf27f47f7} and F(C) = {flaf?vaafG}'
Therefore, F(x) is a subalgebra of K for all x € A. Hence (F, A) is a soft Boolean

algebra over K.
Example 3. Every Boolean algebra can be considered as a soft Boolean algebra.

Theorem 1. Let (F, A) and (G, B) be two soft Boolean algebras over K. If ANB #
@, then (F, A)N(G, B) is a soft Boolean algebra over K.

Proof. By Definition 8, we can write (F, A)N(G,B) = (H,C), where C = AN B
and H(z) = F(z) or G(z) for all z € C. For a mapping H : C — P(K), (H,C) is
a soft set over K. Since (F, A) and (G, B) are soft Boolean algebras over K, there
exists an equality such that H(z) = F(x) or H(xz) = G(z) for all x € C. But in
either case, H(x) is a subalgebra of K for all z € C. Hence (H,C) = (FA)JU(G, B)
is a soft Boolean algebra over K. O

Theorem 2. Let (F, A) and (G, B) be two soft Boolean algebras over K. If A and
B are disjoint, then (F, A)U(G, B) is a soft Boolean algebra over K.

Proof. By Definition 7, we can write (F, A)U(G, B) = (H,C), where C = AU B
and for all z € C,

F(x) if 7€ A-B
H(z)=<¢ G(z) if rte B-A
Flz)UG(z) if x€e ANB

Since AN B = @, either xt € A— B or z € B— A. Since (F, A) is a soft Boolean
algebra over K, then H(xz) = F(z) is a subalgebra of K for x € A — B. Similarty,
since (G, B) is a soft Boolean algebra over K, then H(xz) = G(z) is a subalgebra
of K for x € B— A. Hence (H,C) is a soft Boolean algebra over K and so
(H,C) = (F,A)U(G, B) is a soft Boolean algebra over K. O

Remark 2. Let K be a Boolean algebra and S be a non-empty family of subalgebras
of K. Note that intersection of members of S is again a subalgebra of K. But this
is mot correct for union. So Theorem 2 does not hold in general if AN B # .

Theorem 3. Let (F,A) and (G, B) be two soft Boolean algebras over K, then
(F, A)A(G, B) is a soft Boolean algebra over K.

Proof. By Definition 9, we have
(F,A)A(G,B) = (H,A x B)

where H(z,y) = F(x) NG(y) for all x € A and y € B. Since (F, A) and (G, B) are
soft Boolean algebras over K, then F'(z) and G(y) are subalgebras of K for all z € A,
y € B and so the intersection F'(x) N G(y) is also a subalgebra of K. Hence H (z,y)
is a subalgebra of K for all z € A and y € B. Then (F, A)A(G,B) = (H, A x B) is
a soft Boolean algebra over K. ([l
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Theorem 4. Let (F, A) be a soft Boolean algebra over K. If B is a subset of A,
then (F' |, B) is a soft Boolean algebra over K.

Proof. Since (F, A) is a soft Boolean algebra over K, then F(z) is a subalgebra of
K for all x € A. Therefore, F(z) is also a subalgebra of K for all x € B C A.
Hence (F |g, B) is a soft Boolean algebra over K. O

Proposition 1. Let (G, B) be a soft set over K and (Fy, Ay) be a soft Boolean
algebra over K for a € A, where A is an index set. Then
<(G’ B)> = m{(chAa) : (G’ B) C (Fa’Aa) }’

where (Fy, Ay) is a soft Boolean algebra over K for o € A, is a soft Boolean algebra
over K. We say that ((G, B)) is a soft Boolean algebra over K, which is generated
by (G, B) .
Definition 11. Let (F, A) and (G, B) be two soft Boolean algebras over K. Then
(G, B) is a soft subalgebra of (F,A), denoted by (G, B)<(F,A), if

(1) BC A,

(2) G(z) is a subalgebra of F(x) for all x € B.

Example 4. Let (F, A) be a soft set over K and A = K, where K is the Boolean
algebra given in Example 1 and F : A — P(K) is a set-valued function defined by
F(z) ={y € K : 2Ry < mcd(z,y) < x}.

Then F(1) = F(2) = F(3) = F(6) = {1,2,3,6} = K for allx € A and hence (F, A)

is a soft Boolean algebra over K.
Let B={1,2,3} and G : B — P(K) be the set-valued function defined by
Gx)={1}u{ye K : 2Ry & = <y},
where ” <" is the operation (strictly) defined on K for all x € B. Then G(1) =
{1,2,3,6}, G(2) = G(3) = {1,6} and hence (G, B) is a soft Boolean algebra over
K. Moreover, since G(z) is a subalgebra of F(x) for all x € B, then (G,B) is a
soft subalgebra of (F, A).

The class of all soft subalgebras of a soft Boolean algebra (F, A) is a complete
lattice under the relation of being a soft subalgebra (<).

Theorem 5. Let (F, A) and (G, A) be two soft Boolean algebras over K.
(1) If G(z) C F(x) for all x € A, then (G, A)<(F,A).
(2) If (F, A) is a soft Boolean algebra over K such that F(z) = {0,1} for all
x € A, then (F,A)<(G, B) where (G, B) is any soft Boolean algebra over
K.

Proof. The proof is clear. O

Theorem 6. (F, A) is a soft Boolean algebra over K and {(Guo,Ba) i« € A} is a
nonempty family of soft subalgebras of (F, A), where A is an index set. Then

(1) Naen (G, By) is a soft subalgebra of (F, A),

(2) Aaer (G, By) is a soft subalgebra of (F, A),

(3) Vaea (Ga, Ba) is a soft subalgebra of (F, A) if BoNBz = & for alla, € A.

Proof. The proof is clear. O
Definition 12. Let (F, A) be a soft Boolean algabra over K. Then
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K}

(1) (F,A) is said to be an identity soft Boolean algebra over K if F(z) = {0,1}
for all x € A, where 0 and 1 is two distinguished elements of K.

(2) (F,A) is said to be an absolute soft Boolean algebra over K if F(z) = K
for all x € A.

Example 5. Consider the Boolean algebra K = FUN (M,{0,1}) which is given
Ezample 2. Let (F,A) be a soft set over K, A = M and F : A — P(K) be a
set-valued function defined by

Fz)={fe K:zRf & f(z) € {0,1}}

for all x € A. Then F(a) = F(b) = F(c¢) = K and so (F,A) is an absolute soft
Boolean algebra over K.

Nezxt, let (G, B) be a soft set over K, where B= M and G : B — P(K) is a
set-valued function defined by

Ga)={fe K :aR'f & f(z) = f(y) for z # y}.

Then G(a) = G(b) = G(c) = {f1, fa} and hence (G, B) is an identity soft Boolean
algebra over K.

Definition 13. Let (F, A) be a soft Boolean algebra over K. A soft set (G, B)
over K is called a soft filter on (F, A), denoted by (G, B)>(F, A), if it satisfies the
following conditions:

(1) BC A,

(2) G(z) is a filter of F(x) for all x € B.

Definition 14. Let (F, A) be a soft Boolean algebra over K. A soft set (G, B)
over K is called a soft ideal on (F, A), denoted by (G, B)(F, A), if it satisfies the
following conditions:

(1) BC A,

(2) G(z) is an ideal of F(x) for all x € B.

Example 6. Let (F, A) be soft Boolean algebra over K, which is given in Ezample
5. That is, A= M and F : A — P(K) is the set-valued function defined by
F(z)={fe€ K:a2Rf < f(z) € {0,1}}

such that F(x) = K for all x € A.

Let (G, B) be a soft set over K, B =M and G : B — P(K) be a set-valued
function defined by

Gz)={feK:2Rf & f(z) =1}

for all x € B. Then G(a) = {f2, fs, fa, fs}, G(b) = {fa, fa, fo, fs} and G(c) =
{f2, f5, fo, f7}. So G(x) is a filter of F(x) for all x € B. Hence (G, B) is a soft
filter on (F,A).

Let C =M and H : C — P(K) be the set-valued function defined by

H(z)={f € K : 2Rf & f(z) =0}

for all x € C. Then H(a) = {f1, fe, f7. fs}, H() = {f1, f3, f5, fr} and H(c) =
{f1, f3, fa, fs}. So H(x) is an ideal of F(x) for all x € C. Hence (H,C) is a soft
ideal on (F, A).

Remark 3. (F, A) be a soft Boolean algebra over K.
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(1) If (G, B) is a soft filter on (F,A), then
(H,C) ={F(x) — G(z) : G(x) is a filter of F(x) for all x € B}
is a soft ideal on (F, A).
(2) If (H,C) is a soft ideal on (F,A), then
(G,B) ={F(x) — H(x) : H(z) is an ideal of F(z) for all x € C'}
is a soft filter on (F, A). If this is the case we say that (G, B) and (H,C')

are dual to each other.

Definition 15. Let (F, A) be a soft Boolean algebra over K and (G, B) a soft set
over K such that B C A. Then
(1) (G, B) is said to be identity soft ideal on (F,A) if G(z) = {0} for every
T € B,
(2) (G, B) is said to be identity soft filter on (F,A) if G(x) = {1} for every
r e B.

Example 7. Let (F, A) be a soft Boolean algebra over K, which is given in Ezample
2 and (G, B) be a soft set over K. Let B= M and G : B — P(K) be a set-valued
function defined by

Go) ={f e K:zRf & f(x) = f(y) =0 forx # y}
for all x € B. Then G(a) = G(b) = G(c) = {f1} and so (G, B) is an identity soft
ideal on (F, A).
Let C =M and H : C — P(K) be the set-valued function defined by
H(z) = {f € K :aRf & [(x) = f(y) =1 for z # y}
for all z € C. Then H(a) = H(b) = H(c) = {f2} and so (H,C) is an identity soft
filter on (F, A).
Definition 16. Let (F, A) be a soft Boolean algebra over K. Then

(1) (F,A) is called to be an atomic soft Boolean algebra over K, if F(x) is an
atomic subalgebra of K for all x € A,

(2) (F,A) is called to be a complete soft Boolean algebra over K, if F(x) is a
complete subalgebra of K for all x € A.

Theorem 7. Let (F, A) be a soft Boolean algebra over K. If K is a finite Boolean
algebra, then (F, A) is a complete and atomic soft Boolean algebra over K.

Proof. Let (F,A) be a soft Boolean algebra over K. Since K is a finite Boolean
algebra, it is both complete and atomic. Therefore, we have that F(z) is a complete
and atomic subalgebra of K for all € A. Hence (F, A) is a complete and atomic
soft Boolean algebra over K. O

Definition 17. Let K and L be two Boolean algebras and f : K — L be a mapping
of Boolean algebras. If (F, A) and (G, B) are soft sets over K and L, respectively

then
(1) (f(F),A) is a soft set over L, where f(F) : A — P(L) is defined by
f(F)(x) = f(F(x)) for allz € A,
(2) (f7YG), B) is a soft set over K, where f~1(G) : B — P(K) is defined

by f~HG)(y) = [~ (G(y)) for ally € B.

Proposition 2. Let f : K — L be an onto Boolean homomorphism. Then
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(1) if (F, A) is a soft Boolean algebra over K, then (f(F),A) is a soft Boolean
algebra over L,

(2) if (G, B) is a soft Boolean algebra over L, then (f~1(G), B) is a soft Boolean
algebra over K if it is non-null.

Proof. Let f: K — L be an onto Boolean homomorphism.

(1) Since F(x) is a subalgebra of K and its homomorphic image is a subalgebra
of L for all x € A, it follows that f(F)(z) = f(F(x)) is a subalgebra of L.
Hence (f(F), A) is a soft Boolean algebra over L.

(2) Because of the fact that (G, B) is a soft Boolean algebra over L, we have
G(y) is a subalgebra of L for ally € B. Since f is a Boolean homomorphism,
its homomophic inverse image f~1(G(y)) is also a subalgebra of K for all
y € B. Then (f~1(G), B) is a soft Boolean algebra over K.

O

Proposition 3. Let (F, A) be a soft Boolean algebra over K and (G, B) be a soft
subalgebra of (F, A). If f is a Boolean homomorphism from K to L, then (f(G), B)
is a soft subalgebra of (f(F'),A).

Proof. If (G, B) is a soft subalgebra of (F, A), then B C A and G(z) is a subalgebra
of F(x) for all x € B. Since f is a Boolean homomorphism from K to L and
homomorphic image of a subalgebra in K is a subalgebra in L, we have that f(F(z))
and f(G(y)) are subalgebras of L for all x € A and y € B. Also, f(G(y)) is
a subalgebra of f(F(x)) for all y € B. Hence (f(G), B) is a soft subalgebra of
(f(F), A). O

Proposition 4. Let (F, A) be a soft Boolean algebra over L and (G, B) be a soft sub-
algebra of (F, A). If f is a Boolean homomorphism from K to L, then (f~1(G), B)
is a soft subalgebra of (f~1(F), A).

Proof. The proof is made similar to Proposition 3. O

Proposition 5. Let (F, A) be a soft Boolean algebra over K and (G, B) be a soft
set over K. Suppose that f is a Boolean homomorphism from K to L. Then
(1) if (G, B) is a soft filter on (F, A) then (f(G), B) is a soft filter on (f(F), A)
(2) if (G, B) is a soft ideal on (F, A) then (f(G), B) is a soft ideal on (f(F), A).

Proof. The proof is made similar to Proposition 3. O

Theorem 8. Let f : K — L be a Boolean homomorphism. Suppose that (F, A)
and (G, B) are two soft Boolean algebras over K and L, respectively.
(1) If (F, A) is an identity soft Boolean algebra over K, then (f(F),A) is an
identity soft Boolean algebra over L.
(2) If f is onto and (F, A) is an absolute soft Boolean algebra, then (f(F), A)
is an absolute soft Boolean algebra over L.
(3) If G(y) = f(K) for ally € B, then (f~*(G), B) is an absolute soft Boolean
algebra over K.
(4) If f is injective and (G, B) is an identity soft Boolean algebra, then (f~1(G), B)
is an identity soft Boolean algebra over K.

Proof. Suppose that f: K — L is a Boolean homomorphism.
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(1) Let (F,A) be an identity soft Boolean algebras over K. Then for all z €
A, we have F(z) = {Og,1x}, where O and 1x are two distinguished
elements of K. Since f is a Boolean homomorphism, f(F)(x) = f(F(x)) =
f({0k,1x}) = {0r,1.} for all z € A. Then (f(F'),A) is an identity soft
Boolean algebra over L.

(2) Let f be onto and (F, A) is absolute soft Boolean algebra. Then, F(z) = K
for all x € A, and so f(F)(z) = f(F(z)) = f(K) =L for all x € A. Then
(f(F),A) is an absolute soft Boolean algebra over L.

(3) Tet Gy) = f(K) forally € B. Then f~1(G)(y) = [~ (G(y)) =~ ((K)) =
K for all y € B. Hence (f~1(G), B) is an absolute soft Boolean algebra
over K.

(4) Let f be injective and (G, B) is an identity soft Boolean algebra over L.
Then G(y) = {0r,1.} for all y € B and so f~1(G)(y) = f~HG(y)) =
71 ({0r,1.}) = {Ok,1x}. Then (f~(G), B) is an identity soft Boolean
algebra over K.

O

Definition 18. Let (F, A) and (G, B) be two soft Boolean algebras over K and L
respectively. Let f : K — L and g : A — B. Then (f,g) is said to be a soft
Boolean homomorphism if

(1) f is a Boolean homomorphism from K onto L,
(2) g is a mapping from A onto B,
(3) f(F(x)) = G(g(x)) for all x € A.

Then (F, A) is said to be soft Boolean homomorphic to (G, B) and it is denoted
by (F,A) ~ (G,B). If f is a Boolean isomorphism from K onto L and ¢ is a
bijection from A to B, then (f, g) is said to be a soft Boolean isomorphism. If there
exists a such isomorphism, we say that (F, A) is soft Boolean isomorphic to (G, B)
and denote by (F,A) ~ (G, B).

Example 8. Let (G, B) be the soft Boolean algebra given in Example 1. For C =
{a,b}, consider a Boolean algebra L consisting of all subsets of C. Define the
set-valued function H by

Hz)={XeL:2RX & {z}UX C{a,b}}.
Then H(a) = H(b) = L. Therefore, H(x) is a subalgebra of L for all x € C. Hence
(H,C) is a soft Boolean algebra over L. Now, define f: K — L by f(1) = &,
f2)={a}, f(3) ={b} and f (6) ={a,b}, andg: B — C by g(1) = a, g(6) =a,
g(2)=band g(3) =b. Then f is a Boolean homomorphism from K to L and g is

a mapping from B to C. Moreover, we have f(G(z)) = H(g(x)) for all z € B. So
(G, B) is soft Boolean homomorphic to (H,C).

Theorem 9. Let K and L be Boolean algebras and (F, A), (G, B) soft sets over K
and L, respectively. If (F, A) is a soft Boolean algebra over K and (F, A) ~ (G, B),
then (G, B) is a soft Boolean algebra over L.

Proof. The proof is clear. O

Definition 19. Let (F, A) and (G, B) be two soft Boolean algebras over K and L,
respectively. The product of soft Boolean algebras (F, A) and (G, B) is defined as
(F,A) x (G,B) = (H,Ax B), where H(z,y) = F(z) x G(y) for all (z,y) € Ax B.
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Theorem 10. Let (F, A) and (G, B) be two soft Boolean algebras over K and L,
respectively. If it is non-null, then the product (F,A) x (G, B) is a soft Boolean
algebra over K x L.

Proof. Let (F,A) x (G,B) = (H,A x B), where H(z,y) = F(x) x G(y) for all
(z,y) € A x B. Then by hypothesis, (H, A x B) is a non-null soft set over K x L.
Since F'(z) is a subalgebra of K and G(y) is a subalgebra of L, it follows that
H(z,y) is a subalgebra of K x L for all z € A and y € B. Therefore (H, A X B) is
a soft Boolean algebra over K x L. O

5. CONCLUSION

In this paper, we have introduced the concept of soft Boolean algebra and have
studied some of their algebraic properties. Basic notions such as soft subalgebra,
soft ideal, soft filter and soft Boolean homomorphism were introduced and their
properties have been investigated. Many examples supporting the results obtained
were also given . The aim of this article is to obtain next algebraic structure by
combining the notion of soft set theory with Boolean algebra which is a well known
algebra. We hope that ideas and methods developed in this paper will be a source
of inspiration for further study.
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GENERATING FUNCTIONS FOR THE GENERALIZED
BIVARIATE FIBONACCI AND LUCAS POLYNOMIALS

ESRA ERKUS-DUMAN* AND NAIM TUGLU

ABSTRACT. The main object of this study is to derive various families of mul-
tilinear and multilateral generating functions for the generalized bivariate Fi-
bonacci and Lucas polynomials. Furthermore, we discuss some critical con-
nections between the generalized bivariate Fibonacci, Lucas polynomials and
the well-known polynomials and numbers, such as, bivariate and univariate
Fibonacci and Lucas polynomials, the classical Fibonacci and Lucas numbers,
Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas and also the first and second
kind Chebyshev polynomials.

1. INTRODUCTION

The bivariate polynomials of Fibonacci and Lucas, denoted respectively by (U,,) =
(Un (z,y)) and (Vy,) = (V;, (z,y)), are defined by

Upy=0,U,=1, U, =2U,_1 +yU,_o, (n > 2)
and
Vo = 27 Vi= Zz, V=2V, +y‘/n—27 (n > 2)
It is established, see for example [7, 9], that
=
M) Ut = 3 (M7 e
k=0
2] n n—=k
_ n—2k,  k
(2) Vn(xay)zn_k< 1 >$ Y

k=0

In [3], G.P. Djordjevi¢ considered the partial derivative sequences of the gen-
eralized bivariate Fibonacci polynomials U, ., (x,y) and the generalized bivariate
Lucas polynomials V;, ,,, (z,y). These polynomials are defined by

Un,m = -rUn—l,m + yUn—m,m , n=m,
with Up;m =0, Upm = 2", n=1,2...,m—1and
Vn,m = an—l,m + yvn—m,m , T > m,
Key words and phrases. Multilinear and multilateral generating functions, generalized bivari-
ate Fibonacci polynomials, generalized bivariate Lucas polynomials.
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with Vom =2, Vo = 2", n=1,2,...,;m — 1 and generated by

(3) t(l—at— ytm)f1 = Z Un,m (z,y) t"
n=0
and
(4) 2-at™ ) A=zt —yt™) =D Vi ()"
n=0

Clearly, (3) and (4) yield the following explicit representations, respectively:
(%]
n—1—-—(m-1)k 1em
) T ED S G

—(m-2)k <n - (”]”Lc— 1) k>xn—mkyk.

If m = 2, then polynomials U, ,,, (z,y) and V,, ,, (z,y) would reduce at once to the
polynomials U, (z,y) and V,, (z,y) given by (1) and (2), respectively.

The aim of this paper is to obtain various families of multilateral and multilinear
generating functions for the generalized Fibonacci and Lucas polynomials. We also
give their special cases for these polynomials. For the theory and applications of
the various methods and techniques for deriving generating functions of special
functions and polynomials, we may refer the interested reader to a recent treatise
on the subject of generating functions [1, 2].

2. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section, firstly we derive several families of bilinear and bilateral generat-
ing functions for the generalized bivariate Fibonacci Polynomials Uy, ,, (x,y) which
are generated by (3) and given explicitly by (5).

We begin by stating the following theorem.

Theorem 2.1. Corresponding to an identically non-vanishing function Q,(y1, ..., ys )
of s complex variables y1,...,ys (s € N) and of complex order , let

(7) AM,V(ylv o Ysi Z) = Z akQquuk(yl; 0 Ys )Zk
k=0

(ak#ov /.L,Z/E(C)

and
[n/p]

(8) Gn,m,p,,u,l/(xa YiYi, -3 Yss C) = Z akUn—pk,m (II}, y) Q#—H/k (ylv e Ys )Ck
k=0
n,p € N.

Then we have

N . Myt .
(9) Z @n,m,P,H,V(xa YY1y -y Yss tfP)t - T_ytmf/\#;u(ylv ey Ys; 77)

n=0

provided that each member of (9) exists.
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Proof. For convenience, let S denote the first member of the assertion (9) of The-
orem 2.1. Then, upon substituting for the polynomials

n
®n,m,p,u,u(x7 YY1y -y YUss tTD)
from the definition (8) into the left-hand side of (9), we obtain

oo [n/p]

(10) S = Z Z ak’Un—pk,m (ma y) Q;H—Vk(yl: e Ys )nktnipk .
n=0 k=0

Upon inverting the order of summation in (10), if we replace n by n + pk, we can

write
oo oo
S = Z Z ag Un,m (iC, y) Q,U.+l/k (yl, e Ys )nktn
n=0 k=0
oo o0
= Z Un,m (xv y) " Z akQu—i-l/k(yla ~s Ys )Wk
n=0 k=0
_ t A )
1l —at—ytm MY Yis oo Yss M)
which completes the proof of Theorem 2.1. O

The partial derivatives of U, ,, (x,y) are defined by [3]
Uk (g y):ﬂU (z,y), k>0, j>0
wo (2:4) = 5 5 Unin (,9), k20, 52 0.
Let K >0, 7 > 0, r > 0. Then, the generalized bivariate Fibonacci Polynomials
Un.m (z,y) have the following relation [3]:

k,j k.j k,j
> U @ UL @) U @)
i1+iz+...+i=n
(11) I (GRS )D M e
(rk+rj4+r—1"""
In precisely the same manner as described proof of Theorem 2.1 and using (11),
we can prove the following result, immediately.

(z,9).

Theorem 2.2. For a non-vanishing function Q,(y1,...,ys) of complex variables
Y1, Ys (s €N) let

ALD (T, Y5915 00 Ys 2)
[n/p] AT
L 4 ((k+])') (rk+r—1,r5)
N = Z ap " U —rph
Pt (rk+rj+r—1) n-rehm

(I,y) Q#H—uh(yl) e Us )Zha

(ah;«éO; n, k, 3,7 € Np; N():NU{O})
Then we have
(12)
[i1+i2+... 41 /p] . .
120 a Ui(lkf;l,m (z,9) ~-~Ui(ffgz,m (2,9) Qusvit (Y1, -y Ys )2

__ AN, . .
= Auﬁ(xl, s B YLy ey Ys Z)

11+io+...+i-=n

provided that each member of (12) exists.
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Now we derive several families of bilinear and bilateral generating functions for
the generalized bivariate Lucas Polynomials V;, ., (z,y) which are generated by (4)
and given explicitly by (6).

Theorem 2.3. Corresponding to an identically non-vanishing function Q,(y1, ..., ys )
of s complex variables y1, ...,ys (s € N) and of complex order , let

00
A,u,v(ylv e Yss Z) = Z akQ,quuk(yla e Ys )Zk
k=0

(ak#07 /~L7V€(C)

and

[n/p]
Gn,m,p,u,u(ma Y Yty ooy Ysy C) = Z akvnfpk,m (.’L’, y) Qu+vk(y17 ey Ys )Ck

k=0
n,p € N.

Then we have

[o¢) —1
n 2 —xt™
(13) Z ®7L7/rn/1pauuy(x’ YsY1, - Ys; t;)tn = WAIMV(Z/M ey Yss 77)

n=0

provided that each member of (13) exists.

Proof. In precisely the same manner as described proof of Theorem 2.1 and using
the generating function (4) we can prove Theorem 2.3. g

By expressing the multivariable function Q,4,x(y1,...,ys) (kK € Ng, s € N) in
terms of simpler function of one and more variables, we can give further applications
of Theorems 2.1, 2.2 and 2.3. For example, if we set

s=r and Quie(Y1,...Yr ) = hf::_l;'];’a")(yl, oy Yr)

in Theorem 2.1, where a multivariable extension of the Lagrange-Hermite polyno-

-70‘7")(

mials hﬁ{“ Z1,...,x,) are defined by means of the generating function [1]

n=0

(14) [T L= apt) ) = STl @y, o )i,
j=1

. . —1/9
(aj eEC(=1,...,1); t| < jegnnr} {\x1| /J}) ,

then we obtain the following result which provides a class of bilateral generating
functions for the multivariable Lagrange-Hermite polynomials and the generalized
bivariate Fibonacci polynomials.

Corollary 2.4. If A, (Y1, yri2) == Y akhl(fjrl;',;’a")(yl,...,yT)zk where (ay #
k=0

0, w,veC);and

[n/p]
en,m,p,u,u(xa YY1, - Yry C) = Z a/kUn—pk,m (.13, y) h,(fjrl,;';;"ar)(yh <eey yT)Ck
k=0
n,p € N.
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Then we have

oo
(15) > O (T Y3 Y15 Y
n=0

t
— A
1—at —ytm ™"

N\n _
@) =

(Y1, Ys5 M)
provided that each member of (15) exists.

Remark 2.1. Using the generating relation (14) for the multivariable Lagrange-
Hermite polynomials and taking ax, =1, p =0, v =1, we have
oo [n/p]

n=0 k=0

T ol—at— th{l_W? )

where
In| < min{\yll_l \yrl_l/r}-

Choosing s = 2 and Q4 (u1,uz ) = U;(Lliif)k m (u1,u2) , (1, v € Ng), in Theorem

2.2 we obtain the following class of bilinear generating functions for the partial
derivatives of the generalized bivariate Fibonacci polynomials U, ,, (x,y).

Corollary 2.5. If

An,[)(x YUy, U252 )

(n/pl AT
((k+5)Y (rk+r—1,79) (k.d) h
= Z Tk? + rj+r—1)! n—rph,m ( ) Up.+1/k} m (ul? u2) )

where ay, # O7 w,v € Ng. Then we have
(16)
S R ) (k.9) (k.g)
Z Z a Uzl,jl m (ZL', y) Uzr jpl m (-’L’7 y) U,u—li/l,m (U1, u2) Zl
t1+ia+...Fir=n =0
= Aﬁjg(% Y5 U1, Ug; 2)
provided that each member of (16) exists.

If we set
s=1 and Quqp(u) = Euor(u)
in Theorem 2.3, where the Euler polynomials E,, (x) is defined by means of the
generating function [4]

2ext o tn
1 5 . = En >
(") SR

then we obtain the following result which provides a class of bilateral generating
functions for the Euler polynomials and the generalized bivariate Lucas polynomi-
als.

Corollary 2.6. If A, ,(u;2) := Y ax Byt (u)2® where (ar, #0, p,v € C); and
k=0
[n/p]

Gn,mm% (33 Y; u; C Z akVa—pk,m (37 y) Eu+l/k( )Ck
k=0
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n,p € N.
Then we have
e} —1
n 2 —at™
(18) > Onmpn (@303 Wit = mf\u,u(yh e Ysi )
n=0

provided that each member of (18) ewists.
Remark 2.2. Using the generating relation (17) for the Euler polynomials and

1
taking aj, = R uw=0,v =1, we have

oo [n/p]

S5 Vs () Byl

n=0 k=0
2e"1 (2 — xtm_l)
(en+1) (1 —at — yt™)’

Furthermore, for every suitable choice of the coefficients aj (kK € Np), if the
multivariable function Q,4,k(y1,...,ys), (s € N), is expressed as an appropriate
product of several simpler functions, the assertions of Theorems 2.1, 2.2 and 2.3
can be applied in order to derive various families of multilinear and multilateral
generating functions for the generalized bivariate Fibonacci and Lucas polynomials.

3. FURTHER CONSEQUENCES

In this section, we give some special cases of the results obtain in the previous
section. Here, we only discuss some critical connections between the generalized
bivariate Fibonacci, Lucas polynomials and the well-known polynomials and num-
bers, but we avoid their statements and proofs.

(a) In the case of m = 2, our all results contain several families of multilat-
eral and multilinear generating functions of the bivariate polynomials of
Fibonacci and Lucas given in (1) and (2).

(b) If we choose m = 2 and y = 1, then we get miscellaneous results for the fam-
ilies of multilinear and multilateral generating functions of the (univariate)
Fibonacci and Lucas polynomials, respectively, by (see [8]):

(” - ; - k) g1k

(c) If we take m = 2 and z = y = 1, then we now obtain some families of mul-
tilinear and multilateral generating functions for the well-known Fibonacci
and Lucas numbers defined by (see, for example, [8])

Fn:[g (1)

k=0
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n n—=k
L, = .

(d) Of course, replacing = by 2z in (1) and (2) (and resp. replacing y by
2y in (1) and (2)) from (a), we get various families of multilinear and
multilateral generating functions for the Pell and Pell-Lucas polynomials
(and resp. Jacobsthal and Jacobsthal-Lucas polynomials) [5, 6].

(e) By using the following relation (see [8]) between Fibonacci and the first
kind Chebyshev polynomials U, ()

fn () =ni" U, 4 <_Z;> , (n >1landi= \/—71) ,

all results in (b) can be modified according to the polynomials U, ().

(f) Similarly, with the help of the fact that

T

L (z) = 2i"T, <—2> , (n>0),

where T, (x) denotes the second kind Chebyshev polynomials, the results
in (b) are also valid for the polynomials T,, (x). We should recall that the
well-known properties of the first and second kind Chebyshev polynomials
may be found in the books [10].
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Abstract
In this paper we characterize Qk . (p, ¢; n) spaces of analytic functions on the unit disk in terms of
nondecreasing functions. The relations between integral norms of Q k.. (p, ¢; n) spaces and the norms
of weighted Bloch spaces B are given. Further, we obtain similar criteria for the little weighted
Bloch space of analytic functions.

1 Introduction

Let A = {z : |z| < 1} be the open unit disk in the complex plane C. Recall that the well known Bloch
space (cf. [1, 2, 23, 26, 27, 28]) is defined as follows:

B={f: f analytic in A and sup(1 — |z|*)|f'(z)| < co}.
zEA

Let 0 < ¢ < oo. The Besov-type spaces

B = {f : f analytic in A and sup/ | (=) (1 - |z\2)q72(1 — |pa(2)|?)3do, < oo}
acAJA

are introduced and studied intensively by Stroethoff (cf. [32]), where do, is the Euclidean area element

dxdy. Here, ¢, (z) stands for the Mébius transformation of A given by ¢, (z) = 2==%, where a € A. In

l-az’
1994, Aulaskari and Lappan [14] introduced a class of holomorphic functions, the so called Q,-spaces as

follows:

Qp = {f : f analytic in A and sup/ |f’(z)‘2gp(z,a)d0z < oo}7
A

a€A

1=az| i5 defined as the composition of the

where 0 < p < oo and the weight function g(z,a) = log’

Moébius transformation ¢, and the fundamental solution of the two-dimensional real Laplacian. The
weight function g(z,a) is actually Green’s function in A with pole at a € A.

For 0 < p < 00, —2 < ¢ < 00, we say that a function f analytic in A belongs to the space Qx(p,q) (cf.
[9, 11, 33)), if

[fllpa = SEE/A |fl(2)|p(1 — |Z|2)qK(g(Z,a))daz < oo0.

AMS: 32A18, 46E15
Key words and phrases : weighted Bloch spaces, Q k. (p, q; ) spaces
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Recall that the analytic function
f(z) = Zakz”’“ (with ni € N; forall ke N={1,2,3,...})
k

is said to belong to the Hadamard gap class (also known as lacunary series) if there exists a constant
¢ > 1 such that nZ—:l > ¢ for all k € N (see e.g. [4, 5, 22, 24]).

Now, given a reasonable function w : (0, 1] — [0, 00), the weighted Bloch space B, (see [16]) is defined as
the set of all analytic functions f on A satisfying

1= [2DIf"(2)] < Cw(l = Iz]), z €A,

for some fixed C' = Cy > 0. In the special case where w = 1, B,, reduces to the classical Bloch space B.
Here, the word “reasonable” is a non-mathematical term; it was just intended to mean that the “not too
bad” and the function satisfy some natural conditions.

Now, we introduce the following definitions:

Definition 1.1 For a given reasonable function w : (0,1] — [0,00) and for 0 < a < oo. An analytic
function f on A is said to belong to the a—weighted Bloch space B, if

(1 —[=))" (n)
fllge. =sup ————|f""(2)| < o0; neN.
I/ llse,, zeA w(l —]z|) @

Definition 1.2 For a given reasonable function w : (0,1] — [0,00) and for 0 < a < co. An analytic
function f on A is said to belong to the little weighted Bloch space B . if

Fllse, o =t S ED

M (2)] = 0; N.
@m0 o= w(l —|z]) 1)l » ME

One should note that this class is different from the weighted Bloch space which studied in [36].
Throughout this paper and for some techniques we consider the case of w # 0. Now, we introduce the
following definition:

Definition 1.3 For a nondecreasing function K : [0,00) — [0,00),0 < p < 00, —2 < ¢ < 00 and for a
given reasonable function w : (0,1] — (0,00), an analytic function f in A is said to belong to the space

QK,w(pu q; ’I’L) Zf

e K(9(2,0))
p L= su/ M) ([P (1 = |z|)PPta '~ do, <oo; n €N,
Hf“K,w,p,q,n aeg A ’f ( )| ( | |) wp(l _ |Z|)

Remark 1.1 It should be remarked that Qk . (p,q;n) classes are more general than many classes of
analytic functions. If n = 1, we obtain the class Q. (p,q) as studied in [10, 29, 30]. If n = 1, and

w = 1, we obtain Qx(p,q) type spaces (cf. [9, 11, 33]). If If n = 1, ¢ = p = 2, and w(t) = t, we
obtain Qi spaces as studied recently in [17, 18, 34] and others. If Ifn =1, ¢ =p =2, w(t) =t and
K (t) = tP, we obtain Q, spaces as studied in [14, 15] and others. If If n =1, w =1 and K(t) = t°, then

Qk.w = F(p,q,s) classes (cf. [8, 37, 38]).

In this paper, we characterize the weighted Bloch space B, by Qr w(p,q;n) spaces. One of the main
results is a general Besov-type characterization for B, functions that extends and generalizes the
Stroethoff’s theorem [32]. Also, we extend and improve some results due to Essén et. al [18] using
our new definitions.

2 Analytic Qx(p,q;n) classes

In this paper we show some relations betwen Qg ., (p,¢;n) norms and B2., norms for a nondecreasing

win

function K, also we give a general way to construct different spaces Qr «, (p,q;n) and Qk, . (p,q;n) by
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using some functions K; and K.
Before proving theorems we recall some few facts about the Mobius function ¢,. First, the function ¢,
is easily seen as:

(paowa)(z) =2 forall z€A

The following identity can be obtained by straight forward computation:

1—lal?)(1 — |22
1—|cpa(z)|2:( |1|—)(az|2| | ), a,z € A.

A slightly different form in which we will apply the above identity is:

1 — |pa(2)

Tt =G azea (1)

For a point a € A and 0 < r < 1, the pseudo-hyperbolic disc A(a,r) with pseudo-hyperbolic center a
and pseudo-hyperbolic radius 7 is defined by A(a,r) = @ (rA).

For a € A, the substitution z = ¢, (w) results in the Jacobian change in measure given by the equality
doy, = |¢l(2)?do,. For a Lebesgue integrable or a non-negative Lebesgue measurable function h on A
we thus have the following change-of-variable formula:

autundm, = [ o) (L) gy @)
A0r) Aar) K

We assume throughout this paper that

/01K<logi>wdr<m. (3)

We need the following lemmas in the sequel.

o0
Lemma 2.1 Let o € (0,00) and suppose that f(z) = > a;z™ belongs to Hadamard gap class. Then
j=1
I € Bg., if and only if
sup |aj|n}_o‘ < oo, where N={1,2,3,...}.
jEN
Proof: The proof is very similar to the overspending result in [35] with simple modifications, so it will
be omitted.

Lemma 2.2 For a given reasonable function w : (0,1] — [0,00). Let f1(2), fa(2) be analytic functions on
A. Then,

M) ()] 4 £ ()] o LE 2D
@I+~ T

Proof: If n = 1, the proof is known from [29]. Now, we consider the case 1 < n < co. For a large number
q € N, choose a gap series:

z € A. (4)

f”fl)(z) = quj, z € A.
=0

n)
Then, apply lemma 2.1 to infer that % < X holds for all z € A, where X is a constant.

Furthermore, let us verify

(1= [2DIA™ (2)] k ket d)
w((1——\1z|))2A’ l—gF<]z|<1—g¥t2) | peN (5)

And ) )
¢ *) <1— 2| <g7F = w(g®T)) <w(1 - 2]) <w(TH).
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Observe that for any z € A,

£ @) 2 ¢z Zq 2 =Y el =T~ Ty~ T
k+1
Then, fix a z with |z| € [1 —¢ %, 1~ q_(’“'%)], k€N, and put x = |z|‘1k. Thus
(=g <a< (- g trDyt e

If ¢ is large enough, then for k£ > 1 one has

1 1. =

< p< () 6

SSes()7, ()
and hence 17 > %k. Since it is easy to establish Tp < pra 1 Z] 0 qﬂ < —, it remains to deal with the
third term 7T3. Noting that |2|9"(¢~1) < \z|qk+1(q*1), n > k + 1, namely, in T3 the quotient of two

successive terms is not greater than the ratio of the first two terms, one finds that the series of T5 is
controlled by the geometric series having the same first two terms. Accordingly (6) is applied to produce

0 J
k41 k+2_ _k+1
T, < g Z(qmq : )

j=0
k+1 3
gFt1|z)e _ qx? < g q(%)zﬂ
T L gl @ T T g S (e g

The preceding estimates for 77,75 and T3 imply
Fwl—|z]) _ ¢"Ew(l—|z)
4wl —1]2)  4¢7 w(l—]z])
w(1—1z]) < w(l —|z])
- 1 — 1 )
47 (1= |2]) x w(l = [2]) — 4qzw(g™*) x (1= |2])

M) =

w(g™*) £ oo

Reaching (5). In a completely similar manner one can prove that if ¢ is a large natural number, for example

q = m? where m is a large natural number, and if f(" Vi)=Y 27, zeA, then (1—|22)[f2(2)] < A

for all z € A (owing to Lemma 2.1) and

(1= DI (2)] d) e
L R <N, g MR g <17 keN. (7)
w((T—=12))
Of course, (5) and (7) yield (4) unless it occurs that fln)( ) and fQ(")(z) have common zero in {z € A :

|z] <1 — ¢~ '} in which case one can replace fo(z) with fo((2) for appropriate ¢ € A, where JA is the
boundary of the unit disk (note that £ (0) = 1). Our lemma is therefore proved .

Using the same steps of Lemma 2.2, it is not hard to prove the following lemma.

Lemma 2.3 Let w: (0,1] — (0,00) and let 1 < a < oo. Then there are two functions f1, fa € B,
such that

FE)] + 1592 ~ f“') N (®)

1—[z])>”
Proof: The proof is very similar to the proof of Lemma 2.2 and lemma 3.1 in [19], so it will be omitted.

Theorem 2.1 Let0 < p < 0o, —2 < ¢ < 00. Then, for each non-decreasing function K : [0,00) — [0, 00)
and for a given reasonable non-decreasing function w : (0,1] — (0,00) with w(kt) ~ w(t), k > 0, we
have that

np—ptq+2
(i) Qrw(p,g;n) C Bun ¥ and

np—p+q+2

(it) Qruw@ gn)=Bum © if and only if (3) holds.
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Proof: For a fixed r € (0,1) and a € A, let
E(a,r) z{z €A, |z—al<r(l- |a|)}
We know that E(a,r) C A(a,r) and for any z € E(a,r), we have
(1=r)1—la) <1 —lz[ < (1 +7)(1 - |al),

which means that 1 — |z| ~ 1 — |a| for any z € E(a,r). Denote

p (1 _ |Z|)np—p+q

Fopgn(f)(z) = |f(n)(z)‘ wP(1— |2])

Then, we obtain

[ Fanan DK (g0 doe > [ Fopn DK (90220 o
A

Ala,r)

1

K(log > / Fw,p,q;n(f)(z) dUZ
r Ala,r)
1

K(log > / Fw,p,q;n(f)(z) dO’z.
T/ JE(a,r)

For every z € E(a,r), we have that

v

Y

1=r)A—la) <1—lz[ < (1 +7)1 - lal).
Now, since we assume that w is non-decreasing, then we obtain that

(1 _ ,r,)np—p'i‘q(l _ ‘a|)np—p+q

z g (n) . p o
/E(a’r) Fopgn(f)(2) do, > (1= 7)1 —]al) /E(a’r)‘f ( )| do,

Since |f(")(2)[? is a subharmonic function, then
/ ™) do. > |E(a,r)] x |f™(a)]" = r?(1 = |a])?| £ (@)]".
E(a,r)

Then we obtain
(1 —=7)P(1 — |a])o+?
wP((1—7)(1 - lal))

11" (@)

[ Fonan (DK (a(ev0) do > 6 105 7) @)

1\ (1 = p)rP—Pta(] — np—p+q+2
o w210 L) Lm0~ fa])
r w(1 —lal)

If f € Qkw(p,g;n), then by the above estimate we have that

_ np—p+q+2| £(n) p
oy (L=l @
a€A wp(l - |a’|)

The proof of (i) is therefore completed.
np—p+tq+2 np—p+tq+2

Now, we show that By, * C QK w(p,q;n) provided that K satisfies condition (3). For f € By
we have that,

[ e DK (g(200) do < 1

P piass / (1— |2P) 2K (g(z,0)) do
B P A

w;n

1
1 T
p
np—p+qg+2 Kl - 7d< 3
B p++/0 (Ogr>(1—7“2)2 e

win

= 2nf
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which shows that
np—p+q+2
Buin C Qr.w(p,g;n).
np—p+q+2
Now we assume that By, ” = QK,w(p,q;n) and we verify that (3) holds. From Lemma 2.3, for f;
np—p+q+2
and fo in By * , we have that
A @1+ 157 :)] e (9)
(1- \Z|)
Then f1, fo € Qkw(p,¢;n) and
. (n) P (n) p np—p+q+2 K(g(z, a))
oo>bup/<f 2) +|fs (= )1—2 ———do,
wer Ja ’1 ()‘ |2 ()’ ( ||) wp(1—|z|)
P K(g(z,0))
(m)( £ np—p+qt+2 £+ \9\%
> 1— P=Prq d 10
> [ (1891 +187@1) @yt E D g, (10
From (9) and (10), we obtain
1
(n) p (n) p _ np—p+q+2 K(g(Z, O)) ~ 1 r
/A(’fl (z)‘ + ’fQ (z)’ ) (1—1z2]) 7@01’(1 Py do, =~ 27 ; K| log S )= dr.
Thus (3) holds, and this completes the proof.
We say that f € Qx w,0(p, ¢;n) if
- K(g(z,a))
li (n np—p+q+2 ) do, = 0. 11
Jim [ |7 ~ |2 S o (11)

Now, we give the following result for Qg ., 0(p, ¢;n) and B .0 classes.

Theorem 2.2 Let0 < p < 0o, —2 < ¢ < 00. Then, for each non-decreasing function K : [0,00) — [0, 00)
and for a given reasonable non-decreasing function w : (0,1] — (0,00) with w(kt) ~ w(t), k > 0, we
have that s

np—p+q

(7/) QK,w,O(pvq;n) - me;op and
np—p+q+2

(1) Qrwolp;gn) =B, ,.q , if and only if (3) holds.

Proof: Without loss of generality, we assume that K (1) > 0. From the proof of Theorem 2.1, we have
that

(1 ‘a‘)np—p+q+2

AL KU f0@P <K [ Fopan(DG) do.
E(a)
< K(1) /A o Foran( D) o

< /A Fw,p,q;n(f)(z)K(g(zv a)) do ,
where )
E(a) = {z EA,|z—al < g(l - a|)}.
If f e Qkwolp, g;n), we obtain that

Ly (L= la)? e ) @)

=0.
la|—1- wP(1 — |al)
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np—p+q+2

(ii) We only need to prove that B, ,, C Qr,w,0(p,q;n). Assume that

A/IKI L
= ) Og?" (1—7")2 T Q.

For a given € > 0 there exists an 1, 0 < r; < 1, such that

/Tll K<10g i) (17%)2 dr < e. (12)

Then we have that,

) (NP (1 _ [[yrr—p+a K (9(2,0)) do
/Awa,n)‘f @I Q=™ B Ty 2o

K(g(z,a))
f pn'f / 7(10—3
e el UV sy =)

IA

w,n;0

L K(l 1) ¥d w
|1 zo=saee / Blul) A=)z ¥

w,n;0

! 1
? woptass / K(log T) ﬁdr < 2me || £ momprase - (13)

w,n;0

171

w,n;0

np—p+q+2

Similarly, if f € B , we obtain that

3
w,n;0

np—p+q+2

(1 —lpa(w)[*) ¥
wP (1 = [pa(w)])

converges uniformly for |w| < r if |a| — 17, where r is fixed and 0 < r < 1. Then, we obtain that

im ()" _an*pqwa
i [ 50 - ey ZHE) g,

la]—1~
= lim 7 (pa(w))|” (1 = lpa(w))" 7+ K (10g 1)
a1 Jjw<r wP (1 — |pq (w)]) (1 — |w|)?

. (1 — Jpa (w) ) #=ra+
<A lim sup |[f™(g.(w b
o sup |1 e ) )

— 0

1F™ (pa(w)IP

Ow

~0. (14)

By (13) and (14) it is easy to obtain that

im MNP (1= |2 np—p+qM o —
tim_ [ 0@ 0= SEE o <o, 15)

la]—1~

Conversely, suppose that (3) does not hold; that is

! 1 T
/0 K(lOgr) mdr—oo

Thus we find a continuous strictly decreasing function g : [0,1) — [0, c0) tending to zero at 1 such that

! 1 g(r)
K| log — dr = oc. 16
[} w(oe7) ey rar=oe o)
It is easy to see that
P22 exp{—2""2(1 4 1)}, re€0.5,1). (17)
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We know that for 8 > 0 that, t2° exp{—4t}, s = (g)% exp{—20}. Then, there exists an integer k for
-2
%§r< 1 such that g <2k(1-7r)< % and

28
2k exp{—2F2(1—r)} = (1—-r)"% <2k(1 - r)) exp{—2"T2(1 — r)}
23
> (7)) a-nFew-2s+ 1 (19

For % <r <1 we define
folz) = Zak 2% 22
k=0

where a; = g(l — @ 2’“), k=0,1,2,.... By (17) and (18), we deduce that

n 2 n ; > 2k(p+2) ok _

M3 A7) = [ et = 2w 3 af (2 - a2
k=0

2k(g+2)

@ =277 exp{—2"2(1 - )} > A (g(r))

—2(g+2)

1-n"F )

LN
3

> 2m(g(r))

where ) is a constant. Since fj is defined by a gap series with Hadamard condition, we have

2m n) i0\|p %
e )

Ms(r, én)UU) ~ My(r, fon)5w)’ where  My(r, én);w) - (/0 wP(1—r)

Therefore,

su n)(, P _ P np—p-s-qM o
swp [ 117G (1 - ey S g,

! 1
> [P 0= o (1o ) rar

1 . 1
e / ME(r, f{)(1 - r)"p_p+qK<log r) rdr
0
1

2/3 K(logi) (l—r)ggz(l—r)TdT:oo'

4

q+2

This means that fo € B,” o\ Qx,w,0(p,¢;n), which is a contraction. Hence (3) holds. This completes the
proof of our theorem.

3 Weights on Qx.(p,q;n)-spaces
The following result means that the kernel function K can be chosen as bounded.

Theorem 3.1 Assume that K(1) > 0 and K1(r) = inf{K(r), K(1)}, then for 0 <p < 0o, =2 < ¢ < 00,
we have that
QK,U) (p7 q; n) - QKl,w (pv q; n)

Proof: Since K1 < K and K; is nondecreasing, it is clear that Q. (p, ¢;n) C Q. w(p, ¢;n). It remains
to prove that

QK1,w(p7 q; n) - QK,w(p7 q; n)
We note that L
g(z,a) > 1, z€ Ala, E) and
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g9(z,a) <1, z€ A\ A(a, 1)

Thus K(g(z,a)) = K1(g(z,a)) in A\A(a, 1). It suffices to deal with integrals over A(a, 1).

If f € Qk,wqgn) and f is a weighted Bloch function i.e, f € B,,,, then by Theorem 2.1, it follows
that

K(g(2,a))
wP(1 —[2])

p
np—p+q+2 K Z,a T <o dOZ
g /A<a1 (9 ) T

win )

/ S @) (1 — [z])rPre do
Aa, )

<[l

P
w;n

1 Gy 1 :
= 11 s [ w102 ) = o < CIAIE s
Thus, f € Qk..(p,q;n) and Theorem 4.1 is proved.

Corollary 3.1 Suppose that 0 <p < 00, =2 < g < o0 andw : (0,1] — (0,00). Then f € Qk.(p,q;n) if

and only if
, () e KO = lea(2)?)
Zlelg/AUc I (1= |2 =5 2 dos < oo

For the application of the above results, we state the following lemma which is needed later.
Lemma 3.1 Suppose that K : [0,00) — [0,00), 0 < p < 00, =2 < ¢ < o0 and w : (0,1] — (0,00). Then

np—p+q+2

(i) fE€Bun® if and only if there exists R € (0,1) such that

sup/ |f(n)(z)‘p(1 |z|)rera M
A(a,R)

a€A wP(1 — |z[)
np— p+q+2

(ii) f€B, ¢ if and only if there exists R € (0,1) such that

do, < oo, (20)

lim \f(")(z)|1’ (1— |Z|)np—p+qw do, = 0. (21)
lal=1~ JA(a,R) P(1—|z])
np—p+q+2
Proof: (i) Assume f € By, » . For any R € (0,1) and a € A, we have
[ rm@pa- e S8 g,
A(a,R) wP(1 — [2])

_ o (o (L= lea@Rrre: K(d) )
Joom D e T

1 1
S Hpr np—p+q+2 / (10g ) dO’z
AT o) = =P

< >‘1||f||p np—p+q+2
Bw;n P

where 1 < (1 + |pq(2)])"P7PTa+2 < 2P=PTa4+2 and ) is a constant. Conversely, suppose that (20) holds
for some R,0 < R < 1, by the proof of Theorem 2.1 (i) with 1 — |a] = 1 — |z| on E(a,R) ; a,z € A, we

obtain
[N et
A(a,R)

wP(1 — |2])
l (n) pw o
> Ko ) [ 0P T S o

200k (tog )0 la [ (e,
R E(a,R)

> 7T>\2R2K<10g ]1%) Wm%w : (22)
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np—p+q+2
where )y is a constant. The last inequality shows that f € By ” The proof of (ii) is similar to proof
(i) by taking the limit when |a| — 17 in (i), hence it can be omitted.

Theorem 3.2 Let 0 < p < 00, =2 < ¢ < 00 and w : (0,1] — (0,00). Assume Ki(r) < Ks(r) for
€ (0,1) and g;—g:; — 0 as r — 0. If the integral in (3) is divergent for Ko, then
Qrrw(: ;1) & QK w(p; g 1)
Proof: It is clear that Qk, . (p,¢;n) C Qk, (p,q;n). Suppose that
Qrsw(P, 4 n) = Qe w (P g3 1)-

By the open mapping theorem (see [25]), we know that the identity map from one of these spaces into
the other one is continuous. Thus there exists a constant C' such that

Hf”Kz,w(p,q;n) S C”fHKl,w(p,q;n) .
Kq(r)

Since zy — 0 as r — 0, then there exists 7o € (0,1) such that

Ki(r) < (2C) ' Ky(r) for 0 <r <.
Choose tg = e~ and we deduce that if f € Qxk,..(p,q;n), then

sup [ 17O (- i EOEA)

aeA Ja wP(1 — \I)

<cmm/’t)| (e (1 - [+ Kol ?

a€A ( |

by [(170p (- s KB ) 4,

a€A P(1—|z])

Therefore,

SUP/ |f(n)(z)|p (1— ‘Zan*erq Mdaz

aeA Ja wP(1 —|z])
_ Kl(g(z,a))
§2C’sup/ f(")zpl_znp ptq 2D ) g
acA A(ato)‘ A=) wP(1 —|z|)

By Lemma 4.1 and for f € Qk, w(p, ¢;n), there exists a constant Cy such that

sup / [F0 (2)|P (1= |2)PPHat? Md S CillfIIP npprgra pota- (23)
ac€A JA ( | D B *

np—p+q+2

IfgeBon” and g,(z) = g(rz), 0 <r < 1, then

ng’| np—ptq+2 55\]g|| np—p+q+2 .
P P

win win

Since gr € Qk,.w(P,q¢;n), 0<r <1, we can choose f = g, in the inequality (23). Using Fatou’s lemma
(see [31]), we deduce that

SW/WWW MW“q<(P%<qMP

aer Ja P(1—1z])
np—p+q+2

We have proved that g € Qk,o(p,¢;n). It means that Qk, (p,¢;n) = Bum * . It follows from
Theorem 2.1 that the integral in (3) with K = K must be convergent, a contradiction. We obtain that

Qrrw(: 1) & QK w(p; g 1)
Now, the proof of Theorem 4.2 is completed.

np—p+q+t2 -
P

Remark 3.1 It is still an open problem to extend the results of this paper in Clifford analysis. For more
details on some classes of quaternion function spaces, we refer to ([3, 4, 5, 6, 7, 12, 13, 20, 21, 22]) and
others.
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Abstract

The main purpose of this paper is to investigate two dimensional generalized Genocchi polynomials
based on the g-integers. The g-analogues of well-known formulas are derived. The g-analogue of the
Srivastava—Pintér addition theorem is obtained. Furthermore we explore the shapes of the g-Genocchi
numbers and the g-Genocchi polynomials. We describe the structure of the roots of the g-Genocchi
polynomials for values of the index n using a computer.

1 Introduction

Throughout this paper, we always make use of the following notation: N denotes the set of natural numbers,
Ny denotes the set of nonnegative integers, R denotes the set of real numbers, C denotes the set of complex
numbers.

The g¢-shifted factorial is defined by

— o

(a;9)g =1, (a5q), H 1—qa neN, (a;q), Hl—qa lgl <1, a€C.
7=0 7=0

The g-numbers and g-numbers factorial is defined by

la), = 11__‘1; (@#1); [!=1 [m],!=10],[2,-[, neN, aeC

respectively. The g-polynomail coefficient is defined by

The g-analogue of the function (z @ y)" is defined by

(m@y)fj = Z [ Z } xky"_k, n € Ny.
k=0 q

In the standard approach to the g-calculus two exponential function are used:

eq(2)=i z”':ﬁ . e 0<]ql <1, Izl<#7
ol o =1 —q)dkz) 11—
ln(n—1),n 0
Zq2 i H (14 ( 1—q)qz) 0<lgql <1, zeC.
k=0
1
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From this form we easily see that e, (z) E, (—z) = 1. Moreover,
Dgeq(2) = eq(2), DgEq(z) = Eq(qz),

The above g-standard notation can be found in [1].

Carlitz has introduced the g-Bernoulli numbers and polynomials in [2]. Srivastava and Pintér proved
some relations and theorems between the Bernoulli polynomials and Euler polynomials in [20]. They also
gave some generalizations of these polynomials. In [10]-[22], Kim et al. investigated some properties of the
g-Euler polynomials and Genocchi polynomials. They gave some recurrence relations. In [4], Cenkci et al.
gave the g-extension of Genocchi numbers in a different manner. In [23], Kim gave a new concept for the
g-Genocchi numbers and polynomials. In [25], Simsek et al. investigated the ¢g-Genocchi zeta function and
[-function by using generating functions and Mellin transformation. There are numerous recent studies on
this subject by among many other authors: Cenkci et al. [4], [5], Choi et al [7], Cheon [6], Luo and Srivastava
[13], [14], [15], Srivastava et al.[20], [26], Gabouary and Kurt B., [8], Kim et al. [24].

We propose the following definitions. We define the ¢g-Bernoulli and the ¢g-Genocchi polynomials of higher
order in two variables x and y, using two g-exponential functions, which helps us easily prove some properties
of these polynomials and g-analogue of the Srivastava and Pintér addition theorem.

Definition 1 The g-Bernoulli numbers B, , and polynomials B, 4 (x,y) in z,y are defined by means of the
generating functions:

t = tn
@1 2 By <

(tz) eq (ty) = Z%nq z,Y) [t] < 2.

tr
[n]g"

eq (1) — 1°

Definition 2 The q-Genocchi numbers &, , and polynomials &, 4 (x,y) in x,y are defined by means of the
generating functions:

2t "
= B, , tl<m
PRSP S ON
2t
¢ (tx) eq (ty) = Z@nqu It <

It is obvious that

Bg=DBn,y(0,0), lim B, , (z,y) =Bp(x+y), lm B, ,=B,,
q—1 q—1—

Gpg=06,,00), lm 6&,,(z,y)=G,(z+y), hr{l Gpq = Ghn.
q—1-

q—1-

Here B, (x) and G, (x) denote the classical Bernoulli and Genocchi polynomials are defined by

o0

t n
etile“:ZBn(x)a and 6t+1 ZG

n=0

The aim of the present paper is to obtain some results for the g-Genocchi polynomials (Properties
of the g-Bernoulli polynomials is studied in [19]). The g-analogues of well-known results, for example,
Srivastava and Pintér [20], can be derived from these g-identities. It should be mentioned that probabilistic
proof the Srivastava-Pintér addition theorems were given recently in [26]. The formulas involving the ¢-
Stirling numbers of the second kind, g-Bernoulli polynomials and g-Bernstein polynomials are also given.
Furthermore some special cases are also considered.
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2 Properties

In this section we shall provide some basic formulas for the g-Genocchi polynomials &,, , (z,y) in order to
obtain the main results of this paper in the next section.

The following elementary properties of the g-Genocchi polynomials &,, , (z,y) are readily derived from
Definition 2.

Property 1. Summation formulas for the q-Genocchi polynomials:

Lemma 3 For all z,y € C we have

n

z[ }e (z@y)"".

=0

Proof. The proof is based on the following identity

2t " oty
T — (tx) e, (ty) = B
(Faes) v - Long G o
e n thk tnfkyn k
Yo 3 (S )
k=0 ]q!n:O k=0 [ }q! [0 — k]!
2 “H!Z@{k} )
k=0 7" n=0 \k=0 q q
S S wew)
= k 9T
k=0 [Klg! = ]!
oo n n - n
_ZZ{IJ Crg(zBY), k[ -
n=0 k=0 q q
|
Lemma 4 For all z,y € C we have
n
Oy e =Y |} | By,
n, ) k »q
k=0 a
Proof. The proof is based on the following identity
2 > " o ty"
_ t ty) = &,
(i) o eut = ot S

n=0 k=0
o0 n
n g
-y [k] S
n=0 k=0 q q

Lemma 5 For all z,y € C we have
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Proof. The proof is readily derived from Definition 2. m
Property 2. Difference equation:

Lemma 6 For all z,y € C we have

®n,q (l’, ].) + 6"7(1 (I, 0) =2 [n]q‘rnfl'

Proof.
g (1) + Gy (2,0) = eq(fhleq (t) ey (£) + eq(f)tﬂeq (tz)
_ eq(f)’fHeq (t) (eq () + 1)
= 2te,(tr) = ZtZ . _ io:l [f:fnl];
— 2’2 t”[n]’; ' ], = il P [;L,
] = =

Property 3. Differential relation:

Lemma 7 For all x,y € C we have

Dyo®n g (2) = [n]q Gr1,q(2).

Proof. It follows from the following relation

=t 26”7‘1 (a:)

3 Explicit relationship between the ¢-(GGenocchi and the g-Bernoulli
polynomials

In this section we prove an interesting relationship between the ¢-Genocchi polynomials &,, , (z,y) and the
g-Bernoulli polynomials. Here some g-analogues of known results will be given. We also obtain new formulas
and their some special cases below.

Theorem 8 For n € Ny, the following relationship

n n 1 o 1
61@,(1 (I7y) = Z |: k :|q [k‘ + 1}qu + (6k+1,q <Jf, m) - ®k+1,q (J?)) %n=k,q (my) .

k=0

holds true between the q-Genocchi and the q-Bernoulli polynomials..
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Proof. Using the following identity

2 2 eq (L) —1 t "
eq (t) + 1% (1) eq (t9) = eq (t) + 1% (tz) t . eq () — 1 Cal\m™
we have
i tm m R tn e n 00 4
2O i = 2O R (me - 1) 2B (m)
00 n n . tn,1 0o m
=m2 |2 { } MOk (@) = B W) 72 Bng (my) ——
n=1 (k_o kg [n],! o m™ [n] !
o] n n -+ 1 o i
= mz ( { i ] mF T G g (1) — Bngrg (@ ) I+ |Z% n.q (MY) o
n=0 \k=0 q ¢
= 1 tm Tk
= mz <®n+1,q <1’7 m> — ®n+1,q (x)) [ m 1 'ZSB” q my) [n] '
n=0 q n=0 q
o n n 1 k—n+1 ( ( 1 ) > tn
= m (2 ) T, — | — (G q \ T %n: q \my .
nzo;;){kLUH'ﬂq kil (T k1, (%) kg ( )[”]q!
]

Corollary 9 Forn € Ny, m € N the following relationship holds true.

Gute ) =3 () g (09" = Grra ) Bus ). o
Gn(a:er)kiO( L ) m {2(k+1)Gk (y+;1) — Grp1 <y+;1> GkH(y)}
®

X Bp_k,q (mx)
between the classical Genocchi polynomials and the classical Bernoulli polynomials.

Note that the formula (2) is new for the classical polynomials.
In terms of the g-Genocchi numbers &y, 4, by setting y = 0 in Theorem 8, we obtain the following explicit
relationship between the g-Genocchi polynomials &y, , of order « and the g-Bernoulli polynomials.

Corollary 10 For n € Ny the following relationship holds true.

“In 2 Lp(he
Gpg(,y) = { A ] Fri, [[k +1],q2FFyF — B, (y)} B kg (T).
k=0 q

Corollary 11 For n € Ny the following relationship holds true.

G g (1) = _z”: { Z } [ 2 T Bkt 1.aBr—kq (7)

pors k+1],
—® Br—koa-
n,qg — I;) { } k T ” k+1,q k.q
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Theorem 12 For n € Ny, the following relationship

n

1 n k—n 1 -k j
Biq (T,y) = 2;0[ i Lm m%k+1q +m Z[ ] i 1] m?Bj114(x) | Enokq(my).

holds true between the q-Bernoulli and the q-Genocchi polynomials.

Proof. Using the following identity

t 2t t eq (&) +1
—_— t ty) = ——— tg) s —m———— . i d\m/ =
Tt ) e 1) = e ) g e ()
we have
%nq x y %nq 6”74 (my) n n
Z q! QtZ q!;) m™ [n] ! £ m™ [n],!
oo tn
+ B, &, (Mmy)
573 B 0 3 s )
=11+ 1
It is clear that
1 & tm
I = %Z%M ] q|;)esn ‘ o
TL t’ﬂ
== *Z%n-&-lq +1 'Zﬁnq my) [n] 1
n=0 q
-y ] A Bt () 8 ()
n=0k=0 a
On the other hand
1 & " =t
I = —
! Qtn na ( nq'nz;) na (M) ”[n]q!nzom" [n]q!
t’n
7Z%n+l,q 'ZZ |: :| m- 6]& (my) [ } '
q n=0j=0 q q
K } Sl 3
722 T Bri1q (@ Z { B } &4 (my)
Lk +”q = q [n],!
Therefore
i%n,q (z,y) tn' = Il +12
[n]q'
ZZ [ } ﬁ%lwl,q () +m_kzk: [ k ] %mj%j+1,q (z)
nOkO [+]q =0 J q[]Jr]q
X Gjn—k,q (my)

[n],!
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Theorem 13 The polynomials B, 4 (x,y) and &, 4 (x,y) satisfy the following relationship:

n+1

n+1 1

%n,q (QC, y) = Z |: k :| mqjk,q (iC, y) %n%»lfk,q (.’E, y) .
k=1 q q

k#n

Proof. Comparing coefficients of I, We get the desired identity:

> t" t
7;)%”& (!L‘/y) [n]q| - 6q (t) o 1611 (t.%') eq (ty)
1 2t 1 t 2t
= — t t t t
26q(t)—|—1 (x)eq(y)+teq()—leq()—kleq(x)eq(y)
1 — 1
TP IUIIMICAE S K SN
n=0 n=0
1 & tnfl
:52 +ZZ 6kq xy)%n—k,q(xay)m
n=0 n=0 k=0 g
1 o] co n+l n+1 1 o
=5 z:: I +nz;); [ }qn—i—l]qﬁk’q (2,9) Brt1-k,q (2, y) [T]q'

Theorem 14 The polynomials B, 4 (x,y) and &, 4 (x,y) satisfy the following relationship:

“In 1 1
G,y (z,y) = —2 (Z { k } m6k+l,q%vL—k,q (z,y) + M®n+l,q>
q

k=1
Proof.
1 2t t
nzjoﬁn q(T,y) ] = Zeq 0 +1 (eq () — 1) Weq (tz) eq (ty)
1 2t t
= (2t - 2eq O 1) O = (tz) eq (ty)
1
:t<2t— Q;Qﬁnq >Z‘Bnqu ]
= " "
= _QT;QSTHLL(IW <]. + nz::l%n,q (1'7 y) W)
([ n 1 1 tn
= —2; (kz_l [ i L Tl 1]q®k+1,q%n7k,q (z,y) + L i, ®n+1,q> [T]q!
[

4 Location of zeros of the ¢-Genocchi polynomials

In this section, we display the shapes of the ¢-Genocchi numbers and polynomials. Next, we investigate the
zeros of the g-Genocchi polynomials using a computer.

Our numerical results for the approximate solutions of the real zeros of &, , (z),g = 0.9, are shown in
tables 1. The results were obtained using the Mathematica®software.

The shapes of the ¢-Genocchi numbers &, , for n = 1,...,20. ¢ = %, 0.9,0.9999 are shown in figure 1,
figure 2 and and figure 3.
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Table 1: Approximate solutions of &, ,(z) =0

n q # of Real Roots | # of Complex Roots
0.5 3 17
0.6 3 17
0.7 3 17
20 0.8 3 17
0.9 3 17
0.9999 7 13
> 3 17
1 7 13
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Existence results of sequential derivatives of nonlinear
quantum difference equations with a new class of three-point
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Abstract

In this paper, we study a new class of three-point boundary value problems
of Sequential Derivatives of nonlinear g-difference equations. Our problems
contain different numbers of ¢ in derivatives and integrals. By using a variety of
fixed point theorems (such as Banach’s contraction principle and Krasnoselskii’s
fixed point theorem, some new existence and uniqueness results are obtained.

Illustrative example is also presented.

Keywords: existence; g-derivative; g-integral; ¢-difference equation

(2010) Mathematics Subject Classifications: 34B10; 39A13.

1 Introduction

In 20" century, the intensive works on g-difference equations by Jackson [1], Carmichael
2], Mason [3] and Adams [4] became more interesting in many areas of mathematics
and applications, e.g. the applications to orthogonal polynomials and mathemat-
ical control theories, since years eighties. Although many researches related with
g-calculus are raised (see [5]-[14],[16]-[28]),there are lack of works of studying of
boundary value problem of g-difference equations. Recently, there are few researches
concerning with the boundary value problem of nonlinear g-difference equations as
follows.

In 2012, Ahmad et al. [24] proposed the boundary value problem of nonlinear
second order ¢-difference equations with nonlocal boundary conditions given by

D2x(t) = f(t,z(t)), t€0,T], (1.1)

q

!Corresponding author
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{ a12(0) — B1Dgz(0) = 112 (m),
(1.2)

(1) + Bo D (1) = v2x(n2),
where f € C([0,7] x R,R), and ¢ is a constant that ¢ € (0,1). By employing Ba-
nach’s contraction principle, Krasnoselskii’s fixed point theorem and Leray-Schauder
nonlinear alternative, Ahmad et al derived the existence of solutions of the above
problem.
Later, Yu and Wang [28] proposed the boundary value problem of nonlinear second
order g-difference equation given by

{Dgu(t) + [t ul(t), Dgu(t)) = 0, ¢ € [0,T], (1.3)

D,u(0) =0, Dyu(l) = au(l),

where f € C([0,T] x R,R), and o # 0 is a fixed constant. They discussed the
existence and uniqueness of solution of this problem by using Banach’s contraction
principle, the Leray-Schauder nonlinear alternative and Leray-Schauder continuation
theorem.

Lately, Pongarm et al. [29] studied the sequential derivative of nonlinear ¢-
difference equation with three-point boundary conditions. The problem is in the
form

Dy (D + A u(t) = f(t,u(t), te[0,T],
u(0) =0, u(T)= 04/77 u(s)d,s,
0

where 0 < p,q,r <1, f € C([0,T]xR,R),0 < n < T and A, 3 are given constants. For

this problem, the existence solution is discussed by employing Banach’s contraction

(1.4)

mapping principle, Krasnoselskii’s fixed point theorem and Leray-Schauder degree
theory. Since the number of papers about the problems with different values of the
g-numbers is sparse, there is a need for further study.

