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On A System of Rational Difference Equations

Ali GELISKEN *
Karamanoglu Mehmetbey University, Kamil Ozdag Science Faculty
Department of Mathematics, 70100, Karaman, Turkey

In this paper, we investigate behaviors of well-defined solutions of the fol-
lowing system

_ Alyn—(Sk—l)
B1 4 C1Ypn—(3k—1)Tn—(2k—1)) Yn—(k—1)

anrl

_ ATy (3k-1)
By + Cor— (3k—1)Yn—(2k—1)) Tr—(k—1)

Yn+1

where n € Ny , k € ZT the coefficients Ay, A, By, By, C1,Cs and the initial
conditions are arbitrary real numbers.

Keywords: System of difference equations, Asymptotic behavior, Periodicity,
Closed form solution.

AMS Classification: 39A10

1 Introduction

There has been a great effort in studying periodic and asymptotic behaviors of
solutions of difference equations (see e.g. [3,6,12,15,18,20-23,27,35,45,46]). Also,
studying in system of difference equations has increased considerably (see, e.g.

[5,7,8,16,17,19,28-30,32-34,37,38,40,43,47]).

Ozkan et al. [31] gave the solutions of the systems of the difference equations

x 1 = Yn—2
nr -1 + Yn—2Tn—1Yn ’
Tn—2
= 1
Yt -1 F Tn—2Yn—-1Tn ’ ( )
Tpn—2 + Yn—
Znil _ n—2 Yn—2 nE NO-

-1 F Tn—2Yn—-1Tn

*e mail: agelisken@kmu.edu.tr, aligelisken@yahoo.com.tr
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In [39] it was showed that the system of difference equations, which is an
extension of first and second equations of system (1) with respect to coefficients,

CnYn—3
b
an + bnyn—lxn—Zyn—?)

Tp =

(2)
YnTn—3
Yn = ,N € N07
" an + 6n$n—1yn—2wn—3

where the sequences ay, by, cp, n, B, Yo, € Ny, and the initial values
xi, iyt € {1,2,3} are real numbers, such that ¢, # 0,7, # 0,n € Ny, can be
solved in closed form, and for the case when all sequences a,,, by, Cn, Oy By Yny 1 €
Ny are constant it was described the asymptotic behavior of well-defined solu-
tions of the system.

In [41] it was showed that an extension of system (2) with respect to indices

CnYn—(2k—1)

T
an + b0nYn—(2k-1) | by Yn—(2i—1)Tn—2i

Tp = ’

(3)
YnTn—(2k—1)

E—1
O+ Bt (2k-1) [ i1 Tn—(2i-1)¥n—2i

Yn =

b

where a,,bn, Cny Qn, By Yn,m € Np, and the initial conditions x;,y;,7 €
{1,2,....2k — 1} are real numbers, is solved in closed form, and the behavior
of its well-defined solutions when all the sequences a,, by, ¢n, Oy, Br, Yn are con-
stant was described. Related rational difference equations are studied, e.g. in
[1,2,4,9-11,13,14,24-26,31,36,42,44,48].

In this paper we consider an other extension of system (2)

A1Yn—(3k—1)
Tn+1 = )
B1 + C1Yn—(3k—1)Tn—(2k—1))Yn—(k—1)
(4)
ATy (3k—1)
Yn+1 =

By + Coty— (36—1)Yn—(2k—1)) Tr—(k—1)

where n € Ny, k is a positive integer, the initial conditions and the coefficients
Ay, Ay, By , By, Cq,Cs are arbitrary real numbers. We will consider only well-
defined solutions, that is, By + C1¥,—(3k—1)Tn—(2k—1))Un—(k—1) 7 0 and

By + Co2%p (3k—1)Yn—(2k—1))Tn—(k—1) 7 0, = 0,1,2, ...

594 GELISKEN 593-606
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2 Special Cases

2.1 Thecase A, =0o0r A, =0

If A; = 0, we obtain directly z,, = 0 for n > 0. By using this, we get y, = 0
for n > 3k. If As = 0, we obtain directly y, = 0 for n > 0. By using this, we
get x, = 0 for n > 3k. From now on both of A; and Ay will be considered a
non-zero real numbers.

System (4) is equivalent to the following system

Yn—(3k—1)
Tn+1 = )
b1 + C1Yn—(3k—1)Tn—(2k—1))Yn—(k—1)
(5)
Tp—(3k—1
Yn+1 = ( )

ba + 2T (3k—1)Yn—(2k—1)) Ln—(k—1)
where n € Ny , b; = fi and ¢; = %,i = 1,2. So, we will consider system

(5) instead of system (4).

2.2 The case by =0 or by, =0

If by = 0, from the first equation of system (5), we have zp,_oryn—kTn = é,
n > 0. Using this, we obtain directly vy, = ax,_3k, n > k, where a =

C1

. . bacitca”
From this and by the change of variables
2, = Yn Wy, = ynf?)k,n >k, (6)
Tn—3k Tn
system (5) can be transformed into the system
Wny1 = €= ChoZp_(k—1), Znt1 = ,n >k — 1, (7)

where ¢ = ﬁ—l The solutions are obtained easily as z, = w, = a, n > k. This
means every solution of system (5) is periodic with 6k periods, not necessarily
prime period, such that x, = 6k, Yn = Yn—6k, n > 4k.

If b = 0, we get immediately y,_oxTn—_rYn = é, n > 0. From the first
equation in system (5) and using this, we obtain x,, = Byn_3k, n > k, where
B €2 The change of variables

= bica+ci

T Ty
Up = — 2ty = —23F >k, (8)
Yn—3k Yn

reduces system (5) to the system

t71,+1 =cC— Eblun—(k—1)7un+1 = 67“ > 2k — 17 (9)

where ¢ = 2. The solutions of this system t,, = u, = 8, n > 2k — 1, are

obtained easily. So, every solution of system (5) is periodic with 6k periods, not
necessarily prime period, such that x,, = ,,_6k, Yn = Yn—_6k, n > 4k.

Assume that by = 0 and b = 0. We have x,,_opYn_kTn = %, Yn—2kTn—kYn =
é, n > 0. Then, we get immediately x,, = %yn_gk, Yn = %yn_gk, n > k. Thus,
we can write T, = Tn_gk, Yn = Yn—s6k, 1 > 4k.
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2.3 Thecaseci;=0o0rcy=0

If ¢y = 0, we have x,, = éyn_gk, n > 0. From this and using the change of

variables 1
Unzi,n>0, (10)
Tn+3kYn—kTn

the second equation of system (5) implies the linear equation

Un4+1 = ble’Unf(Zkfl) +b12627n:071a2a"" (11)

We can rewrite the equation (11) in the form of

V2kn+m = b1b2v2k(n—1)+m + b%C% (12)

where n € Ng, m = 1,2, ..., k. Considering the solution of a nonhomogeneous
first order difference equation, we can give the solution of the equation (12) such
that

1—0biby
when b1by # 1. If b1by = 1, the solution of the equation (12) can be written as

Vokntm = (b1b2)" Vp—ak + bica n > 0. (13)

Vokntm = Um—ok + (n 4 1) bicg,n > 0. (14)

From (10), we have

V2k(n—1)4+m

Voknm To2kn—3k+m-

L2kn+3k+m =

Considering z,, = %yn,;;k, we obtain the solutions of system (5) as

n n
Vekr—2k+m Vekr—2k+m
T6kn+3k+m — LT—3k+m H — Y6kn+m = blx—3k+m H -
- V6kr+m o V6kr+m
r=0 r=0
(15)
n n
V6kr+m V6kr+m
T6kn+5k+m — T—k+m H y Y6kn++2k+m — blx—k—i-m H )
- V6kr+2k+m - V6kr+2k+m
r=0 r=0
(16)
- v i v
6kr+2k+m 6kr+2k+m
Tekn+Tk+m = Tk+m H —  Y6kn+4k+m = blxk-i-m H — (17)
r=0 V6kr+4k+m r—0 V6kr+4k+m

n>0and m=1,2,...,2k.

Suppose that co = 0. Then, we have y, = éIn_gk, n > 0. From this and
using the change of variable
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1
Uy = —————,n > 0, (18)
Yn+3kYn+kYn—k

the first equation of system (5) implies the linear equation

Un+1 = bibot,_(2—1) + b3c1,m > 0. (19)

By similar processes just as we did, we can rewrite the equation (19) as

U2kn+m = b1b2u2k(n71)+m + bgch n Z Oa (20)
where m = 1,2, ..., k. We obtain the solution of the equation (20)

1 — (byby)" !

1—b1by
when b1by # 1. When b1bs = 1, the solution of the equation (20)

Uskntm = (b102)" Upm—ok + b3¢1 n >0, (21)

Uk tm = Um—ok + (n+ 1) b3cy,n > 0. (22)
From (18), we have

1
UnYn+kYn—k ’

Yn+3k = n> Oa

and

U2k (n—1)+m

Uaker 4 m Yo2kn—3k+m-

Yokn+3k+m =

Considering y,, = él’n,?,]w n > 0, we obtain the solutions of system (5) as

n n
o b U6kr—2k+m - U6kr—2k+m
LTekn+m = 02Y—3k+m H 5 Y6kn+3k+m = Y—-3k+m H -
r—0 U6kr+m r—0 U6kr+m
(23)
n n
UGkr+m UBkr+m
xﬁkn++2k+m = b2y—k+m H - yﬁkn+5k+m = y—k+m H )
r—0 U6kr+2k+m r—0 U6kr+2k+m

(24)

n

y Y6kn+7k+m = Yk+m H
r=0

UGkr4-2k+m Ukr+2k+m (25)
)

n
Lekn+4k+m — b2yk+m H ok Ak
r+4k+m

r=0

n>0and m=1,2,..,2k.
Suppose that both ¢; and ¢y are equal to zero. We get immediately x,,+1 =
ﬁyn_(gk_l), Yntl = iacn_(gk_l), n > 0. From this result, we obtain x,41 =

UGkr+4k+m

1 _ 1 _ 1
blbzmn—(ﬁk—l)vyn+1 - b1b2yn—(6k—1)a n > 3k. SO, we have L6kn+3k+m = bl.l,lin
S d from thi — ()"
T6kn—3k+m>y Y6kn+3k+m = b1bso Y6kn—3k+m a1 rom 1S T6kn+3k+m — b1

n+1
T _3k+ms Y6kn+3k+m = (m) Y-3k+m, N > 07 m = 1727 76k
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3 Main Case

In this section, we will need the following results, given in the reference [16], in
the proofs of our results.
Consider the first order Riccati difference equation

a+ bz,
N
c+dz,

where the parameters and the initial condition x( are arbitrary real numbers.

Trp1 = —0,1,.., (26)
Theorem 1 The followings are true:
1) Eq.(26) has a prime period-2 solution if and only if b+ ¢ = 0.

2) Suppose b+ ¢ = 0. Then every solution {x,} of Eq. (26) with xo # 0 is
periodic with period 2.

Theorem 2 Assume that d # 0,bc —ad # 0, b+c¢ # 0 and R = E’bc;g)‘ﬁ < i.
Then the forbidden set F of FEq.(26) is given as follows:

AL AL =X AT
P {be (M) e )

For any well-defined solution {x,} of Eq. (26), we have

P— b+c Cl)\711+17C2)\;L+1 _c
n— d CIAT —c2 \Y d’

forn =0,1,..., where \; = =A== LVIZAR o) = Az(bte)—(dzote) 00

- ()\ngl)(bJrC)
Co — (dzo+c)—A1(b+c)
27 T e (bro)

Corollary 1 Assume that the conditions in Theorem2 hold. Let {x,} be a
well-defined solution of Eq. (26). Then

. _ A2(bt+e)—c
lzmn—>ooxn - a4 -

Theorem 3 Assume that d # 0,bc —ad # 0, b+c¢ # 0 and R = % = %.
Then the forbidden set F of Eq.(26) is given as follows:

F:{%:nZI}.

For any well-defined solution {z,} of Eq. (26), we have

P ((b+0)+(n+1)(2d1'0+(0—b))) _c
n— q 2(b+c)+2n(2dzo+(c—0)) d’

forn=0,1,....

Corollary 2 Assume that the conditions in Theorem3 hold. Let {x,} be a
well-defined solution of Eq.(26). Then
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- _ b—c
limp 0oTn = 57 -

Now we consider the system (5) with by, bs, ¢1, ¢ parameters and the initial
conditions are non-zero real numbers. By the change of variables (6), the system
(5) reduces to

Wp—(k—1) 1
SWn—(k—1) — 72 B
__ c1by __ caby _ c1 _ c2 : rQ
where v, = e =2t a= b201+02,6 = jrore; - We can rewrite the system

(27) such that

1
% — MZn—(2k—1) (073 - '71) Wn—(2k—1) — %
Zn+1 — 1 s Wn41 = 1 ) (28)
(073 - ’Yz) — D (2k—1) oWn—(2k=1) = 72

n > 2k. Each of the equation in (28)is a 2kth order Riccati difference equation.
Furthermore, the equations in (28) can be rewritten such that

% — V1R2k(n—1)+1+i

22kn+4-1+i 1 .
1
(aj; - 72) — o P2k(n—1)+1+i

1 5
(;5 - 71) Wok(n—1)+1+i — 5
W2kn+1+1 = 1 )
o W2k(n—1)+1+i — 72

n>0,i=0,1,..., (2k—1). Note that the equations in (29) are first order Riccati
difference equation in variables zokn 44, Worntq, for ¢ = 1,2, ..., 2k.

Theorem 4 Assume that biby = —1 and {x,,yn} is a well-defined solution of
system (5). Then,

. L2k (n—2)+14+iL2k(n—3)+1+i
2k 144
S L2k(n—5)+1+44 ’

Y2k(n—2)+1+iY2k(n—3)+1+i

Y2kn+1+i = ,
Y2k(n—5)+1+4

form>41=0,1,...,(2k — 1).
Proof 1 Consider system (29) and suppose that biby = —1. Then, we have

1 1 Clbg Czbl
—QH TN 7 = ¢ ¢ T T o T T
aﬁ baci+c2 bica+cy

bibacico + C%bQ + C%bl + cico — C%bg - C%bl

C1C2

Clcg(blbg + 1)
C1C2
= 0.
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So, from Theorem1(2) we conclude that every solution of each equation in system
(29) is periodic with period 4k, that is,

29kn+1+i = 22k(n—2)+1+is W2kn+1+i = W2k(n—2)+ 1445 (30)

formn>21=0,1,...,(2k —1).
From (6), we have

_ Zn-—3k _ Zn
Tn = T;Un Tn—6ksYn = 3, o, Yn—6k, (31)

for n > 4k. System (31) can be written such that

__ R2kn+1+i—3k

) Z2kn414i
To2kn+1+i = Wakn 14

Warniatsan J2knt14i—6k (32)

T2kn+14+i—6k> Y2kn+14+i =

form>21=0,1,...,(2k — 1). From (6), (30) and (32), we get

22k(n—2)+1+4i—3k
L2kn+1+:s = —— T2kn+1+i—6k
W2k (n—2)+1+i
Y2k(n—2)+14+i—3k
T2k(n—2)+14+i—6k
= Tor(n—o titiak L2knt14i—6k (33)
T2k (n—2)+1+1

Lok (n—2)4+14+iL2k(n—3)+1+i

L2kn+1+i  —
L2k(n—5)+1+i

and stmilarly

Yok(n—2)+14+iY2k(n—3)+144 (34)

Yaknt1+: = Y2k(n—5)+1+1i

forn>4,i=0,1,..,(2k - 1).

Theorem 5 Assume that {x,,yn} is a well-defined solution of system (5).
Then the followings are true:

i) Assume that biby = 1. Then every solution converges to a periodic solution
with period 6k.

i) Assume that biby # 1. Then,

a) If bibs < =1 or bibs > 1, then

; T ] Yn bacitco
limp— oo Tr—ok limp 00 YUn—ok baca(bibaci+cabi+ci)”
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b) If =1 < bibs < 1, then every solution converges to a periodic solution with

period 6k.
Proof 2
i) Consider system (29) with v1 = C}:lf,wg = Cii’%a = noka B = ot
Suppose that biby = 1. Then, we have
1 1
N (cTB - ’72) - g(—%) Y1v2
(= + 55 = 72)? (= + 55 = 72)?
c1bz caby
= 24 5 (35)
_01b2 1 _ 02b1
( o T oA E s o )
B b1bso
(b1by + 1)
1
= 7
Similarly, it can be seen that
1 _ _ ()1
(aﬁ 71) ( ’72> ( 52) a Y17Y2 . } (36)
1 : C(H )2 4
(073 -—n - 72) of

So, from (31), (32) and Theorem3, we obtain

. T2kn+1+4i
lim _ P2kn4ltd
=00 T2kn+1+i—6k

. 22kn+41+4i—3k
lim Z2knt141-3k
n—=00  W2kn+1+i

and

. 2kn+1+i
lim —J2kntlti
nN—=00 Yokn+1+i—6k

= lim

22kn+1+i
nN—=00 Wokn+1+i—3k

—1—(25-2)
BECN

i=0,1,...,(2k=1). Thus, we have lim, o0 Tn, = liMy 00 Tp—gr and limy, 00 Yn =
lim,, o0 Yn—ok- S0, theproof of (i) is finished.
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ii)a) Assume that biba < —1 or biby > 1. From (35) and (36), we get that

— S iy — 1+ 1
Y1 (aﬂ 72) B ( a ))(_'YH‘CTIB—’YZ)? < 4
(36)

and

i — (2 )1y 1 1
(0‘5 71) (=72) ( 5) 0‘)(715*717“/2)2 <
So, from (31), (32) and Theorem?2, we obtain that

lim ——2Entld oy Z2hndlviosk
n—=00 T2kn+1+i—6k n—0o0  Wkn414i

—wl(ﬁ_'yz)_/%(_%)
(—'*/21-*—%[;_72)2 (—ﬂq"r%g_’yz)_(o‘iﬁ_’yz)
(,
1+ 1—4(57’”1)(772)7(72 )é
(75771772 . (O%B,ylf'yz)*(*’w)
[e3

1+ |1—-4

w3 | |22
~—|

1+‘b15271‘
Hm (5, 4 1) - (b1b2 F1+ 1—*2’2)

= 1+‘b1b2—1‘ (37)

—az (“;2“ (bibs +1) + b)

co

bac1 + 2
b202(b1b261 + Cgb1 + Cl)

and

Y2kn+14i
Y2kn+14+i—6k

Z2kn41414

limy o0 = limy o0 Wakn+t1+i—3k

— 1
_(bQCl + 02) baca(bibaci+cabitcy)’

i = 0,1,...,(2k — 1). Thus, we have lim, wxnak = lim,_ o0 in"mc =
baci+co
baca(bibaci+cabiter)”

b) Assume that —1 < biby < 1. From (35) and (36), we get that

1 1 1 1
n (@ B ’72) B B(_%)) (—’YH—%[;—’Y?‘)z < 4
and

10
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(ﬁ _71) (—o) — (_%) é)% < L. So, from (31), (32), (37)

1 2
Tﬁ*’hffyz)
and Themem,?, we obtain

. L2kn+1+i . Y2kn+1+i

lim ——2kntlte gy Z2kndlte

=0 T2kn+1+i—6k =0 Yokn+1+i—6k
biby—1

14| fab2zt
ik b12b2+1| (bibs +1) — (b1b2 +1+ %)

biby—1

1+ ,
—— ( |b12b2+1| (biby +1) + Cill)l)

C2

b
biby + b2

b b
e (14+2)
1

- bleCQ + Clbg
bibaca + c1b2

i=0,1,....,(2k = 1). So, we get immediately lim, oo T, = limy, 00 Tn_gk
and limy, oo Y = limy, o0 Yn—ex and then the proof of is finished.
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Abstract

This paper presents an iterative collocation numerical approach based on interpolating subdivi-
sion schemes for the solution of non-linear fourth order boundary value problems involving ordinary
differential equations. Numerical evidence suggests that the scheme converges to a smooth approxi-
mate solution of non-linear fourth order boundary value problem. The convergence of the approach
is also discussed. Main purpose of this article is to explore and seek the applications of subdivision
schemes in the field of physics and engineering.

Keywords: Boundary value problem, Subdivision schemes, Collocation algorithm, Approximation, in-
terpolation
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1 Introduction

Boundary value problems arise in several branches of physics and engineering. In recent years, there
has been significant progress in solving problems associated with system of linear and nonlinear partial
and ordinary differential equations involving boundary conditions. Two point nonlinear boundary value
problems often cannot be solved by analytical methods. With increasing interest in finding solutions to
nonlinear boundary value problems has come an increasing need for solution techniques.

In this paper, we consider the following type of nonlinear boundary value problem

y) = f(a,y,y) (1.1)

with the boundary conditions

yla) = a1, ¥'(a) = asg,
{ y(b) =asz, y'(b) =ay, (1.2)

where «o;,7 = 1,2, 3,4 are constants. We assume that the problem is well-posed.

A variety of methods have been introduced to solve these problem e.g., shooting methods, splines
methods [2, 3, 4, 5, 6], finite difference methods, finite element methods, the collocation methods and
other approximation methods. For discrete methods, like shooting and finite differences methods, only
discrete approximate values of the unknown y(z) can be obtained. For fitting curve to data we need
further data processing techniques. For the case of spline interpolation or approximation methods the
unknown function y(z) is assumed to be piecewise polynomial which requires at least piecewise higher
order differentiability of the function f (x,y7yl). To overcome these disadvantages, Qu and Agarwal

*Corresponding authors: m.abbas@uos.edu.pk
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[8, 9, 10] introduced the subdivision based algorithm for the solution of two point second order boundary
value problems. Mustafa and Ejaz [14] solved third order boundary value problem by using subdivision
technique. Higher order nonlinear problems have not been solved by subdivision techniques. This moti-
vates us to solve fourth order boundary value problems by subdivision schemes based collocation iterative
method. This paper introduces a numerical method based on subdivision technique for the solution of
fourth order nonlinear boundary value problem.

In Section 2, some results about subdivision algorithms and basis function are given. In Section
3, a numerical method to solve (1.1) using refinable basis functions is formulated and its convergence
properties studied. Error properties are given in Section 4. Numerical examples illustrating the feasibility
of our proposed algorithm are given in Section 5.

2 Basis Functions and their Derivatives

Some useful results for the solution of non-linear boundary value problem are discussed in this section.
Introduction to the basis functions of subdivision schemes that are used to construct the approximate
solutions of proposed problem (1.1) is also part of this section.

2.1 Interpolating subdivision scheme

A mathematical formulation of binary subdivision scheme is defined as:
E+1
Pyt =3 a—2jpi]1j
JEZ
(2.1)
k+1
P2i+1 = ai—2jPz‘k+j
JEZ
The scheme is a stepwise interpolatory scheme if and only if the coefficient a; satisfy ag; =9; V i € Z.
We consider the following binary interpolating subdivision scheme [7, 12, 13].

k41 k
DPoi = Pi>
k+1 _ 35 k k 405 (. k k 567 (. k k
DP2i+1 = 65536 (pi74 +pi+5) ~ 5536 (pi73 +pi+4) + 16382 (pif2 Jrpi+3) (2.2)

2205 k k 19845 k k
fessn (PEs + Piva) + 53768 (0F + i) -

The scheme (2.2) is C*-continuous, having support length (—9,9) and approximation order is ten.

2.2 Basis functions

The basis functions is the limit function resulting from cardinal data, where all vertices of the polygon
have value zero except for one. Let ¢(z), € R be the fundamental solution of (2.2) and satisfies the two
scale equations

o(x) = ¢(22) + 1 [39690{¢(2z — 1) + ¢(2x + 1)} — 8820{¢(2x — 3)

65536
(22 + 3)} + 2268{¢(22 — 5) + ¢(2x + 5)} — 405{p(2x — 7)
+6(2z +7)} +35{p(2x — 9) + ¢(2x + 9)}], xR (2.3)
and
¢($) € 047 ¢(.’E) = 07 x 6] - 878[1 ¢(2) = 507 i € Z. (24)
Furthermore, first derivatives of ¢(i) at i € [—8, 8] are
¢ (0) =0, ¢V(£1) = Fitigtotons, ¢ (£2) = + 3500
o (£3) =F 113477{500%6;9’ o) (£4) = iﬁgg%z.ig??v ¢ (£5) = jF572975752290902857 (2.5)
¢ (£6) = Fromieserss: ¢V (ET) = Famsaers: ¢V (£8) = Fograssarss-

608 Ghulam Mustafa et al 607-623



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Second derivatives of ¢(i) at i € [—8, 8] are

(i) __ _ 2370618501415 (i) __ 3265310153216 (1) __ _ 878265102572

¢ <0) - 309077185968 ’ gb (:tl) ~ 676106344305 ¢ (:l:2) 676106344305 °
(21) __ 734063059456 (21) __ _ 80883901277 (i1) __ _ 214899200

d) (:I:3) T 2028319032915 ¢ (:I:4) ~ 1352212688610° d) (:I:S) T 135221268861 (26)
(21) __ 297875188 (1) _ 64000 (i1) _ 4375

¢ (i6) T 405663806583 ¢ (:l:7) T 19317324123° ¢ (:l:8) T 618154371936 °

Third derivatives of ¢(i) at 7 € [—8, 8] are

i) () iii _ 43317515008 iii 121530512357
¢t9(0) = 0, QU (£1) = £ 13888, 00 (£2) = F i esonsinn -
jii _ 240606976 i _ 5285889107 jii 37414144
QU (43) = + Sgeteses s O (£4) = Fogimasomonor @ (£5) = Faorotontr (2.7)
i 1090169 i _ 21760 i _ 2975
ol (£6) = + 4i3hiess,  O(ET) = Frgroaatsss 0 (£8) = Fsoniviome-
Fourth derivatives of ¢(i) at i € [—8, 8] are
v 33869667 i 5205054752 v 0404741119
¢ )(O> = T457408 > ¢( )(il) == 89?3858? J ¢( )(jﬁ) = 135892234110 )
v _ 74879584 iv _ 205020869 iv _ 9238624
U (£3) = —Tiles s 0" () = Zrtmemn, 0U(E5) = ot (2.8)

i _ 900187 i __ 71840 i _ 11225
(b(w)(i@ — T 7976052’ qb(l")(i?) — 17946117 qb(“’)(iS) ~ 328157568"

The above derivative values are found by using the left eigenvectors of the subdivision process (2.2).
The detailed description about these left eigenvectors and derivatives can be found in [8, 11, 14]. The
graphical representations of above mentioned derivatives are shown in Figure 1.

3 Description of Iterative Numerical Method

This section describes the method for the numerical solution of nonlinear boundary value problem (1.1).
The detail of the method is given below:

3.1 The collocation method

In this subsection, the collocation method is constructed based on the interpolating subdivision scheme
(2.2). Our numerical approach for nonlinear fourth order boundary value problem using collocation
method based on subdivision scheme is to seek an approximate solution as

N+8
Z(z) =3 zd ("”_hm) , 0<z<1 (3.1)
1=—8

where N is the positive integer N > 8, h = 1/N and x; = i/N = ih and {z;} are the unknowns to
be determined for the solution of (1.1). In order to solve the problem, a collocation method Z(x) is
considered to be the solution of the above differential equation at x = x; and we substitute equation
(3.1) into equation (1.1). This leads to

20 (w5) = f(w5, 2(25), 2 (27)), §=0,1,2,++ N (3:2)

and boundary conditions

/ ’

Z(O> = Qq, Z (0) = (2, Z(N) = a3, Z (N) = Q4 (33)
From (3.1), we get
] N8 R
Z(iv) - AL e <z<l1 4
(x) Wi izg_g zi - , 0<z (3.4)
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Figure 1: Graphical representation of: (a) basis functions, (b) first, (c) second, (d) third, (e) fourth
derivatives of basis function
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Substituting (3.4) into (3.2), we obtain

N+8
; Tj — Xy ’ .
Z Zid)(“)) <jh> = h4f(1'],Z(ZL']),Z (fﬂj)), ] = 0’172’... 7N'

i=—8

This can be written as:
N+8 )
Z Z1¢52j2 :h4f($J,Z((EJ),Z({L']))7 j:O71727"' 7N
i=—8

Since ngEiv) = gb%% the above system of equations becomes

N+8
S zel) = W f(ay, Z(x)), 2 (1), §=0,1,2,- N. (3.5)
i=—8

The nonlinear system of equations (3.5) can be simply in following Theorems 1 and 2.

Theorem 1. The nonlinear system of equations (3.5) for j = 0 becomes

8
3" 26" = b f(wo, Z(20), Z (20))- (3.6)

i=—8
Proof. By expanding (3.5) for j = 0, we obtain

N+8

> z6l™ = bt f (o, Z(x0). Z' (x0))

i—8
2_gdls + 2 70" + 260" + -+ 270Y + 280 + 2008 + -+ + ANLTON 47
+ZN+8¢iNv+8 = h4f(3307 Z (o), z (20))-

Since ¢ (i) exists only for the interval for i € [—8, 8] and outside the interval it will be zero. Then above
equation can be written as

28" + 270" + 260" + -+ 200 + 250l = B f(wo, Z(20), Z (20)).

O
Theorem 2. For j =1,2,--- N, the nonlinear system of equations (3.5) becomes
847 )
So mel) = Wi f (s, Z(w;), 2 (). (3.7)
i=—8+j
Proof. By expanding (3.5), for j =1,2,3,--- , N, we get
2 g™y 270"+ 260+ 2P+ 208 + 2006 + 210015
ot 26BN ot ANETON 7 + aNrsdN s = B f (@, Z(x5), Z (x5)). (3.8)

Substituting 7 = 1 in (3.8), it becomes
2_80"s 1+ 270" + 2-606_1 + - + 20081 + 28081 + 20081 + 21087H_1
+oee ZN+6¢iNv+6—1 + ZN+7¢iNU+7—1 + ZN+8¢iNv+8—1 = h*f(x1, Z(x1), Z (x1)).
This implies
280"y + 270" + 260" + - + 2708 + 28PE + 2908 + 21008 + -

+2N16DN 15 + ANtTON 6 + 2NtsPN L7 = B f (21, Z(21), 7 (x1)).
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Since ¢™(i) is non-zero only for the interval for i € [—8,8] and outside the interval it will be zero. Then
above equation becomes

21 + 260"+ + 20+ 2O + 2008 = B (21, Z(21), Z (21). (3.9)
For j=2, (3.8) becomes

2 80" o+ 270" g+ 260" o+ T 270V o + 28085 + 20065 + 2100552
+---+ ZN+6¢iNU+672 + ZN+7¢iNU+772 + ZN+8¢§\1;+872 = h4f($27 Z(x2), z (w2)).
This implies
28010 + 270 + 260%s + -+ 2008 + 2805 + 2007 + 21008
+--+ ZN+6¢iNU+4 + ZN+7¢iNv+5 + ZN+8¢§\UI+6 = h4f(fﬂ2, Z(x2), ZI(CEQ))-

By using the definition of ¢ given in (2.8), above equation yields

260" + 250" + -+ 20 + 2808 + 200% + 21008 = bt f(w2, Z(22), 7 (x3)).

(3.10)
By using the similar pattern for j = 1,2, we can find the expression for j = 3,4, --- N
Z*S+j¢i7v8fj + Z—7+j¢if77j + Z*G+j¢i}67]‘ +-+ Z7+j¢¢ij + Zs+j¢§1ij + 29+j¢é;ij
o b I ON o T AN N i aNrs s O as_ = W f (g, Z(ay), Z (x5)).
(3.11)
O

The nonlinear system of equations (3.5) is equivalent to the following non-linear system of N + 1
equations with (N+17) unknowns {z;}.
AZ = F(2) (3.12)

where A is banded matrix of order (N +1) x (N +17), Zis the unknown vector of order N +17 and F(z)
is the vector of order N + 1 depends on z. The matrix A, vectors Z and F(z) are given explicitly by
A=1[o0(q—p—8)(N+1)x(N+17) (3.13)

where p=1,2,3--- N+ 1land ¢=1,2,3,--- , N + 17 represent the row and column respectively.
!’ ! T
F(2) = (W (w0, Z(w0), Z (o), W f(an, Z(wn), 2 (an)) (3.14)

Z = (2-8,2-7,%—6, " aZN+67ZN+7aZN+8)T (3.15)

, N+8 s —

i=—8

where ¢'(4) is already defined in (2.5) with ¢(i) = ¢;.

3.2 Boundary conditions at end points

For unique solution of the nonlinear system (3.5), we need sixteen more conditions. Four conditions can be
attained from given boundary conditions for the nonlinear system of equations and remaining conditions
are attained by using some extrapolation method. The details of the given boundary conditions and
extrapolation method are given below:
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3.2.1 Boundary Conditions

The given boundary conditions are

/ ’

Z(0) = a1, Z(0) = as, Z(N)=as, Z (N) =y

The approximation of derivative conditions at ends point is defined as:

N
Z'(0) = (2520> {—=73812p + 25200z; — 5670022 + 10080025 — 13230024 + 12700825

—8820026 + 4320027 — 1417525 + 2880029 — 252210} + O(h'?) (3.16)

N
Z'(N) = (2520> {7381zn — 25200z —1 + 56700zn_2 — 100800z _3 + 132300zN 4

—1270082n_5 + 882002y _ — 432002y _7 + 1417525 g — 288002y 9
+2522x 10} + O(h'?). (3.17)

3.2.2 Extrapolation Method

The remaining twelve conditions for the nonlinear systems (3.5) to obtain stable systems for the solution
of (1.1) are obtained by using the following extrapolation method.

We define six conditions at left end points and six conditions at the right end points. Since subdivision
scheme (2.2) reproduces nine degree (i.e. tenth order) polynomials, so we define boundary conditions
of order ten for the solution of (3.5). For simplicity only left end points z_7,z_¢,2_5,2_4,2_3,2_2 are
discussed and the values of right end points zx 12, 2813, ZN+4, ZN+5, ZN+6, ZN+7 can be treated similarly.

The values z_7, z2_¢, 25, 2—4, 2—3, 22 can be determined by the polynomial ¢(z) interpolating (x;, 2;), 2 <
t < 7. Precisely, we have

z2_i =q(—xz;), 1=2,3,4,5,6,7

where

From (3.1), Z1(z;) = z;, i = 2,3,4,5,6,7 and replacing x; by —x;, we have
10
10 ;
g(—zi) = ( ; ) (=17 aisy.
j=1

Hence the following boundary conditions can be employed at the left end

2/ 10 -
Z( ; ) (=1)z_41; =0, i =7,6,5,4,3,2. (3.18)
7=0

Similarly for the right end, we can define z; = ¢(—z;), i = N+2, N+3, N+4, N+5 N+6, N+7 and

o) =3 () v,

Jj=1

So we have the following boundary conditions at the right end

10
Z( 1j0 ) (~1)2_;=0,i=N+2N+3N+4,N+5N+6N+7. (3.19)
7=0
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Finally, we obtain a new system of (N + 17) linear equations with (N 4 17) unknowns {z;}. The
N + 1 equations are obtained from (3.5), four equations from boundary conditions (3.3) and twelve from
boundary conditions (3.18) and (3.19) for the numerical solution of proposed problem.
Hence the stable nonlinear system of equations is defined as:

where the matrix B is given by

BZ = R(z)

B = (cf. ATl

A is defined in (3.13), Cp, Cy and the vector R(z) is defined as

Co =

0 1 -10 45 —120 210 —252 210 —120 45 —10 1
0 O 1 —10 45 —120 210 —252 210 —120 45 —10
0 0 0 1 —10 45 —120 210 —252 210 —120 45
0 O 0 0 1 —10 45 —120 210 —252 210 —120
0 0 0 0 0 1 —10 45 —120 210 —252 210
0 O 0 0 0 0 1 —10 45 —120 210 —252
00 0 0 0 0 0 o TSN mmmv _selov ooy
0 O 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 O
1 0 0 0 0 0 0 0 O
—10 1 0 0 0 0 0 0 O
45 —10 1 0 0 0 0 0 O
—120 45 —10 1 0 0 0 0 O
210 —120 45 —10 1 0 0 0 0
_ 132300N 127008 N _ 88200N 43200N _ 14175N 2800N __ 252N 0 0
2520 2520 2520 2520 2520 2520 2520
0 0 0 0 0 0 0 0 O

(3.20)

(3.21)

(3.22)

The first six rows of C are obtained from (3.18), second last row is obtained from (3.16) and last row is
taken from given boundary conditions Z; (0) which is defined in (3.3) and

Gy

[N olo NN NNl

QO OO0 O OO

oo oooogzo

1
7381N
2520
45

—120
210

—252

—120

First row of C; is obtained from Z;(N)

where F(z) is defined by (3.14).

0 0
10N 45N
9 8
0 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
-10 1
45  —10
—120 45
210 —120
210 —252

0

1

o O oo

_ 120N

7

—-10

o O O

1

—10

45
210

0
35N
45
—10
1

0
0
0

oSO oo

1
—10
—120

0 0
_ 252N 105N
5 2
—120 210
45 —120
—10 45
1 —10
0 1
0 0
0 0 0 O
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 O
1 0 0 0
45 —-10 1 O

0 0
—40N AN
-252 210
210 —252
—120 210
45 120
-10 45
1 -10

0

—10N

—120
210
—252
210
—120
45

(3.23)

which is defined in (3.3), second row is obtained from (3.17) and
the last six rows are obtained from (3.19), Z which is defined in (3.15) and R; is defined as

R(z) = (0,0,0,0,0,0,2(0), Z(1), F"(2), Z(1), Z'(1),0,0,0,0,0,0)",

614
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3.2.3 Non-singularity of a matrix

We can check the non-singularity of coefficient matrix B defined in (3.21) by different methods. We
observe that the determinant of matrix B is non-zero for N < 500. Hence the non linear system of
equations have a solution for V < 500. We also check the non singularity of matrix by finding eigenvalues
up to N < 500 and we observe that all the eigenvalues are non-zero. Hence by [15] we conclude that the
B is non-singular. For large N > 500 the matrix may or may not be singular.

3.3 Iterative algorithm and its convergence

An iterative algorithm and its convergence are described in this section.

3.3.1 Iterative algorithm based on basis function

The iterative algorithm based on basis function of the subdivision scheme (2.2) are as defined in the
following three steps.

First step: Initial approximation

The initial approximation is important because the numerical solution depends on the initial approx-
imation. We define the process for finding the initial approximation as follows:
Let initial approximate solution Z° be the solution of the following linear system

BZ° = F° (3.25)
where

F°=1(0,0,0,0,0,0,v'(a),y(a), fo, f1, f2,- - » fa, (D), (b),0,0,0,0,0,0)T,

fl:h4f(xz7Ll7D>7 ? 071727' N (3 26)
— ; (b)—y(a) .

Li = y(0) + i (104

D =y(b) — y(a)

FO is the initial linear approximation of the non-linear vector R(z).
Second step: Numerical solution
The numerical solutions Z* of the nonlinear system are obtained by using the simple iterative scheme
BZM*Y = R(Z™), m=0,1,2,3, - (3.27)
Third step: Stopping condition
The above iterative processes will terminate when the following condition is satisfied
[|2(m) — 2(m=D)|| < tol (3.28)

where tolerance is supposed value i.e. tol = 107%. The convergence of the above iterative algorithm is
guaranteed by the following proposition.

Theorem 3. The successive solutions {Z(™} generated by the iterative algorithm (8.27) linearly con-
verges to the solution Z* of the non-linear solution of the system (3.20) provided that the My and M,
are Lipschitz constants and step size h is small.

i.€.

(3.29)

151 < <M0h4 4994220330463 3>

1460471061420
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Proof. Let Z* and Z(™) be the solutions of the nonlinear system (3.20). Then by definition, for small
we have

BZ* = R(Z"), (3.30)
BZ™ = R(Z™). (3.31)

Let the error vector be defined as e(®¥) = ZF — Z* at kth iteration which satisfies
Bz™+Y) _ Bz* = R(Z*) — R(Z*),
B(Z™*Y — 7Yy = R(z*) — R(Z¥),
Bel*tD) = R(Z*) — R(Z¥). (3.32)
For:=0,1,2,--- N
Dy = (F(Z%) - F(2%))..

By mean value theorem, which is stated as “If a function f(z,y,z) is continuously differentiable in an
open set of R? containing points (1, y1, 21) and (22,2, z2) and the line segment connecting them, then
an equation

F@2,y,22) = flon g, 21) = fo(rs, )2 = o) + £, (5,02 = 1) + Lo, 5,8) (22 = 21)
is valid for the interior point (a, b, c) of the segment.”, we have
Dye"™ = flai, 2, 2'®) — f(as, 27, 2').
The above equation can be written as (by using mean value theorem)
Daei"™ = filws —ai) + 152 — 20 + £(2'® — ')
by using the definition of error vector, we have

D4€Ek+1) _ :;ke(k) + f;,e/(k),

D4€§k+1) — f*e(k) + f;,Dle(k,)

Y

where D4 and D, are the derivative difference operators defined as

Dy fi = oo [1575(fig — fi 1474560( f,n — f,
1/ = Soa09aa1228a0n P70 ims  firs) + 14T4560(fio7 = fir)
+315738080(fi—6 — fi+6) + 1397587968 (fi—5 — fi+s)

—43588613880(f;—4 — fi+4) + 311679549440(f;_3 — fir3)

—1336741045920( fi—2 — fit2) + 4824847319040( f;—1 — fi+1)]

1
= o [392875( fi4s — fi—g) +45977600( fiy7 — fi-
1837652380800 | (fi+s = fi-s) + (firr — fir)

—1296269280( fi46 — fi—¢) + 5912719360( firs5 — fi—s)
+1180083476(firs — fi—s) — 86261280768(firs — fi—s)
+332951715808(figo — fi—a) — 677767008256 ( fi1 — fi—1)
+850467338370f;] .

