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Abstract. In this paper, we prove a fixed point theorem for mappings satisfying
a general contractive condition of operator type. In short, we are going to study
mappings T : X — X for which there exists a real number A € (0,1) such that
for each z,y € X one has O(f;d(Tx,Ty)) < AO(f;m(z,y)), where O(f;-) and f
are defined in first section. Also in first section, we give some examples for O(f;-).
The second section contains the main result. In last section, we give some remarks
and an example. This example shows that the mapping T is not satisfying Ciri¢’s
generalized contraction but it is satisfying a generalized operator type contraction.

1. INTRODUCTION

One of the simplest and most useful result in the fixed point theory is the Banach-
Caccioppoli contraction mapping principle (see [1] and [3]). Ciri¢ proved the follow-
ing theorem, which is a generalization of Banach-Caccioppoli contraction mapping
principle (see [4])

Theorem 1. Let (X,d) be a complete metric space and T : X — X be a
selfmapping on X such that for each z,y € X

d(Tz,Ty) < alz,y)d(z,y) + Bz, y)d(z, Tx) + v(x,y)d(y, Ty)
(1.1) +6(z, y)[d(z, Ty) + d(y, Tx)],
where o, 3,7, 0 are functions from X2 into [0,1) such that
(1.2) A =sup{a(z,y) + Bz, y) +v(z,y) +20(z,y) :z,y € X} < 1.
Then T has a unique fixed point z € X such that for each z € X, lim,, ., T"x = z.

Mappings which satisfying (1.1) and (1.2) Ciri¢ [4] called generalized contrac-
tions. As observed in Cirié¢ [5], a self mapping T on a metric space (X, d) is gener-
alized contraction if and only if T satisfies the following condition:

d(Tz,Ty) < dm(z,y),
where

m(x,y) = max{d(z,y),d(z, Tx),d(y, Ty), %[d(m, Ty) +d(y, Tz)]},
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A€ (0,1) and x,y € X.

After the classical Banach-Caccioppoli contraction mapping principle, many
fixed point results have been developed as Theorem 1 (see [6],[7],[9],[10]). In [2]
Branciari proved the following interesting result for fixed point theory.

Theorem 2. Let (X, d) be a complete metric space, A € (0,1) and T': X — X
be mapping such that for each =,y € X one has

d(Tz,Ty) d(z,y)
/ f@ﬁSA/ f(t)dt
0 0

where f:[0,00) — [0, 00] is a Lebesque integrable mapping which is finite integral
on each compact subset of [0,00), non-negative and such that for each ¢ > 0,
fot f(s)ds > 0, then T has a unique fixed point z € X such that for each z € X,
lim,, oo T"x = 2.

In [8] and [11], Theorem 2 was generalized.

Let F([0,00)) be class of all function f : [0,00) — [0,00] and let O be class of
all operators

O(e;-): F([0,00)) — F([0,00))

f - O(f;)

satisfying the following conditions:
(1) O(f;t) >0 for t > 0 and O(f;0) =0,
(ii) O(f31) < O(f;s) for ¢ < s,
(i) oo O(fitn) = O(f:limy oo 1),

(iv) O(f;max{t, s}) = max{O(f;t), O(f; s)}
for some f € F([0,00)).

Now we give some examples for O(f;-).

Example 1. If f : [0,00) — [0,00] is a Lebesque integrable mapping which
is finite integral on each compact subset of [0, 00), non-negative and such that for
each t > 0, fot f(s)ds > 0, then the operator defined by

Omw=Af@@

satisfies the conditions (i)-(iv).

Example 2. If f : [0,00) — [0,00) non-decreasing, continuous function such
that f(0) =0 and f(¢) > 0 for ¢t > 0, then the operator defined by

_f®)
1+ f()

O(f;t)

satisfies the conditions (i)-(iv).

Example 3. If f : [0,00) — [0,00) non-decreasing, continuous function such
that f(0) =0 and f(¢) > 0 for t > 0, then the operator defined by

f(t)

N e O)
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satisfies the conditions (i)-(iv).

2. MAIN RESULT
Now we give our main theorem.

Theorem 3. Let (X, d) be a complete metric space, A € (0,1) and T : X — X
be mapping such that for z,y € X one has

(2.1) O(f;d(Tz, Ty)) < AO(f;m(z,y)),
where O(e;-) € O and

51, Ty) + dy, T,

then T" has a unique fixed point z € X such that for each x € X, lim,,_,,, T"x = z.

(22) m(x7 y) = max{d(xa y)a d(l’, T.’E), d(y7 Ty)

Proof. Let x € X and, for brevity, define x,, = T™x. For each integer n > 1,
from (2.1),

(2.3) O(f;d(xp, xnt1)) < AO(fsm(zn—1,n)).
Using (2.2), we have
m(zp—1, Tn) = max{d(Tn—1,%n), d(Tn, Tni1)}

Substituting into (2.3), one obtains

O(f;d(xn, wny1)) < AO(fimax{d(zn-_1,2n), d(Tn, Tni1)})
(2.4) = Amax{O(f;d(zn_1,2n), O(f; d(Tn, Tny1)}
Now if O(f;d(xpn—1,zn) < O(f;d(xpn,Tnst1), then from (2.4) we have

O(f; d(n, Tn1)) < AO(f; d(xn, Tni1)

which is a contradiction. Thus O(f;d(xn—1,2,) > O(f;d(zy,2nt1) and so from
(2.4) one obtains

O(f;d(xnzxrﬂrl)) )‘O(fvd(xnflaxn))

<
< NO(fid(zp_9,2n-1))

(2.5) A"O(f;d(x, Tx)).

IN

Taking the limit of (2.5), as n — oo, gives

Jim O(f; d(@n, 2p41)) = 0,
which, from (i), implies that
(2.6) lim d(x,, zp41) = 0.

n—oo

We now show that {z,} is Cauchy. Suppose that it is not. Then there exists an
e > 0 and subsequences {m(p)} and {n(p)} such that m(p) < n(p) < m(p+1) with

(27) d(xm(p),mn(p)) > g, d(xm(p)axn(p)—l) > €.



12

ALTUN ET AL

From (2.2),

dExM(p)—laxn(p)—)l)a

d(x _1,x
2.8) M(Tp(p)—1, Tn(p)—1) = Max m(p)—1sLm(p))>

(2.8) m(Tm(p)-1, Tn(p)-1) cll(xn@)fhxn(p)),

3@ mp) -1, Ta(p)) + ATn(p)-1, Tm(m))]
Using (2.6),

(29)  lim O(f; d(@m@p)-1,Tm(p)) = M O(f; d(zn(p)—1, Tnp))) = 0.
Using the triangular inequality and (2.7),
ATm(p)—1,Tnmp)-1) < d@mp)-1, Tmp) T ATmp), Tnp)-1)
< d(xm(p)flv xm(p)) +e.
Hence,

(2.10) lim O(f; d(Tp(p)—1, Tnp)—1)) < O(f;€).

p—00

Using the triangular inequality and (2.7),

1
v(m,n) = i[d(xm(p)fhxn(p)) + d(Tp(p)—15 Tim(p))]
1
< Sld@m) -1 Tmep) + 2d(@mep) Enp)-1) + ATnp)-1, Tne))]
1
< 3 [A(Trm(p) =15 Tm(p)) T ATn(p)—1: Tn(p))] + €
Therefore, using (2.6),
(2.11) lim O(f;v(m,n)) < O(f;e).
p— 00

Now using (2.1), (2.7), (2.8), (2.9), (2.10) and (2.11), it then follows that

AO(f5s (T (p)—15 Tn(p)—1))
AO(f;¢),
which is a contradiction. Therefore, {z,} is Cauchy, hence convergent. Call the
limit z.
From (2.1),
O(f;d(TZ7xn+1)) < )‘O(fvm(zaxn))
A max{O(f; d(za xn))a O(fa d(Z, TZ)): O(f, d(l‘n, xn+1))

(2.12) o(f; %[d(z, ZTni1) +d(zn, T2)))}

INIACIA

Taking the limit of (2.12) as n — oo, one obtains
O(f;d(T'z,2)) < AO(f;d(T'z, 2)),

which implies that
O(f;d(Tz,z2)) =0,
which, from (i), implies that d(z,7%) =0 or z = Tz.
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Suppose that z and w are fixed points of T. Then from (2.1),
O(f;d(z,w)) = O(f;d(Tz Tw))

AO(f;m(z, w))

AO(f;d(z,w)),

IA

which implies that
O(f;d(z,w)) =0,

which, from (i), implies that d(z,w) = 0 or z = w and the fixed point is unique.

3. REMARKS AND EXAMPLE
Remark 1. Theorem 2 of [8] follows from Example 1 and Theorem 3.

Remark 2. We can have new results, if we combine Theorem 3 and some
examples for O(f;).

Remark 3. Theorem 3 is a generalization of Theorem 1, in fact letting f = I
(identity map) and O(f;t) = f(t) =t in (2.1) (it is obvious that O(f;-) € O) one
has

d(Tx,Ty) = O(f; d(Tz, Ty)) < AO(f;m(z,y)) = Am(z,y),
thus Ciri¢’s generalized contraction also satisfies.

If we combine Example 2 and Theorem 3, we can have the following corollary.

Corollary 1. Let (X, d) be a complete metric space, A € (0,1) and T : X — X
be mapping such that for x,y € X one has
fd(Tz, Ty))  _\ _flm(z,y))
L+ f(d(Tz,Ty)) — "1+ f(m(z,y))’
where f : [0,00) — [0, 00) non-decreasing, continuous function such that f(0) =0
and f(t) > 0 for ¢ > 0, then T has a unique fixed point z € X such that for each
r e X, lim, ..o T"x = 2.

(3.1)

Now we give an example.

Example 4. Let X = {% :n = 2,3,...} U{0} with the metric induced by R;
d(z,y) = |z — y|, thus since X is a closed subset of R it is a complete metric space.
We consider now a mapping T : X — X defined by

1

. r ==

Tﬂj‘: n+1 ’ n
xr=0 "~

1
3, t>3
_ tt 1
f(t)_ —t% 70<t<§
0 ,t=0
and A = % In this context one has
1 1
£ t>,
¢ ) 2
0 __) 4 o<t<i|
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1
so that, since sup{d(x,y) : z,y € X} = 3 (3.1) for z # y is equivalent to:

(3.2) d(Tz, Ty) T TS < Am(z,y) men)

t
Since d(z,y) < m(x,y) and 1—|Ji(f)(t) is non-decreasing, we show sufficiently that
(3.3) d(Tx, Ty) T < Ad(z,y) @D

instead of (3.2). Using [2, Example 3.6 | we can show that T satisfies condition
(3.3), but
d(Tx,T
sp ATy
{z,yeX:xz#y} m(ﬂc,y)

thus it is not satisfy Ciri¢’s generalized contraction.
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Abstract: In this paper we show that the following integrals

/If )P = [z)*dV (= /If WPV ()7L = [2))*TdV (2),

/B [F@)IPTIRF ()17 (1 — [2)*TdV (2),

where p > 0, ¢ € [0,p], @ € (—1,00), and where f is a holomorphic function on
the unit ball B in C™ are comparable. This result confirms a conjecture proposed
by the second author at several meetings, for example, at the International two-
day meeting on complex, harmonic, and functional analysis and applications,
Thessaloniki, December 12 and 13, 2003. Also we generalize the well-known
inequality of Littlewood-Paley in the unit ball.

MSC 2000: 32A10, 32A99.

Keywords: Holomorphic function, Bergman space, Integral means, Unit
ball, Littlewood-Paley inequality.

1 Introduction

Let z = (z1,...,2,) and w = (wy, ..., w,) be points in the complex vector space
C™. By (z, w) 2w =Y p_, z,Wy we denote the inner product of z and w, and

12l = /G2, 2)-
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Let B denote the unit ball of C", B(a,r) = {2z € C"||z — a| < r} the open
ball centered at a of radius r, dV the normalized Lebesgue measure on C" and
do the normalized surface measure on the boundary S of B.

By H(B) we denote the class of all functions holomorphic in B. For f € H(B)
we usually write

Mp(fw):(/Slf(ré)|pd0(é))1/p7 pe(0,00) for 0<r<1

for the integral means of f and

Moo (f,r) =sup|f(r¢)] for 0<r<l1.
¢es

For p € (0,00) and a € (—1,0), the weighted Bergman space A2 (B) is the
space of all holomorphic functions f on B such that

171

pa = ( [ 1sera- |z|>adv<z>)l/p .

Weighted Bergman spaces of analytic functions of one variable have been
studied, for example, in [7, 8, 17, 20, 23, 27], while weighted Bergman spaces
of analytic functions of several variables have been studied, for example, in
[3, 5, 10, 13, 15, 16, 21, 25, 26] (see, also the references therein).

In papers [20, 21] we have investigated relationships among various type of
integrals on the Bergman space on the unit disk, unit ball and unit polydisc.
In [22] we posed several open problems and conjectures concerning this topic.
Among other conjectures, we posed the following:

Conjecture 1. Letp >0, g € [0,p], @ € (—1,00), and f € H(B). Show that

/B PP - [2)dV(2) = [fO) + /B FEP V)1 o) HdV (2).
1)

The above means that there are finite positive constants C' and C” indepen-
dent of f such that the left and right hand sides L(f) and R(f) satisfy
CR(f) < L(f) < C"R(f)
for all analytic f.

Remark 1. Note that for ¢ = 0 the relationship (1) is obvious. On the other
hand, we know that

|f(0)|p+/B|Vf(Z)|”(1—IZI)““’dV(Z)X/Blf(z)l”(l—IZI)“dV(Z) (2)
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see, for example, [16, 21, 25], and hence (1) holds also when p = q.

The paper is organized as follows. In Section 2 we give several auxiliary
results which we use in the proof of the main results. In Section 3 we confirm
Conjecture 1, that is, we prove the following result:

Theorem 1. Let p >0, ¢ € [0,p], @ € (=1,00), and f € H(B). Then

/If(Z)\p(lfl»Z\)"dV(Z)x|f(0)|p+/ [F@IPIVER)(L = [2)*T9dV ().
B B

Some generalizations of the Littlewood-Paley inequality on the unit ball are
given in Sections 4 and 5.

2 Auxiliary results

In order to prove the main results we need several auxiliary results which are
incorporated in the following lemmas. Throughout the following we will use C'
to denote a positive constant which may vary from line to line.

Lemma 1. Suppose 0 < p < 0o and f € H(B). Then
7 (pOP = FOP| < (p—r) sup plf(sOPHVF(sC)] (3)

r<s<p

almost everywhere, where v < p and { € 0B.

Proof. For f =0 the result is obvious. If f # 0, at points z where f is not
zero we have

d
1G] =PI P EIA60,Of S PP VAL (@)
where z = s¢. Integrating (4) in s from r to p we obtain (3). O

Lemma 2. Suppose 0 < ¢ < p < oo and o > —1. Then, there is a constant
C =C(p,q,a,n) such that

ME(f.1/2) < C (If(O)I” + /B FEP Vi - |z>q+adV<z>) ,
for all f € H(B).
Proof. By Lemma 1, we have

[1f1P/9(2) = |fIP9(0)] < gldl sup [ f(w)] [V f(w)],

w|<1/2
for every |z| < 1/2. Hence
[f)IP<C <|f(0)|p+ sup |f(w)|pq|Vf(w)|p>a (5)
|w|<1/2

for some positive constant C' independent of f.
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‘We have

n
IV f(w Z (6)
k=
From (6) and since the functions |f(w)|i”_q|a7k(w)|‘17 k € {1,...,n} are
subharmonic, we have that there is a positive constant C independent of f such
that

n

sEPviEr < oY IR |2
k=1
- p—ay| 91 w ! w
< oy [ P )] v
< of PV, (7)
lw|<3/4
for every |z| < 1/2.
From (5) and (7), it follows that
P < c<|f I(w)l”qIVf(w)quV(w)>
w\<3/4
< o<|f s (w)l”qIVf(w)l"(lIw)"‘dV(w)>
w\<3/4
< c(Ifor+ [ P - ).

for every |z| < 1/2, as desired. O

Lemma 3. Let 0 < p < 00, ¢ € [0,p] and 0 < r < 1. Then there is a constant
C independent of f and r such that

/S sup | f(rrQ) P9V £ (rr)|4do (¢) < C / FrOPY £(r0)|do(C)

0<r<1
for all f € H(B).

Proof. By [18, p.165] there is a positive constant C' independent of nonneg-
ative subharmonic function w on the unit ball B C R™ such that

[ 5w u(rrQ)do(©) <€ [ u(r)do 0
50<7<1 s
for every r € (0, 1). From this, (6), using the fact that the functions | f (w)[P~9| %(w) |,

k € {1,...,n} are subharmonic, and choosing m = 2n we can easily obtain the
result. [
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We also need the following technical lemma.

Lemma 4. ([14]) Suppose that g(r) is a nonnegative continuous function on
the interval [0,1), b > 0 and o > —1. Then there is a constant C = C(a,b)

such that

/1 by (1 —r)dr < C [ ma b(r)—i—/l <1+T> (r)
_ . _

0 9 - r€l0,1/2] g 0 g 2 g

3 Proof of Theorem 1

b

(1- r)o‘dr) .

In this section we prove the main result of this paper.

Proof of Theorem 1. The existence of a positive constant C' such that
/ [FPUVf(2)|7(1 = [2)*TdV (2) < C/ [f ()P (1= |z)*aV (2)
B B

follows from Theorem 2 in [20], with w(z) = (1 — |z|)*. Assume first that ¢ < 1.
By Lemma 4 (the case b = 1), Lemma 2, Lemma 3 and polar coordinates, we
obtain

1
||f|‘§,a = 27’L/0 Mg('ﬂ 7’)(1 _ T)OLTQn—ldT

< oM+ / M (L 1)/2) = M| 4= )

< o (mpram+ [ e aoeng - agseen] o - )

< o / e nerz) = 10| dowtora - rear)

< c<M s [ 18 s 1wl IVf(pC)IquN(C)(l—r)"‘+qdr>

< c<M (F.1/2)+ ) [/ o IV ) (€ )(1—r>“+er>

< C<M (£.1/2) + )// (5)[ qW(ﬁ%)qdamc)(l—r)“*qdr)
- C<M g (2 [ f f<r<>|”|Vf<r<>qdoN(o<1r)“ﬂdr)

< o(mzia e (B) [ [ 1aap-aw o i@ - s -ar)
< c(ifor+ [ irep i - ke )



AVETISYAN,STEVIC

finishing the proof in this case.
Now assume that ¢ > 1. Then by Lemma 4 with b = ¢ and Minkowski’s
inequality, we have

1
10 = 20 [ QRG>

0

< C(Mp(f,l/Q /’Mp/q £, (1 +7)/2) — MP/9(f,7) (lr)adr>

< c (Mé’(f, 1/2) + / [, (111779, (1 7)/2) = My (177, (1 = r)“dr)

< (i) / / \|f|p/q (550) = 1172600 dow (611 = rar)

- (M” (£.1/2) + e, <p<>5—1|w<po|qdmv<o<1r)a”d’)
< c(w (1.1/2)+ () / [ s 1P v () o (€ )(1—r>“+qdr>.

0<p<

The rest of the proof is the same as in the first case and will be omitted. [I.

4 Fractional derivative

For holomorphic functions in the ball consider fractional integrodifferentiation
of order @ € R. If f € H(B) has a series expansion

—= Z arpz®, 2 € B,

keZ

then define
Df(z) = Z (1 + |k *arz", z € B.

kez?y

Theorem 2. Suppose 0 < ¢ < p < 00, a > 0, f(z) € HP(B), and a holo-
morphic function g(z) belongs to the mized norm space H(p,q,«) in B, that
18

1
HgH?f(p,q,a) = /O Mgg(ga T’)(l - T)aqild’f' < +00.

Then

/B FEPg(2)|*(1 = |2V (2) < ClLABN91% 0
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In particular, if D*f € H(p,q, ), then
/B [F(2)P7IDf(2)|7(1 = [2[)*7 1AV (2) < CUFI5 ID Fll g

Proof. Assuming that || f|g» # 0, we can apply Jensen’s inequality to the
integral

/3 FrOPg(rC) 7do (<)

IA

= 30 [zt L 60
My () {M;’(lf,n/g e

a/p
= | [laeoras©] = apgomgen.

Multiplying (8) by (1 —7)*?~172"~1dr then integrating from 0 to 1 it follows
that

/ [F(2)P~g()|*(1 = [2])*7 " dV (2)
B

IN

C/l Mgfq(f7 r)Mg(g,r)(l — )Ly
0

IN

1

Clll [ My(ar)a =),
0

and the proof is complete. [

Now we introduce some more notation to formulate several auxiliary lemmas.
In what follows, for a fixed § > 1 1let ['s(¢) = {z € B : |1 — (2| < (1 —|z|)} be
the admissible approach region whose vertex is at ¢ € S. Let also Io; = {n €
S:|1—(n| <t} and :f@t:{zeB: |1 — (2| <t}

Following [6, 12], consider the functions

» 1/p
4,0 = (/FS(O(I_J”('Z)'WM)) . p<oo

sup{[f(2)] : z € T5(O)},

.
:
=
o
I

1/p
_ 1 |f(2)P
Cp(N(Q) = sgp<|j~<’t| fc,tIZIdV(Z)> , p<oo, (€8

21
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Lemma A. ([6, 12]) For any functions f(z) and g(z) measurable in B

[y < ¢ [ a0 6@ dote). 1<p= .

where p’ = p/(p — 1) is the conjugate index.
Lemma B. ([6, 12]) For 0 < ¢ < co,a > 0,8 > 0 and a function f(z) measur-

able in B
! |f(2)]9(1 = [2])>~t

1-— « = )

‘Cq(lf(Z)I( 12))%) . ffé% — |wl) / |1_wz|5+n av(z)

Theorem 3. Let 0 < ¢ < 2,g < p,v > 0,0 < a < yq/n. Then for any

/Blf(Z)I”_‘JID”f(Z)Iq(l—\ZI)W_ldV(z)SCIIfHZZqHD“"/quZq~ (9)

Proof. Denote by L the integral on the left-hand side of (9). Choosing any
a, 0 < a < yg/n and estimating L by Lemma A gives

L= [ e P - ) e

-4

IN

C/SAz/q <|D7f(z)|q(1 - z|)7q_a"> (€) - Crasqy <|f(z)|17—q(1 B |Z|)an> .
C HC’@/q)/ <|f(z)|PQ(1 B |Z)an)

We estimate here L°>°-norm and the last integral separately. By Lemma B,
choosing > 0 large enough, the L*°-norm can be estimated as follows

IN

[ Assa (D7~ 2 ) (0 dolo)

L=

2/(2—q)
’ ooy (P01 2
Lo
_ _ 1— |Z|)2an/(2—q)_1
< Csup(l—|w ﬁ/ P 2(p—q)/(2 q)( s
< Comp—lu)’ [ 17:) ey
1 — |2])20n/(2=0)~(2n/N)(p-a)/(2~a) -1

< C 2(p—q)/(2—q) 1 5/( .
< UG sup (1~ fu)” | e .

S C||f||2(17 q)/(2—q) 5161%(1 _ |w‘)271,/(2—(1).(@_(17_(1)/)\)
w

< C||f||2(p q)/(2— Q).

where |f(2)| < C||fllg»(1—|2])~"/*, 2z € B, and another well-known inequality
([15]) in the unit ball are used. Hence for any A > (p — q)/«

< o)l (10)

oo (If(Z)I”‘q(l - lzl)") .
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On the other hand,

J

[ Assa(IP75 R0 2 ) € dolo

J

According to a result on fractional differentiation ([11, pp. 179, 186])

q/2

do(().

/ D7 F()P(L — |20 em/0-n=1 gy ()
T's(¢)

J < Oy (11)
This completes the proof of Theorem 3. [
Remark 2. Note that taking p = 2 and v = 1 in (9) and formally passing to the

limit as ¢ — 2— and o — 04 we get the classical Littlewood-Paley inequality
for the unit ball.

5 Radial derivative

In this section consider radial derivative

If f € H(B) has a series expansion

flz)= Z a2, z € B,

keZl

then
Rf(z) = Z |k|a2", z € B.

kEZji

Theorem 4. Suppose 0 < ¢ <p < oo, f € H(B) and

L'p,q(f)Z/B\f(z)l”_quf(Z)l"(l—IZI)q_ldV(z)-

Then
LFOF + Lpg(f) <ClfIIges a2 (12)

Conwversely, if f(0) =0, then

||f||1;{p < C‘Cp,q(f)» q< 2. (13)

23
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Proof. First we prove that for ¢ = 2
1 e =< LA + Lp2(f) (14)

(compare with [19]). Indeed, we can apply a one variable analogue of (14) (see,
e.g., [24]) to the slice function f:(A) = f(A(),A € U,( € S,

[ If(O)\“r/UIfg()\)lp’z\fé(/\)lz(l — [z[)dm(X), (15)
where dm is the area Lebesgue measure on the unit disk U. Note that
SEQ) =XTTRI(A)  and  R(fo) = (Rf)e,  A€UCeS. (16)

We integrate (15) over the sphere S, making use of (16) and the formula (see,
e.g., [1])

L sttt aviw) =n [ ([0l 2ane) w@. )

to obtain
£ =< 1£(O)]P + /B [f(@)P2Rf (w)(1 = [w])dV (w), (18)

which coincides with (14).
On the other hand, the inequality

FO)P + /B REGPA - )P V() < ClfIher 2<p<oo,  (19)

is well-known, see, e.g., [1] and also [11] for a more general result. Therefore,
by the Riesz—Thorin interpolation theorem (see, e.g., [28]) the inequalities (19)
and (18), that is the inequality (12) for ¢ = 2 and ¢ = p imply the inequality
(12) for all 2 < ¢ < p.

Passing now to the proof of (13) we use a similar interpolation result.
Namely, if a function g is in L% (dp) N L% (dp) for 0 < ¢1 < g2 < oo, then
g € Li(du) for all ¢, ¢1 < ¢ < g2, and furthermore there exists a number
6 € (0,1) such that

lgllze < llglzal llglZe- (20)

To prove (20) we choose 0 such that 1/q = (1 —0)/q1 + 0/q2, and then apply
Holder’s inequality with indices g2/(gf) > 1 and (g2/(¢f)) = q2/(q2 — q9).
We use also an inequality converse to (19), see [1, 2, 11],

1% < CLFO)" + C/B [RF()PA = |))PdV(z), 0<p<2. (21)

Consider now three cases. If 0 < ¢ < p < 2, then choosing

_RI) L dV(2)

9) = 70 P

(L—=1[z0),  du=1f(2)|
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1-60 0 . 2(p—q)
=—+, that is 0= ,
q 2 p(2—q)

we obtain

SRR

by (19), (20), (14),

~—

1-6
150 < Colpn(F) = Collglh gy < Collglraam 915

= Cp(Lpa(D)" (L 2(£)™"
< Cp([-"p,q(f))p(l 9)/q||f”p 0/2.
Thus,
I 72 < Oy (L (),
or
1F %0 < CoLyg(f)-

If 0 < g < 2 = p, then we may pass in the last inequality to the limit as p — 2—
because the constant C), in view of (20) is bounded in p € (g, 2).

If 0 < ¢ <2 < p, then choosing 6, satisfying
1-0 6 P2 -9

= — + - that is 0=
q p’ 2(p—q)’

\/ DN | =

by (21), (20), (14), we obtain
2(1-6)

£ < CLp2(f) = CllalZaa < CllgliS 91 )
2(1-0 26
— C(Ly (1) (L, (1))
-6
< C(Ly o)) 112,
Thus,
1122 < C(Ly0(£) 0,

or

_ 1—-6
U270 < C(Lyq (1)) 0.

In all cases (13) follows.
The next result is an analogue and consequence of Theorem 1.

Theorem 5. Leta> —1,0< ¢<p<oo, f € H(B). Then

0)F + /B FEP IR~ D4V () = [ (22)

Proof. For n =1, Theorem 1 asserts that

/If(Z)Ip(l—lzl)adm(Z)xIf(O)\”+/ [F@IP ()L = |2)*Fdm(z).
U U

25
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Apply it to the slice function f¢(2) = f(2(), z € U, ¢ € S,

/|f<(2)\p(1—|2\)“dm(2)x|f(0)|”+/ [fe ()P fER)| (L = |2])* T dm(2).
U U

(23)
Using (16) and (17) we integrate (23) over the sphere and obtain (22).

From Theorems 1 and 5 the following corollary follows.

Corollary 1. Suppose a > —1,0< g<p< oo and f € H(B). Then

1/

¢

\f(0)|p+/BIf(Z)Ip_q\Rf(Z)\q(l — [z))*HdV (2)

= \f(0)|p+/BIf(z)lp*q\Vf(Z)lq(l—IZI)‘”qu(z)

Corollary 2. Suppose 0 < ¢ < p < 00, > —1 and f € H(B), then the
following relationship holds

1
|vwﬂxLﬂmw+[;Mﬁ%ﬁnMﬂRﬁmu—rwﬂm.

Proof. The case p = ¢ follows from Theorem 5. Hence assume that ¢ < p.
From the proof of Theorem 2 for g = R f and Theorem 5, we obtain that

1. SCONW+4U@FWH@%%VW“W@)

IN

C <|f(0)|” + /01 M2, r)MI(Rf,r)(1 — r)wczr) .

The reverse inequality, follows by applying Hélder’s inequality with expo-
nents p/(p — ¢) and p/q to the last integral, and by Theorem 5 for p = q.
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Abstract

By using the classical Hausdorff identity it is possible to define general families
of Gould-Hopper and Laguerre polynomials. In this article we obtain further
generalizations of Laguerre polynomials, and construct the relevant properties
by exploiting a standard technique associated with the monomiality principle.
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1 Introduction

In a previous article [1], by exploiting the classical Hausdorff identity and the the mono-
miality principle, introduced by G. Dattoli [2], we considered general sets of Gould-
Hopper [3], [4] (also called Kermite-Kampé de Fériet) polynomials [5], [6], defining
consequently new sets of multi-dimensional Laguerre polynomials.
In this article we define further generalizations of the Laguerre-type polynomials in-
troduced in [7], and construct the relevant properties by using a standard technique
associated with the monomiality principle.

We recall that a given set {p,(z)}, (n € N and z € C) is defined a “quasi
monomial” set [2], if two operators P and M, called from now on “derivative” and
“multiplication” operator respectively, can be defined in such a way that

{3(1%(33)) = npp-1(z),
M(pn(z)) = ppsr(2). (1.2)
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The P and M operators are shown to satisfy the commutation property
[P,M]=PM—MP=1, (1.3)

and thus display a Weyl group structure.

Note that in this article we always consider polynomial sets, but the monomiality
technique can be actually applied to more general special functions including e.g. the
Bessel functions.

The properties of {p,(z)} can be deduced from those of the P and M operators.
If P and M have a differential realization, then pn(z) satisfy the differential equation

~

M]S(pn(aj)) = npn($) (1'4)

Assuming here and in the following po(xz) = 1, then p,(z) can be explicitly con-
structed as

palw) = M™(1). (1.5)

The last identity implies that the exponential generating function of {p,(z)} can be

cast in the form n
e™M(1) = Z ‘pn( ). (1.6)

nO

2 Construction of the multiplication operator

By using the classical Hausdorff identity (see e.g. Wilcox [8]), we proved in [1] the
following theorem:

Theorem 2.1 Consider the polynomial set {p,(z)} with po =1, and suppose

neN’
that this famzly 18 quasi-monomial with respect to the operators By and M,. Consider
an operator @ satisfying [®, Py] =0, and eyq’( ) =1.

Put )
Qn(z,y) == ey@(pn(x)) .

Then, the polynomial family {Qn(z,v)},en-

Moreover, the “multiplication operator” M(y) 1is given by

has the “derivative operator” P = b,

2
Mi(y) = Mo+ y(®, o] + 55 [, [, V]| + ... (2.1)

This result can be inductively used to prove the general result below [1]:
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Theorem 2.2 Consider the polynomial set {pn(x,y1,...,yr)}ens With po =1, and
suppose that this famaly is quasi-monomial with respect to the operators P, and M, :=
M, (y1,...,y,). Consider an operator W satisfying [V, P, =0, and e¥+¥(1) = 1.
Define again )

Qn(,y1, - Yra1) = o, 40, y)

Then the polynomial family {Qn(x,y1,. .., Yr+1)}nens has the “derivative operator”
PT+1 = ]57-.

Moreover, the “multiplication operator” Mr+1 = MTH(yl, ce sy Yra1) 1S given by
~ ~ A ~ y2 A A ~
MT-H(yla s 7y'f+1> - M'F + yr[\ll’ M’f’] + 277; [\Ija [\117 MT“ +.. (22)

3 Multi-variable Gould-Hopper polynomials

d
Putting D, := — we find:
dx

[D?7x]:mD§:nil7

so that the action of the above commutator is equivalent to a formal derivative on the

symbol D"
The r-variables Gould-Hopper polynomials H (2, 25,...,2,) are defined as
follows.

We start from Theorem 2.1, assuming p,(z;) =z}, and putting

- 0

P, = —=D,

0 81‘1 !

b = w O ta 8—2+ va, T
Y TR - R o

Mo = 21,

we find: .
exp (@)) Ty =2+ [@,xl} + o1 [QA), {@),xlﬂ +...=
=z + {ngm +a3D2 + ... 4. D, 331} —

=x + 29+ 2.T3Dz1 + ...+ (T - 1)I'T_D;1_2 s
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since all the subsequent commutators vanish.

Therefore (the dependence upon the first variable is always omitted)
M= M(l’g,l‘g,...,l’r) =1+ 29+ 223D, + ...+ (r— 1)$TD;1_2
and consequently
Hy(zl)(gjl,.fg, ey Ty) = (331 + x4+ 2x3D,, + ...+ (r— 1):U,,D;1—2>n )

Remark 3.1 Note that the above polynomials include the Gould-Hopper HY(z,y),
for every integer j > 1.

In fact, we can write:

H"(?)(gl’g?’ T 75"") = H7(L1)<x1’ O,ZE37 cee axT-i—l) )

where
51:.171, 5221’3, ey fr:xr—l—l-

and, in general:
Hr(z,m)<§17§27 s 757‘) - Hr(Ll)(xb 07 s 7O)xm+17 s 7~T'r'+m—1) )
where
é—l = T, 52 = Tm+41s -+ gr = Lr4m—1 -

3.1 Properties

By using the standard technique recalled in Section 1, we find the properties described
below.

e Differential equation

Recalling equation (1.4) we can write:

A A

MPHY =nHM

1.e.

n

(931 + x4+ 2w3D,, + ...+ (r— 1)ZBTD;1_2) D,, HY —p H,(Ll)

and therefore

((:z:1 + 29) Dy, + 22302 + .. 4 (r — 1)er;;1) HY =nHD . (3.1)
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e Generating function

Theorem 3.1 The generating function of the r-variable Gould-Hopper polynomials is
given by

G(t; @1, 29, ... 2) = Y —'Hél)(asl, e Ty) =
n—0 n:
= exp [t (w1 + 22 + 203D, + ..+ (r = D D3 %) (1) = (3.2)

=™t exp (twg + 23 + ... +t"1z,) |

and therefore the H((zy,x4,...,2,) polynomials belong to the class of Appell poly-
nomials [12].

Proof — In fact, we can write

Gty a1, 29, ..., 2) = Y ] €Xp (Q?QD;Bl +a3D +...+ :(:TD;:l) ] =
n=0 """
= exp ($2Dxl +a3D2 + ...+ SL’TD;;l_l) > ( nll) =
n=0 :

:;E ($2Dxl+x3D§1+,_.+er;11) ol —
—o v
1 k! -

try __
ZL'2 373 A =
ol ]

. xﬁrfl D;111+2h2+~~-+(7'71)hr71 e

=

t1 3]
2 hilhol - hoy!

|
* hitho+...+hr_1=k

(1) ()" -+ () =

k=0 r—1:
(e%e] tx
= ekll (t:c2 42254 ..+ t’”‘lxr)k _
k=0 "

= e . exp (twg + 23+ ... + " 1a,) .

|
e Explicit form
Theorem 3.2 The r-variable Gould-Hopper polynomials are explicitly given by
h1 ,.he hr—1
(1) - (w1t @)™ 25°
HM(z1,22,...,2,) =nl Y I ol (3.3)

i (n|r—1)
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where k = hy +hy+ ...+ h,—1, n:=hy+2hy+ ...+ (r—1)h,_1, and the sum
runs over all the restricted partitions mi(n|r — 1) (containing at most r — 1  sizes)
of the integer n, k denoting the number of parts of the partition and h; the number
of parts of size i. Note that, using the ordinary notation for the partitions of n, i.e.
n = hy 4+ 2hs + ... + nh,, we have to assume h, = h,,1 = ... =h, = 0.

Proof — We start from the generating function
— 77(1) " 2 r—1
> HY (:Cl,...,xr)ﬁ :exp<t(ﬂc1+x2)+t T3+...+1 xr) =
n=0 :
=exp (t& + 2 + ...+ 171 )
where
&i=a+ g, Si=x3, L& =T

and therefore

S (6 + 126 + ..+t )"

P k!

0o
_ . 1 ¢cheo . hr_1 h1+2h2+...+(7‘—1)h,«,1
_Zkl Z hilhol - h '5152 gr—lt .
k=0 " hithot...thy_1=k 102 r—l:

Putting n :=hy 4+ 2hy + ...+ (r — 1)h,—1, we find

tﬂ,

a:

Z H?SI)(ID s 7x'r)
n=0

(11 + 22)™ xl§2 el
hy! hs! h_q!| n!’

(o]
:Z n!

n=0 hi+ho+...4+h,._1=k
so that the result follows. [ |

Remark 3.2 Note that the last proof is essentially the same of that we used in our
preceding article [1] relevant to the case of the Hermite-Kampé de Fériet polynomi-
als H®(xy,29,...,7,), so that even in the considered general case the polynomials
H(\)(zy,29,...,2,) are Bell polynomials corresponding to a composite function of the
type exp(g(t)), as was already noticed in [9]. Namely, by using the notation of
Riordan’s book [10], we have:

H,(ll)(xl,xg,...,xr) =Y, (x1+xo,23,...,2,,0,0,...,0) .
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4 Multi-variable Laguerre polynomials
Introducing the notation Dy := D, x D,, we find:
D7, D =m Dpt

The 7r-variables Laguerre polynomials L) (zy,y,...,2,) are defined as follows.

We start from Theorem 2.1, assuming p,(x1) = and putting

nl’

R 0 0
P, = —1— =
0 81'1 ! 61’1 Ly
® = =z Dp, +u5 Di, +...+xz D!
MO = l)_1

xr1 )
we find:

exp (#) D3t = D31+ [8,05] + o[8[, D] + ... =

= D;ll + [x2DLx1 + I’3D%ml + ...+ CCTDE;: , Dljll] =

— D;11 + @y + 223D, +...+ (r — 1):(:TD2:12 ,

since all the subsequent commutators vanish.

Therefore (the dependence upon the first variable is again omitted)

M(wy, x5, ., 00) = Dy + @9+ 223Dy, + ...+ (r = V)a, Dy
and consequently
LW (xy, 2y, ... 2,) = (D;ll +xy+ 203D, + ...+ (r— 1)er£;2) .

Remark 4.1 Note that, in a similar way, even in this case the above polynomials
include the LY)(z,y), introduced in [7], for every integer j > 1.
The corresponding general formula is as follows:

La(’Lj)(él?é% s 757') = ngl)(xlvoa S 707‘Tj+17 s 7xT+j*1) )

where

Si=x1, L=Tj01, ., § = Tppja.
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4.1 Properties

By using the standard technique recalled in Section 1, we find the properties described
below.

e Differential equation
Recalling equation (1.4) we can write:
MPLY =n LM
i.e.

n n

[(f?;f + 952) Dr,, 423D} + ...+ (r - 1)er2;1} LY =nLW. (4.1)

e Generating function

Theorem 4.1 The generating function of the r-variable Laguerre polynomials is given

by
o
Fi(t;zy,xq,...,2,) = Z —'Ln (T1,...,2,) =
= n!
= exp {t (Dﬂjl1 +9+ 223D, +...+(r— 1):er£;2)} (1) = (4.2)
= e1(txq) - exp (twg + 223+ ... + 1" 'a,) |
where ey(x) = Y52 ,x%/(k)? s the Laguerre-type exponential function [11], and

therefore the LV

polynomials [13].

(x1,x9,...,x,.) polynomials belong to the class of Laguerre-type Appell

Proof — Recalling the eigenfunction property of the Laguerre-type exponential i.e.:
Dy, ei(ax) = ae;(z), we can write:

t'f’b
n!

0o B ™
Fi(t;xy,z9,...,2,) = ZO exp (:L'QDLII + x3 D%xl +... .tz szll) ;1' =
(

— exp ('IQDLwl +x3 D%xl + o e +xr Dz;l) Z

n=0

tl’l)n
(n!)2
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| N
= %l (DLI1 + a3 D%zl +...+a Dzzll) ei(try) =
k=0 """
— io: l Z k! $h1xh2 Ce xhr—lDh1+2h2+.,,+(r,1)hr_lel(txl) _
k=0 k‘ hi+hot...+hr_1=k h1|h2' cee h’T‘fll 2 +3 r La,
> el(ml) Z w hi(42,. \h ~1_.\h
= Z (txZ) 1(t 33-3) 2., .. (tT‘ xT) r—1 _
i—o K R S hilho! -+ h,_q!

= Z 61(];%1) (txz + 20y ..+ tr_1$r>k =
k=0 :

= e1(txy) - exp (twg + Paz + ...+ " 1a,)

|
e Explicit form
Theorem 4.2 The r-variable Laguerre polynomials are explicitly given by
h1
D1 + ZL'Q) gth Q;hrfl
(1) —n) (“""’1— ik S )
L (xy,z9,...,2,) =n! Z W ol T (4.3)

i (n|r—1)

where k:=hy+ho+ ...+ h.—1, n:=hy+2ho+ ...+ (r—1)h,_1, and the sum runs
over all the restricted partitions mp(n|r — 1) (containing at most r — 1 sizes) of the
integer n, k denoting the number of parts of the partition and h; the number of parts
of size 1.

Proof — The result is obtained by following the same method as in the case of the
r-variables Gould-Hopper polynomials, but can be also derived by applying to both
sides of equation (3.3) the differential isomorphism described in [7], and recalled in the
following section.

5 Higher order multi-variable Laguerre polynomi-
als

We recall that in [7] general forms of two variable Laguerre polynomials was intro-
duced, by using a differential isomorphism connecting the Laguerre polynomials with
the Hermite-Kampé de Fériet (or Gould-Hopper) ones. These polynomials represent
the Laguerrian counterpart of the Gould-Hopper families.

37
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Namely, consider the isomorphism, denoted by the symbol 7 := 7., acting onto the
space A := A, of analytic functions of the = variable by means of the correspondence:

D:=D, — Dp:=DzxD; r — D;', (5.1)
where
“ngqy . X"
D)=L (5:2)
so that
ny 2

It was shown (see [11], [7]) that the polynomials H-KdF polynomials H(V(z,y) :=
(x 4+ y)™ are transformed into the L,(—x,y) by 7., considering the variable y as
a parameter.

In order to avoid the change of sign of the x variable, we use the notation:

n yn—rxr
Ly(z,y) =L, (—z,y)=n!y ———— 5.4
(z,9) (—z,y) =n Z:% (GG (5.4)

so that, we can write:

Lo(x,y) = LV (2,y) = T, (H"(x,y)) . (5.5)

Note that the exponential function is transformed by 7, into the Laguerrian
exponential e;(z):

(") = er(x) 1= ki <Z!)2. (5.6)

The above isomorphism can be iterated, then producing the higher order two-
variable Laguerre polynomials considered in [7].

It is convenient, in the following, to introduce a suitable notation regarding the
isomorphism 7, and its iterations 7.°. According to the above definition we can
write:

T.=D;'=D.'(1) (5.7)

(5.8)
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and, by induction:

xn

(nl)*

This is in accordance with the results in [11] about the definition of the higher order
Laguerre-type exponentials, which are defined in such a way that:

s _ 7gs—1pn-—1 _ -1 -n o
7> =T""D_ (1) = DT;—l(l) so that Dt (1) =

7—13—1 (59)

[e%S) k

Ti(e") = es(x) =) E) (5.10)

k=0
Working with the iterated isomorphism 7.7, derivative operator D := D, must
be substituted with the Laguerre derivative

DsL = (DSL)I =DxD---xD (511)

(containing (s + 1) ordinary derivatives with respect to the z variable).

We are now in condition to generalize the results of Section 4 to the multi-variable
case.

Note that

m -1 _ m—1
D, Dt | =m Dyt

Let us define the s-order and r-variable Laguerre polynomials as
LS?S)(%, To,y ..., L) = <D7_§5}1 + 9 + 2173D5Lx1 +...+0r- 1)ITD;ZZ21>TL
Then, by iterative applications of the isomorphism 7., over the corresponding

equations of Section 4, we find the following results

e Differential equation

[(Dggl +22) Dar,, +223D%, + ...+ (r = D, D! | LY = n L3 (5.12)

e Generating function

Theorem 5.1 The generating function of the s-order and r-variable Laguerre poly-
nomials 1s given by

<t
Fy(tiay, aa, ... ) =Y o LY (2, .. 2,) =
n=0 """
= exp [t (D;.fl1 + 32 + 223 Dsr,, + -+ (r = V2,52 )] (1) = (5.13)

= ey(tay) - exp (twy + 223+ ...+t 1a,) |

where es(x) is the Laguerre-type exponential function [11], defined in (5.12) and
therefore the L) (zy,...,x,) polynomials belong to the class of Laguerre-type Appell
polynomials [12], [13].

39
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e Explicit form

Theorem 5.2 The the s-order and r-variable Laguerre polynomaials are explicitly
given by

(D7} + 2 )h1 he  h
T ") ry o (5.14)
Iy ha! hy )

L)z, 29, ..., 2,) = 1!
i (n|r—1)

where k:=hy+hy+ ...+ h.—1, n:=hy+2ho+ ...+ (r—1)h,_1, and the sum runs
over all the restricted partitions m(n|r — 1) (containing at most r — 1 sizes) of the
integer n, k denoting the number of parts of the partition and h; the number of parts
of size i.
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Abstract

It is introduced the notions of oscillation of interpolation type and
quadratic oscillation in average for a piecewise interpolation function. Af-
terwards, is obtained the cubic spline function of interpolation generated
by initial conditions which have minimal quadratic oscillation in aver-
age, using the least squares method and Cauchy-Buniakowski-Schwarz’s
inequality.
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1 Introduction

The notion of oscillation of interpolation type introduced here, is proper for
any interpolation functions. Here, we use this notion to construct the quadratic
oscillation in average and afterwards, we determine the cubic spline of inter-
polation generated by initial conditions having minimal quadratic oscillation in
average.

Consider an interval [a, b] and a division A,, € Div[a, b] of this interval,

Ap:a=20 <21 < ... < Typ1 < Ty, = b. (1)

Let h; = z; — x;—1 and I; = [z;_1,%;], Vi = 1,n . We associate to the division
A, .the system of n + 1 real numbers, y = (Yo, ¥1,..., Yn) € R"™! and let
k(A,) = n + 1, the dimension of this division. For each i = 1,n we define
D;: I, — R, by

i — Yi—1

Dl(l‘) =Yi—1+ L h . (J? — in_l), Vo € I;. (2)
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The graph of D; is the line joining the points (z;—1,¥;—1) and (z;, y;).

We construct D (y) : [a,b] — R, such that D (y)(z) = D;(z), V& €
[€i—1, 2], Vi =1,n.Tt is easy to see that the graph of D (y) is the polygonal
line interpolating the points (z;,%;), ¢ = 0,n. For any i = 1,n, let D; (y) :
[a,b] — R, defined by

0, T < Ti_1
D;(y)(z) =4 Di(z), € [zi1,z] (3)
, I >X;.

Let f : [a,b] — R, continuous such that f (z;) = y;, ¢ = 0,n and denote
by fi, the restriction of f to the interval [z; 1,2;] for any i = 1,n. For any
i = 1,n we define f; : [a,b] — R, by

o 0, z<x;1
filz) = ¢ filz), =€ [wi1,2] (4)

b
0, x>

We will consider that the functions f;, i = 1,n are the components of f with
respect by the division A,, € Div|a, b]. We can write, f = (f1, ..., f) . Of course,
in this sense D; (y), 4 = 1,n are the components of D (y) with respect by the
division A, € Div[a,b], D(y) = (D1 (y),..., Dy (y)) -

Now, let us consider the interval [a,b] and his division A,, € Div|a,b] be
fixed.

We will use the notion of generalized vector valued metric (see [1] and [3]).

For f = (fi,...., fa) and g = (41, ..., gn) we can consider

d(f,9) = (Ih=ale - llfo = Talle)
where ||-|| is the Chebyshev’s norm of uniform convergence on Bla, bl

Bla,b] ={f :[a,b] — R | f bounded}.
We see that d is a generalized metric on (B[a,b])" .
Definition 1 A function p : Cla,b] x R¥An) — R, is oscillation of interpo-
lation type corresponding to the division A, € Divla,b] if for any f € Cla,b]
and y = (Yo, Y1, - Yn) € RFEA) we have f(x;) = y;, Vi = 0,n and has the
properties :
(i) ( positivity ) : p(f,y) >0, VYf € Cla,b],Vy € RFAn) and

p(fiy) =0+ f=D(y)),

(i1) ( absolute homogeneity )

p(Oé'f,Oé'y): |a|p(f7y)7 VO&GR*, erC[a,b],VyeRk(A"),
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(iii) ( monotony ) : for any f € Cla,b] and y = (Yo, Y1, Yn) € RFEn) the
following implication is true,

d(f,D(y)) <d(g,D(y)) = p(f,y) < p(9,9).

Definition 2 The quadratic oscillation in average corresponding to A, is the

function
p(f, An,y) : Cla,b] x RFA) L R, (5)

defined by

b n
ofAn) = | [ (i) - Dilw))d )

where, f = (f1,.... fn) and D (y) = (D1 (y) ..., Dy (y)) is as above.

Remark 1 We see that p(f,An,y) >0, Vf € Cla,b] with f(x;) =y;, Vi=0,n
and p(f,An,y) =0<= f =D (y). Moreover,

pla- f,An,a-y)=|al-p(f,An,y), Ya € R

and

|fi = Di|l <||gi = Dill, » Vi=Tn= p(f,Any) < p(g, An,y).

Therefore, the quadratic oscillation in average is a oscillation of interpolation
type corresponding to the division A, € Div[a,b]. Since,

p(f;Anvy) S \/n(b_a‘). ”f_DHC

we infer that minimizing the quadratic oscillation in average, we will minimize
the distance between the function f and the polygonal line. Consequently, will
be minimized the oscillations of f on [a,b).

Since,
o o o & r < x;_1
[fi(z) = Di(x)]* = ¢ [filz) = Di(2)]?, =z € [zi—1,2] , Vi=Tn
0, z>u.

we infer that the function given on [a,b] by the sum, Y [fi(x) — D;(z)])? is
i=1
Riemann integrable on [a, b].
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2 Cubic spline function generated by initial con-
ditions

In [4], Criciun Iancu define the cubic spline of interpolation s, generated by
initial conditions and prove that the operator which give this spline function
is linear and idempotent. Moreover, he obtain the corresponding fundamental
spline functions. In [5] are obtained the error estimations,

If=sle  and  [If' =5lc
in the approximation of a function f and of his derivative by s and, s’ respec-
tively, when f is Lipschitzian and respectively, f € C'[a,b] with f’ Lipschitzian.
This spline function is obtained in the following way :

Let
A,:a=29<T1 < ... <Tp_1 <xTp, =, (7
a division of [a, ] and yo, Y1, ..., yn € R. Consider the function s : [a,b] — R,
having the restriction to each subinterval [z;,_1,2;], i =1,n as :
1 3 M; 9
si(x) = @(Mi_Mifl)(m_xifl) +7($—$i71) +mi(r—zi—1)+yi-1, (8)

Vo € [x;_1,2;), where hy = x; —x;_1 Vi = 1,n. To determine the functions s;,
1 = 1,n, are solved the initial value problems :

s (x) = M; + 3-(M; = M;_1)(x — x;-1)
Si(l"i—l) =Yi—1 (9)
si(zi—1) = mi_1,

where M; = s!/(x;). Since s € C?[a,b], we obtain the conditions s(x;) = y;,
s'(x;) = m;, 1 = 1,n, which lead to the relations :

(10)

M; +2M;_q = 6 Yiztizimimahi
M; +M; = w7 1=1,n.
These relations are equivalent with,

{ M;= 5 (yi —yio1) — =2 —2M;

' o s t=1mn (11)
mi = hi (Yi — Yio1) — 2my_y — Ml

From the last relations we infer that m;, M;, i = 1, n, are uniquely determined

starting by yo, ¥1,...; Yn, mo and My. Therefore, in [4] the following result is
obtained :

Proposition 1 ( Lemma 2.1., in [4])For the division A,, € Div]a,b] as in (7)
and for yo, Y1, ..., Yn, Mo and My given, there exist an unique cubic spline of
interpolation s : [a,b] — R, such that,

s(z;))=vyi, t=0,n
s'(xo) = mo (12)
s"(mp) = M.
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Since usually only the values yo, y1, ..., y» are measured, the values mg and
My are effectively free. Therefore, different choice of these two values lead to
cubic spline of interpolation functions having different properties. Here, we
will determine the values my and My such that the corresponding cubic spline

function obtained by the interpolation conditions (12) to have minimal quadratic
oscillation in average.

Let p; = 7~ (yi —yi—1), Vi = 1,n . Using the relations (11) we will determine

m;, M;, i = 1,n, as expression of h;, p;, i = 1,n, mg and My. In this aim we
have successively,

()-(8)+( 1) (m)

Supposing that,
3pk— - — s 3pk—
Mp—1 Pi—1 2 Pi—2
= -1 + 2 . - +
( My ) < if):,l > ( _hk6,1 —2 ) ( 6}5):,22 )
—_9 __hg—1 —92 _hg—2 3 [
+<_6 _% )'(_6 _% )'(6&3 + ...+
hi_1 hi_2 hi—3
_2 _hk—l _2 _hk—2 _2 _@ 3p1
2 . 2 . 2 .
’ ( _hkﬁ—l —2 > < _hk6—2 —2 ) ( _f?Q —2 6hL11 -
Y () ) ()
6 : 6 Teeet 6 : )
" he—1 —2 " hk—2 —2 T hy —2 Mo

and using the relations (11), we will have in a inductive way, for k = 2,n, that :

3 -2 —he 3Dk
(ﬁk):(é}f)—i-(_a _%)'(61%—11>+ (14)
k hie R

(o m)- () (1 3)
gé:(h17"'7hk;p1,~..7pk) Pl _ 6 _9

_9  _h _9  _he _9 _ha
e 2 TRy —2 hs 2

47
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we can resume that for any & = 1,n, we have :

k
my 91 (hla"'ahk;plv"'apk) )
= + 16
( Mk: > < gé(hla"'ahk;pla“'apk) ( )
h hp— hi
Y () (2 ()
" hi —2 T he_a —2 T hy —2 Mo

Remark 2 If the division A, is uniform, that ishy =hs =...=h = b;‘ﬂ then

the relations (16) becames,

k h k
my, gt (hs D1, ey i) ) ( -2 -% ) ( mo )
= + . , Vk=1,n, (17
< M, ) ( 95 (h;p1, .y Pk) -5 2 M, n, (17)
which lead to the following algorithm to compute the values my , My , for each
k=1,n:

B ho\J

Step 1 : Firstly, we compute ( 7% 7% ) ,Vi=1,k.
h

Step 2 : Compute pi, , k =1,n and

k—1 ;
() -(2)-£(3 30 ()
glg(h;pla'"apk) % — _% ) %
Step 3 : Finaly,

k
My, g5 (hip1, ..., D) -5 -2 My )

In this way, we obtain,

mg = (P(h, Yo, "'7yk;m07M0)
, Vk=1,n, 18
{ Mk :w(h7y0a"'ayk;m07M0) ( )

where,

k
W(h‘vyOM"ayk;mOaMO) _ gf(hﬂplaapk) + -2 7% . mo
(R, Yo, -y Yrs Mo, Mo) 95 (h;p1, -y Dk) -2 -2 My
Remark 3 The above algorithm can be realized in the same way for any division
( not only uniform ) and obtain,

mg = Qﬁ(hl, EE) hkvyOa -0 Yk M0, MO)
, Vk=1,n. 19
{ Mk = 7/)(h17~-~7hk72107---7yk;m07M0) ( )

Moreover, since




CUBIC SPLINES

and we can obtain uniquely mo and My depending on my;, My, p;, hi, i = 1,7,
for any n € N*| having :

hy -1 hy— -1 hy —1
( mg ) _ ( _g 2 ) _2 - ( —2 — ) .
My Ty -2 — _9 £ _5
me \ [ 3pk [ -2 — [ 3pe
[( M;, ) ( %’“ ) < —hik -2 % , Vke{l,..,n}.

(20)

Therefore, any function depending by ms, My, p;, hi, i = 1,n, will depend only
by mg , My, yi, hi, Vi =1,n. Consequently, we will have for any i =1,n

$i(@3 i1, Tiy Yio 15 Yis Mi—1, My, M1, M;) = 53(2; i1, T4, Yi1, Yi, Mo, Mo)

and since the knots xg, ..., T, and the values yo, ...,yn are fized at the begining,
we can write :

si(z) = s;(x;mo, Myp), Vo € [xi—1,25], Vi=1,n.

Using D;, i = 1,n, we want to determine mg, My by the least squares
method such that :

[ tste) - D) @y — min.

From the relations (14) we can compute
ai(hl,...,hi), bi(hl,...,hi), Ci(hl,...,hi), di(hl,,hz)
such that,

ci(hi, ..., hy) - mo +di(hy, ..., hi) - Mo ) _ (21)
a,-(hl, . hz) - mg + bi(hl, s hz) - My

hi hi—1 h
(2 ) T) (3 D ()
—6 ) = =2 £ -2 M,

R

and then we have for any i = 1, n,

m; = ci(ha, .., hi) -mo + di(ha, ..., hi) - Mo + gi (ha, s his pr, o pi) (22)
M; = ai(h, ..., h;) - mo + bi(ha, ..., hy) - Mo + g5(ha, .. hisp1, oy pi).

The second relation from (22) imply that

Mi - Mi—l = [a’i(h‘ly s h‘l) - ai—l(h‘17 s hi—l)] + Mo + g%(hlv ) h’i;pla apt)_

—g5 (s ey him 15 D1, ey Di1) + [Di(Ra, ooy hi) = b1 (B, oo him1)]- Mo, Vi=T,n
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and so, shorting the notations for a;, b;, g, we obtain,

si(x;mo, My) = A(x)-mo+Bi(x)-Mo+Ci(x), Vo € [xi1,x:],¥i =1,n, (23)

where A%, Bi, C% are polynomials of third degree in = — z;_1,

Ay(z) = M(x —xi1)? + it (z—mim1)? +cimi(z—xim1)  (24)

6h; 2
. b; —b;_ b
Bé(fb) = g(xfzi_l)ng 1(1371}7;_1)24’6{1'_1(1’71’1_1)
6h; 2
. gz _gifl gifl )
Cé(:c) = %(x — 1’171)3 + 27(1’ — :Uifl)? + giil(iﬂ — (Eifl) + Yi—1-

Let A%, BL, C%: [a,b] — R, i = 1,n defined by,

. ‘ 0, z<zi1 o ‘ 0, z<zi1
Ai(z) = ¢ Ai(z), z€lzi,2;) , Bi(x)= Bi(z), =€ [ri—1,;
, x> T 0, z>u.

and similar a@ Then, denoting

0, T < Ti_1
[5i(x) — D (y) (@))> = [si(x) — Di(2)]?, @€ [wic1, 3] , Vi=1,n
0, z>u.

and according to (23) we will have,

5i(2;mo, Mo) = mo-Ai(z) + My - Bi(z) + Ci(x), Va € [a,b], Vi=T,n. (25)

3 The main result
Applying the least squares method we obtain the following result :

Theorem 2 If

b

n

201, s st 0, Mo) = [ (Y fsi) = D (9) ()

o =1

then uniquely exist (Mg, Mo) € R? such that

Z(hlv eeey hnvy[); seey ynama H()) = (TVLQ,IJ\I}(ing)ER2 Z(hlv eeey hnvy()a ceey Yns o, M())

and the quadratic oscillation in average of the cubic spline function determined
( according to (12) ) by yo, ..., Yn, Mo and My, is minimal.
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Proof. Since the knots of the division A,, and the values vy, ..., y, are fixed,
we can consider Z(hi, ..., An, Yo, -y Yn; Mo, Mo) = Z(mo, My) and consequently
we have, Z : R? — R,

b n
Zmo, M) = [ (3 fsi@) D () (@) (26)
On the other hand,
b n b n
Z(mo, Mo) =i [ Y- (A(@)Pde + Mo [ SO (Bi(o)Pdot

b, b
+2mo [ Y- B (@) Bila)ds + 2mo [ 3 Ay(@)[Cila) - Dilw)d+

b n b n
+2My [ 3" Bi(@)(Ci() - Diw)da + [ - [C5(e) - Dilw) *da,

a - a i=1
We denote
b n b n
R~ [ Y@, Q= [YBere
W =1 w =1

b n —_
moR3 + MoTs = — [ ; 5(2)[C5(x) — Dy(x))dx
b [ J— — —_
moTs + MoQs = — [ ; 5(2)[C4(x) — Di(x)]da

and denote A = R3Q3 — T3,

b n
A= / (D _[Ci(w) = Di(x)] - [T3Bj(2) — Qs A5(2)])dx

i=1

51
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Then we have,
My = ——, My=—" (27)

and the Hesse matrix is,

27 (—— 2 —
H (5, M) a0 M) g, (7, 1) (2R3 o7, >
z(mo, M) = 2 o 0Mo AT _
%(mO’MO) ,9871\423(7”07]\40) 2T3 2Q3
having,

2

N 7 _
det Hz(mi(), Mo) = 4(R3Q3 — T32) =4A and %(mio, MQ) =2R3 > 0.
0

If we prove that A > 0 then (g, M) is the unique solution of the system :

97 (mo,Mo) =0

8177,0

) (28)
%}\Z(mOa MO) =0
being also, the single point of minimum of the function Z.
In this aim we will use the Cauchy-Buniakovski-Schwarz’s inequality. From the
discrete variant of this inequality we have,

n n n

D [A5@)2 -\ | D Bi@)? > ) Aj(e) - Bi(x), Va € [a,0], ¥i=Tn, (29)

i=1 i=1 i=1

and the integral variant lead to :

b . b, n n
Al (2)|2dz) - Bi(z)|2dz) > Ab(2)]2 - i (x))2dz| .
</;[ Ha) ><a/;[ @l = | [ || S @ Y (Biw)

Using the above inequalities (29), (30) and the monotony of the Riemann inte-
gral we obtain :

b b B

b n n n
([ S @) ([ S B @R > | [ Y o) Bifwyds |

that is, R3Q3 > T3.

In the above inequality we can have equality only when A} = B, Vi = 1,n,
which not holds. Then, R3Q3 > T2, that is A > 0. As consequence, exist an
unique (g, My) € R? such that

Z(mo, My) < Z(mo, My), Y(mo, My) € R?,
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where the point (g, Mp) is given in (27). Denoting by S(x;y, mo, M) the cubic
spline of interpolation uniquely determined by the conditions (12), the above
inequality lead to the minimal property of the quadratic oscillation in average,

p(S(fE; Y, Mo, ﬁo)y Ay, y) < p(S(fE; Y, mo, MO)7 Ay, y)7 V(mo, MO) € R%
[ |

Remark 4 To compute the values g and My we follow the steps :
1) Compute
Q; :ai(hl,...,hi), bl :bi(hl,...,hi),
C; :Ci(hl,...7hi), dz :dl(hl,,hl)
91(h1, ey hizp1y i) and  gs(ha, .. hiyp1, i), Vi = 1,0,
by the relations (15) and (21);
2) Compute the functions A%, Bi and Ci using (24);
3) Compute R3, Qs, T3, A, Ay and As . Finaly, using (27) we obtain Ty and
M .
The similar error estimations,

If=sllc  and  |f' =5l

can be realized as in [5].

The notion of quadratic oscillation in average and the above presented method
can be adapted also for other types of cubic spline functions from literature ( see
for instance, [2] and [6] ).

Here is the geometric interpretation : In plane, there exist a set between the
graph of S(x;y, Mo, My) and the polygonal line joining the points (z;,vy:), 1=
0, n. If we rotate this set round about the x-axis we obtain a body having minimal
volume.
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Abstract

This paper deals with discrete monotone iterative algorithms for
solving a nonlinear singularly perturbed reaction-diffusion problem.
A monotone domain decomposition algorithm based on a Schwarz al-
ternating method and on block iterative scheme is constructed. This
monotone algorithm solves only linear discrete systems at each iter-
ative step of the iterative process. The rate of convergence of the
monotone Schwarz method is estimated. Numerical experiments are
presented.

Keywords: Singularly perturbed reaction-diffusion problem; Nonover-
lapping domain decomposition; Monotone Schwarz alternating algorithm;
Block iterative scheme; Parallel computing

1 Introduction

Consider the nonlinear singularly perturbed reaction-diffusion problem

Pu  O%*u
<3x2 + 3y2) + f(z,y,u) =0, (v,y) € w, (1)

u=gondw, f,>c (x,y,u) € X (—00,00),

wherew = {0 < x < 1,0 < y < 1}, p is a small positive parameter, ¢, > 0is a
constant, dw is the boundary of w and f, = df/0u. If f(x,y,u) is sufficiently
smooth, then under suitable continuity and compatibility conditions on the
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data, a unique solution u of (1) exists (see [6] for details). Furthermore, for
i < 1, problem (1) is singularly perturbed and characterized by boundary
layers (i.e., regions with rapid change of the solution) of width O(u|In pl)
near Ow (see [1] for details).

In the study of numerical solutions of nonlinear singularly perturbed prob-
lems by the finite difference method, the corresponding discrete problem is
usually formulated as a system of nonlinear algebraic equations. A major
point about this system is to obtain reliable and efficient computational al-
gorithms for computing the solution.

In this paper, we are interested in solving the standard nonlinear differ-
ence scheme applied to (1) by the monotone method (known as the method of
lower and upper solutions). This method leads to iterative algorithms which
converge globally and solve only linear discrete systems at each iterative step
which is of great importance in practice (see [4] for details).

Iterative domain decomposition algorithms based on Schwarz-type alter-
nating procedures have received much attention for their potential as efficient
algorithms for parallel computing (see the review [5] and the two books [11],
[13] and references therein). Lions [7] proved convergence of a multiplicative
Schwarz method for Poisson’s equation using the monotone method. In [8],
some Schwarz methods for nonlinear elliptic problems using the monotone
method were considered. Both [7] and [8] examined the theoretical conver-
gence properties of continuous, but not discrete, Schwarz methods, and a
major concern in studying monotone Schwarz methods about estimates of
convergence rates was omitted.

In [3], we proposed the discrete iterative algorithm which combines the
monotone approach and the iterative domain decomposition method based
on the Schwarz alternating procedure. In the case of small values of the
perturbation parameter u, the convergence factor ¢ of the monotone domain
decomposition algorithm is estimated by

q=q+o(p),

where ¢ is the convergence factor of the monotone (undecomposed) method.

The purpose of this paper is to extend the monotone domain decom-
position algorithm from [3] in a such way that computation of the discrete
linear subsystems on subdomains which are located outside the boundary
layers is implemented by the block iterative scheme (see [14] for details of
the block iterative scheme). A basic advantage of the block iterative scheme
is that the Thomas algorithm can be used for each linear subsystem defined
on these subdomains in the same manner as for one-dimensional problem,
and the scheme is stable and is suitable for parallel computing. For solving
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nonlinear discrete elliptic problems without domain decomposition, the block
monotone iterative methods were constructed and studied in [10]. In [10],
the convergence analysis does not contain any estimates on a convergence
rate of the proposed iterative methods, and the numerical experiments (see
also our numerical results in Section 5) show that these algorithms applied
to some model problems converge very slowly.

The structure of the paper is as follows. In Section 2, for solving the non-
linear difference scheme, we consider an iterative method which possesses
the monotone convergence. In Section 3, we construct a block monotone
domain decomposition algorithm. The rate of convergence of the proposed
domain decomposition algorithm is estimated in Section 4. The final Sec-
tion 5 presents results of numerical experiments for the proposed algorithm.

2 Monotone iterative method

On @ introduce a rectangular mesh " = @™ x o":

" ={;, 0< i< Nyj 20 =0, an, =15 hyy = T340 — 33, (2)

0" ={y;, 0<7 <Ny yo=0, yn, = 1; hyj = yj1 — y; }-

For a mesh function U(P), P € &", we use the following difference scheme
LU(P)+ f(PU)=0, Pcw", U=gondu" (3)
where LU (P) is defined by
LU = —p*(D%D* 4+ DY.DY)U,

and D% D*U(P), DY D?U(P) are the central difference approximations to
the second derivatives

DY D* U = (hi) " (Uigr; — Usj) (hai) ™ — (Uij — Uiz15) (hayim1) '],

DYDY Uij = (hyy) " [(Uigar — Ug)(hyy) ™ = Uy = Uy 1) (hyj-1) 7",
by = 2_1(hz,i—1 + hm'), hyj = 2_1(hy7j—1 + hyj)7
where U;; = Ul(z;, ;).
Now, we construct an iterative method for solving the nonlinear difference

scheme (3) which possesses the monotone convergence. This method is based
on the approach from [1].
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A fundamental tool for monotone iterative methods is the maximum prin-
ciple. Introduce the linear version of problem (3)

LW (P) + c¢(P)W(P) = F(P), Pcuw", (4)

W(P) = W°(P) on ouw", ¢(P)>cy >0, on@".

In Lemma 1, we formulate the maximum principle for the difference operator
L + ¢ and give an estimate of the solution to (4).

Lemma 1 (i) If W(P) satisfies the conditions
LW(P)+c(P)W(P) > 0(<0), Pew", W(P)>0(<0), Pedu"

then W (P) > 0(<0), P e &
(i1) The following estimate of the solution to (4) holds true

W llen < max([[W2]laun, | Fllr/col, ()

where
arre= max, W(P), |F]l» = max |[F'(P)].

The proof of the lemma can be found in [12].
Additionally, we assume that f(P,u) from (1) satisfies the two-sided con-
straints
0<c, < fu<c" ¢,c" =const. (6)

We say that U(P) is an upper solution of (3) if it satisfies the inequalities
LUP)+ f(P,U)>0, Pcw", U>gonduw"

Similarly, U(P) is called a lower solution if it satisfies all the reversed in-
equalities.

The iterative sequence {U™(P)} is constructed using the following re-
currence formulas

UO(P) = fixed, UO(P)=g(P), Pcdu (7)
LUM™(P) + cU™(P) = U™ Y(P) — f(P,UMY(P)), Peuh,
U™(P) = g(P), Peduw

The following theorem gives the monotone property of the iterative method

(7).
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Theorem 1 Let U@, U be upper and lower solutions of (3), and let f(P,u)
satisfy (6). Then the upper sequence {U™} generated by (7) converges
monotonically from above to the unique solution U of (3), the lower sequence
{U™} generated by (7) converges monotonically from below to U :

U < Q(n) < Q(er) <U< {7 (n+1) < 3R < U(O)7 on @h’

and the sequences converge with the linear rate ¢ =1 — ¢, /c*.
The proof of the theorem can be found in [3].

Remark 1 Consider the following approach for constructing initial upper
and lower solutions U and U . Suppose that a mesh function V(P) is
defined on " and satisfies the boundary condition V(P) = g(P) on ow".
Introduce the following difference problems

LZ,(P)+c.Z,(P) = v|LV(P)+ f(P, V)|, P € uw",

Z,(P)=0, Pcou", v=1,-1.

Then the functions U® =V + Z,, U® = V + Z_, are upper and lower
solutions, respectively.

We check only that U9 is an upper solution. From the mazimum princi-
ple, it follows that Z, > 0 on &". Now using the difference equation for Z,
we have

LV +Z)+F(PV+2Z)=[LV+ f(PV)]+|LV + f(P,V)| 4 (fu— i) Z1.

Since f, > ¢, and 7y is nonnegative, we conclude that U is an upper
solution.

Remark 2 We can modify the iterative method (7) in the following way.
Theorem 1 still holds true if the coefficient ¢* in the difference equation from
(7) is replaced by

™ (P) = max f,(P,U), U™(P) <U(P) < U™(P), P = fized.

To perform the modified algorithm we have to compute two sequences of upper
and lower solutions simultaneously. But, on the other hand, this modification
increases significantly the rate of the convergence of the iterative method.
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3 Monotone domain decomposition algorithms
We consider decomposition of the domain @ into M nonoverlapping subdo-
mains (vertical strips) w,,,m =1,..., M:

Wm =wp, X (0,1),  wy = (Tm-1,Tm),

’ym:{x:'IWMOSyS]-}? @mm@m+1:7m

Thus, we can write down the boundary of w,, as
Ow,y, = ’y,on U Y1 U Yo, 721 = Ow N Ow,y,.

Additionally, we consider (M —1) interfacial subdomains 6,,,m =1,..., M —
1:
O = 07 x (0,1), 6% = (b, 2°),

Om1Nbp =0, 20 <ap, <2t m=1,...,M—1.

The boundaries of 6,, are denoted by
P ={r=ab 0<y<1}, pf ={r=2°50<y<1}, p° =0wnab,,.

Fig. 1 illustrates the x-section of the multidomain decomposition.

T
wm

T
wm+1

T PP T ) S
- m

Figure 1
Onw, m=1,....M,0,,,m=1,...,M — 1, introduce meshes:
ot =o,ne", 0 =0,na" (8)

b e \M-1 hx
{‘vaxm7‘rm}m:1 cw ’

where @" = 0" x " from (2).
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3.1 Statement and convergence of domain decomposi-
tion algorithm

We construct the domain decomposition algorithm which combines algorithm
from [2] with Newton’s-like iteration and possesses the monotone conver-
gence. This monotone algorithm solves only linear discrete systems at each
iterative step of the iterative process.

Consider the following iterative domain decomposition algorithm for solv-
ing problem (3). On each iterative step, firstly, we solve problems on the
nonoverlapping subdomains &" ,m = 1,..., M with Dirichlet boundary con-
ditions passed from the previous iterate. Then Dirichlet data are passed from
these subdomains to the interfacial subdomains 0" ,m = 1,..., M — 1, and
problems on the interfacial subdomains are computed. Finally, we impose
continuity for piecing the solutions on the subdomains together.

Step 0. Initialization: On the whole mesh @", choose an upper or lower
solution U (P), P € &" of (3) satisfying the boundary condition U©® (P) =
g(P) on ow".

Step 1. On subdomains @" m = 1,..., M, compute mesh functions

An)(P),m =1,....,.M, (n = 1,2,...) satisfying the following difference
schemes

LV(P) + cV(P) = UMD (P) = f(P,UMD(P)), Pew,, (9)
Vm(p)=U"Y(P), P e ow.

Step 2. On the interfacial subdomains " ,m = 1,..., M — 1, compute
the following difference problems

LZW(P) + ¢ Z3(P) = UM D(P) — f(P,U"D(P)), Pedy, (10)

g(P), P e pho;
Zm(py =4 Vi(P), P el

VA@I(P)a Pep?rf'

Step 3. Compute the mesh function U™ (P), P € @" by piecing the
solutions on the subdomains

(n) h R h _ .

(P), Pewh\ (0" Uk m=1,..., M;

U™ (P) = (n)( ) “r \ Oy UbR),m (11)
Z(P), Ped m=1,... M-1.

Step 4. Stopping criterion: If a prescribed accuracy is reached, then
stop; otherwise go to Step 1.
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One of possible approaches for constructing initial upper and lower so-
lutions for the difference problem (3) has been suggested in Remark 1 to
Theorem 1.

Algorithm (9)-(11) can be carried out by parallel processing, since on
each iterative step n the M problems (9) for VW(L")(P)7 m=1,..., M and the
(M — 1) problems (10) for ZT(,?)(P),m =1,...,M — 1 can be implemented
concurrently.

Remark 3 We note that the original Schwarz alternating algorithm with
overlapping subdomains is a purely sequential algorithm. To obtain paral-
lelism, one needs a subdomain colouring strategy, so that a set of indepen-
dent subproblems can be introduced. The proposed modification of the Schwarz
algorithm is very suitable for parallel computing. The computational effec-
tiveness of algorithm (9)-(11) depends on sizes of the interfacial subdomains.
Our theoretical analysis and numerical experiments represented below show
that the small-sized interfacial subdomains are needed to essentially reduce
the number of iterations.

Theorem 2 Let U© U be upper and lower solutions of (3), and let f(P,u)
satisfy (6). Then the upper sequence {U™} generated by (9)-(11) converges
monotonically from above to the unique solution U of (3), the lower sequence
{Q(")} generated by (9)-(11) converges monotonically from below to U :

U <y <ytth) < g < gt < gt < g0 n ",

The proof of the theorem can be found in [3].