In this article, we consider the following nonlinear g-difference equation with three-
point integral boundary condition given by

Dy(Dp + Nz(t) = f(t,z(t),  t€0,T],
T (1.5)
x(n) =0, / x(s)d,s =0, 0<n<T,

where 0 < p,q,r <1, f € C([0,T] x R,R), and nT'(1 +r) # T2

The given problem consists of three different values of the ¢ numbers, in g¢-
derivatives and the g-integral. In addition, the value of function in an intermediate
point is used. Our overall goal is to prove an existence and uniqueness of solu-
tions of the problem (1.5) by employing Banach’s contraction mapping principle and
Krasnoselskii’s fixed point theorem. In Section 2, we briefly discuss about the basic
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Existence results of sequential derivatives of nonlinear quantum difference equations3
definitions, some properties of g-difference and present a lemma that will be used

throughout the paper. In Sections 3 and 4, we give the main results and example,

respectively.

2 Preliminaries

The basic definitions and some properties of g-calculus [15, 18] are as follows.

Definition 2.1. For 0 < ¢ < 1, we define the q-derivative of a real valued function f

D7) =TT o) =ty Dy (1),

The higher order ¢-derivatives are given by

as

DIf(t) = DyDI f(t), neN,

where D) f(t) = f(t)
The definite g-integral of a function f defined on the interval [0, T is given by

/f

where last term is convergent series.
If a € [0,T7], then

(1 —q)q" f (tq")

/f JO) = Lf(@) = (1= ) " [bf (bg™) — af (aq™)].

We note that
Dqqu(x) - f(l’),

while if f is continuous at x = 0, then

[quf(x) = f(l‘) - f(O)

The property of product rule and integration by parts formula are

Dy(gh)(t) = (Dag(£))h(t) + g(qt) Dgh(t),

/f Dyg(t dt— /Df glqt)d

For reversing the order of mtegratlon is given by

/Ot /Osf(r)dqrdqs = /Ot /q: f(r)d,sdyr.

In the limit ¢ — 1 the above results correspond to their counterparts in standard

calculus.
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Lemma 2.1. Let nT(1+71) # T2, 0 <p, qr <1 and X be a constant. Then for any
h € C[0,T], the boundary value problem

Dy(D, + Nz(t) = f(t,x(t)),  te[0,T], (2.1)

T
z(n) =0, / x(s)d,s =0, 0<n<T, (2.2)
0

18 equivalent to the integral equation

// u)dyud,s — /\/Otm(s)dps
nT(1+) TQ()\T(t+Tt_T)/ w(s)dys — T(t+ 7t =T // u)dudys

(A - // $)dysdyv + (14 7)(t 7 /// dudsdv)

(2.3)
Proof. For ¢ € [0,T], g-integrating (2.1) from 0 to t, we obtain
t
(D, + Nx(t) = / h(s)dys + c;. (2.4)
0
Equation (2.4)) can be written as
t
Dyx(t) = / h(s)dys — Az(t) + ¢;. (2.5)
0

For t € [0, 7], g-integrating (2.5) from 0 to t, we obtain

t
/ / u)dyud,s — )\/ z(s)dps + 1t + co. (2.6)
0

In particular, for t =7, we get

n
/ / w)dgud,s — )\/ x(s)dps + c1n + ca. (2.7)
0

Using the first condition of (2.2) with (2.7), we obtain

n01+02:)\/ ds—// w)d,udys. (2.8)

Form (2.6), we take the r-integral of z(¢) from 0 to ¢, we obtain

t?
= — . (2.
/ s)d,s = /// u)dgud,sd,v // dsdv+cll+T+02t (2.9)
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By substituting ¢ = 7" in (2.9) and employing the second condition of (2.2), we
find that

T?
T 01+T02 // dsdv—/// w)dgud,sd,v. (2.10)

From (2.9) and (2.10), we obtain the system of linear equations. Solving this

system, we get
g (O s [ [
AT s)d,s — w)d,ud,
Ol ) - T ’ e
—)\// dsdv+/// dudsdv)

and

L+r \TZ (7
T ) - T2(1+r/ (d$_1+r// u)dgudys

—m// dsvar/// dudsdv>

After substituting ¢; and ¢y in (2.6), we get (2.3) as desired. Therefore the proof is

completes. O

3 Main results

To accomplish the main results, We transform the boundary value problem (1.5)
into a fixed point problem. From Lemma (2.1), We let C = C([0,T],R) denote the
Banach space of all functions 2. The norm id defined by ||z|| = sup{|=(¢)|,t € [0,T]}.
The operator F': C — C is define by

//fux duds—)\/ x(s)d,s

n

nT1+r T(’\T(tJr”_T)/ s)dys — T(t+rt — T)x
//fum Ndgudys — (1+r)A(t — 17 // $)dy 5o
HL+r)(E—n ///fux dudsdv)

(3.1)

Based on Banach’s fixed point theorem, we find that the problem (1.5) has solu-

tions if and only if the operator F' has fixed points.
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Theorem 3.1. Assume that f : [0,7] x R — R is a jointly continuous function

satisfying the conditions
(Hy) |f(t,x) — f(t,y)| < Lz —y|, for allt € [0,T] and x,y € R,
(Hg) d+ LN < 1,

where L is a Lipschitz constant, and

AT (r + T —n)

(1 +7) =T ,
N n’rT N (I+7r)(T —n)T
1+p Inl+r)=T|1+p) |n(l+r) =T|Q+q)(1+r+r2)

AT +

(3.2)

Then the boundary value problem (1.5) has a unique solution.

Proof. We transform the boundary value problem (1.5) into a fixed point problem

x = Fx, where F': C — C is defined by (3.1). Assume that sup |f(¢,0)] = M, and
te[0,T)
choose a constant R satisfied

R>_ MA
“1-(®+ L)

Our goal is to show that FBr C Bg, where B = {z € C : ||z|| < R}. For any
x € Bpg, we have

[F]

= sup‘//fux duds—)\/ z(s)dys
t€[0,T

n
T -T — —T)x
nTl—i—r — ()\ (t+rt )/ s)dys —T(t+rt —T)x

//fum ))dgudys — (1+ 1)t —1 // 8)dysdyv
—{—(l—l—r)(t—n)/o /O/Of(u,x(u))dqudpsdrv>

849 Nichaphat Patanarapeelert et al 844-856



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

Existence results of sequential derivatives of nonlinear quantum difference equations7

t€[0,T)

< sup {/ /S(If(u,x(U))Jrf(u,U)lJrIf(u,O)l)dqudpS—IM/ |(s)|dps
1

T — T - T
AT = T2]<|>\ (t+rt |/ |z (s)|dps + |T(t +rt )| x

!
// (|f(u, z(u (U’O)lﬂf(“’o)’)dq“dpSJr|(1+r)>\(t_n)|/0T/”

1%(5)
1+ )= ) / | [ et = o)+ 116 o>|>dqudpsdrv) }
tsg%{LHxH—kM//duds+WHx H/ds

|77T 1+7r) — |<||x( WIAT(t +rt =T |/ dps + (L|jz|| + M)|T(t +rt — T)|x

//duds—l—”x I+ PAE =7 y/ /dsdv
+(L|\x||+M)|(1+r)(t—n)|/0 /O/Odqudpsdw)}

= s {<L||x|| + M) O+ jr) — (nx(s)nw(mt ~ Ty
T eI+ A= ) d

s)|dysd,v

IN

(Ll + M)[T (¢ +rt = D)

147
T3
HELel + M+ )= )l )
IANT(t+rt —T)|+T(t—n)
— sup ol (i + )
te[0,T] { In(1+7r) =T
12 |t +rt —T| (14 7)(t —n)|T?
(el 30 (7 !77(1+7“)—T|(1+p)+In(1+7“)—T|(1+Q)(1+T+T2))}
< R(WT+ ’TJE"”T )
T (L4 r)(T = )T
LR+ M) 1+r>—T|<1+p>+|n<1+r>—T|<1+q><1+r+r2>)
= R®+ LR+M
< R

Therefore, ABr C Bp.

We next show that F' is a contraction. For any x,y € C and for each t € [0,T],
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we have
[(Fz)(t) — (Fy) @)

= sup |(Fu)(t) — (Fy)(t)

te[0,7

an / (0 = S ) gy = [ (o16) = o(5))dys

te[0,7

7IT1+ S T2()\T(t+7‘t—T)/(I(s) y(s))d,s —T(t+rt —T)x

// (u, () — f(u, y(w)))dyudys — (1 + A -1 // ))d,sd,v
1+t - ) / / / (f(u,fc(U))—f(u,y(U)))dqudpsdrv)

S sup {L||9U—?J||//duds+|)\|||x—y||/ds
te[0,7]
Ty (e I =T I/ds+LHx—y|HT<t+rt—T>\
[ [ s iz =i e =i [ [ e
Fole =l - o) [ //dudsdv)}
Al +7 = 77)
< AT +
< |= y||(’| In(1+7) — TiT (L4 )T — T2
nr +7r —n
Lllz —
e (1 i R s )

= (@4 LYz —yl|

Since ¢ + L) < 1, A is a contraction. Note that we complete this proof by using
Banach’s contraction mapping principle. ([l

Further, we consider the existence and uniqueness of a solution to the boundary
value problem (1.5). We shall use the Krasnoselskii’s fixed point theorem [31].

Theorem 3.2. Let K be a bounded closed convex and nonempty subset of a Banach
space X. Let A, B be operators such that:

(i) Az + By € K whenever x,y € K,
(1i) A is compact and continuous,
(i4i) B is a contraction mapping.

Then there exists z € K such that z = Az + Bz.
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Theorem 3.3. Assume that (Hy) and (Hy) hold. In addition we suppose that:
(Hy) |f(t2)| < u(t), for all (t,2) € [0,T] x R, with € L([0,T], R*).

If
O+ L < 1, (3.3)

where ® and Q is given by (3.2), then the boundary value problem (1.5) has at least

one solution on [0, 7.

Proof. Setting max;cjo.ry |14(t)| = ||| and choosing a constant
4]1€2
R> 3.4
“1-3 (3.4)

we consider B = {z € C : ||z|| < R}.
In view of Lemma 2.1, we define the operators F; and JF» on the ball By as

FEaw = [ / o n()dyudys = [ ()i

(Fox)(t) = 1+7“ TQ(AT(?H—M—T)/?7 (s)dps —T(t+rt—1T) x

//fu:n Vdgudys — (1 +r)A(t —n // §)dy sy
—i—(l—l—r)(t—n)/o /OAf(u,x(u))dqudpsdrv)

For z,y € Bg, by computing directly, we have

|.7:1m+]:2y]|
< ||u||//duds+|x|||x||/ds
y|\IN[(t+rt =T /ds—i— p||T(t+rt —T)| x
Wm«) |(n AT ) Il )
n s
/ / dyudys + [yl1(1 4+ r)A(E ) / / dysd,v
0 0 0 0
T v S
@+ ) =) / / / dqudpsdrv)
0 0 0
< R+ |lulQ
< R.

Therefore Fix + Foy € Bg. The condition (3.3) implies that F; is a contraction
mapping. Next, we will show that F; is compact and continuous. Continuity of f

coupled with the assumption (Hj) implies that the operator Fj is continuous and
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uniformly bounded on Bg. We define supg e, rixpy [f ()] = fmax < o0. For
ty,ty € [0,T] with t; <ty and x € Bg, we have that
| Frx(ta) — Fiz(ty)| = sup / / f(u, z(u))dyud,s — )\/ x(8)d,s
OT]XBR 0
—/ / f(u,x(u))dqudps—i-)\/ x(8)dys
o Jo 0

/ /fu:r; duds—)\/ x(s)dys

+ [A|[(t1 — t2) R.

= sup
(t,z)€[0,T]x Br

17 — 3
14+p

S fmam

In particular, if ¢; — t5 — 0 the right-hand side of the above inequality tends to
zero. Thus, F is relatively compact on Bg. Hence, we can conclude by the Arzelé-
Ascoli Theorem that F7 is compact on Bgr. Therefore, all the assumptions of Theorem
3.3 are satisfied and the conclusion of Theorem 3.3 implies that the boundary value
problem (1.5) has at least one solution on [0, 7). This completes the proof. U

4 Examples

In this section, we give some examples to illustrate our main results with . Con-
sider the following boundary value problem of nonlinear second-order g-difference
equations with three-point boundary conditions

D1 (D1 + ——)a(t) e ! [=(@)] te0,3]
—_ x = *
s 100 100 + et 1+ [z(t)]’ o (4.1)

2(2) =0, /ng(s)dis ~0.

For this example, we have ¢ = 1/2, p = 1/3, r =3/4, A = 10, T = 3, and n = 2.
Form Theorem 3.3, we find that

3 :(9/4+1)

b= — 4+ =0.06
100 [3(7/4) — 3| -
9 9 7/4)9
43 [3(7/4) = 3[(4/3) ~ [3(7/4) — 3[(3/2)(37/16)
Since, |f(t,x) — f(t,y)| < 157lz — yl, then (H;) is satisfied with L = 7. We can
find that

O+ L ~ 0.177 < 1.

Hence, by Theorem 3.1, problem (4.1) with f(¢,x) has a unique solution on [0, 3].
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Abstract

In this paper, reproducing kernel Hilbert space method is introduced as an efficient solver for fourth-order bound-
ary value problems of mixed type integro-differential equations where two reproducing kernel functions are used
throughout the evolution of the algorithm to obtain the required nodal values of the unknown variable. The solution
methodology is based on generating the orthogonal basis from the obtained kernel function in the space W3 [0, 1].
After that, the orthonormal basis is constructing in order to formulate and utilize the solution in the same space. In
addition to that, an error estimation and bound based on the use of reproducing kernel theory has been carried out.
Four numerical test problems including linear and nonlinear equations were analyzed to illustrate the procedure
and confirm the performance of the proposed method. The numerical results show that the proposed algorithm is a
robust and accurate procedure for solving fourth-order boundary value problems of mixed type integro-differential
equations.

Keywords: Integro-differential equation; Reproducing kernel function; Iterative method

AMS Subject Classification: 34K28; 45J05; 47B32

1 Introduction

Most engineering and physical problems are governed by functional equations, for example, ordinary differential
equations, integral equations, integro-differential equations (IDEs), and stochastic differential equations. Many
mathematical formulation of physical phenomena contain IDEs with proper boundary conditions, these equations
arises in fluid dynamics, biological models, and chemical kinetics, etc. [1-7]. In most cases, the equation is too
complex to allow one to find an exact solution, where solution of such equations is always demand due to practical
interests. Therefore, an efficient, reliable computer stimulation is required; it is little wonder that with the develop-
ment of fast, efficient digital computers, the role of numerical methods in mathematical, physical, and engineering
problems solving has increased dramatically in recent years.

Today, computers and numerical methods provide an alternative for complicated calculations. Using computer
power to obtain solutions directly, we can approach these calculations without recourse to simplifying assumptions
or time-intensive techniques. Although analytical solutions are still extremely valuable both for problem solving
and for providing insight, numerical methods represent alternatives that greatly enlarge our capabilities to confront
and solve problems. As a result, more time is available for the use of creative skills. Thus, more emphasis can be
placed on problem formulation and solution interpretation and the incorporation of total system.

Investigation about solvability of fourth-order boundary value problems (BVPs) of mixed type IDEs is scarce.
Recently, many authors have discussed the numerical solvability for Volterra type by using some of the well-known
methods. It is to be noted that the Volterra type is just a special case of the problem that we propose in this paper.
However, the reader is asked to refer to [8-12] in order to know more details about these methods, including their
kinds and history, their modification for use, their applications on the other problems, and their characteristics.
In this paper, we introduce a novel method based on the use of reproducing kernel Hilbert space (RKHS) method
for numerically approximating a solution of fourth-order BVPs of mixed type IDEs in which the given boundary
conditions can be involved. The present method has the following characteristics:
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1. The method is of global nature in terms of the solution obtained as well as its ability to solve other mathe-
matical, physical, and engineering problems.

2. The present method is accurate, need less effort to achieve the results, and is developed especially for nonlinear
case. However, if the problem comes nonlinear, then the RKHS method does not require discretization or
perturbation and it does not make closure approximation.

3. In the proposed method, it is possible to pick any point in the interval of integration and as well the approx-
imate solution and all its derivatives up to order four will be applicable.

4. The RKHS method does not require discretization of the variables, that is, time and space; it is not effected
by computation round off errors and one is not faced with necessity of large computer memory and time.

In the strict sense of the word, before applying a numerical method to the solution of IDEs, we must be certain
that a solution exists. We are also interested in whether the solution is unique. It is worth stating that in many
cases, since IDEs are often derived from problems in physical world, existence and uniqueness are often obvious for
physical reasons. Notwithstanding this, a mathematical statement about existence and uniqueness is worthwhile.
On the other hand, uniqueness would be of importance if, for instance, we wished to approximate the solution.
If two solution passed through a point, then approximations could very well jump from one solution to the other
with misleading consequences. Therefore, we assume that the fourth-order BVPs of mixed type IDEs to be solved
numerically using RKHS method have unique solution on the given interval.

This paper is arranged in the following form: in the next section, a short introduction to reproducing kernel
theory is presented. In Section 3, we state the problem and an algorithm solver is introduced. In Section 4, several
reproducing kernel functions are constructed in order to apply the RKHS method. In Section 5, we formulate
the problem and a theoretic basis of the method is introduced in the space W3 [0,1]. In Section 6, we will give
the representation of exact and approximate solutions, also, an iterative method for solving the present problem
numerically using RKHS method is described. In Section 7, we derive an error bound for the present method in
order to capture the behavior of solution. Software libraries and numerical results are given in Section 8 in order to
verify the mathematical simulation of the proposed algorithm. Finally, concluding remarks are presented in Section
9.

2 Preface to reproducing kernel theory

After a brief introduction to reproducing kernel theory, we view the elements of RKHS and discuss its properties,
its applications, and its advantages. In particular, we focus on the spaces W3 [0,1] and W [0,1] among other
reproducing kernel, because of their use in this paper, especially in constructing the needed reproducing kernel
functions.

In functional analysis, a RKHS is a Hilbert space of functions in which pointwise evaluation is a continuous
linear functional. Equivalently, they are spaces that can be defined by reproducing kernels. An abstract set is
supposed to have elements, each of which has no structure, and is itself supposed to have no internal structure,
except that the elements can be distinguished as equal or unequal, and to have no external structure except for the
number of elements.

Definition .1 [13] Let E be a nonempty abstract set. A function K : F x E — C is a reproducing kernel of the
Hilbert space H if

1. Foreachx € E, K (-,z) € H.

2. Foreachz e Fand p € H, (¢ (), K (,z)) = ¢ (z).

Remark .1 The condition (2) in Definition .1 is called ”the reproducing property” which means that the value
of the function ¢ at the point z is reproducing by the inner product of ¢ (-) with K (-,x). A Hilbert space which
possesses a reproducing kernel is called a RKHS [13].
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As a special case, the spaces W3[0, 1] and W} [0,1] are complete Hilbert with some special properties. So, all
the properties of the Hilbert space will be hold. Further, theses spaces possesses some special and better properties
which could make some problems be solved easier. For instance, many problems studied in Ls[0, 1] space, which
is a complete Hilbert space, requires large amount of integral computations, and such computations may be very
difficult in some cases. Thus, the numerical integrals have to be calculated in the cost of losing some accuracy.
However, the properties of W[0,1] and W3 [0, 1] require no more integral computation for some functions, instead
of computing some values of a function at some nodes. In fact, this simplification of integral computation not only
improves the computational speed, but also improves the computational accuracy.

Reproducing kernel theory has important application in numerical analysis, differential equations, integral
equations, probability and statistics, and so fourth [14-16]. Recently, a lot of research work has been devoted to the
applications of RKHS method to a wide class of stochastic and deterministic problems involving operator equations,
differential equations, and integral equations. The RKHS method was used by many authors to investigate several
scientific applications side by side with their theory. The reader is kindly requested to go through [12-31] in order
to know more details about RKHS method, including its history, its modification for use, its applications on the
other problems, and its characteristics. On the other hand, the numerical solvability of other version of differential
problems can be found in [32-35] and references therein.

3 Problem statement and numerical algorithm

Numerical methods tend to emphasize the implementation of algorithms. The aim of numerical methods is therefore
to provide systematic methods for solving problems in a numerical form. The process of solving problems generally
involves starting from an initial data, using high precision digital computers, following the steps in the algorithms,
and finally obtaining the results. Often the numerical data and the methods used are approximate ones.

Let us consider the following fourth-order BVPs of mixed type IDEs described the ordinary functional equation:

u (@) = F (z,u" () ,u" (2) 0 (2) ,u () + [Tu] (), (1)

in which the mixed Fredholm-Volterra operator, [Tu|, is given as

[Tu) () = Zkl(wat)Gl(U"' (®),u” (&), v (t),u (t))dt + Z ko (2, 1) G (u” (£) ,u” (£) 0/ (t) ,u (1)) dt,

subject to the boundary conditions

(0) = o, u (1) = By,

"(0) = ar (1) = 6, @

where 0 <t <z <1, oy, 8;, 7 = 0,1 are real finite constants, u € W2 [0, 1] is an unknown function to be determined,
k1 (x,t), ks (x,t) are continuous functions on [0, 1]2, F (z, w1, ws, w3, wy) , Gy (w1, wa, w3, wy) , Go (w1, wa, w3, wy)
are continuous terms in W3 [0,1] as w; = w; (z) € W3 [0,1], 0 < 2 < 1, —00 < w; < o0, i = 1,2,3,4 and are
depending on the problem discussed, and W [0,1], W3 [0, 1] are two reproducing kernel spaces.

The following is the main steps for formulating Egs. (1) and (2) in order to apply the RKHS method. The
steps in the algorithm are explained in more detail in the next sections.

Algorithm 1 To find a series representation of analytic and approximate solutions of Eqs. (1) and (2) using RKHS
method, we do the following steps:

Step 1: Introduce new unknown function v (z) as

v(z) =u(r)—¢(2),

where ¢ () satisfies the requirements ¢ (0) = ag and ¢, (1) = 3,. Similarly, ¢” (z) satisfies the requirements
3" (0) = oy and ¢" (1) = B;. Hence, one can obtain

¢(z) =5 (B, - ar) e’ + gana? + (B — ao — 61— 31) T+ ap.
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Step 2: The form of Eq. (1) with nonhomogeneous boundary conditions (2) can be equivalently reduced to the
problem of finding a function v () that satisfying the following equation:

v (@) = F (2, (v +¢)" (), (v +¢)" (@), (v +6) (), (v+9) (2)) + [T (v + )] (), (3)

subject to the homogeneous boundary conditions
(4)

Step 3: Find the representation form of the two kernel functions K, (y) and R, (y) of the spaces W3 [0,1] and
W3 [0, 1], respectively.

Step 4: Construct the orthogonal function system v, (x) of the space W3 [0,1] as 1,(z) = Ly [K, (§7))
_ - _ i
Step 5: Construct the orthonormal function system {1/11- (x)}i=1 of the space W3 [0,1] as ¥, (x) = Y. Bty (x).
k=1

Step 6: The analytic solution v () and the approximate solution v, (z) of Eqs. (3) and (4) are obtained, respec-
tively, as

{F (2, (0 +0)" (21), (v +0)" (21) , (v + &) (wi) , (v + @) (@1) + [T (v + )] (wn) } ¥ ()

k
{F(ka, (v +¢)" (z), (v + )" (zx), (v + ) (xx), (v + ) (x1)) + [T (v + )] (21) } ¥; (2)

where 3;,, Tr,; (x) are all given in the process of formulation.

Step 7: The analytic solution u (z) and the approximate solution u, () of Egs. (1) and (2) are obtained, respec-
tively, as

u(z) = ¢ (zx) +

HMg

2;: ik A (0" () 0" (2n) 0! () s w (@) + [T (20)} s (@),

n () = 6 (00) + 35 95 B AF (oo (o) o () 0 (o) o))+ (7] (@)} 5 2).

4 Several reproducing kernel functions

In this section, we formulate two reproducing kernels in order to generating the orthogonal basis in the space
W3 [0,1]. After that, an orthonormal basis is constructing in order to formulate and utilize the solution of Eqgs. (3)
and (4) using RKHS method in the same space.

To apply the RKHS method, we first define and construct a reproducing kernel space W3 [0, 1] in which every
function satisfies the boundary conditions z (0) = 2 (0) = z (1) = 2" (1) = 0.

Definition .2 The inner product space W3 [0,1] is defined as W3 [0,1] = {2 (z) : 2V, i = 0, 1,2,3,4 are absolutely
continuous real-valued functions on [0,1], 2(® € L2[0,1], and 2 (0) = 2" (0) = 2 (1 ) = 2" (1) = 0}. The inner
product and the norm in W3 [0, 1] are given by

(21 (2) , 22 (2)) s Zz“’() <>+Zz“’<) 9 W) 1 [ 242 (@) (@)da. (5)

0

860 Omar Abu Arqub 857-874



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

and ||z|\W25 = /(z(2), 2 (2))yy;z, respectively, where 2y, 2, € W3 [0,1] and L2[0,1] = {z : 01 2% (z)dx < oo}.

It is easy to see that (27 (z), 29 (x))Wé) satisfies all the requirements of the inner product. First, (21 (z), 21 (55)>W20
> 0. Second, (z; (z),22 (m)>W25 = (29 (), 2 (m)>W25 Third, (vyz1 (), 22 (33)>W25 = v(z1(x), 2 (x))W25 Fourth,
(21 (z) + 22 (x) , 23 (x)}W; = (21 (2), 23 (x)>W25+<Z2 (), 23 (:z:)>W25 It remains only to prove that (z; (z), 21 ($)>W§ =
0 if and only if z; (z) = 0. In fact, it is obvious that when z; (z) = 0, then (21 (z), 21 (x))Wé, = 0. On the other

2

hand, if (21 (), 21 (2))yz = 0, then by Eq. (5), we have (21 (2),21 (%))yz = 22 (ZY) (0))2 + %(zii) (1))2 .

i=0
2
fol (255) (x)) dxz = 0. Therefore, z1 (0) = 21 (0) = 2{ (0) =0, z; (1) = 21 (1) = 0, and z%s) () = 0. Then, we can

obtain z; (z) = 0.

Definition .3 [13] The Hilbert space W3 [0, 1] is called a reproducing kernel if for each fixed z € [0,1] and any
2 (y) € W3 0,1], there exist K (z,y) € W3 [0,1] (simply K, (y)) and y € [0, 1] such that (2 (y), K, W)z =2 ().

It is very important to obtain the representation form of the reproducing kernel function K, (y), because it
is the basis of our algorithm. In the following theorem, we will give the method for obtaining the reproducing
kernel function K, (y) in the space W2 [0,1]. After that, we construct the space W3 [0, 1] in order to define a linear
bounded operator L as shown later in the next section.

Theorem .1 The Hilbert space W3 [0, 1] is a reproducing kernel and its reproducing kernel function K, (y) is given
by

9 .

Z pl(z)ylv Y < z,
=0

Z QZ(x)yL7 y>.
i=0

where p;(x) and ¢;(x), i = 0,2, ...,9 are unknown coefficients of K, (y) and are given as

1
po(z) = 0,p1(2) = oey (362884 — 7257822° + 362903z — 1227 + 92% — 227) , ps (z) =0,
1
+878000256102° — 439101734652 + 101606962° — 5806148x" + 1088673z° — 62.°),
1
= —— (4 4
pa (@) ST7ssA13aa0 " (13800746880
—8782034693022 4 439508161652° — 30482088x* + 4354668x° — 108870927 + 142®),
ps () = pe(x) =0,
1
= —————— 2 (362880 — 2177292z + 290307422 — 1088667x> + 122° — 927 + 22°
pr (@) 21027103360°" ( S v v +122° = 927 + 27,
1
= ——— 1 (—362884 4 72578222 — 362903x> + 122° — 9z 7 + 228
ps (2) 20262801480 ( + v @’ +120° — 927 + 20%)
1
= —— (362882 — 362880z — 182> + 21z* — 1227 + 9% — 22°
Po (2) 131682620160 v A2l @l + 92" = 27),
1 9
© @) = 350"
1
() =

T 7315701120
o (—3657870720 + 731588256022 — 36580622402 + 1209602° + 9072127 + 201602°) ,

1 7
10080
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1
4 (%) =~ 3391906720 *
= (43895295360 — 878000256102 + 439101734652° + 5806148z° — 10886732" + 62°) ,
(1) = %
G T R7788413440
(43896746880 — 87820346930z + 439508161652 + 4354668z° — 108870927 + 142%) ,
_ 1 4 _ 1 3
g5 (x) = 2880$ ; 46 (513) = 4320$ )
1
= ——— (362880 + 2903074x% — 1088667x> + 1225 — 927 + 228
ar (@) 21917103360 - v 7122~ 907 4 207)
_ 1 2 3 6 7 8
gs () = 29969804480° (362880 + 7257822% — 362903z + 122° — 927 + 22°) ,
1
= ———  2(362880 + 1822 — 212% 4+ 1225 — 927 + 22%) .
@ (@) T31682620160° 1807 = 2007 4 1207 — 9 4 207)

Proof. The proof of the completeness and reproducing property of W3 [0,1] is similar to the proof in [17]. Let
us now find out the expression form of the reproducing kernel function K, ( ) in the space W3 [0,1]. Clearly,

Jo 2® () K (y) dy = é(—l)“z(” W) K€ () 1525 + (=1)° [y 2 ? (y) dy. Hence, (= (y), Kz ()5 =
i <m“m+iwm> u+z<> ”UK“ P2 ) K99 (y) dy. Since K, (y) €

W2 [0,1], it follows that K, (0) = K (0) =K,(1) = K/(1) =0. Further, since z (z) € W3 [0,1], one obtains
2(0) = 2"(0) = z(1) = 2”(1) = 0. Thus, if K (0) = K (1) = 0, i = 5,6, K. (0) + K¥ (0) = 0, and
K, (1) = K& (1) = 0, then (2 (y) . Ko 1))y = fy 2 () (-Ké“” (y)) dy. Now, for each z € [0,1], if K, (y) also
satisfies — K" (y) = 0 (z —y), where J is the dirac-delta function, then (z (y), K, (y))Wé, = z(z). Obviously,
K, (y) is the reproducing kernel function of WJ [0, 1]. Let us now utilizing the expression form of the reproducing
kernel function K, (y). The characteristic equation of K0 (y) = 6 (y —z) is A'® = 0, and their characteristic
values are A = 0 with 10 multiple roots. So, let the expression form of the reproducing kernel function K, (y) be
as defined in Eq. (6). On the other aspect as well, let K, (y) satisfies K (x+0) = K™ (x—0),m=0,1,...,8.
Integrating —K;lo) (y) = 6(z—y) from © — e to x + ¢ with respect to y and let ¢ — 0, we have the jump
degree of K§,.9) (y) at y = x given by K;Eg) (x—0)— K( ) (x+0) = 1. Through the last descriptions and by using
MATHEMATICA 7.0 software package, the unknown coefficients p;(x) and ¢;(z), ¢ = 0,2,...,9 of Eq. (6) can be
obtained as given in the theorem. This completes the proof. m

Definition .4 [18] The inner product space W3 [0, 1] is defined as W4 [0,1] = {z (z) : z is absolutely continuous
real—valued function on [0, 1] and 2/ € L?[0,1]}. The inner product and the norm in W3 [0,1] are defined as
(21 (), 2 fo 21 ( (z) + 21 (z) 22 (x)) dz and Hz||W21 =,/{(z(z),2 (x))Wzl respectively, where 21, 29 €

W3 0,1] and L2 [0,1] { fo x)dr < oo}

Theorem .2 [18] The Hilbert space Wy [0,1] is a complete reproducing kernel and its reproducing kernel function
R, (y) can be written as

po(x)e? +pi(x)e™?, y<u,
R, (y) = . .
qo(z)eY + q1(z)e ¥, y> .

where p;(x) and ¢;(x), i = 0,1 are unknown coefficients of R, (y) and are given as

po(z) = mcosh(x—l),
p1(z) = 2S%h(l)cosh(:c—l),
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1

q (z) = Tsh (D) (" e 177),
¢(x) = m (€177 + e1*7)

In fact, it easy to see that go(z)e¥ + qi(x)e ¥ = po(y)e” + p1 (y)e *. As a result, the reproducing kernel
function posses some important properties such as: it is symmetric, unique, and nonnegative. The reader is asked
to refer to [12-31] in order to know more details about reproducing kernel function including its mathematical
properties, types and kinds, applications, method of calculations, and others.

5 Problem formulation in the space W3 [0, 1]

Problem formulation is normally the most important part of the process. It is the selection of linear operator,
orthogonal basis, and orthonormal basis. In this section, Egs. (3) and (4) are first formulated as a differential linear
operator based on the spaces W3 [0,1] and Wy [0,1]. After that, the Gram-Schmidt orthogonalization process of
{; (x)};2, is presented.

In order to apply the RKHS method, as in [12,13,17-31], we firs define a differential linear operator L as
L:WJ[0,1] — W4 [0,1] such that Lv (z) = v* (z). Thus, discretized form of Eqgs. (3) and (4) can be obtained as
follows:

Lv(z) = F (z,(v+¢)" (2), (v + )" (), (v + )’ (2), (v + ¢) (2)) + [T (v + ¢)] (), (7)

subject to the two-point boundary conditions

where v and ¢ are as given in Algorithm 1.

Theorem .3 The operator L : W3[0,1] — W40, 1] is bounded and linear.

Proof. For boundedness, we need to prove ||Lv(z)||?,V21 <M ||Lv(x)||?,v§, , where M is a positive constant. From

the definition of the inner product and the norm of W3[0, 1], we have ||(Lv) (x)||%,[,21 = ((Iw) (z), (L) (x)>W21 =
1
of {[(Lv)/ (z)] g [(Lv) (m)]Q} dx. By reproducing property of Ky (y), we have v(z) = (v (y) , Kz ()3, (Lv) (z) =

(v(y), (LK) (y))W;, and (Lv)'(z) = (v (y), (LK) (y)>W§ Again, by Schwarz inequality, we get

(L) @) = |(v (@), (LK) @)y

< LK (@) llws v (@)llwg = Mo (@) llyg » My >0,

|(Lv)' ()] = ‘<v (@), (LKz) (@)wg | < (LK) (@)l v (@) lws = M [lo (@)l , M2 > 0.

Thus, (Z0)@)ly = [ {[(Ee) @] +[(20) @} do < OFF + 383 [ @z o IE0)@y < M @y

where M = \/M? + M2. The linearity part is obvious. This complete the proof. m

After that, we construct an orthogonal function system of W3 [0,1] as follows: put ¢, (z) = R, (z) and
¥; (x) = Ly (x), where {z;};~, is dense on [0, 1] and L* is the adjoint operator of L. In terms of the properties of
reproducing kernel function K, (y), one can obtains (v (z),; (ac)>W25 = (v(z), L*y; (x)>w25 = (v (z),¢; (x))WQl =
Lv(z;), i = 1,2, ... In fact, the orthonormal function system {1, (:c)}zl of the space W3 [0, 1] can be derived from
the Gram-Schmidt orthogonalization process of {t; (z)};-, as

_ i
¥ (x) = kZI Bitx (2) (9)
where (3, are orthogonalization coefficients and are given as follows: 3,;; = i d}ll\l fori=y5=1 8;; = -+ for
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i1 i1 _
i=j#1,and B;; = —F ¥ cixBy; for i > j such that d; = /|| = ¥ &, e = <¢i7¢k>W§’ and {¢; (z)};,
k=j \ k=1

is the orthonormal system in the space W3 [0, 1].
Through the next theorem the subscript y by the operator L (L,) indicates that the operator L applies to the
function of y.

Theorem .4 If {z;};°, is dense on [0, 1], then {1, (z)};=, is a complete function system of W3 [0,1] and 1, (z) =
LyK, (y)|

y=xz;"

y=x; € WQ[ }
x) € W30,1], let (v(z),; (x))wzs =0, =1,2,.... In other word, (v(z),¢; (x))ys =
= (Lv(x),p; (x )>W21 = Lv (z;) = 0. Note that {x;},-, is dense on [0, 1], therefore Lv (z ) =0.

= 0 from the existence of L~!. So, the proof of the theorem is complete. m

Proof. Clearly, ¢; (x) = Lip(z) = (Li¢ (y), Ko W))ws = (0 (), LyKa (W) yy = LyKe (y)]
(

(v (@), L7¢; (),

Now, for each fixed v
It follows that v (z ) =

Lemma .1 If v(z) € WJ[0,1], then there exists M > 0 such that [[o® (az)HC < Mijv(@)]lys, ¢ = 0,1,2,3,4,
where [|v (2)]|o = rgaicb|v(m)|.

Proof. For any z,y € [0,1], we have v(V)(z) = <U(y),K(i)( )> ,1=0,1,2,3,4. By the expression of K,(y), it

) K@),

M; [[o()|lyys, i = 0,1,2,3,4. Hence, [0 (2)||, < M [[o(x)|lys, i = 0,1,2,3,4, where M = _max  {M;}. =

W5

follows that HKS) (y)HW5 < M;,t=0,1,2,3,4. Thus, |v( ’ =
2

()
< [m0 @], @ <

6 Representation of exact and approximate solutions

In this section, we will give the representation form of exact and approximate solutions of Egs. (3) and (4) in the
space W3 [0,1]. After that, an iterative formulas of obtaining approximate solution is represented for both linear
and nonlinear case.

Theorem .5 For each v (z) € W3 [0,1], the series Y (v (z), v, (z)); (z) is convergent in the sense of the norm
i=1
of W3 [0,1]. On the other hand, if {z;};-, is dense on [0, 1], then the following are hold:

(i) The exact solution of Egs. (7) and (8) could be represented by

vi(z) =

nMg

S B
{F (@1, (v + )" (@1) , (v + )" (21) , (v +9) (2x) , (v + 0) (1) + [T (v + )] () } ¥; (@)

(10)
(ii) The approximate solution of Eqgs. (7) and (8)

= (11)
{F (21, (0 +0)" (21), (0 + )" (21) , (v + ¢)' (k) , (v + 9) () + [T (v + )] (wx) } ¥; ()

and its derivative up to order four are converging uniformly to the exact solution v (z) and all its derivative
as n — 00, respectively.

Proof. For the first part, let v (z) be solution of Egs. (7) and (8) in the space W3 [0,1]. Since v (z) € W3 [0, 1],
> (v(x),v¥; (z)) 1, (z) is the Fourier series about normal orthogonal system {1; (x)}zl, and W3 [0,1] is the

i=1

o0
Hilbert space, then the series Y (v (), 1; (x)) 9; (x) is convergent in the sense of ||||W25 On the other aspect as
i=1
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well, using Eq. (9), we have

[ee]

v(z) = X

<
&
&
—
8
~
S~
S
o
&
—~
8
~

ﬁ

Il

-
M

> B (0/2) 64 @)z B (2)

|
M8
M=

&
Il
-
£
Il
-

S Bux (0 (@), L0y () s B (2)

2

|
Mo
M-

i=1k=1
= £ % 8 (Lo @) () By )

I
RNk
= EM““
=
ol
X

(v +0)" (@), (0 +9)" (), (v+9) (2). (v+¢) () + [T (v+ )] (2), 0% (@)1 ¥i (2)

I
(18
M&
2
=

X

@
Il
-
Il

-

2, (0 +0)" (2x), (v +0)" (21) , (0 +0) (@), (v + ) (2x)) + [T (v + )] () } ¥ () -

Therefore, the form of Eq. (10) is the exact solution of Egs. (7) and (8).
For the second part, it easy to see that by Lemma .1, for any = € [0, 1]

—_~
b
—_

0@ () — v (m)’ =

v (@) — v (@) K9 (@)
{ s

0 0=

< Mo, (z) — v (w)||W25 ,1=0,1,2,3,4,

IN

where M;, i = 0,1,2,3,4 are positive constants. Hence, if ||vy, (z) — v (x)||W2r, — 0 as n — oo, the approximate
solution v, (z) and u,(f) (z),1=0,1,2,3,4 are converge uniformly to the exact solution v (z) and all its derivative,
respectively. So, the proof of the theorem is complete.

Next, we will mention the following remark about the exact and approximate solutions of Egs. (3) and (4).

Remark .2 [12,13,17-31] In order to apply the RKHS technique for solve Egs. (3) and (4), we define an initial
guess approximation function as vy (1) = v (1) = 0. On the other hand, we have the following two cases based on
the form of Eq. (11) and the structure of the functions F, G1, and Gs in Eq. (3).

Case 1: If Eq. (3) is linear, then the approximate solution can be obtained directly as follows:

IINgE

U (2) = 1 é:l BirdF (zrs (i1 + )" (@), (ve—1 + 0)” (wx) s (Vi1 + ) (k) , (vk—1 + ) (1))
+ [T (vk—1 + )] (z) Yo, () .

Case 2: If Eq. (3) is nonlinear, then the approximate solution can be obtained immediately as follows:

=

o @) =3
K2

+ [T (vn—1+ 0)] (z1) b ().

i Byl F (25, (tnor + 8" (@1) Wncr +8)" (24)  (tnr + ) (@8)  (Wnr +6) ()

1

The reader is asked to refer to [12,13,17-31] in order to know more details about these two case, including their
derivation, their importance, and their relationship to the exact solution.
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7 Error estimation and error bound

When solving practical problems, it is necessary to take into account all the errors of the measurements. Moreover,
in accordance with the technical progress and the degree of complexity of the problem, it becomes necessary to
improve the technique of measurement of quantities. Considerable errors of measurement become inadmissible in
solving complicated mathematical, physical, and engineering problems. The reliability of the numerical result will
depend on an error estimate or bound, therefore the analysis of error and the sources of error in numerical methods
is also a critically important part of the study of numerical technique. In this section, we derive an error bounds
for the present method and problem in order to capture behavior of the solution.

In the next theorem, we show that the error of approximate solution is monotone decreasing, while the next
lemma is presented in order to prove the recent theorem.

Theorem .6 Lete?, = |[[v(x) — v, (.’,C)H‘%Vzg, where v (z) and v, (z) are given by Eq. (10) and Eq. (11), respectively.
Then, the sequence of numbers {e,} are monotone decreasing in the sense of the norm of W3 [0,1] and ¢,, — 0 as
n — oo.

Proof. Since, v (z) = i (v (z), 9 (.’E)>W5 1, () it obvious that
i=1 2

2

2= @) - @l = || & 0@ B @)t @)| = 5 (@B @)y
i=n+1 wh i=n+1

') _ _ 2 (e’ _ 2

ot = [0 (@) = vt @y = | 2 0 @5 @ ¥ @) = 5 (0@ D @hyg)

Clearly, €,—1 > €, and consequently {e,} is monotone decreasing in the sense of ||||W25 On the other aspect as

well, by Theorem .5, we know that Y (v (z),; ($)>W5 1, () is convergent in the sense of ||||W25 Thus, we have
i=1 2

) _ 2
e2= % (<v (), 1, (x)>W5) — 0 or &, — 0. This complete the proof. m
i=n+1 2

Lemma .2 Let v (z) is the exact solution of Egs. (7) and (8), v, (z) is the approximate solution of v (z), and

T ={xp41 = 2 :k=0,1,...,2'}. Then, Lv (z) = Lv, (z)), for n =2"+ 1 and z, € T.

Proof. Set the projective operator P, : W3 [0,1] — {3 _, cm,, (z),¢n € R}, Then, we have Lv, (z5) =

]
(0 (€) Ly Fo (s = (00 (€)1 Oy = (P (€)1 (s = (W), Patby Oz = (0(8) 105 (o
<1} (g) akaka (§)>W25 = ka <’U (5) ) ka <§)>W25 = kav (mk) = Lv (xk) u

Theorem .7 Let v (x) is the exact solution of Egs. (7) and (8), v, (x) is the approximate solution of v (z), and
T= {.’If}g+1 = 2’% :k=0,1,..., 2"'}. Then, |v (z) — v, (2)] < %, where M is the product of the sup of convergent basis

2. ) kZ BidF (zr, (v +0)" (64), (v + )" (&) (v +0) (€k), (v + ) (&) + [T (v + )] (€)}4; (€)||  and the
i=n+1 k=1 W25
maximum of determinate function ‘ a%Kn (E)HW5 about the variable in [0, 1].
Proof. Since |[v(z) — v, (z)| = |L7 (Lv (z) — Lvy, (¢))] and for every given x € [0,1], there is always zg € T
satisfying g < z and z — zg = % On the other hand, Lemma .2 and z¢ € T implying that Lv (xg) = L, (2). So,
we obtain
| Lo (2) = Loy (z)] = [(Lv (2) — Lo (z0)) — (Lvn () — Lon (20))] - (12)

By applying the reproducing kernel properties v (z) = (v (), Ry (§)>W§ and Lv (z) = (v(§), LK, (§)>W25 to Eq.
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(12), we conclude

Lv(z) — Lv, (z) = (Lv(z) — Lv(x9)) — (Lv, () — Lv, (20))

But on the other aspect as well, we have

= (v

[0@) = v @] = [L7 (Lo (@) = Lvn (@)
[(0€) = v (€), L7 LI (€) = L™ LKy (&)

|(0(6) = 0 (€) Ka () = Kay (€)) g

IN

Here, we take the norm of || K, (§) — K, (f)ng for the variable £ and the function K, (§) is derived on z in [0, 1].
So, we have K, (§) — Ky, (§) = %Kn (&) (x — o). Hence, we can write

[o@ o @] < 10— vn ©)llw || 55 (©) (&~ 0)]|

5
W3

=3 ZiiBik{F(xk,(v+¢)'"(fk)7(v+¢)"(€k)’(v+¢)'(€k),(v+¢)(£k))

i=n+1 k=1

+ [T (v + &) (€33 (€) lwgll 55Ky (€) llws (x — o)

M

n

So, the proof of the theorem is complete.

8 Software libraries and numerical outcomes

Software packages have great capabilities for solving mathematical, physical, and engineering problems. Sometimes,
it is very difficult to solve these problems analytically, so it is required to obtain an efficient approximate solution.
Thus, some software mathematical packages such as MATHEMATICA or MAPLE can be helpful in visualizing
the behavior of the solutions of such problems. Indeed, throughout the whole paper we used MATHEMATICA 7.0
software package for numerical experiment.

The object of the next algorithm is to implement a procedure to solve Egs. (1) and (2) in numeric form in
terms of their grid nodes based on the use of RKHS method.

Algorithm 2 To approximate the solution of Egs. (1) and (2), we do the following steps:

Input: The endpoints of [0,1]; the integers n and N; the kernel functions K, (y) and R, (y); the differential
operator L; the function F'; the operator [Tu].

Output: Approximate solution u,(z) or u}) (z) of Egs. (1) and (2).

Step 1: Fixed z in [0,1] and set y € [0, 1];
9 .
If y < x then set K, (y) = > pi(x)y%;
i=0

9 .
else set K, (y) = Y. ¢:i(x)y%;
i=0
For i =1,2,...,n do the following:

Set x; = —;;11;
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Output: the orthogonal function system ), ().

Step 2: Fori=2,3...,n and j = 1,2...,7 do the following:

i1
Set d; = [ [[vs]|° — kE i
\/ =1

i—1
If j # i then set §,; = —d% > CikBji
k=3

else set f3;; = %;

i

else set 8y, = HTlll\;

Output: the orthogonalization coefficients j; ;.

Step 3: Fori=2,3....nand k=1,2....,7 — 1 do the following:

Set 1, (z) = kél Bix¥y (%);

Set Cik = <wz7ak>w251
Output: the orthonormal function system 1), ().
Step 4: Set v (z1) = v (x1) = 0;

For i = 1,2,...n do the following;:

If F and [T'u] are linear then set B; = kil Bixd F(xh, (vh—1 + &) (xx) , (vp_1 + ¢)" (z1),
(0h—1+¢) (@1) , (Vh-1 + &) (21)) + [T (ve—1 + )] (1) };
set v; (x) = Zi:quzZJ, (z);

else for ¢ = 1,2,...N do the following:

set ©; = 1?/7_113

sot B, = 52 Bd (P, (s )" (4) (v + )" (22,

(vn-1+0) (k) , (V-1 + ) (21))
[T (vn-1 + ¢)] (wx)}9; (2);
set v} (1) = 3 Bub (2
i=1
Output: the approximate solution v, (z) or )Y (z) of Egs. (3) and (4).
Step 5: Use the transformation u, () = v,(z) + ¢ (z) or v (z) = vY () + ¢ (v);

Output: the approximate solution u,(x) or u? (z) of Egs. (1) and (2).

Step 6: Stop.

868
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Next, we propose few numerical simulations for solving some specific examples of Eqgs. (1) and (2). However,
we apply the techniques described in the previous sections to some linear and nonlinear test examples in order to
demonstrate the efficiency, accuracy, and applicability of the proposed method. Results obtained by the method are
compared with the analytical solution of each example by computing the exact and relative errors and are found
to be in good agreement with each other.

Problem .1 Consider the following linear equation:
u®(z) = —u" () + wtu(z) + f (z) + [Tu] (x),

in which the mixed operator is given as
1 T
[Tu] (x) = — [ 2%t/ (t)dt + [(z + 1)tu(t)dt,
0 0

and subject to the boundary conditions

where 0 <t < 2 <1 and f (z) is chosen such that the exact solution is u (z) = sin(rz).

Using Algorithms 1 and 2, taking x; = %, 1t =1,2,...,n. The numerical results of approximate solution u,, ()
of u (z) are calculated at some selected grid points for n = 36 and are tabulated in Table 1.

Table 1. Numerical results for Problem 1: solutions and corresponding errors.

T Exact solution Approximate solution Absolute error Relative error

0.16 0.4817536741017153 0.4817521115692216 1.56253 x 106 3.24343 x 1076
0.32 0.8443279255020151 0.8443251824015761 2.74310 x 106 3.24886 x 1076
0.48 0.9980267284282716 0.9980234824190575 3.24601 x 1076 3.25243 x 1076
0.64 0.9048270524660195 0.9048241075118995 2.94495 x 1076 3.25471 x 1076
0.80 0.5877852522924732 0.5877833384377027 1.91385 x 106 3.25604 x 10~
0.96 0.1253332335643045 0.1253328254068720 4.08157 x 1077 3.25658 x 10~°

Problem .2 Consider the following nonlinear equation:

u (@) = —a(u"(2))? — cos(e)u' (z) — u(z) + 2In((u(2))®) + f (z) + [Tu] (2),

in which the mixed operator is given as
1 T
[Tu] (z) = [ ztu(z)u' () In(u(t))dt — 9 [(z — t)u” (t)(u(t))3dt,
0 0

and subject to the boundary conditions

where 0 <t <z <1 and f (z) is chosen such that the exact solution is u (z) = e*.

Using Algorithms 1 and 2, taking z; = %, i = 1,2,..., N. The numerical results of approximate solution
N

u, (x) of u(x) are calculated at some selected grid points for N = 36, n = 2 and are tabulated in Table 2.
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Table 2. Numerical results for Problem 2: solutions and corresponding errors.

Absolute error

Relative error

T Exact solution Approximate solution
0.16 1.1735108709918103 1.1735115633003046
0.32 1.3771277643359572 1.3771289810084700
0.48 1.6160744021928934 1.6160758551178427
0.64 1.8964808793049515 1.8964822199979947
0.80 2.2255409284924680 2.2255418182404440
0.96 2.6116964734231180 2.6116966661583056

6.92308 x 10~7
1.21667 x 106
1.45292 x 106
1.34069 x 10~
8.89748 x 10~7
1.92735 x 107

5.89946 x 10~7
8.83486 x 1077
8.99046 x 10~7
7.06937 x 1077
3.99790 x 10~7
7.37969 x 108

Problem .3 Consider the following nonlinear equation:

u® (@) = —au" (2) — o' (2)e"™ — (u(@))? + f () + [Tu

| (z),

in which the mixed operator is given as
1 T
= [e*(t — 1) sinh(u(z))dt + [ cosh(z)t3e*Pdt,
0 0

and subject to the boundary conditions

where 0 <t < 2 <1 and f (z) is chosen such that the exact solution is u (z)

Using Algorithms 1 and 2, taking z; = L, i = 1,2,...,N.

N-1>
N

)

uy, (x) of u(z) are calculated at some selected grid points for N = 36, n = 2 and are tabulated in Table 3.

Table 3. Numerical results for Problem 3: solutions and corresponding errors.

=In(z +1).

Absolute error

Relative error

x Exact solution Approximate solution
0.16 0.1484200051182732 0.1484150657910304
0.32 0.2776317365982796 0.2776238623910086
0.48 0.3920420877760237 0.3920336245177083
0.64 0.4946962418361071 0.4946891488543930
0.80 0.5877866649021191 0.5877822986892660
0.96 0.6729444732424258 0.6729435645496804

4.93933 x 106
7.87421 x 1076
8.46326 x 1076
7.09298 x 106
4.36621 x 106
9.08693 x 107

3.32794 x 107°
2.83621 x 1072
2.15876 x 1075
1.43381 x 107°
7.42823 x 106
1.35032 x 10~

Problem .4 Consider the following nonlinear equation:

u?(z) =

in which the mixed operator is given as

Tu] (z) =

and subject to the boundary conditions

0) =1,u

u”’(0) =1,u

where 0 <t < 2 <1 and f (z) is chosen such that the exact solution is u (z) = cosh(x).

Using Algorithms 1 and 2, taking x;

N

u’fL

///( >+3u//( )

A~ =
O—

u (1) = cosh(1),
(1) = cosh(1),

In(u(t)) (£)dt + % Zln(z)u”

sinal (2)) - 5 (u(2))? + f () + [T

(t)(u(t))?dt,

= 71;_1 Z == 1,27...7N.

N-17

870

[ (z),
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The numerical results of approximate solution

The numerical results of approximate solution
(z) of u(z) are calculated at some selected grid points for N = 36, n = 2 and are tabulated in Table 4.
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Table 4. Numerical results for Problem 4: solutions and corresponding errors.

T

Exact solution

Approximate solution

Absolute error

Relative error

0.16
0.32
0.48
0.64
0.80
0.96

1.0128273299790107
1.0516384007048240
1.1174288969995172
1.2118866516740000
1.3374349463048447
1.4972946796991150

1.0128278915466450
1.0516393762289420
1.1174300474164940
1.2118877015831520
1.3374356375116260
1.4972948288491459

5.61568 x 10~7
9.75524 x 10~7
1.15042 x 106
1.04991 x 10~
6.91207 x 10~7
1.49150 x 107

5.54455 x 10~
9.27623 x 1077
1.02952 x 106
8.66343 x 1077
5.16815 x 1077
9.96130 x 108

15

The influence of the number of nodes, N, on the absolute error function |u (z) — u} ()| of RKHS method is
explored next. Figure 1 gives the relevant data for Problem 2, where the number of nodes covers the range from 9
to 72 in multiple of 2 in which n = 2. It is observed that the increase in the number of node results in a reduction
in the absolute error and correspondingly an improvement in the accuracy of the obtained solution. This goes in
agreement with the known fact, the error is monotone decreasing, where more accurate solutions are achieved using
an increase in the number of nodes. On the other hand, the cost to be paid while going in this direction is the rapid
increase in the number of iterations required for convergence. For instance, while increasing the number of nodes
from 9 to 18 to 36 to 72, the maximum absolute error jumps from almost 2.5 x 107> to 6 x 1076 to 1.4 x 107% to
3.5 x 1077, i.e. 0.24 to 0.233 to 0.25 multiplication factor.

(@) (b)
6.x100 F
0.000025 [
5.x100F
0.00002 |
1.x106L
0.000015 F 6
3100 F
0.00001 [ 2 1061
5.x10°0 [ L x10-6F
X - L X
02 04 0.6 08 10 02 04 06 08 10
(c) (d)
14 x 10-6 35x10~7

7F
12 x 10-9 3x10

5 -7
1. % 10-9 25x 100" ¢

8 % 10-7 2w 1[]_? r

6. x 10-7 15%10°T L

4.x1077 1x10-7

2 x 1077 5.x1078

02 04 06 08 10 02 04 06 0.8 10

Figure 1: The influence of the number of nodes on the absolute error function of Problem 2 for: (a) |u () —uf (x) |;

(b) |u (@) = u® (@)[; () [u(2) — ud® (2)]; (d) |u (@) - uf? (2)]-

It is to be noted that the accuracy of certain node is inversely proportional to its distance (number of nodes)
from the boundaries. From the last mentioned sub figures, we see that we can achieve a very good approximation
with the exact solution in uniform multiplication factors.

Next, according to fact that it is possible to pick any point in [0, 1] and as well the approximate solutions and
all their derivatives up to order four will be applicable; some numerical values of u("™ (z), m =0,1,2,3,4, where
T; = Ji,ill, i=1,2,...,N in which N = 36, n = 2 at some selected grid nodes in [0, 1] for Problem 4 are tabulated
in Table 5.
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Table 5. Approximate numerical values of u(™) (x), m = 0,1,2,3, 4 for Problem 4: selected nodes in [0, 1].

m z =0.16 xz = 0.48 xz = 0.64 z = 0.96

0 1.0128273299790107 1.1174288969995172 1.2118866516740000 1.4972946796991150
1 0.1606834378652106 0.4986425689588153 0.6845916538580700 1.1144011777719312
2 1.0128256744654371 1.1174207910724487 1.2118775439320457 1.4972933355230342
3 0.1606750325962580 0.4985853351414680 0.6845395334998298 1.1143922879515298
4 1.0127516387810787 1.1171994146708600 1.2115152792084836 1.4972589410677763

16

Concluding remarks

In this paper, we introduce an algorithm for solving fourth-order BVPs of mixed type IDEs by using RKHS
method. The approximate solution obtained by the present method is uniformly convergent while the series solution

methodology can be applied to much more complicated nonlinear problems. In the proposed algorithm, the solution
u (z) and the approximate solution u,, (z) are represented in the form of rabidly convergent series in the space

w3

[0,1]. Moreover, the approximate solution and all its derivatives up to order four converge uniformly to the

exact solution and all its derivatives, respectively. Additionally, we note that not only a computational method is
presented but also we proved that the error of the approximate solution is monotone decreasing in the sense of the

norm of W3[0, 1]. The method is shown to be of good convergence, simple in principle, and easy to program.
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AN AQCQ-FUNCTIONAL EQUATION IN NORMED 2-BANACH
SPACES

CHOONKIL PARK, SUN YOUNG JANG, REZA SAADATI, AND DONG YUN SHIN*

ABSTRACT. In this paper, we prove the Hyers-Ulam stability of an additive-quadratic-
cubic-quartic functional equation in normed 2-Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

In the 1960’s, Gahler [18, 19] introduced the concept of linear 2-normed spaces.

Definition 1.1. Let X be a real linear space with dim X > 1 and let ||-,-|| : X x X —
R~( be a function satisfying the following properties:
|z, y|| = 0 if and only if x and y are linearly dependent,

)
(b)) 1z, yll =y, ],

o, yl| = laf [z, y]],
() [,y + 2l < |z ]| + ||z, 2]
for all z,y,z € X and o € R. Then the function |-, -|| is called a 2-norm on X and the
pair (X, ||-,-]|) is called a linear 2-normed space. Sometimes the condition (d) called the

triangle inequality.
We introduce a basic property of linear 2-normed spaces.

Lemma 1.2. ([35]) Let (X, ||-,-]|) be a linear 2-normed space. If v € X and ||z,y| = 0
for all y € X, then x = 0.

In the 1960’s, Géhler and White [20, 47, 48] introduced the concept of 2-Banach spaces.

In order to define completeness, the concepts of Cauchy sequences and convergence are
required.

Definition 1.3. A sequence {z,} in a linear 2-normed space X is called a Cauchy sequence
if
o [0 = @y Y| = 0

for all y € X.

Definition 1.4. A sequence {z,} in a linear 2-normed space X is called a convergent
sequence if there is an x € X such that

dim [z, — 2.yl =0
for all y € X. If {x,} converges to x, write z,, — = as n — oo and call x the limit of
{z,,}. In this case, we also write lim,,_,, , = .

Triangle inequality implies the following lemma.
2010 Mathematics Subject Classification. Primary 39B82, 39B52, 46B99.
Key words and phrases. Hyers-Ulam stability; normed 2-Banach space; additive-quadratic-cubic-

quartic functional equation.
*Corresponding author.
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Lemma 1.5. ([35]) For a convergent sequence {x,} in a linear 2-normed space X,

forally € X.

Definition 1.6. A linear 2-normed space in which every Cauchy sequence is a convergent
sequence is called a 2-Banach space.

A n, gl = | lim, @a, y

Definition 1.7. A 2-Banach space X is called a normed 2-Banach space if X is a normed
space with norm || - ||.

The stability problem of functional equations originated from a question of Ulam [46]
concerning the stability of group homomorphisms.

The functional equation
fle+y) = flz)+ fy)

is called the Cauchy additive functional equation. In particular, every solution of the
Cauchy additive functional equation is said to be an additive mapping. Hyers [21] gave
a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [4] for additive mappings and by Th.M. Rassias [37]
for linear mappings by considering an unbounded Cauchy difference. A generalization of
the Th.M. Rassias theorem was obtained by Gavruta [17] by replacing the unbounded
Cauchy difference by a general control function in the spirit of Th.M. Rassias’ approach.

In 1990, Th.M. Rassias [38] during the 27" International Symposium on Functional
Equations asked the question whether such a theorem can also be proved for p > 1. In
1991, Gajda [16] following the same approach as in Th.M. Rassias [37], gave an affirmative
solution to this question for p > 1. It was shown by Gajda [16], as well as by Th.M. Rassias
and Semrl [39] that one cannot prove a Th.M. Rassias’ type theorem when p = 1 (cf. the
books of Czerwik [8], and Hyers, Isac and Th.M. Rassias [22]).

In 1982, J.M. Rassias [36] followed the innovative approach of the Th.M. Rassias’
theorem [37] in which he replaced the factor ||z||” + ||y||" by ||z||? - [|y||? for p,q € R with

ptag#l. ,
The functional equation

fl@t+y)+ fle—y) =2f(x) +2f(y)
is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [45] for mappings f : X — Y, where
X is a normed space and Y is a Banach space. Cholewa [6] noticed that the theorem of
Skof is still true if the relevant domain X is replaced by an Abelian group. Czerwik [7]
proved the Hyers-Ulam stability of the quadratic functional equation.
In [24], Jun and Kim considered the following cubic functional equation

fQRr+y)+ f(2r —y) =2f(v +y) +2f (v — y) + 12f(z). (1.1)

It is easy to show that the function f(x) = z? satisfies the functional equation (1.1), which
is called a cubic functional equation and every solution of the cubic functional equation
is said to be a cubic mapping.

In [27], Lee et al. considered the following quartic functional equation

fQr+y)+ f2r —y) =4f(z +y) +4f(x —y) +24f(x) — 6f(y). (1.2)

It is easy to show that the function f(x) = z* satisfies the functional equation (1.2),
which is called a quartic functional equation and every solution of the quartic functional
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equation is said to be a quartic mapping. The stability problems of several functional
equations have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [1, 2, 3, 5, 9, 11, 12, 14, 15, 23, 25, 26, 28,
29, 30, 31, 32, 33, 34, 40, 41, 42, 43, 44]).

In this paper, we prove the Hyers-Ulam stability of the following additive-quadratic-
cubic-quartic functional equation

flx+2y)+ flx —2y) = 4f(z+y)+4f(r —y) (1.3)
— 6f(x) + f(2y) + f(—2y) —4f(y) —4f(~y)

in 2-normed spaces.
One can easily show that an odd mapping f : X — Y satisfies (1.3) if and only if the
odd mapping f: X — Y is an additive-cubic mapping, i.e.,
fle+2y) + fle—2y) = 4f (x +y) + 4f (z —y) — 6f(x).
It was shown in [13, Lemma 2.2] that g(z) := f(2z) — 2f(x) and h(z) := f(2z) — 8f(x)
are cubic and additive, respectively, and that f(z) = % g(x) — éh(x).

One can easily show that an even mapping f : X — Y satisfies (1.3) if and only if the
even mapping f : X — Y is a quadratic-quartic mapping, i.e.,

flx+2y) + f(x —2y) = 4f(x +y) +4f(x —y) — 6f(x) +2f(2y) — 8f(y).

It was shown in [10, Lemma 2.1] that g(z) := f(2z) — 4f(z) and h(z) := f(2x) — 16f(x)
are quartic and quadratic, respectively, and that f(z) = 5g(z) — 5h(x).
Throughout this paper, let X be a normed space and Y a normed 2-Banach space.

2. HYERS-ULAM STABILITY OF THE AQCQ-FUNCTIONAL EQUATION (1.3) IN
NORMED 2-BANACH SPACES: ODD MAPPING CASE

In this section, we prove the Hyers-Ulam stability of the AQCQ-functional equation
(1.3) in normed 2-Banach spaces for an odd mapping case.
For a mapping f : X — Y, define Df : X? -+ Y by

Df(r,y) = f(x+2y) + f(x —2y) —4f(x +y) —4f(x —y) + 6 f(v)
—fQ2y) — f(=2y) +4f(y) +4f(~y)
for all z,y € X.

Theorem 2.1. Let 6 € [0,00), p,q € (0,00) withp+q > 1 and let f: X — Y be an odd
mapping satisfying

1D f (2, y), wil < Ol ]|P[ly[|*][wl] (2.1)

forallx,y € X and allw € Y. Then there is a unique additive mapping A : X — 'Y such
that

44 2P
1£(22) = 8(@) = Ale),wl) < 5 =] ] (22)

forallz € X and allw €Y.
Proof. Letting z =y in (2.1), we get

1 (3y) — 4f (2y) +5£ (), wll < Oyl ||w] (2.3)
forally e X and all w € Y.
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Replacing z by 2y in (2.1), we get

1f(4y) — 4f(By) + 6f(2y) — 4f (y), w]| < 2°0]|y|[P**|w]| (24)

forally € X and all w € Y.
By (2.3) and (2.4),

| f(4y) —10f(2y) + 16f(y), w|| (2.5)
< [[4(f(3y) —4f(2y) +5f(y)), wll + || f(4y) —4f(By) + 6f(2y) — 4f(y), w||
=4[ f(By) —4f(2y) +5f(y), wl| + ||/ (4y) — 4f(By) + 6f(2y) — 4f(y), w||
< (44290 ]Jw]]
for all y € X and all w € Y. Replacing y by § and letting g(z) := f(22) — 8f(x) in (2.5),

we get
44 2P
— ptq
o) =2 (3) 0| < o ollal ol

for all z € X and all w € Y. Hence
m—1 1
L (T m [T 4+ 2P 23
%) -2 (3n). wH<2j§ orta 20t (26)

for all nonnegative integers m and [ with m > [, all x € X and all w € Y. It follows from
(2.6) that the sequence {2Fg(5)} is Cauchy for each z € X. Since Y is 2-Banach space,

the sequence {2"g($)} converges. So one can define the mapping A : X — Y by

A(x) := lim 27¢g (;)

J—00

for all z € X. That is,

lim
J]—00

2 g (;) — A(x),w” =0

forall z € X and all w € Y.
Moreover, letting 0 = 0 and passing the limit m — oo in (2.6), we get (2.2).
By (2.1),

i . (2P 4 8)2F
2Dy (zk’ zk) wi < e
and so ||DA(z,y),w| = 0 for all z,y € X and all w € Y. Hence DA(z,y) = 0 for all
x,y € X. Since g: X - Y isodd, A: X — Y is odd. So the mapping A : X — Y is

additive.
Now, let T': X — Y be another additive mapping satisfying (2.2). Then we have

1A(z) = T(2), 0| = 2’A(2l>—2lT<21>,wH
21 (5) () v

. T
< 2 (a(z)-o(5)) ]+
4420 9
0|7 |w],
which tends to zero as | — oo for all x € X and all w € Y. So we can conclude that
A(a) =T(a) for all @ € X. This proves the uniqueness of A.

IDA(z, y), wl| = lim Ollzl”[lyl|*[w]l = 0

— T 9ptq _ 92 9(ptq)l
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Therefore, A : X — Y is a unique additive mapping satisfying (2.2), as desired. O
Theorem 2.2. Let 0 € [0,00), p,q € (0,00) withp+q <1 andlet f: X —Y be an odd
mapping satisfying (2.1). Then there is a unique additive mapping A : X — 'Y such that

4+ 2P
1f(22) = 8f(x) — Az), w]| <

2 _ 9pta
forallz € X and allw €Y.
Proof. Replacing y by = and letting g(x) := f(2z) — 8f(x) in (2.5), we get
44 2P

Ol lw]

o) - 5020, ] < 20l

forall z € X and all w € Y.
The rest of the proof is similar to the proof of Theorem 2.1. OJ

Theorem 2.3. Let 0 € [0,00), p,q € (0,00) with p+q >3 and let f : X =Y be an odd
mapping satisfying (2.1). Then there is a unique cubic mapping C' : X — Y such that

442
1f(22) = 2f(2) = C(2),w]| < 2p:qr9||u”10||’”+q||w||

forallz € X and allw €Y.
Proof. Replacing y by § and letting g(x) := f(2x) — 2f(x) in (2.5), we get

44 2P
o) =89 (5 ) o < el

op+q

forall z € X and all w € Y.
The rest of the proof is similar to the proof of Theorem 2.1. |

Theorem 2.4. Let 0 € [0,00), p,q € (0,00) withp+q <3 andlet f: X — Y be an odd
mapping satisfying (2.1). Then there is a unique cubic mapping C : X — Y such that
4+ 2P
1f(22) = 2f(z) = C(z),w]| <

8 — 2ptq
forallz € X and allw €Y.
Proof. Replacing y by = and letting g(x) == f(2x) — 2f(z) in (2.5), we get
4+ 2P

Ol lw]

lot@) - 5020, ] < 0l

forall z € X and all w € Y.
The rest of the proof is similar to the proof of Theorem 2.1. OJ

Now we prove the superstability of the AQCQ-functional equation (1.3) in normed
2-Banach spaces for an odd mapping case.

Theorem 2.5. Let 0 € [0,00), p,q,r € (0,00) withr # 1 and let f : X — Y be an odd
mapping such that

1D f (), wll < 6l llyl|*/lw]” (2.7)

forall z,y € X and allw € Y. Then f : X — Y is realized as the sum of an additive
mapping and a cubic mapping.
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Proof. Replacing w by sw in (2.7) for s € R\ {0}, we get
1D f (2, ), swl| < 0|z |["|lyl|*l|swl”

and so

sl

1D f (2, y), wif < Ofl][”ly[|*[[w]” (2.8)

5]

for all z,y € X, all w € Y and all s € R\ {0}.
If » > 1, then the right side of (2.8) tends to ||f(x +y + 2),w| as s — 0.
If r < 1, then the right side of (2.8) tends to ||f(z +y + 2),w| as s — +oo.
Thus

1D f(z,y), w]| =0

for all z,y € X and all w € Y. By [13, Lemma 2.2], f : X — Y is realized as the sum of
an additive mapping and a cubic mapping. O

3. HYERS-ULAM STABILITY OF THE AQCQ-FUNCTIONAL EQUATION (1.3) IN
NORMED 2-BANACH SPACES: EVEN MAPPING CASE

In this section, we prove the Hyers-Ulam stability of the AQCQ-functional equation
(1.3) in normed 2-Banach spaces for an even mapping case.

Theorem 3.1. Let § € [0,00), p,q € (0,00) withp+q > 2 and let f : X — Y be an
even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quadratic mapping
Q: X —Y such that

17(22) ~ 16£(2) — Q(a). w] < sy Blle]*u]
f(2x f(z (z),w < Zpre—40ll® w
forallz € X and allw €Y.