Dy f;

This implies

Dy = pifre® 4 p3 Dy e,
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Since ¢; =en_; =0, i=0,—1,-2,---,—8, we have
Be§k+1) — h4f;=e(k) + th;/Dle(k)
This can be written as

et = B (A fre®) 4 b3 £ Dye®).
By taking norm on both sides, we get
k+1 — * *
et N = 1B (0 fye® + 12 3 D1e®).
This implies
k+1 — * 3 rx
e DN = IB7I1(A* fe® + b? £, Dye®)]].

By using the definition of Lipschitz condition, we get

le™ D) < Mo (b — )| B[ le®|| + h* My|| Dy ||

This implies

[l 3
oo < 1871 (2*Mo(b —a) + WMD)
which is equivalent to
||€§k+1)H 3 -1 -1
ey~ AMB T IDu < B ID,
i-e
eV .
— =~ hM||B~||||D1]].
TGl B IDAll

The results follows immediately from this inequality and the following fact

4994220330463

D,|| = 220
1] 1460471061420

A simple approximation of condition by omitting the quatric term is

1460471061420

bbbttt bl I St —111—1
_4994220330463M1 HB H :

This complete the proof.

4 Error Estimation

(3.33)

(3.34)

From the approximation properties of the basis function ¢(x), it is shown that the collocation method
(3.1) with nonic precision treatments at the end points has at least power of approximation O(h?).
Here we present our main results for error estimation. Proof of these results are similar to the proof of

Proposition [14, 8].

Theorem 4. Suppose the exact solution y(z) € C*0,1] and {z;} are obtained by (3.20) then absolute

error by interpolating collocation algorithm is

lerr(a)llo = [120(2) =y (@)lle = O(R*™), 1=0,1,2,3.

where | denotes the order of derivative.
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Proof. Since the order of approximation of subdivision scheme (2.2) is ten so by direct calculation (fourth
left eigenvector), we can find derivative of smooth function y(z) as

24
= o 2 P 4 o
13376323808074 {392875y(x; — 8h) + 45977600y (x; — Th)

y" ()
1296269280y (x; — 6h) + 5912719360y(x; — 5h) + 1180083476y (z; — 4h)
86261280786y (x; — 3h) + 332951715808y (x; — 2h) — 6TTT6T008256y (2, — h)
+ 850467338370y (x;) — 6TT767008256y(x; + h) + 332951715808y (x; + 2h)

—86261280786y(x; + 3h) + 1180083476y (x; + 4h) + 5912719360y (x; + 5h)

—1296269280y(x; + 6h) + 45977600y(z; + Th) + 392875y(z; + 8h)} + O(h'?).
This can be written as

24

Y T 183768238080A%

{392875y;_s + 45977600y, _7 — 1296269280y,
+5912719360y;_5 + 1180083476y, 4 — 86261280786y, _3 + 332951715808y, o
—67TT67008256y;_1 + 850467338370y, — 677T67008256y,.1 + 332951715808y, 42

—86261280780y;+-3 + 1180083476y, +4 + 5912719360y 45 — 1296269280y, +6

+45977600y; 17 + 392875y,4+8} + O(h'?). (4.1)
Similarly, we have

4
v 2

= S 13098752, 4+ 4597760027 — 1206269280z,
i = 18376823808001 | Zj-s Zj-1 Zj6

+59127193602;_5 + 118008347624 — 862612807862;_3 + 3329517158082
—6777670082562;_1 + 850467338370z; — 6777670082562 1 + 3329517158082
—86261280786243 + 118008347624 + 5912719360215 — 1296269280z, 16

+45977600z; 47 + 3928752;1.8} + O(h'?). (4.2)
If we define error function e(x) = Z(x) — y(x) and error vectors at the nodes by
e(z;) = Z(z;) — y(z; + jh), -8 <j < N +38,

or equivalently e; = Z; —y;, —8 < j < N + 8, This implies

I __ ! !/
“=0 0
€] =23 —vj, (4.3)
e = Iyl .
1 N
e = 2" —y;
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By subtracting (4.2) from (4.1), we get

) ) 24

Wz - (399875(y;_g — zj_g) + 45977600(y;_7 — zj_
Yi" = 2" = 1537682380800 © (vj—s = 2j-s) + (W=7 = 2j-7)
—1296269280(y;j—¢ — zj—6) + 5912719360 (y;_5 — 2j—5) + 1180083476 (y;j_a — 2;j_4)
—86261280786(y;—3 — zj—3) + 332951715808(y;—2 — zj_2) — 677767008256 (y; 1 — zj—1)
+850467338370(y; — 2j) — 677767008256(y 41 — zj+1) + 332951715808(y 42 — zj+2)

—86261280786(y 13 — 2j13) + 1180083476 (y 14 — zj+4) + 5912719360(y 15 — zj15)

—1296269280(y,;+6 — zj+6) + 45977600(yj 47 — 2zj4+7) + 392875(yj+8 — 2j+8)} + O(h?).
This implies

) 94
v S [309878e. o 4 45977600e, - — 1296269280¢,
5 = 18376823808004 | €i-8 + -1 €i-6

+5912719360e;_5 + 1180083476¢,_4 — 86261280786¢;_3 + 332951715808¢e;_2

—677767008256¢;_1 + 850467338370¢e; — 677767008256¢;41 + 332951715808¢; 12

—86261280786¢;3 + 1180083476¢;14 + 5912719360¢;45 — 1296269280¢e; 16

+45977600¢; 7 + 392875¢;45} + O(h'Y). (4.4)
From (1.1), (3.1), (4.3) and by assuming the tenth order boundary treatments at the end points, we have
ej-” =aje; + bje;, 0<i<N (4.5)
and
max {|ex|}O(h!?), —8<i<0
;=14 k=T (4.6)
J max  {|ex[}O(R?), N <i< N +38 ‘
N-3<k<N
where j =0,1,--- N
a; :fy(tjvy;ayj*)7 bj :fy'(tjay;ayj*)v
and
vi =y +0e, y =y 0, 0<6;<1L

Using the results (4.4) and
[1575(2i_s — 2its) + 1474560(2;_7 — zi47) + 315738080(2i—¢ — 2i16) + 1397587968
(215 — zis5) — 43588613880 (2i_4 — 2144) + 311679549440 (2,3 — 2143) — 1336741045920
(2o — zig2) + 4824847319040(2;_1 — 2i41)] = 2920942122840hZ + O(h'?), (4.7)
It can be conclude that relation (4.5)and (4.6) is equivalent to
(B+O(h) — O(h*) — DyO(W*) E = O(h') |,
where E = (e_g,e_7,-+- ,er,eg).

Hence for small h, the coefficient matrix B + O(h), will be invertible, thus using the standard result
from algebra and effect of ||[B™!|| , we have the following estimate

1B < 1B~
-1

T(h)O(th) = O(h®). (4.8)

O
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5 Results and Discussions

In this section, we test the proposed method on some nonlinear problems. Numerical results for each of
the problems are presented in the tables. These values are very close to the true solutions and the values
of the errors are also given in the table.

Example 1. Consider the following non-linear boundary value problem [1]
Y — 6exp(—dy) = —12(1 +x)~ 4, (5.1)
with boundary conditions

y(0) =0,4'(0) = 1,y(1) = In(2) = /(1) = 0.5.

The exact solution of the problem (5.1) is y = In(1 + x). Using the collocation method described in
Section 8 for N =10, h = 10~ and tol = 1076 with tenth order boundary treatment at end points. The
numerical results are obtained after third iteration with the condition (3.28). The obtained numerical
results for this problem are presented in Table 1. The mazimum absolute error obtained by the proposed
method is 1.78 x 1073, The graphical comparison between exact and approzimate solutions is shown in
Figure 2.

Table 1: Numerical results of Example 1

x; | Analytic solution | Approximate solution Error
Y; Z; = 1% = Zi|se

0.0 0 0 0

0.1 0.0953101798 0.0950147533 0.0002954265
0.2 0.1823215568 0.1814496227 0.0008719341
0.3 0.2623642645 0.2609546573 0.0014096072
0.4 0.3364722366 0.3347370220 0.0017352146
0.5 0.4054651081 0.4036840381 0.0017810699
0.6 0.4700036292 0.4684459279 0.0015577013
0.7 0.5306282511 0.5294932609 0.0011349902
0.8 0.5877866649 0.5871580370 0.0006286279
0.9 0.6418538862 0.6416636708 0.0001902154
1.0 0.6931471806 0.6931471806 0

Example 2. Consider the non-linear boundary value problem [1]
Y =% — 210 4 42° — 42° — 427 4 82° — 42* 4 1202 — 48 (5.2)

subject to the boundary conditions
y(0) =y'(0) =0,y(1) =y'(1) = L.

Using the collocation method described in Section 8 for N = 10, h = 10~ and tol = 1075 with tenth
order boundary treatment at end points. The numerical results are obtained after third iteration with the
condition (3.28). The obtained numerical results for this problem are presented in Table 2. The mazimum
absolute error obtained by the proposed method is 1.73 x 1072. The graphical comparison between exact
and approximate solutions is shown in Figure 3.

6 Conclusion

This study has presented a numerical approach based on subdivision collocation algorithm for solving the
numerical solution of nonlinear fourth order boundary value problems. The proposed iterative method
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0.8

Analytic Solution Y
— — Approximate Solution Z

0.6

0.4

0.2

Figure 2: Comparison of the analytic and approximate solution of Example 1.

Table 2: Numerical results of Example 2

xz; | Analytic solution | Approximate solution Error
0.0 0 0 0

0.1 0.01981 0.0202195 0.0004095
0.2 0.07712 0.0796952 0.0025752
0.3 0.16623 0.1728732 0.0066432
0.4 0.27904 0.2905995 0.0115595
0.5 0.40625 0.4219208 0.0156708
0.6 0.53856 0.5558846 0.0173246
0.7 0.66787 0.6833406 0.0154706
0.8 0.78848 0.7987412 0.0102612
0.9 0.89829 0.9019417 0.0036517
1.0 1.00000 1.0000000 0

has been applied on different nonlinear fourth order boundary value problems. Numerical results show
that the accuracy of the approximate solution is O(h?).
the solution can be improved by choosing different subdivision schemes with the proper adjustment of

boundary conditions.
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Abstract. In this paper, using the direct and fixed point methods, we investigate the generalized
Hyers-Ulam stability of the quintic functional equation:

2fQz+y) +2f 2z —y) + [z +2y) + f(z — 2y) = 20[f (z +y) + f(z —y)| + 90f ()

in random normed spaces under the minimum ¢-norm.

1. Introduction

A classical question in stability of functional equations is as follows:

Under what conditions, is it true that a mapping which approzrimately satisfies a functional
equation (§) must be somehow close to an exact solution of (§)?

We say the functional equation (&) is stable if any approximate solution of (&) is near to a true
solution of (&).

The study of stability problem for functional equations is related to a question of Ulam [15]
concerning the stability of group homomorphisms. The famous Ulam stability problem was par-
tially solved by Hyers [9] for linear functional equation of Banach spaces. Subsequently, the result
of Hyers theorem was generalized by Aoki [2] for additive mappings and by Rassias [12] for linear
mappings by considering an unbounded Cauchy difference. Cadariu and Radu [3] applied the fized
point method to investigation of the Jensen functional equation. They could present a short and
a simple proof (different from the direct method initiated by Hyers in 1941) for the generalized
Hyers-Ulam stability of Jensen functional equation and for quadratic functional equation. Their
methods are a powerful tool for studying the stability of several functional equations.

92000 Mathematics Subject Classification: 39B52, 39B72, 47TH09, 47H47.

Keywords: Generalized Hyers-Ulam stability, quintic functional equation, random normed
spaces, fixed point theorem.

9*The corresponding author.

624 ABDOU ET AL 624-634



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

2 On Stability of Quintic Functional Equations

On the other hand, the theory of random normed spaces (briefly, RN-spaces) is important as a
generalization of deterministic result of normed spaces and also in the study of random operator
equations. The notion of an RN-space corresponds to the situations when we do not know exactly
the norm of the point and we know only probabilities of passible values of this norm. The RN-
spaces may provide us the appropriate tools to study the geometry of nuclear physics and have
usefully application in quantum particle physics. A number of papers and research monographs
have been published on generalizations of the stability of different functional equations in RN-
spaces [5, 6, 10, 11, 16].

In the sequel, we use the definitions and notations of a random normed space as in [1, 13, 14].

A function F : RU{—o00, 400} — [0, 1] is called a distribution function if it is nondecreasing and
left-continuous, with F(0) = 0 and F(4o00) = 1. The class of all probability distribution functions
F with F(0) = 0 is denoted by A. DT is a subset of A consisting of all functions F' € A for which
F(+00) = 1, where I~ F(z) = lim;_,,- F(t). For any a > 0, €, is the element of DT, which is

defined by
0, ift<a,
eo(t) = ift<a
1, ift>a.

Definition 1.1. ([13]) A function T : [0, 1] x [0, 1] — [0, 1] is a continuous triangular norm (briefly,
a t-norm) if T" satisfies the following conditions:
(1) T is commutative and associative;
(2) T is continuous;
(3) T(a,1) =a for all a € [0, 1];
(4) T(a,b) <T(c,d) whenever a < ¢ and b < d for all a,b, c,d € [0, 1].

Three typical examples of continuous t-norms are as follows:

Ty (a,b) = min{a,b}, Tp(a,b) =ab, Tr(a,b) =max{a+b—1,0}.

Recall that, if T' is a t-norm and {z,} is a bequence of numbers in [0, 1], then T}* ;z; is defined
recurrently by T\L z; = z1 and T 2; = T(T); Yoi, @) = T(xy,--- ,z,) for each n > 2 and
T2, xy is defined as T2 2,45 ([8]).

Definition 1.2. ([14]) Let X be a real linear space, i be a mapping from X into DT (for any
x € X, u(x) is denoted by u,) and T be a continuous ¢-norm. The triple (X, u,T) is called a
random normed space (briefly RN-space) if p satisfies the following conditions:

(RN1) p(t) = €o(t) for all ¢ > 0 if and only if z = 0;

(RN2) pig(t) = uz(‘ ) for all x € X, # 0 and all ¢ > 0;

(RN3) pgyy(t+5) > T(pz(t), y(s)) for all z,y € X and all ¢,s > 0.

Example 1.1. Every normed space (X, || -||) defines a RN-space (X, u, Tar), where

t
t+ [l

Mz (t) =

for all t > 0 and T); is the minimum t-norm. This space is called the induced random normed
space.
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Definition 1.3. Let (X, u,T) be a RN-space.
(1) A sequence {z,} in X is said to be convergent to a point x € X if, for all ¢ > 0 and A > 0,
there exists a positive integer NV such that

Ha,—a(t) > 1=\

whenever n > N. In this case, x is called the limit of the sequence {z,} and we denote it by
lim, 0 Mz, —x = 1.

(2) A sequence {z,} in X is called a Cauchy sequence if, for all ¢ > 0 and A > 0, there exists a
positive integer IV such that

P, —z,, (1) > 1 —A

whenever n > m > N.
(3) The RN-space (X, u,T) is said to be complete if every Cauchy sequence in X is convergent
to a point in X.

Theorem 1.4. ([13]) If (X,u,T) is a RN-space and {x,} is a sequence of X such that x,, — x,
then lim,, o0 pip, (t) = pa(t) almost everywhere.

Recently, Cho et. al. [4] was introduced and proved the Hyers-Ulam-Rassias stability of the
following quintic functional equations

2f(2z+y) +2f(2z —y) + flz +2y) + flz — 2y) =20[f(z +y) + fz —y)] + 90f(z)  (1.1)
for fixed k € Z* with k > 3 in quasi-3-normed spaces.

Remark 1.1. (1) If we put « = y = 0 in the equation (1.1), then f(0) = 0.
(2) f(2"x) =2°"f(x) for all z € X and n € Z7.
(3) f is an odd mapping.

Throughout this paper, let X be a real linear space, (Z, u’, Tas) be an RN-space and (Y, 1, Tar)
be a complete RN-space. For any mapping f : X — Y, we define

Df(x,y)
=2f(2x+y) +2f(2x —y) + flz+2y) + f(z — 2y) — 20[f(z +y) + f(z —y)] — 90f(x)

for all z,y € X. In this paper, using the direct and fixed point methods, we investigate the
generalized Hyers-Ulam stability of the quintic functional equation:

2f(2x +y) +2f(2x —y) + f(z +2y) + f(z — 2y) = 20[f(z + y) + f(x — y)] + 90f(x)

in random normed spaces under the minimum ¢-norm.

2. Random stability of the functional equation (1.1)

In this section, we investigate the generalized Hyers-Ulam stability problem of the quintic func-
tional equation (1.1) in RN-spaces in the sense of Scherstnev under the minimum ¢-norm Tyy.

Theorem 2.1. Let ¢ : X2 = Z be a function such that, for some 0 < o < 22,

Pas(a,29) (1) 2 Pas(a,) (1) (2.1)
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4 On Stability of Quintic Functional Equations

and lim,_s “;5(2”:5 on (2°7) =1 for all z,y € X and t > 0. If f : X — Y is a mapping with

£(0) =0 such that

)

1D (2) (E) > 1) () (2.2)
forall x,y € X and t > 0, then there exists a unique quintic mapping Q : X — Y such that
1 (2)-Q (@) (1) = Hes(a 0) (22(25 - a)t) (2.3)

forallz € X andt > 0.

Proof. Letting y =0 in (2.2), we get
N%_f(x)(t) 2 N%(z,O)(lQSt) (2.4)

for all z € X and t > 0. Replacing by 2"« in (2.4), we get
5

2 n
yentia  sens (1) 2 Wy 0) ((7) 128t)
25n «

25(n+1)

for all z € X and ¢ > 0. Since £Z2 — f(z) =3} (fz(f(]:{'f) - f(225’;w)),

25m =0
(O PRY.
Paena ) (> 128 (2?) t) = Taa3 () () = B0 (1) (2.5)
=0

for all x € X and ¢ > 0. Substituting z by 2™« in (2.5), we get

t
fpontmay _ goma (1) 2 H.0) (W) (2.6)

25(ntm) o5m i—m 35

for all x € X and m,n € Z with n > m > 0. Since o < k3, the sequence {f(;:;r)} is a Cauchy

sequence in the complete RN-space (Y, u, Ths) and so it converges to some point Q(z) € Y. Fix
x € X and put m = 0 in (2.6). Then we get

128t
Paarn g (8) 2t <M> ;
25 Do (35)7

j=0\25%

and so, for any § > 0,
HQ)— () (0 +1)

2 T (“Q(z%—fﬁ;ﬁ 0): Hatzor_ya (t)>

(2.7)
128t
> Tor |ty 2270 (0), g0 <71.>>
( Q=T O T ()7

for all z € X and ¢ > 0. Taking the limit as n — oo in (2.7), we get

Q) — () (6 +1) = 00y (2°(2° — @)t) (2.8)
Since ¢ is arbitrary, by taking § — 0 in (2.8), we have

1Q @)~ 1) () =ty ) (22(2° — a)t) (2.9)

for all x € X and ¢ > 0. Therefore, we conclude that the condition (2.3) holds.
Also, replacing = and y by 2"z and 2"y in (2.2), respectively, we have

posenaan (1) > Hg(angany) (2°"t)
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for all z,y € X and t > 0. It follows from lim, “ib(?" (2°"t) = 1 that Q satisfies the

z,2"y)
equation (1.1), which implies that @ is a quintic mapping.

To prove the uniqueness of the quintic mapping @, let us assume that there exists another
mapping @ : X — Y which satisfies (2.3). Fix z € X. Then Q(2"x) = 2°"Q(x) and Q(2"x) =
25nQ(z) for all n € Z". Thus it follows from (2.3) that

HQa) - (1)

= Hoers) _ aens) (t)

o5m 25m

t t 2.10
> Ty (MQ(Z'"z)_ﬂz"z) (*)»/Jf(znm)_@(znm (*)) ( )
25m 5 2 s~ \2

257 257 251
! 2(95 25\
2 [(x,0) (2 (2 _04)<E> t)-

Since limy, 00 (22 (2° - ) <2i)nt> = 00, we have fig ) G, (t) = 1for all £ > 0. Thus the quintic

«

mapping () is unique. This completes the proof. O

Theorem 2.2. Let ¢ : X2 — Z be a function such that, for some 2° < a,

Moz, () 2 Koy (at) (2.11)
and lim, ,u’25n¢(i v \(t) =1 forallz,y € X andt > 0. If f: X — Y is a mapping with
PRI
f(0) = 0 which satisfies (2.2), then there exists a unique cubic mapping Q : X —'Y such that
1f(@)—Q(a) (1) =ty ) (22 (a = 2°)t) (2.12)

forallz € X andt > 0.

Proof. Tt follows from (2.2) that
Hi) -2 (5 (1) = M) (2at) (2.13)
for all z € X. Applying the triangle inequality and (2.13), we have

22t
() —25m f () () > Mooy | ————— (2.14)

n+m—1 [ 25 J
for all € X and m,n € Z with n > m > 0. Then the sequence {2°" f(3%)} is a Cauchy sequence
in the complete RN-space (Y, u, Ths) and so it converges to some point Q(z) € Y. We can define
a mapping Q : X — Y by
— Jim 257 ﬁ)
Q) = lim 2 (5
for all z € X. Then the mapping @ satisfies (1.1) and (2.12). The remaining assertion follows the
similar proof method in Theorem 2.1. This complete the proof. O

Corollary 2.3. Let 0 be a nonnegative real number and zy be a fixed unit point of Z. If f : X =Y
is a mapping with f(0) = 0 which satisfies

D () (£) = Hgzy () (2.15)
for all x,y € X and t > 0, then there exists a unique quintic mapping C : X —'Y such that
15 ()-Q(a) (1) = pi, (124t) (2.16)
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forallz e X andt > 0.
Proof. Let ¢ : X% — Z be defined by ¢(x,y) = 0z9. Then, the proof follows from Theorem 2.1 by
« = 1. This completes the proof. O

Corollary 2.4. Let p,q € R be positive real numbers with p,q < 5 and zg be a fized unit point of
Z.If f: X =Y is a mapping with f(0) = 0 which satisfies

1D f () () = B4yl )20 () (2.17)
for all x,y € X and t > 0, then there exists a unique quintic mapping @ : X — 'Y such that
15 (2) Q) () = Mgz (22(25 - 2p)t) (2.18)

forallz € X andt > 0.

Proof. Let ¢ : X? — Z be defined by ¢(z,y) = (||z]|” + ||y[|9)z0. Then the proof follows from
Theorem 2.1 by a = 2P. This completes the proof. O

Now, we give an example to illustrate that the quintic functional equation (1.1) is not stable for
r =5 in Corollary 2.4

Example 2.1. Let ¢ : R — R be defined by
5, for |z| <1,
p(z) = .
1, otherwise.

Consider the function f : R — R defined by
o~ (2")
n=0

for all x € R. Then f satisfies the functional inequality

2f(2z +y) +2f(2x —y) + flz+2y) + f(z — 2y) — 20[f(z + y) + f(z — y)] — 90f ()|
136 - 322
< 5 5
< = (e +1yP)
for all z,y € X, but there do not exist a quintic mapping @ : R — R and a constant d > 0 such
that

(2.19)

f(2) = Q(z)| < dlz
for all z € R. In fact, it is clear that f is bounded by 22 on R. If |z|® + |y|° = 0, then (2.19) is

trivial. If [z[° + |y|° > 55, then

136-32  136-322/ . . s
< < .
Df(.y)] < == < === (I + |yP°)

5 < 3% Then there exists a positive integer k € Z™ such that

Now, suppose that 0 < |z|°> + |y

5 1
+ P < 39k+1

5

gz = 1

and so ) )
32k 5 7 32k 5 7

2] < 35 P’ < 55

2n(2x + y)v 2n(2x - y)a 2n(z + 2y)a 2n(z - 2y)a 2n($ - y)7 2w € (717 1)
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and
P(2" (22 +y)) + 26(2" (2x — y)) + ¢(2" (z + 2y))
+o(2"(z — 2y)) — 20[¢(2" (z + y)) + ¢(2" (z — y))] — 90$(2"x)
=0
forallm=0,1,--- ,k — 1. Thus we obtain
|Df(z,y)|

<3 S5 l0(2" (2 +9)) + 20(2" (2 — ) + (2" (x + 29))

n=0

+ (2" (x — 2y)) — 20[6(2"(z + y)) + 6(2" (z — y))] — 909(2" )|

<3 502" 2 +9) + 202 (2 — ) + (2" (x + 29))
n=~k

1 02Ma— 2) — 20[6(2(x +y) + S — )] — 906(2")
< 2 (o 4 i),

Therefore, f satisfies (2.19).

Now, we claim that the quintic functional equation (1.1) is not stable for r = 5 in Corollary 2.4.
Suppose on the contrary that there exists a quintic mapping @ : R — R and constant d > 0 such
that

f(2) - Q)] < dlzf

for all z € R. Since f is bounded and continuous for all x € R, @ is bounded on any open
interval containing the origin and continuous at the origin. In view of Theorem 2.1, Q must have
Q(x) = cz® for all z € R. So, we obtain

[f(@)] < (d+ [e]) ]| (2.20)

for all z € R. Let m € Z" such that m +1 > d +|c|.
If  is in (0,27™), then 2"z € (0,1) for n = 0,1,--- ,m. For this x, we have

o0 m
$(2") (2"x)° 5 5
F@) =2, 5 2 2 e = (m A D> (At [P,
which contradiction (2.20).

Remark 2.1. In Corollary 2.4, if we assume that

¢(z,y) = llzll"[[yll" 20
or
$(a,y) = (llI"ly 1 + 217 + [y ™) 2o,

then we have Ulam-Gavuta-Rassias product stability and JMRassias mixed product-sum stability,
respectively.

Next, we apply a fixed point method for the generalized Hyer-Ulam stability of the functional
equation (1.1) in RN-spaces. The following Theorem will be used in the proof of Theorem 2.6.
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Theorem 2.5. ([7]) Suppose that (2,d) is a complete generalized metric space and J : Q — Q
is a strictly contractive mapping with Lipshitz constant L < 1. Then, for each x € (1, either
d(J"z, J"Tix) = oo for all nonnegative integers n > 0 or there exists a natural number ng such
that

(1) d(J"z, J"x) < oo for all n > ng;
(2) the sequence {J"x} is convergent to a fized point yx of J;
(3) yx is the umque fized point of J in the set A = {y € Q: d(J™x,y) < co};
(4)

4) d(y,y*) < T2z d(y, Jy) for all y € A.

Theorem 2.6. Let ¢ : X2 — DV be a function such that, for some 0 < a < 25,

Hep(a) () < Hes(20,2 (@) (2.21)
forallz,y € X andt > 0. If f: X =Y is a mapping with f(0) = 0 such that
1D () () > Mg (2) (2.22)
for all x,y € X and t > 0, then there exists a unique quintic mapping Q : X — Y such that
Lf (@) —Q) (1) = Wiy, (22(2° — a)t) (2.23)

forallz € X andt > 0.

Proof. Tt follows from (2.22) that
,uf(z)_%(t) > Hey(a,0)(1281) (2.24)
forallz € X and ¢ > 0. Let = {g: X — Y, g(x) = 0} and the mapping d defined on Q by
d(g,h) = inf{c € [0,00) : pig(x)—n(x)(ct) > py(z0)(t), Yo € X}

where, as usual, inf ) = —co. Then (€2, d) is a generalized complete metric space (see [10]). Now,
let us consider the mapping J : Q — Q defined by

To() = z9(22)

forall g € Q and z € X. Let g,h in Q and ¢ € [0,00) be an arbitrary constant with d(g,h) < c.
Then pig(z)—n()(ct) > ,u:ﬁ(%o) (t) for all x € X and ¢ > 0 and so

act
HIg(x)—Th(x) (27) = g(20)—h(2z) (@Ct) > iy, o) (1) (2.25)
for all z € X and ¢ > 0. Hence we have
d(Jg, Jh) < < —d( Jh)

for all g,h € Q. Then J is a contractive mapping on  with the Lipschitz constant L = 55 < 1.
Thus it follows from Theorem 2.5 that there exists a mapping @ : X — Y, which is a unique fixed
point of J in the set 1 = {g € Q: d(f, g) < oo}, such that
- f(2")
Q)= . Zomm

for all z € X since lim, o d(J"f,Q) = 0. Also, from Ff () 122) (t) > Mib(

2,0)(128t), it follows

that d(f, Jf) < 128 Therefore, using Theorem 2.5 again, we get

1
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This means that
1) =) (8) = iy 0) (2°(2° = a)t)
forall z € X and ¢ > 0.
Also, replacing = and y by 2"z and 2"y in (2.22), respectively, we have

. n . 2%\
H’DQ(w,y)(t) > lim H':;S(Q”m,Q"y)(25 t) = lim M;ﬁ(w,y)((E) t) =1

n— o0 n—oo
for all z,y € X and ¢t > 0. By (RN1), the mapping @ is quintic.

To prove the uniqueness, let us assume that there exists a quintic mapping Q' : X — Y which
satisfies (2.23). Then @’ is a fixed point of J in €. However, it follows from Theorem 2.5 that J
has only one fixed point in ;. Hence Q = @Q’. This completes the proof. O

Theorem 2.7. Let ¢ : X2 — D% be a function such that, for some 0 < 2° < a,

Hig(aa) (1) < 15 3y () (2.26)

forallz,y € X andt > 0. If f : X =Y is a mapping with f(0) = 0 which satisfies (2.22), then
there exists a unique quintic mapping Q : X — Y such that

1 () Q) () = W0y (2% (= 2°)2) (2.27)
forallz € X and t > 0.

Proof. By a modification in the proofs of Theorem 2.2 and 2.6, we can easily obtain the desired
results. This completes the proof. O

Now, we present a corollary that is an application of Theorem 2.6 and 2.7 in the classical case.

Corollary 2.8. Let X be a Banach space, € and p be positive real numbers with p # 5. Assume
that f: X — X is a mapping with f(0) = 0 which satisfies

1D f (@ y)l| < e(ll=” + [lyl1*)

for all x,y € X. Then there exists a unique quintic mapping Q : X — Y such that

el
[Q(z) — f(2)]| < m

forallz € X andt > 0.

Proof. Define 1 : X x R — R by

t .
a(t) = { A 60
0, otherwise

for all z € X and ¢t € R. Then (X, u, Tas) is a complete RN-space. Denote ¢ : X x X — R by

o(z,y) = e(llz[|” + lly[I”)
for all z,y € X and t > 0. It follows from || Df(x,y)| < 6(||z]|P + ||y||”) that
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for all z,y € X and t > 0, where ¢/ : R x R — R given by

_t
1o () = {t+lw|’

0, otherwise,

if t>0,

is a random norm on R. Then all the conditions of Theorems 2.6 and 2.7 hold and so there exists
a unique quintic mapping @ : X — X such that
d (t)
= /’L xr)— T
t+[Q() — fl)] — W@

2212° — alt
> 4! (22 25 t) - .
= oo\ 712 = 0l) = a5 i e
Therefore, we obtain the desired result, where o = 2P. This completes the proof. O
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Generalized composition operators on Zygmund
type s@aces and Bloch type spaces
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Abstract. In this paper, we investigate the boundedness and compactness of gen-
eralized composition operators on Zygmund type spaces and Bloch type spaces with
normal weight.
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1 Introduction

Let k be a positive continuous function on,[). k is called normal, if there exist
positive numbera andb, 0 < a < b, ands € [0, 1) such that(see [12]),

(1k£r2)a is deceasing on ¢, 1) and r&T(lkE?)a =0; (1)
(1kfr2)b is increasing on ¢,1) and r!»T(lkErZ)b = oo, )

Let D be the open unit disk in the complex plateand H(D) the space of all
analytic functions orD. Letw be normal on [01). An f € H(D) is said to belong to
the Bloch type space, denoted By, if

Iflls, = f(O) + S%W(Id)lf’(z)l < co.

It is easy to see tha8,, is a Banach space with the noim||g,. Whenw(t) = 1 - t2,
we get the Bloch space, denoted 8y= B(D). See [19] for more information of the
Bloch space.

Supposeu is normal on [01). The Zygmund type space, denoted 8§, is the
space of allf € H(D) such that

Ifll, = 1fO) +[f(0) + s%pu(lzl)lf”(zn < 0.

Itis also easy to see that, is a Banach space with the nofinll z, . Whenu(t) = 1-t2,
we get the Zygmund space (see [2, 8]).

635 Juntao Du et al 635-646



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Throughout the pape&(D) denogs the set of analytic self-map Bf. Associat-
ed withg € S(D) is the composition operatd,, which is defined by, f)(2) =
f(¢(2), f e H(D). We refer the books [1, 19] for the theory of composition operators.
Composition operators mapping into the Bloch spac®arere studied in, for exam-
ple,[1, 4,11, 14, 15, 18]. See [5, 6, 9, 10] for some results of the composition operator
mapping into the Zygmund space.

Motivated by the fact that weighted composition operators naturally come from
isometries of some function spaces, {ore S(D) andg € H(D), Li and Stevic [9]
defined the generalized composition operator, denot@ﬁbys follows.

Cl(2) = f F(p@)a@dé, T € HD), ze D,

They characterized the boundedness and compactn@%m the Zygmund space
and the Bloch space in [9]. See, for example, [7, 13, 16] for the study of the operator
c?.

’ In this paper, motivated by [9], we investigate the boundedness and compactness
of the generalized composition opera&% on Zygmund type spaces and Bloch type
spaces with normal weight.

In this paper, constants are denotedlyyhey are positive and may differ from one
occurrence to the next. We say tihag B if there exists a constaitsuch thatA < CB.
The symbolA ~ B means thaf < B < A

2 Proof of main results

In this section, we give some auxiliary results which will be used in proving the main
results of this paper. They are incorporated in the lemmas which follow.

Lemma 1. [3] Supposg is normal on[0, 1). Then there existg. € H(D), such that
(i) Foranyte [0, 1), u.(t) € R, u.(t) is increasing orf0, 1);

(if) tei[rg)fl)#(t)#*(t) >0; E;JDP#(IZI)I#*(Z)I < co.

In the rest of the paper, we will always yseto denote the analytic function related
tou in Lemma 1. By a calculation, we get the following lemma.

Lemma 2. Supposg is normal on[0, 1). Then the following statements hold.

(i) There exists & € (0, 1), such thaj: is decreasing o, 1), Itirr}y(t) =0.

(i) Forall @ > 1,B8¢€(0,1), whente (0,1),s€ (8,1),

oy o L 1. (TL
O~ ) ~ fo u(t)d“fo ok

2

(ii)) For any ze D[ [ u.(n)dn| < " . (Olt. If iyl < [21, u(1Z)lue- ()] < C.
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Proof. (i). By the definition of normal function, there exist positive numizandb,
0 < a< b, ands € [0, 1) such that (1) and (2) hold. Sinpét) = 44 (1- 12, we se
thatu is decreasing o[ 1) andther(t) =

(ii). From lim {5 = £ > 0, forany t € [571,1)’

lt”

ut) s (@-nP  (1-tp

- >
#(tw) (f(tt}) (1 _ tw)b (1 _ tw)b

1>

So whert € (0, 1), u(t) ~ u(t*). By Lemma 1, when € (0, 1), u(t) ~ (t) is obvious.
Whens e (3,1),

s” 1 a 1 st 1 Sa,ta—l
jo\ mdt = jo\ﬂ mdt+]ﬁ; mdt—C-Fj[[; mdt
1 s 1 s 1
[ e J s [ e

(iii). Sincep. is analytic, we see thaiii() holds. The proof is completed. O

Q

Lemma 3.[17] Suppose is normal on[0, 1). Thenforallze D and fe 8, ,

12
1@l < Gu(@Iflls,. where G(2) = 1+ f %dt

Remark 1. From the definitions of#, and8,,, for allze D andf € Z,,
112l < G.IIF'lls, < Cu(DNIfll ;.

Lemma 4. [17] Suppose that is normal on[0, 1) such thatf 1 dt < oo. If {fy}is
bounded inB, and converges to 0 uniformly on compact subsem ahen

lim sup|f.(2| =0
N—oo o

The relationship between Zygmund type spaces and Bloch type spaces was estab-
lished as follows.

Lemma 5. Suppose that is normal on[0, 1). Letu, (t) = (1 — t)u(t). Then
(i) p is normal on[0, 1), |Ii‘ml(B,,+(z) =00
Zl—
(i) B8,=2,, and|-lig, ="z, -

Proof. (i) Obviously,u, is normal on [01). Sinceu is normal,there exist positive
numbersaa andb, 0 < a < b, ands € [0, 1) such that (1) and (2) holds. Then

t1 oo (1—t)a (1 5)2
fo#+(t)dt> s A0 () 1) f (1—t)1+a -t
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as desired.
(ii) First we prove thatZ,, c 8,. Forallf € 2, , we have

Z 1z
f ()| < 1l f )R
0 0

p®@-1)
If12 <6, [y 2E&dt<C.If 4> 5,

7 u(l2) . f w(12)) 24 u(2)

fo a9 = (0 u(t)(l—t)d”fﬁ u(t)(l—t)dt)
7 s (- 12

= FONGE

4 -4
o+ [ o

From Lemma 2u(t) is bounded on [01). By (3),
w2 < Clifllz,, +p(2)IF"O) < [fllz, + 110N < 2fll, .

Thereforg|flls, < |Ifllz, andZ,, C B,.
Next we prove thas, C Z,,. For anyf € 8,, by Cauchy’s formula,

u(i2)It"(d - £(0) = u(12)

IA

IA

i <c

2l
1t"(2)] < max_|f’(n)l < max |f'(n)| € —go——.
1-12 j-z-52 1-14 - u(22)(1 - 12)
If |2 < 6, £ < Cis obvious. Whens < |2 < 1,
2
©(12)
u(2) — p @mp b
T =2 g <2
p(EE) )
2 FREEED
Sollfllz, <lIflls, and heceB, C Z,, . The proof is completed. O

To study the compactness, we need the following lemma, which can be provedin a
standard way (see, for example, Proposition 3.11 in [1]).

Lemma 6. Suppose that g H(D), ¢ € S(D), X, Y are Bloch type spaces or Zygmund
type spaces. Ifg:: X — Y is bounded, then&: X — Y is a compact operator if and
only if whenevetf,} is bounded in X and,f— 0 uniformly on compact subsetsibf,
lim [ICZ folly = 0.

3 Theboundnessand compactness of Cg L 2 — Z0(8BL)

Theorem 1. Suppose ¢¢ H(D), ¢ € S(D) , w and u are normal on[0,1). Then
C: 2, > %, is bounded if and only if

SUp(GAIG,(e@) <o and  sup DL (4)

2eD w(le(21)
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Proof. Suppose that (4) holds. For afiye %, by Lemma 3 and Remark 1, we have

EEUDpw(IZI)I(Cgf)"(Z)I < EEUDpw(IZI) " (¢(2)¢' (29|

(2l D) o
Siqu 1@ ””'%inump (12)19' (DG (DIl 2,
<00,

and|(c f)(0) + [(C2f) (0) = If"(¢(0))g(0) < 19(0)IG,(¢(O)lIfllz, < co. HenceCy :
2, — %, 1s bounded.
Conversely, suppoﬁ‘f, . 2, — Z,is bounded. From, Z2 € Z;, we see that

Slpow(IZI)Ig’(z)I@o and sgpu(IZI)lso’(Z)g(Z)lmo- (5)
Therefore
: . (@)l @9 _
M;J‘f% w(12)19' (DIGL(¢(2) < and o T ule@) < (6)
Forany & e D, if o) > 3, leta = ¢(£) and
az t2 2 az % 2
()= [ [ | ﬂ*(fl)dﬂ) - [ { | u*(n)dn] dt,
6 = 2D ™
b A (m)dn
Then
(222 2
e =a[ [ #*(n)dn] -3 #*(n)dn
0
) L @22 &2 ((@2°\ (%
@) = @) [ - 2 u*((l"jz ) [ wwan
By Lemmas 1 and 2,
@2? & lal
H(IDIPL) < fo sy + | [ ey < fo . (r)cly
So
IGall 2z, = da(0) + g4(0) + surw(lzDIq (@1 <C. (8)
Hence, wheip(¢)| > 1
WD SN (o) (@) < ICSGwl, < Il ICT < 0. (9)
u(le(é)N)
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From (6) and (9), we see that the second inequality in (4) holds.
Letfa@ = 5 o’ u-(w)dwdy. Then

az
Y@=a fo Wdw, £/(2) = @@, [Ifllz, < C.