3.2 Block monotone domain decomposition algorithm

Write down the difference scheme (3) at an interior mesh point (z;,y;) € w"
in the form

dijUij — lijUi—1j — rijUig1y — bijUijo1 — ti5Us j = — f(@4, 95, Uij) + Gfp
dij = lij + 15 + by +ti5, lij = s (ha:ih:c,i—l)_l , Tij = p? (h:cih:ci)_l )
—1 —1
bij = 1 (hyshyg—1)" , tiy = 1 (Ryshy) ™
where G7; is associated with the boundary function g(P). Define vectors and
diagonal matrices by

Ui = (Ui,lu R Ui,Nyfl)lv Gr = (GZD ) Z:Nyfl)lu

Fi(Us) = (fian(Uin)s -, fing—1(Uin,-1))
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L;= diag<li,1> cee li,Nyq), R; = diag(ri,la cee 77ni,Ny71)-

Then the difference scheme (3) may be written in the form

with the tridiagonal matrix A;

di; —ti1 0
—b; 9 d; o —tio
AZ — . .
—bi N, 2 di N, 2 —ti,N,—2
0 —biN, -1 di N, 1

Matrices L; and R; contain the coupling coefficients of a mesh point respec-
tively to the mesh point of the left line and the mesh point of the right
line.

Since d;j, b;j, t;; > 0 and A; is strictly diagonally dominant, then A; is an
M-matrix and A7 >0 (cf. [14]).

Introduce two nonoverlapping ordered sets of indices

My ={mp | mi,....,mp}, a=1,2, M+ My, =M,

Ml#w, MlﬂMgz@, M1UM2:{1,...,M}.

Now, we modify Step 1 in algorithm (9)-(11) in the following way.
Step 1'. On subdomain &", m € M, compute v = {V,,g?l-)(P), 0<i<
im}, m € My satisfying the difference scheme

Am,i‘/;ﬁfi) + C*V7£:i) = Lszglz_—lf + Rm’iUr(:,;rll) T C*Ufr?»i_l)
—Fn(US) + G 1<i < — 1, (12)

v = Ui = 0,0,
where ¢ = 0 and i = i,, are the boundary vertical lines, and G, = {G, ;, 1 <
i < iy — 1}, USTY = {U,(,Z;l),o < i < ip} are parts of G* and U™V,
respectively, which correspond to subdomain &/ .

On subdomain &",m € My, compute mesh function Vn(@n)(P), m € M
satisfying (9).

Algorithm (12) may be considered as the line Jacobi method or the block
Jacobi method for solving the five-point difference scheme (9) on subdomain
wh m € My (cf. [14]). Basic advantages of the block iterative scheme
(12) are that the Thomas algorithm can be used for each subsystem 4,7 =

1,...,4, — 1 and all the subsystems can be computed in parallel.
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Theorem 3 Let U, U be upper and lower solutions of (3), and let f(P,u)
satisfy (6). Then the upper sequence {U™} generated by the block domain
decomposition algorithm (9)-(12) converges monotonically from above to the
unique solution U of (3), the lower sequence {U™} generated by algorithm
(9)-(12) converges monotonically from below to U:

UO < g < gt < 7 < G0 < G0 < GO i b
Proof. Introduce the notation
2Py =vm(P) - U Y(P), Pewt, m=1,..., M,
T (p)y=zM(P)—U™Y(P), Peco, m=1,...,M—1.

Consider the case of the upper sequence, i.e. U (P) is an upper solution.
For n =1 and m € My, by (12)

A B0+ B = A 00— (L iU+ Ry iU L)
(00 = G2 1 <0, 1< <ip—1, (13)

where we have took into account that U is the upper solution. Since
Al > 0 then (A, + ¢*I,)™' > 0, where I, is the (i, — 1) X (i, — 1)
identity matrix. Thus, we conclude that E%)(P) <0,Per, me M, By
(9)
=W (P) + CEQ(P) = —[LUO(P) + f(P.UO(P))] <0, Pewy, (14)
=ZD(P) =0, P e o, me Ms.

By the maximum principle in Lemma 1, we conclude that Eg,ll)(P) <0,P ¢
W, m e My. Thus

=ED(P)y<0, Peah, m=1,...,M. (15)
By (10)
LYW(P) + ¢ YD(P) = —[cUO(P) + f(P,UY(P))] <0, Pco, (16)

0, P e pk;
TO(P)={ W (P), Pep;

‘:'SL)+1<P)7 P e ply.

Using the nonpositive property of Eg,ll)(P), by the maximum principle in
Lemma 1, we conclude that

TO(P)y<0, P, m=1,.... M —1. (17)
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(15) and (17) show that UM (P) < U (P), P € &". By induction, we prove
that U™ (P) < U™Y(P), P € &" for each n > 1.

Now we verify that U™ is an upper solution for each n. From the bound-
ary conditions for V™ and zZ ), it follows that U™ satisfies the boundary
condition in (3). Represent (12) in the form

LV + FVI): = —LoiE ) = RmiEonit) + [€T0Y
~(n—1 * n n
—F (U] = [ Var] = Fa(VID], (18)
where we have introduced the notation
LV 4 FVSDs = A Vrd = (Lon Vs + B iVt Fr (V) = G
By the mean-value theorem and (6)

(W —fW)] =2 = [(2)] = (W = Z) = Fu(W = Z) > 0,

whenever W > Z. Using this property, (15) and L,,; > 0, R,,; > 0, we
conclude
LV (P + f(P, VM) >0, Pewt, meM,.

From (9) for m € Ma, by the mean-value theorem, (6) and (15), we have

LYV I(P)+F(PVY) = =(¢ = fu(P)ER(P) 2 0, P € wly, m € M, (19)

m?

where f, = fu[P,U"D(P) + ™ (P)ZW(P)], 0 < ®™(P) < 1. Similarly,
we prove that

LZW(P) + f(P,ZM) = —(¢* — f(P))T™(P) >0, P e 6. (20)

Thus, by the definition of U™ in (11), we conclude that
M-1
LUM(P)+ [(P,U™(P) >0, P e\ ({J ).
m=1

To prove that U™ is an upper solution of (3), we have to verify only that
the last inequality holds true on the interfacial boundaries ph’, pt¢ m =

1,...M — 1. We check this inequality in the case of the left interfacial
boundary p®; since the second case is checked in a similar way. Introduce

the notation W, = V% — Z{" For m € M, we represent (12) in the form

AW 4 W = L TN — Ry Y00 in 0 = Wk gt (21)
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In view of (A, ; +¢* L)™' >0, Ly >0, Ry > 0 and (17) which holds true
for each n > 1, B
Wm™(P) >0, Ped me M,.

m m

From (9), (10) and (17), we conclude
LW (P) + cWM(P) =0, P e, (22)
W(P) =0, P €\, WS(P)>0, Penql.

In view of the maximum principle in Lemma 1, VVTSJ,I )(P) >0, P € 9,
m € M. Thus,

Vi(p)y—ZmW(P)y>0, Ped® m=1,.... M —1. (23)
From (3), (11), by (10) and Z(P) = Vi{"(P), P € pl?,
—utDY.DY VW (P) = —p2DY.DY U™ (P), P e pl®.
From (3), (11) and (23), we obtain
—p*D{D VI (P) < —p*DEDUM™(P), P € ply.
Using (23), we conclude
LUM(P)+ f(P,U™(P)) > LV (P) + f(P,V{)(P)) >0, P € pl.

This leads to the fact that U™ is an upper solution of problem (3).

By (15), (17), sequence {U™?} is monotone decreasing and bounded by
a lower solution. Indeed, if U is a lower solution, then by the definitions of
lower and upper solutions and the mean-value theorem, for 6 = U™ — U,
we have

L™ (P) + f,(P)6™(P) >0, P €,
5™ (P) >0, Peoum

In view of the_maxirn_um principle in Lemma 1, it follows that U < U ("), n >
0. Thus, lim U™ = U as n — oo exists and satisfies the relation

U< {(n+1) < U™ < 7O

Now we prove the last point of this theorem that the limiting function U is the
solution to (3), i.e. U(P) = U(P), P € &@". Letting n — oo in (9), (10) and
(12) shows that U is the solution of (3) on W™\ (NYZ pi*€). Now we verify
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that U satisfies (3) on the interfacial boundaries ph? ph¢. m =1,... M — 1.

m

Since V,{"(P) — Zi(P) = U=D(P) — U™ (P), P € 4", we conclude that

lim V,("(P) = lim Z"W(P)=U(P), P c 9"

n—oo n—oo

From here it follows that

lim [LU™ 4 f(P,U™)] = lim [V, 4+ f(P, V") =0, P € ph,

n—oo

and hence, U solves (3) on ph’. In a similar way, we can prove the last result
on pj¢. Under the conditions (6), problem (3) has the unique solution U (see
in [3]) for details), hence U = U. This proves the theorem.

4 Convergence analysis of the block monotone
algorithm (9)-(12)

We now establish convergence properties of algorithm (9)-(12).

On mesh @ = @h® x ohv:

—hx . *, o o
w," ={x;,i=0,1,...,NJ; 20 = Ta, TNz = Tp},

where 1, < 1, and @" from (2), we represent a five-point difference scheme
in the following canonical form

dP)YW(P)= > e(P,PYW(P')+F(P), Peuwl,
P’eS(P)

W(P)=W?°P), Pecouw,
and suppose that

d(P)>0, e(P,P') >0, ¢«(P)=d(P)— Y e(P,P')>0, Peul,
P’'eS!(P)

where S'(P) = S(P) \ {P}, S(P) is a stencil of the difference scheme.

Lemma 2 Let the positive property of the coefficients of the difference scheme
be satisfied. Then the following estimate holds true

W lzr < max [ e

|F/c
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The proof of the lemma can be found in [12].
If we denote

Py =U"(P) - UV (P), Peca

)

then from (9)-(12), it follows that on @, m = 1,..., M, (™ can be written
in the form

m—1
VO(P) = TRI(P), af,_y <@ <ab;
E,(ff)(P), 2t <<z,

where for simplicity, we indicate the discrete domains only in the x-variable,
ie. xp1 <z <zt ; means {z, 1 <z <zt ;,0 <y <1}, and assume
that for m = 1, M, the corresponding domains z¢ < x < z§ and xlj’w <z<
Ty are empty.

Introduce the notation

h'l/)n = 2_1(hfn_ + h?:)» hfn—1 = 2_1(hfn_—1 + hf;r—ﬂ,

where hP- h%F are the mesh step sizes on the left and right from point 2,

m m
respectively, and h¢ |, hSt | are the mesh step sizes on the left and right

from point x¢, _, respectively, and

| = max { max [lmi]}, lm,i = HLm,iHa

meMy | 1<i<ing—1

r = max { max [Tmi}}, T'mi = ||Rm,i||7

meMy | 1<i<im—1

lm,e - | | Lm,ie

m

y Tmb = ||Rm,z$’n”7 K= (1/0*) 19{?21\}}71 [lm,e; Tm,b] s

. . -e b e b .
where the indices ¢, ,4,, correspond to x¢, ; and z , respectively.

Theorem 4 For the block monotone domain decomposition algorithm (9)-
(12), the following estimate holds true

||\I](n)||@h < Cquj(n_l)H@h, (25)

G=q+ (+r)/c" +rmax[L; (I +7)/c"],
where ¥ = U™ — =1 g =1—¢,/c".
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Proof. Let U©® be an upper solution. Then similar to (13), (14) and
(16), by induction, we get for n > 1

A B0 4 BN = 00D 4 fOD)i, 1 <0 < i — 1, m € M,
where
LTD 4 fO" i = ~[AniO07" — (LU + R OS5

+E, (U0 =G,

=(P) 4+ ¢EM(P) = —[LUY(P) + f(U(”*l))] Peuw, me Ms,,
LYD(P) + T (P) = —[£U Y (P) + f(U™V)], Pebh.
Using (5), we get the following estimates on =" and T

=W (P < ()T + F(O D)y, P e oy, (26)

TP < max{(e) LT+ FO) |y ;
), Peop.

IZ]] o IS [

From (11), (18), (19) and (20), on w" m =1,..., M, we have

1
_<C*_fu)T£:LL 1)7 Tm—1 <Z‘<£L‘m 1
1

LU 4 fO0 D) =1 —(c* = f)20 ", Uiy << 2, M E Mo
—(c* = fu )T% ), b <x < an,,
LT 4 f(O )] = —<c* — J)Em ) = (LS + RuiZinit),

Co<i<il, me My,

where the indices zm,il;n correspond to x¢,_, and z? , respectively. Taking

into account L,,; > 0, R,,; > 0 and (15), from here and (6), we get
1 — _ TL n— e
ZILTCD@) + O] < a9 Do, P€ wp\ (o U o), (27)

where ¢1 = ¢+ (I + 1) /c..
Now, we prove the following estimates

1 rr(n— rr(n— * n—
LT+ FO D < g+ @a(rma /N NT D lan,— (28)

| — X n—
ZNETD + FO De < las + @2llne/ N[ lon,
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where ¢ = max [1; (1/c*)(I 4+ 7)]. Using (11), on the boundary p*, we can
write the relation

LUMD 4 (PO = LV 4 f(PVD)

2
e (2P = VL)),

P=(ab,y) € plt, Po* = (zb, + hiF y) € pltt.

m

From (18) and (19), we can represent LV + f(P,Vi"™V) on p in the
form

LV 4 fVD)] = (¢ = fu )T — (L U0+ Ry 00,

m,
. p
i=1 m e My,

m?

where the index i°, corresponds to p/*,
LV + f(PVEY) = =(¢" = f)U"U(P), P gyl m e Ma.

Thus, we conclude the estimate

1, e — (e n—
L0+ fO ] < a9 o

12

2R = Vi (P

9

P=(ab,y) € pl, Po* = (zb, + hiF y) € pltt.

m

Applying (24) to (21) and (22), and taking into account that Z,(,ff_l)(P) -
VI (P) = U-D(P) — UM™=2(P), P € 4", we get the estimates

1Z5D = VI gw < gl UV, me My,

1Z5 ™ = Vi Dl < 19O Vlls,  me M.,

Thus, we prove (28) on pl®. Similarly, we can prove (28) on the boundary
phe . From (26), (27) and (28) and using the definition of ¥ we prove
the theorem.

Remark 4 As follows from the proof of Theorem /, for the domain decom-
position algorithm (9)-(11), the following estimate holds true

||\I'(n)||wh < QH\I’(n_l)Hwh» 4g=q+k.

The direct proof of this result can be found in [3].
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Estimation of the factor ¢ in Theorem 4. Here we analyse a conver-
gence rate of algorithm (9)-(12) applied to the difference scheme (3) defined
on a piecewise equidistant mesh of Shishkin-type. On this mesh, the dif-
ference scheme (3) converges p-uniformly to the solution of (1) (see [9] for
details).

The piecewise equidistant mesh of Shishkin-type is formed by the fol-
lowing manner. We divide each of the intervals Q% = [0,1] and Q¥ = [0, 1]
into three parts each [0,0,], (04,1 — 0,], [1 — 0,,1], and [0,0,], [0,,1 —
oyl, [1 — oy, 1], respectively. Assuming that N,, N, are divisible by 4, in the
parts [0,0,], [1 — 0, 1] and [0,0,], [1 — 0y, 1] we use a uniform mesh with
N,/4+1 and N, /441 mesh points, respectively, and in the parts [o,, 1 —o0,],
[0y, 1—0,] with N, /2+1 and N, /241 mesh points, respectively. This defines
the piecewise equidistant mesh in the z- and y-directions condensed in the
boundary layers at = 0,1 and y = 0, 1:

iy, i=0,1,...,N,/4

xi =14 0+ (i — Ny /4)h,, i=N,/4+1,...,3N,/4;
1 — 0y + (i — 3N, /) hap, i =3N,/4+1,...,N,,
Jhypus j=0,1,...,N,/4;

yj =1 oy+(j—N,/4)h,, j=N,/4+1,...,3N,/4;

1—o0,+(j—3N,/4)hy,, j=3N,/4+1,...,N,,
he =2(1 —20,)N, ', hgp = 40,N,; ', hy =2(1 —20,)N, ", hy, =40,N, ",

T ) y

where hyy,, hy, and hg, b, are the step sizes inside and outside the boundary

layers, respectively. The transition points o,, (1 — 0,) and o, (1 — 0,) are
determined by

0, = min{47! uc;?InN,}, o, =min{4"", uc;/?*In N, }.

If 0,, = 1/4, then N, ; are very small relative to p. This is unlikely in
practice, and in this case the difference scheme (3) can be analysed using
standard techniques. We therefore assume that

0p = pc; PNy, Ry, = 4pc; AN InN,, NJU < h, < 2N,

o, =pc, ' InN,, h,= 4,LL0;IN;1 InN,, N;l < hy < 2N;1.

The difference scheme (3) on the piecewise uniform mesh converges p-
uniformly to the solution of (1):

max |[U(P) — u(P)| < CN"?In* N, N = min{N,, N, },
PeQ
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where constant C' is independent of p, N. The proof of this result can be
found in [9].

Let N, = N, = N, and consider the domain decomposition (8) with
the interfacial subdomains located in the z-direction outside the boundary
layers, i.e.

Nw{z > N/4—|—N9?, Nw%{ > N/4—|—N9§LM_1, (29)

where Nn, Nyn are the numbers of mesh points in the first subdomains wh

and 0%, respectively, and Nyn, Non are the numbers of mesh points in the

last subdomains w?, and 0%, |, respectively.

Assume that (9) is applied on the subdomains w} and w?,, i.e. My =
{m|1, M}, and, hence, each subdomain w”, m € M, where (12) is in use, is
located outside the boundary layers. Thus, the uniform mesh with the step
size h is in use on w m € My, where h is of order O(N). In this case, the

convergent factor ¢ in (25) can be estimated as
2
_ u

§g=q+0 (ﬁ) ;

G=q+o(n), (30)

where ¢ is the convergent factor of the monotone undecomposed algorithm

(7).

and if p < h, then

5 Numerical experiments
Consider the test problem
—1*Au+ (1 —exp(—u)) =0, PeQ={0<z<1,0<y<1},
u(P)=1, P € 0.
This problem gives
co=e¢l =1, U9P) =1, PeQ

uopy=0, PeQ", UY(P) =1, Peo0"

where U”(P), U©(P) are lower and upper solutions to (3), and u,(P) = 0
is the solution to the reduced problem.
The stopping criterion for the iterative procedure is defined by

max [V (P) — VO (P)] < 5,

PeQh
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and the iterative step, where the stopping criterion holds, is denoted by n. In
all our numerical experiments we use d = 1075, The difference problems are
computed on the piecewise equidistant meshes of Shishkin-type with N, =
N,

Y-

No; 13
78 78 78 78
79 79 78 78
14;19 | 11; 15 | 10; 13 | 8; 12
41; 55 | 32; 43 | 26; 36 | 21; 30
N, 64 128 256 512

=N

Table 1: Numbers of iterations for algorithm (9)-(12).

In Table 1, for various numbers of N, and M, we give the numbers of
iterations ng, n; for the block monotone domain decomposition algorithm (9)-
(12) on the domain decomposition (29), where ng, n; correspond to the initial
guesses VO (P) = 0 and = 1, P € Q" respectively. The discrete linear
systems on the subdomains w”,m € M, are solved by ICCG-algorithm,
and the ones on the subdomains w”,m € M, are solved by the Thomas
algorithm. Our numerical results show, that if u < 1072, then for N, and M
fixed, ng,n; are independent of . The uniform convergent results confirm
the estimate (30). For M fixed, the number of iterations is a monotone
decreasing function with respect to the number of mesh points N,. This
property is due to the domain decomposition (29) (see in [2], [3] for details).
These experimental results are in agreement with the estimate (30). We
note that for 1 < 1072, the number iterates for the monotone undecomposed
algorithm (7) is independent of i, N,, and equal to 7 and 8 for the initial
guesses U®(P) =0 and = 1, P € Q" respectively.

bl.
H 5 M

1072 | 41; 33 | 100; 83 | 263; 222 | 706; 611
1073 | 40; 33 | 99; 83 | 259; 222 | 700; 611
107* | 40; 33 | 98; 83 | 258; 222 | 698; 611
1075 | 40; 33 | 98; 83 | 258; 222 | 698; 611
N, 64 128 256 512

Table 2: Numbers of iterations for the block monotone algorithm and the
block monotone domain decomposition algorithm (9)-(12) with My = ().
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Table 2 presents the numerical experiments for the following two algo-
rithms. The first one is the block monotone iterative algorithm from [10],
where instead of (7), similar to (12), the block Jacobi scheme is in use, i.e. the
partitioning of the matrix comes from considering all mesh points of a partic-
ular vertical line as a block. The second algorithm is the block monotone do-
main decomposition algorithm (9)-(12) with My = (), i.e. on all subdomains
wh  m =1,..., M, the block Jacobi scheme (12) is in use. The initial guess
for the both algorithms is the upper solution UO(P) = VO (P) =1, P € &".
In Table 2, for various numbers of N, and u, we give the numbers of iter-
ations n?', n; for the above algorithms, where the block monotone domain
decomposition algorithm (9)-(12) is implemented with M = 4. The numer-
ical results show that the algorithms converge uniformly in the perturba-
tion parameter pu. The uniform convergence property is due to the special
piecewise equidistant meshes which are adopted to the singularly perturbed
behaviour of the exact solution. By comparing the corresponding numerical
results in Tables 1 and 2, we conclude that i) the block monotone domain de-
composition algorithm (9)-(12) on the domain decomposition (29) converges
sufficiently faster than the one with the block Jacobi scheme on each subdo-
mains w m=1,..., M, ie. My = {; ii) the monotone iterative algorithm
(7) converges sufficiently faster than the block monotone iterative algorithm
from [10].
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In this paper a theorem of Bor [5] has been generalized for | N,pn;6 |, summability

method. Also we have obtained some new results.
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1 Introduction

A positive sequence (by,) is said to be almost increasing if there exists a positive increasing
sequence (c,) and two positive constants A and B such that Ac, < b, < Be, (see [1]).
A positive sequence (7,) is said to be quasi S-power increasing sequence if there exists a

constant K = K(3,7) > 1 such that
Knﬁ'Yn > mﬁ'Ym (1>

holds for all n > m > 1. It should be noted that every almost increasing sequence is quasi
B-power increasing sequence for any nonnegative G, but the converse need not be true
as can be seen by taking the example, say v, = n~? for 8 > 0. We denote by BVp the
BY N Cp, where Con and BY of the null sequences and sequences with bounded variation,

respectively. Let > a, be a given infinite series with partial sums (s,). Let (p,) be a
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sequence of positive numbers such that

n
Pn:vaaoo as n — oo, (PfiZILZ':O,iZl). (2)
v=0

The sequence-to-sequence transformation

1>
= P vasv (3)
" »=0

defines the sequence (u,) of the (N,p,) mean of the sequence (s,), generated by the
sequence of coefficients (p,) (see [6]).
The series 3" ay, is said to be summable | N, p, |, k > 1, if (see [2])

oo

Z n/pnk1|Aun 1‘<OO (4)

and it is said to be summable | N, p,;8 |, k > 1 and 6 > 0, if (see [3])

o0
> (Pa/pn) ] Ay |F< o0, (5)
n=1
where
Auy_q = 10y, 1> 1. (6)

In the special case when & = 0 (resp. p, = 1 for all values of n) | N,p,;d |, summability
is the same as | N,p, |, (resp. | C,1;6 |,) summability. It should be noted that when
pn = 1 for all values of n, | N, p,, |, summability is the same as | C, 1|, summability. Also

if we take p, = —i-,then | N, p, |, summability reduces to | N, =

Bor [4] has proved the following theorem using an almost increasing sequence.
Theorem A. Let (X,,) be an almost increasing sequence and let there be sequences (3,,)

and (\,) such that

| A, [< B (7)
Bpn—0 as n— oo (8)
in|Aﬂn|Xn<oo (9)

n=1
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| An | Xn=0(1) as n — oc. (10)
If
m )\n
Z [An | =0(1) as m— oo, (11)
n=1 n
Z—|tn| =0(Xy) as m — oo, (12)
n=1 n
and (py) is a sequence such that
- DPn E_
> 2t "= 0(Xm) as m — oo, (13)
n=1 By
where
1 n
n — vy 14
t 1 Uz::lva (14)

then the series 3 a,\, is summable | N, p, |  for k> 1.

Quite recently Bor [5] has proved Theorem A under weaker conditions using a quasi [3-
power increasing sequence in the following form.

Theorem B. Let (X,,) be a quasi S-power increasing sequence for some 0 < § < 1. If all
the conditions of Theorem A, and

(An) € BVo (15)

are satisfied, then the series Y a, A, is summable | N, p, |, for k > 1.

Remark. If we take (X)) as an almost incrasing sequence, then we get Theorem A. In
this case the condition (15) is not needed.

2. The main result. The aim of this paper is to generalize Theorem B for | N,p,;§ |k
summability in the following form.

Now, we shall prove the following theorem:

Theorem. Let (X,,) be a quasi S-power increasing sequence for some 0 < 3 < 1. Suppose

that the conditions (7)-(11) and (15) are satisfied. If (p,) is a sequence such that

i(&)%il | tn |k: O(Xm), m— o0, (16)
n=1 M
i(&)gkw = 0(Xm), m — oo, (17)

n=1 Pn n
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00 ok
3 <Pn)6k_1Pnl_1 _ O{(B;) —Plv}7 (18)

n=vt1 Pn Pv
then the series 3" a, )\, is summable | N, pp;d |, for k> 1and 0 < § < 1/k.
Remark. It may be noted that if we take 6 = 0, then we get Theorem B. In this case
conditions (16) and (17) reduce to conditions (13) and (12), respectively. Also condition
(18) reduces to

m+1 m+1
Z Pn_ Z( ! —i):O(i) as m— oo
n=v+1 PnPn—l n=v+1 Pn—l Pn Pv

which always holds.
We need the following lemma for the proof of our theorem.
Lemma ([7]). Except for the condition (15), under the conditions on (X,), (8,) and

(An) as taken in the statement of the theorem, the following conditions hold, when (9) is

satisfied:
nBnXn =0(1) as n — oo, (19)
n=1

3. Proof of the Theorem. Let (T},) denotes the (N,p,) mean of the series 3 a,\,
Then, by definition and changing the order of summation, we have

n

1 & Y 1
= F vazai)\i = F Z(Pn - Pv—l)av/\v-
ny=0 i=0

n =0

Then, for n > 1, we have

T _T DPn ip a )\, — DPn zn:Pvfl)\vva
n n—1 Pnpnfl ] v—1Uy Ay PnPn . v

1=
By Abel’s transformation, we have
n—1

v+1
tu A Py,ANjt,——
by PP“Z

n+1
Tn _Tn—l = TLP pntn)\

v+1

p n—1 1
n

Pty ps1—
+ Pnpn—l UZ::I vly v+1v

= Tn,l + Tn,2 + Tn,3 + Tn,4a say.
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Since
| Tt + Tz + T + Toa |F< 45(| Tt 1P 4 | Tug 1F 4 | Tus [F + | Toa [F),

to complete the proof of the theorem, it is enough to show that

o0
S (Pu/pa) N Ty [F< 00 for r=1,2,3,4. (21)

n=1

Firstly, we have that

m B m Pn B _
> o (Pa/pn) T Ty [P = O D A P A [ 8 [F

n=1 n:lpn
= 01 - A &Jk—l ¢ k
= 0(1)) | nl(p) |t |
n:l n

= (ZAMn!Z 5’“\%!'“

+ |Z 6k1’t‘

m—1

= O(1) Y | AN [ X +O0(1) | A | X
n=1
m—1

= 0(1) Z BnXn+0Q) | A | X, =0(1) as m — oo,
n=1

by (7), (10), (16) and (20). Now, when k£ > 1 applying Holder’s inequality with indices k

and £/, where % + % =1, as in T}, 1, we have that

X Ok+k—1 k (AR Pn 0k—1 1 = k k
Y (Pu/pa) T Taa |F = 01) Y (=7)% Pi{ZPva! [ to |7}
n=2 n—2 Pn n=1 4=1
1 n—1
k—1
X v
{Pn_I;p}
.- k1 G A
SCD AP PP SRS
v=1 n=v+1 &M n—1
= Z|)‘”| 5k1|t! O(1) as m — oc.

Again, we have that
m+1 m+1 P

> (Pufpa)™ T [ Tog [P = 0(1) 30 (25 P {Z!M | Py |t |7}

n=2 n=2 pn
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o | A [}

m m+1 1

_ 0(1)ZﬂvPv\tv * > (Pn)éklpn_l

n=v+1 Dn

m—

n 1

= Zﬁv 5k’t‘k Z 6k ‘t’k
v=1
m—

’U —

1 v : m
= o) A(va(f)é’“i [ 1 [F +O()m B Z(f”)“fi 4, I

v=1 i=1 17 v=1 £V

= 0(1) | A(vBy) | Xo + O(1)mB, X

= 0(1) | (v+1)AB, — By | Xy + O(1)mfB,, X

m—1 m—1

= 0(1) > vXy, | ABy | +O0(1) > | By | Xu + O(1)ym B Xm

v=1 v=1
= O(1) as m— 0,
by (7), (9), (17), (18), (19) and (20).
Finally, we have that
m m+1 P, n—1

_ 1
Z n/pn 6k+k 1 |Tn,4 ‘k _ O(l) Z(i)ék 1 ZP ’)‘v-i-l H to |k

n=1 n— Pn Pn_

Z P'U‘ >\v+1 ‘}k—l

1 m—+1

= O(l)zpﬂ)\vﬂﬂtv LR St

n=v+1 Pn Pn—l

_ Z‘)‘Jrl 5k|tv’
- v

v v

1
= ZA’)\W—l’Z e

1
+ \/\m+1\z )t |

m—1

= O() Y | Advst | Xurt +0(1) | At | Xno

v=1
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m—1

= O(l) Z ﬁ’u—i-le—‘,-l + 0(1) | )\m—l-l ’ Xm+1

v=1

= O(1) as m — oo,

by (7), (10), (11), (17), (18) and (20). Therefore, we get that

NE

(Pn/pn)5k+k—1 | T |k: O(1) as m—oo, for r=1,234.

n=1

This completes the proof of the theorem. If we take § = 0, then we get a new result for

| C,1;0 |, summability. Finally if we take p, = n%ﬂ, then we obtain another new result

1 .

concerning the | NV, SR

¢ |, summability.
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Abstract
Using the least squares method and the notion of quadratic oscillation

in average form [1], we obtain here an interpolating cubic spline having
minimal quadratic oscillation in average.

1 Introduction

Consider the division of the interval [a, b] ,

Apia=20<2, <. <Tp_1<zTp,=>bandlet h =x; —x;_1, Vi=1,n.
Denote h = (hq, ..., hy) .

For a fixed vector y = (yo0,¥1,.--,Yn) € R we consider the problem of
interpolation of the points (x;,y;), ¢ = 0,n.The simpliest way to solve this
problem is the polygonal spline D (y) : [a, b] — R having as graph representation
the polygonal line joining the points (z;,¥;), i = 0,n.The polygonal spline is
given by his restrictions to the subintervals [z;,y;], i = 0,n of the division A,,,
Di = Dz, 4.1,

Yi — Yi—1

» (zi —@i-1), z €z, i=1n (1)

Di(y) = yi-1 +

Any other interpolation procedures present oscillations in the interior of the
interval (z;_1,%;), i = 1,n. To measure such oscillations, in [2], is defined
the notions of oscillation of interpolation type which generalize the notion of
quadratic oscillation in average defined by A.M. Bica in his PhD thesis [1].
These notions are used in [2] for cubic splines generated by initial conditions.

Definition 1 (see [1], [2]) Let f : [a,b] — R be a continuous function such
that f(x;) = y;, ¥ i = 0,n and denote by f;, i = 1,n his restriction to the
subinterval [z;,y;] of the division A,.The functional p (-, An,y) : Cla,b] — R
defined by:

p(f;Any) = (i ? [fi (x) = Di (y) (ﬂi)]Qd%‘) (2)

i=1x;_1
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1s called the quadratic oscillation in average of the function f corresponding to
the division A, and to the vector of values y.

Remark 1 The properties of the quadratic oscilation in average are presented
in [1] and [2]. Tt can be see that p (f,An,y) > 0,V f € Cla,b] and p(f, Ay, y) =
0 < f = D(y). In this case we say that the polygonal spline realise an in-
terpolation with no oscillations and it is natural to define oscillations of the
interpolation procedures by relation (2) from the above definition.

Here, we will obtain a interpolating cubic spline having minimal oscillation
in average.Such function is very useful when y;, ¢ = 1, n represent experimental
data.

2 The cubic spline function

Consider the division A,,, the vector of values y and the cubic spline S, generated
by the integration of the foolowing two point boundary value problem:

S;/ (x):hi[ (@ —xi1) + My (25— )], =€ [vio1, 2]
Si (wie1) = yin1
SZ(ZEZ) = Yi, 7= 1,71

where M; = S;/ (x;), i = 0,n. Here S;, i = 1,n are the restrictions of S to the
subintervals [z;_1, 2] .
It is known that the expression of S; (see [3], [4], [5]) is:

M;(x — x;_ 3+Mi, :L'Z‘—JJ3 M;_ h2 T — X
Si(z) = ( ) vy i ) + (yil_ 61 Z)( Y )

(- (=22)

HAS [xiflaxi} ) i= 1an
Since S 2 [a,bj the parameters M;, i = 0,n are obtained from the
conditions S; (z;) = S; ;1 (i), ¢ = 1,n — 1, which lead to the linear system (see

[4], 3):

hi hi +hia hit1 Yirl —Yi  Yi— Yi-1 .
Ring, M, M,y = _ i=Tn—1@
o Mi+—— + =5 Min hirt D i n (4)

The system (4) have n — 1 equations and n + 1 unknowns My, My, ..., M,,.
To solve this system two supplementary conditions are required. In [3 ] and [5]
three types of such conditions are presented (it is known that M, = =0
lead to the so called natural cubic spline).
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Here we will solve the system (4) for the unknowns My, ..., M,,_;. In this
aim we will write the relation (3) in the folowing form:

hi+h h — — h

1 2M1+_2M2:y2 Y1 yoi_lMO
L h 6h hﬁ hy 6
gy i+ GGy z‘+1Mi+1:yi+1—yi_yi—yiq7 i=Tm =3
p NI it o

n—1 n—1 + n Yn — Yn—-1 Yn—1 — Yn—2 n

M, _ — M, 1 = — - —M,
6 2% 3 ! hn hn—l 6

(5)

The system (5) have n — 1 equations and n — 1 unknowns My, ..., M,,_1.The
matrix of this system is diagonally dominant and therefore is nonsingular. In
consequence the system have an unique solution which can be obtained using
Gauss elimination method.

Moreover, since the matrix is diagonally dominant, there are not stability
difficulties to solve this system.

If we write the solution of (5) using Cramer’s rule, M; = %, i=1,n-1,
where A is the determinant of the system matrix, and developing the determi-
nants A; by the i-th column using Laplace’s rule, we obtain:

1 1 -
Mi:Zpi(yvh)MO“‘ZQi(yvh)Mn“—Ti(yvh)a i=1n-1 (6)

Using (4) and (5) relation (3) became:

Si(z) = [(zlz)3 (x17$)h1+P1(y’h) <($$o)3($l’0)h1>].

6h; 6 A 6h, 6

1 (I*iro)g (iE*ﬂ?o)hl
Mo+ — _ M,
ot x@ (y, h) [ o 5 +
Ty (y,h) | (z — 1‘0)3 (x —x0) by
A 6iny 6 + (7)
T —T T — T
=+ I Yo + I (1

= Ai(y,h) () Mo + Bi(y, h) (2) My, + Cr (y,h) (x), Vo € [o,71]
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_ Pz—l (yv h) (xl - x)& (:Ez - JS’) hz
Si(@) = A (61% TG >
+Pz' (X, h) ((LU —63}7;"_1) . (a:—xé_ﬂhi) M0—|—
3 —2)h

n %Qi—l (1, 1) <(xl6hzx) _ (i - )h > n
3

AR ((m —ay) <x—x6“>hi> ]+
3

T A(y, h) ((:ci(;l ;) (@ —6:5) h) N
3

+Dh) ((a: L <x—xé1>hz> .

+ (xlh_ @) Yi—1 + —(:c _h:éi_l)yi

= Ai(y,h) (x) Mo+ B; (y,h) () My + C; (y,h) (z),
Ve € [.Ii_in] s Vi = 2,n—1

— ) Ty — ) hy,
Sn(x) = Pn(i/,h)<(wn6hn) ( 6)h>MO

Qn (y,h) (xn_$)3 (T — ) hy
3 <6hn T 6 >+

(:Ef:cn_l)g (x—Zp_1) hn

6h,, 6
3
L Th) ((xn =) hn) '

M, +

A 6hy,

Ty — T — Ty
+%yn—l + ( I 1)Z/n

An (y, h) (x) Mo + Bn (y, h) () My + G (y, ) (2) ,

Ve € [Zn_1,Zn]

3 Main result

From the relations (7), (8) and (9) follows:
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Si(x) = Ai(y,h)(x) Mo+ B; (y,h) (x) M, + Ci (y, h) (x), (10)
Ve € [wi—ix], Yi=1Ln

and therefore the quadratic oscillation .S,

[

i=1x;_1

p (S, An,y) (Mo, M, <Z f (z; Mo, M,,) — D; (y) (fE)]QdI) (11)

depending on My and M,,.

We will determine the values of My and M, which minimize the quadratic
oscillation of S.

In this aim consider the residual

R (MO, Mn) = XZ:I ? [Sl (:I?; MoyMn) —D; (y) (g})]Q dr =
= 5 T 0 0 M B ) () M Ci 1) ) = D1 ) (0]

(12)

Theorem 1 For any division A,, and for any vector of values y = (y1,...Yn)
there exist an unique pair (MO, M, ) € R? for which the quadratic oscillation in
average of the corresponding cubic spline p (S, A, y) (Mo7 Mn) is minimal.

Proof. We will use the least squares method to minmize the residual given by
(12). Therefore the system

OR
oMy "
Ok _
oM,

became
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The diagonal minors of the matrix

2R O?R
OMZ  OMyOM,

9%R 9°R
OMyOM,  OM?2

(B (y, h) (m)]zdx> -

i—1

1=1x;_1
From the inequality of Cauchy-Buniakovski-Schwarz follows that § > 0 and
from the least squares method we infer that the system (13) have an unique

solution:
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. (; A (y.1) (@) [C: (9, 1) (2) — Ds () (2] dx)_

for wich the residual R (m, M) is minimal.

Since p (S, A, y) (ﬁo,m) = 4/R (m,m) we infer that the quadratic
oscillation in average of S is minimal. m

Corollary 1 The vector of valuesy = (y1, ...yn) and the values My, M, uniquelly
determine the interpolating cubic spline defined by (3) with minimal quadratic
oscillation in average.

Proof. It follows from (5) and from the above theorem. m L
We denote the spline function mentioned in corollary with S (:E; My, Mn) .

Remark 2 The geometric interpretation of the quadratic oscillation in average
and of his minimal property is that in plane there exist a set of points between
the graph of S (x;m, m) and the polygonal line joining the points (x; v;),i =
0, n.If we rotate this set around the Oz-axis we obtain a body having minimal
volume.

Corollary 2 From (6) follows:

— 1 — 1 — -

A

and so, the parameters of S (x;ﬁ(LM) are uniquelly determined. Ify;, i =0,n
are values of a function f : [a,b] = R, y; = f (x;), Vi = 0,n with f € C[a,b]
and the derivative f' satisfying a Lipschitz condition with constant L’ then the
following error estimation holds:

If = Sllc < (L' + max {[DM;] : i =0,n}) -max {h} : i =T,n} (15)

Proof. Since f (z;) = S (z;) = i, Vi = 0, n, considering the function ¢ = f — S
and according to the Lagrange’s theorem, we infer that in each open interval
(i—1,m;),i = 1,n there exists & € (z;_1,z;) such that ¢’ (£;) = 0, which
implies f/ (&) =S5"(&;),¥i=1,n.

Consequently, for any = € [a, b], there exist ¢ € {1,...,n} such that:
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@ =S@l=| [ 17@)-5 ) <

T

< [ U@ = ENHIE) =S €N+ () -S" @hdt < (16)

Ti—1

< J WHIS"lle) - [t =&l de < (L +[15"]lo) b

Since S/ is first order polynomial Vi = 1,7, we obtain
|Sl” (t)| S max{|Mi,1’ s |M|} ,Vt c [xi,l,xi] ,VZ = 1,_'ﬂ

. Then, ||S”|| < max {[M;] : i =0,n} and from (16) follows the estimation(15)
n
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Abstract

We study, under convergence conditions milder than the ones used until now, the
convergence of a multipoint iteration constructed from the well-known Chebyshev’s
method. Later, the theoretical significance of the multipoint iteration is used to
draw conclusions about the existence of a solution of a nonlinear integral equation.
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1 Introduction

To solve nonlinear equations of the form
F(z) =0, (1)

where F' : 2 C X — Y is a nonlinear once Fréchet differentiable operator in an open
convex domain 2 of a Banach space X with values in another Banach space Y, we usually
use one-point iterations of type x,.1 = G(z,). The main restriction on these iterative
methods is that they must depend explicitely on the first p — 1 derivatives of F' (see [7])
to obtain order of convergence p. This implies that their informational efficiency is less
than or equal to unity. Those restrictions are relieved in only small measure by turning
to one-point iterations with memory ([2]).

Neither of these restrictions need hold for multipoint methods, that is, for iterations
which sample F' and its derivatives at a number of values of the independent variable. In
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6], it is shown that there exists a two-point method of order three which necessitates no
evaluations of the second derivative, since it is considered the Chebyshev method ([1], [3],
[8]) of third order and, by using an approximation, constructs the following third-order
multipoint method:

Yo = Tp — [F/(xn)]ilF(xn%
Zn = Tn+ 0y, —x,), 6€(0,1],

H(n, 2n) = %[F’(xn)]‘l(F’(zn) — F'(z,)), (2)
Yn — 3H(xn, 20) (Y — ), 1 >0,

Tn41

where the evaluation of F” is not needed. The second derivative of the operator F,
which appears in Chebyshev’s method, has been approximated by a difference of first
derivatives of F' in different points. It is shown in [6] that (1) is convergent and of order of
convergence three under the usual convergence conditions for a third-order method ([1],
[4], [5]); namely, the second derivative of the operator F' must exist, and is bounded and
Holder continuous in €2. Then, this result is partial, since the second derivative of F' is
needed, although it does not appear in the algorithm of method (2).

In this paper, we complete the previous result given in [6] and the convergence condi-
tions are relaxed, as we do not need the existence of F” to prove the semilocal convergence
of method (2). So, it will suffice that the operator F' has a w-conditioned first derivative
in ; 1. e.

[1F'(x) = F'(y)l| < w(llz = yl)), (3)
where w(z) is a continuous real function and non-decreasing for z > 0. Observe that this
condition generalizes the cases in which F” is Lipschitz continuous (w(z) = Kz, K € R})
or Hélder continuous (w(z) = Kz, K € Ry, p € [0,1]).

Notice that the fact of relaxing the convergence conditions is important, since a con-
dition about F” is not required, which is an advantage, as we can see in the following
simple example. Let F(z) = 0 be the equation where F' : [0,A] — R, A > 0, and
F(x) = az'™ + bz, with a,b € R and ¢ € [0,1). For this operator F, the results appear-
ing in [6] cannot be applied, where it is required that F” exists, is bounded and Hélder
continuous. Observe that

|F"(x)]|c = max }a(l + q)qxq_1| = 00,
[0,4]
and the second condition does not hold, but a condition of type (3) is safisfied. Then,
according to [6], we cannot guarantee the convergence of (1) to a solution of the last

equation. The paper finishes with an example, where the region in which a solution of a
particular nonlinear integral equation is located.

2 Semilocal convergence

Under certain conditions for F' and the starting point z, the convergence of (2) to a
unique solution of (1) is studied.
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2.1 Recurrence relations

Let us suppose that the operator Ty = F'(zo) ! € L(Y, X) exists, for some zy € 2, where
L(Y, X) is the set of bounded linear operators from Y into X. Moreover, the following
conditions are also assumed:

(c1) [[Toll < 5,

(c2) [lgo = @oll = [[ToF (o) || <,

(c3) |F'(x) — F'(y)|| < w(l|lz —yl),z,y € Q, where w : Ry — R, is a continuous
non-decreasing function,

(c4) w(tz) < tPw(z), with p € (0,1], ¢t € [0,1] and 2z € [0, 400).

Note that condition (c4) does not involve any restriction, since it suffices to take p = 0,
as a consequence of w is a non-decreasing function.

Now, we denote ag = 0771 Bw(n), by = 0 Pay(1 + ap/2)? and we define the following
scalar sequences:

n = an1f(bn1)"Pglan—1)P, n>1, (4)
by = 0""Pa,(1+a,/2)", n>1, (5)
where
1 1 o N
f(z) = T and g(z)—z(§—|— 1_Hp(l—i-z/Q) p). (6)
Note that sequences (2), (4) and (5) satisfy the next recurrence relations:
Iall = 11#" (1) ]| < f (o) IToll, (7)
ly1 = @1l < F(bo)g(ao)llyo — oll, (8)
[1H (1, 20) || < aa, (9)
[z = 21| < (14 a1/2)l[yo — ol| (10)

To prove the last recurrence relations it is supposed that
r1 €€ and by < 1.

By hypotheses, I'y exists and, by the Banach lemma, I'y is well defined and

Tl

Il <
Il < 1—||[I = ToF'(z)]

| < f(bo)||Toll,

since

11 = Lo F' ()| < [ITol[[[F" (o) — F'(21)]] < Bw(ller — xoll) < B(1 + ao/2)"w(n) = by < 1.
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From Taylor’s formula and (2), it follows that

F(xy) = i(F'(%o) — F'(20))(yo — o) +/0 [F' (o + t(z1 — m0)) — F'(20)] (01 — 20) dt.

20

Thus g1 ( / )1+

P— 1+ag/2) P

7ol = (55 + S il - ol
Hence
[y1 — 21| = [T F(z) || < ATuf[[|F(21)]] < f(bo)g(ao)llyo — xol|
and
[H (21, 21) || < 67 T1flw(llyr — 21]]) < an

Finally,

2o — 21| < lze — w1l + [lyn — 21|l < (1 +a1/2)|[yr — 2]

In theorem 2.2, we see that (7), (8), (9) and (10) hold for every point of sequence (2),
along with (2) is a Cauchy sequence. To do this, scalar sequences (4) and (5) are analysed
in the following.

2.2 Analyse of the sequence {a,} and {b,}

In order to guarantee the convergence of (2) we provide some properties of the sequences
{an} and {b,}. Firstly, it is sufficient that z,,+1 € Q and b, < 1, for all n > 1.

Lemma 2.1 Let f and g be the two scalar functions defined in (6). Suppose by < 1.
a) If f(bo)"Pg(ag)? < 1, then {a,} and {b,} are two strictly decreasing sequences,

b) If f(bo)'*Pg(ag)? = 1, then a,, = ag and b, = by < 1, for alln > 1.

Proof. Ttem (a) is proved by mathematical induction on n. As f(by)™g(ag)? < 1,
then a; < ag and by = h(ag) < by, since h(x) = 0'Pz(1+ x/2)? is increasing for z > 0. If
we now suppose that a; < a;_, and b; < b;_ for i =1,2,...,n, then

41 = anf(bn)1+pg(an)p < an—lf(bn—1)1+pg(an—1>p = Qp,

bn-l—l = h<an+1) < h(an) = bn7

as a consequence of f and h are increasing in [0,1) and g in [0,00). Item (b) is proved
immediately. [
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2.3 A semilocal convergence result

Theorem 2.2 Let F : Q C X — Y be a differentiable Fréchet operator in an open
conver domain ) of a Banach space X with values in a Banach space Y. Suppose that
Lo = F'(zo)™' € L(Y,X) exists for some xg € Q, and (¢1)-(cs) hold. 1If by < 1,
f(bo)Pg(ag)? < 1, where f and g are defined in (6), and B(zg, Rn) C Q, where R =

1J1rf°A/2, A = f(by)"VP, then (2), starting at xo, converges to a solution x* of (1), the

solution x* and the iterates x,, yn, z, belong to B(xqy, Rn).

Proof. Firstly, we prove the following recurrence relations for sequence (2) and n >
1:

[@] Iy exists and [[Dn|| = [[F"(z0) 7| < f(bn-1) Dol
(L] [[yn = @nll < f(bn-1)g(an-1)llyn-1 — 20l
[IIT] [|H (2, z0)[] < 677 Tollw(llgn — 2all) < an,
[IV] lzns1 — 2ol < (1 + an/2)[lyn — 2nl|-

It is first assumed that x,,, y,, 2, € B(zo, Rn), for all n > 1, which is proved later.

Note that z; € Q, since 1 + a9/2 < R. From (7), (8), (9) and (10), it follows [I]-[IV]
for n = 1. After that, we suppose that [I]-[IV] hold for n = 1,2,...,4, and see that they
are satisfied for n =17 + 1.

[I]: Observe that

|1 =T F'(wi1)|| < Tillw(l|zipr — 2l]) < fOim)ITia[lw(llzien — x4]])
= [Tz [[(1 + ai/2)Pw(llys — 2:i])

< fbim1)"*Pglai1)P (1 + ai/2)P|Di [|w(|lyim1 — i1 ) < b; < 1,

since {b,} is a decreasing sequence and by < 1. Hence, by the Banach lemma, we can
define I';;; and

[IT]]
= oI

[II]: Taking into account Taylor’s formula, (2) and (8) we have

ITigall <

()] = H2—19<F’<xi> - P + | [P+t — 22)) — P (2] — ) dtH

(97’_1 (1 —|—ai/2)1+p
< L . L .
< ( 5 + 1+p w(”yz sz)Hyz 371”

Therefore
[Yivr — zipall < f(bi)glai)llys — x4
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[III]: The relation

1
| H (21, 2ig1)]| < 5f(b,-)||1“i||w(||zi+1 — 2iq1]]) < @i

is easy to prove.
[IV]: Finally,

|Tive = Tiva || < |Tive — virr | + |Yis1 — ziga || < (X 4 ais1/2)[[yit1 — @i |-

The induction is then complete.
Secondly, we prove that (2) is a Cauchy sequence. If m > 1, n > 1, v = ay/ag < 1
and A = f(by)~/? < 1, then

Hanrm - an < ||xn+m - anrm*l” + “anrmfl - xn+mf2|| +oeet Hanrl - an

<RJ§:1 (1+a;/2) (Z
< Z (1+ag/2) (H[ (b )9(@0)]) llyo — o

7=0

1

[(b5)g (%)]) 190 — ol

@ M
>—l O

n+m—1

< (1+ao/2) Z Alllyo — ol

Am
= (1+ao/2) N —x o = ol
Thus {x,} is a Cauchy sequence. For n = 0, we obtain that z,, € B(zo, Rn). Iterates
Yn, 2n € B(xo, Rn), for all n > 0, are similarly shown.
To see that x* is a solution of (1), we have that ||T',F(z,)|| — 0, e.g., by noting that

1T ()| = [lyn — 2l < (H > 190 — oll < A™[lyo — @ol-

Taking into account
I ()l < IE (@) [ITnE () | = [ () [Hlyn — 2nll
and {||F’(x,)||} is bounded, since

(cs)
[F' (@a)ll < 1F'(@o)l| + w(llan — oll) < [[F'(xo) || + w(Rn),

it follows that ||F'(x,)|| — 0 by letting n — oo. Consequently, by the continuity of F' in
B(xg, Rn), we obtain F(z*) = 0. [

Remark 1. If by < 1 and f(bg)'™Pg(ap)? = 1, it is clear that sequence (2) is also
convergent.
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3 Uniqueness of the solution

Theorem 3.1 Let us suppose that (c;)—(cs) hold. If there exists a positive solution r
of the equation
Pw(Rn + z) =27, (11)

then the solution x* of (1) is unique in 2y = B(xg, 1) N L.

Proof. We assume that z* and y* are two solutions of (1) in Qy = B(xg,r) N Q.
From

0= To[F(y") — F(a*)] = [ / LoF'(a* + ty" — ) di| (4" — a%) = Py — 27,

it follows that the operator P = fol LoF'(x* 4+ t(y* — x*))dt is invertible, then y* = z*.
According to that, we only have to prove that ||[I — P|| < 1 and apply the Banach lemma.

_ _Rn
Let o = Tt Then

1
I =PIl < IIFoH/ [F" (2" + t(y" — 27)) = F' (o) || dt
0

< [ lleo =2~ it~ 2"
< [0 = e = 2) =ty = )l
<5 [ (0= 0l = ol + " — o)
<ﬁ/01w((1—t)Rn+tr)dt
< [l + (a0 -0+ (1 = )

< 5/01(04(1 S )+ (1= a)tPw(Ry 4 7) dt

(1— ) — gltr

=6 (1+p)(1—2a)

w(Rn+r) < %w(Rn—i—r) =1
|

Remark 2. Observe that the last value of r, which satisfies (11), exists if w(Rn) < 27/,
as w is a nondecreasing function. Moreover, the value of r is unique. On the other hand,
the uniqueness of the solution is guaranteed in B(zo, Rn) if w(Rn) = 1/0.
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4 Example

For the next nonlinear integral equation, the second derivative of the operator F' is not
bounded and the result appearing in [6] is then not applicable, whereas theorem 2.2 is.
For this nonlinear integral equation, the theoretical significance of theorem 2.2 is used to
obtain the domain of existence of solutions of the equation, so that the solution is located
in a region.

Let
x(s) =1 +/ G(s,0)[z()*? 4+ z(t)?/2]dt, s €]0,1], (12)

where G(s,t) is the Green function G(s,t) = {

So, we can take

F:QCCla,b) — Cla,b], Q={zeCla,b]; x(s) >0, s € [a,b]},

[F(z)](s) =x(s) — 1 — /o G(s, t)[z(t)>* + z(t)?/2]dt, s e 0,1].
Thus 1
[F'(x)y](s) = y(s) - /0 G(s,1)[32(t)"2/2 + x(t)]y(1) dt.

Taking into account the max-norm and zg(s) = 1, for all s € [0,1], it follows that
|I — F'(zo)| < 5/16, and, by the Banach lemma, Ty = F'(x)! exists and [|Ty| <
16/11 = 3. Besides ||yo — zo|| < 3/11 = n and w(z) = 3\/5_;24 As w(tz) < Vtw(z), then
p = 1/2. The condition by < 1 is satisfied if §/2 > 0.00367522. So, we choose 6 = 1, so
that

ao = 0.192014, by =0.20102 <1 and f(bo) *Pg(ag)” = 0.690078 < 1.

In consequence, the conditions of theorem 2.2 hold and equation (12) has a solution
in {¢ € C[0,1];]l¢ — 1|| < 0.826563...}, which is unique in {p € C[0,1];||¢ — 1| <
3.74458 ...} by theorem 3.1.
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In this paper we investigate the superstability of Wilson type functional
equations on abelian groups and the stability in the sense of Ger for mixed type

functional equations on the set of positive real numbers.
1

1 Introduction

Under what condition does there exist a homomorphism near an approximately
homomorphism between a group and a metric group ? This is called the stability
problem of functional equations which was first raised by S. M. Ulam [15] in
1940.

In next year, for Banach spaces, the problem was first solved by D. H. Hyers
[7] which states that if § > 0 and f : X — Y is a mapping with X, ¥ Banach
spaces, such that

If(z+y) = flz) = [yl <o (%)

for all z, y € X, then there exists a unique additive mapping 7' : X — Y such
that

1f(z) =T (@)]| <6
for all z, y € X.

12000 Mathematics Subject Classification: 39B52, 39B72.
Key words and phrases: Wilson type and mixed type functional equation, superstability,
stability in the sense of Ger
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In 1978, Th. M. Rassias [10] gave a generalization of the Hyers’ result in the
following way:

Let X and Y be Banach spaces, let § > 0, and let 0 < p < 1. If a function
f: X — Y satisfies

1z +y) = f(2) = FWI < 0=[” + [[y]”)

for all z, y € X, then there exists a unique additive mapping T : X — Y such

that o0
(@) - T@l < 5=

for all x € X. The above stability phenomenon that was introduced by Th. M.
Rassias is often called the Hyers-Ulam-Rassias stability and the Rassias type
results obtained by modifying the result can be found in [11-14], etc.

On the other hand, if each solution f : X — Y of the inequality () is a
solution of the additive functional equation f(z +y) = f(x) + f(y), then we
say that the additive functional equation has the superstability property. This
property is also applied to the case of other functional equations [8, 9].

The superstability of the d’Alembert functional equation (or cosine func-
tional equation) which is one of trigonometric maps,

flx+y)+ fle—y)=2f(x)f(y) (1)

was first investigated by J. A. Baker [4], and later P. Gavruta [5] provided a
short proof for the theorem.

Since the equation (1) can be considered as a special case of the Wilson’s
functional equation

[|[[”

flx+y)+g(z—y) =h(2)k(y)

which has been thoroughly studied in [1], the equation (1) can be called a Wilson
type functional equation.

R. Badora and R. Ger [3] proved the superstability of the equation (1) under
the condition [f(z +y) + f(z +y) — 2f(2) f(y)| < ¢(z) or ¢(y).

In this paper we first examine the superstability of the next two Wilson type
functional equations:

flet+y) = fle—y) = 29(x)f(y), (2)
fle+y) = fl@—y) = 2f(2)g(y). (3)

The group structure in the range space of the exponential functional equation
is the multiplication. R. Ger [6] pointed out that the superstability phenomenon
of the functional inequality |f(z 4+ y) — f(x)f(y)| < J is caused by the fact that
the natural group structure in the range space is disregarded. So, he poses the
stability problem in the following form

Tty .

bainRs B
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and with this as a start, this stability problem is called the stability in the sense

of Ger.
Consider the following functional equations which are due to [9]:
f(2® +22) = 22 f(x) + 2f(x), (4)
fle+y+zy) = fl@) + fy) +2f(y) +yf(2). (5)

Since the functional equation (5) is obtained by combining the additive func-
tional equation f(x +y) = f(z) + f(y) and the derivation functional equation
f(zy) = xf(y)+yf(z), and the equation (4) is a particular case of the equation
(5), we promise that the functional equations (4) and (5) are said to be the
mixed type functional equation in this paper.

We here obtain results concerning the stability in the sense of Ger of the
mixed type functional equations (4) and (5).

In this paper, (G, +) will represent an abelian group, C the set of complex
numbers, R the set of real numbers and N the set of natural numbers.

2 Superstability of the Equations (2) and (3)

Theorem 1. Suppose that the functions f,g : G — C and ¢ : G — R satisfy
the inequality

et~ 1o =9 -2l < { () o ()
for all z,y € G. Then (i) either f is bounded or g satisfies (1), (ii) either g is
bounded or g satisfies (1), and also f and g satisfy (2) and (3).

Proof. Case (i). Assume that f is an unbounded solution of inequality (6).
Then we can select a sequence {y,} in G such that

0# |f(yn)] = 00 as n— oo. (7)
We assert that g satisfies (1). On setting y = y,, in (6), we get

fatyn) —fle—y.) p(z)
27 () 9] = 3 )

for all z,y € G and n € N. Now, passing to the limit as n — oo and taking (7)
into account, we obtain

n—0o0 2f(yn)

for all z € G. On the other hand, by means of (6), for all z,y € G and n € N,
we have

=g(z) (8)

lf(z+ (y+un) = fl—(y+un) —29(x)f(y +yn)
—flae+(y—un) + f@—(y—ya)) +29(2) f(y — yn)| < 20(x)

105
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so that
f((x+y)+yn)*f((x+y)*yn)+f((x*y)+yn)*f((x*y)*yn)
2f(yn) 2f(yn)
Cou(p) LW Yn) = [y = yn) e(z)
2000 ) = Tl

whence, by passing to the limit as n — co, we arrive at

lg(z +y) +g(z —y) —2g9(x)g(y)] <0

for all z,y € G. Therefore g satisfies (1) because of (7) and (8).

Case (ii). We first will show that if g is unbounded, then f ia also unbounded.
In fact, if f is bounded, we can choose yo € G such that f(yo) # 0 and with an
aid of (6), we obtain

fx+yo) — f(x—yo) f(x+yo) — fl@ —yo)
R e T RS
f(x+yo) — f(z—yo) ©(yo)
= ’ 2/ (30) HER

wherefore it follows that ¢ is also bounded on G. This proves that if g is
unbounded, then so is f.

Suppose now that g is unbounded. Then f is unbounded as well. Hence
there exists a sequence {z,} in G such that g(z,) # 0 and |g(z,)] — oo as
n — oo and g satisfies the equation (1) by (i).

Taking « = x,, in (ii) of (6), we infer

lim f@n+y) = flozn—y)
n—00 29(xn)

= fy) (9)
for all y € G. By utilizing (6), we obtain

|f((@n +2) +y) = f((xn +2) —y) = 29(2n +2)f(y)
+f((xn —2) +y) = f((zn —2) —y) — 29(zn — 2) f(y)| < 20(y)

for all x,y € G and n € N and then from this inequality, it follows that
fant(@+y) —flan—(+y) [flant(@—y)—flzn—(z—y)

2g(xy) 2g(xy)
_ 9@ + ) + g(xn — 2) e(y)
2 g Y S e

for all z,y € G and n € N. Passing to the limit as n — co and making use of
(9) and (i), we see that f and g are solutions of the equation (2).
Using (ii) in (6) yields

[f((@n +y) +2) = f((en +y) — ) = 29(zn +y) f(2)
(@0 —y) + ) = f((2n —y) — @) = 29(zn — y) f(2)] < 20(2),
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whence we get

flan+ (@ +y) = flon = (@t+y) | flont@=y) = flon = (@ -y))

2g(xn) QQ(xn)
() 9+ y) +g(@n —y) e(x)
) ) = Tgan)]

for all x,y € G and n € N.

Passing to the limit as n — oo in this inequality and again using (9) and (i),
we see that f and g are solutions of the equation (3). The proof of the theorem
is complete. /1]

If f = ¢ in Theorem 1, then the stability of another Wilson type functional
equation
fla+y) = fle—y) =2f(x)f(y) (10)

can be obtained as follows:

Corollary 2. Suppose that the functions f : G — C and ¢ : G — R satisfy the
inequality

et - 1o -0 =25 sl < { () 50
for all x,y € G. Then, in both cases (i) and (ii), either f is bounded or f
satisfies (10).

Now let us prove the superstability of (3) by using the similar method as in
the proof of Theorem 1.

Theorem 3. Suppose that the functions f, g : G — C and ¢ : G — R satisfy
the inequality

ot 9) = o =)~ 2@l < { ) 7Y (1)

for all x,y € G. Then (i) either f is bounded or g satisfies (10), (i1) either g is
bounded or g satisfies (1), and also f and g satisfy (2) and (3).

Proof. Case (i). Suppose that f is an unbounded solution of inequality (11).
Then we can choose a sequence {x,} in G such that

0# |f(zy)] — 00 as n— oo. (12)
We claim that g satisfies (1). On letting = x,, in (11), we get

f@n+y) = fln —y)
2f(wn)

©(y)
2[f(zn)|

—9(y)| <

for all y € G and n € N.
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Taking the limit in this inequality, we obtain

. flen+y) = f@n—y)

for all y € G. By using (i) in (11), we have

(@ +2) + ) — [ (20 + ) — ) — 2 (@0 + )9 (1)

+f(@n — ) +y) — f((zn — ) —y) — 2f (20 — 2)9(y)] < 20(y)
and thus we see that

flant+ (@+y) = flan—(@+y)  flant(@-y) = fl@n— (= —y))

=g(y) (13)

Qf(xn) 2f(xn>
. f($n + I) + f(xn - 1‘) @(y)
o Y S )

for all x,y € G. In view of (12) and (13), we get

lg(z +y) —g(z —y) —2g9(x)g(y)] <0

for all x,y € G. That is, g satisfies the equation (10).
Case (ii). We prove that if g is unbounded on G, then so is f. Indeed, let f
be bounded. Then we can select g € G such that f(xo) # 0 and by (11), we

obtain
- — +y) — f(zo —
f(zo +y) — fl@o y)‘+ ‘f(fo y) — flzo—y) ~ oy
2f(xo) 2f (o)
fl@o+y) — f(l‘o—y)‘ ©(y)
2f (o) 2[f(zo)|’
whence it follows that ¢ is bounded on G. This means that if g is unbounded,
then so is f.

Let g be unbounded. Then f is also unbounded. Hence there exists a
sequence {y,} in G such that g(y,) # 0 and |g(yn)| — o0 as n — oo and g
satisfies the equation (10) by (i).

Putting y = y,, in (ii) of (11), we obtain

. fletyn) = f(x—yn)
lim = f(x 14
Jim. 2000) f(x) (14)
for all x € G. Again using (ii) in (11), we have

[f@+(y+yn) = f@— (Y +yn) = 2f(2)9(y + yn)
—f@+(y—yn) + flx—(y—yn) +2f(2)9(y — yn)| < 20()
so that
fll+y) +yn) = f(@+y) —yn) | [z —y) +yn) = f((&—y) —yn)
29(yn) 29(yn)

()9t Y) — 9y —y) o(x)
2 g ) = Town)]
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for all x,y € G. Passing to the limit as n — oo in the above inequality, we
obtain from (14) that |f(x +y) + f(xz —y) — 2f(x)g(y)| < 0 for all z,y € G
since g satisfies (10). Hence f and g are solutions of the Wilson type functional

equation f(z +y) + /(z — ) = 2/ (2)g(y).
By (ii) in (11), we have

lf(y+ (x+yn) = fly— (= +yn) = 2f(v)9(x + yn)
—fly+ @ —yn) + fly— (@ —yn)) +2f(W)g(x — yn)| < 20(y)

for all x,y € G. Since f(—x) = —f(z) for all z € G, we have

fx+y) +yn) = f(x+y) —yn) | f(x—9y)+yn) — f(x—Yy) —yn)

29(yn) 29(yn)
B 9(yn + ) — g(yn — ) e(y)
2 ) = Tou)

for all x,y € G. Since g satisfies the equation (10), we have

If(x+y)+ flz—y) —29(x)f(y) <0

for all z,y € G by passing to the limit as n — oo in this inequality. Therefore
f and g are solutions of the Wilson type functional equation

f@+y) + [z —y) = 29(x) f(y) = 0
which completes the proof of the theorem. ///

In [2] R. Badora provided a counterexample to show the failure of the su-
perstability of the equation (1) in the case of the vector valued functions.

The following example illustrates that the superstability of Theorem 1 and
Theorem 3 are not valid for the vector valued functions as well.

Example. Let f,g : G — C be unbounded solutions of (2) (resp. (3)). We
define f, g defined on a group G with values in the algebra M, (C) of all complex
2 X 2-matrices given by

fo=(70 0 ) wagwm= (4 )

for all © € G, where ¢ € R and d € R\ {0}. Then
1f(z +y) = fz —y) — 2f(y)g(z)]| = constant >0

(resp. || f(z+y)— f(z—y) —2f(x)g(y)|| = constant > 0) for all x,y € G. These

f, g are not bounded and do not satisfy (2) (resp. (3)).

Nevertheless, we obtain a vector-valued analogue of Theorem 1 (resp. The-
orem 3).
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Theorem 4. Let B be a commutative semisimple Banach algebra and assume
that the functions f, g : G — B and ¢ : G — R satisfy the inequality

Fe+y) — Fe — ) — 20(2) )] < { (1) w(@) (15)

(rsp- 11t +) = St =) 20l < { () 50 ) o)
for all x,y € G. Then we have

g(@+y)+g(@—y)=29(z)g(y)
(resp. gz +y) —g(z —y) = 29(x)g(y)),

provided that for an arbitrary multiplicative linear functional z* € B* the super-
position z* o f fails to be bounded under the condition (i) of (15) (resp. (16)).
On the other hand, we obtain

g(x+y)— gz —y) = 29(x)g(y),
flz+y) = fle—y) = 29(x)f(y)

and
flx+y) = fla—y)=2f(2)g(y),

provided that for an arbitrary multiplicative linear functional z* € B* the super-
position z* o g fails to be bounded under the condition (ii) of (15) (resp. (16)).

Proof. The arguments used in [3, Theorem 3] carry over almost verbatim. For
the sake of completeness, we prove the theorem.

Assume that the inequality (15 (i)) is fulfilled for all z,y € G and that we
are given an arbitrary fixed multiplicative linear functional z* € B*.

Since ||z*|| = 1, we have, for all z,y € G,

1f(z+y) = flz —y) —29(x) f (W)
sup [2"(f(z+y) — f(z —y) —29(2)f (v))]

llz=lI=1

12" (f(z +y) — 2" (f(z —y)) — 227 (9(2)) =" (f(»)],

which shows that the superpositions z* o f and z* o g are solutions of the in-
equality (15(i)). As in the proof of Theorem 1 with the above inequality, the
superposition z* o f is unbounded, so we get

2" (g(x +y)) + 2" (g(x —y)) = 22" (g(x)) 2" (f(y))-

Y

o()

Y

From this relation, we arrive at

9@ +y) + gz —y) =29(@)f(y) € [) kerz"
z*eB*
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for all z,y € G. Since (,..p.ker z* is the Jacobson radical of B and B is

semisimple, we conclude that

g +y)+g(r—y)—29(x)f(y) =0

for all z,y € G. The remainder can be obtained by the similar method as above.

/1]

3 Stability of the equations (4) and (5)
in the sense of Ger

In this section, we deal with the stability problem in the sense of Ger for the
mixed type functional equations (4) and (5) which is due to [9].
Now we consider a function ¢ : (0,00) — (0,1) such that

doell@+1) —1)
n=0

converges for all z € (0, 00).

We denote
po(e) = [T = w(@+ 10" = 1) i) = [J1+ e+ 1% = 1)
n=0 n=0

for all x € (0, 00).

Theorem 5. Suppose that the function f : (0,00) — (0,00) satisfies the in-
equality

f@®+22) .
m 1‘ < p(x) (17)

for all x € (0,00). Then there exists a unique solution h : (0,00) — (0,00) of
the equation (4) such that

for all z € (0,00).
Proof. The relation (17) can be written as

fl@+1)?—1)

1—¢p(r) < ST 1+ () (18)
for all z € (0,00).
Putting ¢ = + 1 in (18), we get
l—cp(t—1)<m§1+<p(t—l) (19)

= 2uf(t—1)
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for all t € (1, 00). ’
If we replace ¢ by t2" in (19), then we have

TGl
ont1g2ntl_q

1*@(t2n*1)ﬁwﬁ1+<ﬁ(t2n*1)»

o2 —1

which is reduced to

F(@+1)>" 1)

o 20 (2 1)2" T
L—p(@+1)" 1) <~ e
2n(p41)2" -1

<l4+e((z+1)* -1)  (20)
for all € (0, 00).
Now we define g, : (0,00) — (0,00) by

fllz +1)*" —1)

gn(@) = on(z + )2 -1

for all x € (0,00) and n € N.
From this, the inequality (20) becomes

1—g0((x—|—1)2n—1)<g”+71(x)§1+<p((x—|—1)2"—1),

~ gal(z)
which implies that
n—1 n—1
[T e+ 0 0l < 280 < Tl g1 =) (2
k=m m k=m

for all « € (0,00) and for all n,m € N with n > m.
Hence we see that

i log[1 — ((z +1)*" —1)]
k=m
< log gn(2) — log gim(z)

< Z_: log[1 + ¢((z + 1)%" — 1)) (22)
k=m

for all z € (0,00) and for all n,m € N with n > m.
From hypothesis, it follows that the serieses

> log[l —o((z+1)*" = 1)] and Y log[l +¢((z +1)*" —1)]
n=0

n=0

converge for all z € (0, 00).
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Then, with aid of (22), the sequence {log g, ()} is a Cauchy sequence for all
z € (0,00).
Here we define h : (0,00) — (0,00) by h(z) = elimn—oclosgn(®) je

I (GRS VY
)=l S s T

for all x € (0, 00).
We assert that h satisfies (4) for all x € (0,00). In particular, we note that

fl@+1)2"" =1 1 (@422 +1)7 1)
ontl(y 4+ 1)2"" -1 2(x+1) 27(z2 42z +1)2" -1~

Thus we take to the limit as n — oo in (20) and then use the definition of h
and the assumption to find that
h(z? +2x)
2(x + h(z)

for all x € (0,00), i.e., h satisfies (4).
Passing to the limit as n — oo in (21), we obtain

ﬁu—w<<x+1>2’11>1s Ma) ﬁuw«fo’Hn
k=m gm(x) k=m

for all z € (0, 00).
We take m = 0 in the above inequality. It follows that

h

—~

(g < p1(7)

po() <

~

for all z € (0, 00).
To prove that the uniqueness of h, we assume that h; is another solution of
(4) with
hi(z)
< < 23
oole) < T < (o) (23)

for all z € (0,00).
In (23), we substitute z = (z + 1)2" — 1 and then

po((z+1)?" —1) < hi((z+1)%" —1)

- fl(x4+1)2" -1 <ei((@+1)" =1) (24)

for all z € (0, 00).
We can show the following relation by induction on n € N:

hi((z+1)2" —1)=2"(z + 1) "'hi(z) (25)

for all z € (0,00).
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In view of (24) and (25), we get

n hl(l') n
po((z+1)* —1) < Ty < will@+ )% ~1) (26)

for all z € (0,00).
Taking the limit as n — oo in (26) and using the the definition of h, h(x) =
hi(z) for all z € (0,00). The proof of the theorem is complete. ///

From now on, let A : (0,00)%2 — (0,1) be a function such that

o0

A+ -1, (y+1)* -1

n=0
converges for all z,y € (0,00). Moreover, we set

oo

vole,y) = [T =A@ +1)*" -1, (y + 1) = 1),

n=0
0o

Gi(ey) = [[+A(@+1D)* -1, (y+1)*" —1)]

n=0
for all z,y € (0, 00).

Theorem 6. Suppose that the functions f : (0,00) — (0,00) satisfies the
inequality

‘ flx+y+ry)
f@) + fly) +2f(y) +yf(z)

for all x,y € (0,00). Then there exists a unique solution h : (0,00) — (0,00) of
the equation (5) satisfying

— 1| <A(z,y) (27)

Yola,x) < hi; < i (z,)

for all z € (0,00).

Proof. Put y =z in (27) to see that

fllz+1)* =1
20+ 1) f((x+1)—1)

—1| < A(z,z)

for all z € (0, 00).
In the similar fashion as in the proof of Theorem 5, it follows that

1-A((z+1)2" =1, (z+1)2"—1) < W <1+A((z+1)%" =1, (z+1)2" 1)
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for all x € (0, c0), where

fz+1)*" —1)

P = e

for all € (0,00) and for all n € N.
Again, by using the same argument as in the proof of Theorem 5, we know
that there exists a solution h of (5) satisfying
h(z)
Yoz, x) < —— < (2, x)
(x)

for all x € (0, c0), where

h(z) = lim elog gn (@)
n—oo

for all z € (0,00) and for all n € N.
Now we claim that h satisfies the equation (5) for all z,y € (0,00). Letting
z=(r+1)* —land y = (y+1)%" — 1 in (27) gives
fllz+1)* (y+ 1> —1)
@+ D> f((y+ 1" =D+ @+ D> f((z+1)* - 1)
< A((LL’ + 1)2” -1 (y + 1)2" - 1)7

1’

which can be written as
F((@+1)*" (y+1)?" 1)
‘ BT (e )T (T
1)2"—1 z41)2" —
(@ + DEEEY + (y+ 1) G

<SA(z+1D)* -1, (y+1)* - 1)

for all z,y € (0, c0).
If we pass the limit as n — oo in the above relation, then, by using the
definition of i and assumption, we obtain

h(z +y + xy)
h(x) + h(y) + zh(y) + yh(z)
for all z,y € (0,00), i.e., h satisfies (5).

It remains to show that h is a uniquely defined. Let hy be a solution of (5)
with

S w1<x"r) (28)

for all z € (0,00).
Considering z = (x +1)?" — 1 in (28) yields
Yo((z+1)* =1, (x+ 1) —1)
@+ D* -1
T S+ 1) 1)
<@+ 1) -1, (@ +1)* - 1) (29)
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for all x € (0, 00).
Since h; is also solution of (5), we can verify the inequality (25) by induction.
It follows from (25) and (29) that

Yo((z+1)2" =1, (z+ 1% —1)
hi((z)

= [z 1)
on (I+1)2”71

<Y+ -1, (z+1)* - 1)

for all z € (0, 00).
Taking the limit as n — oo in the above inequality and then using the the
definition to obtain h(x) = hy(x) for all z € (0, 00), the proof is now complete.

/1]
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Abstract

Shannon’s sampling formula has been extended for subspaces of a multiresolution
analysis in L?(R). Thus, any function in the subspace V; of a multiresolution analysis
can be recovered from its samples at the shifted integers {a + n}nez by means of a
sampling formula, whenever a certain condition on the Zak transform of the scaling
function is satisfied. In this paper it is proved that a natural condition, which involves
again the Zak transform of the scaling function, allow us to recover any function in Vg
from its samples at the sequences {a+2n},ecz and {b+2n},cz by using an appropriate
sampling expansion.

Keywords: Wavelet subspaces, Zak transform, Riesz bases, Sampling expansions.
AMS: 42C15; 42C40; 94A20.

1 Introduction

The Whittaker-Shannon-Kotel'nikov sampling theorem states that any function f in the
classical Paley-Wiener space PWy,, := {f € L*(R) N C(R) : supp f C [-1/2,1/2]},
where f stands for the Fourier transform f(w) = [ f(t) e 2™ dt, may be reconstructed
from its samples {f(n)},ez at the integers as

ft) = Z f(n) sinc(t —n), teR,

n=—oo

where sinc denotes the cardinal sine function, sinc(t) = sin nt/7wt. Actually, the sampling
points need not be taken at the integers to recover functions in PWj/,. Indeed, any
function f in PWj/, can be recovered from its samples at the integers shifted by a real
constant a by means of the cardinal series

f&)= > fla+n)sinc(t—a—n), teR.

n=—oo
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See, for instance, references [5, 13] on general sampling theory. Notice that the space
PW, /5 corresponds to the subspace V in Shannon’s multiresolution analysis.