Proof. Letting z =y in (2.1), we get

1f(3y) — 6£(2y) + 15f (y), w| < Olly[|"™|[w]| (3.1)
forally e X and all w € Y.
Replacing = by 2y in (2.1), we get
1/ (4y) — 4f (By) + 4 (2y) + 4 (y), wl| < 2°0||y ||| w]] (3.2)

for all y € X and all w € Y.
By (3.1) and (3.2),

[ f(4y) —20f(2y) + 64f(y), w]| (3.3)
< [14(f(3y) = 6/(2y) + 15f(y)), w| + || f(4y) — 4/ (3y) + 4/ (2y) + 4f(y), w|
=4 f(3y) — 6f(2y) + 15f(y), wll + || f(4y) — 4f(By) +4f(2y) + 4f(y), w||
< (4 +2°)0[y[|" ™ Jwl
for all y € X and all w € Y. Replacing y by § and letting g(z) := f(2z) — 16f(z) in
(3.3), we get
o) =19 (3) ] < Sha-olletr)

forall z € X and all w € Y.
The rest of the proof is similar to the proof of Theorem 2.1. OJ
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Theorem 3.2. Let § € [0,00), p,q € (0,00) with p+q < 2 and let f : X — Y be an
even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quadratic mapping
Q: X —Y such that

442 .
1£(22) ~165(x) — Q(a),wl] < 7o Bl ]

forallz € X and allw €Y.

Proof. Replacing y by = and letting g(x) :== f(2z) — 16f(x) in (3.3), we get

4 4 2P
H — fg (2x) ,w +

forall z € X and all w € Y.
The rest of the proof is similar to the proof of Theorem 2.1. O]

Theorem 3.3. Let 0 € [0,00), p,q € (0,00) with p+q >4 and let f : X — Y be an

even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quartic mapping
R: X —Y such that
4 + 2°

_sTe +
1£(22) = 4f(2) = R(x), wl| < 57— 0l [|wl]
forallx € X and allw €Y.
Proof. Replacing y by § and letting g(x) := f(2x) — 4f(x) in (3.3), we get

x 4+ 2P oig
o) = 169 (5 ) | < e tlelP o

Ol lw]

] <

forall z € X and all w € Y.
The rest of the proof is similar to the proof of Theorem 2.1. O

Theorem 3.4. Let 0 € [0,00), p,q € (0,00) withp+q < 4 and let f : X — Y be an
even mapping satisfying f(0) = 0 and (2.1). Then there is a unique quartic mapping
R: X —Y such that

4+ 2°

_ _ _FTe -

1£(22) = 4f(2) = R(x), wl| < so—— 5 0l [lwl]
forallz € X and all w €Y.
Proof. Replacing y by = and 1etting g(x) :== f(2z) — 16f(x) in (3.3), we get
4 4 2P

Jot) o 21 ] <

Ol lw]

forall z € X and all w € Y.
The rest of the proof is similar to the proof of Theorem 2.1. OJ

Now we prove the superstability of the AQCQ-functional equation (1.3) in normed
2-Banach spaces for an even mapping case.

Theorem 3.5. Let 0 € [0,00), p,q,r € (0,00) with r # 1 and let f : X — Y be an
even mapping satisfying f(0) =0 and (2.7). Then f: X —Y is realized as the sum of a
quadratic mapping and a quartic mapping.

Proof. By the same reasoning as in the proof of Theorem 2.5, one can obtain
IDf(z,y), wl| =0

for all z,y € X and all w € Y. By [10, Lemma 2.1], f : X — Y is realized as the sum of
a quadratic mapping and a quartic mapping. O
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Let f,(x) := w and f.(z) = w Then f, is odd and f. is even. f,, f.
satisfy the functional equation (1.3). Let g,(z) := f,(22) — 2f,(z) and h,(z) := f,(2z) —
8fo(x). Then fo(x) = 2go(x) — tho(z). Let go(x) = fe(22) — 4f.(x) and he(z) =
fo(22) — 16£,(z). Then f-(z) = %g.(z) — Lhe(z). Thus

1 1 1 1
f(x) = 690(55) - éhO(x) + Ege(x) — —he(x).

We summarize the above results as follows.

Theorem 3.6. Let 0 € [0,00) and p,q € (0,00) withp+q > 4. Let f: X =Y be a
mapping satisfying f(0) = 0 and (2.1). Then there exist an additive mapping A : X — Y,

a quadratic mapping Q@ : X — Y, a cubic mapping C : X — Y and a quartic mapping
R: X —Y such that
1 1

1 1
7(@) = 5A@) — Q@) - 5C@) ~ ;3R u

< ( 44 2° N 442° N 44 2° N 442°

= \6(2vta —2) " 12(20ta —4) © G(2rta—8) | 12(20+4 — 16)
forallz € X and allw €Y.
Theorem 3.7. Let 0 € [0,00) and p,q € (0,00) withp+q < 1. Let f: X — Y be a
mapping satisfying f(0) = 0 and (2.1). Then there exist an additive mapping A : X — Y,

a quadratic mapping Q@ : X — Y, a cubic mapping C : X — Y and a quartic mapping
R: X —Y such that
1 1

|70) ~ A@) - 500 — 0@ — R, ]

4+ 2P n 4+ 2° n 4+ 2° n 4+ 2° Bl 7+ o
x w
— \6(2—2rta) © 12(4 —2rta)  6(8 —2rF9)  12(16 — 2rta)
forallz € X and allw €Y.

Theorem 3.8. Let § € [0,00), p,q,7 € (0,00) withr # 1 and let f : X — Y be a
mapping satisfying f(0) = 0 and (2.7). Then f : X — Y s realized as the sum of an
additive mapping, a quadratic mapping, a cubic mapping and a quartic mapping.

) O]+l
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REFINED GENERAL QUADRATIC EQUATION WITH FOUR
VARIABLES AND ITS STABILITY RESULTS

HARK-MAHN KIM AND SOON LEE

ABSTRACT. In this article, we establish the general solution of a functional equation
—r+yt+z+w rT—y+z+w r+y—z+w rT+y+z—w
pp(CEEEE T (PR (ST g

= tf(x) +tf(y) + tf(2) + tf (w)

and present the generalized Hyers—Ulam stability of the equation.

)

1. INTRODUCTION

In 1940, S.M. Ulam [13] gave a wide ranging talk before the Mathematics Club of the
University of Wisconsin in which he discussed a number of unsolved problems. Among
these was the following question concerning the stability of homomorphisms: Let G be
a group and G a metric group with metric ¢(-,-). Given € > 0, does there exist a
d > 0 such that if f: G, — Gy satisfies ¢(f(zy), f(z)f(y)) < 0 for all z,y € Gy, then a
homomorphism h : Gi — G exists with o(f(z), h(z)) < € for all x € G417

Let X and Y be Banach spaces with norms || - || and || - ||, respectively. D.H. Hyers [6]
showed that if ¢ > 0 and f: X — Y such that

1f(z+y) = fle) = fly)ll < e

for all =,y € X, then there exists a unique additive mapping 7" : X — Y such that

If(z) =T ()] < e

for all z € X.

In 1950 T. Aoki [1] and in 1951 D.G. Bourgin [2] provided a generalized the Hyers the-
orem for additive mapping and in 1978 Th.M. Rassias [11] generalized the Hyers theorem
for liner mapping by allowing the Cauchy difference to be unbounded. Let f: X — YV
be a mapping such that f(tz) is continuous in ¢ € R for each fixed x € X. Assume that
there exist constants € > 0 and p € [0,1) such that

1F(x+y) = f(2) = F)ll < ="+ llyll”)

2000 Mathematics Subject Classification: 39B82. 39B72
Key words and phrases: Drygas functional equation, general quadratic equation, generalized Hyers—Ulam
stability.
1
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for all x,y € X. Then Th.M. Rassias proved that there exists a unique R-linear mapping

T : X — Y such that

2e
1f@) - T@) < 5=

for all x € X. And then, the result of Th.M. Rassias theorem has been generalized by P.

l][”

Gavruta [5] by allowing the Cauchy difference to be a generalized control function.

A square norm on an inner product space satisfies the important parallelogram equality
2+ yl* + [l =yl = 2[|=[|* + 2{|y|I*.
The functional equation

flx+y) + fle—y) =2f(x) +2f(y),

which may be originated from this parallelogram equality, is called a quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to
be a quadratic function. A Hyers—Ulam stability problem for the quadratic functional
equation was proved by F. Skof [12] for mappings f : X — Y, where X is a normed space
and Y is a Banach space. P.W. Cholewa [3] noticed that the theorem of Skof is still true
if the relevant domain X is replaced by an Abelian group. In S. Czerwik [4] proved the
Hyers-Ulam stability of the quadratic functional equation. In the last decade, S. Lee and
K. Jun [8] and S. Lee and C. Park [9] have proved the Hyers—Ulam stability of quadratic
type functional equation with three variables.

C. Park [10] has investigated the Hyers—Ulam stability of the following functional equa-

tion, which has exactly quadratic mappings as solutions up to f(0),

rp(EEY R g )+ f(

e f(ETE T EE Y )+ tf () + H(2) + ()

for all z,y, z,w € X under the assumption of an even mapping f : X — Y with f(0) = 0.

r+y—z—w r—y+z—w

)

S

Recently, the authors [7] have established the general solution of the above functional
equation and then improved the Hyers-Ulam stability of the equation without the even
condition and f(0) = 0. In this paper, we are going to establish the general solution
of the following modified functional equation, which has exactly quadratic and additive
mappings as solutions up to f(0),

" —xr+y+zt+w

r—y+z+w rt+y—z+w

) rf (S
i ) = 17(@) + £ (y) + 1/ (2) + ] (w)

for fixed nonzero real numbers r, s, ¢, and then investigate the Hyers—Ulam stability of the

) +rf(
rt+y+z—w

) (1.1)

functional equation for mappings f : X — Y between normed spaces.
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2. GENERAL SOLUTION OF THE FUNCTIONAL EQUATION.

First of all, we solve the general solution of the equation (1.1) in the class of mappings

between linear spaces.

Lemma 2.1. If a mapping f : X — Y satisfies the equation
PP~ g )+
rf (CRYEEZ ) — (@) + 11 () + £ (2) + £ (w)

for all x,y,z,w € X, then f(x) = Q(x) + A(z) + f(0), where Q is quadratic and A is
additive, and f(0) =0 if r # t.

r—y+z+w r+y—z+w

)

Proof. Let f be a solution of the equation (1.1). Now, letting z =y =2z = w := 0 in
(1.1), one has f(0) = 0if r # t. First, we prove the case r # t. Let f.(z) := W

‘W be an odd part of f. Then, we see that
fes fo are also solutions of the equation (1.1). Putting y = z = w := 0 in (1.1) for the

be an even part of f and f,(z) :=

even mapping f., we have
x
4Tfe(g) = tfe(x> (21)
for all x € X, which yields

fel—z+y+z+w)+ folr—y+z+w)+ follz+y—2+w) (2.2)
+fe(x+y+z—w)=4f(x) +4fe(y) +4fe(2) +4fe(w)

for all x,y, z,w € X. Putting z = w := 0 in (2.2), we deduce

fe(x +y) + felz —y) = 2fc(x) + 2fc(y)

for all z,y € X. So f. := @ is quadratic.

Putting y = z = w := 0 in (1.1) for the odd mapping f,, we have the relation 2rfo(§) =
s
tf,(x) for all x € X. Thus, it follows that
fol—mz+y+z+w)+ folr —y+2z+w)+ folr +y—2+w) (2.3)

+o(x+y+ 2 —w)=2f,(x) +2f(y) + 2fo(2) + 2fo(w)

for all z,y,z,w € X. Putting z = w := 0 in (2.3), one conclude

fo(m + y) - fo(x) + f0<y>7

and so, f, := A is additive. Therefore, f(z) = f.(x) + fo(z) = Q(x) + A(z), where Q is
quadratic and A is additive.
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Next, we prove the case 7 = t. Let f(z) — f(0) = f(z), € X. In this case, f(0) =0,

and we see the functional equation

f(—x+y~|—z+w>+f<x—y+z+w)+f($+y—z+w) (2.4)
FFETETEETY _ Fa) + ) + (=) + F(w)
flx)+ f(—x) fz) — f(—x)

for all z,y,z,w € X. It follows that f.(z) := 5 and f,(z) = 5
also satisfy the equation (2.4). Putting y = z = w := 0 in (2.4) for the even mapping 1.,
we have 4];@({) = fu(z), and so,
s
fll—z+y+z+w)+ folz—y+z+w)+ flz+y—2z+w) (2.5)

el +y+ 2 —w) = 4[fe(@) + foly) + fo(z) + fe(w)]
for all z,y, z,w € X. Thus, fe = @ is quadratic. Similarly, putting y = z = w := 0 in
(2.4) for the odd mapping f,, we have 2f0(§) = fo(x), and so, we get

fo(—:c—i—y—l—z—l—w)+fo(x—y+z+w)+fo(x+y—z+w) (2.6)
+folw +y+ 2 —w) = 2[fo(@) + fo(y) + fo(2) + fo(w)]

for all x,y, z,w € X. Thus, we conclude that f,(z+y) = f,(x)+ f,(y), and hence, f, = A
is additive. Therefore, f(z) — f(0) = f(z) = f.(z) + fo(x) = Q(z) + A(z), where Q is
quadratic and A is additive. O
Remark 2.2. If r = ¢ and s # 2 is a rational number, and if f is a solution of the
equation (1.1), then we note that f,(z) := A(z) = 0 identically, and f.(z) := Q(z) =0
identically. Hence, f(z) = f(0) must be a constant solution.
If r =t and s =2, and if f is a solution of the equation (1.1) with f(0) = 0, then the

equation

f<—x+y+z+w)+f(:r—y+z+w)+f(w)
2 2 2
YIS L )4 f0) 1)+ S, gz e X
yields
r+y —r+y

2/ () + FEGD) + F(=5) = fl@) + fw),
& 2f(u) + f(0) + F(=v) = f(u+v) + flu—v)

which is well-known Drygas functional equation with general solution f(z) = Q(z) +
A(x), x € X. Therefore, if r =t and s = 2, and if f is a solution of the equation (1.1),
then f(x) = Q(x) + A(x) + f(0) is a general solution of the equation.
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If r # ¢t and s = 2, and if f is a solution of the equation (1.1), then we see that
fe(x) =0, z € X identically and f,(x) = 0, x € X identically. Thus, f(z) = f(0) =0
must be a constant solution.

We remark that if a mapping f : X — Y satisfies the equation

fer+ry+ztw)+ fle—y+z4+w) + fle+y—2+w)
Hf(@+y+z—w)=4f(2) + fy) + f(z) + f(w)]

for all z,y,2,w € X, then (i) f(0) = 0; (ii) f(—z) = f(x); (iii) f(z +y) + f(z —y) =
2[f(x) + f(y)] for all z,y € X, and thus, f is quadratic.

3. STABILITY OF THE FUNCTIONAL EQUATION FOR EVEN MAPPINGS.

We now prove the Hyers—Ulam stability of the functional equation for even mappings

f X — Y with some regularity conditions. Given a mapping f : X — Y and a function

p: X* = RT :=[0,00), we set for notational convenience
|1Df(z,y,z,w)| < p(z,y,2,w), (3.1)
Df(z,y,z,w) = Tf(—$+y;-2+w)+rf(z—y+z+w)+rf<x+y—z+w)
1 () — e @) + 4 ) + £(2) + )

for all x,y,z,w € X. From now on, we assume that that X and Y are a normed linear

space with norm || - || and a Banach space with norm || - ||, respectively.

Theorem 3.1. Assume that an even mapping f : X — Y satisfies the functional inequal-
ity (3.1) and

o0 274 21 274
¢y (z,y, z,w) =) (2, y, 2 2'w) < 00, (3.2)
1=0

> T Yy zw
Do (z,y, z,w) = > 4o(= —) < o0, resp.)
( 2G50 50 %

for all x,y,z,w € X. Then, there exists a unique quadratic mapping Q@1 : X — Y,

2n
(Q2: X =Y, resp.), defined as Q1(x) = lim,,_ f(4na:)’ reX,

<Q2( ) = lim 4”[f(£) — f(0)], z € X, resp.)

n—oo on
such that
”f(l‘) - f(()) - Ql(x)H S 4|1t|[q)1(l’,l‘,5(7,1’) + @1(2[)3,0,070)], (33)
(17(0) = £00) = Qo) < 41 a(o..2,0) + 20,0,0,0). .
forallx € X.
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Proof. First, we observe that

l4rf ()~ atf @) < ol 0,0), (35)
H27“f(2;) = 2tf(x) +20r =) f(O)] < (z,2,0,0), (3.6)
||47“f(§) —tf(x) =3tfO) < (,0,0,0) (3.7)

for all x € X. By using (3.5) and (3.6), we have
I|4(T_t)f(0)|| < (,D(ZE,:L‘,I',ZE) +2g0($,$,0,0) (38)

for all z € X. By using (3.5) and (3.7), one has
1/ (22) = 4f(z) + 3£ (0)]| < *[ (2,2, 2, x) + ¢(22,0,0,0)] (3.9)

t]
for all z € X. Let f(x) — f(0) := f(m) x € X. Then one obtains from (3.9)

1 (22) — 4f(2)]| < [ (z, 2, 2,2) + ¢(22,0,0,0)] (3.10)

I¢]

for all x € X. Thus, we can prove by triangle inequality

r on N 1 nd 1 ) ) ) )
[ f(4nx) _ < Y le(@z, 2,2, 2') + p(2712,0,0,0) (3.11)
1=0

for all x € X. Now, it follows from the last inequality that for all nonnegative integers

n,m withn >m >0

I - | (3.12)

4n 4m
n—1 f(oit+l i
f@2T ) f(2')
<> | Ji+1 4 I
1 =1
< 1 E[('O(Q z,2'7, 2w, 2'7) + (212, 0,0,0)]

for all x € X, of which the right-hand side approaches 0 as m tends to infinity. This shows

f(2'z)
4n

that the sequence { } is a Cauchy sequence for all z € X. Since Y is complete, the

Fon
sequence {f(4nac)
@1:X =Y by

} converges in Y for all z € X, and so one can define a mapping

Q1(z) = lim f(2") = lim f(2"x)

for all z € X.
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Now, it follows from (3.1) and the definition of @)y that
|Df(2"z, 2"y, 2"z, 2"w)||

< nhrgo@(Q z,2 Z;Q 2, 2"w) —0

for all x,y, z,w € X. Thus, the mapping ); is quadratic by Lemma 2.1. Moreover, if we
let n — oo in (3.11), we get the desired approximation (3.3).

To prove the uniqueness, let Q" : X — Y be another quadratic mapping satisfying
(3.3). Then, we have

| @) Q@) | = Q@) - Q@)

< (1@ - 1) + 1)+ 152 - £0) - @ @)
1

< R
= el

(@1(2”:75, 2"z, 2"z, 2"x) + (2", 0,0, O)),

which tends to zero as n — oo for all z € X. So one can conclude that Q(z) = Q'(z) for
all x € X. This proves the uniqueness. O
In the following, we consider another stability results of the functional equation (1.1)

by using the similar manner to the reference [7].

Theorem 3.2. Assume that an even mapping f : X — Y satisfies the functional in-

equality (3.1) and the condition (3.2). Then, there exists a unique quadratic mapping

27’1
Q1: X =Y, (Qe: X =Y, resp.), defined as Q1(x) = lim,,_ f(4nx)’ reX

(@ato) = piy w175 = 2 g0 2 € X )
such that
(4r —1t) 1
||f({B) - 3t f(O) _Ql(x)H S mpq)l(m?xvoa 0)—|—(I>1(2£L‘,0,O,0)}, (313)
(4r —1t) 1
(1760 = 25100 = Qo = 1loma(,0.0) + 82(20,0,0.0) )

for all x € X, where f(0) =0 if r # t.

Proof. Associating (3.6) with (3.7), one has

I720) = 4760 + L= 100 < 2ot 2.0.0) + 6(20,0.0,0)]
which yields
1482~ Fla)l < g 2(0,2,0.0) + p(20,0.0,0), (3.14)
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- (4r — 1)
where f(z) := f(z) — 37 f(0), z € X. It follows from (3.14) that
. f(2 1 290 ‘iz, 2'2,0,0) + ©(212,0,0,0

for all z € X.
The rest of proof is similarly verified by the same argument as that of Theorem 3.1. O
In Theorem 3.2, we remark that Q2(0) = 0 by definition if » = ¢, and also, Q2(0) = 0
if r # t because f(0) =0 = (0,0,0,0) by the convergence of ®5(0,0,0,0).

Corollary 3.3. Let 9,60 be nonnegative real numbers and p # 2 be a positive real number.
Assume that an even mapping f : X — Y satisfies the functional inequality

I1Df(,y, z,w)l| <0+ 0(zl” + [lyl]” + 1=]” + [[wl]]?)
for all z,y,z,w € X, where 6 = 0 when p > 2. Then, there exists a unique quadratic

mapping Q) : X — 'Y such that
25 40||x|P 2P0)||x|P
_ _ <
I50) = £0 - QI < [+ i +
for all x € X, where f(0) =0 if r #t and p > 2.

4. STABILITY OF THE FUNCTIONAL EQUATION FOR ODD MAPPINGS.

We now prove the Hyers-Ulam stability of the functional equation for odd mappings

f X — Y with some regularity conditions.

Theorem 4.1. Assume that an odd mapping f : X — 'Y satisfies the functional inequality
(5.1) and

o) 2'1 21 2Z 21
O3(z,y, 2, w) ng L y, = )<oo (4.1)
=0
o0
<(I>4xy,zw 222%03j Y ; ;lj)<oo 7"€$p>

for all x,y,z,w € X. Then, there exzsts a unique additive mapping Az : X — Y,
2n
(Ag: X =Y, resp.), defined as Asz(x) = lim,_ f(2"z) reX,

on
<A4(x) = lim 2"f(;—n), z € X, resp.)
such that
1£(z) — As()]| < 41115\ [y(z, 2, 2,) + 205(22,0,0,0)], (4.2)
<||f(x) — Ay(z)]| < 4’1 7 [Dy(x,x, 2, 2) + 204(22,0,0,0)], resp.)
forallx € X.
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Proof. First, we note that

4rf ()~ 4t @) < ol 0,), (13)
2 (25 ~2tf @) < ol ,0,0), (1.4
2 (25~ tf@n)| < (220,00 (4.5)
for all # € X. By using (4.3) and (4.5), one has
1720) = 2f@)]| < gpsleta,.2.2) +24(22,0.0,0) (4.6

for all x € X. Thus, by using triangle inequality and (4.6), one can prove the useful

inequality

[y

l\')‘}-\

f(2"x) <5
195 = 1@ < g 3 5l
for all z € X.

Applying the same argument as in Theorem 3.1, one can obtain the desired results. O

2w, 2w, 2"z, 2'x) + 2p(2" 11, 0,0,0)] (4.7)

In the following, we consider another stability results of the functional equation (1.1)

by using the similar way to the reference [7].

Theorem 4.2. Assume that an odd mapping f : X — Y satisfies the functional inequality
(8.1) and the condition (4.1). Then, there exists a unique additive mapping Az : X — Y,

1
(Ag: X =Y, resp.), defined as Asz(x) = lim,_ 2—nf(2”:c), r e X,

<A4(x) = lim Q”f(%), € X, resp.)
such that

1
i ’[q)g(l',l', 0,0) + ®3(2x,0,0,0)], (4.8)

(Hf(lf) — Ay(2)| < 2‘1’[@34(:5 z,0,0) + ®4(22,0,0,0)], resp.)

1/ () = As(@)|| <

forallx € X.

Proof. Associating (4.4) with (4.5), one has

I£(22) —2f(2) < ‘[ p(x,2,0,0) + o(21,0,0,0)], (4.9)
which yields
n n—1 i i1
Hf(w)—f(; ?) 212 $=2$=070);s&(2 x,O,o,o)]
=0

for all z € X.

The rest of proof is similarly verified by the same argument as that of Theorem 4.1. O
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Corollary 4.3. Let 9,60 be nonnegative real numbers and p # 1 be a positive real number.

Assume that an odd mapping f : X — Y satisfies the functional inequality
IDf(@,y,z,w)|| <0+ 0(]]]” + [yl + |1[]” + [lw][”)

for all x,y,z,w € X, where 6 = 0 when p > 1. Then, there exists a unique additive
mapping A : X — 'Y such that

35 20||x||P 2P0 x|

1f(z) = Alz)]] <

|t| 2—27 |2 27|

forallz e X.

5. STABILITY OF THE FUNCTIONAL EQUATION FOR GENERAL MAPPINGS.

Finally, we now prove the Hyers—Ulam stability of the functional equation (1.1) for

general mappings f : X — Y with some regularity conditions.

Theorem 5.1. Assume that a mapping f : X — Y satisfies the functional inequality
(3.1) and

(2iz, 2%y, 2'2, 2'w
D3(x,y, 2, w) Z(p & y, = )<oo (5.1)

for all z,y, z,w € X. Then, there exist a unique quadratic mapping Q1 : X — Y and a
unique additive mapping As : X — 'Y such that

HDIED o) - quta))
8|1’[<I>1(a: ,2,7) + By (=, =, — 1, =) + D122, 0,0,0) + By (=22, 0,0, 0],

=)

< 8|1’[<I>3(:1: 0,2, 7) + By(—, —, — 2, —2) + 2By (22, 0,0,0) + 205(=22, 0,0, 0)],
[f(z) = f(0) — A3(z) — Q1 ()] (5.2)

< ;ﬂ[@ (2,2, 2, 2) + By (=2, —, 2, —2) + D1 (22,0, 0,0) + By (—2,0,0,0)

Oy (2, 2,7, 7) + Py(—, —, —2, —2) + 205(22,0,0,0) + 285(—22,0,0,0)]
forallx € X.

Proof. Let f.(x) := w,x € X, be the even part of f and f,(x) := w,m €
X, the odd part of f. Then, it is easy to see that
1

HDfe(xayvzaw)H < i[go(as,y,z,w)—{—go(—x,—y,—z,—w)], (53)
HDfO(x?va?w)“ < ;[So(xvyvsz)+§0(_x7_y7_za_w)] (54)

894 HARK-MAHN KIM ET AL 885-898



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

REFINED GENERAL QUADRATIC EQUATION 11

for all z,y,z,w € X. Now, applying Theorem 3.1 to the functional inequality (5.3), we
see that there exists a unique quadratic mapping @1 : X — Y, defined by Q:(z) =

lim f(2"2) + f(=2 x), x € X, such that

e An .2
[ fe(z) — fe(0) — Q1 ()] (5.5)
1
< @[%(as, r,1,7) + & (—2, —1, —x,—7) + ®1(22,0,0,0) + &1(—22,0,0,0)]
for all z € X.

On the other hand, applying Theorem 3.1 to the functional inequality (5.4), one ob-
tains that there exists a unique additive mapping A3 : X — Y, defined by As(z) =

f(2"z) — f(=2"x)

limy, o0 on+1

[fo(x) = As(a)]] (5.6)

1
< 8\t| [D3(x, 2,2, x) + P3(—x, —x, —x, —x) + 2P3(22,0,0,0) 4+ 2P3(—2x,0,0,0)]

, v € X, such that

for all z € X. Hence, we lead to the desired approximation (5.2). 0

Theorem 5.2. Assume that a mapping f : X — Y satisfies the functional inequality
(3.1) and

T Y z w

4(1‘,3/, Z,UJ) ; 30(217 9i7 i’ 22) o0, ( )
= p(2'x, 2y, 2°2, 2
@1([];7 y727 w) = Z (p( x’ Z’Z Z7 w) < 00

I
o

(2

for all x,y,z,w € X. Then, there exist a unique quadratic mapping Q1 : X — Y and a
unique additive mapping Ay : X — 'Y such that

D IED o) - quia))

< 8|1’[<I>1(x vya, @) + By (—, —, —, —2) + B (22,0,0,0) + &1 (22, 0,0,0)].
LEEICER

< 8|1’[<I>4(:C .2, 7) + By =, —, — 1, —) + 2B4(22,0,0,0) + 204(—22,0,0,0)],
1f(z) = F(0) = As(z) — Qi ()] (5.8)

< @12, 2, 2) + D1 (=2, —2, —1, —) + D1(22,0,0,0) + &1 (=22, 0,0,0)

+®4(z, z, 2, 7) + Py(—2, —1x, —x) + 294(22,0,0,0) + 204(—22,0,0,0)]

for all x € X, where f(0) =0 if r # t.
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Proof. Applying Theorem 3.1 to the functional inequality (5.3), we see that there exists
[ + [(—2)
4m .2 ’

a unique quadratic mapping ¢y : X — Y, defined by @1 (z) = lim,,_,
x € X, such that

[ fe(2) = fe(0) = Qu(2)] (5.9)

1
< m[%(m, z,2,7) + ®1(—z, —x, —x, —x) + ®1(22,0,0,0) + P1(—22,0,0,0)]

for all z € X. In particular, it follows from the convergence of the series ®4(0,0,0,0) that
0= ¢(0,0,0,0), and so f(0) = f.(0) =0 if r # t.

In turn, applying Theorem 4.1 to the inequality (5.4), one obtains that there exists a
unique additive mapping Ay : X — Y, defined by Ay(x) = lim, %[f(%) — f(;—:)],
x € X, such that

1 fo() — As()] (5.10)
1
< W[‘M(z, z,x,1) + Py(—x, —x, —x, —) + 204(22,0,0,0) + 204 (—22,0,0,0)]
for all z € X. Hence, we lead to the desired approximation (5.8). O

Theorem 5.3. Assume that a mapping f : X — Y satisfies the functional inequality
(5.1) and

Oy(x,y, 2, w) 24’ x y z ;)<oo (5.11)

for all x,y,z,w € X. Then, there exist a unique quadratic mapping Q2 : X — Y and a
unique additive mapping Ay : X —'Y such that

D IED o) - Qo))
8|1|[<I>2(x 2,2, 2) + By, —, —, —2) + By(2,0,0,0) + Dy(—22,0,0,0)].
LEEV R
8|1|[<I>4(x vy, 2) + By =, —, —, =) + 204(22,0,0,0) + 204(—22,0,0,0)],
[f(z) = f(0) = As(z) — Q2(2)]] (5.12)
< 8|1’[<I>2(:c 2,2, 2) + (=, —, —1, =) + B (22,0,0,0) + dy(—2z, 0,0, 0)

+O4(z,x,x,2) + Py(—2x, —x, —x, —x) + 204(22,0,0,0) + 2P4(—22,0,0,0)]
for all x € X, where f(0) =0 if r # t.

Proof. Applying Theorem 3.1 to the functional inequality (5.3), we see that there exists
a unique quadratic mapping @, : X — Y, defined by Qy(z) = lim,, ., %[f(%) + f(%f)],
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x € X, such that
[fe(x) = fe(0) — Qa2(2)|| (5.13)
< 8|1t|[(1>2(a:, 1,2, @) + Dy, —, —a, —) + By(22,0,0,0) + bo(—22,0,0,0)]
for all z € X.

On the other hand, applying Theorem 4.1 to the functional inequality (5.4), one ob-
tains that there exists a unique additive mapping Ay : X — Y, defined by Ayu(z) =

lim,, oo 2"_1[f(2%) — f(;—nx)], x € X, such that
1fo(x) = Aa(2)] (5.14)
1
< %[CIM(L r,x, ) + ®Py(—x, —x, —x, —) + 204(22,0,0,0) + 204 (—22,0,0,0)]
for all z € X. Hence, we lead to the desired approximation (5.12). O

Now, applying main Theorems 5.1, 5.2 and 5.3, we obtain the following corollary for

each three cases 0 < p < 1,1 < p < 2 and p > 2 concerning the stability of equation (1.1).

Corollary 5.4. Let 9,0 be nonnegative real numbers and p # 1,2 be a positive real number.

Assume that a mapping f : X — Y satisfies the functional inequality
IDf(2,y, 2, w)|| <0+ 0([[=]” + [[yll” + |2[” + [Jw]]”)

for all x,y,z,w € X, where 6 = 0 when p > 1. Then, there exist a unique quadratic

mapping  : X — Y and a unique additive mapping A : X — 'Y such that

fx) + f(=2) 1720 40|zl 270]|«|”
JNT N T _ < ==
flx)— f(—x 1136  20|z|P = 2P0\ z|P
17135 40||z||P  2P0||z||P ~ 20||z|P 2P0 x|P
_ _ _ <
17() = S0 = A@) ~ QW < G5+ g+ oo T el BB

for all x € X, where f(0) =0 if r #t and p > 2.

ACKNOWLEDGEMENTS

This research was supported by Basic Research Program through the National Research
Foundation of Korea(NRF) funded by the Ministry of Education(No. 2012R1A1A2008139).

REFERENCES

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan, 2
(1950), 64-66.

[2] D.G. Bourgin, Classes of transformations and bordering transformations, Bull. Amer. Math. Soc.
57 (1951), 223-237.

[3] P.W. Cholewa, Remarks on the shability of functional equations, Aequationes Math. 27(1984),
76-86.

897 HARK-MAHN KIM ET AL 885-898



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

14

[4

H. KIM AND S. LEE

] S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math. Sem. Univ.
Hamburg, 62(1992), 59-64.

[5] P. Gavruta, A generalization of the Hyers—Ulam-Rassias stability of approximately additive map-

pings, J. Math. Anal. Appl. 184 (1994), 431-436.

[6] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. U.S.A. 27

(1941), 222-224.

[7] H. Kim and S. Lee, Refined stability results of functional equation in four variables, to be appeared

in Kyungpook Math. J.

[8] S. Lee and K. Jun, Hyers—Ulam—Rassias stability of a quadratic type functional equation, Bull.

Korean Math. Soc. 40(2003), 183-193.

[9] S. Lee and C. Park, Hyers—Ulam—Rassias stability of a functional equation in three variables, J.

Chungcheong Math. Soc. 16(2)(2003), 11-21.

[10] C. Park, Hyers—Ulam—Rassias stability of an even functional equation in four variables, Kyungpook

Math J. 44(2)(2004), 299-304.

[11] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc.

72 (1978), 297-300.

[12] F. Skof, Proprieta locali e approssimazione di operatori, Rend. Sem. Mat. Fis. Milano, 53(1983),

13

113-129.
] S.M. Ulam, A Collection of the Mathematical Problems, Interscience Publ. New York, 1960.

(Hark-Mahn Kim) DEPARTMENT OF MATHEMATICS, CHUNGNAM NATIONAL UNIVERSITY, 79 DAE-

HANGNO, YUSEONG-GU, DAEJEON 305-764, KOREA

FE-mail address: hmkim@cnu.ac.kr

(Soon Lee) DEPARTMENT OF MATHEMATICS, CHUNGNAM NATIONAL UNIVERSITY, 79 DAEHANGNO,

YUSEONG-GU, DAEJEON 305-764, KOREA

E-mail address: 1smath6256@hanmail .net

898 HARK-MAHN KIM ET AL 885-898



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.5, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

HYERS-ULAM STABILITY OF A CLASS OF DIFFERENTIAL
EQUATIONS OF SECOND ORDER

MOHAMMAD REZA ABDOLLAHPOUR AND CHOONKIL PARK*

ABSTRACT. In this paper we prove the Hyers-Ulam stability of a class of differ-
ential equations of second order which includes Euler differential equation and
second order linear differential equations with constant coefficients.

1. INTRODUCTION

In 1940, Ulam [20] discussed the question concerning the stability of homomor-
phisms as follows: let G be a group and G be a metric group with a metric d(-, -).
For a given € > 0, is there a § > 0 such that if a function h : G; — G4 satisfies the
inequality d(h(zy), h(z)h(y)) < ¢ for all z,y € Gi, then there exists a homomor-
phism H : G; — G with d(h(z), H(z)) < 6 for all € G;? The question of Ulam
was answered by Hyers in [7] for the case both G; and G2 are Banach spaces. See
[3, 5, 6, 17, 18, 19] for the stability problems of functional equations.

Definition 1.1. Let I C R be an open interval. We say that the differential equation
an(O)y™ (1) + an_1 )y "V (E) + -+ a1 ()Y () + aoy(t) + h(t) =0 (1.1)

has the Hyers-Ulam stability, if for any function f : I — R satisfying the differential
inequality

|an(8)y ™ (t) + an-1 Oy "V () + -+ ar )y (1) + aoy(t) + h(t)] < e

for all t € I and for some & > 0, there exists a solution g : I — R of (1.1) such that
|f(t) —g(t)] < K(g) for any t € I, where K (¢) is a constant depending only on e.

The first result concerning the Hyers-Ulam stability of ordinary differential equa-
tions was due to Alsina and Ger, see [2] (see also [15, 16]). In fact, their result
dealt with the Hyers-Ulam stability of linear differential equations of first order.
The result of Alsina and Ger has been generalized by many mathematicians (Ref.
[8, 9, 10, 12, 13]).

The Hyers-Ulam stability of second order linear differential equations has been
investigated in [4] and [14]. Furthermore, Abdollahpour and Najati [1] proved the
Hyers-Ulam stability of the third order differential equation y® (t)+ay” (t)+ By’ (t)+
vy(t) = f(1).

The aim of this paper is to investigate the Hyers-Ulam stability of the differential
equation

2 " T
<h§x>> y"(m”(h'?m) - (i}z'(gn))?»)yl(@”y(@:f@)- (1.2)

MSC(2010): 34K20, 26D10, 39B52, 39B82
Keywords: Hyers-Ulam stability, Differential equation.
*Corresponding author: baak@hanyang.ac.kr (C. Park).
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More precisely, the problem, we will deal with the following. Let £ > 0 be fixed and
[a,b] C R. h € C?[a,b] be a function for which either A’(z) > 0 or h/(z) < 0 holds for
all z € [a,b] and let f € Cla,b]. Assume that for the unknown function y € C?[a, b]

() (W(z))

holds for all = € [a,b]. Is it true there exist a constant K(g) depending only on &
and a solution g € C?[a, b] of equation (1.2) such that for any x € [a, V]

ly(z) —g(z)] <e

‘<h/2x)>2y”(x)+<hla - h”(w)3>y’(x)+6y($)—f($) <e

is satisfied?
In the subsequent section we will answer affirmatively this problem.

2. HYERS-ULAM STABILITY OF THE DIFFERENTIAL EQUATION
a h// T
(i) 20" (@) + (37 — o)/ () + By() = f()

Throughout this section, a and b are real numbers with —oo < a < b < +o0.

Theorem 2.1. The differential equation

() V@ (i~ ) v 80 = 12

has the Hyers-Ulam stability, where y,h € C?[a,b], f € C[a,b] and W (x) > 0 (or
R(xz) <0) for all x € [a,b].

Proof. Suppose that ),y are the (real or complex) roots of m? + am + 8 = 0 with
p = Ru and ¢ = N\. Here R denotes the real part. Let ¢ > 0 and y,h € C?[a,b]
with

<e.

(o) o (- s v

Let g(x) = h/%x) y'(z) — Ay(x) for all z € [a,b]. It is clear that

L
h'(x)

_ ‘ (;@)2 V') + (s — ) ) o)+ pule) — 10

g'(x) = ng(x) — f(z)

<e.

() (W(2))

We define the function z : [a,b] — R by

b
2(z) = et M@ =hO] g () — e“h(z)/ W () f(t)e D dt,  x e [a,b).

Then
2 (z) = ph'(z)z(z) + f(z)h' (x), = € |a,b]. (2.1)
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Also we have

b

() = g(@)] |6 OLg(6) — gla) — @ [ 1(0) fe)e O at

b
e [0 g (5) — e g(w) — [ @) 0O |

b b
/ [e O g ()] dt — / W (t) f(t)e *h® dt'

x xT

—Ph(x)

b

—ert)| [0 6) - 190 010 d
y !

<er®) / W@l 5759 @) = ng(t) = £ dt

b
<eePh(®) / W (t)|ePh®) gt

for all € [a,b]. Therefore if h'(z) > 0 then

1 — e—plh(b)~h(a)]

e if p#0;

(h(b) — h(a))e itp=0
for all z € [a,b] and if A'(z) < 0 then

—plh®)~h(@)] _ 1

e if p#£0;

(h(a) — h(b))e iftp=0

for all = € [a, b].
Now, we define

b
u(r) = y(b)e)‘[h(x)fh(b)] — e)‘h(x)/ h'(t)z(t)e*’\h(t) dt, =z € la,bl.

Due to the definition of function u, we immediately obtain that v € C?[a,b] and
u'(z) = A (z)u(z) + 2z(2)B/ (z). (2.4)

Then
u’(z)h' (z) — b (x)u'(x)

W @)P =\ (x) + 2'(z).

It follows from (2.1) and (2.4) that

<h’ém)>2 w'(@) + (h'?:c) - (;?8%3) W' () + Bu(z) = f(z), =z € a,b].
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Furthermore, for the function u, the inequality

y(@) — ula)| = \y@c) ~yO)AO O]y e [

T

b
W (t)z(t)e D dt‘
b
=[eM(®)| ‘y(:c)e_)‘h(z) — y(b)e M) 4 / K (t)z(t)e ") dt

b b
/ W (t)z(t)e MO dqt — / (e MOy )] dt'

T

— (@)

b
[ B~ i/ 0+ o] an

—edh(@)

b
Seqh(w)/ |h’(t)ef)‘h(t)|\2(t) —g(t)| dt
b

_ah(@) / e~ MO\ ()| 2(t) — g(t)| dt

is also valid for all x € [a, b]. It follows from (2.2) that
[1 — e PlhO)—h(@)]][1 — g—alh(b)=h(a)]]

e ifp,q #0;
pq
(1 — e PO (h(b) — (a)) if p£0, g=0;
y(w) - u(@)] < g
- e—q[h(b)—h(f;ﬂ](h(b) — h(a)) if p=0, q#0;
(h(b) — h(a))% pa=0

and (2.3) implies that
(e Plh®)~h(@)] _ q][¢=alh(b)~h(@)] _ 1]

e ifp,q#0;
pq
—plh(b)—h(a)] _ 1 _
e @) =h®) o
ly(z) —u(z)] < P
—q[h(b)—h(a)] _ 1 _
e ) =hE) o,
q
(h(a) — h(b))% if p,q =0
for all = € [a,b]. This completes the proof. O

In [11], Li and Shen proved that a second order differential equation with con-
stant coefficients has the Hyers-Ulam stability, if its characteristic equation has two
positive roots. It is necessary to mention that our next result is more general than
their result, because in our result, there is no restriction on roots of characteristic
equation.

Corollary 2.2. The second order differential equation with constant coefficients
y'(z) + ay/(x) + By(x) = f(x) has the Hyers-Ulam stability.
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Proof. 1t is enough to take h(z) = x and replace a by a+ 1 in Theorem 2.1. O

Corollary 2.3. If 0 <a < b ora < b <0 then the second order Euler differential
equation x2y"(x) + axy'(x) + By(x) = f(x) has the Hyers-Ulam stability.

Proof. It is enough to take h(x) = Ln(|z|) and replace a by a + 1 in Theorem
2.1. O
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An iterative algorithm based on the hybrid
steepest descent method for strictly
pseudocontractive mappings

Jong Soo Jung

Department of Mathematics, Dong-A University, Busan 604-714, Korea

Abstract

In this paper, we consider a general iterative method based on the hybrid steepest descent method for finding
fixed points of a strictly pseudocontractive mapping in a Hilbert space. Utilizing weaker control conditions
than previous ones, we establish the strong convergence of the sequence generated by the proposed iterative
method to a fixed point of the mapping, which is the unique solution of a certain variational inequality.

MSC: 47TH09, 47TH05, 47H10, 47J25, 49MO05, 47J05..

Key words: Tterative algorithm; Strictly pseudocontractive mapping; Fixed points; Weakly

asymptotically regular; p-Lipschitzian and n-strongly monotone operator; Variational inequality

1 Introduction

Let H be a real Hilbert space with inner product (-, -) and induced norm || - ||. Let C be a
nonempty closed convex subset of H and S : C' — C be a self-mapping on C'. We denote
by F(S) the set of fixed points of S.

The class of pseudocontractive mappings is one of the most important classes of mappings
among nonlinear mappings. We recall that a mapping T': C' — H is said to be k-strictly
pseudocontractive if there exists a constant k € [0, 1)such that

T2 = Tyll* < o = ylI* + k(I = T)a — (I = T)y|?, Vaz, yeC.

Note that the class of k-strictly pseudocontractive mappings includes the class of nonex-
pansive mappings as a subclass. That is, T' is nonexpansive (i.e., ||[Tz — Ty|| < ||z — y||,
Vz, y € C) if and only if T is O-strictly pseudocontractive. The mapping T is also said to
be pseudocontractive if k = 1 and T is said to be strongly pseudocontractive if there exists
a constant v € (0, 1) such that T'— vI is pseudocontractive. Clearly, the class of k-strictly

Email address: jungjs@dau.ac.kr, jungjs@mail.donga.ac.kr (Jong Soo Jung).
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pseudocontractive mappings falls into the one between classes of nonexpansive mappings
and pseudocontractive mappings. Also we remark that the class of strongly pseudocon-
tractive mappings is independent of the class of k-strictly pseudocontractive mappings (see
[1]). Recently, many authors have been devoting the studies on the problems of finding
fixed points for pseudocontractive mappings, see, for example, [2-7] and the references
therein.

In 2010, by combining Yamada’s method [8] and Marino and Xu’s method [9], Tian [10]
considered the following explicit iterative scheme for the nonexpansive mapping .S:

Tnt1 = anYVan, + (I — apuF)Sx,, ¥Yn >0, (1.1)

where F' : H — H is a p-Lipschitzian and 7-strongly monotone operator with constants
p>0andn > 0 (e, |[Fa—Fy| < pllz—y| and (Fr—Fy,z—y) > gllz—y|?, =, y e H,
respectively), V : H — H is an [-Lipschitzian mapping with a constant [ > 0, 0 < pu < /2)—;7

and 0 <~l <7 = pu(n— “TPQ) In particular, by using control conditions (i) {a,} C (0,1),
limy, o0 @y, = 0, (ii) D00 @ = 00, (iii) either Y 7 o |41 — | < 00 or limy, o agzl =1
on {ay,}, he proved that the sequence {z,,} generated by (1.1) converges strongly to a fixed
point z of S, which is the unique solution of the following variational inequality related to
the operator F":

(uFx —~Vz,x —p) <0, Vpe F(9). (1.2)
His results improved the results of Tian [11] from the case of the contractive mapping f a
constant « € (0,1) to the case of a Lipschitzian mapping V' with a constant [ > 0.

In 2011, Ceng et al. [12] also considered the following explicit iterative schemes for the
nonexpansive mapping S:

Tnt1 = PolonyVa, + (I — appuF)Sxy,], Yn >0, (1.3)

where P¢ is the metric projection of H ont C'; F': C' — H is a p-Lipschitzian and n-strongly
monotone operator with constants p > 0 and n > 0; V : C — H is an [-Lipschitzian
mapping with a constant [ > 0; 0 < p < 2—727 and 0 <yl <7 =1—+/1—pu(2n— pp?). In
particular, by using the same control conditions on {«,} as in Tian [11,10], they proved
that the sequence {x,} generated by (1.3) converges strongly to a fixed point Z of .S, which
is the unique solution of the variational inequality (1.2). Their results also improved the
results of Tian [11] from the case of the contractive mapping f with a constant o € (0, 1)
to the case of a Lipschitzian mapping V' with a constant [ > 0, and extended the range

0 <vya <7 =pln-— “T”Z) in [10, Theorem 3.1 and Theorem 3.2] to the case of range

0<yl<7=1—/1—p(2n—pp?).

In this paper, motivated by the above-mentioned results, we consider the following explicit
iterative scheme for a k-strictly pseudocontractive mapping 1" for some 0 < k < 1:

Tnt1 = YV, + (I — anuF)Thx,, Yn >0, (1.4)

where T,, : H — H is a mapping defined by T,z = Az + (1 — \,)Tz, Vo € H, with
0<k<A\ <A<1andlim, o A, = A. By using weaker control conditions than previous
ones, we establish the strong convergence of the sequence generated by the proposed
scheme (1.4) to a fixed point of T', which is a solution of the variational inequality (1.2),
where the constraint set is F(T'). The results in this paper improve and develop the
corresponding results given in [3,4,6,9-14] and references therein.
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2 Preliminaries and Lemmas

Throughout this paper, when {z,} is a sequence in F, x,, — x (resp., x,, — x) will denote
strong (resp., weak) convergence of the sequence {z,} to .

For every point « € H, there exists a unique nearest point in C, denoted by Px(x), such
that
o - Pe(@)]| < llz —yll, VyecC.

Pc is called the metric projection of H onto C'. It is well known that Po is nonexpansive
and that for ¢ € H,

z2=Pox <= (x —2,y—2) <0, VyeC. (2.1)
It is also well known that H satisfies the Opial condition, that is, for any sequence {zy,}
with z,, — x, the inequality
liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo
holds for every y € H with y # x.
Lemma 2.1. In a real Hilbert space H, the following inequality holds:

lz +ylI* < ll=l* + 2{y, & +y), Vo, y € H.

Let LIM be a Banach limit. According to time and circumstances, we use LIM,(ay,)
instead of LIM (a) for every a = {a,} € ¢*°. The following properties are well-known:

(i) for all n > 1, a, < ¢, implies LIM,(a,) < LIMy(cyp),
(ii) LIMy(an+n) = LIMy(ay,) for any fixed positive integer N,

(iii) liminf, o0 an < LIMp(ay) < limsup,, . ay for all {a,} € 1*.

The following lemma was given in [15].

Lemma 2.2. Let a € R be a real number and a sequence {a,} € [ satisfy the con-
dition LIMy(ayn) < a for all Banach limit LIM. If limsup,_, . (ant1 — an) < 0, then
limsup,, o an < a.

We also need the following lemmas for the proof of our main results.

Lemma 2.3 ([16]). Let {s,} be a sequence of non-negative real numbers satisfying
Sn+1 S (1 - ﬂn)sn + ﬁnén + Tn, Vn 2 07

where {Bn}, {0n} and {r,} satisfy the following conditions:
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(i) {Bn} C[0,1] and 3777 Bn = o0,
(ii) lmsup, .o 0, <0 or Y o2 Bnldn| < 00,

(iii) rp, >0 (n>0), Y07 rn < 00.

Then lim,,_,o0 Sn, = 0.

Lemma 2.4 ([17]). Let H be a Hilbert space and let C be a closed convexr subset of H.
Let T : C — H be a k-strictly pseudocontractive mapping on C. Then the following hold:

(i) The fived point set F'(T) is closed convez, so that the projection Pp(ry is well defined.
(ii) F(PcT) = F(T).

(iii) If we define a mapping S : C — H by Sz = Az + (1 — N\)Tx for all x € C. then, as
A€ [k, 1), S is a nonexpansive mapping such that F(T) = F(S).

The following lemmas can be easily proven, and therefore, we omit the proofs (see [5,8]).

Lemma 2.5. Let H be a real Hilbert space. Let V : H — H be an l-Lipschitzian mapping
with a constant | > 0, and F' : H — H be a p-Lipschitzian and n-strongly monotone
operator with constants p > 0 and n > 0. Then for 0 < vl < un,

(WF = AV)z — (uF = 4V)y,z —y) > (un — )|z —y|?, vz, y e C.
That is, uF' —~V 1is strongly monotone with a constant un — .

Lemma 2.6. Let H be a real Hilbert space H. Let F': H — H be a p-Lipschitzian and
n-strongly monotone operator with constants p > 0 and n > 0. Let 0 < p < i—g and
0<t<c¢<1. Then S :=c¢l —tuF : H — H is a contractive mapping with a constant

s —t7, where T =1 — /1 — u(2n — pp?).

Finally, we recall that the sequence {z,} in H is said to be weakly asymptotically reqular
if

w— lim (xp41 —x,) =0, thatis, x4 — 2, —0
n—oo

and asymptotically reqular if
lim ||zp+1 — 2n] =0,
n—oo

respectively.

3 Main results

Throughout the rest of this paper, we always assume as follows: Let H be a real Hilbert
space. Let T : H — H be a k-strictly pseudocontractive mapping with F(T) # () for
some 0 < k < 1, let F: H — H be a p-Lipschitzain and n-strongly monotone operator
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with constants p > 0 and n > 0, and let V : H — H be an [-Lipschitzian mapping with
a constant [ > 0. Let 0 < p < 2—2 and 0 < 7l < 7, where 7 = 1 — /1 — pu(2n — pp?).
Let T,, : H — H be a mapping defined by T, = Az + (1 — A\,)Tz, Vo € H, where
0<k<MX <A<1andlim, .o\, = A. By Lemma 2.4, T}, is nonexpansive.

In this section, we consider the following explicit scheme which generates a sequence in an
explicit way:
Tni1 = anYVan + (I — anuF)Thx,, Yn >0, (3.1)

where {a,} C (0,1) and xp € H is an arbitrary initial guess, and establish strong con-
vergence of this sequence to a fixed point  of T', which is the unique solution of the
variational inequality:

(WF —~AV)z,z —p) <0, ¥pe F(T). (3.2)

First, we consider the following scheme that generates a net {xt}te(o,l) in an implicit way:
xy = tyVay + (I — tuF) Ty, (3.3)
where Tix = Mz + (1 — A\)Tx, Ve € H, with 0 < k < A\ < A <1 and limy_0 A\ = A.
Indeed, for ¢t € (0,1), consider a mapping Q; : H — H defined by
Qix =tyVrx+ (I —tuF)Tyz, Vxe€ H.

It is easy to see that @y is a contractive mapping with constant 1 — ¢(7 — ). Indeed, by
Lemma 2.6, we have

1Qur — Quyll < Y[V = Vy| + [[(I — tuF)Thw — (I — tuF) Thy||
<tylflz =yl + (1 = tr)]z =y
=1 =tr =)z -yl

Hence Q; has a unique fixed point, denoted x;, which uniquely solves the fixed point
equation (3.3).

By utilizing the same method as in [10,12], we obtain the following theorem for strong
convergence of the net {z;} as t — 0, which guarantees the existence of solutions of the
variational inequality (3.2).

Theorem 3.1. The net {x;} defined via (3.3) converges strongly to a fixed point T of T as
t — 0, which solves the variational inequality (3.2), equivalently, we have Ppry(I — pF +
YW)z) =27.

Proof. We first show the uniqueness of a solution of the variational inequality (3.2),
which is indeed a consequence of the strong monotonicity of uF —~V. In fact, noting that

0<~l<T7and un > 7<= p > n, it follows from Lemma 2.5 that

(WF —AV)z — (uF —yV)y,z —y) > (un — 1) ||z — y||*.
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That is, uF' — vV is strongly monotone for 0 < vl < 7 < un. Suppose that z € F(T) and
z € F(T) both are solutions to (3.2). Then we have

(WF —~V)z,z —2) <0 (3.4)

and
(WF —~V)z,z — ) <0. (3.5)

Adding up (3.4) and (3.5) yields
(WF =AV)Z = (uF —yV)z,2 — ) < 0.
The strong monotonicity of uF' — vV implies that £ = ¥ and the uniqueness is proved.

Next, we prove that z; — = as t — 0. Observing F/(T') = F(T;) by Lemma 2.4, from (3.3),
we write, for given p € F(T),

xy —p=t(YWar — pFp) + (I —tuF)Tixy — (I — tuF)p
to derive that

| — pl|* = t(yVay — pFp,x¢ — p) + (I — tpuF) Ty — (I — tpF)Tip, v — p)
< (1 —t7)||lze — p|* + t(yVa, — puFp,z; — p).

It follows that

1
|z — p||? < —(yVa = uFp,xi —p)
1
< [l - plI> + (YWp — uFp, ¢ — p)).
Therefore
|z — p|* < (vVp — pFp,z; — p). (3.6)
T =7l
From (3.6), it follows that
lze —pl| < [YVp — uFpl,
T—

and so {z:}, {Va}, {Tx}, {Tixe}, {Frz} and {FTyx,} are bounded. As a consequence,
it follows that
W [|(f = Ty)ae|| = lim |y Vay — pE T = 0. (3.7)

Since {x;} is bounded as t — 0, we show that if {¢,} is a subsequence in (0,1) such
that ¢, — 0 and x4, — z*, then z* € F(T). To this end, define S : H — H by Sz =
Az + (1 —XN)Tx, Vo € H. Then S is nonexpansive with F'(S) = F(T) by Lema 2.4. Notice

that
|Sz¢, — 4, || < ||Swe, — Ty e, | + | Th, 28, — T4, ||

S |)\ - )\tn‘”xtn - T'I"tn” + ||xtn - Enxtn||
By (3.7) and A\, — A, we have

lim |[Sxt, — 4, || = 0.
n—oo
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Hence, if * # Sz*, then, by Opial condition, we have
liminf ||z, —2*|| < liminf ||z, — Sz¥||
n—oo n—oo
< liminf([lzy, — Sa, || + |5z, — S27|)
n—oo
< liminf ||x, — ¥,
n—oo

which is a contradiction. So z* € F(S) = F(T'). Thus, by replacing p with z* in (3.6), we
get xy, — x*.
Finally, we prove that z* is a solution of the variational inequality (3.2). Since

xp =tyVay + (I — tuF) Ty,

we have 1
(uF —~AV)xy = —;(I — Ty )z + w(Fay — FTiay).

From T;p = p for p € F(T), it follows that
1
(uF = V)zg, 20 —p) = — ;((I — Tz — (I — T)p, vt — p)

+ p(Fay — FTixy, x — p)
< w(Fay — FTyxy, xp — p)

(3.8)

since I — T} is monotone (i.e., (vt —y, (I —Ty)r — (I — T3)y) > 0, x,y € H, which is
due to the nonexpansivity of T;). Now replacing ¢ in (3.8) with ¢, and noticing that
Fxy, — F1i,x, — Fa* — Fo* =0 as n — oo for 2* € F(T), we obtain

(uF —~AV)x*, z* — p) < 0.
That is, 2* € F(T) is a solution of the variational inequality (3.2); hence z* = T by
uniqueness. In a summary, we have shown that each cluster point of {x;} (at ¢ — 0)
equals z. Therefore, x; — = as t — 0.
The variational inequality (3.2) can be rewritten as
(I = pF +4V)z -2, -p) >0, Vpe F(T).
By reminding Lemma 2.4 and (2.1), this is equivalent to the fixed point equation
PF(T)(I — ,uF + ’YV)%) = . O

Remark 3.1. 1) Theorem 3.1 improves the case of the nonexpansive mapping S in The-
orem 3.1 of Tian [10] (and Ceng et al. [12]) to the case of the k-strictly pseudocontractive
mapping T

2) Theorem 3.1 includes the corresponding results of Tian [11], Marino and Xu [9], Moudafi
[13] and Xu [14] as some special cases.

First of all, we give the following result in order to establish strong convergence of the
sequence generated by the explicit scheme (3.1).

Theorem 3.2. Let {x,} be the sequence generated iteratively by the scheme (3.1) and let
LIM be a Banach limit. If {ca,} satisfies the following condition:
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(C1) {an} C (0,1) and lim,, oo oy, = 0,
then
LIMy((pFz — V2, T — 2p)) <0,
where T = lim;_,o+ x; with x; being defined by
xp =tyVay + (I — tpuF)Sxy, (3.9)

and St =Xz + (1 — N1z, Ve € H, with 0 <k < A< 1.

Proof. First, note that from the condition (C1), without loss of generality, we assume
that a,7 < 1 for all n > 0.

Let {z:} be the net generated by (3.9). By Theorem 3.1 with Ay = X for ¢ € (0,1) and
Lemma 2.4, there exists lim;,ox; € F(T). Denote it by z. Moreover Z is the unique
solution of the variational inequality (3.2). By (3.9), we have

2 — 2| = Ve + (T — tuF) Sy — o
= (I = tuF)Sxy — (I — tuF)pi1 + t(YWar — pFanygq).

Applying Lemma 2.1 and Lemma 2.6, we have
2t — 2na1l|* < (1 —t7)?||Szy — paa||* + 26 (WVay — pFxni1, 2 — Tpyt). (3.10)

From the proof of Theorem 3.1, we know that {x:}, {Va:}, {Tx}, {Sz:}, {FSz:} and
{Fz;} are bounded.

Now we show that ||z, — p|| < max{|zo — p|, ”“F:%;YZVPH} for all n > 0 and all p € F(T).
Indeed, let p € F(T). Noticing p = T,,p, we have

[Znt1 = pll = llan(YWV iy — uFp) + (I — anpuF)Tnxn — (I — anpF ) Tp|
1

< ( - an7)||$n _pH + anH'}/V-fn - MFpH
< (1= an)|zn = pll + an(IVVen = Vpl| + [[7Vp — uFpl|)
Vp— uF
< [1 = (r =l =l + (7 — Do, L LEP
T —"l
Vp— uF
< max{uxn l, llw?up!}
T =l

Using an induction, we have ||z, —p|| < max{||zo—p||, W}. Hence {x,} is bounded,

and so are {Va,}, {Txn} {Than}, {FThxn}, and {Fz,}. As a consequence of condition
(C1), we get

[#n41 = Than|| = anllvVan — pFThagl| — 0 (n — o0).
From definitions of S and T}, with lim,, . A\, = A, we deduce

1Szt — g || < Sz — San|| + [[Szn — Tozn|| + [ Than — Tnia]
< lze = znll + 1A = Anlllen = Tn|| + [[Ton — o]
< loe = zall + (A = An| Ky + [ Ton — 2npa |

= Hwt - an + en,

)
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where K1 = sup{||x, — Tz,|| : n > 0} and e, = |A — \y| K1 + ||Znt1 — Than|| — 0 as
n — oo. Also observing that F is n-strongly monotone, we have

(uFxy — pFap, oy — o) > unl|z, — anQ > 7||a — anZ (3.11)

So, by combining (3.10) and (3.11), we obtain

lze = 2nral® < (1= t7)*(llze = 2nll + €n)?

+2t(yVay — pFay,xp — tpyr) + 26(uFx — pFxp g1, 0 — Tpyr)
< (827 = 20)7||ze — 20 ||? + [|lve — zal?
+ (1 — t7)%en (2|2 — || + €n)
+2t(YWay — pFxy, 2y — Tpy1) + 26pFxy — pFxn 1, o0 — Tnygr)
< (27 = 20)(uFxy — pFxp, xp — ) + |2 — 20 (3.12)
+en (Ko +en) + 26(yVxy — uFay, oy — Tpyr)
+2t(uFxy — pFxpi1, T — Tnyi)
= 21 (uFx; — pFxy, xp — ) + |20 — 20 ||?
+en(Ko+en) +2t(YWay — pFxy, 20 — Tpg)
+ 2t((uFxy — pFxpi1, 20 — Tpg1) — (pFzy — pFa,, o — x,)),
where Ky = sup{2||z;—z,]| : t,n > 0}. Applying the Banach limit LI M to (3.12) together
with lim,, .~ e, = 0, we have
LIM,(||z; — zni1||?) < 27 LIM, ((pFx; — pFxp, 2 — ) + LIM,(|z; — 2z,
+ 2tLIM, ((WVxy — pFxy, 2y — Tpg1))

+ 2t[LIM,((uFxy — pFrpi1, 2 — Tpt1)) (3.13)
— LIM, ({(pFxi — pFxy, v — 0))].
Using the property LIM, (ay,) = LIM,(ay+1) of Banach limit in (3.12), we obtain
LIM, ((uFxy — Vg, o — xy)) = LIM, ((uFxy — yVxy, 20 — Tpi1))
< %TLIM”((/LF@} — WF Ty, x — x4))
¥ o [EIMy (e — 2l?) — LIMq (2 — )] (314)
+ [LIM,({pFxy — uFxy, vy — xn)) — LIM,((uFx — pFxpn, xp — )]
= %—L[Mn«/LFJZt — WF Ty, x — x4)).
Since
tHpuFxy — pFay, oy — x,) < tppl|ze — oo
< twollec—pll +lp—wal)? 1)
< tuﬂ(WJr on—pu> —0 (ast—0),
we conclude from (3.14) and (3.15) that
LIM,((uFz —~AVZ,Z — x,))) < lir? S(l)lp LIM, ((uFxi — Vg, — xp))
< liriastl)lp %L[Mn((qut — pFxy,x — ) <O0.
9
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This completes the proof. O

Now, using Theorem 3.2, we establish strong convergence of the sequence generated by the
explicit scheme (3.1) to a fixed point & of T', which is the unique solution of the variational
inequality (3.2).

Theorem 3.3. Let {z,,} be the sequence generated iteratively by the scheme (3.1), where
{an} satisfies the following conditions:

(C1) {an} C (0,1) and lim;, s oy = 0.

(C2) 3 52gan = oo

If {xn} is weakly asymptotically reqular, then {x,} converges strongly to x € F(T), where
is the unique solution of the variational inequality (3.2).

Proof. First, note that from the condition (C1), without loss of generality, we assume
that o, 7 < 1 and %ﬁ%l) < 1 for all n > 0.

Let z; be defined by (3.9), that is, z; = tyVay + (I — tpF)Sxz; for 0 < t < 1, where
Sr =X+ (1—-NTz,Vere H,with0 <k <\<1,and let lim;,gx; ;=7 € F(S) = F(T)
(by using Theorem 3.1 and Lemma 2.4). Then 7 is the unique solution of the variational
inequality (3.2).

We divides the proof several steps:

Step 1. We see that ||z, — p|| < maxq ||zo—p|, ”th_iw foralln > 0and all p € F(T)

as in the proof of Theorem 3.2. Hence {x,} is bounded and so are {1z}, {FT,z,} and
{Van,}.

Step 2. We show that limsup,, . (uFz —yVz,Z — x,) < 0. To this end, put
an = (WFT —yVz,2 — x,)), Yn>0.

Then Theorem 3.2 implies that LIMy,(a,) < 0 for any Banach limit LIM. Since {x,} is
bounded, there exists a subsequence {z,} of {x,,} such that

lim Sup(an—i-l - an) = lim (an]-—i-l - anj)
n— oo J—00

and z,; — v € H. This implies that z,,41 — v since {z,} is weakly asymptotically
regular. Therefore, we have

w— Hm (T — 2y, 1) = w — lim (T — 2p;) = (T — v),

and so

lim Sup(an—i-l - an) = lim <HF*% -V, (EE - xnj-i-l) - (% - xn]» =0.

n—o00 J—00

10
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Then Lemma 2.2 implies that lim sup,,_,, an < 0, that is,

limsup(uFz —yVZ,x — x,)) <0.

n—oo

Step 3. We show that lim,,_. ||z, — Z|| = 0. By using (3.1), we have
Tnt1 — T = an(YWxy — pFz) + (I — anuF)Thz, — (I — aquF)T.
Applying Lemma 2.1 and Lemma 2.6, we obtain

|41 — iHQ = (I = anpF)Thzn — (I — anpF)T + an(yVa, — MF‘%)HQ
<N = apuF) Ty — (I — anpF) T,
+ 20, (YWay — pFT, 201 — T)
< (1= anm)Yzn — Z|? + 200 (YW —AVE, Tpy1 — T) (3.15)
+ 20, (YT — pFZ,xp41 — T)
< (1= ant)?llen = 212 + anyl(||lzn — Z1° + 2 — Z[*)
+ 20, (YWVT — uFZ,xp41 — T).

It then follows from (3.15) that

- 1—a,7)% 4+ aynl - 20 - _ -
(PSP TRV S S
1 —apyl 1 —apyl
20571(7-_’%) ~112
< (12T =) _ 1
< (1- 2= o, 30 (310
200, (T — 7l 2

) 1 ~ - - anT
VT — pF7, app1 — 3) + 2Ky ),
777l<’7 T — pFT,xp41 — ) 27—y

where K3 = sup{||z, — Z||* : n > 0}. Put

1 ~ ~ anT?
d 6, =— (uWF7 —~VFE7— _dnt
1—apyl e O =T ol (EE = AVE T = Znt1) + 2(1 — 1)

From (C1), (C2) and Step 2, it follows that 5, — 0, > ", B, = oo and limsup,,_, ., 6, < 0.
Since (3.16) reduces to

_ 2an(7- — ’YZ)

Bn = K.

|Znt1 — 5"2 < (1= Bp)l|7n — 5“2 + Bndn,

from Lemma 2.3 with r,, = 0, we conclude that lim, . ||, — Z|| = 0. This completes the
proof. O

Corollary 3.1. Let {x,} be the sequence generated iteratively by the scheme (3.1), where
{an} satisfies the following conditions:

(C1) {an} C (0,1) and lim, s o, = 0.

(C2) 32 0 = oo,

11
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If {z,,} is asymptotically regular, then {x,} converges strongly to T € F(T), where is the
unique solution of the variational inequality (3.2).

Remark 3.2. If {a,} and {\,} in Corollary 3.1 satisfy conditions (C1), (C2),

C3 27010:0 ‘anJrl - an| < o0; or

(
(C4
(
(

On—0nt1

lim;, oo 5#%~ =1 or, equivalently, lim, .., = o
n

o = = 0; or,

Ch
C6 ZZO:O ‘)‘n+1 - >\n| < 00,

|ant1 — an| < o(ong1) +0ny Y ope0n < 00 (the perturbed control condition); and

)
)
)
)

then the sequence {z,} generated by (3.1) is asymptotically regular. Now we give only the
proof in case when {a,,} satisfies the conditions (C1), (C2), (C5) and (C6). By Step 1 in
the proof of Theorem 3.3, there exists a constant K, > 0 such that for all n > 0,
[ FTpan|| + y[|[Van| < Ky
Next, we notice that
HTnxn - Tn—lxn—l” S HTnfEn - Tnxn—lH + ”ann—l - Tn—lxn—IH
< ||xn - xn—l” + |)\n - An—l‘”fvn—l - Txn—l”
< ||$n - $n71H + |>\n - Anfl‘KSa
where K5 = sup{||x,, — T'zy|| : n > 0}. So, we obtain, for all n > 0,
[Zns1 — @l
= H(I - OénﬂF)Tnxn - <I - CVTL,UJI'?),TW,—lxn—l + N(an - an—l)FTn—lxn—l
+ 'Y[Qn(vxn - anfl) + Vxnfl(an - O‘nfl)] H
< (1= apn)||Then — Th-12n—1]] + plom — an—1||| FTn—12n-1]| (3.17)
+ylenlll|zn — Ta—1 || + [[Vap-1|llan — an-1]
< (1= an(m =D))|zn = Tn-all + [An — An1| K5 + |om — an—1| Ky
< (1= an(r =) |70 — Tp—al| + [An — Aa1[ K5 + (o(an) + on—1) Ky
By taking s,+1 = ||[Tnt1 — Znlls Bn = an(T — A1), Bpndn = o(an) K4 and 1y, = 0,1 K4 +
[An, — An—1| K5, from (3.17) we have
Sn+1 < (]— - Bn)Sn + /Bnén + .
Hence, by (C1), (C2), (C5), (C6) and Lemma 2.3, we obtain

lim ||@p41 — zn|| = 0.
n—oo

In view of this observation, we have the following:

Corollary 3.2. Let {x,} be the sequence generated iteratively by the scheme (3.1), where
{an} and {\,} satisfy the conditions (C1), (C2), (C5) and (C6) (or the conditions (C1),
(C2), (C3) and (C6), or the conditions (C1), (C2), (C4) and (C6)). Then {xy} converges
strongly to T € F(T), where is the unique solution of the variational inequality (3.2).