By Lemma 2, wherle(é)| > 3,

lal
(I @) fo ﬁ%dt ~w(IE) [CL)" @) - 2 (e(@)¢ ©)aE)|
<ICfall z, + ?€J£w(lfl)ﬂ*(Iw(f)lz)lw’(f)g(f)l (10)

Slifall 2 ICJIl + sup

t¢en  Mle(©)N)

From (6) and (10), we see that the first inequality in (4) holds. The proof is completed.
O

Theorem 2. Suppose ¢ H(D), ¢ € S(D) , w andu are normal on[0, 1) such that
CS’, 1 2, — %, is bounded. Then the following statements hold:

0] Whenlli‘mlG,l(z) < 00, Cg 1 Z, — Z.,is compactif and only if
zl—

w(2)l¢’' (29(2)]
k@-1  ulle@)) =0 (11)

(i) Whenlli‘mlGﬂ(z) = oo, Cg 1 2, — %, is compactif and only if
zl—

- , _ w(2)l¢' (292 _
w}g‘rllw(lznlg (DIGu(¢(2)=0 and w@i-1 ulle(2)l) =0. (12)

Proof. Becausélg 1 2, — Z,is bounded, (5) holds.
(). Suppose (11) holds. For amy> 0, there is & € (0, 1), such that

w(2)l¢' (99!
u(le(2)])

Let {f,} ¢ Z, be bounded and converge to 0 uniformly on compact subséis of
By Lemma 4 and Cauchy estimate,

< &, when|p(2)| > 6. (13)

lim sup|f, (2| =0, and limsup|f)(2)|=0. (14)
N—00 4 N—oo 1Z<6

From Remark 1, (5) and suiffnll 2, < oo,
neN

fr (¢(2)¢' (D9 + fi(¢(@)9 (2|

O+ sup [£7(¢(@) + sup LAC@ID oy
lp(@I<s e M(e(2)]) 2D

IC2 fill 2,

I(C2f) (0)] + s%pw(lzl)

12\
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By (13) and (14), Iim||Cg fallzz, = 0. Usng Lemma 6, we see thé:@ C 2, > Z,0s
compact. e

Conversely, assume thﬁlg © %2, — %, 1s compact. Supposg,} ¢ D is a
sequence such th,?lo!,iwz'*)l = 1. Leta, = ¢(z,) and

anZ t
(@) = u(lanl) fo fo 2 ()t

From Lemma 2{rn} is bounded inZ, andr,(z) — 0 uniformly on compact subsets of
D whenn — . By Lemmas 4 and 6, we have

lim suplr,(2)| = 0 and lim||CZry|, = 0. (15)
n—oo 2D Nn—oo

Using Lemma 2, (5) and (15),

w(|Z0))l¢’ (21)9(20)|
(7 e)))

lim w(zal) [ C2rn)” (20) ~ ri(an)g (20)

lim ||Cgrn||ggw + i
N—oo

IA

rh(@nd (z)| =

(2’ (@9 _
which implies thab le‘Tl PG =0.

(i) . Syppose (12) holds. For argy> 0, there is & € (0, 1), such that
(e (@)) ’

whenlp(2)| > 6. Let {f,} be a bounded sequenced), and converges to 0 uniformly
on compact subsets f. By Cauchy estimate,

w(2)Ig(DICu(¢(2)) <& and (16)

lim sup [fa(p(w)l =0, lim sup |f'(¢(w))l = 0. 17)

N Jpw)|<s 7 lp(w)|<s

From Lemma 3, Remark 1 and (5),
ICZ fall 2, I(C2 ) (O) + SUDw(IZI) |7 (¢(@)¢' (29 + f1(e(2)g ()]
Ifa(e(0)) + sup [ (@)l + sup ()] +

le(@I<o le(2)I<6

DDA
SR T e @) Il fnll 2 +‘¢Szl)l‘£) (1219 DIG.(¢(D)Ifnll 2,

A

By (16) and (17), we see that Iim:g fallzz, = 0. From Lemma 6C3 2 - Z,is
compact. e

Conversely, suppose th@ﬁ 1 Z, — %, is compact. Letz,} c D be a sequence
such thatr]_ljorp|<p(z.q)| = 1. Letan = ¢(z,) anda, = qa,, Whereq, is defined in (7). By

(8), {an} is bounded inZ,. Obviously,d.(z2) — 0 uniformly on compact subsets bi
By Lemma 6, I|m||C qn||g = 0. By (9),

w(|Zn))l¢’ (2,)9(20)]
noeo o p(le(z0)l)

~ lim w(z)I(Can)" (z)] < lim IC2Gnll 2, = O,
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i im 2’ @9@l _
which mphesthab(zl)ﬁl1 oy =0

Let
Az [t (9d Zdt
kn(2) = fC‘) ({.:1# (s S) . a8
fo w.(s)ds
Then - 2
(2 = a(f(‘)anzﬂ*(s)dS) ) = 2@)2 (@) f(‘)az#*(s)ds

2 (9)ds 1 u(9)ds

By Lemma 2,{kn} is bounded inZ;, andk, — O uniformly on compact subsets bt
From Lemma 6r,1 lim|CZknll 2, = 0. By Lemma 2,

lo(zn)l

lim (zig @l [ p(9ds

lim 1IC3kall:z, + 2 lim |¢/ (zn)g(zn)w((zape. (0 (zn) )|

- w(zal)le’ (z0)9(z)l
S I

which implies that‘ (I)i‘mlw(|z|)|g’(z)|Gﬂ(<p(z)) = 0. The proof is completed. O
o(Z)|—

A

A

Theorem 3. Suppose g H(D), ¢ € S(D), w andu are normal on[0, 1). Then the
following statements are equivalent.

(i) CI: 2, > B, is bounded.
(i) igDW(IZI)Ig(Z)IGp(QD(Z)) < co.

(i) supw-(2)gAIGu(¢(@) < and iqui“’*“j'()l‘;"(’z‘;;g‘Z” < 0.

Proof. (ii)=(i). Suppose tha(i) holds. For anyf € Z,, using Remark 1,

IC2flls, = s%pw(lzl)lg(Z)f’(yv(Z))l < s%pw(lzl)lg(z)lGﬂ(qv(z))llfllgﬁ < Ifllz, < oo.

SoC{ : Z, — B, is bounded.
(i) =(i). Suppose€ : Z, — B, is bounded. Then

SI?DW(IZI)IQ(Z)I = ICJ2ls, < co. (19)

Foralln € D, letu,(2) = foézfot,u*(s)dsdt wherea = (7). By Lemma 2, supy, [|Uall
co. Thus sUp.p, ICZUalls, < co. Whenle(n)| > 3,

A

el 1
w(i)lgn)| fo 5= w(n)I(C2us) (1) < [C3uals, <C. (20)

8
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By (19) and (20),
SUDW(IUI)IQ(U)IGp(w(n)) < 0.
ne.

By Lemma 5 and Theorem (i) < (iii) . The proof is completed. O

Theorem 4. Suppose ¢ H(D), ¢ € S(D) , w andu are normal on[0, 1) such that
Cg : 2, — B, is bounded. Then the following statements hold.

(i) If |Izi‘TlGﬂ(z) <,Cl: 2, — B, is compact.
(i if ‘IzimlGﬂ(z) = o0, then the following statements are equivalent.

(@) CY: 2, - 8, is compact.
(b) 1im w(|2)I9(2)IG.(¢(2) = 0.

le(9l-1
i / _ oD@l _
(©) w!lzg‘rllm(lzl)lg (2IG.(¢(2) =0 and lwyzgl e 0.

Proof. SinceC? : 2, — B,, is bounded, (19) holds.

(). Supposéf,} is bounded inZ;, andf, — 0 uniformly on compact subsets bf
Then(f,} is also bounded it8, and f; — O uniformly on compact subsets bf From
Lemma 4,nlimsup| fi(2)| = 0. Using (19),

= zeD

lim SlﬁDpw(lzl)l(Cg f)'(2)] = lim supw(12)ig(2) fn(¢(2)I < lim suplfy(¢(2)] = 0.

Thusnlim ||Cg fllg, = 0. By Lemma 6(:3 1 Z, — B, is compact.
(ii). (b)=(a). Assume thalt ()Ilirqw(|z|)|g(z)|G,1(<p(z)) = 0. Then for anye > 0,
o(Z)|—
there exists @ € (0, 1), such that

w(12)I9(DIG.(¢(2) < &, whens < [p(2)] < 1.

Suppose thaftf,} is bounded inZ;, and converges to 0 uniformly on compact sub-
sets ofD. Thenf; — 0 uniformly on compact subsets Bf. By (19) and Remark
11

IC2 falls,
(2

ESDW(IZI)IQ(Z)M(QD(Z))I
sup w(12)l9(D fa(e@)l+ sup w(12)I9(2) f (¢ (D)

le(2)I<6 d<lp(z)l<1

sup [fa(e@)+ sup w(|2)I9DIG(¢(D))Ilfall,

le(2)l<o 5<le(?)I<1

sup [f;(¢(D)] + &,
le(@I<o

IA

N

A

which implies tha¥1 lim(|IC2 fulls, = 0. By Lemma 6CJ : 2, — B,, is compact.
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(a)=(b). Assume thacg 1 Z, — B, is compact. Le{z,} c D be a sequence such
thatnlim l¢(za)l = 1. From the proof of Theorem 2, we see tfigl is bounded inZ,

andk, — 0 uniformly on compact subsets bf By Lemmas 1, 2 and 6,

2 2
 ozig@l (59
lim f'a”‘ids
0 u(9
~  lim w(za)) [(Cokn) @)] < i ICZklls, = O,

which implies,lima(z,)Ig(z)Gu(¢())| = 0. S0 _lim w(2)/g(2)IG,(¢(2) = O
Using Lemma 5 and Theorem 2, we see @& (c). The proof is completed. o

4 Theboundnessand compactness of Cg By — Z,(Bw)

From Lemma 5, Theorems 1 and 2, notice %Wa}@m(z) = o0, we have the following
Z—
theorems.

Theorem 5. Suppose ¢¢ H(D), ¢ € S(D) , w and u are normal on[0,1). Then
C: B, — %, is bounded if and only if

, - w(2l¢'@9@) _
iquw(lzl)lg (216, (¢(2)) < > and Efmpim(lw(z)l) <

Theorem 6. Suppose ¢ H(D), ¢ € S(D) , w andu are normal on[0, 1) such that
CJ: 8, - Z,is bounded. Then$is compact if and only if

- , _ w(2)l¢’' (292
Jm (29 @)Cu.(¢(2) =0 and  lim (o@D

Theorem 7. Suppose ¢ H(D), ¢ € S(D), w andu are normal on[0, 1). Then the
following statements are equivalent.

(i) CJ: 8B, > B, is bounded.

0 s <

zeD

(i) S, (2)g (AIG,, (¢(2) < oo and  sup-LBZEal < oo

(iv) ggDPw(IZI)Ig(Z)IGm(w(Z)) < 0.

Proof. (ii)e(i). By Lemma 3 and taking the functioi(z) = fozp*(n)dn € B,, we can
get the desired result. Since the proof is similar to the proof of Theorem 1, we omit the

details.
By Lemma 5, Theorems 1 and 3, we see ffigb (i) and(i)< (iv) hold. The
proof is completed. O

10
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Theorem 8. Suppos g € H(D), ¢ € S(D) , w andu are normal on[0, 1) such that
Cg : 8, — B, is bounded. Then the following statements are equivalent.

(i) CJ: 8, > B, is compact.

.. . w(2)lg@ _
(i) fim @y =0

. , _ im @2 @9@l _
(iii) w!lz)‘m_)ler(IZI)lg (2IGy. (¢(2) = 0, lw!'zgll PR

(V) lim «(l2)I9(2)IGy.(¢(2) = 0.
lp(2)—1

Proof. SinceC : 8, — B,, is bounded, we get that suf|z))|g(2)| = [IC2lg, < c.
zeD

(i)=(). Suppose lim A9 = 0. Foray & > 0, there is & € (0, 1), such that
©o(Z)|—

w(|2)I9(2)]
u(le(21)

Let {f,} be bounded iB, and f, — 0 uniformly on compact subsets Bf From
Cauchy estimatef;; — 0 uniformly on compact subsets bf By Lemma 3,

ICfalls, = s%pw(la)lfé(so(z»g(z)l

<&, whend < |¢(2)| < 1.

< sup w(2)Ifi(e(@)9@)+ sup w(2)f(¢(2)9)
le(2)<6 5<lp()|<1

< sl Do,

S S lale@)+ SUP e e

< sup [fi(e(@) + &,
le(@I<6

which implies tha$1 lim(|IC2 falls, = 0. By Lemma 6C¢ : B, — B,, is compact.
()=(ii). Suppose thacg . B, — B, is compact. Le{z,} c D be a sequence
such that limlp(z,)| = L. Letan = ¢(z:) and fn(2) = u(lanl) ;™ 12(n)dn. Then{fo) is

bounded inB, and converges to 0 uniformly on compact subset®.0By Lemma 6,
r!im IC2fnllg, = O. Therefore

w(1Za))Ig ()|
n—eo - i(lp(z0)l)
which implies that (ii) holds.

By Lemma 5, Theorems 2 and@, < (iii) and(i)<(iv) hold. The proofis complet-
ed. O

= lim w(z)I(C5 ) (z))l = 0.
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Convergence and error estimates for the series
solutions of higher-order differential equations

Junchi Mal Songxin Liang? Xiaolong Zhang?
Li Zou*

January 30, 2016

Abstract

Little work on the convergence and error estimates of approxi-
mate series solutions exists in the literature. For general nth-order
linear differential equations with initial conditions, a rigorous proof of
convergence for the series solutions given by the homotopy analysis
method is first presented in this paper. Furthermore, an upper bound
for the absolute error of these approximations is obtained.

1 Introduction

Higher-order differential equations arise in various branches of science and
engineering. However, unlike numerical solutions, little work on the con-
vergence and error estimates of the approximate series solutions to these
equations can be found in the literature.

Consider general nth-order linear differential equations with initial con-

ditions
Llule) = (@) N
u(zg)=A;, i=0,---,n—1
where
n n—1 d
L= % +pn_1<l’>m + - +p1($)@ +p0($),
pi(z), i = 0,1,--- ;n — 1 and f(x) are continuous in some neighborhood

[xg — 0, 29 + 0] of xg. The main purpose of this paper is to present a rigorous
proof of convergence for the series solutions given by the homotopy analysis
method and to establish an upper bound for the absolute error of these
approximations.

647 Junchi Ma et al 647-659



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

1 Introduction 2

The homotopy analysis method (or HAM) [1, 2] is a popular analytic
approach for seeking series solutions to differential equations and related
problems. It has been applied to solve many problems in different fields of
science and engineering [3, 4, 5, 6, 7, 8, 9, 10].

For the sake of easy reference, the homotopy analysis method is briefly
described as follows. Given a (usually nonlinear) problem

Nu(z)] =0, z € Q, (2)
one first constructs a zeroth-order deformation equation

(1 —q)L[p(w;q) — uo(w)] = gco N[d(x; )], (3)

where £ is an auxiliary linear operator, ug(x) an initial guess satisfying the
given initial/boundary conditions, and ¢y # 0 the convergence-control pa-
rameter. At ¢ =0 and ¢ = 1, one has

gb(l‘; 0) = UO(:E)7 ¢($, 1) = U(I)7 (4)

respectively. To seek a series solution, one expands ¢(x;¢q) into a Taylor
series at ¢ =0

O:4) = o) + 3 (i co)a™ (5)

Assuming that ¢q is properly chosen so that the series (5) converges at
q =1, then

u(@) = o(x;1) = Y wm(w; o) (6)

must be one of the solutions to the given problem as shown in [1], where
um(z; co) is governed by the mth-order deformation equation

Co " Np(x; q)]

Lt (z; co) = XmUm—1(7; co)] = (

m—1)! ogm—1 4=0 ’
)0, m<1
Xm =31 ms 1
In practice, one can only calculate an Nth-order approximation
N
Un(x500) = Y (2, C0) (8)
m=0
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2 Convergence and error estimates 3

of which the higher-order terms u,,(z;c), m > 1 are calculated via (7).
To obtain an accurate approximation (8), the optimal value ¢ is deter-
mined by minimizing the average residual error

Z [n (5 c0)])° 9)

j 1

where zq, x5 --- ,x) € () are sample points.

For the problem (1), a rigorous proof of convergence for the series solu-
tions given by the HAM is presented in Section 2. Moreover, an approach
is also given for determining the valid region of ¢y that ensures the conver-
gence of (6), and for obtaining an upper bound for the absolute error of the
Nth-order approximation (8). In Section 3, two examples are given to illus-
trate the procedure and to demonstrate how accurate and convergent series
solutions can be obtained. Some concluding remarks are given in the last
section.

2 Convergence and error estimates

Let F(x) be continuous on [zg — §, zg + 0]. Denote

F()l = F .
PO = max |F(@)

For the initial value problem (1), it is assumed for the rest of the paper
that the neighborhood [xg — §, 2 + d] of xg is sufficiently small so that

1= 3 gy IOl 0 (10)

First, one constructs the zeroth-order deformation equation (3) with an
initial guess ug(x) satisfying the initial conditions in (1)

u(zg) = Ay, i=0,---,n—1. (11)
The linear operator and nonlinear operator are set out below

£l ) = Z05D - Nloa:g)] = Lio(i)] - fa).

Following the procedure outlined in Section 1, one obtains a series solution

u(z; o) Zum x; o) (12)
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and an Nth-order approximation

(T o) = Z Um (; ¢o) (13)

to the initial value problem (1). For these solutions, one has the following
convergence theorem:

Theorem 1. For ¢y € |— ~ 26? ,— — , the series
+3 751 Trlen—k O 1=3% Frllpn—k Ol

solution (12) converges to the true solution u(x) on [xg — 0,z + d], where €
is a small number satisfying 0 < e <1—>"7_, % Pk ()|l K || En(-;c0)| s
an upper bound for the absolute error of the Nth-order approximation (13),

()
n U1 (T500)
where K = J and En(x;cy) = H—"—,
(n=D!1-30; 2 Ik O] w(@i o) o

Proof: Let N
u(z) = Z um(x; o) + Ry (5 ¢o). (14)

m=0

Then the series (12) converges to u(x) on [xg — §,zg + d] if and only if

lim ||Rn(-;¢c)| = 0. (15)

N—o0

To achieve this goal, we substitute (14) into the differential equation in
(1), which gives a differential equation satisfied by Ry (z;c),

L[Rn(x;co)] = =Sn (w5 co) + f(x), (16)

where
N
Sn(z;co) = Z Lty (z; o))
m=0

Since the initial guess ug(z) satisfies the initial conditions in (1), one sets
U (T0; o) = 0,1, (203¢0) = 0, ,ul" V(zg;¢0) =0 form >1.  (17)

» ' m

Consequently the initial conditions for the remainder Ry(x;¢y) are
R (w03 co) = Riy(w0; co) = -+ = Ry~ (203 co) = 0. (18)

Next, we want to simplify Sy(z;cp) in (16). Note that the mth-order
deformation equation (7) becomes

ul™ (w3 ¢o) — xmuln) 1 (23¢0) = co[ Lt (w3 ¢0)) — (1 = xm) f(2)]. (19
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Adding both sides of (19) from m =1 to N + 1 yields

L) (i) = Sw(aico) — f(@). (20)

Co
Consequently (16) becomes

L{Ra(wi o)) = = -l o o) (21)

Our next goal is to estimate ||Ry(+;co)||. Noticing (18), one has

RN<£L', Co) _/ RN(thCO dtl —/ / R” t]_,CO)dt]_dtQ =

/ / / Rn b tbco)dtl “dt,—odt, 1,

which implies

6n—1—k

|G < I e

k=0,1,---,n—2. (22

Using the initial condition R (xo, co) = 0 and integrating (21) from
xo to x give

Ry V(wie0) = — (/ Paca (ORY ™ (8 co)dt + - +/ Po(t) R (; co)dt
zo

zo
1 (%

+—/1&Lm%mo.
Co 0

Following a similar reasoning as above, one arrives at

ok 0 HUS@A(.;CO)H

DY (o= 1)1 1Pl B e+ o]
k=1 0
In view of (10), one has
_ o HUNJrl
RSV G| = —= (23)
Lo e sl
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Combining (22) and (23), one finally achieves

6” o s
| Ry (-5 c0)l] < - pm o]
(=) 1= S @ e ()] T
Consequently
[Rx (5 co)ll < K|[Ex(5co)ll, (24)
where
K = 0 and Ey(x;c) = M.

(n= D! |1 = Xy @ ok O] &

Therefore, we have proved that K ||[En(+;¢o)|| is an upper bound for the
absolute error of the Nth-order approximation (13) on [z¢ — 0,z + d]. Our
next goal is to prove that, if

2—¢€ €
- n k T n k )
L 3o O 1= 3200 5 Ipas ()l

Co €

then

lim ||Ry(+; )| = 0. (25)

N—o00

First we figure out an expression for Ey(z;¢q). The following lemma can
be proved by mathematical induction.

(n)
L. u x;co
Lemma 2. Noticing En(z;co) = %, one has

N

Evtaie) =3 () Jantolch (20

k=0
where ag(x) = Llug(z; )] — f(z), and for 0 <k < N —1,
T T to
ak+1(x) = ak(x) +pn_1($)/ ak(tl)dtl +pn_2($)/ / ak(tl)dtldtg

x

T tn to
xo Y X0 xo
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Based on Lemma 2, one can determine the relation between FEy(x;c)
and Eny1(x;¢). In view of (17), (26) and (27), one has

Eng1(;co)

)1égll(x;00)

Co

:(1 + Co)EN(m; C()) + Copn,l(x) / EN(tl; Co)dtl + .

0
T tn to
+Cop0($)// / En(t1;co)dty - - - dty,_1dt,
zo Jx0 o

which implies

=1+ ¢ + pn_l(a:)ug\?;f)(:r; co) + -+ po(x)uns1(x; o)

1B (o)l < |11+ col + ool Y o7 s O] 1 Bx (5 o)l
k=1
Next, let
w(8,co) = |1+ col +[co] D 71 1P Gl (28)
k=1
Case L. If ¢ € |—1, — = , then (28) becomes
1=3"%=1 Frllpn—x Ol

w(d,co) =1+ co (1 - Z il ||pn_k()||> <l-e

k=1

Case II. If ¢ € [— 2.c o —1>, then (28) becomes

k
1+ZZ:1 % Hpn—k

w(57 CO) =—1-c (1 + Z E ”pn—k()H> <l-e
k=1

One thus concludes that if

2—c¢ € ]7 (29)

- n k T n k
DI (A O1 S D P o O]

then
w(d,c0) <1—e< 1.
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Thus En(z;¢o) is a contraction mapping

[EN1(5 co)ll < w(d,co) [[En (5 co)ll < (1 =€) [[En(co)ll-

Iteration then yields

1N (5 co)ll < (1= )™ [ Eo(5co)ll

Consequently
lim [[En(;c)]| =0 and lim ||[Ry(-;c)]| =0,
N—o00 N—o0
and the theorem has finally been proved. [ )
3 Examples

In this section, we apply the approach to investigate some initial value prob-
lems.

3.1 Buckling of a cantilever bar

A cantilever bar of length [ is free at the upper end and is built-in at the
bottom. The axial load P is supposed to be uniformly distributed along the
bar axis. The deflection w satisfies the differential equation

dw P dw
4 (l—2)— =0 30
i T e TV =0 (30)
where E1 is the bending rigidity. The initial conditions are
d*w
T da?

d_w
dx

=1. (31)

=0

A simple way to reduce the order of the equation is to set u(z) = dw/dz,
but a more interesting way is as follows.
We make a change of variable
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Table 1: Upper bound for the absolute error of the Nth-order approximation.
N 2nd order | 3rd order | 4th order | 5th order | 6th order
K| Ex(:;—1)| | 1.190E-2 | 1.146E-3 | 8.188E-5 | 5.794E-6 | 3.800E-7

Step by step differentiation yields

dw dw 5/ 3P

dr ~ dzV2EI”

Pw 3P\ (1 dw s dw

Fw_ (LN (L adw 2 33
a2 <2EI) (32 de+23d22)’ (33)
dw 3P (1 dw dPw d3w)

dx3  2E1

92 dz dz2_z$

Introducing this in (30) and using the notation

dw
M 4
we get
d*u 1 du 1
_— 4+ - — 1——)u=0.
dz? * z dz * ( 922) u=0 (35)

It turns out that (35) is a differential equation of Bessel type. For compu-

tational purposes, one sets [ = 1, Kl = 1, and P = (1101020;)2, the buckling

critical load (see [11]). Then the initial conditions become

1
w(zo) =0, u'(z)=—, (36)
P
where zp = 197 Now let us solve the initial value problem (35)-(36).

Following the procedure outlined at the beginning of Section 2, one ob-
tains a series solution (12) and an Nth-order approximation (13) to the
problem (35)-(36).

The radius 6 = % of the neighborhood of zy = lloégr is determined by
the condition (10). Then a valid region [—1.211828346 + 0.6059141731 €,
—2.860401756 €] of ¢y is obtained by means of (29), where 0 < € < 0.3496012397.

It follows from Theorem 1 that, for ¢y € [—1.211828346 + 0.6059141731 ¢,
—2.860401756 €], the series solution (12) converges on [0 — & 1000r 4 3]

To get an accurate approximation, the optimal value of ¢ is determined
by minimizing the averaged residual error (9) of the 5th-order approxima-

tion (13). It turns out that ¢ = —1. Notice that —1 € [—1.211828346 +
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Figure 1: The solid line: numerical solution; the dot line: the 5th-order HAM
approximation.

0.6059141731 ¢, —2.860401756 ¢]. So the corresponding series solution (12)
does converge.

The upper bounds K ||Ex(+; —1)]| for the absolute error of the Nth-order
approximation (13) when N = 2/3,4,5, and 6 on [1106055 — %, 11035; + %] are
calculated, as shown in Table 1. It is very accurate as shown in Figure 1.

3.2 Third-order equation with variable coefficients

Consider the third-order initial value problem (see [12])

u® (x) + v (2) + 25 (z) + (37)
w(l)=1, ¥'(1) =0, «"(1) =
This initial value problem does not have a closed-form solution.

Following the procedure outlined at the beginning of Section 2, one ob-
tains a series solution (12) and an Nth-order approximation (13) to the
problem (37).

The radius 6 = 2% of the neighborhood of zy = 1 is determined by the con-
dition (10). Then a valid region [—1.111481567+0.5557407833 €, —4.985046404 €|
of ¢y is obtained by means of (29), where 0 < € < 0.2005999381.
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Table 2: Upper bound for the absolute error of the Nth-order approximation.
N 5th order | 10th order | 15th order | 20th order
K| Ex(;;—1)| | 4.000E-4 | 1.116E-8 | 1.347E-13 | 1.017E-18

1.59

1.4+

1.14

1.0-

'0.5""1""1.5""2"

Figure 2: The solid line: numerical solution; the dot line: the 5th-order HAM
approximation.

It follows from Theorem 1 that, for ¢y € [—1.111481567 4 0.5557407833 ¢,
—4.985046404 €], the series solution (12) converges on [il, 23]

To get an accurate approximation, the optimal value of ¢j is determined
by minimizing the averaged residual error (9) of the 5th-order approxima-
tion (13). It turns out that ¢ = —1. Notice that —1 € [-1.111481567 +
0.5557407833 ¢, —4.985046404 ¢]. So the corresponding series solution (12)
does converge.

The upper bounds K ||Ex(+; —1)]| for the absolute error of the Nth-order
approximation (13) when N = 5,10, 15 and 20 on [%, %] are calculated, as
shown in Table 2. It is very accurate as shown in Figure 2.

4 Conclusion

For general nth-order linear differential equations with initial conditions, we
have presented a rigorous proof of convergence for the series solutions given
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References 12

by the HAM for the first time. Furthermore, we have proposed an approach
for seeking convergent series solutions to these problems. Some outstanding
features of the approach include the determination of a valid region of the
convergence-control parameter for ensuring convergence, and the calculation
of an upper bound for the absolute error of an approximation.

Some issues still deserve further investigations. For example, how can
one enlarge the neighborhood [z — 0, ¢ + d] of zy so that Theorem 1 is still
valid? How can one extend the techniques to investigate the convergence of
nonlinear problems? It is believed that substantial work has to be done for
dealing with these issues.
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ON THE GENERALIZED Z-ALGORITHM FOR THE NEUTRAL
STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATIONS
WITH INFINITE DELAY
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Department of Mathematics, Zhejiang University of Science & Technology, Hangzhou 310023,
P. R. China
Email address: zxtao@zust.edu.cn

ABSTRACT. For any d-dimensional neutral stochastic functional differential
equation with infinite delay and m-dimensional Brownian motion, we introduce
a sequence of approximate equations and offer sufficient conditions such that
the approximate solutions converge with probability one to the solution of the
given equation. This iterative method called the generalized Z-algorithm is a
generalization to many well-known analytic iterative method.

1. INTRODUCTION

The neutral stochastic functional differential equation, abbreviated as NSFDE,
which was introduced by Kolmanovskii and Nosov [5], has been received much more
attention in recent years. The existence and uniqueness theorems of the solution to
the NSFDE with finite delay can be seen in Mao’s books [6]. Recently, the existence
of the solution to NSFDEs with infinite delay has been established in [1, 8, 9] by
the classic Picard iteration argument. In 2010, S. Jankovi¢, M. Vasilova and M.
Krsti¢ [4] utilized successfully a general analytic method called the Z-algorithm to
verify the existence of the solutions to NSFDEs with finite delay.

Actually, the Z-algorithm method could be backed to works [10, 11] in which
Zuber posed an analytic iterative method for solving the Cauchy problem of the
ordinary differential equation X’ = f(t,X) with X(ty) = Xo. In fact, Zuber
considered the approximate equations X, | = fn(t; Xpq1) with X, 1(t0) = Xo
for n = 0,1,---. Tt was showed in [10] that if Y27 supj,_; <. |f(t, Xu(t)) —
fu(t, Xn(t))] < 1, then the sequence of the solutions {X,,} converges to the solution
X of the initial equation, uniformly in an interval around ty. Here we remark that,
by the advantages of the Z-algorithm method, if we choose the functions {f,}
good enough so that the approximate equations can be effectively solved, then the
solution X of the initial equation can be effectively approximated. Later, Jankovi¢
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tion; Z-algorithm.
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[2, 3] applied an analogous analytic method to the following stochastic differential
equation of the Ito type,

(1.1) dX(t) = a(t,X(t)dt+b(t,X(t))dB(t), te]0,T]

(1.2) X(0) = Xo,

by comparing its solution with the solutions to the related equations

(1.3)  dXp41(t) = an(t,Xnt1(t))dt + by (¢, Xpnt1(2)dB(t), t€]0,T)
(1.4) Xn+1(0) Xo,

for n =0, 1, ... and some suitable functions {a,} and {b,}. It was shown in [2] that,
if

oo

Z iupﬂa(t’X) - an<t’X)| + |b<t7X) - bn(th)H < 00,

n=1"
then the solutions X,,11(t) of (1.3) converge to the solution X (¢) of (1.1) a.s. uni-
formly in [0,7] as n — oo.

Motivated by the works mentioned above, we will discuss in this paper the exis-
tence of the Z-algorithm approximate solutions to NSFDEs with infinite delay. Our
main theorem will be stated and shown in the next section, see Theorem 2.4; and
some comments will be given in section 3. Here we need to give the notations and
definitions which will be used in the paper.

Let | - | denote the Euclidean norm in R?. If A is a vector or a matrix, its
transpose is denoted by AT’; The trace norm of a matrix A is represented by |A| =
itrace(AT A). Let (Q,.%,P) be a complete probability space with a filtration
{Z}1>1, satisfying the usual conditions, i.e., it is right continuous and .%;, contains
all P-null sets. Assume that B(t) is a m-dimensional Brownian motion defined on
(Q, #,P), that is B(t) = (Bl(t)7Bg(t),...,Bm(t))T and each B;(t) is a standard
Brownian motion for i = 1,2,--- ,n. Let BC((—o00,0]; R%) denote the family of
bounded continuous R%-value functions ¢ defined on (—oco,0] with the norm |||| =

SUP_<p<0 l(0)]-
In this paper, we consider the following d-dimensional NSFDEs with infinite

delay,
(1.5) d[X(t) — D(X,)] = f(t, X;)dt + g(t, X;)dB(t), to<t<T,
where

Xy ={X(t+0): —00<f<0}

can be regarded as a BC((—o0,0]; R%)-valued stochastic process; and we assume
that D is a vector-value function from BC((—oc,0]; R?) to R%, and f is a Borel
measurable function from [tg, T] x BC((—oc,0]; RY) to R%, and ¢ is a matrix-value
Borel measurable function from [tg, T] x BC((—o0,0]; RY) to R™?. Here one notes
that the last term, g(t, X;)dB(t), in equation (1.5) can be rewritten as

g1 (t7 Xt)dBl (t) + QQ(t, Xt)dBQ(t) + -+ gm(t, Xt)dBm(t)

The initial value is assumed to be

(1.6) Xy, = {€(0) : —00 < 6 <0}
where £(6) is an %, -measurable BC((—o0, 0]; RY)-value random variable such that
E|[¢]|* < 0.
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Definition 1.1. R9-value stochastic process X (t) defined on (—oo, T} is called the
solution of (1.5) with initial value (1.6), if X (¢) has the following properties:

(1) X (t) is continuous and {X (t) : —oo <t < T} is F;-adapted,;

(2) f(t,X:) € L ([to, T|; RY) and g(t, X;) € ZL3([to, T, R™™);

(3) Xi, =¢&, and for each tg <t < T,

(1.7)  X(t) =¢€(0)+ D(X;) — D(¢) —l—/t f(s,Xs)ds +/ g(s, X,)dB(s), a.s.

to
We say that the solution of (1.5) with initial value (1.6), X (t), is the unique
solution, if for any other solution X (¢) distinguishable with X (¢) we have
P{X(t)=X(t): —o<t<T}=1

Here we remarked that the existence and uniqueness of the solution to the equa-
tion (1.5) were established by the well-known Picard iteration in [1, 8, 9] under the
following assumptions:

(M1) There exists a positive constant K such that, for all ¢, € BC((—o0,0]; R%)
and ¢ € [to, T1,

[f(t, ) = f(t, )|+ g(t, @) — g(t, )| < K|l — ]

(M2) There exists a positive constant K such that, for all ¢ € BC((—o0, 0]; RY)
and t € [to,T],

[F(t o)l +1g(t @) < K(1+lell)
(M3) There exists a constant k € (0, 1) such that, for all ¢, € BC((—o0,0]; R%),

[D(¢) = D(4)| < klle — ¢l

Recall the stochastic integral equation (1.7), we introduce the following sequence
of the related equations:

t
XU = DU = €0 = D€ )+ [l X3ds
t
. 0
(1.8) +/ gn(s, X2 dB(s)
to
for t € [to,T] and n = 0,1,---, where X"*' = {X"1(t +0) : —00 < 0 < 0}

are BC((—o0,0]; R%)-value stochastic processes, "1 = XZQH are the initial con-
ditions. The functions D,,, f., g, will be chosen late such that

Dn(X) = D(X), fult, X) = f(t, X), gn(t; X) = g(t, X), as n — oo,

uniformly in [tg, T] x BC((—o0,0]; R%).

Let X (t) be the unique .%-adapted solution to the equation (1.7) satisfying
E supyc(—oo,77 [X ()P < 00. Let X"HL(t) be the unique .#;-adapted solution to the
equation (1.8) satisfying Esup,c(_oo 7 | X" (#)|P < 0o for n=0,1,---.

We will use the following notations in this paper,

Yo = B[P,

0n, = E sup |D(X})— Dn(X])P,
tE[to,T]

en = B sup [[f(6X]) = fult; X +1g(t X7') = galt, X7)[) -
t€[to,T]
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We take the initial iteration to be X°(t) = £(0) a.s., for ¢ € [to, T], and X} =¢.
We will use the following conditions:

(1.9) Z:'yn<oo7 Zdn<oo, Zen<oo
n=0 n=0 n=0

2. THE MAIN THEOREM AND ITS PROOF

At first we give three lemmas, which are useful for our investigation.

Lemma 2.1. For any X,Y € R and 6 € (0,1), we have

X7 Y
X+YP<
XY < (1—-0g)r—1t =

The proof of Lemma 2.1 can be found in [6]

p=>1

Lemma 2.2. Let u,v : [a,b] = Ry be continuous functions and L be a positive

constant, if
t

w(t) < o(t) + L / u(s)ds,

a

then for all t € [a,b] we have
t
u(t) <wo(t) + L/ e =9y (s)ds.

Especially, if v(t) = M is a constant, then u(t) < Mel(t=a),
Lemma 2.2 is a special case of the Gronwall lemma, so we omit its proof here.

Lemma 2.3. Let p > 2, t € [to,T], and let X;, X' € BC((—o00,0}; R?) be the
stochastic process mentioned above, then for any r € [ty,t] we have

1 = XP[P < Jl§ = €"11” + sup | X (u) = X" (u)[”.

w€[to,r]
Proof. From the definition of the norm in BC((—o0,0]; R?), we have
| X, — XM|P = sup | X(r+0)—X"(r+06)P
0€(—00,0]
= sup [ X(u) = X"(u)f?
u€(—o0,r]
< sup | X(u) = X"(W)" + sup [ X(u) = X" (u)]?
u€(—o0,to] u€l[to,r]
= [€=¢""+ sup |X(u) = X" ()"
u€[to,r]
The lemma is proved. O

Now we state our main theorem.
Theorem 2.4. Let p > 2 and E|[¢||P < oo, E|["||P < 00, n = 0,1,.... Assume
that the functions D, f, g, Dy, fn, gn Satisfy the Lipschitz conditions (M1) and
(M3) with constants K > 0 and k € (0, 1/(3.24(;;—1))%) for any n = 0,1,....
If the condition (1.9) is vilid. Then, the sequence of solutions {X"T1(t) : t €
(=00, T],n = 0,1,...} of the equations (1.8) converges uniformly in [tg,T)], with
probability one as n — oo, to the solution {X(t),t € (foo,T]} of equation (1.7).
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Proof. From (1.7) and (1.8), for all r € [tg, T], we have
X(r) = X" (r) = £0) = €"H0) = D) + Dy (")
+D(XT) - Dn(X;H_l)

+/r[f(57XS) - fn(stg+1)]d8

to

(2.1) + [ 195, X2) — gals, XTHO]dB(s).

to
Since k € (07 1/(3- 24(1”1))%) and p > 1, we can choose § such that
1 1
(2.2) (3kP)Te-D < < 5

Hence, for tg < r <t < T, we see from Lemma 2.1 that
I Ji(1) Ja(t)

_ n+1
(2.3) ETGSE:Et] | X(r) = X" (r)|P < 1—gp1 + 020r—1) + 0(1 — 0))p—1°
where
I = E§0) = "H(0) — D(§) + Dn(€"THP
L(t) = E sup |[D(X,)— Dn(XH|
re&lto,t]
Jo(t) = E sup /T [f(s, Xs) = fuls, XTH)] ds
r&lto,t] [Jto

p

+ /T [9(87Xs) - gn(S,X;l+1):| dB(S)

to

Next we will give the estimates for 1, J; and Jo, respectively. According to the
condition (M3), we can deduce that

L 2" HE[§(0) — £"H(0)[” + E[D(€) — D (§")I7]

2" i1 + 8PTIE[|D(€) — D(EMP +[D(E") — Dn(€™)
+Dn(€") = Du(§)” + | Dn(€) — Dun(§" )]

2y + 8P TIRPEIE — €7 + 87718, + 8P TTAPEE — €|
8P TIRPRIE — €

(2.4) = P71y ) 4 8P (2kPy, 4 kP g + 6n).

For Ji(t), from Lemma 2.1 and the condition (M3), we get

|D(X7’) - Dn(XatH_l”p

1 1 1 1
< (1 — g)pfl [(1 _ 9)p71 |D(XT) - D(X'r )| + gp—1

1 1 1

IN N

IN

[D(X]") = Dn(X)I]

+9P—1 [WLD’”(X;L) - Dn(X’r)|p + ep_l |Dn(Xr) - Dn(X,:,lJrl)‘p}
1 1 )
< kP X, - XMP+ —2
<Mla—gpes * G- ey X~ S Gamg
kp n+1
+m||xr — X
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Lemma 2.3 yields that
E sup [|X; = X[ <y +E sup [X(r)—X"(r)]"

ré€lto,t] r€[to,t]
Therefore,
1 1
Ji(t) < kP . CLE swp [X(F) - XM
o [a—ape s + @a eyl (B e K = XM0F]
25) 4 g len +B swp |X0) - XPHEP] 4 o
' patp—1) Tnat T P LT r =

For Jy(t), we can decompose it into two party

Jp(t) < 2rt

B s | [ (s, Xa) — Fuls, X2 ds|”

r€lto,t] Jto

+B o | [ g5, X0) — gu(s, X2)dB(s)|”

r€(to,t] to

= 277 [T (1) + Jaa(8)].