In a general multiresolution analysis {V;};ez in L?(R), the above sampling results
have been extended to the subspace Vj, provided that a certain condition on the Zak
transform of the scaling function is satisfied [1, 7, 11] (see infra Theorem 1).

On the other hand, it is also known that we can recover any function f € PWy 5 from
its samples {f(a+ 2n)}nez and {f(b+ 2n)},ez whenever a # b in [0,2). This result goes
back to a paper by Kohlenberg [8] (see also [5]). In engineering literature this sampling is
known as interlaced sampling or periodically nonuniform sampling [3, 10]. In the present
paper we show that, under a natural condition which involves the Zak transform of the
scaling function and the points a, b € [0,2), the same result also holds in a general wavelet
setting. Furthermore, the sampling functions in the corresponding sampling formula are
explicitly given by their Fourier transforms.

2 Preliminaries

Let {V;};ez be a multiresolution analysis in L?(R) with a Riesz scaling function ¢, i.e.,
{V;};ez is a increasing sequence of closed subspaces of L%(R) satisfying:

(i) f)eVie f2t) €Vin, JEL

i) feVo=f(-—n)eVy, nel
(iii) UjeZ V; is dense in L?(R) and ﬂjeZ V; = {0}
(iv) {¢(- —n)}nez is a Riesz basis for Vp

Recall that a function f belongs to Vi if and only if there exists a unique 1-periodic
function in L?(0,1), denoted by m ¢, such that flw) = mys(w/2)p(w/2).

In order to use the Poisson summation formula we assume, throughout this paper, the
following hypothesis on @:

esssupz |p(w +n)| < co. (1)
weR nel

This condition is satisfied if, for example, G(w) = O((1+ |w|)™*), w € R, for some s > 1.
The Zak transform of f € L?(R), formally defined as

(Zf)(t,w) = Zf(t +n)e Wt wER,

ne”

will be an important tool in the sequel. The Zak transform is an unitary map of L?(R)
onto L2([0,1) x [0,1)), and it satisfies the quasi-periodicity properties: (Zf)(t + 1,w) =
2™ (Z £)(t,w) and (Zf)(t,w+1) = (Zf)(t,w). See, for instance, [4, 6] for the properties
and uses of the Zak transform. The following two lemmas, concerning the Zak transform,
will be needed later.
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Lemma 1 Any function f in Vi is continuous on R. Moreover, for a fired t € R, its Zak
transform satisfies

(Zf)(t,w) Zf (w4 n)e?™ W+t g e inR. (2)
nez

Equality (2) also holds in the L*(0,1)-norm sense.

Proof. For f € V] we have

S s~ Slo(3+5(5+5)
IR ) ¢ o5+ DIZ ) oo

From hypothesis (1) we have that ) |f(w +n)| € L?(0,1). Taking in to account that
L*(0,1) ¢ L'(0,1) and

s / |dw—Z/ \fw+n!dw—/Z!fw+n!dw

neZ ne”Z
we have that f € L1(R) N L2(R) and so that f is continuous. Since Y onez 1f(w+n)| €
L?(0,1) we deduce that, for a fixed t € R, the function

— Z ]?(,w + n)627ri(w+n)t,

neL

€L

belongs to L?(0,1). Using the inverse Fourier transform, it can be easily checked that the
Fourier coefficients of g; with respect to the orthonormal basis {e™2™"“"}, ¢z are {f(t +
n)}nez. Hence, the equality in (2) holds in the L?(0, 1)-norm sense. Since Y., o5 | f(w+n)|
converges a.e., the series in (2) converges a.e. As the pointwise limit and the limit in the
L?(0, 1)-norm coincide (see [9, Th 3.12]), the equality holds also a.e.

[

Applying the Parseval equality to (2) we obtain

SO+ =D Flw+n)e T, < IS 1w A n)l| e, < 00

nez nez nez

Therefore, for each f € V7,
sup Y | f(t+n) (3)

Notice that, taking f = ¢, Lemma 1 gives (Z¢)(t,w) = 3o P(w + n)e?™ @+t g
and since we have supposed (1), we obtain that esssup( ., ecr2 |Z¢(t, w)| < oo.

Lemma 2 Fized t € R, for any f € V1 we have

(Zf)(g,w) —mf<2>(Z<p)( 2) —Hmv(%—k%)(Z@)(t,%—i-%), a.e. inR.

133
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Proof: Using Lemma 1 and splitting the sum into odd and even terms we obtain

29 f) = K o= S (34 2)o(3 )

nel

<>2<><>Z<>

ne ne

Applying again Lemma 1 for f = ¢, the result follows.
|
Next, we characterize the subspace of V] containing the functions vanishing at the
sequence {a/2 + n}pez, for a fixed a € R.

Lemma 3 Let f be a function in Vy. Then f(a/2+n) =0 for all n € Z if and only if

( )(Zy)(a, w)+mf<w+ )(Z<p)<a,w+%> =0, a.e inR.

Proof: Since (Zf)(a/2,w) =0 a.e. if and only if f(a/2+n) =0 for all n € Z, the result
follows from Lemma 2.
|
At this point we remind some necessary concepts on shift-invariant spaces generated
by a single function ¢. The function ¢ € L?(R) such that {¢(-—n)},cz is a Riesz sequence,
i.e., a Riesz basis for its closed linear span, is said to be a stable generator for

V= {Zan $(-—n) : {antnez € eQ(Z)} c L2(R).

neL

Equivalently, the function defined as ®4(w) := ;o5 |$(w+k‘) |2 must satisfy the condition
0 < [[®gllo £ ||Ppllc < 00, where ||®4]lo denotes the essential infimum of the function
n (0,1), and [|®4| o its essential supremum [2]. Recall that a Riesz basis in a separable
Hilbert space is the image of an orthonormal basis by means of a bounded invertible
operator.

Closing the section we state a sampling theorem for shift-invariant spaces which will
be used later. It can be found in [14, Th. 1].

Theorem 1 Let ¢ be in L?*(R) a continuous stable generator for Ve, satisfying that
SUD4eR D nez |p(t+n)|? < 0o and let a € R such that 0 < ||[(Z¢)(a,)|lo < ||(Zd)(a, )|l <
oo. Then, for any f € Vy, the sampling expansion

Zf T,(t—n), teR,

holds, where Ty(w) := a(w)/(Z@(a,w). The convergence of the series is absolute and
uniform on R. It also converges in the L*(R)-norm sense.
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3 The sampling result

The aim in this Section is to prove a sampling formula for V) which involves the samples
at {a + 2n}ncz and {b + 2n},cz. This sampling result relies on a condition about a
function I'y ; which includes the parameters a,b € [0,2). It is defined by

Lop(w) := (Ze)(b,w)(Zyp) (a,w + %) —(Zy) (b,w + %)(ng)(a, w), a.e inR.

Theorem 2 Let a,b € [0,2) such that |[Typllo > 0. Then, any function f € Vi can be
recovered from its samples {f(a + 2n)}tnez and {f(b+ 2n)}nez by means of the sampling
formula

o0

f@)= > [fla+2n)Si(t —2n) + f(b+2n)Sa(t — 2n)], tER, (4)

n=-—o00
where the functions S, and Sy in Vo are given by their Fourier transforms

Sutw) = 2EDOL LD 1) Gy = 2ENEL L 5,

The convergence of the series in (4) is absolute and uniform on R. It also converges in
the L?(R)-norm sense.

Proof: In order to prove the sampling formula (4) we proceed as follows: We write
any function f € Vi as f = f, + f, where f, (respectively f;) belongs to a suitable shift-
invariant space V,,, (respectively V,,, ) whose functions vanish at the sequence {a/24n},cz
(respectively {b/2 + n}nez). Then, applying Theorem 1 in V,, and V,,, we will obtain a
sampling formula in V; which, restated by dilation for Vj, gives (4).

In so doing, Lemma 3 leads us to consider the functions ¢, and ¢ in V; whose Fourier
transforms are given by

it =z 5+ DAE) i -z 5 )o()

We prove that ¢, (respectively ¢p) is a stable generator for V,, (respectively V). To
this end,

B w) = X Bulw+ ) = 3 |2 (0 2+ L+ 2)p (L 1)
Nne” nez

2oy e (5) oo D)o (3 D). o

Since |[(Z¢)(a,")||cc < 00 and ||Py|lec < 00 we have that [Py, ||ec < 00. On the other
hand, using [|®,[/o > 0, and

[(Z¢) (a,w + %)\ +|(Z)(a,w)| >

_ 1(Z0)(bw)(Z)(a,w +1/2)] + [(Zo)(b.w + 1/2)(Ze)(@w)| _ [Tapll
- 1Ze)(b. = Zo) b

a.e. ,
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we obtain that || @y, |lo > 0. Notice that ||Z¢)(b,-)||ec > 0 since ||[Igpljo > 0. Therefore,
©q 1s a stable generator for V,, . Similarly, it is proved that ¢ is a stable generator for
Ve

Next, for a given f € V1, consider the functions f, € V,,, and f;, € V,,,, whose Fourier
transform are ﬁl(w) = ap(w)Pq(w) and ﬁ(w) = Br(w)pp(w), where ap y [y are the
1-periodic functions in L?(0,1) defined respectively by

imw M (W/2)(Zp) (b, w/2) + my(w/2 + 1/2)(Zp) (b, w/2 +1/2)

ar(w) = e B y(w)2) ’
Br(w) = —eim my(w/2)(Z)(a,w/2) +mp(w/241/2)(Zp)(a,w/2+1/2)
! ' Top(w/2) '

We can easily check that f: fa + fb and, as a consequence, f = f, + fp.

Lemma 2 gives the relationship (Z¢,)(b/2,w) = e ™', ,(w/2). Since ||Tgpllo > 0
we have that ||(Z¢a)(0/2,)|lo > 0 and, since Z¢ is uniformly bounded a.e., we have that
|(Zpa)(b/2,)|lcc < oo as well. Moreover, as ¢, € Vi then ¢y is continuous and from (3)
we have that sup;eg >,z [¢6(t + n)|? < co. Thus, the hypotheses in Theorem 1 for the
stable generator ¢, of V,, and the point b/2 are satisfied. Therefore, as f, € V.,

EDS Ful(+n) Tupyalt ).

where
=  Paw)  (Zp)a,w/2+1/2) _rw
Tap/2(w) = (Zoa)(b/2,w) Cop(w/2) (5)

The convergence of the series is in the L?(R)-norm sense, absolute and uniform on R.
Similarly, we obtain that fy(t) = >_ <7 fo(a/2 +n)T} q/2(t —n), t € R, where j—\‘bﬂ/g(w) =
—(Z)(b,w/2 + 1/2)3(w]2) /Ty (w)2).

By using Lemma 3, f, vanish at the sequence {a/2 + n},ez. Hence, f(a/2 +n) =
fo(a/2 +n) for all n € Z. Similarly, f(b/2 +n) = fo(b/2 +n) for all n € Z.

Therefore, for each f € Vi, we have the sampling formula

[e.9]

F&) = fa®)+ fot) = {f(g—I—n)TaJ,/Q(t—n)+f(g+n)Tb7a/2(t—n)], teR. (5)

n=—oo

Finally, this sampling formula for V; yields, by dilation, the sampling formula (4) for Vj.
|

Some comments about Theorem 2 are in order:

e First, notice that the characterization for the subspace M, ; := {f eVi:fla/24n) =
0,n e Z} given in Lemma 3, along with a similar technique that those used to derive a
mother wavelet in a multiresolution analyis [12, p. 35], proves that M, /2 = Vg, provided
[Tapllo > 0. In addition, the sampling formula (5) gives M, 5 N M5 = {0}. Therefore,
the condition ||[I'gpljo > 0 implies that the subspace V; can be written as the direct sum
Vi = Mgy/o ® My of its closed subspaces M, /, and My,.

e The sequence {Si(- — 2n)}pez U {S2(- — 2n)}nez forms a Riesz basis for Vy. It is
a straightforward consequence of Theorem 2 and [2, Lemma 3.6.2] since the sequence
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{To(- — n)}nez in Theorem 1 is a Riesz basis for Vj,. As a consequence, the interpolation
property Si(a + 2n) = Sa(b+ 2n) = 6,0, n € Z, holds.

e Sampling formula (4) also holds for any f in a shift-invariant space V,, where ¢ is
a stable generator for V,,, provided the condition ||I'y3llo > 0. Indeed, it is enough to
consider the dilated space Vi := {f(2t) : f e VSD}, and to proceed as in the proof of
Theorem 2.

e The sampling formula (4) for a € [0,1) and b = a + 1, reduces to Theorem 1 as we can
easily check by using that (Z¢)(a + 1,w) = €™ (Z¢)(a,w).

Closing the paper, we illustrate the sampling result (4) with two examples:
Ezample 1:  The Paley-Wiener space PW/, corresponds to the subspace Vj in the

Shannon multiresolution analysis. As ¢ = sinc, we have that (Z sinc) (¢, w) = e*™! when
|w| < 1/2 and, as a consequence,

Fa,b(w) _ e27riw(a+b) [e—ma - e—iﬂ'b] , we (0’ 1/2)'

Since I'y p(w=+1/2) = =Ty (w), we have ||T'gpllo > 0 if and only if a # b, with a,b € [0, 2).
For any f € PW, , sampling formula (4) reads
f&)= > [fla+2n)S(t—2n—a)+ f(b+2n)S(b+2n—1t)], teR,

where
_ sin7t —sin7(t +a —b) +sin7w(a — b)

S(t) .=
®) 7t[1 — cosm(a — b)]
Ezample 2: Let ¢ be the scaling function of the Meyer multiresolution analysis given in

[12, p. 49]. Namely, let ¢ be a function in L?(R) such that its Fourier transform satisfies
the following conditions:

0<@(w)<1, weR,  J(w)=1, |w|< p(w), weR,

)
|
E
[

~ 2
Blw) =0, Jul > =,
One can easily check that

. 1 w € (0,1/3)
(Zp)(t,w) = ™ ¢ P(w) + Pw — 1)e ™ w € (1/3,2/3)
e~ 2mit w € (2/3,1).

After some calculations, one get
P(w+1/2)C + p(w —1/2)C  w € (0,1/6)
2w (a+b) C w e (1/6, 1/3)
Co(w) — CP(w — 1)e ™) 4y € (1/3,1/2),
where C' := e~ — ¢~ Provided a # b and a + b # 2 (a,b € [0,2)) it can be checked
that H]._‘a’bHQ >0.
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1. Introduction

Let nonempty sets S,T C N, and define Fs = o(Xy,k € S), and the maximal cor-
relation coefficient p¥ = sup corr(f,g) where the supremum is taken over all (S,T) with
dist(S,T) > n and all f € Ly(Fs), g9 € Lo(Fr) and where dist(S,T) = infes yer |2 — ¥yl

A sequence of random variables {X,,,n > 1} on a probability space {2, F, P} is called
p*-mixing if

oy P <1

As for p*-mixing sequences of random variables, Bryc and Smolenski (1993) estab-
lished the moments inequality of partial sums. Peligrad (1996) obtained a CLT. Peligrad
(1998) established an invariance principles. Peligrad (1999) established the Rosenthal
type maximal inequality. Utev and Peligrad (2003) obtained an invariance principles of
nonstationary sequences.

As for negatively associated (NA) random variables, Joag (1983) gave the following
definition.
Definition 1 (Joag, 1983) A finite family of random variables {X;,1 < i < n} is said to
be negatively associated (NA) if for every pair of disjoint subsets Ty and T5 of {1,2, ...,n},
we have

Cov(f1(Xi,i € Th), f2(Xj,5 € Ts)) <0,

!This paper is supported by Key discipline of Zhejiang Province (Key discipline of Statistics

of Zhejiang Gongshang University) and National Natural Science Foundation of China
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whenever f; and f2 are coordinatewise increasing and the covariance exists. An infinite
family is negatively associated if every finite subfamily is negatively associated.

Recently, some authors focused on the problem of limiting behavior of partial sums
of NA sequences. Su et al (1996) derived some moment inequalities of partial sums and
a weak convergence for a strong stationary NA sequence. Lin (1997) set up an invariance
principal for NA sequences. Su and Qin (1997) also studied some limiting results for
NA sequences. More recently, Liang (1999, 2000) considered some complete convergence
for weighted sums of NA sequences. Those results, especially some moment inequality
by Huang and Xu (2002), Shao (2000) and Yang (2000), undoubtedly propose important
theory guide in further apply for the NA sequence.

The main purpose of this paper is to establish a law of logarithm and strong law
of large numbers for p*-mixing sequences or NA sequences are investigated. The results

obtained improve the relevant results in Utev and Peligrad (2003).

2. Main results

Throughout this paper, C' will represent a positive constant though its value may
change from one appearance to the next, and a, = O(b,) will mean a, < Cb,. And
an < by, will mean a, = O(b,,). L(z) = max(1,log(z)).

In order to prove our results, we need the following lemma and the concept of complete
convergence.

Definition 2 (Hsu and Robbins, 1947) Let {X, X,,,n > 1} be a sequence of random
variables, if for any € > 0,

)

ZP(|Xn—X| >¢) < oo

n=1
holds, we call {X,,,n > 1} completely converging to X.
As for complete convergence, let now {X, X,,n > 1} be a sequence of independent iden-
tically distributed random variables and denote S, = Y. ; X;. The Hsu-Robbins-Erdés
law of large numbers (Hsu and Robbins, 1947; Erdos, 1949) states that

Ve > 0,2P(|Sn| >en) < 0

n=1
is equivalent to EX = 0 and EX? < oo.
This is a fundamental theorem in probability theory and has been intensively investigated

by many authors in the past decades. We can see in Petrov (1995), Chow (1997) and Stout
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(1974). There have been many extensions in various directions of Hsu-Robbins-Erdés law
of large numbers.

Lemma 2.1 (Utev and Peligrad, 2003) Let {X;,i > 1} be a p*-mixing sequence of
random variables, EX; = 0, E|X;|? < oo for some p > 2 and for every i > 1. Then there
exists C = C(p), such that

1<k<n

k n n
E max | > X <C{)_E|Xi]? + (D EX})/*}.
i=1 =1 =1

Lemma 2.2 (Shao, 2000) Let {X;,7 > 1} be a sequence of NA random variables,
EX; = 0,E|X;? < oo for some p > 2 and for every i > 1. Then there exists C = C(p),

such that .

n n
) ) 2\p/2
E max | ;le” < C{; E|X|P + (; EX2)P/?).

Now we state the main result of this paper.
Thereom 2.1 Let {X;,i > 1} be p*-mixing identically distributed random variables
sequence with FX; = 0. Va > 0, there exist a 0 < < 1, then 2aa+n—-1 > 0. If
EX2(L(|X1])) " < 0o, Ve > 0, then we have

1 ;
> —P(|Sy| 2 en?L*(n)) < oo (2.1)
n=1
and
oo 1 .
nX::l EP(lrSn%xn |Sk| > en2L%(n)) < oc. (2.2)

Proof of theorem 2.1

The proof of (2.2) = (2.1) is obvious. Now we need only to proof (2.2). Let 3, such that
17(2;_74;"71) < B < 2l < o, where p > max{2, mfﬁ}

Let M =n'/2LoB(n), Xp; = (—M) V (X; AM), Sjn=3J_, Xni- Then we have

1 Loy
EP(lglggnlskI > en?L%(n))

WE

3
I
=

IA
M8
S|

1 — 1 .
s7a—p3 - sTCQ
1 P(max [Xi| >n=L%"%(n)) +n§:1: R P (max [Skn| 2 en®L%(n))

1+

n

I
~
~

(2.3)

By EX?(L(]X1|))~'*" < oo, then we have

oo
L < Y P(Xi|>niLoP(n)
n=1
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s X, |2 L2(a7ﬂ)
S Z P( T | 1| > n - (n)
L=n([Xa]) = Li-n(nzLe58(n))
< P |‘X’1|2 L2(a—ﬁ)+7]—1
< Z >n (m)

L=1(|X,)

|X1|2 2 —1+
< ZP (%) > Cn) < EX2(L(|1X1])) " < oo.

When n — oo, first we show that
k

—-1/2 71—« .
n~/“L™%(n) lrsnlfusxn|Ei_Zle| — 0.

By EX; =0 and 2(a — 8) +n —1 > 0, when n — oo, then we have

n-1/2
L &%'EZXMI
< ML) [E|IXI{|X1| > n? Lo (n)} + n3 Lo P (n) P(|Xy| > n3 L* P (n))]
< 2m!PL0(n) B X [T{| X | > n L2 P (n)}
2

— 1/21 —a |X1| —171—7p 1ra-8

2n"/*L (n)EiLl_n(|Xl|)|X1| L' "1 X1 )I{| X1]| > n2L* P (n)}
< Cn2L*(m)n 2L (@A (p) L1 " (n2 L* A (n))

< CLP2et=1(n) 0.

Hence if we want to proof I, we need only to proof

o0

1 1
> =P max [Sgn — ESjn| > Sen?L%(n)) < co.
“n 1<k 2

By Lemma 2.1 and p > max{2, ﬁ}, then

NE

1 1
z - > @
1nP(1r<r1kauc [Skn — ESkn| 5n2L (n))

3
Il

n~3L7P*(n)E max |Skn — ESkn|?
1<k<n

IA
Q
|M8
:I'—‘

cz Lot roren) 3 B P
k=1

+ C Z En*%L*va(n)(Z E|Xonk|?)??
n=1

= Ig +I4 (24)

INA
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By EX; =0 and 2(a — §) + 7 — 1 > 0, then we have

L < C’Zn 5L P (n)E| X, [PI{|X1| < n?L*B(n)}

oS ntrremp X X2 s
L) v ()

oo
¢ n L (m)n T LD @B () L1 (nd L7F (n))

<
< ¢ i 1 vate-2e-p1t1-n(n) = ¢ i 1 s0-2-atn-1) o o
n=1 n:ln
and
I, < CZ 1 P (n) B8 | X1 2I{| X1 | < niL* P (n)}

- CZ gL—P“(n)EE %Ll_"(\Xﬂ)I{\Xﬂ <nEL*P(n)}

)

oo
< Z L P (n)[L( nQLa ﬁ( 2(1—n) <C Zl —pQagtn-l) (n) < .
n

y (2.3) and (2.4), then we have

o0

1 e
ZE 1r<nka<:)c |Sk| >en?L (n)) < 0.

Now we complete the prove of Theorem 2.1.

Corollary 2.1 Under the conditions of Theorem 2.1, we have

Proof of Corollary 2.1 By (2.2), Ve > 0, then we have

oo 2FtT—1
Z Z (2¥! — 1)1 P( max |S}] > en? L%(n)) < .
k=0 n=2% 1<i<2t

So

P( max [S;| > 2% L*(2M)) < 0.
1< <2k

By Borel-Cantelli Lemma, then we have

max A —0 a.s.

1<j<2k 23 La(2k)
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For all positive integers n, then there existes a non-negative integer ko, such that 2k <

n < 2ko*1 Thus
e - iy
n3Le(n) ~ 1<j<2Ro+t 9F La(2ko)

Thus we have

n

lim =0 a.s.

n—oo n3 [*(n)
Now we complete the prove of Corollary 2.1.
Thereom 2.2 Let {X;,i > 1} be NA sequence with identically distributed random
variables with EX; = 0. Va > 0, there exist a 0 < n < 1, then 2a+7n—1 > 0. If
EX2(L(|X41]))™*" < 00, Ve > 0, then we have

P(|S,| > 5n2L°‘( )) < 00 (2.5)

§I'—*

and
21
ZEP max. |Sk| > en?L%(n)) < oc. (2.6)
n=1

Proof of Theorem 2.2 Using Lemma 2.2 instead of Lemma 2.1, the proof of Theorem
2.2 is similar to the proof of Theorem 2.1.

Corollary 2.2 Under the conditions of Theorem 2.2, we have
Sn

lim ——— =0 a.s.
n— 00 n§La(n)

Proof of Corollary 2.2 The proof of Corollary 2.2 is similar to the proof of Corollary 2.1.
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Abstract The purpose of this paper is to present a stable iteration procedure
for a class of generalized mixed quasivariational inclusion systems based on the
general resolvent operator technique associated with (A,n)-monotone operators.
The obtained results generalize the results on the stable analysis for the existing
strongly monotone quasivariational inclusions [1-3, 11-13] and others. For more
details, we recommend [1-13].
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1 Introduction

Variational inequality type methods have been applied widely to problems arising from model equi-
libria problems in economics, optimization and control theory, operations research, transportation
network modeling, and mathematical programming (see, for example, [1-13] and references therein).
Very recently, in [8], the author introduced first a new concept of (A, n)-monotone operators, which
generalizes the (H,n)-monotonicity and A-monotonicity in Hilbert spaces and other existing mono-
tone operators as special cases, and studied some properties of (A4, n)-monotone operators and defined
resolvent operators associated with (A, n)-monotone operators. Then, by using the new resolvent
operator technique, the author constructed some new iterative algorithms to approximate the solu-
tions of a new class of nonlinear (A, 77)-monotone operator inclusion problems with relaxed cocoercive
mappings and also proved the existence of solutions and the convergence of the sequences generated
by the algorithms in Hilbert spaces.

On the other hand, some systems of variational inequalities, variational inclusions, complemen-
tarity problems and equilibrium problems have been studied by some authors in recent years because
of their close relations to Nash equilibrium problems. Huang and Fang [5] introduced a system of
order complementarity problems and established some existence results for the problems by using
fixed point theory. Kassay and Kolumbén [7] introduced a system of variational inequalities and
proved an existence theorem by using Ky Fan’s lemma. In [1], Cho et al. developed an iterative
algorithm to approximate the solution of a system of nonlinear variational inequalities by using the
classical resolvent operator technique. By using the resolvent operator technique associated with an
(H,n)-monotone operator, Fang et al. [3] further studied the approximating solution of a system of
variational inclusions in Hilbert spaces. For other related works, we refer to [2, 4, 11, 12].

Motivated and inspired by the above works, we intend in this paper to present a stable iteration
procedure for a class of generalized mixed quasivariational inclusion systems based on the general

IThis work was supported by the Educational Science Foundation of Sichuan Province No. 2004C018 and the
Natural Science Foundation of Sichuan University of Science & Engineering, Zigong, Sichuan of China No. 2006ZR003.
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resolvent operator technique associated with (A, n)-monotone operators. The obtained results gen-
eralize the results on stable analysis for the existing strongly monotone quasivariational inclusions
[1-3, 11-13] and others. For more details, we recommend [1-13].

2 Preliminaries

Let H be a real Hilbert space endowed with a norm || - || and an inner product (-, -), and 2% denote
the family of all the nonempty subsets of H.
Definition 2.1. Let T, A : H — H be two single-valued operators. T is said to be
(i) monotone if
(T(x) - T(y),z —y) >0, Vr,yeH;

(ii) strictly monotone if, T' is monotone and (T'(z) — T'(y),x — y) = 0 if and only if x = y;
(iii) r-strongly monotone if, there exists a constant r > 0 such that

(T(z) = T(y),x —y) 2 rlle —yl?, Vo,yeH;
(iv) 7-strongly monotone with respect to A if, there exists a constant v > 0 such that
(T(x) = T(y), Alw) = A@)) = yllz —yl*, Yoy eH;
(v) B-cocoercive with respect to A if, there exists a constant 8 > 0 such that
(T(x) = T(y), A(x) — A(y)) 2 BIIT(x) = TP, Va,y € H;
(vi) m-relaxed cocoercive with respect to A if, there exists a constant m > 0 such that
(T(z) = T(y), A(x) = A(y)) = —m|T(x) = T(y)|*, Va,ye™H;

(vii) (e, av)-relaxed cocoercive with respect to A if, there exist constants €, & > 0 such that for all
z,y €H
(T(x) = T(y), Alz) = Ay)) = —€llT(x) = T(W)* + allz - y|I*;

(viii) s-Lipschitz continuous if, there exists a constant s > 0 such that
IT(z) =T < sl —yll, Vo,yecH.

Remark 2.1. Clearly, every (3-cocoercive mapping is m-relaxed cocoercive, while each r-strongly
monotone mapping is (r + 72, 1)-relaxed cocoercive with respect to I (see [9, 11-13]).

Definition 2.2. A single-valued operator 1 : H x ‘H — H is said to be 7-Lipschitz continuous
if there exists a constant 7 > 0 such that

In(z, Y| < 7llz —yll, Vo,yeH.

Definition 2.3. Let n: H xH — H and A, H : H — 'H be single-valued operators. Then
set-valued operator M : H — 2™ is said to be
(i) monotone if

(u—v,x—y) >0,Ve,y € H,u € M(z),v € M(y);
(ii) p-monotone if
<U—U777(3?ay)> Z 07 Vﬂﬁ,y S Hau c M(x),v S M(y)7

(iii) strictly n-monotone if M is n-monotone and equality holds if and only if x = y;
(iv) r-strongly n-monotone if there exists a constant r > 0 such that

(uw—v,n(z,9)) = rllz—y|? Yo,y € H,u € M(z),v € M(y);
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(v) a-relaxed n-monotone if there exists a constant o > 0 such that
<u - Uﬂ?(%y» > _OéHaj - yH27 Vx,y € Hau € M(l‘),’l} € M(y),

(vi) maximal monotone if M is monotone and (I 4+ pM)(H) = H for all p > 0, where I denotes
the identity operator on H;

(vii) maximal n-monotone if M is n-monotone and (I + pM)(H) = H for all p > 0;

(viii) H-monotone if M is monotone and (H + pM)(H) = H for all p > 0;

(ix) A-monotone with constant m if M is m-relaxed monotone and A+ AM is maximal monotone
for all A > 0.

(x) (H,n)-monotone if M is n-monotone and (H + pM)(H) = H for every p > 0.

Definition 2.4. Let A : H — H,n : H x H — H be two single-valued operators. Then a
set-valued operator M : H — 2" is called (A, n)-monotone with m if M is m-relaxed n-monotone
and (A + pM)(H) = H for every p > 0.

Remark 2.2. (1)If m=0o0r A=1 orn(x,y) =z —vy for all z,y € H, Definition 2.4 reduces to
the definition of (H,n)-monotone operators, maximal 7-monotone operators, H-monotone operators,
classical maximal monotone operators, A-monotone operators (see [8]).

(2) Further, map M is said to be generalized maximal monotone (in short GMM — monotone)
if:

(i) M is monotone;

(ii) A+ pM is maximal monotone or pseudomonotone for p > 0.

Proposition 2.1. ([8]) Let A : H — H be an r-strongly 7-monotone operator, M : H — 27 be
an (A, n)-monotone operator with m. Then the operator (A + pM)~! is single-valued.

Definition 2.5. Let A : H — H be a strictly n-monotone operator and M : H — 2™ be
an (A,n)-monotone operator. Then the corresponding general solvent operator J;’;iw tH — His
defined by

T (@) = (A+ pM) ! (z), Vo eH.

Proposition 2.2. ([8]) Let n : H x H — H be 7-Lipschitz continuous, A : H — H be a
r-strongly n-monotone operator and M : H — 2™ be an (A,n)-monotone operator with m. Then

the resolvent operator Jg’ﬁ/f :'H — 'H is —=—-Lipschitz continuous, i.e.,

r—pm_

T

17774 (2) = I ()] < lz—yll, Va,yeH,

r—pm

where p € (0,7/m) is a constant.

Let H; and Hs be two real Hilbert spaces, N1 : Hy X Ho — Hi, No @ Hy X Hy — Ha, 11 :
Hi x H1 — Hy and 12 : Ho X Ho — Ho be single-valued operators. Suppose that Ay : H; — H;
and Ay : Hy — Hy are any nonlinear operators, M; : H; — 271 is an (Ay,7;)-monotone operator,
and My : He — 272 isan (A2, m2)-monotone operator. Let ¢ : Hy — Hy, p: Ha — Hz be nonlinear
mappings such that q(H1) N D(M;) # 0, p(H2) N D(Ms) # 0. Then the problem of finding an
element (z,y) € H1 X Hs for a given element (f, g) € Hy x Hsy such that

f € Ni(g(z),y) + Mi(q(x)), g € Na(x,p(y)) + Ma2(p(y)) (2.1)

is called a system of generalized mixed quasivariational inclusion problem.

For p = ¢ = I in (2.1), we arrive at: find an element (z,y) € H; X Hs for a given element
(f,9) € H1 X Ha such that

f € Ni(z,y) + Mi(z), g€ Na(w,y) + Ma(y), (2.2)

which was studied by Huang et al. [5] when f = ¢ = 0.
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IfH, =He=H, f=9g, NN =No =N, Mi = My = M and = = y, then the problem (2.2)
reduce to finding an element z € H for a given element f € H such that

f € N(z,x)+ M(x). (2.3)

Next, another special case of the problem (2.3) is: for given element f € H determine an element
x € 'H such that

fes)+T(x)+ M), (2.4)

where N(u,v) = S(u) + T(v) for all u,v € H for S,T : H — H any two nonlinear mappings.
If S=0in (2.4), then (2.4) is equivalent to: find an element x € H such that

feT(x)+ M)

Remark 2.3. For appropriate and suitable choices of N;, n;, A;, M;, p, g and ‘H; fori = 1,2, it is
easy to see that the problem (2.1) includes a number of quasi-variational inclusions, generalized quasi-
variational inclusions, quasi-variational inqualities, implicit quasi-variational inequalities, variational
inclusion systems studied by many authors as special cases, see, for example, [1-3, 5, 11, 12] and the
references therein.

3 Existence and Uniqueness

In the sequel, we always suppose that H; and Hy are two real Hilbert spaces. In this section, we
discuss the existence and uniqueness for solutions of problem (2.1) when M is (Ay,7;)-monotone
and My is (Ag, n2)-montone. For our main results, we need the following characterization of solutions
of problem (2.1).

Lemma 3.1. Let H; and H» be two real Hilbert spaces, N1 : H1xHs — H1, No : Hi X Ho — Ha,
n: HixHy — Hyand g @ Hao X He — Ha be single-valued operators. Suppose that Ay : H; — H;
and Ay : Hy — Hy are any nonlinear operators, M : H; — 271 is an (A;,7;)-monotone operator,
and My : Ho — 272 is an (A, 72)-monotone operator. Let q : H; — Hi, p: Ha — Ha be nonlinear
mappings such that q(Hy) N D(My) # 0, p(Ha) N D(Ms) # 0. Then the following statements are
mutually equivalent:

(i) An element (z,y) € H1 — H2 is a solution to (2.1).

(ii) There is an (x,y) € H1 — Ha such that

q(z) = T (A1 (g(x)) — pNi(g(), y) + pf),
py) = TP (Ax(p(y)) — ANa(z,p()) + Ag),

where p > 0 and A > 0 are two constants.
(iii) For any given p > 0 and X > 0, the map @, » : H1 x Ho — Hi1 X Hy defined by
QIL)\(U’ U) = (FP(U7 U)v GA(UH U))a V(U, ’U) € Hl X H2

has a fixed point (z,y) € Hi x Ha, where for all s,¢ € (0,1] maps F, : Hy x Hy — H; and
Gy : H1 X Hyo — Ho are defined by

Fy(u,0) = (1= s)u+ slu— quw) + 141" (A1(a(u) = pNi(g(w),0) + pf)],
Galu,v) = (1 =)o + t[o — p(v) + T (A2(p(v)) — AN2(u, p(v)) + Ag)].
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Proof. ()= (ii): If (x,y) € H1 — Hz is a solution to (2.1), then we have

f € Ni(q(x),y) + Mi(q(x)), g€ Na(z,p(y)) + Ma(p(y)).

It follows that

Ai(q(x)) — pNi(g(z),y) + pf € A1(q(z)) + pMi(q(z)),
Az(p(y)) — AN2(2,p(y)) + Ag € Aa(p(y)) + AM2(p(y)).

that is,

g(z) = TN (A (g(2) — pN1(a(2), y) + pf),
p(y) = T3 (Aa(p(y)) — ANa (@, p(y)) + Ag).

This implies (ii) using the definition of the resolvent operator.

Similarly, other parts follow.

Theorem 3.1. Suppose that 77 : Hi xHy — H; be m-Lipschitz continuous and 72 : Ho X Hy —
Hs be To-Lipschitz continuous, M; : H; — 271 be an (A1, n1)-monotone operator with constant 1,
and My : Hy — 2M2 be an (Ag,n2)-monotone operator with constant ms. Let A; : H; — H; be 74-
strongly n;-monotone and o;-Lipschitz continuous for ¢ = 1, 2, respectively. Let Ny : Hy X Ho — H3
be (71, t1)-relaxed cocoercive with respect to ¢; and d;-Lipschitz continuous in the first argument
and [s-Lipschitz continuous in the second variable, respectively, and let Ny : Hy; x Hy — Hy be
(7, t2)-relaxed cocoercive with respect to ps and do-Lipschitz continuous in the second argument,
and (1-Lipschitz continuous in the first variable, respectively. where ¢; : H1 — H; is defined by
q1(z) = Ay oq(z) = Ai(q(x)) for all x € Hy, p2 : Ha — Hz is defined by p2(y) = Az op(y) =
As(p(y)) for all y € Hy. Let ¢ : H1 — Hy be & -strongly monotone and ~;-Lipschitz continuous
and p : Ho — Ho be &-strongly monotone and ~ys-Lipschitz continuous. If there exist constants
p € (0,71/mq) and X € (0,72/mg) such that

ki=+1-26+9i <1,
ko =+/1—2&%+73 <1,

'rl\/af'yf72pL1+2pﬂ16f7f+p25fyf I AB172 <1—k (31)
T1—pmi To—AMo ’

7182 + 7'2\/agwg72)\L2+2)\7r255'y§+)\25§'y§ < 1—Fk

r1—pmy ro—Amso 2

then the problem (2.1) admits a unique solution (x*, y*).
Proof. For any given p > 0, A > 0 and 0 <t < 1, define F, : Hy x Ho — Hi and G : H1 x Hy —
Hg by

Fy(u,v) = (1= t)u + tfu — qlu) + T2 (A (q(w) — pN1 (a(w),v) + pf)],
Ga(u,v) = (1= t)o + tfo — p(v) + TP (Ax(p(v) — ANa(u, p(v)) + Ag))

2

(3.2)

for all (u,v) € Hy X Ha. Now define || - ||« on Hy x Ha by
[[(w, )l = [lull + llvll,  V(u,v) € Hy x Ha.

It is easy to see that (Hy X Ha, || - ||«) is a Banach space (see [4]). By (3.2), for any given p > 0 and
A > 0, define Qp)\ :Hy X Ho — Hy X Ho by

Qo (u,v) = (Fp(u,v), Ga(u,v)), VY(u,v) € Hi x Ha.

In the sequel, we prove that @, x is a contractive mapping. In fact, for any (u1,v1), (u2,ve) €
H1 x Ha, it follows from (3.2) and Proposition 2.2 that

[ Fp(u1,v1) — Fy(uz,va)|
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< (1= 1) Jur = ual| + t{[lur —us — (g(ur) — g(un))]
+HJ;7,1A]1\41 (A1(q(u1)) — pNi(q(u1),v1) + pf)
— T (A (q(u2)) — N1 (g(uz), v2) + pf)1}
< (1 =) Jur = ual| + t{[lur — us — (g(u1) — g(un))]

oA (ge)) = Aig(e)) = p(Na(a(ur), o)
=Nige) v) |+ [ Nila(ez), o) = Nila(uz), o)}

and
[Gx(u1,v1) — Ga(uz, vl
< (1 =t)|lvr — vz + H{[lvr — v2 = (p(v1) — p(v2))|
|| As(p(v1)) — As(p(v2)) — A(Na(ur, p(v1))

/\7'2

ro — )\mg

—Na(u1, p(v2)))ll +

g Ve, p(v2) = Na(uz, p(v2)II},

By assumptions, we have
lur = w2 = (q(u1) — q(u2))l| < /1 =286 + 77 lur — uall,

[vr = v2 = (p(v1) = p(v2))[| < (/1 =28 +73][v1 — v2l],

141 (g(u1)) — Ax(g(uz)) — p(N1(q(u1), v1) = N1(gq(uz), v1))|?

< [|A1(g(ur)) — Ar(q(u2)) I + p?|N1(g(ur), v1) — Ni(q(uz), v1)|?
—2p(N1(q(u1),v1) — Ni(q(uz),v1), A1(gq(u1)) — A1(q(u2)))

<[ A1(q(ur)) — Ar(q(u2))||* + p*| N1 (q(ua), v1) — Ni(q(uz), v1)|f?
—2p[—m1||N1(q(u1),v1) — Ni(gq(uz), v1)[I* + tallus — ual|?]

< (0977 — 2p01 + 2pm10307 + 2607 lur — ug?

and
[A2(p(v1)) — A2(p(v2)) — A(N2(u1, p(v1)) — Na(us, p(vz)))]|
< [[A2(p(v1)) — Az(p(v2))|* + A2[|Na(u1, p(v1)) — Na(ur, p(v2))|?
—2M(Na(u1,p(v1)) — Na(u1, p(v2)), A2(p(v1)) — A2(p(v2)))
< (0373 — 2Xig + 2220273 + A20573) ||lv1 — 2
Furthermore,

| V1(q(uz2),v1) — Ni(q(uz),v2)|| < B2lvr — val,
[ N2(u1, p(v2)) — No(uz, p(v2))|| < Billur — uzl|.

From (3.3)-(3.10), we obtain
1y, 1) — Fyuz,v2) | < (1= ) + t/T— 96 T 72]ller — ua

2.2_9 +2 52 2+ 2522
/] PPN T iy — | + £725 22 oy — s,

|Gx(u1,v1) = Galug, va)|| < [(1—1) +t4/1 =28 + 73] [lvr — 2|

375 —2X2+2Am2 8575 + 220573
+t7‘2\/0'272 :2;7)\7::22 272 273 ||’U1 — ’()2” + tﬁ%”’ljl — UQH

(3.9)
(3.10)

(3.11)
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It follows from (3.11) that

| EFp(ur, v1) — Fy(ug, v2) || + [[GA(u1,v1) — Ga(uz, va)|
< I([Jur — uzl| + [lvr — val]), (3.12)

where ¥ =1 —¢(1 — 0) and

.
0= max{y/1-26 +77 + ———\Jodr? — 2pu1 + 2pmi0P0 + g2
rL— pmy

AO1LT: / T
+&’ 1,2§2+73+L62
T9 — AMa r1 — pma

-
2 \/03722 — 2\l + 2220393 + A202~3}.

ro — )\mg

By (3.1), we know that 0 < ¢ < 1. It follows from (3.12) that

[QpA(u1;v1) = Qpa(uz, v2)l[« < I|(ur,v1) = (uz,v2)]|s-

This proves that @, x : H1 X Ha x Hy X Hy is a contraction mapping. Hence, there exists a unique
(x*,y*) € Hy X Hz such that
Qp,)\(m*7 y*) = (SU*, y*)a

that is,
ot = (1= t)a* +ta" — (=) + T (Ar(g(2™)) = pNi(g(a"),y7) + pf)),
y' = 1=ty —pyt) + I (Aa(p(y)) — AN2(2*, p(y")) + Ag)l.
and so

~—
+
)
~
:—/

q(z) = I (A(a(@™)) = pN1(a(2"), y"
p(y*) = T (Aa(p(y")) = ANa(2*,p(y*)) + Ag)-

By Lemma 3.1, (z*,y*) is the unique solution of problem (2.1).
4 Perturbed Algorithm and Stable Analysis

In this section, by using resolvent operator technique associated with (A, 7)-monotone operators,
we shall develop a new perturbed iterative algorithm with errors for solving the system of generalized
mixed quasivariational inclusion problems in Hilbert spaces and prove the convergence and stability
of the iterative sequence generated by the perturbed iterative algorithm.

Definition 4.1. Let S be a selfmap of H, z¢ € H, and let z,+; = h(S,x,) define an iteration
procedure which yields a sequence of points {z,}3°, in H. Suppose that {x € H : Sz =z} # 0
and {z,}52, converges to a fixed point z* of S. Let {u,} C & and let €, = ||unt1 — h(S, un)||. If
lime,, = 0 implies that w,, — z*, then the iteration procedure defined by z,,+1 = h(S,z,) is said to
be S-stable or stable with respect to S.

Lemma 4.1. Let {c,}, {hn}, {kn} and {e,} be four real sequences of nonnegative numbers
satisfying the following conditions:

(i)0<k,<1,n=0,1,2--- and limsup, k, < 1;

(i) Y00 €n < 400, im0 by = 0;

(iil) ept1 < knen + (L —kp)hy + €5, n=0,1,2---.

Then ¢,, converges to 0 as n — oo.
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Proof. By (i), 0 < limsup,, k, =1 < 1 and thus there exists N7 such that k, <1 for all n > Nj.
Moreover, by (ii), lim, . h, = 0 implies for any given ¢ > 0, there exists Ny such that h,, < ¢ for
n > Ny. Take N = max{Ny, No} and h = max{hg, h1,,hn,e}. Then by (i), 0 < k,, < 1 for all n
and hence 0 < k,, <max{k, :0<n <N} =k, <1 Thus 0 < k, <d=max{k,, !} < 1. From (iii),
we have

Ccn+1 <dep, +h+e€,, Yn=0,1,2,---.

It follows that

icn < dicn—&—dco—l—h—!—ien,
n=1 n=1 n=0

ie.,
(1—d)ch < dco+h+Zen,
n=1 n=0

which together with (ii) implies that ¢,, — 0 as n — oo.
Algorithm 4.1.
Step 1. For any given (xg,y0) € By X Ba, define the iterative sequence {(z,,yn)} by

Tnt1 = (1 — ap)xn + aplz, — q(ay,)
+I1M (A (q(2n) = pN1(g(n), yn) + pF)] + €n,
Yn+1 = (1 - an>yn + an[yn _p(yn)

VM (A (p(yn)) — AN2 (20, P(yn)) + Ag)] + .

(4.1)

Step 2. Choose sequences {a, }, {e,} and {h,} such that for n > 0, {a,,} is a sequence in (0, 1],
{en} C H1 and {h,} C Ha are errors to take into account a possible inexact computation of the
resolvent operator point, and the following conditions hold:

oo

limsup(1l — a,) < 1, Z(HenH + || hn]]) < oo.

n n=0

Step 3. If &y, Yn, n, e, and h,, satisfy (4.1) to sufficient accuracy, go to Step 4; otherwise, set
n:=n+ 1 and return to Step 1.

Step 4. Let {(un,v,)} be any sequence in Hy x Hy and define {(e,,e,)} by

€n = [[unt1 — {(1 — an)un + anfun — q(uy)

I (A (q(un)) = PN (a(un), va) + pf)] + en}l;
en = [[vns1 — {(1 — an)vn + anfvn — p(vn)

IV Az (p(n)) = AN2(tn, p(vn)) + Ag)] + hn }|-

(4.2)

Step 5. If €, €n, Unt1, Vnt1, On, €, and h, satisfy (4.2) to sufficient accuracy, stop; otherwise,
set n:=n + 1 and return to Step 2.

Theorem 4.1 Assume that 71,79, A1, A, My, No,q and p are the same as in Theorem 3.1. If
all the conditions of Theorem 3.1 hold, then

(i) the iterative sequence {(x,, yn)} generated by Algorithm 4.1 converges strongly to the unique
solution (z*,y*) of the problem 2.1;

(ii) if, in addition, there exists a o > 0 such that o, > « for all n > 0, then

lim (up,v,) = (x*,y*) if and only if lim (e,,e,) = (0,0),

n—oo

where (€,,€,) is defined by (4.2).
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Proof. Tt follows from Theorem 3.1 that there exists a unique solution (z*,y*) of the problem
(2.1) and so

q(z*) = T (Ar(q(x*)) — pN(a(z"),y™) + pf),
py™) = JP0 (Ax(p(y™)) — ANa (2™, p(y™)) + Ag)-
Then, by (4.1), the assumptions and the proof of (3.11), we know that
[t =2 < (= an)llzn — 27| + anf{llen — 2" = (q(zn) — ¢(@))] + llenl
HITPE (Ar(a(xa)) = pNi(a(@n) yn) + pf)
— T (Arg(2) = pNi(g(2),y") + )]}
< (A =an)llzn — 27 + an{llen — 2" = (g(@n) — q(@))[| + [lenll
Fr e A a() — Av(a(e) = p(Ni(a(an). 92)
P11

rL—p
—N1(q(z"),yn))ll + mllNl(q(z*)vyn) — Ni(q(z"), )1}

7-/6) * *
< a2y (1= ) 4 a1 = 261 443z — 27
T — pmy

nVobif = 2pu + 2pm0E +200E,
" TL— pmy "

G+«

— 2| + [lenl]

and

* )‘517-2 * *
lYns1 —y H <ap ||xn -z || + [(1 —ap) +an \/ 1-26 + ’722]Hyn -yl
ro — AMy

To\/ 0373 — 2Mig + 2Xm26372 + N\26373 Iy
" Tr9 — )\mz "

+a =y [+ [[hnl]-

Thus, we obtain

[Zne1 = 2" + yns1 = ¥7
< =an(I=0)([lzn — 27 + [lyn — 4" + (lenll + [1hnl]), (4.3)
where 6 € (0,1) is the same as in (3.12).
Since 0 < a, < 1 and limsup,,(1—a,) < 1, we have 0 < 1—a,(1-0) < 1, limsup,, [1—a,(1-0)] <
1. Hence, taking
en=lzn =2+ lyn =y, kn=1-an(l—=0), hy=0, e =enl+[hnl

then it follows from Lemma 4.1 and (4.3) that ||z, — 2*|| + ||y, — ¥*|| — 0(n — o), i.e., we know
that the sequence {(x,,y,)} converges to the unique solution (x*,y*) .
Now we prove the conclusion (ii). By (4.2), we know
[unt1 — 2" < [|(1 = an)un + onfun — q(un)
T (A, (g(un)) — PNy (g(1tn)s ) + )] + n — ]| + n,
[vnt1 =y < |1 = an)vn + anfvn — p(vn)
+J§?XZI2 (A2(p(vn)) = AN2(un, p(vn)) + Ag)] + b — y*[| + €.

As the proof of inequality (4.3), we have

||(1 - an)un + an [un - Q(Un)

+Jg,1f’1?/[1 (Al(q(un)) - le (q(un)7 Un) + ,Df)} +en — 117*”
+||(1 - O‘n)vn + an[vn - p(Un)

722 (A2 (p(vn)) — AN2 (tn, p(vn)) + Ag)] + b — 7|

<[ —an(l = 0)([lun — 2% + [lon = y*[) + (lenll + [|hnl)- (4.5)
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Since 0 < a < @y, it follows from (4.4) and (4.5) that

[unt1 =2 + [lonsr —y*l < [1—an(l = 0)]([Jun — 2" + [Jlvn — "))
€n + En

n(l—0) ———— n hall).

+an(1=0)- s+ (lenl + )

Suppose that lim(e,, ,) = (0,0). Then from 0 < v, < 1, limsup,,(1 — a,) < 1 and Lemma 4.1, we
have im(uy,, v,) = (z*, y*).
Conversely, if lim(uy,,v,) = (2*,y*), then we get

and

€n = ||Un+1 - {(1 - O‘n)un + an[ Un — ‘I( )
+I7M (A (g(un)) = pN1(g(un), vn) + pf)] + en |
< lun+a _93*||+“(1_O‘N)Un+an[un q(un)
I (A (g(un)) = pN1(g(un), vn) + pf)] + en — 27,
€n = [Jvnt1 — {(1 — an)vy + anlvn — p(vn)
+ T30 (As (p(vn) = AN (tn, p(vn)) + Ag)] + B }|
< ong1 =y + [[(1 = an)vn + anfvn — p(vn)
+ P50 (A2 (p(vn)) = AN2(tn, p(vn) + A9)] + h — 47,

enten  <lunpr — 27|+ [[ong — 7|
+[1 = an (1 = O)|([lun — 2" + lvn = y™[D) + ([lenll + [|hnl]) — 0

as n — oo. This concludes the proof.
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1. Introduction and Preliminaries

Throughout this paper, let (X, d) be a metric space, S,T : X — X a couple
of mappings, and F(S), F(T) the set of fixed points of S and T respectively,
that is, F(S) ={zx € X : Sz =z} and F(T) = {z € X : Tx = x}. The set of
the common fixed points of S and T" denotes by F, that is, F = {z € X : z €
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F(S)NF(T)} and the distance from z to the set A denotes by Dg(x, A), that is,
Dy(z, A) = ing d(z,a), for each z € X.
ac

Definition 1.1. ([3]-[5], [9], [12]) Let T': X — X be a mapping.

(1) T is said to be nonexpansive if
d(Tz, Ty) < d(z,y)

for all z,y € X.
(2) T is said to be quasi-nonezpansive if F(T) # () and

d(Tz,p) < d(z,p)

for all x € X and p € F(T).
(3) T is said to be asymptotically nonexpansive if there exists a sequence
kn € [1,00) with lim k, =1 such that
n—oo

d(T"z, T"y) < kpd(z,y)

for all z,y € X and n > 0.
(4) T is said to be asymptotically quasi-nonezpansive if F(T) # () and there
exists a sequence k,, € [1,00) with lim &, = 1 such that
n—oo

d(T"z,p) < knd(z,p)

forall z € X, pe F(T) and n > 0.
(5) T is said to be asymptotically nonexpansive type if

lim sup [Sup {(d(T”x,T”y))2 - (d(a:,y))z}] <0

n— oo reX

for all y € X and n > 0.
(6) T is said to be asymptotically quasi-nonexpansive type if F(T) # () and

lim sup [sup {(d(T"ac,p))2 — (d(x,p))Q}] <0

n— 00 zeX
for all p € F(T) and n > 0.
Remark 1.1. We know that the following implications hold:
(1) — — ()

L F(T)#0 WF(T) #0 WE(T) #0
(2) = (4) = (6)
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Definition 1.2. Let 5,7 : X — X be two mappings.

(1) (S,T) is said to be a pair of simultaneously asymptotically quasi-nonexp-
ansive mappings if F(T) # 0,F(S) # 0 and there exists a sequence
kn € [1,00) with lim k,, = 1 such that,

d(T"z,q) < knd(, q)
forallz € X, g € F(S) and n > 0, and

d(S™y,p) < knd(y,p)

forally e X, pe F(T) and n > 0.
(2) (S,T) is said to be a pair of simultaneously asymptotically quasi-nonexp-
ansive type mappings ift F(T) # 0, F(S) # () and

lim sup [sup {(d(T"a:,q))2 — (d(x, q))2}] <0

n— oo reX

for all ¢ € F(S) and

lim sup [sup {(d(S"y,p))2 — (d(y,p))zH <0

n— 00 yeX
for all p € F(T).

Remark 1.2. From Definition 1.2, we know that quasi-nonexpansive mappings,
asymptotically quasi-nonexpansive mappings, asymptotically quasi-nonexpan-
sive type mappings and a pair of simultaneously asymptotically quasi-nonexpan-
sive mappings are all special cases of a pair of simultaneously asymptotically
quasi-nonexpansive type mappings.

The purpose of this paper is to introduce the concept of a pair of simul-
taneously asymptotically quasi-nonexpansive type mappings and to study the
convergence and stability problems of two-step iterative processes with errors
for a pair of simultaneously asymptotically quasi-nonexpansive type mappings in
convex metric spaces. The results presented in this paper extend, improve and
unify the corresponding results in Agarwal-Cho-Li-Huang [1], Chang-Kim-Jin [2],
Chang-Kim-Kang [3], Ghosh-Debnath [4], Kim-Kim-Kim [6], [7], Li-Kim-Huang
[10], Liu [11]-[13] and others (for example, [5], [9], [15], [16], [18], [19]).

For the sake of convenience, we recall some definitions and notations.

Definition 1.3. ([2], [17]) Let (X, d) be a metric space and I = [0, 1]. A mapping
W : X3 xI? — X is said to be a conver structure on X if it satisfies the following
conditions : for all u,z,y,z € X and o, 3,y € [ witha+8+~v=1,

(1) W(z,y,2;0,0,0) =z,

(2) d(u, W(x,y, z;a, 3,7)) < ad(u, ) + Bd(u,y) + vd(u, 2).
If (X,d) is a metric space with a convex structure W, then (X, d) is called a
convex metric space and denotes it by (X, d, W).
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Remark 1.3. Every linear normed space X is a convex metric space, where
a convex structure W(x,y, z;a,3,7) = ax + By + vz, for all z,y,z € X and
a, 3,7 € I with a4+ 8+~ = 1. In fact,

d(u, W(z,y,z; 0, 8,7)) = [[u — (ax + By +v2)|
< allu — x| + Bllu =yl +y|lu — 2|
= ad(u, x) + fd(u,y) + vd(u, z)

for all u € X. But there exists a convex metric spaces which can not be embedded
into any linear normed space.

Example 1.1. Let X = {(x1,22,23) € R3 : 2y > 0, 25 > 0, z3 > 0}. For all
T = (xlu €2, .’133), Yy = (y17y27y3) € X and aaﬁfy € I with Oé+,8+')/ = 17 we
define a mapping W : X3 x I* — X by

W(z,y, 2 a,3,7)

= (az1 + By1 + v21, axz + By2 +y22, axs + Bys + 723)
and define a metric d : X x X — [0,00) by

d(z,y) = [z1 — 1| + w2 — y2| + |zs — ys].
Then we can show that (X, d, W) is a convex metric space, but it is not a normed
linear space.
Example 1.2. Let Y = {(z1,22) € R? : 1 > 0,25 > 0}. For all x = (21, 22),
y= (y1,72) €Y and X € I. We define a mapping W : Y2 x I — Y by
Ar1zo + (1 — )‘)yly2)
Azt + (1= A

VV(w,y;A)==(Awl—F(l-A)yh

and define a metricd : Y x Y — [0,00) by
d(z,y) = z1 — y1| + [z122 — Yy1y2|.

Then we can show that (Y, d, W) is a convex metric space, but it is not a normed
linear space.

Definition 1.4. Let (X,d, W) be a convex metric space with convex structure
W, T,S : X — X be mappings and let £y € X be a given point. Then the
iterative process {x, } defined by

n .
{ Tn+1 = W(.Z‘n,T Zn,un,anabnvcn))

n P N
Zn = W(IL‘n,S xnavnaanybnacn)

(1.1)

for all n > 0, which is called the two-step modified ilerative process with errors
generated by T and S, where {a,}, {bn}, {cn}, {an}, {bn} and {c,} are six
sequences in [0, 1] satisfying the following conditions:

ap, + by +Cp = dy + by + 6, =1
for all n > 0 and {uy,}, {v,} are two bounded sequences in X.

In order to prove the main theorems, we need the following lemma.
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Lemma 1.1. ([18]) Let {a,} and {b,} be two nonnegative sequences satisfying

An 41 S ap + bn

oo
for all n > ng, where > b, < oo and ng is a positive integer. Then lim a,
n=0 n—oo

exists.

2. Main Results

Theorem 2.1. Let (X,d, W) be a complete convex metric space, (S,T) be a pair
of simultaneously asymptotically quasi-nonexpansive type mappings defined by the
Definition 1.2—(2). Assume that there exist constants Ly, Lo, o/ and o > 0 such
that /

d(Tx,q) < Ly - {d(x,q)}* (2.1)

for all x € X and q € F(S) and
d(Sz,p) < Ly - {d(z,p)}*" (22)

for allz € X and p € F(T). Let {x,,} be the iterative process defined by (1.1)
and the sequences {b,}, {cn} in [0,1] satisfy the conditions:

) oo
Z bn < o0, ch < 0.
n=0 n=0

Suppose that {y,} is a sequence in X and define {e,} in (0,00) by

{ Wn = W (Yns " Yn» Vn; Gn, b, Cn),

(2.3)
En = d(yn-l-b W(yn7 anna Up; A,y bna Cn))

for alln > 0. If F # (), then we have the following:

(1) The iterative process {x,} converges to some common fixed point p of S

and T in X if and only if

lim inf Dy(x,,, F) = 0.

n— o0

(2) > en < o0 and liminf Dy(y,,F) = 0 imply that {y,} converges to a
n:O n—oo
common fized point p of S and T.
(3) If {yn} converges to some common fized point p of S and T in X, then
lim ¢, = 0.
In order to prove the main theorem of this paper, we need the following im-
portant lemma:
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o0

Lemma 2.1. Assume that all assumptions in Theorem 2.1 hold and >’ €, < 0.
n=0

Then, for any given € > 0, there exist a positive integer ng and a constant M > 0

such that

(1) d(Yn+1,p) < d(Yn,p) + (bn + cn) M + & by + &0,
for allp € F and n > ng, where M = m;i()]({d(un,p),d(vn,p)} < 0,

m—1 m—1 m—1
(i) d(ym,p) < d(yn,p) + M > (b +cp) +e- > b+ > e,
k=n k=n

k=n
forallpe F, n>ng and m > n,
(i) lim Dgy(yn,F) exists.

Proof. Let p € F. Then it follows from (2.3) that
d(yn—i—hp) S d(yn+1a W(yna anny Un 5 An, bn; Cn))
+ d(W(yna anna Unp; Qn, bna Cn)ap)
<e,+ and(ynap) + bnd(annap) + Cnd(unap) (24)
= and(ynap) + by, (d(annap) - d(wnap)>
+ bnd(wn, p) + cnd(tn,p) + €

and

d(wn,p) = d(W (Yn, S"Yn, Un; Gn, by, C1), P)
< @nd(Yn,p) + bnd(S"Yn,p) + cnd(vy, p)
= (Y p) + b (A(S" 9 P) = d(yn,p) )
+ b d(Yn, p) + nd(vn,p).

(2.5)

Since (S, T) is a pair of simultaneously asymptotically quasi-nonexpansive type
mappings, we obtain

lim sup [Sup (d(T"m,p) - d(w,p)> <d(Tn$ap) + d(%p))}

n— 00 zeX

= lim sup [sup {(d(T"m,p))2 — (d(m,p))2H <0.

n—00 zeX

Therefore, we have

lim sup{ sup (d(T”x,p) — d(x,p))} <0,

n— oo reX

which implies that for any given € > 0, there exists a positive integer n{, such
that, for any n > n(, we have

222 (d(T”:B,p) - d(a:,p)) <

(2.6)

IR



...ITERATIVE PROCESSES... 165

Since {wy,} C X, it follows from (2.6) that

d(T"wn,p) — d(wn,p) < (2.7)

| ™

for all n > n{. As the inequality (2.7), for the mapping S, there exists a positive
integer n( such that, for all n > ng,

d(S"Yn,p) = d(yn,p) < (2.8)

| ™

Put ng = max{n, ny }. Substituting (2.5), (2.7) and (2.8) into (2.4), we have
0110

€

2
+ bu{ @nd(ya,p) + b -
+ Cnd(un’p) +én

= (an + bu(@n + 50) ) Ay, p) + b (14 b,) -
+ bpCnd(vn, p) + cnd(un, p) + n

< d(ymp) + by, <€ + C?M@ml’)) + Cnd<un7p) +én

d(ynJrlvp) < and(ynyp) + by, -

+ bnd(Yn, p) + c’nd(vn,p)}

DN M

DO M

for all p € F and n > ng. Set M = mgé({d(un,p),d(vn,p)} < 00, it follows from
(2.9) that -
d(yn+lap) < d(yn,p) + (bn + Cn)M +e-bpten

for all p € F and n > ng. This completes the proof of conclusion (i).
From the conclusion (i), it follows that, for any m > n,

d(yn”wp) < d(ym—l,p) + (bm—l + Cm—l)M +e- bm—l +Em—1
S d(ym—Qyp) + (bm—2 + bm—l + Cm—2 + Cm—l)M
+eée- (bm—2 + bm—l) + Em—2 + E€m—1

m—1 m—1 m—1
< d(Yn,p) + M Z (bk+0k) +e- Z by + ZEk
k=n k=n k=n

for all p € F and n > ng, which implies that the conclusion (ii) holds.
Again, it follows from (i) that

Dd(yn—i-la]:) é Dd(ynaj:) + (bn + Cn)M +e- bn + En
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o0 oo oo
for all n > ng. Since M < o0, > b, <00, Y. ¢, <ooand Y &, < oo, we have

i{(bn—l—cn)M—i-a-bn—i-sn} < 00.

n=0
Therefore, we can obtain that the conclusion (iii) holds from Lemma 1.1. This
completes the proof. O

Now we are in a position to prove the main theorem of this paper.

The proof of the Theorem 2.1. It is easy to see that the necessity of conclu-
sion (1) is obvious and the sufficiency follows from conclusion (2). Now we prove
the conclusion (2). It follows from Lemma 2.1-(iii) that lim Dg(y,,F) exists.

Since liminf Dy(y,, F) = 0, we can obtain that
n—oo
lim Dy(yn, F) = 0. (2.10)
n—oo

First, we prove that {y,} is a Cauchy sequence in X. In fact, it follows from
o0 o0 o0

(2.10), the assumptions Y b, < 00, >, ¢, < oo and > €, < oo that for any
n=0 n=0 n=0

given ¢ > 0, there exists a positive integer ny > ng (where ng is the positive

integer appeared in Lemma 2.1) such that

Dy(yn,F) < e (2.11)

for all n > nq,
oo o
Z b, <e, Z cn <€ (2.12)
n=ni n=niy

and

i en <E. (2.13)

n=ni

By the definition of infimum, it follows from (2.11) that, for any given n > nq,
there exists p* € F such that

d(Yn,p*) < 2e. (2.14)

On the other hand, for any m,n > ny (without loss of generality, m > n), it
follows from Lemma 2.1—(ii) that

d(yma yn) < d(ymvp*) + d(ynyp*)

m—1 m—1 m—1
2.15
< 2d(yn,p") + M E (bk+0k> +e- E b + E €k (2.15)
k=n k=n k=n
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where M is the positive integer appeared in Lemma 2.1-(ii). Therefore, it follows
from (2.12)-(2.15) that, for any m > n > ny, we have

Ad(Ym,yn) <4e+2-e- M +*+¢

] (2.16)
=e(b+2M) + &=

Since ¢ is an arbitrary positive number, (2.16) implies that {y,} is a Cauchy
sequence in X. Since X is complete, there exists a p € X such that lim y, =p
n—oo

Next, we prove that p is a common fixed point of 7" and S in X.
First, we prove that p is a fixed point of 7" in X. Since lim y, = p and
n—oo
lim Dgy(yn,F) = 0, for any given € > 0, there exists a positive integer ny >
n—oo

ni1 > ng such that

g g
d(yn:p) < 5o Dalyn, F) < 5 (2.17)

for all n > mny. And also, the second inequality in (2.17) implies that there exists
p1 € F such that

5
Moreover, it follows from (2.6) that
_ _ 5
d(T"p,p1) —d(p,p1) < 5 (2.19)

for all n > ny. Thus, from (2.17)-(2.19), for any n > ng, we have

€ _
< 3 +2{d(p,yn2) +d(p17yn2)}
<c+2(s+c) =
=9 ) 8 9

which implies that T"p — p as n — oo. Again, since
d(T"p, Tp) < {d(T"p,p1) — d(p,p1)} + d(p,p1) + d(TP, p1)
for all n > ngo, by assumption (2.1) and (2.17)-(2.19), we obtain
A(T"p.Tp) < 5 +d(p.p1) + Ly - {d(p.p1)}”
< 5 D) + A1) + L {d(poyn) + A1y}

€ e\
<*+*+L1'(1)
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which shows that T"p — T'p as n — oo. By the uniqueness of limit, we have
Tp = p, that is , p is a fixed point of T" in X.

Next, we prove that p is also a fixed point of S in X. Since lim Dy(y,,F)
= 0 and Dy(yn, F(T)) < Dg(yn,F), lim Dy(yn, F(T)) = 0, thngfi:re, for any
given € > 0, there exists a positive intzgeoro ng > ng > np > N such that
Da(yn, F(T)) <

d(Yn,P) < (2.20)

O M

c
8’

for all n > n3. And also, the second inequality in (2.20) implies that there exists
p2 € F(T) such that

€
d(Yns,p2) < 3 (2.21)

Moreover, since (S,T') is a pair of simultaneously asymptotically quasi-non-
expansive type mappings, as the inequality (2.8), we have

d(S"p,p2) — d(p,p2) < (2.22)

Do ™

for all n > ng. Thus, it follows from (2.20)-(2.22) that, for any n > ns,
€ _
<tt2(f+c)=e
~ 2 g8 8/ 7
which implies that S™p — p as n — oco. Again, since

d(Snp7 Sﬁ) < {d(Snﬁvpg) - d(p7p2)} + d(ﬁaPQ) + d(Sp7p2)

for all n > ng, by assumption (2.2) and (2.20)-(2.22), we obtain

™

17

d(S"p, Sp) < 5 +d(p,p2) + Lz - {d(p, p2) }*

\]

12

which shows that S,p — Sp as n — oo. By the uniqueness of limit, we have
Sp = p, that is, p is also a fixed point of S in X. Thus, the conclusion (2) holds.
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From (2.3), (2.5), (2.7) and (2.8), it follows that, for any given € > 0,
en < d(Ynt1,0) + d(W (yn, T"wn, tn; an, bn, cn), D)

< d(yn—{-laﬁ) + and(ynap) + b, (d(annvﬁ) - d(wrwp))
+ bnd(wn, D) + cnd(un, )

g
< d(yn-‘rlvﬁ) + and(yn,ﬁ) + § : bn

b (@nd (YD) + 5 b + By D) + nd(v0,D) ) + end(un, p)

< dlyns1P) + (an +bu (@ +b2) ) Ay, ) + 5 - (1+ba)bs
+ by Crd(vn, D) + cnd(un, p)
< d(Yn+1,DP) + d(Yn, D) + € - b + bpd(vn, P) + cnd(un, p)
< d(Ynt1,P) + d(Yn, D) + € - bp + (b + ) M
for all n > ng, where M = max{d(un,ﬁ),d(vn,ﬁ)} < oo. Since lim Yn — D,

M < o0, Z b, < oo and Z ¢n, < 00, it follows that lim &, = 0. Therefore, the

n—oo

=0 =0
conclus10n (3) holds. T hlS completes the proof of Theorem 2.1. (]

Remark 2.1. (2) and (3) in Theorem 2.1 are the stability problems (see [§],
[14]) with respect to the iterative processes for the convergence.

In Remark 1.2, since a pair of simultaneously asymptotically quasi-nonex-
pansive mappings is a special case of a pair of simultaneously asymptotically
quasi-nonexpansive type mappings, it is easy to prove the following result.

Theorem 2.2. Let (X,d, W) be a complete convex metric space and (S,T) be
a pair of simultaneously asymptotically quasi-nonexpansive mappings defined by
the Definition 1.2—(1) without the conditions (2 1) and (2. 2) Let {x,} be the

iterative process defined by (1.1) satisfying Z b, < o0, Z cn < oo and {yn},

=0
{wn}, {en} be the sequences appeared in Theorem 2.1. If.7: # 0, then we have
the following:

(1) The iterative process {x,} converges to some common fized point p of S
and T in X if and only if
liminf Dy(z,,, F) = 0.

n—oo

(2) Z en < 00 and hm mf Di(yn, F) = 0 imply that {y,} converges to some
n=0
common fized pomt pofS andT in X.

(3) If {yn} converges to a common fized point p of S and T in X, then

lim ¢, = 0.
n—oo
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Let S =T in Theorem 2.1. Then we can obtain the following theorem:

Theorem 2.3. ([2]) Let (X,d,W) be a complete convex metric space and T :
X — X be an asymptotically quasi-nonezpansive type mapping defined by (6) of
Definition 1.1. Assume that there exist constants L and o > 0 such that

d(Txz,p) < L-{d(z,p)}*

for all z € X and p € F(T). For any given xy € X, let {z,} be the iterative
process defined by

n .
{ Tn4+1 = W(fL'naT anun,anabnvcn)a

n . -
2n = W(xpn, T" Ty, Un; ap, by, Cr)

for allm > 0, where {a,}, {bn}, {ca}, {@n}, {bn} and {c,} are sequences in [0,1]
satisfying the following conditions:

Qp 4+ by +Cp=dp+by+6, =1 forall n>0,

o o.]
an<oo , ch<oo
n=0 n=0

and {un}, {vn} are bounded sequences in X. Suppose that {y,} is a sequence in

X and define {,} by

Wn = W(yn’Tnynvvn;ai’na bnaC;L)7
En = d(yn+17 W(yTMann;un; G/n, bna cn))

for allm > 0. If F(T) # 0, then we have the following:

(1) The iterative process {x,} converges to some fized point p of T in X if
and only if
liminf Dy(x,, F(T)) = 0.

n—0o0

[ee]
(2) > en < oo and liminf Dy(y,, F(T)) = 0 imply that {y,} converges to a
n—oo

n=0
fixed point p of T in X.
(3) If {yn} converges to a fized point p of T in X, then lim e, = 0.

Remark 2.2. Theorems 2.1, 2.2 and 2.3 extend and improve the corresponding
results of Agarwal-Cho-Li-Huang [1], Chang-Kim-Jin [2], Chang-Kim-Kang [3],
Ghosh-Debnath [4], Kim-Kim-Kim [6], [7], Li-Kim-Huang [10], Liu [11]-[13] and
Zeng [19].
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Abstract. In this paper, we study the problem of best approximation in
intuitionistic fuzzy metric spaces. Since every metric induces an intuitionistic
fuzzy metric and every fuzzy metric space is an intuitionistic fuzzy metric space,
the results obtained in this paper are more general than the corresponding
results of metric spaces and fuzzy metric spaces.
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1 Introduction

As a generalization of fuzzy sets introduced by Zadeh [11], Atanassov [1] in-
troduced and studied the concept of intuitionistic fuzzy sets. Recently, using
the idea of intuitionistic fuzzy sets, Park [8] introduced the notion of intuition-
istic fuzzy metric spaces with the help of continuous t-norms and continuous
t-conorms as a generalization of fuzzy metric spaces due to George and Veera-
mani [2].

In this paper, using the idea of Veeramani [10], we introduce the notion of
t-best approximation. We also introduce the notion of t-approximately com-
pact set in an intuitionistic fuzzy metric space to study the existence of t-best
approximations and study some properties of t-approximately compact sets.

2 Preliminaries

Definition 1 A binary operation x : [0,1] x [0,1] — [0,1] is a t-norm if *
satisfies the following conditions:

(a) * is commutative and associative;
(b) ax1=aforallacl0,1];
(c) axb<c*dwhenever a < cand b<d, and a,b,c,d € [0,1].
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Definition 2 A binary operation ¢ : [0,1] x [0,1] — [0,1] is a t-conorm if
satisfies the following conditions:

(a) ¢ is commutative and associative;
(b) a00 =a for all a € [0,1];
(c) a®b < ¢Od whenever a < c and b < d, and a,b,c,d € [0, 1].

Remark 1 The concepts of triangular norms (shortly t-norms) and triangu-
lar conorms (shortly t-conorms) are known as the axiomatic skeletons that we
use for characterizing fuzzy intersections and fuzzy unions, respectively. These
concepts were originally introduced by Menger [7]. Several examples for these
concepts were proposed by many authors (see [2-8,10]).

Definition 3 ([8]) A 5-tuple (X, M, N, x, Q) is said to be an intuitionistic fuzzy
metric space (shortly IFM-space) if X is an arbitrary set, x is a continuous t-
norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X2 x (0,00)
satisfying the following conditions: for all x, vy, z € X, s, t > 0,

(IFM-1) M(z,y,t) + N(x y,t) <1;

(IFM-2) M(z,y,t) >

(IFM-3) M (z,y,t) = 1 1f and only if z = y;

(IFM-4) M($7y7 ) = (y,x t)

(IFM-5) M(z,y,t) x M(y,2,s) < M(z,2,t+ s);

(IFM-6) M(z,y,.) : ( o0) — (0, 1] is continuous;

(IFM-7) N(z,y,t) >0

(IFM-8) N(z,y,t) = O if and only if z = y;

(IFM'g) N(l’,y, ) (y,x t)

(IFM']-O) N(:L' Y, )<>N(y7 Z S) 2 N(:L’, Z, 1+ 3);

(IFM-11) N(z,y,.) : (0,00) — (0,1] is continuous.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y, t) and N(z,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to t, respectively.

Until now, (X, M, N, *,{) denotes an intuitionistic fuzzy metric space with
the following condition:

(IFM-12) N(z,y,t) < 1for all z,y € X and t > 0.

Remark 2 Fvery fuzzy metric space (X, M,*) is an IFM-space of the form
(X, M, 1 — M,x,) such that t-norm * and t-conorm { are associated, i.e.
2Qy=1—(1—2)* (1 —y)) for all z,y € [0,1]. But the converse is not true.

Remark 3 ([8]) In an IFM-space (X, M, N,*,0), M(x,y,.) is nondecreasing
and N(z, y,.) is nonincreasing for all x,y € X.

Example 1 (Induced intuitionistic fuzzy metric [8]) Let (X,d) be a met-
ric space. Denote a b= ab and aQb = min{1,a + b} for all a,b € [0,1] and let
M and N be fuzzy sets on X2 x (0,00) defined as follows:

t d(z,y)
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Then (M, N) is an intuitionistic fuzzy metric on X. We call this intuitionistic
fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric.

Remark 4 Note that the above example holds even with the t-norm a xb =
min{a,b} and the t-conorm aQb = max{a,b} and hence (M,N) is an intu-
itionistic fuzzy metric with respect to any continuous t-norm and continuous
t-conorm.

