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Theorem 1 (Hardy's Inequality. integral version [3. Theorem 327]) If [ is a
complex-valued function in L" (0,00), ||| is the L" (0,00) norm and r > 1, then

i/;f(t) dtH < % 1711 (1)
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Theorem 2 (E.R. Love. [{]) If s > r >1,0<a < b < o0, v is real, w(x)
is decreasing and positive in (a,b), f(x) and H (z,y) are measurable and non-
negative on (a,b), H (z,y) is homogeneous of degree —1,

(Hf) (z) = / H(2.y) f (v) dy 2)




and

Iflr(/ f(w)rfﬂ“’_lw(m)dm) ?

L < Clifls

then

where

1 bt r o8
C= | H(1tt~ (/ :,U'Vlw(m)d:c) dt.

o
b

Here ¢ 15 to mean 0 if a = 0 or b = oc or both: and bt 1s to mean oo if b = 0.
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Theorem 3 (E.R. Love, [{/) Ifp >0, q¢q >0, p+g=7r>1,0<a<b<
00, v < 1, w(x) is decreasing and positive in (a,b), f(x) is measurable and
non-negative on (a,b), I* is the left Riemann-Liouville operator of fractional
integration defined by

ep@ = [l rwa foraso, (6)

I9f () = f(x), where T is the gamma function. and I°f is defined similarly
for 3 >0, then

f (1°F) @) [(1%f) (@) &7 P50 1w(m)dw<cf f (@) 27k (2) da,

7 (r e ) (r B f)a)q' ®

Also Theorem 2 implies Theorem 1 (by [4]), just take a =0, b = o0, v = 1,
s=r>1,w(z)=1and H (z,y) = .

/-5’~

where




2 Main Results

We start with a general result, see also [2].

Theorem 4 (Reverse Minkowski integral inequality) Let (X, A, i) and (Y, B, v)

be o-finite measure spaces and let 0 < p < 1. Here [ is a nonnegatwe func-
tion on X XY with f(x,y) > 0 for almost all x € X, almost all y € Y and
[y (f (z,y))" dv (y) < oo for almost all x € X.

Then

([ (Lf(m:y)du(m))pdv(y))‘l’>/X(/Y P i) dne). O

if left-hand side 1s finate.
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Theorem 5 Let 0 < r < 1,0 < a < b < oo, f(z) and H (z,y) are measur-

able and non-negative on (a,b), (a, 6)2; respectively, H (x,y) 1s homogeneous of
degree —1,

H) @)= [ H (o) @), (1)
and suppose that

1
r

Hfllr,[a,b](f (Hf)(:c)’“dfc) < oo,



and Her‘[a‘b] s defined similarly.

We asswme that H (1,t) f (x,t) > 0, for almost all t [%, 1], for almost all

x € [a,b], and ﬁl’t) | £1].. a.pt] < 00, for almost all t € [%,, 1} :
tr s

Then
" H(1,t)

1
a tr

b

||Hf”1“,[a,,b] 2 ”f“'r,[a,bt] dt. (13)




We give a reverse left fractional inequality.

Corollary 6 (to Theorem 5) Let 0 < r < p withr < 1.0 < a < b < . f is
measurable and non-negative on (a,b) such that f (x) > 0 almost everywhere on
la,b]. Here I* is the left fractional Riemann-Liouwville integral operator of order

a > 0, defined by

e = [ i Pr@ =@, an

vV x € [a,b], and suppose that |x=“I%f (ZU)HT.[a‘b] < oo. We assume that
||f||,,ﬂ~[a~bt] < o0, for almost all t € [%, 1], Then

’ o P TP . —ap 1 . (1 B t)a_l ’ r—p
[ @ @) e > ( / £ oo dt) 17157
(18)
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Next we present a reverse Opial type [5] inequality.

Corollary 7 (to Corollary 6) Let 0 < r < p withr < 1.meN,0 < a < b < oo,
f:[a,b] — R such that f'™=Y 4s an absolutely continuous function over [a,b],
where f(a) = f'(a) = ... = f0" D (a) = 0, and f'™ is non-negative. with
U (x) > 0 almost everywhere over [a,b]. We assume that ||z~ f (@)1 o) <

oo, and Hf{m)HT‘[a‘bt] < 00, a.e. fort e [%,1]. Then

/a b (f (2))P ( £m) (x))r_p 2Py >

14 pym—1 ;
o ([ ) b

o

r—p
.

(21)
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We need

Definition 8 Let o > 0, n = [a]| ([-] is the ceiling), f € AC™ ([a,b]) (i.e.
f(”_l] 1s absolutely continuous function). The left Caputo fractional derivative
15 qrven by

D% (@)= s | S -t ) (1) (23)

and exists almost everywhere for x in [a,b], DO f = f. see [1]. p. 394.