To estimate Jo1(t), using the Holder inequality and the condition (M1), we get
that

J21(t)

< 4P1g

sup | / (s, X) — f(s, XP)ds[” + sup / s XY — fuls, X™)]ds[”
] Jto t

r€lto, r€lto,t] 0

+ sup |/T[fn(s,X§)—fn(s,Xs)]ds|p+ sup |/r[fn(s,Xs)—fn(s,X§+1)]ds|p]

r€lto,t] Jto r€lto,t] Jto

t
< 4r1 [Kp(t — )P / E||Xs — X7||Pds + (t — to)Pen

to

t t
er ety [ B, = X2 -t [ B, - X2

to to

t
<APTHT — )Pt {21{?’/ E|| X, — X7||Pds

to

t
+KP/ E|| X, — X" ||Pds + (t — to)an} :

to

Hence by lemma 2.3 we obtain that

le(t) S 4p_1(T—t0>p_1{2Kp/ ('Yn—‘rE sup |X(T)—Xn(7")|p)ds

to réElto,s]

¢
—|—Kp/ (Yat1 +E sup |X(r) — X" (r)[P)ds + (t — to)an}
to

refto,s]

t
= Tt 7 [ B s (X(r) - X7

to T€E[to,s]

t
LK? / E sup |X(r) — X" (r)[Pds + (t — 10)(2KPy + KPyr + )|
to  TE[to,s]
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In order to estimate Jaa(t), we use Cauchy inequality to get that

Joo(t) < 4Pt E sup |/ (s, Xs) —g(s X")]dB(s)|p
’I‘E[to,t]
+E sup ! (5, X2') = gn(s, X2))dB(s)|"
r€[to,t]

+E sup ! gn(s, XT) - gn(s, X,)dB(s)|"
7E[t0,t]

E sup]|/ 9n(5, %) = gals, X NB ()|
r€lto.t

Applying the Burkhélder-Davis-Gundy inequality and the Hélder inequality to the
first It integral, we obtain that

t p
2

B sw | | o5, X2) — a5, XOAB(S) < B[ [ la(s X.) — g(s, X7)Pds]

relto,t] to

t

<ot~ 1) [ Blo(s X~ gl X0 "ds
to

where ¢, is a universal constant, more precisely, ¢, = [p?*/2(p —1)P~1]% for p > 2

and ¢, = 4 for p = 2. The other It6 integrals can be estimated analogously, Thus

according to Lemma 2.3 and the condition (M1), we get that

» t t
<4 eyt — 1) / Elg(s, X.) — g(s, X")Pds + / Elg(s, XT) — gu(s, X7 |Pds
t t
t ’ t ’
+ / Elgn (5, X7) — gu(s, Xo)|Pds + / E|g, (5, Xa) — ga(s, X)) Pds
t t
’ v t ’ t
§4p4qxt7t@5;ﬂ2Kp/"EHngaXSWﬂs+IWi/ EJ|X, — X[*||Pds + (t = to)en]
to to

t
<o, — t0)F 2K [+ B sup [X() - X7 (1)P)ds

to r€[to,s)

t
A7 [ (G 4B sup X () = XTP)ds + (¢ to)e)
to réElto,s]

=4~ 1c (T—to)*_l[%p/ E sup [X(r) — X"(r)[Pds

to  TE[to,s]

t
H@/Esw\XM—XMWW%+ﬁ—M&W%+K%MHw“
to

ré€(to,s]
Therefore,
t
Jo((2.6K C 2K”/ E sup |X(r)— X"(r)|Pds
to  T€E[to,s]

t
+KP [ E sup |X(r)— X" (r)|Pds + (t — to) 2KPyn + KPypi1 +€5)

to  T€[to,s]
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with the positive constant C' = 8°~! {(T —to)P L 4 cp(T —tg)5~ 1}
Introduce the following notations

un(t):E sup |X(T)7Xn(r)|pa te [t07T]7 Tl:(),l,"'
rE(to,t]

Then from the inequalities (2.4), (2.5) and (2.6), we can easily obtain

kp t t _
Upt1 (t) < mun+1(t)+5¢/ un+1(5)d5+254/ Up (8)ds+Buy (t)+(t—to) pin+Vn
to to
where f = 02(: 1)[(1 9)2<p vt @as }9))? ], @ is a positive constant, and u, =

a1Yn + @2 Vnt1 + a3€n, Vn = biyn + boyna1 + b3dy, here a;, b; (i=1,2,3) are generic
positive constants. Recall the inequality (2.2) we have kP < 3kP < 6*(*=1) and so
1- 94(’27:) > 0, then one can see that

t

¢
Un41(t) < a/ Unt1(s)ds + Qa/ Un (8)ds + Bun (t) + At — to)pn + Avp

to to

where a, A are generic positive constants and 8 = 55— [(745)2P D +(1%5) @Y.
This and Lemma 2.2 yield that

t
unialt) < 20 / n(5)(ds + Bun (£) + At =t} + v

to

t s
- / 9 30 / (1) -+ Bun(s) + A(s — to)pin + A ds

t() t()

t t s t
= Qa/ un(s)ds—|—2042/ eo‘(t_s)/ un(r)drds—I—ozﬁ/ ey, (s)ds
to to to to

¢ ¢
+a iy / (s — t0)e* =) ds + advy, / et = ds + Buy, (t)

to to

+>\(t — to)/J,n + )\l/n.

By direct computation we note that

t s t
2a2/ eo‘(t_s)/ Up (r)drds = 2a/ (e“=5) — 1w, (s)ds,
to to to

t a(t—to)
O‘)\.un/ (s — tO)ea(tis)dS = —Atpip — é,Um + Lﬂn + Atofin,
to o o
t
a)\z/n/ =9 ds = — A, + Ae®tto)y,,
to
Therefor we have
)\ea(t—to) Y

t
Unii(t) < a2+ B) / eV (s)ds + Bun (1) + i+ AP0,

to

/\ea(T—to) Y

t
S a(2+ﬁ)ea(T—to)/ ’U/n(S)dS—Fﬁun(t)—F /Jn‘i‘A@a(T_to)Vn

to

Thus, for every m = 1,2, ..., we have

Zun —up(t) < a2+ Pe o(T— tO/Zun ds—i—BZun

to p=0 n=0
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Zu + Ae(T= tO)ZV

)\EQ(T to) _

Hence,

(1-p Zun < o2+ B)e T tO)/ Zun(s)ds

to =0

Z,u + (T t")zy + uo(T

)\ea(T tO) —

Noting 0 < 175 < 1 and §*(r—1) _ kP > 2kP  one has that 8 < m < 1. From
this and by Lemma 2.2, we get that

i < ]. )\ T t() - )\ T t(])

;un(t) < 1—5[ nzou + Xe ZV +ug(T

a(2+48)e(T—1t0)
-e%(tito)

The condition (1.9) implies that >~ pi, < o0 and Y~ v, < co. Therefore,

i un(T) < 00
n=0

Recall that

E sup [X() - X"(1)] El[¢ —¢"[P+E sup [X(t) - X"(t)]
te(—o00,T) t€[to,T)

then from the condition (1.9) and Doob’s martingale inequality [7], we find for an
arbitrary € > 0 that,

SP{ s IX(0)- X0 2} < LS EX(T) - XN
n=0

n=0 te(—o0,T)
1 & o
n=0 n=0

< ©oQ.

IN

Hence, by applying the Borel-Cantelli lemma, we conclude that for an arbitrary
small € > 0, there exists a positive integer ng = ng(w) such that
sup | X(t) = X"(t)| <e, n>ng.
te(—o0,T)
This shows that the sequence {X"(¢), t € (—o0,T], n = 0,1,...} converges with
probability one to the solution {X(¢), ¢ € (=00, T]}. The proof is complete. O

3. COMMENTS AND EXAMPLES

In [1, 8, 9], the proof of the existence of the solution to the equation (1.5) is based
on the well-known Picard iteration, which establishes the iteration on the solution.
However, the Z-algorithm method iterates for the whole equation. The Z-algorithm
is a more general algorithm and can be applied to discuss more equations. Many
historically and well-known analytic methods are its special cases, for example,
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Picard iteration, Newton-Kantorovich method and Chaplygin methods of chords
and tangents.

Next, we give some examples to illustrate Theorem 2.4.
Ezample 1: Let {¢",n = 0,1,...} satisfy > 7 JE[[¢ — £"||P < co and let Dy, f,,
gn be defined in the following way: for n = 0,1,..., X € BC((—o0,0]; R?) and for
every fixed t € [tg, T,

(3.1) Dn(X; X7') = pn(X = X{') + D(XY')
(3.2) fult, X5 XT) o= n (X — X3') + (1, X7)
(3.3) In(t, X5 X7') = 0, (X — X7') + g(t, X7),
where

¢n : BO((—00,0];RY) = R, ¢,,(0) =0
Yt [to, T] x BC((—00,0; RY) — R?, ,,(£,0) =0
O, : [to, T] x BC((—o0,0];RY) — R™ 9, (¢,0) = 0.

The functions ¢, ¥y, 0, satisfy the conditions (M1)-(M3) with constants K > 0
and k € (0, 1/(3- 24<p*1>)%). Obviously,
Da(X} X7) ~ D(X}) =0

gn(t7XZL7XZI) - g(t7XZl)

0
0.

This shows that the condition (1.9) is satisfied. Thus theorem 2.4 is obtained.
Ezample 2: In particular, we linearize the equation (3.1) by: for n = 0,1, ...,

(3.4) D (X5 X3') := (X = X{') - on + D(X]')
(3.6) gn(t, X5 X7') = (X = XT) - O + g(t, XT'),

where 0,, = (010,020 -y Omn) and ©n, Up, 0in (i = 1,2,...,m) are scalar sequences.
We can easily see that all conditions of Theorem 2.4 are satisfied. So Theorem 2.4

succeed.
FEzample 3: More specifically, we assume that £ = £ a.s. and ¢, =9, =6, =0in
equation (3.4) for all n = 0,1, ..., then we obtain the Picard iteration. Of course,

in this case, Theorem 2.4 is successful. Therefore, the Picard iteration is a special
Z-algorithm.
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An improved generalized parameterized inexact Uzawa
method for singular saddle point problems *
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Abstract

In this paper, based on the generalized parameterized inexact Uzawa method (GPIU) p-
resented by Zhang and Wang [Applied Mathematics and Computation, 219(2013) 4225-4231],
we introduce and study an improved generalized parameterized inexact Uzawa method (IG-
PIU) for singular saddle point problems. Moreover, theoretical analysis shows that the
semi-convergence of the IGPIU method can be guaranteed by suitable choices of the it-
eration parameters. Finally, numerical experiments are carried out, which show that the
improved generalized parameterized inexact Uzawa method (IGPIU) with appropriate pa-
rameters improve the convergence of iteration method efficiently when solving singular saddle
point problems from the classic incompressible steady state Stokes problems.
Key words: Krylov subspace methods; Generalized saddle point matrices; Minimal polynomial;
Preconditioners.

MSC': 65F10; 65F15

1 Introduction

Consider a singular saddle point problem

4(0)= (o 0) ()= () = ®
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where A € R™™ B € R™" m > n. The matrix A is symmetric positive matrix and
the matrix and B is a rank-deficient matrix. Systems of the form (1) arise in a variety of
scientific and engineering applications and have attracted a lot of research, see [1-7] for a
comprehensive survey. When A is symmetric positive definite and B is of full column rank,
we refer the reader to [2,7-18] for many efficient iterative methods and [19] for a survey.

For large, sparse or structure matrices, iterative method is an attractive option. In
particular, Krylov subspace methods apply techniques that involve orthogonal projections
onto subspaces of the form

K(A,b) = span {b, Ab, A%, ..., A" 'b, ...}

The conjugate gradient method (CG), minimum residual method (MINRES) and gen-
eralized minimal residual method (GMRES) are common Krylov subspace methods. The
CG method is used for symmetric, positive definite matrices, MINRES for symmetric and
possibly indefinite matrices and GMRES for unsymmetric matrices [20].

Generally speaking, the matrix B is full column rank, but not always. If B is rank-
deficient, how to effectively solve the singular saddle point problem (1) is important in both
scientific computing and engineering applications. For solving the rank-deficient saddle point
problems, Ma and Zheng et al. [17,21] presented the parameterized Uzawa method. Bai et al.
[22-23] studied the PHSS iteration method. Fischer et al. [24] considered the preconditioned
minimum residual (PMINRES) method. Wu et al. [7] discussed the preconditioned conjugate
gradient (PCG) method. Zhang and Wang [17] introduced the generalized parameterized
inexact Uzawa (GPIU) method.

In this paper, based on the generalized parameterized inexact Uzawa (GPIU) method
presented by Zhang and Wang [17], we introduce and study an improved generalized param-
eterized inexact Uzawa method (IGPIU) for singular saddle point problems (1). Similar to
the proving process of section 3 in [17], theoretical analysis shows that the semi-convergence
of IGPIU method can be guaranteed by suitable choices of the iteration parameters. Final-
ly, one numerical example presented shows correctness and availability of our theory about
the improved generalized parameterized inexact Uzawa method (IGPIU) for singular saddle
point problems.

This paper is organized as follows. In Section 2, we will present the improved generalized
parameterized inexact uzawa method (IGPIU) for singular saddle point problems (1). The
semi-convergence of the IGPIU method are discussed in Section 3. Moreover, our methods are
the generalization of known literature. Some numerical examples are given to demonstrate
the efficiency of the IGPIU method in Section 4. Finally, conclusions are made in Section 5.

2 An improved generalized parameterized inexact uza-

wa method (IGPIU)

Recently, for singular saddle point problems (1), Zhang and Wang [17] make the following

splitting
A= (_gT ?) — M- N,
where P 0 P—-A -B
M= (—BT+Q1 @2>’N:( o Q2>
2
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P e R™™ and () € R™" are prescribed symmetric positive definite matrices and ), €
R™™ is an arbitrary matrix.
To construct the improved generalized parameterized inexact Uzawa method (IGPIU),
if we can add one parameter in the above splitting, then we may change the parameter to
improve the performance of presented method. Hence, we propose the following splitting

A B
Am (_BT 0) —r-u.

P 0 P—A -B
'C:(—BT+Q1 wQQ)””:< Q1 wQ2>

P e R™™ and Q)3 € R™™ are prescribed symmetric positive definite matrices and Q) €
R™™ is an arbitrary matrix. Based the generalized parameterized inexact Uzawa (GPIU)
iteration method presented by Zhang and Wang [17], we consider an improved generalized
parameterized inexact uzawa method (IGPIU) for solving the singular saddle point (1).

P 0\ (z+D P—A —B\ (a2® p
(—BT+ 1 sz) (y(k+l)) - ( o sz) (y(k ) * <—Q) ’ (2>

or equivalently,

where

{ g+ = k) 4 p-1 [p Az — By (3)
YO = y®) 4 LOr D [BTp4) _ o] — 1Q21Q [0+ — 2®)]

The iteration matrix of the IGPIU method (2) or (3) is given by

P 0o\ '/P-A —-B _
TZ(—BT+Q1 wQQ) (Q1 wQQ):[ —L£7A 4)

The IGPIU method: Let P € R™™ and @) € R™*" be prescribed symmetric positive
definite matrices and Q; € R™ ™ be an arbitrary matrix. Given initial vector () € R™ and

0) € R™ and the relaxation parameter w with w # 0. For k = 0, 1,2, ... until the iteration
sequence {(z®" y™")T1 is convergent, compute

{ prt = a o+ P p - Aa) = By®] (5)
YO =y 4 1o-T [ x(k+1 q] - 1Q2 1Qy [a+D) — 5]

Remark 2.1. It is obvious that when choosing w = 1, then the IGPIU method reduces to
the GPIU method [17]. Hence, we may change the parameter to improve the performance
of presented method.

3 The semi-convergence of IGPIU method

In this section, we discuss the semi-convergence of the IGPIU method for solving the singular
saddle point problem (1). We first reveal some basic concepts and notations.

Denote o(A) and p(.A) as the spectrum and spectral radius of the matrix A, respectively.
The rank and index of the matrix A are denoted by rank(A) and indez(.A), respectively.
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Assume that the matrix A can be split into A = M — AN with M nonsingular. Then
we can construct a splitting iteration method:

2D = T ® Ml k= 0,1,2, (6)

where 7 = M™'N is the iteration matrix.

It is well known that any of the following three conditions is necessary and sufficient for
guaranteeing the semi-convergence of the iteration method (6) for the singular linear systems
AX = ¢ (see [17,22]):

(a) The spectral radius of the iteration matrix 7 is equal to one , i.e., p(T) = 1;

(b) The elementary divisor associated with A € o(A) is linear when A = 1, i.e., rank((I —
T)?) =rank(I — T), or equivalently, index(I — T) = 1;

(c) XN €o(T) with [A\| =1, then A =1, i.e., V(T) = max{|\| : A € o(T), A # 1} < L.
When iteration scheme (6) is semi-convergent, V(7T) is said to be the semi-convergence factor.
As usual, the splitting A = M — N and the corresponding iteration matrix 7 are called as
semi-convergent if the iteration (6) is semi-convergent. Next we study the semi-convergence
of the IGPIU iteration (5). To get the semi-convergence conditions, the following lemmas
are used.

Lemma 3.1. [25] Consider the quadratic equation x* — dx +n = 0, where § and n are real
numbers. Both roots of the equation are less than one in modulus if and only if |n| < 1 and
0] < 1+mn.

Lemma 3.2. [17] Let P € R™™ and @ € R™" be symmetric positive definite and
B € R™™ be of column rank-deficient, with m > n. Suppose that \ is an eigenvalue of the
iteration matriz T and (u”,vT)T € R™™ is the corresponding eigenvector. Then A = 1 if
and only if u = 0.

Theorem 3.3. Let P € R™ ™ and Q2 € R™" be symmetric positive definite and B € R™ "
be of column rank-deficient, with m > n. Suppose that A # 1 is an eigenvalue of the iteration
matriz T and (u?,vT)T € R™™ is the corresponding eigenvector. Then X\ satisfies the
following quadratic equation:

+v = 2wa — a+T—w
ey btnzwanT, ofrowh_
« o
where
*P *A *B leT *B —1
o= U g g A B B wBGs Quu
) u*u u*u u*u

Proof. Firstly, since A # 1, we know u # 0 from Lemma 3.2. By (4) we have
(o o) ()= (o0 ) () g
Q1 w@y) \v) T\-B"+Q1 w@y)\v)

[(1—=A)P — Alu= B, (8)
[(1=X)Q1 + ABT] u = w(A - 1)Qv.
Because )2 is symmetric positive definite and A # 1, from the second equation in (8), we
obtain that v = 2(—Q3'Q1 + 27Q5 ' BT )u, which together with the first equation in (8),
result in

WA2Pu + dw(Au + BQy ' BTu — 2wPu — BQ5'Qiu) + w(Pu + BQy'Qiu — wAu) = 0.
(9)

or equivalently

674 Li-Tao Zhang et al 671-683



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Since u # 0, by left multiplying «* and with the positive definiteness of P(u*Pu # 0), we
have
R 1] (10)

Thus, the proof is completed.

Theorem 3.4. Assume that A € R™*™ is symmetric positive definite, B € R™™ is rank-
deficient, P € R™™ and Q3 € R™"™ are symmetric positive definite and Q1 € R" ™ is an
arbitrary matriz such that BQy Q1 is symmetric. Then o(T) < 1 holds if and only if one
of the following conditions hold:

14w

w>0,7’<w6,0<%<(1+w)a+T—Tﬁ.

Proof. Since P is symmetric positive definite and BQ;'Q; is symmetric. By Lemma 3.1
and Eq. (10), we know that the spectral radius of the IGPIU iteration matrix is less than
one in modulus if and only if

a+T7—wf
| <1,
{ }B+'ya—2wc!—7—| <14 a+7——w6‘ (11)
or equivalently,
1
w>0,7T<wpf,0< % < (1+w)a+7'—%6.

Thus, the proof is completed. ¢

Theorem 3.5. [17] Assume that A € R™ ™ is symmetric positive definite, B € R™ ™ is
rank-deficient, P € R™ ™ and Q2 € R™"™ are symmetric positive definite and Q1 € R™™
is an arbitrary matriz such that BQ5'Qy is symmetric and N(B) NR(Q,'BTA™'B) = {0},
then index(I — T) = 1. Here and in the sequel, N'(e) and R(e) is used to represent the null
space and range space of the corresponding matrix, respectively.

Combining Theorem 3.4 and Theorem 3.5 , we immediately obtain the following suffi-
cient conditions for the convergence result of the IGPIU method for solving singular saddle
point problem (1).

Theorem 3.6. Assume that A € R™*™ is symmetric positive definite, B € R™" is rank-
deficient, P € R™™ and Q) € R™" are symmetric positive definite and Q1 € R™™ 1s
an arbitrary matriz such that BQy'Qy is symmetric and N'(B) N R(Q5'BTA™'B) = {0}.
Then the IGPIU method for solving singular saddle point problem (1) is semi-convergent if
w, T, 8,7, a satisfy one of the following conditions

¥ 14w

w>0,7’<wﬁ,0<§<(1—|—w)oz+7'—T6.

Remark 3.1. From the Theorem 3.5, it is not difficult to find that when w > 1,2a > 3 or
0 <w< 1,20 <, then (1 +w)a+7— 328> 2a+ 7 — . Hence, under these conditions,
the range of v is wider and we will have more space of parameters range.

Remark 3.2. It is obvious that when choosing w =1, P = %A, @1 =0, and Qy = %Q, Q is

an approximate matrix to the Schur complement BT A= B, then the IGPIU method reduces
to the PIU method in [10,17].
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Remark 3.3. Some choices of the parameter matrices P, (), and Qs are given in Table 1
[17]. When choosing different parameter matrices P, ()7 and Qy, we may immediately obtain
a series of iterative methods for solving singular saddle problem (1).

Table 1: Some choices of the parameter matrices P, ()7 and Q.

Case P (1 Q2
I %A 0 %In
11 %diag(A) 0 ?In
111 %tm’diag(A) 0 el
v A —4BT el
\% tA —4B"  ldiag(B"P~'B, B"B)
VI %A —60Q,BT %tm’dz’ag(BTP_IB, BTB)

4 Numerical examples

In this section, we give numerical experiments to demonstrate the conclusions drawn above.
The numerical experiments were done by using MATLAB 7.1 and the matrix of the numerical
experiments were generated by IFISS software. In all our runs we used as a zero initial guess
and stopped the iteration when the relative residual had been reduced by at least seven
orders of magnitude (i.e, when ||b — Az*|y < 1077||b]|2).

We consider the classic incompressible steady state Stokes problems:

—Au + gradp = f, in 2,
—divu = 0, in €,

with suitable boundary condition on 0€). It is known that many discretization schemes for
the above Stokes problems will lead to generalized saddle point problems of the form (1).
Here, we get the test problem (leak-lid driven cavity) by using IFISS software written by
David Silvester, Howard Elman and Alison Ramage. We take a finite element subdivision
based on 32 x 32 uniform grids of square elements. The mixed finite element used is the
bilinear-constant velocity-pressure: )1 — F, pair with stabilization. )1 — F, finite element
subdivision is shown in Figure 1. The stabilization parameter is chosen to }1. We get the
(1,1) block A of the coefficient matrix corresponding to the discretization of the conservative
term. Since the matrix B produced by the software is rank deficient, so A is singular matrix.
In our experiment, we choose uniform grids 8 x 8, 16 x 16.

In Tables 2, when choosing different parameters, we show iteration counts, relative
residual and computing time about the GPIU and the IGPIU methods for solving singular
saddle problem (1), where IT, RES and CPU are the iteration numbers, relative residual and
computing time about the GPIU and the IGPIU methods, respectively. Moreover, we also
show the corresponding reduction of residual 2-norm and eigenvalues distributions about two
methods for different parameters. Figures 2 ~ 5 show the reduction of residual 2-norm with
Case I, IT, IIT and IV of Table 2. Figures 6 ~ 9 show the eigenvalues distributions with Case
I, IT, IIT and IV of Table 2. Figures 10 and 11 show the reduction of residual 2-norm with
uniform grids 16 x 16 and Cases I, II. Figures 12 and 13 show the eigenvalues distributions

with uniform grids 16 x 16 and Cases I, II.
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Remark 3.1. From Table 2, Figures 2 ~ 5, 10 and 11 , it is very easy to get that the IGPIU
method is in general better than the GPIU method when choosing suitable parameters. By
numerical experiments for many times, we can find that, when 0.75 < w < 1.05 the IGPIU
method is very efficient. For Case II, when w = 1.05 the IGPIU method is little efficient.
Hence, we suggest that, the selection range of the parameters may be 0.75 < w < 1.
Remark 3.2. From Figures 6 ~ 9,12 and 13, we may find that the eigenvalue distribution
about the GPIU method has the same spectral clustering compared with the IGPIU method
when choosing suitable parameters.

Q1-PO finite element subdivision
1@ Q

* * * * * * * *

0.8¢

P e A I I I N O

04r % | % | % | * | * | * | * | %

0.2}

Figure 1: Q1 — P, finite element subdivision

Table 2: numerical results of different parameters about GPIU and IGPIU methods for
solving singular saddle problem (1). Here, uniform grids are 8 x 8.
Case (£,0,¢,w) IT RES CPU
Case I (0.8,0,10,1) 124 9.6146 x 107% 1.776
(0.8,0,10,0.85) 100 9.9265 x 1078 1.437
(0.8,0,10,0.75) 103 9.9106 x 107% 1.468
(0.8,0,10,1.05) 79 9.8442 x 107% 1.156
Case 11 (0.8,0,10,1) 451 8.8682 x 107% 0.813
(0.8,0,10,0.85) 435 9.6783 x 107% 0.812
(0.8,0,10,0.75) 439 9.6727 x 1078 0.797
(0.8,0,10,1.05) 462 7.7405 x 1078 0.844
Case III ~ (0.8,0,10,1) 375 7.2718 x 1078 2.797
(0.8,0,10,0.85) 356 9.7272 x 1078 2.672
(0.8,0,10,0.75) 354 8.3278 x 1078 2.703
(0.8,0,10,1.05) 373 7.3365 x 107% 2.829
Case IV (0.8,0,10,1) 141 9.3439 x 1078 1.984
(0.8,0,10,0.85) 124 9.3478 x 107® 1.734
(0.8,0,10,0.75) 118 9.91 x 1078  1.625
(0.8,0,10,1.05) 139 9.913 x 107%  1.907
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o

Residual Reduction
Residual Reduction

Figure 2: Reduction of residual 2-norm with Case I of Table 2. The left figure shows that the
first line parameters (GPIU) of Case I compare with the second line parameters (IGPIU) of Case
I; The middle figure shows that the first line parameters (GPIU) of Case I compare with the third
line parameters (IGPIU) of Case I; The right figure shows that the first line parameters (GPIU) of
Case I compare with the forth line parameters (IGPIU) of Case I.
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Figure 3: Reduction of residual 2-norm with Case II of Table 2. The left figure shows that the first
line parameters (GPIU) of Case II compare with the second line parameters (IGPIU) of Case II;
The middle figure shows that the first line parameters (GPIU) of Case II compare with the third
line parameters (IGPIU) of Case II; The right figure shows that the first line parameters (GPIU)
of Case II compare with the forth line parameters (IGPIU) of Case II.
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Figure 4: Reduction of residual 2-norm with Case III of Table 2. The left figure shows that the
first line parameters (GPIU) of Case III compare with the second line parameters (IGPIU) of Case
IIT; The middle figure shows that the first line parameters (GPIU) of Case III compare with the
third line parameters (IGPIU) of Case III; The right figure shows that the first line parameters
(GPIU) of Case III compare with the forth line parameters (IGPIU) of Case III.
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50
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Figure 5: Reduction of residual 2-norm with Case IV of Table 2. The left figure shows that the
first line parameters (GPIU) of Case IV compare with the second line parameters (IGPIU) of Case
IV; The middle figure shows that the first line parameters (GPIU) of Case IV compare with the
third line parameters (IGPIU) of Case IV; The right figure shows that the first line parameters
(GPIU) of Case IV compare with the forth line parameters (IGPIU) of Case IV.

- " ofe | p of

- e——— o
¥

*
B
*

Figure 6: Eigenvalues distributions with Case I of Table 2. The first figure shows eigenvalues
distributions for the first line parameters (GPIU) of Case I; The second figure shows eigenvalues
distributions for the second line parameters (IGPIU) of Case I; The third figure shows eigenvalues
distributions for the third line parameters (IGPIU) of Case I; The forth figure shows eigenvalues
distributions for the forth line parameters (IGPIU) of Case I.
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Figure 7: Eigenvalues distributions with Case II of Table 2. The first figure shows eigenvalues
distributions for the first line parameters (GPIU) of Case II; The second figure shows eigenvalues
distributions for the second line parameters (IGPIU) of Case II; The third figure shows eigenvalues
distributions for the third line parameters (IGPIU) of Case II; The forth figure shows eigenvalues
distributions for the forth line parameters (IGPIU) of Case II.
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Figure 8: Eigenvalues distributions with Case IIT of Table 2. The first figure shows eigenvalues
distributions for the first line parameters (GPIU) of Case III; The second figure shows eigenvalues
distributions for the second line parameters (IGPIU) of Case I11; The third figure shows eigenvalues
distributions for the third line parameters (IGPIU) of Case III; The forth figure shows eigenvalues
distributions for the forth line parameters (IGPIU) of Case III.
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Figure 9: Eigenvalues distributions with Case IV of Table 2. The first figure shows eigenvalues
distributions for the first line parameters (GPIU) of Case IV; The second figure shows eigenvalues
distributions for the second line parameters (IGPIU) of Case IV; The third figure shows eigenvalues
distributions for the third line parameters (IGPIU) of Case IV; The forth figure shows eigenvalues
distributions for the forth line parameters (IGPIU) of Case IV.
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Figure 10: Reduction of residual 2-norm with uniform grids 16 x 16 and Case I. The left figure
shows that the parameters (1,0, 10,1) (GPIU) of Case I compare with the parameters (1,0, 10, 0.85)
(IGPIU) of Case I; The middle figure shows that parameters (1,0, 10,1) (GPIU) of Case I compare
with the parameters (1,0,10,0.75) (IGPIU) of Case I; The right figure shows that the parameters
(1,0,10,1) (GPIU) of Case I compare with the parameters (1,0, 10,1.05) (IGPIU) of Case I.
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Figure 11: Reduction of residual 2-norm with uniform grids 16 x 16 and Case II. The left figure
shows that the parameters (1,0, 10, 1) (GPIU) of Case II compare with the parameters (1,0, 10, 0.85)
(IGPIU) of Case II; The middle figure shows that parameters (1,0, 10, 1) (GPIU) of Case II compare
with the parameters (1,0, 10,0.75) (IGPIU) of Case II; The right figure shows that the parameters
(1,0,10,1) (GPIU) of Case II compare with the parameters (1,0, 10,1.05) (IGPIU) of Case II.
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Figure 12: Eigenvalues distributions with uniform grids 16 x 16 and Case I. The first figure shows
eigenvalues distributions for the parameters (1,0, 10,1) (GPIU) of Case I; The second figure shows
eigenvalues distributions for the parameters (1,0, 10,0.85) (IGPIU) if Case I; The third figure shows
eigenvalues distributions for the parameters (1,0, 10, 0.75) (IGPIU) of Case I; The forth figure shows
eigenvalues distributions for the parameters (1,0, 10,1.05) (IGPIU) of Case I.
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Figure 13: Eigenvalues distributions with uniform grids 16 x 16 and Case II. The first figure shows
eigenvalues distributions for the parameters (1,0, 10, 1) (GPIU) of Case II; The second figure shows
eigenvalues distributions for the parameters (1,0,10,0.85) (IGPIU) of Case II; The third figure
shows eigenvalues distributions for the parameters (1,0,10,0.75) (IGPIU) of Case II; The forth
figure shows eigenvalues distributions for the parameters (1,0, 10,1.05) (IGPIU) of Case II.
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5 Conclusions

Based on the generalized parameterized inexact Uzawa method (GPIU) presented by Zhang
and wang [17], we introduce and study an improved generalized parameterized inexact Uzawa
method (IGPIU) for singular saddle point problems (1). Moreover, theoretical analysis
shows that the semi-convergence of IGPIU method can be guaranteed by suitable choices
of the iteration parameters. Finally, numerical experiments are carried out, which show
that the IGPIU method is in general better than the GPIU method when choosing suitable
parameters. Moreover, we also may find that the eigenvalue distribution about GPIU method
has the same spectral clustering compared with IGPIU method when choosing suitable
parameters.
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IDENTITIES INVOLVING BESSEL POLYNOMIALS ARISING
FROM LINEAR DIFFERENTIAL EQUATIONS

TAEKYUN KIM AND DAE SAN KIM

ABSTRACT. In this paper, we study linear differential equations arising from
Bessel polynomials and their applications. From these linear differential equa-
tions, we give some new and explicit identities for Bessel polynomials.

1. INTRODUCTION

As is well known, the Bessel differential equation is given by

d? d
2d Z +x dy + (22 —a®)y=0, (see [17]).
for an arbitrary complex number a.
The Bessel functions of the first kind J, (z) are defined by the solution of (1.1).
For n € Z, J,(x) are sometimes also called cylinder function or cylindrical
harmonics.

It is known that

(1.2) Zz n+ ( )M, (see [1, 16, 17]).

I=
The generating function of Bessel functions is given by

(t-1) Z J,

n=—oo

(1.1)

N\H

(1.3)

and J,, (z) can be also represented by the contour integral as

1
(1.4) Ju (@) = 5~ 51562(‘&—*)15 nLat, (see [17]),
where the contour encloses the origin and is traversed in a counterclockwise direc-
tion.
The Bessel polynomials are defined by the solution of the differential equation

2

(1.5) x % +2(x+1) ;l— —n(n+1)y=0, (see[l-6,15,16]).

Indeed, the solutions of (1.5) are given by

n

(1.6) Yn ( Z (nn_Jr klk;l (E)k

1 (1> . (see [1, 15-17]),

1
=/ —e*K_, 1
s 2 X

2010 Mathematics Subject Classification. 05A19, 33C10, 34A30.
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where

I'(v+1)@22)" [ st
K (o) = T B et
Ve o @y
We note that y,, (z) are very similar to the modified spherical Bessel function of
the second kind.
The first few are given as

vo(x)=1, wyi(x)=x+1, ya(z)=32"+3z+1,
y3 (z) = 152° + 152% + 62 + 1,
ys (z) = 1052 + 10523 + 4522 + 10z + 1,

Carlitz reverse Bessel polynomials are defined by

(1.7) Pn () = 2" Yn—1 (i) , (neNuU{0}), (see[4,15]).

These polynomials are also given by the generating function as
- x tn
(1.8) er(1-v1=20) :an (w)ﬁ
n=0

The explicit formulas for them are

& Ga—k—1)
(19) Pn (.Z‘) _];2nfk (kfl)'(nfk)'mk

=02n—-3z1F (1 —n;2—2n;2x), (seell, 15,16]),

where
n(n—2)---5-3-1 ifn>0o0dd,
nl={¢nn—-2)---6-4-2 if n>0 even,
1 if n=-1,0,
and
a a(a+1) 2>
Filabz)=1+ g4 "2 4 |
1 1(@,[),2) +bz+b(b+1) 2'+
_ia(a—kl)-- (a+k-1)2"
_k:ob<b+1)"'(b+k_1) k!

o F(b) ! ezt a—1 _ p\b—a-1
= 7F (b — a)r (a) /0 t (1 t) dt.

The first few polynomials are
p(z) ==,
po () = 2%+ x,
p3 (z) = 23 + 322 4 3z,
pa (z) = 2* + 62° + 1522 + 152, - - - .

Recently, several authors have studied non-linear differential equations related
to special polynomials (see [7-14]).
The reverse Bessel polynomials are used in the design of Bessel electronic filters.
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In this paper, we consider linear differential equations arising from Carlitz reverse
Bessel polynomials and give some new and explicit identities for Bessel polynomials.

2. IDENTITIES INVOLVING BESSEL POLYNOMIALS ARISING FROM LINEAR
DIFFERENTIAL EQUATIONS

Let us put
(2.1) F=F(ta)= e (1-VI=20),
Thus, by (2.1), we get
d _1
(2.2) PO = ZF (ta)=a(1-20) 3 F,
dF
2.3 F® =
(2.3) i

- (w (1-26)7% +22(1— 2t)*1) F,

d
2.4 F® = —p@)
(2.4) pm

- (Sx 1—2t)2 +322(1—2t) 2 +23(1— 2t)‘%) F,

and
(2.5)
) dF®)
dt
- (15x (1—20)7F 41522 (1—20) "+ 623 (1—2t) % +2% (1 2t)*2) F.

Continuing this process, we set

(2.6) FO) = <5t>NF(t,x)

where N =1,2,3,....
From (2.6), we note that

(2.7)
F(N+1)
d
- — W)
dt
2N-1 i _
- < > aion (N,x) <—2) (1—26)7%7" (—2>> F
i=N
2N -1 )
+ ) ain (N,z)(1—2t)"2 FO
i=N
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= <2§1 iai,N (N,$> (1 — 2t)i4§2> F

i=N

2N -1 _ .
+ < > ain (N,z) (1 - zt)%> z(1-2t) 2 F

i=N

2N—-1 it2 2N -1 i1
= > ian(Na)1-20)"7 |F+ | Y waiy(Nax)(1-2t)" % |F
i=N =N
2N+41

- {xao (N,2)(1—26) % + (2N — Day_1 (N, ) (1 —2t)" 2

2N—-1 )
+ 3 (-1 ain—1 (N,z) + za;_y (N, ) (1—2t)”21}F.
i=N+1

By replacing N by N + 1 in (2.6), we get

2N+1
(2.8) FNFD — (Z ai-n-1(N+1Lx)(1-2t)"2 | F
1=N-+1

2N
<Za2NN+1x (1—2t)" )F

=N

By comparing the coefficients on both sides (2.7) and (2.8), we have

(2.9) ag (N +1,2) = zag (N, ),

(2.10) an (N+1,z) = (2N —1)ay_1 (N,z),

and

(2.11) ai-n (N+1,2)=(i—1)aj—n-1(N,z) + za,_n (N,z),

where N +1 <¢<2N — 1.
From (2.2) and (2.6), we can derive the following equation (2.11):

(2.12) e(1-2t)" 2 F=FD =q(1,2)(1—-2t) 2 F.
Thus, by (2.12), we have
(2.13) ap (1,z) = .
From (2.9), we note that
(2.14) ag (N +1,2) = zag (N, z) = 2%ag (N — 1,2) = --- = 2Nao (1,2) = 2V 1,
and, by (2.10), we see
(2.15) an (N+1,2) = (2N —1)an—1 (N, x)

= (2N— 1) (2N—3)CLN—2 (N_ 1,1‘)
.: (2N —1)(2N = 3)---3-1ag (1,z)

= (2N — Dz,

The matrix (a; (, ¥))g<i<n—11<j<n 18 given by
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1 2 3 4 N
O = 22 28 2 N
1 Mz
2 3Ny
3 5llx
0 )
N-1 (2N — 3)llz

From (2.11), we obtain
(2.16) ar (N +1,z)
= Nag (N,z) + za; (N, x)
= Nag (N,z) +x (N —1)ag (N — 1,z) 4+ z%a; (N — 1,z)

N-2

= 2 (N —i)ag (N —i,z) + 2V tay (2,2)
i=0
N-2

= ' (N —i)ag (N —i,z) + 2N "1z
=0
N-1

= ' (N —i)ag (N —i,x2),
i=0

(2.17) as (N +1,z)

=(N+1)ay (N,z) + xzas (N, z)
=(N+1)ay (N,2) +xNa; (N —1,2) + 2%ay (N — 1, )

=
&

2 (N +1—i)a; (N —i,z) + 2V 2ay (3, 2)

il
I
w ©

(N +1—1i)ay (N —i,z) + 32" 2a; (2,2)

|
g

' (N+1—1i)a; (N —i,z),

s
Il
<

and

(2.18) az (N +1,x)
= (N +2)as (N,z) + xzas (N, )
=(N+2)ay(N,z) +x(N+1)ay (N —1,2) + z?a3 (N — 1,z)
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N—4
= ' (N —i+2)az (N —i,z) + 52" 3ay (3, 2)
=0
N-3

' (N —i+2)ay (N —i,z).
=0

Continuing this process, we get
N—j
(2.19) aj (N+1,2)=> o' (N—i+j—1)a;_1 (N —i,z),
i=0
where j =1,2,...,N — 1.
Now, we give explicit expressions for a; (N +1,z) (j=1,2,...,N —1). From
(2.14) and (2.16), we can easily derive the following equation:

(2.20) (N +1,2) Zz N —i1)ag (N — iy, z)
110
Y (i
7,1_0

y (2.17), (2.18) and (2.19) we get

(2.21) 2 (N +1,2) Zx N —iy+ 1 ay (N — iy, z)
’Lg =0

N—-2N—-2—iy
YN (N 1) (N —ig—iy — 1),
i2=0 41=0

N-3
(222) az(N+1z)=> a® (N —iz+2)as(N —is,x)

i3=0

i0=0

i (N — i3+ 2) (N —is — i)

3 21
X(N—ig—lg—ll—Z)

and
N—-4
(223)  ag(N+1Laz)=Y_ 2" (N —ig+3)as (N —is, )
i4=0
—4 N—4—iy
N 3

N—d—is—iz N—d—ig—iz—iz

x Y > (N—ig+3) (N —ig—is+1)

i9=0 11=0

X(N—i4—’i3—i2—1)(N—i4—i3—i2—il—3).