Definition 4 ([8]) Let (X, M, N,x,) be an IFM-space. For t > 0, the open
ball B(x,r,t) with center x € X and radius v € (0,1) is defined by B(z,r,t) =
{ye X : M(z,y,t) >1—r, N(z,y,t) <r}. Let T(ar,n) be the set of all A C X
with x € A if and only if there exist t > 0 and r € (0,1) such that B(z,r,t) C
A. Then 7(y,n) is a topology on X (induced by the intuitionistic fuzzy metric
(M,N)). This topology is Hausdorff and first countable. A sequence {x,} in
X converges to x in X if and only if M(x,,x,t) tends to 1 and N(zp,x,t)
tends to 0 as n tends to oo, for each t > 0. A sequence {x,} in X is called a
Cauchy sequence if for each € > 0 and X\ € (0, 1), there exists ng € N such that
M(zp, Tm,e) > 1= X and N(Zp, Tm,e) < X for all n,m > ng. An IFM-space is
called complete if every Cauchy sequence is convergent.

3 Best Approximation

Definition 5 An intuitionistic fuzzy metric space (X, M, N, x,Q) is said to be
a strong intuitionistic fuzzy metric space if © — M(x,y,t) and x — N(z,y,t)
are continuous maps on X for all x in X and t > 0.

Remark 5 FEvery standard intuitionistic fuzzy metric induced by a metric is
also a strong intuitionistic fuzzy metric. We call this metric as the standard
strong intuitionistic fuzzy metric induced by the metric.

Example 2 Let X = R. Then, for all z,y in X and t >0, (M, N) defined as

M{(z,y,t) = (exp <@>)_1

exp (|a:;y\ -1
N(z,y,t) = ———F——"~—

exp (|I:y\)

is a strong intuitionistic fuzzy metric on X, where axb = ab and a®b = min{a+
b, 1} for all a,b € [0,1].

and

Definition 6 Let A be a nonempty subset of an intuitionistic fuzzy metric space
(X, M,N,,0). Forx e X andt >0, let

Mz, A, t) = sup {M(z,y,t) : y € A}
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and
N(z,A,t) =inf {N(z,y,t):y € A}.

An element z € A is said to be a t-best approximation to x from A if
M(z,z,t) = M(z,A,t) and N(x,z,t) = N(z, A,t).

Example 3 Let X = N. Define a b =max{0,a+b—1} and a0b=a+b— ab
for all a,b € [0,1] and let M and N be fuzzy sets on X2 x (0,00) as follows:

Zifr<y 2 yfr<y
M(x,y,t)—{ ¥ T, N(fc,y,t)—{ Yy o 7
Lify<uz, =ify <,

for all x,y € X and t > 0. Then it is easy to prove that (X, M, N,*,Q) is an
IFM-space. Let A =1{2,4,6,8,...}. Then, for 3 € X, we have

M(3,A,t) = max {2/3,3/4} = 3/4 = M (3,4, 1)

and
N(3,A,t) =min{1/3,1/4} = 1/4 = N(3,4,1).

Hence for eacht > 0, 4 is a t-best approximation to 3 from A. Since M (3,4,t) >
M(3,2,t) and N(3,4,t) < N(3,2,t), 21s not a t-best approximation to 3 from A.
In fact, for each odd number p € X, p+1 € A is the unique t-best approximation
for each t > 0.

Remark 6 ([8]) Note that, in the above example, t-norm * and t-conorm ¢
are not associated. And there exists no metric d on X satisfying
t d(z, y)

t+d(1‘7’y)’ (x7 y7 )

M(;C?yvt) - t+d(x,y)7

where M (z,y,t) and N(z,y,t) are as defined in above example. Also note the
above functions (M, N) is not an intuitionistic fuzzy metric with the t-norm and
t-conorm defined as a x b = min{a, b} and a®b = max{a, b}.

Remark 7 In the intuitionistic fuzzy metric space of the form (X, M,1—M, %, )
such that t-norm * and t-conorm { are associated, then Definition 2.4 in [10]
and Definition 6 are same.

Corollary 1 Let (X,d) be a metric space and (M, N) be the induced standard
intuitionistic fuzzy metric. Then z € A is a best approximation to x € X in the
metric space (X, d) if and only if z is a t-best approzimation to x in the induced
standard intuitionistic fuzzy metric space (X, M, N, *,Q), for each t > 0.

Proof. It is easy to verify from Example 1 and Definition 6. H

Definition 7 A nonempty subset A of an intuitionistic fuzzy metric space (X, M,
N, *,0) is said to be t-approzimatively compact if for each x € X and each

sequence {y,} in X such that M(x,yn,t) — M(x,A,t) and N(x,yn,t) —

N(z, A,t), there exists a subsequence {yn, } of {yn} converging to an element y

in A.
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Remark 8 If A is approximatively compact in a metric space (X, d), it is easy
to see that A is t-approzimatively compact in the induced standard intuitionistic
fuzzy metric space for each t > 0. If A is t-approxzimatively compact [10] in a
fuzzy metric space (X, M, x) for each t > 0, then A is t-approximatively compact
in the intuitionistic fuzzy metric space (X, M,1— M, *, Q) for each t > 0, where
t-norm x and t-conorm { are associated. It is also easy to see that if A is a
compact subset of an intuitionistic fuzzy metric space (X, M, N,x,{), then A is
t-approzimatively compact for each t > 0. Obviously the converse is not true.

Lemma 2 Let A be a nonempty subset of an intuitionistic fuzzy metric space
(X, M,N,x,0). Then for x in X, xz is in the closure of A if and only if
M(z,A,t) =1 and N(x,A,t) =0 for all t > 0.

Proof.  Suppose that z € A, the closure of A. Since X is first countable
there exists a sequence {x,} in A such that x,, — = as n — oco. This implies
that M(z,zp,t) — 1 and N(z,2,,t) — 0 as n — oo and t > 0. Therefore
for each A € (0,1) and ¢ > 0, there exists a positive integer ng € N such
that M(z,z,,t) > 1 — X and N(z,z,,t) < A for all n > ng. These imply
that M(z, A, t) > M(z,x,,t) > 1 — X and N(z,A,t) < N(x,z,,t) < A for
n > ng, that is, 1 > M(z,A,t) > 1 — X and 0 < N(z,A,t) < A for each
A € (0,1) and ¢t > 0. Hence, M(z,A,t) = 1 and N(x,A,¢) = 0 for ¢t > 0.
Conversely, suppose that M (z, A,t) =1 and N(z, A,t) =0 for t > 0. For given
r € (0,1) and ¢t > 0, let n € N such that r,t > % Then, it is easy to see that
B(z,1/n,1/n) C B(z,r,t) and it is known [8] that B(z,r,t) is a local base at .
We also have, for each n € N, M(z,A,1) =1 and N(z, A, 1) = 0. Thus, there
exists a sequence {z,,} in A such that M (z,2,,+) > 1—+ and N(z,z,,2) < Z.

n n

Hence, x,, € B(x,1/n,1/n) C B(xz,r,t) and B(z,r,t)NA# @sox c A. B

Theorem 3 If A is a t-approximatively compact subset of a strong intuitionistic
fuzzy metric space (X, M, N,*,Q) fort > 0, then for each x in X, there exists
z in A such that M (z,z,t) = M(z, A,t) and N(z,z,t) = N(z, A,t).

Proof. Since, forz € X, M(z, A,t) = sup{M(z,y,t) : y € A} and N(z, A,t) =
inf {N(z,y,t) : y € A}, there exists a sequence {y,, } in A such that M (x,y,,t) —
M(z,A,t) and N(z,yn,t) — N(z, A t). Since A is a t-approximatively com-
pact set, there exists a subsequence {y,, } of {y,} and some z in A such that
Yn, — 2. Since (X, M,N,*,Q) is a strong intuitionistic fuzzy metric space,
x — M(z,y,t) and x — N(z,y,t) are continuous maps on X. Therefore
M(z,yn,,t) — M(x,2,t) and N(z,yn,,t) — N(z,z,t). Since M(x,yn,t) —
M(z,A,t) and N(z,yn,t) — N(x,A,t), we have M(x,yn,,t) — M(z, A,t)
and N(x,yn,,t) — N(z,A,t). Thus M(z,z,t) = M(x,A,t) and N(z,z2,t) =
N(z, A,t), that is, z is a t-best approximation to z from A. W

Theorem 4 If A is a t-approximatively compact subset of a strong intuitionistic
fuzzy metric space (X, M, N,*,0) fort > 0, then A is closed in X.

Proof. Let 2 € A. Then, from Lemma 1, we have M(z,A,t) = 1 and
N(z,A,t) = 0. Since A is a t-approximatively compact set, by Theorem 1,
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there exists y € A such that M (z,y,t) = M(z, A,t) and N(x,y,t) = N(z, A,t).
Hence, we have M (z,y,t) =1 and N(x,y,t) =0, that is, z = y € A. Thus A is
closedin X. W

Definition 8 Let (X, M, N,*,0) be an intuitionistic fuzzy metric space, and
letr €(0,1),t >0 and x € X. We define a closed ball with centre x and radius
r with respect to t as

Blz,rt|={ye X : M(z,y,t) >1—r,N(z,y,t) <r}.

Theorem 5 FEvery closed ball is a closed set.

Proof. Let y € Blz,r,t]. Since X is first countable, there exists a sequence
{yn} in B[z, r,t] such that y,, — y. Therefore M (y,y,,t) — 1 and N(y, yn,t) —
0 for all ¢ > 0. For a given € > 0,

M(z,y,t+¢) > M(x,yn,t) * M(yn,y,€)

and
N(za Yy, t+ 5) < N(:r,yn,t)ON(yn,y, 5)-
Thus,
M(z,y,t+e) > lim M(z,yn,t) * lim M(yn,y,e)
> (1—-r)xl=1-r
and

n—oo n—oo
< r00=r.

In particular, for n € N, take € = 1/n. Then we get M (z,y,t+1/n) > 1—r and
N(z,y,t+1/n) < r. Therefore M(x,y,t) = lim, o M(x,y,t+1/n) > 1—r and
N(z,y,t) =lim, o N(z,y,t +1/n) <r. Hence y € B[z, r,t]. Thus Blz,r,t] is
a closed set. W

Definition 9 A nonempty closed subset A of an intuitionistic fuzzy metric
space (X, M, N,x,0) is said to be t-boundedly compact for t > 0 if for r € (0,1)
and x € X, Blz,r,t] N A is a compact subset of X.

Remark 9 Let (X,d) be a metric space and (M, N) be the standard intuition-
istic fuzzy metric induced by d. Then, for x € X, r € (0,1) and t > 0,
Blz,r] = {y € X : d(z,y) < r} = Blz,1 — %_H,,t} ={y e X : Mz,y,t) >
1-(1- 1%—7’)’ N(z,y,t) < (1- %_Hn)} Hence a nonempty closed set A is bound-
edly compact in the metric space (X,d) if and only if A is t-boundedly compact

in the induced intuitionistic fuzzy metric space (X, M, N,x, ) for some t > 0.

Theorem 6 If A is a nonempty t-boundedly compact subset of an intuitionistic
fuzzy metric space (X, M, N,x,Q), then A is a t-approximatively compact set.
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Proof. For z € X, let {z,} be a sequence in A such that M(z,z,,t) —
M(z,A,t) and N(z,x,,t) — N(z, A,t). Since M(z, A,t) > 0 and N(z, A,t) <
1, there exists ng € N such that M(z, A,t) — M(x,x,,t) < M(z,A,t)/2 and
N(z,A,t) — N(x,zn,t) > N(z,A,t)/2 for all n > ng. Hence M(x,x,,t) >
M(z,A,t)/2 = 1 —r and N(z,zp,t) < N(z,4,t)/2 = r, where r = 1 —
M(z,A,t)/2 = N(z,A,t)/2 and r € (0,1). Thus z,, € Blz,r,t]NA. So A
is a t-boundedly compact set implies Blx,r,t] N A is a compact set. Hence
{z,} has a convergent subsequence {z,, } which converges to an element in A.
Therefore A is t-approximatively compact. W

Remark 10 In a metric space, an approximatively compact set need not to be
compact [9]. Hence, from Remark 9, it is clear that a t-approximatively compact
set need not to be a t-boundedly compact set in an intuitionistic fuzzy metric
space. It is also known [10] that a nonempty closed set is boundedly compact
in the metric space if and only if it is t-boundedly compact in the induced fuzzy
metric space but, in the view of Remark 2, it is clear that a t-boundedly compact
set in an intuitionistic fuzzy metric space need not to be a t-boundedly compact
set in a fuzzy metric space.

A natural question arises in this section:

Problem. Let A be a nonempty subset of an intuitionistic fuzzy metric
space (X, M, N,*,0). If A is a t-approximatively compact set then, for each x
in X, is

Sa(z)={ye A: M(z,A,t) = M(z,y,t), N(z, A, t) = N(z,y,t)}

a compact set?
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Abstract

In this paper, we define intuitionistic fuzzy contractive mappings and
mutually contractive mappings on intuitionistic fuzzy metric spaces. We
also establish an intuitionistic fuzzy form of the Banach fixed point theo-
rem and a unique common fixed point theorem for such mappings.

Keywords. Intuitionistic fuzzy contractive mapping; Mutually con-
tractive mapping; Complete intuitionistic fuzzy metric space; Intuitionis-
tic fuzzy contractive sequence.

M.S.C. (2000). 54A40; 54E35; 54H25

1 Introduction

In 1965, the concept of fuzzy sets was introduced by Zadeh [13]. George and
Veeramani [5] introduced the concept of fuzzy metric spaces and defined the
Hausdorff topology of fuzzy metric spaces. They also showed that every met-
ric induces a fuzzy metric. Many authors [3,4,6-10] have proved fixed point
theorems for contractions in metric spaces or fuzzy metric spaces.

Atanassov [1,2] introduced and stuided the the concept of intuitionistic fuzzy
sets as a generalization of fuzzy sets. Recently, using the idea of intuitionistic
fuzzy sets, Park [11] defined the notion of intuitionistic fuzzy metric spaces with
the help of continuous t-norms and continuous t-conorms as a generalization
of fuzzy metric spaces due to George and Veeramani [5], introduced the no-
tion of Cauchy sequences, and find a necessary and sufficent condition for an
intuitionistic fuzzy metric space to be complete.

Our aim in this paper is introduce intuitionistic fuzzy contractive mappings
and mutually contractive mappings on intuitionistic fuzzy metric spaces in the
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sense of Park [11], and deduce an intuitionistic fuzzy form of the Banach fixed
point theorem and a unique common fixed point theorem for such mappings.

2 Preliminaries

In this section, we recall as well as introduce some definitions and results, which
are essentials for our discussion in the paper.

Definition 1 (Schweizer and Sklar [12]) A binary operation x : [0,1]x [0, 1]
— [0, 1] is a continuous t-norm if *x is satisfying the following conditions:

(a) * is commutative and associative;

(b) * is continuous;

(c) ax1=aforall a€l0,1];

(d) a*b < cxd whenever a < cand b <d, and a,b,c,d € [0, 1].

Definition 2 (Schweizer and Sklar [12]) A binary operation ¢ : [0, 1]x[0, 1]
— [0,1] is a continuous t-conorm if  is satisfying the following conditions:

(a) ¢ is commutative and associative;

(b) ¢ is continuous;

(c) a®0 =a for all a € [0, 1];

(d) a®b < ¢{d whenever a < ¢ and b < d, and a, b, ¢,d € [0, 1].

Several examples and detals for the concepts of triangular norms (t-norms)
and triangular conorms (t-conorms) were proposed by many authors (see [8, 10,
12)).

Definition 3 (Park [11]) A 5-tuple (X, M, N, *,Q) is said to be an intuition-
istic fuzzy metric space if X is an arbitrary set, x is a continuous t-norm, { is
a continuous t-conorm and M, N are fuzzy sets on X? x (0,00) satisfying the
following conditions: for all x, y, z € X, s, t > 0,

(IFM-1) M (2, y,
(IFM-2) M(x,y,t

(IFM-3) M(x,y, 1 if and only if z = y;
(IFM-4) M(z,y,t) = M(y,z,t);
(
(

;+N($ Yt) <L
Do
(IFM-5) M(z,y,t) « M(y,z,s) < M(z,z,t + s);
)
t)
t)
t) =

>0

(IFM-6) M(x,y, . ( 00) — (0, 1] is continuous;

(IFM-7) N(z,y,

(IFM-8) N(x,y, O if and only if x = y;

(IFM-9) N(z,y, N(y,z,t);

(IFM-10) N(z,y,t)ON(y,z,s) > N(z,z,t + s);

(IFM-11) N(z,y,.) : (0,00) — (0, 1] is continuous.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y ,t) and N(z,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to ¢, respectively.

IIV



...CONTRACTIVE MAPPINGS... 183

Until now, (X, M, N, *,{) denotes an intuitionistic fuzzy metric space with
the following condition:
(IFM-12) N(z,y,t) < 1for all z,y € X and t > 0.

Remark 1 Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric
space of the form (X, M,1 — M,*,0) such that t-norm x and t-conorm { are
assosiated, i.e. xQy=1—((1—2x) (1 —y)) for any z,y € [0, 1].

Remark 2 In an intuitionistic fuzzy metric space (X, M, N,x,0), M(x,y,.) is
non-decreasing and N(x,y,.) is non-increasing for all x,y € X.

Example 1 (Induced intuitionistic fuzzy metric [11]) Let (X,d) be a met-
ric space. Denote axb= ab and aQb = min{l,a + b} for all a,b € [0,1] and let
My and Ny be fuzzy sets on X2 x (0,00) defined as follows:

d(z,y)

Mqy(z,y,t) = Trdwy)

t
= d N, t
t+d(l’,y) an d(-'L'7y, )

Then (X, Mg, Ng,*,Q) is an intuitionistic fuzzy metric space. We call this in-
tuitionistic fuzzy metric induced by a metric d the standard intuitionistic fuzzy
metric.

Remark 3 The topologies induced by the standard intuitionistic fuzzy metric
and the corresponding metric are the same. Also, standard intuitionistic fuzzy
metric space is complete if and only if the corresponding metric space is com-
plete.

Proposition 1 (Park [11]) In an intuitionistic fuzzy metric space (X, M, N,
x,Q), for any s € (0,1), there exist u,v € (0,1) such that uxu > s and vOv < s.

Definition 4 Let (X, M, N,*,Q) be an intuitionistic fuzzy metric space. We
will say the mapping f : X — X is intuitionistic fuzzy contractive if there exists
k€ (0,1) such that

N

1 1
M@ 700 k(M(w,yvt)_l)’
N(f(z), f(y), 1) k( N(z,y,t) )
—N(f(l’),f(y%t) 1—N(x,y,t)

for each x,y € X andt > 0. k is called the contractive constant of f.

1

Remark 4 Fvery intuitionistic fuzzy contractive mapping is a fuzzy contractive
mapping in the sense of Gregori and Sapena [7] such that N = 1—M, and t-norm
* and t-conorm { are assosiated.

The above definition is justified by the next proposition.
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Proposition 2 Let (X,d) be a metric space. The mapping f: X — X is con-
tractive (a contraction) on the metric space (X, d) with contractive constant k iff
f s intuitionistic fuzzy contractive with contractive constant k on the standard
intuitionistic fuzzy metric space (X, Mg, Ny, *, Q) induced by d.

Recall that a sequence {x,} in a metric space (X, d) is said to be contractive
if there exists k € (0,1) such that d(@, 41, Zpi2) < kd(zp,Zn11) for all n € N.
Now, we give the following definition considering Definition 4.

Definition 5 Let (X, M, N,x,0) be an intuitionistic fuzzy metric space. We
will say the sequence {x,} in X is intuitionistic fuzzy contractive if there exists
k € (0,1) such that
1 1
M(zpy1,Tni2,t) b=k (M(:En,xn+1,t) 1> ’
N(zpi1,Tni2,t) < & ( N(zp, Tpi1,t) )
1— N(zpt1, Tpyo,t) — 1—N(zp,Tpt1,t)

for allt >0, n € N.

Proposition 3 Let (X, Mg, Ng, x,O) be the standard intuitionistic fuzzy metric
space induced by the metric d on X. The sequence {x,} in X is contractive in
(X,d) iff {zn} is intuitionistic fuzzy contractive in (X, My, Ng,*, Q).

Proof. It is easy to verify by Proposition 1. H

Definition 6 (Park [11]) Let (X, M, N,*, Q) be an intuitionistic fuzzy metric
space. Then

(a) a sequence {z,} in X is said to be Cauchy if for each ¢ > 0 and each
t > 0, there exists ng € N such that M (z,,,xm,t) > 1 — € and N(z,, Tm, t) < €
for all n,m > nyg.

(b) An intuitionistic fuzzy metric space in which every Cauchy sequence is
convergent is said to be complete.

Theorem 4 (Park [11]) A sequence {x,} in an intuitionistic fuzzy metric
space (X, M, N, *, Q) converges to x if and only if M (z,,z,t) — 1 and N(z,, z,t)
— 0 asn — oo.

Remark 5 By Proposition 1, it is easy to verify that a convergent sequence is
Cauchy.

Remark 6 An intuitionistic fuzzy contractive sequence does not need to be
Cauchy. For example, let X = (0,00) and d(z,y) = |z —y| for all z,y € X. It
is well known [11] that (X, My, Ng, *,Q) is an intuitionistic fuzzy metric space.
It is easy to see that the mapping f: X — X, f(z) = x + 1 is an intuitionistic
fuzzy contractive mapping and so every sequence (Tp)nen, Tn = f™(x) is a con-
tractive sequence. Since f is a fived point free mapping on complete intuitionistic
fuzzy metric space, we can deduce that (x,) is not a Cauchy sequence.
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Definition 7 Let (X, M, N,*,Q) be an intuitionistic fuzzy metric space. We
will say the sequence of self-mappings {T;};2, of X is mutually contractive if
there exists k € (0,1) such that

IN

1 1
MT@, T ) ‘“(M(x,y,tfl)’
N(T3(2), T5(0). 1) N(z,9.1)

(@), 75( ’“<1N<x,y,t>>

t
7
— N(Ti(z), Tj(y), 1)
Single and multi-valued mutually contractive mappings defined on various
spaces have been discussed in recent literatures some of which are noted in [3,4].

where i # j and x # y.

3 Main Results

In this section, we extend the Banach fixed point theorem to intuitionistic fuzzy
contractive mappings of complete intuitionistic fuzzy metric spaces and establish
a common fixed point theorem for mutually contractive mappings in such spaces.

Theorem 5 (Intuitionistic fuzzy Banach contraction theorem) Let (X,
M, N,*,0) be a complete intuitionistic fuzzy metric space in which intuitionis-
tic fuzzy contractive sequences are Cauchy. Let T : X — X be an intuitionistic
fuzzy contractive mapping being k the contractive constant. Then T has a unique
fized point.

Proof. Fix z € X. Let x,, = T™(x),n € N. For t > 0, we have

1 1
MT@), 2@ - ’“(M(ac,wl,t)‘l)’

t
N(T(z),T*(z),t) N(x,x1,t)
= N(T@), T2@), 0 = k(lN(z zl,t)>

and by induction, for n € N

1 1
M(zpq1, Tn2,t) (M(.’En,anrl,t) )

N(xn+17xn+27t) < k ( N(xnamn+17t) )
1- N(xn—l—l: Tn+2, t) 1- N($n7 Tn+1, t) -

Then {z,} is an intuitionistic fuzzy contractive sequence, so it is a Cauchy
sequence and, hence, {z,} converges to y, for some y € X. By Theorem 4, we
have

1 1
NI Ta)n - - F (M@,xn,t) B 1) -0
N(T(y),T(x,),t) Ny, zn,t) \ |
T NI Tt k"(lN(y,zn‘,t>> 0
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as n — oo. Then lim, oo M(T(y),T(zy),t) =1 and lim,, oo N(T(y), T (zy),t)
= 0 for each t > 0, and therefore lim,, oo T'(x,) = T(y), i.e., lim, oo Tpy1 =
T(y) and then T'(y) = y. Hence, y is a fixed point for 7.
To show uniqueness, assume T'(z) = z for some z € X. Then, for ¢ > 0, we
have
1 1

Mot | - MTG.TE.0

IN
oy
o

IN
e
3

Ny,zt) NI, T()t
1—N(y,zt) 1-N(T(y),T(2),t)

k<< <;z;z>
2 Ny,zt

IN

IN

N(y, z,t)
c o (N2t
- 1— N(y,z,t)
as n — oco. Hence, M(y, z,t) =1 and N(y,z,t) =0, and then y = 2. W
Now suppose that (X, My, Ng,*,Q) is a complete standard intuitionistic
fuzzy metric space induced by the metric d on X. We know that (X,d) is
complete, then if {z,,} is an intuitionistic fuzzy contractive sequence, by Propo-
sition 3, it is contractive in (X, d), hence convergent. So from Theorem 5, we

have following corollary, which can be considered the intuitionistic fuzzy version
of the classic Banach contraction theorem on complete metric spaces.

Corollary 6 Let (X, My, Ng,*,0) is a complete standard intuitionistic fuzzy
metric space and let T : X — X be an intuitionistic fuzzy contractive mapping.
Then T has a unique fized point.

Theorem 7 Let (X, M, N,x, ) be a complete intuitionistic fuzzy metric space
in which intuitionistic fuzzy contractive sequences are Cauchy. Let {T;}:;2, be a
sequence of mutually contractive self-mappings such that
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(a) T; is continuous for all ¢ € N,
(b) T;T; = T;T; for all 4,5 € N, where i # j.

Then {T;};°, has a unique common fixed point.
Proof. Fix 29 € X. Let z, = Tp,(xp—1),n € N.
We distinguish the following cases.
Case 1. z,, # x,,+1 for all n € N. Then, for all n € N and ¢ > 0, we have

1 1
1 = -1
M(xp41,Tn,t) M(Try1(zn), Trn(Tr-1),1)
1
< k|l— -1
- <M<xn7mn17t) ) ’
N(xn+17 Tn, t) _ N(Tn-i-l(xn); Tn(mn—l>7 t)
1 — N(zpt1,%n,1) 1= N(Toy1(wn), Tn(zn—1),1)

N(l’n, Tn—1, t)
k .
1—N(zp,Zpn-1,t)

Then, {z,} is an intuitionistic fuzzy contractive sequence, so it is a Cauchy
sequence and, hence, {z,} converges to y, for some y € X. By our assumption,
we see that no consecutive elements of {x,,} can be equal to y. Therefore, for
any i, there exists {xn(k)};il C {x,}7" such that n(k) > i and @, # y for
all k € N. Then, for all t > 0 and k € N, we have

1 1

-1 = —1
M(Ti(y), Tpe), t) M(Ti(y), Ty (Tr(k)—1), 1)
1
< k|l——————-1)]—0
- (M(yvmn(k)lvt) >
N(Ti(y); Tn(k)» t) _ N(T;(y), Toury (Tn(k)—1), )
1= N(Ti(y), Ln(k), t) 1 — N(Ti(y), ) (xn(k)fl)v t)

N _
1- N<y7xn(k)717t)

as k — oo. Then limg ..o M(T;(y), Tpk),t) = Land limg oo N(T5(y), Tnr), ) =
0 for each ¢ > 0, and therefore limy_.o 2, xy = T3(y), and then Tj(y) = y for all
i € N. Hence, y is a fixed point for each T;.

Case II. z; = z;_ for some i € N. Then, T;(x;_1) = x;_1, that is, T; has a
fixed point y = x;_1. Now, we prove that z is a common fixed point for {Tl}loi1
If not, let T;(z) # z for some j € N. Then, two subcases are possible:
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Subcase (a). z # T7'(z) for all n € N. Since Tj(z) # 2, for all t > 0, we

have
Ly 1 _
T2, BN
1
Sk<<,xm Q
MTIOND MGG
1= N(2,T?(2),1) 1- ( (2), T;(T;(2)), t)

Nu
v@t-
\/v@#

T(Z
< .7
]{:(

Since by an assumption Tj2 (2) # z, for all t > 0, we have

I 1 _
M('ZﬂTjg(z)at) M<Ti(

N(T3:)8) me zzxw
1_N(Z7T]3(Z)7t) B 1_N(Tz( (sz z))vt
Nz, T2 (2),t)
= <1— 2(z),t >

1 1
— 1 < " e——————1 0
METGLY <M@E@M) )H’
N(zTP()t) et (_NET).0 N
1= N(z,T7(2),t) — 1—N(z,T;(2),t)
as n — 0o. Then limy, oo M(2,7}'(2),t) = 1 and limy, ..o N (2,1} (2),t) = 0 for
each ¢ > 0, and therefore limnHOO ( ) = z,. Since T} is continuous, we have

~1
Ti(2) = T3(T7 " (2)) = T;(2)
as n — o0. Since the topology induced by the intuitionistic fuzzy metric being
Hausdroff (see [11]), we obtain z = T}j(z), which is a contraction. So, we have
to discuss another opinion in the following subcase.
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Subcase (b). z = T} (z) for
integer for which the above holds.
So, we have

1
— ]_ —
M(z, T (2),1)

<

<

<
N(z7ij_1(z),t)

1 N(zTP '(2),t)
<
<
<

Since k € (0,1), we see that the

M(z,Tj(z),t) and N(z, Tf_l(z), t), N(z, T]p_Q(Z), t),..
ferent for all ¢ > 0. This implies that z,T;(z), ..., T]p

ther, for all £ > 0

1

METTE.0

some p € N. We take k to be the smallest

Then, z # T]"(z) for all m = 1,2, ..., (p — 1).

2 (; . 1> ..
M(z, TV %(2),¢)

v ez )

N(T,(2), T; (TP (), 1)
1 - NI, LT 2()), 0

B} N( TP~ 2(z,t
1= N(z, T 2(2),1)
3

k( N(T() (1), 0 )
3
1 — N(Ti(2), T;(TF " (2)), t)

(75
2( N(z, T}~ 3(2),1) >
k 3
1= N(2,T)"(2),1)
k:p—2< N( i\%)s

- N T J(Z§,t))
t

values M(z, TV (2),t), M (2, TV "*(2),1), ...
+N(z,Tj(2),t) are all dif-
!(2) are all distinct. Fur-
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Since k € (0, 1), the above inequalities are contradiction. This establishes that
z =Tj(z) for all j € N. We next prove that this common fixed point is unique.
Let z (z # y) be another common fixed point. Then, for i # j, we have

1 1
ML) L@~ = F (M@,z,t) B 1)

" (M(Ti@)%rj(z),t) - 1) |
()

—_
|
=
=
—~~
<
~
e lles
—
N
~— |
~+~
~

|

which are contradictions unless y = z. This completes the proof of the theorem.
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In Theorem 7, if we take the standard intuitionistic fuzzy metric induced
by a metric d defined on X, we have the following result in a complete metric
space.

Corollary 8 Let (X,d) be a complete metric space and let {T;};~, be the se-
quence of self-mappings defined on X such that

(a) T; is continuous for all i € N,
(b) TyTj = T;T; for all i € N,

(c) d(Ti(x),T;(y)) < kd(x,y) for all i,j € Nand z,y € X, where z # y, i # j
and k € (0,1).

Then {T;};°, has a unique common fixed point.

References

[1] K.Atanassov,Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20,87-
96(1986).

[2] K.Atanassov,New operations defined over the intuitionistic fuzzy sets,
Fuzzy Sets and Systems, 61,137-142(1994).

[3] B.S.Choudhury,A unique common fixed point theorem for a sequence of
self maps in Menger spaces, Bull. Korean Math. Soc., 37,569-575(2000).

[4] B.S.Choudhury and P.N.Dutta,A fixed point result for a sequence of mu-
tually contractive self mappings on fuzzy metric spaces, J. Fuzzy Math.,
13(3),723-730(2005).

[5] A.George and P.Veeramani,On some results in fuzzy metric spaces, Fuzzy
Sets and Systems, 64,395-399(1994).

[6] A.George and P.Veeramani,On some results of analysis for fuzzy metric
spaces, Fuzzy Sets and Systems, 90,365-368(1997).

[7] V.Gregori and A.Sapena,On fixed point theorems in fuzzy metric spaces,
Fuzzy Sets and Systems, 125,245-253(2002).

[8] S.Kutukecu,A fixed point theorem in Menger spaces, Int. Math. J., 1(32),
1543-1554(2006).

[9] S.Kutukcu, D.Turkoglu and C.Yildiz,A common fixed point theorem of
compatible maps of type («) in fuzzy metric spaces, J. Concrete and Appl.
Math., in press.

[10] D.Mihet,A Banach contraction theorem in fuzzy metric spaces, Fuzzy Sets
and Systems, 144,431-439(2004).



...CONTRACTIVE MAPPINGS... 193

[11] J.H.Park,Intuitionistic fuzzy metric spaces, Chaos, Solitons € Fractals,
22,1039-1046(2004).

[12] B.Schweizer and A.Sklar,Statistical metric spaces, Pacific J. Math., 10,314~
334(1960).

[13] L.A.Zadeh,Fuzzy sets, Inform and Control, 8,338-353(1965).






JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS,VOL.9,NO.2,195-205,2007,COPYRIGHT 2007 EUDOXUS
PRESS ,LLC

Composition Followed by Differentiation
between Bloch Type Spaces

Songxiao Li
Department of Mathematics, ShanTou University, 515063, Shantou, China
Department of Mathematics, JiaYing University, 514015, Meizhou, China
E-mail: jyulsx@163.com; lsx@mail.zjxu.edu.cn

Stevo Stevic
Mathematical Institute of the Serbian Academy of Science,
Knez Mihailova 35/1, 11000 Beograd, Serbia
E-mail: sstevic@ptt.yu; sstevo@matf.bg.ac.yu

Abstract: The boundedness and compactness of the product of differenti-
ation operators and composition operators between Bloch type space are dis-
cussed in this paper.

MSC 2000: 47B38, 30HO5.

Keywords: Differentiation operator, Composition operator, Bloch type
spaces, Boundedness, Compactness.

1 Introduction

Let D be the open unit disk in the complex plane C and let H(D) be the space
of analytic functions on . An analytic function f on D is said to belong to the
Bloch type space, or a-Bloch space B*(a > 0) if

Ba(f) = Sug(l =121 (2)] < 0.

FAS

The expression B, (f) defines a seminorm while the natural norm is given by
Ifllge = |f(0)| + Bo(f). This norm makes B* into a Banach space. When
a = 1, B! = B is the well known Bloch space. Let B§ denote the subspace of
B® consisting of those f € B for which

L= () =0 as [z = 1.

This space is called the little a-Bloch space.
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Throughout the paper ¢ denotes a nonconstant analytic self-map of the unit
disk . Associated with ¢ is the composition operator C,, defined by

Cof =fop

for f € H(D). It is a well known consequence of Littlewood’s subordination
principle that the composition operator C, is bounded on the classical Hardy
and Bergman spaces. It is interesting to provide a function theoretic charac-
terization of when ¢ induces a bounded or compact composition operator on
various spaces (see, for example, [1, 5]).

Let D be the differentiation operator. The product of composition operator
and differentiation operator DC,, is defined by

DC(f) = (fow) =f(p)¢, feHD).

The composition operator is one of the typical bounded operators, while the dif-
ferentiation operator is typically unbounded on many analytic function spaces.
The operator DC,, was first studied by Hibschweiler and Portnoy in [2], where
the boundedness and compactness of DC,, between Hardy space and Bergman
space are investigated.

In this paper, we study the operator DC,, between the Bloch type spaces.
Sufficient and necessary conditions for the boundedness and compactness of the
operator DC, between Bloch type spaces are given.

Throughout this paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other. The notation A < B means that
there is a positive constant C such that B/C < A < CB.

2 The boundedness and compactness of DC,, :

B — BP

In this section, we characterize the boundedness and compactness of the oper-
ator DC,, : B — BA.

Theorem 1. Let o,3 > 0 and ¢ be an analytic self-map of D. Then DC, :
B> — B? is bounded if and only if

v ¢ (1= |2)°
©'(z — |z
B (R e

v 0" (2)](1 — [2[2)?
sU SD z —z Q.
W a- P
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Proof. Suppose that (a) and (b) hold. For a function f € B%, we have
(

)
(1= 2P (DC,f) (2)]

%)
< (1= PP (e (2]
< (L= PP @R (@) + (1= 12271 (I (9(2))]
/(2 2 _ 2’2 B "y _ 2,2 1¢]
< 1AM -2 Hf||8a+‘<p ()X = [2[%) 11l

(1= lp(z)[?)o* (1= le(z)[)

where in the last inequality we have used the following well known characteri-
zation for Bloch type functions (see [4])

sup(1 — [2%)%]¢’ (2)] = @' (0)] +sup(l — |2[*)F]e" (2). (1)
z€D zeD

Using this fact and conditions (a) and (b) it follows that the operator DC,, :
B* — B is bounded.
Conversely, suppose that DC,, : BY — B? is bounded, i.e., there exists a
constant C such that
IDCy fllgs < C|lflls=

for all f € B*. Taking the functions f(z) = z and f(z) = 22, we obtain that

sup(1 — |2[*)?|¢" (2)] < o0 (2)
zeD

and

sup(1 — [2*)71(¢'(2))* + ¢ (2)(2)| < 0.
z€D

Using these facts and the boundedness of the function ¢(z), we have that

sup(1 — [2[*)?|¢' (2)[* < ce. (3)
zeD

First, consider the case « = 1. For w € D, set

2
(2) =1 .
fulz) =1n 1 —-wz
Since f(0) =1n2 and
(- P < (P || < 22EE o
WA= 1—wz| -~ 1—wz] — 7
we have that ||f]||s <2+ 1n2.
From this and since
— 9
/ d 1" _ w
R = e ) = e

we have
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2+ Wm2)[|DCyllg—ps > [IDCofoinllss
(L= PR NPl (1 = AP NI

- (T P2 T 0P

that is

(1= PRI Wl (1= DRI )l
A (e 0 )

Next, set

=[] 1=\
w(2) = -2 , € D.
g (Z) 1—wz 1—wz v

Then, we see that g,, € B and ||gw||g < 11, for every w € D. Further, we have
Q;Q\)(‘PO‘)) =0 and

" 1 AP
9o (P(N)] = 2(1|¢<(p()>!)|2)2'

Hence, we obtain

1 (1= AP NPl
D > ||D > =
oo > 11” CLP||B—>BB = ” C@gtp(k)HBB =9 (1 — |%0()\)|2)2

Now we consider the case of o £ 1. For w € D, set

()

-
(1 —wz)*—1"

fw(2) =

It is clear that f,, € B, moreover sup,,cp || fuwl| s < 2%|a — 1] 4+ 1. Hence, we
have
(2% = 1+ D[DCy|lpo—ps = [|DC fo(n)ll 55
_ala =11 = PP VPN | o =110 = AP (Ml ()]
B (1= [e(A)[2)o+! (1 —=[e(N)[*)* ’

i.e. we obtain

(L= PP le" (Wl

(1= le)?)>
2%la — 1| +1 a(l = AP le' (W) Ple(V)
2= VD o . 6
— |Oé _ 1‘ H CSDHB — BB + (1 _ |90()\)|2)a+1 ( )
Next, set
1—|w? 1
gw(z) = "IU| @ w € D.

(1—wz)* a—1(1—wz)e
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Then, we see that g, € B* and ||gy||p« < C, for every w € D. Further, we have
9:(,()\)(90()‘)) =0 and

1/ )\ 2
|g¢(A)(<P(/\))| = a(1—||g;((>\))||2)°”1'

Hence, we obtain

(1= APl WPle (VP

o > OHDO§0||B°‘—>BB Z HDOQDng(A)HBﬁ Z o (1 — ‘SD()\)P)OH_I (7)
From (5) and (7), we have
1_)\25/)\2 1_)\26//\2 )\2
wp (PEVIZOE 0 DR ORI
eoy>1 (L=]e(M)]?) (N> 3 (L= le(N)]?)
< sup C||DCyl|lga_ps < 0. (8)
le(M)>%

By (3), we see that
1 — |M2)P o (\)]? ga+l
wp (DESIZOR e
lp(N)| <L (1= leN)?) le(n)[<} 3
Therefore, from (8) and (9) we have that

(L= AP’ (V)

=P NP <00 (9)

sup < 0
xed (1= lp(A)2)ett
From (4) and (6), we obtain
(1= AP)" Ml ()]
sup < 0.
A€D (L= le(N)[?)«
Hence
(1= [A2)7e" (V)] (1= [AP)le" Ml (V)]
sup S 2 sup < o0 (10)
oyl>s (L= le(V)?)e lo(M)[>3 (L= le)[2)

and from (2), we have that
L= APPle" (V)] _ 42

sup < — sup (1—|A?Ple"(N)| < 0. (11)
eoyl<s (= le(V)2)e 3% lo(I<h

From (10) and (11), (b) follows, and consequently the result of the theorem.

For studying the compactness of the operator DC, : B* — B, we need
the following lemma, which can be proved in a standard way (see, for example,
Theorem 3.11 in [1]).

Lemma 1. Assume that a, 8 > 0 and ¢ is an analytic self-map of D. Then the
operator DC, : B — B is compact if and only if DC, : B — B is bounded
and for any bounded sequence (fi)ken in B* which converges to zero uniformly
on compact subsets of D, DC, fr, — 0 in B as k — .
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Theorem 2. Assume that a, 3 > 0 and ¢ is an analytic self-map of D. Then
DC, :B* — B is compact if and only if DC, : B — BP is bounded and

(0,) ‘ /( )|2(1 | |2)/6
. o' (z s -
w(lzlﬁil (1 —|p(z)[2)ot? =0

(b) 1/ 2 ﬂ
=

lim
le()=1 (1= |p(2)[*)*

Proof. Suppose that DC,, : B* — B? is bounded and that conditions (a)
and (b) hold. From Theorem 1 we have

My = sup " (2)|(1 = [2*)? < o0, My =suplg'(2)]*(1 - |2])" <oo. (12)
zeD zeD

By the assumption, for every € > 0, there is a § € (0, 1), such that
1(2)2(1 — |2]2)8 /" 1—|z|2)8
PR ERT IO )
(1= le(2)?) (1= le(2)?)

whenever ¢ < |¢(2)] < 1.

Assume that (fr)rken is a sequence in B® such that supgey || frllge < L
and fr converges to 0 uniformly on compact subsets of D as k& — oo. Let
K ={z€D:|p(z)] <é}. Then by (12) and (13), we have that

I1DCy fi 5o
= ilelguDCpfk)/(Z)l(l_|Z‘2)B+|fllc(30(0))||¢/(0)‘

= glelgl(w’fé(so))’('c“)l(l —121)7 + | f2(0(0))[|€"(0)]

< g, (13)

< sup(t — P PR )] + sup(t = )l (o)
IO 0)

< sl = BRI QP )]+ sup(1 — 2l ()i ()
©osup (L PP (DPIA el + sup (1— [Pl (oo ())

z€D\K zeD\ K

A0 (0)

< sup(t = PV QP+ sup(1 — 2l ()i ol

@R P I - [

TO s A et Mels+ e T e Melse
RO 0)

<

My sup 1% (p(2))| + My Sup [fe(e(2)]+ (C + el fulls> + | (0(0))]1¢" (0)].
(14)
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Since fi converges to 0 uniformly on compact subsets of D as k — oo, Cauchy’s
estimate gives that f;, — 0 and f;/ — 0 as k — oo on compact subsets of D.
Hence, letting k — oo in (14), and using the fact that ¢ is an arbitrary positive
number, we obtain

Jim |[DC fillgs = 0.

From this and applying Lemma 1 the result follows.

Now, suppose that DC,, : B — BB is compact. Then it is clear that DC,, :
B® — B? is bounded. Let (z1)ren be a sequence in D such that [p(zz)| — 1 as
k — oo. Set 5

1—
gk(z) — ‘QD(Z]C” , LeN
(1 —p(zr)2)"
Then, sup,cy [|gk|lB= < 00 and gr — 0 uniformly on compact subsets of D as
k — oo. Since DC,, : B* — B is compact, we have

kli_)rr;o |DCygkllgs = 0.

On the other hand, similar to the proof of Theorem 1, we have that

I1DCogx |
alo+ 1)(1 — |2 *)Plo" (i) Plo(z)|? = |zk])le" (i)l 0(20)|
- (1 = lp(zr) )+t (1 = lp(zr) )™ ’

which implies that

(a+ DA =zl @) Ple)® _ o A= 1) 0" @)lle ()]

im = 15
o (0= () P)or? e A T
if one of these two limits exists.

Next, set

1— 2 1— 2\2

(1= p(zr))*  at1(1—p(z)z)ert

Notice that g is a sequence in B and g; converges to 0 uniformly on compact
subsets of D as k — oo. Note also that g;.(¢(2x)) = 0 and
Z ‘@(Zk')|2
Zk =« .
|gk (<)0( ))| (1 — ‘@(Zk)|2)a+l

Since DC,, : B* — B? is compact, we have
kli_)n;o |DCygkllgs = 0.
On the other hand, we have

oL 2 )71 () Plo (20)
(1= lp(zr) )+t

S ||DCLng||B[’a
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ie.
1— 12,1280 2 2
I Y N P
k=00 (1= lp(zr) )t
Therefore
1— 2\B| 2 1— 2\B, 2 2
N A \902(%)1| _ i A=) \¢(2k2)| |+<P1(Zk:)| _o.
leel=1 (L= [p(zx) )t koo (1 = lp(zr)?)*
From this and (15), we have that
(=127l ()l _ o (= 1)l Gl ()] _o,

lim =
le(ze)l =1 (1 = [p(z)[2)> k—o0 (1= lp(zx)]?)>

from which we obtain the desired results.

3 The compactness of the operator DC, : B —
By

Next we characterize the compactness of DC, : B* — Bg . For this purpose, we
need the following lemma (see [3]).

Lemma 2. Let § > 0. A closed set K in Bg is compact if and only if it is
bounded and satisfies

lim sup(1l— \Z|2)ﬂ|f/(z)| =0.
|z|—>1feK

Lemma 3. Suppose that o, 8 > 0 and ¢ is an analytic self-map of D. Then,

(1= 12*)l¢" (2)]

L s EI T (16)

if and only if

L AP ) | .
i =0 and lim (1—|z 2| = 0. 17
ez)—1 (1= |p(2)]2)e Jim (1= [21)71e"(2)] (17)

Proof. Suppose that (16) holds, then

(1= |2 le" (2)|
(1= Je(2)?)~

(1= [2*)7le"(2)] <

as |z| — 1.
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If |o(z)| — 1, then |z| — 1, from which it follows that

(1= [2*)%l¢" ()]

=0.
lo(z)|—1 (1 —|p(2)]?)

Conversely, suppose that (17) hold. Then for every € > 0, there exists an
r € (0,1) such that
(1 - [21%)°¢" (2)|

(1=l (2)2)"
when r < |p(z)|] < 1 and there exists a o € (0,1) such that

(1= [=)%le"(2)] < e(1 = r?)".

<e€

when o < |z| < 1.
Therefore, when o < |z| < 1 and r < |p(2)| < 1, we have that

(L = [2[)7]e" (=)

<e. (18)
(1 —=[e(2)?)"
On the other hand, when |p(z)| < r and o < |z| < 1, we obtain
1— 228" (2 1
Lo E 1) (1 Yo" ()] <. (19)

<
(I=le(x)) (L —r2)e
Combining (18) and (19), we obtain the desired result.

Similar to the proof of Lemma 3, we can prove the following lemma.

Lemma 4. Suppose that o, 8 > 0 and ¢ is an analytic self-map of D. Then,

oy 4 121%)°l¢' () _ 0
l2l=1 (1= [p(2)[2)1Fe

if and only if

1L 12\B], 2
i =2 IfSZ)\
le(z)l—1 (1 = [p(z)[2) e

=0 and |1}m1(1 —12»)P1¢' (2)* = 0.
Theorem 3. Suppose that o, 3 > 0 and ¢ is an analytic self-map of D. Then,
DC, : B* — Bg is compact if and only if

i A~ 1212)%]¢ (2) 12 S 12%)2]¢" (2)]
l2l=1 (1= Jp(2)[2)1Fe =1 (1= p(2)[2)>

=0.

Proof. Let f € B*. We have
(1= 12’ I(DCy f) ()]

(AR ER , (=)
< (i T e ) Wl
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Taking the supremum in this inequality over all f € B* such that ||f||g= < 1,
then letting |z| — 1, we obtain that

lim sup (1—[2[%)?|(DC,f)'(2)| =0,
l21=1 | fll ga <1
from which by Lemma, 2 we obtain that the operator DC, : B — Bg is compact.

Conversely, we assume that DC,, : B — Bg is compact. Taking f(z) = z,
we obtain that

lim (1 —[2*)°|¢"(2)| = 0 (20)

|z|—1

From this, by taking f(z) = z? and using the boundedness of DC,, : B* — Bg
it follows that

lim (1 —[2*)°|¢'(2)]* = 0. (21)

|z|—1

Hence, if [|¢|lcc < 1, from (20) and (21), we obtain that

(L= 12l P L s
1m < lim (1 — |z A2 =0
|z]—1 (1 —_ |Sp(z)|2)04+1 - (1 _ ||@||gc)a+1 ‘z‘_&( ‘ | ) |SO ( )‘
and
=P le2) L e
lim < lim (1 — [2%)%|” (2)] = 0,
lz2=1 (1 —|p(2)?)~ (L= llellZe)™ 121-1

from which the result follows in this case.
Hence, assume that ||¢]lcc = 1. Let (p(zk))ken be a sequence such that

limy o0 [0(21)] = 1. Set
2

, keN
(1 —p(zk)2)*
and ) oo
1-— 1-—
gk(Z) _ |<,0(Zk)| _ « ( ‘(p(Zk)| ) ’ k € N.
(1—@(z)z)® @t 1(1—p(z)z)0t?
By the proof of Theorem 2 we know that
(= [2P)Ple(2) P
lim =0 22
le(z)l=1 (1 —[p(2)[?)>+1 22)
and
_ 2\B |,
U o E T -
le(z)l=1 (1= p(z)[?)*

Applying (20), (21), (22) and (23) with Lemmas 3 and 4 gives the desired result.
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Abstract

The aim of this paper is to promote the use of classical orthogonal
polynomials to define useful continuous wavelet transforms. We present
some applications in connection with the detection of isolated singularities
and the joint time-frequency analysis of a fractal via the representation
of the corresponding wavelet coefficients. An interesting comparison bet-
ween the different families of classical orthogonal polynomials, taking into
account the computational cost (in flops) needed in the representation of
these coefficients, are also given.

Key words: Classical orthogonal polynomials, wavelets, continuous wavelet
transform, time-frequency analysis

1 Introduction

Orthogonal expansions are widely used in many areas of mathematics and engi-
neering. By using them, complicated operations on a function may be replaced
by simpler ones on the corresponding coefficients. Orthogonal and nonortho-
gonal sequences of wavelets satisfy a variety of properties that make them effec-
tive in the analysis of non stationary signals or transient phenomena, the detec-
tion of isolated singularities, etc. Consequently, wavelet functions are becoming
increasingly used in new applications. However, not always it is possible to



208

MONCAYO,YANEZ

find explicit expressions for the wavelet functions. For instance, the Daubechies
wavelet functions are graphically obtained by using an iterative procedure on
the two scale relation, but they are analytically unknown. An explicit and used
collection of wavelet functions is defined (see [4], p.286), for each n > 1, by

%(l‘) = gn[¢(x)]a (1)

where g™ denotes the differential operator

d n d n—1
gt ==x <dx) +n <dx> , n=12 .., (2)

o) = <= e () ®

)= —exp| —
V2 P2

In other words, the wavelets ¢, (z) are given by application of the differential

operator ¢g" onto the weight function, up to a multiplicative constant, associated

with the Hermite polynomials [1, 6, §].

The case n = 1 gives to the so-called Mexican hat wavelet, (see [3], p.3),

and

e = = (1= ) e () (1

period. In this work we show a connection between the differential operator g"
and the Hermite polynomials. This relation allows us to find more differential
operators related to Jacobi and Laguerre polynomials. As a consequence, ex-
plicit wavelet functions based on orthogonal polynomials will be obtained and
used to define useful continuous wavelet transforms. In some cases, the com-
putational cost needed by these transforms in the representation of the wavelet
coeflicients is less than the cost required by another standard wavelet transforms.
In this way, we expect to promote the use of classical orthogonal polynomials
-not necessarily of Hermite type- to perform applications related to the joint
time-frequency analysis. Furthermore, we show an interesting comparison bet-
ween different systems of orthogonal polynomials from the computational cost
point of view. The outline of the paper is as follows: In Section 2 we intro-
duce some basic elements of the theory of wavelets. In Section 3, the operator
(2) is obtained by means of the recurrence relation and the Rodrigues formula
associated with the Hermite polynomials. By a similar procedure, differential
operators associated with another systems of classical orthogonal polynomials
are introduced and used to define continuous wavelet transforms by classical
orthogonal polynomials. This is done by two different methods. One concerns
some basic properties of classical orthogonal polynomials. The other approach
makes use of the analytic representation of orthogonal polynomials. Section 4 is
devoted to applications. Particularly we use orthogonal polynomials to detect
isolated singularities and to study the self-similarity of a fractal by performing
the corresponding joint time-frequency analysis.
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2 Continuous wavelet transforms

The main tool in Fourier analysis is given by the Fourier Transform

+oo
f(f)(w)=\/%—ﬂ / F(8) exp(—iwt) dt

From the definition it holds that it is necessary to use (global) information at
time for obtaining (local) information at some frequency w. This means that
Fourier analysis provides excellent localization in frequencies and none in time.
The most simple way to obtain joint time-frequency information is given by the
so-called windowed Fourier Transform [3, 5, 7]. The wavelet analysis not only
provides joint time-frequency information, but also disposes of a better tradeoff
between both variables from the uncertainty principle point of view. Hence,
the wavelet analysis may be considered well adapted for studying signals which
exhibit, for instance, a strong variation at frequencies during a slight interval of
time. The wavelet transform is given by
0o

W@ = [ 1O ves(t)d 5)
where 1,5(t) is obtained by dilations and translations of a single function 1 €
L?(R), called a wavelet, which satisfies

“+oo

P(x)de =0 (6)

— 00

bust) = =0 (57 )

These two operations on the frequency side become algebraic and it makes possi-
ble a joint time-frequency analysis [2, 3, 5, 7].

Since 1 has a zero average, (5) measures the variation of f in a neighborhood of
b whose size is proportional to 1/a. Moreover, when a goes to zero, the decay of
the wavelet coefficients (f, 14,) characterizes the regularity of f, (see [5], p.171).
Consequently, wavelet methods are powerful tools to detect singularities and
studying self-similarities. Two important requirements on the wavelet transform
concern completeness and energy conservation. In order to achieve them, a weak
admissibility condition must be satisfied by the wavelet. More precisely, we state
the following result, (see [3], p.24).

Theorem 1 Let 1) € L?(R) be a real function such that

C¢:/0+00de<+oo (8)

w

Concretely,

Then, if f € L*>(R) it holds that

=g [ [T wian Joe () San
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and

+oo ) 1 +oo  ptoo ) da
) dt = — w b)|* — db
[ wrwra=g [ [ e

If 4)(0) = 0 (which is equivalent to (6)), and ¥ (w) is continuously differen-
tiable, then the admissibility condition (8) is satisfied. This regularity is achieved
if ¢ has sufficient time decay, (see [5], p.82).

+o00
/_ (T4 [t])](t)] dt < +o00

3 Differential operators

3.1 Differential operators associated with classical ortho-
gonal polynomials

Classical orthogonal polynomials are orthogonal polynomials on an interval with
respect to a weight w(z) that satisfy the equation

where o and 7 are polynomials of degree at most 2 and 1, respectively.
Classical orthogonal polynomials may also be characterized by the Rodrigues
formula. For a complete analysis see, for example, [1, 6, §]. The Rodrigues
formula states that

P,L(QC) = & (dcl{) [J(l)nw(.’t)L n=20,1,2,--- (9)

w(x)

where B,, denotes a constant depending on n and w(z) is the weight function
with respect they are orthogonal.
With w(z) dz there is associated an inner product and a norm as follows

b
mmwz/fwwGw@Mx

and
1fllw = V{fs o

where f,g € L?((a,b);w).
It is well-known that there exists a unique system of polynomials {P,, },,>0, that
are orthogonal with respect to the inner product (-, )., i.e.,

<Pn7 Pm>w = di 6n,m7

where d,, denotes a real and non zero constant. The orthogonal polynomials
{P,} satisfy the following three-term recurrence relation

P—l(m):O7 PO(J"):l
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Poii(z) = (anx 4+ by) Po(x) — ¢y Phoq1(z), n=1,2--- (10)
If k,, denotes the coefficient of 2™ in P,, then
_ kn+l
an = .
bn = —anp <5L'Pnapn>w
cn = I and co(z) =0.
Gp—1

For example, in the interval [—1, +1], the family of orthogonal polynomials with
respect to
WO () =1 —2)*1+2)?, o f>-1,

is known as the Jacobi polynomials, pLP (). The case a = 8 = 0 leads to the
Legendre polynomials, and o = 3 = A — 1/2 gives the Gegenbauer polynomials,

C)z). On the interval [0,4+o0c) we have the Laguerre polynomials Lg,fl)(x),
which are orthogonal with respect to

w'® (z) = z% exp(—z), o> —1

Another system of orthogonal polynomials on a infinite interval is given by the
Hermite polynomials, H,(z). They are orthogonal on (—oo,+00) with respect
to

w(z) = exp(—z?)

In this case, the Rodrigues formula is given by

H,(0) = (1) exp(e?) () exn(-a) (1)

and the three term recurrence relation is satisfied by taking in (10)
an =2, b,=0, c,=2n

Taking into account (11) for H,_1(x) and H,(z), the corresponding equation
(10) takes the form

H,1(z) exp(—22/2) = lm (ddx>n+ﬂ (i{)nll (exp(—2?/2))

= g" [exp(~2?/2)]
9" [w(@)];

where ¢g" is defined in (2) and w(z) is, up to a constant, the function ¢(x)
defined in (3). This means that equation (1) translates into

Un(2) = Hypa(z) w(®) (12)

Combining, in a similar procedure, the Rodrigues formulas and the three term
recurrence relations associated with Jacobi and Laguerre polynomials, another
differential operators can be obtained. These operators satisfy the general form
of (12). These considerations leave to the following definition.
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Definition 2 Let {P,} be a system of orthogonal polynomials with respect to a
weight function w(x). We define its associated differential generator as

9" [w(@)] = Poyar(z) w(z) (13)

Remark 3 The functions generated by g™ by using Hermite polynomials are
defined on (—oo,+00). This makes possible to consider translations in order to
obtain the wavelet systems specified in (7). However, the functions generated by
g™ are defined on the orthogonality interval, which does not cover the whole real
line for the Jacobi or Laguerre systems. This fact motivates the introduction of
two methods of defining wavelets and wavelet transforms. One uses a prolonga-
tion of the functions obtained in (13). The other approach involves the analytic
representations of the operators g".

3.2 Wavelets and continuous transforms defined by g"

Proposition 4 Let {P,} be a system of orthogonal polynomials in L*((a,b);w)
and
g"w(z)] =z € (a,b)
Pt (x) =
0 z ¢ (a,b)
Then

/ Y (x)dr =0 and / (14 |z]) " (x)] dr < oo
R R
PROOF:

The proof easily follows from the vanishing moment property satisfied by the
orthogonal polynomials, (see [1], p. 22), and by taking into account the decay
of the introduced functions.

Remark 5 For the Jacobi polynomials Py(f"ﬁ) (x), the corresponding wavelet will

be denoted by ™ (P (x). With respect to the Laguerre polynomials Lﬁla)(w), we
will use the notation Y™ (x). It will be cause no confusion if we use the same
notation, Y™ (x), to designate the wavelet defined by any classical orthogonal
polynomial and by the Hermite polynomaials.

3.3 Analytic representations

In this section we will use the following notation

Ct = {z=x+yi,2€C,y>0}
C = {z=2+yi,2€C,y<0}
ct = ct|Jc

The elements f € CT (resp. f € C™) will be represented by f (resp. f_). The
functions defined on C* will be denoted by fi. As usual H?(C¥) represents
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the Hardy space consisting of all the functions in the upper half plane C* such
that

—+oo
sup/ |f(z +yi)|? de < oo
y>0J -0

(Analogously for H2(C™)).

Definition 6 The analytic representation of a function f € L?>(R) is given by
the following pair of functions defined on C*:

+oo T
f(z) = L / L de, $(z)#0

2t J_ oo T— 2

The functions fi(z) are analytic in the upper half-plane (+) and in the lower
half plane (—). They satisfy fi(z) € H?(C*) and

lim fi(z +ei) = f-(z —ei) = f(z), ae.

That is, the value of a continuous function at = may be restored from its analytic
representation. The operator

As - L*(R) — H?(CH)
f R it

is called the analytic representation operator. Ay is lineal and conmutes with
some operations. More precisely, it holds that

© 1) = s (1)) ()
(i) f2la2) = As(flam))(2)
() 2z~ 1) = A=(f(x - D)(2)

In particular (ii) and (iii) mean that the analytic representation operator pre-
serves the same operations that make possible the definition of wavelets.

Definition 7 Let {P,} be a system of orthogonal polynomials with respect to
a weight function w(xz). We define the wavelet generator associated with the
system as the analytic representation of the differential generator g", i.e.,

Gl w(@)] = Ax (9" [w(@)))

Taking P, (z) = P{*? (2), it is possible to state a result which connects the func-

tions generated by G7} and the Jacobi functions of the second kind, Q%a’ﬁ )(z),
(see [8], p.73 and [9]). These functions also meet the recurrence relation (10)
with initial conditions

2 o o + 1
() @0 -1 e = [a-ntar’ S

213



214

MONCAYO,YANEZ

It is known (see [8], p. 74), that

1 (e, 8)
C-rG Qe =3 [Ca-rrarr e ag

We will use the above relation to prove the following proposition.

Proposition 8 With the same notation it holds that

a1 [P (@) = 2 1" (4 17 QY (2)
PROOF:
From (14) we have
i a
— (-1 (+ 17N (2)

s
i +1 P/(aﬁﬁ)(t)
=_— 1—0)*(14t)f 2 gt
| A=) Q+8)" —"—
We conclude from (13) and (14) that
Gy WM (@) = A (0@ (@) P3P @)
1 +1 P(O(ﬁ)(t)
= — 1—t)*(1+t)f gy
2 J_4 ( 1+ t—=z
i1 [t PP ()
= —= 1—t)*(1+¢t)f gy
5[ -y
i «@ )
= —E-D)" )RRV

Remark 9 Under the assumptions of proposition 8 and taking into account

(8], p. 74), one has -
ol ()

lim (z—1)%(z+ 1) Q™M (2) =0

|z|—00

Therefore,

In what concerns the analytic representation of the Laguerre polynomials,
I Ly (#)
@ () = — o) =L gt 15
Q) =5 [ T (15)
making use of the corresponding Rodrigues formula and by integration by parts,
([8], p- 105), we obtain that (15) is equivalent to
1 [t

0 = 1 [T et -yt ar
2w 0
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Hence

|Q$”unﬁv(1)n+l (16)

Proposition 10 With the same notation, it holds that
Ax (9" [0 @)]) = QL)
PRrROOF:

The proof easily follows from (13) and (15).

Remark 11 With respect to the analytic representation of the Hermite polyno-
mials, similar computations and properties can be obtained.

3.4 Wavelets and continuous transforms defined by the
analytical representation of g"

Proposition 12 Let z = x4y i, where yo # 0 is fized and x € R. We consider
the following functions

¥l (2) = Re (G [w(@)]) — Re (G4 [w(-)]), a7
then
/ Y (z)de =0 and /(1+ lz|) % (x)| d < oo
R R

ProOOF:

Since ¢’ (x) is an odd function, it holds that it has zero average. From
remark 9 and equation (16) it follows that ¥ (x) decays rapidly to zero. The
same is valid if we take the imaginary part in (17). This completes the proof.

In the following theorem, a relation between the size of the wavelet coeffi-
cients and the local regularity of a function is obtained. In particular, this
explains that we use the functions introduced here to detect singularities.

Theorem 13 Let )" (z) be the wavelet function generated by g" or G'y. Let f
be a Holder continuous function with exponent A € (0, 1], i.e., for some constant
C1 > 0 one has

() = f(y)] < Cr |z —y*
Then there exists Cy > 0 such that

IW(f)(a,b)| < Cala**/?

215
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PROOF:

By (5) and the property of zero average, we obtain

Winen) = (= [ 0w - so) v (F20) @

Hence
+oo 1
o Vl

+oo
aw“m/ (s [67(s)| ds < Cs [a*+1/2

o0

—b
I(fvam| < |y (”;CL) | Cy |z — b da

IN

Here C1, Cs are constants and the last inequality follows from the admissibility
condition satisfied by ¢"(x). In section 4 we will use the notation explained in
remark 5 for the wavelet 7 (z).

4 Applications

Figure 1 represents the wavelet function defined by using the operator Gf_ [w(Q*Q) (I)] ,
associated with the Gegenbauer polynomials of parameter 5/2 and z = z+0.3 4.

Figure 2 shows the wavelet function defined by the operator Gg [6_11 , associa-
ted with the Hermite and z = x + 0.214.

1 0.6
0.4
0.5
0.2
0 0
-0.2
-0.5
0.4
-1 -0.6
-4 T2 0 2 4 4 -2 0 2z 4
: 2(2,2 :
Figure 1: 1/J+’( ' )(CE) Figure 2: ¢ (z)

The graphic shown in figure 3 is known as the VonKoch Curve. As a conse-
quence of the time-frequency correlation, we have detected its self-similarity by
the continuous transform obtained by the wavelet represented in Figure 2.
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0.016-
0.014
0.012

0011
0.008
0.006

0.004f

U;UAM‘ h/\ﬁ‘ . . . . AAA . Ai

50 100 150 200 250 300 350 400 450 500

0.002

Figure 3: The VonKoch fractal

5 100 150 200 250 300 350 400 450 500
time (or space) b

Figure 4: Self-similarity of the fractal by using 1/)3(37)

In the following application the singularities of the function presented in

figure 5 have been detected. We have used the continuous transform defined
by the wavelet ¥%(22)(z), generated by ¢?[w®? ()] and associated with the
Jacobi polynomials. The wavelet coefficients decay to zero in the regions where
the signal is smooth.
Finally, we present in Table 1 a comparison of the required computational cost
to represent the wavelet coefficients by using different orthogonal polynomials
and the standard wavelet of Daubechies db2, (see [3], p.195). The use of the
Jacobi polynomials supposes a minor computational effort that the use of the
Mexican hat or Daubechies wavelet functions.
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L L L L L
0 1000 2000 3000 4000 5000 6000

Figure 5: A function with singularities

scales a

1000 2000 3000 4000 5000 6000
time (or space) b

Figure 6: Detection of the singularities by using wi(2’2>(x)

5 Concluding remark

In this paper we have proved than certain differential operators, used to define
Mexican hat type wavelets, can be obtained by means of the three-form re-
currence relation and the Rodrigues formula associated with the Hermite poly-
nomials. By using the same procedure we find that the differential operators
concerning Jacobi and Laguerre polynomials leave to simple and explicit wavelet
functions defined in terms of classical orthogonal polynomials. These wavelets
make possible to introduce continuous wavelet transforms. We have presented
some examples that magnificently illustrate the applicability of these transforms
to detect isolated singularities as well as to perform a joint time-frequency analy-
sis of a fractal which reveals its self-similarity. We give an interesting compara-
tive between the different families of classical orthogonal polynomials taking
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Application Wavelet Computational cost (in flops)

Fractal PO L372) () 1069337
o2 (1) 5965559

Mexican hat 7805363

Y () 6240527

Daubechies db2 1561871

Singularities %22 (1) 14025273
by () 96412841

Mexican hat 102750683

Daubechies db2 20378351

Table 1: Computational cost (in flops)

into account the computational cost (given in flops) needed in the representa-
tion of the wavelet coefficients. For instance, this comparison shows that the
computational effort by using Jacobi polynomials as well as Hermite polyno-
mials of the second kind is less than the required by using the Mexican hat type
wavelets. From this, we hope to motivate the use of simple classical orthogonal
polynomials to define useful continuous wavelet transforms.
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1. Introduction

Let A denote the class of functions of the form
fR) =2+ an2" (1.1)

which are analytic, univalent and normalized in the open disc U = {z : z € C |2] < 1}.
Also denote by T the subclass of A consisting of functions of the form

f(z)=2— Zanz”, (a, > 0) (1.2)
n=2
introduced and studied by Silverman [12].

The paper has been presented in International Conference on Geometric Function Theory, Special
Functions and Applications, during January 02-05, 2006, held at Bharathidasan Govt. College for Women,
Pondicherry, India.
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A function f(z) € A is said to be starlike of order « if and only if

Re {Z;;S)} >a, €U, (1.3)

for some a(0 < a < 1). We denote by S*(«) the class of all starlike functions of order «.

Also a function f(z) € A is said to be convex of order « if and only if

Zf”(Z)}
Re {1+ >a, z €U, 1.4
e o
for some a(0 < a < 1). We denote by K («) the class of all convex functions of order .
Indeed it follows from (1.3) and (1.4) that

feK(a) s 2f € S*(a). (1.5)

Recently Jung, Kim and Srivastava [5] introduced the following integral operator

=M% / (1- f) o (s (16)

and they showed that

Fp+n)I(A+n+1)
—~ I'(A+n+n)(n+1)

where A > 0,7 > —1, f(2) € A. Some interesting subclasses of analytic function associated
with the operator 7’;, have been investigated recently by Jung. Kim and Srivastava [5],

Aouf et.al. [2], Li [6], Liu [7] and Patel and Sahoo [9]. The operator @) is called Jung-
Kim-Srivastava integral operator.

For a(0 <a<1),50<8<1),v0<~v<1), M(A>0), n(n > —1), and for fixed
-1 <A<B<1land 0 < B <1, we let S;;A(a,ﬁ,’y,A, B) denote the subclass of A
consisting of functions f(z) of the form (1.1) and satisfying the analytic criterion

AQIE)

QN f(z)
= 1.
2v(B — A) < AQF(2)) a) B <z(Q$]f(z))’ B 1) <pB, ze€U (1.8)
“le AT

where Q) f(z) is given by (1.7). We also let
*A *A
T?’] (a7 /67 ,77 A7 B) = S’r] (a’ /87 ’Yﬂ A7 B) mT

We note that by suitably specializing the parameters A, B,«a, 3,7, A and n the class
T;’\(oz, 3,7, A, B) reduces to the classes studied in [I} 4, §].

The main object of the present paper is to obtain the necessary and sufficient conditions
for the functions f(z) € TT’]"\(a, 83,7, A, B) and to study distortion bounds, extreme points
closure theorem, radii of starlikness and convexity, Modified hadamard product and 6—
neighborhoods for f(z) € T;’\(oz, 8,7, A, B).
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2. Main Results

Theorem 1. Let the function f(z) be defined by (1.2) is in the class T;A(a,ﬁ,v,A, B) if
and only if

o0

> 1207(B = A)n —a) + (1= BB)(n — ]S\, 1, n)lan] < 267(1 —a)(B — 4), (2.1)

n=2

where
F(n + n)T()\ +n+ 1)

FA+n+n)l(n+1)
—-1<A<B<1,0<B<1,0<a<1,0<p8<,0<y<1,A>0andn> —1.

Corollary 1. Let the function f(z) defined by (1.2) be in the class T,’;)‘(a, B,v, A, B). Then

we have
267(1— a)(B - A)
267(B = A)(n—a) + (1 = BB)(n — 1)]2(A, n,n)
The equation 15 attained for the function
)=z - 20y(1 —a)(B — A)
267(B — A)(n — a) + (1 = BB)(n — 1)]®(A, n, n)
where ®(X,n,n) is as defined in (2.9).

Let the functions f;(z) be defined, for j =1,2,...m, by

(N, n,n) =

(2.2)

an_

(2.3)

2" (n>2) (2.4)

z):z—Zanyjz" an, ; >0, z€U. (2.5)

We shall prove the following results for the closure of functions in the class T;]‘)‘ (o, B,7, A, B).

Theorem 2. (Closure Theorem)  Let the functions f;(2)(j = 1,2,...m) defined by
be in the classes T;A(aj,ﬂ,’y,A, B) (7 = 1,2,...m) respectively. Then the function h(z)

defined by
z) :Z_%Z (Zan, j> 2

1s in the class T;A(a,ﬁ,’y,A, B), where o = 1gm<n {a;} where 0 < a; < 1.
<j<m

Proof. Since f;(z) € T;]k’\(ozj,ﬁ,w,A, B), (j = 1,2,...m) by applying Theorem 1, to 1}
we observe that

S BB A)n — a) + (1= B0~ DB, 5,n) (% > an j>

n=2

- = Z (Z 267v(B — A)(n — a) + (1 — BB)(n — 1)]®(\, 1, n)ay, j>

IN

LS a0 a4

< 26v(1—a)(B—-A)
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which in view of Theorem 1, again implies that h(z)T;]"A(a, 3,7, A, B) and so the proof is
complete. O

Theorem 3. (Extreme Points )  Let

fi(z) = z and
267(1 — a)(B - A) n

W& = B A —a) (- BH = D) "2

(2.6)

for0<a<1,0<f<1,0<y<1,A>0andn>—-1,-1<A<B<land0d<B<1.
Then f(z) is in the class T;A(a,ﬁ,'y,A, B) if and only if it can be expressed in the form

N AG (2.7
n=1
where p1,, >0 (n > 1) and i o, = 1.
n=1
Proof. Suppose that
f2) = mhz)+ Z,unfn
" T BRB A -0 T (- B DRt

n=2
Then it follows that

o~ 2O(B-A)n—a)+(1-BAn -1\ nn)
207(1 = a)(B - A)

20v(1 —a)(B - A)

M5B~ An— ) 1 (1 - BA)n — 30w
by Theorem 1, f(z) € T;’\(a,ﬁ,v,A, B).
Conversely, suppose that f(z) € T*A(a,ﬁ,fy, A, B). Then
) 2(1  a)(B ~ 4) -

" [QﬁV(B A)(n—a)+ (1 - BB)(n—1)|2(\,n,n) -
we set

_ [289(B = A)(n —a) + (1 = BF)(n — 1)|®(A,n,n)

fo = 21— a)(B - 4) mo =

and

n=2

We obtain f(2z) = u1fi1(2) + Y. pnfn(z). This completes the proof of Theorem 3. O
n=2
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3. Distortion Bounds

Theorem 4. Let the function f(z) defined by (1.2) belong to T;A(a,ﬂ,’y,A, B). Then

[1+28v(B - A)(2—a) — BB(n + (3.1)

and

) < 1 {1 L —a)(B - Aty + 1) |z|}

[1+28v(B - A)(2—a)— BB|(n+1) (3.2)

Proof. In the view of (2.1)) and the fact that (2.2]) is non-decreasing for n > 2, we have

n+1) <

26¥(B = 4)2 =)+ (1= BAl - =5

n
n=2
)

< Y 1269(B—A)(n—a)+ (1= BB)(n - 1)]&(\,n,n)ay

n=2

< 26v(1—a)(B - 4)
which is equivalent to,

2091 —a)(B=A)A+n+1)

2 = 5 25n(B - A2 )~ BOn + 1 33

Using (1.2) and (3.3), we obtain
= =2 e

> |Z’—| |2 267(1_04)(3_14)()‘4_77—1—1)

B [1+26v(B—A)(2—-a) - BB)l(n+1)

- |Z|{1_ 267(L—a)(B—A)(A+n+1) |Z|}

B [1+26v(B—-A)2—-a)-B3)n+1)
and

26v(1 —a)(B—A)(A+n+1)
1< e R —an - 5 )

Hence the proof is complete. 0

4. Radius of Starlikeness and Convexity

In this section we obtain the radii of close-to-convexity, starlikeness and convexity for
the class T;;A(oz, B,7, A, B).