Remark 3.3. 1) Theorem 3.3 extends Theorem 3.2 of Tian [10] and Ceng et al. [12] in
the following ways:

12
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(a) The nonexpansive mapping S in [10, 12, Theorem 3.2] is extended to the case of a
k-strictly pseudocontractive mapping 7T'.

(b) The condition Y 7 |ap41 — | < 00 in [10, 12, Theorem 3.2] is relaxed to the weak

asymptotic regularity on {x,}.

2) Theorem 3.3 also generalizes the corresponding results of Cho et al. [3], Jung [6] and
Marino and Xu [9] in following aspects:

(a) A strongly positive bounded linear operator A in [3,6,9] is extended to the case of
a p-Lipschitzian and n-strongly monotone operator F'. (In fact, from the definitions,
it follows that a strongly positive bounded linear operator A (i.e., there exists a
constant i > 0 with the property: (Az,z) > 7||z||?, = € H) is a || A||-Lipschitzian
and 7-strongly monotone operator).

(b) The contractive mapping f with a constant o € (0,1) in [3,6,9] is extended to the
case of a Lipschizian mapping V with a constant [ > 0.

(¢) The nonexpansive mapping S in [3,9] is extended to the case of a k-strictly pseudo-
contractive mapping 7'.

(d) The condition Y 7 |ant1 — an| < o0 in [3,9] is weakened to the weak asymptotic
regularity on {z,}.
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BE-ALGEBRAS WITH ORDER REVERSING INVOLUTION

SUN SHIN AHN AND YOUNG HEE KIM* AND JUNG HEE PARK

ABSTRACT. The notions of a filter’s radical and extended filter are introduced in BFE-algebras.
Then some properties of filter’s radical and extended filter are obtained. Using a special set
z~ ' % F, we give an equivalent condition for a filter to be prime.

1. Introduction

In [6], H. S. Kim and Y. H. Kim introduced the notion of a BFE-algebra. S. S. Ahn and K. S.
So [4, 5] introduced the notion of ideals in BE-algebras. S. S. Ahn et al. [2] fuzzified the concept
of BE-algebras and investigated some of their properties. Y. B. Jun and S. S. Ahn ([7]) provided
several degrees in defining a fuzzy filter and a fuzzy implicative filter. It was a generalization of
a fuzzy filter.

In this paper, we introduce the notions of a filter’s radical and an extended filter in BE-
algebras. Some properties of a filter’s radical and an extended filter are obtained. Using a special
set 7! F', we obtain an equivalent condition for a filter to be a prime filter.

2. Preliminaries

An algebra (X;#,1) of type (2, 0) is called a BE-algebra ([6]) if

(BE1l) x *x =1 for all z € X
(BE2) x %1 =1 for all z € X;
(BE3) 1% 2 =z for all x € X;
(BE4) zx (y*x2) =y=* (z*2) for all z,y,z € X (exchange).

We introduce a relation “<” on a BFE-algebra X by x < y if and only if z *y = 1. A non-empty
subset S of a BFE-algebra X is said to be a subalgebra of X if it is closed under the operation
“x7. Note that x xz = 1 for all z € X. It is clear that 1 € S. A BF-algebra (X;x, 1) is said to
be self distributive if x* (y*z) = (x*y)*(x*z) for all x,y,2 € X. A mapping f: X — Y of BE-
algebras is called a homomorphism if f(x xy) = f(x) * f(y) for any =,y € X. A homomorphism
f of BFE-algebras is called an epimorphism if f is onto. Note that if f is a homomorphism of
BE-algebras, then f(1) = 1.

* Corresponding author
2010 Mathematics Subject Classification. 06F35.
Key words and phrases. BE-algebra, filter’s radical, (prime, primary) filter.
Supported by Chungbuk National University Fund, 2013.
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Proposition 2.1([6]). Let (X;%,1) be a self distributive BE-algebra. Then the following
hold: for any x,y,z € X,
(i) ifx <y, then zxx < zxy andy*z < T * z,
(i) y*2 < (zxx)* (y * 2),
(iil) y* 2z < (zxy) * (x * 2).

A BE-algebra (X *, 1) is said to be transitive if it satisfies Proposition 2.1(iii). If a BE-algebra
X is transitive, then Proposition 2.1(i) holds ([7]).

Definition 2.2. Let X be a BFE-algebra and let ) # F' C X of a BFE-algebra X. F is called
a filter ([6]) of X if

(F1) 1 € F;

(F2) if zxy,z € F, theny € F.
F' is an implicative filter ([7]) of X if (F1) and

(F3)ifx*(y*xz2) € Fandxxy € F, then zxz € .

Note that every implicative filter is a filter in a B E-algebra.

Proposition 2.3. Let X be a BFE-algebra and let F' be a filter of X. If vt <y and x € F for
anyy € F, theny € F.

Definition 2.4. Let X be a BFE-algebra X and ) # A C X. If B is the least filter containing
Ain X then B is called the filter generated by A and denoted by (A].

It is trivial to verify that
(Al =n{BJ|AC BC X, B is a filter}.

In what follows, ({a}] is denoted by (a] and [ay, a9, ,an, x] = a3 * (ag * (
Specially, [a,z]" := z,[a,z]' ;== axx, and [a,2]" :=a* (a* (---* (a*xzx)---)) (n > 2).

v~
n

Proposition 2.5([8]). Let X be a transitive BE-algebra and ) # A C X. Then
(Al ={z € X|3a1,---a, € A,n € N such that [a1,as,- - ,a,,z] =1}.

Definition 2.6([1]). Let X be a BE-algebra. X is said to be commutative if the following
identity holds

(C) (xxy)*xy=(yxx)xx,ie,cVy=yVae wherex Vy = (y*2x)*zx,
for all z,y € X.

Theorem 2.7([1]). If (X;*,1) is a commutative BE-algebra X, then it is a semilattice with
respect to V.

3. BE-algebra with order reversing involution

Definition 3.1. A BFE-algebra (X;x, 1) is said to have an order reversing involution “' " if
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(i) if z <y, then ¢y <2’ and (2') = x;
(ii) 0 is the smallest element of X;
(i) zxy =y x 2’
for all x,y € X, where 0/ := 1.

In what follows, let X denote a BFE-algebra with order reversing involution ' unless otherwise
specified.

Proposition 3.2. Suppose that X is a transitive BE-algebra with order reversing involution
". Then the following hold:
(i) z%0=2a;
(ii)) Oxz =1;
(i) s <y y*xz<zx*z
for any x,y,z € X.

Proof. (i) By Definition 3.1(iii), we have z * 0 =0’ x 2’ = 1 % 2’ = 2.
(ii) Let = € X. Using Definition 3.1(iii) and (BE2), we get Oxz =2/ %0’ =2’ x 1 = 1.
(iii) By Proposition 2.1(i), x < y imply y * 2 < z % z. Conversely, suppose that y * z < z * z for
all x,y,z € X. By Definition 3.1(i), we have x xy = ¢/ * 2’ = (y x 0) % (x * 0) = 1, proving that
x <. 0
Theorem 3.3. Let X be a transitive BFE-algebra and let a,b,x € X.
(i) If a > b, then [a,z]" < [b,z]" for any n € N;
(ii) If n,m € N with n > m, then [a,z]" > |a, x]™;
(ili) [a,z]™ > x for any n € N.

Proof. These conditions are trivial when n =0 or m = 0.
(i) We use induction on n to show [a,z]" < [b,z]". If n =1, then a > b imply [a,z]' = axx <
[b,x]' = bx x. For n > 1, assume that [a, z]™ < [b, z]™ for any m < n. Then
[a,2]" = ax*[a,z]" "t <ax*[bx]"t <bxbx" = [ba]"
(i) Suppose that n = m + p. Then p > 0. We use induction on p to show [a, z]™*? > [a, z]™. If
p =0, then [a, z]™"P > [a, x]™ holds. For p > 1, assume that [a, z]™"? > [a, z]™ for any ¢ < p. It
follows that
0, 2™ = e [a, oD >k [a,2]" > [a,2]"
(iii) The proof is similar to (i). O
Theorem 3.4. Let X be a transitive BFE-algebra and let a,b € X. Then
(1) (aVb] C (a] U(D];
(i) if a < b, then (b] C (a].

Proof. (i) For any = € (a V b, there exists n € Nt such that [a V b,z]" = 1. Since a < a Vb
and b < a Vb, by Theorem 3.3(i), [a V b, z|" < [a,z]” and [a V b, z|" < [b,z]". Hence [a,z]" =1
and [b, x| =1, i.e., x € (a] N (b]. Therefore x € (a] N (b]. Thus (a Vv b] C (a] N (b).
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(i) If = € (b, then there exists n € N such that [b, z|" = 1. Since a < b imply [b, z|" < [a, x]™,
we have [a,z]" = 1. Hence x € (al. O

Proposition 3.5. Let X1, Xy be BFE-algebras with order reversing involution ' and f : X; —
Xy be a homomorphism of BE-algebras. If f(0) =0, then f(z') = (f(x)) for any z € X.

Proof. For any = € X1, we have f(2') = f(x*0) = f(z) * f(0) = f(x) «0 = (f(x)). O

Let X be a BFE-algebra with an order reversing involution . For any x,y € X, we define a
binary operation “& 7 as follows:

r®y =212 *xy.

For any a € X and n € N, we denote

(n+1)a :=a® (na).

Proposition 3.6. Let X be a BE-algebra with order reserving'. Then for any a,b € X and
m,n € NT, we have

(i) a,b<a®b;
(ii) if m < n, then ma < na.

Proof. (i) By (BE4) and (BE2), we have bx (a ®b) = b (a’ xb) =a' * (b*xb) =a’*x1 =1 and
sob<a®b. Sinceax(a®b) =ax*(a' xb)=ax *(a))=axV/ xa) =0 x*(a*xa)=b*1=1,
we obtain a < a @ b.

(i) Using (i), we obtain na = ma & (n — m)a > ma. This completes the proof. O

Proposition 3.7. Let X be a transitive BFE-algebra with order reserving involution ’. Then,
for any a,b,c € X, a < b impliesa ®c < b@ c.

Proof. Let a <b for any a,b € X. By Definition 3.1(iii), we have v/ < a’. Since X is transitive,
we obtain a’ x ¢ < b x ¢ for any ¢ € X, proving that a ¢ < b® c. U

Let f: X; — X5 be a homomorphism of BFE-algebras with order reserving involution '. We
define the dual kernel of f denoted by DKer f, as follows:

DKer f:={x € Xq|f(z) = 12}

4. The filter’s radical in BF-algebras

Definition 4.1. Let J be a filter of X. A subset A := {z € X|3n € N such that nx € J} is
called a filter’s radical of J and we denote it by v/J.
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Example 4.2. Let X :={0,a,b,¢,d,1} beaset with0' =1, = ¢,/ =d,d =a,d =b,1" =0.
Define a binary operation * as follows:

x|0 a b ¢ d 1
0/j1 11111
alc 1 b ¢ b 1
bld a 1 b a 1
cla a 1 1 a 1
dib 1 1 b 11
110 a b ¢ d 1

Then (X;*,,1,0) is a BE-algebra with order reversing involution ’. Since {1} is a filter of X
and 2b = 1,na = a,nc = ¢,nd = a for all n € N, we obtain \/{1} = {b,1}.

Theorem 4.3. Let J be a filter of a BE-algebra X. Then J C V.

Proof. Let x € J. Then 1z = z € J, i.e., 31 € N such that 1z € J. Hence z € v/J. Thus
JC V. O

Note that 1 € v/.J whenever J is a filter of a BE-algebra X.

Theorem 4.4. Let J; and Jy be filters of a BFE-algebra X with an order reversing involution
'. Then the following hold:

(i) if Jy C Jo, then /Jy € v/ Jo;
vV Jl N JQ,'

Proof. (i) Let x € \/J;. Then there exists n € N such that nz € J; C J,. Hence z € \/Ja.

Therefore /J; C v/ Js.
(ii) Let # € /J1 N/ Jo. Then there exist m,n € N such that mz € J; and nz € J, and so
m,n < m+n. By Proposition 3.6(ii), we have ma < (m+n)zx and n < (m+n)x. Since mx € J;
and J; is a filter of X, we get (m 4+ n)z € J;. Since nx € Jy and J, is a filter of X, we obtain
(m +n)x € Jo. Hence x € v/J; N Jy. Therefore \/J; N/ Jo C v/ J1 N Js.

Since Jy, Jo are filters of X, J; N Js is a filter of X. Since J; N Jy C J; and J; N Jy C Jp, by
(i) we get /J1 N Jy € V/Jy and /J, N Jy € +/Jy. Hence \/J, N Jy C v/J, N/ Jy. Thus we have
VIOV L =VIN0 .

(iii) Let x € v/J; U/ Jo. Then x € v/J; or x € /J,. Hence there exists n € N such that
nx € J; or there exists m € N such that max € J,. In any case, we have n € N such that

nr € J;UJy C (Jl U JQ] Thus x € \/ (Jl U Jg], ie., \/IU \/J_Q C \/ (Jl U JQ]

(iv) It follows immediately from Theorem 4.3 and Theorem 4.4(i). O

Corollary 4.5. Let Jy, Js, -+, J, be an implicative filter of a BE-algebra X. If \/J, = /Jo =
oo =/Jy, then /J, =/J N - J,.

Proof. Using Theorem 4.4(ii), we have /J; = 1NN/ J, =/ 1NN J,. O
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The relations between the generated filters and their radicals are discussed as follows.

Proposition 4.6. Let X be a transitive BFE-algebra and let a,b € X. Then the following
hold:

(i) if a < b, then \/(b] C /(al;
(i) V(@ V 8 C i N
Proof. (i) If a < b, then using Theorem 3.4(ii) we have (b] C (a]. By Theorem 4.4(i), we have
(b] € V/(al.
(ii) Since (a V b] C (a] N (b], by Theorem 4.4(i), we obtain \/(a v b] C +/(a] N (B]. O

Theorem 4.7. Let J be an implicative filter of a transitive BE-algebra X with order reversing
involution ’'. Then, for any n € N and for any a € X, na € J implies a € J.

Proof. Use an induction on n. If n = 1, then it is trivial. Suppose the conclusion holds for
p<n+land (n+1)a € J. Then a’*(a'«(n—1)a) = a’*na = (n+1)a € J. Since ’xa’ =1 € J
and J is an implicative filter of X, we have na = a' % (n — 1)a € J. By assumption, a € J. [

Theorem 4.8. Let J be an implicative filter of a transitive BFE-algebra X with order reversing
involution’. Then J = +/J.

Proof. By Theorem 4.3, J C v/J. Let # € v/J. Then there exists n € N such that nz € J.
Using Theorem 4.7, we have z € J. Hence v/J C J. Thus J = v/J. O

Theorem 4.9. Let X, Xy, be BE-algebras with order reversing involution’. Let f : X; — X5
be a homomorphism of BE-algebras. If f(0) = 0, then for any n € N, f(nx) = nf(z) for any
x e Xl.

Proof. We use the induction on n to prove the conclusion. If n = 1, the conclusion is trivial.
Now suppose that n > 1 and the conclusion holds for n. Then, by Proposition 3.5, we obtain

f((n+1Dz) =f(x ®nz) = f(z' *nx)
=[f(@') x f(nz) = (f(x))" *nf(z)
=f(z)®nf(z)=(n+1)f(x),
i.e., the conclusion holds for n + 1. O
Theorem 4.10. Let (X1, 1, 1,01, 11) and (Xs, *9, 5,04, 15) be BE-algebras with order revers-
ing involutions . Let f : X1 — X5 be an epimorphism of BE-algebras. If J is a filter of X such
that DKer f C J, then f(J) is a filter of Xs.

Proof. Suppose that J is a filter of X; such that DKer f C J. Then 1, € J and so 15, =
F@) %2 f(@) = fla ) = [(1) € F()).

Assume that y*,2z € f(J) and y € f(J) for any y, z € X,. Then there exist z,w € Jand v € X,
such that f(z) = y %9 z, f(w) = y and f(v) = z. Hence f(z 1 (w %, v)) = f(z) %o (f(w *v)) =
(y *9 2) *9 (f(w) *9 f(v)) = (y *2 2) %2 (y *2 2) = 1y and so = #; (w x; v) € DKer f. Using
DKer f C J, we have x %1 (w*;v) € J. Since x € J and J is a filter of X, we get w ;v € J.
Using w € J, we obtain v € J. Therefore z = f(v) € f(J). Thus f(J) is a filter of Xj. O
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Proposition 4.11. Let (Xy,%*;, 7,01,11) and (Xa, %9, 5,09,15) be BFE-algebras with order
reversing involutions ;. Let f : X1 — X5 be an epimorphism of BE-algebras with f(0) = 0. If J
is a filter of X, such that DKer f C J, then f(~/J) = \/f(J).

Proof. Let J be a filter of X; such that DKer f C J. By Theorem 4.10, f(J) is a filter of Xj.
If y € f(\/J), then there exists x € v/J such that f(z) = y. Since z € V/J, there exists n € N
such that nz € J. Using Theorem 4.9, we have f(nx) =nf(x) =ny € f(J). Hence y € v/ f(J).
Therefore f(v/J) C \/f(J).

Conversely, let y € /f(J). Then there exists n € N such that ny € f(J). Since f is an
epimorphism, there exists € X; such that f(x) =y. Hence f(nz) = nf(x) =ny € f(J) and so
there exists z € J such that f(z) = f(nx). Therefore f(zxinx) = f(2)xe f(nx) = f(2)*2f(2) = 1o
and so zxnx € DKer f C J. Since z € J and J is a filter of X;, we obtain nxz € J. Hence

J and so y = f(z) € f(v/J). Therefore \/f(J) C f(+/J). This completes the proof. O

Theorem 4.12. Let (Xi, *1, 1,01, 11) and (X, %2, 5,09, 15) be BE-algebras with order revers-
ing involutions ;. Let f : X; — Xy be a homomorphism of BE-algebras. If J is a filter of X,
then f~'(J) is a filter of X,. Furthermore, if f(0;) = 0y, then f~1(v/J) = \/f~1(J).

Proof. Let J be a filter of X5. Let x %y y,x € f~1(J). Then f(z *;y) = f(z) %2 f(y) € J and
f(x) € J. Since J is a filter of Xy, we have f(y) € J and so y € f~!(J). Since f(1;) = 1, € J,
we obtain 1; € f~!(J). Therefore f~!(J) is a filter of X;.

We assume that f(0;) = 0,. Let 2 € f~*(v/J). Then f(x) € v/J and so there exists n € N
such that nf(z) = f(na) € J. Hence nx € f~1(J). Therefore x € \/f~1(J). Thus f~'(v/J) C

)

Conversely, let z € \/f~1(J). Then there exists n € N such that nz € f~!(J). Hence f(nz) =

nf(zx) € J and so f(x) € v/J. Therefore 2 € f~1(\/J). Thus /f~1(/J) C f~*(\/J). O
5. The extended filter in BF-algebras

For any non-empty subset F' of X and x € X, we define
v s Fi={yeXlzrvyecF}L
Note that if F is a filter of X, then 1 € 27! x F.

Proposition 5.1. Let X be a transitive commutative BFE-algebra. If I is a filter of X, then
~1 % F is a filter of X containing F.

Proof. Let y € v '« Fandy*z € 7'« F. ThenzVy € Fand xV (y*z) € F. Now
(xVy)*x(zVz) = ((yxx)*x))*((zxz)*x) > (2%2) % (y*x) > y*xz and (xVy)*(zVz) > xVz > .
It follows form Theorem 2.6 that xV (y*2) < (zVy)* (2 V z) so that (xVy)*(xVz) € F. Using
the fact Fis a filter of X and x Vy € F, weget t Vz € F,ie,z€ a2 '+« F. Thusa ' % Fisa
filter of X.

Let y € F. Since y < x Vv, it follows that z Vy € F,ie.,y € 27!« F. Hence F C o~ ! % F.
This completes the proof. U
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Proposition 5.2. Let F' and G be filters of a BE-algebra X. Then the following hold: for
any r,y € X,
(i) 271« F'= X ifand only if v € F;
(i) FCGimplyz '« F CytxF;
(iii) 27t % (FNG) = (7'« F)N(z7'*G) and 27 ' % (FUG) = (7'« F) U (27 % Q).

Proof. (i) Let z € F. Since z < (yxz)+xx = xVy, we have x Vy € F for all y € X, ie.,
y€ax '+ F. Thus 27! * F = X. Conversely, assume that 27!« F' = X. Then z Vy € F for all
y € X. In particular z =z VvV € F.

(ii) Assume that F CG. If z €z '« F,thenzV 2z € F C G, ie., xVz € G. Hence z € 71 xG.
Thus z '« F Cxz ' % G.
(iii) For any z, z € X we have
zex 'x(FNG) & rVze FNG
SrxVzeFandzxzVzeG
sSzex s Fandzexz ' G

Sz *F)N(@'%G)

and
ze€x 'x(FUG) & rVze FUG
sSrVzeForxVzed
sSrzcr s Forzea 'x@
sSze@'«F)U@@xqG).
This completes the proof. O

Definition 5.3. A proper filter of a BF-algebra X is said to be prime if for any x,y € X,
xVy € Pimpliesx € Porye€ P.

Proposition 5.4. Let P and F be filters of X such that F C P. If P is prime, then = 'xF C P
for allz € X \ P.

Proof. Let z € x™ '« F for allx € X \ P. Then V2 € FF C P. Since P is prime and = ¢ P,
we have z € P,ie., 2 ' x F C P. O

Proposition 5.5. If P is a prime filter of X, then X \ P is V-closed, i.e., xVy € X \ P
whenever x € X \ P andy € X \ P.

Proof. Straightforward. O

Theorem 5.6. Let X be a transitive commutative BFE-algebra. A filter P of X is prime if
and only if v™' « P = P for all X \ P.

Proof. Suppose that P is a prime filter of X. Let 2 € X \ P. The conclusion P C 27! x P
follows from Proposition 5.1. If y € 27! % P, then x Vy € P. Since P is a prime filter of X, we
have y € P. Hence '+ P C P. Thus 2~ '« P = P.
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Conversely, assume that 27! x P = P forallz € X \ P. Let yVz € P and 2z ¢ P. By the
hypothesis, 2=t * P = P. Hence y € 2~ * P = P. Thus P is prime. O

Definition 5.7. Let P be a filter of a BFE-algebra X. P is called a primary filter of X if
xVy € Pand x ¢ P= dn € N such that ny € P, for any z,y € X.

Theorem 5.8. Let X be a transitive commutative B E-algebra and let J be a filter of X. If
v« J=J Vx ¢ J, then J is a primary filter of X.

Proof. By Definition 5.7, a prime filter is a primary filter. Suppose that 2= ' % J = J, Vz ¢ J.
Using Theorem 5.6, J is a prime filter of X. Hence J is a primary filter of X. O

Theorem 5.9. Let X be a transitive commutative BFE-algebra. If J is a filter of X, then
J = Ngexx L J.

Proof. By Proposition 5.1, J C 27t % J for all z € X. Hence J C NMyexx ™! * J.
Assume that y € Nyexax™ ' *xJ. Then y € y=' x J and so y € J. Hence Myexa ! * J C J. This
completes the proof. O
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SYMMETRY p-ADIC INVARIANT INTEGRAL ON Z, FOR
¢-EULER POLYNOMIALS

DAE SAN KIM, TAEKYUN KIM, SANG-HUN LEE AND JONG-JIN SEO

ABSTRACT. In this paper, we investigate several further interesting properties
of symmetry for the p-adic fermionic integral on Z;,. By using this symmetry
of fermionic p-adic integral on Zj, we give some relations of symmetry between
the power sum g-polynomials and g-Euler polynomials.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completion of algebraic closure of Q,,.

Let v, be the normalized exponential valuation of C, with \p|p = pur(p) = %.
When one talks of g-extension, ¢ is variously considered as an indeterminate, a
complex number ¢ € C or p-adic number g € C,. If ¢ € C, one normally assumes
lq] < 1; if ¢ € Cp, one normally assumes [1 —g|, < 1. We use the notation for

1—q”

g-number as [x] = =—L-. Note that lim [x] = x. As is well known, the Euler
q 1—q g—1 q

polynomials are defined by the generating function to be

2 B = tn
et = P =N "B, (v) ,
n.

n=0

et +1

(1)

with the usual convention about replacing E™ (x) by E, (x) (see [1-13]).
When = =0, E,, = E, (0) are called the Euler numbers.
From (1), we note that

(E+1)"+E, =2, (n>0),

and

E, (z) = f: (7) "R,

=0

(see [1, 4, 7,9)]).
Recently, Kim considered a g-extension of Euler polynomials (called g-Euler
polynomials) as follows :
o o m
(2) 9 (_1)m e[m'f‘-'L']qt — Z E‘n7q (.13) i

)
n!
m=0 n=0

(see [6]).
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From (2), we can derive

_ 2 - n (_1)l x
@ a0 = =g 2 ()1 g
=23 ()" [m+a]
m=0

When z =0, E, = E, 4 (0) are called ¢g-Euler numbers.
By (2), we easily get

(qEq +1)" + Ey g = 2600,

with the usual convention about replacing Ef by Ey, 4.
Let € (Z,) be the space of continuous functions on Z,,.
For f € € (Z,), the fermionic p-adic integral on Z, is defined by Kim as follows

pY -1
(4) L) = [ 1@ duor(2) = Jim 3 £ (@) (-1,
(see [4, 5]).
From (4), we note that
n—1
() / flatn)yduy (@) +(=1)"" [ fla)du (@) =2 (-1)"7F (1),
Zyp Ly =0
whre n € N (see [1, 3, 4, 5]).
By (5), we get
r+y)t _ 2 xt __ - tn
(6) /Zpe<+>dﬂ_1(y)_et+1€ _;En(:ﬂ)m.
From (6), we have
(7 | @i i o) = @), 0.

P

In [4], some relations of symmetry between the power sum polynomials and
Euler polynomials were given by (7) and finding a g-extension of symmetry p-adic
invariant integral on Z,, for g-Euler polynomials was remained as an open question.

In this paper, we investigate several further interesting properties of symmetry
for the p-adic fermionic p-adic integral on Z,, and give some relations of symmetry
between the power sum g-polynomials and g-Euler polynomials.

Recently, several authors have studied the identities of symmetry and g-extensions
of Euler polynomials (see [1-13]).

2. IDENTITIES OF SYMMETRY OF THE ¢-EULER POLYNOMIALS

From (4) and (5), we can derive the following equation :

oo

(®) / ity () =2 3 (1) e,
Z

P m=0
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By (2) and (8), we get

) }j/’ el (5) o = Y B (0) .

By comparing coefficients on the both sides of (9), we get

tn
n!

(10) téw+wduﬂ) By (2)

2§: " m A+ aly

m=0

2 n s 1
:(1®”§:<J(_D%l1+¢'

=0

Let wq, we € N with w; =1 (mod 2) and we = 1 (mod 2).
Then we observe that

wy
(11) /e[wl]q[w2x+w11+y}qwltdﬂ1(y)
ZP
:/ e[w1w2m+w2j+wly]qtdlu_1 (y)
ZP
pY -1
— 1 [wiwezt+waj+wiyl,t (_1\Y
Ngnoo Z € ’ ( 1)
y=0
wy—1p" —1
= 1i [wiwez+waj+w: (i+way)], ¢ Z+w2y
Ngnoo ZO yzo e ( )
K3

From (11), we note that

wy—1
(12) erwéeM]MH P g )
=0 »

w1 —1wo— 1p —1

— lim § § § 2+j+y wlwg(z+y)+w2j+w1i]qt
N—o0

j=0 =0 y=0

By the same method as (12), we get

w21 : w wiz+ 2L g
(13) Z (71)]/ 6[ 2](1{ 1 +w2]+y]‘1w2td‘u_1 (y)
=0 Ly

wo — lw1 lp —1

— lim E : § : E : 2+J+y w1w2(1+y)+wlj+w2i]qt
N —o00

j=0 =0 y=0

Therefore, by (12) and (13), we obtain the following theorem.
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Theorem 1. For wy, wy € N with wy =1 (mod 2) and we =1 (mod 2), we have

wlfl

> -1y / o[t idin] g,

=0 Zp
’IU2—1

: w wiz4 2L
(v [ ¢ o[t 5t ).
Z

=0 »

Corollary 2. Forn >0, we have

wi—1

wl > 1 [

j=0 Zp

n

wa .
[ng + 2+ y] dp—1(y)
w1y

qvl

u)g—l

ol 0 [ o+ B0 dna),

j=0 P q2

By (9) and Corollary 2, we obtain the following theorem.
Theorem 3. Forn > 0 and wy, wy € N with w; =1 (mod 2) and we =1 (mod 2),

we have
wa .
n ,qwl waT + —J
w1
o—1

n 1 w1 .
= [wg]q (—1)j En’qwz <’U11(E + U);]) .

7=0

M ‘

wl

S b

From (10), we note that

n

[wzw + *J + y} dp—1 ()

qwl

n [wz]q 1 1 wa(n—1i)j n—i
Z> <[w1]q> P /Z [waz + Y] gw dp—1 ()

P

n [’(1)2] i % wa (n—1)j
Z) ( q) []};wz q 2 )JEn—i,qwl (w2-r)

(15) [’U)l]q Z (—l)J / l:wgl‘ + %j + y:| d/,L_1 (y)
=0 Zy w1 v
n n ) ) wi—1 ) ) N
=3 () ol el 3 (17 Ul 454 By (12)
=0 =0
— (n n—i i
=y ;) ol fwaly Snigre (W1) Eniger (wa),
=0
wyp—1 ) N ‘
where Sy ;4 (w1) = Y (=17 ¢ [4], .
=0
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By the same method as (15), we get

(16) [wﬂ:;wf(fl)j / [wmjj;jwr dpi1 (y)

j=0 P q*2
=~ (n i n—i
=> ;) g [w2ly ™ Sniger (W2) Bueigea (wrz).
i=0

Therefore, by Corollary 2, (15) and (16), we obtain the following theorem.

Theorem 4. Forn > 0 and wy, wy € N with w; =1 (mod 2) and we =1 (mod 2),

we have
“~(n n—i i
> ;) oy [welg Eniger (w22) Snigea (w1)
i=0
= (n i n—i
=> ;) oy [wely ™ Enigee (w12) Spiiger (w2),
i=0
w—1 ) )
where Sy iq (w) = > (1) ¢ ],
=0
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In this paper, we consider Barnes’ multiple Bernoulli and poly-Bernoulli mixed-
type polynomials. From the properties of Sheffer sequences of these polynomials
arising from umbral calculus, we derive new and interesting identities.

1 Introduction

In this paper, we consider the polynomials sS4k (z|ai,...,a,) whose generating function
is given by

(1)

tr Lip(1—e™) ,, < "
= S(T7k) yeee sy )™y
[[—i(est =1) 1—e ‘ ; w (@l ¢ )n!
where r € Z~o, k € Z, ay,...,a, # 0, and
. = "

Lin(e) = D e
is the kth polylogarithm function. Sy(Lr’k)(x|a1, ...,a,) will be called Barnes’ multiple
Bernoulli and poly-Bernoulli mixed-type polynomials. When Sflr’k)(al, Gy
= S,(f’k)(0|a1, ..., a,) will be called Barnes’ multiple Bernoulli and poly-Bernoulli mixed-
type numbers.

Recall that, for every integer k, the poly-Bernoulli polynomials Bflk)(x) are defined by
the generating function as

Lij(1 — €7t)em _ iB(k)(x)ﬁ 2)

1—et
([14], Cf.[4]). Also, recall that the Barnes’ multiple Bernoulli polynomials B,,(z|a1, . .., a,)

are defined by the generating function as

tn

m )

t’l"
H;:1 (et —1

where ay,...,a, # 0 ( see [1-14])).

In this paper, we consider Barnes’ multiple Bernoulli and poly-Bernoulli mixed-type
polynomials. From the properties of Sheffer sequences of these polynomials arising from
umbral calculus, we derive new and interesting identities.

(3)

)ext = Z B.(z|ay, ..., a;)
n=0

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the
variable t:

F= {f(t) = %tk

k=0

ag GC} . (4)

2
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Let P = Clz] and let P* be the vector space of all linear functionals on P. (L|p(z)) is
the action of the linear functional L on the polynomial p(z), and we recall that the vector
space operations on P* are defined by (L + M|p(x)) = (L|p(z)) + (M|p(z)), (cL|p(x)) =
c¢(L|p(z)), where ¢ is a complex constant in C. For f(t) € F, let us define the linear
functional on P by setting

(f(B)]z") = an, (n=0). ()

In particular,

(t*]2") = nldnr  (n,k > 0), (6)
where 9, is the Kronecker’s symbol.

For fu(t) = Y2 504k we have (f,(£)]2") = (L|e™). That is, L = f,(t). The map
L — f(t) is a vector Space 1som0rphlsm from P* onto F. Henceforth, F denotes both
the algebra of formal power series in ¢ and the vector space of all linear functionals on
P, and so an element f(t) of F will be thought of as both a formal power series and a
linear functional. We call F the umbral algebra and the umbral calculus is the study of
umbral algebra. The order O(f(t)) of a power series f(t)(# 0) is the smallest integer k
for which the coefficient of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta
series; if O(f(t)) = 0, then f(t) is called an invertible series. For f(t),g(t) € F with
O(f(t) = 1 and O(g(t)) = 0, there exists a unique sequence s,(z) (deg s,(z) = n) such
that (g(t)f(t)*|s,(z)) = nld,k, for n,k > 0. Such a sequence s,(z) is called the Sheffer
sequence for (9(t), f(t)) which is denoted by s, (z) ~ (g(t), f(t)).

For f(t),g(t) € F and p(z) € P, we have

(F()g@)p(x)) = (fB)]g()p(x)) = (g(t)]f (E)p(x)) (7)

and
1) =3 Ol 1. p) =3 (Hlpte) g
k=0 ’ k=0
([12, Theorem 2.2.5]). Thus, by (8), we get
k T
tpfa) = pWa) = 2O nd - () = pla 4 ). )

Sheffer sequences are characterized in the generating function ([12, Theorem 2.3.4]).

Lemma 1 The sequence s, (x) is Sheffer for (g(t), f(t)) if and only if

_1 oyl —  5k(Y) C

where f(t) is the compositional inverse of f(t).
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For s,(x) ~ (g(t), f(t)), we have the following equations ([12, Theorem 2.3.7, Theorem
2.3.5, Theorem 2.3.9]):

F(B)sae) = nsoa(a) (0> 0), (10)
o) =3 5 (a(F0) " eyl o (1)
st =3 (1) siemnnso) (12)

where p () = g()sn ().
Assume that p,(z) ~ (1, f(¢)) and g,(z) ~ (1,g(t)). Then the transfer formula ([12,
Corollary 3.8.2]) is given by

qn<x>=x(%) e pale) (n1).

For s,(z) ~ (g(t), f(t)) and r,(z) ~ (h(t),{(t)), assume that

Then we have ([12, p.132])

x"> : (13)

We now note that B (x), Bp(xlay,...,a,) and Sirk) (x]ai,...,a,) are the Appell se-
quences for

3 Main results

1—e? I, (e™" = 1) [[oa(e' =1) 1-—e¢
gk(t) = ma g?"<t) - tr ’ gr’k(t) o tr le(l — €7t) .
So,
1—et
(k) ~
5O ~ () (1)
77_ e(l]'t —1
Bn(x|a1,'_.7a,r) ~ (HJ—I(tr )7t> s (].5)
T (et —1) et
(rk) (Heate €
Sy (xlay, ..., a) < m Tir(l —e—t)’t> . (16)
4
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In particular, we have

d k
1B (@) = — B (x) = B, (). (17)
d
tBn(:L'|a17 ,CLT) = %Bn<x|a17 ,CLT)
=nB,_1(x|a,...,a,), (18)
d
thlr,k)(x|a1, ,CLT) = %Sér’k)<x|a17 7a'r’>
= nS"(zlay, ..., a). (19)
Notice that
d 1

3.1 Explicit expressions

Write B,(ay,...,a.) := B,(0]ay,...,a,) and Sff’k)(al, B Sff’k)([)ml, ...ya.). Let
(n)j=nn—1)---(n—j+1) (j > 1) with (n)y =

Theorem 1

SR (zlay, ... a.) =

I
T 3
(@)
VoY
<o
I 3
3
I J
()

=

3

|

3

L
VR
.3
~_
VRS
— .
~~

m! )
meg(n —J,m)B;_(aq,. .. ,ar)> zt, (23)

_ - n S(T k) J
- j n—j (ah 7ar‘)x (24)
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Proof. By (1), (2) and (3), we have

o0 . tz .
< S’L( k)(y|a17 7a7‘>5 'y >
i=0 '
t" le(l e_t)
Mo —1) 1-c°
t" le(l €_t)
T -l 1—e
+ o k) tl
(e )]
t" " /n
(il

Y\ (k) tr n—l

= BV x

1=0 (l) : <H]:1(€a]t - 1) >

n n N o0 tz o
:Z<Z>Bl( )(y)< Bi(a’h 7a’7")5 l>

=0 i=0 )

- n
= (l)Bl(k)(y)Bnl<al7 7a7')

=0

So, we get (20).
6
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x”>
t’l"

- eytxn

Hj:1(€ajt —-1) >

. o tl

_— Z Bi(yla, ... ,ar)ﬁx”
1=0 ’

. n n n_l

? ZBl(y]al,...,ar)<l)x >
1=0

n Lip(1 — et

)Bz(ylal,---,ar) <M x

We also have

r.k tl
)( B

Sg’k)(yml,...,ar) ylay, ..., a,)

S

<
I
o

rl
—
=
—~
—_
@
&
~—

|
T T~ T/
—
e
=
o ||
Ll

—
|

®
d

ri
—
ol
—~
—_
®
4
~—

3

N
Il
o

3

I

(]
/N /\3\ N

N——
=
2

Q

=

“Q
N
/\
iing
o

Sy

=
= |

3

L
\/

Thus, we get (21).
In [7] we obtained that

which is the identity (22).
In [7] we obtained that

Lis(l—e™) ¥ (n_j (=~ (n) miSs(n — m)) -

1—et
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where Sy(I,m) are the Stirling numbers of the second kind, defined by

m S tl
(el —1)™ = m! 252(1,m>ﬁ.
l=m

Thus,
S, ’”’::;(;é&éij;w?>mw“"‘im0Iﬂzé;—1f]
_ ]; nio <(_n?r:;: (?) mSs(n — 7, m)) Bj(z|ay, ..., a,)
= :0 :g) ((_n?:_:;j (?) mlSy(n — j, m)) lz:; (l>Bj_z(a1, ay)!
N En: g(_l)n—m—j (;l) 6) (mffl)ksg(n — j,m)B;_(as, ,aﬁ) at,

=

=)
<
I

L
3
]

o

which is the identity (23).
By (11) with (16), we have

(o70) ™ Fayler) = <nf_1<§;t e >
= (n). t" L1k<1 — e_t) :L»n—j
= ( )J<H7j l(eajt_l) 1ot >

Thus, we get (24). 1

3.2 Sheffer identity

Theorem 2

STz + ylay,. .. a,) = Cﬁg“%mbm¢mwﬁ. (25)
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Proof. By (16) with
R I T

pn(l’) = = le(l —e_t) n ($|a1,...,a,,)
=a" ~ (1,1),
using (12), we have (25). 1
3.3 Recurrence
Theorem 3
Sym)(ﬂ?!al, a) = xS (xlay, .. a,)
( )— DB ST (@ay, . ay)
7j=1 1=0
1 T T
- (Sl a1 = ST ala - an D) (26)

where B,, is the nth ordinary Bernoulli number.

Snt1(x) = (95 - g’(t)) . $n()
([12, Corollary 3.7.2]) with (16), we get

Proof. By applying

g;k(t)
ST (zlay, ... an :(:E— ’ ST (zlay, ..., an
Bt a = (o= 228 S el )
Now,
: = (In g, ,(t
S~ (a0

. ’
= ( In(e%" — 1) —rint +In(1 —e™") — InLix(1 — e_t)>
7j=1

B XT: e*t . Li_1(1 —e7)
T2l i i Lig(1 — e~?)

__ZFJH#sz—Uwﬂwﬂ—wﬂ+D t Liz(1—e) =Lz (1—e)

L (e — 1) A Lin(1 — e )
Since
22:1 Hz’;ﬁj(eait — D)(ajte®" —e¥' +1) B %(22:1 ay--- aj—lagzajﬂ e Clr)tr+1 + o
I (e =) (a4
1 T
j=1
9
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is a series with order> 1 and

L. _ _t _ . _ _ _t
i(1—e") —Lij_1(1 —e7) 1 1 rpee.
1—et

is a delta series, we have

r . 9rix()
st @lar, . ar) = 28T (@lar, . ar) = S S0P (alay, . a)
gnk(t)
(1t tr Lij(1 — et
:xSSZT’k)(ﬂal,,,,,ar)— g7k( ) T ” il et )x”
gT’,kJ(t) szl(ea] - 1) 1 —e"
= S (z]ay,. .., a,)
B " L1k<1 _ eft) Z;Zl Hi;ﬁj(eait _ 1)(ajt€ajt — eajt + 1)1:”
[[oi(ewt =1) 1 —et T, (e — 1)
t" t le(l — e*t) — le—l(l — e*t) n
H§:1(eajt - 1) et —1 t(l — e_t)
Now,
> i Hi#j(e“"t — 1)(ajte®* —e¥' +1)
T Py Xz
i (e = 1)
B Z;Zl Hi#(e‘”t — 1)(ajte®" — e%' + 1) gn+l
1 —ajtest —est+1
S n+1 Z et — 1 v
7=1
1 [ ajtest
= _ 1 n+1
T (# )
7j=1
1 " > (—1)lBla§- I il
- (R )
j=1 \1=0
1 r n+1 n+ 1 L i
L (B ()
Jj=1 \1=0
r n+l
1 n+1 .
= n+1zz ( l )(—aj)lBlw +1-1
j=1 I1=1
1 - - n+ 1 n+1-1
T a1 ZZ I (—a;) By
=1 =0
Also,
Lig(1 —e7) — Lip_y(1 —e7) 1 Lig(1—e™) —Liza(1—e?) .,
T = "
t(l—e) n+ 1 1—et
10
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Thus, we get the identity (26). 1

3.4 One more relation

Theorem 4

S(Tk)<'r|a17" )—JIS( ( |CL1,...,CLT)
+Z (1) mz a8 (zlay, .. ay)
1
+ —Sé’"*l’k’l (zl|ay,...,an, 1) — —Sﬁf“’k)(x\al, cey Gy 1) (27)
n n

Proof. For n > 1 we have

11
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Observe that

5 t" B rtril — 1" 25‘:1 %
t T . T a;
Hj:l(e it —1) Hj:l(e it —1)

- HE —n\' " Z eﬁwftl)

N —

1L E —n\"" Zmi (_%L”L'Bmtm)
- j;“; Y r— ; (j:(—a]) ) Bmz:m>

Thus,
t" le(l — e_t) _
8 yt|,.n—1
<< To(enr - 1)) pmer o1
tr Lip(1—e™) .| < : (-0)™ B, | .
= - : e¥ al’ | ———t"" 2"
n (_1)m l( 1 m tr le(]_ _ e—t)
— m— yt|,.n—m
2 Z (e —1) 1—et I"
- (_1 m 1( )B (rk m
:m:1 p- Sy o (ylag, ..., a, Za]
Since

Lix1(1—¢™) = Lig(1 —e™) (1 1>t+...

1—et 2T 2k

12
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is a delta series, we have

tr Lip(1—e7")\
<H§=1<€%t —-1) (at 1—et ‘

$n—1>

T et (Lig_1(1 — ") — Lix(1 — e™)) o
[[=i(e%' = 1) (1—e)?

B < tr t le,1(1 — €_t> - le(l - e_t) eyt
1
n

n—1
[T (i —1)et—1 11— e ‘ >
_ tr+1 le,1(1 — €_t) — le(l (& t) eyt Q?_n
L (et —1)(et — 1) 1—et n

1 1

= S ay o ap, 1) — =SU TR (ylay, . a,, 1)
n n

Therefore, we obtain the desired result. |

Remark. After simple modification, Theorem 4 becomes

K v
n+1 _ )Bl .
+Z Z JSn+1 (xlay, ..., ar)
Jj=1
+ 1 S(T+1,k—l)($‘a a 1)_;S(r+1k( |a . 1)
n+1 n+1 Tyeoosp, +1 n+1 TyeneyQp, .

which is the same as the above recurrence formula (26) upon replacing n by n — 1.

3.5 Relations with poly-Bernoulli numbers and Barnes’ multiple
Bernoulli numbers

Theorem 5

;(n:’Ll)( "SR ay, . ar)
Sy e () (B o 29

13
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Proof. We shall compute

< v Lix(1 —e™")

[T (e — 1)

in two different ways. On the one hand,

$n+1>

< tr Lip(1 — e_t) xn+1> _ <H

[Tj—i (et = 1)
t" le(l — G_t)
[T —1) 1-ct

|
:/\

j=1(

e S (z — 1)n+1>

m

\E

m=0

1
<n + )(—1)"_”7’5,(,:’]“)(@1, ).
On the other hand,
t?"
< L1k<1 - 67t)

m
- xn+1 —
Hj:1(€ajt —1) >
= <L1k(1 - e_t)‘Bn+1<m|a’17 s 7a'r’>>

0 <n7_7: 1) (1) <H§:1(z;-t — Lig(1— et)

: —t t n+1
<L1k(1 —e )’ T (e — 1)x >

_ /Ot(Lik(l _ 6—5))'ds‘Bn+1($’a1» e ,ar)>

(
([t

I
—
WE
i
=
L

I
(]
|
=
T
3
52
N—— N
=W
+ (3=
=l L
s
_l’_
=
¥
oy
i
B

Bnii(zl|aq, . .. ,ar)>

9] Br(jlcfl)
(Z m! s dS’Bn+1(5L'|Cl1,...,CLT)
m=0 )
Y poe-ny ) 1 "
B, i sds‘Bn+1(x|a1,...,ar)
m ' Jo
..,ar)>

n—+1 _
( )Bgf VB, i(ay, ...

)

a).

Here, B, _(ai,...,a,) = B,_(0|ay,...,a,). Thus, we get (28).

14
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3.6 Relations with the Stirling numbers of the second kind and
the falling factorials

Theorem 6

SE9 far, ... ;) = (Z sat,m) () an. .. >) @ (29)

Proof. For (16) and (z), ~ (1, e — 1), assume that S¢* (zay, ..., a,) = > o Crmn (@)
By (13), we have

Thus, we get the identity (29). 1

3.7 Relations with the Stirling numbers of the second kind and
the rising factorials

Theorem 7

SE9 (alay, ... a) = (Z Sy(l,m) (7;)5;’*‘?<—m|a1,...,ar>> ()™ (30)
m=0 \l=m

Proof. For (16) and ()™ = z(z+1)--- (z+n—1) ~ (1, 1—e™?), assume that Sirk) (z]a,...,a,) =

15
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S o Cnm(2)™. By (13), we have

m=0

Thus, we get the identity (30). 1

3.8 Relations with higher-order Frobenius-Euler polynomials

For A € C with A # 1, the Frobenius-Euler polynomials of order r, H." (x|A) are defined
by the generating function

I—=A " xt - (r) t
(+=3) « =S HEn

(see e.g. [6]).

Theorem 8

n n 5 S y T . S
SR (zlay, ... a,) = <(1 (_m)/\)s (-)(—)\)SJSy(z—’IjZL(ﬂalw--var)) HY (|A).
=0

Proof. For (16) and

16
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assume that S (z]a, ..., a,) = > oo Cn,mHTSif) (x|A). By (13), we have

Cnm:i et — A\’ i tT. Lik(l—e_t)tmxn
’ m! 1=X) [lo(e®*=1) 1—e?

B 1 " s t" le(l — e_t)

tmx”>

(
- (fz)A) (S> (=N 985N (Glay, ... a,) .

«

Thus, we get the identity (31).

. t" L1k<1 — €_t> n—mn
T
H;Zl(e“jt —1) 1—et

3.9 Relations with higher-order Bernoulli polynomials

Bernoulli polynomials %ﬁ{”(x) of order r are defined by

l Ta:t
() -

B (z)

tn
n!

1)

(see e.g. [12, Section 2.2]).

Theorem 9

Sr(zr7k)(‘r|a'17"'va1“) = ((n) (Hl-s)
=0 ( l )

Proof. For (16) and

17
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assume that S (zlay,...,ar) =>"0 Cn,m%g,i) (). By (13), we have

o - 1 et —1\° t" Liy(1 — e*t)tm
T ml t [[io(ev'—=1) 1—et

t" Lig(1 —e7? t1\°
lk( € ) (6 . ) xn—m>

[Tio(ev'—=1) 1—et
i+ Sy(l+ s, s)ta"™ m>
s)
1

tr Lig(1 —e™) 7123n
[Ti_(ev'—=1) 1—e- — (I

E tr Lig(1 —e™)

(et —1) 1—et

xnml>

-m ol -
(l—|—8)52(l+85 n—m <HT

J

—(" 5 (r,k)
=1, Z n )SQ(Z+S ,8)(n—m),S.” (ar, ..., ar)

—
T l+s 2 8, S> nfmfl(ala v >a7“) .
m =0 ( l )

Thus, we get the identity (32). 1
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FUNCTIONAL INEQUALITIES ASSOCIATED WITH INNER
PRODUCT PRESERVING MAPPINGS

GANG LU, GEORGE A. ANASTASSIOU, CHOONKIL PARK*, AND YUANFENG JIN

ABSTRACT. In this paper, we prove the Hyers-Ulam stability of inner product preserving
mappings in Hilbert spaces for the following additive functional equation

flaz +by) = af(x) + bf(y).

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [28]
concerning the stability of group homomorphisms: Let (G, *) be a group and let (G, ¢, d)
be a metric group with the metric d(-,-). Given € > 0, does there exist a d(¢) > 0 such
that if a mapping h : G; — G satisfies the inequality

d(h(z *y), h(z) o h(y)) <0
for all z,y € (G1, then there is a homomorphism H : G; — G5 with
d(h(x),H(z)) <€

for all x € G;7 If the answer is affirmative, we would say that the question of homo-
morphism H(x xy) = H(x) o H(y) is stable. The concept of stability for a functional
equation arises when we replace the functional equation by an inequality which acts as a
perturbation of the equation. Thus the stability question of functional equation is that
how do the solutions of the inequality differ from those of the given functional equation?

Hyers [12] gave a first affirmative answer to the question of Ulam for Banach spaces.
Let X and Y be Banach spaces. Assume that f: X — Y satisfies

1f(z+y) = f2) = Fly)ll < e

for all x,y € X and some € > 0. Then there exists a unique additive mapping 7': X — Y
such that

[f(z) =T (z)|| <e
for all x € X.

Let X and Y be Banach spaces with norms || - || and || - ||, respectively. Consider
f: X =Y to be a mapping such that f(¢z) is continuous in t € R for each fixed = € X.

2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25.

Key words and phrases. additive functional equation; inner product preserving mapping Hyers-Ulam
stability; Hilbert space.
*Corresponding author.
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Rassias [22] introduced the following inequality: Assume that there exist constants A > 0
and p € [0, 1) such that

1 (2 +y) = @) = F)l < Al ]l” + llyll”)

for all x,y € X. Rassias [22] showed that there exists a unique R-linear mapping 7T :

X — Y such that
2\

I17@) = T < 5
for all x € X. Beginning around the year 1980 the topic of approximate homomor-
phisms, or the stability of the equation of homomorphism, was studied by a number of
mathematicians. Gavruta [11] generalized the Rassias’ result.

A square norm on an inner product space satisfies the important parallelogram equality

[l

2+ yll* + llz = ylI* = 2[|z]* + 2[ly||*
The functional equation

flx+y)+ fz—y)=2f(z)+2f(y)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for
the quadratic functional equation was proved by Skof [27] for mappings f : X — Y, where
X is a normed space and Y is a Banach space. Cholewa [4] noticed that the theorem of
Skof is still true if the relevant domain X is replace by an Abelian group. In [5], Czerwik
proved the Hyers-Ulam stability of the quadratic functional equation. Borelli and Forti
[10] generalized the stability result as follows: Let G be an abelian group, E a Banach
space. Assume that a mapping f : G — FE satisfies the functional inequality

1f(x+y)+ flz—y)—2f(x) = 2f W) < o(x,y)

for all z,y € G, where ¢ : G x G — [0, 00) is a function such that

— 1 i e
O(z,y) =), rye(2'7,2'y) < o0

for all x € GG. The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results concerning
this problem. A large list of references can be found in ([6, 7, 8, 9, 13, 14, 15, 16, 17, 18,
19, 20, 21, 23, 24, 25, 26]).

Let X and Y be complex Hilbert spaces. An additive mapping f : X — Y is called an
inner product preserving mapping if f satisfies the orthogonality equation

{(f(), f(y)) = (x,y)

for all x,y € X. The inner product preserving mapping problem has been investigated in
several papers (see [1, 2, 3]).
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In this paper, we prove the Hyers-Ulam stability of inner product preserving mappings
in Hilbert spaces for the following additive function equation.

flax +by) = af(z) +bf(y), a,beR\{0}. (1)
Throughout this paper, assume that X and Y are complex Hilbert spaces, and that
a,b € R\ {0} with |[a] <lor|b|>1ora=>b=1.
2. HYERS-ULAM STABILITY OF (1) IN HILBERT SPACES

We prove the Hyers-Ulam stability of inner product preserving mappings in Hilbert
spaces for the additive function equation (1) when |a| < 1 or |b] > 1.

Theorem 2.1. Let |a| < 1 and let f : X — Y be a mapping with f(0) = 0 for which
there exists a function ¢ : X x X — [0,00) such that

:Z\ajw (%,%) < 00, (2.1)
1f(az +by) — af(x) = bf (Y)I| < é(x,y), (2.2)
[(f(2), f(y) = (z9)] < oz, y) (2.3)

for all x,y € X. Then there exists a unique inner product preserving mapping I : X —Y
such that

~ (T
(@) = 1@)l < 6 (=.0) (2.4)
forallx € X.
Proof. Letting y = 0 in (2.2), we obtain
[f(az) —af(x)|| < ¢(,0).

Then
- (2] <0 ). e
It follows from (2.5) that
Jor () =t Gl < S s () =1 ()|

<Y 1o (550)

for all nonnegative integers m and [ with m > [ and all + € X. It means that the
sequence {a" f ( )} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{a" f(5)} converges. We define the mapping 1 : X — Y by I(x) = lim,, o {a" f(:5)} for
all x € X. Moreover, letting [ = 0 and passing the limit m — oo, we get (2.4).
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We show that I(x) is an additive mapping.
() ) - G
() o ) =1 )|

(2 +y) = I(z) = I(y)|| = lim_|a"|

< Jim 1{

! (ra) =7 Gl + b G) =7 Gl
< i 01 {o () + 0 (25.0) +0 0.2))
=0

It follows from (2.

) and (2.3) that

(s () ot (o >—<f’y>\=W”I-\<f(f—n>7f(%>>—<f—n%>1

which tends to zero as n — oo for all x,y € X.

(I(2),1(y)) = lim (a"f (=) .a"f (55)) = (0.9)

for all x,y € X.
It only remains to show that the mapping I : X — Y is unique. Let g be another
additive mapping satisfying (2.4). Then

lote) — 1) =la" o (5) - 1 ()]
<ol (o (25) =7 G + 1 (G2) = 1 ()
<221a1+”|¢( 0)

for all x € X and n € N. Thus from n — 00, one establishes

g(x) —I(z) =0
for all x € X. This completes the proof of uniqueness. O

Corollary 2.2. Let |a|] < 1 and let f : X — Y be a mapping for which there exist
constants @ > 0 and r € [0,1) such that

1/ (az + by) — af(z) = bf ()| < Oll=]" + llyll"), (2.6)
[(F (@), F(w) = (o) < OCl” + [lyl") (2.7)

forall x,y € X. Then there exists a unique inner product preserving mapping I : X —Y
such that

I1f () = I(x)

I < Il
la]” — |al
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forallx € X.

Proof. Defining ¢(x,y) = 6(||z| + |ly|]|) and applying Theorem 2.1, we get the desired
result. O]

Theorem 2.3. Let [b] > 1 and let f : X — Y be a mapping with f(0) = 0, (2.2) and
(2.3) for which there exists a function ¢ : X x X — [0,00) such that

Z| 016 (5, 1) < oo (2.8)

forall x,y € X. Then there exists a unique inner product preserving mapping I : X —Y
such that

17@) ~1@)] < (0.5) (2.9)

for all x € X, where

)= 3o (5 )

forall x,y € X.

Proof. Letting x = 0 and replacing y by x in (2.2), we obtain
1f(bx) —bf (z)|| < ¢(0,2),

s () = Gl = X2 s () =+ (o

<> Wl (0.575)

for all nonnegative integers m and [ with m > [ and all x € X. It means that the
sequence {b" f (b%)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{b" f()} converges. We define the mapping I : X — Y by I(x) = lim, o {0" f(%)} for
all x € X. Moreover, letting [ = 0 and passing the limit m — oo, we get (2.9).

It follows from (2.3) and (2.8) that

[ (o) 2t () = e =111 (52) 4 () = (o)

<o (%) -

which tends to zero as n — oo for all z,y € X.

(@) 1) = Tim (1 () 0°F (1)) = (@)

for all z,y € X.
The rest of the proof is similar to the proof of Theorem 2.1. OJ
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Corollary 2.4. Let [b|] > 1 and let f : X — Y be a mapping for which there ezist
constants 0 > 0 and r > 2 satisfying (2.6) and (2.7). Then there exists a unique inner
product preserving mapping I : X —'Y such that

6 T
1f(z) = I(2)]| < WWH

for any x € X.

Proof. Defining ¢(x,y) = 0(||z| + |ly||) and applying Theorem 2.3, we get the desired
result. OJ

Now we prove the Hyers-Ulam stability of inner product preserving mappings in Hilbert
spaces for the additive function equation (1) when a = b = 1.

Theorem 2.5. Let f : X — Y be a mapping for which there exists a function ¢ : X x X —
[0,00) satisfying (2.3) and

g(x,y) = Z4jgb <%, 2%) < 00, (2.10)
[f(x+y)— (@) = fWI < é(z,y) (2.11)

for all x,y € X. Then there exists a unique inner product preserving mapping I : X —Y
such that

I£(@) ~ 1)) < 56 () (212)

for all x € X, where
Y Ny (E E)
o) =20 (55
]:

forallz,y € X.

Proof. Letting y = x in (2.11), we obtain
1f(22) = 2f (2)|| < ¢(, ).
Then
T T T
@ -2 (3)] = (53): (2.13)
It follows from (2.13) that

21 () -2 (5]

. xT T
<226 (g 5m)
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for all nonnegative integers m and [ with m > [ and all x € X. It means that the
sequence {2" f (%)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{2"f(5%)} converges. We define the mapping I : X — Y by I(z) = lim,,o{2" f(57)} for
all © € X. Moreover, letting | = 0 and passing the limit m — oo, we get (2.12).

It follows from (2.3) and (2.10) that

n z n ) 2n Z ) Ty
21 ()27 (55)) — ] =120 |1 ()1 (35)) = (o)
(2 (5:) 27 (o)) — @ =221 [ (55) /() ~ (o
< |2 (£ ﬁ)
<120 (52
which tends to zero as n — oo for all z,y € X.
BT ne (TN onge( YN\ _
(@), 1) = lim (2f (57).2f (55) ) = (@9)
for all z,y € X.
The rest of the proof is similar to the proof of Theorem 2.1. OJ

Corollary 2.6. Let f : X — Y be a mapping for which there exist constants 8 > 0 and
r > 2 satisfying (2.7) and

1z +y) = fl2) = F)ll < Ol )" + llyll") (2.14)

forall x,y € X. Then there exists a unique inner product preserving mapping I : X —Y
such that

1f(z) = ()]} <
forallz e X.

Proof. Defining ¢(x,y) = 0(||z| + |ly||) and applying Theorem 2.5, we get the desired
result. O]

Theorem 2.7. Let f : X — Y be a mapping for which there exists a function ¢ : X x X —
[0,00) satisfying (2.3), (2.11) and

for all x,y € X. Then there exists a unique inner product preserving mapping I : X —Y
such that

I£@) ~ 1)) < 50 (x,2)

forallz € X.
Proof. 1t follows from (2.13) that
1 1
1) - 570 < S o)
The rest of the proof is similar to the proofs of Theorems 2.1 and 2.5. OJ
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Corollary 2.8. Let f: X — Y be a mapping for which there exist constants 8§ > 0 and
r € (0,1) satisfying (2.7) and (2.14). Then there exists a unique inner product preserving
mapping I : X —'Y such that

20
_ < r
1£(0) 1@ < o]
forallz € X.
Proof. Defining ¢(x,y) = 0(||z| + |ly||) and applying Theorem 2.7, we get the desired
result. O]
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STABILITY AND SUPERSTABILITY OF (f., fs)-DOUBLE
DERIVATIONS IN QUASI-BANACH ALGEBRAS

SUN YOUNG JANG, CHOONKIL PARK, PEGAH EFTEGHAR,
AND SHAHROKH FARHADABADI*

ABSTRACT. In this paper, the following functional equation
n k k+1 n n n—k+1

)SIDIED SIIED DI (D SENETE SRS
k=2 11=21i3=11+1 G — k1 =%n—k+1 =L r=1
L R Sy |
+f<zai$z‘) =ay - 2" f(z1) (0.1)
i=1

is considered (n > 2), and the Hyers-Ulam stability and superstability of (f,, fs)-double
derivations on quasi-Banach algebras associated with the functional equation (0.1) are

proved.

1. Introduction and preliminaries

The stability of functional equations theory discusses and studies about solutions of
functional equations and analyzes the relationships between approximate and exact so-
lutions of the functional equations. Actually, we say a functional equation is stable, if
one can find an exact solution for any approximate solution of the functional equation.
Subsequently, the concept of superstability has a near nature to the stability sense. In
other words, it happens when any approximate solution is also an exact solution that in
such situation the functional equation is called superstable.

In 1940, the most preliminary kind of stability problems was proposed by Ulam [37].
He gave a talk and asked the following: “when and under what conditions does an exact
solution of a functional equation near an approximately solution of that exist?”

In 1941, Hyers [14] formulated and proved the Ulam’s problem for the Cauchy’s func-
tional equation on Banach spaces. The result of Hyers was generalized by Aoki [3] for
additive mappings and by Rassias [32] for linear mappings by considering an unbounded
Cauchy difference. In 1994, Gavruta [13] provided a further generalization of Rassias’ the-
orem in which he replaced the unbounded Cauchy difference by a general control function
for the existence of a unique linear mapping.

It seems that considering stability problems concerning derivations returns to 1994
by Semrl [34] who had worked on derivations between operator algebras and afterwards
Jun and Park [16]. They had investigated approximate derivations on Banach algebras

92010 Mathematics Subject Classification: 47TB48, 47B47, 39B52, 39B82, 32A65, 17A36, 46Hxx.
Key words and phrases. Functional equation; Hyers-Ulam stability; (f., fs)-double derivation; Super-

stability; Quasi-Banach algebra.
*Corresponding author: Email address: shahrokh math@yahoo.com (Sh. Farhadabadi).
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C™[0, 1]. More stability results in many kind of derivations can be found in (cf. [2, 4, 7,
8, 10, 24, 25, 26, 28, 36]).

At present, the theory of stability is quickly being deployed by numerous mathemati-
cians. They pose and investigate various stability problems including different functional
equations, derivations and homomorphisms in various spaces and structures. For more
epochal information and various aspects about the stability theory, the readers can refer
to monographs (cf. [5, 6, 9, 11, 12, 15, 18, 19, 20, 21, 22, 23, 27, 29, 30, 31, 33, 35, 38]).

Now we give briefly some useful definitions, preliminary and fundamental results of
quasi-Banach spaces.

Definition 1.1. ([17]) Let X be a real linear space. A function || - || : X — Ris a
quasi-norm (valuation) if it satisfies the following conditions:

(M) ||z]| = 0 for all x € X and ||z|| = 0 if only if z = 0;

(N2) [[A-z|| = |A| - [|z|| for all A € R and all z € X;

N3) There is a constant K > 1 such that ||z + y|| < K(||z]| + ||ly||) for all z,y € X.
In this case, the pair (X, || - ||) is called a quasi-normed space and the smallest possible K
is called the modulus of concavity of || - ||.

A complete quasi-normed space is a quasi-Banach space.

Definition 1.2. ([17]) Let 0 < p < 1 be a real number. A quasi-normed space (X, || - ||)
is called a p-normed space if

[z +yll” < {lzl” + [lyl”
for all z,y € X.

Definition 1.3. ([1]) Let X be an algebra and (X, || - ||) be a quasi-normed space. The
quasi-normed space (X, - ||) is called a quasi-normed algebra if there exist a constant
C > 0 such that

lzyll < Cllz[lllyl

for all z,y € X. In addition, if the quasi-norm || - || is a p-norm, then the quasi-normed
algebra (X, - ||) is called a p-normed algebra.

Definition 1.4. ([24]) Let X be an algebra and f, f3 : X — X be linear mappings. A
linear mapping f; : X — X is called an (fs, f3)-double derivation if

filzy) = filx)y + 2 fi(y) + fo@) f3(y) + f3(2) f2(y)

for all z,y € X. By an fy-double derivation we mean an (fs, f2)-double derivation. It is
clear that f; is an ( fa, f3)-double derivation if and only if f; is an (f3, f2)-double derivation.

Now, consider the functional equation (0.1). This equation which is called the general
n-dimensional additive functional equation, was introduced by Khodaei and Rassias [17].
In order to investigate (0.1), throughout this paper ay,--- ,a, (with n > 2,a; > 1), are
fixed positive integers and & will be also a p-Banach algebra with p-norm || - ||, as well as
the integers 1 < j, 7, s < 3 are assumed with j # r # s.

2. Hyers-Ulam stability of (f,, fs)-double derivations on quasi-Banach
algebras

In this section, we prove the Hyers-Ulam stability of (f,, fs)-double derivations on
quasi-Banach algebras associated with the functional equation (0.1).
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First of all, for convenience, for given mappings f; : X — X', we define the difference
operators:

k+1 n
e I S YD s
= i1=2149=11+1 Tp— k1 =In—k+1
n n—k+1 n
fj( Z CL1'>\LUZ' — Z CLiT)\.TiT)i| + fj ( Z al)\:cl) —an - 2”71)\‘](.]' (131),
i=1, r=1 i=1

T
Dfj, fr [s(x,y) := fi(zy) — fi(x)y — 2 f5(y) — fo(x) fs(y) — fs(2) fr(y)
for all x,y, 2y, -+ ,2, € X and all A € R.

Lemma 2.1. ([17]) Let X and Y be real vector spaces. A mapping [ : X — Y satisfies
the functional equation (0.1) if and only if f: X — Y is additive.

From now on, 0 < p <1 is a real number.

Theorem 2.2. Let ¢ : X" — [0,00) be a function such that

~ ad ' p
¢(x1, . ,xn) = Z {%¢(a1x1, e 7allzzcn) < 400 (2.1)
=0

forall xy,--- ,x, € X. Suppose that f; : X — X, j =1,2,3, are mappings satisfying the
mequalities

IIljaX{HD)\fj(l’l,l'g,"' ,xn)H} < (b(xl,xg,--- ,xn), (2.2)
max{[|Dgsor @ )|} < ooty aty) (2.3)

for all z,y,x1, - ,x, € X and all X € R. Then unique (F,,Fs)-double derivations
Fj: X = X defined by the limits

exist and satisfy the inequalities

Proof. Letting 21 =2, 29 =--- =z, =0 and A =1 in (2.2), we get
Dy fi (2,0, ,0)|| < 6(,0,---,0)

Fo) - o)) < — 5000 »

forallz € X.

for all z € X. From this inequality and the fact that

R )BT

1=0
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we have

A~ o) < 56 (0 0)

for all x € X. Replacing = by a’x and then dividing both sides by a}, we get
@) = i@ )| € o o(al, 0, 0) (25)
ail 1 a’lx a/l_;’_l 1 X = i1 2n 1¢ a’lx7 ] 9 .

1

for all x € X and all nonnegative integers i. Assume that m,t are positive integers with
m > t. Since X is a p-Banach space, it follows from (2.5) that

p m—

SZ

p

filay'x) — aitfl (aix)

1

1 .
Zﬂfl ait! T) — —if1(aﬁ$)
ay

1 m—1

amp o [ 0 0] @0

for all x € X. Now by the condition (2.1), we deduce that the right-hand side tends to
zero as t,m — oo, and this implies that the sequence {aim fl(aT:c)} is Cauchy. Since X

is complete, the sequence {# fi (a{”x)} converges in X, and therefore we can define for
all x € X the mapping F; : X — X by

Fi(z) = lim ifl(a1 ).

m— 00 al

Now we claim that F; : X — X is R-linear. In order to verify that, we first show that F;
is additive. It follows from (2.2) and (2.1) that

P
P
HDIFI('I17‘/L‘27' o an) - 7%1_{%0 _lel(al xlaal Lo, 7a;nxn)
ay”
< lim [iqﬁ(amxl al'cy, - al'w )r =0
= 1 » Y1 ) » 1 -
m—00 a’ln
for all z1,-+- ,x, € X. So D1 Fi(x1,x9, - ,x,) = 0 for all xy, 29, -+ ,z, € X, which

means F; : X — X satisfies the functional equation (0.1). Therefore, Lemma 2.1 clarifies
that the mapping JF; is additive. So

wF(@) = Filaz) = lm — (@),

m—o0 al

Fi(z) = lim +1f1( a )

m—00 @1
for all x € X. For z1 = aj'z and 23 = --- = x, = 0, it follows from (2.2) that
—(m+1) m+1 -m m P 1 1 b
”al i@ Az) = ay " A fi(ar'z)|| < P 20—0p | g ¢(al z,0,- O)
1 af’
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for all z € X and all A € R. By (2.1), the right-hand side tends to zero as m — co. Hence
|70 =27 @) =0

for all z € & and all A € R. So Fi(Ax) = AFi(z) for all z € & and all A € R, and thus
JF1 is R-linear.

Putting ¢ = 0 and passing the limit m — oo in (2.6), we get the inequality (2.4) for
j=1.

Let F| : X — & be another R-linear mapping satisfying (2.4). Then we have

1
H]:1(I) _]__{(I)HP < W(H}—I(Ch x) — filal'z Hp+ H]:, (a5 — fu(als ” )
2 1 o
< ai” : (al_Qn—1>p¢(a1 z,0,--- ,O)
’ Sk i p
= m'; [a—igb(alx,()?.., ,O)

for all x € X. By (2.1), the right-hand side tends to zero as m — oo, which signifies the
uniqueness of JFj.