689 TAEKYUN KIM et al 684-692



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

IDENTITIES INVOLVING BESSEL POLYNOMIALS 7

Continuing this process, we get

(2.24)
a; (N +1,z)
o N N—=j—i; N—j—ij——iz j
:q:N*JJrlZ Z Z H(Nizjifzk*(]*(Qkfl)))
i5=0 15-1=0 =0 k=1

Therefore, we obtain the following theorem.
Theorem 1. For N € N, the linear differential equations
a\ Y 2N—1 B
FO) = (dt> F(t,x) = (Z;V ai_n (N, z) (1 — 2t) ) F
has a solution F = F (t,x) = ex(l_m), where
ao (N,z) =2, an_1(N,z) = (2n — 3)lz,

Nej—1N—j—l—i;  Ne—j—loij—-—iy
aj(N,ac):xN_j Z Z Z
;=0 ij_1=0 i1=0
J
x (H(N—ij—ij1—"'—ik—(j—(2k—2)))> :
k=1

Recall the the reverse Bessel polynomials py (z) are given by the generating
function as

(2.25) F=F(ta)=e(1-VI720)
= kz:%pk (2) ik

Thus, by (2.25), we get

(2.26) FW) <;t> ! F(t,z)

tka

= prl@)(k)y R
k=N ’

0o tk
= ];pk—&-N () (k+ N)y (k+N)!

=Y prin (2) ok
k=0

On the other hand, by Theorem 1, we get

2N -1
2.27)  FMN = < 3 aion (Ny2) (1 - 2t)‘3> F

i=N

Q:V;‘:: ai_n (N, z) (i <_;)l (—lz!t)l

=0

o0 tm
) (o)
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S (BB () (o) o

Therefore, by (2.26) and (2.27), we obtain the following theorem.
Theorem 2. For k € NU{0}, and N € N, we have

PN (T Qilaz N (N, zk:( ) ( +l—1)lpk—z(x),

where (x), =z (x — 1)(x—2)---(x—n+1), (n>1), and (z), = 1.
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Abstract

With the advancement in stochastic calculus, stochastic differential equations have now
become very common in different fields such as engineering, population dynamics, physics,
system sciences, ecological sciences, medicine and financial mathematics. In several stochastic
dynamic systems, one assumes that the future state of the system does not depend on its past
states. However, under close analysis, it becomes evident that most realistic models would
contain some of the past states of the system, and one would require stochastic functional
differential equations in order to study such systems. This paper presents the existence theory
for stochastic functional differential equations in the G-framework (in short G-SFDEs). The
comparison theorem has been developed in a bid to obtain the required results. It is ascertained
that the G-SFDEs, whose coefficients may be discontinuous functions, have more than one
continuous and bounded solutions.

Key words:  Existence, G-Brownian motion, Stochastic functional differential equations,
discontinuous coefficients.

1 Introduction

In the last twenty years, the greater requirement for tools and procedure of stochastic calculus
has been recorded in different scientific fields. In the study of financial markets, it has acquired
the state of an essential element, projected in dynamic phenomena of routine changes in share
and stock prices. Stochastic calculus has its applications in engineering, as well as in filtering and
control theory, and even in physics, when it deals with the effect of random changes on different
physical phenomena. In Biology, its main usage is in modeling the achievement of stochastic
changes in reproduction on populations processes. The idea of G-Brownian motion, which is a new

*Corresponding author, E-mail: faiz_math@ceme.nust.edu.pk/faiz_math@yahoo.com
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stochastic process, was given by a Chinese mathematician Shige Peng in 2006 [12]. This theory
opened a new era in stochastic calculus and financial mathematics. This type of motion has a
newer construction as it does not depend on a specific probability space. This motion explains the
ancient Brownian motion in an extraordinary way. In the framework of a sublinear expectation
(called as G-expectation), he established the associated Itd’s calculus. During his research on
stochastic calculus, Peng set up the existence and uniqueness of solutions for stochastic differential
equations driven by G-Brownian motion in short (G-SDEs) with Lipschitz continuous coefficients
[12, 13]. Then F. Gao generalized the associated It6’s calculus and the existence theory of G-
SDEs with Lipschitz continuity condition using the concept of G-capacity and quasi-sure analysis
[6]. Y. Ren and L. Hu proved the existence and uniqueness of solutions for G-SDEs under the
Carathéodory conditions, while later on, X. Bai and Y. Lin extended the theory for G-SDEs to
the integral Lipschitz conditions [1]. In the G-frame, stochastic functional differential equations
were introduced by Ren, Bi and Sakthivel [14]. Then studied by Faizullah[4]. He used the Cauchy-
Maruyama approximation scheme to establish the existence-and-uniqueness theorem for SFDEs in
the G-frame with linear growth condition as well as Lipschitz continuity condition [4]. In a different
manner, this paper explores the existence theory for SFDEs in the G-frame, whose coefficients may
not be continuous. This is the generalization of the previous work by Faizullah, Mukhtar and Rana
[5]. We consider stochastic functional differential equations in the G-framework of the following
type

dY (t) = k(t,Yy)dt + A(t,Y2)d(B, B)(t) + A(t,Y1)dB(t), 0 <t <T. (1.1)
Recall that V; = {Y(t+0) : =0 < 0 < 0,0 > 0} is a bounded continuous stochastic process
from [—7,0] to R where at time ¢, the value of stochastic process is denoted by Y'(¢) [4]. Also, Y;
indicates the collection of continuous bounded real-valued functions 1) defined on [—4d, 0] with norm
||| = sup |¢(0)]|. Let k, A and p are Borel measurable functions from [0, 7] x BC([—,0]; R)

—6<6<0

to R. We define the initial data of equation (1.1) as follows;
Yi, =C ={C(0) : —7 < 0 <0} is Fo — measurable, BC([—7,0];R) — valued (1.2)
random variable so that ¢ € MZ ([—7,0];R). .

The integral form of problem (1.1) is given as the following

t t ¢
Y (¢) :C(0)+/0 K(S,}/S)ds—i—/(; )\(s,Ys)d<B,B>(s)+/0 w(s,Ys5)dB(s).

The G-SFDE (1.1) admit at most solution Y (¢t) € M ([—7,T];R) if all its coefficients gratify the
linear growth condition as well as Lipschitz condition. [4, 14]. On the other hand, in this article
we assume that the coefficients k and A may be discontinuous functions. The solution to problem
1.1 with initial data 1.2 is a real valued stochastic process Y (t), t € [—7,T] if it holds the following
characteristics

(a) For every t € [0,T], Y (t) is Fi-adapted as well as path-wise continuous.
(b) w(t, Yo, A(t, ¥5) € £1([o, T R) and p(t, ¥i) € £2((o, T R);
(¢) Yo = and dY () = (¢, Yy)dt + \(t, Y:)d(B, B)(t) + u(t,Y;)dB(t) q.s. for each t € [0,T].

The rest of the paper is organized as follows. Some basic definitions and notions are given in the
subsequent section. Section 3 presents an important results known as the comparison theorem.
The final section develops the existence theorem with possible discontinuous coefficients.
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2 Preliminary Concerns

This section presents some basic notions and results, which are used in forthcoming research work
of this paper [2, 3, 6, 13].

2.1 Sublinear Expectation

Suppose that Q (sample space) is a grand set and H be a family of linear and real valued functions
described on Q. Suppose that H fulfil & € H, for any constant k and |Y| € Hif Y € H. H
containing the stochastic variables.

Definition 2.1. A functional E, where ¥ : H — R, is known as a G-expectation or sublinear
expectation if

1) E is monotonic, that is, if Y > Z for all Y, Z € H = E[Y]| > E[Z].

(
(
(3) E is sub-additive, that is, if E[Y + Z] < E[Y]| 4+ E[Z], for each Y, Z € H.
(

)

2) FE is constant conserving, that is, E[k] =k k € H.
)
)

4) FE is positive homogeneous, that is, E[bY] = b[y| for b > 0.

the space given by triple (2, H, F) is said to be sublinear expectation space. And E is nonlinear
expectation if it satisfies the above two conditions. Sublinear expectation is also able to state the
supremum of linear expectation

Definition 2.2. G-Brownian motion A d-dimensional process (B;)¢>0, define on (2, Cy 5, (H), E),
is known as G-Browmain motion, if the following conditions are hold.

(1) Bo(w) = 0.
(2) The increment Byi, — By is G-normally distributed for any ¢, >0 .

(3) Biyr — By is independent from By, By, ........ B;, foranyn e N, t,r > 0and 0 <t <ty <
<tp <t

2.2 TIto’s integral of G-Brownian motion

Definition 2.3. If T € R™, a partition 7 of the interval [0, T is

mr = {to, t1, ... JIN T,
since
p(rr) = maz{lteyr —te| 1€ =0,1,....N — 1},
where
0=t <t1 <. <ty=T,
3
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we customize 7 = {t/,tV,.....t}} to represent a sequence of partition of [0, 7] since
lim p(7d) = 0.

N—oo

Let p > 1. Suppose the following sort of processes of a partition

We take,
Z Em (W) it ti) (1)

where &, € L%(wtm), for all m = 0,1,2,.....N — 1. The group of these process is represented by
MEY(0,T).

Definition 2.4. Let n € M;(0,T) with

N-1
ne(w) = § (W)I[tm tmﬂ)( )
m=0
it can be written as,
T N-1
| @it = 3 )t =)
m=0

Definition 2.5. For every p > 1, we represent by Mg (0,T) the completion of Mg’O(O,T) under

the norm
1/p

T
gz = L[ Impany
where for 1 < p < ¢, MZ(0,T) > MA(0,T).
Definition 2.6. For every n € M%(0,T) of the arrangement

N-1

ne(w) = Z Ee(w)I[te, ter1)(t),

e=0

it can be written as,

I(n) 2/ nedBy = Zfe Bt — Bt.).

Lemma 2.7. Let a function I : Mé’O(O,T) — L%(Qr), then it can be continuously extended to
I:MZ(0,T) — L%4(Qr). Moreover,
T
E[/ ntdBt] =0
0
T
|<o®E([ ],
0

2

T
ﬂ%;wwﬁ
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2.3 (Peng’s quadratic variation process (B); )

Definition 2.8. A 1-dimensional G-quadratic variation process is introduced as follows. Let

7V, N =1,2,...., be a sequence of the partition [0, 7] then

N-1
Bf = ) (Bin.,, — Bin.)
e=0
N-1 N-1
= 2B, (Bin,,. — Bin) + Y (Bing, — Biv,)*.
e=0 e=0
Taking limit p(7¥) — 0
N-1 t
Z 28N, (Bin., — Bin.)  converges to 2/ B.dB;,
e=0 0

and we have .
(B), = Bf - 2/ B,dBs.
0

Definition 2.9. Let P be a (weakly compact) collection of probability measures P defined on
(©,B(92)) then the capacity ¢(.) associated to P is defined by

¢(B) = sup P(B), B e B(Q),
Pep

where B(Q2) is the Borel o-algebra of Q. A set B is said to be polar if its capacity is zero, that is,
¢(B) = 0 and a statement holds quasi-surely in short (q.s.) if it holds except on a polar set.

3 An important result

In this section, we establish an important result known as comparison theorem. First, we assume
two stochastic functional integral equations given as follows.

=G0+ [ a5, Yi)ds + / M (5. Y)d(B, B)(s) + / WsYOdB(s),  te(0.T], (31)

to to to

Y(t)—Cg(O)—1—/tmg(s,Ys)ds—i—/t)\Q(s,Ys)d<B,B)(s)—i—/t,u(s,Ys)dB(s), re[0. 7] (32)

to to to
Theorem 3.1. Let Y' and Y? are the respective unique solutions of equations (3.1) and (3.2).
Suppose that k1(s,Ys) < ka(s,Ys) and A1(s,Ys) < Xa(s,Ys) are componentwise for every t € [to, T,
y € BC([—7,0;RY) and ¢* < 2. Also, let the coefficients k1, \1 or ko, A2 are increasing functions.
Then for every t >0, Y1 <Y? ¢.s.
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Proof. Suppose that k2 and A\g are increasing and consider the problem

7=+ [ o, max(Val, Z)ds + [ Aassmax{YL, Ya})d(B, B (s)

to to

t
—i—/ p(s, max{Y;', Z,)dB(s), to <t <T,

to

(3.3)

where the function z — max{y, z} satisfies the growth condition | max{y, z}| < |y| + |z| and the
Lipschitz condition with constant one. It follows that all coefficients of the above equation 3.3
gratify the growth condition as well as Lipschitz condition. Thus problem 3.3 admit the only one
solution say Z(t). Now one has to show that Z(t) > Y. q.s. First define stopping times d; and do
as follows. More details on stopping times can be found in [9, 10, 11].

61 = inf{t € [to, T] : Y — Z(t) > 0} where 6, < T,

s

6o = inf{t € [r,T] : Y]} — Z(t) < 0}.

S

Contrary assume that (01, d2) C [to, 7] be an arbitrary interval, such that Z(5;) = Y1(d1) = ¢*(0)
and Z(t) < Y(t) for every t € (41,82). Then,

t

2() = Y'(t) = ¢*(0) + /5 o5, maxc{YsL, Z})ds + /5 No(s, max{Ys!, Z,})d(B, B)(s)

—I—/ u(s,max{Ysl,Zs})dB(s)—C*(O)—/ k1(s, Yst)ds

31 01

—/t)\l(s,Ysl)d<B,B>(s)—/tu(s,}/;l)dB(s), L e (51,02).

61 51

Z(t) - Y(t) = /5 [k (s, max{Y!, Z,}) — k1(s, Ys')]ds

+ /t[Ag(s,maX{y;,l, Zs}) — Mi(s, Y )]d(B, B)(s)
01

t
4 [ s max(v.!, 2.)) - s, YOBG), ¢ € (61,52).
o1

But the assumption Z(t) < Y(t) gives max[Y!, Z] = Y. So, we have

Z(t) —Y(t) = /;[/12(5,1/31) — k1(s, YsY)]ds

[ ) - (s ¥l B
1

t
+ [ s, Y1) = (s Y. lB(s),
61

which gives Z(t) > Y1(t) because ka(t,y) > k1(t,y) and Xa(t,y) > Mi(t,y). This gives contradic-
tion. So, the supposition Z(t) < Y'!(t) for every t € (61,02) is not true. Thus Z(t) > Y1(t) q.s.
and hence max{Y'! Z} = Z. It follows that Z = Y2 > Y'! because problem (3.3) admit a single
solution Y2. The proof is complete. ]
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4 Existence of solutions to SFDEs in the G-framework

Next, we assume that the coefficients k and A are not continuous. However, they are increasing, left
continuous and k(t,y) > 0, A(t,y) > 0 for every (t,y) € [0,T] x BC([—4,0];R). Assume a sequence
of problems given as follows.

L) = tnsl_lstsl stsls .
Y@—«maA<,n>d+Axmnmwim>+éumnmm>»eMH, (4.1)

where YV = L;, L; is the unique solution of the equation given by

M=<+Au@¢mw@» (4.2)

where t € [0,7]. By our supposition k(t,y) > 0, A(t,y) > 0 and comparison result we obtain
Y > L;. Thus, one can see that the sequence {Y" : [ > 1} is increasing. In the following lemma
we show that Y is bounded.

Lemma 4.1. Let Y!(t) denotes a solution of equation (4.1). Then

E(sw W%W)SK

—6<s<T

where K = C@€C5T, Cg = E[HC‘H + Cy, C5 = 4(01 + Cy + 03), Cy = 4[EK’2 + ChT + CyT + CgT],
C4, Cy and Cs are positive constants.

Proof. Define the following stopping time, for any [ > 1
b = T N inf{t € lto,T] : V7] = m).

We get 6,, 1 T and define Y™ (t) = Y!(t A §,,) for t € (—7,T). Next we proceed as follows.

t

t t
VIR0 = C0) [R5, VI g s+ [ N Y o, (B B+ [ (s Y™ 5,105
0 0 0

t t
Y™ ()2 = 1¢(0) + /O K(s, YTV ™) I 5,.0d5 + /O A(s, Y™ I 5,1d(B, B)s
t
4 [l YEm T, B
0
t t
g@qmﬁ+qu«aw*mmewﬂ%~qAA@J?MAMMMBJ%ﬁ

t
] [ Y, 0
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By taking G-expectation on both sides, using the linear growth condition and Burkholder-Davis-
Gundy inequalities [6, 13] we proceed as follows

t t
B[y ()P §4E|<(0)y2+401/ [1+Ele’m]2]ds+4CZ/ 1+ B[V 2)ds|
0 0
t
+403/ [1+ E[YE™?)ds
0
t t ¢ ‘
§4E’C(0)’2+4C1/ ds+4Cl/ E|Ysll’m‘2d3+4c2/ dt+4C2/ E|Y™2ds
0 0 0 0
t t
+4C3/ d8+403/ E‘Ysl’m‘st
0 0
t t
=4E!§(0)\2+401T+401/ E\levM\st+4CQT+4CQ/ E|Y}™|2ds
0 0
t
+403T+4Cg/ E|Y ™2 ds.
0
For any j € N we get,

t t t
max E[|Y (1)) < C4+4C'1/ max E|Ysl_1’m|2d5+402/ max E|§/;’m|2ds+403/ max F|Y ™|ds,
1<i<j 0 1<i<j 0 1<I<j 0 1<i<j

where Cy = 4[E|(|?> + C1T + CoT + C3T). Hence by Doob’s martingale inequality we get for any
I,meN

t
E[sup |[Y'™(s)] < Cy + 05/ E|Yl™2ds, (4.3)
0

0<s<t

where C5 = 4(Cy + C2 4 C3). One can observe the fact [11],

sup [YE"(0)]2 < || + sup [YE™(s)[%,
—0<s<t 0<s<t

and hence 4.3 gives

t
E[ sup |[Y'"(s)[’] SE[IICII]+C4+05/ ElY;™[*ds
—0<s<t 0

t
goﬁ+c5/ Bl sup |[Y'™(q)Plds,
0

—0<q<s
where Cs = E[||C||] + C4. Finally, taking m — oo and by the Gronwall’s inequality we get,

E[ sup |Y!(s)!] < Cge sl
—0<s<t

Letting t = T we have

E[ sup [Y'(s)]] < K,
—0<s<T

where K = Cge®T. Hence, the proof stands completed. ]
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Theorem 4.2. Let the coefficients k(t,y) and \(t,y) are increasing in the second variable y and
left continuous. For all (t,y) € [0,T] x BC([-7,0|;R), x(t,y) > 0 and A(t,y) > 0. Then there
exists at least one solution Y (t) € MZ ([—7,T];R) to problem (1.1).

Proof. Theorem 3.1 follows that the sequence {Y'} is increasing. On the other hand, Lemma 4.1
shows that {Y'} is a bounded sequence in the norm L?. Thus dominated convergence theorem
yields that Y™ converges in 2. Let Y be the limit of Y. Then for almost all w, we have

k(L YNt) = k(t, Y (1)) as | — oo,
At YY) = At Y (1) as 1 — oo.
Also
|w(t, Y (1) < K(1 +Sl;p\Yl(t>\) € L' ([to, 1),

(Y1) < K(1+ Sup YI(6)]) € L ([to, T]).
Since (B) is continuous, so, for uniformly in ¢ and almost all w
¢ t
/ r(s,Y(s))ds —>/ k(s,Y (s))ds, | — o,
0 0
¢ t
[ A YDBBIE) » [ A VB B)), 1 o
0 0
Since G-integral is continuous we get,

sup —0(g.s), | = oo.

0<t<T

/mm#mw@—/mm%WM@
0 0

Obviously, the sequence Y converges uniformly to Y in ¢, hence Y is continuous. Taking limits
[ — oo on both sides of equation (4.1), we obtain that Y is the solution to G-SFDE (1.1) with
initial condition (1.2). O
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Interval-valued intuitionistic fuzzy Choquet integral
operators based on Archimedean ¢{-norm and their
calculations'
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Abstract: It is necessary to assume additivity and independent among decision making criteria for
traditional multiple decision making (MDM) in which the weights given by decision makers based on
a additive measure. However, most criteria have inter-dependent or interactive characteristics in the
real decision making problems. Furthermore, with respect to multiple attribute group decision making
(MAGDM) problems in which the attribute weights and the expert weights take the form of real numbers
and the attribute values take the form of interval-valued intuitionistic sets, we propose interval-valued
intuitionistic fuzzy Choquet integral operators based on Archimedean ¢-norm and discuss their calcula-
tions in this paper. First, we introduce some concepts of fuzzy measure, interval-valued intuitionistic
sets and Archimedean t-norm. Then, the representations and transformations of Archimedean t-norm
and Archimedean t-conorm are obtained, and the operational rules of interval-valued intuitionistic fuzzy
sets based on Archimedean t-norm are presented under intuitionistic fuzzy environment. Finally, as
fuzzy Choquet integral operators, some aggregating of interval-valued intuitionistic fuzzy sets based on
Archimedean t-norm are given.

Keywords: Intuitionistic sets; Fuzzy Choquet integral operators; Archimedean t-norm.

1. Introduction

Multiple attribute decision making (MADM) problem is an important research topic in decision
theory. Because the objects are fuzzy and uncertain, the attributes involved in decision problems are
not always expressed as real numbers, and some better suited to be denoted by fuzzy numbers, such as
interval numbers, triangular fuzzy numbers, trapezoidal fuzzy numbers, linguistic numbers on uncertain
linguistic variables, and intuitionistic fuzzy numbers. Because Zadeh initially proposed the basic model of
fuzzy decision making based on the theory of fuzzy mathematics, fuzzy MADM has been receiving more
and more attention. We also notice that the main technologies in multiple attribute decision making,
whether the situation is certain or vague, are how to define and calculate the aggregation operators
proposed in the practice.

The fuzzy set (FS) theory proposed by Zadeh [1] was a very good tool to research the fuzzy MADM
problems, the fuzzy set is used to character the fuzziness just by membership degree. Different from
fuzzy set, there is another parameter: non-membership degree in intuitionistic fuzzy set (IFS) which
is proposed by Atanassov [2, 3]. Clearly, the IFS can describe and character the fuzzy essence of the
objective world more accurately [2] than the fuzzy set, and has received more and more attention since
its appearance. Later, Atanassov and Gargov [4, 5] further introduced the interval-valued intuitionistic
fuzzy set (IVIFS), which is a generalization of the IFS. The fundamental characteristic of the IVIFS is
that the values of its membership function and non-membership function are interval numbers rather
real numbers.

Base on Archimedean t-conorm and t-norm [6, 7], and the aggregation functions for the classical
fuzzy sets (F'Ss), Beliakov et al. gave some operations about intuitionistic fuzzy sets, proposed two
general concepts for constructing other types of aggregation operators for intuitionistic fuzzy sets (IFSs)

t This work was supported by the Key Subjects Construction of Tianshui Normal University.
*Corresponding Author:San-Fu Wang. Tel.: +8613893853838. E-mail addresses: wangsftsnu@163.com
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extending the existing methods and showed that the operators obtained by using the Lukasiewicz t-norm
are consistent with the ones on ordinary FSs. We can find above aggregation operators are all based
on different relationships of the aggregated arguments, which can provide more choices for the decision
makers.

As an aggregation function, it is well-known that Choquet integral [8] based on non-additive fuzzy
measure, is a kind of non-additive and non-linear integral, and has been successfully used for handling
information fusion and decision making problems (MCDM). The main characteristic of this aggregation
function is that it is able to flexibly describe the relative importance of decision criteria as well as their in-
teractions. There are many works on the Choquet integral of single-valued functions, set-valued functions
and studied their mathematical properties. It is of interest to combine the Choquet integral and the IFS
theory or MCDM under intuitionistic fuzzy environment, because, by doing this, we cannot only deals
with the imprecise and uncertain decision information but also efficiently take into account the various
interactions among the decision criteria. The intuitionistic fuzzy-valued Choquet integral, the combina-
tion of the Choquet integral and the IFS theory, can also act an aggregation tool employed in MCDM
as well as other multicriteria analysis field. In this paper, we propose the interval-valued intuitionistic
fuzzy Choquet integral operators based on Archimedean ¢-norm and discuss their calculations. First, we
introduced some concepts of fuzzy measure and interval-valued intuitionistic sets based on Archimedean
t-norm. Then, interval-valued intuitionistic weighted average(geometric) operator based on Archimedean
t-norm, interval-valued intuitionistic ordered weighted average operator based on Archimedean t-norm
are developed.

The rest of this study is organized as follows. In section 2, we recall the definitions of intuitionistic
fuzzy set. Archimedean t-norm and Choquet integral. In section 3, the representations and transfor-
mations of Archimedean t-norm and Archimedean t-conorm are proposed and inveastigated, and some
of its properties are investigated in detail by means of the representation theorem. In section 4, the
operational rules of interval-valued intuitionistic fuzzy sets based on Archimedean t-norm is presented
under intuitionistic fuzzy environment. In section 5, an aggregating of interval-valued intuitionistic fuzzy
sets based on Archimedean t-norm are defined and discussed.

2. Definitions and preliminaries

A fuzzy measure on X is a set function p : P(X) — [0,1] such that

(1) p(0) =0, u(X) =15

(i) A,B C X, A C B implies u(A) < u(B).

Definition 2.1. Let A, B € P(X), AN B = @. If fuzzy measure g satisfies the following conditions:

g(AUB) = g(A) + g(B) + Ag(A)g(B)

and A € (—1,00).

Especially if A = 0, then g is an additive measure, which means there is no interaction between
coalitions A and B .

Let X = {z1,22,...xx} be a attribute index set, if i, j = 1,2, ...,nand i # j,z;Nz; = &, U;_, zi = X,

then
L 2] —
o0 = { L e fr ®
From Eq. (1), for the A € P(X) , g can be expressed by
o= { ey o i g

For x;, g(x;) is called a fuzzy measure function, and it indicates the importance degree of x;.

From g(X) =1, we know X is determined by A+ 1 =[], (1 + Ag(x;)).

Definition 2.2. Let f be a positive real-valued function on X, the discrete Choquet integral of f
with respect to a fuzzy measure p on X is defined as

CulF @) F@m)) = > Flra)u(Ag) — p(Agin)]
i=1
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where (-) indicates a permutation on X such that f(z()) < - < f(2@,)). 4G = (,...,n),and A,y =
0.

A function T': [0,1] x [0,1] — [0,1] is called a t-norm if it satisfies the following four conditions [8,9]:

1) T(1,z) = z, for all .

2) T(z,y) = T(y,z), for all z and y.
3) T(x,T(y,2)) =T(T(x,y),z), for all z,y and z.

4) z <z’ y <y implies T(z,y) < T(z',y), =, y,x ,y €[0,1].

A function S : [0,1] x [0, 1] — [0, 1] is called a t-conorm if it satisfies the following four conditions|8,9]:

1) S(0,z) = z, for all .

2) S(z,y) = S(y, ), for all z and y.

3) S(z,S(y,2)) = S(S(z,y), 2), for all z,y and z.

4) z <z’ y <y implies S(z,y) < S(z',y), z,y,x ,y €][0,1].

Definition 2.3 [8,9]. A t-norm function T'(x,y) is called Archimedean t-norm if it is continuous
and T'(xz,z) < x for all x € [0,1]. An Archimedean t-norm is called strictly Archimedean t-norm if it is
strictly increasing in each variable for x,y € (0,1).

A t-conorm function S(z,y) is called Archimedean t-conorm if it is continuous and S(z,z) > x for
all z € [0,1]. An Archimedean t-conorm is called strictly Archimedean t-conorm if it is strictly increasing
in each variable for z,y € (0, 1).

Definition 2.4. Let X be in a given domain. Then,

A= {(z, pa(z), va(z))lr € X}

is called an interval-valued intuitionistic fuzzy set (IVIFS), where g : X — 1 C[0,1], va: X — J C
[0,1] and I, J are closed intervals in [0, 1], the following condition is met: sup pa(x)+suprva(z) <1, x €
X. The intervals pa(z) and v4(x) represent, respectively, the membership degree and non-membership
degree of the element z on X.

Thus for each z, pa(x) and v4(x) are closed intervals and their lower and upper end points are,
respectively, denoted by pk(z), uY(x),v5(x),vq (x). We can denote by

A= {{z, [Wh(@), i (2)], Vi (2), V4 (@)]])] € X},

where 0 < pY(z) +v{(z) <1, z € X, pi(z) > 0 and v%(z) > 0.
Simply, we write A = ([ufi(z), uY(2)], V5 (z), VY (z)].

For each element =, we can compute its hesitation interval of = as:
ma(x) = [m4(2), 75 (2)] = [L = v (2) — pa(x), 1 - vi(z) — pf()).

3. The representations and transformations of Archimedean t-norm and Archimedean t-
conorm

Definition 3.1. A mapping N : [0,1] — [0,1] is called negation operator, if N is decreasing
and N(0) =1, N(1) = 0. Especially, we have

(i) If N(x) =1 — z, it is called standard negation operator.

(13) Vx € [0,1], if N(N(z)) = =, then it is called cyclotron negation operator. Obviously, cyclotron
negation operator is continuous and strictly increasing.

(737) For each negation operator, 7" and S are dual with respect to N (z) if and only if T'(N (z), N(y)) =
N(S(@,v)).

It is well known [9] that a strict Archimedean t-norm is expressed via its additive generator g as
T(z,y) = g '(g(z) + g(y)), and similarly, applied to its dual t-conorm S(x,y) = h~(h(z) + h(y))
with h(t) = g(N(t)). We notice that an additive generator of a continuous Archimedean t-norm is a
strictly decreasing function g : [0,1] — [0,400) such that g(1) = 0. If we assign specific forms to the
function g, then some well-known t-conorms and t-norms can be obtained. Let me emphasize that the
results (1-4) were shown in [11], however, considering that the representation of the negation operator is
always restricted by the policy mak- ers’ historical knowledge, perceptual judgement and other factors in
the game playing, benefit groups’ voting or decision making process, we could define the negation operator
by means of the fuzzy logic non-portal operators in this paper and calculate Archimedean t-norm and
Archimedean t-conorm as results (5-8) as follows.
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Theorem 3.1 Let T'(x,y) be Archimedean t-norm and S(z,y) its dual Archimedean t-conorm. Then
we have the following statements:
If N(x) =1—=z,ie. h(t) = g(1 —t)), then the following are valid:
(1) Let g(t) = —logt, then h(t) = —log(l —t),g7(t) = exp~t,h71(t) = 1 — exp~?, and Algebraic
t-conorm and t-norm [10] are obtained as follows:

T (z,y) =2y, SHz,y)=2+y—ay.

2) Let g(t) = log(%), then h(t) = log 2_(i_t) g () = =2~ h1(t) =1— —2_—, and we get
t 1-t exp! +1 expt +1
Einstein t-conorm and t-norm [10]:
+y
(z,9) T (2,9) T2y
(3) Let g(t) = log(*F4=2) , 5 > 0, then we have h(t) = log(PHIT00=0) g=1() = 2,

h=Y(t) =1 — —2L—, and Hamacher t-conorm and t-norm [10] are obtained as follows:
exp! +y—1
xry
TH z,Yy)= y Y > 07
v (@) T+ A= +y—ay)
gy — (1 —

1—(1—=7)zy
Especially, if v = 1, then Hamacher t-conorm and t-norm reduce to the Algebraic t-conorm and t-norm
respectively; if v = 1, then Hamacher t-conorm and t-norm reduce to the Einstein t-conorm and t-norm
respectively.

_ _ _ log(1=ltex’y
(4) Let g(t) = log(;yt—_ll) , v > 1, then h(t) = log(vlitl_l),g L) = T;t,h )y =1-
log(1=LEexet)
oes > and we have Frank t-conorm and t-norm [10] as follows:
1)y — 1
Tf(x,y)zlogy(lJr( 7)_(1 )),’Y>1,
-z _ -y _
vy D(y 1
Sf(x,y):lflogﬂ/(lqt( 7)_(1 )),'y>1.
Especially, if v — 1, then we have
lim g(t) = lim log(L == = Tim log( )= —logt
'ylinlg _vlinlog’ytfl _'ylinlogt’)/tflfl N 8"

which indicates that lim,_, Sff(m, y) = S:;‘(x, y) and lim, 1 T (z,y) = Tj‘(m, Y).
If N(z) =1 — 22, ie. h(t) = g(1 — t?) then the following are also valid:

(5) Let g(t) = —logt, then h(t) = —log(1—12),g7(t) = exp~,h"1(t) = \/1 — exp~t, and Algebraic
t-conorm and t-norm [10] are obtained as follows:

T3\ (z,y) = 2y , S5(z,y) = /1— (1—22)(1—y?).

— 2 — expt —
(6) Let g(t) = log(%), then we have h(t) = log %J_r;,g L) = exp%,h L) = exgiﬁ, and we

get Einstein t-conorm and t-norm [10] are obtained as follows:

B _ zy B _ |ty
T2 (l',y)— 1_1_(1_3;)(1_1/) ) SQ (:c,y)— 1+x2y2/

(7) Let g(t) = log(**U=2) |5 > 0, then we have A(t) = log(T T g1 = 1

-2
h=Y(t) = ,/1 — —L—, and Hamacher t-conorm and t-norm [10] are obtained as follows:
expt +v—1
Ty
Ty (2,y) = , v >0,

T+ @ =y)(z+y—ay)
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2 2 24,2 2,,2
H 2Pty a2ty — (1 —q)aty
SQV('Iay) - \/ 1_ (1 — ,7)3323/2 y Y > 0.

Especially, if v = 1, then Hamacher t-conorm and t-norm reduce to the Algebraic t-conorm and t-norm
respectively; if v = 1, then Hamacher t-conorm and t-norm reduce to the Einstein t-conorm and t-norm

respectively.
_1 log(%)
(8) Let g(t) = log(Z=) , v > 1, then h(t) = log(=2 P g7 () = — e —,

) log(A=LEge)
i =1 -

and we have Frank t-conorm and t-norm [10] as follows:

(" =D — 1))
v—1

1-22 _ 1 1-y2 _ 1
Sgb;(ac,y):\/l—logv(l—l—(ry ry)_(’yl )),’y>1.

Especially, if v — 1, then we have

v—1 . 1
b — 1) b Og(tfyt—l -1

lim g(¢) = lim log( ) = —logt.
y—1 y—1

which indicates that lim,_, Sf(:v, y) = Sf(:v, y) and lim,_; Tf(:v, y) = TWA(x, Y).

4. The operational rules of interval-valued intuitionistic fuzzy sets based on Archimedean
t-norm

Definition 4.1. Let a; = ([u”(), u¥ ()], [v* (), vY (e;)]) (i = 1,2) be two interval-valued
intuitionistic fuzzy sets, T'(x,y) Archimedean t-norm and S(z,y) its dual Archimedean t-conorm, and
A > 0. We can define the operational rules about a7 and s based on Archimedean t-norm as follows
(1) ar®az = & (( E 1) ML(OQ)%S(MU(al),MU(OQ))] [T(v" (1), v¥(a2)), T(v" (1), Y (a2))])

Ha 1)) + g Ha2))), h=H(h(p" (o 1))+ hlp Y(@2)))];
l9~ (g (V (1)) + g(v Ha 2))).9 g () +9(v (@ )))D,
(2) a1 ® ay = ([T(p" (o), p* (), T( (1), MU(OQ))H (5 (on), v (a2)), S (an), vV (a2))])
= (lg 1(g( L(al)) 91 (@2))), 97 g (1)) + g(1” (a )))],
[~ (h(V (01) + h(v*(a 2))).h “Hh(Y (en )) + h(v Y(a 2));
(8) Mgy = ([~ (Ah(p Ha))), '

A (@)L g Q@) gL (g (0]

(1) @ = ([~ gz (a1))). 9 (g (e )], B W), A (A ()]

Obviously, the above operational result is still an the operational rules of interval-valued intuitionistic
fuzzy sets based on Archimedean t-norm. According Theorem 3.1 and Definition 4.1, we have Theorem 4.1
and Theorem 4.2, the operational rules of interval-valued intuitionistic fuzzy sets based on Archimedean
t-norm are obtained as follows.

Theorem 4.1. Let a; = {[u* (), u¥ ()], [v"(a;), Y (ay)]) (i = 1,2) be two interval-valued fuzzy
intuitionistic sets, T'(x, y) Archimedean t-norm and S(z,y) its dual Archimedean t-conorm, N(z) = 1—z.
Then the following operational rules based on Archimedean t-norm are hold:

(1) If g(t) = —logt, then [9]

(i) @1 @ a2 = ([u"(a1) + p*(az)
wE () (o), 0 (a0 (ao)));
(i) &1 @ ag = (" (a1)p"(a2), u¥ (1) p” (az
" () +v*(ag) — v (ar)v(ag),vY (an) + v (a2) — ¥ (ar)v¥ (a2)]);
(”Z) Ao = <[$/\><9(041)7 5>\><T(Oc1)]7 [1 - (1 - ,LLL(OQ)))‘, 1—- (1 - NU(al) )\]a [(VL(al)))\a( U(al
(iv) a3 = <[8( O 8@l [P (@)Y, (B (@), [ = (1 = vE(an)) 1= (1= v ()
(2) If g(t) = log( t), then

N Lot (an)  uV(an)u (a2) v (1) (az) W () (az) .
(i) &1 @ @2 = ({5 P )t (ag) Tral (a0 () TFE= T (@)= Tan)) TFA=27 (@)= e )

ND);
D).
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pE (a1)p* (az) 1Y (1) (

ag) = ] [l/ Liap)+vi(az)  vY(a1)4+vY (a2) ]>

(it) &1 ® &2 = (I3 2 a D)4 (02)) (1= MU(al))(l & < PRt (og) Tl (o 0a)
(1i1) Ao = <[(1+ML( O =(I—pP(ar ) (14pY (a1)*— A] [ (v (a))? 2(vY (a1))* I);
(1+pk(a1) M+ ( pl(ar)*? (1+HU(a1))A+(1 u Ahle- VL(Otl))“rVL(al)“ (2—vY(a1))? +VU(a1)A
(i) @ = (| 2(pt(en))? 2(u (a))? l [(1+V (a )) —(A—vE@)* A+vY () —(1—vY(ar)* ).
1 (2—pl(ar) +ut (2—pY ()M b ()M D LA+ E ()M (1 —vE (1) 7 (142Y () A+ (1 =2V (a1)>

(@)™
(3) Tf g(t) = log(TH-2t) 7>0 then
(i) G @y = (Lol (az) (o) 02) - (=)t (o ) u e+ (ag) = (@) () (1) (1 )" ()

1—-(1—y)pt(ar)pl(az) ’ 1=(1=y)pY (a1)pY (a2) ’
[ vE(a)vE (a2) vV (a1)vY (a2) ])
YHA=y)(WE () +ri(az)—vE(ar)vE(az))’ v+(1—7) (@Y (1) +vY (az)—vU (a1)vY (az)) !/

N G R G — pt (en)p*(asz) pt (1) (ag)
(i) &1 ® Q2 = (S m= G an+ 1 @) - @nn@2)) T A o+ (a2)— 0 (o (o)
[VL(a1)+VL(az)*VL(al)VL(a2)*(1*7)VL(a1)VL(a2) v (1) +vY(az) 1Y (1) (ag)—(1—y
= ()T (on)v L (a2) \ =(1—7)r7(a1)r7 (o)
(i) Ay = ([ ——0EO=Dul (@)~ (-pt (@1)* (U+O-bu (@) ~(—p (@) )
LA () G- D=4 ()% T+ (G=D” @) +O—D(I—uT (a))}
[ y(vF (01)) 7Y (o) D
+O-DI= (@)D +G-D @) T+G-DA—T (@) -1 @)/’
a = ([ y(u" (@2))* (1Y (@) 1,
[

)VU(al)VU(az)]>.