Theorem 5. Let the function f(z) defined by (1.2)belong to the class T;*(a, 3,7, A, B).
Then f(z) is close-to-convex of order o (0 < o < 1) in the disc |z| < ry, where

_ [(1=0)261(B = A)(n—0) + (1 = BA)(n - IS n.0)]| =
. (B = A1) (n22). (1)

The result is sharp, with extremal function f(z) given by (@
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Proof. Given f € T, and f is close-to-convex of order o, we have
If'(z) =1 <1—o0. (4.2)
For the left hand side of (4.2)) we have

7)1 < 3 na el
n=2

The last expression is less than 1 — o if

o0

Z 1 f UCLn|z|"_1 <1

n=2

Using the fact, that f € T;’\(a, 8,7, A, B) if and only if

— [267(B — A)(n — a) + (1 — BB)(n — 1)]®(\, n, n)
2 267(B — A)(1 - a) o=

Y

n=2

We can say is true if
26v(B—-A)(n—a)+ (1 — BB)(n —1)]2(A,n,n)
20v(B - A)(1 - a)

Bt
g

1
Or, equivalently,

i _ [a — 0)[26v(B — A)(n — ) + (1 — BB)(n — D]@(\,n,n)
21y (B — A)(1—a)

where ®(\,n,n) as defined in (2.2). Which completes the proof. O
Theorem 6. Let [ € T;A(a,ﬁ,’y,A,B). Then

|z

(i) f is starlike of order o(0 < o < 1) in the disc |z| < ro; that is,

fte {ZJ]:;S)} >0, (2] <ry; 0< 0 <1), where

o = inf
n<2

|:(1 — 0) [Qﬁ/y(B — A)(TL — Oé) + (1 — Bﬁ)(” — 1)]@(/\,7’],72)
267(B — A)(1 — o)

n—o

(i) f is convex of order o (0 < o < 1) in the unit disc |z| < rs, that is

Re {1 + Z}c,lég)} >0, (|z] <r3;0 <o <1), where

rs = inf
n<2

1—0 \ [267(B— A)(n —a) + (1 - BB)(n — 1)]&(\,5,n)] 7
Kn(n - 0)) 267v(B — A)(1 — a) } (n Z(z)

Each of these results are sharp for the extremal function f(z) given by @

Proof. (i) Given f € T, and f is starlike of order o, we have

2f'(2)
f(2)

—1‘<1—0. (4.5)
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For the left hand side of (4.5) we have

SOl
f(2) N 1 — i an |2|"

The last expression is less than 1 — o if

n—0
Z an |2|"7t < 1.
l—-0o

n=2

Using the fact, that f € T;’\(a, 8,7, A, B) if and only if
f: 267(B — A)(n —a) + (1 — BB)(n — 1)]®(A, n, n)

25(B ~ A)(1 — ) m=h
We can say is true if
n-— U‘Z|n_1 < [25’7(3 — A)(n — a) + (1 - Bﬁ)(n — 1)](1)(/\7 777”)
1-— 26v(B — A)(1 — «)

Or, equivalently,

2r = Kl - 0) 26v(B = A)(n — a) + (1 = BB)(n — 1)]®(\,n,n)
26v(B — A)(1 - «a)

n—o

which yields the starlikeness of the family.

(ii)  Using the fact that f is convex if and only if zf’ is starlike, we can
prove (ii), on lines similar to the proof of (i). O

5. Modified Hadamard Products

Let the functions f;(2)(j = 1,2) be defined by (2.5) The modified Hadamard product of
f1(z) and fo(z) is defined by

(fi*xfa)(z) = z2— Zamlan,g z".
n=2

Using the techniques of Schild and Silverman [I1], we prove the following results.

Theorem 7. For functions f;(z)(j = 1,2) defined by let fi(z) € T;Ma,B,7,A,B)

and fy(z) € T:Np, B,7, A, B). Then (fi* f2)(z) € T} (&, 8,7, A, B) where
267v(B = A)(1 —a)(1 — p)(1 +28y(B - A) — BB)

5 =1- Al(a75777 A7B72)A2(M76777A7Bv 2)(1)(/\77% 2) - 46272(3 - A)2<1 - a)(l - M) (51)
where
Al(a75777A7B72) = [2ﬂ’Y(B—A)(2—Oé)+(1—Bﬂ)]
B(An,2) = 11 (5.2)

A+l
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and 0 <a<1,0<8<1,0<y<1,A>0andn>-1, - 1< A<B<land0< B<1;
zeU.

Proof In view of Theorem 1, it suffice to prove that
— 26v(1 = &§)(B — A)
where ¢ is defined by ((5.1] . On the other hand, under the hypothesis, it follows from ({2.1])
and the Cauchy’s-Schwarz inequality that
i I:Al(a7 /67 77 A7 B7n)]1/2|:A2(M7 /87 77 A7 B?”):Il/Q
n=2 \/(1 - Oé)(l - M)(q)()‘? n, n))il

An,10n,2 S 17 (O S 6 < 1)

vV An,10n,2 S 1 (53)

where
Ao, 8,7, A, Byn) = [267(B = A)(n — p) + (1 — BB)(n —1)] (5.4)
Thus we need to find the largest & such that

i[sz—A)(n—&) <1—Bﬁ><n—1>]¢><A,n,n>a .
26~(1—€)(B - 4)

— Ai(a, 3,7, A, B,n)]"?[Asy(p, 8,7, A, B, n)]"/?
< n,1Un,
D S T R TS W = R
or, equivalently that
1 _é [Al(aaﬁ>77 Aa B?n>]1/2[A2(M76777A7 B? n)]1/2

Ve S RS ) BB - A - + (1— BF)n—1)
By view of it is sufficient to find largest £ such that
267(B = A)y/(1 = a)(1 = p)(P(\, n,n)) "
[Ai(a, 8,7, A, B,n)V2[As(, B, v, A, B,n)]'/?
1-¢ [Ar(ev, 8,7, A, B,n)]Y?[As(p, 8,7, A, B,n)]'/?
V=) (1T —p) [26v(B—=A)n =&+ (1= Bf)n-1)

which yields
§=V(n)

_ 20v(B — A)(1 —a)(1 — p)(n —1)(1 4+ 26v(B — A) — Bf)

[Al(a76777147 B?”)][AQ(Maﬁ?Va/LBan)]q)()‘an:n) - 4ﬁ2’72<B - A)2(1 - Oé)(]_ - H)

(5.5)

for n > 2 is an increasing function of n (n > 2), for0 < a < 1,0< < 1,0 <y <1,
A>0andn>—-1,0<pu<1l,-1<A<B<1land0< B <1 letting n=21in (5.5, we
have

§=u(2)
L 26(B = A)(1 = a)(1 — u)(1 + 28y(B — A) — BY)

[Al(a7ﬁ>77"47 Ba 2)][A2(M7ﬁ777"47 Bv 2)](1)()‘7777 2) - 4ﬁ272(B - A)2(1 - a)(l - /L)
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where Aq(a, 3,7, A, B,n) and As(u, 3,7, A, B,n) as defined in (5.4, ®(\,n,2) as defined
in ((5.2)) which completes the proof. O

Theorem 8. Let the functions f;(z)(j = 1,2) defined by , be in the class T,;"’\(oz, 8,7, A, B)
with) <a<1l,0<8<1,0<y<1,A>0andn > -1, -1 < A< B<1 and
0 < B < 1. Then (fi* f2)(2) € T;(p, 3,7, A, B) where
287(B — A)(1 — a)?*(1 +287(B — A) — Bp)
267(B = A)(2 —a) + (1L = BE)PO(A,n,2) — 4529*(B — A)*(1 — a)?

where ®(N,7,2) as defined in ([5.9).

p=1-

Proof. By taking ;1 = «, in the above theorem, the result follows. 0
Theorem 9. Let the function f(z) defined by (1.2) be in the class T;* (e, 8,7, A, B). Also
let g(z) =z — 3 bpz" for |by] < 1. Then (f * g)(z) € T, Mo, 3,7, A, B).

n=2

Proof. Since

> [269(B = A)(n—a) + (1 = BB)(n — D]®(A, n,n)|anby|
n=2
n=2
< > [1269(B = A)(n—a)+ (1 — B)(n— D]®(\,n,n)a,
n=2
< 2689(1—-a)(B-4)
it follows that (f % g)(2) € T;’\(a, 8,7, A, B), by the view of Theorem 1. O
Theorem 10. Let the functions f;(2)(j = 1,2) defined by be in the class T;’\(a, 8,7, A, B).

o)

Then the function h(z) defined by h(z) = z—3_ (a2 ,+a2 ,)2" is in the class T;(E, 8,7, A, B),
where "~

46y(1 — )*(B — A)(1 +26v(B — A) — Bf)
(A, 2)[1+287(B = A)(2 — ) = BA]? = 8529(B — A)*(1 — a)?

E=1-

Proof. By virtue of Theorem 1, it is sufficient to prove that

i 287(B — A)(n — &) + (1 — BB)(n — 1)]®(A,n,n)
o 267(1 = &)(B — A)
where f;(z) € T/Ma, 8,7, A, B) we find from and Theorem 1, that

o~ [[2687(B = A)(n —a) + (1 = BB)(n — D]®(\,n,n)]" 2
| |

(a2, 4a5,) <1 (5.6)

n,1

207(1 - a)(B - A) "

N {[%7(3 ~A)(n—a) + (1= BE)(n—DI*A\n.n) ]
267(1 — a)(B — A) "

(5.7)

A
iing
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which yields

1 [[269(B = A)n —a) + (1= BA)(n - D2An.0)]* 5 |
—2 2 { 267(1 — a)(B — A) } (a1 +an2) < 1.

n

(5.8)
On comparing (5.7) and (j5.8]), it is easily seen that the inequality ([5.6)) will be satisfied if
267(B — A)(n — &) + (1 = BB)(n = 1)]®(\, 7, 1)
20v(1 = ¢§)(B — A)

L[R26y(B-A)(n—a)+ (1= B -De(\n.n)]" .
= 2{ 254 (1— a)(B — A) ] o=z
That is if
fm1_ 4687(1 — o)*(B — A)(n — 1)(1 + 28v(B — A) — Bj)
(A, 1,n)[267(B — A)(n — a) + (1 — BB)(n — 1)]2 — 8529%(B — A)2(1 — a()é 0
Since
Yy =1 467(1 — a)*(B — A)(n — 1)(1 + 28v(B — A) — Bj)

O(A,n,n)[26v(B — A)(n— a) + (1 = BB)(n — 1)]> = 83°7*(B — A)*(1 — a)?
is an increasing function of n (n > 2). Taking n = 2 in , we have,
f—w@) =1 ABy(1 — a)*(B — A)(1 +26v(B — A) — Bj)
=V = G0 2+ 267(B - A)2 - a) — BIE - 8792(B — A1 — a)?
which completes the proof. U

6. Inclusion relations involving Nj(e)

To study about the inclusion relations involving Ns(e) we need the following definitions.
Following [3] [10], we define the §— neighborhood of function f(z) € T by

Ns(f) :== {g €T :g9(z)=2z— anz” and Zn|an —b,| < 5}. (6.1)

Particulary for the identity function e(z) = z, we have

Ns(e) := {geT:g(z) :z—anz" and Zn|bn| 3(5}. (6.2)

Theorem 11. If

B 46y(1 — a)(B — A)
O = 22— a)(B - A)— BIS(MNA.2) (©.3)

then T;)\<Oé757/77"47 B) C N5(e)'

Proof. For f €T Ma, 3,7, A, B), Theorem 1 immediately yields

[267(B = A)(2 — a) + (1 = BA)I®(A,1,2) D an < 267(1 — a)(B - A),

n=2
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so that
2ﬁvﬁl—<w(3 A)
Za”— 257 ><2—a> BN 7.2) 64

On the other hand, from and (6.4) that

20v(B — A)®(\,n,2) i na,

o0

< 26y(1 —a)(B — A) + [267a(B — A)) + BB — 1)]®(), 7, 2) Zan

3

< 28y(1—a)(B — A) + 207a(B — A) + BF — 1]]o(\,n,2) x
2ﬁ7(1—(UCB A)
Za” T 200(B-A)2-a)+ (1 - BB n,2)
that is
4py(1 — o) (B — A) ,_
Z"“" = 2mE - a)(B - A~ BIROLn) (0:)
which, in view of the definition (6.2]) proves Theorem. 0

Now we determine the neighborhood for the class T ( , 3,7, A, B) which we define
as follows. A function f € T is said to be in the class T, Al (o, 8,7, A, B) if there exists a
function g € T,;k/\(p)(oz, 3,7, A, B) such that

f)
9(2) :
Theorem 12. If g € T;"”(a, 3,7, A, B) and

0(1+n)[267(2 —a)(B - A)) + (1 — BF)]
Ay(B = A)(L+n—A1—a))+2(1 - BB)(1 +n)

<l—p, (z€U, 0<p<]). (6.6)

p=1-

then
Ns(g) € TN, 5,7, A, B). (6.8)

Proof. Suppose that f € Ns(g) we then find from (6.1]) that

o0

Zn|an —by| <96

n=2

which implies that the coefficient inequality

g|an—bn| < g

Next, since g € T;* (e, 5,7, A, B), we have

Z 267v(1 —a)(B — A)
"= T+ 2h(B- A2 —a) - BIO(1,2)

=2
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so that

> |an — byl
n=2
1- 3 b,
n=2

o(1+n)[267(2 —a)(B — A)) + (1 — Bf)]
4B7(B — A)(1+n— A1 —a)) +2(1 = BB)(1 +1)

= 1—0p.
provided that p is given precisely by . Thus by definition, f € T3 ) (a, 8,7, A, B) for
p given by , which completes the proof. ([l
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1 Introduction

The normal and the Student’s ¢ distributions are undoubtedly two of the most commonly used
distributions in statistical applications and theory. For instance, one can ponder several stochastic
processes with both normal and ¢ limits. Hence, it is useful to have a bivariate distribution which
has normal and ¢ distributions as its marginals. This note constructs the first known bivariate
distribution with that property.

The basis for the construction is the well known characterization that a Student’s ¢ random
variable with v degrees of freedom can be represented as X/1/Y /v, where X and Y are independent
random variables with X having the standard normal distribution and Y having the chi-squared
distribution with v degrees of freedom. We define random variables U and V' by

VX
V=

for —o0 < a < 00, —00 < b < oo and v > 0. Then, U will be normally distributed with mean
b and variance a? and V will be ¢ distributed with v degrees of freedom. However, they will be
correlated so that (U, V) will have a bivariate distribution over (—oo,00) X (00, 00) with normal
and t marginals. In the rest of this note, we derive various representations for the joint pdf, joint
cdf, product moments, conditional pdfs, conditional cdfs and conditional moments associated with
(U, V).

Recall that a random variable X is normally distributed with mean p and variance o? if its
probability density function (pdf) is:

U=aX+0b, (1)
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for —oo < x < 00, —00 < p < o0 and ¢ > 0. A random variable X is chi-squared distributed with
v degrees of freedom if its pdf is:

2"/> L exp(—x/2)
22T (1/2)

flz) =
for z > 0 and v > 0. Also, X is ¢ distributed with v degrees of freedom if its pdf is:

T2 [, a2\
flz) = Tt 0/2) <1+ V)
for —oco < x < oo and v > 0.

The calculations of this note make use of the incomplete gamma function, complementary
incomplete gamma function and the Gauss hypergeometric function defined by

v(a,x) = /t“lexp(—t)dt,
0

I(a,z) = / t% Lexp (—t) dt,

and

oF (a,b;¢1) = i %“’k

Kl
k=0 k

respectively, where (¢); = c¢(c+1)--- (¢ + k — 1) denotes the ascending factorial. The properties of
these special functions can be found in Prudnikov et al. (1986) and Gradshteyn and Ryzhik (2000).

2 Joint PDF and CDF

Theorem 1 provides the joint pdf of (U, V') for the construct (1).
Theorem 1 Under the assumptions of (1), the joint pdf of U and V is given by

v/2 ’ b ’u’ ‘—(V-i-l) ( - b)2
v u v u v
fv) = o e a PP T 02) exp{ s (1 v2)} 2

for —oo < u < o0 and —oo < v < 00.

Proof: The joint pdf of X and Y can be written as

_exp (=27/2) P exp (—y/2)
f(xu y) - \/ﬁ QV/QF (V/2) : (3)

The jacobian of the transformation (U, V) = (aX + b, /v X/VY) is

v\u — 2
gy = 2D @)

|a%v?|

The result in (2) is the product of (3) and (4). W
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If v = 1 then (2) reduces to a bivariate pdf with normal and Cauchy marginals. Its form is
noted by the following corollary.

Corollary 1 Ifv =1 in (1) then the joint pdf of U and V is given by

—b —2 762
flu,v) = %exp{—% <1+ %)}

for —oo <u < 00 and —oo < v < 0.

It is clear that the shape of (2) is symmetric around the lines © = b and v = 0. For v > b and
v > 0, one can calculate

o = i (R
and
dlog f  v(u—10) v+1
v a?v? v
Thus, it follows that
dlog f Vv |av |

>0 & b<u<b+

ou */V+U2

and

dlog f Vv(u—0b)
0 0 —_—
5. >0 & 0<v< T Tla)

Note also that the joint pdf (2) vanishes to zero when u = b or v = 0. Figure 1 illustrates the shape
of (2) for v =1,2,...,6. It can be seen how changing v makes the dependence between U and V'
deflated or inflated.

Theorem 2 provides the joint cdf of (U, V') for the construct (1).
Theorem 2 Under the assumptions of (1), the joint cdf of U and V is given by

H(u,v), ifv <0,
Flu,v) = o} (u_—b) — H(u,v), ifv>0, (5)

| al
where ®(-) denotes the cdf of the standard normal distribution and

[ 55) {-5 e

T = e e T /)

Proof: If v <0 then one can write

1//22(1 v)/2 ) | r—b |1/ (.’L‘ _ b)2 v
F = —— |14+ = .
(U,U) ﬁ ’ a ‘V‘i‘l V/2 / / |I/+1 p{ 20/2 < + y2> } dyd.%'
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By setting z = v(x — b)?/(2a%y?) and using the definition of the incomplete gamma function, the
above can be reduced to H(u,v). If on the other hand v > 0 then note that one can write

V/221 v oo‘$ b‘u (CC—b)2 v
i = - A o)

and that F(u,00) = ®((u—"5)/|a|). A

v=1 v=2

v

00 05 1.0
111

v

00 05 1.0
111

-1.0 —-0.5 0.0 0.5 1.0 —-1.0 —-0.5 0.0 0.5 1.0

\

00 05 1.0
111

v

00 05 1.0
111

v
ik

—1.0 —0.5 0.0 0.5 1.0 —1.0 —0.5 0.0 0.5 1.0

Figure 1. Contours of the joint pdf (2) for v =1,2,...,6.

Two particular values of (5) are

W/2=Dpr (v +1)/2) +1
1% 14 vV UV 14 14
(b,0) Val (v/2)r 2! (2 > g v2>

for v <0, and

F(b,v)

_ (v/2-1)
e b\ v r'((v+1)/2) JF, K7V—|—1;z+1;_i
| a | V7l (v/2) v” 27 2 72 v2

for v > 0. Both these expressions follow from (5) by an application of equation (2.10.3.2) in
Prudnikov et al. (1986, volume 2).

3 Product Moments

The product moments of (U, V') in (1) can expressed in terms of elementary functions, as shown by
the following theorem.
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Theorem 3 The product moment of U and V' associated with (2) can be expressed as

E(U™V™) = 2E (Y—"/2) zmj (’Z) amFHkE (Xm+”—k> (6)

form>1 and 1 <n <v, where

E (Xm+n7k) _ O> Zf m+n— k is Odd,
B pY2mAn=RI2D (4 n — K+ 1)/2), if m+n—k is even,

and

—n I'((v —n)/2)
07) = e

Proof: Note from (1) that

BUmY") = ( (aX +b)™ <WX>R>

- mE( ””)i( )m—kbkE(xm+n—k).

The given expressions for E(X™+"%) and E(Y~"/2) are well known. B

Some particular values of (6) are

ayvT((v —1)/2)

BV) V2T (v/2)
E(UV?) = Vb_yz,
B(U?V) = ab@rr((y(% 1) /2)7
B (UVF) 3\/§ay1/;€y(%) 3)/2) |
E(U*V?) = 7(?”122)”,

3a (a® +b%) VII((v —1)/2)
V2T (v/2)

EU%) =

)
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N 3bv?
BUVY) = (v—4)(v—2)
ssy  3abAPT((v —3)/2)
BV = Vorw/2)
E (U3V2) _ b (Qajj_2b2) V7
and
2v2ab (3a® + %) VoI ((v — 1)/2)
EUYV) = T T2) :
Furthermore,
_ail (v —1)/2)
Cov (U, V) = Vare/2)
and
Corr (U, V) = b (o 1)/2).

V2r(v/2)

4 Conditional PDFs and CDFs

Theorems 4 and 5 derive the conditional pdfs and cdfs corresponding to (2).
Theorem 4 For the pdf (2), the conditional pdf of V' given U = u is given by

P lu—b]" oY (u—1b)*
v U v v(u
vlu) = exp{ ————5—5— 7
ol = e {1 ) ™
or —o0 < v < 00. The conditional pdf o qwen V = wv is gwen by
f h d I pdf of U \% b
v+1)/2 v
fu]v) (V+U2)( "lu-b exp () by (8)
2=/ | qp "D (v 4+ 1)/2) 2a2v?

for —oo < u < o0.

Proof: Immediate from (2) and the facts that U has a normal distribution with mean b and variance
a? and that V has a Student’s ¢ distribution with v degrees of freedom. W

Theorem 5 For the pdf (2), the conditional cdf of V' given U = u is given by

n/ _
— 2)v<5 vlu — b7 b)2>, ifv <o,

T(v/2 27 2a202?
Fwlu = { T02)

- " v v(u—b)?
T(v/2) \ 2" 2a%2

), ifv>0.
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The conditional cdf of U given V = v is given by

1 v+1 (v+0?)u? _
- B F(VTl)F< 9 ) 2@21)2 ) quS()) "
(ulv) = , . vl (z/+v2)u2 . . (10)
_F(”Tﬂ) 2 7 2a20? » Yu>0.

Proof: If v < 0 then on using (7) one can write

v/2 | -b |1/ 0 1 ( _ b)2

v U viu

F = - S dx.
(v | u) 2271 [ |V T (1/2) /U |z [7 eXP{ 20222 } r

By setting z = v(u — b)?/(2a%2?) and using the definition of the incomplete gamma function, the
above can be reduced to the required form in (9). If on the other hand v > 0 then the required
form in (9) follows by noting

v/2 ‘ b ‘1/ oo 1 ( _ b)2

v u viu

Flvlu) = 1- / ex {——}dw.
( ’ ) 21,/2_1 | a |1, T (I//2) v ’ T ‘V—‘rl P 20212

The results in (10) follow similarly by using (8). W

5 Conditional Moments
Theorems 6 and 7 derive the conditional moments corresponding to Theorems 4 and 5, respectively.
Theorem 6 For the pdf (2), the nth conditional moment of V given U = u is given by

VT (4 0)/2) [u— b "
2n/2=1 | g |n T (v/2)

EV™ [u) (11)

for n even and n > 1. If n is odd, however, E(V™ | u) = 0.

Proof: Using (7), one can write

v/2 | —b |l/ 00 n ( _ b)2
v u v viu
E (V" = = L.

Vi) 2/ a " T (v)2) /oolvl"+1 exp{ 2a%v? } °

This integral vanishes to zero if n is odd. On the other hand if n is even then one can write

WY | u—b | /°° 1 { V(u—b)z}
EWV"|u) = VTV expq ——————5— ¢ dv.
VI = T T ) b P 2w

By setting z = v(u — b)2/(2a%v?) and using the definition of gamma function, the above can be
reduced to the required form in (11). W

Some particular values of (11) are

VT (v+1)/2) Ju—b|
R P 77T
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vl —b)T ' (v/2) — 4T ((v + 1) /2)
Var(Vw) = 24212 (1)2) ’

I'((v+1)/2) {(1 -5 (v/2) + 16T ((v +1)/2) }
(vI2 (v/2) — 412 (v + 1)/2)}*/*

Skewness (V | u) =

and
Kurtosis (v [w) — ZHIT(#/2) +16(2v = DTP (/) T (v +1)/2) = 96T (v +1)/2)
2{vI? (v/2) —4I? (v +1)/2)}
where skewness and kurtosis are measures of variation defined by
E (V3| u) —3E(V |wE (V? | u) + 2E*(V | u)
Var®2(V | u)

Skewness(V | u)

)

and

Kurtosis(V [ ) — BV 10) Z 4BV [WE (VS y\;)r;z‘fE“(L‘)ﬂIU)EQ(V!u)—3E4(VIU)’

respectively.

Theorem 7 For the pdf (2), the mth conditional moment of U given V = v is given by

BUM Y = 5o (%) Z{”(‘”mk}@w

k=0

V2| av | - m+v—Fk+1
(ﬁ) P -

for m > 1.

Proof: Using (8), one can write

> v+ v?) (u— b)?
EU™|v) = C/ um|u—b|”exp{—( ) (=) }du

2a%v?

o0 v+ v?) u?
= C/ (u+b)m|u]”exp{—¢}du

2a%v?

- M\, k > v, m—k (V+U2) u2
C;_()(k)b [/0 | u|” w exp{—W du
0 + 2\ ,,2
—}—/_Oo | u ¥ um_kexp{—%}du]
= - _1ym=k L [TV e X mtv—k _(1j+—W
= CZ{I—F( 1) }<k‘)b /0 u exp{ 2 du, (13)

k=0

where

(l/ i 1}2) (v+1)/2

C = .
2 =V/2 | qu PFLD (v +1)/2)
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By setting = (v +v?)u?/(2a%v?) and using the definition of gamma function, (13) can be reduced
to the required form in (12). W

Some particular values of (12) are

E(U |v) = 20,

2(1 + v)a*v? — 26% (v + v?)
Var (U |v) = P ,

3V v + v?

Skewnes(U10) =~ Do e T o)

and
(V2 +4v + 3) a*v* + 62 (v2 +v’ v+ V2) a’v?® — 7t (v4 +1% + QVUQ)
2{(1 +v)a*® — (v + )}

Kurtosis (U | v) =

9

where skewness and kurtosis are measures of variation defined by

E(U? |v) =3E(U | v)E (U? | v) + 2E*(U | v)
Var®/2(U | v)

Skewness(U | v) =

I

and

E (U*|v) —4E(U | v)E (U? | v) + 6E (U? | v) E*(U | v) — 3E*(U | v)

Kurtosis(U | v) = Var?(U | ) ;

respectively.
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Abstract
The fractal methodology provides powerful methods to process experimen-
tal signals and define fractal mappings. In this paper we study the properties
of an operator assigning a fractal function to every continuous function on a
compact interval. In particular, the operator is proven bounded with respect to
the mean square norm. The transformation provides a procedure to construct
fractal functions on the sphere that generalize the classical spherical harmonics.

Mathematics subject classification (2000): 28A80, 43A90, 33C55.
Keywords: Fractal interpolation functions, Spherical harmonics.

1 Introduction

Spherical knowing was of interest to the scientists from the beginning of our
civilization. Some of the oldest studies on spherical trigonometry are due to
the great astronomer Hipparchus (about 125 B.C.) and Menelaus of Alexandry
(A.D. 100) with his opus Sphaerica. Menelaus was a commentator of Hip-
parchus and his theorems were almost surely based on former results of this
author, Apollonius and Euclid. Napier (1550-1617) discovered new methods in
spherical trigonometry. Important theorems concerning expansions of spherical
harmonics are due to Dirichlet (1837), Cayley (1848), Mehler (1866), etc. There
is also a book of Heine (1861) about the subject (see [8]). An excellent historical
survey on this kind of functions in arbitrary dimension has been written by H.
Kalf ([8]).

Sherical mappings have important applications nowadays in the modeling of
the gravitational field, meteorology, celestial mechanics, etc. We approach the
problem of defining not necessarily smooth versions of the classical spherical
harmonics by means of fractal interpolation ([1], [2], [12]). It is well known that
the methodology of iterated function systems provide fractal objects which are
non-smooth in general (see for instance [4]). Specific conditions for smoothness
of fractal interpolation functions are given in ([3], [10]). At the same time,
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the fractal methodology provides a general frame where the classical functions
appear as a particular case.

2 «-Fractal Functions

Let tg < t; < ... < ty be real numbers, and I = [to,tn] = [a,b] the closed

interval that contains them. Let a set of data points {(tn,x,) € I X R: n =

0,1,2,..., N} be given. Set I, = [tp,—1,t,] and let L,, : I — I,,, n€ {1,2,...,N}
be contractive homeomorphisms such that:

Ln(tO) = tn—l; Ln(tN) =ty (1)

|Ln(01>—Ln(Cg)‘ < ‘01—02| VCl,CQ el (2)

for some 0 <1 < 1.
Let -1 <a,<1l;n=1,2,.., N, F=1x R and N continuous mappings,
F,, : F — R, be given satisfying:

Fn(to,xo) =Tp_1, Fn(tN,zN) =xp, n=12,...,.N (3)

|Fo(t,z) — B (t,y)| <rlz—y|, tel, zyeR, 0<r<l. (4)
Now define functions wy, (¢, z) = (L,(t), Fr(t,2)), Vn=1,2,...,N.

Theorem 2.1. ([1]) The Iterated Function System (IFS) ([1], [7]) {F, wx, :
n=12,..,N} defined above admits a unique attractor G. G is the graph of a
continuous function g : I — R which obeys g(t,,) = x,, forn=0,1,2,....N.

The previous function is called a Fractal Interpolation Function (FIF) corre-
sponding to {(L,(t), F,.(t,x))})_, and is unique satisfying the functional equa-
tion ([1]):

g(t) = Fo(L (1), 90 L' (), n=1,2,.,N, t€l,=[ty_1,ta] (5)

The most widely studied fractal interpolation functions so far are defined by

the IFS
F,(t,z) = anz + gn(t)
oy, is called a vertical scaling factor of the transformation w,, and o = (a1, aq,...,an)

is the scale vector of the IFS. Following the equalities (1)

tn —tn-1 tNtn—1 — toln
T 7 - @)

Let f € C(I) be a continuous function. We consider the case

qn(t) = f o L,(t) — a,b(¥) (8)
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where b is continuous and such that b(tg) = xo; b(tn) = N

It is easy to check that the condition (3) is fulfilled. The set of data points is
here {(tn,zn, = f(tn)) € I x R: n =0,1,2,...,N}. Using this IFS one can
define fractal analogues of any continuous function ([11], [12]).

In particular, we consider in this paper the case

b=Lf (9)

where L is an operator of Ca, b] linear, bounded with respect to the £2-norm:

b
1 lle = ( / 2y (10)

and Lf(to) = f(to), Lf(tn) = f(tn); L # Identity.

Definition 2.2. Let A : a =tg < t; < ... < ty = b, where N > 1, be
a partition of the interval I = [a,b]. A scale vector associated to A is an
a€ (—1,1)N.

Definition 2.3. Let f* be the continuous function defined by the IFS (6), (7),
(8) and (9). f* is called a-fractal function associated to f with respect to L and
the partition A.

According to (5), f* satisfies the fixed point equation:
o) = f(O) +an(f* —Lf)o L' (t) Ve, (11)
f¢ interpolates to f at ¢, as, using (1), (11) and Barnsley’s theorem:

Ftn) = fltn) + oan(fC = Lf)(tn) = f(tn)  Yn=0,1,...,N (12)

Let us call a-fractal operator F* = F{  with respect to A and L, to the
map which assigns f* to the function f (F&(f) = f*).
We consider from now on a uniform partition A of the interval I (altough the
results hold in general). Let us denote

|o|oo = maz{|on|;n=1,2,...,N} (13)

Theorem 2.4. (a) F§: Cla,b] — Cla,b] is linear and bounded with respect to
the L%-norm.

(b) If a« = 0, FY = Identity.

(¢) The following inequalities hold

|otloo
My <14+ ———||I — L 14
R e L (1)
) |ot|
Qoo
I —F¥s < I—L 15
7= 7l < 2= ) (15)
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where || - ||2 is the norm of the operator with respect to the L*-norm in Cla,b)].
(d) F¢ is injective.

Proof. (a) The linearity is proved as in [11] and [12]. For the boundness, let us
consider, according to the equation (11)

1f* = fliZ = Z/ lo 2| (f* = Lf) o L, (t)dt

The change of variable = L, () provides

I - f||£2—2an|an\ [ 1= Lo

N
1F* = fllZ = D anlanl* | f* = Lf| 22 (16)

n=1

For a uniform partition a,, = (t, — t,—1)/T = 1/N according to (7),

15 = Flles < lalue 1157 = Ll (17)
15 = Flles < ladoe (1% = Fles + 1 — L))
1% = fler < 2 1 = L e (18)

Then, since I — L is a bounded operator,

17%les = Wflles < =7 = Dl (19)

and
o] oo

lf 2 < (1+ T |alw

1= Ll[2)[If]l 2 (20)

The operator F7' is then bounded.

The statement (b) is an immediate consequence of (11).

The inequalities of (c¢) are implied by (20) and (18).

(d) For this statement let us consider that if f* = 0, the fixed point equation
(11) becomes

0=f(t) —an(Lf)o L (t)  Vtel, (21)
but this expression is satisfied by f(¢) = 0 and the uniqueness of the solution
proves the injectivity. O

Lemma 2.5. If L is a linear operator from a Banach space into itself such that
IL|| <1, then (I — L)™' ewxists and is bounded. Besides,

(I-L)y'=I+L+L*+... (22)
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Theorem 2.6. If |a|ooc < 1/(1+ ||I — L||2), F& has a bounded inverse and

_ 1+ |aloo
IFE) e € 7 (23)
t 1 — |erfool| L]l
Proof. According to the inequality (15) and the hypothesis given
11— Fpla < 2 py <1, (21)
T 1- ol
The preceding lemma ensures that F¢ = I — (I — F¢) has a bounded inverse.
In this case, the equality (17) implies that Vf,
1fllez < ledoo 1f* = Lfllez + 1% c2 (25)
1flle2 < lafoo (1f* N2 + L0 fll22) + 11/l 22 (26)
(1= Jedso [[LlI2) 1f 2 < (1 + ferloo) 1| 22 (27)
On the other hand
[Lll2 =1 =|[Lll2 = [[L]l2 < |1 = Ll (28)
By hypothesis and (28)
oo < 1 < 1
¥loo =
L+ 1= L2 ~ [IL]2
and
1—lalsllL]2 >0
then (27)
14 oo
[flle2 < 7 1/ lle2 (29)
1 — ool L2
and the inequality (23) is proved. O

Corollary 2.7. If |a|e < 1/(L+|[I — L||2), F¥ maps open sets into open sets.

3 A fractal operator of £%(S)

3.1 Fractal spherical harmonics

A homogeneous polynomial V' of degree n in the variables z,y, z satisfying the
Laplace equation AV = 0 is called a Laplace or harmonic polynomial of degree
n. If we consider spherical coordinates (p, 6, ¢) for P € R3 and

& =sin(p)cos(8); n=sin(p)sin(f); ¢ = cos(p)
(0 is the longitude and ¢ is the colatitude) then

Vi(z,y,2) = p"V(,n,Q)
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The function

Y0 (0, ¢) = V(sin(p)cos(8), sin(p)sin(0), cos(¢))

is called the Laplace function or spherical harmonic of order n.
Two spherical harmonics of different degree (or order) are orthogonal over the
sphere:

/ Y. (P)Y,,(P)dS=0; n#m
s

where dS is the element of area of the sphere S. It is well known that the set
of spherical harmonics of order n, H,, is a linear subspace of the continuous
functions on the sphere with dimension 2n+1, and one of its orthogonal bases is:

U2(Q) = Pa(cosy)
U (Q) = P (cosp)cos(mb) (30)
Vin(Q) = Py(cosp)sin(md)

if Q@ = (p,0), m=1,2,...,n. P, is the n-th Legendre polynomial and P/ is
the (n, m)-Ferrer’s associated Legendre polynomial defined as

PMt) = (1- ) EPI™(1)

for m =1,2,...,n. These polynomials satisfy the equalities ([13]):

1
[ prapr@a=o ntr
-1

_1 2n+1 (n —m)!

The family
(U, U™ V™in=0,1,2,...,m=1,2,...,n}

is a complete system of £2(S). The expansion of a function f € £2(S) in terms
of the elements of this system is called sometimes Laplace series of f.

In the following we extend the operator Fj* to the functions on the sphere
S C R®.

Lemma 3.1. Vn=0,1,...;VYm=1,2,...,n,
1URl22(s) = V2 || Pall 22

1T 22y = Vil 2 sy = VAl Pl 22

Proof. For instance,

2 T
U2 ) = / / |PT(cos)|cos? () sin(p)dodd

1

U sy =7 [P0 = wPTE:
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Proposition 3.2. There exists an operator 82 : H,, — L2(S), where H,, is the
space of spherical harmonics of order n, linear, bounded, injective and such that

IS5 1l2 < IFE |2 (31)
Proof. Let us start defining the image of the elements of the basis:
(U (9, 0) = S (U) (0, 0) = P (cosyp)
(U)* (0, 0) = S (U ) (9, 0) = (P")* (cosp)cos(mb)
(V") (g, 0) = S (V") (. 0) = (B;")* (cosp)sin(md)

where (P")%(cosp) = F&(P")(cosp) and F¢ is the operator defined in Section
2 with respect to an operator L satisfying the conditions described. We consider
here the interval [—1, 1] and a partition A in order to define the fractal analogues.
By linearity we can extend S¢ to the rest of H,, in obvious way. Let us denote

Hy = S5 (Hn)

H is spanned by {(U2)®, (U™), (V™) m = 1,2,...,n}. The fractal elements
are mutually orthogonal as well. For instance,

(ume,(u; /ﬂ/ “(cosp)(P?)*(cosyp)cos(mb)cos(j0)sinpdpdd = 0

if m # j, due to the orthogonality of cos(m#), cos(j@). Besides, using arguments
similar to those of Lemma 3.1,

IR N e2s) = VAP le2 < VAl FE 201 P |2

Using the same Lemma

10 M e2s) < NFEN20lUL Ml e2cs) (32)

and, in the same way,
(V2" e2cs) < NFL 1201V le2cs) (33)

For an arbitrary element Y, of H,

Yo = anoUS + > (@nm UL + b V")

m=1

Sy (Yn) = ano(Uy,)™ + Z (@ (U")Y + bum (V"))

The orthogonality of (U)%, (V,™)* implies that

1S5 (Ya)llZ2sy = lano(U)® ||L2(S)+Z [ @nm (U 22 5y +H10nm (V) * 1 22 (s))

m=1
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applying (32) and (33)

||Sg(Yn)H%2(S) < ”fg”g(HanOUSHQLQ(S)+ Z(”anmUrTH%?(S)Jr”banrTH%Q(S)))
m=1
IS5 (Yl Z2(s) < IFENZNYalZ2 (s

(due to the orthogonality of the classical basis). As a consequence S is bounded
and
1Salle < IFE2

Additionally, since the system {(U2)*, (U™, (V,")% m = 1,2,...,n} is or-
thogonal and thus linearly independent, the operator S& is injective. O

Definition 3.3. An element Y, = S%(Y,,), where Y, is a spherical harmonic
of order n is called a-fractal spherical harmonic of order n.

Note: Let us denote from now on {X,;;n =0,1,...,5 =0,1,...,2n} to the
classical basis of spherical harmonics.

Proposition 3.4. Let r € N be fized and let

oo 2n

f = Z Z anan (34)

n=0 j=0

be the Laplace series of f with respect to the orthonormal basis of spherical
harmonics X,; of L2(S). The operator 7 of L*(S) defined as

r  2n

=)0 e XY (35)

n=0 j=0
where X3: = S Xy is linear and bounded.
Proof. Let us consider the operator defined in (35) and let us define

r  2n

M*(P,Q)=> Y X3(P)Xn;(Q)

n=0j=0

for P,@ € S. Applying the Parseval’s identity for f defined as in the statement
of the theorem and the map on the sphere M*(P,-),

r  2n

(f, M*(P, )2y = 3 Y enj X0y (P) = 7° f(P) (36)

n=0 j=0
then

P f(P) = (f, MO(P,)) g2(s) = [S M*(P,Q)/(Q)dQ (37)
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and 7% is an integral operator with kernel M*(P, Q). For this kind of transfor-
mations
7|2 < K

where ([9])
= ([ [ @.yira)
sJs
and 7¢ is linear and bounded. O

Note: According to the definition of 7%, for 0 <n <r, 7¢

— (03
Hn— Sn .

Proposition 3.5. For P € S fized, the functional of L*(S) such that
LE(f)=7f(P) ¥feLXS)
is linear, continuous and
[1LPll2 = IM*(P, )|l c2(s) = ZZ 52
n=0 j=0
Proof. From (37),
pf =7 (P) = (f, M*(P,-))c2(s) (38)
Hence L£¢ is linear. Applying the Cauchy-Schwartz inequality to (38)
ILE(O| < M (P, ) c2s)l fllc2s)
and L£% is bounded. Its Riesz representer is M (P, -) and consequently ([9]),
[£BM2 = [IM*(P, )l z2(s)
The orthonormality of {X,;} implies that
LB N2 = [M*(P, )| c2(s) = ZZ )2
n=0 j=0
O

Definition 3.6. An operator A of a separable Hilbert space is Hilbert-Schmidt
if there exists an orthonormal basis {e, S, such that

oo
Z |Aen| < +oo
n=0

Proposition 3.7. The operator T possesses the following properties:

e (a) Its range is closed.

265



266

NAVASCUES

o (b) It is compact.
o (c) Its adjoint (7™)* is given by

(o) £(P) = /S N(P,Q)f(Q)Q (39)

where oo
NYP,Q) = X (P)X5(Q). (40)

n=0 j=0

e (d) It is a Hilbert-Schmidt operator.
Proof. (a) The range of 7¢ is, evidently,
rg(t%) = span{X5;n=0,1,...,r,5=0,1,...,2n}

nj’

In this way, rg(7%) has a finite dimension and is closed. The closure of rg(7%)
along with the continuity of the operator imply that 7* is compact ([9]).

For the statement (c), let us remind that the adjoint of an integral operator
with kernel K (P, Q) is also integral with kernel K,(P,Q) = K(Q, P)*, where
K(Q, P)* denotes the complex conjugate of K(Q, P) ([9]).

The range is finite dimensional and consequently the Hilbert-Schmidt condition
(according to the given definition) is satisfied. O

Proposition 3.8. The operator T provides the following orthogonal decompo-
sition of L2(9):

L2(8) = rg(r) @ ker((r*)7), (41)

Proof. £%(S) is a Hilbert space. For a bounded and linear operator of a Hilbert
space, the following orthogonal decomposition is satisfied,

L2(S) = rg(r*) P ker((r*)"), (42)
In this case the range of the operator is closed and the result is obtained. [

Corollary 3.9. A function on the sphere g admits an expression as

r 2n

=30 cuiXsy (43)

n=0 j=0
if and only if g is orthogonal to any f € L2(S) such that almost everywhere in
S,
JRRGNETERY

for

r  2n

N (P,Q) =) > Xnj(P)X5(Q). (44)

n=0j=0

Proof. Tt is an immediate consequence of Proposition 3.7 (¢) and Proposition
3.8. O
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4 An introduction to fractal spherical splines
and wavelets

In this paragraph we follow closely the arguments of [5], [6], and we introduce
fractal elements in the splines and wavelets of Freeden et al.

Let X,,; be the classical basis of spherical harmonics. For a sequence {4, }, such
that A, > C' > 0 we define a norm in the space H = span{X,;}, by means of

the expression
2n

o0
[l = QALY S a)? (45)
n=0 ;=0

if feH and
oo 2n
F=Y0 cniXu (46)
n=0 j=0
The space H(A,) is defined as
H(A,) =H

where the closure is taken with respect to the norm (45). In H(A,,) we define
the inner product

o] 2n
(FsDman = D A2 cnjdn; (47)
n=0  j=0

where ¢, dy; are the Laplace coefficients of f and g respectively.
From now on we assume that the sequence {A,,} satisfies:

> % < oo (48)
n=0 n

In the references quoted the following inequality is proved Vf € H(A,):

[ fllecsy < kll fllrecan) (49)
where
_ — (2n+1) 1/2
k_(,;T i) (50)

The expression (49) implies that there exists an imbedding of H(A,,) into C(S).
It follows as well that the H (A, )-convergence implies the uniform convergence.
Let us define

KP.Q) =Y 45 S X5(P)Xo(Q) (51)
n=0""" j=0

K*(P,-) € H C H(A,). From here on we denote f* = 7*(f). Let us consider
the functional

Lp(f) = 1*(P) (52)
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for P € S fixed and f € H(A,). For f defined as in (46),

(f, K*(P, A,L)—ZA Zcm (P)) = f*(P) (53)

The Riesz representer of the functional of « point evaluation LE(f) = f*(P)
is K%(P,-) and L% is linear and bounded in H(A,) (this result is obtained
applying the Cauchy-Schwartz inequality in the inner product of (53)). The
norm of L% with respect to the H (A, )-norm is

€21 = 1K (P g, ZAQZ X (P2

Definition 4.1. Let {A,} C RT satisfy A, > C,¥n=0,1,... and C > 0. Let
¥ LS, ..., LS be independent bounded linear functionals, LY : H(A,) — R,

with representers LY, LY, ..., LY. Then, every function of the form:
M
=2 OeLi
k=1
with coefficients 1, B2, ..., Bm € R is called an o-spline relative to LT, LY, ..., LS.

The fractal spline interpolation problem can be stated as follows: Find a
fractal spline S = Zkle BrL§ such that

M
S*PM) =" BLp(PM) = f(PM)

k=1

it {L, LS, ..., LS} are representers of the functionals £ : H(A,) — R, k =
1,2,..., M. PjM are the nodes of interpolation of the a-spline, 7 =1,2,..., M.
Let us consider now

K3(P,Q) = Z ZkX ni (@)
nO

such that
limpm—ookm =1

Then, for f € H(A,) (53),
limap— oo (fs Ky (P 2)) 14,y = f*(P) (54)

The family {k,,} is called the generating symbol of the so called scaling function

{E5 )
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Definition 4.2. Let {K2 }.,>0 be a scaling function for H(A,) with generating
symbol { K2 }im>0. The sequence defined by

T 1 2n
UP,Q) =) 75 D wm Xy (P)Xn;(Q) (55)
n=0 """ j=0

where {wm }n>0, ¥Ym >0, are given by
Wm = km+1 — km (56)

1s called the fractal harmonic wavelet corresponding to the scaling function
{K2}m>0- The family {wm }m>0 is called the generating symbol of {Q%, }m>0-

The definition of the wavelet implies that (55, 56)

0 =K%, — K% m>0

M
K=K+ Y. Q% M>My>0

m=DMpj

then, if the sequences { Py, };m>0 and {T}, }m>0 are defined as
P (f)(P) = (f, K5 (P ) ra,)

T (f)(P) = (f, 20 (P ) 1(a)

then
M

Py =Puy+ D T M>My20
m:MO

and any f* can be reconstructed by (54)

M
f* = Pay (f) +limar—ce Y Tu(f)

m:]%o
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Abstract

Fractal geometry provides a new insight to the approximation and model-
ing of experimental data. Fractal interpolation defines a new kind of approxi-
mants showing non-smoothness properties and whose graph possesses a fractal
dimension. This number can be used to quantify and characterize experimental
signals. In this paper we develop some procedures to construct affine fractal
functions close to classical interpolants in the sense of uniform metric. Upper
bounds of interpolation error are found in all the cases and the convergence is
proved. In the last paragraph, we prove (in a constructive way) the existence
of a Schauder basis of affine fractal functions in Cla, b].

Mathematics subject classification (2000): 28A80, 65D05, 58C05.
Keywords: Iterated Function Systems, Affine Fractal Interpolation Functions.

1 Introduction

Fractal geometry provides a new insight to the approximation and modeling
of natural phenomena [1, 6]. The method of Iterated Function Systems sup-
ports the understanding and processing of complex sets [7]. Barnsley has used
this methodology for the interpolation of real data [1, 2]. In former papers, we
have proved that this method is so general that it contains other interpolation
techniques as particular cases. Specifically, we have generalized some classical
approximation functions like cubic and Hermite splines by means of fractal in-
terpolation [9, 10].
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A new characteristic of this kind of approximants is the non-smoothness
of the functions obtained [4]. This feature enables to mimic real-world signals
showing a rough aspect in general. Another important fact is that the graph of
these interpolants possesses a fractal dimension, and this number can be used
to measure the complexity of a signal, allowing an automatic comparison of
recordings, electroencephalographic for instance [11].

We have proved in the reference [11] that the affine fractal interpolation
functions are dense in the space of continuous functions on a compact inter-
val C[a,b]. We propose here some procedures to define affine fractal functions
close to classical. A method of uniform approximation provides a problem of
constrained convex optimization. Least squares approximation gives a low-cost
procedure to obtain affine functions. In both cases, upper bounds of the inter-
polation error are found and the convergence is studied. In the last paragraph,
we prove (in a constructive way) the existence of a Schauder basis of non-trivial
affine fractal functions in Cla, b].

2 Affine Fractal Interpolation Functions

Let K be a complete metric space respect the distance d(z,y) V x,y € K. Let
‘H be the set of all nonempty compact subsets of K .

Let w, : K — K n = 1,2,...,N be a set of continuous maps. Then, the
set {K,w, : n=1,2,...,N} is an Iterated Function System (IFS). Define the
mapping W : H — H by

W(A) =Uw,(A) for Ac H

n

Any set G € H such that W(G) = G is an attractor of the IFS.

Let tp < t; < ... < ty be real numbers, and I = [to,tn] the closed interval
that contains them. Let a set of data points {(¢,,z,) € IXR: n=0,1,2,..., N}
be given. Set I,, = [tn—1,t,] andlet L, : I — I, n € {1,2,..., N} be contractive
homeomorphisms such that:

Ln(tO) = tn—l, Ln(tN) =ty (1)

|Ln(01)—Ln(Cg)‘ < ‘01—02| VCl,CQ el (2)

for some 0 <[ < 1.
Let -1 <a,<1;n=12..,N, K=1xRand N continuous mappings,
F,, : K — R be given satisfying:

Fn(thxO) = Tn—1, Fn(tN7xN) = Tn, (3)
where n =1,2,..., N.

|Fu(t, 2) — Fu(ty)| < rlz -yl (4)
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wheret € I, x,y € Rand 0 <71 < 1.

Now define functions
wy (t,2) = (L (t), Fn(t, x))
Vn=12,..N.
Theorem 2.1. [1, 2]: The iterated function system (IFS) {K, wy,

n=1,2,..,N} defined above admits a unique attractor G. G is the graph of a
continuous function f: 1 — R which obeys f(t,) =z, forn=20,1,2 ..., N.

The previous function is called a fractal interpolation function (FIF) corre-
sponding to {(Ln(t)a Fn(ta 13)) ival'

Let G be the set of continuous functions f : [to, ty] — R such that f(t9) = xo;
f(tn) = zn. G is a complete metric space respect to the uniform norm. Define
a mapping T : G — G by:

(TF)(t) = FulLy (), f o L' (1)) (5)
VtE [tno1,tn], n=1,2.,N.
T is a contraction mapping on the metric space (G, || - ||oo):
ITf = Tglloe < leloollf — gll (6)

where |a|s = max {|a,|; n=1,2,..., N}. Since |a| < 1, T possesses a unique
fixed point on G, that is to say, there is f € G such that (T'f)(t) = f(t) Vt¢€
[to, tx]. This function is the FIF corresponding to w,, and it is the unique f € G
satisfying the functional equation [1, 2]:

F(t) = Fa(Ly M (6), f o L (1))
n=1,2..,N, tel,=][th_1,tn], that is to say,

f(t):an fOLT_Ll(t)+qnoLT_Ll(t) (7)

The most widely studied fractal interpolation functions so far are defined by
the TFS

L,(t) = apt+ by,
F.(t,x) = anz + qn(t)
where
(tn - tn—l)
(tn —to)

(tNtn—1 — toty)

and b, =
(tn —to)

Qp =
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an is called a vertical scaling factor of the transformation w, and
a = (ay,as,...,ay) is the scale vector of the IFS. If ¢, (t) is a line, the FIF is
termed affine (AFIF). In this case, by (3), ¢n(t) = gni1t + Gno, Where:

LTy — Tp—1 TN — To

= 10
dni tN — tO n tN — tO ( )
tNTp_1 — tox tnTo — toTN
Gno = —————— — (11)
tn —to tn —to

The scale factors are free parameters of the FIF and our objective is their
determination, using different criteria.

Consider K with the euclidean metric. Let B = B(K) be the o—algebra of
Borel subsets of K. Let P = P(K) the space of all the probability measures on
K. Define a metric (Monge-Kantorovitch-Hutchinson) on P(K) as [7]

dp(p,v) = sup I/ fdu—/ fav |
feELip1 K K K

with p,v € P(K) and Lip; K denotes the set of Lipschitz functions f: K — R
with Lipschitz constant lower or equal than 1. (P, dp) is a compact metric space.

Define the push-forward map of f : K — K, f : P(K) — P(K) such that

flu)=pof™ VpePK)
Define a probability vector p = (p1,po, - ..,pn), for instance

tn - tn—l
-, = —
then {K;wy,...,wN;p1,-..,pn} is an IFS with probabilities.

Let F : P(K) — P(K) be the Markov operator defined by

N N
F(p) =Y patin(p) = > _ popow,”
n=1 n=1

then there exists a unique p € P(K) such that F'(u) = p. The support of p is
the attractor G. p is the p-balanced (or invariant) measure of the given IFS.

Besides, the measure p and the p-balanced measure fi corresponding to the
IFS {I;L, :n=1,...,N} are related in the following way [1]. Let h : I — G
be the homeomorphism such that h(t) = (¢, f(t)), where f is the FIF associated
to the IF'S, then

for all Borel subsets B of I [3].
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3 Uniform Approximation

From here on we denote the FIF defined by the IFS (8), (9), (10) and (11) by fa,
showing the dependence respect to the scale vector a. Our objective is to con-
struct affine fractal interpolation functions close to some classical interpolant.
The problem may be enunciated in the following way: “Given f € X, being X
a metric space, find a contractive operator 7' : X — X admitting a unique fixed
point f € X such that d(f, f) is small“ ([8]). Here f is a classical function of
interpolation to the data and f is an affine fractal interpolation function. The
proximity of f and f can be obtained by the Collage Theorem.

Theorem 3.1. Collage Theorem [2]: Let (X, d) be a complete metric space and
let T be a contraction map with contractivity factor ¢ € [0,1). Then, for any
feX,

d(f, ) < —— d(r.7f)

~1l-—c

where f is the fized point of T.

The distance here is the uniform metric and T' = T, is the contraction (5),
(6) so that || Tof — flleo < € implies ||f — falloo < and f, will be a fractal
interpolant close to f.

&
1-laoo

The problem is to find o* such that
o =min [|[Tof — flloc = mine(a)
where |afoo < < 1.

Classical interpolants (polynomial, spline) are piecewise smooth and conse-
quently by the definition of T, Tof — f also is. ¢(«) is non-differentiable in
general. However its convexity can be proved and so, the problem

P) {minac(a)

lafoo <0 <1

is a constrained convex optimization problem. The existence of solution is clear
if ¢ is a continuous function as Bs = {a € RY;|al. < & < 1} is a compact set
of RN. Let us see that c is continuous, and (P) convex.

Lemma 3.2. The map Tof defined by (5), (8), (9), (10) and (11) can be
expressed as

Tof(t) = go(t) + an(f —7) 0 L' (1) (12)

fort € I,, with go being the piecewise linear function with vertices {(t,,r,)}_,
and r the line passing through (to,xo), (tn, TN ).
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Proof. By the equalities (5) and (8) V¢t € I,
Taf(t) = anfo Ly (t) + uo Ly (#)

The expressions (10) and (11) provide

Tof(t) = anf o Lyt(t) + (0t — 0, N0 (1) +
tn — 1o tny —to
" tNTn—1 — toZn tnNTo — torn
ty — to "ty —to
and thus ; ;
Tpn — Tp— _ Tpn—1 — L0Tn
Tof(t) = "Lt (1) +
tnN — to ty — tO
TN — X tnTo — tox
Tay, foLgl(t)_u T—Ll()_w (13)
ty —to tn —to

Using the equalities (1), it is easy to check that

Tp — Tp—1 71(t) + tanfl - tOxn
tn —to " tny —to
is a line passing through (t,,—1,Zp—1) , (tn, ). Let us denote go(t) the piecewise
linear function with vertices {(t,,x,)})_,. Let us call 7(t) to the line passing
through (o, o), (tn,xN):

TN — Zo tNTo — toxTn

tn —to tn —to
then, in the interval I,, (13):
Tof(t) = go(t) + an(f — 1) 0 L (1)
Besides, from (13) we obtain also an expression for ¢, o L1 in I,,:
Gn © Ly (t) = go(t) — anr o L (t) (14)
O

Proposition 3.3. Let f € G be given and Bs = {a € RY;|alo < < 1}. The
map g : Bs — G defined by g(a)) = To f such that (5)

Tof(t) = anfo Ly () + gno Ly (1)
fort € I, is continuous respect to «.

Proof. By Lemma 3.2 if a, 3 € Bg, for t € I,

Tof(t) = go(t) + an(f — 1) 0 Ly} (1)
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Taf(t) = go(t) + Bu(f —7) 0 L} (1)

then
Taf(t) = Taf (O] < lom = Bul [1f = rllos
and
[Taf = Taflloc < loo = Bloollf = 7llo (15)
SO

lg(@) = g(B)lleo <l = Blacllf = 7lloo
g(«) is Lipschitz with constant M = || f —7||o and the continuity of g is deduced.

O
Consequence 3.4. c(a) = [|[Tof — flloo = llg(@) — flloo is continuous because
s sum and composition of continuous.
Consequence 3.5. The problem (P) admits at least one solution.
Proposition 3.6. The function
ele) = ITuf = fllc (16)

1S convez.

Proof. Let A € R be such that 0 < A < 1, and o', o? scale vectors. Considering
that any constant a can be expressed as a = Aa + (1 — A)a:

chat +(1=Na?) =

= maz{|Tharra-nae2 f(t) = f(t)]; t €I} =

_ 1 _ 2 -1 —1 _ . —
- 12}La’SxN{|()‘an + (1 A)an)f © Ln (t) + qn © Ln (t) f|7 t € I"}

Using (14)

= maz {I(\ak+(1-X)a2) foLy (1) +g0(t)—(Aak +(1-N)a2 roL ()~ f1; ¢ € I} =

< maz {Makfo Ly'(t) + go(t) — akro L1 (t) - fl+
(L=N]a2fo L, (t)+go(t) —airo L (t) — fl; t € I} <
SATar f = flloo + (L= N[ Tazf = flloo = Ac(a’) + (1 = A)e(a?)

Proposition 3.7. The set Bs = {a € RY; |a|o < 6} is convex.

Following the former propositions, (P) is a problem of constrained convex
optimization with some solution.

If a* is the optimum scale, the expression c¢(a*)/(1 — |a*|«) provides an
upper bound of the uniform distance || fo — f||oo following the Collage Theorem.
Here f is a classical interpolant and f,- is the affine fractal function close to f.
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Theorem 3.8. If g is the original continuous function providing the data and
a* is the optimum scale, the following error estimate is obtained:

(@)

c
1—]o*|0o

”g - fa*”oo < Ef+

where Ey is an upper bound of the interpolation error corresponding to f.

Proof.

||g_fa* e s} S Hg_f||oo+||f_fa* oo
fromwhich the result is deduced. O

Lemma 3.9. If g : I — R s continuous and interpolates the data points
{(tn, )} g, h =ty —tn_1, YV n =1,....N and go is the polygonal whose
vertices are the same data, then:

lg — golloc < wg(h) (17)

where wgy is the modulus of continuity of g.

Proof. Let wy(h) be the modulus of continuity of g defined as

wy(h) = sup |g(t) —g(t')]
lt—t/|<h

If go is the polygonal joining the data, V t € I,

Ty, — Ty
gO<t) =Tp_1+ %(t - tn—l)
then
tn, —t t—ty_
|2(t) — go(t)] = [(z(¢) — xn,l)ﬁ + (=(t) — xn)#\
n n—1 n n—1
|[2(t) — go(t)| < wg(h)

and

[ = golloo < wy(h)
O

Theorem 3.10. If f is the classical continuous interpolant, fa* is the affine
fractal interpolant and h the interpolation step then:

1 = Farlloo < (0" sell — rlloo + w5 (1))

1—|a*|0o



AFFINE FRACTAL FUNCTIONS

Proof. By (5), (8) and (14), Tof = go is the polygonal whose vertices are the
data. Then by (15) and (17)

[ Taxf = flloo S N Tarf = Tof + Tof = fllo < [0 [cllf = Tlloc +wg(h)
and applying the Collage Theorem the result is deduced. O

Consequence 3.11. As f is continuous on I compact, wr(h) — 0 as h — 0
([5]).  Consequently, following the former theorem, one can choose 0 and h
suitably in order to obtain f so close to f as desired.

Consequence 3.12. If f is a convergent interpolant, considering 6 = §(h) — 0
as h — 0, one can obtain the convergence of f to the original function g as the
interpolation step h tends to zero (following the proof of Theorem 3.8).

4 Least Squares Approximation

Let {(tn,zn)}Y_, be a subset of the data, that we assume non-aligned and
node-equidistant, t,, = tg + nh. That values are used as interpolation nodes,
and we consider the intermediate points of the signal t; € I, = [t,_1,1n),
j=12,..,m—1, (m > 2), as targets to define the fit. If f, is the AFIF
corresponding to {(t,,x,)}_,, using (7),Vj=1,2,...m —1

jj:Jfa({j)zo‘nfozoL;Ll(Ej)+QnOL;1(Ej) (18)
and by (14), R

Zj = anfao Ly (L) + golty) — anr o Ly (1)

Approximating fa by go,
zj = go(t;) + anlgo — 1) 0 Ly ' ())
By means of a least square procedure we obtain
@ = w@) (=)o L (0)
! S5 (90 = 7)o L' (£)?

If the nodes ¢, and ¢; are equidistant

r (m _j)tn—l +jtn
m

_(m—j)to +jtn

and the terms

(9o — ) o L () 90<WV> ~ ((m—j);o +ij>
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do not depend on n. If

K 7"Zl<go<<m—j)to+m> B (m—j)xo+jacN>2

Jj=1

by the Schwarz’s inequality

(m—1) (19)

Lemma 4.1. Let f, be the AFIF corresponding to data {(t,,z,)}N_o and let
go be the polygonal whose vertices are the same data, then

~ @]
1o = golloo < =212 g0 — rllnc
1- |O“oo

where r is the line joining (to, o), (tn,ZTN).

Proof. Using (7) and (14),V t € I,

fa(t) = go(t) + an(foa — 1) 0 L' (D) (20)
and
”fa = golloe < |O“<>O||Jga =7l < |0‘|00(Hfa — golleo + llgo — 7llo0)

fromwhich the result is deduced.
O

Theorem 4.2. If f,, is the affine fractal interpolation function defined in this
section, and g is the original continuous function providing the data then, for h
sufficiently small,

||g—fa||oos%<h>(1+ vim — 1 ||go—r||oo)

K(1— M(h))

where

K= E<go<(m—jio+jtw> i +ij)2

Jj=1

(assumed non-null) and
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Proof. Using Lemma 4.1 and Lemma 3.9

oo

Myl (21
1_|a‘oo||go TH ()

lg = falloo <1l = golloo + llg0 — falloo < wg(h) +

Let us denote L
o)

If g is continuous on I, wy(h) — 0 as h — 0, and for h sufficiently small
M(h) < 1. From (19)

M(h) =

|afoo < M (h)
1—lalee = 1= M(h)
then, by (21)

lo = Falle < 0 (14 el — 7l
O

Consequence 4.3. If h — 0, the polygonal go tends to g and wy(h) — 0, hence
the fractal interpolant tends to g.

5 Schauder basis of affine fractal functions

In this paragraph, we prove (in a constructive way) the existence of a Schauder
basis of affine fractal functions in C[a, b]

The next Lemma describes some particular cases of this kind of functions.

Lemma 5.1. 1. If a = 0, fo is the polygonal whose vertices are the data
{(tmxn)}gzo'

2. If N =1, fo is the line joining (to,z0) and (ty,zN), for any o.
8. Ife,=KVYn=0,1,2,...N, fo(t) = K for any o and any t € I.
Proof. 1. Using (20), fa satisfies the equation, V ¢ € I,,,
fa(t) = go(t) + an(fa =) 0 L (1)
and the result follows inmediately.

2. In this case, go = r, where r is the line joining (tg, z¢) and (tn, N ).

fa(t) = r(t) + ar(fa — 1) 0 L7 (1)

But this equation is verified by fo(t) = r(t).
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3. If z,, = K, using (10) and (11)
Gn1 =0

qno = K(l - an)
then, V t € I,,, by (7),

folt) = anfoo Ly () + K(1 — ay)
But this equation is fulfilled by fa t)=K,Vtel
O

Definition 5.2. ([5]). A Schauder basis for a normed linear space E is a (finite
or infinite) sequence {g1,9ga2,...} such that each element f € E may be written
uniquely in the form f=73""" CynGm-

Theorem 5.3. Schauder’s Theorem ([5]): C[a, b] possesses a basis.

The construction goes as follows. Given a dense sequence in [a,b], {a =
to,b=t1,ta,t3,...} (t; #t; for i # j), the base functions are defined as

go(t) =1

_t—a

T b—a

For m > 2, consider the subintervals of [a, b] created by the nodes tg, t1,. .., tm—1.
The point ¢, lies in one of these [t;_1,¢;]. Outside the interval g,, is zero. At

tm, gm takes the value 1 and then varies linearly back to zero at ¢;_; and t;
(triangular map in [t;—1,%;]). Then ([5])

+oo
f = Z CmGm
m=0

g1(t)

Besides, ¢, = ¢ (f) verify

lem ()] < 201 flloo (22)

and ¢, are linear.

To define a Schauder basis of AFIF, we need a known Lemma.

Lemma 5.4. If L is a linear operator from a Banach space into itself such that
|L|| <1, then (I — L)™' exists and is bounded.

Theorem 5.5. The space Cla,b] possesses a Schauder basis of affine fractal
Sfunctions with non-null scale vectors.
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Proof. Let us define
~ 0
fo () =1 =go(t)
_t—a

f) == = o)

f(‘fo and ff‘l are AFIF corresponding to cases 3 and 2 of Lemma 5.1 for some
|00, |0t oo < 1.

For m > 2, let f2"(t) be the affine fractal function associated to the data
used to construct g,,, in such a way that g,, is the corresponding polygonal
function (obtained for a™ = 0), and let us choose o™ such that

o™ |0 1
1—|am]| am+l1
Applying Lemma 4.1
o o]
H 7an _gmHoo < ﬁ\\gm - 7‘||oo
In this case, r(t) = 0, ||gm|lcc = 1 and
+oo 400 +o00 3
~ . m |amloo 1 1/2 2
« — —
anm_m”()ogzmgz:ymrl_l,l/g_l/? (23)
m=0 m=2 m=2
Let us define an operator S such that
00 .
S = em(H)fe
m=0

where ¢, (f) are the coefficients of f respect to the Schauder basis gy,.
Let us prove that S~! exits and is continuous. Applying (22) and (23),
Vf e Cla,b],

+oo +oo
- - 1
IT=5)(Dlloe < D lem(D lgm—Fi oo < 21 f oo Y Ngm=Fin oo < SUAES
m=0 m=0
then ||[I — S|| < 1 and we apply Lemma 5.4, S~ = (I — (I — S))~! exits and is

bounded, then

“+o0
~ .,

F=8S71N =D eSS

m=0

The expansion is unique because if

“+o0
f= Z amf%
m=0
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S(gm) = 7an ’

“+o0
[= Z amS(gm)
m=0

-1 _+OO
ST =" amgm

m=0

am = Cm(Sil(f))

Consequently they are unique.
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Abstract

In this paper we prove existence results for first and second order semilinear differential
inclusions in Banach spaces with nonlocal conditions.

Key words and phrases: Semilinear differential inclusions, nonlocal conditions, semigroup,
cosine functions, integrated semigroups, fixed point, nonlinear alternative.
AMS (MOS) Subject Classifications: 34A60, 34G20

1 Introduction

In this paper, we shall be concerned with the existence of mild solutions for first and second
order semilinear differential inclusions in a real Banach space, with nonlocal conditions.

In Section 3 we study first order semilinear nonlocal initial value problems and we establish
existence results for the problem,

y'(t) € Ay(t) + F(t,y(t)), teJ:=]0,b], (1.1)

y(0) + f(v) = o, (1.2)

where J = [0,0], F: J X E — P(F) is a multivalued map (P(E) is the family of all nonempty
subsets of E), A : D(A) C E — FE is the infinitesimal generator of a family of semigroups
T(t):t>0,y0€ E, f:C(J,FE) — E is continuous and E a real separable Banach space with
norm | - |.

A special case of the nonlocal condition is studied in Section 4. In Section 5 we consider the
problem (1.1)—(1.2) where A : D(A) C E — E is a nondensely defined closed linear operator.

In Section 6 we study second order initial value problems for differential inclusions with
nonlocal conditions of the form

y'(t) € Ay(t) + F(t,y(t)), teJ:=][0,0], (1.3)
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y(0) + f(y) =wo, ¥'(0)+ fily) =, (1.4)

where A is the infinitesimal generator of a family of cosine operators {C(t) : t > 0}, n € E and
F,yo, f are as in problem (1.1)—(1.2) and f; : C(J, E) — E is continuous.

Nonlocal conditions for evolution equations were initiated by Byszewski. We refer the
reader to [6] and the references cited therein for a motivation regarding nonlocal initial condi-
tions. The nonlocal condition can be applied in physics and is more natural than the classical

P
initial condition y(0) = yo. For example, f(y) may be given by f(y) = Zciy(t,-), where
i=1

ci,t =1,...,p, are given constants and 0 < t; < ... <t, <b.

IVPs (1.1)-(1.2) and (1.3)-(1.4) were studied in the literature under growth conditions on
F. For example the IVP (1.3)-(1.4), in the special case f; = 0, was studied in [4] under the
following assumption:

(H) ||F(t,u)] :=sup{|v| : v € F(t,u)} < p(t)(||ul]) for almost all t € J and all u € E, where
p€ LYJ,Ry) and v : Ry — (0,00) is continuous and increasing with
b 00
dr
M/ p(s)ds < —,
AT

where c is a constant and M = sup{|C(t)| : t € J}.

Here by using the ideas in [1] we obtain new results if instead of (H) we assume the existence
of a maximal solution to an appropriate problem.

Our existence theory is based on fixed point methods, in particular the Leray-Schauder
Alternative for single valued and Kakutani maps, Kakutani’s fixed point theorem and on a
selection theorem for lower semicontinuous maps.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts that are used through-
out this paper.

Let (X,d) be a metric space. We use the notations:

PX)={Y C X:Y #0}, PyuX)={Y € P(X) :Y closed}, Pp(X) = {Y ¢
P(X) : Y bounded}, Pe(X) ={Y € P(X) : Y convex}, P,p(X) ={Y € P(X) : Y compact},
Peep(X) = Pe(X) N Pep(X) ete. A multivalued map G : X — P(X) is convex (closed) valued
if G(z) is convex (closed) for all x € X. G is bounded on bounded sets if G(B) = UgepG(x) is
bounded in X for all B € Py(X) (i.e. sup{sup{ly|:y € G(x)}} < o).

zeB

G is called upper semi-continuous (u.s.c.) on X if for each xg € X the set G(zg) is a
nonempty, closed subset of X, and if for each open set U of X containing G(z¢), there exists
an open neighborhood V of z( such that G(V) C U.

G is said to be completely continuous if G(B) is relatively compact for every B € Py(X).
If the multivalued map G is completely continuous with nonempty compact values, then G
is w.s.c. if and only if G has a closed graph (i.e. =, — Zx, Yn — Yx, Yn € G(x,) imply
Y« € G(z4)). G has a fized point if there is € X such that x € G(x). The fixed point set of
the multivalued operator G will be denoted by FizG.

A multivalued map N : J — P (X) is said to be measurable, if for every y € X, the function
t— d(y,N(t)) = inf{|ly —z| : z € N(t)} is measurable. For more details on multivalued maps
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see the books of Aubin and Cellina [3], Deimling [9], Gérniewicz [11] and Hu and Papageorgiou
[15].
Let F be a Banach space and B(E) be the Banach space of linear bounded operators.

Definition 2.1 A semigroup of class (Cy) is a one parameter family {T(t) |t > 0} C B(FE)
satisfying the conditions:

(1)) T(t)oT(s)=T(t+s), fort,s >0,
(11) T(0) = I, (the identity operator in E),

(11i) the map t — T(t)(x) is strongly continuous, for each x € E, i.e; limy_o T (t)x = x, Ya €
E.

A semigroup of bounded linear operators T(t), is uniformly continuous if limy_o | T(¢)—I|| = 0.

Definition 2.2 Let T'(t) be a semigroup of class (Cy) defined on E. The infinitesimal gener-
ator A of T'(t) is the linear operator defined by

A(z) = lim T(h)(z) —

lim . , for z € D(A),

where D(A) = {x €FE| fllin% % exists in E}

Proposition 2.3 The infinitesimal generator A is a closed linear and densely defined operator
in E. If x € D(A), then T(t)(x) is a C'-map and

ST(0)(@) = AT(D)() = TEHA@)  on [0,00)

It is well known ([19]) that the operator A generates a C semigroup if A satisfies
(i) D(A) = E, (D means domain),

(ii) the Hille-Yosida condition that is, there exists M > 0 and w € R such that (w,00) C
p(A), sup{(Al —w)"|(AL—A)™"|: A>w, ne N} < M,

where p(A) is the resolvent operator set of A and I is the identity operator.
We say that a family {C(¢) | t € R} of operators in B(E) is a strongly continuous cosine
family if

(i) €(0) =1,
(ii) C(t+s)+ C(t—s) =2C(t)C(s), for all s,t € R,
(iii) the map t — C(t)(x) is strongly continuous, for each x € E.

The strongly continuous sine family {S(t) | ¢ € R}, associated to the given strongly con-
tinuous cosine family {C(t) | t € R}, is defined by

S()(x) = /0 Cls)(x)ds, z€E, teR. 2.1)
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The infinitesimal generator A : E — E of a cosine family {C(t) | t € R} is defined by

Az) = =5 C(t)(x)

dt? =0

For more details on strongly continuous cosine and sine families, we refer the reader to the
books of Goldstein [12], Heikkila and Lakshmikantham [14] and Fattorini [10] and the papers
[21] and [22].

Proposition 2.4 [21] Let C(t),t € R be a strongly continuous cosine family in E. Then:

(i) there exist constants My > 1 and w > 0 such that |C(t)| < Mye?!tl for all t € R;

t1
/ e“lslds
to

Definition 2.5 The multivalued map F : J x E — P, .,(E) is said to be L'-Carathéodory if:

(ii) |S(7f1)—5(t2)| < My for all t1,ts € R.

(i) t — F(t,u) is measurable for each u € E;
(i) uw+— F(t,u) is upper semicontinuous on E for almost all t € J;

(iii) For each p > 0, there exists h, € L'(J,Ry) such that

|F(t,u)] := sup{|v|:v € F(t,u)} < h,(t) for all
lu| <p and for a.e. teJ.

3 First Order Semilinear Differential Inclusions with Nonlocal
Conditions

We study the existence of solutions for problem (1.1)—(1.2) when the right hand side has convex
or nonconvex values. We assume first that F': J x E — P(E) is a compact and convex valued
multivalued map.

Let us start by defining what we mean by a mild solution of problem (1.1)-(1.2).

Definition 3.1 A function y € C(J, E) is said to be a mild solution of (1.1)-(1.2) if y(0) +
f(y) = yo and there exists v € L'(J, E) such that v(t) € F(t,y(t)) a.e. on J, and

y(t) = T(Oyo — F(y)] + /0 T(t - s)o(s)ds.

Theorem 3.2 Let F' : J x E — P(E) be a compact and convex valued multivalued map.
Suppose that the following conditions are satisfied:

(3.2.1) F:J X E — Peep(E) is a L'-Carathéodory multivalued map;
(3.2.2) there exist a L'-Carathéodory function g : J x [0,00) — [0,00) such that
I1E (@, w)|| := supf{lv] : v € F(t,u)} < g(t, [ul])

for almost allt € J and oll u € F;
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(3.2.3) g(t,x) is nondecreasing in x for a.e. t € J,

(8.2.4) the function f : C(J,E) — E is continuous and completely continuous (i.e. f takes
bounded subsets in C(J, E) into relatively compact sets in E) and there exists a constant
G > 0 such that |f(y)| < G,Vy € C(J, E);

(3.2.5) A: D(A) C E — E is the infinitesimal generator of a strongly continuous semigroup
T(t),t > 0 which is compact for t > 0, and there exists a constant M > 0 such that
I1T#) ey <M for all t>0;

(8.2.6) the problem
V() = Mg(t,v(t)), ae. te,
v(0) = Mly|+ MG,
has a mazimal solution r(t) on J;

(8.2.7) given € > 0, then for any bounded subset D of C(J,E) there exists a § > 0 with
(T'(h) —I)f(y)| <€ forally € D and h € [0,0].

Then the nonlocal problem (1.1)-(1.2) has at least one mild solution on J.

Proof. We transform the problem (1.1)-(1.2) into a fixed point problem. Consider the
multivalued map N : C(J, E) — P(C(J, E)) defined by

N(y) = {h e C(J,E) : h(t) = T(t)[yo — f(y)] + /0 tT(t — s)u(s)ds: v e SF,y}.
We shall show that IV is a completely continuous multivalued map, u.s.c. with convex values.
The proof will be given in several steps.
Step 1: N(y) is convez for each y € C(J, E).
This is obvious, since F' has convex values.
Step 2: N maps bounded sets into bounded sets in C(J, E).

Indeed, it is enough to show that there exists a positive constant ¢ such that for each
heN(y),y € By={y e C(JE):|y| =supwey|y(t)| < q} one has ||h|| < ¢. If h € N(y), then
there exists v € Sgy such that for each ¢t € J we have

szﬂm%—ﬂm+47w—mwm&

Thus for each t € J we get

t
mw|3MmuMG+M/w@m

0
< Mlyol + MG + M| hg| 11
here h, is chosen as in Definition 2.5. Then for each h € N(B,) we have

R < Mlyo| + MG + M||hy| 11 = .
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Step 3: N sends bounded sets in C(J, E) into equicontinuous sets.