By a similar method, one can easily show that the unique and R-linear mappings
Fo: X — X and F3: X—>Xdeﬁnedby

Fo(z) = lim ifg(a1 x), Fs3(z) = lim ifg(a1 x)

m—00 al m—00 al

exist and satisfy (2.4) for all z € X.
To end the proof, it is just necessary to show that Fj is an (F», F3)-double derivation.
It follows from (2.3) that

Hthfz,fs(x?y)H = HDf17f37f2<x7y)H < qb(x—i—y, T ,a:+y)

for all x,y € X. We know a; > 1, so a1 > 1 and (almp)2 > a1"™P. Therefore, the last
inequality and the condition (2.1) imply that

p

| 7i(y) = Fi(wyy - m( ) = Fala) Faly) — Fol@) Fa(v)

= lim ’
m—o0 (1] 2mp

fi ( y) — fi(a'z) ai'y — ai"x f1 (a7'y)
—fa (aV"7) f3 (al'y) — f3 (ai"z) fa (a}'y)

p

p
= lim
m—00 (1] 2mp

< lim {—gzﬁ(al (x+y), aT(:U—i-y))r —0

m—0o0 al

Dflyfs,f?. (a71n$’ a?Q)

for all z,y € X. Hence
Fi(zy) = Fi(@)y + aF1(y) + Fa(2) Fz(y) + Fz(x) Fa(y)
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for all z,y € X.
Similarly we can show that F, and F3 are respectively (Fi, F3)-double derivation and
(F1, F2)-double derivation and so the proof is complete. O

Theorem 2.3. Let ¢ : X" — [0,00) be a function such that

é(xl,m,xn)._illqs( . Z—%‘)]p<+oo,

=0
p
amy (L TN
i ool )] o o

forall x,zq,--- ,x, € X. Suppose that f; : X — X, j = 1,2,3, are mappings satisfying
(2.2) and (2.3). Then unique (F,, Fs)-double derivations F; : X — X defined by the limits

Fi(z) = nlblm ay’ f; (%)

—00

exist and satisfy the inequalities

1 o 1/p
45]
forallx € X.
Proof. Replacing x by QZH in (2.5) and then multiplying by a®*!, we obtain
z+1f1< z+1 a1f1 H_2"1 Z_H,O’...’O)

for all z € X. Now by the same method which was done in the proof of Theorem 2.2, we
can assert that the sequence { ai’ f1 (%)} is Cauchy and convergent in A and the unique
and R-linear mappings F;(z) = lim,,_, 7" f; (%) exist and satisfy (2.8).

The inequality (2.3) and the condition (2.7) imply that

p r vy g
D = Jm a* | Dy g ()
H ]-‘1,]-'3,]-'2(1',?/) ml_r}(l)oal URERE a’f"a’l”
p
S hm |:a12m¢<x+y>7x+y)1 :O
m—00 CLT a71n

for all z,y € X. This shows that F; is an (F3, F3)-double derivation.
The arguments for 7 = 2, 3 are also the same as for j = 1 and so we will omit them. [

Corollary 2.4. Let § be a nonnegative real number and q be a positive real number such
that ¢ <1 or q > 2. Suppose that f; : X — X, j = 1,2,3, are mappings satisfying the
mequalities

e { [ Dafy v, za, )|} < 8l ),

maX{HDf],fmfe z,y H} < ndllz +yl°

2,78
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for all z,y,z1, - ,x, € X, and all A\ € R. Then unique (F,., Fs)-double derivations
Fj: X = X ewxist and satisfy the inequalities

O]
|Fit@) - 5@ < :
2n—1. ‘alf - a]fq‘P
forallz € X.
Proof. Defining ¢(z1,- - ,x,) := 0 (JJx1]|? + -+ + ||zn]|?) and applying Theorem 2.2 for
the case ¢ < 1, and Theorem 2.3 for the case ¢ > 2, we get the result. O

3. Superstability of (f,, fs)-double derivations on quasi-Banach algebras

In this section, we prove the superstability of ( f,., fs)-double derivations associated with
the functional equation (0.1).

Initially, we improve Lemma 2.1 to a stronger statement and afterwards we use it for
the proof of superstability theorem of this section.

Lemma 3.1. Let n > 3 be a fixed integer and f : X — X be a mapping such that

k+1 n

SXOUSE 3D 3D SR »

k=2 i1=212=41+1 Ip—kt1=In—k+1

n n—k+1 n
#2‘1’N@":’ily;ik+1 r=1 i=1
forall xy,--- ,x, € X and all X € R. Then f is R-linear.
Proof. First, assume that n > 4.
Putting x4y = --- =z, = 0 in (3.1), we get
‘ 2" \ay f (1) — (2”’3 — 1>f()\[a1x1 + asxo + agxg]) — o3
f()\[alxl — Q9T + agxg]) - 2”_3f()\[a1x1 + asxy — agxg])
—2"_3f()\[a1x1 — A2 — CL3I3]) H
< Hf()\[alxl + asTs + a3x3]) H (3.2)

for all z1, 29,23 € X and all A € R. Letting x; = 2o = 23 = 0 and A = 1 in (3.2), we

obtain
| (@~ 2=+ 1) 50| < || £

So f(0) = 0, (since (a; — 1)2"°! > 0). Putting A = 1 and substituting zi, zs, x5 by
x/ay, —x/az,0 and then by x/ay, —x/2as, —x/2a3 in (3.2), respectively, we get

w27 () = 2R (2)
w27 f(5) = 207 () + 20 (2a)
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for all z € X. Thus f(2z) = 2f(x) and f(x) = alf(;—l) for all v € X. Letting A = 1,
Ty =2+ y/a, va = —x/as and x3 = —y/as in (3.2), we have
a2 (L) - 28 () — 207 p(2y) — 20 f (2 + 29) = 0
1
for all z,y € X, which implies that f(z +y) = f(z) + f(y) for all z,y € X.
Finally, letting x; = x /a1, ©3 = —x/as and x3 = 0 in (3.2), we obtain
k- 2"—1f(£) — 92 f(207) = 0
(431

forall z € X and all A € R. So f(Ax) = Af(z) for all z € X and all A € R, and therefore
f is R-linear.

Now assume that n =3 in (3.1). Then
H4CL1/\f(I1) — f()\[alxl — a2 — CL3[E3])
—f()\[alxl + a9y — agl’g]) - f()\[(lll‘l — Qo9 + agl‘g]) H

< Hf(/\[alxl + arxs + azrs)) H

for all x1, 29,23 € X and all A € R. As it is obvious that we can get an inequality similar
to the normed inequality (3.2) for the case n > 4, one can easily get the desired result. [

Theorem 3.2. Let ¢ : X" — [0,00), n > 3, be a function such that

lim t 2 (ta, -, t'x) =0

=00
for all x € X, where t # 1 is a real number. Suppose that f; : X — X, j =1,2,3, are
mappings satisfying (3.1) and (2.3). Then the mappings f; : X — X are (f,, fs)-double

dertvations.

Proof. Since (3.1) holds for the mappings f; : X — X, Lemma 3.1 asserts that the
mappings f; are R-linear. So it follows from (2.3) and the assumption on ¢ that

fiey) = Fi(@)y — 2f3@) — Fo@) fuly) — Ful@) )|
= tim o[£ (Pag) — £, () ty — d'af, (1)
~f () . (¢) = £ (t2) £ () ||
1 P
= Jim 5 [ D5 ()|

< {lim 1 (t’(:c+y),--- ,tl(x—l—y)>]p:0p

l—00 t2l

for all x,y € X, which implies that the mappings f; : X — X are (f,, fs)-double deriva-
tions, as desired. O
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Corollary 3.3. Let § be a nonnegative real number and q1, - - - , q, be positive real numbers
such that i, ,qn > 2 or qi,--- ,q, < 2. Suppose that f; : X — X, j = 1,2,3, are
mappings satisfying (3.1) and the inequalities

max {| Dy, @ )} < 6(lle + 91"+ + o+ yl1™)

7,758
for all x,y € X. Then the mappings f; : X — X are (f,, f,)-double derivations.

Proof. The proof follows from Theorem 3.2 by taking ¢(xq, -, x,) := 0 (||x1]|™ + -+ + [Jza]|™)
with ¢ > 1 for the case ¢;, -+ ,q, < 2 and with ¢t < 1 for the case q1, - ,q, > 2.

Corollary 3.4. Let § be a nonnegative real number and q1, - - - , g, be positive real numbers
such that ¢; + - - - + @, # 2. Suppose that f; : X — X, j =1,2,3, are mappings satisfying
(3.1) and the inequality

max { Hijvfr,fs (x, y)H} < 8|z + y”q1+"'+qn

3,7,8
for all x,y € X. Then the mappings f; : X — X are (f,, f)-double derivations.

Proof. The proof follows from Theorem 3.2 by taking ¢(z1, -+« , @) = (||e[|™ - - - ||| ™)
with ¢ > 1 for the case ¢; + -+ ¢, < 2 and with t < 1 for the case ¢ +---+¢q, > 2. U

The obtained results in this section can be simpler. Indeed, one can set ¢; = --- = ¢, =
q in two last corollaries and get the better statements.
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THE FIXED POINT METHOD FOR PERTURBATION OF
BIHOMOMORPHISMS AND BIDERIVATIONS IN NORMED 3-LIE
SYSTEMS: REVISITED

CHOONKIL PARK, JUNG RYE LEE, EON WHA SHIM, AND DONG YUN SHIN*

ABSTRACT. Shokri et al. [11] proved the Hyers-Ulam stability of bihomomorphisms
and biderivations on normed 3-Lie systems by using the fixed point method.

Under the conditions in the main theorems of [11, Section 2], we can show that the
related mappings must be zero.

In this paper, we correct the statements of the results in [11, Section 2], and prove
the corrected theorems.

1. INTRODUCTION AND PRELIMINARIES

The stability problems of functional equations and inequalities has been studied in
many mathmaticians (see [3, 4, 5, 6, 7, 9, 10, 12, 13, 14, 15]).
Shokri et al. [11] defined bihomomorphisms and biderivations.

Definition 1.1. ([11]) Let A and B be normed Lie triple systems. A C-bilinear mapping
H:Ax A— Biscalled a bihomomorphism if it satisfies

H([z,y,2],w) = [H(z,w), H(y,w), H(z,w)],
H(z, [y, z,w]) = [H(z,y),H(z,2), H(z,w))
for all z,y, z,w € A.

Note that if we replace w by 2w in the first equality of the definition of bihomomor-
phism then 2H ([z,y, z], w) = 8[H(z,w), H(y,w), H(z,w)] and so H([z,y, z],w) = 0 for
all x,y,z,w € A. Similarly, one can show that H(z, [y, z,w]) = 0 for all z,y,z,w € A.
Thus we correct the definition of bihomomorphism as follows.

Definition 1.2. Let A and B be normed Lie triple systems. A C-bilinear mapping
H: Ax A— Bis called a bihomomorphism if it satisfies

H([‘%y’ Z]7w3) = [H(:E,w),H(y,w*),H(z,w)],
H(2®, [y, z,w]) = [H(z,y), H(a", 2), H(z, w)]
for all z,y, z,w € A.

Definition 1.3. ([11]) Let A and B be normed Lie triple systems. A C-bilinear mapping
0:Ax A— Ais called a biderivation if it satisfies

0([z,y,2],w) = [6(z,w),y, 2] + [z,0(y,w), 2] + [z, y,6(z, w)],
Sz, [y, z,w],w) = [0(x,y),z,w]| + [y,d(z, 2),w] + [y, 2, 6(x, w)]
2010 Mathematics Subject Classification. Primary 17A40, 39B52, 47H10, 39B82, 16W25.
Key words and phrases. Hyers-Ulam stability; bi-additive mapping; fixed point; Lie triple system;

bihomomorphism; biderivation.
*Corresponding author.
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for all z,y, z,w € A.

The w-variable of the left side in the first equality is C-linear and the x-variable of
the left side in the second equality is C-linear. But the w-variable of the right side
in the first equality is not C-linear and the z-variable of the right side in the second
equality is not C-linear. Thus we correct the definition of biderivation as follows.

Definition 1.4. Let A and B be normed Lie triple systems. A C-bilinear mapping
0: Ax A— Ais called a biderivation if it satisfies

Mz, y, zJ,w) = [0(z,w),y, 2]+ [z,d(y,w"), 2] + [z, y, (2, w)],
o(z, [y, z,wl,w) = [6(x,y),z,w] + [y, 0(z", 2), w] + [y, 2,6 (2, w)]
for all z,y, z,w € A.

All the mappings 7" and §, given in [11, Section 2], satisfy the bi-additive functional
equation (1.1) in [11]. Letting x = z = 0 in (1.1), we get f(y, —w) = f(y,w) for all
y,w. Thus f is not bi-additive. So the results of [11, Section 2] are meaningless.

In this paper, we will replace the equation (1.1), given in [11], by

flx4+yz+w)+ fxr+y,z—w)=2f(z,2)+2f(y, 2). (1)

Moreover, we correct the statements of the results in [11, Section 2], and prove the
corrected theorems.

Let X be a set. A function d: X x X — [0, 00] is called a generalized metric on X
if d satisfies

(1) d(x,y) = 0 if and only if x = y;

(2) d(z,y) = d(y,z) for all x,y € X;

(3) d(z,2) < d(z,y) + d(y, z) for all z,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.5. [2] Let (X, d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for each given
element x € X, either

d(J"z, J"x) = 0o

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"z, J" ) < oo, Vn > ng;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fized point of J in the set Y = {y € X | d(J™x,y) < co};

(4) d(y,y") < 717d(y, Jy) for ally €Y.

Throughout this paper, assume that A is a normed Lie triple system and B is a
Banach Lie triple system.

2. Hyers-Ulam stability of bihomomorphisms in Banach Lie triple systems
For a given mapping f : A x A — B, we define
Dy, f(z,y,z,w) = f(Ax+ Ay, pz + pw) + f(Ax + Ay, pz — pw)
— 2\uf(z,2) — 2 uf(y, 2)

for all z,y,2,w € Aand all \, p e T :={v € C: |v|=1}.
From now on, assume that f(0,z) = f(x,0) = 0 for all z, z € A.
We need the following lemmas to obtain the main results.
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Lemma 2.1. ([1]) Let f : A x A — B be a bi-additive mapping such that f(Ax, uy) =
MNuf(z,y) for all z,y € A and all \,;n €T'. Then the mapping f : A x A — B is
C-bilinear.
Lemma 2.2. Let f : A x A — B be a mapping satisfying Dy, f(x,y,z,w) = 0 for all
x,y,z,w € A and all \, un €T*. Then the mapping f : A x A — B is C-bilinear.
Proof. Letting A\ = p=11in D, ,f(z,y,2,w) = 0, we get (1). Letting y = 0 in (1), we
get f(z,z4+w)+ f(z,z —w) = 2f(x, 2) for all z,z,w € A. Letting w = 0 in (1), we
get 2f(x +y,2) = 2f(z,2) + 2f(y, z) for all x,y,z € A. So f is bi-additive.

Letting y = w = 0 in D, , f(z,y, z,w) = 0, we get 2f(A\x, uz) = 2 \puf(x, z) for all
x,2 € Aand all \, u € T!. By Lemma 2.1, the mapping f : Ax A — B is C-bilinear. [

Theorem 2.3. Let f : A x A — B be a mapping for which there exists a function
¢ A* = [0,00) such that

||D)\,uf(x;yazaw)|| S QD(I‘,y,Z,U)), (2)

1£([z,y, 2], w?®) = [f (2, w), f(y,w"), f(z,w)]] (3
HIf @ [y, 2, w) = [f(2,9), f(27, 2), flo, w)]l| < ooy, 2,w)

for all \,pp € T and all x,y, z,w € A. If there exists an L < 1 such that p(z,y, z,w) <

4Ly (g, SIET %) for all x,y,z,w € A, then there exists a unique bthomomorphism H :

A x A — B such that

~—

—
8
K
R
I
N~—
—
~
~—

forall x,z € A.
Proof. Letting A\=p =1,y =x and w = z in (2), we get

Hf(2£li',22)—4f(l’,Z)H < 90<x7$7272> (5)
and so

<

|10 - 1 20.29)| < etz ©)

for all z,z € A.
Consider the set
S:={h:Ax A— B}

and introduce the generalized metric on S:
d(g,h) = inf {1 € Ry : g, 2) — h(a, )| < pgp (2,7, 2,2) , Vo, = € A},

where, as usual, inf ¢ = 4o00. It is easy to show that (5, d) is complete (see [8]).
Now we consider the linear mapping J : S — S such that

1
Jg(x,z) = 19 (2x,2z)

for all z, 2z € A.
Let g, h € S be given such that d(g,h) = . Then

Hg('rv Z) - h<x72)|| < ep ('TawaVZ)
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for all z € A. Hence

|Jg(x, 2z) — Jh(x,2)|| = <elLp(r,x,2,2)

1 1
‘4 (2x,2z) — Zh(Qm,Qz)

for all z,z € A. So d(g,h) = € implies that d(Jg, Jh) < L. This means that
d(Jg,Jh) < Ld(g. h)

for all g,h € S.

It follows from (6) that d(f,.Jf) < 1.

By Theorem 1.5, there exists a mapping H : A — B satisfying the following:

(1) H is a fixed point of J, i.e.,

H (2x,2z) = 4H (x, 2) (7)
for all z,z € A. The mapping H is a unique fixed point of .J in the set
M={geS:dh,g) < oo}
This implies that H is a unique mapping satisfying (7) such that there exists a u €
(0, 00) satisfying
1f(z,2) = H(z,2)]| < pe(z,z,22)

for all =,z € A,
(2) d(J"f, H) — 0 as n — oo. This implies the equality

1
lim —f(2"z,2"2) = H(z, 2) (8)
n—oo 41
for all z,z € A;
(3) d( f H) < =d(f, Jf), which implies the inequality
1
< .

This implies that the inequality (4) holds true.
It follows from (2) and (8) that

1
4n

Dspte sl = | gDyl 2, 22|

1
< 4ng0(2"x, 2"y, 2"z, 2"w),
which tends to zero as n — oo for all A\, u € T! and all z,y,2,w € A. By Lemma 2.2,

the mapping H : A x A — B is C-bilinear.
Now let T': A x A — B be another bi-additive mapping satisfying (4). Then

1 n n n on
HH(QIZ‘,Z) _T(‘va)H = 4_nHH(2 ZL’,Q Z) _T(2 72 Z)H

1 n n n n n n n
o (H (2%, 2%2) = f(2°,272) || + [|f (2", 2"2) = T(2",2"2)|])
2
< T — (2", 2"z, 2"z, 2" 2),
which tends to zero as n — oo. This proves the uniqueness of H.
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It follows from (3) that
1H ([, y, 2], w?) = [H (2, w), H(y, w*), H(z,w)]]
+ ||H( Sy zw)) = [H(z,y), Hz", 2), H(z,w)]|

= Jim (12, 2,20, )

— [f(2"z,2"w), f(2"y, 2"w"), f(2"2, 2"w)]|
+ || f (823, [2"y, 2" 2, 2"w])

- [f(2nx’ 2ny)7 f(2nx*v 2nz)> f( xz, 2"w )Hl)
1 1
< lim ——(2",2"y,2"2,2"w) < lim 4—g0(2" 2"y, 2"z, 2"w) =0

n—oo 64" n—00
for all z,y,z,w € A. So
H(['T7 Y, Z], w3) = [H(x, w)a H(y7 w*>7 H(Z, w)}
and ,
H(z®, ly, 2z, w]) = [H(z,y), H(z", 2), H(z, w)]
for all z,y, z,w € A.
Therefore, the mapping H is a unique bi-homomorphism satisfying (4). 0

Corollary 2.4. Let p and 0 be positive real numbers with p < 2, and let f: AxA — B
be a mapping such that

1D uf (2,9, 2, w) [ < O([][” + Nyl + |27 + [lw]]?), (9)
1 ([, y, 2], w®) = [f (@, w), fy,w"), f(z, )]
+Hf (@ [y, 2, w]) = [f(2,9), f(2", 2), f(z, w)]|
< Ol 1 + Nyl + 1207 + llwl®) (10)

for all \,u € T! and all x,y,2,w € A. Then there exists a unique bihomomorphism
H: Ax A — B such that

1z, y) = H(z,y)|| <

K

20
4 —2p

(Ul + llyl”)

for all z,y € A.

Proof. Defining o(z,y, z,w) = 0(||z||” + ||y||” + ||z||* + [Jw|?) and letting L = 2°~2 in

Theorem 2.3, we obtain the desired result. O
Similarly, one can obtain the following.

Theorem 2.5. Let f : A x A — B be a mapping for which there exists a function
¢ A' — [0, 00) satisfying (2) and (3). If there exists an L < 1 such that ¢(z,y, z,w) <
6%90(23:,23/,22,210) for all x,y,z,w € A, then there exists a unique bihomomorphism
H:Ax A— B such that

Hf(:L‘,Z)—H(%Z)H < xaxwz?z) (11)

61— 610"
forall x,z € A.
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Note that é@@x, 2y,2z,2w) < %gp(2x, 2y, 2z, 2w) for all z,y, zw € A.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.3.
Now we consider the linear mapping J : S — S such that

Jg(z,z) :=4g (g, %)

for all z, 2z € A.
It follows from (5) that

-1 (5 <o (G259 < rtnnn
for all z,z € A. Thus d(f,Jf) < £. So

d(f.H) < =1

The rest of the proof is similar to the proof of Theorem 2.3. O

Corollary 2.6. Let p and 0 be positive real numbers with p > 6, and let f: AxA — B
be a mapping satisfying (9) and (10). Then there exists a unique bihomomorphism
H : Ax A — B such that

1 f(x,y) — H(z,y)|| <

p p
=zl + )

for all z,y € A.
Proof. Defining ¢(z,y, 2,w) == 6((la|” + [lyll” + |17 + Jwl}”) and letting L = 227 in
Theorem 2.5, we obtain the desired result. [

3. Hyers-Ulam stability of biderivations on Banach Lie triple systems

In this section, we prove the Hyers-Ulam stability of biderivations on Banach Lie
triple systems.

Theorem 3.1. Let f: Ax A — A be a mapping such that

HD)MMf(xayava)” S Sp(xa:%Z?w)? (12)
||f([x,y,z],w) - [f(x,w),y,z] - [xuf(va*)7z] - ['Tayvf(’z?w)]u (13)
—|—||f($, [y,z,w]) - [f(ﬁ,y),Z,UJ] - [yv f(x*,z),w] - [I%Zaf(%w)]n
< ¢(z,y, 2, w)

for all \,;p € T and all x,y,z,w € A. Assume that there ewists an L < 1 such that
o(z,y,z,w) < 4Lp (%, 5 %) for all x,y,z,w € A. If the mapping f : Ax A — A
satisfies
lim — f(2"2,2"2) = lim — f(8"2,2"2) = lim — f(2"z,8"2) (14)
n—oo 4" ’ n—oo 10" ’ n—oo 16" ’

for all x,z € A, then there exists a unique biderivation 6 : A X A — A such that

||f(ZL',Z) —(5(1‘,2)” S J],ZE,Z,Z) (15)

—a?!
forall x,z € A.
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Proof. By the same reasoning as in the proof of Theorem 2.3, we get a unique C-bilinear
mapping 6 : A X A — A given by 6(z, z) := lim, o 5= f (2", 2"2) satisfying (15).
It follows from (13) and (14) that
Hé([.f, Y, Z]a w) - [5('T7 ’LU), Y, Z] - [‘Ta 5(ya w*)a Z] - [‘Ta Y, 5(27 w)] H
+ ||5('T7 [ya <, U)]) - [(5(%’, y)7 <, U}] - [ya (5(1‘*7 Z)? U}] - [ya 2 5(‘7:7 w)] ||
1
= ILm W(Hf(S”[x,y, 2], 2"w) — [f(2"z,2"w), 2"y, 2" 2]
— [2"z, f(2"y, 2"w™), 2" 2] — [2"z, 2"y, f(2" 2, 2"w)]||
+ || f(2"x, 8" [y, z,w]) — [f(2"x, 2" y), 2"z, 2"w]
— [2%y, f(2"x",2"2), 2"w] — [2"y, 2"z, f(2"x, 2"w)]||)
: 1 n n n n : 1 n n n n —
for all z,y, z,w € A. So
([, y, 2], w) = [0z, w),y, 2] + [z, 6(y, w"), 2] + [z,5,0(z, w)]
and

for all z,y, z,w € A.
Therefore, the mapping § : Ax A — A is a biderivation satisfying (15), as desired. [

Corollary 3.2. Let p and # be positive real numbers with p < 2, andlet f: AxA — A
be a mapping satisfying (14) and
[ Dxpuf (9, 2, w)l| < Olz” + Nyl + llz[” + wl]?), (16)
1 ([z,y, 2], w) = [f (@, w), y, 2] = [, fy, w"), 2] = [z,y, f(z, w)]]| (17)
(@ [y, 2 w) = [f (2, ), 2, w] = [y, f(27, 2), w] = [y, 2, [z, w)]]
< Ol=l1” + llyll” + 1=11” + [[wl”)

for all \,u € T! and all z,y,2,w € A. Then there exists a unique biderivation § :
A x A — A such that

1f(ary) — ()] < 2

4 —2p

U=l” + llyl”)
for all x,y € A.

Proof. Defining ¢(v,y, z, w) = 0(|[z[|” + |ly|[” + ||| + [[w]/”) and letting L = 2°~2 in
Theorem 3.1, we obtain the desired result. ]
Theorem 3.3. Let f: Ax A — A be a mapping satisfying (12) and (13). Assume that

there exists an L < 1 such that o(x,y, z,w) < 1L_690(2$’ 2y,2z,2w) for all x,y,z,w € A.
If the mapping f : A x A — A satisfies

im 4 (2 2) = tim 167 (2.2 = im 16 f (2. 2
tim 41 (0 5) = Jim 16 (5. 55) = Jim, 36°/ (5 ) (18
for all x,z € A, then there exists a unique biderivation 6 : A x A — A such that
— <
£, 2) = 8w, 2)| < g gpele 7, 72) (19)
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for all x,z € A.

Proof. By the same reasoning as in the proof of Theorem 2.3, we get a unique C-bilinear
mapping 0 : A X A — A given by §(z, 2) := lim,, . 4™ f (%, %) satisfying (19).
It follows from (13) and (18) that

||6([ZE,y,Z],U}) - [6<x7w>7yaz] - [[L’, 6(y7w*)7z] - [x7y75(z7w)]”
+[10(x, [y, 2, w]) = [6(, ), 2, w] = [y, 6(27, 2), w] = [y, 2, 6(x, w)]|

=g (e (B2 (28 L
UG BEE HEH)|
ol (2 z) - | (5:%) 53]

Bt (o w) 5]l G )l)
0

for all z,y, z,w € A. So
o([z,y, 2], w) = [0z, w), y, 2] + [z, 6(y, w"), 2] + [2,y,6(2, w)]

-

and

0z, [y, 2, w]) = [0(2,y), 2, w] + [y, 6(2", 2), w] + [y, 2, 0(x, w)]

for all z,y, z,w € A.
Therefore, the mapping § : Ax A — A is a biderivation satisfying (19), as desired. O

Corollary 3.4. Let 6 and p be positive real numbers with p > 4 and let f: Ax A — A
be a mapping satisfying (16), (17) and (18). Then there exists a unique biderivation
0: Ax A— Asuch that

1@, 2) — 8z, 2)| < 20

o Uzl +11=1) (20)

for all z,z € A.

Proof. Defining (z,, 2, w) :== 8(]2ll” + [lyll* + [|2][* + [w]}”) and letting L = 227 in
Theorem 3.3, we obtain the desired result. [
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Abstract
The main goal of this paper is to investigate the qualitative behavior of
the solutions for the following rational difference equation:

k
a+ > aiTn_2i

=0
Tnt1 = , n=0,1, 2, ..

k
B+ Z b2it1%n—2i—1
i=0

where «, 8, a;, b; € (0,00), i = 0,1,...,k; with the initial conditions
oy To1y ooy T2k, To2k—1 € (0,00). We determine the equilibrium points
of the considered equation and then study their local stability. Also we
study the boundedness and the permanence of the solutions. Finally we
investigate the global asymptotically stable of the equilibrium points.

Keywords: permanence, global stability, difference equations.
Mathematics Subject Classification: 39A10

1 Introduction

Rational difference equations is an important class of difference equations where
they have many applications, for example, the difference equation

__ a+tbz,
Tn1 = 5 n =0,
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has applications in Optics and Mathematical Biology and is known in the liter-
ature as the Riccati difference equation. The equation
Tny1 = i’:—f;’ n > 0;

was discovered by Lyness [12] while he was working on a problem in Number
Theory. Also this equation has many applications in geometry (see Leech [10])
and in frieze patterns (see Conway and Coxeter [4]). Also, we believe that
the results about rational difference equations are of paramount importance in
their on right and offer prototypes towards the development of the basic theory
of the global behavior of solutions of nonlinear difference equations of order
greater than one, so, there has been a great interest in studying the qualitative
properties of rational difference equations by several authors such as Kulenovic
and Ladas [9] presented some known results and derived several new ones on the
boundedness, the global stability, and the periodicity of solutions of all rational
difference equations of the form

T _ atBratyTa-_1
nt+tl = AYBr,+Cxn_1"

Also, Camouzis and Ladas [2] presented the global character of solutions of
the third-order rational difference equation. They presented a summary of the
recent work and a large number of open problems and conjectures on the third
order rational recursive sequence of the form

z _ atBratyTa_11+0Tn_2
n+l = AYBr,+Cxpn_1+Dxp_o"

Li and Sun [11] investigated the periodic character, invariant intervals and global
stability of all positive solutions of the recursive sequence

T _ PTantTn—k
ntl = Tgta,

Kocic et al. [8] examined the periodicity and oscillating properties of the positive
solutions as well as the global attractivity of the nonnegative equilibrium of the
difference equation

_ _a+tb
Tntd = Tra, i

In [6], the author studied the boundedness, the existence of prime period to
solutions and the global attracitvity of solutions of the following recursive se-
quences

I 1 l; s : 55
azx 9 z 1 .zt +bz°0 51 J

_ n—kg“ ' n—ky "n—k; n—rq nf'rl"'wnij
Tnt1 = To I T - D) 51 55 n =0, (1)
T ko Pr—ky Tk, T Tn—rgTrn—ry - Tnr;
_ ocoyntoayn—i+...+atYn—t¢
= n > 0. 2
Ynt1 BoyYn+B1Yn—1+...+Byn—t’ — 0 ( )

Some related results to rational difference equations can be found in [1,3,5,13]
and the references therein.
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Let I be an interval of real numbers and let F : I¥*1 — I be a continuously
differentiable function. Consider the difference equation

Yn+1 :F(ynaynflv“wynfk), n:0,1,..., (3)

with y_g,...,y0 € I.
Recall that the point 7 € I is called an equilibrium point of Eq.(3) if

F(yvya 7@) =Y.

That is, y, = g for n > 0, is a solution of Eq.(3), or equivalently, 7 is a fixed
point of F'.

Let 7 be an equilibrium point of Eq.(3). Then the linearized equation of Eq.(3)
about g is given by

k
Wn41 = Zpiwn—ia n:0717'“7 (4)
i=0
where p; = ﬁ%@,...j),i = 0,1,2...,k and the characteristic equation of
Eq.(4) is
AEFD —p AF — poAFTD A = pgegr) = 0.

Theorem A [8]: Assume that p,g € Rand k € {0,1,2,...}. Then |p|+|q| <1
is a sufficient condition for the asymptotic stability of the difference equation

Upt1 +DPUp + qun—r =0, n=0,1,...

Remark: Theorem A can be easily extended to a general linear equations of
the form
Untk + P1Untk—1 + ... + prun =0, n=0,1,... (5)

where p1,pa,...,pr and k € {1,2,...}. Then Eq.(5) is asymptotically stable pro-
vided that Zle lpi| < 1.

Theorem B [7]: Let {y,}32 _, be a solution of Eq.(3), and suppose that there
exist constants A € I and B € I such that A <y, < B for all n > —k. Let
£y be a limit point of the sequence {y, }°> _,. Then the following statements are
true:

(i) There exists a solution {L,}52 __ of Eq.(3), called a full limiting sequence
of {yn}5° ., such that Ly = ¢y, and such that for every N € {...,—1,0,1,...} Ly
is a limit point of {y,}5> _,.

(ii) For every i9 < —k, there exists a subsequence {y,, }32, of {y,}>> . such
that Ly = lim y,,+n for every N > .

Theorem C [9]: Let [p,g] be an interval of real numbers and assume that

g9:[p,q° — [p,q),
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is a continuous function satisfying the following properties :

(a) g(z,y, z) is non-decreasing in y and z in [p,q] for each = € [p,q|, and is
non-increasing in « € [p, ¢] for each y and z in [p, ¢;

(b) If (m, M) € [p,q] X [p, q] is a solution of the system

M =g(m,M,M) and m = g(M,m,m),

then m = M. Then Eq.(5) has a unique equilibrium T € [p, ¢] and every solution
of Eq.(5) converges to Z.

In this paper we study the boundedness character and investigate the global
stability for the solutions of the following difference equation:

(E£]
o+ Z A2;Tn—2;
Tpg1 = =0 . n=0,1,2, ., (6)

[551]

B+ > brit1Tn—2i—1
=0

where o, 8 € [0,00), a;, b; € (0,00) fori=0,1,....,k; and k € {10,1,2, ...} with
the initial conditions zg, £_1,...,2_2k, Z_2k—1 € (0,00).

2 Local Stability of Eq.(6)

In this section we discuss the local stability of the equilibrium points of Eq.(6).
(5] (5]
Let A= Z as; and B = Z boi+1, then the following statements are true:

(i) At a = O and 8 =0, Eq. (6) has the equilibrium point Z = 0 and the unique
positive equilibrium point ¥ = %.

(ii) At =0and 8 < A4, Eq (6) has the equilibrium point T = 0 and the positive
equilibrium point T =
(ili) At a=0and 5 > A, Eq (6) has the unique equilibrium point T = 0.

(iv) At @ # 0 and 8 = 0, Eq.(6) has the unique positive equilibrium point
T = A+\/m

(v) At « 7& 0 and 8 # 0, Eq.(6) has the unique positive equilibrium point
- A-B+ (A B)?+4aB

|
Q

The followmg theorem deals with the local stability of the positive equilibrium
point of Eq.(6).

Theorem 1 The equilibrium point T = A-Biy (‘;];B)Z—FMB of Eq.(6) is locally
stable if A < B.

Proof. The linearized equation of Eq.(6) about the equilibrium point T =

A—B++/(A—B)?+4aB

=5 is given by

k k k
_ af(f,f,.. I _ b21~+1(a+A5) .
Il = ) g Z Bl An—2i 2%) (B+Bm)7 “n—2i-1
=0 =

=0
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for n=0,1,... and the associated characteristic equation about T is

k
ba; a+AT)
F(X) = A2 30 _aae z2(hD 4 Z bt PN =,

=0

Then it follows by Theorem A that T is locally stable if
A B(a+AT)
e e Ew <1<+ [3+Bm+6+Bx <l A<p.

This ends the proof of the theorem.

3 Boundedness of Solutions

Here we study the permanence of Eq.(6).
Theorem 2 Assume that A < 8. Then every solution of Eq.(6) is bounded and

persists.
Proof. Let {z,}° . , be a solution of Eq.(6). Then
[£52]
at+ D aziTn-2i [E1]
Tpt1 = [,%f]*o <5 +% 1‘;0 (2T 2;-
B+ z;o b2i+1Tn—2i—1

Then limsup x,, < ,@LA def M. Thus z,, < M for alln > 1.
n—-aoRo
Now we wish to find a constant m > 0 such that x,, > m for all n > 1. The

change of variables x,, = yin, gives Eq.(6) in the form

1 _ Oé+;_2+ yziz ot y:ikzzc
- b b bary1
Yn+1 B+ ynil + yni3 Tt Yn—2k—1
or in the equivalent form
b_ bakt1 b_ bok41
y — /B+ - + +y1, 2k—1 B+yn1—1 + +yn 2k—1
”“ a+a°+ T a
Yn—2k
B+ M Z bait1
= MB
< =0 < B+ for all n > 1.
o} o}

Thus we obtain

1 e
m":y_nzﬂ—&—% “fm for all n > 1.

Therefor we see that
m<xz, <M for all n>1.

Then the proof is so complete.
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Theorem 3 Assume that A < . Then every solution of Eq.(6) is bounded and
persists.

Proof. Let {z,}> ,. , be a solution of Eq.(6).
Set H = max{z_sx_1,T_2k, -, T, BiLA}’ then it follows from (6) that

(3] (4]
o+ i;() a2;T—2; a+H i;() Wi Al
T1 = e} < < <H.
(=] B B
B+ Y bip17-2i1
i=0

It follows by induction that z, < H for all n > 0. Now we wish to find a
constant h > 0 such that x,, > h for all n > 1.
Again it follows from Eq.(7) that

(a4
a+ a2;T—2;
— def
. =0 [e] (7 a4
1= T, = (24 2 mrom M

p)
B+ Z b2it1T—2i—1 B+H Z bait1

i=0 i=0

Then it follows by induction that z,, > h for all n > 1.

4 Global Stability of the Equilibrium Points

Theorem 4 Let a = 0 and assume that A < 3. Then every nonnegative solu-
tion of Eq.(6) converges to the unique equilibrium point of Eq.(6) T = 0.

Proof. It follows by Theorem B that there exist solutions {I,}°2 __ and

{Sn}22 _ . of Eq.(6) with

— 00

I =1Iy= lim inf z, < lim sup z, = Sy =5,
n—oo n—oo

where

I,, S, €[,S], n=0,—1,....
Since T = 0 is the unique nonnegative equilibrium point of Eq.(6), then it suffices
to show that S = 0. Suppose for the sake of contradiction that S > 0.Then it
follows from Eq.(6) that

apS—_1 + asS_g + ... + a2k S_2k—1 < AS

S = 9
B+b1S_o+b3S_a+ ... +bopt1S_9x—1 — S+ BI

and so
0<BSI<(A-pB)S <0,

which is a contradiction. Hence
lim z, =7 =0.

n—oo

which is true by the hypothesis of the theorem and this completes the proof.
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Theorem 5 Assume that A < (3, then the equilibrium point

A-B+/(A-B)? +4aB
2B

E:

of Eq.(6) is global attractor of the solutions of Eq.(6).

Proof. It was shown in Theorem 2 that m < z,, < M for all n > 1.Then it
follows again by Theorem B that there exist solutions {I;, }22 and {5, }°2

of Eq.(6) with o )
I=Iy= lim inf z, < lim sup x, =Sy =25,
n—oo n—oo
where
I,, S, €[l,S], n=0,—1,...
It suffices to show that I > S.
Now it follows from Eq.(6) that
I = OZ-I-CL()I,l+(LQI,3+...+a2kI,2k,1 Q+AI
B+bil_o+bil casl 3+ ...4+askl o1 — B+ BS
and so
(8—A)I+ BSI > a. (7)
Similarly, we see from Eq.(6) that
S — ataoS_14asS_s+...taskS_sk—1 o atAS
T B+b1S_24b3S_at...Aboky1S—2k-1 — B+BI’
and so
(86— A)S+ BSI < a. (8)

Then we obtain from relations (7) and (8) that
(B—A)S+BSI<a<(8—-A)JI+ BSI,

thus
B-=AI-5)=0

and since (8 — A) > 0, then we should have I > S.This completes the proof.
We give the following two theorems which is a minor modification of Theorem

A.0.2in [9].

Theorem 6 Let [a,b] be an interval of real numbers and assume that f : [a, b]F+1 —
[a,b], is a continuous function satisfying the following properties:

(i) f(zo,z1, .., xx) is non-decreasing in its arguments xo; with ¢ € {O, 1,2,..., [%}}

for each z, (r # 2t) in [a,b] and non-increasing in its arguments xs,11 with
re€{0,1,2,..,[E2]} for all 2, (t #r) in [a,b].
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(ii) If (M, m) € [a,b] X [a,b] is a solution of the system
M=fM,m,M,m,...,M,m,... M,m), m = f(m,M,m,M,..m,M... m, M),
implies m = M. Then the difference equation z,+1 = f(Zn, Tp—1,..., Tn—k) has

a unique equilibrium Z € [a, b] and every solution of the equation converges to
.

Proof. Set
mo=a and My=>,

and for each i = 1,2, ... set
mi = f(mi—1, My_1,mi1, Mi_1,...omi_1, Mi_1,mi_q,...,m;_1, M;_1),
and
Mz' = f(Mi—la my;, Mi—la MMy eeny Mz'—h mg;—1, Mi—la ceey Mi—l; mi_l).
Now observe that for each i > 0,

a:mog’l’nqgSmlSSMZSSM1SM0:b,

and
m; <ap < M; for p>(k+1)i+1
Set
m = lim m; and M = lim M,.
Then

M > lim supx; > lim inf z; >m

11— 00 11— 00

and by the continuity of f,
M=fM,m,M,m,...,M,m,...M,m)and m = f(m, M,m,M,...m,M,....m, M).

In view of (ii),
m=M =T,

from which the result follows.

Theorem 7 Let [a,b] be an interval of real numbers and assume that f : [a,b]F1 —
[a,b], is a continuous function satisfying the following properties:
(i) f(zo, 21, ..., xy) is non-increasing in its arguments o, with ¢ € {0,1,2, ..., [%}}

, T
for each z, (r # 2t) in [a,b] and non-decreasing in its arguments xg, 1 with
re€{0,1,2,..,[E2]} for all 2, (t #r) in [a,b].

(ii) If (M, m) € [a,b] X [a,b] is a solution of the system

M=fm,M,m,M,...m M, ..m, M), m=f(M,m,M,m,... M,m..., M,m),
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implies

m = M.
Then the difference equation z,+1 = f(zn, Tn-1, ..., Tn—k) has a unique equilib-
rium T € [a, b] and every solution of the equation converges to Z.

Proof. As the proof of Theorem 6 and will be omitted.

Theorem 8 Assume that A # [B. Then every nonnegative solution of Eq.(6)

A—B++/(A-B)?*+4aB

converges to the unique equilibrium point of Eq.(6) T = 55

Proof. Rewrite Eq. (6) in the following form
[4]
at Y a2iTn-2i
Tl = [(Tny Tty oo, Tng) = [H:]:O , n=0,1,2, ...
=

B+ > brit1Tn_2i—1
i=0

Then the function f satisfies the hypotheses (i) of Theorem 6. Now consider
the system

M= f(M,m,M,m,...,M,m) = %ig%, m= f(m,M,m,M,...m,M) = giéﬂ

Thus it is easy to see that m = M. Therefore the function f satisfies the hypothe-
ses (ii) of Theorem 6 too. Then it follows by Theorem 6 that the equilibrium

A—B++/(A—B)?+4aB
(2B ) of Eq.(6)

point T = is a global attractor of the solutions of

Eq.(6).
Theorem 9 Let « =0 and A < 8. Then every nonnegative solution of Eq.(6)
converges to the unique equilibrium point of Eq.(6) T = 0.

Proof. The proof is similar to the proof of Theorem 8 and will be omitted.

Theorem 10 Let o« = 0 and § = 0. Then every positive solution of Eq.(6)

converges to the unique positive equilibrium point of Eq.(6) T = %5.

Proof. The proof is similar to the proofs of Theorem 5 and Theorem 8 and
will be omitted.

Theorem 11 Let « =0 and 8 < A. Then every nonnegative solution of Eq.(6)
converges to the unique positive equilibrium point of Eq.(6) T = %

Proof. The proof is similar to the proofs of Theorem 5 and Theorem 8 and
will be omitted.

Theorem 12 Let a # 0 and 8 = 0. Then every positive solution of Eq.(6) con-
A+ VA% +4aB

verges to the unique positive equilibrium point of Eq.(6) T = 5
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Proof. The proof is similar to the proofs of Theorem 5 and Theorem 8 and
will be omitted.
Remark: It is easy to obtain -by using Theorem B and Theorem 7- similar
results for the following difference equation

[44]

O+ D Prit1Yn-—2i-1
i=0
Yt = T,

Y4+ D @iYn—2i
i=0
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Generalized integration operators from Hardy spaces to
Zygmund-type spaces *1
Huiying Qu, Yongmin Liu *and Shulei Cheng
School of Mathematics and Statistics

Jiangsu Normal University
Xuzhou 221116, P.R. China

Abstract Let H (D) denote the space of all holomorphic functions on the unit disk D of
C. Let ¢ be a holomorphic self-map of D, n be a positive integer and g € H (D). In this
paper, we investigate the boundedness and compactness of a generalized integration operator

- | © O ((0)g(0)d()

from Hardy spaces to the Zygmund-type spaces Z,,.

1 Introduction

Let D denote the open unit disk of the complex plane C and H (D) the space of all analytic
functions in D.
For 0 <r <1, fe HD), we set

o=z [

Moo(r, f) = jmax

1/p
f(rei‘g)‘p d0> , 0<p<oo,

f (rew)‘ .
For 0 < p < oo, the Hardy space HP consists of those functions f € H(ID), for which

Ifllp = sup Mpy(r, f) < co.
0<r<1

It is well known that with norm || f||, the HP space is a Banach space if 1 < p < oo, for
0 < p < 1, HP space is a nonlocally convex topological vector space, and d(f,g) = ||f — g|b
is a complete metric for it. For more information about the H? space, one may see these
books, for example, [4, 5].

Let pu be a weight, that is, p is a positive continuous function on D. The Zygmund-type
Z,, consists of all f € H(ID) such that

sup u(2)|f" (2)] < .
z€eD

*2010 Mathematics Subject Classification: Primary 47B38; Secondary 47G10,47B33,30H10.
t Key words and phrases: Hardy space, Zygmund-type space, generalized integration operator.
{Corresponding author. Email: minliu@jsnu.edu.cn
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Products of generalized integration operators 2

With the norm || f||z, = [£(0)] + | f'(0)] + Sup,u( )| f"(2)|, it becomes a Banach space. The
little Zygmund-type space 2,0 is a subspace of Z,, consisting of those f € Z, such that

lim p(z)|f"()] = 0.

|z]—1

When pu(z) = (1 —|z|?), the Zygmund-type space becomes the Zygmund space Z ([7]), while
the little Zygmund-type space Z, o becomes the little Zygmund space Zy.
Let ¢ be an analytic self-map of D, then the composition operator on H (D) is given by

Cof =Ffop.

Composition operators acting on various spaces of analytic functions have been the object
for recent years, especially the problems of relating operator-theoretic properties of Cy, to
function the theoretic properties of ¢. See the book of Cowen and MacCluer ([3]) and Shapiro
([12]) for discussions of composition operators on classical spaces of analytic functions.
Assume that g : D — C is a holomorphic map of the unit disk D, for f € H(D), define

/f ¢)d¢, z € D.

This operator is called Riemann-Stieltjes operator (or Extended-Cesaro operator). Ch. Pom-
merenke ([11]) initiated the study of Riemann-Stieltjes operator I, on H? , where he showed
that I, is bounded on H? if and only if ¢ is in BMOA. This was extended to other Hardy
spaces HP (1 < p < o0) in [1] and [2] where compactness of I, on H? and Schatten class
membership of I, on H 2 was also completely characterized in terms of the symbol g.

n)

In this paper, we consider an integration operator I;@ which is defined as

1) £(2) / £ (0(0)9(Q)dc, = € D.

This operator is called the generalized integration operator, which was introduced in [13] and

studied in [6, 13, 14, 20]. Also, the operator Iéffg is a generalization of the Riemann- Stieltjes
)

operator I, induced by g. In fact, the operator Iéﬁp can induce many known operators.

)

For example, when n = 1, Ifgzo reduces to an integration operator recently studied by S.
Stevié, S. Li, X. Zhu and W. Yang in [8, 15, 19]. When n = 1 and g(z) = ¢'(z), we
obtain the composition operator C, defined as C,f = fo ¢+ f(¢(0)), f € H(D). Let
D be the differentiation operator, n = m + 1 and g(z) = ¢/(z), then we get the operator
C,D™f(2) = (™ (p(2)) — f™(¢(0)) which was studied in [10, 18].

In [13], S. D. Sharma and A. Sharmat have characterized the boundedness and compact-
ness of generalized integration operators Iéffg from Bloch type spaces to weighted BMOA
spaces by using logarithmic Carleson measure characterization of the weighted BM O A spaces.
In [20], X. Zhu characterized the boundedness and compactness of generalized integration op-
erators from H* to Zygmund-type spaces. In [6], Z. He and G. Cao have characterized the
boundedness and compactness of generalized integration operators between Bloch-type spaces
and F'(p, q, s) spaces. Motivated by the results [6, 13, 14, 20], this paper is devoted to inves-
tigating the boundedness and compactness of generalized integration operators from Hardy
spaces HP (0 < p < o0) to Zygmund-type spaces.

Through out this paper, we will use the letter C' to denote a generic positive constant
that can change its value at each occurrence.
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Products of generalized integration operators 3

2 Auxiliary results

Here we quote some auxiliary results which will be used in the proofs of the main results in
this paper.

LEMMA 2.1 ([4]) For p > 1, there exists a constant C(p) such that

/% 9 __ Cl)
o AP @t

for every z € D.

LEMMA 2.2 ([4, 5, 16]) Suppose that 0 < p < oo, f € HP, then

‘f(n)(z)‘gc | f llp

(1 —|22)t/Ptm

for every z € D and all nonnegative n =0,1,2,---.

The following criterion for the compactness is a useful tool and it follows from standard
arguments, for example, [3, Proposition 3.11].

LEMMA 2.3  Assume that n be a nonnegative integer and p be a holomorphic self-map of

D, 0 <p< oo, ube a weight. Then Ig:g : HP — Z,, is compact if and only if Ig:g cHY — Z,

is bounded and for any bounded sequence {fx} in HP which converges to zero uniformly on
compact subsets of D as k — oo, we have Hféfgfkﬂgu — 0 as k — oo.

The following lemma was proved in [7] similar to the corresponding lemma in [9].

LEMMA 2.4 A closed set K in 2,0 is compact if and only if K is bounded and satisfies

lim li ()| = 0.
‘Z}gllflerréu(z)lf ()]

LEMMA 2.5 Assume that 0 < p < oo, then for a,b > 0

(a+b)P < C(aP +1bP).

3 Boundedness and compactness of Ig(ffg from H? (0 < p < o0)
spaces to Zygmund-type spaces

In this section, we study the boundedness and compactness of Iéffg cHY — Z,,.
THEOREM 3.1. Let g € H(D), n be a nonnegative integer and ¢ be a holomorphic self-map

of D, 0 < p < oo, ube a weight. Then Igg : HP — Z,, is bounded if and only if the following
conditions are satisfied
p(z)lg' (2)]

sup pin < 00,

P (1-Jp(=)P)

(3.1)
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Products of generalized integration operators 4
1(2)lg(2)¢' (2)]
ilég RNV TEws < 00. (3.2)
(1= le2)0?)

Proof. Assume that (3.1) and (3.2) hold. Then for every z € D and f € HP, by Lemma
2.2 we have

u(=) | (15 )" (=)
= (=) [F ()¢ (2)g(2) + £ () (2)

< u(2)lg(2) @ F D ()] + w2l ()1 ()]

(
<ol OB il O s < @)

On the other hand , we have
(I £)(0)] =0 (3.4)

g9,

and
l9(0)]
=) pyiree 1 I

[(ZS1) (0)] = | £ ((0))g(0)] < C (3.5)

Applying conditions (3.3), (3.4) and (3.5), we deduce that the operator Iéﬁg cHP — 2, is
bounded.

Conversely we suppose that Ié
such that

72,2 : H? — Z,, is bounded, that is there exists a constant C

152 Iz < Cll 1y
for all f € HP. For f(2) = Z; € HP, we have that

sup 1u(2)g' (2)] < oo. (3.6)
zeD
Let f(z) = % € HP?, we have that
sup u(2)]¢ (2)g(2) + ¢(2)g' ()] < oo. (3.7)

zeD

By (3.6), (3.7) and the boundedness of the function ¢(z), we get

ilelgu(Z)lg(Z)sD’(Z)l < o0. (3.8)
For a fixed w € D, set
B 1— |p(w)[? (1 = Jp(w)|*)?
fu(z) = (1/p+n+2) T oo (1/p+1) 0 2ol Ure (3.9)
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From Lemma 2.1 and Lemma 2.5 we have

1 2 " 1/p
= su — re'”)|P
Il = s (52 [ e
o p\ 1/p
1
< C sup —/
0§r<1<277 0
o P\ 1/p
| )
1 2w 1 1/p
hoetwpr [T L
"o 0 [1—p(w)re?pt!
(1= Jo(w

1
1 /Qﬂ. 1 /p
+C' sup — S
0<r<1 27T 0 |1 — p(w)re?|2rtl

1/p
a —%2»2)?) ro(a-letyr

1— |p(w)]?
(1 — p(w)rei?)t/r+1

(1~ lp()*)?
(1= plpred 772

(I/p+n+2)

+C sup
0<r<1

(1/p+1)

< C sup
0<r<1

<o (- lePr Cly

<C,

hence f,, € HP and sup | fullp < C < o0.
On the other hand we get that

) = ((1/p+n+2>H<1/p+j>) 1~ [elo) ()

i, (1 _ Z(‘D(w))l/p—i-n—i-l

n+1 —"n
- (e n o) 4= lictrecr
=2

(1= zp(w)) /e

Jj=1

n+1 —n+1
00e) = ((1/p +n+2) [J +j>) e
(

s ) (1= Jew)2)?ew)
_ ((1/p+1) H(l/p+])) N

=2

From (3.10) and (3.11), we have fwnﬂ)(gp(w)) =0 and

() = (Hu/p +j>) = “’(“’)‘2)1 e

i p(w)
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Hence

C =I5 follz,
> sup u(2) (1) (2)|
zeD

> sup u(z) |18V (e(2)¢ (2)9(2) + 17 (e(2)g (2)]

z€D

> p(fel) [ £ (o) @)g(w) + F8 (p(w))d' )|

(H Ups ) ) AETEIEI 1)
=i 1= Jp(w)?)

By (3.12), we have

sup

Lejp()l<t (Imlelw

AL < g (Hl(l/p”)) ;E<|w|>|g<w>||w<w>|

1/p+n
I<p)l<1 \j= 1—|<,0(w)|2> "

wel =1 1—p(w)]

<(C < 0. (3.13)

< 2" sup (H(l/p +j)) /E(‘w’)’g/(w)L‘;pl(Zi‘:

And from (3.6), we obtain that

Thus combing
For a fixed

ho(z) =

we get that

w) g’ (w 4 n
sup ML < () sup ()l ()

<t (1le@I?) 3 plw) <L
<@g @) < C<ce. (314
(3.13) with (3.14) we get the condition (3.1).
w € D, set
— lp(w)? (1= |pw)*)
(I/p+n+1) R —(1/p+1) 0 zgp(w))l/p+2 (3.15)
. . ) =) P)p@)”
hﬁ, )(z) = ((1/]9 +n+ 1)j1;[l(1/p -l-j)) (1~ (o) /rnt
ntl 220"
( 1/p+1) 1;[ (1/p + ) ) a _‘zﬁ(:;))l/ﬁnzz (3.16)
n+1 (w)n—l—l
hg}n+1)(z) ((1/p—l—n—|—1 (I/p+37) ) 1/p+n+2
n+2 —mn+1
- ((1/p+1> H<1/p+y>) “(1_w( )))1 e e
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From Lemma 2.1 and Lemma 2.5 we obtain that h, € H? and sup ||hy |, < C < oo with a
webh

direct calculation. From (3.16) and (3.17), we have h&n)(go(w)) =0 and

(n+1) e o)
n+ w)) = — ] .
hy ™ (p(w)) j|:|1(1/p +J) (1 — [p(w)2)/p+nst

Hence
C > |[I{Yhyl|z,

> sup u(2) |(I§23h0)"(2)
z€D

> sup () [H ) (6(2)) ¢ () (2) + B (o)) (2

> (o) |AEHD (@) (@)g(w) + B (p(w))d (@)

n+1 o)+

— (T1am+9 p(wDlg(w)e’ (@)[le(w)

- (3.18)
i (1= letwP) """

By (3.18), we have

p(lwhlg(w)e' (W)
1/p+n+1

sup
3@l (1 Jp(w)P)

ot s (’ﬁ<1/p+j)) pwDlg@)¢’ @21

1 n+1
%<|¢(w)|<1 (1 N ‘(p(w)F /p+n+

n+1 / n

< 9" gup ﬁ(l 1o+ ) | HUDlg@)¢ @)™
weP \j=i (1=lew)?)

<C < . (3.19)

J=1

And from (3.8), we obtain that

p(|w)lg(w)e (w)]
1/p+n+1

sup
o)<} <1 - |<p(w)|2)
< (%)1/p+n+1

3 sup  pi(|w])]g(w)¢’ (w)]

o)<
4 n
< (g)””+ i sggu(!w\)\g(w)w’(@\
<C < o0. (3.20)

Thus combing (3.19) with (3.20) we get the condition (3.2).

THEOREM 3.2. Let g € H(D), n be a nonnegative integer and ¢ be a holomorphic self-map

of D, 0 < p < oo, u be a weight. Then 1522 : HP — Z,, is compact if and only if the following
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conditions are satisfied,

My o= sup u(z 2)|g' (2)] < oo, (3.21)
My := sup u(z 2)|g(2)¢ (2)] < o0, (3.22)
-~ pEEL (3.23)

z)|—1 1/p+n
lo(2)] (1 _ ’QO(Z)P)

and .
im PRI
2)|— 1/p+n+1
o)1 (1_ ,W),z) /p

(3.24)

Proof. Assume that (3.21), (3.22), (3.23), and (3.24) hold. From (3.21) and (3.23) it is

easy to see that (3.1) hold and from (3.22), (3.24) we get (3.2) hold. Hence Igg cHP — Z, is
bounded, by Theorem 3.1. For any bounded sequence {fx} in H? with fx — 0 uniformly on
compact subsets of . To establish the assertion, it suffices, in view of Lemma 2.3, to show
that

1152 fill z, — 0, as k — oc.

We assume that || fi|, < 1. From (3.23) and (3.24) we have for any ¢ > 0, there exists
€ (0,1), when p < |¢(2)| < 1, such that

u(z)lg’iz)ﬁ/pw <e, (3.25)

(1= le(2)P)

and /
u(Z)\g(ZQ)solgjl!nH e (3.26)

(1= le2)P)

Since fr — 0 uniformly on compact subsets of D, Cauchy’s estimate gives that f,gn), ,gnH)

converges to 0 uniformly on compact subsets of D. There exists a Ky € N such that when
k > Ky, from (3.21), (3.22) and Lemma 2.2, we have

(I ) O]+ 1(IE2 f0) )]+ sup (2|15 f1)" (=)

lo(2)[<p

< 1M (@(0))]19(0) + sup  u(2)lg(2)d I (0(2)]

le(2)I<p
+ sup u(2)g NI (9(2))]
lo(2)|<p
< [ ((0))]1g(0)] + My sup £ (@) + My sup £ (0(2))]

lo(2)[<p lo(2)[<p

< Ce. (3.27)
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From (3.25), (3.26), (3.27) and Lemma 2.2 we have

V52 fellz, = [ O)] + | (550 + sup (=) | (15221 (2)]

zeD

(\ﬂ"fk)( )|+ sy o\+ sup u(z)\u;?gm”(z)()

{zéD' lo(2)|<p}

+ sup ‘ (") ‘
{z€D: p<p(2) |<1}

< Ce+ sup )
{z€D: p<|p(2)|<1} (1 ~ oz

+ sup
{z€D: p<|p(2)|<1} (1

w(z)|g(2)¢’
)

— lp(z
<Ce+Ce+Ce
= 3Ck¢, (3.28)

when K > Kj. It follows that the operator Ig:g : HP — Z,, is compact.
Conversely. Assume that Iéffg : HP — Z,, is compact. Then it is clear that 7, éﬁg cHY — Z,
is bounded, and hence (3.21) and (3.22) hold from the proof of Theorem 3.1. Let {z;} be a
sequence in D such that |p(z;)| — 1 as k — oo.
We can use the test functions
1— Jio(ze)? (L — lo(zr)?)?
fe(2) = fo(2) = (1/p+n+2) (1— zm)ym—l (1/p+1) (1- z@)lﬂ”‘"?

By a direct calculation, we may easily prove that fi converges to 0 uniformly on compact
subsets of D and sup || fx]|, < C < co. Then f;, is a bounded sequence in H? which converges
keN

to 0 uniformly on compact subsets of . By Lemma 2.3, we have

Jim (257 filz, = 0. (3.29)
Note that f("+1 (p(zk)) =0,
fe (p(zr)) = jl;[l(l/ZH‘J) (1 — [p(zp)[2)

From (3.12) and using the compactness of Iéffg : HP — 2, we obtain

- Z z z
H 1+ ) | 2AzDlo ’“)!@f/pﬁ)i < I fllz, =0, as k — oo, (3.30)
= (1= o0l

From (3.30) and |p(zx)| — 1, it follows that
plze g (zx))|

lim =0
k—oo 1/p+n !
(1= ezl
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and consequently (3.23) holds.
Next, let

‘ 2

1 — ‘@(zk) - (1/]9 + 1) (1 — ‘@(zk)‘2)2

hk(Z) = hzk(Z) = (1/p +n+ 1) (1 — Z@)l/p—i_l (1 _ Z@)l/p—i&.

By a direct calculation, we obtain that hy = 0 on compact subsets of D and sup |||, <
keN
C < 0o. Then h; is a bounded sequence in HP which converges to 0 uniformly on compact

subsets of D. By Lemma 2.3, we have

Jim. 11§ byl z,, = 0. (3.31)
Note that
n+1 Mn-i-l
n+1 . k n
W (e(an) = — | [T/ +9) (1= o (z) ) /T W (o) = 0
Jj=1

From (3.18) and using the compactness of Igg : H? — Z,, we obtain

n+1 / n+1

) z z z z n
[J1/p+ ) | “Dlot)e (2’“)1|/|f+(n_’ﬂ| < hg)lz, — 0, as k — oo (3.32)
=1 (1~ le(z)P)

|o(zx)| — 1 implies that

(2] l9(ze) ¢ (28)]
lim 1/p+n+1

T (1=l )

=0,

(3.24) holds.

THEOREM 3.3. Let g € H(D), n be a nonnegative integer and ¢ be a holomorphic self-
map of D, 0 < p < oo, pu be a weight. Then Iéffg : HP — Z,, o is compact if and only if the

following conditions are satisfied,

1 p@lg'=) (3.33)
|21—=1 <1 B |¢(z)|2)1/1’+”
and
1(2)lg(2)¢' (2)] (3.34)

lim =
21 1/p+n+1
(1= o))

Proof.  Suppose that (3.33) and (3.34) hold. It is clear that (3.1)and (3.2) hold. by
Theorem 3.1 we have Ig:g : H? — Z,, is bounded. On the other hand for any f € H? we have

(=) [ (51 (2)
= 1(2) | £ ()¢ (2)9(2) + F O ((2)g (2)

< Hlg( EIFD ()] + nElg DI ()
p(2)lg(2)¢' (2)] w(2)lg'(2)|
= WG =yt Wi

— 0 ,as |z| — 1. (3.35)
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it follows that Ig:g f € Z,0. Hence IES’,ZZ : HP — Z, o is bounded. Taking the supremum in
inequality (3.35) over all f € H? such that || f||, < 1 and letting |z| — 1, yields

lim sup p(2) ‘(Igg’,ﬁf)”(Z)( = 0.
2l=1 fllp<1

Hence, by Lemma 2.4 we see that the operator Ig:g : HP — Z,, o is compact.

Now Assume that Ig:g : HP — Z, o is compact. Firstly, it is obvious 1522 cHP — 2,0 is

bounded. By Theorem 3.1 taking function f(z) = Z; € HP, we have that

|1i|m1u(2)!9'(2)! = 0. (3.36)
Let f(z) = % € HP, we have that
lim 11(2)|¢'(2)g(2) + ¢(2)g'(2)| = 0. (3.37)

|z]—1

By (3.36), (3.37) and the boundedness of the function ¢(z), we get

lim p1(2)|g(2)¢' (2)] = 0. (3.38)

|z[—1

Since Ifgfg : HP — Z,, is compact, by Theorem 3.2 we have (3.23) and (3.24) hold.
It from (3.23) follows that for every ¢ > 0, there exists § € (0,1) such that

/
(1= le(2)0?)
when § < |¢(2)| < 1. Using (3.26) we see that there exists 7 € (0,1) such that
u(2)lg ()] < e inf (1 )P, (3.40)
te[0,6]

when 7 < |z| < 1. Therefore when 7 < |z| < 1 and ¢ < |¢(2)| < 1, by (3.39), we have

w(2)|g (=
EFTETIION .
(1= o))
On the other hand, when 7 < |z| < 1 and |p(z)| < 6, by (3.40), we obtain
/ /
(1 — [(2)] ) 1€[0,6]

From (3.41) and (3.42) we have

S0/ C R

(=)

thus (3.33) holds.
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From (3.24), it follows that for every £ > 0, there exists v € (0, 1) such that

1(2)1g(2)¢" (2)]

3.43)
1/p+n+1 ’ (
(1= le(2)?)
when v < |¢(2)| < 1. Using (3.38) we see that there exists n € (0,1) such that
w2)g(2)¢' ()] <& inf (1—¢*)tremet, (3.44)
t€(0,7]
when 1 < |z| < 1. Therefore when 7 < |z| < 1 and 7 < |p(z)| < 1, by (3.43), we have
1(2)lg(2)¢ (2)|
o\ 1/p+n+l (3'45)
(1= le()P)
On the other hand, when n < |z| < 1 and |p(2)| < 7, by (3.44), we obtain
1(2)lg(2)¢' (2)| 1(2)|g(2)¢' (2)]
< <e. (3.46)
1/p+n+1 inf (1 — t)1/p+n+1
(1-lp(2)? S0
From (3.45), (3.46) we have
/
i M) (2)] 7
|z]—1 9\ 1/p+n+1
(1= le(2)2)

we obtain (3.34) holds, the proof is completed.
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Abstract. In this paper, we introduce a new kind of modification of Durrmeyer
type g-Baskakov operators which preserve z2 based on the concept of g-integer. We
investigate the moments and central moments of the operators by computation, obtain
a local approximation theorem and also get the pointwise convergence rate theorem and
a weighted approximation theorem.
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Key words and phrases: ¢-integer, Durrmeyer type, ¢-Baskakov operators, moments,
weighted approximation.

1 Introduction

In recent years, the applications of ¢-integers in the approximation theory is one of
the main area of research. After g-Bernstein polynomials were introduced by Phillips [12]
in 1997, many researchers have studied in this field, we mention some of them as [2]-[4],
[11]-[16].

In 2010, Aral and Gupta [2] introduced the Durrmeyer type g-Baskakov operators as

0 oco/A
Diglfs) = =1y optalaia) [ phala: 070y, 1)
k=0
_1 2
where, pj, . (q;7) = ”+: ] q%ﬁ for every n € N, ¢ € (0,1), = € [0,00)
T)q
q

and for every real valued continuous and bounded function f on [0,00). Apparently, these
operators reproduce only constant functions. In 2012, Cai and Zeng [3] introduced a new

*Corresponding author.
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Q. -B. CAI

modification of Durrmeyer type ¢-Baskakov operators Env q as follows:

Bratfi) = = th oot + VT 0, )

where, p,r(q;x) = k L, which reproduce not only constant

(14=)g
functions but also linear functions. They establish direct and local approximation the-

n—l—k—l] 2ki+1 &

orems of operators l/): ¢ and obtain the estimates on the rate of convergence and weighted
approximation properties.

Since the types of operators which preserve linear functions and preserve 22 are impor-
tant in approximation theory, in the present paper, we will introduce a new modification
of Durrmeyer type ¢g-Baskakov operators which will be defined by equality (6). The ad-
vantage of these new operators is that they reproduce not only constant functions but also
x2.

Firstly, we recall some concepts of g-calculus. All of the results can be found in [8, 10].
For any fixed real number 0 < ¢ < 1 and each nonnegative integer k, we denote g-integers

by [k|q, where

1—g* )
[k]q — 1_q bl q # 13
k, q=1.

Also g-factorial and g-binomial coefficients are defined as follows:

= { klglk — Vg1, k=1,2,..;

1, k=0,
and
[n] LI (n>k>0)
k q [k]q![n_k]qV - 7

The g-Jackson integrals and the g-improper integrals are defined as (see [9, 11])

/0 f@dw = (1- @ay. flag")g", a >0,
n=0

and
/Ooo/Af( )dml—qu( )qA A0, (3)

provided the sums converge absolutely.
The g-analog F,4(z) of the exponential function is given as

s .’13
= ¢k 1)/2 =1+ 1 -q), lal <1,
k=0 Klo!
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where

(14 ¢'z).

—;

(1+a)F =
0

J

The ¢-Gamma integral is defined as (see [11])

/ 1B (—qx)dyr, t >0,
which satisfies the following functional equations:
La(t+1) = [t]ql'q (), Ie(1) = 1.

The g-Beta integral is defined as

oo/A
By(t;s) = K(A:t) /0 :

th_l

14+ x)tJrs

(4)

where K (z;t)= I+1ajt(1 + %)tq(l +m)é_t and (1+z)7 = (1+2z)(1+qx)...(1 + ¢ ‘), T>
0(r=t+ys).
In particular for any positive integer n

wnn Dy (0Ty(s)

K(z;n)=q 2z , K(z;0) =1 and By(t;s) = T (tts) (5)

(see [4]).
For f € C[0,00), g € (0,1) and n € N, we introduce the new modification of the Durrmeyer
type g-Baskakov operators Dy, ,(f,z) as

0 oo/A
Dn,q(f; l‘) = [TL - 1]q an,k(% 1') / pn+2,k—2(Q; t)f(t)dqt
k=2 0

ln—1g (14 [n+1]gz) + [2]¢(1 4 z)p*!