)

(W) & = D ) DG GFE-DA (@) + G- @)
(1+(y=Drl(a)*—(1-vE(a1))* A+(y=1)vY () = (1—2Y (a))* ]
oDV L @) +G-D(A=vE @)’ THE-Dr @) +0-D=7 )t

(4) If g(t) = log (=
(i) a1 @ ag = ([1 — log, (1 + @]

) ~v > 1, then
lfuL(a1)_1)(717uL(a2)_1)
v—1 )’

vl(ar) _qyyrten) _ vYar) _1y (Y (ag)
llog, (1 + =00 =220 T S

v—1
N~ - wE () _q)y(ynla2) 1 wY (1) 1)1 (a2) _q
(ii) a1 ® ag = ([log, (1 + oF = 7)_(1’ = )),10g7(1 SR 7)_(1/ : ))]7

1—VL(C«1)71 l—uL(a2)71 1—VU(C¥1)71 1—VU(Q2)71
[1 —log, (1 + (v 7)7(’17 )), 1 —log, (1 + Gl 7)7(’{ ))});

Con oy~ 1-pl(ay) 1-pY(a1) _1)A
(166) Aix = {[1 — log, (1 + Ot log, 1+ b ),

vl(ay) (1)
flog., (1 + 02528 log (1 + %m;

Sy~ L(ay) (a1)
(iv) @ = (llog, (1 + 2 2B1%) Jog (1 4 QU1

lfuL(a )1\ 171/U(a Y1)\
[1—logy(l+(7(7,1—)i_11))71—10g7(1+%)]>~

Theorem 4.2. Let a; = ([u” (), ¥ ()], [v* (i), vV (ew)]) (i = 1,2) be be two interval-valued
intuitionistic fuzzy sets , T'(z,y) Archimedean t-norm and S(z, y) its dual Archimedean t-conorm, N(x) =
1 — 2. Then the following operational rules based on Archimedean t-norm valid:

(1) If g(t) = —logt, then
(i) a1 @ ag =
([y/ (u"(e1))? + (p(02))* — (]ML(Oél))Z(ML(%))Za V(17 (01))? + (1Y (02))? — (6 ()2 (17 (a2))?],

,ylqu(al)_l)(Wl*uU(az)_1) )]
v-1 ’

1 —log, (1 + (

,log, (1 + (

" (1) (ag), v¥ (ar)vY (as)]);
(i) a1 © ap = ([p" (1) p"(ag), p¥ (1) p¥ (a2)],
[V (E(a1))? + (L (a2))? = (vE (1)) 2 (E(a2))2, /(WY (a1))? + (W (a2))? = (WU (1))2 (VY (a2))?]);
(i) Aan = ([v/1 = (1 = (pF(a1))?)* /1= (1 = MU(al))z)A]a [(v" (1), (WY (1)) );
(iv) & = ([(u" (@), (1 ()], [V1 = (1 = (WE(ar))H, /1 = (1 = (WY (a1))2)N)).
(2) If g(t) = log(2%), then
() @ & @ = ([\/ it \ LG o e
[1+(1—VVL(g611))11)(1(gi)L (az))’ 1+(1—I;U(33611))V)(1(ai)[}(0¢2)) I

N~ ~ pr(ar)pk (o) 1Y (00)pY (o2)
(i) &1 @ &2 = [ ) @) a0 A= )
[\/ (vl (a1))?2+(wr(a2))? \/ (VY (a1))?4+ (VY (a2))? I);
1+(vl(on))?2 (vl (a2))?’ V 1+@Y (o))2 (VY (a2))?

oy~ [0 )2 (= (@) [+ (@)2) = (1= (a0 (a1)2)X
(i) A0‘1—<[\/<1+<ub<a1)>2>A+<1—(uL<oq>>2> \/<1+< T o V2= (a7 ()P )

[ 2(vl(a1))* 2(vY (a1))? ]>

2= (@) +Ean) =T (an)) + (@0 (@)
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o 2(uk (@) 2(uY (a1))>
() a1 = (e oy +er @)™ TP+ @)y
(/OO )P A= @)Y [0 () = (=)D,
(@)D F(1I- (@)D V (07 (@n)®) + (1 @0 (ar)2) >/
(3) If g(t) = log(FE=1) 4 > 0, then
N~ ~ o [P+ (i (a2)?— (i (@) 2 (1F (1)) — (- (uF (01))? (1 (a2))?
(2) 0“1@0‘2—“\/“ T () P
\/mU(an)u(uU(az))L(uU(am?(uU(a1))L(H)(uU(m))Q(uU(az))?]
B )Ll(%)lw)(wal>>2(HU<a2>>2 o) ’
v-(ay)v-(as v-oap)v- (a2 .
raerant (azwL(g(l)u)L(g?)) ) 7+(1*v)(vU(a1)+vU(a2)*VU(32)VI)] (3?)) ])>
L Wt ~ p g ) (o By )~ (o
(#4) a1 ® G2 =[S iy )+l (o) 1P @i (@2))* TE A=) (o) +u¥ ()P @)l ()

[\/(VL(al))2+(VL(a2))2—(VL(Oél))Q(VL (1)) —(1=y) (" (a1))? (" (a2))?

1-(1—) (v (a1))? (v (a2))? ’
\/(I/U(Oél))z-ir(VU(042))2—(VU(Cn))z(VU(C>41))2—(1—V)(VU(CV1))2(VU(CV2))2 1)
1-(1—y)(¥Y(1))? (vY (a2))? ’

Ny 0+ D@ (@) P~ -l (@)2)™ I+ (D) (a7 (@))?P —(1— (a0 (a1))?)*
(itd) Ao = <[\/ T -1 @)+ G-D0—GE @ V THO-D 00 @)+ (-~ ()P )
[ y(wl(a))* (@Y () ]>
IFG-D— @) +(—DEL @)™’ T+a-DA=0 (@) +(—D 0 @)™/
(iv) a = ( Yt (a)* y(pY (a1))? ]
1 = I TF— D=L () + -0 @)™ A+G-D0—47 (@) +—D R0 (@)
[ \/ I+(—D (@) —(1—(E (@1))2)> \/ (+0-DW @ (=T @)y
T+ -0 @ N +—-D - @ )D** V T+a-D 00 @) + (-1 1—0 (a)2)* -

(4) If g(t) = log(3=) , ¥ > 1, then
(Z) a1 ® ag =

1—(ul(a1)?_ 1—(uk(ag))? _ 1—(uU(a1))? _ 1—(uU (ag))? _
<[¢1_1og7<1+<v e a 1>>,¢1_1og7<1+<7 ey,

y—1 v-1

lfuL(al)_l lfuL(az)_l lqu(a )_1 1*VU(O‘2)_1
[log, (1 + 4 L ), log, (1 + =00 H));

1) o o 1-ub (o) _ 1-puF (ag) _ 1-pY (ay) _ 1Y (ag) _
(i) &1 ® @y = ([log, (1 + OO 202D og (14 Ot eGPy

—(wl(an?_ —(wl(ag)? _ —wU(a1))2_ —(wU(ag))?_
[\/1—10gw(1+(71 D 1) (1= e 1>>,\/1—1og7<1+<“ DG ),

y—1 71
NN 1=l (a2 _1)A 1—(uU (@1))2 _1)2
(i) Adn = <[\/ 1 —log, (1+ <()>>\/ 1 —log, (1 + U——50)),

(e1) (e1)
[log.,(1 + %) log, (1 + %m;

LN o~ (e1) (a1) _1)A
(iv) a7 = ([log., (1 + %),logv(l + u)],

(=Dt
_(vL 2 _ (U 2
M 1 - log, (1 + O m ), J 1= log, (1 + S ).

Theorem 4.3. Let &; (i = 1,2) be be two interval-valued intuitionistic fuzzy sets, T'(z,y)
Archimedean t-norm and S(z,y) its dual Archimedean t-conorm, N(z) = 1—z. We can easily prove the
the following statements:

(1) a1 @ ag = an @&1;

) a1 ® ap = qp ® a;

) )\(521 ) &2) = Aa1 D Aag, A > 0;

) Ao @ )\2&1 (A1 + A2)ar, A1, A2 > 0;
)

)

c

~)\1 ® Oé = ( ))‘I—H‘Q, A1, A9 > 0;
®a2 (a1 ® az)*, A > 0.

5. Aggregating of interval-valued intuitionistic fuzzy sets based on Archimedean t-norm

Definition 5.1. Let a1 = ([u”(a1), u¥ (a1)], [v*(a1),vY (a1)]) be an interval-valued fuzzy intuition-
istic sets. An expected value E(a;) of a; can be represented as follows

1o vE(ay) + VU(al))
2 2
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= (" (1) + p7 (1) + 2 = v (en) — vV (1)) /4.
An accuracy function H(a1) can be represented as follows

pE(an) + p¥(ar)  vE(en) +vY(ar)
_l’_
2 2
= (u" (o) + p (o) + v (ar) +vY(a1)) /4.
Let a; = ([u"(aw), p¥ ()], [v*(w), vV (w)]) (i = 1,2) be two interval-valued fuzzy intuitionistic sets.
Then

H(a) = ( )

(1) If E(&l) > E(ag), then aq = ao.
(2) If E(@1) = E(as), then:
ItH 5&1) > H(&Q), then aq = ao.
If H(&’l) = H(&Q), then o = .

Based on the the above operational rules, we propose weighted average (geometric) operator, or-
dered weighted average (geometric) operator and hybrid average (geometric) operator for interval-valued
intuitionistic fuzzy sets based on Archimedean t-norm in this part.

Definition 5.2. Let a; = {([u* (), uY ()], " (as), Y (aw)]) (i = 1,2,...,n) be a collection of
interval-valued intuitionistic fuzzy sets, T'(x,y) Archimedean t-norm and S(z,y) its dual Archimedean
t-conorm, N(z)=1— x. We define interval-valued intuitionistic fuzzy weighted average operator based
on Archimedean t-norm as follows: ATS — IVIFWA: Q" — Q,

ATS — IVIFW A,(Gy, g, ..., 0n) = Y _ 1005,
j=1

Specifically, if p = (1, %,..., %), then AT'S — IVIFW A operator degenerates interval-valued intu-

nin’

itionistic fuzzy arithmetic average operator based on Archimedean t-norm (AT'S — IVIFAA):

1
ATS*IVIFAA(&M&JQ,,&”)_ (&1@&2@@&n)

T
Similarly, we could define interval-valued intuitionistic fuzzy weighted geometric average operator
based on Archimedean t-norm, AT'S — IVIFWGA : Q" — , as follows

ATS — IVIFWGA, (@1, &z, ..., dn) = [ [ (@)™,
j=1

Specifically, if y = (%, %, ce %), then ATS — IVIFW GA operator degenerates interval-valued intu-
itionistic fuzzy arithmetic geometric average operator based on Archimedean t-norm (AT'S—IVIFGA):

ATS — IVIFGA(G1,d,...,0n) = (@1 ® G2 ® ... ® Gp) 7.

where ( is the set of all interval-valued fuzzy intuitionistic sets, and p = (1, 2, . . ., fin)” is the weighted
vector of a;(j = 1,2,...,n), p is a fuzzy measure on X with u; € [0,1], p; = p(Ag)) — (A1), and
Z?:l i =1, A(j) = (4,...,n) with A(n+1) = 0.

Theorem 5.1. Let a; = ([u*(a), p¥ ()], V" (w),vY(as)]) (i = 1,2,...,n) be a collection of
interval-valued intuitionistic fuzzy sets, T'(x,y) Archimedean t-norm and S(z,y) its dual Archimedean
t-conorm, N(z)=1— x. Then, the result aggregated by Definition 5.1 is still an intuitionistic fuzzy set,
and

())ATS — IVIFW A, (0q,az,...,0p) =
(A1, (e (a))s b (2 g () [ (0 1y g (), g (0 190 (ap)))-

(1))ATS — IVIFWGA, (o, az, ..., 0p) =
Qo™ (0 g (i), g~ (0 g (i (o)D), L0y s (o)), Ly b (Y (),
where p = (p1, 2, -, fin) is a fuzzy measure on X with pu; € [0,1], pu; = u(Ag)) —~,u(AQ+1)), and
Z?:l p; = 1, the parentheses used for indices represent a permutation on X such that a; < ag < --- <
Oy, A(]) = (], ...,n),A(n_H) = .
Theorem 5.1 can be proven by mathematical induction. The steps in the proof are as follows:
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Proof. We only prove that (i) holds. the proof of (i7) is similar.
(1) When n = 1, obviously, it is right.
(2) When n = 2,
mdn = (W (uih(pr (@), b
patiz = ([h~" (n2h(p"(a2))), b
ATS — ATS — IVIFW A, (a4
= 7! b (@0), b e
a([h~ (M2h( Ha )))Jfl( I lg™(
([Pt (h(h™ (ulh( Flan)))) + h(hH(p2h(p* (a2
g ( (g (mg(v*(a1))) + g(g~ (u29(r" () ) )
(03 i (), B (032 i ()], [97H (g mig(vE (o)
Therefore, when n = 2, the conclusion is right.
(3) Suppose when n = k, the conclusion is right, i.e.
ATS — IVIFW A, (0n,az, ..., o) =

(P 2hy (P (), B2y b ()], [97 (i mig(vE (), g7 (25— g (WY (a)))))-
Then, when n =k + 1,
ATS — IVIULW A, (a1, g, . . ., O, Q1) =

<[h‘1(2§:1ujh(uL(aj))%h‘l(Z] my( Y(a))) g~ (Zfluyg( (@))),9~ (Zflugg(vU(%)) )
([ (urrr b (k11)))s B (et h (1Y ()]s [97 (rr19 (V" (@k41))), 97 (19 (WY (k41)))]) =
(R (= (52 (™ (0))) + B (i h (i (an 1)),
W= (= (2N (Y ()))) + B (i (Y (ax0)))))),
97 (9o (hy mig (W (@) + 99~ (r19(VE (an41))))),
g7 Hg(g™ (5, g (WY () + (g™ (19 (a1)))))]) =
([h~ (Zf*iujh(uL(aj)))h S5 ih(aY ()] Lo (2550 mig (™)), g (2521 mig (Y ().

So, when n = k + 1, the conclusion is right, too.
According to steps (1), (2) and (3), we can conclude the conclusion is right for all n.

6. Conclusions

The main technologies in multiple attribute decision making, whether the situation is certain or
vague, are how to define and calculate aggregation operators proposed in the practice. In this study we
only discussed and investigated the operational rules of interval-valued intuitionistic fuzzy sets based on
Archimedean t-norm, and the aggregating of interval-valued intuitionistic fuzzy sets based on Archimed
-ean t-norm. In order to do this we also obtained the representations and transformations of Archimedean
t-norm and Archimedean t-conorm. Based on these operators proposed in this note, we could make
multiple attribute group decision making problems easily. Limited to the length of this paper it can not
be discussed. However, it will be our main work in the future.
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Abstract. In this paper, we generalize the concept of homomorphisms and derivations in intuitionistic fuzzy
normed algebras for 2-dimensional functional equations. Furthermore, we investigate the Hyers-Ulam stability
bi-homomorphisms and bi-derivations in intuitionistic fuzzy ternary normed algebras concerning a 2-dimensional

bi-additive functional equation.

1. Introduction and preliminaries

We say a functional equation (¢) is stable if any function ¢ satisfying the equation ()
approximately is near to true solution of (¢). Also, we say that a functional equation is
superstable if every approximately solution is an exact solution of it. The stability problem of
functional equations originated from a question of Ulam [37] in 1940, concerning the stability
of group homomorphisms. We are looking for situations when the homomorphisms are stable,
i.e., if a mapping is almost a homomorphism, then there exists a true homomorphism near it.
The case of approximately additive mappings was solved by Hyers [11] under the assumption
that G; and G are Banach spaces. In 1978, a generalized version of the theorem of Hyers
for approximately linear mappings was given by Rassias [28]. In 1991, Gajda [8] answered the
question for the case p > 1, which was raised by Rassias. For more information on functional
equations, see [18, 25, 26, 27, 32, 34, 35].

Fuzzy set theory is a powerful hand set for modeling uncertainty and vagueness in various
problems arising in the field of science and engineering. This new theory was introduced by
Zadeh [38], in 1965 and since then a large number of research papers have appeared by using the
concept of fuzzy set/numbers and fuzzification of many classical theories has also been made.
It has also very useful application in various fields, e.g. population dynamics [5], chaos control
[7], computer programming [9], nonlinear dynamical systems [10], fuzzy physics [12], fuzzy
topology [31], fuzzy stability [13, 14, 15, 16, 24], nonlinear operators [20], statistical convergence
[21, 23], etc. The concept of intuitionistic fuzzy normed spaces, initially has been introduced
by Saadati and Park [29]. In [30], by modifying the separation condition and strengthening
some conditions in the definition of Saadati and Park, Saadati et al. have obtained a modified
case of intuitionistic fuzzy normed spaces. Many authors have considered the intuitionistic
fuzzy normed linear spaces, and intuitionistic fuzzy 2-normed spaces(see [3, 4, 6, 19]).

92010 Mathematics Subject Classification: 39B52; 46540; 26E50.

Keywords: Hyers-Ulam stability; fuzzy ternary Banach space, intuitionistic fuzzy normed algebra; bi-
additive functional equation.
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Let X be a real linear space. A function N : X x R — [0, 1] (the so-called fuzzy subset) is
said to be a fuzzy norm on X if for all z,y € X and all s,t € R,
(Nl) N(z,c) =0 for ¢ < 0;
N2) x—OlfandonlylfN(w c) =1 for all ¢ > 0;
) N(cx,t) = N(x ’H) if ¢ # 0;
4) N(a: +y,s+t) > min{N(z,s), N(y,t)};
5) N(z,.) is a non-decreasing function on R and lim;_,o N(z,t) = 1;
(N6) For x # 0, N(z,.) is continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard N(x,t) as the truth
value of the statement the norm of x is less than or equal to the real number t¢.

The stability problem for a 2-dimensional bi-additive functional equation was proved by Bae
and Park [1] for mappings f : X x X — Y | where X is a real normed space and Y is a Banach
space.

In this paper, we determine some stability results of bi-homomorphism and bi-derivation
concerning the 2-dimensional bi-additive functional equation

flet+y,z—w)+ f(z -y, z+w) =2f(z,2) = 2f(y, w) (1.1)

in intuitionistic fuzzy ternary normed algebras. It has been discussed that f(z,y) = ax? + by?
is a solution of (1.1) (see [2]).

We recall some notations and basic definitions used in this paper.

We use the definition of intuitionistic fuzzy normed spaces given in [17, 22, 29] to investigate
some stability results for the functional equation (1.1) in the intuitionistic fuzzy normed vector
space setting.

Definition 1.1. ([33]) A binary operation = : [0,1] x [0,1] — [0,1] is said to be a continuous
t-norm if it satisfies the following conditions:

(a) is commutative and associative;

(b) is continuous;

(¢) ax1l=a foralla€|0,1];

(d) axb< cxd whenever a < c and b < d for all a,b,c,d € [0,1].

Definition 1.2. ([33]) A binary operation < : [0,1] x [0,1] — [0, 1] is said to be a continuous
t-conorm if it satisfies the following conditions:

(a) is commutative and associative;

(b) is continuous;

(¢) ao0=a foralla € |0,1];

(d) aob< cod whenever a < ¢ and b < d for all a,b,c,d € [0,1].

Using the continuous ¢-norm and t-conorm, Saadati and Park [29] have introduced the
concept of intuitionistic fuzzy normed space.

Definition 1.3. ([22, 29]) The five-tuple (X, u,v,*,0) is said to be an intuitionistic fuzzy
normed space (for short, IFNS) if X is a wvector space, x is a continuous t-norm, ¢ is a
continuous t-conorm, and j, v are fuzzy sets on X x (0,00) satisfying the following conditions:
for every x,y € X and s,t > 0,

(@) plx, t)+v(z,t) <1, (i7) p(x,t) >0, (it3) p(z,t) =1 if and only if x = 0, (v) plazx,t) =
1(x, 1) for each oo # 0, (v) p(x,t) = u(y, ) < ple +y,t+s), (vi) ple,.) : (0, o0) — [0,1] is
continuous, (vii) limy_oo p(z,t) = 1 and limy_yo p(z,t) = 0, (viii) v(z,t) < 1, (ix) v(z, )

if and only if x = 0, () v(ax,t) = v(z, B |) for each o # 0, (xi) v(x, t)<>1/(y, ) > v(z+y, t+ )
(zii) v(z,.):(0,1) = [0,1] is continuous, (ziii) lim; oo v(x,t) =0 and limy_,ov(x,t) =
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Definition 1.4. Let (X, u,v,*,0) be an IFNS. A sequence {x,} is said to be intuitionistic
fuzzy convergent to L € X if limy_,oo pi(zr — L,t) = 1 and limg_,oo v(zr — L, t) = 0 for all
t > 0. In this case we write v, — L as k — co. A sequence {x,} is said to be intuitionistic
fuzzy Cauchy sequence if limy_,oo pt(@ptp — g, t) = 1 and limy_,oo v(2pyp — xk, t) = 0 for all
p € Nand all t > 0. Then IFNS (X, p,v,*,9) is said to be complete if every intuitionistic
fuzzy Cauchy sequence in (X, p, v, *,0) is intuitionistic fuzzy convergent in (X, u,v,*,0) and
(X, p,v,%,0) is also called an intuitionistic fuzzy Banach space.

The concepts of convergent sequence and Cauchy sequence in an intuitionistic fuzzy normed
space are studied in [29].

Definition 1.5. Let X be a ternary algebra with |-, -, | and (X, p,v,*,0) be an IFNS.
(1) The intuitionistic fuzzy normed space (X, p, v, *,¢) is called an intuitionistic fuzzy ternary
normed algebra if

p(lz,y, 2], stu)

p(z, s) * p(y, t) = p(z,u)
v([z,y, 2], stu) > v

(z,s)*v(y,t) *v(z,u)

forallx,y,z € X and s,t,u > 0.
(2) A complete intuitionistic fuzzy ternary normed algebra is called an intuitionistic fuzzy
ternary Banach algebra.

Definition 1.6. Let X be a ternary normed (Banach) algebra and (Y, u,v) an intuitionistic
fuzzy ternary Banach algebra.
(1) A bi-additive mapping H : X x X =Y is called a ternary bi-homomorphism if

H([:Zi,y, Z]? [w,w,w]) = [H(:I:,w),H(y,w),H(z,w)],
H([z, z,x], [y, 2, w]) = [H(z,y), H(z, z), H(z,w)]

forall x,y,z,w e X.
(2) A bi-additive mapping 0 : X x X — X is called a ternary bi-derivation if

(5([%,3/, Z]7w) = [(5(17,11)),3/,2’] + [:c,é(y,w),z] + [a:,y,é(z,w)],
5(377 [yasz]) = [5(x7y)727w] + [y,é(m,z),w] + [yaz75($7w)]
forall x,y,z,w e X.

2. BI-HOMOMORPHISMS IN INTUITIONISTIC FUZZY TERNARY NORMED ALGEBRAS

We begin with a Hyers-Ulam type theorem in intuitionistic fuzzy ternary normed algebras
to approximate bi-homomorphism associated to the functional equation (1.1). For notational
convenience, given a function f: X x X — Y, we define the difference operator

Dyf(z,y,z,w) = flx+y,z —w)+ flx —y,z +w) —2f(z,2) + 2f(y,w)

Lemma 2.1. ([36, Theorem 3.1]) Let X be a linear space and let (Z,/,v') be an IFNS. Let
0 : X* = Z be a mapping such that, for some 0 < o < 4.

1 (p(22, 2y, 22,2w), ) > p' (wp(z, y, 2, w), B), 1)
V(p(22,2y,22,2w),t) < V(ap(z,y, z,w),t), '

for all z,y,z,w € X and allt > 0. Let (Y, u,v) be an intuitionistic fuzzy Banach space and
let f: X x X =Y be a mapping satisfying f(0,0) =0 and

{ u(qu(m,y,z,w),t) > “/(@(l'vya'z’w)at), (2 2)
V(qu<x7y727w)7t)<VI(()0<mvyvz7w)7t) '
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for all z,y,z,w € X and all t > 0. Then there exists a unique bi-additive mapping H :
X x X =Y satisfying (1.1) such that

u(Hw,y) - f(z.y).t)
> 52 (@, @y, —y), S5200) 2 ! (o, —a, ), U520) 2 ! (0(0,2,0,), U520,
V(H(xvy) - f(fﬂ,y)at)

L < o=/ (QD(CU, z,Y, _y)7 @t) o/ (QO(%, -Z,Y, y)7 (Zlgia)t> o® <¢(O7x707y)7 (4g04) t)

(2.3)
for all x,y,z,w € X and all t > 0, where **®a ;== a*xa*--- and ©®a :=aoao--- for all
a € 0,1].

Theorem 2.2. Let X be a ternary algebra and let (Z,y',v) be an IFNS. Let ¢ : X* — Z be
a mapping satisfying (2.1). Let (Y, u,v) be an intuitionistic fuzzy ternary Banach algebra and
let f: X xX =Y be amapping satisfying f(0,0) =0, (2.2) and

,U,(f([CC,y, Z]? [w,w,w]) - [f(xay)v f(va)7f(zaw)]7t)

+u(f(lz, 2, 2], [y, 2, w]) = [f(z,y), [(z,2), f(z,0)],1) > 1/ (p(z,y, 2,0),1),
l/(f([fl,‘,y, Z]? [’U),’U),U)]) - [f(xay)v f(va)’f(sz)]vt)

+v(f([z, 2, 2], [y, z,w]) = [f(z,y), f(z, 2), f(2,0)],t) <V (p(z,y, 2, w), 1)

forallx,y,z,w € X and allt > 0. Then there exists a unique bi-homomorphism H : X x X —
Y satisfying (1.1) and (2.3).

(2.4)

Proof. In Lemma 2.1, the mapping H : X x X — Y was defined by H(z,y) = lim;, 0 W
for all z,z € X.
From (2.4) and definition of H, it follows that

p(H ([z,y, 2], [w, w,w]) — [H(z,y), H(y,w), H(z,w)],t)
+ w(H ([z, 2, 2], [y, 2, w]) — [H(z,y), H(z, 2), H(z, w)], 1)
f([2"x, 2y, 2™2], [2"w, 2" w, 2™ w]) f(2"z, 2"w) f(2"y,2"w) f(2"z,2"w)
= u( - |-1)

64™ 4n ’ 4n ’ 4n
N M(f([2”$, 2"z, 2], [2"w, 2"y, 2"2]) [f(Q"m, 2"y) f(2"z,2"z) f(2"x, Q"w)} t)
G4 T T R
43n

> (p(2"z, 2"y, 2"z, 2"w), 437) = 1l (o (z,y, 2, w), Et) —1
as n — oo for all z,y,z,w € X and all £ > 0, and similarly
v(H([z,y, 2], [w, w,w]) — [H(z,y), H(y, w), H(z, w)], t)
+v(H([z,z,z], [y, z,w]) — [H(z,y), H(z, 2), H(z,w)],t) <0
for all z,y,z,w € X and all t > 0. So we conclude that
H([z,y, 2], [w,w, w]) = [H(x,w), H(y, w), H(z,w)],
H([z,z, ], [y, z,w]) = [H(z,y), H(z, 2), H (2, w)]
for all z,y,z,w € X. O
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Corollary 2.3. Let p be a nonnegative real number with p < 2, X be a ternary normed
algebra with norm ||.||, (Z, 1, v") be an intuitionistic fuzzy ternary normed algebra, (Y, u,v) be
a complete intuitionistic fuzzy ternary mormed algebra, and let zo € Z. If f : X = Y is a
mapping satisfying f(0,0) =0 and

( M(f([-%y, Z]? [wvwvw]) - [f(xay)a f(va)7f(sz)]7t)

+:U’(f([$’ I?'T]’ [yv Zy U}D - [f(x,y), f($7 Z)7 f(1:7w)]7t)
= ((1]P + [lylP + 12117 + [lwl”) 20, )

2.5
v(f(lz,y, 2], [w,w,w]) = [f(z,9), f(y, w), f(z,w)],1) 22)
+,U/(f([xﬂx7x]7 [yvzawD - [f(x,y),f(:c,z),f(ac,w)],t)
< V(P + lyllP + 112117 + llwllP) 20, £)
and
{ 1Dy f(z,y),t) = w1zl + lyll” + [[2l7 + llwllP) 20, ) (2.6)
v(Dyf(z,y),t) < V(=P + [lyI” + (|27 + [[w][")z0, 1)

for all x,y,z,w € X and t > 0, then there exists a unique bi-homomorphism H : X x X — Y
such that

p(H ) = f(,9),6) > 20 (] + iz, S350 ) 1 (el + yll)zo, U221
v(H(@,y) = F@.y),8) <2 (ol + yl)zo, U552 ) ' (2l + lyl)z0, S22 )
forallxz,y € X andt > 0.

Lemma 2.4. ([36, Theorem 3.3]) Let X be a linear space and let (Z,/,v') be an IFNS. Let
p: X XX xX xX — Z be amapping such that, for some a > 4,

W (2(54.5%)t) 2 Wiy, 2, w),a0),
V(e(3:5:5:%)t) V(e zw),a),

for all x,y,z,w € X and all t > 0. Let (Y,u,v) be an intuitionistic fuzzy Banach space and
let f: X xX =Y be a p-approximately bi-additive mapping in the sense of (2.2) and (2.4)
with f(0,0) = 0. Then there exists a unique bi-additive mapping H : X x X — 'Y such that

(2.7)

() = F@),t) 25 (oo, -9), © 5 : t) + i (e, —2,9,9), o 5 Y t)
41 (9(0,2,0,), G . Y t) 2.8)
and
W(H(5,2) — 50,6 < o (sl -, 00 0 (o, ), 2= D)
o™/ (90(0, z,0,y), (a ; 4) t) (2.9)

for all z,y € X and allt > 0.

Theorem 2.5. Let X be a ternary algebra and let (Z,u/,v") be an IFNS. Let o : X x X x X x
X — Z be a mapping satisfying (2.7). Let (Y, u,v) be an intuitionistic fuzzy ternary Banach
algebra and let f : X x X =Y be a p-approximately bi-additive mapping in the sense of (2.2)
and (2.4) with f(0,0) = 0. Then there exists a unique bi-homomorphism H : X x X — Y
satisfying (2.8) and (2.9).
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Proof. The proof is similar to the proof of Theorem 2.2. O

Corollary 2.6. Let p be a nonnegative real number with p > 2, X be a ternary normed
algebra with norm ||.||, (Z, /', V') be an intuitionistic fuzzy ternary normed algebra, (Y, u,v) be
a complete intuitionistic fuzzy ternary mormed algebra, and let zy € Z. If f : X = Y is a
mapping satisfying f(0,0) = 0, (2.5) and (2.6). then there exists a unique bi-homomorphism
H: X x X —Y such that

p(H () = f(2,9),0) = 20 (2] + Iyl zo, Z52 ) « 1 (ol + lyl)zo, E52)

v(H(w,y) = f@,9),0) <2 (ol + lyl)zo, Z2 ) v (ol + )20, 252

forallx,y € X andt > 0.

3. Bi-derivations on intuitionistic fuzzy ternary normed algebras

In this section, we investigate generalized Hyers-Ulam stability of bi-derivations on intu-
itionistic fuzzy ternary normed algebrasfor the functional equation (1.1).

Theorem 3.1. Let X be an intuitionistic fuzzy ternary Banach algebra and let (Z,u',v") be
an IFNS. Let f : X x X — X be a mapping with f(0,0) =0 for which there exists a mapping
0: X x X x X x X — Z such that, for some 0 < a < 4 satisfying (2.1), (2.2) and

,U/(f([xayvz]ﬂw) - [f(wi)7y7z] - [a:,f(y,w),z] - [x7y7f(zaw)]7t)
—}—,LL(f(fL‘, [y>zaw]) - [f($,y),2,w] - [y, f(:c,z),w] - [y,z, f(xaw)Lt)
P> M/(So(xa%Z:w)?t)a

V(f([xaya Z]?w) - [f(:B,’U)),y,Z] - [xuf(y:w)?Z] - [x,y,f(z,w)],t)

+V(f(377 [y7sz]) - [f(xay)vsz} - [y, f(a:,z),w] - [y,z, f(xaw)]vt)
<V(p(a,y,2,w),t)

for all x,y,z,w € X and all t > 0. Then there exists a unique bi-derivation 6 : X x X — X
satisfying (1.1) such that

u(é(x,y) - f(x,y),t)
> *OOM/<S0(x7$7y7 —Y), —3

V(5(w,y) —f(w,y),t>

~
~——~7"
*

8
t\
/N
5
&
|
K
=
s

et t) S (80(07 z,0,y), (4;%)’

< o™/ (w(x,w, y, —y), 452 t) o™/ (90(96, —x,y,y), 452 t) o™/ (sO(O,rB, 0,9), @t)
(3.2)
for all x,y,z,w € X and all t > 0, where x**a ;= a*xax*--- and ©*a :=aoa<--- for all

a € 0,1].

Proof. By the same argument as in the proof of Theorem 2.2, there exists a unique bi-additive
mapping 6 : X x X — X satisfying (3.2). The mapping 0 is given by

d(z,y) = lim - f(2"z,2"y)
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for all x,y € X. It follows from (3.1) that

M(5([$7yvz]vw) - [5($,w),y,z] - [x’é(va)’z] - [xvyv(s(sz)]vt)
+ ;L((S(l’, [y’zaw]) - [5($ay)vsz] - [y,é(m,z),w] - [y,z,é(z:,w)],t)

1 1
= 1 F @y, 2), 2 w) — | (2, 2"w), y, 2]
1 1
- |:$, 47”.]0(2”'%5 an)’ Z:| - |:33’, Y, 47f(2nz7 an)} ) t)
1 1
+ M(Ef(zgnmv 23n[y’ Z, w]) - |:47nf(2nx7 2ny), 2, ’U}:|
1 1
_ [y,4—nf(2”a:,2”z),w} — [y,z, 4—nf(2”x,2"w)},t>
1 1
= M<4ﬁf([2"x, 2"y, 2" 2], 25" w) — @[f@”x, 237, 2™y, 2" 2]
1 1
— E[Q”x, f(2™y, 23"w), 27 2] — E[an’ 2%y, f(2"z, 23”w)],t)
1 1
+ M(Ef(23nxv [2ny7 27127 2nw]) - E[f(23nxa 2ny)’ 2712’ an]
1 1 .
— 5 (2 (270, 272), 2] — 27y, 2, (2, 2w)), t)
< (2", 2™y, 2" 2, 23"10)7 43"t) + //((p(Q?’"z, 2"y, 2"z, 2"w), 43"75))

, 43nt
< 2/-1' (@(wvywzaw)? Oé3n) — 1

as n — oo for all z,y, z,w € A. Similarly, we obtain
V(é([x7yvz]7w) - [5(:c,w),y,z] - [l‘,(S(yﬂU),Z] - [:z,y,5(z,w)],t)
+ I/((S(ﬂj‘, [ya va]) - [6(xvy)7sz] - [y,&(z:, Z)aw} - [yazvé(xaw)]7t) =0
for all z,y, z,w € A. Thus
6([z,y, 2], w) = [0(z,w),y, 2] + [2,0(y, w), 2] + [z, y, (2, w)],
(5(:6', [y7zaw]) - [(5(17,3/),2,10] + [y,é(x,z),w] + [y,z,é(x,w)]

for all z,y,z,w € A. So we conclude that § is a unique bi-derivation satisfying (3.2). O

Corollary 3.2. Let p be a nonnegative real number with p < 2, (Z,/,v') be an intuitionis-
tic fuzzy ternary normed algebra, (X, u,v) be a complete intuitionistic fuzzy ternary Banach
algebra, and let zg € Z. If f : X — X is a mapping with f(0,0) = 0 such that

( u(f([$,y, Z],U}) - [f(l'?w)’yv Z] - [xvf(va)wz] - [x’yvf(sz)]’t)
+,u(f($> [yvsz]) - [f(xay)vz7w] - [yv f(:):,z),w] - [y7z7 f(wi)]7t)
z ! (([|2]P + [yl + 2117 + [[w][?)z0, )

V(f([xaya z],w) - [f(wi)7y7 Z] - [:c,f(y,w),z] - [:r,y,f(z,w)],t)
‘H/(f(l', [ywzaw]) - [f(:v,y),z,w} - [y, f(maz)aw] - [y,z, f($vw)]at)
Z V(NP + [lylP + (12117 + [[w][?) 20, £)

(3.3)
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and

{ Dy f(z,y), ) = p ([P + Nyl + 2117 + [[wl]]”)20, 1) (3.4)

v(Dgf(x,y),t) <V (([[z]|” + lyl[? + [|2[1P + [[w][P) 20, 1)
for all x,y,z,w € X and t > 0, then there exists a unique bi-derivation § : X x X — X such
that

p(0(@,y) = f(e),t) = <2 (Ul + lyll)zo, S35 ) 5 ' (el + Nyl zo, U552 )
v(8(ey) = f(,9),6) <2/ (el + llyl)zo, G552 ) ' ((lall + iyl =0, L522)

forallx,y € X andt > 0.

Theorem 3.3. Let X be an intuitionistic fuzzy ternary Banach algebra and let (Z < p',v,) be
an IFNS. Let f : X x X =Y be a mapping with f(0,0) = 0 for which there exists a mapping
v: X x X x X xX — Z satisfying (2.1), (2.7) and (3.1) for some a > 4. Then there exists a
unique bi-derivation § : X x X — X such that

00 o — o oa—4
w6 y) — fle). ) 2 = ol (ol ay,—0), C) i (ol ), O )
8 8
[e's) (Oé B 4)
* u(so(O,fc, 0,), 3 t)
and
o o— o a—4
/’L(é(x7y)_f(‘r7y)7t) <<> Vl(@(m7$7y7 _y)7 ( )t)o VI(SO($7_x7yay)7 ( )t>
8 8
oo/ (a - 4)
o>y (@(O,x,O,y), 3 t)
for all x,y € X.
Proof. The proof is similar to the proof of Theorems 2.5 and 3.1. U

Corollary 3.4. Let p be a nonnegative real number with p > 2, (Z, 1/, V') be an intuitionistic
fuzzy ternary normed algebra, (X, p,v) be a complete intuitionistic fuzzy ternary Banach al-
gebra and let zg € Z. If f : X — Y is a mapping satisfying f(0,0) = 0, (3.3) and (3.4), then
there exists a unique bi-derivation § : X x X — X such that

w3, ) — Fe,w), 1) = 2 (Ul + lylDzo, C) e ((lal + )z, Z52)

v(3(w,y) = £, y),t) <=2 (] + Iyl zo, L) = v/ () + lyl)zo, Z52)

forall z,y € X andt > 0.
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ON NEW REFINEMENTS AND APPLICATIONS OF EFFICIENT
QUADRATURE RULES USING N-TIMES DIFFERENTIABLE
MAPPINGS

L2A. QAYYUM, 3M. SHOAIB, AND 'I. FAYE

ABSTRACT. In this paper, new efficient quadrature rules are established using
a newly developed special type of kernel for n-times differentiable mappings,
having five steps. Some previous inequalities are also recaptured as special
cases of our main inequalities. At the end, efficiency of the newly developed
quadrature rules are discussed.

1. INTRODUCTION

In 1938, Ostrowski [13] first announced his inequality for different differentiable
mappings, which is given below:
Theorem 1. Let [ : I CR — R be a differentiable mapping on I°(I° is the
interior of I) and let a,b € I°with a <b. If f' : (a,b) = R is bounded on (a,b)

ie. ||[f'll = sup |f”(t)] < oo, then
t€la,b]

b o atby?
f@) -~ 5y [ 10| < [jﬁ()] b=l (D)

(b—a)

for all x € [a,b]. The constant % 18 sharp in the sense that it can not be replaced by
a smaller one.

In 1976, Milovanovic et. al [11], proved a generalization of Ostrowski’s inequality
for n-time differentiable mappings. Up till now, a large number of research papers
and books have been written on inequalities and their applications (see for instance
[2])-[5], [8] and [14]-[16]). In many practical problems, it is important to bound
one quantity by another quantity. The classical inequalities like Ostrowski are very
helpful for this purpose. Ostrowski type inequalities have immediate applications in
numerical integration, optimization theory, statistics, and integral operator theory.

We indicate another inequality called Griiss inequality [11] which is stated as the
integral inequality that establishes a connection between the integral of the product
of two functions and the product of the integrals, which is given below.

Theorem 2. Let f, g : [a,b] — R be integrable functions such that p < f(z) < &
and v < g(z) <T, for some constants v, ®, v, ' and x € [a,b]. Then

b b b
bia/f(x)g(x)da:—ﬁ/f(x)dm.bia/g(x)dm (1.2)

a

<2 (@ =)' =)

1 =

2000 Mathematics Subject Classification. Primary 05C38, 15A15; Secondary 05A15, 15A18.
Key words and phrases. Ostrowski inequality, Griiss inequality, Quadrature formula,Numerical
Integration, peano kerenel.
1
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Dragomir et. al [4] combined Ostrowski and Griiss inequality to give a new in-
equality which they named Ostrowski-Griiss type inequality. Dragomir [3], Liu
[6], Alomari [1] and Liu et. al [8] established some companions of ostrowski type
integral inequalities.

Recently, Liu [7] proved the following companions of ostrowski type inequalities
for 3-step kernels.

Theorem 3. Let f : [a,b] — R be differentiable in (a,b). If f' € L' [a,b], and
v < f'(z) <T, for all x € [a,b], then for all z € a, aTer] , we have

forfloth =) —bia/bfu)dt < [b;“+‘x—3“jbﬂ (S—7) (L3)

and

b
f(x)—&—f(Qa—i-b—x)_bia/f(t)dt (1.4)

H(F—S).