We consider B, as in Step 2 and let h € N(y) for y € B,. Let € > 0 be given. Now let
1,7 € J with 79 > 7. We consider two cases 71 > € and 7 < e.
Case 1. If 74 > € then

[h(12) = h(m)| < |[T(72) = T(m1)][yo — f(¥)]|
—I-/O [T (10 — s) — T'(11 — 9)||v(s)|ds

+ /Tl_ |T (15 — s) — T(m1 — s)||v(s)|ds + /T2 |T (19 — s)||v(s)|ds

[T (72) = T(1)lyo| + M[T(ra — 71+ €) = T(e)l| ) | (By)|

T1—€
—wmnm—n+a—ﬂmmE/’ hy(s)ds
0

—|—2M/ d8+M/ hq(s)ds,

where we have used the semigroup identities

IN

T(ro—8)=T(ro—m+€)T(nn—s—¢€), T(r—s)=T(rn—s—e)T(e),
T(re)=T(ro — 11+ )T (m1 —€), T(r)=T(m1 —€)T(e).
Case 2. Let 1 <e. For o, — 11 < € we get
\h(12) = h(m1)| < |[T'(72) = T(11)][yo — f(W)]]
—i—/o |T (12 — s)|hg(s)ds —i—/o |T (11 — s)|hg(s)ds
[7°( T(r)lyol + MI|T (2 — 1) f(y) — f(y)|

2e
+M/ ds+M/

Note equicontinuity follows since (i). 7'(t),t > 0 is a strongly continuous semigroup, (ii).
(3.2.7) and (iii). 7'(t) is compact for ¢ > 0 (so T'(t) is continuous in the uniform operator
topology for ¢ > 0).

Let 0 <t < b be fixed and let € be a real number satisfying 0 < ¢ < t. For y € B, and
v € Sp,y we define

IN

he(t) =T®m—ﬂm+A%TWﬂW®@
- ﬂﬂ@—f@n+ﬂ@4_3w—s—aw@@.

Note

t—e
{/ T(t—s—e€)v(s)ds:y € By andvGSF,y}
0

t—e

is a bounded set since ‘/ T(t—s—e€)v(s)ds
0

compact operator for ¢t > 0, the set Y.(t) = {h(t) : y € By and v € Sp,} is relatively compact

te
< M/ (s)ds and now since T'(t) is a
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in F for every ¢, 0 < € < t. Moreover for h = hg we have

h(t) — he(t)] < M t hq(s)ds.

t—e

Therefore, the set Y (t) = {h(t) : y € By and v € Sg,} is totally bounded. Hence Y () is
relatively compact in F.

As a consequence of Steps 2, 3 and the Arzeld-Ascoli theorem we can conclude that N :
C(J,E) — P(C(J, E)) is completely continuous.

Claim 4: N has closed graph.

Let y, — Y«, hyp € N(y,) and h, — h,. We shall prove that h, € N(y.). Now
hyn € N(yn) means that there exists v, € Spy, such that

ho(t) = T(t)[yo — f(yn)] +/0 T(t— s)vp(s)ds, te .

We must prove that there exists v, € Sg,, such that

ha(t) = T(Hlyo — F(y2)] + /O T(t - s)o.(s)ds, t€J

Consider the linear continuous operator I' : L'(J, E) — C(J, E) defined by

(Tv)(t) = /0 T(t — s)v(s)ds.
We have

[(hn = T(®)[yo = f(yn)]) = (he = T(B)[yo = F(y)D]| — 0 as n — oc.

It follows that I' o SF is a closed graph operator ([18]). Moreover we have

hn(t) = T()[yo — f(yn)] € T(SFy,)-
Since y,, — ¥x, it follows that that
t
) = T — F) + [ T(E=s)u(s)ds, te

for some v, € Spy, .
Step 5: Now, we show that the set
M:={yeC(J,E): \y € N(y) for some \>1}
s bounded.

Let y € M be such that Ay € N(y) for some A > 1. Then there exists v € Sg,, such that

y(t) = X T(0)yo — F(y)] + A~ /0 T(t - s)o(s)ds, te ..
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This implies by our assumptions that for each t € J we have

Mmﬁﬂmm+MG+MAg@M@m®

Let us take the right-hand side of the above inequality as v(t), then we have
0(0) = Mol + MG, [y(t)] < v(t), teJ
and
v'(t) = Mg(t, |y(t)]), te.

Using the nondecreasing character of g (see (3.2.3)) we get
v'(t) < Mg(t,o(t), teJ.

This implies that ([17] Theorem 1.10.2) v(t) < r(t) for t € J, and hence |y(¢)] < bV =
Supyepop 7(t), t € J where b depends only on b and on the function r. This shows that M is
bounded.

As a consequence of the Leray-Schauder Alternative for Kakutani maps [13] we deduce that
N has a fixed point which is a mild solution of (1.1)—(1.2). O

In the next theorems we weaken the boundedness assumption on the function f.

Theorem 3.3 Suppose (3.2.1), (3.2.5) and (3.2.7) hold. In addition assume the following
conditions are satisfied:

(A1) the function f : C(J,E) — E is continuous and completely continuous and there exists
a continuous nondecreasing function 1 : [0,00) — [0, 00) with

F@] < (lyll) for y € CLE) and lmsup P9 — g

q—00 q

(A2) there exists a continuous function p € L'[0,b] and a continuous nondecreasing function
g:[0,00) — [0,00) such that

1E (@, y)ll :=sup{|v] : v € F(t,y)} <p(t)g(lyl), teJ yek

and

b
lim sup %g(q)/ p(s)ds =3, where a+ [ <1.
0

q—00
Then the IVP (1.1)-(1.2) has at least one mild solution on J.

Proof. For each positive integer ng, let By, = {y € C(J,E) : ||y|| < no}. We now show
that there exists a positive integer ng > 1 such that N(Bp,) C Bp,.

Suppose that N(By,,) € By, for all ng > 1. Then there exists y,, € C(J, E), h, € N(yy)
such that ||y,|| < n and ||hy|| > n. Then we have for every n > 1 that

t
n < Il < Mlyol + M| f(yn)| + M /O p(s)g(n)ds.
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Divide both sides by n to obtain
Miyol  My(llynl) , M

1 < g(n)ds
n n
- Mgl , Mo() M/
n

Now take the limsup using (Al) and (A2) we conclude that 1 < a + ( which is not true.
Therefore there exists ng € N such that N(B,,,) C By,.

The proofs of the other steps are similar to those in Theorem 3.2. Therefore we omit the
details. By Kakutani’s fixed point theorem we have the result. O

Theorem 3.4 Suppose (3.2.1), (3.2.5) and (3.2.7) hold. In addition assume the following
conditions are satisfied:

(3.4.1) the function f : C(J, E) — E is continuous and completely continuous and there exists
a continuous nondecreasing function 1 : [0,00) — [0, 00) with

W) < @(llyll) for y € C(J, E);

(3.4.2) there exist a continuous nondecreasing function g : [0,00) — (0,00), p € L'(J,Ry)
such that

|F(t,u)| :=sup{|v| : v € F(t,u)} < p(t)g(lu|) for each (t,u) € J x E

and there exists a constant M, > 0 with
M,

b
Miyo| + Mip(M HMMMAMMS

> 1;

Then the IVP (1.1)-(1.2) has at least one mild solution on J.

Proof. Define N as in the proof of Theorem 3.2. As in Theorem 3.2 we can prove that N is
completely continuous. Let A € (0,1) and let y € AN(y). Then for ¢t € J we have

HN<MW+MMM+M/ a(llyl)ds

Consequently
[yl

b
Mlyol + Mp(llyll) + My(llyll) /0 p(s)ds

Then by (3.4.2), there exists M, such that ||y|| # M..
Set

<1.

U={yeC(JE):|y| < M}.

From the choice of U there is no y € U such that y = AN (y) for some A € (0,1). As a
consequence of the Leray-Schauder Alternative for Kakutani maps [13] we deduce that N has
a fixed point y in U, which is a mild solution of the problem (1.1)—(1.2). O

Next, we study the case where F' is not necessarily convex valued. Our approach here is
based on the Leray-Schauder Alternative for single valued maps combined with a selection
theorem due to Bressan and Colombo [5] for lower semicontinuous multivalued operators with
decomposable values.
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Theorem 3.5 Suppose that:

(3.5.1) F:Jx E — P(FE) is a nonempty, compact-valued, multivalued map such that:
a) (t,u) — F(t,u) is L® B measurable;
b) u— F(t,u) is lower semi-continuous for a.e. t € J;

(3.5.2) for each p >0, there exists a function h, € L'(J,RT) such that
| F(t,u)|| = sup{|v| : v € F(t,u)} < h,(t) for a.e. t € J
and for u € E with |u| < p.

In addition suppose (3.2.2)-(3.2.7) are satisfied. Then the initial value problem (1.1)-(1.2)
has at least one solution.

Proof. Assumptions (3.5.1) and (3.5.2) imply that F' is of lower semicontinuous type. Then
there exists ([5]) a continuous function p : C(J, E) — L(J, E) such that p(y) € F(y) for all
y € C(J, E), where F is the Nemitsky operator defined by

Fly) ={we LYJ,E) : w(t) € F(t,y(t)) for a.e. t € J}.

Consider the problem
y'(t) — Ay(t) = p(y)(t), t€J, (3.1)
y(0) + f(y) = vo. (3:2)
It is obvious that if y € C(J, E) is a solution of the problem (3.1)-(3.2), then y is a solution
to the problem (1.1)—(1.2).

Transform the problem (3.1)-(3.2) into a fixed point problem considering the operator
N :C(J,E) — C(J,E) defined by:

N(w)(t) = T@)yo — F(v)] + /O T(t - $)p(y)(s)ds.

We prove that N : C(J, E) — C(J, E) is continuous.

Let {y,} be a sequence such that y,, — y in C(J, E'). Then there is an integer ¢ such that
llyn|| < ¢ for all n € N and ||ly|| < g, so y, € By and y € B,. We have then by the dominated
convergence theorem

() = NI < M)~ F0)|+ M sup / 1p(yn) — p()|ds] — 0.
c

Thus N is continuous. Next we prove that N is completely continuous by proving, as in
Theorem 3.2, that N maps bounded sets into bounded sets in C(J,E) and N maps bounded
sets into equicontinuous sets of C(J, E).

Finally, as in Theorem 3.2 we can show that the set

EN):={yeC(J,E):y=AN(y), forsome 0< <1}

is bounded. As a consequence of the Leray-Schauder Alternative for single valued maps we
deduce that N has a fixed point y which is a mild solution to problem (3.1)-(3.2). Then y is
a mild solution to the nonlocal problem (1.1)—(1.2). O

Theorem 3.6 Assume that the conditions (3.2.5), (3.2.7), (3.4.1), (3.4.2), (3.5.1) and (3.5.2)
are satisfied. Then the the nonlocal problem (1.1)-(1.2) has at least one mild solution on J.
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4 A Special Case

In this section we consider a special case of the nonlocal condition, i.e. we consider the following
problem

y'(t) € Ay(t) + F(t,y(t), teJ:=10,b], (4.1)
y(0) + > exylte) = vo, (4.2)
k=1

where A, F,yg are as in problem (1.1)(1.2) and 0 <t} <ta < ... <t, < bpeN, ¢ # 0,k =
1,2,...,p.

As remarked by Byszewski [7] if ¢ # 0,k = 1,2,...,p the results can be applied to
kinematics to determine the evolution ¢ — y(t) of the location of a physical object for which we
do not know the positions y(0), y(t1), ..., y(tp), but instead we know that the nonlocal condition
(4.2) holds. Consequently, to describe some physical phenomena, the nonlocal condition can
be more useful than the standard initial condition y(0) = yo. From (4.2) it is clear that when
c, =0,k =1,2,...,p we have the classical initial condition.

In the following we assume that the following condition is satisfied:

(B1) Assume

B = <[ + zp: CkT(tk)) _

k=1
exists and B € B(E).

Notice that B exists if M > ¥ _; |ex| < 1.
Definition 4.1 A function y € C(J, E) is said to be a mild solution of (4.1)-(4.2) if y(0) +
P
chy(tk) = yo and there ezists v € L*(J, E) such that v(t) € F(t,y(t)) a.e. on J, and
k=1
P t t
y(t) =T(t)Byo — Z ckT(t)B/ T(ty — s)v(s)ds + / T(t — s)v(s)ds.
1 0 0
Theorem 4.2 Let F : J x E — P(E) be a compact and convex valued multivalued map.
Assume that the conditions (B1), (3.2.1) and (3.2.5) hold. In addition we suppose that:

(4.2.1) there exist a continuous nondecreasing function v : [0,00) — (0,00), p € L*(J,R4)
such that

|F(t,u)|| :=sup{|v| : v € F(t,u)} < p(t)¥(|lu|) for each (t,u) € J x E

and there exists a constant M, > 0 with

M,

P b

ty
M|Bn| + M2 By D lalw(0) [ ple)de + ML) [ pleyds
k=1 0 0

(4.2.2) Given € > 0, there exists a 6 > 0 with [|T(h) — I||g(g) < € for all h € [0,].
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Then the nonlocal problem (4.1)-(4.2) has at least one mild solution on J.

Proof. Transform the problem (4.1)—(4.2) into a fixed point problem. Consider the operator
N :C(J,E) — P(C(J, E)) defined by

N(y): = {h € C(J,E) : h(t) = T(t)Byo — »_ aT(t)B /0 " T(t, — s)v(s)ds
k=1

+ /Ot T(t—s)v(s)ds:v € SF,y}'

We shall show that N has a fixed point. The argument in Theorem 3.2 guarantees that
N is completely continuous. For completness we give the details. It is easy to see that N
maps bounded sets into bounded sets in C(J, E). We consider B, = {y € C(J,E) : |ly| =
sup;e s [y(t)] < ¢} and let h € N(y) for y € B;. Let € > 0 be given. Now let 71,75 € J with
79 > 71. We consider two cases 71 > € and 71 < €.

Case 1. If 74 > € then

[h(m2) — k()| < [[T(72) —T(m1)]Byol

p th
FMIB s IT() - T s 3l /0 jo(s)|ds
k=1

+ /0_ T(rs — 5) — T(r1 — 5)|[v(s)|ds

+/Tl [T (10 —s) — T'(11 — s)||v(s)|ds —I—/ |T (12 — s)||v(s)|ds

1—€ T1

[T'(72) — T(71)] Byo|

p th
FMBlla IT() — T s Yl /0 hy(s)ds
k=1

IN

+M||T(ry — 71+ €) — T(O) | 5(m) /0 U g (s)ds + 20 / " hg(s)ds
T—€
+M /72 hq(s)ds.
T1
Case 2. Let m; <e. For ;, — 11 < € we get
[h(r2) = h(1)| < |[T(72) — T(71)]Byol

P th
B sy IT(7) = T sy S e /0 [u(s)ds
k=1

T1

+ /0 P [ T(rs — 8)[hy(s)ds + /0 (T (s — 8)[hy(s)ds
[[T(72) — T (1) Byo|

p th
FM2B ey 1T — 71) — Ty 3l /0 hy(s)ds
k=1

IN

2e €
M / ho(s)ds + M / o (s)ds.
0 0
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Note equicontinuity follows since (i). 7'(t),t > 0 is a strongly continuous semigroup, (ii).
(4.2.2) and (iii). 7'(t) is compact for ¢ > 0 (so T'(t) is continuous in the uniform operator
topology for ¢ > 0).

Let 0 <t < b be fixed and let € be a real number satisfying 0 < € < t. For y € B, and
v € Spy we define

ho(t) = T(t)Byo—kZ:lckT(t)B /O T(t — 5)o(s)ds + /0 T(t — s)o(s)ds
= T(t)Byo—kZ:lckT(t)B/O T(tk—s)v(s)ds+T(e)/0 T(t—s—e€)v(s)ds.
Note " "
‘B/O Tt — 5)0(s)ds §M||BHB(E)/O hy(s)ds.
Also

t—e
{/ T(t—s—e€v(s)ds:y € B, andfueSF,y}
0

t—e

t—e
is a bounded set since '/ T(t—s—e€v(s)ds| < M/ hq(s)ds and now since T'(t) is a
0 0

compact operator for ¢t > 0, the set Y.(t) = {h(t) : y € By and v € Sp,} is relatively compact
in E for every €, 0 < € < t. Moreover for h = hy we have
t
|h(t) — ho(t)] < M hq(s)ds.
t—e

Therefore, the set Y (t) = {h(t) : y € By and v € Sg,} is totally bounded. Hence Y () is
relatively compact in E. from the Arzeld-Ascoli theorem we can conclude that N : C(J, E) —
P(C(J,E)) is completely continuous.

Also it is easy to check that NV has closed, convex values and is upper semicontinuous.
Let A € (0,1) and let y € AN(y). Then for ¢t € J we have

y(t) = NT'(t)Byo — )\;ckT(t)B/o T(ty, — s)v(s)ds + )\/0 T(t—s)v(s)ds, te.

This implies that for each t € J we have

P th t
(1) < M|Byo| + M2 Bl sy 3 lexl / (P (lyl)dt + M / p(s)(lyll)ds.
k=1 0 0

Consequently

Iyl o

ty
0

V4 b
M|Byo| + M2 Bl S lexb(lyl) / p(t)dt + M (ly]) / p(s)ds
k=1 0

Then by (4.2.1), there exists M, such that |ly|| # M..
Set
U={y€C(JE): |yl < M.}
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From the choice of U there is no y € OU such that y = AN (y) for some A € (0,1). As a
consequence of the Leray-Schauder Alternative for Kakutani maps [13] we deduce that N has
a fixed point y in U, which is a mild solution of the problem (4.1)—(4.2). O

If we have at most linear growth then we have the following

Theorem 4.3 Assume that the conditions (3.2.5), (4.2.1) and (4.2.2) hold. In addition we
suppose that the following conditions

(4.5.1) there exists a function p € L*(J,R) and positive constants Ay and By such that

|E(t,u)| :=sup{|v| : v € F(t,u)} < p(t)[Ai|lu| + B1] for each (t,u) € J X E;

b t
(4.3.2) Ay Koye— MM g p(s)ds / p(t)e= MM Jop(s)ds gy < 1
0
K1 = M|Byo|, Ky = M?||B|| gy >h_; |ckl,
are satisfied. Then the nonlocal problem (4.1)-(4.2) has at least one mild solution on J.

Proof. Let A € (0,1) and let y = AN (y) where N is as in Theorem 4.2. We have for each
t € J that

y(t) \<K1+K221ck\/ [ Arly(s) \+Bl]ds+M/ [ Asly(s)] + Bilds

Let v(t) = /0 p(s)[A1ly(s)| + Bi]ds. Then v(0) = 0 and

V'(t) = p(t)[Aily(t)| + Bi]

< p() ALKy Y [eklv(te) + p(t) A Mu(t) + p(H)[A1 Ky + By
P

< p()AK2 Y [elo(b) + p(t) A Mu(t) + p(t)[A1 Ky + Bi).
k=1

Multiply both sides by e—AM [ P(s)ds and we get

p
/
(U(t)e_Aleot p(s)ds) < p(t)AlKg Z ’ck‘v(b)e—Aleg p(s)ds
k=1
+p(t)[AL K + Byle= 1M Jo p(s)ds

Integrate from 0 to b to obtain
b P b
U(b)e_Aleo p(s)ds < AlKQU(b) Z ’Ck’ / p A1Mf0 dsdt
— 0

b
+[A1K1 +Bl]/ p(t)e_AleOtp(S)det
0
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or
b
Ak + B [ (e g
v(b) < 0 - =K'
t
e—AleObp(s)ds — A1 Ky Z£:1 ‘Ck’ / p(t)e—AleO p(s)ds
0
Thus |jv]| < K, so |ly|| < K1 + (K2 Y h_, |ex| + M)K' = K{. Set M, = K{ + 1 and now
apply the nonlinear alternative as in Theorem 4.2. ]

For the lower semicontinuous case we state without proofs the following results.

Theorem 4.4 Assume that the conditions (3.2.5), (3.5.1), (3.5.2), (B1), (4.2.1) and (4.2.2)
are satisfied. Then the nonlocal problem (4.1)-(4.2) has at least one mild solution on J.

Theorem 4.5 Assume that the conditions (3.2.5), (3.5.1), (3.5.2), (B1), (4.2.2), (4.3.1) and
(4.3.2) are satisfied. Then the nonlocal problem (4.1)-(4.2) has at least one mild solution on
J.

5 Semilinear Evolution Inclusion with Nonlocal Conditions and
Nondense Domain

In Theorem 3.2 the operator A was densely defined. However, as indicated in [8], we some-

times need to deal with nondensely defined operators. For example, when we look at a
2

one-dimensional heat equation with Dirichlet conditions on [0, 1] and consider A = 92 in
x

C([0,1],R) in order to measure the solutions in the sup-norm, then the domain,
D(A) = {¢ € C*([0,1,R) : $(0) = $(1) = 0},

is not dense in C'([0, 1], R) with the sup-norm. See [8] for more examples and remarks concern-
ing nondensely defined operators. We can extend the results for problem (1.1)—(1.2) in the
case where A is nondensely defined. The basic tool for this study is the theory of integrated
semigroups.

Definition 5.1 (/2/). Let E be a Banach space. An integrated semigroup is a family of
operators (S(t))i>o0 of bounded linear operators S(t) on E with the following properties:

(1) 5(0) = 0;

(ii) t — S(t) is strongly continuous;
(iii) S(3)S(t) = / (S(t+7) — S())dr, for all t,5 > 0.
0

If A is the generator of an integrated semigroup (S(t));>¢ which is locally Lipschitz, then
from [2], S(-)x is continuously differentiable if and only if € D(A). In particular S’(t)x :=

aS(t)w defines a bounded operator on the set E; := {z € E : t — S(t)z is continously

differentiable on [0,00)} and (S'(¢))i>0 is a Cp semigroup on D(A). Here and hereafter, we
assume that A satisfies the Hille-Yosida condition.
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Let (S(t))t>0, be the integrated semigroup generated by A. We note that, since A satisfies
the Hille-Yosida condition, [|S"(t)|gr) < Me**, t > 0, where M and w are from the Hille-
Yosida condition (see [16]).

In the sequel, we give some results for the existence of solutions of the following problem:

y'(t) = Ay(t) + g(t), t =0, (5.1)

y(0) =y € E, (5.2)
where A satisfies the Hille-Yosida condition, without being densely defined.

Theorem 5.2 [16]. Let g : J — E be a continuous function. Then for yo € D(A), there exists
a unique continuous function y : J — E such that

(i) /0 y(s)ds € D(A) fort e J,

(i) y(t) =yo+ A | y(s)ds +/ g(s)ds, teJ,
0 0

t
i) (o) < a1 (ool + [ ela(slas) . ee

0
Moreover, y satisfies the following variation of constant formula:

y(t) = S (t)yo + %/0 S(t—s)g(s)ds, t>0. (5.3)

Let By = AR(\, A) := A(AI — A)~L. Then ([16]) for all x € D(A), Byxz — x as A — oo. Also
from the Hille-Yosida condition (with n = 1) it easy to see that limy_ o, |Bax| < M|z|, since

M
By = [AMA - A)7Y < .
B = A - 4y < M
Thus limy_, |Ba| < M. Also if y satisfies (5.3), then
t
y(t) = S"(t)yo + /\lim S'(t — s)Byg(s)ds, t>0. (5.4)

0

We are now in a position to define what we mean by an integral solution of the problem
(1.1)—(1.2).

Definition 5.3 We say that y: J — E is an integral solution of (1.1)—-(1.2) if
(1) y € C(J, E),

(ii) /0 y(s)ds € D(A) for t € J.

(iii) there exist a function v € L*(J, E), such that v(t) € F(t,y(t)) a.e. in J and

)= SO~ Fw)+ 5 [ S¢-9w(s)as
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From (ii) we have that y(¢) € D(A), vt > 0. Also from (iii) we deduce that yo— f(y) € D(A).
Hence, if yop € D(A) then we have as result that f(y) € D(A).

Theorem 5.4 Assume that (3.2.1), (3.2.2), (3.2.3) and (3.2.4) hold and in addition suppose
that the following conditions are satisfied:

(5.4.1) A satisfies the Hille-Yosida condition;

(5.4.2) the operator S'(t) is compact in D(A) whenever t > 0;

(5.4.3) yo € D(A);
(5.4.4) the problem
V(t) = M*re“g(t,u(t)), ae. tcl,
v(0) = M|y +G], M* = Mmax{e“’b, 1}
has a mazimal solution r(t);

(5.4.5) given € > 0, then for any bounded subset D of C(J,E) there exists a § > 0 with
I[S"(h) — I]f(y)| <€ for ally € D and h € [0, 4].

Then the problem (1.1)-(1.2) has at least one integral solution on J.

Proof. Transform the problem (1.1)-(1.2) into a fixed point problem by considering the
operator N : C(J, E) — P(C(J, E)) defined by

N() = {he CULE)  h(t) = SOl — )] + % /Ot St~ syo(s)ds : v € Sry ).
We shall show that IV is a completely continuous multivalued map, u.s.c. with convex values.
The proof will be given in several steps.
Step 1: N(y) is convex for each y € C(J, E).
This is obvious, since F' has convex values.
Step 2: N maps bounded sets into bounded sets in C(J, E).

Indeed, it is enough to show that there exists a positive constant ¢ such that for each
h € N(y),y € B,={y € C(J,E) : |ly|| < q} one has ||h]| < ¢. If h € N(y), then there exists
v € Sp, such that for each ¢ € J we have

) = SOl — F)] + 5 [ Sl

Thus for each t € J we get

t
W) < Me![lyo| + G —|—Me“’t/ =5 u(s)|ds
0
t
< M*[jyol + G] + M* / ¢ hy(s)ds;
0
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here hy is chosen as in Definition 2.5 and M* = e if w>0or M* =1 if w < 0. Then for each
h € N(B,) we have

b
Il < M[lyo| + G] + M* /0 e~ (s)ds = 0.

Claim 3: N sends bounded sets in C'(J, E) into equicontinuous sets.

We consider B, as in Claim 2 and let h € N(y) for y € B,. Let € > 0 be given. Now let
1, T € J with 79 > 7. We consider two cases 71 > ¢ and 7 < e.
Case 1. If 74 > € then

[h(r2) = ()] < |[S"(r2) = S"(7)]lyo — F(W)]]

T1—€
+ )\lim (S (12 — 5) — S'(11 — 8)|Byv(s)ds
—oo Jo
T1
+ )\lim [S" (19 — 8) — S’ (11 — 8)]Bav(s)ds
0 Jr—€
T2
+ )\lim S' (13 — 8)Byv(s)ds

IN

(5 (r2) = S (r1)yol + MI|S (12 = 71 + €) = S'(€)l|p(m)| f (By)]

T1—€
FMA|S (2 — 71 + €) — SOl ey / e (5)ds
0

T2

T1
+2M*/ e_“’shq(s)ds+M*/ e “*hy(s)ds

1—€ T1

Case 2. Let 1 <e. For 1 — 1 < € we get

|h(2) = h(m)| < [(S'(12) = S"(71))yol + M|S" (2 — 1) f(y) — f ()]
2e €
—i—M*/ e‘“shq(s)ds—FM*/ e “hy(s)ds.
0 0

Note equicontinuity follows since (i). S’(¢),t > 0 is a strongly continuous semigroup, (ii).
(5.4.5) and (iii). S’(t) is compact for ¢ > 0 (so S’(¢) is continuous in the uniform operator
topology for ¢ > 0).

Let 0 <t < b be fixed and let € be a real number satisfying 0 < € < t. For y € B, and
v € Spy we define

hlt) = SO F]+ Jim [ =5 Bl)ds
= S0l — Fw) + () Jim 0_€S’<t—s—e>Bw<s>ds.

Note e
{)\lim S'(t —s—€)Byv(s)ds:y € Byand v € SF@}

t—e

< M*/ e “*hgy(s)ds and now

t—e

limy 00 S'(t — s —€)Byv(s)ds
0 0
since S’(t) is a compact operator for ¢ > 0, the set Y.(t) = {h.(t) : y € By and v € Sp,} is

is a bounded set since
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relatively compact in F for every ¢, 0 < ¢ < t. Moreover for h = hy we have

Ih(t) — he(t)] < M t e~ hy(s)ds.

t—e

Therefore, the set Y (t) = {h(t) : y € By and v € Sg,} is totally bounded. Hence Y () is
relatively compact in F.

As a consequence of Steps 2, 3 and the Arzeld-Ascoli theorem we can conclude that N :
C(J,E) — P(C(J,E)) is completely continuous.

Step 4: N has closed graph.

Let y, — Y«, hyp € N(y,) and h, — h,. We shall prove that h, € N(y.). Now
hyn € N(yn) means that there exists v, € Spy, such that

t
hy(t) = S () yo — f(yn)] + )\lim S'(t — s)Byvp(s)ds, t € J.
— 00 0
We must prove that there exists v, € Sg,, such that
¢
he(t) = S () [yo — f(ys)] + /\lim S'(t — 8)Byvi(s)ds, t € J.
— 00 0

Consider the linear continuous operator I' : L'(J, E) — C(J, E) defined by

(Tv)(t) = lim tS'(t — s)Byv(s)ds.

A—o0 Jo

We have

1(hn = S"(®)[yo = £ (yn)]) = (e = S"(B)[yo — F ()] — 0 as n — oo
It follows that I' o SF is a closed graph operator ([18]). Moreover we have
hn(t) = S'(t)[yo — f(yn)] € T(Sky,)-

Since y, — ys, it follows that that

hi(t) = S'()[yo — f(ye)] + Allngo ; S'(t — s)Byvi(s)ds, teJ

for some vy € Spy,.

Step 5: The set
M:={yeC(J,E): oy € N(y), for some o > 1}
is bounded.

Let y € M be such that oy € N(y) for some o > 1. Then

y(t) =0 S Olyo — f(y)] +o7" lim | St~ s)Byo(s)ds.

A—o0 J
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Thus
t
WO < Mcyo| + G+ Mt /0 g (s, [y(s) ) ds
t
< M*llyol + G + M / e g(s, ly(s))ds, ¢ J.
0

Let us take the right-hand side of the above inequality as v(t), then we have
v(0) = M*[lyo| + G, |y(t)| <w(t), teJ
and
V() = M e gt ly(1)]), te .

Using the nondecreasing character of g we get
V() < M*e “g(t,v(t)), t € J.

This implies that ([17] Theorem 1.10.2) v(t) < r(t) for ¢t € J, and hence |y(t)] < V' =
sup;esr(t), t € J where b’ depends only on b and on the function r. This shows that M
is bounded.

As a consequence of the Leray-Schauder Alternative for Kakutani maps [13] we deduce that
N has a fixed point which is a solution of (1.1)—(1.2). O

We state also without proof a result concerning the lower semicontinuous case for non-
densely defined operators.

Theorem 5.5 Assume that the conditions (3.2.2), (3.2.3), (3.2.4), (3.5.1), (3.5.2), (5.4.1)-
(5.4.5) are satisfied. Then the nonlocal initial value problem (1.1)-(1.2) has at least one mild
solution.

6 Second Order Semilinear Differential Inclusions with Nonlo-
cal Conditions

In this section we study the problem (1.3)—(1.4).

Definition 6.1 A function y € C(J, E) is said to be a mild solution of (1.3)-(1.4) if y(0) +
F) = v0,y'(0) + fi(y) = n and there exists v € L'(J, E) such that v(t) € F(t,y(t)) a.e. on J
and

y(t) = C(t)lyo — F)] + S — hily / St — s)v

Theorem 6.2 Let F' : J x E — P(E) be a compact and convex valued multivalued map.
Assume (3.2.1)—(5.2.3) and the conditions

(6.2.1) the functions f, f1 : C(J, E) — E are continuous and completely continuous and there
exist constants G, G1 > 0 such that |f(y)| < G,|fi(y)| < Gi, Yy € C(J, E);

(6.2.2) A : D(A) C E — E is the infinitesimal generator of a strongly continuous cosine
family {C(t) : t € J}, and there exist constants My > 1, and N > 1 such that
ICOBE) < Mz, [[SE)pE) <N forall t €R;
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(6.2.3) for each bounded B C C(J,E), and t € J the set

{COo~ 701+ SO - A6+ [ 56— s)is,o e Srn)

is relatively compact in E, where y € B and Spp = U{Spy :y € B};
(6.2.4) the problem

V' (t) = Ng(t,o(t), ae. ted,
Ma|lyo| + G] + Nlnl + Gl,

S
—

=
N—

Il

has a mazimal solution r(t);

(6.2.5) given € > 0, then for any bounded subset D of C(J,E) there exists a § > 0 with
[[C(12) — C(m)]f(y)]| <€ for ally € D and 11,72 € [0, 0]

are satisfied. Then the problem (1.3)-(1.4) has at least one mild solution on J.

Proof. We transform the problem (1.3)-(1.4) into a fixed point problem. Consider the multi-
valued map N : C(J, E) — P(C(J, E)) defined by

N(y) = {heC(J,E):h(t):C(t)[yo—f( N+SE)n—fily / S(t—s)v(s)ds : UESEy}.
We shall show that N is a completely continuous multivalued map, u.s.c. with convex
values. The proof will be given in several steps.
Step 1: N(y) is conver for each y € C(J, E).
This is obvious, since F' has convex values.

Step 2: N maps bounded sets into bounded sets in C'(J, E).

Indeed, it is enough to show that there exists a positive constant ¢ such that for each
h € N(y),y € By={y € C(J,E) : |ly|| < ¢} one has ||h|| < ¢. If h € N(y), then there exists
v € Spy such that for each ¢ € J we have

h(t) = C(t)lyo — Fw)] + S — hily / S(t — s)v

Thus for each t € J we get

()] < Mallyol + G) + N{in| + G1] + N / o(s)|ds

0
< Malyo| + Gl + Nllnl + Gil + Nllhgll 15
here h, is chosen as in Definition 2.5. Then for each h € N(B,) we have
|2l < Ma[lyo| + G+ Nlnl + G1] + Nllhg|[ 11 := €.

Claim 3: N sends bounded sets in C(J, E) into equicontinuous sets.
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We consider B, as in Step 2 and we fix 71, € J with 75 > 71. For y € B, we have using
Proposition 2.4

[h(r2) = h(r)| < [[C(2) = C(m)]yo| + |[C(72) — C(n)If (W)]|
+[[S(72) = S(m)In| + [[S(72) = S(r)IA1(Y)]]

+/0T1|[S(7'2—s)—5(7'1—8 Ju(s)ds + / (19 — 8)|v(s)ds
[C(72) — C(m1)]yo| + [[C(72) — C(m)]f(y)]]

<
+[S(r2) = S(r)]n| + G1 My / £ dy

/ / e“Cdxv(s)ds + N hq(s)ds

< = C(m)]yo| + |[C(72) — C(m)]f ()]

+|[( 5) — S(r1)]n| + G1 M1’ (2 — 1)

+e“b(1y — 7'1)/ s)ds + N/
0

As a consequence of Steps 2, 3, (6.2.2) and the Arzeld-Ascoli theorem we can conclude that
N is completely continuous.

Claim 4: N has closed graph.
The proof is similar to that of Theorem 3.2 and we omit the details.

Claim 4: The set
M:={yecC(J,E): \y € N(y), for some \ > 1}

1s bounded.

Let y € M be such that Ay € N(y) for some A > 1. Then there exists v € Sk, such that
for each t € J

y(t) =2 CWyo — f)] + AT SO — fr(y)] + A7 /0 S(t = s)v(s)ds.

This implies that for each t € J we have
¢
9(0)) < Mall] + G+ Nl + G+ N gl l(s) .

Let us take the right-hand side of the above inequality as v(t), then we have
v(0) = My[lyo| + G| + Nlln| + G1], [y(t) <wv(t), teJ

and
U/(t) - Ng(tv ‘y(t)‘)v ted

Using the nondecreasing character of g we get

v'(t) < Ng(t,v(t)), t € J.
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This implies that ([17] Theorem 1.10.2) v(t) < r(t) for t € J, and hence |y(t)] < b =
sup;esr(t), t € J where b, depends only on b and on the function r. Consequently the set of
solutions is a priori bounded.

As a consequence of the Leray-Schauder Alternative for Kakutani maps [13] we deduce that
N has a fixed point which is a mild solution of (1.3)-(1.4). O

In the next result we give the analogue of Theorem 3.4 for the problem (1.3)-(1.4). The
proof follows closely the ideas of Theorem 3.4 and it is omitted.

Theorem 6.3 Suppose (3.2.1), (3.4.1), (6.2.2), (6.2.3) and (6.2.5) hold. In addition assume
the following conditions are satisfied:

(6.3.1) the function fi : C(J, E) — E is continuous and completely continuous and there ezists
a continuous nondecreasing function 1y : [0,00) — [0, 00) with

A1) < ulllyl)) for y € C(J, E);

(6.3.2) there exist a continuous nondecreasing function gy : [0,00) — (0,00), p1 € L'(J,Ry)
such that

|F(t,u)|| :=sup{|v| : v € F(t,u)} < pi1(t)gi(|u|) for each (t,u) € J x E

and there exists a constant M, > 0 with

M**

> 1.
b
Malyo| + Math(Mer) + Nnf + Nip1 (M) + N g1 (M) / pi(s)ds

0

Then the IVP (1.3)-(1.4) has at least one mild solution on J.

For the lower semicontinuous case we state without proof the following result.

Theorem 6.4 Assume that the conditions (3.2.2), (3.2.3), (3.5.1), (3.5.2), (6.2.1)- (6.2.4)
are satisfied. Then the nonlocal initial value problem (1.3)-(1.4) has at least one mild solution.
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Existence and uniqueness of the solution of a non-stationary transport equation subject to the boundary
and the initial conditions are proved via the Hille-Yosida theory.
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1 Introduction

Many authors paid attention to the abstract variational formulation of mixed problem for
differential equations [1], [6], [9], [12], [13]. An entertaining and complete survey of the results
obtained in this field of functional analysis appears in [1], on one hand. On the other hand, Pazy
presents in [13] applications of the theory of semi-groups of linear operators to partial differential
equations.

In this paper we will consider the initial-boundary value problem for one-dimensional linear
transport equation with a source term. This is rewritten as a Cauchy problem: dw /dt + Aw = F,

w | (=0 = Wp, where w represents a suitable subset of a Hilbert space, whose elements are pairs of real-
valued functions depending on three variables: a space variable z€ [0, a], an angle variable v, with

1 =cos ve [-1, 1] and a time variable 7€ [0, T]. Using the Hille-Yosida theory and Lax-Milgram
theorem, the existence and uniqueness of solution of this Cauchy problem is proved.

2 Problem Formulation

Let us consider a transport equation in a plan — parallel geometry:

1 d¢ A o, |
. T . = 2 , U, 1
o at+,uaz+0'(p 2_j1(/zdy+f(zyt) (D)

C
with the following boundary conditions:

¢=0ifz=0, £>0
9=0ifz=a, u<0
and the initial condition: @ =@, ift =0. 3)

2

In the right-hand side of (1), fis the radioactive source function, the functions &, ¢; are continuous on
the interval [0, a] and satisfy the conditions:

0<oy<0<0<» 0<o0,<0;<c; 0<o0, <0, =0-0; 4)
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Further on, we consider for simplicity, v. = 1. Using the notations:

O =0 ) ¢ =@z -4 1), where i >0, (5)

the equation (1) can be written in the form:

09" op" . Ot -
L ul o9 =20+ )dut £
at aZ 2 0
o o . (6)
4 4 -_0; + - -
U to-@p == + @ )du+
YR ¢ 2{(40 @ )du+ f
Substituting: ¢’ = - 4> 0, we get:
0 0 , o , o
JoGz utydu =~ p(z.~p",.0)dy’ = [ @(z~p",0)dp’ = [ @~ dpt.
-1 1 0 0
The boundary value problem becomes:
ot 0, u,t)=0;, @ (a,u,t)=0, Vuel0]l],Vte[0,T] 7
Adding and subtracting the equations (6) and introducing the following notations:
| S _ | R _
u=—(@p +¢) g=-(f"+f")
= — T _o” y=— + + -
V=3 (" -9) 5 (f +r)
we obtain the following system:
a u a \% 1 ’
—+U-—+0 u=0fudy +¢g
at dz 0 ©)
CANNCL AP
ar Mo |
The boundary - initial conditions are:
0, ) +v(0,u)=0
uO.p+vOM =0 o 10
u(a, ) +v(a, ) =0
and respectively: u=u’, v=1" for r=0. an

Now we re-write the problem (9) - (11) in a operator form. For this purpose we introduce the
vector functions having two scalar components:

0
o{t) e ()
1% Vv r

and the operator
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! 0
oc—-o |du u—
s,([ﬂ "
0

— c
”az

A= (13)

Let us define in the measurable set X = [0, a]X[0, 1] a Hilbert space H = Ly(X)X L,(X), (the
functions quadratically integrable) with the scalar product:

a

1
(@), B@) = Y [ duf o' (z, . ) B (z, pt, Ddz (14)
0 0

2
i=1

where &', B' are the components of the vector functions «, 3. Here, the scalar product is a function of
time. In order to solve the problem (9)-(11), we consider that the vector function w is defined on the
interval [0,7] and has the values in the Hilbert space H. The notation w(¢) defines an element of H,
which corresponds to a function (z, ¢) — w(z, i t) with ¢ fixed.

Now we describe the main spaces that will be used in sequel. By C™(X) we denote the set of
m — times continuously differentiable real-valued functions in X and C/*(X) will denote the subspace
of C™(X) consisting of those functions which have compact support in X. Let W™ 7 (X) and
W7 (X)are the well-known Sobolev spaces, where W,"”(X)cW™?(X)and CM(X)cC

W™2(X). Generally, the space Wom’p (X) consists of the functions that belong to W™ 7 (X) and
verify the boundary conditions (10). For p = 2 we denote H"(X)=W™2(X) and
HPM(X) =W (X) C LX)

Taking into account (12) and (13) the problem (9)-(11) becomes:

%—V:+AW=F, (z,1,1) € X X[0,T], X =[0,a]x[0,1] (15)
wWioo = w0 Yz ue X (16)
where Fe L,([0,T];X), w’e H{(X).

Here the space H | is the closing of C! in the space W2 (X).

Let us consider the operator A: D (A) € H — H, where the domain of definition of A is
D(A) = H>(X)nH}(X)x H{(X) (17)

Now we apply Hille-Yosida theory [1] in the space H and for this we formulate the concept of a
maximal monotone operator in a Hilbert space.

The linear operator A is monotone if the product scalar
(Aw, w) 20, V we D(A) (18)

Moreover, if its range satisfies the condition R(I + A) = H, thatis VF| € H,3u € D(A) such

that Au + u = F;, then the operator A is maximal monotone.
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Lemma 1. Let A be the operator defined by (13), A: D (A) c H — H. Then A is a monotone operator.

Proof. We have

1

1 a
(Aw, w) = jd,uj {O'u2 - O'Su.[ udu’ + uu
0 0 0

av

Ju 2
+ — 40 d
aZ ad aZ Y :| ¢

Using the Holder inequality we obtain

@1 : udﬂ]z < [iﬂdy]@wdﬂJ _ iuzdﬂ

Finally, for o; < o we get

1

a 1 2 2 1 a
(Aw, w) 2 O'J. [J.ud,u] - [I ud,u] dz + jdy.[ [O-VZ + ,ui (uv))dz >
0l \o 0 0 9z

0

1
> [ulo - 97)

O —_——

0

according with (7).

h

Lemma 2. For every F} = [
81

u
Aw+w = F|, w=(j

v
M(Ov ,U) = _V(O’ ,U)

» 1€ [0,1]
u(a, 1) = via, 1)
Proof. In order to prove this lemma we consider the following steps.

I. We rewrite the equation (22) in the form
ou—o|udu’ + u—
SJ(;,U,UBZ N (F .
+ = » J1, 81 € Ly(X)

From the second equation of (24):

,ua—u+(0'+1)v= &1
0z

we get
1 U du

v = _ L ou
' 6+l 9z

_0'+1g

gdﬂ = i]ﬂ((co*)z +(97)2)du > 0

J € H there is an unique solution w € D(A) such that

(19)

(20)

21

(22)

(23)

(24)

(25)
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Then, in first equation of (24) we replace v by (25) and obtain

1
(0'+1)u—0'sjud,u’+ -a———-—=f1 (26)
0

Let A, be operator

lu2 J2 1
A =— —+(0'+1)—0'9_|.d,u (27)
o+109z2 "0
and from (25) — (26) we obtain
A = fr,
. P)
with u(0, 1) - =20, p) = ——— £,0, ) (28)
o+109z 1

0
w(a, 1) + - % a, ) = g1 (a. i), e [0, 1].
o+10z 1

4981
o+1 0z

where f, = f| - s Jo € Ly(X).

In view the homogenization of the boundary conditions, we consider a new linear function
i with respect to z, such that

u (0, ,U)——la—( INE 181(0,/1)
LHel01l (29)
ii(a, ﬂ)+L18_( )= —— (a0, e [0.1]
Then, the function ¥ = u — u verifies
1
At =f3, fy=f,—(c+Di+o,|idu, (30)
0
(0, u)—ila—w 1) =
, e [0]] (1)
w(a, 1) +Lla—( LK) =

I1. Now we prove the existence and uniqueness of mild solution of (31).

Let us consider # € H'(X)because (0, x)and i(a, ) are not known prior to this.
Multiplying (30) by a function ¥ e H'(X), which verifies (31), integrating over the domain X and

using integration by parts, we get

1
(Aﬂ,yz):—Lju { 40 ja—“a—vd d]+(a+1)jjuy/dzdﬂ—

0'+10 X

o] - govs

a
- O-SI
0
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It follows from (31)

du dv
(AL, y) = jﬂu(a e )+ 5O, oy O, ol + — H,U . Vdudz+<a+1>jjuvfdzdﬂ—

- ojﬁ WdﬂJﬁ W’}zz = Lj fsydzdu (32)

0\0 0

Let us now define the symmetric and continuous bilinear form on H!'(X)x H'(X):

1 oA
_ _ _ 1 ou d
ai@,y) = [ uli(a, ww(a, w) + @0, (O, wldp + —— [[ 1? 222 dpdz +
0 oc+ly" dz 0z
1 (33)
+(0+ l)Huy/dzdy o _[(J' y/dyj(fudy sz
0\o

The bilinear form a(it, ) : H' x H' — R is called coercive if there is a constant &> 0 such that

atir, ) > ofi|*, Ve e H'(X) (34)

where ||| = /G, ), Vii e H'.

Now we will prove that the bilinear form is coercive using the Poincaré inequality: if X is a
bounded set, then there is a constant C depending on X such that

[ l<

o H Vi e HY(X) (35)
0z

We have

2
a(i, u)—jﬂ[ 2(a, ) + w2 (0, ,U)]dﬂJrO_—”# (aZJ dudz +

2
+(0'+1)”L72dﬂdz—osj.(j'l-udﬂJ dz
X 0\0

and taking into account (20), we obtain the inequality

a(ﬁ,ﬁ)> ﬂ ( j dﬂdz+(0'+1).|'.|'u2dﬂdz_o_ jju%wdz—
‘”1” ( j dudz+(o+1=0; )” *dpd z 2 (36)
2CO‘+1"l7|| +(O-+1_O-S)"l7” =C1||l7||, Vii e H!

in accordance with (34). Hence, the bilinear form a(u, ¥) defined by (33) is symmetric, continuous
and coercive. In the following, we shall use the results of Max-Milgram theorem:



VARIATIONAL FORMULATION...

If bilinear form a(it, ¥) is continuous, symmetric and coercive on H'!, then there is a unique

it € Hlsuch that

a(,y) = [[ fywdzdu, Vv e HY(X) (37)
X
and we find u by
.1
.VJEII?X){E a(y,y) - gfgvf}. (38)

It follows from this theorem the existence and uniqueness of a mild solution of (30) - (31).

III. We shall now prove: if f; € Ly(X), then the problem (30) - (31) has the mild solution
i e C(X).

In accordance with (32) we have

. _ o 9
J aliCa. st ) + 0. w0, o) + —— jjﬂ . "’dﬂd
0
| (39)
=[[| fs - (0 + D + o, [udu |pdudz, Yy e CH(X)
X 0

Hence, every classical solution of (31) — (32) is a mild solution of this problem. If f5 € L,(X) and

E)u e H'(X), then u € H*(X). Generally, the function « is a linear function with respect to ue [0, 1]

and for f; € C(X)we obtain i € C*(X).

IV. In this step we shall prove that the mild solution u € CZ(X) is a classical solution of (31)
for f; € L)(X).

Let us consider i € CA(X), which verifies (32) and the conditions (31). Integrating by parts the
second term in (32), we get

2 1
jj( # —+(0'+1)u —O'S_[ﬁd,u—ﬁ}lldﬂdz =0,Vye Cl(X) (40)
oc+19 0

Since C, Ll (X)is dense in L,(X) and i € C*(X), we obtain the following equality
Aiu =f3
and Lemma 2 is proved.
From Lemma 1 and Lemma 2 we deduce that A is a maximal monotone operator in the Hilbert

space H. Finally, with the Hille-Yosida theorem we show the existence and uniqueness of solution for
the problem (15)-(16).
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Theorem.

Let A be a maximal monotone operator. Then, for any wy € D(A) and any Fe C Y([0,T7; Ly(X))
there is a function ue C'( [0,7]; H) N C ( [0,T]; D(A)), the unique solution of the problem (15)-(16).
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SUMMABILITY FACTOR THEOREMS FOR
TRIANGULAR MATRICES

EKREM SAVAS AND B. E. RHOADES

ABSTRACT. We obtain necessary and sufficient conditions for the
series Y a, summable |A| to imply that > a,\, is summable | B,
and for the series Y a, summable |A|; to imply that > apA, is
summable |B|, k > 1 where A and B are lower triangular matrices.

1. INTRODUCTOIN

We shall use the notation A\ € (JA],|B|x) to mean that > a, sum-
mable |A| implies that >  A\,a, is summable |B|;. In this paper we
obtain necessary and sufficient conditions for A € (|A|, |Blx) and X €
(|Alg,|B|), where k > 1 and A and B are lower triangular matrices. In
a recent paper [1] the authors have obtained necessary and sufficient
conditions for A € (|A|,|Blx) and A € (|A|x, |B]), for k > 1, for B a
lower triangular matrix and A a weighted mean matrix.

Let A be a lower triangular matrix, {s,} a sequence. Then

n
A, = E ApySy-
v=0

A series ) a,, is said to be summable |A|;, k > 1 if

(1.1) > AL = A |F < o

n=1

We may associate with A two lower triangular matrices A and A as
follows:

n
Qpy i= E Gy n,v=20,1,2,...,
T=r

1991 Mathematics Subject Classification. Primary:40G99; Secondary: 40G05,
40D15.

Key words and phrases. absolute summability, summability factor.

This researach was completed while the first author was a Fulbright scholar at
Indiana University, Bloomington, IN, U.S.A., during the fall semester of 2003.
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and

With s, :== Y"1 a;.

n n i
Tp = E A3 S; = E Qpj E ay
=0 =0 v=0
n n n
- E ay E Api = UnyQy
v=0 i=v v=0
and
n n
(1.2) X, =T, — Tp_1 = E (Apy — Gp—1,p)0y = oy Q-
v=0 v=0

Similarly, for a matrix B we shall define
(1.3) Yo=Y buwha,.
v=0

2. MAIN RESULTS

For any triangle A, the inverse of A will be denoted by A’. for any
double sequence {2z, }, Ay zny = Zpy — Znpt1-

Theorem 2.1. Let 1 < k < oco. Let A and B be triangles satisfying

o n R k
(2.1) S ntES T buag,\| = 0(1),
n=v+2 i=v+2
o
(2.2) Z |Gn11|  converges for each v =1,2,... and
n=v+1
(2.3) Qv = Wity _ O(1).

aw/aqul,qul

If A has decreasing columns, i.e., an, > ni1y for each k, then X €

(1AL, |Blx) if and only if
) 122 |n ) = 0,

© . 1/k
() (3 2 AbuA) T =Olanl),  and

n=v+1
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(i) ( i nk—1|z3n,y+lxy+1|k>” k:o( i i)

n=v+1 n=v+1

Theorem 2.2. Let 1 < k < oco. Let A and B be triangles satisfying

(2.4) i\ i pl/ht Xn: buiii

v=1 n=v+2 i=v+2

k*
Moo= 0.

Then X\ € (|Alg, |B|) if and only if
bl/l/ —
(i) [NV =0(1),  and

(i Z( Z { (b \y) z;n,VHAVH(M)}M_l

v=1  n=v+1 auuau+1,y+1

. _ow,

where k* is the conjugate index of k.

k*

We need the following lemma for the proof of our theorems.

Lemma 2.1. [2] Let 1 < k < oo. Then an infinite matriz T : £ — (*
if and only if

o0
supz It |* < 0.
v v=1
3. PROOFS OF THEOREMS

Proof. By the hypothesis of Theorem 2.1,

(3.1) > YL F < 00
n=1
whenever
(3.2) D [ Xn| < oo
n=1

For k > 1 we define
B ={{a;} : Zai is summable |A|},
C={{a} : Zai)‘i is summable |B|}.
These are BK-spaces if normed by
. 1/k
(33) X =D 1%, and V] = (%l + Dot ylt)

n=1

respectively.
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Since Y a,, summable |A| implies that ) a, A, is summable |B|, by
the Banach-Steinhaus theorem, there exists a constant M > 0 such
that

(34) Y]l < M|.X]|
for all sequences satisfying (1.2) and (1.3).

Let e, denote the coordinate sequence with a 1 in the v-th position
and zeros elsewhere. Applying (1.2) and (1.3) to the sequences a, =

€y, 0,11 = —€,11,a, = 0 otherwise, we obtain
0, n<v,
Xn = Ayy, n=v,

A, (any), n>v,

and
0, n<v,
Yn = buy/\m n=v,
A, (b, 1> v.
From (3.3),
X1 = lav| + Z | Ay iy |
n=v+1
and
© . 1/k
IV = @ oA+ D (A GwA))
n=v+1

Since A has decreasing columns,

Au<anu) = Qpy — Apy+1
= am/ - dn—l,u - amu—i—l + dn—l,y—i—l
= Uny — Ap-1v < 07

so that

o0 oo

Z ‘Audnu| = Z (a”nfl,l/ - anu) = Ayy — 117?1 Any < Apy .-

n=v+1 n=v+1
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Further, it follows from (3.4) that

o0

. 1/k
(Al + DT 0 A A )
n=v+1
< M(lawl + Y 1Bl

n=v+1

< M(|ay| + |aw|) = 2M|ay,| = O(la.]).

The above inequality will be true if each term of the left hand side
is O(|ayy|). Taking the first term we have

Vkil’bw)‘V‘k = O(’“W‘k)a

or
|buy |
[
which shows that (i) is necessary.
Using the second term we have

(e 9]

< Z nk_1|Ay(l;ny)\y)|k> = O(|ay|"),

n=v—+1

M| = OWHr),

which is condition (ii).
To prove the necessity of (iii), we again apply (1.2) and (1.3), this
time to the sequence a, = e,,1 to obtain

0 1
x, =Y n<v+1,
(pypy1, N >V+1,

and
Y, — 9, n<v+l1,
bn,l/+1)\1/+17 n Z v+ 1.
Using (3.3),
HX” = Z |dn,u+1|a
n=v+1

and

> . 1/k

V= (> b )

n=v+1

Applying (3.4),

o0

. 1/k =
< Z nk71|bn,u+1)\u+1‘k) :O( Z |an,u+1‘)7

n=v+1 n=v—+1



324

EKREM SAVAS AND B. E. RHOADES

which gives the necessity of (iii).
To prove the conditions sufficient, since A is a triangle, we may solve
(1.2) for a, to obtain

(3.5) an =Y )X
=0

Substituting (3.5) into (1.3) gives

n v
Y, = g by g ¢
v=0 =0
n v—2
7 N / ~1
= g by Ay (aWXV +a,, 1 X,-1+ amXZ>
v=0 =0
n n n v—2
7 A E : 7 N 7 ~
- anAuaw/Xu + bnl/Al/al/’y_lXV—l + anAV asz
v=0 v=0 v=0 =0
n—1
7 A~/ § : § :
- bnn/\nanan + v+ bn V—‘rlAI/-f—lal/J,-l Z/XV
v=0
n v—2
7 ~
+ brw Ay E a,; X;
v=0 =0

D A (b)) — .
= a—)\an + Z —X + Z bn 1/+1>\l/+1 (al,/y + a,i+17V)Xu

nn v=0 v=0
(3.6)
n v—2
+ bnu)\u dl,/ZXZ'
v=0 =0
Using the fact that
1 ra,, —a,q
3.7 CALz//l/—+_&z,/ 1/:_( — & 7V)?
( ) +1 Ayy aV+1,V+1

and substituting (3.7) into (3.6) we have

bm//\ 7 vy — Wy v
Y )\ X + Z |: + bn,u+1)\u+1<a il )]Xu
Ay Qy41,v+1
n v—2
(3.8) ) b Y a), X
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Set Y* = n'~'/*kY,,. Then

n—1

bl,>\ » vy — Wy v
Y “/k[ [ n +bn,ymu+1(—a Gvil, )}X

—0 Ayy ApyQy41,0+1

annAX +Z(me ) ]

=0 v=1+42

<

We may therefore write

= i tm/XZ/:
v=1

where

7 Qyy — aVJrl,l/
+ bn,u—l—l)\y—i—l(

a vv

( nl/k—l {Al/(i)nu}‘u)

vv
+ ) Bmagy&}, 1<v<n-—1,
i=v+2

_ ) vk [Av@nv)‘v)
a/l/V

7 Qyy — a'u+1,u
+bn,y+1Au+1< —>i|, V=n-— ]_,

auyau+1,u+1
1-1/k
n /bm)\ B
s V= TL,
Qpn

0 vV > n.

\

Then X € (JA|, |Bli) is equivalent to the statement that Y [Y*|¥ < oo
whenever Y | X,| < oo, or, equivalently, that

(3.9) supz [t |® < 00

by Lemma 2.1.
From the definition of B, condition (i), the inequality

(x+y)" <21 (2% +y*) foreach z,y >0,k >1,
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and (2.3), it follows that

Z |tny’k = ‘tw/|k + |tu+1,y’k + Z ’tnu|k

n=v n=v+2

171/k@)\ k+ ‘(V+1)171/k<

= | v

Ay(l;u—&—l,l/)\l/))

alll/

vv

+ Bu+1,u+1)\u+1<

£ 3 o

n=v-+2

+ Z;n,u+1)\u+1 (

Ayy — au+l,u> )k

QuyQy4+1,0+1

1k [( (CIZM)>

Ay — Qp41p )

ApyQy41,v+1

k
+ Z bma }

i=v+2

<o+t 3 gt Bulbud)

n=v+1
00

+4k71 O(l) Z nk71|[;n,u+1)\u+1’k

n=v+1

4 4k-1 Z

n=v-+2 1=v+2

al/l/

TL’La’

Now use (ii), (iii),(2.1), and (2.2), and (3.9) is satisfied.
Proof. To prove Theorem 2.2, substitute
X:=n"Y*X, n>0X;=0,
into (3.6) to

— bm,)\ - vy — Wy v
Z 1/k—1 [—) + b1 Aot (%)] X
—1

Qyy Ay Ay41,0+1
n—2 n
3 (X b )i
i=1 v=2+i

l/k—lb
p I Dy X

ann
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Therefore we may write Y, = > _ u,, X, where

p ~
1/k—1 Az/(bm/)\u) 7 Ay — Qu41p
| 2 4 by i A | ——
v + n,v+1\v+1
Ayy Ay Qy41,v+1

+ D ite Bni&il/)\u]7 1<v<n-2,
Ay (b
JA/k=1 [ ( )
al/V

7 Ayy — al/+1,u
+bn,u+1>\u+1< ) vVv=mn-— 17
QuyQy4+1,0+1
nl/lcflbnn

An, v =n,
ann

L0, v >n.

The condition that ) a, A, be summable | B| whenever ) a,, is sum-
mable |A|, is equivalent to Y |V;| < oo whenever > | X*[F < co.
Necessary and sufficient conditions for this are that

(3.10) Z Upy2y, < 00 for each bounded sequence z,
and
(3.11)

kl
< oo for each bounded sequence z. (See, e.g., [2].)

o0 o0
§ ‘ § unl/ZV

v=1 n=v

To verify (3.10),

§ unl/Zl/ -

l/k lbw/)\ 2+ Vl/k 1 [AV(BV+1,VAV)

VV a’Vl/

7 Quy — aVJrl,V
+ bu+1,u+1)\u+1 <— 2y
Ay Ay4+1,0+1

n Z /- 1{ o (D)

n=v+2 Aoy

+ 6n,y+1 /\11+1 <

+ i Bm&w/\u:| Zy

i=v+2

Qpy — Quy1p )

auuau+1,1/+1

Since z, is bounded, using (i),

1/k—1
pUE1p

a’l/l/
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Using (ii),
14 V VAV
’ Z Sk 1{ +1 )
al/V
n=v+1
7 Apy — Quy1,p
+ bu+1,u+1)\u+l <—H)1 2yl = O(l)
Ay Qy41,04+1
From (2.4),

‘ i pl/k-t i bpidih A | = O(1),

n=v+2 i=v+2
and (3.10) is satisfied.
Condition (3.11) follows immediately from (i), (ii) and (2.4).
To show that (i) and (ii) are sufficient, one needs only to use the
inequality

(x+y)" <281 + ) for each z,y >0,

along with (i) and (ii), since (3.11) holds for every bounded sequence
{z,}. O

A weighted mean matrix, written N, p,), is a lower triangular matrix
with entries pg/P,, 0 < k < n, where {px} is a nonnegative sequence
with pg > 0 and P, := >_}_, pg. For any single sequence {wy}, Awy, :=
W — Wg4-1-

Corollary 3.1. Let 1 < k < co. Supppose that

1-1/k

(3.12) Z ‘Ppnp Z P ya

and conditions (2.2) and (2.3) are satisfied. If A has decreasing
columns, then X € (|A],|N,p,|x) if and only if

. l/)\V —
() | 555 = 0w,

(i) (Au(Pocs [Aul) 3 nkl(#)k)”k = O(|aw)),

n=v+1

(i) (P ]) ( i n’f—l(Pn]]’%_l)k)l/k:o( i el

n=v+1 n=v+1

—0(1)
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Proof. With B = (N, p,), B has row sums one. Therefore

n n—1
bni = bm - bnfl,'i = E bnu - E bnfl,u
v=i v=i
i—1 i—1

:1_me/_1+zbn—l,u

v=0 v=0
i—1 i—1 P D
= bn— v bnu = < - — _l/>
1/:0( 1 ) v=0 Pn—l Pn

and conditions (2.1) and (i) - (iii) of Theorem 2.1 become, respectively,
(3.12) and (i) - (iii) of Corollary 3.1. O

Corollary 3.2. Let 1 < k < 0o, {pn} a positive sequence, A a triangle,
satisfying

v=1 nEnTLi—pt2

n=v+2

—oqn).

Then X\ € (|Alx, |N,pn|) if and only if

1/k—1 A
i ’ﬁ =0(1), and
.. - = pnAV(PV—l)\I/)
o3| 3 P
n=1'"n=v+1
j Qyy — Q m
nd v )\V ( v v+1,v 1/k—1 :O 1).
* _'_Pnpnfl A aul/alz+1,u+1 ) Y ( )
Proof. Substitute into Theorem 2.2 with B = (N, p,). O

Corollary 3.3. Let 1 < k < oo, {pn} a positive sequence, B a triangle.
Then X € (|N,pnl, |Blk) if and only if

i [F] = 0w,

.. - — 7 l/k Pv
( ) § F 1‘Au(bm/)\1/)‘k =0|—= s d
. <n:l/+1 " > <Pl,) an

(i) ( i nk—1|z5n,y+1xy+1|'f>l/k:0(1).

n=v+1
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Proof. With A = (N, p,,), A has entries ang = PnPr—1/Pn_1P,. There-

fore (A) is bidiagonal and condition (2.1) is automatically satisfied.
Thus

PP, > 1 1
Z |anu+1| P P =P, Z (Pn_1 — Fn) =1,

n=v+1 n=v+1 n=v+1
and (2.2) is satisfied.
Ay — i1y Pu/Py—pu/Pop
Ay Gy41,041 B PVPVH/PVPVH
_ (P11 — P)
a PvPr+1

=1,

and condition (2.3) is satisfied.

Since ani = pr/ Py, A has decreasing columns.

Conditions (i) - (iii) of Theorem 2.1 reduce to conditions (i) - (iii) of
Corollary 3.3. O

Corollary 3.4. Let 1 < k < oo, {pn} a positive sequence, B a triangle.
Then A € (|N, palk, |B|) if and only if

Pybuy _

(i) ’—)\,,Vl/k '=0() and

.. = = PI/AI/ i)m/)\l/ 7 — w

(i) Z Z {% + bn,v+1>\u+1] yUR = o(1),
v=1"'n=v+l1 v

where k™ is the conjugate index of k.

Proof. As noted in the proof of Corollary 3.3, (A)’ is bidiagonal, so
condition (2.4) of Theorem 2.2 is automatically satisfied.

Conditions (i) and (ii) of Theorem 2.2 reduce to conditions (i) and
(ii) of Corollary 3.4, respectively. O

Corollary 3.5. Let 1 < k < 00,{pn},{qn} positive sequences. Then
A€ (IN,pul, N, gulr) if and only if

. qy v — 1/k71
Q) ol =00 ),
(i) v(iu—w)<n;1nk Qnin ) and
o) & 1/k
(iii) Ql,)\y+1<n;_1nk—l<ﬁ> ) — O(1).

Proof. Use B = (N, q,) in Corollary 3.3 O
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Corollary 3.6. Let 1 < k < 00, {pa},{qn} positive sequences. Then
A€ (IN,pnlk, N, ¢al) if and only if

| @B AT
() |22 ——| = oa
quV
G [PA(Qur v
DD [ Q) g ]| = o).
B nl}+1Qnin Pv
Proof. Set B = (N, q,) in Corollary 3.4. O

Every summability factor theorem yields an inclusion theorem by
setting each A, = 1. We shall use the notation 1 € (|A[, |B|x) to mean
that " a, summable |A| implies that > a, is summable |B];, and
1 € (JAlx, |B|) to mean that > a, summable |Al; implies that > a, is
summable |B].

Corollary 3.7. Let 1 < k < 00, A and B triangles, satisfying

> | S | -

n=v+2 i=v+2
and conditions (2.2) and (2.3) of Theorem 2.1. If A has decreasing
columns, then 1 € (|Al,|B|k) if and only if
bVl/

@) | 22| = o,
© . 1/k
@) (2 #abul) " = Olanl),  and
n=v+1
i 1/k = .
(iii) ( Z nk l‘bn,u+1|k) :O( Z \an’y+1|).
n=v+1 n=v-+1
Proof. Simply set each A\,, = 1 in Theorem 2.1. O

Corollary 3.8. Let 1 < k < 00, A and B tm’angles, satisfying

Z‘ Z pl/k-1 Z b, —O(l).
v=1 n=v+2 i=v+2
Then 1 € (|Alx, |B]) if and only if
. 1 bVl/
(1) I/lfl/k a :O<1) and

*

= 0(1).

3| 3 [Aeld i (G ey

v=1 n=v+1 aVVaV+1’V+1

Proof. Set each A\, = 1 in Theorem 2.2. O
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Corollary 3.9. Let 1 < k < oo, {pn} a positive sequence, A a triangle,

satisfying
k1| P - Ak _
2 g 2 Pl =0,
n=v+2 i=v+2
and conditions (2.2) and (2.3) of Theorem 2.1. If A has decreasing
columns, then 1 € (|A|, |N,pnlk) if and only if

(l) Pp; _ O(yl/k_1)7
.. = k—1 DPn k HH -0 ‘aw/’ d
(i) (n_ZH” (PnPn_1> ) - (p_> aw
e 1/k 0o
i) (X (5hm)) =0 X fansl/)
n=v+1 ntn-1 n=v-+1
Proof. Set each A\, =1 in Corollary 3.1. U

Corollary 3.10. Let 1 < k < 00, {pn} a positive sequence, A a trian-
gle, satisfying

(o.¢] 1 oo pn n N
;Z‘ 2 PoPos 2 P,

n=v+2 i=v+2

k*

= 0(1).

Then 1 € (|Alg, |N,pn|) if and only if

1/k—1
00 00 PP » P a a k*
.. —Mnlv ndt v vy — Wu4lv 1/k—1 :O 1).
(H) ; nzu;—l [Pnpnlauu+pnpn1 < auuau+1,y+1 ):| Y ( )
Proof. Set each A\, =1 in Corollary 3.2. O

Corollary 3.11. Let 1 <k < 0o, {p,} a positive sequence, B a trian-
gle. Then 1 € (|N,pyl|,|Blx) if and only if

. Pl/bVl/ —
(i) |[=2] = o),

i (Y W) = 0(2), ana

n=v+1
i) (3 nk—1|z3n,y+1|k)1/k:()(1).
n=v+1

Proof. Set each A\, =1 in Corollary 3.3. U
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Corollary 3.12. Let 1 <k < 0o, {p,} a positive sequence, B a trian-
gle. Then 1 € (|N,pulk, |B]) if and only if

1 PVbVl/

[e.e] k*

03] 5 [Blhe) e

v=1 n=v+l1l

- 0(1).

Proof. Set each A\, =1 in Corollary 3.4. O
Corollary 3.13. Let 1 < k < oo, {pn}, {qn} positive sequences. Then
1€ (IN,pnl, | N, gnlx) if and only if

@by

- 1/k—1
(i) &5 =00,
.. = k—1 An kM DPv
- k—1 An k\ 1
(111) (n;—ln (m) ) == O(@)
Proof. Set each A, =1 in Corollary 3.5. U

Corollary 3.14. Let 1 < k < 00,{pu},{gn} be positive sequences.
Then 1 € (IN,pulk, N, qul) if and only if

) q Pk~ 1‘
quu
k*
_VV+QVi| 1/k—1 =0(1).
; nzy;-l Qn@n 1[ Pv ( )
Proof. Set each A\, = 1 in Corollary 3.6. 4

We next list some absolute summability factor results when £ = 1.
Corollary 3.15. Let A and B be triangles satisfying

Z’mea O(1),

n=v+2 i=v+2

and conditions (2.1) and (2.3) of Theorem (2.1). If A has decreasing
columns, then \ € (|Al,|B]) if and only if

() b"j A= 0(1),

i) > 1Al =O(law]), and

n=v+1
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(i) D fbuwsdil = O( Y lanwil).

n=v+1 n=v+1
Proof. Set k =1 in Theorem 2.1. O

Corollary 3.16. Let A be a triangle, {p,} a positive sequence, satis-

Jying
>

n=v+2

Then \ € (]A\ IN, pn|) if and only if
A =0(1),

v+4

E Pl—lail/ v
2

n
P.P,_
nd n—1 i—+

—0(1).

PI/ l/I/

o0

.. Pn
(i) (Av(Poall) D0 55— =Olawl),  and
n=v+1 " """

[e.e] e e}

PPn 1’P )\l/+1’ - ( Z |dn,1/+1|>'

n=v+1

(iii)
n=v+1
Proof. Set k=1 in Corollary 3.1 U

Corolﬁu‘y 3.17. Let {p,} be a positive sequence, B a triangle. Then
A€ ([N, pal, |B) if and only if

PVAVbVV
i) |——| =0(1),
(i) [ =57 = o)
e . (P
(H) Z ’Al/(bm/)\uﬂ - O(Pl,)’ and
n=v+1
(i) 3 Buwsidonl = O(1).
n=v+1
Proof. Set k =1 in Corollary 3.3. O

Corollary 3.18. Let {pn}, {qn} be positive sequences. Then
A€ (IN, pnl [N, qul) if and only if

() 2201, = o),

I/Ql/
(i) (PAQAA) Y (52

n=v+1

i) —om.

) o(1).

(i) @) 3 (5

n=v+1

Qn@n 1
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Proof. Set k=1 in Corollary 3.5. U

We conclude this paper by listing some absolute inclusion results for

k=1.
Corollary 3.19. Let A and B be triangles satisfying

n=v+2 i=v+2

and conditions (2.2) and (2.3) of Theorem (2.1). If A has decreasing
columns, then 1 € (|A|,|B|) if and only if

. bVV
(1) = 0(1),
(ii) Z Ao | = O(lay]),  and
n=v+1
(1) D Puis] = O( D2 lanual):
n=v+1 n=v+1
Proof. Set each A\, = 1 in Corollary 3.15. U
Corollary 3.20. Let A be a triangle, {p,} a positive sequence, satis-
fying
v+4
P_ =0(1).
P Pn 1‘ Z 1— 1aw )
n=v+2 1=v+2
Then 1 € (A, |N,pn|) if and only if
. Pv
=0(1
W) | 5| = O(),

(ii) po Z PP =O(lay|, and

n=v—+1
i) P Y- 5 1|P|— (X i),
n— n=v+1

n=v+1

Proof. Set each A\, = 1 in Corollary 3.16. O

Corolary 3.21. Let {p,} be a positive sequence, B a triangle. Then
1 € (N, pal,|B]) if and only if

() )P”ﬁ”” - o),

(ii) Z|A bu)| = O ( > and

n=v+1
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(i) 3 Pupa] = O(1).
n=v+1
Proof. Set each A\, =1 in Corollary 3.17. O
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GENERALIZATION COMMON FIXED POINT THEOREM IN
COMPLETE FUZZY METRIC SPACES

SHABAN SEDGHI , DURAN TURKOGLU AND NABI SHOBE

ABSTRACT. In this paper, we establish a common fixed point theorem in com-
plete fuzzy metric spaces which generalizes some results in [13].

1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets was introduced initially by Zadeh [15] in 1965. Since
then, to use this concept in topology and analysis many authors have expansively
developed the theory of fuzzy sets and application. George and Veeramani [5]
and Kramosil and Michalek [8] have introduced the concept of fuzzy topological
spaces induced by fuzzy metric which have very important applications in quantum
particle physics particularly in connections with both string and €(>) theory which
were given and studied by El Naschie [1, 2, 3, 4, 14]. Many authors [6, 10, 11] have
proved fixed point theorem in fuzzy (probabilistic) metric spaces.

Definition 1.1. A binary operation * : [0,1] x [0,1] — [0,1] is a continuous
t-norm if it satisfies the following conditions

(1) * is associative and commutative,

(2) * is continuous,

(3) ax1=aforall a €]0,1],

(4) a*b < cxd whenever a < ¢ and b < d, for each a,b,c,d € [0,1].

Two typical examples of continuous t-norm are a * b = ab and a * b = min(a, b).

Definition 1.2. A 3-tuple (X, M, ) is called a fuzzy metric space if X is an
arbitrary (non-empty) set, % is a continuous t-norm, and M is a fuzzy set on
X2 x (0,00), satisfying the following conditions for each x,y,z € X and t,s > 0,

( ) (%y, ) > 0,

(2) M(z,y,t) =1 if and only if z =y,

(3) M(z,y,t) = M(y,,t),

(4) M(z,y,t) * M(y,2,s) < M(z,2,t + s),
(5) M(z,y,.): (0,00) — [0,1] is continuous.

Let (X, M, *) be a fuzzy metric space . For ¢ > 0, the open ball B(z,r,t) with
center z € X and radius 0 < 7 < 1 is defined by

B(z,r,t) ={ye X : M(z,y,t) > 1—r}.
2000 Mathematics Subject Classification. 54E40; 54E35; 54H25.

Key words and phrases. Fuzzy contractive mapping; Complete fuzzy metric space.
The corresponding author: sedghi_gh@yahoo.com (Shaban Sedghi).
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Let (X, M, %) be a fuzzy metric space. Let 7 be the set of all A C X with xz € A
if and only if there exist ¢ > 0 and 0 < r < 1 such that B(z,r,t) C A. Then 7 is a
topology on X (induced by the fuzzy metric M). This topology is Hausdorff and
first countable. A sequence {z,} in X converges to z if and only if M (x,,z,t) — 1
as n — oo, for each t > 0. It is called a Cauchy sequence if for each 0 < € < 1
and t > 0, there exits ng € N such that M (z,,, z,t) > 1 — € for each n,m > ny.
The fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence
is convergent. A subset A of X is said to be F-bounded if there exists ¢t > 0 and
0 <7 < 1 such that M(z,y,t) >1—r for all z,y € A.

Example 1.3. Let X = R. Denote a b = a.b for all a,b € [0,1]. For each
€ (0,00), define
M ) 7t = T
(@,9:8) = 7 P
for all z,y € X.

Lemma 1.4. Let (X,M,*) be a fuzzy metric space. Then M(x,y,t) is non-
decreasing with respect to t, for all x,y in X.

Definition 1.5. Let (X, M, %) be a fuzzy metric space. M is said to be continuous
on X2 x (0,00) if
hm M(xnu Yn, tn) = M('Tv Y, t)

n—oo
Whenever a sequence {(2p, Yn,tn)} in X2 x (0,00) converges to a point (z,y,t) €
X2 % (0,00) ie.

lim M(zp,z,t) = lim M(yn,y,t) =1and lim M(z,y,t,) = M(z,y,t)
n—oo

n—oo n—oo
Lemma 1.6. Let (X, M, ) be a fuzzy metric space. Then M is continuous function
on X2 x (0,00).
Proof. see proposition 1 of [9] O

Definition 1.7. Let A and S be mappings from a fuzzy metric space (X, M, x)
into itself. Then the mappings are said to be weak compatible if they commute at
their coincidence point, that is, Ax = Sx implies that ASx = SAx.

Definition 1.8. Let A and S be mappings from a fuzzy metric space (X, M, )
into itself. Then the mappings are said to be compatible if

lim M(ASxz,,SAx,,t) =1,Vt >0

n—oo

whenever {z,} is a sequence in X such that

lim Az, = lim Sz, =z € X.