We mention

2
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Corollary 9 (/1], p. 395) Let o > 0. n = [a]. f € AC" ([a.b]). and f*) (a) =
0. £=0.1,....n—1. Then

F@) =i [ @0 T DR W = DS @), Vaeladl. (24

I ()




We give a reverse left fractional Opial type [1] inequality.

Corollary 10 (to Corollary 6) Let 0 < r < p withr < 1, 0 < a < b < oc,
a>0.n=/al. f€AC" ([a,b]). and f¥) (a) = 0. k = 0.1,....n — 1. Assume

(2%

here that DS, f is non-negative over (a,b) such that DS, f > 0 almost everywhere

on [a,b]. Suppose that [z~ f (z)|], 1,4, < o0 and || DS fll,.(4pe < 00. for almost
all t € [$,1]. Then

f (F (@) (D2 f (2)) " a=*Pda >

1 1 (1 . t)a—l . e i L
I (a)‘p a tl HD*af“r,[a,bt] dt ”D*aer . (25)

™

~ (3~
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Definition 11 (/1]. pp. 7-8) Let v > 0, n := [v] [-| the integral part, and
a=vrv—m(0<a<l) zx € ab CR such that x > xq. xo s fized. Let
f € C(la,b]) and define

(JZof) ( ) THF(t)dt, wo < x <D, (26)

f»’)
the left Riemann-Liouville integral. We define the subspace C ([a,b]) of C™ (|a,b]) :
v (0, 8) = {f € O (b)) : Jo D f € CL(lmo, W)} (27)

For f € C¥ (la,b]) we define the left generalized v-fractional derwative of f
over [xg,b] as

DY . f:= Dji-"«‘gaf(n) (f(n) = D"f).
Notice DY ., f € C ([zq,0]).

N —

(28)



We also need

Theorem 12 (from Theorem 2.1. p. § of [1]) Let f € C% ([a.b]). zo € [a,]]
fized.
(i) Ifv > 1, and {9 (z9) = 0,3 =0,1,...,n—1, then f (z) = (JZ DY . f) (z),
all z € [a,b] : x > xg.
(1) If 0 < v < 1, then f (z) = (J2°DY L f) (z). all z € [a.b] : = > xo.

X

— |5~




That s, in both cases we have

1
[ (v)

@) = [ @0 (D) Ot m<z<h (29)

If xg = a, we get

1
T (v)

/m (=) (D f) (O dt = (Jg DY, f) (2). alla<a<b.
“ (30)

fla) =




We give another reverse left fractional Opial type inequality.

Corollary 13 (to Corollary 6) Let 0 < r < p withr < 1, 0 < a < b < oo,
v>0,n=[v:feC%(ab]),. such that f9(a) =0,i=0,1,...n — 1 for only
the case of v > 1. Assume here that D, f is non-negative over (a,b) such that

DY, f > 0 almost everywhere on [a,b]. Suppose that ||x~" f m)”r .y < 00 and

HD +fH labt] < OO for almost all t € [%, 1]. Then

/ (f (2)? (DL f (2) ™ 2~ "Pde >

1 (1—t)" ? a
r(v)? (ﬁ tr D& o dt) |Dur]) 7

™ ™ ™ | 11 Fal m ey 1 I aYal! —_




We need the following representation result.

Theorem 14 (/1] p. 395) Let v > 7 + 1 2 0. Calln = [v], m = [7].
Assume f € AC™ ([a, bl), such that f(k (a.) L k=0.1,...n—1, and DY _f €
L. (a,b). Then D1,f € C([a,b]), DI.f (z) = I’””'_7 £ (), and

DLf@) = s [ =0T Dhf (e = (" TDL) ). (32

Y x &€ |a,b].

Remark 15 (to Theorem 14) By Corollary 9 we also have

"=iDr,f (t)dt = (I"DY, f) (x).

Vxelab.

/\g,_




Theorem 16 Ifp >0, ¢ >0, p+g=7r =>1,0 < a < b < o0, v <r,
w (x) 1s decreasing and positive in (a,b). Let v >+ 1,75 >0, call n = [v],
f e AC™ ([a.b]) : f®(a) =0, k = 0.1,....n — 1: D" f € L., (a.b). with
DY, f =0 over (a,b). Then

/ (f (x))’p (Dja (m))qmw—vp—(v—?)q—lw (z) dz <

c / (DY, ) (@) 27w (z) da,

o~(einn) (eoereita)

15—

where




Theorem 17 Ifp > 0, ¢q > 0, p+qg=7r =2 1,0 < a < b < o0, v <,
w(z) s decreasing and positive wn (a,b). Let v > 7, + 1,7, 2 0, i =1,2, call
n=1[v]. feAC"([a.b]) : f*(a) =0. k=0,1,...n—1; DV, f € L (a,b).
with DY f > 0 over (a,b). Then