+ 0), 6
T 1o “
where
n+k—1 k241 xk
n 7:];‘ = 2 - 7

2 Some Preliminary Results

In this section we give the following lemmas, which are need to prove our theorems:

Lemma 2.1. The following equalities hold:

Dy, q(1;2) = 1, (8)
o @0t Rt @1, [, 1+l

Draltie) =2 [+ 1g(1+ )5 [+ gl (1+ )t }9)

= &= Ang(x) = Bng(2), (10)

Dy (t%2) = 22 (11)
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Proof. Since

0 o0o/A
=1 pnilax) /0 Prr2.k—2(q;t)dgt
=2

o0
n+k—1 (k=2)%41 /OO/A th—2
= [n—1 g T 2 ——d,t
[ ]q k:2pn’k(q k—9 ] q 0 (1 + t)g+k q
q

o
n+k—1 K2—arys Bo(k—1;n+1
= =1y parl(gz ] 22 Byl )
h=2 q

k—2 K(A;k—1)
> n+k—1]g!  x2-akss [k — 2]4![n]q!
= [n—1lg ) _pnrlgz q 2 Ty
e Z [k —2]![n + 1]4! n+k— 1]q!q(k D(k=2)
. n—lqz n—l—k—l k(k2—1) ﬂfk
e 5 (1)

q

by Euler’s identity (see [1], Chap. 10, Coroll. 10.2.2), it is clear that

> n—i—k— 1 - P
Z @ T R b
k=0 (1 + $)q
and using q;ﬁilq]q =1- [J?Jiz]q’ we obtain
D, 4(1;x)
_ <1_ [2q > (1_ 1 [n)g > L @l =1y (4 [+ 1) [2Jy(1+ )5
[n+ 1l (T+a);  (+a)gt [+ (1 + 2)g ™
= 1
Similarly, we have
o o0o/A
Dn,q(t§ $) = [n - 1]q an,k(Qa l‘) /0 pn+2,k—2(Q7 t)tdqt

= [n=1¢> pnrle2)
k=2

= [n - 1]q ZZM,IC(Q; x)
k=2

~ - 1]qunk . [n+k— 1]q! k2—;1k+5 [k — 1] [n — 1]

n+k—1 W2_anes  [OO/A 4Rl
k9 q 2 gk dat

n+k—1 K- k45 By(k,n)
k—2 K(A k)
q

= q
[k — Q]q![n + l]q! n+k— 1]q!q¥
_ i n—l—k‘—l ! k2—gk+6 [k‘—l]q[n—l]q ak
= [Klg!ln —1]q [n+1]glnlg  (1+2)gtH
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since [k — 1], = [k]; — g

k_l, we get

— | _ _ k
[n+k—1]g! x2-sire g [klqln —1]q x

Dyg(tiz) = T 14
! (k]! [n — 1]4! [n + 1]g[n]q (1+ a:);”’“
_i n+k— 1]q!qk2—gk+6 ¢ n -1, z¥
P (k]! [n — 1]4! [n+1g[n]g (1+ x)ZLJrk
n—1],7~=| n+k k(k—1) zk
g 2 _—_—
ity 2| k|7 Grap
q2[n _ 1]q n+k—1 k(kQ—l) xk
[n + 1]g[n]q 2 k (1+ 5U)g+k
B n— 1z [1_ 1 ]_ ¢*[n — 1], [ _1+[n—|—1]qx]
n+ 1], (14‘«’13)3“ [n + 1]4n]y (1+$)3+1
N e PR P R A A LY 1 Ll
[n+1],(1 +z)pt! [n+ 1]g[n]q (1+2);"
Finally,
0 oco/A
Dn,q (t2; l‘) [n - 1](1 Z]%L,k’(% 1}) /0 pn+2,kz—2(‘]a t)thqt
k=2
> n+k-—1 K2_akys  [O/A th
n—1 Pnk(q, T q 2 / ——————dgt
et Y maten | " ] =
> n+k—1 k2—4k+5 Bq(k‘—i—l,n—l)
-1
[n ]qkz2pn,k(%$) k_ 9 ] ¢ T RA kT )
= q
> n+k—1])  #2ass  [E]y![n — 2],
n =14 > pnrlq,z) qg 2
qkz2 [k:—2]q![n+1]q! [n+k— 1]q!qw
. 55k [k]q[k - 1]61
pn,k((ﬂx)q e
kZ:Q [n]q[n + 1]q
i n+k— 1], e ok
2 k=2, lfn + 1], T+
i n+k—1 ] k(k=1) zht2
k=2 k g (14 z)gtht?
z2,
We obtain the desired result. O

Remark 2.2. Letn € N and z € [0,00), then for every q € (0,1), by Lemma 2.1, we have

Dy (1 +1%2) =14 22 (12)
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Lemma 2.3. For every g € (0,1) and x € [0,00), we have

. 2], ¢*[n — 1], 2¢°[n — 1]z
D ((t = 7’ 7)< 2° [[n +1lg [+ 1(1+ w)?“] [n + 1g[nq

Proof. Since Dy, 4 ((t — )% a:) =Dy, (t2; 3:) — 22Dy, 4(t; ¥) + 22 and Lemma 2.1, We have
Dy, 4 ((t — x)z; x)
B By e

= Pnq(z). (13)

[n 4+ 1],(1 + z)a ™ [n+1]4[n]q (14 2)ptt
— 9,2 [2]q ¢*[n — 1 2¢°[n — gz 1+ [n+ gz
- &n+uq m+u41+@$4 M+HdMqP u+wa]
2 [2]4 ¢*[n — 1] 2¢°[n — gz
= {[n"‘l]q - [n+1]q(1+x)?}+1} [n+1]q[n]q '
Thus the result holds. O

Remark 2.4. Let sequence q = {q,} satisfies q, € (0,1) and g, — 1 as n — oo, then for
any fized x € [0,00), by Lemma 2.3, we have

lim Dy q, ((t— :E)2;x) =0. (14)

n—oo

3 Local approximation

In this section we establish direct and local approximation theorems in connection with
the operators D,, 4(f; ).
We denote the space of all real valued continuous bounded functions f defined on the
interval [0,00) by Cp[0,00). The norm || - || on the space Cg[0,00) is given by ||f|| =

sup {|£(2)] : = € [0,00)}.
Further let us consider Peetre’s K —functional:

Ks(f;6) = inf {||f —gl|+6/lg"II},
2(£:0) = inf {If = gl| + llg”II

where § > 0 and W? = {g € Cp[0,) : ¢, ¢" € Cg[0,0)}.
For f € Cl0,00), the modulus of continuity of second order is defined by

wa (f;0) = sup sup |f(z+2h) —2f(x+h)+ f(z)],
0<h<6 z€[0,00)

by [5, p.177] there exists an absolute constant C' > 0 such that
Ky(f36) < Cws (:3), 6> 0. (15)
For f € Cgl0,00), the modulus of continuity is defined by

w(f;0) = sup sup |f(z+h)— f(z)

0<h<6 2€[0,00)

Our first result is a direct local approximation theorem for the operators Dy, 4(f; ).
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Theorem 3.1. For g € (0,1), x € [0,00), n € N and f € Cp[0,00), we have

Daglf,2)— ()] < Clon (f; VBra(®) + (Ang(2) + Bn,q<x>>2) 0 (F Ang(2) + Brg())

(16)
where C'is a positive constant, P q(x), Apq(x) and By 4(x) are defined in (13), (9) and
(10).

Proof. For x € (0, 00], we define the auxiliary operators D,, 4(f; x)
Dg(f3) = Dua(f2) = (& = Ang(@) = Bug(e)) + f(2), (17)
where, A;, 4(z) and B, 4(x) are defined in (9) and (10). Obviously, we have
Dyt —x;2) = 0. (18)

Let g € W2, by Taylor’s expansion, we have

g(t) = g(x) + ¢ (x)(t — x) +/ (t —uw)g"(u)du, w,t€[0,00).

Using (18), we get

t
Do) = a(0) + Do ([ (¢~ 0l i)
hence, we have

| D g(g;7) — ()|

- ‘Dn,q (/:(t . u)g”(u)du;x) ‘ +

t T
Do (| [ = " @] 2) + 1= [0 = Aug (@) = Brg(a)] o' (w)]du
x z—An,q(x)—Bn q(z)

Bra(@) + (Ang @) + Bag(@))’] llg"1l

X
/ {1 [ — Ang(2) — Bug(@)]} ¢" (u)du
m—An,q(x)—Bn,q(33)

IN

IN

where, 5, (), Anq(z) and By, 4(x) are defined in (13), (9) and (10).
On the other hand, using (17), (15) and Lemma 2.1, we have

DualFio)| < 1Dugl i)l + 2011 < IFIDng(li2) + 2071 <3S (19)
Thus,

| Dng(f;2) = f(2)]
[Dng(f = g:7) = (f = 9)(@)| + [Dnglg;2) — g(@)| + |f (z — Ang(x) = Bng(@)) — f(2)|
Alf =gl + {ﬂn,q(x) + [Ang(z) + qu(x)]Q} 19”11 +1f (& = Ang(2) = Bng(z)) — f(z)].

IN

IN
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Hence taking infimum on the right hand side over all g € W2, we get

|Dng(f52) — f(o)] < 4K (f;ﬁn,q(af) + [Ang(z) + Bn,q($)]2) +w (f; Ang(z) + Bng(z)) .

By (15), for every ¢q € (0,1), we have

Dy f,2)~ f()] < Cuy <f; V(@) + [Ang() + Bn,q<x>]2) 0 (5 Ang(a) + Bug(a)

where, 5, ¢(x), Apq(x) and By, 4(z) are defined in (13), (9) and (10). This completes the
proof of Theorem 3.1. O

4 Rate of convergence

Let B,2[0,00) be the set of all functions f defined on [0, c0) satisfying the condition
|f(z)] < My(1+2?%), where My is a constant depending only on f. We denote the subspace
of all continuous functions belonging to B,2(0,00) by C,2[0,00). Also, let C*,[0,00) be
the subspace of all functions f € C,2[0, 00), for which lim, ﬁﬁé

*210,00) is || f[|42 = SUPzep,0) |1f Jg)g‘ We denote the usual modulus of continuity of f on

the closed interval [0, a], (a > 0) by

wa(f75): sup sup |f(t)—f(l’)’

[t—2|<d x,t€[0,a]

is finite. The norm on

Obviously, for function f € C,2[0, 00), the modulus of continuity w,(f,d) tends to zero.
Theorem 4.1. Let f € C,2[0,00), q € (0,1) and wey1(f,d) be the modulus of continuity

on the finite interval [0,a + 1] C [0,00), where a > 0. Then we have

1Dnq(f) = fllcioa) < 6Mp(L+a?)Byq(a) + 2war (f; ﬁn,q(a)> ) (20)

where, (B, 4(a) is defined in (13).
Proof. For x € [0,a] and t > a + 1, we have
|£(t) = f(2)] < Mp(2+ 2% +12) < M2+ 32% + 2(t — 2)?],

hence, we obtain
(1) = f(2)] < 6Mp(1+a®)(t - 2)*. (21)
For z € [0,a] and t < a + 1, we have

10~ F) < wnfilt=al) < (14 5 wna(ri0), 520, @2

From (21) and (22), we get

10~ sl < os+ e -ap + (145w e
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For z € [0,a] and ¢t > 0, by Schwarz’s inequality and Lemma 2.3, we have

[ D g(f;2) — f()|
|

< Dng(lf(t) = f(@)[; )
< GMf(l + aQ)Dn,q((t — x)Q; x) + wa+1(f; (5) (1 + %\/qu((t — x)Q; l‘))
<

6.M ¢ (1 + a2) Bnq(a) + wat1(f,9) (1 + %\ /ﬁnyq(a)> ,

where, (), 4(a) is defined in (13). By taking § = /[y 4(a), we get the assertion of Theorem
4.1. O

5 Weighted approximation
Now we will discuss the weighted approximation theorems.

Theorem 5.1. Let the sequence ¢ = {qn} satisfies 0 < ¢, <1 and ¢, — 1 as n — oo, for
J € C%[0,00), we have
lim || D, (f) = fllz2 = 0. (24)
n—oo

Proof. By using the Korovkin theorem in [7], we see that it is sufficient to verify the
following three conditions

lim {[ D g, (1% x) = 2°[|;2, v=0,1,2. (25)

n—o0

Since Dy, g4, (1;2) = 1 and Dy, 4, (t%;2) = 22, (24) holds true for v = 0 and v = 2.
Finally, for v = 1, we have

[ D (8 2) = 2[5

— sup ‘DTL:‘In (tﬂ ‘,Lg - fl:"
x€[0,00) I+

2
q[n—uq[ 1 H v
1— 1—
{ [+ 1], I+ 207 [ ooy 1+ 22

¢*[n — 1], [1 14+ 1]qx] sup
[n + 1]q[n]q (1+ x)ZH_I z€f0,00) 1+ z?

1_q2[n—1]q[1_( 1 ] [q2[n_1]q

x

_l’_

IN

[n+1], 1‘*‘@2“ n+1]q[n]q,
2[h — 1 2n —1
since lim ¢, = 1, we get lim Gn"[n = g, =1, im —————= =0and lim aln = Lo
n—oo n—o0 [n + 1]Qn n—oo (1 + l')g+ n—aoo [n + 1](1n [n]Qn

so the second condition of (25) holds for v =1 as n — oo, then the proof of Theorem 5.1
is completed. ]

:0’
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Qualitative behavior of two systems of second-order rational
difference equations *

A. Q. Khan® M. N. Qureshi! Q. Din?

Abstract

In this paper, we study the qualitative behavior of two systems of second-order rational difference
equations. More precisely, we study the local asymptotic stability and instability of equilibrium
points, global character of equilibrium points and rate of convergence of these systems. Some
numerical examples are given to verify our theoretical results.

Keywords and phrases: Rational difference equations, stability, global character, rate of conver-

gence.
2010 AMS Mathematics subject classifications: 39A10, 40A05.

1 Introduction

Difference equations appear as natural descriptions of observed evolution phenomena because most
measurements of time evolving variables are discrete and as such these equations are in their own right
important mathematical models. More importantly, difference equations also appear in the study of
discretization methods for differential equations. Several results in the theory of difference equations
have been obtained as more or less natural discrete analogues of corresponding results of differential
equations. For basic theory and applications of difference equations, we refer interested readers to
[1, 2, 3, 4, 5]. Moreover, in [9, 7, 8, 10, 11, 12], dynamics of some difference equations is given. In
Refs. [16, 17, 18, 19, 20], qualitative behavior of some biological models is discussed. Recently there
has been a lot of interest in studying the global attractivity, boundedness character, periodicity and
the solution form of nonlinear difference equations. For some results in this area, for example:
Gibbons et al. [10] investigated the global asymptotic stability of the difference equation:

T _ o + an—l
n+1 — 7 + T, )
where 8 > 0 and «,y > 0.
Bajo and Liz [11] investigated the global behavior of difference equation:

Tp—1

Tpy] = ————
et a4+ bry,_1T,’

for all values of real parameters a, b.
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To be motivated by the above studies, our aim in this paper is to investigate the qualitative
behavior of following two systems of second-order rational difference equations

Qxn—1 N A1Yn—1
B+ vgngn—t’ T Bl wnta
where the parameters «, 8, 7, a1, B1, 71 and initial conditions xg, x_1, yo, y—1 are positive real
numbers, and

Tptl = 7’L:0,1,"', (1)

aYn—1 _ a1Tn—1
b+ crprn_1 Yt = b1 + c1Yn¥Yn—1 ’
where the parameters a, b, ¢, a1, b1, c¢1 and initial conditions xg, x_1, Yo, y—1, are positive real
numbers.

Let us consider four-dimensional discrete dynamical system of the form

Tn41 =

n=0,1,---, (2)

Tn+1 = f(xnaxn—lvynvyn—l)y (3)
Yn+1 — g(wnwxn—laynay’n—l)a n:0717"' )

where f : I? x J2 = I and g : I? x J?> — J are continuously differentiable functions and I, .J are
some intervals of real numbers. Furthermore, a solution {(n,yn)}5> _; of system (3) is uniquely
determined by initial conditions (z;,vy;) € I x J for i € {—1,0}. Along with system (3) we consider
the corresponding vector map F' = (f,Zp, Tn-1,9, Yn,Yn—1). An equilibrium point of (3) is a point
(Z,y) that satisfies

r = f(z,z,
y = 9,7,
The point (Z,y) is also called a fixed point of the vector map F'.

Definition 1. Let (Z,y) be an equilibrium point of the system (3).
(i) An equilibrium point (T,y) is said to be stable if for every € > 0 there exists § > 0 such that for

0
every initial condition (x;,y;), i € {—1,0} || Z (xi,y5) — (Z,9)|| < 6 implies ||(xn,yn) — (Z,79)|| < €
i=—1
for all n. > 0, where ||.|| is the usual Euclidian norm in R2.
(ii) An equilibrium point (Z,q) is said to be unstable if it is not stable.
(11i) An equilibrium point (Z,q) is said to be asymptotically stable if there exists n > 0 such that

0
1> (i) — (@9l <1 and (2, yn) — (Z,7) as n — 0.
i=—1
(iv) An equilibrium point (Z,q) is called global attractor if (xyn,yn) — (Z,7) as n — oco.
(v) An equilibrium point (z,y) is called asymptotic global attractor if it is a global attractor and
stable.

Definition 2. Let (z,y) be an equilibrium point of the map

F= (f? xn7xn—17gvyn7yn—l) ’

where f and g are continuously differentiable functions at (z,y). The linearized system of (3) about
the equilibrium point (z,y) is
Xn+1 = F(Xn) = FJX’m

In
where X, = qu and Fy is the Jacobian matrix of the system (3) about the equilibrium point
n
Yn—1
(Z,9).
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Lemma 1. /3] For the system X,i1 = F(X,), n = 0,1,--- of difference equations such let X be a
fized point of F. If all eigenvalues of the Jacobian matriz Jrp about X lie inside an open unit disk
IA| < 1, then X is locally asymptotically stable. If one of them has norm greater than one, then X is
unstable.

Lemma 2. [4] Assume that X, 41 = F(X,), n=0,1,--- is a system of difference equations and X is
the equilibrium point of this system. The characteristic polynomial of this system about the equilibrium
point X is P(\) = ag\" + a1 A"t + -+ ay 1A+ a, = 0, with real coefficients and ag > 0. Then all
roots of the polynomial P(\) lies inside the open unit disk |\| if and only if A, > 0 for k=0,1,---,
where Ay is the principal minor of order k of the n X n matriz

ay asz as ... 0
apg a a4 oo 0

A, = 0 ai a3 ... O ] (4)
0 0 0 ... ay

The following result gives the rate of convergence of solution of a system of difference equations

Xnt1 = (A+ B(n)) Xy, ()

where X, is an m-dimensional vector, A € C™*™ is a constant matrix, and B : ZT — C™*™ is a
matrix function satisfying

[1B(n)[| =0 (6)

as n — oo ,where | - || denotes any matrix norm which is associated with the vector norm

Iz, Yl = Va2 +y?

Proposition 1. (Perron’s Theorem)[13] Suppose that condition (6) holds. If X, is a solution of (5)
, then either X, = 0 for all large n or

p = lim (X, [)"" ™)

exists and is equal to the modulus of one the eigenvalues of matrix A.

Proposition 2. [13] Suppose that condition (6) holds . If X, is a solution of (5) , then either X, =0
for all large n or

_ iy Xl
NP )

exists and is equal to the modulus of one of the eigenvalues of matrixz A.

ALy 1 _ X1Yn—1

2 On the system Zu1 = gL = Yol = Fie.

In this section, we shall investigate the qualitative behavior of the system (1). Let (Z,y) be an
equilibrium point of system , then for @ > 8 and oy > 1 system (1) has following two equilibrium

points Py = (0,0), (\/0‘1 AL \/»)

To construct correbpondlng linearized form of the system (1) we consider the following transfor-
mation:

(JUmen—l,?/m?/n—l) — (fa fl7gvgl)a (9)
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where f = Bf;f/zy:l - fi=1n, 9= %, g1 = Yn- The Jacobian matrix about the fixed point
(Z,y) under the transformation (12) is given by

0 o _ _ ayzy _ anEg
Bivy? (8++92)%  (8++92)°
FJ(i’ g) = all’YliQ alqylig 0 aol
’ TGt (prime?)? ° e
0 0 1 0

Theorem 1. Let a < 8 and a1 < B1, then every solution (xn,yn) of the system (1) is bounded.

Proof. 1t is easy to verify that

o m+1
ngn§(6> r_1, if n=2m+1,

. m+1
OanS(ﬁ) o, if n=2m 4+ 2,
m—+1
aq .
OSyTLS(B) Y-1, 1fn:2m+17
1

o m—+1
0<yn<(51) Yo, if n=2m+ 2,
1

Taking 61 = max{x_1,z0} and d3 = max{y_1,y0}. Then, 0 < x, < §; and 0 < y,, < 09 for all
n=0,1,2--. O

Theorem 2. For the equilibrium point Py of the system (1) following results hold
(i) If « < B and a1 < B1, then equilibrium point Py is locally asymptotically stable.
(ii) If o > B or ay > B, then equilibrium point Py is unstable.

Proof. (i) The linearized system of (1) about the equilibrium point (0,0) is given by

Xn+1 = Fj5(0,0) X,

Tn 0 % 0 O
Tn—1 1 0 0 O
where X, " , and F;(0,0) 00 0 o
Yn—1 0 01 O

The characteristic polynomial of F;(0,0) is given by

— Moy an
P(A) = A (,8+ﬂ1)/\ +ﬁﬂ1 (10)

The roots of P(\) are A = :l:\/g A=+, /3t. Since all eigenvalues of Jacobian matrix F;(0,0) about

(0,0) lie in open unit dick |A\| < 1. Hence, the equilibrium point (0, 0) is locally asymptotically stable.
(ii) It is easy to see that if a > f or ay > (1, then there exists at least one root A of Equation
(??) such that |A| > 1. Hence, by Lemma 1 if a > § or ayq > 1, then (0,0) is unstable. O

Theorem 3. If o > 3 and a1 > (1, then positive equilibrium point

o ar—pB1 Ja—p
o)
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Proof. The linearized system of (1) about the equilibrium point P is given by

Tn 01 A A

| 2as |10 0 0

where X,, = " and Fj(Py) = BB O 1
Yn—1 0 1 0

0
The characteristic polynomial of F;(P;) is given by

P(A\) =M — (24 AB)X\2 —2ABA +1 — AB, (11)

where A = —1 ,/7(0‘ ’8)(0‘1 B and B = — aﬂ/ (a= ﬂ N@1=B1) Tt is clear that not all of Ay > 0 for

k=1,23,4. Hence by Lemma 2, the positive equlhbrlum pomt

5.9) = \/041—ﬁ1 \/04—5
nw o\

is locally unstable. O

Theorem 4. Let a < 8 and oy < 1, then the equilibrium point Py = (0,0) of Equation (1) is globally
asymptotically stable.

Proof. For v < B and o < 1, from Theorem 2 (0, 0) is locally asymptotically stable. From Theorem
1, every positive solution (z,,y,) of the system (1) is bounded. Now, it is sufficient to prove that
(n, Yn) is decreasing. From system (1) one has

QTn—1

B+ YYnYn—1
OTp—1

B

This implies that x9,4+1 < 2,1 and 2,43 < x2,41. Hence, the subsequences {zo,+1}, {Toni2} are
decreasing, i.e., the sequence {x,} is decreasing. Similarly, one has

Tn+1

< < ZTp-1.

Yl = A1Yn—1
n+ B1+NTnTn-1
A1Yn—1
< < Yn—1-
b1 "
This implies that yon+1 < yon—1 and yon+3 < Yont+1. Hence, the subsequences {yon+1}, {yont+2} are
decreasing, i.e., the sequence {y,} is decreasing. Hence, hm Tp = lim gy, =0. O

n—o0

2.1 Rate of Convergence

We investigate the rate of convergence of a solution that converges to the equilibrium point Py of the
system (1).
Let {(xn,yn)} be any solution of the system (1) such that lim z, = Z, and lim y, = g. To find
n—oo n—oo

the error terms, one has from the system (1)

1

1
Tptl1 — T = ZAz (xn—i - j) + ZBZ (yn—i - g) ,
=0

=0
1031 A. Q. Khan et al 1027-1041
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1

1
Yntl — Y = ZOZ ($n*i - j) + ZDZ (ynfi - g) .
i=0

1=0

Set el =z, — 7 and €2 = y,, — ¥, one has

n+1 Z Ai en i Z B; en X
1 1
2 1 2
Cnt1 = Z Cienfi + Z Dienfi'
=0 =0

_ _ ol — QY TYn—1 — ayry
where Ao =0, A, = BHYYnYn—1’ Bo = (B+1ynyn—1)(B+77%)’ By = (B+7ynyn—1)(B+75?)’
_ QY1 FTn—1 _ a1y &y _ _ a;
Co = Bitmznzn—_1)(B1+mz?)’ 1= Brtmzpzn—_1)(B1+1172)’ Do =0, Dy = Bi+mantn_1" o
« ayT
Taking the limits, we obtain lim Ag =0, lim A; = =t lim By = lim B; = —LQ,
n—00 n—00 ﬂ 'yy n—00 n—o0 (5 + 7@2)
a1v1xy a
lim Cy = hm Ci = L‘yz, lim Dy =0, lim D; = ! —. So, the limiting system of
n—00 (61 + fylj2) n—00 n—00 51 +7x
error terms can be written as
En+1 = KEn7
en
61
where F,, = n;t | and
en
2
€n—1
0 o __anyxy _ oy
Bty7? B+152°  (B+r2)?
1 0 0 0
K — a1Y1TY _ a1Y1TY 0 al 9
(Br4+m172)? (B1+7122)2 Bi+1 T2
1 0

which is similar to linearized system of (2) about the equilibrium point (Z, ).
Using proposition (1), one has following result.

Theorem 5. Assume that {(zn,yn)} be a positive solution of the system (1) such that lim xz, = Z,

n—o0

and hm Yn = Y, where (Z,y) = (0,0). Then, the error vector E, of every solution of (1) satisfies
both of the following asymptotic relations

. 1 _ . En _
T (1B)F = WEs(@ gl tim Wl yp ),

n=oo | En|

where AFj(Z,Y) are the characteristic roots of the Jacobian matriz Fj(Z,y) about (0,0).

aYn—1 _ A1Tpn—1

3 On the System Tpt1 = btcr, 2, 1’ Yn+1 — m

In this section, we shall investigate the qualitative behavior of the system (2). Let (Z,y) be an
equilibrium point of the system (2), then system (2) has a unique equilibrium point (0, 0). To construct
corresponding linearized form of the system (2) we consider the following transformation:

(xnawn—byn?yn—l) = (fa flvgagl)a (12)
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_ aYyn—1 _ a1Tn—1 : : :
where f = — fi=xn, 9= Ty 91 = Yne The Jacobian matrix about the fixed point

(Z,y) under the transformation (12) is given by

__aczy __ aczy 0 a
(b+cz2)2 (b+cz2)2 btcz2
F = =\ _ 1 0 0 0
J(IL’, y) - 0 ay _ a1 137 ___aj ¢y
by + c152 (b1+ c192)2 (b1+ c192)?
0 0 1 0

Theorem 6. Let {(zn,yn)} be positive solution of system (2), then for every m > 1 the following
results hold.

+1 m _

@) o<z, <{ ()" (%) Yo, if n=4dm+2,
m

1) z_1, if n=4m+3,

) Yo, if n=4m + 4.
m

1
( xn
(—Z (T) T 1, if n=4m+1,

(i) 0 <yp < % ( ) xo, if n=4m+ 2,
> Yy-1, an:4m+3,

' m+1 )
(—’g) <‘g1) Yo, if n=4m +4.

Theorem 7. For the equilibrium point Py of the system (2) following results hold
(i) If a < b and ay < by, then equilibrium point Py is locally asymptotically stable.
(i) If a > b or a; > by, then equilibrium point Py is unstable.

Proof. (i) The linearized system of (2) about the equilibrium point (0,0) is given by

Xn+1 = F5(0,0) X,

Zn 0 0 0 ¢

I |1 0 00

where X,, = " ,and F;(0,0) = 0 @ 0 0
Yn—1 0 0 1 0

The characteristic polynomial of F;(0,0) is given by

aal

P\ =X - —.
(A) bhr

(13)

The roots of P(\) are A = (‘;Zl) A= :I:L(a‘“) Since all eigenvalues of Jacobian matrix F(0,0)
about (0,0) lie in open unit dick \/\\ < 1. Hence the equilibrium point (0, 0) is locally asymptotically
stable.

(ii) It is easy to see that if a > bor a; > by, then there exists at least one root A of Equation
(??) such that |A| > 1. Hence, by Lemma 1 if a > bor a; > by, then (0,0) is unstable. O

Theorem 8. Let a < b and a; < by, then the equilibrium point Py = (0,0) of Equation (2) is
globally asymptotically stable.

Proof. For a < band aj < by, from Theorem 7 (0, 0) is locally asymptotically stable. From Theorem
6, it is easy to show that every positive solution (x,,y,) of the system (2) is bounded. Now, it is
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sufficient to prove that (z,y,) is decreasing. From system (2) one has

fnal = aYn—1
et b+ cxpTn_1
aYn—1

>~ Z < Yn—1-

This implies that Z4n+1 < Yan—1 and Tan45 < Yan+s. Also

Y a1Tn—1
1
n+ b1+ c1ynYn—1’
ATp—

< ol < Tp—1.

b

This implies that yan41 < Tan—1 and Yanys < Tant3. SO Tanis < Yant3 < Tant1 and Yangs < Tang3 <
Yan+1. Hence, the subsequences

{Zans1} {zans2}, {Tans3}, {Tania}

and
{y4n+1}a {y4n+2}7 {y4n+3}> {y4n+4}

are decreasing. Therefore the sequences {z,} and {y,} are decreasing. Hence, lim z, = lim y, =
0 n—oo n—oo

3.1 Rate of Convergence

We investigate the rate of convergence of a solution that converges to the equilibrium point Py of the
system (2).
Let {(xn,yn)} be any solution of the system (2) such that lim z, =z, and lim y, = g. To find
n—oo

n—oo
the error terms, one has from the system (2)

1
Tpel1 — T = Z Az (xn—i - j) + ZBZ (yn—i - g) y
1=0

j= =0

1
Yni1 =G =D Ci(@ni—2)+ D> Di(yn—i— 7).
i=0 '

Set el =z, — 7 and €2 = y,, — 9, one has

1 1
1 1 2
€ntr1 = E Aien—i + E Bien—i’
=0 =0

1 1
2 E 1 § 2
6n+1 == Cienii + Dienil'.
=0 =0

— _ acTn—1Y _ acTy - . a o _
where Ay = (b+czn®n—_1)(b+cz?)’ f41 - (btexpzn—1)(b+cz2)’ By =0, By = b+crnrn—1’ Co =0, ¢ =
a1 Do — — a1 e1ZYn—1 Dy — — a1 c1Ty
bi+ c1ynyn_1’ 0 (b1t c1ynyn—1)( b1+ c1g?)’ 71 (b1t caynyn—1)( b1+ c17?)"
acxy a

Taking the limits, we obtain lim Ag = lim Ay = — lim By =0, lim By =
n—oo n—oo n—oo

(b4 cx?)?” n—eo

a] c1T
—— , lim Dy = lim D; = —1—1%/
by + clyQ n—o0 n—00 ( by + cly2)2
error terms can be written as

b+ cz?’
a
lim Cy =0, lim C) = ! . So, the limiting system of
n—oo n—oo

G = MG
Tl A. Q. Khan et al 1027-1041
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e
el
where G,, = nyt | and
e’fL
2
€n—1
__aczry __acxy 0 a
(b+cz?)? (b+cx?)? b+cz?
B 1 0 0 0
M = 0 al _ al c1Ty _ al c1TyY )
b1+ 17 ( b1+ a13?)? ( b1+ a17?)?
0 0 1 0

which is similar to linearized system of (2) about the equilibrium point (z, 7).
Using proposition (1), one has following result.

Theorem 9. Assume that {(xn,yn)} be a positive solution of the system (1) such that lim x, = Z,
n—oo
and lim y, = gy, where (z,y) = (0,0). Then, the error vector E, of every solution of (1) satisfies
n—oo
both of the following asymptotic relations
E
i (1B, )% = [AEy(2.)], Jim 1o

= |>\FJ(£E,Q)|,

where AF;(Z, ) are the characteristic roots of the Jacobian matriz Fj(Z,y) about (0,0).

4 Examples

In order to verify our theoretical results and to support our theoretical discussions, we consider several
interesting numerical examples in this section. These examples represent different types of qualitative
behavior of solutions to the systems of nonlinear difference equations (1) and (2). All plots in this
section are drawn with mathematica.

Example 1. Consider the system (1) with initial conditions x—1 = 1.2, xg = 2.9, y_1 = 1.7, yo = 1.8.
Moreover, choosing the parameters a = 15.5, = 16, v = 0.008, a; = 18, 5 = 19, 1 = 0.002.
Then, the system (1) can be written as:

15.52,_1 18y,—1
y Ynt+1 = )
16 + 0.008yyn—1 19 + 0.002z, 27,1

Tptl = n=0,1,---, (14)
and with initial conditions x_1 = 1.2, x9 =2.9, y_1 = 1.7, yo = 1.8.

Moreover, in Fig. 1 the plot of x,, is shown in Fig. 1a, the plot of y, is shown in Fig. 1b and an
attractor of the system (14) is shown in Fig. 1c.

Example 2. Consider the system (1) with initial conditions x—1 = 1.2, xg = 3.2, y_1 = 1.7, yo = 0.8.
Moreover, choosing the parameters a« = 55, 8 =60, v =14, a1 =17, 1 =19, v1 = 0.3. Then, the
system (1) can be written as:

55Ty 1 17yn7 1

= o8 1 a4 = ) :071)"'7 15
60 + Laynyn 1 T 191 030man 1 (15)

Tn+1
and with initial conditions x—_, = 1.2, x9 = 3.2, y_1 = 1.7, yo = 0.8.

Moreover, in Fig. 2 the plot of x,, is shown in Fig. 2a, the plot of y, is shown in Fig. 2b and an
attractor of the system (15) is shown in Fig. 2c.
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Hx)

T jl}l Il[;i}l I Ill_‘:nﬂl 8 00 150 ﬂﬂlﬂ . 50 S Ilﬂﬁl I '_154}=
(a) Plot of z,, for the system (14) (b) Plot of y,, for the system (14)
1n)
L3
1.0
(T
I L L L L I L L L L I L L L L L L L 1 L L L L “:H}

0.5 1.0 1.5 2.0 e
(c) An attractor of the system (14)

Figure 1: Plots for the system (14)
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(a) Plot of z,, for the system (15)

100 150

(b) Plot of y,, for the system (15)

0.5 1.0 1.5 2.0 g
(c) An attractor of the system (15)

Figure 2: Plots for the system (15)
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Example 3. Consider the system (2) with initial conditions x—1 = 1.1, xg = 1.2, y_1 = 2.7, yo = 1.8.
Moreover, choosing the parameters a = 128, b = 129, ¢ = 3,

ap = 115, by = 119, ¢, = 2. Then,
the system (2) can be written as:

128y,—1 11521
= —7 = —7 = 07 17 e b 16
LT 199 1 3eman ) TN T 119 4 2gnyn 1 (16)

and with initial conditions x_1 = 1.1, xo = 1.2, y_1 = 2.7, yo = 1.8.

Moreover, in Fig. 3 the plot of x,, is shown in Fig. 3a, the plot of y, is shown in Fig. 3b and an
attractor of the system (16) is shown in Fig. 3c.
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(a) Plot of z,, for the system (16) (b) Plot of y,, for the system (16)

1x)
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(c) An attractor of the system (16)

Figure 3: Plots for the system (16)

1039 A. Q. Khan et al 1027-1041



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

Conclusion

In the paper, we have investigated the qualitative behavior of two four-dimensional discrete dy-
namical systems. Each system has only one equilibrium point which is stable under some restriction
to parameters. The most important finding here is that the unique equilibrium point (0,0) can be
a global asymptotic attractor for the systems (1) and (2). Moreover, we have determined the rate
of convergence of a solution that converges to the equilibrium point (0,0) of the systems (1) and
(2). Some numerical examples are provided to support our theoretical results. These examples are
experimental verifications of theoretical discussions.
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Abstract

In the present paper we study the operator using the extended generalized S&ligean operator and ex-
tended Ruscheweyh operator, denote by DRY f(z,(), the Hadamard product of the extended generalized
Salidgean operator DY’ f(z,¢) and extended Ruscheweyh operator R™ f(z, (), given by DRY f(z,¢) : A7 — AZ,
DRY f(2,¢) = (DY * R™) f(2,¢) and Aje = {f €e HU X TU) : f(2,) = z+ant1({)z" " +..., 2 €U, €U} is
the class of normalized analytic functions with Alc = AC We obtain several strong differential subordinations
regarding the operator DRY' f(z, ().

Keywords: strong differential subordination, univalent function, convex function, differential operator, best
dominant, extended generalized Sildgean operator, extended Ruscheweyh operator, convolution product
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane U = {z € C: |z| <1}, U ={z € C: |z| <1} the closed unit
disc of the complex plane and H(U x U) the class of analytic functions in U x U.
Let Ase = {f e H(U x U), f(2,{) =z +an41 () 2" +..., 2 €U, ¢ €U}, with A}, = Af, where ay, (¢) are
holomorphic functions in U for k > 2, and H*[a,n,(] = {f € H(U xU), f(z,0) =a+a, () 2"+ ani1 () 2"+
.., 2€ U, ¢€U}, foracCandn €N, a(¢) are holomorphic functions in U for k > n.

Definition 1.1 (/2]) For f € AZ, A >0 and m € N, the extended generalized Sdldgean operator DY' is defined by
Dy Ar — AZ,

DSf(Q) = f(2)
DY f(2,0) = (1=ANDYf(2,0)+22(DYf (2,0), = Dr (DY f (2,0), 2€U, (eU.

Remark 1.1 (2]) If f € A} and f(2,() = 243725 a; (¢) 2, then DY f (2,¢) = 242 T+ =D A a; (€) 2,
forzcU, ¢eU.

Definition 1.2 ([1]) For f € A7, m € N, the extended Ruscheweyh derivative R™ is defined by R™ : A7 — AZ,

Rf(z¢) = f(20
R'f(2.0) = =2f.
(m+1)R™f(2,0) = z(Rmf( )) +mR™f(2,(), z€U, CeU.

Remark 1.2 (/1)) If f € Az, f(z,¢) = z—i—Z(f:Q a;j (¢) 27, then R™f (z,¢) = Z+Z] ) %a] (Q)#, z e,
cel.

Definition 1.3 ([3]) Let A > 0, m € N. Denote by DRY' the extended operator given by DRY' : A7 — AZ,
DRY f(z,{) = (DY« R™) f(2,(), z€ U, (€ U.
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Remark 1.3 ([3]) If f € A%, f(2,() = 2+ 372,05 (C) 27, then
DRy f(2,Q) = 2+ Sy {1+ G - D" i b a2 ()20, 2 € U, (€T
This operator was studied also in [4] and [9].

Remark 1.4 For A\ = 1 we obtain the Hadamard product of the Sdaldgean operator and Ruscheweyh operator,
which was studied in [5], [6], [7], [8].

Generalizing the notion of differential subordinations, J.A. Antonino and S. Romaguera have introduced in [12]
the notion of strong differential subordinations, which was developed by G.I. Oros and Gh. Oros in [13].

Definition 1.4 ([13]) Let f (2,¢), H (2,¢) analytic in UxU. The function f (z,() is said to be strongly subordinate
to H (z,(¢) if there exists a function w analytic in U, with w (0) = 0 and |w (2)| < 1 such that f (z,¢) = H (w(z), ()
for all ¢ € U. In such a case we write f (2,{) << H (2,{), 2€ U, ¢ U.

Remark 1.5 (/13]) (i) Since f (z,¢) is analytic in U x U, for all ¢ € U, and univalent in U, for all ¢ € U,

Definition 1.4 is equivalent to f (0,¢) = H (0,¢), for all ¢ € U, and f (U X U) CH (U X U) .
(ii) If H (2,¢) = H (2) and f (2,¢) = f (2), the strong subordination becomes the usual notion of subordination.

We have need the following lemmas to study the strong differential subordinations.

Lemma 1.1 ([1]) Let g (z,¢) be a convex function in U x U, for all ¢ € U, and let h(z,¢) = g(z,¢) +nazg.(z,(),
z €U, ¢ €U, where a >0 and n is a positive integer. If p(z,¢) = g(0,{) + pn ({) 2™ + pry1 () 2" +..., 2 € U,

(e g, is holomorphic in U x U and p(z,¢) + azp’(z,() << h(2,¢), z € U, ¢ € U, then p(z,¢) << g(2,¢), z € U,
¢ € U, and this result is sharp.

Lemma 1.2 ([1]) Let h(z,() be a convex function with h(0,() = a for every ¢ € U and let v € C* be a
complex number with Rey > 0. If p € H*[a,n,(] and p(2,{) + %zp’z (2,0) << h(z,(), z € U, ¢ € U, then
p(2,¢) <= g(2,0) =< h(z,C), 2 €U, ¢ € U, where g(2,() = — fozh(t,g) tw=Ldt is convex and it is the best
dominant.

2 Main results

Extending the results obtained in [10] and [11] to the class A7, we obtain the following theorems:

Theorem 2.1 Let g(z,() be a convex function, g(0,¢) =1 and let h be the function h(z,() = g(z,{) + £9.(2, (),
forze U, CeU.If\6§>0,meN, fe Az and satisfies the strong differential subordination

<DR§”f(27§)

z

6—1
) (DRY f(2,0)), << h(2,¢), z€U €T, (2.1)

m 6 —
then (M) <=<9(2,0), z€ U, ¢ € U, and this result is sharp.

= 14ps (¢) 2°+pst1 (¢) 227!

m 5 sy oo RTINS C e S IR PP AN
Proof. Consider p(z,() = (DR zf(27o> - < Al 1)/\2] ity 140 >

+..., z2€U, ¢cU. We deduce that p € H*[1,8,(].
m 671 J—
Differentiating with respect to z we obtain (M) (DRY £(2,Q)). = p(2,) +32p.(2,(), z€ U, € U.

Then (2.1) becomes p(z,¢) + $2p,(2,¢) << h(2,() = g(z,() + £4.(2,¢), z€ U, ( € U.

p— m 5 p—
By using Lemma 1.1, we have p(z,({) << ¢(z,(), z€ U, ( € U, i.e. (M) <<9(2,(),2z€U,(€U. n
Theorem 2.2 Let h be a holomorphic function which satisfies the inequality Re (1 + 225?2245)) > —%, z e U,

¢eU,and h(0,{)=1,¢€U. If\,6§ >0, m €N, f € A* and satisfies the strong differential subordination
¢

m 6—1
<M) (DRY f(2,0)). << h(z,(), z€U, ¢eT, (2.2)

26

m 5 J—
then (M) <= q(2,¢), z € U, ¢ € U, where q(z,¢) = ifoz h(t, )t~ Ldt is conver and it is the best
dominant.
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z

m ) > oo m (mAi=D1 2,0 6
Proof. Let p(z,¢) = (7DRA2{(Z’O) = ( 2 {1 G- DN e el () ) =

(1452 {1+ G- DA™ S a2 (0)1) = 14 £, (O for z €U CeT,pe HLAC).
Differentiating with respect to z, we obtain (%)571 (DR f(z, C))Iz =p(z,{)+120.(2,¢),z€U, (€U
and (2.2) becomes p(z,¢) + $2p.(2,() << h(2,(), 2 € U, ( € U.
Using Lemma 1.2, we have p(z,() << q(z,(), z€ U, ¢ € U i.e. (%)6 <= q(z,¢) =& [; h(t,Q)t° dt,
z €U, ( €U and q is the best dominant. m

Corollary 2.3 Let h(z,() = % be a convex function in U x U, where 0 < < 1,z€ U, €U. If§,\ >0,
m €N, f € A% and satisfies the strong differential subordination

DR™ 6—1 T
<M) (DRYf(2,0)). << h(2,0), 2€U, (€T, (2:3)
m 6 TT !
then ('DR—AJ(Z’O) <= q(2,), 2 € U, ¢ € U, where q is given by q(2,¢) = (28— ) + X222 [*L2dt, z € U,

¢ € U. The function q is convex and it is the best dominant.

m 8
Proof. Following the same steps as in the proof of Theorem 2.2 and considering p(z,¢) = (M) .the

strong differential subordination (2.3) becomes p(z,¢) + £p%(2,¢) << h(2,() = %jﬁ zeU, ¢el.
D

By using Lemma 1.2 for v = §, we have p(z,() << q(z (), i.e. (M) <=<4q(z,() = 25 fo (t, )t~ tdt =
e R — & o (28— ()t 4 2(C - B) | dt = (26 )+ 2GE [

Theorem 2.4 Let g be a convex function such that g(0,{) = 1 and let h be the function h(z,() = g(2,¢) +
29.(2,¢), z€U, (€ U.If\6>0,meN, zeU, (U, fec A? and the strong differential subordination

(DR f(,Q), _,(PRY'f(2.0))
DRY f(2.0) DRy f(2,0)

0 tht 2cU, ¢clU. m

6+1 DRg"f (z, C) 22 DR;"f(z, C)
5 e PR S —
(DR f (2,0)) (DRY f(2,0))

holds, where z € U, ¢ € U, then z@%ﬁ% <=<9(2,0), z€ U, ¢ €U, and this result is sharp.

2

Z] <<h(z¢) (24)

Proof. Consider p(z,{) = z% and we obtain p (z,¢) + £p. (2,¢) = z%%#—

2 DRYSO)  [DELSEO) o (PRY(0)
8 (DRYf(2,0)7 | DRYFGC) DR f(2,0) |°
Relation (2.4) becomes p(z, ) + 74 (2, ) <= h(z,() = 9(2,0) + 39.(2,¢), 2 € U, € T.

By using Lemma 1.1, we have p(z,¢) << g(2,(), z € U, ¢ € U i.e. z% <=<9(2,0),2z€U, el.

Theorem 2.5 Let h be a holomorphic function which satisfies the inequality Re (1 + ZZ, zézc)()) > — , z €U,

CeU,and h(0,{)=1.If\,6 >0, meN, z€ U, €U, f € A and satisfies the strong differential subordination
¢

(DR f(z,0), , (DRYf(2.0))
DRf\nf(&C) 2 DRT—H]C(Z,C) <= h(z,(), (2.5)

L1 DRUF(2Q 2 DES(20)
6 m+1 2 S m4-1
(DR f (2,0)) (DRY™ £(2,0))

z€eU, ¢ €U, then z% <= q(2,¢), z€ U, ¢ € U, where q(2,¢) = = fo Ot8~1dt is conver and it

is the best dominant.

2

Proof. Let p(z,() = z%, z€ U ¢eU,pe H*1,1,(]. Differentiating with respect to z, we obtain
N &z

L84l DREJ(O | 22 DRES(O | (DRXFEQ). o (PRYT(0) =
p(2,¢)+ 5pz (2,¢) = (DRYH (2, C))2 + % (DRTHf(Z)C))Q [ DRY f(2,0) 2 DRI f(z0) |’ zeU, (€U, and

s
(2.5) becomes p(z,() + £p,(2,¢) << h(2,(), z€ U, ( € U.
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Using Lemma 1.2, we have p(z, () << q(2,¢),z € U, € U, i.e. Z(D—g;}j% <=<q(z,¢) = 2_56 fOZ h(t,¢)to1dt,

z €U, ¢ €U, and q is the best dominant. m

Theorem 2.6 Let g be a convex function such that g(0,¢) = 1 and let h be the function h(z,() = g(2,{)+%9.(2, (),
2e€U, CecU. If\6>0,meN, fe AZ and the strong differential subordination

28+ 2(DRYS(2,Q)), | 2 | (DRYf(2:0))% (DR S (2:0)))
§ DRYf(2¢) 6 | DRYf(2() DR f (2,€)

2
> <= h(z,Q), (2.6)

ze U, ¢ €U, holds, then 22% <=<9(2,¢), z€ U, ¢ € U. This result is sharp.

Proof. Let p(z,() = 22%. We deduce that p € H*[0,1,(]. Differentiating with respect to z, we
T iz

. DRy F(2,0). | 23 | (DRYF(2,0)" DRY f(,0), ) =
obtain p (z,¢) + £l (2,¢) = 2242 2L 2 { DRG0 (( o giery ) } peteets

Using the notation in (2.6), the strong differential subordination becomes p(z,¢) + $2p.(2,() << h(z,¢) =
9(2,Q) + 39.(2,¢), 2 €U, ( € U.

By using Lemma 1.1, we have p(z,¢) << g(2,¢), 2z € U, ( € U, i.e. 22% <=<9(2,0),2€U, e,

and this result is sharp. m

Theorem 2.7 Let h be a holomorphic function which satisfies the inequality Re (1 + ZZ,Z?Z(ZC’)O) > f%, z e U,

CeUand h(0,) =1. If\,6 >0, me€N, f € AL and satisfies the strong differential subordination

5 DRy f (2,€)

26 +2(DRYf(2,Q), 2% | (DRYSf(2,Q)0 [ (DRYf (2,9)),
&  DRY[ () DR} f (2,¢)

2
> <= h(z,Q), (2.7)

zeU, (€U, then 22% <= q(2,0), z€ U, ¢ €U, where q(2,¢) = & foz h(t, )t~ 1dt is convex and it is

z
the best dominant.

Proof. Let p(z,() = 2> (%I;;*Zf;é%)l , 2€ U, ¢eU,peH0,1,¢. Differentiating with respect to z, we obtain
A )

. DRY f(2,0). | 2% | (DRYF(2.0)" DRY f(2,¢)" ) =
p(2,0)+ 30, (2,() = z2%m%+ Z { D}%t\“f(z,g) 2 ((DRATJ;((;%) ) } ,2z€U, (€U, and (2.7) becomes

p(2) + 32p(2,¢) =< h(2,¢), € U, C € U.
Using Lemma 1.2, we have p(z, () << q(2,(), 2 € U, ¢ € U, i.e. 22% <=<q(z,¢) = Z% Jo h(t, Q)0
z€ U, ¢ €U, and q is the best dominant. m

Theorem 2.8 Let g be a convex function such that g(0,¢) = 1 and let h be the function h(z,() = g(z, ()+2g.(2, (),
zeU, (eU. If x>0, meN, fe AZ and the strong differential subordination

| _ DERS (20 (DRY [ (2,0)
(DR} f (2.0)).)

holds, then ﬁ% <= 9(2,0), z€ U, ¢ € U. This result is sharp.
z SWAGS]

<=<h(z,(), =z€U ceU (2.8)

Proof. Let p(z,¢{) = %. We deduce that p € H*[1,1,(]. Differentiating with respect to z, we
DRY J(2.0)-(DRYJ(2.0) _ : =
7 = ; L (2,0),2€U,¢eU.

Using the notation in (2.8), the strong differential subordination becomes p(z,() + 2p}(2,() << h(z,() =
9(2,¢) +29.(2,¢), 2 € U, (€ U.

By using Lemma 1.1, we have p(z,¢) << ¢(2,(), 2 € U, ¢ € U i.e. % << 9(2,0),2ze€U ¢eU,
z " f(z,

obtain 1 —

7
z

and this result is sharp. m
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Theorem 2.9 Let h be a holomorphic function which satisfies the inequality Re (1 + h'?(ZC)O) > — , z €U,

CeU, and h(0,() =1. If x>0, m €N, f € A* and satisfies the strong differential subordination
¢

DRY f(2,¢) - (DRI f (2,())"s

1 <h(z(), =zeU (€U (2.9)
2 S ) ) )
(DR f (2,¢)).]
then % <= q(2,¢), z€ U, ¢ € U, where q(z,() = + fo (t,¢)dt is convexr and it is the best dominant.
Proof. Let p(z) = %, ze€ U, ¢eU,pe H*0,1,(]. Differentiating with respect to z, we obtain
1 ZBSEORIEIN: —p (2,¢) + 2, (2,0), 2 € U, ¢ € T, and (2.9) becomes p(z,¢) + 27/, (2, ) << h(#C),
[(PRY £(2,0)) ]
zelU, (eU.
Using Lemma 1.2, we have p(z,¢) << q(2,¢), z € U, ¢ € U i.e. _DRUSO) q(z,¢) = fz h(t, ¢)dt

_ z(DRY f(2,0))
z€ U, (€U, and q is the best dominant. m

Corollary 2.10 Let h(z,() = W_:CZ be a convex function in U x U, where 0 < 8 < 1. If X > 0, m € N,
[ € A% and salisfies the strong differential subordination

DRYS (2.0) - (DRYS (2,0
[(DRYf (,0))]

then (Ti% <= q(z,0), z € U, ¢ € U, where q is given by q(z,¢) = (28— () + 2(¢ — g) nldtz) “(HZ ,z€eU,

¢ € U. The function q is convex and it is the best dominant.

1—

< h(z,(), =zeU ¢eU, (2.10)

Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z,¢) = % the

strong differential subordination (2.10) becomes p(z, () + 2zp),(z,{) << h(z,() = %j_;()z z€U CeU.

By using Lemma 1.2 for v = 1, we have p(z,() << ¢(z,(), i.e. % <= q(z,¢) =L [T h(t,dt =
Ly e tar = L o260+ 252 dt = 28 - O +2(C - A M 2 €U, CeT. m

Theorem 2.11 Let g be a conver function such that g(0,¢) = 0 and let h be the function h(z,() = g(2,¢) +
29.(2,Q), z€ U, C€U. If A >0, m €N, f € A% and the strong differential subordination

(DR f (2,0).] + DRYf (2,0) - (DRYf (2,0))s << h(2,0), 2€U, (€T (2.11)

holds, then 2EXS (20 (DRY(z:0);

z

: <<g(2,(), z€ U, ¢ € U. This result is sharp.

Proof. Let p(z,() = DR S (2,0 (DRYS(2,0); We deduce that p € H*[0,1, (]. Differentiating with respect to z,

z

we obtain [(DRY'f (,0)).]"+ DRYF (2,0) - (DR (2,0)% = p(2:) + 2pL (2,0), 2 € U, C € T
Using the notation in (2.11), the strong differential subordination becomes p(z, () + 2p),(z,() << h(z,() =

9(2,0) +29.(2,¢), € U, ¢ € U.
By using Lemma 1.1, we have p(z,() << g(2,(), z € U, ( € U i.e.
¢ € U, and this result is sharp. m

DRY f(2,0)-(DRY f(2,9))’

z

= << 9(2,0), z €U,

Theorem 2.12 Let h be a holomorphic function which satisfies the inequality Re (1 + ZZ,Q(Z(ZC)O

¢eU and h(0,) =0. IfA>0,meEN, fc A¥ and satisfies the strong differential subordination

>>——,26U

[(DRY £ (2,0)).]" + DRy £ (2,0) - (DRYf (2,0))» << h(2,¢), z€U, (€T, (2.12)

then, DRY' f(2.0)-(DRY f(2:0);

z

<< q(2,0), z € U, ¢ € U, where q(2,¢) = % fo (t,¢)dt is convex and it is the best
dominant.
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Proof. Let p(z,¢) = DRTf(z’O'(DRTf(Z’O);, z €U, ¢eU,pe H0,1,(] Differentiating with respect to

z, we obtain [(DRY f (z,())'z]2 + DRYf(2,() - (DRYf (2,0))0> = p(2,() + 21, (2,(), 2 € U, ( € U, and (2.12)
becomes p(z,¢) + 2p.(2,¢) << h(z,(), z € U, € U.

Using Lemma 1.2, we have p(z,() << q(2,(), 2 € U, ¢ € U, ie. DRYJ(z0) (ZDRTf(Z SN q(z,¢) =
1 fo (t,¢)dt, z € U, ¢ € U, and q is the best dominant. m

Corollary 2.13 Let h(z) = W be a convex function in U x U, where 0 < < 1. IfA>0, meN, f € A?
and satisfies the strong differential subordination

(DR f (2,0)).]" + DRYf (2,0) - (DRYf (2,0))le << h(2,(), 2€U, (€T, (2.13)

DRY f(2,9)- (DR’"f(z 9))

then : << q(2,0), z € U, ¢ € U, where q is given by q(z,¢) = 28 —¢) +2((— B) M,
2eU, el. The function q is convexr and it is the best dominant.

DRY f(2,0)-(DRY f(2,0))’

Proof. Following the same steps as in the proof of Theorem 2.12 and considering p(z, () = —

the strong differential subordination (2.13) becomes p(z, ) + 20, (2,() << h(z,{) = % zeU ¢el.

By using Lemma 1.2 for v = 1, we have p(z,{) << q(2,(), ie. DRSO (DR* G q(z,¢) =
Ly bt Qde = 1[5 Etar = L 220 - )+ 22 at = 28-0) +2(C - POt ey e

|
Theorem 2.14 Let g be a convex function such that g(0,¢) = 0 and let h be the function h(z,() = g(z,() +
1559.(2,C), 2 €U, € U. Ifx>0,6€(0,1), m €N, f € Af and the strong differential subordination

( : >6DRT+WKAC) (DRYf(2,0), (DR (2.0)).
DR3f (2,€) 1-6 DRy f (2,¢) DRI f(2:0)

)<<M%O, (2.14)

DRI f(2,0)
z

— 6 —
z €U, ¢ €U, holds, then . (DR;“zf(z C)) <=<9(2,(), z€ U, ¢ € U. This result is sharp.

DRI (2,0
z

: ;N\’ DRy (((PRITGEO), o (DRYI(O). 1
to z, we obtain (DR;"f(z,c)) R DR)\TJrlf(Z,C) -6 DRA;”f(z,C) =p(z,¢)+ 7520, (2,¢), z € U,
cel.

Using the notation in (2.14), the strong differential subordination becomes p(z, () + T35 2p.(2,¢) << h(z,() =
9(z,Q) + 1559.(2,0), z€ U, (€ U.
By using Lemma 1.1, we have p(z,¢) << ¢(2,¢), z € U, ¢ € U, i.e.

Proof. Let p(z,() =

5
: (DR;”zf(z,g)) . We deduce that p € H*[1,1,(]. Differentiating with respect

DR7n+1 (Z C)

5
— (DRT?(z,C)) <= g(2, (),
z € U, ( € U,and this result is sharp. m

Theorem 2.15 Let h be a holomorphic function which satisfies the inequality Re (1 + ﬁ%) > — , zeU,

CeUand h(0,) =1. IfA>0,6€(0,1),meEN, f¢€ A% and satisfies the strong differential subordination

( p )5 DRy (2,0 ((DRY (2.0), ((DRYS (2,0).

) <= h(z,0), (2.15)

= DRI £(2,0) : 8 _s
z €U, ¢ eU, then ~ '(DR;"f(z,g)) <= q(2,¢), z € U, ¢ € U, where q(z,¢) = 1 ,5f0 (t, Ot~ °dt is
convex and it is the best dominant.

DR7n+1 ,

z

s —
Proof. Let p(z, : (DRme(z C)) , z€U, ¢eU,peH*0,1,(]. Differentiating with respect to
A s

; : \ DR{TYEQ ((PRYTIGO). (DRYI(Q) i
2z, we obtain (DRTf(z,C)> 5 Dl%nﬁf(zo — BRI IGO0 p(z,0)+ 520, (2,(),2€ U, (€T,

and (2.15) becomes p(z,() + ﬁzp’z(z,g) << h(z,(),z€U CecU.
DR’”+1 f(2,)

— s
Using Lemma 1.2, we have p(z,() << ¢(2,(), z € U, ¢ € U, i.e. . (DRTZf(z,C)) <= q(z,¢) =

le—i‘fs OZ h(t,)t=%dt, z € U, ¢ € U, and q is the best dominant. m
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Abstract

In this work we define a new operator using the generalized S#ligean operator and Ruscheweyh operator.
Denote by DRY"" the Hadamard product of the generalized Sdldgean operator DY and Ruscheweyh operator
R™, given by DRY"" : A — A, DRY™" f (2) = (DY * R™) f (z) and A, = {f € H(U) : f (2) = z+an412" " +...,
z € U} is the class of normalized analytic functions with .4; = A. The purpose of this paper is to introduce
sufficient conditions for subordination and superordination involving the operator DRY"™ and also to obtain
sandwich-type results.

Keywords: analytic functions, differential operator, differential subordination, differential superordination.
2010 Mathematical Subject Classification: 30C45.

1 Introduction

Let H (U) be the class of analytic function in the open unit disc of the complex plane U = {z € C : \z| < 1}. Let
H (a,n) be the subclass of H (U) consisting of functions of the form f(z) = a+a,2" +a +1z"+1 +....Let A,
{feHU): f(2) = z24+ap12" ™ +..., z€ Uy and A = A;. Denote by K = {f € A:Re ) ) +1>0, z¢€ U}
the class of normalized convex functions in U.

Let the functions f and g be analytic in U. We say that the function f is subordinate to g, written f < g,
if there exists a Schwarz function w, analytic in U, with w(0) = 0 and |w(2)| < 1, for all z € U, such that
f(z) = g(w(z)), for all z € U. In particular, if the function g is univalent in U, the above subordination is
equivalent to f(0) = ¢g(0) and f(U) C g(U).

Let ¢ : C2 x U — C and h be an univalent function in U. If p is analytic in U and satisfies the second order
differential subordination

f(

U(p(2), 20 (2), 2°p"(2); 2) < h(z), forz €U, (1.1)

then p is called a solution of the differential subordination. The univalent function ¢ is called a dominant of
the solutions of the differential subordination, or more simply a dominant, if p < ¢ for all p satisfying (1.1). A
dominant g that satisfies ¢ < ¢ for all dominants ¢ of (1.1) is said to be the best dominant of (1.1). The best
dominant is unique up to a rotation of U.

Let ¢ : C2 x U — C and h analytic in U. If p and (p (2), 20 (2),2%p" (2) ;2 ) are univalent and if p satisfies
the second order differential superordination

h(z) < ¥(p(2), 20/ (2), 2" (2)52), 2z €U, (1.2)

then p is a solution of the differential superordination (1.2) (if f is subordinate to F', then F' is called to be
superordinate to f). An analytic function ¢ is called a subordinant if ¢ < p for all p satisfying (1.2). An univalent
subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is said to be the best subordinant.

Miller and Mocanu [15] obtained conditions h, ¢ and ¢ for which the following implication holds h(z) <
U(p(2),20'(2),2°p" (2);2) = q(2) <p(2). ,

For two functions f(2) = 2+ Y ;2 a;27 and g(z) = z + 3 72, b;2’ analytic in the open unit disc U, the
Hadamard product (or convolution product) of f (z) and ¢ (z), written as (f x g) (2), is defined by f () *x g (2) =
(f*9)(2) = 2+ 3725 a0,
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Definition 1.1 (Al Oboudi [7]) For f € A, A >0 and n € N, the operator DY is defined by DY : A — A,

DXf(z) = [f(2)
Dif(2) = (1=X)f(2)+Xef'(z) = Daf (), ...
DYf(z) = (1=NDY7'f(2) +Az(DYf(2)) = Da (DY f(2)), z€U.

Remark 1.1 If f € A and f(z )—z—i—z a2, then DY f (2 )—z—l—Z;c:Q 1+ (G — )N a;z?, for z€U.
Remark 1.2 For A =1 in the above definition we obtain the Sdaldgean differential operator [18].
Definition 1.2 (Ruscheweyh [17]) For f € A and n € N, the operator R™ is defined by R™ : A — A,

Rf(z) = [f(2)

R'f(2) = zf'(2),..
(n+1)R"™Mf(2) = 2(R"f(2)) +nR"f(z), z€U.

Remark 1.3 If f € A, f(2) :z—l—ZﬁQajzj, then R"f (2) = 2+ 3272, :,EJ 11)), ajzl forz€U.

The purpose of this paper is to derive the several subordination and superordination results involving a differ-
ential operator. Furthermore, we studied the results of M. Darus, K. Al-Shaqgs [14], Shanmugam, Ramachandran,
Darus and Sivasubramanian [19].

In order to prove our subordination and superordination results, we make use of the following known results.

Definition 1.3 [16] Denote by Q the set of all functions f that are analytic and injective on U\E (f), where
E(f)y={¢cedU: lime (2) = oo}, and are such that ' ({) # 0 for ( € OU\E (f).

Lemma 1.1 [16] Let the function q be univalent in the unit disc U and 0 and ¢ be analytic in a domain D
containing q (U) with ¢ (w) # 0 when w € q(U). Set Q (z) = 2¢' (2) ¢ (¢ (2)) and h (2) =0 (q(2)) +Q (2). Suppose

that Q is starlike univalent in U and Re Zgi?) >0 for z € U. If p is analytic with p (0) = ¢ (0), p(U) € D and

(
O(p(2)+ 20" (2)d(p(2) <0(q(2)) +2¢ (2)p(q(2)), then p(z) < q(2) and q is the best dominant.

Lemma 1.2 [13] Let the function q be convex univalent in the open wunit disc U and v and ¢ be analytic in a

domain D containing q (U). Suppose that Re (%) >0 for z € U and ¥ (2) = zq' (2) ¢ (q(2)) is starlike

univalent in U. If p(2) € H[q(0),1]NQ, with p(U) C D and v (p(2)) + 20’ (2) ¢ (p(2)) is univalent in U and
v(g(2)+2¢ (2)d(q(2) =v(p(2)+ 20" (2) 6 (p(2)), then q(z) < p(z) and q is the best subordinant.

2 Main results

Definition 2.1 Let A > 0 and n,m € N. Denote by DR\"" : A — A the operator gien by the Hadamard product
of the generalized Sdlagean operator DY' and the Ruscheweyh operator R™, DR\"" f (z) = (D%« R"™) f (2), for
any z € U and each nonnegative integers m,n.

Remark 2.1 If f € A and f(z) = 2+ 372, a;27, then DRY"" f (2) = 2+ 372, [L+ (7 — DA™ (::,E] 11)),'a 2, for
zeU.
This operator was studied in [12].

Remark 2.2 For A = 1, m = n, we obtain the Hadamard product SR™ [1] of the Sdaldgean operator S™ and
Ruscheweyh derivative R™, which was studied in [2], [3].

Remark 2.3 For m = n we obtain the Hadamard product DRY [4] of the generalized Salagean operator DY and
Ruscheweyh derivative R™, which was studied in [5], [6], [8], [9], [10], [11].

Using simple computation one obtains the next result.
Proposition 2.1 For m,n € N and A > 0 we have
DRV f(2) = (1= A) DRY" f (2) + Az (DRY™ f (2))' (2.1)
and

2(DRY™f(2)' = (n+ 1) DRy f (2) = nDRY™f (). (2.2)
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Proof. We have DR} f (2) = 2 + Do 1+ ( — 1) A ("ﬂ_l)!a?zj =

n!(j—1)!
£ 5 0= 2+ AL+ 1) A R

et (L= N2, 1+ (G - DA™ SEgrai/+ AX 2, [L+ U - DA™ Sisgrials) =
(1= X)DRY™f (2) + Xz (DRY" f (2)), nd
(n+ 1) DRY"™ ' f (2) —nDRY" f (2) =
e’} . m n+j)! ;i ¢S] . n+j—1)! 1
(n+1)z+n+1)02, 1+ —1)A %azzj_ nz—nY 20, [14G—1)A" %agy =
oo . m n [e%e] . !
24+ 1), I+ (- )N & (ZZ.Tj fﬁ ajz! =322, 1+ (G —1)A™ (ZZ.U fﬁ azz) =
2 Y, [+ (G = DA™ S a22) = 2 (DRY f(2)) . m
We begin with the following

m—+1
Theorem 2.2 Let % ceHWU),zeU, fe A, mneN, A >0 and let the function q(z) be conver and

univalent in U such that q(0) = 1. Assume that

a % N(Z) Z
R(1+u+uq”+ q/(z))>0, el, (2.3)

fora,B,u, e C,u #0, z € U, and

— m-+1,n
ot = (55 ) Ty

Fpu(n+ 1) [1 = A(n +2)] %W + Ma(n+1)(n + 2)% +B-5) (%)2
If q satisfies the following subordination
WX (0, B 2) < aq (2) + B (q(2))” + g’ (2), (2:5)
for,c, 8,11 € C, j # 0 then o
%%ﬁgn’—m q(z), €U, (2.6)

and q s the best dominant.
m+1,n
Proof. Let the function p be defined by p(z) := DR IR U, z # 0, f € A. The function p is

DRY""f(z)
. . . . . . , 2(DRYT"f(2)
analytic in U and p (0) = 1. Differentiating this function, with respect to z,we get 2p’' (2) = “—=Zmmr—" —

DR f(2)
DR™TLm £02) 2 DRm'nf( ) / . . i .
Dﬁzl,nfg)) (DRfl,nf(z)) . By using the identity (2.1) and (2.2), we obtain

I3

1—An+1) DRy f(2)

. DRy f (2)
2P (2) = ) DRI f (2)

DRY""f (2)

mn 2 m+1,n 2 mn 2 m+1,n 2

+(n+1)[1—=An+2) +

DRm "f(z) A\ DR/ (2) DRm "f(2) DRY™ [ (2)

By setting 6 (w) := aw+ Bw? and ¢ (w) := p, a, B, € C, pu # 0 it can be easily verified that 6 is analytic in C,
¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}. Also, by letting Q (2) = 2¢' (z) ¢ (¢ (2)) = pzq’' (2) ,we find
that Q (z) is starlike univalent in U. Let h (2) = 0 (¢ (2)) + Q (2) = aq (2) + 8 (¢ (2)) + pzq (2), z € U. If we derive

the function Q, with respect to z, perform calculations, we have Re (Zh,(z)) = Re (1 +4+ %q (2) + 20, (Z)> > 0.

Q(2) q'(2)
m-+1,n
By using (2.7), we obtain ap (2)+8 (p (2))* +pzp’ (z) = (%”‘H)u + a) D—[J;%]%W{Z(;)-i- p(n+1) [1 = A(n+2)]-

DRm, n+1 2 DRnL,n+2 2 DR'771+1,71 2 2 .
Wl(()u— )\p(n+1)(n+2)Wfé))+ (B-5) (WL{;))) . By using (2.5), we have ap (2)+ 3 (p (2))* +
pzp (2) < aq(2) + B (q(2))* + pzq (2) . Therefore, the conditions of Lemma 1.1 are met, so we have p (z) < ¢ (2),

. DRnL+1 n 2
zeU,ie. 1(z)

W < q(2), z€ U, and q is the best dominant. =
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Corollary 2.3 Let q(z) = %igi, —1<B<A<1,mmneN, A>0,z¢eU. Assume that (2.3) holds. If f € A

2
and P\ (o, B, 13 )%a}ingrﬁ(%igz) Jru((ﬁBBZ)ZQ,foraﬂue(C p#0, -1 <B<A<1, where Y\"" is

defined in (2.4), then 2 DRm = {Z()Z) = %igz and %igz is the best dominant.

Proof. For ¢(z) = iigi, —1 < B < A<1,in Theorem 2.2 we get the corollary. m

Corollary 2.4 Letq(z) = (%)V m,n € N, A\ > 0,z € U. Assume that (2.3) holds. If f € A and p\"" (o, 8, p; 2)

_<a(1+z> _’_/B(l-i-z)Q 1272 (

22

DR7n+1 "f(z) 1+ Y
thenW{(liz) 5 d(

) cJoraop, € C,0<y <1, u+#0, where p\"" is defined in (2.4),

is the best dominant.