Proposition 1.9. [12]. Self-mappings A and S of a fuzzy metric space (X, M, x)
are compatible, then they are weak compatible.

The converse is not true as seen in following Example.
Example 1.10. Let (X, M, ) be a fuzzy metric space, where X = [0,2], with
t-norm defined a * b = min{a, b}, for all a,b € [0,1] and M(z,y,t) = for
all t > 0 and x,y € X. Define self-maps A and S on X as follows:

Apod 2 d0<es<1 o [ 2 dfe=1,
S 5 ifl1<e<2, o %‘*‘3 otherwise,

__t
t+d(z,y)
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Then we have S1 = A1=2 and S2 = A2 = 1. Also SA1 = AS1 =1 and SA2 =
AS2 = 2. Thus (A4, S) is weak compatible. Again,

1 1
Aznzlfﬁ, anzlfm.
Thus,
Az, — 1, Sz, — 1.
Further,
SAzx, = a1 ASz, = 2.
5 20n’ "
Now,
lim M(ASz,, SAzn, ) = lim M(2, 5 — —— )= —' <1, v¢>o0.
At ’ e V5 20m) t+2 7

5
Hence (A4, S) is not compatible.

Lemma 1.11. Let (X, M, x) be a fuzzy metric space. If we define Exp : X? —
RT U {0} by
Exm(z,y)=inf{t >0 : M(x,y,t) >1— A}
for each € (0,1) there exists A € (0,1) such that
E, vz, 2n) < Ex pm(z1,22) + Exv(xe, 23) + - + Ex p(@n—1,2n)

for any x1,z9,...;x, € X

(ii) The sequence {xy }nen is convergent in fuzzy metric space (X, M, *) if and only
if Exm(zn,x) — 0. Also the sequence {xy,}nen is Cauchy sequence if and only if
it is Cauchy with Ex .

Proof. (i). For every p € (0,1), we can find a A € (0, 1) such that

IT=N*x(1=XN*--x(1-XN)>1—p
by triangular inequality we have
M(x1,2n, Ex m(21,22) + Ex v(x2,23) + - - + Ex m(@n—1,2,)) + nd)
> M(z1, 22, Ex p(z1,22) +0) % -k M(2p—1, Ty, Ex M (Tr—1,2n) +0)

n
>A=N*x(1=XN)*---x(1=-XN)>1—p
for very 6 > 0, which implies that
Eyv(x1,2n) < Exar(z1,22) + Ex (22, 23) + - + Ex p(@n—1,Tn) + 1

Since § > 0 is arbitrary, we have
Eum(zi,xn) < Exp(z1,22) + Exv(x2,23) + -+ Ex v (@Tn—1,%n)
(ii). Note that since M is continuous in its third place and
Exm(z,y) =mf{t >0 : M(z,y,t) >1— A}
. Hence, we have
M(zp,z,m) > 1= A<= E\ m(xn,x) <7
for every n > 0. (]
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Lemma 1.12. Let (X,M,*) be a fuzzy metric space. If
M (xp, Tpy1,t) > M(xo, 21, k™)
for some k > 1 and for every n € N. Then sequence {x,} is a Cauchy sequence.
Proof. For every A € (0,1) and x,, zp+1 € X, we have

Exm(@nt1,2n) = mf{t >0 @ M(zpt1,20,t) >1— A}
inf{t >0 : M(zo,x1,k"t) >1— A}

inf{kin . M(zo,21,1) > 1 A}

IN

1
k—ninf{t>0 : M(zg,21,t) > 1— A}

1

= kjEx M (o, x1).

By Lemma 1.11, for every p € (0,1) there exists A € (0,1) such that

Ep,,M(mn7 xm) S EA M(xna anrl) + E/\ M(mn+1a -TnJrQ) + -+ E)\J\/[ (-’If'mfla xm)
1 1
< kan,\,M(xo, z1) + an —= B m(wo,21) + - + WE,\,M(%, 1)
m—1 1
= Exwm(wo,71) Z i
Hence sequence {z,} is Cauchy sequence. O

2. THE MAIN RESULTS

A class of implicit relation. Let ® be the set of all continuous functions
¢ : [0,1]> — [0,1], increasing in any co-ordinate and ¢(t,t,t) > t for every t €
[0,1).

Theorem 2.1. Let A, B, S and T be self-mappings of a complete fuzzy metric space
(X, M, *) satisfying :
()A(X) CT(X), B(X) CS(X) and A(X) or B(X) is a closed subset of X,
(i)

M(Az, By,t) > ¢(M(Sx, Ty, kt), M (Ax, Sz, kt), M(By, Ty, kt)),

for every x,;y in X,k >1 and ¢ € P,

(iil) the pairs (A,S) and (B,T) are weak compatible. Then A, B,S and T have
a unique common fized point in X .

Proof. Let g € X be an arbitrary point as A(X) C T(X), B(X) C S(X), there
exist x1, 22 € X such that Axg = T'xy, Bxy = Sxo. Inductively, construct sequence
{yn} and {z,} in X such that yo, = Axe, = TZont1, Yont1 = Bropy1 = STonta,
forn=20,1,2,---.
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Now, we prove {y,} is a Cauchy sequence. Let dy,(t) = M (Ym, Ym+1,t). Set
m = 2n, we have
don(t) = M(y2n,Yon+1,t) = M(Ax2n, Bronyi,t)
> (M (Szon, Troni1, kt), M(Axopn, Ston, kt), M(Ban i1, TTonq1, kt))
= (M (y2n-1,Y2n, kt), M (Y2n, Y2n—1, kt), M (y2n+1, Y2n, kt))
= ¢(dan_1(kt),dan_1(kt),dan(kt))

We claim that for every n € N, day, (kt) > daop—1(kt). For if da, (kt) < doy—1(kt), for
some n € N, since ¢ is an increasing function , then the last inequality above we
get

dgn(t) > ¢(d2n(kt),d2n(kt), dgn(k‘t)) > dQn(kt)

That is, do,(t) > don(kt), a contradiction. Hence da, (kt) > don,—1(kt) for every
n € N and V¢t > 0. Similarly for an odd integer m = 2n + 1 , we have da,,+1(kt) >
dan (kt). Thus {d,(¢)}; is an increasing sequence in [0, 1].

Thus

dgn(t) > ¢(d2n_1(kt), dgn_l(kt), dgn_l(kt)) > dzn_l(kt).

Similarly for an odd integer m = 2n + 1 , we have do,41(t) > dan(kt).Hence
dn(t) > dp—1(kt). That is,
M (Y Ynt1,t) = M(Yn—1,Yn, kt) > ... > M (yo,y1, k"t).

Hence by Lemmal.12 {y,} is Cauchy and the completeness of X, {y,} converges
to y in X. That is,

lim y, =y = lim y9, = lim Axg, = lim Txo,41
n—oo n—oo n—oo n—oo
= lim yopy1 = lim Bwgni1 = lim Swonio =y.
n—oo n—oo n—oo
As B(X) C S(X), there exist u € X such that Su =y. So, for € > 0, we have

M(Auay7t+6) M(AU,B£2n+1,t) *M(Bx2n+17yv6)

>
> (M (Su,Txoni1, kt), M(Au, Su, kt), M(Bxoy i1, Txoni1, kt)) * M(BZani1,y,€).

By continuous M and ¢, on making n — oo the above inequality, we get
M(Au,y,t+e€) = (M(y,y,kt), M(Au,y, kt), M(y,y, kt))
> (M (Au,y, kt), M(Au,y, kt), M(Au,y, kt)).
On making e — 0, we have
M(Au,y,t) > ¢(M(Au,y,kt), M(Au,y, kt), M (Au,y, kt)).

If Au # y, by above inequality we get M(Au,y,t) > M(Au,y,kt) which is
contradiction. Hence M (Au,y,t) =1, i.e Au=y. Thus Au= Su=y.
As A(X) C T(X) there exist v € X, such that Tv = y. So,
M(y, Bv,t) = M(Au, Bv,t)
> d(M(Su,Tv,kt), M(Au, Su, kt), M(Bv,Tv, kt)) = ¢(1,1, M (Bv, y, kt)).
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we claim that Bv = y. For if Bv # y, then M (Bv,y,t) < 1.
On the above inequality we get
M(y, Bv,t) > ¢(M(y, Bv, kt), M(y, Bv, kt), M (y, Bv, kt)) > M(y, Bv, kt),

a contradiction. Hence Tw = Bv = Au = Su = y. Since (A, S) is weak compatible,
we get that ASu = SAu, that is Ay = Sy.
Since (B, T) is weak compatible, we get that TBv = BTv, that is

Ty = By.
If Ay # vy, then M (Ay,y,t) < 1. However
M(Ay,y,t) = M(Ay, Bu,t)
> ¢(M(Sy,Tv, kt), M(Ay, Sy, kt), M(Bv, Tv, kt))
> ¢(M(Ay,y,kt),1,1)
> (M(Ay,y, kt), M(Ay,y, kt), M(Ay, y, kt))
> M(Ay,y, kt)

a contradiction. Thus Ay = y, hence Ay = Sy = y.

Similarly we prove that By = y. For if By # y, then M (By,y,t) < 1, however
M(y, By,t) = M(Ay, By,t)

> ¢(M(Sy, Ty, kt), M(Ay, Sy, kt), M(By, Ty, kt)) > M(y, By, kt),

a contradiction. Therefore, Ay = By = Sy = Ty = y, that is, y is a common fixed
of A,B,S and T.

Uniqueness, let & be another common fixed point of A, B, S and T

Then ¢ = Az = Bx = Sz = Tz and M(x,y,t) < 1, hence

M(y,z,t) = M(Ay, Bx,t)
> (M (Sy,Tx, kt), M(Ay, Sy, kt), M (Bx, Tz, kt))
d(M(y,x, kt),1,1) > M(y, x, kt),

a contradiction. Therefore, y is the unique common fixed point of self-maps A, B, S
and T. (]

Lemma 2.2. Let A, B,S and T be self-mappings of a complete fuzzy metric space
(X, M, x),satisfying:

()A(X) CT(X), B(X) CS(X) and A(X) or B(X) is a closed subset of X,

(ii) M (Az, By, t) > a(M(Sz, Ty, kt))**+b(M (Az, Sz, kt))*>+c(M(By, Ty, kt))*3

for every x,y in X ,and some k > 1. Also a,b, c are three positive real numbers such
thata+b+c=1and0<a; <1 fori=1,2,3;

(iii) the pairs (A, S) and (B,T) are weak compatible.
Then A,B,S and T have a unique common fixed point in X.
Proof. Tt is enough ,defined function ¢ : [0,1]3 — [0, 1]
by d)(tl, tg, t3) = at‘f‘l + bt;z + Ctg3. |:|
Theorem 2.3. Let A, B,S,I,J and T be self-mappings of a complete fuzzy metric
space (X, M, x) satisfying :

())A(X) C ST(X), B(X) C1J(X) and A(X) or B(X) is a closed subset of X,

(i)

M(Az,By,t) > ¢(M(IJz, STy, kt), M(Az, I Jz, kt), M(By, STy, kt)),
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for every x,y in X, some k > 1 and ¢ € P,

(iii) the pairs (A, 1) , (A,J), (B,T) and (B,S) also (T,S) and (J,I) are com-
mutative. Then A, B,S,1,J,1J,ST and T have a unique common fixed point in
X.

Proof. If we set IJ =S’ and ST = T". Then by (i) since
M(Az, By,t) = ¢(M(S"z, Ty, kt), M (Az, S'z, kt), M(By, T'y, kt)),

and A(X) C T"(X) and B(X) C S/(X). Now it is easy to prove that the pairs
(A,S") and (B,T’) are weak compatible . Hence by Theorem2.1 A, B,S" and T"
have a unique common fixed point z € X . That is

A(z)=B(z) =1J(z) = ST(z) = =.
Thus
I(z) =I(IJ(2) =1(JI(2)) = IJ(1(2)) and I1(z) = I(A(2)) = A(I(2)).

That is I(z) is fixed point for A,IJ. Since A and IJ have unique fixed point ,
hence I(z) = z . Similarly

J(z) =JIJ(2)) =JI(J(2)) = 1J(J(2)) and J(z) = J(A(2)) = A(J(2)).
That is J(z) is a fixed point for A,IJ. Therefore J(z) = z, hence we get J(z) =
I(z) = z. Also

S(z) =S(ST(2)) = S(T'S(z)) = ST(S(2)) and S(z) = S(B(z)) = B(S(%)).

That is S(z) is fixed point for B,ST. Since B and ST have unique fixed point,
hence S(z) = z. Similarly

T(z) =T(ST(2)) =TS(T(z)) = ST(T(2)) and T(z) =T(B(z)) = B(T(Z)).
Hence we get T'(z) = z. Therefore
I(z) =J(2) =T(2) = S(z) = A(2) = B(2) = IJ(2) = ST(z) = z.
Thus z is a unique fixed point for A, B, I,J,S,T,1J and ST. O

A class of implicit relation. Let {S,}aca and {T3}sep be the set of all self-
mappings of a complete fuzzy metric space (X, M, ).

Theorem 2.4. Let I,J and {Sa}aca,{I5}pecn be self-mappings of a complete
fuzzy metric space (X, M, *) satisfying :
(i)there exist ap € A and By € B such that Sa,(X) C J(X), Tp,(X) C I(X)
and Say (X) or T, (X) is a closed subset of X,
(ii) the pairs (I,Sq,) and (J,Tp,) are weak compatible.
(i)
M(Sax, Tpy, t) = ¢(M (I, Jy, kt), M (Ix, Say, kt), M (Jy, Ty, kt)),

for every x,y in X,some k > 1 for ¢ € ®, and everya € A, € B
Then I,J,S, and T for every a € A, 8 € B have a unique common fized point
n X.
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Proof. By Theorem 2.1 I, J,S,, and T}, for some ag € A, By € B have a unique
common fixed point in X. That is there exist a unique a € X such that I(a) =
J(a) = Sy,(a) = Ts,(a) = a. Let there exist A € B such that A # [y and
M (Tha,a,t) <1 then we have

M(a,Tra,t) = M(Sq,a,Tha,t) (M (Ia,Ja, kt), M(Ia, Sa,a, kt), M(Ja, Tha, kt))

>
> M(a,Txa,t)

is a contradiction. Hence for every A € B we have Th(a) = a = I(a) = J(a).
Similarly for every v € A we get S,(a) = a. Therefore for every v € A, A € B we
have

Sy(a) =Th(a) =1I(a) = J(a) = a.
(]

Theorem 2.5. Let (X, M, x) be a complete fuzzy metric space and assume S,T,1,J :
X — X be four mappings,such that

TX CJX, SX CIX, (x)
and

V(M (Tz,Sy,t) = a(M(Iz, Jy,t))p(M(Iz, Jy, kt))
+o(M (Iz, Jy,t)) min{y(M (Iz, Tz, kt)), (M (Jy, Sy, kt))}
T e(M (I, Ty, t)) mass{b (M Tz, Sy, k), (M (Jy, Ty, b))}

for every x,y € X, t >0 and some k > 1. Where
a,b,c:[0,1] — [0, 1] are three continuous functions such that
a(s) +b(s) +c(s) =1 for every s € [0,1].
Also let ¢ : [0,1] — [0,1], is a continuous and strictly increasing function, such
that

Pt)=1<=t=1
Suppose in addition that either
(\)T, I are compatible, I is continuous and S, J are weak compatible,

or

(ii)S, J are compatible, J is continuous and T, I are weak compatible.
Then I,J, T and S have a unique common fized point.

Proof. Let g € X be given . By (x) one can choose a point z; € X such that
Txyg = Jr1 = y1, and a point o € X such that Sz; = Try = yo. Continuing this
way, we define by induction a sequence {x,} in X such that

I29n42 = STont1 = Yony2 n=0,1,2,---
J$2n+1 :T-r2n = Y2n+1 n:O>17"' .

For simplicity, we set
d’ﬂ(t) = M(y’na yn+17t)a n= Oa ]-7 27 Tt

It follows from assume that for n =0,1,2,--- .
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w(d2n+1 (t)) = w(M(an—i—l, Yon+2, t))
V(M (Tx2p, SToni1,t

)
a(M(Iz9n, Jwont1,1)) (M (1220, JT20 11, kt))

Y
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+b(M(ICL’2n, J$2n+1, t)) mln{¢(M(I$2n, Tifzn, kt)), /(p(M(JxQnJrl, SZL’QnJrl, kt))}
+e(M(Ir2n, Jr2nq1,t)) max{y(M (Izen, Stoni1, kt)), (M (Jrany1, Tron, kt))}

a(dan (t))-v(d2n (kt)) + b(d2n (t)). min{¢(dan (kt)), 1 (dani1 (kt)) }
Fc(dan (). max{y (1), (1)}

Now, if day,41(kt) < dayn(kt), since 9 is an increasing function , we have

Y(dant1(kt)) < P(dan(kt)).
Therefore

Pldan1(t) > [aldan(t)) + b(dan(t)) + c(dan (t))]- 9 (dan 41 (kt)).

Hence don11(t) > dons1(kt), that is a contradiction. Therefore

Y(dant1(t)) = ¢(dan(kt)).
That is
M (Y2n+1, Yont2,t) = M(Y2n, Y2ni1, kt).
So
MY, Ynt1:t) = M(Yn—1,Yn, kt) = - > M(yo,y1, k"1).
By Lemma 1.12 sequence {y,} is Cauchy sequence, then it is converges to a € X.
That is

lim y, =a= lim Jxgo,y1 = lim Sxoyy1 = lim Txo,q0 = lim Txo,.
n—oo n—oo n—oo n—oo n—oo

Now suppose that (i) is satisfied. Then I%x3, — Ia and IT2g, — Ia, since T
and I are compatible, implies that T Ix,, — Ia. Now we wish to show that a is
common fixed point of I, J,T and S.

(i) a is fixed point of I. Indeed, we have

Q/J(M(TI'IQW,; STont1, t))
> a(M(IPxon, Jroni1,t)) (M (120, Jron i1, kt))

+b(M(I2(E2n, JZL’QnJrl, t)) mm{w(M(IZ"”n, TIZL’Qn, kt)), /(/}(M(Jx2n+1, Sx2n+1, kt))}
+e(M (P29, Jxony1,t)). max{t(M (I*2a,, Ston i1, kt)), (M (Jxons1, TIxa,, kt)).}

If Ia # a letting n — oo, yields
Y(M(Ia,a,t))
> a(M(Ia,a,t))p(M(Ia,a,kt))
+b(M(Ia,a,t)). min{y (M (Ia, La, kt)), (M (a, a, kt)) }
+e(M(Ia,a,t)). max{y)(M (Ia,a, kt)),»(M(Ia,a, kt))} > (M (Ia,a, kt)),

is a contradiction, hence Ia = a.
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(ii) a is fixed point of T. Indeed,

V(M (Ta, Szont1,t))
a(M(ITa, Jxoni1,t)) (M (Ia, Jrani1, kt))
+o(M(Ia, Jrant1,t)). min{yp(M(Ia, Ta, kt)), o(M(Jxoni1, STant1, kt))}
+c(M(Ia, Jrani1,t)). max{yp(M(Ia, Stapt1, kt)), v(M(Jx2ni1, Ta, kt)), }
and letting n — oo, gives
Y(M(Ta,a,t)) > a(M(la,a,t))p(M(Ia,a,kt))
+b(M(Ia,a,t)). min{y(M(Ia, Ia, kt)),p(M(a,a, kt))}
+c(M(Ia,a,t)). max{y)(M(Ia,a, kt)),»(M(Ia,Ta,kt))} > (M (a,Ta,kt).

Y

Hence , Ta = a.
(#i). Since TX C JX for all z € X, there is a point b € X such that
Ta=a=Jb.
We show that b is coincidence point for J and S. Indeed,
(M (Ta, Sb,t))
> a(M(a,Jb,t)).p(M(a, Jb, kt))
+b(M (a, Jb,t)). min{yp(M(a, Ta, kt)),»(M(Ja, Sa, kt))}
+c(M(a, Jb,t)). max{y(M(a, Sb, kt)), p(M(Ja, Ta, kt))} > (M (Ta, Sb, kt)),
is a contradiction. Thus
Ta=S5b=Jb=a.
Since J and S are weakly compatible, we deduce that
SJb=JSb= Sa = Ja.
We show that T'a = Sa. Indeed
V(M (Ta,Sa,t))
> a(M(Ia,Ja,t)).(M(Ia, Ja,kt))
+b(M(Ia, Ja,t)). min{p(M (Ia, Ta, kt)), p(M(Ja, Sa, kt))}
+c(M(Ia, Ja,t)). max{y(M(Ia, Sa, kt)), (M (Ja,Ta, kt))} > (M (Ta, Sa, kt)),
that is, Ta = Sa. Therefore
Sa=Ta=1Ia=Ja=a.
Uniqueness, if b # a be another fixed point of I, J,T and S, then
(M (a,b,t)) = (M (Ta, Sb,t))
> a(M(Ia,Jb,t)). (M (Ia, b, kt))
+b(M(Ia,Jb,t)). min{y(M(Ia,Ta,kt)), (M (Jb, Sb, kt))}
+e(M(Ia, Jb,t)). max{y(M (Ia, Sb, kt)), (M (Ib,Ta, kt))}
= a(M(a,b,t))p(M(a,b,kt))
+b(M(a,b,t)).1+ c(M(a,b,t)).3p(M(a,b, kt)) > »(M(a,b, kt)),

is a contradiction.That is, a is unique common fixed point, and proof of the theorem
is complete. (I
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Theorem 2.6. Let I,J and {Sa}aca,{I5}pecn be self-mappings of a complete
fuzzy metric space (X, M, *) satisfying :
(i)there exist ag € A and By € B such that Sa,(X) C I(X), T5,(X) C J(X) ,
(ii)
Y(M(Tgz, Say,t)) > a(M(Iz,Jy,t)Y(M{x,Jy, kt))

+b(M (Iz, Jy,t)) min{y(M Iz, Tax, kt)), (M (Jy, Say, kt))}
+e(M(Iz, Jy,t)) max{y(M(Iz, Say, kt)), (M (Jy, Tpy, kt)) }

for every x,y € X, t >0 and some k > 1. Where
a,b,c:[0,1] — [0,1] are three continuous functions such that
a(s) +b(s) +c(s) =1 for every s € [0,1].
Also let ¢ : [0,1] — [0,1], is a continuous and strictly increasing function, such
that
Y(t)=1l<=t=1

Suppose in addition that either

(a) Tg,,I are compatible, I is continuous and Sy, ,J are weak compatible,
or

(b)Say, J are compatible, J is continuous and Tg,, I are weak compatible.

Then I,J,S5, and T for every a € A, 3 € B have a unique common fized point in
X.

Proof. By Theorem 2.5 I,.J,S,, and Tg, for some oy € A,y € B have a unique
common fixed point in X. That is there exist a unique a € X such that I(a) =
J(a) = Suy(a) = Tp,(a) = a. Let there exist A € B such that A # [y and
M(Tya,a,t) < 1 then we have

w(M(aaT)\aat)) - w(M(SaoavTAa7t))
(1) (M(a, a, kt))
b(1). min{y)(M (a, Tha, kt), (M (a,a, kt)) }
(1). max{y)(M(a,a,t), (M (a, Tra, kt))}.

+ + IV
o i)

That is we have
¢(M(a7 T)\a7 t)) > ¢(M(a7 T)\a7 kt))
Since 1 is strictly increasing function , hence we have
M(a,Tra,t)) > M(a,Tha, kt)

is a contradiction. Hence for every A € B we have Th(a) = a = I(a) = J(a).
Similarly for every v € A we get S,(a) = a. Therefore for every v € A, A € B we
have

Sy(a) =Tx(a) = I(a) = J(a) = a.
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Abstract: In this paper, we use the auxiliary principle technique to suggest and analyze
a number of iterative methods for solving the system of mixed quasi equilibrium problems.
Our proof of convergence is very simple as compared with others. These new results in-
clude several new and known results as special cases. Our results represent refinement and
improvement of the previous known results for equilibrium and variational inequalities prob-
lems.

Key Words and Phrases: System of equilibrium problems, variational inequalities, aux-
iliary principle, convergence, skew-symmetric functions, product topology.

2000 Mathematics Subject Classification: 49J40; 47H06

1. Introduction

Equilibrium problems theory provide us with a unified, natural, innovative, and general frame
work to study a wide class of problems arising in finance, economic, net work analysis, transporta-
tion, elasticity, and optimization. This theory has witnessed an explosive growth in theoretical
advances and applications across all disciplines of pure and applied sciences. Recently, Ding X.P

introduced and studied the system of generalized vector quasi-equilibrium problems in Locally G-
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Convex uniform spaces, and the existence results for system of equilibrium problems is obtained;
see Ref.1. It is worth mentioning that there is no numerical methods for the system of mixed quasi
equilibrium problems.

On the other hand, several numerical techniques (Refs. 2-15) including projection, resolvent,
and auxiliary principle have been developed and analyzed for solving variational inequalities. It is
well-known that projection-type and resolvent-type methods cannot be extended for mixed quasi
variational inequalities. To overcome this drawback, one uses usually the auxiliary principle tech-
niques. This technique deals with finding a suitable auxiliary problem and proving that the solution
of auxiliary problem is the solution of the original problem by using the fixed-point approach. It
turns out that this technique can be used to find an equivalent diffentiable optimization problems,
which enables us to construct associated gap function.

Following the trend of the above research fields, we will use the auxiliary principle technique
to suggest some iterative methods for some classes of system of mixed quasiequilibrium problems
in Banach spaces. Furthermore, we will use an important inequality of Banach spaces and the
character of the product topology (see Ref.16) to prove the convergence of these predictor-corrector
methods. Since the system of mixed quasiequilibrium problems include equilibrium problems,
variational inequalities and complementarity problems as special cases, our results continue to
hold for these problems. Our results can be considered as novel and important applications of

auxiliary principle technique.

2. Preliminaries

Let I be a finite or infinite index set. Let {F;}ic; be a family of real Banach spaces whose
norms are denoted by || - ||;, respectively. Let {K;}ier be a family of nonempty close convex sets
and K; C E;, for any i € I. Let p;(-,-) : E; x E; — R U {400} be a family of continuous
bifunctions. For given nonlinear funitions: F;(-,) : K; x K; — R,i € I, consider the problem of

finding v € K = [] K, such that, for any ¢ € I,
icl

Fi(piu, piv) + @i(piv, piv) — pi(piu, piu) > 0,50 € K, (1)
where p; : [[ K; — K; is a projection operator. The problem (1) is called a system of the
icl
generalized quasiequilibrium problems.
IfI1={i},F,=F, ¢, =¢ F;, = H K,; =K, the problem is equivalent to finding u € K such
that

F(u,v) + p(v,u) — o(u,u) > 0,Vv € K, (2)



THE ALGORITHMS...

which is known as the generalized quasiequilibrium problems. See Refs 2—15 for the mathematical
formulation, applications, and motivations of equilibrium problems and variational inequalities.
We need also the following concepts and results.

Lemma 2.1[15] Vu,v € E, a Banach space,
w40l < Jlul® + 2(v, j(u +v)), (3)

where j(u+v) € J(u+v) = {j(u+0) : [lu+v2 = [[i(u+ )] = (u+ v, j(u+ )}

Lemma 2.2[16] Let {X; : ¢ € I} be a family of topological spaces. There exists a unique
topology [] X; (the product topology) such that for any net (z° : D) in [[X; : 2° — z if and
only if wf — x;, for each ¢ € I. For any topological space Z and the function g : Z — [[ X;, ¢ is
continuous if and only if P; o g is continuous for each i € I.

Definition 2.1 The bifunction ¢(-,:) : E x E — RU {+o00} is called skew-symmetric if and
only if

@(ua U) - <p(u, ’U) - 90(1}3 U) + 90(1}3 U) > O,VU, vekE.
Clearly, if the skew-symmetric bifunction ¢(-,-) is bilinear, then
o(u,u) >0, Yue€E.

Definition 2.2 The function F(+,-) : K x K — R is said to be:
(a) monotone if

F(u,v) + F(v,u) <0,Vu,v € K;
(b) strongly monotone if there exists a constant o > 0 such that
F(u,v) + F(v,2) < —alju — 2||?,Yu, v,z € K.

Note that, for z = u, the strong monotonicity reduces to monotonicity, this shows that strongly

monotonicity implies monotonicity.

3. Main Results

In this section, we suggest and analyze some iterative methods for the system of mixed quasi-
equilibrium problems (1) using the auxiliary principle technique of Glowinski, Lions, and Tremoliers
(Ref.7).

For a given u € K, consider the auxiliary problem of finding a unique w € K such that for each

1el,

piFi(piv, piv)+ < pi(w — u), j(pi(v — w)) > +pipi(piv, piw) — pipi(piw, piw) > 0,Vv € K, (3)

365
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where p; > 0 is a constant.

We note that, if w = wu, then clearly w is a solution of the system of the generalized quasi-
equilibrium problem (1). This observation enable us to suggest and analyze the following iterative
method for solving (1).

Algorithm 3.1 For a given ug € [[,.; Fi, compute the approximate solution u,,; by the

i€l
iterative scheme, for each i € I,
PiFi(piwn, piv) + (pi(Unt1 — wn), J(Pi(v — Unt1)))
+pipi(Piv, Pitin+1) — Pipi(Pittnt1, Pitint1) > 0,Yv € K,

for each 7 € I,
BiFi(pitin, piv) + (pi(wn — un), j(pi(v — wn))) 5)
+Bipi(piv, piwn) — Bipi(piwn, piw,) > 0,Vv € K,
where p; > 0 and (; > 0 are constants.

One can obtain several known methods for solving mixed quasivariational inequalities and
related optimization problems as special cases from the proposed Algorithm 3.1, see Refs 4, 20, 23,
29, 30, 31, 32.

We study now the convergence analysis of Algorithm 3.1.

Theorem 3.1 Let @ € K be a solution of (1) and Let u,+1 be the approximate solution
obtained from Algorithm 3.1 If for each i € I,

Fi(-,") : p;K x p; K — R is strong monotone with constant a; > 0 and if the bifunction ¢;(-,-)

is skew symmetric, then

P (a1 = @F < Mlps(wn — DI = 20p3|pi(uns1 — wa) 7, (6)

Ipi(wn = @) < lIpi(un — )7
—2Bi0s[|pi(wn — un)|17.
Proof. Let 4 € K be a solution of (1). Then for each i € I,

piFi(piti, piv) + pigi(piv, pir) — pipi(piti, piut) > 0,Yv € K, (8)

Bi i (piti, piv) + Bipi(piv, pit) — Biws(pit, pii) > 0,Vv € K, 9)
where p; > 0 and (§; > 0 are constants.
Now, taking v = up4+1 in (8) and v = @ in (4), we know that, for each i € I,
pili(pith, pitin11) + pitpi(Pitiny1, pitt) — pispi(pit, piwt) > 0, (10)

pi s (piwn, pitt) + (Pi(Unt1 — wn), J(Pi(U — Uny1)))
+pi0i (Dith, Piting1) — PiPi(Piting1, Piting1) = 0,

(11)
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Adding (10) and (11), we know that, for each i € I,

(Pi(un+1 — wn), j(pi(@ — upt1)))
> —pi{ Fi(pi(wn), pi(0)) + Fi(piti, pin+1)}
+pi{ei(piti, pitt) — @i(piti, pitin41) (12)
—@i(Pitln+1, Pitl) + Pi(Pitlnt1, Pittn+1) }
> aipil|pi(unt1 — wy) I3,
where we have used the fact that F;(-,-) is strongly monotone with constant o > 0 and the
bifunction ¢, (-,-) is skew symmetric.

Setting

v= p’(w" - u""rl)au = pl(a - wn)

in (3), we obtain

2(pi(unt1 = wn), j(Pi (@ = unt1))) < [Ipi(@ — wn)|I7 = [Ipi (@ — wng1) 17 (13)

Combining (12) and (13), we know that
P (a1 = @7 < Mlps(@ — wa) 7 = 20p3|pi(uns1 — wa) 7,

the required (6).

In a similar way, we can obtain the required (7). The proof is completed.

Theorem 3.2 Let {E;} be a family of finite-dimensional spaces and let p; > 0,3; > 0. If
@ € K is a solution of (1) and if w1 is approximate solution obtained from Algorithm 3.1, then
{un} converges to a solution of a system of the generalized quasiequilibrium problem (1) in the
sense of product topology [] E;.

Proof. Let @ € K be a solution of (1). Since p; > 0 and 3; > 0, it follows from (6) and (7) that
the sequences {||p;(w, — @)||;} and {||p;(@ — un)||;} are nonincreasing. Consequently, {p;u,} and

{p;w,} are bounded. Furthermore, we know that

o0
> 20pi|pi(tns1 — wn)[IF < |lpi(uo — @[3,

n=0

o)
2 203f3i]lpi(wn = un)lI < llpi(wo — )17,
e

which imply that
lim ||p;(tni1 —wn)|i =0,
n—oo
lim ||p;(wy, — uy,)|; = 0.
n—oo
Thus,
m ||pi(tn1 —un)ll; < Hm {|p;(un+1 —wn)ll;
n—oo n—oo

+ lim ||pi(wy — un)|li = 0.
n—oo

367
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Let @; be a cluster point of {p;u,} and let the subsequence {p;uy, } of the sequence {p;u, } converge
to u; € E;. Replacing pswy, by piu,,; in (4) and (5), taking the limit n; — oo, and using (14), we
know that

F; (Ui, piv) + pi(piv, ;) — @i(Ui, u;) > 0,V € K.

From ||p; (un11) — 4| < ||pi(un) — @l|?, we know that the sequence {p;u, } has exactly one cluster

point u;, thus lim psu, = u;. From Lemma 2.2, we know that {u,} converge to u = [],.; U; in
n—oo

the sense of the product topology [] E;, the required result.
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Abstract: In this paper, a class of generalized set-valued variational inclusions in
Banach spaces are introduced and studied, which include many variational inclusions
studied by others in recent years. By using some new and innovative techniques, sev-
eral existence theorems for the generalized set-valued variational inclusions in Banach
spaces are established, and a perturbed three-step iterative algorithms for solving this
kind of set-valued variational inclusions are suggested and analyzed. Our results in-
clude Ishikawa, Mann and Noor iterations as special cases. The results presented
in this paper improve and extend almost all the current results in the more general
setting.

Keywords: generalized set-valued variational inclusion; three-step iterative al-
gorithm with error; Banach space

1.Introduction

In recent years, variational inequalities have been extended and generalized in
different directions, using novel and innovative techniques, both for their own sake and
for the applications. Useful and important generalizations of variational inequalities
are set-valued variational inclusions, which have been studied by|[1-9].

Recently , in [1], S. S. Chang introduced and studied the following class of set-
valued variational inclusion problems in a Banach space E. For a given m-accretive
mapping A : D(A) C E — 2¥, a nonlinear mapping N(-,+) : E x E — E | set-valued
mappings T, F' : E — CB(FE) , single-valued mapping g : H — H, any given f € F
and A > 0, find ¢ € F,w € T(q),v € F(q) such that

f € N(w,v) + AA(g(q)), (1.1)

where CB(E) denotes the family of all nonempty closed and bounded subsets of E .
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For a suitable choice of the mappings T, F, N,g, A and f € E , a number of
known and new variational inequalities, variational inclusions, and related optimiza-
tion problems introduced and studied by Noor [2-3] can be obtained from (1.1).

Inspired and motivated by the results in S. S. Chang [1] and Noor [2,3], the
purpose of this paper is to introduce and study a class of more general set-valued
variational inclusions. By using some new techniques, an existence theorem for solv-
ing the set-valued variational inclusions in Banach spaces are established and sug-
gested. S. S. Chang [1] has given some Mann and Ishikawa iterative schemes to
solve the set-valued variational inclusion. Noor [16,17] has suggested and analyzed
three-step iterative methods for finding the approximate solutions of the variational
inclusions(inequalities) in a Hilbert space by using the techniques of updating the
solution and the auxiliary principle. These three-step schemes are similar to those of
the so-called 6-scemes of Glowinski and Le Tallec [19] for finding a zero of the sum of
two maximal monotone operators, which they have suggested by using the Lagrange
multiplier method.They have shown that three-step approximations perform better
than the two-step and one-step iterative methods. Haubruge et al. [20] have studied
the convergence analysis of the three-step schemes of Glowinski and Le Tallec [19]
and appled these three-step iterations to obtain new splitting type algorithms for
solving variational inequalities , separable convex programming and minimization of
a sum of convex functions. They have also proved that three-step iterations lead to
highly parallelized algorithms under certain conditions. It has been shown in [16-
18,20] that three-step schemes are a natural generalization of splitting methods for
solving partial differential equations. Thus we conclude that three-step schemes play
an important and significant part in solving various problems, which arise in pure
and applied sciences. On the other hand, there are no such three-step schemes for
solving set-valued variational inclusions in Banach spaces.These facts motivated us
to introduce and analyze a class of three-step iterative schemes for solving the gen-
eralized set-valued variational inclusions in a real uniformly smooth Banach spaces.
The results presented in this paper generalize, improve and unify the corresponding
results of S. S. Chang [1], Noor [2,3,16-18,22], Ding [4], Huang [5,6], zeng [7], kazmi
8], and Jung and Morales [9)].

2.Preliminaries

Let E be a real uniformly smooth Banach space, E* be the topological dual space
of £, < -, > be the dual pair between E and E* , D(T') denotes the domain of T’
and J : E — 2F" is the normalized duality mapping defined by
J(x) ={z* € F* :< z,x* >= ||z||* = ||z*||?}, for all z € F.

Definition 2.1 Let A : D(A) C E — 2% be a set-valued mapping, ¢ : [0, 00] —
[0, 00] is a strictly increasing function with ¢(0) = 0.
(1) The mapping A is said to be accretive if, for any x,y € D(A) , there exists
j(x —y) € J(z —y) such that
<u—uv,j(x—y)>>0, for all u € Az,v € Ay.
(2) The mapping A is said to be ¢-strongly accretive if, for any z,y € D(A), there
exists j(z —y) € J(x — y), such that
<u—v,j(x—y) >> o(||lr —yl|)||lz —yl|, for all v € Azx,v € Ay.
Especially, if ¢(t) = kt,0 < k < 1, then the mapping A is said to be k-strongly
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accretive.
(3) The mapping A is said to be m-accretive, if A is accretive and (I + pA)D(A) =
E'for all p > 0, where [ is the identity mapping.

Definition 2.2 Let A,B,C,D : E — CB(FE)be set-valued mappings, W :
D(W) C E — 2F be an m-accretive mapping, g : E — E be a single-valued map-
ping,and N(-,-), M(-,-) : E x E — E be two nonlinear mappings,for any given f € E
and A > 0,we consider the following problem: To find v € E,T € Au,y € Bu,z €
Cu,v € Du such that

feN@,y) — M(z,v)+ AW (g(u)). (2.1)

This problem is called the generalized set-valued variational inclusion problem in
Banach spaces.
Next we consider some special cases of problem (2.1).
(1) if M =0,W = A: D(A) — 2F is an m-accretive mapping,A = T, B = F and
C' =D =0, then problem (2.1) is equivalent to finding ¢ € E,w € Tq,v € Fq such
that

f e N(w,v)+ AA(g(q)). (2.2)
This problem was introduced and studied by S. S. Chang [1].
(2)if E = H is a Hilbert space,M = 0 and W = A : D(A) — 2F is an m-accretive
mapping, then problem 2.1 is equivalent to finding ¢ € H,w € T'q,v € Fq such that

f € N(w,v)+ AA(g(q)). (2.3)

This problem was introduced and studied by NOOR|2,3].

For a suitable choice for the mappings A, B,C, D, W, N, M, g, f and the space
E we can obtain a lot of known and new variational inequalities ,variational inclu-
sions and the related optimization problems. Furthermore, they can make us be able
to study mathematics, physics and engineering science problems in a general and
unified frame [1-9].

Definition 2.3 Let T, F : E — 2F be two set-valued mappings, N(-,-) : £ — E
is a nonlinear mapping, and ¢ : [0, 00] — [0, 00| is a strictly increasing function with

¢(0) = 0.
(1) The mapping z — N(z,y) is said to be ¢-strongly accretive with respect to the
mapping T if, for any z1,x9 € E, there exists j(z; — x2) € J(x1 — 3) such that

< N(ui,y) — N(ua,y), j (21 — 22) >= ¢([|21 — 22|])[l21 — 2],

for all uy € Taxq,uy € Ty .
(2) the mapping y — N(z,y) is said to be accretive with respect to the mapping F’
if, for any y1,y2 € E , there exists j(y; — y2) € J(y1 — y2) such that

< N(‘Tavl) - N(:Ean)aj(yl - yQ) >Z 0

, for all v; € Fyy,v9 € Fys.
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Definition 2.4 Let T : E — CB(E) be a set-valued mapping and H(-,-)is a
Hausdorff metric in CB(E) , T is said to be &-Lipschitz continuous , if for any
T,y € F,

H(Tx,Ty) < &llz -yl

where £ > 0 is a constant.

To prove the main result, we need the following lemmas.
Lemma 2.1[1] Let F is a real Banach space and J : E — 2F" is the normalized
duality mapping,then for any given z,y € F,

lz +yll* < ll2l* + 2 <y, j(z +y) >,
for all j(x +y) € J(z+y) .

Lemma 2.2 Let E be a real smooth Banach space, A,B,C,D : E — CB(FE)
four set-valued mappings and N(-,-),M(:,+) : E x E — E two nonlinear mappings
satisfying the following conditions :

(1) the mapping x — N(x,y) is ¢- strongly accretive with respect to the mapping A;
(2)the mapping y — N(z,y) is accretive with respect to the mapping B;

(3)the mapping z — —M |z, v) is accretive with respect to the mapping C;

(4)the mapping v — —M (z,v) is accretive with respect to the mapping D. Then the
mapping S : E — 2% defined by

Sz = N(Az, Bx) — M(Cx, Dx)

is ¢ -strongly accretive.

Proof: Since E is a smooth Banach space, the normalized duality mapping J : £ —
28" is a single-valued mapping. For any given z;, 2z, € F and any w; € Sz;,7 = 1,2,
there exist z; € Ax;,y; € Bx;, z; € Cx; and v; € Dx;, such that

ui = N(i, §;) — M(z;,v:),i = 1,2.
From the conditions (1)-(3),we have
< Ui — Uz, J(.I'l — xz) >=< N(fl,y_l) — N(fg,y_l), J(l’l — IEQ) >

+ < N(&2,71) — N(%2, %), J(x1 — x9) >
+ < —M(z1,v1) + M(z2,v1), J(x1 — 29) >
+ < =M (29,v1) + M(22,v9), J(x1 — 29) >
> ¢(|[xr — za])l21 — 22,
which implies that the mapping S = N(A(:), B(-)) — M(C(-), D(-)) is ¢ -strongly

accretive .

Lemma 2.3[1] Let E is a real uniformly smooth Banach space,T : E — 2F is a
lower semicontinuous m-accretive mapping. Then the following statements hold.
(1)T" admits a continuous m-accretive selection;

(2) In addition,if T is ¢-strongly accretive,then T admits a continuous,m-accretive
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and ¢-strongly accretive selection.

Lemma 2.4[11] Let E be a complete metric space,T : E — CB(E) a set-valued
mapping. Then for any given € > 0 and any given x,y € E,u € Tx , there exists
v € Ty such that

d(u,v) < (1+e)H(Tz,Ty).

Lemma 2.5 [12] Let E be a uniformly smooth Banach space and A an m-accretive
and ¢-expansive mapping, where ¢ : [0, 00] — [0, o] is a strictly increasing function
with ¢(0) = 0 . Then A is surjective.

Lemma 2.6[21] E is a uniformly smooth space if and only if J is single valued
and uniformly continuous on any bounded subset of E.

Lemma 2.7 [22] If there exists a positive integer N such that for all n > N,

Pn+1 S (1 - an)pn + bn;

then lim p,, = 0,
where «, € [0,1], Xa,, = o0, and b, = o(a,).

Using lemma 2.5, we suggest the following algorithms for generalized set-valued
variational inclusion (2.1).

Algorithm 2.1 For any given zg € E,x§ € Axg,y, € Bxg, 2z, € Cxg,v] € Dxy ,
compute the sequences {x,} and {y,} by the iterative schemes such that

(Dang1 € (1= an)zn + an(f + Yn — N(Zn, Un) + M (20, 00) — AW (9(yn))),

(2)yn € (1 = Ba)zn + Bu(f + 20 — N(l’;u y%) + M(Z;w /U;L) — AW (g(24))),
(3)zn € (L= y)zn + W(f + 20 — N(2h, yp) + M (2, v) — AW (g(20))),

_ _ _ 1
(W0 € Ayn, 170 = Znal| < (L4~ ) H (Ayn, Ayas),

N B _ 1
(5)yn € Byn, ||?Jn - yn+1|| < (1 + m)H(Bym Byn+1)7 (2-4)
1
6n Cna n - “n S]- —chacn ’
(6)20 € Cym, ll2n — znall < (L + =7 ) H (Cn, CYnta)
1
(7)Un S Dyny ||Un - Un+1|| S (1 + n—H)H(Dyna Dyn-i-l)a

(8)35;1 € Az, Hx;’L - xiﬁ-l” <(1+

1
n -+ 1)H(Azna Azn-i-l)a

1
(9, € Bz, llyn — Yl < (1 + n—H)H(an’ Bzy11),

1
(10)z, € Can, [l = 2l < (L —— ) H(Cn, Cznta),

1
(11)v;, € Dz, [lvy, — vpal < (1 + n—H)H(D'Z"’ Dzpi1),
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1
(12)ay, € Azy, [lzy — 2l < (1 + ——)H(Azy, Azpa),
n+1
1
(13)y, € Ban, Iy — ypsall < (1 + ——)H(Bay, Brnia),
n+1
1
(14)zy € Cay, |2, — Zpall < (1+ n—H)H(CIL’m Capsn),

1
(15)vy, € Dy, [lvg — vp | < (1 + n—H)H(Dﬂfn» Dxp1),
=012

Algorithm 2.2 For any given xy € E,x; € Axg,y, € Bz, 2, € Cxg,vy € Dxy ,
compute the sequences {x,} and {y,} by the iterative schemes such that

(1)17714-1 € (1 - an)xn + an(f + Yn — N('fna gn) + M<Zm Un) - AW(g(yn)»u
(2)yn € (1= Ba)an + Bulf + 20 — N(27, yp) + M (27, v5) = AW (g(0))),

1
3771 An7 7n_7n Sl —HAnaAn )
(3)Zn € Ay, [Zn = Tnall < (L + =) H(Ayn, Aynsa)
_ _ _ 1
(4)yn € Byn, ||yn - ?/n+1|| < (1 + n—+1>H(Bym Byn—i-l)a (2-5)

1
5n Cna n -~ ~n S]- —chacn )
(5)20 € Cym, [l2n = znall < (L + =7 ) H(Cn, CYns)

1

(6)Un € Dyny ||Un - vn+1|| S (]- + TL——I—l)H(Dyn’ Dyn-‘rl)a
1

(7)*%; S AIN? ||l‘;l - xgﬂ—l” < (1 + n—H)H<Axn7 Al‘n—&-l)’
1

(®)vn € B, lyn = Ypsa |l < (1 + ——=) H(Ban, Brnia),

n+1

1

(9)z, € Cap, |2, — 2l < (1 + n—H)H(C%a Cpin),

1
(10)vy, € Dy, [|vg, — vpq || < (14 o) (Dan, Ding),
n=012--.

The sequence {z,, } defined by (2.5), in the sequel, is called Ishikawa iterative sequence.
In algorithm 2.2, if 8, = 0, for all n» > 0, then y, = z,, . Take z, = 2/, 9y, =
yr, 2, = 2z, and v, = v, for all n > 0 and we obtain the following.

Algorithm 2.3 For any given x¢ € E, Ty € Axg, Yo € Bxg, 20 € Cxg,v9 € Dxy,
compute the sequences {x,},{Z,}, {U.}, {2z} and {v,} by the iterative schemes such
that

Tn41 € (1 - an)ﬁn + an(f + Ty — N(i‘na gn) + M(Znavn) - )‘W(g(l‘n)))v

- _ _ 1
Tp € Al’n, Hxn - anrlH S (1 + n—H)H<A:En> Aanrl)a
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1
gn € B'Tnv Hgn - gnJrlH S (1 + )H(anu anJrl)a (26>
n+1
1
Zn € erw Hzn - Zn+1“ < (1 + n—H)H(ana C$n+1)7

1
Up € Da:n; an - vn+1” S (1 + H—H)H(Dxn’ D:UnJrl)a
n=0,1,2,---.

The sequence {z,} defined by (2.6), in the sequel, is called Mann iterative sequence.
3. Existence theorem of solutions for generalized set-valued variational
inclusion

Theorem 3.1 Let E be a real uniformly smooth Banach space, A, B,C,D : £ —
CB(E) four set-valued mappings, W : D(W) C E — 2P an m-accretive mapping,
g : E — FE a single-valued mapping, and N(-,-),M(-,-) : E X E — E two single-
valued continuous mappings satisfying the following conditions:
(1) wog: E — 2F is m-accretive;
(2) A,B,C,D : E — CB(F) are M-Lipschitz continuous;
(3)the mapping * — N(z,y) is ¢- strongly accretive with respect to the mapping A;
(4)the mapping y — N(z,y) is accretive with respect to the mapping B;
(5)the mapping z — —M |z, v) is accretive with respect to the mapping C
(6)the mapping v — —M(z,v) is accretive with respect to the mapping D.
Then for any given f € E, A > 0, there exist u € E,x € Au,y € Bu,z € Cu,v € Du
which is a solution of the generalized set-valued variational inclusion (2.1).
Proof: Define Sx = N(Ax, Bx) — M(Cxz,Dzx),z € E , from the conditions (3)-(6)
and lemma 2.2, we have S is ¢-strongly accretive . Since N, M is continuous and
A, B,C, D is M-Lipschitz continuous, S is a continuous and accretive operator,from
Morabes [7], S is m-accretive and ¢ -strongly accretive. Thus , from lemma 2.3(2), S
admits a continuous , ¢-strongly accretive and m-accretive selection h : E — E such
that

)
6

h(z) € S(x) = N(Ax, Bx) — M(Cz,Dz),z € E.
Now we consider the following variational inclusion
f € h(x)+IW(g(z)),A > 0. (3.1)

By assumption, AW og is accretive and by Kobayashi[6, Theorem 5.3],h+AW o g is m-
accretive and ¢ -strongly accretive. Therefore it is also m-accretive and ¢-expansive.
By lemma 2.5, h + AW o g is surjective. Therefore, for any given f € E and \ > 0,
there exists u € E such that

f € h(u) + AW (g(u)) C N(Au, Bu) — M(Cu, Du) + AW (g(u)).
Consequently, there exist T € Au,y € Bu, z € Cu,v € Du such that

This completes the proof.
Remark 3.1 Theorem 3.1 generalizes Theorem 3.1 in S. S. Chang [1].
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4. Approximate problem of solutions for generalized set-valued variational
inclusion

Theorem 4.1 Let E, A, B,C, D, W, g, M be as in Theorem 3.1, N(-,:) : EXE —
E be single-valued continuous mapping, the mapping z — N (z,y) be k-strongly ac-
cretive with respect to the mapping A and the mapping y — N(z,y) is accretive with
respect to the mapping B. Let {a,}, {6.}, {7.} be three sequences in [0, 1] satisfying
the following conditions:
(1) oy = 0; 8, — 0;7, — 0
2) 30 = 0.
If R(I—N(A(-),B(:))+M(C(-),D(-))) and R(W og) both are bounded, then for any
given zg € E,xj € Axg,yy € Bxg, 2y € Cxg,v] € Dxy, the sequences {z,}, {Zn}, {Un}, {20}
and {v,, } defined by algorithm 2.1 strongly converge to the solutionu € E, & € Au,§ €
Bu, z € Cu,v € Du of the generalized set-valued variational inclusion (2.1) which is
given in Theorem 3.1, respectively.
Proof: In (1) ,(2)and (3) of (2.4), choose h, € W(g(z,)),kn € W(g(yn)),ln €
W(g(x,)) , such that

Tpit1 = (1 - O‘n)xn + an(f + Yn — N(fnagn) + M(zna Un) - )‘kn>7

Yn = (1 - ﬂn)xn + ﬁn(f + Zn N(x;wy;z) + M(Z;wU;z) - Ah’n)u (41>
Zn = (1 = ) Tn + Y (f + 25 — N(x/ri’y;’) + M(zg, Ug) —ln).

Let
Pn = f + Yn — N(jmgn) + M(Zn7vn) - )\kny
rn=f+4+z2,— N,y + M(z,v)) — M,

Gn = f+x, — N@%v?#) + M(ZZ,?}Z) — lp.

Then (4.1) can be rewritten as
Tpt1 = (1 - an)xn + Py,

Yn = (1 - ﬁn)xn + ﬁnrna (42)
Zn = (1 = Yn)Tn + Ynn-
Since R(I — N(A(+), B(+)) + M(C(-), D(+))) and R(W o g) both are bounded,

M = Sup{||w —u|| : w € f+x — N(Az, Bx) + M(Cz, Dx) — \W (g(z)),x € E}

+||xo — ul| < o0

This implies that

1pn = ull < M, |Iry — ul| < M, |gn — ul| < M, (4.3)
for all n > 0.
By induction, we can prove that ||z, — u| < M.
since

”xn - ynH = Hxn - (1 - 571)5571 - 5717"11”
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= 1Bz — )l
< |1Bu(@n — 1) = Ba(rn —u)||
< Balllzn —ull + [Irn — ul)
<28,M —0,(n — o),

which implies that {||z,, — v, }is bounded.

Since ||y, — ul| < ||z — || + |20 — Ynll.{||yn — u||}is also bounded,

that is, [|y, — ul < M;.

In a similar way, we can prove that the sequence {||z, — ul|} is bounded, that is,
20— ull < M.

From Lemma 2.1,we have

lyn — ull* = (1 = Ba)zn + Burs — ull*

= (1 = Ba)(wn = u) + Balrn — w)?

< (1 =B wn —ull? + 280 < rp —u, ji(20 — u) >

+2ﬁn < Tn_uaj<yn_u) —j(Zn—U) > - (44)
Now we consider the third term in the right side of (4.4).
Let

en =<Tp— U, j(Yn —u) — j(z, —u) >. (4.5)

Now we prove lime, = 0.
Indeed, from lemma 2.6, since F is uniformly smooth Banach space, J is single valued
and uniformly continuous on any bounded subsets of E. Observe that

(Yn —u) = (20 —U) = Yn — 2n
= [(1 - 671)1'71 + ﬁnrn] - [(1 - 'Vn)xn + 'VnQn]
= (’771 - ﬁn)xn + ﬁnrn — Tndn
= (Yo = Bn) (T — 1) + Bulrn — u) — yulgn — u),
so as n — 00, we have
[(Wn — u) = (20 — W < [0 = Bulllzn — ul

+Bnllrn = ull + allgn — ul

Since we have shown that sequences {||y,, — ||} and {]|z, — u||} are all bounded sets,
it follow that as n — oo,

17 (yn =) = 5(z0 = w)|| = 0,

and hence, e, — 0.

Now we consider the second term in the right side of (4.4).
Since x!, € Az, yl, € Bz, 2, € Czy,v), € Dz, hyy € W(g(21)),

N (@, Yn) — M (2, 03) + M € [N(A(), B()) = M(C(), D(-)) + AW (g(-))] (zn)-
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Again since u € F is a solution of the variational inclusion,
f € h(u) + AW (g(u)) € [N(A(), B(-)) = M(C(-), D(-)) + AW (g(-))](u)

This show that f is a point of [N(A(:), B(:)) — M(C(-),D(:)) + \W(g(-))](u). By
the assumption of theorem, N(A(-), B(+)) — M(C(:), D(-)) — AW (g(-)) : E — 2F is

k-strongly accretive, hence we have
< f = (N, ) — Mz, 07) + M), j (20 — 1) >
= — < (N(2h, yp) — M(2,,07) + Ahw) = fj(20 — u) >

< —kllz, — u||2

Therefore we have
<Tp—u,j(z, —u) >

=< [ 2= Ny, y,) + M(25,0,) = M — 0, (20 — u) >
< (L= E)llzn —ul® (4.6)

Also, we have
<o =, (w0 —u) >< (1= k)2, —ul%,

<pn— U, (Yo —u) >< (1= K)Jyn — UH2
Substituting (4.5) and (4.6) into (4.4), we have
lyn —wll* < (1= Bo)?llwn — ull® + 280 (1 = B)l|20 — wll® + 26uen. (4.7)

Also from Lemma 2.1, we have
20 = ull* = (1 = ) @0 + Yot — ull?
= (1 =) (@n = 1) + Yalgn — )|
< (1 =)l — ull® + 29 < gn — u, j (20 —u) >
(1 - '771) ||xn - u||2 + 279, < qn — u’j(xn - u) >
+2’7n < gn —u,j(Zn - u) _](l‘n - u) >
< (1= )2 [lwn — ul® + 290 (1 = K) |2 — ul|* + 27 f, (4.8)
where as n — o0,
fo=<qn—u,j(zn —u) — j(z, —u) >—0

can be proved similarly as for e,, — 0 as n — oo.
Thus, from (4.7) and (4.8), we have

lyn =l < (1= Ba)?llzn — ull® +26,(1 — K)ll2n — ull® + 2Ben

< (1= Bu)?llzn — ull® + 26,(1 = B)[(1 = 3)? + 29 (1 = )|z — ul|®
+45,(1 — k)vnfn + 260€n. (4.9)
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Thus, from lemma 2.1, we obtain
€01 — ull® = [[(1 = o) xn + npp — ul|?
< (T = ) (2 — ) + an(pn — u)H2
S (1 - Oén)2||ZL’n - U||2 + 20% < Pn — Uaj(xn+1 - u) > (41())
<(1- an)2||xn — u||2 + 20, < pp — U, J(yn — u) >
+200, < pp — u7j(xn+1 - u) _j(yn - U) >
< (1= )| — ull® + 200 (1 = K)[|yn — ull® + 200 gn
< (T—o)? | —ul® + 200, (1= k) { (1= 50)* +28, (1= E) [(1 =) 2+ 270 (1= E) ]} |20 — u|?
480 BV (1 — k)2 fro + 4, (1 — k) Bpen + 200n,

where as n — o0,
Gn =< Pp — u,j(xn+1 - U) _j(yn - u) >—0

can be proved similarly as for e,, — 0 as n — o0.

Next we will prove that there exists a natural number Nand a constant C' > 0,
such that for all n > N,

(1= ) + 20 (1 = B){(1 = Ba)* + 26a(1 = F)[(1 = 7)* + 27 (1 = )]} < 1= Cay.

In fact, since the constant k € (0,1),«, € [0,1],lim v, = lim 3, = lim~,, = 0,then
there exists a natural number N, such that for all n > NV,

2k —a, > C >0,

(1— ﬁn)Q +26,(1 = k)[(1 - ’Yn)Q + 27, (1 = k)] < 1,

Hence
2ka, — ozi > Cay,

that is
ai —2ka, < —Cay,.

Thus , for all n > N,
(1= an)? + 201 = I){(1 = Bu)? + 268,(1 = B(1 = 7)? + 23(1 — K)]} < 1 Ca,
Therefore, for all n > N, the inequality (4.10) reduced to

|0+t — ull* < (1= Cow) |2 — ul|* + by,

where
by, = 8, Bnyn(l — k)2fn + day, (1 = k) Bren + 20,9, = o(ay,),

since
8Bnvn(1 — k) fr + 4(1 — k) Buen + 29, — 0,
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by lime, = lim f,, = limg, = 0.
Similar to the latter part of the proof of Theorem 4.1 in S. S. Chang [1], we can prove
this theorem.

Remark 4.1 Theorem 4.1 generalizes Theorem 4.1 in S. S. Chang][1].
Remark 4.2 Since algorithm 2.2 is a special case of algorithm 2.1, from Theorem

4.1, we can obtain the convergence theorem for algorithm 2.2, the details are omitted.

References

1]

2]

[9]

[10]
[11]

[12]

[13]

S. S. Chang, Set-valued variational inclusions in Banach spaces, J. Math. Anal.
Appl., 248 (2000) : 438-454.

M. A. Noor, Generalized set-valued variational inclusions and resolvent equa-
tions. J. Math. Anal. Appl., 228(1998): 206-220.

M. A. Noor, K. I. Noor, and Th. M. Rassias, Set-valued resolvent equations and
mixed variational inequalities, J. Math. Anal. Appl., 220(1998): 741-7509.

X. P. Ding, Iterative process with errors of nonlinear equation involving m-
accretive operator, J. Math. Anal. Appl., 209 (1997): 191-201.

N. J. Huang, Generalized nonlinear variational inclusions with noncompact val-
ued mappings, Appl. Math. Lett., 9 (1996): 25-29.

N. J. Huang, On the generalized implicit quasi-variational inequalities, J. Math.
Anal. Appl., 216 (1997): 197-210.

L. C. Zeng, Iterative algorithm for finding approximate solutions to completely
generalized strongly nonlinear quasi-variational inequality, J. Math. Anal. Appl.,
201(1996): 180-191.

K. R. Kazimi, Mann and Ishikawa type perturbed iterative algorithms for gen-
eralized quasi-variational inclusions, J. Math. Anal. Appl., 209 (1997): 572-584.

J. S. Jung and C. H. Morales, The mann process for perturbed m-accretive
operators in Banach spaces, submitted for publication.

E. Michael, Continuous solutions, I. Ann. Math., 63(1956): 361-382.

S. B. Naddler, Multivalued contraction mappings, Pacific J. Math., 30 (1969):
175 -488.

Y. Kobayashi, Difference approximation of Cauchy problems for quasi-dissipative
operators and generation of nonlinear semigroups. J. Math. Soc. Japan, 27
(1975): 640-665.

C. Morales, Surjectivity theorems for multivalued mappings of accretive type.
Comment. Math. Univ. Carohn. 26(1985): 397-413.



[14]

[15]

[16]

[17]

[18]

[19]

THREE STEP ITERATIVE ALGORITHM... 383

7.Q. Liu and S. M. Kang, Convergence theorems for ¢ -strongly accretive and ¢
- hemicontractive operators. J. Math. Anal. Appl., 253(2001): 35-49.

S. S. Zhang, Some convergence problem of iterative sequences for accretive
and pseudo-contractive type mapping in Banach spaces, Appl. Math. Mech.,
23 (2002): 394-408.

M. A. Noor, New approximate schemes for general variational inequalities. J.
Math. Anal. Appl., 251(2000): 217-229.

M. A. Noor, Three-step iterative algorithms for multivaalued quasi variational
inclusions, J. Math. Anal. Appl., 255(2001): 589-604.

M. A. Noor, Some predictor-corrector algorithms for multivalued variational in-
equalities, J.Optim. Theory Appl., 108(3)(2001):659-670.

R. Glowinski, P. Le Taallec, Augemented Langrangiaaan and Operator-Splitting
Methods in Nonlinear Mechanics, STAM, Philadelphia,1989.

S. Haubruge, V. H. Nguyen, J.J. Strodiot, Convergence analysis and applications
of the Glowinski-Le Tallec splitting methods for finding a zero of the sum of two
maximal monotone operators, J. Optim. Theory Appl., 97(3)(1998): 645-673.

F. E. Browder, Nonlinear operators and nonlinear equation of evolutions in Ba-
nach spaces, Proc. Sympos. Pure Math. 1892)(1976).

M. A. Noor, Th. M. Rassias, and Zhenyu Huang, Three-step iterations for non-
linear accretive operator equations, J. Math. Anal. Appl., 274(2002):59-68.






JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS,VOL.9,NO.4,385-393,2007,COPYRIGHT 2007 EUDOXUS
PRESS ,LLC

A Finite Element Computation of Eigenvalues of
Elliptic Operators on Compact Manifolds

Stefan Bechtluft-Sachs
September 21, 2006

Author’s Address:  Stefan Bechtluft-Sachs, NWF I - Mathematik

Universitdat Regensburg, D-93040 Regensburg, Germany
email:  stefan.bechtluft-sachs@mathematik.uni-regensburg.de

Abstract

We describe a procedure to numerically calculate the small eigenvalues of a first order
self adjoint elliptic operator acting on sections of a Hermitian vector bundle over a
compact Riemannian manifold. Our main objective is to prove explicitely computable
error bounds for the piecewise linear finite elements.
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1 Introduction

On a compact manifold M carrying a complex vector bundle E we consider an elliptic
first order partial differential operator P with smooth coefficients. With the objective to
compute its small eigenvalues, we approximate P by its restriction PF to a suitable finite
dimensional subspace V C L?(E). We will describe the case where the finite elements
v € V are piecewise linear with respect to a given triangulation |K| = M and a bundle
embedding E C M x C% of the coefficient bundle E into the trivial bundle of rank L.
The finite element approach to the eigenvalue problem for (elliptic) operators acting
on functions on domains in R™ is well known, see e.g. [L], [RT], [VZ]. In [L] for instance,
error estimates for the Laplace-eigenvalues have been derived for spline approximations
of arbitrary order. This uses approximation results for splines obtained in [N]. In our
context we have two additional sources for the approximation error: One comes from the
fact that we can not assume that the symbol of P (in local coordinates) is constant. For
Dirac operators this reflects the curvature of the underlying manifold and vector bundle.
The second is the above bundle embedding we need to even define the finite elements.
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The main objective of this paper is to estimate the discretisation error, always
assuming that the eigenvalues of the finite dimensional approximation P° of P are
computed exactly. The procedure works for any selfadjoint elliptic differential operator.
In particular we do not assume that the spectrum of P be bounded from below or
even positive. Therefore we can handle any geometric operator such as (twisted) Dirac
operators on a Riemannian manifold.

The outline of the paper is as follows. In section [2| we formulate our main Theorem
and explain how it can be used to approximately compute the eigenvalues of P in a given
interval [—A, A]. In section |3| we define the piecewise linear finite elements for a vector
bundle over a compact manifold. In section [4| we prove the explicit formulas for the error
estimates in Theorem |1} These depend on pointwise estimates for a (local) parametrix
for P and its remainder. The existence of such estimates is well known as a consequence
of the Sobolev inequality and elliptic regularity (“Garding inequality”). In section |5} we
recall explicit expressions for the constants in these inequalities in a form suitable for our
purpose.

2 Computation of Small Eigenvalues

We choose a Riemannian metric on M and endow E C M x C with a Hermitian metric
by restricting the standard Hermitian metric of M x C*. We denote by |- | the pointwise
norm, by || - || the L?-norm and by || - || the supremum of | - |. We denote by P the
restriction of P to V', where V is a space of (piecewise linear) finite elements to be defined
in section [3] The computation of the small eigenvalues of P hinges on the following

Theorem 1 Assume that f € C*°(FE) is a unit eigenvector of P with eigenvalue X, i.e.
Pf=M\f,||fl| =1. Then there isv € V salisfying pointwise estimates

If = vl <6

and
[|1Pv— Aol < e+ |A|0 .

The values of 6 = 6(\) and € = €(\) are explicitely given by and in section [4}

In particular one finds an almost eigenvector v € V of PY, such that

o > 1—68(vol(M))? and
[P0 — \v||? < (e+|A[0)*vol(M) . (2.1)

Note that PP is diagonalizable with an orthononormal basis of eigenvectors if P is self-
adjoint because PP then is symmetric.

The apriori bounds § and e will be deduced from pointwise estimates for f and its
derivative df in section[d which in turn follow from the estimates of the second derivative
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d?f in section |5} These latter estimates are independent on the triangulation, whereas
the estimates for f and df improve under subdivision provided that the m-simplices of
the triangulation do not degenerate. In this manner one gets arbitrarily small values of
€ and 4.

Suppose we wanted to compute the eigenvalues A € [—A, A] of a self adjoint elliptic
first order differential operator P acting on sections of a Hermitian vectorbundle E over
a compact Riemannian manifold M. Recall that P has discrete spectrum and that, by
elliptic regularity, the eigenvectors are smooth sections of the vector bundle E. We embed
E isometrically in a trivial bundle M x CF. Relying on the above theorem we exclude
eigenvalues of P by computing eigenvalues of the finite dimensional operator PU. Here
we can work with § = 6(A) and € = €(A) in ([2.1).

Conversely we can show existence of an eigenvalue in a certain interval once we have
found a unit eigenvector v= € V with eigenvalue A of PE. To that end we first compute
| Pv—APv|| =: a. Let {fi}ien be an orthonormal basis of L2FE consisting of eigenvectors
of P and such that Pf; = \; f;, Spec(P) = {\; | i € N}. We expand

= aifi D il =1

and compute
Pu? =A% = "ai (N = A7) fi

In particular
o > E la;[*| A — A2 > min{|\; — A7}
. K3
K

and there is \; € Spec(P) with [\; — A\7| < a.

3 The Finite Elements

For a simplicial complex K we denote by K, the set of its n-simplices o = (oq,...,0n)
and by

A" ={(to,...,tn) ER"™ [ Y t; = 1,t; > 0}
1=0

the standard m-simplex. Let M be given as the geometric realization of a simplicial
complex K (plus a smooth structure), i.e.

M=|K|= ] oxA" /~ (3.1)
oeK,

with the identifications

g X (to,...,ti_l,O,ti+1,...,tn) NO'/ X (to,...7ti_1,07ti+1,...,tn)

387
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if 0 = (00,...,00),0" = (0(,...,07,) € K, with g; = ¢ for all j #i. Let E C M x CF
be a subbundle and denote by 7m: M x CY' — E the Hermitian projection. The finite

elements we consider are the projection to E of piecewise linear sections of M x CL.
Thus

V' = {v:M — Cl|v(x) € Eifx € Ky and
v((@oy .oy Tn) X (E0y. v stn)) = Ztiv(a:i) for (zg,...,2n) € K},

V = {rov|veV'}.

The dimension of these spaces is N times the cardinality of Ky. Since V is contained
in the Sobolev space H;(E) of sections of E, we can compute the L? scalar product

(Pv,w) = /M(Pv,w)dvolg (3.2)

for v,w € V where (-,-) denotes Hermitian scalar product on E and dvol, the measure
corrsponding to Riemannian metric on M. We define the approximate operator P2: V —
V by (3.2), i.e. as PY := pry P|y, where pry denotes the Hermitian projection L?(E) —
V.

4 FError Estimates

An eigenvector f: M — E, Pf = Af,splitsin f =v+hwithveV,v=m,v €V,
such that v(p) = f(p) for all p € Ky C M. We have

|Pv— M| = [Ah — Ph| < |A||h] + |Ph| .

In the sequel we will estimate |h| and |Ph| pointwise over an n-simplex o x A™ C M.

_ We fix an open covering of M by charts ®5:Us; — R™ covered by bundle charts
®,: E|y, — R" x CY and a function s(o) sucht that every n-simplex o x A™ is contained
in Us(o)- From the triangulation we have maps j,: A" — US(U) covered by bundle maps
][, A" x CN — E\U (- Denote by @, <I> the compositions @, := &) 0 jo: A" — R"”
and &, = CIDé(U) o ]U A" x CN — R” x CVN. In the following dlagam A" R", CN a

CF carry the standard metrics.

Ar L AnxeN 2, Anxcl
Lio 7o Ljoxid
US i) E U, — Us X (CL
le, la, Lo, xid

R i) R® x CN i) R™ x CL
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Slightly abusing notation we will write f(x) = (z, f(z)), w(z,v) = (2, w,v) and analagously
for f and w. From section 1) we obtain pointwise apriori estimates

fl<Co  ldfl<C |dPfl<Co
independent of the triangulation. Hence

wf@) < [3]lCo=: Co
dowf| < |dD].)|d®o ]| Co + 3] [d®s [ Cr =: C:
[wf| < (|d°3] ) dD]|2 + [|d] . [|d° Pyl ) Co
+ (2/ldD| .« [ dDo ||, + 1] [|d* o ) Co
+[|@] [ dD |2 Co
=: (Y

where || - || denotes the supremum of the respective fibrewise operator norm, e.g.
3] = s, 5(2)lop-

Note that Cy, C; and C3 depend on the triangulation. Passing to a subdivision
replaces the j, by the composition with affine linear maps A®™ — A". Choosing an
appropriate subdivision scheme, we can make the dilatation of these affine linear maps
< a < 1. The constants C!, i = 0,1, 2 for such a subdivision then satisfy C! < a*C;. For
instance, the barycentric subdivision has a« = /n/2(n + 1).

Next we estimate ' = wf — v’ and h = wh/. Since d*v' = 0, d*h’ = d?wf the above
estimates yield |d2h/| < Cy. From the definition of v' we also have h/(q) = 0 for the

!
vertices ¢; = (0,...,0,1,0,...,0) € R**! of A",
For z € CI' = R2L let b’ (x) := h/(x) - z be the scalar product of R2L. The Taylor
expansion of b/, at © € A" reads

1
0=hl(q)=h.(2)+dl(q — z) + gdgh/z((n - ) (4.1)

for a some £ € A™. Assume that |h)| attains its maximum at @ € A™ and also that z lies
in the interior of A™. Otherwise the ensuing argument applied to some face A¥ C A"
will yield even better estimates. Since d,h’, = 0 we immediately get

1 1 1
/ —  Z2p _ < : =32y _ < Z : 2

|0, ()] 5dehz(a — ) < min Sdehi(q —2) < 5Cslz| min |g — 2|
n

n+1"

IN

1
502|Z|

Therefore 1
, , n
=m <=
[h' (x)] ‘z‘aoi R, (x) 202 1
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and
n

n+1"

1
17l = llmhllc < 6 2= [lllc 5Ca

In order to estimate the differential we define

n
pn o= max{|v [ve R v =0,
=0

1
dn e R, aeA":|77+v(ql—a)\§§|ql—a\2,l20...n,}.

Eliminating 7 this becomes

n
pn = max{|v] [veR™,D v =0,
=0

Ja € A" :v(q — qm) < 1+a*> —alq + qm), 1 =0...0,}

IN

max{|[v]| [ v € Rnﬂ,zvfn =0,3a € A" Viim=0...n:
1=0

(g —qm) < 1+a® —alq +qm)}

A rough estimate for this is u, < v/n + 1 using that 1+ a? —a(q; + ¢m) < 2 for a € A™.
Because of (4.1)) the differential is

hence
ldh ||« < Capn ,
ldhlle = lld(7h)]l < lldmflollP’ ]| + 17l 1dh ||
1 n
< — .
< Jdrll5Cotr + 7l Cattn

Over A" the operator P takes the form
Pf(x) = A(z)d. f + B(x) f(z)

with functions A: A" — Hom(Hom(R",C"), C) and B: A™ — Hom(CV,C¥). In terms
of the operator norms we estimate

[Ph| < [|Alllldhll + 1 Bll< 2]l < €

with
1 n

20+ 1

2n+1

1 n
e (IlAllw (ndwnw +||w||wun)+||B||w||w||w ) (4.3)
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5 Estimates for the Derivatives of an Eigenvector

In this section we show how to obtain explicit pointwise apriori estimates for the up to
2nd order derivatives of a unit eigenvector f for P with eigenvalue A. These estimates
are computed from the Sobolev- and Garding- inequalities. We recall these from [G], [9],
[K], extracting the explicit expressions for the constants in these inequalities.

Let {¢s}s, ¢s: M — [0, 1] be a partition of unity corresponding to the charts ®: Uy =,
R™ and choose functions 1, with compact support and such that 1), = 1 on the support
of ¢s. We have f =" ¢sf. In the sequel we will work in one chart ® = &, and therefore
drop the subscript s in the notation. We will also identify U, via ®, with a subset of
U CR" and E|U, = U x CV. In particular we will not distinguish between f and f as
in the previous section.

In order to get a sufficiently smoothing parametrix we need to work with P¢ instead
of P for some d > 1+ n. In fact, if one can perform the inverse Fourier transform of the
remainder R of the parametrix for P? analytically, it suffices to take d > 2 4+ n/2. We
will use a local parametrix @ i.e. a pseudodifferential operator of order —d such that

¢g = QP9+ Rg (5.1)

for any g with compact support in the chart ®. The remainder R will also be pseudodifferential

of order —d. We apply to g = ¢ f which gives
of = ¢Uf = QUPUSf + RYf = QUIP'f + R f
QUIN'S + R f (5.2)

where 1) is a 0-order operator defined by the relation P%) = )P%. From the expressions

for @ and R as pseudodifferential operators we obtain pointwise estimates for the derivatives

of f.

In the subsequent calculations integration will be over R™ with (27)~"/2 times the
Lebesgue measure. The Fourier transform of a Schwartz class function g on R™ is §(§) :=
J e %*g(x)dz and the Fourier inversion formula becomes g(z) = [ €*%g(£)d¢.

Below we derive pointwise estimates for ¢ f, d(¢f) and d?(¢f) in terms of the eigenvalue
A and the L?-norm of ¢f. The corresponding quantities for f are readily computed
from these. We use the multi-index notation z® = z{*--- 2%, dY = % e %;",
lof =1 4+ ay fora=(a1,...,0,) €N", 2 = (21,...,2,) € R™.

In the chart ® we expand the operator ¥/ P? as

P = "ps(z)Dl .
3

It has a smooth symbol p(z,n) = ZB ps(x)n® which has compact x-support. The
parametrix (Q we will work with is a pseudodifferential operator

Qu(z) = / 4(z, )¢ 5(€) de = / 4(z, €)@V g(y)dyde

391
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of order —d. Its symbol ¢(z, &) is given by
—d
2,6) =Y qa-j(z.) .
j=0

where the g_4—;(x, &) are homogeneous of degree —d — j in { and determined by solving
the equations

(- )\al
Blla—dmimt

faase Ot = { MO I e

Here we have fixed once and for all a bump function o : R” — [0, 1] which is 0 near 0
and 1 outside a small neighbourhood of the origin.