More recently, Qayyum et. al [9]-[10] proved companions of Ostrowski inequality
for 5-step linear and quadratic kernels but in this paper, we establish our results
for 5-step kernel for n-times differentiable mappings. In this paper, new ontrowski
inequalities are extended. Using these inequalities, some efficient quadrature rules
are established. Some previous inequalities are also recaptured as special cases of
our main inequalities. At the end, efficiency of the newly developed quadrature
rules are discussed.

2. DERIVATION OF OSTROWSKI INEQUALITIES USING 5-STEP KERNEL

We will start our work by introducing a new Peano kernel defined by P (z,.) :

[aab}*)R
%(t_ayl’ tE(a,%],
%(t_#zn’ te(a;z7$}a
Po(z,t) =4 o (t—2)",  te(zatb-a], (2.1)
%(t_a-i%}b)"ﬁe(a—i—b—x’(;:%m}’
F(t—b) ) te(ﬁ%J)}’

for all z € [a, ‘ITH’] .

The following lemma is the main tool to prove the main results.

Lemma 1. Let f : [a,b] — R be an n-times differentiable function such that
f=Y(z) for n € N is absolutely continuous on [a,b] then

b
1 n
7 [ Pale ) f e 22)

a

n—1 n+k+1 k+1
_\y (=Y 1 gt (o at? w (atz
T (k1) [zkﬂ{(m @) (x 2 ) }fk ( 2 )
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+ {(az 3a: b>k+1 - (a: a;rbyﬂ} £ ()
(=) (2 s
“{ a+b ’““(ma)k+1}f(k)<a+22b—x)]

+baa/ft

forall x € [a, %*b]

k+1
k

Proof. The proof of (2.2) is established using mathematical induction.

Taken =1,
b
L.H.S of (2.2) = /Pl(x,t)f’(t)dt. (2.3)
After integrating by parts, we get
b
ﬁ Pu(z, ) f (t)dt (2.4)
b
1 a+x a+2b—z 1

=4[f< )+f()+f(a+b—x)+f( 5 ﬂ_b—a/f(t)dt‘

We have

L.H.S = /Pl(:r,t)f’(t)dt.

Equation (2.3), is identical to the R.H.S of (2.2).
Assume that (2.2) is true for n.

Py (z, ) O (2)dt

-y ((;)flk)w [Qk}ﬂ {(:c_a)’“+1 - (a:— a;b>k+l}f<k) (a;ﬂﬁ)
{= x Ba:b k+1 ~ (x_ a;—b)’“rl}f(k) o
"“{( a+b> - <:c3a4+b>k+l}f<k) (a+b—2)
O e

S / f(tydt,

\@

+
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where

(n+1)' (- )m—l’ te ( aﬂ] )

o (- 380 e ],
Poiq(x,t) = (7L+1)' ( —“T*b)nﬂ, te(z,a+b—1],
s (t - angylﬂ , te(a+b—m HE=x]

Gy (=) e (=]

After integeration by parts, we get

b
/ Poya (2, 0)f D ()dt

_ 1
~(n+1)!

1

n+1
_ oyt gm) (@ + T _3a+tb (n)
et (o= a1 £ () 4 (= 250 o)
1 a+b\""" n o+ n a+b\""" n

n+1 n+1 n+1
_ (m _ @‘2”)> £ () + <2> (m _ a;b) e <W>

2

(o) e (352) e (22

2

atx

b

ol /2 (t—a)" f™ (t)dt + /z <t - 3aj b>n M ()dt

atx
2

at2b—x
2

at+b—zx n n
+ / (t—a;rb> FM(t)dt + / (t—?’a:b> FM(t)dt

a+b—zx

"M ) de

at2b—=z

MI\Q_

- 1
C (n+1)!

1 il o) QO+ T 3a+b\""" .,
W(fva)+1f()<2>+(w 4> F ()

1 a+b\"t"  fa+z i a+bo\"*t
T <x 5 ) f()< 5 )+(1) (z 5 ) 1 )(aer—m)
a+b\"" —1\"*! a+b\"" fa+2—=x

2
n+1
— (=) (x— 3“4"'b> f™(a+b-2)

-1

n+1 b
_ (2) (—a)""t f) <“+2b_x>] /Pn (2, ) £ (8)dt
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lfer ) )
B )

s ) e
o) e @) (22

+ G s {em o () T (45)
. k{Ex SaZ— b)’““ - (x L a ; b)’““} ¥ (2)
k+1{< ) 1_(m_ga:b)kﬂ}f(k)(a—i-b—x)
G e ez
i / Iy

B n (_1)n+k+2 1 1 a+b k+1 ® a4tz
e Eaah (=-557) ()
k+1 k+1
+1 k+1
k+1{( ) _(x_?)az—b) }f(k)(a—l—b—x)
k+1{ a—l—b h —(x—a)k+l}f(k) <a+22b—x)]
n+1/ft

This completes the proof of lemma 1. (I

Now we will present our results by imposing three different conditions on f (™)
and f ("1

3. Case A: WHEN f() € L' [a, D]

Theorem 4. Let f: [a,b] — R be an n-times differentiable function on (a,b),
f=Y s absolutely continuous on [a,b] and v < f™(t) < T,V t € [a,b], then for
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all x € [a, “TH’} , we have

- rL+k+1 k+1
k+1 lQ,}H {(w—a)k+1 - (x— a;—b> }f(k) (a;x) (3.1)
k+1 k+1

4

k+1{< a+b> ( 3a+b>k+1}f(lc) (a+b—x)

k+1 a+b k+1 T D
{ Ry f’f(Q)

(=" fOmD®) = V@) 1
b—a /f(t)dt (b—a)? (n+1)!

a

+

x 2n1+1 (1= ") @=a™ + @+ ()" (:c - 3‘1: b>n+1

_1 (_l)TLJrl — a+ b n+1
(2n+1 + 2n+1 + (_1) -1 T = 2

<6 () (b—a)(S—7)

2o [l (ST () e
(- 3a4+b> _(x_a;b) broc

k+1{< a+b> ( 3a+b>k+1}f(k) (a+b—2)
+( k+1{ a+b k1 _(x_a)kJrl}f(k) (C“Fz;—xﬂ

b
n” SOl = f D) 1
i /f(t)dt (b—a)? )(n+1)!

_|_

and

" [2”1“ (1= o) - o) (- 2 b)nﬂ

-1 (=" n+1 a+b\""
+ 2”+1+W+(_1) -1 X — 2

<d(z)(b—a)I'=S5),

where

£ b)) — £ " D(a)

b—a ’

S:
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o[ (55 -2 o5 -2

n! 4
1 x_a—i—b n_)\(ac) 1 x_a—i—b 2_)\(:0)
n! 2 b—al|’|4n! 2 b—al’

)

and
1 N il 3a+0\""
71 71 n+1 N a b n+1

+<2n+1+(2n)+1+(—1) “—1) <x— ;r > ]

Proof. Let

b
%a / Pz, t)dt (3.4)
1

T -a)(nt D)

1 (_1)n+1 il a+b n+1
+(2n+1+2n+1+(_1) -1 xr — 9 .

Using (3.4), we get

b b b
1

D FO (D — . (n) .
e RO / Pula e [ 1) 0y (35)

a

n—1 1)n+k+1 1 , AN ot
— (k+1)! [2k+1 {(‘”_a)kJrl_(x_ 2 ) }f(k) <2>
k41 k+1
+{ v 3&2—[) _(x_a;—b> }f(k)(x)
k+1 k+1

+(_1)k+1{(x_a—2|—b> _($_3a2—b> }f(k)(a+b_x)

—1 k+1 a+b k+1 k+1 (k) a+2b—x
() ) e ()

-1) _ fOD®b) = f V@) 1
+ b—a /f(t)dt (b—a)? (n+1)!

M

1 n a1 n 3a+b\"""
Xt (L (D)) (= a)"" —l—(l—i—(—l))(w— )

4
-1 (=)™ nt1 a+b\""
+<2n+1+2n+1+(_1) -1 X — 2
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Denote the L.H.S of (3.5) by R, (z). If C € R is an arbitrary constant, then we
have

b

Ra(e) = [ (10 - )

a

b

P,(z,t) — ﬁ / P(")(x,s)ds] dt.  (3.6)

Furthermore, we have

Rn S Pn 7t_
| Ry ()] b a (,8) = o —
Now
b
Pa(,t) = 5 / P (z, s)ds (3.8)
—Qa
z—a\" Az atb\2 Az
L e e e o
- a n YE a 2 Mz Az - ’
%(x_%b) _b(fav?’ﬁ(x_%b) _b£¢3>b£¢3
where
1 n — 3a+b\""!
Nz)= ——— -1 — (z— _
(@) = oy |0+ ”{w( (o= 200

71 (71)n+1 it a+b n+1
+<2n+1+2n+1+(1) -1 xTr — B .

We also have

b
[0 =] at=(s -3 6, (39
b
/‘f(”)(t)—F‘dt:(F—S) (b-a). (3.10)

Using (3.4) to (3.10) and using C = and C' =T in (3.7), we can obtain (3.1) and
(3.2). O

Remark 1. If we substitute n = 2 in (3.1) and (3.2), we get Qayyum et. al result
proved in [9].

Corollary 1. Substitution of x = a in (3.1) and (3.2) gives

n—1, _\nt+k+1 _a k+1 ok
2 ( (11)+ 1! : 2k+)1 {(1)kf(’“) (a) + (1 + zk% + (4]31) £ (b)}

k=0

b -1
2 [0 e (1700 - @) (1 (1)

<d(a)(b—a)(S—7)

730 A. QAYYUM et al 723-739



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

ON NEW REFINEMENTS AND APPLICATIONS OF EFFICIENT QUADRATURE RULES 9

and
n—1 (_1)n+k+1 0 a)k+1

k
) Y T {(—1)kf(k)( )+ <1+ 2k1+1 + (4_kl+)1> r® (b)}

k=0

(3.12)

b -1
S g S (0700 - @) o+ 1)

<d(a)(b—a)('—=9).

Corollary 2. Substitution of x = 2£2 in (3.1) and (3.2) gives

O e (220) (o () o

k=0

(45} 2

e e 2(b—a)" ! n
= (£ = 1 V@) X i 1+ (1)

() - a)(s )

IN

and

S (0 (5 (52) o

(Dt (a+3b)} cu /f

2(b—a)"!
4n+1 (n + 1)!

— (1) = 1 (@) x 1+ (-1)")

5(‘“2%) (b—a) (I — ).

IN

Corollary 3. Substitution of x = 3%t in (3.1) and (3.2) gives

D" b — o)t [(1+(_1)k> £ <7ag+b> +(~1)F f® (W>

M |

k + 1 4k+1 9k+1 4
(3.15)

+3b 1 + 7 ~1)’
+f® (a4) + o (14 (-1)") s (a )] — /f

(10 10 @) gy e o g

() o0 s -)

IN
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and
n—1 n+k+1 k+1
-1 b— 1 7 b
Z( ) (b—a) {1+(—1)’“}f<’“> ot (3.16)
S (k+ 1)l ARTL 2R 8

1Yk k) (B0 tD (k) (@£ 3b
ﬂnfk(4)+w(4)

b {14 (-4} (g"’ﬂ P20 /b F(t)dt

FONE) - @ 1 -t
BT T A

14 (=1)"+ 2i + (Qi)n}‘

4. Case B: WHEN f(»*1) ¢ L2 [q,b]

Theorem 5. Let f : [a,b] — R be an n-times differentiable function on (a,b),
ftY € L2 [a,b], then for all z € [a, “E], we have

n—1 _1 n+k+1 f( ) (atz o a+b k+1

l;]((k)—kl)! [ 2k(+12 ){(x_a)H _<x_ 2 ) } .
k+1 k+1

+{<x 3a+b> _(m_a;—b) }f(k)(a?)

4

k41 k41
k+1{( ) _(x_?)az—b> }f(k)(a+b_x)
k+1{ a+b kH(gga)kH}f(k) <a+2b—x)]

2

(-n" SN - f V@) 1
- /ft )t (b—a)® (n+1)!

(1+(—1)){2n+1($—a) —l—(x— 1 )
-1 (_1)n+1 il a+b n+1
+<2n+1+2n+1+(_1) -1 T — B
b= 1 (z —a)*" ! 49 <$ _ 3a+ b)2n+1
)2 (2n + 1) 22n 4
_ 1 +2 xr — ath .
22n 2

1 o [ (@ —a)" 3a+b\"""
_(b—a)(n+1)!{(1+(_l))< gn+1 +<x_ 1 ) )

732 A. QAYYUM et al 723-739



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

ON NEW REFINEMENTS AND APPLICATIONS OF EFFICIENT QUADRATURE RULES 11

Proof. Substitute C' = f (") (‘IT“’) , in R, (z) given in (3.5) and use the Cauchy
Inequality, then we get

| Ry ()] (4.2)

b
1

/P(”)(m,s)ds dt
-a

[N

2

b b
x/(P("xt /P("xs )dt
—a

Use the Diaz-Metcalf inequality [12] or [17], to get

/ a+b\\> (b—a)’ 2
[(rw=s(t57)) o< B e

Therefore, using the above relations, we obtain (4.1). O

Corollary 4. Substitution of v = a in (4.1) gives

nol o qyntkEl g R _1\*
Z ( (/’?Jr 1)! K 2k+>1 {(_1)kf(k) (a) + <1 + 2k1+1 + (4k~1+>1 > o (b)}

k=0

b 1
— / Floyat - S0 (00w - f @) (14 (1))

e 27+ (n + 1)
; b—a Hf(n+1)H (b— a)?™+! s+ (_1)77,)2 (b— a)?™+! 3
o 22n (nl)® (2n + 1) 22142 (n + 1)

Corollary 5. Substitution of x = ‘%H’ in (4.1) gives

— 1 TR g)F ! 3a+b
Z 1 4k+1 {f(k) <4> (43)

k=

+ (1 + (71)’“) £®) <“ ; b) + (1) f®) (a +43b>}

2(b—a)""
4n+1 (n 4+ 1)!

. / F@ydt— (00 0) ~ £ (a) 1+ (-1)")

< b;a Hf(nH H2 [(n!)g (;n+ 1 423“ (b—a)*" !

1 1 Q(bfa)n—‘rl . 27 2
_b—a(n+1)! 4n+1 (1+(=1)") .
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Corollary 6. Substitution of x = 3‘IT+b in (4.1) gives

nolqyntkal kLl [ 41 (=1)" a
S et [ e (2
# (-1t g0 (2E2) o (“?’b)

4
b (1401 10 (257)] + 2L (t)dt—(f<"-1><b>—f<"—1>(a>)

1 b—a)" " (—1
X(n+1)!( g+ {H( b +27+ 2n)}

2n+1
_b-a H <n+1>H 1 b—a)™ [ 4
> (271 + 1) 42n+1 922n+1

7bia (n_il_l)! 0 Lﬁ?:ﬂ {(1 +(=1") <2+ 2”1+1>}2]

5. Case C: WHEN f () € [?[a,b].

N

Theorem 6. Let f : [a;b] — R be an n-times differentiable function on (a,b), with
f ™ € L2[a,b]. Then, we have

- n+k+1 b k+1

e [t {5 " (552)

k+1 k+1
N
k+1 k+1

+(_1)k+1{<m_a—2|—b> —(x—3a:b> }f(k)(a+b_x)

—1\ ! a+b i kb1 (k) a+2b—zx
R

1 N N N 3a+ b\
gt (1 )@= (1= (1) (x_ i >
-1 (_1)"+1 n+1 a+b il
tHlamt g TCEDT -1 e - —5

(n) 2n+1 2n+1
. O'b(f )l 1 {(m—(;) + +2<$_3a+b>
—a (n))*(2n+1) 2em 4

+
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_ gt )
b i a (nil)! {(l‘ 2n+)1 A+(D")+ 0+ (-1 (x _3 :b)

- (-]

for all x € [a7 ‘LT'H’], where

o ( f<">) (5.2)

(S0 00) - £ (@)
b—a

where S is as defined in Theorem 4.

[SE

—k*(b—a),

— Hf(n) 2 _
2

-~ [l

b
Proof. Let R, (z) is defined as in (3.5). If we choose C = ;L [ f(")(s)ds in (3.6)
and use the Cauchy inequality and (3.5), then we get

| Ry ()]
b b b
S / Fm(t a/f(”)(s)ds P, (x,t) / (z,s)ds| dt
1 b :
<
N / fm dt
b b 2 2
X / Po(z,t) bia /P(")(ﬂc,s)ds dt
23
o (fm) | ¢ , 1 5
_ _ (n)
o | [ = | [ P

b i a(n +1 1)! {inﬂ (L+(=1)") (@ —a)""

N 3a+b n+1 1 1 n+1 N
+(1+(—1))(:c— 4) +<2n+1+(2n)+1+(—1)“—1

a+bn+127
X|x—
)

Hence theorem is completed. O
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Corollary 7. Substitution of x = a in (5.1) gives

n—1, _\nt+k+1 _a k+1 ok
Z ( (11)—1— 1)! - 2k+)1 {(1)k F* (a) + (1 + 2k1+1 + (4;_)1) £k (b)}

k=0

_1\" b _anfl
A [ rtwar - S (1w - @) (1 (1)

§ o (f ™) 1 (b— )t
— _ 2 3n+1
b—a n)*(2n+1) 4

1

1 1 (b—a)"+1 . 270 2
_ba(n+1)!{ g (L (=1) )}] :

Corollary 8. Substitution of x = “T'H’ in (5.1) gives

R (5 (o) (35

k=0

+(=1)F f® <a23b>} N (b—_l): /bf(t)dt

2(b—a)""!
An+1 (4 1)!

(1+(=1)")

UUWU[ (b— a)>"+! G 1 >_w—@%“a+pnw12
: .

= b—a 227L (n!)Q (277/ + 1) 22n+1 42’ﬂ+1 (TL + 1)!

Corollary 9. Substitution of x = 22 in (5.1) gives

R (=) (h— )Rt [(1 + (_1)k> £ (7“ * b) (5.5)

L (h+1)l 4R 2R+ 8

g (3E0Y | (4
# (-1 g0 (28] 4 g0 (2220) Ny
e () 2 o

B (f(nil) ) (n+1)! 4722:_1

P

736 A. QAYYUM et al 723-739



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

ON NEW REFINEMENTS AND APPLICATIONS OF EFFICIENT QUADRATURE RULES 15

Vo) 1 20— (1,
ST . (n!)2 (2n + 1) 42n+1 (22n + )

1 1 (b—a)"™! 1\ °]°
_b—a(n+1)!{ 4n+1 (1+(_))<1+2n>}

Remark 2. By choosing n =1 in case A, B and C, we get all results obtained in
[10].

Remark 3. By choosing n = 2 in case A, B and C, we get all results obtained in

[9]-

6. DERIVATION OF NUMERICAL QUADRATURE RULES

We propose some new quadrature rules involving higher order derivatives of the
function f. In fact, the following new quadrature rules can be obtained while
investigating error bounds using theorem 5.

+{1+ (—1)’“}f<k> <“2+b> + (=1)F f®) <angﬂ
(

T f(n—l)(b) — f("—l)(a)) X 4n2+1 ((l:llal))' ((_1)n +1),

b

Qus () = / f(t)dt

a

:Z_O . "o ;ki)lkH {21@11 (1+ (_1)k) (f(ic) <7a; b) 4 f®) (a—;?b))
{ (3@2— b) L f (a+3b) H
+ [0 @) - £ V()] x4n§1(n+1) (-1)" + >(1 +1)

Performance of the efficient quadrature rules

_|_
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[ ][ Method | n: Qui(f) [n: Qua(f) [ n: Quns(f) [ Exact Value |
1. jl’fl(m)dx 2: 2.83333 2: 2.83333 2: 2.83333 2.83333
) Error: 0 0 0
2. ffg(x)dx 6: 0.30117 | 4: 0.301172 | 4: 0.30117 0.301169
: Error: 1.1381x107% | 3.08726x10~° | 1.38925x10~°
3. flfg(:v)dx 6: 0.909328 | 4: 0.909324 | 4: 0.909327 0.909331
. Error: | 2.33999x107% | 7.13925x1076 | 3.21638x10~°
4. f1f4(:1:)d:c 5: 0.793022 | 4: 0.793031 | 4: 0.793031 0.793031
) Error: | 8.63182x1075 | 2.9641x10~7 | 1.33626x10~7
5. ffs(x)dx 11: 1.46266 | 7: 1.46265 6: 1.46266 1.46265
“Ervor: | 5.8780x10-° | 2.29707x10-5 | 520247100
6. j’fdx)d:c 11: 1.31384 6: 1.31383 6: 1.31383 1.31383
; Error | 7.37624x107° | 2.13363x10° | 1.73918x10°°
7. f1f7(x)dac 6: 1.34146 4: 1.34137 4: 1.34147 1.34147
“Ervor: | 14808x10-7 | 5.42574x10~7 | 2.44601x10°"
8. flfg(a:)d:c 9: 0.62977 | 5: 0.629762 | 4: 0.629774 0.629769
I OError: | 1.18074x10~° | 6.3567x10"° [ 5.647x10°° | |
Table:
filz) =2+ +2, fo(x) = zsinx, (6.1)
fa(z) = e®sinz fa(z) = 2* +sinz,
fs(x) = 612, fo(x) = e® cos (e — 2x),
fr(x) = x + cosz, fs(z) = log (2* + 2) sin [log (z* + 2)] .

From the above table, we observe that all three quadrature rules show exact value
of the integral of f; for n = 2. For any polynomial of degree k, n = k + 1 will
give exact value of the integral f;. Acceptable error estimates can be obtained for
smaller values of n to save computational time.

The integral of f5 , Q.3 (f) report an error of the order of 1076 for n = 6
while the other two quadrature rules give a similar error for n = 7 and n = 11.
Similarly for all other functions Q,, 3 (f) report errors of the order of 1076 or 10~7
for relatively smaller values of n as compared to the other two quadrature rules.
Specifically, Q.3 (f) give an excellent estimate for the integrals of f5 and fs at
n = 6 and n = 4 respectively. In general Q.3 (f) gave better results as com-
pared to the rest of the quadrature rules for much smaller values of n. Therefore
we can conclude that overall @, 3 (f) is computationally more efficient both in
terms of error approximation, simplicity, and time. As a rough estimate we inte-
grated log (1’2 + 2) sin [log (x2 + 2)] using the built in algorithms of Mathematica
10.0 which took 26.30 seconds to give its approximate answer. To obtain similar
approximation for the integral of fs, @, 3 (f) took less than a second.
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Based on this analysis, we can conjecture that Q3 (f) is the most efficient
quadrature rule, while @, 2 (f) comes second in terms of performance. It should
be noted that if desired the value of n can be adjusted to improve the error bounds
or decrease computational time.
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Duality in multiobjective nonlinear programming under
generalized second order (F,b, ¢, p,0)— univex functions

Falleh R. Al-Solamy, Meraj Ali Khan

Abstract

In the present paper, second order duality for multiobjective non-
linear programming are investigated under the second order generalized
(F,b, ¢, p,0)— univex functions. The weak, strong and converse dual-
ity theorems are proved. Further, we also illustrated an example of
(F,b, ¢, p,0)— univex functions. Results obtained in this paper extend
some previously known results of multiobjective nonlinear programming
in the literature.

Keywords: Duality, Multiobjective programming, Univex functions

Mathematics Subject Classification (2000): 90C32, 49K35, 49N15

1 Introduction

In recent years, the concept of convexity and generalized convexity is well
known in optimization theory and plays a central role in mathematical eco-
nomics, management science and optimization theory. Therefore, the research
on convexity and generalized convexity is one of the most important aspects in
mathematical programming. In particular, the concept of generalized (F,p)—
convexity introduced by Preda [8]. In [9, 13|, the concept of V — p-invexity
and (F, «, p,d)— convexity were introduced respectively. Zhang and Mond [12]
extended the class of (F,p)— convex functions to second oder (F,p)— convex
functions and obtained the duality results for Mangasarian type, Mond-Weir
type and general Mond-Weir type multiobjective dual problems. Motivated by
Liang et al. [13] and Aghezzaf [2], I. Ahmad and Z. Husain [5] introduced second
order (F, a, p, d)— convex functions and their generalization and they investigate
weak, strong and strict converse duality theorems for second order Mond Weir
type Multiobjective dual. Bector et al. [15] generalized the notion of convex
function to univex functions. Rueda et al. [16] obtained optimality and duality
results for several mathematical programs by combining the concepts of type I
and univex functions. Mishra [8] obtained optimality results and saddle point
results for multiobjective programs under generalized type I univex functions.
Recently, Zalmai [14] introduced the notion of second order (F,b, ¢, p,6)— uni-
vex functions and he called these functions (F,b, @, p,0)—sounivex functions,
these function generalize the second order (F, «, p, d)—convex functions defined
by Ahmad and Husain [5].

The concept of second order duality in nonlinear programming problems
was first introduced by Mangasarian [11]. One significant practical application
of second order dual over first order is that it may provide tighter bounds for
value of objective function because there ae more parameters involved, several
researchers [1, 4, 7, 21| considered second order dual models for multiobjective
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programming. In this paper , we formulate second order dual model and inves-
tigate weak, strong and strict converse duality theorems under (F,b, ¢, p,0)—
sounivexity assumptions. Further, an example have been constructed, which
shows the existence of (F,b, ¢, p,0)— sounivex functions.

2 Notations and Preliminaries

We consider the following multiobjective nonlinear programming problem:

(P)  Minimize f(z),
subject to  g(z) £0, =€ X, (1)
where f = (f1, fo,.- ., fx) : X = R* g = (91,92,...9m) : X — R™ are as-

sumed to be twice differentiable function over X, an open subset of R™.

Definition 2.1. A function F : X x X x R™ — R, where X C R" is said to be
sublinear in its third argument, if V z,Z € X,
(1) F(z,z;01 + az) < Flz,T;a1) + F(x,T;a9), V ay,as € R™,

(ii) F(z,z;aa) = aF(z,T;a), Va € Ry,a € R™

Definition 2.2. A point Z € S is said to efficient solution of (P), if there exists
no other feasible point  such that f(z) < f(z) for each z,Z € X.

Let u € R™ and assume that the function f : X — R is twice differentiable
at u.

Definition 2.3. [14] The function f is said to be (strictly) (F,b, ¢, p,8)— souni-
vex at u if there exist functions b: X x X — (0,00),¢: R— R, p: X x X — R,
0 : X xX — R", and a sublinear function F(z,u,.) : R — R such that for
each x € X(z #u) and p € R™,

BT (@) — () + 50V F)p)(>) Z Fla, usb(a, w)]V () + V2 (w)p])

+o(a, u)[|0(z, w)l|*;

where ||.||? is a norm on R™.

A twice differentiable vector function f : X — R¥ is said to be (F,b, ¢, p,0)—
sounivex at u, if each of its components f; is (F, b, ¢, p, §)—sounivex at u. Now
we define generalized (F, b, ¢, p, §)— sounivex functions

Definition 2.4. A twice differentiable function f, over X is said to be (F,b, ¢, p,0)—
pseudo sounivex at u if there exist functions b : X x X — (0,00), ¢ : R — R,

p: XxX >R, 0:X xX— R" and a sublinear function F(z,u,.): R* = R
such that for each € X (z # u) and p € R™,

BF (@) — () + 3V f(u)p) < 0

= Fle,ub(z,u)[Vf(u) + V2 f(u)p]) < —p(z,u)[0(z,v)|*.
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A twice differentiable vector function f : X — R¥ is said to be (F,b, ¢, p,0)—
pseudo sounivex at u, if each of its components f; is (F, b, ¢, p, §)—pseudo souni-
vex at u.

Definition 2.5. A twice differentiable function f, over X is said to be strictly
(F,b, ¢, p,0)— pseudo sounivex at u if there exist functions b: X x X — (0, 00),
¢ : R— R, p: XxX = R, 0: X xX — R" and a sublinear function
F(z,u,.) : R — R such that for each z € X(z # u) and p € R,

F(z,u;b(z, u)[Vf(u) + V2 f(w)p]) 2 —p(z, uw)[|0(z, w)||?

= B(f(x) ~ () + 3PV Fwp) > 0,
or equivalently .
B (@) — f(u) + 50V (w)p) £ 0

= F(z,u;b(z,w)[V f(u) + V2 (w)p]) < —p(z, u)||0(z, )|

A twice differentiable vector function f : X — R is said to be strictly
(F,b, ¢, p,0)— pseudo sounivex at u, if each of its components is strictly f; is
(F,b, ¢, p,0)—pseudo sounivex at u.

Definition 2.6. A twice differentiable function f, over X is said to be (F,b, ¢, p,0)—
quasi sounivex at u if there exist functions b : X x X — (0,00), ¢ : R — R,

p: XXX >R 60: X xX— R" and a sublinear function F(z,u,.): R® - R
such that for each z € X (x # u) and p € R,

BF (@) — F(w) + 3"V f(u)p) <0

= F(z,u;b(z,w)[V f(u) + V2 (w)p]) < —p(z, w)||0(z, u)|*.

A twice differentiable vector function f : X — RF is said to be (F,b, ¢, p, 0)—
pseudo sounivex at u, if each of its components f; is (F, b, ¢, p, ) —quasi souni-
vex at u.

Definition 2.7. A twice differentiable function f, over X is said to be strong
(F,b,d, p,0)— pseudo sounivex at u if there exist functions b : X x X — (0, c0),
¢ R—- R p: XxX = R,0: X xX — R" and a sublinear function
F(z,u,.) : R — R such that for each z € X(z # u) and p € R,

BF (@) — f(u) + 50V f(w)p) <O

= F(z,u;b(z,u)[Vf(u) + V2 f(u)p]) < —p(z, u) |0z, u)|*

A twice differentiable vector function f : X — RF is said to be strong
(F,b,¢,p,0)— pseudo sounivex at wu, if each of its components f; is strong
(F,b, ¢, p,0)— pseudo sounivex at u.

Every (F, b, ¢, p, 0)— sounivex function need not to be second order (F, «, p, d)—
convex, definded in [5]. To show this, consider the following example.
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Example 2.1. Let f : X = (0,00) — R be defined as f(z) = —2% — z. Let
o(t) = —t, b(w,u) = z — u, p = —10, O(z,u) = “+* and sublinear function is
defined as F(z,u,a) =alzx —u)+x

u—|—2H2
b)

F(z,u;b(z,u)[Vf(u) + V2f(u)p]) = —(z* —u?)(2u+ 1 + 2p) + 2 — 10| )

at u =20,
F(z,0;b(z,0)[Vf(0) + V2£(0)p]) = —z*(1 4 2p) + = — 10

and )
f(@) = fu) + §ptV2f(U)p =2 —z+u+u—p?

atu=20 )
OI (@) = 0) + 5P V2 O)p) =* + 2 + 12,
and it is easy to see that

o(f(z) = £(0) + %ptvzf(o)p) — F(x,0;b(,0)[V£(0) + V*£(0)p])

=22 +p* +2%(1+2p)+10>0

for all z € R and —1 < p < oo, so the function is (F,b, p, ,0)— sounivex at
z=0,butat p=—-1, =10

(f(z) = f(0) + %ptVQf(O)p) — F(,0;b(x,0)[Vf(0) + V*£(0)p]) < 0
Hence, the function is not (F, o, p, d)—convex at x = 0.

Now we have following Kuhn-Tucker type necessary conditions, which will
be useful to prove the strong duality theorem.

Theorem 2.1. (Kuhn-Tucker type necessary conditions) Assume that x* is an
efficient solution for (P) at which the Kuhn-Tucker constraint qualification is
satisfied. Then there exist \* € RF and y* € R™, such that

NIV f () +y**Vg(z*) =0,

y**Vg(z*) =0,

A >0.

3 Second order Mond-Weir type duality
In this section, we consider the following Mond-Weir second order dual

associated with multiobjective problem (P) and establish weak, strong and strict
converse duality theorems under generalized (F,b, p, ¢, 8)— sounivexity
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(MD) Maximize
F(u) ~ 509 w)p

Subject to
VA f(u) + V2N f(u)p + VA g(u) + VX g(u)p = 0, (2)
1
y'g(u) = 5p"V?y'g(up 2 0, (3)
y 20, (4)
A >0, (5)

where A is a k—dimensional vector, and y is an m—dimensional vector.

Theorem 2 (weak duality) Suppose that for all feasible solutions z in (P) and
all feasible solutions (u,y, A, p) in MD
(i) ytg(0) is (F,b, ¢, p,0)—quasi sounivex at u,

(i) A > 0, and f(.) is strong (F,b1, ¢, p1,0)— pseudo sounivex at u with
b o4+ b7 ;A 20,

(i) u<0 = ¢(u) <Oand v <0 = ¢(v) =0, for all u,v € R™.

Then the following can not hold

1
£(&) < f(u) ~ 3V fCup. ()
Proof. Now suppose contrary to the result that (6) holds, i.e.,
L o2
£(&) < Flu) ~ 30"V Fulp,
or )
Fla) — f(u) + 29V f(u)p <0,
then by assumption (iii)
1
S (&) ~ ) + 2oV Fu)p) <0, ™
which by virtue of assumption (ii) leads
F(z,u,bi(z, u){Vf(u) + V2 f(u)p}) < —p1[|0(z,u)||*. (8)
On multiplying (8) by A > 0 and using sublinearity of F' with by (z,u) > 0, we
have
F(z,u, VA f(u) + V2N f(u)p) < —br (2, u)pi A|6(z, u)||. (9)

The first dual constraint and sublinearity of F' give
F(z,u; Vy'g(u) + V3y'g(u)p) Z —F(z,u; VA'f (u) + VX' f(u)p).
Applying (9) in above inequality, we have

F(z,u; Vy'g(u) + V2y'g(u)) > by ' (z,u)p1 |0z, u)||>. (10)
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Let x be any feasible solution in (P) and (u,y, A, p) be any feasible solution in
(MD). Then we have

y'g(z) S0 =ylg(u) — %ptvzytg(U)p), (11)

by assumption (iii), (11) yields

¢y g(x) —y'g(u) + %ptvzytg(U)p) <0. (12)
Using (F, b, ¢, p, 0)-quasi sounivexity of y¢g(.), we have
F(z,u;b(z, w){Vy'g(u) + V2y'g(u)p)}) < —pll0(z,u)|. (13)
Since b(x,u) > 0, the above inequality with the sublinearity of F give
F(z,u; Vy'g(u) + V?y'g(u)p) < =01 p|0(z, u)|*. (14)
Now using the assumption b~ 'p + b1_1 p1A 2 0, the above inequality yields
F(z,u; Vy'g(u) + V2y'g(u)p) < by piA[|6(z, u)|*. (15)
Which contradict (10), hence (6) can not hold.

Theorem 3 (Strong duality). Let Z be an efficient solution of (P) at which
the Kuhn-Tucker constraint qualification is satisfied. Then there exist § € R™
and A € RF, such that (Z,7,\,p = 0) is a feasible for (MD) and the corre-
sponding values of (P) and (MD) are equal. If in addition, the assumptions of
weak duality (Theorem 2) hold for all feasible solutions of (P) and (MD), then
(Z,7,\,p = 0) is an efficient solution of (MD).

Proof. Since Z is an efficient solution of (P) at which the Kuhn-Tucker con-
straint qualification is satisfied, then by Theorem 1, there exist § € R™ and

X € RF, such that

NV f(z) +5'Vg(z) =0,

A>0.
Therefore (Z,7,\,p = 0) is feasible for (MD) and the corresponding values of
(P) and (MD) are equal. The efficiency of this feasible solution for (MD) thus
follows from weak duality (Theorem 2).

Theorem 4 (Strict converse duality) Let Z and (@, 7, A, p) be the efficient solu-
tion of (P) and (MD), respectively such that

X () = X f(5) ~ 50X F(@)p. (16)

Suppose
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(i) ytg(.) is (F,b, ¢, p,0)—quasi sounivex at @,
(ii) Atf(.) be (F,by,¢,p1,0)— pseudo sounivex at @ with b=1p + by p1 A = 0,
(i) u< 0= ¢(u) S 0and v < 0= ¢(v) <0, for all u,v € R™.

Then Z = a, that is @ is an efficient solution.

_ Proof. We assume that Z # @ and reach a contradiction, since z and
(@, 7, A, p) are respectively the feasible solution of (P) and (MD), we have

1
7'9(z) = 7'9(a) + 5P V*7'g()p = 0. (17)
Using the assumption (iii), we have
N J N
$(7'9(z) — 7'9(a) + 57" V7' 9(@)p) £ 0. (18)

By (F,b, ¢, p,0)—quasi sounivexity of g'g(.) at i, we get

F(z,a;b(z, ){Vy'g(a) + V?5'g(@)p)}) < —pll0(z,a)|. (19)
Since b(Z,u) > 0, the inequality (19) along with the sublinearity of F

imply
F(z,u;Vy'g(a) + V5 g(@)p) = —b~" (x,u)p|0(z, )" (20)

The first dual constraint and sublinearity of F' imply

F(z,5 VA'f(a) + V2§ f(@)p) = —F(z,a, Vy'9(a) + V7' g(a)p)-
Applying (20) and b='p + by 'p = 0 in above inequality, we get

F(z,u VX' f(a) + V25 f(w)p) 2 ~by* (z,0)p|0(z, @) | *. (21)
Suppose (16) does not holds, then we have
_ _ 1 _
N (@) < X (@) - 35 VAN F @),
now using assumption (iii)
_ _ 1 _
SN f(7) = N f(@) + 55" V2N f(@)p) < 0.

Now by the assumption (ii), the above inequality gives

F(z,a;b1(z,0) (VA f (@) + V*5' f(@)p)) < —pll0(z, @)||?,

or

F(z,u VX' f(a) + V25 f(w)p) < =by " (z,0)p|0(z, )| *. (22)
Which contradict (21). Hence result.
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4 Conclusion

In this paper anew concept of generalized invex functions is introduced.
Under this generalized invexity we establish weak, strong and converse duality
theorems. These duality relations lead to duality in nonlinear fractional pro-
gramming problems.
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STABILITY OF FRACTIONAL DIFFERENTIAL EQUATION WITH
BOUNDARY CONDITIONS

S. RAJAN', P. MUNIYAPPAN?*, CHOONKIL PARK?*, SUNGSIK YUN**, AND JUNG RYE LEE®*

ABSTRACT. In this paper, we prove the Hyers-Ulam stability of a fractional differential equation
of order a € (1,2) with certain boundary conditions.

1. INTRODUCTION

The recent concentric area in the research world of mathematics is fractional differential equa-
tions. The concept of fractional derivative is not new and is very much as old as classical dif-
ferential equations. In recent years, many authors disscussed and proved the existence results
of fractional differential equations using various methods. For example, one can refer the mono-
graphs of Kilbas et al. [10], Miller and Ross [14], Podulbny [20], Diethelm et al. [4, 5], Benchora
[2] and so on. Obviously, the differential equations of fractional order has been proved to be a
valuable tool in the modeling of many phenomena in various fields of science and engineering.
Indeed, one can find many applications in electromagnetic, control, electrochemistry, etc. (see
[6, 7).

At the same instance, the stability concept is more devoloped in the research world of math-
ematics, particularly in functional equations. But the analysis of stability concepts of fractional
differential equations has been very slow and there are only countable number of works. In 2009,
Li [12], first proposed the Mittag-Leffler stability and in 2010 [13], the fractional Lyapunovs sec-
ond method. In the next year, Li and Zhang [11] have been given a brief overview on the stability
of the fractional differential equations. However, there are only few works available on the local
stability and Mittag-Leffler stability for fractional differential equations and very rare works on
the Ulam stability of fractional differential equations.

In 2011, Wang [24] carried out a pioneering work on the Hyers-Ulam stability and data de-
pendence for fractional differential equations with Caputo derivative. Wang [25] proved the
Hyers-Ulam stability of fractional differential equation of order 0 < o < 1 via a generalized fixed
point approach, by adopting some part idea of Wang et al. [24], Cadariu and Radu [3] and
Jung [9] in the next year. Particularly, there are very rare works on the Hyers-Ulam stability of
fractional differential equations with boundary conditions. Recently, Rabha [8], Muniyappan and
Rajan [16] had given Ulam stabilities with boundary conditions in the interval (0,1). For more
information on functional equations and their stability problems, see [15, 17, 18, 19, 21, 22, 23].

2010 Mathematics Subject Classification. Primary 34A08, 34K10, 34K20.
Key words and phrases. Hyers-Ulam stability; fractional differential equation; boundary condition.
*Corresponding authors.
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S. RAJAN, P. MUNIYAPPAN, C. PARK, S. YUN, AND J. LEE

In this paper, the Hyers-Ulam stability of the following fractional boundary value problem is
proved.

CDy(t) = F(t,y(t), 1<a<?2 (1.1)
y(0)=yo y(T)=yr (1.2)

This paper is organized as follows: In Section 2, basic definitions and notations are given. In
Section 3, the Hyers-Ulam stability of the above fractional boundary value problem is proved.

2. PRELIMINARIES
Throughout this paper, we assume that Y is a normed space and I = [0, 7] is a given interval.

Definition 2.1. ([2]) The fractional order integral of the function h € L!([a,b],Ry) of order
o € Ry is defined by

1oh(t) = F(la) / (t — ) h(s)ds,

where I' is the gamma function.