/: (Dﬁf (g’;))p (Dﬁf ($))q =TT () g <
“ /: (DY) (2) 27" w (2) da,

o (F(“F(vlﬁ? %))p (r Tt ’:))q'

TVao ~ L TTeh o MMMe i maimame T A man A mlaani il s b MMe 4 maiaaan 12 —

-0 0—

where




Corollary 18 All as in Theorem 16. Then

/ (DIt (2))" (DZof) (@) 27 =070 (2) dor <

Cf ) (@) 27w (z) da,

%\~




where

" (r(ur—(m)— %>)p'

Proof. By Theorems 3, 14. =
We need

Remark 19 (see [1]. p. 26) Let v > 5+ 1.5 > 0. n = [v]. g € |a,d] fized,
fec? ([a,b]): f9(z)=0,i=0,1,...n— 1. Then

5 _ 1 } (v=T)~1 ( v
(Pret) @ =g [ @0 O e 10

which 1s continuous in x on [xg,b].
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Theorem 20 Ifp > 0. q >0, p+qg=1r =1,0<a < b < o0, v <r,
w(x) s decreasing and positive in (a,b). Let v > 7+ 1,7 > 0, n = [v],
fec?([a,b]): £ (a)=0,i=0,1,...,n— 1. Assume that D', f >0 on (a,b).
Then

/c;b (DjJrf (x))p (DZ+f (x))qm"'_(v_ﬁ)p_lw (z)dz <

2 ] (DL f (@) 2w (o) da,

“- (F (vr(vl ? %))p'

_2%/

where




Theorem 22 Let 0 < a < b < oo, v 8 real, w(x) 1s decreasing and positive
n (a,b), f(x) and Hy (z,y) (k= 1,...,n) are measurable and non-negative on
(a,b), Hy (z.,y) is homogeneous of degree —1,

(Hif) (z / Hy (z,y) f(y)dy, k=1,. (48)

Letpp, >0: > pp=1r=>1. Then
k=1

/GH (Hif (z)P* 27w :B)da:<0(/ f(z)" w(m)dm):

where
n 1
=11 (/ H;. (1,t)t—3dt)
=1 \’ %

pU -

(49)

Pr



Theorem 23 Herep, >0: > pr=r=>1. Let0<a<b<oo, v <r, wi(z)is
k=1
decreasing and positive in (a,b), f (x) is measurable and non-negative on (a,b),

19% 15 the left Riemann-Liouville operator of fractional integration defined by

(I f) (z) = /*’C e f(t)dt, fora; >0, (51)

o  Llon)

and
I f(z)=f(z), forap, =0: k=1,...,n.

Then
/ T (o) @)y s =" (@)de < € (

where




Next we give general left fractional direct Opial type integral inequalities.

N

Theorem 24 Herep; >0: > p;=r>1. Let0<a<b<oo,v<r. w(x)is
j=1

decreasing and positive in (a,b). Let v >+ 1,7, >0, j=2,..,N, n = [v],

»igﬂ




feAC™ ([a.b]) : f*)(a) =0, k=10,1,....n— 1, and D" f € L. (a,b). with
DY f >0 over (a,b). Then

b al = P Y—VpP1— g: v—=>;)p;—1
/ (f (2))™ H (Djé, (SU)) x 3':2( ) w(z)dx <
_ _ La=3) \'rpf(—te=2 "
%} [(F(uﬂj)) .jHQ(F(V’}fj{— j)) ]
( / (DL, f ()" 27w (2) dfc) (55)

Proof. By Theorem 23, use of Theorem 14 and (33). m

Theorem 25 All as in Theorem 24. Then

N

[ @ I (pEr @) = @ <

j=2

a F(l_%) " ’ v r_o~—1
(H (F(U,Y_jﬂz)) )(f (DY f (@) w(m)d:c). (56)

Jj=2




Corollary 26 All as in Theorem 24, and 75 =73 = ... = Y- Tavl = Toars =
e =TV and Yout1 = Vpg2 = - = IN- Then

Y i N
Pj >, Dpj

[ s @ (0727 @) =" (02 @) (075 )

¥—=(r=7%) (fﬁ pj) —(v—ﬁ)(_ 3 pj) — (=) ( f} Pj)_l
T j=2 J=x+1 J=p+1 w (.’,C) dr <




N
Theorem 27 Herep; >0: > p;j=r>1. Let0<a <b<oo, v<r, w(xz)is

j=1
decreasing and positive in (a,b). Let v > 7+Ly =20, 7=2,...,Nn=v,
fec([ab]): % (a) =0, k=0,1,...,n—1. Assume that DY f > 0 on (a,b).
Then

N
i 7= 3 (v=5)ps-1

/: (D, f ()" H (Dz_ﬂrf (:L'))pj x 9= w (z)da <

Jj=2

a F(l_%) " ’ v T o~—1
H(F(v—w—kl—%)) (/a (DaJrf(:L')) x w(a:)d:,n). (58)
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