In order to write down an explicit formula for R we consider the Taylor expansion of
the symbol p(y,n) of YP% at y at x € supp(o):

plym) =Y dzpﬁ( Yy—x)*n’+ Y ras(@y)y—2)n’

la.181<d & ' le|=d+1,|8]<d

From this and the formula

di(gh)= ﬂ,fdﬁ( 9)dz(h)

Bty=a

we obtain R in the form
Ryla) = [ r(a. € u)e™ " g(u)dyds

with

o]
LU CO (e )dp(z.6) - o(x)
al<

ﬁl
Y e Y SO s(e)
la|=d+1 y+o=3
= T0($,€)+F($,€,y)
where ro(x,&) = ¢()(0(§) — 1) + truncation error in (5.3)), and 7(z, &, y) are explicitely

known symbols of order —d — 1. With these explicit expressions for R and ) we compute
the derivatives of ¢f from (5.2)) and obtain

d2(pf)(x) = d3(QUYA+ Ry)f
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= [z (Vate O(a)ita) + ol ©)) ) o)
+ [z (&)= ) i) fy)dude

Finally the Cauchy-Schwartz inequality yields the estimate

M ——dl (\? 2)(x) + 1o(x ey
Wil = Bgﬂ 2 (Mgl 0(@)d(@) + rofw. ) i

L2.¢

/ > —dﬁ (z,&,y)il"eVde . (5.4)

Bt+y=a L2y
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A NEW APPROACH TO ¢-ZETA FUNCTION
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ABSTRACT. We construct the new g-extension of Bernoulli numbers and polynomials
in this paper. From these new g-extension of Bernoulli numbers and polynomials, the
new g-extension of Bernoulli polynomials and generalized Bernoulli numbers attached to
x will be also derived by p-adic invariant integral on Z;,. Finally we consider the g-zeta
function and g¢- L-function which interpolate the new g-Bernoulli numbers and polynomials
at negative integer.

§1. INTRODUCTION

Let p be a fixed prime. Throughout this paper Z,, Q,, C and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the
complex number field and the completion of algebraic closure of Q,, cf.[7, 8, 9, 10]. Let
v, be the normalized exponential valuation of C, with |p|, = p~"»®) = p~!. When one
talks of g-extension, ¢ is variously considered as an indeterminate, a complex number
qg € C, or a p-adic number ¢ € C,. If ¢ € C, one normally assumes |¢| < 1. If

q € C,, then we assume |g — 1], < p 71, so that ¢° = exp(zlogq) for |z|, < 1.

Key words and phrases. p-adic g-integrals, Bernoulli numbers and polynomials, zeta function.
2000 Mathematics Subject Classification: 11580, 11B68, 11M99 .
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For f € UD(Z,,Cp)={ f|f : Z, — C, is uniformly differential function}, the p-adic
g-integral (=g-Volkenborn integration) was defined as

where [z], = %, cf. [1, 2, 3, 4, 11]. Thus we note that

@ B =tm L0 = [ Jedne) = e S f@), o (45,611

By (2), we easily see that

(3)
L(A) = B+ F(0), where fi(2) = [z +1), and (0) = - f(@)]a, (se0 [5, 6, 7]).
In [8] the ¢g-Bernoulli polynomials are defined by
(4) @gh) (z,q) = / [z + x1]gqx1(h_1)duq(:1:1), for h € Z.
z

q

In this paper we consider the new g-extension of Bernoulli numbers and polynomials.
The main purpose of this paper is to construct the new g-extension of zeta function
and L-function which interpolate the above new g-extension of Bernoulli numbers at
negative integers. Finally we also consider the new g-extension of generalized Bernoulli
polynomials attached to x and study Dirichlet’s L-function related to these numbers.

2. ON THE NEW q-EXTENSION OF BERNOULLI NUMBERS AND POLYNOMIALS

In (3), if we take f(x) = ¢"*e™*, then we have

hl t
(5) / ¢rett = (ch;t—Q+ for|t|, <p~ 7= 71, heL.
Zp

Let us define the g-extension of Bernoulli polynomials as follows:

o0

hlogq+t ot (h) tn
(6) qhet—l € _;Bn,q(x)ﬁ

Remark. BS}(} (0) = Bffﬁ} will be called by the g-extension of Bernoulli numbers. From
(5) and (6), we can derive the following Witt’s formula:
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Theorem 1. For h € Z, q € C, with |1 —¢q|, < p_ﬁ, we have

(7) / V(@ 4 y)"dun (y) = B®) ().

P

For a fixed positive integer d with (p,d) = 1, set

X =X,=lmZ/dp", X* = U a+dpZy,a+dp"Z, ={r € X|x=a (mod p™)},
N

0<a<dp
(a,p)=1

where a € Z satisfies the condition 0 < a < de . Note that
/ f(z)dp (x / f(z)dp(z), for f € UD(Z,,C,).
From this we can derive the below formula:

(8) B(’,‘(j( ) = /X@H_t)k Py (t) = mP! Z }”B(h) (:L‘+z)

By (8), we obtain the following:

Theorem 2. For any positive integer m, we have

() ik hip(h) [T+
B =t S . (22,

Let x be a primitive Dirichlet character of conductor f € N. Then we define the
g-extension of generalized Bernoulli numbers attached to x as follows:

d—1
1 . 7 T ([ n
(9) BSL’%X = / x(@)g" " dpy (z) = 7 ZX(Z)qh /Z " (i + dx)"dpy (z).
X i=0

i3

Thus we obtain the below lemma:
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Lemma 3. Ford e Z,, we have
d—1 ;
h — . i h
(10) Bl(mq),x =dF! Zx(z)qh B,i’;d <E) .
i=0
By induction, we easily see that
b—1
(11) Li(fo) = 1(f) + Y f'(i), where fy(z) = f(z +b),b € Z.
i=0

From (11) we can derive the g-extension of the generalized Bernoulli polynomials
attached to x as

(12)
it hi ti h hi 0 n
() ( t(z+y) h Yl (te*x()a"™ + e logd¢"x (D)) — (h) =
1Y) (@) y (y)g"Y) = s et = nZZOBn,q,X(:B)n!.

Let us define the g-extensions of Bernoulli numbers and generalized Bernoulli numbers
attached to y as Bg}g = Bgfg(O) and BT(@,X = B,(j}g,x(O). Then we note that

B0 =3 () Bl f”lzx B, (),

k=0
3. THE ANALOGUE OF ZETA FUNCTION

In this section we assume that ¢ € C with |¢| < 1. First we define the g-extension
of zeta function and L-function.

Definition 4. For s € C, we define the q-extension of Hurwitz’s type zeta and L-
function as follow:

0 nh

(h) _ q hlogq
Cq (S,%) Z(TL—}—ZBS 8—12 n+xs 1’

L (s, xly) = i x(n)¢""  hloggq f: (q’mx(n)
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Note that Céh)(s,x) is analytic continuation for #(s) > 1. Hence, we have C(Sh)(l -

(h) (&
n,r)= —B”+(), forn €e N={1,2,---}. From the above definition we note that
S hlogg <~ ¢""x(n)
h h
Lg )(s,x) = L( )(s,%]0) = 2:: P v

This function is analytic continuation for #(s) > 1. Note that L((Zh) (I1-n,x) = —%,
for n € N. We now set

S0 (teftx(6) g™ + et log ¢"gMix (), fon il < 27
Foft 1 e®t, for |t] < —.
q'le f

(13) FM(t,z) =

By using (13), we easily see that
(14) F(h) t,x) = —t Z x(n nhe(ner)t — hlogg Z X(n)qhne(ner)t.
n=0

It is easy to see that the series on the right-hand side of (7) are uniformly convergent.
Hence, we have

h
Bl(c,q),x(x) = tk q(};()(t z)|t=0 = —k ZX "(n+x)" hlong x(n)g" (n+x)".
That is,
B(h) hlog g
(15) kqx ZX )" (n 4 x)F Tt 22 g Z )" (n + x)*, ke N.
(h) B (@) : :
Thus we note that Ly (1 — n, z[x) = ——=2x= for n € N. We now give the integral

representation of the g-extension of Dirichlet’s L-function which interpolates the g-
extension of generalized Bernoulli polynomials attached to x in C. Let I'(s) be the
gamma function. Then we can readily see that

1 >
h _ s—2 (h

Thus we obtain the below theorem:
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Theorem 5. Forn € N, h € Z, we have

Béh) B%h)
Céh)(l —n,z) = —ﬂ, and, Lgh)(l —n,x|y) = — ,q,x(fﬂ)‘
" n

Let s be a complex variable , a and F' be integers with 0 < a < f. Then we define
H(gh)(s, alF') as follows:

mh hm
q log g q s haq(h
0 HP = 3 To- Y =l e ),
m=a( mod f) m=a( mod f)
m>0 m>0

Let x(# 1) be the Dirichlet’s character with conductor f € N. Then the g-analogue of
Dirichlet’s L-function can be expressed as the below sum:

f
L(h) (s,Xx) ZX H(h)(s alf), for s € C.
a=1
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Abstract In this article we study the pointwise approximation of the Modified
Baskakov operators for functions of bounded variation. By means of the techniques
of [J. Approz. Theory 102 (2000), 1-12] and some probabilistic methods, we obtain
an estimate formula on this type approximation. Our result corrects the mistaken
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1 INTRODUCTION

Modified Baskakov operator (Modified Lupas operator) [1, 2] is defined as

Bu(f.x) = (=1 Y pan(a) [ pas(fdt, @€ [0,50) 1)
k=0 0

where p,, p(x) = %xk(l + )% are Baskakov basis functions.

Gupta and Kumar [2] estimated the rate of convergence of Modified Baskakov opera-
tors By (f,x) for functions of bounded variation and gave the following result:

Theorem A. Let f be a function of bounded variation on every finite subinterval of

b
[0,00) and let \/(g.) be the total variation of g, on [a,b]. Then for sufficiently large n, we

have Vi
x T— n a+e/vk
Bn(f,x)—f( +) + f( ) (4 4 52) Z Vo

2 k=1 ,_ x/\f




402 WANG

6[1 +92(1 +2)]Y/2 + (2¢ + 1)
4\/nz(1+ )

|f(2+) = fz=)], (2)

where for any fized x € (0,00), we define g, as
ft)— flz+), z<t<oo

gx(t) = 0, tl=x (3)
fit)— flz—), 0<t<ux.

Unfortunately, Theorem A is incorrect. The following is a counter example of Theorem
A: Take

0, 0<t<4 B
f(t)_{l, 4<t< 40 at =1

Then, simple calculation gives

[f(z4) = f(z—)[ = [f(1+) = F(1-)[ =0,

s =0 -{ 3 55
n ZE+£E/\/E n 1+1/\/E
>V =2V (=0
k=1 Z‘—x/\/E k=1 1—1/\/E
Bn(f.1) - f<1+>-2Ff<1—>‘ — (=13 par(D) /pn,ka) o
k=0 4

Thus estimate formula (2) will derive an absurd result:

fﬂ+)+fﬂ—0‘

<0.
2

0< ‘Bn(f,l) -

In view of the importance of this type approximation, in this article we re-estimate
the rate of convergence of Modified Baskakov operators B, (f, z) for functions of bounded
variation by means of some probabilistic methods and the techniques presented in refer-
ences [10]. Our main result is as follows:

Theorem 1. Let f be a function of bounded variation on every finite subinterval of
[0,00) and satisfying the growth condition: |f(t)| < Mt*, (M > 0;2m > « > 0;t — o0).
Then for every x € (0,00) and n > max{2m + 2,12} , we have

By (f.x) f(a:—l—)—;—f(x—) < 14«/1}; 1/x|f(m+)

— fz—)|
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n ztz/Vk

21(z* + x4+ 1) o a—2m

+(—Z Vo (g2) +2%2°72m0(n™™), (4)
k=1g—2/VEk

b
where m is an integer, g,(t) is defined in (3) and \/(gx) is the total variation of g, on
a
[a, b].

2 PRELIMINARY RESULTS

We need some preliminary results for proving Theorem 1.

Lemma 1. Let {£}52, by a sequence of independent random variables with the same
geometric distribution

k
1
P& =k)= (1j_$> T2 (k=0,1,2,---,2 > 0 is a parameter)

Then
E¢ =x,E(& — F&)? =a2? +x, and E|& — B&)? < 3z(1+2)? (5)

Proof: Direct calculation gives

>0 z \* 1
BE — k —
6 =3 () T ==

=0

[e) k

1

pe = e ()l satha
& kz:%) +2) 1+ T+

>0 T ko q
Ee3 — k3< > — 625 + 622
& k; ) T o6 6 e

> T ko q
E&l = k4< >:244 3623 + 1422 + .
& ];) T+ T+ z* + 36x° + 142° + x

B¢ —E¢)? =24z, and E(&§ — E&)* = 92 + 1823 + 102° 4 .

By Holder inequality we obtain

Ble, — E&P < \JE(@& - E&Q)'B(€ — B&)? < /(2 + 2) (92 + 1823 + 1022 + )
< 3z(1+z)?

The proof of Lemma 1 is complete.

The following Lemma 2 is the well-known Berry-Esseen bound for the central limit
theorem of probability theory. It can be used to estimate upper bounds for the partial
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sum of Baskakov basis functions. Its proof can be found in Shiryayev [7, p.342].

Lemma 2. Let {&,:}52, be a sequence of independent and identically distributed
random variables with the expectation E(£1) = a1, the variance E(¢1 — a1)? = o2 > 0,

E|¢1 —aq]® < 0o, and let Fy, stand for the distribution function of Y (& —a1)/o/n. Then
k=1
there exists a absolute constant C,1/v/21 < C' < 0.8, such that for all t and n

1
B V2T
—00

—u2/2 CEl& —ai?

(6)

Lemma 3. Forallk=0,1,2,---, and x > 0 there holds

1 1+4+1/x
Prk(T) < \/72—67 (7)

Proof. 'The optimal upper bound of Meyer-Koénig and Zeller basis functions was given
in [9, Theorem 2]:

1
2et

(”*’H (t e (0,1]) (8)

L )tk(l —1)" <

Elk

Replacing variable ¢ by {7 in the inequality (8) we obtain the optimal upper bound

1 V1+1/z

estimate py, ;(z) < N

Lemma 4. Forz € (0,+00), n > 12 and k =0,1,2,---, we have

< 77V1+1/x’ (9)

i Pnj(z) — i Pn14(z)| < v

j=k+1 j=k+1
and
> > W1+1/x
an,j(x)_ Z pn—l,j(x) < \/ﬁ/ (10)
=k j=k+1
Proof. Let {&}52, be sequence of independent random variables with the same

geometric distribution

P(&:k):< a )k L k=012
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n
Let n, = >_ &;. Then the probability distribution of the random variable 7, is
i=1

— ;L-k
P(n, =k) = ( n+lk<:: ! ) W:pn,k(ﬂf)-

k—(n—1)x

_ k—nzx —
Set A; = pEEYW Ay mm, then
> pn,j(x) - 2 pnfl,j(x)
j=k+1 j=k+1
k k
= |2 pnj(r) = 2 pn1j(@)| = [Plgn < k) = P < k)
7=0 7=0
L e L P e ()
< P(nngk)—ﬁioe* P2dt| + |P(np_1 gk)—ﬁ:goe* /2dt

1
1 El& —aP  24y1+1
P(n, < k) — T e~ *2qt| < C ilf f,fl' < \/ir [z (12)
no n
Tr—oo 1
and
17 2.4,/1+ 1 2.6,/1+ 1
Pp1 <k)— —— | e PPdt| < = [z <= /x. (13)
Var . vn—1 Vn
Below we prove that
Az
1/6_t2/2dt < 27V1+1/x (14)
V2T vn
Ay
Direct calculation gives
0< Ay A — k4 xy/nyn—1

Va(z+1)y/nyn—1 (\/ﬁ—i— Vn — 1) .
If £ < 3xzy/ny/n — 1, then

Aa
/€_t2/2dt < ‘A2 — A1| <

1

dx/ny/n —1 - 4
2(z +1)/nyn — 1 (\/ﬁ+ Vn—1 1) RV

If k > 3xzy/nyv/n — 1, then A; > 0, by simple computation it is not difficult to verify that

Ay— Ay _ 2 (k+m\/n(n— 1)) vnz(l+z) B N
1+ Aj/2 2nz(x 4+ 1) + (k — nx)? (\/n(n— 1) +n-— 1) RV
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Then
Aa
_ Ay — A 4v/x +1
/ P/2q4 < e~ A/2(A2_A1)_1+A2/12_ N

1

Thus (14) holds for all £ =0,1,2,---. From (11)-(14) we obtain (9).
By similar method we obtain the inequality (10) for the case k = 1,2,3,---, if £ = 0,,
using Lemma 3 we have

> (@) =D pn1(x)
=0 Jj=1

Lemma 4 is proved.

=pn-10(x) < 121\}11/33

Q@

Lemma 5. ([1, Lemma 1]). Let

Thm (n—1) ank /t—aj Dk (t)dt,
k=0 0
then
1+2x 2(n — Da(1 + ) + 2(1 + 22)?
Ty = 17 Ty = ) T =

and  Tppm(z) = O(n~[(M+D/2)) (n > m 4 2).

Lemma 6. Letz € (0,00),0 <y < z. Then for n > 12, we have

Y

> 2+
(=13 par(o) [ pas(tyie < 2 I, (15)
= 0

Proof. By direct calculation and using Lemma 5, for 0 < y < z, we have

o0 / > [ —t)\2
n—1 n nk()dt < (n—1 ke (X nk(t)dt
( )];)pk O/Pk )’gp k()o/(x_y>pk()
(n—1) & !
< lom g ) 0/ (2 — 1) 2p (L)t
:2(n—1)$(1+:ﬂ)—|—2(1—|—23})2<4(:L"2—|—$—|—1)’ 012, (16)

(n=2)n=3)(z-y?* = nfz-y)?

Lemma 7. Let m be an integer and n — 2 > 2m > «, t > 2z. Then

(n—1 an k(x /t Pk (t)dt < 202272MmO(n™™). (17)

2x
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Proof. Note that for m > a/2 and ¢ > 2z, function f(t) = ﬁ is monotonically
decreasing on [2z,00). Thus by Lemma 5, we obtain

=13 pusle) [ sttt < 01 S pste) [ 0P sty
k=0

2x k=0 2x

< 2axa—2an,2m($) — ana—QmO(n—m)'

3 PROOF OF THE THEOREM 1

Let f be a function of bounded variation on every finite subinterval of [0, c0). Then
f can be expressed as

oy eI | T e0)
46,00 [ o) - LIS, (18)

where g, (t) is defined in (3), and sign(¢) is sign function and

1, t==x

5m(t):{ 0, t#z "

Obviously, B, (d,,z) = 0, thus we have

flat) = f(z—)
2

[f(z+) — flz—)
2

B, (f.z) - < Balgen)| + | Bu(sign(t — 2).2)]  (19)

We first estimate |B,, (sign(t — «), x)|. Using differential method we get the identity

T

k 00
(n—1) /pn,k’(t)dt =1-> pu1j(@) = D pn-1,(®)

0 j=0 j=k+1

By this identity and direct calculation

B,(sign(t —z),z) = (n—1 k(T nk(t)dt — 2 nk(1)dt
(sign(t —z),2) = ( >l;)pk<><o/pk<> O/pkm)

T

2= 1) pasla) /pmk(t)dt

k=0 s

= 1_2ipn,k(x) i pn—l,j($)-
k=0

j=k+1
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Note that the identity

2 %) 0 2 S 2
1 = (an,k(m)> =) (ZWJ’(%)) - ( > anj(x))
k=0

k=0 j=k+1

= > pui(2) (ZPnJ@H > pw'(f”))
k=0 =k

j=k+1
We obtain
Bu(sign(t —2),2) =1 -2 % psla) > paoijla)
k=0 j=k+1
= géﬂnk:(Z pn,j( ) § an( )>_2zpnk( ) § pn—l,j(x)
k=0 j=ka1 j=k+1
= 3 pasle) [(,}: Pog(@) — 3 pn_14<x>>-+ (;: Pag(@) = 5 pn_14<x>>]
k=0 j=k+1 j=k+1 j=k j=k+1
(20)
Thus it follows by Lemma 4 and (20) that
Ba(sign(t — ), )] < VLELT (21)

NG

Next, we estimate | By, (gz, x)|. Let

t
n(x,t):/(n—l ank pnk d
0 —

It is easy to see that K,(x,t) is continuous and increasing with respect to ¢. Then by
Lebesgue-Stieltjes integral representations, we have

[e.e]

Bu(ge, ) = / 9o (D (2, 1) (22)

0

Decompose the integral of (22) into four parts, as
[ 9@, t) = A+ Do+ By + A

where

z—z/\/n z+z/\/n
Al,n — / gw(t)dtKn(xa t)7 AZ n — / gm(t)dtKn(Ia t)
0 z—x/\/n

2z e )
A3,n - / gac(t)dtKn(wvt); A4,n - / gac(wdtKn(xat)

2x

We shall evaluate Ay, Agjp, Az, and Ay,,. First, note that g,(x) = 0 we have

z+z/\/n zta/vn n a+z/Vk

Baal < [ laalt) = (@) ldekne. 1) < Vs Z V@)
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Next we estimate |A; ,|. Using partial integration with y = x — 2/y/n, we obtain

z—x/Vn i
Bl < [0 Ol diEalwt) < loa ) Kno) = [ Kl 0dillos(0)  (24)
0

Then from (24) and Lemma 6 it follows that

v 2+ 2+ Y v
Al < Vg o I A ) P (\/ ) (25)

n(x —y)? n

Using partial integration once again in (25) to get

Y 1 x \y/(g;v \0/ Yz
d: | — - = — +/ ac
/@_ ( \/m) e Vo) =
0 0
So it follows that
< N - 7 N = e
Aol < TSR V) + S [T )

Putting t = x — x//u for the last integral we obtain

x—x/\/ﬁ$ 5 1 n . n :c—&-x/\f
t 1 yCﬂﬁ/\f k=1g— av/\f
Consequently
T n ztz/Vk n x+r/f
4(x®+z+1) N 8(56 —}-x—l—l
A1 < — Vi) +>. 'V (92) Z Vo
0 k=1g—z/VEk k=1,_ x/\f
The similar method derives estimate
n x-l-x/\f
12( :U + x+1)
|Az | < ——5—= Z YA (27)
k=1g— m/\f

Finally, by assumption g, (t) < Mt* for some a > 0 as t — oo, using Lemma 7, we have

:L/gx()dt W@, )| < M(n—1) ank /t“pnk t)dt
- k=0 2x
_ anoz—2m0(n—m) (28)

where M is a positive constant.
From (23), (26), (27) and (28), we obtain

1B (9> )| < |A1n| + [A2n| +[A30] +|Adn]

409
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n x+z/f
x*+x+1) o a—2m
(—Z \/ + 20072 O(n™™). (29)
k=1 ,_ x/\f

Theorem 1 now follows from (19), (21) and (29).
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The author of the paper [1] gave a fast algorithm for solving linear systems with co-
efficient matrix of the Pascal type and the complexity of his algorithm is O(n?). In this
current paper, we present a more fast and stable algorithm for solving linear systems with
the coefficient matrix of the Pascal type. The complexity of our algorithm is O(nlogn).
Mathematics subject classification: 65F10, 65F50.

Keywords: Fast algorithm; Pascal matrix; Cholesky factorization; FFT; Toeplitz matrix.

1. Introduction

As well known, structured matrices play an important role in signal processing, such
as the Pascal[3], Toeplitz matrices, Hankel matrices, and others. These matrices are of
specific importance in many scientific applications. For example the Pascal matrix, which
has been known since 1303, but has been studied carefully only recently[2], appears in
combinatoricsk, image processing, signal processing, numerical analysis, probability and
surface reconstruction.

In paper[l], the author presented a fast algorithm for solving linear systems with co-
efficient matrix of Pascal type of order n , but the computation complexity is O(n?). In
our paper, we obtain a new more fast and stable algorithm to solve this problem.

The paper is organized as follows: In Section 2, we give some definitions and lemmas.
The main results of this paper are given in Section 3. A numerical experiment is showed
in Section 4.

2. Definition and Lemma.

Definition 1 [6] The Pascal matriz of order n is a matrixz of integers defined by P =
(i)

i—1

Dij = i+j—2) Z?j = 17"'7” (1)

] 1l . . . .
where CY = —“ s the binomial coefficients.
v (i=9)l!

*This work is supported by the start-up fund of Nanchang University and National Natural Science
Foundation of China No. 10531080.
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For example, the Pascal matrix of order 5 is

11 1 1 1
12 3 4 5
V=13 6 10 15
1 4 10 20 35
1 5 15 35 70

If P is an n by n Pascal matrix, then the following properties are well known
(a) P is symmetric and positive definite,

(b) The Cholesky’ factorization is always possible,

(c) det(P)=L1.

Definition 2 The lower triangular Pascal matriz of order n is a matriz of integers defined
il1<j< i<
lij: CZ_l’ 1_‘7_.Z_n’ (2)
0, 1<i<y <n,

similarly, we can define the upper triangular Pascal matriz and denote upper triangular
Pascal matriz as UT P matriz.

Definition 3 [7] Let x be any nonzero real numbers, the generalized Pascal matriz of
order n can be defined as follows :

GPla] = (piylz)) = 2" C i j =1, (3)
with CY =0, if j > i.

Definition 4 The generalized lower triangular Pascal matriz of order n can be defined
by :

P 1< < i<,
GLTPlz] = (pijlz]) = { 0 ' 1< ;7 <j<n W

similarly, we can define the generalize upper triangular Pascal matriz and denote it as
GUTP matriz.

Definition 5 A real n x n Toeplitz matrix can be denoted by

to 131 2 ln-1
t_l to tl t -2
T — ' " (5)
tony1 topg2 Topngz - To

That iS, T= (tl,k)a tl,k: = tk—la l, k= O, 1, e, N — 1.
Lemma 6 [8] If P is n by n Pascal matriz, then P has Cholesky factorization, i.e.,
P=LLT

where L is a lower triangular Pascal matriz, which is defined as (2).
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Lemma 7 [9] If GLTP[x] and GLTP[y] are generalize lower triangular Pascal matrices
defined as (4), then their product is also a generalize lower triangular Pascal matriz and

GLTP[z]GLTPly] = GLTPlx + y| (6)

Lemma 8 [12] The product of any Toeplitz matriz and any vector can be done in O(nlogn)
time.

3. Fast algorithm.

Theorem 9 The generalized lower triangular Pascal matriz GLT P[z] can be decomposed
as the following:

GLTP[z] = diag(x, 2%, ---,2") - LTP - diag(z™*, 272 -+, 27") (7)

Proof. As the (7, j)—entry of the generalized lower triangular Pascal matrix GLTP[x] is

IO, if j <
LTP,; ;[x] = =L -
G l,][‘r] { 07 Zf 7 < j; (8)
where Oﬁ_‘f = % That is, every entry in :—th row of the GLTP matrix has a

common factor z’, and every entry in j—th column of the GLTP matrix has a common
factor 277. So we can write the GLTP matrix as the following form:

_ R ;
0!0! T (2) ) 0 0
lz=— lx=—
1'1!!1 10!31!2 g ., 0
lx°— la®— lx°—
GLTPr] = 2'2!0! : ! 20!2! o 0 9)
(n—l).!x"’l (n—l)'!a:"*2 (n—l).!x"*i)’ ' (n—l).!x"’"
(n—1)!0! (n—2)1! (n—3)12! T 0l(n—1)!

Thus, the proof is trivial.

By Lemma 7, we have GLT P[z]GLT Ply| = GLT P[z+y]. It is obvious that GLT P[0] =
In. Therefore, we have

GLTP|z|GLTP[~z] = GLTPlz — z] = GLTP[0] = In.
That is , GLTP|—z] = GLT Plz] .
When x = 1, we have GLTP[—1] = GLTP[1]™}, According to definition 2, we get
GLTP|[l] = LTP. So
LTP™ ' =diag(—=1,1,---,(=1)") - LTP - diag(—1,1,---,(=1)") (10)
and

LTP™T = diag(—1,1,---,(=1)" ') - LTPT - diag(—1,1,---,(—1)") (11)
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Theorem 10 The lower triangular Pascal matriz LTP can be decomposed as follows:

LTP = diag(dy) - T - diag(ds), (12)
where the vectors di and do are
1 1 1
dy =1 (n=D)"dy=[~,—, - T 13
1 [ ) ) 7(” )] y U2 [0'71'7 7(71—1)'] ’ ( )
and the matrix
[ 1 0 0 e 0]
1 1 0 0
_ 1 1 1 o 0
T = 2! 1! (14)
R S T
L (n=1)! (n=2)! (@m=3)! 1 ]

15 a lower triangular Toeplitz matriz.

Proof. Note the (7, ;) entry of the LTP matrix is

cliol, ifji<i
LTP;,,; = e 1
where C’ij__ll = % That is, every entry in ¢—th row of the LTP matrix has a

common factor (i —1)!, and every entry in j—th column of the LTP matrix has a common
factor ﬁ So we can write the LTP matrix as the following form:

r %! ?' 0 0
2t 2t 2t e 0
LTP = 210! 1! 012! (16)
(n;l)! (n;l)! (n;l)! ' (n;l)!
L (n—D)!I0! m—2)111 ®m=3)12 ~~ 0l(n—1) |

Therefore we have can easily get (15) from (19).

Theorem 11 The linear systems of equations with coefficient matriz of the Pascal type
can be solved in O(nlogn) time.

Proof. By lemma 6, we know the Pascal matrix has cholesky factorization, i.e., P =
LLY, where L is an LTP matrix. So P~! = LT[~
Then by (13) and (14) we can easily get

P! =diag(-1,1,---,(=1)") - LTPT - LTP - diag(—1,1,---,(=1)") (17)

By Theorem 10, we can give the following fast algorithm:

Algorithm 1: Fast algorithm for linear systems with Pascal type
1. compute z = diag(—1,1,---,(=1)")b;
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compute x = diag(ds)z, dy defined as (16);
compute z = Tz, T defined as (17);
compute x = diag(dy)z, d; defined as (16);
compute x = T x;

compute x = diag(ds);

compute x = diag(—1,1,---,(—=1)")x.

NO Tt W

According to Lemma 6 and Theorem 10, we know the complexity of algorithm 1 is
O(nlogn), using two FFTs.
Example 1. For n = 6,b = [—-2,—6,—8, —4,11,43)’, the Pascal matrix

11 1 1 1

2 3 4 5 6

3 6 10 15 21

4 10 20 35 56

5 15 35 70 126
|1 6 21 56 126 252 |

using Algorithm 1, we get = = [1,0,—4,0,1,0]7.

As the entries of the Toeplitz matrices in the decomposition (12) have very different
magnitudes of numbers, if we implemented naively the decompositions , there can exist
instability problems In the following section, we will provide modifications with Algorithm
1 to achieve numerical stability.

Algorithm 1 for computing the Pascal matrix-vector product are based on the decom-
position (12). As P = LTP - LTPT, We only analyze the stability problem of the fast
algorithm for the LTP matrix and provide modifications to stabilize it.

Given a LTP matrix of order n x n, we have the decomposition (12). For a vector
x = (xo, 21, +,Zn_1), the product

LTPx = diag(d,) - T - diag(ds) - x. (18)

e,
I
el e e

requires three matrix-vector products, of which two diagonal matrices, one involves a
Toeplitz matrix. If we use FFT and decomposition (12) to compute it , it shows that
the precision gets worse as n gets larger. Because the entries in the Toeplitz matrix and
the vector dy vary approximately from 1 to ﬁ When we compute the matrix-vector
product, we need to compute the FFT of two vectors

1 1

B T
e= Ll m T

0707"'7O]Ta (19)

1 1
x = [z, oy, 29, -, (1)

2!
When n is very large, we compute the FFT of z and x, the result would be the same if
we simply treated the entries such as ﬁ as zeros, which will cause the instability. So
we need to find a way to increase the effect of entries of smaller magnitude by bringing
all nonzero terms in z and x to the same magnitude. This can be done by multiplying
or dividing the entries by some constant factors and still preserving the same structure,

xn—laoyof' ' 7O}T7 (20)
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viz. a Toeplitz matrix. Indeed, the LTP matrix can be expressed by introducing a new
parameter t as follows,

LTP(t) = diag(dy () - T(t) - diag(ds(2)), e1)
where
2 n—1
40 = 15 e O = 1.5 G 2
and the matrix
1 0 0 0
t 1 0 0
= 5 t 1 0 (23)

tnfl tn72 tn73

L (n—1)! (m—2)] (@m=3)! 1 i
By using this factorization, we can obtain a fast, numerically stable algorithm by choosing
a proper value of parameter t.

Therefore, t must make the magnitude of maximum and minimum of the nonzero entries
in the vector dy(t) and the first column of matrix T'(¢) to be approximately the same. FFT
is applied to the two vectors

(t) = [zo, tw1, tQ;Q, S t:nl_gjlg,l ,0,-+, 0" (24)

and

z(t):[1,t,ﬁ,---,i,0,---,O]T (25)
2 (n—1)!

Assuming all entries of x = [zg, 71, -, 2,1]T are of the same magnitude, the entries in

x(t) and the entries in z(t) are of the same magnitude.
We want to choose one value t so that all nonzero entries of x(t) and z(t) are as close
to each other as possible. By using the following function

tm
f(m):m,m:(),l,---,n—l. (26)
We hope the maximum and minimum of this function to be as close as possible. We
will iteratively find an t which satisfies this criterion. To start the iteration we need an
approximate guess for t. The following analysis provides this guess.
Ift>n—1, then

tn—l
min — ]-7 maxr — 7 \1° 27
foin = L. e = Gy (27)
In this case, we should choose t=n-1.
If1<t<n-—1, then when 0 <m <t,
au
fmin - ]-7 fmax = (28)

(D



A STABLE FAST ALGORITHM... 417

whent <m <n-—1,

tn_l t[t]

oo = =y e = e

(29)

So it is easy to see that the proper value of t should be 1 <t <n — 1 and we need select
t such that

: tt t'(n —1)!
mm(max(a, W)) (30)

Using Stirling’s formula[14],
tt tte! el

17 (2n)0.5t05 — (27)05

and

tt -1 [ tt 2 0.5 -1 n—140.5 ,t -1 -1
(n ) ~ ( 7T) (n ) € — n (n )n—let‘ (32)
t”_lt! tn_1<271')0'5tt+0'56”_1 t te

Therefore, when ”t—_el ~ 1, we take

n—1
it~

- (33)
which will make the magnitude of the nonzero entries of x(t) and z(t) be about the closest.

This can provide us an initial value for the proper value of t. For each fixed n, we
can pre-compute t and get a best value t by (30) and (33) to build a look-up table that
achieve numerical stability.

We would also like to note that the modification does not have much effect on the
complexity of the algorithm: once n is known, we can select a t from the look-up table
and compute the first column of Toeplitz matrix T(t) and the FFT of z(t) and store
it before we start the computation of the matrix-vector product. The vectors x(t) and
di(t) can be computed from the first column of Toeplitz matrix T(t) in (23). Note that
if the multiplication is to be done with several vectors, the FFT of z(t) only needs to
be computed once. This reduces the number of FFTs to two each time, which naturally
speeds up the multiplication even further.

Notice that LTP(t) - LTP(t)T = P, so we can get

P~Y =diag(—1,1,---,(=1)") - LTPT . LTP - diag(—1,1,---,(=1)") a4
= diag(—1,1,---,(=1)") - LTP(t)" - LTP(t) - diag(—1,1,---,(=1)"). (34)

According to (21) and (34), we can easily obtain the following modified fast algorithm for
solving linear systems of the Pascal matrices.

Modified Algorithm 1: Fast and stable algorithm for linear systems with Pas-
cal type
1. compute t = n/e by (30) and (33);
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compute r = diag(—1,1,---,(=1)")b;

compute z = diag(ds(t))x, dy(t) defined as (22);
compute x = T'(t)x, T defined as (23);

compute x = diag(d; (t))z, d;(t) defined as (22);
compute z = T(t)Tx;
compute = = diag(dy(t))x;
compute z = diag(—1,1,---,

N Gt W NN

(—1)")a.

It is obvious that the computational time complexity of Modified Algorithm 1 is also
O(nlogn).
4. Numerical experiment

By writing a Matlab program based on Algorithm 1 and Modified Algorithm 1, we give
the following experiment results.

Example 1.

n Algorithm 1 Modified Algorithm 1 t

5 2.4553e-016 1.7852e-016 1.472

10 4.6732e-015 5.1328e-016 3.311

15 1.4327e-010 2.3758e-015 5.1503
20 7.1137e-005 5.2371e-014 6.9897
25 11.3982 2.3329¢-013 8.8291
30 7.0397e+4-005 3.9127e-013 10.6685
35 8.7732e+012 7.1190e-012 12.5079
40 11.3928e+016 8.9324e-011 14.3473

From the above table, we can see that the Modified algorithm is more efficient than
Algorithm 1.
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Abstract

In this paper we obtain an estimate on the rate of convergence of modified Szasz-
Mirakyan operators for bounded functions satisfying certain growth condition. In
the case of functions of bounded variation our result is better than the known results
due to Sahai and Prasad (1993, Publ. Inst. Math. (Beograd) (N.S.) 53, 73-80)
and Gupta and Pant (1999, J. Math. Anal. Appl. 233, 476-483). More important,
by means of new metric form, our result successfully deals with the pointwise
approximation of more general class of functions than the class of functions of
bounded variation considered in the references as mentioned above.

Keywords Rate of convergence, Functions of bounded variation, Class of
functions, Modified Szasz-Mirakyan operators, Lebesgue-Stieltjes integral.

1 INTRODUCTION

The modified Szasz-Mirakyan operators [1] are defined as

Ma(f2) = > (o) [ petnn)f(a )
k=0 0
where
nx k
pr(na) = e~ 0) )

are Szasz basis functions.

Rates of convergence of the modified Szasz-Mirakyan operators M,, and other Szasz
type operators for functions of bounded variation have been investigated by many
authors [2-7]. Recent result of this type approximation is due to Gupta and Pant [4],

they presented a main result in [4] as follows:
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Theorem A Let f be a function of bounded variation on every finite subinterval

of [0,00), and let f(t) = O(e™) for some a >0 ast — oo. If z € (0,00) and n > 4a,

then
flz+)+ f(z=)| _ 2?2+ 61 +3 & SNAL (3222 + 247 + 5)
M (f, ) = 5 ‘ <3 kglw_yﬂ(ng N |f(z4+)—f(z—)|

202z + 1) 20T 2T (21 4+ 1

n x nx

b
where \/(gz) is the total variation of g, on |a,b] and
a

ft)— flz+), z<t<oo
g:}c(t) = 0, t=x (4)
f@&) = flz=), 0<t<um.

Remark 1. We point out that according to the proofs in [4], the condition n >
4cv in Theorem A should be change to n > max{2,4«a}, and the estimate coefficient
a? + 6z +3 a2 + 9z +5

5 in the right hand side of (3) should be changed to 5

nx nx

In present paper we will consider the approximation of the modified Szasz-Mirakyan

operators M, for a new class of functions defined as follows:

Qoo = {f : f is bounded in every finite subinterval of [0, 00), and

f(t) = O(e*) for some o > 0 as t — 00.}

We will establish an estimate formula on the rate of convergence of the modified Szész-
Mirakyan operators M,, for the function f € ®j,.o. We first introduce a metric form:
Q(f,A) = sup  [f(t) = f(2)],

telz—A,z+A]
where f € ®j,c o and XA > 0. For the major properties of Q. (f, A) refers to [10].
Our main result can be stated as follows:
Theorem 1 Let f € ®joeq, f(x+) and f(z—) exist at a fized point x € (0,00).

Then for n > max{2; 4a} we have

T xr— CC2 Xz n
Mn(f,:c)—f( )+ flao)| +82+4zﬂx(gx,\/%)+

)] o8 S If(a+) — f(a-)
k=1
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+L\/24(x + 2)e2ow

na?

(®)
where L is a positive constant and g,(t) is defined in (4).

Theorem 1 is better than the results given in [4, 7]. The first advantage of Theorem
1 is that it can deal with more general class of functions than the main results given in

[4, 7]. This advantage is important. For example, for the function:

R 0, z=0
f(z) =< wxsin(l/x), z€(0,1],
sin 1, x € (1,+400)

It is obvious that f(z) is not bounded variation on [0, 1]. However f(z) is bounded and
continuous on interval [0, +00), thus Theorem 1 can easily deal with the approximation
of the function f(z).

The second advantage of Theorem 1 is that it can give the better rate of convergence

for many functions of bounded variation. For example, consider function:
. 1, tel0,2]
t) = ’ ’ tx=1.
o-{1 1597 s

Then from Theorem 1, we obtain convergence rate O(n~!) for the function f(t), but
from Theorem A, we only can obtain convergence rate O(n~1/2) for the function f(t).
And more, obviously, the third advantage of Theorem 1 is that it gives the better
estimate coefficients. Throughout this paper the sign IN denotes the set of nonnegative

integers.
2 PRELIMINARY RESULTS

In order to prove Theorem 1, we need some preliminary results.
Lemma 1 For modified Szdsz-Mirakyan operators M, and Szdsz basis functions
pr(nx), we have

(I) For all k € N and = > 0, there holds

1
ne) < )
Pe(nz) < ——r0

. 1 . _
where the coefficient Toe and the estimate order n

12 qre the best possible.
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20 + 1

(IT) M, ((t — x)%,2) < — forn>2.
12(z + 2)?
n2
(IV) M, (e2*,z) < 2e%% for n > 4a.

(ITT) M, ((t — z)*,x) < , forn>2.

Proof. From Proposition 1 of [9], we get (I). Furthermore, direct computations give

1
M, (t,x) =1, My(t,z) =z + —;
n

4 2
Mﬁz@_x4wf+
n
92 18x 6
3 _ .3 .
Mn(t,x)—m +7+F E,
1623 7222 96z 24
4 _ 4 .
Mt o) ="+ 2 T Tt
t
Mn 2at’ _nzpkz ne /6 n— 2a)t n dt
k=0 0
nk k!

—”Zpk n) k1
= k! (n —20)

n > n’z/(n — 2a))k
_ Ze—nm( /( ))

_ |
n — 2« P k!

n 2nza
= en—2a
n —2a

From these formulas of moment, we get inequalities (II), (III) and (IV) by easy com-
putations.
Lemma 2 Let z € (0,00),n > 2, then

(I) For 0 <y < x we have

) )
2ac +1
ny pr(nz) /pk: (nt)d P EE—e (7)
= 0

(I) For z < z < 0o we have

o0

n Y petna) [ ety < 2L ®)

n(z —x)

Proof. By Lemma 1 (II)

T
t t t< .
7LE pk(nl' O/x pk'l’L d n
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Thus, for 0 < y < x, we have

o) Y Yy
ank(nx /pk (nt)dt < ank nw / ( ) pr(nt)dt
k=0 0 0

o0
QZpk nT /x—t pr(nt)d
0

SG@—y
2¢ +1
~ n(r—y)?

Similarly, we obtain the inequality (8).

3 PROOF OF THE THEOREM

Let f € ®jocq and f(z+), f(x—) exist at a fixed point = € (0,00). Then f(t) can

be expressed as

(9)
where g,(t) is defined in (4), sign(¢) is signum function and J,(t) = { é’ i ; - It is

obvious that M, (d;,z) = 0. Thus from (9) we have

() = LEEIED < g g+ LI g — )1 10

We first estimate |M,,(sign(t — x),x)|. From the definition (2) nd using differential

method we get the identity

T

n/ (nt)dt = Z p] ne) (11)

0 j=k+1
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By the identity (11) and direct computation, we have

M, (sign(t — x) =n Zpk (nz (/ pr(nt)dt — 2 /pk(nt)dt)
0

0

—1—2Zpk (nx) Z pj(nx)

j=k+1

_ipk (nz [Zp] nx) + Z pj nﬂ?] —2§pk(nx) i pj(nz)
k=0

k=0 j=k+1 j=k+1
oo
= > [pr(na)]
k=0
Now using Lemma 1 (I), we obtain
> 1
M, (sign(t — x),x) = nx))? < . 12
Next we estimate | M, (g, x)|. Let
o ¢
K,(z,t)=n Zpk(nw) /pk(nu)du
k=0 0
Then by Lebesgue-Stieltjes integral representations:
o
Ma(g2,2) = [ 9:(0)dso(a.) (13)
0

We decompose the integral of (13) into four parts, as

[ )i, t) = A + g+ Do + B
0
where
z—x//n x4z /\/n
A1,n = / gm(t)dtKn(xat)v AQ,n = gaz(t)dtKn(xvt)a
0 z—z/\/1n
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2z 0
Agp = / 0o (D) K, 1), Agp = / G (O)di K (2, ).
ztz/\/n 2z

We shall evaluate Ay, Aoy, Az, and Ay, with the metric form Q4 (gs, A). First, note

that g(z) = 0 we have

z+z/v/n
|A2,n’ S/ o ’gw(t) _gz(x”dtKn(xvt)

En: 29z, 2/ VE). (14)

1
n

(gmvx/\f

Next we estimate |Aq ,|. Note that €,(g,, A) is monotone non-decreasing with respect

to A, it follows that

< / V(o 2 — £)di K (2, ).

[e=]

Integration by parts with y = x — x/+/n, we have

z—z/\/n Y
[ Ol < Qg ) Kl + [ Kol D02 1) (15)
0

where Kn(x,t) is the normalized form of K, (z,t). Since f(n(x,t) < Kyp(z,t) on (0,00),

from (15) and Lemma 2 (II), for n > 2 it follows that

)
20+ 1 20+ 1 1
Atrp] < Qp(ge, v — d(—Q(gz, z —1)). 1
Bial < Qulger —y) g+ T [ nd (e 1) (16)
Since
f u ) lgez) | [ 2
z\gz, T — Y z\Y9z, T
m’ = — Qm x’ _t dt-
! Qg v —1)) = 0B 20D [0~ 2
So we have from (16)
2z + 1 w1 " 2
X X
A n < 7Qx x> Qm Zs t dt
Boal € T ulge ) + T [ aloer -0

Putting ¢t =2z —x/\/u for the last integral we get

xz—z/\/n n
/ Qx(gx,x—t)(xft):gdt— ;/Qw(gx,a:/mf du < —ZQ gx,w/\f)
1

0
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Consequently
20 +1 "
[A1p| < 7(Qz(9m$) + Z (9o, 2/ VE))
k=1
41: —|— 2

ZQ (9 2/ VE). (17)

Using the similar method to estimate |A37n\, we get

4z —l— 2
[Agn| < = ZQ (9o 7/ VE). (18)
k=1

Finally, by assumption g, (t) = O(e*) for some o > 0 as t — oo, using Holder inequality

and Lemma 2 (III) and (IV), we have

e}

Ayl = / 9o (D d K (2, 1)

2x

< Ln)  p(nz) / e“'py(nt)dt
= 2z

Zpk (nz) / z)%epy(nt)dt
0

IN
RS
s
ES
3
S
\8
~
|
8
s
ES
3
N
QL
~
N~
—_
~
[\V)
X
/—\
’B
=
3
R
0\8
]
[\~]
2
s
=
3
@..
v
\
[\V)

00 1/2
L oo
= (=)' a) 2 (0 Y pulna) [ epe(nt)dr
t k=0 0
LV24(z + 2)e?o®
< )
- nx?
(19)
where L is a positive constant.
From (14), (17)—(19) we obtain
|Mn(ga:7$)| < |A1,n’ + |A2,n| + |A3,n| + |A4,n|
(20)

2 - Ly/24(x + 2)e***
x +83:+4ZQ (gz,:c/\/%)—i- V24(z + 2)e .

2 2
nx =1 nx
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The inequality (5) now follows from (10), (12) and (20). The proof of Theorem 1 is

complete.
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Variations of Steffensen Method with Cubic Convergence *

Quan Zheng'™, Zhongli Liu, Rongxia Bai

October 18, 2006

Abstract: In this paper, four variations of Steffensen method with accelerated third-order convergence for
solving nonlinear equations have been derived by a superconvergence technique. These methods do not use
any derivative, but only use four or five evaluations of the function in one iteration. Their cubic convergence
and error equation are proved. The supported numerical examples are presented.

Key words: Nonlinear equations; Newton’s method; Steffensen method; Superconvergence.

1 Introduction

As well known, Newton’s method is quadratically convergent for solving the simple root of a

nonlinear equation f(z) = 0 with the iteration:

Tt = )
n

n=0,1,2..., (1.1)

where xg is the initial guess of the root. Steffensen method as the following:

Tyt = Ty — f* ()
n+ " f@n + f(zn)) — f(on)’

is a noticeable improvement of Newton’s method without using any derivative to maintain

n=0,1,2,..., (1.2)

quadratic convergence (See §7.2.8 in [2]).

A cubically convergent method has been introduced by Traub as the following ( See §5.4 in

[31):

fxn) + f(2741)
=Tp — =0,1,2,... 1.3
Tn41 Tn f/(xn) ) n y Ly &y ) ( )
where 7 | is the intermediate result by using of a Newton’s iteration (1.1). Other cubically

convergent methods which also need one evaluation of the first derivative and two evaluations

of the function have been compiled in §12.5 in [3].

*Project of Development Plan in Science and Technology of Beijing Municipal Education Commission

KM200310009032, and National Key Basic Research and Development Program 2002CB312104.
fCollege of Sciences, North China University of Technology, Beijing 100041, P. R. of China
YE-mail: zhengq@ncut.edu.cn(Quan Zheng).
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Recently, a variant of Newton’s method with cubic convergence has been suggested in [4] as

the following:
2f(an)

Tn4+l1 = Tp — f/(fljn) +f,(x;kl+1)?

This method only uses one evaluation of the function and two evaluations of the first derivatives.

n=0,1,2.... (1.4)

By the Taylor’s expansion and using the formula (1 —)(1 —¢) = 1 — £2, it has been proved
that iteration (1.4) accelerates the convergence of iteration (1.1) and obtains superconvergence
(See [4]). And Newton-type methods with cubic convergence in [1] have been generalized from
iteration (1.4).

In this paper, by using of the superconvergence technique to accelerate the convergence of
Steffensen method (1.2), we suggest four variations of Steffensen method with cubic convergence

that do not use any derivative in the next section.

2 Theoretical Results

Theorem 2.1 Let f : D — R be sufficiently smooth function with a simple root a € D,
D C R be open set, xg be close enough to a, then the variant of Steffensen method:

. . 2f2(1‘n)
mH = I T+ P () = F@n)] = s = F(@n)) = F@igy)]’ (2.1)

LU* = — fQ(xn)
i " f(@n + f(zn)) = flzn)’

is cubically convergent, and satisfies the following error equation

n=0,1,2,...,

ent1 = (C3 — C3 + C5 fM(a))el + o(e})), (2.2)

1 f@(a)

where C; = Ef(l)(a)
Proof By the Taylor’s expansion,

i=1,2,3,and e, =2, —a,n=1,2,....

flan) = fO(a)len + Coel + Cael + o(ed)],

Fan) = [fD(a)]*[e2 +2Cse3 + (CF + 2C3)epy + ole)],



flan+ f(zn)) =

f(@n + f(zn)) — f(zn) =
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FO(@)len + fM(a)(en + Caep, + Csel)]

+or /P (@)en + fN(a)(en + Coep))?

+ar /@ (@)en + fM (@)en]? + o)

F(@){en + D (a)(en + Caep + Cse})

+Csen + W (a)(en + Coe2)]? + Cslen + FD(a)en]® + o(ed)},
[f D (@)]*{(en + Cae + Caeél)

+05(2(en + Cae)en + fD(a)(en + C2e2)?]

+C3[3+3f M (a) + (fD(a))’]€] + o(e})}

V(@) {en + Co[3+ fD(a)]e2 + ...+ o(ed)},

where the abbreviation symbol ... expresses a term of high order that can be obtained but there

is no need to write down. By the use of this abbreviation symbol, we have

fQ(xn)

= [en+2C2e2 + ...+ 0o(e)]

x{1 4 Ca[3 4+ fD(a)len + ... +o(e2)}
= [en +2C9e2 + ...+ o(€d)]

x{1—Co[3+ fW(a)len + ... +o(e2)}

= €n— (CQ + CQf(l)(a))egz +.o..+ 0(62)7

gi—a = (Co+CofM(a))e +...40(ed).

So, by the Taylor’s expansion and noticing the above formula, we have

flang) = )@ —a) + 5P (a)(a) 4 — a)* +ole}),

Flang = flen) = @)@ —a) = flza) + 5 fP (@) (@) — ) = f(za))? + o(e}),

f($:z+1 — f(zn)) — f('r;jb—‘rl)

—f(xn)

= FO) + D @)@ 0) — f)) +old)
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Similarly,

1

= fW(a) + af@)(a)@(wn —a) + f(zn)) + o(ep).

Thus, iteration (2.1) satisfies

FD(a)len + Coek + Csel + o(ed)]
FD(a) + 51 fP(a)(zn — a) + (), — a)) + o(e?)

= en — [en + Cacpy + Csep, + 0(e)] x {1+ Calen + (C2 + CofV(a))ef] + o(ef)} !

€n+l = €En —

= en — [en + Cael + Csej] x [1 = Caen — (CF + C3f W (a))e? + (Caen)?] + o(ed)
= en — [en + Cael + Csel] x [1 — Caen, — C3fV(a)el + o(e2)]

= en—[en + (C3 — C3 = C3fW(a))e + o(ed)]

= (05 = C3+C3fM(a))el + o(eh).

In the above derivation, the supperconvergence is obtained since the second-order term does
not present as usual. Similarly, we have
Theorem 2.2 If f(z) satisfies the conditions of Theorem 2.1, then the variations of Stef-

fensen method:

— 2f2($n)
Tl = T R o)) = T @n)] — U@ — F@n) — Fa@n)] (23)
Tt = Ty — 2f(90n)f(90§§+1) (2 4)
" " [f(ﬂfn + f(x;kl+1)) - f(ﬂin)} - [f(a:.;kl+1 - f(x;kl+1)) - f(ﬁzﬂ)]’ .
and
N 2 () f(a1) 05

[f (@i + flan)) = F@ng)] = [f(en = flan40)) = fzn)]
are all cubically convergent, and have the same error equation (2.2).

Only four evaluations of the function are needed in one step of the iteration (2.1), and five

evaluations in (2.3), (2.4), or (2.5).

3 Numerical Examples

We compare the related methods in the following, where NM=Newton’s method (1.1);
SM=Steffensen Method (1.2); TM=Traub’s method (1.3); WFM=Weerakoon and Fernando’s
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variant of Newton’s method (1.4); VSM(1), VSM(2), VSM(3), VSM(4)=the variant of Steffensen
method (2.1), (2.3), (2.4), or (2.5).

Table 1. f(z) = (z® —1),a = 1,29 = 1.3

method n 1 2 3 4 5
NM len| 6.3905e-02  3.7617e-03  1.4080e-05  1.9824e-10
en/eii1 0.7101 0.9211 0.9950 1.0000
™ len] 2.3624e-02  2.4403e-05  2.9088e-14
en/eii1 0.8749 1.8510 2.0016
WFM len] 2.9716e-02  5.2968e-05  3.2196e-13
en/ei’;i1 1.1006 2.0185 2.1665
SM len] 1.2359e-01  2.5746e-02  1.2763e-03  3.2518e-06 2.1148e-11
en/eii1 1.3732 1.6856 1.9255 1.9962 2.0000
VSM(1) len] 4.4964e-02  2.4959e-04  4.6621e-11
en/eii1 1.6653 2.7455 2.9986
VSM(2) len| 3.2950e-02  6.7231e-05 6.0774e-13
87L/6171 1.2204 1.8794 1.9999
VSM(3) len| 3.3113e-02  7.3782e-05  9.8499e-13
en/ei71 1.2264 2.0321 2.4524
VSM(4) len| 2.8647e-02  4.7005e-05  2.6268e-13
en/ei71 1.0610 1.9995 2.5293

Table 2. f(z) =e* 2 —1,a=2,19 =25

method n 1 2 3 4 5
NM len| 3.1375e-01  4.4452e-02  9.7353e-04  4.7373e-07  1.1235e-13
en/e2_; 0.6403 0.4516 0.4927 0.4998 0.5007
™ len| 4.2842e-01  6.5917e-02  1.5398e-04  1.8254e-12
en/ed 4 1.2490 0.8383 0.5376 0.5001
WFM len] 2.6244e-01  1.2299e-02  1.0937e-06
en/ed 4 0.7651 0.6804 0.5880
SM len| 2.2045e-01  4.6005e-02  2.0923e-03  4.3754e-06  1.9144e-11
en/el_;  0.88181 0.94661 0.98858 0.99948 1.0000
VSM(1) len| 9.9285¢-02  9.4376e-04  8.4032e-10
en/e2_; 0.7943 0.9643 0.9997
VSM(2) len| 6.2813¢-02  1.2281e-04  9.2593e-13
en/ed_, 0.5025 0.4956 0.4999
VSM(3) len| 6.3833¢-02  1.4954e-04  3.0980e-12
enjed 0.5107 0.5749 0.9264
VSM(4) len| 4.8711e-02  6.4043e-05  1.5543e-14
enjed_, 0.3897 0.5541 0.5917

Table 3. f(z) = e* +sinz—1,a =0,z = 0.3
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method n 1 2 3 4 5
NM len| 7.6558¢-02  5.0069¢-03  2.4781e-05  6.1404e-10
en/e2_, 0.6250 0.8543 0.9885 0.9999
™ len| 2.8967e-02  4.2237e-05  1.5059e-13
en/€d_, 0.6756 1.7378 1.9986
WFM len| 4.0894e-02  1.1315e-04  2.7755e-12
en/ed_4 0.9538 1.6545 1.9159
SM len| 1.6786e-01  4.0759¢-02  2.9758¢-03  1.7555¢-05  6.1630e-10
en/e 1.3703 1.4466 1.7913 1.9824 1.9999
VSM(1) len| 7.4894e-02  5.4486e-04  2.4223e-10
en/ed_, 1.7468 1.2970 1.4975
VSM(2) len| 4.9724e-02  2.0199e-04  1.6468e-11
enfed 1.1597 1.6430 1.9983
VSM(3) len] 4.9020e-02  1.8817e-04  1.2868e-11
en/ed | 1.1433 1.5975 1.9313
VSM(4) len| 3.9594e-02  1.0384e-04  2.2894e-12
en/ed_, 0.9235 1.6729 2.0447

4 Conclusions

Halley’s method uses second derivatives to arrive at cubic convergence. Although cubically
convergent methods that do not use the second derivative make some progress, the first deriv-
atives are still needed and prevent the application of the methods when the derivatives are not
easy to find. The suggested methods open the door to replace the derivative and only use four
or five evaluations of the given function in one step. This cubically convergent method really

triples the number of correct decimal places or significant digits at each iteration when x,, is

close to a in the numerical examples.
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Abstract
Based on the research of the supports of dimension functions for band-limited wavelets, we show that if
the Fourier transform of a band-limited wavelet is continuous at every boundary point of the support of its
Fourier transform, then this band-limited wavelet is associated with a multiresolution analysis.
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1. INTRODUCTION

If a wavelet is associated with a multiresolution analysis(MRA), one call it an MRA wavelet, otherwise,
one call it a non-MRA wavelet. It is well-known that if a wavelet has a compact support, it must be an MRA
wavelet[7,p363]. However if a wavelet is band-limited, it may not be an MRA wavelet. Journe [7], Bownik[3],
and Behera|2] successively constructed many band-limited non-MRA wavelets. The purpose of the present
paper is to study that under what conditions, a band-limited wavelet is an MRA wavelet. In this field, there
are the following results in literature.

PROPOSITION 1.1[7, p364]. If ) is a band-limited wavelet such that |1| is continuous, then v is an
MRA wavelet.

PROPOSITION 1.2[4,6, p338]. If a wavelet 1) is such that suppa)\ C [f%a, 47 — %a} (0 < a<m), then ¢
is an MRA wavelet.

Based on the study of the supports of dimension functions of band-limited wavelets, we improve Proposi-
tion 1.1. We show that “ a band-limited wavelet ¢ is an MRA wavelet provided that \1Z | is continuous at every

boundary point of supqu 7.
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2. MRA WAVELETS AND DIMENSION FUNCTIONS

We first recall some basis notions.
Let {Vi,} be a sequence of closed subspaces of L?(R). If it satisfies the following conditions:
() Vio © Vinss (m€ 2, UV = L3(R), Vi = {0},
(i) £ € Vin > £(2) € Ving1 (m € 2),
(iil) there exists ¢ € Vj such that {¢(- —n), n € Z} is an orthonormal basis of V;,
then {V,,} is called a multiresolution analysis (MRA) and ¢ is called a scaling function[5,8].

Let ¢ C L?(R) and the system

m

{2=2¢y(2™-—n), meZ neZ}

be an orthonormal basis of L?(R). Then 1 is said to be a wavelet.
Let 1 be a wavelet. For m € Z, let W, be the closure in L?(R) of the span {2% (2™ - —n): n € Z}
m—1
and V,, = @ Wi, where @ is the orthogonal sum. If {V,,} is an MRA, then v is said to be an MRA
l=—00

wavelet[7,p355], otherwise it is said to be a non-MRA wavelet.

For a wavelet 9, define its dimension function D, (w)[7] as follows:

Dy(w) = 3 3 [(2™ (@ + 20m)[% (2.1)

m=1lnez

Hereafter [ is the Fourier transform of f € L*(R).
PROPOSITION 2.1[1,7,p360]. The dimension function Dy(w) of a wavelet 1 is an integer valued function.
The dimension functions can characterize MRA wavelets.
PROPOSITION 2.2[7,p363]. Let ¢ be a wavelet. Then the following statements are equivalent:
(i) ¢ is an MRA wavelet (ii)Dy(w) =1 a.e. (iii) Dy(w) > 0 a.e..
Let f be a complex valued function on R. The closure of the point set {w € R; f(w) # 0)} is said to be
the support of f[9, p38]. If suppf is bounded, then f is said to be band-limited.

REMARK 2.3. In general, E = suppf can not imply f(w) #0 a.e.w € E.
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Throughout this paper, 0F, E°, and E denote the boundary, the interior, and the closure of a point set

E C R, respectively. |E| expresses the Lebesgue measure of E. For a, b € R,
EFE4+a={w+a, we E}, bE={bw, we E}, and 277 ={2mn, nc Z}.
3. MAIN THEOREMS

THEOREM 3.1. Let ¢ be a band-limited wavelet with supp@ = G. Suppose that IZ(w) %0 a.e weGand
|IZ| is continuous at every point on the boundary OG. Then v is an MRA wavelet.

From Remark 2.3, we see that in general, supp{b\ = G can not imply J(w) # 0 a.e.w € G. Theorem 3.1
improves Proposition 1.1 and is a corollary of the following theorem.

THEOREM 3.2. Let ¢ be a band-limited wavelet with SuppzZ = G. Denote Q) = go 27™@G. Suppose that
@(w) #0a.e weGand |1Z)\| is continuous at every point on OGO Then ) is an M};A wavelet.

The set OG [ 0f2 is only a subset of the boundary G. For a Meyer wavelet 1[5, p117],

~ 8t 27 2r 87 87r 8
G = suppy) = [~ U

T-US Sl e=5 S o

So

81 8 8 2r 2w 87w
Q: —_— R = - - - -
g { 3’ 0, 3 b 0G ={ 3’ 37373 }

and then 0G (00 = {-5F, 58X}

4. PROOF OF THEOREM 3.2

We only prove Theorem 3.2 since Theorem 3.1 is a corollary of Theorem 3.2.

Let 9 be a band-limited wavelet. Then by (2.1), the dimension function D, can be written in the form

Dy(w) = Z g(w+2n7), where g(w Z 7:/1\ 2Mw (4.1)
nez m=1
Denote
G = supplz and Q= U 27"@q. (4.2)

m>0
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Since 1 is band-limited, G is bounded, further €2 is bounded. From (4.1) and (4.2), and noticing that

g(w) >0 a.e., we get

B
suppg = U 27"G = 59 (4.3)
m>1
and
suppDy, = U suppg(- 4 2nm) = U — 2n). (4.4)

n

Hereafter, | J= U .
n nez
LEMMA 4.1. Let be a band-limited wavelet with supp@ = G. Suppose that @(w) #0a.e we€GG. Then
(i) suppg = 3QU{0} and g(w) > 0 a.e.w € 10
(ii) suppDy = ( Uia - 2n7r)> U27Z and Dy(w) > 0 a.e. w € suppDy

(iii) If ¥ is a non-MRA wavelet, then
|R\ suppDy| > 0, (4.5)

where g, Dy and Q are stated in (4.1) and (4.2), and 2nZ = {27n, n € Z}.
PROOF: (i) We first prove that Q c Q(J{0}.
Let wg # 0 and wy € Q. Take r > 0 such that 0 ¢ (wp — 7,wo + 7). Since G is bounded, there exists a
my € Z1 such that (wo — r,wo +7)[(127"G =0 (m >mq). So
wg |J 26 (4.6)
m>mi
Since G is closed, by (4.2), noticing that the union of the finitely many closed set is a closed set, we have
a=| U 2@ U( U 2—mG>.
0<m<m m>m1
Again noticing that wg € Q and (4.6), we obtain that
we |J 2mGca (by (42),
0<m<my

and so Q C Q[ J{0}.
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Take wy € G. By (4.2), we see that {2 7w} C Q. Since 2 ™wy — 0 (m — o0), we get 0 € Q. So

Q D QU{0}. Hence, we have
Q= al J{o}. (4.7)
From this and (4.3), we get suppg = +Q(J{0}.

Since Y(w) # 0 a.e.w € G, we see that [(2™w)| >0 a.e. w € 27™G. Therefore, by (4.1) and (4.2),

1
gw) >0 ae we U 27MG = 5(2

m>1
(i) is proved.
(ii) Denote
1_
Q= U(iﬂ — 2nr). (4.8)
We will prove that @ is a closed set.

Let ¢ € Q. If  is an isolated point of @, then ¢ € Q. If  is not an isolated point of @, then there exists

a sequence {(;} C Q and ¢; — ¢. Take § > 0. Since {; — ¢ and %ﬁ is bounded, we can find a N > 0 such that
1_
{Ghi>y € ((=6,¢+0) and (50— 2nm) (J¢=6,¢+8)=0 (In|>N).

From this, and {(;} C @ and (4.8), we have
{Gtsn € (RN —6,(+6) )

I
=C
—
Cim
2l
|
™)
3
2
=
2N
|
=
N
_|_
N
SN—

c U (3Q-2nm) = Qy.
Since @y is closed, from (; — (, we see that ( € @y C Q. Hence Q is a closed set.

From this and (4.4), and (4.8), it follows that

suppDy = Q = Q = U(%ﬁ — 2nm).

Again by (4.7), we have

suppD,, = ( U(%Q — 2nmw )) U27rZ. (4.9)
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By (i), we get

1
g(w+2n7) >0 aew € (5(2 —2n7) for any n € Z.

Again noticing that g(w) > 0 a.e.w € R, by (4.1), and (4.9), we get Dy (w) > 0 a.e.w € suppDy. (ii) follows.

(iii) If (4.5) is not valid, then |R \ suppDy| = 0. Since R \ suppD,, is an open set, we have
R\ suppDy =0, ie. suppDy = R.

By (ii), we get Dy(w) > 0 a.e.w € R. From Proposition 2.2, it follows that ¢ is an MRA wavelet. This is
contrary to the assumption in (iii). So we get (iii). Lemma 4.1 is proved.

Lemma 4.2. Let v be a band-limited wavelet with suppzz = (. Suppose that J(w) #0ae we€ G and
|$| is continuous at every point on OG [0S Then the function g is continuous and vanishes at every point of
d(3Q) \ {0}, where g and Q are stated in (4.1) and (4.2).

PROOF: Let wy € 9(3€2) \ {0}. Take r > 0 such that 0 & (wy — r,wo + ).

Since G is bounded, there exists m; > 0 such that
(wo —rwo+7) (127G =0 (m>m).

Again since supp@(Zm-) =2"™@, we see that

~

PY(2"w) =0, we€ (wg—"r,wo+r) (m > myq).

By (4.1), we get
my

gw) = D" [P@"W)?, w € (wo — 1wy + 7). (4.10)

m=1

Since wy € 9(3€) and Q= |J 27™G (by (4.2)), we see that for any m > 1, wy is not an inner point of 27™G,
m>1

otherwise, wg € (%Q)", this is contrary to wy € 8(%9) Hence for any m > 1,
wo ¢ 27"MG or wg€ 8(2_mG).

(i) In the case of wy ¢ 2-™G. Since supp|(2™-)| = 2-™G and wy & 2™ G, we have wy & supp|th(2™-)].

So \12(2’”)\ is continuous and vanishes at wy.
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(i) In the case of wg € J(27™@), we will prove that |7Z(2m)| is also continuous and vanishes at wy.

From wy € 0(27™G), we have 2™wy € 0G. Now we first prove that
wo € 0(27Q). (4.11)

If (4.11) is not true, then 2™wy ¢ 9. From this and 2™wy € 0G C G C €, it follows that 2wy € 2°. So

there exists a € > 0 such that (2™wy — €, 2wy +¢€) C Q, i.e.
(wo —27Me, wo + 2_m6) c27™Q.

By m > 1 and (4.2), we have
1
27" = |27k e =-q.
27°Gc | J27hG 29
k>m k>1

So

1
(wo — 27 ™e,wp + 27 ™) C §Q, le. wo € (z0)°.

This is contrary to wo € 9(3Q) \ {0}. So (4.11) holds.

From wy € 0(27™G) and (4.11), we have
wo € (027G (027 Q)) = 27 (9G () 09). (4.12)

By the assumption: [¢)| is continuous at every point on G (99 and (4.12): wy € 2-™(dG ()9, we conclude
that |$(2m)| is continuous at wy.

By @(w) =0 (w ¢ G), we have 121\(2”%)) =0 (w ¢ 27™@G). Again since wg € 9(27™G), there exists a
sequence {(;}5° such that

G —wo (l—o00) and $(2™¢)=0 foralll.

Since |1Z(2m)| is continuous at wg, we get 7;(2’”0.)0) =0.
From (i) and (ii), we see that for m > 1, |@Z(2m)| is continuous and vanishes at wy. Again by (4.10), we

obtain that g is continuous and vanishes at wg. Lemma 4.2 is proved.
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Lemma 4.3. Let ¥ be a band-limited non-MRA wavelet with suppzz =G. If &(w) #0a.e.w € G, then

there exists a point w* € (0, 27) such that for an arbitrarily small € > 0,
(w" —e,w" +¢€) ﬂsuppD¢| >0 and |(w"—e€w" +¢€)\suppDy| >0,

where Dy, is stated in (4.1).

PROOF: Since ¢ is a non-MRA wavelet, by Lemma 4.1(iii), we see that |R \ suppDy| > 0. By (4.4) and
(4.2), we see that |suppDy| > [3€Q| > [3G| > 0. By Lemma 4.1(ii), we see that suppDy, + 2nm = suppDy, (n €
Z). Therefore, we have

[(0,27) ﬂsuppD¢| >0 and |(0,27) \ suppDy| > 0.

Hence there exists 17 > 0 such that

(2 =) ()suppDy| >0 and |(n, 2% — 1) \ suppDy| > 0. (4.13)

Since suppDy, is a closed set, (1,27 —n) \ suppDy; is an open set. So there exist wy € (7,27 —n) and €1 > 0

such that (w1 —e1,w1 +€1) C ((n,2m —n) \ suppDy,), so we have
(w1 — €1, w1 +€1) \ suppDy| = 2¢;. (4.14)
Below we prove that there exists a wq € [1, 2 — 7] such that for an arbitrarily small € > 0,
|(we — €,wq +€) ﬂsuppD¢| > 0. (4.15)
If it is not true, then for any w € [n, 2 — )], there exists some €, > 0 such that
\(w—eww—kew)msuppDﬂ =0. (4.16)

Since ( U (w—€w,w+€y)) D [n,2m — 7], using the theorem of finite covering, we know that there are
w€[n,2m—n]

finitely many points {7;}§ in the closed interval [n, 2w — 5] such that

<U(Tl —€n, T+ 67l)> o [77327'( - 77]

=1
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Thus,

(U ((Tl — €7,y T1 F €7)) ﬂsuppr>> D ([n, 27 —n) ﬂsuppr).

=1

Again by (4.16), we get

|[77727T —n]ﬂSUPPDw| < ZKTZ —GT“T-FETl)nSprDlﬂ =0.
=1

This is contrary to the first formula of (4.13), so (4.15) holds.

If, for an arbitrarily small € > 0, the following inequality
|(we — €, ws + €) \ suppDy| > 0

holds, combining (4.17) with (4.15), then we see that the point ws is just a desired point w*.

445

(4.17)

If, for some ez > 0, (4.17) does not hold, then |(we — €2, wa + €2) \ suppDy,| = 0. From this and (4.14), we

have
|(wa — €2, ws + €3) ﬂsuppDM =2e and |(wi —e1,wi +€1) \ suppDy| = 2¢;.
From (4.18), we see that wy # we. Without loss of generality, we assume that wy < ws.
Below we show that in the interval (w;,ws), there exists a desired point w*.

Define a point set F as
E={Cec(w,w2): |(—7C+T) ﬂsuppo = 2r for an arbitrarily small r > 0}.
Clearly, E is an open set. By (4.18) and (4.19), it is easy to see that there exists ¢ > 0 such that
(w1,w1 +0) C ((w1,w2) \ E) and (wg —96, we) C E.
So w; € E and E is a nonempty, closed set, and then there exists a point w* € E such that

w1 —w*| = inf |w1 —w|.
weE

(4.18)

(4.19)

(4.20)

From this and (4.20), noticing that E is an open set, we see that the point w* possesses the following

properties:

Ww'eE, Ww'¢FE and w* € (w1,ws).

(4.21)
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Now we prove that the point w* is a desired point.
First, it is easy to see that
w* C (wy,w2) C 1,27 —n] C (0,27). (4.22)
From (4.21), it follows that there exists {¢,} C E such that ¢, — w*. So, for an arbitrarily small € > 0,
there exists some (,, in {{,} such that (,, € (w* —€,w* +€). Again since ¢,, € F, by (4.19), there exists r > 0
such that

‘(Cng -, €n0 + 7”) msuppr‘ = 27‘, (Cno - Cno + T) C (W* - 67W* + 6)
simultaneously hold. From this, it follows that for an arbitrarily small € > 0,
|(w* — €, w" +¢) msuppr| > 0. (4.23)

On the other hand, by (4.21), we have w* € (w1,ws2) \ E. Again by (4.19), we see that for an arbitrarily
small € > 0,

[(W* — e, w" +¢) ﬂ suppDy| < 2e.
Noticing that |(w* — €,w* + €)| = 2¢, we have
|(w* —€,w™ +¢€) \ suppDy| > 0. (4.24)

Combining (4.22), (4.23) with (4.24), we see that the point w* is just a desired point. Lemma 4.3 is
proved.

PROOF OF THEOREM 3.2: We will give a proof by contradiction.

Suppose that v is a non-MRA wavelet. Then by Lemma 4.3, there exists a point w* € (0, 27) such that

for an arbitrarily small € > 0, the following two formulas hold simultaneously,
(w" —e,w" +¢€) ﬂsuppD¢| >0 and |(w"—e€w" +¢€)\suppDy| > 0. (4.25)

This implies w* € O(suppDy,). By Lemma 4.1(ii), we see that for any n, the point w* is not an inner point of
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éQ — 2nm, otherwise, w* is an inner point of suppD,;, this is contrary to w* € d(suppDy). So, for any n,

1
w' g (=02 —2nm

L1
5 ) or w 68(59—2n7r).

In the case of w* & (1Q—2nm). Noticing that w* € (0,27), we have w*+2nm # 0, so w*+2n7 ¢ ($QJ{0}).

By Lemma 4.1(i), w* + 2nw ¢ suppg. So g(w + 2n7) is continuous and vanishes at w*

In the case of w* € 9(3Q — 2n). Since w* + 2n7 # 0, we have w* + 2n7 € 9(3) \ {0}. By Lemma 4.2,

g(w + 2nm) is continuous and vanishes at w*.

From this, we know that for any n, g(w + 2nn) is continuous and vanishes at w*. Since suppg = %Q UJ{o}

is bounded, for € > 0, there exists a N > 0 such that

(@ =, w* +)()suppg(- +2nm) =0 (In| > N).

So the series > g(w + 2n7) has only finitely many nonzero terms in the neighborhood (w* — €,w* + €). By
nez

(4.1), Dy(w) is also continuous and vanishes at w = w*. So there exists a n > 0

1
Dy (w) < 30 W€ (W —n,w* +n).

From this and Lemma 4.1(ii),

0< Dw(w) <

DN | =

ae. we (W' —nw+n) ﬂsuppr). (4.26)

By (4.25), we get

[(w* —n,w* +17) ﬂsuppr| > 0.
From this and (4.26), we see that the formula 0 < Dy(w) < 3 holds on a point set with positive measure.

However, Proposition 2.1 shows that Dy (w) is an integer valued function, this is a contradiction. Hence 1 is an

MRA wavelet. Theorem 3.2 is proved.

Since the set dG (0N is a subset of the boundary OG, using Theorem 3.2, we obtain Theorem 3.1
immediately.
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