-
Proof. Corollary follows by using Theorem 2.2 for ¢ (z) = (}fi) ,0<~y<1l. m

Theorem 2.5 Let q be convex and univalent in U, such that ¢ (0) =1, m,n € N, A > 0. Assume that
7 (2)
Re T(a+26q(z)) >0, fora,u,3€C, u#0, ze U. (2.8)

If f e A, Tﬁ% € Hg(0),1]NQ and Y\"" (o, B, w; z) is univalent in U, where Y\"" («, B, p; 2) is as defined

in (2.4), then
aq(2) +B(q(2))* + nzd (2) < 3" (@, B,12), 2z €U, (2.9)

implies
DRy (2)
DRT] ()

q(z) < zeU, (2.10)

and q s the best subordinant.

m-+1,n
Proof. Let the function p be defined by p(z) := D—I;%I%W{z()z), ze€U, z+#0, fe A By setting v(w) :=
A

aw+ Bw? and ¢ (w) := u it can be easily verified that v is analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0,
w € C\{0}. Since L((z)))) (z) (a+2Bq(z)), it follows that Re (”/(q(z))) = Re (q ) (q +20q (2 ))) > 0, for

#(q(2))
& B €C, u#0.
By using (2.9) we obtain aq(2) + (¢ (2))* + pzq (2) < aq(2) + 8(q(2))* + pzq¢ (2). Using Lemma 1.2, we

m+1, n
have ¢ (z) < p(z) = %"ﬂ()z) z € U, and q is the best subordinant. m

Corollary 2.6 Let q(2) = }igz, - 1< B<A<1 mmneN, \>0. Assume that (2.8) holds. If f €

DRIV (= . 2\ 2
AL AL € H1q(0),1)0Q and otz + 8 (1) + nlfgs <l (0B, 2) s for ayp, B € C, p#0,

m+1,n
—1 < B < A<1, where p\"" is defined in (2.4), then }igz < Dng nf}(;()z) and }igz is the best subordinant.

Proof. For q(z) = 142 1 < B < A <1 in Theorem 2.5 we get the corollary. m

1+Bz’
Y m+1 ny
Corollary 2.7 Let q(z) = (Fi) ,m,n € N, A > 0. Assume that (2.8) holds. If f € A,D—DR]%W(Z()Z) €

~y—1
Hig(0).1]nQ and o (£2) 48 (12) 7 4 s (H2) " < w0, Bpi2), for B e €0 <y < L
# 0, where Y\"" is defined in (2.4), then (%)7 DRYT 1) and (if‘z)W 18 the best subordinant.

_— - =
DRY"" f(z) z

Proof. Corollary follows by using Theorem 2.5 for ¢ (z) = (%ﬁ)v, 0<y<1l m

Combining Theorem 2.2 and Theorem 2.5, we state the following sandwich theorem.
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Theorem 2.8 Let g1 and qo be analytic and univalent in U such that ¢1 (z) # 0 and g2 (2) # 0, for all z €
U, with zq} (2) and 24, (z) being starlike univalent. Suppose that qi satisfies (2.8) and qo satisfies (2.8). If

feA JI%WJC(Z) € Hg(0),1]NQ and Y\"" (o, B, ; ) is as defined in (2.4) univalent in U, then aqi (z)+

B (2))* + ped) (2) < V" (. B, 13 2) < aga (2) + B(g2 (2))* + pzah (2), for a, u, B € C, pu # 0, implies g1 (z) <

DRWL+1 nf(

W < q2(2), 6 €C, § £0, and 1 and qa are respectively the best subordinant and the best dominant.

For ¢ (2) = ﬁgiz, g2 (2) = }ig;i, where —1 < By < By < A1 < Ay < 1, we have the following corollary.

Corollary 2.9 Let m,n € N, A > 0. Assume that (2.3) and (2.8) hold for ¢1 (z) = ﬁgiz and ¢z (z) = }igzi,
DRyt

2
respectively. If f € A, Wf{é)) € Hlg(0),1]NQ and aﬂgiiJr Ié] (}i—gg) + u((‘ier;)z < P\ (o, B, 3 2)

2
aitdzy g (HA”) + plde=Baz o 1 BEC, p£0, -1 < By < By < A1 < Ay < 1, where YY" s

XTI Bsz 1+ B2z (14+B22)??
m-+1,n
1+A;2 DRy f(2) 1+Asz 1+A;2 1+ Aoz .
defined in (2.4), then T < DRI () < I5s> hence 5 O and 5 are the best subordinant and the best

dominant, respectively.

m+1,n 6
Theorem 2.10 Let (%) eEHU),feA 2€U, 6§ €C,6§#0, myn €N, X\ >0 and let the function
A

q (%) be convex and univalent in U such that ¢ (0) =1, z € U. Assume that

Re (C”ﬂ 42 (Z)) >0, (2.11)

B 7 (2)
fora,e€C, 3#0, z€ U, and

mm o o [ DRV (2) ’ 1-An+1)
Ve, B z) = (W [044-55#—1-
DRm n+1f (Z) DRT,nJer (z) 58 DR;nJrl,nf (Z)
If q satisfies the following subordination
T (@, B52) < aq (2) + Bz (2), (2.13)
fora,p€C, 3#0, z€ U, then
§
DR;"H’"f (2)
(W) <q(z), z€U, 6€C, §#0, (2.14)

and q s the best dominant.

DRY V™ f(z)
DR f(2)
. . .. , DR T f(2)
tion p is analytic in U and p(0) = 1. We have 2p’(2) = 62( DATTT () )

6 (DRm,+1,nf(z))5 DRm,,n,f(z) Z(DRT+l,nf(z))/ B DRm,-f—l,nf(z) Z(DR’;rL nf(z))/
DRTTG) ) DRYTTAG) \ DRTTTR) DRTTTG) DRI )

5
),zeU,z;éO,feA. The func-

* _DRYT ) (DRT“'”f(Z)>/ _
DRY TV f(z) \ DRU[(2) o

Proof. Let the function p be defined by p(z) := (

. . ) X . DR7n+1,nf(Z) 6 DR’n'"f(Z) 1—)\(1'7,-‘1-1) DRWL+1,'rLf(Z)
By using the identity (2.1) and (2.2), we obtain zp’ (2) = ¢ ( Dﬁgl,nf(z) ) DR;’L)\Jrl’”f(z) [( S ) Dl%;n,nf(z)

il DR 25 (2 DR TV (2 2 .
+(n+1)[1—An+2)] TW +An+1)(n+2) Dﬁgl,nf}(;()) -3 ( DR;"’"f{z())) ] 0, we obtain

5
() — DRy f(2) 1—An+1)
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n+1)[1 = Xn+2)] +A(n+1)(n+2)

DRY"™f () DRY"f(2) 1DRy™"f <Z)] (2.15)

DRI f (2) DR f(z) A DRY"™f(2)
By setting 6 (w) := aw and ¢ (w) := (3, it can be easily verified that 6 is analytic in C, ¢ is analytic in C\{0}

and that ¢ (w) # 0, w € C\{0}. Also, by letting Q (2) = 2¢' (2) ¢ (¢ (2)) = Bzq’ (2), we find that Q( ) is starlike

univalent in U. Let h(2) =0 (q(2)) + Q (2) = aq (2) + B2q’ (2).We have Re (Zh/(z)) =Re (O‘Jrﬁ + 2 (Z)) > 0.

Q(2) q'(z)
m n 6
By using (2.15), we obtain ap (z ) + Bzp (2) = (W) {Oz + 5ﬁ%ﬂ+l)+ 68(n+1)[1 —A(n+2)]-

DRI f(2) X 2f() 88 DRYTNTA(2)
D_RYAYL‘HR—+ 6ﬂ>\(n + 1)(” + 2) DRm+1 "f(z) DY DR;\n’nf(Z) :| :
By using (2.13), we have ap (z) + B2p’ (2) < aq(z) + 82z¢' () . From Lemma 1.1, we have p(z) < ¢q(z), z € U,

. DR 17 (2)\ 0 . .
ie (W) <q(2),2z€U,6 € C,6 #0 and g is the best dominant. m

Corollary 2.11 Let q(2) = ﬁg‘z, z€U, -1<B<A<L1, mmnéeN, \>0. Assume that (2.11) holds. If f € A
and P\"" (o, B; 2) < a}igz —|—ﬁ((f1+73€))§, fora,B€C, B#0, -1 < B<A<1, where $\"" is defined in (2.12),

m-+1,n
then (Dgggn,nf{z()z)) < ﬁgz, 6€C,6#0, and iigi 18 the best dominant.

Proof. For q(z) = ﬂ'éz, —1 < B < A<1,in Theorem 2.10 we get the corollary. m

orollary 2. et q(z) = [+ W,m,neN,)\ZO. Assume that (2.11) holds. If f € A and ¥\"" (, B, u; 2) <
Corollary 2.12 L 1tz 3

z

DRmA»lm'f(z))é
ol ¥
=< (%’—j) ,0€C,6#0, and (E’—j) is the best dominant.

v y—1
o (%) + ﬁlij% (%) JJora,BeC,0<vy<1,3#0, where\"" is defined in (2.12), then ( BRI )
A

¥
Proof. Corollary follows by using Theorem 2.10 for ¢ (z) = (}fz) ,0<y<1l. m

Theorem 2.13 Let q be convex and univalent in U such that q (0) = 1. Assume that
Re (%q’ (z)) >0, fora,€C, 3#0. (2.16)

m41,n 6
If fe A,(%) € Hg(0),1]NQ and Y\"" (o, B; 2) is univalent in U, where Y\"" (a, 8; z) is as defined

in (2.12), then

aq (z) + 624 (2) < Y™ (a, 5; 2) (2.17)
implies S
m—+1,n
q(z)<<%> , §€C, 840, z€ U, (2.18)
A

and q is the best subordinant.

m+1,n 6
Proof. Let the function p be defined by p(z) := (D—gﬁﬁ) ,2€U,2#0,6 € C,6 #0, f € A The

function p is analytic in U and p (0) = 1. By setting v (w) := aw and ¢ (w) := 3 it can be easily verified that v
is analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}. Since %(%Z%l = 3¢ (2), it follows that
Re( q(z))) Re( /(2 )) >0, for a,3 € C, 3 #0.

Now, by using (2.17) we obtain aq(z) + 8z¢' (2) < aq(z) + Bz¢' (z), z € U. From Lemma 1.2, we have

DRI f(2) 8 . .
q(z) <p(z) = (W) ,2€U, 6 €C, §+#0, and q is the best subordinant. m
A

Corollary 2.14 Letq(z) = ng’ —1<B<A<1,zeU m,neN, \>0. Assume that (2.16) holds. If f € A,

DRm+1m, 2 6 z m,n
(Zrarsist) € Hla(0),11NQ, 6 € C, 6 # 0 and aki + B < o (. B:2), for a,6 € C, § # 0,

mon . 144z DRYV" f(2) 1+Az
—1 < B < A <1, where \"" is defined in (2.12), then 15: = ("DRTTTG) ,0€C,0#0, and 55~ s the
A

best subordinant.
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Proof. For q(z) = iigi, —1 < B < A<1,in Theorem 2.13 we get the corollary. m

Corollary 2.15 Let q(z) = (H'Z)V m,n € N, )\ > 0. Assume that (2.16) holds. If f € A(

11—z
e Mg (0), 110 Q and o (£2)" 4 5225 (12)7 < 4" (0, fps2), for B € €0 <y <1, B £ 0, where

DR;rfﬂ’"f(z)
DRY™f(z)

DRm+1 n (Z))
Rm n (Z)

Y 6 v
YY" is defined in (2.12), then (}fz) =< ( ) ,6€C,6+#0, and (}f‘z) is the best subordinant.

¥
Proof. Corollary follows by using Theorem 2.13 for ¢ (z) = (i—f;) ,0<v<1l. m

Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich theorem.

Theorem 2.16 Let ¢1 and g2 be convex and univalent in U such that q1 (2) # 0 and q2(2) # 0, for all z € U.

m—+1,n 6
Suppose that q1 satisfies (2.11) and qo satisfies (2.16). If f € A, (%) € Hlqg(0),1]NnQ , é§ €

C,6 # 0 and Y\"" (o, B; 2) is as defined in (2.12) univalent in U, then aq (z) + Bzq; (2) < Y\ (o, B;2) <

m+1,n 6
aqs (2) + B24, (2), for a, € C, B # 0, implies ¢ (2) < (%nf{z()z)) <q2(2),2€U, 6 €C, §#£0, and ¢1 and

q2 are respectively the best subordinant and the best dominant.

For q; (2) = ﬁ—gi—z, g2 (2) = 1—-::_32?7 where —1 < By < By < A1 < Ay < 1, we have the following corollary.

Corollary 2.17 Let m,n € N, A > 0. Assume that (2.11) and (2.16) hold for q1 (z) = }i—gli and g2 (2) =

B . DR 6 .
}igz , respectively. If f € A, (ﬁwf(;» € Hlg(0),1]NQ and aii‘éiz + 1+B?;)2 =< PN (o, B, s 2)

%aiigzj ﬂ((?iB;’Q,zeUfora BeC,B3#0,-1<By <By <Ay <Ay <1, where p\"" is defined in (2.4),

1+A DRI f(2) 144 144 1+A -
then 11312 =< ( DRI (=) =< 11332, 2z€eU,6€C,§#0, hence 1iBlz and 11322 are the best subordinant and

the best dominant, respectively.
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Subalgebras of BCK/B(C'I-algebras based on
(a, B)-type fuzzy sets

G. Muhiuddin®* and Abdullah M. Al-roqi’

“ Department of Mathematics, University of Tabuk, Tabuk 71491, Saudi Arabia

bDepartment of Mathematics, King Abdulaziz University, Jeddah 21589, Saudi Arabia

Abstract. The notion of (g, d)-characteristic fuzzy sets is introduced. Given a subalgebra F' of a
BCK/BCTI-algebra X, conditions for the (e, d)-characteristic fuzzy set in X to be an (€, € V q)-fuzzy
subalgebra, an (€, q)-fuzzy subalgebra, an (€, € A ¢)-fuzzy subalgebra, a (g, q)-fuzzy subalgebra, a (g, €)-
fuzzy subalgebra, a (q, € V q)-fuzzy subalgebra and a (g, € A ¢)-fuzzy subalgebra are provided. Using the
notions of («, 8)-fuzzy subalgebra ,ugf"s), conditions for the F' to be a subalgebra of X are investigated

where (a, ) is one of (€,€Vq), (€,€Aq), (€,9), (¢,€Vq), (¢,€Nq), (¢, €) and (g, q).

1. INTRODUCTION

The idea of quasi-coincidence of a fuzzy point with a fuzzy set is given in [7] which played a vital
role to generate some different types of fuzzy subgroups, called (o, 3)-fuzzy subgroups, introduced by
Bhakat and Das [l]. In particular, (€, € V q)-fuzzy subgroup is an important and useful generalization
of Rosenfeld’s fuzzy subgroup. Several authors [3, 4, 5, 8] have studied the concept of («, 3)-fuzzy
subalgebras in BC'K/BCI-algebras, which is an important and useful generalization of the well-known
concepts, called fuzzy subalgebras.

In this paper, we introduce the notion of (e, §)-characteristic fuzzy sets in BCK/BCI-algebras. Given
a subalgebra F' of a BCK/BC1I-algebra X, we provide conditions for the (g, d)-characteristic fuzzy set
in X to be an (€, €V q)-fuzzy subalgebra, an (€, q)-fuzzy subalgebra, an (€, € A q)-fuzzy subalgebra,
a (q, q)-fuzzy subalgebra, a (g, €)-fuzzy subalgebra, a (g, € V q)-fuzzy subalgebra and a (g, € A q)-fuzzy

)

subalgebra. Using the notions of (o, 3)-fuzzy subalgebra p}. o , we investigate conditions for the F' to be

a subalgebra of X where («, 3) is one of (€,€V q), (€,€ANq), (€,9), (¢,€Vq), (¢, €Nq), (q,€) and (g, q).

2010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
Keywords: (g, d)-characteristic fuzzy set, (Fuzzy) subalgebra, (a, 8)-fuzzy subalgebra.
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2. PRELIMINARIES

By a BCI-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the axioms:
(al) ((z*y)*(zx2))*(z2xy) =0,
(a2) (z* (zxy))*xy =0,
(a3) xxx =0,
(ad) zxy=y*xx=0 = =y,
for all z,y,z € X. We can define a partial ordering < by = < y if and only if z *y = 0. If a BCI-algebra
X satisfies the axiom

(ad) 0%z =0 for all z € X,
then we say that X is a BCK-algebra. A nonempty subset S of a BCK/BCI-algebra X is called a
subalgebra of X if x xy € S for all x,y € S. We refer the reader to the books [2] and [0] for further
information regarding BC' K /BCI-algebras.

A fuzzy set p in a set X of the form

) te(0,1] if y=u,
wy) { 0 ity 4o
is said to be a fuzzy point with support z and value ¢t and is denoted by ;.

For a fuzzy point z; and a fuzzy set p in a set X, Pu and Liu [7] introduced the symbol z;au, where
a€{€,q,eVq,eNng}. To say that x; € p (resp. x; ¢ ), we mean p(x) > ¢ (resp. p(zx) +¢ > 1), and
in this case, x; is said to belong to (resp. be quasi-coincident with) a fuzzy set p. To say that x; €V g p
(resp. x+ EAq ), we mean x; € p or x4 q i (resp. xy € p and xy q ). To say that x; @ p, we mean xapu
does not hold, where a € {€,q,€Vq,€Nq}.

A fuzzy set p in a BOK/BCI-algebra X is called a fuzzy subalgebra of X if it satisfies:

(2.1) p(z xy) > min{p(x), u(y)}

for all z,y € X.

Proposition 2.1 ([4]). Let X be a BOK/BCI-algebra. A fuzzy set p in X is a fuzzy subalgebra of X if

and only if the following assertion is valid.
(2'2) Tt €M, Ys €E U = (l‘ * y)min{t,s} Sy
for allz,y € X and t,s € (0,1].
3. SUBALGEBRAS OF BCK/BCI-ALGEBRAS BASED ON («, 3)-TYPE FUZZY SETS

In what follows, let X denote a BC'K/BCI-algebra unless otherwise specified.
Let F be a non-empty subset of X and ¢,d € [0,1] such that € > 4. Define a fuzzy set p

e if z €F,
pi (@) = {

6 otherwise.

(£9) 4 in X as

follows:
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We say that ,ugf’é) is an (g, 0)-characteristic fuzzy set in X over F. In particular, the (1, 0)-characteristic

fuzzy set ug"o) in X over F' is the characteristic function ypr of F.

Theorem 3.1. For any non-empty subset F of X, the following are equivalent:

(1) F is a subalgebra of X.
(2) The fuzzy set ugf’d) is a fuzzy subalgebra of X for all €,6 € [0, 1] with e > 6.

Proof. Assume that F is a subalgebra of X and let ¢, € [0,1] be such that ¢ > ¢. Let z,y € X. If
z,y € F, then x xy € F and so

D () = = = min { u5 0 (@), 15V ()}

If x ¢ F ory ¢ F, then ,ugf’s)(a:) =§ or u%’é) (y) = 6. Hence

M;f"s) (x*y) > § = min {M%’é)(ﬂﬁ)a MELE’&)(ZU)}

Therefore ugf’S) is a fuzzy subalgebra of X for all £,0 € [0,1] with & > 4.

(g,9) €

Conversely, suppose that (2) is valid. Let z,y € F. Then p""’ (z) = ¢ and u%"s)(y) = ¢. It follows that
(e,0)

ugf’é) (x *y) > min {Mgf’(;)(m), s (y)} =¢. Thus z *y € F, and therefore F is a subalgebra of X. [

Definition 3.2 ([4]). A fuzzy set p in X is said to be an («a, 8)-fuzzy subalgebra of X, where o, 8 € {€
,q,EVq,ENq} and a # €Agq, if it satisfies the following condition:
(31) Ty Qfhy Y, b = (‘T * y)min{tl,tg} ﬂ,LL

for all z,y € X and t1,t9 € (0, 1].

Lemma 3.3 ([1]). A fuzzy set p in X is an (€, €V q)-fuzzy subalgebra of X if and only if it satisfies:
(3.2) (V2,5 € X) (u( ) > min{p(z), ply), 0.5}).

Theorem 3.4. If F is a subalgebra of X, then the fuzzy set ,ugf’&) is an (€,€V q)-fuzzy subalgebra of X
for all e,d € [0,1] with € > 4.

Proof. Assume that F is a subalgebra of X and let ,6 € [0,1] such that € > 4. For any z,y € X, if
z,y € F, then x xy € F and so

£,0 . £,0 £,0
M;—" )(Jc *y) =& > min {M% )($>7M§? )(y),0.5}.

Ifx ¢ Foryé¢F, then ugﬁ’&)(x) =J or ,u%&é) (y) = 6. Hence
u D (@) = 6 > min { ) (@), 15V (1),05 )

It follows from Lemma 3.3 that ugf’a) is an (€, € Vq)-fuzzy subalgebra of X for all £, € [0,1] with

€ > 0. 0

Corollary 3.5. A non-empty subset F' of X is a subalgebra of X if and only if the characteristic function
xr of F is an (€,€V q)-fuzzy subalgebra of X.
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Proof. The necessity is by taking e = 1 and 6 = 0 in Theorem 3.4.
Conversely, suppose that the characteristic function xr of F' is an (€, € V ¢ )-fuzzy subalgebra of X.
Let z,y € F. Then xr(x) =1 = xr(y), which implies from (3.2) that

xr(x*xy) > min{xr(z), xr(y),0.5} = min{1,0.5} = 0.5.
Hence z xy € F, and therefore F' is a subalgebra of X. g

We consider the converse of Theorem 3.4.

Theorem 3.6. For any €, € [0,1] such that 6 < & < 0.5, if the fuzzy set ugf’é) is an (€,€V q)-fuzzy

subalgebra of X then F is a subalgebra of X.
Proof. Let x,y € F. Then u;f’é)(m) =e= u;f’é)(y). Using Lemma 3.3, we have

i (@) = min {p ) (@), 1557 (),05} = minfe, 05} =,
and so x xy € F. Therefore F' is a subalgebra of X. g

Theorem 3.7. Let €,6 € [0,1] such that € > §. If F is a subalgebra of X, then the fuzzy set u;f’(s) s an
(€, q)-fuzzy subalgebra of X whenever if any element t in (0,1] satisfies x; € u;’é) forx € X thend <t
and 1 —t <e.

Proof. Let x,y € X and t1,t2 € (0, 1] be such that x;, € ugf’é)

and ,ugf’&)(y) >ty > 4. It follows that ugf’a)(x) =e= ,ugf’&)(y), and so z,y € F. Since F is a subalgebra

of X, we have x xy € F. Hence ,ugf’é) (z xy) = €, and thus ,u;f’é)(x «y) +min{ti, to} = e+ min{ti,to} > 1

which shows that (2 * ¥)minft,,t,} q,ugf’é). Therefore ,ugf’&) is an (€, ¢ )-fuzzy subalgebra of X. d

and yy, € ugf"s). Then ugf"s)(x) >t >0

Theorem 3.8. Let ,0 € [0,1] such that e > 6. If e+ 6 < 1 and the fuzzy set u;f’a) is an (€, q)-fuzzy

subalgebra of X, then F is a subalgebra of X.

Proof. Assume that ¢ + § < 1 and the fuzzy set uﬁ?‘” is an (€, ¢)-fuzzy subalgebra of X. Let z,y € F.

Then pi5(x) = £ = p&” (y), and so z. € p{>” and y. € pi®). Hence (2 *y). = (2 % Ymingecy 415,
which implies that u;f’é) (x *y) + & > 1. Therefore ugf’é)(z xy) > 1—e >4, and thus u&f’é)(z *xy) = ¢,

that is, z * y € F. Consequently, F' is a subalgebra of X. O
If we take e =1 and § = 0 in Theorems 3.7 and 3.8, then we have the following corollary.

Corollary 3.9. A non-empty subset F' of X is a subalgebra of X if and only if the characteristic function

xr of F is an (€, q)-fuzzy subalgebra of X.

Theorem 3.10. Let €,5 € [0,1] such that € > §. If F' is a subalgebra of X, then the fuzzy set p;f’é)

is a (q,q)-fuzzy subalgebra of X whenever if any element ¢ in (0,1] satisfies x; € ugf’é) for x € X then
0<l—-t<e.
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Proof. Let z,y € X and t1,t2 € (0,1] be such that x, qu% and y, qu(s %) Then ,u(g 6)( Y+t > 1
and u(s )( ) + t2 > 1, which imply that ,u(s 6)( )>1—1t; >4 and ,u(s 6)( ) >1—1ty > 6. It follows that

ugf %) (33 xy) = . Thus

=ec= ,u;f 9) (y) and so that x,y € F. Since F is a subalgebra of X, we have x xy € F and so

u(s’é)(x *y) + min{ty,t2} = ¢ + min{ty, ta} > 1,

that is, (2 * ¥)min{t,,t2} q,u% % This shows that ,u(s ) is a (g, 9)-fuzzy subalgebra of X. g

Theorem 3.11. Let €, € [0,1] such that ¢ > max{9,0.5} and € + 0 < 1. If the fuzzy set ,u(a %) s a

(g, q)-fuzzy subalgebra of X, then F is a subalgebra of X.
Proof. Let x,y € F. Then u(g 6)( y=¢e= ugf’é)(y), which implies that
ugf’é)( Jte=cte>land SV (y) +e=c+e>1,

. Since ,u;f’é) is a (g, q)-fuzzy subalgebra of X, it follows that (x * y). =

(85)( (s, 5)(

that is, x. qu;f’ ) and Ye q Py

(SE * y)mln{e e} q,ug:*7 ) Hence i

rxy € F, and F is a subalgebra of X. O

(e,0

xxy)>1—¢e >4, and therefore " (x * y) = . This proves that

If we take e =1 and 6 = 0 in Theorems 3.10 and 3.11, then we have the following corollary.

Corollary 3.12. A non-empty subset F' of X is a subalgebra of X if and only if the characteristic
function xr of F is a (q,q)-fuzzy subalgebra of X.

Theorem 3.13. Let €, € [0,1] such that € > §. If F is a subalgebra of X, then the fuzzy set u(E 9)

a (g, €)-fuzzy subalgebra of X whenever if any element t in (0,1] satisfies x; € MF for rz € X then
60<l—tandt<e.

Proof. Let z,y € X and t1,t2 € (0,1] be such that x, qu% and y, qp(s %) Then ,u(s 6)( Y+t > 1
and u(s )( ) + t2 > 1, which imply that ,u(E )( ) >1—1t > ¢ and M(E 5)( ) > 1—1ty > 4. Hence
(¢,9) (£,6)
pp (@) (v)

=e =y '(y), and so x,y € F. Since F' is a subalgebra of X, we have z x y € F' and thus
ugf’é) (x *y) =& > min{ty, 2},
that is, (2 * ¥)minft, ¢} € ngé). This shows that ugf’é) is a (g, €)-fuzzy subalgebra of X. d

Theorem 3.14. Let ¢,6 € [0,1] such that € > max{4,0.5}. If the fuzzy set ﬂgf"é) is a (q,€)-fuzzy
subalgebra of X, then F is a subalgebra of X.

Proof. Let x,y € F. Then u(g 5)( ) = ,ugf 6)( ), which implies that

ugfé)( )+z—:—5+5>1and,u(66)( Jte=c+e>1,

? and ygun . Since u( 9)

s 1
(1‘ * y)min{s,s} S Mg? 2 (= )(

X. 0

(s,

that is, ze ¢ up is a (g, €)-fuzzy subalgebra of X, it follows that (z * y). =

and so that up"’'(x *y) = ¢, that is, x * y € F. Therefore F' is a subalgebra of

If we take e =1 and § = 0 in Theorems 3.13 and 3.14, then we have the following corollary.
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Corollary 3.15. A non-empty subset F' of X is a subalgebra of X if and only if the characteristic
function xp of F is a (g, €)-fuzzy subalgebra of X .

Theorem 3.16. Lete,d € [0,1] such that € > 6. If F' is a subalgebra of X, then the fuzzy set u;’é) s an
(€, € A q)-fuzzy subalgebra of X whenever if any element t in (0,1] satisfies x; € u for x € X then
d<tandl—t<e.

Proof. Let xz,y € X and t1,t2 € (0,1] be such that x;, € ug,f’ ) and Yt, € u% 9 Then ,u('S 6)( Y>>t >0
and u(e 6)( ) > to > §, which imply that ,y € F and & > min{t;,t2}. Since F is a subalgebra of X, we

(e, )(x *y) = e > min{ty,to}, i.e., (T * Y)minfts ta} € u% 9 (e, 5)(m *xy) +
(,9)

min{ty, ta} = € + min{ty, t2} > 1 and 50 (T * Y)min{t, b0} q,u% %) Therefore (T * Y)min{tr 02} EANQUE",

and consequently ,LL;-" ) is an (€, €A q)-fuzzy subalgebra of X. O

have = * y € F. Hence p . Now, pp

Theorem 3.17. Lete,d € [0,1] such thate > 4. If e+ < 1 and the fuzzy set ug,f";) is an (€, €A q)-fuzzy
subalgebra of X, then F is a subalgebra of X.

Proof. Assume that e+ < 1 and the fuzzy set ,ulf’é) is an (€, € A q )-fuzzy subalgebra of X. Let ,y € F.

Then p(e 6)( )=¢e= u(g’é)(y), and so xe € u%’ ) (e, 6),

(.0

and y: € N’;‘E',é) Hence (1’*3/) (x*y)mm{e e} € NqQpp

that is, (*Y)e = (T * Y)minfe,c} € Up Vand (zxy). = (% Y)min{e,c} q 8%, Hence p° )(a: *y) > e and

usﬁa)(x*y)+€>l Ifu(sé(m*y)>a then,u% )(x*y)zaandthusx*yeF.Iqu (xxy)+e>1,

(7)( (7)(

then p xxy) >1—ec >0 and so pu x xy) = &, which shows that x xy € F. Therefore F is a

subalgebra of X. O
If we take e =1 and § = 0 in Theorems 3.16 and 3.17, then we have the following corollary.

Corollary 3.18. A non-empty subset F' of X is a subalgebra of X if and only if the characteristic
function xr of F is an (€, € A q)-fuzzy subalgebra of X.

Theorem 3.19. Let €,6 € [0,1] such that ¢ > 6. If F is a subalgebra of X, then the fuzzy set u(e %) s a

(g, € A q)-fuzzy subalgebra of X under the condition that if any element t in (0, 1] satisfies x; € uF for
reX thend<1l—tandt<e.

Proof. Let z,y € X and t1,t2 € (0,1] be such that xthu% and y, qu( % Then ,u(s 6)( Y+t > 1

and u(E )( ) + t2 > 1, which imply that ,u(E 5)( ) >1—1%; > ¢ and u% )(y) 1 —ty > 0. Hence

u;f 6)( )=¢e= ug,f 6)( ) and € > max{1 —¢;,1 —t2}, and so x,y € F. Since F is a subalgebra of X, we

have x xy € F' and thus
,0
i (
that is, (2 * ¥)minfes 2} € ,u;f’&). Now, ,u;f’é)(x x y) + min{ty, to} = € + min{t1,t2} > 1, and so (x *

Y)min{t: ta} q,u;,’ ) Hence (T % Y)min{t; £} €A qugf’é), and ugf"s) is a (g, €A\ q)-fuzzy subalgebra of X. O

x*y) =€ > min{ty, ta},

Theorem 3.20. Let ¢, € [0,1] such that ¢ > max{4,0.5}. If the fuzzy set u;’é) is a (q,€ Nq)-fuzzy
subalgebra of X, then F is a subalgebra of X.

Proof. Let x,y € F. Then M(E 6)( Y=¢= ,ugf’&)(y), which implies that
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Subalgebras of BCK/BCI-algebras based on (a, 8)-type fuzzy sets 7

Mgf’é)( Yte=cte>land plSV(y) +e=c+e>1,
that is, xsq,ugf’)and ygqu ). Since ﬂ(s D

(2% Y)min{e,c} EAQ 15 and so that p'59(

is a (g, € A q )-fuzzy subalgebra of X, it follows that (zxy). =
xxy) >e. Hence zxy € F and F is a subalgebra of X. O

If we take e = 1 and 6 = 0 in Theorems 3.19 and 3.20, then we have the following corollary.

Corollary 3.21. A non-empty subset F' of X is a subalgebra of X if and only if the characteristic
function xr of F is a (q, €A q)-fuzzy subalgebra of X.

Theorem 3.22. Lete,d € [0,1] such that € > §. Assume that if any element t in (0, 1] satisfies x; € ﬂ(s 2

forax € X thend < 1—t. If F is a subalgebra of X, then the fuzzy set ,uE,;’ ) is a (¢, €V q)-fuzzy subalgebra
of X.

Proof. Let z,y € X and t1,t2 € (0,1] be such that xthu%’ ) and Yt, q,u(6 % Then ,u(s 6)( Y+t > 1

and u(s )( ) + t2 > 1, which imply that ,u(E 6)(30) >1—1t; > ¢ and M(E 6)( ) > 11—ty > 4. Hence

ugf 5)(33) =¢e= u&f ‘”(y), and so £ > max{l —t1,1 — t2} and z,y € F. Since F is a subalgebra of X, we

have zxy € F and thus ,ugf’ )(x*y) = ¢ which implies that u(s 5)(x*y)+min{t1, to} = e4+min{t,ta} > 1,
(,6) +

ie., (T*Y)min{ts t2} qu;f 9 Tt follows that (T*Y)minft: 12} €V Q u(e % Therefore T3S

subalgebra of X. O

is a (g, €V q )-fuzzy

Theorem 3.23. Let €,6 € [0,1] such that ¢ > max{0,0.5} and ¢ + § < 1. If the fuzzy set ,u(s %) s a

(¢, €V q)-fuzzy subalgebra of X, then F is a subalgebra of X.
Proof. Let x,y € F. Then u( )( y=e= ,u;f’&) (y), which implies that

H;f’é)( )+5*€+5>1and,u(85)( Jte=e+e>1,

that is, z. q u;f’a) and y. qu;’é) Since u;f’é) is a (g, €V q )-fuzzy subalgebra of X it follows that (z*y). =

e m(sc*y) > ¢, then zxy € F.

(T *Y) min{e,e} GunF ? that s, u(s )(x*y) >ceor p( ’ )(:E*y)+€> 1.If pp
Ifug, )(x*y)—FE > 1, then ,u%’ )(x*y) >1—e>¢andso uF’ )(x*y) =¢. Thus zxy € F, and therefore

F is a subalgebra of X. O

If we take e =1 and § = 0 in Theorems 3.22 and 3.23, then we have the following corollary.

Corollary 3.24. A non-empty subset F' of X is a subalgebra of X if and only if the characteristic
function xp of F is a (¢, €V q)-fuzzy subalgebra of X.

CONCLUSIONS

We have introduced the notion of (e, d)-characteristic fuzzy sets in BCK/BCI-algebras. Given a
subalgebra F of a BCK/BC1I-algebra X, we have provided conditions for the (e, d)-characteristic fuzzy
set in X to be an (€, €V ¢q)-fuzzy subalgebra, an (€, q)-fuzzy subalgebra, an (€, € A ¢)-fuzzy subalgebra,
a (q, q)-fuzzy subalgebra, a (g, €)-fuzzy subalgebra, a (g, € V q)-fuzzy subalgebra and a (g, € A q)-fuzzy

(£,9)

subalgebra. Using the notions of («, 5)-fuzzy subalgebra p"’, we have investigated conditions for the
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8 G. Muhiuddin and Abdullah M. Al-roqi

F to be a subalgebra of X where (o, 8) is one of (€,€Vq), (€,€Aq), (€,9), (¢,€Vq), (¢, €Nq), (g, €)
and (q,q).
In the consecutive research, we will discuss the following items:

(1) Given a subalgebra F' of a BCK/BCI-algebra X, we will provide conditions for the (g,0d)-
characteristic fuzzy set in X to be an (€ V ¢, € V q)-fuzzy subalgebra, an (€V ¢, €)-fuzzy subal-
gebra, an (€V g, € A q)-fuzzy subalgebra, and an (€V ¢, ¢)-fuzzy subalgebra.

(2) Using the notions of (a, §)-fuzzy subalgebra ,ugf"s) where (o, 8) is one of (€V ¢, €V q), (EVg,€),
(eVg,eNg) and (€Vq,q), we investigate conditions for the F' to be a subalgebra of X.
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Abstract: This paper investigates the existence of solutions for a class of nonlinear boundary value problems
involving fractional integrodifferential equations of fractional order o € (2, 3] with antiperiodic type integral
boundary conditions. Our results are based on contraction mapping principle and Krasnoselskii fixed point
theorem. As an application, an interesting example is presented to illustrate the main results.

Keywords: Fractional integrodifferential equations; antiperiodic boundary conditions; integral boundary
conditions; fixed point theorem

2010 Mathematics Subject Classification: 34A08, 34B18.

1 Introduction

In the last few decades, the topic of fractional differential equations has gained a considerable attention
and it has emerged as a popular field of research due to its extensive development and applications in
several disciplines such as physics, mechanics, chemistry, engineering, etc. Therefore, there have been many
papers and books dealing with the theoretical development of fractional calculus and the solutions or positive
solutions of boundary value problems for nonlinear fractional differential equations; for examples and details,
one can see [, 2, 3, 4, 5, 6, 7] and references along these lines. For instance, Ahmad and Sivasundaram
[8] proved the existence and uniqueness of solutions for a four-point nonlocal boundary value problem of
nonlinear integro-differential equations of fractional order ¢ € (1,2] by applying some standard fixed point
theorems. Ahmad and Ntouyas [9, 10] studied the existence and uniqueness results for a class of nonlocal
boundary value problems of nonlinear differential equations and inclusions of fractional order with strip
conditions by using a variety of fixed point theorems.

Recently, antiperiodic and/or integral boundary value problems of fractional differential equations occur
in the mathematic modeling of a variety of physical processes and have been studied by a number of authors.
For examples and details of antiperiodic and/or integral fractional boundary conditions, see [11, 12, 13,

, 15, 16] and the references therein. For example, Ahmad and Nieto [17] obtained the existence and
uniqueness results for antiperiodic boundary value problem for nonlinear fractional differential equation of
order ¢ € (1,2] by applying some standard fixed point principles. By using Schauder’s fixed point theorem
and the contraction mapping principle, Wang and Liu [18] considered the existence and uniqueness results for
antiperiodic fractional boundary value problem with fractional derivative. In [19], the authors investigated
the following boundary value problem for a nonlinear fractional integrodifferential equation with integral
boundary conditions

‘Dix(t) = f(tx(t), (xx)(t), tel0,1], qe(1,2],

1 1
az(0) + B'(0) = /0 q(z(s))ds, ax(l)+ B2'(1) = /0 q2(x(s))ds,

where f: [0,1] x X x X — X, (xz)(t) = fot v(t, s)x(s)ds for v : [0,T] x [0,T] — [0,400), 1,92 : X = X

*Corresponding author.
Email:ZuoZuo121@163.com (X. Zuo) and wgyang0617@yahoo.com (W. Yang)
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and o > 0 and § > 0 are real numbers. The authors established sufficient conditions for the existence of
solutions for the above boundary value problems.

In [20], Wang et al. studied the following fractional boundary value problem with antiperiodic boundary
conditions

°D%(t) = f(t,z(t)), tel[0,T], «ae(2,3],
z(0) = —x(T), ©°DPzx(0) = —°DPx(T), ¢Dx(0)=—°Dix(T),
where 0 < p <1 < ¢ < 2,and f:[0,7] x R — R is a given continuous function. Some existence and
uniqueness results are obtained contraction mapping principle and Leray-Schauder’s fixed point theorem.

In [21], Chai concerned with the following antiperiodic boundary value problems of fractional differential
equations

‘Dx(t) = f(t,z(t),” D (1), D**(t)), t€(0,1), aec(23]

2(0) = —z(T), "D a(t)|i0 = —t7 1D 2(t) iz, tPTICDP2(t) 1m0 = — 72D a(t)] o1,
where 2 < @ <3, 0< a1 <1< a3 <2 0<f; <1< <2 and f is a given continuous function.
The author obtained some existence results by applying the Banach contraction mapping principle and the
Leray-Schauder degree theory.

In [22], Alsaedi discussed existence of solutions for the following integrodifferential equations of fractional
order with antiperiodic boundary conditions

Diz(t) = f(t,z(t), (xx)(t)), te€][0,T], ¢e€(1,2],
2(0) = —a(T), 2'(0) = —2/(T),
where f:[0,1] x X x X = X, (xx)(t) = fg (¢, s)x(s)ds for v : [0,1] x [0,1] — [0, +00).
In [23], Ahmad et al. considered the existence and uniqueness of the solutions for a new class of bound-

ary value problems of nonlinear fractional differential equations with non-separated type integral boundary
conditions

cDiz(t) = f(t,x(t), tel[0,T], qe(1,2],
T T
z(0) — Mz(T) = m/o g(s,x(s))ds, 2'(0) — Xo2'(T) = uz/o h(s,z(s))ds,

where f,g,¢:[0,7] x R — R are given continuous functions and A;, u; € R (A; #0), j =1,2.
Ahmad and Ntouyas [24] and Ahmad et al. [25] study a boundary value problem of fractional differential
eqations and inclusions with anti-periodic type integral boundary conditions given by

CDax(t) = f(tvl'(t)) (6 F(t,(t(t))), te [OvT]v a € (233]7

T
x(j)(O) - )\jx(j)(T) = /ij/ gi(s,z(s))ds, j7=0,1,2,
0

where 2(/)(-) denotes jth derivative of (-) with (%) = x(-), g; : [0, 7] x R — R are given continuous functions
and \j, 1; € R (X\j # 0), respectively.

In this paper, motivated greatly by the above mentioned works, we consider the following boundary value
problem for a nonlinear fractional integrodifferential equation of fractional order « € (2, 3] with antiperiodic
type integral boundrary conditions

‘Du(t) = f(t, u(t), (pu)(t), (Yu)t), te 7 =[0,T] (T>0),
T T (1.1)
u(0) = pou(T) + Uo/ go(s,u(s))ds, w;(0) = pw;(T) + ui/ gi(s,u(s))ds, i=1,2,
0 0

where D% is the standard Caputo fractional derivative of fractional order o, 0 < a3 < 1 < ag < 2,
wi(t) =t D u(t), wi(0) = limy o+ wi(t), wi(T) = [wi(t)]s=r, pro, Vo, i, vi € R (pto, i # 1), i = 1,2, the
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nonlinear function f: # x R xR xR — R is continuous, g; : ¢ X R — R are given continuous functions
for i =0,1,2, and for v,d : [0,T] x [0,T] — [0, 00),

t T
(6u)(t) = / At s, u(s))ds,  (bu)(t) = / 5(t, 5, u(s))ds.

Let C = C(_#,R) be Banach space of all continuous functions from # — R endowed with a topology of
uniform convergence with the norm denoted by ||| = sup{|p(t)|: s € 7}.

2 Preliminaries

For the convenience of the reader, we give some background materials from fractional calculus theory to
facilitate analysis of the problem (1.1). These materials can be found in the recent literature, see [27, 29, 30].

Definition 2.1. For at least n-times continuously differentiable function f : [0,00) — R, the Caputo deriva-
tive of fractional order « is defined as

1

c o _ ! _Snfafl (n)S g n=la
D) = g [ (=9 s, = o] £ 1

where [a] denotes the integer part of the real number a.
Definition 2.2. The Riemann-Liouville fractional integral of order « for a function f is defined as

o f(t) = ﬁ/o (t =) f(s)ds, a >0,

provided that such integral exists.

Definition 2.3. The Riemann-Liouville fractional derivative of order « for a function f is defined by

D)= oo () [ =9 s, m=fal 1

provided that the right-hand side of the previous equation is pointwise defined on (0, c0).
Lemma 2.4 ([26, 28]). Let a > 0, then the fractional differential equation
‘D%u(t) =0

has a unique solution given by the expression

o] )
afy = > 0y
Jj=0 J
Lemma 2.5 ([26, 29]). Let « > 0, then
ol L) (0)
1D u(t) = u(t) = Y ° _fo) )
=0 7
In view of Lemma 2.5, it follows that
I°°Du(t) = u(t) +co + 1t + cot® + -+ 1 t" 7, (2.1)
for some ¢; e R, 1 =0,1,2,...,n—1 (n = [o] + 1).
3
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Lemma 2.6. For any y € C[0,T], the unique solution of the linear fractional boundary value problem
‘Du(t) =y(t), tel0,T], ac(23]

M®=mwﬂ+m49mw®wa1M®=WMﬂ+wAg$w®M&

s given by

T

ww=A<MwM@m+m@AEM&wm@+mmm/‘m@wm@+wm@ASMawm@,

0

where G(t, s) is Green’s function given by

(t— )"+ po&o(T — )

I(e)
ap—1 _ a—a1—1 o —2 _ a—as—1
Glt,s) = L pam@OTH (T — 5) 4 e (T=7(T - 5) 7 s<t.
INa—a;) INa — as)
o1 = 921 (T (T )T (T AT et
() I —ay) I — as) oo

m(t) = &lpoT + (1 — po)tl,
m(t) = Elpo2pm + (1 — )2 — )] T? + 2 T(1 = po)t + (1 = pao) (1 = p11)(2 — ) #?],
R R B 3y
STl Y U= po)d—p) Y 201 o) (1= ) (I — )2 — )

Proof. Using (2.1), for some constants bg, b1, bs € R, we have

u(t) = I%y(t) + by + byt + bt

Using the facts that <D*b = 0 (b is constant and 0 < ay < 1), ¢D*t = %, cD? = I?(t;::)
cD* I%y(t) = I*~*1y(t), we obtain

_ by - 2by -
CPDY () = T 1y (t tl ay t2 ar
u(®) YO+ Teay TG ey
In view of €Dt =0 (1 < ag < 2), ¢D*2t? = I?{;:;Z)7 and D2 [%y(t) = [*~*2y(t), we get
— 2b2 2—
CDYu(t) = I “2y(t — T2,

) = 1"y (0) + s

From (2.5) and (2.6), we have
b1 2by

tozl—chal t) = tozl—lla—(xl t t
u(®) Y+ vy TTB=an”

2by
tOLQ—ZCDO[Q t) = tOLQ—QIOL—OLQ t 4 .
From [?], we can know that
lim t*1 1=y (t) = 0, lim t®2 72T~ %2y(t) = 0.
ot ¥t it (e
4

(2.2)

(2.4)

and

(2.5)

2.7)

(2.8)

(2.9)

1068 Xiaohong Zuo et al 1065-1076



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

Applying the boundary conditions for problem (2.2) and (2.9) in (2.4), (2.7) and (2.8), we find that
I'(2 — T

bO — Ho Iay(T) + Mokl ( 061)
I —po (L= po)(1 = pa)

pop2l' (3 — a)2m + (1 — )2 — an)]T _,, W[ e a(s))ds
20— o)L — ) —p2)Z—n) y(T)+1—u0/0 go(s, u(s))d

1
porI'(2 — ay)T /T u(s,u(s))ds + povel (3 — ag) 21 + (1 — p1) (2 — )] T?
0

I *1y(T)

/0 " ol u(s)ds,

(L= po)(L = 2(1 = puo) (1 — pra)(1 — pi2) (2 — 0n1)
LG 1‘“;)1T ey (T) + (lmff)g - Zj))é = ()
V1F(2 - 0[1) T ,LL11/2F(3 - OZQ)T T
M /o gile,ule))ds + (1—u1)(1—u2)(2—a1)/o ga(e,ule))ds,

p12T(3 — g ) T2 2
2(1 = p2)

Thus, the unique solution of (2.2) is

VQF(?) — ag)

b
? 2(1 — o)

1°-02y(T) +

/O " go(su(s))ds.

u(t) = Iay(t) + Mofofay(T) + pu1im (t)Tal_lla_aly(T) + Mzng(t)ToQ_QIa_azy(T)

ko / go(s, u(s))ds + i (1) / g1(5,u(s))ds + vama(t) / ga(s, u(s))ds

T

T T T
G(t, s)y(s)ds + oo / go(s, u(s))ds + v (1) / 01 (5, u(s))ds + varpa(t) / 025, u(s))ds,

0 0

where G(t, s) is given by (2.3). The proof is completed. O

3 Main results

For the sake of simplicity, we always consider the boundary value problem (1.1) together with the following
assumptions.

(Hy) There exist positive constants .%; and M; (i = 0,1,2) such that
lgi(t,w) — gi(t, )| < Zillw —yll, gt )| < M, Vie 7, uw,veR.
(H3) There exist continuous function L; : [0,7] — R* = [0,00) (i = 1,2, 3) such that
£t du, Ypu) — f(t, v, dv,Pv)|| < L1 (8)lu—v]|+La(t) [ pu—v||+La(t)[[Yu—yol|, VtE 7, u,veR.

(H3) There exist continuous functions p, g : [0,7] — RT such that

(H4) p= ($0|V0€0| + g1/\1|l/1| + gg)\gleDT + A3 < 1, where

M=sup{lm(@)] it e FL o A =sup{p(t)] st € 7},
L3 =sup{M(t) = L1(t) + Lo(t)p(t) + L3(t)q(t) : t € 7}

/0 (1t 5,u(s)) — (. 5, 0(s)))ds

<p)llu—vll, Ve 7, uveR,

T
/0 (0(t,s,u(s)) —d(t,s,v(s)))ds|| < g(t)|lu—v|, Vte #, u,vekR.

A — (1 + [poSol)T Al [T Ao |po| T2
s Na+1) MNa—a;+1) TDa—az+1)’
)

1069 Xiaohong Zuo et al 1065-1076



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

(Hs) [[f(tu(t), (¢u)(t), (Yu)(t))]] < w(t), for all (¢, u, pu,yu) € [0,T] x R x R x R, where w € L'([, T],R*).

Theorem 3.1. Assume that (Hq)-(Hy4) hold. Then the boundary value problem (1.1) has a unique solution
on fZ.
Proof. Define F': C — C by
B bt —s)o !
Pu®) = [ S s uls). (Gu)(s). ) ()
T a—1
(Clnt) i s,u(s), (du)(s), (Yu)(s))ds
s [ Fsu(a), (9. (0 ()

T —ai—1
T—s)* ™
t Toq—l (
+M1771( ) /0 F(O[ — al)

T a—oao—1
_ T— ) 2
t TO[2 2 (
Hama(t) /0 INa— a9)

f(s,u(s), (pu)(s), (Yu)(s))ds
f(s,u(s), (pu)(s), (Yu)(s))ds
—HJO&]/O 90(s7u(s))ds+ulm(t)/0 gl(s7u(s))ds+ugn2(t)/0 g2(s,u(s))ds, te 7.

Let us set

sup{Lat) st € 7} = Lo, sup{La(t):te 7} = La, up{H/ (t,7,0)dr

sup{ /6(t,7,0)d7
0

According to the assumptions (H3) and (Hjz), we have

te/}:Mg,

:te/}:M4, sup{||f(¢,0,0,0)| : t € #} = Ms.

léu)s)| < s(v(s ru(r)) — (s, 7,0))dr|| + / (s 7. 0)dr
< ps)lul + H/ 5,7, 0)dr|| < p(s)ull + Ms,
W) (s)| < /0 (6(s, 7, u(r)) — (s, 7,0)) / 5(s,7,0)d
T
< q(s)ull + / 5(s, 7, 0)dr]|| < q(s)Jul + M.

From the two above inequalities, we get

[1f (s, uls), (u)(s), (Yu)(s))|l I1f (s, uls), (pu)(s), (Yu)(s)) — f(5,0,0,0)|| + [|f(s,0,0,0)]]

Ly(s)[[u(s)[| + La(s)[(@u) (s) [l + Ls(s) | (Yu)(s))[| + [1£(s,0,0,0)]|

(L1(8) + La(s)p(s) + Lz(s)q(s))|lu|l + (L2(s)Ms + L3(s)My) + M
M (s)||lull + (Lo Mz + LyMy) + Ms = M(s)||ul| + M*,

IN N CIA A

where M* = (LyM3z + LzMy) + Ms. And consider B, = {u € C : ||u|| < r}, where r > p1/(1 — p), with

p1 = (Molvo&o| + My |vi| + Madg|ve|)T + AsM™,
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and p is given by the assumption (Hy4). Now we show that F'B, C B,. For u € B,, we have

[(Fu)@® <

IN

IN

IN

(t—s)*"
/ I(a) ”f(s u(s), (gu)(s), (Yu)(s))l|ds

ool [T o), (0000, (sl

T (T* S)a a;—1

Hlpam ()77 /O 1£ (s, u(s), (pu)(s), (Yu)(s))lds

INa—a;)
Huam (@72 [ LI s uto), (o)), () 6D s

T T T
+|Vo§o\/0 ||go(S7U($))||dS+IWh(?f)l/0 ||91(8,U(8))Hd8+\Vznz(t)I/O llg2(s, u(s))l|ds

Ui . (T —s) ! :
/o W(M(s)HuH + M™)ds + |/~Lofo|/0 W(M(s)”u” + M*)ds

T s a—a1—1
(@ [T il + 2y

T — 3 a—ag—1
(O [T )l + 21y

ool / llgo(s. u(s)) — go(s, O) + llgos. 0)1ds
o (8) / [lgn (s, u(s)) — g1 (s, 0)| + llg2 (s, 0) [1ds

+[vama(t)] /0 [lg2(s, u(s)) — ga(s, 0)[| + llg2(s, 0)][]ds

— a—1
(Zsr + M”) (/0 $ F()) ds‘*‘\liofo\/ 7ds
T —ap—1 T —ap—1

a;—1 (T — S)a - g —2 w
+pam (0T /0 st + |pan2 ()T /0 o) ds)
+|vool (Lor + Mo)T + |vim ()| (Lar + My)T + |vanz (t)|(Lar + Ma)T

oy (A+ o)  Aafpm|TH Ao|po| T2

($3T+M)< Ma+1) INoo—ag+1) F(a—a2+1)>

—|—|Uo§0‘($07“ + Mo)T + /\1|l/1|($1’l“ + Ml)T + )\2|V2|($27“ + M2)T
[(ZLo|vobo| + LriMi|vi| + Loda|vo| )T + LsA3]r
+(Mo|vobo| + MiAi|vi| + Mado|ve|)T + A3M™ < pr+p1 <.
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Now, for u,v and for each t € [0,T], we obtain

[(Fu)(t) = (Fo)(@)]]

< / “‘F(ii;_nf(s, u(s). (Bu)(s). (Pu)(s)) — F(s,0(5), (Bv)(s), () (s)) | ds
T (T _ S)afl
ool / T (s, uls), (6u)(5), ($u)(s)) — F(s,0(s), ($0)(s), (0)(s)) s
0 F(a)
o [T(T = gy
()T / Sl .. (Gu)(s). W) () = (5,00, (60)s). () 5) s
B T (T— S)afagfl
e (8) T / LT s, u(s), (6u)(s), (u)(s)) — £(5, 0(s), (0)(5), (¥0)(5)) s
0 INa — as)
T T
ool [ lon(s. u(s)) = gnls, o(s))ds + pam (0] [ lloa(s.us) = gn(s. ()]s
0 0
T
s (®) / 925, u(s)) — ga(s, v(s)llds
tp— gyl T _ g1
< [ SR me vlds + ool [ ST b - olas
T _ g a—ap—1
Ham (@ [ a9 ol s
g —2 4 (T — S)oz—ag—l
+|pen2 ()| T /o WM(S)HU—UHCZS
T T T
Hrokol / Lollu — vllds + [ (8) / Ll — vllds + [vara(t) / Lllu— vlds
< % ((1 + ok )T | M| |T! Aa|po| T2 )) Il — o]

M(a+1) TNla—a1+1) T(a—az+1
+(M0|I/050| + M1)\1|V1| + M2>\2|U2|)T||’U, — 1)”
= [(Mo[ro&ol + MiAi[vr| + MaXa|v2)T + ZLsAs]||u — vf| = pllu — .
Observe that p depends only on the parameters involved in the problem. As p < 1 (Hy), therefore F is

a contraction. Thus, by the contraction mapping principle (Banach fixed point theorem), it follows that
problem (1.1) has a unique solution on [0, T7]. O

Our next existence results is based on Krasnoselskii fixed point theorem [31].

Theorem 3.2. (Krasnoselskii). Let M be a closed, bounded, convex, and nonempty subset of a Banach
space X. Let A, B be two operators such that (i) Ax + By € M whenever x,y € M; (ii) A is compact and
continuous; (iil) B is a contraction mapping. Then there exisz € M such that z = Az + Bz.

Theorem 3.3. Assume that (H1)-(H3) and (Hs) hold. Then the boundary value problem (1.1) has at least
one solution on ¢ provided

|po&o| T Ai|p [T E oo | T2
MNa+1) T(a—a1+1) TDNa—az+1)

) + (Lolvobol + Ll | + Loda|va])T < 1.

Proof. Let us fix

r Z (M0|V0€0| + Ml)\1|l/1| + MQ)\Q|V2DT+ )\3||(,L}HL1.
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and consider B, = {u € .7 : ||u|| < r}. We define the operators ® and ¥ on B, as

t _sa—l
(@u)(t) = / “F(O{)f(s,u<s>,(¢u><s>,(«/m)(s))ds
)a—l

T —
(W) = pato [ T s, (), (b))

T _ s a—a;—1
rmO7 [T I o), (09, () 6) s

T (T _ S)a—ag—l

IMNa — a9) f(s,u(s), (Pu)(s), (Yu)(s))ds

+ e () T2 2 /
0
T

T T
oo / gols, u(s))ds + 1y (8) / g1(s,u(s))ds + vama(t) / g2, u(s))ds.

0
Let us observe that if u,v € B,., we find that

@+ @0l = | [ CEE . @, @

(@)
T a—1
o | (T;(jf)f( ols), (60)(s), () (3))ds
T a a;—1
+pam ()T~ 1/0 o —on) ———f(s,v(s), (¢pv)(5), (¥v)(s))ds
T a as—1
(@7 [ s u(s) (00) 0 (o) o)) s

T T
o / go(s,0(s))ds + v (1 / g1(5,0(s))ds + varpa() / g2<s,v<s>>ds|

||W|| L (1 + |NO£0|)TQ Al':ul‘Ta_l AQ'MQ‘TCX—2
L L(a+1) Fla—a+1)  T(a—as+1)

+(Mo|vobol + MiAi|vi| + MaAa|ve|)T

= (M0|I/0€0| + Ml)\1|V1| + M2>\2|V2|)T+ )‘BHWHLI é r.

IN

Thus, ®u + Yv € B,. It follows from the assumption (H;)-(Hs) that ¥ is a contraction mapping for
[obolT* | Mafpa| T} Ag|pg|T* 2
MNa+1) T(a—a;+1) TDa—as+1)

Continuity of f implies that the operator ® is continuous. Also, ® is uniformly bounded on B, as ||[Du| <

lwllz1 /T(c + 1). Now we prove the compactness of the operator ®. In view of (Hs), we define

sup | f(t,u, pu,pu)|| = frmaz, = F X B, X B, x By,
(t,u,pu,pu)€Q

) + (Lolvoéol + Lii|vi| + Loda|va|)T < 1.

and consequently, for t1,%o € ¢ with ¢; < t2, we have

|(@u)(t2) — (@u)(t)]| < \ / e m ) = =T ), (su)(s), () (5))ds

+ / 2 “%(ifff (s, u(s), (6u)(s), (¥u)(s))ds
p(fmfn 2(t2 — 1) + 15 — 9],

which is independent of z. So @ is relatively compact on B,.. Hence, By Arzela Ascoli Theorem, ® is compact
on B,.. Thus all the assumptions of Theorem 3.2 are satisfied and the conclusion of Theorem 3.2 implies that
the boundary value problem (1.1) has at least one solution on _#. O
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4 An example

Consider the following nonlinear fractional integrodifferential equations boundary value problem

1 1 Ju(®)] O] P lu(s)le”
°D5/2u(t) = — / d /—d te 7 =001
=5t srorienm T B st ), Brjueprses €S =0
1 ! |u(s)] 1 1 ! 1
0) = u(l — 2L s, lim [t7Y2DY2u(t)) = = DY2u(1 / —————ds, (4.
u(0) = 5u( ”/0 0+ ()15 Al w®l = 3D+ | e s
1 P )l
lim [£=Y2¢p3/2()] = = D3/2u(1 / S bl oA BN P
t—1>%1+[ u(t) 4 u(l)+ o 174+ u(s)|+s 8
Here T=1,a=5/2, 01 =1/2, a0 =3/2, uo =1/2, p1 = 1/3, p2 = 1/4, vy =1 = vz =1, and
1 1 x |l lule™t
t -4 - = t - st =
|ul 1 |ul
S,u) = —————, S,u) = ———, S,U) = ————.
go(s, ) 10 + |u| + s gu(s) A+ [ul + s g2 ) 17+ [u| + s
As )
£t 1,91, 21) — f(t, 22, Y2, 22) || < 6 +t7>2 lz1 — z2| + [lyr — w2l + (21 — 22,
1 1 1
llgo(s, w) = go(s,v)ll < g5l = ol llgo(s, Wl <1, llga(s, w) = gu(s,v)ll < ggllu =l llgol(s, W)l < 7

1 e ) 1
- < —Ju— <1 — ds|| < ——lu—
loa(s, = gals 0] < el ol an(ovoll <1 | [ (5o - Y o) < -

1 4 »
lu(s)e lv(s)|e 1
_ A ST
‘/0 (25+|u(5)|2+s 25 + |v(s)|2 + s ds|| < 25et”u vl

therefore, (Hy)-(H3) are satisfied with % = 1/10, £ = 1/16, % = 1/17, L1(t) = 1/(5+t)?, La(t) = Ls(t)

1, p(t) = q(t) = 1/(25¢"). Further, & = 2, & = 3V//2, & = 4v/7/3, A1 = sup{lm ()| = BV/A/4)[1 +1| -t €
A} = 3VT/2 A = sup{ma(t)] = (VT/9)[3E2 + 2+ 5] : t € £} = 20/7/9, As = 16/(15y/7) + 20/7/36,

Ly =sup{M(t) = L1(t) + La(t)p(t) + L3(t)q(t) = 1/(5+ t)* + 2/(25¢") : t € _#} = 3/25, and

~ 0.841414 < 1.

1 16 393077
= T = —
p = (Lol + L[| + Loda|ve)T + L33 E + 1257 T 122400

Thus, by Theorem 3.1, the boundary value problem (4.1) has a unique solution on [0, 1].
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IDENTITIES OF SYMMETRY FOR HIGHER-ORDER
¢-BERNOULLI POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. Recently, the higher-order Carlitz’s g-Bernoulli polynomials are
represented as g-Volkenborn integral on Z, by Kim. A question was asked in
[13] as to finding the extended formulae of symmetries for Bernoulli polyno-
mials which are related to Carlitz ¢g-Bernoulli polynomials. In this paper, we
give some new identities of symmetry for the higher-order Carlitz’s g-Bernoulli
polynomials which are derived from multivariate g-Volkenborn integrals on Zj,.
We note that they are a partial answer to that question.

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completion of algebraic closure of QQ,. The p-adic absolute value

in C, is normalized so that |p|p = p~!. Let ¢ be an indeterminate in C, with

|1 — q|p < p_ﬁ. We say that f is uniformly differentiable function at a point
a € Zy, if the difference quotient,

Fy : 2y x Ty Ty by Fy(z,y) = 1D =7 W
r—y
have a limit | = f'(a) as (z,y) — (a,a). If f is uniformly differentiable on Z,, we
denote this property by f € UD (Z,).
For f € UD (Z,) , the ¢-Volkenborn integral is defined by Kim to be

i

. R .
1) Iq(f)/pr(w)duq(w)ngnooM;)f(x)q,
where [z], = %, (see [12, 13, 14]).
From (1), we note that
(2) ol () = 1, () + (0= 1) £ 0) + 1 (0)

where f1 (z) = f(x +1).
As is well known, the Bernoulli polynomials are defined by the generating func-
tion to be

(3) !

B(z) ZOO "
xt x)t
— € =€ = B, (x)—.
et —1 n (@) n!
n=0
2000 Mathematics Subject Classification. 11B68; 11S80.
Key words and phrases. Identities of symmetry; Higher-order Carlitz’s g-Bernoulli polynomial;

Multivariate g-Volkenborn integral.
1
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2 DAE SAN KIM AND TAEKYUN KIM

When = =0, B,, = By, (0) are called the Bernoulli numbers.
By (3), we get

1 ifn=1
4 B+1)"-B, = d By =1.
@ (B+1)"~Bn {0 ifn>1, 070
In [3], Carlitz defined ¢-Bernoulli numbers as follows :
1, ifn=1
5 _ 17 +1 n e = )
(5) Bo.q q(aBq ) Br.q {07 ifn>1,

with the usual convention about replacing B; by Bi.q-
From (4) and (5), we note that lirr{ Br.g = Bu.
q—

The g-Bernoulli polynomials are given by

(6) Bn.q (x) = é (7) T

_ (cﬁﬂq + [:c]q)n7 (n>0), (seel2, 3,4, 14)).

In [12], Kim proved that Carlitz g-Bernoulli polynomials can be written by g¢-
Volkenborn integral on Z,, as follows :

(7) ﬂn,q()=/z[ ol dig ()
=Z() "”””/Zp[y]fzduq(x)-

Thus, by (7), we get

(8) Brg = / @l dig (), (n>0).

P

From (2), we note that

qg—1 ifn=0
9) o[ o+t @~ [ i@ ={1 =
%> % 0 if 0> 1.
By (7), (8) and (9), we see that
(10) fog = 1, Q(qﬂﬁl)"ﬁn,q{é o
Let
W h=lmh 0= [ f@d
D N_1
:ngnoop— Z f(x), (see[12,23,24]).

Then, by (2), we get
(12) L(f1) = L(f)=f(0).
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IDENTITIES OF SYMMETRY FOR HIGHER-ORDER ¢-BERNOULLI POLYNOMIALS 3

Let us take f (z) = e!*. Then we have

ot I A
(13) /Zpe s () = _;Bnm,
and
t = t
(1) e ) = () e =B
P n=0

For r € N, the higher-order Bernoulli polynomials are defined by the generating
function to be

) (ett_lyezt:(ett—l)xmx(ett—l)ezt i in

r—times

By (14), we get
(16) / / T qpy (yy) - dpg (yr) = (et 1) "
Zp » -

_ Z B(T)

In [3, 4], Carlitz introduced the g-extension of higher-order Bernoulli polynomials
as follows :

1 " /n [+1 "
(17) 5(T)() (1_q>n§;(l>(—l)lqlw<[l:1]>7

= q

where n > 0 and r € N.
Note that lirri@(f)] (z) = B (z).
q—

From (16), we note that
(18) / / (@+y1+-+y)" du (1) - -dps (yr) = BY (x),
Z, Z,
where n > 0 and r € N.
In this paper, we consider g-extensions of (17) which are related to higher-order
Carlitz’s g-Bernoulli polynomials. The purpose of this paper is to give some new
and interesting identities of symmetry for the higher-order Carlitz’s ¢-Bernoulli

polynomials which are derived from multivariate ¢-Volkenborn integral on Z,.

2. IDENTITIES OF SYMMETRY FOR HIGHER-ORDER ¢-BERNOULLI POLYNOMIALS

In the sense of g-extension of (18), we observe the following equation (19)

(19) // [+ gl dg () - ditg ()
RO VRS ET Y
‘(1—q>”§<l>( e ([m]q)

1079 DAE SAN KIM ET AL 1077-1088



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

4 DAE SAN KIM AND TAEKYUN KIM

Thus, by (17) and (19), we get
20) A (@) =/Z / [ g+ o+ ] dpig (31) - g ()

where n > 0 and r € N.
Let us consider the generating function of Bn,q (z) as follows :

(21) Zﬂnq S [ ety )y ).

For wi, we € N, we have

(22)
1 + T+ T t
[w ]T / / e[unwza: w2 Doy Jitwi Doy yz]q d/J,quq (:y1) . ..dqul (yr)
1 q YLy Ly
1 A . ,
— lim = Z e[w1w2w+w2 2l Jitwr 300 yl]qtqwl(y1+“‘+yr)
Vo \ o, 0T ), 2
r
li L
= 11m e
N—o0 [wl]q [prN]qwl
N
—1
y 22 [wiwez+ws 37—y Gitwi 7y vi] t w (g4 tyn)
Y1, ,yr=0
1 L '
= 11m
N —oc0 [wlwgpN]q
wo—1 prl

i1, tr=0y1,,yr=0
Thus, by (22), we get

wi—1

(23) Y i

bl 51, 5o

o / / e[w1w2m+zlr:1(wzjl+w1yl)]qtdqu1 (y1) g (yr)
1 r wip—1 wa—1
= 1. e —
Ngnoo ([wlepN]q> Z 04 Z 0
1,05 Jr=0141,  ip=

N
p—1
~ Z e[wlwﬂ‘*‘zlr:l(wzjz+W1iz+w1w291)]qtq2f=1(’W1iz+wzjz+w1wzyz)

Y1, yYr=0
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IDENTITIES OF SYMMETRY FOR HIGHER-ORDER ¢-BERNOULLI POLYNOMIALS 5

By the same method as (23), we get

1 wz—l

[ ]T Z qwl Z{:1 jl
w2

9 j1,++,3r=0

« / / e[w1w2w+2{:1(w1jz+w2yz)]qtdﬂqw2 (y1) » ~d/quz (yl)
Ly Zyp

1 T we—1 wy—1
p— 1. -
i () X%

Jiye s Jr=041,ip=0

(24)

N
p—1
« 2 : e[w1w2$+ZLT:1(wljl+w2il+w1w2yl)]qtq2{:1(w2i1+w1jl+w1w2yl)

Y1, ,yr=0
Therefore, by (23), we obtain the following theorem.

Theorem 1. For wy, wy € N, we have

wy—1

1T S Tl

bl 5, o

« / » ./ e[wlwzi—i_zﬁ:l(ijl+w1yl)]qtdqu1 (yl) . d/J/q“’l (y’r)
Zy Zyp

’u}g—l

_ S T

[walg 5, 550

X / B / e[wlu}ﬂ—i_ZLl(wljﬁwwl)]“tdﬂqw (y1) -+ dpgwz (yr) -
Z, Zp

It is easy to show that
(25) [wiwaz +wa (1 + -+ jr) + w1 (Y1 + - +yr)],

w . .
:[wl]q [wzfﬂ-l-w?(]1+-~-+],«)+(y1+---+yr)
q®1
Therefore, by (20), Theorem 1 and (25), we obtain the following corollary, and
theorem.