Definition 2.2. ([2]) For a function h given on the interval [a,b], the Caputo fractional order
derivative of h, is defined by

(DERO = ey [ =K )i

n—ao
where n = [a] + 1 and [«] denotes the integer part of .

Definition 2.3. ([1]) A function y € C?(I,R) is said to be a solution of (1.1)-(1.2) if y satisfies
the equation “D%y(t) = F(t,y(t)) on I, and the condition y(0) = yo and y(T) = yr

Lemma 2.4. ([1]) Let 1 < a <2 and let F : I — R be continuous. A function y € C*(I,R) is a
solution of the fractional integral equation
t

t T
WO = i | €= FlspeNds = s [0 F s (5= 1) w0t g

«
if and only if y is a solution of the fractional boundary value problem
‘Dy(t) = F(t,y(t)),t € [0, T
y(0) =y y(T)=yr

Definition 2.5. ([25]) The fractional differential equation (1.1) is Hyers-Ulam stable if there
exists a continuously differentiable function f : I — Y satisfying the inequality

[°Dy(t) = F(t, y(t))ll <€

for all ¢ € I and for some € > 0, there exists a solution fy : I — Y of the fractional differential
equation 1.1 such that

1£(t) = fo®)|l < Ke
forallt e I.
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Definition 2.6. ([25]) The fractional differential equation (1.1) is Hyers-Ulam-Rassias stable if
there exists a continuously differentiable function f : I — Y satisfying the inequality

1°D%y(t) = F(t, y(@)]| < o (t)
for all t € I, there exists a solution fy : I — Y of the fractional differential equation (1.1) such
that
1£(#) = fo(®)]] < ®(2)

for all t € I. where ¢, ® : I — [0,00) are functions not depending on f and fj explicitly.

Definition 2.7. ([25]) For a nonempty set X, a function d : X x X — [0, c0] is called generalized
metric on X if and only if d satisfies

(1) d(z,y) =0 if and only if x = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z,z) < d(x,y) +d(y,z) for all z,y,z € X.

Such a space is called a generalized complete metric space.

Theorem 2.8. ([3]) Let (X,d) be a generalised complete metric space. Assume that A : X — X
s a strictly contractive operator with the Lipschitz constant L < 1, If there exists a nonnegative
integer k such that d(A**1z, A¥) < oo for some x € X, then the following are true:

(1) The sequence {A"x} converges to a fized end point x* of A

(2) a* is the unique fized point of A in X* = {y € X|d(A*z,y) < 0o};

(3) If y € X*, then d(y,x*) < ﬁd(Ay,y)

3. HYERS-ULAM STABILITY

In this section, we first investigate the Hyers-Ulam stability of the fractional differential equa-
tion (1.1) with boundary condition (1.2) via Theorem 2.8.

Theorem 3.1. Let I = [0,T] be a closed interval. Let K, P, and L be positive constants with
0< KPL < 1. Assume that F : I x R = R is a continuous function which satisfies the standard
Lipschitz condition

|F(t,y) — F(t,2)| < Ly — 2| (3.1)
forallt € I and y,z € R. If a continuously differential function y: I — R satisfies

“D%y(t) — F(t, y(t))| < o(t) (3.2)
forallt € I, where ¢ : I — (0,00) is a continuous function with

‘ 1 < Kol(t) (3.3)

—_— t — ) Lo(r)dr
Fa [ =9

for all t € I, then there exists a unique continuous function yo : I — R such that

t T
w0 = e | =9 FsyeNds - s [0 s ae)ds = (1= 1)k gon
(3.4)
and
9(0) — 90(0)] € - (D) (35
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forallt e 1.

Proof. Let us define a set X of all continuous functions f : I — R by

X ={f:1— R|f is continuous} . (3.6)
Similar to [9, Theorem 3.1], one can introduce a generalised complete metric on X as follows
d(f,g) =inf{C € [0,00]||f(t) — g(t)| < Cp(t) forall tel}. (3.7)
Define an operator A : X — X by
(AS)(t) = —— /t(t—s)alF(s (5))ds — — /T(T—s)o‘lF(s ()ds— (% 1) yot =
- F(a) 0 7y TF(O[) 0 7y T yO TyT
(3.8)
for all f € X.

It is easy to see that A is well defined, since F' and f are continuous functions.

To acheive our aim, we need to prove that A is strictly contractive on X.

For any f,g € X, let Cy,4 € [0,00] be an arbitrary constant with d(f, g) < Cy,, that is, by (3.7),
we have

[£() = g(®)] < Crqap(t) (3.9)
for all ¢ € I. It then follows from (3.1), (3.3), (3.7), (3.8) and (3.9) that
[(Af)t = (Ag)t] < F(la)/o (t =) F(s, f(s)) = F(s,9(s))| ds

¢ T o
+Tr(a)/0 (T = 5)°L |F(s, f(5)) = F(s, 9(s))| ds

Ltfsc“_l sfssLTfsa_l s) —g(s)|ds
< fig =T — s s+ s [T =0 ) sl a

L t o tL T o
F(a)Cfg/o (t —s)* to(s)ds + TF(a)Cfg/o (T — 5)* Lp(s)ds

< KPLCpel(t)
for all t € I, where P = (1 + %) That is,
d(Af,Ag) < KPLCy,.

IN

Hence we can conclude that
d(Af,Ag) < KPLd(f,9)
for all f,g € X, where we note that 0 < KPL < 1.

It follows from (3.6) and (3.8) that for an arbitrary go € X, there exists a constant 0 < C' < oo
with

(Ago)(t) — go(t)] = |F(1a) / (t - )2 F (s, y(s))ds
T
i | @9 Feaonas = (1) wet for - (o)
< Co(t)
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for all t € I, since f(t,go(t)) and go(t) are bounded on I and minscrp(t) > 0.
Thus (3.7) implies that
d(Ago,g()) < 00.
Therefore, according to Theorem 2.8, there exists a continuous function yg : I — R such that
A"go — yo in (X, d) and Ayp = yo, that is, yo satisfies (3.4) for every ¢ € I.
we will now verify that {g € X/d(go,9) < o} = X.
For any g € X, since g and gp are bounded on I and minicro(t) > 0, there exists a constant
0 < Cy < oo such that |go(t) — g(t)| < Cye(t)
Hence, we have d(go, g) < oo for all g € X, that is {g € X/d(g0,9) < o0} = X.
Hence in view of Theorem 2.8, we conclude that yy is the unique continuous function with the
property (3.4). On the other hand, it follows from (3.2) that

—(t) < Dgyy(t) — F(t,y(t) < o(t)
forall t € I.

If we integrate each term in the above inequality and substitute the boundary conditions, then
we obtain

t T
90~ g [ (6= 9" Fleods = s [0 =97 FGspds = (7= 1) o+ gl
1 ! a—1
< T(a)/o (T —s)* " p(t)ds

forallt € I.
Thus by (3.3) and (3.8) we get

ly(t) — (Ay)(t)] < Ke(t)
for each t € I, which implies that

d(y,Ay) < K. (3.10)
Finally, Theorem 2.8 and (3.10) imply that
< — < —

Now, we will prove the Hyers-Ulam stability of the (1.1) with boundary condition (1.2)

Theorem 3.2. Let I = [0,T] be a closed interval. Let r > 0 be a positive constant with 0 <
t, 7 <randlet F : I xR — R be a continuous function which satisfies a Lipschitz condition
(8.1) for allt € I and y,z € R, where L is a constant with 0 < % < 1. If a continuously
differentiable function y : I — R satisfying the differential inequality

D u(t) — F(tu(t)] < e (3.11)

for allt € I and for some € > 0, then there exists a unique continuous function yg : I — R
satisfying (3.4) and

,,,.Oé

a+1)-— LPro®

[y(t) = yo(t)] < i (3.12)

forallt e 1.
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Proof. First, we define a set X of all continuous functions f : I — R by
X ={f:1— R|f is continuous}
and introduce a generalized complete metric on X as follows
d(f,g) =inf{C € [0,00]| |f(t) —g(t)| < C forall tel}
Define an operator A : X — X by
AN 0 = s [ =9 Fspots =t [ sy st (=1 ) wt o
I'(a) Jo TT(a) Jo T T
for all f € X.
We now assert that A is strictly contractive on X.

For all f,g € X, let Cfq4 € [0,00] be an arbitrary constant with d(f,g) < Cyg4, that is, let us
assume that

(5 — g(t)] < Oy, (3.13)
for any t € I. Moreover, it follows from (3.1), (3.8) and (3.13) that
A9t = o < s [ (=9 1P (s, 5 (5) = Flsg(o))| s
‘o = B (s, £()) — Flsg(s))] ds
TT(a) Jo ’ 9
L t —5)*7 V| f(s) — g(s)| ds
< Fg [ =9 e gl
T
e | =9 ) gl s
re tre
s LG [af(a) * TaF(oz)}
LCngO‘ t+T
S Tlat) [ T }
LPCjyr®

I'a+1)
for all t € I, where P = (1 + %), that is
LPr®

d(Af,Ag) < ———C4,.
(AfoA9) = Ty Cro
Thus it follows that I pro
T
d(Af,Ag) < —d
for all f,¢g € X, and we note that 0 < FL(S;C;) < 1.

Analogously to the proof of Theorem 3.1, we can show that each gy € X satisfies the property
d(Ago, g0) < 0.

Therefore, Theorem 2.8 implies that there exists a continuous function gy : I — R such that
A"gp — yo in (X,d) as n — oo, and such that yo = Ayp, that is, yo satisfies the equation (3.4)
forall t € I.
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If g € X, then go and g are continuous functions defined on a compact interval I. Hence, there
exists a constant C' > 0 with |go(t) — g(t)| < C for all ¢ € I. This implies that d(go,g) < oo for
every g € X, or equivalently, {g € X|d(go,9) < oo} = X. Therefore, according to Theorem 2.8,
Yo is a unique continuous function with property (3.4). Furtheremore, it follows from (3.11) that

—e <" Dgyy(t) — F(t,y(t) <e

for all t € I. If we integrate each term of the above inequality and appling the boundary

conditions, then we have
(0%

r
|(Ay) (t) - y(t)| < mﬁ
for all ¢ € I, that is, it holds that d (Ay,y) < F(gi‘fme.

It now follows from Theorem 2.8 that

,),,Oé

1
d(y,90) < —pad(Ay,y) < €, (3.14)
1-— FL(;D;D I'(a+1)— LPre
which implies the validity of (3.12) for each ¢t € I O
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Abstract

In the last years there is an increasing interest in modifying linear operators so that
the new versions reproduce some basic functions. This idea motivated us to modify
the sequence of linear Bernstein Stancu type operators. Using numerical examples we
show that these operators present a better degree of approximation than the original
ones. In this note the modified Bernstein Stancu operators are studied in regard to
uniform convergence and global smoothness preservation.
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1 Introduction

In 1912 in Bernstein’s constructive proof of the Weierstrass approximation theorem [3]
were introduced the classical Bernstein operators By, : C[0, 1] — C0, 1], defined by

B(fix) = ;;pn,k(:c)f (). where pate) = (1 )at-2-

Lemma 1.1. The Bernstein operators verify the following identities
(i) Bueo;z) = 1,
(i) Bu(ex; 2) = .
(iil) Bp(e2; ®) = (1 +an — x), where e;(t) =t', i =0,1,....

In the last years there is an increasing interest in modifying linear operators so that
the new versions reproduce some basic functions. King [12] consider for the first time this
kind of modification for the Bernstein operators and proved that the modified operators
reproduce the functions e;(z) = z* for i = 0, 2 and approximate each continuous function
on [0, 1] with an order of approximation at least as good as that of the classic Bernstein
whenever 0 < x < % Using the same type of technique introduced by King or new methods
many authors published new results in regard with this subject. Cardenas-Morales et al.
[4] extended this result considering a family of sequences of operators B,, ,, that preserve e
and es+ae; with a € [0, 00). Gonska et al. [11] studied the sequence V7 : C|[0, 1] — C[0, 1]
defined by

Vi f = (Buf)o (Bat) o,

where 7 is a continuous strictly increasing function defined on [0, 1] with 7(0) = 0 and
7(1) = 1. Note that if 7 = %, then V7 = B, o, and the operators V,J preserve eg
and 7. In [5], the authors inspired by the above ideas consider the sequence of linear
Bernstein-type operators defined for f € C[0,1] by B,(f o7 ') o7, 7 being any function
that is continuously differentiable oo times on [0, 1] such that 7(0) = 0, 7(1) = 1 and
7'(x) > 0 for z € [0,1]. Note that the Korovkin set {1,e1, es} is generalized to {1, 7, 72}
and these operators present a better degree of approximation than B,,.

Since the modified operators present a better degree of approximation than the original
ones leads to an interesting area of research, so that generalized Bernstein-Durrmeyer
operators and their approximation properties were studied in [1] and [6]. Also, the modified
Szasz operators were considered recently in [2].

2 Bernstein-Stancu operators

In 1968, Stancu [15] proposed the sequence of positive linear operators S=*> : C|[0, 1] —
([0, 1] depending on a non-negative parameter a given by

S (fi) =Y f (%) P (@), @ € [0,1], (2.1)
k=0
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where

[kv_a] — [n_kv_a]
<a> _(\Z (1 :E)
pn k ( ) o <k> 1[”7_0‘]

and "M .= t(t — h)---(t —n — 1h) is the n!" factorial power of ¢t with increment h.

For o = 0 these operators reduce to the classical Bernstein operators.

The values of the test function by Bernstein-Stancu operators were given by Stancu
[15] as follows

Lemma 2.1. If z € [0, 1], then
(1) S5 (eo; ) = 1,
()55 (ex; ) = .
(iii) S;s*~ (eg; x) = H—La (m(l 2 4 op(x+ a)>

Recently, in [13] Miclausg proposed a new technique to obtain the values of the test
function, without using properties of Bernstein operators.
It is well known the following form of Bernstein operators using the divided difference

Bn(f;:n):i%(?;) [0,%,...,%;4 k. (2.2)

k=0

Starting with the form (2.2) of the Bernstein operators, the following Stancu type
operators are constructed in [7]-[8]:

C,:C[0,1] — 11,

< k! k
Catfi) =3 g () 0.2 i g] b, e ) (23

k=0
where the real numbers (mkm)zozo are selected in order to preserve some important prop-
erties of Bernstein operators and II,, is the linear space of all real polynomials of degree

<n.
Let mg, =1, lim,, oo m; , = 1 and my,, = (“;;!)k, an € (0, 1]. For this special case of

real sequence (mg, )5, the Bernstein-Stancu operators €, were written in the Bernstein
basis as follows (see [7], Theorem 10):

ank )Crnlf], (2.4)

Cinlf] = %fg (5)7(2) @i = auies

We remark that a,, € (0, 1] leads to C,, linear positive operators.

where

The coefficients Cj, ,[f] can be written as follows

Crnlf Zp<1> <J> :
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Therefore,

Crnlf] = S5 (fian), where f(t) = f (tﬁ> '

n

Lemma 2.2. ([7]) The Bernstein-Stancu operators C,, verify the following identities

(i) Cn(eo; ) =
(i) G (61756)—%:6
)=

(iii) Cp(eg; ) = 22 + z(1= m)an + —1_;”” (%” - (24 an)) z2.

Let
pnm(x) = Cp ((t — 5E)m )

n m
= pusle zp<l> (__g;) . mmen,
k=0

be the central moment operators.

Lemma 2.3. ([7]) The central moment operators verify
() () = =5 an +a2(1 = an) (34 52),
() ) = 2+ [ S0 (3 — B0 1) 4 S+ [T )t

n3 n n?
b o) o ) e 1) g,

In [7], Cleciu obtained the following Voronovskaya type theorem:
Theorem 2.4. ([7]) Suppose that xg € [0,1] and f"(x¢) exists. Ifa, € (0,1),lim, o0 ay =
1 and L :=lim, . n(1l — a,,) exists, then

— X ZU2
tm £ (z0) — Cou(Fr20)] = ~ 220 ) 4 w) — 27 )| L

n—oo 2

3 Modified Bernstein-Stancu operators

In this section we deal with Bernstein-Stancu type generalization of (2.4). We investigate
its sharp preserving and convergence properties.
We define the modified Bernstein-Stancu operators as follows:

k .
CT f7 ank Zp1§§> fO’T ) (%) ) (31)
7=0

where p] ; (z) = () 7(z)*(1— 7(x))" " and 7 is any function that is continuously differ-
entiable oo times on [0, 1] such that 7(0) =0, 7(1) = 1 and 7/(z) > 0 for z € [0, 1].

Note that these operators are positive and linear and for the case 7(x) = x, these
operators (3.1) reduce to the Bernstein-Stancu operators defined by Cleciu [7]-[8].
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Lemma 3.1. The modified operators C] verify
(i) Creo =1,
(ii) CTT = anT,
(ii) Cpr? =72 4+ TUTg, 4 1oan (a0 (2 4 q,,)) 72,

Let
tnm (@) = Cp ((T(8) — T(:U))m; z)

:f:pnk Zp<1> (——T(:v)>m7 n,m €N,
k=0

be the central moment operators.

Lemma 3.2. The central moment operators verify

(i) pho(x) =

(ii) um(:v) (an—l) (2),

(iii) 7 o () = TRy g ()21 — ay) (222 + 22)
(iv) pna(z) = 7(2)" + [(egl2 (5) — 2oz (1) 4 G2n] 7 (q)3

[T () — 5] (2)2 4 () + 21 ()

n n

~lagh (3) 1 23 () — 4a,,

ne n2

Lemma 3.3. For all n € N we have
M:L,2(:E) S 572L,T($) fOT all HAS [07 1]7

where 07 () := 2@2(zx) + (1 — an) and p2(x) :=7(z)(1 - 7(x)).

Proof. We have

< 903(33)%” + (1 —an) = 02, (2).

U
Lemma 3.4. If f € C[0, 1], then ||CLf|l < || f|l, where ||-|| is the uniform norm on C|0,1].

Proof. From the definition of the operator C] and using Lemma 3.1 it follows

ol < 3 e fob ) @‘

k=0

<|[for” 1IICZ(eo;:v) =[£Il
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Theorem 3.5. Let f € C[0,1], a,, € (0,1] and lim,,_,o ay, = 1. Then C} f converges to f
as n tends to infinity, uniformly on [0, 1].

Proof. Using the well known Korovkin theorem and Lemma 3.1 and the fact that {eg, 7, 7%}
is an extended complete Tchebychev system on [0, 1] it follows the uniform convergence
of the operators C7. O

Let w be the usual modulus of continuity of f € C[0, 1] which is defined as

w(f;d)=sup sup |[f(z+h)— f()].
|h|<6 z,2+he[0,1]

Proposition 3.6. Let f € C|0, 1] with modulus of continuity w(f,-). Then

it - 1)< (1+ 257 ) o0

for 6 >0 and x € [0,1].

Example 3.7. If we choose 7(z) = ng'm, we have 7(z)(1 — 7(x)) < (1 —2) for all x €

[0,1/2] and this inequality leads to ], 5(z) < pn2(z). Therefore, the modified operators
CT presents an order of approximation better than C), in that interval.

Example 3.8. Now using a graphical example we try to illustrate these approximation
processes. Let f(x) =sin(9z), 7(x) = ng'm and a, = 1/2. For n = 20, the approximation

to the function f by C, and C7 is shown in the Figure 1.

0.54

-0.54

,,,,, C,—— (" f(x) =sin(9x)

Figure 1. Approximation process by C, and C]

Example 3.9. Let us take f(z) = log(z + 1), 7(z) = mz% and a, = 3. In the Table 1
we computed the error of approximation for C,, and C; at the point zg = 0.8.
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Table 1. Error of approximation for C),, and C;

Bernstein-Stancu type operators

n

[Cn(f; 20) = f(zo)l

|Cr (S5 w0) = f(x0)|

5

0.2800807097

0.2613318434

10

0.2762200954

0.2502212648

15

0.2749367804

0.2465367167

20

0.2742959594

0.2447029941

25

0.2739117553

0.2436063038

30

0.2736557443

0.2428768564

35

0.2734729425

0.2423567117

40

0.2733358757

0.2419671158

45

0.2732292893

0.2416644116

50

0.2731440335

0.2414224523

From the above results it follows that C] converge faster than C,, to the function

f(x) =log(x+ 1) at the point xg = 0.8. Also, the approximation to the function f by C),
and C7 is shown in the Figure 2.

Figure 2. Approximation process by C,, and C]

0.6

0.54

0.4 -
-
034 Pt
e
7
P
0.2 s
s
s

0.1 -

7

e
0 T . . T )
0 0.2 0.4 0.6 0.8 1
X
| ————— ¢, ——c f(x):log(xﬂ)l

4 Voronovskaya type theorem

Let L, : C[0,1] — C[0,1], n > 1, be a positive linear operator and L,ey = e¢y. Acar et al.
[1] defined a general operator K, : C[0,1] — C]0, 1] by

K,g:= (Ln(go7'_1)) or,n > 1.

The authors obtained the following Voronovskaya type formula for the modified operators

K,.

Theorem 4.1. ([1]) Let f € C[0, 1] with f"(x) finite for x € [0,1]. If there exists a, 3 €

C[0, 1] such that

lim n(L,(f,2) — f(z)) = a(z)f"(z) + B(z) f'(z),

n—oo

764
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then we have

JLI&n(Kn(gat) —g(t) = 7(1)2

for g € C[0,1] with ¢"(x) finite for x € [0, 1].
Using Theorem 2.4 and Theorem 4.1 we obtain a Voronovskaya type theorem for C7 .

Theorem 4.2. Let f € C2[0,1]. Ifa, € (0,1), lim, .00 ap = 1 and L := lim, o n(1—ay,)
exists, then

C>Z(T(~"'3))f,/($)4r (ﬁ(?(fﬂ)) a(T(:U))T“(:U)) ()

/() 7/(x)3

lim n(C(f,z) — f(z)) =

n— oo 7-/(:13)2

uniformly on [0, 1] with a(x) = _@ - %L and B(z) = zL.

5 Local Approximation

Let
W?[0,1] = {g € C[0,1] : ¢’ € C[0,1]}.

For f € C[0,1] and ¢ > 0, the Peetre’s K-functional [14] is defined by

Ky(f;0) = Vl{;lzf {I1f = gll+dllgllwzo.} »

where

£ w200y = NI+ ILF1T+ 117

Throughout this paper we assume that inf ¢ 1 7'(2) > a,a € RT.

Theorem 5.1. Let a, € (0,1) and lim, o a, = 1 and f € C[0,1]. For the operator
C7(f;-), there exists absolute constant C > 0 such that

Co(fi0) — f(@)] < O (162 ,(x) + (,ﬂ <1—an>7<w>>.

Proof. Let g € W?[0,1] and t € [0, 1]. Then by Taylor’s expansion, we get

g(t) = (gor7") (7(t
= (gor ) (7(@)) + (gom V) (r(x)) (r(t) — 7(x))
7(t)
7(t) — u o7t " w)du. 5.1
*/Tm“’” ) (gor )" (w) (5.1)

If we consider the change of variable u = 7(y), it follows

"

7(t) . t
/ (r(t) — u) (g o 7)" (u)du = / (r(t) = () (g o 7)" (() 7' (v)dy.

7(z)
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but

therefore

T(t) 1
/( | (T(t) — u) (g o 7'_1) (u)du

e o oo it
-/ ((:) (r(t) — 7[3';(:_f(g>ﬁzdu— / ((j) (r(t) =) g/“;,((i )_)f;;f;;;(“))du. (5.2
From (5.1) and (5.2) we can write
910) = 9(2) + (07 (r(e) (r(0) ~ () + [ (()) (+(t) — u) %du
0 1)) (-
_/T@) () —u) L [T/((T)—)l(i))]?’( ) g (5.3)

We define )
Crlf;z)=Cp(f;z)+ f(z) — (for™") (anT(2)).
From Lemma 3.1 it follows
C’Ng(eo; x) =1 and C7g(7; x)=Cl(T;x) + 7(x) — ap7(x) = 7(x).

Now applying (fg to both side of the relation (5.3) we can write

o) — o cr( [ - LW
Cn(97 )_g( )+Cn</7(m) ( (t) ) [7_/(7__1(“))]2(1 >
— et anT(T) — U 79//(7_1(@) du
/rm ot =) TP
([ /(7 ()" (" (u)
-C T(t) —u du
([, o0 - T )
anT () YDV (7~
[, o= EE T
Since infyepoq1)7'(2) > a,a € R* and 7 is strictly increasing on the interval (0,1), we
obtain
Crtria) ~ o(0)| < (o) [ 151 L]
+ 5 (@rra) = r(oy? | L4 LT

//||

< % [57%7’7'(1;) +7'2(;p)(1 — an)2} [||Z2 N gl - ||7_,,||:|

a3
"INl IIT”II]

_I_
a? a3

<20 |

766 Young Chel Kwun et al 758-770



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

10 Y.C. Kwun, A. M. Acu, A. Rafiq, V. A. Radu, F. Ali and S. M. Kang

By Lemma 3.4, it follows

Cr(g: )| < 1Ch(gs )] + [g(@)| + | (g0 771) (anT ()] < 3llg]l-

For f € C[0,1] and g € W50, 1], we can write

Crf32) = f()]

(i) = f@) + (f o) (ant(@) - ()]

<|Cr(f = gi )|+ |Cx(gs 2) — g(@)| + |g(x) — f(2)]
+(For™) (anr@) = (For™) (r(a))]

5?”( ) 07 7 (2) -
<Af =gl + =59+ =51 g |+ w (for™: (1 - an)r(2).

Let C := max {4, a%, ”;_;’” }. Then

Ch(fi2) = f(@)] < C{IIf = gll + &2 - (@) lgllwepo} +w (For™ (1 —an)r()).
Using the following result (see [1]) w (f o1 1 t) <w (f; é) , the theorem is proved. O

To describe our next result, we recall the definitions of the Ditzian-Totik first order
modulus of smoothness and the K-functional [9]. Let ¢ (z) := /7(z)(1 —7(x)) and
f € Cl0,1]. The first order modulus of smoothness is given by

o= s { 1o+ 2520) (o 2| ) )

Further, the corresponding K-functional to (5.4) is defined by

K, (f;t)= inf - tlle-d'l|} (t > 0), 5.5
eoFi)= _int (1S = gll+dlerg'l[} (6> 0) (5.5)

where W, [0,1] = {g : g € AC[0,1], ||¢-¢'|| < 0o} and AC|0, 1] is the class of all absolutely
continuous functions on [0, 1]. It is well known ([9], p.11 ) that there exists a constant
C > 0 such that

Ko (f31) < Cuy, (f1). (5.6)

Now, we establish a direct approximation theorem by means of Ditzian-Totik modulus of
smoothness.

Theorem 5.2. Let f € C[0,1] and p(z) = /7(x)(1 — 7(x)), then for every x € (0,1),

we have

CT (@) — F(2)] < Gy, (f; 5;:8) ,

where C' is a constant independent of n and x.
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Proof. Using the representation

=0 ,
o) = (907 () = (g0 77) (rla) + [ oo™ .

C“(/((j) (gor )’ (u)du> .

/t pr(y) 9

we get

|Ch(g52) — g(z)| =

But,

7(t) ,
/ (go 7'_1) (u)du| =

(@) Y)

Ly -

L (y)
z @T(y

IIsDTg |

dy‘ ; (5.8)

and

tT/(y) ! 1 1 ’
/m sﬁr(y)dy‘ : @ <\/7'(y) " V1 —T(y)>7- (y)dy‘
<2([V7(t) = V(@) + [V1=7(t) = V1 - 7(2)])

1 1
=2|7(t) — 7(z)]| <\/¢(t) T /@) + VI—7(t) + /1 —T(ZL’))

< 2|7(t) — 7‘(:13)|< = + ! >
V() 1-7(z)
_ 2/2r(t) (o)
N or(z) '
From relations (5.7)-(5.9) and using Cauchy-Schwarz inequality, we obtain

(5.9)

T c) — T ||(107'g/|| T T — 72|z
Chlgs) — o(2)| < 2VE 00CT (1r(t) —~ m(a)]: )

gl ¢ (N )12
32\/§a%($) [C ((r(t) = 7(2))% )]

[org'l
< 2V2 s (:U)én,T(:c). (5.10)

Using Lemma 3.4 and (5.10) it follows
CL(f52) = f(@)] <CR(f —g;2) | + |f(33) —g(x)| +1C5(g; ) — g(2)]

n,r ()
If =gl 42 -l
{ or(z)
where C' = max{2, %}
Taking infimum on the right hand side of the above inequality over all g € W,,_[0, 1],

we get

ICr(f;2) — fz)] < CK,,, <f; 5;:(%)) ‘

Using the relation (5.6) this theorem is proven. O
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A NOTE ON HERMITE POLYNOMIALS

TAEKYUN KIM AND DAE SAN KIM

ABSTRACT. In this paper, we consider linear differential equations satisfied by
the generating function for Hermite polynomials and derive some new identities
involving those polynomials.

1. INTRODUCTION

The Hermite polynomials form a Sheffer sequence and are given by the generating
function

[ee]
Hn
(1.1) em—tzzz nfx)t”, (see [1-8, 10, 13, 14]) .
n=0 ’

By using Taylor series, we get

()]
e

I
|
—
N—
3
)
[N
| — |
7 N
Q
Sl

n o2 db 2
=(-1)"e" d—e_JB , (n>0), (see[1-15, 18]).
In
The Hermite polynomials can be represented by the Contour integral as follows:
|
(1.2) H,(2) = QL ¢6ft2+2tzt7nfldt7
i

where the Contour encloses the origin and is traversed in a counterclockwise direc-
tion (see [2, 8, 11, 13]).
The probabilists’” Hermite polynomials are given by the generating function

2 d" =2
1. H* =(=1)"e> T2

_ (m - ;i)n 1, (see [10]).

The physicists’ Hermite polynomials are also given by
2 dh 2

(1.4) H,(z)=(-1)"¢ %6_1

_ (zx _ Cj;) 1 (see [20])

2010 Mathematics Subject Classification. 05A19, 11B83, 33C45, 34A30.
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Thus, by (1.3) and (1.4), we get

(15) () =200 (VEs) o) =2 ().
f
where n > 0 (see [9, 11, 12, 15, 18]).
The first several Hermlte polynormals are Ho( ) Hy (x) = 2z, Hy(z) =

=1,
4222, H3 (v) = 822 —12x, Hy (x) = 162*—4822+12, H; (v) = 322° 7160x3+120x
Hg (z) = 6425 — 4802* + 72022 — 120, ...
The probabilists’ Hermite polynomials are solutions of the differential equation:
(677’&/) Fhe 2%y = 0,

where A is a constant, with the boundary conditions that u should be polynomially
bounded at infinity.
The generating function of the probabilists’ Hermite polynomials is given by

T SN
(1.6) e"~7 =) H; () 5, (see [12, 15, 18]).
n=0

The Hermite polynomials H,gl') (z) of variance v form an Appell sequence and
are defined by the generating function

> HY v
(1.7) Z ’“T(x)tk = e“*TZ, (see [12]).

k=0 ’

Thus, by (1.7), we get
m
2m + 1\ (2m — 20)! fy\m—

1. 2mtl @2m Z2D)b it g
(18) v lg(zz“) (m —1)! (2) 21 (@),
and

(1.9) 22 = ; (?)W (2) HY (), (see [12]).

The Hermite polynomials have been studied in probability, combinatorics, nu-
merical analysis, finite element methods, physics and system theory (see [1-15, 18]).

Recently, Kim has studied nonlinear differential equations arising from Frobenius-
Euler numbers and polynomials.

In this paper, we consider linear differential equations arising from Hermite poly-
nomials of variance v and give some new and explicit identities for those polyno-

mials.
2. HERMITE POLYNOMIALS OF VARIANCE v
Let
vt?
(2.1) F=F(t:z,v)=¢e"""2.
From (2.1), we note that
d
(2.2) FO = —F (i)
vt?
= (x —vt)e" 2
= (z —vt) F,
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d
@ 2pm_(_ — )2
(2.3) F® = ZF ( v+ (2 — t) ) F,
d
(CHRN Y 7(C) R _ —ut)?
(2.4) PO = ZF (:w@ vt) + (o uﬂ)R
and
(2.5) AWQ:%FQ:(%LJw@—Wf+@—Vﬁ)F
Continuing this process, we set

a\Y
(2.6) FN) = <dt> F(t:z,v)

N

— (Z a; (N,v) (z — msy> F,

=0

where N € NU {0}.
From (2.6), we have
d

2.7 FWNFD — — p(N)
27) dt

N
=S a(Nw)i(e—vt) T (1) F
=0

N
+Zai (N,v) (z —vt)' FO.
i=0

By (2.2) and (2.7), we easily get
(2.8) FOVHD = {wal (N,v) +axn (N,v) (x — )N +an_1 (N, v) (z — vt)™

N-1
+ Z (— (41D vair (N,v) + a;—1 (N,v)) (x — Vt)i} F.

i=1
By replacing N by (N + 1) in (2.6), we get
N+1
(2.9) FONHD — (Z a; (N +1,v) (Q’J—Vt)i> F.
=0
From (2.8) and (2.9), we can derive the following equations:
(2.10) ap (N +1,v) = —vay (N,v),
(2.11) an (N+1,v)=an_1(N,v),
(2.12) an+1 (N +1,v) =an (N,v)
and
(2.13) a; (N+1,v)=—=(i+1)vaj41 (N,v) +a;—1 (N,v),

where 1 <7< N — 1.
It is not difficult to show that

(2.14) F=FO9 =q4(0,v)F.
Thus, by (2.14), we get
(2.15) ap (0,v) = 1.
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From (2.2) and (2.6), we note that
(2.16) (z—vt) F=FY = (ay(1,v) + a1 (1,v) (x — vt)) F.
Thus, by comparing the coefficients on both sides of (2.16), we get
(2.17) ap (L,v) =0, a1 (1,v)=1.
From (2.11), (2.12), (2.15) and (2.17), we have

(2.18) ay (N+Lv)=any_1(N,v)=---=ap(1,v) =0,
and
(2.19) ant1(N+1,v)=an(N,v)=---=a;(1,v) = 1.

Therefore, we obtain the following theorem.

Theorem 1. The linear differential equations

I\ N
FWN) = (dt) F(t:z,v)

N
= (Z a;i (N,v) (& - mf)i) F, (NeNu{0})
1=0

xt—ﬁ

has a solution F = F (t: x,v) = €™~ "2 | where

ap (N,v) = —va; (N — 1,v),
an—1(N,v)=an_2(N—-1,v)=---=a1(2,v) =ao(1,v) =0,

any (N,v)=an—1 (N—-1Lv)=---=a1 (L,v) =ap(0,v) =1,
and
a; (Nyv)=—=(i+ 1)va.1 (N—-1Lv)+a;i1 (N—-1,v), (1<i<N-=-2).

Example.
(1) N =3,i=1. By (2.13), we get

a1 (3,v) = —2was (2,v) 4+ ag (2,v)

= -2V —v= -3
(2) N=4,1<i<2. By (2.13), we have
ap (4,v) =0, az(4,v)=—6v.
(3) N=5,1<1i<3. By (2.13), we get
ai (5,v) = 1502, as(5,v) =0, a3 (5,v)=—10v.
(4) N =6,1<4i<4. From (2.13), we have
a1 (6,v) =0, a9 (6,v) =450% a3(6,v) =0, a4(6,v)=—150.

Thus, we obtain the following result.
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Remark. The matrix (a; (j,7))o<; j<¢ 1 given by

01 2 3 4 5 6
ol 10— 0 32 0 —153
1 1 0 —=3v 0 1572 0
2 1 0 —6v 0 452
3 1 0 —-10v O
4 1 0 —15v
5 0 1 0
6 1
From (1.7), we note that
(2.20) F=F(t:z,v)= ot
0 k
- Z HY (2) %
k=0
Thus, by (2.20), we get
A\ N
(2.21) FN) = (dt> F(t:zv)

o . th—N
=Y H @Ry 5
k=N ’

()
;OHkJrN (l‘) (k+N)N (n+k)‘

0 . tk
= Z ng—i-)N (z) ik
k=0 ’

By Theorem 1, we easily get

(2.22) FW)
N
= (Z ai (N,v) (z — yt)’) F
=0
N o) . . . 4m 00 ) tl
:;ai(N;V)ZZO(Z)mx (-v) m;}[l (mﬁ
[e’s} N k .
- Z Zai (N,v) Z <k) i)y (_V)kfl xi+l7kHl(u) (2) L;'
k=0 \i=0 —~\! %!
= kZ:O ;ai (N,v) l_magk_i} (I;) (i), (_V)kfl xz-i—l—kHl(v) (@) %

Therefore, by (2.21) and (2.22), we obtain the following theorem.
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Theorem 2. For k, N € NU {0}, we have

N k k
. k—1 41— v
=D ai(Nw) (Z)mk_l (=) 2R ().
=0 l=max{0,k—i}

It is easy to show that

(2.23) H", (z) = (z - ”ai) HY (2).

Thus, by (2.23), we have

N
(2.24) H"y (z) = (x - ya‘i) HY (z), (N eNu{o0}).
From Theorem 2, we note that
o\ Lo
(2.25) (x - V&c) H,"” (z)
N k k
. k—l 41— v
:Za’i(N’V) Z (l) (Z)kfl(_y) x+l kHl( )(CL‘),
=0 l=max{0,k—1i}

where a%x — x% = identity.
Now, we observe explicit determination of a; (4, v).
From (2.12) and (2.13), we can derive the following equations:

(2.26) ay (N,v) =1,

(2.27) an—2(N,v)=—(N—-1)vay_1 (N —1,v)+an—3(N —1,v)
=—(N-1Dwvany_1 (N —-1,v) = (N —2)van_2 (N —2,v)
+an_4 (N_27V)

=—(N-1Dvan_1 (N —-1,v) — (N —2)van_o (N —2,v)
— = 2was (2,v) + ap (2,v)
=—(N-1Dvay_1 (N —-1,v) = (N —2)van_s (N —2,v)

— v —2vag (2,v) —vay (1,v)
N—1
=—v Z ia; (i,v),
i=1
(2.28) an_4(N,v)=—(N—-3)vay_3(N —1,v)+an_5(N —1,v)

=—(N-3)van_s(N—1,v) — (N —4)van_s (N —2,v)
+an_¢ (N — 2, V)

=—(N-3)van—3(N —1,v) — (N —4)vany_4 (N —2,v)
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— - —2vas (4,v) + ao (4,v)
=—(N—-3)van_3s(N —1,v) — (N —4)vany_s (N —2,v)

— = 2way (4,v) — vay (3,v)
N-3
:—Vziai(i‘FQ’V)’
1=0

and

(2.29) an_6(N,v)=—(N—-5)vay_5(N —1,v)+any_7 (N —1,v)
=—(N-5)van_s(N—1,v) — (N —6)van—_¢ (N —2,v)
+an—s (N_Q’V)

=—(N-=-5)van_s (N —-1,v) — (N —6)van—_¢ (N —2,v)
— - —2vag (6,v) — vay (5,v)

N-5
=—v Z ia; (i +4,v).
i=1

Continuing in this fashion, for [ with 1 <[ < [%],

N—-20+1
(2.30) any_o (N,v)=—v > ia;(i+20—2,v).
=1

By (2.26), (2.27), (2.28), (2.29) and (2.30), we get

(2.31) an_2 (N, v)=—v Y i,

N-3
(2.32) an-a(N,v) = —v Y igai, (ia + 2,v)
i2=1
N—-3i2+1
= (—I/)2 Z Z iQil,
ig=1141=1
N-5
(233) anN—¢ (N, V) = -V Z igai3 (23 + 47 V)

i3=1
N—-5i3+1io+1

=(-v)® Z Z Z 1312171,

ig=1io=141=1
and

N—=20+1 4;+1 i2+1

(2.34) an—a (Nov) = (=) 37 D7 o i iy,

=1 4_1=1 i1=1

where 1 <[ < [%]
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By (2.11) and (2.13), we easily get

(2.35)
an-1(N,v)=an—2(N —1,v)=an—3(N —2,v)=---=aqag(l,v) =0,
(2.36)
an—3(N,v)=—=(N —=2)vay_o(N —1,v)+an_s (N —1,v)
= aN-—-4 (N — 1,1/)
=ag (3,v) = —vay (2,v) = —vag (1,v) =0,
(2.37)

an—5(N,v)=—(N —4)vay_4 (N —L,v)+an—¢ (N —1,v) =an_¢ (N — 1,v)

=ag (5,v) = —vay (4,v) =0,

(2.38)
an—7(N,v)=—=(N —6)van—¢ (N —1,v) +an_s (N —1,v)

=ag (7,v) = —vay (6,v) =0,

and
N
(2.39) an—(2-1) (N,v) =0, (1 <i< [2}) )

Therefore, we obtain the following theorem.

Theorem 3. For N € NU {0}, we have
N—2l+1 i+1  ix+1

aN—Zl(N:V)Z(—V)l Z Z "'Zim—r'-il,

ii=1 4_1=1  i1=1

where 1 <[ < [%]
Also,

N
an—(2i-1) (N,v) =0, if1<1< [2} '
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