Corollary 2. Forn >0 and wi, wy € N, we have

wi—1
[wily ™" Z g2 izt
JiyJr=0
wa . . "
<[ [ng+2<ﬁ+---+yr>+y1 +~--+yr} dptgos (1) -~ diigen (3)
Zy Z, w1 g1
wo—1
Sl Y g
Jiyeesjr=0
wy . . "
X / / [w1$+1(31+“'+3r)+yl +"'+yr:| dpgea (Y1) -~ dptgwz (yr) -
Zy Zy Wa qw2
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Theorem 3. Forn > 0 and wy, wy € N, we have

wyp—1

n—r w w . .
i S0 quet gl (wzx+wf(m +"'+]r))

Iy dr=0
’wgfl w
- ietj 1. .
= [UJQ]Z " Z qwl(]lJr +Jr)ﬂ,(:,)1w2 (wla: + UTQ (Ji+--- —&—],,.)) .
Jise5r=0

Remark. Let wy = 1. Then we have

w1—1 . .
r n—r i1t ]1++]r
By o) =y Y A (o ),

Jiyegr=0

By (20), we see that

(20
w . . "
/[wmuf<g1+~~+ar>+y1+~~+yr tges () g ()
Z

[
0"

-
205

) ]1 4 jr];wz qw2("—i) >oi—1 i

n—i

W + Z yz] dpiger (y1) - - dpigur (yr)

qvL

X
N\

P

3

) Jl+"'+jr]7;w2q 2(n=1) 20 17157(:’)2 ,qwl (w2$)~
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From Corollary 2 and (26), we have
wlfl

@27)  [wly" Y gvrEimd

Jise5dr=0

T r n
w2 .
X/ / W+Zﬂ+2yl] dpger (y1) -+ - dpiger (yy)
Lp Ly w1 7 1=1 gt

wy—1 n
r . n i —i—r
= Z qwz Si=adi Z (Z) [wQ]Z [wl}g [

Jiyee Jr=0 1=0

X [+ + jr]zwz qwz(n*i) >i-1 jlﬁff_)i,qwl (wa)

= Z <TZL> [wz]; [w1]2_i_r ﬁT(Qi,qwl (wo)
i=0

wlfl
X3 Dt G, gD R
Ji,e5dr=0
- n n—t i—r r
= <Z> [w2]q [wl]q Bf,q)ml (’LUQ[Z?)
1=0
wlfl . .
X Z []1 4+ 4 j’l"]gw_; qwz(z+1) ST a
Ji, 5 3r=0
- n n—t i—r w
Z(JW% [wrly " Bl (wa) T (wilg™?),
i=0
where
w—1 ‘ .
(28) TN (wlg)= Y [+l gD B,
jl)'” )j'r‘:()
By the same method as (28), we get
11)271
(29) [wz]Z_T Z gV Zi=1 it
Ji,5Jr=0
W1 o | s "
x/ / W+ LS 5w | duges (1) diges ()
Zr Lo W2 =1 qwa

n n—i i—r r T 1
:z(JWm el B0, (wn2) T (wslg™)
=0

Therefore, by Corollary 2, (27) and (29), we obtain the following theorem.
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Theorem 4. Forn > 0 and r, wy, we € N, we have

7

= n n—1i —r T T w
3 () fn ] ]’ B, (w012) TS (™)

= n n—i 1—7r r r )
=3 (%) fualy ol 7 B0 ) T Cwnla ).
0

1=
where
w—1
T (wlg) = 3 [+ g g T,

JiseeeJr=0

For h € Z and r € N, we have

é .../Z [x.'.yl+...+yr]ngz‘:l(h7l)yld'ulq (yl)...duq (yr)
P P Y
(n>( yo L pz_l IS S (=l L)y
) (=1 ——— lim ——= g’ =i=1 9 gia=11"" !
_ ~ [pN1"
j (I=q)" Nooo [PN], 2=,

“> 07 GARG =)ot
J (=" G+nl,H+h=1, - +h-r+1],

.

7=0

3 |l

<
Il
o

n

_ 1 LAY (jJrrh) r!
B (5) 0

7=0 J T

2

where x I e b P o P U R b e
), [l 1R,

From (18), we can also define g-extensions of higher-order Bernoulli polynomials
as follows :

(30) ﬁr(fﬂ}r) (m):/z /Z [$+y1+~--+yr]ZqZZ?1(h_l)y’duq (y1) -~ dug (yr),

wheren >0 and h € Z, r € N.
Let wy, we € N. Then we see that

(31)

1 wlfl

— Z g2 >y (h=i+1)5

[wl]q Jis e =0

x/ / ¢ Z7:1(h*l)yl<=:[wlw2g["+zle(wmJﬂ“”lyl)]zzt<i,ttqwl (y1) - - - dpger (yr)
ZP Zp

1 1,U2—1
_ Y g it

T
[w2]q Jiser5Jr=0

. / a / g S [orvss Bl ickeswl by ) s ().
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From (31), we have

(32)
w1—1
[wl]gﬂ” Z g2 2= (b=l D5
Jiyeesgr=0
w T r n
r _ 2 .
x/ / g Zi=1(h=Dy WHwZJWZw] dpgur (y1) -+ - dpger (yr)
Zp  JIp L= =1 lgw
wo—1
S D SR Sl
Ji,,Jr=0

n

r r
w1 .
w1T + Wy Zjl + Z yl] dprgez (y1) -+~ dpgez (yr)
=1 1=1

q"2

X / .. / qw2 i (h=Dw
Ly Zp

wheren >0and r € N, h € Z.
Therefore, by (30) and (32), we obtain the following theorem.

Theorem 5. Forn >0, h € Z and w1, w2 € N, we have

wlfl

— T (h— it a(h, w2 . :
[wl]g r Z g2 2 (h l+1)]lﬂ7(l’qz’)l (ng + UTQ (14 + jr))
JiseeeJr=0 !
wa—1 w
_ - 7 (h=14+1)j; g(h,r) Los i
= [wz]g T | Z qu1 2= (h=l+ )Jzﬁn7q22 (wlx 4 UTQ (j1+-- _|_]T)> .
iy dr=

From (30), we can derive the following equation :

(33)

/Z..

P

n

s T
w2 .
wor + = EDD yz] dpsger (y1) -+ dpgor (yr)
=1 =1

q"1

/ g i (=D
ZP
q

n
1

" wal, \ L —
=2 ( ) ([wl] [+ o Gl g0 i
=0 q
r n—1
></ / g Dim e w2x+2yz] dprgon (1) -+~ dpgor (yr)
Zp Zyp =1 qw1

i
" /n [’U)g] . Y wa(n—:i) ST 4 T
= Z (Z) ( q) []1 + .- +.7'r‘]qW2 q 2( ) 2=t ]lﬁé}ii?qw1 (wa) .
=0

[wi],

1085 DAE SAN KIM ET AL 1077-1088



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

10 DAE SAN KIM AND TAEKYUN KIM

By (33), we get

(34)
wi—1
[wl];lﬂ“ Z g2 2= (b=l
Jiyeesgr=0
v [ g Zin(=Dy Y2575
X/z /[qu = (=D wzx+w12ﬂ+zyz dpger (y1) -+ - dpages (yr)
» » =1 =1 lqu
wi—1 ] n n ) ) )
> B0t S (" ) ol e
Jis e =0 1=0
O S 400
n n wi—1
i n—i—r h,r . .11
S () b B ) S it
i=0 Jiy5Jr=0
% qwg >oi—q1(n+h—=l—it+1)j
= n n—i i—7r h,r h, w
S () twaly oy 8520 (a7 Cnla™).
=0
where
w—1
h, . . n—i T (i+h— j
(35) T’r(z,ir) (wlg) = Z 14+l gtz (A=
j17...7jT:O
By the same method as (34), we see that
(36)
71)271
[wz]g—’“ Z gt Zi= (A=l
Jis - =0
. o w T , T
x/ / g2 Xz (MU wlfC‘waZJerZyz dpiguz (Y1) - - dpgz (yyr)
Zp Ly =1 =1 qw1

= n n—ia i—r h,r h,r w1
=3 (%) fonly w7 82 (n) T (™).
1=0

Therefore, by (34) and (36), we obtain the following theorem.

Theorem 6. Forn >0, h € Z and r, wy, we € N, we have

n
n —1 i —T ,T T w
> () ey ol 852 ) T Cnla™)

n n n—i i—r S - )
:Z (Z) [wl]q [w2]q 51(’211)2 (’LU13;‘) bei ) (w2‘qw )’

=0
where
w—1
h, . R — o
T (wlg) = S0 [ 44,0 T it
Ji,,Jr=0
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Remark. A p-adic approach to identities of symmetry for Carlitz’s g-Bernoulli poly-
nomials has been studied in [10].
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FUZZY STABILITY OF FUNCTIONAL EQUATIONS IN MATRIX
FUZZY NORMED SPACES

CHOONKIL PARK, DONG YUN SHIN*, AND JUNG RYE LEE

ABSTRACT. Using the fixed point method, we prove the Hyers-Ulam stability of the
Cauchy additive functional equation and the quadratic functional equation in matrix
fuzzy normed spaces.

1. INTRODUCTION AND PRELIMINARIES

The abstract characterization given for linear spaces of bounded Hilbert space operators
in terms of matricially normed spaces [65] implies that quotients, mapping spaces and
various tensor products of operator spaces may again be regarded as operator spaces.
Owing in part to this result, the theory of operator spaces is having an increasingly
significant effect on operator algebra theory (see [19]).

The proof given in [65] appealed to the theory of ordered operator spaces [12]. Effros
and Ruan [20] showed that one can give a purely metric proof of this important theorem
by using a technique of Pisier [55] and Haagerup [27] (as modified in [18]).

The stability problem of functional equations originated from a question of Ulam [71]
concerning the stability of group homomorphisms.

The functional equation

flx+y) = f@)+ fy)

is called the Cauchy additive functional equation. In particular, every solution of the
Cauchy additive functional equation is said to be an additive mapping. Hyers [28] gave
a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [2] for additive mappings and by Th.M. Rassias [59]
for linear mappings by considering an unbounded Cauchy difference. A generalization of
the Th.M. Rassias theorem was obtained by Gavruta [26] by replacing the unbounded
Cauchy difference by a general control function in the spirit of Th.M. Rassias’ approach.

In 1990, Th.M. Rassias [60] during the 27" International Symposium on Functional
Equations asked the question whether such a theorem can also be proved for p > 1. In
1991, Gajda [25] following the same approach as in Th.M. Rassias [59], gave an affirmative
solution to this question for p > 1. It was shown by Gajda [25], as well as by Th.M. Rassias
and Semrl [64] that one cannot prove a Th.M. Rassias’ type theorem when p = 1 (cf. the
books of Czerwik [16], Hyers, Isac and Th.M. Rassias [29]).

The functional equation

fl+y) + flz—y) =2f(x) +2f(y)

2010 Mathematics Subject Classification. Primary 47125, 47TH10, 46540, 39B82, 461.07, 39B52, 26 E50.
Key words and phrases. operator space; fixed point; Hyers-Ulam stability; matrix fuzzy normed space;
Cauchy additive functional equation; quadratic functional equation.
*Corresponding author.
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is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem
for the quadratic functional equation was proved by Skof [70] for mappings f : X — Y,
where X is a normed space and Y is a Banach space. Cholewa [13] noticed that the
theorem of Skof is still true if the relevant domain X is replaced by an Abelian group.
Czerwik [14] proved the Hyers-Ulam stability of the quadratic functional equation. The
stability problems of several functional equations have been extensively investigated by
a number of authors and there are many interesting results concerning this problem (see
[1, 21, 30, 32, 33, 38, 39, 40, 41, 42, 43, 49, 53, 58, 61, 62, 63, 68, 69]).

The theory of fuzzy space has much progressed as developing the theory of randomness.
Some mathematicians have defined fuzzy norms on a vector space from various points of
view [3, 24, 35, 37, 46, 72]. Following Cheng and Mordeson [8], Bag and Samanta [3] gave
an idea of fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil
and Michalek type [36] and investigated some properties of fuzzy normed spaces [4].

We use the definition of fuzzy normed spaces given in [3, 46, 47] to investigate a fuzzy
version of the Hyers-Ulam stability for the Cauchy-Jensen functional equation in the fuzzy
normed algebra setting.

Definition 1.1. [3, 46, 47, 48] Let X be a real vector space. A function N : X x R —
[0,1] is called a fuzzy norm on X if for all x,y € X and all s,t € R,
(Ny) N(z,t) =0 for t <0;
(Ny) x = O if and only if N(z,t) =1 for all ¢t > 0;
(N3) N(cz,t) = N(z v|:b;|) if ¢ # 0;
(Ng) Nz + g5 +1) > min{N(z, 5), N(5, )}
(N5) N(z,-) is a non-decreasing function of R and lim; ,,, N(x,t) = 1;
(Ng) for  # 0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed space.

Definition 1.2. [3, 46, 47, 48] (1) Let (X, N) be a fuzzy normed space. A sequence {z,}
in X is said to be convergent or converge if there exists an € X such that lim,, ., N(x, —
x,t) = 1 for all £ > 0. In this case, x is called the limit of the sequence {z,} and we
denote it by N-lim,, .. z, = x.

(2) Let (X, N) be a fuzzy normed space. A sequence {z,} in X is called Cauchy if for
each € > 0 and each ¢t > 0 there exists an nyg € N such that for all n > ng and all p > 0,
we have N(2,4p — 2, t) > 1 —c.

It is well-known that every convergent sequence in a fuzzy normed space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the
fuzzy normed space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed spaces X and Y is continuous
at a point xy € X if for each sequence {z,} converging to zy in X, then the sequence
{f(x,)} converges to f(zo). If f: X — Y is continuous at each x € X, then f: X - Y
is said to be continuous on X (see [4]).

We introduce the concept of matrix fuzzy normed space.

Definition 1.3. Let (X, N) be a fuzzy normed space. (1) (X,{N,}) is called a matriz
fuzzy normed space if for each positive integer n, (M,(X), N,) is a fuzzy normed space
and Ny(AxB,t) > N, (x, IIAII?HBH> for all t > 0, A € My, (R), x = [z;;] € M,(X) and
B € M, ,(R) with ||A] - || B]| # 0.
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(2) (X,{N,}) is called a matriz fuzzy Banach space if (X, N) is a fuzzy Banach space
and (X,{N,}) is a matrix fuzzy normed space.

Example 1.4. Let (X, {||-||.}) be a matriz normed space. Let N,(x,t) :=
t>0 and z = [x;5] € M,(X). Then

for all

_t
t+|zlln

t
t TAT-IB]

> —
4 [A2Bl = e+ AT Talla - 181~ Taya + 2l

forallt >0, A€ My,(R), x =[] € Mp(X) and B € M, ;(R) with || A|| - |B|| # 0. So
(X, {N,}) is a matriz fuzzy normed space.

Let E, F' be vector spaces. For a given mapping h : EF — F' and a given positive integer
n, define h,, : M, (E) — M, (F) by

hn([35]) = [P(35)]

for all [x;;] € M, (F).

Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on X if
d satisfies

(1) d(z,y) = 0 if and only if x = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z, z) < d(z,y) + d(y, z) for all z,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.5. [5, 17] Let (X, d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given
element x € X, either
d(J"z, J"x) = o0
for all nonnegative integers n or there exists a positive integer ng such that
) d(J"x, J" ) < oo, Vn > no;
) the sequence {J"x} converges to a fized point y* of J;
) y* is the unique fized point of J in the set Y = {y € X | d(J"z,y) < oo};
) d(y,y*) < 7=d(y, Jy) for ally € Y.

In 1996, G. Isac and Th.M. Rassias [31] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications.
By using fixed point methods, the stability problems of several functional equations have
been extensively investigated by a number of authors (see [6, 7, 22, 23, 34, 45, 50, 51, 54,
56)).

Throughout this paper, let (X, {N,}) be a matrix fuzzy normed space and (Y,{N,}) a
matrix fuzzy Banach space.

In Section 2, we prove the Hyers-Ulam stability of the Cauchy additive functional
equation in matrix fuzzy normed spaces by using fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the quadratic functional equation in
matrix fuzzy normed spaces by using fixed point method.

2. HYERS-ULAM STABILITY OF THE CAUCHY ADDITIVE FUNCTIONAL EQUATION IN
MATRIX FUZZY NORMED SPACES

Using the fixed point method, we prove the Hyers-Ulam stability of the Cauchy additive
functional equation in matrix fuzzy normed spaces.
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We will use the following notations:

M, (X) is the set of all n x n-matrices in X;

e; € My ,(R) is that j-th component is 1 and the other components are zero;

E;; € M, (R) is that (7, j)-component is 1 and the other components are zero;

E;; ® x € M, (X) is that (i, j)-component is  and the other components are zero.

Lemma 2.1. Let (X,{N,}) be a matriz fuzzy normed space.
(1) No(BEr @ z,t) = N(x,t) for allt >0 and x € X.
(2) For all [x;;] € M, (X) and t = tij,

N<xkl7t) Z Nn([xl]Lt) Z mln{N(xﬁth) : Z?] = 1a27 e 7”}7

t
N(zg,t) > Np([zi],t) > min{N (:L"ij, 2) i =1,2,--- ,n}.
n

n
ij=1

(3) limyyo0 T, = @ if and only if imy, o0 Tijn = Tij for T, = [@ijn], v = [245] € Mi(X).

Proof. (1) Since Ey ® © = ejxe; and |le;] = |le|| = 1, No(Ew ® x,t) > N(z,t). Since
ek(Ekl & .1')6? =, Nn(Ekl X $,t) < N(l‘,t) So N(Ekl (%9 iL’,t) = N(l‘,t)

(2) Nz, t) = Nlelwiler,t) > No ([0, roitiog) = Nallzi], £)-

Nn([x,]],t) = Nn (Z Eij & Iij,t) Z IIllIl{Nn(Ew X Iijatij> : ’L,j = 1, 2, s ,n}

ij=1
= min{N(z,t;) 14,5 =1,2,--- ,n},
where t = 37, tij. So Ny([z5],t) > min {N (%'7 %> 1,7 =1,2-- ,n}.

(3) By N(zk,t) > Np([zi;],t) > min {N (x,-j, %) ti,j=1,2,--- ,n}, we obtain the
result. O]

For a mapping f: X — Y, define Df : X? - Y and Df, : M, (X?) — M,(Y) by
Df(a,b) = fla+b) — f(a) — f(b),

D fullzig)s lyig]) := fullws + yis]) — Fullzsg]) — fallyis))
for all a,b € X and all x = [2;;],y = [yi;] € M,(X).

Theorem 2.2. Let ¢ : X? — [0,00) be a function such that there exists an a < 1 with
o(a,b) < %gp (2a, 2b) (2.1)
foralla,be X. Let f : X =Y be a mapping satisfying

t
Nn(Dfn([xij]a [yij])’ t) 2 t+ ZZ]’:I ¥ (xijv yij)

for allt >0 and x = [z],y = [yi;] € Mn(X). Then A(a) := N-lim;_,o 2'f (%) exists for
each a € X and defines an additive mapping A : X — Y such that

N . 2(1 — a)t
N (o) = Aullmal) 0 2 g s

(2.2)

(2.3)

for allt >0 and x = [x;;] € M, (X).
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Proof. Let n = 1. Then (2.2) is equivalent to
t

N(f(a"‘b)_f(a)_f(b)at)Zm (2.4)
forall t > 0 and a,b € X.
Letting b = a in (2.4), we get
t
N (f (2a) —2f(a),t) 2 m (2.5)
and so
N(f(a)—Qf(a) t>> LA (2.6)
2)7) T ttp(sg)  tHse(aa) '
forall £t >0 and a € X.
Consider the set
S:={g: X =Y}
and introduce the generalized metric on S:
d(g,h) = inf{n € Ry : N(g(a) — h(a), ut) > m, Va € X, Vi > 0},

where, as usual, inf ¢ = 400. It is easy to show that (.S, d) is complete (see the proof of
[44, Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

a
=2q | =
Jg(a) :=2g (2>
foralla € X.
Let g,h € S be given such that d(g,h) = . Then
N —h > —
(a(e) = ha).et) > s
for all @ € X and ¢ > 0. Hence

N (Jg(a) — Jh(a),act) = N <29 (g) —2h (;) ,aet) =N (g (;) —h (;) ,3‘@)

. . ‘
Z Z at «a =
%t—F(P(%,%) ?+§¢(aaa) t+(p(a'7a)
for all @ € X and ¢t > 0. So d(g, h) = € implies that d(Jg, Jh) < aec. This means that

d(Jg, Jh) < ad(g,h)

for all g,h € S.
It follows from (2.4) that d(f, Jf) < §.
By Theorem 1.5, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed point of J, i.e.,
1
A <a> — ~Aa)

2 2
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for all a € X. The mapping A is a unique fixed point of J in the set
M={ge€S:d(f g) <oo}.
(2) d(J'f, A) = 0 as | — oco. This implies the equality

. 1 g o
N_IIE?OZ f (21> = A(a)
for all a € X.
(3) d(f,A) < t=d(f, Jf), which implies the inequality
a

2 — 2«
By (2.2),

N(zlf <a;b> _sz@l) —oly <2bl>,21t> 2t+s0E§z,bl)

2
for all a,b € X and t > 0. So

. fa+b e i 37
w2 2 (3) )2 e

for all a,b € X and t > 0. Since hmmoo“rj;l(b)zl for all a,b € X and t > 0,
oA T ol PG

N(A(a+b)— A(a) — A(b),t) =1

for all a,b € X and t > 0. Thus A (a +b) — A(a) — A(b) = 0. So the mapping A: X — Y
is additive.

By Lemma 2.1 and (2.7),

d(f,A) <

(2.7)

Nalfallei]) = Aullzl),t) = win{ N (fzg) = Alwg), 55) 1id = 1,2, 0]
. 2(1 — a)t .
> rmn{2(1 B R P i, =1,2,--- 7n}
2(1 —a)t

2(1 — a)t + na Zgjzl o(xij, xi5)

for all v = [z;5] € M,(X). Thus A : X — Y is a unique additive mapping satisfying (2.3),

as desired. O

Corollary 2.3. Let r, 0 be positive real numbers withr < 1. Let f : X — Y be a mapping
satisfying

t
2 n T T
b+ 20 = Ol 17+ Myisl7)

for allt >0 and x = [x;j],y = [yij] € M(X). Then A(a) := N-limy_,, 2'f (%) exists for
each a € X and defines an additive mapping A : X — 'Y such that

(2—2)t
N (ful[zij]) — An([zi]), 1) > 2—2)t+n2- 205" 0]y

1,j=1

No(D fo([zi], [yi5]) )

(2.8)
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for allt >0 and x = [x;;] € M, (X).

Proof. The proof follows from Theorem 2.2 by taking ¢(a,b) = 6(]|a||” + ||b]|") for all
a,b € X. Then we can choose o = 2"~ and we get the desired result. O

Theorem 2.4. Let f : X — Y be a mapping satisfying (2.2) for which there exists a
function p : X? — [0,00) such that there exists an o < 1 with

a b
b) < 2 -2
¢(a,b) < 2ap (2,2>

for all a,b € X. Then A(a) := N-lim;_,, %f (2%) exists for each a € X and defines an
additive mapping A : X — Y such that

L . 2(1 —a)t
N(fn([xw]) An([ Z]]),t) > 2(1 —a)t+n2 ZZj:l <P($z‘jyxij)

for allt >0 and x = [x;] € M, (X).

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

Jg(a) :==2g (a>

2
for all a € X.
It follows from (2.5) that d(f,Jf) < 3. So
1
d(f,A) < )
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let r, 0 be positive real numbers withr > 1. Let f : X — Y be a mapping
satisfying (2.8). Then A(a) := N-lim;_, %f (ZZa) exists for each a € X and defines an
additive mapping A : X — Y such that

N (fallzi]) = An(l2]), 1) =

for allt >0 and x = [x;;] € M,(X).

Proof. The proof follows from Theorem 2.4 by taking ¢(a,b) = 0(||a|” + ||b]|") for all
a,b € X. Then we can choose o = 27" and we get the desired result. O

(27 — 2)t

@ =2t S 0T

3. HYERS-ULAM STABILITY OF THE QUADRATIC FUNCTIONAL EQUATION IN MATRIX
FUZZY NORMED SPACES

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic
functional equation in matrix fuzzy normed spaces.
For a mapping f: X — Y, define Df : X? - Y and Df, : M, (X?) — M,(Y) by

Df(a,b) = fla+0b) + fla—b) = 2f(a) = 2f(b),

D fu([zij), [vis]) := fallzig + vig]) + fullzig — vi]) — 2fa((235]) — 2f0((yis])
for all a,b € X and all z = [x;;],y = [y;;] € M, (X).
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Theorem 3.1. Let o : X? — [0,00) be a function such that there exists an o < 1 with
v(a,b) < %gp (2a, 2b) (3.1)
foralla,be X. Let f: X — Y be a mapping satisfying f(0) =0 and

t
No(D fu(lzis]; [yi5]), ) > 0
S t+ 301 e (i, vij)
for allt >0 and x = [x;j],y = [yij] € M(X). Then A(a) := N-lim;_,o 4'f (%) exists for
each a € X and defines a quadratic mapping @ : X — Y such that
4(1 — a)t

(3.2)

N (fn([ivw]) - Qn([xlj])v t) > 4(1 _ Oé)t + n2q Z?j:l @(%jﬂ%j) (3'3)
for allt >0 and x = [v;;] € M, (X).
Proof. Let n = 1. Then (3.2) is equivalent to
N(fla+)+ fla—b) = 2f(0) = 20).0) 2 ;s (34)
forall £ >0 and a,b € X.
Letting b = a in (3.4), we get
N (f (2a) —4f(a),t) > W (3.5)
and so
a t t
N(f(a)_4f<2)’t>2t+¢(;,g)Zt+j¢(a,a) (3.6)

forallt > 0 and a € X.
Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

a
=4g | =
Jg(a) :=4g (2>
for all a € X.
Let g, h € S be given such that d(g,h) = . Then

t
N (g9(a) — h(a),et) > m

for all @ € X and ¢ > 0. Hence

N (Jg(a) — Jh(a),act) = N <4g (g) —4h (;) ,ast) =N <g <Z) —h <Z) ,Zet)

s s t
2 Zat @ -
%t—i-(p(%,%) T+ Se(aa) t+e(aa)

for all a € X and t > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < aec. This means that
d(Jg, Jh) < ad(g, h)
for all g,h € S.
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It follows from (3.4) that d(f, Jf) < .
By Theorem 1.5, there exists a mapping @ : X — Y satisfying the following:
(1) @ is a fixed point of J, i.e.,

a 1
2(3) = 100
for all a € X. The mapping () is a unique fixed point of .J in the set
M ={geS:d(f g) <o}
(2) d(J'f,Q) — 0 as | — oco. This implies the equality

N-Jim 4'f () = Qla)

ol
for all a € X.
(3) d(f,Q) < ﬁd(f, Jf), which implies the inequality
Q
A) < . .
a4 < 20 (3.7
By (3.2),

a+b a—b a b t
) () )2 )

207 2l
for all a,b € X and t > 0. So

pfatby e fa=by o (a5 (b i
w(er () () -2 () -2 00 (3) 1) 2 gt

for all a,b € X and ¢t > 0. Since lim;_, t‘}#
47+37@(a7b)
N (Q(a+8)+Qa—b) - 2Q(a) — 2Q(b),t) = 1
for all a,b € X and ¢ > 0. Thus @ (a + b) +Q(a—b) —2Q(a) —2Q(b) = 0. So the mapping
Q@ : X — Y is quadratic.
By Lemma 2.1 and (3.7),

=1forall a,b € X and t > 0,

No(fullei) = Qulleg)t) = min {N (f(ai) = Q). ) 16 = 12,0+ 1}
. 41— )t o -
2 min {4(1 — a)t + nPap(xij, i5) Li=L2, }
41 — a)t

>

- 4(1 — C()t + na Z?,j:l gO(iL'Z'j, xij)
for all x = [z;5] € M,(X). Thus @ : X — Y is a unique quadratic mapping satisfying
(3.3), as desired. O

Corollary 3.2. Let r, 0 be positive real numbers with r < 2. Let f : X — 'Y be a mapping
satisfying
t

> T
t+ 00— Ozl + Ny ll™)

Nn(Dfn([xijL [%’j])?t) (3'8)
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for allt >0 and x = [x;j],y = [yij] € M,(X). Then A(a) := N-limy_,o 4'f (%) exists for
each a € X and defines a quadratic mapping Q@ : X — 'Y such that

2(4 — 27t
N (fallzy]) = Qn([zi5]) 1) = 204 =2 )t +n2 -2 S0 Ol|ay |

for allt >0 and x = [x;] € M, (X).

Proof. The proof follows from Theorem 3.1 by taking ¢(a,b) = 6(||a|” + ||b]|") for all
a,b € X. Then we can choose o = 2"72 and we get the desired result. O

Theorem 3.3. Let f : X — Y be a mapping satisfying f(0) = 0 and (3.2) for which
there exists a function ¢ : X* — [0,00) such that there exists an o < 1 with

a b
b) <4 ——
pla,b) < dagp (2, 2)
for all a,b € X. Then Q(a) := N-lim;_,« ﬁf (2la) exists for each a € X and defines a
quadratic mapping Q) : X — Y such that

4(1 — a)t
(1 —a)t +n? ZZj:l (i, Tij)

N (fallzigl) = @ullzig]), t) 2 4

for allt >0 and © = [z;] € M,(X).

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

Jg(a) :=4g (g)

for all a € X.
It follows from (3.5) that d(f, Jf) < 1. So
af,Q) < -
R T
The rest of the proof is similar to the proof of Theorem 3.1. OJ

Corollary 3.4. Let r,0 be positive real numbers with r > 2. Let f : X — 'Y be a mapping
satisfying (3.8). Then Q(a) := N-lim;_, if (2’@) exists for each a € X and defines a
quadratic mapping @ : X — Y such that

2(2" — 4t
N (fallzy]) = Qn([zi5]), 1) = 22r —A)t+n2- 20 S0 Ol

for allt >0 and x = [x;] € M, (X).

Proof. The proof follows from Theorem 3.3 by taking ¢(a,b) = 6(||a|” + ||b]|") for all
a,b € X. Then we can choose @ = 2*7" and we get the desired result. O
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Abstract. We establish some new stability results concerning multi-additive functional equation in non-Archimedean
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1. Introduction

In 1897, Hensel discovered the p-adic numbers as a number theoretical analogue of power series in complex
analysis. The most important examples of non-Archimedean spaces are p-adic numbers. During the last three
decades, the theory of non-Archimedean spaces has gained the interest of physicists for their research, in particu-
lar, in problems deriving from quantum physics, p-adic strings and superstrings [10, 18]. Although many results
in the classical normed space theory have a non-Archimedean counterpart, their proofs are essentially different
and require an entirely new kind of approach. One may note that |n| < 1 in each valuation field, every triangle
is isosceles and there may be a no unit vector in a non-Archimedean normed space [10]. These facts show that
the non-Archimedean framework is of special interest.

A basic question in the theory of functional equations is the following: when is it true that a function, which
approximately satisfies a functional equation must be close to an exact solution of the equation?

If the problem accepts a unique solution, we say the equation is stable (see [12]). The first stability problem
concerning group homomorphisms was raised by Ulam [17] in 1940 and affirmatively solved by Hyers [7]. The
result of Hyers was generalized by Th.M. Rassias [14] for approximate linear mappings by allowing the Cauchy
difference operator CD f(xz,y) = f(x+y)—[f(x)+f(y)] to be controlled by e(||z||P+|ly||?). In 1994, a generalization
of Rassias’ theorem was obtained by Gavruta [6], who replaced e(]|z||”+||y||”) by a general control function p(z, y)
by following Th.M. Rassias’ approach. Furthermore for an extensive account of methods and results concerning
Hyers-Ulam stability of additive, multi-additive, multi-Jensen mappings and functional equations in a single
variable as well as in several variables we refer the reader to ([1-4, 8, 9, 11, 15, 16, 19-24]) and references therein.

In this paper, we determine some results concerning the stability of the multi-additive mappings in the non-
Archimedean normed spaces. The presented results correspond to some outcomes from [1] and sometimes are
their slight generalizations.

2. Preliminaries

We recall some basic facts concerning non-Archimedean space and some basic results.

A valuation is a function |-| from a field K into [0, c0) such that 0 is the unique element having the 0 valuation,
|rs| = |r| - |s| and the triangle inequality holds, i.e.,

Ir+s| <|r|+]s|, Vr,seK.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and C are examples of
valuations.
Let us consider a valuation which satisfies a stronger condition than the triangle inequality.

*Corresponding author.
The first author was supported by the National Natural Science Foundation of China(Grant No. 11171022)
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Definition 2.1. Let K be a field. A non-Archimedean absolute value on K is a function |- | : K — R such that
for any r, s € K we have
(i) |r] > 0 and equality holds if and only if r = 0;

(ii) |rs| = |r||s];

(iii) |r + s| < max{|r|, |s|}.
The condition (iii) is called the strong triangle inequality. Clearly, |1| =|—1] =1 and |n| <1 for all n € N. We
always assume in addition that | -| is non trivial, i.e., that

(iv) there is an r¢ € K such that |ro| # 0, 1.
The most important examples of non-Archimedean spaces are p-adic numbers.

Example 2.2. Let p be a prime number. For any nonzero rational number x, there exists a unique integer n,
such that 2 = §p"~, where a and b are integers not divisible by p. Then ||, := p~"= defines a non-Archimedean
norm on Q. The completion of Q with respect to the metric d(x,y) = |« — y|, is denoted by Q, which is called
the p-adic number field. In fact, Q, is the set of all formal series z = Y% app®, where |ai| < p—1 are
integers. The addition and multiplication between any two elements of Q, are defined naturally. The norm
| > n . axp®[p = p~" is a non-Archimedean norm on Q, and it makes Q, a locally compact field (see [18]).
Note that if p > 2, then [2"|, = 1 for each integer n but [2]y < 1.

Throughout this paper, we assume that the base field is a non-Archimedean field and hence we can call it
simply a field. Moreover, N stands for the set of all positive integers.

Definition 2.3. Let 2 be a linear space over a field K with a non-Archimedean valuation | - |. A function
-1l : & — [0,00) is a non-Archimedean norm if it satisfies the following conditions:

(i) |z|l = 0 if and only if x = 0;

(ii) ||rz| = |r|||z|| for all r € K and =z € 27;

(iii) the strong triangle inequality

o+ yll < max{||z]], lyll}, Ve,ye 2.

Then (2, || - ||) is called a non-Archimedean normed space.

Definition 2.4. Let 2" be a non-Archimedean normed space. Let {z,} be a sequence in Z". Then {z,} is

said to be convergent if there exists € 2" such that lim ||z, — x| = 0. In that case, = is called the limit of
the sequence {z,} and we denote it by nh_)rréo Ty = T. Ans—;(aouence {zp} in 2 is said to be a Cauchy sequence if
nhﬂn;@ |zn+p — xn]| =0 for all p=1,2,.... Due to the fact that

[2n = 2m| < max{||z;1 — a4l m<j<n—1} (n>m)

a sequence {z,} is Cauchy if and only if {x,+; — 2, } converges to zero in a non-Archimedean normed space.

It is known that every convergent sequence in a non-Archimedean normed space is a Cauchy sequence. If
every Cauchy sequence in 2~ converges, then the non-Archimedean normed space 2" is called a non-Archimedean
Banach space.

Definition 2.5. Let £ denotes a linear space and % represents a complete non-Archimedean normed space
and n > 1 is an integer. A function f : 2" — % is called a multi-additive mapping, if f is additive in each
variable:

f(mlv cey Tg—1, T4 + x;;xi+1; s axn) = f(xla ey L1, Ly Tig 1y e - - 7il'n) + f(xh ce 7xi717m;‘7xi+17 oo 71'77.)
forall i =1,2,...,n and all ©1,...,2;—1, %, T}, Tit1,...,Tn € 2. Some basic facts on such mappings can be
found for instance in [1, 2, 13], where their application to the representation of polynomial functions is also
presented.

Let © be a set. A function d : Q x Q — [0, 0] is called a generalized metric on Q if d satisfies the following
conditions:

(a) d(z,y) =0 if and only if 2 = y;

(b) d(z,y) = d(y, z) for all =,y € ;

(¢) d(z,2) < d(z,y) +d(y, z) for all z,y,z € Q.

It will later on the following fixed point alternative theorem (cf. [5]) will be useful.

1103 Tian Zhou Xu et al 1102-1110



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

On the stability of multi-additive mappings in non-Archimedean normed spaces

Theorem 2.6. Let (2, d) be a complete generalized metric space and J : Q@ — Q be a strictly contractive mapping
with Lipschitz constant 0 < L < 1, that is

d(Jx,Jy) < Ld(z,y) Va,y e (.

Then, for each given x € Q, either
d(J"z,J"z) =00  Vn >0,

or
d(J"z, J " z) < oo, Vn>mng,

for some natural number ng. Actually if the second alternative holds, then the sequence {J"x} is convergent to
a fixed point x* of J and

(1) z* is the unique fized point of J in the set Q* ={y € Q: d(J™z,y) < c0};

(2) d(y, %) < 2z d(y, Jy) for ally € Q*.
3. Non-Archimedean stability of the multi-additive mapping: a direct method

Let 2" be a linear space over a non-Archimedean field K with a valuation | - | and ¢ be a complete non-
Archimedean normed space over K. For the given mapping f : 2™ — % and every i € {1,2,...,n}, we define
the difference operator

Dif(.lﬁl,...,]}i,l‘;,l‘i_,_l,...,J}n)
= f(@1, . T, @ T T Ty Tn) — f (@1, ) — F(T1y e T, T Ty, X))
for all @1,..., 24,25, Tig1,..., 20 € X .

Theorem 3.1. Let 2 be a linear space over a non-Archimedean field K with a valuation |-| and % be a complete
non-Archimedean normed space over K. Let n € N and for every i € {1,2,...,n}, p; : 2" — [0,00) be a
function. Let for some natural number k € K,

n%gnoo |k‘|mg0i(l‘1/k‘m, N ,Z‘i,l‘;,l‘i+1, vy xn) = 0,
Jim k[ pi(1, - T2, i1 [R, 24, T T, -, ) = 0,
77}i_r}noo Bl @i(x1, .. w1, i /R 25 JE™ g, o ) =0, (3.1)
n}gnoo |k|mg01($1, .o axiaxgaxi+l/km7mi+27 sy xn) = Oa
n}iinoo |k pi(x1, .. @, @ Tige1s ooy T, T /E™) =0
forall xy, ...,z &}, xig1,. .., 2n € X and let for each (x1,...,2,) € ™ the limit
w}iﬁmoomax{|k|5+1 max{@;(x1,..., 1,2 /kT jai /T ri g, an) 1< <k —1}:0 < s <m},

denoted by @;(x1,...,xy,), exists. Suppose that f : Z™ — % be a mapping satisfying

||D7,f(x17 cee 73;7271‘;737724»17 e 7:L'n)H S Soi(mla cee 7xi7x;7xi+l7 e 7.77”) (32)
for all x1,... 2,2, g1, ..., 2 € Z and i € {1,...,n}. Then for every i € {1,...,n} there exists a multi-
additive mapping F; : Z" — % such that

1
Hf(xlv' . .,"En) - Fi(‘rlv s 71."’1)H < mgpi(‘rlv cee 7x’ﬂ) (33)

forall zy,...,x, € 2. For everyi € {1,...,n} the function F; is given by

Fi(wy, .. zn) = Jlggo kjf(%, e ’sz'—hﬂ?i/kj,xiﬂ, ey Ty) (3.4)

forallxy,...,x, € &, and if, in addition,

hm ‘k|ptﬁi($17 e ,$i,1,$i/kp,$i+1, e 7l'n) = 07
p—00
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then F; is the unique multi-additive mapping satisfying (3.3).
Proof. Fix j € Nand i € {1,...,n}. Letting z} = x; in (3.2), we get
[f(@1y .oy @im1, 2@, Tig1y ooy @) — 2f (21, oy 20)|| S @i®1, .oy iy Tiy T 1y - o+, Ty (3.5)

for all #1,...,2, € Z . Letting 2} = 2x; in (3.2), we get

| f(2r,. i1, 3, i1,y ) — f(@1, o 2n) — f(@1, -0 01, 205, Ty 1, -, ) || (3.6)
S SDi(QUla“-7$i72xi733i+1a~-~733n) .
for all z1,...,2, € Z. Similarly, putting x} = jz; (3 <j <k —1)in (3.2), we get
If(z1, oo mi, (5 4+ Do, zigr, - xn) — f(@1, 0 20) — f(@1,000 01, 20, Tiga, -, T | (3.7)
S Soi(mlw"7xi7jmiaxi+17"'7xn)
for all z1,...,2, € 2. By (3.5)—(3.7), we see that
||f(fE1, v 7.’Ei,1,k(Ei,(Ei+1,. . .,l‘n) - kf(l‘l, v ’x’I’L)” (3 8)
<max{@i(T1,.. ., Ti, i, Tig1,..,00) 0 1< j<k—1}
for all zy,...,z, € Z, and so
™ f (@, o mimn, @ /K™ @i, @) — KT f (2, i, 2[R T, ) || (3.9)

< k™ Y max{pi(x1, ..., 21, i/ k™, ji [k @i, ) 1< <k—1}

for all 1,...,2, € 2 and m = 0,1,.... By (3.1), it follows that {k™f(x1,...,%i—1,2;/E™, Tit1,...,Tn)}
is a Cauchy sequence in the complete non-Archimedean space %. This sequence is convergent and we define
F: " — % by

Fi(l'l, ey $n) = lim kmf(l'l, ey xi,hxi/km,xiﬂ, NN 7l'n) (310)

m—r o0

for all zy1,...,z, € 2. Using (3.9), one can show that

Hf(l‘l, .. .,xn) — kmf(xl, . ,xi_l,xi/km,xiﬂ, e ,Jin)”

m
= [ks*lf(mlv cee 7xi717xi/k8717mi+17 cee 71'?1) - ksf(xla s 7xi717xi/ksvxi+17 cee 71'77,)]H
s=1
< ﬁ max{|k[* Tt max{p;(z1,...,zi 1,2 /5L ja /RS T 2, ) 1 1< <k—1}:0<s<m},
(3.11)
by taking limit as m — oo of both sides of (3.11), one can obtain the inequality (3.3).
Now, we will show that for every i € {1,...,n} the mapping F; is multi-additive. By (3.2), we have
ijDsf(xla vy Ts—1, Isax;axs-‘rla ey Ti—1, Ii/kj,$i+1, ey In)”
< |k|]<Ps(x17 (R ,$571,1’57.’I/"/s7.’175+17 v 7$i717xi/kj7xi+17 v ,$n)7 for s < i?
ijDif(.Tl, ‘e ,$Z‘_1,in/kj,1‘;//€j,l'i+1, [N ,l‘n)H (3 12)
<|kPpi(zr, ..., i1, 2 /K 2l JRT i, ), for s =1,
Hk'JDsf(xla sy Ti—1, xi/kj7xi+17 o ,$3_17$s,$;,1’5+1, ) xn)”
< |k|j905(m17 cee »xiflvxi/kjaxi%»la vy Ts—1,Ts, x/saxs+la cee 7xn)7 for s>

for all @1,...,zs, 2}, xig1,...,2n € X, 2, € Z (s € {1,2,...,n}\{i}) and all j € N. Letting j — oo in the
above inequalities and using (3.1), we see that the mapping F; is multi-additive. To prove the uniqueness of the
mapping F;, assume that F} : 2" — % is another multi-additive mapping satisfying (3.3). Then we have

|Fi(z1,...,2n) — F{(x1,...,2)]|
= |k|pHF’L($1) s 7xi717xi/kpami+1,- .. ,Z‘n) - Fi/(-’lfl,. - ,Iifl,xi/kp,.'l,‘prl,. .. ,J,‘n)H
< max{|kP||f(@1, ..., 21,2 /KP 2ig1, - Tn) — Fi(@n, o i1, 2R i1, - )|

|/€|p||f($1,...,$i,1,$i/]€p,$i+1,...,$n) —F{(.’El,...,l‘i,17.’lﬁi//€p,$i+1,...,l‘n)H}

< 2|k|p71¢i(x17 s axi—17xi/kp7xi+17 B 'Tn)
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forallpe Nand xy,...,z, € Z. If

lim \k|p§0’i(w1, e ,wi,l,xi/kp,xprl, e ,xn) = O7
p—00
we may conclude that F;(z1,...,2,) = F/(z1,...,2,) for all z1,...,2, € 2, and the proof is complete. [J

The proof of the following result is similar to that in Theorem 3.1, hence it is omitted.

Theorem 3.2. Let 2" be a linear space over a non-Archimedean field K with a valuation |-| and % be a complete
non-Archimedean normed space over K. Let n € N and for every i € {1,2,...,n}, p; : 2" — [0,00) be a
function. Assume for some natural number k € K,

. 1 m / —
W}l_rgo Wgoi(k; Tlyeony TiyThy Tig1y.eny Tp) =0,

: 1 m / —
n}l_fgo e @i @1, Tim, K1, T4, X, T, ) = 0,

. 1 ’ _
mh—%o W%(ﬂchn~7$i717km$i,km$i7$z‘+17 sy Ty) =0,

: 1 / _
W}grtl)o e i, o @, T KM i, Tiga, ) = 0,

. 1 / _
n}chl)o T P, o Ty T Tig1, - Tpe1, KM n) = 0

forallxzy, ... 2,25, xig1, ..., 20 € Z and let for each (z1,...,2,) € Z™ the limit

m—o0 |]~{,’|S

1
lim max{max{gpi(ml,...,xi1,k3xi,jk3xi,xi+1,...,xn) 1<j<k—-1}:0<s< m},

denoted by pi(x1,...,x,), exists. Suppose that f: X — ¥ is a mapping satisfying
||D7f(x17 o .. 71’@,1’2,1’14_17 e 7ITI)H S @i(mlv o 7xi7x;7xi+17 e 7x'n,)
for all @y, ..., x5 x, X1, 2n € X and i € {1,...,n}. Then for every i € {1,...,n} there exists a multi-
additive mapping F; : L™ — % such that
1
1f(x1, .. xn) — Fi(xr, ..., 20)|| < W(pi(acl, cey X))
forall zy,...,x, € 2. For everyi € {1,...,n} the function F; is given by

1 ;
Fi(zy,...,2,) = lim 7-f($17~-~7$i—1,/<3]33i,33i+1,~--,l‘n)

J—00

forall xy,...,x, € 2, and if, in addition,

pl>nolo |k|p¢i(x1a s ,.Z'i_l,kpl'i,l'i_;,_l, s axn) =0,

then F; is the unique multi-additive mapping satisfying (3.3).

Corollary 3.3. Let K be a non-Archimedean field, (Z',| - ||2-) be a non-Archimedean normed space over K,
(Z, |l - ll&) be a complete non-Archimedean normed space over K. Let k € N with |k] < 1, £,0 > 0,0 <r; <
1(1<i<n), and f: ™ — % be a mapping such that
IDif (@1, 6, 7 Tigr, - @)l < €+ 0l - lwaa g lall G + N2il5 ) il - Nznllg]
for all x1,..., 24,2}, Tix1,..., 20 € X and every i € {1,2,...,n}. Then there exists a unique multi-additive
mapping F; : L™ — % such that
26
1f (@1, 22, 2n) = Fi(21, 22, 20|l <€+ W(HMH% w2l [[nl'5)
forall x1,z0,...,2, € 2.
Corollary 3.4. Let K be a non-Archimedean field, (2, | - ||2-) be a non-Archimedean normed space over K,

(Z, |- l&) be a complete non-Archimedean normed space over K. Let k € N with |k| <1, £,6 > 0,71,8; > 0(1 <
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1 <n)with \; :==r;+s; <1, and f: Z™ — ¥ be a mapping such that

||sz($1, v axiax;axi-ﬁ-la s 7In)||@
<e+ 5{Hx HAl o || . Ai1 T || || S |ritsi 1|Ti+si ) i1 A
< gl lall’s il + 57 + N2 1%zl [l 3
for all x1,..., 2, %}, Tix1,..., T € Z and every i € {1,2,...,n}. Then there exists a unique multi-additive
mapping F; : ™ — % such that
36
I f(z1,20,...,20) — Fi(w1,22,...,20)||lor <€+ W(”i’?l”:\% ) ||$2||§§ s |l ).%)

forall x1,z0,...,2, € 2.
Remark. Theorems 3.1 and 3.2 are generalized versions of Theorem 2.1 in [11].
In [2], Cieplifiski proved the following:

Theorem 3.5. Let 2" be a commutative semigroup and % be a Banach space. Assume also that n € N and for
every i € {1,2,...,n}, p; : "t —[0,00) is a mapping such that for any (x1,22,...,7,) € X" we have

oo
o . 1 j ;
Gi(T1,. ., Tpg1) 1= orlpi(Pzy, o, ) + o+ i@y T2, 2T 1, T Tng)
j=0
1 ; ; .
t30i(@y, i1, 20, 21, o, Tng1) F (T Ty, 27 Ty, Ty, Tngn)
+o i@y T, 2 0 g) < 0o

If f: ™ —= % is a function satisfying
||f(x1,...,x7;71,$i+l';;7l'i+1,...,l'n)_f(l'l,...,mn)_f(xl,...7.’Ei71,x;,xi+1,...,mn)||
< QDi(xla---7-1'1'71'271'1‘-1-17-“71'71)7 (1‘1,...,$i,$2,$i+1,...,l‘n) c %'n+1,2' (S {1,...,71},

then for every i € {1,...,n} there exists a multi-additive mapping F; : ™ — % such that for any (x1,...,2,) €
2™ we have

||f(.’1317 .. 7x7l) - Fi(xlv s 7'1:’”)” S @i(l‘17 ... 7xi7xiaxi+17 e a‘rn)'
For every i € {1,...,n} the function F; is given by

1 :
Fi(l‘l,...,l'n) = 'hm f,f(l‘l,...,$¢_1,2jxi,xi+1,...,l’n), (xl,...,xn) € AL
j—oo 27

The following example shows that the same result of Theorem 3.5 is not true in non-Archimedean normed
spaces and the assumption |k| < 1 cannot be omitted in Corollaries 3.3 and 3.4. This example is a modification
of the example of [22].

Example 3.6. Let p > 2 be a prime number and f : Q2 — Q, be defined by f(z1,z2) = 2. Since, [27], =1 for
all j € Z, then for (21, z2,23) = @a(r1,x2,235) = 1 (the case when k =2, = 1 and 6 = 0 is considered),

D1 f(x1, @1, 22)|p = [Daf (w1, 22,25)|p = 12|, = 1 < @121, 22, 73) = p2(w1,22,23),  x1,77, 22,25 € Q.
However
127 f(21/27,0) — 270 f a1 /27 o), = 27, = 1
and
127 f (w1, 02/27) — 274 f(ar, 22/27F)], = 2771, = 1

for all x1,22 € Q, and j € N. Hence neither {27 f(x1/27,22)} nor {27 f(x1,22/27)} is a Cauchy sequence. Hence
these sequences are not convergent in Q.

4. A fixed point approach to the stability

In [2], Cieplinski reduce the system of n Cauchy equations to a single functional equation (see [2, Theorem

2)).
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Theorem 4.1. Assume that n € N and let 2 be a commutative semigroup with the identity element 0 and %
be a linear space. A mapping f: X" — ¥ is multi-additive if and only if

f(@in+ 212, &1 + Tn2) = Z f(@1iys .o i) (4.1)
inyein€{1,2}

for all x11,712,...,Tp1,Tn2 € 2.

Next, we will show the Hyers-Ulam stability of Eq.(4.1) by using the fixed point method. For the given
mapping f: 2" — %, we define the difference operator

Df(@11, 212, .-, Tn1, Tn2) := (11 + @125 Tt + Tn2) — Z f(@1iys - Tniy,)
it,ein€{1,2}

for all 11, 212,...,Tn1,Tn2 € Z .

Theorem 4.2. Let 2 be a linear space over a non-Archimedean field K with a valuation |-| and % be a complete
non-Archimedean normed space over K. Let 0 < L <1 and ¢ : 27" — [0,00) be a mapping such that

L
O(T11, %125+ -+ Tp1, Tnz) < W@(Zrlh 2212, ..., 2201, 2Tn2) (4.2)

for all k11,12, ..., Xp1,Xno € X If f: ™ — % is a function satisfying

|Df(x11, 212, o1, Tn2) || < @(T11,Z12, - -+ Tni, Tn2) (4.3)
for all x11,x12,...,2p1,Tno € X, then there exists a unique multi-additive mapping F : Z™ — % such that
L
| f(z11, 221, - oy Tn1) — F(z11, 221, T || < mtp(ibn,mn, ooy Tnl; Tnl) (4.4)
for all 11, x91,..., 251 € & . The function F is given by
F(a?]_h T21y. - - 7Jﬁn]_) = hI'Il 2mnf(w11/2m, 3321/2Tn, e ,,’L‘nl/Qm) (45)
m— o0
for all x11,x91,...,2p1 € Z .

Proof. It follows from (4.2) that
lim 2| p(x11/27,219/2%, ... 001 /27, 002 /27) = 0 (4.6)
J—0o0

for all 11, 212,...,Tn1,Tn2 € Z .

Consider the set
Q:={g]| 9g: 2" —>%}

and introduce the generalized metric on €2 defined by
d(g, h) = inf{c > O| Hg(l}ll,IQl, ce ,I’nl) — h(Ill,IEQl, Ce ,:cnl)H
< (11,211, -+ Tn1, Tn1)s V@11, T21,. 0, Tn1 € 2

It is easy to show that (£2,d) is a complete generalized metric space. Now we consider the mapping J : Q — Q
such that

Jg(wi1, w01, ..y 201) = 2"g(211/2,221/2, . . ., Tn1/2)
for all z11,xo1,...,2,1 € Z™. Let g,h € Q be given such that d(g, h) < /3, by the definition,

||9(9511,37217 cee ,iﬁnl) - h($11>$21, . 733n1)|| < 590(951179611» .- -,$n1>$n1)
for all x11,221,...,%n1 € Z . Hence
||Jg(x11,$21,~~,$n1) *Jh(xu,le,n-,ﬂfnl)”

= |12"g(x11/2,221/2, . . ., Tn1/2) — 2"R(211/2, 21 /2, ..., Zn1/2)||
=12|"|lg(x11/2,221/2, ..., 2n1/2) — h(211/2,221/2, ..., 2n1/2)||
<12|"Be((x11/2,211/2, . . ., Xn1 /2, 201 /2)

< BLo(T11,T11, -+ 5 Tnts Tn1)
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for all z11,xo1,...,2,1 € Z . By the definition it follows that d(Jg, Jh) < BL. Therefore,
d(Jg,Jh) < Ld(g,h), forall g,heQ.

This means that J is a strictly contractive self-mapping of 2 with Lipschitz constant L.
Putting ;5 = x4 for i € {1,2,...,n} in (4.3), we get

| f(2x11, 221, ..., 2201) — 2" f(z11, T21, - - T || < (211,211, + -, Tn1, Tnt)
for all z11,221,...,2,1 € Z . Hence
||2nf(l‘11/2,1‘21/2,...,$n1/2)—f(Ill,l'gl,...7l‘n1)|| S (p($11/2,$11/27...,l‘nl/2,$n1/2)
< W@(xnwu,-n,xm,xm)

for all 211, x21,...,2,1 € 2. Therefore d(Jf, f) < L/|2|™.
By Theorem 2.6, there exists a mapping F' : 2™ — % such that
(1) F is a fixed point of J, that is,

F<2$11, 2.(1,‘21, ceey anl) = 2”F<$11,.’B21, ey J}n1> (47)

for all 211, 91,...,2,1 € 2. The mapping F is a unique fixed point of J in the set A = {g € Q| d(f,g) < oo}.
This implies that F' is a unique mapping satisfying (4.7) such that there exists ¢ € (0, 00) satisfying

|1F (11,2215 -y @n1) — f(z11, 221, - s 1) || < ¢ @(@11, 115 -+ s Tty Tn1)
for all 211, 221,...,2,1 € Z .
(2) d(J™f, F) — 0 as m — oo. This implies the equality
F(zi1,@01,...,&p1) = mlgnoo 2N f(x11 /2™ o1 /2™, 21 /2™ (4.8)
for all x11,%21,...,Tn1 € Z .

(3) d(f,F) <d(f,Jf)/(1 — L), which implies the inequality
d(f, F) < L/[]2["(1 = L)].

Thus inequality (4.4) holds.
It follows from (4.3), (4.6), and (4.8) that

|F(z11 + 212, ..., Zn1 + Tn2) — > F(xiiys. s Tnay) ||
i1,...,0n€{1,2}
:jirgo|2|"j||f((9311 +212)/27, . (Tn1 + T02) /27) — > S /2w, /27|

Q1,000 €{1,2}
S hm |2|nj§0(f£11/2j,1712/2j, e 7l‘n,1/2j,$n2/2j) =0
Jj—oo

for all z11,x12,...,Tn1,Tns € £ . Therefore Theorem 4.1 now shows that F' is multi-additive. This completes
the proof. [
Corollary 4.3.  Let K be a non-Archimedean field, (2, | - ||2-) be a non-Archimedean normed space over
K, (Z,| - llo) be a complete non-Archimedean normed space over K. Let €,6 > 0,0 < r < 1,]2] < 1, and
f:Z" — % be a mapping such that
IDf (@11, 212, &n1, wn2) | < €+ 6([lznall% + [l2a2ll% + -+ lem |5 + [[en2ll%)
for all 11, x12,...,%p1,Tne € Z . Then there exists a unique multi-additive mapping F : ™ — & such that
1 X
1f (@11, 221, 2n1) — F(z11, 221, - )l < W[E +26([leni 1% + lle2all % + - + llen %))
for all x11,x21,...,2p1 € Z . The function F is given by
F(&Cll, T12y - -« ,LL’nl) = lim 2mnf($11/2m, ey $n1/2m)

m—0o0
for all x11,x21,..., 201 € Z .
Corollary 4.4. Let K be a non-Archimedean field, (2, - ||2°) be a non-Archimedean normed space over K,
(Z, || - l) be a complete non-Archimedean normed space over K, £, > 0 and r,s > 0 with A :=r +s < 1.
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Assume also that f: 2™ — % be a mapping satisfying

n
IDf (@11, 12, @nrs @n2)llr < e+ 8 [low % - llzrall% + (s ll% + ore]%)]
k=1
for all x11,x12,...,Tn1,Tns € Z . Then there exists a unique multi-additive mapping F : ™ — % such that
1
[f (@11, @21, s &n1) — F(@11, @21, -, 20 || < m[é‘ +30([len |8 + lzaa % + -+ + zna[5)]

for all x11,x21,..., 201 € Z™. The function F is given by
F(z11,%12,...,Zn1) 1= mlgnoo 2 f(x11 /2™, w1 /2™)
for all x11,x91,...,2p1 € ™.
The following example shows that the assumption |2] < 1 cannot be omitted in Corollaries 4.3 and 4.4.

Example 4.5. Let p > 2 be a prime number and f : QIQ) — Q, be defined by f(z1,22) = 2. Since, |27], =1 for
all j € Z, then for e =1 and 6 =0,

|Df($11,5012,fﬂ217$22)|p = |6|p = |3|p <l=g, T11,T12,T21,T22 € Qp~

However,
|4]f(331/2j>$2/2j) - 4J+1f(x1/2]+17332)/2]+1|p = |7 : 22]|p = mp

for all 1,22 € Q, and j € N. Hence {47 f(x1/27,25/27)} is not convergent in Q,.
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Notes on Harmonic Functions for which the
second Dilatation is « - spiral

Melike Aydogan
2014

Abstract

In this study, we consider, f = h 4+ g harmonic functions in the
unit disc D. By applying S. S. Miller and P. M. Mocanu result, we
obtain a new subclass of harmonic functions , such as Sy pgr(a, 5)
We introduce this new class as defined in the following form,

Sirpsr(es8) = {1 = h(z) + 9IS € S, h(z) € 57,

Re (wfbjg) > B, lal < g,o Toﬁl; Re(bem)}

We also use subordination principle , study on distortion theorems,
some numerical examples and coefficient inequalities of this class.

1 Introduction

A planar harmonic mapping in the unit disc D = {z € C||z| < 1} is a complex-
valued harmonic function f which maps D onto some planar domain f(D).
Since D is simply connected, the mapping f has a canonical decomposition
f = h+7, where h and g are analytic in D, as usual, we call h the analytic
part of f and g the co-analytic part of f. An elegant and complete account
of the theory of planar harmonic mapping is given in Duren’s monograph [3].

2000 Mathematics Subject Classification: 30C45, 30C55
Key words and phrases: Harmonic functions, growth theorem, distortion theorem, coeffi-

cient inequality
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Lewy [5] proved in 1936 that the harmonic function f is locally univalent in
a simply connected domain D, if and only if its Jacobien

Jr(z) = ()] =1 ()" > 0

is different from zero in ;. In view of this result, locally univalent harmonic
mappings in the unit disc are either sense-reversing if

l9'(2)] > [P (2)]

in D; or sense-preserving if

9" (=) < IW'(2)]

in ;. Throughout this paper we will restrict ourselves to the study of sense-
preserving harmonic mappings. However, since f is sense-preserving if and
only if f is sense-reserving, all the results obtained in this article regarding
sense-preserving harmonic mappings can be adapted to sense-reversing ones.
Note that f = h 4 g is sense-preserving in D if and only if A/(z) does not

vanish in the unit disc and the second-complex dilatation w(z) = ,’;/,E'?) has

the property |w(z)| < 1 in D, therefore we can take h(z) = z + agz® + - - -,
g(2) = b1z + byz? + ---. Thus the class of all harmonic mappings being
sense-preserving in the unit disc can be defined by

Sy = {f:h(z)+g(z)|h(z) =z4agt -, g(2) =bizd byt -
f sense-preserving }
Let € be the family of functions ¢(z) which are regular in D and satisfying

the conditions ¢(0) =0, |¢(z)| < 1 for all z € D. Denote by P, the family of
functions p(z) = 1 + p1z + p22% + - - - which are regular in D such that

1+ 9(2)
1—¢(z2)
for some function ¢(z) € 2 for all z € D.

Next, let S* denote the family of functions s(z) = 2 + 2%+ ¢32% + - - which
are regular in I such that

p(2) (1.1)

2 = p(2) (1.2)

1112 Melike Aydogan 1111-1121



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 18, NO.6, 2015, COPYRIGHT 2015 EUDOXUS PRESS, LLC

for some p(z) € P for all z € D.

Let s1(2) = 2 + a2 + azzs + -+ and s9(2) = 2z + Boz? + (323 + -+ be
analytic functions in D. If there exists ¢(z) € € such that s1(2) = s2(¢(2))
for all z € D. Then we say that s;(z) is subordinate to ss(z) and we write
51(2) < s2(2), then s1(D) C so(D).

Now, we consider the following class of harmonic mappings in the plane

ipst(a,8) = {f = h(z) + g()If € Su. h(z) € 5,

Re (eia%> > G, ]al < g,o <pB< Zjle;z;eia)}

In the present paper we will investigate the class S} psr(a, 5).
We will need the following lemma and theorem in the sequel:

Theorem 1.1. (/4]) Let h(z) be an element of S*, then

r r
< |h <
(1 _'_ 7,,)2 — ’ (Z)| — (1 _ 7")2’
for all |z| =r < 1.
1—r 147
<KW <
These inequalities are sharp because the extremal function is

Lemma 1.2. (/6]) Let M(z) and N(z) be regular in D with M (0) = N(0) =

0, and let 7y be real. If N(z) maps D onto a (possibly many-sheeted) domain
which 1s starlike with respect to the origin, then

M '(2) M(z)

CNG) NG)

) > = Re(S7=) >

2 Main Results

Theorem 2.1. Let g(z) and h(z) be analytic in D with g(0) = h(0) =0, and
let 0 < f < Re(eby) and |a| < 5. If h(z) maps D onto a (possibly many
sheeted) domain which is starlike with respect to the origin, then

Re(em%) > fp(z€ D)= Re(eia%) > f(z € D)
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Proof. 1If we take M(z) = g(z) and N(z) = e "h(z), then M(z) and N(z)
are analytic in D and M (0) = N(0) = 0.

Also,
zN'(z) zh (2)
R = Re(————=) >0 D
6( N(Z) ) e( h(2> ) > 7(Z e )
Thus, appliying Lemma 1.2, we prove the theorem. O

Example 2.2. Let us consider the function g(z) such that e“b; >0, 3 =10
and h(z) = =3

(1-2)2°
Now , we consider

/
ezag (Z) = elop, +z

h'(z) 1—2z
Then, we easily see that,
i g/(Z)
Re(e h’(z)> >0,(z € D).
For such g(z), we have that
. bl(l + 2)2

g,(’z) - (1 _ 2)4 ’

Thus, we obtain that

(141)? b12(3 4 2?)
9(2) = bl/o A—0i" = 3a =2

Using the above g(z) and h(z) = ﬁ, we see that
eby (3 + 22)

Re(emﬁ) = Re( 30— 2)

n) )>0,(z € D)

Theorem 2.3. If f(z) = h(z) 4+ g(z) is in the class Sipgr(a, B), then

g9(2)  |bl 0= (1 4 r2e729) — 212 3.e@ < 2r(|by| cos ¢ — B)
h(z) 1—1r2 - 1—r2

for |z| =r <1, where ¢ = o + arg(by).
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Proof. For f(z) € Si;pgr(a, ), Theorem 1 gives us that

Re(e™ ‘Zg;) > f(z € D)

Let us define

and

Then, we see that

p(0) = bie™ = |by] € (¢ = o + arg(by))

and that ¢(z) is analytic in D, ¢(0) = 1, and Re¢(z) > 0, (z € D). Therefore,
®(z) is Caratheodory function. It follows from the above that,

142
Bz) < T,

that is,
-1

where w(z) is analytic in D, w(0) = 0 and |w(z)| < 1, (2 € D). Therefore,
using Schwarz lemma, we have that

-1
e = (53| < el = <)
Note that | ) )
+r T
'¢(z)_ 1—172 = 1—r2
and o)
=
o(z) = |by| cosp — 8

Therefore, we have that

i09(2) _ [ba] €?(1 4 r%e™??) — 2%
e j—

_ 2r{fhalcoso— )
h(z) 1—r2

- 1—1r2
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Since ¢ = v + arg(by), we obtain that

_ ([ cosd— )
- 1—1r2

g(z) by €@ (1 4 r2e29) — 2237
h(z) 1—r?

]

Corollary 2.4. Let f(z) = h(z) + g(2) is in the class Sipgr(a,B); if
arg(by) = —a, then ¢ = 0. Therefore, we have that

bi(1—r)—2rp < g(2) < bi(l+7r)—2rp (2.1)
1+ h(z) 1—r
Proof. This is a simple consequence of Theorem 2.3. O

Corollary 2.5. Let f(z) = h(z)+g(z) is in the class Stpgr(a, 5); if B =10,
then we have

bl (1=1) _ [92)] _ b (1+7) 02)
L+r h(z) 1—r
Proof. This is a simple consequence of Theorem 2.3. O]

Corollary 2.6. Let f(z) = h(z) + g(z) is in the class Sypgr(a, B), then

rlloa (L —7) = 2rf] _ rlla (1 +7) = 2rf]

(1+73) <lg(z)| < =D (2.3)
A=n)fb|(X—r)—2r5] _, (1+7)[|by] (14 7) — 20
L+ 7) <lg'(z)| < T (2.4)

for all |z| =r < 1.

Proof. Let f(z) = h(z) + g(2) is in the class S};pgr(a, (), then by using
Theorem 1.1, we can write

n] (1= )2 _ ] (14 )21

@ P < o) < ) P
/ |b1| (1 — r>27ﬂ5 / / |b1| (1 + T)QTﬁ
() e < )] < ) P
Therefore we can take the result easliy. O]
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Corollary 2.7. Let f(z) = h(z)+g(2) is in the class St pgp(c, B), if =0,
then we have

rlby] (1 —r) r by (1+7)
— i <l < ————
(1+7) (1—r)
bi| (1 —1r)? bi| (1 +1r)?
| 1‘( 4) _|g'(z)|§ ’ 1|< 4)
(I+7) (1—r)
Proof. This is a simple consequence of Corollary 2.6. n

Corollary 2.8. Let f(z) = h(z) + g(2) is in the class Sypgr(a, ), then
F<|b1| ) _T7ﬁ> S Jf(z) S F(|b1| 7T’6>

where

(1= 02| = (1 + [ba| + 26)][1 + [ba] +7(=1 — [ba] + 25)]
(1+7)°

F<|bl| aﬂﬁ) =
Proof. Since

Ji = WGP =19 P = ()] (1 = [w(z)]*)
Using Corollary 2.6 and Theorem 2.3 we get the result easily. O]
Theorem 2.9. If f(z) = h(z) 4+ g(z) is in the class S pgr(a, B), then

by — byay| < 1)22” = (bl cos(a + arg(br)) — B)  (2.5)
(n=2,3,4,.)

Proof. Since

Re(e™ Zj(é;) > f,(z € D)

for f(2) € S psr(a, B), we see that

p(z) — B — iImp(0)
Rep(0) — 8

¢(2) =

is the Caratheodory function, where
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and p(0) = bye™™ = |by| e?@tare(b) If we write
#(z) =1+ crz+cz® + ...,
we have that |c,|}leq2, (1,2,3,...). Note that
p(2) = (Rep(0) — B)¢(z) + 5 + iImp(0),
that is, that

ey (z) = W' (2)[(Rep(0) — B)¢(2) + 5 + ilmp(0)]
It follows that -
e"by + Z nb, 2"t

(1+ Z na,z"" ") [(Rep(0 (1 + Z cn2") + B+ iImp(0)]

-1

Considering the Coefﬁment for 2", we have that

me by, = (Rep(b1e'®)—B)(cno142a2¢n—243a30—_3+...+(n—1)an_1¢1)+b1e"nay,
This shows us that,

(by—bray,)e™ = ﬁ(Rep(blem)—ﬁ)(cn_1+2agcn_2—|—3agcn_3+...—i—(n—l)an_lcl).

(2.6)
Since |a,| < n, (n = 2,3,4,...) for h(z) € S* and |c,| < 2, (n = 1,2,3,...),

we obtain that

b, — bray,| < (|bl|cos(oz+arg(b1)) B)(1+2|as|+3 |ag|+...4+(n—1) |an_1])

%(wl\ cos(a + arg(by)) — B)(1 + 2+ 3 + . + (n — 1)
- (n — 1);271 —1) (|b1] cos(a + arg(by)) — B)

This completes the proof of the theorem. O

Corollary 2.10. If f(z) = h(z) 4 g(2) is in the class Sipgp(c, B) with
h(z) € K, then

b, — bray| < (n — 1)(|b1] cos(a + arg(by)) — B), (n = 2,3,4, ...)

Proof. This is a simple consequence of Theorem 2.9. O
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Theorem 2.11. Let h(z) = 2+ >~ ,a,2" and g(z) = biz+ Y -, b,2™ be
analytic in D. Also, let h(z) is starlike with respect to the origin in D, and
f(z) = h(z) + g(2).

If h(z) and g(z) satisfy,

Zn B)an + €by| + | (1 + B)an — €by|]
n=2
<|1—B+e“b|—[1+8—e“b|
for some real o (o] < %) and for some real B, (0 < B < Re(bie'), then
f(2) € Shpsr(a, B).

Proof. Let p(z) = ew‘g Then if p(z) satisfies,

<1

‘1 — (p(2) = B)
1+ (p(z) = B)

then Rep(z) > f3, so that, f(z) € S;per(a, ). It follows that

1+ (p(z) = )l = [1 = (p(2) = B)|

1 / it . () — el (2
= T = A + g ()] = [+ B (E) = /()]

1 i > ia i
S| 2 e ) ()
+ Z n((1+ B)a, — €*b,)z" ]

! ey | — N n|(1 = B)an + b, |2|""
> lh,(z>|[|1—5+e bi| ; (1= B)an + €by |2]

— 14+ B8 = eb| =D |1+ B)an — by |2]"]]
n=2

>

1 . ‘
‘h’(z)|[|1 —ﬁ+elab1| — ‘1 +ﬁ—€zab1H
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=0l = Ban + €@ba| + (1 + B)an — b,|]
n=2

for z € D. Therefore, if f(z) satisfies,

Zn B)ay, + b, |—|—| B)ay —eman

n=2
< 1= B4 | — |1+ 8 — b,
then f(z) € S pgr(a B). o
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